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MPEAUCIOBUE K LIECTOMY HU3JIAHUIO

[Teproe u3nanue 3TOM KHuru Buiao B 1946 r., a 3atem oHa nepe-
u3nasanach 8 1950, 1952, 1955 u 1956 rr. [lepen BTOpPHIM H yeTBep-
THIM H3AaHUAMH KHHCA MOLABEPranach 3HaYuTEeNbHOH nepepaboTke, HMeB-
me# 1enbio 0OTPa3uTh ONKWT anrebpanueckoro npenoaasatust 8 Mockos-
CKOM yHuBepcHtere. [IpHM NOArOoTOBKE K HACTOALIEMY LIECTOMY H3AAHHIO
KHHUra noaBepraach eute Gosnee cepre3Ho nepepaborke, CTONb CEpPbe3-
HOﬁ, 4TO € ROCTATOYHHMU OCHOB3AHHUAMH €€ MOXHO 6u10 6hi CUYHTATh
HOBOH KHHro#f, a He wWeCTHIM H3LaHHEM CTapo# KHIrH,

Ora nepepaboTka onpenaensaach asyMs 3afadamu. [Ipexae Bcero,
HEOLHOKPATHO BHCKA3HWBAJHCH MOXKeNaHHs O PaCLIMPEHHH KHHUCH AAs
Toro, utobel ona ofecneuuBana Bech 0OA3aTENbHHU YHUBEPCHTETCKHHU
Kypc Bhicuieft anre6phbi, a He TOJBKO €ro fneppHe ABa ceMmMeCTpa, Kak
3710 610 N0 cux nop. C 3TOH Lesbl0 B KHUTY BKJ/IOYEHO HECKOAbKO
HoBux raas. OnHa U3 HUX MOCBSUIEHA OCHOBAM TEOPHH TPYNM, a OCTaJb-
Hble OTHOCHTCH K JHHeiHOH anre6pe — TeOpHs AHHEHHHX NpocTpancTs,
TEOPUAl EBKAUAOBHIX MOPOCTPAHCTR, TEOPHA A-MaTPHIL M XOPAaHOBOH
HOPMAaAbHOH GOPMH MaTPHIUDI.

Koveuno, B coBerckolt anrebGpanyeckol nuTtepatype B HacTofulee
BpeMA uMeeTcHd Psd XOPOIIMX KHHT Mo JdHHedHOo# asrebpe, pasiNYHbIX
1o o6beMy, COMEPKAHUIO, xapaKTepy u3anowenud. Hacrosulas kuura,
llaxke Mocae CTOMAb 3HAYHTENbHOrO N06aBaeHusd Kk Hell MaTepuana, OTHO-
caulerocsds K NuHeHHOM anrebpe, He MO¥eT MPETEHAOBATH HA 3aMEHY
kako#-nu6o u3 3tux KHUT. Tem He MeHee OeccnopHO, 4TO CTYAEHTaM
6ynet ynoGHo umeTh Bech 06f3aTenbHbll MaTepuan COOPaAHHBIM B OLHOM
yueOHHKE W H3NOWKEHHBLIM €IHHBIM CTHAEM.

C npyro#t cTopoHsl, pacrosoxeHue riaB, MPHHSITOE B NPEALICCTBYIO-
UIHX M31aHHAX KHUTH, YXKe AaBHO He COOTBETCTBYET AeHcTBYylouiemy
B MockoBCKOM yHuBepcHTeTe aKTHYECKOMY MOPAILKY U3NOWEHU MaTe-
puana —3ToT nocaenduit 8 Gonpuiot Mepe onpejensieTcst HeoOXOMH-
MOCTBIO K ONPeJeNeHHOMY CPOKY BHIOJHATH ONPeNeNeHHble 3aKassl
Kypcon aHAJAUTHYECKOH reoMeTpHHu H MaTeMaTHu4e€CKOro ananusa, Bonbie
TOro, TPH rofa TOMy Ha3ail B MockoBcKOM yuuBepcuTeTe Onia BBelieHa
HOBasl MPOTPaMma Kypca Buiciied anreGphl. 3a 3TH roAbl OHA yCNemHo
NPOLLTA HCTIHTAHUS U TIO3TOMY Ka3alocCh 1ienecoo6pasHuM NepecTponTh
KHHUTY, PAcMoONOKHB B HEll MaTCPHAA B TOUHOM COOTBETCTBHH C YKa3aH-
Ho# aporpammoi, [losmnenne yuebHMKa, COOTBETCTBYIOUErO STOH
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nporpamme, oONeruynT, BepOsTHO, €€ BBEJEeHHEe H B LAPYrHX YHHBep-
CHTETax CTpaHhl.

YxaxeMm pacnpefefeHdHe Marcpuaia no cemectpam: 1-i cemecTp—
rnased 1 =5, 2-ii cemectp—raass 6—9, 3-0 cemectp—rnasn 10,
11, 13 u 14, Cneayer OTMETHTb, YTO CTYAEHTH-MEXaHHKH MOCKOBCKOrO
YHHUBEPCHTETA U3Y4YalOT BhLICUIYID aiare6py aviub B o6beme nepBhx ABYX
ceMecTpoB,

Hecomuenno, uyto sta mepecrtpolika KHHIM He 3aTPyAHUT, a, OHTb
MOXeT, Aaxe ¥ OONeryHT ee HCNOAb30BaHHE B MELATOTHYECKHX HHCTH-
TyTax.

[IpenmecTsyoune nepepaboOTKH KHUTH yAaBaAoCh BHIOAHUTH 6e3
BCAKOFO yBenudeHuss ee obbema. Ha stoT pas cmesats 3TO 6uio,
KoHeyHo, HeBo3MowHO, XKenanuwe B kKako#-TO Mepe COKpaTHThL 06beM
KHHTH 33CTaBHAO UCKJIOUHTb H3 Hee HEKOTOPHH MaTephan, B YaCTHOCTH
naparpadul, nocssieHHsie Teopeme ['ypBuua, Teopuu aarebp n teopeme
dpobennyca. Tem ne menee He Ka3an0Ch Pa3yMHBIM OFPaHHYHTHLCH H3NO-
MeHueM B KHUTE JHWbL TOTO MaTepHana, KOTOPHi BXOMHT cefiyac
B 006434TeNbHYIO HPOrPaMMy, T. e. MPEBPATHTb 3TY KHHUIY B MPOCTOH
KkoHcneKT nekuuil. CoxpaHeHHwH B KHire Heoba3aTeAbHn MaTepHan —
naparpadei, LEAHKOM K HEMY OTHOCSHULHECH, OTMEYeHi 3BE3J0YKOH,—
KaK NPaBWio, T4KOB, YTO B CBOE BPEMS OH BXOLM/A B 00643aTeNbHYIO
TIPOrpaMMy Kypca BhiCuled anreGpnl, B HEKOTOPLIX YHUBEPCHTETaX WM
TENarorHYeCKUX MHCTHTYTAaX BXOAUT B NPOrpPaMMmMy H cedyac ¥ BO BCH-
KOM cnyyae Own 0w BKAIOHYEH B NPOrpaMmy, ecad OW Kype Bhicined
anre6pn pacnonaran 60AbUIAM YHCAOM 4acCoB.

[Tou nepepaboTke KHHTH OBIIM H3MEHEHH TAKXKE HEKOTOPHE AeTalnH,
Ha KOTOPHX Mh He OyneM, OAHAKO, ceHYyac OCTAHABAMUBATHCH.

A. Kypou
Mockea, sexkabpb 1958 r.



BBEJIEHHWE

MatemaTuueckoe o6pa3oBaHie CTyAeHTa-MaTEMaTHKa HAUMHAETCH C
H3y4YeHHs Tpex OCHOBHHLX AHCIHIINH, 4 HMEHHO MaTeMaTH4ecKuro
4Ha/AN3a, AaHANUTHYECKOH reoMeTPHH H BHCUIEH anre6pnt. 11 AHCUHLIHHH
UMEIOT PSifl TOYEK CONPHKOCHOBEHNN, a MECTAMH H NEePEKPHTHIL, 1 BMecTe
COCTaBAAIOT (PyHDAMEHT, HA KOTOPOM CTPOUTCH BCE 3j1aHue COBPEMEeH-
HOH MaTeMaTHYeCKOH HayKH.

Bhiciast anrebpa, u3J0KeHHIO KOTOPOH MOCBALLEHA HACTOS LA KHHTA,
npeacTtasadeT co60H maneko uayliee, HO BNOJHE ecTecTseHHoe o6obule-
HHE OCHOBHOTO CONEPWEHHS LIKOAbHOIO Kypca neMenTapHod aarebpoi.
lleHTpa/nbHBLIM B WIKOJBHOM Kypce anrebpnl sasaseTcs, 6eccnopuo, BONPoOC
O pemeHnn yparHeHuil, Kak yuTatenb NOMHUT, H3YyuyeHHe ypaBHEHHH
HauHAeTCs C OYeHb MPOCTOrO C/Ayuas OAHOro ypaBHeHus neppo crenenu
C OILHHM HEN3BECTHHM, 4 3aTeM pPa3BUBAETCH B IABYX HAaNpPaBAEHHHX.
C onHOH CTOPOHB, PACCMAaTPHBAITCH CHCTEMH [IBYX M TPEX ypaBHEHHH
MepBOH CTeNeHnm ¢ ABYMSA H, COOTBETCTBEHHO, TPEMA HEH3BECTHHMH;
C APYro# CTOPOHH, H3YuaeTCs OAHO KBAAPATHOE YypaBHEHHE C OAHUM
HEH3BECTHHM, a TaKke HEKOTOPHE YaCTHhe THOW ypaBHeHwH# Gonee
BHICOKOH CTeNneHH, Jerko CBOAAILHECH K KBaApPaTHLIM (GukBampaTHuie
ypaBHeHUsi, Hanpumep).

STy 06a HanpasieHHN N0AYHalOT AajbHelillee pasBHUTHE B Kypce
Bhicuieft anrebpnl, onpeaenss ee pasbuenue Ha JABa GONbIINX OTAENA.
Oann U3 HHUX, 3 UMEHHO OCHOBH NHHEHHOH anreOpH, uMeeT HCXOAHOH
3ajaveil v3yyeHHe NPOU3BO/bHKIX CHCTeM YpaBHeHHUH nepBOi cTenenu
WIH, KaK TOBOPHAT, AunelHuix ypasueuu#h. [ns pellleHus Takux cucrem
B TOM C/lyyae, KOraa 4ucio ypasuexHuil paBHO YHCAY HEN3BECTHHX, Pa3-
pabaThBaeTCcs annapaT TEOPHR onpexenuteiell. ITOro amnmapara yxe
HELOCTATOYHO,ONHAKO, 11 H3yUen sl TAKHX CHCTEeM NHHeRHbBIX YPaBHeHUH,
Yy KOTOPHIX YHCJIO YPABHEHHH HE PaBHO YHCJAY HEHU3BECTHHX,— CAy4vaH,
HenpHBLIYHHA ¢ TOUKH 3peHHst 31eMeHTapHO#N anre6Gpn, HO OUEeHb BAXKHK
ans npunoxenu. Oxazanoch HEOOXOAMMKM, B 4aCTHOCTH, pa3pabaru-
BaTb TEOPHIO MATPHL, T. €. CHCTEM YHCe]a, PacnoJOKeHHhX B KBAAPAT-
Hble WAH nPIMOYTOAbHKE Tabaullll H3 HECKOAbKHUX CTPOK MU €TOAOIOB.
Jta Teopud 0Kazanach OYeHb rAyGOKOW W HAUIA DPHAOKEHHN N41eKO
3a npefeNiaMH TEOPHH CHCTEM THHelHnxX ypaBHennil. C apyro#l croponn,
H3ydeHHe CHCTeM .HHelinnx ypaBHenuli norpe6oBano BReaeHHs W U3yye-
HHS  MHOIOMepHbLIX (TaK HashBIeMHX BEKTOPHHWX HAM  AHHEHHBIX)
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npoctpancTe, Y nonelt, 1anekux OT MATEMATHKH, C MHOTOMEPHHIM (B nep-
BYIO Ouepellb ¢ YETHPEXMEPHBIM) MPOCTPAHCTBOM CBA3LIBAIOTCS TYMAHHBIE
H 43cTO ommboYHbe NPeNCTaBNEeHHS; B AeHCTBHTENBHOCTH Ke 3TO NOHf-
THE ABASIETCS YHCTO MATEMATHYECKUM, 1aKe B OCHOBHOM a/ire6panyeckuM,
1 CAYKHT BAWHKHM OpyAHEM BO MHOTHX MaTEMaTHYECKHX HCCIEIOBAHUNAX,
a Takxe B (QU3HKE U MexaHuke.

Bropas nmosnosuHa Kkypca BuiCulel aare6pn, HaswiBaemas aaredpoi
MHOTOUY/IEHORB, MOCBAIEHA U3YUCHHIO OHOTO YPaBHCHUS OT OMLHOTO HEH3-
BECTHOTO, HO y)Xe [IPOH3BOJILHOW CTeneHH. YUYWTHBaA CylUleCTBOBaHHE
dopuyanl Ans pemeHHs KBAAPATHHX ypaBHeHHH, eCTeCTREHHO Obllo
HCKaTh aHanoruuusie GopMyanl Ang ypasHeHHH 60nee BHICOKHX CTeleHed,
WUctopryeckn 9T0T otaen anareOpsl Tax W pa3BHBAACA, NpHYEM POPMYIH
ANS pelleHus ypaBueHnil TpeThell u verBepToft cTeneHu Ohiin nalaewn
ewe B XVI Beke. locne saroro nauanuch Gesycnemuuie noucks gopmyn,
KOTOPHE BhpaXanan Oun KOPHH ypaRHEHWH nATOH u 6o0/ee BHICOKHX
creneHelt yuepes ko3hPuUHEHTH 3THX YPABHEHHUH NP NOMOILH PALHKANO0B,
OLITh MOXET H OUYEHb MHOTO3TAXHNX. ITH MOWUCKH TMPOAO/HKANHCH A0
Hayana XIX Beka, koraa Owio, HAKOHeEIL, LOKa3aHO, YTO Takue GopMyas
He MOTYT ObiTb Hafiaenn W UTO AAA BCeX cTeneHel, HauyMHad ¢ MATOH,
CYHIECTBYIOT 1aXe KOHKPETHBIE MPUMeph YPaBHEHHH C LeTOUHCAEHHBbIMH
ko3ddrnnenTaMu, KOPHH KOTOPHX He MOryT OhTb 3anMHCaHW MPH 0O-
MOLIN PalHKaIOB.

Orcytctene GopuMya A% peiieHnsl ypaBHeHHH BHCOKHUX cTeneHel He
cnenyer CYMTATh OUEHb NMeYanbHuM OCCTOATENLCTBOM — Aaxce B Cayvae
ypasHcHuil TpeTbedl u yeTBepPTOH cTeneHu, TAe TakHe GOPMYIH cyuie-
CTBYIOT, OHH OYeHb TPOMO3JIKH M TPAKTHYECKH UOYTH O6ecrnosesHH.
C npyro#t ctopoun, xo3QduuneHTH Tex ypaBHeHHH, KOTOpLIE MPHXO-
AuTes pemath QU3UKAM HAH HHKeHepaM, IBJIAIOTCH OOHUHO BETHUHHAMH,
NOJAY4EeHHBIMH B PE3VAbTATE H3MEPEHHH, T. €. H3BECTHH AULIL nPpuban-
WEHHO, @ MOJITOMY il KOPHH HYWKHO 3HATD /b NPUOIHNKEHHO, ¢ 3a.1aH-
HON TOUHOCTHIO. DTO NPHBENO K paspaboTKe Pa3AUUHBIX MCTOLOB NpPH-
6MHKEHHOTO pellleHus yparHeHH!, auiub npoctelurne U3 KOTOPHIX 13na-
raioTcs B Kypce suiciteit anre0phi.

{leurpanbinivm B anre6pe MHOTOWIEHOB OKasniBaeTcs, OJIHAKO, HE
sonpot 0 npakTHYECKOM Pa3bICKAHHH KOPHel ypaBHeHn#, a Bonpoc ob
Hx cyuiectBoBaHuu. M3BeCcTHO, 4TO CYHIECTBYIOT AaMe KBaAPaTHbIE ypaB-
HeHHd ¢ [AeHCTBHTENbHHMY Ko3(duuneHTaMi, He umMeionine AelcTBUTE -
Hx kopHe#. [TornonHast 3anac yucea A0 COBOKYMHOCTH BCEX KOMIIJIEKC-
HhiX yucen, Mu 06HapyKHBaeM, UTO KBAAPAaTHbIE YPARHEHUS yKe KOPHSIMH
06/12J1a10T ¥ YTO 3TO Ke CHNPAREANHBO M AAA ypaBHeHuit tpetbell u
yerTRepTOl CTemeHH, Kak BuITEKAaeT W3 cyuiecTBOBauns Gopmya aag ux
peutenins, He natinercs nu, oanako, takoe ypasuenne natofl uwian Gosee
BHICOKOR CTEMeHH, KOTOPOE HEC HMeeT HH OAHOTO KOPH# Aame cpelu
KOMILTEKCHWX 4HCeN, H He MPHAETCS JIH A8 pasHCKaHus kopuel noaob-
HHIX YPARHENNH TMepexoanTb OT KOMMJEKCHRIX 4ice K 6osee UIHPOKOMY
sanacy uucen? OTBeT Ha STOT BONPOC AAET BAXKHAA TeopeMma, yTsep-
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WAA0ULA%, YTO BCSKOE ypaBHeHue C AOOWMH YHCIOBLIMH KOdIDduILHEn-
TAMH, HE TONbKO AeHCTBUTENbHBLIMH, HO H KOMIUIEKCHHMH, HMEET KOM-
naeKcHhe (6HTh MOXET, B YACTHOCTH, AEHCTBUTE/NbHKE) KOPHU, MPHUYEM
KopHe#d 3THX, BOoOOile TOROPs, Haxe CTOAbKO, KAKOBA CTeMeHb ypaB-
HEHHA.

TakoB kpaTkuit 0630p OCHOBHOTO COLEPKAHNA KYPCa BhicUIeH aare6pw,
Creayer moauepkHyTh, YTO BbicIlas aiare6pa 9BASETCH AHUIL HAUATOM
6oabuiott anrebGpanyeckoi HayKH, OdeHb pa3BseTBaenHol, Goratoil conep-
WaHuem u noctosdHo passusatonieiica. [lonnraemes nats o63op, eue
Gonee Geranii, Tex BeTBe#t ajreOpn, KOTOPHE B OCHOBHOM JeXaT 34
npejsenaMp Kypca BbiCiteli aareGpht.

Jluneftnaa anreGpa, spasioniasica 6GoAbUIOR HAYKOH, NOCBALIEHHON
B OCHOBHOM TEOPHH MAaTPHIlL H CRA3AHHOH C HEW TEOPHH NUHEHHBLIX npe-
o06pa3oBaHiil BEKTOPHLIX MPOCTPAHCTB, BKAIOUAET B Ce0f TaKKe TEOoPHIO
dopM, TEOPHIO HHBAPHAHTOB U TEHIOPHYIO anrTeGpy, HrPAULYIO BAXKHYIO
poab B anddepedunanbuoit reometpun. Teopiin BEKTOPHHX NPOCTPAHCTR
noaydaer aanbHeftnee pa3nutTHe BHe anre6ph, BOYHKIHOHANLHOM aHaAKH3e
(6eckoHeuHoMepHhie npocTpancTra). [To paznoobpasuio n 3naUUTENBHOCTH
NpUAOKeHHH Kak B MaTemMaTuke, Tak ¥ B Mexanuke, pudnke U TEXHH-
4eCKUX Haykax nuHeliHaa anrebpa 0CTaeTCd NOKA NepPRO# CpPedH MHOTO-
YHCJEHHBIX BeTRed anreGphl.

Anre6pa MHOTOU/IEHOB, PA3BUBABNIAACH HA MPOTHIMEHUN MHOTHX JecCH-
THAeTHH KaK Hayka o0 OAHOM YpAaBHEHUH NPOU3IBONLHON cTemenn ot
ONNOTO HEU3BECTHOTO, TEMEepb yXe B OCHOBHOM 3akoHueHna. [laabueiitiee
PA3BUTHE OHA YACTUYHO TMOJYYHIA B HEKOTOPHIX pasiaenax Teopnu PpyHk-
UHHK KOMMNIEKCHOrO MepeMeHHOTo, B OCHOBHOM e Mepepocsia B TEOpHI)
nojse#, 0o KOTOopo# CkaxeMm HHke. HTo ke KacaeTcs oOueHb TPYAHOTO
BOMPOCA O CHCTEMAX YPABHEHHH OT HECKONbKHX HEH3BECTHHX, HO HE
MHuelHLIX, a NPOU3BOJBLHLIX CTeneHel, —I3TOT BONPOC, 00BEAHHSIOULHH
o6a wanpasnenns, pa3pabaThiBaeMnie B Kypce Bbictieli anreOpsl, B caMom
9TOM KypcCe MOYTH HE 3aTpParuBaeTcs, — TO OH MO CYWECTBY OTHOCHTCH
K oco6ofi BeTBH MaTeMaTHKH, Ha3nBaeMoH anrebGpanyeckolt reomerpueil.

Hcuepnusatoulee penteHne Bonpoca o6 ycaoBHSIX, NP KOTOPHIX
ypagHeHHe MOWKeT OblTh pelieHo B panuHkanax, 6u10 A1aH0 PpaHily3CKum
matemartikoMm [anya (1811 —1832). Ero uccncioBaHus yka3anil HOBhie
HamparseHHs B pa3sBHTHH anareGphnl, uyto npueeno yxe B XX Beke, nocne
paGoT HeMelKOH xeHunH-anrebpancta . Hétep (1882 — 1935), k odop-
MJIEHHIO HOBOM TOYKH 3peHid Ha 3anayn ajareGpawveckoh nayxu. Cefinac
GeccrnopHo, YTO BORCE HE H3yueHnHe ypaBHeHUH ABAAETCA UEHTPalbHOR
sanaveil anrebpu, McTiHHBIM 06bekTOM a1reGpanyecKoro HCCIeNLOBaHH
ciaenyer cuuTaTth aareGpanueckue onepaiii, NoA0GHNE CAOKEHHID HIH
YMHOMWEHHIO YHCeNA, HO TNPOMU3BOAHMBIE, BO3MOWKHO, HE HAL UICAAMH.

Yie miKOAbHHKY NPUXOAHTCS BCTPEUaThCH B Kypce QH3UKH ¢ onepa-
1Hef cnomeHns citi. MaTeMaTHuiecKkHe IHCUMIUIIHL, H3YYaeMble Ha TTepBhIX
Kypcax yHHBEPCHTETOB H Me1arorH4YecKkX HHCTHTYTOB, MPUHOCAT MHOTO-
YHCASHHBE NPUMepH aarebpaniecKux onepanuil — cjloWenne H yMHOKEHUe
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matpul, Gynkunil, onepaunn Hax npeo6pas3oBanudMu NPOCTPAHCTBA, HAX
BEKTOpAaMu 1 T. A. IT# onepaunn oObUHO IOXOXH HZ OAepalnH Hal
YHCAAMH W HOCAT Te e HAa3BAHHHA, HO HHOrAa2 HEKOTOpbie CBOHCTBA,
NPHBLIYHLIE B CyYae YHCel, OKa3unBaloTCH yTepsHuoimu. Tak, oueHb 4acTo
H B OYeHb BAWHBIX CHydyasx OlepalHH OKAa3LIBAalOTCH HEKOMMYTAaTHUBHLIMU
(mpon3seneHHe 3aBHCHT OT MOPAAKA COMHOMHTe/eH), a uHoTdA M Heacco-
UHATHBHKMH (MIpol3BeAeHHe TpeX MHOXHTelel 3aBHCHT OT PAacCTaHOBKH
CK000K).

HaunGoaee CHCTEMaTHYECKOMY H3YYEHUIO [OABEPraloTCH HEMHOTHE,
Haubonee BawHKIe THIIM anre6pavyecKuXx CHCTEM, T. €. MHOXECTB, COCTa-
B/JICHHHIX U3 9/EMEHTOB Kaxof-1ub0 npHPOAL, A% KOTOPLIX onpeaeieHs
HexOTOpHe ajrebpanyeckue onepaunu. TakoBb, B 4aCTHOCTH, 1oas. JT0
GyayT anrebpanveckye CHCTEMid, B KOTOPWX, NOAOGHO cucTeMe AeHCTBH-
Te/NbHHIX H CHCTEMEe KOMMJIEKCHBIX 4YHCce/, Onpele/eHh ONepalHyu cloxe-
HUSL U yMHOWeHud, o0e KOMMYTAaTHBHbLIE H aCCOLHATHBHHIE, CBA3AHHHE
3aKOHOM AMCTPUOYTHRHOCTH (T. e, cnpaBeanuBo OOLYHOE NPABHAO pac-
KpuiTuf ck0o60K) ¥ obnanaioiuiue o6paTHBIMH ONEPALUSAMHU — BHYHTAHHEM
n nenenueM. Teopus nosdell oxkazanach eCTECTBEHHOH 0064acThio AAK
dajbHefulero pa3BHUTHUS TEOPHW ypaBHeHHH, a ee OCHOBHBE BETBH — TeO-
pud nose#t aarebpanyecKkHXx uyHucea u Teopus 1oael anrebpanyeckHx
(yHkiMil —cBA3ann ee COOTBETCTBEHHO C TeopHel uucen u teopHed
PyHKiLul kovmiekcHoro nepemennoro. Kypc Bucuiefl anrebpu BKJIIOUACT
B cefd jleMeHTapHOe BBeleHHEe B TeOPHIO MoJel, a HeKOTOphie pa3ient
Kypca — MHOIOUJ/iEHb OT HECKOJbKHX HeW3BeCTHhIX, HOpMa.abHaa dopMa
MaTPHLL —H3J1aTAIOTCA CPAa3y A CAYUYas MPOU3BOJIBHOTO OCHOBHOTO MOAA,

Bosiee WHPOKHUM, uYeM MOHATHE MOAA, SIBASETCH MOHSTHE KOJAbLA.
B oranune ot cnyuan noas, 3nech ywke He TpebyeTcd BHINOIHUMOCTH
JLeJIEHHA H, KPOME TOTO, YMHOWEHHE MOXeT OWTb HEKOMMYTATHBHLIM U
lae HeaccouuaTHBHuM, [IpocTefiinmMu npuMepamMu Kosell CAy®aT COBO-
KYMHOCTb BCeX LeanXx u4ucen (BK/AouYas M OTpHiUaTenAbHbe), CUCTeMa
MHOTOY/IEHOB OT OJLHOTO HEH3BECTHOTO ¥ CHCTeMa AedCTBHTeAbHHX DYyHK-
1uit 1elicTBUTEAbHOrO nepementoro. Teopus kosiel BKAOYaeT B ceGs Takue
cTapne BeTBy anredpsl, Kak TEOPHSA FHMEPKOMIUIEKCHMX CHCTEM H TEOopHH
1/1eanoB, OHAa CBA3aHA C PAaiOM MAaTeMaTHYeCKHX HAYK, B 4YaCTHOCTH
¢ (QYHKLHOHAMbHLIM AHANW30M, H YXKe HAlIa HEKOTOPble BHIXOLH
8 ¢usuky. Kypc suicuiefl anrebpn, no CyuieCTBy, COAEPKHT JHILL Ofpe-
AeNeHNe MOHATHA KOAbUA.

Eue 66abmyo ofnactbs npumeHennit umeet teopus rpynn. pynno#t
Ha3plBaeTcsi aarebpadHyeckas CHCTEMa ¢ OAHOW OCHOBHON onepauued,
NIpHYEM 3Ta onepalius A0MKHA OWTb aCCOLHAaTUBHON, XOTH He 06#3aTENbHO
KOMMYTaTHBHOH, n no/kua obnanath o6paTHOH onepaltneli — aeneHuenm,
€C/1M OCHORHA$ OTlepalins Ha3BaHa yMHowenueM, TakoBa, Hanpumep, coBo-
KYMHOCTh lle/IhiX YHCEN, PaCCMATPHBAEMAst OTHOCHTENbHO ONEPAILHH CNOXKe-
HUR, 4 TAKKE COBOKYNHOCTb MONOWHUTENbHHX AeHCTBUTEAbHHX YHCE, pac-
CvaTpuBaeMas conepanueil ymuowennd. [ pynnu urpanu 6oabuIyio poabyxe
B teopuu I"anya, B sonpoce o pa3pemuMOCTH ypasuenn# B pajuxaaax,
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€ei4ac ke OHH ABANIOTCH BAWHHM OPyAHEM B TEOPHH MOMeH, BO MHOIHX
pa3nenax reoMeTpHH, 8 TOMOJOTUH, a Takxe H BHE MATEMaTHKH—
8 Kpucraanorpaduu, B TeopeTuyeckol ¢uauxe. Boobuie, no wnporte
o6nacTi NpHAOWEHHH Teopus rpynn 3aHHMaeT CPeAH Bcex BeTBel
anrebpu caenyloliee nocsie auHedHol anrebpn Mecto. Haw kypc skaio-
yaeT B ceOs raaBy, NOCBANIEHHYK) OCHOBaM TEOPHH rpynm.

B camble nocaensuye aecsaTHAETHS BO3HHKAA W 1aneKO Pa3BHaach
HOoBasi ofaacTts aare6pn — teopus cTpyktyp. CrpyxTypoit HasniBaetcs
aarebpanyeckas CcHCTEMA C ABYMSH ONEPAUHSMHM — CJAOKEHHEM H YMHO-
WEHHEM., 3TH OnepalHy N0 XKHH OnlTb KOMMYTATHBHLHIMH H acCOUHATHB-
HbIMH, @ TaKXe YLOBJeTBOPHTb CJACAYIOUIMM TPeOOBaHMAM: M CyMMa, H
NpoH3BEAECHHE 3JIeMeHTa ¢ CaMHM c00010 MOMKHH PaBHATLCA CAMOUMY
STOMY 3JEMEHTY; eC/H CyMma 1BYX 3/1eMEHTOB paBsna OJIHOMY U3 HHX,
TO 1pOoH3BelieHHe PaBHO ApyroMmy, # obpatho. [lpuMepoM CTPyKTypH
CAYWKHT CHCTEMAa HATypanbHLIX YHHCEJH, pacCMATPHBAEMAas OTHOCHTENbHO
onepauuii B3sTug 0611ero HaHMeHbIero KPaTHOTO H o6uLero HaubobWero
denutens. Teopusa CTPYKTYp MMeeT HHTEpECHHE CBH3H C Teopued rpynn
U TeopHell KoJell, a@ TakKe ¢ TeopHeHd MHONKECTB; OJHAa CTapas BeTBb
TEOMETPHH, a4 UMEHHO NMPOEKTHBHAY FEOMETPHs, 0Ka3alach, N0 CylLecTBy,
4acThio TEOPHH CTPYKTYP; MOXHO OTMETHTb TaKwke OLHH BHXOI TeOpHH
CTPYVKTYP B TEOPHIO 3JEKTPHUYECKUX ceTell.

M3BecTHnii mapanennaM, CyuleCTBY IOLLHH MEXLY HEKOTOPHMH YaCTHMH
TEOPHU TPYNM, TEOPHH KOJEWl U TEOPHH CTPYKTYP, NPUBEA K BO3HHKHO-
seHuto obuieft Teopun anrebpavueckHx cucTeM (MM yHHBEPCaJlbHHIX
anre6p). DTa TeopHs Cle]aNa UOKA NHLIL CAMHe MEePBHE 1IarH, HO KOH-
Typbl €€ yXe BHPHCOBBBAIOTCA, a 00RAPY}KHUBILIHMECH 3AeCh CBA3W C MaTe-
MaTH4YeCKOH 10THKOH NMO3BONHIOT PACCUHTHIBATD HA cepbe3Hoe Aanbiefiuee
pa3BHTHE.

KoHeuno, B H3/I0XEHHYIO BHILIE CXeMYy Aa/JeKO He YKJAaAbBaeTcs Bce
MHoroo6pa3sHoe coldepxuanue aire6paudeckoht naykn, Cyutectayer, B uacrt-
HOCTH, psiA OTAEN0B am‘e()pu, NMOTPaHHYHLIX C APYIrHUMH pa3aeaamMn Mare-
maTuku. TakoBa Tonmonoruuyeckas aarebpa, uayuaouas anre6panveckue
CHCTEMH, B KOTOPHX Onepalluu HenpephBHH OTHOCHTENAbLHO HEKOTOPOI
CXOAHMOCTH, ONpeNeNeHHON IAf 3JEeMEeHTOB 3THX CHCTeM; APUMEpPOM
CAYXKHT CHCTeMa AeHcTBUTEJbHhX uuced. K rononoruuecko# anrebpe
6/13Ka TeOpHUSl HENPEPHLIBHLIX (UAKM JNEBLIX) TPYNM, UMEIOLAn MHOro-
4HCJEHHbIE MPHIOKEHHS B Pa3i4HbIX BONPOCAX FEOMETPHH, B TEOPETH-
vyeckol ¢uanke, B ruapoannamuke. Brnpouem, Teopus aueBnx rpynn
OT/AMYAETCS TAKHUM nepenjeTeHnem anreOpanyecKux, TOMOAOTHUCCKHUX,
fEeOMETPHUYECKHX H TeOpeTHKO-fpyHKuHOHaJIthIX METOIOB, 4TO 6ma0 Onl
IpaBHJIbHLHIM CYHTaTh ee ocoboit BetBbio maTtematuxku. Cymectnyer,
nLajsee, TEOPHN YNOPAAOUEHHHX aarebpanyuecKux CuCTeM, BO3HHKLIAN
8 CBA3M € HCCAENOBAHHAMH 110 OCHOBAHHAM [EOMETPHH H Haulesmas
npuaokeHus B PynkunoHanbHom ananuse. Hauunaet passusathca, Hako-
veil, Anddepenitnanbras aareépa, ycTaHasinBaiouLas HOBLE CBI3H MEKIY
anrebpofi n teopuelt anddepenunanbubx ypasHenuit,
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Caxso coboft pazymeetcs, uTo To GaecTsulee pazpuTHe anreGpanue-
CKO#t HAYKH, KOTOPOE NPHUBENO K €€ CerofHsILIHEMY COCTOSHUIO, He Oh.10
CAYYaHHHM — OHO HBHJOCH 4acCTbio 06lero Pa3BHTHA MaTeMaTHKH H
B 3HAYHTELHON MEpe BR3LIBANOCh HEOOXOAUMOCTHIO OTBETHUTh HA 3A1IPOCH,
npejabiuBaAsieMble K anrebGpe CO CTOPOHH IAPYrHX MATEMAaTHYECKHX HayK.
C apyro#t cTopoHb, pa3suTHe aare6pH CaMO O0KAa3WBaN0 H OKa3uBaer
odeHb OOJblIOE BAMSHWE HAZ PA3BHTHE CMEXHHX BeTBel HaykH, 0co-
6eHHOo ycuauBuleecst 61aronaps TOMy paciiapeHuio 06JacTH npunoKenuit,
KOTOpOE XapaKTepHO AAS CcoBpeMeHHOH anreGpul, W NMOITOMY HHOTAA
TOBOPAT Mawe O npoucxonduleit cetuac «anreOGpan3alHHy MaTEeMaTHKH,

O630p anrebpbl, naHHmi HaMH BHIIE, HE TOAbKO SIBASETCS OYEHb
OeranM, HO H He JlaeT NpeAcCTaBaeHHa 06 HCTOPHUH PAa3BHTHN ITOM HAYKH,
Mu 3aK0oHYM NO3ITOMY Haule BBENEHHE OYEHb KPATKHM 0630POM HCTOPUH
anrebphui.

HekoTopuiMi sonpocamu anre6ph, 8 YaCTHOCTH pellieHHem npocTed-
HIHX ypaBHEHHH, 3aHHMANHCD ellle BABHIOHCKHE, 2 3aTeM ADEBHErpeyecKHe
matemaTHki, Bepmuno#t anrebpanyeckux HCCAeLOBaHHH 3TOro neproaa
SBAIOTCA  COUHNEHHS TPEUYECKOTO (aneKcaHAPHUCKOTO) MaTeMaTHKA
HuodanTa (11l Bex 1. 3.). B nanbHelimem 3T HccaenoBaHuA Pa3BUBAIHCD
HHANPACKNMH MaTemaTHkamn — Apnabxata (VI sek), Bpamarynra (VI sex),
DBxackapa (X11 sex). Ouens paHo Hauanach pa3paGoTka sonpocos aiare6Gpn
8 Kntae—Yxan Llaw (11 Bex mo n. 3.), Laun Yoy-yau (1 mek H. 3.).
Becbma kpynusiv kutaiicknm anre6pavictom 6uin Linss LUsto-urao (X11lsek).

Bonbuio#t BkaAan 8 paspuTHEe anareOphl BHECAH MATEMATHKH CpefHe-
BEKOBOro BOCTOKA, MIICABIIHE HA apaGCKOM f3blKe, B OCOGEHHOCTH Ypo-
wenitk Cpeanelt Asmn yaGexckuil yuenwii Myxammen Axan-Xope3wn
(IX Bex) n Tamwukckui marematuk n noat Omap Xaitam (1040—1123).
B uwactHOoCTH, caMO clOBO «aiare6pa» BO3HUKJAO B CBI3M ¢ 3ar/aaBiem
kuurn Anb-Xopesmn «Anb-1we6p anb-mykabanay,

YnoMaHYTHE Bhillle HCCNELOBAHUA BABMIOHCKHX, TPEYECKNX, HHAHMH-
CKHX, KHTAWCKHMX W CpeaHea3’naTCKHX anre6paMcTOBR OTHOCHJNCh K TeM
BOMpocaM anreBph, KOTOPHE BXOAAT HbIHE B MPOTPAMMY Kypca 3jTeMeH-
TapHo# anreGphl, U AUUIL HHOTAA KAaCaNNCh YPaBHEHUH TpeThelt CTemeHH,
B sTom xe kpyre BONpPOCOB OCTABAJNHCh B OCHOBHOM M HCC/EA0BaHNS
CPeAHEeBEKOBHX 3ananoeRponefiCKuX anreGpaucToB M aAre6panucToB 310-
xH Bo3poxnenus; HazoBem HTanbsinckoro matematHka Jleonapuo [In3an-
ckoro (Pndonauun) (X1l sek) n coznarens coBpeMeHHOHN anrebpanyeckoft
cumponuku ¢paduysa Boera (1540 — 1603). Bnpouem, srite yxe ortve-
uyanocs, 4to B XVI Beke Onhin HafileHn METONK pelleHUd ypaBHEHHH
TpeThel H uyeTRepTOH CTEMmeHH; 3JleCh NOJNKHL OHhTb Ha3BaHH HMEHA
utaipsiues $eppo (1465—1526), Tapraass (1500—1557), Kapaaso
(1501 —1576) u deppapu (1522 — 1565).

B XVII u XVIII sexax npoucxoauna HHTEHCHBHAy pa3paboTka obulett
TEOPHUH ypaBHEHHH (T. e. anrefph MHOTOUNEHOB), B KOTOPOH MpHHH-
Ma/J# y4acTHE KpynHeilune ydyenwe toro Bpemenn — dpanuys IHekapr
(1596—1650), arrnuuanun Hoioton (1643—1727), dpaunuysm Hanambep
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(1717—1783) u Jlarpanx (1736—1813). B XVIIl Beke navanoch rakxe
IIOCTPOEGHHE TEOPHH oupesenuTeneil — wBeHiapckuit matematuk Kpamep
{1704—1752), dpauunysckuil yyedn#t Jannac (1749—1827). Ha pyGexe
XVill u XIX Bekos vemeuxui maremarux Faycc (1777—1853) nokasan
YHOMMHABLIYIOCA BLILIE OCHOBHYIO TCOPEMY O CYL(ECTBOBAHUM KopHel
ypaBHEHUH ¢ YHCAOBHIMH KOI(PHUHEHTAMH,

[Teppasn Tpetb XIX Beka o31lameHoBana B HCTOPHU aare6pnl pelieHuem
1poblemMbl O pa3peluMocTi ypasHeHud B paanxanax. Jokasareabcrso
HEBO3MOXKHOCTH HaltH ¢opMya AN pellenny ypasBuewnil, cTenexb
KOTOpPLX 6O0/blile WM paBHa 1ATH, ObI0 [101YYEHO HTANbAHCKUM MaTe-
MaTukoM Pyddunu (1765—1822) u B 60s1ee cTporoit popme HOPBEKCKHM
yuennm Abenem (1802—1829). Kak ywe 0TMe4anoch shiuie, MCYEPilbi-
Balollee penieHHe Bonpoca 06 yCAOBHAX, NPH KOTOPHIX ypPaBHeHHE Aony-
CKaeT pelteddHe B palaukanax, upuvaanexut lanya.

Teopust Fanya #BuAach TOMUKOM ANH LIAPOKOTO PA3BATHH aAredpw
B cepeanHe u Bropol nonosude XIX Beka, B TOM UUC/AE ¥ HOBHX ee
Hanpapaeduii. Tak, NOABHAUCHL TEOpur nonel a/ireGpanyuecKux 4ucen u
noaei anare6pavuyeckux GYHKUHH W CBiA3aHHasi C Hell Teopus HAEAIOB,
31eCh HYXHO Ha3BaTh HeMeukux martemaTukoB Kymmepa (1810—1893),
Kpotekepa (1823—1891) u denexkunna (1831—1916) u pycckux mare-
matukos E. U, 3onorapesa (1847—1878)uTl. &. Bopororo (1868—1908).
Boabuioe pasBuTHE NOAYYHIA TEOPHS KOHEUHMX PPYMN, UAyllas ewe ot
Jlarpanxa 4 Tlanya; 3aech paboraau Pppannyss Kown (1789—1857) 4
Wopnan (1838—1922), nopsewckuii matemaruk Cuaos (1832 —1918),
Hemelkue anre6pancT Ppobennyc(1849—1918)uléapaep(1859—1937).
Hauano TeOpHH HEnpepuBHLX IPYIN MOJOKHAR HCCAELOBAHHA HOPBEXK-
ckoro maremaruxka C. Jlu (1842—1899).

Pa6oramu anrauiickoro yuedoro lamuabtosa (1805—1863) u nemeut-
koro mareMatuka ['pacmana (1809—1877) nauanaco Te0OpHs CHIEPKOM-
IEKCHBIX CHCTEM WM, KaK Telepb rosOPAHT, Teopus anrebp. boabwmyio
poJb B fanbHelilleM Pa3BUTHH 3ITOH BETBH anre6pn uIpasn OTHOCH-
uiMecs K KOHUY Beka paGoTw pycckoro marematuxka ¢. 3. Moauua
{1861-—1941).

Jluneinaa aare6bpa aocturna 8 XIX Bexke 6oabluoro pacusera,
npexae scero 6aaronaps pa6oram aurauiickux matematukos Cuassecrpa
(1814—1897) u Koan (1821—1893). [llposonxkansach paspaborka n
anre6pnl MHOTOUWICHOB; MH OTMETHM /HUb MeTOA NPUOAHKEHHOIO pelle-
HHA ypasHeHnl#, nalfiaeHunl pycckum reomerpom H. WM. JloGauesckum
(1792—1856), n paboTw Hemeikoro marematnka I'ypsuua (1859—1919),
BosTropolinonoBnHesexanayanacosnasatben aarebpanyeckan reOMeTPHs,
B 4aCTHOCTH B pabouTax HeMeukoro marematuka M, Hérepa (1844 —1922),

B XX Beke anrebpanueckue HCCAeNOBaHUS [IPHOGPENH OUeHb GOALUIYIO
WHPOTY H airebpa, KaK Mbl ye 3HaeM, 3aHsjla B MaTeMaTHKe BeCcbMma
fIoveTHoe MecTo. B 3TOT nepuoa BU3HHKAIOT MHOIrHE HOBHE pasfent
anreOpni, B8 TOM uucje o0uldan TeopHs NOoAel (AeCiuTnie roAn), Teopus
Konew H ofuias TEOpHd Ipyun (ABAALATHE [OAB), TONOIOIHYECKdH
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aare6pa ¥ TEOPHR CTPYKTYP (TPHAUATHE [OAH); B COPOKOBWX KW NATH-
AECATHX FOldaX MNOABHJIHCH TEOPUsl NOAYrpynn ¥ TEOpHS KBA3Wrpynm,
TeopHst YHHBEPCANbHHX aarebp, romonoruyeckas aareGpa, teopus Kate-
ropuil. Bo scex uyactiax anre6pn paGoOTAalOT KPynHble yuenbie, BHecUIHe
cepbesHbifl BKAAA B HayKy, B Psile CTPaH BO3HUKAIOT 60abiune anrebpay-
yeckde WKoAW, DTO OTHOCHUTCH, B yactHoctd, Kk Coserckomy Coiw3y.

M3 uucaa pycckHx A0PeBONIOIHOHHBX aare6pancToOB, TOMHMO Ha3BaH-
Hux Bollle, cnenyet ykasats Takwe C. O. Llaryuosckoro (1859—1929)
u 1. A. pase (1863—1939). Oanako HacTosuw Uil pacuseT anreGpau-
4YeCcKHX MCCaenoBaHul B HalieHd cTpaHe HAYMHACTCH NHLIbL nocae Beaukod
OxTa6PbCKON PEBOMOUMH, DTH HCCEAOBAHHH 3aXBATLIBAIOT MOYTH BCE
pasfenn cCoOBpeMeHHON anre6pavuecKkofl HayKH, MPHYEM B HEKOTOPHX H3
HUX paboTu cOBeTCKHX aare6paucTOB HrpalOT PYKOBOARWYIO POAb. Mu
HaszoBem Jaumb ABa umesu —H. ', YeGorapesa (1894—1947), pabo-
TaBllero B TeOPHH noJeit v teopuu aHeswx rpynn, u O. 1O, [lUmnara
(1891—1956), u3BECTHOro mnNOMAPHHKA H B TO WKE BPEMs KPYMHOFO
anarebpancTa, €o3nartens COBETCKOW TEOPETHKO-FPYNNOBOH WKO/M,

3akanunBag Haw KPaTKHHA 0630pP COBPEMEHHOrO COCTORHHA W OYTEH
pa3BuTHA anrebpul, Mbi AOMWKHH €llle Pa3 NOAYEPKHYTb, YTO PACCMOTPEH-
HHE 3JeCb BONPOCH B OCHOBHOM JIeWAaT 3a npefenamu Kypca Buicuiei
anrebpw. 3anaved o0630pa ObI0 /HUIb [10MOYb YHUTATENIO [0JYYHTH
MpasHAbHOE NPEACTABIEHHE O MECTE, 3aHHMaeMOM KYPCOM BuicLIEH anrebpr
B aarebpavyeckol HaykKe B LEJOM H B8O BCEeM GO/bUIOM 34aHHM MaTe-
MATHKH,



'JIABA TTEPBAS
CUCTEMB! JIMHEWHBIX YPABHEHHI. ONPEAEAHUTEJH

§ 1. MeTon DOC/IEZOBATENLHOrO HCKJOUCHHSE HEH3BECTHBIX

Mn nauyunaem kypc Beicuiedl anre6pn ¢ U3ydeuus CHCTEM ypaBueHuft
nepsofl cTemeHH € HECKONbKHMH HEH3BECTHWMH WM, KaK OOWYHO FOBO-
pAT, cuctem Auneduvix ypasHeHudl).

Teopusn cuctem JauHelinbix ypaBuenu#t knaaet Hawaao Ooabwomy
M BaWHOMY oOTAeny anre6pnl —aunefinoil aaredpe, — K KOTOPOMY OTHO-
cuTca 6onblias yacTb r/1aB HauleH KHHMH, B YACTHOCTH €€ (1epBhHe TpH
rnasn, Kosdduuuentn ypasHenutt, paccmatpHBaeMblX B 3THX Tpex rna-
BaX, 3HaYeHHR HEH3BECTHHX H BoOOWE BCe 4HCAA, C KOTOPHIMH Mbt
6ynem BCTpe4yaThCst, cAeayeT cuynTaThb aeHcTmuTenbHbiMu. Bnpouem, sce
COZepx¥aHHe 9THX [JaB NOCNOBHO NEPEHOCHTCA H HA CAy4all NPOH3BO/ib-
HHX KOMINIEKCHBIX YHCeJ, y®We H3BeCTHHX YHTaTeN H3 Kypca cpeaneit
WIKOJIN.

B oranune ot anementapHo#i anre6pw Mb OyaeMm H3yyaThb CHCTEMH
¢ MPOH3BOJbHLIM YHCAOM YpaBHEeHHH H HEH3BECTHHX, MPHYEM HHOFAA
YUCA0 ypaBHeHuH cHCTeMmbl He OyAeT Adxe MpeanoaaraTbcs COBNanaio-
wHuM ¢ ydcnoM HeusBecTHoiX. [lycTh Ham Aana cucTeMa #3 s AHHEHHbIX
ypaBHenH#t ¢ 1 HEH3BECTHhIMH. YCJIOBHMCH YNOTPeGAsHTb CJEAyIOLLYio
CUMBOJIMKY: HEH3BECTHhie Mbl OyJem 00603HauaTh OYyKBOH X ¢ HHAEKCAMH:
Xy, X9, ..., X, yPaBHeHHn OyleM CHYHTaTb MEPEHyMePOBaHHHLIMH— Nep-
BO€, BTOpOE, ..., S-€; KOIPHUHEHT H3 {-r0 YypPaBHEHHN [IPH HEH3-
BECTHOM X, 0003HAayHM Yepe3 a,ﬁ); Hakoueu, CcBOGOAHMH unen i-ro
ypaBHedHst 0603HauuM depes &;.

!) 310 Ha3Banue CBA3AHO C TeM, YTO B aHAJAMTHYECKOH TreoMETPHU ypasie-
HHe NepBOil CTelleHH C JABYMS HEH3BECTHLIMH OfpejefsieT NPAMY0 JHHHIO Ha
TIJIOCKOCTH.

2) Mul ynorpebasiem, CJeRoBaTeabHO, ABA HHAEKCA, H3 KOTOPHIX MepBblil yKa-
3biBaeT Ha HOMED YypaBHeHHs, BTOPOH—Ha HOMep HeusBecTHoro. /s cokpauie-
HHS [UCbMA 3TH HHAEKCH He Da3je/sIoTCs 3amaToil;, He CaeayeT, OLHAKO, B cAay-
Yae a;; BMECTO ¢a OAMH OJHH» YHTATb «a OAHHHAAIATbs, B CJy4ae dz, BMECTO
«a TPH YeTbiPe» UHTaThb «a TPHALATH MeTHIpes,
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Hawa cucrema sanuuieTcst Tenepb B caeryioweM oOLWEM BHE:

X+ aypXe+ oo 0y, X, =0y,
Qg Xy + QopXe + o oo Qg X, =0y,

L Y

Xy - Qgexy + oo A ag,x, =by.

M

KoappruneHTH Npu HEU3BECTHLIX COCTABAAIOT NDPAMOYIO/bHYIO Tab-
JUny
A8y, o 4
a,,a a .
217422 e 2
) 2
a0 ... Q

HA3HBAEMYIO MaTpuyed M3 S CTPOK W 1 cTOA04OG; 4HCAA @;; HA3H-
BalOTCH daemenrTamu Marpuunl). Ecan s=n (T. €. 4ncao CTpoK pasHo
yHcay CTOAGLOB), TO MaTpHUA HA3LIBAETCH K8aOparHod  marpuyedl
nopadka n. Juaronanb 3TOH MaTPHUb, UAyulas OT JEBOrO BEPXHEro
K MEPBOMY HHMCHEMY yrily (T. €. COCTAB/AEHHAR H3 BJIEMEHTOB @y, Qg - .-

., Q,,), HasbiBaeTcs eaasnod OJduaconaaswo. KBagpatnas wmartpuua
nopaaka n OyAeT Ha3bIBaTbLCHA eQuUHUHHOU MaTpuyeld nopsdka n, eciu
BCE 9/IEMEHTbl €€ IN4BHOH AHArOHANH PaBHH EQUHHLE, 4 BCE SJIEMEHTH
BHE 3TOH AMArOHAaNW DPABHH HYJIO. )

Pewenuem cucremm antelinbix ypaBueuudt (1) HasmiBaeTcs Takas

cucTemMa 7 vucen Ry, R,, ..., k,, 4TO kaxjiaoe H3 ypasHenu#t (1) obpa-
ILAE€TCH B TONKAGCTBO MNOCAE 3aMEHH B HEM HEH3BECTHHX X; COOTBET-
CTBYIOWLHMH ydcnamu Ky, i=1, 2, ..., n?).

CucteMa /uHeHHHWX YPABHEHHH MOXET He HMETb HH OJHOrO pelue-
HUS M TOrAa OHAa HashBaeTcs HecoemecTroil. Takosa, Hanpumep, cu-
crema

X, +95x,=1,
x1+5x2=7;

NeBbie YACTH 3THX YpaBHEHHH COBIAAAIOT, HO NPABbLIE PA3JHYHE, H MNO-
3TOMY HHKaKasi CHCTeMa 3HauyeHHH HEH3BECTHHIX HE MOXET YJOBJETBO-
puTb OGOHM ypaBHEHHAM Cpasy.

Ecnu we cucrema nuHelHbX ypaBHeHHH o0najdeT peuleHUsIMH, TO
OHa Ha3awiBaeTcs cosmectsoli. COBMECTHAas CHCTeMa Ha3blBaeTCs onpe-
Oenenrod, ecnan OHa o06/iajlaeT ONHUM-E€IHHCTBEHHKIM pelleHHeM — JIHILb
TaKHe CHCTeMbl JONYCKAITCH K PACCMOTPEHUIO B 9/IEMEHTapHOH anrebpe,—

) Takum ofpasoM, ecam MaTpduy {2) paccMaTpuBaTb BHE CBSA3H C CHCTe-
moit (1), To mepBbiff HHAEKC 3/eMEHTa a;; yKas3blBaeT Ha HOMEp CTPOKH, BTO-
poil —Ha HOMep cTOJI6NA, HAa MepecetieHHH KOTOPhIX 3TOT 3JEMEHT CTOHMT.

2) TlopuepkHBaem, 410 uucaa Ry, Rg, ..., K, COCTaBJAIOT OJAHO peLIeHHe
CHUCTEMBbI, @ He N peleHui.
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U HeonpedeseHHOH, ecnn peilieHHH Ooabluie 4eM OAHO; KaK Mbi y3Haewm
nosxe, uX GyNeT B 3TOM Cayyae pawe Oeckoneuyno muoro. Tak, cucrema
X+ 2x, =17, }
X, +x, =4
onpeneneHHa: oHa uMeer peuleHue x;=1, X,=3 H, Kak Jerko apo-

gepsieTcA METOAOM MCK/IOYEHHS HEH3BECTHOrO, 3TO pelueHie OyReT eAunn-
ctBenunm. C apyro#t cTopoHw, cucrema

3x1—x2=1, }
6x, —2x,=2
HeonpeaeneHdHa, TaK Kak uMeeT OECKOHEYHO MHOrO pelneHull BHIa
x, =Rk, X,=3k—1, 3

rAe 4HC/IO0 kK MPOH3BOALHO, MNPHYEM PpeIIEHUAMH, 00JYYAIOLWHUMHCA 1O
dopmynam (3), ucyepnHBaOTCH BCe pelileHus HaueH CHCTEMH,

3anaya TeOpPHH CHCTEM JAHHeHHHX YypaBHeHull COCTOHT B pa3paboTke
METOAOB, MO3BOJAIOIIHX y3HATh, COBMECTHA /IR A3HHAA CHCTEMA ypaBHe-
Hul HAn HeT, B CAyyae COBMECTHOCTH YCTaHOBHTb UYHC/IO pelleHui,
a Takwe yKasath crmoco6 HaliTH BCe STH pelleHus.

Mu HayHeM ¢ MeTona, HauGonee yIOOGHOTO AAS NMPAKTHYECKOro Pasm-
CKAaHHR pPElUeHHH CHCTEM € YHCAOBBIMH KO3 ]HIHEHTaMH, 2 HMEHHO Je-

00a 7n0CAe008AMeAbHO20 UCKAOMEHUS Hel3BeCMmHHX WNIH Aemoda
laycca.

Buauane oaxo npeasaputenbHoe 3aMmevanune, Ham npugercs aenats
Aajbilie TakHe npeoOpa3soBaHHs CHCTeMH JHHeHHHX ypaBHeHuit: obe
4acTH ONHOTO H3 YPaBHEHHt CHCTEMBl, YMHOWEHHHE Ha OLHO H TO Xe
4yuCcA0, BHIYHTATH H3 COOTBETCTBYIOLWIHX YacTeH HEKOTOporo APyroro
ypasHeHus cHcTeMmbl, [lycTbh Ans onpeseneHHOCTH Mul 06e 4aCTH NEepBoro
ypasHeHus cucTeMb (1), yMHOXeHHble Ha UHCNQ ¢, BHYUTAEM H3 COOT-
BETCTBYIOULHX 4acTel BTOPOro ypasheHus, Mu nMosyunM HOBYIO CHCTEMY
AHHefHbIX ypaBHeHUH:

ay Xy +ax,+ ... Fax,=0b,,
a;,x1 +a;2x2+ cen +a;,,xn=b;, ]
Q31 X1 + A%y + .. Fag, X, =0y, } (4)
QX+ QpXy + ... Fagx,=b,
rie
a;,=a2/—c01, npu  j=1, 2, ..., n, b;=b2——cb1.
Cucments ypasnenufi (1) u (4) sxesugasenmus, m. e. OHU uu

oBe HecosMmecmHbl, UAl e obe cosMecmHb U 06/za0aiom 00HUMY U
memu e pewenuamu. B camom nene, gycts £y, R, ..., E, Oyder

ADIBSOR'R TERL. .. .. nlD-\ul

2 A, T. Kypom SURXOHD
t:p( KT

H-#f-&-
(223192 ot |
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NPOH3BOJbHOE peulenne cucTemu (1). DTH YHCAA yAOBAETBOPAIOT, OYe-
BHAHO, BCeM ypaBHeHUAM CHCTeMH (4), kpome BTOporo. Oxu yposne-
TROPHIOT, ONHAKO, M BTOPOMY YPaBHEHHIO cuCTeMbl (4)—mOCTATOYHO
BCMOMHUTb, KaK 9TO YypaBHEHHE BhIpawkaeTCs Yepe3 BTOPOE W MepBoOe
ypaeuenus cuctems (1). Ob6paTHO, Besikoe pelileHHe cHCTeMu (4) 6yzer
yaosieTBopatb ¥ cucreMme (1). IleficTBuTenbHO, BTOpOe ypaBHeHHe CH-
cteMu (1) nonyvdaerca BhUHMTaHHeM H3 00enX 4acTeH BTOPOro ypaBHeHHs
cucteMp (4) cooTBeTcTBYIOIIMX YacTell NepBOr0 ypaBHeHus 9TOH CH-
CTeMH, YMHOXEHHHX HAa YHCAO —C.

lMouatHo, uTO ecau Kk cucmenme (1) 6yoym Heckosvko pa3 npu-
JMeHeRb  npeobpa308aHUn  PACCMOMPEHHO20 MUNA, MO BHOBb NOLY-
YeHHAR CUCmeMA YPASHeHUd ocmanemCcs K 8UBANEHMHOL UCXO0HOH cu-
cmeate (1).

Moxer cayuynTthCs, YTO mocae BHNOJHEHHS Takux npeobpas3oBaHuil
B Hawel cucTeMe MOABHTCA ypaBHeHHe, BCe KOI(DPHUNEHTH NeBOH# YacTH
KOTOPOro pasibl HyM0. Ecau u cBOGOAHKH Ynen 3TOro ypaBHeHHs paBeH
HYJ110, TO YPaBHEHHE YNOBJAETBOPALTCSA NMPH NIOOLIX 3HAYCHHAX HEU3BECT-
HHX, H NO3TOMY, ombpacwsasn amo ypasHeHue, Mb npudems k cucmeie
ypasuenuli, sxeusasenmuoli ucxodnoli cucmene. Ecau ke cBo60oaHBIR
ufeH PaccMaTPHBAEMOro YPAaBHEHWR OT/ANYEH OT HYJ/s, TO 3TO YpaBHEeHHe
He MOWeT YILOB/JEeTBOPATbCH HHU MPH KAKHUX 3HAYEHHHX HEH3BECTHHX,
a MO3TOMY MIOAYHEHHAS HAMU cucmeMma YpagreHull, PABHO KaK U 3k-
sugasenmnan ed ucxo0nHas cucmerna, 6y0ym HecogMecmHbMU.

[Tepefinem Teneps k u3nowenuio meroma laycca.

ITyctb xana npousBo/abHAA cucTeMa NuHeliHbix ypasueuuit (1). IToao-
MUM, A8 ONPefe/eHHOCTH, 4TO Koa(duuuent a,, 70, XoTa Ha camom
lene OH MOXET, KOHEYHO, OKA3aTbCsl PaBHHIM HYJNIO, H Mbl JOMKHN Oyaen
HA4YaTh ¢ Kakoro-nu6o JApyroro, OTAWYHOrO OT Hynsa, Kosdduunenta
13 NepBOro ypPaBHEHUA CHCTEMH,

[Tpeo6pasyem Temepb cuctemy (1), Mcka0uan Hen3BeCTHOE X; U3 BCEX
ypaBHenuH, kpome nepsoro. [as storo o6e yacTH NepBOTO ypaBHEHMS
YMHOXHM Ha YHCNO %ﬁ H BHIYTEM U3 COOTBETCTBYIOULHX HacTel BTOPOro
ypaBHeHua, 3ateM o6e 4YacCTH NepBOro YypaBHeHHs, YMHOXEHHHE Ha

a
YHCAO a—’“, BHUTEM H3 COOTBETCTBYIOWIHX 4acTeR TpeThero ypaBHeEHHT,
11

H T, A,

Mu npuoem o9TuM nyteM K HOBOH cHCTeMe H3 S JuHeHHHX ypaBHe-
HHH € 711 HEU3BECTHLIMH:
Ay Xy 4 @ X, +ay3x+ .. X, =0y,
Qg Xy + AogXg+ ... + Qanx,=b,,
A32Xy + Q33X5+ ... + Q3nX,= by, ©)

? , ’ »
Xy + AssXg + ... + Gux, = bs. J
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Ham Her HEOGXOAMMOCTH SBHO 3aMHCHBATb BLIPaXeHHs HOBHIX K03dhdu-
LIHEHTOB a}, H HOBWX CBOGONHBIX WIEHOB O; 4epes koadpduuHeHTH
cBO6GOLHHE 4JeHH HCXOAHOH cuctemu (1).

Kax mp 3naem, cuctema ypaBsHedui (D) sxsuBanenTHa cucteme (I).
Bynem mpeobpasosuBath Tenepb cucremy (5). Ilpu stom nepsoe ypas-
HeHie MH He Gyaem GoJblue TPOTATb COBCEM H MOAJNeXaule# npe-
o6pasoBanudmM GydeM CUNTATD JHIb 4aCTh CHCTEMH (5), COCTOALLYIO
3 BCex ypamHeHuH, xpome nepsoro. [Ipnm 3TOM MHl CyHTaeM, KOHEYHO,
4TO CpedH 3TUX ypaBHeHMH HeT Takux, Bce kodpduunenTH JeBHX YacTelt
KOTOPLIX PABHHI HYJIIO,— TAKHE ypaBHeHHs MH BHOPOCHAH Ou, ecnn Ou
d HX CBOOOIHHE wieHn OBUIX PaBHL HYJMIO, a B NPOTHBHOM CAYy4ae Mhi
yxe aoxasaan Obl HECOBMECTHOCTb Hawell cucremn. Takum obpasom,

cpennl K03pPUUHEHTOB @ €CTb OTIHYHHE OT HYJs; A/ ONPEAENeHHOCTH

npuMeM, 4YTO @y, 5=0. [IpeoGpasyem Tenepp cucTemy (5), BbuuTas H3
ofenx uacTe TPETHEro W KAWIOTO H3 ClelYIOLIUX ypaBHeHuit obe 4acTH
BTOPOrO ypaBHEHHs, YMHOXeHHHE COOTBETCTBEHHO HA 4ucia

Atum GymeT HCK/IOUEHO HEU3BECTHOE X, 113 BCEX ypaBHeHuil, kpoMe mep-

BOTO U BTOPOro, W Mbl NPHAEM K CleAyIolell cucreMe ypaBHeHHH, 9KBi-
BaJAeHTHONH cucteMe (D), a moaromy u cucreme (1):

@11%) + Q19X F A5x4+ .. A X, =by,

Qo2 Xy QagXg+ ... + Qonx, =0y,

” ” -
833X3+ ... +agnx,=by,

” L4 »
a13x3+ ‘e atnxn=bt.

|

Hawa cucteMa comepxuT tenepb f ypasHeunit, f=<s, Tak KaK HeKOTO-
pule ypaBHeHHs OKa3a/aHcb, BO3MOWHO, orGpomenubMu, [londTHo, uTO
4YUCAO ypaBHEHUH CHUCTEMBl MOIVIO YMEHbIIHTBCH YKe Nocje HCKIioye-
HHSl HEH3BeCTHOTO X,. B nanbrefiiieM noanexut npeo6pa3oBaHuaM AHIIb
4aCTb MOJNYYEHHOH CHCTEMB!, COLEpPKAaiiad BCe ypaBHEHHd, KPOMEe ABYX
llepBhIX,

Koraa 0oCTaHOBHTCA STOT MPOLECC MNOCAeA0BATEIbHOTO HCKJIIOYEHUS
HEeH3BEeCTHHIX?

Ecnu Mm npuzeM Kk Tako# CHcTeMe, OdHO H3 ypasHEeHHH KoTopo#
UMeeT OTAMYHHI OT Hyas cBOGOAHWH uieH, a BCe KOIPPHIHEHTH NeBOH
4acTH PaBHH HYJMIO, TO, KaK Mb 3HaeM, Hamla HCXOJHAA cHCTeMa He-
COBMECTHA,

2*
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B npoTuBHOM Cjaydae Mbl MOAYYHM CACAYIOLLYIO CHCTEMY ypaBHeHHH,
SKBHBa/MEHTHYl0 cucteme (1):

@y Xy + QX+ ooy, gy Xyt BpXpt o By X, =0y,
BooXg+ oo F Ao ka1 Xp_ 1T CorXpt oo o+ QenX, = b,,

k- k- k~-2) .. k-2
agz-lz.)k—lxk—l"*" afz-lz,)kxk-l—.. oo+ age-x,)n*n = bgz-l )1
k-1 k-1 k-1

ab Vx4 al YV x, = b0,

3aech a;, #0, a;z#oy ceey agzk-xz.)kq + 0, llg;a_l)?éo- Otumetum Tak-
we, UTO R <<S H, OYEBHAHO, k=<<n.

B amoxm caywae cucmema (1) cosmecmuan. Ona O6ydem onpede-
AeHHOll npu k=n u HeonpedenenHoli npu k<n.

JeitcteutenbHo, ecan k=n, 10 cucrema (6) mmeer BHUL

ay X+ @+ L. e, =0y,
azgxz"{' PR + aznxn= bz,

oV, = 63,

M

M3 nocneaHero ypaBHeHus Mbl fI0JyyaeM BroOJAHe onpefeneHHOe 3HAUYEeHHe
A7 HEH3BECTHOTro X,. [lolcTaBass ero B mpeanociaejiHee ypaBHeHHe, Ml
hafileM OJLHO3HAYHO ONpeNe/NeHHOe 3HAa4YeHHe IS HEeM3BECTHOrO X,_,.
Ilposonicasn tak nanee, Mel Hafizem, 4YTto cucrtema (7), a nosToMy
cucrema (1), o61anal0T eNHHCTBEHHBHIM pelIeHHEeM, T. e, COBMECTHH U
onpeje/ieHHbl,

Ecan ke R<C7, TO AAS «CBOOOLHBIX® HEHIBECTHHIX Xp,q, -.., X,
MLl BO3bMeM MPOH3BOJbHHIE YHCJAOBHE 3HAaYeHHUs, MOC/Ee 4ero, ABHranch
no cucteme (6) CHM3Yy BBepX, Mbl, KaK W BhLilie, HalgeM AAd HeH3BeCT-
HblX X4, Xp_q, .., Xy, Xy BIOJHE oOnpepefeHHHe 3radenns. Tak Kak
3HaueHus A5 CBOOOAHHIX HEM3BECTHBIX MOWHO BHIOPATh GECKOHEUYHHIM
YHCIOM Pas3NHYHBIX crnoco6oB, TO Hama cucteMa (6) H, C1eAOBATEAbHO,
cuctema (1) 6yayTr COBMECTHHMH, HO HeonpeleNeHHuMH. Jlerko npose-
pHTb, YTO YKAa3aHHHM 31eChb METOMOM (NMPH BCEBO3MOXHBX BHOOPax
3HaYeHHH# A9 CBOGOJHHX HEH3BECTHHX) OyAYyT HailieHw BCEe pPeuICHH
cuctemn (1),

B nepBbui MOMEHT KaXeTCsl BO3MOXCHBIM ellie OJHH BHI, K KOTOPOMY
MOeT TPHBOAUTLCS CHCTEMa JHHeMHBIX ypaBHenu#t Mmetomom [Taycca,
2 HMeHHO BHJ, NoJydawouiica npHnucsBaHueM Kk cHcreMe (7) eiue He-
CKOMbKHX YpaBHeHHH, cOdepwaulHX NHIIb HEH3BeCTHoe X,. B aeiicTu-
TeAbHOCTH, OJIHAKO, B 9TOM CAyyae npeobpa3oBaHis NPOCTO HE AOBEAEHH
10 KOHLIA: TaK Kak af,',‘,");éo, TO H3 BCEX YypaBHeHWH, HauHHaa
¢ (n-1)-ro, HenspectHoe X, MOXeET GHITh HCKJIOUYEHO,

Cnenyer 3aMeTHTb, YTO «TpeyronbHasgy (opma CHCTEMH YPaBHEHHH
(7) nmn «rpanmeuounpanpnasy ¢opma cHcTemu ypasdenuit (6) (npu k& <<n)
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Nnoay4yulach BBHAY RPEANOAOWKEHHS, YTO KOIPPHUHEHTH Qy,, @, U T, 4.
OTAHYHB OT Hyas., B oOuieM cayuae T4 cCTeMa ypaBHeHHH, K KOTOPOH
Mbl MPHAEM MOCAE AOBejleHHs A0 KOHLA Npoliecca HCKAWYEHHS Hen3Be-
CTHBIX, MPHOGPeTET TPEYroJbHYIO WM TPANMeUoHAaNbHyio GopMy /Anilb
10C/Ae HAaAACHAILLILr0 M3MEHEHHS HYMepPalHH HEH3BEeCTHHX.

CyMMupyd BCe H3MI0)EHHOE Bhillle, MM M0Jy4YaeM, 4To semod [aycca
npusenusm K A1060i cucmesse aurelinvix ypaswenuii. llpu amon cu-
cmema Oydem Hecosmecmuol, ecal 8 npouecce npeobpaszosanuil b
noAyuum Ypasuenite, 8 KOMOpPOM KOPPHULeHmb npU 6Cex Heu3se-
CMHLLX DABHbL HYAI0, G CBOOOOHLI HAeH OMAULEH Om HYASL, ecAll Jce
Mbl mQK020 YPasHerUs He scmpemus, mo cucmesma 6ydem cogmecm-
noli. Cosmecmuan cucmena ypasuenuli 6Gydem onpedeaennoli, ecau
oda npusooumcs k mpeyeossnomy 8udy (7), u Heonpedesennoli, ecau
npugooumcs x mpaneyoudassrory eudy (6) npu k<<n.

[TpuMenuM ckasaHHoe K CAyd4alo CHCTeMH JHHEHHHX OOHOPOOHHX
ypasHeHu#t, T. e. ypaBHeHu#l, CBOGOIHHE UJIeHH KOTOPHX PaBHH HYIIO.
Taxasn cncTema Bcerma cOBMECTHA, TaK Kak o0najaer Hy.tesus peile-
Huen (0, 0, ..., 0). Ilycte B paccMaTpHBaeMOH CHCTeME 4yHC/IO ypaB-
HeHuli MeHb e YHcna HeH3BecTHHX, TOrja Hama chHcTeMa He MOWer
NPHBOAUTLCH K TPEYroJbHOMY BUAY, TaK KaK B mpouecce npeobpaso-
Bauui o metony laycca uncao ypaBueHn#t CHCTEMH MOXET YMEHbIIAThCH,
HO HE MOWET yBeJMYHBATHCA; OHA NPHBOAHTCA, CJAEA0BATENbHO, K Tpa-
MEUHOHAANBHOMY BHIY, T. €. HeompezeleHna.

UupiMu  cioBaMu, ecai 8 cucmese AUHETHWX OOHODOOHWX Ypas-
HeHUll HUCA0 YpaSHeHUll JMeHbule HUCAG HeU38eCMHBX, moO 3ma ciu-
cmesa odaadaem, NOMUMO HYAeB020 PeuleHUS, TMAKNCE U HeHYAe-
8biMU peutenHuamy, T. €, PEUIeHHSIMH, B KOTOPHX 3HAUEHHR HEKOTOPHX
(nau  mawe BceX) HEH3BECTHWX OT/AHUYHW OT UYJAA; maxux peuexuil
Oyoem 6eCKOHeUHO MHO020.

[Tpy npakruueckoM pelIeHUH CHCTEMH AuHEeHHHX ypaBHeHuil meto-
aom laycca cneayer suinucaTh MaTpuuy H3 KO3(OMINEHTOB CHCTEMH,
NpuCcoeANHUTD K Hell cTon6el, U3 CBOGOAHBIX Y4IeHOB, AM% YAOOCTBA oTae-
NeHHnt BepTHKanbHON 4YepToH, M BCe NMpeoOpPa3oBaHud BHIIOJHATL HAl
CTPOKAMH 9TON «paclIipeHHOR» MaTPHUH.

Hpusepu. 1. Pewnts cicremy.

x+2x, +5x3=— 9, "
Xy — Xo+3x3= 2,
3x; —6x,— x3=25. [

Moasepraem npeoGpa3oBaHHAM PaCIIMPEHHYI0 MAaTPHIUY 3TOA CHCTEMBI:
peobp

1 2 5] —9 1 2 5| -9 1 2 51 —9
(1 —1 3 2>—>(0 -3 —2 11>—><0 -3 =2 ll>.
3 —6 —I 25 0 —12 —16 52 0o 0 -8 8



22 CUCTEMK JMHEHHHX YPABHEHHH. ONPERENUTEAN fra. 1

Mu npuxoaum, caeloBaTeIbHO, K CHCTEME YPaBHEHHMI
X1+ 2%, +5x5=—9,

—3xy—2x3=11,
—8x3= 8,
ofinajaiomedl eAHHCTBEHHBIM pELUEHHEM ~
x1=2, xo=-—3, xg=-—1I,

HMcxonnas cucTeMa okasanack onpefefleHHOR.
2. Pewntnb cucTemy

X;— Bxg— 8x3+ x,= 3,
3xy+  xpg— 3xg—Dbxy= 1,
x — Tx3+2x,=-—5,

Ilx, 4 20x3— 9% = 2.

[lpeo6pasyem pacliHpeHHYIO MaTPHUY CHCTeMAI:

1 —5 —8 1 3 1 —5 —8 1 3

3 1 —3 —5 1 0 16 21 —8)_—8

1 0 —7 2|-5]"710 5 1 1| —8 |

0 11 20 —9| 2 0 11 2 —9 2
1 —5 —8 1 3 1 —5 —8 1 3
0 —8 0 —29] 160 0 —89 0 —29 160

i 0 5 1 1{—8 |10 5 1 1] —8

0 —89 0 —29/ 162 0 0 0 o0 2

Mu npHLLIR K CHCTeMe, cofiepaleil ypasHenne 0= 2. HcxonHan cuctema 6yaeT,
cJIe/0BaTeJIbHO, HEeCOBMECTHOH.
3. Pewntb cucremy

dx, + xp—3x3— x,=0,

2%, +3x,+ x3—bx;=0,

X1 —2x,—2x5 4 3x,=0.

310 cHMcTeMa ONHOPOAHBIX YDaBHeHHH, MNpPHYEM 4HCJIO YDaBHEHHH Meublle
UHCJIa HEH3BECTHHIX; OHa JOMKHA OhITh NOYTOMY HeonpejesneH:ol. Tak kak Bce

cBofofHble wieHH PaBHBI HYyJIO, TO M OyfeM MojBepraTh npeoGpasoBaHiaM
JHIIL MaTpHLOY H3 KOYDPHLHEHTOB CHUCTEMBI:

4 I -3 -1 0 9 5 —13 0 2 0 -2
(2 3 1 -—5> — <O 7 5 —ll> — <0 7 5 —11>.
1 -2 -2 3 1 -2 -2 3 1 -2 =2 3

Mpbl NpHWIAH K cHCTEME yPaBHeHHI
2%, — 2x,=0,
Txy45x3—11x,=0,
x)—2x,—2x3+ 3x,=0.

B kauecTBe cBOGOXHOTO HCH3BECTHOFO MOXHO NMPHHSATH JIOG0E H3 HEH3BECTHLIX X2
H x,. [lyets x;=oq. Toraa us nepsoro ypaBHeHHS CJAelyeT X,=a, TOCHe Yero
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4
H3 BTOPOTO ypaBHeHHA IoJy4daeMm x3=—5—a H, HAaKOHel, H3 TpeThero ypaBHEHHA

X = % a. Takum obpazom,

3

(1(1—4-(1
‘g;,Sva

Oyner oOwui BUJ pelleHHH 3afaHHOH CHCTeMH ypamHeuuil.

§ 2. OmpexennTeJn BTOPOrO M TPeTbero MOPALKOB

Merton pemienusn cucTeMu AHHeHHLIX ypaBieHnil, U3a0KeHHHH B npea-
uiecTBywouem naparpade, secbMa npoct H TpeGyer BHIMOAHEHUS OAHO-
THIOHLIX BHIYKHCJEHHI, NerKo OCYLIEeCTBASEMHX HA CYETHHX MamnHax. Ero
CyUIeCTBEHHHM HEeNLOCTaTKOM fIBJAsieTCs, OAHAKO, TO, YTO OH He A4eT BO3-
MOXHOCTH cOPMYNHPOBATL YCAOBHA COBMECTHOCTH H/IH ONPEAEAEHHOCTH
CHCTEMH [pH TOMOIIH KOIPPHLHEHTOBR H CBOGOLHKHX UAEHOB STOH
cactemMnl. C Apyro#l cTOpoHn, Aawe B CAyyae ONPereeHHOH CHCTEMM
3TOT METOA He M03BoAAeT HaHTH OpMynn, Bbpakaiouie peuieHue
cucreMbl yepes ee koddduuneHts u ceoboanne unenn. Bece 3TO oka-
3LIBAETCH, OJHAKO, HEOOXOAWMHM B Pa3HHX TeOpeTHHeCKHX BONPOCA’
B YACTHOCTH, B reOMETPHYECKHX HCCIeJOBAHMAX, a MOITOMY Teopi
CHCTEM JHHEHHMX YPaBHEHHI MPUXOAUTCHA Pa3BUBATh UHWMH METONAMH,
6onee ray6okumu. OO6uiuii ciayua#t Oyaer paccMOTpeH B caelyiouieft
riaBe, a AajbHeiillee cojepxanyne HacTosiuwlel rAaBu nocasuiaeTes cay-
Yal ONpeje/eHHLIX CHCTEM, HMEIOUHX PABHOE YHCMO ypaBHeHHH W He-
H3BECTHHIX, MDUYEM MbB HAYHEM C YKE H3Y4aBIUNXCA B SACMEHTAPHOH
aare6pe cHCTEM C ABYMS H TPEMf HEH3BECTHBIMH.

[Mycth nana cucmema 08Yx AuHeliHblx YpagHenuil ¢ 06yMA Helus-
8eCMHBLIL

Q3%+ @y%, = by,
By1 %1+ Qgo Xy = by, |

(n

ko3dduLenTH KOTOPOH COCTABIAIOT KBAAPAaTHYIO MAaTpuuy BTOPOro

nopsiika
a, a
11 %
( ) (2)
Qg1 Q22
lMpumenss Kk cucreMme (1) meroa ypaBHUBaHHA KOI(DDUIHEHTOB, Ml
noayuuM:

(@122 — @15021) X1 = D155 — Cy2b,y, -

(811022 — @1584y) X3 = @4, b2 — b1a54.

[Tpeanonowus, 4TO @, — @158, + 0. Toraa

X, = 51099 — a0y = a1bs—byas (3)

1= ’ - :
A1099— 1909 11029 — O30
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Jlerxo npoBepuTh, NOACTABAAA NOTYYEHHbIC 3HAYEHH HEU3BECTHLIX B ypaR-
Henna (1), uto (3) caywHT pelienueM AJs cucrtemsl (1)}; BONpoc o eanu-
CTBEHHOCTH 3TOro peuieHdst GyaeTr paccmaTtpuBathesd B § 7.

O6wuit 3HaMenatenb 3HaYeHHH HEH3BeCTHHIX (3) OYEHBb MPOCTO BHpa-
Waercs yepes 371eMeHTH MaTpHLUB (2): OH paBeH NPOU3BELEHUIO S/EMEH-
TOB rAaBHOH AMaroHaiu MUHYC NPOHM3BEAEHHE I/IEMEHTOB BTOPOH AHaro-
Haau., DTO YHCAO HasuwBaeTcs onpedeaumenserm (WIH CemepMuUHAHMOM)
MaTpuun (2), npuueM, KaK TOBOPST, Onipedesumenes 6mopro2o nopaoka,
TaK Kak mMarpuua (2) ectb marpuua sroporo nopsaka. as o6ossaqenus
onpeneNnTeNs MaTpHun (2) ynmorpe6asercd cAeAYIOWIUE CHMBOJ: BhLIIH-
CHIBAETCH MaTpHLA (2), HO 3aKJIOYAeTCH BMECTO KPYT/nX CKOOOK B nps-
Mble YepTOYKH; TakKum 00pasoM,

11 Gy,
=010y — Q1o@yy. 4

ay s 11%22 12%91 4)
MpumMep b,

3 7
1) ‘1 4l=3-4—7-1=5;

I —2
2) 3 5{:1-5—(—2)-3=ll.

Cnenyer ewe pa3 MOAYEPKHYTb, YTO B TO BpeMs KAK MaTPHILA eCThb
Tabauua W3 4uces, ONpeieNHTeNb €CTb YUC/IO, BIOJAHE ONpejeeHHhM
0o6pa3oM cBA3aHHOE ¢ KBajpaTHOH maTpuueH. 3aMeTHM, 4TO NpOH3Bede-
HUS 81109, H @y,0,, HASKBAIOTCH ¥4eHQMIL ONIPEIEAUTEAR BTOPOTO MOPSALKA.

Yucautean Bolpawenutt (3) uMel0T TakoH Ke BHI, KaK M 3HaMeHaTeNb,
T. €. TaK¥Ke fABAAIOTCS OmpejeaHTENsIMH BTOPOrO MOPAKKA: HHCIHTENDb
BLIPAXKEHHA IAH X,; ABAAETCA OnNpeaennTe]eM MarpHLH, moayyaiwuieics
¥3 MaTpHUM (2) 3ameHoM ee mepBOro ct1oa61a CTOAGLOM M3 CBOGOIHHX
uienos cucteMu (1), YHCAHTENb BHPAXKEHHA AMS X, €CTh ONpeleauTe/ib
MaTpHUL, monyyawwedcas w3 martpuun (2) Takol ke 3aMeHolt ee BTO-
poro croabua. Popmynn (3) Temepb MOKHO 3amHCaTh B CAELYIOLLEM
Buje:

by apy ap b,
by, a agy b
X, = 2 Uog , K= 21 Do (5)
an ayy Ay
a9y Qg Qg Qg

ChroBamu 3TO NpaBUO PeLIEHHS CHCTEMBI ABYX JHHEHHLIX YPaBHEHRI
C JBYMsl HEH3BECTHHMH (Ha3niBaemoe npasusos Kpamepa) dopmynu-
pyeTcd CAeAylOmHM o6pa3oM:

Ecau onpedesrumeans (4) us rwosgpduyuenmos cucmems ypasieruii (1)
omauten om HYAN, Mo Mb noaytum pewerie cucmexms (1), Gepa
8 rasecmege 3HQeHUll 048 Heu3secmHbXx Opobu, o0wuMm 3HaMeHaAmMmeNeM
Komopux cayxcum onpedeaumens (4), a wucaumensesr 0an Heu3gecm-
Hozo x;(i==1,2) ssasemcn onpedesumens, nOAYLQIOWULCA 3aMeHOl



§ 2 ONPEAENUTENH BTOPOTO H TPETHEFO TOPSIKOB 25

8 onpedesumene (4) i-eo cmoabuya (m. e. cmoabua rwosghunitenmos
npw UCKOMOM Helt36ecmHOM) (moabuoss u3 C80000HbX HAEHO8 Cu-
cmens (1)1).

[Tpumep, Pemnth cucremy
2,4+ x,=17, }
Xy —3xy=—2
Onpegenutens H3 ko3dhdHUHEHTOB eCcTb
2 1
1 =3

OH OTJIHYEH OT HYJf, W NOSTOMY K CHCTeMe MNpHUMeHHMo npasuio KpaMmepa,
UncanTeNsMH [/l HEH3BECTHHX OYAyT ONpeae’HTenu

d= =-7;

7 1 2 7
-2 =3 = —2
Taxkum o6pasoM, petieHHeM Halleil CHCTeMBl CAYXHT cjeiyloulas CHCTEMa uHCces:
4 _19 _%_U
nEGTT ATYTT

Beeaenue onpeaennteneft BTOPOro nopsiika He BHOCHT CYULECTBeH-
HBIX YNpouleHHH B pelieHue CHCTeM ABYX NHHeAHHX ypasHeuu#l ¢ ABywmd
HEeH3BEeCTHLIMH, M 6e3 3TOro He mpelacTaBisilOLiee HHKAKHX TPYAHOCTEH.
Auanoruunbie METOMNW AJNH CAYYAN CUCMEM mpexX AUHEUHHX YpagHexul
C mpensi HeU3BeCMHbIAML OKA3LBAIOTCH yHe MNPaKTHYECKH MOJE3HLIMH.
ITycts aana cHcrema

a1 Xy + B1pXs + Gy5Xg =1y,
Q1%+ QgpXg + BgpXy = by, (6)
@g1%1 + Q32X + Q53X = by [

¢ marpuueil H3 koadpduunesTon

a3y Qs Qg3
Q) @y Qy3 |. M

Q31 Q35 a3

Ecau Mu yMHOWHM o6Ge 4acTH nepBoro u3 ypasdenuit (6) Ha yucio
QppQgq— Qy32g,, 00 HACTH BTOPOTO YPABHEHHA HA @304, — Q,,d33, 00€
YaCTH TPEThEro HA @,9Qy5— @,,0,,, 2 3aTeM CAOXHUM BCE TPH YPaBHEHHA,
TO, KaK JerKko MpPOBEPHTb, KO3IDPHUHEHTH TPH X, H X3 OKawyTCH

'Y Mut 8 sTOff hOpMYAHpPOBKE AMA KPATKOCTH TFOBOPHM O 3aMeHe €T0a6LO3
«8 onpepennteaer. [logo6ueiM ke of6pasom n B GyayuieM Mul GyleM TOBODHUTH,
ecan 310 6yzer yao6GHee, 0 CTPOKAax H croabuax onpenemn-enﬂ, 0 ero sJjemed-
Tax, AHaroHadsiX ¥ T. A.
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PaBHLIMH HY/IO, T. €. 3TH HEH3BECTHHE OJAHOBPEMEHHO HCKIHO4YAOTCH, H
MH NOJY4YHM PABEHCTBO

(@11029853 + Q12053051 + Q1385,83, — @13845583), — Ay389, 055 —
—a,1093050) Xy = 01@99@33+ Q1305305+ 130,03, — 130220, —
— ayobya55— b azsag,. (8)

Koadpduumnent npu x; B 3TOM paBEHCTBE HA3WBAETCHA ONpedesutmenes
mpemsezo nopsdxa, cootsBetrcTBylowuM matpuue (7). daa ero 3anucu
yuorpebGasieTcsl Takas e CHMBOJHKA, KaK H B cjiydae onpeaenutenef
BTOPOro HOPSAKa; TakuMm 06pasoM,

@1y Gy Gy
Qyy Qgp Qg3 | = 11QgyQ53 - Q129384 + Q1383855 —
a3y G35 Q33 = @y505205; — Q502,833 — B118y3a3,. (9)

XoTa BhipakeHHe OlNpeleanHTe/Ns TPEeThero Mmopsiika ABaAfeTcs A0CTa-
TOYHO TPOMO3AKHM, 33aKOH €ro COCTaBJEHHs H3 9JeMEHTOB MaTpuun (7)
OKa3HBaeTCsi BeCcbMa UPOCTHIM. B camoM nene, OAMH H3 TpexX YJIEHOB
onpeenntens, BXOAMIIHX B ero Buipawenue (9) co 3Hakom mmoc, 6ynet
NpoH3BeleHNeM 3J1eMEHTOB [aBHOM AnaroHanu, KawAwi U3 AByX Apy-
THX —NPOH3BEJEHHEM 3JIEMEHTOB, JEXAaUIMX Ha mapajiaenu K 3Toi AHa-
roHand, ¢ 106aBieHHeNM TPETbEro MHOWHTEAS U3 NPOTHBONOIOKHOrO yraa
MaTtpuuel, Yaeun, sxoasmne B (9) cO 3HAKOM MUHYC, CTPOATCH TAKHM We
0o6pasoM, HO OTHOCHTEIbHO BTOPOH AnaroHaiaun. Mu noaydaem cnocof
BHYHCAEHUS OnpenennTeeil TpeTbero nopsanka, npuroAfLny (npu Haan-
4iu HeKOTopoﬁ TpeHupoBkH) BecbMa ObicTpo K pedyabrarty. Ha puc. 1

1

C/ieBa CXEMATHUYECKH YKAa3aHO NPaBH/A0 BLIMHCIEHHHA MONOWHTENBHLIX Yle-
HOB -OnpejeauTend TpeTbero 1OpsAAKa, CnpaBa —IIpaBUJO BbIYHC/IEHHS
€ro OTpULATEIbHLIX Y/IEHOB.

Pue. 1.

Mpumepsl.
2 1 2
1) —4 3 1|=2-3-541.1.242.(—4).3—
9 3 5| —2:3:2—1.(—4):5—2.1.3=
=30+42—24—12420—6=10.
1 0 —5
2) —2 3  2|=1.3040-2:14(—=5)-(—2)( _2 —_
1 —2 o — (=95)-3-1—0- (—2) 0—1-2 (-2):

=—20415+4=—1.
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lMpaBsag uactb paBencTBa (8) Taxxe OyneT onpeienitesneM TPeThero
NOpsiAKa, a HMEHHO OnpejenuTeIeM MaTPHUH, MoAydawouwelcs H3 Ma-
Tpuuw (7) 3amenoil ee nepporo cTo.161a CTOA6LLOM H3 CBOGOAHKIX Y1EHOB
cucteMu (6). Ecan mu o6osnauum onpesenuteas (9) Gyxsoii d, a onpe-
denutenb, noaydamouiuiics 3ameHodl ero j-ro cronbua (j=1, 2, 3)
CTON6LOM H3 CBOGOAHHX 4yAeHOB cucrtemu (6), cuMBonOM d;, To paBe-
cto (8) npuobperet Bua dx,=d,, orkyaa npu d==0 cieayer

Xy=—. (10)

TaxkuM ke nyteM, yMHOKadA ypaBHeHH: (6) COOTBETCTBEHHO HA 4YHC/IA
(ag@g; — @y B33, Q11833 — @133, G138y — Q1 gz, MH NOTYUUM LIS X,
caenywouiee Buipawkexue (cHosa npu d%=0):

Xo= . (11)

Hakouneu, ymMuoxas 3TH ypaBHEHHA COOTBETCTBEHHO HA Q,;Qg, — gy05,,
Q15051 — 011835, Q1105 — @158,5,, M DPHIEM K BHDAKEHHIO A4 X,
x3=%3. (12)
[Toacrapnas suipawennus (10)—(12) B ypaBuenus (6) (npeanonaraercs,
MOHATHO, 4TO onpenenuTeau d  Bce d; 3aNHCaHL B Pa3BEPHYTOM BHIE),
MH 0OMy4nand Oh NociAe TPOMO3ILKHX, HO BIIOJIie AOCTYMHBIX YHTATENIO
BHYUCAEHUH, 4TO BCe 3TH yPaBHEHHs YyAOB/JETBOPAIOTCH, T. €. YTO 4HC]AA
(10)—(12) cocraBasitor peuienune cucreMw (6). Taxum obpasowm, ecau
onpedeaumens U3 K03PHUYILeHMO8 cuCmeMmb mpex AuneliHbix YpagHe-
HUll ¢ mpess Hell3gecMHbLMU OmAlten Om HYAS, Mo peulenue 3moli
cucmemvi moxcem Ooums HalideHo no npasury Kpamepa, dopayau-
PYeMOMY maK He, KaK U 8 CAywae cucmemb 08yx ypasnenuli. [py-
roe JOKa3aTeAbCTBO 3TOTO YTBEPW/LeHHUs (He Onupaiouleecst Ha ONyUleH-
Hble HaM¥ BHYHCAEHHA), a TaKHe JOKaA3aTeakCTBO EANHCTBEHHOCTH pelle-
Hua (10)—(12) cucremw (6), npurom aas Oonee obugero cayyas,
yyTarens Hakaer B § 7.

[Mpuwmep. Pewrnts cucremy:

3x, +2x,—5x3=1,

20, — x,+ x3=0, }
Xy +3xy —2x3=14.

Onpenenutenb u3 kKo3bdUUHEHTOB CHCTEME! OTJIHYEH OT HYAA:

2 —1 1
d=|3 2 —5|=28,
1 3 -2
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NO3TOMY K CHCTeMe mpHMeHuMO npaBuyo Kpamepa., UncauteasmMu Ans Heu3ect-
HLIX 6yAyT OnpelesHTeNn

0 —1 1 20 1
d=|1 2 —5|=13, dy=|3 1 —5|=47,
4 3 -2 14 —2
2 —10
d;=|3 2 1]|=2l,
1 34
T. €, penieHHeEM CHCTEMbl CJAYIKHT CUcTeMa yucea
X '—1—- X, —4—-7 X —2—1—3
17928 “2728 3728 4 '

§ 3. MepecTaHOBKM H NOACTAHOBKA

Iast onpenenenus U H3ydenust onpeneanrtesnedl nopsaaka 7 nam GyRyT
HYXHB 1HeKOTOpble TMOHITHS H (DAKTh, OTHOCHAIIHECH K KOHEUYHLIM MHO-
wectpaM. [IycTh KaHO HEKOTOPOEe KOHEYHOE MHOWECTBO M, cocrodulee
H3 71 SAEMEHTOB., DTH 37eMEHTH MOTYT ObTh NepeHyMepOBaHL IMPH MNoO-
MOILY NepPBHX 7 HATypaabHuix vucen 1, 2, ..., 7, M TaK KaK B HHTE-
pPecyoliHX Hac BOMPOCaX HHANBHAYAAbHLIE CBOHCTBA SJEMEHTOB MHO-
wectsa M He OyAyT HrpaTh HHKakod PoaAH, TO MW MPOCTO HNpHMEM,
yTo 3neMedTamMu M cayxat camu 3TH uucaa 1, 2, ..., o

IMomumo ynoTpebasiiounierocst HaM# pacnosaoxenus yncea 1, 2, ..., n
B IIX HOPMa/JbHOM MOPHAKE, HX MOMXHO YMOPAAOUHTbL ¥ MHOTHMH Ipy-
rumMu cnocobamu, Tak, uyuena 1, 2, 3, 4 MOWHO PachmoJOMHTb TaKke
cileayounMu cmocobamu: 3, 1, 2, 4 wan 2, 4, 1, 3 u 1. 0. Beakoe
pacnoroweHune yucen 1, 2, ,.,, 77 B HEKOTOPOM OMNpPeLE/JEHHOM MOPSIKe
Ha3biBaeTCHd Nepecmanogrxol U3 n uucea (HAM H3 77 CHMBOJOB).

Yucao passunnbx rnepeCcmanosox U3 71 CUMBOAOS PABHO IIpOU3Ge-
denuio 1.2, ,,n, o6o3Hauaemomy n! (uuraetcs: «3H-daxtopuany). efi-
CTBHTETbHO, OOUMH BUI MEPECTAHOBKH H3 72 CHMBOMOB €CTh iy, in, « v .y iy,
rie Kawjaoe U3 i, eCTh OAHO W3 umcean 1, 2, ..., 7, NpHYEM HH OIHO
113 9THX 4HCed He BCTpeyaeTcs ABawin. B KauecTse i; MOWHO B34Tb
mo6oe us uyncen 1, 2, ..., 7; 3TO XaeT 7 Pa3NUYHKIX BO3MOXHOCTEH,
Ecau, onunako, i{; ywe BmOGpano, To0 B KauecTBe i, MOXHO B3HTb JulIb
OIHO H3 ocTaBWIUXCA 72— 1 4ucea, T. €, YHCJAO Pa3nHyHbBX Ccnoco6os
BLIOPATh CHMBOAM i; M i, paBHO mpoH3BeieHuo n(nr—1) u 1. 4.

Takum o6pasoM, 4YHC/IO NMEepPeCcTaHOBOK H3 71 CHMBOJIOB mMpH n=2
paBHo 2!=2 (nepecrasoBki 12 u 21; M1 He OyleM B mpumepax, rie
n <9, pa3nenqaTh nepecrasisieMule CHMBOAL 3a0THMRB); npu 72=3 5T0
yucao paBno 3!=6, npu n=4 ono pasuo 4! =24, [lanee, ¢ PocTOM 7
YHCJ0 MepeCcTaHOBOK YPe3BHYafHO OHLICTPO BO3pacTaeT; TaK, Npu n=>5
oHo paBHo 5!=120, a npu n=10—yxe 3628800.

Ecin B HeKOTOPOH nepecTaHOBKE Mhi MOMEHSIEM MeCTaMy KaKue-nu6o
LBa cHMBOJA (He 00f13aTebHO CTOfLHE PAAOM), 4 BCE OCTANbHLIE CHM-
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BOJB OCTABHM HA MeCTe, TO MOAYy4YHM, OYeBHAHO, HOBYIO NePEeCTaHOBKY,
D10 npeolpa3oBanie NepecTAHOBKH HA3bHIBAaeTCA mpaHcnosunued.,

Bce n! nepecmanosox "u3 n cuiBONO08 MONCHO pacnosoxcums
‘6 maxoxm nopsdxe, umo rxaxcdas caedyuan 6ydem noryuamscs u3
npedsdyueli 00HOZ mpancno3uluel, nputeM HaALUHAmMb  MONHO
¢ awboli nepecmanoskiu.

dt1o yTBepKAeHHe cnpaBeAanBo Npu n=2: ecau tpebyercs Hauu-
HaTh C mepecTaHOBKH 12, TO HcKOMOe pacnoqowenue Oyaser 12, 21;
€C/H Ke Mbl JLOJWHE HAa4aTh C MepecTaHosku 21, to sT0 Oyxer pac-
nonoxenue 21, 12, [NpeanonoxuM, 4TO Hawe yTBePHIeHHE Yie HOKa-
3aH0 ans n—1, u gokaxeMm ero aas n. [lycTb MH 10MKHE Ha4aTh
¢ MepecTaHOBKH

iy, iy voesip. ‘ (1

PaccMoTpHM BCe mMepecTAHOBKH M3 72 CHMBOJOB, Y KOTOPHX Ha MEPBOM
mecTe CTOMT #;. Taknx nepectahoBok (2—1)! U HX MOXHO ynopsio-
YHTh B COFJACHH ¢ TPeGOBAHHAMH TeOpeMbl, MPHTOM HayHHAfA C mepe-
CTaHoBKH (1), Tak Kak 3TO CBOIXHTCA HAa CAMOM Aejle K yNOPSI0YeHHIO
BCeX MepeCTAHOBOK M3 72— 1 CHMBOJOB, KOTOPOe, MO HHAYKTHBHOMY
NPeANONONKEHHIO, MOXHO HayaTh ¢ /1060H mepecTaHOBKH, B YaCTHOCTH
C MepecTaHOBKH iy, ..., i,. B nocnenxefl u3 NoJydeHHHX TAKHM NyTeM
nepecTaHOBOK M3 71 CHMBOJIOB COBepLIaéM TPAHCMO3HWUHIO CHMBOAA i,
¢ MOOLM JPYTHM CHMBOJOM, HAanmpuMmep C i,, ¥, HAaUHHAS C BHOBb NU-
Jy4yeHHOH MepecTaHOBKH, yNOPSAAOUYMBAEM HYXHBM 00pa3oM BCe Te Mepe-
CTAHOBKH, Y KOTOPbHIX Ha MepBOM MeCTe CTOMUT f,, H T. A. DTUM NmyTem
MOXHO, O4YeBHAHO, MepebpaTh BCE NEPECTAHOBKIH W3 72 CMMBOJIOB.

M3 sToll TeopeMul BHITEKaeT, YTO om 10008 nepecmanosku u3 n
CUMBOA08 MONCHO nepelimu i n1060i Opy2oli nepecmanogke u3 mex e
CUMBON08 NPU NOMOUL HECKOALKUX MPAHCNOULUE.

I'oBOpPAT, 4TO B AaHKHON MEepPeCTAHOBKe YHCAA L H j COCTABMASIOT UHBep-
cuio, ecam > j, HO i cTOHT B 3TOl mepecraHoBke pakbuie j. [lepecra-
HOBKA HA3LIBAETCH #emHoOl, €CNN ee CHMBOJN COCTABASIOT YETHOE YHC/IO
UHBEPCHH, N HexemHoli—B NPOTHBOMOMOXKHOM ciayuae. Tak, nepecranoBka
1, 2, ..., n GyaeTr uyeTHOH npyu NOGOM 72, TaK KaK YUCJIO HHBEPCHH
B Heilt paBHo Hyaw. [lepecranoBka 451362 (n=6) coaepxur 8 uusep-
cuit w0 noatomy uetHasi. [lepecranoska 38524671 (n=28) coaepxur
15 uHBepcHil H MO3ITOMY HeveTHas.

Beakan mpancno3uyus mensiem #emHOCHs NHepecmanosyy.

Jna pokasartenbcTBa 3TOHW BawHOH TeopeMH pacCMOTPHM CcHAadana
cayyaH, Korja TpasHCIOHHPYeMhle CHMBOAW i H j CTOAT psioM, T. e.
nepecTaHOBKa HMeeT BHMA ..., i, j, ..., TA€ MHOTOTOYNS 3aMEHSIOT
Te CHMBOJB, KOTOpHE He 3aTparusailotcd Tpancno3uuuedt. Tpancnosu-
LHS MpeBpPallaeT Hallly NepecTaHOBKY B MEPEeCTaHOBKY ..., J, i, ...,
TpHueM, NOHATHO, B 00euX nepecTaHOBKAX KawiAbi#i M3 CHMBOJAOB I, f
COCTaBAAET OXHH H T€ € WHBEPCHH C CHMBOMAMH, OCTAIOUIHMHCA Ha
mecte. Ecan cHMBOAR { M j paHblule He COCTaB/sIH HHBEPCHH, TO
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B HO0BOH mepecTaHoBKe NOABNAETCH OAHA HOBAs MHBEPCHS, T. €, YHCAO
HHBEPCHH yBeNHYHBAETCS Ha €AMHHUILY; ec/H e OHH paHbilie COCTaBAANM
HHBEPCHIO, TO Tenepb OHA NpPONajddeT, T. e. YUCAO HHBEPCHHA HA enu-
HHUYy yMenbuwaerca. B ofoux ¢aydasx 4eTHOCTb NepecTaHOBKY MeHAETCH,

[Tycts Tenepp MexAy TPaHCHOHHPYEeMBIMH CHMBOJAMH [ W j pacno-
JIOEHB § CHMBOJAOB, $>>0, T. €. NepecTaHOBKAa HMEEeT BHA

U A T S TR A 2)

Tpancno3uluIo CUMBOMOB { H j MOWHO MOAYYHTH B Pe3yAbTaTe Mocaelo-
BATEJILHOrO BHINOAHEHHSt 25+ 1 TPaHCNO3HUHA COCEAHHX 3JEMEHTOB.
A umenno, 370 OyAyT TPaHCNO3HUKH, NepecTaBAAIOUINE CHMBOML { 4 &k,
satem i (ywe cTosiiMe Ha MCCTE CHUMBoaa k,) W R, H T. X., moka {
He 3afiMeT MeCTO CHMBOAA £, 3a STHMH § TPAHCMO3HLHUAMH Cjelyer
TPAHCIO3HLI, NepeMeulaloniast CHMBO/N £ # /, @ 3aTeM § TPAHCMO3HUHK
CHMBOJA j CO BCEMH &, 1oc/ae 4ero j 3aHMMaeT MECTO CHMBOJA [, 4 CHM-
BO/I k2 BO3BPAILAIOTCH HAa CBOM cTapuie MecTa. Takum 06pasom, Mu
HEe4YeTHOe YHCIO Pa3 MEHSIH YEeTHOCTh MepecTaHOBKH, a MO3TOMY nepe-
CTAHOBKH (2) u

Y A TR N TR A 3)

HMEIOT NPOTHBOMOMONHNE YETHOCTH.
[lpu =2 uucro wemumx nepecmanosox U3 n CUMBOA08 PABHO

1
4Ucny HedemrbxX, M. e. PABHO -gn!.

B camom Xene, ynopsLoynM, HA OCHOBAHHH LOKAa3aHHOTO paHee, BCe
nepecTaHOBKH H3 N7 CHMBOJOB Tak, YTO Kawiaas rnoJyqaercsl U3 npeln-
ayuwet ogHolt Tpancnosuuueit. CocelHine nepecTaHoBKH OYAYT HMeTb
NPOTHBOMO/JOXHNE YETHOCTH, T. €. MNEPEeCTaHOBKM PACNOJOXEHH TaK,
4YTO YeTHBIE M HeyeTHwle uepenyiorcst. Hame yTBepwkaenue snTekaer
Tenepb M3 OYEBHAHOrO 3aMCuaHus, YTO MPH 7= 2 4ucao n! yetHo.

OnpeselnM Tenepp OAHO HOBOE MOHIATHE, a HMEHHO IMOHATHE 700-
cmanogrY n-fi cmeneny. 3annuien OAHY NOA APYro#l ABe MepecTaHOBKH
H3 1 CUMBONOB, Oepst nojdydeHHple J[Be CTPOKH B CKOOKH; Hanpumep,

apH n=>5:
35142
(52341)' (4)

B stom npusepe!) nox 4ucaom 3 CTOMT 4YMCAO 5, MO YHCAOM S5—
ypeno 2 u T, 4. Mel ckaxem, uto uucno 3 nepexodum 8 5, yucio 3
nepexoAnT 8 2, uucao 1 nmepexoxurt B 3, 4HCAO 4 nepexoAut B 4 (uan
ocmaemcst Ha Mmecme) v, HakoHel, uucao 2 pepexoaut 8 1, Takum
o6pa3oM, ABe NEepPeCTAHOBKH, 3amicaHnbie APYr NOA APyroM B Buie (4),
ONpeleNflOT HEKOTOPOe 83QUMHO 00KRO3HA%HOE O0mobpajxcerile MHO-
WEeCTBA M3 MEPBHLIX MATH HATYPa/NbHLIX 4ucea Ha cebd, T. e. oTOGpaxe-

1) BHeuiHe OH HaNOMMHAET MATpPHIY H3 ABYX CTPOK H 5 cTOAGLOB, HO HMeeT
COBCeM HHOH CMBIC.
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HHE, KOTOpPOEe KAaMAOMY U3 HaTypaibHuX uucea 1, 2, 3, 4, 5 crasur
B COOTBETCTBHE ONHO M3 3THX & HATYPANbHHIX YHCeJ, NMpHYeM Pa3HnM
4YHCAaM CTaBATCA B COOTBETCTBHE paanuuHnie we yucnaa. [lpu stom, Tax
KaK uYuces BCEro nsTh, T. €. KOHEYHOE MHOXKECTBO, KaX X O e H3 I3THX
niTA uncen GyAeT COOTBETCTBOBATH OILHOMY H3 uucena 1, 2, 3, 4, 5,
a4 HMEHHO YHCAY, KOTOPOE B HErO «MEepexXOpHT».

$IcHo, YTO TO B3aMMHO OILHO3HAYHOE OTOOpPaMEHHE MHONECTBA H3
NepBbiX MNSITH HAaTypaAbHLIX YHCEJ, KOTOPOe Mhl NOJYYHJIH IpH TO-
Mown (4), MOKHO ObN0 O TOJYYHTh, 3aNHCHIBAY OMAHY MOX APYro# H
HeKOTOpLIe JPYrHe Naphl NepecTaHOBOK U3 NATH CHMBO/IOB. JTH 3aNHCH
noay4aTcs u3 (4) nyTeM HECKOJbKHX TPAHCMO3ULNH CTONGHKOB; TaKOBH,

HanpuMep,
21534 15243 25143 (5)
132514 32145 12345

Bo Bcex arux 3sanucax 3 mepexoauT B 5, 5 B 2, H T. 4.

AHANOrHYHLIM NyTeM JIBe NepecTaHOBKH U3 72 CHMBOJIOB, 3aMHCAHHHE
ONHA NOA JApyro#f, onpefensioT HEKOTOPOE B3aHMHO OAHO3HAYHOE OTO-
OGpaxkeHHe MHOXECTBA MEPBHIX 7 HATYPaNbHHIX YHcea Ha ceOs. Beakoe
B3aHMHO OJHO3HauHoe oTOoGpaxeHue A MHOWECTBA MEPBHX 71 HATYPab-
HBIX yucen Ha cebst HA3bIBAETCH NOOCMAHOBKOU -l cmenent, TipuyeM,
OYEeBUIHO, BCSiKas MOACTAaHOBKA A MokeT OWTb 3anucaHa npy rnoMouin
IBYX MepecTaHOBOK, MOAMUCAHHBIX OAHA MOA APYro#

I TR PO O W
A=(% o ) ©)
yepe3 o; 34ech 0003Ha4YaeTCA TO YHCAO0, B KOTOpOe MpH MOACTaHOBKe A
TePEeXOAUT uucao i, i=1, 2, ..., n

TMoncranoBka A o6nanaetr MHOTHMM Pa3JHYHHMM 3anucaMu Buia (6).
Tak, (4) u (B) ABAAOTCA Pa3qHYHBIMH 3aAHCAMH OXHOH M TOH e moi-
CTAHOBKH D-#i cTeneHH.

OT oxHOH 3anucH NMOACTAHOBKH A K APYroft MOWHO mepeliTu npu
MOMOIUH HECKOALKHUX TPaHCcnosuuuid croabukos. Ilpu atoM mMoxHO mony-
YHTh TaKylo 3anuch Buaa (6), B BepxHeil (uan HHwHel) cTpoxe KOTOPOH
CTOHT Ji06ast Hamepea 3alaHHasi NEPECTAHOBKA H3 7 CHMBOJOB. B uacrt-
HOCTH, BCSIKasd MNOIACTAHOBKA 7ri-i cTemeHu A MoxeT OHTH 3amucasa

B BHIE
1 2 ...n
A=<a1 [« P a,,) ’ (7

T. €. ¢ HaTypaibHHM pacnoiokeHneM uicea B BepxHeit crpoxe, Ilpn
Takol 3anucH pa3IHYHbe MOACTAHOBKH OTJIHYAOTCH APYr OT Apyra
nepecTaHOBKAMH, CTOSIIHMHE B HIXHEH CTpPOKe, 1 MO3TOMY %uC.AL0 7100-
CMAROBOK n-B CcmerneHu pAGHO “UCAY NePeCMAHOB0K U3 1 CUMEOAOS,
m. e. pagno n!
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[TpuMepoM NOACTAHOBKH A-H CTeMeHH CAYXNUT modcoeCmeenHas noo-
CMAHOoBKA
12.,..n
E= (l 2 ... n) !

npyu KOoTOopoH HAa MecTe OCTalOTCH BCE CHMBOJMI,

CrenyeT 3aMeTdUTh, YTO BepXHAsE M HMWKHAA CTPOKH B 3amucu (6)
MOACTAHOBKH A HrpaloT pasHLie PoAH W, MepecTaBHB HX, Mu, BooOuLe
roBops, mojayyaeM APYyryw noactaHoBky. Tak, moACTaHOBKH 4-fi CTe-

IIeHH
2143 4312
4312) % (2143

pasjauyHK: NMPH nepsoit uucao 2 mnepexoaut B 4, npu BTOpoH —B 3.

BosbMeM npon3Bo/bHYIO 3anuch (6) HeKOTOPOH NOACTAHOBKH f1-i CTe-
nedu A, [lepecTaHoBKH, COCTaBASMIOUIHE BEPXHIO H HHIKHIOW CTPOKH
STOI 3anHCH, MOTYT UMETh H/JM OAHHAKOBHE, WIH MNPOTHBONOJOMNHLIE
yetHocTH. [lepexon K a1060# Apyro# 3amucH NOACTAHOBKH A MOXHO
OCYUIeCTBHTL, KaK Mbl 3HAaeM, NYTEM MOCAELOBATEJALHOIO BHUIOJHEHUS
HECKOJIbKHX TPAHCMO3HUHK B BepxHel CTpoKe H COOTBETCTBYIOUIMX HM
TpaHcnosuuui B HmkHelh cTpoke. OnHaKo, coBepumias OXHY TPaHCMO3H-
uuio B BepxHel cTpoke 3anucu (6) W OAHY TPAHCMO3HLHIO COOTBET-
CTBYIOLLHX 3JMEMEHTOB B HHXHEH CTpPOKe, MH OZHOBDEMEHHO MeEHfieM
YeTHOCTH OOeHX NEepPeCTAHOBOK M [I03TOMY COXPAHSEM COBflajleHHe HJH
NIPOTHBONOAOKHOCTL 9TUX uerHocTed. OTciona caenyer, 4to aubo npu
8Cex 3anucax noocmanoski A demnocmi 8epxuell U HUINCHelk cmpok
cognadaiom, Aubo Jce npu 8Cex 3ANUCAX OHU NPOMUBONOAONCHY.
B nepsosm cayuae noactraHoska A OygeT Ha3WBaTbCH %emuol, BO BTO-
poM —Hetemnoli. B uacTHOCTH, TOXIeCTBeHHas NOACTaHoBka Oyner
4eTHOH.

Ecau noxcranoBka A szamucana B Buge (7), T. e. B BepxHell cTpoke
CTOHT YeTHad nepectaHoBka 1, 2, .., 7, TO YETHOCTb MOACTAHOBKH A
OyaeT OnNpeneasThCd YeTHOCTBIO NEPECTAHOBKH Oy, Oy, .. ., O,, CTORLIEH
B HuxHe#l cTpcKe. OTciona cinejyer, YTO %UCAO emHHX 1100CMAHOBOK

. I
- cmernenlt pasHo HUCRY HEYemMHbIX, M. e. PABHO -2—121

Onpenenexuio YeTHOCTH MOACTAHOBOK MOMHO AaTh CACLYIOULYIO HE-
CKOAbKO u3MeHenHnyio ¢opmy. Ecan B 3anuch (6) ueTHOCTH 00euX CTPOK
COBMAAAiOT, TO YHCJO HHBEPCHH UK B 06eHX CTPOKAX YETHOE, HIH B 06eux
nHeyeTHoe, T. e. obumiee 4YHCAO MHBepCHH B HABYX CTpokax 3sanucu (6)
OyleT YeTHBIM; eC/IH Xe YEeTHOCTH CTPOK 3amucH (6) NpoTHBONONOKHN,
To obulee YHCAO HHBEPCHH B 9THUX JBYX CTPOKax HeueTHO. Takum obpa-
30M, nodcmanosxka A Oydem wuemuoil, ecau obuee HUCAO UHBepCUi
8 08yx cmporxax #1060l ee 3anucu 4emuo, U HeyemHoli— 8 npomugo-
NOAVICHOM CAYHae,
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Mpuwmep. [lycTr Rana noacTaHOBKa NATON cremexu
31452
25431)°
B ee sepxHefi cTpoke 4 wHBepcuH, B HWKHelt 7 wunsepcufi. Obutee uncno

uHBepcuit B ABYX CTpPOKAX €CTb [l, ¥ NO3TOMY NOACTAaHOBKA HeEueTHa.
I'Iepenumem 9Ty NOACTAHOBKY B BHIE

12345
51243/°
Ugcno uHBepcHR B BepxHeil cTpoke ecTb 0, B HHXHell 5, T. e. ofulee uHcAO

CHOBa HeueTHO. MH BuanM, UTO NpH PasHbX 3aNHCAX NOACTAHOBKN COXpaHdAeTCH
yeTHOCTb ofmiero wucJa HHBepCHl’[, HO H€ CaMO 3TO HHCJO.

Mwp xoTHM yKasaTtb Tenepb Apyrue dopmb onpeneneHus YETHOCTH
NOACTAHOBOK, 9KBUBA/JAEHTHLIE mnpuBeleHHn™ Buuwe '), Hdas stofi neaw
onpenenuM YMHONCeHUe nodcmano8ox, npeiacTaBAfIOUEe H C€aMo 1o
ceGe ouvenbp Goabuiofl nutepec. [ToacTaHoBka 7-#t CTenewu €CTh, KaK Mu
3HaeM, B3aHMHO OJHO3HAYHOE OTOOpaxeHne MHOKecTBayucen 1,2, ..., n
Ha ce6s. PesynpbTaT n0C/AeNOBATENBHOTO BHOOAHEHHS ABYX B33aHMHO
OAHO3HAYHHX oOToOpameHuH mHowectea 1, 2, ..., n Ha cebs cHoBa
6yneT, OYEBUAHO, HEKOTOPHM B3aHMHO OXHO3HAYHLIM OTOOPANKEHHEM
3TOrO0 MHOXECTBA Ha cebd, T. €. MOCJHEeA0BATE/bHOE BHIIONHEHHE ABYX
NOACTAHOBOK 71- CTemeHH NPUBOAHUT K HEKOTOPOH Bno/iHe onpeaeneHrRoH
TpeTbheil NOACTAHOBKE 72-# CTemeny, Ha3nBaeMOH npou3sederitess nepooh
H3 3a1aHHLIX NOACTAHOBOK HAa BTOpPylo. Tak, ecan maHn MOACTaHOBKH
YyeTBEPTOH CTeneHH

1234 1234
A=(3142) B=(134J'

1234
4123/°

OeficTBuTeNbHO, NPH nojacTtaHoBke A cumson | nepexoZHT B 3, HO
npun B cumson 3 nepexoaut B 4, no3ToMy npu AB cumsoa 1 nepe-
X0AMT B 4, u T. I.

MoxHO mMepeMHOXUTH JHLIL MOACTAHOBKY OAHHAKOBOM CTEMEeHH.
Ymnoocenue nodcmaro8or n-i cmenenit npi n==3 HeKoMMYMAMUEHO,
HeicreutensHo, AN PacCMOTPEHHHX Boiile MOACTAHOBOK A u B npous-
seneHne BA umeer BHA

TO
AB=(

3421

T. €. moAcTtanoska BA oTauyna oT noacrtaHoBku AB. Takue npumepu
MOXHO noA00paTh AJAf BCeX 7 'mpH n==3, X0TA AAd HEKOTOPHIX nap
NOACTAHOBOK 33KOH KOMMYTATHBHOCTH CJAy4afHHO MOMET BBINOJHATHCS,

BA=(1234),

) Onu nortpe6yioTca HaM Jub 8 raase 14, H MO3ITOMY TpPH NEPBOM YTEHUH
STOT MaTepHas MOXHO ONYCTHTb.
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Yaunooxncenuue nodcmanogox accoyuamugro, T. €. MOXKHO TOBOPHTH
0 mnpon3BeleHHH AI0O0r0 KOHEYHOrO YHC/Ia MOACTAHOBOK 7/1-H CTeneHu,
B3RATHX (BBHJY HEKOMMYTATHBHOCTH) B onpeneneHHoM nopsake. B camom
Aene, NyCTh Aauu MOACTaHOBKH A, Bu Cu nycTh cuMBon i,, 1 <<iy<<n,
NepexoNHT NpH MOACTaHOBKe A B CHMBON i,, i, NPH MNOLACTAaHOBKe B
MEepPeXoAUT B CHUMBOA i, a mocieluuit mnpu noacrasoske C—B CUM-
801 ig. Toraa npu moacranoske AB CUMBOA i, NMepPeXomRuT B iy, MNpH
noacraioske BC cMMBOM i, NEPEXOAHT B iy, 4 MOSTOMY KaK npu (AB)C,
Tak u npu A(BC) cumBon i; GyneT MepexOXHTb B CHMBOJ 4.

OueBuiHO, uYTO npoulsedenue nw06oli nodcmanosxu A Ha mo-
ocoecmsennyro nodcmanogxy E, a maxice npoussedenue E na A,
pasHo A:

AE=EA=A.

Hazosem, HakoHeu, obpamuoli xas noactanoBkn A Takyio noicra-
HOBKY A~! To#t xe CTenewH, 4To

AA"1=A"1A=E.

,

Jlerko BHAeTb, YTO OBPaTHOW 1.3 NOLCTAHOBKH
1 2 ...n
A= )
oy Oy ... @y,

S - TN TR
A _(l 2 ...n)’

CJIYXHT NMOACTAHOBKA

noayyapoumancs u3 A nepeMeHOH MecT BepxHeil w HibKHed CTPOK.

PaccMoTpuM Temepps NOACTAHOBKYM CREUHMAJBHOLO BHAZ, ROJYYalo-
uiecs H3 TOXAECTBEHHOH NOACTAHOBKH E mpu noMouin oXHOH TpaHc-
NO3HUHH, TIpOU3BOAUMOH B ee HWxHeH cTpoke. Takue MOACTAHOBKHU
HEYeTHH: OHM HA3LIBAIOTCH MPAHCNO3UUUAML U HUMEIOT BHI

R (11)’ 8)
P R AR

r1e MHOTOTOYHAMM 3AaMEHEHH CHMBOJK, OCTAalOUIHECH Ha mecTe. Ycno-
BHUMCH 00603HAuaTh 3TY TPaHCNO3uiMi0 cuMmBonaom (7, j). Tlpumenenie
TPAHCMO3HUHH CHMBOJOB I, j K HikHeill cTpoke 3anucH (7) npousso:ib-
HOW NOACTAHOBKH A PAaBHOCHABHO YMHOXEHHIO MOACTAHOBKH A Crpasa
Ha noacranoBky (8), T. e. Ha (i, j). M 3HaeMm, uTO BCe NMepeCcTaHOBKH
H3 7 CHMBOJOB MOXHO TOAYYHTh H3 OJHOH M3 HHX, HanpuMep
31,2, ..., n, nocienoBaTeNnbHHM BHIOMHEHHEM TPAHCIO3HIKHA; TO3TOMY
BCSIKas NOACTAHOBKA MOXeT OWThb MOJYYEHA M3 TOXKAECTBEHHON moacra-
HOBKH NYTEeM MOCAEAOBATEAbHOTO BHINOJIHEHHS HECKONbKHX TPAHCMO3ULHH
B HHXHEH cTpoke, T. €. MyTeM MNOCTeA0BATEALHOTO YMHOXEHHS Ha
noncTaHoBKH Buaa (8). MowHo yTeepwmarts, creaoBaTenbHo (onyckas
mHoxuTenp E), uTO 8caKxan nodcmanogxka npedcmasuma 8 8ude npo-
u3sedenuss mpancnosunyul,
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Besikylo noAcCTatioBKY MOXHO MHOCHMM pasHeiMM cnocoGamu pasno-
#HTb B UPOH3BeAeHNE Tpancnosuunit. Becerna moxHo, vanpumep, aoba-
BHTb JABa OMAHHAKOBLIX MHOXHTeaAn BuAa ({, j) (£, j), koTOopHe AaOT
B MPOH3BEAEHHH MOACTAHOBKY £, T. €. B3aUMHO YHHUTOXAITCH, Y Kawem
MeHee TPUBHANBHLINK ApuMep:

(12345

2 s g ) =012 (15) (39 =(14) (24) (45) (34) (13)

HoBulii ¢noco6 onpeaeneHns YeTHOCTH NOACTAHOBKHE OCHOBAH HA Che-
aywouiefl reopeme:

{Ipu scex pasaoxcenusnx no0cmaHogKu 8 ppou3sederue mpancno-
3ugull yemnocms wucia IMUX mpancnosuyul 6ydem odHa u ma xe,
npuies ona cognadaem € 4emHOCmMbI0O CAMOE NOOCMAHOBKU.

Tak, nmoacTraHoBKa B PacCMOTPEHHOM Bhille mpumepe Oylaer HeueT-
HOH, KaK MOXHO fPOBEPHTb H MOACHYETOM YHCNA HHBEPCHH.

Ata TeopeMa OyneT A0Ka3aHa, €C/AH Mhl IOKAWKEM, 4TO npou3gederie
A1066ix K mpancnosuquii ecms nodcmanoska, “emuocms KOmopoil
cognadaem ¢ 4emuocmbio sucaa k. [lpn k=1 910 BepHO, TaK KaK
TPaHCMO3NLUMS eCTh He4YeTHas nolAcTanoBka. [TycTh Hawe yTBEpKAeHne
yme mokasaHo aas cayuas B— 1 smuoxureaet, Torma ero cnpaseianu-
BOCTb A4l £ MHOXKHTENeH BuTEKAeT H3 TOro, 4to umcna B—1 u &
HMEKT POTHBOMONOKHEE YETHOCTH, 2 YMHOXEHHE NOACTAHOBKHA (B AaH-
HOM Cly4ae — Mpou3BeAeHHs NepBHX 2— 1| MHOXHTeae#) HA TPAHCMO3H-
1IHI0 PABHOCH/IbHO BBIMOJHEHHIO 3TOH TpaHCMO3ULUH B HUKHeH CTpoke
IOACTAHOBKH, T, €. MEHHET ee 4YeTHOCTh.

Y noGHBM CIOCOGOM 3anmuCH MOACTAHOBOK, MO3BOMSIOUMM JIETKO HAXOAHTH
HX YETHOCTb, SIBJACTCA pastoscerue 8 yukao, Beskas NMOACTAHOBKA n-fi cTemenu
MOKET HEKOTOpHE M3 CHUMBOJIOB 1, 2, ..., n OCTaBASTL Ha MecTe, APYrue xe
NeficTBHTENBHO nepeMmellaTh. [lukaudeckoid nodcmanoskold WAH  YUKAOM HA3HI-
BAeTCA TaKasd NOJACTaHOBKA, YTO MPH NOBTOPEHHM €€ AOCTATOUHOE YHCJIO pas
BCHKHE M3 AeACTBHTENBLHO MepeMellaeMbiX €i0 CHMBOJOB MOKeT ObTb nepeBejeH
B Jo6oit Apyrofi U3 sTHX cuMBoJoB. TakoBa, HanpuMep, HOACTAHOBKA BOCHMOIL

CTeMeHIt
12345678,
18645273

oHa JeficTBHTENbHO MepeMelnaer cHMBoan 2, 3, 6 W 8, nMpHUeM MepeBOLMT CHM-
son1 2 B 8, cumBoa 8 B 3, cumBot 3 B 6, a cuMBoa 6 cHoBa B 2.

K wncay nyKJ0B NpHHaldexar sce Tpanenosnuuy. [To ananoruu ¢ ynorpe6aen-
.HOH BBIlIE COKPAIIEeHHOfI 3aNUCblO TPaHCNO3HUME, AJA WUHKJOB ynorpebisercs
cAeLyoUlast 3anmuch: AeHCTBHTENILHO INepecTaB/isieMble CHMBOJB 3aMHCHIBAIOTCS
B KPYT/LIX CKOGKax ApPYr 3a ADYIOM B TOM NMOpsAKe, B KAKOM OHM APYr B apyra
nepexoAsT NPpH NOBTOPEHHH MOACTAHOBKH; HAUWHAETCs 3aMuchb ¢ Jwodoro u3 gefi-
CTBUTEJILHO NepeMellaeMBIX CHMBOJOB, a MOC/AeAHHI CHMBOJ CYHTaeTcs mnepexo-
AAUHM B nepBuifl. Tak, AAf yKasaHHOro BbllUe TPUMEpPa 3Ta 3aNHCh HMEET BHA

(2 8 3 6).

Unesno cuMBOJOB, AeHCTBHTENbHO nepeMeliaeMbiX HUKJAOM, Ha3bLiBACTCA daunold
HugJaa,
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JBa nuKaa n-it cTeneHH HA3KLIBAIOTCH HE3ABUCUMbIMU, €CJIH OHH HE HMEIOT
ofwHX HeACTBHTENbHO nNepecTaBiseMulX cuMBogoB. [ToHsATHO, 4TO mNpH nepe-
MHOXKEHHH HE3aBHCHMBIX IIHKJIOB HOPSAOK MHOXHTeJNeH He BIHSET Ha pe3yJbTar.

Bcakasa nodcmanoska moscem Ooimb eJuUHCMBEHHHIMR COCOOOM DA3AONKEHA
6 npoussederue NONAPHRO HE3a8UCUMBIX yuKaos. JIOKa3aTenbCTBO 3TOrO yTBep-
JKJEHHST He TpejCTaBAseT 3aTPYyAHeHHil, H MH ero onyckaeM. IIpakTuuecKH pas-
JIOXeHHEe OCYLIECTBASETCA CeayoimHM o6pa3oM: HauHHaeM ¢ JIOGOTO M3 AeHCTBH-
TeJIbHO NepeMellaeMbiX CHMBOJIOB M BBITHCLIBAeM 33 HHM Te CHMBOJIH, B KOTOpHE
OH NMepexoAHT NPH NOBTOPEHHH NOACTAHOBKH, NOKA HE BEPHEMCH K HCXOAHOMY
cumMpony. Ilocne 5TOro «3akpuITHsI» UHKJA HAaUHHAEM C OJHOTO H3 OCTaBIIHXCH
JBefiCTBHTENBHO MepeMelllaeMbiX CHMBOJIOB, MOJyuaeM BTOPOil HMKJI H T. A.

[lpumepn.
12345
1 (3 ao 4>=(13) (254).
12345678
2 (5 28761 4 3) =(156) (38) (47).

O6paTHO, ANA BCAKOMA MOACTAHOBKH, 3aJaHHON Pa3fNokKeHHeM B He3aBHCHMblE
IHKAL, MOXHO HAaliTH 3anHCb B OGH4YHON dopMe (npH YCJOBHH, 4TO CTeneHb
SToR mnoacTaHOBKK H3BecTHa). Hanpuwmep,

. (1234567
3) (1372)(4a)==<3 234c0 2),

€CcAN H3BECTHO, YTO CTeNeHb STOH MOACTAHOBKH €CThb 7.

[lycTs naHa noactanoBKa n-fi CTemeHH M MYCTh S €CTh YHCJAO HE3aBUCHMLIX
UHKJOB B €e PasJIOXEHUH NJIOC YHUC/A0 CHMBOJIOB, OCTABJSIEMBIX €l Ha MecTe 1),
Pasnocts n—s HasnBaercs Oexpemenmom 3Tol NOACTaHOBKH. JlekpeMeHT pame,
OYEBHAHO, YHCJIY NefiCTBHTENbHO MepeMelllaeMHX CHMBOJOB, YMEHbLIEHHOMY Ha
YHCJI0 HE3ABHCHMBIX LIMKJOB, BXOJMALLHX B pasJiokeHue NojicTaHoBkH, asa pac-
CMOTPEeHHHX Bbhilile npumepoB 1), 2) u 3) ZnekpemeHT O6yJeT paBeH COOTBel-
cTBedHo 3, 4 u 4,

Yemnocmbe nodcmanosku  cognadaem ¢ wemuocmoio Oekpemenma  3moul
nodcmanosku.

HefictBuTenbHO, BCAKHA HHKJ AJHHBL B MOXHO CAeAyOLMM ofpa3oM mpea-
CTABHTL B BHJe NPOH3BEAeHHA k— | TpaHcmosuuwuii:

iy igs ooy i) = 1) (ins ig) ... (i) dp)

MpeanosoXnM Tenepb, YTO AAHO PAa3NOKEHHE NOACTAHOBKH A B He3aBHCHMHE
UAKIW. Ecan Kaxaui#l M3 LHKJIOB GyReT pasJokeH YKa3daHHBIM ceiiyac cnocoGoM
B NpOM3BeAEHHE TPAHCMO3HUHH, TO Mbl NOJNYYHM MPEACTABAEHHE NMOACTaHOBKH A
B BHJe NPOH3BEAEHHA TPaHCHO3HUKI. Uuncho 3THX TpaHcnosuuuii 6yaer, oueBHIHO,
MeHbllle YHCaa CHMBOJOB, AEHCTBHTENbHO NepeMelllaeMbX TOACTaHOBKOH A, Ha
4MCJI0, PaBHOE UHCAY HE3ABHCHMHIX LHKJIOB B PAa3JIOKEHHH STOH MOACTAHOBKH.
Orciopa caenyer, 4T0 MOACTAHOBKY A MOXKHO PasjoXHTh B NPOH3BEJE€HHE TpaHC-
NO3HLUHA, YHCAO KOTOPHIX PAaBHO JEeKPEMEHTY, a NMO3TOMY YETHOCTb MOJACTAHOBKH
ornpejensieTcsl YeTHOCTbIO ACKPEMEHTA.

1) BesikoMy CHMBOJY, OCTaBJIsIeMOMY NOACTAHOBKOf Ha MecTe, MOXKHO GHIJIO 61
MOCTABHTL B COOTBETCTBHE «UMKJI® AJAHHH 1, T. e., HANpHUMep, B YKa3aHHOM Bhille
npuMepe 2) mucats: (156) (38) (47) (2). Mm He GyaeM, 0aHaKo, 3TOrO Zejars.
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§ 4. Ompegeantenu n-ro nopagka

Mun xoTum Tenepp 0060OGMIHTD pe3y/nbTaTh, Moayuexnuwe B § 2 ans
n=2 u 3, Ha cayuafl npoussoabuoro n. Oas >To¥ uesn Heo6X0aNMO
BBECTH ONpeAennTeny n2-ro nopsaaka. HeBo3aMoxkHO, oaHako, caenatsb 310
TeM myTeM, Kakum Gh/IH BBeAeHH OMpeaenHTeJH BTOPOTO H TPETbhero
NopsAKOB, T. €. pewas B oOLLEM BHAE CHCTCMh JHHEHHHX ypaBHeHui:
110 Mepe BO3PAacTaHHsl 7 BHIYUCJAEHHS CTAHOBHAHCL Onl BCe Gojiee u Gonee
TPOMO3LKHMH, a NP NMPOU3BONBHOM 72 NDAKTHUYECKH HEOCYLIECTBUMBIMH,
Mu BhiGHpaeM HHOH NyTb: PacCMAaTPHBAA yKe H3BECTHHIC HAM ONpele/u-
TeJIH BTOPOr'O H TPEThEro NOpPsAKOB, Mbl MOCTaPaeMCsi YCTaHOBUTb O6Guinit
3dKOH, MO KOTOPOMY 3TH OlPeNeJHTENH BHPAKAIOTCH yepes IJeMeHTh
COOTBETCTBYIOUHX MATPHL, ¥ NPHMEHHM STOT 34KOH B KauecTBE onpe-
JeneHud AJg onpelenuTens nopsigka s, a 3areM LOKaxeM, YTO MpH
TakoM omnpeneneHHu npasuwao Kpamepa ocraerca cnpaBei/HBHM.

HanoMuum suipaxesus olnpeaeanTe/eli BTOPOro H TPeThero nopsaakos:

A Qe
=04,059 — Q3,0
(gt g 11%9 1221,
ay Qyp Qg3
Qg1 dgp Q93| = Q11 QypQg5 + Qy2lp30Q3y - Q130,05 —
a3 Qgg Ay3

Q13090031 — Q1385133 — Qy18y303,.

My BHANM, YTO BCAKHH ujex onpejenuTteas BTOPOTO MOPHAKAE €CTh
npou3BegeHne ABYX JIEMEHTOB, CTOfIIHX KAk B Pa3HhX CTPOKAX, TaK
H B pasHHX cToabLAx, NpHYEM BCE NPOM3BEAEHHN TAKOro BHAA, Kakiie
TO/NbKO MOHO COCTABHTH M3 S/IEMEHTOB MaTPHUK BTOPOro mopsaka (Hx
BCEro ABa), HCMO/Ib30BaHKW B KauecTBe yaeHoB onpeaenntens. [1o1o6HuM we
06pa3oM BCIKUH 4/leH onpenennTeNs TPETbero Mopsiika siBASETCH Tpo-
H3BeIeHHEM TPexX 9/IEMEHTOB, TAKKE B3ATHIX 110 ONHOMY B Kawaoh CTpoke
I B KamIOM CTonfue, MpUYEeM CHOBA BCE TAKHE NPOU3BEIEHHS HCNO/b-
3yIOTCH B KayeCcTBE Y/IEHOB OMNpelesanTens.

[ycTs Tenepn mana kBaaparTHas MaTPUUA MOPHAKA 72

djy Og oo Qi
Qg1 Uag v @ :
21 “22 2n (1)

.
L I

Apy Qpg oo Anup/

PaccMOTpHM BCEBO3MOXHLIE TIPOH3BEAEHHS MO 71 SAEMEHTOB 9TOH MaT-
PHLL, PacHOOXeHHLX B PAa3HBIX CTPOKAaxX H pasHux crosbuax, T. e,
NpOM3BEAEHNA BHAA

alu|a2az LA a"an' (2)

rie HHAGKCH O),0%, ..., O, COCTAB/IAIOT HEKOTOPYIO MEPECTaHOBKY H3
ypcea 1, 2, ..., n. Uucao Takux npoussenenuit pasHO YHCAY PA3NHUHKIX



38 CHCTEMH JUHEHWHHX YPABHEHHH., ONPEAEJHTEIH {ra, 1

nepecTaHOBOK H3 71 CHMBOJOB, T. e, pasHo n!. Byaem cuurtars BCe 9Ty
nponaseaeHus YieHaMi 6y L1yuiero onpepeTuTeNs 71-ro nopaaKa, COOTBET-
crBytoutero marpuie (1).

[ns onpexenenusn anaka, ¢ KAKHM npoussesenne (2) BXoiur B cocras
_OMpeleauTe s, 3aMETHM, YTO U3 HHAEKCOB STOrO NPOH3BEAEHHS MOMKHO

COCTaBHTH MOACTAHOBKY
(l 2 ... n) 3)
oG % .y

rie { NEPeXOAHT B O, €M B COCTAB NpOU3BeAeHHd (2) BXOAUT 3ne-
MEHT, CTOSILLRA 8 i-fi CTPOKe H @;-M CTO.16Ue maTpuun (1). Paccmartpu-
Basd BHPAXEHHA ONPeleAHTeNe] BTOPOro H TPETHEro MOPAAKOB, Ml 3aMe-
4aeM, YTO B HHX CO 3HAKOM N/IOC BXOAST Te YIEHH, HHAEKCH KOTOPHIX
COCTaBARIOT YETHYIO NOACTAHOBKY, a CO 3HAKOM MHHYC — YJIEHH C HeYeT-
Hofi moactanoBkol HHAekcOoB. EcTecTBEHHO COXPaHUTbL 3Ty 3aKOouoOMep-
HOCTb H B ONpede/eHHN OonpeAeNUTens n-rO nopdaika.

Mut npuxoanM, TakHM 06pa3oM, K CAeAyIOUIEMY ONpeae/eHnIo: on1pe-
dealimenes n-20 nopadxa, COOTBETCTBYIOWMM MaTpHue (1), na3wiBaercH
anre6panyeckas cymma n! uneHos, COCTaBaeHHas CJAEAYIOULHM O0Pa3oM:
YJIEHAMH CAYXAT BCEBO3MOXHLIE MPOH3BEAEHHS /71 DJEMEHTOB MATPHIM,
B3ATHX MO OJHOMY B KaXAOH CTPOKE M B KawAOM CTOA6LE, MpHYeM
yned 6epeTcst CO 3HAKOM MJIOC, €CAH €r0 HHAEKCH COCTABAAOT YETHYIO
N0ACTaHOBKY, H CO 3HAKOM MHHYC— B MPOTHBOIONOXHOM Cilyuae.

Jast 3anucu onpesennTtens n-ro MNopsaKa, COOTBETCTBYIOUIETO MaT-
puue (1), Mot 6yneM, Kak 1 B cyyae onpejenutenetl BTOporo u TpeThero
nopsaKos, ynorpebaaTb CHMBOA

A1y Ayg v Gy
Qg Qog +vo @
21 Qo2 2n 0

.
L

Qpy Apg «+. py

Onpenenutenu 7-ro NOPAAK2 MPeRPawlalOTCA MNMPH n=2 n n=3
B pPacCMOTPeHHLIe paHee ONpeaeNHTE/NH BTOPOro M TPerbero MopsiiKoB,
anpu n=1, T. e. AAS MATPHU, COCTOALLINUX H3 OAHOrO 3JEeMEHTa, Onpe-
Le/MuTenb PaBEH CaMOMY 3TOMY 3n1eMeHTY. Mn He 3HaeM 110Ka, OAHAKO,
MOXHO NM npu 72>3 uCNOAL30BaTh ONpeAeNHuTe]b 7-TO MOPAAKA AJId
pellleHUst CHCTeM JHHEHHWX ypasHedn#. 1o Oyaer nokasano B § T7;
fIpeaBapHTeNbHO HEO6X0AUMO NOABEPTHYTH ONMPEAENHTRNN 71-TO NOPHaKa
eTalbHOMY H3Y4YEeHHIO M, B YACTHOCTH, HAliTH METOAM ANf HX BLIMHCIE-
HHA, TaK KaK BWHYHUCAATH ONpeleAnuTenH, HEMOCPELCTBEHHO TIPHMEHSS HX
onpelxeseHIe, Raxe NPH HE ouveHb GONbMINX 72 6WJI0 6N BeChbMa 3aTpya-
HHTENBHbIM,

Cefluac Mbl YCTAaHOBHM HEKOTOpHeE MpocTefiuine cBOACTBA onpejenu-
Tenaell n1-ro NOPsAKa, OTHOCALLHECH MPEeHMYLIECTBEHHO K OAHOMY H3 cae-
LYIOWHX ABYX BOMNPOCOB: C OAHOM CTOPOHH, HAc 6YAYyT HHTEpPECOBATH
yCAOBHA, NMPH KOTOPHX ONpeje/nTenb PaBeH HYMI0; ¢ APYro# CTOPOHH,
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MH YKaueM HEKOTOpbie npeo6pa3oBaHHs MATPHUL, KOTOPHE HE MEHSIOT
ee OMpeACc/HUTeNs WAH KE NOABEPraioT ero Jerko YYHTHBAEMbIM H3Me-
HEHHSIM.

HasoBeM mpaucnonuposanuesr matrpuun (1) takoe npeoGpazosanue
STOI MaTPHLH, NMPH KOTOPOM e€e CTPOKH AeJalTcd CTOAOLAMH C TeM xe
CaMbIM HOMepOM, T. ¢, nepexoid OT Martpuus (1) k Marpuue

ay Qg ++v Ay

Oyp Qag vy Gpo |,

R (9)
Qi Qop ov. Quy

MOXHO CKa3aTbh, YTO TPAHCIIOHUPOBAHHE €CTh TOBOPOT MAaTPHUK (1) 0KOJIO
raapuo#t auaronanau, COOTBeTCTBEHHO TOBOPAT, YTO ONpeAenHTeNb

ayy Qo voe G
Qi O o a
rmom ©6)
A1y Aoy oov Opp

nonyueH TPAHCHOHMPOBAHHEM onpexaenutens (4).

Ceoictro 1. Onpedesumens He MeHsemcsi npu mparHcrnonupo-
8anuu.

B camom nene, BCiKHEA unen onpexenuTtens (4) uMeer BUA

Qa, Qooy +++ Cnay AN (7)

rie BTOPHIE HHAEKCH COCTaBARIOT HCKOTOPYIO MEPECTAHOBKY H3 CHMBO-
aos 1, 2, ..., n. OnHako BCe MHOXHTenH npousBexnetins (7) u B onpe-
neautede (6) octaloTcd B pasHbiX CTPOKAaX M pasHmix croabuax, t.e. (7)
CAYWKHUT WIEHOM M AJs TPAHCINOHHPOBAHHOrO onpepennteas. BepHo, ove-
BIAHO, ¥ 006paTHOE, U NMO3TOMY onpeneanTtenn (4) v (6) cocToqaT U3 OJHHX
H Tex Xe uJeHOB, 3HaK uneHna (7) B onpexenutene (4) onpenensercs
4eTHOCTHIO MOACTAHOBKH

(l 2 ...n ) . @)

Oy Oy oo Oy )’

B onpeaeautene (6) neppnle HHAEKCH 3/J1EMEHTOB YKa3blBaloT Ha HOMEP
cTt0a6l1a, BTOPHe — HA HOMEP CTPOKH, MO3TOMY uiedy (7) B ompesmeu-
Tene (6) COOTBETCTBYET MOACTAHOBK

(5 ®

e R

[ToncranoBku (8) n (9) —B o6weM caydae pasavyHee, HO UMEIOT, OYe-
BHIHO, OIHY M TY e YeTHOCTh, a NO3TOMYy uneH (7) nMMeeT B 06OUX
OonpeAeNnTENs X OAHH K TOT xe 3Hak. TaxkuMm o6pa3oM, ompene/HTenH
(4) ¥ (6) ABIAOTCH CYMMaMH OMMHAKOBLX YICHOB, B3SATHX ¢ OJXHHAKO-
BbIMH 3HaKaMH, T. €. DaBHW IPYT APYry.
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13 cBoficTBa | BhTeKkaeT, YTO BCAKOE YTBEpWAEHHE O CTPOKAX onpe-
LeanTedsl cnpaBeiiuBO H AAS ero croabuoB u o6paTtHo, T. €. 4TO
8 onpedeaumese (B OT/NHuUHE OT MATPHLM) CMPOKU U CMoa0Kb PasHO-
npasus, Ucxoas u3 storo, Mpl 6yaem zaapHefinne cBofictea 2—9 ¢op-
MYJAHPOBATH H AOKA3WBATHL JHIUb JJAA CTPOK ONpPeAeNHTeNs; aHAI0THYHHe
cBoficTBa aas cTOAGLOB He OGYAYT TPeOOBaTh 0CO6GOr0 10Ka3aTeabCTBa.

CsoficrBo 2. Ecau o0Ha u3 cmpox onpedeaumers cocmoum u3
Hyaeld, mo onpedeaumetv pagern HYNO.

[JeficTBuTenbHO, NYCTh BCE 9JAEMEHTH {-# CTPOKH omnpeaeauTtens
apasioTcs Hyasmu, B kawabfl unen onpeaenutens po/KeH BOHTH MHO-
WHTEAeM O1uH 3AeMeHT u3 {-#1 CTPOKH, MO3TOMY B HAlleM cJayyae BCe
Y/leHH ONpeneNHTeNs PaBHL HYJIO.

CBoftcrBo 3. Ecau o8un onpedesumens nosyuen U3 0pyz020
nepecmanogiol §8yx CcmpoK, Mo 6ce HAEHH NEpsozo onpedesumens
6ydym waenamu u 80 8MOPOM, HO ¢ OODAMHBIMIL 3HAKAMU, M. €. OM
rnepecmanogry 08yX CMpPOK onpedesumens Auulb MeHsem 3HAK.

B camom nesne, nycTs B ounpeneautesne (4) nepecrasasiorcs {-9 H j-s
CTPOKH, iz~=f, a Bce OCTajJbHble CTPOKH OCTAIOTCH Ha Mecte, Muw noay-
Yyaem onpepeanTelb

ay, 4y ... Q4
ot O (10)
ain i e Qi § ()
Ay Que oo Aup
(c6oky yxkazauw uomepa ctpok). Ecan
Qyq, Q2q, «.. Qno, (1n

ecTh unen onpeaeautens (4), ToO Bce ero MHOXHTEAM ¥ B onpejenntene
(10) ocraloTca, OuYeBMAHO, B pPAa3HHX CTPOKAX H DPA3HLIX CTOJA6ULAX.
Taxum o6pasom, onpexeantenu (4) u (10) cOCTOAT H3 OLHHX W TeX XKe
yaeuoB. Yneny (11) B onpexenntene (4) COOTBETCTBYyeT MOACTAHOBKA

(1 2...1...]‘...n)' (12)
o Op.en Ofou Bjaes Oy
a B onpeaeantene (10)— nmoacranoska
(l 2.../’...1...n>’ (13)
Oy Oy ooe @ oo Qyon. Oy

TaK KaK, HAMPUMEP, SJEMEHT @; CTOMT Tenepb B j-H CTPOKE, HO OCTaeTCs
B cTapoM o;-M croabue. [Toxcranosxa (13) noay4aercs, OAHAKO, H3 NO4-
cranoeky (12) nyTtem onHol TpaHCNO3HLLHH B BepXxHeil cTPOKe, T. €. UMeeT
NPOTHBOMOJOXHYIO YeTHOCTh., OTClona cnenyeT, UTO BCe YjeHH Onpepe-
auteas (4) BxoasaTt B onpexeautenp (10) ¢ obpaTHbiMU 3HAKAMH, T. e,
onpeaenutens (4) u (10) oranyaioTca JApPYr OT Apyra JHLlb 3HAKOM,
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Ceo#tctBo 4. Onpedeaumens, codepycawuil dge odunarosvie
CMpoKu, pasexr HY.uo,

B camom pnene, nycTh onpezeiauTtens paseH 4ucay d M mycTb COOT-
BETCTBEHHbIE 3JEMEHTH ero i-H u j-f cTpok ({s=j) paBHW Mew1y cobofi,
[Tocie mnepecTaHOBKH STHX JABYX CTPOK ONPeLeaHTeNb CTAHET PaBeH,
BBUAY cBoiictBa 3, uncay—d. Tax kak, OIHAKO, MepPeCcTaBAAIOTCH OAH-
HAaKOBble CTPOKH, TO OMNpeje/nTe]lb HAa CaMOM Jele HE MeHfieTcd, T. €.
d=—d, otkyaa d=0.

Ceo#ictBo 5. Ecau sce 3sesmenmu wexomopoll cmpoxu onpe-
deaumens YMHONMCUMb HA HeKOmMOpoe 4UCA0 k, mo cam onpedesuntens
yaHoxcumces Ha k.

[Tyctb Ha k& ymMHOXeHB Bce 9eMeHTH i-#f cTpoxu, Kaxam#t unen onpe-
AeAuTeNs COAEePUT POBHO OAHNH B/IEMEHT U3 i-if CTPOKH, NOITOMY BCAKHH
unen npHoOpeTaeT MHOKHTEND £, T. €. CaM ONPeLeNNTENb YMHOWACTCH Ha &,

AT10 CBOKCTBO AOMyCKaeT W Takyo QOPMYNHPOBKY: o6uwuil MHONU~
meas B8CeX 3AeMEHMOB8 HEKOMOPOU CMPOKU Onpedesumens MoxucHo
gblHecmu 3a 3HAK onpedeaumens.

Croticteo 6. Onpedesumens, codepucamuii dse nponopyuorais-
Hble CMpOKI, pagen HY O,

B camom zene, mycTb B5/7eMeHTH j-H CTPOKH OnpeaeauTens OTAd-
4alTCs OT COOTBETCTBYIOUIHX 3/AEMEHTOB {-H CTPOKH (iz%=j) OAHUM U
TEM ‘e MHO¥HTeneM k. BuiHocs stor of6uwinit MHOWHTEnb &k u3 J-H
CTPOKY 2a 3HAK ONPeAeanTeNs, MH MNOJYYHM OMNPEeIeNHTesNb ¢ LBYyMs
OJMHAKOBBIMH CTPOKAaMu, PaBHWH HYMO 0o cRoficty 4.

CeoiictBo 4 (a Takwe cBOHCTBO 2 npu 2> 1) aBaseTcs, OYEBHHO,
43CTHbIMH caydasmi cBodictBa 6 (nmpu k=1 u £=0).

Csoiicreo 7. Ecau 8ce asesenms i-ii cmpoxu onpedeiumensn
n-20 nopaoxa npedcmasiens 8 guoe CyMub 08YX CAa20eMbX:

a(.l.=[7/+c/, I=], ...,fl,

mo onpedesumens pagen cymite 08YxX onpedesumesneli, y Komopsx ece
CMpoKu, Kpose i-i,—maxue e, KaK 1 8 3aA0aHHOM onpedesume.e,
a i-a cmpoxa 8 00HOJ U3 CAA2QeMBX cocmoum u3 anesmenmos b,
8 Opyeos—u3 daeMenmog C,.

HeficTBuTe/bHO, BCSIKUI YeH 3aJaHHOTO ONpENeNUuTeNs MOWKHO fpes-
CTaBHTb B BHAE

Qya, Qaaye e Qioge v+ Cna,, = Q1q, C20,.. bey+ca). . . Qpa, =

=0q, Qza,+. .00;.+.Cna,+ Aro, Aoq,...Cq;. . .Qnq,,.

Co6upas BMecTe NepBbie c/araeMble 3THX CYMM (C TeMU e 3HAKaMH, KaKue
HUMeNH COOTBETCTBYIOLLHE YJeHbl B 3aJ]aHHOM ONpepennTene), My 1M0ay-
YHUM, OYERHAHO, OMpPEAEeNNTEeNAb 12-TO MOPAAKA, OTAHYANOWHMHACA OT 3amaH-
HOFO ONpEeAe/HTe/]s JHWb TeM, YTO B i-A CTPOKE BMECTO 9/EMEHTOB a;,
crosT snemenTs b, COOTBETCTBEHHO BTOpHE CaaraeMue COCTaBAAIOT
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onpegenutenb, B i-A CTPOKE KOTOPOrO CTOAT SAEMEHTH ¢, TaKkum
o06pa3zow,

n “12 eee Qip a3 Gyg ... di a4y Q12 ... Gy
b+ ¢, b2+62 obpte, =6 by . by [l 6 oooocy |
Am I A1 Cpg +++ Qun Ap1 Qp2 -+« Qpp

Cpo#ictBo 7 Ge3 Tpyma pacnpocTpaHsieTcs Ha cayyal, koraa BCAKHA
ONeMEHT i-i CTPOKH eCTb CyMma He ABYX, a m ClaraeMex, mz=2.

ByneM roBoputh, 4TO - CTPOKa ONpeje/uTeNs ecTh AUHEHHAS KoM-
Gurayus ero OCTanbHLIX CTPOK, €CAM A/ BCAKOH CTPOKH C HOMEPOM j,
J=1, ..., i—1,i41, ..., 7, MOKHO YyKa3aTh TaKoe YHCIO K, 4YTO,
YMHOXKASA J-10 crpoxy Ha k,, a 3aTeM CKnaihbBas BCe CTPOKH, Kpome i-n
(mpHyeM CcJIOMEHHE CTPOK CaelyeT MOHUMATb TaK, UTO CKAAnLBAKTCH
9/IeMeHTh BCeX ITHX CTPOK B KawioMm cToabile omenbno), MB TONY4YuM
i-i0 ctpoky. Hekortopnie u3 KoadduuuentoB &, MOryT GbIT PaBHHMH
nHymo, T. e. i-1 cTpoxa OyaeTr Ha caMom aeje auHeinHol xomOGunaimedt
lle BCeX, a AHlIb HEKOTOPbIX H3 OCTaBLIMXCA CTPoK. B wacTHocTH, ecam
AL ORHH U3 KOS(OUUHEHTOB Xk, OTAHYEH OT HYJH, Mbl NOJyYaeM
cayya#l nponopLUHONaNbHOCTH ABYX crpox Haxownelr, ecnn cTpoka COCTOHT
IeAHKOM U3 HyAeil, TO oHa Bceraa OyaeT nuHeinoft kombuHaiue# ocTannb-
HWX CTPOK,—cAyyafl, KOraa Bce k; PaBHH HYJIO.

CooltctBo 8. Ecau odna us cmporc onpedeaumers ecms Aunel-
Has KoMOUHAKUS e20 Opyeux cmpox, mo onpedesumens pPaseH HYAO.

[Tyctb, Hanpumep, i-a cTpoka Gyner auHefiHol KoMOuHauuel s npy-
rux cTpok, 1=<Cs=Cn—1, Beaku#l anemedt i-# cTpoku OyneT TOraa
CyMMoOfi § caraeMbiX, a MO3TOMY, MpHMeHsiss CBOHCTBO 7, Mbl npeACTaBUM
Hall onpenenuTe/Nb B BHAE CYMMH onpexeiauTenci, B KaxAOM H3 KOTO-
pHX i-1 cTpoka OyneT NPOMOPLMOHAJbHA OJHOM H3 JPYIHX CTPOK,
[To cRoiicTey 6 BCe 3TH ompexe/HTEeNN PaBHH HYAI0; PaBeH HYyJI0, cle-
L0BATE/bHO, U 3alaHHHHA OmpenenuTeb.

310 cBOHCTBO uBaAseTcs 0GobuienneM cBoHicTBa 6, npuuen, kak Oyner
nokasano 8 § 10, oHo maer camumil oBiwHi cay4yalt paBeHcTBa omnpepje-
AUTENs HYJIO.

CBo#icTBO 9. Onpedesumens He MeHsIemcR, eCAL K 3N MEHMAM
O0HOli U3 e20 cmpox npubasasiomcs COOMBEMCMBEHHBE 3IAeMeHMb
Opy2oll cmpoku, YMHONCEHHNE HQ OOHO U MO dce HUCAO.

Tlycts, B caMom nene, Kk i-# cTpoke onpefeantens d npubaBasercs
J-9 CTpOKa, j=<i, YMHOXEHHasl Ha 4uCl0 kR, T. €. B HOBOM Onpenelu-
Te/e BCAKHI DNEMEHT i-i CTPOKH UMEET BHI @; -+ kay, s=1, 2, ..., n
Toraa, Ha ocHoBaHuHM cBOicTBa 7, 3TOT ONpenenuTe]b PaBeH CyMMme
IBYX ONpeJeNnTe]eHd, U3 KOTOPHX MepBHi ecTh d, a BTOPOH COLEPKHT
JlBe NPONOPIHOHAAbHLEE CTPOKH H MO3TOMY paBeH HYJIO.

Tax kak yucio k MoxeT GHTb H OTPHLATENbHHM, TO onpederimens
He JMeHSemCs U npu suiqumanuu u3 o0Holi ezo cmpoku Opyezoll cmpoku,
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YMmHoscennoll na Hexomopoe wucso. Boobuie, onpedeaimens we se-
HAemcs, eCall K 00Hob u3 e2o cmpox npubasasemcs A0S AuHelHaR
Kombunanyun Opyzux Cmpox.

Paccmmpum OJiHH NIpHMep. Onpene.nmeJlb Ha3bIBACTCA KococummempuiecKum,
ecayd ero 3JieMeHThl, CHMMETPHYHBIE OTHOCHTEJALHO rJaBHON AMaroHaJsH, OTJH-

aTCA APYT OT APYra JMUIL 3HAKOM, T. €. €C/M NpH BCeX { M j OYNET a;= —a;;
OTCIOAA CJIeAyeT, uTto AJasi BeeX & 6ymeT a;;= —a;;=0. Takum oGpasoM, onpé-
lesIMTeNIb MMEeT BUJ
0 Q19 Az ... Qi
—ay, 0 Qg ... Qg
d=|—a;; —ay 0 ... ay |.
—a), —ay; —d3, ... 0

YMHOKAA KaXIAyl0 CTPOKY 3TOro OnpeienxHTte]ss Ha uHcJo —1, MBl 0OAYuUnM
TPaHCMIOHHPOBAHHKI ONpelesuTeJib, T. €, CHOBa paBHLI d, OTKyaa, BBHAY CBOil-
cTBa 5, chepyert:

(—N*d=d.

ITpn HeuetHOM n orcloga smteKaeT: —d=d, 1. e. d=0, Takum obpasom, éca
Kud Kococummempuueckuti onpedeaument Hedemnozo nopsdKka paseH Hyalo.

§ 5. MusOpm B KX aJarebpanmdeckue AONONHEHUA

Boite yxe otmeuanoch, 410 6Hi10 OW 3aTPYAHHTENBHO BHUHCAATE
onpeaenuTeNH 72-T0 NOPSAKA, TPHMeHNd HEMOCPEACTBEHHO HX onpeiee-
HHE, T. €. KawAbH pa3 BuLMHCHIBAS BCe 71l YAEHOB, OMpeIesis HX 3HAKH
n T. a. CywecTtBylor 6Gosee 1IPOCTHIE METOAL BWYHCAEHHS OnpereiTe-
Jeil, OCHOBAHHLIE HA TOM, YTO OMNpefeNuTeNb MOPSiAKA 7 MOXeT OhThb
BHpaweH yepe3d onperesuntenn 6osee HU3Kux nopsakos, C sTo#l uenbto
BBeJeM CJedyloulee MOHATHE.

[lyctb pau onpepenurenp d nopaika 7, Bepem tenoe uucao k£, yaos-
AeTsopsiioulee ycnosuw 1=K k=<<n—1, u B onpeneanrene 4 suGupaenm
[IPOU3BOJbHLE B CTPOK M R cTONOGUOB, DeMeHTH, CTOfIIME HA nepece-
YeHHH ITHX CTPOK M CTOAOWLOB, T. €. NPHHAMAJAeXAU(HE K OLHOH U3 BhI-
6paHHbIX CTPOK H K OLHOMY M3 BLIOPaHHBIX CTOAGUOB, COCTABAAIOT, Ove-
BHAHO, MaTpuuy nopdaaka k. Onpenesnrenb 3To# MaTPHUHW HA3LIBAETCA
Munopos k-zo nopadwa onpeaennreas d. MoxHO cKa3aTb Takke, YTO
MHHOD kR-rO mOpsiliKa eCTb ONpeieauTenb, nojydaloniuics mocae Buvep-
KHBaHua B onpegenutene d n—4k cTpok 1 n—£k croabuos. B uacrt-
HOCTH, MOC/Ae BLHIYEPKHBAHUSA B onpejeauTene OAHOH CTPOKH M OAHOro
cronbua Mu mosydyaeM MuHOp (71— 1)-ro nopsiaka; ¢ ApPyrod CTopoHu,
MHHODPAMH [ePBOTO NOPsAKA Gy AyT OTACAbHBE S/EMEHTH onpeaeauTens 4.

[MycTth B onpenenutene d 71-ro nopsaka B3AT MmuHop M k-ro nopaaka.
Ecan Mu BoluepkHeM Te CTPOKH H CTOAOUL, HA MepeceyeHuH KOTOPHX
CTOHT 3TOT MHHOpP, TO OocTaHneTca muuop M’ (n— k)-ro nopsaaxa, KoOTo-
puift Ha3LIBAETCH QONOAHUMEALHOM MUHOpos ANt MuHopa M. Ecan wmul
BLUEpKHEM, HA060POT, T€ CTPOKU H CTOAOLL, B KOTOPLIX PACMOSOXEHH
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aneventH MHHOpa M, TO octasercs, ouesummo, munop M. Takum 06-
pa3oM, MOXHO TOBOPHTb O Mape B3aHUMHO AONOJHHTEAbHHX
M1 HOpP OB onpeiaenutens. B yacTHOCTH, 3n1eMeHT @;; W MHHOP (7—1)-rO
nopaAKa, noayyaiouuicsd BbUepPKHBAHHEM B onpenesnurtene i-# CTPOKH H
Jj-rocronbua, 6ynyT cOCTaBAAThb Napy B3aUMHO LONO/IHUTENbHLIX MHHOPOB,

Ecan muHop k-ro mopsnaka M pacnosomeH B CTPOKAX C HOMEpaMH
iy, iy, v, ip w B cTONOUAX C HOMEPAMH Ji, foy ..., fp TO Ha30BeM
anezebpauteckusn Qonosnenutess wmuHopa M ero NOMOAHHUTENAbHBIH Mu-
Hop M', B3ATHl CO 3HAKOM MJIOC HAH MHHYC B 3aBHCHMOCTH OT TOrO,
YeTHAa HJAH HEYETHA CyMMa HOMEpPOB BCeX CTPOK H CTOAGIOB, B KOTO-
pwx pacnonowen muuop M, T. e. cyMma

sy=iytiyt oo tigt il ik (M

Muwyu cnosamu, anreGpanyeckuM HOMONHEHHEM Aas MHHOpa M Oyiaer
uucao (—1)*m M,

[Ipoussedenue awbo2o snunopa M k-zo nopsdxa wa ezo aazebpa-
uueckoe QonoaHenue 8 onpedesumene d fAgagemcs anzebpauieckod
CyMMoll, caazaembie Komopotl, noryuaouiecs om YMHONCEHUS %ACHOS8
nunopa M na s3ambie co 3Haxom (—1)°M usgens Gonoarimensrozo
smunopa M, 6y0ym Hexomopbimu wseHamu onpedesumerss d, npuves
ux 3Haxu 8 Imoli cysme cosnadalom ¢ memit SHAKAMU, C KAKUMU
OHU BXO0dAAm 8 cocmas onpelesumens.

llokazatenbcTBO 9TOH Teopemn MH HadHEM CO Cayuas, KOriaa MH-
#Op M pacmonoked B /1€BOM BEepXHEM YF/1y onpejaennTens:

Ay e g Ay, pat e.. Qypy
Mo e e e e e
Apy ... Gpp Apy p+1 oo Qpp
d= '
Gp41,1 o Opan, k| Qe+, k41 <o Gr4ln
(2% ces App a,,' B4+1 vee Qpp

T. €. B CTPOKax ¢ HoMepaMmu 1, 2, ..., £ # B cTON0LAX C TAKHAMH ¥We
Homepamn, Torza Musop M Oynmer 3aHuMaTbh Npasuil HHKHHA yroa
onpeienutens, Yucno sy B 9TOM cayyae OyneT HeTHHIM:

su=14+24+ . FE+14+2+4 . +e=2(1+2+...+h),
/

nosToMy “anrebpandecknm AoNoAHeHHeM AAa M cnywuT cam munop M.
BepeM npon3po/abHuil ujeH

Qyq, Az, .+ « Qra, (2)

muHopa M; ero 3mak B M Gyner (— 1)¢, ecan / ecTb 4nca0 nHBepCHA

B MOACTAHOBKE
1 2 ... &
( )- 3)
Oy Cg ... 0%
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T1poH3BOABHHH uneH
Ak+1, Bray Tk +e, Bk+z"'a"3n (4)

MuHopa M’ wumeeT B stoM MuHope 3Hak (— 1), rae [ ecth uncno
HHBEepPCHUH B MOACTAHOBKE

<k+l k+2 ...n >
Br+1r Brwz .. Ba

(%)

[lepemuoxkasn unenn (2) u (4), Mbl MOJYYHM MNPOU3BCAEHHE 72 3IEMEHTOB

Q1a,82a,+ « « QR Qk+1. By @h+2, Brass « - Tnbys (6)

PACIO/MIONKEHHHX B PasHbiX CTPOKAX H Pa3HHIX CTOAOLAX ONpexennTens;
oHo Oyner, cjAelOBaTe]IbHO, 4AeHOM onpeienureas d. 3Haxk unaena (6)
8 mpousBeleHun MM’ Oyner npousBeleHueM 3HAKOB 4iaeHOB (2) u (4),
T. . (— 1)f- (— 1) = (—1)"*+¥, Tako# xe 3HAaK UMEET, OAHAKO, 4neH (6)
U B onpeaenntene d. JlefiCTBUTEAbHO, HHXKHAS CTPOKA MOJCTAHOBKH

<l 2 ...k k41 k+2...n)
o Q... % Bper Bras oo Ba '

COCTaBJEHHON M3 HHAEKCOB 3TOr0 uJeHa, COMEpPWHT anuib /-+ /" unsep-
CHH, TaK KaK HHUKAKOe O HH C OXHHM H3 P He MOXKET COCTaBHTb HHBEp-
cHio: Bce o He Goabuie k, Bce f§ ne Menbumie k1.

dTUM #O0Ka3aH paccMaTpiBaeMbif HaMH HacTHbI Ciayyall Teopem,
Tlepexonum K paccMOTpPeHHIO oOuiero ciayyas, T. e. [PELTOJ0XKHM, 4TO
MHHOp M pacrojioxeH B CTPOKaxX ¢ HOMepamMu iy, Iy, ..., iy H B CTONO-
ax ¢ HOMEPaMH jfi, fo, ..., fp, TIPHUEM

S TR M g A= ¥

[Moctapaemcsa, nepecraBnsis CTPOKM H cTOAGULI ONpeseNHTeAsd, NepeaBH-
HYTh MHHOPp M B seBHit BepxHuit yroa, mpuuyem Tak, 4toObl ZONO/HH-
TeNbHBt MHHOP He uaMenuacda. Jas sTofh uenn nepectaBuM i,-10 CTPOKY
¢ (i;—1)-#, satem ¢ ({;—2)-# n 1. A, nmoka i,-n CTpoka He 3afimeT
MECTO NepBoit CTPOKH; AMS 9TOTO Mbl JOMKHKE OyLeM NepeCTaBHThCTPOKH
iy—1 pas. byaem 3aTeM nocC/ieNOBaTENbHO TEPECTABAATh {,-10 CTPOKY
CO CTPOKAMH, paCNONOWEHHBIMH Hal Helo, NMOKA OHA He PaCMNONOWHTCH
HeMOCPEACTBEHHO NOR i,-# CTPOKOH, T. e. HA MecTe, KOTOPOe KO HAayana
BCeX npeo6pa3oBasHil 3aHHMana BTopas CTPOKA; AT ITOTO, KaK JEerko
NPOBEPHTH, Mbl AOMKHB OyleM nepectaBHTb CTPOKU [,—2 pasa. AHa-
JOTHYHLIM 06GpasoM i,-10 CTPOKY Mbl NepeiBHHEM Ha MecTO TpeTbei
CTPOKH H T. H., NOKA [,-fi CTPOKA He OKaweTcs HA MecTe k-H CTPOKH.
Bcero mn ponkhb 6yneM COBEpPIUHTH

(i1—1)+(i2-2) ... +(ik—k)=
=, Fi+...+i)—+24...+5k)

3

TPaHCNO3HIHH CTPOK.
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Muanop M pacnosoxen ywe B MepBuXx £ CTPOKAax HOBOro omnpeae-
autens. Byaem Tenepb nocnexoBaTennHO NePecTaBaAaTh CTOAGUH Onmpene-
auteasa: ji-# €O BCEMH eMy fpefIIecTBYIOUMMHE, MOKa OH He 3akMmer
(1epBOrO MeCTa, 3aTeM jJ,-H, Moka oH He 3aliMeT BTOPOro mecra, H T. .
Bcero cronbum Gyayt nepecTaBaeHhn

Urtlod oo +i)—(1+24+... +4)

pas.

[locne scex oTHX npeo6pa3oBaHuil Mu NPHXOAHM K HOBOMY onpeile-
auteno d’, B KoTopoM MHHOP M 3aHumaer nesuiil Bepxuuil yroa. Tak
KaK Mbl MepecTasafa/n KawaAui pa3 Aullb COCeaHHEe CTPOKH HIH CTOAOUL,
TO B3aHMHOE PacnojoKeHHe CTPOK K cToA610B, COAEPWABLINX B Onpeae-
autene d mudop M’, octaeTca 6e3 U3MEHEHHs, 4 MOITOMY LOMOJIHHTENb-
HBM K MHHOPY M B onpeaenutene d’ octaetcd murop M’, sauumawoutui,
OAHAKO, ywe npasuil HMKHHA yroa. Kak mokasawo suiuie, npousseie-
e MM’ sBasercsd cyMMOR HEKOTOPOTO KOMHYECTBA 4/IEHOB Ompeseni-
Tena d’, B3UTHX C TEMH Ke 3HAKAMH, ¢ KaKHMH OHH BXOAST B d',
Ouanaxo onpeneantenb d' noayded u3 onpeaeautens d oyrtem

i+t o+ —(0+2+...+ R+
i +hat+ . Fi—+24+ .. +R)=
=su—2(1+2+...+4)

TPAHCITO3HULHH CTPOK H CTONGILOB, NO3TOMY, KAK MH 3HaeM H3 mpeject-
syiowero naparpada, 4ieHu onpeieaurens d’ OTAHYAOTCA OT COOTBET-
CTBEHHLIX YJ/IEHOB onpefeantens d JAuullb 3HAKOM (—I)SM (4eTnoe
qnc10 2(14-2 4 ... + k) He Gyner, moHATHO, BAHATL Ha 3nak). OTciona
cnelyeT, YTO MPOU3BEAEHHE (—I)SM MM’ CcOCTOHT B3 HEKOTOPOro Ko-
JUYeCTBa YJAEHOB onpelenauTens d, B3ATHX ¢ TAKHMH Ke 3HAKaMH, KaKHe
OHH HMCIOT B 9TOM ompeaeautene., Teopema AoKasana.

3aMeTHM, 4TO ecad MuHOpm M n M’ B3aUMHO AOMOAHUTENBLHH, TO
4yHcIa sy 4 Sy HMEIOT OAHHAKOBYIO dyeTHOCTb. [leficTBuTENBHO, HOMEP
BCAKOH CTPOKH M BCAKOrO CTOAGLA BXOLHMT CRAraeMbiM B OJLHO H TOJAbKO
OAHO M3 ITHX YHCEJ, a TOITOMY CYMMAa Spy -+ Sp- paBHa oOuell cymme
HOMEPOB BCeX CTPOK U CTOAGLOB onpeaeaHTens, T. €. paBHA YETHOMY

acay 2(1+2+4...+n).

§ 6. Buiaucsenne cnpeneantenen

PesynabraTi mpeaulectsyioutero naparpada mno3BoafiOT CBECTH Bbl-
YHCieHHe ompedenuTens 72-ro NOPHAKA HA BHYHCJAEHHE HECKONbKHX Ofipe-
nenutenelt (n—1)-ro nopanka. Beeaem cHavana cneayouiue 0603HaueHns:
€C/IH @;;—3NEMEHT ollpelenuTens d, TO yepes M,-/ 0603HAYUM HOMOA-
HHTeAbHWH MHHOD HIH, KOpOYe, MUHOP 3Mm020 3AeMeHrma, T. €. MHHOD
(n—1)-ro nopsiaka, noaydamouica focje BuYEPKHBAHUS H3 ONPeaenH-
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Teas {-f CTPOKH ¥ j-r0 cTOnGUa. [lanee, yepe3 A;; 0603HaunM anrebpan-
4eCKOe JOMOJHEHHEe SneMeHTa &g, T. €.

Kax nokasano B npeawectsyiouiem naparpade, npoussenenue a;;A;;
ABASETCH CYMMOH HECKOJNbKHX YIEHOB onpeienutens d, BXOAALIHX B 9TY
CYMMY C TeMH Xe 3HAKAMH, C KAKHMH OHH BXOLSIT B COCTaB onpeaen-
Tensn d. Jlerko noacyuTaTh YHCAO STHX YJAEHOB: OHO PABHO YHCIY Y/JEHOB
B MHHOpe M, T. e. pasro (n—1)l

Bui6upaem Ttenmepp n06yio i-10 cTpoky onpenenutens d n Gepem
npousBeAeHHe KaxLOro djeMeHTa 3TQH CTPOKH Ha ero anreGpanyeckoe
LONoNHEeHHe:

aAn, 82Ape, o, A, (1)

Hukakoft unen onpeneanTtens 4 He MOWeT BOHTH B COCTaB ABYX
pasHbX U3 uYucna npoussenenuit (1): Bce uinenn onpesenntens, BXoas-
ule B TpPOU3BElNEHHEe a; A;;, COLEPWAT M3 i-i CTPOKH 31eMeHT a; H
NO3TOMY OT/HYAIOTCH OT YWIEGHOB, BXOAALIMX B NPOH3BEACHHE & A,
T. €. COLEep¥alHX H3 i-# CTPOKH 3/MEMEHT @, N T. L.

C apyro#t croponn, obiiee yHCAO uMeHOB onpepeautens d, BXOAs-
uiHX BO BCe mnpouasenexus (1), passo

(n—1).n=n,

T. €. 9THUM HCYEpPMHBAIOTCA BooOule BCe uleHw onpeaeauntens d. Mu
JlOKa3aau, Takum o6Gpa3oM, YTO HMEET MECTO Clelaylioliee pa3.loxcerie
onpedeaumenrst d no i-i cmpoke:

d=ayA;+0pAn+ ...+ A, 2

T. e. onpedesumens d pasen cymme npou3sedeHull Bcex neMeHmMos
npou380AsHOL e20 CmpoKu HA ux anzebpaunecxue donoineHus. Ana-
JOTHYHOE PA3NOWMEHHE ONPEeLeNHTE/Ns MONHO NONYUHTL U 1O JMI06OMY ero
cronbuy.
3amensa B pasnoxenHn (2) anreGpauyeckHe NOMOJHEHHs] COOTBET-
CTBYIOUIHMH MHUHOPIMH CO 3HAKAMH IJIIOC MHJAH MHHYC, MW CBeldeM
BWYKHCIEHHe onpeaenuTens 7-T0O NOPHAKA K BHYHCJe-
HHIO HeCKOnbKUX onpenenunrteneft (n—1)ro nopsaka.
3aMeTHM, YTO €CIH HEKOTOPHE H3 3JeMeHTOB i-§ CTPOKH paBHH HY/IO,
TO COOTBETCTBYIOLHE HM MHHODH He HYWHO GyAET, MOHATHO, BHYHCAATD,
Beuay storo nonezuo npeaBaputenbHO Tak npeo6pa3oBaTh ONPeAeAHTE b,
ucnonb3ys cso#icteo 9 (em. § 4), uTo6w B OAHOM M3 CTPOK UAH B OLHOM
H3 CTOJAGUOB AOCTATOYHO MHOTO SJEMEHTOB OKA3aJIOChb 3aMEHEHHHIMH
piynaMH. B nefictautenbHocTd cgodicmeo 9 nossoanem & awboll cmpoxe
Au 21060M CmMmoAbhe 3aMeHUMb HYASMU 8Ce 3AeMEHMB, KDOME 00HO20,
cavom aene, ecim a;+0, To moboili anement i-f cTpoxn a;; JF=R,
yAeT 3aMeHeH HyJeM nocie BHWUYHTAHHHA KR-ro CT010LA, YMHOKEHHOTO



48 CHCTEMH JWHEHHLIX YPABHEHHH, OMPENENUTEJH fra. 1
q

#a E—’, u3 j-ro cronbua, TaxuM o6pa3oM, BWUHUC/IEHHE ONMpPeRequTels
(1]

n-ro MNOPSAKA MOXHO CBECTH K BHYHC/ICHHIO OLHOT O ONpeReqHTens
(n—1)-ro mopsiaka.

Mpumep s
1. BuluHeaHTh ONpeje/uTe/Ib YETBEPTOro MOPsAKa
3 I =1 2
—5 1 3 —4
d=\ 9 o0 1 -1
1,—-5 3 —3

PasnoxuMm ero no Tpetbell CTPOKe, HCMOJB3YA HAJHYHE B HeH OKHOrO Hyas!

1 -1 2
d=(—13+.2.] 1 3 —4 |+
—5 3 =3
3 1 2 3 1 —1
F(=1p+30.| =5 1 —4 |+(—=1PF0(—=D-| =5 1
1 —5 —3 | 1 =5 3

Buyncans nonydeHHble OnpefeHTeNH TPeTbero NopsAfKa, MOJYy4HM:
d=2-16—40+4-48 = 40.

2. BhiuncaHTb onpejeavTeb NATOrO nopsairka

-2 5 0 —1 3
1 0o 3 [
d= 3 —1 0 5 —=5/|.
2 6 —4 l 2
0 —3 -1 2 3

[Mpu6apasa ko BTOPOR CTPOKE YTPOGHHYIO MATYIO H BHYHTAR M3 HEeTBEPTOMH CTPOKH
YUeTBEPEHHYIO NMATYIO, MOJYYHM!

-2 5 0 —1 3
1 -9 0 13 7
3 —1 0 5 — 5},
2 18 0 —7 —10
0 -3 —1 2 3

PasnioxuB 3TOT onpenesuTeJb MO TPETbeMY CTOAGLY, COAEpIKaUEMY JHWD onm:
He PaBHBl HY/IO 9JeMeHT (C CyMMOil HHjaeKcoB 53, T. e. ueTHOH), MOJAyuu)

—2 5 —1 3

I —9 13 7

== 3 _y 5 —5
2 18 —7 —10
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[MpeoSpasyem BHOBL MOJIYUEHHEI onpejenTenb, TpHGABIAA K NepBOA CTPOKe
YABOEHHYIO BTOPYIO M BHUMTasd H3 TpPeTbed CTPOKH YTDOEHHYIO BTOPYI, 3 H3
YeTBePTOH — YJABOEHHYIO BTOpYIO:

0 —13 25 17

1 —9 13 7
d=—=10 96 —34 —9% |’

0 36 —33 —24

a 3aTeM pa3fOXKHM ero [0 nepBoMy cToabiy, npHueM 3aMETHM, YTO €AHHCTBEH-
HOMY He PABHOMY HYJIO 3JEMeHTY 3TOrO CTOA6LA COOTBRTCTBYET HEUETHAS CYMMA
HHAEKCOB, NOJY4YHM:

—13 25 17
d= 26 —34 —26
36 —33 —24

BLIYHCAUM 3TOT ONpejesauTe]s TpeTbero Nopaaka, NPeABAPUTENLHO PA3IOKHD
ero mo TpeTbell CTpoKe:
25 17
d=236-
—34 —26

| "BV opy.| 13 B
- )" 26 —26'+(_ )'l 26 ‘z

—34
=36-(—72) —(—33)-(— 104) + (—24)-(—208) = — 1032.

3. Ecau 6ce 3aemenmer onpedeaumenn, pacnooXceHHole no O00HY CMOPOHY
om 2aasHod OuazOHaAU, PasHbL HYAO, MO Imom onpedeaumers pasen npousseds-
HUID INEMEHMO8, CMOAUUX HA 2Aa8HOl duazoHaau.

I 1a onpeaesuTens BTCPOro NopsajaKka 3T0 yTBepKjeHHe odeBHaHo. Mu Gyiem
M03TOMY AOKAa3bIBATh €ro No HHAYKIHH, T. €. NPeinoJoXKHM, 4T0 A1 onpeneH-
tefeit (n—1)-ro nopsaxa OHO YyXKe HKOKAa3aHO, M PacCMOTPHM Onpeie’autelb
n-ro nopfika

an iz 13 ... ayy
0 dag Qg3 ... Qgy
d=10 0 ay ...ay,

L T )

0 0 0 ...a

nn

Qg dog Qon
0 a a
33 3n
d=ay,-
0 0 ...ay,

Ho MHHOpY, CTOAlIEMY B npaBoﬁ 9acTH, NMPHMEHHMO nNpejnogokKeHne HHAYK-
uuM, T. €, OH paBeH MNPOH3BEACHHUIO dgpls3 ... d,,, A NOITOMY
d=a”_a22a33 e App.

3 A.T[. Kypom
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4. Onpedeaumesem Barndepmonda Ha3bIiBaeTCsi onpejennTtelb
1 1 | veo |l

a a as ver Gy

= q® 2 2 2

d=| aj a; a; ... a, .
n—i n-1 n-1 n=1
a; a; a,” "t ..ap

Ilokaxes, uT0 npu sofiom n onpedeaumesrs Bandepmonda pasex npoussede-

HUIO 6Ce603MONCHbLY  pasnocmed a;—a, 20e 1<j <i<n. JleficTBUTeNLHO NpH
n=2 6ylner
1 1

a Qy

Ilycts Hame yTBepKieHue Yxe JoKasaHo Anas onpeleauteiefi Bauaepmonna
(n—1)-ro nopsaaka. I[lpeo6pasyem onpepesutesb d cJexyiomuM o6pa3oM: u3
n-it (nocnenHedl) CTPOKM BHuUTaeM (n—1)-10, YMHOXKEHHYIO Ha @,, 3aTeM H3
(n—1)-A BouHTaeM (n—2)-10, TaKXe YMHOXEHHYIO Ha a;, ¥ T. L., HAaKOHell, H3
BTOPOfi CTPOKH BLIYHTaeM NepBYIO, YMHOXeHHYI0 Ha @,. Mpl noayunm:

=0y—0a

1 1 1 1
0 a,—a, ag—a, a,—a,
d=|0 a)—aa, aj—aag ... al—aa,
n-=1 n-2 n-1 n-=2 n—1 n-—2
0 a;7'—aa, ag” —aay R A

Pasnarag 5ToT onpefedMTeNb N0 NEPBOMY CTOMGLY, MBI NMPHAEM K ONpeleHTENO
(n—1)-ro nopsjaka; nocjie BHIHECEHHA H3 BCeX CTOAGLUOB OGLIHX MHOXHTesedl
83 3HaK OMpefeJUTENS] OH NPHMET BHX

1 1 eeu 1

as ag ves an
d=(a,—a;) (ag—a,)...(a,—a;)-| a? at at
2 l) ag 1).-.8, 1 2 8 wee @y .
al"t gnm . gn-e

TMocnepuuit MHOXHTeNb sABNAETCA onpenenutetem Banaepmonza (n—1)-ro no-
psiika, T. e., NO MPEANOJONKEHHIO, PaBeH MPOM3BEJCHHIO BCeX pasHocTedl g;—a;
g 2<<j<i<{n. MoxHo HanucaTh, CJE0BATeJbHO, ynoTpeGasia CHMBOJ
ans 0603HAaYEHHA NPOH3BEJEHHH, UTO

d=(a,—a) (a;—a,y)...(a,—a,)- H (a;—a)= H (a;—a).
2L jkign 1< ji<ign
Takny ke MeTOJOM MOXeT GHTb JOKa3aHO, YTO ONpeAeJHTeNb

n-1 n-1 n=1 n-1

a, a, ag es. a,
e 2 2 2 2
d=|a} a, a; ..a;

a, a, as vee @y
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paser npoussedenu0 6Ce803MONCHUIX pasHocmelt a;—a;, Tle 1 <Si < j<<n, T. &

d = H (a;—a;).
1€i<jig<n

O6o6ias nonyueHHble BHIIE Pa3/OXKeHHS ONpeAeNHTeNs MO CTPOKe
HAH cTONOLY, NOKaXeM CAeAyIOMYI) TeopeMmy, TFOBOPAILYI0 O pa3ioxe-
HUW onpedeAuTess nO HEeCKOAbKUM CTPOKAM Ul cTOAGYAM.

Teopema Jlanmaca. [lycte @ onpedeaurese d nopadka n
npousgosvro evibpanst Rk crpok (uau kR croabyos), 1<Ck<n—1,
Tozda cymma npoussedenuli acex munopos k-20 nopadka, colepica-
yuxca 8 BbB6PAHHLIX CTPOKAX, HA ux aaszebpauseckue OONOAHeHUS
pasna onpedeaureno d.

HoxazateabcrtBo. [lycrs B onpenenutene d BHOpPaHH CTPOKH
C HOMepamH iy, Iy, ..., £,. M 3HaeM, yTO npousBegesue n160ro
MHHOpPAa k-ro mopsiika M, pacno/sokeHHOro B STHX CTPOKax, Ha €ro
anrebpanyeckoe ZOMOJHEHHE COCTOHT H3 HEKOTOPOrO KOMUYECTBA YJIEHOB
onpenenutens d, B3ATHX C TEMH € 3HAKAMH, C KaKHMH OHH BXOASAT
B cocTaB onpexenutensi. Teopema O6yaer, clAemnoBaTenbHO, IOOKAa3aHa,
€CAH MH TOKa¥eMm, 4YTO, 3actaBiass M npoGerath BCe MHHODH K-TO
nopsaKa, pAacrno/sioXeHHHe B BHIGPAHHBIX CTPOKAX, MH MOJAYYHM BCe
4/leHBl OMpexe/NHTeNs, NpUYeM HH ONUH M3 HUX He BCTPETHTCH MBAWKIM.

[MycTs

010,230, - - Qna, (3)

— MpOM3BOJAbHLIA uieH onpezeantens d. BosbMeM OTAEIbHO MpPOH3BC-
DEHHE TeX IJIEMEHTOB H3 3TOr0 4jleHa, KOTOpHe MPHHAZJIEKAT K Bbi-
OpaHHBIM HaMH CTDOKAM C HOMepamu iy, f,, ..., i . IAT0 Gyaer npous-
Be/leHHe

Aoy isay, - - Tigey, 3 (4)

k mHOWMHTeJefl 9TOrO nPOM3BeAEHHS -CTOAT B R PasaHYHEIX CcTOAGUAX,
a HMEHHO, B CTOAGUAX C HOMEpaMH i, O, ..., Cj. ITH HOMepa
CTOJAGUOB BMOJAHE ONpEeae/aloTCs, CAeAOBAaTeNbHO, 3adaHueM uaeHa (3).
Ecan mu 0603nauum yepe3d M MuHOp A2-r0 nopsiaka, crosiuit Ha nepe-
CEYEHHH CTOJOLOB C ITHMH HOMEpPaMH Q4 , O4,, ..., G, U BHODAHHHX
paHee CTPOK ¢ HOMepaMH i, i,, ..., i,, TO mpousBensexHe (4) Gynmer
OJHHM H3 WIeHOB MHHOpa M, a NpoMU3BeJEeHHE BCEX 3MEMEHTOB H3 uJje-
Ha (3), He Bowenmux B (4), 4N1€HOM €ro JONOJHHUTEALHOTO MHHOpA,
Taknum o6GpasoMm, BCAKHH uYileH onpexenHTeNs] BXOAHT B NpOH3BeACHHE
HEKOTOpOI'0, MPHTOM BMOJHE ONPEeAENEeHHOTr0, MHHOpA R-T0 MOpAIKa H3
BLIODAaHHHIX CTPOK HA €ro JONOJHHUTENbHHH MHHOP, MpPHYEM HBJSETCH
npoH3BeAeHHeM BNOJHE ONpeleNeHHLX YJAeHOB 3THX JBYX MHHODOB.
Hdns Ttoro e, HakOHell, YTOOH MNOJYyYUTb B3ATHIH HAMU YJeH Onpene-
JHTENIT C TeM 3HaKCM, Kakot OH HMeeT B onpeaenuTene, ocTaercd,
KaKk M 3HaeM, 3aMEHHTb JONOJHHUTENBHHH MHHOp alreGpaHyecKHM
AOMOMHEHHEM, DTHM 3aKaHYHBAETCS AOKA3ATEIbCTBO TEOPEeMHI,

3
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Joxa3aTenbCTBO TEOpeMbl MOWHO OLi10 Obl BECTH U HECKOMbKO HHHIM
nytem. Mmeunno, npoussenenve moboro MHHOpa k-ro nopsaka M, pac-
NOJIOWEHHOTO B BHOpaHHLIX CTPOKaX, HA ero airedpanyecKoe AOMOJHE-
HHE cOCTOUT Hu3 k! (2 —k)! uneHoB, TaKk Kaxk mHHOp k-ro nopsaka M
COCTOMT H3 k! unenoB, a ero aiarebGpanueckoe AOMOJHEHUE, OTAMYAACDH,
BO3MOXHO, /NHLIbL 3HAKOM OT MHHOpA MopsaKa n— R, copepkur (n— k)!
usenos. C JApyroif CTOPOHBI, YWCAO MUHOPOB R-TO TMOPAAKA, COMEpWa-
LIHXCS B BEHIOPAHHOIX HAMH CTPOKAX, PABHO 4HCAY COYeTaHHu#d M3 n 10 &,
T. €. PaBHO 4HCAY

n!
Rl (n—k)!

[epeMHO)KasA, NH MONYy4YaeM, YTO CYyMMa NPOH3BeLeHUH BceXx MHHODOB
k-ro nopsaxa u3 BHOPaHHBIX CTPOK Ha HX ajreSpaHyecKue AOMOAHEHHA
coctouT u3 n! cnaraembix. TakoBo we, oAHako, ¥ ofuiee YHCIO WIEHOB
onpexenurteas d. Teopema Oyner, cnepoBarenbHO, H0OKa3aHa, €C/AH Mbi
MOKaMxeM, 4TO BCAKHH uned onpenenunrtens d BXOAUT XOTs Gbl OXHH pa3
(a Toraa W TOYHO OJAMH Pas) B PACCMATPHUBAEMYIO CYMMY MPOH3BEIEHHH
MHHOPOB Ha HX anrebpanyeckue pononaseuuns. [das 3Toro uutatenio
ocTaeTcsi NOBTOPHUTH (C HEKOTOPHIMH YMNPOILEHUAMU) PACCYWAEHUs, NPO-
BeIeHHHle B MPELIUECTBYIOULEM I0KAa3aTenbCTBe.

Teopema Jlansnaca mo3BoasieT CBOJAHTH BblYHC/ASHHE ONPeLeTHTeNs 71-T0
NOPSIAKA K BHIYHCAEHHIO HECKOMLKUX OnpeenTeneil NOpsIAKOB R U n— k.
ITHX HOBLIX ompeaeaunTeneit okawercd, BooOlle TFOBOPS, BECbMA MHOTO,
H MO3TOMY MpHMEHSTh Teopemy Jlaniaca uenecoo6pasHo ML B TOM
ciydae, eC/aH B Onpele/HTe/Ne MOWHO TaK BubGpaTb 2 CTPOK (HiM cTONG-
LOB), YTO MHOTHE W3 MHHOPOB K-rO MOPSAKA, PacHONOKEHHHX B 3THX
CcTpokax, OyAYT paBHH HYJIO.

Mpumeps.

I. Tlycte nan onpepesnTe/ib, Bce BJEMEHTH KOTOPOTO, CTOAIILHE B NEPBHIX
k c1pokax u nocaeiHux n—=k cronbuax, paBHB HYJIO:

agn cae Qyp 0

d— Ay vee Opp
Aet1,1 vov O+ Qp+1 k+1 oo+ Orarn
am cer Qpg An, r+1 «ve Qpp

TOT}la STOT OnpefesuTeNb PAaBEH NPOU3BelEeHHIO ABYX CBOHX MHHODOB:

gy ... Oy Qp+1,k+1 -+ Qa1 n

Op1 oo Qpp G, r+1 -+ @nn

Ins 1oKasaTenbCTBA JOCTATOYHO PA3JOXKHTh ONPEAEJUTEN: MO TNePBHM
k c1poKaMm.

2. MlycTs nan onpepenutens d nopsika 2n, B JeBOM BepXHEM YrJy KOTO-
POro CTOMT MHHOP A-TO MOPAJAKA, COCTABNEHHEIA 1eNMKOM U3 HyJefi. Ecin Munops
n-ro NopsfKd, CTOAIlHE B NPaBOM BEPXHEM, JIEBOM HHIKHEM H NPaBOM HHXKHeM
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yraax onpeneautens, 6yayt o6o3HaueHH cooTseTcTBeHHO uepes M, M’ u M,

M
T. €. onpejesnuTeNb MOXHO CHMBOJIHUECKH 3amucath B Bule d= ™ Jye
T0 d=(—1)" MM’

Jlns nokasaTeabCTBA PasjioKHM ONPEACINTETb MO NEPBHM 7 CTPOKAM # 3a-
METHM, 4TO -

sy=1+2+..+n+{(n+ D) +(n+2)...+2n] =n+2n?,

T. €. Sy M N HMEIOT OAHHAKOBYIO YETHOCTDH
3 BuuucanTe onpelennTedns

Passiaras ero no mepeoMy ¥ Tperbemy cTonGHAM, COAepKAUUM YAAaYHO pacmo-
JIOKEHHLIE HYJH, Mbl NOJAYdUM:

3 1 -5
d=(—1) +3+143 _; f’ J=1—1 o+
4 2 5
—49 3 1—5
+(_])1+4+|+3 |' _3 _3 1 +
- 4 2 5
9 1 —2 1
(1B Herr43 l 3 1—5|=
- 4 2 5

=(—8).(—20) —(—10).(—62) —7.87 =—1069.

§ 7. Mpasunao Kpamepa

H3noxennas suille TeopHs onpedenutenei 72-ro nopaaka mo3poaser
noKa3aTb, 4TO 3TH onpenemnenu, BBEACHHKE AUUIL 110 QHAJAOTHH C
onpeaeMuTeniMKH BTOPOTO M TPETLEro MOPRAKOB, MOAOOHO MOCAEAHUM
MOTYT OuITb HCNONB3OBAHL IS PELUeHHS CHCTEM AHHeRHHWX YPaBHeHHH.
CHaqana caesaeM, BMpPOYeM, OHO AOMOJAHUTENBHOE 3aMeyaHne, CBHA3aH-
HOe C Pa3NoOWeHHsiMH onpeneautenef no crpoke uau croabuy; sto
3aMedaHue 6y11e'r B AanbHelinieM HEeOJAHBOKPAaTHO HCNOAL3OBATHLCH,

Pasnowum onpeaeantens

g ... al, vee ip
d= 02.1 see Qg 0ee Aoy

DR SR Y A

Ay voo 8pp oo Bpp

s
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[o ero j-my ctoabuy:
d=a, ;A j+ @34, ).+ 0y A,

a 3aTeM 3aMEHHM B STOM Pa3/iOXEHHH SNeMeHTH j-ro cronbua CHcTe-
MOH 71 POM3BOAbHWX uncen by, by, ..., b,. Bupaxenne

byAyj 4 by Ayt o 04A,

KOTOpPOe MH NoayuuMm, OyAeT, OYEBHAHO, CIYMHTb Pa3/AOKeHHEM 6O
J-My croabuy aas onpenenutens

all LR bl e aln
d = Qo ese b2 ess Qgy

Qpt oes bn vee Qup

NONYualoulerocs U3 onpenenntens d sametnolt ero jro croabua crond-
uoM u3 umcen by, b,, ..., b,. B camom nmene, samena j-ro croabua
onpeneautens d He BAHAET HAa MHHOPH 3JEeMeHTOB 3Toro croabua,
a NO3TOMY H Ha UX anreGpandeckue LOMONHEHHS,

[IpuMenuM 3TO K caydalo, Korga B KadecTBe uyucen by, b,, ..., b,
6epyTcst sneMeHTH k-ro croabua onpexenutens 4 npu k= j. Onpe-
JeNuTeNb, KOTOPHH MH MOAYYHM 10oCiAe Takod 3aMmeHd, Oyler coxep-
WaTh IBa OJMHAKOBHIX CcTOAGHA (j-# u k-H) m moatomy Oyner paBeH
Hymo. PaBHo Hya0, cnrefoBaTenbHO, W Pa3noXeHHe STOro onpefenu-
Tedd no ero j-My croabuy, T. e,

a1yt Aghy oo+ @A ;=0 pu j £ k.

Takum obGpasom, cymma npousgefenilli 8cex aIseMeHMO8 HexKomo-
pozo cmoabya ofripedesumers Ha arzebpautneckue GONOAHEHU COOM-
8eMCMBEHHBX 3neMenmos Opyzozo cmoabya pasxa wyawo. Taxo#l we
pe3yabTaT CrpaBeanHB, KOHEYHO, M AJ8 CTPOK onpeneadre/s.

[Tepexonanm K paccMOTpeHHMIO CHCTeM J/HHeHHHX ypaBHeHu#l, npu-
YeM OrPaHHYMMCH NOKA ClyyaeM CHCTeM, B KOTOPHWX 4HC/AO Yypas-
HeHHH paBHO YUCAY HEH3BEeCTHHX, T, e. CHCTEM BHAA

Q11 %y T+ 819X + oo+ @y, X, =0y,
Uy X) + AgpXg + oo + Ay X, =0y,
G Xy + QpaXy +- oo+ A X, =bn-

JonoauuteabHo npeAnonokum, 4to onpeseautens d u3 kosdpdu-
IHEeHTOB MNPYH HEU3BECTHHIX B STOH CHCTeMe, Ha3nBaeMud KpPaTKO
onpedesumenes cucmems, OTAHdYeH oT nyad. [Ipu sTux Opemnonowe-
HHAX Mbl JOKaweM, 4TO cuctema (1) COBMECTHAa H Aaxe ONpeAefeHHa,

B § 2, pewas cucreMy Tpex ypaBHeHHH C TpeMsi HEHU3BECTHHIMH,
Mbl YMHOWANH Kawaoe H3 ypaBHeHUH Ha HeKOTOPHH MHOXHTeAb, a
3aTeM CKJAadbiBaAH 3TH YPaBHeHHdA, nocie 4Yero KodpduuHeHTH npu
ABYX HeH3BeCTHRIX H3 TPex OKaswsanuCb paBHuMH Hymo. Ce#iyac Mul

(1)
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ferko o6HApy®uBAeM, YTO MHOKHTEIH, KOTOphle HaMu ymoTpesSasauce,
Opi11 aareOGpaHyecKHMH AOMNONHEHUSAMH B ONpejelHTeNe CHCTEMN
K 9J1eMeHTy, spaswouieMycsd kos3dpduLHeHTOM NPH HCKOMOM HeH3BeCT-
HOM B NaHHOM ypaBHeHHH. DTOT e npueM OyneT Ternepb HCMOIL3OBAH
ans peunieHuss cuctemun (1).

lMpeanonoxuM cuauana, 4to cHctema (1) cosMecTHa H a;, Ay, ...,
a,— oaxo u3 ee pewennih. CnpapenanBH, C/1el0BaTE/NbHO, PABEHCTBA

@140y + @y50, + .o+ ay,0, =0,
‘121“1 + aezaz + oot a0, =0,

1‘11 +a za, + ...+a,,na,,_.b

(2

MMycte j Gyaer nwbum u3 yucen 1, 2, ..., 7. YMmuowny obe yactu
NepBoro W3 paseHCTB (2) Ha A1 , T. €. Ha anrebpanyeckoe A0ONO]He-
HHE 3INeMeHTa @y, B onpenenmene cucteMnl d; ofe yacTH BTOPOTO
PAaBEHCTBA YMHOXHM Ha Ap, W T. 1., HAKOHeL, ofe 4acTu mocaea-
Hero—Ha A, . CknanniBasi 3aTeM OTHEJbHO JieBhe W OTIelbHO mpa-
BHE YaCTH BCeX PaBEHCTB, Mbl MPHAEM K ClelYiouleMy PaBeHCTBY:

(@141 + 8314, )+ o + 0 A oy +
+ (a;,4 /‘*‘%2 gy e FapA )2 +

. . . . .

(al/A1/+ a.,,Ar./—}—... —l—a,,/A,,/) a,+

+ (alnA1/+ Qp 2/+ oo + annAn/)a
=bAy 4 04y, + .+ 0,4,

Koadduunentom npu O, B STOM paBeHCTBe CAYMHT d, xo3dppuun-
eHTH [PH BCEX OCTAMbHHX « O6yAYyT, BBHAY CIEAAHHOTO BbilIe 3aMe-
4aHHf, PaBHH HY/IO, a cBOGOAHHHK uien Oyjser onpelelHTedeM, Moay-
4aloUUMCH W3 omnpedeautenss d mOcle 3aMeHo B HeM j-ro ctoabua
cTonbuoM u3 cBOGOAHMIX YjeHoB cHcTeMul (1). Ecan sTor nocrennni
onpexeautenb MH 0603HAauuMM, KaK u B § 2, uepe3 d,; TO Hawe papex-
CTBO MpHUMET BHA

o,=d,
oTKyna, BBuAY d 0,
d!
a/,= E_ .

OTHM 10Ka3aHo, 4TO ecan cucrema (1) coBwecTHa, TO OHA 061ajaer
eIHHCTBEHHHM pelieHueM

d dy o = zz_,, 3)
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[Toxaxem Tenepb, 4TO cucTema yucen (3) Ha caMoM jede yAOBJe-
TBOpsieT cucteMe ypasneHu#t (1), T. e. urto cucrema (1) coBmecTHa.
[lpn aTOM MH HCROAB3yeM CAedywoulyio o6uieynoTpeSuTeAbHYIO CHM-
BOJINKY.

Beakan cymMma suia a, 4 ay--...4+a, Oyner CokpauieHHo o6o3Ha-

n

qaTbhCd uepes Zai. Ecan ke paccMaTpuBaeTCcsi CyMmMa, CJaraemnic

i=1
KOTOPOH @;, cHaGwenn AByMs wHHAexcamu, npuiem i=1, 2, ..., n,
j=1, 2, ..., m, TO MOXKHO CHauyana B39Tb CYMMHl 3/JeMeHTOB C (PHKCH-
m
POBAHHBLIM MEPBLIM MHAEKCOM, T. €. CYMMH Zau, rae i=1, 2, .., n,

i=1
a 3aTeM CJ0XHTb BCe 3TH CYMMBI. Mg MoJay4YuM TOrjaa st CyMMbl
BCEX 3AEMEHTOB (li/ 3anucb

Moo 6nno Obl, ONHAKO, BHAuale CKJIAALIBATH ClaraeMbie a;,
¢ (UKCHPOBAHHLIM BTOPHIM HHIEKCOM, a 3aTeM Y¥e CKAaALBATbH 1O0AY-
YeHnnle cymmpl, [lostomy

T. e. 8 080MHOL CYMMe MOINCHO MeHAMb NOPACOK CYMMUpoganui.
[MoacraBum tenepp B i-e ypaBHeHHe CHCTeMHl (1) 3HayeHun Heus-
BECTHHIX (3) Tak Kak JNeBylo ‘laCTb i-ro ypaBHeHUSs MOXHO 3anucaThb

B BRAE Za ;% W TaK Kak d; "EbkAk;, TO Mbl MONYYHM:
i=1

n n n n n
d 1 1
S o Ty (3 o) = X ou T ey,
j=1 j=1 k=1 k=1 i=1

1
OTtHocuTenbHO 3THX npeo6Gpa3oBadHuilt 3aMeTuM, 4TO YHUCAO - Oxasa-

A0Ch OGIWHM MHOWHTENEM BO BCeX CaraeMHx M MOITOMY MH €ro
BLIHECIH 34 3HAK CYMMbl; KpoMe TOro, mocje fnepeMeHs NOPsAKa Cym-
MHUDPOBAHHH MHOWHTENb b, BbiHECEH 3a 3HAK BHYTPEeHHEH CyMMbl, Tax
KaK OT MHIEeKCa BHYTPEHHEro CYyMMHPOBAHHA j OH He 3aBUCHT.

n

My snaem, uTo BHIpawenue 2ai/Ak/=a“Akl-i-aizAkz—}—...-{-a,-,,A,m
“~

6ynetr paBHo d npu k=i wu pasHo O npu eBcex apyrux & Takum
06pa3oM, B HalueH BHeiHell cyMMe MO R cCTaHeTcs JAHUIL OAHO Cha-
raemoe, a mMeHHo b, T. e.

./
Z“u d=7 bd=t
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ITuM [0Ka3aHO, YTO CUCTeMA uHcen (3) NeHCTBUTENRHO CAYWKHT pelie-
HHeM 1/ CHCTeMbn! ypaBHenufi (1)..

Mp noayunan caepyowufi BawHmi pelyabrart:

Cucmema n AuHelinbix YPaB8HeHUU € n Heu3BeCMHbIML, Onpedesl-
meab Komopoli omauien om Hyasn, o6iadaem peuleHueM, U NPUMOM
moapKo 0O0HUM. IDTO pemenne nonyuaetrcs no dopmyaam (3), T. e. no
npasury Kpamepa, $opMynHpOBKAa 3TOTO MpaBu/Ia TAaKOBA e, KaK W
B CJlyvde CHCTEeMH ABYX ypasHeHuit (cm. § 2).

-

[Tpumep. Pewure cucremy JHHeAHBIX ypaBHeHHH

2+ xp—bxg+ x,= 8,
x1— 3%, —bx,= 9,
2y — x3-+2x,=-—05,
X +4xy—Tx3+6x,= 0.)
Onpenenutenb 3Tofi CHCTeMbl OTJHYEH OT HYJA:
2 1 =5 1
1 -3 0 —6
d=lo 21 2|=%
1 4 —-7 6

MOSTOMY K CHCTeMe NpUMEHNMO npaBuio Kpamepa. 3uaueHus HeussecTHHX 6y-
AYT MMeTb SHCJHTEJNSIMH ONpesesHTenH

8§ 1 =56 1 2 8-5 1
9 -3 0-—-6 I 9 0—6
0 4-—-7 6 Il 0-=7 6
2 1 8 1 2 1 -5 8
{ =3 9 —6 I3 0 9
dy= 0 2 —5 2 =27, d,= 0 2 —1 —§ =27.
1 4 0 6 1 4—=7 0
Takum obpasom, ¢
=3, x3=—4, x3=—1, x,=1

6yl-le'l' pelreHneM Hauled CHUCTEMBHI, NPUTOM €AUHCTBEHHBIM

Mu

HCKJ/AOYHAN U3 PAaCCMOTpPEeHusd cnyqaﬂ,

Korga onpeaeautenb

CHCTeMb 71 IHHeHHHX ypPaBHeHWH C 72 Heu3BecTHHMH (1) paBed uy/mo.
Mu oTHeceM stoT cayuait kK ra. 2, rie oH Hafizer ceGe MecTo B obuieit
TEOpuw cucTeMm ¢ a0biM YUCAOM ypaBHeHnH u /A106bIM 4YUCIOM HEHs-

BECTHbOIX,
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OTHOCHTENBHO CHCTEM 72 JIMHEAHLIX YPaBHeHHHl ¢ 72 HEH3BECTHBLIMH
cmenaem eule oaHo 3amedauwe. [lycTe nana cucTema n nuuedHBIX 04-
HOPOMHL X YypaBHeHHH ¢ £ HeH3BECTHHMA (cM. § 1):

a,%, +F Q10X+ eee T 2%, =0,
@91 %1+ @peXy+ ooo - 29, x, =0,
A Xy F BpoXy F ooe -+ @y X, = 0.

Bce onpenenntenu d; j=1, 2 ..., n, conepxar B 9TOM C1y4ae cron-
Gen, cocTaBieHHnit M3 dynefl, W No3ITOMy pasHel Hyno. Takum obpa-
30M, €CHM onpeaendTenb cuUCTemMbl (4) oTAMYEH OT HyJs, T. €. echu
Kk 5TOl cucreme npuMeHumo npaBmio Kpamepa, TO €AMHCTBEHHHIM pelle-
HHeM cuctemun (4) OyneT HyneBoe peineHue

4

x,=0, x,=0, ..., x,=0. )

OTcona BHTEKaeT Takol pe3ynbTaT:

Ecau cuctema n aunelinotx O00HOPGOHbIX YypasHeHull ¢ n  Heus-
gecTubimy 06aa0aer peuleHusMU, OTAUMHLIMU OT HYAEB8020, TO onpede-
AuTeAt 3TOU cucTembl HeOOx0O0UMO paBeH HYALO.

B § 12 6yner nokasaHo, 4To H 00paTHO, €CAN ONMpeAeNHTENb TaKOH
CHCTEMH HEeHCTBHTENBHO paBed HYRO, TO, MOMHMO HYJEBOrO pelleHHs,
CYWIECTBOBAHHE KOTOPOrO INA BCSKOH CHCTEMH OIHOPOAHHIX YpPaBHEHHUH
OYeBHAHO, ¥ Hee OYAYT CYWIECTBOBATb W JPYrHe pellieHHd,

[Ipumep., [Ipn xakux sHaueHHsX &k CHCTeMa ypaBHeHEH

kx4 x, =0,
%y + kxy, =0

MOKET 06/1aJaTh HeHYJEBHIMH pelleHHAMH?
Onpegenutens 3TOH CHCTEMBI

k1
' |=k2_l
1k

GyReT paBeH HyMO JHWB npu k= 4 1. Jlerko BujeTb, YTO NMPH KaXAOM H3 STHX
IBYX 3HauUeHMH kK 3ajaHnHas cHCTeMa ReHCTBHTeNbHO 06/13JaeT pelleHHsIMH, OT-
JUUYHBIME OT HYJEBOTO.

3navenne npasuna Kpamepa 3akaiowaercs raasHHIM 00pasoM B TOM,
4TO B TeX CAydyasx, KOrXa STO NPABHAO NPHMEHHMO, OHO HAeT HBHOE
BLIDAXEHHE AN DEIleHHs CHCTeMbl Yepe3 Ko3d(h@duIHeHTH 3TOH CHCTEMH.
[IpaxTuueckoe wucnonb3oBannwe npasuina Kpamepa cBsizaHo, oOIHaKo,
€ BeCbMA TPOMO3AKHMMH BBIUHCNEHKAMH: B Clyyae CHCTEMH 72 NUHeHRHHIX
yPaBHEeHRH C€ 72 HEH3BECTHHIMH MNPUXOAHTCH BHYHCAATH n-}-1 ompexe-
JUTENb N-ro nopsnxka. MeTod NOCNEZOBAaTENBHOTO HCKIIOYEHHSl HEH3-
BECTHHIX, M3NOXKEHHHWH Hamu 8 § 1, fABAAETCA B 3TOM OTHOLIEHHH MHOTO
6oiee yaoCHbiM, TaKk Kak BbIYHCNEHMS, KOTOPWX STOT Merton Tpebyer,
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Mo CyUleCTBY PaBHOCHAbHHW TeM, KOTOpHE MPHXOLHTCH BHIMOAHAThH NpPH
BHUYHC/AGHHH OL HOT O OnpeaeaHTens /7-ro NOpsiKa.

B pa3anuuuix OPHAOKEHUHX BCTPEYAIOTCH CHCTEMb AHHEHHLIX ypaB-
HeHul, xo3pduureHTH H CBOOOAHME HaeHH KOTOPHX ABASIOTCA AeHCT-
BHUTE/NbHHMA YMCIaMH, MOJYUYEHHHIMU B PE3y/bTaTe H3IMEPEHHA HEKOTO-
puXx GH3HYECKHX BEJHYMH, T. €. U3IBECTHHMH JHUIb NPUGIHXKEHHO,
C HEeKOTOPOH TOYHOCTHIO. IlAs pelleHHs TakKUX CHCTeM H3/J0WeHihe
BhLlllle METOAH OKa3LBAaOTC HMHOrAa HeyROOHHIMM, TAK KaK OHH NpPHBO-
AST K pe3ynbTaTy C MJAOXOH TOYHOCTHIO, H BMECTO HHX paspaboTaHb
pa3qHuHLe HTEpPAaUUWOHHBE METOAH, T, € METOLH, MO3BOJAIO-
niHe peuwlath yKasawunle CHCTeMbl ypaBHeHH# 0pH moMoOwmM nocaenosa-
TeNbHOro NPUOAHKEeHHA HeH3BeCTHHX. M30KeHHe 3THX METOLOB uuTa-~
Teqb HaWJeT B KHHrax MO TEOPHH NPUOIHKEHHBX BHYHCACHHHA.



F'TABA BTOPA4
CUCTEMbI JIMHEAHBIX YPABHEHUI (OBLUASI TEOPHS)

§ 8. n-mepHOoe BeXTOpHOE HPOCTPAHCTBO

Ilna nocTpoenns oOule#t TeOPUH CHCTEM JHMHEHHHX ypaBHeHUd Hexo-
CTaTOYHO TOrO anmapaTta, KOTOPbLH C TakUM yCOeXoM MOCAYKHA HaMm
Npu peliesyHd CHCTEM, AONYCKAalOWUX MpHMeHeHne npaBu.ia Kpamepa.
[Tomumo onpenenutenelt W MaTpHil, Mb ACMKHE OydeM HCIIO/AbL30BAaTh
0IHO HOBOE MNOHATHE, npeicTasasioulee, GuiTh MOWKeT, eille OGOJAbLINH
o0weMaTeMaTHYECKHH HHTEpec, a MMEHHO NOHITHE MHOTFTOMEPHOTO
BEKTOPHOroO NPOCTpPAaHCTBA.

CHauana HeCKONbKO NpeiBapuTEJbHEIX 3aMmedanuii. M3 kypca ana-
JAUTHYECKON reOMeTPUH H3BECTHO, YTO BCAKAs TOYKA MAGCKOCTH onpe-
JdengeTca (IpH 3aAaHHBIX OCSIX KOOPAWHAT) CBOUMH JABYMS KOODAMHA-
TaMmi, T. €, YNOPSLOYEHHOH CHUCTEeMOH ABYX NeHCTBUTENbHBIX 4HCen;
BCSIKHH BEKTOP Ha IIOCKOCTH OMNpeneqdeTcs CBOHMH ABYMS KOMIIOHEH-
TaMH, T. €. CHOBA YMNOPALOYEHHON cHCTeMOM IBYX JeUCTBUTENbHBIX
ypcen. AHaNOTHYHO Besikasi TOUKA TPEXMEPHOro MPOCTPAHCTBA  Onpese-
J4eTCs CBOMMI TPeMd KOOpANHATAMH, BCAKHE BEKTOP B IPOCTPAHCTBE —
TPeM$l KOMAOHEHTaMH,

B reomerpuu, a Takwe B MexaHuxe M (U3HKe YACTO NPHUXOJHTCY,
0/HaKO, H3y4YaTh Takue OOBEKTH, ANl 3aMXdHHS KOTOPHIX HEHLOCTATOUHO
Tpex neHCTBUTeNbHHX 4ucen. Tak, pacCMOTPHM COBOKYIIHOCTb IIapoB
B TpexmephoM npoctpaucTee. [asg Toro yrobm 1map Onil MONHOCTHIO
onpejnened, HyXKHO 3a4aTb KOOPAHHATH ero LeHTpa H paanyc, T. €.
3a4aTh YNOPALOYEHHYI0 CHCTEMY 4YeThpex JAeHCTBUTeAbHBIX 4YHCesd, H3
KOTOPHIX, BAPOYeM, rocjaefHee (paanyc) MOXET MPUHHMATH JHIIL T10J0-
WHTeNbHble 3HaueHus., PaccMoTpuM, ¢ JAPYrod CTOPOHH, Da3auuHble
N00%eHUus TBepAOro Tena 8 npocrpanctee. [lonowenune Ttena Oyxer
BMOJHE oOMNpefeneHo, ecad OYAYT YyKa3aHe KOOPAMHATH ero HEHTpa
TAmecTH (T. €. TPH AEHCTBUTENbHLIX 4HC/a), HANpaBleHHE HEKOTOPOH
¢$uxkcupoBanHol ocu, npoxonsulel yepes LEHTP TAWKECTH (ABa YHCNa —
JABa H3 TPexX HANpaBJAOIHX KOCHHYCOB), H, HAKOHell, yroj HOBOPOTA
Bokpyr 3tof ocu. Takum oOpasom, noJO¥eHHe TBEPAOro TeJa B MPoO-
CTPaHCTRe ONpelenseTCHs ynopsaoyeHHOH CHCTeMOH u3. mectn Aeficr-
BUTENbHHIX 4Hceda,
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3TH NpHMepPH YKa3HBAIOT Ha 1enecoo6pa3HOCTh PAacCMOTPEHNSA COBO-
KYNHOCTH BCEBO3MOMHBX YHOPSIAOYEHHHX CHCTEM H3 712 NeHCTBUTENbHLX
unces. IJTa COBOKYMHOCThL MOCAe BBEAEHHS B Hee onepauuit ClomeHHs
M yMHOWEHHS Ha YHCA0 (4To OyleT CeNaHo HIXKe [0 aHAJOTHH
C COOTBETCTBYIOWIHMH ONepaltHsiMH Hal BEKTOPAMH TPEXMEPHOro Mpo-
CTPAHCTBA, BHPAMEHHbIMH 4YePe3 KOMIIOHEHTH) H HOCHT Ha3BaHHe 7-Mep-
HOTO BEKTOPHOTO npoctpaHcTsa., Taxum o6pa3oMm, n-MepHoe mpocTpati-
CTBO eCTb AHIUb anrebpanveckoe o6pas3oBaHue, COXpausdiouee HEKOTOPHE
npocTefiniye CBOHCTBA COBOKYMHOCTH BEKTOPOB TPEXMEPHOro MpocCT-
PaHCTBA, BLIXONASILHX M3 Hauyala KOOPAHHAT,

YnopsiaoueHnas cucteMa 72 yucen

a=(alv 02, sy an) (1)
HA3LIBAETCH r-MepHBM Bexmopom. Ynucaa e; f=1, 2, ..., n, Oyayr
Ha3LIBATHCS KOMNOHeHmaMlU BexTopa o. Bexktopw o u

=, b, ..., b)) 2)

OyAyT CUUTATHLCH PABHHAMU B TOM CJyyae, eCAH COBMAAAIOT HX KOM-
NOHEHTH, CTOSU(HE HA OIHHAKOBHX MeCTax, T. e. ecan a;==b;, npu
i=1, 2, ..., n. lna oGo3nauenus BexkTOpOB OyAyT ynorpebastbCs
panbuie Manikle rpeyeckue OyKBbl, B TO BpPeMsi KaK Majne JaTHHCKHE
OykBnl OYAYT HCNOAb30BaHbl AAs 06O3HauyeHus uuces.

B kayecTBe npiMepoB BEeKTOPOB YKaweM cienyiowmue: 1) Bextopwi-
OTPe3KH, BhLIXOAfillHE H3 HAYajsa KOOPAHHAT HA IJIOCKOCTH HAH B TPex-
MEPHOM MPOCTPaHCTBC, 6YAYT mMpH (HKCHPOBAHHOH CHCTEME KOOPAH-
HAT COOTBETCTBEHHO ABYX- M TPEXMEPHHMH BEKTOPaMH B CMbiC/e JaH-
Horo Buuie onpeaenedus. 2) Koadduunents: Besikoro JanHeilHoro
ypaBHEHHUS C 72 HEM3BECTHLIMM COCTABASIOT 7n-MepHuH BekTOp. 3) Bes-
Koe peuleHHe n1060ff cHCTeMB NuHeHMHWX ypaBHeHufl C 7z HEN3BECTHHIMH
6yner n-MepHnm BekTopoM. 4) Ecam gana maTpuma H3 § CTpoK u n
CcTON6UOB, TO €e CTPOKH OYILYT 7-MEPHLIMH BEKTOPaMH, CTOJIOUH —
s-MepHuIMH BeKTopamu. 5) Cama wMaTpHma H3 § CTPOK H 72 cTONGLOB
MOXET PacCMaTPHBATbCA KAK S71-MePHHI BEKTOP: AOCTATOMHO NpovYecThb
9/IeMEeHTH MaTPuubl NMOAPHA, CTPOYKY 3a CTPOUYKOiA; B HACTHOCTH, BCSIKAs
KBaApaTHAsl MaTpHila MOPALKA 72 MOXET PacCMATPHBATLCA KaK n2-mep-
HH BEKTOp, MNpHYEeM, OYEBHIHO, BCAKHH 7n12-MepHHH BEKTOP MOMXET
ObTh MOJYYEH 3THM MyTeM M3 HEKOTOPO# MaTpuun MOPAAKa 7.

Cymnoii Bextopos (1) u (2) na3uBaetcss BexTOp

a+p=(a;+b;, ay+b,, ..., a,+b), )

KOMMOHEHTH KOTOPOro CyThb CYMMB COOTBETCTBYIOLLHMX KOMIOHEHT CJa-
raeMpix BekTOpoB. ClOWeHHEe BEKTODOB KOMMYTATHBHO H 4CCOUMATHBHO
BBUIY KOMMYTaTHBHOCTH W aCCOMMATHBHOCTH C/AOKEHHS 4YHcen,

Poab nyns urpaer wyasesold sexmop

0=(0, 0, ..., 0). 4)
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JeiicTBuTenbHO,
a+0=(a+0, a;+0, ..., ¢,+0)=(qa,, @, ..., a)=a.

Jas 3amucu HyneBOro BexkTOpPa Mbl ymoTpeGiaseM TOT we cumsoa O,
KaK 1 AJS 4YHCJAA HYy/b; pelicHUE BONPOCa, COBOPHTCH JAH B JAAHHBLI
MOMEHT O 4uc/e Hy/Mb HJIH O HYNEeBOM BEKTOPEC, HHKOrJa He Mpeicta-
BUT 3aTPYNHCHHH; YATATEIb JOMKEH MOMHHMTb, OJLHAKO, HPH H3Y4YeHHU
€anxaliux naparpadoB O BO3MOWHOCTH PA3/JHYHLIX TONKOBAHHH CHM-
gojaa 0.

HasoseMm npomusonorosxcreiss sextopy (1) BekTOp

—a=(—a,, —a,, ..., —a,). (5

Ouesuano, 4to a4 (—a)=20. Tenepp serko BUAETb, YTO HJIS CJONe-
HUSI BEKTOPOB CyUIECTBYeT O6paTHAaA Onepaus — BRIYUTAHUE: PA3HOCHbBIO
sextopos (1) u (2) Oymer sektop aa—P=0a-(—P), r. e.
a_Bz(al_bh az_bzy veny an—bn)~ (6)
Cioxenne 7-MepHHX BEKTODOB, onpeneasemoe dopmynoi (3), Bos-
HHKJO W3 TreoMeTPHYEeCKOrO CJAOXKEHHs BEKTOPOBR Ha M/AOCKOCTH HaH
B TPEXMEpPHOM MPOCTPAHCTBE, NPOM3BOAHMOrO N0 MNPasuay napalnjieno-
rpamma. B reomeTpun ncmnonbdyercsd Takke yMHOWEHHe BeKTOpa HA Ael-
CTBHTENbHOE YHCIO (HA «CKa/Asipy»): yMHOXEHHE BeKTOpa O Ha HHCIO R
o3nayaeTt npu k>0 pacTskenHe o B £ pa3 (T. e. cxartre npu k<l), a
npu £ <0 pactaxenue B | R | pa3 v U3MEHEHHE HANPABJECHUS HA NMPOTHBO-
noaowHoe. Boipakas 3To NpaBu/I0 yepe3 KOMIOHEHTH BEKTOPA L M Tepe-
X044 K paccMaTpHBaeMOMy HaMH OOLIEMy CAY4al0, Mbl MOJy4aeMm Taxoe
onpejaenense:
[Ipousgederuen gexmopa (1) Ha 4ucao k HA3BIBAETCH BEKTOP
ko =oak=(ka,, ka,, ..., ka,), N
KOMNOHEHTH KOTOPOrCG paBHH NPOH3BEAEHMIO HA K COOTBETCTBEHHBIX
KOMIIOHEHT BeKTOpa d.

W3 3Toro ompenenenus BHTEK2OT CaelYIOL(He BaxKHbie CBOICTBa,
[OpOBEPKA KOTOPLIX MPENOCTaB/ASETCH YHTATENIO!

k(@ 4= B) = ka & £B; (8)
(k £l a=ko 4+ lo; 9)
k(la)y= (k) o; (10)

l-a=a. (11)
Cronb We nerko mpoBepsiioTCs, HO MOTYT OHWTb MOJMYy4eHn H KaK Cled-
cTBud U3 CBOHCTB (8)—(11), cneaywowmue cBoiicTBa:

0-a=0; (12)
(—1)o=—uq (13)
k-0=0; (14)

ecn ka=0, 10 wu k=0, n1u a=0. (15)
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COBOKYNHOCTb BCEX 7-MEPHBIX BEKTOPOB C AEHCTBHTENbHLIMH KOMIIO-
HeHTaMH, paccMaTpuUBaeMas C ONpeleleHHHMH B HEH onepalHsMi
CIOKEHUS BEKTOPOB M YMHOMXEHWS BEKTOpa Ha YHC/I0, HA3LIBaeTCH
71-MEPHOLM BEKMOPHUIM NPOCMPAHCMEBOM.

lNoauepkHeM, YTO B ONpeJesieHne 7-MEPHOTO BEKTOPHOrc NPOCT-
paHCTBAa He BXOJAMT HHKAKOe yMHOenue BekTopa Ha Bextop. Onpene-
JUTH YMHOXeHHE BEKTOPOB ObIO Gl JIErKO — MOJNOXHTD, HANPUMEP, YTO
KOMIMOHEHTH MPOU3BeAEHHS BEKTOPOB PABHbI NIPOU3BEIEHUIM COOTBETCT-
BEHHBIX KOMMOHEHT coMmHoOwuTene#l. Takoe yMHOXeHHe He HAWIAO GW
y HaC, OlHAKO, HUKAKHX Cepbe3HbIX MpHAOKeHHH. Tak, BeKTOPH-OTPE3KH,
BLIXOAfIUKME W3 HAYajAa KOOPAMHAT HA INIOCKOCTH HAH B TPEXMEPHOM
NPOCTPAHCTRE, COCTAaBASIOT NpH (PHKCHPOBAHHON CHCTEME KOOPIMHAT
JAByMepHOe M, COOTBETCTBEHHO, TPEXMEPHOE BEKTOPHHE NPOCTPAHCTRA.
CroxeHHe BEKTOPOB H YMHOWEHHE BEKTOPAa Ha YHCJAO HMEIOT B 3TOM
npuMepe, Kak yme OTMEUeHO BHIllie, BaHMH TreoMeTpHYeCKHH CMHCI,
B TO BpPeMA KaK MOKOMIIOHEHTHOMY YMHOKEHHIO BEKTOPOB HEAb3% 1aThb
HHKAaKOrQ Pa3yMHOTO TeOMETPHYECKOro HMCTOAKOBAHHSA.

PaccmoTpum eute oams mnpumep. Jlepast 4acTb ANHEHHOTO ypaBHEHHR
OT 1 HEeU3BeCTHHIX, T. €. BHPaWeHHe BUAA

f=ax,+a,x,+...+a,x,

HA3bIBAGTCH AUHelnol dopaoldl OT HEN3BECTHHX X, X, ..., X,. JIuHel-
Hasi popMa f BROMHE OnMpenensieTcsd, OYEBHIHO, BEKTOPOM (2, 4y, ..., @,)
u3 cBoux Ko3(pPHIMEHTOB; 06PaTHO, BCAKHH 7-MEPHHIH BEKTOP OMAHO-
3HaYHO ompenensieT HekoTopyio auxeinylo dopmy. Croxenne BeKTOPOB
H yMHOXEHHE BEKTOpPa Ha YUC/IO NPeBpamaloTcds B COOTBETCTBYIOHINE
onepauun Han aAuHeHnsiMu GopMaMu; 3TH oOnepaluu WHPOKO HCHOb-
soBanucr HaMu B § 1. T[lokoMmOHeHTHOE YMHOWKEHME BEKTOPOB H
B 9TOM IIPHMEPE HE HMeeT HHKAKOro CMBIC/A.

§ 9. Jlunefinas 3aBHCHMOCTH BEKTOPOB

Bextop P ¥3 n-MepHOro BEKTOPHOrO MNPOCTPAaHCTBA HA3HIBAETCS
NPONOPUUOHAABHBLM BEKTOPY O, €C/AM CYWECTBYET TAKOE YUCIO R, UTO
P =ka (cm. dopuyny (7) npeaniayuiero naparpada). B wactiocTu, nyne-
BO# BEKTOp nponopuHoHaneH nio060My BEKTOPY O BBHAY PaBeHCTBa
0=0.0. Ecin we f=*ka u B=~0, otkyna k+0, To a=~k"1f, T. e.
INnS HEHYJEBHX BEKTOPOB MNPOHOPIHOHANBHOCTh 0G6G/1afaeT CBOHUCTBOM
CHMMETPHUYHOCTH, ‘

OG6o6uieHnemM MOHATHS MPONOPIHOHANABHOCTH BEKTOPOB CAYKHUT Clle-
Aylouiee NOHATHE, C KOTOPLIM {(AJsl CAyuasi CTPOK MATPUUH) MH YKe
BCTpeyanuch B § 4: Bextop P HasmBaeTcs suHelHol KoMbUHalIel BEK-
TOPOB O), Oy, ..., O, €CAH CYWECTBYIOT Takue 4yucna Iy, I, ..., I, uTO

p=la;+lba,+... 4 Lo,

Takum obpasom, j-9 kommonewra BexkTtopa P, j=1, 2, ..., n, paBHa,
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BBHAY OnpejeleHHd CYMMn BeKTOPOB W NPOW3BedeHHs BEKTOpa Ha

YHCT0, CyMMe NMPOH3BENEHHH j-X KOMIOHEHT BEKTOPOB Oy, GOy, ..., U

COOTBETCTBEHHO HA Iy, Lo, ...,
Cucrema BexTOpOB

s

Qs Ogy weey Gpq, O r=2) (1)

Ha3WBaeTCAd JAUuHelHO 3agucumol, ecay XxoTa OW OAMH H3 3THX
BEKTOPOB fABAfeTCH JAHHeHHOK KOMOHHalUueH OCTaNbHLIX BEKTOPOB
cucremsl (1), n sunelino ne3asucusoli—B NPOTHBOIONOWKHOM Ciyuae,

Ykaxem JApyryio ¢(OpMy BSTOro BechMa BaXHOrO ONpeHeNeHHs:
cuctema BexkTOpoB (1) nynefiHO 3aBHCHMa, €CIHM CYWECTBYIOT Takue
yucaa ky, Ry, ..., R, xoms 6. 00HO U3 KOMODPHX OMAUYHO OM HYAA,
4YTO HMeEeT MeCTO PaBeHCTBO

Ryt + Ryt + .. - ko, =0, 2)

JlokasaTenbCTBO 9KBHBANEHTHOCTH 3THX ABYX OnpeaeseHUd He npei-
ctasnser 3atpyaneanfi. [lyctb, nanpumep, BekTop o, H3 cHCTeMH (l)
ecTh JuHefHas KoMOHHAUud OCTaJbHHX BEKTODPOB:

a,=lo;+lo,+ ..l 0.
Orciola BHITEKAaeT PaBEHCTBO
Loy + o, 4o+ _ja, ;—a, =0,

T. e. paseHcTBO Buna (2), rae k=!I nans i=1, 2, ..., r—1 «u
k,=—1, 1. e. k0. llycTts, o6paTHO, BexTOpW (1) cBSI3aHW coOT-
HowenneM (2), B KoTOpoM, HampuMep, k.==0. Torna

orm (- (et

T. €. BEKTOP &, OKa3aacs Aunednol KoMOHHaLNel BEKTOPOB Oy, Ly, ..., O

r-1

[Tpumep. Cucrema sekTOpOB
o= 2 1), ag=(—1, 3, 3), a;=(9, 7,5), a;=(3, 8, 7)
JIHHeHHO 3aBHCHMa, TaK Kak BEKTOPEI CBA3aHB COOTHOLIEHHEM
40, — oy — 303+ 20, =0.

B sToM cooTHomeH#R Bce KO3DGMUHEHTH OTAHUHBL OT HyJsa. Mexay Hawumu
BEKTOpaMH CyLIeCTBYIOT, OAHAKO, W APYrHe JIHHeRHLIE 3aBHCHMOCTH, B KOTOPHIX
HEKOTOPbie M3 KO3((HUHEHTOR PaBHB HYJIO, HanpuMep

2a, +as—ag=0, 3day+403—20,=0.

Bropoe u3 pauHeX BbUIe ONpemencHHH AHHeHHOH S3aBHCHMOCTH
MPUMEHAMO U K cay4alo r=1, T, €, K CAy4al0 CHCTEMbl, COCTOsLIeH
H3 OLHOTO BEKTOpa o. Ima cucmema mozda U MmMmoasko mozda Oydem
AuHelino 3asucumoli, ecau o=0. Hdeficteutenvro, ecan a=0, To,
Hampumep, npu k==1 6yser ka=0. O6patHo, ecmn k=0 u k=0,
T0 a.=0,
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OrMeTHM caeayioiliee CBOHCTBO MOHATHA JAHHERHOH 3aBHCHMOCTH,

Ecau Hexomopas nodcucmesa cucmess gexmopog (1) auneino
3asucuma, mo u gca cucmema (1) aunedno 3asucuna.

IeficTBUTENBHO, NYCTb BEKTOPH O, Gy, ..., O, H3 CHCTeMH (),
rae s<r, cBaA3aHn COOTHOLIEHHEM

ko, 4 kyoty 4o+ R0 =0,

B KOTOpOM He Bce kKodbduuuents paBHm Hymo. Ortcioaa caeayer
COOTHOILEHHE

ko, +Rooty ... RO 0 4.+ 0-0,=0,

T. e. cucrema (1) nuneitno 3aBucuMa.

M3 storo cpoiicTRa BHTEKaeT NMHEeHHAd 3aBUCHMOCTD BC#-
KO## cucTeMb BEKTOpPOB, coaepwauweid aABa PaBHb X
uay, Boodue, ABa OPONOPUHOHAAbDHHX BEKTOpPa, a Tak-
e BCHAKOH cHCTeMb, colepxauned HyneBoll BekKToOp.
3ameTuM, 4TO [NOKa3auHoMy ceHuac CBOHCTBY MOXHO AaTh TaKyio
GOpMYyNUpOBKY: ecan cucmema eexmopos (1) aunelino nesasucuna,
mo 1 BCAKQAS ee nodcucmema marKxyce AUHEUHO He3asUCUMA.

BosHukaeT BONMpPOC, KAK MHOTO BEKTOPOB MOXET COAEPWATh JNUHElHO
HEe3aBHCHMan CHCTEMa 7-MePHbLIX BEKTOPOB H CYLIECTBYIOT /M, B 4acCT-
HOCTH, TaKHe CHCTEMH C TNPOU3BO/ABHO OOJbIINM YHCIOM BEKTOPUB,
Oas oTBeTa Ha STOT BOMPOC PAaCCMOTPHM B /-MEPHOM BEKTOPHOM 0PO-
CTPAHCTBE BEKTOPH!

[INEE} 0)’\

0
) 0» ey 0)1 (3)

« e e s s e e e »

e,=(0, 0, 0, ..., 1),

HasLBaeMble eOUHULHbLMIL Bexmopamit 3TOro npocTpancTBa. Cucmema
eOUHUUHOLX Gexmopo8 Oydem auHeliHO He3asucuMmol: nycTb

ke, +Rogy+ ...+ k,e,=0;

TaKk KaK J/IeBas 4acThb STOrO PaBEHCTBA paBHA BEKTOPY (B4, &y, ..., &),
TO

(kly k29 soey kn)=01

T. e. k=0, i=1, 2, ..., n, TAK KaK BCe KOMIIOHEHTH HY/JEBOTO
BEKTOpA paBHH HYJI0, 4 PaBEHCTBO BEKTOPOB PABHOCHUIbBHO PABEHCTBY
HX COOTBETCTBEHHBLIX KOMIIOHEHT.

Mp wamnu, takum o6pa3oM, B 7-MEPHOM BEKTODHOM NPOCTPAHCTBE
OAHY J/HHEHiHO HEe3aBHUCHUMYI0 CHCTEMY, COCTOSINYI0 H3 7 BEKTOpOB,
YuraTtenb yBMIHT M0O3%e, YTO Ha CaMOM Jefle B 3TOM MPOCTPAHCTBE
cyutecTByeT 6eCKOHEYHO MHOI'Q PA3/MYHBIX TAKUX CHCTEM.
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JlokaxemM, ¢ Apyrofi CTOPOHH, CAEXYIOUIYI0 TEOpeMy:

Bcakue s 8exmopog n-MepHO20 8eKmMOPHOZO RPOCMPAHCMEA Co-
CMagAfiom npu §>>n AUHedHO 3Q8UCUMYIO CUCMEMY,

flycTh, B caMOM Leje, HaM NaHel BEKTOPH

0 =(@y15, Qy3y « .y Gyp)y
Oy ==(Qgy, Qyp, «.., Gyy),

OLs—‘t(asl’ Agor v vy asn)'

Ham HyxnO monoGpate Takue uucna &y, ky, ..., k
HYA0, YTO

., He BCe DPAaBHbIE

R0y R0y .. R =0. (4)

Ilepexona oT paBeHcTBa (4) K COOTBETCTBYIOLIHM PAaBEHCTBAM MEXIY
KOMIIOHEHTaMU, MoJAyYyaeM

ay Ry +ag k.. Fagk,=0, )

Qyoky +ayoky - . L ag k=0, )

Ay bkt agky+ ... +a,k,=0. /I
Papenctea (B) cOCTaBASIOT, OJHAKO, CUCTEMY 71 JHHEHHBIX OXHODOILHHIX
ypaBieHUH OTHOCHTE/NbHO § HEM3BECTHHIX Ry, Ry, ..., k. Hucro ypas-
HeHull B 9TOH cUCTEME MEHbLIE 4YHCJAa HEeU3BECTHHIX, a MOITOMY, KAK
NOKa3ano B koHue § 1, ata cuctema o61anaeT HeHYJEBEIMHE DEUICHUAMH.
Takum o6pasoM, MOXHO NoaoGpaTth yucna kq, k,, ..., B, He Bce pas-
Hble HYJIO, KOTOPBIE YAOBAETBOPSAIOT TpeO6oBaHHIO (4). Teopema nokasana.

HazoBeM nuHelHO HE3ABHCHUMYIO CHCTEMY ZI-MEPHBIX BEKTODPOB

alv 0(«2, PR OL, (6)

MaKcumarbHol nuHeHO He3aBUCUMOM cucTeMoil, ecait 106aBAEHHE K 3TOH
cacTeMe M060ro 72-MepPHOro BeKTOpPa B maer ye JUHeHHO 3aBUCHMYIO
cuctemy. Tak kak BO BCAKOH JuHeliHON 3aBUCHMOCTH, CBSi3HIBAIOLLEH
BEKTOPH Oy, Uy, ..., Q,, [, Ko3ddHUMEHT NPy B MoMKen OHTb OTAHY-
HHM OT Hynsi —uHAa4e cuctema (6) Oba Onl AuHEHHO 3aBHCHUMOH, — TO
sekTop B nuHellHo BHpaxaercs uepe3 BekTopw (6). [Tostomy cuctema
BEKTOPOB (6) TOraa M TOAbKO TOrja 6yjaeT MakCUMaabHOH nuHeliHO He-
3aBUCHMOH CcHCTeMOH, eCau BeKTOpH (6) nuHeilHO He3aBHCHMHI, a Mi06oH
n-MepHblli BekTOp P sBAsieTCH HMX JHHeHHOW xomOunaiued.

H3 pe3yabTaToB, nmosyuyeHHKIX BHILUE, BHITEKAET, UTO 8 71-MEPHOM npo-
cmpancmee 8CAKAS AUHETHO He3Q8UCUMAST CUCmeMa, COCMOSWAas u3
n sexmopos, 6ydem MarKCUMAAPHOE, A TaKKe UTO 406as MaKCUMLANL-
Haf AUHelHO He3aBUCUMAST CUCMEMA BeKMOPOS 3MO020 NPOCMPAHCMEa
cocmoum He boaee weM U3 N BeKMOPOS.

Beakasa auneliHo He3asucumas Ccucmema n-MeprHblx 8eKmopos
codepmcumces xomsn 6o 8 OOHOL MAKCUMAABHOE AUHelHO He3AsUCH-
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Mol cucmenme, B camom Hese, ecan 3aAaHHAas CHCTEMA BEKTOPOB He
MaKCHMAa/NbHA, TO K HeH MOWHO A06aBUTb OAHH BEKTOP TaK, 4TO MO-
JlyyeHHas CHCTeMa OCTaHeTCs NuHeliHo He3aBucumol, Ecau ata HoBas cu-
¢TeMa BCE €eHie He MakKcuMajabHa, TO K HeH MO¥HO A00aBHTH eule
OLHH BeKTOpP, H T. L. DTOT MNpOLLECC He MOXEeT, OAHAKO, NPOROA-
WaTbca OeCKOHEUHO, TaK Kak yxe /100as CUCTEMA /1-MEPHBIX BEKTOPOB,
cocrosiutas M3 n -+ 1 BexTopa, GyAeTr AMHeHHO 3aBHCHMOH.

Tak xak Besikasi CHCTEMA, COCTOfIILAR M3 OJHOrO HEHY/IEBOTO BEK-
Topa, auHe#HO He3aBHCHMMA, TO Ml [10/1Y4aeM, 4YTO 8CAKUL HeHYresol
8exmop Co0epxcUmCcsi 8 HeKOMOpod MAKCUMAAbHOU AUHeldHO He3a-
gucumol cucmeme, a 1NO3ITOMY 6 N-MEPHOM GeKMOPHOM NPOCMPAH-
cmee cyuwecmsyenm OeCKOHELHO MHO20 DA3AHHBX MAKCUMAABHHX
AUHEUHO He3agUCUMBX CUCmeM 8eKMmOopos.

Bosuukaer Bonpoc, CyuweCTBYIOT /i B 3TOM MNPOCTPAHCTBE MaKCH-
MafbHbE JNHHEHAHO HE3aBUCHMbE CHCTEMH C MEHBIUWM, Ye€M 77, YHCAOM
BEKTOPOB WJIM K€ YHCJI0 BeKTOPOB B /060N Tako#l CHCTEME Hempe-
meHHO paBHO n? OTBeT HA BTOT BaWHKI BONPOC GyAeT AdH HMNE, NOCAE
HEKOTOPLIX MPEeABAPHTEJbHBX PacCMOTPEHHH.

Ecan Bektop P sBasercit nunednolt xomOunaune#l BeKTOpOS

al’ az» L X] ara . (7)

TO 4acTo roBOpPAT, 4T0 P aunelHo supaxcaemcs uepe3 cucmeny (7).
[TouaTro, 4ro ecau BeKTOp P JHHEHHO BLIPAWAETCS 4Yepe3 HEKOTOPYIO
MOACHCTEMY 9TOH CHCTeMH, TO OH GyAeT AHHEHHO BuPAKAaTLCs H Yepes
cucteMy (7)— MOCTATOYHO OCTaNbHbE BEKTOPH CHCTEMbl B3iTb € KO3-
¢duuuentamu, pasunMu Hyao. O6o6uwias 9Ty TEPMHHO/OCHIO, FOBOPAT,
4TO cucmeMma gexmopos

Bir Bz ovvy B 8)

AuHelno svipancaemcn uepes cucmeny (7), ecau Besaxuft pexrtop P,

i=1,2,...,s, spagercq AnHeiinoit komOurauve BEKTOPOB cuctemu (7).
HJokaxeM TPaH3UTHBHOCTH 3TOrO MNOHATHH: ectu cucmexma (8) au-

Heldno supasxcaemcs #epe3 cucmesy (7), a cucmema 8exmopos

'Yl’ YZ’ MRS Yl (9)

AuHelno supaxrcaemcs 4epe3 cucmesy (8), mo (9) 6ydem auneiino swpa-
awamsca u 4epes (7).
B camom neae,

V=2 J=12 .t | (10)

r
Ho B; = Z RimOm i=1,2, ..., s. [ToacTasaas atu supaxenus 8 (10),
m=1

nonyyaem:
s .
,2 ljikim) s

t=1

(Bo)- 3

m=1
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T. €. BCSKHA BeKTOp Y, J=1,2, ..., t, 6yaer nauHeilHoit KomGuna-
uuelt BexTOPOB cucTeMul (7).

[IBe cHcTeMB BEKTOPOB HA3LIBANOTCA IKBUBAACHMHBLAMU, €CAH KaK-
Jlasi B3 HUX JHHEHHO BHpaxaeTcs yepe3 Apyrylo. M3 nokasaunHo# ceityac
TPAH3UTHBHOCTH CBOHCTBA CHCTEM BEKTOPOB JHHEHHO BHIPAXATLCA APYr
Yyepe3 JPyra BHTEKAeT TPAH3UTUBHOCTD MOHATHS SKBUBATEHTHOCTH CHCTEM
BEKTOPOB, & TAKXe C/leAYIOLlee YTBEPWAEHHE: ecau 08e cucmeMbt gex-
mopos 3KBUBAAEHMHH U eCAl HeKOomopwll BeKmop AUHelHO s8bpa-
Hcaemcs uepe3 odny U3 amux cucmem, mo oH Gyoem AuHelHO 8bi-
pasxcambCa U depe3 Opyeyio.

Heabss yTBepwaaTtb, 4TO €ClH OJHA W3 ABYX 3KBHBAJIEHTHHX MEWIY
cobolt cucTey BEeKTOPOB JMHEHHO HE3aBHCHMA, TO 3THM e CBOHCTBOM
obnapaer u mpyrasi cucrema. Ecan e 06e atu cucrems amHefHo ne-
3aBHCHMH, TO O YHC/JAE BEKTOPOB, BXOIASUWHX B HHX, MOXHO CXeNaTb
0/lHO BawHOe BhicKa3miBanue. JloxaweM cHavana CiedYIOLLYIO TEOPEMY,
KOTOPYIO BBHAY €€ pPoAM B JanbHefimueM M AAd yao6CTBAa CCLIIOK Ha-
30BeM OCHOBHOH TeopeMoi#,

Ecau 8 n-meprom 8exmopHOM npocmpancmee OQHb G8e CUCIEMb
8eKmopos:

(1) a17 a2) A ] OLr’

(1 Pir Bas s B

U3 KOMmOpbX nepsasi AUHEHHO He3Q6UCUMA U AUHelHO 8upaxcaemcsa
yepe3 8mMOpYI0, MO HUEAO0 BeKmMOPO8 8 nepeot cucmeie He Goasule,
yeM 80 6mopod, m. e. r=<<S.

Mycts, B camom nene,r > s. [lo yc0BHIO, KaOXABH BEKTOP CHCTEMbI
(I) anneftno Boipaxaercd yepes cucremy (II):

oy =ay,,B, +a,p,+ ... +a; B
Op=0y,0; + @2,B5 + ... + ayf,,

(11)

. . .

et ar:Br

. e . L

o,=a,f; +a,p, +
KosdduunenTn 3THXx AuselHWX BbHIPAWeHHH COCTABJSIOT CHCTEMY M3 r
$-MEPHHX BEKTODPOB:
Y1=(a11: Q12 oo 0 als)’

Yo =(a31, @39, -« -y azs)’

L L I . B B R |

Yr=A(a,1, Qg ..., as).
Tak kaKk r>>§, TO 9TH BEXTOPH JUHEHHO B3aBHCHMBI, T. €.

Riyr +Rave + ...+ krYr=0x
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rae e Bce KOIGpUUMEHTH Ky, &, ..., k. paBan Hymp. OTCiOAa MH
NPHXOAMM K CAEAYIOULHM PaBEHCTBAM MEXAY KOMIIOHEHTaMMU!

' ';Zlk,-a,-/=0, j=1,2, ..., s (12)

Paccmotpum  Temeps cieaywowmyio annefiHyio KOMOHHALHIO BEKTOPUB
cuctemn (I):
kyoy + ko0t + ..+ k0t

r
1M, Kopoue, zkiai. Hcnonb3ys (11) u (12), nonyuaem:
i=1

r r s \ s r
Sha=3 0l B o )= 23 na)p=0
i=1 i=1 =1 j=1 \i=1

3TO MPOTHBOPEYHT, OAHAKO, NUHEHHOH He3aBUCHMOCTH cucTemn (I).

U3 nokasanHoli cefiugc OCHOBHON TEOPEMBl BHITEKAET CAEAYIOULHH
pe3ynbTaT: \

Bearkue O08e 3K8UBQAACHMHble AUHEGHO He3QBUCUMbE CUCMEMb
8eXMOPO8 COOepHCAm pABHOE HUCAO Germopos.

JlloGsle ABe MAaKCUMaldbHHE JHHeflHO He3aBHUCUMBIE CHCTEMH /1-Mep-
HLIX BEKTOPOB GYyAYT, OUEBHIHO, 3KBHBAJCHTHBIMH, OHU COCTOAT, ClenO-
BaTeNbHO, K3 OJLHOTO H TOrO € YHC/Na BEKTOPOB, a TAK KaK CYHIECTBYIOT,
KaK HaM H3BECTHO, CHCTEMBbI TAKOrO POLA, COCTOfIULHE M3 72 BEKTOPOB,
TO Mhl MOJy4aeM, HAKOHEl, OTBeT HAa MOCTaBAeHHW panee Bonpoc:
8CAKAA MAKCUMAAGHAA AUHENHO HEIAGUCUMAA CUCMeMA BEKXMOpPOs
n-MepHO20 BEKMOPHO20 NPOCMPAHCMBAG COCMOUM U3 1 8eKMOpos,

M3 nonyueHHHX pe3ynAbTaTOB MOWHO BHBECTH H APYrHe C/IEACTBHA.

Ecau 8 Oannoli aunelino 3a8ucuMOd cucmeMe 8eKmMOpos B3amu
dse 8 Hell markcusmarsHoie AHelHO He3agucumbie nodcucmenms, m. e,
marue nodcucmems, ¥ KOMOpHAM HEAb3A NPUCOLOUHUMb HU 00HO020
gexmopa Hawel cucmeMs, He HApYWas AuHelHOl He3agucumocmu,
mo amu noocucmenss Codepxicam pPABHOe HUCAO 8eKMOpPOS.

B cavmom nene, ecan B CHCTEME BEKTOPOB

Olyy Olgy weay O (13)
noacuctTema
Oy, Olgy veey Og ST, (14)

Cyner MakcumanbHoli nuHelHO HE3aBHCHMOH MOACHCTEMOH, TO BCAKHH
M3 BEKTOPOB &g, 4, ..., 0, OYHAET JUHEHHO BhIpaKaThes yepes cucTeMy (14),
C npyroit cTopoHb, BCAKHE BeKTOP @; M3 cucteMn (13) annefino Bu-
paxaercs u4epe3 3Ty CHCTEMY: JAOCTATOYHO B34Tb (PH CaMOM  Bek-
Tope o; Koadduuuent 1, a NPy BCEX OCTaZbHHIX BEKTOPAX CHCTEMb
koadpdunuent 0. Tenepr nerko Buperthb, uto cucremuw (13) u (14) sksu-
BaneHTHH. Otciona caemyer, 4to cucrema (13) sxBuBaNenTHA BCAKOH M3
CBOHX MAaKCHMAadhHHWX JUHEHHO HE3aBHCUMHIX MOACHCTEM, a MO3TOMY BCe
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9TH MOACHCTEMH IKBHRANEHTHH MexAy cobGo#l, T. e., OyAyduHn naHHeHHO
11€32BUCHMBIMH, COAEPWKAT MO OAHOMY H TOMY e 4YHCAy BeKTOpOS,
Yueno 8eKTOPOB, BXOAMUIHX B JIOGYI0 MAKCHMANbHYIO AHHEHHO He-
3aBHCHMYIO MOACHCTEMY AAHHOH CHCTEMH BEKTOPOB, HA3LIBAETCH DAH20A
sTofl cuctemu. Mcnoabsyn 9To nousiTHe, BHBeldeM eule OLHO CAACTBHE
H3 OCHOBHOH TeopeMmsl.
{lycms dans 08e cucmemdt n-MepHux B8eKmOpos:

®y, %y wes, O (15)

619 62» ey ﬂsv (16)

He 00A3amensHO AUHeliHO He3asucuMmwne, npuses pane cucmemm (15)
pagen qucay k, pane cucmermt (16) —uucay . Ecau nepsan cucmesa
Aunellno swpaxcaemcs tepe3 smopyo, mo k<<l. Ecau e amu cu-
Cmemb 3KBUBANeHmMHN, mo k=1,

B camom aeae, nyctb
[o M)

120

o ey O, (17)

iy

BroBras «o vy B, (18)

6yAyT, COOTBETCTBEHHO, JIOObHE MaKCHManbHble AHHEHHO HEe3aBUCHMbE
noacucremu cucreM (15) u (16). Toraa cucremw (15) u (17) sxsuBa-
JeHTHH Meway co6oi, u 9T0 ke BeprHo aas cucrem (16) u (18). Uz
Toro, 4To cHcrema (15) nunedtno Boipaxaercs uepes cuctemy (16), Bu-
TeKkaeT Tenepsp, 4To cucteMa (17) Takwke JuHellHO BhIpaXaeTCs uepes
cucteMy (16), a mosToMy M uepe3 9kBUBAJEHTHYIO el cucremy (18),
nocJe Yero OCTaeTcs, HCNONb3Ys JAHHEAHYIO He3aBHCUMOCTh cuctemm (17),
NPHMEHUTb OCHOBHYI0 Teopemy. Bropoe yTBepwiaeHnue ILOKa3nBaeMoro
CneacTBUS HENOCPEACTBEHHO BHITEKaeT H3 MEepPBOro.

§ 10. Panr marpuus

Ecan gaua HekoTopas CHCTEMA 71-MEPHHX BEXKTOPOB, TO BO3HHKaeT
eCTeCTBEHHHH BOMPOC, fAIBAAETCS JHM 3TAa CHCTEMa BEKTOPOB JHHEeHHO
3aBUCHMONH uan HeT, Henb3n paccYHTHIBATD HA TO, 4YTO B KAWAOM KOH-
KPETHOM C/lyuae pelleHue 3TOro Bonpoca Oyaer noayyeHo 6e3 3atpya-
HEHHA: Npu NOBEPXHOCTHOM PACCMOTPEHHH CHCTEMH BEKTOPOB

a=(2’_5' |9 —1)! B=(1, 3: 6- 9), Y=(—lt 4, 1, 2)
TPYAHO 3AMETHTH B Hell Kakue-nnb0 AnHeliHbie 3aBHCUMOCTH, XOTH B Aefl-
CTBHTENbHOCTH 3TH BEKTOPL CBA32HW COOTHOWIEHHEM

Ta—3p 4+ 1ly=0

Oaus metoa Ann peumiedus storo sonpoca aaet § 1; rak Kak kom-
TIOHEHTH 33aJaHHHX BEKTOPOB HAM HM3BECTHH, TO, CUNTAA HEH3BECTHHMH
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ko3(dunHedTHl HCKOMOH AMHEHHON 3aBHCHMOCTH, MH [MOJAYyYaEM CHCTEMY
JMHEHHHIX ONHOPOIHLIX YPaBHEHHH, KOTOPYIO H pewaem Metoxom [aycca.
B nacrosiuiem nmaparpade Gyner ykasaH npyroi#fl moaxoa K paccMaTtpH-
BaeMOMYy BONpPOCY; OLHOBPEMEHHO Mbl 3HAYHTENbHO NMPHOIH3HMCHA K Ha-
el OCHOBHOHM 1enH — pelIeHHI0 MPOH3BOJbHHEX CHCTEM JHHEHHHX ypaB-
HeHwuit.

[lycts pana matpuua

213 Gy - Oy

a a a

21 Yoz o+ CG2p
A= ,

A1 Qg oo gy

coaepiamas § CTPOK M 7 CTOAGUOB, NPHYEM YHCIA S H M HHKAK He
csizann Mexay cob6o#t. Croibun 9TOH MaTPHUB, PACCMATPHBAEMBIE KAK
$-MepHble BEKTOPH, MOTYT, BOOOLIE TOBOPS, OGHTh JHHEHKHO 3aBHCHMBIMH.
Padr cHcTeMu CTOJGLOB, T. €. MaKCUMa/JAbHOE 4HCJIO JAHHEHHO He3aBH-
CUMBIX CTOAGUOB MaTpuusl A (TOuHee, 4HCAO CTONGIOB, BXOAALLNX
B /M00YI0 MaKCHMAaNbHYIO JHHEHRHO HE3aBHCHMYIO TIOLCHCTEMY CHCTEMIN
CTOI610B), HA3LBAGTCH PaH2oA STOH MaTPHUK.

[TousitTHO, YTO NMOAOGHBEIM ke 00pa3oM CTPOKH MaTPHUE A MOKHO
pPacCcMaTPHUBATD Kak 71-MepHbie BeKTOPH. OKa3uwBaeTCs, YTO PAHT CHCTEMU
CTPOK MATpPHUW PaBEH PAHTY CHCTEMH ee CTOAOLOB, T. &, PaBEH paHry
sToit mMarpuub. JlOKa3aTeAbCTBO 3TOrO0 BeCbMa HEOXHMIAHHOTO YTBEp-
KaeHHss OydeT MOMyYyeHO MOC/ae TOTO, KaK Mbl yKaxceM euie o1Hy (popmy
onpeleeHust PaHra MaTpHLL, AAIOLULYI0 3204 HO CIIOCO0 ero NpaKTHYeCKoro
BHIYUCNEHHUA.

0606 KM CHAuana Ha cay4yaHd NpsaMOYTOAbHHLIX MATPHIL MOHATHE MHU-
Hopa. Bui6upaeM B maTtpuue A NpOM3BOJAbHEIE B CTPOK H R CTOAGLOSB,
k<< min (s, 7). D1eMeHTH, CTOSLIUE HA NepeceYeHHH STUX CTPOK H CTOAG-
110B, COCTABJSIOT KBAaJAPaTHYI0 MaTpHLy KR-ro mopsika, ofpereinTenb
KOTOPOH HasulBaeTcss MuUHopos R-20 nopsdxka wmatpuus A. [lanbiue
Hac O6yIyT MHTEPecoBaTb NOPAAKH TEX MHHODOB MaTpHukl A, KOTOphE
OTAWYHH OT HYJ, 2 UMEHHO HAUBL CLWIHH Cpefiy 3THX NoOp4 A-
ko8. [Ipun ero paswicKaHHH MONE3HO YYUTHBATL CAeAYyIOUIEE 3aMeyanne:
ecau 8Ce MUHODH k-20 nopaoxa mampuist A DGBHH HYAI0, MO DPAGHH
Hyaro u 8ce Mmunops. 6osee gpcoxux nopadxos. B camom nene, pas-
JAaraa scsku#i MuHop nopanka k- j, k<<k-j<<min(s, n), Ha ocHo-
BaHMH TeopeMmu Jlamsraca, mo aI00WM 2 CTpoKaM, Mbl MpeACTaBHM 3TOT
MHHOD B BHI€ CYMMH MHHOPOB NOPSAKA R, YMHOXEHHHIX HA HEKOTOPHIE.
MHHOPH [OPRIKa j, U 3TUM JOKaxeMm, YTO OH paBeH HYIIo.

HokaxeM Temeppb CASAYIOULYI0O TEOpPEeMY O paHre MaTpPHIH:

Hauswcwuti nopsdox omauunsix om HYAS MUHOPOS Mampuis A
paser panzy amol mampuys.

Hokxasarteanbcrtso. [lycrb HauBHCUINA NOPSAOK OTAMYHMWX OT
HYJI MHHOPOB MaTpuuul A pasen r. [Ipeanonowum,— uTo He Hapywaer
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0OUIHOCTH JOKAa3aTeJbCTBA,— YTO MHHOP r-ro nopsitka D, cTosu#
B J1eBOM BEDPXHEM YTy MaTpuum

‘a“ e Oy 1,41 e Gn
Apy o Ay, Q. i1 e Qpp
A= ’
Gronit 81, r % rsn,re1 o Grynyn
a“ .en as’ as‘ r+t eos asn

otanden ot Hyad, D ==0. Toraa nepsuwe r cTOA6UOB MaTPHUW A GyayT
MeK1y COGOH AuHeHO He3aBHCHMHMIL eCNH Onl MeKAY HHMH Cyule-
¢TBOBAJa AHHEeHHAs 33BACHMOCTb, TO, TAK KaK MPH CJH0KEHHH BEKTOPOSB
CKJaAbIBAIOTCH COOTBETCTBYIOULHE KOMMOHEHTH, MEWAY CTOAOWAMH MR-
nopa D cyulectBoBana On 3Ta e JHHeliHA 3aBHCUMOCTb H MOSTOMY
mMuHop D OGuin Gbi paBeH HyJio.

Jloxaxem temepb, 4TO BCkuH /-# ctonbeu matpuuw A, r </<n,
6vaer auxefHo xomOGuuauvell nepswx r ctoabuos. Bepem nioboe i,
1<Ci<<s,ucTPOHM BCIOMOTaTeNbHui onpeaeautens (£ 4 1)-ro nopsaka

gy ... Gy, Gy,

’
arl o arr arl

Ciy - Gy Oy

A‘v=

noayuaoutniics «oxafimnennem» Munopa D COOTBETCTBYIOULHMHK 3iaeMeH-
tamu /-ro croabua u i-it crpoki. [lpu no6om § onpeseanteanr A; pasen
nynwo. Hefictenrtenbno, ecan i>r, 1o A; 6yaetr muuopom (r--1)-ro
nopsiika Hawefd MatTpulii A H MO3TOMY paBeH HY/AI0 BBUAY BuibOpa
yucna r. Ecan xe i<Cr, 10 A; yxe ue 6ynetr MHHOPOM MAaTpHUW A,
TaKk Kak He MOXeT OwTb MNOJAyYeH BHYEPKHUBAHHMEM H3 3TOH MaTpPHiM
HEKOTOPHIX ee CTPOK | CTO/GIUOB; OAHAKO onpeleauTens A, 6yneT coaep-
WaTb Tenepb ABe PaBHHE CTPOKH W, CAEA0BaTeNLHO, CHOBA pPaBeH HYJIO.

Pacemorpitm anre6panueckye 10n0aHeN s 31eMEHTOB nocaeaHel CTpo-
kH onpepennteas A; Aare6panHueckHM AOMO/HEHHEM ANA SAEMEHTA @,
caywnt, ouesnano, munop D. Ecan we 1 << j<Cr, 10 anrebpauueckuy
AOIONHEHHEM AN S/eMEHTa @; B A; Gyaer uucao

Ay oees @y, g1 By, jar o G Oy
A/=(_..1)"+U+/. N
LS ar,/-l a,, J+1 e Ay By
OHO He 3aBUCHT OT { ¥ NO3TOMY o003Ha4YeHO 4Yepe3 A,. Takum o6pa3onm,

pasnaras onpeaeautenb A, no ero nocneined cTpoke H lpHpasnisas
9T0 pa3aowente Hyalo, Tax Kak A; =0, mu noayunm:

a A +apAy .o+ a;, A+ a0, D=0,
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oTkyna, seuay D=£0,

A, A, A -
al'lz——ﬁail_-b— a‘-._,_——...—ﬁ(l,-,..
JT0 paBeHCTBO cnpaBeadHso mpy Beex £, i=1,2, ..., 5 a TaKk Kak

ero Kos¢¢duUMeHTH OT [ He 3aBHCHT, TO Mbl fOJgydaeMm, 4T0 BeCh /-if

cTonGen MaTpuus A Oyner CymMMO# €e NepBeIX r CT0A0u0B, B3ATHIX,
A, A,

—'-D—. ...,—'5'.

Takum 06pa3oM, B cHCTeMe CTOMOUOB MaTPHUb A MH Hawal Max-
CUMaNbHYI0 NHHEHHO HEe3aBHCHMYIO MOACHCTEMY, COCTOMILYIO U3 7 CTOAG-
OB, DTHM NOKa3aHO, YTO PAHF MATPHUW A paseH r, T. €. A0Kasaua
TeopeMa O paure.

dTa TeopeMma AaeT MeTON A8 NPAKTHYECKOrO BbLIYHC/AEHHUS paHra
MATPHUBL, 38 MAO3TOMY M AJAS pelleHHs BONPOCA O CYIIECTBORBAHHHN JHHEH-
HOH 3aBHCHMOCTH B AaHHOH CHCTeMe BEKTOPOB; COCTaBIfIf MaTpHiy,
LA KOTOPOH AaHHple BEKTOPH CJAy®aT CT0oa6uaMH, U BHIYUCAAS PAHT
3TOH MaTPHIK, Mbl HAXOMLHM MAKCHMAajAbHOE YHCJAO NHHEHHO HEe3aBUCH-
MblIX BEKTOPOB Hauleld CHCTEeMbl.

MeTon HaxoXJ1eHHS paHra MaTPHIL, OCHOBAHHKI HA TEOpeMe O padre,
TpedyeT BHIYHCAEGHHA XOTH W KOHEUHOrO, HO, ObiTb MOXeT, OueHb 60/b-
WOTO uHcAa MHHOPOB 3TOH MaTpHubl. Cleayioulee 3aMeyanie no3sonser,
OAHAKO, BHECTH B 3TOT METOA 3HAYHTE/AbHHWE ympowesus. Ecan yura-
TeAb MPOCMOTPHT elle pa3 A0KA3aTeJbCTBO TeOPeMH O paure, To 3a-
METHT, YTO Mbl HE HCMO/Ab30BaJH [PH €ro NPOBEAEHHH PABEHCTBA HYMIO
BCeX MUHOpPOB (r- 1)-ro nopsaaka Matpuusl A—B AelicTBHTENbHOCTH
ynotpebasiaich JAUUIb Te MHHOPH (r--1)-ro mnopsilika, KOTOphle OKaii-
MASIOT LaHHLI He paBHLI HYJAI0 MHHOD r-ro nopsiaka D (r. e. comep-
WaT €ro ueNHkoM BHYTpPH cebs), ¥ MOITOMY H3 PaBEHCTBA HYJIO AHUIbL
3THX MHHOPOB BHITEKAaET, YTO 7 €CTb MAKCHMaNbHOE YHCA0 NHHEHHO He-
3aBUCHUMBIX CTOAGLIOB MaTpHuB A; nocaeliHee ke BaeyeT 3a cobo# pa-
BEHCTBO HYJI0 BooGuie BCex MHHOPOB (r -+ 1}-ro nopsanka sToft MaTpHUL.
Mu npuxonuM K cAedyiouieMy TpPaBH/AY BWUYHC/HEHHS PaHra
MaTpHLL:

[lpu  suimucaenuu panea mampuys caedyem nepexodums om
MUHOPOB MeHbWUX NOPACKOS K Mmunopas 60avwmux nopsdxos. Ecau
Yoce nalioen munop k-20 nopsadka D, omauynwii om Hyas, mo mpe-
6ylom suinucaenus Aums Muvopn (k- 1)-20 nopsadra, oxaimasowue
munop D: ecau 6ce OHU pasHsl HYAO, MO paHz Mampubp. pagew R.

Ay
COOTBETCTBEHHO, C KOd(duuMenTamMn — 5,

MNpumepn
1. Hafitn paur matpuum

2 —4 3 10

I —2 1 —4 32
A=l 1 =1 31|

4 —7 4 —a1 5
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MuHop BTOpOro nopsiika, CTOSIIHE B JIeBOM BepXHeM YIAY 3TOA MaTpuLbl,
pabed HyJio. OaHAKO B MaTPHLe COAEPKATCH M OTJHUHEI2 OT HYJS MHHODH BTO-
poro mopsiaka, HanpuMep
—4 3

d=l_o

2

Mutop TpeTbero mnopsaaxa
2 —4 3
d=|1 —2 1
0 I —1

oKalMAsomMuA MuHop d, oTNHUeH OT Hyxst, d =1, ofHako of6a MHHOpa yeTBep-
TOro MOPAJKA, OKaHmJsiowue MUHOD d', PaBHH HYJIO:

2 —4 3 1 2 —4 3 0
I -2 +«1 —4 1 —2 2
==, = 0.
0 I -1 3 0 0 1 —1 1
4 —7 4 —4 4 —7 4 5

Takum ob6pasoM, paHr MaTpHiel A paBeH TpeM,
2. Haittd MakCHMalbHYIO JIHHEeilHO He3aBHCHMYIO TMOACHCTEMY B CHCTEME
BEKTOpOB

a,=(2, —2, —4), =1, 9, 3), ag=(—2, —4, 1), =3, 7, —I).

CocTaBasgeM MaTpuLy
21 —2 3
(—2 9 —4 7> ,
—4 3 1 —1

79 KOTOpOH JaHHHIZ BEKTOPH cJYyXaT crosbuamu, PaHr sToli MaTpHuul paseH
JBYM: MHHOD BTOpOro nopsjKa, CTOsUIHA B JeBOM BepXHeM YrJiy, OTJH4YeH OT
HY /1, HO 06a MHHOPA TPeTbero NopAAKa, ero okafiMasiouue, pasin Hyaio. Orclona
cnegyer, yTO BEKTOPH O, Oy COCTABJAIOT B 3aJaHHOH CHCTeMe OJHY H3 MaKCH-
MaJbHBX JHHEHHO He3aBHCHMEIX NMOACHCTEM.

B kauecTBe CneACTBHA U3 TEOpPEeMbl O paHre MATPHILI AOKameM
yTBepHKAEHHE, YHC BHCKA3aHHOE paHee:

Makcumanrvroe 4ucA0 AUHelIHO HE3QABUCUMBX CIMPOK 8CAKOL sam-
puns PAGHO MAKCUMGABHOMY HUCAY €e AUHEHHO He3QBUCUMHX CMOAD-
408, m. e. PABHO PaH2y IMOL Mmampuib:,

[ast 1oxa3aTeabCTBA TPAHCHOHHPYEM MATPHILY, T. €. CAENAeM €e CTPo-
K# cronbllaMu, CoOXpaHsis ux Hymepauuio. [Ipu TPaHCIOHHPOBAHHH MAKCH-
MalbHbifi MOPAAOK OT/IHYHHX OT HYJAd MHHOPOB MATPHLUH HE MOXET
H3MEHHTHCH, TaK KaK TPAHCNOHHPOBAHHE HE MEHSET ONpelAC/]HuTeNAd, a
A BCAKOrO MHHOpA HCXOLHOH MaTpHlu MHUHOP, HOlelleHHbm H3 Hero
TPaHCIIOHHPOBAHNEM, COAEPXKHTCA B HOBOH maTpuLue, u 06patHo. OTciona
CnejlyeT, 4TO paHr HOBOH MAaTPHUB PaBeH PaHry HCXOAHOR MATPHIL;
OH paBen, BMeCTe ¢ TeM, MAKCHMA/AbHOMY YHCAY NHHEHHO HE3aBHCHMBIX
¢T0oA6GUOB HOBOM MATPUIL, T. €. MaKCUMaJbHOMY 4YHCIHY JHHEHHO He3a-
BHCHMbIX CT P OK HCXOAHOH MaTPHuHM,
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Mpumep. B § 8 yxe Obio BBegeno noHsTHe JuHeRHON POPMH OT 7 He-
H3BECTHBIX M ONpENENIEHO CJIOXKEHHE JHHEAHBIX GOPM H MX YMHOXEHHEe Ha 9HCJO.
JTO onpeaesieHHe MO3BONAET MePEHeCTH Ha JuHefinble GOPMEI NMOHATHE JHHeHHOR
3aBHCHMOCTH CO BCEMH €TO CBOHCTBaMH.

[Tycts pana cucTeMa JHHEAHHIX (OpM

fi= % +2xy+ x3+3x,,
fe=4x,— x;—5x;—6x,,
fa= x;—3x,—4x;—T7x,4,
4 =2x,+ x3— x5

HyxHo Bhigenuts B Hell MAKCHMaJbHYIO JHHEHHO HE3aBHCHMYIO MOACHCTEMY,
CocraBum MaTpuuy H3 KO3bQHUHEHTOB 3THX (GODPM:

1 2 1 3
4 —1 —5 —6
1 -3 —4 —7
2 I —1 0

H HaltleMm ee panr. MuHOpP BTOpOro nopsaka, CTOALLKMI B JeBOM BepXHeM Yray,
OTJIMY€H OT HYJf, HO, KaK JIeTKO NMPOBepPHTb, BCE 4HeThIPe MHHOPA TPETLETo NO-
panka, erooxaiimnsiomue, papykl Hymo. OTciofa cnelyer, 4To HepBbie ABE CTPOKH
Hawell MaTPUUbl JAHHEHHO He3aBHCHMbI, a8 TPeTbS U yeTBepTas GYAYT HUX JHHeil-
HBIMM KoMOunauusiMu. Cucrema f, f, 6yner, ciefioBaTesbHO, HCKOMOR NOACHCTe-
MOl 3ajlanHOi cucTeMbl JIHHeHHBIX (opM.

YKaxeMm eule OAHO BawHOe CJGICTBHE H3 TEOPEMH O paHre Ma-
TPHLbL.

Onpedesumens n-zo nopadka mozda U moAbKO mo20a pagen
HYA0, ecau sexdy ezo0 cmpoxamu cyuwecmsyem AUHelHas 3asucu-
Mocmb.

B oany cTtopoHy 9TO yTBepwiaeHHE Ywe J10Ka3aHo B § 4 (cBoii-
ctBo 8). IlycTh Temeps Ham Aau onpesennTtelb /-ro NOPsAAKa, PasHbiit
HYAI0, T. €. JaHa, MHHMHU CA0BAaMH, KBalpaTHas Matpulla 7-ro Nopsiaka,
€J1HHCTBEHHLIA MHHOD KOTOPOH, HMEIOWNA MaKCUMaNbHLIA NOPAKOK, paBeH
wymo. OTcioa clAeAyeT, UTO HAMUBHICIIAH MOPAAOK OTIAHUYHHWX OT HYJd
MHHOPOB 3TOH MATPHUB MEHbLIE 72, T. €. PAHr MEHbIIE 71, a MOSTOMY,
Ha OCHOBAHHH AOKA3aHHOTO BHlle, CTPOKH ITOH MaTpHll NHUHEHHO 33-
BHCHMH.

[TousTHo, uto B OpMyNHPOBKE A0Ka3aHHOro celyac caeaCTBHA
MOXHO BMECTO CTPOK FOBOPHTb O cTONOLAX OMpeReanTend,

[Ona Buiyvcsennst paHra MaTPHUBI CYWeCTBYET €lie OAMH METOA, He CBsi3afl-
HHIfl ¢ Teopemoil o paHre H He Tpebylouiuii BRIYHCIeHHA onpefeanTenefi. On npu-
MEHHM, BlipodyeM, TOJBKO B TOM CJy4ae, €CJH Mbl XOTHM 3HaTh JIHIUL CaMbiil panr
M HE HHTepecyeMCsl TeM, KaKHe HMEHHO CTOJ6ub (HJH CTPOKH) COCTAaBJAAIOT Ma-
KCHMa/NbHYIO NUBeHO He3aBHCHMYIO cucTeMy. HM3anoxum stoT MeTon.

SaemenmapHbiRL  nPeobpA3ceanuaMy MAaTPHUBL A Ha3bBATCSA CJeayioulHe
npeo6pasoBaHus 5TOIl MAaTpPHLUH:

(a) nepemena MecT (TpaHCNO3HUHA) RBYX CTPOK HJHM JBYX cTOJ6UOB;

(b) ymuoxenne cTpoku (#aH cTO6U3) HA NPOH3BOJLHOE OTAHYHOE OT HYJIA
4HCNo;
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(c) npubapaenne K oRHON cTpoKe (HaKM cTOAGUY) ApYyroft CTpPOKH (cToabua),
YMHOXKEHHOI! Ha HEKOTOpoe 4HCJO.

Jlerko BHACTb, YTO s2eMeEHMApPHbLE NPecOpA30BaAHUA HE MEeHSIOM paHza mam-
puyst. JlefictBuTenbHn, ecau STH npeo6pa3oBaHus MPUMEHAIOTCA, HanpHUMep,
K croafiaM MaTpHUB, TO CHCTeMa CTOJIOLOB, pPacCMaTPHBAeMBLIX KaK BEKTODHI,
sameHsieTcsl 9SKBUBaJeHTHOfl cucteMoil. JlOKaxem STO Juillb Anst npeo6pa3osa-
Hud (c), Tak Kak aas (a) u (b) sro oueBmauo, TlycTe K i-my croabuy npuGa-
pasetcs j-fi ctonGen, YMHOXeHHHIH Ha uHcao k. Ecau cronbuamn matpuus no
npeoOpa3oBaHns CJAYXKHAH BEKTOPEH

Oy vees @y woey Qp ouuy Upy (1)
T0 nocJe npeoGpas3oBaHug cTonbilaMH MaTpHul GYAYT BEKTOPH
Opy coey Oy=0;tRay ..oy Qp a0y, Q. 2)
Cucrema (2) auHefino BripaxkaeTcs uepe3 cucteMy (1), a paBeHCTBO
’
ai=a,—kal

noka3snBaeT, 4To cucrema (1), B CBO0O odepenb, JHHEHHO BHIpaXaeTcs uepes (2).
DTH CUCTEMB!, CJ1e/I0BaTeNIbHO, SKBHBAJIGHTHBl, H MNO3TOMY HX MaKCHMAaJLHbE JH-
Hejino HesaBHCHMble NMOACHCTEMBl COCTOSIT H3 OAHMHAKOBOrO YHCJA BEKTOPOSB,

Takum o6pa3oM, NpH BRIYHCJEHHH paHra MaTPHUB MOXHO NPeABAPHTENbHO
ee YNPOCTHTb MNph MNOMOWH HEKOTOPOH KOMOHMHALHH S/JEMEHTapHHX NpeoGpaso-
BaHHH.

lFomopsiT, 4TO MaTpHuua, COLEpKallags s CTPOK H n cronbuos, umeer duaeo-
HaabHylo Gopmy, ecam Bce ee 3IeMENTH DaBHH HYJIO, KDOME 3JEMEHTOB a4y,
Qyp, ..., 8y (TRe O0<{re< min(s, n)), paBHRIX eauHuue. Panr sToil ™maTpuunl
panelt, OUEBHIHO, f.

Beakyto mampuyy MONHO SAEMEHMAPHBIMU npPeoOpa30BaHURMI  npusecmu
& Quaeonanonoll ghopme.

B camom zeje, nycTb AaHa Matpuua

Qyy ... Qup
A= . ... .].
Qg1 voe Agp

Ecnu Bce ee seMEHTH! paBHBl HYJII0, TO OHAa yXKe HMeET AHATOHAAbHyl0 GopMy.
Ecnn e B Hell €CTh 3/IeMEHTHl, OTAHYHbLIE OT HYJAs, TO TPAHCMO3HUHEN CTPOK
¥ CTOJGLOB MOXHO AOGUTLCH TOrO, YTOOH 5JEMEHT 4y OuJ OTJHYeH OT HyJs,
YMHoxast 3aTeM NEPBYIO CTPOKY Ha ‘11_11 , MBI IDEBPATHM 3JIEMEHT @;; B EAMHHLY.
Ecan mu seiutem Teneps M3 j-ro ctosbua, j > |, nepeulil cTon6en, YMHOMXeHHbI
fa a,;, TO 2JeMeHT a,; Oyzer 3ameHen nyJeM. [lenas 310 npeoGpasoBanue co
BCeMH CTOJIOLAaMH, HayHHas CO BTOPOro, a TakKe CO BCEMH CTPOKaMH, Mbl OpH-
JdeM K maTpuie BHAA3

I o ...0
A= 0 a,, ... a,, )
\0 a, ... ag

Cosepuian Takue 3We nmpeobpasoBanus ¢ MaTpuledl, ocTraiomledcs B MPaBOM HHXK-
HeM yriay, 1 7. R., Mbl NOC/I€ KOHEUHOIo YHCJ/a LIArOoB MPHAEM K IHAroHaJabHOM
MaTpHile, uMeroulell TOT e panr, 4To H MCXOARas Mmartpuua A,

Takum o6pa3oM, 048 HaxOxOeHUs paHed MAMPUUBL HYNCHO SACMEHMAPHHIMY
npeobpasosanuamu npusecmyu Imy Mampuyy K duazonaabHol gopme u nodcuumams
qucao edunuy, cmoAUux 8 nocaedned Ha 2aasnold Quaconaau.
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Mpumep. HaAtn panr marpuun

0 2 —4)
—1 —4 5
A= 3 1 71.
0 5 —10
2 3 0)
IMepectaBasgs B sTofi MaTpHue NEpBHIA W BTOpPO cTOJGEl, a 3ateM YMHOXast
NepBYIO CTPOKY Ha 4HCIO -, MBI NPHAEM K MaTpuue
( 1 0 —2
—4 —1 5
i 3 71.
5 0 —10

t 3 2 0/

IMpubaBaas K ee TpeTbeMy CTO.I6LY YHBOeHHLIi NepBHit cTonGel, a 3aTeM NpH-
GasJisis HEKOTOPoe KPATHOE HOBOH MEPBOH CTPOKH K KaXAOM W3 OCTaJIbHLIX CTPOK,
Mbl [IOJIYYHM MaTpHLy

1 0 0
0 —1 -3
0 3 9].
0 0 0
(N 2 6

YMHoXAA, HakouHen, BTOPYIO CTPOKY Ha —I, BHUYHTAs H3 Tperbero €roa6ua
yTpoernulil BTopoil cToabel, a 3aTeM BHIYHTas H3 TpeThed W NATON CTPOK He-
KOTOpPhle KPAaTHHIEe HOBOH BTOPOH CTPOKH, MBl TMPHAEM K HCKOMOH JHaroHajbrofi
¢dopme

0 0y

1 0
00
00
10 0 0)

Taxkum o6pa3oM, paHr MaTpHusl A paeeH IBYM.

B ra. 13 Mbl eme pa3 BCTPETHMCH C 3J€MEHTapHBIMH NPeO6Pa3OBAHMAMH H
AuaroHanbHoll ¢GopMoH MaTpuu; 3TO OYAYT, BNPOUEM, MaTPHUB, SJ/EMEHTaMH
KOTODHIX fBJSAIOTCA HE 4HCJAA, 8 MHOTOUJIEHBI.

[ e

[=]

§ 11, CucrteMn! JuHefiHbIX YpaBHeHu#

Mu nepexosuM K H3YUYEHHIO NMPOM3BOJbHBLIX CHCTEM JHHEHHLIX ypas-
HEHHH, npuuen ywe He AejaeM HPEANOJOMKEHHsH, YTO YHCIO YpPasHEHHHU
CHCTEMbl PABHO YHCAY HewdBecTHHX. Hamu pesyabraTel 6yRyT, Bnpouem,
NPHMEHUMbl B K TOMY Cjayualo (octaBneHHOMY B § 7 6e3 paccMOTpeHus),
KOrAa YWC/IO ypaBHEHMH PaBHO YHCAY HEM3BECTHbIX, HO OlLpPeLeNNTeNb
CHCTEMH paBeH HYJIO.
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[lycrp pana cucrema AuHeHHHIX ypaBHeHHH

anx,+ a5+ ... +a,x, =08,
@1 X1+ BgpXg + oo 8y X, =1y,

(1

X+ 80pX + ... FagX,= bs'
Kak mu 3raem u3 § 1, npexie Bcero cieayeT pewnTh BONPOC O COB-

mecTHOCTH 3T0#i cucremnl. [dns aTo# nenn Bo3pMem MaTpHLY A U3 KO3d-

(HUMEHTOB CHCTEMB H «PACIUHPEHHYIO®» MATpHUY A, N0JYYeHHYIO npu-
coeaunnenneM K A croabua M3 CBOOOAHHIX Y/1EHOB,

11 C13 ... 8y, Q11 Q13 .. 4y bl\\\
A=[ %21 B2 -0 82} A= 921 22 «+. Gg b, ,
asl as2 e asn asl as2 LI asn bs/

H BWYMCAMM DaHCH 3THX MaTpuil. Jlerko BuIeTh, YTO pane mampuyu A
aubo pasen pawzy mampuymn A, aubo na edunuyy Goasue nocaeduezo,
B camom aesne, 6epeM HEKOTOPYIO MAKCHMAIbLHYIO JHHEHHO HE3aBHCHMYIO
cucreMy croabuos Marpuus A, Oxa Gynert auHeldHO He3aBHCHMONH U B Ma-
tpuue A. Ecan ona coxpansier u cBOHCTBO MAKCHMAJbHOCTH, T. e,
croaben, 3 cBOOOAHKX YIEHOB 4epe3 Hee HHeHO BHpakaeTcs, TO PaHrH
MaTpHun A M A paBHui; B IDOTHBOMONOXHOM C/Y4Yae, NPHCOCAHHsA K 3TOR
cucreMe cTonbell U3 CBOOOAHMBIX UJEHOB, Mhl MO/Yy4YaeMm JHHCHHO He3a-
BHCHMYIO CHCTeMY CTOAGLOB MaTpHun A, KOoTOpas 6yJeT B HeH MaKcH-
MaJabHOHN.

Bomnpoc 0 coBMeCTHOCTH CHCTEMH AHHEHHHX ypaBHeHUH MOJHOCTHIO
pewaercs caeaymouwet teopemo.

TeopemaKpouexkepa—Kaneanan. Cucmena aunelnsax ypas-
Henuld (1) moeda u moasko mozda cossecmHa, ko2da pane pacuu-
PeHnoll mampuynt A pagen pan2y mampuip A,

Jokasateabctrso. 1. Ilyers cucrema (1) coBmecTna ¥ nycth
ky, Ry, ..., k, Oyner oxuum u3 ee peweunui. [Toacrasass sTH uyncaa
BMECTO HEH3BECTHHX B cHcTeMy (1), M MONYYHM S TOWAECCTB, KOTOpHE
NI0Ka3wBAaIOT, 4TO mMOCAeAHHH cToabel, MaTpHUW A fBAseTCH CyMMO#
BCEX OCTAMAbHHX CTOA6IOB, B3ATHIX COOTBETCTBEHHO ¢ KO3(PDHUHEHTAMH
Ry, Ry ..., R, Beukuft. apyro#t croanbeu maTpultl A BXOAHT H B
MaTpuuy A U no3TOMY JuHeHHO BHPakaeTcs yepes Bce CTOAGUN 3TOH
matpuusl. OBpatio, Besikui cronben MaTpuun A BASETCA CTONGLHOM U
B A, T. e. NHHEHHO BHIpawaeTca 4Yepes cToabuW 3Tol MaTpuun. OTCl0na
creayer, 4TO CHCTeMH CTOAGLOB Matpuil A 0 A SKBHBaJEHTHH MEeXALy
co6o#t, a mosTOMy, KaK AOKa3aHO B KoHue § 9, obe 3Tu cucTeMH S-Mep-
HHIX BEKTOPOB HMEIOT OLHH H TOT We pPaHr; HHMMH CN0BAMH, pPAaHrH

MaTpuy, A m1 A pasBsn MewAy colofl,
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2. Tlyctb Temepb AaHO, YTO MaTPHUM A H A HMEIOT PaBHbLIE PaHrH.
Orciona caeayer, uTo A06as MakCHMalbHas AMHEHHO HE3aBUCHMas CH-
cTeMa CTOA6UOB MAaTPHUL A OCTAETCH MaKCHMAJAbHOH JHHEHHO HE3aBHCH-

Mot cucremofh u B marpuue A, Takum o6pasom, uepe3 3Ty CHCTEMY,
a no3TOMY W BooOule uepe3 CcUCTEMY CTOAGLOB MaTpuilkl A, nuHefHO
BhipawaeTcd mnocaennui cronbeu matpuun A. Cywecrtsyer, cieroBa-
TeNbHO, Takas cucreMa kKo3ddHUHEHTOB Ky, Ky, ..., k,, uYTO cyMMa
€T01610B MAaTPHUL A, B3ATHX ¢ 9THMH KO9DPHUNEHTAMH, PaBHa cTOAOULY
U3 cBOGOAHBIX YJEHOB, 2 TNOTOMY 4YHcna &y, k,, ..., R, cocraBasior
peuienue cucreMu (1). Takum o6pa3oM, coBmageHHe paHroB Martpuu A
H A pneuer 3a co06oit coBMEeCTHOCTH cuctemu (1).

Teopema nondocthbio Aoxazana. [lpu ee MpUMEHEHHH K KOHKPETHHM
npuMepaM Heo6XOAMMO BHYHUCAHTL CNEpBa paHr MaTpHUW A, Iad dero
Ha#iTH OIHH U3 TeX OTJIHYHHX OT HY/As MHHODOB 3TOH MaTpHllM, YTO BCE
MHHOPbL, €ro okaiimMasiouine, paBHW HYMIO; NycTb 370 GyzeT MHHOp M.
Tlocae sToro cneayer BHUHCANTbD BCE MHHOPH MaTpHiumW A, oxkahmasio-
mue M, Ho B A He colepwaliHecs (TaK Ha3wlBaeMHe Xapaxmepucmu-
yeckue onpedeasumesu cucremun (1)). Ecau onu Bce paBHW HYy.110, TO
paHr matpuun A paBeH paHry Matpuuw A u notomy cucrema (1) cos-
MeCTHa, B MPOTHBOMONOXKHOM Clyyae oHa HecoBMecTHa. Takum o6pa3on,
Teopeme Kponekepa—Kanenau mowuo nath Takyio GOpMyAMPOBKY: cu-
cmema aunelnmx Ypasnenuidi (1) moz2da u moasko mozda cos-
MeCmHQ, ecAu 8Ce ee Xxapaxmepucmudecxklle onpeledimeny pagHu
HY 110,

[Tpeanonoxum Ttemepp, uto cucrtema (1) cosmecTHa, Teopema
Kpoxekepa—Kanennu, npu noMouin KOTOPOH Mbl yCTaHaBlAxBaeM COBMe-
CTHOCTb 3TOH CHCTeMH, yTBEPWAAeT CYL(ECTBOBAHHE pellleHHH; OHAa He
laeT, OJHAKO, HHKAkoro cnoco6a nna NPaKTHYECKOrO pas3n-
cKkaHud Bcex pemweduf cucremn. K or1ofi 3azave Mw ceftuac
TIEPEXOANM.

IMyctp matpuua A umeer pasr r, Kak 40Ka3aHo B NpeAllieCTBYIOLIEM
naparpade, r paBHO MaKCHMaAbHOMY YHCAY JHHEHHO HE3aBHCHMHIX CTPOK
matpulid A. IlycTh, ansi onpexeneHHOCTH, MepPBHE I CTPOK MaTpHUu A
NuHEeHHO He3aBHCHMH, a KakAas M3 OCTaAbHHX OyneT HX AuHeHHOH
KomO6unanneit. Torna mepBoie r CTPOK MaTpHUH A Takke OyLyT auneliHo
He3aBHCHMHIMH: BCAKas JuHeHHAas 3aBHCUMOCTh MeXAY HHMH Onla Ou
JHHeHHON 3aBHCHMOCTBIO M MEXAY MEePBHIMH 7 CTPOKAMH MaTpHIW A
(BcoMHUTL onpejdeneHue CaoweHHs BekTopoB!). VI3 cosmasenus pauror
MaTpHll AU A cienyer, Kajiee, YTO NePBHe I CTPOK MATPHIIH A COCTABAHIOT
B Hell MaKCHUManbHYI0 NHHEHHO HE3aBHCHMYIO CHCTEMY CTPOK, T. €, BCHA-
Kasi apyras crpoka 9T1o#t Matpuub OyjaeT ux nuneiHOR KomOGuuaiuHed.

Otciona caeayer, YTO BcAKoe ypasHenue cucremul (1) MOXHO nped-
CTaBHTb KaK CYMMY MEPBHX 7 YPaBHEHHH, B3ATHX C HEKOTOPHMH KO3(-
dHLHeHTaMH, a8 MO3TOMY aA1060e obliee pelieHHe NEPBHX r ypasBHEeHUH
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6yleT yAOBNETBOPATbL BCeM ypaBHeHuaM cucTemn (1), JocrarouHo, cie-
A0BaTeAbHO, HAaWTU BCE pelleHHds CHCTEMH

@y Xy +@ya¥s + o X, =0,
A%y + @oaXs + o0+ g%, = by,

@, Xy F Qe Xy + oL QX = br'

Tak xax CTPOKH H3 KO3hODUUHEHTOB npH HEH3BECTHBHIX B ypaBHe-
#usx (2) AuHedHO HE3aBHCHMb, T. €. MaTPHUA U3 KO3(PuUHEHTOB HMeeT
pant r, TO r << 7 M, KpoMe TOTO, XOT# Ob OAHH U3 MHHOPOB r-ro no-
paaka 3Toii MaTpuun otauded oT Hyaa. Ecam r=n, 10 (2) Gyaer
CHCTEMOH ¢ PaBHHIM YHC/AOM ypaBHEHHI H HEM3BECTHHIX B C OT/HYHLIM OT
Hy1d onpeienuTeseM, T, e, OHa, a MOTOMY H cucteMma (1), o6aasaer eann-
CTBEHHHIM peilleHHeM, @ MMEHHO— BhYHCAseMuM Mo npasuay Kpamepa.

Ilyctp Temepp r<{n # nycrtb, AJdA ONPEALIEHHOCTH, OT/AHYEH OT
HyAs MHHOpP r-ro nopsika, cocTaejeHHnit n3 xkoadduuneHToB 1pU nep-
BWX r HeusBecTHHX. [lepedHeceM B kaxA0oM u3 ypasheHuil (2) B npasylo
YacTh BCe Y/€Hn C HEM3BECTHBIMH X, ;, ..., X, H BoifepeM AA% 3THX
HEH3BECTHLIX HEKOTOPHIE 3HAYEHHA €, q, +.., C,. MH NOAyUUM CHCTENMY ©
ypaBHEHHH

(2)

Xt aypXy + . e X, =b —ay 6 =8y,
Ay Xy F BgpXe + oo + 8, X, =0y, —ay, 1€, 1 — .o —ay,Cp

)

8 X + QppXy ...+ QK =br—'ar. r1Crp1 T o0 TG0,

OTHOCHTEAbHO r HEH3BECTHHIX Xy, X3, ..., X,. K 3To#t cucreme npume-
Humo npaeuno Kpamepa, n nostomy ona o6/anaet eAHHCTBEHHBIM petle-
HUEeM €;, Cy, ..., C,; OYERHAHO, YTO CHCTEMA YHCeN Cy, €y, ...,
Crotr -y Cp OyleT ca1ywuTh pemenuem cucremn (2), Tak xak 3nadenus
Crilr -y Cp AN HEM3BECTHHX X,,q, ..., X,, HA3LIBAEMHIX C80600Hb-
Ml Heu38eCmHblMIL, MB MOTIY BHOHPATh MPOU3BOABHLIM 06PA30M, TO 3THM
aytem 6yJaeT noJayyeHo6eCKOHEYHO MHOT O Pa3IUYHKIX PeLIeHH I CHCTeMb (2).

C apyro#t cTopoHH, BCAKOE pelleHHe cHCTeMb (2) MoweT ObTbh MOo-
AY4EHO YyKa3aHHHIM MYTEM: €C/IH 138HO HEKOTOPOE pPelleHHe ¢y, €y, ..., €,
cucTeMsl (2), TO B KavecTBe 3HaueHuH A CBOOGOAHBIX HEH3BECTHBLIX
Gepem uucaa ¢, 4, ..., €, TOrAA YUCHA Cq, €y, ..., €, OYAYT yAOBIE-
TBOPATh cucteme (3) M MO3TOMY OYAYT COCTABANTH TO €AHHCTBEHHOE
pemeHne 3TOH cHCTeMH, KOTOpPO€ Bhuucasercs no npasuay Kpawmepa,

Bce ckasanHoe Bhile 06beZHHNETCS B BUAE C/ICAYIOEro NP aBuaa
pemweHusds NPOHU3BONbLHOHN cUCTeMH JAHHEHHBX Yypas-
HedH i:

Ilycmy Oana cosmecmHan cucmema sunelnox ypasHenud (1) rsmm
nycms mampuga u3 xosgpdunuenmos A umeem pane r. Bobupae
8 A r AuHelHO He3ABUCUMBX CmMPOK U OCMQsASeM 8 CUCMeMe (f:

r
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Adws  YPOABHEHUR, KoIPPULLenmb KOmOpuX S0WAL 8 BHOPAHHe
cmpoklt. B amux YPASGHEHUNX oCmasAsies 8 AeBHX LACMAX maxue r
Heu38ecmnblx, tmo onpedestimens u3 Kosduyuennos npu Hux om-
AUHEH OM HYASR, G OCMAALHbIe Hell38eCmHble 00BR64A5IeM C80B0OHNMUY
U nepenocus 8 npasvie wacmy ypasnenul. Zlagas c8o600HuM Hel3-
BECMHbLIL NIPOU3BONLHEE HUCAO0BHEe SHAYEHUR U BHYUCAARL 3IHAHEHUR
OCMAArbHNX HeudsecmAnx no npasusy Kpamepa, ms nosywum sce
pewernusn cucmens (1),

Honoaunteabno euwe pas opmyanpyeM CACAYOUHR NOAyYeHHDIH
HAMH pe3yabTar:

Cogmecmran cucmena (1) mozda u mossko mozda obradaem
eOUHCMBEHHBAL DEULeHUEM, eCAll PAH2 MampUyb A Pasen HUCAY He-
U3BECMHBLX.

INMpumepu. 1. Pemurs cucremy

5x,— x,+ 2%+ x,=7, l "
2%+ xg+4x3—2x,=1,
Xy —3x,—6x;345x,=0. ]

Panr matpuust M3 KO3(QPHUHEHTOB paBell ABYM: MHHOP BTOPOro mopsnxa,
CTOAIHA B JIEBOM BEPXHeM YIJYy 5TOH MaTPUUBL, OTJIHYEH OT HYAA, 1o 06a MuHopa
TPeThero NopsiiKa, ero oKaliM/IsIouWHe, paBHb HyMmo, PaHr pacluupeHHON MaTpuLLl
paBeH TpeM, TaK Kak

5 —1 7
2 1 1|=—3520.
1 —3 0

Orciona cieayeT, 4TO CHCTEMa HECOBMeCTHa,
2. Peiwnth cucremy

Txy+3x,= 2,
Xy —~2xy = —3, }
4%, 49 = 11.

Panr matpuus u3 xo3bQUUHEHTOB DaBeH ABYM, T.e. PaBeH YHCJY HEH3BeCT-
HHIX; PaHr pacilipeHHOH MaTpHUL! Takxe paseH AByM. Takum ofpa3oM, cHcTema
COBMECTHA M O6JlafaeT eXHHCTBEHHHIM peineHueM. JleBHe dacTH nepsBuLIX ABYX
ypaBHEeHHit JIMHeHHO HEe3aBHCHMHI; pellas CHCTEMY STHX ABYX ypaBHeHHi, Mul
NOJIydUM JJISl HeM3BECTHHIX 3HaueHUd

5 23
7' BT

Jlerko BHAETb, 4TO 3TO pelueHHe YROBJETBOPSET ¥ TPETbEMY YpPaBHEHHIO.
3. Pewnts cHcTemy

X1=--

3x;— x4+ xy-+4dx,+3x,=4,

X1+ xo—2x5— x;4+ x5=1, }
xy+ 5%, —9x;—8x,+ x;=0.

CucTeMa coBMeCTHAfl, Tak Kak paHr PacliHpeHHONl MATpHUEI, KaxX H paHr
MaTpHUubl u3 KODPHUHEHTOB, paseH ABYM. JleBhl2 4acTH Mepaoro W TPeThero
YPaBHEHHH NHHEeHHO HE3aBUCHMBl, 1aK KaK KOIPDIUHEHTH NPH HEH3BECTHLIX Xy

4 A.T. Kypom
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H X, COCTaBJSIOT OTJHYHEIA OT HYJd MHHOP BTOporo nopsaka. Peiraem cucremy
U3 3THX JBYX ypaBHeHuil, NpUueM HEH3BEeCTHble X3, X4, X5 CUHTAEM CBOGOAHBIMH,
TIepPeHOCHM B NPaBble YacTH ypaBHEHHH W mpeanoJsaraeM, 49TO MM YXKe NpHAaHBL
HEKOTOphlE YHCJIOBHle 3HaueHHA., Mb noaydum, npuMenss npasuao Kpamepa:

5 1 3
n= 7 +—4 ¥3— g ¥a— %5
1 7 7
xz‘f‘——7+7 X3+ %a

DTH DaBEHCTBA ONPEAENSOT obujee peuteHue 3aNaHHON CHCTEMEBI: NaBas B HUX
CBOGOAHLIM HEH3BECTHHIM NPOM3BOABLHLIS YHCJOBhWE 3HAYEHHS, MBI MOJY4UM Bce
peilleHHs Hawrell cucTeMmbl. Tak, peureHHsIMM Hauefi cucteMbl GYAyT, Hampumep,

sexkTOpH (2, 5,3,0,0), (3,5,2,1, —2), (0, —}IT , —1, 1, vy

CTOPOHHI, MOJACTAB/ISAR BHIPAXEHHST AN X; ¥ X, U3 OGEro peileHMs B Jo6oe
H3 ypaBHeHH{l cHcTeMBl, HanpuMep BO BTOpOe, paHee HCKJIOYEHHOE H3 paccMo-
TPEHHS, MBI MOJYYUM TOXKIACCTBO.

4, Pemute cHcTeMy

n T. x. C gpyroit

4y 4 x—2x,4 x4= 3,
Xy —2%y— x3+2xy= 2,
2xy +5x, — xy=—1,
3x, 4+ 3x;— x3—3x,=

Xots uncAo ypaBHeHHE PABHO MHUCIY HEH3BECTHHIX, HO ONPeleAUTENb CHCTEMBI
paBeH HYJI0 M NO3TOMYy npaBujo Kpamepa HenphMeHHMO. PaHr MaTpHLH H3
Ko3(¢pHIUEHTOB paBeH TpeM—B NMPaBOM BepXHEM YrJy 3TOH MaTpHUB! pacroJo-
JKeH OTMIHYHHIA OT HYNS MHHOP TDPeTbero nopsjka. PaHr paclIMpeHHON MaTpPHUbL
TakXe paBeH TpeM, T. €. CHCTeMa COBMecTHa. PaccmaTpupast JHib TepBbie TPH
YPaBHEHUS M CUUTAs HEHSBECTHOE ¥; CBOGOAHBIM, MEI NMOJYYHM ofllee pelleHHe
B BHje

1 2

8,9
x2=—'g-—-—5— X1y Xg= —g-*—-g-xl, X4=0.

5. IlyeTe xana cucTeMa, cocTtosias M3 n-1 ypaBHeHuil OTHOCHTEJBHO n

HeH3BecTHHX. PacminpenHas maTtpuua A sToH cHcTeMbl 6y/ieT KBaApaTHO# nopaaka
n-+1. Eciu Hawa cucreMa coBmecTHa, To, no Teopeme Kponekepa—Kaneaun,

onpejennTeNb MaTPHUL A AOJKEH GWTh PaBHLIM HYJIO.
Tak, nycTh paHa cucrema

x;—8xy= 3,
2%+ x,= 1,
4xy +Txy=—4.

Onpepenurtens u3 KoshGUUHEHTOB H CBOGORHBIX YJIEHOB STUX YPaBHEHHI OTJHueH
OT HyAf:

I -8 3
2 1 1 |=—77,
4 7 —4

TO3TOMY CHCTeMa HeCOBMeCTHa,
O6paTHoe yTBepxjenne He Oygmer, BoOGwWe TroBOpS, CNPaBelJHBLIM: H3

paBeHcTBAa HYJIO ONpeje]HTeNsT MaTpHLUE A He CJefyeT coBnajeHHe DaHroB
matpan A u A.
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§ 12, Cucrtembl JHHeHHBIX OAHOPOXHLIX ypaBHeHmit

TipuMennM peayabTaTel npegmiecTayioumiero naparpada K ciayusaio
CuCmembl AUHEHHOLY OOHOPOOHMWX YpasHeHuil:

@41 X1+ QX+ .o+, %, =0,
Qg1 Xy -y Xy+ .. 85, %, =0, M

Q%)+ 8paXy+ oo a5, X, =0.

U3 teopemut Kposekepa—Kanenau BuTeKaer, 4To 3Ta cucTema sceraa
CcOBMeCTHA, Tak KakK nobaBieHne cT0/6LA H3 HY/IeH HC MOXKET HOBLICHTD
paHra Matpuiubl. JT0, BOPOUEM, BUAHO U HerocpeacTBeHHo — cuctema (1)
3apeaomo o6nanaetr Hyaessis peuwenuen (0,0, ..., 0). .

[Tyctp marpuna A u3 kosdpduunentos cucremw (1) umeer paur r,
Ecau r=n, mo wnyse8oe pewenue 6Gy0em eQuHcmBeHHHIL pelieniters
cucmemsi (1); npur<<n cucmema obradaem maxiice peueHusiel, oni-
AUMHBLALL OM HYA€8020, H IS Pa3blCKaHHH BCEX STHUX PEUIEHHH mplme-
HAGTCS TOT e INpHeM, KaK BulUie B Ciy4yae NPOH3BOJbHOH CHCTEMhLI
ypaBHennil. B yacTHOCTH, cucmema n aunelinux 0OHOPOOHHIX YpasHe-
HUL ¢ n Heu3gecmubliU mMo20a u moibko mo2oa o0aadaem peuleHuaml,
OMAUYHBLMUL Om HYR€8020, ecau onpedeaumenss 3Imoh  cucmestst
pasen wyaol), B camoM gaene, paBeHCTBO HyJAIO 3TOTO ONpPEAENHTENs
PaBHOCH/BHO yTBEDWIEHHIO, YTO panr maTpuuu A menbme 7. C Apyro#t
CTOPOHM, eCAl 8 clucmene OOHOPOOHbX YpasHeHull uucao YpasHeHul
MeHblLe HUCAQ HEU3BECMHBX, MO cuUcmema HeripeMenno obradaem
Pelienunamu, OMAURHbIMY Om HY1e8020, TaK KaK paHr B 3TOM cJyuyae
He MOMET OHThb PaBHHM YHCAY HEH3BECTHHIX; STOT pe3y’ibTaTr yxe Oui
noayyern B § 1 n3 Apyrux cooGpaxeHuf.

PacemoTpuM, B YacTHOCTH, clyuait CHCTeMHl, cocTosmel u3 n——1 ofHopo-
HBIX YpaBHEHHH OTHOCHTEJNLHO 1 HeH3BECTHHIX, TIPHYEM NPEANONOKHM, 4TO J e-
Bole HaCTH 3THX YPaBHEeHHUH Mexay co6oil nuHellHO He3aBi-
cuMu, Ilycrs -

ayy Qyp wlip
A=] 921 227 oy

an—l, 1 an-l, 2 e an-l,n

—mMartpuna H3 Kos>bdunHeHTOB 5Toft cHcTeMbl; uep23 M; 0603HauuM MHHOD
(n—1)-ro nopsjka, noJyualOUHicAd mNoOC/Ke BLIYUEDKHBAHUS M3 MaTPUUBl A ee
i-ro cronbua, i=1, 2, ..., n. Toeda o00num u3 pewenud wHawed cucmemst
6ydem cucmema Huces

Mlv —MZv /”:h —'qu eeny (_1)”-11w"’ (2)

a acakoe Gpyzoe pewlenue emy npoNOPULOHAALHO.

1) OaHa moNOBHHA 3TOTO YTBEPKACHHA YKe OuJja AoKasaha B § 7.

4*



84 CHCTEMH JUHENAHKIX YPABHEHHHA (OBUlAS TEOPHA) [rn. 2

NoxasateabctBo. Tak Kak, no ycacsHio, panr Matpuuu A pasein—1,
TO OAMH H3 MHHOpoB M; fonkeHd GBITHL OTJIHYEH OT HYJS; NYCTh 370 Oygmer M.
Monaraem B Haweil cucTeMe HeHM3BECTHOS X, CBOGOAHEIM H MEPEHOCHM €ro
B IPaBYIO YacTb KaxAOro M3 ypaBHeHHH, NoOCje Yero NoJyuyHM

ay %+ Xt .ot Gy qo1Xyo1= —dyp¥p
ay %, + QgeXst. ook g 1%y 1= —03,%n
Ay, lxl+an—1, Xt .ty na1Xn_1="0qq_1, n¥n

INpunenns satem npasuao Kpamepa, Mul noayunm ofulee pelueHite sazanuon
CHCTEMB YDaBHeHHH, KOTOPOMY mocJe JerKHX npeoOpa3oBaHuil MOXHO NpHAATe
BHA

x,-=(—l)""% X, i=1,2, .., n—1, 3)
n

INMoaoxus x,=(—1)""IM,, Mbp noayuum: x;=(—1)*""'"IM;, i=1,2,..,n—1,
HJIH, TaK Kak pasHocTh (2n—i—1)—(i—1)=2n—2i ecTb ueTHoe uucjo,
x;i=(—1)""M;, T. e. cucrema uyuces (2) AeficTBUTENLHO GYAET PelueHHeM Haleil
CHCTeMH YypaBHeHHi. Jlio6oe apyroe pemeHHe 910il CHCTEMBl NOJy4aeTCsi H3
¢opmya (3) NpH APYTOM HKCJAOBOM 3HAUCHHH HEH3BECTHOIO X,, W TOITOMY OHO
nponopuKoHansto peileHnto (2). [lousATHO, YTO paccmMaTpuBaeMoe VTBepMKjelHe
Cnpasefau80 M B. TOM cJhayuae, koraa M,=0, HO oanH H3 MHUHOpOoB M, 1<
< i{<<n-1, OTNHYEH OT HYJA.

Pewenns cHcTeMbl MuHeHHHX OLHOPOAHKX. ypaBHeHHH 06:1a1a10T Cae-
aywuuMu ceofictsam. Ecau sexrop B=(b,, b,, ..., b,) 9Basercs peue-
HieM cucteMu (1), 10 nipu nwbom uncie k BeKtop kff = (ko kb,, ..., kb,)
TaKwe OYLeT peileHHeM 3TOH CHCTCMM, YTO [IPOBEPAETCH HEMOCPEICTBEH-
HOo# noncraHoBkof B moGoe u3 ypasueuuil (1). Ecau, nanee, Bektop
Y==1{¢y, €5, ..., C,})—eUE OAHO peulesne cucremn (1), TOo Aas sTOH
CHCTEMH CAYWHT pewesHeM KW BekTop PB4 y=(b;+¢;, b+ ¢, ...
veey b4

n n n
Eail(b/'*'ci) = zai/b/+ 2“;‘1’6/‘*—'0, i=1,2, ...,
i=1

i=1 is1

TMostomy BoOOuLe gcswan AuHelHan rosbunauun peutenuli odnopood-
Hol cucmenmui (1) 6ydem cama pelseniied 3mOL cCUCmerbi. 3aMeTHM,
UTO B CAYYae HEOJHOPOOHOIH CHCTEMM, T. €. CHCTeMH JIHHEHHHX ypas-
HeHHH, CBOGOAHNWE u/leHH KOTOPMX HE BCE PaBHLI HYJIO, COOTBETCTBYIO-
Lee yTBEPMACHHE HC HMEET MeCTa: HH CYMMA ABYX PCIIEHHH cHCTeMId
HEOJHOPOAHKX ypaBHEHHH, HI MPOHU3BEACHHE PelIeHHd 3TOH CHCTEMN Ha
YHCA0 He OYAYT ywe CAYXHTb PEMIEHHAMH AAs 3TOH CHCTEMb.

Muw 3naem n3 § 9, uro BeiKaw CHCTEMAa /71-MEPHHIX BEKTOPOB, CO-
crosulas GoJiee yem H3 77 BEKTOPOB, GyneT auHefino sasucumolt. Otciona
CreayeT, UTO H3 YHuCja pelieHHH OAHOPOAHON cHCTeMyl (1), 9BASIOWLHXCS,
K3aK Mbt 3H3eM, N-MCPHBIMH BEKTOPAMH, MOMHO BuIOPaTh KOHENHYIO
MaKCHMaNbHYIO JIMHEHHO HE32BHCHMYIO CHCTEMY, MaKCHMajbHYIO B TOM
CMBICAE, YTO BCHKOe Jpyroe peuweune cucrtemm (1) 6yaer nHdeiHoi
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KoMOMHANHEH pelueHHH, BXOASWHX 8 3Ty BHOGPaHHylo CHCTeMY. Beakan
MaKCHManbpHas NUHEHHO HE3aBMCHMad CHCTeMa pelleHHd OAHOPOAHOM
cucrteMul ypasuenult (1) nasniBaeTc ee dyHoamenmarsholi cucmemod
peluenuil.

Eute pa3 nomMepKHEeM, YTO 7-MepHUll 8ercmop mo2da i moabko mozda
6ydem pewenuesn cucmenst (1), ecau on sersemcs Aunelinofl wons-
Gunanueli sewmopos, COCMABARIOMUY (CHHYIO PYHIGMERMAALHY IO
clucmeny.

[lonsaTHO, 4TO PyHAaMeHTAIbHAS cHCTEeMa GYNET CYULECTBOBATH AHUIb
B TOM caydae, ecaH cuctema (1) oOnajzaer HeHyJEBHIMH DEUICHHAMIL,
T. €. €C/IH paHr ee MaTpuusl U3 KO3hODHUIHUEHTOB MEHLIE YHCAa Heuns-
BecTHx. [Ipu atom cucrema (1) MoweT 06/4axaTh MHOTHMH Pa3/IHYHLIMK
dyHraMeHTaNbHEIMH CHCTEMaMH pelen i, Bee 9TH CHCTEMbl SKBUBANEHTHN,
OAHAKO, MeXIy cOGO0H, Tak Kak KawAuil BEKTOP BCIAKOH H3 3THX CHCTEM
JAMHelHO BHpawaeTcs uepe3 /MOOYI0 IAPYrylo CHCTEMY, H f03TOMY
CHCTEMbBl COCMORM U3 00H020 WU mMO20 Jce HUCAQ pelteHull,

Cnpaseanusa cieiyioulas Teopema:

Ecau pane r mampuuybs u3 rkosgunuenmos cucmesss AuHeliHbX
00HOpoGHHX ypasuenuil (1) MeHbile BUCAQ HEU3IBECMHUX N, MO BCA-
ras gynoamnenmassuas cucmemna peuwenuli cucmemnsu (1) cocmoum
U3 n—r peuwenuil.

IOas poxa3sartenabcTBa 3aMETHM, UYTO 71— SIBASETCA YHCAOM CBOGOA-
HHX Hen3secTHsix B cucreme (1); nycTh cBoGoAHMMH OyAYT HeH3BecT-
HHE X,.1, X,,0, +.+y X PAcCMOTPHM 1POU3BOABHHEA OTAHUHBIH OT
HyJaa onpejenurens d MOPsAAKa n—r, KOTOPHi 3amHuieM B caeidylouleM
Buje:

C1,rets Ci,r421  ce9ey Cipn
Coyrss Cor pior ceey Cay

d= . . . . . - . . .
Casryrav Cneryrg2r - cos Chepyn

Beps anemenTn i-#t cTPpOKH 9TOro onpenenirenst, 1<Si<<n—r, B Ka-
4YecTBEe 3HAuEeHHH OAs CBOOOHHHX HEH3BECTHMX, Mbl, KAaK H3BECTHO,
NONYYHM OJHO3HAYHO ONpPEHEe/NeHHbIe 3HAUCHHA JUIN HeH3BECTHHX X,
X5y +4ey X,y T. € NPHAEM K BNOJAHC ONPENE/NCHHOMY PEUIeHIIO CHCTEM
ypasuenut (1); samuuieM STO peluenHe 8 suje BeKTOpa

ai=(cil’ Cl'2’ ce Cir' cl.r+1v ci; r+2 s cl'n)'

[Moayuennaa HaMH CHCTEMA BEKTOPOB Oy, Uy, ..., Oy, CAYHHT 115
cucremn ypasuenuit (1) dyunamentanoHo#t cuctemolt peumenuit, B camon
Aene, 9Ta CHCTEMA BEKTOPOB JuHelfiHO HE3aBHUCHMA, TaK KaK MaTpHua,
COCTaB/JieHHAsT M3 3TUX BEKTOPOB KAaK U3 CTPOK, COLEPWHT OTAHUHBNA OT
nHyna munop d nopaska n—r. C Apyro#t cCTOPOHM, MyCThb

ﬁ'-":(bl’ b-z» AR brv brats bpiny o ooy by)
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OyIeT MPOM3BOABHOE pelueHHe cuctemun ypasnenn#t (1), Hokaxewm, uto
BekTOp f nMHEHHO BHPAKACTCA uYepe3 BEKTOPW O, gy, ..., %,_,.

O6o3naunm yepes oc;, i=1,2, ..., n—r, i-10 CTPOKY onpexnenu-
Teas d, paccmaTpuBaeMmylo Kak (n—r)-mepsanit  Bextop. Ilonoxum,
za’ee,

ﬁ,=(br+1v br+21 ooy bn)-

Bextopm o, i=1, 2, ..., n—r, Aunedno ne3asucumsl, TaK kak d 40,
Oanako cucreMa (n—r)-MepHHX BEKTOPOB

. ’ . ’
Oy @y eney &y, p
aniefiHO 3aBHCHMA, TAK KaK B Hell 4uc/0 BEKTOPOB 0oJblile HX pa3mep-
noctu. CymecTsyiorT, C1eA0BaTeNbHO, TAKHE YUCAd Ry, Kpy 4u.y Ry_n,
YTO

P'=rya, + koo, + ...+ R, L 4)
PaccmoTpum Tenepb 7-MepHHH BEKTOP
S=rkio, + ko, + ...+ ko, —B.

BekTop 8, sBassch AuHelHoH komGuuauueit pelieHnil CHCTEMH OXHOPOI-
HpiX ypasHenn#i (1), cam OGyaer pemenuem sro#t cHctemo, U3 (4) cae-
AyeT, 4TO B peweHud § 3HaueHus ans Bcex CBOGOAHLIX HEH3BECTHHX
paBus wymo, OaHaKo TO eANHCTBEHHOE pelleHue CHCTEMH ypasHedu# (1),
KOTOPO€ MOJYYyaeTcs NPH PaBHEIX HY/IO 3HAYEHHAX JJIH CBOGOAHBIX He-
n3BecTHHX, 6yner HyaeBmM pemenneMm. Taxum o6pasom, § =0, 7. e,

p=ry, + koot oo Fly_ 0,

Teopema moka3zana.

3aMeTHM, 4TO NPOBELEHHOE BhIllie LOKA3aTEJAbCTBO M03BOASET yTBEp-
WAaTb, YTO Mbl MONYYHM BC€ (YHAAMEHTA/NbHLIE CHCTEMH peleHnH
CHCTEMH OAHOPOIHHIX ypaBHeHu# (1), 6epst B KaueCTBEe d BCEBO3MONHHE
OTAHYHLIE OT HYAA OMNpeleiuTel nopsajika n—r.

Npumep. Jana cucTema auuefiHbIX OXHOPOAHLIX ypaBHeHHIT

304+ xp— 8xz+ 20,4+ x;=0,
25— 2xy— 3x3— Txy+2x,=0,
X1+ 1lxy—12x5 + 34x,—5x5 =0,
x1— 5xp-+ 2x3—16x, 4 3x;=0.

Panr maTpuust u3 Kos(¢dHUHeHTOB papeM IZBYM, UHC/O HEH3BECTHHIX PABHO
NATH, NOTOMY BesiKash GyHAAMEHTAJNbHASL CHCTEMA PellieHHIT 5Tol cUCTeMB ypag-
HeHuil COCTOMT M3 1Tpex peieHHH. Pelum cucreMmy, OrpaHHUMBAasCh NePBLIMH
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LBYMA JUHEHHO He3aBHCHMHIMH YPaBHEHUSMH W CUHTAf Xz, X4, X5 CBOGOLHBIMH
HEH3BEeCTHHIMH, MBI NmoJsiyuuM ofliee pelmeHHe B BHAE

19 3 1
x1=—§ x3+§ x4—-2—x5,

7

25 1
x2=§ xs_g‘ x4+—2— Xg.

Depem, gnanee, ciexyiomue TPH JHHeHlHO HE3aBUCHMEIX TDPEXMEPHHIX BEKTOPA
(1,0,0), (0,1, 0), (0, O, 1). TlogcTaBAAS KOMIOHEHTH KaXKJAOro u3 miX B obulea
pellleHHe B KauecTBe 3HaueHHI JJf CBOGOAHLIX HEH3BECTHHIX ¥ BHIYUCASAA 3HA-

UEHHA M Xy H X, MBI TNOJYYHM CAEAYIOUYI0 (YHAAMEHTaJbHYIO CHCTEMY pe-
LIeHHH 3afJaHHON CHCTeMBl YypaBHeHHli:

a1=<§,%~,l, 0:0): (12=(-—3— _gé Or 1,0),

1 1
a3=(—?, 7,0,0, l).

Mpr 3akonuuM naparpad paccMOTPEHHEM CBA3M, CYLIECTBYIOUISH Me-
WY peIIeHUSIMH HCOMAHOPOMHHX H OLHOPOAHLX chcteM. [lycrs maua
CHCTEMAa JTHHEHHDLIX HEeOJHOPOAHHX YypaBHEHuM:

@y X+ @ipXy oo @y X, = by,
Qg1 X1+ Gge Xy 4 oo 85,8, =0y, ®)
QX+ Xy 4. 0. Fag,x, =b,

CucreMa JiHHEHHHX OJHOPOLHLIX YPABHEHHIL

@31 X1+ 89Xy .+ 8y, %, =0,
Qg Xy QX5 F .. Fay,x, =0, (©)

QX+ Xy 4 ... Fagx, =0,

NOAYUEHHAN H3 cHCTeMH (D) 3ameHoll cBOGOAHHX 4/EHOB HYJISAMH, Ha3H-
BaeTCst npugedennoll cucmemoidd nas cucteMmn (D). Mexny peulenusimit
cucteM (5) u (6) cyulecTsyer TecHas CBH3b, KK MOKA3WBAOT CAELYIO-
liMe IBe TEOPEMH.

l. Cynma awbozo pemenus cucmens (5) ¢ a0bsry pewenitess npi-
sedernoit cucmemst (6) cnosa Gydem pewenttess cucmens (5).

B camom amene, mycts ¢y, €5, ..., C,—pemieque cuctemst (5),
dy, dy, ..., d,—pewenne cucrems (6). Bepem mo6oe u3 ypasueuni
cuctemun (), Hanpumep k-e, W BCTABASEM B HErO BMECTO HEU3BECTHHIX
unena ¢y +d,, ¢,+d,, ..., ¢,-+d, Mo nonyunm:

n n n
Zakj(cj+dj)=2aijj+Eakjdj:bk'l-0=bk.
i=1

i=1 =1

~
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Il. Paswocme ni06bix 08yx pewenuii cucmemw (5) cayxcum pewe-
Hites 048 npugedennold cucmenn (6).

IleficTBUTEABHO, NYCTb €4, €y, ..., €, B C,Chy ..., C,~— peUIeHUs
cuctemu (5). bBepem awo6oe n3 ypasuenuir cucremm (6), nanpumep k-e,
U IOACTAB/ASIEM B HEro BMECTO HEH3BECTHHX 4HCAA

€L—C, Ca—Chy vuny €u—Cp.

Mp moayynm;

n n n
Zakj(cj—-ci)_—-. E QpiC; — Eakjcl.=bk—bk=0.
j=1 j=1 i=1

M3 STHX Teopem BHITEKACT, YTO, Hafds 00HO peleHle clucmerbl
AUHEIHBX HEeOOHOpoOH X YpasHerud (D) u cxaadnsas ezo ¢ xaxcowi
u3 peuwenuli npusedennofi cucmems (0), Mo nosywum 6ce peuweHus
cucmesint (5),



TJIABA TPEThHhSA
AJITEBPA MATPUlL

§ 13. Ymnowenne maTpun

B npenmwecTBylomHx raasax mnoHATHE MATPHUM GbLIO UCNOJb30BAHO
B K4YGCTBE CYUIECTBEHHOTO BCMOMOraTeNbHOTO OPYXHH [PH H3YUEHHH
CHCTEM JIHHeHHhX YypaBHeHHH. Muorodnc/ieHHse Apyrue npuMeHesud
STOTO MOHATHS CJIe/1ANIH €T0 TpeAMeTOM 60/bLOH CaMOCTOSTEAbHOH TEO-
P¥H, BO MHOFHX CBOMX 4YaCT#X BBIXOAfILEH 3a npejenn HAlero Kypca.
Mb 3aliMemcst cejfiuac OCHOBAMH STOH TEOPHH, HAYMHAIOWMMHCH C TOrO,
4YTO B MHOMECTBE BCEX KBAAPATHLIX MATPHIl AGHHOTO nopsnika csoeobpas-
HBIM, HO BHOJ/HE MOTHBHPOBAaHHbLIM CMOCOOOM oOnpeAendioTCs nABe ajre-
Gpanyeckne onepalud — cloXeHHe H yMmuoxenue. Mpt Haunem ¢ ompe-
JejeHid YMHOWEHHA MaTpHl; CloXeHHe MaTpulu Gyner Beexedo B § 15.

M3 kypca ananutnueckoll reoMeTpHH H3BECTHO, 4TO MPH [OBOPOTE
ocel MPAMOYroJbHOK CHCTEMB KOOPAMHAT HA MNJIOCKOCTH Ha yroa o
KOOPAMHATH TOYKH NpeoBpasyoTcs no caeiywouiuM Qopmyaam:

x=x"cosa—y sina,
y=x"sina4y’ cosa,

rie x, y— Crappie KOOPAHHATH TOYKH, X', ¥’ —ee HOBHE KOOPAMHATH;
TakuM 00pasoM, X H y BHPaXawTCs yepes X' n Y’ AuneHlHO C HEKOTO-
PHIMH YHCA0BLIMH Ko3dduuneHTaMn. Bo MHOTHX HpyrHx cayyasx Takike
NPUXOAHUTCH BCTPEYATLCA € 3aMeHOW HEH3BECTHHX (MM nepeMEeHHHX),
NP KOTOPOH cTapble HeH3BeCTHHE JHHEHHO BHPAKAIOTCH Uepe3 HOBHIE;
TaKyl) 3aMeny HEeH3BECTHHX Ha3HBalOT OOHYHO HX JiHeHfHHM npeobpa-
3oBanneM (M auHeltHoN noactadoBkoi). M NPHXOLNM, C/le10BaTEIbHO,
K TaKOMy ONpeje/eHHUIo:

Junelinsin npeobpa3osaries: Heu3gecCmublx na3nBaeTCA TaKoi nepe-
X0/ OT CHCTEMB 72 HEH3BECTHHX X, X,, ..., X, K CHCTEME /1 HEH3Be-
CTHHX Y1, Yoy --+y Yy, IIPH KOTOPOM CTapHE HEH3BECTHHE BHPAXKAIOTCA
yepe3 HOBLIE JHHEHHO ¢ HEKOTOPHMH YHCAOBWMH Kosdduuuentamu:

=‘111}’1+a12}’2+ cee Y
= azl}’l +a2,}’2 + + a'lnym

x = anlyl + an2y2 + + annyn

(1)
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Juuetinoe npeoGpaszopanue (1) Bnoase ompeneaserca cBoedl Martpu-
nelt u3 xKo3pPuuUeHTOB
@11 G2 ves Gy,
@y Qgp ... G,
A=y .. 00000

Gp1 Qup oo Gy,

TaK KaK 1Ba nHHelHHX npeoOpa3oBaHus c OAHON W Toft ke marpuueft
MOTYT OTJHYaTbCH APYr OT Apyra Avuib OYKBAaMH, NPHUHATHMH AJS 060-
3HAYEHHA HEH3BECTHHX; MW O6yaeM c4uTaTh, OAHAKO, 4TO BHIGOP STHX
0603HAYEHUN LEAMKOM HAXOAMTCHA B Haulem pacnopsikeHuu, O6patHo,
3a4aBas MPOHM3BOJLHYI0 MaTPHIY 71-TO NopaAKa, MH celyac ke moxeMm
nanucaTth JuHeHHoe npeobpa3oBanue, A5 KOTOPOTro 9Ta MATPHUA CAYHKHT
matpuued kosdpduunentos, Takum obpasom, meway AvHeHHbLIMH NpPeos-
pa3oBaHHAMM 71 HEM3BECTHHIX W KBAaJAPATHHIMH MAaTPHIAMH 72-TO NMOPAAKA
CYIWECTBYeT B3aHMHO OJHO3HAYHOE COOTBETCTBHE, a MOITOMY BCAKOMY
NOHATHIO, CBA3ZHHOMY C NHHEHHBIMY NPpeoGPa30BAHHAMH, H BCAKOMY CBOMN-
CTBY 3THX npeobpa3oBaHuil AOMKHO COOTBETCTBOBATh aHAJOTHYHOE MOHA-
THE HJIHM CBOHCTBO, OTHOCHIIEECS K MaTPHLAM,

PaccMoTpum BOmpoc 0 MOCJA€LOBAaTE/NLHOM BHLINOJAHEHHH ABYX JHHEH-
Hux npeo6pasoBanui, Ilycts Benen 3a JuneHuuM npeobGpasosanuen (1)
BHINOJIHEHO AHHeliHOe npeo6GpasoBaHue:

Y1=0y12,+ b2, ...+ 0,2,
Ve =052, 4002, .. . - 0y,2,, @)

Yn=bn2 + b2+ ...+ b,,2,,

NEePEeBOAAILEE CHCTEMY HEHIBECTHHX Yy, Vo, «vuy ¥, B CHCTEMY 24, 25, 10y 2,3
MaTp4any sToro mnpeolpasoBaHus o6o3xauum uepes B, [Toactasass s (1)
BhIDAWEHHA A8 ¥y, Vo, + .., YV, U3 (2), Mbl NpHAEM K JHHEHHHM BbIpaNe-
HUSIM VI HEHM3BECTHHIX X}, X,, ..., X, UePE3 HEH3BECTHHE 21, Zg, .. ., Z,.
Taknm o6pa3om, pe3yssmam nocsedosamesbno20 GunoAHeHUs 08YX

AUHedHBLX Npeolpa30saHull HeuszsecmHuux CcHO8a 6ydem AUHelHN.M
npeobpa3osanuei.

IIpumep. PesyiabraToM noc/efoBaTesbHOrO BHIMOMHEHHA JHHEHHHX npe-
o6pasoBaHuii

Xy =34, —y,, n= a1t 2,
X9= Y1 + Sy,, Yo=42;+ 22,
6yner auueiinoe npeoGp asopanue
n=3(a+z)— (42, 22)=—2,+2,
o= (21+20)+5 (4234 229) =212, + 112,
O503Hauiy 4epe3 C MaTpuuy auHeklinoro npeoGpas3oBaHus, ABASIOLLE-

rocf pe3y.JbTaToM MOC/AEA0BATENbHOrO BHINOJNHEHHS npeobpasoBanui (1)
1 (2), 1 Hali(eM 3aKOH, M0 KOTOPOMY ee 3JeMeHTH €y, L, k=1, 2, ...,n,
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BHPAXKAIOTCA uepe3 3aeMeHTl Matpul, A 1 B, KopoTko 3anucwBas npe-
ob6pasoBanus (1) u (2) B BUAE

n
xi=2a[/9ij i=1a2» ceoy I y/—zb/kzk! ""1 2) ceny 2y

i=1
Mbl TOJYYHM

n n n
xi= Eaii (kzlbikzk> 2 (IZa‘ib/k>zk’ l=1, 2, ooy n.

=1

Takum o6pasoM, xk03)@PHUHEHT [PH 2, B BLIPAMEHHH AAA X;, T. €. 3.7€-
MEeHT ¢;, MaTpulim C, HMeeT BUA

n
Cr=28i;0;n =01 b1+ Qsbop+ ...+ 0yl &)
i=1

snemenm mampuust C, cmoswuli 8 i-& cmpoxe u k-ax cmoabuye, pa-
BeH CyMAMe npou3sedenitii COOMBEMCMBEHHUX JAeMeHmOB -l CMpoki
mampuunt A u k-20 cmoabua mampuys B.

dopmyna (3), maiowas Buipaxeuue s7eMeHTOB MaTpuun C yepe3
sseMenTH MaTpuu A # B, No3BoAsieT NPH 3aAaHHLX MaTpuuax A u B
cpa3y HanucaTb Matpuuy C, MHHYSl paccMOTpPeHHe /JHHeHHnX npeobpa-
30BaHHH, COOTBETCTBYIOMIMX MaTpuuaMm A u B. DTHM nyTeM Bcsikoil nape
KBaApPaTHHX MAaTPHIL 72-TO [1OPSAKA CTaBUTCH B COOTBETCTBHE OLHO3HAYHO
onpenejeHHas TpeTb MaTpuua. MOXHO CKasaTh, YTO M Onpemesuan
B MHOXECTBE BCeX KBAaApAaTHRIX MaTpHUl 7-T0 mopsika aiarebGpanyeckyio
onepalUmnio; OHAa Ha3bIBAETCH YHuHOMNCeHUeMm mampuy, a matpuua C—
npoussedernuiess MaTpuusl A Ha Marpuuy B:

C=AB.

Ee pa3 chopmynanpyem cBs3b MexAy JHHEHHHMA 1pe0OPA30BAHUAMII
W YMHOXCHHEM MAaTpHIL

Jluneidinoe npeobpasosanite HeU3BECMHbLX, NOAYYEHHOE 8 De3yas-
mame nocaed008amestH0O20 BbIMOAHEHUS 08YX AUHeldHux npeobpaso-
sanuil ¢ mampunamu A u B, umeem cgoeili mampunel xoagpfunuen-
mog mampuny AB.

Mpumepu.

01 3) (=2 7)

4:149.(—2) 4.(—3)+9 1)
(=D 143(=2) (=D (=3 +3-1

( 14—3)
10 -6 1 3
21> ( 6 2 g).,
3 —12 -3 14
51 16
8 3;°

I

ol 3=(] 2)- Z ).
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-

f{) HafiTu pesynbTaT noc/ieaoBaTelbHOro BLIMOJHEHHA JHHeAHHX npeobGpaso-
BaHH#
%y =5y, —ya+3y3
Xa==y;—20s
X3 = Tys—ys

y1=2z + 23,
y2=  2,—5z
Y= 22,

I]epemnomaa MATpHUBI, MNOJYy4HM!:

5 —1 3 20 1 10 5 10
<1 —2 0>.<0 1 —5>=<2 -2 |1>,
0 7 -1 02 0 0 5 —35

no3TOMYy HCKOMOS AuHeAHOe npeonaaoBaHue umMeer BHI!

xy =10z, + 5z, 410z,
Xa=22;,—2z,+ 1z,
Xy= 5z, — 35z3.

Bo3sbmeM oOfHH U3 pPacCMOTPEHHMX celfuac MPHMEPOB YMHOMEHHH
MaTtpuu, uHanpuMep 2), u HailaeM npoH3BeAEHHE TeX ke MATPHL, HO
B3sITHX B 0OpaTHOM ropsake:

—3 10 2 01, ;—8 3 —1
0 21f|.{—2 32|= 0 5 9},
0 —13 4 —15) 14 —6 13/

Mpl BHAMM, 4YTO nNpPOH3BEAECHHE MATPHIL 3aBHCHT OT MOPHAKA MHO-
wUTeAeH, T. €. YMHOMeHUe MAMPUY HeKOMMYMAMUEHO. DTOTO, BIpPO-
yeM, C/AELOB3JNO OWHAATH, YWe XOTd OH MOTOMY, 4YTO B onpeaeneHHe
matpuu C, AaHHoe Builie npH noMowH dopmyau (3), Matpuusl A u B
BXOAAT HepaBHonpasHuM oOpa3om: B A Oepyrcs cTpokd, B B—
CTONOLH,

[puMepn HenmepecTaHoOBOYHLIX MATPHILL /1-TO MOPsAKaA, T. €. MATPHY,
NPOH3BEAEHHE KOTOPHX MEHSEeTCHd MNPH MNepecTaHOBKe COMHOXHTenell,
MOXHO yKasaTb AAs BCeX /1, HAuWHAas ¢ n=2 (MaTpullel BTOPOTO MO~
piaka B npumepe 1) venepecranosounn). C Apyro#t cTopoHw, aBe LaH-
Hhle MaTPHUH CAY4YalHO MOTYT OKas3aTbCi MEPECTAHOBOUHLIMHU, KAK M0-
KasniBaeT caedayiowiufi npumep:

7 —12 26 45 26 45 7 —12 23
(-—4 7)'(15 26>=(15 26)'(—4 7>=(] 2)'
Yauuoncenue mampuy acconuamiusHo; MOKHO TOBOPHTb, CleA0Ba-
TEAbHO, 00 OMHO3HAYMHO OMpPEeNe/EeHHOM MPOU3BENEHUH MO6Or0o KoHey-

HOrO YHCA MATpHLL 71-ro NOPsAKA, B3ATHX (BBHAY HEKOMMYTAaTHBHOCTH
YMHOXEHHS) B ONPEAeNEeHHOM MOpsAKe,

-~
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HoxasatenscrBo. Ilycts panu TP npousBOALHKE MaTPULL
n-ro nopsaka A, B u C. 3anuuieM uX CAeAYIOUMIHM COKPAUIEHHLIM CRO-
co6oM, yKasmBaiouluMm obwuit Bud ux snementoB: A==(q;), B=(b;)),
C==(c;;). Bsenem, nanee, cienyomue 0603HadeHHS:

AB=U=(u;)), BC=V=(v,),
(AB) C=S={(s;)), A(BC)=T=(t).
Ham nywHo noxasate crnpasciAaHBOCTb paseHctsa (AB) C==A(BC),

T. e, S=T. Oanaxo
n

n
Uy =k2‘1 @ixbpss ‘vkj='12l by,

1 1o3TOMYy, BBHAY paBeHcTB S=UC, T=AV,

Sy = 2 bjCry=

n

; mbkzcz,-,
n

AP

nMa "M=

ty= 2 QU= ki€ 1o
T. €. Sl‘j=tl']' an i, j=1, 2, ey n.

Hanbnefuiee uayyenne cBOACTB YMHONCHUA MaTPHLL TPEOGYET NpHUBAe-
YeHusl HX onpenenuTenef, NpHyYeM Mb YCAOBHMCSH AAS KPaTKoCTH 060-
3Ha4YaTh ONPELAENHTENb MATPHLH A ueped | A|. Ecan untatenn B KamaoM
H3 PacCMOTPEHHBHIX Bbille MPHMEpPOB MNOACYUTaAeT ONpeileaHTe.IH nepe-
MHOWAeMLX MATPHLL K CPABHUT NPOH3BEAEHHE STHX ONpeaejdHTenei
C onpeiaenuTenleM MNPOH3BEAEHHA 3aLaHRLIX MATPHLU, TO OGHAPYKUT
BecbMa JIIOGONLITIYI0O 3aKOHOMEPHOCTD, BHIPAKACMYIO CAedyloulel oyenb
Baxaol TeopemMoiél 06 YMHOXEHHH OnpenenaunTtenet:

Onpedeatttnenss npou3geferHisi HECKOAKUX MampPuy n-20 nopsaoxka
pasern npoulsederuio onpedesumeneli smux mampuy.

HocTatouHo noKasarth 9Ty TeopeMy Aas cnyqan asyx marpui. [lycts
Aauyi MaTpuusl 7-ro uopsaxa A=(a;) n B=(b,) wu nyctp AB=
=C=(c; 2 TTocTpoum caenywouini Bcuomorarenbnuﬂ onpenseantens A
nopajaka Zrz B €rO JIeBOM BepXHeM YTy mocTaBHM MaTpuuy A, B npa-
BOM HHWHEM-—MaTpully B, Becb npaBbift BepxHul yron aalimem HynsuMu
H, HaKOHEl, MO rAaBHOH [AHATOHAAH JNI€BOrO HHUMHEr0 yraa MOCTaBUM
yuceno — 1, 3aHsB BCe OCTaJNbHKE MecTa Takke Hyaamu, Onpegenurens A
HMEET, C/leJOBaTe/IbHO, TAaKOH BHI:

Gy Qg o0 3, 0 0 ... 0
Qg Qzz oo az,,O 0...0

e e ¢ s 4 s v s e s o e ¢

A=|m Qug o0, 0 0 ... 0

—1 0 vo. 0 bybg...by, |
0—1 ...0 b,lb%...b.‘,_,,

00... —!b,,lb,,,.,.b,,,,
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[IpuMenenne k onpeneautenio A teopemw Jlannaca—pasnoxenue
N0 nepBHM 71 CPOKAM —NPHBOIMT K CJAELYIOLIEMY PaBEHCTBY:

A=]A]-|B]. @)

MonwiTaeMcs, ¢ APYro#l CTOPOHH, TaK NpeoGpa3oBaTh onpeaenuTelsb A,
ne MeHss ero 3HayeHus, 4TOOW BCE AeMeHTH b, &, j=1,2, ...., n,
0Ka3a/AHCh 3aMEHeHHHMH HyasaMu, Jas stol uenn k (n-4 1)-my croabuy
onpexeantens A npuGasum ero mepemil cTonGeu, yMHOWeHHbH HA by,
BTOPOfl, YMHOXEHHHH HA byy, U T. ., HaKOHel n-# cTOnOeL, yMHOXEH-
neilk Ha b,,. 3ateM k (14 2)-my cronbuy onpeseauteas A npnbasum
nepeuit cTonbel, yMHOWEeHHnH Ha b;,, BTOPOH, YMHOWEHHBIH Ha b,,,
n 1. A. Boobwe, k (7 j)-My croabuy onpeaeauteas A, rae j=
=1,2, ..., n, Mt npubaBiumM CyMMY NepBuX 7z CTONOUOB, B3fITHX, CO-
OTBETCTBEHHO, ¢ Kodpbuunentamu by, by .oy by

Jlerko BujaeTh, 4TO 3TH NPeoOpPa3OBaHHst, He MeHsIOUIHe Onpeme’Ti-
TeNsl, HA CaMOM Je/e NMPUBOLMT K 3aMeHe BCEX 91eMEHTOB b;, Hynsmu,
OaHOBpeMeHHO BMECTO HyJseli, CTOABUIUX B IPAaBOM BepXHeEM yriy onpe-
JeNHTeAsl, MOABATCA CAGAYIOLIHE YHCJA: HA NepecedyeHHH i-H CTPOKH
n (n--j)-ro cronbua onpenenutens, i, j=1, 2, ..., n, 6YyAeT CTOSITH
Teflepb YHCAO @by )+ a;5by ;4. .. +-a;,b, ,, PaBuoe, BBULY (3), ane-
MEHTY C;; MaTPHLb C= AB. TlpaBu#l BepxHHil yroa onpejeauTteins 3a-
HHMaeT Temepb, caejaoBaresbHo, MaTpuua C:

an Oyg ees Q1 €y Ci2 oee C1p
Q) Qpg ees Qgp Ca Cag eee Cop
R T
A= An1 Gpg <oo Qpp €1 Cp2 oo Cpp
-1 0 ... 0 0 O0..,0 (°
0—1 ... 0 0 0...0

® s e e & e e & o e s s .

0 0 ...—-1 0 0 ...0

Ipumennm ewe pas Teopemy Jlannaca, pasjaras ofnpeReaHTEIb NO
NOC/AeAHHM 22 cToA6UaM, JonoaHHTeNbHERM MUHOD A MuHOpa | C| pasen
(—1)", a Tak xak Muuop |C| pacnosoxen B CTPOKaXx C HOMepamu
1, 2, ..., n uBcron6uax c nomepamu n-+1, n-+2, ..., 2n, npudem

1+24, .. 4nt+@+)+(2+2D+...+2n=2n%+n,

TO .
A= (— 1) (—1)" | Cl=(—1)2 "M | C|

HIH, BBHAY 4YeTHOCTH uHcna 2 (n% 4 n),

A=|C] )
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M3 (4) u (5) smTexaer, HaKoHel, NOKA3LBAEMOE PABEHCTBO
|C[=1A[-]8B|.

Teopema 06 ymHOweHun onpelennteneft morna Ow GuITH JOKa3aHa
u 6e3 ucnonb3oBaHud teopemnl Jlannaca. OHO U3 TAKHX HOKa3aTeAbCTH
ynrateap Haliger B kosue § 16,

§ 14. O6patnaa maTpuua

KsaapaTtnas matpuua HasmBaetcsd 8uposcdennoli (MU ocobeHHol),
€C/IH ee onpelfeNuTeNnb PAaBeH HYMO, H He8upoNcOeHH ol (MU HeocobeH -
o) —B nporusonosoxHom cayvae, CooTBETCTBEHHO JuHelinoe npeob-
pPa30oBaHHEe HEH3BECTHHIX HA3LIBACTCS BHPONCOCHHBIA WUNH HEBBLDONCOEH -
HblM B 3aBHCHMOCTH OT TOro, GyNeT AM PaBEH HYAI0O WIH OT/IHYeH OT
Hyada onpeneautenb u3 koadduumentor 9ToOro npeobpasosanus. Uz
TeopeMsl, [OKa3aHHOH B Konue npeilecTByloulero naparpada, BbiTe-
KaloT CAeldyioliie YTBePXIAeHHS:

[Ipou3gedenue mampuy, xoms 065 00HA U3 KOMOPHX BHLPOINCOEHHAST,
6ydem sulpoxcdennoli mampuyeli.

[Ipou3gedenue 4100bix HesupoXcOeHHWX mampuy caro 6ydem He-
8uLpONCOeHHOIE Mampuleli.

Ortciona cienyeT, BBHAY CBAI3H, CYLUIECTBYIOLLIEH MEXAY yMHOXKEHHEM
MaTPHIL ¥ NOC/NEA0BATEAbHLM BHIIOJHEHHEM AHUHERHBLIX NPpeoOpa3oBaHui,
TaKoe YTBEPXAeHUE: pe3yasmam nocAedosanessHOZ0 BHINOAHEHUSN He-
CKOABKUX AUHelHBX npeobpa3osanuli mozda u moasko mozda Gydem
HeBLPONCOCHHBAM 1Peobpa308aHUeM, ecalt 8Ce 3ad0aHHKble npeobpas3o-
8aHUR HegupoXcIenrbie.,

Poab edunuysl 8 YMHONCEHUW Mampuy uzpaem eOUHU4HAR Mam-
puna

1 0...0
e=(.1220),
0 0...1

npHyYeM OHAa mepecTaHoBodYHa ¢ /M1060H MaTpHuel A DawHOTO nopaika,
AE=EA=A. (N

JloKa3LBAIOTCH STH PABEHCTBA HAM HEMOCPEACTBEHHLIM TMPHMEHEHHEM
[IPABHAA YMHOWEHUST MaTpHll, HJIH KC HQ OCHOBAHWH 3aMEYaHHUS, 4YTO

€HHUYHAY MAaTPHIla COOTBETCTBYET moxdecmseHHoMY NHHEHHOMY npe-
00pa30BaHUI0 HEH3BECTHHIX

X =Y
Ko == Vs

Xn= Y
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BWMOAHEHNE KOTOPOTO XO MM nocae ai6oro Apyroro AuHeHHOro mpe-
06pa30oBaHHH, OUEBMAHO, HE MEHSIET STOrO MOC/AENHEero,
3amertum, 4to mampunya E asasemcs eduncmeennoli mampuyel,
ydosremsopaiowel ycaosuw (1) npy awoboii mampune A, Ilefictsu-
TenbHo, ecan 6b CyuecTBOBala eule Matpuua E' ¢ 3THM e CBOHCTBOM,
TO M uMesn Onl
E'E=E', E'E=E,

otkyia E'=E.

Bonpoc o cyutectBOBaHMN AAd AauHOH matpuuw A ofpamrol sa-
mpuyn oxaspiBaeTci 6ojee CIHOWHEM, BBUIY HEKOMMYTATHBHOCTH YyMHO-
WeHHs MaTpul, Mb OyieM TroBOpPHTH ceHuac o npasod o6paTHOH Mma-
TpHUE, T. €. 0 Takoil marpuue A~ uro npoussenedue Martpuus A
CnpaBa Ha 3Ty MaTPHUY jAaeT eXHHMUHYIO MaTpHLYy,

AA-1=E, 2)

Ecan maTprila A BHpOXAeHHas, TO, ecnn Gul Matpuua A~! cyugectBo-
Bajna, npou3seleHue, cTodllee B NeBOR uacTH paBeHcTBa (2), 610 Onl,
KAaK Mbl 3HAeM, BLIDOWIEHHOH MaTpuue#, B TO BpeMs KaK Ha CaMoOM
Aene matpuua E, crosuias B npaBod 4acTH STOro PaBEHCTBA, ABJAseTCH
HEBLIDOXCHECHHON, TaK KaK ee onpeneaurteap paseH exanunue, Takum 06-
pasom, BHPOM/AEHHAs MATPHULLA HEe MOWKeT umerb npasofl o6partholt ma-
Tpuun. Taxne xe coo0pameHns MOKa3wBAIOT, Y4TO OHA HE HMEeT | JieBofi
06patHON U NO3TOMY 048 8LPOHCOEHHOL Mampulb o0pamuas Mamplua
6006me He cyuwecmayen.

[lepexoast ¥ caywaio HEBHLIPOXIAEHHOH MAaTpPHUL, BBEAEM CHayana
cnenyowee scoomorarenpHoe noustHe, [lycts pana marpuua 7-ro no-
paiKa
Ay Qi .. Gy
Qg Qg2 +«s A3y

e e s e 8 8 s .

A1 Quz eee Qpp

Marpuua

Ay Ay ... Ay

Ay Ay ... A
A¥=| A1z fm |

Aln A2n e Ann
CcOCTaBaeHNnaf M3 ajare6panuecKHX AONOAHEHHH K SMeMEHTAM MATPHUH A,
npuuem aareGpauiecKoe AONONHEHHE K 37EMEHTY @;, CTOHT Ha mepece-
yeHuu Jj-H CTpoKM ® i-ro cronbild, HA3LIBaeTCH npucoedurHernold (uau
s3aunnoli) matpuuedl k marpuue A,

Hakinem upoussenenns AA* u A*A, HMcnoabayst ussectiyo u3z § 6
GOpMyy PA3MOKEHHs ONPENeHTENR N0 CTPOKe MAM CTOAbUY, a TaKwe
Teopemy u3 § 7 0 CyMMe MPOH3BEACHHH 9AeMEHTOB JI000H CTPOKI



§ 14] OBPATHASl MATPHIA 97

(cTon6ua) onpenenutens Ha anreSpanyeckie LOMOJHEHUT K COOTBETCTBEH-
HHM 3JIeMeHTaM APYro#t cTpokm (ctonbua), n obo3nayas yepes d onpe-
AenuTenb Matpuun A,

d=|A|,
MH TMOAYUHM cAeAylouile paBeHCTBA:
0...0
d...D0

0...d

AA* = A'A= SRER (3)

d
0
0

Otciona BHTEKAeT, UTO ecau mampuya A HesupowdeHHas, mo ee
npucoedunennan mampuna A* marxsce 6ydem Hesupoxcdennol, nputess
onpedeaumens d* mampuyn A* pasen (n—1)-fi cmenenu onpedenu-
mens d mampuun A.

B camom nene, mepexolds oT paBeHCTB (2) K paBeHCTBY MEXIY Onpe-
AEAHTEASAMH, MK [0JYYUM

dd*=d",
oTkyaa ssuay d==0
da*=d"n,

Tenepb nerxko noxasaTh cCywiecTBoBaHHe OOGPATHON MaTPUUH A4
BCKOW HeBHPOWIAEeHHOH Matpulh A H HAalTH ee BUA. 3aMeTunm
cHayana, 4To ecJH Mhl PacCMOTPUM Mpou3BedeHHe IABYX MaTpuil AB
M #Ce 3JEMEHTH OAHOrO H3 MHOWHTenel], Hanmpumep B, pasaeanm wa
OLHO W TO e 4Yucjao d, TO BCe 3jeMeHTH Nnpoussesenus AB Takwxe
pas3aensiTCsl HA 3TO We YHCTO: NAS M0KA3aTeAbCTBA HYXKHO JHIUbL BCHO=-
MHHTb ONpejeseHHe yMmuowenus matpuu. Takum obpason, ecan

d=|A|==0,

TO u3 paBeHcTB (3) BhITEKaeT, 4TO obpamuoii mampuned dan A 6ydem
CAYHCUMS MAMPUNQA, TLOAVYHQIOWAACH U3 NPUCOEOUHERHOL Mampuis A”
deseHitem BCex ee AeMeHmos HA tucao d.

1) MoxHo 6bi/10 6B LOKA3aTh, YTO €CAH MaTpHua A BHPOXJEHHAs, TO H ee
npHCcoeaHHeHHast MaTpuua A* TaKke BbIPOXKAeHHAd, NPHYEM HMEET paHr, He
npeBoCXoARMMEA yucaa I,
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JelictBuTensno, ua -(3) BHITEKAIOT paBeHCTBA
AA ' '=A"1A=E, (4)

Ewe pa3 nomuepkHem, 4to B i-# CTPOKe MaTpuihl A~1 crosut
anre6panyeckne IOOMOMHEHHS K 3JMeMeHTaM i-ro c1-on6ua onpenenu-
tens |A|, menennvie Ha d=|A4|.

Jlerko nokasath, uTO0 Mmarpuya A~l aeamerca eduncTsennol
marpuyell, ydosaersopaowel ycaosuro (4) 0.2 dannold Hesoporcdennod
marpuyer A. HeiicTBuTenbHo, ecau matpuua C Takosa, UTO

AC=CA=E,
TO
CAA™'=C(AA"Y)=CE=C,
CAA 1= (CAYA 1 =EA"1=A"1,
otkyma C=A"1,
U3 (4) u TeopemMn 06 yMHOXEHHH onpelnenuTeselt BHTeKaeT, YTO
onpedeautess marpuyst A~1 pagen -—1—], TAK 4TO ITA MATPUYA TaKwHe

6yder HeswpowOennol; 06patHol 0Oan  Hee cayxmur marpuya A.

Ecan reneps aaunt KBaZpaTHue MaTpuunl 72-ro nopsaka A u B, u3
KOTOPHX A—HeBHpOXIeHHass, a B-—TpoH3BOJbHAA, TO MH MOXKEM
BHIOJHUTD npagoe u aesoe Oesewus B wa A, T. e, pewnTs MaTpHy-
Hbi@ ypaBHEHHs

AX=B, YA=B. (5)

as sToro, BBURY aCCOUMATHBHOCTH YMHOXEHHS MaTpHIl, AOCTATOYHO
TIOJIOXHUTD

X=A"18, Y=BA™Y

npuyeM STH peuleHHs ypaBHeHHH (5) OynyT, BBHIAY HEKOMMYTATHBHOCTH
YMHOXKEHUS MATPHU, B OOWieM claydyde PasJHYHBIMH,

Mpumepsn. 1) Hana marpuua

3—-10
A= —2 1 1),
2 —1 4
Ee onpepeautens |A|=5, nostomy ofpaThas wmarpuna A=l cyuiecrsyer,
npHyeM
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a=(32) o=(1D)

Marpuua A HeBHpOXKZEHHAs, NPHYEM

- 3 —2
A l=(—4 3)'

TO3TOMY peleHHAMH ypasHeHufi AX=B, YA=B O6yayr cayxHTb MaTPHUMH
x—( 3 —2 —-17 _(—9 11)
T\—4 3)( 3 5):‘ 13 —13)°
(=17 3 —2\_ (—31 23
—( 3 5)‘(—4 3)‘(—11 9)'

YMHOMeHHe NPAMOYTrOJAbHBIX MATpHll, XOTH YMHOXKEHHE MATPHLL
onpeneneHo B NpeanlectTpyiloumem naparpade aumb A% KBaAPATHHIX
MaTpHl, OAHHAKOBOrO MOPSiAka, HO €ro MOXHO PacHpPOCTPaHHUTbL M- Ha
cayyai npaMoyroibHmXx MaTpul A u B, ecnt TOMbKO MOXHO NPHMEHHTb
dopmyny (3) mpenwectsyiouiero naparpada, T. e. €CIH BLAKad CTPOKA
MaTpHll A COAEPXHUT CTOJNbKO e 5JIeMeHTOB, CKOMIbKO HX BO BCAKOM
cronbue matpuubl B. MHbIMH ca0Bamu, MmoxwcHo zosopums o npousge-
Jenuu npamoyzossnax mampuy, A u B 8 mos cayiae, ecau Hucao
cmoabuos mampuyte A pagHo HucAy cmpox smampuus B, nputen

yucao cmpox mampuubt AB pasno uucay cmpox mampuns A, 4ucao
ace cmoarbyos mampuuybs AB pasnwo uucay cmoabyos mampuys B,

2) Jausl MaTpHuLt

MMprmepm,
—1 3 :
h(8=1 31y [—2 1 1\ _(10 155
e o—1 4/ 3 0—2/=U1 10 10}
41 2
0—3 1 3 8
2)< 2 1 5>.<—2>=( 14>.,
—4 0 —2 2 —16
2 0
1 —4
5 1 0 —3) —(1 —1).
3) ( o—3 ! ~H=wr —p
0 —1

YmHOXenHe NnpaAMOYroJAbHHX MATPHUL MOXHO CBA3aTth ¢ MoCaexOBa-
Te/JbHHM BHIIOJHEHHEM JIMHEHHbIX HDEOGPHSOBQHHﬁ HeH3BeCTHHIX, €C/H
TOALKO B onpenejieHHH nocjeIHNX OTKAa3aThCsl OT NPEAIONOKECHHUSA, YTO
YHUCJIO0 HEH3BECTHBHIX COXPAaHAETCs! MPH JHHeHHOM npeoﬁpasoBaHun.

Jlerko NPOBEPHTb TaKwke, MAO0CJOBHO IMNOBTOPAA H0Ka3aTteablTBO,
JaHHoe BHIIE AAd cayHad KBaJAPAaTHHX MAaTPHLU, 4YTO 34K0H accouua-



100 ANTEBPA MATPHIL fra. 3

MUBHOCMY OCIMAeM ST CNPABEOAUBHM U QNS Y IHHONCEHUST NPIMOY20ALHEX
Mampuy,.

Mu BOCmo/nb3yemcs celyac yMHOMeHHEeM NpPSIMOYTrOJAbHbIX MaTPHIL
1 csoficteamu OGpaTHOW MaTpuiLl WIS HOBOroO BHBONAa NpPpaBuaa
Kpamepa, He Tpe6ylowero Tex TPOMO3AKHX BHLYHCACHHH, KaKHe
npopoanmics B § 7. Ilycth nana cucrema n NuHeHHHX ypasheHuit
C  HEeU3BCTHHIMH:

@y X+ QX+ ..t ay,x,=0y,
Qg1 X1 + QpXy + ... Fayx, = by,

(6)

QX+ a,%, -+ ...+ a,,x,=0b,,

npHyem OnpedeanTeldb 9TOH cacrtemn Ovanyesn oT Hyna, OGosnaunm
yepes A matpuuy H3 KosduuneHToB cHcTeMn (6); 9Ta MaTpHuUA HEBH-
POXIEHHas, Tak Kak, no npeamnonaoxexunio, d=| A=~ 0. OGoanaunm
Jasee yepes X cronbell H3 HEH3BECTHHIX, Yepe3 B—cToa6en U3 CBO-
Goaunix unenoB cuctemu (6), T. e.

Xy b,
X3 b-z

= : s ) : .
Xn b,

[Mponussenenue AX uMeeT CMBIC/A, TaK KaK YHCJAO CTOAGUOB mMaTpHuW A
PaBHO YHCAy CTPOK MaTpHU X, NMpHYEM STO NpoudBeaenHe OyleT CT0a6-
LOM, COCTAaBJAEHHHMM H3 NeBbIX yacTed ypaBHeHu# cuctemn (6). Taxum
o6pa3oM, cucteMy (6) MOXHO 3anucarh -B BHAE OLHOMO MATPHYHOTO
YDPaBHEHH®

AX=8B. (N

Yuuowast o6e yactu ypassenus (7) caesa ua matpuny A~1, cymect-
BOBalKe KOTOPOH BHTEKaeT H3 HEBHPOWAEHHOCTH KBaLpPaTHOH MaTpH-
el A, Mbl HOJAYYHM:

X=A"1B. @)

[Tpoussenenne, crosiiee cnpasa, 6yaer matpuileif W3 oAHOro cronbua;
ee ji saemMeHT pased CyMMe MNpoOH3BEeNEHHH 3/eMEHTOB J-H CTPOKH
MaTpHUW A~! Ha cooTBeTCTBEHHBE 3JEMEHTH MaTpHUn B, T. e. pasen
yycay

A/ . Ag/ A, 1
o+ Tl A b= (Ayby Ay Ay,

Cxobxa, crosuias cnpaBa, HBAfeTCH, OLHAKO, PAa3JOXKEHHEM Mo j-My
cToabUYy onpeaeanTesns d, NOAydaiollerocs saMeHo j-ro croabua onpe-
peautens d CToACLOM BI Takum oGpasoM, ¢opmy/in (8) pPasHOCHIbHL
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dopmynam (3) u3 § 7, Bupawalomum pewenne cuctemn (6), nonyuaio-
uieecst o npasuay Kpamepa,

OcTaeTcs NOKa3aTh, YTO MOJYYEHHHE 3HAYCHAA HEH3BECTHHX HefcT-
BUTE@/JIbHO COCTARAAIOT pelleHHe cucremu (6). Ind 9TOrO0 A0CTATOYHO
Bupaxenue (8) noactasutbh B MaTpuuHoe ypasHesne (7), 4T0, OYEBUIHO,
DPUBOAHT K ToxAecTsy B=25.

Paur npoussesenus marpuu, Teopema o6 yMHOWeHUH onpenenure-
Nefl He MPUBOAHMT B CAyYae BHIPOMACHHBIX MAaTPHIL HH K KAKOMY BhiCKade
3hIBAHHIO CBEPX TOrO, YTO HX NPOH3BEACHHE TaKke OyAeT BHPOKAECHHHIM,
XOTH BHIPOXIAEHHHE KBAAPATHHIG MATPHUL MOWHO €lle PasAuyaTh Mo ux
panraM. 3ameTuM, UTO He CYIECTBYET BNOJHE OnpeseenHOH 3aBHCHMOCTH
MeMAy paHraMu COMHOXWHTEAeH H pPaHroM npPOH3BEAEHHH, KAK NOKA3Li-
BAIOT C/AEAYIOUIHE NPHMEPH!:

2 0\ (3 0\_ (60

(6 0) (@ 0)=( o)

2 0\ (0 O\_ /0 O\,

(0 0)'(0 3)‘(0 0)’
B 000uX Cnyu4anx MepeMHOKAOTCA MATPHIBL paHra !, OQHAKO B OLHOM
carydae npoussesenue usmeer paur 1, 8 apyrom —paur 0. Cnpaseanusa,
NPHTOM He TOJIbKO AAS KBALPAaTHHIX, HO H I/ NPSIMOYIOAbHHX MaTPHIL,
JHWb CHeAYIOILad Teopema.

Panz npoussedenun mampuy ne 8wue panza waxc6ozo U3 coMHO-
acumeneii.

HocraTouHo AoKa3aThb STy Teopemy And caydas ABYX MHOwHTen€eft,
Mycts nasw Marpuum A 0 B, aaa KOTOphX npousseseHHe AB umeer
cMuica; o6Gosnaunm AB=C, Paccmorpum dopmyany (3) § 13, nawouryio
Bupakenne jaeMeHToB Matpau C, Beps oty dopMyay ansa mannoro &
H BCeX BO3MOXWHHX [ (i=1, 2, ,,.), Mn noayuaeM, urto k-B cronbeiy
Marpui C 9B1geTCa cyMMO# BCeX CTOAOUOB MAaTpHIW A, B3ATHX C He-
KOTOPHMHU Ko3(pduunentamu (a uMeHHO ¢ Kodpduunentamu by, b,,, ... ).
STUM 10Ka3aHO, YTO CHCTEMA CTONGUOB MATPHI C AHHERHO BHpakaeTCH
yepe3 CHCTEMY CTOAGHOB MATPHUW A, a NO3TOMY, KaK nokasano 8 § 9,
paHr nepBOH cHCTEMH MeHbuIe AN PAaBEH PaHry BTOPON CHCTEMb; HHLIMHU
caoBaMy, paHr matpuun C ue Goapuwe paura matpuuw A, Tak kax,
¢ aApyro#t cropoun, u3 ToH we dQopmyan (3) § 13 npu nauxom § u
BCex £ BhiTeKaeT, UTO BCAKadA [-9 CTPOKA Matpuun C 4BANETCH AnHeiiHOH
KOoMOHHauKeR CTPOK MaTPHUKW B, TO aHANOTHYHLMHA PACCYKACHHAMH M
nojayynsM, 4yto paur C He snine pasra B,

Bosiee Tounm#l pesysbTat uMeeT MCCTO AnA CAyvas, KOrAa OAMH H3
MHOXHTE/NCH HBASETCH HEBLIPOXAECHHONR KBAAPATHON MmaTpuueil:

Panz npoussedenust npou3gonsnoit mampuys A cnpasa ualk caesa
HQ HesbpONCOEHHYIO K8AOpamuyio snampuny Q paser panzy mampunp A.

[lyctsh, Haupumep,

AQ=C. )
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W3 npeawecteyomel reopemn caeiayer, 4to paur matpuus C He BHlle
paura matpuum A. YMHOWas, oanako, pasesctso (9) cnpasa Ha Q7Y
Mit OpPHIEM K PaBeHCTBY

A= CQ—I,

a mo3TOMY, CHOBZ HAa OCHOBAaHMN OpeAIUSCTBYIOUiel Teopemu, paHr A
ne suniute paHra C, Conocrasnenne STHX ABYX Pe3yabTaToOB AOKAa3uBaeT
coBnagetne pasros martpun A u C,

§ 15. Choxenne MaTpPUIl ¥ YMHOXKEHHE MaTPHUBLI HA YHCJO

Inst kBagpaTHHIX MATPHU nOPsAKA 71 cneayiouiuM o6Gpa3oM onpene-
nserTcs cnoKeHue:

Cymmold A+ B 08yx xsadpamuux mampuy A=(a;) u B=(b;)
nopaoka n Ha3LIBAEGTCA MaTpHUa C=(c”), BCAKHUH 3aeMeHT KOTOpOH
paseH CyMMe COOTBETCTBEHHWX 9JeMeHTOB Mmatpuu A u B;

c,./=a,.,+b‘-/‘).

Onpenenennoe Hamu croxmeHne mMaTpuu GyaeTt, OYeBHIAHO, KOMMYTa-
THBHHM H accounatuBuniM, Jlns Hero cyulecTByer oGpatHas onepauns —
BLIYHTAHHE, NPHYEM PA3HOCTbIO MATPHIL A B B cnyXUT MaTpRIa, COCTaB-
NieHHas M3 Pa3HOCTEH COOTBETCTBEHHHLIX MEMEHTOB 3alaHHHX MaTpul,
Poap Hyas urpaet npu sTOM Hyaresas mMampunya, COCTABAEHHAS CTIONUIb
W3 HyleH; B paibHelilieM 3Ta MaTpHua ob6o3znauaercss cumBoaoM O: Her
Cepbe3HOH OnacHOCTH CMelaTh HYJNEBYI0 MATPHIY € YHCAOM HYJAb,

Caoicenue wgadpamubx mampuy u Ux YMHONCeHUe, onpedenennoe
6 § 13, cea3anus 3axonamu Gucmpubymugrocmu.

B camom aene, nycTb daHm TPH MaTpUuW nOpAAKA 71, A=(a‘-j),
B=(b;), C=(c;;). Toraa xnas moGux i H j UMEET MECTO OHYEBHIHOE
PaBEHCTBO

n n n
5_21 (ais + bis) Csp= 521 aiscsj"l' S"El biscsi‘

Oaxnako nepast 4yacTb 3TOro PABEHCTBA €CTh 3/EMEHT, CTOSIHH B i-if
cTpoke # j-M cTonbie marpuunl (A + B)C, npasas 4acTb—9/eMEHT,
crosuwri Ha 3TOM e Mecte B Mmarpuue ACH BC. IruM a0Ka3zaHo
PaBeHCTBO

(A+B)C=AC-+BC.

Papenctso C(A+B)=CA+ CB poxa3nBacTCd TaKHM Ke nyTeM —
HEKOMMYTATHBHOCTD YMHOXEHHST MaTpuil TpeGyeT, MOHATHO, AOKasa-
TEe/NbCTBA 3THX OOOHX 3aKOHOB AUCTPHOYTHBHOCTH..

") MoxHo 6b110 6bl, KOHEYHO, H NMpPOKH3BEeAEHHE MATPHU ONPEleNnTh CTOMb XKe
€CTEeCTBEHHBIM CNOCOGOM, MEPEMHOMAN COOTBETCTBEHHHe dJeMeHTH. Takoe ymuo-
eHHe, OJHAKO, B OTIHYHE OT TOro, KOTOPOe ONpe/iesieHo B § 13, He Hawao 6u
HHKaKHX Cepbe3HHX NpUMeHeHHil.
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Beemem crnexyioulee omnpejeneHHe YMHONKEHHS MaTpHu Ha YHCAO.

ITpou3gedenuenrn kA mea@pamuou mampuys A=(a;) Ha 4ucso k
HasuBaeTca Matpuua A’ =(a; i)’ NONYyYaloLancs YMHO)KEHHEM Ha k Bcex
S/AEMEHTOB MaTpHuL A:

a‘.i= kaij'

C OZHHM NPUMEPOM TAKOFO YMHOXEHUS MATPHUL HA YHCIO MHl yKe
BCTPEYAMHCh B MpeAlIecTRyiouleM naparpade: ecay MaTpuua A HEeBHPOX-
neHHad, npuvyem |A]l=d, To ee o6paTHas MaTpuua A~! W npucoenu-
HeHHasd MaTpHua A* CBf3aHW paBEHCTBOM

A"l=d"1A*,

Kak Mbl 3Haes, BCHKYIO KBaAPAaTHYIO MaTPHILY MOPALKA 7Z MOXKHO pac-
CMaTpHBaTh Kak n2%-MepHHl BeKTOpP, MPHYEM STO COOTBETCTBHE MEKAY
MaTpHLAMH ¥ BEKTOPaMH B3aUMHO OAHO3HauyHoe., Onpeserennue ceffuac
cloXedHe MAaTPHIl U YMHOXEeHHEe MATPHIB HA YHC/IO MPEBPAIAIOTCA NpH
9TOM B CJIOXEHHEe BEKTOPOB H yMHOXeHHe BeKTopa Ha uucio. Takum
06pa3oM, COBOKYNHOCML K6AOPAMHUX MAMPUH NOPAOKA It MONCHO
paccuampusams xax ni-sepHoe 8exmoprHoe NPOCMPAHIMSO.

OTciona BhITEKAET CAPABEAAMBOCTb CACAYIOUIHX PaBeHCTB (34ech A,
B—wmarpuuy nopsiaxa n; k, I-—uucna, 1—uncao eniuunua);

k(A--B)=kA-+ kB, (M
(k41 A= kA4, @
k(LAY = (kI) A, (3)
1.A=A. (4)

Carojictea (1) ® (2) CBfA3LIBAIOT YMHOXKEHHE MATPHIH HA YHCAO CO
cnowennem Matpul. Cyuiecreyer, BMECTe ¢ TeM, OY€Hb BAa)XHasi CBH3b
MEWAY YMHOWKEHHeM MaTPHUB Ha 4YHUC/IO H MepPeMHONKEHHeM CaMux
MATPHL, a HMCHHO!:

(kA) B== A (kB)=Fk (AB), (5)

T. €. ecAll 8 npoussedenun Mmampuly o0uUH U3 MHONCUMenell YMHO-
Jrcaemcss Ha wucao k, mo u sce npou3gedenue 6yoem Yy unoHcamses Ha k.

B camom nene, MycTb AaHH MaTPUllL A= (a;;) n B={(b;;) u uucno k.
Toraa ans mobeix i u j Gyxer:

_“1 (kay) b=k 321 a;5bg )

Jlesas uyacCTb STOTO PAaBEHCTBA €CTh, OJHAKO, MEMEHT, cToAWMA B [-f
CTpoke u j-M cTonbue wmartpuun (kA)B, npapad 4acTb—3I/IEMEHT,
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cTosiulnil HA 3TOM e MeCTe B MaTpuie R (AB). DruM 10Ka3aHO PaBeHCTBO
(kA) B=1% (AB).

PagenctBo A (kB)=£k (AB) nOKa3nBaeTCd TaKHM Xe MyTeM,

Onepauis YMHOXEHHS MaTPHilKl HA YHCJIO MO3BOJNSIET BBECTH HOBHH
cnoco6 sanucu Matpui. OGo3HayuM yepes E MaTpuuy, B KOTOPOH Ha
nepeceyenuy i-# cTpokn u j-ro croabua crom eJMHHLIA, a BCE 0CTalb-
Hble 9JEMEHTH paBhbl Hymo. [lonarast i=1,2, .,.,nuj=1,2, ..., n,
M onyynM n? takux matpuun E; ;» KOTOpble CBSi3aHHI, KaK JIerKo mnpo-
BepUTb, CAedyiouedl Tabauue yMHO)KeHrlﬂ‘

E E=E,, E,.SEU=0 npH s =4t

Marpuua kE, OT/IMYaeTCs OT MaTPHUL E;, NHWb TEM, YTO B HeH Ha
nepeceyeHun {-f CTPOKH M j-rO cTOA6LA CTOMT YHCAO k. YYRTHBAd 3TO
W HCMOJIb3YS ONPEJENeHHe CAOMEHHT MaTPHLL, Mbl MOAYyYaeM CACAYOIYI0
3aniHchb AAA NPOH3BOJAbHOH KBAipaTHO#t matpuub A:

i=1 j=

(an Ay oo 1y n n

. Qg1 Qog s Qop .

A—,........—Zﬁauﬁu, ©®
\py g oer Gny

npuyeM MaTpHua A o6Gnagaet, OYeBHIANO, AHUIb €IHHCTBEHHON 3aMHCBIO
Buna (6).
Matpuua &E, tae E—eauHnynas MaTpHLlA, HMCET, N0 ONpeLeleHHI0
YMHOXKEHHS MaTPHUB HA YHCIO, CACAYIOUIHA BUA:
k
. 0
RE = : ,

0

T. €, HAa TAaBHOH AMATOHAAH CTOHMT OAHO H TO e 4HCIO kB, a BCE 3Je-
MEHTH BHe STOH AHaroHaaH paBHbl HYJI0. TakHe MaTpHUL Ha3HBAKOTCH
CKAAApHUMU.

Onpeaeaenne CA0¥EHHS MATPHIL NPUBOAHT K PaBeHCTBY

RE+IE=(k+1)E. (7)

C apyrofi CTOpOHHW, HCMOAb3YH ONpPEAe/NeHHE yMHOXEHHsS MaTPHU HAH
We Onupafch Ha paBeHcTso (5), moayuaem:

RE.IE=(kl) E. (8)

Yaunooxcernue mampuyss A HG 4UCA0 B MONCHO ULCMOAKO8AMb KAK

ymuoxcenue A Ha cxarapryo mampuuy RE 8 cauvicae rnepemHoNcenus
Msampuy. JehcTBrTensso, 1no (5),

(kE) A=A (RE) = EA.
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Otciofa BHITEKAET TAKWKe, UTO BCAKASA CKAAAPHAS MAMPUNA Nepe-
cmanososna ¢ aw06ol smampuyeli A. OdeHb BaXHO, UYTO CKAJSPHBIE
MaTpPHIbl ARAAIOTCH EIHHCTBCHHBIMH, 00/aAaloumiiMH 3THM CBOHCTBOM:

Ecau nexomopasn mampuya C= (c j) 11-20 NOPAGKG Nepecmanogotna
¢ awbdoll mampuyeld 3mozo e rzop;z()xa, mo mampuya C cKaAspHa.

B camom gesne, noaoxHM i = j U paccMOTPHUM paBHhie MeXAy coGoH,
no ycaosuw, npoussenenus CE;; n E;;C (cM. Bhiie onpeienenne Mar-
puunt E; ) Jlerko BHaeTh, 4TO Bce cronéuu matpuus CE;;, Kpome j-ro,
COCTOHT H3 Hysell, a j-ik croabeu CoOBHamaeT ¢ i-M clon6uom Marpuls C;
B YAaCTHOCTH, Ha nepecedyeHuu i-fi CTPOKH U j-ro €T0/6Ua MATPHILI CE
CTOMT BJEMEHT C;;. AHAJOTHYHO BCE CTPOKH MaTpuuu E; C KpoMe i- ﬁ
COCTOAT U3 Hyneifl a i-1 cTpoka COBMAAAeT ¢ j-i nponon MaTpHULH C
Ha nepecevyeHHH -k CTPOKH M j-ro cTo16ua MaTpHim E; C pacnonoxeH
sieMenT ¢;;. Mcnonssys pasenctso CE;=E; /€, Ml nonyqaeM 4TO
€;;=~C;; (KaK SNeMeHTH, CTOsILHE B paBHbIX Me)xuxy coGolt MaTpuuax Ha
OAMHAKOBLIX MecCTax), T. €. BC€ DJEeMeHThl [JaBHOH JAHaroHalH Mar-
phill C paBHu Mexay coboiél. C apyro#t cTOpoHb, Ha nepeceqemm J-i
CTPOKH H j-rOo cTONOIA MaTpHua CE CTOHT 3JIEMEHT C;; HO B Mat-
puue E; C Ha STOM XK€ MeCTe CTOHT Hynb (BBHILY z#;) H NO3TOMY
j-_O T ¢. BCHKMY aneMeHT MaTpuuel C, paclo/NoXeHHHiT BHe rias-
HOM puaronanu, paBeH Hymo. Teopema Jokasana,

§ 16%, AxcuoMaTuyecKoe HOCTPOCHHE TEOPHH OMpeAenuTenei

Onpepenutend 71-ro NOPsAKa ABAIETCH YHCAOM, ONHO3HAYHO Ompeile-
AeMbiM  nanHol ksanpatHol MaTtpuued 7z-ro nopsaka. Onpeaenenue
3TOrO TOHATHH, NpuBeleHHoe B § 4, YKa3piBaeT NPaBHAO, N0 KOTOPOMY
onpejeaHTeNb BHPAXKAETCs Yepe3 SJAEMEHTW 3aAAHHOH MaTpHUH. JTO
KOHCTPYKTHBHOE Onpee/este MOXHO, OLHAKO, 3AMEHUTh aKCHOMaTHYe-
CKHM; MOXHO, HHBIMH C/JOBAMH, CPeAH CBOHCTB OMpeneauTesi, yCTaHo-
BacHueix B 8§ 4 u 6, yxasatb Taue, uTto eINMHCTBEHHOW OyHKIHel
MaTpHlUbL ¢ ACHCTBHUTEAbHHIMM 3HAYeHUsAMH, o6nanaionieii STHMH CBOM-
cTBaMu, GyleT ee Onpeje’HTenb.

[Tpocteiimice onpeaenenne Takoro posa COCTOHT B HCNOMB30BAHHM
pasjaoxenuii onpenenuTeas No CTpoke, PaccMarpusaeMm KBalpaTHLIE MaT-
HUb 06X NOPSAKOB M MpeAnoAaraeM, uTo BCsiKoi tako#ft matpuue M

ﬁocrameno B COOTBETCTBHE UHCJAO dj, NpHYEM BHIOJHAITCH CAelyio-
mmi{ie yC/I0BH:: 1

1) Ecau martpuua M nepBoro mopsiaka, T. €. COCTOHT H3 ORHOrO

re9NeMeHTa a, TO dy =a.

2) Ecau nepByl0 CTPOKY MaTpHIM 7-To nopsiaka M cocTasasioT sne-
1eHTH @4, @9, ..., @y, U €Cau uepes Mpui=1, 2, ..., n, 0003Ha-
icHa MaTpuuia (7—1)-ro nNOpsiika, 0CTalOUWascd MNoC/ie BHYEPKHBAHHS
13 M nepso#t cTpoKH W [-ro ctoabua, TO

dy==ay,dy, —ay,dy, + ayady, — ...+ (— 1" lay,dy, .
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To2da 0ra ecaxoll mampuyst M wicao dy pasHo onpedeaumenio
omot mampuyb. Myl npeloCTaB/sieM YHTATENIO NOKA34aTeNbCTBO 3TOTO
YTBEPWAEHHS, NpoBOAflleeCd HHAYKUHER MO 7 M nCHOAb3yiOuUlee
pesyastaTtel § 6.

Muoro Gonee untepecHn Apyrie opMb aKCHOMAaTHYECKOTO ONpeje-
enust onpenennTens, OTHOCALHECH K CAYYal JIMiib OXHOTO JAHHOTO
MopsiiKa 77 H HMMEUHe B CBOeldl OCHOBE HEKOTOPbLIe U3 YCTAaHOBISHHBIX
B § 4 npocrefimux cBojicTB onpepenutens, Mo MPUCTYNHM ceHyac
K pacCMOTPEeHHI0 OZHOTO M3 TAaKHX OupepeeHHH.

Ilycre Bcako#t kBaapatHo#t MaTpuue M n-TO nopsiika MOCTAaBJAEHO
B COOTBETCTBHE HHCAO dj, MPHUEM BLINONHSIOTCH CJleLYIOLIHE YCAOBHA:

1. Ecau odna u3 cmpox mampuyw M ymmoscaemcss Ha #ucio k,
mo uucao dy maxoce yrunoxcaemcs Ha k.

Il Yucno dy ne sensemcs, ecau xk 0dnol u3 cmpox mampuys M
npubasasemca opy2an cmpoxa Smoll Mampuibl.

HI. Ecau E—edunuanasn mampuga, mo dp=1.

HokawxeM, uto das wobol mampunst M wucao d, pasno onpede-
AUmenIo 3moid mampuyst.

Buisenes cnavana ms ycaosuit I-—Ill nekoTopsie cBOMCTBA uncna dyy,
AHAJIOTHYHHE COOTBETCTBYIOL{HM CBOHCTBAM ONpeAennuTend.

(1) Ecau oona u3s cmporx nmampupgse M cocmoum u3 nysed, mo
dy=0.

B camMom nene, yMHOWAst CTPOKY, COCTOSLLYIO U3 Hy/eH, Ha yncao 0,
Mb HE MEeHseM Marpuly, HO, BBMIY ycaoBus I, uucno d, mnpuobpe-
TaeT MHOwHuTenb 0, [Toatomy

dpy=0-dy=0,

(2) Yucro dy ue mensemcs, ecau K i-i cmpoxe mampuys M
npubasasiemcs ee j-i cmpoxka, js=i, YMHONCeHHas Ha 4ucio k.

Ecnu k=0, 10 BCe nokasano. Ecan xe k50, TO yMHOKaeM j-io
CTPOKY Ha k ¥ noaydaem matpuuy M’, nas Kkotopoli, RBUAY ycaosus I,
dyr=kd,. 3atem k i-i ctpoke marpuubl M’ npuGasnsiem ee J1o
cTpoky M moayuaem marpuny M, npuuem, seuny ycaosus 11, dyr==dy-.
Haxonen, ymuoxaem j-10o ctpoky matpuust M” ua uucino k-1 Mn
npuxoauM K Marpune M'’’, kotopas B LeHCTBHTENBHOCTH MOAYYEHA U3
npeo6pa3oBaHueM, YKa3aHHBM B (OPMYNHPOBKE IOKA3LIBAEMOrO CBOH-
cTBa, NpuyeM

A=k =k dy =k kdy=d,,.

(3) Ecau cmpoxu mampuyse M auneiino 3agucumst, mo dy=0

DeficTBUTENbHO, €C/IM OJlHA M3 CTPOK, HAMpHUMep i-f, OydeT nuHelt
Holt KoMOuuauued APYrHX CTPOK, TO, NPHMEHSs HECKOJbKO pa3 mnpe
ofpasoBanue (2), MOXHO [-10 CTPOKY 3aMEHHTh CTPOKOR W3 HyieH
ITpeoGpasosanne (2) He Meusier uucna d,, a MO3TOMY BBHAY CBOMH
cea (1) dy=0.
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(4) Ecau i-a cmpoxa mampuys M ssasemcs cymmoili d8yx ser-
mopos P u y u ecau mampuyn M u M noayuens us mampuym M
sanenoll ee i-li cmpoxu coomsemcmsenno Sexmopamu f u y, mo

dy=du +dun-

B camom peae, nycrs S Oymer cucrtema BCEX CTPOK Matpaun M,
kpome i-#. Ecan B S cyuiectByer AuHeitnast 3aBHCHMOCTB, TO AHHEHHO
3aBUCHMBbl CTPOKH Kawao# u3 marpuu M, M u M", a noatomy, no
ceoltcTay (3), dyy=dy-=dy-=0, oTKysa cneayeT CnpaBeaNHBOCTb
B 3TOM cayyae AoOKasmBaemoro cpoficrsa. Ecan we cucrema S, coctosn-
uas #3 n7—1 BekTopa, JHHEHHO HEe3aBHCHMA, TO, KaK MOKa3WBalOT
pe3yabTaTht § 9, ee MOWHO AONOAHATL HEKOTOPHM BEKTOPOM L A0 MAKCH=
MaabHOH MuHeRHO He3aBHCHMON CHCTEMH BEKTOPOB 71-MEPHOrO BEKTOP-
HOTO mpocTpancTBa, Yepes aTy cncTeMy MOXHO JNHHEHHO BWPAa3HTh BeK-
Topul f m y. [lycTh BEKTOP @ BXOAMT B 3TH BuPaxesus ¢ ko3hduuuer-
TaMH R M, COOTBETCTBEHHO, /; B Bhpamenue ans pexktopa Py, T.e.
nns i-# cTpokn Matpuus M, BekTOp o OyneT BXOLMTb, C/1eA0BATEIbHO,
¢ koadpduumnentom k4L Marpuum M, M 1 M" moxno remepbp npe-
06pa3oBaTh, BHIYHTAS U3 HX i-X CTPOK HeKOTOpHe aAnHefiHne KOMOHHA-
HHH APYIHX CTPOK TAK, YTO HX I-MH CTPOKAMH OYAYT CHYKHTH COOT-
BETCTBEHHO BekTOpH (k- /)a, ko u la. Tlostomy, o6o3nayas yepes MO°
MaTPUIy, MOAYYAOWYIOCd U3 MaTpHLH M 3amenolt ee i-H cTPOKU Bek-
TOPOM ¢, H yuHThBasa cBolicTBa (2) u |, My OPHXOAHM K PaBeHCTBAM:

dy= (k1) dyo, dyr=kdyo, dye==1dype.

STHM CBOMCTBO (4) A0Ka3aHO.

() Ecau mampuna M noaywena us mampuys M mpawncrosuyued
osyx cmpok, mo dy=-—d,,.

Ilycts, B camom nene, B MatTpuile M HYWHO nepecTasuTb CTPOKH
¢ "HomepaMu { U j. ITOro MOWHO AOCTHYD LENOYKOH CAELYIOUIUX MNpe-
ofpasosanuit: cnavana K i-fi ctpoke marpuunl M npuSapasiem ee j-i0
CTPOKY W NOJdyqaem MaTpHLY M',,npmem, no yeaosuio l, duyr=d,.
3atem u3 j- cTpoku Matpulel M BhiuuTaeMm e€e {-10 CTPOKY H MPHUXO-
anM K Matpuie M”, Lns kotopoit, Beuny csoicTsa (2), Oyner dyr=dpu-;
J-fi cTpoka Matpuils M’ 6ymer OTAMYATLCH 3HAKOM OT i-H CTPOKH
Mmatpuum M. Tipn6aBum Ttenmepbp k -l crpoke Mmarpuun M" ee j-10
cTpoky. Hdaa marpuup M) KOTOpyIO M 0Jy4dM THM npeobpasoBa-
nueMm, Oyaer, no ycnoBuio M, dy:»=dy~, npuuem i-a cTpoka 3TOH
MaTpuisl coBnafer ¢ j-H cTpoxod maTpuuw M, YMHowkas, Hakoxel,
J-10 cTpoky Matpuusl MY na uucao —1, Ml npiAeM K HCKOMOH Mart-

puune M, [llostomy, BBuAy ycaosus I,
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(6) Ecru mampunga M’ noayuwena uz mampuuyst M nepecmanosxof
cmpok, npuden i-ti cmpoxoli mampuyee M', i=1, 2, ..., n, cayxum
0,9 cmpoxka smampuust M, mo

dy = :}: dm;

npy Imos 3HAK NAOC COOMEEMCMmeyem CAYHAI0, K020a nodcmeHosra
(l 2 ... n)
0 Olg...0,

YemHQ, 3HAK MUHYC— CAYHQAIO, K020Q@ OHQ HedemHuda.

B casom pene, marpuua M moxer OuTb noayuena u3 matpuun M
HEKOTOPHIM YHCJAOM TPAHCAO3MLUR ABYX CTPOK, H NO3TOMY MOMXHO BOC-
noab3oBaTthed ceoicTBoM (5). YerHocerh yncaa 9TUX TpaHcno3uunil onpe-
JeaseT, KaK H3BecTHO U3 § 3, YeTHOCTb YKAa3aHHOH BHIUE NOACTAHOBKI,

PacemoTpum tenepb MaTpuilm M=(a;;), N=(b;,) u ux npoussene-
Hue Q=MN B cmucne § 13. Hatinen uncno d,. Mu snaem, uto scu-
Kad {-#1 CTPOKAa MaTpuUuuW Q ABAseTCS CYMMO¥ BCEX CTPOK MaTpuun N,
B3ATHX COOTBETCTBEHHO € KO3(DPUUHEHTAMM &;y, Qo ..., &, (CM., HE-
npuMep, § 14). 3aMeHuM BCe CTPOKHM MaTPHIK Q WX YKa3aHHBIMH NH-
HelHLMY BHPAXKEHHAMY uepe3 CTPOKH MaTpHus N W BOCHOJAb3yeMCs
HecKoAbKO pa3 cpolicTeoM (4). Mu noayuum, 4TO uncno d, Gyrer
paBHo cymMme yucen d;p AAS BCEBO3MOWHHX mMaTpul 7 clenyiouero puia:
i-s ctpoka mavpuun T, i=1, 2, ..., n, pasua o;-# cTpoke MaTpuun N,
YMHOKEHHOH HA YHCAO0 Q. [Tpu 5TOM BBHAY CcBOHCTBA (3) MOXKHO HCKIIO-
YHTb H3 PACCMOTPEHHE BCe MATPHUKW 7, I/t KOTOPHX CYLIECTBYIOT TaKue
HHIEKCH § U f, iz~ ], 4TO G =0, ; OCTAIOTCS, HHHMH CIOBAMH, AHUIb
Takde MaTpulk T, ANS KOTOPHIX MHAEGKCH Oy, Cly, ..., O, COCTABIAIOT
nepectaiosky uucen 1, 2, ..., n. Beuay ceoficte I u (6) uncao d;
INf Takoil MaTpHLbLI HMEeT BH[

dp=t @10,020, ... Gna, dp,

TIe 3HAK ompeAensieTcsl YeTHOCTHIO NOACTAaHOBKY u3 uumekcon., Otciona
MBI TIDHXOAHN K BHIPAKEHHUIO AUISL YAC/AA dg TOCNE BHHECEHHS 38 CKOOKH
H3 BCeX CaraeMHx Buaa d, obuiero Muoxurtenst dy B cxob6Kax ocraerce,
ouesnnno, onpeneautens | M| matpuiith M B cMuCle KOHCTPYKTHBHOrO
onpenetenus, paHHoro 8 § 4, 1. e.

—_ *
do_| M|-dp. )
Ecan mn Bo3bMem Temepb B KauecTBe MarTpuun N eAHHHYNYIO MaT-

puny E, 1o 6yner Q=M u, no ceohicray lll, dy=dy=1, 1. e, dan
210608 mampuype M umeem mecmo paseHcmso

dM=lMl‘

yT0 ¥ TpeGosanoch Aokaszath, ONHOBPEMEHHO elUte pas3, npu-
ToMm 6e3 ucnonb3oBanug Teopemu Jlannaca, noxKkaszana
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Teopema 00 yMHOXEHHHN ONpenenurtencH: Aaf sToro xo-
CTaTouno B pasencrse (¥) samenuts uncna do n dy onpesenuTEsIMU
COOTBETCTBYIOUM{HX MaTPHIL,

3aKoHYHM BTH aKCUOMATHYECKHE pPACCMOTPEHHS ILOKA3aTedbCTBOM
HesasucumoctH ycaosuit I—IIl, 1. e, sokasatenbcTBOM TOTO,
YTO HH OJANHO H3 ITHX YCAOBHH HE HBJIAETCA CAeACTBHEM IBYX IAPYTHX.

Inst gokasarenbcTsa HE3aBHCHMOCTH ycaosus 1 noaoxum, 4TO
dy =0 ana cskolt marpuit M n-ro nopsaka. Ycmosus I u Il Gynyr,
O4YEeBHAHO, BHIIOAHATHCH, ycaosue e Il napymaercs.

[ns nokasarenbcTsa HE3aBHCHMOCTH ycaomusa |l nosoxum, uro ans
BCsiKOR maTpuum M uHClH0 dy paBHo MPOU3BENEHHIO D/IEMEHTOB, CTON-
ULHMX Ha rnaBHoil auaronanu 3ToH MmaTtpHuu. Ycaosua | u Il Bunoa-
HAOTCS, a ycaoBHe Il yxe ne umeeT MmecTa.

Hakonen, ans NoKa3arenabCTBa HE3aBHCHMOCTU ycao0BHA | nonoKuM,
uyto dy=1 nana Beuko#h matpuunt M. Yenosusa 11 u Il 6yayr npu
9TOM BLINOJIHATBLCS, a YC/A0BHe | napyumaercs,



I'JJABA YETBEPTAY
KOMNJIEKCHBIE 4YHCJIA

§ 17. CucreMa KOMNJICKCHBIX YHCEJ

Ha nporsxenun kypca snementapHolt anre6psl HECKOAbKO pa3 MpPoOUC-
X0AuT oforauieHue 3anaca vucen. lllkonbHuk, npucTynamoumuit Kk u3yye-
HHIO anre6ph, NPHHOCHT U3 apUPMETHKH 3HAKOMCTBO € I0JOAHTEAbHBIMH
leapiMH U ApoOHLIMH upciamd. Aire6pa HaydHAeTCd MO  CYL{ECTBY
C BBeJeHHd OTPHUATENbHBIX YHCENM, T. €. ¢ opopMIeHH: nepBof cpeldH
BaXHEHIIHX YHCJIOBLIX CHCTEM — CHCTEMH 4eabx #ucen, COCTOsUIEH H3
BCEX MOJOKHTEAbHHX H BCeX OTPHLATEIbHHX LeJbX UHCeA H HYyad, H
6osee 1WHPOKOH CHCTEML POHUOHAABHBLX 'lced, COCTOsILEH H3 BCex
LeAblX 4YuCcesa W BceX APOGHBIX YHCEeN, KaK INOJOXHTEbHHX, TaK H OT-
pHLATENIbHBIX,

HanbHelilee pacuinpedne 3anaca YHCea MPOHCXOXMT TOraa, KOriaa
B paccMOTpeHHe BBOANTCH HMppauuoHaabumie uucaa, Cucrema, cocrod-
1Ladg U3 BCeX PallMOHAAbHLIX H BCEX MPPAUMOHAJIbHBEIX YHCEN, HA3BIBACTCH
cucTeMOR Oelicmsumensnbix (Unn semjecmsennols) guces. Ctporoe no-
CTPOEHNE CHCTEMbl JEHCTBHTENbLHHIX YMCEd COLEePKHUTCH OOLYHO B YHH-
BEPCUTETCKOM KypcCe MaTeMaTHYeCKOro auanusa; AJAs Hac, OIHaKo,
Obl10 AOCTAaTOYHO B NPEALIECTBYIOIUHX TaaBax U OyJer JOCTATOHHO
B JlaibHelileM TOrO0 3HAKOMCTBA C AeHCTBHTEAbHBLIMH UYHCIAMH, KakKnM
obnazaeT uHTaTeAb, NPHCTYMAOWMHE K HM3Y4YeHHO BHCuie# anreGpsol,

Hakonen, B caMoM Koulle Kypca snementapho#t aare6pnt cucrema
JIeACTBUTE/bHBIX YHCEN PAaCIIHPAETCH N0 CHCTEMbl KOMINACKCHBLX HlCen.
Drta cucTeMa yMcea OCTAeTC AJS YMTaTe/Nsl MEHee NMPHBLIYHOH, KOHEUHO,
YeM cHCTeMa REHCTBUTENbHLIX YHCEA, XOTf Ha camoM jaeje oHa obaa-
JlaeT MHOTHMMH OYeHb XOpOoWHMH cBolictBamu. B Hacrosuueill raase
Oyner euie pa3 ¢ HeOOXOAUMON MONHOTOH M3JI0WEH2 TEOpHs KOMIIEKC-
HBIX 4Hucel,

KoMmnekcHrle uncna BBOAATCI B CBA3H €O CAeAyiouted samavefl,
V3secTno, 4TO AEHCTBHTEAbHBHIX YHCEA HEXOCTATOYHO MAJS TOrO, YTOOH
pewrnTh g000€ KBaapaTHOE YpaBHEHHE C JAeHCTBUTENbHBHIMH K03ddu-
uvenramn. [IpocTefimee w3 KBaZpaTHHIX ypasHeHu#, He HMelOUIUX
KopHei#t cpexu JAeHCTBUTENbHBIX YHCed, eCTb

x*4+1=0; {
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TO/NLKO 3TO YypaBHeHue Gyaer Hac celuac MHTEepecoBaTh, 3amana, CTOM-
wag nepel HaMH, TAKOBA: HYICHO pacluupums cucmesy oelicmsumens-
HoX 4uces 0o maxoli cucmemss 4uces, 8 komopoli ypasHnenue (1)
Yxce obaadaso 6bu KoOpHeMm.

B kauectse martepuana, us KOTOpOro OyneT CTPOHUTHLA 3Ta HOBas
CHCTEMA yHCeN, MH BO3bMEM TOYKH (ockocTd, Hanomnum, 4to H30-
Opaxenue AeHCTBHTENbHLX YHCEA TOYKAMH NPIMON JAHHHN (OCHOBaHHOE
Ha TOM, 4YTO Mbl NOJyYaeM B3aWMHO OMHO3HAUHOE COOTBETCTBHE MEXAY
MHOMECTBOM BCEX TOYEK NMPHMOH H MHOXECTBOM BCEX JeHCTBHTENbHBIX
4yyces, ec/AH MPH 3aJaHHOM Havyanke KOOPAHMHAT M eIXHHHle Macwraba
BCAKOH Touxe npaMoOH mocTaBHM B cooTBeTcTBHe ee afcumccy) cucre-
MaTHYeCKH HCINO0/Jb3yeTCcsi BO BCeX OTHenax MaTEeMaTHKH H SIBJSETCH
CTOAb MPHUBLIYHLIM, 4YTO OOBLIYHO MH He fAeNaeM pa3inuus MewaAy med-
CTBHTE/NBHLIM YHCAOM H TOYKOH, ero nsobpaxaioniei.

Takum oOpasom, ot Xxomuw onpedesumsv cucmemy wices, U30«
Cpaxcaomuxca scemu moyxamu niockocmu. Jo cux nop Ham He mpi-
XOJHIOCh CKAAAbIBATH HJIH [EPEMHOXATb TOYKH MJAOCKOCTH, MO3TOMY
onpejeseHHe onepauHi Hald TOYKAMH Mbl WMEEM MOpPaBo BHIOUPATD,
3aboTsich NUWb O TOM, 4TOOW HOBAA cHCTeMa umcen obnagana BeeMmu
TeMHI CBOHCTBAMH, PagH KOTOPHIX MH e€e cOo3laeM. IJTH ONpeeseHus,
0Cc06eHHO And npou3BedeHHs, MNOKAWYTCI B MepBuil MOMEHT Becbma
nckyccTBeHHsiMu. B ra. 10 6yner nokasano, OZHAKO, 4TO HUKaKne
Ipyrue onpepeneHna onepanui, Ha nepswi B3rasa gawxe
Go/iee ecTecTBeHHbie, He Npuseay Ow HAacC K ILeaAH, T. e. K MO~
CTPOEHHIO PACIUMPEHUS CHCTEMHh JefCTBHTENBHBIX 4YHCEd, COAEpPKaLLero
xopenb ypaBuenus (1). Tam xe 6yneT nokas3aHo, 4TO 3aMeHa ToHdeK
NJIOCKOCTH B 3TOM MNOCTPOGHHHU H0OOBM APYFHUM MATe-
puanom He npusena On K cHCTeMe 4YHCeJ, NO CBONM
anre6bpanyeckum cBOHCTBAMOTAYYAIOUWENCHOT TOMH C H
CTeMb KOMNOJEKCHHLX UHCEA, KOTOPAad CTPOUTCS HUXKE,

[TycTb Ha mI0CKOCTH BWOpaHa MPAMOYrOAbHA CHCTEMA KOOPIAHHAT,
YcnoBumcs o6o3navarte TOYKH naockocTi Oyxsamu «, B, y, ... H 3a-
NUCHBaTb TOYKY o ¢ abcumccoil @ u opauHato#h b wepes (a, b), T. e.,
HECKOAbKO OTCTYMast OT TOTO, YTO MPHHATO B AHANMUTHYECKOH reomer-
puu, nucath a=(a, b). Ecan nann Toukn a={a, b) u f=(c, d), 1o
CYMMOIE 3THX TOYeK MW OyleM HAa3HBAaTb TOYKY ¢ aGCUucCOi @+ ¢
H opaunartoit b-}-d, T. e.

(@, by+(c, dy=(a+¢, b+ d); ‘ (2
npoussedenuess Touek ov=(a, b) u f=(c, d) M 6yrem Ha3 WBaAThH
TOuky ¢ abecuuccolt ac—bd w opaunavol ad- be, 1. e.

(a, b)(c, d)=(ac—bd, ad+ bc). 3)

DTHM nyTeM Mbl ONPEAenH/]H B MHOWKECTBE BCeX TOYEK MJOCKOCTH

ABe ajnreOpanuveckue onepauud. [lokaxkeM, yto amu onepauyun obra-
daiom gcemu OCHOBHOBIMU ceolicmeanu, KaKumy obradanom onepauyul
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8 cucmese OelicmBUMEAbHUX %UCeA UAL 8 CUCMeMe PAUUOHAALHHY
Yuces OHU 06e KOMMYMAMUGHH U QCCONUQAMUBHU, C8A3AHLL 3AKOHOM
Qucmpubymugnocmu U 048 HUx cyuecmsyiom obpamusie onepauui —
soiumanue U Oenenite (Kpome OefeHUsT HA HYAb).

KoMMyTaTHBHOCTb M aCCOLMATHBHOCTh CJOWEHHS OYeBHAHH (TOUHee,
BHTEKAIOT H3 COOTBETCTBYIOWIUX CBOHACTB CAOXKEHUs] AEHCTBHUTEAbHHX
yucen), TAK KaK NpH CAOKEHHH TOYEK MAOCKOCTH Mul OTHAENbHO CKia-
NnBaeM HX a6ClHccsl M OTAeNbHO opauHarth. KOMMYTaTHBHOCTB yMHO-
WeHHA OCHOBaHa Ha TOM, YTO B OmpeleneHHe NPOHU3BEACHHT TOUKH ¢
H B BXOXAT CUMMETPHUHBIM OO0pa3oM. ACCOUHATHBHOCTb YMHOXEHHS
JOKa3WBalOT CAEAYIOIHE PABEHCTBA!

[(a, b) (c, d)] (e, /)= (ac—bd, ad + bc) (e, [) =
=(ace—bde —aedf— bcf, acf— bdf+ ade-}- bce),

(a, B){(c, d) (e, N =(a, b) (ce——df, ¢/} de)==
=(ace—adf—bcf—bde, acf- ade+ bce— bdf).

3axoH AMCTPHOYTHBHOCTH BHITEKaeT N3 PABEHCTB
(@, &) +(c, d)) (e, l=(a+c, b+ d) (e f)=
= (ae 4 ce— bf —df, af+cf+be-+ de),
(av b) (e,f)+(c, d) (e,f):(ae——-bf, af+be)+(ce_df: Cf—l—-d8)=
= (ae— bf4-ce—df, af- bed-cf -+ de).
Paccmorpum Bonmpoc 06 ob6paTHnix onepauusax. Ecan mauns TOukH
a=(a, b) u Pf=1(c, d), T0o nx pasnoctblo Gyxer Takas Touka (x, y), UTO
(¢, d)+(x, y)=(a, b).
Orciona, eBuay (2),
ct+x=a, diy=E¢.

Taxum o6pa3oM, paswocmsio Tovek o=(a, b) n P=(c, d) cayunr
TOYKA

a—PB=(e—c, b—d) 4)

W 3Ta Pa3HOCTb OAHO3HAYHO onpenenena. B uacTHoCTH, HYyses Oyaer
CTYWHTb Hayano koopauHat (0, 0), a Toukol, npomusonoscxHrold nas
TOukH o= (a, b), 6yaer Touka
—a = (—a, —b). (5)
Myctb, nanee, nanw Toukn o= (a, &) u f=(c, d), nprauem Touxa f
OT/IHYHA OT Hyns, T. e. XOTd OW OZHA H3 KOOPIHHAT ¢, d HE eCTb HyNb
W No3ToMy ¢24-d2=40. YacTuwM OT JAeneHHs & n P BoawHa 6uTh
Takas Touka (x,y), uto (c, d)(x, y)=/{a, ). Orciona, sBuay (3),
cx—dy=a,
dx+cy=0b.
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Pewas 3Ty cucreMy ypaBHeHHH, Mbl (OJAYUHM:

_ac-4bd __bc—ad
*=axer YTagxe:
Taxum o6pasom, npu f=40 qacmuoe% cyulectsyeT H OJHO3HAYIIO

onpeneneHo:

a _ fac+bd be—ad
i = (e &7a)-
[Tonarasn 3nech P =0, M M0AYy4YHM, 4TO eOuHUleldl NPU HALIEM YMHO-
WEHHH Touek caywur Touka (1, 0), newanias na ocu abcuucc Ha pac-
cTosHHH 1 Bupaso oT unauvaza koopamuat. [lonaras, aaaee, B (6), uto
a=1=(1, 0), Mmu noayuum, 4to upu P =0 TouKoit, obpamuol ansa P,
G6yner:

(6)

- c —d
b =(am are)- @)

Taxgnm o6pasomM, My MAOCTPOWUAH CHCTEMY uHCesd, H306pamaeMuix
TOYKAMH [IOCKOCTH, TpPHYEM ONEPALMH HAA 3THMH YHCIAMH onpeje-
agwtes no dopmynam (2) u (3). 3ra cucreMa uucen HaswBaeTcd
cuUCmemoil KOMIACKCHOLX HlULCEA.

[Moraxem, 4TO cucmema KOMNACKCHUX “UCes ABASLEMCS Pacuupe-
Hitem cucmemst Oelicmeumensubix wucen. das 3Toft uenu paccMoTpum
TOUYKH, Jexauiue na ocu abcuuce, T. e. TOYyku Buaa (a, 0); crass
B COOTBETCTBHE TOuKe (@, 0) AeliCTBHTENbHOE YHCIO @, MH MOJIyYaew,
OYEBHMAHO, B3AHMHO OJIHO3HAYHOES COOTBETCTBHE MEWKI1Yy paccMaTpuBae-
MBIM MHOXECTBOM TOUYEK W MHOWECTBOM BCeX AEHCTBUTENBHBIX 4UCen,
[IpuMenenne Kk atum TOoYkaM (opmya (2) u (3) naer pasexcrsa

(@, 0)+ (b, 0)=(a+0, 0),
(2, 0)- (b, 0)=(ab, 0),

T. e. Toukn (@, 0) cknanmBaIOTCH U INEPEMHONAIOTCA APYr C APYrom
TAK We, KaK COOTBETCTRYIOUiHe AeficTBHTEAbHEE yucaa. Takum o6pasonm,
MHONCECMBO MOUEK, Aedcauiilx Ha ocu abcyucc, paccuampusaesoe
KQK 4acmb CUCHeMmbl KOMNACKCHbLYX HUCeR, 10 C8OUM aszebpautecKl.it
ceolicmeasm HUYeMm He OMAULGEMCS OmM cucmemb. QelcmBUmMeAbHULY
yiucen, o00bMHOLM crocobom u306padcenHol moukamit npamold Aunuu.
310 no3BoaseT HAM He pasau4aTh B OyAyuiem Touky (@, 0) u npeficTu-
TeJbHOE 4YHMCAO0 @, T. e. Bceraa mnoaarate (e, 0)=a. B uwactnocty,
Hyis (0, 0) u emunuua (1, 0) CHCTEMH KOMIVIEKCHBIX UHCEN OKa3hl-
BaIOTCsl OOLIUHBIMH HelCTBUTeAbHMMI uncaaMu O u 1,

Ham HYWHO Tenepb M0KasaThb, YTO Cpedll KOMRACKCHHX HuliCer
codepoxcumcs ropews ypasuenuss (1), T. e. Takoe YHCAO, KBaApaT
KOTOPOro paBeH JedcTBHUTeAbHOMY yucay —1, drto Gyaer, nanpumep,
Touka (0, 1), T. e, TOUKA, Jexallad HA OCH OpPAHHAT HA PacCTOAHUM |

$ A.T. Kypow
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BBEpX OT Hayana xoopAunat. JeHcTBHTEnbHO, NpuMendas (3), nonaydaem:
(01 1)'(01 1) = (—]7 0) =—1.

YenoBumes 0603HayaTh 3Ty TOYKY OykBo# f, Tak uTo %= —1,
[MokawkeM, HAKOHEW, YTO OA% /OCMPOEHHHX HAMU KOMIALKCHOX

yucen modxcem Oomb nosyuena ux obwunas 3anucs. [ns storo Hai-

IeM cHayana npousBejlenHe AeHCTBHTENbHOTO uHCAa D na TOYKy i

bi=: (b, 0)-(0, 1) = (0, b);

9T0 GyAer, cnefoBaTeNbHO, TOYKA, Jexaulas HA OCH OPAHHAT U HMei0-
mas OpAMHATY b, npuyeM BCE TOYKH OCH OPAHHAT MPEACTABHMbI B BHAE
. Takux npousBenenuit. Ecau Tenepb (a, b)) —npoussoabHasx TOHUKA, TO

BBHLY PaBeHCTBa
(a, b) = (a, 0)+ (0, b)
noayuaem:
(e, by=a -+ bi,

T. €. Mbl AeHCTBHUTEAbHO MPHXOAMM K OOCBLIMHOH 3amHCH KOMMAEKCHHX
uycel; MPOH3BEAeHHE M CYMMY B Boipawesuun a- b cnemyer mnouu-
MaTh, KOHEYHO, B CMHIC/NE olepauuHd, onpeaeneHHHX B NOCTPOEHHOH
HaMH CHCTeMe KOMIUIEKCHBIX 4ucel.

Tenepp, KOrha KOMIJEKCHBIE YHCAA HAMHM YWe MOCTPOEHH, YHTATENb
6e3 Tpylda NPOBEPUT, HTO BCe COOepIKAHUE npedutecmeyouux 24a8
KHu2it—u Teopusl onpenenurtenell, H TEOPHUH CHCTEM JHHEHHWX Yypas-
HeHulff, ® Teopusi NuHefHO 3aBHCHMOCTH BEKTOPOB, U TEOPHA Olepa-
LM Hal MaTpuuaMH— 6e3 8CAKUX 0ZDAHUYeHUL nepeHOCUMCS HA mom
caysall, K020a K paccuompenyio GonycKaiomcs siofbie KomniekcHoe
YUCAQ, G He MOAbKO %ucaa Jdelicmsumensrole.

B 3ak/iiouenne 3aMeTHM, YTO NPOBEAEHHOE HAMH NOCTPOCHHE CHCTEMN
KOMIVIEKCHBIX YHCE] MOACKAa3nBaeT CAeAYIOIHH BONPOC: HeNb3d JM TakK
OMpeJle/UTh CHA0XeHHe H YMHOMEHRHE TOYeK TPEXMEPHOT0 NPOCTPAHCTBA,
y106b COBOKYNHOCTH 9THX TOUEK CTaja CHCTeMOH upces, comepiaieti
B cefe CHCTEMY KOMIJIEKCHBIX YHCEJ HJAH XOTd Oh CHCTEMY JelCcTBH-
TeNBHHX Yucen? ATOT BONPOC BLIXOAHT 34 PAMKHM HAILEro Kypca, H Mbl
JHIUL OTMETHM, 4YTO OTBET HA HEro OKAa3hiBaeTCsd OTPHUATE/bHBLIM.

C zpyro#f CTOpOHH, 3amMeyasi, UYTO CJOXEHHE KOMILVIEKCHBIX 4YHcen,
ofpele/ieHHOe Bbille, N0 CYHIECTBY COBMAZaeT CO CJOKEHHEM BEKTOpOB
Ha MAOCKOCTH, BLIXOAAIIMX M3 Hauajla KOOPAHHAT (CM. CAeAyIOIMH ma-
parpad), ecTeCTBEHHO NOCTABHTh TAKOW BONPOC: MOXKHO JIH NPH HEKOTO-
PBHIX 77 TAK ONMpenequTb YMHOXEHHE BEeKTOPOB B /I-MEPHOM AeiCTBHTE/Nb-
HOM BEKTOPHOM MPOCTPAHCTBE, YTOOH 1O OTHOIUGHHIO K 3TOMY YMHOMXeE-
BUIO H OCLIYHOMY C/JOWEHHIO BEKTOPOB Halle NPOCTPAHCTBO OKa3anoch
YHC/AOBOH CHCTEMOH, cojepxaiue#t B ceGe cHcTemy MAeHCTBUTENBHHX
yucea? MOXHO NOKasaTh, YTO STOTO CAENaTh HENb3s, ecid Tpe6oBaTh
BHITQJAHEHHS BCEX TeXx CBOHCTB onepauuil, KOTOpHe HUMEIOT MeCcTo
B CUCTEMAX pANHOHANBHBIX, ACHCTBHTEJBHHIX H KOMINIEKCHBIX YHCel.
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Ecan e OTKa3aTbCsd OT KOMMYTAaTHBHOCTH YMHOXEHHs, TO Takoe Mo-
CTPOEHHE BO3MOXHO B YETHPEXMEDPHOM IpOCTPAHCTBE; MHOJMYyyalouiascs
CHCTEMA YMCEN HA3HBACTCH CUCMeEMOl K8amepHUoHO8. AHANOTHYHOE
NOCTPOEHHE BO3MOXKHO U B BOCbMHMEPHOM HPOCTPAaHCTBE — MOJYyYaeTcs
TaK HasniBaemas cucmema uuces Kaau., 3aech npuxoAnTcd OTKa3bI-
BaThCsl, BIIPOYEM, HE TOJALKO OT KOMMYTATHBHOCTH YMHOXEHHd, HO I
OT €ro acCOLMATHBHOCTH, 3aMEHsisl mocaegHee OAHMM Gonee CaalbM
TpeGOBaHHEM.

§ 18. JaapHeiimee m3yueHne KOMIJIEKCHBIX gquce

B CcOOTBETCTBHH € HMCTOPHYECKH CHONKHUBIIHMHCA TPAMLUUHAMH MH
GyneM Ha3bIBATH KOMIUIEKCHOE 4YMC/I0 § MmHUMOl eluruyed, a uucha
BURa bi-—uucmo MHUMBMI BUCAQMU, XOTH CYLIECTBOBAHHME BTHX 4l-
ceJl He BH3HIBAET Yy HAC COMHEHHH M MH MOMXKEM YKa3aTb Te TOYKH IIIO-
CKOCTH — TOYKH OCH OPAMHAT,~— KOTODHMH 3TH YHCAa H306paxaiorcs.
B 3anmucH KoMnnekcHOro 4yucaa o B BuAe o= a - bi YHCA0 @ HaA3HBaeTCs
Jelicmeumenbrnoli wacmoio unucna o, a bi—ero mrumol wacmeosno. I1no-
CKOCTb, TOYKH KOTOPOHl OTOXZECTBAEHH C KOMIIEKCHHMH YHCIAMH 1O
crnocoly, u3noweHHoMy B § 17, GyleT HA3LIBaTbCA KOMNAEKCHOL NnAo-
cxocmbro. Och aGcuuce STOH IVIOCKOCTH HAa3nBaeTcs deficmsumens-
HOZ ocbl0o, TAK KaK ee TOYKH u3006paxaioT JAeHCTBUTENbHHE YHCaa;
COOTBETCTBEHHO OCh OPJAHHAT KOMIUIEKCHOH MIOCKOCTH Ha3WBaGTCAd MHU-
Mol 0chlo.

Crnoxenne, yMHOXKeHHE, BHYHTAHHE U JeleHHe KOMIVIEKCHHX YHces,
3anMCaHHLIX B BHAE @ - 0i, MPOU3BOAATC CaedYouinM o0pa3oM, Kak
suiTekaer us dopmyn (2), (4), (3) n (6) npenwectsylomero naparpada:

(@4-bi)+(c+di)y=(atc)+(b+d)i;
(@-+bi)—(c+di)y=(a—c) -+ (b—d)i;
(@ bi) (c + di) = (ac — bd) + (ad + be) i3
a+bl__actbd , be—ad,
crd—Fyr@E Tara

Mul MOWEM CKasaTh, YTO MPU CAONCEHUL KOMNACKCHbIX HUCeA CKAG-
ovisaromcss omoenbHo Ux Odelicmaumenvuble 4acmu i omoeAbHO ux
MHUMBlE HQCMU; AHAJOTHYHOE MPABWIO HMEET MECTO H AT BLIYHTA-
nuga, CnoBecHwle BhpaweHus JAJas QOPMYJT YMHOMEHHS ¥ JeneHus Obiu
Obl CAUIIKOM FPOMO3JKMUMH, M MH HUX HEe jgaem. IlocnesHionn W3 9Tux
dopMyn Her HeOGXONMMOCTH BaMOMHHATL; C/AEAYET JHIlb INOMHHTH,
YTO €€ MOXHO BLIBECTH, YMHOWXas YHCJAUTEIb W 3HAMEHATENb 3afaHHOH
ApoGH Ha YHCA0, OTAHYAIOLIEECs OT 3HAMEHATeNAds JHIb 3HAKOM NpH
MHEMO# 4acTH.

HeficTBuTENBHO,
a-+bi _ (a4-bi)(c—di) _ (ac+bd)+(bc—ad)i _ac-bd bc—adl
c-di (c+di)(c—di) 24 d? _c“‘-l-d”_l—cz—l—d2 *

5*
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INNpumepn.
1) (2450 + (1 =T = 2+ 1)+ (5—7) i=3—2i;

2) B=9)—(7T+)=CB—7+(—9—~1)i=—4—10i;

3) (1420 B3—i)=[1:3—2-(—D+[1-(—1)+2-3] i=54-5i;
g BHi_@4)B—h 7020 .

T R Y ) B '

M3obpanenne KOMIVIEKCHBIX YKCEN TOYKAMH IJIOCKOCTH NpUBOXMT
K €CTCCTBEHHOMY MeJaHHIO HMETh FeOMEeTPHUYECKOe MCTOAKOBaHHe ofle-
palumfl, onpeie/eHHbx A8 KOMILIEKCHBIX uMeen. Hnn cnowenus takoe
HCTOAKOBaHME MOWET OulTb MOMyueHO Ge3 saTpyAHenu#. [lycTs namim
yncna a=a-+-bi n Pp=c-+di. Coenunnsem COOTBETCTBYIOW{HE HM
TouKH (@, b) u (¢, d) OTpe3KamMm C Ha4a/JOM KOOPLHHAT H CTPOUM Ha
STHX OTpe3Kax, KaK Ha CTOPOHAX, MapaanenorpamMs (puc. 2). Yersep-
TOR BepUIMHOH 9TOro napanienorpamma OyIeT, OYEBHAHO, TOYKA

M
M
o
Y4 » &
‘ -z 0 b

5% " 7

dle a 4 -
Puc. 2. Puc. 3.

a +¢, b+ d). Takum 06pa3oM, crodxcerHle KOMNACKCHbBIX %iuces 2e0-
MempULECKY BUNOAHAENMCR NO RPAsuLY napartesopesna, m. e.
110 NPAEUAY CAONCEHUS BEKMOPO8, SHXOOAIMUX U3 HAYAAQ KOOPOUHAM.
i Hanee, HUCAO, NpPOMUBONOAOINCHOE HUCLY 0=
A = a- bi, 6ydem MOLKOR KOMNACKCHOR naocKo-
CMu, CUMMEMPULHON C MOUKOE O OMHOCUMENbHO

Ha4are koopounam (puc. 3). Orciona 6es Tpyaa

& MO¥KeT OhiTh NONYYEHO reOMeTpPHYECcKOe HCTONKO-
” BaHue BLIYUTAHHA,
o leomeTpHuecKuil CMBCA YMHOXEOHUS U Ae/CHH
7 ?ﬂ —»-7) KOMIIICKCHLIX YHCENA CTAHET SACHBIM JHWL [0cHe

[ TOr0, KaK Mbl BBeAEM JJsl KOMIJIEKCHhIX uHCen
Puc. 4. HOBYIO 3alHCh, OTAHYHYIO OT ynortpebassueticy

HaMy A0 CHX [op. 3anuch 4YHCAa © B BHIe
¢ =a-+ bi nCrIONB3yeT NEKAPTOBE KOOPAHHATH TOYKH, COOTBETCTRYIOLIEH
sToMmy uuciay. Ilonowedne TOMKH HA NJIOCKOCTH BHOAHE ONpeelfieTcs,
OdHAaKO0, T4KKE 3a1aHHEM €€ NOANPHBIX KOOPAHHAT: PACCTOAHUS r OT Hayana
KOOPJAHHAT 0 TOYKH M yrJla @ MEWAY NOJOXKHTEALHLIM HAaNpaB/eHHCM
ocu a6Cuuce ¥ HaupaBNeHHEM M3 HAavala KOOPAHHAT HAa 3TY TOYKY
{puc. 4).
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Uucno r 9BASETCA HEOTPHLATENBHMM ACHCTBHTENbHMM UICIOM, NPU-
yeM OHO PaBHO HY/O AuubL aas Toukn 0. Huas o, Aexawero na Aei-
CTBHTE/NBHON OCH, T. €. $BAFIOLIErocs Ae/iCTBHTEAbHLM YHCAOM, HHCAO I
6yaer aGconOTHOH BeANUNHON o, O3TOMY U A4 J11060r0 KOMMIEKCHOTO
YMC/a ¢ €r0 MHOTLA HA3LBAIOT abCoM0nHok §eansunol wiCna o; yalle,
BMPOYEM, YHCIO r HA3WBAOT Mo0ysesn uvucna o, OB03HAYAETCH OHO
yepes |al.

Yroa @ O6ymeT Ha3wBaTbCA apeyseHmors yucaa o H 0603ua-
yathed argal). Yron @ MOKET npHHAUMaTh JMoGbie AeHCTBUTENbHbIE
3HAYeHHsd, KAK MOJIOMNHTe/bHBE, TAK M OTPHUATENbHHE, NPHYEM MON0-
WUTE/AbHLIE YCUJAbl LOXKHL OTCYUTHIBATHCA IPOTHUB 4yacosoft CTPEeRKH,
OJHAKO, €CAH YrAbl OTJAHYAIOTCH JAPYr OT APYra Ha 27 HAM 4UCTO,
KpaTHoe 27T, TO COOTBETCTBYIOUIHE HM TOYKH MJOCKOCTH COBMAZEIOT.

Takum 00pa3soM apryMeHT KOMIVIEKCHOrO YUCHA G HMeeT GeCKOHeUHO
MHOrO 3HaueHu#l, OTAMYAIOUWLUXCS APYr OT APYra Ha Leanle KpaTHhie
yucna 2m; U3 PAaBEHCTBA ABYX KOMIIGKCHHX 4YHCEN, 3a43aHHHIX HX MO-
JAYJASIMY W APryMEHTAaMH, MOXHO JHUIb 3aKJIOYHTb, CJACHOBATENbHO, 4TO
apryMeHTH OTJIHYAIOTCH Ha leNloe KpaTHOe yucaa 27, B TO BPEM# Kak
MOLYJH paBHH. ADryMeHT He onpeaeneH Auwb Aas uucna 0; 9To 4ucao
BIO/IHE ONpefensercs, oanako, pasexctsom |0]=0.

ApryMeHT KOMIUIEKCHOrO 4YHC/Ia SIBJAAETCH eCTeCTBEHHHM o06o6Lie-
HiHeM 3uaka JAeHCTBHTeNbHOrO vHcaa. B camom Aene, apryMestT noso-
WUTENbHOro AefiCTBUTENbHOrO YnCcaa paseH 0, apTyMEHT OTPHILATENBHOTO
JeliCTBHTENLHOIO 4HCAA PABER TU; Ha AeHCTBHTENbHOH OCH H3 avana
KOOPAMHAT BHXOLAT AHIUbL JBA HANpPaB/IeHHd H HX MOXHO pa3aHyaTh
ABYyMsl CHMBOJAaMH - W —, TOI'JIa KaK HA KOMIJIEKCHON niaockocTH
HanpapieHni, BHXOAAMHX M3 TOoukH 0, GECKOHEYHO MHOTO H pa3;iu-
4alOTCS OHU yXe YIJIOM, COCTaB/ISEMHM HMH ¢ NOMOXKHTEAbHHIM Hanpas-
AeHueM JAeHcTBHTe/NbHON ocH.

MexLy ZeKapTOBBMH W TMOMSIPHEIMH KOODAHHATAMN TOUKH Cyuie-
CTBYyeT CjeNylouas CBg3b, CnpaBenansas npu ai0060M pacioJoOXKerun
TOYEK Ha MJIOCKOCTH:

a=rcosgp, b=rsing. (1

r= 4V a?4 b (2)

[Mpumenum dopmynn (1) k TPOH3BOABHOMY KOMIJIEKCHOMY uHCAY
o =a -+ bi:

Orcioaa

o=a-}bi=rcos@-{rsing)i,
12607

o=r(cos @ -} sin'g). (3)

O6patHo, nyctb 4YHCA0 a==a-+bi nonyckaer 3anuch BHAA
o = rg(cosq,+isinQ,), rae r, u Q,—HEKOTOpne NEHCTBHTENbHLE

1) Mpt oTkasbiBaeMcs, CJAeLOBATENLHO, OT OOBLIYHBIX HA3BaHHH TONAPHHIX
KOOPAHHAT TOYKHM — NOJSPHLIH paaHyc u NOAsPHLIT yroa.
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uyncna, npuueMm r,==0. Toraa rycosg@,=a, rysing,==>0, oTkyaa
ro=-+Vat+b% 1. e, seuny (2), ro=|o | Orcrona, ucnonsays (1), no-
JAy4aeMm: cos@,=cos @, sing,=sin@, 1. e. ¢,=arg a. Takum obpasom,
BCAKOE KOMILACKCHOE YICA0 O 00HO3HAYHbiAL 00pa3os 3anucesaencs
8 sude (3), 20e r=|a|, p=argo (npuueM aprymeHT ¢ onpeaeneu,
KOHEYHO, JHIIb C TO‘IHOLTblO L0 caaraeMblX, KpartHeix 2m). Ara 3anuch
YHCaa ¢ HA3WBAEGTCH €ro mpueoHomempleckoit ¢opmoii u Gyner
Jlanbilie BECbMa 4aCTO HCMOMb30BATLCH.

Yncaa

4 3

=13 (- 5 ion (- ]] _

3ajaiel B TPUroHOMeTpiueckoil ¢opme; saecy |a|=3, | =1, 1I?}”:VS;

19
o=23 (cos %—[—tsin i) R B=cos!3 mt -+ i sin 50

H

E]

S

argoc:i argB=—m argy=—-£ un argP=-,argy=—=n
4’ 3 7 3’ 7

C Apyroil CTOPOHEI, KOMNJEKCHble YA
e 2 oyisin Y, p= 2 isin2
o = 2)<cos 5-{—151115), ﬁ—3<cos3n zsmsn),

, b ... 3 y i 3 R 3
y—-2(cosT—[—tsm—4—n), 6~smzn—]—zcos4 .

JaHbl HE B TpHrOHOMe‘Tle{eCKOH ¢opme XOTs WX 3alHCH HANOMHHAIOT 3alHCh (3)
B Tle'OHOMeTpH‘!eCKOH Q}OpMe 9TH YHCJIA 3a0HCHIBAIOTCA Tak:

, 6 .. 6 , 44
OL—Q(COS-gn—{-tsmg :rc), ﬁ-B(cosgn—Hsm—g n),

8" =cos — 7 n—{—tsm%n

Pasrickaune Tpuronomerpuueckoft dopmel yuesaa y’ HaTaAKHBaeTcss Ha TPY-
HOCTb, NMOYTH BCErjia BCTPEUAIOLLYIOCS NPH mMepexole OT OCHIMHON 3amucH KoM-
MJIEKCHOro YHCJa K TPHrOHOMETPUUEeCKOH H O6PATHO: HEBO3MOXKHO, KpOMe He-
MHOTHX CJy4aeB, IO 3aJaHHLIM YHCJIOBBHIM 3HAUSHHSIM CHHYCA M KOCHHYcCa HalTH
TOUHO yroJ, a AJAa 3aJaHHOTO YIJIa HanHCaTh TOY Hble 3HAUEHHS ero CHHycd
H KOCHHYyCa.

[Tycts xommaexcHue 4ncna o U f 3agaun B8 TPHLOHOMETPHYECKOH
topue: a=r(cos@-{ising), f=r"(cosq’ 4ising’). Ilepemuonun
9TH yucna:

ap={r coscp—l—zsm(p)] ' (cosp’ ising’)] =
=rr'(cos@cos @’ -} i cos@sing’ - isin@ cosp’ —sin @ sin @),

HJIH

aff =rr' [cos (@ -|- @) i sin (p +9")]. (4)
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Mpl nonyuunu 3annch NpousBegeHust aff B TPHIOHOMETPHYECKOH opwe,
u nostomy |af |=rr', nau

lof|=la|lB], (5)

T. €. MOOYAb Npou3sedeHUss KOMINACKCHbX 4liced pagex rnpoussede-
HWO nodyrel comnoscumeneli; nanee, arg (af)=@+ ¢’ un

arg (af)=arg o+ arg f, (6)

T, €, ap2yMeHm npou3fedeHuss KOMNAEKCHUX wnucens pagen CcYyMMe
apey menmos comnoxcumeneiit), DTu npasuia pacHpocTpaHsiorct, oue-
BHIHO, Ha M060e KOHeYHOe YUCA0 MHOWHTEeAeld, B npuMenerun Kk cayuaio
JedcTBHTENbHBIX Yucen ¢opmyna (D) naer H3BecTHoe CBoMHcTBO abco-
JIOTHBIX BeJWYUH STHX 4uces, a (6) npeBpamaercd, Kak Jerko npo-
BEPUTh, B NPaBU/AO 3HAKOB NPH YMHOKEHUM HeHCTBUTENbHBIX YUCEJ.

Ananornynble npaBuia HMEOT MecTO W 414 yactHoro. [efcTBu-
TeNbHO, NMyCTh o=r (cos @ isin@), P==r'(cos ¢’ - isinp’), nprauexm
p=£0, 1. e. r’ = 0. Toraa

o r(coscp—’;—isinq)) r(coscp—}—tsnup) (cos @' —-zsmcp)

F r' (cos @ 4-ising’) r' (cos? @' +sin? ')
=r—,(coscpcoscp ~+ isin g cos " —i cos @ sin " 4 sin ¢ sing’),

Win
7 =7 [cos(@— @) +isin(@—¢")]. Y
Orcioza ciaegyer, 4TO %l:ri, HJIH
al_lel
|5 I=15r ®)

T. €. MOOYAb HACMHO20 08YX KOMNACKCHBLY HiCed paseH MOOYALIO
deaunoeo, 0e/zeuno./uy HQ Mm00YAb Odeaumens; nanee, arg( >=

=p—¢, o
arg (B—) =arga—argf, 9

T. €. APZYMERM 4ACMHO20 O08YX KOMNACKCHUX HUCeA INOAYLACMCS
BUHUMARUEM aAP2YMEeHMA Oeslmens U3 APZYMeHMA Gesurozo.
l'eomeTpryecknft cMBIC yMHOWEHUS H JeJeHHS BHIACHAETCH Tenepb
Ge3 saTpyanenuil. HelcTBuTenbHO, BBUAY dopmyn (5) u (6), M nony-
YHM TOYKY, H300paxaloulyi0 Npou3BeleHHe 4uyucaa ¢ Ha 4uciao f =
==r’(cosp’ +isin@’), ecan Bexrop, HAymuE or O k a (puc. 5),
noBepHeM MPOTHB 4YaCOBOH CTPeldKH Ha yroa @ =argf, a sarem

1) IMogueprueM, YTO PABRHCTBO 34eCh MOHHMAeTCd ¢ TOYHOCTBIO JO CJaarae-
MOro, KpaTHoro 2.
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pacTaieMm 3107 Bektop B r'=|f| pa3 (nmpm 0<<r’<C1 310 Oyaer,
KOHEUYHO, C:iKaTHeM, a He pactaxenHem). [aaee, u3s (7) cneayer, urto
npu o=r{cosp -+ ising)z~=0 Oyner

o~ l==r~1{cos (— @)+ isin (— @)], (10)

1. e, |a"l|=|a|™!, arg(a~!)=-—argoa. Takum 06pasoM, Mb MOJYIHM
Toyky o1, ecan ot Touku @ nepefineM K Touke o', newauieHt Ha pac-
crosiiup r~1 OT Hyas Ha TOH Xe NONYNPAMOH, BuXoAsuled u3 uyas,

M

“-I

Puc. 5. Puc. 6.

yto M TOuka o (puc. 6)1), a satem nepe#iaeMm K TOUKe, CHMMeTPHYHON
¢ o OTHOCHTRABLHO AEHCTBHTEALHOH OCH.

CyMmMy W Pa3sioCTb KOMIIEKCHHX YHCEJN, 3a4aHHLIX B TPHTOHOMETPH-
yeckoli GopMe, Helh3d Bupa3uTh opMynamu, nogobHmMu gopMynam (4)
b (7). Jlng MOAYAd CyMMB MMEIOT MECTO, OAHAKO, CAEAYIOLHE BawHble
nepaseHcTBa:

lel—IBl<<loa+B|<|a|+IB] (1

T. €. #00YAb CYMMB 08YX KOMNALKCHOIX HUCeA MeHble WAL pABERH
cymae molyaeli caazaembix, HO 6oabiie UL PABEH PASHOCIMU 3IMUX
Mo0ysed. Hepasencrra (11) BHTEKAIOT M3 U3BECTHOH TeopeMbl AeMeH-
TapHOH rcoMEeTPHH O CTOPOHAX TPEYTOJAbHHKA BBHAY TOro, 4to |a-+f|
paBeH, KaKk Mul 3HaeM, AHArOHAAH Napaj/Ie/IorpaMMa CO CTOPOHAMH
| @l u |B]. Cneunaannoro paccMoTpenusi, KOTOpPOe Mul MPeLOCTaBaAeM
yutaTeno, TpeGyeT, BOpoueM, cayuyad, xoraa Touku o, § H O newar

1) Torpa u Toabko Toraa |a’|=|a], ecin |a]=1, T. e. ecan TOHKa
NeKHT HA OKPYMNOCTH edunudno2o Kpyea. Eciii o JeXXHT BHYTPH eNHHHUHOTO
Kpyra, To o' Gyjer BHe ero, H o6paTHO, NMpPHUEM STHM [yTEM Mbl HOJYyuaeM,
OUEBMANO, B3AUMHO OJHOSHAUHOE COOTBETCTBHE MEXAY BCEMH TOYKAMH KOM-
IUIEKCHOH NJIOCKOCTH, JEXKAalWMMH BHE e{HHHUHOTC KPYFra, W BCEeMH TOUKaNH,
JIeNalUMK BHYTPH STOTO KPyra 4 OTJAHYHBMH OT HYyAR
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Ha oAHOM npaMo#t; auwbs B dTOoM caydae B opmynax (11) moryr
JOCTHFaThCsl PaBeHCTBA.
Ws (11), BBuny a—Pf=o+(—p) u

|—B1=I]Bl (12)

(STO paBeHCTBO CiaelayeT XOTs On u3 reoOMeTpHYeCKOro TOJKOBaHHid
Yyucaa —ﬁ), BHITEKAIOT TaKX¥e HEepaBCHCTBa

le|—Ipl<<la—BI<|a]+ Bl (13)

T. €, Iad MOAyAs Pa3HOCTH HMEIOT MeCTO TaKHEe Xe HEPaBeHCTRA, Kak
H AJa9 MOAYJIdA CYyMMhl,

HepapenctBa (11) MoxHo 6pi10 GH MNOJYUHTH TaKKe CJEAYIOWHM TIyTeEM,
[lyets a=r(cos@-+ising), P=r'(cosq’ +ising’) u NycTb TPUTOHOMETDH-
yeckas opMa uncaa a-+ P ectb o B =R (cos P 4isinP), CkaagbBas OTATbHO
ZeficTBUTE/IbHBI2 W OTAeJbHO MHMMbIE YacTH, NoJyuaem:

rcos p—+r' cos ' =R cos P,

rsin @-r' sin ¢’ = R sin;
yMHOxasl ofe 4yacTH MepBOro paBeHCTBAa HA cOs Y, 00e 4acTH BTOPOro—Ha sin P
H CKJaJbiBasi, noJydaem:

7 (cos @ cos P +sin @ sin P) + 7’ (cos @’ cos P +sin @’ sin P) = R (cos? P - sin? ),
T. €.
rcos (p—P) +r" cos (¢’ —P)=R.
Orciona, Tak Kak KOCHHYC HMKOrja He GuiBaer GoJsbille eQHHHLUH, CJAeAyeT Hepa-

BeHetBO r-r' =R, T. e. |a|+|P|{=]a+P|. C apyroii croponn, a=(a+p)—
— f=(u+P)+(—P). Orciona, no goxasauHomy ® B cuay (12),

lel<la+B|+I—Bl=la+Bl+IBL
orkyaa jei—|fl<|a+Bl

CneayeTt 3aMeTHTh, YTO A/ KOMMJIEKCHBX YHCEI MOHSITHS «6OabIIEY
H «MeHblie» He MOryT OHTb Pa3yMHO ONpeje/eHn, TaK KaK 3TH 4ucaa,
B OT/HYHE OT AeHCTBUTE/NbHHX YHCEN, PacioaaraloTcd He Ha npaMoi
JUHHK, TOYKH KOTOPOH €eCTecTBeHHbiM O06pa3oM yrnopsaoyeHs, a Ha
naockoctd, [loaToMy camMu komMmaexcnoe yucna (a He ux
MOJLYNH) HHKOTAAa HeAb3 COEAHHSATH 3HAKOM Hepa-
BeHCTBA.

ConpskeHHble yucaa. IIycTb LaHo KOMOIEKCHOE YHCAO ¢==a - bi,
Uneao a— bi, otnuvatonieecs OT o JAHIIbL 3HAKOM [PH MHHMOH uacTh,

HA3HIBAETCA MMC/IOM, CONPAINCEHHUM € &, W 0003HaYaeTCs .
HanomMHuM, 4TO NpH paccMOTPEHHH AEJEHUT KOMMIICKCHBIX UHCE MH
npuberany K ConpmieHHHM YHCAaM, XOTH H HE BBO/JAM/H 3TOrO HA3BaHUA.
YucsioM, conpsikeHHnM ¢ o, OyAeT, OUYEBHAHO, &, T. €. MOXHO
TOBOPHTb O Nape conpshkeHHnX yuces, leficTBHTeAblbe uncaa, H TOIbKO
OHH, conpsienn camn cebe,
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FeoMeTpuuecku conpimenHbe YHCAA ABAAIOTCH TOYKAMH, CHMMETPUY-
HBIMH OTHOCHTe/IbHO AeHcTBHTenbHOH ocu (puc. 7). Orciona caenyiot
paBeHCTBa

|&|=|a|, arga=—arg . (14)

Cymma © npousgederite CONPANCEHHBX KOMNACKCHHBX ulcen
seasiomea Oelicmeumesvnesny 4ucaamy. B camom nene,

o+ o=2gq, }
aa=a*4 b*=|a 2

IMocnennee paBeHCTBO MOKa3HLBAET, YTO YHCAO OO HAXKe MOJT0WH-

TeabHo NpH a=%=0, B § 24 6yaer noayyeHa Teopema, noka3sBalouias,

4YTO AOKa3aHHOe ceflyac CBOMCTBO COMPSIKEHHKIX

YHCeN SIBASIETCA IS HHX XapaKTepHhIM,
PasenctBo

(@—bi)+-(c—di)y=(a+c)—(b4-d)i

MOKA3LIBACT, YTO %IUCA0, CONPANCEHHOE C CYMMOli
p 08Yx uucen, pasno cymie 4uces, Conpaxcen-
HWX €O crazaemeimu’

a+p=a+f. (16)
AHaJlOl"H‘lHO, U3 paBeHCTBA
(a—bi) (c—di)=(ac —bd) — (ad 4 bc) i

BHTEKAET, UTO XUCAO0, CONPANCEHHOE C npoussedexuers, PAGHO npo-
1L38e0eHUI0 HlCen, CONDPANCEHHBLX C COMHONCUMENIMIU:

(19)

ap=a . (17
Henocpencrneuuaﬂ NPOBEPKA NMOKAa3hiBACT TAKXE CNIPpapeA/INBOCTb qZ)ODM)’JD-
a—p=0—p, (18)m

o

-3

,I[ommceM cneayionee ywepmneune' ecal HUCAO O HeKOomopsiimm
obpason svipadceno 4epe3 Komniexcuse uucaa By, By, ..., P, npum
NOMOUL CAOINCEHUS, YMHONCEHUS, BLLUUMAHUSA 1L OeseHUsT, MO, 3AMEH s
8 3MOM BHPAICEHUL 6Ce HUCAQ [, UX CONDANHCCHHLILMU, Mbl TOLYHLIam
4UCAO, CONPRAICEHHOE ¢ C; B YACTHOCTH, €C/IH YHCAO O AeHCTBHTENLHOE
TO OHO HE MEHSeTCs NPH 3aMeHe BCeX KOMIVIGKCHHIX wucen B, ux co
TpsKEHHH MU,

bynem KokasuBaTb 3TO yTBepwAeHHe HHAYKUHER Mo 7, Tak Kamf
npt n7=2 OHO BHTeKaeT u3 dopmyan (16)—(19).

[Tycts uucao o Bupawxexo yepes uucina Py, Pas +vy Ppy HE 065132
TEIbHO pasauyibie, B 9TOM Buipawenuu yxasau onpeseneHHbli Mopagox
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B KOTOPOM MPHUMEHAIOTCS ONEpauuy CAOKEHHH, YMHOXKEHHUS, BHIYHTAHNA
n neneuud, [locneanum warom Oyzetr npumeHeHHe OHOH M3 3THX
onepauuii K 4ucay vy, BHpameHHoMy vepe3 uuciaa B, By, ..., Pp raE
1<<hk<<n—1, 1 K YHCAY Y,, BHPAXKEHHOMY Yepe3 HCaa Byiqy «v vy Py
[To WHAYKTHBHOMY NPeANONOKEHHIO 3aMeHa ducen Py, By ..., By
Ha conpskeHHue BaedeT 3a coGoit 3aMeHny uHcna y, Ha vy, a B3ame-
Ha uncea By, Pryer ..., B, HA cOnpsxennne 3aMeHseT Yy, HA Yj.
Oaunako no oxnoét u3 dopmya (16) —(19) nepexox ot y; H Y, XK ¥,
1 y, MpeBpaulaeT YHCAO & B C.

§ 19. Haprneuenue KOPHSA W3 KOMIJIEKCHBIX 4Yucen

[Tepexoaum K BOMPOCY O BO3BEHEHHUH KOMIIEKCHBIX YHCEN B CTENEHD
H u3BJeYEHWH M3 HUX KOpHA. [na Bo3peleHusd uucia a=a -+ bl
B LEAYI0 NOJOXHUTEAbHYIO CTEMNEHb 72 LOCTATOYHO MPUMEHUTh K BhIPaXe-
uuto (@ -+ bi)* dopmyay G6unoma Huiotona (3ta dopmyna cnpasennusa
H AN KOMIUIGKCHBLIX YMCEN, TaK KaK ee 10Ka3aTeNbCTBO OCHOBAHO AUUIb
Ha 3aKoHe nucrpuéymsﬂocm), a 3aTeM BOCHOAB30BATHCA PABEHCTBAMH
Pe==e 1, #=—1i, i*==1, orkyna Boofuie
i4k=l, i4k+l=i’ i4k+2=—1, i‘k""————i.
Ecnn 4yHC/I0 o 3a1aHO B TPUTOHOMeTPHYECKOM dopMe, TO NpH UeA0M
fI0JOKHTENbHOM 72 W3 (opmMyan (4) mnpeausecTBYOmEro naparpacda
BulTeKaeT cneayloman dQopmyna, nassisaemas ¢popsysoli Myaspa:

(r (cos @ + i sin @)}* =r" (cos ng + i sin ny), N

T. €. NpU 6038edeHUl KOMNALKCHOZO HUCAQ 8 Cmelenb Mo0YAb 60360-
oumcs 8 3my cmernenb, a Qp2YMeHm YMHONCAEMCS HA N0KaA3amenrs
cmenentt, Popmyana (1) BepHa ¥ 419 LeaLX OTPULLATEAbHHX TOKa3aTene#,
Jelicrureasto, BBHLY o~ "=("1)" npoctaToyHo npuMeHnTb dopmyny
Myaspa Kk 4ucay a~l, tpuroHoMerpnyeckyio ¢GOpMy KOTOPOro Aaetr
¢opvyaa (10) npeawmecTByoulero naparpada,

Mpumepn.

D) 37=i, B=—1;

2) (2+5/)3=2343.22.5{ 4-3-2-5%{2 {-53;3 —

=8 460 — 150 — 125 = — 142 —65i;

) [Vf (cos——+tsm : )]4=(V2_)4 (cos it 41 sin ;1) = —

4) [3 (cos%—l—isin %—)] -3=

=33 [COS(—% )+isin (—-%n)] =-21—7 (cos%n+lsin%n) .
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Hactunit cayvyait opmynan MyaBpa, a HMEHHO PaBeHcTBO
{cos @+ i sin )" == cos ne + i sin nQ,

NO3BOASIET AErKO NOoAy4YHTh POPMYNH AAs CHHYCa B KOCHHYCA KPATHOTO
yraa. [eficTBUTeNbHO, PacKpwBasg /EBYI0 4alTh STOr0 PABEHCTBA NO
¢dopmyse GHHOMA N NPUPABHUBAA OTACALHO JAEHCTBHTENbHLIE M MHUMbIE
yactn ofeux uacTell paBeHCTBa, MH MOJAYYHUM:

¢os rch=cos”(p—('22 ) cos”~%p.sinq -+ (: ) cos"~4q@.sintp—,..,
sinng = (7 ) cos""1g-singp— (g ) cos”3g.sind -
4 (g ) cos™"B.sinfp— . .;

n
31€Ch (k) eCTb 06biyHOe oGo3HayeHne 6HHOMHAABHOrO K03(duLnenTa:

(n ) _nn—=1)(n—2)...(n—k+1)
k] 1.2.3.. .k )

Mpr 7=2 Mp NpPHXOAUM K H3BeCTHHM dopMynaM
cos 2¢ = cos® @ — sin? @,
sin 2¢=2 cos ¢ sin @,
a npu n=3—x Qopmynam
cos 3p==cos® @ — 3 cos @ sin? g,
sin 3¢ = 3 cos? ¢ sin @ — sind .

U3Bneuenne KOPH M3 KOMIIEKCHHX YHCEN MPEACTABASET ye MHOTO
Goabme tpyasocrtefl, Haunem ¢ wu3BAeyeuus KBalpaTHOrO KOpHA H3
ynena oo=a-+ bi. Mb we 3HaeM mnoKa, cyuwlecTByeT /M TaKoe KOM-
naeKCHOE 4YHC/O, KBaJApaT kOTOporo pased o. [Ipeanonowum, uto Takoe

YHenO U Ui CymecTBYeT, T. e., ynorTpeGass OOHYHYID CHMBOMNHKY,
MOXHO HamuCcaTh

Va + bi=u- vi,
M3 pasencrra

(u -+ viy =a+ bi
creayer
woot=g, } @)
2uv=».
Bossoas B kBazpaT o6e uacTH KauAOrO U3 paBeHCTB (2), a 3aTeM CKaa-
AbiBas X, Nojyyaem:

(U2 — )2 + 4102 = (1 L v?)2= a2 - b2,
0TKyAa
w4 vt=+ } ¥ 0%
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TIONOXHTENbHBI 3HAK B3AT NOTOMY, 4YTO YHCAA # M © AeficTBHTEAbHBIE,
H MO3TOMY JeBas 4yaCTb PaBeHCTRBA MOJA0wMTeaAbHAd, M3 3Toro pasencrsa
H 13 nepeoro u3 pasedcTs (2) nosyuaem:

=4 (a+ Va5,
=5 (— e+ V@ H).

Mui npuxoAuM, H3B/NEKAn KBAXPATHBE KODHH, K ABYM 3HAYEHUAM IJA 4,
OT/HYAIOUMMCH APYT OT APYra 3HAaKOM, a TaKXe K [AByM 3HAYEHUAM
a1 v, Bee atn 3nayvenus OyAyT AeHCTBHTENbHLIMH, TaK K4K KBaApat-
He Kopiu OyAyT M3BAEKATHCH NPH MOOWX @ W O H3 NOJOKHTENABHHX
yicen, Ilonydennnle 3nadenus AAN 4 H U HeAb3s KOMOUHHPOBATbL MEXKAY
co0oit npon3BonbHLM 00Pa30M, TaK KakK, BBHAY BTOPOTrO U3 pasencts (2),
3HAK NPOM3BEAEHHS UV AOMKEH COBNARATb CO 3HAKOM b. 3TO AaeT ABe
BO3MOM(HLIE KOMOHHAWHMH 3HAYEHHH u W v, T.e. ABa YuC/a suaa ¥ -+ vi,
KOTOPbIE MOI'YT CAYXHUTb 3HA4CHHSIMH KB3JPaTHOTO KOPHR H3 YHCAA o)
3TH YMCIa OTIAMYAIOTCH APYr OT APYra 3HAKOM. DieMeHTapHad, XOTs d
rpoMo3fKas, npoBepka (Bo3BelecHHEM [ONYyUYEHHHX 4YHCea B KBalpar,
oTAenbHO Aaa caydas b>0 u aan cayuan b<C0) nokasmsaer, 4TO
HalileHHbie HAMH 4YHCAQ AEHCTBHTE/NBHO SABAAIOTCH 3HAYEHHAMH KBAJApaT-
HOro kopHst H3 uucna o. Takum o00pa3oM, WU38seteHue KE6AOPAMHOZO
KOPHSA U3 KOMNAEKCHOZ0 HUCAQ B8Ce20a B03MOMNCHO U daem 06a 3HaHe~
HUSL, omauxaomuecs opyz om opyza 3HAKOM,

B uacTHoCTH, Tenmepb AenaeTcsl BO3MOXHBIM H3BJEUEHHE KBAAPATHOIO
KOPHSL H H3 OTPHUATENbLHOrO AeHCTBHTEAbHOrO YHC/AA, MPHYEM 3HAYEHUH
9TOr0 KOpHA OYAYT YHCTO MHHMHMH. B camom nene, ecin a<<0 o

b=0, 10 V @+ b*==—a, TaK KaK 3TOT KOPEHb AOJKEH ObiTb MONO-
1

WHTEAbHLIM, a Torja u“=?(a—a)=0, T. e. u=0, oTKyaa

Va=+ vi.

Npumep. Iyere «=21—20i. Toraa Va®+b%= V 341+ 400=29.
TMostomy u2=%(21+29)=25, v2=%(—21+29)=4. oTKyaa u=4=35,

v=1+ 2. 3HaKH u ¥ U ROMKHLI OLITb Pa3JHYHLIMH BBHAY OTPHUATENLHOCTH b,

NnO3TOMY
V21 —20i =+ (5—2i).

[MoneiTkH n3BAEYEHHS M3 KOMIUIGKCHHIX 4HCEl, 3aZaHHBIX B BHAe
a--bi, xopuelf Oonee BHCOKOW CTEMeHH, 4YeM BTOPAH, BCTPEUAITCA
€ HEeNpeofOHMHMHU 3aTpyAHeHHMH, Tak, ec Onl MBl 3aX0Te/IH TAKHM Ke
METOAOM, Kak Bhille, M3BJEYb U3 uucaa &+ bi KyOuuHH#  KOpeHb,
TO LO/DKHE Oniiil Ol PellinTh HEKOTOPOe BCHOMOTaTenbHoe KyGHuHOe
ypasHenHe, uero Mo MOKa He ymeeM H 4YTO B CBOIO oyepenb Tpebyer,
KaK Mul y3uaeMm B § 38, usB/euennst KyGHUHOrO KOPHA U3 KOMNAEKCHOTO
uncaa, C npyroit CTOPOHL, TPHIOHOMETPHYECKAs OPMa BECbMa XOPOLIO
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npucnoco6nena And usBjiedenus Kophe# ni060H cTemeHH M, NOJAbL3YACH
€10, M ceflyac NOJHOCTBIO HCYEPNaeM STOT BONPOC.

[lycTh HYXHO M3BNEYb KOPEHb 72-i CTeNeHH U3 yHcna o.=r(cosp--ising).
Fpeanonoxum, Y4TO STO clesaTh MOXHO I UTO B Pe3y/bTaTe NOAYy4aeTcs
unc10 p(cosO4isinB), 7. e.

{0 (cos 04-i sin 0)]" =r (cos ¢ - i sin @). (3)

Torna, no ¢opmyne Myaspa, p"=r, T. e, p= {Vr, rae B npapoh
YacTil CTOHT OAHO3HAYHO ONPEAe/ICHHOE NOJAOKUTENbHOE 3HAYEHHE KOPHS
n-# CTeneHH M3 MOJAOXHTENbHOro AelicTsurtenbroro wucaa r. C apyroi
CTOPOHH, apryMeHT JeBo# uacTu pasexctsa (3) ectb 710. Heabgs yreep-
®AaTh, OAHAKO, YTO 70 paBHO @, TaKk KaK 9TH YIJbl MOTYT B AeHCTBH-
TeNbHOCTH OTAMYATbCH HA CATAEMOE, SIBJSIOHLEECT HEKOTOPHM llennM
KkpathM uucaa 2x, Tloaromy n0=¢- 2km, rae k—uenoe uucho,
oTKyIa

0= @ -} 2kn )
n

O6paTHo, ecan M GepeMm yucao {'/r_(cosq)+?k i smq)+2kn) ,

TO NpH N1060M LeNOM k NONOXKHUTEALHOM HJAHW OTPHIUA-
TelbHOM, -1 CTelneHb 3TOr0 YHCAa paBHa a. Takum obpa3owm,

— — k . . 2k
Vricosg+ising) =1/r (coslﬂ%[-l-zsmﬁﬁ——n). 4)
Japas &k pazauunne 3HauyeHust, MW He Bcerpa GyneMm noJyyaTthb pas-
JiyHble 3HAaueHHst UCKoMoro Kophsi. JeificTBurenbno, npu
k=0, 1,2, ..., n—1 ()

Mbl MONYYHM 71 3Hauennfl KOPHHA, KOTOPHe BCe OGyAYyT Ppa3iHyHBIMH,
TaK KaK yBenuyeHHe & HA eJHHHLY BreueT 32 cOGOH yBeiauueHnne apry-

2
MEHTa Ha _nE nyCTb Tenepr k& npoussoavho., Ecam k=ng--r,
O<r=n-—1,

q>+n2kn= q>+2(r;q+r)n (P+2m+2qn:

T. €., 3HAYCHHC aprymeHTa npH Hauem k oTaHvaercda oT 3HAUYEHHA apry-
MEHTa I1IpH k=r Ha YHCN0, KpaTtHoe 231; Mbl NONYy4YaeM, CNeAdoBaATENbHO,
TaKOe e 3HayeHHe KOPHS, KaK NPH 3uayeuuu R, pasHoM r, T. e,
BXoaduieM B cucremy (5).

Takum o6pasoM, u3saseneHue KopHA n-l cmenenil U3 KOMNACKC-
HO20 4UCAQ o B8Ceeda B03MONCHO L Oaem N pasiuiHulxy 3Haxenul,
Bce snauenusn rwopus n-i cmenenu pacnorodceHts Ha OKPYIHCHOCMIL
paiuyca 3/ jo] ¢ yenmpom 6 nyae u Oeanm 3my OKPYIHCHOCMD HA It
Pasnbulx 4acmell,
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B vactnocTit, kopeHub n-fi crenmeHn u3 AeHCTBUTENBHOTO YHCIA @
TaKXe HMEET /I Pa3/AnYHBIX 3HauyeHull; NeHCTBUTENbHHX CPeAH ITHX

3HAYeHH 6)’1181‘ aga, OAHO HJAH HH OLHOrO B 3aBHCHUMOCTH OT 3HAKa @
H YETHOCTH 7.

[Ipumeps.
3 3
3 3 3 3 = -4—n+2k:rn Tn—}-?kn
D p= ]/2(cos-zn+isin Tn)=‘/2 cos 3 i sin 3 H
E=0: ﬁo=%/2—(cosi+isinl);

k=1: (cos n—l—tsm“n H
12
19

2 p=Vi= ]/-cos%—[-isin——
a V?Z

Fi 1
2
1 i = 5 .. 5
‘ﬁo'—_—'COST'l‘iSlllT: 3 +i—2‘—; ﬁ1=COSzﬂ+tsm.‘_1.n=_ﬁm
3) ﬁ=f/—__8= f/m)=2(c05ﬂ+2kn+ sin n+32kn)-

Po=2 (cos———-{-zs1n—)__1+, V3
Bi=2(cos w4 ¢ sin ) =—2;

ﬁz_Z(cos-——+tsm -Ei‘) =1-—1i V3.

Kopuu u3 enunnunt, Ocobenuo Bawed cayvtall H3BACUEHHH KODHS
n-f crenenn u3 yucaa l. DTOT KOpeHb HUMeeT 71 3HAYEHHH, npuueM,
BeiAy paseuctBa 1=cos04isin0 u dopmyam (4), Bce 3TH 3HAYEHHT
WM, KaK Mbi OylLeM rOBODHTb, BCE KOPHU n-li Cmenenu u3 eduniys,
paotca Gopmynoi

;/1- cos—2—k—n+t inglf-c k=0,1, ..., n—1, (6)

HeficTBuTensHuie 3HavYeHHs] KOPHA 7-f CTeNEHH U3 eLHHMLL TONYYAIOTCS
13 opMyaun (6) npu anaueHudax £=0 u

k=0, ecan n weyerHo. Ha xomMuaexcHOH MIOCKOCTH KOPHA 72-# CTemeHn
H3 eJHHHIIL PACloNOMKeHH HA OKPYMHOCTH €LHHUIHOTO KPyra M Aeast
€e HA 71 PaBHHIX IHyr; ORHOH H3 TOYeK JAeJeHHsl CAYKUT uucao 1,
Orciona ciesyer, Y4TO Te U3 KOPHEH 71-H CTENeHH U3 eLHHHUH, KOTOPHIE
He SIBAMIOTCH AeHCTBUTEBHBIMH, PAcIONOKEeHH CHMMETPHYHO OTHOCH-
TeAbHO AEHCTBUTEALHON OCH, T, €, MONAPHO COMPHMEHN,

n
bR eCAn n uYetrHo, H 1pu
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KpanpaTuwil KOpeHb H3 eNHHMIM uMeeT ABa 3Hayenus: 1 um — 1,

KOpeHb 4eTBePTOH CTeneHH H3 eAMHHLKW — yeTwpe 3Hayenuda: 1, —1,
i w—i Jas nanpiefluiero mose3HO 3aNOMUHTL 3HAYeHHs KYOUYHO20
2kn 2kn

Kopra u3 edunuys. dvo 6yayTt, BBuay (6), uucaa cos—+tsmT

rae k=0, 1, 2, T. e.,, KpOMEe CaMOH eXHHHIE, TAKWKE CONPKEHHHE
MexAy coboio yucna

_cos —}—tsm—_ %—l— VB,]
{7)
_cos———i—zsn%n —-% Vd I

Bce 3nauenus wopus n-li cmeneHl U3 KOMNAEKCHO20 4uUCAR O
MONCHO NOAYHUMS YMHONCEHUEN O00H020 U3 3mMUX 3HaYeHl Ha 6Ce
Kophu n-ii cmenenn u3 edununb. HeilctButeabho, nycth f Gyaer
OJHO M3 3HaueHuH KOPHA 7-H cTemenu u3 uueaa o, T. e, P =,
a8 €—NpOM3BO/NLHOE 3HAYEHWE KOPHA 71-i CTenmeuy M3 eLHHUUB, T. €,
e"=1. Torza (fe)"=P"e" =@, 1. e. P Takxe OyxeT OAHUM H3 BHAYE-
HHA anas {Voc. YMpowas § Wa xawAWH# M3 kopHel n-#t cremenu u3
CAKHHILL, Mbl fIOYYACM 7 PA3JUYHBIX 3HAUCHUH KOPH# 7-H CTelieHH U3
Yyueaa o, T. e. BCe SHAUEHHSI 3TOTO KOpPH4.

Mpumepwn. 1) Opso us suaveunii xyGuunoro kopus u3 —8 ects —2.
JlBa apyrux GyxyT, seuny (7), unena — 2, =1—i V'3 u —2g=1+4i
(cM. Boiie mpumep 3)).

2) VS] uMeeT uyeTelpe 3Havenns; 3, — 3, 3, — 3i.

TIpoussedenue 08yx wopHell n-fi cmenenu u3 eGUHLHN CaMO ecmb
Kopens n-li cmenenu 13 eduruysl. Jelictentenbho, ecnu g”=1 u 1" =
10 (en)" = €™’ =1. [lanee, wucro, obpamnoe xopuio n-i cmeneuu u3
eOuHunb, Camo ecmbv mawxol e xopens. B camonm mene, nyctb " =1,
Torna us e.e"1=1 creayer &*.(¢71)"=1, T.e. (¢71)"=1. BooBuie,
6CAKAST crilerient KODHS N-Ul Cmenenu U3 eOUHUIb €CMb MaKIice KOPeHs
n-4 cmenedi U3 eCUHUNH.

Besknit kopenb k-#1 creneHn n3 eanunuu O6yaer Takwe kophHeM [-i
cTeneHH ¥3 eLHHHLW AAs BCRKoro /, xparvoro k. Otciona chenyer, 410
ecad Mm OyLeM paccMaTpHBaTb BCIO COBOKYNHCETb KOPHeH 71-H cTeneHn
M3 eAMHHLL, TO HEKOTOPHE H3 3THX KOpHeH ywe OyAYyT KOpHIMU n'-it
CTeleHn H3 eAHHULL 119 HEKOTOPHIX 22, IB/SIOLMXCA AE/UTEAAMH YHCAA /1,
Ias BcsIKOro 72 CyulecTBYIOT, OJHAKO, TaKHe KOPHU /- CTeneHH U3 eAH-
HHLL, KOTOPHIE HEe SBASIOTCS KOPHIMH M3 €LHHULW HHKAaKOH MeHbuleH
crenenu, TaxHe KODHHM HA3LIBAIOTCS 71€p8000PAHUMI KOPHAME N-§ CTe-
newn H3 eamnuibl. Mx cywecrsoBaHie BuTekaet u3 dopMyans (6): ecan
3HaYeHHe KOPHS, COOTBETCTBYIOLIEE NAHHOMY 3HAYEHHIO R, ML 0603HaYnM
yepe3 g, (Tak 4T0 & =1), TO Ha ocHoBanun ¢Qopmyan Myaspa (1)

R
81 = Sk'
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Hukakas ctenenb uncaa g;, MeHblliad, deMm 7-1, He OyeT, C1€A0BaTEIbNO,
2n , . 21
paBHa 1, T. e, 81=cos—n—+tsmT AB/ISeTCA NepBOOOPA3HLIM KOPHEM,

Kopens n-ti cmenenu u3 edunuyvt & mozda 1 moasko mozda 6ydem
nepgoobpasnbis, ecau ezo cmenewu &F, k=0, 1, ..., n—1, pas-
AUMHBL, M. e, EeCAL UM UCHEPNLIBAIOMCSA 8Ce KOpPHU n-fi cmenexu
u3 edurune,

HeficTenTebHO, ecayu BCe YKa3aHuule CTeNEHH YUCIA & Pa3NUYHH, TO
e Gyner, OuesHAHO, NepBOOOPA3HHM KOPHeM n-# crtenedn., Ecan xe,
nanpumep, ef =g’ mpn 0<<k<<lI<<n—1, 10 e*~%=1, 1. e., BBUAY
HepaBencTB | <</—R=<Cn—1, kopeub & He OyaeT nepsoOGPa3HLIM.

Yucao e,, Halnennoe Briwe, B obuieM C/lyyae —He eIUHCTBEHHUM
nepsoobpa3kiuit Kopens 71-# crenenu, Jas pashicKaHud BCeX 3THX KOpHeil
CAYWHUT Clelyllas TeopeMa.

Ecau & ecmv nepgoolpasnbii Kopens n-ii cmeneni u3 eouHuu,
mo uucao &¥ mozda u moasko mozda 6ydem nepsoobpasnuim KopHe.s
n-i cmenenu, ecan R 83QuUMHO npocmo ¢ 1,

B camom pene, nycts d 6yneT HauboAbIAM OGIHM JeAUTENEM Yice
Evun Ecmmd>1uk=dk', n=dn, 1o

I n? ’ ’ ’
(e¥)n — gkn =8k n=(8"\,k =._1’

T. e. KOpeHb &* oxasancst KOpHeM n'-fi CTeNMeHH U3 eNHHHIM.

[Tycts, ¢ mpyro#t croporn, d==1 u nycTh, BMecTe ¢ TeM, yrcao e*
OKa3blBaeTCd KOPHeM m-§ cTenenn u3 eauntuun, 1=<<m<n. Takum
o6pa3oM

(ek)m — ekm =1.

Tak xak uuci0 e—mnepBoo6Gpa3uuil KOpeHb n-# cTeneHu M3 edu-
HHULK, T. €, JHIIb €ro CTeMeHH C NMOKa3aTedAfiMH, KPATHHIMU 71, MOTYT
GhTb paBHHMHM €AHHHIE, TO 4HCA0 Rm Oyner xpatHueiM 72, OTCIONA BH-
TexaeT, ONHAKO, TaK KakK 1<Cm<Tn, Y4TO 4HC/AA KB W 71 HE MOTYT OuTb
B3aHMHO NPOCTHMH B NPOTHBOPEYHE ¢ MPEANONOKEHUEM.

Taxum o6pa3oM, 4uca0 nepsoobpasHux KopHel n-# crenedi U3 enu-
HUL PaBHO- YHCAY LEJIBIX TMOJOXUTENbHHX YHCeA &, MEHbIIHX 1 H
B3aHMHO TPOCTHX € HUM, Brpawenne mas atoro uucna, o6wyro 0060-
3HAYaeMOTO 4Yepe3 @ (7), MOXHO HalTH B M060OM Kypce TEOPHH uHucen.

Ecnn p—npoctoe 4uCn0, TO nepBOOOPA3HHMH KOPHAMH p-# CTeneuu
N3 eAMHWUN GYAYT BCE STH KOPHM, KpoMe camoif exunuun, C apyroft
CTOPOHH, CPelH KODHEH YeTBePTON CTereHH U3 eHHULK NePBOOOPA3HBIMI
6yayr i m — i, Ho He 1 u —1, -
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§ 20, Onepauun HaJA MHOrOYJeHAMH

Coiepxanue nepBux ABYX raB KHHIH, @ HMEHHO — TEODHA ONpeLeNH-
Teael u TeopHd cucTeMm JAUHEHHWX ypaBHeHull, BO3HHKIO B KayecTse
HENOCPEACTBEHHOrO Pas3BHTHA TOrO HanpaBaeHHUs B LIKOAbHOM Kypce
aarebpnl, KOTOpPOE, HAYHHAHCL OT OAHOIO YPAaBHEHHN MEPBON CTeneHy
C OANHM HEH3BECTHHIM, BEJO K CHCTEMAaM ABYX H TPeX ypaBHeHHH nepsol
CTeneHH C JABYMS H, COOTBETCTBEHHO, TPeMs HeHaBeCcTHhMH, [Ipyroe na-
npapJleHne B 3neMeHTapHOH anarebpe, BOCHPHHHMaBlLIEeCs TaM Kak elue
6onee 3HAYHTEIBHOE, COCTOL/0 B Mepexoe OT YpaBHEHHA NePBOH CTeNeHH
C OQHHM HEH3BECTHLIM K [MPOU3BOJIBHOMY KBAaAPATHOMY ypaBHEHHIO CHOBA
C OIHHM HEH3BECTHLIM, 8 3aTeM H K HEKOTOPHM YaCTHLIM THIIAM ypaBHEHHH
TpeThell U yeTBepTOH cTemeHd. DTO HanpaBieHHe BHpacTaeT B BechbMa
6onbuIol B codepxaTelbHufl pasaen Buicuwiel anreGpu, NOCBALIEHHKIH
H3YUeHHIO NPOH3BOABHLIX ypaBHenu# M060# n-i cTeneHun ¢ OMHUM Heus-
secThuiM. K sToMy pasmeny anreGpn, HCTOPHYECKH CaMOMY paHHeMY,
OTHOCATCH KaK HACTOAWasl rnapa, TaK W HEKOTOphle H3 AajbHeHmux
rjJaB KHUTH.

O6uuft BUA ypaBHeHHs 7-i cTeneHu (rae 72— HeKOTOPOE Lies10e noNo-
¥WHTENbHOEe YHCI0) ecTh

ax"+ax""'4 ... +a, x+a,=0. (n

Kosgouunentu ag, @y, ..., @,_y, @, ITOrO ypaBHEeHHS Mbl GyaeM CuH-
TaTh MPOH3BOJbHLIMH KOMIUIEKCHBIMH YHCAAMH, MPUYCM cmapiul Koad-
duyttenm ay nomied OuTh OTIHYHRM OT HYJS,

Ecnu wanucano ypasuenue (1), To Bceraa npeamonaraercsl, 4To Tpe-
6yeTrcst ero pewH Th, MuuMu caroBamu, TpeGyeTcs HAHTH TaKHE YHCIO-
Bble 3HAYeHHsH A HEH3BECTHOrO X, KOTOPHE YAOB/AETRBOP A IO T 3TOMY
YPAaBHEHHIO, T, €. Mocje MOACTAHOBKH BMECTO HEH3BECTHOrO H BLIMOJ/HE-
HUSE BCeX YKasaHHwWX onepaunfi o6paujalor JeBylo 4acth ypasHedus (1)
B HYAb,

[enecoobpasso, oaHaKo, 3aMeHHTb 3afayy peutenus ypasHeuus (1)
6o/see oOwied samayeli ulydenus nEBOH 4YacTH ITOro ypaBHEHHH

a,x"—f-alx"',"—{— e T Xt ay, @
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Ha3blBACMOH JHOZ0%AeHOM (NAW NOAUHOMOM) N-Ii CmeneHl om Heus-
8ecmH020 x. Mul BhiGHpaeM NepBhIft H3 3THX TEPMHHOB; CIEAYET TBEPLO
NNOMHHTD, YTO TENEPb MHOTOUNEHOM HA3HBAECTCS JIMUIb BRIDAXKEHHE BHAA (2),
T. €. JHUWb CyMMa IelLX HEeOTPHLaTe/NbHbIX CTelneHel HeH3BEeCTHOrO X,
B3ATHIX C HEKOTOPHLIMH YHCIOBBLIMH KOS@)CI)HHHQHT&MH, a ne niobas CyMMa
OLHO4NEHOB, KaK 3T0 6wio B 3/4eMeHTapHOHU aare6pe. B yacTHOCTH, Mbl
He 6)’116!\! CYHTATh MHOrOo4JieHaMH TaKHE BHIpAXEHHS, KOTOPKE COLepKaT
HEH3BECTHOE X C OTPHLATE/IbHHIMH HAH IIDO6HHMH noxkasaTtejasMH, HanpH-

Mep, 2xz——%-|—3, win ax~ 3 bx i cx"lfdex-+fx? uam xwe
1

x ? 4 1. Jlag cokpauieHHOH 3anucH MHOTOYeHOB GYAYT ynoTpebasiThest
cuMBoan f(x), g(x), ¢(x) u 1. L.

Ilsa mHOroutena f(x) u g(x) 6YAYT CUMTATbCA pagimMu (UnH mo-
. ocdecmeenno pasusimu), f(x)=g(x), B TOM c/yyae, ecniH paBHB HX
KO3(PHIHEHTH NPH OAHHAKOBHX CTEMeHSIX HeH3BecTHOro, B wacruocry,
HUKaKOH MHOrowaed, xotd O OXMH KO3(@HIUHEHT KOTOPOTrO OT/JAHYEH OT
HYJs, HE MOxeT OblTb PaBHHM HYJI0, H NMO3TOMY 3HaK PaBEHCTBA, YHO-
TpebasieMblii B 3anuch ypaBueHus 7z-#t crenenn (1), He HMEET HMKAKOTO
OTHOWIEHHSI K Onpeje/eHHOMY cefiyac paBeHCTBY MHOTOY/JEHOB. 3HAK =,
CBA3LIBAIOMIHI MHOrOY/MeHH, ClAeAyeT B JdaibHefilueM BCerja NOHHMATH
B CMbIC/IE TOXKAECTBEHHOTrO PAaBEHCTBA 3THX MHOTOY/IEHOB.

Takum oGpaszoMm, Ha MHOrOYsneH n-K ctenedd (2) cnepyer cMOTpeTb
KaK Ha HeKOoTopoe opMalbHOe BhpaxXerHne, BNOAHe onpexenseMoe Habo-
poM CBOHX KO(ODHUMEHTOB dg, @y, ..., G, TAE @o7= 0. TouHuH cMHCA
STHX CJOB 6yaeT BhisicHeH MHoro noawe, 8 ria. 10. 3aweruwm, yro, mo-
MHMO 3amuCH MHOroujieHa B Buae (2), T. e. nO yO6HBAIOULHM CTe-
NEeHSIM HEH3BECTHOTrO X, GYAYT HONYyCKAaThCs H APYTHUe ero 3anucy,
noayuawoiyecs U3 (2) nepecTaHOBKOM c/araeMblx, HanpuMep, 3anHch, 10
BO3PAaCTAOUHM CTeneHsM HEH3BECTHOTO,

KoHeuno, Ha MHorounes (2) MOxHO Obno Obi CMOTPETb M C TOYKH
3pEHHsI MATEMATHYECKOr0 aHaNU3a, T. €. CYHTATH €ro KoMMmIeKcHoH dyHK-
el KOMmIeKCHOro nepemexsoro x. Creayer yyecTs, OHaKO, 4TO A B e
GYyRKHHH CYHTAKTCH PaBHBMH B TOM Cliyyae, ecau
paBHH HX 3HAYEeHUHA NPHU BCeX 3HAYECHHUAX MEPEMEHHOTOX,
SIcHo, 4TO JABa MHOFOYJEHA, paBHbHE B YyKasaHHoM Bnile ¢opmanbHo-
anre6panyeckoM cMmuicie, 6yayT pasHw # KaK Qyuxuuu or x. O6patHoe
6ynetr aokasaHo, oanako, numb B § 24. Ilocsie sroro anreGpanueckas
H TeOPeTHKO-DYHKLHOHANbHAS TOYKH 3pEHHS HA MOHATHE MHOrOY/NEHA
C YHCJAOBHIMH KO3((HUHEHTAMH HA CaMOM Jefe CTAHYT PaBHOCHIbHBIMH,
NMOKa *e Mb JOMKHB KaMALH pa3 yKa3nBaTb, KaKOH HMEHHO CMBLIC]
NpujpagTcd NOHATHIO MHOroysexa. B HacTofuieM H IBYX CAEAYIOLLHX
naparpagax Mu OyaeM CMOTpeTb Ha MHOrod/1eH Kak Ha ¢opManbHo-an-
reGpanueckoe BhIpaxenue.

CyuiecTBYIOT, MOHITHO, MHOrOYJEHH 71-# cTeneHn Aas A1060r0 HATY-
pansHOro uucna 2, PaccmarpuBas BCEBO3MOMNHBIE TaKHe MHOTOWIEHM,
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Mbl, TTOMMMO MHOPOY/ICHOB MEPBOH CTENEHH, KBaAPATHHX, KyGHUHBX H
T. K., BCTPETHMCH H C MHO204leHaAMU HYAe80L cmenewu, T. €.
COTHNHYHLIMH OT HY 1 1 KOMIVIEKCHBIMH YucAaMu, YHcno nyap rakue
OyJeT CHYHTATBCH MHOTOUJIEHOM; 9TO OYLET eIMHCTBEHHEIH MHOrodY/ern,
CTeneHb KOTOPOro HE Onpefenexa,

Cefivac Mp OnpefesuM I/ MHOTOY/IEHOB C KOMILUIEKCHHIMH KO3(du-
ILMERTAMH ONEPALHH CI0MEHH U yMHOXEHHA. ITH onepauuu 6yAyT Bae-
Aehn no ofpasuy ouepauuif Ham MHOTOYNEHAMH € AeHCTBHTENbHBIMH
KO3 @HUUEHTAMH, H3BECTHLIX YHTATENIO H3 KYPCa 9/1eMEHTAapHOHN aarebpH.

Ecan nanp Muorounednt f(x) u g(x) ¢ KOMMIEKCHEIMH KO3 PHLKEH-
TaMH, 3anicaHHule AA4 yA06CTBa 110 BO3PACTAIOUIHM CTEMEHIM X

fW=a+tax+ ... +a,_x""14a,x", a,+0,
g(x)=b0+b1x+ LI +bx—1xs—1+bsxsa bs#o)
W eclu, HaupuMep, 7=, TO HX CYMMOL HA3HBAETCT MHOrOYMEH
XY fgX)y=cotex+ ... +cp X" 14 X",

KO3(QQHLUHEHTH KOTOPOTO NOAYYAIOTCH CHOKEHHEM KO3(DDHLHEHTOB MHOTO-
y1eHoB f{x) u g(x), CTOFUWHX NPH OLHHAKOBHIX CTEMEHNX HEeH3BECT-
HOTO, T. €,

Ci=ai+bi’ i=0) 1; ey 17, (3)

npuieM npu 7> s kospdunnentn by, ,, beio, ..., b, caenyer cunratoh
paBubMH Hynio. CTenedHb CyMMul GyxeT pasHa n, ecid n Goabule s, HO
HPH n==§ OHA MOWET C/Ay4yallHO OKa3aTbCH MeHblle /1, 3 UMEHHO B CJYy-
vae b= —a,.

[Ipou3ssederuess MHOrouneHos f(x) u g(x) nHasnBaeTcsi MHOrouY/ieH

f(X)-g()C)—_—'—‘do + d1x+ ce. + dn+s—1x"+s.1 + dn+sx"+sv
l(OS(b@HllHeHTH KOTOPOro onpeneiasiorcsds CACLYIOL{HM 06paso.\|:

di= Y ab, i=0,1, ..., nt+s—1, n+s, 4)
k+i=i

T. €. Ko3hduuuent d; ecTb PesyabTaT NEPEMHOXKEHHN Takux Koadu-
LHCHTOB MHOrounexos f(x) n g(x), cyMMa HHIEKCOB KOTOPHX pasua i,
H CIOMEHHH BCeX TAaKWUX NPOH3BEAEHHH; B 4aCTHOCTH, do= aoby, d,=
=aob,+aby, ..., dy.s=0a,b,. VI3 NocaeaHero paBeucrsa BHTEKaeT
HEPABEHCTBO d,, 7 0 H NO3TOMY CmeneHv npoulsedenus 08yx MHO20-
4AeHO08 PABHQ CYMMe Cmenerell IMUX MHO204AeHO8.

Orcioaa caeayer, 4TO npou3gedertie MHOZ0YACHO8, OMAUYHHX OM
HYAA, HUKO020a He 6yOem PagHbiM HYA0.

Kakumu cotictBaMH 061a4210T BBeJLlEHHHE HAMH ONEPALHH 414 MHOTO-
4y1eHoB? KOMMYTaTHBHOCTD H aCCOWHATHBHOCTb CJA0OXC-
HH A HEMENJEHHO BHTEKAIOT M3 CMPaBefJINBOCTH 9THX CBOHCTS LA CA0-
WEHHA 4YHCeNn, TAK KaK CKNAALBAIOTCA KOI(PPUUHEHTH NpPH KaxaoH
CTENEHN HEU3BECTHOIO OTAEAbHO, BH U H TaH He OKA3uLBAETC BRNOAUH-
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MLIM: POAb H Y JI 1 UrpaeT 4UC/A0 HY/b, BKAIOUEHHOE HAMH B WHCAO MHOTO-
YJCHOB, @ NPOTNBONONONHLM A1 3aIHCAHHOrO BHUIE MHOrO-
uneHa f(x) 6yaetr muorodsnen

—f ) = — Gy — ... =G, X" —a "

KOMMYyTaTuBHOCTD yMHOXE NS BHTEKAET H3 KOMMYTAaTHB-
HOCTH YMHOWEHHS uycesa H TOoro akra, UTO B ONPEleieHHH NPOH3BENEHHUS
MHOTOY/IeHOB KO3(M{HUHEHTH OGOHX MHOWHTeNeH f(x) w g(x) ucnob-
3YI0TCl COBEPIUEHHO PAaBHOMPABHHIM 00pPa3oM. ACCOUMAaTHBHOCTD
YMHOMXEHHS JOKa3LBACTCS CJACAYIOUUM 06PA30OM: eC/iH, HOMHMO 3ali-

CAaHHLIX BbllI€ MHOrouwneHoB f(x) W g(x), naH ewe MHOrouneH
| . ¢
h(xy=co--c,x+ ... 4o x'"1+cx', ¢, #0,

10 KO3hdHUHenTOM upnu X, i=0, 1, veey n4+S-+1{ B npoHsBeleHUH
[f (%) g (X)) h(x) 6yneT caymursh yucao

2 (D ab)ea= 3 abin,
j+m=l \k+i=] k+l+m=t

a B npoussenenuu f(x)[g(x) % (x)]—paBHoe emy uncno

> ak( > b,c,,,): 3 g,
k+j=t l+m=]f k4 l+m=i

Haxoueu, cnpaBeanusocth 3aKOHAa AHCTPHOYTHBHOCTH
BHITEKAeT W3 paBencTBa

2 (@t b c,= D ac,+ Z byey,
k+i=t k+i=t kal=1

TAaK KaK JeBas 4aCTh STOrO PABEHCTBA ABASETCH KO3hduuHenToM npu ¢
B MHorounene [f(x)4 g(x)lh(x), a npasas 4acTh— ko3(PUUHEHTOM
npH TOH e CTEHEHH HEeH3BECTHOrO B MHOTouneHe f(x) i (x) -+ g (x) A (x).

3aMeTHM, YTO POJib € L M H H 1L bl NIPH YMHOWKEHHH MHOTO4JICHOB HrpaeT
yucno 1, paccMaTpusaemoe Kak Muorouned Hyneso#t crenend. C mpyro#t
CTOPOHM, MHO20%AeH f(X) mo2da u moavko moz2da obiadaem ob6pam-
HolM MHO20geHOM [~ (X),

FE =1, )

ecau f(x) ssanemca muozounsenom wyaesoii cmenenu. JeticTBuTeAbHO,
ecau f(x) ABAAETCH OTAMYHHM OT HY/S YHCIOM @, TO O6PATHHM MHOrO-
UNEHOM CAYXHT AN Hero uucao a~l, Ecan we f(x) umeer creneus
nz=1, T0 cTtenenp neBOoH uyacTH paBeHcTBA (5), ecAu OW MHOroujex
S~l{x) cywecrsoBsan, 6umna Oh HE MeHblie 72, B TO BPeMsl Kak cnpasa
CTOUT MHOTOYJEH HY/]EBOH CTenmeHu.

Otciona BuTeKaeT, YTO 04 YMHOJNCEHUS MHO20%AeH08 obpamHas
onepayus—oeseHue —He cyujecmsyem. B STOM OTHOWIEHHH cHCTEMA
BCEX MHOTOY/IEHOB ¢ KOMIVIEKCHHIMH KO3(HLUHEHTaMH HANOMHHAET CH-
CTEMY BCeX LEJLX YHCeJ. DTa aHAJIOTHA NPOSBAAETCH M B TOM, 4TO Ad
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MHOTOYJIEHOB, KaK H AN% LeAnX Yucen, CYuecTByeT aJropHuTM geae-
HHA C OCTATKOM. ITOT aAropHTM A4st CAy4dass MHOTO4YJE€HOB C neh-
CTBHUTEC/bHLIMH KOS(b(pHLlHEHTaMH H3BECTEH YUTATE/IIO eUie U3 3JeMEeHTap-
noit anrebpu. Tak xak, oaHAaKO, Mbl paccMaTpHBaeM Tenepr Cayuafi
MHOFOYJIEHOB € KOMINEKCHBMMH KO3PPHILHEHTaMH, c/ledyeT eule pas gaTh
BCe OTHOCAWIHECH Cloaa q:)OpMy.’alOBKH H MNPpUBECTH A0KazartebCTBa.

A a0bbix 08Yx mHozouaen08 [(X) U g(X) MOHCHO Halimu maxiue
MHozodsenb g (xX) u r{x), amo

) =gx) qx)+r(x), (6)

npuues cmenenv r(x) senvwe cmenenu g(x) uan e r(x)=0,
Mrnozouaens q(x) u r(x), yoosaemsopaiowie amoay ycaoguo, onpe-
Oeasiomces 00HO3HAYUHO,

llokaxem cnepsa BTOPYi0 MoJOBHHY Teopemu. [lyeTh cyuiectBytor

ele MHOTOUJIEHN E(x) H 7(x), TaK¥Xe YAOBNeTBOPHAIOUIHE pPABEHCTBY

) =g ) g0 +7(x), (7)
npuyeM ctenenb r(x) cHoBa mennwe ctenesu g(x)!). T[lpupasnusas
Apyr ApYry mnpasne yactu paseHcTB (6) u (7), noayuus:

g ) [g (x)—g ()] =r (x}—r (x).
Crenenb npaBo# 4aCcTH 3TOTO PABEHCTRA MEHbILE CTENEHH g (X), CTeneHb ke
neBolt wacTH Omna 6w npu q(x)—gq(x) = 0 Goabwe HIM paBHa cTe.

neun g(x). ITostoMy pomxuo GHTDb q(x)—E(x) =0, T. e. ¢(x)=g¢(x),

a toraa H r(x)=r(x), uto ¥ Tpe6oOBaNOCh AOKA3ATh,

[lepexonuM K 1OKa3arTenbCTBY MepBOH MOJOBHHW TeopeMmbl. IlycThb
MHOTOYNEHH f(X) M g(X) MMeloT COOTBETCTBEHHO cTeneHu n u s. Ecau
n<{s, TO MOXHO MONOXHTb ¢ (x)==0, r(x)=/f(x). Ecan we n=s,
TO BOCMOJb3yeMCH TEM e MeTOLOM, KaKHM B SAeMEHTAPHOH anareGpe
NPOH3BOAHNOCH Je/NeHHe MHOFOY/IEHOB C AeRCTBHTEAbHBIMH KO3DPHIHEH-
TaMH, Pacno/NOXeHHHX N0 YOLIBAIOWHM CTeneHdM HeussecTHoro. [lycts

fx)=ax"+a,x"" 14 ... +a,_x+a, a+0,
g(X)=box"+ by x°" 14 ... b x+b, b+
[Tonarasn

FR) =R &g (0 = f1 (0), (®)

Mbl MOJAYYHM MHOTOY/IEH, CTeleHb KOTOPOro Meubuie 72, OGO3HAYHM 9TY
cTenenb Yepes ny, a CTapiuni KOSGPHUHEHT MHOTOUeHA [, (¥) —uepe3a,,.
ITonoxum, nanee, eciu Bce ewe 7, =8,

a

S (x)-—To" xMm=Sg(x) =/f, (%), (81)

1) Hau xe r (x)=0. B panbueiiwem 37107 cayuali He GyAeT OroBapuBaThesl,
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0603Ha4YHM 4Yepe3 n1,-—CTeneHb, a yepes a,,~—crapuit kosdduuuent
MHOrouwieHa f, (x), NOJOWHM 3aTeM

[ (x)“‘ x"’-sg (x) = f3 (%), (83
nT. I

Tak kak crenenn muorouneHos f, (x), f, (¥), ... yGusaor, 2>, >
>n,> ..., TO Ml JlORJEM [10C/Ie KOHEYHOTO YHC/A IUArOB A0 TaKOro
MHOrousesa f, (x),

§ A (x)———x""-*'sg(x) T (%), (8k-1)

CTeneHb KOTOPOTO 77, MeHbIIe §, Moc/ie 4ero Haul Npouecc OCTaHABIH-
Baercs. Cknaampas tenepp pasencrsa (8), (8,), ..., (84-;), Mbl mOAYUHM:

Q - a - k -1, 0 -
f(x)—(gﬂx” ‘+—5‘—°x"1 M i s)g(x) Ju %),
0 (i Y
T. €. MHOroujeHun

q(x)=%xn-s+‘;_19xn,-s+ v _]_.a_klfjﬂxnk-,-s’
(i (i

r (x) = f (x)

JeHCTBHTEAbHO YAOBACTBOPAIOT paBeHcTBY (6), MpHueM cTeneHsb r (X) Ha
caMoM Jesle MeHbule CTeneHn g (x).

3aMeTum, 4TO MHOTOUJIEH ¢ (X) HA3bLIBACTCS %ACMHLIM OT AejIeHUs f (X}
Ha g(x), a r(x)—ocmamikorm OT STOro AENEHHM.

W3 paccMoTpeHns aaropuTMa HeseHHst ¢ OCTATKOM JErKo YCTaHaBaH-
BaeTCH, YTO ecniu f{x) u g (X) Asag0mes sHO204AeHAMY ¢ OelicmEumens-
HoLMU xoagﬁwulweuma/uu mo ko3punuenmvi 8cex MHO204AEHOB
filx), fax), ..., @ nosmomy u rkospdunuenmu sacmunozo g(x)
u ocmamxa r(x) 6yodym Oelicmsumensnbii,

§ 21. Jeaureau., HauGoabwuii oGuuil aenurtenn

[MycTs maHu HeHymeBne MHOrOY/AeHH f(x) ¥ @ (X) ¢ KOMMIEKCHWMH
kospduunentamn. Ecnu octatok ot aedennd f(x) Ha @(x) paBen nymo,
T. €., KaK ropopfit, f(Xx) desumcs (ann Hayeso deaumcs) na ¢ (x),
TO MHOrouied ¢ (x) HasmBaetcs Oesumeser MHOTOUNEHA f(x).

Muozounen @ (x) mo2da u moasko mozoa 6ydem derumeners #HO20-
yrena f(x), ecau cywecmgyem mHozousen P (x), ydosremsopsiouui

pasexncmey
fx) =9 (x) $ (x). (1)

B caMoym nene, ecau ¢ (x) apadercs neauteneM aas f(x), To B Ka-
yecTBe 1P (X) credyeT B3ATH yacTiHoe OT Aenenud f(x) Ha @ (x). O6parHo,
nycTh MHorouaen 1 (¥), yAOBACTBOPAIIHI paseHcTsy (1), cymecTsyer.
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M3 pnoxasanHoil B npeaulecTeyiouieM naparpade eAHHCTBEHHOCTH MHOTD-
4IeHOB ¢ (x) H r(X), YAOBNETBOPHIOUHX PABEHCTBY

FX)=¢ (x)q(x)+r(x)

1 YCAOBHIO, YTO cTenedb r(x) MeHbiue cremeHu ¢ (x), B HameM cayuae
cielyeT, 4TO 4acTHOE OT Aenenus f(x) Ha ¢ (x) pasuo P (x), a ocTaToK
paBeH HYMIO.

[TousiTHO, 4TO ecnn pasencTso - (1) umeer MecTo, TO P (¥) Takxe
Gyaer npeautenem Ans f(x). OueBnaHo, manee, 4TO CcTemeHb @ (x)
He Goapwe crenenn f(x).

3aMeTHM, YTO €CAH MHOrowaeH f(x) W ero menutenp ¢ (x) MMewT
06a palHOHANbHLE WAH NEHCTBUTENbHHE KOIDGPUUHEHTH, TO ¥ MHOrO-
uned P (x) Takxe OyAET UMETb PaALHOHANbHHE, WIH, COOTBETCTBEHHO,
neHcTBHTeNbHLE KOSDPHIHEHTH, TAK KaK OH PasLICKHBACTCS MPH ROMOLLH
airoput™a Adenesust. Koneuno, MHOrounen ¢ panvoHanbHeIMM HAM Jeii-
CTBUTE/NLHLIMU KO3(DPHUHEHTaMH MOXKET 06J1a4aTh H TAKUMH AEAHTENAMH,
He BCe KO3((pHUMEeHTH KOTOPHIX PAUUOHAMLHL MJH, COOTBETCTBEHHO,
AEHCTBHTEAbHN, JTO HOKA3LIBAET, HANPHUMEP, PaBEHCTBO

x4 1= (x—1i) (- 4).

YKameM HEKOTOpHE OCHOBHbE CBOHCTBA AGAHMOCTH MHOIOYJIEHOB,
—KOTOpHEe HAHAYT B JAagbHeHIIEM MHOTOYHC/EHHLIE [PHMEHEHHH,

I Ecau f(x) deaumca na g(x), a g(x) deaumcs na h(x), mo f(x)
6ydem Oeaumscs na h(x).

B camom JIEJIe no ycnosmo fx)=gx)p(x) u gx)=h(x)P(x),
a noaromy f(x)=h(x) [P (x) (x)].

H. Ecau f(,x) u g(x) deagmea Ha @(X), mo ux cymma u pas-
Hocmb maksce Oeasmcs HA @ (x).

leficTBuTenbHO, U3 paBeHCTB ) =9 x)P(x) u gx)=0¢ (%) 1)
BuTekaeT f(x) 3 g (%) = ¢ (x) [P (x) 4= x ().

ll. Ecau f(x) ae/mmc;z Ha @ {X), mo npoussedenue f(x) Ha aw6oil
Mnozotnen g(x) maxace 6ydem Jerumscs na ¢ (x).

JlehcTBHTeNLHO, eCH £(X) = Gi(x) P (X), TOS (%) g (%) = @ (x) [P (x) g (x)].

M3 Il n lIl BeiTexaer chreaylouniee CBOHCTBO:

V. Ecau wanconid u3 muozotnenos fi(x), fo(x), ..., fp(x) de-
Aumen Ha @ (X), mo Ha @ (x) 6ydem Oesumbcst U MHO20%AeH

Six) g )+ () g ()4 . S (x) g, (),

20e gy {x), £,(x), ..., g (X)—npousgossnsie mHozousreHb.

V. Beaxuli mnozonsen f(x) Oeaumcs Ha iw6oli MnHozodsen HYse-
goil cmeneru.

Heficteutensho, ecan f(x) =aox"4-0,x" "1+ ... +a,, a c—npo-
H3BOAbLHOE YHCNO, HE pPABHOC HYJMI0, T. €. MPOU3BOALHKWA MHOrou/aeH
1iyJIeBOH CTemeHH, TO

- j(x)-c( x-|— Lxt=14 ... —}—&').

c
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VI. Ecau f(x) Oeaumca wa @ (x), mo f(x) desumecn u na ¢ (x)
2de ¢— npou3sosbHoe HUCAO, OMAUYHOE OM HY a7, '
B camoym nene, us pasenctsa f(x) =@ (x) P (x) caeayer pasescrso
/(%) =[e@ ()] -[c7* p ().

VIl. Muozouaens cf (x), ¢5=0, 1 mossxo ony 6y0ym desumennmu
MHOZ0%ACHA [(X), uMeomUME MAKYIO e cmenens, wmo i £ (x).

Heictrutensuo, f(x)=c“1[_cf(x)], T. €. f(x) neanrcs wHa cf(x).
‘ Eenn, ¢ npyro#t cropoun, f(x) meaurcs wa ¢ (x), npuyYeM cremenu
J(x) @ (x) coBnanalor, TO CTECNEHb YACTHOTO OT JeAeHHY f(x) na @ (x)
nomkna OWTb paBuoH Hymo, T. e. f(x)=dp(x), d=%0, orxyaa
@ (¥)=d~'f (%),

Orciona BhiTeKaeT cJeayloilee CBOHCTBO:

VIll. Tozéa u moasxo mozda snozourens f(x), g(x) odnospesenno
Geanmcs Opye na dpyea, ecau g{xy=cf(x), c==0.

Hakonen, u3 VIl u | BuTexaeT croiicTBO

IX. Bearuii deaumends 00H020 U3 O8YX MHO20%AeHO8 f(x), cf(x),
20e ¢ 50, Gydem Oeaumenes 1 O0aR Opy2020 MHO20%AEHA.

HanGoapmnit o6miuii geanteas, [lycte danu 0pousBoibHLME MHOrQ-
yiaeHn f(x) u g(x). Muorounen ¢(x) 6yler HasuBaTLCH 06uwus deu-
menem A f(x) 0 g(x), €CH OH CAYXKHUT ACAHTENEM AJS KAWKAOCO H3
9THX MHOrounenos. CeoicTBOo V (cM. Buuie) [O0Ka3mBaeT, 4710 K yuCay
O6LIUX aenuTenelt MHOroYneHo8 f(x) u g(x) npuuamnexar BCe MHOFO-
ujeHnl HyaeBOft creneny. Ecau apyrux o6uiux aenuteneit 9TH ABa MHOrO-
y/IeHa He HMEIOT, TO OHM HA3MBAKTCHA B83AUMHO NPOCMUEMNY.

B ofwem xe cayyae mHorowres f{x) u g(x) moryr o61aziate
AEAUTENAMH, 3aBUCILUIHMH OT X, H Mhi XOTHM BBECTH NOHATHE O Hal-

wOoAbliie OOUIEM NENHTENE 3THX MHOTOUJIEHOB.

Buno 614 HeyLoGuLIM [PHHATL TaKoe OnpeAeseHse, N0 KOTOPOMY

meianGoabIUA 06U AeaHTenb MHOTOUYNCHOB f(X) B g(X) ecTb HX O6ulHil
aeautenb nanbonbmed crenenu. C OLHOH CTOPOHBI, Ml HE 3HAEM 1OKa,
«He OyAyT au f{x) u g(x) ob6nasarb MHOIMMH Ppa3JUYHLMH OOLWIHMH
LeMHTENAMH HauGo/bUIeH CcTeneHH, OT/IHYAIOWIMMHCA APYr OT Apyra
BHC TOJBKO HA MHOXHTENb HyneBOH CTEnenH, T. e. He COLEPKHT NH STO
onpeaenende ciauwxom Gonabiuoit Heonpeaenensoctn, C pnpyro#t cropoun,
<jMTATCAb YWE BCTPEYAICH B a/IeMeHTapHON aphudMeTuKke ¢ 3alayeii pasw-
~CKdHUS 11a1N60AbuIero obLIero AesHTels LeJLX YHCen | 3HaeT, YTO HaH-
S0JAbmHNE 06U aeauTend 6 neanx yucen 12 u 18 ve ToAbKO ABAfETCH
mmiau60onLUIMM CPeAn OOuIX HEAHTENEH STHX YHCeN, HO Aaxe AeNUTCH
i3 11000# ApYyro#t ux obuinit nennTe/b; AeHCTBUTENLHO, APYTHMHE OOLUIHMHU
sweaTensaMyu yucen 12 4 18 6yayr uucna 1, 2, 3, —1, —2, —3, —6.
Mu npuMeM 1O3TOMY [UISt CAY4Yast MHOrOY/IEHOB TaKoe onpejeleHHe:
Hauborvuwusn obuur desumeneMr OTARYUHBIX OT HYNR MHOrOYJEHOB
~(x) H g(x) nasmBaercs Taxko# Muorounen d(x), KOTOPHH siBaSETCS
wey X OOLIMM LEJHTENEM U, BMECTE C TE€M, CAM AEJHTCH HA 060l Apyro#
YO ni aennteab 9THX MHOro4yneHos. O6o3nayaercs Hanboabmini 06uMit
Le/HTeNb MHOFOWICHOB f(X) N g{Xx) cumpoaom (f{x), g(x).
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ITO onpeleeHNe OCTABAACT OTKPHTHM BONPOC, CYUIECTBYET /0 Hall-
Gonblui O6WHHA AeauTeNb L5 JIOOHX MHOTOYIEHOB f(X) u g (x). Ceiivac
Ha 9TOT BONpoc OYAeT AaH MOAOKHTEbHLIH 0TBeT. OLHOBPEMEHHO GyleT
JiaH MeTOA A/ NMPAKTHUECKOTO PasbiCKaHU HAuGOAbUIero O61iero genu-
TeJAst JaHHBIX MAOrowlieHoB. [ToHATHO, YTO MK He MOMEM MepeHecTH cioaa
TOT CNoco0, KAKHM OOBIYHO Pa3bICKUBAETCH HAaUGOAbIUNM OBUIHIT JenuTenb
LEABX YHCEN, TaK KaK INoKa He HMeeM LA MHOTOY/JIEHOB HHYEero aHa-
JIOTHYHOTO PA3JIOKEHUIO 1eJ0TO YHC/IA B NPOU3BEJEHUE NPOCTHIX MHOWKH-
Tene#t. s Leabx uucesa cyuiecTByeT, OXLHAKO, M APYToft CMocol, Haskl-
BAEMbIl @A20PUMMOM NOCAE008AMENBHO20 OCAeHUS WIH QAZOPUMMOM
Eswauda; 3T0T.CN0OCO6 BHOJMHE MPHMEHHM M K MHOTOUY/IEHAM.

Anroputm EBKAnA2 A/ MHOTOYJIEHOB COCTOHT B clieayiomeM, [Tycts
LaHbl MHOTOWIeHH f(X) u g(x). eaum f(x) Ha g(x) u mnonyuaem,
BooOL1e TOBOPS, HEKOTOPHI 0CTaTOK ry (X). Jeaum 3atem g(x) #a ry (Xm
1 MOTy4YaeM OCTATOK Fy (X), Aeaum ry (x) Ha ry (x) uu 1. n. Tak kak cte-
TieHM OCTATKOB BCE BPEMf NOHMKAIOTCH, TO B 3TOH Llemodyke noc/ienosa-
TEJAbHBIX JEJeHMH Mbl JOMKHH JOHTH A0 TAKOTO MeCTa, HAa KOTOPOME
He/ieHHe COBEPIIMTCS HALeJO ¥ MOITOMY NPOLECC OCTAHOBHTCH. To/m
oCmamox r,(x), Ha rwomopul Hanero desumcs npedudyuul ocmamox
ry_1(X), u 6ydem nauGossumus obuus Oeslimenress MHOZ04AEHO8 [ (X,
u g(x).

Jns K0Ka3aTenbCTBA 3aMHINEM H3JAOXEHHOE B NpeAnayuieM abaalle
B BHJAE CAeAYIOIEH 1{enoYKd PaBeHCTB:

Fx)=g(x) g (%) +r, (%),

gx)=r (x) g, (x)+ry(x),

ry (X)) =1y (%) g5 (¥) +r3 (%), @
Taeg (X)) =1p_5 (X) @poyq (%) +r1peq (%),
Tr-2 (X) =Ty (X) g (%) +1 (%),
Te-y () =r, (x) Tpi1 (%)

[TocnenHee paBeHCTBO MOKA3BBAET, UTO 7y, (X) CIYKHT AelHTeNeM Aa®
ry_q(x). Otciona caeayer, 4To 06a ciaraeMuX NpaBod 4acTH HPenIo
CAeJlHEeTO PABEHCTBA AENATCH HA Iy (X), a 103TOMY 7, (X) GyLeT LenuTees
H asl 7,_, (X). Jlanee, TakuM e myTeM, MOJHUMAsCh BBEpX, MH HOAY
YHM, YTO 7, (X) ABAAETCA MEAHTENEM W WA Ip_g(X), ..., Iy (X), rq (X
Orciona, BBHAY BTOPOrO paBeHCTBA, GYAET CNEROBATH, YTO Iy (X) CAYHKH
IJenuteneM pasi g(x), a MO3TOMY, Ha OCHOBAHHH NEPBOTO PABEHCTBA, —
s f(x). Takum o6pasoM, r,(x) sBasercd OGU(HM jdenuTenes Al
Jlx) u g(x).

Boapmeum Temeps npou3BOAbHHE 0GwIME KeauTenb @ (X) MHOrOWIEHOw
f(x) m g(x). Tak kak neBas yacTh H nepsoe claraeMoe MPaBoOH uacT
nepBoro u3 paseHcTs (2) menstes Ha @ (x), To ry(x) Takxe Oyne
Jdenntbes Ha @ (x). [lepexoas KO BTOPOMY M C/IEAYIOLIEMY PABEHCTBAMS
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Mbi TAaKHM K€ CIOCOGOM MOAYUHM, 4TO HA @ (X¥) AEAUTCT MHOroUAEHH
rs(x), rg(x), ... Haxoueu, ecan yxe 6yaer A0Ka3aHo, HTO r,_, (x) 1
rp_y (X) neastca va @ (x), TO M3 PEANOC/AELHEr0 PABEHCTBA Mbl IOAYYHM,
UTO rp(x) menurtcs na @ (x). Takum o6pasoM, r,(x) Ha camom gene
6yaer HauGonbuwiuM OOWIMM JenuTeneM AAx f(x) u g{x).

Mul noxasani, clei0BaTeNbHO, YTO MI00be ABA MHOTOY1eHa 061a0al0T
Hau6ONbIINM OOLUM AEAUTCAEM, H TTONYUHIH CHOCO6 A/t €r0 BHYHCAEHHS.,
IDTOT €nocob NOKA3KWBAET, YTO ecall MHO20%AeHu f(X) u g(x) umerom
0vba payuonansrsie uiy delicmsumensuie Ko3PPuuuenmu, mo 1 Kosp-
Punyuenmsl ux nauborswezo 0buezo desumens mawxxce 6yoym panyuo-
HAABHBIMU UL, COOMBEMCMBEHHO, OeUCmMEUMeAbHbAL, XOTH, KOHEYHO,
Yy 9THX MHOrOY/eHOB MOFYT CYU(ECTBOBATb H TaKHe JeJ1MTENH, He BCE
K03 HUHEHTH KOTOPHIX paunonansHu (xeficTeurtennum), Tak, muoro-
={JICHH C PALHOHAAbHHMH KO3QDUUHEHTAMH

FR)=x"—3x2—2x+6, gx)=x"+x*—2cx—2

HMEIOT HAnOOJABUIHM OOUIMM JENHTE/NEM MHOTOUYAEH C PAUHOHANbHLIMYT

xoapduunentamn x2—2, xoTs y nux ectb 06wl aeanters x—J) 2,
He Bce KO3((HUHUEHTH KOTOPOro PauHOHA/bHH,

Ecau d(x) ecTp nHanboabuminit o6uuil senuteb MHOrodaeHos f(x) u
2 (x), TO, Kak mokaswmBaioT csoiicTea VIII u IX (cM, Bhie), B KauecTee
HanGoNblIero ofulero JAequTelis STHX MHOTOU/EHOB MOWHO OHJIO O
BHIOPaTb TAKKE MHOrOYJEH ¢d (X), rde ¢—pPOH3BOILHOE YHCIO, OTAHYHOR
ot Hyas. Muumu cnosavu, nauboaswui oduuii deaumens 68yx mHozo-
410€H08 onpedener AUWL € MOYHOCMOIO 00 MHONCUMEIT HYACBOLE
cmenenu. BBuly 9TOrO MOMHO YCNOBHTHCH, 4TO CTAapUWHH KO3 -
duunenT Hanubonpbmwero obuUero A€AUTEAS ABYX MHOT O-
yneHoB O6yneT BCerxa CYHTATHLCHA PaBHHM eAHHULeE,
Bicrons3ys 3TO ycaOBHE, MOMHO CKA3aTh, YTO G8Q MHO2041eHA mMmo2da
W, MOoAsKO mo20Q 83AUMHO npocmel, ecAl ux wHauboavuuld obwud
wesumens pasen edunuye. B caMom gHene, B kauecTBe HauGo.buiero
w6uiero LeauTens ABYX B3aHMHO NPOCTHX MHOrOY/EHOB MOXHO B3SITb
no6Goe HHCJA0, OTAIYHOE OT HYJsl, HO, YMHOWAY ero Ha obGpatHwiél 3ie-
MEHT, MH MONAYYHEM efHHHLY.

[Tpumep. Haiitn manGoasuinil oKt fe1nTeNh MHOTOUJEHOB
fe)=xt4+3x3—x2—4x—3, g (x)=3x3+410x242x—3.

[Tpumensns aaroput™ EBkJHAA K MHoOrousenaM ¢ uensniMH KosdruneHtami,
4Bl MOXKeM, uTOGHl H30e:KaTb APOGHBIX KO3(pdHLHEHTOB, YMHOXKHTL REJAHMOE HJK
'0KPaTHTDh JeJnTeNb Ha Jio6oe He PaBHOE HYJIO UHCJAO, PHYEM He TOJbKO Hauu-

mas Kakoe-nu6o M3 nocjenoBaTeNibHbIX AesleHHil, HO H B Npolecce CaMoro 3Toro
miejieHUs, D10 6yReT MPUBOANTH, NOHATHO, K HCKAXKEHHIO UaCTHOTO, HO HHTepe-
“yioliihe HAac ocTaTKH OyAyT npHoGpeTaTb JHIUb HEKOTOPHI MHOMHTeb HYJeBoi
*TeneHd, YTo, KaKk MHl 3HaeM, NpPH pasbicKaHuH Haubousliero ofllero Aeautens
=OnycKaeTcs.
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Jeauy f(x) na g(x), npensapuresnHo ymuoxus [ (x) na 3
x4+ 9x3 —3x2—12x—9| 3x3 4 10x2 +2x—3
3x4 4 10x% 4 2x2 —3x x+1

—x3—bx2—9x—9

(ymHoKaeM Ha —3)
3x% | 1542 4 27x 27
3x3 41042 4-2x— 3
5x% - 25x -} 30.

Takum o6pasoM, nepeblfi ocTaToK, Moc/ie COKpauleHus Ha 5, Gyget ri(x)=
=x245x+6. Hequm Ha Hero MHoroused g (x):

3x3 + 10x2 - 2x—3 | x2+5x46
3x% 4 1542 + 18x 3x—5

—5x2—16x— 3
—5x? —25x—30
9x 4 27.

Bropuim octaTkoM, nocie cokpawewus Ha 9, GyzeT, caenomaTensho,
ro(x)=x43. Tak Kak
n(xy=ry(x)(x+2),

TO ro(X) OYLeT TeM NoCAeAHHM OCTaTKOM, Ha KOTOPHI Haileno JeaHTCA npen-
urecTytomtnfi ocratok. On 6yzeT, TaKHM 06pa3oM, HCKOMBIM HAHGOABLIIKM OGHLHN

AeaHTeNeM:
(f(x), g(x)=x+3.

Wcnoabsyem anroputm EBxanma mas noxasartenscTsa caeayouwedm
T2OpPEMb

Ecau d(x) ecmb Hauborvwuld obuwuld desumens MmHo20%1eH08 f(x)
i g(x), mo Moxno Halmi maxie MHO20%4eHH Uu(X) u v(X), 4mos

S (xX)u(x) 4 g (x)v(x) =d (x). (3

Mooro crumame npu Imos, ecal cmenents MHO20%2eH08 f(X) U g(xm
Gosviwe HyAR, 4mo Cmertens U (X) MeHbiie cmeneHy g(x), a cmefeiim
v(x) meHbume cmenennt f(x).

HokasateabcTBo ocnoBano Ha pasesctsax (2).-Ecan mm yuTeM, 4Tom
ry(x)=dl(x), w nomowum u,(x)=1, v,(x)=—q,(x), TO nopeano-
CleaHee H3 pasencTs (2) mact:

d(x) =Tlp_o (X) iy (x) —]—fk_l (X) Uy (x)-
TloacTarasns cloAa Bupaxenne r,_q {X) 4epes r,_5(X) Hr,_, (x) u3 npea:
LIECTBYIOLLETO PaBEHCTBA (2), Mu MOAYUHM:

d{x)= Tpesg (x) Uy (x)+ L) (x) Uy (%),

Tie, OYEBHIHO, U, (X) =7, (X), U, (x)=uy(¥})—v,(%)q,_,(x). [po
JoMmKas NOAHUMATHCY BREPX MO paseHcTsaM (2), M NpuaeM, HaKoHeil
K A0Ka3WBaeMOMy paBeHcTBY (3).

a4 n0Ka34aTEAbCTBA BTOPOTO YTBEPHACHHH TEOPEMh MPEXNONOKHM
YTO MHOTOWIEHW U (X) H v (x), yROBAETBOPRIOLLHE PABCHCTBY (3), yXem
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HaliieHn!, HO, HanpuMmep, CTeNeHb ¥ (x) Gonblle HAM PABHA CTENEHH g (X).
Heaum u (x) na g(x):

u (x) = g(x) g {x)4-r (),

rae crenens r(x) MeHbllie cTeneHn g(x), U MOACTaBAseM 3TO BbpaXe-
Hiue B (3). Mbl noayduM paBeHCTBO

fx)r(x)+ g (x) [vx) 4 f(x) g ()] =d ().

Crenenb MHOXHTENH, CTOALLETO NPH f(X), yixe Menblie ctenedt g (x). Cre-
[eHb MHOTOYJIEHa, CTOSILEro B KBaApaTHHX CKOOKax, OYIeT B CBOK
ouepeab MeHbule CTeneHH f(X), TaKk Kax B IIPOTHBHOM cjyHae CTeileHb
BTOPOTO c¢JaraeMoro Jeso#l yacTn Obina On HE MeHbllle CTENeHH Mpou3-
Benenus g(x)f(x), a TaK KaK CTeneHb MNepBOrO C1araeMoro Mesbiue
CTENeHn STOTO MPOM3BEAEHHH, TO BCHl JNeBas 4YacTh HMena Obl CTeleHb,
COMbUIYIO UAK PaBHYIO cTeneHH g(x)/f(x), Toria kak Muorouwied d(x)
3aBelOMO HMEeT, MPH HaIHX TPEUNOJIOKEHHNX, MEHbIIYI0 CTErneHb,

Teopema pokazaHa. OIHOBPEMEHHO MBI MOJAyHaeM, 4YTO €C/AH MHOrO-
yieHnl f(X) n g(x) uMeT pallHOHaAbHLIE HAH JNeHCTBHTENbHbE KO3(-
dunMEHTH, TO H MHOrou/JeHn «(Xx) u v(X), yLOB/IeTBOpsIOuUlHe paBeH-
crBy (3), MowHo momo6GpaTh TAK, 4TO HUX KO3(pDHUHeHTH GYAYT pauuo-
HQ/JbHLIMH HJH, COOTBETCTBEHHO, JAeHCTBUTENbHBIMH,

Mpumep. Hafixem muorounennl u(x) v v(x), YHOBJETBODSIOUHE pPaBeH-
<TBY (3) npu

fx)=x8—x%243x—10, g(x)=x%+46x2—9x—14.

[IpuMeHHM K STHM MHOrouleHam aaroputM EBkanaa, npxuem Temepes npn
«BLITIOJTHEHHH JleJIeHHH yiKe HeJib3si HONYCKAaTb HCKaXKeHHs YACTHHIX, TAK KaK 5TH
wACTHLIC HCHOJbL3YIOTC NPH Pa3hiCKaHHH MHOrowleHoB « (x) 4 v(x). Mu nony-
mj}iM TaKYI0 CHCTeMY PaBeHCTB:

[()=g )+ (—Tx2 4 12x 4 4);
g(x)=(—7x2+4+12x-1-4) (——;— x—-%) +%39~5(x—2);
— x4+ 12x 4= (x—2) (—7x—2).
Jrciopa caepyet, uto (f (x), g (x))=x—2 u ut0

7 54 7 5
bW =g r oy YW= "o~

[pumenas nokazaunyio cefluac TeopeMy K B3aMMHO IPOCTEIM MHOrO-
ieHaM, M noaydaeMm Takofl peayJbTart.

Mnozounenst f(x) u g(x) moeda u moasomo2da 83GUMHO NpoCMbL,
1AL MONHO Halimu mHozotsend w(x) 1 v(x), yodossemgopsiouue
2ageHcmsy

FE) ux) +g®)vE)=1 )

Onnpam:b Ha 3TOT pe3y/abTaT, MOXHO AOKa3aTh HECKOAbBKO NPOCTHIX,
MmO BAXKHHIX TEOPEeM O B3aHMHO OPOCTHX MHOrod/jJenax:
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a) Ecau muozoinen f(x) 83auUMHO npocm c Ka#CObM U3 MHOZO-
4penos @ (x) u P (X), mo oH B3auMHO npocm U ¢ ux npoussedenuer
B camom nmene, cymectsyior, no (4), Takne MHOrounenn u (x) u v (x)

410
F%) a0+ x)vx)=1.
YMHOXas 9TO PaBeHCTBO Ha P (x), monyuaem:

T (%) [ () b ()] + [@ () P (¥)] 0 (%) =P (),

OTKyJa CNeAyeT, 4TO BCAKHH o6muid neantens f(x) n @ (x) Y (x) 6un Gue
aemuteneM H Aaf P (x); oanako no ycaosuio (f(x), P (x))==1.

0) Ecau npoussedenue smnozornreros f(x) u g(x)deaumcs Ha @ (X).
Ho f(x) u @(x) 83aumno npocmu, mo g(x) deaumcsa Ha @ (x).

B camom Jnenie, yMHOXas paBeHCTBO

S x)u(x)+ @ (%) v(x)=
Ha g(x), MB MOJY4YHM:
[/ (x) g (¥)] & (x) + @ (x) [V (x) g (x)] = g (x).

O6a cnaraeMuix IeBOH YaCTH 9TOTO PaBEHCTBA AEMATCS Ha @ (X); HA Her«
JeJHTCH, CIEJ0BaTeNbHO, N g (X).

B) Ecau mHozousen f(x) Oeaumcs Ha KaxOul U3 MHO2044eHO
@(x) u VP(x), xomopsie mexndy cobok s3aumno npocmu, mo f(x
Oequmcs & HQ ux npousgedenue,

HeficTaurenpto, f(x) =@ (x) @ (x¥), Tak Yyro mpousseneHue, CTosules
cupaBa, aeantcs Ha P (x). [lostomy, no 6), ¢(x) Reanrca Ha P (X}
¢ (%) =P (x) P (x), otkyna f(x)=[ (x) P (x)] P (x).

Onpenenenne HanGonbuero obuiero Aeanteass MOxeT OHTH pacnpom
CTPaHeHo Ha cay4Yaii N1060H KOHeYHOH CHCTEMBl MHOTO4/IEHOB: Hauboasuu.
obuus Oeaumenes mHorounesos f, (x), f,(x), ..., fs(x) nasusaerc
Tako#l O6IHH fennuTeNb STHX MHOIOYAEHOB, KOTOPHH JeAHTCH Ha /1060
Apyro# o6 nil Aenurenb 3THX MHOroYneHoB. CyiiecTBoBanne Hanbonbiier=
obutero penuTens AAs M0GOH KOHEUHOH CHCTEMH MHOTOY/IEHOB BHITEKae
H3 CAeAyioulelt TeopeMbl, namouell Takike Cnocob ero BHYHUC/AEHIm

Hauboasuwuii o6uyuli desumens sMno2ousenos fi(x), fo (%), .o., folr
pasen HauGonvuemy obuerny desumenio muozowaena fg(x) u naubosn
wezo obuiezo Jeaumesn mHo204aenos f,(x), fo(X), ..., fe—y(X).

B camom aene, npn s =2 TeopeMma oyeBuAHa. MH NPHMEM HOSTOM ym
YTO 444 cayyas s— 1 OHAa CnpaBexnnBa, T. €., BYaCTHOCTH, yie JOK3
33aHO CYllecTBOBaHHe Hau6OAbliero obuero genurens d (x) MHOrouICHa
Ji (%), f5(x), ...y fooy (x). OGO3HaunM yepes d (x) HanGOAbIWHHA OG- -
Zeautenb MHorounenoB d(x) m fo(x). On Gymer, oyesuaHo, obuu
IenHTeNeM A BCceX 3aManHbX MHorounenos. C apyro#t ¢TOpOHL, BCAKEN
Ipyro# o6uiuft MenyuTenb STHX MHOrOYNEHOB OyAeT ACAHTENEM TaKKe

A1a d(x), a nosToMy Hu Aaa c_i(x).
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B wactHoctH, cuctema muorouaenos fj (x), f,(x), ..., f,(x) Ha3u-
BACTCHA 83QUAMHO npocmol, ecau OOUIUMH JEANTENIMH STHX MHOIOWIEHOB
ABJARIOTCH Kb MHOTOY/IEHH HYJeBOH CTENeHH, T. e, eC/IH HX HaH6OoAbUInA
oOmui penutenp pases 1, Ecau §>>2, TO nomapio 3TH MHOrOYJeHH
MOTYT H He OuLTb B3aHMHO NPOCTHIMH. Tak, cHCTeMa MHOTOUMEHOB

Jx)=x3—7x24Tx415, gx)=x2—x—20,
h(x)=x%+4x2—12x
B3aHMHO MpOCTa, XOTH
(%), g =x—5, (f(x), h(x) =x—3, (g(x), h(x)=x+4.

Yurarenb Ge3 Tpyaa nmoayyuT oGoblieHHe LOKA3aHHEIX BbIE TeOpeM
a)—B) O B3aUMHO NPOCTHX MHOrO#JI€HAaX Ha CAy4a# a050ro KOHEYHOro
4uCAa MHOrOY/EHOB,

§ 22. KopHu MHOrou/jeHOB

Mmut ywe BcTpewanuch B § 20 co 3HayeHmsuMH MHOTOUJEH3, KOrAa
FOBOPHIH O TEOPETHKO-PYHKUHOHANbHOH TOYKE 3pEHH HA MNOHATHE
MHOrounesa. Hanmomuum onpenenenue,

Ecnu

fxX)y=ax"+ax""14 ... +a, (1)
meCTh HEKOTOPHH MHOFOWIEH, 4 ¢-— HEKOTOpOe YHCJIO0, TO YHCAO

F0) ="+ a1 ... +a,

10ny4eHHOE 3aMeHo B BuipaxueHuH (1) Ana f(x) HeH3BECTHOr0 X YHCIOM ¢
4 moCNedYIOLIHM BHINOJHEHHEeM BCeX YKa3aluHWX OMepauuit, Ha3uBaeTcs
snaxeruenm snuo2ousena f(x) npu x = c. [TouaTHo, 4T0 ecan f(x) =g (x)
«s CMbiC/IE a/JreOpaHyecKoro paBeHCTBA MHOTOY/IEHOB, ONPENEICHHOTO
m § 20, o f(c)=g(c) npn nmobom c,
Jlerxo Buzers Takxe, 4TO ecau

@ (x)=f(x)+gx), bx)=F(x)gx),
@) =s(c)+g(c), Ple)y=s(c)g(o).

{umiMu cnoBamu, croweHHe M yMHOWEHHE MHOCOU/NEHOB, OfpelefeHHHe
« § 20, npespaulaloTcs MPU TEOPETHKO-DYHKUHOHANBHOR TOYKE 3peHHs
~83 MHOTOW/IEHH B CIOXKEHHE Il yMHOXKeHHe DyHKUHHA, TOHHMAEMbIE B CMBICAE
JOXEHUS. HIH YMHOXEHHS COOTBETCTBEHHLIX 3HAYCHHH 3THX QYHKIHH,
Ecan f(c)=0, 1. e. MHOrouneH f(x) o6pawiaercs B Hylb NpH MOA-
TAHOBKE B HEr0 4HC/A € BMECTO HEH3BECTHOrO, TO ¢ HA3LBAETCH KOPHeM
-HorouneHa f(x) (unu ypasuenns f(x)=0). Ce#iuac 6yser noxasaso,
TO STO MOHATHE UEJHKOM OTHOCHTCH K TOH TEOPHH AEAMMOCTH MHOTO-
.ne;)os, KOTOopast Obina NPEeAMETOM H3YUeHMs B MpPEAUIECTBYOLIEM Mapas
pade.
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Ecau M Gynem penutb MHOrOYMeH f(X) HAa npouH3BOJALHMH MHOTO-
uned nepsoi crenenu (naH, kax GyneM roBOpPHTb Hadblle, Ha ALHelHbE
MHO20'4€K), TO OCTATOK OYLET NHGO HEKOTOPHM MHOrOY/IEHOM HY/AEBOH
cTenedy, AHG0 HyNeM, T. €. BO BCSAKOM C/Ayyae HEKOTOPHM YHCIOM T,
Chenylowiass TeopeMa 1103BOJISET HallTH 3TOT OCTAaTOK, HE BHIIOMHASA
CAMOro AejeHHd, B Chy4ae, KOria NnPoOH3BOAHMTCH AejleHHE HA MHOTOYJIeH
BHIA X—C.

Ocmamor om desenusn MHO204AeHG f{X) Ha AUHelHOE MHO204AeH
X —c¢ pasen 3navenuro f(c) mHo2ousena f(x) npu x=c.

He#ictBuTennio, nycrb

fX)=(x—c)gx)+r.
Bep# 3nayenna obeux yacrted ITOro paseHCTBA NPH X = ¢, Mbl NOJIyYaeM:
S)=(—cqgle)tr=r,

4YTO AOK23LBAaCT TeopeMy.

Orciona BuiTexaeT TaKOe HCKAIOUHTENbHO BaKHOE C/AEeACTBHE:

Hucao ¢ mozda u moavo mozda 6ydem xoprem MHOZOUACHA f.(x),
ecatt f(x) Oesaumcsa Ha x—c.

C npyro# cTopoHn, ecaH f(x) AeAHTCH HA HEKOTOPWH MHOTOuNeH
nepsoit cTeneHr ax- b, TO neaNTCA, OYEBHAHO, W HA MHOTOYJEH

b
x—(—;), T. €. Ha MHorounen BHAa X —c. Takum 06[)830.\!, pa3si-

Cxanue KopHell MH0201AeHa f(X) PAGHOCUABHO PA3BICKAHILIO €20 AUHel-
Holx desumenell.

Bauny cxa3saHHOro BuimIE NpexcTasaser MHTEpeC CAEAYIOMMA METOR
AeneHns MHOTOYNEHA f(X) Ha NUHeHHLIl AByYleH X —¢, 6Gonee npocToH,
yeM ofuiMA anropuTM AENEHHS MHOTOYNEHOB. JTOT METON HA3LIBAETCH
Metonom lopuepa. Ilycrs

f(X)=ax"+ax" '+ a,x""24 ... +a, (2)
" nycTb
fX)=(x—c)g(x)+r, 3)
qx)=bex""14-b,x" "2 4 b,x" "3 ... +b,_,.

Cpasnusan K09 HUHCHTH NPH OAUHAKOBMX CTENEHAX X B (3), HOAyYaeM:

rne

Qy==b,,
ay=b,—ch,,
a,=by—cb,,
Ayo1=0b,_1—cb,_,,
8,=r—cbh,_,.
Orciona cneayer, 4to by=a,, by=cb,_14 a, k=1,2, ..., n—1
T.¢. KOS PHUHEHT b, noNnyyaeTcn YMHOMEHHUEM NPpeEean
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aymero koadpdununenra b,_HacunpuGaBaeHnem cooT-
BeTCTBYwuero koshpduunenTta a, Hakowen, r=cb,_, +a,,
T. €. H OCTaTOK r, pasHui, KaKk Mb 3HaeM, f(€), NOAYy4yaeTCq MO STOMY We
3akoHy. Taxum o6pa3zom, KO3(h@PHUHEHTH YACTHOTO M OCTATOK MOXHO
NOCNe10BaTe/IbHO NOJAYYaTh MPH NOMOILH ONHOTHIHHX BHYUCAEHHUH, KOTO-
pHe pacnonaraioTcsl B CXeMy, KaK IOKAa3hBaiOT CAEAYIOliHe MPpHMepH:

1. Paspenuthb [ (x)=246—x4—3x8+x—3 na x—3,

CoctaBuM Ta6aHKy, B KOTOPOA Haj uepToil pacHoNOXeHH KOa(hhULUEHTH!
MHorousena f(x), moi uepTOl — COOTBETCTBYHOMHE KOI)DHUUHEHTH 4YACTHOTO H
OCTaTOK, NOCJENOBATELHO BHIYMC/AAEMHE, a cleBa cGOKY —3HaueHHe ¢ B JaHHOM
npumepe:

2 —1 —3 0 1 -3
312,3-2—1=5,3.56—-3=12,3.124+0=36,3-36+1==109,3-109—3 =324 °

Takum o6pa3om, HCKOMOe 4acTHoe 6yaer

g (x) =2x% -+ 5x3 4 1242 4 36x 4 109,
a ocratok r={(3)=324.
2. Paspennts [ (x)=x%—8x3 x2+4x—9 na x4 L,
I —8 1 4 -9
—1{1 —9 10 —6 -—=3.

IMoatomy uacThoe Gyger
g (x) =x3—9x% - 10x—6,

a oCTaToR r=f(—1)=—3. .

ST npuMepw NOKa3LIBalOT, 4TO Memod [opuepa mosxcem Goirs
UCnoAbL308an maxyce 0AR OLCMPO20 BHUUCACHUS 3HAUEHUA MHO204AEHA
npu 0QHHOM 3HA%eHUU HeU38eCMHOZO0.

Kpartubie xopan, Ecan c—xopeub muorounesa f(x), t.e. f(c)=0,
To f(X) Aenurcsd, kak My 3HAaeM, Ha x—c¢. Moxer oxa3aThCd, 4YTO
MHOrowien f(X) A€AHTCA HE TOABKO HA MNEPBYW CTeNeHb JAHHEHHOTO
ABYYleHa X—¢, HO B Ha Oonee BHCOKHe ero cremedu. Bo Beaxkom

‘aCJly4ae HaflgleTcs Takoe HaTypanbHOe YHC/IO &, 4TO f(x) Haueno genurtcH
watia (X— ), HO He JAeNUTCA Ha (x—c)”“. [Tostomy

Fl)y=(x—c)*q(x),

prae MuorouneH @ (x) Ha X—cC yke He AeAuTCH, T. €, YHCIO € CBOHM
mOpHEM He uMeeT. Hucao k& Ha3WBaeTCA KPAMHOCMSIO KOPHI ¢ B MHOTO-
1nene f(x), a caM Kopenub ¢— R-KpAMHUM KOPHe M STOr0 MHOTOUYJIEHA,
Ecap k=1, To rosopaT, YTO KOPeHb ¢—npocmol.
IMousiTHe KpPaTHOro KOPHS TECHO CBA3aHO C MOHATHEM MPOH3BOLHOH
)T MHOrousena. Mp H3yyaeM, OAHAKO, MHOTOUYJeHH C JIOOLIMH KOM-
mml1eKCHBIMI KO3(HILLHEHTAMH ¥ NOSTOMY HE MOXKEM MNPOCTO BOCMO.]b-
30BaThCA MOHSITHEM NPOW3BOAHOH, BBeLCHHHM B KYPCe MATEMaTH4YECKOTO
mmbanusa. To, 4uto GyaeT CKa3aHO HHXe, CAEAyeT pPacCMaTPHBaTh Kak

wwm A.T. Kypom
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HE34BHCHMOE OT KypCa aHalu3a onpepeleH e NMPOU3IBOLHON MHOrO-
yseHa.
flycTb Aau Muorouiaed n-ift crenenn

f)=ax"+a;x"" '+ ., . +a,_ x+a,

¢ mobuMi KoMmaekcHuMn koddduunentamn. Ero npousgodnoli (nan
nepsofi npou3godnol) Ha3mBaeTcs MHorouned (n—1)-# crenmenu

fX)=napx"" 1+ (n—1ax""24+..,4+2a,_,x+a,_,.

Ipoi3BonHAT OT MHOrOY/IE€HA HYNEBOM CTEeMeHW H OT HYAd CYHTaeTCHd
pasHoit nyaio. [lpon3soanasn or nepBOH NPOU3BOAHON Ha3KBAETCHA 8/mo-
poi npoussodnol or Muorodaena f(x) u obosnadyaeTcs uepe3 f”(x)
H T. 4. QueBHAHO, YTO

7 (¥)=nla,

u nostomy fHV(x)=0, 1. e. (n+1)-2 npoussodnas om mHo204AeHA
n-fi cmenenit pagua HYAO.

Mo He MoxeM Mo/b30BATHCA B HalleM CJAy4ae MHOTOYJIEHOB C KOM-
NJAeKCHHMI KOo3duuuenTaMn CBOHCTBAMH NPOU3BOAHON, AOKa3aHHHME
B Kypce aHa/u3a A/ MHOTOU/IEHOB C ZeHCTBUTENbHHIMH KOI(DULHEHTaMY,
H JO/KHH, HCMONB3YA JNHIUb AAHHOE BhIILUE OMpele/eHue NPOH3BOAHOH,
CHOBA 3TH CBOHCTBA Aokasarhk, Hac unTepecyioT caenywouue csolicTna,
ABJsiiolMecs, Kak rosopaT, dopmynamu aAuddepeHunpoBanud A4 CyMMul
H npou3BeleHUs:

(S +g () =F (x) +£ (%), “)
(f (£)-& (X)) =[(x) &' (x)+F (x) g (). (%)

At opMyaH Jerko NPoBepHTb, BIPOYEM, HENOCPEACTBEHHHM MOA-
cuetom, Oepst B kavectBe f(x) M g(x) ABa NPOM3BOJbHHX MHOTOUYIEHA
H NpHMeHfs AaHHOe BHIle ONpeje/eHye NPOH3BOAHON; STY NPOBEPKY Mu
NpelOCTaBHM YHUTATENIO, .

$opmyna (5) 6es Tpyda pacnpocTpaHseTcs Ha cayual mpou3BeldeHus
A1060r0 KOHEYHOrO 4YuCja MHOMHTE/Neil, a NO3ITOMY OOHYHHM cnocobom
MoxeT OWMTh BhBeZeHa opMyna W IId TPOU3BOAHOH OT CTenexu:

(F* ) = k1 (%) £ (%) (6

Hawe#i ueapio fiBnsieTcs MOKA3aTeABCTBO Caelyiouleil Teopemu:

Ecau uucao ¢ sganemcs k-xpamubly KOpHem MHO2044eHA [(X)ny
mo npu k>1 oHo 6ydem (k—1)-xpamuuin Kopuesm nepgoli npous-
800HOl 3mo2o MHO20uAeHa; ecal e R=1, mo ¢ ne 6ydem caymcums
wopren dan f(x).

B camom nene, nycth

f=Ex—0ofe ), k=1, (7
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rae @ (x) yxe He menutca Ha x—c. Ouddepenuupys pasenctso (7),
noanyyaem:

FR=E—c)f¢ (x)+kx—0*1lox)=
= (x— )" [(x—c) ¢’ (%) -+ ko (x)].

[Tepsoe cnaraemoe cymmu, ctosuieit B KBaAPAaTHBIX CKOGKax, Le/HTCH
Ha X-—cC, a BTOPOe Ha X—C He AEJHTCH; NOITOMY BCA 3Ta CyMMa
Ha X—C He MOXET Ae/HThCHA, ¥YYHUTHBAdA, YTO YACTHOE OT AejeHus f(x)
Ha (x—c)*~! onmpeneneHO ONHO3HAYHO, MH TNOJyYaeM, YTO (x—-—c)’“‘1
siBAseTcs Haubonblwed CTeNeHbl0 ABYY/IeHa X—c, HA KOTOPYIO AEAHUTCA
MHOrounen f'(x), 4To H TPeGOBANOCH MOKA3aTh.

[Ipumensis 3Ty TeopeMy HeCKO/AbKO Pa3, MW Monyyaem, uto k-xpam-
HW Kopend Mmro2ouAena [{(x) O6ydem (k—s)-kpamubii 8 S-B npou3s-
8odnoll amoezo MmHO20%AeHa (RZ==S) u 6nepgse He Oydem CAYICUMD
KopHes 0an k-ti npou3godnoii om f(x).

§ 23. OcnoBHas Teopema

3aHuMasch B NMpejllecTBYIOUleM naparpade KOPHSMH MHOTrQYJIEHOB,
MHl He CTaBW/JH BOMPOCAa O TOM, BCHAKHI JIH MHOrowied obiazaeTr Kop-
usiMu. M3BecTHO, UTO CYWIECTBYIOT MHOTOYJAeHHW € AeHCTBHTENbHHIMH
Ko3dpuLuesTaMil, He nUMelolLHe JeicTBUTENbHUX KOpHel; x2 | 1 —oaun
H3 TAKHX MHOTOUYNeHOB. MOXHO Ou.10 OW OXHLATh, YTO CyLIECTBYIOT
MHOFOUW/IEHH, HEe HMeloulHe KOpHeH Aaxe cpeidn KOMILIEKCHWX 4HCesd,
0CO6eHHO eC/IH PACCMATPHBAIOTCA MHOTOYAEHH € JIOGHIMH KOMILJIEKCHHMI
kospduunestamu. Ecan 66 3TO OBLIO TaK, TO CHCTEMA KOMIIEKCHHIX
uyucen Hywxjaa’lach 6W B HajbHefmiem pacumpesnn. Ha camom nede,
OAHaKO, CnpaBel/iHBa C/AEAYIOIAs] OCHOBHAsi TeopeMa aarelpu
KOMNJAEKCHHBX YHCEA:

Beaxuii mHozogaen ¢ a00uimu  wucaoswMu  Kosddunienmanu,
cmenenwb KOMOPO20 He AMenbe eCUHuyH, umeem xoms 6b 00ux
KOopeHs, 8 o0uwjes cay4ae KOMNACKCHBLE.

JTa TeopeMa SIBASETCH OLHHM H3 KPYNHeflIHX AOCTHKEHHH BCeft
MaTeMaTHKH H HAaXOLHT NPHMEHEHHS B CaMBX Pa3NHYHHX 06JacTAX
Hayku. Ha Heli ocHOoBaHa, B 4aCTHOCTH, BCA AasnbHeRuiag TeOpHs MHO-
TOYJIEHOB C YHCJAOBHMH KO3pdHIHEHTaMH, H MOTOMY 3Ty TeOpeMy Ha3-
BaaH paublile (a HHOrJAAa HAa3LIBAOT M Tefepbp) «OCHOBHOA Teopemoit
Boiciieft aareGpu», B aeiicTBHTEABHOCTH, 01HAKO, OCHOBHAf Teopena
He sBasteTcs 4yucTo aanreGpandeckoit. Bce ee jaokasarenncrBa,—a ux,
nocne [laycca, Bnepswe A0Ka3aBuero 3Ty TeopeMy B CaMOM KOHile
XVIIl Beka, 6610 HaitaeHo BecbMa MHOTO,— NPHHYWAEHH B Goabuiel
HIH MeHbllefi Mepe HCNO.Jb30BaTh TaK HA3HIBaeMble TOMOJOrHUYECKHE
CBOHCTBA JEHCTBHTEAbHHX H KOMILUIGKCHHIX YHCEN, T. € CBOHCTBA,
CBfI3aHHHE C HENPEPHLIBHOCTHIO.

B nokasateabcrtBe, KoTropoe OyaeT ceHuac NpOBEACHO, MHOrodY.jeH
S(x) ¢ xommiekcuwMH KodpduUHeHTaMH OyAeT paccMaTpHBATHCH KAk

6t



148 ° MHOTOHYJEHK W UX KOPHH [ra. &

KoMmaekcHas QyHKUH KOMIMEKCHOro nepeMenHoro x. Takuy o6pa3om, x
MOKET NPHHUMATbL 1100be KOMMNEKCHWE 3HAYEHMH, T, €., KaK TFOBOPAT,
yunTHBas ussoxernuil 8 § 17 ¢1oco6 nocTpoenus KOMMAEKCHHX YHCea,
nepeMeHHoe X H3MeHAeTCA HA KomnaexcHold naocxocmi, 3nauenud
¢dynkunH f(x) Takke O6yAyT KOMONEKCHBIME YHCAAMH, MOKHO cyuTaTh,
YTO 9TH 3HAYEHHsl OTMEYAIOTCH HAa BTOPOM IKIEMIVIAPE KOMIAEKCHON
MJIOCKOCTH, NoAoGHO TOMY Kax 8 cayvae AeHCTBHTENbHBIX yHKknul
AefiCTBHTEABHOrO NEPEeMEHHOTO 3Ha4yeHHs HEe3aBHCHUMOTO NEePEeMEeHROro
OTMEYAIOTCH HAa OMMOH UYHCAOBOH nupsumol (ocH abcuHcc), a suayenus
hynkuHE —ua Apyroit (ocH opanuar),

Onpenenenne HenpepuiBHOR QYHKINKM, H3BECTHOE YHTATEMO U3 Kypca
MareMaTHYeCKoro aHanu3a, NEPEeHOCHTCH # HAa (PYHKILHH KOMILIEKCHOTO
nepeMeHHoro, npuyeM B GopMynnporke onpeneneHus aGCoaOTHHE BeNH-
YHHH 3aMEHAIOTCS MOLY/AAMH,

Umenno, xommaekcHas QyHKUHS f(X) KOMIIEKCHOTO MEPEMEHHOTO X
Ha3LBACTCH HenpepusHol 8 mouxe Xy, €C/H AAS BCAKOTO NOJOKHUTEIb-
HOro AeACTBUTENLHOrO YHC/IA € MOXHO NMOA0GPATH TAKOE NOJOKHTEAbHOE
AelCTBUTEABHOE YHCIO O, 4TO, KaKOBO OW HH OG0 (BOOOLIE rOBOPH,
KOMIIEKCHOE) npupaumenue A, MOAYAb KOTOPOrQo YAOBJAETBOPSET Hepa-
BeHCTBY || <C 8, OyaeT cnpaBeAnHBHM TaK¥e HEPaBEHCTBO

[f (o + h) — £ (x0) | <e.

Pynkuud f(x) na3LIBaCTCA Henpepni8Hol, €CM OHA HENpepHBHA BO BCex
TOYKaxX Xo, B KOTOpHIX OHA OMpeaeneHa, T. e.,eCaH f(x) asasercs
MHOTOY/ICHOM,—H3aBCEH KOMMIEKCHON HAOCKOCTH,

Mnozounen f(x) ngasemca Henpepusnol yHKyiLed KOMNACKCHO20
TePeMEHHO20 X.

[lokasaTenbcTBO 9TOH TeopeMn MOKHO GO 6H MPOBECTH TaK Ke,
KaK 3TO Je/aeTcs B Kypce MaTEeMaTHYECKOrO aHanu3a, a HMEHHO, MoKa-
348, YTO CYMMa H MPOH3BEAEHHE HENpepuBHHX (YHKUHI camu Hempe-
PHBHBI, i 3aMETHB, YTO PYHKUHMS, NOCTOAHHO PABHAT OLHOMY H TOMY we
KOMNJIeKCHOMY 4ucay, 6yaeT HenpepuiBHoH, Mul no#aeM, 0AHAKO, HHHM
nyTeM,

Hoxawxem cnavana vacTHui#t ciyyajl Teopemu, a HMEHHO cayyqai,
Koraa cBOGOAHNI YleH MHOTOWIEHA f(X) PaBEeH HYJIO, MPHYEM LOKaKeM
JHUIb  HENPEPRIBHOCTL f(x) B Todke xo=0. HWunMH caosavn, mom
JAOKAWEM CACAYIOULYI0 neMMYy (BMECTO £ Mbl MHWEM X):

JTesmma 1. Ecau cs0600Hbili 4aen muozousena f(x) pasen HY A0

fW)=aux"4+a,x"" 4 |, +a,_,x,
m. e. f(0)=0, mo dan 8caxozo €>0 moxiHO n0doGPams maxom

06>0, umo npu scex x, dan romopuix x| <6, bydem |f(x)|<<e
HeficTeuTenpHo, nycTh

A=max("10l) lall) ey lan—ll)'
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Yucno & Ham ywe mawo. Ilokaxem, 4To ecnu 3a yHeao § B3ATH

R (1)

TO OHO OyaeT yAOBJIETBOPATH TPEOYEMHM YC/HOBHSAM.
B camom nene,

IF<laol|x"+]e,|[x[""1+ ... +]a,y || 2] <
<A(x[" x4 ],

_lgln+1
)| < AR
Tax kak |x|<<0 n, mo (1), 6 <1, 10

Jxl—| x|+t B2
T—x]  ~T=[«"

" M03TOMY

48
Alx| Ad Ate
-—]x]<l—— |__¢® =&

A+e

1F) ] <

4yTO0 U TPeGOBANOCH MOKA3ATb.
Brisesem tenepn cneayiowyio dopmyay. Ilycth aad msorouses

fx)y=apx"+a,x" "'+ ... +a,_x+a,

¢ mobuMH KoMNIeKCHHIMH Ko3ddunuenTamy, [ToncTaBuy B Hero BMecTo X
cymmy x -+ h, rae h—Bropoe HeussectHoe. Pasnaras B mpaBo# wactH
Kaxaywo u3 creneuneft (x -+ )%, k<<n, no ¢opmyne GunoMa u coGupas
BMeCTe Y/eHb C OAMHAKOBHIMH CTEMEHAMH B, M MOJYYHM, KaK 4ITAaTE/lb
Ge3 Tpyaa NpPOBEPHT, PaBEHCTBO

S+ h)y=f(x)+hf (JC)-I-Ql 7 (x)+.-.+— " (x),

T. €. noKaxeM d¢hopauyay Talisopa, nawowyio pasioxenie f(x4 h)
P10 CTEMEeHSIM «TpPpHpaueHHdy k.
HenpepuBHOCTL NpoOU3BOABHOTO MHOTOuYNEeHa f(x)
m 1I000H TOUYKeE X; HKOKAa3uiBaeTCs TeENepb CcAedylouinm o6pasoM.
Bio dopmyre Taknopa

Fxo+ ) —Fx)=cih+c,b* + ... +c k"= (),

=F () Com=ar (50 eees Cama S ().
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Muorounen @ () oT HewaBecTHOro k£ ecTh MHOrouied 6e3 CBOGOAHOrO
uneHa, noaToMy, no nemme 1, AAH BCAKOro e>>0 MOXHO Nom0GpaTh
Takoe 8 >0, yto npu |h|<6 Oyner |¢ (k)| <<e, T. e.

[f{xo+-h)—F(x0) | <e,

4YyTto H Tpeb0oBaNOCh MOKA3aTh.
N3 nepasencrtra

1S (%0 + ) [— [ (%o} || << [ f (oo + B) — £ (%) |,

ocioBannoro ua gopmyae (13) § 18, u u3 noxasanno#t cetuac wmenpe-
PLIBHOCTH MHOTOY/IEHA BLITEKAET Henpepsgrocms mo0yAL |[f(x)| muo-
rodneda f(x); 9TOT MOLy/Ib ABJAKETCH, OYEBHAHO, NeHCTBHTEABHON HeoT-
puuaTenbHOH (pymcuneﬂ KOMIIEKCHOTO TIEPEMEHHOTO X.

CeAvac 6yayT n0Ka3aHbl JIEMMhI, HCMOAb3yeMble MPH A0KA3aTelbCTBe
OCHOBHOH TeopeMHl.

Jlemma o Mmoayne crapumero uaena. Ecau 0aw MHoZ0-
yaen n-fi cmenenu, n=1,

fX)=apx"+ ax"" 1t a,x""2 4, +a,

C NPOU3BONBHBIMU KOMIACKCHBMUL KOIPPHuyLenmarny U ecau kR—
a1060e  nosoxwcumersnoe Oelicmeumensroe wicao, mo 043 docma-
motno Goavwux no MOOYAO 3HAUeHUE Heu38eCcmHO20 X UMeem
MeCImo Hepagercmeo

|agx" | >k | ayx"1 £ apx" 2, ], @)

m. e. xs0dysb cmapwezo wiena 6ydem Ooasue MOOYARL CYMMB 8CEX
OCMANsHBX HAEHO8, NPUMOM 80 CKOALKO Y200HO pas3.
B camom nmene, nycth A—nanGonsiunit Uz moaynedlt koadduuuen-

TOB @y, @y, ..., Gy

A=max(la,l, |a,], ..., |a,).

Torna (cm. B § 18 cBo#icTBa Moayne#l CyMMB U NPOM3BENCHHS KOM-
NAeKCHHX vicea)

layx" "t ayx™ 2+ Lot e, | <|ay || ¥ " T+ e, || "2 ...

g S AQEP L =a B

Monaras |[x|> 1, MW noay4um:

Jxi* —1 B2
lx]—1 [xi—1"

OTKyAa
a, 5"Vt a, )"t L e | <<ATT—— [xl

bxl—
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Takum 06pa3oM, HepaBeHCTBO (2) GyJAeT BLMOAHATLCA, eCau X YAOBJe-
TBOPSET, MOMUMO yC/n0BHsl |Xx|>> 1, Takxe HepaBeHCTBY
X n
pa L oo = (a2 P,
|x|—1
T. €. ecqd
kA
0

Tak kak npaBas uacThb HepaBencTBa (3) Goabuie 1, TO MOKHO yTBep-
WAATb, YTO AJsi 3HAMeHHH X, YIOBNETBODPSIOWLHX 3ITOMY HEPAaBEHCTBY,
HMEET MeCTO HepaBeHCTBO (2), YTO AOKA3LIBAET JeMMY.

JemMmMa 0 BO3pacTaHHHM MOAYAN MHOrouaeHa, Jaa
8CAK020 MHOZOYAeHa [f(X) ¢ KoMnaexcHuMu Ko3Ppuyuenmanu,
cmenenb KOMoOpPo20 He MeHblle eGUHUNB, UL BCAKO020 NOAONCUMEAbLHO20
Oelicrmgumensnozo xucaa M, ckoas y200H0 004611020, MONCHO nodo-
6pambe maxoe noaoxcumessroe deilicmsumessnoe 4ucao N, wmo npu
|x|> N 6yoem | f(x)|> M.

[ycts
fxX)=ax"+a,x" "1+ ... +a,
Mo dopmyne (11) § 18
If(x)l:,aox”+(a1x"—l+ cee +an)|>
=ax"|=|ax" " 4. Fa, ] (4)

[IpuMenuM JeMMy O MOJAYNEe CTapilero uieHa, MOJOWHB k= 2: cyuwe-
CTByeT Takoe 4Hcno N,, uto npu |x|> N, Gyner

jax" | >2|ax""1+4... +a,l
Orciona

- 1 n
|a,x" 1—|—...—|—a,,|<?[ao,\: l,
T. ., no (4),
n 1 1 n
|fX) [ > [ agx" | —5 1 agx™ | = 5 | aox" .

[TpaBast yacTh 3TOro HepapencTsa 6Gyser Goabuwie M npn

n
|*|>N, = ]EM“ .
%
Takum o6pasom, npu |x|>N=max(N;, N,) 6yrer |f(x}|> M.
Cuuicn 9TOH JeMMB MOXeT OHTb BISICHEH NPH NOMOLLH CAeAylouelt
BEr€OMETPHYECKOH HIMIOCTPAILHH, KOTOPast B HacToslleM naparpade 6yser
MCOAHOKPATHO HCNONb30BaTbheA. TIpeanonoxkum, 4To B KaxaAoH Toyke X
B(OMMNEKCHOH IIOCKOCTH K 3TOH NJOCKOCTH BOCCTaBJAGH UepneHp-
Beyp, NIHHA KOTOPOro (UPM 3agaHHOM eluHulie Macmraba) pasna
:s;onymo 3HaYeHHSl MHOTOUYNeHA f(X) B 3TOH TOuKe, T. €. paBHa |f(x,)|.
OHUB MEPNEHAHKYNAPOB OyLYT COCTABAATb BBUAY MOKA3aHHON BLiue
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HENpPEPHBHOCTH MOAY/I MHOTOUY/IEHa HEKOTOPYIO HEMPEPLIBHYIO KPHBYIO MO~
BEPXHOCTDb, PACMONOKEHHYIO HAL KOMIJIEKCHOH NIOCKOCTLIO. JleMMa 0 BO3-
pacTaHH¥ MOAY/S MHOTO4Y/NEeHA MOKa3LBaeT, YTO 9Ta MOBEPXHOCTh NPH
BO3pacranuu |x,| sce Gonabiue u Gonplie yAANfeTCs OT KOMIJAEKCHOH
NJAOCKOCTH, XOTH, MOHSTHO, 3TO YyraneHue
BOBCE He HBAAETC MOHOTOHHWM, Puc., 8
CXeMATHYECKH H306pawmaeTr JAUHUIO Tepece-
YeHHd STOH MOBEPXHOCTH C MAOCKOCTHIO,
nepneHIUuKYJIsspHON K KOMIUIEKCHOH nao-
CKOCTH N TpoXoAsuied 4epes Touky O.
—_— : OcHoBHYIO pOAb B N0KA3aTEAbCTBE HI-
0 paer cjelylouias Jemma:

JNemvma JdanambGepa, Ecau npu
X=X, MHO20%AeH [(X) cmenenu n,n=1,
He obpawaemca 8 Hyas, [(xo)#+0 u no-
amosmy |f(x,)| >0, mo moxcro nalimu maroe npupamenie h, 8 obuen
cayuae Komnaexcroe, 4mo

S+ 1) | <|f (%) -

ITo ¢opuyne Taitnopa, ecAn mnpupaimenwe k noxa NpPOH3BOALHO,
Gynet

Puc. 8.

F o by = £(0) + B (50) a5 7 (k) 4« o+ £ (),

o ycnosmo, x, ne sBnsercs KopHem aas f(x). Cayuaiino, oZHako,
STO YHC/IO MOXKET OKa3aThed XOpHEM A f'(x), a Takxke, 6bITb MOXET,
A7 HEKOTOPHX M3 JAajAbHeHlIMX MPOU3BOLHMX. [TycTb k-1 npousson-
Hat (k= 1) Gyner neppofi, He umelouieH X, CBOMM KODHeM, T.e€.

S ) =Tk = . =FED () =0, fB ()50,

Takoe k cywectByer, Tak Kak, eCiH @, ecTb CTapuuid Ko3pdnuneni
Muorounena f(x), to

F® (xq) = nlay=0.
Taxkum o6pasom,

f ot By = £ (r9) £ 25 18 (10 +

REFY ks h® oy
T E T AR EN By L BN

k¥ e
Hexotopste u3 wucen f*¥1 (xg), ..., f~V (k) Takwe MOryT paeHiTbCS
HYJ10, HO 3TO AAR HAC HeCYuIeCTBEHHO.

Hens ofe wactH 3TOro paseHcTsa Ha J(x;), OTAHYHOE, N0 YC/I0BHIOm.
OT HyId, U BBOASI 0603HaueHHe

(%]
o=l mh ke
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Mbl TTOJYYHM:

h "
f(;‘z#= VLt cp BT oL e 0°

HAH, BBULY ¢,5-0,

f(x +h) 4 cn n -
LD = (1 o) + o (’é—k“h—l— ULy ”).

Cr
[epexonas k mMomyasm, noayunm:

h
LEER| 1 g ot [ +] cy? |

Cras Ln -t
<Y e PR

o storo moMeHTa MW HE A€AaAH HHKAKHX MPeANnoJOWeHHH O mpus
pawenun i, Tenepp Ml 6yneM Buoi6GupaTh f, npuyem GyaeMm OTAELAbHO
BhIGHpaTh €ro MOAYyab u ero apryment. Moayns A Gygmer Bubupartbcs
caeaywouluM obpasom. Taxk kak

¢ Cn yn-
2—“/1—{-...-}-?"—/1" k
& 3

ABANETCH MHOTOYNEHOM OT k 6e3 cBOOGOAHOrO uaeHa, To, mo Jnemme |

1
(nonaraﬂ 8=7), MOWHO HaliTH Takoe 8,, urto npu |k|<C6, Oyier

Cn

Cr+t
o h+4.. '+0k

h"-’?]<i ) (6)

C ppyro#t cToponu, fnpnu

|| <8y=y/Tee] !

Oyxnet
leh®| < 1. ()
[Tonowus, 4yTo MoAyAb # BHOpPaH B COOTBETCTBHH C HEPABEHCTBOM
k] <<min (,, 9,). (8)

Toraa, BBuay (6), HepaseHcTBO (D) MpeBpalaeTcs B CTPOTOe HEPaBCH-
CTBO

H;?j—)h)|<|1+ckhkl+ 7| eh®]; 9

ycaosHesm (7) M BOCNOAb3yeMcd MHLIL MO3KeE.
Oas BwGopa aprymentra h mnortpebyeM, 4tobuw HHCIO ckh" Oui10
OTPHULATEJbHHM JAeHCTBHTENbHHM 4dncaoM. UHbiMu caoBamy,

arg (c,h*y =argc,+kargh=n
OTKyaa

argh:’_‘:%'ﬂé. (10
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Ipu stom BuGope h uncno c,h” Gyner OTIMYATLES 3HAKOM OT CBOei
aGconoTHON BENHYHHLI, R .
cph® = —|c,h*|,
a no3TOMY, HCNOAL3ys HepasencTBo (7),
k& k 2
[T+ ¢ b | =|1—]c,h* || =1—]|c,h*].
Takum o6pasom, npu BuGope h ua ocHoBanunm ycaosuit (8) u (10)
uepagencTBO (9) npuHmMaeT BUA

' 1 1
] gt 1=

T. e. TeMm Gonee

F OB | _ 1 (o)
L (xo) [£(x0)1

Lf (o =+ R) | <<| S (x0) |,

Y10 NOKasbiBaeT Jemmy JanamGepa.

lpu nomMomu TOH reoMeTpHYeCcKOH HAMOCTPALUH, KOTOpas Ona
JaHa Bblilie, MOWHO CNEAYIOUIHM 06pa3oM nosicHuTb Jemmy [anambGepa.
Hano, uto |f(xp)| > 0. D10 3nauuT, uTO ANHHA NEPNEHAHKYAsipa, BOC-
CTaBJCHHOTO K KOMMAEKCHOH M/IOCKOCTH B TOYKE Xp, OTJIHYHA OT HY/d.
Toraa, no nemme Janambepa, MOWKHO HAHTH TaKyl0 TOYKY X;=Xo+ A,
uto | f(x,) | <<|f(x0)|, T. e. nepmenaukyasp B Touke x, Gyier Gonee
KOPOTKHM, 4YeM B TOYKE Xg, H, CIE€AOBATE]ILHO, MOBEPXHOCTb, 00pa3o-
BaHHA% KOHUAMH nepneHAHKyasipoB, 6yaetr B 3Tol HOBOH TOYKe He-
CKOabko Gnmwke K Komnmiaexcuo#t naockoctd. Kak nokaswBaeTr nokasa-
TE/NLCTBO JIEMMB, MOAY/Ab /i MOXKHO CYHTATh CKOJb YrOAHO MallbM, T. €.
TOYKY X; MOXHO BHOPAaTh KaK YroZHO OJNM3KO K TOYKE Xo; Mbl He
6yaeM, oAHAKO, MOML30BATHCH B JlaibHednleM 3THM 3aMedaHHeM.

KopusiMu muorounesa f(x) 6YAyT CAYKHTb, OUEBHIHO, T€ KOMMACKC-
HbiE yucna (T. €. Te TOYKH KOMMIeKCHOH MAOCKOCTH), B KOTOPHIX HO-
BEPXHOCThb, 06pasoBaHHAs KOHLAMH MNEePHEHAMKYISPOB, KOCHETCA ITOH
nnockoety. Onupascs anwb na nemmy JlanamGepa, Heab3a 40Ka3aTh
CyuecTBOBaHMEe TaKHX Touyek. B caMoM gene, no/ib3ysich 3TOH neMmol,
MOXHO HaHTH Takyww GeCKOHEYHYI0 MOCAeJOBaTeNbROCTL  TOYEK
X0, X1, X5y eu., UTO

I/ (k) [ > 7 () [ > f () [ > .. (11)

O7cona He CIelyeT, 0AHAKO, CYLIeCTBOBaHHE TaKOM TOUKH X, uTo f (X)=0,

TeMm Gosiee, yTo yOhIBaloLlas NMOC/EN0BATENbHOCTh NONOKHTENAbHBIX Aeil-
cTBHTEAbHHX uHucea (11) BoBce He 006A3aHA CTPEMUTbLCH K HYJIO.

JNlanbuefimine paceMoTpenuss GyAYT OCHOBaHm Ha OfHON Teopeme H3

TeOpuH (yHKUHHA KOMIMEKCHOrO lepeMeHHOro, ofofumiaiouiefl teopemy

Beflepurrpacca, H3BeCTHYIO YHTATE/NI H3 KYPCA MATEMATHYECKOTO aHaN3a.

" Ouna ornocuTCcqd K AelicTBUTENbHBM (YHKIHUIM KOMIIEKCHOrO INepeMeH-

<1)

OTKyla cheayer
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HOTO, T. €. K (YHKUHSM KOMIIEKCHOTO NEPEMEHHOrO, MPHHIIMAIOU[HM
Aub AeHCTBUTEAbHHIE 3HAUEHHS; HPHMEPOM TAaKHX Q)yuxuuﬂ CAYMUT
MOAY/b MHOTOUJAeHA, B dopMynnposxe 9Tol TeopeMi Mu 6YAeM FOBOPUTH
A7 TPOCTOTH 0 3AMKHymoM Kpyze E, noHuMag noia 3THM KpPyr Ha
KOMIJIEKCHOH M/I0CKOCTH, K KOTOPOMY IPHCOCIHHEHH BCE TOUKH €ro
FPAHHIH,

Ecau Odelicmsumensnan pynxyua g(x) rkomniexcrno2o nepemer-
HO20 X HenpepusHa 60 6CeX mMOLKAX 3AMKHYmo20 kpyza E, mo
cywecmeyem 6 kpyze E maxan mouxa x, umo 048 scex x u3 E
umeem mecmo Hepagencmso g(X) = g(x,). Touxa x, n6asemcs, cae-
dogamensno, mouxold Munumyma osa g(x) 8 rxpyze E.

IlokasaTenbcTBO 3TOH TEOpEMb MOXHO HAaHTH BO Bcex Kypeax Teo-
pPHH (QYHKUHH KOMIVIEKCHOrO MEPEMEHHOrO, H Mbl €ro HE MPHBOLHM.

OrpanuuuBascy cayuyaem, koraa Qyuxuust g(x) HeoTpuuateabsHa Bo
BCeX TOYKaX Kpyra E,— TONbKO 9TOT cayyalt npeicTaBisieT Aasl HAC
HHTEpeC,— MOSICHUM TeOMEeTPHYECKH 3Ty TeopeMy MNpH MOMOU(H TOH
H/ULIOCTPAUNH, KOTOPAsd yxe HCHonb3oBaHa BHule. B kawxioh touke x,
Kkpyra E npoBoAMM MEPNEHAMKYMAP AAHHL g(x,). Konum sTux nep-
NeHAHKYNSIPOB COCTABASIOT KYCOK HENpPepLBHON KPHBOH MOBEPXHOCTH,
npuyeM Graromaps 3aMKHYTOCTH Kpyra E CYUIeCTBOBAHHE TOUEK MHHi-
MyMa I/ 3TOr0 KYCK2 IMOBEPXHOCTH AeMaeTCsl reoMeTpHYeCKH A0CTa-
TOYHO ACHHM, DTa WIIIOCTPALHS HE 3aMEHSIET, KOHEYHO, LO0KA3aTe bCTBA
TeopeMhl,

Tenepp Ml MOXeM mepeHTH K HEMOCPEACTBEHHOMY A OKa3aTeJ b
¢ty ocunoBHOH Teopemu. [lyctb man MuorounseH f(x) cre-
neun 7, n==1. Ecan ero cBOGOAHHH uneH ecTb @,, TO, OYEBIIHO,
f(0)=ga,. TlpuMcHuUM K HalleMy MHOCOYNEHY JeMMy O BO3pacTaHuy
MOy MHOTO4AeHa, moaaras M=|f(0)|=|a,|. CyuectByer, cieno-
Barenbuo, takoe N, yro upn [X|>N Gyaer |f(x)|>]|/f(0)]. Oue-
BHIHO, fa/iee, YTO yKa3aHHOe Buule o6obuwenne Teopems Befiepurpacca
npumeHumMo K ¢yukunn | f£(x)| npu mobom smbope 3aMKHYTOTO Kkpyra E.
B kauectse £ Mu BO3bMeM 3aMKHYTHH KDYr, orpaHuyeHimit OKPYK-
HOCThIO pannyca N ¢ uentpom 8 touxe 0. [lycts Touka X, Gyxer
ToukoH Muuumyma ana |f(x)| B xpyre E, OTKyla, B 4aCTHOCTH, cje-
nyer |fx))|<|/(0)].

Jlerko BumeTb, YTO X, Ha camom Oese Gydem CAYIHUMS MOYKOl
mununysa 01 | f(x)| ua sceii womnaexcumoit naockocmu: ecnn
Touka x' nexur Bue E, 10 | |>N, u no3ToMy

IF N> 1F0)] =1 f(x0) ]

Otciona caenyer, makoHen, 4to [xg) =0, 1. e. ut0 X, caymum rop-
Hem 047 f(x); ecan 6ot 6HA0 f(x,)#0, To, Mo aemme HaaamGepa,
CyuiecTroBajia O Takas TOUKA Xy, 4TO | f(x)| <<|f(xy)]; a0 npotu-
BOPEUHT, O1HAKO, TO/NBKO HYTO YCTAHOBIEHHOMY CBOMCTBY TOMKH X,

3aMeTum, 4TO elle OJHO AOKA3ATENBCTBO OCHOBHOM Teopevu 6yaer
npuseseno 8 § 53.
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§ 24, CaeacTBHA M3 OCHOBHOH TEOpEMBI

[yctp nau MHorouned n-i#i ctenenwu, n=1,
fwy=ax"4-a,x"" 1+ ... }a,_ x+a, (1

¢ moluIMH KoMniaekcHHMA KoadduunesTamu, MW CHOBa pacemaTpusaeM
ero Kax (opmanabho-anrebpanyeckoe BHpaxenue, BMOJHE onpeneaseMoe
Ha6opom csoux koadduuuentos, OcHOBHAs TeopeMa O CYL(eCTBOBAHUH
KOpH#t, JOKa3aHHas B mpelluecTBylouleM naparpade, no3BoJjsieT yTBep-
WAAaTh CyulecTBOBaHHE AN9 f(X) KOPHA &y, KOMNAEKCHOrO HIU AeHCTBH-
Teabhoro, Iloatomy muorodnen f(x) obnanaet pas3iQeHHUEM

S x) = (x—oy) @ (x).

Kosdduuuentin muorounena ¢ (x) cHoBa sBAAOTCH HAeHCTBHTENbHBIMH
HAH KOMIVIEKCHHIMH YHCAAMH, M TO3TOMY ¢ (x) o6nanaer KODHEM O,
oTKYyaa

Jx) = (x—0y) (¥ — o) P (x).

Tlporomkan Tak na’ee, MM NpuUAeM TOCAe KOHEYHOTO YMCAA 1LAroB
K Pa3N0OXKEHHI0 MHOTOYNeHa n-# ctenenu f(x) B NpOH3-
BeAEHHE 7 NHUHEHAHBX MHOXHTENEH,

Jx)=aq(x—oy) (x—a) ... (x—a,). (2)

Kosdduuuent a, nossuacs no cneaywome npuynne: ecan 6o cnpasa
B BHpaxeHnuu (2) ctosa HekoTOpHii kO3dduuUHeHT b, TO nocae packpul-
THR CKOGOK CcTapumnil 4yaed MHorouneHa f(x) umena 6w Bua bx", xoTd
Ha caMoM pene, BBHay (1), uMm sBaserca unen ayx”. [MoatoMy b=aq,.

Pazaoocenne (2) nsanemcn 048 MHO20%aeHa [(X) eCUHCMEBEHHBLA
€ MOYHOCMBI0 00 nOpAOKG COMHONCUMENel [a3A0XCeHUeN MAK020
muna. .

Ilyctb, B caMoMm Jene, uMeeTCsl €lle pasjioKeHHe

F)=a,(x—B))(x—By) ... (x—B,). (3)

M3 (2) u (3) crenyer paBeHcTBO
(—ay) (x—aty) oo (x—a)=(x—B)(x—B;) ... (x—B,). 4

Ecan 6u xopetib a; Ou1 oTtauuen ot Beex B, j=1, 2, ..., n, 70,
NOACTABANA C; BMECTO HeH3BecTHOro B (4), MW noayyuaum G Ciesa
Hy/b, a CrpaBa YHCaAO, OTAHYHOE OT Hyad, Takum o6pasom, @carul
KOpeHb O pasen Hewomopouy xopHio P, u obpamno.

OTtcioda euie He BhiTexaeT cosmalexue pasnoxenui (2) u (3). Hedt-
CTBHTE/NbHO, CPeAH KopHe# oy, i=1, 2, ..., n, MOTYT GHTb paBHuE
mew1y co6oit. Ilyctb, Hanpumep, § 3THX KOpHEH paBHB @, H NycTh,
C ApPyro#i CTOPOHH, Cpeln KopHelH ﬁj, Jj=1, 2, ..., n, cosepxkurca ¢
paBHnIX KOpHIO ¢,;. HyxHO nokasaTth, uto s="{,
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Tax kak cremenb NpoOH3BENCHHS MHOrOY/MEHOB PaBHA CyMMe cTeneHeft
COMHOKHTENCH, TO NPOU3BEACHHE HBYX MHOFOYJIEHOB, OTAHUYHHX OT HY.i,
He MOWeT pasHATbCs Hymo. OTciona BuTekaeT, Y4TO eCaH [Ba MPOU3-
BEACHHH MHOTOYIEHOB PaBHMW ILPYr Apyry, mo obe #acmu paseHcmsa
MOJCHO COoKpamums Ha OOUUE MHONCUMEAL: eCaH

fx)ex)=gx)o(x)
[f(x)—gx)e(x)=0
f(xX)—g(x)=0,
fx)=g(x).

[Mpumennm 910 k pasenctsy (4). Ecan, nanpusep, s> ¢, T0, COKpa-
ulasi o6e YacTH pasencra (4) HA MHOXKHTEAb (x——oal)', Mbl fIpHAEM
K PaBeHCTBY, /IeBas 4acTb KOTOPOIO euie COLEPKHT MHOKHTEIb X —Q,,
a npasas ero He CopepwHT. Beile nokasano, oxnaxko, 4To 3TO MNpH-
BONHT K NPOTHBOPEYHIO. Takum 06pa3oM, eXHHCTBEHHOCTD pas/owenus (2)
Ans MHorousnesa f(x) npokasasa,

O6bennnas BMeCTe OAHHAKOBLE MHOWHTENH, Pa3/ioweHHe (2) MOXKHO
nepenucath B BHJeE

f)=a,(x—a)t(x—ay)s ... (x—a,)t, ()

Rit+ket ...+ ky=n.
ITpu stoM npennonaraercs, YTO Cpeau KOPHeH Oy, Oy ..., &, YKe
HEeT PaBHLIX.

Hokaxem, 4TO %lcao k; u3 (5), i=1, 2, ..., I, nasagemcs xpam-
HOCMbIO KOPHA O; 8 MHozotnene [f(x). Ie#cTBuTenvuo, ecian sra
KPaTHOCTb PaBHA §;, TO R;<Cs;. [lycts, onnako, ky<<s;. B cuny onpe-
ALefeHHs KPAaTHOCTH KOPHA 1A f(X) CywecTByeT pasnoxenie

fxy=(x—a)% ¢ (x).
3aMeHAs B STOM PA3/NOMEHUH MHOXHTEeab ¢ (X) ero pasjowmenueM Ha
Aunefinple MHOXHTENH, Mbl NOAY4YHAH OW Aas f(X) pasnoxenue Ha
JAuHeliHbie MHOXHTENH, 33BEAOMO OT/HYHOE OT pa3snoweHus (2), 1. e.
npuiian Gel K MPOTHBOPEYHIO ¢ LOKA3aHHOH BHIE eAHHCTBEHHOCTBIO
3TOr0 pPasnoweHwud.

My nokazanu, Takum 06pa3OM, CAeAyIOUHH BaWHWHA PE3yabTAT:

Bearxuld mnozounen f(x) cmenenu n, n=1, ¢ awbwmu uucio-
sbult KoOIPbUNUEHmanU umeem n xopHell, ecal Kkaxcosd u3 KopHeil
CHUMQMb CMOALKO PA3, KAKOBA €20 KpAmHoCmb.

3aMeTHM, YTO HAIIA TeopeMa CrpapenanuBa W npH A=0, TaKk Kag
MHOrO4YJE€H HYNEeBOH CTeNmeHH He HMEeT, NMOHITHO, KopHeH, DTa TeopeMa
HENPHMEHHMa NH Wb K MHOTOUNeHy O, He HMEIOLIEMY CTeNIEHU H PaBHOMY
HymMo npu 1060M 3HAYeHHH X. DTHM NOCNEAHHM 3aMEYaHHEM Ml BOC-
noJabL3yeMCs NPH N0KA3aTeNAbCTBE CAEAYIOMIE TeOop e MBbl

H ¢(x)=0, 10 u3
cneayer

T. €.

rae
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Ecau mnozounensn f(x) u g(x), cmenenu romopblx He npegoc-
xodam n, umeiom pasHbe S3Hauenus Gosee Hes npu n pas3ausnbx
SHQUEHURX Heu3secmnozo, mo f(x)=g(x).

JleficTBHTeNbHO, MHOTOUNEH f(X)— g(X) MMeeT nNpH HawHX npei-
noMoWeHNAX Go/ee YeM 71 KOpHel, a Tak KaK €ro creneHb He MPeBoOC-
XOAHNT 72, TO ROMKHO HMETb MECTO paBeHCTBO f(x)— g(x)=0.

Taxum 06pasomM, yUHTHBAS, YTO PA3THYHBLIX YHCE] GECKOHEYHO MHOTO,
MOXHO yTBEPXAATh, YTO 048 2100b6iX 08YX PA3AUHHIX MHO20%AeH08 [ (X)
u g(x) Halidymes makiue 3Ha4eHus ¢ Heuzsecmuozo x, umo f(c)==g(c).
Takue ¢ MOWHO HaliTH He TOABKO CPeldM KOMIMEKCHWX 4HCed, HO
H CpPeiH LeHCTBHUTE/bHBIX, CPeAH PAaLUOHANBHHIX H JAaXe CPeAH LeJhnX
yuces.

Takum o0pasoM, ABa MHOrOYJeHa C YHCAOBHLIMH KO3(-
buunenTamMu, UMeOUIUEe XOTH GH NPH OZHOH CTemeHH
HEeHU3BEeCTHOTrO0 X pasauynne KosdpdPHuueHTH, OGYyAYT
Pa3THYHHMH KOMMONEKCHHBIMH GYHKHHAMH KOMNOAEKC-
HOTO NEPEMEHHOTrO X. JTHM A0KA3aHA, HAKOHEL, PABHOCUABHOCMY
02 MHO20%A€HO8 € "UCA0BbLMU KOIPPULUeHmany 08YX YKA3AHHOX
6 § 20 onpedenenuid pasencmsa MHO204.1eHO8 — QA2e0pPAULECKO20 U
meopemuro-@ByHKLUOHAALHO20.

Teopema, Ao0xa3anHast BHIUE, NO3BOJASET YTBEPKIATb, YTO JHO20-
YACH, CMeneHb KOmMOpozo He Goabwe n, 8noAxe onpedessemcs C8oUMU
BHQYEHUAMU NpU A06HX PA3AUUHLYE 3HAHEHUAX Heu36eCMHOZO0, HUCAO
Komopstx Gosvwe n. MOXKHO Nu 9TH 3HAYEHMS MHOrOYJIEHa 3aAaBaTh
NPoU3BOAbHO? Ec/M NpeAN0ONOKUTh, YTO 3a/1aI0TCS 3HAYEHHS MHOTOY/1eHa
npH 72-- 1 pasnuyHLIX 3HAYEHHAX HEH3BECTHOTO, TO OTBET GYAET MOMOKH-
TENbHHIM: 8Ce20a cyuecmeyem MHo204aeH He bodee wem n-ii cmenewu,
npusumaiowull Haneped 3adannbie 3uauenus npu n-+1 3adaHHHX
Pa3aULHBLX 3HAUEHUAX HeU38eCMHO20.

B camom pene, mycTh HYKHO MOCTPOHTB MHOTOU/MEH He 6ojee yeM
71-H CTeMeHH, KOTOPHH NPH 3HAYEHHAX HEHIBECTHOTO &y, Gy, ..., &yyq,
NpeianonaraeMunx pasauyHLIMH, TPHHHMAET COOTBETCTBEHHO 3HAYEHHA
€1 €3y vy Cuypy. JTHM MHOTOYAEHOM OyneT:

n+
flx) = Zlc,- (x—ay) ... (x—ai—) (x—a;q) ... (x—a,4q) 6)

@;—ay) ... (@—a;—)(@;—a;4y) ... (a;—a,4q)°

i=1

IleficTBuTeanbno, ero crenens He Gosbule 7, a 3navenne f(a;) paBHo ¢,.
bopmyna (6) Ha3LIBACTCA UHMEPNOALLUORKOL hopsuy ol Jazpanica.
Haspanne «HHTEpNOASUHOHHAAY CBA3AHO C TeM, 4YTO no 3ToH dopmyne,
3Hasl 3Ha4YeHHs MHOrouneHa B 71 TOuYKe, MOWHO BHUYHCIAATH €ro 3HA-
YeHHR BO BCEX JAPYruHx TOYkax.
dopmy.ab Boeta, [lycTh pad MHOTOUMEH f(X) cTeNneHH 22 CO CTApLIUM
Kospduunentonm 1,

JW=x"Fax"" +ax" 24 ... +a, 1 x+a, ()
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M NyCcTh oy, Oy, ..., &, —ero kopunl), Toraa f(x) o6nanaer crexyio-
UiUM pa3roXKeHHeM:

fxy=(r—a,) (x—a)...(x—a,).

[Tepemnoxas cko6xu, CTOsLIME CNIPaBa, a 3aTEM NPHBOAS NOXOGHHE YIEHN
n cpaBHHBaa noayuennuie xoadduinest ¢ koapduunentamu 3 (7), Mb
MONyYHuM CAedylOulHe paBeRCTBA, HasbiBaeMhe opmysamu Beera u
Bhipaxcalouine Ko3Gh@HUHEHTH MHOrOY/NEHA YEPE3 €ro KOpHH:

a=— (0, Fa,4 ... Ja,),
Qg =00y F 0 + . oL a0, Qs ... o, g0,
@y = — (0,000 + 00,0 + o - 0y g0y 1 Gy),

@ » s & & & e s & s s = e v s w o w 2 s s 8 s e+ s 4 s o e e o & 8 & s 0

—_— -1
poy=(—1)""1 (@8 . .0, 00 o Oy o0 0y . .. T),
a,=(~1)o,a,...q,.
Takum o6pa3om, B mnpaBoit wactn k-ro paseuctBa, k=1, 2,..., 7,
CTOMT CyMMa BCEBO3MOXHBIX NPOU3BEAEHHH NO £k Kopuelt, B3siTas €O
3HAKOM MJIIOC MJH MHRYC, B 3aBHCHMOCTH OT YETHOCTH W/H HEYETHOCTH K.
[pu n=2 3ty ¢opmyns npeBpamlaiOTCi B H3BECTHYIO M3 3JeMeH-
TapHo# aiare6pn CBA3b MEWAY KODHAMH M KOdp]HUHeHTamMH KBaapaTHOro
muorounena. [lpp =3, T. e. Ana KyOHYHOTO MHOrOY/EHa, 3TH HOPMYTH
NPUHHMAIOT BHA

a,=— (0 0y +0g), ay=a,0,+a 0,0, ay=-— a0,

Gopmyan BreTa o6nervaioT HanucaHHe MHOrOYJEHA N0 33JaHHHM €10 KOPHAM,
Tak, waftnem MHoOrouwjen f(x) 4eTBepTOH CTeNeHH, HMEIOWMA NpPOCTHIME KODHAMH
ygca 5 1 —2 u AByKpaTHHIM KopHeM uHcao 3. Ml nosyunm:

== (6—2+34+3)=—09,
8y =5-(—2)+5-345.34(—2)-34(—2)-3+3.3=17,
ag=—[5:-(—2):34-5-(—2)-3+5.3.34(—2)-3-3] =33,
ay=5-(—2)-3-3=—90,
a 1o3ToMy
f(x)=x4—9x31-17x2 - 33x—90.

Ecan crapmutt kosadduuuent a, mMHorounena f(x) orauued ot 1,
TO ana npumexenns dopmyn BreTa neo6xonuMo cHayana passenHTh Bce
KO3 HLHERTH Ha @, 4YTO He BJHAET HA KODHH MHOrouaeHa. Taxum
o6pasom, B 9TOM caydae ¢opmyinl BpeTa naioT BHpawenue ANl OTHO-
weHn# Bcex KO3 HUUMEHTOB K cTapuiemy.

MHorouneHn! ¢ peiicTBUTeNbHBIMH KO3 duunenTamu, Cettuac 6yayt
BhIBEJEHE HEKOTOphLie CNeACTBHSI M3 OCHOBHOH TeopeMm anreGpw KOM-
MJEKCHHX YHCEJ, OTHOCAINHMeCS K MHOTOUYJEeHaM ¢ JeHCTBHTENbHBIMH

1) Kax<aplfi KpaTHeI KOpeHs B3fIT 31eCh COOTBETCTBYIOLICE UHCJAO Pa3.
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kosdduumentamu. 1To cymiecTBy, UMEHHO HA STHX CAENCTBHAX OCHOBAHO
TO HCKJAIOYHTENbHO GONbIIOE 3HAYeHHe OCHOBHON TeopeMbl, O KOTOPOM
TOBOPHIOCH PaHblie,

IMyctb MHOrouseH ¢ MeHCTBUTENLHLIMH KO3QdULHEHTaAMH

fx)=aox"+ alx”_1 +ot o6 +a,
MeeT KOMIIEKCHLIR KopeHb Q, T. €.

ar"+aa" 4 ... +a,_,00+a,=0.

Mu 3HaeM, 4yTo mocnesHee pPaBEHCTBO He HapYLIHTCH, €C/AM B HEM BCe
4MC/a 3aMeHHTD Ha conpaxentble. Onnako Bce KodapdHuLIHEHTH a, a4, ...
eeey Oy q, @, & Takke uyucgao 0, cTosuiee cnpasa, OyayuyH AeACTBH-
TEJbHBIMH, OCTAHYTCH NP 9TOM 3aMeHe 6e3 M3MEHEHHS, H Mbl IPHXOAHM
K paBeHCTBY

e+ a0t ., +a,_a+a,=0,

J (@) =0.
Taxum o6pasoMm, ecau womunsexcroe (Ho He delicmeumensroe) HILCAO O
CAYMWUM KOopHeMm MHO204AeHA f(X) ¢ Oelicmeumensubinu roaghgunien-
manu, mo kKoprem daa f(x) 6ydem u conpayxcernnoe 4uUCAO O.

Muorounen f(x) 6yser menurTbcst, CAELOBaTENbHO, HA KBAAPATHHIHA
TpexuneH

T. €.

P (¥)=(x—a) (x—o) =x—(a+a) x}aa, (8)

KO3QdunueHTH KOTOPOro, Kak Mul 3HaeM u3 § 18, meHcTBHTEAbHN.
TTonbaysich 9THM, MOKAMEM, YTO KOPHL G i O UMeIom 8 MHo204AeHe f(X)
O0HY U my e kKpamuocms. ’

[lycTh, B caMoM Hene, S5TH KOPHH HMEIOT COOTBETCTBEHHO KpPaT-
HocTH k& M [ wu nycTtb, Hampumep, k>/. Toraa f(x) aeaurci Ha
l-10 cTeneHb MHOrouneHa ¢ (x),

fx)=0¢"(x) g (x).
Mnorounen g (x), KaK 4aCTHOE ABYX MHOTOY/EHOB C ACHCTBHTENbHBIMU
Ko3(uuUueHTaMH, TaKKe HMeeT ACHCTBUTC/AbHHE KO3IGDPHLHUEHTH, HO,
B IPOTHBOPEUHE C AOKA3AHHMM BhIlIle, OH HMEET YHC/I0 & CBOUM (R —I)-KkpaT-
HBIM KOpHEM, TOrJAa KaK 4YHCJO o He aBasercd Ajas Hero kopieM., Orcioaa
clelryer, uTo R=/[.

Takum oGpasoM, Temepb MOXHO CKa3aTh, YTO KOMNAEKCHbiE KOPHU
BCAKO20 MHO20UAEHA ¢ OelicmEUmMeNbHbLMY KOhPURLeHManl NONEPHO
conpsivcentt, OTCIONA M H3 HOKA3aHHOU Bhllie €AHHCTBEHHOCTH Pasno-
WEHHH BUAA (2) BhTEKaeT C/AEAYIOIIUH OKOHYATEAbHH PE3ylbTar:

Bearuld muozonaen f(x) ¢ Oelicmeumensnuinl xosgdhunuenmani
npedcmasuit, npumons. eGUHCMBeHHUM C(Nnocobos (¢ mMoxHOCMbIO (o
nopadrka muoxcumeanel), 8 6ude npou3gedenlss c0e20 CMAPULEZO KO-
Punenma a, 4 HECKOAbKUX MHO20%4eHO08 C OelicmEUmMeAbHBMU KOID-
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duguenmanu, AuHelinbix euda x—o, coomgememeynuix e2o Oei-
CmeUmMesbHILM KOPHAM, U K8adpamubx suda (8), coomsemcmeyiouux
napas ConpajNCeHHbx KOMNACKCHHUX KOPHel.

s nanbHefiniero mone3Ho MOAYEPKHYTh, YTO CPEAM MHOrO4Y/J1€HOB
¢ JdefcTBUTENbHHME KO(UIHCHTAMH 1T CO cTapmuiuM Kospduuuentom 1,
HepasNoKHMLMH Ha MHOXHTEJAN MeHbIlel cTeneHu WaH, Kak MH OyleM
TOBOPHTb, HenpusoduMmbimi, SBAAIOTCA /HUIL JAHHEHHHE MHOrOYIEHH
BUJa X—O H KBajpaTHuoieé MHOrouJeHw Buaa (8).

§ 25*, PauuonajabHbie 1po6n

B kypce MaremMaruyeckoro ananM3a H3y4aiOTCH, MOMHMO LeahX
PAUHOHANbHKK PYHKUHH, HA3BAHHBIX HAMH MHOTOYNEHAMH, TAKKe dpobHO-
panuonasrbie PyHKyuL; 5T0 GYAYT YacTHLIE % ABYX e/ nx palHo-
HanpHuiX pyHkunil, rae g(x)=0. Haa stumn dyHkuusamu npou3sonarcs
anrebpanuecKiie ONepallK MO TAKHM Xe 3aKOHAM, KaK Hal palliOHafb-
HbIMH 4HCAaM#, T. €, KaK Haa ApOOAMH ¢ UeIWMH YHCAHTENAMH U 3Ha-
MeHaTensiMu, PaBeHCTBO ABYX APOGHO-pauHoHAAbHWX DYHKUHH HAH, KAK
MH O6yneM naiblie TOBOPUTb, PAnUOHaAbHbX Opobeli TaKke NOHUMAETCH
B TOM e CMbicae, YTO M paBeHCTBO Apobelt B sneMenTapHoil apudme-
Tuxe. Jlag onpeneneHiocTH Mw OydeM paccMaTPUBATb PALHOHANBHKE
apobrc neficTBRHTEAbHN MU Ko3puuHeHTaMy; unTaTenb 6e3 Tpyaa
3aMeTHT, 4YTO BCe cOJepxaHue Hacrosuero naparpada mMowxer OuTh
NMOYTH NOC/AOBHO [IEPEHECEHO HA cayuall pauuoHaabHbiXx Lpobeil ¢ KOM-
NAEKCHBIME KO3(PPULHEHTaAMU.

Paunonanbuas npobb Ha3wBaeTCa Hecoxkpamumoli, ecainee YHCAUTEND
B3auMHO 0pOCT CO 3HaMeHaTeneM,

Beaxas payuonaasnas Opobs pasna Hexomopoll Hecoxpamusol
Opobu, onpedenrsemoli OOGHO3HAHO € MOLHOCMbIO 00 MHONCUMeNS
HYae8oli cmenenu, obuje2o0 OA8 wuciumeas U 3HQAMeHaAmeAs.

HelcTBHTENALHO, BCAKYIO PALLHOHANBHYIO APOOb MOXHO COKPAaTHTb Ha
HauGOAbILHA OBGUINHA JeNHTe b ee YHCJANTENd U 3HAMeHaTels, Noc/ae Yero
Oyaer monaydyena pasHas el HecoxkpatuMmas ApoGpb. Bcau, nanee, pasio

f(x) | o
ApYr ILpYyry HECOKPaTHMhle Npobu FIes " 00 T. €.

) ¥ (x) =g (x) 9 (x), (M

TO H3 B33aUMHOW TPOCTOTH f(x) u g(x) creayer, no csofictey 6) us
§ 21, yto @ (x) nenutca Ha f(X), a U3 B3aUMHOA NPOCTOTH @ (X) H P (x)
creayer, 4to f(x) nenurca ua @ (x). Takum obpasom, f(x)=co (x),
a Torna u3 (1) caeayer g (x)=c(x).

Pauunonanpuas apobp HasniBaercs npasuisHoli, eCnu cTeneHb YHCAH-
Tenst MeHbille CTeneHu 3HaMenartens. Ecnu x unmeny npasunpHux apoGeit

MH YCHOBHMCA NPHYHCAATH Muorouien 0, TO cmpaBegnmsa caeryiouias
Teopema:
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Bcarkag payuonassnan 0pobs npedcmasurna, npumoss eduHcmeer-
HoLM Cnocobom, & sude CYMMb MHO204AERQ U NPasussHol Gpobu.

JleficTBHTEAbHO, €CAM OAaHA pauHoHanbHas Apobb £(~)u eCcaH, menq

x)
YUCAATEIb Ha 3HAMEHATE]Ab, ML NMOAYYHUM DPABEHCTBO

fx)=g(x) g (x)+r (x),

rae cTeneHb 7 (x) MeHblle cTenend g(X), TO, KAK J€rKO NPOBEPHTSH,

f r ()
g =90+ 55

Ecan uMeeT MeCTO TaKxe paBeHcTBO

[ __  (x)
gm q”+wm'

rae cTenenb @ (x) menbile ctenexd P (X), TO MH TOAydYaeM DPaBEHCTBO

L QW) _ (=% () )
I —9) =35~ 5m S OEE :

Tax kak cnesa CTOMT MHOrOu/eH, a CApPaBa, KK JIerkO BUAETb, NPaBHIb-
Has gpobb, TO Mu NOAYy4HM ¢ (X)—¢ (X) =

Q) _ 1 (1) _
Y@ g

TlpaBuabtnie pannoHanbHue ApOGH MOLYT GHITh MOABEPrHYTH 1a/b-
nedmemy H3ydyennio, Ilpun 5TOM HAMOMHHM, YTO, KAK OTMEYEHO B KOHlE
npeaurecTaywoulero naparpada, HenpUBOAUMBIMHE LeHCTBUTENBHH MU MHOTO-
YNeHaMu ABAAIOTCA MHOTOWEHH BHAA X—a, TAe YHCI0 o AeHCTBUTENb-
Hoe, U Muorounenn suma x2—(f +B) x + ﬁB_, roe B u p—mapa co-
MPSIKEHHBIX KOMIIEKCHLIX yncea, Kak nerko npoBeputhb, B KOMIIZIEKCHOM
Cnyvae aH4JOrHYHYIO POJIb HrpaloT MHOrOYJEHW BHRA X—qQ, TOe O —
n1060e KOMOIEKCHOE YHCNO,

.

X
[lpagunbHas pauuonannnas apobb fgﬁ—x; Ha3wBaeTca npocmeliwed,
€C/IN ee 3HamMeHaTeab g(x) aBAAETCS CTENEHBIO HEMPHBOLUMOrO MHOrO-
unexa p(x),

gR)=p*x), k=1,

a CTenmeHb yHCAUTENd f(X) MeHbine cTeneHu p (x).

Cnpapeanusa creAyounlas OCHOBHAS TeopeMa:

Beaxan npasussHas payuonassnas 0pobs pa3zrazaemcs § CYMMY
npocmeiiwmusx opobed.

HokasatenncTBoO. PaccMoTpuM cHAYaAa NpaBUAbHYIO PALLHOHANB-

Hyio apo6s g(—)':)(i;%, rje MHOFOYJeHHW g(x) H h(x) B3aHMHO NPOCTH,

(glx), h(x))=1.
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CyurectByioT, cAemoBaTesibo, BBuAy § 21, Takue MHOroyaeHw z?(x) "
v (x), uTto

g ux)+h W v(x)=1.
Orclona

g () [u (X) F () + (%) [0 () f (2)] = F (). 2)

Iycts, nens npoussenenue u (x)f(x) na f£(x), MB noayunM oCTAaTOK
u (x), cTenenb KoTOpOro MeHbuie cTenedu f(x). Torpa pasencrso (2)
MOXHO OyneT mepenHcaTb B BHIE

g (%) 4 (x) -+ h (x) v (%) = f(x), 6

rae v(x)-—MHOrou/eH, BbipaxeHHe KOTOPOro MOrao 6w 6uTh 6e3 Tpyia
nanucano, Tak kak cTenenb npousBexenus g(x)u(x) Menbime cTeneHu
npou3seneHuss g(x)A(x) M 5T0 Ke, MO YCNOBHIO, BepHO A MHOrO-
unena f(x), TO u npomsBeseHue /f(x)v(x) MMEET CTemeHp MeHbUIYIO,
yeM g(x)h(x), a mostomy cTeneHb v (x) MeHbiue crenens g(x). U3 (3)
BBITEKAET TeNepb PaBeHCTBO

fly _v(x) +u(x)
@R g® TR’

B NpPaBoOH YaCcTH KOTOPOro CTOHT CYMMa NMpPaBHAbHLIX ApoGef.

Ecan xors 66 oauH u3 3HameHatenel g(x), h(x) pasnaraercs
B NMPOM3BEAEHHE B3aUMHO MPOCTHIX MHOXKHTeNeH, TO MOXHO BHNOAHUTH
Janbhefimiee pasnoxenne. [Ipomomuas Tak najzee, MW MOAy4HM, YTO
8caAKas npasusshas Opols pa3nazaemcs 8 CYMMY HeCKOAbKUX NPa-
BUNbHBX Opobell, Kax3cAas U3 Komopux UMeem 3HAMeHameneM Cme-
neHs HeKOmopozo Henpugsooumozo MHozoxsena. Tounee, ecIH nana
npapunbHas Apobsb 2}—3, 3HaMeHaTelb KOTOPOM HMeeT pasjoxeHHe

Ha HENPUBOAHUMBIC MHOXHTEAH

g (x)=pi (¥) p2* (%) ... pr'(x)

(BCéraa MOXHO CYHTAaTb, KOHEYHO, 4YTO CTapluiHi Ko3(DPHIHEHT 3HaMe-
HaTels pauHoHalbHON 11p06u paBeH eXHHHLE), TIpHYeM p‘(x);ép,(x)
npu i==j, 10

fx)_ wix) 4 us(®) 4 (x) | ’
g(x) p’;-,(x)+ phay 77 + pt(x)’

BCe ¢jaraeMbié B MPaBoOil YacTH 3TOrO0 PaBEHCTBA ABAAIOTCH MPABHIb-
HBIMH apo6GaMu.

u(x)
p*(x)
p(x)—HenpuBoaummiit mHuorousned. [IpuMeHsas anaropuTM IesieHHd € OC-
TaTKOM, passeauM 4 (x) Ha p*~l(x), MOAyyeHuwidl OCTATOK Pa3/AETHM
na p*- 2(x) U T. A4

Ham ocTaerca paccMOTpeTh NpaBU/bHYI0 Apobb BHIZ rae
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Mo npumoem K crenytouluM paBeHCTBAM:

u (x) = pF1 (%) s (%) + 1y (%),
1y (x) = p*=2 (%) 83 (%) + 15 (),

Uy (X) =p (%) Spoy (%) + 1,1 (%),

Tak Kak fnpH 9TOM cTenenb 4 (X), 0O yCJAOBHIO, MEHbIIE CTenenu p* (x),
a cTeneHb Kawaoro M3 ocTatkoB #;(x), i=1, 2, ..., BA—1, venswe
CTeneun COOTBETCTBYIOULErO nenuTens p*—f (x), To creneHn Bcex 4acTHBIX
$1(x), s2(x), ..., Sp_1{x) OyayT CTPOro MeHblle CTEMEeHH MHOTOY/eHa
p (x). CTeneHb mocaenHero 0CTaTKa i, 41 (X) Takwme MeHbLIe CTeNeHN p (x).
W3 nonyuenHbx paBEeHCTB caexyeT:

U ) =p (X)) s () +p* 2 () S2 () + o v .+ P(X) Spot (X) F ity (%)

Orciona Mmu NpUXOAHM K HCKOMOMY MpeAcCTaBJCHHIO paLHOHAAbHOH

apobn ﬁ% B BHAe cyMMb npoctefimux apoleii:

GO i ) ) skea () 8 () s ()

pE(x) — PRl T pFT(x) pix) T p(x)*

OcHoBHas TeopemMa paoka3ana. Ee MOWHO ponmoauuTh caeayiouwteft
TEOpeMOHN eLUHHCTBEHHOCTH:

Beaxas npasusvHas palyuorassHas 0pobs obaadaem eduUHCmeeH-
HolJt pa3soycenues 8 CyMmy npocmelimux opobel.

[lycth, B camoMm gene, Hekoropas nupaBH/abHas ApoGb MOWeT OunTb
IByMs cnocobaMu npencTaBaeHa B BHAE CyMMn mnpocTeliwux apobeft,
Buunrast oaHO M3 9THX npeacraBleHHH W3 APYroro W mNpHBOAS MOA0G-
Hhie u/eHbl, Mbl 1I0AYYUM CymMMy mpocTeHmnx Apo6Gel, TOWAECTBEHHO
pasuyio Hymo. [lycts 3namenarenn npocteilininx apobGeit, COCTABAMIOWHNX
9Ty CyMMy, OYAYT HEKOTOPHIMH CTEMeHAMH Pa3JHYHLIX HEempPUBOLHMBEX
MHOTOYNEHOB p((X), pa(X), ..., ps(X) ¥ 0OyCTb HaHBhICLIAA CTENEHD
MHorounena p;(x), i=1, 2, ,,., s, 9BAAIOULAACT OJHHM H3 ITHX 3Ha-
MeHarene#i, Gyner pf‘ {x). YMHowuM 0o6e yacTH paccMaTPHBAEeMOro pa-
BEHCTBA HA MPOH3BeAeHie p'f"‘(x) pg’ (x) ... pf‘(x). Bce cnaraemsie
Hawelf CyMMbl, KpOMe OAHOrQ, NMPeBPaTATCH MPH STOM B MHOCOYJEHH,

uix

Yr0o we Kacaercs cnaraemoro —k(—), TO OHO MNpeBpaTHTCad B Jpolh,
pit (%)

3HaMeHaTeneM KOTOPOH CAyXHT p;(X), a 4YHCAUTENEM — NpOH3BELEeHHE

u (%) p;" (x) ... p;" (x). Yucautenn ne neauTCs Hauesn0 Ha 3HAMEHATeNb,
TaK KaK MHOro4/aeHn py(x) HeNMPHBOANM, a BCe MHOWHTENH YHCJAUTENs
C HHM B3aHMHO npocThl, Buinojauas peneHde ¢ OCTATKOM, MH B pe3yib-
Tate NOJAYYHM, YTO pAaBHA HYJI0 CyMMa MHOrOY/JEHA H OTAHUYHOH OT
Hyad Apasuapiofl ApobH, 4TO, OAHAKO, HEBO3MOWKHO,
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INpumep. Pasnoxute B cymmy npocrefiwnx gpoGedl feficTBUTENbHYIO Npa-
BHJBHYIO ApoGb M, rae

g(x)

J(x) =2x4— 1058 4 Tx® 445+ 3,

g(x)=x8—2x3 4-2x2—3x 1 2.

Jlerko mposepseTcs, YTO

g =(x+2) (x—D*(x*+1,
npHYeM Kaxibli M3 MHOroujaeHos x-2, x—1, x*-41 Henpusognm. M3 nano-
EeHHOW Bbllle TEOPHH BHITEKAET, YTO HCKOMOE® pasJIOXeHHE AONNKHO HMeTb BHA
fxy A Dx+E
gx) x+2 x24+1"°

rae uncaa A, B, C, D w E ewme Jonxub GbITb Pa3biCKAaHEL
U3 (4) BoiTekaeT paBeHCTBO

FO=AE—120+1)+Bx+2) 2+ D)+C(x+2) (x—1) (224 1) +
+Dx (x4+2) (x—1)24+E (x+2) (x— D% (5)

TNpupapauBas k03hGHUHEHTH NPH OIMHAKOBLIX CTENEHSIX HEH3BECTHOTO X H3
ofenx uactefl paBeHCTBa (5), MBI MONYYHJH Obi CHCTEMY MATH JHHEHHHIX ypas-
HEHH#l OTHOCHTeNbHO NATH HeusBecTHHX A, B, C, D, E, npuueM, KaK BHTEKaeT
M3 J0OKa3aHHOTO Bhllle, 3Ta CHCTeMa 06,1ajaeT pellleHHeM H MPHUTOM €AMHCTBEH-
HbIM. Mbl nmolizeM, ofHaKO, HHBIM MyTeM.

B c
teomyrti=r T O

Monarasn 8 pasencrse (5) x=—2, MH NpHAeM K paBeHcTBy 454 =135,
OTKyJa
A=3. ®
MNMounaras, panee, B (5) x=1, mp noayuum 68=6, 7. e.
B=1. @)
INocne sToro mosoxeMm B paseHcrse (5) nocnegopartensno x=0n x=—1.
Hcnoabsys (6) u (7), Mbl noJAyuynM ypaBHEHHS .
—2C 4+ 2E=-—2, @®)
—4C—4D - 4E=—38.
Orcioza
D=1, &)

IMonoxum, HaxoHeu, o pasenctse (5) x=2. Hcnoabaysa (6), (7) u (9), mu npu-

IeM K YpaBHEHHIO
20C +4E =-52,

KOTOpOe BMecTe C MepBhIM H3 ypaBHeHHR (8) nAaer
C=—2, E=-3.
Taxum obpasom,
f(x)__ 3 12 x—3
g(x) x+2 +(x—l)2 x-—l+x‘+l *

~



T'JIABA IIECTAS
KBAIPATUYHBIE $®OPMbI

§ 26. MpuBenenue KBaAPaTUIHOHA GOPMBI K KAHOHHIECKOMY BHUALY

VcTokn TeopuH KBaApaTHYHHX (GOPM JewaT B aHAAHTHYECKOH reo-
METPHH, 3 HMEHHO B TEOPHH KPHUBHX (H MOBepxHOCTeH) BTOPOro nopsixa.
H3secTHO, 4TO ypaBHenHe LEHTPaAbHON KPHBOH BTOPOro MOpPsiika Ha
NAOCKOCTH, MOC/Ae [MepeHeCeHHd Hayajaa MPIMOYTrosbHHX KOOpAHHAT
B UeHTP 3TOH KpUBOH, MMeeT BHA

Ax?+2Bxy +Cy*=D. (1

W3secTHO, Manee, YTO MOXHO COBEPIIMTb TAKOH MOBOPOT Oceft KOOPAH-
HaT Ha HEKOTOPHH yroa o, T. €. TaKkOH MePexoA OT KOOPAHHAT X, Y
K koopaunatam x', y':

‘ x=x"coso,—y’ sina, }
y=ux"sina +y  cosa,

)
YTO B HOBWX KOOPAHHAaTax ypasneHne Haweft xpusoft Gyner HmeTh
«KaHOHHYECKHH» BHA

A’x'*4-C'y"*=D; 3)

B STOM ypaBHeHuu K03(QHIMEHT MPU NPOU3BEACHHH HEU3IBECTHHIX X'y’
paBeHd, cnegoBartenbHo, Hymo. [Ipeob6pazoBaHue KOOPAHHAT (2) MOXKHO
TO/MKOBATb, OYEBHAHO, Kak AuHelinoe mnpeo6pa3oBaHHEe HEH3BECTHHX
(cm. § 13), NpuTOM HEBHIPOWAEHHOE, TaK Kak OMpPefe/NHTeNb H3 ero
k030duLIHEHTOB paBeH ¢IHHULE, DTO NpeobpasoBaHie NPUMEHSIETCH K Ne-
BOH uvacTu ypasueHus (1), H MOITOMY MOWHO CKa3aTh, YTO JE€Bas 4acTh
ypaBueHus (1) HeBHPOMAEHHHM JHHeHHHM npeobpa3oBanueM (2) npespa-
HiaeTcs B NEBYI0 4acTh ypaBHeHus (3).

Muoroyucnenssle npuaokeHus noTpe6OBANY NOCTPOSHUS AHAAOTHYHON
TEOPUH ANA CAydad, KOTAAa YNUCJAQ0 HEU3BECTHRIX BMECTO ABYX PABHO
awboMy 71, a K03IQDHUIHEHTH HABAKIOTCH HAN LeHCTBUTENBHBIMH, HAH XKe
NOGHMH KOMMIEKCHLIMH YHCAAMH,

OGoGias Buipawenne, crosulee B nesoit yactu ypasuerns (1), mu
NPUXOAHM K CAeAYIOWleMy MOHATHIO,
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Headpamuunoli ghopmolt f OT n HEHU3BECTHHIX Xy, X2, «v., X,
HAa3HBAETCH CYMMA, KawAbf uned KOTOpPOH #BAAETCA MAM KBAAPATOM
OLHOTO M3 3THX HCH3BECTHHIX, HJIH TMPOU3BEAEHHEM ABYX Pa3HHX HEH3-
BectHnx. KBaaparuuuas dopma HasmBaeTcs delicmeumersHoli WIH KOM=-
naexcHoll B 3aBHCHMOCTH OT TOro, €BJIAIOTCA Au ee KOIDPPUUHEHTH
JeHACTBUTEAbHLIMH HAH We MOTYT OHTb MIOOKMH KOMMNAEKCHBMH YHCAAMH.

Cunrast, 4TO B KBaapaTHUHON dopme f yxKe CAeNaHO NPHBELEHHE
noaobHLX Y/eHO8, BBedeM cieaywouine o6o3nayenus nias koadgpuinedTos
9TOR opmu: K03dHUKEHT NPH X; 0603Ha4yuM uepe3 a;, a Kos(pdu-
ILHEHT NpU NPOUIBEAEHHH XX, AAf i~ j—uepe3 2a;; (cpaBHuTD C (mmn.
Tak kak, oaHako, X;X;==X;%;, TO KO3QOHUHEHT npu 3TOM npoussene-
HHH MOr Ohl 6HTb oGo3nayeH H yepe3 2a;, T. e. BBeleHHHE HaMu 060-
3HAaYEHUs NPEANONAaraloT CNpaBeANnBOCTb PaBEHCTBA

ay,=a;. 4)
YUnen 2a;;x,x;, MOXHO 3anucaTh Tenepb B BHAE
20,05 =0, .%,%;+ 0% X,

a BCIO KBaLPaTHUHYIO $OPMY f—B BHIAE CYMMH BCEBO3MOXKHMX 4/I€HOB
Q; XXy TA § M j y¥e He3aBHCHMO APYr OT APYra MPHHHMAIOT 3naue-

Hug ot 1 mo n:
n n
=2 2 ij%i% g (5)
(=1 j=1

B YaCTHOCTH, NpH i=j noayyaercs WieH a;xi.

M3 ko3pduLHEHTOB @;; MOXKHO COCTaBHTH, OYEBHIHO, KBAADPATHYIO
Matpully A= (aq;;) nopaAKa n; OHA Ha3WBaeTCs Kampuyel Keaopamuy-
Holl ghopmst f, a ee paHr r —paxzos 31Ol kBagpaTuuHofl popmui. Ecan,
B YaCTHOCTH, r=71, T. €. MATPHLA — HEeBHPOXKIEHHAH, TO B KBaAPaTHY-
uas dopma f HA3LBAETCA HesupoxcoerHnol, Beuny pasencta (4) ane-
MEHTH MaTpHullll A, CHMMETPHUHHE OTHOCHTE]AbHO I/JAaBHOH AMAroHanu,
pasHul Meway cobo#t, T. e. matpuua A— cummempusecxasn. OGpatHo,
ans ni060#f cuMMeTpPHUeCKOR MaTpHuUbl A 7-ro MOPSAAKA MOXHO yKasaTth
BIIOJIHE ONpeleNeHHYI0 KBaapPaTHyHYyi0 ¢opMmy (D) OT 7 HEH3BECTHHIX,
HMEIOULYIO 3/eMeHTH MaTpHlUnW A cBOMMH Ko3adduuneHTaMH.

KBaapatuunyio ¢opmy (5) MOMHO 3anucaTb B HHOM BHIe, HCAOMB3Ys
BBeleHHoe B § 14 yMHOXeHHE MPAMOYrOJbHWX MaTpHl., ¥ CIOBHMCA
CHayana o cnefyioueM o603HaYEHHH: eC/IM 1aHa KBaApaTHad HAY BooOLLe
npsiMoyronbHas matpuua A, to yepe3 A’ Gyzer o6o3HAuaThCH MAaTPHLA,
nojqyvyeHHas u3 MaTpuun A TpaHcnonwuposanueMm. Ecan marpuun A u B
TAKOBH, YTO HX NPOM3BEeAEHHE ONpPEeNCNeHO, TO HMEeeT MEeCTO PABEHCTBO:

(AB) =B’A’, (6)
T. €. MOMPULQ, NOAYHEHHAS MPAHCNORUPOSAHUE M NPOU3BeJeHUA, PASHA

nrou3secenitio Mampuy, NOAY4AIOWIXC MPAHCNOKUPOSARILEM COMHO-
Humeneli, npumosn 83amulx 6 obpamuosm nopsorxe.
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B camowm nene, ecan npoussensenne AB onpenenexo, To Gyner onpe-
AeMeHD, KaK NEerko NPOBEPHTb, M Mpouspedenne B’A’: uucao cronbuos
maTtpuitel B’ paBeo uMcay cTpok maTpuuw A', daemedT MaTpuun (AB)’,
cTroswuit 8 ee [-B cTpoke M j-M cTtoabue, B Marpuue AB pacnonoxex
B ,-# cTpoke n I-M cron6ue. On paBeH MOITOMY CyMMe MPOH3BEAEHH]
COOTBETCTBEHHWX 9/4eMeHTOB j-# cTpokw Matpuun A p i-ro cronbua
MaTtpulis B, T. €. paBeH CyMMe NPOU3BEAEHHH COOTBETCTBEHHBIX 3.¢-
MEHTOB /-r0 cToaAGua Mmatpuum A’ B i-#i cTpoku Mmartpuun B’, Drum
pasexctso {6) mokasauo.

3ameTuM, 4TO Hampuya A mozoa & moavko mozda b6ydem cuM~
Mempuneckoli, ecall ona cognadaem €O C80ell MpPaHCROHUPOSAHHOL,
T. €. ecqau

A=A,

OGosnayum Teneps yepes X ctonbel, COCTABAEHHHH H3 HEH3BECTHHX.

X apaserca matpuue, uMmeoumef 7 cTpox M oauH ctoabeu, Tpancno-
HHPYSL STY MAaTpHUy, NOJAYYHM MAaTPHLY

X’=(xh X2 ooy xn))

COCTaBAEHHYIO H3 OAHOH CTPOKH,
Ksanparuunas gopma (5) ¢ marpuited A=(e;) Moxer OwTb 3anu-
cava Ttenepb B BHAE CAeJYIOLLErQo MPOU3BEASHHS:

f=XAX. ™

HetcTurennto, npounssenenne AX 6yner marpuuell, coctosuef us
oaxoro croabua:
n

' 2 apy

/=1
n

2 Tz/%y L

AX=< =1

n

Z an %y

i=1

YuMHomas 9Ty MaTpully ciesa Ha MaTpuuy X', Mol MOJYYHM «MaTPHLYY,
COCTORMLYIO M3 OLHOH CTPOKH M OAHOrO CTONGLA, 3 HMEHHO MPABYIO Y4aCTh
pasenctea (5).
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Yto npousoiaer ¢ kBaapatuuuoit GOpMOH f, eciin BroAdulHEe B Hee
HEU3BECTHHE Xy, X7, oo, X, OYAYT NOABEPruyTH AHHelHOMY Dpeolpa-
30BaHHIO

n
xi:kzlq[kyk’ i=1,2 ...,mn (8)

¢ matpuueht Q==(g;,)? Byaem cuutath npun stom, yto ecan dopma f
nelcTBHTENbHAA, TO U 3JeMEHTH MaTPHUKN Q A0MKHN OWTh AeHCTBHTENb-
e, O6o3Hayas uyepes Y croabel H3 HEH3BECTHHX Yy, V2, «vey Y
3anuueM JAuHelHoe mpeoGpasosaHue (8) B BuIe MaTPUUHOrQ PaBeHCTBA:

X=QY. 9
Orciona no (6)

XI= yIQI‘ (10)
TMoacrtasass (9) u (10) B 3anuce (7) dopmMu f, noayuaem:

f=YQAQY,
f=Y'BY,

HiIn

rae
B=Q AQ.

Marpuua B 6yner cuMmmerpHyeckoii, Tak Kak BBH1Yy paseHcTea (6),
CPaBeJJNBOrO, OYEBUAHO, 18 AIOOOro 4ncaa MHOWHTeNell, H paBeHCTBA
A’ = A, paBHOCH/IbHOrO CHMMETPHYHOCTH MATPuLL A, HMeeM:

B'=Q'A'Q=Q’AQ=8.
Taknm 06pasom, 10Ka3aHa CAedylolLas TeopeMa:

Ksaopamuunasn dopma om n Heulgecmuolx, unenwans sampuyy A,
rnocie BuNOAHEHUS AlUHEEH020 nPeobpa308anils Hel38eCmHbX ¢ Mampi-
ueli Q npespawaemcs 8 K8aOPAMUYHYIO POPMY OmM HOBHLX Heu3secm-
Hox, nputes mampuyell amoii opmb cayxcum npoussederue Q' AQ.

[Tpeanonoxum Tenepb, YTO Mbl BHIMOJHSEM HEBHPOWAEHHOE
aunefiHoe npeoGpasopanue, T. €. Q, a NOITOMY U Q' —MaTpUUH HEB-
pownennvie. [poussenenne Q’AQ nonyyaercs B 9TOM Clyyae yMHOwe-
HHEM MATpHUH A Ha HEBHIPOWICHHBIE MATPULBL # MO3TOMY, KAaK cae-
pyeT 43 pe3yabTaTtoB § 14, paHr STOro NPOH3BEACHHA PAaBEH PaHry
matpuunt A. Takum o6pasom, pane xgadpamuunoil opss He HeHIemcs
npu 8uLiNOAHEHUL HEBLIPONCIEHHO020 AUHelH020 npeobpa3osanis.

PaccmorpuM Tenepp, no aHanoruu ¢ ykasansoll B Havaje maparpada
reoMeTpHuecKo#t 3amauelt mpuBeLeHUS YpPaBHEHHS IEHTPaibHON KPHBOH
BTOPOro MOpAjiKa K KaHOHHYeCKOMY BHAy (3), BOMpOC O NpPHBEAEHHH
TPOH3BOAbHON KBaApaTHUHOH (OPMH HEKOTOPHM HEBHPOWKAEHHHIM NH-
HeHdHBIM mnpeo6pasoBaHHMeM K BHALY CYMMH KBAaJIpPaTOB HEH3BECTHMX,
T. €. K TakOMy BHAY, Koria Bce KO3(d(HIHEHTH MNpH MNPOH3IBELEHHAX
Pa3auYHHX HEH3BECTHBHIX PaBHLI HYJIO; STOT CreuuadbHuil BRA KBaApa-
THYHOH ¢opMM Ha3WBaeTcs KanoHuseckusm. [IpeanonoxnM chHavana, uto
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ksaapatnynas dopMa f OT 7 HEH3BECTHHX Xy, X,, «.., X, YK€ NpH-
BEEHa HEBHPOKIAEHHHM JHHENHHM NPpeo6pa3oBaHHEM K KAHOHHYECKOMY
BHAY

[=byi+byi+ ... +b.y5 (11)

TAe ¥1, Y2, «+0, Y, — HOBHE HenspecThune. HexoTopuie us xosdpduunen-
108 b, b3, ..., b, MOTYT, KOHEYHO, OLTb HyasMH. JlokaxeM, 4To “uca0
omAusHbX om Hyaa Kopduyuenmos ¢ (11) nenpemenno pasno paney r
gopru f.

B camoM nene, Tak kak M npumad kK (11) npu nomowH HeBupo-
MAEHHOrO Npeobpa3oBaHus, To kBaApartuuuas ¢opma, cTosulas B npaBofl
yacTH paBenctBa (11), takxe xoaxna GuHTb paura r. OmpHaKo MaTpPHLA
9TOH KBaapaTH4HOH GOpPMH HMeeT AHATOHANbHHWH BHJA

b
1 b, 0
0o . ’
b,
1 TpeGOBaHue, 4TOOHW 3Ta MaTPULUA HMENAd PAHT r, PaBHOCHABHO Mpex-
HONOWEHNIO, YTO HA ee TAABHOH AMAaroOHaNH CTOHT POBHO 7 OTJHYHHIX
OT Hy/Isl SJEMEHTOB.

[Mepeiiaem Kk n0Ka3aTeAbCTBY Cneaywome#t OCHOBHOH TeopeMu
0 KkBaapaTHYHHX dopMax,

Besiwas xeadpamutnan gopma soxcem Owmb npusedena Hekomo-
Puib HeBHPONCOCHHUM AUHEUROM NPeobpa308anliess K KAKOHULECKOMY
sudy. Ecau npu smor paccmampusaemcs Oelicmeumenshas Keaopa-
muyHas gopma, mo 8ce rKosPgunuenmo. YK a3aHH020 AluHeliH020 npe-
00pa308AHUR MOMCHO Cuumamb felicmeumessHuml,

Jra TeopeMa BepHa AN CaAyuas KBaapaTudHelx GopM OT OmHOrO
HEH3BECTHOr0, TAK KaK BCsikad Takas GopMa uMeeT BuA ax?, asiasiowuiics
KaHOHHUecKHM. Mul MOWeM, C/eLoBaTe/]bHO, BECTH AOKa3aTeAbCTBO MH-
AyKuue#t no YHCAY HEH3BECTHHX, T, €. XOKA3HBATh TEOPEMY IJs KBajpa-
THYHLX (GOPM OT 72 HEeH3BECTHHIX, CUHTAs ee YKe JOKas3aHHOH Aas dopm
¢ MEHbLIHM YHUCJAOM HEH3BECTHHIX.

ITycts mana xksaapatuuuas dgopma

f=2 Yayxx, (12)

i=1j=1

OT 71 HEH3BeCTHHX X1, X2, ..., X, Mp mnoctapaeMmcs HaliTH Takoe
HEBLIpOWAeHHOe AHHeHiHoe npeoGpa3oBaHHe, KOTOpOe BHLAENH/I0 Ob H3 f
KBaJapaT OJHOTO M3 HEHM3BECTHBLIX, T. €. NMPHBeJNO Gb f K BHAY CYMMu
9TOr0 KBAAPATa ¥ HEKOTOPOM KBaApaTHYHOH ¢OPMH OT OCTaNbHHX
HEH3BECTHHIX. DTa Uenb NerKo NOCTHIAeTCH B TOM CAydae, eClu CpeiHn
KO3(PULLKEHTOB @4y, Q29, ..., @,,, CTOAUINX B MaTpuue ¢opMH f Ha
rnaBiof QHAroHa/lH, €CTh OT/JAHYHWE OT Hyad, T. €. ecau B (12) BXOAHT
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€ OTANYHHM OT Hyan koapduuueHtoM kBaapar xora OWH OAHOTO U3
HEH3BECTHHX X

[Tycts, Hanpumep, ayy % 0. Toraa, kaK Nerko OpOBEPHTHb, BhHIPAIKE-
Hue ag' (@y% + apXa+ . .. + a;,%,)?, asasiouleecs kpaapaTuino ¢gop-
MOH, COAEPHUT TAKHE We YJeHh C HEH3BECTHHM Xy, KaK W Haiua dopwma f,
a mo3TOMY pPa3HOCTH

f—an (@uxi+apxs+ ... +a,x,)l =g

6yaet kBaapatuutott popmofl, cosepxauielt MHLIbL HEHIBECTHHE X2, . « 4, X,
no ne xy. Ortciona

-1 .
f=a5 @ux a4 ...+ a,%,)}° +4.
Ecau mo BBelem 0GO3HAUCHHA

Y1=auXi+apl+ .00+ a%,, Y=x anpn =23, ..., n,
(13)
TO MOJAYyYHM

f=ai'yitg (14)

rie g 6yaer Tenepb KBaAPATHYHON HOPMON OT HEHIBECTHHX Vo, Y3, + o oy Vae
Buipaxeunne (14) ecTb uckomoe Bhipaxewne AiAd POpMH f, TaK Kak OHO
nojay4yero u3 (12) HeBHpPOXAEHHHM AHHEAHNM NPe0oGpPa3oBakueM, a HMEHHO
npeo6pa3osaHneM, o6paTHHM AnHEHHOMY npeobGpa3oBanuio (13), koTopoe
nuMeeT CBOMM OMNpefeNuTeNeM @y H NO3TOMY HE BHPOWKIEHO.

Ecin we HMeOT MeCcTO PpaBeHCTBA aQy==axp=.,.=aq,,=0, TO
NpeaBapuUTEIbHO HYXHO COBEPIIUTb BCMOMOraTenbHOe AHHeHHoe npe-
o6pasoBanue, NpuUBOAsiLee K NOAB/IeHHIO B Hauwe# dopwme f kBampaTos
neusBecTHnX. Tak kak cpenu koadpduuuentos B 3anucu (12) atofl popru
JOMKHB ObiTh OT/AHUYHEIE OT HYAH,— HHaYe Heyero Owbl10 On A0Ka3hl-
BaTh,— TO MYCTh, HAampumep, @y =%0, T. e, f aBasieTcs cymmol uneHa
2ay,X1X; 1 uNeHoB, B KawAbH K3 KOTOPbIX BXOAHT XOTH On OAHO H3
HEH3BECTHHIX X3, ..y X,

Cosepinum Tenepb nunHefiHoe npeobpa3osanue

X, =2,—2,, Xy=2,+2,, X;=2z, upn i=3, ..., n. (15)
OHo 6yneT HeBHIPOWAEHHHM, TAK KaK UMeeT OMpele/HTelb
1 —10...0

1 10...0
0 01 ... 0|=2s0.

0 00...1

B peayabTaTe 9TOr0 npeoGpasosanus uneH 2a,,x, %, Hamelh opMu
NPUMET BHA

2 2
2a,,%,%,==2a,, (2, — 22) (21 + 2,) = 2a,,2; — 20,,2,,
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T. e, B dopme f MOABATCH, C OTIAHYHHIMH OT Hynd xo3bduunedTamy,
KBajJparTi Cpasdy JABYX HEH3BECTHHIX, MPHYEM OHH HE MOTYT COKPATHTHCH
HH C OAHHM M3 OCTANbHLIX YJIEHOB, TAK KaK B KaXAHH H3 3THX MOCAEAHHX
BXOAHT XOT# Oh OZHO H3 HEHU3BECTHMX 23, ..., 2, lenepb Mb Haxo-
LHMCc B YCJIOBHAX YKe PacCMOTPEHHOIO Bulllie CAyYas, T. €. eHle OAHHM
HEBHPOKIEHHLM AHHelibNM npeofpa3oBaineM MokeM npusectu Gopumy f
K Buiy (14).

Jlng OKOHYAHHA AOKA3aTe/NbCTBA OCTAETCH OTMETHTh, YTO KBAAPATHY-
nas ¢opMa g 3aBHCHT OT MEHBbLIETro, YeM 72, YHC/AA HEH3BECTHWX H
TIO3TOMY, 110 NPEANONOKEHHIO HHAYKLUHH, HEKOTOPHM HEBHIPOWAEHHHM
npeo6pa3oBaHHeM HEHU3BECTHHIX Y, V3, ..., ¥, NIPHBOAHTCA K KaHOHH-
yeckoMy Buly. ITo mpeofpa3zosauue, pacCMATPHBaeMOe KaK (HEBHPOXK-
JeHHO, KaK JIerKO BHAeTb) npeoGpa3oBaHUE BCEX 71 HEH3BECTHBLIX, NMpH
KOTOPOM ¥, oCTaeTcs Ge3 M3MeHeHus, NPHBOJAHT, cleioBaTe/bHo, (14)
K kanonnyecxomy Buay. Taxum o6pa3om, kBaxpaTuuuas ¢opma f AByMd
HIH TPEMA HEBHPOWAEHHHMH JHHEHHHMI Npeo6pa3oBaHHIMH, KOTODHE
MOXHO 3aMEHHTb OJHHM HEBHIPOKACHHHM Npeobpa3oBaHNeM — HX JIPOU3-
BeAEHHEM, NMPHBOAHTCH K BHAY CYMMb KB2APATOB HEH3BECTHHX C HEKO-
TopHMH Ko3hduuneHTamMu. HiHca0 3THX KBAAPATOB PABHO, KAK Mbl 3HaeM,
panry ¢dopub r. Ecau, ceepx toro, ksaapatuuHas ¢opma f AeHCTBH-
TeabHad, TO ko3hdHUHEHTH KAK B KaHOHMYeckOM Bule ¢dopMu f, Tak
H B AuHelinoM npeo6pa3oBaHuu, mpuBoAsalleM f K 3TOMY BuAYy, OyayT
LeHCTBHTEABHBIMH; B CaMOM Aese, M nunefiioe npeobpasosanue, o6par-
Hoe (13), u nuuehnoe npeo6pasosauue (15) umel0T AeHCTBHTEbHHIE
KO3¢pULHeHTH,

JokasatenscTBo oCHOBHOH TeopeMmnl 3aKOHYeno. MeToM, HCNOab30-
BaHHbA B 3TOM A0Ka3aTelbCTBe, MOXET OblTh NMPHUMEHEH B KOHKPETHHIX
npuMepax A AeHCTBHTENbHOTO NpUBeNeHHd KBaapaTHUHOA QopMu
K KiaHonHuyeckoMy BHAY. HyXHO Nulib BMECTO MHIYKUHH, KOTODYIO MH
HCI101b30BANH B JOKA3aTeNbCTBE, MOCAENOBATENbHO BHIACAATh H3JOWKEH-
HHIM Bhlllle METOJLOM KBAaJApaThl HEU3BECTHHIX.

Mpumep. IpuBecTH K KaHOHHYECKOMY BHAY KBajpaTHYHYIO GopMy
f=2xyx, —6xpxg + 2x3%;. (16)

Beuay orcyrcTBus B 3TOit GOpMe KBaApaTOB HEH3BECTHBIX Mbl BBITIOIHHM
CHaYa/Ja HeBHLIPOMKJEHHOE JHHeliHoe npeobpa3zoBaHle

=Y —Ya x3=Y1+ Y X3=Y;3

1 —10
A=< 1 10 ) .
0 01l
f= 2y§—2y§—-4y1y3—8_t/2y3.

Teneps KodpPHUHEHT NPH yf OTJHYEH OT HY.f, W NosToMy H3 Haweidi Qopmit
MOJKHO BLIAEJHTh KBaapaT ojHoro HeuspectHoro, Ilonaras

=2y, —2y3, 2Z,=Y, 23=VYs

¢ Marpuueit

flocJie 4Ye€ro noJyuum:
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T. €. COBepiiasn JuHeiiHoe npeobpa3opaHre, AN KOTOPOro obpaTHO: OyAeT umelb
MaTpHuy

7 01
B={ 010 |
001
Mul npuseieM f x BARY
f=-é— 27 —223 —225 — 82,2,

[Moka sBLAeAWACH /ML KB3aApaT HEW3BECTHOrO 2y, TaX Kak dopma eme
CONepPKUT NPOH3BedeHHe IBYX JADYTrHX HEH3BSCTHBIX. KCnoaw3ys HepaBeHCTRO

HyMo KoshhHUHEHTA TPH 22, elle pPa3 MPUMEHHM W3NOKEHHHH BIE MeTOA.
Cosepuiasi snuHeiinoe mpeofpasosaniie
=2, l=—22,—42, I3=2,

175 KOTOpPOro obpaTHOe HMeeT MaTpHLUY

1 0 o
1
c=| 0—5~—2),
0o o0 1

Mbl TIpHBeleM, HakoHel, ¢opMy [ K KaHOHHYeCKOMY BHAY
1 I
f=5 8 —5 13 6. (17

Jlunefinoe npeoGpasoanue, npusoisawee (16) cpasy x sumy (17), Gyuer
HMETb CcBOell MaTpuuell mpou3selenHe

ABC =

—_1 ‘

O o) — 0o ~
I
© | — 8] =

1
MoXHO ¥ HenocpeACTBEHHOH MNOACTAHOBKON npoBepHTH, UYTO HEBHIPOKACHHOE

1
(Tax Kak omnpefesuTe]b paseH —-2-) nuHeliHoe npeoGpasoBaHue

x1=%' tl+’;—t2+3t3.
1
x2=§-t1—?t,—t3,
Xg=2 i3
npespawaer (16) B (17).

Teopusi npuBeseHns ksaapatuinoit GopMH K KAHOHMUYECKOMY BHAY
NOCTPOEHA MO AHAJOrHK C FEOMETPHYECKOH TeopHell LeHTpaNbHbX KPHBHX
BTOPOro mnopsiixa, HO He MOWET CYMTAThCH 06oGuieHHem STOH mocnen-
Hel Teopun, B camoM aese, B Haluett TeopuH AonycKaeTcs UCNoAb30BaHKe
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moOulX  HEBHIDOWIEHHHIX JHHeHHHX npeo6Gpa3oBaHult, B8 To BpeMs Kak
npuseaelne Kpupofl BTOPOrO MOPAAKa K KAaHOHHYECKOMY BHAY NOCTH-
raercs NMpHMeHeHHeM JaHHeHHBX npeo6Gpas3oBaHuil BechbMma CIEeLHaNbHOTO
BHja (2), ABASIOUIHXCA BPAIIEHUSIMH MNJOCKOCTH. DTa reoMeTpuyeckas
TEOpUH MOXKET OHTb, 0AHAKO, 0600wena na cryyalt KBaApaTudHHIX GopM
OT 77 HEH3BECTHbIX ¢ AeHCTBHTeAbHKMHU Ko3pPunuentamu. Usno-
weHHe 3Toro 06o0lieHHus, HA3LIBAEMOTO NMPHUBEJLEHHCM KBajpa-
THYHBX GOPM K IrJaBHBLM OCSIM, OyAeT HXaHo B ra, 8,

§ 27. 3akon uHepuuu

Kanosnueckuti BUR, K KOTOPOMY MPHBOAMTCH NaHHaf KBaApaTHyHAA
¢opma, BOBCce He ABIASETCH A/ Hee OLHO3HAYHO ONPENE/EHHbLIM: BesaKas
KBaapaTuyHas ¢dopMa MOmeT ObiTb NpHBEAEeHA K KAHOHHUECKOMY BHIY
MHOTHMH pa3AnuHnMH cnocobGamu. Tak, paccMoTpeHHast B npealiecTByio-
ueM naparpage ksaapatudnas dopma j=2x;x, — 6x,x3-} 2x3x, He-
BHPOKAEHHLIM JHHEHAHHM npeoGpa3oBaHHeM

x, =1, -+ 3t, + 21,

Xo=1, —1t,— 213,

X3 = ty
TNIPHBOAUTCA K KAaHOHHYCCKOMY BHUAY

f=2¢1 +6t; — 843,

OT/ANYHOMY OT MOJAYYEHHOTO paHee,

Boannkaer Bompoc, uTo o6liero y TeX pas/vuHLX KAHOHWUYECKHX
KBaApaTHYHHX (OpPM, K KOTOPHM NpPUBOAHTCA AaHHas c¢dopma f? IroT
BONPOC TECHO CBA3aH, KaK Mbl YBHAHM, C TaKHM BOMPOCOM: AIPH KAKOM
YC/IOBHM OllHA M3 ABYX NaHHBLIX KBajpaTHYHHX (OpM MoxeT ObITb mepe-
BelleHa B APYIyl0 HEBHIDOWIAEHHHIM JTHHelHEM npeobpasosanueM? Orser
Ha 9TH BONPOCH 3aBHCHT, OJHAKO, OT TOrO, PACCMATPUBAIOTCS JIH KOM-
njexcuple uAn AeHCTBHTe/NbHble KBaipaTHuHbe (OpMH. _

[TpennoioxuM cHayana, 4TO PACCMATPHBAIOTCH MPOU3BOJbLHLIE K O M-
nineKcHHe KBaAPaTHyHbe (OPMHI M, BMECTe ¢ TeM, AONyckaetcd yno-
TpebJieHHe HEeBHPOWAEHHHX JHUHEHHBLIX Npeo6pasoBaHuil Takwe C NMPOU3-
BOJMbHLIMM KOMIJIEKCHBMH Kosdguuunenramu. Mul 3Haem, 4TO BCaKad
KBanpatHyHas ¢opMa f OT 72 HeM3BeCTHHX, UMEIOLLAs PAHT 7, IPHBOAHTCS
K KaHOHHYECKOMY BUIY

f=cyiteyi+ ... Fcyr,

rae Bce kKo3dPHUMEHTH €y, €4, ..., €, OTAH4YHH OT Hyas. [loapayscek
TEM, YTO M3 BCAKOTO KOMIIIEKCHOTO YHC/IA H3BJEKaeTCd KBAaApPaTHHi
KOPeHb, BHIIIONHUM CAICLYIOllee HEBHPOXAEHHOE THHeHHOe Ipeobpa3oBanue:

z;=Vey; mpu i=1,2, ..., r; z;=y; npu j=r+1, ..., n
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Ono npusoaur GopMy f x BHay
f=zi+zi4.. 422 (M

HA3LIBAEMOMY HOPMAAbHHAL, STO—NPOCTO CyMMa KBaApaToB 7 HEH3-
BECTHBIX ¢ KO3(PPHLMeHTAMH, paBHLIMH eauHHule,

Hopmanbuuft 8ua 3asucut auwb OT padra r dopmm f, T. €. Bce
kBagpaTHyHue GOpPMb paura r MPUBOAATCH K OAHOMY H TOMY e HOp-
manbomy Bundy (1). Ecau, chenosatenbno, dopmu f B g OT n Heusse-
CTHHIX HMEIOT OAMHAKOBHWH paHr r, TO MOWHO nepeeectu f B (1),
a 3atem (1) B g, T. €. CYWECTBYET HeBLPOKAEHHOE THHeRHOE npeobpa3o-
BaHHe, nepeBomsitee f B g Tak Kak, ¢ Apyrof CTOPOHW, HHKAKOC
HeBHpOWKIAEHHOe auHelinoe npeobpa3oBaxne He H3MeHSeT panra GopMu,
TO Mbl APHXOAHM K CjAeLylouleMy pe3yibTaTty:

Jlge romnaexcHbie rxsaopamutnbie GHopmu Om 1 Hel3BECMHHX
mozéa u moabKo moz0a nepesodamcs Opye 8 OpY2a He8HPONCOeHHB ML
AUHEUHBME NPEOOPA30BARUAML C KOMAACKCHOMUL KodpuyLenmant,
ecan amu dopruu umeom OGUH U mMOmM e PaHe.

M3 atoft Teopemp 6e3 TpyAa BHTEKAET, YTO KAHOHUYECKUM BULAOM
KoMnAeKCHOI KkBadpamuinoli opmbl panza r moxcem CAYIHUumb 6CA-
KaR cymua K8adpamo8 r HeU3BeCMHBX € AIOCHMU OMAULHBMU OM
HYA KOMNACKCHUMU KO3DPuLUenmarn.

[Tonoxenne HeckoAbkO 60Jee CAOKHO B TOM cAydae, ec/an paccMa-
TPUBAIOTCS A e HCTBYM TE/ b HB € KBaApaTRYHNE POPMK H, YTO OCOBEHHO
BAWHO, AONYCKATCA NHLBb MuHeHble Mpeobpa3oBanusc NeiCTBATEAbHMMYU
koadduunestamun. B aToM cayyae ywe He BCAKYIO QOpPMY MOWHO MpH-
Bectd K Buay (1), Tak xak 9To Morjao 6w noTpefOBaTh M3BAEYEHHH
KBaAPaTHOrO KOPHA H3 oTpuuatensHoro uucna., Ecau, oanako, Mm naso-
BEM TEfepb HOPMAAbHOAM 8UA0M KBAAPATUYHOR POPMH CYMMY KBAAPaTOB
HECKO/MbKHX HEH3BECTHbIX ¢ Ko3dpduuuentamn -+ 1 uiy — 1, TO Jerko
noKa3aTb, YTO BCAKYIG Odelicmsumensuyio ksadpamurnyio gopry [
MOINCHO TIPUBECMIL  HEBWPONCOEHHbIM AUHElHbL npeobpa3osanuest
C OelicmBumenbHuMIL KOIPPULUEHMAMIL K HOPMAALHOMY BUAY.

B camom gene, dopma f paura r OT 72 HEH3BECTHHX NPUBOAHTCA
K KaHOHWYECKOMY BHIY, KOTOPHH MOXHO 3anHcaTh caeAylouium o0pa3om
(MeHsif, ecan HYKHO, HyMepaLHi0 HeU3BECTHLIX):

2 2 2 2
f=clyl+"'+ckyk—ck+lyk+l_"'_cfy” 0<k<r,
Tae BCe YMCAA Cpy ...y Cg} Cppqy «.., C, OTAHUHB OT HYAS H MONO-
wuTeabHn, Torza weBbpowaeHHoe aHHeHHoe npeobpasoBanue ¢ nefi-
CTBHTENbHHMH K03(DPHUHEHTAMH
z,=l/ciy, mpu i=1, 2, ..., r, z;=y;, wpn j=r+1, ..., n
NPpUBOAHT f K HOPMAaNbHOMY BHAY,
2 2 2 2

=24+ ... F2e—2k41— 0. —2,.

O6utee uncno BXOASMIMX Ci04a KBaipaToB Gyxer paBHO pasry GopMH.
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He#icTBuTenbHad kBaapaTHynas GpopMa MOXeT OLITh NPUBELEHA K HOP-
MaJbHOMY BHAY MHOTHMH Pa3/qHuHBIMU NPe0o6Pa30BaliniMi, OAHAKO C TOY-
HOCTBIO 10 HYMEpalUHWR HEH3BECTHLIX Ola MPUBOAHTCA NHLb K OLHOMY
HOpPManbHOMY BRAY. DTO MOKasHWBaeT CAelyioUlas BaxHafd TeopeMa, ua-
BLIBAEMAs 3AKOHOM UHeppuu OelicmsumensHolx K8aopamusrsx Hopit.

Hucao noAoHUmMensHUIX U 4UCAO OMPULAMELHBLX K8a0pamos
8 HOPMAALHOM 8Ule, K KOMOpPOMY npusodumcs Oanuas Keadpamut-
Han gopma ¢ delicmsumensuosy Kogdunuenmany delicmeumesbHolr
HeBUPONCOEHHBM AuReldnbIM Npeobpa3osanuen, He 3a8ucam om 8ubopa
amozo npeobpa3osanus.

MMycts, B caMom pene, xksaapatnunas dopma f panara r oT n Heus-
BECTHHX Xy, Xy, ..., X, ABYMs ciocofamy NMPHBEAEHa K HOPMAMbHOMY
BHAY:

f=)’f+ coe +}’;‘;—J’2+1—o--—)’,=
=22+...+2f—2  —...—2% 2)

Tak Kak DepPexol OT HEH3BECTHWX X;, X, ..., X, K HEH3BECTHbLIM
Yir Yar <o+ ¥, Obl1 HEBOIDOWAEHHWM AHHEHHHM Npe0oGpa3oBaHueM, ToO,
06paTHO, BTOPhIe HEH3BECTHLIE Takke OYLYT NMHEHHO BLpawaTbcs Yepes
nepsnie ¢ OTAHYHLIM OT HyAs oNpelenuTeneM:

n
yi= Zlaisxs’ i=1 2, ..., n, (3)
s=
AHanoruuno
n
z/=’§bﬂx,, J=1,2, ..., n 4)

npuyeM onpelenntedb u3 ko3DPHUHEHTOB CHOBa OT/IAHYEH OT HyJd,
Kospduunentn we kak B (3), Tak u B (4)—aeHlCTBUTEAbHHE YHCIA,
[lpeanonowum Tenepb, 4To <</, U HaNWIEM CHCTEMY PAaBEHCTB

yl=0' eo ey yk=0’ Zl+1=0, seey Z,:O’ ceey zn=0_ (5)

Ecan neBnie 4acTu 3THX paBeHcTB OyAyT 3aMeHEHH UX BHPAKEHHAMY
u3 (3) 1 (4), Mul NOAY4UM CHCTEMY n—/-+ k auHednnX OLHOPOLHLIX
yPaBHEHUH C /1 HEHU3BECTHHIMH Xy, X3, ..., X,. HHCN0 ypaBHennit B 310
CHCTEME MeHblle YHC/Aa HEM3BECTHHX, NMO3TOMY, KAK Mbl 3HaeM H3 § 1,
Hawa cncremMa o6jajaeT HeHyJAeBbi M AeHCTBUTE/NbHHM PELIEHHEM
Uyy Ogy ouuy O

3aMenum Tenepb B paBeHcTBE (2) BCe Y M BCe Z HX BhIpaweHHaMu (3)
n (4), a 3aTeM NOACTAaBHM BMECTO HEH3BECTHHIX YUCAA Gy, Oy, +.., O,
Ecnn ana kpatkocTn yepes y,; (@) u 2;(a) OyAyT 0603HaueHH 3HaYeHUs
HEM3BECTHHIX ¥; U 2, MONYYaiOUMECs N0C/1e TaKOH NOACTaHOBKH, TO (2)
npeppauiaetcs, BBUAY (D), B PaBeHCTBO

— Vi W — =)=z (@) + ...+ 2 (@) (6)
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Tax kak Bce xosdduuuentn B (3) u (4) AelicTBHTeAbHKE, TO BCE KBaiL-
paTH, BXOAsULHE B PaBeHCTBO (6), MOMOWHTEAbHN, a NO3TOMY (6) Baeyer

3a co6o#t paBeHCTBO HY/I0 BCeX STHX KBaJAparoB; OTCI0Aa CAEAYIOT
paBeHcTBa

2, (y=0, ..., z,(@)=0. (7)
C npyro#t cToponn, no CaMOMy BHOOPY HYHCEX O, COa, ..., G,
Zp1)=0, ..., 2, (@)=0, ..., 2,(x)=0. (8)
Takum obpa3oM, cuctemMa 72 JUHEeHHLIX OAHOPOJHHX YypaBHeHHH
2;=0, i=1,2, ..., n

C 1 HEH3BECTHBIMH X;, X,, ..., X, 0Onaaaer, sBuay (7) u (8), neuy-
JIEBLIM pelleHueM 0, Ay, ..., O, T. € ONPeleTuTeNb ITOH CHCTEMH
Ao/keH ObTh PaBeH HyA10. JTO NPOTHBOPEYUT, ONHAKO, TOMY, YTO mpe-
obGpasoBanue (4) npenfionaranoch HeBuipoxAeHnnM. K TakoMmy we mpo-
THBOPeuno Mu npuaem npu /<k. Orciona cienyeT PaBeHCTBO k =/,
IOKasbipaiollee TeopeMy.

Yuc/0 N0JA0KATEAbHEX KBAAPATOB B TOt HOpMaabHoit dopye, K KOTO-
pofl NpUBONUTCH AaHHAas AeHCTBUTE/bHAA KBaApaTHyHaa dopma f, Ha3u-
BaeTCH NOAOHCUMENLHOM UHOEK COM UHepHul 9TOH PopMBl, YHCAO OTPH-
LaTe bHLIX KBAAPATOB — OMplulametbubis UHOex com uHepyuu, a pas-
HOCTb MEMLY MOJIOKHTENbHLIM U OTPHILATENbHEIM HHAEKCAMH HHEPUHN —
cuznamypoti ¢opmu f. ITlonaTHo, UTO Npu 3anaHHoOM panre (QopMH
3aaaune Mo6oro H3 onpejaeneHHLIX cefiyac Tpex uHces BMOJHE Onpene-
nsieT ABa APYTHX, H MO3TOMY B AajbHellIHX (OPMYAHPOBKAX MOMHO
Oynet ropoputbh O Ni06OM M3 STHX TPeX YHCENL.

JlokaxeM Tenepb CledyIOULYID TeOpeMy:

e rsadpamuunbie ghopmsi om n Heusgecmuux ¢ Oelcmgumens-
HbMY Ko3PPuLLenmany mo2da U MoAbKo mozda nepesodamcs Opyz
8 0py2a HesblpoNCOeHHbIMIL DelicmEumenbHoLYY AuHelHbLIL Npeobpa3o-
BAHUAMU, eCAU MU popMbl uMeom 00UHAK08ble PAH2UL U 00UHAK0BE
cuznamypol.

B camom nene, nycts opma f nepesoautcs B GOPMY g HEBHIPOK-
JLEHHBLIM HeHCTBHUTE/NbHHM TNpeobpa3oBanneM, Mbl 3HaeM, 4TO 3TO mpe-
oGpa3oBaHne He MeHsieT paHra ¢opmul. OHO He MOXKET MeHATh U CHTHa-
TYpPbl, TaK KaK B NPOTHBHOM Cjyyae f H g NPUBOLHAHCH OB K PasHYHLIM
HOPMa/lbHLIM BHAAaM, a Toraa ¢gopma f npuBoAnnach Oul, B IPOTHBOPEUHE
C 3aKOHOM HHEPUUH, K 3THM 0GoWM HOpManbuuiM Buaam. ObpartHo, ecan
dopMbl f ¥ g NMEIOT OAHHAKOBHE PAHCH W OJHHAKOBHIE CHCHATYPH, TO
OHY MPHBOLATCS K ONHOMY W TOMY € HOPMa/JbHOMY BHAY ¥ TO3TOMY
MOTryT OnlThb nepeBejensl APYr B Apyra.

Ecan nasa kBagpartuunad Qopma g B KaHOHHYECKOM BHAE,

g=0,yt + by + ... + 0,32 9)

7 A.T. Kypowu
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€ HE PABHBIMH HYJIO AefiCTBHTENbHBIMH KO3 ULHEHTaMH, TO paHr 3TOH
dopMu paBen, ouyeBuAHO, r. Jlerko BHIeTb, najee, ymorTpebass yxe
NpHMeHABIUNHACA Bbille cmoco® npuBeleHus Takod (OPME K HOpManb-
HOMY BHILY, YTO NOJOKHTENbHBIR HHAEKC nHepuun GOPMEI g paBeH uucay
NMONAOKHUTENbHLIX K03(dHUKHeHTOB B npaBo#t yacTu pasenctsa (9). Otciona
H 43 MpejllecTBYioulelf TeOpeMH BHTEKAaeT TaKOH pe3yabTaT:

Ksadpamuunan gopma f mozda u moasko mozda Gydem umems
gopay (9) ceous xanonuxecxKus sudom, ecau pane @opms f pasex r,
a nosoxwcumersHoll undexc uHepyuu smol gopme. cognadaem ¢ Huc-
A0M nosoxcumensuolx rKoagpduyuenmos 8 (9).

Pacnapaomuecs ksagpatuuusie dopmbt. Ilepemuowas mobuie ABE
aunefinnie QOpMBl OT 72 HEH3BECTHHX,

o=a,x,Fa ¢, +...+ax, PY=0bx +bx,+...+b.x,

MBl TIOJYYHM, OYEBHAHO, HEKOTOPYI KBaapaTuunyio ¢opmy. He Bcakas
KBanapaTtuydas GopmMa Moxer ObTh NMPeACTaB/leHa B BHIE NPOH3BENEHHA
ABYX nuHelHbIX GOPM, H ML XOTHM BLIBECTH YC/OBHS, NPH KOTOPHIX 9TO
HMCET MeCTO, T. e. NpPH KOTOPHWX KBaapaTHuyHas ¢opua sBAsieTCH pac-
nadaouelics.

Homnaexcnan xsadpamusnasn dopsua f(x,, Xs ..., X,) pacna-
Oaemcs moz20a u mosbko moz0a, ecAl ee pAH2 MeHbue WAL paseH
osyn. Helcmsumensnas rxeadpamuunas gopma f(x,, X, ..., X,)
pacnadaemcss moz2da U4 MoAbKO mo020a, eCAU UAL ee paHe He Goavuwe
eOuHULbl, WAL Xce OR paseH 08YM, G CUZHAMYPA PABHA HYAIO.

PaccmoTtpum crnadana npouspegedue auHeHnnx dopm ¢ u P, Ecau
X0oTa Obl oAHa M3 9TUX OPM HyneBas, TO HX MNpoulBeleHHe Oyner
kBanpatHiHoNH dopMolt ¢ HyneBwMU Ko3DDHUMEHTAMH, T. €. OHO HMEeT
paur 0. Ecan nunelinnte dopMH ¢ H ) NpomOPLHOHANBH,

P =cg,

npuueMm ¢==0 u dopma ¢ Hewynepasi, TO MNycTb, Hanpumep, Ko3hdu-
LUHEHT @; OTAHYeH OT Hyas. Toria HeBWpOxIeHHOE JHHeHHOe npeol.
pa3oBanue

=ax,+...tax, y=x; mpn i=2,3, ..., n
NPHBOAKT KBaApatHunyio ¢dopMy @¢ K BHAY
PP =cyi.

Cnpasa cTouT KBazpaTHuHas dopMa paHra 1, a MOITOMY M KBaApPaTHYHAS
dopma @ umeert padr 1. Ecan we, Haxoneu, nuHelinue GopMH ¢ H Yo
He FABASIOTCS OPONOPLHOHANLHLIMH, TO MyCTb, HanpuMmep,

a; a,

0.
by b, *
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Torna auneiinoe npeobGpazosBaHue

=0 %, +ax,+...4a,x,
Yo=bx; Fboxo+ ... +b,x,,
yi=x; upu i=3, 4, ..., n

GyleT HEeBHIPOKACHHLIM; OHO MPUBOAUT KBaApaTUH4HYIO HOpMy QP K BULY
PP =y1Ys.

CnpaBa cTouT kBaapaTuuHas ¢opma pasra 2, uMeiomas B caydae nefi-
CTBHUTCALHBX Ko3dduuueHToB curnatypy 0.

[epeiinemM k AokasaTeabCTBY 06pPAaTHOTO yTBepwaeHHd, Keampartuuy-
Has ¢opma pasra 0 MOXeT, KOHeYHO, PacCMAaTPHBAThCA KaK MNPOH3RE-
NeHue .aBYX JuHeHHnx ¢opMm, o0dHAa H3 KOTOPHX Hynesas, Janee,
KBaapatuydasi ¢opma f(x,, Xy, ..., X;) PaHra 1 HEBHPOKACHHHM
aMHeliHbiM npeobpasoBaHHeM NPHUBOAUTCH K BHAY

f=cy:, c¢=£0,
T. €. K BULY
f=(cy) N

Buipawas y; nuHefino uepes xy, Xz, ..., X, Mb MOJAYYHM NpeACTaBie-
nue GopMel f B Buie npoussepennss AByX anuefinnix dopm. Haxownen,
nefcTBUTeNbHAS KBanpaTuynas ¢opma f(xy, X2, ..., X, padra 2
K curHatypst O NMPHUBONLUTCS HEBHPOWIEHHHM JHHeHHHM npeoOpasoBa-
HHEeM K BHAY

f=yr—y3

K STOMY e BHAY MoweT ObTb npuBemeHa moGas KOMIUIEKCHAS! KBaApa-
tuunasd ¢opma panra 2. Onuako

Y2 —yi=(y1—y2) (y1+y2),

HO Cnpasa, Noc/ae 3aMeHH Yy H Yy UX JMHEHHBIMH BHPaXEHUSMH uepe3
X1, X2, ..., Xy, OyINeT CTORTb NPOM3BEAEHHE HBYX AuHeHHHX ¢opM.
Teopema nokasasa. -

§ 28. MMo0KATEJLHO OMPeneaeHnbie Gopmbl

Ksagpatuunas dopma f OoT 722 Heu3BeCTHMX ¢ AeHBCTBHUTE b-
HB MU KO3(pPHUHEHTAMH HA3bIBAETCH MOLOMCUMELLHO OnpedeleHHOH,
€C/IM OHA NPHBOJAKTCA K HOPMAJbHOMY BHAY, COCTOSINEMY H3 72 11O/ O-
WYUTEJNbHKL X KBAAPAaTOB, T. €. €CJAH M PAHT, U [OJOWKHTENbHHHK HH-
OeKC HHepPUHH STOH (OPMBI pPaBHH YHCIY HEHU3BECTHHIX.

Crnenpyiomasi Teopema [aeT BO3MOXHOCTb OXapaKTepH30BaTh M0JIO-
WHTEALHO OnpenejeHHble QOpMbl, HE NPUBOAS MX K HOPMA/IbHOMY HIH
KaHOHHYECKOMY BHALY.

7*
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Keadpamuunasn dopma f om n Heu3secmuux Xy, Xz, ..., X, ¢ Oeli-
CrigUmeabHu MU KO3PPULUeHmany mo2da UL moasko mozda Gydem
NOAOHCUMENbHO ONPedereHHOl, eCAl npit BCAKUX delicmeumensHux
BHAUEHUAX IMUX Hel3BeCmMHbLX, Xoms Ot 00HO U3 KOmMOPHX OMAUYHO
om Hyas, ama opma noayiaem noAONUMeAbHbE 3HALEHUA.

HoxaszarenbcTtBo., Ilycts dopmMa f nonowurenbHo onpenenet-
Has#, T. e, NPUBOAMUTCH, K HOPMaAbHOMY BHAY

f=yi+yi+... 4y (1)
npuyemM
n
yi=i_21ai/x/! i=1! 2! ooy Iy (2)

C OTAMYHBIM OT HyJsl ofpeaennteneM u3 AeHcTBHTeAbHBIX K03dduuneH-
TOB @;;. Ecau Mbl XOTHM NOACTaBUTb B f NPOH3BOAbHLIE AeHCTBUTE/b-
HBE 3HAYEHHS HEU3BECTHHIX Xy, X, ..., X, XOTd Ob OLHO H3 KOTOPHIX
OTAHYHO OT HyJsl, TO MOXHO NOACTAaBHTb HX CHauyaxaa B (2), a 3arem
3HayeHHs, monyvyeHuoie ans BCex y;,— B (1). 3ameTum, 4TO 3naueHus,
noiayyesuunle 1as ¥y, ¥z, ..., Y, 43 (2), He MOryT Bce CPa3y paBHITHCH
HYMO, TaK KaK HHaye Mbl MOJAYYHIH OB, YTO CHCTEMA NHHEHHHX OAHO-
POAHBIX YpaBHeHuMH

n
Za‘-jx/=0. i=1y 2: eeey I,
i=1

obnanaeT HeHyneBLIM peiieHHeM, XOTd €e onpeneanTe]Nb OTJHYEH OT
uyns. IlonctaBnas nallnennsie xasa ¥y, Y2, ..., ¥, 3Havenus B (1), Mbm
noayyum 3Hauetne GopMbl f, paBHOe CyMMe KBaapaToB 71 AeHCTBHTENb-
HHX 4#CeJ, KOTOpHEe HE BCe PaBHbl HYJI0; 3TO 3HaueHue GyaeT, caeso-
BaTeAbHO, CTPOTO MOJOKHTENAbHBIM,

O6patHo, nyctb $opma f He 4BAAETCH NONOKHTENDHO ONpeaencHHOR,
T. e. MM €€ PaHr, HAY MOJOWHUTE/AbHLIH HHAEKC HHEePLHU MeHbuie 7,
310 o3Hayaer, YTO B HOPMa/JAbHOM BHAE 9TOH GOPMB, K KOTOPOMY OHam
NPHUBOAMTCSH, CKaXeM, HEBHPOKACHHLIM JHHeH M npeobpasoBanueM (2),
KBaApaT XOT# OW OLHOTO W3 HOBHX HEH3BECTHBIX, Hanpumep y,, W/
OTCYTCTBYET COBCEM, HJH XKe COLePWHUTCHA €O 3HaKoM MHuyc. [Tokaxem,
YTO B 3TOM C/yuae MOXHO noao6paTh Takue AedCTBHTE/NbHLIE 3HAYEHHM
A1 HEH3BECTHHX Xy, X3, ..., X,, KOTOpHIE HE BCE PABHH HYII0, YTOM
sHadenue opMbl f HpH 9THX 3HAYEHHSX HEM3BECTHHIX PAaBHO HY/IO UN/M
naxe orpuuareasio. Taxummu OyayT, Hanpumep, Te 3HauyeHus AN
X1, X2, ..., X,, KOTOphE MB MOJAyYHM, pewas no npasuny Kpamepam
cHCTeMY AMHelHHX ypaBHeHuHl, monyyaowuxcs u3s (2) npu yy=y,=...
e =Y,.1=0, y,=1. [lelicTButenpHo, npu STHX 3HAYEHHSX HEHU3
BECTHBHIX Xy, X2, ..., X, dopMa f paBua nymo, ecan y2 He BxoAu:
B HOpMaabuui BHA 9TOH ¢(OpMH, n paBHa— 1, €CaH Y2 BXOAMT B HOp
MaJbHB BHL CO 3HAKOM MHHYC,
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TeopeMa, cefivac moka3saHHas, HCNOAb3yeTCA BCIOAY, TAE NPHMEHI-
I0TCS MONOXHUTENLHO OnpeaeneHnble KBaapatHyune ¢opmu, C ee mo-
MOULBIO He/b3s, 0AHAKO, Mo KoadduunentaM GopMu yCTaHOBHTH, GyaeT
A 9Ta $OpMa NONAOKUTENBHO onpenenenHol, Jlasg sToH neanm caywur
Apyras Teopema, KOTOPYI0 Mbl CHOPMYAHPYEM H JOKaweM moc/ie TOro,
KaK BBeJeM OJHO BCIIOMOTATeAbHOE NOHATHe,

IMycts nana kBagpaTtuunas GopMa f OT 7 HEM3BECTHHIX C MaTpuleH
A=(a;;). Munopw mopsnka 1, 2, ..., n 9TOH MaTPHUH, pacnonoxeu-
HLEe B €e JIeBOM BepxHeM Yray, T. €. MHHOpPH

gy Q42 .. alk Qyy Ay ... am
ay Qg Qg Q22 ... 04, Q1 Q... 4a,,
a4y, ey 1 eeey ,
. sy Az « s s e e s e e e s e
Qpt Qg oo o Qg Q1 Qpa ... Qun

H3 KOTOPLIX MOCJAeAHHIl cOBManaer, OYEBHAHO, C ONpefeaHTeleM MaT-
pulll A, HA3MBAOTCA 22A8HLIMU MUHOpPasu GHOpMH f.

CnpaseannBa cielyiowias teopena:

Ksadpamuunan ¢gopma f om n Heuzgecmublx ¢ OelicmsumenvHolil
rKoathunuenmanu mozda u moavko mozda 06ydem noIOHCUMEALHO
onpedeseHHOl, eCAll 8Ce ee 2NABHbe MUHOPH CMPOZO NOAONCUMEAbHY,

IdoxasatenbctBo. [lpn n=1 Teopema Bepua, Tak kak dopma
HMEET B STOM C/lydae BHA 2Xx> ¥ M03TOMY NOJOKHTEIbHO Olpeje’eHa
TOrAa W TOAbKO TOrAa, ecanm a> 0. byaev nostomy mokasniBath T€O-
peMy And caydast 7 HeH3BeCTHHX, NMPEANonarad, 4To JUist KBaApaTHYHLIX
dopm oT n—1 Heu3BECTHHX OHA ywe JOKa3aua.

Cnenaem CHayana cjelylollee 3aMeyaHHe:

Ecau xBaapatnunas Gopma f ¢ NeHCTBHTEAbHBIMHU Koscptpuunema\m
COCTAB/SIOULMMH MAaTPHLLY A, NOABEPraeTcs HeBUPOXKACHHOMY AlHeHHOMY
npeo6pa3oBanuio ¢ aeficTBuTenbHON MaTpuued Q, TO 3Hax onpedenu-
mean popmum (m. e. onpedeaumers ee Mampuyvl) He MeHsemcs.

HeiicTBuTeabHO, Nocae NpeoGpa3oBaHild Mul NONYYaeM KBALPATHUHYIO

-¢opmy ¢ matpuueir Q°AQ, oxnako, seuny |Q’|=|Q|,

T AQ|=]Q |- ]Al-[QI=14]-]Q|%

T. €. onpeneautens |A| yMHOXaeTcs Ha NOJOXHTEAbHOE YMCIO.
[Mycty Tenepn mana kpaapatuunas ¢opma

f= 2 al]xx/
i,j=1
BEc MOKHO 3amicaTh B BHAE
' n-1
2
f=(P(x1! x2) o0y xn—1)+2 Zainxixn_l_annxm (3)
fz=1

mere ¢ 6yaer kBaaparuuuoll gopmo#t oT 7 —1 HeH3BEeCTHHX, COCTAB/CH-
Bmioif H3 Tex ueHOB dopMmb f, B KOTOpPHE He BXOAHT HEH3BECTHOE X,.
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TnaBuble MUHOPH (OPMH ¢ COBNAAAIOT, OYEBHAHO, CO BCEMI, KpOMe
NocjieAHEro, rAaBHHIME MHHOpPaMH ¢opMmbt f,

Ilycrs dopma f nonoxurenbHo onpenenena. Popma ¢ takxke Gyner
B 9TOM ciayuyae MOJOKHTE/IbHO ONpeleNeHHON: ecaH OH CyuleCTBOBaAH
TaKkHe 3HAYEHUS HEM3BECTHHX X, X5, ..., X,-1, HE BCE DABHHE HYAIO,
npu Kkotopwx opma ¢ monyuaer He CTPOFO MOJOWHTEJNbHOE 3HAYEHHE,
TO, NION1aras AONONHHTEAbHO X, == 0, MH NOAYyYHAH OH, BBUAY (3), Takxke
He CTPOTO MOJNOXKHTE/AbHOE 3HadenHne GOpPMH f, XOTH He BCe 3HAYEHHA
HCH3BECTHBIX Xy, Xy, ..., X,_1, X, PaBHH Hyai0. [lo3TOMY, MO HHAYK-
THBHOMY MPEANOJOKEHHIO, BCe raaBine MHHOPH dopumul ¢, T. e. BCe
TJaBHbIE MHHODHW (POPMH f, KPOME MOC/AeLHEro, CTPOr0 MOJOKHTENbHMI,
Uto we kacaercd MocAefHEero raaBHOro MHHOpa (opMH f, T. e. onpe-
Jlennteast caMofi Matpuub A, TO ero TNOJOXHTENbHOCTb BLITEKAeT W3 .
caenyomux coobpaxenni: ¢opma f, BBU1Y ee MOJIONHTEIbHOH onpeie-
JIHHOCTH, HEBHPOWIEHHHM /AHHeHHBIM NpeoOpa3oBaHHEM NPHBOLHTCH
K HOPMaJbHOMY BHAY, COCTOfIIEMY H3 7 MOJOXHTENbHHX KBAaIApaTOB.
Onpenenntens 9TOr0 HOPMA/IbHOTO BHIAA CTPOrO MOMOKHTENEH, a MO~
9TOMY BBHAY CAEJIaHHOrO Belllleé 3aMeYaHHS MONOXKHTENEH M onpene-
autenb camolt dopmu [,

[TycTh Teneps CTPOFO MOJOKHTEABHH BCe r/iaBHble MHHOPH GOPMH f,
Orciona BHTEKaeT MOJOWHTEILHOCTb BCEX F/aBHuHX MUHOPOB (OPMH @,
T, €., MO HHAYKTHBHOMY MPCANOJOXEHHIO, NOJOKHTENbHAS OnpeseneH-
noctb 9T0H dopmul. CyiecTByeT, c/1eA0BATEIbHO, TAKOE HEBHPOXIEHHOE
nuHefinoe mpeobpasoBanne HEH3BECTHWX Xy, X5, ..., X,_;, KOTOPOE
npuBOAHT GOPMY ¢ K BHAY CyMMb 72— 1 MONOKHTENbHHX KBAaApPaTOB
OT HOBHIX HEH3BECTHHX Yy, Vo, ..., Yy_q1. JTO AHHeHHOE mpeobpaso-
BaHHe MOXHO JOMO.IHHTb L0 (HEBHPOWILEHHOrO) AHHEHHOrOo mpeobpaso-
BaHHA BCEX HEHM3BECTHBIX X, X5, ..., X, MOonarax Xx,=y, DBseuay
(3) dopma f NMpHBOAMTCH yKasalHHM TNpeo6Gpa3oBaHHEM K BHAY

n-1 n-1
F= 2t +2 Xbuyiyutbui (#)

TOYHHE BHpaxeHns kosdpduunedtoB b, Anf uac wecyumiecTBeHHu. Tak
KaK
—_— 2
yiz +2binyiyn_ (yl+ binyn) _b[zny?u

TO HEBHIPOWAEGHHOE JHHeHHOe HPEOGPaBOBaHHe
izyi+binyn’ i=1, 2, ceey ﬂ—],
n In

NpUBOAHT, BBHAY (4), dopMy f K KaHOHHYECKOMY BHAY

z

I

= 1=21 22+ cz3, (5)
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Ins  poxasaTenbCTBAa NOMOKUTENbHOH onpeleneHHOCTH dopmbi f
oCTaeTcs AOKa3aThb NOJOKHTENbHOCTL uMcaa ¢, Onpenenntens Gopml,
crosiue#t B npasoii yactH pasenctsa (5), paBeH ¢. JTOT OnpenenuTeNb
JonxeH, OAHAaKO, ObHTb NOJOMHTENbHHM, TaK KaK npaBas 4acTbh paBeH-
ctBa (5) monyuyesa u3 dopMu f ABYMs HEBHIDOKAEHHHIMH JIHHCHHBIMH
npeo6pa3oBaHuaMH, a onpeneaurteab Gopmb f Owi, Kak nocjiefnuHuil us
[/1aBHBIX MUHOPOB 3TOH (POPMB, MONOKUTEIbHLIM,

Jloka3aTenbCcTBO TeOpeMH 3aKOHUYEHO.

Mpumepwn 1. Knaapatuunaa dopma
F="5x3 4 x3 +5x3 + dxyxy—8xyxg —4x,xy

OJIOXKHTENbHO OlipefesieHa, TaK KaK €€ TJaBHble MHHODLI

5 2 —4
5, lg ﬂ:l, 2 1 —2|=
—4 —2 5

N0JIOXKNUTEIBHH.
2. KpaaparuuHaa ¢opma

[=3x2 4 x2 4522 + 4xyxg—8xy1x5— Ax,xy

He OyZeT MOJIOXKMTEJNBHO ONpeiefeHHOM, Tak Kak ee BTOPOA TMIaBHHIA MHHOP
OTPHLATEEH:

3 2| 1

2 1 )

3aMeTHM, UTO MO aHANOTHH C MOJIOKHTENBHO ONpeleNeHHIMH KBaXPa-
THYHHIMH POpPMaMH MOXHO BBECTH OMpPULAmMEeAbHO OnpedeseHHble HopMu,
T, €. TaKHe HEeBHPOKAEHHBE KBaAPaTHYHHE GOPMH € NeACTBUTENbHBIMH
ko3¢ duUMeHTaMH, HOPMaabHHH{ BHA KOTOPHX COLEPXHT JHIb OTPHLA-
TeNbHHeE KBaApaTh HEH3BECTHHX. BuipowaeHHne KBaspaTHyHHe HOPMH,
HOPMalbHLI# BHA KOTOPHIX COCTOHT M3 KBAAPAaTOB OJHOrO 3HAKA, Ha3hl-
BAOTCH WHOTAA noayonpedesennsiniu. Hakouen, neonpedesennmau
6yAyT Takne KBafpaTHyHble GOPMBI, HOPMaAbHLIN BHA KOTOPHX COLEPKHT
KaK MOJOXHTEJbHbe, TaK H OTpHUilaTeabHble KBaApPaThH HEH3IBECTHHIX.



TJAABA CEJABMAA
JMHEWHBIE NMPOCTPAHCTBA

§ 29. Onpenenenne auueitnoro mpocrpanctsa. Haomoppuam

OnpeneneHue n-MepPHOTO BEKTOPHOro MPOCTPAaHCTBA, AaHHoe B § 8,
HaYUHANOCh C OMpeJe/ieHHs Z1-MEPHOrO BEKTOPA KaK YMOPSAAOYeHHOH
cuctembl 72 yucen, Jas n-MepHHX BeKTOPOB ObiiM BBEAEHH 3aTEM CJO-
WeHHe ¥ YMHOXeHHMe Ha 4YMC/a, 4TO M NPHBEJO K MOHATHIO /1-MEPHOro-
BeKTOPHOro npocTpancTea, [1epBhIMH NpHMEPaMi BEKTOPHHIX MPOCTPAHCTB
IB/ASIOTCH COBOKYMHOCTH BEKTOPOB-OTPE3KOB, BHIXOHSLIHX M3 Havala
KOOpPAHHAT Ha MAOCKOCTH HAH B TpexMepuoMm npoctpancrtse., Oanako,
BCTPEYAdCh C STHMM MpHMepaMH B Kypce TFeOMEeTPHH, Mul He Bcerja
cyHTaeM HeOoOGXOAMMBLIM 3a4aBaThb BEKTOPH HX KOMMOHEHTAMH B HEKOTO-
poH duKcHPOBAHHOM CHCTeMe KOOPAHHAT, TaK KAK H CJAO0KEHHE BEKTOPOBE
M HX YMHOXeEHHe Ha CKajsp ONpeae/sioTCs FeOMEeTPHYECKH, HE3aBHCHM Cmm
ot Bu6opa cucTeMn KoopauHat, VMiMeHHO, cl0XeHHe BeKTOPOB HA mjo-
CKOCTH HJAH B TIPOCTPAHCTBE TMPOH3BOAMTCH MO MpPaBWAYy nNapananeno-
rpaMMa, a yMHOXEHHE BEKTOPa Ha YHC/IO O 03HAYaeT PACTHIKEHHE 9TOr (e
BeKTOpa B O pa3 (C M3MeHEHHEeM Hanpas/eHHs BEKTOpPa Ha MPOTHBO-
noJIokHOe, ecMH o oTpHuaTenanHo). LlesecooGpa3uo u B obuiem cayyae
JAaTh «GECKOOPAHHATHOE» OnpejesieHHe BEKTOPHOrO MPOCTPAHCTRA, T. €.
onpenelsieHne, He Tpebyloulee 3a1aHUs BEKTOPOB YNOPAAOYEHHHMH CHCTE:
Mamu yncea, Ceftuac Gyner faHO Takoe onpene/eHue. DTO onpenenecHHes
SIBASETCS aKCHOMAaTHHYUECKHM: B HEM HHYero He OGydeT CKa3aHC
0 CBOMHCTBaX OTAENbHOTO BEKTOPA, HO OYAYyT mepeync/ieHs Te CBOHCTBa,.
KOTOPHMH JO/KHB 06/1alaTh onepalyd HaAd BEKTOPaMH.

[Tycte nano wmuowectso V; ero snementn O6yayT 0003HadyaThCsmm
MaduWMH JaTHHCKUMH Gyksamu: a, b, ¢, ...!). [lycrb, nanee, B MHoO-
wectBe V onpeneneHw onepanyusa caoxceHus, CTaBsulasi B COOTBETCTBHE
BesikOH nmape sueMeHTOB @, b M3 V 0AHO3HAYHO omnpeneaeHHHH 3ae
MEeHT a6 w3 V, HasnBaeMubll WX CYMMOE, W Onepanus yiIHONCeHUs.
Ha OeficmsumeasHoe 4UCA0, TIPHYEM 71poU3Be0eHlle OLa INEMEHME a M:
YHCJIO O ONHO3HAYHO ONpejseseHO H MPHHALNEKHUT K V.

') B oranune or TOro, yTo GLLIO MPHHATO B 1. 2, MM GyneM B HacTOsmelmm
H clepyomweil raapax o0603HauaTh BEKTOPW MaJbMH JIaTHHCKHMH GyKBamu
a yHcJa — MaJeMU rpeyeckKUMH GyKBaMH,
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dnemeHTH MHOMECTBA V' GyldyT Ha3bBaThCsl 8exmopatid, a camo
V—oeficmsumensnoin sunelinoim (unu 8exmopHuiM, WIK adBurnbim)

npocmpancmeonr, €CIH yKasaHHhe OmnepalyH o0064aAaloT CJAedYIOUIHMH
csoiicramu [—VIIL:

I. Cnoxenne koMMyTaTHBHO, @+ b=0b-+a.

[1. Caowenue accoumatusno, (a-0)+c=a-+(b+o).

1. B V cyuwiectByet Hyses0ii 3aemenm 0, yROBIETBOPSIOUIHE YCI0-
BHIO: a-}-0=a nas Bcex a u3z V.

Jlerxko Aaokasartb, ucnoansys I, eduncmsennocms nyasegozo 3sie-
senma: ecan 0; u 0, — JBa HYJEBHIX B/JEMEHTA, TO

0, 4+0,=0,,
0,+0,=0,+4+0,=0,,
otkyaa 0, =0,.
IV. Onsn Becsikoro snementa a B V CYWIECTBYET npomusonosoxcnbLll
saemenm —a, yILOBJETBOPAOMWHNE yca0BHO: - (—a)=0.
Jlerko nposepsiercda, Beuay 1l u I, eduncmsennocms npomusono-

A0HCHOZ0 IAeMeHma’ ecIn (—a); u (—a); —IBa NpPOTUBOMONOKHBIX
ajnemeHTa AJIS @, TO

(—a); + [a +(—a)pl = (—a,) + 0=(—a),,
[(—ae); +a]l +(—a); =0+ (—a)y = (—a),,
oTKyna (—a); =(—a),.
U3 akcuom 1—IV BHBORHTCH cYwecmsosanite 1t eQUHCMBEHHOCMS

pa3nocmu d—b, T. €. TaKOro B3JieMeHTa, KOTOphH YAOBACTBOpSET
YpaBHEHHUIO

b+ x=a. 0
ﬂeﬂCTBHTEHbHO, MOXKHO MNOJIOXHTD
a—b=a-+(--b),
;aK KaK
b+la+(—b=[b+(—b]+e=0+a=a.

Ecan ke cywiecTByeT eille Takoidl 3S/MeMEHT ¢, KOTOPLH yAOBAETBOPSET
ypaeHenuo (1), T. e.

b+c=a,

TO, mpubapiasf K o6eHM YaCTAM STOrO PABEHCTBA 3/EMeHT — b, moay-
yaeM, 4TO

c=a-4(—b).

HNanvueitmine axcuoMmul V—VIII (cp. § 8) cpa3wiBaOT ymHOmeHUe HA
YHCO CO C/OXEHHEM W C onepauluamM¥ Haj udcaamn., Mmeunuo, aasd
11066X DNEMEHTOB @, b U3 V, aas mo6eix AeHCTBHTEABHHX YHCcea o, P
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H AN AeHCTBUTENBHOTO uucna 1 ROMKHK HMETh MeCTo paBeHCcTBa:

V. a (a4 b) =aa +ab;
V1. (¢ +B)a=0aa+Pa;
VIL (@B) a=a (Ba);

VIIL l-a=a.

Yxamem HEKOTOpHE NpocTeHiine CAGACTBHA H3 STHX AKCHOM.
n. a-0=0.
JeficTsuTenibHO, ANS HEKOTOpPOro a M3 V

aca=o0o (e} 0)=az+a.0,

a-0=0ae—oaa=0aa-+[—(xa)]=0.
[2). 0.a=0,

rae cl1epa CTOMT YHCAO HYab, a cnpaBa—HyJaeBoH snement u3 V.
Ilas noxasarenbcTBa BO3bMeM J1060e yucno o. Toraa

ae=(a+0)a=aa+ 0-a,

OTKYIa
Ova=aa—oaa=0.

[3). Ecan aa=0, 10 uan oo=0, uan a=0.
HefictBuTensno, ecay o =0, T. e. unucao o~! cywecrsyer, 10
a=la=@ lag)a=a"1(aa)==a"1.0=0,
[4}. a(—a)=—aa.
B camom aene,
ag+a(—a)=cola+(—a)]=a-0=0,
T. €. 9neMeHT & (—a) NPOTHBONONOKEH BAEMEHTY Ca.
{5 (—a)a=—aa.
HefictBuTtensHo,
aa4(—a)a=[o+ (—a)]a=0.a=0,
T. €. 3/MeMEeHT (—0) @ NPOTHBOIOJOKEH BNEMEHTY ad.
(6]. a(a—b)=aa—ab.
JetictButensno, no (4],
ag(@—b)=alat (—d)}=aa+a(—b=0aa 3 (—ab) =aa—ab.
7). (a—p)a=ca—pa.
B camom nene,

(@—B)a=[o+(—B)l e =ca + (—p) a = aa + (—Ba) =aa—fa.



§ 29] ONPEAEJEHHE JHHEHHOTO MPOCTPAHCTBA., H30MOPOH3IM 187

3aMeTuM, 4TO MNepeyHCJeHHBIMH Bbillle aKCHOMAMH H CJAeZCTBHAMN
M3 HHX M OyieM noab30BaThecd Aagabuie Ge3 ChneUHaJbHHIX OrOBOPOK.

Buiie gaHo onpejeneHue HOeHCTBHTENbHOrO AuHeHHOro mpocTpaH-
crBa. Ecau 6 Mn MpeanogOXHAH, UTO B MHOWecTBe V ompeieneHo
YMHOKeHHE He TONAbKO Ha HAeHCTBHTE/bHHE, HO H HA MoObe KOMIIEKC-
Hble 4ucaa, TO, coxpaHasd Te ke akcuomu |—VII, moayuuan 6w ompe-
LeleHue KOMNAEKCHO20 AUnelinoz2o npocmpancmsa. aa onpenenen-
HOCTH HHXe paCcCMaTpPHBAIOTCH NeHCTBUTEAbHME AJUHEH]-
HoHe MPOCTpPAaHCTBA, OAHAaKO Bce, 4TO GynaeT CKasaHo
8B HacTOosAW e rnase, NepeHOCHTCH AOCAOBHOHA CAyYaH
KOMNOJEKCHHX JUHEHHHNX NPOCTPAaHCTB.

Mpumepu ASHCTBHTEAbHHX JHHEHHLX MPOCTPAHCTB MOTYT OHTh
Aerko ykasauol. Mmn 6yanyr, npewxae Bcero, Te 7-MepHHe AeHCTBUTENb-
Hele BEKTOPHHE MPOCTPAHCTBA, COCTABAEHHHE H3 BEKTOPOB-CTPOK, KOTO-
puie H3yYaauchb B r/. 2. JIHHeHHBIMU npocTpadHcTBaMu GYyIYT B MHOXe-
CTBA BEKTOPOB-OTPE3KOB, BLIXOAMULHX H3 Hayana KOOPAHHAT HA [MJO-
CKOCTH HJAH B TPEXMEPHOM MPOCTPAHCTBE, €CIH ONepPalHil CJAOWEHNN
N YMHOXEHHA HA YHCIO MOHUMATb B TOM [EOMETPHYECKOM CMucie,
KOTOpH#i Oha yka3ad B Hawane naparpada.

CywecTByOT TaKwke MpUMeph NHHEHHHX NMPOCTPAHCTB, TaK CKasaTh
«GecKoHeuHoMepHuX», PaccMOTpHM BCEBO3MOXHHE MOCAEA0BATEAbHOCTH
AeHCTBHTE/NbHHX 4HCEN; OHH HMEIOT BHI

a=(°‘1’ Agy eney Ky col)e

Onepauun Hald MnocCAeNO0BaTEJAbHOCTAMH 5)’).161\1 MPOH3BOAHTDh MMOKOMIIO-

HEHTHO: €CJH
b"—‘(ﬁp Bz: veey 5,,, ces)s

a+b=(a1+6p a2+62, seey an"”ﬁny --');
Cc llp)’[‘Oﬁ CTOpOHL, Anad moboro aeficTBHTEAbHOrO YHCAA Y
Ya= (YOLU Y%y eeey Yy oo D)

Bce axcuomut [—VIII BHnoaHsiioresd, T. e, Mul noaydaem AeHCTBUTENb-
HOe JnHedHOoe MPOCTPAHCTBO.

[Tpumepom GeCKOHEYHOMEPHOTO MNPOCTPAHCTBA OYAET TaK¥e MHO-
WECTBO BCEBO3MOWHHIX JAeHCTBUTENbHWX yHKUHH defCTBHTENBHOTO
NEepeMeHHOro, ecln caoXeHue QYHKIHA B HX YMHOXEHHE Ha AeHCTBH-
TeJbHOE YHC/AO MOHHMATh TaK, KaK STO NPHHATO B TeopnH QyHxuui,
T. €. KaK C/AOXEHHe HAH YMHOWEHHE Ha uYuc/a0 3HayeHu# QyHKUHH npu
KaWAOM 3HAYEeHHH HE3aBUCHMOrLO MNEPeMEeHHOro.

W3omoppuam. Hamelt Gauwaliviet uensio 6yner BeijeieHie cpeidd
BCeX JHHeHHHX MPOCTPAHCTB TeX, KOTOpule eCTeCTBEHHO HA3BaThb KO-
HeyHoMepHMU. BBeaem cnauana omno ofuiee noHsTHE.

B onpeasenenud nuueinoro npocTpaHcTBa roBoOpHIOCH O CBOHCTBAX
ofnepauuil Has BEKTOpPaMH, HO HHUYECO HEe T[OBOPHIOCH O CBOKCTBAX

TO

>
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caMHX BeKTOpoB. BBHAY 3TOro MOWeET CAyYHTHCH, UTO XOTH BEKTOPH
HEKOTOPHIX ABYX MAAHHHLIX JIHHelHBIX RPOCTPAHCTB MO cBoeli nmpupoxe
COBEpPUIEHHO Pa3/uyHL, OJHAKO C TOYKH 3peHys CBOMCTB onepajuil 3T
ABa TNPOCTPAHCTBA HEpasNHYHMbLL. TOUYHOE OnpeneNeHHe TaKOBO:

IlBa neificTBUTENbHHX JNHHEeHHHIX NMpocTpaHcTBa V u V' nasnBaoTtcs
U30MOpPHBIMI, eCI MeXAY WX BeKTOPaMH YCTAHOBJECHO B3aUMHO OA-
HO3HAUHOE COOTBETCTBHE — BCIKOMY BeKTOPY a u3 V comocraBien Bek-
Top @’ u3 V', 06pa3 BexkTOopa 4, NpUYeM pasNHuYHHE BEKTOpW u3 V
006141ai10T pas3anyHuMu 006pasamMu M BCAKHI BexTop H3 V' cayxur olpa-
30M HEKOTOPOTO BexTOpa H3 V,—¥u eCcnH npH 3TOM COOTBETCTBHH
06pa3oM CYMMH ABYX BEKTODPOB CJAYXHT CymMMma ob6pa-
30B3THX BEKTOPOB,

(a+b)=a"+ 0, 2

ao6pasomM NpoN3BeLCHHS BEKTOPA HA YHCJIO CAYXKHT
npoussenenne o6pasza 5ToOro BeXTopa Ha TO We YHUCAO,

(2a) =oa’. 3

OtMeTuM, YTO B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXAYy Mpo-
crpaicteamu V u V', ynoeaertsopsiomee ycnosuam (2) u (3), Hasu-
BaeTCst U30MOPPHELIL COOMBEMCmeiuent. ,

Tak, npocTpaHCTBO BEKTOPUB-OTPE3KOB HA TIOCKOCTH, BHIXOAALLHX
H3 Hayana KOOPAMHAT, H3OMOP(PHO INBYMEPHOMY BEKTOPHOMY MPOCTpPaH-
CTBY, COCTAB/JEHHOMY HM3 yMOPAAOYECHHHIX TNap AeHCTBUTENbHBIX YHCEA:
MBI OAYUYHM H30MOP(HOE COOTBETCTBHE MEWIY STHMH MPOCTPAHCTBAMH,
€C/IH Ha IJIOCKOCTH (UKCHPYEM HEKOTOPYIO CHCTEMY KOOPAHHAT Y BCA-
KOMY BEKTOPY-OTPe3Ky CONOCTaBHM YMNOpPSAOUEHHYI0 Napy €ro Koop-
JHHAT,

Jlokawem caenyouee cBORCTBO H30MOPdhHU3IMa MTUHEHHBIX MPOCTPAHCTB!
obpazom wHyan npocmpavcmse V npu usomopnon coomsemcemsul
Meady npocmparcmeanu V u V' caysucum Hyab npocmpancmsa V.

flyeth, B camom jene, @ GyneT HEKOTOPHH BeKTOp ua V, ¢’'—ero
ob6pas 8 V’. Toraa, sauay (2),

a'=(a+0) =a +0,

T. e. 0’ Gyaer nyzem npocrpaHcTBa V',

§ 30. Koneunomepusie npoctpanctsa. basml

Kak unrtatens Ges TpyAa MOXKET NPOBEPHUTb, Te ABAa ONPERENeHHs
ANHEeHHON 3aBHCHMOCTH BEKTOPOB-CTPOK, KOTOphie GhAH AaHL
B § 9, paBHO Kak i A0Ka3aTeJbCTBO 3KBUBANEHTHOCTH ITHX Ompenenc-
Hu#, HCOOAB3YIOT JHUIL ONepailii HAaJl BEKTOPAMH M MO3TOMY MOryT
ObiTh fepeHeceHns Ha ciaydall 100X JHHEHHKX npocTpaHcTs, B akcuo-
MAaTHYECKH ONPENENEHHLIX JHHEHHBIX MPOCTPAHCTBAX MOKHO TOBOPHUTS,
CJ1e40BaTeNbHO, O JHHEHHO HE3aBHCHMHIX CHCTEMax BEKTOPOB, O MaKCH-



§ 30j KOHEYHOMEPHHE TPOCTPAHCTBA, BA3H 189

MaJbHHX NHHEHHO HE3aBHCHMHWX CHCTEMAax, €cau TaKHE CYmecTBYIOT,
u T. A.

Ecau auneiinvie npocmpancmsa V u V' usomopgus, mo cucmensa
8eKmopos @y, a,, ..., a, U3 V mozda u moasko mo20a AuHeldHo
3qsUcuUMa, eCAl AUHeHO 3ABUCUMA CUCMeMa U 06pA308 al, az, e g
s V'.

3ameTuM, YTO €C/IH COOTBETCTBHE & — &’ (Ansd Bcex @ us V) apasiercd
n3oMopdupM cooTBeTcTBHEM MexaAy V n V', 10 u ob6paTtHoe cooTBET-
cTeue @’ — a Takwe Gyaer usomopdHbM, [T0o3TOMY ROCTATOYHO pac-
CMOTPeThb caydad, korga AuHEeHHO 3aBHCHMA CHCTEMA @y, Qgy o4, , Qg
[TyeTh cywecTBYIOT Takue YHCAA O, Oy, ... , 0L, HE BCE PABHHE HYNIO,
4T0

0@y 4ty + .. Faya,=0.

OGpasoM 1mpaBo#l 4acTH TOTO PaBEHCTRA MPH PaccMaTPHBAEMOM H30MOP-
¢duaMe CAYKHT, Kak Mbl 3Haem, Hyab 0’ mpoctpancrsa V’. Beps o6pas
NeBOH YacTH W NPUMEHAS HEeCKOAbKO pa3d (2) u (3), noayuaem

, , , ,
ya; +0,a, + ...+ 0a, =0,

T. €. cucreMma a'l, a;, SN a;, TaKXe OKa3zanachb NUHEHHO 3aBHCHMOH,

KoHeyHoMepHble npocTpascTBa, JluHelinoe npocrpanctBo V Hasw-
BACTCH KOHEYHOMEPHbIM, €CNH B HEM MOXHO HallTH KOHEUHYI0 MaKCH-
MajabHYIO JIHHEeHHO He3aBHCHMYI0 CHCTEMY BEKTOPOB; BCakKas Takas
cucrema BeKTopoB GyneT HaswBathbes 6a3od npocrtpadcrsa V.,

KoneuHomeproe auHeliHoe MPOCTPaHCTBO MOWET 00saxaTth MHOTHMH
pasanunbMiu Gaszamu., Tak, B NPOCTPaHCTBE BEKTOPOB-OTPE3KOB HA M/10-
ckoctn 6asoil cayxur jaiobas napa BEKTOPOB, OT/IHYHEIX OT HYNR H He
Jiewaliy X Ha oLHOR npsimoit, 3aMeTHM, 4YTO Hallle onpejeleHie KOHEUHO-
MEPHOTO MPOCTPAaHCTBA He AaeT NOKa OTBeTa Ha BOMNPOC, MOTYT AH
B 9TOM NPOCTPAHCTBE CYLLECTBOBAaTh 0a3n, COCTOSLIHE H3 Pas3HOTO
4yHcna BeKTOPoB. Doablie TOro, MOXHO Obio O LORNYCTHTH Adwe, YTO
B HEKOTOPHX KOHEYHOMEPHHX NPOCTPAHCTBAX CYLLECTBYIOT 6aswm co
¢Koab yroaHo OGoabwuM uncaoMm BektopoB. Ceflyac MH mpucTynum K
BLISICHEHHIO TOTO, KAaKOBO e MOJOXeHHe Ha caMoM Jede.

[TycTp aunetinoe npoctpaucteo V obGaanaer 6asoit

€1y €ay ceey €y (1)

cocrosmieit 3 7 Bektopos. Ecan a— npoussonbuuit Bektop u3 V, 10
M3 MakCHMAalbHOCTH JHHEHHO He3aBHCHMOH cucrtemu (1) cAemyeT, YTO @
JHHe#HO BLIPAXAGTCT yYepes 3Ty CHCTEMY,

a=a,e, {-0e, ...+ e, (2)

C npyro#t cropoun, BBHAY JsaHHEHHOH He3aBHCHMOCTH cHCTeMH (1)
Bupaxcenne (2) OyjaeT A BEKTOPa @ €XMHCTBEHHBIM: eCll

a=ale1 +a2e2+ LY + anem
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TO
(%—05'1) el+(°‘2_°‘;) eyt ...+ (an_a;l) e, =0,
OTKyda ,
o;=ay; i=1,2,,..,n

Taxum 06pa30m, BEKTOPY @ OLHO3HAYHO COOTBETCTBYET CTPOKA
(aly azy ey a‘n) - (3)

Ko3p@duuMeHTOR ero BoipaxkeHus (2) yepe3 643y (1) uan, Kak M Oynem
TOBOPHTb, CmMpoka ezo koopduram 8 6a3e (1). O6paTHO, BCsikas CTPOKa
suna (3), T. e. BCAKUH 7n-MepHHH BeKTOpP B CMHICJAE T 2, CIHYXUT
CTPOKOI koopaunat B Gase (1) A1 HEKOTOPOro BeKTOPa NpocTpancTaa V,
a HMEeHHO AAd BexTOopa, 3anmucwiBalouierocs yepes 6asy (1) B Bune (2).

Mup noayuuan, cienoBaTesbHO, B3AHMHO OLHO3HaYHOE COOTBETCTBHE
MEXAYy BCEMHM BEKTOPaMH mpoctpaHcTBa V W BCEMH BeKTOPaMi 7-Mep-
HOr0 BEKTOPHOrO NPOCTPAHCTBA CTpok. [lokaxeM, UTO 9TO COOTBETCTBHE,
3amncqulee, MOHATHO, OT BHOOpa Gaswl (1), 4BAAETCA H3OMODPHHM,

Bosbmem B mpocTpaHcTBe V, MOMHMO BEKTOPa @, BHIPAWAIOULETOCH
yepes Gasy (1) B Buae (2), Takwke BeKTOp b, BHpaxXeHHE KOTOPOro
yepe3 6a3y (1) Oyzer

b=ﬁlel+ﬁze2+ '°°+ﬂnen'
a+b=(a1+51)el+(a2+ﬁ2)e2+---+(an+ﬁn)em

T. e CYMMe Gexmopod a u b coomsemcmeyem CYMMA CMPOK UX
xoopdunam ¢ 6aze (1). C apyro#t cTOPOHM,

ya= (Yal) 31 + (Yaz) €y + LI + ('Yan) €ny

T. €. npou3eedenuio 8exmopad a Ha 4UCAO Y CoOOmBemcmsyem npous-
sedenlte cmpoxi e20 koopOunam 6 6ase (1) Ha smo e wucio y.

ITuM J0Ka3aHa cAeAyloulas Teopema:

Besikoe aunelinoe npocmpancmso, obaadawouee 6asold u3 n gex-
mopos, U30MOPPHO N-MePHOMY BeKMOPHOAY NPOCIMPAHCMEY CHPOK.

Kak Mbl 3HaeM, npn u30Mop$HOM COOTBETCTBHH MEWAY JHHEHHHMH
NPOCTPAHCTBAMH JHHeHHO 3aBHCHMAafA CHCTEMa BEKTOPOB MEPEXOAHT
B AHHeAHO 3aBHCHMYIO H 06GpaTHO, a MO3ITOMY JHHEHHO He3aBHCHMad
NepexolAnT B JHHeliHO Hesasucumyio. Otciona ciaelyeT, YTO npu U30-
Mopros coomgememsun 6aza nepexodum 8 6a3y.

B camom mene, mycTh Gasa ey, e,, ..., e, npoctpanctsa V nepe-
XOAMT HPH H30MOP(HOM COOTBETCTBHH MexAy mpocTpanctsamu Vu V'

B CHCTEMY BEKTODPOB €, €,, ..., €, NpocTpanctea V', KoTopas xoTd u
JAuHeliHO He3aBHCHMAa, HO He sBASEeTCH MaxkcHMaabHOH, B V' MmoxHo
’ ’ ,

4

11aHTH, CEN0BATE/NbHO, TaKOi BeKTOP f', UTO CHCTEMA €y, €y, ..., €n,
J' ocraerca mineltno nezasucuMo#t. Bexrop f7 cayxut, oanako, o6pazox
UpH paccMaTPUBAEMOM H30MOP(H3Me A/ HEKOTOPOro BekTopa fus V.

Toraa
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Mu nomnyuaem, 4TO CHCTEMA BEKTODPOB €y, €5, ..., &, f 101%Ha ObiTb
NiHelHO He3aBHCHMON B NPOTHBOpeuyHe C onpeleaeHueM 6a3m.

Mu 3naem, nanee (cM, § 9), yT0 .B Z-MEPHOM BEKTOPHOM MPOCTPAHCTBE
CTPOK BCe MaKCHUMajlbHble JHHEHHO HE3ABHCHMHE CHCTEMH COCTOAT H3
n BEKTOPOB, 4YTO BCHKad CHCTeMma u3 27+ 1 BekTOopa AnHEHHO 3aBUCHMA
M 4TO BCHKAA AHHEHHO HE3aBUCHMAs CHCTEM3 BEKTOPOB COLEPHKHUTCH
B HEKOTOPON MaKCHMaAbHOH JHHeHHO HezaBucumol cucTteme. Ucnoabaysn
yCTaHOB/IeHHKE Bbtlle CBOHCTBA #30MOPQHHIX COOTBETCTBHH, Mu fpH-
XOAHM K CJAEAYIOLLHM pe3yabTaTaMm:

Bce 6a3mn xoHetnomepnozo aunelinozo npocmpancmsa V cocmoam
U3 00Ho20 u moezo xe 4ucaa gekmopos. Ecanm 3170 uncio pasHo n,
To V Oyaer uasnWBaTbCA /-AepHbiM  AUREUHHN NPOCMPAHCMEOAL,
a YHCAO 11— pa3MepHOCMmbI0 STOTO (IPOCTPAHCTBA,

Bearkaa cucmema u3 n—+1 gexmopa n-mepHozo AUHeliH020 npo-
cmpancmsa AluHeliHO 3asucuma.

Bcakas auHelino He3asucumas CcUCMeMa BeKMOPOs MN-MEPHO20
AUHedRO020 npocmpancmsa CcodepwiUmcs 8 Hexomopoid 6a3e amozo
npocmpancmsa.

Tenepb fNerko MPOBEPHTb, YTO YKA3aHHHE Bullle MPHMepH AeHhcTBH-
TENAbHAHX JAHHEHHWX NPOCTPAHCTB — NPOCTPAHCTBO MOCIE10BATEILHOCTEH
H [POCTPAHCTBO (YHKUMHA —He ABAAIOTCS KOHEUHOMEPHHMH NPOCTPaH-
CTBAMM: B KaXCAOM M3 3TUX MPOCTPAHCTB ynTareib Oe3 Tpyma Haliger
JIRHCHHO HE3ABHCHUMbBIE CHCTEMbl, COCTORLIHE H3 CKOAb YIoaHo 60ab110ro
4HCAa BEKTOPOB.

CsaA3b mewny 6aszamu. OOGbekTOM H3yueHHA SIBIAAIOTCS NI Hac
KoHeuHoMepHue AuHeluwe npoctpancTBa, [loHATHO, 4TO, H3yuasn n-mep-
HHE JRHeldHbe MPOCTPAHCTBA, MW MO CYLIECTBY H3yyaeM TO /-MEpHOe
BEKTOPHOE NPOCTPAHCTBO CTPOK, KOTOpPOoe Oui0 BBeREHO ewle 8 r1, 2,
Oanako patblie 8 STOM NPOCTPaHCTBe Ouina BujleiseHa oaHa 6asa —
a uMenHo 6a3a, COCTAB/NEHHAN H3 €AHHHYHKX BEKTOPOB, T, €. BEKTOPOB,
y KOTOPHX OLHA KOOPIAMHATA PaBHa elHHHLE, 3 BCE OCTA/IbHLE KOOP-
AHHATH PaBHH HYMO, —¥ BCE BEKTOPH MPOCTPAHCTBA 33a4aBAAUCh CTPO-
KaMH HX KoOpAauHaT B 3TOH OGa3e; Tenepb ke BCce Gasw NPOCTPAHCTBA
ABAYIOTCH OJA HAC PABHONPABHLIMH,

MocMoTpuM, Kak MHOro 6a3 MOWHO HAaWTR B 72-MepHOM JaHHeHHOM
NPOCTPAHCTBE H KaK 3TH 06a3n CBN3aHK APYr ¢ APYroM.

[lycte B n-mepuom auvefiHom npoctpancTse V 3ajnann 6asu

€, €3, 4..,8, (4)

»’ » » -
€1, €2, .en ne )

Kaxawit sextop 6aszm (5), Kak " BCAKHIl BexTOp npocTpancrea V,
OLHO3HAYHO 3anucwBaercs uepe3 Oasy (4),

e;=1§r“e,, i=1,2...,n ©)
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Marpuua
Tig eee Typ
T=|. « .« . .|
Tar oo T

CTPOKH KOTOPOH AIBAAIOTCS CTPOKaAMH KOOPAMHAT BeKTOPOB (5) B 6ase (4),
HasulBaeTCl Mmampuuyeli nepexoda ot 6Gasm {(4) x Gase (O).

Ceazb mexay 6asamu (4) u (5) u marpuuel nepexopa T MONKHO
3anucaTb, BBHAY (6), B Bume MaTpHYHOrO PaBeHCTBA

‘ /
€ Tir Tiz oo T e
€2 Ta1 Tog «vr Top €2
= : )]
€n) Va1 Tngeer Typ \€,)

unu, o6o3navas Gasm (4) u (B), 3anmcaHunme B cTOonGel, coot-
BeTCTBEHHO 4Yepe3 e M e, B BHIe

e’ = Te.

C npyro#t croponuw, ecan T'—maTpHua mnepexoia ot Oasm (3)
kK 6aze (4), TO

e=Te'.
Ortcrona
e=(T'T)e,
e'=(TT) e,
T. e, BBHIAY JHHeliHO# He3aBHUCHMOCTH Ga3 e u ¢,
T'T=TT =EL,
OTKyZa .
T'=T"1,

9TuM A0Ka3aHo, uTO Hmampuna nepexoda om 00Hol 6a3m k dpy2ol
8Ce20a AGASEMCA He8bPONCOeHHOU Mampujeli.

Bcaxan wnestiporciennan xeadpamuas Mmampuya nopaoxka n ¢
Oelicmsunie AbHBMU  dNeMEHMAME  CAYIHCUM Mampuyell nepexoda om
Oannoll 6a3bi n-mepro20 GelicmMEumMenbH020 AUHEIHO20 NPOCMPAHCNEE
K Hexomopol Opyeoi Ga3e,

[Tyctb, B camom pene, pana 6a3a (4) u HeswpOxaeHHas Mmatpuua T
nopiaxka 7. Boabmem B kauyectBe (5) CHCTEMY BeKTOPOB, A KOTOPHX
CTPOKH MATpHUW T CAywaT CTPOKAaMH KOOPAHMHAT B Gasze (4); umeer
MecTo, C/eA0BaTelbHO, PaBEHCTBO (7)., BexTtopw (5) nnHeitno Heszasu-
CHMH — THHeHHAs 33aBHCHMOCTb MEXAY HHMH Bjaekaa Oum 3a coboit
JAnkefiHYI0 3aBHCHMOCTb CTPOK MaTpuinl T B TPOTHBOPEYHE C €€ HEeBhi-
poxaennoctoro. IloatoMy cmcrema (5), kak JHHeHHO He3aBHCHMAs
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cHCTEeMa, COCTOAILas U3 71 BEKTOPOB, fBAseTcs 6a30i Hauiero npocTpad-
cTBa, a Marpuua T caywxuT marpuuel nepexona or 6a3m (4) k 6ase (J).

Mgl BHLHM, 4TO B n-MepPHOM JHHEHHOM NMPOCTPAHCTBE MOXHO HAfTH
CTO/Mb e MHOTO Pa3IuyHbXx 06a3, KaK MHOTO CYIUECTBYeT Pa3iHuHLIX
HEBHIPOXIEHHLX KBAaApaTHHWX MaTpull nopsaka n. [lpasia, npu atom
ase 6Ga3sny, COCTOSILIHE H3 OAHHX M TeX XKe BCKTOPOB, HO 3allHCAHHBIX
B Pa3inyHOM MOPAAKEe, CUHTAIOTCA Pa3NUYHLIMH,

[IpeoGpasopanne KoOpAMHAT BekTopa. [lycTb B 7-MepHOM JAHHeH-
HOM npoCTpaHcTBe Haww Gasw (4) u (3) ¢ marpuuell nepexona T=(t;),
e’ = Te.

Ha#izeM cBA3b Meway CTPOKaMH KOOPAHMHAT NPOH3BOALHOLG BEKTOPA &
B 3THXx 0a3ax.
Ilycts

n
a==;;aﬂh (8)

n
a= ae,.
i=1
Hcnonbays (6), moayuaem:
n n n n
e=3ei( 3 ,e,>= 3 (;} a;f,.,> y

Cpasuupas ¢ (8) u ncnoab3yst eIHHCTBEHHOCTb 3aMHCH BEKTOPA Yepes
6asy, noayvaem:

n
OL/= ZOL,TU, j=], 2,...,’1,
=1
T. €. HMEeT MEeCTO MATPHYHOC PaBEHCTBO

(alv azy o6y Otn)=(061, ah LICN) ’aﬂ) T'

TakuMm ofpasoM, cmpoka rKoopounam Bexmopa a g 6a3e e pasia
cmpoke Koopdunam 3mozo sekmopa & 6ase e’, YMHONMEeHHOL Cnpasa
Ha Mampuyy nepexoda om 6asw e k Gase e,

Orciona caenyer, NOHATHO, PaBeHCTBO

(a‘l) 0‘2; sy an).= (a]_’ a21 ey q’n) T_l-

[Mpumep. PaccmorpuMm TpexmepHoe AeHCTBUTE/IbHOE JHHEHHOE [POCTpaH-
cTBo ¢ 6Gasofi

e]_v 821 e3' (g)
BekTopnt
€, =5y — e, — ¢,
e; = 2¢; + 3¢, (10)

eg=—2e+1e+e
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TaKMe COCTaBAFIOT 6asy B 3TOM NpocTpaHcTee, NPHYeM MaTPHUEA nepexoda
or (9) k (10) cayxHT MaTpuua

5 ~—1 =2
T= ( 2 3 0),
—2 1 1

3 —1 6
T-1=<_2 1 -4>.
8 —3 17

a=eg, -} de,—eg
HMeeT nosToMy B Gaze (10) cTpoky kKoopauHar

OTKYIa

BekTop

., 3 —1 6
(940 @30 05)=01, 4, —1)(—2 1 —4>=(—13. 6, —27),
8 -3 17

T, €.
=— 13e, -+ 6e, —27e;.

§ 31. Jlnneitnvle mpeoGpazosanus

B r1. 3 Mbl yxe BCTPeYanauch ¢ MOHSITHEM JuHeHHOTO npeo6pa3ona-
nun HedssectHux. [loHsiTHe, kOoTOpoe Oyner ceifiyac BBeAEHO, HOCUT
TaKOe e Ha3BaHHe, HO WMEEeT HHOM xapaxrtep. Bnpouem, HexoTopue
CBY3K MEXAY STHMH ABYMS OJXHOHMEHHHLIMH NOHATHAMH MOFIH Obl ObiTb
yKa3sann,

Mycts naHO n-MepHoe NeHCTBUTENbHOE JHHeHOe NPOCTPAHCTBO, KO-
Topoe 0603HauuM yeped V,. Paccmorpum rnpeobpa3osarite 3TOro npo-
cTp2uSTSE, T. <. OTCSpaweHue, nepesoAsillee Kaw A #i BeKTOp @ npo-
cTpatctea V,, B HEKOTOPHH BEKTOP @’ 9TOro e npoctpancTea, Bektop a’
HA3HLBAETCH 06pa3os BEKTOPA a MPH PacCMATPHBAeMOM NMPeoGpa3oBaHuu,

Ecau npeobpasosanue o60o3nHayeHo uepe3 ¢, TO o6pa3 BexTopa a
yCAOBHMCS 3aMHCHIBATL He 4epe3 ¢ (@) uAu ¢a, 4TO UYHTaTeno 6u/0 Ou
npuswyHee, a uepes agp. Takum o6pa3oM,

a’ =aQ.
[peoGpazosanne ¢ aunehiHoro npocTpancTBa V, HaswBaerca aunel-

HolAL npeobpa3osaniiess 9TOrO NPOCTPAHCTBA, €CAN CYMMY JIO6hIX ABYX
BEKTOPOB @, § OHO MepeBOAHT B CyMmy 00pa3soB STHX BEKTOPOB,

(a+ D)o =ay+ by, ‘ M

a mpom3BeAeHue nwboro BekTopa a Ha aw06oe YHUCAO O NEPeBOAHMT
B mpou3BeAeHHe o6pa3a BEKTOPa a4 Ha BTO e YHCAO Q,

(ca) p = a (ag). (2)

M3 storo onpesenexsnst HemelNeHHO BHTEKAeT, YTO AUHelHoe npe-
o6pasosanlie AuUHelH020 NPocmMPancmsa nepesooum A0O0YI0 AUKeUHYIO
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KOMOUHAUUIO OQHHBIX 8eKMOPO8 &y, Gy, ..., Q, 8 AUHelHYIO KOMOU-
Hayuwo (¢ memu e KodhPuytenman) o6pazos amux sexmopos,

(@18 00, + ..o+ aa,) @ =0 (2,0) + Ay (2,9) +. ..+, (3,9). (3)

HoxaweM crenyioliee yTBepxaeHue:
Tlpu aw0bom aunelinor npeobpa3zosanuyt § AUHelHO020 NPOCMPaH-
cmea V, nyasegoid sexmop O ocmaemcs Henoo8uxCcHblM,

- 0p =0,

a o6pa3or Bexmopa, NPOMUBONOAOHCHO20 0% OAHHOZ0 8exmopa a,
CAYHCUM BeKMOP, NPOMUBONOAONCHHE 0% 00pa3a sexmopa a,

(—a)p=—aq.
B camom nmene, ecau b— npou3BOJbHLIA BeKTOP, TO, BBHAY (2),
0p =(0-0) p=0-(bp)=0.
C zapyro#i CTOPOHH,
(—a)e=[(—=1)a]p=(—1)(ap) =—ap.

[Tonsitne nuueiinoro npeobpasoBanus NHHEHHOro NPOCTPAHCTBA BO3-
HUKJIO0 Kak o6ofiieHne M3BECTHOTO M3 Kypca aHAJAMTHYECKOH reoMeTpuu
noHsaTHs adpduuHoro npeobGpa3oBaHus MIOCKOCTH HIAH TPEXMEPHOrO Mpo-
cTpaHcTBa; AeidtcrBurensHo, ycaosus (1) u (2) ans apduuunx npeobpa-
30BaHHA BHIOMHAITCH. ITH YCAOBUH BHITOAHHIOTCH H IS NpPOeKUHuH
BEKTOPOB HA INIOCKOCTH HJHK B TPEXMepPHOM NPOCTPAHCTBE HA HEKOTODYIO
npsaMylo (MJ1H HA HEKOTOPYIO MAOCKOCTh). Takum o00pa3oM, HampuMep,
B JBYMEPHOM JHHEHHOM IIPOCTPAHCTBE BEKTOPOB-OTPE3KOB, BHXOAAUINX
H3 Hayajla KOOPAHHAT MJAOCKOCTH, peofpa3oBanie, nepesoasfilee BCAKUi
BeKTOP B €ro MpOeKLHIO HA HEKOTOPYIO OCb, MPOXOAAULYIO Yepe3 Hayano
KoopanHat, O6yaer AuHefiHWM npeoGpa3oBaHHeM,

[TpumepamMu AuHeHHbX 1Peo6pPa30BaHHH B MPOH3BOJALHOM MPOCTPAH-
ctee V, caywar moxcdecmsenHoe npeobpa3osanue €, OCTaBadioliee
BCAKMI BEKTOP @ Ha MecTe,

ac=a,
It HYsegoe npeobpasosarnie ®, oTobpaxalouiee BCAKHA BeKTOP @ B HYIb,
an=0.

Cefiuac GyZeT nonyYeHO HEKOTOpoe o6Go3peHue BCEX AHHEHHLIX
npeoGpasoBanuit aunefinoro npocrpanctea V,. Ilycts
elv 32, LI AL} en (4)

— Ga3a 3TOro MPOCTPAHCTBA; KAaK M paHblie, 6a3y (4), pacmonoweHHy10
B cToaben, 6yaem o603HayaTh uyepe3d e. Tax kak BCAKHI BeXTOp @ Npo-
cTpancTBal, ONHO3HAYHO MPEACTABAAETCH B BuIe JuHeHHOH KOMOHHALMU
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BeKTOPOB 6a3w (4), 1O, BBRAY (3), 06pa3 BeKTOPA & C TeMH ¥Ke KO3p-
¢duunenTaMu spipawaeTcs yepe3 o06pasum BeKTOPOB (4), Mummu ciaoBamy,
gcaKoe aunelinoe npeobpa3osanue @ npocmpancmsa V, 00HO3HaUHO
onpedessemca 3adanuesn obpa3os e,p, e,9, ..., e,p 8Cex 8eKmopos
durcuposannoli 6asn (4).
Kaxosa 6u Hu Owmaa YnopaooteHwas cucmema U3 N 8eKmMOpos
npocmpancmea V,,
cl! Cz' ooy Cpy (5)

cYuecmsyem, npumos eduHcmgennoe, maxoe auHelinoe npeobpaso-
sanue ¢ amozo npocmpancmsa, 4mo (5) caywcum cucmenmoii o6pa3sos
sexmopos 6a3m (4) npu 3mosm npeobpaszosanul,

ep=c;, i=1,2, ...,n (6)

ExuncrBeHHocTh npeoGpasoBanud ¢ ywe A0Ka3ana BHE H HYKHO
LokasaTh Jaumb ero cyutectsosanue. Omnpemennm npeoGpa3oBakne @
cneaywouiiM 06pas3oM: ecll @ -—Npou3BOAbHLIA BEKTOP NPOCTPAHCTBA H

n

=1
— ero 3anuchb B Gase (4), TO MOAOKHUM
n
ap = Lo, (7
=1

HNoxaxkem anHefiHOCTh aTOrO npeobpasosanud. Ecan

n
b= 2 P
=1

— no60lf Apyro#t BexTOop MPOCTPAHCTBA, TO

@+ o= [‘;1(0‘,"1‘5;‘) e,-] 9= 2(“1+|31) ¢ =

t=1

=2 ¢ + iZ Bic;=agp + by.
=1 =1

Ecan ke y—nio6oe yncao, T0

(ya) o= [1:21 (ya;) ei] ¢ = 2‘1 (yo,) ;i =7y ‘=El ;¢; =y (ag).

Yrto ke KacaeTcs cnpaBeAnuBOCTH paBeHCTB (6), TO oHa BuTEKAeT H3
onpenenenus (7) npeobpasoBanus ¢, TaK KaK BCE KOOPAHHATH BEKTOPA ¢;
B Gaze (4) paBun Hym0, Kpome {-#i KOODAHHATH, PaBHOH elHHHLE.

Hanu ycmanosaeno, caedosamensno, 83aUMHO OOHO3HALHOE COOM~
semcmeue Mewdy 8CeMlt AUHeUHOMU T1peoOPA30BAHUAMY AUHEHHO020
npocmparcemsa V, u scemu ynopadosenntmu cucmemanmu (3) us n
8exmopo8 3Mo20 NpocmMpancmea,
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Besaku#t sexTop ¢; 061a1aeT, 0AKAKO, onpeAeeHHON 3anuchioB 6ase(4),

n
= Xae, i=1,2,...,n ()
=

W3 koopaunar sextopa ¢; B 6aze (4) MOXKHO COCTaBHThH KBaAPaTHYIO
MaTpHLy
A= (), ©)

Geps B KauecTBe ee {-# CTPOKH CTPOKY KOOPAMHAT BekTOpa ¢, i=1,2, ...
..., . Tak xax cuctema (5) Gnna MpoU3BObHOM, TO MaTpnua A Oyner
NPOU3BOAbLHONK KBaApPaTHOH MaTpuueidl nopaakKa n ¢ NeH(TBHTENbHLIMU
9J1EMEHTAMH,

Mot umeem, mawxusr o6pa3om, 63aUMHO O00HO3HAXHOE COOmMBem-
cmsie Mmedcdy 8cemit AUHedHBMU NPeobpa308arUAML NPOCMPAHCmEn V,
U gcemu KBAOPAMHOMIU MAMPUUAMU NOPAOKG Nn; STO COOTBETCTBUE
3aBHCUT, KOHEYHO, OT BuOopa Gasu (4).

Byaem rosoputh, 4TOo mMatpuua A 3edaem nuxeilnoe npeobpasora-
Hue ¢ B 6ase (4), nau, kopoue, 4To A ecThb Mampuya stnelinozo rnpe-
ofpa3zosanus ¢ B Gaze (4). Ecan uepes e@ mm obo3nayum croabel,
cocTaBleHHH B3 06pa3os BekTOpoB Ga3u (4), To u3 (6), (8) 1 (9) BuTEKaRT
cleAyIOllee MaTPMUHOE PaBEHCTBO, MOAHOCTHIO OMUCHBAIOULEE CBA3MH,
CyulecTBytoUuiHe MexAy AauHeHHnM npeoOpasoBandem ¢, 6a3off e u
marpuued A, sanaioouieft sTo sudefinoe npeoGpa3oranue B 9ToiH Oase:

e@ = Ae, (10)
[Mokawem, kak, 3axas Mmarpuny A nuHelHoro mupeofpaszoBanns @

B Gase (4), MO KoOpAHHATaM BEKTOPAa 4 B 3TOH 6a3e HAlTH KOOPAUHATH
ero ob6pasa a@. Ecan

TO

ap = 121 o; (e9),

YTO PaBHOCHJAbHO MATPHYHOMY PABEHCTBY
aq) = (a’lr 062, M ] an) (eq))-

Hcnonbays (10) 1 yudThBas, 4TO aCCOUMATHBHOCTD YMHOKEHHA MaTPHIL
7erko MpoBepseTCs W B TOM Cjayvae, KOrjla OAHA H3 MAaTPHL fBAfETCS
CTOAGHOM, COCTABIEHHHM H3 BEKTOPOB, MH MOJlyyYaem:

ap =[(cry, Ay, ...,0,) Ale.
Ortciona craenyer, MTO C/mpoxa KOOPOUHQm 8eKmopa G pagra cmpoxe

KOOPOUHAm GeKmopa Q, YMHONCeHHOU cnpaga Ha mampuny A auned-
Ho2o npeobpa3osanun ¢, sce 8 Gase (4).
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fTpumep. Ilycts B Gase e, €5, €g TPeXMEPHOro JIMHEHHOrO MPOCTpPaHCTBA
NHHeliHoe mpeo6pazoBanue ¢ 3afaercd MaTpHueld

—2 1 0
A=< 1 3 2).
0 —4 1

Ecnau
a="5e, + e, —2e;,
TO
-2 1 0
5, 1, —2)< 1 3 2>=(—9, 16, 0),
0 —4 1
T. €.

ap = — ¢, -} 16¢,.

Cen3p MewAy MaTpHUaMH JUHEAHOr0 Npeo6pa3oBaHHA B Pas3HbIX
6a3ax. Camo co6oi0 pasymeeTcd, YTO MaTpula, 3adaouiaf JAHHelHOe
npeobpa3oBaHHe, 3aBHUCHT OT BuGOpa 6Ga3m. [loxawxeMm, KakoBa cea3b
Mewx1y MAaTpPHLAMH, 3aJaI0KMH B pa3Hbix 6a3zax OAHO U TO Xe JHdHeld-
Hoe npeofpa3oBanue,

[lycts nauw Gasw e u e’ c marpuue#t nepexoaa T,

e’ =Te, (11)
¥ nycTh anxefiHoe npeo6pa3oBaHHe ¢ 3azZaeTcd B STHX 6a3ax COOT-
BETCTBEHHO MaTpHliamMu A u A',

! ep=2Ae, e'p=A"¢, (12)
Btopoe u3 pasenctB (12) npusoaur, Beuay (11), x paBeHcTBY
(Te)p =A’ (Te).
Oanako
(Te) p=T (ep).
Je#AcTBHTEABHO, €CAH (T;, Tigy ++ vy Tpy) —i-% CTPOKA MaTpuun T, TO
Ty + Tiplot o oo + Tinn) 9 =Tj3 (€,9) + Ti5 (6,9) + . o o + T (€,0).

Takum o6pasom, ssuay (12),
(Te) o =T (e@) =T (Ae) = (TA)e,
A (Tey=(A'T)e,
T. €
(TA)e=(A'T)e.

Ecan xota 64 aas oaworo i, 1 <<i<<n, i-a ctpoka matpuuw TA Gyner
oTAHYHA OT {-# cTpoku wmatpuu A'7T, TO ABe pasnuyHue JNuUHeHHwe
KOMOHHALNKE BEKTOPOB e, €,, ..., €, OKAXYTCA PAaBHWMH ADPYT APYrY,
YTO NPOTHBOPEUHUT AHHefHOH He3aBucHMOCTH Ga3w ¢, Takum o6pasom,

TA=A'T,
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OTKylda, BBHAY HEeBHIPOXAEHHOCTH MAaTpHUK [epexoaa T,
A'=TAT-!, A=TA'T, (13)

3aMeTuM, 4TO KBaApaTHWe MaTpHu B u C HasWBaOTCA 710006HbMY,
€C/IM OHH CBMI3aHH pPaBEHCTBOM

C=Q718Q,

raie Q—HeKoTopas HeBWPOXAEHHas maTpuua. [IpH 9TOM roBopsrt, 4TO
matpuua C nonyyeHa us Matpuun B mpauncgopauposanten matpuueh Q.

Hoxasannbe Buiue pasedHctsa (13) MOXHO COPMYAHPOBATH, TaKHUM
o6pa3oM, B BHIAe ciaelylouleil BawHGI TeopeMu:

Mampuubt, 3adarwue 0dHo 1 mo e asunelinoe npeolpa3osanue
8 pasnsx 6asax, nodobus mexncdy cobod. [lpu 3mox mampuna Aunei-
Ho20 npeobpa3oganun @ e 6a3e e’ nosysaemcs mpanchopsiposanitess
Mmampuip 3mozo npeodpalosanus 8 6aze e mampuyeid nepexoda om
Ga3n e’ x 6a3ze e.

[ToxuepkneMm, 4To ecan matpuua A sagaer auHelHoe npeoBpasosa-
HHe ¢ B 6ase e, TO nobGad matpuua B, moaobHas maTtpuue A,

B=Q"14Q,

Takwke 3ajaaeT npeobpasoBanue ¢ B HeKOTOpoH Oase, a uMeHHO B Gase,
noayyaiouefics u3 6asn e mpH NOMOILM MaTpuusl fepexoia Q-1

Onepauun Hapx JuHeiinbiMu npeobGpasosanuamu., Conocrasass Kaw-
JLOMY /nuHelHOMY mpeo6pa3oBaHUIO MpocTpaHcTBa V, ero marpuuy B
¢uxcupoBanioft 6asze, Mb noJAyyaem, KaK [A0Ka3aHO, B3aHMHO OIHO-
3HaYHOe COOTBETCTBHE MEWAY BCeMH JMHEHHHIMH npeodpas3oBaHUSIMH
M BCeMH KBaJpPAaTHHIMH MaTpuUaMu nopaika n. EcrecTBeHHO 0XMILATh,
YTO OmepaLHaM CJAOWEHUS M YMHOMXEHHA MaTPHL, a TaKKe YMHOMEHHS
MATPHIB Ha 4HUCI0, OYAYT COOTBETCTBOBATh AaHAJOTHYHHWE ONepalyf
Haj AUHeHHHIMH Mpeo6pPa3OBaHUNMH,

[Tycte B npocrpancTtse V, maHbl MHHeHHbIe npeoBpasoBaHus @ u 1.
Hazosem cy.smofi stux npeoGpasoBanuit npeobpasosanue ¢ 4-1, onpe-
ILelsieMOe PaBeHCTBOM

a(p+Y)=ap+ay; (14)

OHO MEepeBOJHT, C/leL0BaTelbHO, JI060H BEKTOP @ B CyMMy ero o6pa3os
npu 1peobpas’soBaHHAX @ U .

[Ipeobpa3osanue @+ sa6asemcs sunednssy. [eficTeUTenbHO, 114
N106HX BEKTOPOB @ H b w moboro uyucna o

(a+b)@+P)=(a-+do+(a+d) p=
=a@+bp+ap+bp=a(p+{)+b(e+ )
(@a) (¢ +¢§) = (@) ¢ -|- (aa) p=1a (a9) + & (a ) =
. =a(ap+ay}) =ala(@-+P).
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C npyro#t CTOpOHW, Ha3oBeM npoussedeHuess nunefinnx npeobpaso-
BaHui# ¢ n Y npeoGpasosaHue @, onpeeneMOe PaBEHCTBOM

a (@}) = (29) ¥, (1)

T. €. nonyqalomeécsl B pesyanaTe NnocJaeaA0BaTEJbHOIrO BHI{IOJHEHNHA
npeoGpasopaHuit ¢ u Y.
[Ipeobpa3osanite @\ s8a5eMCA AUHELHHLM:

(@ +b) (g¥) = [(a+ b) p] Y = (ag + bg) Y=
= (a) ¥ + (@) Y = a (PV) + b (pb);
(@a) () = [(@a) @] p = [ (ap)] P =  [(a@) V] = [a (p)].

Hasosem, Hakouen, npoussedenuer auneiinozo npeobpasosanun @
Ha %tucao w npeoGpa3oBaHHe HP, ONPelelfeMOe PaBEHCTBOM

a (xp) = % (ag); (16)

o6pa3n npH npeobpasoBaHHUM ¢ BCEX BEKTOPOB YMHOWXAIOTCH, C/1€40Ba-
TE€AbHO, HA YHCIO XK,
[Ipeobpasosanue nQ A8ALeMC AUHEUHbM:

(a+0) (ng) =x [(a+b) p]==n (ag + bp) =
=% (ap) + % (bp) =a (vp) + b (x@);
(@a) (@) = x [(2a) @] = % [a (ag)| =a [x (ap)]=a [a (xp)].

[ycts B 6ase ey, €,, ..., €, npeoGpa3oBaHuf @ H 1P 3a1a0TCH
cooTBETCTBEHHO MaTpHuamu A=(a;) u B=(f;)),

ep=Ae, ep=2DBe.
Torna, seuay (14),

e @+ V) =eQ+ep= i§1 %8+ i=21 Bije;= i_Zl (@ +Bij ey
T. €.
e(@-+P)=(A+B)e.

Taxum o6pasoM, Mmampuya cymums Auneinsux  npeobpa3zosanui

8 arbol 6ase pasna cymme mampuy amux npeobpa3osanid 8 moil e
Gase.

C apyro#t croponn, BBHAYy (15),
e; (@V) = (e,9) ‘P=<i§ O‘Uej> p= igl oy (e, ) =
= ;l 27 (kZ ﬁjkek> =2 <’§1 “ijﬁjk) pr

=1 k=1

e (§p) = (AB)e.
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Wnwmu cnoBaMu, mampuya npoussedenus Aunelinsx npeobpa3oganiti
8 a060d 6Ga3e pasna npoussedenitio mampuy, Imux npeobpaioganul
8 moli ace 6a3ze.

Hakonen, saupy (16),

n n
e; (xP) =% (e,9) =% 121 ;e ;= ,-21 (nat; ) e,
T. €,

e (xp) = (xA) e.

CnenoBatensuo, mampuue, 3adeouas 8 Hexomopoli 6ase npousse-
denue AuHeldH020 npeoOPA3OBAHUS © HA HUCAO K, PABHA Npou3sede-
HU0 Mampuust caimno2o npeobpalosanus ¢ & amoil 6a3e Ha 4ucio .

Ha nonyueHHnX pe3ynbTaTOB CJAeAyeT, UTO ONEPAlUHU HAL JHHE(l-
HBIMH npecOpa3oBaHHAMH OONaAalOT TeMH e CBONCTBAMH, 4TO H omne-
pauud naa Marpuuamu., Tak, cirowenue /MHHeHHBIX npeoBpasoBaunit
KOMMYTATHBHO W ACCOLHATHBHO, @ YMHOWEHHEe aCCOLUMATHBHO, HO npH
n>1 ne xommyTtatusHo. Jngu nuHelunx npeobpas3osanuit cyuecTyet
oAHO3Ha4YHOe BHYHTaHHe, OTMETHM TakKwe, 4YTO modcdecmaenHoe
npeobpaszosanite & uzpaem cpedit AUHelHHX npeobpasoganui poas
edunuys, a Hyaesoe npeobpaizosanie @ —poas HYAR. [lelicTBUTENBHO,
B mo6olt 6ase npeoGpa3oBaHHe & 3adaeTcd eAHHHYHOM MaTpuuel, a
npeo6pa3oBaHHe O —HyJ1eBOH MaTpuuei.

§ 32%, Jlunefinnie moanpocTpaHCTBA

[TonmMuowectBo L nuHelinoro npoctpaHcTtsa V HaswBaetcsl Auxell-
HbLM NOONPOCMPAHCMBOAM STOTO NPOCTPAHCTBA, €C/IH OHO CaMO fBAHETCH
JAHHEHHBIM TMPOCTPAHCTBOM MO OTHOWIEHHIO K onpeleneHHsM 8 V
onepauuaM CJHOWEHHS BEKTOPOB M YMHOWEHHs BEKTOPa HAa YHCIO,
Tax, B TpexMepHOM eBK/IHIOBOM NPOCTPAHCTBE COBOKYNHOCTb BEKTO-
pOB, BHIXOASLIHX M3 Hadana KOOPAHHAT W J/IeWalHX HA HEKOTOPOH
IJIOCKOCTH (MM HEKOTOPOH npsmoit), npoxoasiuiel yepes Hayano, 6yner
JUHEHHbBIM MOLMPOCTPAHCTBOM,

an mozo uwmobu nenycmoe nodsnoncecmso L npocmpancmsa
V 6biao ezo auneldnvim nodnpocmparcmeost, G0CMamouHo 8un0AHEHUS
caedyowux mpebosanuii:

1. Ecau sexmopst a u b npunadsencam x L, mo 8 L codepmcumesn
u gexmop a-+tb.

2. Ecau eexmop a npunadasexcum x L, mo e L codepmcumcs
i gexmop oa npu A060M 3HAYEHUU HUCAQ O

HeiicteuTenbHO, BBHAY YCAOBHH 2, MHOXECTBO L COLEPWHT HyleBOH
BEKTOP: eC/lH BEKTOP a MpHHALNeWHT K L, To L colepwHuT M Bex-
Top 0.a=0. Jdanee, L BMecTe CO BCHIKMM CBOHMM BEKTOpPOM @ COAep-
WHT, CHOBAa BBHAY CBOHCTBA 2, W NPOTUBOMOMONKHHI €My BEKTOP
—a=(—1).a, a noaromy BBHAY cBOHcTBa | K L npuHaaexur
H Pa3HOCTL JIOOLIX ABYX BeKTOPOB H3 L, YT0 e KacaeTcs BceX OCTANbHLIX
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TpeGOBaHU{l, BXOAAWMUX B OnNpeje/eHHe JHHEHHOTO NMPOCTPAHCTBA, TO
OHH, BHINOJHAACH B V, OYyLYT BHNOAHATbCA U B L,

[NpumepaMyu AuHeHHHX MNOAMPOCTPAHCTB NpocTpaHcTBa V. moryr
CAYXHTb CaMO NMPOCTPAHCTBO V, a TakKke MHOXECTBO, COCTOfIiee H3
01HOr0 HY/JEBOTO BEKTOPA, —TAK HA3WBaeMoe HY.Les0e NoOnpoCmMpaH-
c¢cmgo. Bonee uutepecen caenywouuit npumep: 6epem B npoctpancrtse V
n106yI0 KOHEUHYI0 CHCTEMY BEKTOPOB

a,, 4y, ..., 4a, 1

n ofosnayaeM yepea L MHOWECTBO BCEX TeX BEKTOPOB, KOTOpHeE
HBAAIOTCH AHHeHHHMH KoMOuHauuamu BekrtopoB (1). Hdokaxem, urto L
Gyier nunefinbiM noanpoctpancreoM. B camom nene, ecan

b=a0;+aa,+ ... +a,a, c=pa +p.a,+...+b,a,
T0
b+c=(0‘1+61) al+(a2+52) a,+... +(ar+ﬁr) a,,
T. e, BeKTOop b4 ¢ npuHamnewur K L; ¥ L NpHHagJeKHT H BEKTOp
vb=(ya) a; + (ya,) a3+ ... +(y2,) a,

npu nA060M uucne ¥.

ToBopdT, YTO 9TO NUHeHHOE NOANPOCTPARCTBO L nopoxcdeHo CHcTe-
moft BextopoB (1); Kk L npunaianexar, B YaCTHOCTH, caMH BekToph (1).

BrnpoueM, 8caxoe suwnellHoe noonpocmpaHcmso KOHELHOMEPHOZO
MIHelH020 NPOCMPAHCMEA NOPOHCOGEMmCS KOHeyHOd cucmemol gex-
mopos, TAK KaK eCIH OHO He sBJsieTCHs HYJ/eBHM, TO obnajlaeT Hawe
KoHeuHo# 6a3ofl. Pa3zMepHocTh AnHelinoro noanpoctpancrsa L He 60/biie
pPa3MepHOCTH /1 CaMOro MpoCTpaHcTBa V), NpuyeM paBHa 7 JAULib NPH
L=V, PasmepHocTbio Hy/eBOr0 MOANPOCTPAHCTBA ClelyeT CYHTATh,
KOHeuHo, uncao 0.

Aan scarkodo k, 0<Tk<n, 8 npocmpancmse V, cywecmsyrom
AUHedHble noonpocmpancmga pa3meprocmu  k— N0CTATOYHO B3ATh
NOANPOCTPAHCTBO, MNOPOKAEHHOe Ji06o# cucteMoH W3 & nHHeiiHO
He3aBHCUMHX BEKTODOB,

[Tycts B npoctpancTe V paun nuHeiinne noanpoctpanctsa Ly u Ly,
CoBokynnoctb L, BeKTOPOB, MpHHalJlexKaIHX Kak K L;, Tak u k L,,
6yneT, KaK JIETKO NPOBEPHTb, JHHEHHHIM NOANDPOCTPAHCTBOM; OHO Ha-
3mBaeTCH nepeceseruenm noanpocrpancts L, u L,. C npyro#t cropons,
AxeHHKM NOANPOCTPaHCTBOM OyneT B cy#na L noanpoctpancts Ly ulL,,
T. €. COBOKYMHOCTb BCEX TeX BEKTOPOB H3 V|, KOTOpHE NpeicTaBuMH
B BHIE CYMMHW ABYX Ciaaraemux, odHOro M3 L;, apyroro us L, Ecan
paamepHocTH noanpoctpancTs Ly, Ly, Ly u L cyTh, COOTBETCTBCHHO,

dy, dy, dy u d, TO umeeT MecTo careaylouias gopmyaa:

d=d,-| dy—d,, 2
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T. €. passmepHocms CYMMH (8YX N0ONpoCmMparHcms pasHa cyrsie
pa3meprnocmeil 3mux NOONPOCMPAHCME MUHYC PAIMEPHOCMb UX Nepe-
ce4enHUR,

Ins poxasarenbctBa GepeM NMpOU3BOAbHYIO 0643y

ay, @y, ..., G, @3)
noanpocTpancTea L, u ponoJauaem ee 10 Ga3m
ag, Aoy ouny ado’ bd0+1, ooy bd| (4)
noAnpoctpancrTea L, n no Gasu
Ay, Qg weny Qg Cqvty veey Oy 5)

nonnpocrpaucrea L,. Jlerko BuaeTb, HCnonb3ys onpelpeleHue MOXMpo-

CTPaHCTBaA L, YTO 3TO MOANPOCTPAHCTBO MOPOWKIAAETCS C(HCTEMOH Bek-
TOPOB
Qyy Qgy weey adn’ bdo+1, ooy bdl’ Cdo+1, ooy cd,' (6)

dopmyna (2) 6ymer, caenoBaTeNbHO, A0Ka3aHa, eC/AH MW AOKAKeM JAH-
HelHYI0 He3aBHCHMOCTb cucTeMul (6).
[lycTp MMeer MecTO paBeHCcTBO

08y + L@yt o oo 0y 8y By 410441+ oo By by, +
+Yd,,+lcd,,+1 + .o+ V4,6,,=0
¢ HEKOTOPHIMH uYHCAOBHMH ko3dpduuuentamu. Toraa
d=0,a) + 08+ .« + 0y 8q + Byyr1by+1+ .o + Py by, =
=Ygy #1841 o s Y, 0, (7

Jlepan uacTh sToro paBeHcTBa codepkuTca 8 L,, mpasaa—s8 L,, no-
9TOMY BexkTOp d, paBHHH KaK seBoit, Tak ¥ npaBod yacTu 3TOro pa-
BEHCTBA, MPHHANAEKHT K L, H, c/lenoBaTenbHO, AHHEHHO BHPAWAETCH
yepes Oa3dy (3). [lpaBag uactp paBedcTBa (7) nNOKasLBaeT, O4HAaKL,
YTO BEKTOP d NHHEAHO BHIPAKAETCH M 4YEPE3 BEKTOPH Cy 41, +.., Cy,.
Orciona, BBHAY JHHeHHOH HE3aBHCUMOCTH CHCTeMbl (3), BHTEKAeT, yYTo
Bce KoadpHuueHTH Ydy+1> +++» Ya, PABHH HYIO, T. €. d=10, a Torzua,
BBHALY AHHeHHOH HE3aBUCHUMOCTH CcHcTteMmbl (4), Bce ko3dduiHeHTH
Cyy ovey Oy ﬁdoﬂ, ..., Pg, Tamxe paBun Hyao. DTHM 1OKa3aua
ApHefinas He3aBHCHMOCTHL cHCTeMH (6).

Yuratenio npepnaraercs 0poBepHTb, HYTO Halle d0KAa3aTelbCTBO
COXpaHsieT CHAY H B TOM CiAyyae, KOrAa NOANPOCTPaHcTBO L, sBAf-
erca HyaeBeM, .T, e, dy=0.

O6nacTh 3HAaueHHH H Axpo JiuHeiiHOro mpeoGpa3osaunda, [lycts 8
Aunelinom npocrpancTee V,, 3amako auHefinoe npeoGpasosanue ¢, Ecau
L —no6oe auxelinoe MOANPOCTPAHCTBO npocTpancTea V,, 10 coBo-
KynHocTbh L o6pa3oB Bcex BeKTOpPOB u3 L npu npe-
o6pa3oBaHUM ¢ TakKke OyaeT AuUHefHHM OOANMPOCT-
PaHCTBOM, KAK HeMEeI/NEHHO BHITEKAeT H3 onpejeeHHH AHHEHHOrO
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NnoiNpOCTPAHCTBA H nuHeHHoro npeoGpasoBanus., B wacrtuoctH, nuuei-
HBM MoAmpocTpaHcTBoM OyaeT u coBoxyniocTs V,¢@ ofpasoB Bcex
BeKTOPOB MNpocTpaHCTBa V,; oHa HasviBaeTcs o6sacmelo 3HA%enud
npeo6pa3opanud @.

Hafiznem pasmepnocTh oOaacTu 3navenuii, s 9Toro samerum, yro
TaK KaK BCE MaTpHIL, 3ajnaimoliue npeobpasoBaHue ¢ B pa3Huix Gasax,
nono6He Mexay Co6oH, TO, BBHIAY moeaexHel TeopeMmnl H3 § 14, Bce
OHM HMEIOT OAMH M TOT He PaHr. ITO YHCAO MOMXHO HA3BATbH, CJAENO-
BaTENbHO, paH20M NHHEHHOrO npeobpasoBaHus @.

Paszmeprocms obaacmu 3HaveHul AuHeiliH020 npeolpa3’osanus @
PABHG paHezy 3mo2o npeodpa3osaHus.

B camom mene, nycTth ¢ 3anaerca B 6ase ey, €,, ..., €, MaTpH-
ueit A, [Moanmpoctpanctso V,p nopomaaercss BeKTOpPaMu

1P, €0, ..., €,9 (8)

n noatomy Oasolt noanpoctpanctsa V,p OyneT C1yXuTh, B YaCTHOCTH,
Jio6as MaKCHManbHasi JHHeHO He3aBHCHMAas MOACHCTEMA cucTeMul (8).
OAHAKO MAKCHMA/NbHOE YHCJIO JHHEHHO He3aBUCHMHX BEKTOPOB B CH-
creMe (8) paBHO MAaKCHMAaJbHOMY YHCAY JIMHEHHO HE3aBUCHMBIX CTPOK
marpuun A, T. e. paBHO paury sTofi MaTpuunl. Teopema AoxasaHa.

Mo 3uaeM, 4TO npu AHHeAHOM npeoGpa3OBaHMH (P HYJEBOH BEKTOP
nepexoaut B camoro ce6i. CoBokynHocts N (@) BCeX BEKTOPOB Mpo-
crpadcTtea V,, orobpaxaiouiuxcs NpH ¢ B HyneBoll BekTtop, Oyner,
cnenoBare/bHO, HENyCTOHW M siBASETCH, OYEBUAHO, JHHEHHBIM MOANPO-
CTPaHCTBOM. JTO MNOANPOCTPAHCTBO Ha3wBaeTcs sdpos mpeobpasosa-
HHH @, @ ero pa3MepHOCTb — Jeghexnon ITOTO NpeoGpa30BaHUA.

daa awbozo aruneiinozo npeobpaszosanus ¢ npocmpancmea V,
cymna panea u Oehexma 3mozo npeobpa3v8aHus paswa pa3mepHo-
Cmit n 8cezo npocmpancmsa.

He#icTBuTenbHo, ecam r— paHr npeoGpa3osaHus @, TO MHOANPO-
crpanctBo V,p obnanaer 6a3off U3 r BeKTOpPOB

a, ay ..., a,. 9)
B npocrpauctse V, MowHO BuGpaTb TaKne BEKTOPH
by, b, ..., b, (10)
4yTO
bo=a;, i=1,2, ..., r;

BuiGop BexkTOpos (10) He #ABJAETCA, NOHATHO, OJHO3HAYHHM. Ecau Ou
HEKOTOpadn HeTpHusuaibHad AnHeiHas komGuuauust sextopos (10) oro-
Gpaxaiac, npeoGpa3oBaHHeM ¢ B HY/b, B YaCTHOCTH, eCAH Obl BEKTOPH
(10) Guinu anHedno 3aBUCHMBLIMH, TO BekTopn (9) okxasanuch Oul Camu
NMHEAHO 3aBHCHMBIMIL NPOTHUB Npeanoowedusa. [Tostomy nudeiHoe nox-
npocrpanctso L, nopoxaenHoe pekropamn (10), uMmeeT pa3sMepHOCTbH
r, a ero nepeceyenue ¢ moanpocrpancrsoMm N () paBHo HY/IO.
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C npyroit croponn, cymma noanpoctpavcts L u N(@) coenanaer
co Bcem mpocrpancTsoM V. [leficTBuTennHo, ecan ¢—nwo6o# BeKTOp
NPOCTPAHCTBA, TO BEKTOP d=—CQ NPUHALNCKHT, KOHEUYHO, K MOANPO-
crpancrey V,p. Toraa B noanpocTpanctse L naltmercs Tako# mex-
TOp b, 4TO

bp=d

—BekTop b sanuceiBaetcas udepe3 cucremy (10) c temu ke koahdu-
LHeHTaMH, ¢ KaKuMH BeKTOp d 3anuceiBaercs uepes 6azy (9). Orcioaa

=b+4(c—b),
npHyeM BeKTOp ¢— b codepiHTca B noanpoctpanctee N (@), Tak xak
(c—b)p=cp—bp=d—d=0.

M3 nonyyeHHHX pe3yiAbTaTOB M JAOKa3aHHOH Bhimte ¢opmyan (2)
BHITEKAET YTBEPWIAEHHE TEOPEMb,

HesblponenHble JuHeiidbie npeobpasoBanud. Jludeiinoe npeobpa-
30BaHHE (p JNHHEHHOro MPOCTPAaHCTBA V, HA3KBAETCH HesblpoNcOeHHbi AL,
€c/1M OHO YIOB/NETBOPSIET NOGOMY M3 CACAYIOWHUX YCIOBAH, PABHOCHL-
HOCTb KOTOPHX HEMENJIEHHO BHITEKaeT H3 [JO0Ka3aHHWX BHILE Teopem:

1. Paur npeo6pasoBaunusd ¢ paBeH 7,

2. O6nacTbi0 3HaYeHUH nNpeob6Pa3oBaHUA @ CAYKAT
Bce nmpocTpaHcTBO V.

3. ledbext npeo6pa3oBaHUA ¢ paBeH HYJIIO.

Ilas HeBHIPOWNEHHBIX JHHEHHLIX Npeo6pa3oBaHUP MOXHO YKa3aTb
TaKKe MHOrO ADYrUX ornpejefeHHl, pasHOCHABHLIX YKa3aHHHM BHIUE,
B YacTHOCTH onpexenenusi 4 — 6.

4, Pasnuunpe BeKTOpH mnpoctpasctrsa V, umewrT
npu npeo6pa3oBaHUN (¢ pa3nuyuube o06pasm.

HeitcTBUTENbHO, ecan npeobpa3oBaHue ¢ o6nagaeT CBOUCTBOM 4,
TO SAPO STOro npeoGpasoBaHusl COCTOHT JHILIL H3 HYJEBOrO BEKTOPA,
T. e, BuinoausieTcs ¥ csBofictso 3. Ecau ke BekTopn ¢ u b Taxosw,
4T0 @%b, Ho ap=by, 10 a—b=~0, o (a—b)p=0, T. e. cBoft-
CTBO 3 He BHIMOJHSETCH.

N3 2 n 4 Buwrekaer

5. [lpeo6Gpasoranne ¢ fABASETCS B3AUMHO OLHO-
3HayYyHMM OTOoGpaxeHueM npocTpancrea V,na Bce sto
NPOCTPAHCTBO.

M3 5 caeayer, uTO AA% HeBHPOWIEHHOTO JAMHeHHoro npeoBpaso-
BaHusl ¢ cymiecTByeT ofpamuoe npeobpaszosanue @~1, nepepoisdiee
BCHKHH BEKTOD 4@ B BEKTOp a,

(ap) p~'=a.
fIpeobpasosanue @~ 6ydem aunelinbis, TaK Kak
(ap +bp)p~t={(a+b)p]p~' =a+0,
[ (ag)lo~t=[(aa)p] g~ =aa.
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W3 onpenenenns npeo6pazosanus ¢~ puTekaer, 4TO
PP t=0¢ lp==g; (11)

pasercTda (11) MOoryT caMH paccMaTpHBAaTbCH KaK onpenesneHue o6pat-
noro npeoGpasosanns. Orciofa H M3 NOCAEAHHX Pe3yAbTATOB MNpea-
wecrsyiolwero naparpaga cneiyer, 4YTO ecAl HesuposxcdenHoe AlHel-
noe npeobpasosanue @ 3adaemcs 8 Hexomopoli 6a3e mampuyeii A,
HegupoxcOennol 68udy csodicmsa 1, mo npeobpa3oganue ¢~' 3ada-
emcs 8 amoli Gase mampuuel A1,

Mu npuxoaum, takMM 06pas3oM, K CACAYIOILEMY ONpPeAeeHHIO He-
BHPOXIEHHOTO JHHEHHOro npeo6pa3oBaHus:

6. Dns npeo6paszoBaHud ¢ cymecrByeT obparTHoe
nuiellHoe npeo6pasoBanue @1,

§ 33. XapaxkTepucTHuecKkne KOPHH
H COGCTBeHHbIE 3HAUYCHHSHA

Mycts A=(a;;)—KBaZmpaTHas MaTpuua nopsika n ¢ peHcrautens-
HuMH 3aemenTaMu. [lycTh, ¢ OpPyro# CTOpPOHM, A — HEKOTOpOe Heus-
pectHoe. Toraa marpuua A—AE, rae E—eXZHHHYHAY MATPHUA MO-
pAdKa 71, HA3KBAGTCH Xxapaxmepucmuieckoli mampuyeldl MaTpuuu A.
Tak kak B MmaTpuue AF 00 raAasHoOM JAHAroHaa¥ CTOHT A, BCe e
OCTa/IbHBIE 31EMEHTH PaBHB HYJIO, TO

Gy —A cos Qp

Olay Cgg—A ... Oy
A—AE= .

%m Qpa se a'nn_)“

Onpenenntens marpulll A—AE GyLeT MHOCOYIEHOM OT A, TMPHTOM
ctenedu 7. B camom Jene, npon3BeseHHe O9JeMEHTOB, CTOSUIHX Ha
raasHofl amarodand, GyAeT MHOIOYIEHOM OT A CO CTApIIHM UYJEHOM
(—1)"A", Bce me oCTaibHBe uYJeHNW ONpeleJ]HTeNs He COoAepXKar Mo
MeHblIeH Mepe IBYX H3 YHC/AAa SAEMEHTOB, CTOSIIUX HA rJaBHON AMa-
TOHAJIM, M TNOSTOMY HX CTEMeHb OTHOCHTEAbHO A He MPEBOCXONMT
n—2. KoadpduuneHTn 9TOr0 MHOTOYNEHA MOXHO OHIO 6W JerKo HalTH.
Tak, xosdouuuest npu A*=1 pasen (—1)"=1 (0, +yy+ ...+,
a cBoOOLHHNA u/MeH COBMAaZaeT C ONpene/nHUTeJeM MaTPHUH A.

Muorounes n-#i crenenn |A—AE| uasuBaeTca Xxapaxmepucmiuye-
UM MHO204AeHOM MATPHIM A, a ero KOPHH, KOTOPHble MOTYT GuTb
KaK ACHCTBHUTEAbHBHIMH, TaK M KOMIJIEKCHHIMH, Ha3bBalOTCH Xapakme-
pucmuseckusil KOpHAML ITOH MaTPULMH,

Modobroe mampuys obradawom 0IUHAKOBUME XAPAKmMepUCmU-
HeCKUMU MHOZ0UACHAMU U, CAed08aAMeAbHO, OOUHAKOGHMU XapaKxme-
pucmusecKuMu KOpHAMU.,
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Ilyctb, B camom nese,
B=Q"1AQ.

Torna, yuutmBan, yto MmaTpuua AE nepecrtaHoBouHa ¢ Matpuuet Q,
a [Q~1|==|Q|™1," noayuaem:

| B—AE|=]|Q 'AQ—AE|=|Q ' (A—AE)Q|=
=|Q[™*-]A—MAE|-|Q|=|A—AE|,

4T0 W TpebGOBaNOCh NOKA3aTh.

M3 atoro pesynbrtaTta BHTeKaeT, BBHAY AoKkasauuoli B § 31 Teo-
peMh O CBfi3H MeXAY MaTpHIaMH, 3afauiEMud JauHeHHoe mnpeobpasn-
BaHune B pasHnix 6asax, 4TO Xxomsa aunednoe npeobpa3zosarnue @ Mo-
Joncem 3a0a8amvcs 8 PA3HbiX 6a3aX PA3AUYHBIMU MAMPULAMU, OOHAKO
6Ce MU Mampuubl Ueiom O0O0UH U mom e wabop xapaxmepucmu-
wecKix KopHed. DTH KOPHH MOWHO Ha3biBaTb MOITOMY Xapaxmepucmu-
HeCKUMU KODHAMU camo2o npeobpa3osanus (. Becb nabop stux xa-
PaKTEPHCTHYECKHX KOpHel, mnpuyeM kaxawnil kopeub Gepetcda ¢ TOH
KPAaTHOCTHIO, KAKYI0 OH HMEET B XapaKTEPUCTHYECKOM MHOrodYaeHe,
Ha3uwBaeTCa crexmpos nuuefiHoro npeobpasoBanus @.

XapaxktepucTHyecKne KOPHH UTpalOT MPU H3yuyeHUu JauHeHiHHX npe-
o6pasosanuit ouyeHp Gonbuiyw ponab, Yutatenp MHOro pas Gymer uMmerh
BO3MOWHOCTb B 3TOM yOeRnTbCA. OaHO 3 npuMeHeHHH xapakxre-
PHCTHUECKHUX KOpHeH Mul cefyac ykaxewm.

[ycts B nelctBuTensHoM nunnefHoMm npoctpaucrse V, 3anaso au-
Heilnoe npeobpazoranne . Ecau Bektop b, oTanuHWA OT Hy:d, nepe-
BOAHTCA npeoOpa3oBaHueM (¢ B BEKTOp, MPONOPUHOHAbHEA camoMy b,

b =A4b, 0]

rie A,— Hexoropoe NeHCTBHTENbHOE HHCAO, TO BEKTOp I HasmBaercs
cobcmeennbiat 8exmopos NPeoGpazosBanud ¢, a YucAo A,— cobcmsen-
HbiM 3HAueHlUeM STOro 0peo6pa3oBaHus, MpuUyeM rOBOPAT, 4TO COG-
CTBEeHHLI BeKTOp b omHocumcn K COOCTBEHHOMY 3HAYEHHIO A,

3aMeTuM, 4TO Tak Kak b0, TO uucio A, YyAOBIETBOpHAIOULCE
ycnosmio (1), onpenensercs Aas sekropa b osxoanauno. [MoauepkHewm,
panee, 4YTO HYNEBOH BEKTOP HE CYHTAETCH COOCTBEHHHM BEKTOPOM
npeo6pa3oBaHus ¢, X0Td OH yaosaerTsopser yciaosuio (1), mputoM Ansd
a6oro A,

Bpawenue eBknusoBOof NAOCKOCTH BOKPYT HA4ana KOOPAHHAT Ha
yroAa, He sasasioutuiicss KpPaTHHM 7, CAYWHUT NMPUMEPOM AuueHHOro mpe-
o6pa3oBauus, He uMmewinero co6GerBenHnx BekTopoB. [Ipumepom apy-
roro KpaiiHero Cay4asi sBAAeTCH PAacTsmEHHe MIOCKOCTH, IPH KOTOPOM
BCE BEKTOPhI, BHXOAsILME H3 Hayana KOOPAMHAT, pacTATHBAOTCH, CKa-
weM, B naTb pa3. dro Oyxer aunehnoe npeoGpasoBanne, mpHueM BCe
HCHYJIEBbIE BEKTOPH FMJAOCKOCTH OyAYyT AN Hero CoOCTBeHHBLIMH; BCe
OHH OTHOCATCH K COOGCTBEHHOMY 3HAYEHHIO D,
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Aelicmsumensrbie xapaxmepucmuyeckiie KOPHU AuneliHo2o npe-
06pa3osanun @, eCAl OHU CYw,eCmsyiom, U MOALKO OHL CAYHAM
CobCmBeHHBIMI 3HAYEHUAMU IMO20 nPeobpa308anus.

Mlycts, B caMom aene, npeoGpa3oBanne @ umeeT B 6ase ey, e;, ..., ¢
marpuy A=(a;,) u nycTb BexTOp

n
b= Zﬁiei
i=1

fBASeTCH COGCTBEHHKIM BECKTOPOM npeo6pasoBaHnﬂ P,
b(P—_—?\,Ob. (2)

n

Kak noxazauo B § 31,

bq)= [(61, ﬁzv s e 0y ﬁn) A] e. (3)

Papencrsa (2) u (3) npuBoAAT K cUCTeMe PaBEHCTB

Proyy +Potoy + .o B =AeB1,
Broys + Pooaa+ ..o + B2 =2ABss )

ﬁlaln + Sza2n + AL —|- ﬁna'rm=}"0ﬁn'
Tak xak b5~0, T0o e Bce uncna By, Py, ..., P, PaBuW Hynio. Takuu
o6pa3om, BBuAY (4), cucreMa JNHHeHHBLIX OLHOPOAHLIX YypPaBHEHHH

(o —Ag) Xy + 0o 2, + oo 00 %, =0,

= QX + (U2 —Ag) Xy 4+ . oo A, =0,
(5)
0¥y + CgpXat oo o (0 —Ag) X,=0

067MaflacT HEHYNEBHM pEIIEHHEM, a MOITOMY €€ ONPEAENHTeIb paBeH
HY MO,

@y —hg Ogpy ouvy Qg

Olygy Qg —hgy =y Olpg

=0. (6)

QLypsy Eany se ey ann_}\o

Tpancnounupysa, noayuaem
| A—A E|=0, (N

T. e, COGCTBEHHOE 3HaueHHE A, HA. CAMOM Jeje OKa3an0Cb XapaKTepH-
CTHYECKHMM KOpHEM MaTpHuul A H, CJIeLOBAaTe/NbHO, JHHEHHOro npeod-
pa3oBaHHd ¢, NPUTOM, NOHSITHO, AEHCTBUTEIbHHIM,

O6patHo, nycTb A, Gyaer ji00biM NEHCTBUTEIbHLIM XapaKTepHCTH-
YyeckuM KopHeMm mnpeoOpasoBadHus ¢ M, CJAEA0BaTeNbHO, MaTpHUH A,
Torpa umeer Mecto paBeucTBO (7), a MO3TOMY M HOJyuawoLieecs M3
Hero TpaHcmoHnpoBanuem pareHcTso (6). Orciona caenyer, yTo CHCTEMA
JAuHeHHbIX OAHOPOAHLIX ypasrenuid (D) 06/1aKaeT HEHY/EBHM pelueHUeM,
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NpHUTOM "Lawxe ACHCTBUTEAbHBIM, TaK Kak sce Ko3ppuuueHnTw 3Tofl
cHeTeMbl AeHcTBHTEenbHW., Ecan 310 peunlenve 0603Ha4uuM uepes

(61) BZ’ “ 00y ﬁn)! (8)

TO HMEIOT Mecto paBeHcTBa (4). O6Goavauum uwepes b BekTOop mnpo-
crpanctea V,, umewown#t B Gase e, e,, ..., e, CTPOKY KOOPAMHAT
(8); scno, uro b=0. Toraa cnpaseanuBo paseuctso (3), a us (4)
u (3) cneayer (2). Bektop b okasaacs, Takum o6pasoM, cobcTBEH-
HBIM BEKTOPOM 1peoOpasoBakisl ¢, OTHOCHULHMCH K COOCTBEHHOMY 3Ha-
yennio A,. Teopema nokazana,

3aMeTHM, uTO ec.1H Obl Mbl PACCMATPHBAJMH KOMMNJAEKCHOE AHNEl-
HOE MPOCTPAHCTRO, TO TpebGOBaHHe AeHCTBHTENbHOCTH XapaKTePHCTHYC-
CKOrO KOpHa On10 Ol M3AHIWIHUM, T. e, Ob1a Ob N0Ka3aHd Teopema:
XapaKmepucmutecrile KOPHU JUHEHH020 Npeodpa3osanis KOMNAeKC~
HO20 AUHEIH020 NPOCMPAHCMEA U MO.IBKO OHU CAyiHam Cobcmsen-
HBMIL 3HOQUeHUAMUE 3Imozo npeobpa3oganusn. OTCiona caepyer, Ut
8 KOMNACKCHOM JAUHEIHOM npoCMpaHcMee BCAKOoe AUHeliHoe npeol-
pasosanite 00.1adaem cOGCMBEHHN AU Bexmopasi.

Bo3ppautasice K paccMarpusaemomy naMiu  AefiCTBHTEIbHOMY cAay-
4ai0, OTMETHM, YTO COBOKYMHOCTh COGCTBEHHBIX BEKTOPOB /MMHeHHOro
npeo6pa3oBanus @, OTHOCHIIHXCH K COOCTBEHHOMY 3HAYEHHIO A,, COB-
11afaeT C COBOKYNHOCTHIO HEHYJeBWX [1efiCTBHTENbHHWX pEellenHi cucre-
Mbl JHHEeHHLIX OZHOPOAHBIX ypasuenn#t (). Orciona caeayer, uto co-
BOKYIIHOCIMb COGCMEEHHBIX GeKMOPOs AUHENHO0Z20 npeodpa30sanis ¢,
omHuocauxca K cobcmeennomy 3natwenuio A, 0Oyoem, nocie dobas-
AEHUA K Heli HY1e8020 8eKMOpa, AUHeHHb AL NOGNPOCIPAHCMEON NP0~
cmpancmea V,. B camom neae, u3 aokasaunoro B § 12 shTekaer,
uTO cogorxynuocms (Oelicmeumenvnsix) peuenuii aoboli cucmems au-
HeliHbBX 00HOPOGHHX YpagHeHuii om n Heul3secmubix Oydem AUHeil-
HblM HOONPOCMPAHCMEOM npocmpancmea V,,.

Jluneiinpie mpeobpa3oBaHus ¢ MPOCTLIM cmeKTpoM. Bo muorux cay-
1a¥X OKa3hlBaeT(s H806X011HMH‘.\‘I 3HATb, MOXET JAH AaHHOE NHHelHoe
npeo6pa3oBanHe @ HMeThb B HEKOTOpPOH 0ase AMATrOHAaAbHYIO Mar-
puny. Ha camom nene nanexo ue Bcsxoe numHelHoe mnpeofpasosaHue
MOKeT OhlTh 3anaHO aunaronaiabHofl matpuueid. Heobxomumble 1 mocra-
TOYHLIE YCJAOBHA A4S 3TOro 6yAyT ykasanw B § 61, a ceftuac Mb xoTHM
NPHBECTH OAHO AOCTaTO%HOE YCJOBHE,

Jdokamem cHauana clieAyioliHe BCAOMOraTe/lbHble Pe3yibTarni:

Jluneiinoe npeodpalzoganue @ moaia U MOAbKO mo2éa 3adaemcs
6 6a3ze e, e,, ..., €, CUA20HQAbHOL Mmampuyel, ecau gce Bexmops
amot Ga3vl A8AAIOMC COOCMBEHHHMI GeKMOPANIE Npeodpa3osanus ¢.

HelcTRUTENLHO, PABEHCTBO

ep=Mhe;

PaBHOCHALHO TOMY, YTO B -l CTPOKEe MaTpHuM, 3ajamouwelt npeobpa-
30BaHue ¢ B yKa3auHOH Gaze, paBHW HYNIO BCE 3/IEMeHTH, CTOAuLHE

8 A.T. Kypoin
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BHe T71aBHOM JHMAroHAJH, a Ha rAaBHOM AuaroHanu (T, e. Ha i-M MecTe)
CTOMT YHCAO A

Cob6cmeennsie sexmopsi by, by, ..., b, aunednozo npeobpa3osa-
HUA @, OMHOCAWUECE K PA3AUYHbIM COOCMBEHHbLM SHAYEHUAM, CO-
CMQBARIOMm AUHEHHO He3aA8UCUMYIO CUCMEMY.

ByaeM IOKasnBaTh 3TO YTBepweHHe HHAYKIHeH 0O R, TaK Kak
npn k=1 OHO cHOpaBexnuBO — ONHH cOOCTBesHHH BexTOp, Oyayuu
OTAHYHHM OT HY/d, COCTaB/AsfeT NHHEHHO He3aBHCcUMYIO cucteMy, [lycts

b‘(p':)k‘-b", i=1, 2, cey k,

A=k, npu i/
Ecau cyuwecrByer nuHeliHas 3aBHCHMOCTD
oy by +asb, 4+ .. b, =0, 9

rae, nanpumep, o,5=0, TO, npumensasd K o6eHM 4aCTAM PABEHCTBA 9)
npeobpa3oranue ¢, MOJy4dHM

QA by +aahyby 4 o000 A LD, =0.
Buunras otciona pasencto (9), yMHOXeEHHOe HA A, mojydaeM
oy A=A by Fa Ae—A) b+ .. o, (Ag—1—Ap) bry =0,

4YTO AAET HETPHUBHA/bLHYIO JIHHEHHYIO 3aBHCUMOCTD MEWKAY BEKTOPAMK
by, by, oouy beoy, Taxk kak o (A, —A,)5=0.

ToBopsaT, uTo Autelinoe npeoSpasoBaHHe ¢ ACHCTBUTEABHOrO AHHEH-
HOTO NPOCTPaHcTBa V, MMeeT rnpocmoi cnexmp, €CIH BCE €ro Xapax-
TCPUCTHYECKHE KOPHHM JeHACTBHUTeNbHH H pa3nanyHu. [IpeoGpasosanues
( HMEeT, CJeNOBATE]bHO, /2 PA3IHYHHX COGCTBEHHHX 3HauyeHu#, a no-
STOMY, MO JOKa3aHHOW Teopeme, B mpocTpaHcrse V, cyuiecTByer 6a3a,
COCTaB/NeHHAad M3 COOCTBEHHGIX BEKTOPOB 39TOro mpeo6Gpasosanus. Ta-
KiM 00pa3oM, 8caroe AuHelHnoz npeoGpas’osaniie ¢ nNPocmuiy CneKm-
pos moxcem Obimb 3a0aH0 OUAZOHALLROE Mampuied,

[Tepexons oT AHHefHOTrO Npeo6pPa3oBaHUd K MATPUILAM, €ro 3axaio-
HIHM, Mbl [OJy4YaeM CJAeAYIOLHH pe3y/bTar:

Beaxasn amampuya, 8Ce xapaxmepucmuieckiie KOPHU KOMopoiss
Oelicmeumensubt 1 pa3suyusl, nodobHa Oua20HAALHOL Mampuye WY .
KaK TOBOPST, MQKQSL MAMPUHA NPUBOOUMCS K OUG20HAALHOMY 6UCY.



TJIABA BOCbMA{
EBKJINJIOBbI MPOCTPAHCTBA

§ 34. Ompenesedue eBKANLOBA HPOCTPAHCTBA,
OprosopMupoBaHHble 6a3bl

TMoHaTHe n-MepHOro AMHeHRHOro NMPOCTPAHCTBA AaNE€KO HE B MOJHON
miepe 060GUIAST MOHATUA NJAOCKOCTH HJAH TPEXMEPHOrO €BKAMAOBA Npo-
WCTPAHCTBA — B 71-MEPHOM CiAyuae npu n2>3 He onpele/eHH HH ANHHA
WBEKTOPAa, HH Yroj MeXAy BeKTOpaM#, H MO3TOMY HEBO3MOXHO pa3BH-

THe TOH OGoratoH reomeTpHuyeckoft TEOPHH, KOTOPAas XOPOLIO 3HAKOMA
quTtateaio A n==2 u n=3, OkaspiBaercd, 4YTO MNONOWKEHUE MOKET
“5KTb HCIPABAEHO, NMPHTOM CACAYIOWIHM NyTeM.

M3 kypca aHanuTHYECKOH reoMeTpHH H3BECTHO, 4TO U B MIOCKOCTH,
B B TpPeXMEpHOM MPOCTPAHCTBE MOXHO BBECTH MOHATHE CKaAipHOro
pyMHOXeHHs BexkTopos. Ono onpenensercs 0UPH MOMOWA LTHH BEKTO-
pOOB M yrja Meway HHMH, HO, KaK OKa3nBaeTCR, M NJHHA BEKTOpa,
s YroJ MeXJ1y BeKTOpaMH B CBOI0 OuHepeAb MOTYT OhiTb BHIPAKEHH

iepe3 cCKaJdspHLle MNpoussedeHHA. Muo onpenenuMm nosToMy B8 mobom
wal-MEPHOM JHHEHHOM MPOCTPAHCTBE IMOHATHE CKANAPHOTO YMHOXEHHH,
IpHYEM oflpesenuM aKCHOMaTHYECKH, NPH MOMOULH HEKOTOPHX CBOHCTS,
{OTOPHIMH, KAK XOpOUIO H3BECTHO, CKa/JlApHOEe YMHOXEHHE BEKTOpPOB
TIOCKOCTH HAH TPEXMEpPHOro MpPOCTPAHCTBA HA caMom Aene obnapaer.
Ipu aTOM, yUHTHBA Te HEMOCPEACTBEHHMWE 1ieaH, PAAH KOTOPHX 3TOT
mpasjien BKAOUEH B Kypc BuiCliel anreGps, BBOAHTH ONpeae/eHHU
JUHH BEKTOP2a H yr/a MewAy BeKTOpaMH Mu He crtaHem. Yurarteasn,
1HTEPECYIOErocs nNOCTPOEHHEM TrEeOMETPHH B N-MEPHHX MNPOCTPAHCT-
~a33X, Mh OTCHIJIaeM K cileiHanbHOH auTepartype, B Mnepsyio ouepenb
< 6onee MONHLIM KHHraMm 110 JauneHnofl anrebpe,

OrMeTuM, 4TO BCIOAY B 9TOH rAasBe, KPOME KOHLA HACTOSIMEro fa-
~sarpacda, paccMaTPHBAIOTCA AeHCTBUTENbHLE JAHHeHHne npocT-

)aHCTBA.
Byaem roBopuTh, HTO B 7-MEPHOM AEHCTBUTENbHOM NUHEHHOM MPO-
TpaHcTBE V, OnpelnenesHo CkaafpHoe YMHOJNCeHUe, eCAU BCAKON nape
mmeKTOPOB @, b nocrasneHo B COOTBETCTBHE AeHCTBHTENbHOE 4HCLO,
y603HayaeMoe CHMBOJNOM (@, b) H Ha3bBaEMOe CKAAAPHHM npolussede-
tles BEKTOPOB a M b, npuYeM BLINOJHAIOTCH CAeAYIOUtHE YCJAOBHA

~8*
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(anech a, b, c—mobue BekTOpW npocrpanctsa V,, a—nwo6oe aedcr-

BHTENbHOE YHCIO):

1. (a, b)=(b, a).
I1. (a+ b, cy=(a, c)4 (b, o).
111, (aa, by=a/a, b).

IV. Ecan a=£0, 1o ckangpHuil KBaApaT BEKTOPa 4@ CTPOro mnofo-
WHUTEJIEH,

(a, a)>0.
OrmeruM, uyto u3 1l npn =0 creayer paBeHcTBO
0, b)=0, - (1

T. €. CKQAAPHOE NpPou3gedeHlle HYNe6020 BeKmopa Ha Aw06od gexmop
b pagmo Hysi0; paBeH HYNO, B YaCTHOCTH, CKaJSPHHIK KBaxpar Hyne-
BOrO BEKTOpA.

Us 1l u 11l uemeanenno BHTekaeT ciaepyiowias Gopmyna nas
CKangpHOTrO nDpoH3BeLEeHMs JAHUHEeHHBX KOMOHUHAUMM
ABYX CHCTEM BeKTODOB:

k ! k !
(S 20 ) =3 X ety ). @
i=1

i=1 i=1j=1

Ecnn B n-MepHoM anHefiHOM 1pPOCTpPaHCTBE ONpefeneHO CKalspHoe
YMHOXEHHE, TO 3TO MPOCTPAHCTBO HA3LIBAETCH 71-MEDHbLIM €8K.AUCOBbIM
npocCmMpPancmeon. ‘

Ilpu a0bos n 8 n-meprors AuHelHoMm npocmpancmse V, MOHCHO
onpederums CKQAAPHOE YMHONCEHUe, M. €. MONCHO NPespamums 3Imo
npocmMpancmao 8 €8KAUN0E0.

B camom neae, BosnmeM B npocTpauctee V, oGy Oasy e,

n
€y, ..., €, Ecan
n n
N
a=2aiei, b=Zﬁiei,
i=1

i=1
TO MOJOXUM

(a, b)=§_:a,-ﬁ,-. (3)

i=1

Jlerko nposepsietcst, uTo ycaopust 1 —1V 6yayT sunonxexw, T. €. pa-
BencTso (1) onpeaenser B npoctpanctse V, ckanspHoe yMHOXEHHe.

Mut BUAHM, 4TO B 7-MEPHOM JHHEHHOM TNPOCTPAHCTBE CKalsIpHOS®
YMHOXEHHE MOXHO 3aiaTh, BOOOUIe TrOBOPH, MHOTMMH Pa3/JHYHHLM
cnocobamu — onpeaenedne (3) 3aBUCHT, MOHSITHO, OT BuOOpa Gaskl, o
MH NOKa HE 3HaeM, KPOMe TOro, Helb3sl AH BBECTH CKaAfAPHOE YMHO-
WCHHE H  KAKHM-THO0 NPMHUMOHAABHO HHBIM cnocobom. Hawelt 6nn-
waked ueaplo saBisercss o6o3penHe BCeX BO3MOMHBLIX crnocoGOB npe:
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BPAULEHHN 7:-MEPHOrO JHHEHHOro NPOCTPAHCTBA B CBKAHAOBO MPOCTPAH-
CTBO M YCTAHOBJEHIIE TOr0, YTO B HEKOTOPOM CMbLIC/AE AAd BCHKOrO 7
CYWIECTBYET OLHO-EAHHCTBEHHOE /I-MEPHOE EeBK/AHA0BO TPOCTPAHCTBO,
[lyctb naHo npou3BOABHOE f1-MepHOE €BKAMAOBO npoctpancrao E,,
T. €. B N-MepHOM JAHHEHHOM TNPOCTPAHCTBE NPOU3BOJbHHM CIOCO6OM
BBEIEHO CKaJsipHOe yMHOxeHue, Bextopw a u b HaswiBalOTCA Opmo-
20HAABHHIMI, €CJM UX CKa/sipHOe [POM3BEAEHHE PABHO HYJIO,

{a, b)=0.

M3 (1) cneayetr, 4TO HYyIeBOH BEKTOD OPTOroHaneH K Mi060My BeKTOPY;
MOFLYT CYULECTBOBAaTb, OJHAKO, H HEHYJNEBHIE OPTOrOHAJbHWE BEKTOPH,
CucTeMa BeKTOPOB HA3LIBAGTCH OPMO20HAAbHOI cucmemol, ecnu
BCE BEKTOPW 3TOH CHCTEMW MONAPHO OPTOTOHAJNbHW MeXAYy COGOH.
Bcaxkan opmozonansHan cucmema HeHyAe8HX Bexmopos Aunel-
HO He3asucuma.
ITycth, B camom fene, 8 £, ana cucTeMa BEKTOPOS &, @y, ..., &y,
npuueM @; =0, i=1,2, ..., k, u

(@, a)=0 npu i/ 4
Ecau

a8, 0y, + ... e, =0,

TO, CKaJApPHO yMHOXas# ofe YaCTH 9TOrO DPaBCHCTBA Ha BCKTOP a
1 <<i=<< k, nonydaem ssuay (1), (2) u (4):

0=(0, a)=(,a,+a,+ ... +,a, a)=
=a,(a;, @) 4+ a,(a,, a)+ ... +a(a, e)=«a;{a, a).

Orciona, Tak kak (a;, a;)>0 no 1V, Burekaer @;=0, i==1,2, ..., &,
41O U TPebOBa/NOCh A0KA3aTh.

Ceflyac €yner onucaH nmpouecc OproroHanAH3auUuH, T. e,
HeKoTopuit c¢nocob nepexona ot moBON axueHAHO He3aBUCHMOH cucte-
MWl ¥3 & BEKTOPOB

Qy, Qg oe, G (S)

«cBK/AHAOBA NPOCTPancTBa £, Kk OpTOroHanbHO#t cHCTEME, Takke COCTOf-
muell U3 £ HEHYNeBWX BEKTOPOB; ITH BeKTOpn OyayT O603HaueHn 4e-
moe3 by, b, ..., b
Monowum by=a,, 7. e. nepBwi BexTOp cHCTEMH () BOit-
AeT W B CTPOSLULYIOCS HAMHU OPTOTONANbHYIO CHCTEMY,
M loaoxum, nanec,
bz=albl+az.

Tak kak b,=a,, a BexTOpHW a; U @, JuHEHHO HE3aBHCHMBI, TO REK-
mop b, OTAHueH OT Hyad npd mobom uyucae o,. [Tonbepem 3to 4ucao
<13 yC/IOBH#, 4TO BekTop b, momien GuiThb OPTOTOHANEN K BEKTOPY by:

0=(b,, b))=1(hy, o\b, +a,)=2,(by, ;) + (b, ay),
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oTKyaa, Beuay 1V,
— (bl ’ 02)
(bl' bl) ’

TycTh yue nocTpoeHa OPTOrOHANLHAA CHCTEMa HEHYJNEBHIX BEKTO-
poB by, b,,..., 0;; AONOAHUTENBHO MPEANONOKHUM, YTO ANA BCAKOIO i,
1 <<i<C/, sekTOp b; asndercs anuelnol komOuHalMeHd BeKTOpOB ay,
Qg ..., @; OTO Npeanonoxkenue OyneT BHNONHATLCA TOrAa M And
BekTopa b,,,, ecnu on Oyiler BHOpaH 8 BHAE

bppr=ayby+ b+ ... ol +a,.

Bektop 0,,, GyieT npu 3TOM OT/IHYECH OT HYId, TaK Kak cHcTeMa (5)
AuHeHHO HE3aBHCHMaN, a BEKTOP @,,, He BXOAMT B 3alMCH BEKTOPOB
by, by, «.., b, Kosdduuuentw o, i=1, 2, ..., /, nonbepem -u3 ycao-
BHR, 4TO BeKTOp 0,,, AomKeH OWTb OPTOroHaleH KO BCEM BEKTOpam &,
i=12, ..., L
0=(by bpy)=1b;, 010y +oby+ ... +ab,+a,,,)=

=ay (b, b)) +oy (b, b))+ ... 4o by b))+ b, e,

OTCI0AA, TAK KAK BEKTOPHW by, by, ..., b, OpTOrOHaNbHB Meky COGOM,
o; (biv bi)+(bi1 al+1)=01

oy ==

T. €,

(bis ar41) .
ai=_W’ i=1, 2, ce oy 1.

[Mpoxonxas STOT mpouecc, MW NOCTPOHM HCKOMYIO OPTOTOHANbHYIC
cucremy by, by o.., b

[TpuMeusis npollecc OpTOTrOHANM3AaUMH K NPOH3BOAbLHOH 6ase npo
cTpancTsa E,, MM NMOAYYHM OPTOTOHANbHYIO CHCTEMY H3 72 HEHY/ICBH
BEKTOPOB, T. €,, TaK KaK 9Ta CHCTeMa M0 JOKa3aHHOMY JHHeHHO He
3aBHCHMA, opmozoHassHyio Ga3y. llpn 9TOM, HCNOAB3Ys 3amedaune.
CAenaHHoe B CBA3W C TEPBLIM WIArOM MpOLEcCa OPTOroHaNH3allH
a TaKwKe YUYHTHIBAsl, YTO BCAKHA HeHY/IEBOH BEKTOP MOXHO BKJIOYHTI
B HEKOTOPyi0 6a3y NPOCTPAHCTBA, MOKHO CHOPMYNHDPOBATbL Jawe Cie
Ayouee yraepxaeiuie:

Besikoe esxaudoso npocmpancmso obradaem OpmozoHAASHLML
6azamu, npuyem w060l HEHYAEB0L BeKmMOp 3mM020 nNPOCMPAHCME
sxodum 8 cocmag Hexomopol opmo2oHALbHOL 6a3ml,

B nanpre#tmem Baxuyio poab 6ydeT urpatbh ORHH CNELHANbHBLIA BH,
OpTOroHaNbHEX 6a3; Gaswl STOTrO BHAA COOTBETCTBYIOT MPAMOYTOAbHLIM
LeKapTOBLIM CHCTEMAM KOOPAUHAT, HCMOAb3YEeMbM B aHAMHTHYECKON Teom
MEeTPHH,

Hasosem BekTOp & HOpAtuposarHbiM, €CAH €TO CKANAPHHH KBaapa
paBeH eAHHRIUE,

&, b)=1.
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Ecan a+£0, otkyzna (a, a)>0, TO Hopsuposanues BEKTOPa @ Ha3H-
BaE€TCA mnepexoj], K BeKTOpy
1

Ve a

Bexktop b Gymer HOPMHPOBAHHHM, TaK Kak

@ b)=<V(;, i V(alz. a)a)=<1f(_al_.—a_))z(a’ a=1

basa e, e,, ..., e, eBkauaoBa npocrpauctsa E, Ha3HBaeTCs 0pmo-
HOPMUPOBAHHOH, eCn OHAa OPTOrOHANbHA, a BCe €€ BEKTOPW HOPMH-
poBaHu, T. €.

b=

(e, e,)=0 npu i},
(ei) e(')=11 .=l) 2) ooy n.

(6)

Bceakoe egrxaudoso npocmparcmeo obaadaem OPMOHOPMUPOSBAH-
Hoimu Gaszamu,

Jnst noxasaTenbCTBa NOCTATOYHO B34Th MOGYI0 OPTOroHaAbHYIO a3y
H HOPMHPOBATb BCEe €€ BeKTOPH. Ba3sa ocraHeTcs mpH 9STOM OPTOrOHAAb-
HOH, Taxk kak npu mobux o u P u3 (e, b)=0 caeayer

(aa, Pb)=0f (a, 6)=0.

Basa e,, e,, ..., e, esxaudosa npocmpancmsea E, mozda
u moasko moz0a 6ydem OPMOHOPMUPOBAHHOR, eCAl CKAIAPHOe npo-
d3s8edenue  A00bX O08YX BeKmopos npoCMPAHCMEa PasHo cymie
w1pou38e0eHUll COOmMBEMCMBEHHBX KOOPOUHAM 3muUX 8eKmOPos 8 YK a-
3aHHOI 6a3e, m. e. us

n n
a= e, b= 2pe; (N
i=1 j=1
mcredyem l
(a, b)=‘21 oB; (8)

HeficTauTenbno, ecn A9 Haweft 6a3u BHNOAHAIOTCA paBercTsa (6), TO

n

(a, b)=<{§a‘-ei, jga,.e,)=l_,2=1a,-s,<e,., e)= by,

JD6paTtho, ecan Hamia Gasa TAKOBA, YTO AAf JIOOWX BEKTOPOB a ¥ b,
mRanHcaHHHX B 9TOH Ga3e B Buae (7), cnpaBeannBo paBseHcTBO (8), TO,
jeps B KauyecTBe a M b moOule ABa BeKTOpa 3ToH Gasn e u e;, pas-
IHYHbE MM OAMHAKOBHE, MW H3 (8) BuBemeM pasencrsa (6).
Conocrasass noayvyeHHnil ceyac pe3y/ibTaT ¢ H3JNOKEHHHM paHee
10Ka3aTeNLCTBOM CYIHECTBOBAHHUS /I-MEPHHX €BKJHLOBHX NPOCTPAHCTB
11 11060r0 72, MOXHO BBICKa3aTh CAeAYIOLLEe YTBEPWAEHHe: eCAl 8
I-Mepuom auneidnos npocmpancmge V, swbpana npouszsorsnan 6a3a,
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mo 8 V  MOWHO max 3a0ame CKAAAPHOE YMHOJICEHILe, MO 8 no.ay-
YeHHOM e8KALO0BOM npocmpancmee gubpannaa 6asa 6ydem o00HOG
U3 OPMoOHOPMUPOBAHHbX 6a3.

Uzomopdu3m eBKJINMAOBBLIX MpOCTPaHCTB. EBKkAMpOBH npocTpan-
c¢tBa E n E’ Ha3bIBAIOTCA U30MOPPHHMU, €CNU MEXKAY BEKTOPAMH STHX
NpOCTPAHCTB MOWHO YCTAHOBHTb TaKoe B3aUMHO OJHO3HAYHOE COOTBET-
CTBHE, YTO BHLIMOJHAIOTCH chaeldylouine TpebOoBaHHA:

1) aro cooTBeTCTBHE ABASETCH M3OMOP(HHIM COOTBETCTBHEM MEKLY
E uw E’, paccMaTpuBaeMwiMi Kak auHeifinsle npocTpaHcTsa (cM. § 29);

2) mpu 3TOM COOTBETCTBHH COXPaHAETCH CKAJAAPHOE MPOH3BENEHHE;
HHBIMH CJIOBAMM, ecnu o6pa3aMu BeKTOpoB a ¥ b u3 E caywxar coor-
BeTcTREHHO BekTopw a’ M &' u3 E’, 1O

(a, by=(a’, ). ©)

W3 ycaosust 1) cpasy caenyer, 4TO U30oMOpPPHble e8KALUA08H. npo-
cmpancmea umeiom Oo0HY 1 my xce passmeprHocms, JlokaxeM oGpatnoe
yTBEPW LEeHHE:

Jwobue esxaudoss npocmpancmsa E u E’, umeouwue odny u my
Jlce pa3meprocmb n, U30MOPEPHb Medxncdy co00i.

B camom nmene, Bufepem B npoctpancteax E wE ' oprtonopmu-
poBaHHWEe 6asw

€y, €3 ..., €, (10)
H, COOTBETCTBEHHO,

! ’ ’
\ el, e, ..., €. (1
CraBs B COOTBETCTBHE BCAKOMY BEKTOPY
n
Q= Zaiel

i=1
us E BekTOp

u3 E’) nmeonuit 8 G6ase (11) Te ke KOOPAHHATH, YTO H BEKTOP a
b 6ase (10), Mn moayuum, oyeBHAHO, H3IOMOP(PHOE COOTBETCTBHE MEXNY
AuHeHHb MU npoctpanctBaMu E n E', [lokaxem, 4TO BuNONHAETCH
B pasencTBO (9): ecau

n n
T0, B cuAay (8)—yuecTh opTOHOPMHPOBaHHOCTL 6a3 (10) u (11)! —
n
(a, 0)= Xaif;=(a’, 0.

EcTtecTBenno naomopdune eBKAHA08H NPOCTPAHCTBA HE CYHTATH Pas-
anuunmn, TloaToMy AAst BCHKOTO 1 CyurecTByeT €AHHCTBEHHOE n-MepHOe
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€BKAMAOBO MPOCTPAHCTBO B TOM € CMHIC/IE, B KaKOM /s BCSAKOTO 71
CyuieCTBYeT €IMHCTBEHHOE 71-MepHOe INeHCTBUTE/NbHOE JHHeliHOe npo-
CTPaHCTRO.

Ha cnyuali xkoMnae K CHB X JIMHEHHBIX NPOCTPAHCTB MOHATHA U PE3yJib-
TaTel HacTosmlero maparpada nepeHocaTca caejpyiouum ofpasom. Kommiexchoe
JuHeHHOe NMPOCTPAHCTBO HA3BIBACTCA YHUMAPHBIM NPOCMPAHCMBOM, €CJH B HeM
3a1aHO CKalsipHOe YMHOXeHHe, npuueM (a, b) Oyaer, Boofiie roBOPs, KOMIJEKC-
HbIM YHCJIOM; NPH 5TOM JOJIKHEl BHITOJHAThHCA aKcHombl II—IV (B ¢gopmyan-
pOBKe NocC/jefiHeil aKCHOMBI CJIeAYET NMOAYEPKHYTb, YTO CKAJAPHBII XBajpar He-
HYJ/IeBOT'O BeKTopa AEHCTBHTENeH M CTPOro moJoXKMTeJeH), a axkcuoma 1 same-
HAETCHA aKCHOMOH

I (a, b)=(b, a),
rae uepra o603HayaeT, Kak OOLIUHO, NEPeXOA K CONPAKEHHOMY KOMIJNEKCHOMY
uucay,

CKaJlﬂpHOG YMHOXEHHE YXKe He 6y11e1‘, CJEAOBATENIbHO, KOMMYTATHBHBIM,
Tem He MeHee, paBeHCTBO, CHMMETDHUHOE aKcHoMe ”, OCTaeTcd cnpaBelJIuBLIM,

1 (a, b+c)=(a, b)+(a, ¢,
TaK Kak

(a, b+c)=(b+c, a}=(b, a)+ (¢, a)=(b, a)+(c, a)=(a, b) +(a, ¢).
C zpyroit cTopokHI,

1 (a, ab)=a (a, b),
TaK Kaxk

(a, ab) =(ab, a)=a (b, a)=a (b, a)=a (a. b).

[ToHsTHS OPTOrOHANLHOCTH W OPTOHOPMHPOBAHHOM CHCTEMH BEKTOPOB nepe-
HOCSATCA Ha cAyuail YHUTapHLIX TNPOCTPAHCTR 6e3 BCAKHX HaMeHeHHii. Kak u
BHIIEe, AOKA3LIBAeTCS CYLWECTBOBAHUE OPTOHOPMHPOBAHHHX 6a3 BO BCSIKOM KO-

HeYHOMEPHOM YHHTapHOM mpoctpaHcTBe. [1pu aTOM, OAHAKO, ecliH e, €y, . . ., €, —
OPTOHOPMHDOBaHHast 6a3a W BeKTOpbl @, b nMewT B 3Toit Gase 3amucu (7), TO
n
-
(a, b)= Y o

i=1

PeayarTathl RanpHe#iuinx naparpacdos HacTosueH rJIaBH TakXKe MOXHO CrllO
CH nepeHecTH C €BKJHJIOBHIX Ha YHUTapHEE NpocTpaHcTBa. Mp He OyleM sTOrO
JesaTb M OTOLLNEM HHTepecyIOUlerocs YHTaTes s K CNEUHANbHBIM KHHIaM no
JuHeiinoN aareGpe.

§ 35. OprororanbHble MATPHULI, OPTOTOHAMbHBLIZ Mpedfpa3oBaHus

ITyctb maHo peilcTBHUTENbHOE JAHHeliHOe npeoGpa3oBaHdHe /1 HEU3-
BeCTHbIX:

n
x,:kz‘q,.,,y,,, i=1,2 ..., m (1
maTpuily 9Toro npeobpasopauus o6o3nauum vyepes Q. 3ro npeobpasosa-

HHE MEepPeBOAHT CYMMY KBAaAPATOB HEU3BECTHLIX Xyy KXoy o0y X, T €L
KBaapaTuunyio popmy x2 x5 4 ... X3, ABAKIOUYIOCH HOPMaNbHHM
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BHAOM NOJIOXUTENbHO OMpeleNeHHHX KBaapaTtuuunix dopm (cM. § 28),
B HEKOTOPYIO KBalpaTHUYHYIO (HOPMY OT HEU3BECTHHX Vi, Ya, +eey Yy
Cayualino aTta HOBaf KBaapaTHuHast GOPMA caMa MOXKET OKa3aThCsl CyM-
MOH KBAaZDATOB HEU3BECTHHX Yy, ¥a, +u+y Y T. €. MOXET HMETb MECTO
paBeHcTBO

B =y, @

TOWAECTBEHHOE MOC/]AE 3aMEHbl HEW3BECTHBIX Xy, X,, ..., X, HX BHpa-
wenuaMn (1), Jlnnefinoe npeoGpasosanue HenapecTHuIX (1), o6nazalouee
3THM CBOMCTBOM, T, €., KaK FOBOPST, OCTaB/NalOllee CYMMy KBaJApaToB
HEH3BECTHLIX MHBAPHAHTHON, HA3WBAETCH OPMO20HAABHLLM NPeobpa3osa-
Hltes Heu3secmHulx, a er0 Mmarpuua Q—opmozoHarsnold mampuyei,

CyuiecTByeT MHOrO APYTHX onpejeneHuit opToroHaabHOro npeo6pa-
30BaHHUA U OPTOTOHAIbHON MATPHLILI, SKBHBAIEHTHLIX NPHBEIEHHHM BHIUE,
YKkameM HEKOTOPHE U3 HHX, HeOGXOAMMHE AAq Aa/ibHelwero,

Mu 3naem u3 § 26 3akoH, mo koropomy mnpeofpasyercs MaTpHUA
KBaApaTHUYHOH POpMbl IPH BHIMOAHEHUN NHHelHOrO npeoGpa3oBaHHS HEH3-
BecTHHX. [IpuMensis ero X Haulemy C/y4aw M yuMTbiBasi, 4TO MaTpHue
KBazpaTHYHOH dopmbl, ABAfOULEca CyMMOH KBaapaTOB BCeX HEH3BECT-
HHX, CAYXUT €IHHHYHAs MaTpuua E, MH noay$uM, YTO PaBEHCTBO (2)
PaBHOCHABHO MAaTPHYHOMY PABEHCTBY

QEQ=E,
T. e,

Q' Q=E. (3
Orcioza

Q' =QY, )
a NMO3TOMY CMPaBEANIMBO U PaBeHCTBO

QQ' =E. (5)

Takum obpasoMm, BBULY (4), o0pmo20HAABRYIO Jampuyy Q MOHCHO
onpedeiums Kax mMaKyi MAmpuyy, 0AA KOmMOPoOd MmMPAHCNOHUPOSAH-
nas mampuya Q' paswa obpamnoii mampuye Q~1, Kawaoe us pa-
BedcTs (3)  (5) Takke MOXeT ObTb NMPHHATO B KauyeCTBE OMpeJeseHis
OpPTOTOHANbHOR MaTPHILHL.

Tax kak cronbun MaTpuium Q' SABASIOTCH CTPOKAMH MaTpHuW Q,
TO 3 (9) BhiTeKaeT c/eAylOUlee YTBEPWKIACHHE: K8adpamnasn mampuia Q
mozda u moasko mozda Gydem OpMOZOHAAbBHOL, eCAll CYyMMa K8ad-
pamos gcex sneMenmos a000# ee cmpoxlu pasHa eOunuye, a CYMMA
npousgedenuil coomsemcmeennblx dreMmMeHmos aoboax 08YXxX ee pas-
Augnbx cmpox pagha nyaro. W3 (3) crenyeT aHanorHyHoe yTBEpxie-
HHe A7 CTOAGLOB MaTpuLH Q.

[Mepexoxs B paBeHcTBe (3) K _OmpeaenHTeNsM, Mbl IOJYy4YHMM BBHAY
Toro, uto |Q'|=|Q|, pasencTBO

QI =1.
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Orciona creayer, 4To onpelesumenss OPMOZOHAALHOL Mampuys pa-
sen 1. TakuMm 006pasoM, 6CAKOe OPmMOZOHQAbHOE NpPeobpa3osanue
Heusgecmuolx Aeafiemcs HegsiponcOennsisn. Camo coGol paaymeercy,
4TO YTBEPXAaTb 0OpATHOE HEeNb3si; OTMETHM TaKXe, YTO LaJeKO He BCi-
Kas mMaTpula c onpeaenuteseM, paBHuM -1, OyleT OPTOroHaNbHOH,

Mampuya, obpamunas rk opmozoHassHoll, cama 6ydem opmozo-
HaabHol. JlefcTBHTEABHO, NepexoAd B (4) K TPAHCHOHWPOBAHHLIM Marl-
pHIaM, MBI TOJYYHM:

QN =(@Q)=Q=(Q"H™.

C Ipyro# CTOPOHW, npouU3sefeHIle OPMO20OHAALRUX JMampln Caro
opmoeoHasbno, JleHdCTBUTENBHO, €CJIH MaTPpHIW Q ¥ R 0OPTOroHA/NbHbE,
TO, ucnoab3ys (4), a takwe paBencTBo (6) u3 § 26 u aunanoruyHoe
pPaBeHCTBO, COpaBedIHBOE AnA O6PaTHOM MATPHLK, MH MOMYYHM:

(QR)Y =R'Q =R~1Q"'=(QR)"1.

B § 37 Gyner ucnonb30BaHO caelyioulee yTBEPHALHHE:

Mampuya nepexoda om opmoHopMUPOSAHHOE 0436 e8KAUA08E
npocmpancmsa x 4000l Opyeoli ezo opmoHOpMUpPOBAHHOL Ga3e s6«
Aemcsl OpMo20HAAbHOL.

[lycts, B camMoMm zaene, B npocTpancTse E, 3a/annl 1Be OPTOHOPMH-
POBaHHbIE Ga3bl €y, €5, veuy €, H €}, €, 4, €, C MATPHUCH Nepexoaa

Q = (qi/);

e’ = Qe.

Tax kak 6a3za e OpTOHOPMHPOBAHHAH, TO CKAJASPHOE MPOU3BELEHHE JI0-
6LIX ABYX BEKTOPOB, B 4acCTHOCTH JIOOHX ABYX BeKTOPOB H3 0asu e’,
PaBHO CyMMe NMPOHU3BEAEHHH COOTBETCTBEHHHX KOOPAHHAT STHX BEKTOPOB
B Gase e. Tak kax, onHako, u 6a3a e’ OpPTOHOPMHPOBaHHA®, TO CKa-
ASPHBIA KBAaApaT KawAOro BEKTOpa U3 e paBeH eAUHHUE, a CKanfipHoe
npou3BescHHEe /JI06WX ABYX Pa3HLIX BCKTOPOB M3 e’ pasHo Hyao. Ot-
CI0Aa AJf CTPOK KOOPAHHAT BEKTOPOB 6a3w ¢’ 8 6aze e, T. e. max
CTPOK MATPHUB (J, BLITEKAIOT Te YTBEPWIAECHHA, KOTOPLIE, KAK BHBEALHO
Bhilile M3 paBeHCTBA (5), XapakTepHh MAJAsd OPTOTOHANLHOH MaTpPHIM,

OproronajbHbie Mpeo6pa3oBanus €BKAMAOBA mnpocTpaHcTsa., Ceit-
4ac yMeCTHO H3YUMTb OAHH HHTEPEeCHbil creudaibHulit TUn JAHHEHHBIX
npeo6pa3oBaHnil eBKINAOBEIX IPOCTPAHCTB, XOTH NpeoGpa3oBatusd 3T0ro
THNA ¥ He OYyAYT Yy HAC Ianblie HCMNOAb30BaThCA.

Jlunelinoe npeoGpasosanue ¢ eBKAMAOBA mnpocrpancTea E, Hasu-
BAETCS OPMO20HAABHbLM 11PeoOPA30BAHILEN IMO20 e8I AO0BA NPOCMPAH=
cmea, €CIN OHO COXpaHsieT CKAaAfAPHLI KBAaLpaT BCHKOro BEKTOPa, T. €.
aast ao6Goro BekTopa a

(ag, a@)=(a, a). (6)
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O1ci0/1a BHBOAHTCR caenyiouee Gotee obllee yTBEpXAeHHE, KOTOPOE,
MOHATHO, TaKXe MOWET ObTb NPHHATO B KavYecTBE Onpeje/eHHst OpTo-
FOHAMLHOTO NpeoBpa3oBaHUs:

Opmozonaasnoe npeobpa3osanue @ eBKAUG0BQ TPOCMPAHCMBEA
coxpansem CKaAAproe npoulsedenue a0bux 08Yyx Gexmopos a, b,

(ag, bg)=(a, b). (7)
JefictBuTenbHO, BBHAY (6)

(la+b) g, (a+-b)g)=(a+b, a+b).
Onuako

(e+0) o, (a+ b)) =(ap+ b, ap- bp)=
= (ap, ap)+ (a@, be)-+ (b, ap)+ (bp, bp),
(a+b, a+b)=(a, a)+(a, )+ (b, a)+ (0, b).

Ortciona, ncnonp3ya (6) kak Aaa @, Tax ¥ AAx b, ¥ yUHTHBAA KOMMY-
TaTHBHOCTb CKA/IIPHOTO YMHOWEHH®, MOJyvYaeM

2 (ag, bp)=2(a, b),

a nosToMy umeer Mecto u (7).

[lpu opmozonaisHos npeoOpa3osanHull €8KAUAOBA NPOCMPAHCMBA
obpasn 8cex sexmopos 1060l opmoHopmuposannod Ga3w cami co-
cmagafiom opmoropauposannyro 6a3zy. Obpamuo, ecau aunelinoe
n1peolpa3osanite e8KALO0BA NPOCMPAHCMEa nepesodim xoms Gbl 00y
OpmoRop.aUposanHy0- 6a3y CcHO8A 8 OpmoHopAsUposanHHyo bGa3y, mo
amo npeobpal3egarie 0pMmMOZOHAABHO.

B camom nene, nycTh ¢ —opTOoronansnoe mnpeoGpa3oBanue Mpo-
crpaunctea £,, a e;, €5, ..., e,—NPOH3BONbHAH OPTOHOPMHPOBAHHAA
6a3a sToro npocrpasctea. Beuay (7) us paseucrs

e, e)=1, i=1, 2, ..., n,

(e;y e)=0 npu i+J

BhITEK2IOT PABEHCTBA

(e; @, ep)=1, i=1, 2, ..., n,

(e;, e;9)==0 npu iz},
T. €. CHCTEMa BEKTOPOB &,(, €3¢, ..., €, OKA3bIBACTCA OPTOrOHAAbHON
H HODMHPOBAHHOH, a mMO3TOMY OHAa OYAEeT OPTOHOPMHUPOBAaHHOH O6a3oil
npocrpaucrea E,,. v

O6paTHo, nycTb aHHeHHoe npecobpa3oBanue ¢ npoctpauctsa F,

NEepeBOART OPTOHOPMHPOBAaHHYIO 6a3y e,, €,, ..., €, CHOBA B OPTOHOP-

MHpOBaHHYI0 6a3dy, T. e. CHCTEMa BEKTOPOB €,(, ,P, ..., €,p #BaAseTcd
oproHopMupoBanuoi 6asofi npoctpauncrsa E,. Ecau

n
Q
a= D ae,
i=1
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— NPOH3BOJbHLA BekTOp mpocTpaHcrBa £, TO
n
T

T. €. BEKTOP a@p umeeT B 6a3e e Te e KOOPAMHATH, YTO U BEKTOp &
B 6a3e e. I1u obe 6Gasnl ABJAAIOTCH, OLHAKO, OPTOHOPMHPOBAHHLIMH, A
N03TOMY CKaNfpHHi kBaapat M06Oro BEKTOPA paBeH CyMMe KBaApaToB
€ro KOOPAHHAT B Jaw06o#t u3 otux 6a3. Takum o6paszowm,

(a, @)= (ag, ““”25 ag,

T. €. paBeHCTBO (6) meHCTBUTE/NbHO BBLIMOJHSETCH,

Opmozonaavroe npeobpa3osanile esKalL008a NPOCMPAHCMER 8 A0~
6oli opmoHopmuposannoii 6a3e 3adaemcs opmozonaibroil sampuued.
O6pamno, ecau auneiinoe npeobpa3zosarie esxAUAO8E NPOCMPAHCMER
xoms 6ot 8 00HOL opmoOMOPMUPOSAHHOI 6a3e 3adaemcs opmozoHats-
HOl mampuleld, mo 3mo npeodpa3osanue OpmMo2oOHAABHO.

HeitcTBUTENBHO, eCaH mpeoGpa3oBaHHEe (¢ OPTOrOHalbHOe, a Ga3a
€1, €5, ..., €, ODTOHOPMUPOBAHHASA, TO H CHUCTEMA BEKTOPOB €,Q, €,9, . ..
..., €, O6yser oproHopMHposanHO# GasoH. MaTtpuua A npeobpasona-
nusg ¢ B 6ase e,

ep=Ae, (8)

6yaer, caepoBaTenbHo, MaTpuued nepexoZa OT OPTOHOPMHPOBAHHOIM
6a3nl ¢ K OPTOHOPMHPOBAHHOH 6a3e e@, T. €., KaK J[0Ka3aHo Bhlue,
6yseT OPTOTOHAJbHOM.

O6patHo, nycTh nHHeHHOe npeoOpa3oBaHie @ 3alaeTcsi B OPTOHOP-
MHUpOBaHHOH 6a3e ey, €,, ..., €, OPTOroHannHO# MaTpuuel A; mumeer
MecTo, crenoBatenbHo, paBeHcTBO (8), Tax kak Gasa e OpTOHOPMHPO-
BaHHad, TO CKandpHOe [MPOH3BEACHUE M106bIX BCKTOPOB, B 4YaCTHOCTH
M00biX BEKTOPOB U3 CHCTEMBl €,@, €,9, ..., €., PaBHO CyMME Nnpous-
BeleHHH COOTBCTCTBEHHBIX KOOPAHHAT 3THX BeKTOpoB B 6a3e e. [1loaTomy,
TaK Kak MmMaTpuua A OpTOroHalbHa,

(e;0, e9)=1, i=1, 2, ..., n,
(e;9, e,9)=0 npu i=j,

T. €. CHCTEMa e cama OKa3bBaeTCHd OPTOHOPMHPOBAaHHOW Gaszoit mpo-
crpanctBa E,. OTciona BHTEKaeT OPTOrOHaJbHOCTb mpeoGpasoBaHus ¢,

Kak uutatenp 3naer u3 Kypca aHaJuTHYECKOH TreOMeTpHH, Cpenu
Bcex apduHHBX NpeoOPa3OBAHMH NJIOCKOCTH, OCTABJAIUIEX HA MECTE
Ha4ano KOOPAWHAT, BpallleHus (coenuHeHHnle, OHITh MOXET, C 3ep-
KaJlbHBHMH OTpPameHUNMU) HABAHIOTCH ELHMHCTBEHHLIMH, COXPaHAIOUIUMH
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CKansipHoe mpousseneHne BeKkTOpoB. Takum o6pa3oM, OPTOTOHAAbHHE
npeo6pa3oBanHd -MEPHOTO E€BKIHAOBA MPOCTPAHCTBA MOKHO PaccMaTpH-
BaTh KAK «BPaLLEHHI» ITOTO MPOCTPAHCTBA.

K uucny oproroHanbhnix npeo6pasoBaHnit eBKAHAOBA NPOCTPAHCTBA
NPHHALMEKUT, OUEBHIHO, TOXAECTBEHHOe npeoGpasosaxne, C apyroHf
CTOPOHH, YCTaHOB/NEHHAA HAaMH CBA3b MeXAYy OPTOrOHAJbHWMH npeobpa-
30BAHUAMY W OPTOrOHA/NbHHMHM MATPHLAMH, & TaKXe H3J0XKeHHan B § 31
CBA3b MEWAY OmepauHAMH HAA NHHeHAHHMH MNpeoOpPa3OBAHHAMH H HAX
MATPULLAMH MO3BONAIOT H3 H3BECTHHIX CBOWCTB OPTOrOHA/NbHHX MaTpPHL
BLIBECTH C/AELYIOIHe CBOHCTBA OPTOronanbHWX npeobpa3oBaHull €BKIH-
I0BAa NPOCTPAHCTBA, JIErKO MNPOBepsieMbe H HenocpeaCTBEHHO:

Besikoe opmozoHaasHoe npeolpa3osanie SBASLEMCS HEBHPONCOeH=
Hoa U e20 o0pamHoe npeobpa308anue makdce OpmoO2OHAAbHO.

[Ipousgederue 008X OPMOZOHAABHBX npeobpa308anull opmozo-
HaAbHO.

§ 36. Cummerpugeckne mpeobpasoBaHusa

JlnneiHoe npeoBpa3oBatHe @ 71-MEDHOT'O €BKJAHAOBA MNPOCTPAHCTBA
Ha3LlBaeTCd  ClUmMempunecKus (UIH CAMOCONPANCEHHHM), €CAH And
Mo6ux BEKTOPOB @, b 3TOr0 MPOCTPAHCTBA HMEET MeCTO PaBeHCTBO

(a(pv b)=(a' b(P)’ n

T. €. CHMBO/J CHMMETPHYECKOro npeo0pa3oBaHHs MOXHO MPH CKAASIPHOM
YMHOXEHUH MEPEHOCHTb € OJHOTO MHOXMTEAS Ha APYroi.

ITpumepamu cuMMeTpHuecKHX npeoOpa3oBaHUi C/1YKaT, OYEBHIHO,
TOWAECTBeHHOe npeobpa3oBaHHe € H HyJeBoe npeo6pa3oBaHue o. Bonee
oblLHM nPHUMEpPOM fIBAHETCA JAHHelinoe npeo6pa3oBaHHe, nPH KOTOPOM
BCAKHI BEKTOP YMHOXAeTcd HAa (PHKCHPOBAHHOE YHCAO O,

ap=aqa.
HeHcrBuTenbHo, B 9TOM caydae
(ag, b)=(aa, D)=u0w(a, b=(a, ab)=/(a, be).

Ponb cumMerprueckux npeo6pa3oBaHuit BecbMa BEJIHKA U HAM HeOO-
XOLHMO H3Y4YUTb HX HOCTATOYHO JHeTanbHo,

Cunsempuiecroe npeobpal3osanite esxalld08a nNpoCMpaHCmea 8 4io-
Goli opmonopuuposarnoii 6ale 3a0aemcs cumMmempuyecxol Mampu-
yeld. Obpamno, ecau auneldHoe npeobpasoganue e8KAUG08A Npo-
cmpancmea  xomsa Ob 8 00nol opmoHOopmuposannoli 6ase 3adaemcs
cummempusecxol mampuyel, mo 5mo npeodpa’zosanue Cummempi-
yecroe.

HeHcTBHTEABHO, MYCTh CHMMETPHYECKOE NpeoGpa3oBaHue ¢ 3amaeTcs
B OPTOHOPMHPOBaHHOH Gaze e, €,, ..., e, Mmarpuuedt -A=(a;,). Yuu-
THBAd, YTO B OPTOHOPMHPOBAHHOH Ga3ze CKalspHOE NPOU3BEACHHE ABYX
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BEKTOPOB PAaBHO CYMMe MPOM3BEAEeHHH COOTBETCTBEHHHX KOOPIHHAT 5THX
BEKTOPOB, Mbl [OJy4aeM:

n
t
(e;p, €)= <k;1a'ikek' ej>=°‘i/’

n
e, ej‘p)=<ei’ kZla/kek>=aii’
T. €., BBUAy (1),
Oy =0y

ana Bcex i u j, Marpnuna A okasanach, Takum 06pasoM, CHMMETpH-
4eCKoi.

O6patho, MycTh anHEHHOE NMpeoGpa3oBaHue (p 3a4aeTcst B OPTOHOP-
MHpoOBakHOH Ga3e ey, e,, ..., €, CHMMETPHYECKOH MaTpuieh A=(ocl-j),

;=0 A4 Beex [ W j. (2)
Ecaun

Hcnonb3yss OpPTOHOPMHPOBAHHOCTL 6a3W e, MoJydaes
n
(bo, C)=]$_15;°‘iﬂj’
'Il
(b, C‘P)=‘Zlﬁivjaii’
s J=

Beuay (2) npasule yacTH MOCAEAHMX PABEHCTB COBMANAOT, a MOITOMY
(b(P, C)=(bs C(P):
Yyto M TPe6OBaNOCHh LOKA3aTh.
M3 nonyuensoro pesyapraTa BhTEKaeT caelyiouiee CBOHCTBO CHM-
METpPUYEeCKHX npeoOpa3oBaHHi, Nerko nposepseMoe H HeNoCpPeaCcTBEHHO:
Cymma cummempugeckusx npeobpal3osanliii, a marxice npousgedenue
CuMMEMPUHECK020 NPeOOPA30BAHUR HA HUCAO SBARIOMCE CUMMEMPU-
yeCKUMU Nnpeobpa3oeanusmu.
IloxaxeM Tenepb CAEAYIOILYIO BAXHYIO TEOpeMmy:

Bce xapaxmepucmuyeckiie KOPHU CUMMempUiecKo2o npeobpalo-
sanun oelicmeumessvnul,
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Tak kak xapaxkTepuHCTHYECKHE KOPHH A1060T0 AuHeitHoro npeobpaso-
BAHHUA COBMNAAAIOT C XaPAKTEPHUCTHYECKHMH KOPHAMH MaTpHUbL 3TOrO
npeobpasopauusd B JA060o# 6Gasze, a cuMMeTpHueckoe npeobGpas3opaHue
3asaeTcsl B OPTOHOPMHPOBAHHHWX 6a3aX CHMMETPHYECKHMH MATPHLAMH,
TO AOCTaTOYHO AOKa3aTh Cjeayiolllee yTBepmAeHHE:

Bce xapaxmepucmuteckue KOpHU cuMMmempuseckoll mampuyu
delicmsumenbHol,

B camom zmene, nycrs Ay GyxeT XapakTepHCTHYECKHH KopeHb (BHTb
MOWeT, KOMI/NEKCHBIH) CHMMeTpHuecko# Mmatpuun A=(a;),

Torma cucTeMa JAMHEHHLX OMLHOPOAHBIX YypaBHEHHH € KOMIIEKCHBIMH
K03 PHIHEHTaMU

n
Eaijxj=}»ox‘-, i-:l, 2, veey ’1'
=1

uMeeT paBHHf HyAI0 onpedenuTeab, T. €. 00/naZaeT HEHyJNeBHM
pewtenneM By, P2, ..., P,, BOOOGWLE rOBOPA, KOMIVIEKCHHIM; TaKum
0o0pason,

n
Zauﬁj=ﬁoﬁ,, i=], 2, ceey N (3)
=1

Yumuoxaa ofe wactu kawporo i-ro u3 pasexcts (3) na uyucno fi;, con-
prokenHoe ¢ uucaom f; M CkAadnBas OTAENbHO /leBHE H MpaBue
YacTH BCEX MOJAYYalOUIHXCSl PABEHCTB, ML NPHXOAHM K PaBEHCTBY

n _ n —

2 oBBi=% X BB (4)

, =1 i=1

Kosbduuuent npu A¢ B (4) fABASETCHS OTAHYHBIM OT HyAR aeHcTBH-

TeAbHLIM YHCAOM, OyAyYH CYMMOH HEOTPHLATENbHHLIX AeHCTBHTENbHHX
yuces, XOT# OH OLHO M3 KOTOPHIX CTPOTO MNojoxutennbHo. Ile#crsu-
TEALHOCTb 4YHcna Ag OyZeT MO3ITOMY J0OKa3aHa, eCcAH Mbl JAOKaXeM
ReHACTBHTEALHOCTL JIeBOH uacTH paBeHcTBa (4), AN 4ero AOCTaTOYHO
NoKa3aTh, YTO 3ITO KOMIJIEKCHOE WYHC/I0 COBNAAAET CO CBOHM COMpH-
WeHHbiM. 31ech Brnepsnie GyXeT MCHOJB30BAHA CHMMeETPHYHOCTL (Ael-
CTBHTENbHONR) MaATPHLH A,

n n n

2 aijﬂjﬁi= 2 aijﬁjﬁi= 2 O‘ijﬁ,'ﬁ(:
b j=1 i, [=1 {, j=1
n n n

= 2 o;f,pi= 2 o P, = Z ;BB

i, j=1 i, j=1 i j=1
3ameTHM, 4TO MNpelanoCAelHee paBeHCTBO MOJY4E€HO NPOCTOH nepeme-
no#t 0603Ha4eHult AN HHAEKCOB CYMMHPOBAHHA: BMECTO  MOCTABJEHO j,
sMecto j mocrasaeHo i. Teopema, caenosaTenbHO, AOKa3aua,
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Jluneinoe npeobpasosanue ¢ esxaudosa npocrpancrea E, 10200
u TOAbKO TO20a Oyder cummerpuueckum, ecau 8 npocrpancree E,
cywecrayer OpTOHOpMUpOBaHHas 6a3a, COCTAGAEHHAA U3 COOCT8eH-
HbLX B8EKTOPO8 3T020 npeobpa3osanus.

B oamny crtopony 3To yTRepxienne nouTH oveBugHo: ecin B E,
CyulecTBYeT ODTOHOpMHUDOBANNAA 6a3a €, €, ..., €,, NpHueM

ep=MNe;,, i=1,2, ..., n,
To 8 Gasde e npeobpasoBanHe ¢ 3anaeTcs AMAroHanbHOM matTpuuei

A 0)
A

0 M)

Juaronanbnas marpHua fBASETCA, OAHAKO, CHMMETPUYECKOH, a (103TOMY
npeobpa3oBaHHe ¢ 3a1aeTC B OPTOHOPMHPOBAHHON 6a3e e CHMMETpH-
yeckol martpuueit, T. e. OyaeT CHMMETPHUECKHM.

OcHoBHOe 06paTHOe yTBep:KOeHHE TeopeMbl Mbl OyHeM JOKa3uwBaTb
Huayxkuuedd no pasmepHocTH n1 mpoctpanctsa E,. B camom aene, npu
n=1 BcsrKoe nuHeHHoe npeobGpasoBaHHe ¢ npocrpancTsa £, Henpe-
MEHHO NnepeBoAHT Jt060H BeKTOp B BEKTOP, eMy nponopudonanbunii. Otciona
ciieayeT, 4TO BCAKHH HeHysneBoft BekTOp a Oyaxer COOGCTBEHHBIM BEKTO-
poM 4ns @ (kak, BOpoyeM, CAeAyeT W TO, YTO BCHKOe AHHeHHOE npe-
o6pasoBanie npocTpaHcTBa E; Oyzmer cummertpuyeckuy), Hopmupys
BEKTOP @, Mil IHOAYUHM HCKOMYIO OpPTOHOPMHPOBaHHYI0 6a3y npocT-
paucTtea E,. ‘

[lyctp yTBepwienHne Teopemn ywe jokazauo ans (n— l)-mepuoro
eBK/IHAOBA 1LDOCTPAHCTBA H DYCTb B MNpocTpancTBe £, 3a1aHo cum-
MmeTpHueckoe mnpeoGpasoBanne . M3 1nokasanuoil Bbile TeopeMW Bh-
TeKaeT CyUleCTBOBaHHe A ¢ JeHCTBHTEIBLHOrO XapakTepHCTHYECKOrO
kopus A, 1O uucno 6yner, CAeAOBATENbHO, COOCTBREHHWM 3HAYEHHEM
ang npeobpasoBannsa ¢, Ecan a—cobcTBennnit BekTOp npeo6pasosa-
HHH , OTHOCsUMICA K 9TOMYy COOGCTBEHHOMY 3HAYEHHIO, TO M BCAKAMI
HeHyJeBOH BeKTOp, NpomopuHOHanbHLP BekTOpy 4a, Oymer aas ¢ cob-
CTBEHHBIM BEKTOPOM, OTHOCHLUHMCS K TOMY e COOCTBEHHOMY 3HAUCHHIO
Ay, TAK Kak

(aa) @ = o (ap) = o (Aya) = A, (oa).
B yactnocTH, HOpMHpy# BeK1Op @, Mbl HOMYuMM TaKofi BEeKTOp €,, 4TO
€19 = hey,
ey, e))=1.

Kak nokasano B § 34, HeHyneBol BeKTOp e; MOWHO BKMOQYHTL B

oprorodanbvHyo G6asy
ep e,z» re) e;u (5)
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npottpadctea E,. Te BekTopH, neppas KoOpauHaTa KOTOPHX B 6a3e (5)
paBHa HYJIO, T. €. BEKTOPH BHAa aze;+ —|—oc,,e,;, COCTaBAAIOT,
OueBHAHO, (7—1)-MepHOe AuHeHiHOe NMOANPOCTPAHCTRO NPOCTPaKCTBa £,
KoTopoe Mu 0003HaynM yeped L, 3to Oyaer aaxe (n—1)-MepHoe
eBKIHLOBO MPOCTPAHCTBO, TAK KaK CKaasipHOe MNpousBeneHue, Oyaydyu
ofnpedeNeHHLM AJs BCex BeKTOpPoB H3 E,, onpexenedo, B 4aCTHOCTH,
A1 BeXTOPOB U3 L, npuuem o6nanaet BCeMH HeOOXOLHMLIMH CBOHCTBAMH,

[ToanpocTpacTBO L COCTOMT H3 BCeX TeX BEKTOPOB MPOCTPAHCTBA
E,, KOTOpHE OPTOTOHaNbHH K BEKTOPY ey. IelcTBHTENbHO, ec/H

L T2
a=oyey + ey + ... FQnep,

70, BBHAY OPTOrOHAABHOCTH 6a3u (5) M HOPMHPOBAHHOCTH BEKTOPA &y,
’ ’ !’ 1
(e1, @) =0y (ey, e)) + oy (eg, €)+ ... Faales, en) =0y,

T. e. (¢4, 8)=0 Toraa W TOABKO TOrAa, ecnu oy=20,

Ecan BekTOp @ mNpHHAANEKHT K [OANPOCTpaucTesy L, T. e,
{es, a)=0, To u BexkTOp a@ conepkurcs B L, HdeHicTeuTenbno, BBULY
CHMMETPHYHOCTH NpPeoGpa3oBaHUA @,

(eb a(P)=(‘-’1(P, a)=(7"0e1) a)=}"0 (eh a)=}"0'0=0’

T. €. BEKTOpP a@ OPTOTOHaJAeH K €y W MMOITOMY coaepxutcs B L, 310
cBOHCTBO NOANPOCTPAaHCTBA L, HA3LIBAGMOE €ro UHBQPUAHMHOCMbI0 OTHO-
CHTENbHO npeoGpa3oBanud ¢, MO3BOAAET CYHTATL ¢, PaCcCMaTpH-
BaeMoe AHlib B MPHMEHEHHHW K BEeKTOpPaM H3 L, aunei-
HHM npeoOpasoBanneM 3TOTO (72— 1)-MepHOTrO €BK/JAHAOBA NMPOCTPAHCTBA,
Ono OGyleT Aawme CHMMETPHYECKHM mnpeobpasoBaHueM MPOCTpaHcTBa L,
TaK Kak paseHcTBo (1), Bumoaxanch A/fA JNI0CHX BEKTOPOB H3 E_, Oyaer
BLIMOAHATLCA, B YAaCTHOCTH, AJNR BEKTOPOB, Jewailunx B L,

B cuay MHAYKTHBHOro npeanonoweHus B npocTpancTse L cyumtecr-
BYET OpPTOHOpMHpoOBaHHas 6asa, coCToAllafd U3 COOCTBEHHBIX BEKTOPOB
npeoGpa3oBakus ¢; 0603HaYUM ee 4yepes €3, ..., €,. Bce 3TH BeKTOpPH
OPTOTOHA/IbHHL K BEKTOPY €y, a NOJITOMY €y, ey, ..., €, OydAeT Hcko-
Mot opToHOpMupOBaHHOH Oasof mpocTpancTBa E,, coctosmieH u3 cob-
CTBEHHHX BeKTOpPOB npeobpasoBanus ¢. Teopema aokasaua.

§ 37. MNpusenenne xkBaapaTHYHON# GOPMBI K IJNABHBIM OCSIM,
flapul ¢opm

TpuMeHHM [OCMEAHION TeOpeMy NpealliecTBYOUEro maparpada
K 10KasaTeJbCTBY cheayiouledfl MaTPUHYHOH TeopeMu:

Aas scarkold cummempuieckoll smampuns. A MONHO Halimu maxyio
0pmo2oHaAbRYI0 mampuyy Q, Komopas npusodum mampuyy A K dua-
2onaabnomy 6udy, m. e. mampuya Q7'AQ, noaysennas mpaucgop-
Mupoganues mampuus A mampuneid Q, 6ydem oOuazonassHoli,
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B camom pene, mycTh gaHa CHMMETPHYECKass MaTPHua A nopsiaka 7,
Bean ey, €3, ..., €,—HeKOTOpasi OPTOHOPMHPOBaHHAw Gasa n-MepHOro
€BK/AHIOBAa NpocTpancTea E,, To mMatpuHua A 3agaer g SToi 6ase CHM-
meTpHyeckoe npeobpasosanue ¢, Kak nokasawo, B E, cyuectsyer
OPTOHOPMHPOBaHHAfM 6a3a fy, fo, ..., f,, COCTaBAEHHAH H3 COOCTBEHHHX
BEKTOPOB 1npeobpa3oBaHus ¢; B 9TOit 6ase ¢ 3amaeTcd LHATOHAILHOH
matpuue#i B (cM. § 33). Toraa, no § 31,

B=Q"'4Q, (N
rae Q—mMartpuua nepexoxa oT 6a3n f Kk Gase e,
e==Qf. (2)

dra MaTpuUa, Kak MaTpHIla nepexona OT OAHOH OPTOHOPMHUPOBAHHOH
6a3w K JApyrofi Tako#i we Gase, Gymer opToroHaabHof—cm., § 35.
Teopema nokasaHa.

Tax xak O0as opTOroHalbHOH MaTpHuM @ ee o6paTHas MaTpulla paBHa
TPaHCIOHHPOBAHHOH, Q~'=Q’, T0 paBeHcTzo (1) MOXHO nepemncaTh
B BHIE

B=Q’AQ.

M3 § 26 us3BecTHO, OAHAKO, YTO HMEHHO TaK npeobpa3yercs CHMMeT-
puueckas Martpuaua A KBaApPaTHYHOH opMu, MOABeprHyTOH JHHeitHOMY
npeoOpPa3OBAHUI0 HEU3BECTHHX C MaTpuiled Q. YuurtnBag xke, 4TO AH-
HeflHoe Mnpeobpa3oBaHHe HeW3BECTHHX ¢ OPTOroHajabHOH Marpuuefl aB-
JMETCH OPTOrOHadbHWM InpeoGpa3oBanueMm (cM. § 35) ® uTo nuaro-
HaJbHYI0O MAaTpHUy HMeeT KBaapaTHunas ¢opMma, UpHBEeLEHHAd K
KAHOHHYECKOMY BHAY, Mbl Ha OCHOBAHMH TpejiiecTBYIOLEH TeopeMil
nojtydyaeM CJAeAyOIYI0 TeOopeMy O NpHBeXeHHH JNefCcTBH-
TeAbHOH KBaAPAaTHYHOH GOPMH K FTAABHHM OCHM:

Besaxas Odelicmeumensnan Keadpamuunasn dopra f(xy, Xz ooy X,)
HEeKOMmopblIL OPMO2OHAALHUM NPeodpa3o8aHuest HeUu3BECMHbYX MOdNCen
6ums npusedeHa K KAHOHU%ECKOMY 8UOY.

XO0Ts MOWeT CyI{ecTBOBATb MHOr0 pa3.iHYHHX OPTOrOHANbHHX Mpe-
o6pa3oBanuil HEH3BECTHBLIX, MPHBOANLIHX AAHHYIO KBAAPATHUHYIO DOpMY
K KAaHOHHYECKOMY BHJY, OIHAKO CcaM 3TOT KAHOHHYeCKu# BHA mo cy-
LIeCTBY oOfipefie/isieTCst OAHO3HAYHO:

Kaxoso 66 Hu 6ua0 opmozonassnoe npeobpa3ogarie, npusodsuee
K KoHoHugeckoMy 8udy readpamuunyio gopry f(xy, X4 ..., X,)
¢ mampuneli A, xospdunuenmany smoz0 KaHoruteckozo suda 6ydym
xapakmepucmuseckue KOpHU Mmampuus A, 83amse ¢ UxX xpamHo-
cmanu,

[lyctb, B camoMm jpene, dopMa f HEKOTOPHM OPTOrOHA/NbHHIM [pe-
o6pa3opatneM MPHBEAEHA K KaHOHHYECKOMY BHAY

f(xb X2y «uey xn)=”ly:+u2yg+ s +p’ny’z"
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DTO opTOroHanbHOE nPeoGpa3OBaHHE OCTABANET HHBAPHAHTHOR CyMMYy
KBAapaTOB HEH3BECTHHLIX, a NMOITOMY, €CIH A —HOBOE HEH3BECTHOE, TO
n n n
fles, Xy oo x) =AY xi= 3 pyi—A Xyl
i=1 i=1 i=1
[Tepexoast K onpegennTensiM STHX KBAaAPATHYHBIX (OPM M Y4YHUTHIBas
YTO nNOC/AE BHIMOJHCHUS JHHEHHOrO npeoO6pa3oBaHHA ONpendelNUTeNb
KBAaApaTHYHOH ¢opMb YMHO:KAETCH HA KBAApAaT ojipeilefiuTtens [peos-
pasoBanus (cm. § 28), a kBaapat onpeleauteNiss OPTOTOHANBHOTO
npeobpasoBanusa pased eauHuile (cM. § 35), Mbl MPUXOAHUM K PaBeHCTBY

p—A 0 0
0 pe—X ... ] n
[A—rEl = 0 T T L ==,
0 0 .. p,—Arf T

I3 KOTOPOro BHITEKAET YTBEpPWAEHHE TEOopeMbl.

ATOMY Pe3yabTaTy MOKHO NPHAATh TAKMHKE MATPHYRYIO DOPMYNHPOBKY:

Karxosa 6w Hu 0Oblaa OpmO2OHAABHASL MAMPUNQ, NPUEOORINAS
K JuazoHaasHomy 8ulY cummempuxeckylo mampuny A, Ha zaasnol
fuazonaal noaytenHoll OuazonaasHoll mampuyv 6yoym cmoams xa-
pakmepucmuteckue KopHu smampuubt A, 83amue ¢ UX KLAmMHOCmMAMU.

[IpakTHyeckoe paspiCKaHHe OPTOrOHAJABLHOrO NMpeobpa3oBaHus, NpH-
BOJAiliero KBAaApaTHyHY ¢OpMY K T[JaBHBIM OCAM. B HexoTopmix
3agayax Heo0XO01HMMO 3HATb HE TOJbBKO TOT KAHOHHUYCCKHH BHI, K Ko-
TOPOMY MNPHBOAUTCH IHeficTBHTENbHAsA KBaApaTH4yHas ¢opMa OpPTOro-
HalbHeIM 11peo6pa3oBaHHEM, HO I CAMO OPTOroHajsbHOE Npeobpa3oBaHue,
ocyulecTBAsIOLee 9TO npnBegeHue, DBuao 6bl 3aTPyAHHTENbHO pa3mic-
KkuBaTb 9TO npeo6pa3oBaHHe, HCMOAb3YH AOKAa3aTeJAbCTBO TeOpeMul
O MNpHBENEHHM K [JaBHBIM OCHM, H Mbl XOTHM YKa3aTb HHOH nyTh.
Mimeuno, Hyxiuo AHIUb HAYYHTHCH HAXOAMUTH OPTOTOHATBLHYIO MATPHLY Q,
NPHBORSILLYIO JAAHHYI0 CHMMETPHUYECKYI0O MaTpuly A K AHaroHaJIbHOMY
BHAY, WIH, 4TO TO Ke Camoe, HaXOoAHTh ee o6paTHyio martpuuy Q~L
Beuay (2) sto 6yner martpuua nepexoiaa or 6a3w e K Gase f, T. e.
€e CTPOKH HABAAIOTCH KOODAHHATHLIMU CTpokaMmu (B 6Gase e) OPTOHOP-
MHPOBAHHOW CHCTEMB H3 72 COGCTBEHHHIX BEKTOPOB CHMMETPHYECKOTO
npeo6pa3oBanusd ¢, ompexeasemoro wmatpuue A B Gase e. Ocraercs
HaflTH TaKyl0 cHCTeMY COGCTBEHHMBIX BEKTOPOB.

[lycth Ag—mo6o#t xapakTepHUCTHYECKHHE KOPeHb MATPHIL A U ycThb
ero KpatHocTb pas#a ky. M3 § 33 mbl 3naeM, UTO COBOKYNHOCTb KOOpD-
JAMHATHLIX CTPOK BCeX CcOOCTBEHHWIX BEKTOPOB Npeo6pa3oBaHus ¢, OTHO-
CHULUXCH K cOGCTBEHHOMY 3HAYEHHIO Ag, COBMANAET C COBOKYIHOCTHIO
HEHY/EeBhIX pelUGHHﬁ CHCTEMRB JUHEHHhX OJJHOPOAHLIX ypauueum‘&

(A—MAgE) X=0; 3)

CHMMETPHUHOCTD MaTpHLL A no3soasieT Hanucath 3aech A smecro A'.
M3 ROKA3aHHBLIX BLILIE TEOPEM CYUIECTBOBAHMSI OPTOIOHAJLHON MaTpHIL,
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NpHBOARLULEH CHMMETPHYCCKYIO MaTPHUY A K JAHaroHalbHOMY BH1y, #
€AHHCTBEHHOCTH STOr0 JAHArOHANbHOIO BHAA BHWTEKAeT, YTO /4 CH-
creMbl (3) BO BCSIKOM Clyuyae MOXHO HANTH Ry AuHENHO HE3aBHCHMBIX
pewennit. Takyio cucTeMmy peieHud uieM MeTOLaMH, H3BECTHHIMH U3
§ 12, a 3areM OpPTOroHadH3HPYyeM W HOPMHPYEM MHOJNYYEHHYIO CHCTEMY
B COOTBETCTBHH ¢ § 34.

Bepsi B kauectBe Ay moouepesHO BCE Pa3NHYHLIE XapaKTepUCTHYes
CKHe KODHH CHMMeTpuueckOH MaTpulb A H yuyHThIBAd, 4YTO CymMMma
KpaTHOCTe STHX KOpHeH paBHa 7, MH NOJAY4YHM CHCTeMy u3 n cob-
CTBEHHHX BEKTOPOB npeoOpa30BaHHA ¢, 3aLaHHLIX HX KOOPIAMHATAMH
B 6Gase e. Jna nokasaTenbCTBA TOTO, YTO 9TO O6YAET HCKOMAas OpPTO-
HOPMHPOBAHHARA cHCTEMA COOCTBEHHHIX BEKTOPOB, OCTAeTCA AOKa3aTh
CAeAYIOULYI0O JeMMY:

CoficmaeHnbie 8exmopbl CUMMEMPUHECK020 NPeolpa3osania ¢, om-
HOCAMIeCA K pPA3AUHHIM COBCMmBeHHb M 3Ha%erHUAM, MeHdY cobod
OpMOZOHQAAbHYL.

flycts, B camMom nene,

bp="~,b, cp=A,c,
npuuem Ay %= A,. Tak kax
o, y=(hb, =A b, o, [
(b, co)=1(b, Ay0)=2, (b, c),
TO u3
(b@, c)=(b, co)
caeayer
M(b, c)=h, (b, )
uad, BBULY Ay % A,,
(b, )=0,
Y10 ¥ TPebOBANOCH AOKA3aTh.

Mpumep. TIpuBectn K raasuHHM ocAM KBaAPaATHYHYID HOPMY
Fxp, X3 %3, %) =2x,x4 + 2x.X5— 2%, — 2x3x; + 2X5 X -+ 2X3%;.

Matpuua A s10ii GopMbl MMeeT BHA

Hafizem ee xapaxkTepHcTHYeCKHHi MHOrOUJEH: v
|—A 1 I —1
t —h —1 1
— = = — 3 .
|A—LE | |1 - = k=12 043)

—1 1 1 —A . C. '
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TakuM o6pasom, MaTpHua A HMeeT TpeXKpaTHhifi XapaKTePHCTHYeCKHA KOpeHs |
W mpocToil XapaKTepucTHUeckHil KopeHbp —3. Mu yxe MoxXeM, cJeRoBaTel]bHO,
HanHCaTL TOT KAHOHHUECKH! BWA, K KoTOopoMy ¢dopma [ UDHBOZMTCS OpPTOTOHAJb-
HBIN Npeo6pa3oBaHueM:

[=y}+y;+y3—35.
Hafizem opTtoroHanbHoe npeobpasoBaHue, OCYWeCTB/AIONIEe STO NPHBEXCHHE,
CHcTema JMHefiHHIX OAHOPOLKHX ypaBHeHHH (3) npu Ap=1 npuHHMaeT BH]
—x; +xg+ x3—x,=0,
J X —Xy— X3+ x,=0,
l £ —xg—Xxg+1,=0,
—xy+ x5+ x3—x,=0.

Paur stofl cHcTeMul paBeH |, W MO3TOMY ANA Hee MOXKHO HafiTH TPH JHHeRHO
HEe3aBHCHMHIX peweHus. WMu 6yayrt, HanpHMep, BEKTOPH

b1=(l» 1, 0, 0),
by=(1, 0, 1, 0),
by—=(—1, 0, 0, 1).
OpTOrOHa.ﬂH3prﬂ 9Ty CHCTEMY BEKTOPOB, MH [OJYy4YHM CHCTEMY BEKTOPOB
ag=b=(, 1, 0, 0),
| I 1
c2=—-2—cl+b2= ?n_?y lv 0 ’
I 1 1 1 1
Ca=(—01+’§cz+b3=(—'§' v 1)-

C zpyrofi CTOPOHH, CHCTEMA JHHeHWX OJHOPONHLIX YypasHeuuit (3) npuun-
MaeT npH hg==—3 BHI

3x; -+ x3+ x3— x,=0,
X+ 3x,— x5+ x,=0,
xn— x,+3x;4+ x,=0,
—x 4+ x5+ x543x,=0.
Panr stofi cucrems paseH 3. Ee HeHy/eBHIM pellleHHEM CAYXHT BEKTOD
=, —1, —1, 1.

Crictema BEKTODOB ¢;, €y, Cg, €, OPTOroHaibHasa, Hopmupya ee, mb opuaeM
K OPTOHOPMHPOBAHHON CHCTEME BEKTOPOB
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Takum o6GpasoM, ¢opMma [ NPUBOAMTCA K F/IaBHBIM OCAM OPTOFOHa/IbHHM NpPeoG-
pasoBaHueM

_.__l_ X +_1__x
h= .V‘—2 1 V‘—2 2 _
1 1 2

weygam gt Vi
1 1
ys=_2V—3x1+2V-3 X3+ V-~x3

1 1 1
=g hHh—5 H—7g x3+—2—x4

—5 X4

Cneayer OTMETHTb, UTO BHIGOpP CHCTEMBl JHHEHHO HE3aBHCHMBIX COGCTReHHBIX
BEeKTOPOB, OTHOCAILIHXCSH K KPaTHOMY COGCTBEHHOMY 3HAUeHHIO, fBJAETCS BecbMa
HEOJHO3HAYHbIM, a MO3TOMY CYIIECTBYET MHOTO PasiHYHLIX OPTOTOHANBHHX Npe-
o6pa3oBaHnii, NPHBOAAWMX ¢(OPMY [ K KAaHOHHYeCKOMY BHAY. MH HawlIH JHWb
OLHO H3 HUX.

Mapet cdopm. [lycTe nasa mapa AeHCTBUTENAbHHX KBaJa:
PaAaTHUYHHX OpM OT ~n HeU3BECTHHX, [f{x, X, ..., X,) H
glxy, X5 ..., X,). Cyuiectsyer /M TaKoe HEBHDPOXKAEHHOE JHHeHHOe
npeo6pa3oBaHHe HEH3BECTHHIX Xy, Xy, ..., X, KOTOPOE OLHOBPEMEHHO
npusoAun0 6u 06e 3TH GOPMH K KaHOHHYECKOMY BHAY?

B o6uteM cnyuyae otBeT Oyier OoTpHuaTeNbHHM. PaccMoTpHM, Ha-
npumep, napy dopum

flxy, x)=xi,  glry, x2)=2x1%,.

[lycTh CyliecTBYeT HEBHIPOXK/IEHHOE JHHeHHOe npeoGpasoBaHie

Xy = Y1+ C15Y2, }
Xo==C91¥1 -+ €232,

npusogsauiee o6e 3T PopMH K KaHOHHuUecKOMY BuAY. s Toro yrobu
<$opma f morna OwbTb mnpuseireHa mnpeo6pasoBaHueM (4) K KaHOHHYe-
CKOMY BHAY, OAUH U3 KOIDDHIHEHTOB (34, C;3 AOMKeH ObiTh paseH
HY/MI0, HHaue BoWIeJa Onl uJen 2c41C19Y1Y,. MeHasd, ecanm HywHO, HYyMe-
HAUNIO HEHU3BECTHHX Vi, Y2, MOKHO MNOJNONKHTb, 4YTO ¢p==0 u no-
9TOMY €1y = 0. Mpl NOJAYyYHM Tenepb, OIHAKO, YTO

g (X1, Xg)=cCc11Y1 (€51, + Coo¥2) = €,,C2¥3 + €,,6209 V2.
Tak kak opma g Takwe JomkHa Gbi1a nepefiTu B KaHOHHYECKHH BuA,
TO €;,622=0, T. €. ¢23=0, 4T0 BMecTe ¢ ¢,,=0 NPOTHBOPEYHT HEBHI-
mPOMIEHHOCTH JHHEHHOTO npeo6pasoBaHud (4).
Curyauus 6yaeT MHOH, eCAM Mbl IOJOXKHM, YTO XOTH Obl OfHA W3
miawnx ¢GopM, Hampumep g(x,, Xz ..., X,), 9BAAETCA MO0 XK H-
TenbHO onpeaeneHnofil), Mmenno, cnpasennnsa Teopema:

4)

1) Bro ycJaoBHe He SBARETCH, KOHEUHO, HEOGXOAMMEIM; TaK, (opMsl xf—l—

Fx3—x) u x}—x2—x} o6e yme uMEIOT KaHOHHYeCKHI BHJ, XOTA CPefs UMX
~EIET MONIOKUTENbHO ONMpefieNeHHbIX,
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Ecau f u g—napa Oelicmsumenssnbix rgadopamuynsx ¢hops om n
HeU38eCMHbX, nputem BMOPAs U3 HUX NOAOHCUMENAbHO OnpedeneHHasn,
mo cyuwecmsgyem HesbpodcOeHHOe AUHelinoe npeobpa3osanue, 00HO-
8peMeHHO npugodswee opmy g K Hopmassnosy eudy, a gopruy f
K Kanonunecxomy 8udy.

IL’IH JAOKa3aTeJbCTBa BHLIIOJHHM CHA4aJAa HEBbIPOXKIAEHHOE JHHelHoe
npeo6pa3oBanie HEHIBECTHBIX X,, X2, ..., X

X=TY,

NPHBOASLIEE MOJOKHTEJAbHO oONpele/neHHYi0 GopMy g K HOPMAJALHOMY
BHLY,

n

gxy, X2, .., x)=yi+yi+ ... +yn

Popma f nepeliner npu 3TOM B HeKOTOPYIO (OpPMY ¢ OT HOBHIX HeH3-
BECTHDBIX,

f(xu x21 ey xn)ch(yn yz? LI | yn)'
CoBepuiiM Teneph OPTOTOHA/NbHOE NMPeOGPA30BAHHE HEU3BECTHHX
YoV vy Y
Y=Q2Zz,
npuBoasiiee GopMy ¢ K rJIaBHLIM OCHM,
QW Yoo voos Y)=MZiFhozi+ L. A2h

910 npeodpasosanue (cMm. onpeaenexne B § 35) nepeBOAHT CyMMy

KBALPATOB HEH3BECTHHX Y., Y2, ..., YV, B CYMMY KBAApPaTOB HEH3-
BECTHHIX Z2,, 22, ..., Z,. B pe3ayiabrate Mbl noayuyaem

2 2
f(xn X2, eeoy xn)'—:}"lzl +)\222 '}‘ o e —}‘)\"22,
2 2
g(xp X2y ooy xn)=zl +22 + o +z121,
T. €. JAHHeliHoe npeoOpa3oBaHue

X=(TQ)Z
AABANETCH HCKOMBIM,



[JIABA NEBSITA{
BbIYUCIEHUE KOPHEH MHOIOUYJIEHOB

§ 38*. YpaBuenus BTOpOH, TpeTbeil M deTBepTOfi CTemenu

OcxoBhan Teopema, IZokasaHHas 8 § 23, ycraHasauBaet ans 1060ro
MHOTOYJeHa n-H CTeneHw ¢ YUCAOBbMH KO3(dDHUHEHTaMH Cyu(eCTBOBa-
Hie n komnaekcHnix kopHefl. Ee 1okasarenbcTBa (Kak mnpuseseHHoe
Bhille, TaK # JI00nIe ApyrHe H3 HoHe HW3BECTHHX) He J410T, OQHAKO,
HHKaKHX METOJOB I/ NPAaKTHYECKOrO pa3biCKaHWUA 9THX KOpHeH, #B-
A98Chb YHCTHIMH «A0KA3aTEAbCTBAMM CcyulecTBOBaHHA», [loMcku rtakmux
METOAOB HA4yaluCh, €CTECTBEHHO, C MNONHLTOK BwBOoAa ¢opmyn, auano-
THUHBIX OpMy/e AAf pelesdHs KBaApaTHOrO YypaBHEeHHsl, M3BeCTHOH
yaTaTeno AJa caydas AeHcTBHTeNbHbiX KO3D(HUIHEHTOB M3 LIKONLHOTO
Kypca anre6pn. Mu nokawem ceHwac, uro 3Ta d¢opuyna ocraercs
cnpaBeMuBROR W AN KBAAPAaTHHIX YypaBHEHHH ¢ KOMWIEKCHHIMH KO-
spdHurenTaMn 1 4TO anajoruunnie Gopmynn, xora H MHOro OGonee
rpoMo3akue, MOryT ObITb BhiBENEeHbl /A YpaBHEHHH TpeTbell
yeTBEpPTOH CTENeHH.

Ksaapatubsie ypaBHeHus. [lycTb naHO KBanpaTHoe ypaBHeHue

X+px+q=0
¢ N100bIMH KOMNIEKCHBIMI Ko3(dHuunenTamy; cTapuinid kospduinent Ges

OrpaHuveHHs] OGILHOCTH MOXHO CYMTaTh paBHHIM eJHMHILe. 810 ypaBte-
HHE MOXHO MepenucaTb B BHAE

(<4 4=

3
Kak Mn 3naem, #3 KOMNAEKCHOrO Yucaa 3——() MOXHO H3BJAeYb KBal-

paTHul KOpeHb, He BHIXOAR 33 npegensl CHCTEMH KOMMIAEKCHHX 4HCes.
[Ba 3nauenus STOr0 KOPHS, OT/AHYAIOILHXCA APYr OT APYrd JAHWb 3Ha-

KOM, Mhi 3alHMIEM B BHAE -+ ]/—-q Nostomy

=z ) 50
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T. €. KOpHH 3aJdHHOTO ypaBHEHHS MOXHO HAXOAHTE 1O O6HYHOMN (p0p~

[Tpumep. Pemnte ypaBHeHue
x—=3x+(3—i)=0.

IpuMensas BuBefeHHYIO GopMyJay, moayuaeM:
3 ]/'9 , 3,1
r=st V) 76— =55 V=34
Ipu nomotk MeTofoB § 19 MBI HaxomuMm:

V—=3F4di=4 (1+2),

x=24i, x,=1—i.

a noatomy

Ky6uannie ypasheHuss. B otaumuyme ot caydyas KBaApaTHHX ypas-
HeHHH, 0O CHX noOp Y HAC He Ou/I0 MeTOdAa AJA pPelleHHS KyGHUHHX
ypaBHeHHH pawe B caydae medcTBHTeNbHHX Ko3adduuuentos. Ceituac
Mbl BuBeHeM A1 KyOW4HHX ypaBHeHHH dopmyny, ananoruunyimo ¢op-
Mylle AAs KBaAPATHHIX YpaBHeHHH, NMpHYeM cpa3y AOMYyCTHM, YTO KO-
5PpDHINEHTH SBAAIOTCH JIOONMH KOMIVIEKCHHIMU 4HC/I2MH,

[lyctp maHo ky6GuuHOe ypaBHeHHE

V¥ +ay+by+c=0 (M

¢ MOGHIMH KOMOAEKCHHMH KO3bduiHeHTaMu, 3amends B ypasueHuu (1)

HEM3BECTHOE ) HOBHIM HEH3BECTHHM X, CBfi3aHHLM C ) PaBEHCTBOM
a

Yy =x_—3— ) (2)

MB TIONYYHM YpaBHEeHHEe OTHOCHTE/JIbHO HEH3BECTHOrOo X, HE COZepKa-

uiee, KaKk JerKko MPOBEPHTb, KBAAPaTa STOLO HEH3BECTHOTO, T. e.
ypaBHeHHe BUAA

X+ px+q=0. (3)

Ecau GyayT nailienn Kopuu ypasuewus (3), TO, BBUAY (2), MH noay-
YMM # KOpPHH 3amaHHoro ypasuenusa (1). Ham ocraercs, cremosaressHo,
HaYYHTbCA pelaTb «HemoJHOe» KyOHuHoe ypasneHue (3) ¢ MoGHMH
KOMIIeKCHhIMH Ko3(duLreHTaMH,

YpasHenne (3) o6namaer no OCHOBHOW TeopeMme TPeMs KOMILIEKC-
upMu kopHamu, Ilycte X, 6Gyaetr nw06ofi us aTux kopHe#. Beenem scno-
MOTrarte/lbHOE HEH3BECTHOE U M PACCMOTPHM MHOCOUJEH

f(u)-—-uz—-xou—% .
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Ero ko3dduinenTn —— KOMIIEKCHEIE YHCTa, M T03TOMY OH 061a13eT OBy M1
KOMIVIEKCHHIMHE KOpHsMu o ¥ [, npuueM, no ¢opmynam Bbera,

a+p =x, 4
ap=—2=. (5)
MMoncrasasa B (3) Bupawenne (4) KOPHA X, Mbl MOAYHHM!

(¢+pY¥+pre+p4+g=0
a® 4 B2+ (3af 4 p) (@ +4-P) -+9=0.

Oxaunako u3 (5) cneayer 3uf +p==0, U NO3TOMYy MH nONyYaeM:

HAH

o+ p3=—gq. (6)
C apyrofi cTOpoHM, u3 (5) BHTEKaeT
P =—2. (1)

PasenctBa (6) u (7) nokaswpaioT, uto uncaa a3 u f3 cayxar kop-
HAMH KBAaAPATHOTO YPABHEHHA

z’—}—qz————O 8)

C KOMMNJeKCHWMH KO3pduLHeHTaAMH.
Pemas ypashenue (8), M mnoayuum:

- q*
‘2 + l/ 27 !
orkyzal)

o q q’ ¢, 9
a—]/i7+l/7+27' VT

Mu npuxoaum K cnepytowedt gopayre Kapdarno, Bupakaiouieh Kopai
ypaBHeHust (3) uepe3 ero ko3PPUUHEHTH NPH MOMOIHK KBAAPATHHX
H KyOHUHBIX PaRHKANOB:

xp=a+B= ]/—3+ T+ +]/ I VT

Tak kak kyO6uuHbl paanka’a uMeeT B Mojne KOMNIAEKCHHX YHCeA TPu
aHaveHusn, To dopmyanw (9) Aal0T TPH 3HaueHus 4NN o ¥ TpH Aaa f.
Heaban, oanako, npumensis ¢opvyny Kapnauo, xomGunuposath aioboe
3HayeHue paianKana a ¢ AO6kHM 3HavyedueMm paaukana §: Ana AaHHOTO
3HayeHust @ caenyeT 6paTh aAuub TO M3 TPex 3HayeHuHi P, koropoe
yAOBAETBOpPAET YCAOBHIO (3).

) BespaanuuHo, KaKofl u3 KopHefll ypapHeHus (8) npuuAThb 32 o u Kakoh —
sa f% Tak kak o u § B paeeHcrBe (6) u (7), a Takxe B BhpaxeHHe (4) ana x,
BXOAAT CHMMETPHYHBIM 06pa3zomM.
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fyctb o, Gyaer nwbGoe n3 Tpex 3Hauenu#t paauxana . Toraa ABa
APYTHX MOKHO NOJNY4HTb, Kak moxkasaHo B § 19, yMmuoweduem o, Ha
KyOHuHHe KOPHH & U €% M3 eAnmHHub:

- —_ 2
A, =08, oy =0,8%
O6o3naunm uepes f; To w3 Tpex 3Hayewnd paaukana f, KOTOpoe COOT-

BETCTBYET 3HAYEHHUIO O, PAANKANA & HA OcHOBaHHHU (5), T. e, A, = —-g— .

Nsa apyrux svadenus P Gyayt

P.=PB.e, By=B,¢%
Tak xax, Bsuay e¥=1,

— . 2 3 __ — P
APy =a,e-p,e?=a,B,e’=ap, =— 3,
TO 3HAYEHHIO O, PAaAMKaNa o COOTBETCTByeT 3Hauenue i, panukana f;
aHANOTHYHO 3HAYEHUIO @y cooTReTCTRYyeT 3nadenue f,. Takum obpasowm,
BCe TPH KOPHA ypasueHus (3) MOryT OuiTh 3anucatbl CAeLyIOWUM 06Pa3oM:

x,=a,+B,,
Xy =0, +Py=0,e4-p,e?, (10
xg=o05+pB,=a,82Be.

KyGuunble ypaBHeHHsi ¢ HefcTBATENbHbIMH KO03dpuuueHTamu. [lo-
CMOTPHUM, YTO MOWHO CK232Th O KOPHAX HEMOJIHOrO KYyOUYHOT O ypaBHEHHS

3 —
X +px'+“7—0, (l])
ecnyu ero K03(p¢llu"€liTH AeHCTBHTENbHNI, Okasueaerca, 4TO B 3TOM

2 3
Clyyae OCHOBHYIO PO/b HrpaeT 3HAK BHPAKEHHH 14--{-%7-, CTOSLLErO

B ¢opMyne Kapaano noa 3HakoM KBaaAPATHOTO KOPHA., 3aMeTUM, 94TO
3HAK STOrO BhIPaWeHHs NPOTHBOMOJNIOKEH 3HAKY BhiDAWEHHH

43— 0Ta% — KA i
D=—4p>—27g2 = 108(4+27),

HA3bIBaEMOTO Quckpumunanmosm ypasHeuus (11) (cp. nuwe, § 54);
B AatbHeMunx GopMyaUpoBKaXx OyAEeT HCIIOAb30BATHCH 3HAK AUCKPHMH-
ttavTa,

1) Mycre D <C0. B stom cayvae B ¢opmyne Kapaano noa 3nakom
Ka¥AO0r0 H3 KBAaAPATHWX PaNHUKAJOB CTOUT MOJOWHTEAbHOE YHCIO,
a MO3TOMY MOJ 3HAKOM KawAO0ro U3 KyOHUHLIX PAaJHKA/N0B OKAa3biBAIOTCH
neficTBuTeAbHbB e yncna, OaHako kyOHYHBE KOpeHb 13 1edCTBUTE/ b-
HOTO YHCAA MMEET OAHO AEHCTBHTENBHOE H ABA CONPHKEHHHIX KOMIIEKC-
nnix 3auenns. [lyctb a; 6yner peficTBHTeabHOE 3HaveHHE paalKala q
toraa 3uavedue B, padmuxana f, cooTBeTCTByIOUlEe O, HA OCHOBAHHH
Gopuyan (9), Takke GymeT AeHCTBHTE/NbHHLIM BBULY AeHCTBHTEIbHOCTH
uncaa p. Taxum obpasom, kopeup x;=o, + B, ypasuenus (11) okasu-
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BaeTcs aeHcTeHTenbHbiM, [Ba Apyrux KopHs Mul HafiieM, 3ameHnss B dop-
myaax (10) nacrosinero nmaparpada KOpHH H3 eAHHHUL €=¢€, H 82 =g,
HX BhipaweHnumu (7) us § 19:

=—a#-;—ﬁ‘+i l/—3°‘1;31,

__a1+f51_- % —P.
=—— zl/3——2 ;

9TH 1Ba KOPHA OKa3WBAIOTCA BBHAY NeACTBATEILHOCTH YnHcenr &, H f§,
COMPSIKEHHBIMH KOMIIJIEKCHBIMH HUCAAMH, npHueM kKo3DHUHEHT NPH MHu-
MOM 4acTH OTNHYEH OT Hy/sA, TaK Kak o, 7= f,,—3T uncaa fBAAIOTCH
3HAYEHHAMH Pa3JHYHBX KYOHUYHHLIX PafiHKaIOB.

Takum o6paszom, ecau D<CO0, mo ypasnenue (11) useem oluwn
Oelicmeumess sl U G8Q CONPANCEHHBX KOMMACKCHHMX KOPHA.

2) Mycts D=0. B stom cayuae

~VTE -V

Mycth @, Oyner neficTBUTEe/NLHOE 3HAYEHHE PadnKana ¢; Toraa f, Takwe
6yner, BBHUAY (D), NMeHCTBHUTENbHHM 4YHCIAOM, npuuem a,=4f,. 3amenun
B dopmynax (10) B, uyepe3 o, H wHcnNoOAb3ys OueBHAKOE PABEHCTBO
g+ e2=-—1, MH ROAYYHM:

N

X, =20, x,=o;{ete)=—a,, x;,=oa,(+e)=—0c,.

Takum oGpasoM, ecau D=0, mo sce rwopnu ypasnenus (11) deii-
cmeumenoHbl, nputes 08a U3 HUX PAGHL Mexcdy cobol.

3) Myctb, vakoneu, D> 0. B atom cayyae B popmyne Kapaauno noa
3HAKOM KBAaJPAaTHOrO KOPHS CTOUT OTPHILATE/bHOE LeHCTBUTEAbHOE UHENO,
a mo3TOMY noA 3HakaMuH KyOWYHHWX PpaZuKaloB CTOAT COMPSINKEHHHE
KOMIJIeKcHbe uyncana, Takum o6pasoM, Bce 3HayeHHs palukalos o u f§
OynyTt Tenepb KommaekcHuMH uyncaamu. Cpean xopHe#t ypasvenus (11)
JOKeH, OLHAKO, CoAep¥aTbcd XOTS OW oaud peilcrBuTeabHui. [Tyctb
3T0 6ymeT KopeHb

x1="0ty + B,
Tak kak melcTBHTENbHH W CyMMa uucen o, ¥ P, # HX npousBendeHne,
paBHoe —-%, TO 4HCaa O U P, conpsmxeni Mexay CoG0H Kak KOPHH

KBaAPATHOrO ypaBHeHns ¢ AeHCTBUTEAbHLIME KO3ddunenTami, Ho Torpa
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COMpsweHH Mexay coboit m uncna a,e u Bye3, a Takke uncna o, B
Boe, OTKyZa creayer, 4TO KopHu ypasueuus (11)

Xy =048 +Poe?,  xz=01y8% +- P8

takke GyAyT AelCTBHTENbHHMH YHCAAMH,

Mu noayyuau, uTo BCe TPH KOpHa ypasHeHnsa (11) neficTBurenbhm,
NpHYEM JerKo MOKa3aTh, YTO CPeAM HHUX HET PaBHEX. B camom nene,
B OPOTHBHOM CJy4ae BHOGOP KODHA X; MOWHO OO Obl OCYUIECTBHTD
TaK, YTOOH HME/I0 MeCTO PAaBEHCTBO Xy==X,, OTKyAa

o, (e— &%) =B, (e—g?),

T. e, 0=, 4TO ABHO HEBO3MOXHO.

Takum ob6paszoM, ecau D >0, mo ypasnenue (11) umeem mpu
Pa3sAuinuix OelicmeumersHbX KODHS.

PaccmoTpennnit cefiuac mocneanuét cayyafl nokassBaeT, yTo NPaKkTH-
yeckoe 3Hauyenue (opmynw Kapnano Becbma HeBenuko, B camoMm nene,
xotg npu D >0 Bce kopHu ypaBHeHust {11) ¢ nefAiCTBUTEAbHBIMH KO3-
¢$uuuenTaMi SBASIOTCH AeHCTBHTENbHLIMH YHCIAMH, OLHAKO Pa3biCKaHHe
ux no ¢opmyne Kaprano tpebyerT u3B/ieueHHs KyOHYHHX KOpHeH H3
KOMIIEKCHHIX YHCeJ, YTO Mh yMeeM Jenath /JHIb NepexoaoM K TPHro-
nomerpuyeckol Qopme stux uyucen. [lostomy sanuch kopuefl ¢ no-
MOLIBI0 paJHKAJZOB TepseT npaxkTHueckoe 3Hauyenne, [lpn nomouu
MeTOLO0B, BLIXOASHINX 3a PaMKH Hamel kHury, MOxHo 6uin0 6bl AOKa-
3aTh, 4TO B PAcCMaTPUBAEMOM ciaydyae KOpHH ypaBHenus (11) Boobute
HUKZKHM Cr10cOo60OM He MOTYT OHTb BhipaMeHw 4epe3 KO3IDPHULHEHTH
TIPH NMOMOLIY PaKMKANOB ¢ AeHCTBUTENbHHIMH MOAKOPEHHBIMH BhIpawe-
HuaMH. DTOT cayyail peweHus ypasHenus (11) naswBaercs Henpusoou-
M4 (He CMEWMBATh ¢ HENPHUBOAMMOCTBIO MHOrO4JieHOB!),

Mpumepn. 1. Pemurb ypasHeHne
¥+ 3y2—3y—14=0.

floacraHoBka y=yx — 1 OpHBOAMT 5TO ypaBHeHHe K BHAY

x3—6x—9=0. (12)
3neck p=—6, g=—19, nostomy
AT .
st =3>0

T, e, ypasHenue (12) umeeT oAWH AefiCTBHTENbHBII H ABA CONPSIKEHHBIX KOM-

3/6 7T 3,3 _2/9 T 3,
niaexcHuIx kopHa. Ilo (9) o= ]/-—2—+7=;/8, p= 1/—2———2-=/1 .
Toatomy oy =2, B;=1, 1. e x,=3 [Ba ApPYTHX KOPHA Haiinem no dopmy-

aam (10); xz=—%+i 1/2‘—3, x3=—%—i lf2_3
Orcroza caesiyer, 4to KOPHAMH 3aJaHHOCO YDaBHEHHS CJYKaT uucjaa
5 ,.V3 5, V3
y1=2, y2=‘—?+l—2-—, y3=__§._1 5
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2. Pemruts ypaBHenHe
x¥—12x+16=0,

3necy p=—12, g=16, nosromy

¢, P
5 tor =0
Orciona cregyer: o= f/:_S, T. €. a; =—2, [osToMy
Xy=—4, xq=x=2,
3. Pewnts ypaBHeHie
x#—19x4+30=0.

3necs p=—19, ¢=230, nmostomy
A A
4 27 27
Takum o6pa3oM, ecan octaBaThca B 06JacTH AefiCTBHTENbHHX uHcesd, dopMyna

Kaprano x sroMy ypaBHEeHHIO HeMmpHMEHHMA, XOTA €ro KOPHAMH ABJAAIOTCA Rell-
CTBHTEJbHHEE uucaa 2, 3 u —b,

<0

YpaBHeHUl 4eTBepTOH cTemeHH. PeuleHne ypaBHEHHS YeTBEpPTOi
CTeneHu

yi+ayd byt +oy+d=0 (13)

C NPOU3BONbHHMH KOMMJIEKCHBIMH KO3Q(HUHEHTAMH CBOAHTCA K pelie-
HHIO HEKOTOPOTO BCIOMOraTenbHOro xy6Gu4Horo ypasHenus, Jlocturaerca
9TO C/ACAYIOUIUM MEeTOAOM, MpHHadaewauum PeppapH.

[MpeaBaputenbto ypaBHeHHe (13) moactanoBKo# y=x—% NMpHBO-

IHTCA K BHAY
x4+ px? - gx -l r=0. (14)

3aTteM 1eBad 4acTh STOTO YpaBHEHUs ClelyIouiMM 06pa3oM TOXAECTBEHHO
npeo6pasyeTcs MPH MOMOIIM BCOOMOraTe/bHOro napamerpa o

p 2 p
x4 +px2+qx+r=(x2+—2-+a) +qx+r— —4——oc2 — 20x% — pa
Hiau

(xz —|—-§- +a)2—- [anz—qx—{— (\a’—i—poc—r—l—ﬂ‘:‘—)] =0. (15)

[TonGepem Teneph o Tak, YTOGH MHOTOUMEH, CTOSUMA B KBaAPaTHHX
ckoOkax, cTain nojkuiM kBaapatoM, Jasg 9TOro oH AO/MxeH HMETb OAHMH
ABYKPATHLI KOpeHb, T. €. LOMKHO HMETb MEeCTO DaBEHCTBO

9:—4.20 (a”—i—pa—r+—’l—z-)=o. (16)

PasenctBo (16) sBAsieTcs KyGHUHBIM yPaBHEHHEM OTHOCHTEIbHO HEU3BECT-
HOFO O € KOMMAeKCHuMH KosdduunentaMn, D10 ypaBHEHHE HMeeT, KaK
Mbl 3HaeM, TPH KOMMaeKcHuX KopH#A. [lycTh ¢y GyAeT ONMH K3 HHX; OH
Beipaxcaetca BBHAY dopmynn Kapaano npu nomowu panukanos 4epes
k03¢¢uunenTH ypaBHennsd (16), T, e. uepe3 koapduunent ypasuenus (14),
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[pn 3ton BuOOpe 3HAYEHHS N4 O MHOTOUYMEH, CTOSUHI B KBaApaT-

HeiX ckobGxax B (15), uMeeT ABYKpaTHHWH KOpeHb %, W [03TOMy ypas-
0

Henne (15) NpHHHMAET BUI

(.\:2 + g-—{-oco)a— 2at, (x ——q—>2=0,

4o,

T. €. OHO pacnajgaercd HAa ABA KBAAPATHHLIX YPABHEHHHA:

T
x2—l—V2—ocox+<%+ao__2 Vqﬂ)=0‘ (17

Tax xax ot ypasnenus (14) k ypaBHenuam (17) Mo NPHILAH NPH
MOMOUH TOWAECTBEHHWX mnpeobpaszoBanui, To kKopuu ypasHenuit (17)
SyAyT CHYKHTb KOPHSMH H And ypasuenus (14). Jlerko Buierb BmecTe
C TeM, 4TO KOpHH ypaBHeHHn (14) BbIpawkaloTcs 4yepe3 kK03IQDUUHEHTH
MpH NOMOLLK panukanos. Myl e 6yleM BHNHCHBATh COOTBETCTBYIOUHX
¢$opmysl BBHAY HX TDOMO3AKOCTH H NPaKTHYeCKON 6ecnone3HOCTH, He
CTaHeM TaKwKe MCCAedOBATH OTIEAbHO CJyyaH, koraa ypasHeHue (14)
uMeeT gefcTBHTeNbHbE KOIDDUILHEHTH.

3ameyanus 06 ypaBHeHusiX BBICHIMX cTeneHeil. B 10 Bpewms kak
MeTOZaMH pellieHHs KBALpaTHLIX YpaBHeHUH BAajen eme ApeBHHE TPEKH,
OTKPHTHE H3/J0XEHHHX BLILIE METOAOB PeELIeHUs YpaBHenud TperTbeil
W yeTtsepToi crenenn oTHocutces Kk XVI Beky. [locie atoro noutu 1pn
CTO/METHA POJAOMKAAHCE Ge3ycreulHnle MONKTKH CAENaTh ClAeAYIoHUi
war, T. e. HalTH QOPMYJN, BHPaWaoLHe NPH AOMOILH PaABKaA0B KOPHH
MoGoro ypaBHesus nsTON crenenwn (T. e. ypaBHeHHs naToH CTenedu
cO6yksennumu kodphuunedtamu) yepes ero xoapduuuenTo. Ity
NONKTKY [PEKPaTHAHCh JUillb nocae Toro, kak AGeiab B ABAANATHX
rOXax npolll1oro Beka 10Kaszal, 4To TakHe GopMyan Ans ypaBHeHuid n-H
creneHy npu NoOoM n == 0 3aBeAOMO He MOryT OnTb HaH/LeHH.

Aror pesyabrat AGenst He HCKJI0Ya/n, OAHAKO, BO3IMOXHOCTH TOTO,
YT0 KOPHH BCAKOTO KOHKPETHOI'O MHOrQUJeHa ¢ HUCAOBHMU K03 (u-
UHMEHTAMH BCe e KakuMm-a160 cnocoGoM BhIpawaloTed 4dcped kosd@u-
UMEHTH [PH NMOMONIH HEKOTOPOH KoMOHHALNM PaAMKANOB, T. €., KakK
NPUHATO FOBOPHTH, YTO BCAKOE ypaBHeiwHe PpaspellMo B pajdHKanax.
[MonsocThio BONPOC 06 yCJAOBHSX, NPH KOTOPHIX AaHHOE ypaBHeHIlie pa3-
peuiuMo B paaukanax, 6ua uccaeioBad [anya B TpHANATHLIX FOAAX Npo-
waoro sexa, Oka3anocb, 4TO LMt BCHKOTO 7, HAUHHASA C /1==0, MOXKHO
yKa3aTb HepaspewiMnie B PaiMKanax ypaBHeHHA n-H cTeneHu nawxe
c uenouncAeRHMA Koadgguunentanu, Takum Gyaer, HanpliMep, ypaBHenite

x5 —4x—2=0,

Hccaenosanna Taaya okasanau peulaiouiee BAMSIHUE Ha JNanbueitwee
passrTHe anre6pnl. Wx namoxenue we BXOAUT, OAHAKO, B HAWIM 3a4auH,
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§ 39. Ipavuum xopHei

Mul 3naewm, 4TO He CyliecTBYeT METOAA A/ PA3HCKAHH TOYHBIX 3HAYe-
HHi KOpHel MHOTOY/NeHOB C YHCAOBBIMH ko3pduitneHTamu. Tem He Menee,
caMmple pasinyHble NpofieMu MeXaHiKH, QU3HKH H BCEBO3MOMHBIX OTpac-
Jeil TeXHHKH CBOAMTCS K BONPOCY O KOPHSIX MHOTO4/EHOB, NPHTOM HHOT 13
JA0CTATOYHO BRICOKHX cTeneHel. JTO 0OCTOATEABCTBO ABHIOCH MOBO/OM
JJ15i BECbMA MHOTOUYMC/AEHHbIX HCCAeA0BaHU{, HMEBIIHX Le/bI0 HAYYHThCH
eNaTh Te HAH HHble BLICKA3LBAHMS O KOPHAX MHOrOW/IeHa C YHCAOBLIMH
koadduuieHTaMn, e 3Has 3THX KopHedl, Mayuancs, nanpumep, Bonpoc
O PacmoN0oWeHNH KOpPHeH Ha KOMNJAEKCHOH MI0CKOCTH (yCJAOBHS, npu
KOTOPbIX BCE KODHH /1€KaT BHYTPH €AHHHYHOLO Kpyra, T.e, mo MOAY:1IO0
MeHblle eIHHHILL, U yCJI0BHS A5 TOr0, 4TOCH BCE KOPHH JIEXKA/H B JIeBO#
NONYNAOCKOCTH, T. €. UMEAH Obl OTPHLATEbHBE AEHACTBUTE/NbHLIE YACTH,
v T. A.). Jag MHOTOY/IEHOB ¢ AeHCTBHTENbHBIMH KO3(dHLHeHTAMH pa3pa-
6aThBANHCh METOLKW OMpeleNesHds 4ucaa HX AeHCTBHTENbHBX KOpHEi,
Pa3biCKUBANKCh TPAHHILI, MEXKAY KOTOPLIMII 3TH KODHH MOTYT HAXOLUTHCH,
u T. A. Hakoneu, MHOro uccnenoBanuii 6610 NOCBAIEHO METOAAM NMpH6G.IU-
WEHHOTO BLIYHCAEHHH KOPHEH: B TeXHIYECKHX NPHAOKEHHHX OOHYHO
LOCTATOYHO 3HATb JHUL NPHOIMIKEHHBIE 3HAYEHHS KODHEH C HEKOTOpOH
3apaHee JaHHOM TOYHOCTLIO M eC1M Oni, HanpuMep, KOPHH MHOrOYAeHa
Jdaxe 3anUcHLIBANHCL B PaduKalax, 3TH palHKanb BCe PABHO Ohiau O
3aMeHeHB HX NPHOIMKEeHHLHMH 3HAYCHHAMHA,

Bce 3tH HCece 0BaHNS COCTABAMNY B CBOE BPEMSt OCHOBHOE COAEpIKa-
Hie Bhcured anreOpnl. Mot BKJIOUaeM B HAIL KYPC AH1Ib BecbMa He6OAbILIYI0
4acTh OTHOCHILNXCS CI0OAA Pe3yAbTaTOB, IPRYEM, YYHTHBAS NepBOOYEpPEa-
Hbie MOTPEOHOCTH NMPHAOWEHHH, OrPaHHYEBAEMCHA CAYYAEM MHOCOY/EHOB
¢ AeUCTBHTENbHLIMM KO3(pPHUHEHTAMH H HX AeHCTBUTENbHMX KOpHEH,
AHllb HHOTAA BbIXOAS 33 3TH pamku. [Ipn atom mu Gyaem cucremMatu-
YeCKH paccMaTpHBaThb MHOTOYMEH f(x) ¢ AeAcTBHTEAbHHWMH KOIDdHILIH-
eHTaMy KaK (HeUPEPLBHYIO) ACHCTBUTEABHYIO (PYHKUHIO A€HCTBHTENbL-
HOTO MEePEeMEHHOro X M BCioAy, rie 91o 6yaer nonesuo, 6yseM NpHMEHATH
pe3yaAbTaTh H MCTOMAK MATEMATHYECKOrQ aHanusa.

Hceneposanue neilcTBuTeAbHBLIX KOpHeH MHOrovaena f(x) ¢ aefictau-
TeAbHLIMH KOIDPHIHEHTAMI [10/1€3HO HaYHHaTh C PaCCMOTPeHUst rpaduka
3TOr0 MHOTOWIEHA: OelicmBumerbHbBLMIL KOPHAMYE MHO20%.IEHA Gydym,
0%egudno, alcuucco mouex nepecedeHuss ezo ZpaguKa ¢ ocvlo X U
nMoAbKo OHU.

PaccmoTpum, Hanpumep, MHOrOu/eH AATOH CTenexu

h(x)=x5%-42x% —5x3 4 8x%2 - Tx—3.

Ha ocxoBanuu pe3ynbTatoB § 24 0 KOpPHSX 9TOrO0 MHOTOYIEHA MOWKHO
yTBEPKAATH CAEAYIOUIEE: TAK KAK €r0 CTENeHb HEYeTHA, To ki (x) o6ralaer
XOTA Ohl OAHUM ACHCTBHTENbHLIM KOPHEM; €CAH We YHCAO AeHCTBUTENb-
HBIX KOpHeil 60/bllle €AHHHIB, TO OHO PABHO TPEM HJAH MNTH, TaK Kak
KOMIJIeKCHble KOpHH [10MapHo COMpPSMeHb,

9 A.T. Kypow
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Paccmorpenne rpaduka MuorousneHna £ (x) nossonser ckasatb 6oabliue

o ero xopHsix. [Moctpoum stot rpadux (puc. 9)1), Gepa aniup Uene

3HAyeHust X M BHUHCAAA COOTBETCTBYIOuiHe 3HaueHus A (x) xora Gu
metoaoM [opHepa:

v
x h (x)
—4 | =39
-3 144
—2 83
- —1 18
0 -3
1 —_4
2 39

Mu BuauyM, yto MHOrouned h(x) so
, BCHKOM Cjlyyae HMEEeT TpH JeHCTBH-
' TeAbHBIX KOPHS — NOJMOXHUTEAbHbIH
KOpeHb o, H [IBa OTPHLATENbHBIX
KOpHAl O, U Cg, NPHYEM

T 1<oc1<2, —1 <a2<0’
4| =7 -2 7 NS =
4| ~9-2-7 — <o, <<—3.

Hudopmauns o (AeRCTBHTENBHHX)
KOPHAX MHOro4Y/eHa, noay4aiouascs
ot paccmoTpenud rpaduka, npaktu-

Puc. 9 yeCcKH OOLYHO OKa3nBAETCH BeCbMa

’ yaosiersoputeabHol. OnHaxko Kax-

AL pa3 OCTalOTCA COMHeHus, AelcT-

BHUTEALHO N HaMH HaHaenw Bce KOpHU. Tak, B pacCMOTPEHHOM MpH-

Mepe Mbl He [MOKa3adH, 4TO MpaBee TOYKH X =2 W JeBee x:=—4

yxe HeT KopHelt MHorouiaexa. Bosblwie TOro, Tak Kak Mu Opany auulb

LeT04YHCAEHHNE 3HAYEHUS X, TO MOWKHO HOMYCTHTb, YTO MNOCTPOEHHbIH

HaMu rpadrK He BIOJHE TOYHO OTPawaeT HCTHHHOE mosBefeHHe (yHK-

uun k(x), He yuynTnBaer, GHTb MOXeT, ee O60/ee MeJKHX KoJjaeGanui
H NMOITOMY YNycKaeT HeKOTOpbie KOPHH.

[IpaBna, MowHO 6H10 6n MpH NocTpoeHnH rpaduxa 6paTh HE TOABKO
LeT04YHCAeHHBle 3HaUYeHHA X, a 3HA4YeHHsd ¢ TOYHOCTHIO A0 0,1 uau 0,01,
AtuM, OOHAKO, CPa3y 4pe3BHYARHO YCAOKHHAOCH OW BHUMCICHHE 3Haye-
Huil /2 (x), B TO BpeMs KaK OTM@UEHHHIE Bhillle COMHEHHS OTHIOAb He Ghlau
66 AHKBHANPOBAHH., C APYrofi CTOPOHH, MOXKHO GHJAO On METORAMH

1) Ha pucyHke mMacwutal mo oCH y B3AT B AeCATb Pa3 MEHBIIHM, 4eM M0 OCH X.
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MaTeMaTHYeCKOr0 anaau3a HCC/aenoBaTs PyHKUHIO & (X) HA MaKCHMYM o
MUHHMYM H TaKUM DYyTEeM CPABHUTb HAUl rpaduK C HCTHHHKLIM NOBELEHNEM
(YHKILHH; 9TO NPHUBOJAHMT, OAHAKO, K BONPOCY O KOPHHX NPON3BOAHOM
R’ (x), T. e. K Takoil e 3amauve, Kax ¥ Ta, KOTOPOH Mbl 3aHUMAEMCH,

Orciona BuTeKaeT NOTPEGHOCTL B 6ojee COBEPIIEHHHX METOAAX AN
pa3sbiCKaHuil TPAHHIL, MEXAY KOTOPHIMH PaCNoNoWKenw AeHCTBHTE/NbHLIS
KOpHHE MHOTOYJeHa ¢ AeHCTBHTeNbHuMH Ko3dduuueHTaMu, 0 44 onpe-
lenenus yucaa stux xopuel. Ceftuac M 6yaeM 3anHMaTbCA BONPOCOM
O rpaHuunax geficTBUTEAbHHX KOpHeH, oTnecs sonpoc o6 ux
yycae K chaedylomum naparpadam.

Iloka3zarenbCcTBO JeMMn O Moaysae crapuiero yiexa (cum. § 23) ywe
AaeT HEKOTOPYIO FpaHuIly Ans monynelt kopHelt Muorounena. He#ctBu-
TeJpHO, nosaras B HepaBeHcTBe (3) § 23 k=1, M noayyaem, 4TO NpH

¥l =1+ o, (1)

rae a,—crapmn#t koapduuredr, a A — MakCHMYM MOAYaell OCTaNbHHX
KO3 }puiIeHTOB, MOAY/Ab CTapulero yjaeHa MHOrouaeda Goabie MOAYyAst
CyMMH BCEX OCTa/JbHLIX HN1E€HOB, a MOITOMY HUKAKOE 3Ha4eHue X, yAOB-
jneTBopsiolee HepaBenCTBY (1), He MOMET CJAYXHTb KOpPHEM 9STOro
MHOTOYJIeHA.

Taxkum oGpa3oM, 048 mHoz0useHa f(X) ¢ 20ObMU HUCA0BBIMU KO0 IDH-

puyuenmany wucro 1—|—|a—l cayxcum sepxHeil epanuneli oA Mmody-
0

neil 8cex e2o KopHell, Oelicmeumenvnsix u xomnaexcrwx, Tax, pia
PAcCMOTPEHHOTO Bhille MHOrouneHa k(x) 9To# rpanuuefi, esuay g, =1,
A =8, caykHT uyncio 9.

Ota rpaHuila OOLIYHO OKA3KBAETCH, OHAKO, CANIIKOM BHCOKOH, 0CO-
GeHHO eCcAH Mb HHTEepecyeMCd JHIlb FPAaHRIAMH AeACTBHTENbHEX KOPHEH,
Cefiuac 6yayT H3/10WeHH APYrue Metoas, Goaee TouHue. [Ipu stom cae-
LYeT NOMHUTD, YTO €C/IH YKAa3bIBAIOTCA MPAHHUILLL, MEW LY KOTOPHMH LOMKHK
coaepwathca AEHCTBUTENbHHE KODHH MHOTOY/JE€HAa, TO 9THM BOBCE
He YyTBepxXIAaeTcsd, YTO TaKHe KOPHH HAa CaMOM lene
CyuUlecTBYIOT.

[Mokawem cHauana, 4To Gocmamouno Yymems HAX00UMs AUWL Gepx-
HIOI0 2DAHUNY NOAOHCUMEAbHHX KOpHeld 2106020 mHo2012eHa. B camonm
aejte, NycTb LaH MHOTouneH f(x) creneHu n u nycTs N, Gyner mepx-
Hell rpannuefi ero mnonowHTenbHmx kKopued., PaccMorpum MHorodaeuss

ot =x7 (),

92 (8) =/ (—),

95 () =2/ (=) :
u Hallmem BEPXHNEC TPAHHUN HUX MOJOXHTEAbHLIX KOpHeﬁ; nyCcTh STO

Gyayt cootsercrBeHHO uucaa N,, N,, N;. Torpa wuucao Nl—éydem
1

¥

9.
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HUXCHell 2panuliell NOAOHUMEAHBX KOpHeld MHO20%.1eHa f(x): ecau o

|
ecTh NOJ0XHUTEAbHHWA KOpeusb f(x), To < OyieT NOAOKHTENbHHM KOpP-
{ 1
neMm Aas @, (x), u u3 —O?<N1 caeayer °‘>F‘ Aunanornuio #ucaa
1

| . .
—-N2 u - N cCAydcam coomeemcmeseHHo HuUxcHell u gepxXHel epanuygamni
3

ompugamesbrbix Kopuell MmHozodaena f(x). Takum o6pa3om, Bce no-
NOKHTCALHWME KOPHH MHOrOY/eHa f(X) yZOBIETBOPAIOT HEPABEHCTBAM

1
W <<x <N, Bce OTPpHILATE/IbHLIE KODHU — HEPABEHCTBAM
1

. 1
—N, <<x <_N— .
3
Ona onpexencuun BepxHell rPaHULLK N0J0KHTENbHHK KOPHEH MOWHO
npuMeHnTsL cneaywuiiii meroa. flyers aan muorouien

/W =ax"+ax""1+ . +4a,

¢ AeHcTBUTEAbHNMH KO3DGuuHenTamu, npuueMm a,> 0. [lycTts, Raaee,
a,, k=1, 6yaert nepsuM N3 OTPHLATEAbHBX KOIDGHILHEHTOR; ecan Ou
TakHXx Ko3dhhHIHEHTOR He 610, TO MHOrounen f(x) soobuie He mor G
UMeTh MOJ0KHTEAbHHX KOpHed. Hakouew, nycts B 6yaer nanboabuias
13 a6CONOTHHX BEAKYHH UTPHLUATeNbHuX Kodhduunentos. Toraa wucao

¥ /B

I 1/ =

+ 2
CAYHUM BeDXHeld ZPAHULeIl NOLONUMERLHHX KOPHE MHO20%ACHA [ (X),
B camom mesae, nonaras £ > 1 u 3amends Kawiwi U3 koadpduunen-
TOB @y, @y, ..., @p_, YHCIOM HY/Ab, 3 KOXKAWH 13 KOIDPHUHENTOB g,

Qpity ~e.y @, —HHCAOM — B, MW MOMXEM AHUbL YMEHbIIUTL 3HAYEHHe
MHOTOQY.1€Ha, T. €.

n-kyy__

J0)= 0" = B A x5 o =gt — YL
T. €., BBHAY X > 1,

] B n=kal n=kq) -

JW0> e = =5 e w—1)—B. @)
Ecan

*/ B
x>1+4 -a—o- , (3)

TO, TaK Kak
ax* " (x—1)=B=a,(x— 1)*—B,

BhpaXeHne B KBaApaTHwX CKOGKax B dopmyae (2) oKawercs RONOWH-
TelbHBIM, T, €., BBHAY (2), 3HaueHHe f(x) OyAeT CTPOro NOJOKHTE/b-
HuM. Takusm oOpa3om, 3xauenud X, yAOB.IETBOPSIOUIHE HepaBeHcTBY (3),
HE MOTYT CJAYWIHTb KOPH#AMH Aasl f(x), 4TO H Tpe6GOBaIOCL A0KA3aTh,
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Oas paccMoTpenHoro Bhillle MHOTO4YNEHA h(x) aToT MeTom naer,
8BUAY =2 u B=7, 8 KayecTBe BepXHel TpanHllL MOI0KHTEAbHHX
KopHe#t yucao 1+l/7, 4TO MOXHO 3aMEHHTb GiAMwaliuuM OGOAbUWIHM
HeAHM yHcnoM 4,

M3 MHOroYHCneHHBIX APYFHX METOMOB Pa3niCKAHUA BepXHeH TpaHHilW
NOMOXHTENbHHX KOPHeH Mbl H3M0XHM elte Aulb semod Heromona.
DTOT MeTox 6omee rPOMO3LOK, 4YeM HINOMEHHHH BblIE, HO 3aTO AaeT
OGHYHO OYeHp XOpOWHH pe3yabTar.

Mycts nan MHOTOUAGH f(X) ¢ NeACTBHTENbHBIMH KO3D(ULHEHTAMHA
H NOAOXUTeNAbHHM cTapuiny koadduunenton a,. Ecau npu x=c nnozo-
waen f(x) u 8ce ezo nocaedosamenvubie npoussodnsie [ (x), f7(x),...
cooy S(X) npunumaom nosoxcumensubie 3HAYEHUS, MO YUCAO C CAY-
mum sepxmell 2paruyel NoOAOHUMENbHHX KOPHEl.

B camom aene, no dopmyne Tatnopa (cu. § 23)

FO=F0)+x—a) @+ x—ep @4 +("““)"ﬁ%(c') .

Mu BHAHM, Y4TO e€CAn X ==¢, TO cnpaBa OyAeT CTOATb CTPOTO MOAOKH-
TEJIbHOE YHUCAO, T. €. TAKHE 3HAYEHHA X HE MOTYT CAYKHTb KOPHAMH
ana f(x).

[lpn pasnicKaHHM AL AAHHOTO MHOTOMAEHA f{X) COOTBETCTBYIOLIErO
Y1CAA € ONE3HO MOCTYNATh CAeAyioutuM o6pa3om. [Tponssoanas £ ™ (x)=
= rnla, SABASETCA NONOWKHUTEALHBIM YHCAOM, NOITOMY MHOTOYAeH f =1 (x)
sBAsieTCH Bo3pacrtaloiteit pyukuuet x. CyuiecTByer, cieqoBaTenbHo, Ta-
KOe YHCAO ¢,, 4TO npu X ==c, npoussoaxas [~V (x) nonowurennbua.
Orciona cneayer, 4To npu x == ¢, npoussoanan f"~2 (x) 6yser Bo3pa-
crawue Qyukined x, nO3TOMY CyWECTBYeT TaKOoe YHCIO €y, €y == Cy,
YTO MPH X == ¢, npoussoaHas [~ (x) taxwe GyleT HONOKHTEALHOH,
IMpononxas panee, mn molinem, nakouel, A0 HCKOMOFO Yucaa c.

[TpumenunM Metoa HbiOTOHA K paccMaTphiBapuleMyCs Bhllie MHOTOWIEHY A (),
Mul umeeM:

h(x)=x5+4 2x4 —5x3 - 8x2—Tx—3,
h' (x)="5x%4-8x3 — 15x% + 16v —7,
h" (x) = 20x3 4 24x2 —30x -} 16,
' (x) =60x2 4 48x — 30,
RV (x)=120x + 48,
nY (x)=120.
Jlerko nposepuTh (XoTsi OB MeTOAOM [‘OopHepa), 4TO BCe 3TH MHOro4JeHH
nonoxutenbis npu x=2. Takuu o6pazom, uucao 2 cay«HT BepxHefi rpatuuei

NONOKHTENLHEIX KOpHE MHOrO4JeHa h (x)—pe3ysbTaT, MHOro Gogee TOUHbI,
YeM NOJIyYeHHBle BHiUle APYTHMH METOAAMI,
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[ng paspcKanuf HUKHel rpaHilibl OTPHLATEAbUBIX KOpHeft MHOrouneha i (x)
PaccMOTPHM MHOTOYJEH @q (x)=—h (—x)?). Tak kak

Pp (x) =x5—2x9—5x3—8x2—T7x 43,

G, (x)=5x3—8x®— 1522 — 16x —7,

q"'; (x) = 20x3 — 24x%2—30x — |6,

¢, (x)=60x2—48x—30,

gy (x)=120x—48,

q~¥ (x) = 120,
a BCE STH MHOTOYMeNH MOJOKHTENbHB, KaK JIerKO NPOBepHTL, NpH x=4, T0
YHC0 4 CAYKHMT pepXHell rpaHnilell MONONHTENbHbIX KOPHeH AR @y (x), H no-

5TOMYy unHC/N0 —4 Gyaer HuKHell rpaHHUel oOTpHLATeNbHHWX KOPHeR aas h (x).
PaccmatpuBas, HakoHel, MHOTOUJEHB!

@y (x)=— xth (-i—) =3x8 Tx4—8x34-5x2—2x—1,
g (x)=— x5 (— —:—‘-) =3x8 —Tx4—8x3—5x2—2x}1,

MH HailfeM AfAfi HHX, CHOBA NPpHMEHASRA METOA Helotona, B KasecTse BEPXHHX
rpanil NOJIOKHTENIbHBIX KOpHeﬁ COOTBETCTBEHHO uucaa 1 H 4, a MO3TOMY HHUXK-

. . 1
hefl rpaHnuell MOJOXHTENbHBIX KOPHefl MHOroujeHa f(x) CAYXHT YHCnO T=l,

1
pepxtefl e rpannuell oTpHUaTeNbHBX KOpHel — uHca0 -7
TakuM 06pasoM, NOJOKHTEJNbHBIE KODPHM Muorousena h(x) pacnonoxeHw
Mexly uncaamu ! M 2, oTpHuaTesbHBlE KOPHH—MEXAY HYHCAaMH —4 H -7

DT0T pe3yabTaT OveHb XOPOLIO corsacyercs ¢ TeM, 4To CHIIO HalileHO ebiwe
NpH paccMOTpeHHH rpaduka.

§ 40. Teopema lltypma

Tenepb Mu mepeliien K BONPocy O YHCAe AeHCTBHTEAbHHX
KophHeH mMmHorouneHa f(x) c ReHCTBUTCNAbHBMH KO3 Pu-
UueHTaMH, Mu 6ysem npH 9STOM HHTEPCCOBATHLCS KaK OGUIHM YHCIAOM
DelCTBHTENbHKWIX KOPHEH, TaK M OTAGNbHO YHCAOM MONOKHTEAbHHX H
YHUCJIOM OTPHIATENbHHX KOPHEW H BOOOLLE YHCAOM KOPHEHN, 3aKN0YEHHbIX
Memay 3anaHHHMH rpanuuamu ¢ n b. CywecTByeT HECKOAbKO METO/0B
And pasbiCKaHHA TOYHOrO YHCIA KOPHell, npuyeM BCe OHH BeCbMa rpo-
MO3AKH; CpeAl HHX 6oaee ynoGHbIM fiBasetcss semod Lllmypma, Koto-
puHt u 6ymer cefluac usnoKeH.

) Mu Gepem —#h (—x) BMecTO A (—x) noTomMy, YTO ANA NPHMEHHMOCTH
merofla HbioToHa crapwnit KosbohHuUHENT joaxeH GHTh NOJOKHTEAbHEM, Ha
KOpHH MHOTQYJIEHa Qg (x) 3Ta nepeMelia 3HaKa He OKA3biBAET, NOHATHO, HHKAKOIO
BAUAHKA,
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Beeaem cHayasa oZHO onpeieneHue, KOTOPoe 6YAET HCNO/Ib30BATHCA
B B caeldyiomem naparpade.

[TycTs naHa uexoropas ynopsooveHhas KOHEUHAas cHCcTeMa AHCTBIH-
Te/JIbHHIX YHCE], OTAHMYHHX OT HYJAd, Hanmpumep

1, 3, —2, 1, —4, —8, —3, 4, L. (1)

Bunuiuem mnocsenoBareNbHO 3HAKH 3THX 4YHCEN:
b
+| 'i') ) +’ Ty Ty T +v +0 (2)

Mul BuAMM, YTO B cHCTEME 3HAKOB (2) yeThpe pa3a CTOAT PAAOM NPOTil-
BOMOJOXHBE 3Haky, BBHAY 9TOro roBopaT, YTO B yNOPAJLOUYEHHOH CHCTe-
me (1) HMeIOT MecTO ueThipe rnepeseHb 3Haxod. Hucno pmepemed
3HAKOB MOWKHO MOACYHMTATH, MOHATHO, ANd NI060f ymopAsOYEHHOH
KOHEYHOH CHCTEMH OTJAHYHBIX OT HYAd AeHCTBHTEAbHHWX yHcen,

PaccmorpuM Teneps Muorousnes f(x) ¢ AeflcTBHTEAbHHNH K03(du-
IMeHTaMH, nprHyem O6YNeM NPeano/araTb, YTo MHOTOUNEH f(X) He n Mee T
KPaTHHWX KopHrel, TaKk Kak HHade Mu MOrAM GH ero pasienuThb
Ha HauGoapwiuil oOuui Aenutenp ero ¢ ero npouspoaHoll. Koseuuas
yNOpsA0YeHHAss CHCTEMA OT/JAHYHBLIX OT HYJA MHOCOYJIEHOB C XEeHCTBH-
TeabHMH Ko3DPuiHeHTaMH

fx)=fo (%), f1(%), fol%)y «ovy [ (%) 3)

Ha3nBaeTcss cucmemoli [llmypma ana muorouaena f(x), ecam sunod-
HHIOTCH caeaylomwne TpeGosanud:

1) CocezHue MHOrouneuw cHcTeMmn (3) He uMelOT OO6WEHX KopHeil.

2) [Mocaeannt muorounen, f,(x), He nMeeT AeHCTBHTENBHEIX KOPHEH,

3) Ecau oo— nefCTBUTEAbHBIE KOPEHb OAHOrO H3 [IPOMEXYTOUHHX
MHOTOUEHOB f, (X) cuctemn (3), 1 <<hk<<s—1, 10 f,_ (@) ¥ frq ()
HMEIOT Pa3Hue 3HaKH.

4) Ecan ao— neficteutenbunit Kopenb Muorousesa f(x), To npomus-
Bedenne f(x)f, (¥) MeHseT 3HaK C MHHYCA Ha M.I0C, KOTAA X, BO3pa-
¢Tas, NMPOXOAHT 4Yepe3 TOUKY .

Bonpoc o ToM, Beakui A MHorounen ob6nasaer cucremoit Llrypma,
Oyner paccMoTpeH HHwxe; cefiwac e, npeanoaaras, 4ro f(x) Ttaxo#t
cHcTeMOA o6n1agaeTt, mOKAXeM, KaK OHa MOWeET OuTb UCMOAb3OBAHA AA
HAXOWAEHUSt YHCAa ACHCTBHTENbHHIX KOpHEH.

Ecnn npeffctBurensnoe 4ucno ¢ He SBAKETCA KOPHEM JAAHHOTO MHOTO-

=neHa f(x), a (3)—cuncrema LltypMa nas 3TOrO MHOTOY/EHA, TO BO3b=
~MEM CHCTEMY AeHCTBUTE/AbHLIX uMCes

Fle) file) fale) ooy filo),

BBLIYEPKHEM H3 Hee BCe YHC/Ia, PaBHHE HYMO, H 0603HauuM uepes W (c)
®ey}iC/10 MePEMEH 3HAKOB B OcTasiueHcs cucTeme; OyaeM HasuBath W (c)



248 BHIYHUCJAEHWHE KOPHEHl MHOTOUYJEHOB . [ra. 9

HUCAOM nepemen 3Harxo8 8 cucmene L[lmypua (3) muozousena f(x)
npu x=cl).

Cnpaseasnsa caenylowas

Teopema Ulrypwma. Ecau delicmgumenssusie wucaa a u b,
a<<b, He asaomcn KopHAMU MHOZOUAEHA f(Xx), He umewumezo
Kpamnols KopHelt, mo W (a)= W (b) u pasnocme W (a)— W (b) pasna
yucay Oedcmsumensuslx KOpHell MHO204AeHA [ (X), 3aKsiodeHHbx
Mexcdy a u b

Takum ofpasom, ans onpeaelcHHs 4HCAA AeHCTBHTENbHWX KopHei
MHOrouneHa f(X), 3ak/ioueHHHX Meway @ H b (HamoMuHaeM, 4yTo f(x)
Mo yc/I0BHIO He HMeeT KPATHBIX KOPHEH), HYXHO /ML yCTAHOBHTS,
H4CKOTBKO YMEHbIIAETCH YHCAO fepeMeH 3HakoB B cucteme Llrypwma
9TOr0 MHOrOY/JIeHa ApH nepexojae OT a K b.

Has goxasatenbCcTBA TEOPEMbl PACCMOTPHM, KaK MeHstieTCs yneao W (x)
npu Bo3pactanun x. [loka x, Bo3pacTtas, He BCTPETHT KOPHA HU OAHOTO
H3 MuorodneHos cuctemn lltypma (3), sHaky MHOrOY/IEHOB 3TOH CHCTEMN
ne OyNyT MEHATbCH, H no3ToMy yucao W (x) ocranerca 6e3 v3MeHeHHs.
Beuay storo, a Taxwke BBHAY YCA0BHH 2) U3 OuUPeAENCHMH CHCTeMH
Illtypma, Ham ocTaerc# paccMOTPeTh [ABA CAyYas: Nepexod X vyepes
KOpeHb OAHOrO U3 (POMENYTOUHHX MHOTOWIEHOB f, (X), | <<k <Cs—1,
H MEPexXo; X 4Yepe3 KOPEHb CaMOro MHorouneua f(x).

[Tycts o Gyner xopHem MHorouneHa f,(x), 1 <<k <<s—1, Toraa,
no ycaosuio 1), f,_ () u fo,,(®) oranuns ot uyas. Mowno HadTy,
CNefOBaTENbHO, TaKOE MOJIOWHUTENbHOE UYHCAO €, OLITb MOWET H O4eHb
Mazoe, 4TO B OTpeske (X—g, & &) MHOrOWIeHH f,_; (X) 1 fo . (X)
HEe HMEIOT KOPHEH 1l MO3TOMY COXPAHAIOT MOCTOSMHHIE 3HAKH, OPHYEM,
no ycaosuio 3), sTH 3Haku pasdanunw. OTC0Aa Caeayer, uTo
Kaxnasi U3 CHCTEM uucea

fk-»l(a—e), fk(a_e)’ fk+l(a_e) (4)

b3
Jrr(@18), frl@-t8), fa (a+e) (5)

o61alaeT pOBHO OAHOH mnepemeHolt 3HAKOB HE3aBHCHMO OT TOrO,
KaKkoBb 3Haku uucen f,(x—e) u f, (a4 ¢€). Tak, nanpumep, ecan Muo-
rouned f,_,(xX) Ha paccMaTpHBaeMOM OTpPe3Ke OTpHuATENeH, a fy,, (x)
noioxurtened u ecan f,(a—e)>0, f.(x+4¢e)<<0, To cucreman (4) u
(D) COOTBETCTBYIOT CHCTEMH 3HAKOB

— +1 +; = -, +.

Takum 06pasoM, npHu nepexoie X uepe3 KOPeHb OIHOrO U3 NPOMEKYTOY-
HHX MHOrouneHoB cuctemw llITypma nmepemenn 3HaKOB B 3TOH cHcTeme

1) Camo coGofi pasyMeercsi, 4TO MepeMeHH 3HakoB B cHcTeMe ILITypma mHo-
rounexa f(x) He WMeEIOT HHYero obLIEro ¢ NepeMeHOli 3HaKa CaMOro MHOTOYJeHa
i (x), npoucxonsueit OT NPoOXoMAeHHS X Uepe3 KOPeHb 5TOr0 MHOroYJeHa.
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MOTYT /Hllib nepeMeniaTbcy, HO HE BO3HHKAIOT BHOBL H HE HCUE3AIOT,
anosToMy yucao W(x) npu TakoM nepexone He MEHHETCH,

[lycTh, ¢ mapyroil cropoub, o GyNeT KOPHEM CamMoro AaHHOro MIO-
rounena f(x). flo ycnosnio 1) o e Oyaer koprem aaa f, (x). Cynie-
CTBYeT, C/leloBaTeNbHO, TAKOE (0J0XKHUTEIbHOE YHCIO g, 4TO OTPE30K
(a—¢€, & 4-€) He comepxuT KopHe# MHorounesa f| (x), a mostoMy f; (¥)
COXPaHAeT HAa ITOM OTpe3ke nocTosinnm# 3nak. Ecan stoT 3nak nono-
WHTE/EH, TO BBHIY YyCJAOBHA 4) CaM MHOToOu.IeH f(x) mpu nepexope X
4epes o MeHseT 3HAK C MHHYCA HAa WI0C, T. €. f(x—e) <0, fla--€)>0.
Cucremam uucen

floa—e), fila—e) u fla+e), filx-te) (6)
COOTBETCTBYIOT, CJEeALOBATE/NbHO, CHCTEMW 3HAKOB
A + H +’ '{'"

T. e. B cHcreme lltypma Tepsetcd oAHa nepemena., Ecan xe
3Hak f, (x) Ha oTpe3ke (®—g, o --€) OTpHlATENEH, TO CHOBA, BBHAY
ycaosus 4), mHorowaeH f(x) MeHsieT 3HAK C N/IIOCAa Ha MHNYC [(pH Tie-
pexole x yepes &, T.e. f(a—e) >0, flx+€) <0; cucremam uucea (6)
COOTBETCTBYIOT Tellepb CHCTEMBbl 3HAKOB

+, — H -, —,

T.e. B cucreme llrypmMa cuoBa Tepsercs oaHa nepemMexa.

Taxum obpasom, #ucao W(x) mensemes (npu sospacmanun x)
Ade npit nepexode X 4epe3 KOpPeHb MHO20AeHA [ (X), nputes 8 smor
CAyiae OHO YMECHbULAEMCS DPOBHO HQ e0UHULY.

3tuM JgokasaHna, ouesuano, teopema llrypma. dna Toro utobu
BOCIO0b30BATbHCH €10 AN pa3hiCKaHus OONEro 4ncia NeHCTBHTEAbHHX
KopHe#l MHOrouseHa f(x), AOCTaTOYHO B KauyeCTBe 4 B3ATb HUKHHI
npejen OTPIHIATENbHHX KODHel, B KauecTBe O— BepxHuil npejes noJo-
WuTenbHuXx KopHelt, [Ipouie, opHaKO, NOCTYNHTL CAGAYIOWLUEM 06pa3OM,
Beuny nemMbl, nokasanHolt B § 23, cyuiecTByeT Takoe NOJOKHTEAbHOE
yuca0o N, GHTh MOKET M oueHb GoJbIIoe, 4TO npi | x| > N 3uakn Bcex
Muoro4neHos cuctems LTypma 6yayT coBnagath cO 3HaKaMH UX CTapUINX
uyneHoB. MHWIMH c0BaMH, CyuieCTByeT CTOAb 60Jbli0e NOAOWHTEALHUE
3HAYEHHC HEH3BECTHOrO X, YTO 3HAKHM COOTBETCTBYIOLLHX €My 3HAUeHHil
BCEX MHOrounenos cHcrtems LllTypma coBnagawT co 3HakaMmu HX crap-
wHX KosdduuueHTOB; 3TO 3HAYEHHE X, BHIYHCIAATL KOTOPOE HeT
HeoOXOAUMOCTH, YCA0BHO oGo3Hayaercs cumBonom oo. Cyutectsyer,
€ ApYro#l CTOPOHbLI, CTOAb 60Jbiioe 10 a6CcoaI0THON BemiduHe OTpPHILA-
Te/NbHOE 3HAUEHHE X, YTO 3HAKH COOTBETCTBYIOUIMX €My 3HaueHuft mno-
rounexoB cuctemsl LTypma coBnagaioT co 3HakaMu HX CTapUInxX Ko3g-
dbuupneHToB AA% MHOTOYNEHOB YETHOH CTENeHy H MPOTHBOMONOWHL 3HA-
KaMm crapuinx Ko3pHUHEHTOB AN MHOrOUY/EHOB HEYETHOH CTEMeHM; 3TO
3HaueHUE X yCA0BHMCH 0603HAYaTh yepe3d — co. B oTpeske (— oo, oo)
COZEpPKATCH, OMEBHAHO, BCe ACHCTBMTE/NbHbE KOPHR BCEX MHOTOU/ICHOB
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cuctemnl LllTypMa u, B 4aCTHOCTH, BCe AeHCTBHTEAbHHE KOPHH MHOIO-
unena f(x). llpumenss k stomy orTpesky teopeMmy llrypma, Mmuw Hafi-
AEM YHCIO 3THX KopHeH, npuMeHewue e Teopemn Ilitypma k orpes-
Kam (—oo, 0) u (0, o0) naeT COOTBETCTBEHHO YHCIO OTPHUATEABHHX
H 4YHCI0 MONOWHTEAbHHX KODHeHl MHOTOuneHa f(x).

Ham ocraercs nokasats, 4to 8carxud m1020unen f(x) c delicmeumens-
R Ko3ppunuenmarny, ne uMziomuld Kpamnbx rxopueli, obiadaem
cucmenmoid Llimypma. W3 pasnnunbix MeTOMAOB, HCOOAb3yeMbIX And
NOCTPOEHHS TaKOH CHCTEMH, MH H3/10XHM OXMH, Haubonee ymnoTpebu-
reabuntil. [loaokum fi (x) =f (x), uyem oGecneumBaercs BLINONHEHHE
ycnosud 4) us onpenenenns cucrembol Lltypma. JeitctBurensno, ecan
o — NeHCTBUTEAbHEIA KOpeHb MHorounena f(x), 1o Jf' (a)#0. Ecan
S @>0, 1o f{x)>>0 B OKpeCTHOCTH TOYK4 «, a no3ToMy f(x) Me-
HAET 3HAK ¢ MHHYCAa HA MJIOC MPH Nepexone X yepes o} 3TO Ke BEpHO
TOrAau AAs npoussenenus f(x) f, (x). Ananoruusble paccyxaeHus NPOX0-
mat u B cayvae f'()<C0. demum 3arem f(x) Ha f, (x) u oCTaToOK OT
9TOro AeNeHHs, B3ATHH ¢ OOpPaTHHWM 3HaKOM, NMPHHHMaeM 3a

J2 (x):
S x)=f1 (%) q, (x) — [z (x).

BooGuie, ecan muorounenn f,_, (x) u f, (X) yxe naftnenu, 10 fh, (%)
Oyner oCTATKOM oOT Aaenenus f,_, (X} Ha f, (x), B3sTHIM C OOpaTHHIM

3HAKOM:
Se-1(X) = Fp (%) g, (X) = Fryq (). (7

Wanoxennnit 3nech MeTon oTauvaercs oT aaroputma Eskanaa, npu-
MEHEHHOTO K MHOrowileHaM f(x) u f'(x), Juwb TeM, 4TO y ocTraTKa
Kaw i pa3 MeHseTcd 3HaK Ha o6paTHulil H Caedyloulee AeNeHHe MPOH3-
BOAHMTCH YK€ HA OTOT OCTATOK C O6paTHLIM 3HaKoM. Tak Kak npu pasu-
ckannd HauGoabliero obuiero AenauTens Takas MNepeMeHa 3HAKOB He
CyulecTBeHHA, TO HAW MpOLECC OCTAHOBHTCA HAa HekKoTopoMm f(x),
ABIAVLIEMCS HAHG0AbIIHM OOUIHM JenuTeNeM MHOTO4IEHOB f(X) u f (X),
NpHYEM K3 OTCYTCTBHA Yy f(X) KPaTHHIX KOpHeH, T. €. H3 ero B3auMHOMH
npocToT ¢ f'(x), 6yAeT CnenoBaTh, YTO Ha caMoM Aene f, (x) siBaseTca
HEKOTOPWM OTAHYHBM OT Hy/as AeHCTBHTENbHHM YHCIOM,

Orciona BHTEKAaeT, YTO MOCTPOEHHAsA HAMH CHCTEMa MHOTOY/IEHOB

@) =/fol¥), [ @)=/ (x), falx), ..., fi{x)
ynoBjeTBOpAeT H YCIOBHIO 2) u3 onpeieneHus cuctemu ltypma. [asa
JL0Ka3aTeabCTBA BHNOAHEHHH yca0BHs 1) NpeanoioknHM, YTO COCEAHHE
MHorounenn f,(x) u f,.,(x) o6nranaioTr o6wHM kopHeM o. Toraa,
no (7), o OyneT KOpHeM K ana MHorouneHa f,_, (x). Tlepexoas k pa-

BEHCTBY )

Sr-2 ¥) =Fr_ 1 (¥) g (¥) — Fir (%),
Mbl TMOJYUYHM, YTO & CAYWKHUT KOPHEM M AAA fi., (x). [Ipogonxan nanee,
MW TIONYYHM, 4TO O CAYXHT OOGUHM KopHeM AAa f(x) u f'(x), yTO
NPOTHBOPEYNT, OAHAKO, HAIUKM npelnoioxenusM, Hakoreu, Bunoanenne
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ycnosua 3) BMTEKAeT HEMocpeacTBeHHO U3 pasencTsa (7): ecan f, (@) =0,
TO froy (@) == — fp1 (@).

[Mpumenum metos UTypmMa ® paccmaTpusaBlIeMYCH B NpefblAylleM napa.
rpade mHorouneny

h(x)=x5+4+2x*—5x3 842 —T7x—3.

Mu He 6ynem mpu 9TOM nMpefBapHTE/bHO MpoBepATb, 4TO A (x) He HMeeT KpaTe
HbIX KOpHell, Tak Kak Merox mocTpoeHus cHcremsl LlITypma, H3noxeHHH T Bhilue,
OAHOBDEMEHHO CJAYXKHT JJ NPOBEPKH B3aUMHON MPOCTOTH MHOroOdYJeHa U ero
NpOX3BOAHOM.

Haitpem cuctemy llltypma ana h (x), npumensia ykasauuelil Meton. [1pu stom
B npouecce jeneHHs Mul 6yAeM, B oTayuHe OT ajaroput™Ma EBkanpa, ymuoxars
H COKpauaTh NHIIb HA TNPOM3BOJIbHEIE MOJNOXHTEJbHB € YHCAZ, TAK KaK
SHAaKH OCTAaTKOB HrpaioT B Metose LlTypma ocHosnywo posb. Mul moayuuM TaKyio
cHCTeMY!
h (x)=x®+2x*—5x® - 8x2—T7x—3,
hy (x) =5x% - 8x* — 15x2 - 16x — 7,
hy (x) == 66x3 — 150x2 - 172x + 61,
hg (x) = — 464x® 4 1135x + 723,
hy (x) = — 32599 457x — 8 486 093,
hy (x)=—1.

OnpefieHM 3HaKH MHOFOYJIEHOB 3TOfl CHCTEMBI MPH X==—c0 H X= 00, A4
yero, Kaxk G6blNO YKa3aHO, CJeAYeT CMOTPEeTh JIHIIL Ha 3HAKH cTapuiux ko3ddu-
UMEHTOS M Ha CTENEHM STHX MHOTOYJeHo8. Mbl MONy4HM Takyw Tabauuys

B () | A 0) | By () [y () [ Ay (1) [y () | IHCa0 mepe-

— | = |+ | = =1+ =] 4

S T S e e B

TakuM ofpasoM, npH nepexofe X OT —o K oo cucrema LUTypma rtepser
TP TepeMeHbl 3HAKOB, a MOITOMY MHOroused h(x) HMeeT pOBHO TpH AeficTsi-
TeabHHX Kopus, OTciofa BHAHO, YTO NpPH TOCTPOEHHH B NpeibAyuleM naparpade
rpadbHKa 3TOrO MHOTOYJIEHA Mbl He YNYCTHAM HH OAHOrO H3 KOpHeil.

[pumenunm meroa Lltypma K Apyromy mHorouseny, Gosee npoctomy. Ilycts

JaH MHOrouJesx
[(x)=x3}3x2—1,

Hatigem uHcno ero jneficTBHTEJbHLIX KODHell, a TaKXKe LeJHe rpaHHUbL, MEXKIY
KOTOPHIMH KaXAB# H3 3THX KOpHeil pacnoaoxed, npuveM He Oyjem CTPOHTB
sapance rpadHKa 37T0r0 MHOro4/eHa,

Cuctema lrypma gas MHorouneHa f(x) Gyner

[(x)=x343x2—|,
[ (x)=23x% 4 6x,
fo(x)=2x-+1,
s(n)=1,
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Hafizem yucsio mepeMeH 3HakoB B 3TOH CHCTEME fIPH X=—00 ¥ X =0
Uucno nepemex
F&) [ho | e ()] Fs () P akep
—o — + - + 3
o | 4+ |+ |+ |+ 0

MHuorouaen f(x) o6napaer, c/eoBaTe/NbHO, TPeMs NEHCTBHTEJNbHBIMH KODHAMH,
Ias Goee TOYHOro onpejefeHHs NOJOMEHHSA STHX KOpHefl NDONOMIKHM MpeLbl-
Aywyio Tabaumy:

1) | 10| Fa ) [ Fatx) | hieno mepe- :
x==3| — | + | — | + 3
x==2| 4+ | 0 | — | + 2
x=—1| + | — | = | + 2
x=0 - 0 + | -+ !
x=1 + |+ |+ |+ 0

Takum obpasoM, cucrema [ltypma mHorouwneHa f(x) TepseT mo oaHoR
nepemene 3HakoB npH nepexoge x oT —3 K —2, 0T —1 xk 0 u or Ok I,
Kophu @,, @, ¥ @3 3TOr0O MHOTOU/EeHa YNAOBAETBOPAIOT, CJAeAOBaTe]bHO, Hepa-
BEHCIBAM:

<y <—2, —1<a,<0, O<az<.

§ 41, Ilpyrne TeopeMbl O uucje ReACTBHTE/bHBLIX KOPHEi

Teopema lllTypMa nmoaHOCTBIO pewaeT BONPOC O YucAe AeHCTBH-
Te/AbHbIX KOpPHe# MHorousiexa. Ee cyniecTseHHM HEZOCTATKOM SIBAAETC,
O01HaKO, TPOMO31KOCTb BWYHC/AEHHH, BLINOAHSAEMBX MPH MOCTPOEHHH
crucremst Lltypma, kak uutatens MOr yGeAMThCst, NPOAE/Ias BCe BuYU-
CeHNs, OTHOCHAIHECH K [1€PBOMY H3 PAacCMOTPEHHBbIX BhilLie TPHMEPOB.
Bauay sToro cefivac OyAyT AOKa3aHW ABe TeOpeMu, He AalouiHe TOY-
HOTO YHC/A2 AeHCTBHTeNbHHX KOPHeH, a NUlIb OrpaHUYHBAlOULHE 3TO
WHCIO0 CBEPXY. OTH TCopeMmb, NPHMEHSEMHE TNOCAe TOro, Kak TnpH
nomown rpaduka 4YuCA0 ACHCTBUTENbHBIX KOPHEH Yywe OrpaHHyeHo
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CHH3Y, MO3BOAAIOT HHOTAA HAlTH TOYHOE YHCNO AEHCTBHTEAbHHX KOp-
ueit, He npuberast k merony LUtypma.

[lycte pan muorouned f(x) n-it cTeneHy ¢ neHCTBUTENbHHMH KO3~
¢uuHeHTaMi, MpHYEM LOMyCKaeMm, 4YTO OH MOWeT 0061al1aTbh KPATHBIMI
KOpHsMH, PaccMOTpHM CHCTEMY ero MocC/IeL0BaTC.IbHBX MPOH3BOMLHBIX

fy=FW), [, f), oo FO0 (), [ (), (1)

H3 KOTOPWX MNOC/AeAHsist paBua crapuieMy Ko3dOHIHEHTY @y MHOTOUY/ICHA
f(x), yMHoxetsHOMY Ha n!, H OITOMY BCe BpeMH# COXpaHfeT IOCTORH-
HL 3HaK. Ecau geficTBUTENBHOE YHCAO € HE CAYXHT KOPHEM HH OJHOTO
13 MHorousneHos cucremsol (1), To o6o3HayuM depe3 S(c) uncio nepemed
3HaKOB B YIOPSNOYEHHOH cucreme uicen

fle), fre), frle), vuny fR0(0), [ ().

Takum 06pasom MOKHO paccMAaTPHBATL UETOYHCACHHYIO dyHKuUIo S (X),
ONPEdeNeHHYIO A TEX 3HAYEHHH X, KOTopue He 06pawaioT B Hylb
HII OAHOTO H3 MHOCOYJEHOB cHcTeMW (1),

[TocmoTpiM, Kak mensiercst uucao S{x) npu BospacTtanun x. [loka x
He MpOoHLeT uYepe3 KOpeHb HH OLHOTO H3 MHOrou/leHos (1), uuciao S(x)
He MOWeT H3MeHHTbCA. BBHIAY S5TOro MH JOMKHW pPaccMOTpeTb ABa
cllyyas: NEpexol X 4epe3 Kopenb MHorounena f(x) u nepexon X uepe3
KOpeHb OXHOM M3 npousBoannx fP(x), 1<k<<n—I1.

[lycts o Gymer /[-kpaTunii KopeHb MHOTOudeHa f(x), /=1, T.e.

flay=f()=...=4"1(@)=0, f9()s£0.

[TycTh mo10wHTEAbHOE YHCNO € CTOAL MAlO, YTO OTPe30k (o — &, o+ ¢€)
HC COLEPKHT KOPHeH MHorounewoB f(x), f (x), ..., f*~V(x), oranu-

HBIX OT G, a TaKiKe He COAePWHT HH OIHOrO KOPHA Muorowiena f9 (x).
Lokaxem, 4TOo B cHCTeMe unced

f(a—-ﬁ), fl (CZ—S), o0y f(l-l) (a—E), f”’(a—s)

BCAKHC JBa COCCAMHX 4YBC/NIA HUMEIOT MPOTHBOMOJAOWKHLIE 3HaKH, Toraa
KdK BC€ YHCAha

flate), flate), ..., Y @+te), fOate)

HMECIOT OAHH ¥ TOT e 3HaK. Tak Kaxk Kawabil 3 MHOrOY/NEHOB CH-
ctemnl (1) aBasieTcs nPoOU3BOAHON OT NPeALAYUiero MHOrou/MeHa, TO HaM
HYXHO JHWb N0KA3aTh, YTO €CAH X NPOXOAHT YEPe3 KOPEeHb ¢t MHOrO-
unena f(x), To, HE3ABUCHMO OT KPAaTHOCTH 3TOrO KOpHfl, 10 nepexona
S(%) 1 f'(x) nMenu pasubie 3HaKH, a NOCAC NEPEXOAA MX 3HAKH COB-
nanaior. Ecau f(a—&)>0, To f(x) y6upaer ua oTpeake (X —¢g, a),
a notomy f'(a-—e)<<0; ecan ke f(o—e)<<0, To f(x) mo3pactaer,
u noToMy f'(a— &) > 0. B o6onx cayuasx, c1ea0BaTeAbHO, 3HAKH pa3-
maunel, C npyro#t croponw, ecan f(a-- £)>0, 10 f(x) BO3pacTaeT ha
OTpeskKe (, o + &), a noromy f’ (& 4 €)>0; anaaorununo 3 fla+e)<<O
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caeayer f' (- e) <<0. Takum o6pasoM, nocae nepexona yepes KOpeHb
o 3Hak® f(x) u f (x¥) monxuW coBnmamars.

M3 noxasaunoro ciaeayer, 4TO NpH nepexone x uyepe3 /-KpaTHuh
Kopekb MHoroulesa f(x) cmcrema

F), £, oo, SO W), O )

TepsaeT / nepeMeH 3HAKOB.
[Tycts o OyaeTr Tenepb KOPHCM MPOHU3BOMHKIX

L), fRw), L, YY), Ik sn—1, I,

HO He CAYXKHT KopHeM ni mas fF-=V(x), wu pas f**9(x). Tlo noka-
3aHHOMY Bulllle, TMEPEXOA X 4epe3 o BieyeT 3a cOBOH NMOTeplo B cHCTeMe

f"”(x), f"’+l’(x), ceny ftk+l-l)(x)’ f(k”’(x)

! nepemen 3nakoB. [lpasaa, 3TOT mepexoi co031aeT, BO3MOXHO, HOBYIO
nepemery 3HaKoB mewxay [V (x) u f®(x), oxsako, Beuny /> 1,
NpH nepexoie X 4epe3 o YHCAO NMepeMeH 3HAKOB B CHCTEME

FEP, FB@), SR, L R ), SR )

WIH He MeHdeTCd, uan ke yMmenpwaercs. OHO MOWET yMEHbIINTBCA npn
STOM MHlIb HA YETHOE 4YHC/O, TAK KAK MHOTOYJIEHM f""‘" (x) u fE+0 (x)
He MEHSIOT CBOHX 3HAKOB MpiH Nepexole X uyepe3 3HAYeHHe Q.

W3 nonyuennnx pe3ynbTaToOB BHTEKaeT, UTO ecAu uucaa a u b,
a < b He SIBAAIOMCR KOPHAMU HIU 0N OOHO20 U3 MHOZ04NCHOB Cli-
cmems (1), mo uucao Qeidcmeumenssusix roprell MHozo4seHa [(x),
SAKMOHEHHBX MeXHCOY a u b u nodcutumbisaembix KaAMOBE CmMoabko
pa3, Kaxosa ez20 kpamuocms, pasHo pasnocmu S(a)—S(b) uwau
MeHblite 3mol paA3HOCmIl Ha HemHoe HUCAO,

Has Toro 4tobn 0cnaGHTb OrpanHyeHns, HANOKEHHHE HA YHCAA @
n b, BBeneM crenyouwne o6o3nayenns. [IycTh neHCTBHTENbHOE YHCIO ¢
He -BIAETCA KOPHeM MHorouaeHa f(x), xoTd, ObiTb MOXET, CAYWKHT
KOpHeM A/ HEKOTOPHX Apyrux MHoroujeHos cucremn (1). O603nauuu
yepes S, (€) YHCNO nepeMed 3HAKOB B CHCTeMe wuucen

£, £ F1(e)y ey SRV (0), F (o), 2)
noacyuTnLiBaeMoe CJlellleUJ,HM OC\paSOMZ C¢CNH
SR =2 ()=, =D () =0, 3)
HO
SRV () #0, fE+D ()0, (4)

0 cuntaes f(c), pRED(g) L fEHEN () myerommwn Takol e
auak, kak y f**9(c); sro pasnocHABbHO, OuEBMAHO, TOMY, 4YTO NpH
noAcyeTe YBC/a nepemMed 3HaKOB B CHCTeMe (2) Hyam npeanonaranTed
suyepkHyTHMH. C mpyro#t cropomb, uepes S_ (c) 0603HaumM uHMCAO
nepeMeH 3HAKOB B CHCTeMe (2), NOACYHTHIBAEMOE CJCLYIOUIUM oékpa'aomz
eCIn HMeloT MecTOo ycaoeua (3) u (4), To cumtaem, uto fRti(c),
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0<<i<<[—1, nuMeer TakoHl xe 3uaK, Kak n ft9(c), ecan pasnocts
/—i 4eTHaf, U NPOTHBOMOJOXHLIK 3HAK, €CAH 3TA PA3HOCTH HEYETHad.

Ecan bl XxOTHM Teneps onpeaenutTh YHCA0 AEHCTBHTEAbHBX KOPHeit
MHOTOY/IeHA f(X), 3aK/IOYEHHHX MEXAY @ u b, a < b, npuyeM a d b e
AB/ISIOTCH KOPHAIMH f(X), HO c/yKaT, 6bITh MOXET, KOPHAMH A APYrux
MHOrOY/eHOB cucTeMs (1), TO nocTynaey ciaeaytowus obpasou. [Iycrs €
CTOMb Mano, 4TO OTPe3oK (@, a-+2e) He coaepkUT KOpHeH MHOro-
yleHa f(x), a TaKe OTAHYHLIX OT @ KOPHEH BCeX OCTA/IbHLIX MHOrO-
4NeHOB cHCTeMW (1); ¢ Xpyro#t CTOPOHH, AYyCTb 1) CTOAbL Majlo, HTO
oTpe3ok (b— 27, b) Takwe He COAEPWHT KopHed f(x) W OTAHUHBIX OT
b xopuell ocraabupix muorouneHoB cucteMmu (1), Toraa unrtepecyiouee
HAC YHCIO AefiCTBHTENbHBX KOpHEH MHOrouneHa f(x) 6yaeT pasuo uucay
JefCTBHTEIbHBIX KOPHEH 3TOro MHOroW/IeHa, 3aK/JIYEHHHX Mex1y a-} e
H b—m, T.e, no MOKazaHHOMY Boile, pPaBHO pa3HocTH S(a-+&)—
— S (b—m) naun smeHbie 3TOH PasHOCTH Ha yeTHoe 4uc1o. Jlerxo BH-
AeTb, OJHAKO, YTO

S(a+e)=S$, (@, Se—m)=S. (@)

StuM Kokaszaua cieayiouias

Teopema Bwonana—®ypbe., Ecau delicmeumensrsie wucaa a
u b, a<<b, ne A8ATIOMCA KOPHAMU MHO20%AeHa [(X) ¢ delicmeume.is-
HOLAL Koaduyuenmani, mo 4ucao OelicmeumerbHux KopHeli 3mozo
MHOZ0UNEHA, 3QAKMOUEHHNX MeNCOY a i b u nodctumugaesbx ra-
JHCABLE  CMOAbKO pa3, KAK08A €20 KPAMHOCMb, PASHO pA3HOCMU
S, (@)— S_ (b) uau menswe smol paznocmu Ha wemHoe 4ucio,

OG6o3HauuM CHMBOJIOM 00 CTO.1b 60/bLIOE MOMOKHTEILHOE 3HAYEHHE
HEI3BECTHOTO X, UTO 3HAKH COOTBETCTBYIOLIUX eMy 3HAYCHIIH BCeX MHOrO-
yiaenoB cucrembl (1) coBpamamlT co 3HakaMmu UX crapunx xoddpduunes-
toB. Tak kak atumn kospduunentamu GyLyT NOC/IELOBATENbHO 4YHCAA
ag, nag, n(n—1)Yay, ..., nlay, 3HaKH KOTOPHX COBMNALAIOT, TO
S{o0)=S8_(00)=0. C npyro#i cTopoHb, TaKk Kak

fO)=a, fO)=0a,,, f(0)=aqa,_,2!,
70 =a,_33Y, ..., [P (0)=a,n,

rae ag, @y, ..., @,—ko3pduuuenTH MHorounexwa f(x), To S, (0) co-
BMajdaeT ¢ 4uCJOM NMepeMeH 3HAaKoB B cHcreMe Ko3dduumentoB Muoro-
uynena f(x), npuuem xodpdHUMEHTH, DaBHBIE HY/IO, HE YYHTHBAIOTCS,
Taknm o6pasom, npumensa Teopemy biogana— Pypobe K oTpesxy (0, oo),
MB MIDHXOAUM K CjAeldyloule# teopeme:

Teopema Hdexaprta. Yucao noaroxncumersnbix xopHeli sHozo-
yaeHa f(x), 3actumbiBaemblx Kaxncouili cmosbKko pa3, Kakose ezo
KpAmKocms, pasrno HUCAY NepesMen 3HAKO08 8 cucmeme KoIPPuyuen-
mos 3mozo MmHo20MAeHA (liputes pasHbie HYUO KoIgPunuenmb He
YHUMBBAIOMeR) uAl MeHbUie 3MO2Z0 HUCAG HA LemHoe HUCAO,

Hdns ompesenenust 4iucia OTPHUATEIbHHX KOpHe# MuoroyaeHa f(x)
A0CTATOYHO, O4YEBHAHO, NPHMENUTb Teopemy Jlekapra K MHOrodneny
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J{—x). Ilpu sToM, ecan HH onAHH H3 KOS(DHLHEHTOB MHOrOYNEHA f ()
He paBeH HYJl0, TO, OYEBHIHO, MEPEeMEHaM 3HAKOB B cucreme ko3pdu-
LHEHTOB MHOTOYJNEHA f(—X) COOTBETCTBYIOT COXPAaHEHHUSN 3HAKOB
B cucreme koaduuHeHTOB MHOTOUREHA f(Xx) H o6paTHo. Takum o6pason,
ecau mMuozouaen f(x) He umeem pasnvix HYawo rxosdiunuenmos, mo
HUCA0 €20 OMPUNAmMeNbHblX KOpHel (CHUmAeMBX ¢ UX KPAMHOCMAML)
PasHo Hucay coxpawenuli 3HaxKos 68 cucmeme Ko3DPuyuenmos uau
MeHbIE €20 HA HemHOoe 4UCAO.

Yikaxem e€nie onHO A0Ka3aTenbcTBO TeopeMmu Jdekap-
T a, He onupatouieecs Ha teopemy bionana — dypoe. Jlokaxkem cnauana
CACAYIOILYID JIeMMY:

Ecau ¢ >0, mo uucso nepemen 3naxos 8 cucmetse roaghgunien-
mos mHozounena f(X) MeHblte HUCAQG nepeMern 3HAKO8 8 CUCMeMe
Koadhgbuyuenmos npouszgedenun (x-—c) f(x) Ha Hetemmuoe 4ucao.

He#ictBuTensHo, cobupas B CKOGKHM CTOsULHE PALOM Y/I€HH OLHOTO
3HaKa, 3anuueM cAenywuHuy obpa3omM MHorouacw f(x), ctapunit ko3¢-
GHIHEHT @y KOTOPOTO CUYHTAEM NOJNOKHTENAbHBIM:

J)=(ax"+ ...+ bt —(axh bRty L
vt (=D (@b Lo b1 xT). (5)

3necr >0, ¢;, >0, ..., a, >0, B TO Bpemss Kak b,, by, ..., b,
NONOKHTENbHE WA PaBHK Hymo- oaHako b,,, cyuTaem cTpoOro noAO-
KHTEAbHBM, T. €. x', rae £==0, sBasercs Haumeubmen CTeNeHbIO Heus-
BECTHOTO X, onnﬂmen B MHOroOYleH f(X) ¢ OTAHYHWM OT nyas Ko3(-
¢uunentom. Ckobka

(aoxn + ... +b1xk‘+l)

C1Yy4aliHO MOXET COCTOATh NPH STOM JHUIL H3 OMAHOrO CJAAraemoro,
a HMEHHO ToOraa, Koraa k, -+ 1 =n. Ananoruunoe 3ameuanue npuve-
HHMO H K ApyruMm ckoOkam cdopmyan (D).

3anuueM Temepb MHOTOW/IEH, PaBHWI MpoH3BedeHHID (x— C) f(X),
npuyeM OyaeM BLAEMITH JAHIWbL YieHH, COAEpPWALIHe X B CTENeHux

nd1, k41, ..., k41 1 £ M nonyuum:
(F—O) flx)=(aox" 1 + ... )— (g ¥ 4. ) +...
oo (=) @kt L b kY, (6)

rae a;=a,-+cb,., i=1, 2, ..., s, U Mo3TOMY, TAaK kak ¢ >0, Bce a:.
CTporo noAoXutenbHn. Takum obpasom, B cucTeMe Ko3(dHLHEHTOB
MHOrOWIeHa f(x) Mexay wieHamMu aox” H —alx""n (a Takke Mmexay uie-
HaMH —a,x" 1 a,x* u 1. 1.) 6una onna mepeMena 3HaKOB, a y MHO-
rounexa (x—c) f(x) mewxay COOTBETCTBleu.LHMH unenamu aox"*1 u

— @, x"*1 (COOTBETCTBEHHO MEKLY YNEeHAMH —a X Bl dox*a iyt 1)
6y;1e1‘ HAH OJHA NepeMeHa 3HAKOB, HJH 60nbu1e, HO TOCAA HENpeMeHHO
Ha yeTnoe unciao, Tounnie MecTa 3THX NepeMeH 3HAKOB Hac He GyAyT
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NpH STOM HHTEPECOBATH; MOMET CAYUYHTLCH, HAIPHMED, YTO KOIDPHIHEHT

npu x%*2 g (6) oTpuuareien, Kak B Kosdduiuenr —e,, a nostomy
MEWAY 3TUMHU ABYMs COCeLHHMU KO3(PHIUHEHTAMHU HET nepeMeHH 3HAKOB,
T. €. B NnepBo# crobke mepeMeHi 3HAKOB PAaCNONOWEHH THLE-TO PaHblie.
3aMeTHM Tenepb, YTO MOC/AENHAS CKOOKAa B (5) He COLEpkAna HHKAKHX
TnepeMeH 3HAKOB, B TO BPeMsl KaK MOCAeNHdsi CKO6KA B (6) HX COJEPXKHT,
HPUTOM HEUYETHOE YHUCAO: JOCTATOYHO YHeCTb, YTO NMOCAEAHHE OTAHY-
Hble 0T Hyns ko3QduiuneHTH MHOrouwnieHos f{x) u (x—c)f(x), 1.e.
(=%, n (—1)°*1h,, ;c, umeoT pa3unle 3HakH. Taxum o6pasom,
npu nepexone or f(x) k (x—c)f(x) oGuiee uuCAO MepeMeH 3HAKOB
B cHcTeMe KOS(HUIUUEHTOB HENPEMEHHO YBEJHYHBAETCH, NPHTOM Ha
HEYETHOE YHCA0 (CYMMa HECKOJNBKHX CllaraeMniX, OIHO H3 KOTOPHX
HEYeTHO, a OCTanbHbe 4YeTHHW, OyleT, MOHATHO, HeveTHoH!). Jlemma
Jl0Ka3aHa,

Ons  nokasartenbcTBa Teopemn Jlekapta 0003HauuM  uepe3
Oy, 0y, ..., Op BCE NOJOWHTENbHLIE KOPHH MHOTOuneHa f(x). Takum
obpasom,

f)=(x—a,)(x—a,) ... (x—a,) @ (x),

rae ¢ (x)-—MHOTOYNEH C AeHCTBHTEAbHLIMU Ko3(duuHenTaMH, Yxe HE
HMeOWHH MOoMOMHTEeAbHBX AeHcTBHTeAbHHX KopHed. Orcioia caeayer,
YTO NEPBLI B NOCACAHHH OTAHYHBIA OT HYAd KOIDPHUHEHTH MHOrQ-
ujseHa @ (X) OAHOro 3HaKa, T.e. CHCTeMa Ko3(pPHIIHEHTOB 3TOrO MHOro-
yleHa COACPXHT YETHOE YHC/AO NepeMed 3HakoB. [Tpumenns Teneps RoKa-
3dHHYIO BbIILE JNEMMY NOCAEAOBATENBHO K MHOrOYJNEHaM

@ x), (x—0oy) @ (x), (x—o0y) (x—a)) @ (x), ..., fix)

Mb MOMYYHM, YTO YHCAO TEpEeMeH 3HAKOB B cHCTeMme Ko03HUHEHTOB
KaXbH pa3 yBeIHUHBAETCH HA HEYETHOC YIIC/IO, T. €. HA eXHHHUY nAt0C
ueTHOE YHCIO, @ NO3TOMY YHC/IO MEepeMeH 3HAKOB B cHCTeMe Koaddwu-
LLHEHTOB MHOToOY/leHa f(x) Goablie 4ucaa £ Ha veTHOE 4YHCAO.

IMpumennuM Teopemwt [Jexapra u bBiogawa— dypne K paccMarpHBaBuIeMycs
BblllIeé MHOrOYJIEHY

h(x)=x%42x%—b5x®+ 8x% — 7x — 3.

Yucno nmepemen 3HaKOB B cucTeMe KO3pQUUHEHTOB DaBHO TpeM, W MO3TOMY,
no teopeme Jlekapra, A (X) MOXeT HMETb TPH WJH OAHH IOJNOXHTEILHHI KOPCHb.
C apyroit cTopoubt, h(x) He HMMeeT pPaBHBIX HYJIO KO3DPHUUMEHTOB, a TAK Kak
B cHcTeMe KO3(ppHUUEHTOB JBa COXPaHeHHA 3HAKOB, TO h(x) qu6Go HMeeT ABA
OTpHUATENbHLIX KOPHs, Au60 He HMeeT HH oaHoro. CpaBHHBas C pe3ysbTaTaMu,
NONyYeHHBIMH paHee mpH NOMown rpaduka, Mh NOJyuaeM, uTO Asa €CTb TOMHOE
YUCJIO OTPHUATE]NbHBIX KOPHEeH Hallero MHOrouJeHa.

Ias ToyHoro onpejeneHun uicjaa MOJOXKHUTENbHBX KOpPHell BocmoJb3yemcs
Teopemoil bBiogana —®dypoe, npuuem npuMenum ee Kk orpesky (l, o), TaK kKak
B § 39 yxe Gbln0 noKa3aHOo, 4TO | CAYXKHT ulKHeH rpaHuuefl M0JI0MHTEAbULIX
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KopHeit MHorouneHa h (x). IlocienoparesibHble NPOHM3BOAHEIE A (X) Takke Yxe
6uiny peimucannl B § 39. Hafizem ux snaku npu x=1 u x=o00:

b [ B @K@ R @ [ BV ) |8V g | THeao nepe.
x=1 — + + + I + + !
x=w | + | + | + + l + + 0

Orciofa cllelyeT, YTo CHCTEMA MPOM3BOAHHIX TepseT nMpH mepexofe x or 1 jo «
OJHy nepeMeHy B3HAKOB, a nos3TomMy h(x) ¥MeeT DOBHO OAHMH IOJIOXHTEJbHEIA
KOpeHb.

B ¢Bf3H ¢ 3TUM NpUMepoOM 3aMeTHUM, 4TO BOOOWUE MPHU Pas3HCKa-
HHUH YHUCJHA AEHCTBHTENbHLX KOPHEH MHOrouynleHa chne-
JyeT HAYUHATDL C NOCTPOeHHA rpadHUKa H NPUMEHEHHUH
TeopeMm Jekapra n boanana—Pypbe, Aumib B KPaUhHUX
cayyasx nepexond K moctpoeHuio cucrtemn rtypma.

Teopema Jlekapra AOMycKaeT HEKOTOPOE YTOYHEHHE B TOM UACTHOM
c1ydyae, KOrja 3apaHee H3BECTHO, UTO BCe KODHH MHOrou/neHa neHCcTBH-
Te/bHbie, KaK 3TO HMEeT MEeCTO, Hampumep, AN XapaKTEPHCTHYECKOro
MHOrOY/I€HA CUMMETpHYecKo# MaTpuuw. VimesHo:

Ecau sce wopHu muozousena f(x) delicmsumensrbie, a c80609HMWIE
HALH OMAUREH OM HYAT, MO 4UCAO Ky NORONHCUMERSHBX KODHel:
9mMo20 MHO204AEHA pABHO HUCAY S, nepesen 3HAKO08 8 cucmeme
€20 Kospgunuenmos, a uucao k, ompuyamesbHbiX IKOpHEE pABHO
HUCRY S, Nepemen 3HAKO0B 8 clcmeme KOIPPUUUERMO8 MHO204ICHE
S (—x).

JeticTBUTEbHO, NMPU HAUIUX NpPEANOJOMEHHAX

ky+ ky = n, M
rfe n—cCTenedb MHOrouneda f(x), u, no teopeme Hekapra,
ki<<sy, ky<<s,. ®)
Iokawem, 4TO
51+ s, <n. 9)

JlokasaTeapcTBO GyaeM BECTH MHIAYKUHEH MO 72, TaK KaK npu 7= 1
BBULY @o50, a,%0 nepeMeHa 3HaKoB HMeeTCd JHIb y OLHOFO
H3 MHOrO4/eHOB

F@=aox+a;, f{—x)=—aox+a,

T. €, LSl 9TOrO cayyas Sy -+8,=1, ITycts dopuyaa (9) ywxe nmokasauna
a1 MHOTOYAEHOB, CTeNeHb KOTOPHX MeHbuie 72. ECIH

f@)=ao"ta,_ 5ttt ag,



§ 42] NPHBNWKEHHOE BHIYHCJAEHHE KOPHEH 259

rae Issn—1, a,_,50, To nonoxum

gW)=a,_x'4...+a,

LT P=ac"+g(x),  fl—x)=(—1)"a0x"+ g ().
Ecan sy u s, 6yayr cooTBeTCTBeHHO uHCJa MepeMen 3HAKOB B CHCTeMax
KO3pHIUHEHTOB MHOrOY1eHOB g(X) H g(—x), To, MO HHXYKTHBHOMY
npeianonoxenuio (sicho, uro /= 1),
s'1 -f—s'2 </

Ecau /=n-—1, 10 nepemena 3HaKkoB Ha MepBOM MeCTe, T. e., AAs f(x),
MEXAY @ n a,=ga,_, OyaeT JAHWb y OLHOTO U3 MHOTOWIEHOB f(x),
f(—x), a nostomy

s, +S=8, 48, F1<l41=n.

Ecan me /<Sn—2, TO BO3MOKHM NCPEMEHH 3HAKOB HA MEPBHX MECTAax
Y KaW10ro H3 MHorouneHos f(x), f(—x), oasako ¥ B 3TOM Cayuae
S, S, <s +s+2<I+2<(n—2)F2=n.
Conocrasass (7), (8) u (9), nonyuaem, uto

ky=8y, ky=S5,,

Toraa

410 H TpeboBaNoCh AOKA3arh.

§ 42, NMpubaukenHoe BLIYHCIEHHE KOpHEi

M3nowennne B npeawecTsyoux naparpadax MeTOAH MO3BOJARIOT
NPOU3BECTH omdeseHlte NEHCTBUTE/NbHHX KOPHEH MHOrodaesa f (x)
¢ AeHCTBUTEAbHBIMH KO3 dHUHeHTAMH, T. e. AAd KaKAOr0 H3 KOpHeil
yKa3aTb TPaHHlUK, MEXILY KOTOPHMH HAXOAHTCS TOAbKO OLHH 3TOT
kopeHb., Ecau 3TH rpaHuus A0CTaTOYHO Y3KH, TO A1060€ YHCAO, 3aKAi0-
YeHHOE MY HUMH, MOWHO CYUHTaTb MPHOJIKEHHHM 3HAYEHHEM HCKO-
moro xopus. Takum oOpasom, nocae toro xak merozom LUrypma (man
KaKHM-TH60 ApyruM, 60/ee 3KOHOMHLIM cnocoboM) GyaeT yCTaHOBAEHO,
UTO MEeXAY PAaLHOHAJBHHMH YHCAAMH @ B b COAEPKUTCH NHLIb
OAHH KOpeHb MHOrou/neHa f(x), octaercs 3a4a4a HaCTOAbKO CY3HTb 3T
rpaHHUL, 4TOOH HOBHE rpaHuuum a’ b’ o6nazany Hanepeil 3aMaHHKWM
4HiC/JOM COBMANAIOUIHX MEPBHX JECATHYHHIX 3HAKOB; STHM HCKOMBIY

s OpeHb OyAeT BHIYHCAEH C 3a4aHHOH TOYHOCTHIO.

CyutectsyeT MHOrO METOAOB, MO3BOAAIOUHX AOCTATOYHO GHCTPO
B3XONUTh NPHOAHKEHHOE 3HAYEHHe KOPHS ¢ TpeGyeMOH TOYHOCTBIO., MH
% KaXeM ABa H3 HHUX, Teopetruyeckn OGoJjee npoctue U obugHe H npi

SOBMECTHOM YynoTpe6aeHHH H0CTaTOUHO OHCTPO NPHBOAALHE K LeaH,
CheayeT 3aMeTHTb, 4TO METOAMW, KOTOpHe 6yayT ceHuac H3/NOWKEHH,
IDUMEHHMbBl HE TOJAbKO K MHOTOY/IEHAM, HO H K 60/1ee IWHPOKHM K/AaccaM
fenpepuBHEIX QYHKUHH,

Byaem cuntath nasnblie, HTO @ €CTb MPOCTO # KOpeHb MHOro4JIeHa
& (%), TaK KaK OT KPATHHLIX KOPHeH Mbl BCEria MoweM OCBOGOLUTHCH,
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H 4TO KOpCHb G YK€ OTJA€/eH rpanunavu a H b, a <<a << b; ovciona
cledyer, B YaCTHOCTH, YTO f{(a) u f(b) MMEIOT pa3Hhe 3HaKH,
MeToa nuHeHOA MHTEPNOASUMY (HA3bIBAEMBIE TAKKE METOLOM
ROKHOTO NOAOXEeHHsH)., B kauectBe NpHOAIMKEHHOLO 3HaYeHHH
KOPHSi O MOWHO ObT0 On NMPUHATbL, HanpHMEp, NOJAYCYMMY TrpaHil a

a+b
H b, -J{—, T. €. CepeldnHy oOTpeska, HMewulero KOHUuaMH @ H . Bosee

€CTeCTBCHHO, OAHAKO, MPCANOJOKHTL, Y4TO KOpEeHb JewHT Oamwxe K Toil
U3 rpaHHll a, b, KOTOPOH COOTBETCTBYeT MeHbLiee No abCOMIOTHOMN Beau-
YHHE 3HA'EHHE MHOrow1eHa. Meroa aunefiwol HHTEPHOAALHH COCTOMT
B TOM, 4YTO B KauecTBe MNPHOIMWEHHOrO 3HauYeHHs KOPHs o GepeTcs
YHCIO ¢, neqsuiee OTPe30K (a, b) na uacTH, NPONOPLUOHANbHEE a6co-
JIOTHRIM BeJHuMHaM uucea f(a) u f(b), T. e.

c—a___ f(a),
b—c T )’

3HaK MUHYC B MPaBOH 4aCTH nocTaeiacH BBHAY TOro, 4to f(a) w f(h)
HMel0T pasnsie 3Haku, OTtciona
bf (@) —af (b)
= 7 . ]
F@—F ) M

TeomeTprueckH, Kak nokasmsaer puc. 10, MmeToa nHneHHON unHTep-
NOAALHI 3AK/NIOYAETCH B TOM, 4TO Ha oTpe3ke (a, b) kpusas y=f(x)
3aMeHsieTcst ee XOpAoOH, coeannsouleh Tou-
g y kn Ala, f(a)) n B(b, f()), n B kauecTBe
NPHOAHKEHHOTO 3HAYEHUSI KOPHH oL NpHHH-
MaeTcs abcumcca TOYKU NepeceyeHus 3TOH
XOpAKW € OCbIO X.
Meron Helotona, Tak kak o — npocroil

-4 I
g @ "\\1;'/&7‘” KopeHb MHOrouaeHa f(x), To f'(a) 5% 0. [Tpu-
¥4

S(a)

MeM, 4TO TaKwe H " (&) 5= 0, TaKk Kak nnave
BOIIPOC CBOAMTCH K BHIUNCJACHHIO KOPHI MHO-
rousena f7(x), HMEIOUErO MEHbLUYIO CTe-
Puc. 10. neub, yeM f(x). [Ipumenm, aanee, uto otpe-
30K (@, b) He TONbKO HE COAEPKHUT KOpHe
J(X), OTAHUHBIX OT @, HO I HEe COAEPKHT HIL
ORHOTO KOPHH MHOroudeHa f’ (x), a takwe u MHorounena f* (x)1).
Takum o06pa3oMm, kKak c¢aeayeT U3 Kypca MATeMaTHUECKOrO ananusa,
kpusas y=f(x) na otpesxe (a, b) nu60 MOHOTOHHO BO3pacTaer, JH-
60 MoOHOTOHHO YyObiBaeT, a Taxxe Ju60 BO BCEX TOYKax 3TOrC
oTpe3ka ofpauieHa BLINYKJIOCTbIO BBepx, Au60 B8O Bcex TOukax o6
pauena BWUYKIOCTbIO BHH3. B pacnonowennu kpugoit na orpesxe (a, b

1) Cyxenne rpanuu, npusojsliee K TOMY, 4To 3TO ycJoBxe GyheT yRosJe:
TBOPATLCA, AOCTHraeTcst o6bIlHO €e3 BCSIKMX SalpyAHEHHIl, TaK KaK MeTOAH.
H3JIOXKEHHble PaHee, NO3BOJNAIOT YCTAHOBHTL UHCJO KOPHEW MHorouyjenos [’ (x,
B [ (x) B moboM oTpe3Ke,
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MOTYT BCTPeTHTbCH, C/€AOBATENbHO, YETHPE CAyuyas, mpeiCTABACHHIX
Ha 4epT.11—14,

O6o3HauuM yepes @o TOT W3 NpelenoB a u b, B koTopom 3Hak f(x)
copmanaeTr co 3uakoMm f'(x). Tak kak f(a) u f(b) umelor pasnue
3Haku, a f"(x) coxpaHseT 3HaK Ha BCeM OTpeske (g, b), TO Takoe Qg
MOXET OWTb yka3aHno. B cayuyasx, npenctapiesuwx ua puc. 11 u 14,

yf J|
5 g
_la a @
4 s 7 0 1/ 75 T
A A
Puc. 11, Pue. 12

6ynet a@o= @, B ABYX APYTHX ClIyyasnx ag=>5b. B Toyke KpuBo# y = f(x)
¢ abcunccold ag, T. €. B TOUKE € KOOpAHHATAMH (ag, f(ao)), nposemem
KacaTeabHY10 K 9TOH KPUBOH M 0603Ha4uM uyepe3 d abeuucCy TOuKH
nepecedyeHnst aTtolt kacaveabHoH ¢ ocbio x. Puec. 11—14 [OKa3LBaIOT,

14 ¥
A A
| a4 - a s
/4 a d\d Ol a N T
8
8
Pnc. 13. Puc. 14,

YTO YUCNO d MOXHO CUHTATL NPHOAMIKEHHHIM 3HAYeHHEeM KopHa . Meton
HbloTOHAa COCTOHT, C/1€A0BATeNbHO, B 3aMeHe KPUBOH y=f(x) Ha oT-
pe3ske (@, D) ee kacateabHOll B 0AHOH M3 rpanHl, 3TOro oTpe3ka. Ycio-
BHE, HAJNOMXEeHHOe HAa BHOOP TOYKH 4y, OYEHb CyLIeCTBEeHHO: pHC. 13
nokaspiBaeTt, 4to 6e3 co6AOXEHHA STOrO YC/AOBHA TOUKA MepeceyeHusd
KacaTeNbHOR € OCbI0 X MOXET BOBCEe He AaRaTb NPHUOIHMEHHH K HCKO-
MOMY KODHIO,
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BuBenem d¢opmyny, no koropo# passmickuBaetrca yucao d. Kak
H3BECTHO, yPaBHEHHE KacaTeNbHOM K KPUBOH ¥ = f (x) B Touke (aq, / (@0))
MO#keT OblTb 3aMHCAHO B BUAE

Yy —f(ao)=f" (ao) (x — ay).
Tloncrasnaa cwona koopauuatw (d, 0) TOuKH nepeceyedus kacaTelbHOH
C OChI0 X, MOAYUHM:
—/ (ao) = /" (ao) (d — ay),
OTKyJAa
,(00) (2)

d=ao—m.

Ecnau yuratenn coenuuut Ha puc. 11 —14 toyku A u B xopaamu,
TO OOHapyWHT, UTO semoodb AuHelnol unmepnossyuu u Hewomona

g\

QU
R

.4
Puc. 15.

60 gcex caysasx dawom npubsuxcenue K UCMUHHOMY SHATEHIUO
KOpHa O ¢ pasuux cmopox. llenecoo6pasHo nostomy, ecau orpe-
30K (a, b) ywe TakoB, KaK STO Tpe-
i 6yetcs B metode HbloToHa, Ko M6 u-
HUPOBATHL 9TH ABa MeToda., Mn
NOAYYHM STHM MNyTeM MHOro Goliee
TeCHue rpadHdllbl ¢ U d AN KOPHH A,
Ecau ouu ewe ve pawt Tpebyemoi
TOYHOCTH NPHOAUKEHHH, TO K STUM
npeaenam cjAeayeT eule pa3 npume-
HHTb YyKasauune 006a wMeToma (CM.
puc. 16) u T. A, MpHYEM MOWKHOm
J0Ka3aTh, YTO 3TOT Npouecc AeHCTBH-
Puc. 16, TEbHO N03BONSET BHUUCAHTD KOPEHb (¢
¢ M1060# TOUYHOCTHIO.

TIpHMEHHM 9TH METONK K PaCCMaTpHBABIUEMYCS B MPeAUECTBYIOULHX napa-
rpadax MHOTQYAEHY

S|

h(x) =x8 - 2x%—=5x3 - 8x2 = Tx -3,
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Mul 3HaeM, 4TO STOT MHOrouJieH o6/lafaeT NPOCTHM KOPHEM O;, 3aKJOUeH-
HHM B rpaHuunax | < a; <2. MoxkHo ckKa3aTb 3apaHee, YTO 3TH TpaHHLH
CJAHLIKOM WIHPOKH AAS TOrO, YTOGH MeTOAH AnHefAHOM uHTepnoasusH u HrloTona,
ApHMeHeHHHe JHIUb N0 OJHOMY pa3dy, MOIJIH AaTbh XopouwHii peaynprat. [Ipnme-
HUM HX, OJHAKO, uTOGH HMEeTb OJHH HpHMep, He TpeOyoLHRE CAOMKHBLIX BbIYH-
cJieHHR.

Kak MH BHjeau B mpejulecTByiouleM naparpade, npH x=1I npoussoaunie
k' (x), K" (x),..., 1V (x) mosyyaioT noJoxkHTeabHble 3HaueHus. Orciofna caepyer,
Ha OCHOBaHHM pesyabTaToB § 39, uTO 3Hauenue x=1 cayxur aaa A’ (x),
a TaKxe U Aas h” (x) BepxHelt rpanuuell mosoxuTenbHuX KopHelt, Orpesok (1,'2)
He COJEePXKHT, CJelOBaTeNbHO, KOPHeH STHX NPOU3BOLHBIX, & MOITOMY K HeMy
MOXKHO npumeHHTh MeToA HeloToHa. Kpome Toro, hA” (x) BCIOAY B 9TOM OTpeske
NOJIOXKHTe/IbHA, a8 TaK KakK

h(l)y=—4, h(2)=39,

TO HYXHO NpPHHATb Qo=2. Yuutmpas, uro h'(2)=109, mu no dopmysae (2)
noJyuaem:

. d=2—m='l—6§= 1,64...

C apyroit cropoHs, ¢opmyna (I) paer:
_2.(—4)—1.39 47

C—-——_W=4—3'=1,09.n

f1, CJeROBATE/NbHO, KOPEHb U; 3aKJ/IUYEH B rpaHnuax
1,09 < a; < 1,65.

ME! noayduNH CAMLIKOM He3HauuTeJbHOE CYXEeHHe IPaHHIy MJIf TOro, 4TOOH
WIDU3HATb STOT Pe3yJbTaT YAOBJETBOPHTENbHHIM. KoHeuHO, K BHOBb MOJYYeHHHM
MrpaHHLaM MOXHO OHIO OHl elle pa3 NPHMEHHTh Haltd MeToAH. LlenecooGpasHo,
mOZHAKO, € CaMOTo Hayaja HafiTH A/ a; ROCTATOYHO TeCHble FPAHHIL, Hanpumep
= ToyHocThio #o 0,1 nau paxe 0,01, U AL 3aTeM NPHMEHATb 5TH METOAH. ITO
2pasy chenaeT, NMOHATHO, BCe BHIYHCJIEHHS BecbMa FPOMO3JKHMH, HO TPH pelieHHH
MKOHKPETHHIX 3aJa4, TPeOYIOM KX AOCTATOYHO TOUYHOFO 3HAHHA KOPHefi MHOrOuJIeHa,
<1a 3TO NPUXORHTCH HATH.

BepHemcs K HalleMy MHOrouwJeHy h(x) H €ro KOpHIO C;, NMPHIEM 3aMeTHM,

TO BCe 3HaYeHHUSI MHOTOYJIEHOB, NPHBOJHMBEIE HHXe, BHUMUCAAOTCH MeToaoM [op-

miepa. Tak kak
h(1,3)=—0,13987, n(1,31)=0,0662923851,
o
1,3 <o < 1,31,

m. €. Mbl HALIMH 3HaueHHe KOPHA 0, ¢ TouHocThio xo 0,01. Ilpumenum Ttenepn
=< 5THM HOBHM TFPAaHHLAM METOJ JHHeHHOH HHTepPNOJALHH:

s 1,31.(—0,13987)—1,3.0,0662923851 __ 0,26940980063
o —0,13987—0,0662923851 ~ 0,2061623851

MNpuMeHHM K 3THM e rpaHuuaMm Meton HbloToHa, npHueM cleAyeT MOJO-
muth gp=1,31, Tak Kak
A’ (1,31) =20,92822405,

0,0662923851 _ 27,3496811204
20,92822405 ~ 20,92822405

=1,30678...

o]

d=1,31— =1,30683. .,

Takum obpasom,
1,30678 < o, < 1,30684,

nosromy, noaaraa oy==1,30681, mul caentaem ownGky, Menbwyto uenm 0,00003,
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Mpl He nokasanum AO CHX NOP, HTO HINOKEHHHE BbIlle METOAH HA
caMoOM jAefle M03BONMIOT BBIUHC/AHTD KOpeHb € M0G0 TOUHOCTBIO, T. €.
He J0Ka3aad CXOAMMOCTH STuX MmeTonoB. JlokaxeMm 3TO XoTi O AAA
merona HeioTona.

[Tycts, Kak u BbllLE, NPOCTOM KOPeHb o MHOrouseHa f(x) coaep-
WHUTCH B OoTpe3ke (a, b), BLIOPAHHOM TaK, KaK 3TO HEOOXOAUMO AN MpH-
meHenust Mmetona Heiotona, Orciona ciaenyet, B HaCTHOCTH, CyulecTrOBa-
HHe TaKNX MOJNOMHTENbHBIX uncen A u B, uto BCIOLY Ha OTpesxe (a, b)

If &) >4, |f0]<8B. 3)
Beenem o6o3naueHue

I NONO¥HUM, YTO
C(b—a)<<t. 4)

Jnsi BeinonHenus 3TOFO HEPABEHCTBA NPHACTCH, BO3MOKHO, 3aMERHTH
rpanunmn (@, b) kKopHs @ Gojllee Y3KHMH rpaHuLlAMH; 3TO He OTPA3HTCH,
04HaKo, Ha cnpaBeannBoctH HepaseHcTs (3). [lyctb ag 6yaer ta u3 rpa-
uni @, b, B KoTopolt ciaenyer npumeHdrth Meton Heiotona. Ha ochosa-
Hu Gopmynas (2) Mbl 110CAe0BATENbHO MOJYYHM B KadecTse npHdiu-
WEHHHIX 3HAYEHHH KOPHA @ UYHCAA @, Qg,..., @ ..., JeKauHe
B oTpe3ke (@, b) u cBsiza’HHble MewAy COGOH paBeHcTBaMH

a=ap— 2 k=1, 2, (S

IycTn
a=a,-+h, k=012, .., (6
Torna

h2
0=/ (@) =1 (@) + IS (@) -+ " (@y + Oy,

riec 0<<0<<1. Tak kaxk f'(a,) =0 BBHAY YCAOBHA, HAMOKEHHOr(
na orpesok (a, b), to, yuutwBas (5) u (6), noayuum:

B2 ag+Ohy) e ( Fan |
T TaEy et ey T T\ % ey ) = et =
OTtclona

lhk+’]=hZ

Takum oGpazon,
& k
|y, | << ChE << CRhb_y < CUh_, <...<<C? ‘=12 "

f”(ak+0hk>l 2 B opr
W <hk2A—"Chk» k~0,1,2,...

1

HAM, TaK Kak |Aa|=|a—ao| <<b—a,
|| <CHCE—aP™, k=0, 1, 2,... (7'
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Orciona, ssuny ycnosus (4), caeayet, uto pasnocms h, sexcdy xop-
HeM O Ut €20 NpUOAUNCEHHBIM 3HALEHUEMN Q) [OLYHEHHUM NOCAed08Q-
meavHuM npumerenlies smemoda Hoiomona, cmpemumca ¥ HYy40 npu
go3pacmanu k, 4to ¥ TpeboBaNOCh AOKa3aTb.

Ormerum, uro dopmyna (7) KaeT oyeHky rnozpemnocmy  Ans
(£} 1)-ro wara, 4To CyumiecTBeHHo, ecnu MetToa HpioToHa npuvexsieTcs
ONAMH, a He B KOMOHMHALMU C METOAOM JHHEHHOH HHTEPNONALHH.

B kypcax Teopuu npuGIMKEHHBIX BBHIYUCIEHHH uHTaTelb MOXET
NO3HAKOMHTbLCH CO cmnocoGamu Gosee PaLHOHAILHOTO PacHoN0KEeHHs
BLHIYHCAGHUH B H3JOKEHHHLIX BHIIC METOAAax, o6aeryatOuiyMu HX fpume-
HeHue., B 3THX ke Kypcax MOXHO HaHTH H3M0KEHHE MHOTHMX APYrHX
METOLOB NpuEMKeHHOro Buiuucaedus kopoed. Cpean Hux naubonee
COBEepIIEHHBIM sBJIsieTCsl Memod Jlobatesckozo (HHOrAA OWHOOYHO HA3M-
BaeMut metoaom Ipedde). Iror MeTod no3BoAfET HAXOLHTh NPHEAH-
WEeHHHhle 3HAYeHHA BCeX KOopHeH cpasy, B TOM YHCAE M KOMINEKCHHIX,
npHueM He TpebyeT MnPEABAPHTENbHOrO OTLEACHHS KOpHe#; OH CBH-
3aH, OAHAKO, C BecbMa TPOMO3AKHMH BHuuciexusumu. B ocHose 3toro
MeToJa JeWHT H3aaraemas Hmke, B ra. ll; “Teopus CHMMETPHYECKHX
MHOTOU/IEHOB.



TJIABA IECATA4
noJiss H MHOIOU/IEHbDI

§ 43. Yucaosbie KoJbuA W MOJA

B oueHb MHOTHX MPEALIECTBYIOUIMX Pa3Aenax Kypca Ml OKa3hBaNCh
B CJeayiolleM MOJ0XKEHHH: H3jaras MaTepuan, Mb JONYCKalH K pac-
CMOTPEHHIO HAM JIIOOWE KOMMIEKCHWE YHC/Aa, HAH #e TOJNBKO HLeHCTBH-
Te/ApHBIE UHMCAa, HO 3aTeM MAOMKHHW Ouau jesaTh 3aMeyaHHe, 4TO
TNIO/IyYeHHble Pe3YAbTATH OCTAIOTCA CAPABEAJIHBLIMH, €C/H OFPAHHYHTHCHA
Juulb  AeHCTBHTEIbHHIMH YHCAAMH (MM, COOTBETCTBEHHO, YTO OHH
DOC/0BHO MEPEHOCATCH HA caydall nio6nx KoMmiaekcHux uucen)., Kax
NPaBu/0, BO BCEX STHX C/AYYasX MOWHO ObiJI0 3aMETHTh, UTO H3/10XKEHHAH
TEOpHsl NOJHOCTbI0 COXPaHHNACh OW M B TOM chayuae, eciau Obl Mul
DONYCTH/AHM K PACCMOTPEHHIO JIHLIbL PallHOHA/AbHBIE YHceaa, Hacrano Bpems
II0Ka3aTh YUTATeNI0 MCTHHHHE MPHYMHL 3TOTO MapajjielH3Ma ¢ TeM,
yTofp H3nararb AanbHefliuiél MaTepHan B eCTEeCTBEHHOH Aaf Hero
O6IHOCTH, T. €. Ha o6uenpuHsitoM anreGpanyeckoM sianike. C 3TOH
1eJbI0 MBI BBEJEM MOHATHE N OJ s, a TakKke Gosiee IIMPOKOE, HO B HalIeM
KYpPCe Urpaiouiee aHlb CAyXEeOHYIO po/ib, MOHATHE KOJ b1 a.

O4eBUAHO, YTO CHCTEMbl BCEX KOMIIEKCHHIX, BCeX AEHCTBHTEAbHBIX
W BCeX PallHOHANBHBIX YHCEJN, PABHO KaK W CHCTEMA BCEX LEJLX YHcea,
obaradarom mes obuum csolicmgom, wmo 8 KANCAOH U3 HUX He MOAbICO
CAONMCEHUE I YMHOXMCEHUe, HO I GbAUMAHUE MONCHO GHNOAHAMS,
ocmasgascy 8 npedesax camoli amod cucmemol, DTO CROKCTBO yKasau-
HhX YHC/JOBHX CHUCTEM OTJHYAeT HX, HANPHMED, OT CHCTEMbHl MOJOXKH-
TEAbHLX IeJAHhX MK MOMAOWHTENbHHX NEHCTBUTENbHBIX YHCEI.

Besikast cucteMa yncen, KOMIIEKCHBIX UM, B YaCTHOCTH, 1€ACTBHTEAb-
HBIX, COZLEpXauias CyMMy, Pa3HOCTb H pOoH3BeAeHHe J06bX ABYX CBOUX
YuCes, HA3LIBACTCS #UcA08bM Koablose. Taxum 06pa3oM, CHCTEMbl BCEX
1C/HX, PALLMOHANBHKIX, ACHCTBUTENbHKX H KOMIUIEKCHRX YHCEN ABASIOTCH
YUCAOBHMH KoabuaMu., C ApPYyrod CTOPOHL, HHKAKAA CHCTEMA MOJOWH-
TC/MBHBIX YHCEaA He 6YJeT KOAbLOM, TAaK Kak ecAd ¢ U b—IaBa pas-
JUYHLIX MOMOWKHUTE/bHKX YHcha, TO 1160 @ — b, 1160 b — @ OTPHLATEABHO,
He 6yzer KOJbLOM M HHKAaKasi CHCTEMA OTPULATENbHHX YHcesa XoTa Ghl
NOTOMY, YTO OPOH3BeAEHHE ABYX OTPHLATENbHBLIX YUCE NMOJOKHTENIbHO.

Ync/oBbe KO/1b1LA 1AMEKO HE HCYEPNHBAIOTCH PACCMOTPEHHBIMH BhillE
yeTupbMs npuMepami, Cefluac OyayT yka3asnl HEKOTOpHE APYrHe mphH-
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Mephl, TIpUYEM TpOBEPKa YTBepPwAEHU:, UYTO paccMaTpuBaeMas cucrema
uucea AEHCTBUTENbHO ABASETCH KOJbLOM, KOXAWHA pa3 npeloCTaBAseTCs
uHTaTeNo.

YeTHble YHCAa COCTABAAOT KOAbLO; Boobule mpHu A1060M HATypanb-
HOM 7 COBOKYNHOCTb LeJbIX YHCeN, Haueno Aensiuiuxcs Ha n, 6yner
koabuoM. HeueTHnle uucna kosnbua He COCTABARIOT, TAK KaK CyMMa ABYX
HEUETHHIX YHCEN YeTHa,

Koabuom 6yner COBOKYNMHOCTbL PalHOHANbHBIX YHCEN, 3HAMEHaTenu
3anuceil KOTOPHX B BHIEe HECOKPaTHUMOH Apo6u sBASOTCA KakumMu-a1160
CTeMeHAMH YNCAa 2; K 9TOH COBOKYMHOCTH MPHHAAJNEWAT, B YaCTHOCTH,
BCe Neahlie YHCAA, TAK KaK HX HECOKPATHMbBIC 3aNUCKH HMEIOT 3HAMEHaTe.1eM
uncao 1, T. e. aBa B Hynesoh cTepenn. B stom npumepe BmecTo yncaa 2
MOWKHO B3fiTb, KOHEHHO, N1060e npoctoe yucao p. Boobuie, Geps aoboe
MHOXECTBO TPOCTHIX YHCEJ, KOHEUHOe uAKW Aawe GeCKOHeuHoe, u pac-
cMaTtpuBas CHCTEMY PallHOHANbHLIX YHCEN, 3HAMEHATeNH HEeCOKPATHUMHX
3anucefl KOTOPLIX MOTYT AEAUTLCH JUIUbL HA NPOCTHE YHCNA, MpPHHAAAe-
maulye K B3ATOMY MHOWECTBY, Mbl Takwe noayuum koasuo. C mpyro#
CTOPOHL!, COBOKYMHOCTb PALLMOHANbLHKLIX YHCEJ, 3HAMEHATENH HECOKPATH-
MbX 3anucell KOTOPHWX HE AEJATCA Ha KBaAPAaT HHKAKOrO MPOCTOro YHCAa,
He OyAeT KOAbUOM, TaK KaK YKa3aHHOe CBOMCTBO 4HCeN He COXpaHAeTCs
IpH UX YMHOWEHHH.

[lepexoanm Kk npuMepaM 4YHCAOBHWX KOJEL, HE JIeWAWHX LEIHKOM
B KoJable pauvoHanbHumx uyucen. CoBOKkynHOCTb uucen Buia

at+bV?2, (M
rae a u b— nio6uie paunoHadbHuie uucaa, GYHET KOABIOM; K STOMY
KOJbUY NPHHAANEKAT, B YaCTHOCTH, BCE PALLHOHA/NbHEIE yHcna (npu b= 10),
a TaxKxke CaMo 4ucI0 1/2 (npu a=0, b=1). Mu noayuunn 6o Takwe
KOAbLO, ecan Gw OrpaHHYuAHCh NHMWbL uucIamu Buaa (1) ¢ uennmu
kosbduunentaMu @, b. B 9THX mnpuMepax MOXHO, KOHEYHO, BMECTO
uicaa V2 83uth V3 ann V5 u T A

Cucrtema uucen suna

L p 35
a+b /2 (2)
¢ moGHMH pPauMOHANbHHMU (MAR AHWbL ¢ MOOWMR  uenwmi) kosddu-

HHeHTaMu a, b He OyAeT KOAbUOM, TaK KAK NPOMU3BEAEHUE YHCNA VQ
Ha camoro ce6s Heabad, KaK JNerko NpOBEPHTb, 3anmucaTh B uie (2) 1),
Oanako cHCTeMa uYucesa BHAA

3 = -
akby/24+c¢y 4 (3)
¢ Mo6uMHI paunoHanbHIMH KO3ddunenTamu a, b, ¢ yxe 6yaer Koablowm,

H 3TO We HMEET MeCTO, €C/JH OrpaHHyHTbLCA CcJaydaeM LeAbX KOSQ)CIJIX'
HHEeHTOB.

1) HeficTauTeibHO, NYCTb
VT=atby/7, @)

rje 4HcNa @ H b panHOHANbHEI, Y MHOKas o0e 4acTH ITOFO PaBeHCTBA HA f/2.
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Paccmorpum Tenepb Bce aelCTBHTENbHuIE 4YMCAA, KOTOPhIe MOXHO
NOAYYHTH, MPHMEHHN HECKOJMbKO Pa3 OMEepallHH CAOKEHHs, YMHOXEHH:
¥ BHYHTAHUA K XOPOLIO M3BECTHOMY YMTATEMO YHCAY T M KaKUM-Au60
pauyHOHANbHHM YHCAaM, DTO OYyAYT uHCaa, KOTOPbie MOTYT OWTh 3aM-
caHs B BHIeE

a,+am+a,mn?4 ... +a,n", 4)

rae a4, @, a,, ..., G,—PalMoOHanbume yucaa, n#==0. 3amertum, 4TO
HUKAKOe YHCJIO He MOweT 06sanaTh AByMs pas/HUYHBIMH 3a0HCAMH BHIA
(4)—B npOTHBHOM cJaydae, Oepsi Pa3HOCTb ABYX TAKHX 3anuceH, Muol
noayd4uan 6m, 4YTO YHCJAOC T YLOBJETBOPAET HEKOTOPOMY yPaBHEHHIO
¢ pauMoHaNbHEIMI KO3 dHILKeNTaMK; MEeTOLaMI MATEMAaTHYECKOTO aHann3a
MOKa3bLiBaeTCd, OAHAKO, YTO U HE MOXeET YALOBJAETBOPSAITL HA CAMOM Jene
HUKAKOMY YPaBHEHHIO ¢ PallHOHAJbHLIMH KOS(PULIHEHTAMHU, T, €. IBAALTCH
uicaAOM TpauclleHaeHTHhiM. He ncnonn3ys, Bnpouem, 3TOrO pe3ysbTara,
7. €, He npejnonarad, uTo 3aNUCh YHCA2 B Buje (4) OLHO3HAYHA, MOXKHO
BCe e NoKas3aTh, YTO uHCAA BHAA (4) COCTaBASIOT KOJBLO.

Konbuom Oyner Takiue COBOKYMHOCTD YlHCe, 101y YaIOUIHX CSl H3 YHCAA TT
H PalMOHAAbHBLIX YHCEN NPH OMOLLH OMnepalHil C/HOXKeHNs, YMHOXEHHS,
BWYATAHHS W L eJIeHHs, TPHMEHEHHLIX HeCKOAbKO pa3, [das nokasarteabcTaa
neT HeOOXONHMMOCTH HCKath ISl paccMaTpPUBAEMbIX 4YHCen KaKylo-1mbo
ClIeUHaNbHYIO XOPOULYIO 3aMHCh (XOTst OHa 1 MOkeT ObThb Hafigena): ecau
4HcAa o ¥ P nosiyHeHsl U3 YHC/AA ST M HEKOTOPhIX PauHOHANLHBIX yHCen
YKA3aHHHMH OnepauusiMi, TO 3TO Ke BepHO, MNOHATHO, H JHAAA HHUCE]

a+Pp, a—f, aff, a Taxwe (upn Ps£0) ans uucna 2z,

Hakonell, B3SB COBOKYNHOCTb KOMINEKCHBLIX 4Hcen a -+ bi ¢ nobuiMu
pPauvOHAAbHLMHA a, b, Mh NOJAYYHM KOJbLO; 3TO we OGyaer nMeThb
MeCTO, €C/AH Mbl OrpaHHyuMCH Hen MU kKosdpdHuneHTaMn a, b.

PacemMoTpensnie nmpumepn He MOryT [aTh NOJAHOTO MPeACTaBleHUs
0 TOM, CKOJIb Pa3HO0OPa3HBIMH CLIBAIOT YHCJAOBHE KOJAbLa, Mb He Gyaem
{10Ka, OJHAKO, MPOJOMKATb Hall CIHCOK MpuMepoB W nepeflaem K pac-
CMOTPEHHIO OLHOrO CHEUHANLHOrO ¥ OYEeHb BAWHOUO THHA YUCAOBLIX

1noayuuM:
9—a 246V %

3 -
Moactasnss ciona Bupaxedue (2') pas ;/l. MBI TOCJI@ OueBHAHBLIX nNpeobpaso-
BaHWil MpHAEM K PaBEHCTBY

@462 o/ 2=2—ab.

f/2‘= 2—ab

Ecan a4-6* # 0, 0

a+b?’
4TO HEBO3MOXHO, TAaK KaK CIPaBa CTOUT pauuoHasbioe aucao. Ecan xkea-62=0,
10, 8BHAY (2), 4 2—ab=0. M3 3THX AByX paseucts BbiTeKaeT b3=—2, yTo

CHOBa HEBO3MOXKHO BBHAY PauHOHAILHOCTH Yucaa b,
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Koaew. Mpt 3naeMm, KOHEUHO, 4YTO B CHCTEMaxX BCEX DaltHONAJbLHBIX,
BCeX NEHCTBHTENbHHX U BCEX KOMIIEKCHBIX YUCEN MOXHO HEOrPaHUUEHHO
BBIMOJIHATL AeJeHUe (KPOMe AENeHus. Ha HYaAb), B TO BPEMA KaK JeJeHHE
UeJbIX 4YMCEA BBIBOAMT 33 nNpeaeabl cucrembl 3Tux unced. Jlo cux nop
Mbl He ofpamlajan Ccepbe3HOrO BHHMMAHWA HAa JTO pasauyue, B AeHCTBH-
TEABHOCTH K€ OHO OYEHb CYIIECTBEHHO U UPUBOAUT K C/EAyIoleMy
onpene/eHuio.

UucoBoO@ KOJBLILC HA3HIBACTCA HUCAOBbIM NOAEM, €CIM OHO COAEPKUT
yacTHOe /MOOHKX ABYX CBOUMX 4MCea (deianTe/]b MpPEINnoJaraercs, KOHE4HO,
OTJHMUHHM OT HyJs). MOXHO roBOpHTh, CJENOBATENbHO, O NOJE PalKo-
HaJbHBIX yHCes, moJje AEHCTBUTEbHHX YACe/, NOJE KOMIUIEKCHBIX Yncel,
B TO BPeMs KaK KOJbLO UEABIX HMCes MOoJeM HE ABAAETCS.

Hekoropsle ©3 paccMOTpPEHHBIX BbIlIE NPUMEPOB YMCAOBHIX KOJEL
B NeHCTBUTENBHOCTH ABJASIOTCS noasmu, CHauasa 3aMeTHM, 4To Hie cymie-
CTBYET UUCJIOBHX MOJeH, OTAMUHBIX OT [0JS DalMOHAJIbIBIX YuCeT H
HeMNKOM B HeM CoJAepxauiuxcd (CHcTeMy, COCTOSULYI0 M3 OAHOTO HYJIS,
Mbl He Oylem cunrars noJem). CnpasemnBo Lawe chaenywoulee 6oJee
oflllee yTBepxaeHue:

[loae paynonarsHbix 4uces COOEPHCUMCS UCAUKOM 80 BCAKOM
YUCA0B0M NoJE.

[ycrtb, B caMOoM [ene, JaHO HEKOTOPOE UUCJOBOE MOJE, KOTOPOe M
oGosnauum Oyxso#t P. Ecan a— mo6oe uucao noas P, oranuHoe Ot
Hyas, TO P CONEepXMT # 4aCTHOE OT JedeHus uuc/aIa @ na camoro ce6s,
1. € uucao eauuuny. CKaaabiBas eAHHUILY ¢ caMO# cO00I0 HECKOJbKO
pas, MBl [IOAYYUM, UTO BCE HATypadbHhle uWCaa Colepxkarcs B noae P.
C apyro#t CTOpOHH, B HOJE P J0MKHA COMEPHKaTbCs PA3HOCTh 4 — @,
T. € 4YHUCJIO HYJIb, & 1103TOMY K P NpUHaAANEKUT U pe3yabTaT BbhlUKTA-
Hpst 1o60oro HaTypadbHOFO UMCAA M3 HyAs, T. €. Mwboe uenoe OTpH-
uareibHoe uncao. Hakoweuw, B none P jexar B 4aCTHBIe UEJBIX uuceds,
T. €. BoOGIEe BCE DalUuOHaJbHbIE UHCIa.

B nose KoMnJEKCHHIX UHCEJ COREPAKMTCH MIOTO Pasautubplx nodJefi,
¥ 10ME€ PallMOHAMLHBIX uicea OydeT Aullb HauMeHbluuM cpeau HuX. Tak,
PACCMOTPEHHOE BhHILLE KOJBUO YUCEea Buiaa

a+bV2 (5)

C 11006BMH PAaLLHOHANBHB MU (3 HE TOJALKO JHIUb € HEALIMA) KO-
¢muenTamy @, b Oydetr nosaeM. B caMoM jJene paccMOTPUM 4acTHOE

JBYX uncesn Buaa (d), a+bl/2_u c+dV2, NpUUEM BTOPOE 4NCJIO
CYHTaeM OTJAMYHBLIM OT HYJs;, OT/HUHO OT HYJA, CAEN0BATEAbHO, W UHMCIO
c—dV'2, u noromy
a+-bV2 _(a+bV2) (c—dVﬁT):ac—de +bc—ad V3
at+dV2  (c+dVZ)(c—aV2) ©—2 T2

My nomyunanm cuosa uucao Buaa (5), npuuem koahuUKEHTH OCTaOT-
¢ paunuoHa/ibHpiM4, B 3roM npumepe uucao V2 MOXHO 3aMEHHTD,
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TIOHATHO, KBAAPATHHIM KOpPHEM H3 Ji060ro pamHoHanbHOrO YHCJIa, H3 KO-
TOPOFO B CaMOM TOJIe PAliMOHAJbHHIX 4HCEN He H3BJeKaeTcs Kpajppar-
nufl kopens. Tak, nose cocraBiaswT yucaa Buna a -+ bi ¢ papnHoHalb-
HbIMH a, b,

§ 44. Koabuo

B pasanuHbXx OTpenax MaTreMaTHKH, a TaKXe B NPHMEHEHM#X MaTe-
MATHKH K TeXHUKe H eCTeCTBO3HAHHIO NPHXOLHUTCA BECbMa 4acToO BCTpe-
4aThCs ¢ NOJOWKEHHeM, KOraa anrebpaHuecKue OnNepauHH NPOU3BOAATCH
He Had 4YHCAaMH, a Haa ofbeKkTamMu coBceM WHOR npupoaw. bosabmoe
YHCJAO TAaKHX TNPHMEPOB MOMHO HalTH B NPENUIECTBYIOUIHX TrAaBax
KHUFK — RANIOMHUM YMHOXEHHE H CAOWEHHC MATPHIL, C/I0XKeHHe BEeKTOPOB,
onepanuy Haj MHOTOYJeHaMu, OfepauMH naja NHHelHuMH npeoGpa3oBa-
nuavn, Obuiee onpenenenne aszebpauyeckoli onepayuu, KOTOpoMy yno-
B.1€TBOPAIOT OMEpalu CIOWEHHS M YMHOWEHHSs B UHC/JAOBHX KOJbLAX,
a TaKKe ONEPAaUMH B YKAa3dHHWX TPHMEPax, COCTOHT B CJAEAYIOULEM,

[Tyctb xaHo HekoTOpOe MHOXECTBO M, cocTosiiee UAM H3 yucen,
HMH U3 OOBEKTOB reoMeTpUYeCKOH Npupoab, BoOGLIE H3 HEKOTOPHX
Beulel, KoTopue Mp OyleM HA3LIBATbL JdLeMeHmasy 3TOr0 MHOKECTBA.
Tosopat, uto ¢ muomcecmee M onpedesena arzebpauteckas onepayus,
€C/IM yKa3aH 3aKOH, N0 KOTOpoMy 1106 0fi nape afeMeHTOB @, b U3 3TOTO
MHOXECTBA OLHO3HAauYHLIM 06pPa30OM CTABHTCS B COOTBETCTBHE He-
KoTOpLIf TpeTufi anemenT ¢, TaKke npuHaantexawuit k M. IJra onepauns
MOKeT OHTb Ha3BaHA CAONCeHUeM, N TOTAA ¢ OYNeT HA3LIBATLCSA CYMMOI
S/1eMEHTOB @ H b 1 0603HaUaThCa CUMBOJIOM c==a + b; 3Ta onepauus Mo-
ket ObTh HA3BAHA YMHONMCEHUe, T. €. ¢ OyNeT npousgederiiess snemen-
T08 @ U b, c=ab; BO3IMOXKHO, HAKOHELL, YTO AJI ONepauHH, onperene-
HOH B MHOXecTBe M, 6yneT BBeA€HA HOBASl TEPMUHOJONHS H CHMBO/JHKA.,

B KawnoM H3 YHCAOBHX KOA€l ONpefe/ieHn JBe He3aBHCHMHE One-
paunn — CNOKeHHe H yMHOWeHHe. HTO e KacaeTcs BUHTAHHA H JeJeH:s,
TO HX HeJb3sl CYHUTATh HOBHIMH OMEpPalusaMH, TaK KaK OHH ABAAIOTCH
0GpaTHLHMHI COOTBETCTBEHHO A/ CAOKEHHS H IS YMHOWEHHS, eClIH Mul
npuMem caeayioutee obiee onpenencHue obpamnoii onepanuu,

Iycts 8 mHOxecTBe M onpenencHa anrebpanueckas opepauns, Ha-
npuMep caoxenue, [oBopat, uto 042 smod onepayuu cyuecmsyem
obpamnasn onepauus — BuyUTaHKHE, ecAd Aas nw6o# mapu 3remen-
TOB a, b u3 M cywecrsyer 8 M Takoft sneMenT d, mpUTOM AUWb € A H H-
CTBEHH i, KOTOPWH yaoBreTBOPHET paBencTBY b+ d=—a. dnevent d
HA3LIBAETCH TOTAA PA3HOCMbLIO 3NEMEHTOB @ U b u o60o3Ha4aeTcs CHM-
BoioM d=a—2>.

B uuncnosmx noasx obpatHoll onepaumeit o6aamaer, OUYEBHIAHO, Kak
CI0MEeHHE, TAaK W yMHOWeHHe (mociejHee, mpaBna, OrpaHHYeHHO: Jenu-
Teab AOMKeH OHTL OTAMYHWM OT HyJs). B 4ucnoBex ke KO/JbLax, He
ABAKIOLLMXCS IONAMH (KaK, HanpuMep, B KOJbLE UeAbX 4HCcen), obpart-
HoH onepauuel obnajaer AHiIbL CHOXKEHHE,
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C npyro#t CTOPOHH, B CHCTEME BCEX MHOTOY/IEHOB OT HEH3BECTHOrO X,
K03(QPUUUCHTH KOTOPHIX NPHHALNEKAT K (QHKCHPOBAHHOMY YHC/IOBOMY
nomo P, Takke omnpenesieHn ABe OmepaldH— CJAOKEHHE H YMHOKEHHe,
npuyeM ciaoxeHHe o61anaeT o6paTHOH onepauHel — BHYHTAHUEM.

M B uHCI0OBHX KOAbIU2X, H B CHCTEME MHOTOWIEHOB Omepailii CA0Xe-
HHfl # YMHOXeHHS 061a1al0T, KaK N3BECTHO, CAECAYIOLMMH CBOHCTBAaMH
(@, b, c—1po13BOAbHEIE YHC/A H3 PACCMATPHBAEMOr0 YHCAOBOTO KOAbULA
H/IH MPOU3BONbHBIE MHOTOYJIEHH U3 PACCMATPHBAEMOH CHCTEMHI):

I. CnokeHue KOMMYTaTHBHO: @+ b=0b L a.

1. Croxenne accounatusHo: a-(b-+c)=(a+b) +c.

I1l. YMHOXeHHe KOMMYTaTUBHO: ab==ba,

IV, YwmHoumenue acconvarusno: a (bc)==/{(ab)c.

V. CnoxeHHe H yMHOXEHHE CBH3aHbl 3aKOHOM IHCTPHGYTHBHOCTH:

(@ +b) c=ac+ be.

Mub yXe NMOATOTOBAEHH Tenepb K OG.EeMYy OMpPele/leHHI0 MOHATIHS
KONbla, OAHOrO M3 BaxHeHmux moHATHH anreGpwl,

MuoxecTBo R Ha3bBaeTCd KOAbHOM, €CIH B HEM Ompele/eHsl ABe
OfepalHu — CJOXKEHHe i YMHOXEHHEe, 06e KOMMYTATHBHHIE H aCCOLHATHB-
HblE, a TaKxKe CBA3aHHbIe 3AKOHOM AUCTPUOYTHBHOCTH, NPUYEM CAOKEHHE
obnazaer oOpaTHOH onepaliHeli — BLIYUTAHHEM,

Takum 06pasoM, npuMepaMH Kosel $BAAIOTCA 4YHCJAOBHIE KOAbLUA H
KOMblla MHOTOY/IEHOB OT HEHM3BECTHOro X ¢ KoapPuuueHTaMHM U3 mdaH-
HOTO YHC/IOBOTO MOJf WM Jawe H3 JaHHOTO YHCJIOBOTO KOIbUA. Y KaxeM
elle ONMH MPHMEP, XOPOWO BHIACHAIOULHYH IHPOTY MOHATHA KOJblA,

Kyp¢ maTtemaTHueCKOro ananusa HayinHaetcd ¢ onpeldeiedus ¢ yH K-
nHH AeHCTBUTENbHOTO NnepeMeHHOro X, PaccMOTPHM COBOKYNHOCTD dyHK-
HH, onpese/eHHBIX A9 BC € X JAeHCTBHTEAbHHX 3HAYEHHH X ¥ IPHHUMAIO-
LIUX JeHCTBHTEAbHLIC 3HAYCHHS, H C/ICAYIOMHM 06Pa30M ONpeLennM B 3TO)
COBOKYMHOCTH aireGpanyeckue onepauuu: cymuold aAByx QyHxuui f(x)
H g(x) Oyner ¢yuxuud, 3HaueHne KOTOpoH npu NM06OM X=X, paBHO
cyMMe 3HaueHn#t 3anaHHeX QyHxuu#t, T. e, paBHO f(X) 4 g(x,), npo-
u3gederuem 3TuX QPyHkuuit —pydKuusa, saHaueHe KOTOPOH NMPH BCAKOM
X=Xx, paBHO npousseneHud f(x,) -g(x,). Cymma u npousBenecune
CyWECTBYIOT, O4€BH/HO, IS MOOKX NBYX DYHKUUA U3 paccMaTpHBaeMok
cookynuocTu. CnipaBenauBoctb cBoicT8 | —V nposepserca 6e3 BCAKHX
3aTpyAHEeHHH — c0XeHHEe U YMHOKeHHe PYHKUUI CBOIATCS K CHAOKEHHIO
Il YMHOXEHHIO MX 3HAa4yeHHH NpH BCAKOM X, T. €. K ONMepalusM Hart
OeHCTBUTENbHBIMH YUCAaMH, A8 KOTOPLIX cBoicTBa |—V uMeioT mecro.
Hakoueu, cuntas passocmoro dyuxuuit f(x) u g(x) dynkumo, 3uauenue
KOTOPO# npu 110608 X =X, PaBHO pa3HocTH f(x,)—g(x,), MH mpuaem
K OnepauHd BHYHMTAHHS, OOPaTHOH CIOKEeHHMI0. DTHM M0KA3aHO, 4TO
cosoxynnocme ByHiKIUL, 0npedeseHHbX OAR B8Cex OelicmEumelbHbL X,
nocae 88e0eHUs 6 Hee ONUCAHHBLIL Bbiute CROCOGO4 onepauil Ca0dxces
HUS U YMHONCEHUS npespaljaemcs 8 KoAslo,
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Hpyrne npumepn Konew GyHKURH MOKHO TONYYHTH, COXPAHAR JaHIbE
phillie ofpedesenns onepaunit Haa GyHKUHSMH, HO paccMaTpuBas Yy HKIHH,
onpejenexHnsle, HanpUMep, AKLb A5 N0JOWHTEAbHHX 3HAYEHHH nepeMeH-
HOTO X, HAH QYHKUHE, onpeaenenHke Aad 3Hadennit x u3 orpesxa (0, 1].
BooGuie xonbuom 6yaer cuctema Bcex (yHKIMA, HMEIOLLHX HEKOTOPYIO
Aannyio o6nactb onpenencrus. MowHo 6610 6H NOAYYHTH TAKKE NPHUMEpPH
Konel, paccMaTpuBas He Bce GyHKUHH, OonpeleneHHHe B 1aHHOH 064acTH,
a ML H3yyaeMmhie B Kypce MaTeMATHYECKOTrO aHa/NH3a HenpephBHbLE
$ynkuun, MoxHo €uno €w, ¢ APYrof CTOPOHH, PAaCcCMATPUBATD KOM-
IVIEKCHBIE (DYyHKIMH KOMMIEKCHOro mnepemenHoro. Boo€uie, pasnnusnix
Koaeu PyHKUHH, KaK H pa3uYHHX YHCAOBHX KOACU, Ype3BuYalHO MHOTO.

[Tepexoaum K yCTAHOBJIEHHIO HEKOTOPHX NpocTelwux cBoicTs
KO ell, HeMoCPpeACTBEHHO BHITEKAIOUIMX H3 onpeleneHHsd Koabua. IJTH
CBOHCTBA A4 CAy4Yad YHCEN BMOJIHE NPUBHYHH, OAHAKO yYHTaTeNl0, GHTb
MOXeT, MOKAKeTCH HHOT LA HEOWHAAHHBIM, YTO OHH HBJSIOTCS CAEICTBHAMHU
AHWbL ycaosu# 1 —V ¥ cyulecTBOBaHHS ONLHO3HAYHOTO BHYHUTAHNS.

Crawana Hecko/bKO 3aMeyauuf o 3vayenun ycaosuit 1—V. Poasb
3aK0H08 KOMMymamusHocmu e TpebyeTt noscHeHUH. 3HaueHHe 3aK0HO8
accoyuamugHocmu COCTOUT B CAEAYIOULEM: B OnpepeseHuH anrebpau-
YECKOH omepalHH TrOBOPHTCH O CyMMe H/JIH NPOH3BEeAEHHH /HUIb ABYX
3jemenTos. Ecan ke MH nonWTaeMcs cnpeAesMTh, HalpuMEp, NMPOH3Be-
IeHHE TPeX 3MeMEHTOB @, b, ¢, TO BCTPETHMCS C TAKHM 3aTPyNHEHHEeM:
npouasenenus au W vc, rae bc=u, ab=v, Mmoryr, soobuie rosops,
ne coBnanath, T. €. a(bc)=~=(ad)c. 3akon accounaTHBHOCTH Tpebyer,
4yTOOH 3TH npousBeneHds OLIM PaBHM OLHOMY H TOMY K€ 3/EMEHTY
KOMbLa: 3TOT JIEMEHT eCTECTBEHHO NPUHATD B KAYeCTBE NPOU3BEAeHHs abe,
3anuceiBaeMoro yxe 6e3 scakux ckobok. Boabume TOro, 3axKox accoyua-
mugHocmy no3gossem OOHO3IHAHUHBIM 00pa30s onpedeaums npoussede-
Hue (coomsemcmsenHo, CYMMY) OA51 4106020 KOHEUHOZ0 HUCAQ 3NeMeH-
mo8 Koasya, T. €. N03BOJAAET NOKA3aTh HE3ABHCHMOCTb NPOU3BELEHHH
A106bIX 71 3/1EMEHTOB OT 1€PBOHAYANBHOrO pacnpeneneHus cko6Gok.

Jokaxem 370 yTBepikieHue WHAyKuHeR no uMcay n., Haa n=3 oHo yxe
JOKa3aHo, MO3TOMY NoJaraem n > 3, NpHUeM CYHTaeM, YTO AJA BCEX YHCeJ, MeHb-
I¥X n, Halle yTRePXAeHHe y)Ke AoKa3aHO. [1ycTb HaHbl aneMeHTH a,, Qg ..., Q,
H NycThb B 3TOfl CHCTEMe HeKOTOPHIM 06pa3oM pacnpelenelbl CKOOKH, YKa3blBalolUlHe
Ha NOPSALOK, B KAKOM JOJ/KHO BHNONHATLCA YMHOXKeHHe, TlocaepHum marom 6yaer
yMHOXeHHe NPOH3BeNeHHS TNepBbIX k DJIEMEHTOB aydy...dap(rae 1 <<hk<{n—1)
Ha NMpPOH3BEIACHHE Gp4yAp4e. . . A, [aK KAK 3TH IPOH3BEAEHHS COCTOAT U3 MeHb-
Wero, 4eM n, YHUCAA MHOXMUTesell H NO3TOMY, NO NPEeANOJIOKEHHIO, OLHO3HAYHO
omnpeneseHbl, TO HaM OCTaeTCs KOKasaTb ANs NOGhIX £ # | paBeHCTBO

(ala, e ak) (ak+ 1042 00 ﬂn) =((11(12 cen a,) (a,+,a,+2. . a").
Jlna 3TOrc noCTaTouHO paccMorperb cayuaiéh =k - 1. B stom cayuae, opkako,

nonaras
Ay ... Ap=b, Qpiolpiy...aq,=¢C,

Mbl noJiydaeM Ha OCHOBaHHHW 3aKOHA aCCOUHMATHBHOCTH
b (ak+ 10) = (bak+ 1) c.
Artum Halue yTBEpXKACHHE QOKa3aHo,
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MoOXHO TOBODHTB, B HAaCTHOCTH, O NMPOU3IBEAEHHH 72 PABHHX MEKAY
co00I0 HIEMEHTOB, T. €. BBeCTH NOHATHE O cmereHlu a" 3neMeHTa @
C Le/bIM TOMOXHTENAbHMM nokasateaesm 72, Jlerko npogeputb, YTO BCe
O6hYHbIE IPABHIA ONMEPHPOBAHNUA C MOKA3ATENAAMH OCTAIOTCH CHpaBeaiu-
BLIMH B NI06OM Ko/bUe. 3aKOH ACCOUHATHBHOCTH CHOMEHHS TPHBOILHT
AHAJMOTHYHKIM OOPa30M K IIOHATHIO O KPAMHOM NG 3JIeMEHTa 4 C LM
NONOXHUTENbHHM KO3(DHLIKEHTOM 71,

3akon Oucmpubymusnocmu, T. €. OOGHYHOE TPABHIO PaCKPHLITHA
CKOOOK, ABNSIeTCH €AUHCTBEHHLIM TpeOGOBaHHEM B OfpeleneHHH KO/IblLA,
CBA3LIBAIOIIHM C/IOXKEHHE M YMHOXeHHEe; NHib 61arofaps 3TOMY 3aKOHY
COBMeCTHO® HM3yyeHHe ABYX YKa3aHHLIX onepauuft maer 6osapiue, uem
MOXHO GHIO 6Bl MOMYYUTh NPH HX pa3lelbHOM H3yueHuH. B dopmyau-
pOBKe 38KOHA AUCTPHOYTHBHOCTH yYaCTBYET CyMMa JHLIb ABYX ClTaraeMmix.
Bes BcAKOro TpyZa MOKa3wBaeTCs, OJAHAKO, CIPABEAIHBOCTh PaBEHCTBA

@ +a+ ... ta)b=ab+ab+ ... 4apb

" npr Mo6OM &, a 3aTeM W O0UIero MpaBu/Ia YMHOXEHUA CYMMB HA CYMMY.

Bo scsaikos koablie 8blNOARACMCS 3AKOR JuCcmpudymughocmu i 041
pasnocmu. JelCTBUTENBHO, MO ONpPENE/NEHHIO PA3HOCTH 3MeMEHT a—10b
YAOBAETBOPSHET PaBEHCTBY

b+ (a—b)=a.

Ymuowas o6e 4aCTH STOrO PaBeHCTBA Ha ¢ W NPHMEHNd K JeBOH wvacTd
PAaBEHCTRA 3aKOH AUCTPUOYTHBHOCTH, MW TONY4aeM:

be4-(a—b) c=ac.

Anement (@—>d) ¢ aBARETCH, CNELOBATEbHO, PA3HOCTHIO ITEMCHTOB ac
u be:

(a—b)yc=ac—bc.

BecbMa BaxcHpoie CBOMCTBA KOJEI| BHITEKAIOT N3 CYUIECTBOBAHHA BHIYH-
tauus., Ecau @ ecTb MPoOH3BOJAbHLIA S7AeMeHT KOablla R, TO pPasHOCTb
a—a O6yleT HEeKOTOpHLM BIONHE ONpeJeNeHHbIM 9JAEMEHTOM KOJjbla.
Ero poap aHanoruyHia podu HYJAA B UYHCIOBHX KO/bLAX, OJHAKO IO
onpefe/eHHI0 OH MOMXET 3aBHCETb OT BHOOPA IJIEMEHTA @, H MOITOMY
Mul 0603Ha4HHM €ro nmoxa yepes 0,.

Ioxaxem, 4TO Ha caMoM HeJe 3jeMeHTH 0, A BCEX @ PABHM Meway
coboi#t, JlefcTBHTEAbHO, ecly b eCThb NPOHU3BOJbHBIA JAPYrOd B3AEMEHT
Konnua R, TO, Npubapisis K o0eUM YacTHM PaBEHCTBA

at-(b—a)==0b
sneMesT 0, M HCOOAL3Ys PaBEHCTBO 0,-Fa=a, Mb Toayyaem:
0,+b6=0,+a+(0—a)=a-+(b—a)=b

Takum o6pasom, 0,=b—b=0,.

10 A. r. Kypow
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Mu noxazanu, umo scaxoe xorsyo R ob6radaem 0dHOIHGHHO onpe-
DeAeHHBM I16MEHMOMN, CYMMA KOMOPOZO € AOCHM INEMEHMOSM a
pM020 KOABYG pASHA a. ByneM HA3WBATH STOT SNEMEHT HyteM KoNbla R
H 0603HayaTh cHMBOJOM 0, He CYHMTA® Cepbe3HOH ONACHOCTb CMElaTh
£ro ¢ uncaoM Hyab. Taknm obGpasom,

a+ 0=qa nna Bcex a u3 R.

Hanee, 80 gcanos xoavye 048 4106020 34eMenma a cywecmsyem
OOHO3HAYHO OnpedeseHH bl NPOMUBONOAONCHUIL daeseHm —a, YOosae-
meopaowuil pagencmsy

a4+ (—a)=0,

a WMEHHO, STUM 3JeMeHTOM Oyaer pa3uocTs 0—a; OAHO3HAYHOCTD
BhITEKaeT N3 OAHO3HAYHOCTH BwyuTauud, OueBHAHO, 4TO —(—a@)=a.
Pasuocts b—a aByx moGhX 371eMEHTOB KONbLA MOKHO 3aMHCATbh Te-
neph B BUAE

b—a="b-+(—a). .
HeficTBuTEAbHO,

[0+ (—a)}+a=0b+{(—a)+a]=b+0=0.

Last 106020 3aeMmenma a xKoabya 1 4106020 4e4020 NOAONCUMENb=
HOZ0 HUCAQ Tt UMeem MeCmO pABEeHCMEBo

n(— a)y=— (na).
HeficTBuTebHO, TPYNOHPOBKON caAaraeMux nodyuaes:
na+n(—ay=nla4(—a)l=n.-0=0.

Mu nmoayusin Temeph BO3MOXHOCTh OOPEACIHTh OMPUIQMEAbHBE
Kpampbie 31eMEHTa KOpLa: ecan n>>0 To pasune Mexady cobofi sne-
MERTH 71 (— a) u—(na) 6ynyT oGo3nayarbest yeped (—n) a. Ycaosumes,
HakoHel, Hy.legotn xpamubim Q-a A1060ro 91EMEHTA 4 CYHTATL HYIb
pPaccMaTPHBAEMOTO KOJbIA.

OnpeneseHiie HYI9 AaHO HAMU JHIIbL NPH AOMOWM ONEpPaUUH Cl0Ke-
nug i efi obparHot, T. e. 6e3 HCMONb30BAHNHA yMmHOKenHs., B caygae
YHCEN, 0MHAKO, YHCAO HYJIb H MO OTHOMNIEHMIO K YMHOXeHNIO of.1anaer
OXHHM XaPAKTEPHBIM H IPHTOM OYEHb BaxHHM cBoficTBoM. OkaswBaercd,
4YTO 3THM CBOHCTBOM 06.1a1aeT HYAD JI060T0 KO.IbIl3: 80 BCAKOM KO.1heE
npousgedenue 4106020 INeMEHMa HA HY Ab pasdHo HY 0. JlokazaTeancTso
HEenocpeICTBeHHO OMHPAETCsl HA 3aKOH NHCTPUGYTHBHOCTH: eCJAH a eCTh
NPOH3BObHHN 31eMeHT koabua R, To, KakoB 6w HH Ou1  BCOOMOra-
TeIbHbN 31E€MEHT X 3TOro KOJAbUA, M MOJYyYHM:

a-0=a(x—x)=ax—ax=0.
[Toab3ysick 3THM CBOHCTBOM HY/S, MOXHO LOKAa3aTb, YTO 80 BCAKOM
Koabhe 04a Aw6bix saemenmos a, b cnpased.auso pasencmsgo
(—a)b=—ab.
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He#icTBHTEABHO, -
ab+(—a)b=[a+(—a)]b=0.-6=0.

Orciona cienyer, 4TO XOPOIIO M3BECTHOE M BCe e HECKOJAbKO TaMH-
CTBEHHOE MPAaBHIO YMHOXEHHS OTPHIATENbHBX YHCEM — KMUHYC HA MHUHYC
JaeT MIIOC» — TaKwe BHTEKAeT U3 ONpenenenus KOAbLa, T, €. 8 A/0-
bom Koabye usmeem MeCmo PaBeHCM80

(—a) (—by=ab.
B camom gnene,

(—a) (—by=—[a(—b))=— (—ab)=ab.

UYnratenp Gez Tpyda AOKaxeT Temeph, UTO BO BCAKOM KOJBIE A4
KPaTHLIX (B TOM 4YHCJe M OTPHUATENbHHIX) JI000r0 3/eMenta 0CTaloTCd
crpasejaHBRIMH BCe MpPaBH/AA ONEPUPOBAHHA C KPATHBIMH HEKOTOPOro
yuena,

Takum o6pasom, anreGpanyeckue onepaldy B NPOU3BOABHOM KOJbLE
061a/1310T MHOTHMH NPHBHYHBIMH HAM CBOHCTBAMH onepauuii Hald yucaami,
He caeayer aymartb, oanako, uto /1060e CBOHCTBO CAOKEHHS H YMHO-
WEHHs YMCeJ COXPaHdeTcs BO BCAKOM Koable. Tak, yMHoOmeHHe uucen
obnagaer cBOHCTBOM, OBpaTHHIM PACCMOTPEHHOMY BHILIE: €C/lH 0D O-
H3BCJAEHHE ABYX YHCeJ PABHO HYHAID, TO XOTH 6l OAHH
W3 MHOXHTENEH paBeH HY/M10, IT0 CBOHCTBO yXe HE MOKET
6LITh PacpoOCTPaHeHo HA MOGHE KOJblia — B HEKOTOPBIX KOAbLEX MOXHO
yKa3aTh TaKHe Napu OTAHYHHX OT HYJd SJeMEeHTOB, TNpoH3Belenie
KOTOPHX PaBHO HyMO, T. €. a=z=0, b%~0, Ho ab=0; azreMenTtt a, b
C 3THM CBOHCTBOM HA3LIBAIOTCA CeAUMEeAAMU HYAA.

[IpuMepoB KoACL, ¢ ACAUTENSIMH HY/S HEAb3s HAHTH, MOHATHO, Cpell
4icaoBLIX KoJdewu. He cozepxar penurtenefi Hyass H KOJIblla MHOTOU/IEHOB
¢ 4yHCJA0BHMH Ko3ddHunenTamu. Muorune konbua ¢ynxkun#i obaagaior,
OAHAKO, HEeMHTeAsIMH HYId. 3aMEeTHM, NpekJe BCero, 410 HyleMm BO
BCAKOM Koablie QyHkInl 6ynet QyHKUHH, paBuas HYIIO OPH BCeX 3Ha-
yennax nepemesHoro x. IlocTpouym Teneph cneayiomne dyHKUMH f(x)
U g(x), onpeaeneHHuie M Bcex AeHCTBHTEAbHHWX 3HAYeHuH Xx:

f(xX)=0 mpun x=<0, f(x)=x npun x>0
g(x)=x nmpu x=<<0, g(x)=0 npn x>0.

O6e 3T QYHKIHH OTAHYHE OT HYAH, TAK KaK HE [PY BCeX 3HAYEHHAX X
paBHL HYJI0 HX 3HAYEHHS; MPOHU3BENCHHE We ITHX PYHKUNHE paBHO HYTI0,

He Bce TpeGoBanus 1 —V, BXoasise B onpeeneHye Kobla, SBAAI0TCA B 011~
HaKoBOH Mepe HeoOXO1HMBIMM. PasBHTHe HayKM TNOKasnBaeT, YT0 B TO Bpemd
Kak cBodcTBa caoxeHHa I u Il M 3aKoH AHUCTPUOGYTUBHOCTH V HMEIOT MECTo
BO BCeX NPHAOKEHHAX, BKJIOUEHHE B ONpejeseRHe KOJblUa CBONCTB YMHOXKEHHS
11T v 1V uwacTo oKaspiBaeTcst H3JMIIHE CTECHHTEJIbHBIM, CYXKHBag BO3MOKHYIO
06/14CTh NPHMEHHMOCTH 3TOr0 NOHATHA. Tak, MHOXECTBO KBafpiTHHX MaTpHil
nopsigka n ¢ AEACTBUTEeNBHBIMHM SJIEeMEHTaMH, pDacCMaTpHBaeMoe C ONepauHsiMH
C/IOKEHHST U YMHOXEHHS MaTpHLU, YIAOBJETBOPSieT BCeM TpeGOBaHHAM, BXOIAULHM
B ONpejesieHHe KOJbIia, 32 HCKJIOYEHHEM 3aKOHa KOMMYTATHBHOCTH YMHOKEHHH,

10*
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C HEKOMMYTATHBHBIMH YMHOXEHHAMH NPHXOAHTCA BCTPEUATHCA TAaK HacTo H
B TAKHX BaXKHLIX CAYYasiX, 4TO B HACTORIUEe BPeMA NOA TEPMHHOM «KOJbLO»
NOEMMAIOT OCLIYHO HEKOMMymamusnoe Koabyo (TOUHee, He O0s3aTEIbHO KOMMY-
TaTHBHOE KOJbLO, B CMHIC/Ie BO3MOXHOH HEKOMMYTAaTHBHOCTH YMHOMEHHA), Ha-
8blBafl TOT YacCTHHI THN KoJel, B KOTopwx TpeGosanue II1 Bunoausercs, xom-
MymamusHoiMU KOAbYAMU.

B nocaeance BpeMs noBHILIAETCR HHTEPeC M K KOJbLAM C HeacCOUHATHBHBIM
yMHOXeHHeM H ofilag TEOPHA KoJel YxKe CTPOHTCS cefiuaCc Kak TeopHs Heacco-
UHATHBHHIX (T, €. He 06513aTeIbHO aCCOUHATHBHEIX) Koslel. [TpocTefiinM npuMepoy
TaKHX KOJICL SIBJISIETCA MHOMNECTBO BEKTOPOB TPEXMEPHOTO €RKJHIO0BA NpOCTPaH-
CTBa OTHOCHTE/IbHO OnepauHil ¢JI0KeHHs H (HM3BECTHOrO H3 Kypca aHaauTHuecKol
FeOMETPHH) BEKTOPHOIO YMHOMKEHHS BEKTOpOB.

§ 45, Mone

Tlopo6uo TOMYy Kak cpeau HHCIOBHX Kozel Oui BHIEJEHW H Ha-
3BaHb YHCJIOBHIMH MOJAAMH T€ KO/blla, B KOTOPbIX MOXHO BHIMO.IHATD
leieHHe (kpome JAeJeHHs HA HYJb), eCTECTBEHHO CAeJaTb 3TO U B 06-
M caydae, 3aMeTHM CHAYA1a, YTO HU 8 KAKOJM KOAblE He803MOWCHO
Oederue Ha HYAb BBIAY JOKA3aHHOrO BhILLiE CBOHCTBA HY/H [0 OTHO-
LIEHHIO K YMHOXEHHIO! pa3jieniTb 3JEMEeNT ¢ Ha HYJAb O3Ha4yaeT HAWTH
B KOJblle TAKOH 3/1eMeHT X, UTO O-x==a, 4TO npu a =0 HEeBO3IMOKHO,
TaKk KaK J1eBasl 4acTb paBHa HYJIO.

Beegewm creayioulee onpeaenesie:

Koabuo PHa3uBaercs n10.2e, eC1H OHO COCTOHT HE TOJbKO H3 OIHOTO
HYISL M eC/Iu B HeM jJejeHile BHIOIHHMO, NPUTOM OAHO3HAYHKM 06pa3oM,
BO BCeX cayuyadx, KpoMme Ciayyad JeneHHst HA HYJIb, T. €. eCad Aand
Mobuix snemenToB @ M b 13 P, H3 KOTOpPHX b OTAHYHO OT
Hynd, cyutecTsyet B P Takoil 3J1eMeHT ¢, NPUTOM NHIIL € AHHCTBEH-
HH#, KOTOpHH YIOBJIETBOpAET PaBeHCTBY bg=a. DJIeMeHT ¢ Ha3u-

a
BAGTCSl 4acmHbly D1EMEHTOB @ U b u 0603HaYaeTCa CHMBOIOM 9=y 1),

[pumepanmu mnose# caykar, NoHsTHO, BCe uncaoswe noas. Koasito
MHOFOY1€HOB OT HEH3BECTHOr0 X € AedcTBHTENbHLMI KO3G(dHUNEHTaAMY
A poobule ¢ KO3(PHUHEHTAMH H3 HEKOTOPOro YHCJIOBOrO MOIH He
SBASETCH 101eM — CYUIeCTBYIOLLEE 419 MHOTOYNEHOB AEIEHHE C OCTATKOM
OTIHYEETCH, KOHEYHO, OT AQJIEHHH KHAUENOY, MPELNO0.1aralouIerocs B onpe-
nexenun noan. C Apyro# CTOPOHH, JerK0 BHAETb, YTO COBOKYNHOCMS
8cex Opobro-payionasbHbix PYHIKLQUE ¢ Oelicmsumersuoi s Ko3pgpu-
yuewmarny (cMm. § 25) 6ydem rnoaes, colep:allHM KOJbLO MHOro4YjIe-
108, N0A06GHO TOMY KaK M0/]e PalHOHAJbHWX YHCET COAEPNHT KOJbLO
HeIsX 4mcel.

Cpeaun xoaeu dyHkunit MOXHO yKaaaTb HEKOTOPHE APYyrHe mnpiMepH
noaci; Mt He OyaeM, ONHAaKO, HA HHX OCTaHaBAHBAThCH H nepeliieM
K BPHMCPaM COBCEM HHOrQ poja.

l) EaHHCTBEHHOCTL LenleHHs B NoJe, Kak H npeanosarasiuancs B onpeuene-
HHH KOJblUa €AHHCTBEHHOCTh BBRIYHTAHUA, B AefiCTBHTENILHOCTH Ge3 TPYRa MOryr
OuiTb fOKa3aHBl NPH MOMOILH APYIrHX TPQGOBaHHﬁ, BXOJsLHX B OnpepeeHye
boJaa WaH, COOTBETCTBEHHO, KOJibla.
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Bce uncnoBne KOaAbUa M BOOOLUE KOJILIE, KOTOPHE MW RO CHX NOp
paccMaTpuBaiH, coaepxar GecKoHeuno Muoro snementes. CyuiecTsyior,
OIHAKO, KOJBLA H axe 00A#, COCTOSLIHE JHIUL H3 KOHEYHOro yHC/Aa
sneMenTOB. [IpocTelilune npuMeps! KOHEUHHX KOALH U KOHELHHX nosell,
CYULeCTBEHHO NCROAb3YeMble B 0cO0GOH BeTBM MAaTEMaTHKH — TEOPHH
Yyucesn, CTPOATCA caedyounM obpazom.

Bepewm n1060e natypaaphoe uncao n, otavynoe ot 1. Leane uucaa e
R b Ha3WBAOTCH CPABHUMBIMI NO MOBYAO I,

a=b (mod n),

ecn 9TH 4YHCIa JaroT npH AeNeHUd Ha 72 OAHH H TOT We OCTaTok,
T. €. eCJAH KX PAa3HOCTb HAlleJO ACAUTCH HA 7. Bce koabuo UeanX
qucea pacnanaercsi Ha 2 HenepeceKawuHxes K.aaccos,

Cor Cl) LICAER ) Cn—]’ (‘)

CPaBHUMBLIX Meway coGo#l no Moayalo n uucea, upuyem kaace C,,
k=0, 1, ..., n— 1, COCTOUT W3 yuCe], AAIOWHX TPH JeJeHUH Ha 7
B octaTke k. OKxa3niBaeTcd, 4TO MOKHO BMOJIHE ECTECTBEHHHM CMOCO-
60oM Onpeae/HTh CHOXKEHHE W YMHOMKEHHE STHX KJIacCoB.

BosbMeM ¢ 9ToH ueabio A06ue (NpHTOM He 0043aTEIbHO PA3NHUHKE)
knaccu C, v C, u3 cucremn (1). Cknaawsan aio6oe uucio u3 kaacca G,
¢ MmoOuiM unciaoM u3 kiaacca C,, Mp 6yleM MonyyaTbh 4HuCla, Jnexauide
B 0HOM BNOJHE ONMpPENeICHHOM Knacce, a uMeHHo B kaacce C,,,, cCau
k+!l<<n, waw 8 kaacce C,,,_,, ecmt k+I=n. I10 npusoint
K TAaKOMY ONpeAeNeHHI0 CAO0NCeHUST KAaclCO8:

C.+C,=C,,, npu  k4+1<n, @
C,+C=Chitep, 1pH k+iz=n.

C apyro#t cropous, yMmuoxkas aio6oe unciao kiacca C, Ha noboe yuc10
Knacca C,, mn 6yJeM noayuyaTb 4HCAA, CHOBA .exkalulWe BO BROJHE
onpejeneHHoM Kjaacce, a uMeHHo B knacce C,, rie r—oCraToK npu
Jenenu npoxaseseHus &/ na n, My npHuuMaeM fl03TOMY Takoe omnpe-
AeeHUe YMHONCEHUR KAACCO8:

Cp C=C,, rae kl=ng+r, 0<r<<n. 3)

Cucmema (1) rxaaccos uyeawx wuuces, CPasHUMBYX Mexcdy Ccoboi
no Mmooy n, 6yoem KOALHOM NO OMHOWLEHUIO K ONePayusti, onpe-
denennbtrs ycaosusamu (2) u (3). B camom npene, cnpaBeanuBoCTb Tpe-
6osanufl 1 —V u3 onpeaesennsi Konbua 6e3 TPyda YCTaHABAHBAGTCH He-
nocpeicrTsedtol npoBepKo#, HO BhITEKaeT TaKXe H3 CNpaBel/IMBOCTH
9THX TpPe6OoBaHHA B KONble LeNhX uYHceN U TOH CBA3W Meway onepa-
LUSIMH Had UeAnMM YHCAaMu R ONepaudsiMd HaRk KJaccaMu, KoTopas
yka3saua suiwe. Poab Hyns urpaer, oveBusno, kiacc C,, cocTOSIHH U3
uHcesn, Haneno aeaswmxcs Ha 7. [lpoTtusononowumM zans kaacca G, -
k=1, 2, ..., n—1, 6yner knacc Cp_r. Brcucreme xnaccos (1) moxHo
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onpejienuTh, C1e10BAaTENbHO, BWYMTaHNEe, T. €. 5Ta CHCTEMa YIOBJIET-
BODSIET BCEM TPEGOBAHUIM, BXOLAULHM B ONpefeCiiHe Koibia. Y cIoBHMCH
o6o3nauath MOJTY4YEHHOE KOMBLO uepe3 Z,.

Ecau wucao n cocmasnoe, mo koavyo Z, obiradaem deaumersnmu
HyAZ U [109TOMY, KaK GydeT MOKA3aHO HIKE, HE MOXeT GHTb MojeM,
B caMon pene, ecin n=~Fl, rae 1 <<k<ln, 1 <<I/<n, 1o x1accu C,
n C, oTAHuYHKW OT HyneBOro kKaacca C,, HO HA OCHOBAHHM ONpeAe/CHHA
ymHOxenus kaaccos (eM. (3)) C,-C,=C,.

Ecau sce wucao n npocmoe, mo xoavyyo Z, 6ydem noaei.

B camom mexe, nycts maun kaacem G, n C,, npuiem C,=£C,,
T.e. | << k<< n—1.Hyxno nokasats, 4yto Mox#o pasnenuts C, ua Cg,
T. e. walttu takofi kaacc C;, uro C,-C,=C,. Ecm C,=C,, 10 1
C,=C,. Ecmu ke C, 7 Cy, TO paccMOTPHM CHCTEMY YHCead

k, 2k, 3k, ..., (n—1)k. (4)

Bcee 3T wnena newxar Bue uyaesoro kaacca C,, TaK KAaK NPOHU3BEAEHNE
JBYX HATYPalbHLIX YHCET, MEHbUIHX NPOCTOrO YMCJIA I, HE MOXeET Ha n
aemthest. [anee, uukakune aBa uucaa sk u tk n3 cuctemuo (4), s <<f,
He MOrYT JeXaTh B O1HOM KJacce, TdK KaK TOrJla HX Pa3HOCTb

th—sk=(t—s)k

Jpeanaach 66l Ha 71, 4TO CHOBA MPOTHBOPEYNT NPOCTOTe yHcaa 7. Taknwm
06pa3oM, B KawIOM HEHYJIEBOM K.J1acce NeXHT POBHO O0AHO YHCIO U3
cuctemul (4). B wactHoctu, B kaacce C, nexur yucao [k, rae
I<<i<n—1, 1.e. C;-C,=C_, a Toraa kaacc C; u GyIeT HCKOMHIM
yacTHuM oT Aerenus C, ha C,.

Mu noayuywan, TakuM o6pa3oM, 6ECKOHEUHO MHOTO Pa3/HYHHX KO-
HeunnX noae#: noae Z,, cocTosulee BCEro U3 ABYX 37CMEHTOB, a TaKKe
now Zy, Zy, Zy, Zyy BT AL

[Tepexoany K paccMOTPEHHIO HEKOTOPHX CBOHCTB moaef,
BHITEKAIONHX H3 CYUIECTBOBAHHA Aejenus. IDTH CBOHCTBA aHAaJOTHUYHN
cBOfCTBAM KOJell, OCHOBAHHLIM HA CYU(ECTBOBAHHH BLIYHTAHHUA, W H0Ka-
3HBAOTCA TAKUMH We PacCy:KAEHHSAMH, MO3TOMY MpoBeleHHE [HOKa3a-
TEJILCTB MPEIOCTABIMETC YHTATENIO.

Besikoe nose P o6aadaem 00H03HQ%HO OnpedeteHH it 30eMenmost,
npou3sgedenue Komopozo Ha A0606G 3aeMeHm a 3moz0 noas pasHo a.

a
3T1oT 31eMeHT, COBNAZAOUINA C PaBHHMH MEXAY COG0I0 UYaCTHLIMH T

AAs BCEX @, OTAMuHHIX OT HY.JIH, HA3nBaeTCd eduxuiyed noas P u ob6o-
3naqaercst cumBoaom 1. Taxknm oGpasow,

a:1=a nnau Bcex a u3 P,

Bo 6caxosm nose 048 4106020 3.1eMEHME @, OMAULHOZ0 OmM HYAA,
cyuecmsyem OOHO3HAYHO oOnpedesennuii obpamnuwid siemenm a~?!,
yCogremgopAanwuil pagencmey

a.a” =1,
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- 1 b
a UMeHHO, a 1=;. Ouesnino, uto (¢7!)~!=a. YacTnoe - MOKHO
3anycatb TenepPbL B BUIEC

—b=b-a‘1.
a

Das noGoro 3.aementa a, OTIHYHOrO OT Hynd, H M06oro 11070
MONOXKHTE/JAbDHOrO0 4HcCAa 72 HMEET MECTO PaBeHCTBO

(@) =(a),

O6o3nayas 9TH paBHHE Mew1y CO60I0 d1eMeHTH Hepe3 g¢~", MW npu-
XOLMM K OmpuyamessHblyi Cmenensis S.Je€MeHTa NOIM, A4 KOTOPHIX
COXpaHsaoTCs oOmuHHe npaBuHia onepupoBasusa. [lonoxum, Haxouel,
ad=1 ana Bcex a.

CyuiecTBOBaHe eXHHHIH He SBJISETCH XapaKkTepHHM CBOACTBOM mno-
nefl: exnAnued o61agaeT, HanpHMep, KOIbLO e IHX YHcel. BMecre ¢ Tey,
NpHMeP KO.1bLLa YETHHIX YlCeJ MOKA3pBAET, YTO He BCE KOJbla 061a1a10T
eaunuuefl, C Apyrofl CTOPOHH, BcsiKoe K0.1b140, 06aadaiouee edununell
U codepicatyee oOpamubiii 3aemenm OA% A00020 3AeMeHMA, OMAUL-
Ho20 om Hyaa, 6ydem nosem. JleficTBUTE.IbHO, B 3TOM CiIyuae 4acT.

b . -
HHM —, a =0, Gyaer c1yxuTb nponsseienue ba~!, Emnncrsennocts

9TOr0 4YacTHOrO AOKa3nBaeTcs Ge3 3aTpylHeHHH,

3aMeTHM, UTO HUKaKoe nose He codepicum deaumenel nyas. Heli-
CTBHTEABHO, nycTh ab=0, Ho @ 5= 0. Y MHo®kas 06e 4acTH PABEHCTBA HA
oaeMeHT a~!, Mw noayuyum caesa (a”le)p=1.b=05, a cnpasa
a~1.0=0, 1, e, b=0. Orciona caeayer, YTO 80 BCAKOM IOLe AIO-
6oe paseHcmso MONMCHO COXpAmuUmMs Ha OOWUIL JMHONCIMERb, OM.IULKbIE
om uyas. B cavom nene, ecin ac=bc n cz£0, 10 (@a—b)c=0,
oTkyna a—b=0, 1. e. a=b.

M3 onpeaenenus wactuoro % (rae b=0) n nokazanuolt BhILIC BO3-
MOWHOCTH 3aMHCHBATh €ro B Bile Npoussedenus ab~! 6e3 Tpyaa mowet
GuiTh BLIBEAENO, YTO 80 BCAKOM NOAE COXPAHSIOMCA 8Ce 00bltHbe npa-
susra obpawenus ¢ Opobai, a HUMEHHO:

a c
5 = TOrAa u TOIbKO TOrAa, ecnu ad = bc;

a ¢c _adFbc, .
TET="5

a C__LIC.

B d bl
—a__ a

5 =73

Xapaxtepucruka mnoas, He Bce csofictRa uwnucnoswx moaeft co-
XPaHAIOTCA B CAyvae npou3BoasHOro mnoas, Tak, cknaawsas yuoao |
camMo ¢ cob6oi0 HeCKONbKO pa3, T. e. O6epd M06oe uenoe NOJI0KHTEAbHOE
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KpaTHOE eAHHNI, MW HHKOTrAa He MOJAYYHM HYJAd, 1 BOOGiLEe BCe STH KpaT-
HME, T. €. BCE HATypaibtbe 4YHCAa, OTAMYHH Apyr oT apyra. Ecam xe
M O6yaey GpaTh Lieanle KpaTHhe eAHHHUL B KAaKOM-1H60 KOHEYHOM
1oae, TO CpeiH HUX HenpemMeHHo OYAYT paBHHe, TaK Kak 3To noJe obaa-
AaeT JHlb KOHEUHHM YUCJAOM pa3Tu4yHnx 3nemedToB. Ecaun Bce neane
KpaTHpe eAHHHUN nojas P fBJASIOTCS Pa3/IHYHLIMH 9JEMEHTaMH noid P,
T. e, k-1=~=1[.1 npu k=£/, TO rosBopaT, 4TO noie P HMeeT xapaxme-
pucmuxy HYAb; TAKOBH, HANpHMep, BCe uHCAOBHE noas. Ecanm we cy-
LIeCTBYIOT TakHe leane uncaa &2 u [, uto B>/, HO B P umeeT MeCT0’
pasenctso k-1=/[.1, 10 (k—/)-1=0, T. e. B P cyulecTsyer Takoe
N010KITEIbHOE KPATHOE €XHHHLB, KOTOPOE OKA3KBaeTCH PaBHBIM HYJIO,
B astom cayuae P uasuBaeTcs nNoaeM KOHeXHOU xapawxmeplicmuxi,
a UMeHWO Xapaxmepucmuxiy p, €Ciu p eCTb TOT MEePBLIH NOJONHTEdh-
Hufl Ko3ddiieHT, ¢ KOTOPHIM el1HHHUa noas P obpaulaetcst B Hyab,
ITpumepamu noselt KoHeyHOUW XapaKTEPHCTHKH CJIyXaT BCe KOHEYHble
N0J%; . CYULeCTBYIOT, BIPOUYEM, H GECKOHEYHHE MO.1H, HMEIOLIHE KOHEUHYIO
XapaKTepHCTHKY.

Ecau nose P umeem xapaxmepucmuxy p, mo 4ucao p 6ydem
npocmai s,

HeficTBHTEIbHO, U3 paBeHCTBA p==sf, rae s<Ip, t<p, BHTEKAI0
€1 paBenctBo (s-1)(£-1)=p-1 =0, T. e.,, TaKk Kak B f10.1€ HE MOWET
OnTh Aeauteneit Hyad, unu s-1 =0, uau ¢.1=0, yro, onnaxko, npo-
THBOPEUHT ONPENeIeHHIO XaPAaKTEePUCTHKI KaK HaHMenbUieT 0 NOA0-
WHTeabHOro kosdduinenta, obpawiaroiero eIHHHUily 1014 8 HYJb,

Ecau xapaxmepucmuxa noan P pasua p, mo dan a106020 3sae-
MeHMa a U3 3Moz20 noas umeem secmo pagencmeo pa==0. Ecau e
xapakmepucmuxa nosn P pasia 0 u a-—3sesmenm 3mozo noas,
n—uyenoe wuco, mo u3 a==0 u n=0 caredyem na <= 0.

HeitcTBHTENbHO, B NEPBOM CAyuyae 9JEMEHT pa, T. €. CyMMYy p caa-
raeMbix, PaBHHX @, MOXHO, BHHOCH @ 3a CKOOKH, MpeicTaBUTh B Bule

pa=alp-1)=a.0=0.

Bo BropoM cayvyae u3 pasenctsa na=0, T. e. a(n-1)=0, crexo-
Bafo 6n npu a=£=0 paselctBo n.1=0, T. e.,, TaK KaK XapaxrtepHs
CTHKA moas paeHa uynio, n=0.

Mopnoas, pacwupennus, [lycts B noire P HexkoTopast 4yacTh €ro ae-
MEHTOB, COCTABAAIONIAR MHOWECTBO P’, caMa oKa3npaercs nosteM no
OTHOMIEHNI0 K TeM ofepauusM, KOTOpHE omnpeieneHs B mode P, T. e,
ans Mo6HxX ABYX 91eMeHTOB @, b n3 P’ coaepxaumuecs B noae P ane-

MeHutw a-+b, ab, a—b wu, npu bs£0, bl

KoHu [ —V, Bunonuasacs B P, 6yAyT, KOHEYHO, BHIMOJAHATBCE 1 B P'),
Torna P’ nasumBaeTcst nodnoses noass P, a P— pacwuperuesn nons P,
[loHsiTHO, 4TO HYJAb W eRHHHUA noas P 6yAyT codepxaTbCs Takke 8 P’
H cayxaTh Aa P’ onynem u eaunnnueii. Tak, 1noje paunoHaabHEIX YHCed

npusaazexar k P (3a-
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ABJAETCA MOAMOZEM NOJAA AeHCTBUTEIbHHX YHCED, BCE YHCIOBHE MO.A
6yLyT MOLAOJAMH NOAY KOMIVIEKCHHX yHCea,

[yctp B noie P xaum noamncae P’ W saeMeHT ¢, aexaunil pne P,
H NyCcTb MW HAULTH MHHHMAJabHOe moinone P” noas P, coaepwauiee H
P’, n ¢. Takoe MusHuMaibHOE NOANO.IE MOKET ObTb TOJLKO OAHO, TaK
Kak ecan 6n P” 610 eule 0XHO NOANOJE ¢ ITHMU CBOHCTBaMH, TO me-
pecedenne moxmoied P” w P” (T. e. COBOKYMHOCTb 91€MEHTOB, O6ULNX
06oHM noanoasnM) conepkato 6w P’ W 371eMEHT ¢ H BMECTe C AI00HMHI
ABYM$l CBOHMH 3/1eMEHTAaMI COLEP®ano 6ul uX cyMMy (9Ta CyMMa MIOAKHA
comepxartbca ¥ B P, u 8 P, a 10TOMY H B HX NEpeceyeHu), a Takxe
HX fpoM3BeNeHHe, Pa3HOCTH H HAaCTHOE; HHHIMH C.I0BaMH, 3TO nepeceye-
Hie camo 610 Ou MOANO.JeM, B MPOTHBOPEUHE C MAHHMATBHOCTHIO M0~
noas P, Mw GyazeMm rosoputbh, 4to mnoiae P° noayueno npucoedune-
Hiuem K noawo P’ ssemenma ¢, w ynorpebasTh 3anuch P’= P’ (c).

[Mousitio, uTO none P’ (c) coaepkUT, MOMHMO 31eMeHTa ¢ H BCeX
S71eMEHTOB moas P’, Takke BCe 3JIeMEHTH, KOTOPHE [0IYYAI0TCH H3 HHX
TPH MOMOLH CJTOWEHHSI, YMHOKEHUA, BHYHTAHUA H Aelenud, B kavecrse
ApHMepa yKakeM Ha paccmarpuBaBuieecst B § 43 pacuupense noas pa-
IHOHANBHEX YHCed, cocTosuiee H3 unced Buaa a--b)/ 2 ¢ paunonanb-
HHMH @, b: 3TO pacuipeHHe MOAY4Yaercs NMpHCOeIHHEHHEM K MO0:Ji0 pa-
LHOHAABHLX uncea uucaa V 2.

§ 46*. Usomopduam kosen (noneit). ExnHCTBERHOCTS .07
KOMILTEKCHBIX YUCEJ

B Teopun kosen Goabuyl0 poJb HrpaeT MOoHATHe H3oMopdu3Ma,
FimMeuno, koabua L u L’ Ha3WBAOTCA U30MOPEGHH ML, eCIH MeXAY HHMH
MOXHO YCT2HOBHTb TAKOE B3aMMHO OJHO3HAUHOE COOTBETCTBME, MPH KO-
TopoM I1% AoGHIX 971eMEHTOB @, b u3 L H COOTBEeTCTBYIOLIHX MM 31e-
MeHTOB @', &' u3 L' cymme a-+ 0 coorserctsyer cyuma a’ 44, a
npou3BeNeHHIO ab COOTBETCTBYET NpON3BeneHHe a'd’,

Tlyctb Meway koastiamu L u L’ yctanosaeno usomopduoe coorser-
creue. [Ipu smos coomsemcmeuu nyarwo 0 xoasya L coomsemcmsyem
Hyas 0° woasga L', HeficTeutenbno, nycts sieMenTy 0 COOTBETCTBYET
sneMeHT ¢’ u3 L’. Bepem npoussoabHuil s1eMedT a u3 L U cooTmert-
cTBylomnit emy anement &’ us L', Toraa anementy a4 0 momken coor-
BEeTCTBOBaTH 91eMentT a' +¢’; Ho a-40=a, nostomy a 4c¢ =a’,
otkyna ¢ =0'. [Hanee, ssemenmy -—a coomgemcmeyem 3aeseHm
—a’', JleAcTBUTENbHO, NYCTh 3/1EMEHTY — & COOTBETCTBYET 3aeMenT d’.
Toraa aaementy a-+4(—a)=0 2a0JaKeH COOTBETCTBOBATH 9.JEMEHT
a'+d, 1. e a' +d =0, orkyra d' =—a’', Orcioda caesyer, 410 pas-
Hocmit 3aemenmo8 u3 L coomsemcm8yem pasHocms coomgemcmesyio-
wmux saemenmos 8 L', AHaNOTHYHBIMH PACCYKACHHAMH MOKHO [10Ka3aTh,
uro ecan koapuo L oOnamaer enunuiel, To o6pa3 sTOro saeMeHTa
(T. e. 9:ueMeHT, COOTBETCTBYOLHA eMy B L’ upn paccMaTpHBaeMOM
naomMop¢usme) 6yaer enunnueit xoapua L', u ecanm saement @ us L
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obnanaer ofpaTHuM saeMeHTOM a~l, To o6pasom saementa a~1 B L’
6yaer 31eMenT, obpatHni K a’.

OTci0aa caellyeT, 4TO KOAbHO, Uu30MOpgHHOe noaw, camo Gydem
no.aes. Jlerko BHLETh TaKie, YTO CBOHCTBO KOJblia He HMETh AeNHTE-
Neil HYAd TaKKe CoxXpaHfeTcs npi u3omopduom coorBercTBHu, Boobule,
nzoMopdHEe KoAbLa MOTYT OT/AHYATLCH APYr OT APYra NpUPOAOH CBOHX
9J1EMEHTOB, HO OHH TOWIECTBEHHH IO CBOHM a.lre6paHdyeckuM CBol-
CTBaM; BCAKasd TeOpeMma, AoKa3aHHas OTHOCHMTEILHO HEKOTOPOro KOJblia,
Oyaer crnpasel/nsol Ajsi BCex KOJell, ¢ HHM H30MOPQHLIX, €CIH TONBKO
B I0KAa3aTeNbCTBE TEOPEMH HCMOJBL3OBAJINCH NHIUbL CBOUCTBA OnepaiiH,
a He MHIMBHAYAJbHHE CBOHCTBA SneMeHTOB 9TOro koasua. [lo sto#t npu-
uiHe Mb He Oyden cHumams U30MOPPHOIE KOABLA UL NOAS PA3AUY-
Holug;, OHH GYAYT A4S HAC JHLb Pa3HHIMH 3K3eMILIAPaMH OJHOTO H
TOFO X€ KO/blLa WIH [OJIs.

[IpuMeHHM 3TO NOHATHE K BONPOCY O NOCTPOEHHH MNOJAS KOMMAEKC-
npx uncen. Manowennas B § 17 KOHCTPYKUHS MO KOMIIEKCHHX YHce,
OCHOBAHHAA HA HCMOJIb30BAHHH TOYEK IOCKOCTH, He sABJAAETCH exHn-
CTBEHHO BO3MOXHOMH. BMecTO TOUueK MOWHO OH10 OB B3STh OTPe3KH (BEK-
TOPHW) Ha MIOCKOCTH, BHXOAsLLIE H3 HAUasa KOOPAHHAT, H, 3aRaBasi 3TH
BEKTOPH HX KOMIIOHEHTaMH &, b HA OCiX KOOPAHHAT, ONpPeNeIHTH CJlo-
Wenlle ¥ yMHOKEHIle BeKTOPOB NPH NMOMOULH Tex ke caMbXx dopmyn (2)
M (3) u3 § 17, kak W B cayuae TOYeK NAOCKOCTH. MowHO OHao 6,
Janee, BooOLie 0TKa3aTbCs OT NPHBJACUEHHH FEOMETPHYECKOTO MaTEpHana;
3ameqas, YTO M TOUKM IJIOCKOCTH, W BCKTOPH Ha MAOCKOCTH 384310TCH
YHOOPSIAOUYEHHBIMH MapamMu JAeHCTBHTEABHHX ulicea (e, b), MOXHO MPOCTO
B34Tb COBOKYMHOCTb BCeX TaKHX nap #H B Hell BBCCTH C/IO¥etH e H YMHO-
senne no ¢dopmynam (2) u (3) ua ykasanuoro naparpada.

Ha camom pmene Bce 3TH noas okasanuch Gui Mo cBouM aareGpanye-
CKHM CBOHCTBAM HEPA3NHYHMBIMH, KaK NMNOKa3biBaeT CJIe1YIOULas Teopema:

Bce pacmupenus noas Oelicmgumesvrvlx 4ucea D, noayuennse
npucoedunenuern Kk noaio D wopus ypasuenus

x41=0, (1)
usonopgns sexncdy coboli.

MycTts, B caMoM nerie, AaHO Kakoe-1HGo noae P, sBasiouieecs pac-
wmupennen noas D o comepxallee 9/eMEHT, YAOBIAETBOPSIOUIHI YpaBHe-
nuio (1). Bu6op o6o3nauenns A5 9TOTO 37eMeHTa HAXOIUTCH B HAlIEM
pacnopsieHuH, H Mo ynotpeGum ans 3toél nean 6ykny i. Taxuwm obpa-
30M, HMeeT MecTO paBeHCTBO i2-}1=0 (oTkyma i2=—1), rae BO3-
BeJeHHe B CTeNeHb H CJHOKEeHHe HYXHO MOHMMATb B CMhIC/ie Onepaiui,
onpeAencHHuX B noire P. Mu xoTum HalTH cehiyac none D (i), nony-
yapoueecs mpucoeanHennem K noaio [ snemenrta i, T. €. naliTH MuHH-
MasbHOe moanociae noas P, conepwxaiiee u rnojse D, H 3AeMeHT i.

PaccMoTpHM Ina 3TOH Lean BCe Te 3JAeMeHTH & noas P, KoTopue

MOXHO 3aMucaTbh B BUAE
a=a-+4 bi, 2)
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rac @ w b—mnpousBoabHHe NeHCTBHTE]bHHE YHCIa, a MPOU3BEAEHHE
4ncaa b Ha 97eMeHT i H CYMMY 4HMCJa @ C 3THM NPOU3BEIEHHEM CleayeT
TIOHUMATh B CMHICAE Onepauuit, onpejetennnx B noae P, Hukako#l ane-
MEHT @ Noas P He MOXeT 06:1a1aTh ABYMsI Pa3AMUYHHMH 3aNHCAMH TAaKOrO
BHAA: H3

a=a-t+bi=a-}bi
H b= b cnexosano 6u

T. e. { oxaszanochy 6 HefiCTBUTEABHHM YHC/AOM; €CIH Xe b=0b, To u

a=a. K uncay snementoB mnoas P, zanucwBaemsix B BuAe (2), npu-
Hal/exaT, B 4aCTHOCTH, BCe HelcrBuTedbHpe uyucaa (caydyail H=0), a
Takwxe caM snemedt [ (cayyalh a=0, b=1).

[TokaxeM, 4TO coBOKYNHOCME 8Cex aemenmos suda (2) cocmasanem
nodnose noas P; 310 M 6yxer roraa uckomum nosieM D (i), TlycTs Ham
nanw aneMedTtsl oo==a-+bi n P=c-+di. Toraa, ncrnoap3ys Kommyra-
THBHOCTb H aCCOUHATHBHOCTb C/AOKEHHS H 33KOH AHCTPHOYTHBHOCTH,
HMEIOUlHE MecTO B noie P, moiayuaem:

o+ B = (a+bi)-F (c+ di) = (a+¢) + (bi + di),
OTKyAa
a+B=(a+0)++a), (3)

T. €. 9Ta CYMMa CHOBA NMPHHAIJEWHT K paccMaTPHBAEMOMY MHOXeCTBY
saementoB. Hanee,
—P=(—=+(—4a)}

Tak kax, Beuay (3), Toraa Gyaer cnpaBeannso paBenctso P+ (— P)=
=04 0i =0; nosromy

a—PB=a+(—p)=(a—c)+ (b—d)i, (3

T. e. W BHYHTaHHE HEe BHBOAHT HAC 33 Mpelein PaccMaTPUBACMOro MHO-
wectBa, CHoBa ucnoabays csoficrsa [—V, umemouine Mecto 111 onepa-
uuii B none P (cm. § 44), n onupasch Ha pasencTBo ¥=—1, wmu
noayuaes:

af = (a-+ bi) (¢ + di) = ac + adi + bci + bdi?,
aff =(ac;—bd) +{ad 4-bc) i; (4)

TakuM 06pa3oM, NpoH3BEAeHIe ABYX JIOGHX 371eMeHTOB BHIA (2) cHOBa
6yleT 3JeMEHTOM 3TOro e BHAa. [IpeAnoJOXHM, Hakouel, uTo B %0,
T. €. XoTa Oul 0dHO W3 uHcea ¢, d OTau4yno ot Hyasd, Toraa Oyaer
Takxke ¢—di <=0 u

(¢ +di)(c —di)=c?— (di)® = *— d*® = c*+ d?,
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npHyeM cz-}— d?+0, Hoarowy, HCMOAb3Ys OTMevaBuleecs B npeslne-
CTBYIOIUEM naparpa(pe yTBEepXAEHHE, YTO BO BCHKOM [10/1€ COXPAHAIOTCA
BCe 0OnyHbE NpaBuna obpanieHus ¢ APOGIMH, a NO3TOMY, B YaCTHOCTH,
Apo6h He MEHSETCH OT YMHOWEHHUA ee YHCAHTEeAd ¥ 3HAMEHaTeNd Ha OAHH
H TOT € OTJHYHHH OT HYNA 2IeMeHT, Mojydaem:

a__atbi_ (a4-b)(c—di) _ (ac+bd) + (bc—ad) i

B ctdi (c4di)(c—di) i 4-dr ’

T. €. S3NeMEHT
a ac+ bd bc—ad ,
ﬁ B T +aTa cz-}-d’ #)

cHoBa HMeeT BuA (2).

[lokaxem Tenepb, YTO rnoaysennoe Harmu nodnose D (i) noas P
U30MOPPHO moMy nono U3 moiex naocKocmu, Komopoe 6uao no-
cmpoeno 8 § 17. Conocrasass saevedty a + bi noas D (i) Touky (a, b),
Mbl ROAYYHM BBHAY AOKa3aHHON €JHHCTBEHHOCTH 3anmucu Buia (2) ang
9jaeMeHTo8 10ad D (f) B3auMHO 01HO3HAaYHOE COOTBETCTBHE MEWAY 3.e-
MEHTaMH 3TOr0 MOoJs¥ H BCeMH TOYKaMHu niaockocti. Ilpu atom cootser-
CTBHH AEHCTBHTEAbHOMY 4HCAY @ COOTBeTCTBYeT TOYKa (a, 0) BBHAY pa- -
Bencrsa a=a 4 0i, a s1emeuty i =0+ 1./ conocraBasercs Toyka (0, 1).
C npyroi# croponu, cpasuusan Gopmyan (3) u (4) HacTosuero naparpada
¢ dopuynamu (2) n (3) u3 § 17, Mu noayyaem, yTo CymMve M npous-
BeaenHio siaemedtoB o0 U B noas D () conmocTaBasIOTC TOYKH, fB/SIO-
ILHECR CYMMOH M COOTBETCTBEHHO NPOH3BeAeHHEM TOYEK, COnocTasieil-
HBIX saeMeHtaM & u f.

ATHM, Tak KaK Bce moad, u30MOP(HHE HEKOTOPOMY KAHHOMY MO0,
H30MODHN Mex Ay COGOH, 3aKaHYHBAETCA A0KA3aTEAbCTBO TeOopeMul., Mu
BH1MM, B 4aCTHOCTH, 4To BuGOp B § 17 opmya (2) u (3) ans onpesene-
HHUSl onmepaud#l Hal TouYkaMu He Gull CAyyaliHuM U He MOWeT OulTb H3-
MEeHeH,

Iomrmo cnocoGos NOCTPOSHHA NOAA KOMIJIEKCHBIX 4ucena, paccMmMaTpnBas-
urHxca Bblile, CYLECTBYIOT W MHOTHe Jpyrie. YKaxeMm o1HH U3 HHX, HCNOJNb3YiO-
WHA cA0KeHHe H YMHOXXeHHe MaTpHL.

Paccm'rprm HEKOMMYTATHBHOE KOJbUO MAaTPHIL BTOPOro nopsajaka Hajx noJjem
JefiCTBUTENLHBIX YHCeJ., OuyeBHaHO, UTO CKa.Ylﬂprle MaTpHUb

a 0

0 a
COCTaBJAIOT B 3TOM KOJblle MOANOJe, H3OMOPDHOE MOJI0 NefiCTBHTENALHBIX YHCET.
OxkasuBaeTcs, OJHAKO, 4TO 6 KOoAbye Mampuy 6mopozo nopadka Had noaem
OedcmeumenbHbiX quceA MONHO Hadmu makxe noonose, uw30Mopdroe noaw

KOMnAeKCHOIX duces. B camOM Jese, NOCTaBUM B COOTBETCTBHE BCAKOMY KOM-
naekcuoMy dHcay a4 b mampuyy

(= -
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DTuM NyTeM BCe TMOJe KOMMJIEKCHBIX 4YHcea oTo6pa)kaeTcs, NPHTOM B3aHMHO
OJHO3HAa4HO, Ha YacTb XOJAbUa MaTPHIL BTOPOro MoOpAAKa, NPHYEM H3 PAaBEHCTB

a b + c d\ __ atc b+d .
—b a —d ¢/ \—{(b+d) atc/’
ab c d\ _ ac—bd ad+be
—b a) ' \—d ¢/ \ —(ad--bc) ac—bd
BHTEKAeT, 4TO 9TO otofpamenne H3oMOpdHOE, TaK KaK Martpuubl, CTOSLIHE
B MNDaBhHX 4YaCTAX paBeHCTB, COOTBETCTBYIOT KOMMJIEKCHBIM uncaam (a 4¢) +

+ (b4-d) I=(a+bi)+(c+di) B (ac—bd)+(ad -+ bc) i =(a+ bi) (¢ +-di). B uacT-
HOCTH, POJb MHHMON elHHHUBL ¢ UrpaeT MarpHua

01
-1 0)°
MonyueRub! HaMH pe3yAbTAaT yKa3nBaeT Ha elle OAHH BO3MOXKHHI cnocol

NOCTPOeHHA NOJAA KOMMJAEKCHHX HHCEJ, CTOJIb XKe y,'xoanewopme:lbuuﬁ, KaK H
Te, KOTOpHI€ pacCMarTpHBaJHCb Bhille.

§ 47, Jinneiinan anre6pa u aareGpa MHOTOW/IEHOB
HaJl NPOHM3BOJIbHBIM MOJIEM

B Tex H3 npenuieCcTBYIOULHX FJ3B KHHTH, KOTOPhE NOCBALLCHM J H-
Hellnoit aarebpe, polb OCHOBHOTO MOJAd Hrpa.1o oOWYHO noje mei-
CTBHTEAbHHX 4YHceI, Be3 Tpyna npoBepaercsi, 01HAKO, YTO OUYEHb MHO-
roe H3 STHX [a14B JOCJTOBHO REPEHOCHTCH Ha C1yyall npoOM3BOALHOLO
OCHOBHOTO MNOJA, '

Tak, 041 npbu3soassrnozo 0CHOBHO20 no.as P ocmaomes cnpased-
AUBHMY U3A0KHCeHHBe 8 24. | memod [aycca 04s pewenus cucmes
AUHeIHNX YpasHeHutl, meopus onpelesumensell u npasuio Kpamepa.
Jiywb 3aMeyaHye O KOCOCHMMETPHYECKHX ONpelenuTensX, IpUBeAeHHOe
B KoHle § 4, Tpe6yeT npeianoJo:KeHus, YTO XapaKTepHCTHKA noas P
OTAMYHA OT ABYX. Bnpouem, nokasarteibcTso cBoficTea 4 u3
9TOro ke naparpada Takwke TepseT CHIY, eC]AH XapaKTepHCTHKA noast P
paBHa IBYM, XOTsl CaMO 9TO CBOHCTBO OCTaeTCsl CNPaBeATHBLIM,

[lone3HO OTMETHTb TaKwe, YTO HEOLHOKPATHO BHICKA3bIBABIlIEECH
B r1. 1 yTBepxaeHHe O CYLIECTBOBAHNM y HEONpPeXedeHHOH cHCTeMu
nuHefinX ypaBHeHHI! GeCKOHEUHOr0 MHOWECTBA Pas HuHHX pPCHICHHH
COXpaHsieT CHAYy B caydae no6oro 6€CKOHEYH O 0 OCHOBHOTO noast P,
HO nepectaer OGLTh CIPAaBEAMNBHLIM, €CaiI nole P KoHeyHo,

Ilanee, noanocmyio neperocamcs Ha cayuail nNPouU380.16H020 0CHOB-
HO020 noas Uu3toxcenHse 8 2.4. 2 meopust AuHelHol 3asucuMmocmu
8eKMOPO8, meopuUss panza mampuuvt 1 o6was meopus cucmer Ail-
HellHblX ypaGHeHUl, a makyce aize6pa mampuy u3 24. 3.

Obwan meopus keaopamutnsix gops, nocmpoennan 8 § 26, neperno-
cumea na cayuall 4106020 0CHO8HO020 noan P, xapaxmepucmurxa Komo-
poz2o omauyna om 0gyx. Hes sTOro OrpaHHYeHus, KaxK Jerko MoKasath,
OCHOBHAs TeopeMma 9TOro naparpada ywxe nepectaeT GuTb cnpaBedanBoi,



286 oM ¥ MHOTOUJIEHB [ra. 10
i

ITycty, nanpuMep, P=2,, T. e. ABAfeTCA NOJIeM, COCTOSUIHM H3 IBYX 3Jle-
mentoB O u 1, mpyuem 141=0, otkyga —1=1, # nycTb Hal STHM TNoOJeM
NaHa KpagpaTHyHas ¢opma [=x;x,. Ecau cyuwecrsyer JauHeiiHoe npeobpa-
30BaHHe

xy =byyy + bysbas
Xy =bg1y; + byoYys,
npuBofsilee f K KAHOHHYGCKOMY BHLY, TO B PaBeHCTBe

[ =(buy1+ b1aYs) (bt + booys) = biabory? -+ (611620 + brabar) Y1ys + biabooy?

KOSDOHUHEHT byybyy 4 bygbyy NPH NpPOH3BEAEHHH Y1y, AOJIKEH GHITh PaBeH HyJO,
Oror koaddHUHEHT paBeH, OAHAKO, ONPENeNHTENIO B3SITOrO HaMH JIHHefiHoro
npeo6pasoBaHHA, Ta8K KaK Oyper JH bpby ==1 uan xe by,b, =0,—B oboux

cayuasx bypby =—by5b,. Halue snneiinoe npeo€pasoBaliHe 0Ka3anoch Bupo-
K JIeHHBIM.

lanbueiiee cogepxanne ri. 6 CyuieCTBEHHO OTHOCHTCA K KBaApaTHu-
HLIM JOPMAM ¢ KOMMACKCHBIMI IJIH JelCTBHTENbHLIMH KO3 GHIHEeHTaMH,

Hakoweun, 0aa caytana npou3soasnozo ocHo8H020 noas P coxpa-
HAemca 6CA nocmpoenunas 8 2. T meopus AUHedHLLX npocmpancms
U ux punelnox npeobpazogarnuii, BnpoyeM, noHaTHe XapaKTepHCTHYe-
CKOrO KOpPHS CBA3aHO ¢ TEOPHEel MHOTOYJEHOB HAJ MPOH3BOAbHLIM 1HOJIEM,
0 KoTOopo#t peub Gyaetr MATH HHke, 3aMeTHM, uTO Teopema u3 § 33
O CBSI3H MEKAY XaPaKTePHCTHYECKHMH KOPHAMH H cOOCTBEHHLIME 3Haue-
HHAMU NPHMET Tenepb c1eAylollyio GopMyaIHPOBKY: XapaKTepHCTHYECKHE
KOpHIH AHHEeAHOro npeobpa3osanud ¢, Jexauiie B OCHOBHOM moae P,
TOMLKO ONHH, CAYKAT COGCTBEHHLIMH 3HAYEHHSIMI STOrO npeobpasoBanus,

Yrto ®e KacaeTcs TEOPHH ERKANAOBHX Npoc¢TpanctB (ra. 8), To ona
CYLLECTBEHHO CBfi3aHa ¢ nojaeM AeHCTBHTEJAbHHX 4YHCe.

Ha cayyali npoH3BOJIBHOrO OCHOBHOTO noas P Moryrt OHTb MepeHe-
CCHH 11 HEKOTOPHIE H3 H3JO0XEHHbIX BbliJe Pa3fenos anreOGpH MHo-
rouyaenosn. llpexBapurenbHo Heo6X0ZUMO, OAHAKO, NMPHAATH TOYHLIH
CMBIC/I MOHHTHIO MHOTOY/JIEHA HajJ NPOH3BOJbLHHIM HOJEM,

Heno 8 tom, uto B § 20 ykasniBaAHCh IBe TOYKH 3PEHHS HA NOHI-
THE Muorounexsa — opmanbho-anre6panyeckas H TeOpeTHKO-ByHKUHO-
nanbiasg, Ouu ofe MOryT OuLiTb jlepeHeceHH Ha cayyad npoH3BOJbHOTO
OCHOBHOTO noast. byayuu, OAHaKO, PABHOCIIBHRMH A CAYUast 4HCAOBHWX
noneit (cM. § 24) u, xak Jerko MNpoBepHTh, Al GeCKOHEYHHX noael
BoobGle, 049 KOHeUHWX nosell OoHu Yoxe nepecmawm Oumbs pasHo-
CUNbHBLMUL,

PaccmoTpuM, Hanpumep, BBeideHsoe B § 45 none Z,, coctosmiee 13
asyx anemedtoB 0O u 1, npuyem 1-41=0, Muorousesn x-+1 u
x?4-1 ¢ koadduUMeHTaMH H3 STOrO NOAS SIBASIOTCH PA3AHUHLIMH, T. €.
He Y/JOBICTBOPAIOT anre6paHyYecKOMY ONpeAe/eHHI0 PaBeHCTBA MHOTO-
ynenos. Bmecre ¢ TeM, 06a aTH MHOroujnesa npu x =0 nonyyaior 3sua-
yeuue 1, a npu x=1—3Hadennue 0, T. e. KIK «DYHKUHH» OT «nepe-
MEHHOFOY X, MPHHHUMAIOLETO 3HaYeHHS B N0/1e Z,, OHU LOJKHB CYHTATHCH
pasunMu. B noae Z;, cocrosiniem 3 Tpex 3sneMentos: 0, 1, 2, mpuuem
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142=0, B TaKOM e MONOMEHHH HAXOLATCH MHOTOUIEHW X34 x| 1
n 2x+4- 1. Takue npnMepw MOXHO ykasaTb BoOGule MR BCeX KOHeU-
HHX noneft,

Takum oBpa3oMm, B TeopuH, OTHOCALIEHCA K CYYalo MPOU3BOABHOTO
nons P, HEBO3MOXHO NPHUHATH TeOPeTHKO-QYHKUHOHANBHYIO TOYKY 3pe-
HUA Ha MHorouseHnl. Heo6xoaumo, c¢leaoBaTenbHO, MNPHIAATHL MONHYIO
fICHOCTh dopManbHo-anre6panyeckoMy onpeaenetnio Maorounena, C sToit
1eNbi0 MH MPOBEXEM TaKOoe MOCTPOEHHEe KONAblUAa MHOTOYNEC-
HOB Hajd NMPOU3BOAbLHHM NojdeM P, KOTOPOE He HCHOAB3YeT
€ ¢caMoro Hayasna oO6LYHON 3aMHCH MHOTOYJIEHOB Yepe3 KHeH3BeCTHOeY X.

PaccmoTpuM BCeBO3MOXHHE YNOPSAOUEHHHE KOHEYHHE CHCTeMH Sle-
MEHTOB noas P, umeiouiie BUA

(a01 (11, ¢ 00y an—l’ an)) (1)

npHyYeM n npoussoavHo, n =0, HO npu 2> 0 momxHo 6wTh a, =0,
Onpenennn nas cuctem Buxa (1) c/0Mmede H yMHOKEHHE B COOTBETCTBHI
c ¢opmynamn (3) u (4) § 20, MK MPeBPAaTHM COBOKYMHOCTb STHX
CHCTCM B KOMMYTAaTHBHOE KOJbIO; HOKA3aTeNbCTBA HEOOGXOAHMMHX AAT
9TOro CBOHCTB IOCNOBHO MOBTOPSIIOT TO, 4TO Aenatoch B § 20 nan
YHCAOBhIX MHOTOYJIEHOB.

B nocrpoennom HaMn xoabue cucrtemu suga (a) (caywait n=0)
cocTasnaoT noanone, usomopduoe nonio P. dTo no3soadeT OTOKIAe-
CTBHTb TAaKUE CHCTEMH C COOTBETCTBYIOLWNMH 3eMeRTaMn g noas P, T. e,
MOJIOKHTD

{(ay=a 11a Bcex a u3 P. (2)

C apyro#t cropouu, o6o3xaunm cucremy (0, 1) 6yxso#t x,
x=(0, 1).
Toraa, npuMenas ykasaHHoe BHIIE ONpeieieHHE YMHOKEHHS, MH 001y-
uuM, uto x?=(0, 0, 1) u BoOGwWe
x*=(0,0,...,0, 1), 3)
N e’
k pas
Hcnoan3ys Tenepnh onpeieneHus CIOMEHHA H YMHOWEHHS ynopsao-
YEHHMX CHCTeM, a Takwe pasesctBa (2) u (3), Mu moayyum:
(am 01, 021 MR an—lv an)=
=(ao)+(0, a))+(0, 0, a))+...
ee.t+0,0, ..., 0, a,.,)4+0,0, ..., 0, 2,)=
S———— S————’
n-1 pas n pa3
= (a0} +(a;) (0, 1)+ (a,} (0, 0, N +...
"'+(an—1)(01 01 ° ey 0’ 1)+(an)(01 0, s 00y 0) 1)=
~—— N e

n-1 pas n pas

=aytax+a,2+...+a,..x""1+a,x".
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TakuM o6pa3oM, BCAKas ynopsxoyeHHas cucrema BHAa (1) moxer
6HLTh 3anKCaHa B BHAE MHOTQY/eHA OTHOCHTEAbHO X C KO3ddHuuUneHTaMH
H3 noas P, npuyem 3ta 3anucb GyieT, O4YEBHAHO, OAHO3HauyHo#. Onu-
pasicb, HaKOHEl, Ha YxXe [AOKAa3aHHYI0O KOMMYTaTHBHOCTb C/OWEHHS,
MOWHO NEepedTH K 3anHCH no YOWBAIOUIHM CTEmeHiM X.

Mb nocTpouM, caexoBaTeNbHO, KOMMYTAaTHBHOE KONBLO, KOTOpOe
€CTeCTBEHHO Ha3BaTb KOAb{OM MHOZOMACHO8 0N HelU38eCMHO20 X Had
nosex P. 310 xoabuo odosnavaercs cumsonox P[x].

B koasye P[x] codepacumcsn casmo nose P, xak ywxe ObAO noka-
3an0 Buite. Jlaaee, Kak H B cy4yae KO/ell MHOTOUYIEHOB Hal YHCAOBHMH
nonaxu (cM. § 20), xoasno Plx) o6aadaem edunuyel, ne codepxicum
Oesumenell HYAR U He SABALEMCA NONEM.

Ecau nose P codepmcumcsa 6 Goavwes nose P, mo roasyo Px]
6ydem nodxorsyosr xoasya Px]: Beakuit mMuOrOuMeH ¢ Koddduuuen-
TaMu H3 P MOXHO CyHTaTb, MOHATHO, MHOTOY/EHOM M HAA noiem P,
a cyMMa M TIpOHM3BeJeHHe MHOTOYJIEHOB 3aBUCAT TOJbKO OT HX KO3DPH-
LHEHTOB H [I09TOMY He MEHSIOTCS MPH nepexoge K GoapuieMy nojo.

[ng TOrO 4TOGH Nyulle NpeaCTaBHTh ceGe HCTHHHLIA OObeM MoHATHA
«KOMBIO MHOTOWJIEHOB HAA noJeM Py, NOCMOTPHM Ha HEro eule ¢ OJ1HOH
CTOPOHH,

Ilycts none P coaepXHTCH B KauecTBe MOAKOAbLA B HEKOTOPOM
KOMMYTAaTHBHOM KoJbue L. DnemeHT o konblia L nasniBaercs aszedpau-
veckus Had notes P, ecam cyuwecTBYeT TaKOe ypaBHEeHUE f1-fi CTEMeHH,
n>=1, ¢ ko3pduuresTaMu 13 Noas P, KOTOPOMY 371eMEHT O YA0B/1ETBO-
psieT; €CAH Ke TAKOr0 ypaBueHHs He CYIIeCTBYeT, TO 31€MEHT ¢ Ha3hl-
BacTCH mpaHncyendenmuoiss wao nosesn P. TlonsTino, 4T0 9ICMEHT X
konbua P[x) Tpadcuennaenten nal nonem P,

Cnpaseanusa caeayiouiast TeopeMas

Ecau asaemenm o woasya L mpancuyendenwmen nad nosern P, mo
nodxoasyo L', nosysennoe npucoeduneniiem saesmenma o K noawo P
(T. e. MHHHMaJbHOE NMOAKOALUO KOabUa L, coxepxauiee nosae P u ane-
MEHT @), U3OMOPPHO KoY MHO20MAeHO08 P[x).

B camom nene, Besikuit aaement P konbua L, KOTOPHA MOMeT OWThb
3anucan B BUAE

p=a"+ax" 14 ... 4+a,_,2a+a, n=0, (4)

¢ kospduuuenramn aq, a;, ..., 8,_q, @, U3 N0AA P, 6yxer colepxarbed
B noakonbue L', Daement [ te MomeT 062aAaThb ABYMS Pa3MHUHBIMH
3anucaMu Buna (4), Tak kKak, BHYuTad M3 ONHON 3aMUCH APYrYIO, Mbi
noayuunu Oul, 4TO CyueCTByeT ypaBHeHHe Hal noaeMm P, ynosaetrnopse-
MOC 3/7IEMEHTOM @, B MPOTHBOPEYHEe C TPAHCUEHAEHTHOCTHIO STOrO 3Je-
menta. CknadnBas snemMeRTH BHAA (4) MO npasunav CJ10KeHHs B Koable L,
MOXHO, NMOHATHO, CKAaALBaTb KOS(P@PHUHEHTH NPH OLHHAKOBHIX CTemne-
HAX O 3TO COBNARAET, ONAHAKO, C NPAaBHIOM C/HQMEHHS MHOTOYJIEHOB,
C zpyro#t croposn, nepeMHOWAas 9/eMeHTH BHAA (4) No npasunam
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YMHOWEHUS B Koablle L, MH MOXeM, N0/b3YsiCb 3aKOHOM AHCTPHOYTHB-
HOCTH, COBEPIIMTb MOYIEHHOE NepeMHOXeHHe, a 3aTeM cofpaTth Nox06-
Hble UYJEeHH, 3TO TMPHBOIUT, OYEBU/AHO, K H3BECTHOMY HAM NpaBuly
YMHOXEHHS MHOTOYJIEHOB. DTHM KOKa3aHO, YTO 3/7eMeHTH Buaa (4) co-
CTaBJIAIOT B KOJbLle L MOAKOIBIO, coaepxailee noie P 1 31eMeHT a,
T. €. coBnanaiomee ¢ L', U YTO 3TO MOAKO.IbUO H3OMOPHO KOJbLLY
mHorounexos P[x].

Mbl BHAHM, YTO CHEMTAHHLIN BHIE BHOOP oNpeiaeieHnlt A1 onepaunit
Had MHOrOY/IeHaMH He O/ ClydaHHbM: OH BIIOJAHE ONpeNensieTCs TeM, YTo
9/eMeHT X Koabua P[x] 10mKeH OuTh TPAHCUEHAGHTHHM Haid moaeM P,

3aMeTHM, YTO NpH NMOCTPOEHUH KOJbLA MHOTOUNEHOB Px] Mu Hurie
He HCNO/1b30BAaNH JejIeHHA SJEMEHTOB mois P H Juiib OIHH pas,
a MMeHlo, NpH J0Ka3aTeAbCTBE YTBEPKAEHUA O CTENEHH NPOU3BEACHUH
MHOTQY/ICHOB, BOMKHH Onau 6Gbl COCNATLCA HA OTCYTCTBHE B nojte P
Aenutened Hyas. MoxHO, cle1oBatesbHO, B3fATh MPOH3BOILHOE KOMMY-
TATHBHOE KOABLO L M, NMOBTOPSAS NPOBEJEHHOE BhlE NOCTPOEHIe, MO-
AYYHTH KOAbHO MHO20%2eH08 L [X] Rad Koabyos L; eCu NPH 3TOM
KOAbLO L He COAEpPIHUT AedHTe el HY A5, TO CTeleHb NPoO-
H3BeAEHHS MHOTO4Y/JEHOB OyHeT paBHa CymMMe CTeHeHeH COMHOWMTel e
H NOSTOMY KO/AbLO MHOTOuneuoB L{x] Taxxe ne 6ynert
coleplkaTb HedHTeneH HYyaq.

Boaspauiasnce k MHOrousnenasm ¢ kosdduunenTaMu H3 Npou3BOALHOTO
nonas P, saMeTHM, YTO HA 3TOT CJyuyal 11epeHOCHTCS NO CyUeCTBY BCA
TEOPHA AEAHMOCTH MHOTOUACHOB, H3JI0KeHHan B §§ 20—22
Hamel kHurd. lmenno, 8 roasye P[x)| useem Mmecmo aazopummn
OeneHUusT ¢ ocmamios, TNPHYeM M YacTHOE, H OCTATOK caMH OYAyT Npu-
nagaexats ¥ koabny Px]. Hdanee, & rwossye Plx] umeem cawmca no-
HAmMUEe Oesumenss it COXPAHAIOMCS 8Ce e2o OCHoBHue cgodcmea. Ilpu
STOM TO OGCTOATC/ABCTBO, YTO aJArOpPHTM AEJEHHS He BBHIBOLIT 3a npe-
Jens OCHOBHOTO nonst P, no3poisieT YyTBEPKAAThb, UTO CB0HCME0 MHO20-
yaena @ (x) 6oms Oeaumenesns Oan f(x) He 3asucum om mozo, pac-
cuampusaess au mol nose P uau oice ezo aoboe pacuupenue.

B roasye Plx] coxpansawomces maixce onpedesenuie u ece cgoii-
cmea Hauboavwezo obujezo OeallmeAnst, 8 nos HUCAe COXPAHSIOMCS
aazopumm Esxauda u meopema, ooxasennas 8 § 21 npu nosowu
amozo areopumsa. 3aMETHM, UTO TaK Kak aJrOPHUTM JeJeHHs ¢ OCTdT-
KOM He 3aBHCHT, KaK Mbl 3HaeM, OT TOrO, Kaxoe noJe BoiGpaHo B KauecTae
OCHOBHOTO, TO MOXHO YTBEPWAAaTb, HTO Hauboasuul obuuii deaumens
08YX OGHHHIX MHOZOUAEHO8 MAKINCE He 3ABUCUM OM IM020, PACCMan-
pusaesn au me nose P uau e ezo npoussossnoe pacuupente b.

Hakouen, dasn munozotnenos nad nosesn P coxpansiem CMbiCA NHoO-
HAMUE KOPHS UL OCMAOMCA CNPageoAUBbMlL OCHOBHbE CBOliCMBa Kop-
neli. Coxpansercsi H TEOPHA KPATHBIX KOpHell; BOPOYEM, K 3TOMY BO-
IIpOCY Mit BepHeMCs ellle Pa3 B KOHLE ciaeayioulero naparpada.

ITH 3aMeyaHHst MO3BOJSAT HaM B JAajbHefileM HPU H3YYCHHI MHOLO-
4JEHOB Haj nMobbiM nonem P ccunatbhes Ha § 20—22.
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§ 48. Pasjowxenue MHOTOY/IeHOB HA HeNIPHBOAUMBIE MHOKMTEJH

Ha ocsoBauun teopemn O CywieCTBOBaHHM KOpust 8 § 24 aas noaeit
KOMIIEKCHHX K AeHCTBUTEIbHHX 4Yuce] OhJHM AOKa3aHH CYIecTBOBaHHE
H eAHHCTBEHHOCTb Pa3/0MEHHH MHOrOWIEHA HA HEMNPHBOAHMHE MHOMH-
TeIH. DTU Pe3ynbTaThl ABASIOTCH YACTHHMH CaydasaMH OGUIHX TeopeM,
OTHOCALMXCS K MHOFO4WJIEHAM HAAL NPOH3BOAbHHM nojem P. Hacrosuwuit
naparpad n0CBALLEETCA H3A0XKEHHIO 9TOH 06iuieH TeOpHH, NapanielbHol
TEOPHH Pa3.IOKeHHd LeAblX YHCEA HAa [POCTHE MHOXKHTENH.

OnpepenuM cHayasa T€ MHOTOY/IEHH, ‘KOTOPHE HrpaT B KOJble
MHOTOYJIEHOB TAKyl0 K€ pOab, KAKYIO B KOJbLle UEJIHX YHCEA HrpaioT
npocTHe uucaa. 3apasee nOAYEPKHEM, 4TO B 9TOM onpedeieHuH 6yaer
HATH peqb /MlIb O MHOTOYAEHaX, CTeMeHb KOTOpPHX 60ablle
HAY paBHAa eaAHHUWE 3TO BIOJHE COOTBETCTBYET TOMY, 4TO NPH
ONpelesieHHH MPOCTHX YHCEN M H3YHEHHH Da3ljoxeHul LeanX yHcea Ha
npocrue MHOKUTENn 4nucaa 1 u —1 HCKTIOYAlOTCS M3 PacCMOTPEHHd.

[lycts nan muorowaes f(x) crenewu n, n==1, ¢ kospduuuentamu
13 noaa P. Benay ceofictsa V u3 § 21 sce MHOrouneHnt Hy.1eBOM cTenexu
Oyayt cayxutb aeadrteasyu aas f{x). C apyroil croponu, no VI, 1enu-
TeIMH A48 f(x) 6yAyT W Bce MHOrowlens c¢f(x), rie ¢— OTAuYHbIA
OT HyAd 9aeMeHT u3 P, npuyeM HMH HCYEPNHBAIOTCH BCe e aHTelH
MHorow/aena f(x), umewouine cremeud s, Yr1o ke kacaercs nennteiet
dan f(x), creneHb koropux Gonbuie O, HO MeHblie 72, TO OHH MOFYT
B KOabue P[x] cyutecTBOBaTb, @ MOTYT 4 OTCYTCTBOBaTh., B nepsom
Clyyae mHorounes f(x) uaswmBaerca npusodumsm B noae P (uam nai
nonem P), BO BTOPOM Ciyuae — Henpugsofumsist B 3TOM node.

Benosmunas onpeneaenite 1eAuTeNs, MOXKHO CKa3aTh, YTO MHO20%AH
J(%) cmenenu n. npusodus e nose P, ecau on soxcem Gbino pa3soxcer
Had smu.mu nosen (m. e. 8 xoave Plx}) 8 npoussedenue d8yx MHO-
mumeneld, cmenenu KOmMopux MeHsue n:

S x) =g (x) P (x), (1)

u f(x) nenpusodum 8 nose P, ecau 8 mobom ez20 passowexul suda
(1) o0un u3z muowmumenei umeem cmenens 0, Opyzoli— cmenens n.
Caeayer obpatutb 0co60e BHHMaHHE HA TO OOGCTOATENLCTBO, YTO
O MPHBOAMMOCTH HAH HENPHBOAHMOCTH MHOTOY/IEHA MONHO [OBOPHTD
AHUb M0 OTHOWEHHIO K NAAHHOMY MO0 P, TAK Kax MHOTOWIEH, HenpH-
BOAHMBEH B STOM nose, MOXKET 0Ka3aTbCid NPHUBOAHMBLIM B HEKOTOPOM
ero pacwnpenun P. Tak, muorouned x2—2 ¢ neanmu koaddunuenramu
HENPHBOAMM B NOAE PAUHOHANbHLIX YUCEN— OH HE MOXET GuTh pasfo-
WeH 8 NPOM3BEJEHHE ABYX MHOWHTe/eill nepsold CTeneHH ¢ pauuoHaIb-
HuMu xoadpduunedtamn, Oanako B noae AeHCTBHUTENbHBLIX YuCes 3TOT
MHOrOYNE€H OKa3hBAaeTCH NPHBOAMMWM, KAaK IIOKA3bIBAET PABEHCTBO

—2=(x—=V"2)(x+V"2)
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Muorounen x%-4-1 HenpuBOAHM HE TO/NBKO B n0Je PAHOHAILHEX YHCEN,
HO W B MOJIe XeHCTBHTEAbHLIX YHCEN; OH Ae/AeTCA NPUBOIUMHM, OLHAKO,
B No/Jle KOMMAEKCHBIX 4HCed, TaK Kak

224-1=(x—10(x40).

YKameM HEKOTOpPHWE OCHOBHNE CBOHCTBA HENPHBOAMMBX MHOTOYNCHOB,
npuyeM OyaeM NOMHMTb, YTO peyb MAET O MHOTOY/IEHAaX, HENPHBOANMBX
B none P.

@) Beawxuill mnozownen repgoli cmenenu Henpugsoouns.

B camom aene, ecar OH 3TOT MHOTOUACH b PAa3JIOKHM B POH3BeE-
JeHHE MHOXHTEIeH MeHbLIel CTeMeHH, TO 3TH MHOKHTEI! AOMKHH GHIH
6u umerp crenedb 0. Oanako npousBeLenne N06GHX MHOMOYNEHOB HYle-
BO# CTeNmeHH CHOBa OyXeT MHOFOUWIEHOM HYJAEBOI CTemen:, a He NepBoii.

B) Ecau muozouaen p(x) wenpusodus, mo Henpusoduisis Gygem
u scAKul MHo20%MeH Cp(X), 20e C—OMAUYHUE Om HYAL dAeMCHM
u3 P.

10 cBOHCTBO crenyer n3 cBoHets I u VII § 21. Oro nosBoauT Hau
TaM, rxe 310 OYAET HYKHO, OTrPaHHYHBATHLCT PACCMOTPEHHEM HEnmpiHBO-
JHMBIX MHOTOY/1€HOB, CTapuine K03pPHUHEHTH KOTOPHX PaBHL €1HHHLLE,

y) Ecau f(x)— npoussorsneii, a p(x)—Henpusocumuiii IMHO20-
ypen, mo aubo f(x) Oeaumcs Ha p(x), subo xce smu MHO20UACHb
83QUMHO NPOCIMY,

Ecau (f(x), p(x))=d (x), 1o d(x), Oyayun nenutenem Henpuao-
ANMOro MHorousesa p(x), nuGo umeer crenens 0, n1uGo xe eCTh MHOTO-
unen Buia cp(x), c¢%=0. B nepsom caysae f(x) u p(x) B3aumHo
npocTi, BO BTOPOM [f(X) memutcs Ha p(x).

0) Ecau npoussederue mnozowaenos f(x) u g(x) éeaumca Ha He-
npugocuMbll MHO20%AeH p(x), mo xoma 6ol 00un 43 amMux MHOMU-
meaed deaumca Ha p(x).

He#icTutenrro, ecnit f(x) we neaurces ma p(x), 1o, no v), f(x)
i p(X) B3aUMHO MNpPOCTH, a TOraa, no cBokctBy 6) u3 § 21, muoro-
ufed g(X) HOMKEH peauThes Ha p(x).

CaoiicTBO §) Ge3 Tpy/aa pacupocTpaHseTcd 1a cayyalt npousBeAeHUs
noGoro koueuhoro uyucaa MHOXHTEeH,

Creayioutne nBe TeopeMn sIBASIOTCS FAaBHOH 11€1bI0 BCELO HACTOS-
uero naparpada.

Beaxuii nmnozotnsen f(x) u3 xoasya Plx), uneowuii cmenens n,
nz=1, pasasazaemca 8 npoussederue Henpugooumsly, MHoOMCUmenel.

Jle#cTBHTENBHO, €CAN MHOTOUACH f(X) CaM HENPHBOAHM, TO yKa3aH-
10e npou3BeleHHe COCTOHT BCEro H3 OAHOTO MuowHTeXs. Ecau we ou
NPHBOAUM, TO MOKET OLITb Ppa3/iiOmeH B NPOH3BEJEHHE MHOWHTeRe
MeHubuielt cTenenn. Ecau cpeanm 9THX MHOwHTenel cCHOBaA HMeIOTCH MpH-
BOAHMEIE, TO NMPOM3BOAMM HX Ad/bHeHIee pasnomenue Ha MHOWHTENH,
H T. X. DTOT Mpouect AONKEH OCTAHOBHTBCH NMOCAE KOHEUHOTO YHCAA
maros, TaK Kak npH MOGOM pPa3NOWMEHHH f(X) Ha MHOKHTEAH CyMMa
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cTeneHell sTHX MHOWKHTENeH NOMKHA PaBHATBCS N W MO3TOMY YHCAO
MHOXHTEJeH, 3aBUCALIUX OT X, HE MOXET NPEBOCXOAHTb /1.

Pazioxenne ueanx YHCeA HA MPOCTHE MHOXKHTEAH OJIHO3HAYHO, €CAH
OTPAHWYHBATHCH PACCMOTPEHHEM LEANX MOJOKHTEAbHHX uncen. OfHaKO
B KOJIble BCEX HEJAbX YHCeJ OXHO3HAYHOCTD HMEET MeCTO JHILUb ¢ TOY-
HOCTbIO 10 3HakoB: Tak, —6=2.(—3)=(—2).3, 10=2.5=
=(—2):(—3) u 1. 4. AsanoruyHoe MOJOKEHHE HMEeT MeCTO M
B KOJblle MHOro41eHoB. Ecan

Sy =p () py (%) ... ps(x)

€CTh Pa3n0}eHNHe MHOrouIena f(x) B Npou3BeseHe HEMPHBOAHMBIX MHO-
WHTETeH 1 eC/H SACMEHTH €, €5, ..., €, U3 0011 P TaKoBH, YTO HX
npoussencuue pasio 1, 10

f(x) = [C1P1 (x)] ’[Czpz (x)] .o .[Csps (x)]

Takke Oyner, sBnay B), pasaowenueM f(x) B Impou3BeieHHE HENPUBO-
aumux  MHOWHTeNed. OkasmBaeTcsi, UTO 9THM HCYEPNHBAITCA BCE
pasaoxenns f(x):

Ecau mnozowaen fix) u3 xoasuya P\x) dsyms cnocobanuu pasaio-
Jen 8 npoussedenue HenpusooUMBX MHOMNCUMenel!

fX)=p, (Xypy(x) ... ps(-$)=ql (¥) g, (%) ... g,(x), (2)

mo s=1t-u, npu coomsemcmeyouwelk HyMepaull, UMEION MeCMO
pasercmsa

qi(x)=cipi(x)’ i=]» 21 .o 0y sl (3)

2de Cj—omaAaunHbie om HYAR AeMeHmb U3 noas P.

3Ta TeopeMa BepHA LM MHOFOUJEHOB MEPBOi cTemeni, TaK KaK Ol
HENpHBOAHMH., Mw Oyldem no3TOMY BECTH AOKA3aTEAbCTRO HHAYKUHCH
no cTeneHu MHOroujdena, T. e. OyAeM N0KasuBaTh TeopeMmy aas f(x),
NPEAN0Aaras, 470 A48 MHOTOYJIEHOB MeHbINEH CTeNeHH OHa yiKe L10Ka3aHna.,

Tak kak ¢, (x) gBasercs npeauteseM aas f(x), 1o, BBHAY CBOH-
ctea §) u paseHcTBa (2), g, (x¥) 6yaer peluTeseM XoTH Gbl AAS OAHOTO
U3 MHOrO41eHOB p; (x), wanpumep aas p,(x). Tak kax, oanaxko, muoro-
uied p, (X) HeNpUBOANM, a cTeneHb g, (x) 6oablie HyAst, TO CYlULECTBYeET
TAKOHK 3NeMEHT ¢, YTO

7, (%) = ¢, p, (x). (4)
Toacrasass sTo Bupawenne ¢,(X) B (2) u cokpamas na p,; (¥) (410
34KOHHO, TaK KaK B Koabue P{x] HeT neantenef Hyas), Mol HORYUHM
pPaBEHCTBO
P (%) g (%) ... ps(®)==[c19: (X g5 (%) ... g, (%)

Tak kak cTeneHb MHOrOYJICHAa, PABHOTO 3THM MPOU3BEACHHAM, MeHblUE
crerenn f(x), TO ywe AOKasaHo, 4TO s—1=¢{—1, oTxyna s=t¢,
11 YTO CYILECTBYIOT TAKHE DIEMEHTH €y, Cgy oo .y Cgy YTO c; Pa(x) = €4q,(x),



§ 48] PA3NOWEHHME MHOTOWJIEHOB HA HEMPUBOAHWMHE MHOWHTENH 293

OTKYAa g, (X)= (¢ ? cz) pa (%), B ¢p(x)=¢q;(x), i=3, ..., s [lona.
rag ¢;? c'2=c2 " yunTeiBas (4), Mb MONHOCTBLIO MOAYYUM paBeHCTBa (3).

IloxasanHo# cefivac TeopeMme MOWHO AaTb TaKylo 6oilee KOPOTKYIO
dbopMynuposky: 6caxull MHO20%AEH PA3AQZAEMCR HA HenPUBOOUMbE
MHONCUMENU OOHOBHAUHO C mOUHOCMbI0 00 MHONCUMeseld HYaegoll
cmenenu,

Bceraa Moxno paccmMaTpuBaTb, BOPOUEM, Pa3iOneHHe C/AeAyiouiero
CMeunanLHoro BNRa, xKomopoe 6ydem 0N KANO020 MHOZOYAEHA YIHCE
gnoane 00HO3HaunbiA: Oepem ni060e pasnoxenne MHOrounexa f(x)
HAa HENPHROAHMHE MHOKHTENH H M3 ~KAKAOTO H3 STHX MHOWHTENAeH
BLHOCHM 3a CKoOkH crtapunf xosdduunent. Mu nonyuns paznoxenue

F ) =aep, (%) p, (%) ... ps(x), (6)

Tae Bce p;(x), i=1, 2, ,,., 5, ABAKIOTCA NHENPHBOAHMMMH MHOrOYAE-
HAMHA CO CTApUINMY KO3(duIHEHTaMH, PaBHHMI eatiHHlle, MHOXHTEb @,
Gynet pased Crapulemy kosdduuHeHTy Muorounexa f(x), Kak nerko
JlOKa3aTh, BLIOJHHB MEpeMHOXeHye B NpasoH yacTH pasencTsa (3).

HenpuBoaumbie MHOXHUTEN, BXOASULHE B PAa3a0oKeHHE (5), ne 06A3aHN
OnTh Bce pa3anuuuiMu. Ecan Henpusoanmuil MHOTOYIeH p (X) BCTpeuaeTes
B Pa3nowcHHH (5) HECKOAbKO pas, TO OH HA3LBACTCH KPAMHLM MHONCU-
meses AR f(X), a HMEHHO R-xpamubis (B HAaCTHOCTH ABYKPATHHM,
TPEXKpPaTHLM H T. A.), ecau B paszaoxenuu (J) COIEPKUTCH POBHO B
MHOKUTEAeH, paBunx p(x). Ecaum wxke muownrens p(x) sxoiur B (D)
JUUlb OAHH Pa3, TO OH HA3bIBACTCH Apocmyiam (HAH OOHOKPAMHBAL)
MHoxcumenesn ana f(x).

Ecan B pasaoxennn (3) MHOXRTENN p; (X), py (X), ..., p,(X) OTARYHL
Lpyr OT Apyra, a BCAKHH APYro# MHOXHTENAb PaseH OLHOMY H3 HUX,
noecan pi(x), i=1, 2, ..., [, 9BaReTCcA ki -KPaTHBIM MHOXHTEJEM
MHOTOu/eHa f(X), TO pasiowenne (3) MOWHO NEpenHcaTbh B CACAYIOLEM
BHAE:

F)y=aophi(x) pha(x) ... ph(x). (6)

Mvenno s1o#t 3anuchlo Mm OyaeM Aanpnie OGWUHO MOAb3QBATHCA, HE
OrOBAPHBAH OCOG0, YTO MOKA3ATE/H PABHHL KPATHOCTHM COOTBETCTBYIOMINX
MHOXHTeeH, T. e. uTo py (x)-+/—p (x) npu i
. Ecau oanu Pas3aoxcenus .uuoeomeuos Jf{x) u g(x) na nenpusodu-
Jie  mHoMCumenrl, mo Hauboabwul obwuli Jdeaumeny d(x) smux
MHO204ACHO8 PABEH NPOU3BECeHUI0 MHONCUMeRel, 8X0AWUX OOHOGPE-
MEHHO 8 00@ pazsoscenus, nputem Kaxcowd MHoucumens Gepemcs
8 cmenenu, pasnol Mmenbweli u3 e20 xpamuocmeli & 060UuxX OAHHHX
MHO20%2EHAX,

eficTBUTENBHO, yKa3aHHOE NPOH3BEAEHHE OyAeT NeAUTe eM Af Kax-
IOr0o H3 MHOro4Y/IeHoB f(x), g(x), a noatomy u ana d(x). Ecau 6u ato
npon3senenye OuA0 OTAHYHWM OT d (¥), TO B pasoxennu d(x) na
HEMPUBOAUMBE MHOXHTENH AHGO COmepwancs Gw MHOXKHUTENb, KOTOPH
He BXOLHMT B Pa3/iomeHHe XOTa Obl OAHOrO W3 MHOroyneuos f(x) u g(x),
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4YTO HCBO3MOXHO, NHOO Xe OAMH H3 MHOXHTeneft umen 6w GOabuIyio
CTENEHb, yeM OH HMEET B PA3JOXEHHH OLHOFO M3 MHOrouneHoB f(x)
H g(x), 4TO CHOBAZ HEBO3MOXHO.

ATa TeopeMma aHAJOTHUYHA TOMY NMPaBuUy, N0 KOTOPOMY Pa3HCKHBAETCH
o0WuHO HanGoabiuu#t obumufl JeaAuTedb LenbiX uHced. OHa HA MOWET
3aMEHUTDb, OJHAKO, B Cly4Yae MHOIOUYAEHOB aaroputm Esxauna. delcTau-
Te/bHO, TAaK KaK HPOCTHIX YHCEN, MEHbIIHX AAHHOTO LEJ0ro MOJOKITEb-
HOr0 YHC/JA, AHIUb KOHEYHOE YHCJIO0, TO PA3JOKeHHe 1eA0T0 4HC/Aa Ha
NPOCTHE MHOWHTEIH HLOCTHraeTCsd KOHEUHWM uyHca0M npob. 3To ywe
He HMeeT MecTa B KOJblie MHOFOH/IeHOB Hal GeCKOHEYHHAM OCHOBHHM
noneM, u B OOUIEM CAydae Heldb3st AaTh ¢nocoba Aast NPAaKTHYECKOro
Pa3noKEeHU MHOTOUWIEHOB HA HENPHBOAUMBE MHOWHTEAH, Boabue Toro,
Jawe peHlieHHE BONPOCA, ABAAETCA JAH MHOrOYJMeH f(X) HEMPHBOLHMBIM
B J1aHHOM 101 P, OKasuBacTcs B o6uIEM cayuyae BecbMa TpyaHmM. Tak,
ONHCAHHE BCEX HCNPHBOAHMLIX MHOTOYWIEHOB AJf caydas nosielt kom-
TVIEKCHHX H AeHCTBHTEAbHBIX uHcea Oblo noayyeno B § 24 B kadectse
C1e1CTBHS H3 O4YeHb INyGOKOH TeopeMid O CymiecTBOBAHIN KopHs, HTo xe
KacaeTcs noas paunonansHuX 4icea, TO O MHOTOY/AEHAX, HeMPHBOAHMHX
Hal atum noaem, 8 § 56 OyayT caenaHn AHilb HEKOTOPHE BHCKA3h-
BaHHN 4aCTHOrO XapakTepa.

Mui MoKasaJau, 4YTO B KOJbUE MHOrouJeHOB, KaK H B KoJblle LleJbX 4YHCenN,
HMeRT MECTO Da3JioKeHHe Ha «pOCThier (HEHPHBOI[H.\IHE) MHOXHTENH H 4YTO 3TO
pa3iomerHne B HEKOTOPOM CMLIC/NE OAHO3HAYHO. BosHuunkaer Bonpoc, MOXHO JH
nepeHecTH 3TH pe3ybTaThl Ha Gonee UIHPOKHE KJacChl KOJell. Mu orpavnunmMcs
NpH 9TOM CAy4Y3aeM TAaKHX KOMMYTATHBHBIX KOJeUu, KOoTopwe obnajaior enunnued
H He COJepikaT JeauTesefl HyJA.

Ha3zosem Oeaumeses edurnuybt TaKON 3JeMEHT a KOJbUA, Aa3 KOTOpOro
B 3TOM KOJIblle CyUleCTBYeT oGpaTan‘i SJIEMEHT a"‘,

aa~l=1.

B xosbue wnenwmx uncen sro 6yayT uHcna | w —1, B KOJbue MHOrouneHoOB
P [x] —s8ce mMHOrouneHsl HyneBOH cTenmenu, T. e, OTJAHYHBIE OT HYJAS 4HCA2 U3
noas P. DaemeHT ¢, OTAHUHLIA OT HYJA U He ABALOWMHKACH JeauTeseM eRHHHUEL,
Ha30BeM npocmois SNEMENTOM KOJbIA, €CJH BO BCAKOM €ro pas’joXeHHWH B fpo-
u3BeleHile ABYX MHOKHTeJell, c=ab, OAHH HI 3THX MHOXHTeJ/eil HenpeMeHHO
SBIAETCA JenuTesNeM eauHHuUH., B KoAbue ueaniX uuces MPOCTLIMH 3JEMEHTAMH
OyayT mnpocThle 4HCJA, B KOJbIE MHOTOYJEHOB-— HEMPHBOAHMEIE MHOTOUMEHH.

Byaer s BcAKHI 3J€MEHT pPaccMaTpHBAEMOro KoJbla, OTAHUHEI OT Uyas H
e ABNKIOULHIICA AeanTeseM eXHNHUM, pPAas3JaraThCA B NPOH3BENEHHE MNPOCTHIX
MHOXHTeJei1? Ecan aa, To 6yner nn Takoe passoxende oanosnaunsimM? [locneanee
HYXXHO NOHHMaTb B TaKOM CMbICJe: eCau

A=P1Pgves Pr=1>0193 ¢+ 4,

— IBa Da3JIOKEHHR 3JICMeHTa @ Ha NPOCThHIE MHOXKHTeaH, TO R =/ H (BO3MOXHO,
nocje H3MeHEHHs HyMepauui)

Qi =Pt l=|, 2, seey k,

rie ¢;— HeJuTesb CAHHUIBI. :

OkasbiBaeTcs, 4TO 8 ofuleM cjayuae Ha ofa sonpoca RoJXeH OHTb Rait OT-
phuaTeasHbili oTBeT. Ml OrpaHUMYMMCA OAHUM MPHUMEPOM, a HMEHHO, YKa K eM
KOJAblLO, B KOTOPOM pasfioMeHiHe Ha NPOCTHE MHOXUTEAH
XOTH M BO3MOXHO, HO He fABANETCS ONHO3HAYHHM.
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PaccmorpuM KommnsiekcHBie YHCAa BHAA

a=a+byY =3, )
rae a U b—uennte uncaa. Bee Takie udcaa COCTABAAIOT KOJbUO 6e3 geautenedt.
HyJid, COMepKallee eAHHHIY; REHCTBUTENBHO,

a5V =3)(c+d ¥V =3)=(ac—3bd) + (bc+ad) V —3. ®)
HasoBem xopmod uucna a=a-b ¥V —3 wuenoe NOJOKHTENbHOE HHCAO
N (o) =a? -+ 3b2.

Beuny (8) nopma npouseedenus pasna npoussedenuio HOpAM,

N @p)=N (a) N (). ©
JHeiicTBHTENBHO,

(ac— 3bd)2 4 3 (be 4 ad)? = a%c? + 9b%d? 4 3b%? 4 3a2d? = (a? -+ 3b2) (c? -+ 3d?).

Eca 4Mcno o sBJISIETCA B HalleM KoJbUe JeAHTeNeM eJHHHUB, T. €, YHCJAO
a~! takxe umeer Bua (7), 10, no (9),

N@)yNeH)=N@ )=N(H)=1,
a nostomy N (a)=1, Tak kak uucaa N (a) u N (@™ !)— uensle 1 nonoxHTEALHbBIE,
Ecin a=a+45V —3, 10 u3 N (0)=1 caeayer
N (a)=a?4-3b%=1;
8TO BO3MOXHO, OfHaKo, auwb npu b=0, a=+ 1, Takum o6pasoM, 8 Hawes
KoAbYUe, KaK U 8 Koabye yervix duced, Oeaumeasmu edunuyn Gydym auuwiy wucia
1 u —1 u auwe smu wucaa umeom HOpMY, PasHiy0 eQuUHuULe.

PapetctBo (9) aas HOpMbl MPOH3BEeAEHHS NEPEHOCHTCH, MOHATHO, HA cAyuad
Mo6Goro KoHeuyHoro dmcia MHoxutenefl. OTCIO1a JIerKo BbIBECTH, YTO 6CAKOE
qUCAO O U3 HAULEZO KOAbUG MOXem Owimb PA3A0OKEHO 8 npoussedexue KOHe4HO020
wucAa npocmelx  MHOxXcumenel; TIPOBe€HMe [JOKa3aTe/ibCTEA MK MPeJOCTaBHM
YHTATesNIO.

OO0HO3RAUHOCMb PA3AONEHUA HA NPOCMble MHONCUMeIU Yie HeAb3S, 00HAKO,
ymeepxcdame. Cnpasesnusel, HanpuMep, paBeHcTBa

4=2.2=(14+V =3) (1— ¥V =3).

B nauwewm koJsbue HeT APYrux Jeauresell eAHHHUB, KpoMme yucea | u —1, a no-

stomy uucao 1-- ¥ —3 (kak u uucno 1— ¥V —3) He MomeT OTaMuaTBLEA OT
uxHcaa 2 NHIUL Ha MHOXHTENb, siBAfioWBiica AejnTeseM eaHuuun. Ham ocraercs

nokasatb, uTo Kamdoe ua wucea 2, 14V —3, 1— VYV —3 6ydem @ paccmampu-
eaemom Koaoye npocrnoim, JleicTBHTENIbHO, HOPMA KaXKAOro H3 STHX TPeX uuCes
pasHa uucay 4. Ilycts a—Ji060e 43 3THX 4Ykcead # NycTb

a=fy.
Toraza, no (9), BO3MOXKEH OAHH M3 TPeX CJyuaes:

) NB)=4, N(y)=12) NB)=1, N(y)=4; 3) N(B)=N(y)=2.

B nepsom cayuae umiciio ¥y 6yder, KaK MH 3HaeM, AeJHTeNeM €XMHHUL, BO BTO-
poM cayyae Jennrtenem eaHHuHusl Oyzner B. UTo XKe kacaeTcs Tpetbero caydad,
TO OH BOOGILE HEBO3MOXEH BBHAY HEBO3MOXKHOCTH PaBeHcTsa

a? 32 =2
npy uennix a # b.

Kpatnue muoxnrenn, XoTs, KAK yXe YKa3aHo Builie, MW HE yMeeM
pasnaraTb MHOTOY/JEHB HAa HENPHBOAHMMME MHOWKHTENH, TeM He MeHee
CYIECTBYIOT ME@TObI, MO3BOAAIOLUIME Y3HATb, 00nanaeT N LaHHLIH MHO-
IroujleH KPaTHHIMH MHOXHTe/AAMH, H B C/Aydae NOJOKHTEABHOLO OTBETA
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Jajouwne BO3IMOMHOCTE CBECTH H3Y4YeHHE STOr0 MHOrOYJIEeHa K H3Y4eHHI0
MHOTOUY/1€HOB, YWe He COLEPWKAULHX KPAaTHBIX MHOXHTeneH, DTH METOAH
Tpe6yIOT, OAHAKO, HANOKEHHUS HEKOTOPHX OrpaHHYEHHH HA OCHOBHOE
noae. Umenno, Bce panbHefiinée comepxaHHe Hacrosuiero naparpada
Gyaer H3NaraThCes B NPEANoAOKEHHH, 4TO noae P uMeéT XapakKrTe-
puctuxy 0. Be3 aT0oro orpaHinuyeHus TeOpPeMn O KPATHHIX MHOMHTEIAX,
KOTOpHE OYAYT NO0OKasaHul HHWe, YWe TepsdloT CHAY; BMecTe C TeM,
¢ TOYKH 3peHHA npuaokenuh, cayual nonell XapakKTepUCTHKH HYIb
AB.19eTCH HaHbOAEe BaWHKM, TAK KaK CI0Aa OTHOCATCH, B 4aCTHOCTH,
BCE YHCIOBLIE MO,

3aMeTHM CHaual1a, YTO Ha pacCMaTpHBaeMull cayyaHl nepeHocsirtcs
1 NOHSTHE NPOM3BOAHON MHOroOYleHa, BBeleHHoe B § 22 s
MHOTOY;I€HOB C KOMMJIEKCHBIMH KO3(dHIHEHTAMH, H OCHOBHHE CBOICTBA
sToro nousaTtHa l), JokawkeM Temepp CJAEAYOILYIO TEOPEMY:

Ecau p(x) neasemca k-xpamuos HenpusoouMbM MHONCUMENEMN
MHo2048eHa f(x), k=1, mo on 6ydem (k— l)-xpamubism MHOXMU-
mesesm npou3sooHod smozo JAiHozouaeHa. B wacmwocmu, npocmoii
MHOKUMe s MHO204NEHA HE 8x00um 8 pa3fodceruie npou3gocHoi.

B camom gese, nycth

f(x)=p* (x) g (x), (10)

npuyeM g (x) ywe ve geaurcs Ha p(x). Duddepenunpys pasenctso (10),
noJayyaeM:

[ (x)=p*(x) g’ (%) + kp*=1 (x) p’ (x) g (x) =
=pF=1(x) [P (x) g (%) + kP (x) g ()]

Bropoe u3 cnaraeMmmix, cTosiuiHx B ckOGKax, He JeanTcd Ha p(x); Aeil-
CTBHUTENbHO, g(X) He nenurtcsd Ha p(x) mo ycaosuwo, p’ (x) unmeer
MeHbUIYIO CTeneHb, T, €. TAKXKE He HeJHTCH Ha p(X), a OTCloja, BBUAY
HeRPHBOAMMOCTH MHOrOY/NeHa p (x) u cpo#ers §) U3 HacToswero napa-
rpada v IX u3 § 21, cneayer nawe yrsepxaenne. C apyroft cTopoum,
nepBoe CjaraeMoe CyMMmu, CTofuieft B KBaApaTHHX ckobkax, aeautcd
Ha p(Xx), a N0ITOMY BCs 3Ta CyMMa HE MOXeT Renutbes Ha p(x), T. €.
MHOXHUTENb P (X) HA caMOM gesne BXOAHT B f (x) ¢ KpaTHOCTbIO B~ 1.
M3 name#t Teopemw # M3 yKa3aHHOro BHwe cnoco6a paskckanius
HanGonbuiero o6iero Aeiaurtens ABYX MHOTOY/IEHOB CleAYyeT, YTO eCaH
JaHO pasnoKeHHe MuorowiaeHa f(x) Ha HENPUBOXMMHE MHOXHTENN:

flx)=aopt (x) pis(x) ... pl(x), (11)

TO Hauboremuid obuul Jdesumens muozousena f(x) u ezo npoussod-
Hoidl 0b6aadaem caedyouwus pa3Lonceriiess Ha HenpuBodUMBE MHONCUL-
meau’

(f(x), fle)=p-t(x)pta=1(x) ... Pt (x), (12)

) Ilna noieil KoHeuHO!l XapaKTEDPHCTHKH TepseT CHAY YTBepkKaeHHe, UTO
npousBoaNas MHOTOUNEHA CTEMEHU n HUMeeT CTeneHb n—l.
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TAe, MOHATHO, MHOXHTENb P¥i~t(x) caelyeT npu k; =1 3amendThb eni-
Huued. B vactnocTH, MHo20%AeH [ (X) mozda u moasko mozda He co-
OepiCum KpAmHbX MHOJNCUMeNel, ecAll OH 83QUMHO RNpocm Co cgoeil
npou38odHol.

Mul Hayunanch, cneaosaTenbHO, OTBEYaTb HA BONPOC O CYMIECTBO-
BaHHH KPAaTHBIX MHOWHTe.leH y pmauHoro muorouneuna. boabiie Toro, Tax
KaK HII IPOH3BOAHA MHOTOUY/IEHA, HH HAR60 LI OOULI e Te b ABY X
MHOCOY/E€HOB HE 3aBHCAT OT TOTO, paccMaTPHBaeM JH Mu nojte P nau
ero mo6oe pacwupesie P, TO B KauecTse CJACACTBHS H3 JOKA3aHHOTO
ceffyac pesyabTara Mul NoJIydaem:

Ecau mnocouaen f(x) ¢ woadbgpunuenmann u3 noas P xapaxme-
pucmuxy Hyas He udeem HAO Imus noLer KPAmuux MHowcumeseld,
mo y Hezo He Gydem kpamuux Mnoxcumeded HU Had Kakumu pacui-
penues P noan P.

B wacrhoctn, ecau f(x) nenpusoanm Haa P, a P— nexotopoe pac-
miupenne noas P, 1o, xotd f(x) ywe MoxeT GuiTh Hal P npuBOLNMBIM,
OAHAKO 3aBeAOMO He OyjAeT [eAMTbCH HAa KBAaAPaT HENPHBOAHMOro
(naa P) mHorou.ena,

Boigesienie KpartHuX muowureneit., Ecan gaw MHorousen f(x)
¢ pasnowenuenm (11) u ecau uepe3 d, (x) Mm oGosHauuy HauboabLIN
o6l nenuteab f(x) M ero nponssoanodl f'{x), To (12) 6yaer pasio-
wenneMm Aaa dy (¥). Heasa (11) wa (12), Mot nonyunu:

v, (6) = L =agp, (0)Pa () ... P, (),
T. €. MOJAYYHM MHOTOUJIEH, He COAeP KA HI KPATHHX MHOWIITETeli, npHyey
BCAKHI HENnpHBOAHMBIA MHOXHTENb And U, (X) OyaeT MHOWHTEIEM H
paa f(x). DTHM paspiCKanMe HeNpHBOAHMBX MHOXHTeAEH Aag f(x) cBo-
AHUTCH K Pa3eICKaHHIO HX A4 MHOrodl1eHa v, (x), mmewouero, soobiie
TOBOPSA, MEHbLIYIO CTerneHb H, BO BCHKOM Ciayyae, COAEPKAL{Ero JHlb
npocTeie MuowHTean. Ecau sra 3amaua aas v, (x) 6yaser pewena, 1o
OCTaHETCS ONpeaeaHTh. AHUIbL KPATHOCTb HalIAEHHHIX HENMPHBOAMMBIX
MHOWHTEEH B f(X), UTO AOCTHTAETCH MpPHMEHeHHeM aAropHTMa deaenus,

Ycnoxkuaa H3NOKeHHH cefiqac MeTOd, MOXKHO cpa3y mepefiTi K paccMoTpe-
HHIO HECKOJIbKHX MHOTOWJIeHOB Ge3 KpaTHBIX MHOXHTeJell, MpHueM, HallAd Henpu-
BOAHMbIE MHOMHTENIH 3THX MHOFOUJNEHOB, MLl HE TOJIEKO HaiJeM BCe HENpPHBOMM~
Mble MHOXUTEIH A1A f(x), HO W 6yaeM 3HaTb MX KPaTHOCTH.

[yers (11) 6yner pasioxenuem f (x) HA HENPHUBOAMMbE MHOXHTENH, NpHueM
HalBbICiIAs KPATHOCTL MHOXKHTeNeli ecth s, s == 1. O6o3Hauum yepes F, (x) npo-
H3BeJleHHe BCeX OJHOKPAaTHMX MHOXHTeseil Muoroutena f(x), uepes Fy(x) —
TIpoM3BeJeHHe BCeX ABYKPATHHIX MHOXKHTeJe{l, HO B3STHIX JHUIL N0 OLHOMY pasy,
H T. J., HakOHel, uepe3 Fg(x)—npousBeleHHe BceX S-KpaTHbIX MHOKHTe/el,
TaKkKe B3ATHX JHIUL MO ORHOMY pa3y; ecjd NPH 3TOM AJA HeKOToporo j B f(x)
OTCYTCTBYIOT j-KpaTHEle MHOMHTeaH, TO nonaraeM F;(x)=1. Torna f(x) Gyrer
JleqnThes Ha k-10 cteneHs Muorouaena Fy(x), k=1, 2, ..., s, 1 pasaoxenue (11)
NPHMET BHJ :

[x)y=a,F; (x) F; (x) F3(x) ... Fi(x),
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a pasroxenue (12) ana d, (x) = (f (x), {' (x)) nepenumerca 8 Buae
dy (X)=Fy(x) F} (x) ... F;71 ().

O6o3Havas epea dy (x) nanbonptuuii o6wHil AeauTenp MHOrouneHa d, (x)
¥ ero nponsBogHO# M BooGule uepes d(x) HauGoapwuit oOCWHE JenuTens

MHOrOYMIEHOB dy_; (X) H d;_l (x), MBI TaKHM JKe NyTeM HAOMYy4YHM:
dy (x) =Fg (x) F2 (%) «o. F§~2 (),
dy(x)=F,(x) F (%) ... F{7% (%),

ds_1 () =Fs (x),

ds(x)=1.

Orciona

o (=11 18— 0oFy () Py (0 P () ... Fy (9,

AW

=W=a,( = Fa @

Uy (x)zg:((;(;=F3 (x) LR Fs (x)»

0, () = d-gx‘)’" Fe (3),
b3 nOQTOMy, HaKoHel, he

_u® _ () _
Fl (X)._aolllg(x)' Fz(x)—v:(x): s6e g FS(X)—‘UJ.(X).

Taxuy 06pa3oM, noab3ysch JHIIb NPHEMaMH, He TPEGYIOUIUMH SHAHHS Henpi-
BOIUMBIX MHOXHTeNel MHOroujeHa f(x), a HMEHHO B3ATHeM TPOH3BOAHOM,
anropuT™MoM EBKauZa H aAropuTMOM JeNleHHS, Mbl MOKEM HAiTH MHOFOUJEHb!
Fy (x), Fy (%), , Fg(x) 6e3 kpaTHbix MHOXKHTeJell, npuueM BCAKHE Hempu-
BOJUMBIH MHO}KHTeJlb muoroumeHa Fg(x), k=1, 2, ..., s, 6yAeT k-KpaTHuM
nas f (x).

Usnoxennbll 3feck MeTop Hean3sl, TOHSITHO, CYMTAThL METOAOM AJA Paano-
JKE€HUA MHOTOYJIEHA HA HeNPHBOJAMMbIE MHOXHMTeJHM, TaK Kak Jas caywas s=]I,
T. € AN MHOrouJeHa Ge3s KpaTHBIX MHOMHAE/ICl, Mbl TOAYYHM AHlb f (x)= Fy (x).

§ 49*. Teopema cyuleCTBOBaHKA KOpHS

Camo co6olo pasymeercs, 4TO AOKa3asHasu B § 23 ocHOBHAS TeopeMma
O CYUleCTBOBAHMH J/f BCHIKOrO YMCJIAOBOrO MHOTOY/NEHA KOpDHA B moJe
KOMIIIEKCHHX YHCeN He MOXeT OnTh mepeHeceHa Ha CJAy4al NPpOHU3BONb-
Horo noas. B wacrosuem naparpade OyneT nokasasa Teopema, B He-
KOTOPO#A Mepe 3aMeHsiouias B obuiefi TEOPHH monell yKa3aHHYIO OCHOB-
HYI TeopeMmy anre6pn KOMMJAEKCHHX YHCe,

Tyctb naw muorounes f(x) Hax nonem P. EcrecTBeHHO BO3HUKAeT
CNeAyoulufi BONpOC: ecan MHOrouneH f(x) poobiie He uMeeT KOopHelt

B noie P, TO cyulecTByeTr Ay Takoe paciuupenue P mnoas P, B KOTOpoM
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mas f(x) ywxe naflaercs xota 6w oaun kopenb? [Ipn aToM MOXHO
CYATaTh, YTO CTeNeHb MHOrodsaena f(x) Goabmie €XAHHHUL: LAH MHOTO-
YJICHOB Hyneaoﬁ CTEMEHH BOMPOC HE UMeeT cMhicaa, a BCAKHH MHOrouaed

b
nepsoit crenewn ax-+bH o61azaetr kopHem — B camMom none P.

C apyro#t cTOPOHL, MOKHO OFpPaHHYHTHLCH, OYEBHANO, CAydYaeM KOTAA
MHOrowIeH f(X) HeNPUBOAHM: ecaM OH MPuBOANM HAZ P, TO KOpeHb
N1060r0 H3 €ro HempHBOAMMBX MHOKHTEAeH GylieT CAYXHTL Kophem
W AJ8 HEro camoro,

OTseT Ha MHTepecywOU(HH HAC BONPOC AaeT cleAylomwas Teopema
CYUECTBOBAHUA KOPHS:

Lrs scaxozo mnozowaena f(x), Henpusodumozo nad nosem P,
cyuecmeyem maxoe pacwiupeniie 3moz0 MoAs, 8 KOMOpos codep-
wuUmes Kopews 048 f(x). Bce mununaissnbie noas, codepicauue
nose P u Kaxoi-a1u6o ropens 3mozo mHOZ0OUAEHA, UIOMOPHHb MeHcOY
cobod.

Hoxaxem cnayana BTOPYI0 NONOBHHY 3TOH TeopeMhl

[lycts aan HenpusOAMMHE Hax P MHOrowieH

fx)=ax"+ax"" '+ ...+a, x+a, (1

npuyeMm n>=2, 1. e. f(x) e umeer xopue#t B camoym nore P, INpeano-
JIOHM, YTO CYULECTBYET pacuiupenne P noas P, colepikaulee KOpeHb %

Iag f{x), n pOKameM CIeAYIOULYI0O €M MYy, HEOGXORHMYIO 1151 1a/b-
HEHUICro, HO NPEACTABAHIOUIYIO M CAMOCTOATEAbHLIA HHTEpeC:

Ecau newawuli 8 P ropens o mHnozousena f(X), Henpugodusozo
Had P, cayscum xopress marxce O0A% HeKomopozo mHozotiena g (x)
u3 xoasia Plxl, mo f(x) 6ydem desumesem 013 g(x).

B camow nene, wax moiem P muorouaeHm f(x) u g(x) o6aazanot
O0LINM [eAHTeICM X—q H [03TOMY He AB/SIOTCA B3aIMHO OPOCTHIMIIL,
CroOiCTBO MHOTOUICHOB HE GHITh B3AHMHO NPOCTRIMH HE 3ABUCHT, OAHAKO,
ot BHOOpa moA#, NOITOMY MOWHO nepefiTH K 10410 P # npHMeHuTb
CBOHCTBO y) H3 npelluecrayioulero naparpada.

Haiines rtenepp Munnmansuoe nmoamone P(a) moan P, comepwauiee
noie P u sneMent o, K HemMy 3aBeiOMO NpPHHAZACKAT BCE SJEMENHTH
BH]1a ‘

B=bo+batbya?+ ... +b,_ 0", 2)

rae by, by, by, ..., b,_y—>3aementr nona P. Hukaxoit snement noas P
e MOXWeT 061a4aTh ABYMA Pa3NHYHLIMH 3AMHCSIMH BHAA (2): ecan HMeeT
MECTO TaKxie PaBeHCTBO

p=cotcate,?d-...+Fc,_2"L,
TpHYEM XOTH Oul OpH OAHOM R ¢, # b, TO o Gyler KOpueM MHOrouaena
BX)=(bg—co) +(by—c)) x+ by —c) X2 4., . + (b1 —Cpay) "7,

’
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4TO MPOTHBOPEUHT NOKA3aHHOH BHIE JeMMe, TaK Kak cTeneHb g(x)
Mmenbule crenedn f(x).

K 4ncay saesmeHnToB noad -13, uMelomnx sua (2), NpHHAAAEKAT BCE
sneMeHTH noas P (mpu by =by=...=b,_ 1—O) a TaKke caM sae-
MeHT a (npu by =1, by=b,=...=0b,_,=0). Doxawem, uto sze-
Menmbl suda (2) cocmaganiom gce uckomoe nodnoase P(a). B cavom
Aene, ecaH AaHu saemeHTH P (¢ 3anuceio (2)) u

y=cot+ o+l ... +¢c, 2",
TO, Ha ocHoBaHumu csoficTB onepauunéh B none P,
n=
ﬁ_i Y= by co) (b, &= ;) o+ (by £ ¢,) a4, . b,y £ C,,-1)a 1

T. €. CYMMa H Pa3HOCTb ABYX JOOGLIX sieMeHTOB BHAa (2) cHoBa 6yayT
S/MeMeHTaMH TAKOro ke BHAA.

Ecau Mu nepeMsoxuM B By, TO NOIyuuM BHpaxeHue, colepxaulee o’
un G6oaee shcoxue cremedHu o. Oauako u3 (1) n paseucrsa f(a)=0
BhiTeKaeT, 4To &, a nostomy-u "t o"*% u T, A., MOXKHO BBIDA3UTDH
yepes MeHblne CcTenenu oiaemedta o, HauGoaee npocToli cnocod
PaswcKkanu Bupawenus A4 fJy COCTOHT B creaywlouieMm: Nyctb

GO =0 bx 0, X", Y=o X X"

otkyaa @(x)=P, P(a)=1y. lNepemuoxum MHorouneHs @ (x) H P(x)
H pa3ienHM 9TO npousBedeHue Ha f(X); MH MOAYyUHM

¢ (xX) P (x) =S (x) g (x) 47 (%), (3)
riX)=dy+dx+...+d,_x""L

bBeps swavenns oGenx yacte#t pasenctsa (3) mpu X =0, MW TOAYUHM:
@ () Y (a) =f(2) ¢ (@) +r (a),

T. €., BBHAY f(a)=
fy=dy+dat... +d,_ 0"

Takuyu o6pasowm, nponsseneHue ABYX 91eMEHTOB BHAa (2) cHoBa Gyier
9/1IEMEHTOM TAKOr0 e BHAA,

[Toxaxewm, nakoweu, yto ecam saement B umeer sua (2), npuuem
B +# 0, 10 snement B-1, cyuecTayomui B nose P, Takke MOKET GWTb
sanucau B suae (2). Jas 3TOro BO3BMEM MHOTOY/EH

QX)=by+bx+...+b,_x"?

u3 koabua Pix]. Tak kak creneHp @ (X) uuke ctenenu f(X), a MHOro-

unen f(x) wenpusoaum Haa P, TO @(x) B f(X) B3aUMHO NpPOCTH H
nostomy, no §§ 21 u 47, B xonbue P[x] CyEeCTBYIOT TaKHE MHOrO-
unenn #(x) u v{x), uro

Py ux)+f(x)vix)=1;

rae



§ 49] TEOPEMA CVILECTBOBAHHS KOPHH 301

MOKHO CHHTATh NPH STOM, 4YTO CTerneHb U4 (x) Meubue 72
u(xy=8o4 8, x4+ .05, %"
Orciona, Benay pasenctsa f(o) =0, caeayer:
¢@)u(@)y=1

B NO3TOMY, BBHAY paseHcTBa ¢ (@) =f, MH noiyuaem:
B l=u(@)=s,+s5a+ ... +s,_ ;"L

TakuM 06pa3oM, COBOKYNMHOCTb 9:1€MEHTOB NO.Ist P, nMelomnx sua (2),

cocras.aser noanose nods P; 37o u 6yaet uckomoe node P(a). Tax kax
Mb BHAEIM, Hajee, 4TO NMPH Pa3LICKAHHH CYMMH H NpOH3BEAEHHA 3Je-
MeHTOB § H y Biaa (2) HYXHO 3HaTb JAHIUb KOIDOUUHEHTH BHPaKeHHUH
STHX 3.1EMCHTOB 4epe3 CTeMmeHu &, TO MOKHO YTBEpPWIaTb COpaBeAi-

BOCTh CJIEAYIOUIEr0 pe3y1bTaTa: ecal CyulecTsyer, momMumo P, apyroe
pacwipene P’ moas P, Takke colepwkauiee HEKoTOpui xopenp o

MHOTOuleHa f(x), u ecan P(a’) ecth MunumasbHoe noanoae noas F/,
cozepxautee P u a’, To noaa Pla) u P(a') 6ydym uzomopdreisi,
npadeM 114 MOJIyyeHus H30MOP(PHOTO COOTBETCTBHH MEKAY HUMH HYKHO
saemenTy B Bmaa (2) u3 P(a) CONOCTABATL 3aeMEHT

p'=by+ b’ b4 ... b, @t

us P(a), nMeomnil Te we kodpduunentw, ITUM noKazana BTOpas
TONOBHHA FEOPEMH.

[Tepexoaum ¥ A10Ka3aTeABCTBY OCHOBHO! NepBO#t NOAOBHHK 3TOH TEO-
pembl, MPHYEM H3N0WEHHOE Bhillle 110CKAKET HAM NyTH Anas Storo. Hawm
gaH MHOrousden f(x) cTemeHH n =2, HenpHBOAUMHI Hal nonev P, u
HYXHO MOCTPOHTHL pacuiupenne noas P, colepxauiee Kopedb A4 f(x),
JOnga 3Toro BO3bMEM BCe KOJbIO MHOroujeHoB Flx] u.paszobbeM ero
Ha Henepecekalouiecss KJaacchl, OTHECH B OAHH KAacC MHOTOUJAEHH,
paloule MpH AeJeHH HAa 3aJaHHbl HaM MHOrowleH f(x) OdHHaKOBHE
ocratku. HMubiMu caosamu, Muorousenn @ (x) 04 (X) OTHOCATCS K OAHOMY
Knacécy, eCJH UX pa3HOCTb Halel1o jgeqtcs Ha f(x).

Ycaopumcs 0603Ha4ath NoayyeHHne KaaccH 6yksamu A, B, Cu 1. 1.
N CAeAYIOIHHM BMOJTHE €CTECTBEHHHM CMOCOGOM OfpelesnM CyMMy H
npoussegenue kiaaccos. BospMmem awobne aBa kiaacca A u B, BubepeM
B kaacce A HeKOTOpu#l MHOrouleH @, (x), B ki1acce B—mnekoTopH#
MHorousen P, (x) H 0603HAUHM yYepe3 y, (X¥) CYMMy STHX MHOrO4Jenos,

%1 (%) =@y (X) + Py (%),
a uepe3 0, (x) —ux mpousselenue,
0 (¥) =@ (%), (x).
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Bu6epem Teneps B Kknacce A nioGoit Apyroft MHOTOUNEH @, (X), B Kaacce
B—nio60olt muorouned P, (x) n o6osnauum yepes ¥, (x) u 0, (x) coor-
BETCTBEHHO HX CYMMY ¥ NpOHM3BeleHHe:

.0 (x) =@, (%) Py (x)»
0, (x) = @, (¥) - P, (x).

Tlo ycnosHio MHOTOUIEHH @y (X) H @, (X) NexaT B OAHOM Kaacce A,
A MO3TOMY HX Pa3HOCTb §, (X) — P, (x) HaUeNO AeAHTCA HA f(x); aTuM
%e cBOMCTBOM oO6Gnamaer H pasHocth P, (x) — P, (x). Orciona caenyer,
4YTO Pa3iocTth

%1 () — %2 (¥) = [y (%) + Py ()] — [, (%) + P, (x)] =
= [, (%) — @, (%)] + [P, (%) — ¥, (x)] (4)

TaKWe HAueno MHeJHTCHs Ha Muorouwned f(x). DTo ke BepHO H AAd
pasiocTH O (x)—0, (x), Tak Kax

0, () — 0, ()=, (%) P, (%) — Py (%) Pg (x) =
=@y (%) P; (x) — ¢ (x) P, (X) + @ () Py () — P (%) P, (x)=
= @y (%) [Py (%) — P, ()] + [y (X) — @ ()] P, (x). (5)

PaencTBo (4) nmoka3mBaeT, UTO MHOrOWIEHM ¥ (X) M ¥, (X) Aexar
B 01HOM Kaacce. MiHniMH cnoBaMy, cymMMa JI060T0 MHOTOYJIeHa H3 KAacca A
C mOGLIM MHOTOUY/EHOM H3 Kjacca B npuHaanemHuT KO BIO/HE onpeie-
JierHomy Knaccy C, KOTOPHit He 3aBHCHT OT TOrO, KaKite HMEHHO MHOro-
YlIeHH BLOpaHK B KayecTBe «npeacrasuTededy B Kaaccax A W B;
nasopemM 70T Knace C cymmod knaccos A u B

C=A+4B.

Auanoruyno, BBuAy (5), He 3aBHCHT OT BHGOpa npenpcrasutench
B Kkinaccax A 1 B u 10T knacc D, B KOTOPOM J€KHT NpOH3BEACHHE
aoboro muorounena u3 A Ha J060H MHOTOYNEH M3 B; 3TOoT Kiacc
Ha30BeM npou3sedenitesn xkiaaccos A u B:

D=AB.

IToxaxem, 4TO COBOKYMHOCTbL K.J3CCOB, HA KOTOPLIE Pa3bHTO HAMH
KOIbLO MHOroYaenos P [x], nmocie ykasaHHOro BBeleHHs OnepauHil ¢io-
WEeHHt M YMHOXEHUst mpeBpaulaercs B noje. B camoM jaene, cnpasednu-
BOCTh 3aKOHOB A4CCOUHMATHBHOCTH 1 KOMMYTA4THBHOCTH
ang obeux omepaluil ¥ 3aKoHa AUCTPHUOY THBIHOCTH BHTEKAeT
H3 CNPaBe/IMBOCTH STHX 3aKOHOB B KoJabue P[x], Tak Kak onepauuu
Hal KNaccaMu CBOJAATCA HA OMEPANHH HAL MHOTOW/IGHAMH, JIeWAalIHMH
B 9THX knaccax. Poas Hy as uMrpaer, OYeBHAHO, K/AacC, COCTaBACHHHMH
U3 MHOTOY/EHOB, Haleno AensliHXcd Ha MHorodled f(x). 3ror kaacc
nasoseMm Hy.sesus u Oyiem o603uauath cumsoaoM 0. [Iporuso-
NONOXKHB M JNY Kracca A, COCTaB/AEHHOTO H3 MHOTOY/IGHOB, JAIOLIUX
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npy penenun Ha f(x) ocratok @ (x), 6yAeT CAYKHUTH Kaacc, COCTABARH-
Huil M3 MHOTOY/IEHOB, JalOWMX NpH Ae/eHHH Ha f(x) OcTaTOK —@ (x).
Orciona BHITEKAeT, YTO B MHOXKECTBE K/4aCCOB BHIMOJHHMO OAHO3HAY-
HOE BBIUHTAaHHE,

Inst noxasatenbcTBa TOTO, YTO B MHOWECTBE KAACCOB BHIMOAHHMO
Je/eHHne, HYKHO MOKasaTh, YTO CYLIECTBYeT KJaacc, HrpaloWHi ponb
€AMHHUB, H YTO AAS BCHKOTO Kiaacca, OTJIMYHOTO OT HYJNeBOro, cyuie-
cTByeT 0OpaTHuwi knacc, Eaxuanneit 6yler, O4eBHAHO, KAACC MIOTO-
YNEHOB, NAOLWHX NPH AeNeHHH Ha f(x) OCTAaTOK 1; 3TOT Kaacc nHazoBeM
edunuurbim v Gynem o6o3Hauath cumpo’iom E.

[lyctb Tenepsb xan knacc A, oramunbil OT Hy1eBoro. MHorouaeu @ (x),
BLIGpaHHbIl B Knacce A B KayecTBe NpeacTaBHTE s, He OyIeT, c/en0BaTeNb-
HO, Hauen0 AeJHTbCH HAa f(x), M [03TOMY, BBHIY HENPHBOMIMOCTH
MHOTOusIeHa f(Xx), 3TH ABa MHOroy/leHa B3aHMHO NMpocTH. B koabue P[x]
CyulecTBYIOT, TaKHM 06pa3oM, MHOroYJeHH & (X) H v (x), yI0BAETBOPAIO-

L{HEe DABEHCTBY
P x)u(x)+f(¥)vix)=1,

@ (¥)u(x)=1—f(x)v(x). (6)

[paBas yacTh pasenctBa (6) npn peaennn Ha f(x) naer B ocrtatke 1,
T. €. NPHHALMEWHT K eAHHHYHOMY Kaaccy E. Ecau knacc, k¥ KotopoMmy
NPUHAANEKHT MHOrouaen 4 (x), mul 0603Ha4uM yepes B, TO paseHcTso (6)
NOKAa3HBIET, HTO

OTKyHa

AB=E,

otkyaa B=A"1. DTuM 10xa3aHO CyulecTBOBaHHe 0OpaTHOro KJaacca
LSl BCSIKOMO HEHYJNEBOrO Kaacca, T. €. 3aKOHYEHO A0KAa3aTenbCTBO TOrO,
UYTO KJACChl COCTaBJSIOT MHoJe.

O0603naunm 3TO noje 4epe3 P U MOKaweM, 4TO OHO RBAKETCA pac-
wupenuesm noan P. Beakomy siaementy a noias P COOTBETCTBYET Kaace,
cocTaBleHHuit 13 MHOrOW/IEHOB, AAIOWHX TMIpH Je/eHHH Ha f(x) ocTa-
TOK @; CaM DJeMEeHT @, pacCMaTpHBaeMbll KaK MHOTOUNEH HYJEBOil
cTenenn, NPHHARICHKHT K 3TOMY KAaccy. Bee Kaacchl 3TOro CneuuanbHoro
sujla cocTasnaT B noie P noanone, nsomopduoe nomo P. Heficrsn-
TEIbHO, B34MMHA® OXHO3ZHAYHOCTH COOTBETCTBHS OUEBIAHA; C ApYroi
CTOPOHH, B 3THX KJlaccax MOXuo BHOpaTh B xauecTBe npeacTaBHTe/eill
aAeMeHTH NOAs P, a MO3TOMY cyMmMe (IpOH3BEIEHHIO) aAeMeHToB H3 P
OylleT COSTBETCTBOBATH CyMMa (NpOH3BEAEHIHE) COOTBETCTBYIOULHX KJjac-
cos. B nanbuefimiem Mm uMeeM 1paBo, CJeOBATENLHO, HE pA3NHUATD
3MCMEHTH 019 P H COOTBETCTBYIOUIHE HM KAacChl,

OG6o3nauny, Hakonel, yepe3d X Knacc, COCTABACHHHH U3 MHOIOY/EHOB,
AalOWHX NpH AeNeHHH HA f(x) ocTaTox x. JTOT K1acc SBASETCH BOJHE
ONPEAETEHHBIM 3/1EMEHTOM 10Af P, H MB XOTHM [10Ka3aTh, 4TU OR
CAYKUT KOpHem Oaa mHozodaena f(x). flycts

fx)=ax*+ax" 4. +a, x+a,
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O6osHaunm yepes A; Knacc, COOTBETCTBYIOUMH B YKa3aHHOM Builie
CMBICI® 3/EMEHTY @; noas P, i=0, 1, ... , n, u HaitaeM, ueMy paseH
9JEMEHT

AOX"+A1X"‘1+...+A,,_1X+A,, (7)

noas P.CyuTas npeacTaBHTENIMH KNaCcCOB A, neMeHTniq,i=0,1,...,n,
a npeiacTaBuTeNeM Kaacca X —MHOTOUYJEH X H MCMONb3yd OnpeleleHHe
CTOWEeHHS M YMHOXEHHS K/IacCoB, Mu [0ay4yaeM, 410 B kjacce (7) co-
HepxHTCH CaM MHOTowldeH f(x). OnHako f(x) HALeNO Ae HTCa Ha CaMoro
ce6d, M mo3TOMY kiaacc (7) okaswBaeTcs HyaeBmM. Takum o6pasoy, 3a-
Mensis B (7) KaaccH A; COOTBETCTBYIOUIMMH MM 3/EMEHTAMH a; noas P,

MbHl 1I0Jiy4aeM, 4YTO B 1oJe P uMeer Mecrto pPaBeHCTBO
n -
@ X"+, X"V ... +a,_ X+a,=0,

T. €. Knacc X HeHCTBUTENbHO SBASETCH KOPHEM MHOrou/ieHa f(x).
OTHM 3aKaHYKBAETCH JOKa3aTEIbCTBO TEOPEMH O CYLUECTBOBAHHH
KOpPHS. 3aMeTHM, 4TO, B3siB 3a P noJe HeNCTBUTE/AbHMX
YHCEA W NOAOKHB f(x)==x%4 1, MH noayuum eunie oxun
€noco6 NOCTPOEHHS NOAX KOMNAEKCHBX YHCe.

M3 Teopemn o cylleCTBOBAHHH KOPHS MOTYT OBTb BHBELEHH Cae -
CTBHH, AHANOTUYHBIE TEM, KOTOPhHi€ BHIBOAHJIUCL B § 24 M3 oCHOBHOM
TeopeMnl anredbpn KoMniaeKCHHX unceda. CHauasa cienaeM OJHO 3aMeya-
nwe. Tak kak BeskuM aHHEHHBH MHOXHTEIb X-——C MHOFOUJGHA f(x)
HENpUBOAHM, TO OH AO/KEH BXOAHTbLB TO e AHHCTBEHHOE Pa3no-
KeHile HA HENPHBOLHMHE MHOWHTENH, KOTOPHM o6nanaer f(x).

Uncno auHelinbX MHOXHTeNeH B pas/oxennu f(X) Ha HenpuBoIuMue
MHOXHTENH He MOXeT NPEBOCXOAHTb, OJHAKO, CTEMEHH 3TOr0 MHOIO-
yaena. Mo NpHXOAMM K CledyloweMy pe3yabTaTy:

Mnoeosnen f(x) cmenenu n soscem usmems 8 nose P ue 6oaeen
KopHell, ecau dawe KaxwOuii u3 Kopeli cyumams CmoasLKo pas,
KQaKo8a e20 KPamuocmb.,

HasoseM noses pasasoowenus nns Mmuorounena f(x) cTemenu 7 man
noaem P rTakoe pacwupenue Q nons P, B KOTOPOM AAs f(X) colep-
WHTC 72 KOpheH (CYUHTas KPaTuue KOPHH CTOJABKO Pas, KakoBa Hx
kpatHocTh). Haa nosem Q MHorounen f(x) Gymer packaaimBaThs,
CAeNOBATENbHO, HA JHNEHHBIE MHOXHTE/H, NPpHUEeM HHKAKOEe NajbHelulee
pacunipente noas Q yxe He MOXET NPHBECTH K MONBAEHHIO HOBHX KOp-
net aaa f(x).

Adas_8caKozo mnozoaena f(x) us xoasya Plx) cyuecmsyem nad
notes P nose pa3aoxcenus.

B camom neae, ecam wmuorounen f(x) cremenu 7, n=1, umeer
n xopHe#l B camom none P, T0 P Gyner HCKOMBIM NOJIEM Pa3/0KeHud,
Ecmu we f(x) He pasnaraercs naa P Ha AuHelHHE MHOXHUTENH, TO
GepeM OLMH H3 €r0 HeNHHEHHHX HENPHBOMMMHX MHOXHTENeH @ (X) u,
Ha OCHOBaHHH TeOpeMbl O CYIIECTBOBAHHMH KOPHHA, pacilupieM P no
nons P’, coxepkauwero koperb Aas ¢ (x). Ecan nag P’ muorounen f(x)
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BCe €uie HE PAa3/IaraeTcs Ha JAuHeHHbE MHOXHTENH, TO CHOBA pacliHpsen
noje, €031aBasi KOPeHb ewe AJf OJHOTO H3 OCTABUIMXCH HEeNHHEHHLIX
HENPHUBOAHMBIX MHOMHUTeNeH. [locae KOHEYHOTrO uHCAa maroB Mu npuAeM,
OYeBHMIAHO, K MO0 pa3noxenus ans f(x).

[Tonatno, uTo f(x) MOxer 0621a1aTh MHOTHMH PasNHYHHIMH MOAAMH
pasnoxexus. Moxuo 6HNO O 10Ka3aTh, YTO BCE MHHUMAJbHHE [0,
copepxaline nojse P u n kopHeifl MHOroumena f(x) (rae n—cremeun
3TOr0 MHOTOYAEHa), H3OMOPQHW Meway coGoi. Mm ne Syaem, oauako,
HCNOAB30BATH ITOrO yTREPXJAeHHR H MOITOMY HE NPHBOIHM ero AoKa-
3aTenbCTRa.

Kpatnpie kopHu. B npeamecTBylouieM naparpagpe 6wno 10kasano,
4TO MHOrou/aeH f(x) Haa noiem P xapaxtepucTHku O TOrXa M TOAbKO
TOTAA HE UMEeT KPATHHLIX MHOXHUTENEH, €C/iu OH B3aHMHO NPOCT €O CBOEH
NPOU3BOAHON, a TaKkwe ObIO OTMEYEHO, YTO OTCYTCTBHE y f(X) Kpat-
HbIX MHOWKHTENEH Haa P BreyeT 3a cOOOH OTCYTCTBHE TAKHX MHOXKHTENECH

Hal mobniv pacwiupennesm P noasa P. [Ipumensa 3TO K €y4aio Koraa 2
eCTh HEKOTOPOE NOJIe pa3foxeHns AJas f(x), u BCOMHHAd OnpegeneHne
KPATHOTO KODHSA, M MPHXOAHM K CleAYIOIEMY peay/bTaTy:

Ecau muozounen f(x) nad noses P xapaxmepucmuxu O He useem
Kpamuolx KOPHeld 8 OGHHOM noAe pPA3AONCEHUSA, MO OH B3QAUMHO
npocm co cgoeld npoussodnol f'(x). Obpamno, ecau f(x) s3aummo
npocm co cgoeld npou3godHol, MO OH He uMeem KPAMHHLX KOpHell
HUl 8 KAKOM U3 CBOUX noAeli pa3noxceHus.

Otciona, B 4aCTHOCTH, BHITEKAET, 4TO MHO204AeH f(x), Henpugodu-
Mol QO noaesn P xapaxmepucmurxt O, He Modxcem usems KpAmusx
KOpHeldl HU 8 KAKOM pacuuperuls amozo noana. Ina noae#t xoneuHoit
XapaKTepHCTHKH 3TO YTBepXIeHue mepectaeT OuTb ClIPABEINHBLIM —
06CTOATEALCTBO, Hrpalouice 3aMeThylo poab B O0wel Teopuu nonefl.

B 3akaiouenie saMeTuM, uTO 04 CAY4ASR NPOU3BOALHOZO NOAS CO-
xpansiomes u opuyavi Boema (cM. § 24); npu 9TOM KOPHH MHOrO-
yjeHa GepyTcs B HEKOTOPOM MNoJe pa3/ioKeHHs 3TOF0 MHOTOYAEHA.

§ 50% Moae paunoHaabHBIX ApoGeit

Teopust pauyuonansnbix Opobed, ussosxcennas B § 25, noanocmsio
coxpamnsiemcs U 8 CAYtQe npou3sobHozo0 0CHO8H020 noss. OaHako
NpH nepexoje OT N0AS ACHCTBHTE/bHHX YHCET K NPOH3BOALHOMY MO0 P

B3IVl Ha BHIPAXEHHUS % KaKk Ha OYHKIU HH NEPEMEHHOTO X AO0J-
WeH OWTb OTOPOLIEH, TaK KAaK OH, KaK MW 3HaeM, HENPHMEHUM Yxe
K Muorounenas, [lepea Hamu CTOHT 3a1a4a OnpenenHTb, KAKOH CMBICA
HYWHO NPUAATb 3THM BLIPAKEHUAM B TOM ClyYae, KOraa koagpduuneHTH
NpHHAaAJAEKAT K MPOH3BOALHOMY noawo P. Tounee, Mbl XOTHM NOCTPOUTH
noje, 8 KOTOPOM COAEPXan0Ch Gb KOAbLO MHOrouaexos P {x], npu-
yeM Tak, 4TOGH ONepauHH CIOXKEHHSA M YMHOXKEHHs, OnpeleneHHbie

B STOM HOBOM Mn0J€¢, B [IPHMEHEHHH K MHOroy/jeHaM cosnaganu Onl-

11 A, I. Kypow
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¢ onepaungMu B kKoanue P (x]; kopoue, koabito P {x] 50A%HO 6LITb 0 0 1-
KOMbIOM 3TOFO HOBOrO mnoast. C ZpPyro# CTOPOHH, BCAKHI 9AeMEHT
9TOr0 HOBOFO MO8 LOJKEH MPEACTaB.IATHCA (B CMHIC/AE Ae/eHMd, onpe-
JeseHHoro B 9TOM I10,1€) B BHAe YaCTHOrO XBYX MHOrouneHos. Takoe
noiae AAs BCAKOro P moxeT GuThb MOCTPOEHO, Kak Gyner cefiuac noka-
33H0; ero 0603Ha4al0T P (x) (nen3BecTHOE 3aKAI0YEHO B KPYrane CKOGku!)
I HA3HBAIOT 7104eM paylonassubix dpobeli wan noaem P,
[Ipeano10xuM CHaYalna, uTo KoabLO P {x] yxe ABAgeTCd MOAKO1bLOM
nekotoporo noas Q. Ecau f(x) n g(x) —npou3Bo.abHbe MHOTOYICHH
n3 Plx}, npuyen g(x) =0, To B noxe Q cywiecTByeT 01HO3HAYHO Onpe-
nefieHHH 9J€MEHT, PaBHBIH 4acTHOMY OT AeaeHus f(x) na g(x). O6o-

: X
3Ha4af 3TOT 3JEMEHT, Kak o6HYHO B Cl1ydae no.asd, yepes g—(x—)), Mb HA
OCHOBAHHHU OMNpeaeJeHHd YaCTHOro MOXeM HamicaTb PaBeHCTBO

S =gt (1)

rae MPOH3BEIACHHE HYWXHO MNOHWUMATL B CMHIC/AE YMHOWKEOHUA B 110.71¢ Q
g(x) Y (x)
OdHHM H TeM Ke 3JIEeMEeHTOM nojasd Q; yCﬂOBHe.\i AJId 3TOro SABJISETCH
o6LYHOE YCI0BHE paBeHCTBA Apobeti:

Moxer cIyuynTbest, YTO HEKOTOPWE YaCTHHE ABAAIOTCA

[ __e(x —
Tozda 1 moasko moz2da = W(X)’ ecau f(x) ¥ (x)=¢ (x)g(x).

%=$E§1=a’ T0, mo (1),

fxX)=gx)a, o@x)=Px)a
F )P (x) =g (x) P (x)a=g(x)p(x).

O6patno, ecan flx) P (x)=g(x)p(x)=u(x) B cMBHCIC yMHOWEHNHS
B koabue Plx], 10, nepexonas K noao Q, MH N0Jy4aeM DABEHCTBA

[ e _o@®

g g@v® v
Jlerko BuXeTH, Aajee, YHTO CYMMa U NPOH3BEAEHHE MOOHX SAEMEHTOB
N3 Q, SABASIOUIMXCA YaCTHHMH MHOCOYJAEHOB U3 P [Xx], CHOBA MOTYT GHITb
npeacTaBiiedbl B BHIAE TAKHX YaCcTHHIX, npHYeMm CﬂpaBEJIJIHBbl 06H'1Hble

NpaBuIa CAOKEHUS H YMHOXKEHUd RpOGeH:

JleficTBHTENBHO, ecan

OTKyAa

F0) L 90 f0) (0 +2() o)
OTY®T T r@vm )
) () _[()-0(x) 3)

R IO N ICRICN

JeficTeHTeABHO, YMHOWAA 06e YaCTH KaxAOrO M3 3THX PABEHCTB HA
nponsBenenne g(x)P(xj u npumedss (1), Mo TOJAYy4YHUM paBeHCTBaA,
cnpageanusue B koabue Plx]. CrpaseanusocTts ‘paBescts (2) u (3)
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cleayeT Temepb M3 TOro, uto, 61arolaps OTCYTCTBHUIO ZefHTenell Hyas
B noje Q, 06e YacTH KaKAOro H3 MMOJYYEHHHX PABEHCTB MOXHO COKpa-
THTb HA OTAHUHLIHA OT HYJS 3NEMEHT g (x) ¢ (x), He Hapylwas PaBeHCTB.
STy mnpeaBapuTe/bHHE 3aMEYaHHA NOACKA3HBAIOT HaM TOT NMyTh, MO
KOTOPOMY MH AO/XHH MOHTH NMPH MOCTpoeHHN noas P(x). [lycts naum
NPOH3BONLHOE MMOJC P H HAaA HUM KOJbUO MHOrounaeHos P [x]. Beaxo#t
ynopsaoueHHol mnape MHOroulenos f(x), g(x), rae g(x)s% 0, Mu CTa-
X o o

BHM B COOTBETCTBHE CHMBOJI 2—(—3, HasuwBaeMuil payuornassHoli pobsio
¢ uucaumenem f(x) u 3namenamenenm g(x). Tlogyepkusaem, uTO 3TO
fpOCTO CHMBOJ, COOTBETCTBYIOUHA NaHHONH nmape MHOrOYJIEHOB, TaK KaK
IeleHne MHOTOWIEHOB B camoM koabue Plx], Boobuie ropops, HesH-
TMOMHHUMO, 4 HH B KaKOM [0.1e KO.1bllo P[x] noka eme He COAEPWHTCA;
X

ecnn nawe g(x) ABasercs nenuTteneM mas f(x), HOBWA CHMBOA L)

g (x)
caeayer noKa OTAK4YAaTb OT MHOIQYJEHa, noNy4yamuerocs B KayecTse

4acTHOTrO NpH menenun f(x) Ha g(x).

f 9w .
Ha3zoreM Tenepb pauxoHanbHule Apo6H 20 " ) DPasHuMU:
) _e(x)
@V’ ®)

ecnn B konbue Plx] umeer mecto pasenctso [f(x) P (x)=g(x) o (x).
OueBnano, 4710 BCsikad XpobGp paBHa caMmofi cebe, a Takke, UTO €CAH
oaHa npo6bp paBHa napyro#l, TO u BTOpas pasna nepsolh. okawxewm
TPAaH3UTHUBHOCTDB ITOrO MOHATHA paseHCcTBA. [lycTh JaHu paBeH-
crea (4) u

Y(x) v’
U3 paBHOCHMABHLIX UM PaBeHCTB B Koabue Plx]

F(xX) ¢ (x) =g (x) @ (x), @ (x) v (%) =P (x) u (x)

@ (x)__u(x) ‘ 5)

_BHTEKAeT
Sx) v (x) $ (%) =g (x) @ (x) v (35 = g (x) u (x) P (x)

H MO3TOMY, MOCAe COKPALIGHNA Ha He PaBHMH HYMIO (Kak 3HameHaTenb
OnHOH H3 ApoGeH) Mmuorounen P (x), moayuaem:

f(x)v(x) =g (x)u(x),
OTKYyJAa, MO ONpejeneHHI0 papeHcTBa ApoGedt,
flx) __ulx)
gx) v(x’
Yyro M TPeGoBanOCh A0Ka3aTh.
O6beanuum teneph B OAHH KJAacC BCe ApO6H, paBHHE HEKOTOPOH

JlaHHOfi, H TMO3TOMY, B CHAY TPAH3UTHBHOCTH PaBEHCTBA, PABHLIE MEXAY
co6oii, Ecau B oavom kaacce mmeercds xoTda Om onaua Apobb, He

1*



308 noAast H  MHOFOYMEHK [ra. 10

copepwaniasca B APYroM KJjacce, TO, KaK CJAelyeT U3 TPAH3HTHBHOCTH
paBeHCTBA, 3TH JABA KJAacCCa HE MMEIOT HH OJHOro obuero sjeMmeHTa.

Takuym 06pa3oyM, COBOKYIHOCTb BCeX PaUHOHAJbHBIX ApOo6el, HamH-
CaHHHX NPH MOMOWH MHOTOY/JEHOB M3 kOabua F[x], pacnagaercs Ha
HeflepeceKalouHecst KJ1accu paBHbBIX MewAy coboH apoGedt. M xoTuM
Tenepb TaK ONPEACAHTD aarebpanyeckiie onepaunH B3TOMMHOK ECTBE
K.1accoB paBHHX Apobefl, uTo6u 0HO oOKasaiock noaeMm. Has storo
Mbl GydeM oOnpelensTh oOnepauHH HaA PAUHOHAABHHIMH APOGHMH H
KaxaAWi pas nposepsitb, YTO 3ameHa caaraeMux (HaH MHOXHTeneH)
PaBHBIMH MM NPOOAMH 3aMeHsieT CYMMY (MU NPOU3BENEHHE) TaKKe paB-
HOW #po6bi0. DTO MO3BOJAMT FOBOPHTb O CYMME M MPOU3BEACHHH Kaac-
COB PaBHHIX Apoleft,

[penpapnrtenbuo caenaeM cieayiwoluee 3ameyanne, KOTOpoe Aajblie
OyaeT HEOLHOKPATHO NPHMEHSATLCH: payUOHQAbHAR Opobs npespaaenca
8 pasHyo Opols, ecau ee HUCAUNMEAb U SHQMEHAMeNAb YMHOWCAIOMCR
Ha 00uUH U mom e MHO20%AEH, OMAUYHHIEL OmM HYAA, UAL Je CO-
Epawaromcs wa a0boli obwuii mroxmumens, JeRCTBHTEABHO,

[x)__[(x)hx)
gx) gix)hx)’
TaK Kaxk B xoabue Plx]

fx) [g®) k()] =g (%) |f (%) £ (x)].

Caoxcerue palloHaabHuiXx ApoGe#i Mbi onpelenseM no ¢opmyae (2);
Tak Kak u3 g(x)=%=0 n P (x) =0 creayer g(x)YP(x) =0, To nparas
4acTh STOH ¢GopMy:an ReHCTBHTENbHO GyAeT PalHOHAIbHOH APOG6LIO.
Ecan nauvo, npainee, 4to

[(x) _ fo®) P (x)__ 90(x)
g(x) ()’ v  Po(x)’

T. e, ’ .
F(x)golx) =g (x) fo (%), @ (x)Po(x)="1p(x) Qo (x), (6)
TO, yMHOXasi o6e uacTu nepsBoro w3 papencTts (6) Ha P (x) o (x), o6e
YacTil BTOPOrO paBeHcTBa—Ha g£(Xx) go(x), a 3aTteM CKaaauBag 3TH
PABEHCTBA MOYAEHHO, MH MOJYYHM:

[ (%) § () + g (x) ¢ (x)] 8o (x) Yo (x) =
= [ fo (x) Yo (¥) + &0 (X) @0 ()] £ (x) P (x),
YTO PaBHOCHIBHO PaBEHCTBY
[ (x) +g(x) @ (x) _ fo (%) Yo (¥) + 8 (%) o (x)
g(x) P (x) 8o (%) o (%)
Takum o6pa3oMm, ecan RaHe ABa KJAacca paBHHIX MeXAY coGOHi apo-
Get, To cyMMn mo6o#t Apo6H H3 OAHOTO KJjaacca ¢ Mo6GoH apobbio u3
ApYroro knacca Bce Mexay co60#t paBHH, T. e. JewaT B HEKOTOPOM
BIIO/IHE ONpeAeNeHHOM TPCTbEM Kaacce, DTOT KNACC HA3LIBACTCH cymnodl
8aJaHHBIX IBYX KJ1acCOB,

.
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KOoMMYyTaTHBHOCTDITOrO C10XKEHAA HENOCPEACTBEHHO BHTEKART
M3 (2), 2 aCCOUMATUBHOCTD AOKA3NBALTCH CAEAYIOLLHM 06Pa3OM

[f (X)+q?(x)] +ix)___f(x)\p(x)+g(x)q>(x)+u(x)

c0Tyvw] Tow 20 % () v ()
LW 00+ () @ @00+l P x)u ) _
f HGEICEHT) (
(9, 9o +p0a® [, [p(), u x)]
=it T ymom  —ewT [tp(x>+v(x)

Ha onpezleneﬂuﬂ pasencTsa ApoGef Ge3 Tpyda caeiyer, 4TO Bce
apo6u Buaa _Z—)’ T. €. APOOH C paBHLIM HYJII0 YHC/HTEAEM, paBHu

Mexay cO00OH M 4YTO OHH COCTABAAIOT MONHWH KAacC pasHWX ApoGed.
DroT KAACC MBI HA30BEM HYsegwi W AOKAKEM, YTO OH HrpaeT B Ha-
uieM cno;«emm poab Hynd. [eiicTBHTENbHO, €CAH AAaHA MPOH3BO/bHAA
P (%)
Apobp VG ), TO
O o0 _0vwteeo _g0ow _ 9ok
) T g(x) ¢ (x) gy x) plx)”

g

U3 paaencrsa
I(X)+—f(x) 0
g T gk T gM

npaBasg 4acTb KOTOPOro anHa}lJle)KHT K HY/1eBOMY Kiaaccy, caeiyer
—r (X
Tenepb, 4YTO Kjaacc Apobelt, paBHHX ApPOGH g,() Oyler npomusono-

x) !
AOMCHBIM AN KAacca Apobeit ;-(x—) ¢
poGe#t, paBHBLIX APOGH FIeR Orciola, Kak Mul
3HaeM, C/elyeT BHLIMNOAHHMOCTb OJHO3HAYHOLO GHYUUMAHUR.
Yaurnoocenue paunoHanbiux ApoSelt M onpeienuy no gopmy.e (3),
npuyeM, BBHAY g(x) P (¥)5%=0, npasas uyacTb 3TOH opMyns meHcTBH-
Teabno OYAeT paunoHanbHoi apobbio. Ecan, manee,

[ __foa(®) P (x) __ o ()
gx) go(x)’ YY) P(x)’

J(x) go (x) = g (x) fo (x), @ (%) Po (%) =P () G0 (%),
TO, MNEPEMHOXAs STH NOCJACAHHE DPABEHCTBA MOUEHHO, MH MOJY4HM:
[ (%) g, (%) @ (%) Yo (x) = g (x) fo (x) P (x) go (%),
YTO PaBHOCHJBHO PAaBEHCTBY

LX) (%) __ folx) @0 (x)
g (x) g ()bl *

Takum 06pa3oM, MO aHANOTHU C JaHHBM BHUIC OnMpedencHUEM CyMMH

KNacCOB, MOXHO TOBOPHTb O npouaaedenuu KIlaCCOB PaBHLIX Mexmy
cobol 11p06en
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KoMMyTarTHBHOCTb 1 aCCOLHATHBHOCTD 9TOTO YMHOXe-
HHS HEMOCPEACTBEHHO C1eAYIOT H3 (3), a cnpaBeAqHBOCTbD 34KOHa
AHCTPHOY THBHOCTH NOKA3HBACTCH CAEAYIOUHM 06pa3OM:

[f(x)+fp(x)]u(x) [V ) +e() P (x) u(x)

g(x) " P(x)]ux) g(x) ¥ (x) G
v +e@eiu® _fOPEe()+e@) @) alx)
g(x) P (x)v{x) gx) Y (x)v(x)
Y @uxox)t+ex) e x)ux)vix) f(x)u(x)+<v(x)zt(x)_
g ()P (x) v (x) T gmu) Ty o)
_ 0 u(x)+cp(X) u(x)
TEw v Ty v
f(x)

Jlerxo BunaeTs, 4T0 ApoGH BUIA o T apo6H, uYRCANTEIb

KOTOPHWX PAaBEH 3HAMEHATETI0, BCE PAaBHW MeXIYy COGOH W COCTaBAAIOT
OoTAeNbHHHA K1acc, JTOT KAACC HA3LIBACTCH e0uHUYHOLIL W HEPaeT B Ha-
LIEM YMHOXKEHHH POJb eLUHHULI

[, ex)_[Mex)_9x

[0 v® TOYE $E°
fx)

Ecan, nakoneu, 1poGp 0 He MPHHAANEKHT K HYJIEBOMY Kjaccy,
T. & f(x)5=0, 10 cyutecTByeT Apobb %2—3. Tax kak

() gx)_[xgx

gx) tx gx)fE)’
a npaBas 4acTb 3TOTO PABEHCTBA TMPHHALNEKIT K eXHHHUHOMY KJaccy,

TO kaacc apobefl, paBHHX ApobH ?E )),
[ (%)

npo6Gelt, paBuux Apobi R Orcioaa caeayer Bunonnumocn OLHO~

6yaer obpamuwa Ada kiacca

3HAYHOTO OJesenus.

Takuym 06pa3oM, KAQCCH pABHBLY Mexcdy 000l payilonaIbHbx
opobelt ¢ roapduyuenmanu u3 noas P cocmasriaiom npu Hawesn
onpedenenuu onepayuli Kommymamugroe note. IT0 moae u Oyner
HekoMHM  modeM P(x). Mo gomkHW eute, BApoueM, AOKa3aTh, HTO
B MNOCTPOGHHOM HaM{ (10.1€ COAEPWHTCH NOAKO.IbLO, H3aoMmopduoe
Koabuy Plx], u 470 BCAKHA 3TEeMEHT MO.IH MPeACTaBHM B BHAe 4acT-
HOrO IBYX 3/EMCHTOB H3 3TOrO MOIKO.blia,

Ecan mul npoussoabHoMy MmuorouwleHy f(x) u3 koasua P[x] nocTa-
[,
i

BHM B COOTBETCTBHE K.J1aCC PAUHOHAAbHWX APOGeH, paBHhx Apo6H

(cpeawn Bcex Hpobeft comepxarcd, MOHATHO, W ApobH, 3HAMEHATEb KO-
TOPHX PaBEH €IHHHUE), TO NOJIYUHM B3aHMHO 0AHO3HA4YNHOE OTOOpaxKenue
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Konsua Plx] BHYTPb nOCTPOeHHOrO HaMu noad. HelicTBuTenbHO, U3
paseHcTBa

[(x) o)

T

1

cnenosano 6n f(x)-1=1.p(x), 1. e. f(x)=0¢(x). dro oTobpane-
HHe OyneT nawxe H30MOP(HHM, Kax MOKA3LBAOT PaBeHcTBa

u§2+gf_(£)_f(x)'l+g(x)-l_f(x)+g(x)
1 1 1 o 1 ’

[0 g _ 102
it

T T

1

Takuwm obGpasom, rkaaccw Opobeli, pasubix Opoban suda lex)_‘ co-
cmaganaiom 6 Hawmem nore nodxoassyo, uzomopgroe xwoasyy Plx).

Hpobp [i_x) MOXHO N03TOMY 0603HayuTh npocto f(x). Tak xak, Haxo-

Hew, npu g(x)%~=0 kaacc Apoleft, papanx Apobu g(Lx), aBasgeTcs 06~
gx)
paTHuM a8 Kaacca apobeit, paBHWX npobH ==—, TO H3 paseHcrsa

1
(6, 1 i
I gx) g

CACAYET, YTO 8Ce IACMeHMb. HAULE20 NOASL MONCHO CHumams (B CMbiCTe
ONnepannit, onpeleneHHLIX B STOM TONE) YACMHbLMU MHOOYAEHO8 U3
koabvya Plx).

Mol mocTpouAM HAA MPOMU3BONLHLIM MofeM P mone panHoOHAAbHLIX
apobeit P(x). Drum we merogom, Oepst BMECTO KOJbLUA MHOTOQUYJEHOB
KONbUO LEeAblX 4HCeA, MOWHO MOCTPOHTb MOJE PalLHOHAAbHHIX UHCe.,
O6beanusist 9TH JBA C/Ayyasds H HCNOIb3YSs TAKOH e METOX, MOWHO
Guinio 6nl 10Ka3aTh TeOPeMy, 4TO BOOOULE BCAKOE KOMMYTATHBHOE KOJbLLO
6e3 neantenedl Hyas ABAfETCHd NOAKOABLOM HEKOTOPOro moas.



FJIABA OOHHHAJUATAS
MHOT'OUJIEHbI OT HECKOJIbKMX HEHW3BECTHbLIX

§ 51, Koabuo MHOroueHOB OT HECKOJIbKUX HEH3BECTHBIX

Hepeako npuxoantcs paccMaTpuBaTh MHOrOMWICHH, 33BHCALHE HE OT
OHOro, a OT ABYX, Tpex, BooOule OT HeCKOJAbKHX HelaBecTHHX. Tak,
B IICPBLIX I1aBAX KHHTH HAMH YXe H3YYa/HCh JAHHEHHhE H KBAAPaTHYHLE
‘opMu, NpefcTaBasiouine cO60H MpHUMEpH TAKHX MHOTOY/NeHOB. Boo6uie
HHO20UACHON [(X,, Xg, .0 X, JOM I HEUIBECMHHX X, X2, ..., X, HAJD
Hexomopbim nosesm PHa3nBaeTcs CyMMa KOHEYHOrO 4HCJa 4/JeHOB BHAA
xf‘x;" .. xf,", raesce B; = 0, c koadduunesTamu ua noas P; npusrom
Npeifo/1araeTcs, NORKTHO, YTO MHOTOUNRH f (X, X,, ..., X,) HE CONEPHKHT
NOAOGHHX YJE€HOB H YTO PAaCCMATPHBAOTCH JHIUL YJJeHH C OTNHYHLIMH OT
nyns kosgoduumnentavn. JlBa MHOrouneHa OT 72 HEH3BECTHHIX, f(X,, X2, ...,
X)) Hg(x,, Xo, o, X,), CUNTAIOTCH PAGHBLAMY (HNH MONCOECMBEHHO PABHL-
Atig), ecaH pasubl MX KO3GODMUHEHTH MPH OLHHAKOBHIX YJEHAX.

Ecau nan muorounen f(x,, x,, ..., X,) nan noiem P, 1o ero cme-
TIERbIO N0 OMHOWERLIO K Helu3geCcmHoMY X;, i=1,2, ..., n, na3uBaerca
HAUBHCLIKA MOKA3aTelb, ¢ KAKHM BXOAHT X; B YJE€HH 3TOTO MHOroOY/eHa.
CayuaitHo 37a cTenenb MOXeT ObTh paBHOH 0, YTO 03HAYAET, YTO XOTH f
CYHTAETCH MHOTOY/ICHOM OT /I HEH3BECTHBIX X,, X2, ..., X} +.., X,, HO
HEH3BECTHOE X; Ha CaMOM Jejie B €ro 3anHcb He BXOAMT.

C apyrofi CTOpPOHH, €CAH MW HA30BEM CMerneHblo 4AeHa

By k k
X1'xa?. . x5

uncao R, 4+ ko4 ... 4+ &, T. €. cymMMy nokasatesiell npu HEH3BECTHHX, TO
Cmenensio MHo2ouAeRa f(X,, X3, ..., X,} (T. €. cTeneHb MO COBO-
KYOTHOCTH HeH3BeCTHH X) 6YAET HauBLICINAA H3 CTEMEHEH ero 4ie-
HOB. B uacTHocTH, MHOrOYNEHAMH HYNeBOH cTeneHd GYAYT, KaK H B clyyae
OLHOTO HEH3BCCTHOrO, JHUIb OT/AHYHLIE OT HYJAS SJeMEeHTH H3 noas P.
C apyroi#t CTOPOHH, KaK H B C/1y4dae MHOTOYJIEHOB OT OLHOTO HEH3BECTHOTO,
HYAb 6YAeT eJAHHCTBEHHWM MHOTOY/JIEHOM OT 72 HEH3BECTHHIX, CTeNneHb
KoToporo He onpenenena. [loHsaTHO, uTO MHOrounedH 8 ofuleM cayuyae
MOKET COAEepPWaTh HECKONbKO Y/J1eHOB HAHBHICUIEH CTEMEHH H MO3ITOMY
Heab3s TOBOPHTb O €TapuieM (MO cTemeHH) 4jaedHe MHOrouYneHa,
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Jas MHOrOu/1IeHOB OT 72 HEH3BECTHLIX Haj moaem P caepyiouinm o6pa-
30M ONPENeAAOTCH ONepauuH CIOWKeHHs H yMHOWenus, Cystsod Mmuoro-
41eHOB f(x,, X2, ..., X,) ¥ g{x,, X3, ..., X,) HA3LIBAETCH MHOrOWIEH,
KO3DDHIUHEHTH KOTOPOro MOAYUYAIOTCH CJIOMKEHHEM COOTBETCTBEHHBLIX
Ko3pduienToB MHOrouw1eHOB f H g; €/ NPH 3TOM HEKOTOPMH uieH
BXOAHT JMHlUIb B OJAHH M3 MHOTOWIEHOB f, g, TO KO3hAHIUUEHT NPH HEM
B IDYTOM MHOTOY/IEHE CUHTAETCS, NMOHATHO, paBHuM Hyaw. [Ipoussenenne
LBYX «0/HOYJEHOB» ONPEAENNETCH CACAYIOUIHM PABEHCTBOM:

k k kot 4
axtiabr | xfnbxlialr L xin=(ab) g tligtath | ket

?

~

nocse Yero /pous3geder e MHOTOUNEHOB f (X, Xz, ..., X,) ¥ g(X,, X4, ..., X))
ONPELeIsieTCH KAK PE3YAbTAT ITOUEHHOTO NEPEMHOKEHHAHNIOCTEAY IOULerO
NpHBEAEHHSI NOAOOHHX Y/1eI0B.

[Ipu maros onpedesenui onepayuii CogoKYMNHOCMs MHO204AEHO08
om n Heussecmuux Had noses P npespawaemcs 8 xomsmymamugroe
KOAbHO, npuwer 5mo Koasyo He codepicum Oeaumened nyas. B cavom
gene, npH n==1 Hawi onpeigejJeHHs COBMNANAIOT C TeMH, KOTOpHE ObAN
Zanul B § 20 A9 clyuyas MHOrO4Y/JEHOB OT OAHOTO HeudsecTHoro. Ilycts

yixe JLOKa3aHo, 4TO MHOTOU/EHH OT /71— | HEH3BECTHHX X, Xg, ..., X,_,
¢ koatdbuuresTaMu H3 10as P COCTABIAIOT KOJbIO 6e3 AenuTe el Hyd.
Besikft MHOrOY/EH OT 72 HEH3BECTHBIX X, X2, ..., X,_,, X, MOWKHO

NPeACTaBUTh, MPHTOM €AHHCTBEHHLM COCOOOM, KaK MHOTOY/EH OT HeH3-
BECTHOTO X, ¢ KO3GhduunenTaMy, ABIAIOUHMHCT MHOTOYJIEHAMH OT X,
Xy + v ey X, OOPATHO, BCHKHH MHOTOUIEH OT X, C kosduunentamn
H3 KO/Mblla MHOTOYJIEHOB OT X,, X2, ..., X,_, Had noreMm P MoxHo
paccMaTpHBaTh, KOHEYHO, KaK MHOrOW/IeH HAaA 9THM xe noiem P ot
Bcefl COBOKYIHOCTII HEH3BECTHHX X,, X, ..., X,_,, X, De3 Tpyaa
NpOBEPHETCs, YTO MO/1yUeHHOE HaMH B3aUMHO OLHO3HAYHOE COOTBETCTBHE
MEXAY MHOrOUYJIEHAMH OT /1 HEH3BECTHHIX M MHOTOYJIEHaMH OT O1HO[O
HEU3BECTHOTO Hal KOJAbILOM MHOrOYJEHOB OT 72— | HEH3BECTHHX f1B.ISETCH
HBOMOpq)HHM MO0 OTHOWEHHIO K ONepauHaM CTIOXKEHHHS H yMHOXCHHA.
HokaaniBaemoe yTBepkIeHHE BHTEKaeT Tenepb H3 TOTO, YTO MHOTOY/JeHN
OT OLHOIO HEH3BECTHOrO HAJ KOJbUOM MHOrounexHos or n—1 Heus-
BECTHLIX CaMH COCTaBIHIOT KO.JbLLO, NPHYEM OHO KAK KOJIbLO MHOrou/C-
#OB OT OJHOrO HEH3BECTHOTO HAA KOJbiloM 6e3 AeauTteleft Hyas camo
He coaepxkut aeanteaelt nyas (cm. § 47).

M nokasain, ciexoBateabdo, CYWECTBOBAHHE KO2b0Q MHO20ACHOB
om n Heu3BecmHux Had nosem P; 3T0 KOJAbLO 0003HAYAETCH CHMBO-
aoM Plx, x5, ..., x,).

Crenyioutiie pacCMOTPeHNS NO3BOSIIOT MOCMOTPETh HA KOABLO MHOTO-
YJIEHOB OT /I HEH3BECTHHIX- C HECKOAbKO HHOH Toukd 3penus. [lycts
1101e P colepxUTcs 8 HEKOTOPOM KOMMYTaTHBHOM Koable L B KauecTse
noakoiabla. BosbmeM B L 7 91eMCHTOB Oy, O, ..., O, H HalAeM MHHI-
manbHoe mnoxkonapio L' konbua L, colepxauice STH 91eMEHTH 1 BCe
noie P, T. e, MOAKOAbLO, MOJYydaioUieecd B pe3y/bTate NpUcoeouHerUs
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K nomo P anemenTos o, @, ..., &, [loakoasuo L' coctout H3 BCex
9/IEMEHTOB KOAIbLA L, KOTOPHE BHPAKAIOTCH YEPE3 BIEMRHTH &, Oy, +vvy &y
H 9/JIeMEHTH NO0As# P NpH NMOMOULH C/AOWEeHHS, BUYHTAHHA 1l YMHOKEHHT,
Jlerko BHAeTb, UYTO 3TO GYAyT B TOYHOCTH Te€ IEMEHTH KoJbila L,
KOTOpHE MOMHO 3anucaTh (npy NOMOULH onepanii, HMeloutnx- MecTo B L)
B BHIE MHOTO4NEHOB OT «,, U2, ..., &, ¢ Kod¢duunentamn u3 P,
NPpHYEM STH SAeMEHTH OYAYT KaKk 971eMeHTH Koatia L Meway coGo#t
CKMAAKBATLCY M YMHOXATbhCA KaK Pa3 MO YKa3aHHLM BBIE MPaBHiaM
CIOXEHHS H YMHOXEHHS MHOTOYJEHOB OT /I HEH3BECTHLIX.

Koneuno, nauunh snement f ua noakonsua L’ 6yaer, sooGuie rosops,
061a1aTk MHOTHMH DPa3/MYHBIMH 3aNHCAMH B BlAe MHOTOYJICHA OT &,
a2, ..., @, ¢ ko3dduunestamn uz moas P. Ecan aas sesikoro Bus L’
T4Kas 3aNMCb OAHO3HAYHA, T. €. €CJIH Pa3IUdHHE MHOFOWIEHM OT
Oy, Oy, + .., &, OYAYT Pa3IHyYHLIMH 3JeMeHTaMH koabua L’ (i, caeno-
BATENbHO, KOMTbNA L), TO CHCTEMA 3/1EMEHTOB &), Uy, .. ., O, Ha3biBaETCH
an2ebpauteck He3agucumoli Hal nonem P, B NPOTHBHOM _cayvae—
aazebpautecru 3asucurnoi'). OTCIONE MOXKHO BHIBECTH TAKOE 3aKAKOYEHHE:

Ecau none P neasemca nodkoasyos xomumymamusnozo xoasye L
U ecau CUCMEMA 3NeMEHMOB Oy, O, ..., q, 43 L arzebpaunecku ne-
3asucusa nHad P, mo nodxoasyo L' woasua L, nopoxcoaesmoe npu-
coedunenuless K noao P 3aeMeHmo8 a,, O, oo, &, U3OMNOpHHO
Koabyy MmHozo%nenos Plx,, x,, ..., X,].

M3 npyrux cBO#CTB KOAbLLA MHOFOYJIEHOB OT /1 HEH3BECTHHX
Plx, x5, ..., x,] ykaxem na cieayiouiee: 9TO KOJbIO MOXKHO BK/IO-
YHTh B rode paquonarvuelx Jopobeii P (xy, X,, ..., X,) om n Heus-
gecmublx HAO nosea P. Beakuii saemenT STOrO noas MoweT OMTb

n?

3amican B8 pune _{E , rae fu g— muorouneun ua koasua Plx, x,, ..., x,],

f

NPHYEM TOrAa H TOJAbKO TOTAA = ecan fyp=g¢p. Crowxenne u

*
:‘p ’
YMHOKCHHE STHX PalHOHAaAbHHX ApoGelt NPOU3BOAATCA MO NpaBuiam,
KOTOpne, Kak Obl1o ykasano B § 45, crpasefnnBw LI HacTHLHX BO
BCsIKOM noJe. Jloka3aTeAbCTRO CYULECTBOBAHHR noas (X, Xy, ..., X,)

NpPOBOANTCA Tak ke, Kak 910 nenanoch B § 50 aas cayuas n=1.

Inst MHOTOYNEHOB OT HECKOABLKHX HEH3BECTHHIX MOMHO IOCTPOHTH TEOPHIO
JeUMOCTH, ofobWwaromwyo Ty TeOPHIO JeJAHMOCTH JJAf MHOrOW/JEHOB OT ORHOrO
HEeK3B8eCTHOro, KOTOpY Mu H3yuaau B 1. 5 n 10. Tak Kak, oanaxko, netajbHoe
H3YyueHue KOJbLla MHOI'OYJEHOB OT HECKONbKHX HEH3BECTHLIX HE BXOJAHT B HallM
8aJaun, TO Mbl OTPalHYHMCS TOJILKO BONPOCOM O Pa3/oKeHHH MHOrodjieHa Ha
1HeNPHBOIHMEIE MHOMKHTENH.

Beegem cnavana caepyiomee nousiTHe: eCAH BCe UJIEHB MHOTOUMEHa
] (xg, x90 .., X,;) HMEIOT OAHY H TY e CTeneHb §, TO TaKoil MHOroujeH HA3h-
DaeTcA OGHOPOOHbIM MHOZOMAEHOM WJH, Kopoue, gopmod s-it cTenenu; Haum

»~

1) CoorBetcTByiOllHEe NOHATHA ANA cayyasa n=1 Ouau yxe seeleHbl B § 47:
BieMedT o, ajare6pandyeckl He3anHCHMbIT HAZ noseM P B cMblce TOJNLKO WTO
NaHHOro onpeaeneHus, Obll HAa3BaH TaM TpPaHCUEHJEeHTHHM Hag P, B
[pOTHBHOM CaydYae—aareb6pauueckumM nag P,
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yXKe H3BECTHH JAuHedHole W Keadpamudusie (Hopmsi, MOXKHO DaccMaTpHBATH,
lanee, kybuuuvie Hopmbl, BCe 4NeHbl KOTOPHX HUMEIOT NO COBOKYNHOCTH Heu3-
BeCTHHX cTenedb 3, H T. A. Becakuill MBOrousneH orn HEH3BECTHH X
OJHO3HAaYHONMPEeJCTABHM B BHAE CYMMH HeCKOJNbBKHX dopu
OT 3THX HEH3BECTHH X, MPHTOM HMEIOUWHX pa3Hbe CTENEHI:
JOCTAaTOYHO O6BeJHHHTL BMecTe BCe HJEHH, HMelolWHe OAHY H Ty K€ CTeneHs,
4TOGH TMOJYYHTh HCKOMOE npeacraBsenye. Tak, Muorousesd derseproil creneH!
£ (ey, %9, x3) =3x,x2 —Tx3 x2 4 xy — 5xyxpx5 + 2] — 20, —6+x]  Gyzer cymmoil
bopmm  wetseproit cremenu x} —7x2x3, KyGuunoi QopMm 3x,xI —5x xax; -
+ xg, auueiinofi dopmu x, —2x; H cpoGojHoro uJjena (gopuu uysesoil crene-

HH) —6.

Joxaxem Tenepb cjeflylOiyIo TeopeMy:

CmeneHb npoussedenus 08YX OMAUHHBIX OM HYAS MHO04AEHO8 OM N Heus-
BECMHBIX PASHA CYMMeE CmeneHed Smux MHO204AEHOS.

Tlpeanonoxns cHavana, 4to HaM' jgaHol GopMbl @ (X, Xy ..., X,) CTe-
nen s H Y (X, x5, ..., x,) cTenedu ¢. [lpousseneure noboro useHa GopMul @
Ha Jwo6oii uned dopmm P OyneTr, OueBHIHO, HMeTb cTeneHb S-f, a MOTOMY
npoissegeHye QP Gyrer ¢opMoii crenmeHn s-+{, Tax Kak npusefeHHe NOJOGHBIX
YNeHOB He MOXeT cAenaTh Bce KOXpOHHHCHTH 3TOro NpousBefeHHA DPaBHBIMH

HYJIO BBHAY OTCYTCTBHS B Koablle P [xy, Xy, ..., x,;] denureneit uyas.
Ecniu Tenepe AaHn  NpPOH3BOJbHbIE MHOTOUAEHW  f(xy, X5 ..., X,) H
g (xy, X5, ..., X;) COOTBETCTBEHHO CTeMeHeit s u {, TO, NPEACTaBAAA KamAnlH H3
HHX 8 BHAE CYMMbl GODM pasHbIX cTeneHed, MH MOJIyuHM:
N E(xp Xg coey X)) =0 (X, X9, ooy X))+ vy
glxy xg oy x))=P {05, X9 o0y X)) F el ey

rie ¢ u P GyayT coorsercTsenHo Qopmamu cTemeueit s @ f{, a MHOrorouHs
3aMeHsIOT cyMMbl ¢opM MeHbiuux cteneneil. Toraa

fg=op-+...5

dopMa QP HMeeT, nO ROKA3ANHOMY, cTenells s-+£, a TaK KaK Bee 4JCHH, 3ave-
HEHHBIE MHOrOTOYHEM, HMeIOT MeHbIYi0 CTenelb, TO CTeneHb MpoH3seleHHA fg
6yner pasHa s+ f. Teopema noKa3saHa,

Muorounen ¢ HaswBaercs dJdesumesem wMHorounena f, a f—deasuumen
Ha @, ecan B Koabue P [%y, X5, ..., X,] CylWlecTBYeT Taxkoi MHOTOWJEH P, UTO
[=o¢Vy. Jlerko Bugers, uto cpoiictBa geaumocTH | —I1X u3 § 21 coxpausores
B paccMaTpuBaemoMm ceiiuyac ofitem cayuae. Muorousen [ cteneu &, k=1, na-
3biBaeTCsl npusodumeim Haj nodeMm P, ecan oH pa3sjaraeTcd B NPOH3BejJeHHe
MHOTOUJIEHOB H3 KoJabua P [Xq, %y, ..., X;], CTeneHu KOTOPHX MeHblWe &k, u
HenpusoOumsis — B NPOTHBOMOJOKHOM CJyuae,

Beakud  muozounen u3 koavya P [xy, X5 ..., x,), useowgud cmeneno,
OMAUYHYIO OmM HYyAR, pa3razaemca @ npoudsedeHue HENPUBOOUMBIX MHONCU-
mened. 3Imo pasaozcenue OOHOIHAYHO © mOYHOCMbI0 00 Muoxcumesed Hyie-
eold cmenenu.

2ra Teopema ofofilaeT cooTBeTCTBYIOmUe pe3yabTatH H3 § 48, oTHocAuHecs
K MHOrouJeHaM OT OpHOro Heu3secTHoro. Ee nepeoe yTBepxienie aokasmsaercs
JOCNIOBHBIM MOBTOPEHHEM pacCyMAeHH{ H3 ykasaHHoro naparpada. Jlokasartenn-
CTBO BTOPOTrO yTBepKAEHHA NPEACTaBJIAET yKe 3HaYuIebHue TpyaHocTH. [Ipexae
yeM NpoOBOAHTHL €ro, Mbl 3aMeTHM, 4TO H3 BTOPOroc YTBEPXKACHHA 5TO{l TeopeMmul
BbiTEKaer TaKoe CJeICTBHE: ecau npoussedenue 06yx MHozowneHos [ u g u3
Koaoya Plx,, %3, ..., Xx,| Oesumca Ha HenpusoOumoul MHO2OMAEH P, mO Xoms
6ot 00UH u3 smux MmHO204reHos Oeaumca Ha p. JleficTBuTenbHo, 8 MpPOTHBHOM
cyuae Mul NOAYYHAH Gul ANl MPON3BENeHUN fg ABAa pa3aoMenHs Ha Hefipuso-
AHMble MHOMHTENH, OAHO H3 KOTODHX P HE CONEDXKHMT, a Apyroe COACPKHT.
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Mycts TeopeMma yxe JI0Ka3aHa QNS MHOTOUJIEHOB OT N HEH3BECTHBIX, H MM
XOTHM JI0Ka3aTh ee ANA MHOroufieHa OoT n-| HEH3BECTHHIX X, Xy, X5 «..r X,
3anuweMm STOT MHOrouJedn B8 BHAe ¢ (x), ero KospdHUHEHTH OyiyT, CJAefoBa-
TeAbLHO, MHOT OYIEHAMH OT X, Xg, ..., X,. JLNA 9THX KO3D(DHUNEHTOB Teopema yxe
ROKa3aHa, T. €. KaXJblil H3 HHX OAHOSHAYHO pasjiaraercs B NpoH3BeJeHHe He-
NpuBOAHMBIX MHOXHTesell. HasoseM MHOrouneH @ (x) npumumusHsim (TouHee,
NPUMUMUBHOIM HAO KoAbYOM P [xy, Xg, ..., X,]), €CAH €ro Ko3HUHEHTH He
COAEPIKAT HH OLHOTrO O6ulero HempHBOAHMOTO MHOXHTENA, T. €. B COBOKYMHOCTH
B3aHMHO NMPOCTH, H NOKaxeM caeayiomyio nemmMy laycca:

Ilpoussedenue 0syx npumMumusnolX MHOZOMAECHOB CAMO €CMb NPUMUMUSHND
MHO204AH.

B camom pene, nycTb JaHL HPHMHTHBHBE MHOFOYAEHH

f)=agxt®fax¥ 1 ot Ly,
gx)=box’ +oxf " p bt/ by

¢ KospdnunentaMu N3 Koavua P [xy, X3, ..., X,] M OyCTH
[(x) g (x)==eqxFt it o x Bt imd o g R D oy,

Ecnu 3T0 npoussepeHne HE NDHMHTHBHO, TO KO3DHUUHEHTHI Cq, Cp, ousy Cpyy
6ynyt o6najaTh OGWHM HeMPHBOAHMBHIM MHOXHTEJNEM p==p (%, Xa ....x,,s.
Tax xkak Bce Ko3bdnuneHTH NMPHMHTHBHOrO MHOroyjeHa [ (x) He MOryT AeauThCs
Ha p, TO NycTb KospdruMeHT a; OyAeT nepebiM, HA p He ASAAWUMCH; aHano-
rudno depes b; Mbl 0G603HAUMM nNepBbifl KOSPPHUUHENT MHOrOUNEHa g (X), He
jpenswuiica Ha p. [lepemnoxas mnodjenno f(x) u g(x) U cobupas uJeHb, cO-
aepxamue x*+i-W+N np noayunm:

ci+/=a‘~b/+a,‘_1b/+1+a,~_2b/+2+ cen +a,~+lb/_1+a,-+2b,_2-|-...

Jlemas vacTb TOro paBeHCTBAa AEAMTCH HA HENPHUBOAMMMBIA MHorousnen p. Ha nero
3aBeJOMO JeJATCA TaKKe BCe cJaraeMmbie NPaBofi u4acTH, KpoMe MepBOro; Aef-
CTBHTEIbHO, BBHAY YCJOBHH, HATOXKeHHHX Ha BHOOp i H j, Bce KoadpuuueHTn
Qi_y. Bj_gv -.0s @ TaKXKe by_y, by_,, ... Meastcs wa p. Orciopa caeayer, yto
npousseleHre a;b; Takxe AGAHTCA HA p, 8 NOSTOMY, KAK OTMEYEHO Bbiule, HA p
ZOJKEH JeJHTBCS XOTsi G OfNH H3 MHOTOYJEHOB a;, by YTO, OAHAKO, He HMeeT
MecTa. DTHM 3aKaHUHBaeTCsl AOKAa3aTebCTBO JeMMHB B MPEANOJOXKeHHH Cnpasel-
JIHBOCTH OCHOBHO TeopeMbl A/ MHOFOYJEHOB OT N1 HEH3BECTHHIX.

Koasuo P [xy, x5, ..., x,] cogepxurcsl, Kak Mb 3HaeM, B 1Ofe pauxo-
HanbHbx apobeit P (xy, X3, ..., X,), KOTOpOE Mhl 0GO3HauuM yepes Q:

Q=P (xg, X3, vv0y Xp)-

Paccmotpum konbuo MHorounenoB Q (x]. Ecau mHorousen @ (x) NpHHAZNEKHT
K STOMY KOJbLY, TO KaXIulii erc ko3pbuuueHT npeicTaBHM B BHIE HACTHOTO
MHOTOY/1eHOB H3 Koabua P [x,, Xy, ..., X,]. Boiocs 3a ckob6kn o6wmuii sHave-
HateJab 9THX 4ACTHBLIX, a 3aTeM H obmHe MHOMHTENH M3 UHCJAHTeaeil, MOXHO
npeincTaBHTbL ¢ (x) B BHAE

@ ()= (2.

3neck a ¥ b aABAAOTCA MHOrouNeHaMH H3 Koabua P [xy, x5, ..., x,], a [(x)—
MHOI'OUJIEHOM OT X ¢ Koapduumenramn u3 P [x;, x5, ..., x,], npuyem aaxe
APUMUTHBHBIM MHOTOUYJIEHOM, TaK Kak ero KO3QpHUHEHTH yxKe He uMeloT obuinx
MHOXH1enel.

OtuM myTeM BCAKOMY MHOrouJeHy @ (x) u3 koabua Q [x] mocrasnen B coot-
BeTcTsHe NPHMHTHBHHA suorouded [(x). Haa dannozo @ (x) muozousen f(x)
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onpedeaer OOHO3HAUHO € MOYHOCMbIO GO0 OMAUHHOZ0 OM HYAS MHONUMEIR U3
noaa P. JleficTButeasno, nycTb

o =7L(M="7g0,

rhe g (x)—CHOBa npuMuTHBHHI MHorowled. Toraa
adf (x) =bcg (x).

Takum o6pasoM, ad u bc MoJyueHn BbIHECEHHEM BCEX OOUIHX MHOXKHTeNeRl H3
Ko3ppHuneHTOB ORHOrO H TOro Ke MHOrOWIeHa HaX KOablUom P [xy, X5, ..., X,).
Orciona BbiTekaer, BBHAY CNpPaBensHBOCTH B 3TOM KOJIbLiE (MO0 NPEANON0KEHHIO
HHAYKLUHH) Teopembl 06 OLHO3HAYHOCIH pas.ioxeHHs, YTO ad U bc MOTyT OTAH-
YaTbCs APYr OT Apyra JHWbL MHOXHTEJNEM HyJeBoil cTeneHu. TakuM ke MHOXH-
TeJeM, C/lefOBaTeNbHO, OTJAHYAOTCA APYF OT JPYr NPHMHTHBHEIE MHOTQUYJEHH
L) u g (x).

M poussedenuro dsyx mrozouaenos u3 xoavya Q [x] coomeemcmeyem npous-
sedenue COOMBEMCMBYIOU{UX UM NPUMUMUBHHX MHO2042eHo8. B eamonm geae,
ecau

eW=T10 bwW=g,
rhe f(x) W g(x) —npuMHTHBHBIE MHOFOWJEHHl, TO
() ¥ (0 =47 () g 0.

Ho, kak goxkasaHo Bhie, npoussenenie f (x) g (x) SBAETCA NPHMHTHBHHM MHOrO-
YJEeHOM,

OrtmeTnM, Hajee, YTO ecal MHO204AeH @ (x) u3 Koasya Q [x) Henpusodus
nad nosem Q, mo coomgemcmeywowult emy npumumusnoid smuozoused [ (x),
paccmampusaemoil KaK MHO204AEH OM X, X[, X, «.., X,, makxe Gydem wnenpu-
80dumbim, u obpamuo. B camom hene, ecau MHorouseH f npusoauM, f=f,f,,
TO 06a MHOXHTENS JOMMHBl COACPKATh HEH3BECTHOE X, TaK KaK WHaude MHOro-
unen f e 6b11 6l NpUMHTHBHHM. OTCIOA3 BBITEKACT pasjioMeHHe MHOroYJeHa
@ (x) Haa noaem Q:

tp(x)=%t(x)=(;it1) fa

O6patho, ecau MHOrouneH @ (x) npuBOAMM Hai Q, @ (x) =, (x) ¢, (x), TO npu-
MHTHBHBIE MHOTrOudeHbl fy(x) W fy (X), cOOTBeTCTByIOlLHE MHOTOUJEHaM ¢ (x)
U @, (x), 6yayr ofa coaepxaTb X, HO MX NPOH3BEJeHHE, KaK AOKa3aHO BLIe,
pasHo f (x) (c TOUHOCTBIO GO MHOKHTeNs M3 noas P).

Bo3bMmeMm Temepb MPHMHTHBHLIL MHOTOYIEH [ H Pa3JOKUM ero Ha HempHBe-
avmble MHoxuTean, f=/f;-f, ... fp. Bce 5TH MHOXUTEJNH He TOJBKO ROJIKHHL
coJepxKaTb HeU3BECTHOE X, HO Aaxe GYAYT DPHMUTHBHRIMH MHOTOYJEHAMH, Tak
Kak HHaye MHorowleH [ He Obin Obl MPHMHTHBHLIM. ImMO pa3aoxeHue npumi-
MmueHo20 MHocouseHa [, Gylem O0Ono3HauHBIM € moOdHOCMbIO 00 MmHodNCUmened
u3 noaz P. B cavoM jgene, BBHAY nNpeiulecIByiolmell JeMMbl, MOXKHO CMOTpeTb
Ha 9TO pasJioKeHHe KakK Ha pasiokenue [ (x) Ha HENPHBOIUMbIE MHOXHTENH HAZJ
nosemM Q, HO 1J5 MHOrOYJEHOB OT OZHOTO HEH3BECTHOTO HA1 HEKOTOPLIM MOJeM
OJHOBHAYHOCTb PA3/IOKEHHS HaM yXKe H2BECTHa; 5Ta OZHO3HAYHOCTb HMEET MeCTO
C TOYHOCTHIO A0 MHOXHTeleil 3 Q; OJHAaKO B HaweM cayuae, 6raropaps npu-
MHTHBHOCTH BCeX MHOXMHTenefi f;, oHa OyleT ¢ TONHOCTbIO A0 MHOXHTe.el H3 P.

[Tocne sTHX JnemMM, cnpapBelNHBOCTb KOTOPBIX HaMi JIOKa3aHa, MCXOAA W3
AHIYKTHBHOTO NPEANOJIOKEHNs, NOKa3aTe/lbCTBO Hailell OCHOBHOM TEOpEMB! npo-
XONHT Ge3 BCAKUX 3aTpyAHeHuil. B camoM gede, BCAKHIT HeMpHBOAHMLIA MHOTO-
yneH H3 Koawua P [x, x;, X, ..., X,;] OyJeT HJAH HenpHBOZHMHM MHOTOUJIEHOM
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u3 Koawua P [xy, x5, ..., ¥,], UM XKe HENPHUBOZAHMEIM NPUMUTHBHLIM MHOrOYje-
Hom. OTclofa caefyer, UTO eCiH HaM Jalto HEKOTOPOE pasjioXKeHle MHOTOYJEeHa

@ (%, %y, Xg, +.., X,) H8 HENPHBOAHMbIE MHOXHTEJH, TO, O6BELHHAS MHOXKHTENH,
MBI NpeACTaBUM ¢ B BHJE :

@ (x, Xy, Xy eoey X)) =0 (x1, Xoo coe, X,) (2, %3, Xg, o0, X,,),

rie @ oT X He 3aBUCHT, a [ sIBAsleTcsi NPUMHTHBHHIM MHOrousenoM. Mu 3naeM,
OAHAKO, YTO 9TO pasjoKeiHe A ( OJHO3HAYHO C TOYHOCTBIO R0 MHOXHTejeil
H3 P. Tak kak, ¢ Apyrofi CTOPOHLI, OJHO3HAYHOCTb Pa3/IOKEHHA HA HENPHBOJH-
MHIE MHOXHTENH A/ MHOTOYJIEHZ @ OT £ HEW3BECTHBIX HMeeT MecTo MO npef-
NONOXEHHIO MHAYKUHH, a8 A8 NPHUMHTHBHOTO MHOTroujena f IoKasaHa B nmpejule-
cTayomeil Jlemme, TO Hawla TeopemMa Aas caydas n+41 HEU3BECTHBIX TaxiKe
TIOJIHOCTBIO JI0Ka3aHa.

V3 nmokasanubix Bblllle JIeMM BbITEKaeT ellle OJHO WHTEPECHOEe CJAeiCTBHE:
ecauw  muozouaen @ (x) ¢ Kosppuyuenmamu u3 P [xq, x4, ..., x,] npusodum
nad norem Q=P (xy, Xg, ..., X,), MO OH Moem Coimb pPA3AOHEH HA MHO-
slcumenu, 3asucAwjue om Xx U umeroujue KoIPPHUUUEHMAMU MHOZOHACHL U3 KOAbUA
P (xy, %4, ..., x,). leficTBHTeNbHO, €CJH MHOrOUJEHY @ (X) COOTBETCTBYET HpH-
MHUTHBHBHII MHOrouned f(x), T. e. ¢ (x) =af (x), TO, Kak MB 3HaeM, 3 pa3JoXH-
MOCTH @ (X) clefyeT DPasjoXHUMOCTb f (x); mocjefHee NMPUBOLMT, ORHAKO, K pa3-
JIOXEHHIO @ (x) Haj KoabuoM P [xy, x5, ..., X,].

B oTsMune oT cayuas MHOTOUJEHOB OT OJHOTO HEH3BECTHOT'O, KOTODhble, KaK
Mbl 3HaeM K3 § 49, MOryT GuITb Pa3sfioKeHH Ha JHHefiHble MHOXKHTENH Haj cOOT-
BETCTBEHHO NOAOGPAaHHbLIM DPACIIHPEHHEM pPacCMaTpPUBAEMOTO OCHOBHOFO TMOJS,
Had aobuim nosem P cywecmeywom a6GcOAIOMHO Henpueodu moLe MHO20-
HAeHbl NPOU3S0ALHOLL cmenenu om Heckoabkux (ABYX Hau Gojee) Heus3secmuoix,
T. € MHOTOYJIeHb, KOTOphle OCTAITCA HENPHBOAHMBIMU NpPH JIO60M pacUlnpeHHH
9TOro moJs.

TakoB, Hampumep, MHOrouJeH

[ 9)=0 &)+,

rie ¢ (x)— npoH3BOABNLII MHOTOUJEH OT ORHOrO HEH3BECTHOrO Haj noJem P.

HeficiButennto, ecay Obl B HEKOTOPOM paciiHpeHun P mons P cyllecTBoBano
pasnoxenue

- f(xv !/)=g(x, y) h (xl y)r
70, 3anmicHBag g M 1 MO CTeneHAM Y, Mbl MOJYuHJAH OM, 4TO, HanpHmep,
g(x, y)==ap (x) y+a, (x), h(x, y)=b, (%),
T. € h He 3aBHCHT OT y, a 3aTeM, BBHAY 4, (x) by (x)=1, uTO by {x) HMeeT cTe-
nenb 0, T. e. i He 3aBHCHT H OT X.

Jekcuxorpaduueckoe pacnoJioxeHyue UIeHOB MHOrOwiIeHa. [as
MHOTOYJEHOB OT OJHOrO HEH3BECTHOTO MBl HMEEM [iBa eCTECTBEHHBIX ClO-
coba pacnooKeHHs YJIeHOB — [0 YOHBAIOUIHM H N0 BO3PaCTaIOLIHM CTe-
neHaM He3BecTHOro. B ciyyae MHOTOY/IEHOB OT HECKOJbKHX HEH3BeCT-
HHX TakHe C1ocobw yme OTCYTCTBYIOT: €C/AH JaH MHOrouIed HATOH
CTENEHH OT TPEX HEH3BECTHHX

2 2 4 3.2 2. .2
S (X, X5, X3) =Xy X2 X3 + X1 X3+ X3 X5 -+ X1X,X3,
TO €ro MOXHO 610 OLf 3anHcaTbh H B BHae

‘ a 2, .2 2 2 3 2
J (X1, X, X3)=X1X5 1 X1 XpX5 -1 X X3 X5+ X X5,
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B HET OCHOBAHHH OLHY H3 STHUX 3anuced npeanmoyects aApyrod. Cyuge-
CTBYeT, OAHAKO, cNOCO0 BMOJHE ONPEeXeNeHHOTO PaCMOJIOWKEHHd YJIEeHOB
MHOTOUYJ/IEHA OT HECKOJIbKUX HEH3BECTHHIX, 3aBUCAILMH, BIPOUEM, OT Bhi-
60pa HyMepaluu HEH3BECTHHIX; A9 MHOTOWIEHOR OT OJHOrO0 HEH3BECT-
HOTO OH MPHBOAHT K PAaCNOJOXEHHIO YNEeHOB no yOuBAIOL[UM CTEMEeHUM
HeU3BECTHOTO, IJTOT cnocob, HaswBaeMult sexcuxozpaguxecwus, nol-
CKa3aH OOLIYHLIM MPHEMOM PacNofOKeHud C/10B B CJIOBapAX («I1EKCHKO-
Hax»): C4yuTas GyKBW YMOPALOYEHHWMU TaK, KaK STO npuHdTO B aada-
BUTE, MLl onpeaenseM B3aHMHOE NOJOKEHHE ABYX NaHHEIX C/NOB B CJA0Bape
no HX nepBuM OYKBaM, €C/H e 3TH OYyKBH COBMANAOT, TO MO BTOPLIM
6ykBaM H T. &.

[lycts nan muorouned f(xy, X5, «., X,) U3 KOABUA P X}, X5y o 00y X,)
B B HeM JBA Pa3JUYHHX uJeHa:

Ry LR k
A8 FLININS M (n
) .
XPXZ L E, (2)
K09pPHIHEHTH KOTOPHX HABAMIOTCA HEKOTOPHMH OTJHUYHBIMH OT HYJd

snemedTamn u3 P. Tak «ax uneny (1) n (2) paanuyuut, TO XO0TA OW
oaHa U3 pa3HOCTeH noKasaTenefl 0pH HEHU3BECTHHX

kl—li’ l=1, 2, ...,fl,
otanusa ot uyns. Ynew (1) Gyazer cumrtaTbea sumwe 4nena (2) (a uaen

(2) —nuxce 4nena (1)), ecau nmepsas u3 STHX PaA3HOCTeH, OTAHYHAA OT
Hyad, NOMOXKWTENbHA, T. €. ecad cyuiecTByeT Takoe i, 1<C{<<n, yro

k1=ll’ ké-—'——lz, ey kl-1=li—1' HO k1>11.

HMuwnmn cnoBamu, unen (1) Gymer Buie uaeka (2), ecnin nokasatenb
npu x, B (1) Gonabuie, yem B (2), MU ecAU STH BOKA3ATEAH PABHH, HO
nokasaTtenb npu x, B (1) Goavuwe, uem B (2), u v. A, Jlerxo sumets,
4to M3 Toro, 4to uned (1) Buiue uneHa (2), He credyeT, 4TO CTeNeHn
nepsoro 00 COBOKYMHOCTH HeH3BEeCTHHWX GOJblie CTENEHH BTOPOro: H3
Y/JeHOB

3 5 2
x1x2x3, xlxaxs
nepBuifi Buile, XOTSI HMEET MEHbIIYIO CTEMeHb,
OugeBnano, 4TO M3 NIOGWX IABYX Pa3AHYHHX YJIEHOB MHOroOYJIena
S (x4, X5, ..., X,) 02uH 6yneT Buure Apyroro. Jlerko npoBepuTh TaKXke,
4To ecau unaed (1) swuwe unena (2), a uned (2), B CBOIO O4ependb, Buile
Y¢Ha
m . m
X1'X3" ... X0 ™ 3)
T. €. cywecTsyer takoe j, 1<5/j<<n, uto
l«l=m1, l2=m2, v ey lj_1=,n]_1’ HO If>mj’

TO, He3aBHCHUMO OT TOrO, Oyaer au [ 6oAbile, DaBHO HAM MeHbiule f,
yned (1) 6ymer Boiwie unexa (3). Takum o6pasowm, crasa panbuie TOT
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H3 NBRYX UJIEHOB, KOTOpBLI# BHIIE, MH MOJYYHM BMOJHE OnpeleseHHoe
ynop#aodeHne WICHOB MHOTOY/IEHaA f(xl' Xgy oves xu)’ KOTOpOe U Ha3u-
BaeTcs AeKCHKOrpaduueckuy,

Tak, MHOTOY/EH

4 2.3 2..8.¢2 3 8
F (X1, %q, X3, Xg) = X1+ 3% XX — X[ x50, 4 5X,%,%; + 2, + x3x,—4

pacrionoxen nekcukorpapuyecku.

lpn nexcukorpaduueckoft sanuch MHOTOUNEHA [f(X;, X5, ... ,%X,)
OJHH H3 ero 4ieHoB OyLeT CTOATb HA MEPBOM MeCTe, T. €. OyAeT BHlie
BCEX APYTHX UNEHOB. DTOT Y/eH HA3HBAECTCH BHCUUM YACHOM MHOZ0-
%4ena; B NPEALIECTBYIOWEM TNPHMEPEe BLICIIHM UYJAEHOM OyHeT 4ieH Xj.
OTHOCHTENIbHO BHCWIHX YNEHOB Mhl JOKAXeM AeMMY, KoTopas Oyaer
HCNOMb30BAHA NPH AOKA3aTENbCTBE OCHOBHOH TEOpeMH C/ICAYIOL{ero
naparpada;

Bocuwuit nsen npousgedenusn 06yx MHO204NeHO8 OM 1 HEU3BECMHHX
Pasen npou3gederHuI0 BHICIIUX 4NCHOS8 COMHONcumeneli.

B camoy aene, nyCcTb NepeMHOKAIOTCH MHOTOUMCHB [ (X, Xay o ..\, X,)
Hglx, Xy ...,%,). Ecan

ky

kR .
axy'xg’ ---xﬁ" 4)

OyaeT BNt uneH Muorounena f(x,, X,, ...,x,), a
a'xXy XY xR (5)

— no6o#t ApyroH unen 9TOrO0 MHOTOYNEHA, TO CYWECTBYyeT Takoe.l,
1<<i<<n, uro

k1=31, ceey k"_1=3‘-_1, ki>sl'

Ecan, ¢ apyro#i cropous,
bxyxT L. X0, (6)
bxlxlr .. xin (7

O6ynyt BuCwMi 1 N0GOR APYroit 4ieHs MHOrOYJNEHa g(Xy, Xoy vvey X,)
TO cyumecTsyer takoe j, 1 =<Cj=In, utO

b=t oo, liy=t,, >t

[lepentowan unenn (4) u (6), a Takxe unenn (5) n (7), Mu noayyaewm:

ky+1 ka+l
abx’;‘+l'x2' : oo xnn+ "1 (8)

+ +! +t
a'bxpthxitt | gt 9)

Jlerko B»~\tb, OAHaKo, 4TO uaen (8) Bwiwe unena (9); ecau, Hanpu-
Mep 0

th ekl =8 4+ toy, BO k44> 541

s;, ;= t;. Tax xe nposepsetcs, uyto unen (8) Gymer
‘Hst ynenos (4) # (7), a Takxe Bbue npoH3BeAEHHA
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ynenoB (5) u (6). Takum o6Gpasom, wieH (8)—npousseneHue BHICIIHX
YJIeHOB MIOTOY/JIeHOB f W g-—O6ydeT BHIIE BCeX APYrHX 4YIEHOB, MOAY-
Y3IOHIMXCS B PE3YyAbTATE HOUYNCHHOTO NMePeMHOKEHU MHOTOY/1eH0B U g,
-a MOTOMY 3TOT 4YJIeH He YHHUYTOXKAeTCH NpH TPHBEAEHUH NOAOGHLIX
"Y/lIeHOB, T. €. OCTAETCH BHCUIHM 4YJICHOM B NpOH3BeAeHHH fg.

§ 52. CummeTpHyecKde MHOTOUICHDI

Cpean MHOTOu/NEeHOB OT HECKONbBKHX HEH3BECTHHIX BHUIEJAAIOTCA Te,
KOTOpHEe He MEHAIOTCH HH NPH Kakofi nepecTaHoBKe HeH3BECTHMIX.
B Takue MHOTOUYNEHH BCE€ HEH3BECTHHE BXOAHT, C/1€10BATEIbHO, BNOAHE
CHMMETPHYHBIM 06pa3soM, M II0O3TOMY STH MHOTOYIEHH HAa3bBAITCH
CUMMEMPULECKIMY  MHO204ACHAME (HTH  CUMMEMPULECKUME PYHK-
yuamu). [lpocteiwnymu upumepaMn GYAYT: CyMMa BCEX HEH3BECTHHIX
X+ X%+ ... +X, CyMMa KBaApaTOB HEH3BECTHHX X)--X3-F ...
... - X}, mpoM3BeldeHHe HEH3BECTHHX X X,...X, H T. A. Beuay npea-
CTaBHMOCTH BCSKOH MOACTAHOBKH 71 CHUMBOJOB B BHAE NPOH3BELEHHS
Tpaucno3nuui (cm. § 3), npu AokasarenbCcTBe CHMMETPUYHOCTH He-
KOTOPOTO MHOrQY/ieHa ROCTAaTOYHO MPOBEPHTb, YTO OH He MEHRETCH HI
IIpH Kako# TPAHCMO3WUIHH ABYX HEH3BCCTHLIX.

Mp 6yseM paccMaTpHBaTh JanblIe CHMMETPHYECKHE MHOTOU/IEHH OT 72
HeH3BeCTHLIX ¢ Ko3ddimuesTamy u3 nexkoroporo noas P. Jlerko Buaern,
4TO CyMMa, PA3HOCMb UL Npol3sedenite 08yx CUMMeMPULeCKUX MHOZ0-
ujfeHog canu Gydym cCUMMemMPULeCKUMU, T. €. CHMMETPHYECKHE MHOFO-
YJIeHH COCTaB/YIOT MOAKOMbUO B Kosabue Plxy, X,, ..., X, Bcex Muo-
TO4Y/JICHOB OT /72 HEH3BECTHHX Hal M[O0JeM P, Ha3hBaCMO€ KOALHOM
cuMMempUeCKILX MHO20%AEHO08 OM N HeU3BeCHMHbIX HAJ noses P.
K stoMmy KkOAbly npuHAaAJexar BCe 3neMeHnTH u3 P (T. e. BCe MHOro-
yJenn HYJEBOHW CTEMeHH, a TaKike HYAb), TaK KaK OHH 3aBeILOMO He
MEHfIOTCSt HH NPH KaKkOH 1epecTaHoBKe HeuasecTHwXx, Beskuit apyroit
CHMMETPHYECKHI MHOTOY/JEeH HEeMPEeMEHHO COAEPIHT BCE 71 HEH3BECTHHIX
H JaXe HMEeT N0 HHM OJHY H Ty XKe CTeneHb: ec1¥ CHMMEeTPHYEeCKHH
MHOTOYNEeH [ (X%, X,, ...,X,) 001a1aeT uicHOM, B KOTOpHH HeH3BeCT-
HOe X; BXOJAUT C nokasartesaeM X, TO 06/1dfaeT i YIeHOM, NOJYUaIOULHMC
M3 HEro TPAHCMO3NUHEH HEH3BECTHBIX X; M X;, T. €, COAEPWallUM He-
U3BECTHOE X; B TOH e crenesu k.

Crenywuie 7 CHMMETPHYECKHX MHOFOWIEHOB. OT /i HCH3BECTHMIX
HA3LIBAIOTC 346 MEHIMAPHUIMY CUMMEMPULECKUMI MHO204ICHAMU:

Oy=X, + X+ ...+ X,
Oy =X XX X5+ ... FX,_1%,
O3 =X XpXg+ X XXy «oo T Xy oXy_1 X,
Opa1 =X1Xp oo XpoqFX1Xg oo e KpopXy oo F X5 00 %, |
0, =X1X3 e0. X, )
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3ra MHOTOUNEHHN, CHMMETPHYHOCTb KOTOPHX OYEBHMAHA, HrpPAlOT B TeO-
PUH CHMMETPHYECKHX MHOTOYIEHOB O4eHb 6OAbuiylo poab, OuHn noicka-
sanw Qopmyaamu Boera (cM. § 24), M MOITOMY MOWHO CKa3aTh, 4TO
Ko3pdunuenma MHO204AeHA OM OOHO20 HeEU3BECMHO20, WMeEIWe20
cmapuus xodpduiuenmoss eoununy, 6ydym, ¢ moyrnocmsio 9o 3HaKa, .
SNCIEHMAPHOMIY CUMMEMPUHECKUME MHO204ACHAML OM €20 KOPHell,
DTa (BA3b DAEMEHTAPHLIX CUMMETPHYECKUX MHOTOuYneHOB ¢ opMyaamn
Bhera 6yner BecbMa CyuiecTseHHa ANA TeX NPHMEHEHRH CUMMETPHYECKUX
MHOFOY.IEHOB K TEOPHH MHOTOYJAEHOB OT OJHOT0 HEeu3BECTHOro, pand
KOTOPBIX Mul ce#iyac ux H3yuaem,

Tak KaK cHMMETpHYECKHE MHOTOUIEHH OT fI HEH3BECTHBIX Xy, X5, ...
.., X, HAL NOJeM P COCTaBAAIOT KOABLO, TO OYEBHAHH CJedylowine
YTBEPKAGHUS: CHMMETPHYECKHM MHOrounenoM OyaeT BCAKas ueaas
N0J0KUTeAbHAH CTenedb /MOGOr0 W3 9/eMeHTAaPHHX CHMMETPHYECKHX
MHOTOYIEHOB, 2 TaKXe MPOU3BEAEHHE TaKHX CTeneHel, MPHUTOM B3fTOE
¢ n06uM k03hduuneHTOM #3 P, H, HAKOHell, BCAKAR CYMMA YKA33HHHIX
npouspesennit. VunMu c10BaMn, 8CAKUT MHO204AEH OM INEMEHMAPHU Y
CUMMEmMPULeCKUX MHOZ0%AEHO8 Oy, Oy, ...,0, € Kopdunuenman
u3 P, paccaampugaesoli Kax MHO2040eH OM HEUIBECMHBX Xq, Xy, ...

, Xn, Oyoem cummempuueckun. Tak, nosoxum n=3 u BO3bMEM
MHOTO4NeH G0, -+ 20, 3amenss Oy, O, H Oz HX BHPAKEHUAMH, MH
HOAYYHM:

2 2 2 2 2 2
0,0, + 20, = X1%5 b X165 + X, %5 + X065+ xyx5 + x,05 - dx,x,%,;

cnpasa CTOHT, OYEBHAHO, CHMMETPHYECKHH MHOTOYACH OT Xy, X, X,

O6pawenueM 3TOro pe3yibTara fiBAseTCd CJAEAYIOMIAA OCHOBHAA
TeopeMa O CHMMETPHYECKHX MHOTOYJIeHaXx:

Beaxuli cummempuneckull MHO204A6H Om HEULIBECMANX Xy, Xy, ...
veiy X, HAO nosem P f8AREMCA MHO204AEHOB OM SAEMEHMADHNX
cuMMempUuuecKux MHOZ04AEHO8 Oy, Oy, .. ,0, € Ko3PPunuenmamy,
npunadaexcawmune & noawo P,

Mycrsn, B camMoM Aene, naH cuMMeTpuyecKHfl MHorouned

f(xlv xQ’ “o 0y xn)
0 0ycThb B ero jaekcukorpaduuecko# sanmcu BumcmiuM Oyaer yiaed
R,k k,
agx;'Xy* L. Xa" (2)

IMoka3atenn npm HEH3BECTHLIX B 9TOM wWieHe JOMKHK YAOBJIETBODPATH
Hep4aseHCTBaM

ki=k,>...=k, @)
Oe#icTBuTenbHO, NYCTb npu nekotopoM ! 6yner k; <<k;,,. Muorouned
Sy, X5y ooy X,), OYRYYH CHMMETPHUECKHMM, AOMKEH COAEPKaTh,

0AHAKO, YJCH
Ry R R; k ]
aﬂxl‘xz, Y xl‘+‘xl':‘l LU xlln, (4)



§ 52] CHMMETPHYECKHE MHOTOYJEHH 323

noay4aioutHics u3 useda (2) Tpancnosuuueft HEH3BECTHHX X; M X;,q.
STO NPHBOAMT HaC K MPOTHBOPEYHIO, TaK KAx ujeH (4) B CMbIC/IE /EeKcH-
KorpadHyeCcKOro pacnonoxenus Buile uaesa (2): mokasarenn npu Xx,,
Xgy o+, X;—1 B OOOMX wuyneHax COBMNAAAIOT, HO NOKaszaTelb INPH X;
B yneHe (4) Goabiue, yeM B ujgeHe (2).

BosbmeMm Tenepb ciaenyioniee NPOH3BEAEHHE 3/IEMEHTAPHHX CHMMe-
TPHYECKHX MHOrOYJEHOB (BBHAY HepaBeHCTB (3) Bce nokasaTenu 6ynyT
HEOTPHLUATENbHRIMA):

-ty k- U S
kz 022 k;! kﬂ 1 kﬂonﬂ. (5)

k
P; = ay0,' SRR pa)

D10 6yeT CHMMETPHYECKHH MHOTOUMEH OT HEU3BECTHHIX X;, Xy, .. , X,
NpUuEM ero BHCUIMH yaeH pased uneny (2). Je#cTBUTEAbHO, BHICIIME
u/eHbl MHOTOY/IEHOB Oy, Oy, Oy, ..., O, PABHB COOTBETCTBEHHO X, X;X,,
X XXz, «uuy XXy ... X, @ TAK KaK B KOHLE NpeABAyuLero naparpada
AOKA3aHO, YTO BHICUIHH YjeH NMPOH3BEIEeHH: PABEH MPOH3BENEHHIO BLIC-
LINX YJEHOB COMHOXHTEJeH, TO BBICLIMM YIEHOM MHOrounena ¢, Gyner
_ e By—k
aox’;' ka (x1%5)"" ks (xyxx5) L0

e lxyXg oo Xy BamrmRa (e x, L, )i = R L

Orclona craeiyer, YTO NPH BHIYHTAHHH (9, H3 f BHICIUHE Y/IEHBl 3THUX
MHOTOYJIEHOB B3aMUMHO YHHYTOKATCH, T. €. BHCILIHH u/IeH CUMMETpuye-
CKOro MHOTO4YNeHa f— @, =f; OylaeT Huxe unena (2), BHCLIEro B MHO-
rounene f, [ToBTopas nas MHorouneHna f;, k03$pHUHEHTH KOTOPOro mpH-
Haljlexar, OYeBHAHO, K OAI0 P, 9TOT e NpHeM, MH IPHIEM K PABEHCTBY

F1=9;+ 1,
rie ¢, €CTh NPOI3BeNeHHE cTenened SJIEMEHTApHLIX CHMMETPHYECKNX
MHOCOYJEHOB € HEKOTOPHM KO3d¢uUNeHTOM 13 noas P, a f,— ciMue-
TpHUYeCKHH MHOrouYied, BHCIIHKA 4Y/leH KOTOPOTO HHXKE, YeM BHCIIH
ynen B f;. OTCl0da BWTEKAeT PaBEHCTBO

F=0,+@,+ /.

[Tpoxonkas 3TOT mpoiecc, Mbi AJH HEKOTOPOTO § moayuum f,=0 u
MO3TOMY NPHAEM K BHIPAKEHHIO 474 f B BHJAE MHOTOUI1EHA OT Oy, Oy, ...
..., 0, ¢ KO3dpduuuentamu n3 P:

S

Flxy, X 00, xn)=._21(P.'=(P(01a Ogy e evy Op)

B camom neae, ecan 6 3TOT npouecc Gwa GeckoHeuxws 1), TO MH
noayuuan OW GECKOHEUHYI0  MOC/AEA0BATENbHOCTD  CHMMETPHYECKHX

MHOTQUJ/IEHOB
TRV PR PO (6)

1) Cnenyer yuecTb, 4TO MHOTOUJIEH @, CONEPIKHT, BoOGLE FOBOPS, M TaKue
YJeHbl, KaKWX HeT B MHOroujeHe fo_;, H MOITOMY NepPeXon OF fs_y K fo-
= fs_1— @ CBA3aH HE TONBKO C YHHUTOXKEHHEM HEKOTOPHX YJEHOB H3 f¢
H C NoAB/JEHHEM HOBLIX YJIEHOB, 3jxech s=1, 2, ..,
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npuyeM BHICIIHE YAEH KAKAOTO K3 HUX Obla OH HIKE, YEM BhiCINE
YjeHnl MPEAIIECTBYIOUIHX MHOrOuUNeHoB, H TeM Oo.ee Hitwe, 4eMm (2).
Ouanako, ecan
U
bxlixir ., xin (N

eCcTh BLICWHH ynedH MHOTOUYJCHA fs, TO H3 CHAMMETPHYHOCTH 9STOrO
MHOrQUJEeHa CAeAylOT HepaBencTsa

Lh=l=...>1, (8)

noaoGune nepasencTam (3). C apyroft ctopous, Tak kak uaen (2) pume
uiena (7), TO
k=1, )

Jlerko BuAETb, OLHAKO, YTO CHCTEMH LEJBIX HEOTPHIATENBHBIX YHCe]
{, by, o .., 1, ynosaerpopstoutix Hepapencteaym (8) u (9), moxwo anbpaTh
JHlb KOHEUHBIM YHCea0M cnoco6os. JleficTBHTECABHO, €C.TH AaXe OTKA3aThCs
o7 TpeGosauus (8) u mnub npeanonarath, uTo Bce /;, i==1,2,...,n,
ne Goabuie k,, TO Bce paBHO BHOOpP uHcen /; GyaeT BO3MOXEH NHlib
(k1) cnoco6amn. Orciona caeayer, YTO NOCALHOBATENLHOCTH MHOIO-
unenoB (6) €O CTPOro NOHMKAIUIMMHCH BHCUIHMH YJEHaMH HE MOXeT
6wt GeckoHeuHOH,

JIloka3aTenbcTBO TeOopeMun 3aKOHYEHO.

OTmMeyennasi BhilEe CBH3b SAEMCHTAPHBIX CHMMETPHYECKHX MHOTOY.1€e-
108 ¢ gopmynaMmu BoeTa no3BoasieT BHIBECTH TAKOe BAaXHOE CJ€ -
CTBHeE H3 OCHOBHON TeopeMbl O CHMMETPHYECKHX MHOTOUJEHAX:

Ilyems f(x) ecmp MHO20%A€H OM 0CHO20 Heu3secmHo20 Hao noses P,
umerowull cmapuwun kosdguyuenmos ecunuuy. Tozda ecaxul cun-
Mempuneckuir Mro2ousen (¢ rxoadgunuenmanus uz P) om xKopHell
MHO2OUACHA [f(X), NPUHAOAEHCAUNS K HEKOMOPOALY INOA0 PA3ioxce-
Hut muozotsena f(x) nad P, 6ydem munoz0unenosm (c rwosgodbunuen-
mani #3 P) om nosppdunuenmos muozowaena f(x)u nosmosy
6ydem saesmenmom noas P.

Wanoxennoe sniwe JI0Ka3aTeNbCTBO OCHOBHO#M TE€OpEeMb! AdeT 330AHO H METONR
ANA NPaKTHUECKOro pasbicKanusa Bblpa)KEHHI"I CHMMETPDHUYECKHX MHOIrQYNeHoB uepe3
9JIeMEHTADHLIE, Hpezmapmenbuo BBEAEM cCJeayiliee ofo3HaueHue: eca

Ry R R
axfvxla | xhe (10)
ecTb v € NpOH3BejeHHEe CTENeHed HeH3BEeCTHHIX Xy, X3, ... , X, (IpHUEM
cr eii MOryT OblTh W paBHLIE HYMO), TO uepe3
) ky Lk k
. S(axi xf ... xkn) (n

\cymma BCeX 4jeHoB, noJjyuaiomuxcs H3 (10) npu.sceBos-

axX HeHuaBecTHbIX. OueBHAHO, 4TO 3TO OyAeT cHMMeTpHUYECK R

MOPOAHBIN, H 4TO BCAKHIL CHMMETpUNECKHIl MHOroU/EH OT 1

Wi unen (10), 6ynet colepxath # BCe OCTa/AbHbie YNeHb!

- Mep, S (x)=0,;, S (xx3) =0y S (xi) €CTb CyMMa KBaj-
T

wo
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[Tpumep. Cummerpudeckui muorounen [=3(x2x,) or n HenssecTHux
BLIPA3HTb Yepe3 S/EMEHTapHLEe CHMMETPHUECKHE MHOrO4JEHH.
3aecs Bucwnil unen xjx, u nostoMy @;=0%"10,=0,0,, T. e

Q=+ X+ ... x) (0 Xat X034 000 Fxp g x,) =
=§ (Xi x3) + 38 (x1%5%3),
oTKyAa
fi=F—@1=—235 (x1x9%5) =— 305

Iostomy f=o, + f, =0,6,—303.

Gonee CAOKHHLIX NMPUMepax MesecoobpasHee MpeABaPHTENbHO YCTAHOBHTS,
KaKHe 4JeHbl MOI'YT BOWTH B BhipaXKeHHe JAHHOFO MHOrOYJeHa Yepe3 sJjeMeHTap-
Hble, 8 3aTeM HafitH Ko>OPHUHEHTH STHX YIEHOB METOIOM Heompeje/eHHbIX
K03pHILHEHTOB.

Mpumepun. 1. Haiitu Buipaxenne a1 CHMMETPHYECKOr0 MHOrouYJeHa
[=S (x2£2).

Mot 3naeM (CcM. KOK23aTeIbCTBO OCHOBHOM TeopeMmbl), HTO 4JeHH HCKOMOTO
Muorounesa @ (0, Oa, ... ,0,) ONPENEJAIOTCH Yepe3 BLICIUIHE HJIEHW CHMMETPH-
YeCKHX MHOFOYJEHOB fy, fa ... , MPHYEM 3TH BBICIIHE YJIEHB! HHXKE BHCLIErO 4/eHa

JAHHOT0 MHOroYJCHa T. €. HHXe X2X"". Haiinem Bce npousseaexus x"xf’. . .xl",
’ 172 1 n

YAOBNETBOPAIOUIHE CACAYIOWHM YCAOBHAM: 1) OHE HHXe dlleHa xix;, 2) oHH MOTYT
CNYXUTh BLICIIMMH YJNE€HAMH CHMMETPHYECKHX MHOTOUYNIeHOB, T. €. YI0BJAETBOPAIOT
HepasencTBaM ;= [, = ... > [,, 3) N0 COBOKYNHOCTH HEH3BECTHHX OHH HMEWOT
cTenenb 4 (Tak Kak BCce MHOTOWIeHH [y, fy, ... HMEIOT, KaK MB 3HaeM, Ty xe
cTeneHb, YTO H OAHOPOAHMIT MHOrouaeH f). BumHCbIBaA JHIB COOTBETCTBYMOUIHE
KOMGHHAUHYU MOKa3aTeNeil H yKa3biBast PAJOM Te POU3BEACHHA CTeneHed O, KOTO-
pLle HMH ONpeje/siOTCA, MBl MOJyuyaeM cjaeayloulyio Tadauuy:

2=-2 _2-0__ .2
22000. . <0, %c," " =0,

21100. ., 6276l o} " =0,05

1110, . o}~ %l 1ol 10; " =0,

Takum o6pasoM, MHOrodJen [ HMeeT BHA
"}=0}+ Ac,0;+ Bo,

KosppHuHeHT NpH Oy MLl MOJOXKHIIX paBHHIM €1HHUNE, TaK K3K 3TOT 4JeH onpe-
Jiesied BBICIIHM YJIEHOM MHOrousieHa f ¥ iMmeeT, KaK Mbl 3HaeM H3 J0Ka3aTenbcTBa
«ocHOBHOI Teopemb!, Takoll e Ko3ppuuuent. Kosdppuuuenrol A u B Mul Hajinem
«C1e1y0IHM o6pa3om.
Nonoxum  x;=xg=xz=1, xy==...=x,=0. Jlerko Bugers, uto npu
©THX 3HAYEHHAX HEH3BECTHHIX MHOrOWIeH f Mosaydaer 3HaueHue 3, a MHOrouJeHH
w0, Oy, Oy U O,— COOTBETCTBEHHO 3HaueHus 3, 3, 1 u 0. ITostomy

3=94 A.3.1+B-0,

=OTKY I =—2. TMonoxuM Temepp x3=xp=Xz=x4=1, x=...=x,=0
3uaueHus MHOLOYJNEHOB f, Gy, Og O3 W G4 GYAYT PaBHH cooTBercTBeHHO 6, 4, 6,

4, 1. [ostomy
6=36—2.4.4-48-1,

OoTKyaa B=2. Takum o6pasoM, HCKOMOe BhipaeHUe AJd [ Gyaer
[=0%—20,0;+20,
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2. Haiitn cymmy KyGoB Kopuefi MHoroujena
f)=xt+84+2x24+x+ 1.
Ilns pewennst sTofl safaud HafifileM BhIpaKeHHe uepe3 3JeMeHTapHbIe CHM-
MeTpHUECKHe MHOrOuW/JIeHH ANA CHMMETPHYECKOro MHorousexa S (x‘l’) [puMeussn
10T XKe ME10J, KaK H B NpejbliyineM NpuMepe, Mbl MOJyYuM Tabauuy

3000. . .o%,
2100. ., .0,0,,
1110. . .0,

a noaromy
S (x}) =0 + A0,0;+ B,

Moaaras cnepa xy=x,=1, x3=..,.=x,=0, a sateM x;=x,=x3=1,
%3=...=x,=0, Mot noAyuum A=—3, B=3, T. e.

S (x}) =0} —30,0;+ 30, (12)

Ias HaxoxieHHsi cyMMH Ky6oB KopHeli RaHHOro HaM MHoroujesa f(x)
HYXKHO, BBHAY ¢opMyn Bbera, B HalileHHOM Bhille BHIPAXKEHHH 3aMEHHThL Oy
yepes KoopdUulHeHT TpH x3 ¢ OGPAaTHHM 3HAKOM, T. €. yepe3d — 1, 3aMeHuTb O,
uepes xospduuneHt mpu x3, T. e. depes 2, H, HaKOHel, 3aMEHHTb Oy uepes,
KoybpuLuEHT 0pH X ¢ OGpaTHHM 3HaKoMm, T. e. uepes — 1. Takum obpasom,
HuTepecylowasn Hac cyMMa Ky6oB Kopued paBHa

(— 1P =3(— D243 (— 1)=2.

UnTtatens MOXET NPOBepUTH STOT pe3y.bTaT, el yuTeT, 9TO f(x) HMmcer
. 3 1 3
KOPHAMH uyncaa i, —z,—7+l Lz- " ——2——[7. OuesHaHo TaKkke, 4TO

topmyaa (12) He 3aBUCHT OT 3a1aHHOrO MHOrouwseHa f (x) H MO3BOJAET HAXOLHTH
cymMmy Ky6oB KopHeit jwo6oro MHOrouJena.

Metoa aas Bhipawenust CHMMETPIHUECKOrO MHOTOUJAEHA f uepeds
SIEMEHTAPHKLIE, MOAy4YeHHHWA MNPH A0KA3aTe1bCTBE OCHOBHOA Teopewmul,
NPUBOAHT K BMOJAHE OIPCAEAEHHOMY MHOrOY/JIEHY OT Oy, C4, ... ,G,.
OxkasnBaeTcy, YTO HHKAKUM CMOCOGOM HeAb3f MOAYYHTb AJAs f uHOrosd
BhpaXeHus 4qepes 0,, 0, ...,0, ITO NOKa3uWsaeT CAeAywouias
TeopeMa eIHHCTBEHHOCTH:

Bearuli cummempuneckuld muozowsern obradaem Auwy eGUHCmMmEeH -
HOM 8HIDANCEHUEM 8 BUOE MHO20MAEHA OM INEMEHMAPHHX CUMMEMPIL=
HeCKUX MHO20UAEHOS.

Hokawem sty Tteopemy. Ecnn 6u  cummerputueckuit Muorodncisl
Sl x5, o0, x,) Ha moneM P o6Manan ABYMS PasJdHuHHMH Bhpaxe-
HHAMH Yepe3d 0y, 0y, o.., 0,0

fleg, %oy ooy X)) =6 (01, 04y 000, 0,)=Y(0,, Oy, ¢v., 0,),
TO PasHOCTb

'X(Ol' 02;-”;0"):({7(01, Oq, "':On)—q?(oh Gy, --°)0n)
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Oniia Obl OTAMYHBIM OT HYISi MHOTOYJEHOM OT Gy, Oy ..., O, T. €. HE
Bce ero koapuuueHTH Oniau O PaBHB HYJAIO, B TO BpeMst KaK 3aMeHa
B 3TOM MHOTO4Y/JIEHE Oy, O,, ..., G, HX BHPAWEHHUIMH yYepe3 X,, X,, ...
..., X, NpHROAKAA OH K HyJl0 konbua Plx,, x,, ..., x,]. HaxocTaerca
NO3TOMY LOKAa3aTh, YTO €CJH MHOrO4IeH ¥ (G, Oy, ..., 0,) OTJHYEH OT
HY/d, T. €. 06:1a73eT XOTs Obt OJHHM OTAHYHBIM OT HYAst KOIPDHUMEHTOM,
TO H MHOTOYIeH g(X;, X,,...,X,), NOAydyeuuni u3 7y 3saMesolt o,

0'2, e ,0' HUX BBIDAWECHHAMH l{epe3 Xl, x2, « 0oy x,,.
%(010 sz L] )On)=g(x11 xz, ""xn), (13)

TaKxe ormmen OT HYaS, ‘

o Ecau ac;1 02 v Gﬁ"—onml U3 WIEHOB MHOrOY/eHA ¥, NpRueM a £ 0,
TO 10C/e 3aMeHbl BCeX O MX BHIPAMEHHAMH (1) MB NOJY4YHM MHOrOY.JeH
OT X;, X5, ..., X,, BHICIUHM YJECHOM KOTOPOro (B CMbIC/IE JEKCHKOrpa-
¢uyeckoro pacnonoxenns) 6yneT, KaK M yxe 3HaeM H3 A0KA3aTe/b-
CTBa OCHOBHOH TeopeMbl, 4JjeH

axi ()t o k. x ) =axixE L b

rune
: L=k +kyt ... 4k,
L= ky+...+k,
1= k,
Orcioaa
k‘-=li—l‘~+1, kn=lm i=1' 2, “ ooy fl—l,

T. €. 1o nokasatensMm /4, J,, ..., I, MOXHO BOCCTAaHOBHTb MOKa3aTesu
ky, Ry, ..., k, ucxoanoro unaesa muorouaesa jy. Takum obpazom, pas-
JnuHbIe YJIeHBl MHOTO4YJIeHAa 9, PaccMarpuBaeMble KaK MHOTOY/EHHW OT
X1, Xgy o.ey &y, OOMANAIOT PA3NAHUYHBMH BLCILHMH YJCHAMIL.
PaccMOTpHM Tenepb BCe YJEHH MHOTOYJIeHA ); AJA KaXLOro H3 HHX
HafileM BLICIIHHA Y/eH €ro MNpeicTaB/leHus B BH/JE MHOTOYIeHa OT X,
Xg, ..., X, 1 0TOEpeM TOT H3 STHX BBHICIIUX YICHOB, KOTOPuH Oyaer
HauBHCIIHM B CMBCIe JEKCHKOrpadHYecKkoro pacnoaoxenus, Kax
CKa3aHO BHILIE, 9TOT 4YJeH He HMeeT MOAOOHHWX CPeAH BHICIIHX Y/EHOB,
101YYAIOUUXCH H3 JAPYTHX YJI€HOB MHOTOYJIEHA 7, @ TaK KaK OH, 0O yc/o-
mBI10, BHIlUE Kaw/AOFO H3 STHX B L CLIH X YJIeHOB, TO TeM (0.1ee OH Bhillle
ADPYTHX YAEHOB, [0.1Y4aIOLINXCSA IPY 3aMEHE B Y/NCHAX MHOTOY/IEHa ¥ dne-
MEHTOB Oy, Oy, ..., 0, HX Bupawenuamu (1). Mw nawmm, creizona-
TeAbHO, TAKOH 4WieH, KOTOpWH npu nepexoae ot % (0, O, ..., 0,)
K g (xy, X5 ..., X,) 00ABA9€TCA (C OTAHYHHM OT HYJIA KO3DOHLHEHTOM)
T0AbKO OLHH PAa3 M IIO3ITOMY HH € YeM He MOXKET cokpartutbest, Orcioda
=C/e1yeT, YTO He Bce KO3 HUHEHTH MHOrouleHa g (X, X,, ..., X,)
WPaBHH HYMIO, T. €. STOT MHOrOdYJeH He §BJAfeTCs HyJeM KOAbLA
Plx;, X5, 00, x,] ,uTO u TPeGOBANOCH A0KA3ATH,
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[loka3annylo TeOpeMy MOXKHO Takwke, O4YeBHAHO, CPOPMYyaHpoBaThb
caelyioum obpasom:

Cucmessa 31e MEHMAPHELX CUMMEMPULECKUX MHOZ04AEHOB Ty, Oy, . ..
cevy O, PACCHAMPUBACMBIX KQK JSACHMEHMb KOG MHO204AEH08
Plxy, x5, .., x,), aazebpaunecxu nesagucuma Had nosen P.

§ 53*. JlomoaHuTenbHble 3aMeq4aHHA O CHMMETPHYECKHMX MHOrOQ/eHax

3aMeuaHua K OCHOBHOMI Teopeme, JloXa3aTenbCTBO OCHOBHOR Teo-
peMhl 0 CHMMETPHUYECKHX MHOTOUJEHAX, NPOBeAEHHOE B NPEeALIECTBYIOUIEM
naparpade, no3poJfeT CAeNaTh HECKOALKO CYLIECTBEHHBIX A06GaBieHHUi
K QOPMYJHPOBKE TEOPEMBI, KOTOPLMH Mhl HHXe BOCnoab3ayeMcd. [Tpexae *
BCero, KoagduuuesTH TOro mHorounexa @ (gy, G, ..., C,), KOTOPHH
Hafiied HaMH B KayecTBe BHPAXKEHUSA 1% CHMMETDPHYECKOTO MHOrOYJIEHA
J{xy, X5, ..., X,;) Hepe3 a/neMEHTapHHE CHMMETPHUYECKHE MHOTOYJEHH,
He TOJbKO MNpHHaAnewaT K nonaw P, HO naxe supaxcaomcs 4epe3
Kosfbunuenme MHO20%ACHA [ NPU NOMOWY CAONHCEHUS U BLHUUMAHUSA,
m. e. npunaosexcam K& xoasyy L, noposcdaesory xaazj@uuueumaﬁm
MHO204Aena [ enympu noas P. )

B camom nene, Bce KoadiuunenT MHOrOUNEHA ¢y (CM. ¢op\xyny (3)
npealiecTeyoulero naparpada) OTHOCHTEIbHO HEU3BECTHHX X, X, ...

., X, CyTb, KaK JerKo BHIAETb, llenhie KpPaTHHe oT Koadduunenta a,
IIpH BHICIIEM YJE€HE MHOTOYJEHA f W NOSTOMY MPHUHALIEKAT K Koabuy L.
ITyctb yxe nokaszano, 4Yro Kk L npunapnexar Bce Ko3QduuueHTw
(OTHOCHTEABHO Xy, X,, ..., X,) MHOrOYAEHOB @, ®,, ..., ¢, Toraa
ko3dutitent MHOrOYteHa fi=f—@; —@,— ... — @, TakKe GyRyT
npuHaanexarb k L, a nostomy B L jaexar u Bce ko3bPuuHenTH
MIQFOYNEHA @;,, OTHOCHTEABHO X{, X5, ..., X,.

C npyro#t cTOpOHBI, Cmenens MHOZ04AEHA ¢ (04, 04, ...,0,) no
coBoKynHOCMIL Oy, Oy, ..., O, PABHA CMENEHL, KOMOPYIO UMeen MHO-
20tnen f(xy, Xy, ..., X,) no Kaxoosy u3 Heussecmunx x; B camom
Jente, Tax kak (2) n3 nperuecrtaytouiero naparpada ectb BHCUIHIA uiew
MHOTOMAeHa f, TO ky GyleT CTENeHblO f OTHOCHTEAbHO HEH3BECTHOrO X,
a n03TOMY, BBHAY CHMMETPHYHOCTH, H OTHOCHTENbHO JIOGOTO APYrorcm
U3 HenssecTnuix x;. Oanako crenenb ¢, MO COBOKYNHOCTH G PaBua,

0 (9) u3 mpeamecTsyiouiero naparpada, yucay

(y— ko) (ko —Fkg) + ... + (ko — k) + R, = k.

Hanee, taxk kax cTapuuil unew MHOTOY/JeHa f, HHKE CTapuUIero YneHam
MHOTOWIEHA f, TO cTeneub f; MO KaxAOMy U3 X; GyAeT He Buille ‘Ue)m
cTenenb f M0 KaKAOMY M3 3TUX HeH3BECTHHX. OLHAKO MHOCOY/IEH (o
HrpaeT LA f; TAKYW Ke POAb, KAK ¢ ANs f, NO3TOMY CTeneHb @, 1C
COBOKYNHOCTH O paBHAa CTENEHH f) N0 KaKIOMY H3 X;, T. €. OHA Hew
Gonbuie veMm k; u 1. A. Takum o6pasom, n crenens ¢ (0,, 0,4, ..., 0,
ne Buitle yeM k;. ITockoabKy we HukKakoe ¢; Ci>>1 He MOWKeT cOoaep:
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watb BCe O}, Oy, ..., G, B TE€X We CTENEHHX, Y4TO H ¢,, TO CTemneib
© {0y, Oy, ..., G,) B TOYHOCTH paBHa k;. TeM caMulM Halle yTBepwienne
A0KAa3aHo.

Hakoneu, nyers aclel2 ... ol» Gymer oann 3 unenos Muorounena

¢ (G, 04, ..., 0,). Hasorem gecom sTOro unesa 4mcio
L4204+ ... 40,

T. €. CYMMY noka3aTteseH, yMHOWEHHBIX Ha HHAEKCH COOTBETCTBYIOUINX O;.
910 6yaeT, HHHIMH CI0BaMH, CTeMeHb B3ATOTO HAMH Y/ICHA NO COBOKYM-
HOCTH HEH3BECTHHX Xy, Xy, ..., X,, KAK BHTCKAET U3 NOKa3aHHOH B § 51
TeopeMn O CTeneHH npou3BeseHus MHorouneuos, Toraa cnpaseanuso
Clelyioulee yTBepKAEHHe:

Ecau o0nopoonbul cumsempuseckuii mnozo4sed f{x,, X, ..., X,)
uiteem ne COBOKYNHOCMU HEU3BECMHHX CMenews S, Mo §ce 4.4eHs €20
sbipascenus @ (G, Gy, ..., G,) 4epe3 G 6y0ym 00H020 U mo2o e geca,
Pasro20 S.

HeficTeutensHo, ecan (2) w3 npepulecTByloulero naparpada ecTs
BHICIUHI 4JieH OJHOPOIHOrO MHOroOuIena f, TO

s=kit+ R4 ...}k,
Oanako Bec uirena ¢; pased, no (5) u3 npeawecTsyioulero naparpaga,

oy —ky) 42 (kg — k)« oo+ (n—1) (B — k) + 11k, =
=k byt by ..tk

T. €. Takxe pasen §. Janee, muorounen f; =f—¢, Kak pa3HocTb ABYX
ONHOPOJHBX MHOTOYJIEHOB CTeneHn s caMm OyaeT OANOPOIHLIM CTEIEHH §,
a TO3TOMY M 4/JeH ¢, MHOrousieHa ¢ Oyner Beca § H T. A.
CumMeTpHueckyue paunoHadbHbIE Apo6u. Ocuosnas TeopemMa O CHM-
METPUYECKHX MHOrOYJIeHax MOMeT OHTb pacnpoctpadeHa Ha CcJayuaii

It

paunnoHanbHux ApoGe#t, Hasorem paunonaabuyio apo6s 7 OT 7 HEeH3-

BECTHHX Xy, X, ..., X, CUMMeMPULeCKOfH, €CI OHA OCTARTCS PaBHOI
camoii ceGe npu A1060i nepecTaHOBKE HEH3BECTHHX. Jlerko nokasaTto,

4TO amo onpedeseHue we 3asucum om moz2o, 6epess Al smul Opobo ';7 uasu

pasnyio eii 0pobs él HeiicTBuTeNbHO, €CAH ® €CTb HEKOTOpas mepe-
(1}

CTaHOBKA HAUIHX HEW3BECTHLIX, a (P — MNPOU3BOAbHLIL MHOTOYMEH OT STHX
HEeH3BECTHHX, TO Yyca0BUMCH uepe3 ¢ 0603HayaTh TOT MHOTOU/EH,
B KOTOPHI{I nepeBOAUTCH ¢ nepecTanosBkoil w. [lo npeanosoxenuio, npx
n1060M O

®

I
g g
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T, e. fg¥=gf* C npyrofi cropoun, u3
L_h

g &o

caenyet fg,=gfy OTKYRa f“gy =g“fs. Ymuomas obe yactTu mocnei-
Hero paBeHCTBa HA f, MB nojyuaem:

I1gy =810 = &f"fo

OTKylda nocae Coxpaulenus na f© caeayet: fgo = &fo) T. €.

CnpaseannBa cjeAyioulas TeopeM a:

Beaxas cummempuiecxas payuoHassnHas 0pols om Helu3BeCMHHX
X1y Xgy ooy Xy € KOIDPURUEHMmanu u3 nosn P npedcmasunsna 6 sude
PanuoRaAsRol Opobu om IAeMEHMAPHNX CUMMEMPULECKUX MHO201AE-
HO8 Oy, Gy, ..., O, € KOIbDuyueHmanu, chosa npunadrexcauumu & P.

JelcTBHTENBHO, NYCTh JaHa CHUMMETPHYeCKas pallHoHaabHas Apobb -

f(xlv Xg, ey x,v!)
g(x1 Xg .oy X,)°

Tlpeanoaaras ee necoxkpatumoH, MOWHO OwWaA0 Ob AOKa3aThb, HTO W fu g
OyayT cuMMeTpuyeckHMu Muorousdenamu. Cneaywoumu# nyrs 6yner,
0aHako, Gozee mnpocrwM. Ecan mHorousnen g He aBASIETCH CHMMETPH-
YeCKHM, TO YMHO¥AaeM YHC/AHTEJAb H 3HAMEHaTedb HA NpPOH3BejeHie
Bcex n!l—1 MHOrou.ieHOB, NOAYHAlOWIHXCS H3 g 1NPH  BCEBO3MOKHLIX
HETOWIECTBEHHMX MOACTAaHOBKAaxX Henssectunx, Jlerko mnposeputh, uTO
3HavMenaTeab GyneT Telnepp CHMMETPUYECKHM MHOrousexHom, Bsuay cum-
MeTPpHYHOCTH BCeH aApobu OTCIOAA CAeAyeT, YTO HYUCAHTENb Temepb
Takxe OyReT CHMMETPHYECKHM, a {103TOMY N8 A0KAa3aTelbCTBa TEOpeMu
OCTaeTcs BHIPA3HTh UMCAHTE b H 3HAMEHATE b YCPe3 SJeMeHTaplble CHM-
METPHYECKHE MHOTOYAEHH,

Crenennbie cymMbi., B npunoxennsix 4acTo BCTPEHAIOTCs CHMMETPH-
YeCKHe MHOTOY/IeHN

sk=xf-}—x"2’—l—...-!—xﬁ, k=1) 2’ LA

T. €. cymMmu k-x cTenmenefl HEH3BECTHHX Xy, Xy, ..., X,. OTH MHOCO-
YNeHbl, HA3LBAGMbE CMENEHHBMU CYMMAMU, AOMKIB BLIPAKATLCH, 1O
OCHOBHOH TeopeMe, Yepe3 9JEMCHTAPHWE CHMMETDPHUYECKHE MHOTOYMEHH.
Pasnickanne 9TuX BuipaweHHl fBA%ETCH, 0AHAKO, NPy 60plINX Kk BeCbMA
3aTPYAHHTEALHBIM, H NOITOMY NPEACTaBANET HHTEPEC Ta CBA3b MEWAY
MHOTOUNGHAMH 85, S5y «os H Oy, Oy, ..., O, KoTOpas Oyaner ceHuac
ycranos.iena.
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.
[pexae Bcero s;=o0,. [aaee, ecan k<<n, TO JNerKo NpOBEPHTH
CNpaBeAJHBOCTD PABEHCTB

$p-10y =S8, + S (51, )1,
Sp—20p =S (xR =1x,) - § (5~ 2x,15),
p- G =S (X8 xy )+ S ek xen X0 g M
2<i<k—2,

® * s e ¢ 3 ¢ e s 8 s s e e e s s e 8 . B B s ¥ e e o

—_— e !
8101 =S (X}%s oo Xpy) T kO,

Bepst aAbTepHHPOBaHNYIO CYMMY 3THX paBeHCTB (T. €. CyMMy C uepenyio-
HIUMHCH 3HAKAMM), a 3aTeM MepPeHOCs BCE Y/eHn B OAMY 4aCcThb paseH-
CTBa, MW MOJAY4YHUM chedyiowyio dopmyay:

Sp—Spo101 840, — ...+ (— 11510, - (—1)Fho, =0 (2)
(k < n).

Ecan we k> n, 10 cucTeMa pasencTB (1) npumeT BHA

Se=101=5,+ S (xh-1xy),
Sp90y =S (¥871x,) + S (wh-2x,x,),

e & e s = & o % s e v e & s s » « e s 8 e e e @ ¢ 0

=8 (xh-itix, . ,)+S(x”"x2...xx,+,) 2<<i<<n—1,

2—i0;
Sg-nOn S(xk n+1x2 e n)
OTKyaa BuTekaeT dopMyna

§4— 54101+ Spo20y— ... +(—1)"5,0,=0  (k>n). (3

Gopuyaw (2) u (3) uaswBaoTca dopayranu Hewomona. Oun cas3b-
BAIOT CTEMeHHHEe CYMMH C SAEMEHTAPHBLIME CHMMETPHYECKHMH MHOrou.e-
HAMII N NO3BOARIOT [10C/IEA0BATENbHO HAXOANTh BHPAKEHHA ANR Sy, S,,
Sgy ... Yepes 0y, Oy, ..., O, Tak, Mpl 3uaem, 4TO §, = 0, YTO BHTEKaET
n u3 dopmyan (2). Ecau, nanee, k=2<<n, 10, 0o (2), $,—s5,0, +
-+ 20, =0, oTkyaa

2
82 = 0’1 —202-

Nanee, npu k=3 <<n 6yrer 5,—8,0,+s,0,—30;=0, oTkyna, uc-
noab3y naiaesnnie YKC Bbipaxenus Aad §; 4 §,, flonyvaem;

3 3
§3 =0, — 30,0, -} 305,

1) CM. (I1) npeawecrsyiouero naparpaga.
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uto HaM yxe wussectho (cM. (12) u3 npenwectsyowero naparpada).
Ecnu we k=3, no n==2, 10, no (3), §,—s,0,+ §,0,=0, orkyna
§;=07;—30,0,. [Moabayscy dopmynamn HeioTona, MOXHO nOAY4HTH
oGutyio GopMyny, BHpPawaiomylo §, 4epes o;, Oy, ..., 0, IJra ¢op-
Myna, BnpodyeM, BecbMa TPOMO3AKa H Mul He OyleMm ee npuBOAHTH,

Ecau ocnosHoe noae P umeer xapaktepucTuky O u noaromy aene-
HHe na No6oe HATYPaAbHOE YHCAO n HmeeT cMmcal), to dopmyna (2)
haeT BO3MOXHOCTh MOCNEAOBATENbLHO BHIPA3HUTb 3/JAEMEHTAPHLIE CHMME-
TPHYECKHE MHOTOYJEeHH Gy, Oy ..., O, YEPE3 IEPBHE 71 CTENneHHbiX
CYMM 83, S5, ou.y S, Tak, 0,=3¢;, a nosTOMYy

1 1
Oy =5 (5,01 —85) == 5 (] — ;)

1 1
O3=-3 (53— 5,0, + 5,0,) = 5 (si — 38,8, - 2s3)

ut. 4. OTCI033 3 H3 OCHOBHOM TeOpeMhl BHTEKAET CACAYIOULHH Pe3y.1bTaT:
Beakult cummempuneckuti MHOZOYAEH OM N HEUIBECMHNX X\, Xy, . . .
evey X, HaO nosem P xapaxmepucmuxu uyas npedcmasui 8 gude
MHOZOACHA ONM CMENEHHNX CYMM Sy, Sy, ..., S, C KoOIPPuLuenmaru,
npunadaewamusn K noswo P.
MuoroueHn, cUMMeTpHYECKHE NO [BYM CHCTEMAM HEH3BECTHbBIX,
B cienywowen naparpade, a takxke B § 58 6yaer 1ncnoab3oBaHo 04HO
oBo6uleHue MONATHR CHUMMETPHYECKOro MHOrousaexa, [lycTp nann ase
CHCTEMN HEH3BCCTHHWX Xy, X5 ovey Xy H Yyy Yoy ovey YV, OPHYEM HX
o6peanHenue
X Koy eeon Xy Vo Voo o0y Yy (4)

aarcOpanteckn He3asucuMo Haja noaem P, Muorounen Hal nogem P
Sy, Xg ooy X Yo Yor o ..y Y,;) Ha3HBACTCH cUMMEMPUHECKUMN NO
08yM cucmemQs Heu3gecmHux, ©C/AH OH He MEHReTCs npHu Nobmx nepe-
CTAHOBKAX HEH3BECTHHX X, X,, ..., X, MEWAY COOGOH 1 HCH3BECTHuX
Y Yoo «u-y ¥, Meuay coGoit. Ecan an% 3.1eMEHTapPHRX CHMMETPHYECKHX
MHOTOY.JEHOB OT X, X3, . . ., X, Mb COXpaHuM 06034a4enns 6, Gy, ..., 0,
a 312MeNTapiihe CHMMETPHYECKHE MHOTOUMEHH OT ¥y, Vs ..., Y, 0060-
3Ha4nM uepes Ty, Ty, ..., T, TO OCHOBHAA TeopeMma oGobuiaerca che-
Ayloutim oBpasom,

Beawuli MRo20%8eH AKX, Xy, ooy Xuy V1, Yoo + ooy ¥,) HQO noseM P,
cunmempuieckitli 10 CUCMEMAN HOUIBECMHUX Xy, Xgy ..., X, U
Vi Yoy o2 ¥, npedcmagus 8 sude sMHo2048eHa (¢ KOIPPULUeHMasL
u3 P) om 34eMEHMAPHOX CUMMEMPULECKUX MHO204AEHO8 NO SMUM
08y M CUCMEMAM HEU3BECMHBXS

f(xl’ x2' LR xn! yl' y2' ""yr)=(p(0h 02) ---vom 1:1r Tz; 00y Tr)-

a
1) B none xapakTepPHCTHKH p BHIPAaXKeHHe > He HMeeT CMbICAA npu a # 0,
TaK Kak B8 3TOM noJje npu aw6oM x 6yaer px=0.
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B camom AeNe, MHOro4iaen f MOXHO paccMaTpHBaTb KaK MHOTOYJeH

J (Ve Yoo - -4y ¥,) ¢ KOIDHUKEHTANI, ABASIOUIHMHCS MHOFOY/IEHAMH OT
Xy, X3, «.., X, Tak kak f we MeHAETCHA NPH NepPecTAHOBKAX HEU3BECT-
HHX X, X9, ..., X,, TO KO3QQuUHEHTH MuOrouiena f GyAyT CHMMe-
TPHUECKHMH MIOrOYJIEHaMU OT X, X, ..., X, H NO3TOMY, [0 OCHOBHOI
TeopeMe, NPEACTaBHMB B BHle MHOTOUIeHOB (C KOddHUHenTamu u3 P)
oT 0y, Oy, ..., G,. C Apyro#l cTOPOHH, MHOTOWICH f(¥y, Yoy -«.y V)
paccmatpHBaeMHil nan noaem P(xy, X,, ..., X,), 6ydeT CHMMETPHYECKUM
OTHOCHTEAbHO ¥y, Vo, ..., Y, H MO3TOMY NPENCTABIM B BHAE MHOTOYJIEHA

¢ (Ty, Ty ..., T,). Koapduuuents muorodnena ¢ OynyT, KaK NOKA3aHO
B HayajJe Hactosuero mnaparpada, BbpawaTthes depe3 KOIDDHUHEHTH

MHOTOY/IEHA f P MOMOLLH C/MOKEHHST ¥ BHUHTAHUA, 8 NO3TOMY OHI TaKwKe
6yayt wMuOorouneHamu OT 0y, O,, ..., O,. ITO NPHUBOAHT, OYEBHIHO,
K HCKOMOMY BHIPaXEHHIO A1 f 4epe3 Oy, Oy, o.nuy Opy Ty Tay wvey Tpe

[Tpumep. Muorounen

[ X1, X2, X3 Y1 Yo) = X1 Xa¥g— X1 Xolfy — X1 Xolfg— X Xylfy —
— X1 X3lfg — XeXgly — XgXglis + X111y, + XalhYa + Xsth Ya

CAMMETPHUCH K3K 10 HEeH3BECTHHIM Xj, Xy, X3, TdK W MO HEH3BECTHLIM {;, Y,, HO
He GYyIeT CHMMETPUUECKHM MO Bcell COBOKYMHOCTH NfATH HEH3BECTHHIX, KaK ofHa-
pyXHBaeTCA XOTH Obi NPH TPAHCMO3HLUHH HEH3BECTHMX X; H y;. Haiigem snipa-
¥Kelue aas [ uvepes O, Oy, Oy, Ty, Tyl

f= xyxaxg— (X1 %9 | X1 %3 - XgXg) Yy — (X1%, - X1 X5 -+ Xoxy) Yo -+

+ (%1 Xo + X3) Y1Y2 = 03— Ogl)1 — Calfy -+ O1 YYo= 03 — 03Ty -+ 0, T4,

Hoka3zaunasircelyac TeopeMa pacrnpoCTpaHsiCTCd, MOHATHO, TAKKE HA
cayuail Tpex M GOJbLICIO YHCAA CHCTEM HEH3BECTHBIX.

Jlast MHOTOUJIEHOB, CHMMETPHUYECKHX MO ABYM CHCTEMaM HEH3BECTHHIX,
CipaBelA/IHBA TAKWEe TEOPpEeMAa €AHHCTBEHHOCTH (PEACTABACHHS
yepes SJeMEHTapHBe CHMMETpPHueckue MHorousexn. MunMu caosamy,
cnpaBelTiBa CcAenylouias TeopewMa;

Obvedurennan cucmema

Oy Ogy vony Opy Ty, Tgy oaey T,

SACMEHMAPHYX CUMMEMPULECKUX MHO20HACHO8 OM 3QOQHHbIX ClCmer
HEUIBECMHBIX Xy, Xgy «uvy X, U Yy, Vou ooy Y, GA2e6pautECKY He3a-
sucuma Hao nosesn P, °

[Tyctb, B caMoMm nmene, Cyu{ecTBYeT MHOro4Y.1eH

@0y, 0y, vvvy Ty Ty, Tgy ooy T,)

Han noiaeM P, paBHbll HY/IWO, XOTH HC BCE ero KoapHUHMeHTH HYIH,
DTOT MHOFOUJIEH MOWHO PaCCMATPHBATD KAK MHOTOWIEH P (Ty Tyy + -y Typ)
¢ x03dduiHEeHTaMH, SBAAIOWUMHCE MHOTOYJIEHAMH OT Oy, Oy «.., Op
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MoxHO cyuTaTh, CAEAOBATENbHO, YTO p— MHOTOYMCH OT Ty, Ty, +4+y T,
Haja noJjieM PanHOHAJAbHHIX ApOoGe#t

Q=Pxy, X5 «.0y %)

Cucrema y,, Y5 ..., ¥, OCTaeTcs anre6panyecki HesaBUCHMOH Hal
noseM Q: ecau O AJd 9TOH CHCTeMB cyulecTBOBajna aareGpaunyveckas
3aBHCHMOCTb ¢ Ko3(duuuentamu u3 Q, 10, 0CBOGOWKIasACh OT 3HaMe-
Harenefl, Mol MOMyuHAH Obl aAre6pauvYecKyio 3aBHCHMOCTb B cHcTeMe (4)
npotHe npeanoaoxedus. Onupasch HA TeoOpeMy eAHHCTBEHHOCTH U3
npeawayliero naparpada, Mu 11071yuaem Tenepb, YTO CHCTEMA Ty, Ty, .. .
..., T, TAKWKe JO/kHA OLTL anrebGpaiyecKH He3aBUCUMOH HaA moseM Q,
a nosroMy BCe KOIDPHIHMEHTH MHOrouneHa 'Y paBHH HyM0., DTH K03(-
(uLHEeHTH ABALIOTCH, OAHAKO, MHOTO4Y/IEHAaMH OT Oy, Oy, . . ., G,, a TO3TOMY,
CHOBA HA OCHOBAHHH TEOPEMK €IHHCTBEHHOCTH AAA C/IY4as OLHOH CHCTEMN
HEH3BECTHHX (Ha 3TOT Pa3 CHCTEMMW Xy, X,, ..., X,), Bce koadduuu-
€HTH 3THX MOCJEAHUX MHOTOYJEHOB CAMH PaBHBI HYJIO. DTUM NOKAa3aHO,
YTO B NPOTHBOPEYUE € IPEANO/IOKEHHEM BCe KOIPPULIHEHTH MHOTO4Y/ICHA @
JOKHL OLITh PABHBIMH HYJIIO.

§ 54%, Pesyabtant, HckialoueHne HeussecTHOro, JlHCKPUMHHAHT

Ecan nau Muorouned f(x,, X,, ..., x,) H3 Koabua Plx,, x,, ..., x,),
TO €r0 peuieHies Ha3LBALTCA TAKasd CHCTEMAa 3HAYEHUH JA9 HEH3BECTHLIX

X) =0y, Xg==0g, ¢4y X=0U,,

p3ATLIX B nose P HaM B HEKOTOPOM paciukpeHud P 9TOro noas, Koro-
pas obpaulaeT MHOrO4YaeH f B HY.b:

f(alr azp .« ey an)':o.

Bearull muozonaen f, cmenens Komopozo Goavue Hyas, obradaem
peuwenuaMmy’ €C/H HeU3BECTHOE X, BXOAHT B 3aMiCb STOr0 MHOroujiea,
TO B KayecTBe Oy, ..., O, MOWKHO. B3Tb NO CYLECTBY [POH3BOIbHNE
9/MeMEHTH H3 MO P, Auwb O cTenewb muorosiesa f(x,, dy, ..., o,
0CTaBa/nach CTPOTro MOMOKUTEABHOM, a 3aTeM, HCIO0.1b3Ys TEOPEMY O CYuLe-

cTBOBaniiR KOpHa (§ 49), B3Th Takoe pacuuipedde Pnoas P, B KOTo-
pPOM MHOro4neH f(x,, Gy, ..., C¢,;) OT OJHOTO HEH3BECTHOrO X, o6Gaaaaer
KOpHeM ;. Mp BHAHM BMecTe ¢ TeM, YTO CBOHCTBO MHOro4snemna cre-
MeHd 7 0T OJHOTO HEeH3BeCTHOro 06/4aAaTh BO BCHAKOM noJje He Gonee
4yeM /1 KOPHAMH AAd MHOTOY/IEHOB OT HECKOJbKHX HEH3BEeCTHLIX mepe-
cTaeT OHTh CMPABENNHBLIM,

Ecan naHo HeckOIbKO MHOTOY/IEHOB OT 722 HEHM3BECTHBIX, TO MOXHO
NOCTaBITh BONPOC O Pa3hiCKaHHHU pelneHnH, obu(ux A9 BCeX ITHX MHOTO-
4eH08, T. €. PelieHHH TOH CHCTeMmbl ypaBHeHU#, KOTOpaa nojyuaercd
B pe3y/bTaTe MNPHUPABHUBAHHA 3aZaHHKIX MHOrOY/JeHOB HYMO. YacTHuil
cayyal 9TOH 3apauH, a HMEHHO cayyal CHCTeM JHHEHHMX ypaBHeHHH,
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ywe Obl1 TOABEPrHYT BO BTOPOH r.1aBe XETajJbHOMY PacCMOTPEHHIO.
OAHaKo AMf NPOTHBONOAOKHOIO 4YaCTHOrO CAYy4as-0JHOrO0 YPaBHEHHH OT
OJHOr0 HEH3BECTHOrO, HO HMEIOULero MPOH3BOJbHYIO CTElEeHb, MH HE
3HaeM O KOPHAX HIYEro, Kpome TOro, YTO OHH CYLICCTBYIOT B HEKOTO-
pOM paclIHPEHHH OCHOBHOro moJsl, Pasmickanue u H3yueHue peureHuff
MPOH3BOALHON HeanHeHHOH CHCTeMM ypasHeHHH OT HEeCKOJIbKHX HeH3-
BECTHLIX fIB/SETCH, MNOHATHO, eute 6ojee CNOKHOA 3amavel, Buxoaswel,
BOpOUYEM, 32 PaMKH HAUIero Kypca u cocrtasasiowel npeamer oco6oit
MaTEMATHYECKOH HayKH — anre6paudeckoli reometrpnu, Ms xe 3gech
OFPaHHUYHMCS JHRIIb CAyuyaeM CHCTEMbl ABY X YypaBHCHUR mpoussoasHoit
CTENeHil OT A BYX HEH3BECTHLIX U MOKaWEM, YTO STOT cayyahh mowerT
OLiTh CBEAEH K C/1y4al0 O HOT O YPaBHEHHA OT OAHOT O HEH3BECTHOrO,
3alimeMmcal COepBa BONPOCOM O CYLIECTBOBAHHK OGUIMX KOpheH y ABYX
MHOTOY/JIEHOB OT OAHOrO Heu3BeCTHOro. IlycTb NaHwm MuOrouaeHb

fx)=a"+a;x" 1. +a,_x+a,
g(X)=0bex"+bx*" 14 b x40,

naa moaem P, npuyem a,5%=0, b,540. ‘

M3 peaynbrartos npeswmectayiouledt raasy 6e3 Tpyna BHTEKAeT, HTO
MHOocotAens [(X) U g(x) mozda u moasko mozda obaadaiom obuur
KOPpHeM 8 HEKOMOPOs pacwupenun noas P, ecal oHu He sasaswomcs
83aunno npocmuimy. Takum o6pa3oM, BONPOC O CYLIECTBOBAHNM OOLIUXK
KOpHEHl y NaHHBIX MHOTOYJEHOB MOKET OLITb pelleH MPHMEHEHHEM K HUM
aaroputMa EBkanaa.

Cefiuac Mun ykawxeMm ApPyrof MeTOoA AAd MOJAY4YEHHA OTBETA HA STOT

sonpoc. [lycte P OyaeT HekoTOpoe Takoe pacCliHpenHe no.asa P, B KOTO-
poy f(x) useer n xopuelt oy, %y, ..., &, 3 g(X) uMeer s kopueft

(1)

By B2y -.., By B KauecTBe P MOKHO B3Thb NOJE Pa3fOKeHHR AAR
npouspepenns f(x)g(x). diemenr
n S
R(f, &) =ajb; ‘I[ 11 (:—B) @)
=1j=1

noas PHa3WBaETCs pe3yAbmannosm MHOTOUNCHOB f (X) u g (x). Ouesnano,

uro f(x) u g(x) mozda u moavxo mozda obradawm 8 P obuumn Kop-
e, ecau R(f, g)=0. Tax kax

g =5,1] (x~8)

H 103TOMYy =
gla)y="5, H (a;—B ),

j=1

TO pe3syabTanT R (f, g) mMoxker OuTb 3anucad Taxwe B BHAE

R, & =a [[ (). e
{=1
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Muorounenw f(x) u g(x) HCMOAB3YIOTCA B OlpeAENEHUH pe3yb-
TaHTa He CHMMETPHYHHM obpa3om. HeiicTtsurennHo,

* Rig, H=bra TT TT B, — ) =(— ™R/, o). @)

J=1i=1

B coorsercreun ¢ (3) R (g, /) MoxHO 3anucate B BHAE

Rmﬁ=ﬂpﬂw- (5)
=1

Buipaxenue (2) mas pesynbraHta TpeGyer 3HaHHs KopHe# MHOro-
usneHoB f(x) ¥ £(X) ¥ No3TOMY NpakTHYeCKH 62CnoAe3nHo AAd pelieHdud
BONPOCa O CYIIECTBOBAHHHM Y STHX ABYX MHOTOY/IEHOB OGLLErO KOPHS.
Oxkasnisaetcs, 0IHAKO, 4YTO pesyasmanm R (f, g) moxcem 6ums nped-
cmagaen 8 8ude MHOZOHAeHA Om KOIPPuUuERmMos a, ay, ..., 4,
by by, .., b, mHO204neH08 f(X) u g(x).

Bo3MOMHOCTL TAKOTO TMpeRCTaBJeHHA JIErKO BLITEKAaeT H3 Pe3yJbTaTos mpei-
mectsytomero naparpada. B camom mene, dopmyna (2) nokasbiBaer, 4TO pesyib-
TanT R (f, g) nBaseTcad CHMMETPHUYECKHM MHOTOYJEHOM OT JIBYX CHCTeM Hel3BecT-
HBIX: CHCTEMBI Oy, &g, ..., A, N cHCTEMB By, Ba, ..., B, On mpeacraBum nostomy,
KaK AOKa3aHO B KOHIle TNpejllecTByioUlero naparpada, B BHAe MHOTroOuY.J1eHa OT
9JICMEHTAPHBIX CHMMETPHYECKHX MHOTOUYJIEHOB MO 3THM JABYM CHCTEMAM HeH3BeCT-

a.
HblX, T. €., BBHIY ¢OpMle Brera, B BHIe MHOroujaeHa OT YaCTHBIX a—‘
0

0o’
ocsofoXIaeT ROJY4YeHHO® BHPaXeHHe OT 4y H b, 8 3uameHaTensx. Bnpouewm,
OLi10 Gl 3aTPYJIHNTENLHLIM Pa3biCKHRATh BbIpaxKeHHe Pe3yNbTaHTa uepe3 KO-

Qmuuem'u NpH NOMOIH METOA0R, H3JI0XKEHHHX B MpeIieCTBYIOWNX naparpaqjax
H Mbl BOCNOJIb3yeMCA HHBIM ITPHEMOM.

b
i=1,2, ...,n,# 'bl’ i=1,2, ..., s; MHOXuTeab &} bT, BK/MOUeHHH B (2),
0

Bupaienue and pesyabTaHta MHOrod:aedos (1), k0Topoe Mu nailnem,
6yaer roaHo AAs JOOOH mapw TakiX MHOrou.1enoB. Mu Gyaem cyutarts,
TOYHEe TOBOPS, YTO CHCTEeMa KOpHeH

®y, Ugy weey Ay ﬁp ﬁz; oy ﬁs (6)

MHOrouynenoB (1) AsanaeTcsa cuHcTeMo#d n4s HezaBucH-
MblX HEH3BECTHHX, T. € CHCTeMOH n-48S 3n1eMeHTOB,
anre6paHyYeCKH HE3aBHCHMHBX Haa noaem PB cuucae § 51,

Mul moayunM BHpaxeHHe IJH pPe3yabTaHTa, KOTOPOe, paccMaTpH-
BaEMOE KaK MHOTOU/IEH OT HeHussecTHhX (6) (mocae 3ameunt no dopmy-
aaM Bbera kosdduuHenTOB yYepe3 KOpHH), GyaeT PaBHO MPaBoO# HACTH
paBeHcTBa (2), Taxkwke paccMaTpHBaeMOH Kax MHOroOY/JeH OT HeH3BecT-
Hux (6).

[Tonymasd paBCHCTBO HMEHHO -B CMbICJE TAaKOTO TOXIECTBEHHOTO
paBencTBa OTHOCHTEJbHO CHCTEMW HeH3BeCTHWX (0), MW AOKaweM, HTO
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pe3yavmanm R (f, g) mnozounenos (1) pagen caedywuerny onpedeiti-
menio nopaoxa n--s:

ay a; ... a,
a, @ ... a,

e 4 e o s e o e & s o

] § CTPOK
f
|

_ Qy @ ... Q, 7
D=4, b ...t (N
by by ... b
...........I'ICTPOK
by by ... b,

(na cBoGomnelx Mectax croat Hyau). CrpoeHue 3TOro ompeneantens
LOCTATOYHO SiCHO; Mbl OTMETHM /IHIIL, YTO Ha €ro rJaBHOH AHaroHanu
cTOHT § pas KoadduunenT ap u 3arem n pa3 xkosdduunent b

s noxasare/nbCcTBA HAWIEGTO YTBEPKAEHUA MH ABYMs CHOCOOaMH
BHMHCAHM mnpou3BedeHne ag bgDM, roe M ecTb caedyouiuii BCNOMO-
ratennHeld onpepenure/Nb NOPsAAKa 72--s:

n+s-—1 n+s—1 n+s-~1 n+s-—-1 n+s—1 n+s-—-1
Bl B85 oo B of o, vee Up
n+s—2 n+s-2 n+s—~2 n+s-2 n+s—2 n+s=-2
Bl B2 oo B o] oy P i

2 2 2 2 2

P p2 .. Pl o al v. Q}
ﬁl. ﬁg cen ﬁs ay 2} eee QG

1 1 | 1 1 |

M gBasercs onpenenureneM BaumepMmonna H Mo3ToMy paBeH, KaK yka-
3aH0 B § 6, nmpou3dBedeHHI0 pa3HOCTell 37eMEHTOB ero npeanoc/aexHei
CTDOKH, NMPHYEM K3 BCSIKOTO NPeAilecTBYIOUIEr0 9/71eMEHTa BLIYHTAETCH
moBol caeaywoiui anement. Takum ob6pasom,

M= 11 (ﬁi'—ﬁj)'l];IliI;Il(Bj—ai)' 11 la;—ay)

1I<jiLs 1<i<jgn

KW 1no3ToMy, BBUAY (4),

a 0sDM=D-R(g, f)- I (B:—8)- —a). (8)
1€I<]<s 1KI</=n

BeruncauM, ¢ apyrof cTopoHn, mnponssesenne DM Ha ocHOBAHHM
TeopeMn 00 onpejeniTene npom3senesus martpuu. [lepemHowas Coo0T1-
BETCTBYIOLHE MATPHUL M YUHTHIBAA, YTO BCE O ABAMIOTCA KOPHAMH

12 A. T. Kypom
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AA% f(x), a Bce P —KopHAMH AAs g(X), MB NOAY4MM:
DM =

B By BSTUFBY ... BETTI(BY) 0 0 ... 0
ﬁihzf(ﬁl) ﬁ;-zf(ﬁe) ﬁs-zf(ﬁs) 0 0 tee 0
BB B B e Bl (B 0 0 .. 0
_| 16 [ oo TR 0 0 ... 0
0 0 vee 0 afTlg(a) of glay) ... 0T g (@)
0 0 veo 0 alTg(a) @] g(a)...an"?g(e,)
o T 0 T T Vag@) Gag(@) e oug(@)
0 0 0 g(a) g (ay) e glay)

Tpumensia Teopemy Jlannaca, BHHOCA 3aTeM o6Lile MHOXHTENN U3 CTOAG-
10B onpeaenuTenel W BHYHC/ANS OCTAKOLLHECS OMPeAeNHTeNH KaK onpe-
aenuteny BanzepMOHZA, MH NOAYYHM:

§ n
o tiDM=ay b5 11 7B)- I1  @—Bp-Ilg@). 11 (@—a)
j=1 1€I<jgs i=1 1€i<jgn
uau, ucnoansysa (3) u (9),
s n
@, iDM=R(f, 9Rg N+ II ®:—B)- I  (@—a) O
1€iI<jgs 1<i<jgn
Mn nonyuaem, uTo mpaBse uacTu paBeHcTB (8) u (9), paccmarpu-
BaeMhle KaK MHOTOYIEHH OT Heu3BecTHHX (6), paBHW Mexay cobof.
O6e yacTH NONYYEHHOTO PABEHCTBA MOXKHO COKPATHTb Ha OOLLHE MHO-
WHUTE/NH, He paBHHE TOwAecTBedHo Hymio. O6wui MmuHoxurens R(g, f)
He paBeH HY/I0: TaK Kak @p=%=0 u b= 0 no ycnosnio, To LOCTATOUHO
nono6parb Anf HeusBecTHHX (6) He paBHME ApYr JAPYry 3Ha4eHus
(B OCHOBHOM mnOJe€ HAM B HEKOTOPOM €ro pacluupeHHu), 4Tobuw 3z (4)
NOJYyYUTb OT/IHYHOE OT HYJs 3HaveHHe ANA MHorounena R (g, f). Tak we

AOKa3bpliBaeTCd, YTO H Apyrue nBa OGUIHX MHOXHTENS OT/AHYHH OT HYyAq.
Coxpamaﬂ Ha Bce 5TH ofuine MHOXHTE/IH, Mbl NPHXOAHM K PABCHCTBY

R(f, =D, (10)

KoTopoe u TpeGoBanOCh A0Ka3aTh,

Otkaxemcs Tenepb oT Tpe6OBaHMA, Y4TOOH cTapuiue
KO9QPHUHEHTH MHOro4neHnosB (1) O6GLAH OTAHYHH OT
Hyas'). O6 MCTHHHHX CTENEHAX STHX MHOTOY/IEHOB, MOXHO, CleA0Ba-

1) Oror BpeMeHHBIA OTKa3 OT TOTO YCJOBHA O cTapiueM KospdHUHEHTe MHO-
rounesa, KOTOpOMY MH CJIOBaJIH A0 CHX Nop, o6yc/OBJIeH AajbHEHIIHMH NpH-
JIOXEHHAMH: MBI XOTHM PacCMaTPHBATh CHCTEMBI MHOTOYJIEHOB OT ABYX HEH3BeCT-
HHX W GyAeM OJHO H3 3THX HEH3BECTHHX OTHOCHTb B Kosdduumentn. Crapmmit
KO0pGHUHEHT MOXET, CJNef0BaTeNbHO, OOPAaTHTLCA B HYJAb NPH YacTHHX SHaye-
HHAX 3TOrO HEH3BECTHOrO.
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TeJbHO, /HIIb YTBEPKAATb, YTO OHH He 60.blie HX «POPMATBHHXY
cTenexell n M, coorBercTBeHno, S. Boipawenne (2) ans pesyabranta
HE HMeeT Tenepb CMHCAA, TAK KaK PACCMATPUBAEMble MHOTOU/ICHL HMEIOT,
BO3MOWKHO, MeHblue xopHe#f, uem 7 uan s. C APYroil CTOPOHH, Onpeae-
autenab (7) u Teneph MOWET OwTh HaMHCaH, W TaK KaK YXe J10Ka3aHo,
uTto npi ap%=0, by=~0 9TOT ONpeldenuTe]r paBeH PE3yAbTAHTY, TO H
B Hauwem obuieM C/1yyae HAa3O0BEM €ro pe3y.ibmanmos MHOTOUIEHOB
S (x) v g(x) n obosuauum uepes R(f, g).

Tenepp yxe Henb3s, OLHAKO, PACCHUTHIBATH HA TO, YTO PABEHCTBO
pPe3ylbTaHTa HYJI0 PABHOCUIBHO CYLIECTBOBAHUIO ¥ HAIIMX MHOrOY/IEHOB
obuiero kopHa. JefictButennho, ecan ay=0 n H=0, 10 R(f, g)=0
He3aBHCHMO OT TOro, 06JaRaloT /AU MHOTOWIeHH f U g OGLHMH KOPHAMH
nian Het, OKa3niBaeTcs, OAHAKO, YTO ITOT CaAyyal GYHeT eAHHCTBEHHHM,
KOFJla H3 DPaBEHCTBA PE3Y/NbTAHTA HYJ/IO HE/lb3sl BHIBECTH 3aKJI0UeHn2
O CYWIECTBOBAaHWM y AAHHBIX MHOrOY/JEHOB o6utux kopHe#!), MmenHo,
CrnpaBeluBa CAEAYIOLIaH TEOpeMa:

Ecau Jansr muozousens (1) ¢ npou3sossnoimu cmapuumit Koaggu-
yuenmanu, mo pes3yavmanm (T) amux MHO2042eHO08 MO20a U MOALKO
moz0a pasen HYA0, eCAlL MU MHO204AeHH 00iadaiom obuus KopHes
uau e ecan ux cmapuite Kod3punnenms 06a pagHs HY L10.

Hoxkasarteanscrtso. Cayuait @g5=0, by 0 yxe paccmartpusancd
Bhiille, a cayyalt ag=by=0 npeaycmotrpen B GOPMYNHPOBKE TEOPEMH,
Ham ocraerca paccmoTpers cayda#, Koraa OAMH U3 cTapuwux kKosddu-
ILHeHTOB MHOrouseHoB (1), wHanpumep ap, OTIHYEH OT Hyas, a b
PaRHO HYJIO, N

Ecnu b,=0 pgas Bcex i, {=0,1, ..., s 710 R(f, =0, Tax
Kak onpenenutens (7) COAEPWHT HyaeBHEe CTPOKH. B 3aTOM cayuae, 01HAKO,
MHOFOUMEH g(X) paBeH HYJIO TOMAECTBEHHO H MO3TOMY HMeET ofmue
kopHH ¢ f(x). Ecan xe

bo=b=...=b,_, =0, wo 0,550, k<5,
H eca _
g =bx* kb, xTFVL b x4b,,

10, 3ameHsin B onpeaenutene (7) srxementrw by, by, ..., bp_y HyNTAMH
¥ npumedss rteopemy Jlaniaca, Mo fApHIeM, O4EBHAHO, K PABEHCT3Y

‘R(f, & =a;R(f, 9. (11)

Tak kak, oaHako, crapuine kosdduunentTH 060OUX MHOrouneH€os fu g
OTAIYHH OT HyAd, TO, MO AOKA3aHHOMY Bulllie, paBeHcTBo R (f, g-)=0
HeO6X01HMO H AOCTATOYHO [/ CYIIECTBOBAHHA OOLLEr0 KOPHA Y MHOTO-
yieHoB f H § C apyro#i croponn, mno (11), paseucrsa R(f, g)=0

U R(f, 2)=0 paBHOCH/bHH, a TaK KAK MHOTFOWIEHN g H g WMEIOT,

1) Onpenenutens (7) paBeH wy/0, KoHedwo, ¥ npu a,=by=0. B stom
caydae, ofHako, MHorouJeHH (1) umeior obunit kopes O.

12+
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NOHATHO, OXHHAKOBHIE KOPHH, TO Mbl IO/1y4aeM, YTO H B pPACCMATPHBAEMOM
ciyyae PaBEHCTBO HY/I0 pe3ynabTauta R (f, g) paBHOCHALHO CyLiecTBO-
BaHMIO OGILErC KOPHS Y MHOT04AeHOB f (X) 11 g (x). DTuM Teopema foKa3aHa,

Hafigem pe3yJbTaHT ABYX KBAADATHBIX MHOrOYJEHOB

Lx)=apx®tayx+a,,  g(x)=byx? 4 byx + b,
flo (7)
a, a, a, 0
0 a, a;aq,
R, 0= bo by b, O |
0 by b b,
IJH, BHUHCAAR oONpeleMTe]b pa3fOXKEHHeM [0 MNepBoil u TpeTsefi CTPOKaM,
R (f, @)= (aghy—a45by)® —(aghy —ayby) (a,b, — a,by). (12)
Tak, ecan paHBl MHOrOYJEHM
f)=x*—6x+2, g(x)=x2+x+5,

10, M0 (12), R(f, g)=233, n noTOMY STH MHOFOUJEHH He HMeT OGUIHX KOp-
Heil. Ecny Xe nann MHorouneHm

f(x)=x2—4x—5, g(x)=x2—T7x+10,

10 R(}, @ =0, 1. e. 3TH MHOTOUNEHH 00]aNalOT OGIWHM KOPHEM; STHM KOpHeM
ABJAETCA YHCI0 5

UcKmoueHue HeM3BEeCTHOTO M3 CHCTeMbl ABYX YpaBHEHHH ¢ AByms
HeuaBecTHeIMH, [1yCTh maww ABa MHOroudena f u g OT ABYX HEH3BECT-
HbiX X H ¥ € KO3((pHUHEHTAMH U3 HEKOTOpOro noaa P. Mu sannuies
STH MHOTOUY/JIeHB N0 YOWBAIOMIHM CTEMeHAM HEH3BECTHOrO X:

J Y=axtta, x4+ Fa,_, () x+a, ) }
gle N=boMN &' +0, M *'" + .. b, () x+ b )

kKospduuuenTnl 6yayT MHOrousieHamu u3 koasua Py}, Haltnen pesyan-
TAHT MHOTOUY/JEHOB f H &, PaccMaTPHBAEMBLIX KaK MHOTOUYJIEHH OT X, H
o6o3naunM ero uepe3 R, (f, g); on Gyaer, sBuay (7), MHOrOYeHOM OT
OILHOTO HEH3BECTHOro y ¢ Kosbhduuuearamu u3 moan P:

R S, ©=F () (14)

Tlycth cucrema mHorousnexos (13) o61azaer B HEKOTOPOM paclinpe-
R noas P o6uiuM  pemiennem x=a, y=P§. [loacrasaas 8 (13)
BMeCTO y 3Hauenye P, M moayuum nBa Muorousena f(x, f) n g(x, f)
OT OJHOTO HEH3BECTHOTO X. TH MHOTOY/IEHH 06,1aA210T OGLUIHM KOPHEM ¢,
a MO3ITOMY HX pe3yabTauT, pasuwill, sauay (14), F (f), noaxed 6HTh pas-
HHM HYTIO, T. e. § Qoswcro Goms woprem pesyasmanma R, (f, g).
O6parHo, ecan peayabtant R, (f, g) muoroyaenos (13) o6aasaet kopuem f,
TO pe3yAbTaHT MHOFOYIeHOB f(x, B) u g(x, ) pasen Hymo, T. e. 4u60

(13)
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amu mHozouaeHn odaadaom obuum kKoprnem, aubo me oba ux cmap-
wux xoyPguyuenma pasus HY A0,

ao (B) = bo (B) =0.

AtuM nyTew pasnickanue OBUHX pelIeHil CHCTeMB MHOTO4YNeHoB (13)
CBEAEHO K Pa3nCKanHI0 KOPHeH oaHOro maorounexa (14) ot omHoro ue-
H3BECTHOTO y, T. €., KaK TPIHATO FOBOPHTb, HEUIBECMHOE X UCKA0LEHO
u3 cucmemm mmozotaenos (13).

Cnenywowmas rteopeMa OTBedaeT Ha BONPOC O CTENEHH TOr0 MHOTOUJNEHA, KO-
TOpHIii ML MOJiy4aeM MOCJ/e HCKJIOYEHH? OZHOrO HEH3BECTHOTO H3 CHCTEMH ABYX
MHOTOU/IEHOB C ABYMS HEH3BECTHBHIMH!

Ecau mroeounennt f(x. y) u g(x, y) umeom no cosoKynHocMU Heussecm-
KbIX COOMBEMCMEEHHO Cmenedu n 4 S, Mo cmeneny mruocousena R.(f, g)
no weusseCmuoMy Yy He Ooasie npoussedeHus ns, ecAu, KOHEUNO, IMOM MHO20+
YABH He pPAaSeH HYA MOXCOECIMGeHHO.

Mpexae Bcero, ecnd MH paccMaTpHBaeM ABAa MHOTOYJAEeHA OT ORHOFO HeH3-
BECTHOrO €O CTapiiuMu Ko3bduuneATaMH; paBHLIMH eIHHHLe, To, mo (2), ux

e3ynbTaHt R (f, g) ABISeTCA OIHOPOAHBIM MHOIOYAEHOM OT Oy, Gy, ..., G,
gl, B, ..., Bg crenenu ns. Otciona cnegyer, 4To ecad 8 BHIPAXKEHHE pe3y.ilb-
TaHTa 4epe3 KO3PPUUHEHTH @y, @y, -+, By by, by, ..., b BXORUT 4i€H

Ry, Ry knply pla iy
aray ... @, by by ... by
H eCan eecom 3TOro 4jeda Gyner Ha3BaHO 4YHCJIO

by + 28y ookl 42U . sl

10 4ce waenst eopaxcerun R (I, g) vepes xoappuyuenmou userom odud u mom xe
8ec, pasHuid ns. 310 yTBEpKIEHHE CMPaBeANHBO U B oSuleM cJyvae, AJ1d 4Y/eHOB
pesyastanta (7), ecan secom dnena afoa® ... afrpl bl ... b 6yner nassano
4HCRO

Ockg+1ekyF oo nk, +0:dy+ 1ol ... Fslg (13)

[efcTouTennHo, SaMeHdAs B 4neHax onpeneadteas (7) MHOXKUTENw g, H b, enn-
Huuedl, Mbl OPHXOAMM K yXK€ PacCMOTPEHHOMY CJAyuaio, OHAKO NoKa3arejH upH
3THX MHOXHTensX Bxoasut 8 (15) ¢ koappuuueuramu O

3anuweM Teneps MHOrOWJIGHH [ H g B CleRyloiieM Buie:

l(xv y)=a0 (y) xn+a1 (y) x’l-l +°'- +0»;(y).
gix, P=by () x*+b (N £* 14 ...+ b ()

Tak kak n ecTb crenens f(x, y) MO COBOKYIHOCTH HEH3BECTHHIX, TO CTeNeHb
koshdpuuuenta a, (y), r=0,1,2,...,n, He MOXET MPEBOCXOAHTb €ro0 HHAGKC r;
8TO Xe BepHO # Aas b, (y). Orciona caesyeT, 4TO CreneHb KaXAoro ufeHa pe-
syabTauta Ry (f, g) He Gosbllue Beca 3TOrO ujeHa, T. e. oHa He GoJblile YHCAA ns,
qaro ¥ TpefOBaNOCh NOKA3aTh.

Npumepn.

1. Haiity ofwne peienus CHCTEMB MHOTO4/IEHOB

F(x, y)=xy +3xy+2y 43,
glx, y)=2xy —2x+2y +3.
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HUckaounm u3 1Ol CHCTEMH HEW3BECTHOE X, AJI  YEro IepenuiueM ee

B BHae
[(x: y)=y'x2+(3y)'x+(2!/+3). } (16)
g, y)=Qy—2)x+(2y+3);
TOTHA
Y 3y 2y+3
R.( a)=| y—22y+3 O
0 2—2 243

Kopuamu pesyabTanta 6yayT uncia Py=—4, fy=— % . Ilpu 3THX 3HaueHuAxX

=22+ 11y +12.

HEH3BECTHOTO y cTapwie KospdHuHeHTH MHorounenoB (16) He obpamaiwTrca
B HyJb, NOITOMY KaxJoe H3 HHX BMecTe ¢ HEKOTODhM 3HaueHueMm JJ/s X Co-
CTaBJsieT pelleHHe SaJaHHON CHCTeMB MHorouJeHos. MHOrou/eHnl

f(x, —4)=— 4x2—12x—5,
gx, —4)=—10x—5

ofnagaloT ofIHM KOPHEM a1=-——é—. Muorounenu
3\_ 3 , 9
I(X. —7)—’—‘—2‘15 g%

nMelT o6mull Kopenb o,=0. Takum o6paszoM, sasanHag cHCTEMa MHOTOYJIEHOB
IIMeeT JBa pelleHHus:
1 3

Q=75 fr=—4 n a,=0, ﬁz‘—“—"ﬁ‘-

2. MckMouyuTh OQHO HEH3BECTHOE U3 CHCTEMbl MHOIOUYJIEHOB

Lx, y)=2x3%y—xy®+x+5,
g(x, y)=x%*+2xy*—5y 1.
Tak Kak o6a MHOTOYJIEHAa MMEIOT 110 HEH3BECTHOMY y CTeMleHb 2, TOrja Kak
V OJHOTO M3 HHUX 110 HEH3BECTHOMY X CTeleHb 3, TO 1eneco06Pa3HO HCKJOUHTD y.
INepenuwem cuctemy B BHe

[x, Y)=(—x)-y*-+(2x%)-y + (x - 5), an
gx, yy=(x*+2x)y*—5y+1

M HalipeM ee peayJsbTaHT, npumenssa Qopmyay (12):

Ry, @=I(—%)-1—(x+5) (x* +20)]*—
— =% (=5 =2« (x*+20)] [24°- 1 —(x +-5) (— §)] =
= 4x8 - 8x7 4 11x8 4 84x5 4 16154} 1543 4 96x2 — 125x.

OnuuMm M3 KopHell pesyabrtanta saaserca 0. OpHako npH STOM sHaueHuH
HeusBeCTHOro x o6a crapuinx koaddunHenta MHorouneHos (17) oGpaimaiorcs
B HyaAb, NpuYeM, Kak Jerko Buaetb, MHorouaeus f (0, y) u g (0, y) He nmeioT
o6uMx KopHeit. ¥ Hac Her cmoco6a HalTH Apyrue KOpPHH pe3yJbraHTa. MoxHo
yTBEpXKJATh JHLIb, YTO €CAM Gbl Mbl HX HALJIK (HanpuMep, B NOJIe Pa3JioXKeHH:
ans R, (f, g), To HH oAMH M3 HHMX He o6pamian Gu B HYJb 06a CTapuiHx Kosg-
¢duunentita MHorousnenos (17) W MO3TOMY KaMAblii H3 9THX KOpHeill BMecTe C He-
KOTOPHIM SHaueHHeM Aas y (OAHHM WM JakKe HECKOJBKHMH) COCTamisa 6w pe-
LieHHe 83aJaHHON CHCTeMbl MHOrO4JIEHOB.
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CyuiecTBYIOT MeTOAH, NO3BOJMIOIIHE NOCJAEN0BATENBHO HCKIAIOYATH
HeH3BECTHHE M K3 CHCTEM ¢ (POH3BOJBHLIM YHCJAOM MHOTOYJIEHOB
HEeH3BECTHBX. OJTH METOAH, OMAHAKO, CAHUIKOM TFPOMD3IAKH H MOITOMY
He MOTYT ObThb BKJIOYEHH B Haul Kypc,

Nuckpumuaanr., [lo auanoruu ¢ BOMPOCOM, KOTOPHH mnpHBE.I HAC
K MOHATHIO Pe3yAbTaHTa, MOXHO MOCTAaBUTbL BOMPOC 06 yCJ0BHAX, NPH
KOTOPHX MHOrOusneH f(x) cremeun 2 u3 Koabua P[x] obiazaer kpar-
HuMi kopuamu. [lycrts '

fx)=ax"+ax"'+ ... +a,_ 1 x+a, ay#0,
1 AOycTb B HEKOTOPOM PpaciUHPEeHHH MNOA P 3TOT MHOFOYJIEH HMeeT
KODHU Oy, Oy, ..., O, OueBHAHO, YTO cpedu amux ropHed mozda u
moasko mozda 6ydym pasHbie, ecal PagHO HYAIO npoulsedenrue

A=(a2—al)(a3—al) voe (0, —ay) X
X(Oﬂa—%)(aa—%) eon (o, —o,) X

¢ e e s e s & s e e« 4 v e s 4 e

X(@,—c,_ )= Il (x—a)
nai>ia1

ual, 4mo mo xce, ecAll pasno HYARI0 npou3gedenue

D=2a3""* H (o —a)?,
ni>jip1
HA3bIBAEMOR OUCKPUMUHAHMOM MHOTOYAEHA f(x).

B oranuyne ot npoussesenus A, MOryllero MeHAThb 3HaK mpw re-
pectraHoBKe KOpHeH, AMCKpHMHHAHT [ cuUMMETpHYeH OTHOCHTEIbHO
Oy Oy «o., O, H MO3TOMY MOXKET GLITh BhIPAWeEH Yepe3 KO3pdHHeHTH
mHorounena f(x). Haa pasvickaHisi 9TOr0 BHPaXeHHs B mMpeANnOAoO-
MeHHN, 4TO none P umMeeT XapaKTEPHUCTHKY HYAb,
MOXHO BOCMO/b30BATHCA CBA3bIO, CYUIECTBYIOWEH MeXAY AHCKPHMHHAH-
TOM MHOTOYJAEHA f(X) M Pe3y/NbTaHTOM STOr0 MHOrOYJE€Ha M €ro npo-
n3goaHol. Hannuue Takolt ¢BA3H eCTECTBEHHO OXHMAATh: Mul 3HAEeM U3
§ 49, 4TO MHOrou/eH TOrAa H TOJAbKO TOrAa 00/alaeT KPaTHHMH KOp-
HSMH, €C/IH y Hero ecTb ofuine KOPHH ¢ NpoH3BoAHON [ (X), a moITOMY
Toraa ¥ Toabko voraa D=0, ecan R(f, f)=0.

[lo dopmyne (3) nacrosuiero nmaparpada

R(f, fy=a~" Il [ £ ().
=1
Huddepesuupys paBeHcTno

fer=ao Il (x—ey),

MH [10yYaeM:

fw=a 2 Il x—a).
k=1 j7k )
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[Tocae noaCTaHORKH ClOla ©; BMECTO X BCe canaraemvle, Kkpome i-ro,
00palaioTcs B HYAb H NO3TOMY

Sy =ao 1] (@;—a)),
iwl
OTKYZa
Rif, fr=ast-ag IT 11 (00— ).
i=1j5i

B 9To nponssesenne aaq AobLX i M j, { >> j, BXOAAT ABA MHOWHTeNd:
o;—a; u o,~—0o; Hx npoussesexne pasio (— 1)-(05,--—05/)2, a TaK Kax

cyulecTByet "—("T—) nap HHAEKCOB {, f, YAOBNETBOPAIOMIUX HEPABEH-
cTBaM n=i> j=1, 10
n(n~-1) n(n-1)
’ e e— on~ ——l
R(f, i=(—=1 = a"* JI ey—a)=(—1) % aD.
nei>j>1

ITpynmMep. Hailnem DMCKPHMHHAHT KBaAPaTHOrO TPexujeHa
[x)y=ax®+bx+c
Tak xax [ (x)=2ax-+0b, 10

a b ¢
R, IY=| 2ab 0|=a(— b*+4ac)
0 2ab

B namem cayuwae

nin—1)
2

=1 u nostomy
D=—a"'R(}, [')=b*—4ac.

370 coBnajaeT ¢ TeM, UTO B WKOAbHON aireGpe HasbBalT OGHUYHO AHCKPHMH-
HaHTOM KBAaJAPaTHOTO YypaBHEeHHH.

Iipyro# cnoco6 pasbickakHs AHCKPHMHHAHTA COCTOHT B CJelyloulen.
CoctasnM onpeneantenb BandepMounna u3 creneseit KOpHeH &y, Qy, ..., U,.
Kak noxasano B § 6,

1 1 oo 1

o o ... Q,

(Zf a: v a’rzl = (oc‘-—a,)=A,
.« e e e e n2i>j21

a1 o/i-1 a1

a NOSTOMY AMCKPHMHHAHT PaBeH KBAaApPAaTy DTOTO ONPEJeNUTENs, YMHO-
WenHoMy Ha ag'°. YMHOXad 9TOT ONpejeaHTeNb HA €rO TPAHCHIOHHPO-
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BaHuufi Mo npaBuay YMHOXCHHUA MAaTpHL H BCNOMHHAA ONPEJEACHHLIS
B NpeablAyLIEM naparpacpe CTENCHHHIE CYMMbI, Mhl [OJYYHM;

n 5 Sy ... Syl
S Sz S3 ... s,
en-2g
D= g, So 53 S eer Spar |, (18)
Su—1 S  Sptr e Sz

Tie S, eCTb CyMMa k-X cTeneHeil xopue a), o,, ..., a,.

Npumep. Hallnem AHCKpUMHHAHT KY6HUHOTO MHOrouyaena f(x)=x% -
+ ax%2+4bx+c. Ilo (18)
3 S $3
D= Sy S3 S3| -
Sy S3 S
Kak Mu 3naeM H3 npeamayuero naparpada,
§;=0,=—a,
53==0} —20,=a?—2b,
83==03—30,0, + 30, =— 4% 4 3ab—3ec.
Moab3ysice popmynoit HuioToHa, Mbl Hafigem Taxike, 8Buly 0,=0, 4ro

s, =07 — 40303+ 40,05 + 20; =a*—4a?h + dac + 2%,
Orciona
D =35y84 4255253 — 55 — 5354 —3s7 =
=q%h? —45° — 4a3c 4 18abc — 27¢2. (19)
B uactioctd, npu a=0, T. e JA9 HENOJHOr0O KySHUHOrO MHOTOUJEHA,

Mbl OoJiydyaem
= — 453 —27,2

B NOJIHOM COOTBETCTBHH C TeM, 4To OblIO CKasako B § 38.

§ 55%, Brtopoe n0Ka3aTeJbCTBO OCHOBHOH Teopembl aiaredpb
KOMIJIEKCHbBIX YHCeJ

JlokasaTe/bCTBO OCHOBHOH TeopeMnl, mnpuBeaeHxoe B § 23, Guino
coBepiieHHO HeaareGpauyecknM. Mpl XOTHM HM3JO0KHTb cefiyac Apyroe
LO0Ka3aTeabCTBO, HcOoab3yloulee 6oabliof anrebpauyeckuit annapar —
TaK, B HEM CYUICCTBEHHO HCHO.b3YeTCHd OCHOBHAA TeOpeMa O CHMME-
TPpHYeCKHX Muorouaedax (§ 52), a Takwke TeopeMa O CYUIECTBOBAHHH
no/g pasjoweHHs Aas BCAKOro Muorou.ieHa (§ 49),— B 10 BpeMs kak
Heaare6panyeckas 4acTh 9TOrO LOKA3aTEAbCTBA ABANETCH MHHHMAJbHOH
11 CBeAGHA K OAHOMY BECbMa MPOCTOMY YTBEPIKIAEHHIO.

3aMmeTHM cHayana, 4To 8 § 23 AokasaHa nemMma O MOAyJe CTapllero
ynesa MHorodneHa., Cuynras kKos3pduuuedts Muorouaexa f(x) aeficrau-
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TENbHLIMH M 1lonaras k=1, Mol noaydyaeM u3 3TOH JeMMH Takoe
cnencTBHE:

[lpu OQedicmsumesbHblx 3HAUEHUAX X, 00CMAMOUHO GOALUWUX NO
abcoromuol eAuttune, 3HaK MHO20%AeHA [(X) ¢ delicmeumenvHuiiy
KoIpPunuenmasl cosnacaem co 3HAKOM €20 CMApUezo 4AeHA.

Otciona BuTekaer cienyiouluit pesyabrar:

Mnozotaen wetemnoll cmenenu ¢ CelicmeumesbHbulMU KO0IPPULL-
enmamiu useem xoms O6si odun Oelicmeumenvnbili Kopeus.

B camom nene, nycth

fx)=ax"+a,x"" 1 ... +a,

npuyem Bce Ko3h¢HUHeHTH AeficTBUTENbHE, BBuay HeyetnocTH 7 Crap-
1k 4aeH a X" HMeeT NPH MOMOKHTENbHBX K OTPHLATEABHEIX 3HAYCHUSX X
pasHbie 3HaKH, a MOTOMY, KaK JLOK43aHO BHILLE, MPH MONOKHTEAbHLIX H
OTpHUATENbHHX 3HAYEHHSX X, AOCTATOYHO GOMBIIUX N[O aGCOMOTHOM
Beanyune, MHorouwnex f(x) raxwxe 6ymer uMerb pasune 3HakH. Cyuge-
CTBYIOT, C/eAOBATENbHO, TaKHE AeACTBHTE/NbHHE 3HAYEHUS X, HATpUMEp

a u b, uro
f@)<<0, f(h)>0.

W3 xypca awannsa n3BeCTHO, OLHAKO, YTO MHOrou/eH (T. e. lenas pa-
unoHanbHas GyHkuus) f(x) apasercs GyHkunet HenpepuBHOH, a 103TOMY,
BBHAY OJHOrO U3 OCHOBHBIX CBOHCTB HEMPEPHBHHX (YHKUHH, MPH HEKO-
TOPHX MEACTBHTE/NbHBX 3HAYEHUAX X, 3AKJIOUGHHLIX MEWAY & U b, f(x)
NpHHUMAeT Mo6oe 3a1aHHOE 3HAYEHHE, TIPOMERYTOUHOe MexAay f(a) u
Sf(b). CywectByer, B uacTHOCTH, Takoe o, Jewauiee Mewny a u b,
uyro f(a)=0.

Onupasicb Ha STOT pe3yabTaT, Mb JAOKa¥eM Tenepb CAelyioulee
yTBepWAeHHE:

Bearuli mrozotsen npou3soasroll cmenenit ¢ delicmeumessHoini
Kodpunuenmanu umeem xomsa Cbot OOUH KOMNACKCHBI KOpeHs,

Ilyctb, B camMOM Hede, AaH MHOTOUNEH f(x) ¢ AeHCTBHTEAbHHIMH
ko3 duuHeHTaMu, UMelouUl cTenens = 2%, rae g — HeueTHOE uHCO.
Tak kak cayuah k=0 yxe paccMoTped BHule, Mu 6ymeM nonarath
£>0, T. e, CYHTATh /1 YETHHIM YUCAOM, H GYAeM BECTH AOKA34TEAbCTBO
HHAYKUHER N0 R, npeAnonaras, YTO Hall€ YTBEPWAEHHE YKE JOKA3AHO
417 BCeX MHOTOWIEHOB C AeHCTBHTENABHMMH KoadduineHTamMu, CTenexs
KOTOphiX Aenutcs Ha 2%-1) no me nenutcs wa 2%1),

[lyctb P 6ynet nonem paznowenus Ans MHorouneuwa f(x) Haa nomem
KOMMIeKCHHX Yucen (cM. § 49) u nycTb Oy, &y, ..., 0, GYAYT KOPHH
f(x), conepwamuecs B none P. BubepeMm nponH3BonbHOE AefiCTBHTENb-
HOe YHCJAO0 ¢ U BO3bMEM 3/eMeHTH 10af P, umeiouiue BHA

Bij=oa,4-cloy4a), i</ (M

1) 2ra cTemeHb MOXET, ¢/eA0BaTeqbHO, OLITh Aaxe GOJbLUE 1.
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Hucno sneventos f3;, pasuo, ouesuaHo,

n{n—1) 2"q (2% —1)
2 2

=2*%1g (2% — 1) =2%"1¢, (2)

rie ¢ eCTb He4eTHOE YHCAO,
[loctponym Tenepn muorounen g(x) u3 xoasua Plx], umelowuit cso-
HMH KODHAMH BCe 3TH 3JeMenTw [;; U TOAbKO uX:

g)= Il (x—8;).
<i

IO

KoadpduunueHTH 3TOFO MHOTOY/IEHA SIBASIOTCH SNEMEHTAPHHMH CHMMET -
YEeCKHMH MHOTO4/€HaM¥u OT ﬁ,-/. Onn O6yayT, cneposatensHo, ssuay (1),
MHOTOY/TEHAMH OT Oy, Oy, ..., 0, C ACHCTBHTENAbHHIMH KOIGDHLHEHTAMI
(Tak kaKk 4yucno ¢ AeHCTBHTENbHOE), NPHYEM Jame CHMMETpHYECKHMH
mHorouneHamu. B camom aene, Tpaucmosuumus n00HX ABYX o, HANPH-
Mep o, H 0, BAGYET 3a COGOH /ML MEpecTaHOBKY B cucteme scex P .
BCAKOE ﬁk , TAe j OTAHYHO OT R H OT /, mpeppawaercs 8 [3, H oGpaTHo,
8 TO Bpem kak P, u Bce [:3 npu i U j, OTAHYHLX OT R H 1 ocralTes
tHa mecre. Oaunako Koaqxpuunemu MHOroYseHa g(x) He MeHSIOTCH npHu
NepecTaHoOBKe ero KopHef,

Orciona ciaeayer, BBHAY OCHOBHOH TeopeMb O CHMMETPHYECKHX
MHOrCOUJEHaX, YTO K03 dNINeHTH MHOTOYNeHa g (X) 6YAYT MHOrOUYICHAMI
(c neficteuTenbhnMB KO3 duIHEHTaMH) OT KOIPDHUHEHTOB 3aAAHHOTO
Mmuoroujaeda f(x) ¥ noaTomy caMp OyayT AeHCTBHTENbHHMH YHCAAMH,
Creneub 9TOFO MHOrOuYJeHa, paanaﬂ uncay kopueit B, neautcs, no (2),
Ha 2%-1 no ue meaurca ua 2%. ITosToMy, MO NPenriONOKEHHIO HHAYK-
uun, xoTs Ow oan# u3 kopueit [, muorounena g(x) noaxen GuTh
KOMIJIEKCHBIM YHCJIOM.

TakuMm o6pasoM, npu BCAKOM BuOOpPe AeHCTBHUTEABHOrO 4dHCAA ¢
MOXHO yKa3aTh TaKylo napy uHAeKkcoB {, j, rae | <<i<Cn, 1<</j<Cn,
YTO SNEeMEHT a0t ¢ (o - @) ABAAETCH KOMIVIEKCHWM 4HCA0M — Ha-
OOMHHUM, 4TO none P conepmn noJe KOMIJIGKCHHIX YyHcen B KauyecTBe
noanoas, Iloustho, 4TO npu apyroM BubGope uncna ¢ eMmy 6yner coort-
BETCTBOBaTh B YKa3aHHOM CMbic/e, BOOOLLE FOBODS, Apyrad napa HHIEK-
cos. Oanako cywecTByer 6GeCKOHEYHO MHOTO Pa3/HYHLIX AeHCTBHTEdb-
HHIX YHCeJ ¢, B TO BPeMS KaK B HallleM PACHOPAMEHHH HAXOAMTCA JHIUb
KOHEYHOe YHCAO pas3auuunx nap I, j. Orcioma caeayer, 4T0 MOXHO
BuOpaTh TaxkHe JBa PA3/AHYHHBX NEHCTBUTENBHMX YHCAA €, W C,,
€y =C,, YTO UM COOTBETCTBYeT OJHa ¥ Ta We Mapa HUACKCOB
{, J, oAl KOTOPBIX
oo+ ¢y (o +a)=a, } @)
a4 €y (o +ay="0

SIBAAIOTCA KOMOAEKCHRIMH YHCAAMH.
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M3 pasescrs (3) BhiTekaer:
(Cl—Cz)(OLi-l-OLj)———a—-b,

OTKYA2 Chepyer:
a—b
o—cy’

o;+a,=

T. €. 9Ta CYMMa OKa3HWBAaeT(s KOMNAEKCHHM yucaoMm, OTcioga u xoTq
64 W3 nepBoro u3 paseHctB (3) caeayer, 4TO npousBeseHue o0t g
Taxke GYyLeT KOMNAEGKCHHM 4ncaoMm, TakaM o6pa3om, 8/AEMEHTh o ua,;
OKa3bBAIOTCA KOPHAMHM KBAAPaTHOrO YPaBHEHUY

—(ota)r+an,=0

¢ KOMILIGKCHBIMH KO3(DQHUHEHTAMH W NOITOMY, KaK BhTeKaeT u3 ¢op-
MYAW A8 PelIeHHs KBAAPATHOCO YPAaBHEHHH ¢ KOMONEKCHBIMH KO3(ddH-
uvenTamu, suseleHHoll 8 § 38, onn caMu A0MKHIN OBITh KOMIIEKCHBIMH
yucaaMu. My Hawau, C1eaoBaTenbHO, CPeau xopHel MHOrodaeHa f(x)
JAxe [BA KOMIUIEKCHBIX KOPHS ¥ STHUM [A0Ka3aid HALIE YTBEPKAEHHE,

s 104H0ro A0KasaTenbCTBA OCHOBHOH TEOPEMH OCTAETCH PacCMOT-
PeTb CAy4yali MHOro4/iena ¢ NPOHU3BOJAbLHBIMH KOMILIEXCHBIMH KO3(dH-
unentamu. [lycro

fx)y=apx"+ o x"" 4 ... +a,

Gyner Taxkofi mHorouien. Boabmem muorouaen

fly=apx"+ax"" 1+ ... +a,

noayyennnfi nu3 f(x) saMenoit Bcex KkOS3PDUIUNCHTOB CONPIKEHHLMH
KOMNAEKCHHMH YHCRAMHU, W PACCMOTPHM MpouU3BefeHUe

- — n 2n~1 on—R
Fx)y=f(x) f(x) = box®" + 0, 6" . ..+ 0¥ % - L by,
rie, OYEBHAHO,
by == 2 a;a,, k=0,1, 2, ..., 2n
i+j=k
Onupasich #a ussecThole Ham u3 § 18 csoilcTBa conpsikednnx kowmn-
JeKCHHX uHCed, M noayuyaem, 4TO
b= N aa,=b
. &
k r+2,ék e
1. e. Bce Ko3dpduumentnl Muorounesa F(x) okasnBaioTes nefcTsHTEND-

HbIMH,
Otciona, Kak J0Ka3auo Bbille, CAEAyeT, 4TO Muorouiew f (x) obaa-

pdeTr XOTs 6 OAHHM KOMIMIIEKCHKLIM KOpHeM ﬁ,

FB)y=/PB)/B)=0,
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T. e i f(B)=0, unu we f(B) =0. B nepsom cayuae Teopema noxa-
sana. Ecau xe umeer mecto sTOpoRt caywah, T. e.

Eoﬁn"“;lﬁ"'l + ... +71n=0’

TO, 3aMenfq BCe BXOAALLME CI0AA KOMMIEKCHHWE YUC]AA UM COMPHAKEHHHMY
(470, KaKk Mb 3HaeM, ue HapyllaeT PaseHCTBA), Mb MOAYYHM:

fBy=aB" +oa,B ... +a,=0,

T. e. f(x) uMeer cBouM kopHem kommaexkcuoe yucao B, Joxasareapcrso
OCHOBHOU TeopeMun 3aKNHYEeHO.



FJIABA IBEHAIUATAA
MHOT'OUJIEHBI C PALIMOHAJIBHBIMU KO3$dULUHNEHTAMHU

§ 56*. [IpuBOANMOCTEL MHOTOY/IEHOB HAA HOJeM
pauHOHANbLHBIX 9HCe

TpeTbUM YHMCAOBHM NOJEM, KOTOPOE Hapsildy C NOAsAMH AeHCTBHTENb-
HHX H KOMIVIEKCHBIX YHCesJ TMpeiacTaBaser Aasi Hac ocobuifl HuTepec,
ABJAIETCA NOJIe pauHoHaIbHbiX 4YHCeN; 0603HauuMm ero ueped R. Owo
AB/MYETCA CaMbIM MajinbIM CPEeRH YHCJAOBHX MOAeH: xakK 1oKaszano B § 43,
none R COMepWHUTCH UEAMKOM BO BCAKOM YHCJIOBOM mnoJde. Mu Gynem
HHTEPecoBaThCs cefyac BONPOCOM O IHPUBOAMMOCTH MHOCOY/EHOB HAL
no/ieM PallMOHANbHAHIX YHCEN, a B cJaedylowemM naparpade — sonpocod
O PALHOHANBHBLIX (UelbX M APOGHLIX) KOPHAX MHOTOYJAEHOB C pailuo-
HanabHeMH KO3 uunenTamu. Eue pa3 nosuepkHeM, 4TO 3TO ABa Pa3HuX
BOMPOCA: MHOTOUJIEH

x4 2x% -1 = (x% 4 1)?

NpHBOANM HaA 104eM PAUHOHANbHBIX YHCEN, XOTH HE HMEeT HHU OJHOTO
palHOHANbHOTO KOPHS,

Yro MOXKHO cKa3aTh O APHBOAMMOCTH MHOTOYJIEHOB Haa nojem R?
3aMeTuM, npewae BCero, UTO ecai fAaH MHorouned f(x), koadhdUUHEHTH
KOTOPOrO palliOHa/MbHL, HO HE BCE LeAhe, TO, NPUBOAT KO3bEPHUHEHTH
K ofiutemy 3HaMeHare/n 0 U ymMHOXaAA f (X) Ha 3TOT 3HaMeHaTeAab, PaBHbIY,
HanmpuMep, £, MW NMOJYYHM MHOTOUYNeH Rf(X), Bce ko3(pduiLHeHTH KOTO-
poro GyayT yme ueinMu ynucaamu, OUEBUAHO, YTO MHOroO'NeHH f(X)
Rf(X) uMelOT OJHMHAKOBbLIE KOPHH; C APYro#t CTOPOHL, OHH OLHOBpE-
MEHHO GYyXYT MPIBOAMMBIMH HAH HENPHBOAHMMBIMH Hak nojeMm R,

Mbl, ofHaKo, TOKa He NOJYYHIH NPaBA OrPAHUYNTLCH B XaAbHed e
pPaccMOTPEHHEM MHOTOYNEHOB ¢ ueabiMi ko3dduunentamu. B camowm
npene, MYyCTh UENOYHCACHHBLIA MHOTOWIEH g(x) (T. €. MHOro4dneH c ue-
AbiMH KO3(OHUUHEeHTaMH) NPUBOAHMM HAal MNOJEM PALHOHAABHBIX YHCes,
T. €, Pa3/IOHM HaZ MHOWHTENH MeHblleld CTEMeHH ¢ PAUMOHANBHHWMH
(BooGuie rosopst, ApoCHuMu) ko3dpHinenTamn. Cheayetr au orcioaa
Pa3n0KHUMOCTD & (X¥) HA MHOXHTENH ¢ ueanMi koddduuuedtamu? Muumn
C/I0BAMH, HE MOXET JH MHOTOW/IEH ¢ Ueanmu KoahuUHEeHTAMH, nNPUBO-
JUMBI# HAD NOJeM PAllMOHANbHHX 4HCe], 0Ka3aThCl HENPUBOLUMBIM HAJ
KOJBLOM LeNWX YHCead?
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OTBeT Ha 5TH BOMPOCH MOWET ObITb MOJYYEH MpPH MOMOLLH PaccMo-
TpeHuil, aHanoruyubix nposeneHnbiM B § 51, Hasosem muorounen f(x)
C uneanMu KO03QPHUUEHTAMH APUMUMUBHHM, €CAH €r0 KOSD(DHUHEHTH
B COBOKYMHOCTH B3aMMHO MPOCTH, T. €. He HMEIOT 06IHUX genuTenef,
oTandHuX oT 1 n —1. Ecan nan npousBoabHLii MHOTOUMEH ¢ (X) ¢ pa-
LHOHANBHBIMH KO3(GHUHEHTaMH, TO €r0 MOXHO, NMPHTOM ONLHO3HAUHBIM
06pa3oM, NpescTaBHUTh B BUJE NMPOH3BENEHHS HECOKPAaTHMOH Apo6u Ha
HEKOTOPLIH MPUMHTHBHLII MHOTOYJIEH:

@ (%) =4 F(x); (1)

AN 9TOr0 HYXHO BMHECTH 33 CKOOKH OOuiMil 3HaMeHaTesab Bcex Kood-
(uIHENTOB MHOrouneHa @ (x), a 3aTeM H OOLUIHE MHOXHTENAM M3 YHC/H-
Teae# 9THX Ko3pdHUHEHTOB; 3aMETHM, YTO cTeneHb f(x) paBHa cTe-
nexu @ (x). OBXHO3HAaYHOCTD (C TOYHOCTBIO 1O 3HAKa) Npeacrasaenus (1)
lokasnmBaeTcst caenyowum o6pasom, [lycrts

¢ () =FFlx)=7g(x),

rae g(x)—cHoBa npuMHTHBHBLIA MHorouned. Torma
adf (x) = bcg (x).

Takum o6pasoM, ad u bc mosyueHbn BHHECEHHEM BCeX OGLIHX MHO-
wuTeNel U3 k03pdUUHEHTOB OJHOTO H TOrO e LeJOYHCIEHHOTO MHOrO-
4jJeHa, @ NMO3TOMY MOTYT OTJHYaThCHd APYr OT JAPYyra JHIIb 3HAKOM.
Orciona cienyer, YTO H NPUMUTHBHBIE MHOTOYJEHH f(X) u g(x) Taxxe
MOTYT OT/JHMYaThCsl APYr OT ApYyra JHUUib 3HaKOM,

Ias uenounc/eHHNX NPHMUTHBHHIX MHOTOYJEHOB OCTaeTcst Crmpasel-
auBoft nemma laycca:

IIpoussedenute 08YX UeAOLUCAEHHbX NPUMUMUBHUX MHO20%AEHO8
Camo ecmob npuRUMUSHOE MHO20%ACH.

B camom mese, nycThb JaHbl NPHMHTHBHbIE LEJOYHC/ACHHBIE MHOTO-

YJECHH
F)y=apxt+axt 4 faxti4 L ta,
g(x) =box’+b1x’“1+ vee +b,'xl-/+ ce +bl

H NycTh

fx)g (x)—cox"“—l—c gh+i- 1y .. +c;y x(k+l)-(z+/)+ v+ Car.

Ecan 3T0 npownssenende He NPUMUTHBHO, TO CYLIECTBYeT TaKoe 1 p O-
CTO€ YHCIO P, KOTOPOE CAYWHUT OOUIUM AeAHTENeM Adst BCeX ko3hdu-
UHEHTOB €y, Cyy ..., Cpoy. TAK Kak Bce KOI(DPHUMEHTH NPHMUTHBHOLO
MHOTOYJIEHA f(X) He MOTyT AeNUTbCA HAa p, TO NMYCTb KOIDHUHEHT a;
OyZIeT MepBuLIM, HA p He AeJSUIUMCA; aHAJIOTHYHO Yyepes b, M 0603HAYMM
nepsuldl KO3 duuHeHT MHOrOYIeHa g (X), HE peasuuiics Ha p. IMepemnoxuasn
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no4neHHo f(x) H g(x) m cobupas unesn, coaepwamiue x FFO-¢HN
MH NOAYYHM:

Cioj=aib,ta;1bpytaiobpat oo b Fa b, +

Jlesas wactb sToro pasencrsa Aeautcs Ha p, Ha nero 3aseaomo Aeastcs
TAKXKe BCE CAaraeMuie npasoi 4acTH, KPOME NEPBOro; ACHCTBUTE/BHO,
BBHAY yCJA0BHH, HaJOKeHHLIX Ha BHOOP | u j, BCe Kko3adpduuuentu
Qi1 @iopy ..., A TaKke D,_y, b;_ 5, ..., neautcs na p. Orciona cae-
AyeT, 4TO npousBejeHHe a0, TAaKKe NENUTCH HA p, a MOITOMY, BBHAY
NPOCTOTI YUCIA p, HA P nomxen AemiTbes XoTa Obl OAHH H3 KO3(du-
UHEHTOB @;, b;, 4TO, OAHAKO, HE HMeeT MecTa. DTHM 3aKaHuMBaeTCH
LOKA32TebCTHO NeMMH.

[lepexoaum k orBety Ha nocTasiennbie Buile Bonpoc, ITyctb Muo-
rounen g(x) crerienn n C .ueanMH Ko3pdrUMeHTAMH NPHBOIUM Hal
TN0JeM PALHOHAMBHEIX YHCEN:

g {x) =@ (¥} @, (x),

rie @, (x) ¥ @, (X) —MHOTOYJIEHH C PALHOHAILHLIMHE KOIDPHUHEHTAMH
W Hx cTenenn Mmenbwie n, Torna

Q; (x) = /, (x), i=1, 2,
rae %—‘:—— Hecokpatumas Apo6b, f,. (x) — npumuTHBHu MHOTOYN2H, OTCio1a
1
aya
gx)=3 ’[fl( x) /2 (x)}.

Jlepas 4acTb 9TOro0 pPaBeHCTBA BASETCH LENOYHCACHHHIM MHOTOU/IEHOM,
1103TOMYy 3HameHatenb b,b, B NpaBoil YacTH A0MKeH COKpaTHThed., Oaxako
MHOTOu/leH, CTOSWHA B KBaApaTHuX CKoOkax, Oyaet, mo nemume [aycca,
NPHMHTHBHHM, [O03TOMY BCAKHH npocTOf MHOWHUTeAb H3 b b, MOWer
COKPATHTBCA /HLIB C HEKOTODHLIM NPOCTLIM MHOXHTENEM H3 @,a,, a TaK
Kak a; 0 b; B3auMHO npocTh, i=1, 2, TO YHCIO @, HOMKHO Hauel0
Aeauthest Ha b, a)—mna by;

2= bxa'zy a, = bza;-
Orciona
g (%)= a;a,f, (x) £, (%)

[Mpucoeaunus kospdunueHt a;a; K mobomy u3 MHOwHTene#t fi(x),
S5 (%), MH IIOIyuHM Da3/I0XeHHEe MHOIOY/IeHa g (X) Ha MHOXHTENH MeHbuIefl
crenend ¢ ueawMH kosdpduuueHTaMn, ITHM JA0KasaHa caeaylouias
Teopema: .

MHuozounen ¢ geavau rxoahduyuenmarny, Henpusooumuli Haod
KOAbLOM HeAwx ulcea, Oydem HenpusoOumblm U HAO noAeM panuo-
HAABHYLX Hlicen.
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Tenepb Mul MoayuHAH, HAKOHEU, 1IPABO OTPaHHYHBATHLCH B BONPOCAX,
OTHOCHILEXCA K MPHBOIHMOCTH MHOTOUJIEHOB Hald NOJEM PauiOHAIbHLX
yuces, PacCMOTPEHHEM pAa3NOKEHHH LENOYHCACHHLIX MHOTOYJEHOB HA
MHOWHTEAH, BCe KO3(OHUUEHTH KOTOPHX TaKwKe Ueane.

Mui 3HaeM, YTO Hald NOJEM KOMIUIEKCHHX YNCEJA TPUBOAUM BCHKHIL
MHOTOUYJIEH, CTEMeHb KOTOPOro 60/blle eAHHHLUH, a4 HAL NoJeM AeHCTBHU-
TeAbHKWX YHCEJ— BCAKHU MHOrOYNeH (¢ AeHCTBHTEAbHBIMH KO3bhdHuUNEH-
TaMmH), cTeneds koroporo Goabume aByx, CoBceM nHOe mnoaokeHne
8 ciyuyae foJsl PAllHOHAABHHIX YHCEN: 048 2100020 N MONCHO YKA3GMmb
MHO20%0€H n-li cmenenu ¢ pPARUOHAAbHBML (Oadxce Heavimu) Kogh-
dunuenmasy, HenpuBOOUMbE HAO noAes PCUUOHAABHBX 4Uce.l.
JlokasaTenbCTBO 3TOrO yTBePWIAEHHs OCHOBAHO HA C/AEAYIOLIEM AOCTa-
TOYHOM TMpPH3HAKE HENPHBOAHMOCTH MHOrOYJeHa Hal nojieMm R, Ha3u-
BaeMOM KpHTepuem Difsenwmitedina:

[Tycms Gan MHO20%ACH

fx)y=aex"+a,x" " ... ta, xta,

¢ ueavinu xosfgbunuenmanu. Ecau xoms 6ot 00HUM Cnocobors MoxcHO
nogdobpams ripocmoe 4ucao p, yYdosaemeopsiouee CAeOYIOWUM  mpe-
6osanusam:

1) cmapwuii xoagpdunuenm a, He Beaumcs Ha p,

2) sce ocmaasnble Ko3pPuyuenms ferames Ha p,

3) c80600nbLE uACH, Oeasict HA p, He desumcsa Ha p?,
mo smHozounen f(x) Henpusodus wad noses payUOHANSHBX HUCEA.

B camow nene, ecanm mHorounen f{x) npuBoamm Haa noaem R, TO
OH pa3/IaraeTcs HAa [Ba MHOWHTE/A MeHbIlUeil CTemeHH ¢ HeinMH KO3¢-
puunesTamu:

Fl)=(ox® by x* 1 b (xt e Xt L ey

roe k<<n, [<<n, k+!=n. Ortciona, cpaBuusasn Koaqmvxuuenm
B 06GeHX 4aCTiX 3TOTO PAaBEHCTBA, NOJYyuaeMm:

a, = by, )

@, y=byc; -+ 0, ¢,

Qpog =045+ by 1Ct-1+bk 251' (2)
Q,=byc,.

M3 nepsoro u3 pasencTB (2) csreayer, Tak kax a, AeawTcs Ha p,
a YHCJO P MPOCTOE, YTO OJHH U3 MHONHTeneH b,, ¢, HOMKEH AeNHTHCH
#Ha p. Oun oba He MOTYT onﬂoapemenﬂo LeNUTHCH HA p, TaK Kak a,
no ycaoBmio, He menutcs Ha p?. Tlycte, nanpumep, b, senutcs Ha p
1 MO3TOMY ¢, B3aumMuo npocTo ¢ p. [lepexonum rtenepb KO BTOPOMY
3 pasencTB (2). Ero neBas uwacTh, a Takwe neproe cjaraemMoe npasoi
YaCTH AGMATCH HA p, MOITOMY Ha P NCNMTCA M npousseneHue b,_c;
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TaK KakK, OAHAKO, €, HA p HE AMHTCE, TO Ha p OyAeT ReAHTbCA
br-, . [TonoGruiM e 00pa3oM H3 TpeThbero paBeHCTBa (2) Ml HOJYYHM,
4yT0 bp—, Aeaurcs Ha p, u T. A. Haxomen, u3 (k-4 1)-ro pasencrsa
6yleT NOJY4YeHO, YTO HAa p AEAMTCH by HO TOTAA W3 NOCJAENHero M3
paBedcTB (2) BHTeKaer, YTO HA P AENUTCA &, 4YTO MPOTHBOPEYHT
NpeanosoNeHHIO,

Becbhma nerxo ans n1060ro 7 HANHCATh LEJOYHC/AEHHHIE MHOTOMJIEHH
n-i CTeMeHH, YAOBAETBOPSIOLIHE YC/AOBHSIM KpuTepus Di3eHumiteliHa H,
CJe10BaTenbHO, HENPHBOAHMBE HaJ M[0JieM paiHOHaNbHHIX uyucen. Ta-
KOB, HampuMep, MHOrounen x"--2; K HeMy MNpPUMEHHM KpPHTepui
disexiutefina npu p=2,

Kputepu#t DiizenuiteiiHa ABASETCS JHIIb JOCTaTOYHLIM yCJIOBHEM He-
NPHBOAHMOCTH Hal noseM R, HO OTHIOAb He HEOOXOLHUMBIM: €CJH AJd
JaHHOTO MHOTOYJeHa f(X) Henb3s noAoHpaTb TaKOro NPOCTOro 4ucia
P, 4TOOB! BLIMOJIHSJIMCH YCJOBHS KpUTepus Dil3eHuUTelHA, TO OH MOXer
ObITh NPUBOAHMEM, KaK X% —5x -+ 6, HO MOXeT GbiTh H HENMPHBOXLHMBIM,
kak x2+4 1. CyuecTByer, HOMMMO KpHTEpPHs ODiseHIUTeHHa, MHOTO
ADYruX IOCTAaTOYHLIX KPHUTEPHUEB HENPUBOAHUMOCTH MHOrOY/EHOB HAZL
noneM R, BnpoyeM MeHee 3HauHTeabHuX. CyilecTByeT TaKxe MeToA,
npusafaewamuit Kpouwekepy Hu mnospoasioniufi 0 a1060M MHOroujeHe
¢ UeabiMH KO3((HUUMEHTAMH DeliuTh, MNPUBOLHM JH OH Haj nosem R
WAH HeT., DTOT METOX, OJHAKO, OYeHb TrpPOMO3JLOK H MPAKTHYECKH
NoYTH HENmPHUMEHHM,

Ipumep. PaccMoTpUM MHOTOUJEH
xP—1 - -
fp ()= 1 =P g xPE L x,

TAe p—-npocroe yucso. KOPHAMH 3TOrO MHOTOW/IEHA CNYXKaT KOPHH p-H cTeneHd
M3 eIHHHIb, OT/JIHYHBIE OT CaMOH EIHHMLLI, TaK KaK STH KOpHH BMecTe ¢ | ge-
JIAT eIMHHUYHBI KDYr KOMNJEKCHOH MJIOCKOCTH HAa p paBHHIX yacTeil, TO MHOTO-
uren f, (x¥) HasniBaeTcs MHO2ouAeHOM OeneHus Kpyea.

K aToMy MHOroujieHy He MOXKeT GbITb HENMOCPEACTBEHHO NPHMEHeH KPHUTepuil
Oitsenmmreiina. CoBepliuM, OJHAKO, 3aMeHY HEHM3BECTHOr0, MOJIOKHB X =y 1.

Mu nonyunwm:
_ _g+r—=1_

1 —1) 5o
=7 [y”+py”"+ ’-’%y” 2+...+py]=
=yP7! +py”'2+p(”2—l)y"’3+...+p-

KosdpuuneHTsl MHOTOYJNIEHA £ (Yy) ABAAIOTCH OHHOMHAJBHBIMH Ko3ddHuieHTaMH
H NO3TOMY BCe, KpOMe CTApLIEro, JeJsiTCA Ha p, NpuYeM CBOGOAHHIN YJeH He
Jeautcs Ha p?, Takum o6pasoMm, corjacHo Kpurepuio DiiseHwTefiHa MHOrousiex
g (y) nenpuBopum Haz nojem R. Orcioga chenyer Henpusodumocme Had noaem
R muoeousena Oesenua kpyea fp (x). B camom nmene, ecau

fp () =0 ()P (x),
gW=eW+1)Vv 1)

!

HIH
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§ 57* PauuoHa/lbHbIE KOPHU LEJIOYHCJACHHBIX MHOTOW/IEHOB

Buule 6L110 yka3ano, 4YTO BONPOC O Pa3/OXKEHHH AAHHOTO MHOrO-
4JeHa Hal MOJeM palHOoNa/ bHBIX YHCEA HA HENPUBOAHMMBIE MHOWHUTENH
HE HMeeT NPAKTUYECKH CKO/AbKO-HHOYAb YAOBIETBOPHTEALHOIO PELUEHHH,
Oanako 4acTHui caydafl 9TOro BONpoOCca, OTHOCHLIHACA K BHAENCHHIO
AuHednnX MHOKHTENEH MHOrowneHa ¢ pallHoHaabHuMB KO3(dHUHeHTa-
MH, T. €. K Pa3biCKaHHIO ero PalHOHAMbHKHX KOPHEH, ywe BecbMa npoct
B peulaetcs 6e3 Goabwiux suuucaenuit, Camo co6oit pasymeercs, 4TO
BONPOC O pa3niCKaHUH pAaUHOHA/JAbHHX KOpHE# MHOroY/neHOB ¢ pauH-
OHANbHLIMH KO3(hdHUHEHTAMHU HH B Kakoft mepe He wucyeprnnBaer 006-
LIEro BOMPOca O AeNCTBHUTENbHBIX KOPHAX STHX MHOTOY/IEHOB, T, €.
METOLbl M pe3ynbTaThl, H3/J0XEHHHhE B AeBATOH rJjaBe, COXPAHAIOT
NOJMIHOCTHIO CBOE 3HAYeHWE W AAf MHOTOY/IEHOB C PAalUHOHANLHLIMH KO-
shduureHTaMu,

[Ipuctynas Kk BOMPOCY O Pa3niCKaHUH PALHOHAJbHNX KOPHEH MHO-
FOY/EHOB € PaUHOHANLHLIMHU KO3PHUHEHTAMH, OTMETHM, 4YTO, Kax
6b110 yKa3ano B fapeawecTBytouleM naparpade, MOXHO OTPAHHYHTHCH
PaccCMOTPEHHEM /IHIWIb MHOTOYJEHOB ¢ UeAnMU KOIDPULUHEHTAMH; MK
6yneM NpH STOM paccMaTpusBaTh OTIAEALHO caAyuall uUeawx u cayuait
ApOOHKIX KOpHeH.

Ecau yenoe 4ucao o cayycum rxopuesm Muo204aeHa f(x) ¢ yean-
au xodppuyuenmany, mo a Gydem Oeaumensess c80600H020 2aena
M020 MHO20%AEHQ.

B camom npene, nyctb

fy=gaux"+ax"-14 .., +a,
Pazgennn f(x) na x—ou '
fx)=(x—a)(byxr=-1Fbxr=24 ...+ b.y).
Bunoanas nenenne merosom [opHepa, m3aomenusm B § 22, mu

NOAYUYHM, UYTO 8ce Ko3pdhuluenms 4acmuozo, 8 mor 4ucae U b,_,,
ABASIOMCA HeAbMU HUCAQMU, & TAK KaK

a,= _abn—l =a(‘-"bn—1),

TO Hallle yTBepXIeHHEe [A0Ka3aHo '),

TakuMm o6pasoM, ecau ueI0YHUCAEHHWH MHOTOYNeH f(x) ofnagaer
UE/NBMH KOPHSMH, TO OHM OydyT uHaliaensl cpead peautene#l csolo.-
HOTO uJeHa, Heo6xoauMO, C/leAOBaTeNApHO, HCMHITAaTh BCEBO3MOMHHE
JenuTenH CBOBGOLHOrO 4/1€Ha, KAK MOJAOMUTENbHLIE, TaK H OTPULATENb-
Hbie¢; €C/IH HH ONMH M3 HUX HE SIBJAAETCH KOPHEM MHOTOYJIeHa, TO ue-
JIbIX KOpHEH Haw MHOrouseHn BOOOGILE HE HMEeT,

1) Busio 6 ownGKoil f0Ka3LiBaTh STy TEOpPEMY CCHIKOR Ha TO, 4TO CBO-
COHbIM wieH @, ABAfETCA (C TOUHOCTbIO O SHAKA) MPOH3BeJeHHEM BCEX KOp-
Hell MHOrounena f(x): cpexw STHX KopreR MOryT BCTpeTHThCA H APoGHbIE, H
ppauHOHaNLHbEe, H KOMMJEKCHbLIE, W NO3TOMY 3apaHee He/b3f YTBEpKAaTb,
YTO NpOH3BeLEHHe BceX STHX KOpHefl, Kpome &, OyAeT ue.nM.
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Uenwranne scex Aeaurenel cBOGOAHOrO 4YneHa MOXKET OKa3aTbeA
BECHMA TPOMO3AKHM, €CH AaxXe 3HaYeHus Muoroynexsa O6yAyT BhYHC-
AuThes Metoaom [opHepa, a He HEeNOCPEACTBEHHON MOICTAHOBKON KaX-
BoTo a3 geautenell sMecTO HendBecTHoro. CreayiouwiHe 3aMeddnun nos-
BOJMIOT HECKOABKO ynpocTHTb 3TH Buuncaenun. llpewae Bcero, Taxk
kak. | u — 1 Bcerga CAyXar AeAHTEAIMH CBOOOIHOrO 41€Ha, BHYHC-
adenm f(1) n f{—1), 9To He npeacTtasaser 3arpyanexufl. Ecau, na-
Aee, Len0e 4HCN0 o ABANCTCA KOpuem Aaasn f({x):

f () ={x—a)q(x),

TO. KaK yka3awo swie, 8ce xO3PPHuHeHTH 4acTHOrO ¢ (x) OyRyT ue-
AWMA YUCAAMH, B (0ITOMY HACTHLIE

e

a—1"

(=1
D0MKHL OWTh UesinMH dicaaMmia. TakuMm ofipasom, nodsewcam ucnwma-
HU'O Alwy me deaumeau 2 €80000H020 wnena (U3 4UCAG OMAULHHX
1y =D

om | 4 —1), 0472 xomopux Kawooe U3 1ACMHHX a—1' ail

18-
AEMCA QeABM HUCAOM.

Npumepw 1 Hafitn uensie Kopun MHorouseHa
F(x)=x3 —2x2—x—86.

Henutenamn csoGopHOro ujeHa cayxar aucna +1, +2, +3, +£6. Tak xak
f(l}y=—8, [(—=1)=—8 101 n —| ue ssagiotrca kopuamu, Jlanee, yucna
-8 —8 —8 —8
241" =2—1" 61" —6—1

AIBJAIOTCH APOCHHMM, U NO3TOMY Aeautesd 2, —2, 6, —6 nomkuu GuTh OT6PO-
WEHH, B8 TO BpPEMA KaK 4uc/a

—8 8 —8 —8

3—1" 341" —3—1" =341
—ueable, H NOITOMY Aenutean 3 4 —3 ewe noanexar ucowtanuio. [Ipamenum
merton [opuepa: |—2 1 —6

—311—5 14—48

T. e. [{—3)= —48, u nostomy —3 He ABAseTCA KOpHeM AaAa f(x). Haxomen

| —2 ~1—6
3)Y T 2 o

1. e. [(8)=0: uucno 3 cayxur wopHem masm f(x). ORHOBPEMEHHO MH HawdH
KO30bHIHEHTH 4YacTHOrO OT JesleHHA f(x) Ha x—3;

F)=(x—=3) (x*+x+2).

Jlerko BuAeTb, 470 gacTHoe %24 x+42 He umeeT uucaa 3 CBOUM KOPHeM, T. &
5TO YHCJIO HE ABJIACTCA KPATHBIM KOpHem aas f (x).
2. Hafitn nenbie KopHH MHOTOYJIeHa

f(x)=3x 4 x® —5x3 —2x + 2.
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3aech neantensiMi cso6onHOro ujeHa 6yayt +1 n £2. Janee, }(l)=—,,
f(—1=1, 1. e. 1 u —1 ne cayxar kopusamu. HakoHen, Tak kak uncna

1 " —1
241 —2—1
npofHble, TO0 2 1 —2 TakKe He OyayT KOPDHAMH H MO3TOMY MHOrodtes f(x)
BooGule He WMEeT UeabiX KOpHeil.

[Tlepexoanm x BoOnNpocy O APOOHHX KOPHSX.

Ecau yesoyucaenubiii smnozouren, cmapwull xosgdunienm xomo-
po20 pasen edunuie, uMmeem PAUUOHAABHHE KOPEHb, MO 3MOmMm Kopewo
6yoem ueavia uucaon.

Tlycts, B camom nene, MHOrouien

fx)=x"4ax"" ' 4a,x""2 4 ... +a,

b
¢ ueanMu xoshduuHeHTaMH UMEeT KOpHeM HeCOKPaTHMYi0 Apobb <
T. e,

’
bn bn-l bn—z
-C_"+ a, -CT_—l—i-az Fi—i—... +a,=0.

Orciona
P

— - -20 — -— n-—
7= —a,b"" 1 —a, 0" c— ... —a,,c"L

T. €. HecoKpaTuMas ApoOb paBHA UEAOMY YHCAY, YTO HEBO3MOXKHO.
llan noayuenun scex panuonasshbuix (0pobHuX U fqeawx) xopHell
HEAOHUCACHHO20 MHOZ04NEHA
flxy=ax"+ax"~t4-a,x""*+ ... Fa,_,x+a,
HYMHO HQlmu 8Ce UeAne KOPHU MHOZ0YAeHA

P =y"+a,y" "t Fasayti4 ... +a:—2an—1y +ag-la"
u pasdesums ux Ha a,.
1

B camom nene, yMHOWHM /(X) Ha a; ', a 3aTeM COBepilHw 3aMeHy
HEH3BECTHOTO, NOJOXKNB y = @,x. OueBUAHO, 4TO

n=1
P =0 (ax)=a, /{x).
OTtciona caenyer, 4TO KOPHH MHOrOuJena f{x) pasHh KOPHAM MHOrO-
ujleHa @ (y), passeneHHbM Ha a, B u4acTHOCTH, pauvoHaAbHBLIM KOp-
HUM f(X) 6YAYT COOTBETCTBOBATH PAUHOHAALHWE e KOpHHU ¢ (Y); Tax
KaK, onnako, crapwuf xosbhduunest ¢(y) paseH eAHHHUE, TO 9TH
KOPHH MOTYT OHTb /AHUIL HEJLMH, H MH yKe HMEeM MeTOA AJ1f UX pasns
CKaHHd.
Mpumep. Hafitu paunonansHble KODHH MHOTOuJeHA
F(x)=3x%4+5x% 4 x24-5x—2
YMuoxan f(x) na 3% u nonaras y=23x, NOJaYyUHM;
@ (¥) =y* +54° +3y* 4 45y —54.
Huem uenne KOpPHH MHOrouncHa @ (y).
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Hafinem ¢ (1) meronom Topuepa:

1 5 3 45 —54
111 6 9 54 0

Takun obpasoM, @ (1)=0, 1. e. 1 fABAseTCA KOpHeM A @ (y), npuueM
W =H—1)q(y,

rae
9 () =y*+64*+9 +54.
HafizgeM uenste KopHH MHorodsneHa ¢ (y). Jeautenamu cpoGOAHOro uJeHa
cayxar udcaa 1, £2, £3, £6, +9, +18, +27, +54. 3necn
g(1)=70, ¢(—1)=50.

g() q(=1

Briyucasa a_:l ) AN9 KaxXJ0ro genurensa o, Mh OﬁHapy)KHM, 4TO MOAXK-

a+1
Hbl ObITh OTGpOLIEHH BCE AeJHTeNH, Kpome o= —6. Henwtaem srtor peaureds:
1 6 9 54
- —6]1 0 9 O
Takum obpasoM, ¢(—6)=0, 7. e. —6 cayxnT kopuem ana ¢ (y) H NoO3TOMY

ang @ (y). : -
Muorounen ¢ (y) nMeer, cjeloBaTesnbHO, UeJkie KOpHH | u—6. Pauuonans-

1
HHIMH KOPHAIMH MHOroudesa f(x) OyayT, Takum o6pasoM, HHCAa3 T H—2n

TOJNLKO OHH.

Creayer eule pa3 MNOAYEPKHYTb, YTO H3JA0KEHHHE BHIIE METOAH
NPUMEHHUMEl TOJNbKO K MHOrOYREHaM C ueanMH ko3pdHUHEHTAMH U
TOAbKO IJsi PasuWiCKAHUA HX PALHOHANbHHX KOPHEH.

§ 58* Auxare6pamgecxue umncJia

Besikuii MHOroOuYneH 71-# cTeneHy ¢ palHOHAAbHLIME K03(hdHUHEHTaMH
HMEeT B M0JIe KOMMNEKCHHWX YHUCEeN 71 KOpHeH, HEeKOTOpPbE H3 KOTOPHX
(uan pawe BCe) MOTYT JIeaTh BHE MOJS PaUHOHANbHHX vucen, OQAnako
He BCAKOE KOMNJEKCHOE HH NAeHCTBHTE/bHOE YHCIAO CAYWMHT KOpHEM
HEKOTOPOro MHOroYyjeHa ¢ paunoHanbHuiMu kKoddduunentamu. Te kom-
nAeKCHne (B YaCTHOCTH, AEHUCTBHTE/bHLIE) HHCAA, KOTOPHE SBIMIOTCA
KOPHIMH TAKHX MHOTOY/ICHOB, HA3LIBAIOTCH aazebpauteckumu Yucaamu
B MPOTHBOMOJOKHOCTh YHCAAM mpaxcyeRdenmubim. K yucny anrebpau-
YeCKHX YHCeJ MPUHAANEKAT BCE pAUHOHANbHWE 4YHCJIA, KAaK KOpHH
MHOTOY/IEHOB MNEepBOA CTeMmeHW ¢ PANHOHANbHHMH KO3(pPHUHEHTAMH,

a TaKXe BCAKMH pajHKaa BHAA ;'Va C PAUMOHANBHLIM MOLKOPEHHLIM
YHCAOM @, KaK KopeHb ABywieHa x"—a. C apyro#i croposnus, B 60/b-
LIHX KYpPCax MaTeMaTHYECKOTo aHajlnd3a AOKa3nBaeTCsl TPaHCUEHLEHT-
HOCTb YHC/13 € — OCHOBAHHSA CHCTEMH HATYypa/bHHX Jorapudmos, a Tak-
e H3BECTHOTO M3 9/EMEHTapPHOH TeOMEeTpPHH 4YucAa T,

Ecan yucno o anre6pauyeckoe, TO OHO GyaeT Aawme KOPHEM HEKO-
TOPOr0 MHOTOY/EHA € HeJnMH KO3(pdHUHEHTAMH H f03TOMY KOpHeM

’



§ 58] AJNTEBPAHYECKHE YHCJIA 359

OHOTO M3 HENPUBOAMMHIX HeJuTeNell 8TOro MHOro4Y/eHa Takwe C Le-
auiMup koadpduunentamu, Tom wuenpugodumbili yesouucrennbili MHO20-
YAeH, KOPDHeM KOmopozo fABASemcsA O, onpedeseH OOHO3HAUHO C mMolt-
HOCMbIO 00 NOCMOSIHHO20 MHONCUMEAS, M. €. 8n0AHe OOHO3HAYHO,
ecau nompebosams, umoGol Ko3ppunuenmo. 3mozo MHOZO%ACHA Obifid
8 COBOKYNHOCMIU 83auUMHO npocmbs (T. e, 4TOOW MHOTOuY/ien OwA npi-
MHTHBHLM). B camom nene, ecan a cAyXHT KOpHEM LBYX HeNMpHBOAMN-
MHIX MHOTO4/MeHOB f(xX) 1 g(x), TO nanGonpwinii OOuHH HenuTEeAb ITHX
MHOTOUY/JEHOR OYyZeT OT/HYEH OT €AHHHLK, & TOTOMY STH MHOTOYJIEHM,
BBHAY HX HEMPUBOAMMOCTH, MOTYT OTAHYATHCH APYr OT ApPyra AHiub
MHOKHTE/NEM HY/NEBOH CTeneHu,

AnreGpandeckne 4YHC/a, ABJASIOUIHECH KOPDHAMH OLHOTO H TOro xe
"HenpusoaumMoro (Ham nosem R) MHOrOY/JEHAa, HA3WBAIOTCH CONPDANCEH-
Hoiau Mexay coGoiil), Bece muoxectBo anrebpauueckux unces pacna-
JdaeTcd, C/1e/0BaTENbHO, HA HENEPECeKalOLHecs KOHEYHBIE KJIaCcChH CO-
pseHHnX Meway co60fl uucen. Bedkoe paumonanbhoe 4HCIO Kax
KOpeHb MHOTOY/IEHA NEPBOH CTeNeHM He HMEeT COMPSKEeHHHX yuce.l,
OTJAHYHLX OT €aMOro ceGs, M 5TO CBOHCTBO ABJAsIeTCH NJAH PALHOHAMb-
HBIX YHCE] XapaKTepHLIM: BCHKOe aareGpanyeckoe YHCMIO, He ABASIO-
meecs pallMoHaAbHbiM, OyIeT KOpPHEM HeNpPUBOLHMOTO MHOTO4JEHa,
cTeneHb KOTOpPOro 6oabuie eAHHHUB, H NO3TOMY LAN§ HEro cyuiecr-
BYIOT COMpPSKEHHHE, OTJIHUHbLIE OT HEero camoro.

Muoxecmso scex anzebpauueckux Huces AGATEMCK NOONOAEM
noas rwomnaexcHvx uucen. VHniMu  cnosamu, cyasa, pasnocms,
npousgedenue u wacmuoe aszebpauneckux uucesr camu 6yoym asze-
OpaunecKumn wuciaMuu.

[TycTb, B camoM pnene, maum anrebpanieckne uucnma o u f. O6o-
3HAYHM Yepe? @y =0, ®,. ..., O, BCE YHCAA, COMpSKeHHHE C Q, ve-
pes B, =P, B, ..., B,—uncna, conpsxenusie ¢ P, uepes f(x) u
£ (X)—nenpHBOAHMbIE MHOTOYJIEHH € PauHOHANbHHIMH K03dHUHEHT a-
MH, uMelouiHe CBOMMH KOpHiMu coorBerctBenHo & H f. Hanuurew
MHOTOUNIEH, KOPHAMH KOTOPOTO CAYyXaT BCEBO3MOXHMWE CyMMh o +f;
ato Gyaet n s

¢ (x)=IT I (v — (e, 4-B ).
t=17=1

Kosdduunentn 9rtoro mHorounesa we O6yayT, OYEBHIHO, MEHAThCH
MpH MEpecTaHOBKAX BCeX O, MewLy co6o#, a Taxwe Bcex f, mexay
co6oit. OHH €BARIOTCH, CJAEAOBATENbHO, HA OCHOBAHHH TeOPEeMH o
MHOTOUYJeHaX, CHMMETPHYHHX N0 ABYM CHCTeMaM HEH3BECTHHX (CM,
kone § 53), mHorouneHamu or k03(PHIMEHTOB MHOTOYEHOB f (X)
# g(x). Uunan cnoBamu, xosdduuuenT MHOrodneHa ¢ (x) Okasupa-
IOTCSl PaUHOHANBHLIMH YHCJAAMH, H MO3TOMY 4uca0 a-t-f=a,+f,,
ABJISIOUICECT OLHUM H3 ero kopHeft, 6yaer aareGpamueckum,

I) He CJAeAyeT CMeLIHBaTb 3TOrQ MOHATHA C CONPFAXKEHHOCTBIO KOMNJAEKC-
HBEIX YHCEJ.
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Taxkum ke oOpasoM npi NOMOULM MHOTOYJIEHOB

W(-V)::ﬁ ISI [x—(ai_ﬁj)]

i=1 /=1

n s
x)=1I I x—aB)
i=1 j=1
nokasmBaercs anreSpanyuocts uucen o—f un af.

s A0Ka3aTenbcTBa aAre6PaNYHOCTH YaCTHOTO AOCTATOYHO NOKA3aTh,
4TO ecNH YHCAO o — aireGpandeckoe H OTAMYHOE OT Hya#, To a~!
Takxke 6ynaer anrebpaudeckum yucnaoM. IlycTb o caymuT Kopuex MHO-
rou’/exa

fxy=apx" +a,x" '+ ... H4a,_x+a,

¢ paukoHanpHuMH Ko3dduunentamn. Toria, OYeBUAHO, MHOTOUNEH
. n -
gxy=ax"+a,_x"" '+ ... +ax+ta,

TaKKe C pailnoHaldbHEIMHI KO3G(uuHeHTamn, 6GyieT HMETb CBOHM KOp-
HeMm 4Hucao o), 4yTo u TpPebGoBanOCh AOKA3aTh.

M3 noxasastiolt ceffuac Teopemu BHTekaeT, 4TO Jwbasd cymMma pa-
LMOHAMbHOTO YMCIAa M padukana, sampuvep 14 f/-z, a Takwe nwbad
CyMMa palaHKanos, Hanpumep I/S—i— {/5, 6ynyT anre6paHYecKMH YHC-
AaMi. Mal OKa He MOweM, OAHAKO, YTBEPXAATh a/AreGpaHyHOCTh Yil-
cen, 3alHChiBAEMEIX B BHAC «ABYX3TAXHLIX» pPalHKINOB, Hamnpumep

ancna V14 V2. 30 6yaeT 8bITEKaTh NHUIb U3 CASAYOWEH Teo-
pemb:
Ecau wucao @ cayscum rkopnem sHO20%AeHQ

Q) =x"4ax""14-pfx"" 24+ ... +Ax4p,

Kosgpunuenmot womopozo — anzebpauteckue HucAQ, mo © mMaKxice
Cydem anzebpauteckurss BUCAOM.

[lyets o, ﬁj, .evy Ay by DPOGETalOT YHMC/A, COMPSIKEHHBIE COOT-
BETCTBEHHO ¢ a, B, ..., A, 1, npuuem a,=oa, f;=0, ..., A, =A4,
py =p. PaccMoTpuM BCeBO3MONKNHE MHOTOY/EHH BHAA

Pljeens tX)=x"Fax""1 4+ Px""24 .. +Ax4p,

TaK 4T0 @y, 1, ..., 1, 1 (X) =@ (X), B BO3bMEM NPOH3BEAEHHE BCEX ITHX
MHOFOY/IEHOB
Fo= Tl  eui..set)
vy e es 8y

KoshduunenTs MuorouneHa F(x) CHMMETPHUHH, OYEBHLHO, N0 KaK-
ao#t w3 cuerem a;, By, ..., A, Wy, a mosTomy (cHOBAa 1O Teopee
u3 § 53) oHM cyTb MHOrOYJeHH OT KOIPODULHEHTOB TeX HEMPHBOLHMBIX
MHOTOYJIEHOB (C pauHOHAILHBMH KOSO(UUHEHTaMH), KOPHAMH KOTOPHX
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CNYXaT COOTBETCTBEHHO ¢, P, ..., A, [, T. €. caMH CYTb paitio-
Haiabhne uHcaa, Ynenao o, sBassch Kopuem aas ¢ (x), 6yaer, ciaeno-
BaTeAbHO, KOPHEM Muorouneda F(x) ¢ paunosanbusiMu kosdduuren-
TaMH, T. e. Oyner aareGpaHuecKIM YHCAOM.

[puMeHuM 3Ty TeopeMy K 4ucay m=V1 —{—I/Q. Yneao a=1+4

4+V'2 anreGpanuno no npexwAywied Teopeve H fI03TOMY YHCJIO ©
ABAAETCH KOPHEM MHOrousena x?—a ¢ aarebpaudeckumn kospduunen-
TaMH, T. e. caMo aareGpauuno. Boo6uie, npumeHsis HECKOIbKO pa3 05e
IOKa3aHuble cefuac TeopeMmul, uYHTaTenb 6Ge3 TPvia npuieT K CJAelyio-
nieMy pesyabTarty:

Bcearoe uucao, 3anucwgaesoe 8 pacurkasax HQO noaes paiyuo-
HaabHblx uucer (m. e. supaxcaioueecs 4epe3 CK0.s Y200HO CAONCHYIO
KOMOUHALUIO PaduKalos, 8 obuies CAYuae CHHO203MANHHXY), Cydens
a.12e0pautecKuM 4UCA0M.

Anre6panyeckiie uyHcjaa, 3aMHCHIBaEMBE B PaluKanax, COCTaBAAIOT,
ouepuato, noae. CreayeT NOMHHTH, OJHAaKO, YTO ITO 10fe, KAK BHTE-
KaeT M3 3aMeuyaHud, cilenanHoro (6e3 nokaszaTenbcTBa) B Koiue § 38,
OyaeT AuiIp 4acTbio noas Bcex airebpauueckux uucen.

Briwe 6ps1a oTMeueHa TpPAHCUEHAEGHTHOCTb ABYX uucen: e n 5. Ha camom
jefe, OQHAKO, TPaHCUEHAEHTHHIX uucen Geckoneuno Muoro. Boawue Toro, uc-
Nnoib3ysi MOHATHSA H METOALl, OTHOCAILHECS K TEOPHH MHOXMECTB, Mbl TOKaXeM,
YTO TPAHCUEHJEHTHHIX uHCeN, TaK CKasaTh, jaxke 00Jblue, uem uucea aarebpa-
HYeCKHX; TOYHBIl CMBIC STOrO BBHIPAXKEHHS CTAHET fACeH HHXe.

BeckoHeuHoe MHOXeCTBO A HA3bIBAETC CHEMHbIM, €CJAH OHO MOMET OHTL
NOCTABJEHO BO B3aHMHO OJHO3HAYHOE COOTBETCTBIE ¢ MHOXECTBOM HATYpaJbHBIX
YMcesd, T, € €CJH ero 3JeMeHTh MOryT GbTb NPOHYMEDOBaHbI NPH MOMOILH BCEX
HATYpaJbHLIX YHCEN, H HecHemHbiM —B NPOTHBONOJOXKHOM Cayudae.

Jlemma 1. Bceakoe Geckoneunoe mwuoxcecmeo M codeprcum cuemmuoe nodmno-
awecmao.

B camoM pene, Bo3abMeM B Al npousBosibHbil 9jemeHT a;. Buifepem 3artem
SJIEMEHT @y, OTJHYHHIL OT a;. BooGue, nycte B M yxe BHOPaKo n pasiHYHBIX
S]IEMEHTOB Qy, dy, ..., d, 14K KaK MHoxkectBo M, 6yayun GeckoHeuHbIM, He
MOXET HCUEpNLIBATHLCA 3THMH SJEMEHTAMH, TO MOMHO YKa3aTbh OTAHYHBI OT HHX
9JIEMEHT d,4,. [lponoaxas 3ToT npouecc, mbi Halizem B M Ceckoneunoe NMopMHo-
JKEeCTBO, COCTaBJieHHOE H3 3JeMeHTOB

Ayy Aoy seey Ay ooy

CUETROCTh STOrO MOAMHOIKECTBA OYEBMAHA.

JlemMmMma 2. Bcakoe Gecxoneunoe nodmroxcecmso B cuemnozo muozcecrnga A
Camo cHemmo.

Mnuoxecrso A, BBHAY €ro CYeTHOCTH, MOXKHO 3aNucaTb B BHIE

Ay, Agy eoey Qyy oo (1

[lycte ap, Oyner nepsnifl sneMenT nocjenosateqsHocTH (1), npuHazMeRawHi
K B, a,—BTOpOfi 3MeMeHT ¢ oTiM xKe cBoficteoM u T. . Ilonaras a, =b,,
n=1, 2, ..., ME NOJyYaeM, YTO 3JEMEHTH NOJMHOXKECTRA B COCTaBAMiOT noae-
IGBATEIBHOCTD

by, by, eeey by, ooy

T. €. 9TO0 NOAMHONKECTBO CUETHOE.
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JlemMa 3. O6vedunenue cuemHo20 MHOXECMER KOHEYHBIX MHONCECNS, no-
NAPHO He UMeuiux oBUjUX SAeMERMO8, eCMib CHEMHOe MHONMEeCmao.
[lycts, B caMoM jiesle, paHbi KOHedHLIE MHOXKECTBA

Ay Ag oy Agy ..

B NycTb HX o6benuHenne Gyger B. Mu mpouyMepyeM, O4eBHAHO, BCE 3JEMEHTH
MHOXeCTBa B, eC/d NPOH3BOJLHEIM 06Pa30OM NPOHYMepyeM SJeMeHThbl KOHeYHOoro
MHOXecTBa A;, 3ateM NpoJO/MKHM 3TY HyMepalHio, nepefjs K SAeMEHTaM MHO-
xkectBa A,, M T. .

JemMa 4. Obvedunenue Osyx cuemmubix MHONECMS8, ke umenuiux obuux
SAEMEHIMOB, €CiNb CUEMHOEe MHONCECME0.

Mycts Raus cyerHsle MHOXecTBa A C 3/MeMeHTaMH

Ay, gy seey Qyy oo
H B ¢ anemeHTaMH
by, by, ooy by, ..

M NycTh o6befHHeHHe STHX MHoXecTB 6yner C. Ecau MBI nOJIOXHM
Ap=Cop_1, bp=0Cyp, n=1,2, ...,
TO BCE 3/eMEeHTH MHOXxecTBa C GyAyT npeacTaBjeHH B BUJE NOC/EA0BATENbHOCTH
€y Cqy eovy Con_ts Cams onos

9T0 M JOKA3BIBAeT CYETHOCTh STOTO MHOXKECTBA.
Jokaxem Tenmeps C/lelylouiylo TeopeMmy:
Mroocecmso scex anzebpaudeckux uucea cu4emuo.
HokaxeM NpPEeNBAPHTENLHO CHEMHOCMS MHONCECIEA 6CEX MHO20HA2HO8 om 00-
HO20 Heu3gecmHroz0 ¢ yeabiMu Kodpguyuenmamu. Ecnu

[()=apx"+a,x"" '+ ... +a,_x+a,

—TaKOft MHOTOUNEH, npPUTOM OTJIHYHHI OT HyaAd, TO HasoseMm ebicomod 3TOrQ
MHOro4JI€Ha HaTypaJabHOe YHCJO

hy=n-lag|+lay i+ ... +laa_q|+la,l-

OueBHAHO, YTO CYLIECTBYET JHIUL KOHEYHOE YHCJO LEJNOYHCJEHHBIX MHOrOY/eHoB
¢ JaHHO#l BHICOTOH A} 0603HaYUM 3TO MHOXKecTBO 4epea M, Kpome Toro, uepes
M, 0603HaYHM MHOMXKECTBO, COCTOflee W3 O0AHOTO HyJas. MHOXeCTBO Bcex
LEJIOYHCJICHHBX MHOT04Y/1eHoB 6yaer oObeAHHEHHEeM CUETHOTO MHOXeCTBa KOHeu-
HHX MHoOXecTs My, My, M, ..., My, ..., T. &, N0 JemMe 3, OHO CYeTHO.

Otciofa, no JemMme 2, BHITEKAET, UYTO MHOXECMBO 6CeX UeAOYUCALHHUX
NPUMULMUBHOLX HENPUBODUMBLX MHO204AEH08 maKie cdemno. Mmu sHaeM, BMecTe
C TeM, YTo BCAKOE anrefpaHyecKoe YHCJO SB/IAETCH KOPHEM OQHOrO H TOJBKO
OJHOTO LEJOYHCIEHHOr0 NPHMUTHBHOTO HeNpHBOLHMOro Muoroujera. Co6upas,
CJe0BaTeNbHO, KOPHH BCeX TaKHX MHOTOYJEHOB, T. €. 6eps oGbelAHHEHHe cyeT-
HOFO0 MHOXECTBA KOHEUHBLIX MHOXECTB, MH MOJYYHM MHOMECTBO Bcex aJarefpan-
YeCKHX duce; 3TO MHOXeCTBO GyjleT, TakHM 00pa3oM, BBHIY JeMMH 3, CHETHHIM.

Hokaxem, HaKoHel, TeopeMy:

Murosicecmao 6cex mpancyeHOeHMABLX 4UCEA HECHeMHO.

PaccmoTpuM cHauana MHoxecTBO F Bcex peficTBHTEeNbHBIX YHcesa ¥, pacro-
JOXEHHHX MEXIY HyaeM H eguHuuef, 0 < x <1, U QOKamkeM, YTO M0 MHO-
acecmeo Hecwemno. H3BecTHO, UTO Ka)Joe M3 YKA3aHHHX YHCEN X MOMHO 3a-
NUcaTh B BHAE NPaBUJbHON 6eckoHeuHOH AecaTHuHOll ApobH

x=0, 0,0y ... &,; ...

U 4YTO 5Ta 3aMHCh OJHO3HAYHA, €C/IN He JOMYCcKaTb Apobeli, y KOTOPHIX I/ BCEX 1,
HauHHasa ¢ HekoToporo n=XN, BCE O, =9; 06paTHO, BCAKaA APoGb YKa3aHHOIO
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BHAa paBHA HEKOTOPOMY uHcay x u3 mHoxectsa F. [lpeamosoxum temeps, uio
MHOXecTBO F CcueTHO, T. €. 4YTO BCe YHCJAA X MOXKHO 3amucath B BHAE MOCJE-
ZROBaTEbHOCTH

Xy, Xgo ceey Xpy o one (2)
MyeTte

Xk=0, ak‘ak, cee ak" e

6yZeT samuch uucaa x, B Buie GecKoueuHoli RecaTHuHod apobu. Hanuwewm re-
nepb GeCKOHEUHYIO AeCATHUHYIO Apolb

0- 6152"'Bn"" (3)

noaaras f; OTAMYHBIM OT NepBOro AECATHHHOrO 3HAKa APOOH Xy, T. e. B, # oy,
P —OTIHUYHEIM OT BTOPOTO NECATHYHOrO 3HaKa LNPOOH Xg, T. €. P, # 0y, H. BO-
obute, B, # a,, Ilonoxnm, xpome Toro, uro cpean undp P, GecKoHeuHO MHOro
oTauYHBX of uuppw 9. ficHo, uto cyiiecTByer Apo6b (3), yloBAeTBOpsAOman
BCeM 3THM TpeGoBaHusaM. OHa siBnfieTCA, CNENOBATENBHO, YHCJIOM H3 MHOXKECTBA F,
HO, MO CaMOMy NOCTPOEHHMIO, OTJHYHA OT BCEX YHMCeJ MOCJeLoBaTeNbHOCTH (2).
3To npoTHBOpeuHe A0Ka3biBaeT HeC3eTHOCTh MHOXecTBa F.

CI0la  CJEAYeT  HeCHeMHOCMb  MHOXECMSBa 6CeX KOMNAGKCHOLX 4UuceA:
ecnn 6bl 0HO ObNO CYETHBIM, TO, BBUAY JieMMbl 2, OHO He MOIJ0 Obl COfepKaTh
HecueTHoro mnoAMHoxecTBa F. HecueTHOCTH MHOMXeCTBa BCeX TPAalCUEHACHTHLIX
qycen Tenepb, BBHAY JeMMbl 4, oueBHAHA, TaK KaK OOGbeAHHEHHE 3TOTLO MHOXe-
CTBa CO CYETHBIM MHOXECTBOM BCEeX aiare6pasuyecKuX 9HCE/l ABNSETICS MHOXKECTBOM
BCeX KOMIJIEKCHBLIX 4HCeN, T. €. HecyeTHO.

JlokasaHHhle HaMH [Be TeOpeMh [10KA3WBAIOT, BBHAY JeMMH }, 4TO MHO-
JKeCTBO TPAaHCUEHAEHTHHIX YHCEJ Ha caMOM fede ABJAAETCA MHOro 6osee GoraTuM
dJleMeHTaMH, T. €. CoJiee «MOLIHLIM?, 4YeM MHOKeCTBO anreGpaHyecKHX 4uces.



FJIABA TPUHAIIATAY
HOPMAJIbHASI ®OPMA MATPHILbI

§ 59. 3«BHBANEHTHOCTH A-MaTpUL

Mu euie pas BO3BpallaeMcs K BONPOCAM, OTHOCSILHMCH K NHHERAHON
anrcbpe. UnTtarteab ywme npH U3ydeHun rn, 7 yGeAHACH B8 TOM, KaKyw
BAKHYI0 PONb HrpaeT AoHATHe noaodHa martpuu. Mmenno, ase keai-
paTHLIE MaTPHUB MOPHAKA 7 10A06HH TOrAa B TOJALKO TOrAa, €CaH
OHW 3a1al0T (B pa3Hnx 6a3ax) onHO H TO we auHeltuoe mnpeo6Gpasosa-
Hue 7n1-MepHOro AuHeliHOro npocrpaucTsa, Mun 00ka He yMmeeM, OLHAKO,
OTBEYaTb Ha BOOPOC, NOAOGHW A ABE NaHHLE KOHKPETHbie MaTpHlbl
uan wet. C Apyroft cTOoponm, MH NOKa He yMeeM HAXOAMTb CpelH
BCeX MartpHll, n0XO0OHKX NaHHOW MmaTpuue A, MaTpHUy, HMEULYIO
B TOM H/JHM MHOM CMbiCle npocTelimufl Bui, u Aaxe sBonpoc 06 ycao-
BHAX, OPH KOTOPLX MaTpuua A noiobua auaroHanbHOd maTtpuue, 6ua
paccMotped B-§ 33 auwb 8 0AHOM 4acTHOM cayuae. Mmeuwo sTtH
BOMPOCH GYNYT paccMaTpuBATLCH B HACTOduieHd raase, npuuyeMm cpasy
Aa4 Cayuad fPOU3BOABHOTO OCHOBHOTrO nona P,

3afiMeMes CHA4ana H3ydyeHHeM KBAaLPaTHHX MaTpHIL nOpwAKa 7,
9AEMCHTAMH KOTOPHWX CAYKAT MHOTOWIEHHW OPONU3BOAbHHIX cTenenefl OT
0aH0ro HeussectHoro A ¢ ko3adduuuentamu u3 noas P. Takue mar-
PHILE HA3WBAIOTCH MHO20UACHHHMU MAMPUYA ML, NOAUHOMUGALHUMY
amampuyarls uan, xopoue, A-mampugasnu. [Ipumepom A-Matpuus cay-
WHT xapakTepucrHueckas Marpuua A —AE npousBoabHoil KsaapaThoft
maTpuits A ¢ 3seMedtamMu #3 noad P; Ha rnasuoft auaroxaan atoi
MATPHILN CTOAT MHOIOYJIEHH fepBOH CTeNeHu, BHe FAIBHON AHAaroHan —
MHOTOU/ICHW HyJeBOHA cTenewn uanm dHyan. Beakan marpuua c snemen-
TaMH M3 n0as P—rTaxkue MaTpUuL AA% KPaTKoCTH OyneMm Ha3uBaTh
YUCA0BHIMU MAMPULAME — TAKKE OYNeT 4aCTHHM CaydaeM A-MaTpHULL
€e I1eMEHTH WB/NIOTCH MHOFOY/IGHAMH HYAEBOR CTeMeHd HAN HYAAMH,

flyctv naua A-marpuna

@A) oo a1, (N
A(?x)=<a. e e e e >
a(d) cooag, (A)
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HazoseM saemenmaprnumu npeobpa3zo8arnusmu 9TOR MaTpunm npeol-
pa30BaHuy CAelyIOULHX YeTupex THIOB!

1) yMHOxenre 0GOH cTpokn MaTphuw A (A) Ha moboe uucAO o
H3 0039 P, OTJHYHOE OT HYNSR;

2) ymHOwesHe Mmo6oro cToabila Matpulltel A (A) Ha nio6oe uucno o
U3 noas P, OT.IHYHOE OT HyJd;

3) npubasnchite K A060# i-fl cTpoke Marpuum A(A) moGoH ee
Jj-# cTpokn, j==i, NPHTOM YMHOXKEHHOH Ha nOGOR MuOrousnen ¢ (D)
u3 koaena P{A];

4) unpubaBiaenne k aw6oMy i-my cToabuy matpuun A (A) moboro
ee /-ro croabua, J==i, NPHTOM YMHOMEHHUrO Ha /MmOBOH MHOTOuUAEH
@ (A) u3 xoasua P[Al.

Jlerko Bsu#aeTb, 4TO 04% Ka¥O0020 U3 INeMeHMAPHuX Npeobpaso-
sanull Ah-mampuys cywecmsyem oOpamuoe npeodpas’osanie, maxme
aganouieecs 3tesmenmapuois, Tak, obpaTunym aas apeoBpa3oBaHns
1} 6ynet aneMeHTapHoe npeo6pa3oBanie, COCTOALIEE B YMHOKEHHU TOf
Me CTPOKH Ha uHCA0 o~!, cyuecrsyioulee BBHLY ycaosra « == 0;
o6paTHuM 148 npeobpasoBadus 3) Gyner npeobpa3oBaHue, cocTOsUlee
B npn6apirenin K i-i crpoke ;- CTPOKH, yMHOWKEHHOH Ha —¢@ (A).

B mampune A(N) MOWHO npu nomouyt HeCKOALKUX SAeMeHMAp-
Hx npeobpazosanuldl nepecmasume Awbwe 08e cmpoxu uau aobse
dsa cmoadya. ‘

[MycTs, HampuMmep, HYXHO 0epecTaBuTb [-10 H /-0 CTPOKH MaT-
pitl A (A). DT0 MOXHO CHEAATh NPU NOMOILH YETHPEX SAEMEHTAPHHX
npeoGpa3oBaHuif, KaK MOKaswBACT CJCLYIOUIAN CXeMa:

G)=(5)=(2D=(2)=()

3nech nOCACAOBATENbHO BHIMOJAHANHCH TakHe npeodpasosaHud: a) Kk i-fi
CTpoke npubapasijacb j-f; 6) U3 /- CTPOKH BLIYHTAJNACh HOBAst {-y;
B) Kk HOBOH i-ff cTpoke mpubasasnach HOBas j-u; T) HOBa# ;- CTPOKA
yMHOWaaach sa — 1. .

Bynem rosoputs, 4rto A-matpuus A(A) n B(A) sxsusasenmum u
3anucLiBaTL 3TO CUMBOAOM A (A) ~ B (L), ecnu ot maTpuusi A (A) MowcHo
nepeiiTn Kk Matpuue B(A) npu MOMOUY KOHEYHOrO 4YUCAA SJIEMEHTAp-
HhX npeobOpa3oBatHuii, 3TO OTHOWeEHHE SKBHBANEHTHOCTH SABANETCH,
04eBHAHO, pedAeKCHBHHM W TPAH3UTHUBHLIM, 4 TAKWKE U CHMMETPHYHKIM
BBHAY CYU[ECTBOBAHHA AAN Ka}AOT0 2JeMEHTapHOTO npeoGpa3oBanust
o6paTHOTO 3JjeMeHTapHOTO npeobpa3oBanus. WHWMH claoBamu, 6&ce
xKsadpamusie h-mampuuyn nopadxa n wad nosem F pacnadaiomcs
HQ HenepecexKaioLiltecss KAACCH 3KBUBAACHMHHX Astampuy.

Hawei 6auwafinieit ueabio sBASieTC pasniCKanHe CpeAM BCEX A-MaT-
pHil, SKXBHBAJEHTHHX AAHHOH maTpuue A(A), MaTpUilk NO BO3MOKHOCTH
npoctoro Buaa. Jlas storo sBedeM ciaeaymollee nouatue. Kanonuye-
crofl A-aampungeli wasmBaeTcs A-MaTpuua, obaapaiomas CAEAYOULHMH
TpeMs CBOHCTBaMH:
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a) 9Ta MATpPHUA AyaroHajbHas, T. €. HMEeT BHA
e (M 0

32(7")_
(M

-

0 en (A)

6) Becakuit muorounes e;(A), i=2, 3, ..., n, Haueno mesnuTCA Ha
miorounen e;_, (A

B) crapwuit kosdduuMenT kaxaA0ro MHoroudesa e;(A), i=1,
2, ..., N, paBeH eaWHHLE, €CAH 3TOT MHOTOYJEH OT/JAHYEH OT HyJd.

3aMeTuM, 4YTO €C/M Cpely MHOTOY/IEHOB €;(A), CTOSLIUX HA rAaBHOA
AVaroHasH Kanouuueckoll A-marpuuu (1), BCTpeyaloTess paBHbE HYJIO,
TO, BBHAY cBojiicTBa 6), OHM HENPEMEHHO 3dHUMAIOT HA raaBHOH Aua-
ronain nocaeanue secrta, C ApyroH CTOPOHH, €C/AH CpeiH MHOrouJe-
HOB ¢;(A) BCTpPeualoTCs MHOTOY/EHH HY/JEBOH CTeneHH, TO, MO CBOHCTBY
B), Bce OHH pasuu | H, o coiicTBy 6), 3aHHMalOT Ha rjasHoft ana-
rosaa Matpuuun (1) nepsne MecTa.

K ancny KaHOHHYECKHX A-MATPHUL OPUHALIEKAT, B YaCTHOCTH, He-
KOTOPHIC YHC/AOBbIE MATPHUbL, B TOM YHC/JAE MATPULL €IAHHHYHAA H HY-
sneBad.

Beakaa A-mampuya 9x6UBANEHMHA HeKOMOPOL KAHOMUXECKON
A-sampuye, m. e., UHLLMU CA08AMU, OHA NPUBOOUMCS 3feMeHmap-
HoMlE nPeoOpPa308anUIME 1€ KAHOHULECKOMY 8UOY.

bymeM pokaswBaTh 3Ty TeOpeMy uHAYKuue# no nopsaaky 7z pac-
cmartpusaeMux A-matpuil, Je#crBurenbHo, npu n==1 6yner

AR)y=(a ).

Ecau a(A)=0, 10 mama marpuiua ywe kauonwuueckas. Ecan we a (A) &
= 0, T0O 1OCTaTO4YHO pa3geAuTb MHOTOYNeH a(A) Ha ero crapluui
ko3pduuneHT — 910 OyleT 3neMeHTapHOe npeo6pasoBaHNe MATPHILH — U
MB MOJYYUM KAHOHHYECKYIO MaTpHILy,

[lycts Teopema ywe noxkasana A A-matpuu nopaaka n— 1, Pac~
CMOTPHM MPOH3BOJBHYI0O A-matpuuy A (M) nopsaka n. Ecan ouna uyae-
Bas, TO ywe SBAMETCA KAHOHMYECKOH M HOKa3WBaTh Heuero, DByaewm
CYHTATb MOSTOMY, YTO CpPedH S/eMeHTOB MaTpuun A (A) uMeoTca He-
HyJeBuie,

[Tepectasnsg, ecayu NOHaxoOGUTCH, CTPOKM U CTOAGLE MaTpuun A (A),
MOXHO [EPEBECTH OJHH U3 HEHYJIEBHX 3/EMEHTOB B J/EBLIH BePXHHM
yroa. Taxum o6pa3om, cpesn A-Marpuu, sksusa/teHTHuX MaTpuie A (M),
UMeIOTCA TaKHe, B NeBOM BEpPXHEM yr/Yy KOTOPHX CTOUT HEHY/EeBOil
MHorouneH, PaceMoTpaM Bce Takde MaTpHus., MHOrou/ienw, CTOfIHE
B /1eBOM BEPXHEM YTy 3THX MaTpHl, MOTYT UMeThb Da3ihie CTEnenH,
Crenenb MHOrOuY/neHa #ABASETCH, ORHAKO, HATyPaabHLIM YUCJAOM, & BO
BCAKOM HEMYCTOM MHOWECTBE HATYPAJIbHWX YHCEN CYUIECTBYET HaMMEHb-
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niee 4HcAc. MoxHo HaliTH, cileAoBaTenbHO, CPeAH BCeX A-MATpHL, SKBH-
BANEHTHHIX Matpuue A(A) M MMEIO(HX HEHYJNEBOH 9JeMeHT B JEBOM
BEpXHEM YTy, OAHY M3 TaKHX, UTO MHOTOY/IeH, CTORUIHH B ee /JeBOM
BEPXHEM YTy, MMeeT HaHMEHbLIYI0 BO3MOXHYI0 cternenb. Jlend, Hako-
Hell, TePBYI0 CTPOKY 9TOH Matpuus Ha cTapiuuit kosdduunent yka-
3aHHOTO MHOr'OY/IeHa, Mbi MOAYYHM TaKyl0 A-MaTpMLLy, SKBHBAJICHTHYIO
MaTpule A (A),

el (A by A) .o by (A)
b

Ay~ | ) () b )

. . P

bnl (?") b (7") oo brm 0\‘)

4to ey (M) 550, crapwuit xosdduIHEHT STOr0 MHOrounera pasen |
H HUKaKOH KoMOGUHaUMeHh sneMeHTapHHX npeobpaso-
BaHHK HenNb3d nepeliTH OT NONYYEHHOH MAaTpPpHUM
K TAKOH MaTpuie, B JeBOM BepXHeM yriay KOTOpPOH
cTo4a OB HeHYNeBOfi MHOrouYJeH MeHbUIe#l CcTemeHwu,

HoxaxeM, 4TO 8Ce assemeHmb nepgoll CMPoOKL U nepsozo cmoibua
noayuennoli mampunp wnaueso deasmcs wa ey (A). Ilyctb, Hanpumep,

e 2<<j<<n
by My=e, Mg M) +r (),

rae cteneHb r(A) MeHblie crenend ey (A), ecan r(A) OTAHYHO OT HyAd.
Toraa, Buuntas w3 j-ro cronbua Hawe#d MaTpulUb ee nepsuit cronbel,
yMHOWeEHHBIt Ha ¢ (A), a 3aTem nepectaBads nepBuft H j-H croabus,
MEl TIPHIEM K TakoW MaTpHue, sKBuBaneHTHOH MaTtpuue A(A), B neBoM
BEPXHEM YTy KOTOPOH CTOMT MHOrOuY/ieH r (M), T. e. MHOTOYNEH MeHb-
well cTeneHy, yeM ey (A), 4TO MPOTHBOPEYHT BHIGOPY STOFO0 MHOrOUYNEHA.
Orcoaa caexyer r(A)=0, 4uT0o H Tpe6oBa/NOCh HOKA3aTh.

BuunTtas Ttenepp u3 j-ro cTronbua Hawel MaTpHub ee nepBuiff CTOM-
Geu, ymuoweHHn#t Ha ¢ (A), My 3amennm snaemedT by; (A) nynem. Henas
Takue npeobpas3oBaHud aad j=2, 3, ..., 7, MH BHMEHHM HYASIMH Bce
saeMeHTH by (A). AHANOTHYHEIM TyTeM 3aMEHSIOTCS HYAsMH H BCe Sae-
MeHTH by (7») i=2, 3, ...,n. Mo npudem, caegogamenrsno, ¥ maroi
Mmampuge, axauaa/zeumuoﬁ mampunge A(A), 6 sesorn eepxHem yaay
Komopoli cmoum MHOZ2ouAeH ey (M), @ 6ce ocmMaAbHbe 34eMeHmbl nep-
80l cmpoKxlu u nepgozo cmoabya pasHu Ry,

e;(A) 0 ... 0

A~ O ca®oc® ) 2)

0 ,,2(7») ,,,,(7»)

[To WHAYKTHBHOMY mpeanonoweHuio, MaTpuua (n7—1)-ro nopsika,
CTOSIAS B NPaBOM HMUMKHEM YLy MNONyYeHHOH HaMu MaTpuun (2)

b
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SAEMEHTAPHHIMH npe06paaoaaunm\m NPUBOAHTCH K KAHOHHYCCKOMY BHAY:

A
(622(}“)'--52,:(7\)) /32(),. 0

Cno (};) . -.' ;:n;; (}"). \ 0 ) e, (}\)

Cosepiuns 3TH Xe npeo6pa3oBasusd HAL COOTBETCTBYIOLHMH CTPOKaMH
I crobuaMH MaTpHuue (2)—npH STOM NepBas CTPOKa H MepBwit cTOA-
6etl 3TOH MATPHUW OCTAHYTCA, O4YEeBHIHO, 0€3 H3IMEHEHHsS,— MHl M0J]y-
4iM, 4TO ey (A) 0
e, (M)
AR) ~ . . . @)

0 ex (M)
HOns pokasatenbcTBa TOro, uto MaTpuua (3) smAmeTcs KaHOHMueS-
CKOM, OCTaeTcs MOKa3aTh, YTO ey (A) Haueno Aeautcs ua ey (A). Ilycts

ey (M) =¢e, (A) g (M) +r (),

rae r(A)s=0 u cremenn r(A) menbute ctenenn e, (A). [Ipn6asans,
OJHAKO, KO BTOPOMY cTOA6UY MaTpulbl (3) ee nepsuii ctonber, yMHO-
weunnil Ha g (A), a 3ateM BHUWTAR H3 BTOPOH CTPOKH MEPBYK CTPOKY,
Mb 3aMEHHM 9TeMeHT e, (A) snementoMm r(A). [lepecramasii, naanee,
nepsbLie ABE CTPOKY M MepBhe ABa CTON6IA, MB MEpeMecTHM MHOTo-
ujen r(A) B JieBLI BepXHUHA YTOM MATPULL, YTO NPOTHBOPEUHUT, OJHAKO,
Ba6OPY MHOrousneua e, (A).

Teopema o npuseseHun A-MaTpHLBL K KAHOHHUECKOMY BMAY JOKa-
3aHa. JTa TeopemMa NOJKHA OGHTL AONONHEHA CeAYio:eHl TeopeMO#
CAHHCTBEHHOCTH:

Beaxas h-mampuya 3xsusasenmue Auls 00HOl KaAHOHUYECKOH
Mmampuiie.

B camom pgese, nycth paHa npousBoibtiadw A-matpuma A (A) no-
psaka n. PukcHpyeM HeKOTOpOe HaTypanbHoe uuciao &, 1<Ck<Cn,
W paccMOTPHM BCe MHHOPH k-ro mnopsaka matpuusl A(A). Beyucass
3TH MHHOPH, Mbl HOJAYYMM KOHEUHYIO CHCTEMY MHOTOUYJICHOB OT A;
HauboabLIufl OOUWiMH AeauTe]b 3TOH CHCTEMH MHOLOQY/EHOB, B3HUTHI CO
crapuny kosthduuuentom 1, o6osnayum uepes d, (A).

Mb uneeM, cleJOBATENbHO, MHOCOUJEHH

dy(A), dy(A), ..., d,(A), (4)

ONHO3HAUYHO onpejeaneMpe camoll wMartpuuei A(A).
Ipu srom d, (A) ectp Hauboabwui o6uHil NeNHTeNb BCEX SAEMEHTOB
matpuub A (A), B3aTHH ¢ kosdduumentom 1, a d,(A) pasen ompexe-
antemo marpuite A(A), meneHHoMy na ero crapunit xosdduumenr.
3aMeTHM TaKke, 4TO ecau matpuua A(A) umeer panr r, TO

d 1 (WN)=...=d (h)=0,
B TO BpeMs KaK BCE OCTAAbHLIC MHOTOUYJICHW CHCTEMb! (4) OT/AHYHBE OT HYA4.
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Haubonvuuli obuuli oesumens d, (M) scex munopos k-20 nopsdxa
A-smampuys A(N), k=1, 2, ..., 71, He MeHAemca npu GuNOAHEHUU
8 mampune A(N) anesenmaprsux npeobpasosanui.

D10 yTBepKAeHHE NMOYTH OYEBHAHO AJA% TOro CJydas, KOraa 8 Mart-
puue A (A) sunoaunercs anementapHoe npeobpasoranne tina 1) nan 2),
Tak, sanpusmep, ecan i-1 CTPOKA MATPHULW YMHOWAETCA HA YHCIO & u3
nont P, =40, To Te MHHOPH £-ro HOpsAKa, uepe3 KOTOpwe [-a CTpoKa
NPOXOAHT, GYRYT YMHOKATLCA HA O, BCE We OCTaAbHLIE MHHODPW X2-r0
nopsaaka ocraHytcs 6e3 uamernenus, OuHako npu paswckanua HanGOMb-
piero oflLero AenNTeNs HECKOAbKHX MHOTOY/eHOB MOGHE H3 3THX MHO-
TOYNCHOB MOXNO GECHPensTCTBEHHO YMHOWATb HA OT/HYHLE OT HYAd
yucaa M3 nons P,

Paccyorpus Teneps sneMedtapuue npeofpasosanun Tina 3) Han 4),
Ilyctb, Hanpumep, K i-if crpoxke marpuun A{A) npubasasercd ee
J-% CTpOKa, j=&i{, yMHOweHHas Ha Muorouled ¢ (A); moaydvawouryrocs
nocae 3Toro npeo6pasosanus MaTpHuy o603HAUNM deped /Z\-(k), a Han-
60bwiHH OOWIHA MeauTeab BCeX €€ MHHOPOB A-r0 MOpsAKka, B3ATHR
co crapuwnm kKodddunuenrom 1, —uepes Zk (A). TMocmortpum, uro mpo-
HCXOAUT NPH yKa3aHHOM NpeoOpa3oBaHHH ¢ MHUHOPAMH R-r0 MNOPALKA
marpuus A (A).

SlcHo, 4yTo He OyAyT MeHATHCA T€ MHHOPH, Yepe3 KOTopHe i-1 CTPOKa
ne npoxoaur, He MeHslOTCA H Te MHHOPM, Hepe3 KOTOPHE MPOXOoAAT
Kak i-%, TAK H j-A1 CTPOKM, TaK KaK ONpeIeIHTE]Ib He MeKieTCs OT
npubasiaeHust K OJIHOH ero CTPOKe KPaTHOro Apyrofl ero CTpoki,
Bossasew, nakonen, mo6ofi 113 Tex MHHOPOB R-rO 1opsijika, 4epes Ko-
TOpHE MPOXOZHT i-1 CTPOKA, HO He MPOXOLUT j-s1; 0BO3HAUHUM ero
uepes M. COOTBETCTBYIOULHH MHHOP MAaTPHLL A (A) MOXHO MPEACTaBHTD,
O4eBHAHO, KaK CYMMY MHUHOPa M W yMHOWeHHOTO Ha ¢ (A) munopa M’
marpuubn A{A), noayuamouierocs M3 MuHopa M 3aMeHOH 3.1eMeHTOB
i-# cTpoxy MaTPpHUK A (A) COOTBETCTBYIOUIHMH 31€MEHTaMI ee /- CTPOKH,
Tak xax u M, u M" nenarca na d,(A), To u M+ @ (A)M" Oyaer ne-
authes Ha d, (A).

U3 ckasaunoro ciaeayer, yto BCE MHHODH R-r0 110DPAAKA MATPHUM

A () naueno neastcs na d, (L), a nostomy u d, (A) meautcst wa d,(A)
Tax kak, oAHaKo, A4S PaccMATPHBAEMOro 3.JIeMEeHTapHoro mpeo6Gpa3o-
BaHHA CylIecTByeT ofpaTuoe 3JeMeHTapHoe mnpeo(pa3oBaHiie TOrO e
Tuna, 10 U dy (A) nenurcst Ha d,(A). Ecan we yuectb, uro crapuine
K03 uUHEHTH OBOHX STHX MHOTOY/JEHOB paBHuW 1, TO (.1-,,(7\.)=dk ),
4YyTo H TP260OBAJOCH AOKA3aThb.

Takum 00pasoM, 8cess A-Mampunas, 9KG8UBAACHMHNM Mampule
A(}L), coomsemcmeyem ocun u mom e Habop mHoz2otaerHo08 (1). ITO
OTHOCHTCH, B YaCTHOCTH, K J0G0#l (ecin HX HECKOTbKO) KaHOHH-
yeckolt MaTpuue, skBhBadentuHod A(A). Ilycts (3) Gymer oaxa u3
TakHX MaTpHl.

13 A. T. Kypom
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Bewuncaum  mHorouneH dp(A), k=1, 2,..., n, mnoab3ysch MaTpH-
neit (3). icHO, 4TO MHHOD A-ro NOpsAAKa, CTOANIMH B JIEBOM BEPXHEM
yray 3Tolt MaTpHIlHl, PaBeH TMPOU3BEICHUIO

et (M) ex(d)...ex (M) (5)

Ecnu, nanee, Mol GepeM B MaTpuie 3) MHHOD k-ro nopsaxa, crosuimit
B CTPOKaX C HOMEpPaMU iy, iy .oy fp THE I3 <dg<loow <ip
M B CTONOLAX C TEMH e CAMBMH HOMEDAaMH, TO 5TOT MHHOp
pasen npoussencHnio e, (A) €5 (A)...€;, (A), KOTOpOE Ineaurcs Ha (5)
Heiicteutensio, 1=Ci; u nostoMy e (A) nmeaurcs Ha ey (A), 2=,
M TO3TOMY €;,(A) memurcst Ha e, (A) w- . o Haxowen, ecan B marpuie (3)
B3AT MHHOD k-ro MOpfaaKa, uyepe3 KOTOphId XOTd Obl XA OZHOrO [ Mpo-
XOAHT {-f CTPOKAa TOfl MATPHIB, HO HE MPOXOAHT ee (- cToaben, TO
5TOT MHHOD COJEPKHT HYJEBYIO CTPOKY W MOSTOMY PaBeH HYJIO.

W3 cxasannoro caexyer, uto mnpousseacHue (5) w1 Gynmer HanGoJb-
UM OOWIMM JeauTesNeM BCEX MHHOPOB AR-ro mnopsaxa Matpuusl  (3),
a noaroMy ¥ ucxoanod marpuust A (A),

dk()‘)=el()") ez(}“)“'ek(;")’ k=1’ 2,..-,’1- (6)

Teneps JErKO TOKA3aTh, UYTO MHO204AeHb e (), =1, 2,..., n,
00HO3HAUHBIM o0pa3os onpedeasiomcs camoil  Mmampugeli  A(L).
IMIycto paur sTolt marpuns pasen r. Torma, Kak Me 3HaeM,
d,(M)#£ 0, vo d, . (A)=0, a noaromy, seuay (6), e,(A)=0. Orciona,
BBUIY CBOHCTB KaHOHMYECKOH MaTpuuB, BooGuie CAELyeT, YTO €CJaH
paHr r marpuun A(A) meHslEe A, TO

en )= €ry2 M=...=e, (})=0. (M

C nmpyrof#t cropouws, nas B<Sr w3 (6) caeayer, seuay dp_, (A) # 0, uro
dy (A

e (=725 ®

DTHM 3aKaHYMBaeTCa JOKa3aTeJbCTBO  €IUHCTBEHHOCTH KaHOHMYe-
ckoro Buxa A-matpuust. OpHOBpeMEHHO MBI NOJAYUMJAH CHOCO6  Heno-
CPEACTBEHHOTO pa3biCKaHUf  MHOTOWJIEHOB € (A), Ha3BIBaeMBIX  UHEa-
pUuaHmHu M MHoxdcumenamu MaTpuust A (A).

ITpumep. IlpuBecTd K KaHOHHUECKOMY BHAY A-MaTprLy

3 2
A 0\’)=@2——h 2) )
+ 5A 3A

BrinosHsa uemouky 3.MeMeHTapHBIX Dpeo6pa3oBaHuil, HoJydaeM:
2 10
A(A)~<A3—?» EV) ( B —gh—d °)~
A4-5L A A - 5x A

[aw— D O)N(M—m’—sx o)~(x o
0 A 0 Ao am—toe—a)
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C npyroff CTOPOHH, MOXKHO OHJIO OH HENOCPEACTBEHHO BHIYHCIHTG WHBA-
pHaHTHEIE MHOXHTenu MaTpuust A (A). HMenHo, Buuucasa HauGonbmuit oSwuid
JieJIHTe)b BJEMEHTOB 9TOH MAaTpHUH, MOJyuaem!

d; (\) =e; (\) =M.
Boiunensa e onpenenutens MaTpuun A (A) # sameyas, 9TO €ro crapwud kosd-
¢HuHeHT paBeH 1, nosayuaem:
da (A) =A% — 1008 —3A2,
a nosToMy
ds (A

es (A) =m=lﬁ— 1012 — 3A.

§ 60, Yammoayaspable A-MaTpuusl, CBA3p mOAOGHA QHCJ/IOBBIX
MAaTpUll ¢ 9KBUBAJECHTHOCTHIO HMX XaPAKTEPHCTHUECKHX MATPHIL

M3 pesynbTaToB npepuecTsyouero naparpada BHTEKaeT OLHH KPH+
Tepui 3KBHBAJIEHTHOCTH A-MaTPHL, KOTOPOMY MOWHO HPHIATh CJAELYIO-
1He JBE NOYTH TOWAECTBEHHHE (DOPMYIUPOBKH:

[lse h-mampuuys moa2da u moasko mo20a 9K6UBANEHMHY, eCAll
OHU NpUBOOAMCS K OOHOMY U MOMKY e KAHOHUULeCKOMY 8UAY.

se h-mampuysl mozéa 1 mMoAbLKO mo20a 9IKBUBAACHMHN, eCAl
OHU 00Aa0QIOM O00UKAKOBLIMI UHBAPUAHMHBMIL MHONCUMEAIMU.

BuiBemesm eute omud KpuTepuit, nMeouini yxe HHOM xapakrep,

Mui 3HaeM, YTO K YHCAY KAHOHHYECKHX A-MATPHL NPHHALIEKHAT
eaunuyHag Matpuua E. Hazosem A-matpuuy U(A) yrumodyaspuod,
ecnu OHa HMeeT MaTpuuy E CBOMM KaHOHMYECKMM BHAOM, T. €. eCd
BCE e€e MHBAPHAHTHbIE MHOMXHTE/NH PaBHH €IHHHLE.

A-smampuya U(N) mozda u moasko mozda ynumodyaspua, ectu
ee onpedesumens omaltien om HYAA, HO He 3asucum om A, m. e,
SBAREMCA OMAUYHBM OM HYARL HUCAOM U3 OCHO8HO20 noas P.

Hesicteutensno, ecan U(A) ~ E, To 3THM AByM MaTPHUaM COOT-
BETCTBYeT OXHH M TOT ke muorowien d,(A). Oxnako mns eauHHyHOH
matpuisl d, (A) =1, Orcioaa cjenyer, 4to onpenenurens MaTpuus U (X),
orinuaomuiics or d, (A) AL OTAHYHEIM OT HY/IA YHUCJOBHM MHOXH-
TejeM, GylJeT OTAHYHBIM OT HyAs uyuciaoM u3 noas P, O6patHo, ecau
onpeaeaurens MaTpuuu U(A) oTnanyes OT HyAs ¥ He 3aBHCUT OT A, TO
ans 9ToH MaTpuunl MHorouned d,(A) Oymer pasen 1, a mnostomy,
no (6) u3 npeasiAyuwero naparpada, Bce MUHBapUAHTHHE MHOXHTENH e;(A)
marpuuel U(A), i=1, 2, ..., n, paBHb efuHule.

OT1ci0na CAeLYET, YTO BCAKAR HEBLIPONCOCHHAS HUCA08AS MAMPUUQ
26451emCa YHUMOOYAAPHOL N-Mampuyeli. YuumozLyaspHas A-marpuua
MOMET HMeTb, OJHAKO, OueHb caoxHuil Bux., Tak, A-Marpuua

( A A5
A—A—4 M—)p3—4A2-5M—5

YHUMOAY/APHA, TAK KaK ee ompexenurens pased 20, T, e. OT/NHYEH OT
Hyn1S W OT A He 3aBHCHT.

13*
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U3 noxazannoil BHIle Teopemw ciaeayeT, HTO npou3gedexue yHu-
MOOYAAPHLIX  A-MATPUY  CAMO  YHUMOOYAAPHO — NOCTATOYHO  BCMOM-
HHTB, YTO MPH YMHOXEHHH MATPHlL HX OMpPEAeIHTENH MepeMHOKAITCH.

A-marpuya U(L) To20a u T046K0 To20a YHUMOOYAADHA, ecau Oaa kee
cyujectayer o6paTHAA MATPULA, TAKNHE ABARIOWAACE A-saTpuyed.

HeHcTBHTENBHO, €CIH NaHa HCBHPOXAEHHAST A-MaTpuua, To, pasu-
CKHBAA OOHYHHM CHOCOGOM O6GpaTHYIO MaTpHUY, MH HOMKHW OyreMm
JeNnTh ajirebpanyeckie IOMOJHEHUA K 9J€MEHTaM OaHHOM MaTpuUM Ha
onpejenuTeNb 3TOW MaTPHUM, T. €. Ha HEKOTOPHH MHOrOuneH oT A,
ITostomy B ofuiem cayuae saemenTh obGpathHoHt marpuuw 6yayT paiino-
HaNBHHMH Ipo6AMH OT A, a He MHOroujneHaMH OT A, T. €. 3Ta MaT-
prua He 6yaet A-matpuuei. Ecanm ke nasa ynumomyaspuas
MaTpHua, TO AEAHTh aJarebpaHueckHe MONOJHEHHS NpHAETCS NAHWb Ha
OTNIHYKOE OT HyJAs 4HCAO M3 noas P, T. e. sneMeHTH o6paTHoH MmaT-
prith 6ynyT MHOTOYJeHaMH OT A H MmO9TOMY ofpaTHas MaTpHlla caMma
6yner A-matpuuefl. O6patho, ecan A-matpuua U (M) oGaamaer o6paTHofi
A-marpuueit U~1(X), To onpezenntean STHX 06eHX MaTpHL fBAAIOTCA
MHOTOUJIEHAMH OT A, uX mpou3Beaenue paeHo 1, a moatomy o6a onpe-
LennTeIn HOMKHH GHTh MHOrOYJEHaMM HyJaeBoH cTemesi,

U3 nocrennero saMeuanns BwWTeKaeT Takoe po6aBienye K ROKa3aH-
HOH ceifyac Teopeme:

A-marpuya, obpatnas K& yruMOOYARpHOL  A-MaTpuye, caMa ynuMO-
Oyasapua.

IlonsaTHe YHHMORYNAPHOH MATPHIUHL HCHONb3yeTCss B HOPMyIHpOBKE
C/eAYIOLIETO HOBOTO KPHTEPHA SKBHBANEHTHOCTH A-MaTPHI:

Hee A-martpuypt A(M) u B(A) nopsdka n t1o2da u Toasko To2da
SKBUBAAEHTHbL, eCAll CYWeCcTaYwOT Taxue YHuMoOyaapHole N-MaTpuyst
U(A) u V(A) 1020 e nopadxa n, uro

BMA)=UMARM) V@A) (1)

BeeneM cnayana cneayiouiee rnoHsTHe, HCNOAb3yeMOe NpH NOKa3a-
TENhCTBE STOro Kputepna. HasoBeM ssemenTapnoli MaTpuUyeR 4HCIOBYIO
(1, cAenoBaTenbHo, A-) MaTpHILY

1 0

e G @), 2)

OTANYAIOWYIOCS OT €AMHHYHON MATPHUNW JAHIIb TEM, YTO HA HEKOTOPOM
i-M MecTe rnapHOW awaronanu, 1<Ci<{n, CTOUT NpPOU3BOABHOE YHCAO O
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u3 noas. P, ornuunoe ot nyasa. C npyrof CcTOPOHM, Ha30BeEM
TaKKe dAeMenTapHotl marpuyed A-MaTpHuLy

Loo.g@)... { @) . 3)

OTJIHYAIOIWIYIOCS OT E€AHHHYHOH MaTpHUM JHIIL TeM, YTO Ha nepeceuve-
HHH i-H cTpoku M j-ro eroabua, 1 <(i<(n, 1< j<{n, npuuem i==j,
CTOMT MpPOM3BOJbHHHA MHOrounes @ (A) u3 konsua P[A].

Bcakas aaemenrapras marpuya yrumoOyaspra. B camom mene, onpe-
IenuTeab MaTpHUM (2) paBeH o, HO, 10 YCA0BHIO, @ 5= 0; onpenenuTenb
e MaTpuuel (3) paseH 1.

Boinoasnenue e A-marpuye A(N) 06020 3aemerTapHo20 npeot-
PA30BARUA PABHOCUALHO YMHONCEHUIO 3TOU MATPUYbL CACBQ UAU CnPABA
HQ HEeKOTOPYIO 3NEMEHTAPHYIO MATpuyy.

JelictsurensHo, uurarenb O6e3 Tpyda NpPOBEPHT CNpaBeITHBOCTD
CleAYIOLMX YeTHpex yTBepkaeHd#: 1) ymuoxmenue MaTpuum A (M) ciesa
HA MAaTpuuy (2) PABHOCHABLHO YMHOWEHHUIO {-i CTpoku MaTpuun A(A) na
yHeao o 2) ymHowednHe Matpuun A (A) cnpaBa Ha matpuuy {2) pasmo-
CHABHO YMHOXEHHIO {-r0 cTon6ua matpuun A (A) Ha uncio a; 3) ymHoxe-
nue matpuun A(A) cnesa Ha. maTpuuy (3) PaBHOCHIbHO NpuGaBIEHHIO
K i-# crpoke Mmartpuun A(M) ee j-ii cTpoxH, yMHOMeHHOH Ha @ (A);
4) ymHoxenHe marTpuub A (A) cupasa Ha MaTpHUy (3) PaBHOCHILHO MpH-
GasneHulo K j-my croabuy marpuus A (M) ee i-ro cronbua, yMHOMeH-
noro Ha @ (A).

[lepefimem Temepp K JOKa3aTeAbCTBY HAWETO KpPUTEpHUA
SKBHBAaNEHTHOCTH A-MmaTpuu. Ecim A(A)~ B(A), T0o or A(})
MOXHO nepediTH K B (M) npn noMomu KOHEYHOrQ uMC/Ia 9IeMEHTAPHLX
npeo6pa3oBaniii, 3aMenas KauAOe H3 9THX NpeoOpa3oBaHHA YMHOXEHHEM
cleBa HJIH CMpaBa Ha 9S/MEeMEHTAPHYI0 MAaTpHLY, Mh NpPHAEM K PaBEHCTBY

BM=U M) ...U MAM V(M) ...V (D), 4
rze sce Martpuust Uy (A), ..., Ug (M), Vi (), ..., V,(A) anemenTapuu H,

C1e0BaTe/NIbHO, YHHUMOAYNSPHH, YHHMOLYJNsipHHIMH OyAyT MO3TOMY H
MaTPHLL -

UMN=U M ... U\, . V=V, (N)...V, (N, (5)

SIBNAIOLLHECH NPOU3BEACHHAMH YHHMORY/ISDHHX MATPHL, & PaBeHcTBO (4)



374 HOPMAJIBHAA ®OPMA MATPHIH (ra.13

nepennuierca B Buae (1), 3amertum, uro ecsau, Hanpumep, k=0, T. e.
9/ieMeHTapHKe NpeoGpa3oBaHus COBEPHUIANHCH JHIIb HAaA CTOAGUAMH, TO
nonaraeM npocro U(A)=

[Mposeaenass HaMU YacTb J0KAa3aTeJbCTBA M03BO/MSET OAHOBPEMEHHO
BHICKA3aTh CJAEAylOUlee YTBepHIEHHe:

A-yampuna mo2da u MmoAbKO m020a YHUMOOYAAPHA, eCAll OHQ
npedcmasuma 8 8ude npou3sefeHUs IACMEHMAPHLX Mampuy.

B caMoM mene, MH ywe rnonb30BajAHCh TEM, YTO NMPOHU3BElNeHHE 3Me-
MEHTApHHX MaTpul, YHuMoayaspuo, OO6paTHO, ecAH daHa NMPOHU3BOJbHAH
yHuMoayaspuas matpuua W (M), TO oHa SKBHUBAJNEHTHA eNHHHYHON MaT-
puue E. [Tpusmensist npoBesesHoe Buillle N0Ka3aTeJlbCTBO BMECTO MaTpPHLL
A(A) n B(A) x marpuuam E u W(A), Mu u3 (4) noayuum paBeHCTBO

WR=U, A) ... Uy W) VA ... V,(A),

T. e, matpuua W (A) oxazajachb NpeACTABJACHHON B BHAE NMPOH3BEAEHHSA
B7EMEHTaPHHIX MaTpHIL.

Tenepb /J€rK0 MNPOBECTH B AOKAa3aTeAbCcTBO OGpPAaTHOTO
yTBepMAenud namwero kputepus. [lycrs nas marpuu A(A) u
B()\) cyurecTByioT Takue yHHMOAYAspHue maTtpuus U (A) u V (A), uto
umeer mecto pasenctso (1). [To mokasanuomy, matpuus U(A) u V(A)
MOHO NPEeICTaBHTb B BHJE NPOH3BEAEHUN DJAEMEHTAPHHX MATPHL; MYCTh
910 OyayT npelAcraBaenus (5). PasenctBo (1) mepemmmercst Teneps
B BHAE (4) M, 3aMEHss KAWA0e YMHOXKEHHE Ha 3JeMEHTapHYIO MATpHUY
COOTBETCTBYIOIUHM 9/1€MEHTAPHHM NPeO6GpPa3OBaAHNEM, MK NTOJYYHM, HAKO-
new, uto A (A) ~ B(A).

Martpuynsie muorouiesnt, Ha monsTne A-MaTpHuW MOXKHO OOCMOT-
peTb ¢ COBEpILIEHHO HHOH CTOPOHH, Haszosem mampuurnsism h-MHO2041e-
HOM rnopaoxka n Had notes P wmuorounen ot A, kosdduuHEHTAMU
KOTOPOro CJY:KaT KBAaApaTHbiE MaTPHIUL OZHOrO H TOrO e moPsiakKa n
C 3aeMeHTaMH H3 mnoas P; ero oGuiHM BUaoM Oyner

A - ANF-L L A A A, (6)

[Tonumas, B coorBetcTBuu ¢ § 15, y\mometme MaTpHuUW A; Ha
AR-l =0, 1,..., k, xax ymuowenue Ha A%-! Bcex aneuen’roa
MaTpuun A;, a 3aTeM BHMOJHSA CIOKEHHE MATPHIL B COOTBETCTBHH C TEM
we § 15, Mu noayunM, 4T0 scaKul mampuiHol A-mnozousen nopadka n
MOXCHO 3anucams 8 ei0e A-mampuyv nopaoxa n. Tax,

(ci)ar (o 7w+ (o )i (0 o) = (0" 7))

O6patHo, scaxas A-mampuna nopadxa n moxcem Gomb 3anucana
8 sude mampuinozo h-munozousena nopadxa n. Tak,

(5 =0 e e G (3 )



§ 60] VHUMOAYNAPHHE A-MATPHUM 375

COoOTBETCTBHE MEXAY A-MaTPHLUAMH H MAaTPHUHHMH A-MHOTOWIEHAMH
SBAAETCH B3aHMHO OJHO3HAYHWM M H30MOPGHHM B cvMucne § 46, [eit-
CTBHTE/bHO, PABEHCTBO A-MHOTOU/AEHOB BiAa (6) KAk MaTpiHL, PaBHOCHUABHO
PABEHCTBY MATPHYHHX KO3(( UIMEHTOB NPH OAHHAKOBHX CTEMeHdX A,
a YMHOXKEHHE MaTpHilW HAa A DABHOCH/IBLHO YMHOXEHHIO €e Ha CKa/ADHYIO
MaTpPHLY C A Ha rAaBHOM AHAroHanu.

IMycte mana A-matpuua A (A), npuuem

AM =AM AN A, J»—l—Ak,

raie matpuuna A, He sBaseTcd HynesoH, Hucno 'k Ha30BeM cmenemsio
A-matpuun A (A); 31O GynZeT, OYeBHAHO, HAMBHCIIAA CTeneHb (10 A)
9neMenToB MaTpuus A (A).

Barsnsig na A-MaTpuu KaK Ha MaTpHuHble MHOTOY/GHH [03BOJdeET
pa3sBuBaTh AJA A-MaTpHlL TEOPHIO AEAHMOCTH, AHAIOTHYHYIO TEOPHH
LeMUMOCTH I/ YHCJIOBHX MHOTOY/EHOB, HO YCJOWHHEMYIO, NOHSTHO,
HEKOMMYTATHBHOCTBIO YMHOXEHHA MaTpPHL H HajinuueM xenuteneff nyis.
Mu  orpanHyuMcd JNHiL BOMPOCOM 06 aJATOPHTMe JeleHHud
C OCTAaTKOM,

Ilycms nad nosem P Ganst A-mampuyst nopadxa n
AM) =AML ANV A, A+ A,
BA)=BAM'-BA 14 .. +B,_,A+B,

npugesm npednoaoxcus, umo mampuya B, Heswpomdenunas, m. e.

cyuwecmsyem smampuna By, Tozda nad nosem P moxuo naiimu
marue Ah-mampuyse Q, (M) u R, () mozo se nopsadxa n, umo

AQ)=BQ) Q (A)+R,(}), (M

npusen cmenens R, () smensme cmenenn B(L) wau oce R (A)=0.
C dpyeoli cmoporut, Had noses P moxcHo nalimu maxue h-mampuys
Q:(\) ¥ R, (A) nopadrxa n, umo

AM)=Q,(A) B(A)+ R, (A), (8)
npusen cmenens R, (M) menswe cmenenu B(M) uau xe R, (A)=0.
Mampuuys Qy (M) u Ry (A), a makae Q, (M) u R, (M), ydosaemsopsioumue
JMUM YCAOBUANM, ONPederRIOMCs O0FHOIHAUHO,

IlokazaTenbcTBO STOH TEOPeMB NPOXOAHT TAK We, KAK N0KA3aTellb-
CTBO COOTBETCTBYIOULEH TeOpeM A/ YHCJIOBHIX MHOTOUJIEHOB (CM. § 20).
Hycrb HanpuMep, yCI0BHIO (7) yROBIETBOPSIIOT TaKiKe MATPHUILH Q1 (A)
H R, (A), npuuem creneun R, (M) Menpwe crenenn B(A)., Torna

BM[Q M —Q, (W) =R, A)—R, ().

Crenenb npaBoH yacTu MeHbuie /, CTEONEHb e JeBOH uacTH, ecan
KBaaparHas ckoO6ka OT/AHYHA OT HYyas, 6oabuie uAX pasHa /, TaK Kak

matpuua B, HeBoipowaeHHad, OTCl0OAa CAeAYeT eAHHCTBEHHOCTb MATPHIL
Q(A) u R; (A).
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Ins noKasaTeAbCcTBA CYUIECTBOBAHHA STHX MATPHIL 3aMETHM, 4TO
npH k=1 crenewp pasHOCTH

AMA)—B(A)-B,* ANR-E

6yxeT CTPOro Mempiue k; nostoMy By A A~ Gymer crapumm uaenom
MaTpHuHOro A-muorounena Q, (A). Jlajblue NPOROIKAETCA TaK Ke, KaK
B § 20. C apyrol cTOPOHH, CTemeHb Pa3HOCTH

AM)—AB, 'A*-L.B ()

TaKKe CTPOro Meublie &, T. e. A By A*-! Gymer crapmmm unenon
MaTpHYHOro A-muorouseHa Q, (A). Mu Buaum, uto A-MaTpuus Q, (A) u
Q. (A) (a Takme R; (A) u R, (A)), yaoBaeTBOPSIOUIHE YCAOBHAM TEOPEMH,
LEHCTBHTEAbHO B obumieM cayuae OYAYT Da3IHUHBIMH,

OcHosHasi TeopemMa © nonoGHu Marpuu. Kak yxe o0OTMeuyaioch,
Y Hac HeT moka cnocoba AN peilleHHs BOMPOCA, NMOAOGHHW JH AAHHHEE
YHCTOBHE MaTpHUK A M B (T. e. MaTpHUH C 3/eMEHTaMil U3 OCHOBHOTO
noas P). C Apyroft CTOPOHH, HX XapaKTepHCTHUECKHe MaTpuun A—AE
H B—AE saBasoTca A-MaTpUUAMH H BONPOC 06 SKBHBAJIEHTHOCTH STHX
MaTpuy pewaercs Bro.aHe sddexkTuBHO, Jlerko mOHATH MOSTOMY, CKO1b
BEIKKO 3HAuYeHHe CAEeLYIOULeH TeopeMul:

Mampuype A u B ¢ asemenmanu u3 noags P moezée u moavko
mozéa nodoGuu, ecau ux xapaxnmepucriusecxue sampuysh A—AE u
B—AE sxgugasennus, :

B camom aene, nycts Marpuun A # B nono6Hu, T, €. Haa nojeM P
CYLIeCTBYET Takas HeBHpOwAeHHas Mmarpuua C, uro

B=C-1AC.
Toraa
C1{A—AE)C=C~'AC—A(C-1EC)=B—AE.

Heewpowpennne uncaoswe matpuul C~! u C 4BJISIOTCA, OAHAKO,
YHHUMOAYIIPHWMH A-Marpuuamu, Mua BunamM, uto Matpuua B—AE
noiyyeHa yMsoxenuem Marpuunt A—AE cieBa H CnpaBa Ha YHMUMOAY-
JSpHbe MaTpHuH, T, e, A—AE ~ B—AE.
HoxazatenbcTBO 06PaTHOTO YTBepwAEHUS ABAfETCA 60Jee CAOKHBIM,
IMycts
A—AME ~ B—AE.

Toraza cymecTsyloT Takue ymumoAyaspume matpuun U(A) u V(A), uto
URA)(A—AE)V(A)=B—AE. -9
Yuurtnsas, 4TO AJg YHHMOLYIAPHLIX MaTpHIL oGpanmé MaTPHUK cyuie-

CTBYIOT U MBANIOTCA A-MaTpuuamu, BuseneM us (9) cieayiouiue pased-
CTBA, HCIO/b3yeMHe HHXe:

UQ) (A—AE) = (B—AE) V-1 (M), }

(A—AE) V(A) = U1 (A) (B— AE). (10)
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Tax xag A-matpuna B—AE nmeer no A crenenn 1, nmpuuyeM crap-
wuM Ko3gpuUuMEeNTOM COOTBETCTBYIOUIETO MAaTPKYHOTO MHOTOYJEHA Cay-
5KHT HeBHpOZenHHad Martpuua —E, 10 x wmartpuuam U(A) v B—AE
MOXKHO HPHMEHHTh AJTCOPHTM AEJEHHS C OCTATKOM: CYWIeCTBYIOT TakKue
MaTpHiH @, (A) U R, —nocieansad, eCii OHa OT.THYHA OT HYJd, LOKHA
1MeTh Mo A crenewb 0, T. €. OT A He 3aBHCHT,— YTO

UA)y=(B—AE) Q; (M) +R,. (11)
Ananornyuo
V(A) = Q, (A) (B—AE) +R,. (12)

Hcnoabaya (11) un (12), us (9) nonyuaem:

Ry (A—AE)R, = (B—AE)—U M) (A—AE) Q, (A) (B—AE) —
—(B—AE) Q, (A) (A—AE) V () + (B—AE) Q (A) (A—AE) Q, (A) (B—AE)
unu, Buxy (10),
R{(A—AE)Ry=(B—AE)—(B—AE) V-1 (A) Q; (A) (B—AE)—
—(B—AE)Q (M) U™ (M) (B—AE)+

+ (B—LAE) @ (A) (A—AE) Q, (A) (B—AE)=(B—AE)X
XA{E—{V-1 (M) Q, (A)+Q; (M) U™ (M)—Q; (A) (A—AE) Q, (M) ] (B—AE)}.
Kpanpartnas cko6ka, crosiulas CnpaBa, paBHa B AeHCTRUTEILHOCTH HYII0
B NMPOTHBHOM Cjlyuyae OHa, SBJASsICh A-MaTpnuuelt, Tak kaxk 1 V" (A), u
U-1(A) cytb A-maTpuub, umena OW no Menblieft Mepe cTemenp 0,
a Torna crenenb QUrypHOH ckoOku Gbina Obl He MeHbue 1 3, cieaoBa-
TeJbHO, CTernenb BCelt mpasofi yacTu Gnaa 6W He MeHbme 2. 3Jro, 0A4-

HAaKO, HEBO3MOXKHO, TaK KaK cjieBa CTOHT A-MaTpuua cremeun 1,
Takum o6Gpasow,

R, (A—AE)R, =B~ AE,

OTKyJa, NPHPAaBHHBAs MaTpHYHBE KO3hOHUHEHTH mNpPH OLHHAKOBHIX
cTerneHdax A, moayyaem
R,AR, =B, (13)

R,R,=E. (14)

PasenctBo (14) noxasniBaeT, 4TO 4YHCI0Bas MaTpuua R, He TOJAbKO
OT/IHYHA OT HYJAd, HO Laxe ABJANCTCH HEBWDPOWACHHOH, mpHueMm

R;l - Rl!
a toraa pasenctso (13) npunnmaer Bux
R;'AR, =B,

YyT0 M AOKasumBaeTr nojaobue marpuu, A u B,
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OLHOBPEMEHHO MW HaY4YHAHCH HAXOALHTH TY HEBHPOX-
AeHHYI0O MaTpHLY R,, kotopasd TpauchpopMupyeTt MaT-
puuy A B Matpuuy B, Umenno, ecan marpuud A—AE u B—AE
SKBHUBA/EHTHB, TO MEPBAs KOHEUHHIM YHC/AOM S/eMeHTapHHX npeobpa-
3oBasufl mepeBoauTcs BO BTOpy1o, Bepem Te u3 sTHx mpeoGpazoBanuf,
KOTOpHE OTHOCATCA K CTOn0laM, W NPOU3BEAEHHE COOTBETCTBYIOUIHX
SJAEMEeHTapHBIX MATpHl, B3fATHX B TOM Xe mnopsaake, oGo3HayaeMm vye-
pes V(A). Hennm 3arem V(A) na B—AE, npuuem rtak, 4ToGn 4actuoe
croano caesa or aeautens (cM. (8)). Ocrarok oT 9TOro jpeneHus
H 6yACT MaTpuuelt R,.

YkaszaHHoe IeneHHe MOXHO Ha CaMOM Jeje He BHNOJHATH, a BOC-
nonb30BaThCs cAelylouelt 1eMMOl, KOTOpash HalAeT MPUMEHeHUHEe TaKwe
B § 62:

Jemma. flycmes

VA=V A+ VA4 L.+ VAV, V%0, (15)
Ecau
VM) =QAE—B)Q M\ +R,, (16)
V(})= Q (A) AE—B) + R,,

mo
Ri=BV,+ B~V +...+BV,_+V, (17)

R2 = VOBJ'{" VIBS—I‘*' coe + VS-].B+ Vs-

JocraToyHo JnOKasaTh XoTd OH MNepBoe H3 ABYX yTBepKIeHuH
NeMMH —BTOPOE JOKasWBaeTcs BMOJHe aHanoruyxo. JokasaTtenbcTso
COCTOHT B HEMmOCPeACTBeHHOH NpOBepKe CpaBeASHBOCTH pasenctsa (16),
ecan muorouned V(A) 6yner samenen ero 3amuceio (15), BvecTo R,
6yaer noacrasaeHo (17), a B kayectBe @, (A) GyseT B3fAT MHOrOuNeH

Q, (M= VAS =1 (BVy + V) AS=2 4 (B2V, + BV, + Vo) A3 ...
o HBSTW 4 BV 4+ V).
l']pOBepKa 9Ta NpPeaoCTaBaAACTCH qmafemo.

Npumep. Hanu matpuuu

—2 1 —10 —4
A‘( 0 3)' B"( 2 11)‘
Hx XapaKTepHCTHYECKHE MaTpHULl 5KBHBAJNIEHTHH, TaK KaK NDUBOAATCA K OJHOMY
H TOMY 2K€ KaHOHHYECKOMY BHAY

1 0
0 A—A—6,’

nosToMy MaTpHUHN A n B noAoGHH.



§ 61] WOPIAHOBA HOPMATLHAS ®OPMA 379

Ina passickanna marpuun R,, Tpancdopmupylomelr A B B, HalizeM KaKyio-
JHGO UeNOoUYKy 3JeMeHTapHLIX mpeoCpasoBaHuil, nepepogsamyio A —AE B B — AE.
Tax,

[ =2— 1 —2—% 1 8+4 —4
A—AE—( 0 3_A)~<_16—87» 11_A>~(—16—8>»11—x>~

40440 —4)  [—10—h —4
’”( — 104 114)"’( 2% 11_A>=B—"E'

K cron6nam oTHocATCS NBa NOCJAEIHHX IPeo6pa3oBaHHS: K NepBOMY CTOAGBUY
npu6asasercd BTOpolf, YMHOXeHHHH Ha —8, a 3aTeM mepBblil CTOAGEL YMHO-

JKaeTrca Ha _I. HPOHBBGIEHHE COOTBETCTBYIOUIHX 3JIEMEHTapHHX MaTpHIL GYAET

1 1
—0 ——_ 0
lO) 4 4
01 2 1

V(’”)‘—‘(_.s 1

Dra MaTpHUA He 3aBHCHT OT A H TMOITOMY OHa M OyleT HCKOMOW Marpuuell R,.
Koneuno, Marpuia, TpaHcpopmupylomas A B B, onpejenderca Jdajeko He
ogHosHauuo. Takoil 6yaer, HanpuMep, TaKe MarpHua

G 1)

§ 61. XKopnanoea Hopmambnas dopma

Bynem paccvarpuBaTh ceflyac KBajpaTHHE MaTpuuH 0Opsaka n
¢ 3/emMeHTamu W3 noss P. Byaer BhaeneH OHH CNEUMaNbHEIE THUM Takux
MaTpHll, TaK Ha3bIBaeMble X OP L aHOBH Marpuun, u OYyIET MOKa3aHo,
YTO 3TH MaTpUUbl CJAYXKAaT HOpMaJbHOH ¢opMOR 151 BecbMa UINPOKOro
Kaacca martpui. YiMeHnHo, wmampuyer, sce xapaxmepucmuueckue Kopru
Komopslx aexcam 8 OCHOBHOM noae P (n moasko maxue mampuys),
nodo0Hs HEKOMOPLIM HCOPOAHOBELI Mampuyas, m. €., KaK 2080pAm,
onu npugodamcn K scopdarosoil Hopmaaswoilr opae. Otcioga Oyner
cJenoBarb, €CJM B KadyecTse NoJs P B3MTO MOJE KOMIVIEKCHBIX  yuced,
uTO GCAKAST MAMPUYA ¢ KOMHACKCHOMIL JAEMEHIMAMI NPUBOOUMCS
8 NoAe KOMNACKCHHX 4lcer K Jopdanosoil Hopmarbnol hopae.

Beenem HeoOxomumbie onpepenenus. JHopdarosoll xaemiofi no-
pamKa k, OTHOCAuleHCs K YHCAY A, Ha3BIBAaeTCss Marpuua nopsaka &,
1 << k<< n, umetomas Bum
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HHLIMH CI0BAMM, Ha €€ TrJaBHOH J[HAroHald CTOHT OAHO M TO IKe
uHeno A, u3 noas P; napamneab, OGainkalliag K raaBsoll nuaroHann
CBEpXY, CMAOUIb 3aHATa 4YMCIOM 1; BCe OCTA/NBbHHE SJEMEHTH MATpPHLE

pasunw Bymo. Tax,
by 10
Ao 1 0
o (o0 ) (o o 1>
o N0 K 0 0 A

OyAyT COOTBETCTBEHHO IKOPAAHOBHIMH KJIETKaMH TepBOro, BTOPOTO
M TpeTbero nOPHAKOB,
JKopoarnosoli mampunel nopsaka n Ha3biBaeTCHd MaTPHLA LIOPAAKA 72,

nMelouas BHA
I, l 0

P
J= ; 2)

0 [2:])

3HEChb BAOMb FIABHON AHArOHANH HAYT KOPAAHOBH KNeTKu Jy, Jy, ...,/
HEKOTODBIX MOPALKOB, He 065i3aTe/AbHO PA3AHYHLX, OTHOCALLHECH K HEKO-
TOpHIM YHMCAAM H3 noas P, Takxe He 0683aTeNbHO pa3NHYHLIM; BCe
MecTa BHE 9THUX KJeTOK 3ausiTh HyasaMu. [Ipu stom s=1, 1. e, oana
WOPAIHOBA K/ETKZ MOPHAKA 7 NPHHAANEWHT K YHCAY IWKOPALAHOBHX
MATpPHIL STOFO MOPAAKAa, H, MOHATHO, § << /1.

3aMeTuM, XOT# 5TO H He 6yJdeT Aanbiue HCNOJb30BaThCA, YTO CTpoOE-
HHE KOPAAHOBOH MaTpHUB MO¥HO OmA0 Ob oOnHcaTth, He npuberad
K NOHATHIO WOPAaHOBOH KaeTkin. OueBHIHO, HMEHHO, 4TO Martpuua J

OyAeT :OpPRAHOBOHA MATPHUEH TOrAA H TOALKO TOTAA, €CJAH OHA HMEET BHA

A‘ 1% O ]
7\,2 2

) . . €h-1 '

|0 A )

rae Ay =1, 2, ..., n,— NpoU3BONAbHWE 4HCAA U3 nomd P, a Kax-
noe ¢, Jj=1, 2, ..., n—1, paBHO eAHHMUE HJIH HY/MO, NpHYLM,
ecan g,=1, 10 A;=2,,,.

Juazonassnbie mampuyst s8AROMCA UACMHBMN CAYRALH HCOPOQ-
HOBUX mampuy: STO OYAYT B TOYHOCTH Te IKOPIAHOBH MAaTPHUH,
y KOTOPHLX BCE WOPAAHOBH KJGTKH HMEIOT MOpAmoK 1.

Hawefi 6auwafiiuelf 1enaplo gBAseTCH paspcKaHNe KAHOHHYC-
CKOro BHAA ANA XAPAKTEPHCTHYECKOH MaTpuuu J—AE
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MPOU3BONBLHON wopAaanHoBOH Marpuuwm J nopsaaxa s
Haiipnem chauyana xanouuyeckuit BHA A9 XapaKTepHCTHYECKOH MaTpuuul

Ao—A 1 0
Aog—A 1

0 Ao—A

onnOM wopmaHoBOi kiaeTku (1) nopsaka k. Buuyucafa onpexeaurens
3TOH MaTpHilH W BCHOMHHAN, 4TO CTapwHi KO3DPUUHEHT MHOrouaeHa
d, (A) RoaxeH paBHATBCS 1, moayuaeM, 4TO

dy (W)= —ho)%

C zpyroli cropoun, cpemn muuopos (B—1)-ro nopagxka wmatpuus (3)
HMEeTCAd MHHOD, PABHHA e1HHHLUE, 2 HMEHHO TOT, KOTOpHil mo.ayuaercs
nociae BhYePKHBAHHS NEPBOro croibua il fnocaeaHedl CTPOKH STOH MaT-
puun. [lostomy

dp_y (M) =1.

OTciona caelyer, UTO KAHOKUMeCK UM 800N A8 sampuny (3) CAYICL
caedyoman h-mampuia nopaoxa k:

1 0
" . . )
0 (A—21o)*

JoxaxeM Temepp CAAYIOILYIO NTeMMY:

Ecau mnozotaens @y (M), ©5 (M), ..., @, (A) 23 wossua P[A) nonapuo
83AUMHO NPOCMbL, MO UMeenm MeCmo CAeOVIONAA 3KBUBAACHMHOCHD:

(¢ (M) 0 ft . 0)
i ¢ (A)

0 q;l N

H¢i (\) J
i=1

Hocrarouno, o4eBHAHO, paccMoTpers cayuaht ¢ =2, Tak xax mMHoro-

uneHH @y (A) 1 @, (A) B3anMHO npocT, TO 8 Koable P[A] cywecTsyior
TaKHe MHOrounens uy (A) m u,(A), uro

QA uy (M) @, (M) uy (A) =1,
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ITostomy
((Pl M 0 ),\_(CP: N My (M),\_
0 @a(A) 0 92 (V)
~ ((Pl A e (A)uy (M) 495 (A) ug (M) — (‘Pl 03] 1 )
0 e (M 0 @(A)
N( ! %(7»))\(1 1 (M) )N
@2 (M) 0 0 —o, (M) P (M)

“((l) "%?M‘P2(7~)>N(é (p,(xo)%m)'

4TO M Tpe6oBanOCh NOKAa3arh,
[lepefizem Temepbh K PacCMOTPEHHI0 XapPaKTEPHCTHYECKOH MATpPHUL

| Jy—AE, 0

Jo—MAE, ,
J—ME= . (5)

0 [=E)

Ias wopAasoBod maTpuun J BuAa (2); smece E; i=1,2, ..., s
€CTb GAMHMYHAS MATpHUA TOrO Xe nopsaka, 4To H kjerka J; Ilycts
WOPAAHOBH KJIETKH MAaTPHLUH J OTHOCATCH K CACAYIOLHM Pa3AHUYHKHM
uncaam: Ay, Ay, ..., Ay, e £<Cs. IlycTs, nanee, k uncay A; i=1,
2, ., t, OTHOCHTCH ¢; MOPAAHOBHIX KJETOK, ¢; == 1, N NycTh NOPAAKH
9THX KJEeTOK, PpaclioIOMeHHHEe B HEeBO3PaCTalOLieM fopsike, GYAyT

k“_ > kiz > LAY 2 qul' (G)

OrmetuM, XOTH M He GyAeM STUM MO/b30BATbLCSH, 4YTO

Tlpuvenss aneMeHTapHHE npeoépa§oaanna K TeM CTPOKAaM M CTonG-
naM MaTpupe (5), KOTOpHEe npoxoAaT uepe3 KaeTky J;— AE; atoil
MaTpHlW, MH He GyleM 3aTpar#BaTh, OYEBHIHO, APYTHX AHATOHANbBHHIX
kaetok. OTciona caenyer, 4to B mMarpuue (5) MOXHO HPH MOMOLLH 3ie-
MEHTapHBIX TNpeo6pa3oBaHHfl 3aMeHUTb Kawaylw KAeTKy J;—AE,
i=1,2,...,s, cooTBercTBYyIOUleH KI1eTKON BuAa (4). MuuiMu croBamu,
sampuya J— AE axsusasenmua Oua2oHarbHoil mampuye, Ha Ouazo-
HaAu KOmopol Cmosam, NOMUMO HexKOmOpo2o HUCAG eOUHUY, maKiice
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c./tec}yroume MHO204NEHY, coomsememsyrouite 8cen .‘)ICOpOaHOBDML
Kaemxan mampuyve J:

(A=A, (A—Ay)ke, ..., (A—A)ke,
(A—Ay)ea, (A—ARAg)ks, ..., (A— A",

® o e & o 2 s e o @ e e s s s s 4 s e @

A=Ak, A —A ke, ..., (k—)‘q)k‘q‘-

(M

Mb He yxa3piBaeM NPH STOM T€ MeCTa Ha AMAroHanH, HA KOTOPHIX CTOAT
MHorouneuu (7), Tak Kak B J1060f ILHaroHanbHOH A-MaTpuue Auaro-
Ha/lbHHE 9/EMEHTH MOMXHO MPOH3BOJABHO MEpPecTaBAfiTh MPH MMOMOLLH
nepecTaHOBOK CTPOK M ONLHOMMEHHHX CT01610B, DTO 3aMeuaHue chae-
AyeT YYHTHIBATb M B Ha/bHeHlueM,

[Tycte g—nanbonpuee cpeau uucea q; i=1, 2, ..., t. O6o3na-
YHM uepe3 e, ;.. (A) nNpou3BejeHHe MHOTOYAGHOB, CTOSUX B j-M
cronbue tabauuw (7), j=1, 2, ..., ¢, T. €.

{
aﬁum=ga—mw (8)

eC/IH MpH STOM B J-M CTONGLUE HMEIOTCS MyCThe MecTa— A9 HEKOTO-
pHX { MOXET OKa3aTbCH, YTO ¢;<</,—TO COOTBETCTBYIOLUIHE MHOXH-
Tean B (8) cumTaeM paBHeMu eanduue. Tak kak ynHcna Ay, Ay, ..., Ay
N0 YC/IOBHIO pasiuyHeplie, TO CTEHEHH NHHEHHBIX IBYYJEHOB, CTOsLLHE
B Jj-M cToa6ue Tabauuu (7), nomapHo B3auMHo npocte, [loaTomy, Ha
OCHOBaHHH XOKA3aHHOW BHIIE JEMMH, OHH [PH TOMOLLH 3JEMEHTAapHHEX
npeo6pasoBaHnilt MOryT OHTh 3aMeHeHb B paccMaTPHBAeMOH AuaroHalb-
HOM MaTpULLE HX NPOU3BENEHHEM €,_, 4 (A) M HEKOTOPHM YNCIOM eAHIHLL
[Iposenas ato aas j=1, 2, ..., ¢, MW NOJAYyYHM, 4YTO

(1 0
1
J—AE ~ Cager ) ) ©)
eyt (V)
0 e, (M

Amo u 6ydem ucxomui xanonuxecxuid eud mampuyss J—MAE. Hei-
CTBHTEAbHO, cTapuine Ko3(pPuIMeHTH BCeX MHOTOY/ICHOB, CTOAWHX B (9)
Ha rJjasHoH AVaroHany, paBHW e€AHHHLUE U KawAbH H3 9THX MHOro-
YICHOB HAlen0 AeAMTCA Ha NpeAnayunit BBUAY ycaoBus (6).



384 HOPMANBHAS ¢OPMA MATPHILB [ra. 13

[Tpumep. Ilycrs

o O W

(=

N — O
o)

|

2

Jna stoft wopranosofi MaTpuus 9-ro nopagka Tabaula MHOrO4Y/IeHOB (7) uMmeer
BHI
(A—2)%, A—2, °A-=2,

(A—5)?, (A—5)2
[TosToMy HHBADHAHTHBIMH MHOXHTENAMH MATPHUW J GYAYT MHOTOYNEHH
& (M =A—20 (A—57,
e (A) =(A—2) (A —5)%,
e; (A)=A—2,

B TO BpeMs Kak eg(A)=...=¢; (A)=1,

Tenmepp, koraa M HayyuaHCh NO BHAY HaHHOM WOPAAHOBOH MA-
Tpule J CPasy nNHCaTb KaHOHHYECKHA BHUA ee XapaKTePHCTHUYECKOH
MaTpHUH, MOWeT OhThb 10Ka3aHa Cledyolas Teopema:

Ase oscopdanoss mampuus mozoa u moasko moz2da 1n00obHHY,
eCAUL OHU COCMOAmM U3 OOHUX U mex Jice IHCOPOAHOBHX KAEMOK,
m. e. omauxanomcs, Ovuimb MoOXMCEm, AUl DPACNOLONCEHUEN IMUX
Kaemorx 8004b 24a8HON duazoHaau,

B camom mene, taGauua muorowsnienoB (7) MOMHOCTbIO Onpaiensnach
HaBopOM WOPAAHOBHX KJIETOK ¥OpiaHosOoH MarpHuw J H B HeH HuUKAK
HE O0TPa¥XanoCh paciog0KeHHe MOPAAHOBWX KJETOK BAOb TaaBHO#
LuaroHaaw sToH Matpuiubl. Orcloaa ciaeayer, UTO €C/AH KODPAAHOBH
Matpuu J # J' 06:1a1a10T OAHHM H TEM e Ha60pOM IKOPILAHOBHX
KNeTOK, TO HM COOTBETCTBYET OJHA H Ta ke Tab/AHua MHOrOUJIeHOB (7),
a NO3TOMY OJAHH M Te xe muorouneuw (8). Takuwm ob6pa3om, xapaktepu-
cruyeckue Marpuun J—AE uw J'—AE 061anaoT OAHHAKOBBLIMH HHBA-
PHAHTHHIMH MHOXHTENAMH, T, €, 9KBHBAJEHTHH, 4 MOITOMY CaMH Ma-
TpHu J U J' mopo6Hu.
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OGpaTuno, ecau xopianosn MaTpuus J u J' 10106HH, TO HX Xapak-
TePHCTHYRCKHE MATPHUH 06.1a1310T O1HHAKOBLIMH HHBAPHANTHLIME MHO-
wurteaam. [1ycTs maorounenw (8) aan j=1, 2, ..., ¢ 6yayt Te u3
9THX HHBAPHAHTHHIX MHOWHTE 1e#, KOTOPHIE OTAHYHK OT eannnu, OxHako
no MmHorouneHaM (8) Boccranas.amuBaeTcs Tabauua muorouaenos (7).
Mwmenno, maorouienn (8) pasaaraiorcs B nponaseieHue cremnexeil nnuei-
HHX MHOXHTe/elf, Tak Kak 9THM cBOicTBOM 062131210T, KaK ywe A0Ka-
3aHO, HMHBAPHAHTHHE MHOXHTEJIH XapPAKTEPHCTHYECKOH MaTpHUM A%
MOGOH xopAanoBoR MaTpuub, Tabanua (7) Kax pa3 W COCTONT M3 BCex
TeX MaKCHMA.bHbIX CTeMeHel AHHEHHWX MHOXKHTeJAeH, HA KOTOPuE pas-
sarawTcs MHorodaenn (8). Haxouel, no tabauue (7) BOCCTa#aBAMBAIOTCH
WOPAAHOBH KJACTKH HCXOJAHHX KOPAAHOBHIX MAaTPHI KaXAOMY MHOTO-
uaeny (A—A;)% u3 Ttabauun (7) COOTBETCTBYET MKOplaHOBa KJaeTka
nopanKa k;;, OTHOCAWLAACH K HHCAY A;. DTHM J0KA32HO, YTO MATPHUW J
H J' COCTOAT 13 OZHHX H TeX K€ ¥OPIaHOBHX KIETOK H OT.THHAIOTCH,
OhTb MOXeT, JAHIUb HX PaCMO.10KeHHeM,

M3 310# TeopeMbl crexyeT, B YACTHOCTH, 4M0 HOPAQHO8a Mampuya,
nodobran OUQZOHAALHOIL Mampuye, CaAmMa OUAZOHAAHG U 4mo dse
ouazonansnbie aampiysl mozda U moasbko mozda nodobHu, ecau
noiyyaiomcs 0pye u3 O0pyza nepecmanosxol uuces, CmMOAWUX Ha
2aagroll ouazonaau,

Ilpusejenne wmaTpuus! K  KHOPHAHOBOX HOpMAiabHOH dopwme,
Ecau matpuua A ¢ saeMenTaMu u3 noas P npusodumcs K wop-
danosoli HopmaasHol (bopise, T. e. 10106Ha WOPAAaHOBOH Ma-
TpHUE, TO, KaK caeiyeT 13 JOKa3aHHOH BhlIE TEOpPEMH, HOPAAHO8A
HopAMarshan poprua onpedessemcn Oaf mampuybh A 0CHO3HAG4HO
C MOYROCMBIO 00 PACNOIONCERUS JCOPOQHOBHN KACMOK HQ 2AG8HOL
duazonasu, Yciaosue Aas TOrO, 4rofu MaTpnua A aonyckala Takoe
TIpHBe/leHIe, YKa3niBaeTcd B Clepyloulefi Teopeye, A0Ka33TeAbCTBO KOTO-
Poil naeT 0JHOBPEMEHHO MIPAKTUYECKHH CNOCO0 A7A Pa3HCKAHHA WOpAa-
HOBOM MaTpuuM, NOACHHOH MaTpHIe A, €CNH TAKAs WOP1aH0Ba MATPHULA
cyutectsyet, Ilpu sToMm 3ameTuM, YTO NPHBOAMUMOCTDL B one P
03Ha4aeT, UTO BCE DJASMEHTH TpaHcdopMupYyIOUield MATPHIL codepKaTcd
B moae P.

Mampuya A ¢ sasemenmanu u3 noas P mozda u moasko mozia
npugodumes 8 nose P r xopdanosol HopMarsnoll ¢hopae, ecau sce
xXapaxmepucmuseckue KOPHIL Mampuus. A aexcam 8 CQMOM OCHOS-
HOM nose P.

B camom nene, ecan martpnua A noaobna wopiaHosol martpuue J,
TO 3TH ABE MATPHUb 061a0al0T ONHHUMH H TEMH e XapakTepucTHye-
CKUMH KOpPHAMH. XapakTepucTHyecKie KOPHH MaTpuus J naxomnsrtcd,
0.1Hak0, Ge3 BCAKHX 3ATPYMHEHIH: TAK KAK OnpeaeuTens MaTpiun J—AE
paBeH TNPOH3BENCHHIO € JIEMEHTOB, CTOAIIHX HA I1ABHOH JHaroHanw,
T0 Muorounen |J—AE| pasnaraercs nal notem P Ha auHefHbie MHO-
WHTENH H CTO KOPHAMI CAYXAaT YMUCIA, CTOAWNE HA FIABHOH AnaroHany
Matpuubl J, U TOALKO OHH,



386 HOPMAJIBHASL ®OPMA MATPHIH [rn. 13

O6patHo, MycTh BCe XapaKTepHCTHYECKHE KOPHM MATpPHUH A jewar
B caMom mnoje P. Ecin orauuisie OT 1 HHBADHAHTHBIE MHOXHTE/H
matpuusl A—AE Gyayr

Ch-g+1 (;")’ ceey €59 ()"): e, (A)v (10)

TO
|A—AE|=(=1)"eygui (A) oo €umy (W) g, (M)

Hde#cTeuTepHO, onpeteaurend MmatpHus A—AFE ¥ ee KaHOHHYeCKOH
MaTpHUB MOTYT OT/H4aThC APYT OT APYyra JHUIb HOCTOAHHHM MHOXH-
TeneM, KOTOPHH Ha caMoM gene pased (—1)”, TaK KaKk MMEHHO TaKoB
crapwnfl ko3pDHUHEHT XapaKTepPHCTHYECKOrO0 MHOrodneHa |A—AE].
Takum o6pasom, cpean MHorouaewos (10) HeT paBHHIX HY/IO, CyMMa
cTeneHed 3THX MIOrOUY/JIEHOB paBHA 71 H BCE OHH pa3naraioTcs nHaf
noneMm P Ha aHHeHHbIE MHOMHTENU — MOCJAEIHEE BBHAY TOrO, YTO, NO
ycnosHio, MHorouleH |A—AFE| o61agaer TakuM pasjomeHHEM,

[Mycts (8) 6yayr pasnowenus MmuHorouyneHos (10) B mpousBemeHus
crenenefl AuHe#HnX MHOwHTenel, HasoseMm asuerenmapubinu Oeaume-
AAMU MHOZ0UAEHA €,_;.q, [=1, 2, ..., g, OTIHYHHE OT EAHHHUM
CTEMEeHH PA3AHYHBIX JHHEHHBIX ABYY/IEHOB, BXOASLIHE B €ro pasjoxe-
nne (8), T. e.

A=Ak, (A—Aykag, oo, (A—RA)ku,

DneMeHTapHBle HeauTenn Bcex MHoroujeHoB (10) HazoBeM ssesenmap-
HOlMY Qeaumesgsu Mampuys A v BelMHIEIEM UX B BuAe Tabauuw (7).

Bosbmem Tenepp wopraHoBy matpuuy J mopsiika 72, COCTAB/EHHYIO
U3 %OPAAHOBBIX KIE€TOK, ONpefe/IfeMbX /e yIOUHM 06pa3oM: K a K L OM Y
snemeHTapHOMYy nenutenio (A—A % Mmatpulus AcTaBuM
BCOOTBEeTCTBHE KOPJIAHOBY KNETKY NOpAAKA R;;, OTHO-
camyiocd K yncay A;. OueBHAHO, 4TO OT/AHYHEIMH OT 1 mmapuam-
HbBIMH MHOKHTEASMH Marpnuu J—AE 6ynyt muorouaenu (10) u Toabko
ouyu. [lostomy marpuust A—AE u J—AE 9KBHBaJeHTHH M, C/e]0Ba-
TeabHO, MaTpuua A nono6dHa woppaunosoil marpuue J,

IMpumep. I[lycts pana mMarpuua

—16 —17 87 —108
8 9 —42 54

A=\ _3 _3 16 —18]
-1 —1 6 —8

Ipupoasa ofbunEM cnocoGom MaTpHuy A—AE K KaHOHHYECKOMY BHAYy, NOAy-
YUM, YTO OTJIHYHEIMH OT €AHHHUB HHBAPHAHTHHIMH MHOMKUTE/JAAMH 9TOH MaTpHUH

6y11y1' MHOr'o4/J1€Hn
eg(M)=A—1)2(H+2),
es (\) =A—1.

My BuanM, 9TO MaTpHia A MPHBOAMTCH K XKODPAAHOBON HOpPMaJbHON dopMe Iaxe
B NOJe palMOHAJbHBIX 4HCe . Ee seMeHTaPHLIMH LeJHTEIAMH ABJIAIOTCH MHOro-
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unensl (A—1)%, A—1 n A 42, a nostomMy opiaHOBOA HOPMaNbHOR opmok
MaTpuuel A CAYXHT MaTpuua

110 0
010 0
J=lo 01 o0
000 —2

Ecnn 651 Mut XoTelM HafiTH Ty HeBHPOXKAEHHYIO MATpHIly, KOTOpPAas TPaHC-
dopmupyer marpuuy A 8 marpHuy J, T0 RoMKHB ObiH GW BOCHOJB30BAaThCS
YKa3aHufMH, CAeNaHHBIMH B KOHLE MNpeJIlecTBYOIEro naparpaga.

Ha ocHoBaHuM MnpeAlIeCTBYIOIWIHX PE3Y/AbTATOR MOKET OHTb AOKa-
3aHO, HaKOHern, caeayioulee HeOOXOALHMOE H RAOCTAaTOYHOER
ycnoBHe NMPUBOAMMOCTH MATPHIL K NHATOHAAbBHOMY
BHU LY, YCIOBHE, H3 KOTOPOTO HEMELJEHHO BHTEKAeT AOCTATOYHHH KDH-
Tepu# NPHUBOLHUMOCTH K AHArOHA/NBHOMY BHAY, Aoka3dauunil B § 33.

Mampuya A nopadxa n ¢ ssemenmartt u3 noas P mozda u
mogsKo mo2da npugodumcs K OUGZOHQAALHOMY BUDY, eCAl 8Ce KOPHU
nocae0He20 UKBAPUAHMKHO20 MHOXNCUmens e,(M) ee xapaxmepucmuye-
cxoll mampuys sexcam 8 nose P, nputem cpedu smux wkopreli nem
Kpamubix,

B camoM zxese, npHBOLAHMOCTH MaTPHUW K JAHATOHA/IBHOMY BHAY
PaBHOCH/IbHA MPHBOAUMOCTH K TAKOMY OPAaHOBY BHAY, BCE WOPAAHOBH
KAeTKH KOTOpOro uMelot nopsaox 1. MubiMu cnoBamu, Bce 3neMmeHTap-
Hble JeJUTEeNH MAaTPHUB A XOM¥HBL OhTh MHOTOY/EHAMH NEpBOH CTeneHH,
Tak kak, oanako, BCE HHBADHAHTHHE MHOXHTENH Marpuus A—AE
#BJMIOTCA JENUTE/IIMH MHOroujeHa e, (A), TO mocnefuee ycjaosue paBHo-
CH/JIBHO TOMY, YTO BCe DJIEMEHTAapPHKIe JAe/NTe/H MHOrousnesa e, (A) nveior
crenewb 1, yTo H TpebOBA/NOCH MOKA3aTh.

§ 62. MunumansHBii MHOrowaeH

Iycth nana xsaapatHad MaTpuua A nopajika 72 € d/JeMeHTaMH u3
noas P. Ecau

F My = oM oy Aoy
— NPOH3BO/MBHLIN MHOrounen ua koabna P[A], To marpuua
flA)=oA*a AR oy At ouE

OyneT Ha3HBATLCA 3Haxexites muorounexa f(A) npu A= A; obpautacm
BHUMAHHE HA TO, 4TO CBOGOAHLH uieH MmHoOrouneHa f(A) ymuoxaercs
npu STOM HAa HYJIEBYIO CTENeHb MATPHLILW A, T, €. HA eAHHHYHYIO Ma-
Tpuuy E.

Jlerko npoBepsieTcd, 4YTO eCaH

FM =M +b})
FA)=u@d)vd),

Han
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TO
F(A)y=09(4)+$(4)
I, COOTBETCTREHHO,
F(Ay=u(A)v (A).

Ecau muorounen f(A) andyanpyerca marpunieit A, T. e.
f(A)=0,

To MaTpuuy A 6yldeM Ha3LIBATb JMQMPULHLM KODHes WIH, TaM, rie
9TO He MOYeT BH3BaTh HEAOPa3yMeHuH, IpOCTO KOPHe M MHOTOYAeRA f(A).
Bearkan jsampuye A cAyMcum KOPpHeM HEKOMOPO2O HEHY.e8020
MHO20%AEHA.
Mu 3HaeM, B caMOM 1esie, YTO BCE KBaApPaTHble MaTPHiL NOPALKa /1
COCTaBAAIOT Had moaem P n2-mepHoe BexTOpHOE npocrpancTso, OTC01a
caenyer, 4To cucrema n2--1 Mmatpuy

A®, A%-1 A E

JunefiHo 3aBucHMa Hal noJjem P, T. e. B P CYLECTBYIOT TakHe 3/EMEHTH
Cgy O, oeey Oz, C,2,,, HE BCE DaBHbLIE HYMIO, YTO

2 2_
A" o AV e Ao E=0.
Taxum 0Gpaszom, MaTpHua A OKa3anach KOPHEM HEHYJIEBOTO MHOTOYJeHa
2 2
A= A"+ o A VL oA o

cTenedb KOTOPOTO He MPEeBOCXOAHMT 2,

MaTpnua A CAYXHT KOpHEM H A/ HEKOTOPHX TAKHX MHOTOYJIEHOB,
cTapuine k03PHUHEHTH KOTOPHX PaBHH €AHHHIE— AOCTATOYHO B3ATb
M0G0/ HeHyneBO MHOrOU/IEH, anHyAHPyeMHit MaTpuuell A, H pasgeauth
9TOT MHOTOY/ICH Ha ero ctapunit kosadguuneHt,. MHOrouneH HaumeHbplel
cTeneHn co craplwud Ko3dpduuneHtom 1, aHHyaupyemwlii Matpuuefl A,
Ha3LIBACTCH MUHUMAABHOM  MHO20UACHOM Mampuns A, 3ameTuwm,
UTO  MUHUMAAbHBE — MHO204AeH Mampulpt A onpedesen o00Ho-
3HAYHO, TAK KAK PA3HOCTh ABYX TaKHX MHOTOYJEHOB mMena OBl MEHL-
LIYIO CTeNeéHb, YeM KaxAn# H3 HUX, HO TaKwe AaHHYJI#pOBa’ach Oul
MaTpuuei A.

Bearuli mnozonren f(N), annysupyemudi mampuneli A, deaumcs
HAUeA0 HQ MUHUMQAbHWE stozotaen m (M) smol mampuip.

B camom nene, ecau

FRy=m@)yq M) +r(h),
rhe cTernexb r (A) Menpiie crenenu m (A), TO
f(A)=m (A) g (A)+-r(A)

n w3 f(A)=m(A)=0 cnrenyer r{4)=10, 4TO NpPOTHBOPEUUT Ompese-
JIeHHI0 MMHRMaJbHOTO MHOrOYAeHa.

+D
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JokaxeM Tenepb CAGAYIOULYIO TEOPeMY:

Mununasrsnel MHozowser mampunys A cosnadaem ¢ nocAedHUM
UHBAPUGHIMHOM  MuOdCUmesesn e, (A) xapaxmepucmuteckoli mam-
punyst A—AMAE.

Hoxasareanncrtso. Coxpansaa o603HayeHust H UCIOAb3YS PE3YJib-
TaTh § 59, MOKHO HanucaThb PaBEHCTBO

(=1 [A—AE|=d,_ (M) e, (A). (1)

OTcioda caelyeT, B YaCTHOCTH, YTO MHOroujedw e, (A) u d,_q(A) ne
6yayt Hynaeswmu., OGo3Haunm, nanee, yepea B(A) npucoeaHHEHHYIO
MaTpHuy K MatpHue A—AE (cMm. § 14),

B(A)=(A—AE)*,
Kak Burtexaer u3 § 14, paBenctBo (3), cnpasennHBo paBeHCTBO
(A—AE)B(M)=|A—AE|E. (2)

C apyro#f cTopoHH, TaK KakK 9JeMeHTaMmB MaTpuuw B{A) caywar B3f-
THIE CO 3HAKAMM MJIOC HAH MHHYC MuHoput (72— 1)-ro nopsiaka Mart-
puut A — AE ¥ T0abKO OHH, a MHOTOuNeH d,,_, (M) ecTb OG1nA HanGoabwHit
JenuTeAb BCeX 9THX MHHOPOB, TO

npuyeM naubonpui o6WHN HenuTenb 9JNEMEHTOB Mart-
puun C(A) pasen 1.
W3 pasenctn (2), (3) u (1) BuTexaeT paBeHCTBO

(A—~AEYd,_; (M CA)=(—1)"d,_; (A) e, (M) E.

DTO PaBeHCTBO MOWHO COKPATHTbL Ha HeHysiesofl Muowatens d,., (A),
KaK BLITEKaeT H3 C/eAylouiero obulero sameuanus: ecan @ (A)—Henyne-
BOH  MHOrouAeH, D(A):(d‘-j (A))—muenynesan A-maTpuua, npuyem
nycts d gy (A) 550, 1o B MaTpuue @ (A) D (A) na mecre (s, #) 6yaer cTosuThb
oTAuYHBA OT Hyas anemeHT ¢ (A)d, (A). Takum o6pasou,

(A—AE)C(A)=(—1)", (1) E,
OTKyna
e, (M) E=(AE—A)[(—1)""1C(M)]. (4)

IT0 paBEeHCTBO INOKA3LBAET, YTO OCTATOK OT «/IEBOrO» XENeHHS
A-MaTpUlL, CTOsIER cresa, Ha ABywied AE —A paseu nymo. M3 temmu,
AOKa3aHuoi B Kouue § 60, Burexaer, 04HaKO, 4TO STOT OCTATOK PaBeH
marpuue e, (A) E=e, (A). JelicTBureabHo, matpiuua e, (A) E moxer Gbith
3aNHCAHA Kak MaTpPHuHbi  A-MHOTOY’AeH, kO3DdulMenTH KOTOPOroO
ABAMIOTCH CKAAAPHBLIME MaTPHIAMH, T. €, 1ePeCTAHOBOYHL ¢ MaTpHued A,
Taxum oGpasom

€, (4)=0,
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T. €, MHOrouaeH e,(A) AeHCTBHTENbHO aHHYyNHPYeTCH
MaTpHUue# A,

Orciofa ciepyeT, 4TO MHOTOUY/MEH e, (A) HALeJO [E/AHTCH Ha MHHH-
MaJbHLH MHOTOuAeH m(A) MaTpuun A,

e, (M)=m@M)q (). (5)

feno, ytocTapmwuit kosdpduuuent MEOroyneHag(A)paBen
epMHALLE.

Tak kak m(A)=0, TO cHOBa, BBHAY TOH xe JeMMH Hu3 § 60,
0CTaTOK OT JIeBOTO peneHust A-matpuus n (A)E Ha zByuren AE—A
paBeH HyMIO, T. €.

m () E=(AE—A)Q(}). (6)
PapencrBa (5), (4) u (6) npeBOAAT K paBeHCTBY
AE—=A) (=D CM=RE—A) [Q(A) g (M)

O6e yacTH STOrO PaBEHCTBA MOXHO COKPaTHTh Ha OOwBi MHOWH-
Tens AE—A, Tak Kak cTapuiuil kosdduunedt E 3TOro MaTpHYHOrO
A-MHoroysmena sBasercd HeBhipowaeuHoil maTpuuelt. Takum o6pasom,

CA=(—=1""1Q (M) g (A).

Mu moMHuM, ofHako, 4TO HauGonabwmuil oOOUME HesuTe/Nb 9IEMEHTOB
maTpuun C(A) pasen 1, [TosToMmy MHoTOuneH ¢(A) AOaKeH MUMETh Hy-
JEBYIO CTENEHb, a TaK Kak ero crapuiuit kxosadduument pased 1, To
g (A)=1. Taxum oGpasoM, sBBuny (5),

e, (A)=m(h),

4YT0 M TpebOBAaNOCh AOKA3aTh,

Tak kak, Beuay (1), xapaKTepuCTHYECKMH MHOTOYJNEH MaTpHlu A
HAIleJ0 JeNMTCS Ha MHOTOUYJeH e, (A), TO U3 HOKa3anHOMH celuac Teopemu
BHTEKaeT CJeAYIOLas

Teopema Famunbrona—Koaau. Beaxasn sampuna seasemesn
KOpHeM €80e20 XaAPAKMeEPUCMUKECK020 MHOZ04NAEHA.

Munumanbublit MHOTOYIEH aunHeliHOoro mpeoGpasoBanust, Jokawmem
CHayana cireiyiollée YTBepKAEHHE:

Ecau mampuypt A u B nodobroi u ecau mnozourern f(N) anny-
Aupyemcs mampuyeil A, mo on anunysupyemcs u mampuyet B,

HeficTBuTEIBHO, MYCTDb

B=C"1 AC,
Ecmu

fM=arFar* -1+ fa, A+,
T0

agAff oy AP b, At a,E=0.
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Tpanchopmupys o6e uactTu sToro papencrsa Matpuuet C, mosaydaem:
- 3 k-
C Y o,A®+a A" 14-, .. 4 a,_ A+ a,E)C=
=0y (CT1ACY 0, (C-1AC)* 14 ... 40, (CTTAC) + o, E =
k k-
=qyB4a,B*" 14 ... +a, B+a,E=0,
T, e. f(B)=0.

OTciona cnenyer, 4TO n0006Hble Mampulpl 064a0a0Mm 0OHUM U ness
He MUHUMAALHOIM MHOZOHAEHOA,

[lycth Tenepb ¢ Gyaer nuxeliHoe npeobpa3oBaHue n-MepPHOrO JHHeH-
HOTO IIPOCTPAHCTBa Hax moJeM P, Martpuul, zapatoue 210 npeobpa-
30BaHHe B pa3HbIX 6a3ax MPOCTPAHCTBA, MOLOGHH Mexcay coboft. O6uiuit
MHHHMA/MbHLA MHOTOY/ICH 9THX MATPHIL HA3HBACTCHA MUHUMALOHOIM MHO-
20%AeHOM AUHeliH020 npeobpa3osanus ¢,

Hcnonbayst onepauud Haa /AuHEHHHIMH NPeoOpa30BaHUSIMH, BBELEH-
HHe B § 32, MOXHO BBECTH NOHATHE 3HQYEHUA MHOTOYJEHA

fM=ar*toa M1+ ta_hta,

u3 koabua P[A] npu A, paBHOM JHHeHHOMY npeo6pa3oBaHHIO @ 3TO
Oyner naudefinoe npeo6GpasoBaHue

F @) =c@* +o0fF 14 ... F o 10+ e,

rie &€— TOXAECTBeHHOe npeobpa3oBadue,

Mbl ckaxem, manee, 4yTo MHOrou/ieH f(A) awnysupyemca nnueRnbIM
npeofpasoBanueM ¢, €Cau

f(@)=o,

raie ®—mHyaesoe npeobpasoranue,

YuutniBas CBA3b MEXAY ONEpAaLUAMM HaJ JHHeHHBIMH mpeoGpas3oBa-
HUSIMHM M HAal MaTpuUaMu, yuratenbp 6e3 Tpyla HOKAKeT, Y4TO MUHU-~
MQAAbHOIE MHO204AEH AUHELH020 NPeobPA30BAHUA @ SBATEMCH MeM
OOHO3HAUHO ONPEOCACHHOIM JMHO20UNCHOM HAUMeHbUeld cmeneHlt co
cmapuus Kodgpduyuenmos 1, xomopoili annyaupyemcs npeobpaso-
saruen . Ilocne 9TOro pesynbTarh, MOMYYeHHLE Bhillie, B YaCTHOCTH
TeopeMa [amuabroHa—Ksan, moryr Gurb mnepedopMy/InpOBaHH Ha
f3bIKe JIHHeHBBX npeo6pa3oBaHHi.



I'JIABA YETBIPHAOUATASA
rPyNnmhbl

§ 63. Onpepenenye M mMpuMepn rpynn

Koasia u noasi, urpasuue CTosb 60/bLIYIO POb B NPEIMECTBYIOIEHX
riasax, BAAIOTCA aAreOpaHueCKUMH CHCTEMAMH C ABYMS HE3aBHUCHMHIMH
OnepauuaMu: CJAOWEHUEeM H YMHOWeHHeM. B pasnnyHbIX oTjaenax Martema-
THKH 1 B ee NPHJIOKEHHAX BeCbMa YacTO BCTPEYAIOTCH, OJHAKO, H Takie
ajsre6panyeckHe CHCTEMb, B KOTOPHX ONMpelesieHa JHlb ofxHa aarebpau-
yeckaa onepaunsd. Tak, orpanuyuBasch noka NPHMEpPaMH, Ywe NOABIAB-
IIHMHCH B HawleH KHUTe, OTMETHM, YTO B MIIOXECTBe MOACTAHOBOX 71-H
ctenenn (cM, § 3) namu Ounina ompejenena auIIb OJHA ONepauHd — yM-
noxenne, C Zpyroff cTopoHn, B OnpeneneHue BEKTOPHOTQ MPOCTPaH-
cTBa (§ 8) BXOOHT cloxeHHe BEKTOPOB, B TO BPEMS KAaK YMHOXeHHe
BEKTOPOB He OLIO HAMH ONpejeneno (3aMeTHM, YTO YMHOMEeHHe BeKTOopa
Ha 4UCJ0 He YHOBJeTBOpPseT RaHHOMY B § 44 onpepe.texuio aireGpain-
YecKoR omnepauuu).

Baxne#tmiuM THnoM anare6panyecKkHX cucTeM ¢ oaHOft omepauneit
SBASIOTCH TPYNNH. JT0 MOHATHE 064afaeT 4pe3sbYalHO IUHPOKOH 06-
JacTblO MPHMEHEHHH H CAYWKHT NnpeaMeroMm OGOAbLION CaMOCTOATEJbHOR
Haykn — teopnn rpynn, Hacrosmias r1asa MOweT paccMaTpHBAThCA Kak
BBENeHNE B TEOPHIO Tpynn—B Helt 6YAYT H3/I0¥eHH 3/JeMEHTapHHe cBe-
JeHHd O rpynmax, 3HaKOMCTBO C KOTOPHMH HEOOGXOAHMO KaKIAOMY Ma-
TeMaTHKY; 3aKOHYHTCH [rJaBa OZHOH MeHee 31eMEHTapHOH TeopeMoil.

Ycnoeumcd, kagk STO npuHsAto B o6uiefl TeopHH Tpynn, Ha3HBATh
paccmMaTpHBAEMyIO aare6paHYeCKYl0 ONEPailHI0 YJMHOJNCeHUeM W YNo-
TpeGaATh COOTBETCTBYIOWYIO CHMBOAUKY. Hanmomuum (cm. § 44), uro
anrefpanvyeckass onepauuss npeamnonsaraercd BcCeraa
BHNOAHHUMON H OXHO3HAUYHOH—IAT /MOOHX ABYX 3.EMEHTOB
a 1 b paccMaTpMBaeMOro MHOWKeCTBA MpoOu3BeXeHHe ab cyulecTsyer
H ABIfeTCA ONHO3HAYHO ONMPeAeseHHbIM 9AEMEHTOM 3ITOr0 MHOWKECTBA,

I'pynnoi nasuiBaetca MHO)ecTBO U ¢ onHoil aareGpanyeckoii onepa-
nuefl, accounatusHolt (xOTA He 0GA3aTeNBHO KOMMYTAaTHBHOH), NpHYEM
Aad 9TOH omnepauHd J0MKHA CYLLEeCTBOBATh ob6parHast onepauud,

[Ipn sToM, BBHAY BO3MOMHO! HEKOMMYTATHBHOCTH TPYNHOBOH one-
pauuH, BHIIOJAHHMOCTH OOGpATHOH omepalliH O3Ha4aeT clelyioulce: Aad
mobbiX ABYX 971eMEHTOB @ M b u3 G cywecrsyior 8 G Takoil oAHoO-
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3HAYHO ONpPENEeNeHHB I 3MEMEHT X H TAaKOH OANO3HAYHO
ONpeAeeHHHN X 3SJeMEHT Y, UTO

ax=>5, ya=b.

Ecan rpynna G cOCTOMT H3 KOHEYHOrO 4HCJIA 3JEMEHTOB, TO OHA
HA3LIBACTCH KOHexHOol 2pynnod, a YUCI0 S1EMEHTOB B Hell — nopadkon
rpynnu. Ecan onepauns, onpepeienHas B rpynne G, KOMMYTaTusHa,
10 G HasWBaeTCs KomMmymamusnol i abesegoil rpymuo#,

Yxawenm npocrefiuine caeacTsus u3 onpeneieHus rpynna. Ha ocuo-
BaHRH paccyxienntl, yxe npopoxusuixca B § 44, MOXHO yTBepXaarTh,
4YTO 3aKOH aCCOUHATHBHOCTH MO3BOJAAET TOBOPHTh OMHO3HAYHHM O06pa-
30M 0 npoussedenut 1106020 KOHEUHO20 HUCAG 3NeMeHmO8  2pynnul,
3a0aHHBX (BBHAY BO3MOXHON HEKOMMYTaTHBHOCTH TPYnncBoff onepaunn)
B ONpEIeNeHHOM MOpAiKe.

Ilepexoany K CJIeACTBHAM H3 CYLIECTBOBAaHHA OGparHON omepamuu.

TMycts B rpynne G naH npousBoabHHI sieMedT a. M3 onpexenenni
TPYNOK BHTEKAeT cyuiecTEOBaHue B ( TAaKOro 0IHO3HAYHO OnNpexeseH-
HOTO 9.1EMEHTA €,, YTO @€, = a; 3TOT 3JIeMEHT HIpaeT, CJeJOBaTeIbHO,
POJb eNHHHUW MEH YMHOXEHHUH Ha HEro sieMeHTa a cnpasa. Ecan b —
moGolt apyro#t siemedT rpynnsl G M ecaH Yy eCTh 3IeMEHT TPYNNH,
YAOBJIETEOPAIOUINI PaBEHCTBY ya@ =2§, —ero cyuiecTBoBaHHe caeayer
H3 onpesesleHHsl TPYNNH, — TO MH NOAYHHM: .

b=ya=y(ae,)=(ya)e, = be,.

Taxum 06pa3oM, 91CM2HT €, HrpaeT pOIb NPaBOil €IMHHUH MO OTHO-
HIEHHI0 KO BCeM 3ieMeHTaM rpynnd G, a He TOJBKO INO. OTHOUICHHIO
K HCXOJHOMY 3JEMEHTY a; MO3TOMY MH ero o6oanauuM uepes e’. Ma
ONHO3HAYHOCTH, BXOHslel B onpeneiedyue o6paTHOli onepauuu, BuTe-
KaeT eAMHCTBEHHOCTb STOrO 3.1eMeHTa.

Takum ®e nmyTeM MOWHO HOKasaTh CYUIGCTBOBaHHE H eJMHCTBeH-
HOCTb B rpynne G 3:1eMeHTa e”, yAOBNCTBOPAIOUIETO YCJIOBUIO €'a=a
ang scex a u3 G. Ha camom aene snementn e’ u ¢’ coBmamamor, Tak
Kax M3 paBeHcTB e"¢’ =¢” u e"e’ =e’ BuTexaer e¢"=e'. ITHM nOKa-
3ano, uto 80 gcaxoil zpynne G cywecmsyem 00HO3HGHLHO onpedener-
Huil daestenm e, ydosaemgopsiomuii ycac8uio

ae=¢ea=aqa

ans Bcex a u3 (. BroT 9snemenT HaswBaercs eduxuned rpymnm G nu
o6uyto 0003HayaeTcss CHMBOJOM 1,

W3 onpenenenus rpynnu BHTEKaeT, Aance, CyU(eCTBOBAHHE H €AHH-
CTBEHHOCTH I/ NAHHOTO 9JEMEHTA @ TAaKHX 31eMenToB a’ u a”, 4to

ae’ =1, a"a=1.
B peficTBuTEAbHOCTH 9aeMeHTH @’ M a” COBNAaiOT: M3 PaBEHCTB
a"aa’ =qa" (aa’}y=a"-1=a’",
2"ae’ =(a"a)a’'=1.2"'=2a’
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cnenyer @’ =q’. DTOT INCMEHT Ha3HBACTCH OOPAMHbIM DJEMEHTY @ H
oGo3nayaercs a~}, T. e.
aa"'=a"lg=1,

Takum o6pasom, ecaxul aremenm epynno obradaem o0HOIHAUHO onpe-
OeAeHHOLM 0D PAMHBIM INEMEHRMOM.

U3 nocienHdx paBeHCTB BHTEKAET, YTO OOpPATHBLIM 3JIEMEHTOM A/
aneMenta a~! CAyMUT caM aneMeHT @, Jlerko BHIETb, Aanee, yTo o6par-
HhIM 1019 MPOU3BEAEHHA HECKONbKHX 9/eMeHTOB OyJeT Mnpou3BeneHue
9/IEMEHTOB, O0OPATHBIX COMHOXHTE/JAAM M [PHTOM B3ATHIX B OOGpPaTHOM
NOpsAKe:

(ayay...a,_1a,) '=az'az2, ... a7 a;’.

HaxkoHer, o6paTHHIM 3/eMEHTOM AJd eaMHHUH OyAeT caMa eIMHHLA,

IIpoBepka Toro, siBaseTca JH FPyNnoft JaHHOE MHOXECTBO € OZHOH
omepannets, BecbMa 06/eryaeTca TeM, YTO B ONpPeJeJeHHH IPyNnu Tpe6o-
BaHHE BHLIMOJHUMOCTH O6paTHOH onepal¥ MOXHO 3aMeHHTb MPeAnoao-
WeHHeM O CYIUEeCTBOBAHUH E€AHHHUH M OOPATHHX 9JEMEHTOB, IpHUYEM
JHUbL ¢ OAHOH CTOPOHH (HanpuMep, npaso#t) n 6e3 npeanonoweHud 06
HX eIWHCTBEHHOCTH. DTO BHITEKaeT W3 cjaeAylomlel! TeopeMHh:

Mnoocecmso G ¢ o0noli accoyuamusnol onepanuefi 6Gydem epyn-
noit, ecan 8 G cywecmsyem xoms 6o 00un 3aemenm e, obaadarouuii
cgoiicmeonm

ae=a oJan 8cex a u3 G,

U oecau cpedu smux npasuy eOUHUHHWX IAeMEHMO8 Cyujecmeyem
xomsa 06 00UH mMaKoli 3neMeHm ey, %MO N0 OMHOWEHUIO K HeMmy
scaxuli saemenm a u3 G obaradaem xoms O 00HUM npassism obpam-
HoM 3aemenmor a~ L

aa~1l=e¢,.

HDokaszateabctso., Ilycth @™l —oauu u3 npasnix 06paTHHX
sneMenTOB aiad a. Toraa

aa~1=¢y=egey = egaa~l,

T. €. aa~l=epaa~!. YMuoxan 068 4acTH 3TOrO PaBEHCTBA ChpaBa Ha
O.1MH U3 3/1eMEHTOB, NPAaBHIX O6PATHLIX A/ @~ 1, Mul OAyYHM aey = egaey,
OTKYla a=eoa, TAK Kak ey— npasas eandHunua aiaa G. Takum o6pasom,
pieMenT ¢y Oka3WBaeTcs H sesoff enunuueit ans G. Ecau Temepb e
eCTb MPOU3BO.JIbHAA NPaBaf eIMHHUA, €, — IPOH3BO/bHAA JIeBad eAHHHIA,
TO H3 PaBEHCTB

g6, =6, U e,e,=¢,

CNeAyeT e; = &,, T. €. N0basg npaBad eiHHHUA PaBHA N1000H J1eBOH. ITHM
IOKa3aHK CYIIeCTBOBAHHE H €IHHCTBEHHOCTDh B MHOWecTBE U € JMHHYHOrO
9/1eMeHTa, KOTOpuf 0603HaymM, Kak Buie, depe3 1,
Hauee,
al=a"1.1=qa a1,
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T. e. a~l'=a"1aa"!, rxe a~! ecTh OnHH U3 NpaBHx OGPATHHX S1eMeH-
TOB JJA 4. YMHOXas 06e yaCTH NMOCAENHErO PABEHCTBA CMPaBa HA ONUH
H3 NPaBHX OGPATHHIX 3/MEMEHTOB IAs @~ !, MH moayuaeM 1=a"la, 1. e,
sneMeHT a~1 6ymerT CAYWHTb K JIeBHM OGPaTHHM SJEMEHTOM IId a.
Ecau Teneps oy ! —npou3BobHui npapwit 06paTHuH 141 @, @; ' — npo-
U3BOJIbHHH NeBHH O6paTHHl, TO K3 PaBeHCTB

a;'aey* = (a;%a) a7 = a7’
a7'aar? = a;" (aa7") = a5

cnenyet a;' =a; ', T. e. C/IGAYIOT CyUIECTBOBAHHE M eNWHCTBEHHOCTH
Ins Besikoro siementa a w3 G oGparHoro aiemeHra a~l,

Tenepp nerko nokasatb, uto MuowectBo G Gynmer rpynnofl, Jefict-
BHTEIbHO, YpPaBHEHHAM ax =0, ya=2>0 6yAyT, Kak NerKo BHAETb, YAO-
BETBOPATH SAEMEHTH

x=a"'h, y=ba-l.

EXMHCTBEHHOCTD STHX pelIeHHH CJeLYEeT H3 TOro, YTO eC/au, HanpuMep,
ax, = ax,, T0, yMHOXasd 00e YacTH ITOr0 PaBEHCTBa CAeBa HAa a~ !, Mu
noaysaeMm x, =x,. TeopeMma nokasana.

Mb yXe HeCKONbKO pa3 BCTPeyaauch C MOHATHEM H3oMOpdHIMA —
IS KOJew, LS JHHeHHKIX NPOCTPAHCTB, 114 €BKJAWAOBHX MPOCTPAHCTB.
3T0 noHdATHE MOXeT GHTh ONpenesieHO H AAS TPYIM W UrpaeT B TEOPHH
TPyNn CTOMb ke 60JbLIYI0 POJb, KaK H B Teopuu kojeu. I'pynnu G
H G’ HA3HBAOTCA U30MOPPHBMU, CCIH MEXKAY HUMH MOXHO YCTaHOBHTD
TaKoe B3aHMHO OXHO3HAYHOS COOTBETCTBHE, fIPH KOTOPOM MIA% AKOOHX
3/1eMeHTOB @, b u3 G ¥ COOTBETCTBYIOMIMX UM 3jeMeHTOB @', b’ us ¢
npoussenennio ab cootrBercTByeT nponssenenue a'b’. Kak B § 46 (mnx
HYJAst W NPOTHBOIOJOXKHOLO 3JEMEHTa B KOJblle), MOKHO MOKA3aTh, YTO
npu H3oMOp(HOM COOTBEeTCTBHH Meway rpynnamu G u G epunuue
rpynnu G cooTBeTcTByer eaunuua rpynns G', ¥ ecnu snementy a us G
COOTBETCTBYeT 3neMeHT &' u3 (', To azeMeHTy a@~! cooTBeTcTBYeT
saement a' 1L, :

[Tepexonst K npuMepaM rpynim, OTMETHM, uTO ecin GH onepa-
nug B rpynne G 6mWa Ha3BaHA CJA0XCeHUeM, TO €IHHHLA TPYNNLH Ha-
3nBanach Gul Hy.sem W o6GosHauanach cumsonom 0, a BMecTO 06paTHOrO
3J7eMEHTa MBI TOBOPHJAH Ol O NPOMUBONOAONCHOM JAereHme v 060+
3Havaau Onl ero uepes —a.

B xayecTBe nepBOro mpuMepa TPYNM YKAKEM, UYTO MO CAONCEHIIO
6caKoe Koablo (4, 8 HACMHOCMU, node) AGAsemcA 2pynnoll, npumonr
abesesoll; 9TO-—TaK Ha3nBaemasw aOGUMUBHAA 2PYRNG KOoAb4a. DTO
3aMeyaHse cpasy fnaer GOnblIOe KOIHYECTBO KOHKPETHHX MNpPHUMEpPOB
TPYNN ¥ CPelAM HHX — aAAMTHBHYIO TPYINY LEAbX YHCEN, aJAUTHBHYIO
TPYNAy YeTHHX YHCeJN, aAAHTHBHHE TPYNMH PaUHOHAJILHHX uucen, Ael-
CTBHTEJbHBIX YHCE/, KOMILIEKCHHX HHCead W T, A. 3ameTum, 4to addu-
muBHble 2pYnnl qeasx 4ucen U HeMHHX HucCes U3IOMODPHHH MedHCOY
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cofof, XOTA BTOpAs SBASETCH JHIIb 4acCTblo nepnoil: oTobpaxenne, cra-
BHULEE B COOTBETCTBHME BCSIKOMY LEJOMY 4YHC1y & YeTHoe yHcao 2%,
Oyaer B3aHMHO OJHO3HAUHLIM H, KaK /erko NPOBEPHTH, Aaxe U3OMOpP-
HLM OTOGpaweHHeM [ePBOH M3 HA3BAHHLIX TPYNHN Ha BTOPYIO.

[To yMHOXEHHIO HHMKAKOS KOJbILO He ABJAACTCA CPYynNmoH, Tak Kak
oBpatnas onepauus — AejJeHue — He BCeraa BuMoaHuMa. IlonoxeHue ne
13MeHdeTcs H IPH nepexoie OT NMPOH3BOJBHOTO KOJIbLA K 110110, TaK
KAK B NOJE OCTAeTCs HEBHMOJHAMHM JAejJeHHe Ha Hyab. PaccmoTpuw,
0/HaKO, COBOKYHMHOCTL BCeX OTJHYHBX OT HYI4 31eMeHTOB noas. Tak kak
10/1e He COAEPWHT jenuTesed Hynas, T. €. NMpOiH3BeleHHe ABYX 3/]eMeH-
108, OTAHYHWX OT HYJd, CaMO OT/AHYHO OT HYas, TO yMHOMeHHe OyHneT
JJd paccMaTpHBaeMOR COBOKYNHOCTH anrebpanyueckoll onepailieif, NpHTOM
aCCOLHATHBHON W KOMMYTATHBHOf, IpiyeM JejJeHHE yxwe BCerjaa BhNoa-
HHMO H HE BHIBOAMT 3a npexenn 3T10fi coBokynHocTH. Taknum o6pa3oym,
COBOKYNHOCMS OMAUYHHX OM HYAS IAeMeRMO8 2100020 nosn ABAAEMCR
alenesol zpynnoii; 3Ta TPyNna Ha3bBaeTCA MYAbMUNAUKAMUBHOL 2pYN-
nod noas, llpuMepamu, Cl0aa OTHOCAUIHMHCH, OYAYT MYJAbTHIVIHKATHBHKE
Ipynnsl paltHOHA IbHKIX Yitce T, AeHCTBHTEAbHEX YHC e, KOMIMe KCHBIX YHeea,

Tpynny no ymHOeHHIO COCTABIAIOT, OYEBHANO, BCE I0I0KUTEAbHbE
leficTsuTenbHble YHCAA. Ima zpynna u3onmopgra adoumusroli epynne
8cex OeficmsumensHsls 4iucen: CTABA B COOTBETCTBHE BCHKOMY MOJOWH-
TEJABHOMY uHCAYy a aeficTBHTenbHOe uiCia0 Imae, MB NMOJIyYHM B3aHMHO
01HO3Haui0e oTOGpaxeHHe Mepsof Tpynnu Ha BTOPY!0, KOTOpPOS Gyler
1130M0PpDHU3MOM BBHILY PaBeHCTBA

In(ab)=Ina—+1nb.

Bo3bMeM, nasiee, B 110/ KOMILIEKCHHX YHCEN COBOKYMHOCTb KOpPHeEH
n-j creneny u3 eanunun. B § 19 6mao gokasado, uTo npou3sBenenue
IBYX KOpHe# n-#i cTemeHn H3 eIHHHMUM, a Takwke uuci10, o6GpaTtHO?
K KODHIO 72-1i CTeMmeHH U3 eAHHHIN, CaMIl MPHHANIEKAT K pacCCMaTPHUBAEMOi
COBOKYNHOCTH 4Yiceld. Tak Kak eJHHHLA TaKke NPHHAANEWHUT, NOHATHO,
K STOH COBOKYNHOCTH ¥ TAK KaK yMHOXeHHe 100X KOMIUIEKCHHX YHcen
aCcCOUMATHBHO H KOMMYTATHBHO, TO MM IOJYHaeM, UTO KOPHU n-it cme-
nentt u3 edunuus cocmasAfom no YMHoycenurwo alenesy zpynny,
npumos Konexnyio nopadxa n. Taxum oOpasom, 044 #106020 Hamy-
PQABKO20 HUCAQ N CYIMECMBYIOM KOHELHbe 2pYynnu nopsadka n.

IT'pynna (no ysnoscenuro) xopreld n-fi cmeneHu u3 efuHuls u3o-
MoppHa aodumuswoli zpynne woasya Z,, nocmpoednozo 8 § 45.
JlecTBUTE/IbHO, €C/AH € — nepBOOOpPA3HuHil KOpeHb 7-H CTeneHH H3 eiu-
HHUH, TO BCE 9JIEMEHTH MEPBOH H3 HA3BAHHMX TPYNN HMEOT Bux e
k=0,1, ..., n—1, Ecan Mb nOCTaBHM B COOTBETCTBHE BCAKOMY
uncay e aaement .C, Koabua Z,, T. €. KAAaCC LeIWX 4HCea, AAIOLUX
Ipu Je/eHHH Ha 71 OCTATOK R, TO MOJAyuuM H3oMopgHOe COOTBETCTBUE
Mex1y paccMarpuBaemMsiMurpynnasMiecin <k <<n—1,0<</<<n-—1
uewnw kt+Il=ng+4r, tne O<<r<<n—1, a ¢ paBio 0 uaun 1, TO
e®.e'=¢g" u, BMecTe ¢ TeM, C,+ C,=C,.
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Ceiivac yMecTHO yKasaTb HEKOTOPHE MPHMEPW HHCIOBHX MHOWECTB,
He sBafouluxcs rpynnaMi, Tak, MHOKeCTBO BCEX UEAHX 4ice. He 6yRret
rpynmnoil no yMHOWEHHI0, MHOMKECTBO BCeX MNO.JOWHTEIbHLIX HeHcTBi-
TeAbHHX uYlicel He OyleT rpynnoil no CJI0KEeHHI0, MHOXECTBO BCeX
HeYeTHBIX uYHce 1 He OyJeT TrpynmnoH Mo CI0KEHHIO, MHOWKECTBO BILX
OTPHHATEAbHHX AEHCTBHTEIbHBIX YHCe1 He OyaeT rpynnoil mo ymHoxe-
HH10. [IpoBepka BCex STHX yTBepKAeHuil He MPeICTaB/feT 3aTPyAHeHNI].

Bce paccMoTpeHHHE BHIIE YHCJAOBHE TPYNNH SBIMIOTCH, KOHEYHO,
aGenesmMi. [IpnMmepavmu afeneBHX TpyNN, COCTABJIEHHHX He H3 4ucen,
cayxaT JauHeflHHe NPOCTPAaHCTBA: KaK BHTEKAET N3 HX ONpeileseHns
(cM. §§ 29, 47), scaxoe auneiinoe npocmpancmgo Had nNpou3goLsHb M
noases P 6yoem abenesoii 2pynnoi omuocumeibHo onepayui CcA0-
oHeHus,

[lepexoanyM ¥k mpuUMepaM HEKOMMYTATHBHHX TPYynm

MuowecTBo BCeX MaTpHL #72-TO MOpPsAka Hag nolem P He Oyaer
rpynnoft no OTHOMIEHHIO K ONEpalUl YMHOXEHUS, TaK Kak napyuiaercs
TpeGoBaHNie O CyllecTBOBaHHH o6paTHoro ajemedta. Ecau Mol orpaui-
YHMCH, OXHAKO, /JHIUb HEBHPOWIGHHBIMH MaTPHLAMH, TO MOIYYHM Yyie
rpynny. HelicTBHTe/bHO, NpoH3BejeHHe ABYX HEBHPOWIEHHHIX MATPHIL
6yneT, Kak Mhl 3HAaeM, HEBLIDOWIAEHHHIM, eXIIHHYHAS MaTpHIA fABIfeTCH
HEBHIPOXIEHHOH, BCRKAs HEBLIPDOWAeHHAs MaTpuna ob6aanaer o6paTHOH
MaTpHlel, TakKe HeBHPOXKIeHHON, H, HAKOHELl, 3aKOH acCOIHAaTHBHOCTH,
BHIIIOHASICH N/l BCeX MaTpPHI, CMPaBeL B, B 4aCTHOCTH, AJs MarTpui
HEBHIPOKIEHHBIX. MOKHO COBOPUTDH, CAEXOBATENbHO, O Zpyrinie HEGHpPo-
HOEHHBX Mampul, n-20 nopadxa Haja nojaeM P ¢ yMHOKEHHEM MaTpuiy
B KaYeCTBE IPYNNOBOI ONepaLiit; 3Ta rPyNna HeKOMMYTATHBHA NP 72 = 2,

K Becbma BawHBIM NPHMEPAM KOHEYHBIX HEKOMMYTATHBHHIX TIpynn
NpuUBONNT BBejeHHoe B § 3 ymHOxenue nojcrasosok., Mu 3naem, uto
B MHOXKECTBe BCeX MOACTAHOBOK 7-H CTeNeHH yMHOweHue 6ymer aJire-
6panuecKoH onepaiuel, NPHTOM aCCOUHATHBHON, XOTH NPH 71 == 3 HEKOM-
MYTaTHBHOMN, 4TO TOXKIECTBEHHAs NOACTaHOBKA E caymuT eAnHuueli sToro
YMHOYEHH 1 4TO I BCHKOH NMOXCTAHOBKYM CyllecTBYeT o6patHas noi-
ctanoBka. Takum 06pa3oM, MHOMCECMEO ROOCMAHOB0K n-li cmenenu
cocmasasiem N0 YMHONCEHULIO 2pyNNY, NPUMOIL KOReUH YO nopaoxa n!.
I7a rpynna Ha3wBACTCA CHMMemputecKol epynnoi n-i cmenent; ona
HeKOMMYTaTHBHA npu 7= 3.

PaccmoTplm Tenepb BMECTO COBOKYMHOCTH BCeX MOACTAaHOBOK n1-i
CTENeHH JHLIb COBOKYMHOCTh Y €T H bl X NMOACTAHOBOK, COCTORNLYIO, Kak

1
MH 3HaeM, H3 7/1! anemMenToB. Mcnoapsya spokasaunyio B § 3 Teopemy

O TOM, UTO YETHOCTH TOJACTAHOBKH COBNALAET C YETHOCTBIO UHCAA TPANC-
no3uitué, BXOLAILHX B Kakoe-1uG0 pa3.1oxkeHne 3TOH NOACTaHOBKH B MpO-
H3BEeHEHHE TPAHCIO3NLUUK, MH MOJY4aeM, YTO npoussedenue 06yx 4em-
HbLX NOOCMAHOBOK CAMO 4emHo, B CaMOM ZRene, nmpeactaBienne AB
B BHIE NPOU3BENEHHS TPAHCMO3HUMH MK MOTYUYHM, 3aNMHCaB COOTBETCTBYIO-
wie pasaoxenust xad A u B oxno 3a apyrem. Jla’aee, acCONHATHBHOCTD
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YMHOXEHHT MOXCTAHOBOK HaM H3BECTHA, YETHOCTh TOXIECTBEHHOH
NMOACTaHOBKH ouesuaHa, Hakoneu, 4YeTHOCTb mnoactaHoBku A~! mpu
4yeTHOH moacraHoske A ciaegyer XxoTf OH M3 TOro, 4TO 3alHUCH STHX
MOACTAHOBOK MOYHO MOJYYHTb ONHY M3 APYroi nepemenoft Mect sepxueft
H HUXHeRl CTPOK, T.e. OHU COAEpPXKAT paBHOe uHucao uHBepcuit, Takum
06pasoM, JLHOMNCECMBO HeMmHuX nodcmarnosox n-i cmenenu Gydem

1
-gn!. dTa rpynma Ha3u-
BaeTCA 3Haxonepemenroil epynnofli n-fi cmenenu; nerko NPOBEPHTD,
YTO OHAa HEKOMMYTaTHBHA NPH 7 =4, X0Td 6yAeT KOMMYTAaTHBHOH npH
n=3.

Cumverpuyeckue ¥ 3HaKOMEPEMEHHHE TPynnu HrpaioT oyeHs 6osb-
nylo pojb B TEOPHH KOHEYHHX Trpynm, a Takwxe B Teopuu l'anya. 3ame-
THM, 4TO OHLI0 Obl HEBO3MOXHO, MO aHAJOTHH CO 3HAKOMEPEeMEeHHLIMH
TPYNnaMH, HOCTPOHThL TPYNIMY MO YMHOXKEHHIO H3 HEUYETHHX MOACTAHOBOK,
TaK KaK NPOH3BEJEHHEe ABYX HeYeTHHX NMOJACTAHOBOK BCeraa ecTb yerHad
NOJACTAHOBKA,

Boabuioe uucA0 pa3HoOOOGPa3HHX MPHUMEPOB TPYNM AOCTABIAKT pas-
JINYHHE BETBM TeOMeTpHH, YKawmeMm OAHH NpocTeHuwu#l npuMmep TakKoro
pOia. MHOXECTBO BCeX BpalIeHHH Liapa OKOJIO ero ueHtpa Oyaer rpyn-
MOR, MPUTOM HEKOMMYTATHBHOH, eciu MPOM3BEIeHHeM ABYX BpaLleHHH
MW Ha30BeM pe3y/abTaT HX MOCJAeL0BATE/NbHOIO BHIMOJHEHHS,

70 YMHOXMCEHUIO KOHeyHod 2pynnoil nopadxa

§ 64. Honrpynmst

TMoamuoxectso A rpynnut G Ha3wBaeTcs 710dzpynnoli STOH rpymm,
€CJIH OHO CaMO fBASETCA FPYNNOH OTHOCHTENALHO OMEepauuu, onpeie/eH-
Ho#t B rpymnne G,

Ilpu nposepke Toro, fiB/fercA aAn MOAMHOXeCTBO A rpynnu G nox-
rpynno# sTo#f rpynin, AOCTATOYHO NMPOBEPHTH: 1) comepwurcs au B A
npousBejeHne JIOOKX ABYX 3JeMEHTOB H3 A; 2) comepkuT /in A BMecTe
€O BCAKHM CBOHM 3JEMEHTOM M ero ofpaTHuil anement, [leHCTBUTEABHO,
H3 CNPaBeAIMBOCTH 3aKOHA accouuaTHBHOCTH B rpynne G caenyer ero
CPABEAINBOCTD ANS JEMEHTOB H3 A, a NPHHALJNEKHOCTh K A CAMHHLH
rpynnw G BuTekaer u3 2) u 1).

Muorne u3 rpymn, yxa3adHhX B MnpejllecTByoueM mnaparpade,
ABAMIOTCH MOATrPYyMNamMu APYrux TPYyNn, Takwke TaM YKa3aHHuwx. Taxk,
aJAUTHBHAA TPYNNa YeTHHX YyHCced ABJAAETCS NOArpynmof axauTHBHOH
TPynns BCEX UEMBX 4YHCeJ, a NOCAeAHAS B CBOIO O4yepeab ecTh MmOA-
rpynna aAiMTHBHOHR TIpynnme pauHOHA/JAbHBIX uucea, Bce st rpynnu,
KaK 1 BOOOLie AAANTHBHLIE TPYNGH Yiice/, SBIAIOTCS NOArPYNNaMn allu-
TUBHOM TPYNMbl KOMIJIEKCHHX yncea. MyabTuniaukatusnasi rpynmna nojo-
WHTENAbHLIX AEHCTBUTENbHLIX YHCeJ SIBIAAETCH MOATPYNNOH MY/bTHIIIHKA-
TUBHON TPYMMB BCEX OT/JHYHHX OT Hy/Af AEHCTBUTENbHBIX YHCe], 3HaKO-
nepeMeHHas rpyuma n-i CTeneHH €CThb MOATPYNNa CUMMETPUYECKOH
TPynNnu STOH Ke CTENeHH,
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IMonuepknem, YTO cozepKauieecs B ONMPEIENCHHH MOATPYNNH Tpe6o-
BaHHE K MOAMHOXECTBY A rpynnsl G 6HTb rpynnol OTHOCHTEABHO
rpynnoso#ft onepanuu, omnpenxenedHoit B rpynne G,
ABIFETCS CYIEeCTBEHHMM, Tak, MyAbTHIIIMKATHBHASI FPYTIa MOJ0XUTENb-
HbIX JEeHCTBUTEJABHBIX 4YHCeN HEe fAB/JAdeTCHd NOArpynnod alauTUBHOH
TPYMNH BCeX NeHCTBHTEJbHLIX YHCEd, XOTSl Mepsoe MHOXKECTBO COAep-
WHUTCH, KAK MOJAMHOWECTBO, BO BTOPOM.

Ecau ¢ epynne G g3amui nodepynnu A 1 B, mo ux nepecetenite
ANB, m. e. cosoxynnocmy 3aesmenmos, sewcawux u 8 A, u 8 B,
maroice Gydem nodepynnod zpynnet G.

JelicTBuTeNBHO, €ciM B nepeceueHn A B comepxaTrcs 97eMeHTH
X W Yy, TO OHH JexaT B noArpynmne A, a MO3TOMY K A TNpHHAANEKUT
W Tpou3dBeAeHHe XY, H obpaTHuil sjgement x~!, [Mo Tem we coobpaxe-
HHAIM BJEMEeHTH XY ¥ X~1 mpuHalnexar ¥ K noirpynmne B, a nodtomy
OoHN BXOHmST U B AN B.

[Tonyuennwit pesyabTaT crnpaBem/UB, KaK JETKO BHAETh, HE TOJbKO
And ABYX MOXrPYNM, HO H AJs AO6GOro YKCJIA NOATPYNI, KOHEYHOrO MM
naxe GeCKOHEYHOro.

[MoaMuoxkecTso rpynnit G, cocrosiuiee U3 0JHOrO 3aemMenta 1, Gyner,
OYE€BHAHO, MOATPYNNON 3TOH Trpynne; 3Ta MOOArpymnma, CoaepKauwascs
B no6olt npyroit noarpynne rpynns G, HasuBaeTcsd eduHu4Hol nod-
epynnofé rpynnt G. C 1pyroH cropond, cama rpynna G saBasercs
ONHOH H3 CBOHX MOArpyTII.

HHTepecHnM npuMepoM MOATPYNI CAYXAT TaK Ha3LBaeMue 1L H K J1H-
YecKHe moArpynnnw, BpexeM cHayana nosdATHE CTEMEHH 3Je-
mentra a rpynnal G. Ecan n—no6oe HaTtypasibHOe 4HCAO0, TO POH3Be-
JleHHE 71 371eMEHTOB, PaBHHX 9JIEMEHTY @, Ha3HWBaeTcst n-ft cmenewnsvio
anementa a U o6o3Hauaercs uepe3 a”, Ompunamensvrbie cmenexl 3ne-
MEHTA @ MOWHO ONPEAEJHTb HJIHM KaK SJeMeHTH rpynns G, o6paTHhe
NOJIOKHTE/bHBIM CTEMEHSIM STOTO 3ME€MEHTa, H/M IKe KaK MPOousBeseHud
HECKONbKHX MHOXHTeJel, paBumx aneMmedty a~!, B gelicteurtennnoctu
9TH onpejpe/eHus COBNAanaoT,

(@) l=("Y), n>0. (1

Jns mokasaTenbCTBa JOCTAaTOYHO B3AITh MPOU3BEAEHHE 271 MHOXUTENEH,
W3 KOTOPHLIX IEPBHIC 72 PaBHH @, a OCTAa/AbHLE PaBHH @~), ¥ npousBecTH
BCe COKpauleHusl. DaeMeHT, paBHHP KaK /eBoH, Tak # npaBofi wuacTy
paseHctBa (1), 6yner o6o3HayaThca ueped @~", YcaosuMmes, Hakoweln,
NOA HYAe8old cmenerbid a® 3neMeHTa @ MOHHMAaTb SaeMeHT 1.

3aMeTuM, YTO ecau onepauust B rpynre G Ha3WBAeTCS CIOWEHHeM,
TO BMECTO CTENEHEH 3/7eMeHTa @ CAEAYeT TOBOPHUTb O KPAMMbLLX 3TOTO
BJICMEHTA H 3aMUCHIBATh HX 4Yepe3 kRa.

bBes Tpyma mupomepsietcd, uto B Mo6oit rpynne G nas crenesei
moboro sJementa @ npu MOOHX NOKa3aTelNsx m H 71, NOJOXHUTC/AbHHX,
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OTPHLATCABHBX HAM HYJACBHIX, WMEIOT MCCTO PABEHCTBA
a"-a"=a"-a"=a"*", (2)
(an)m=anm. (3)

O6o3nauny uepe3 {a} noamuowecrso rpynnu G, COCTaBleHHOE U3
BCEX CTeneHedl 9JeMeHTa @; B HEro BXOAHT M CaM 3/7eMeHT a, fB/slIo-
utica csoel nepsoit crenenvto, [lodmunoxcecmgo {a} 6ydem nodepyn-
noi epynne G: npousBencHue saementos u3 {a} aexur 8 {a} Buny (2),
B {a} Bxomnt 3saement 1, paBHuft 4% u, Hakoueu, {a} BMECTe CO BCAKHM
CBOHM DIEMEHTOM COAEPHHT H ero 06paTHHHA 3.1eMeHT, Tak Kak u3 (3)
C/AGAYeT PABEHCTBO

(a")t=a"",

MNoarpynna {a} wuaswiBaerca gurxauuecxol nodepynnofi epynnw G,
nopoxoennold ssemenmor a, Kax nokasmisaer pasedHcTBO (2), OHa
BCer2 KOMMYTATHBHA, Aawe ecau cama rpynma G H HEKOMMYTATHBHA,

3aMeTuM, YTO HHIAE BhHilllE HE YTBEPIKIANOCH, YTO BCE CTEMEHH die-
MEHTa @ ABJAIOTCA PA3ANYHLIMH 3JeMeHTaMmu rpynns, Ecau sto aeit-
CTBHTE/IbNHO TaK, TO @ HA3LIBACTCH JAeMEHMOM OeCKOHenH020 nopadxa.
IMTycts, oanaxo, CpeAH cTeneHeil 3/MeMEHTA @ HMEIOTCS PaBHLE, HANpH-
Mep, a®=a! npu k=£/; 910 BCErda NMEET MeCTO B C/yuae KOHEYHHX
rpynnm, HO MOWeT CAy4YuThcH M B Geckoneynoit rpynme, Ecan &>/, 10

ak—l= ],
T. €, CYUIECTBYIOT MONOKHTENbHBE CTENCHH I/JACMEHTA @, PaBHbLIE

enunuue, [ycTs 72 eCTh HAUMEHBLIAA MONOKHTEAbHAN CTENEHD I.IEMEHTA &,
paBHas eauHuUe, T, €.

) a"=1, n>0,
2) ecn @¥F=1, k>0, 10 E>=n.
B 310M clyuae TrOBOPAT, UYTO @ CCTb SAeMeHm KOHEYHO20 ROPAIKG,

a HMeHHO nopadxa n.
Ecnn 3neMeHT @ uMeeT KOHEYHHHE MNOPWAOK 72, TO BCE BDJIESMEHTH

1, a, a% ..., "} : (4)

OyAyT, Kak JIerKO BHAETb, Pas3nuunnMu. Bcaxan dpyzas cmenens 3se-
MEHMA @, NOAONCUMEABHAS UL OMPUHAMEAbHAS, DABHA OOHOMY U3
anemenmos (4). HefictBHTennHO, ecan k-—n1060€ uenoe YUCAO, TO,
Jeas & Ha n, TIONYyYHM

k=ng+r, O0<<r<n,
a nosroMy, BBuAy (2) u (3),

a*=(a")?.a"=a", (5)
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OT1ciona CRelyer, YTO eCAll JAeMenm Q lieem KOHeUHW Nopa-
dox n u a*=1, mo k doaxnno mayeso desumsca ua n. C apyro#t
CTOPOHBI, TaK Kak

—l=n(—1)+(—1),
TO 048 3MeMEHMA G KOHEYHOZ20 NOPAJKAE I

a~1=g"-1

Tak xak cucrema (4) CONEPWHT 7 IIEMEHTOB, TO U3 MOJYYEHHHIX
BHIIE Pe3ynbTaTOB BHTEKAET, UTO OAR JAeMEHMA 4, UHEIOWe20 KOHEY-
Kol nopadox, e2o nopadox n cognadaem ¢ nopsaoxom (m. e. ¢ #uc-
A0M 9nemenmo8) yurxauseckold nodepynns. {a}.

3aMeTuM, HaKOHEl, YTO BCAKA Tpynna 051axaerT 04HUM-eIHHCTBEeH-
HHM 3/IEMEHTOM Mepsoro nopanaka—3to Gymer saement 1, Lluxande-
cxas noarpynna {1} cosmamaer, 04yeBHIHO, ¢ €AMHUYHOH MOArPynnoH.

Huk/inueckne rpymmel. pynna G na3suBaercs yuxauteckoil rpyn-
NOH, €C/H OHA COCTOUT H3 CTemeHell OJHOrO0 W3 CBOUX 3JIEMEHTOB g,
T. €, COBMAjaeT C OAHOH M3 CBOMX WHKIHyecKux noarpynn {a}; sne-
MEHT @ Ha3bIBAETCH B 3TOM Ciyuae obpasyiomus ssemernmor rpynnu G,
Besikas umkaudeckas rpymma, ouesuaHo, aGesesa.

[Tpumepom GeckoneYHOH qUukanvyeckofi rpynnucay-
WHT aJAUTHBHARA TPYMNIa edb X 4YH4CeJ—BCAKOe Leaoe Yucao0
KPaTHO uucny 1, T. e. 3TO yHMcO CaAyKHT 06pasyloniuM 91eMEHTOM pac-
cMaTpHBaeMOff TPYNAb; B KayecTBe 0GPa3yiouiero 9/AeMEHTA MOKHO
Gu10 Ol B3SITh TaKxe 4uca0 — 1.

[IpuMepoM KOHeYHOW UHKIWYECKOH rpynns mo-
PAAKA 7 CAYXHT MYNbTHNAUKAaTHBHAA rpynna KOpHe#H
n-ft cTenedy H3 eAHHUUKH—B § 19 MOKa3aHo, YTO BCE 9TH KOPHU
SIB/IAIOTCH CTEMEHAMH OJHOIO H3 HUX, a UMCHHO MepBOOGPa3HOrO KODHH,

Cneaywomas TeopeMa NOKa3LIBAET, YTO STHMH NPHMEPAMH HCYEPIIbi-
BAIOTCA MO CYWIECTBY BCE UHK/IHYECKHE TPynmsi:

Bce Oecxonetnvie yuxaugecxue pynis u3oMopiduo smexdy coboi;
u3omopghust sexcdy cobol maxoice 6ce KOHeuHbie LILKAULECKIE 2pYnib
CaHHo20 nopsaoxa n.

HefictBuTenbHO, OecKoHeuHasi UMKAHYECKas Tpynma ¢ o6pasyiouium
9/1EMEHTOM @ OTOOpaaeTcs B3aHMHO OAHO3HAYHO HA AATHTHBHYIO Fpynny
LeMBIX HHCeN, eC/M BCAKOMY 37aeMeHTy a” sToll rpynnm ¢TaBuTCH B COOT-
LBeTCTBHE YMCJIO £R; 3TO ortobpawexne Oyner u3oOMOpdHBIM, TAK Kak,
1o (2), Npu NepeMHOMEHHH CTereHeH 3JeMeHTa @ NMOKa3aTeaH CKJaldbi-
saloTcs. Ecnm we pana koneuHas uukandyeckas rpynna G nopsapgka n
¢ 06pa3yloniuM S/eMEHTOM a, TO OB03HAuYUM Yepe3 & NepBoo6pasHuil
KOPeHb 71-#f CTENMEHW W3 EeAMHHIM M CONOCTABHM BCAKOMY 3/ieMeHty a®
rpynnet G, 0<Ck<<n, uucno ef. Jto 6ymer B3auMHO OnHO3HAUHOE
orobpaxenue rpynnst U HAa MYJAbTHIIMKATHUBHYIO TPYNAy Kopued -4
€TeneHH U3 1, u3oMopPHOCTL KOTOPOro cieayer u3 (2) u (J).

14 A. T. Kypou



402 TPYINL [rn. 14

3ra TeopeMa NO3BOASET TOBOPHTE INPOCTO O GeCKOHEUHOL yuxaudecs
Kol epynne MMM O yukaudeckod epynne nopsadka n,

Hokaxem, Hanee, CAeAYIOULYIO TEOpeMmy:

Bceakaa nodepynna yukauueckod zpynnvt cama yuxiudeckas.

B camom nene, mycts G={a} ecTp umkaMueckas rpynna c¢ obpa-
3YIOIMM 9/IeMEHTOM @, GeckoHeuHas WM KOHewHas, H nyctb A Oyner
noarpynna rpymnsl G, MoxHO cuuTaTh, 4TO A OTAHYHA OT E€AHHUYHON
NOATPYNNL, TaK KaK MHAYe JOKa3uiBaTh Gwiio Gul neuero. Ilpennonoxum,
uTo @* ecTh HauMeHbLIa# MOJNOXKHTEIbHAA CTEMEHb 3JIEMEHTA @, COUEp-
wawancs B A; Takan CTeneHb CyWEeCTBYeT, TaK Kak ecin B A conep-
WHTCH OTMMYHHIA oT 1 snemeHT 275, § > 0, To comepxuTcs H o6paTHHi
emy sneMeHT a’, JonycTny, 4To B A COMEPKHUTCS TaKKe /eMenT @b, [ %0,
npudem ! ue menanrca Ha k. Torma, ecnu d, d > 0, ectb nauGonb-
mui obInit AennTenb yicen £ n /, TO CyIEeCTBYIOT TaKHe Lieable YHCaa u
H v, 4TO

ku+-lv=d,

a no3toMy B noarpynne A JHomieH COREPWATbCA STEMEHT
(ak)u,(al)17= ad’

HO T4K KaK npH Hamux npeanojoxenusx d < R, TO MH NpPHXOAUM B
npoTHBOpeuHe ¢ BHGOpoM snementa af. DTuM ZokasaHo, uTo A== {a’}.

Paznoxenna rpynmmt mo mnoarpynme. Ecnn B rpynne G B3siTh
noamuowectea M u N, To moa npoussedenuem MN stux nodmroxecre
MOHUMAGTCH COBOKYMHOCTbL 9neMeHTOBR rpynmu (G, koTopHe XoTd 6w
oZHuUM cnocoGoM NpeACTaBHMbI B BHIE TMPOH3BEINEHH HEKOTOpOro 9ne-
MeHTa H3 M Ha HexoTopuit snementr u3 N, M3 accounaTHBHOCTH Tpyn-
NOBOl OMepauuH CAeAyeT aQCCOYUATUBHOCTS YMHONEHUR ROOMHONECTS
epynnet,

(MN)P= M(NP).

Onxo n3 mHOxecTB M, N MOXET COCTOATb, MOHATHO, JHLIb H3
OXHOro 31eMeHTa a. B sToM cayuae Mw nonyuaem npoussederue alN
SNAEMEHTA HA MHONECT80 uau npoussedenue Ma MHONECTBR HA 3AEMEHT.

Ilycts 8 rpynne G mana nponssonbuad mnoarpynna A. Ecan x—
10608 snemenT U3 G, TO npousseeHHe XA HA3LIBAGTCH AEBbIM CMEHCHUIM
Kaaccom epynnet G no nodepynne A, nopomdaembim 3INEMEHTOM X.
TToHATHO, YTO 94EMEHT X COOePXCUTCA 8 CMEHHOM Kaacce XA, TaK Kak
noarpynna A CONEpXHT emuHHUy, HO X-1 =X,

Beakud sesvid cmexcnbid Kaacc nopoxcdaerca aoboim u3 ce8oux 3ae-
MeHTO8, T. €, €CNIH SIEeMeHT y COREPMCHUTCT B CMEWHOM kaacce XA, TO

yA=xA. (6)
DeficTBHTENbHO, ¥ MOXHO fIDEACTABHTb B BHAE -47

y=xa,
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rie a—osneMedT noarpynnd A. JlostoMy nag mo6hix SneMeHTOB 4’
n a” u3 A Gyger
ya' =x(aa’),

xa" =y (a-la”)9

YeM M J0KasnBaercsa paBeHcTBO (6),

Orciona caenyer, 4To 08a 21006 2e8bLX CaeyHcHuX Kaacca epynnb G
no noozpynne A uau cosnadailom, UAL dce He UMeOm HU 00H020
obuezo snremenma. [eHCTBHTENbHO, €C/IH CMeXHME Kadcen XA H YA
cosepwar oOuwui sjaeMeHT 2, TO

xA=zA=yA.

Taxum o6pasom, Bca rpynna G pacrnajgaercs Ha Henepecekalouguecs
JieBble CMEXHHIE KJaacchl mo noarpynne A, DTo pas/oweHHe Ha3HBaercs
A280CMOPORKUM pa3roncenuern epynnvi G no nodepynne A.

3aMeTuM, 4TO OLHHM HU3 JEBHIX CMEXHBIX KJAACCOB 3TOTO PAa3JOXeHHd
6yner cama moarpynma A; 9TOT CMEWHHH KJacC MOPOKAAETCH 3/EMEH-
ToM 1 mau, BooOuie, /IOGLIM SJIEMEHTOM @ u3 A, Tak Kak

aA=A,

[TonatHo, YTO, HA3HBAR 7NPAGHM CHeHHbM Kaaccom zpynns G
no nodzpynne A, nopoxcoaesmvim 3seMermors X, NPOH3BELeHHE Ax,
Mbl AHAJOTHYHHLIM NyTeM MOJYUYHJAH Obl 1PABOCMOpOHHEe DPA3A0NCEHIE
epynno. G no nodepynne A. Jlns abeneBoit rpynnu 06a ee pa3nomenus
no mo6o# MoArpynne, 1eBOCTOPOHHEE H IPABOCTOPOHHEE, OYAYT, IOHATHO,
cOBMagaTh, T. € MOXKHO TOBODHTb MPOCTO O pA3AOXEHUL ZpYnnu
no nooepynne.

Tak, pasnoxense aaduTHBHON Ipynmel UeJHX YHCE MO MOArpynme
4uCes], KPATHHIX YHCJAY R, COCTOHT H3 £ Pa3/uuHbX CMEWHHX KJAcCos,
nopoxiaeMux cooTBeTcTBeHHo wucaamu 0, 1, 2, .., &—1. [Ipu srowm
B KJaacce, nopoxaaemom uuciaoMm [, 0<</=Sk—1, cobpanm BCe Te
YyuCc/aa, KOTOpPHE NPH AeleHUd HAa R pawor ocrarox /.

B HekoMMyTaTHBHOM Ciy4ae pas/oXeHHs FPYNNL 00 HEKOTOPOH noj-
rpynne MOTYT OKAa3aTbCfl Pa3AHUYHLIMH,

PaccmoTpum, Hanpumep, cuMMerpuueckyio rpynny 3-# cremenu Sy,
npuyeM, B COOTBETCTBUA ¢ § 3, GyaeM 3anHCHBATbL €€ 9JEMEHTH 4Yepes
1ukab, B kauecTBe noarpynns A BO3bMEM UUMK/IHYECKYI0 NOACPYNIy
anementa (12); OHA COCTOMT H3 TOXAECTBEHHOM MOACTAHOBKU MU CaMOH
noacravoBku (12)., Jpyrumu neBuMH CMeXHHMH KaaccaMH GyayT:
knacc (13)-A, cocrosumu#t u3 noxcranosox (13) u (132), u knace (23). 4,
cocrosutuél u3 nopxcrauoBok (23) u (123), C apyrofl cTOPOHH, NPpaBHMH
CMEeXHLIMH KJIaccaMH rpynnu Sg nmo noarpynme A O6yayT: cama ‘mod-
rpynna A, kmacc A-(13), coctomuu#t u3 noacraHosok (13) u (123),
H Kaacc A-(23), cocroswuit u3 noacranosok (23) u (132). Mul Bunum,
4TO NPABOCTOPOHHEE Pa3/10KeHHe OT/NYALTCH B PACCMATPUBAEMOM Cllyyae
OT /1eBOCTOPOHHEro,

14*
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Iast cryuas KOHEUHHX TPYNN CYULECTBOBAHHE Pa3J0KeHRH rpyniu
no nNoArpynne NpHBOAHT K cJaelyloulefl BawHOH Teopewme:

Teopema Jlarpauxa. Bo ecaxoii roHewHod zpynne nopadok
a0608t nodepynnv.  ssasemcs Oesumeses NOPAGKA camod 2zpynnu.

B camoM nene, nmycts B woHeuHoH rpynne G nopsiaka n Aaua nos-
rpynna A nopaaka k. PaccMorpuM nesocTopousee pasaoxenue rpynnu G
no noarpynne A, ITycTe OHO COCTOMT M3 j KJIaccOB; YHCAO j Ha3u-
BaeTca undexcom noarpynnol A B rpynne G, Kaxauil neswft xaace xA
COCTOHT POBHO U3 R 9JEeMEHTOB, TaK KaK ec/H

Xa, = xa,,
Tae a; U a,—9JeMeHTH H3 A, T0 a, =a,. Taxum o6pa3onm,

n==~kj, (M)
yTo N TPe6oBaNOCh NOKA3aTh.

Tak xak NOpsIMOK 37eMeHTa COBMaAaeT ¢ MOPALKOM ero LHK/AHYeCKOoH
NMOATPYNIH, TO H3 Teopemu Jlarpauwa ciaeayer, 4YTO NOpaOGK 8CAKO20
SACHMEHMA KOHEYHOU epynnbt sgAfemcs deslmenress nOpadKa zpynnul.

U3 teopemn Jlarpanxa cjaeayeT TakKe, HTO 68CAKARL KOMeyHas
2pynna, nopsadox Komopoli ecmb npocmoe uucao, 6ydem yuw.aiu-
gecrof. JlelicTBHTEBNO, 3Ta TPYNNa A0MKHA COBNAIATh C UHKAHYECKOH
AOATPYANOH, MOPOXKACHHOH MOOKM €e 3.1eMeHTOM, OTJAHYHBLIM OT €LHHHILM,
Orciona BHTEKACT, BBHAY NOJYYEHHOrO BHlLIE OMHCAHHA UHKAHYECKHX
FPYNN, YTO 048 8CAK020 NPOCMO20 HUCAQ D CYWecmsyem eQUHCMBeH-
Kas, ¢ mouHocmsio 00 U30MOpPHU3IA, KOHeYHAS 2PYNNA nOpadKae p.

§ 65. HopmasbHbie Remurtenan, ¢pakTop-rpynnsi, roMoMopdu3Mbl

Tloarpynna A rpynnum G Ha3LIBAeTCH HOPMAALHBIM Jesltmesess STON
TPYNNW (HAH UHBaApuanmHol nodzpynnoil), ecin IeBOCTOPOHHee pa3-
aowenue rpynnel U 1o noarpynne A COBMafaeT C NPaBOCTOPOHHHM,

Takum o6pasom, Bce noArpynnu aleneBoil rpynnu #BASIOTCHA B HEl
nopManpiuMu aeanteasmu, C apyroft cTopoHw, BO Besiko# rpynne G
H CiMHLHYHAd MOArpYyNna, ¥ cama 9Ta rpynna 6YAYT HOPMaAbHLIMH HelaH-
TeAsMH: 06a pasjoxenus rpynnu G no eAHHHYHOH MOArpynne cosNalaioT
€ P43JI0EHHEM TPyNnsl Ha OTHEJbHLIE 9JIeMEHTH, 06a Pa3n0meHus
rpynnsl G no camoi STOR rpynme cocToAT M3 oaHoro kaacca G,

YkaxeMm 6ostee HHTepecHble NMPHMEPH HOPMaAbHHX AeauTeNeld B He-
KOMMYTATHBIWX rpynnax, B cummerpuvecko#t rpymnne 3-it crenenn S,
UHKIHYeckas noAarpynna saemenra (123), cocrosainas u3 TOXIECTBEHHOH
MOACTaHOBKH H noxacranoBok (123) u (132), Gyner HOpMadbHLM AeldH-
Teneu: B OOOMX pasjoWeHHAX rpymnnel Sg No 3To# moArpynne BTOPO#H
cMewxHbit Kmacc cocTouT u3 moacrauoBok (12), (13) u (23).

Boo6uie B cummeTpHuHOH rpynme n-# crenenu S, 3HAKONEpPeMEHHAH
rpynna n-ii crenenn A, GyneT HOpMaJbHHM HeanTenem, [eficTeurennbHo,

rpynna A, HMeET NOPSAOK §n!, o3TOMY BCSKHH cMexHBA Knaacc



§ 65] HOPMAJbHBIE AEAHTENH, ®AKTOP-TPYMNH, FOMOMOP®H3MbI 405

rpynns S, mo noarpynne A, XOMKeH COCTOATh H3 CTOABKHX e 9J]e-
MEHTOB H, C/eL0BATENbHO, TAKOH K1aCC HMEETCH eule TONLKO OAHH,
a4 UMEHHO COBOKYNHOCTb HEYETHHX NOACTaHOBOK.

B MyabTUmIMKAaTHBHOH Trpynne HeBHIPOWKIACHHBIX KBAJAPATHHX MaTPHL
MOPSiAKA 71 C DJIEMEHTAMH M3 noas P Te MaTpPHIL, ONpene/]uTeNb KOTO-
pux paped 1, cocrasasioT, OuYEBUAHO, MoArpynny. 310 Oyzer mname
HOpMa/NbHHK JZe/uTe b, TAK KaK CMEXHBIM KJaCCOM MO 9TOH moarpynme,
OIHOBPEMEHHO JIEBHM H MPAaBLIM, MOPOXAAEMHM MaTpHuel M, asadercs
KHacC BCEX MaTpHil, -ONpele/]HTe]b KOTOPHX PaBeH OnpeaeauTesN o
MaTpHLUb M — ZOCTATOYHO BCMOMHHTB, HMTO NPH YMHOWEHHH MaTPHUL HX
onpeseNHTENn NEePeMHOKAIOTCA,

OnpeneneHuio HOPMAABHOTO AEJAHTENd, MPHBEACHHOMY BHILIE, MOXKHO
npuaath takyio dopmy:

[Moarpynna A rpynnn G Ha3niBaeTcs HOPMAJAbHHIM JeauTeneMm Toit
rpynne, ecau AAs BCAKOTO saementa X u3 G

xA=Ax, (1)

T. €, Ind BCAKOro 3jieMeHTa X M3 U UM 371eMeHTa @ U3 A MOKHO MOLO-

"

6paTb B A Taxkue siaeMeHTH @’ H a”, uTO
xa=a'x, ax=xa". (2)

MoxHo YKa3zatb H JAPYrH€ OINpeaC/icHHA HOPMAaNbHOro Je/NHUTCaf,
pasHOCHnbHBe HcxoaHOMy. Tak, HasoBeM 9.1eMeHTw @ 0 b rpynnu G
conpancennbimu, ecan B G cyuiecTsyer XxoTs Obl OKHH TAKOH SJeMeHT X,
4TO

b=x"lax, {3)

T. €., KAK TOBOpPAT, 9/JeMeHT b monyyaercst H3 3/1eMeHTa @ mpancgop-
Muposanuess snementom x. U3 (3) ciaenyer, oyeBHAHO, PaBEHCTBO

a=xbx~1=(x"Y)"lpx-1,

[lodzpynna A ezpynnw G mozda u moasko mozda 6ydem Hop-
ManrbHoim Qeaumeness 8 G, ecau smecme €O BCRAKUM COBOUM 3IAeMEH-
mom a OHa codepxycum i 6Ce apeseHmbl, conpaxicesnse ¢ nHum g G.

HeficTBuTenbHo, ecin A—nopmanbiuft geaureas B G, 1o, mo (2),
Anfl BLIOPAHHOTO HaMmH 9jeMednta @ U3 A u moboro ajeMmedra x uz G
MOXHO NOAOGPaTb B A Takol saeMeHnT a”, 4TO

ax=uxa’.

Orcoaa -
x~lax=a’,

T. €. BCAkHH snement, conpsixenunlt ¢ a, coaepxurca 8 A, O6partHo,

€CJaH noarpynna A COZEpKUT BMECTe CO BCAKHM CBOMM SJEMEHTOM 4

B BCC 3/IEMEHTH, €MY COllpdweHHne, TO B A CoACPKUTCA, B HACTHOCTH,
9JACEMCHT

x“lax=a’,
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OTKyna caeayetr Bropoe u3 paseucts (2)., ITo To#t we npuuune B A
COAEPKHUTCH H IJEMEHT

(x )" lax"l=xax"'=a',

OTKyJAa CJAeAyeT H IMepaoe u3 paBeHCTB (2).

[lonp3aysch STHM pe3ynbTaTOM, JErKO IOKa3aTh, UYTO nepecevexue
210661 HOpMAsbHbLX Oeaumenell epynnst G camno Gydem HOPMAAbHbLM
desumenem smoli 2pynnoi. B camMom nmene, eciu A U B— HopMaabHue
Zeautean rpynnnl G, TO, KaKk NOKa3aHO B mpeanayliem naparpage,
nepecedenne AN B Oyner nmoarpynnoit rpynns G. Ilycts ¢— moGot
aneMedT U3 A() B, x —n060# anement rpynnu G, Toraa snement x~lcx
pomken coaepwatbes u B A, v B B, Tak Kak 06a 3THX HOPMAaJbHbIX
Aenntens comepwkar oieMedt ¢, Orcioaa crenyer, 4TO 3AeMeHT x~lcx
BXOMUT B mepecedyeHne A B.

dakrop-rpynna. 3nayeHne MOHATUA HOPMAJABHOTO NEAHTENST OCHOBAHO
Ha TOM, YTO H3 CMEXHBLIX KJIACCOB 110 HOPMAABHOMY AeanTeno — BBuAy (1)
JeBLle U NPaBHE CMEWKHHIE. K/JA4CcCHl MOXKHO B 3TOM c/ly4ae He pas-
JIH4aTh — HEKOTOPLIM BECbMAa €CTECTBEHHBIM CNOCO60M MOWeT ObiThb Mo-
CTPOEHa HOBas rpynna,

3aMeTHM CHavasna, yTo ecan A —MpoM3BOAbHAA MOATPYINAa rpynnu
G, to

AA=A, (4)

TAaK Kax mpou3peienue MOOHX ABYX SJEMEHTOBR H3 MOArPynnw A npu-
HAIUIOKHT K A W, BMECTe C TeM, yMHOWasa BCe 9IeMEHTH H3 A Ha edu-
HHLY, Mbl yXe MOJY4HM BCIO noiarpynny A,

Ilyectb A Gyner Tenepb HOpMazibHHM Aenutenem rpynnu G. B amos
cayuae npoussedenute a0box 08yx caemnux wxaaccos G no A
(B cmbicne yMuOXeHH® noamuoxectB rpynnn  G) camo 6ydem camexnc-
Holy Kaaccos no A. JlelicTBHTEIbHO, HCMONB3Ys aCCOLHATHBHOCTh
YMHOXEHHS NOAMHOWECTB TPYNNbl, PaBeHCTBO (4) 1 paBeHCTBO

yA=Ay
(cp. (1)), Mu ans nwGhix sneMenToB X it y rpynnu G noAyuuM:
xA yA=xyAA=xyA, (3)

Papencrso (5) noxasmiBaeTt, YTO 1as TOTO, 4yTO6W HaliTH nMpousBene-
HHME [ABYX JAHHBIX CMEXHBIX KaAaccoB rpynnul G HO HOPMaJAbHOMY AenN-
Temo A, ClelyeT NPOU3BOJIbHHM 06pPa3oM BHOPATh B STHX CMEXHHX
KJaccax 1Mo OJHOMY NPeLCcTAaBHTeE /10— HaMOMHHM, YTO BCAKHIH CMeN-
Hbl Kaace mopoxjaercs JMOOHM 13 CBOHX 3/EMEHTOB —H B3§iTb TOT
CMeXHHI KJ1acC, B KOTOPOM JIeKUT MPOU3BEACHHE STHX NPEACTaBUTENEH,

Taxum 06pa3oMm, B MHOMeECTBE BCeX CMEXHBX KaaccoB rpynmu G
M0 HOPMANLHOMY JeauTeni0 A onpeieseHa ONEPALHT YMHOWEHHS.
IMokaxeM, YTO npu Imos GvlnOAHSIOMCA gce mpebosanus, 8x00aie
8 onpedesentte epynnei, B caMom gene, acCOLHATHBHOCTD YMHOMEHHH



§ 65] HOPMANBHBHIE KEMHUTEMH, GAKTOP-TPYNNH, FOMOMOPOU3IMH 407

CMEXHBIX KJIACCOB C/JieAyeT H3 acCOUHATHBHOCTH YMHOXEHHS MOAMHO-
wecTB rpynnut. PoiAb efuHHLM Hrpaer caM HOPMaibHH aenutens A,
ABASIOMUACA OLHHM H3 CMEXHBIX KJacCOB pa3nowenus G no A: uMenHo,
BBHALY (4) u (1) ans no6oro x us G Oyner

xA-A=xA, A.-xA=xAA=xA.

Hakonen, mast cMexuoro knacca xA o6patHuM Oymer cMexHHH Kjacc
x~1A, Tak Kak
xA-x"1A=1.A=A,

[Toctpoennas nwaMu rpynna saswsaercsa ¢baxmop-2pynnod rpynnu G
o HOpMajAbHOMY Jjenutenio A u obosHayaerca uepes G/A.

Mu BuanM, 4TO €O BCAKOH rpynno#t cBa3wBaercs ueawfi Habop
HOBHIX rpynn—ee QakTOP-TPYNN MO Pa3AU4YHHIM HOPMAJbHHM Aeau-
teasM. Ilpu stom cdaktop-rpynna rpynnu G 10 eXHHHYHOH NOATpymnne
6yner, NOHATHO, H30MOpdHOH ¢ camoit rpymmo#t C.

Bearas gaxmop-epynna G/A abesesoii 2pynna Gcana ssigemcs
abesesoli, TaKk KaK H3 Xy =YX ClepyeT

xA yA=xyA=yxA=yA.-xA.

Bcaran axmop-epynna  G/A qurautecxoli z2pynnu G cana
yuxaugeckas, Tak kak ecau G mopowxnaercd siementom g, G={g},
H €CJM JAaH MPOM3BOAbHHEI CMexHHH Kaace x4, TO CywecTBYeT Takoe
Lle10e YHCAO £, 4TO

x=g*
Il MO3TOMY
xA = (gA)r,

TTopadox awboii  dbaxmop-epynnut  G/A  xoHeunold  2pynnu G
agARemcn Ooesumenem nopaoxa camnol smoit epynns. delicTBuTenbHO,
nopsaok dakrop-rpynna G/A paseH HHIEKCY HOPMAABLHOrO geiauTens A
B rpynne G, a MOITOMY MOWHO BOCMO/b30BaThcs paseHcTBOM (7) M3
npejaulecTByiouiero naparpada.

[Tpusenem nexoropnie npuMepn dakrop-rpynn. Tak Kak B axau-
THBHOH rpymnne IeanX 4HceJa MOATPYNNA YHCes, KPATHHX HATYPaJlbHOMY
4YHCAY £, HMeeT, Kak MOKa3aHo B NpeaulecTByOUIEM naparpade, HHACKC &,
TO ¢axrop-rpynna Hawe#f rpynnel no srtofi moarpynmne 6yseT KOHeYHON
rpynno#t nopsiika X, NpATOM UMKJIHYECKOH, TAaK Kak caMa paccMaTpH-
BaeMmast rpyfna HHKAUYecKad.

dakTop-rpynna cuMMeTpHUHON rpynnel n-§ cTemeHH S, nmo 3Hako-
nepeMenHoit rpynne n-# crenmenn A, Oymer rpynno#t 2-ro mnopsaka,
npuyeMm, BBHAY NPOCTOTH YHC/AA 2, UHKAMYecKOH rpynmo#i (cM. Komeln
npeniuecTsyioulero naparpada).

Bhiille NpHBefeHO OMHCAaHME CMEXKHBIX K1aCCOB MYJbTHIIHKATHBHON
TPYNbL HEBHIPOMWIEHHHX MAaTpHIl NMOPAAKA 7 C 9/7EMeHTaMH u3 moas P
[0 HOPMA/NbHOMY AE/MTE/I0, COCTAB/ICHHOMY U3 MAaTpPHL, ONPEAC/HTE/b
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xoTopux paBed 1, Y3 storo onucauns caeayer, 4TO COOTBETCTBYIOWA
¢axtop-rpynna usoMopdra MyAbTHILIEKATHBHOH Tpynne OTAMYHHX OT
HyJast yucea noas P,

F'omomopduambl, TonsiTua HOPMaIBHOrO AenuTenst H GaKTOP-rpynnL
TECHO CBSI3aHKM CO CAenYIOLHM O06OGIIeHNeM NOHATHA W3oMOpdH3Ma.

Oto6paxenne @ rpynnu G Ha rpynny G’, cTapsuiee B COOTBETCTBHE
BCAKOMY 91eMeHTY a u3 G 0AHO3HAYHO ONpedesICHHLWH sjaeMeHT @’ =—aQ
»3 (O, Ha3wBaeTCH zosoMmopPHuM omobpancenuesms G na G (wau
TIPOCTO 20M0M0pdusnor), ecau Besikufl sneMent ¢’ w3 G’ caywur npu
STOM OTOGpaxeHHH 06pa30M HeKOTOPOro saeMentra a u3 G, a’'=aqp,
H ecan aasg nobuix smementoB a, b rpynnw G

(ad) =a9-bg.

QOueBnano, 4to, nOTPe6OBAB AOMOMHHUTENLHO B3aHMHYIO OIHO3HAY-
HOCTh OTOGPaweHHd @, MH TNOAYYHAR OH ywe H3BECTHOE HAM ompene-
ncHHe U3oMopduaMa,

Ecau @ — 20momoppusn epynnee G na epynny G u 1 u a—co-
CmEemcmeeHHO eOUHUNA U NPOU3BOAbHbI 3aemenm epynns G, 1) —
edununa epynne G', mo

lp=1’,
(™) ¢ =(ag)™. .

Ielicteutenvno, ecau 1@=¢’ H X —NPOU3BOABLHHI  9neMeHT
rpynne G, 1o B G cyulecTByeT TakOH s/jeMenT X, 4TO Xp=ux',
Ortciona

X=xp=(xNop=xp:lp=x".¢'.
Axanoruuso

’ r ot

X =ex

A, cnenoBarenbHo, e’ =17,
C apyro# cropouuw, ecmt (a"Y)o=10', 1O

I'=lg=(aa")p=qap-(a™")p=10a@-V

#, aHANOTHYHO,
’ =b’°aQ,
oriyna & = (ag)~'.

Hasosem sdpos romomopduama ¢ rpynnw G na rpynny G’ coso-
KYMHOCTb TeX SJeMeHToB rpynnu G, xoTopue oroﬁpamalmca npy ¢
B enntuuy 1’ rpynnm G'.

Sldpo scakozo 2omomoppusma ¢ zpynnbl G sgasemcs HOpMAAs~
Hum Jeaumesesn 2pynnot G,

He#icTBuTeIBHO, ecnH SieMenTH @, b rpynow G BXOAST B s4po
roMomopdusma @, T. e,

ap="bp=1",
T0
(eb)yp=agp-bp=1"1"=1’
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T. e. W TpousBedeHHe ab conepxurca B Aupe romomopduama ¢. C apy-
roif cropoun, ecan ap=1’, 10

(@ No=(ap)'=1"""1=1,

T.e. ¥ a~! Bxoxut B Aapo romomopduama ¢. Hakoueu, ecan ap=1,
a X — npousBoabHMt anemedt rpynnu G, TO

(x"ax)(p=(x'l)(p.a(p.xq)=(xq;)'1.1'.xq)= 1,

fInpo paccMarpuBaemMoro roMomopduamMa okasajsoch MOArpynmno#l rpym-
n G, codaepwauiefi BMecTe €O BCSKHM CBOHM S/IEMEHTOM H BCE 3.e-
MEHTH, C¢ HHM CONpSKEHHHE; OHO OyneT, CJAeOBATEIbLHO, HOPMalbHHM
Jenurenem, ’

flycts Temepp A —INpOH3BOAbHHHA HOpMAZbHHA Aenutens rpynnu G,
CraBsi B COOTBETCTBHE BCHKOMY 9jeMeHTY X rpynnu G TOT CMEXHHH
Kjaacc xA 1O HOPMAaJbHOMY JA€AHTeNI0 A, B KOTOPOM 3TOT 3JEMEHT
JIeUT, MH TIOAyuYuM OTOOpaxenHe rpynnu G Ha BCio Gaktop-rpynny G/A,
V3 onpexenenus ymuowxenus B rpynne G/A (cum. (5)) crenyer, uto 810
oTo6paxeHHe GymeT TOMOMOPGHEIM,

[ToayueHHn#t roMOMOP(U3N HA3HIBACTCA €CMECMBEHHMM 20 MOMOP-
dusmon rpyunu G ua daxrop-rpvany G/A, flapom storo romomop-
duaMa CAYXKHT, OYEBUAHO, CaM HOPMaJbHHI Aeaurtelab A.

Orclona caeayer, UTO HopiMassHbie Oeaumean epynnw G u moasko
OHU cayxcam AOpami 20rmomopdu3sos amot epynns, 3TOT pe3yabrar
MOWHO paccMaTpusBaTh KaK euie OIHO OMpeae’deHHe HOPMANAbHOIO
nenuTend,

Oka3sniBaeTcs, YTO BCE TPYANH, Ha KoTopue rpynna G MOXKeET romo-
MopdHO 0TOGpaMATHCA, MO CYULECTBY HCUEPNHIBAIOTCS QaKTOP-rpynnavu
9TOH rpymmb, a Bce romoMopcuaMs rpynmu (G --ee eCTECTBEHHLIMH
romoMopdusmaMu  Ha cBou  daktop-rpynnu. TouHee, cnpasennnsa
cleayomas

Teopema oroMomopdusmax. [lycms dan z20mornoppusm ¢
epynne. G na epynny G u nycme A—sadpo smozo zomomopusna.
Toz2¢a 2pynna G’ usomopgpna haxmop-zpynne G/A, npunexm cyuje-
cmeyem marxoe U30MOPHHOE omoOPaNceHlte O nepeoli U3 smux zpynn
HQ 8moOpyIo, 4mMO pe3yAsmam nocAe008anesbH020 8uNOAHEHUR OMO-
Opaxwenuli @ u O cognadaem C ecmecmBeHHblM 20MOMOPPHUIMOIMN
epynno G na gaxmop-epynny G/A.

B camom mene, nycth X’ 6yneT npou3ssoabHuilt saeMent rpynnu G,
a x—rtaxko#t saement rpynnu G, yro x¢p=x'. Tax xkak aas a6oro
971eMeHTa @ H3 sApa A romMomMopdu3MA @ HMEeT MeCTO pPaBeHCTBO
ap=1’, T0

(xa)yp=xprap=x"1"=x',

T.€. BCE O3NEMEHTH CMEXHOTO Kaacca XA O0To6pPawaioTca MpH @
B sJeMeHT x’,
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C npyro#t cropoun, ecnu z—nio6oit TakoH saemenr rpynnu G,
yTo 20 =x", TO

(x2)o=x"p 29 =(x@) - zo=x"""-x" =1,

T.e. ¥~z comepxurca B saape A roMomopdusma @. Ecau Mul nonoxum
x~1z2=a, 10 2=Xxa, T. €. 37eMEHT 2 COLEPIKUTCHA B CMEKHOM KJacce xA.
Takum o6pasom, cobupast Bce Te 9JeMeHTH rpynmul (G, KOTOpPLE npH
romomopdusme ¢ orobpawaiotcss B GUKCHPOBAHHLH aeMeHT X’ rpynnsl
G’, Mpl Mo/yyaem TOYHO CMewHHH Kjaacc xA.

CooTBeTcTBHE O, OTHOCALlee KawAOMy saeMeHty X' u3 G ToOT
cmexnbit kaace rpynoet G no HOPMaJbHOMY HAeNHTENO A, KOTOPHH
COCTOMT M3 BCEX 3aeMenTOB rpynnu G, umeiowsux x' cBOHM 006pa3om
npu ¢, OyleT B3aHMHO OAHO3HAYHHIM OTOGpaweHHem rpynn G’ Ha
rpynny G/A. 310 orobpamenne ¢ 6yAeT u3oMopdHU3MOM, TAK Kak eCiau

x'o=xA, y'od=yA,

T. €,
xp=x', yp=y’,
TO
y)p=xp-yp=x"y’,
a nosTomMy

(x'yYo=xyA=xA-yA=x'c-y’0.
Hakonen, ecan x—npoussoibhblil saemedT M3 G n xp=x', TO
(xp)o=x'0=xA,

T. €. NOC/eJ0BATeNbHOE BHIONHEHHE TOMOMOPDHIMA @ M H3OMOP(dHIMA O
HA €aMOM JeJjie OTOOpaxaeT 9/IEMEHT X B MNOPOKAAEMHH HM CMEXKHbIH
xnacc xA. Teopema pokasana.

§ 66. Mpsmbie cymMmmbl aGe/eBbix rpynn

Mpl XOTHM 33aKOHYHTb rJ1aBY OLHOH TEOPETHKO-TPYMNIIOBOH TEOopemol,
Gonee rayGokoM, 4YeM Te S/eMEHTapHHe CBOHCTBA TIpyNn, KOTOPHE
Hanaranuch Buile, MMeHHo, onmpasich Ha ywe H3BecTHoe HaM H3 § 64
ONHCaHHE LHMKAHYECKHX TPYNM, MH MOJAYYHM B CleAyioniem naparpade
nonHOEe OMHCAaHHEe KOHEeYHHX abeNeBHX Tpynnm,

Kak npuusTto B Teopuu abeleBHX rpyfm, Aas rpynnosoit onepauun
6yner HCIOAb30BATHCA AaNAHTHBHAA 3anHChb: Mo OyleM TOBOPUTH
o cymme a-+b snemenToB @ M b rpynnn, O HyJAeBOH mnoa-
rpynne 0, 0 KPaTHHX ka HEKOTOPOrO 3JeMEHTa @ H T. I.

B srom naparpade M H3yuyMM OZHY KOHCTPYKWUHIO, KOTOPYIO Gynem
H3narath NPHMEHHTENbHO K abe/leBhHIM TPYMNNaM, XOTSH €e MOXHO Ouio
6nl BBOAHTb CPasy AAd JIOOHX (T.e, He 0043aTeNbHO KOMMYTATHBHMLIX)
rpynn. dra KOHCTPYKUMA MOACKA3LWBAETCA C/ASAYIOLIMMH MPHMEPAMH.
Ilnockocts, paccMaTpuBaeMas kak AByMepHOE AeHCTBHTENbHOE NuHelHoOe
NPOCTPAaHCTBO, ABAACTCA abe/neBofl rpynmnodl OTHOCHTENbHO -CAOKEeHUS
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BEKTOPOB. JlioGast mpsiMad B 3TOH NAOCKOCTH, NPOXOAALIAS Yepes Hayalo
KoopAMHAT, Oyler noarpynmnoit ykasanuo# rpynnu. Ecam A, n 4, —
IBE pas3/MyHbie TaKHe NpsMble, TO, KAK WH3BEeCTHO, BCAKUH BekTOp Ha
NAOCKOCTH, BHIXOASIMIMH W3 Hayajna KOOPIAMHAT, OJHO3HA4YHO [peAacTa-
B/ASETCSl B BMIE CYMMbl CBOMX MpoeKkuuit Ha npameie A, u A,. Ana-
JIOTHYHO, BCAKHH BEKTOP TPEXMEPHOro JHHEHHOrO MPOCTPAHCTBA OLHO-
3HAYHO 3aNMCLIBAETCH B BHJIE CyMMbl TPeX BEKTOPOB, NPHHAAJEMAUIHX
K TpeM 3aJaHHHM npsiMbiM A;, A, # Az, €CaAd TOABKO 3TU MPAMBIE He
JIeKAaT B OMHOH MJOCKOCTH.

AGenesa rpynna G HasbiBaeTC npAMOR CYMMOol CBOUX MNOATPYH

Al’ A2$ LA | Ak!
G=A,+A4,+...+A4, (1)

ecny BCHKHHI SIEeMeHT X rpynnn G 3anucuiBaeTcd, NMPpUHTOM €JHH-

CTBEHHHM CNOCOO6O0OM, B BUAE CYMMH SICMEHTOB @y, Ay ..., Ay
B34THIX COOTBETCTBEHHO B noiarpynnax A,, A,, ..., 4,
x=a,+a,+ ... +a, (2)

3amucy (1) wHasmBaercst npamsis pesroxcerHues rpynnn G, noa-
rpynnn A, i=1, 2, ..., R,—npamesu crazaembiMuy 3TOrO pas-
N0WEHHS, 4 9/eMeHT a; U3 (2) —rxomnonenmold 31eMeHTa X B OPAMOM
cnaraeMoM A, pasaowenusn (1), i==1, 2, ..., k.

Ecau dano npsimoe pasnosxcenue (1) epynno G u ecauw npasse
caazaemble A; amoz20 pa3’nsoiKenus, §Ce UAl Hexomopke, caMu pas-
A0XHCEHB 8 NPAMYIO CYMILY,

A=A -FAp+ ...+ A, k=1, (3)
mo zpynna G 6ydem npamol cyMnol ecex c8oux nodzpynn
Ap J=1,2, ... ky i=1,2, ..., &

HeficTBATE/IbHO, ANA NPOH3BO/AbLHOTO 3jaeMeHTa X rpynny G cyue-
cTByer 3amuch (2) oTHOCHTeNbHO npsmoro pasaowesus (1), a nas
Kawmo#l komnoneuts a; i=1, 2, ..., k,—3amics

a=an + Qs +.o0+ ik, 4)
OTHOCHTE/LHO NPAMOro pasaoxcenus (3) rpymnu A;, flcio, uto x Gyner
CYMMOH BCEX O9JEMCHTOB a;; j=1, 2, ..., &k, i=1, 2, ..., &

EnvHCTBEHHOCTh 9TOH 3aNMHCH BHTEKA€T M3 TOro, YTO, 6epﬂ M106Y10
3aMUch BNEMEHTA X B BHJAE CyMMbl 9JIEMEHTOB, B3fITHX 10 OXHOMY
B NOArpynuax A;;, W CKAaAblBas craraembie, NpHHAJJIEKALIHE K OAHOI
H TOH e nom‘pynne A, i=1, 2, ..., k, MB IOMKHH NOAYYHTb KakK
pa3 paBeHCcTBO (2); ¢ npyroﬁ CTOPOHH, KawaWi 3nemenT @; obnazaet
Muib onHOft 3amuchlo BHAa (4).

5 Onpenenednio npaMoll CyMMBI MOWHO NPHAATH HHYIO GOpPMY. BBe-
JeM cHayanaa eule OAaHO nonsitue, Ecau B abenesoft rpynne G .uanu
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sexotopwe moarpynnu By, B,, ..., B, T0 o0603naunM uepe3 {B,
B,, ..., B;} coBokyn#ocTb 91eMeHTOB Y rpynnu G, kOTOpbe XOTH OH
OAHHM cnoco6oM MOryT OHiTb 3anucaHnl B BHAE CYMMBb 3Je-
MeHToB by, b, ..., b, B3ATHX COOTBETCTBEHHO B MNOArpynmax
BI' Bzv oy B[)

y=b+b+...40, (5)

Mnoowecmso {B,, B,, ..., B)} 6ydem nodepynnott zpynns G.
T'osopsr, uTo 9T2 Noarpynna nopoxcdena noarpynnamu By, B,, ..., B,
Hlns  nokasareabctsa Bo3bMem B {B;, B,, ..., B,} saemenr y
¢ 3anmucbio (5), a Takxke sneMeHT y’, obanaloiit anaNOrHYHON 3aNHCBIO

y=b4+b+...+0,
rae b,—saement u3 B, i=1, 2, ..., L Torana

Y+y =(b, +0)+ (by+b) 4+ ... + (b, + b)),
—y=(_b1)+(_b2)+ cae +(_bz)-

T. €. 9neMeHTH Y4y ' n —y Takxke 061a4a10T X0TH Oul 0AHOH 3anucbio
BuAa (D) H, C.1e10BATE/IbHO, IPHHAANEKAT K MHOXeECTBY {B}, B,, ..., B},
4yT0 ¥ TpPeGoBalOCh AOKA3aTh.

fModepynna {B,, B,, ..., B,} codepicum raxcdywo u3 nodepynn B;,
i=1, 2, ..., L. lelicTBuTenbHo, Bcsikag noarpynma rpynnu G co-
JIepWHT HY b 9TOM rpynns, a nosTomy, Geps, nanpumep, B noarpynne B,
A6oll snemedt by, a B moarpymnax B,, ..., B,—osnement 0, Mul
nonyyuMm AnS 27eMenta b, caeayoulyio samuch BHaa (5):

by=b,+0+...40.

Abesesa zpynna G mozda u moasxo mozda 6ydem npasoli cyi-
Mol cgoux nodepynn A,, A,, ..., A, ecau ona nopoxcdaemcs Imumni
nogepynnanu,

G={A;, 45 ..., Ah (6)

u ecau nepecetwerue rkaxc0od noozpynne A, {=2, ..., k ¢ noo-
zpynnoti, nopoxcoenHod 8cemu npedwecmeyrowuny nodepynnasiu
Ay, Ay oo, Ay, COOEPICUM MOALKO HYA2b,

{Al’ A2' ooy Ai-l}nAi::Ox i=2’ couy R (7)

HefictButensso, ecau rpynna G obaanaet npaMuM pasiaowxenuem (1),
TO ANA BCAKOT O 9aementa x u3 G cyutecTsyer sanuch (2), a nostomy
umeeT Mecto pasencTBo (6). Cunpamennnsocth pasencTs (7) BhHTEKaer
H3 €AHHCTBEHHOCTH 3auuch (2) ana moboro siaeMeHTa X: ecin
6n a4 nekotoporo I nepeceuenue {A;, A,, ..., A;_;} N A, conepxano
HEHYNeBOH aJeMent X, TO, ¢ ONHOH CTOPOHH, X MOWHO 3afucaTh Kax
D/EMEHT @; U3 A;, T.e. X=aq; U NO3TOMY

X=0+...404a+0+...40; 8)
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¢ Lpyro#l CTOPOHH, X, KaK 9JEMEHT M3 NOArpyuns {Al, Agy oo ey A,--l}
o6aanaeT 3anucbi BUIA

x=a,+a,+...+a_y
x=a,+a,+...+a_,+04+...+0. 9)

(8) u (9) 6ynyr, oueBuaHO, ABYMs pa3HWMH 3amucava Buaa (2) aas
9J/leMeHTa X.

O6parno, nycTs BHnoausiotcsa pasexctsa (6) u (7). Uz (6) cneayer,
yTo M0G0} saemeHT x rpynnst G ofaanaer xoTd Gn OAHOH 3aMHCHIO
Buaa (2). [lycth, 0AHAKO, NI HEKOTOPOro S.JIEMEHTA X CYLIECTBYIOT
IBe pasinynble 3amucH Buaa (2),

x=al+a2+...+ak=a',+a;+...+a;. (10)

Toraa MowHO nafitu Takoe i, i <<k, uTO

T. €.

Ap=Qpy Ap_ 1 =8Qp=yy covy Cy1 =014y, (11)
HO
ai*air
T, €.
a; — a;#0. (12)

M3 (10) u (11) crenyer, 0NHAaKO, PaBEHCTBO
ar-a; = (0'1—01) + (a,z—az) + ... +(a;—1 —a_4),

npotuBopeudauiee, Beuny (12), pasencrsy (7). Teopema npokasawa.

Ha nonxsitue “npaMo#t CyMMB MO¥HO MOCMOTPETh ¢ COBCEM HHOHN
ctoponnl. IlycTh nano k nmpoussonbHux abeneswix rpynn Ay, A,, ..., A,
Cpean KOTOPHX MOTryT 6uHTh # usomopdune, OGozuaunm yepes G coso-
KYMHOCTb BCeBO3MOXKHBX CHCTEM Bula

(all Qyy v ooy ak), (13)

COCTaBNEHHRIX W3 9/IEMEHTOB, B3SITHIX MO OJHOMY B KawaoH u3 rpynn
Ay Ag ..., A, MuaoxectBo G craner abeneso#t rpyunnod, ecau c.io-
acenue cucreM Buaa (13) Oyaer onpeneneno NpaBuaoM:

(@, a3 «0oy @)+ (ay, @y ..., @)=

=(a1+a11 02+a2’ LR} ak+ak)v (14)
T. €. CKAALBBAIOTCA 9/EMEHTH B KAaXAOH M3 3alanHux rpynm A,
Ay ..., A, oTaenbHo, JlelicTBHTE/NbHO, aCCOUHATHBHOCTD H KOMMYyTa-

THBHOCTb STOr0 CJAOMEHHS BLITEKAIOT H3 CNPABEANIUBOCTH 3THX CBOHCTB
B KawJO# H3 3ajaHHBIX rpynn; poab Hy/ls Hrpaer cucrema

(Op 02) LIRS ] 0/;))



414 TPYMIMB! [rn. 14

rie uepe3 0; o0o3HaueH HyNeBOH sneMmeHT rpynnu A, I=1, 2, ..., &
NPOTHBONOJIOWHON Aad cHcTeMH (13) Gyaer cucreMma

(_ap Qg ey _ak)-

TlocTpoennas aGenesa rpynna G HaswblBaeTCst npAMol cYyuMol rpynn
A, 4, ..., A, u 3anuchiBaeTcs, KaK W Bhillie, 4epes

G=A,+A,+...+A4,.

OnpaBaaHueM I/ STOTO HA3BaHUK CJAYXKHT TO, 4TO 2pynna G, asasno-
wanca npanold cymunold epynn Ay, A, ..., A, 8 moasxo wmo onpe-
OeseHHOM CMbICAE, NOKCeMm 6oumb pas3noxicena 8 NPAMYIo CYMMY CBOUX
nodzpynn A'l, Agy ooy Ay, COOMBEMCMEEHKO UIOMOPPHHX 2PYNNAM
A, A, oo, A .

Uwmenno, o6o3nauum uepes A;, i=1, 2, ..., k, COBOKYMHOCTb TeX
sneMentoB rpynn G, T.e. cucteM Buia (13), y KOTOpbX Ha i-M
MECTe CTOMT NPOH3BOJbHHN 3/JIEMEHT @; W3 rpynnd A; a Bce OCTajb-
HBle MeCTa 3aHATH HYJASIMH COOTBETCTBYIOLLHX rpymm; STO OynyrT,
C/1el0BaTe/bHO, CHCTeMH BHIA

O «evs 0;_1, @y Oiqy oner Op). (15)

Onpenenenne cioxenns (14) nokaswBaeT, YTO MHOWKECTBO Ay 6yaer
noarpynno#f rpynnut G; usoMopdusM STOH HOArpynns ¢ rpynnoi A;
MH TIOJXY4YHM, COMOCTABAAR KaxAOH cucTeMme (15) anemedT a;rpynnu A,

Ocrae'rcsx'nomsarb, yro rpynna G sBjasiercd npsmoft cyMmoi noi-
rpynn A;, Ay i, Ap. Heficteutenbho, Mo6o# saement (13) rpynnu G
MOXHO PEACTABHTb B BHAE CYMMH 3/IEMEHTOB H3 yKa3aHHHX NOArpymni;

(2, @3 «vvy ap)=(ay, 0, ..., 0))+
+(01, @y 05 veuy O Fen (0, Og «.vy Opyy ).

ERuHCTBEHHOCTD 9TOTO NpeiacTaBAeHHs BHITEKAET H3 TOrO, YTO Pa3/Hy-
Hble cHcTeMn  Buaa (13) #BANIOTCH PABJAHMYHLIMH  SIEMEHTAMH
rpynns Q.

Ecau Oanwvi 0se cucmems abesesvix 2pynn, A,, Ag ..., Ay 1
By, By, ..., By, npuwem zpynnuo A, u B; usomoppuun, i=1, 2, ...
eosy R, mo 2pynnu

G=A,+A,+...+4,

H=B,+B,+...+B,

maksice 0y0ym u3omoppromi,

HefictautenbHo, ecnn ana =1, 2, ,,., & Mexny rpymnnamu A;
U B; ycraHoBleH H30MOPHU3M (;, COMOCTABATIOWHHA KawaoMy 9ae-
MeHTY a@; U3 A; 9/MeMeHT a,@; U3 B; TO oTo6paxexHe ¢, OTHOCHAlLEe
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BCAKOMY S7EMEHTY (@4, Gy ..., @) rTpynnu G sneMeHt rpynnu H,
onpegenseMbi paBeHCTBOM

(@1, @gy vovy @) P=(a1Pyy 3Py « .0y Q,Pp),

6yner, oueBHAHO, H30MOPGHHM oTOOpaxeHnem rpynnu G Ha rpynny H.

Ecau dansl koneunbie abesess epynnss A,, A,, ..., A, usen-
wue coomsemcmsenno NOPAGKU Ny, Ny, ..., Ny Mo npaman cysuna G
amux epynn maxoce 6ydem KoHetHod epynnol u ee nopadox n
pasen npou3sefeniio nopadKos NPAMbLE CAQG2aeMbX,

n=nmnn, ... n, (16)

HeficTBuTEeNBHO, YHCMO pa3anyHeiX cuctem sBuaa (13), y xoTopsix
SMIEMEHT @; MOXET MPHHHMATh 7; DPa3/INYHHX 3HAYEHHN, S/MEMeHT a,
MPHRHMAET /1, PA3THYHEIX 3HAYEHHH U T, 1., ONpeae/aeTcs paBeHCTBOM (16).,

PaccMOTpUM HEKOTOPHIE MPHUME P HI,

Ecau nopsdox n xoneunold yuxauseckol zpynnw {a} passazaemcs
8 npoussedenue 08YX 83GUMHO NPOCMUX HAMYPAALHUX ulCel,

n==st, (s, t)==1,

mo zpynna {a} passrazaemcs 8 RpAmMYIO CYMMY 08YX RUKAUYECKUX
apynn, umeowux cCoomseemcmeenno nopaoku s u t,
Bynem ynmorpe6aars jans rpynnu {a} aaauThBHyw 3anucs, Ecau
nojaoxuM b=ta, 10
sb=(st) a=na=0,
HO ansi 0 <<k <Cs
kb= (kt)a =0,

T, e, UMKIMyeckaa moxarpynna {b} wumeeT mnopAmOK 8. AHanOTHYHO
unkanyeckas noarpynna {c} saemenra c=sa umeer nopaxox f. [Tepe-
ceuenne {0} N {c} comepxur ToAbKO Hyab, Tak Kak eciw Rb=Ic npu
0<<hk<<s, 0<<i<{, TO

(k) a=(ls) a,

OTKYAa, TaK KaK uuciaa k¢ 4 /s MeHbie 7,
kt=ls,

YTO HEBO3MOXKHO BBHLY B3aHMHOR npoCTOTH uucea § u #. Haxowuenu,
CyuleCTBYIOT TaKHe 4YHCJA 4 M ¥, UTO

su+ttv=1,
a nosToMy
a=v (ta) + u (sa)=vb+ uc,

H, CAeAOBaTeNbHO, MOGOH SiaeMeHT rpynnu {a} MOXHO NpeacTaBHTH
KaK CyMMy s/ieMeHTOB u3 noarpynn {b} u {c}.

Hasoeem abeneBy rpynny G wHepa3aoscusoi, ecin ee Heab3s pas-
JIOWHTH B MPSAMYIO CYMMY ABYX HJIH HECKONbKHX €€ MOArpyMi, OTAHYAHX
OT HyneBOW nojrpynnsl, KoHeyHas uuMKIMYecKas rpynma, MOPALOK
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KOTOpO# sBAAETCA HEKOTOPOHN CTeneHbIO MPOCTOro YMCAa p, Ha3WBAETCH
npumaprol NHKIHUECKON Tpynno#H, OTHOCALEHCH K MPOCTOMY YHCAY p,
ITpumensist HECKO/NBKO Pa3 AOKA3aHHOS BHILE YTBEPKIAEHHE, MH MOAYYHM,
YTO BCAKASN KOHEYHAR HUKAUXECKAR 2pYNNG pa3sazaemcss 8 npamyio
CYMMY RPUMAPDHOX UUKAURECKUX 2DPYIN, OMHOCAUYUXCA K PAIAULHBM
npocmusm wucaam. Tounee, guxauxeckas 2pynna nopsadka

n:p’;x :x e pfs'

20e Py, Pgy +o.h Py—pa3nuunbe npocmse HUCAQA, pa3sezacmcs
8 NPAMYIO CYMMY S HUKAUKeCKUX 2DYNN, UMEIOWUX COOMBEMCMBEHHO
nopadxu pf, phs Lo, ph

Beakas npumapras yuxauieckas 2pynna Hepa3Aoxcuma.

B camo“ zene, NycTh JaHa KOHeuHas HHUKAHYeckada rpynma {a}
nopaaxa p®, rme p—npocroe yucao. Ecanm 6w sTa rpynna 6mia pas-
Joxumoit, To, no (7), ona o6aagana 6b HEHY/NEBHWMH MOArpPymnmamiu,
fMepeceyeHHe KOTOPHX PaBHO Hy/M0. B 1efcTBHTEAbHOCTH, ONHAKO,
BCAKaf HeHyJneBas MNOATpPYyNnNa HaweH rpynnua co-
ACPHHT OTAHUYHLHHA OT HYJAS SAEMEHT

b= pk—l a.

Jas pokasarenabcTsa BO3bMeM MNPOU3BOAbHHHA HEHYJAEBOH 3JjeMeur x
Halue# rpynnu,
x=sa, 0<s<<p*.

Yucno s MOXHO 3anmucaTh B BHAE
s=p's’, 0<I<<k,

rae 4Yuciao s y®e He ACHHTCH HA P U, CNeA0BATEAbHO, B3aUMHO [IPOCTO
C HHM, & NO3TOMY CYMIECTBYIOT TAaKHE YHCAZ £ U D, 4YTO

sut+pv=1.
Torna
P e =t lusya=(p*usya=

a—u(p*a)=p*-ta =0,

=p*'t(1—pv)a=(p*~'—p*v)a=p*~
T. €. 9JeMeHT b BXOAMT B UHKAHYeCcKyl0 noarpynny {x}.

Addumusnasn zpynna yeasx #ucen (m. e, OGeCKOHEHHAR YUK Al-
wecKan 2pynna), & maxxce adOUMUBHAN 2pYNNA 8CeX PAUUOHALbHHX
ylces AGARIOMCA HEPAIAOICUMBIMYL 2PYNNAMY.

Hepazaowumocth o6enx yxasaHnuX TPYIMN BhHTEKaeT H3 TOFO, YTO
B KaxAOH W3 STHX Tpynn Anv MOGHX ABYX HEHYJNEBHX S/EMEHTOB
CYU[eCTBYeT HeHyneBoe ofiuiee KpaTHOe, T. €. JIOObe JiBe HeHyjeBhle
LHKAHYECKHE MOATPYNNH O6/NaRal0T HEHY/EBHIM NEepPEeCceyeHHeM.

3aveTHM, YTO ecaH onmepauus B abeneBoft rpynne G HasuBaeTcH
YMHOXEHHEeM, TO C/JeAdyeT rOBOPHTb He O NMPAMOH CyMMe, a o npAMoMm
npousgedeniilt.
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Myasmunaukamugnas 2pynna OomiutHuX om HYas Oelicmsu-
MeAbHUX HiUCeR PA3AAZALMCS 8 NPAMOE NpOU3BeOeHUe MY AbIMUNAUK A~
MUBHOU 2pYNnb NnOAONCUMEAbHbX OlCmEUmMeAbHUX YlUCen U 2pynns
no ymuooicenuio, cocmasaernroll u3 sucer 1 u —1.

HeficTBUTEABHO, B NEpeCeyeHHH YKA3aHHLIX ABYX MOATrPpYynnm Haureit
rPynfsl COAEPXHUTCH JHIUb YHCIO | — eXHHHYHBIA 31€MEHT STOR rpynmul,
C npyro#t cTopoHn, BCAKOE MOJOKHTENBHOE YUCAO AB/AETCH NMPOH3BEae-
HHEeM caMoro cefd Ha 4HCAO 1, BCAKOE OTPHUATENbHOE YHCIO — IPOH3-
BeJAeHueM cBoefl abCcO/MOTHON BeJHYHHH Ha uincao — 1,

§ 67. Koneunpie aeJeBbl rpynimt

Ecan Mo Bo3bMeM M0G0 KOHeusbift HAG0D NPUMAPHHIX HHKAHUSCKAX
Tpynn, HEKOTOPHWE U3 KOTOPHX MOTYT OTHOCHTBCH K OIHOMY M TOMY Xe
NPOCTOMY YHCAY MAM Kaxe MMeTh OJMH H TOT We NMOPANOK, T, €, GHTb
H30MOP(HLMH, TO mMPpAMas CyMMa 3THX rpynn 6yaeT KoHeuHol abenesoit
rpynnoft, OKa3uBaeTCsi, YTO STHM HCUEPMNHBAIOTCA BCe KOHEYHHe abe-
JIeBH TPYIIHL:

OcHoBrHast TeopeMa O KOHEYHH X a6eeBHX rpynmnax,
Beakas woneunas abeaesa epynna G, He ABAROWAACH HYAeBOU
epynnoii, pa3aazaemcsi 8 RPAMYIO CYMMY NPUMAPHBX HUKALHECKUX
nogepynn.

[loxa3aTenbcTBO 3TOH TeopeMbl HAYHEM € 3aMeyaHHs, 4To 8 epynne G
Henpesenno Haloymcs HeHY.egble INeMeHMmb, NOPAOKL KOmMopux
SIBAAIOMCA CMenenamu npocmpx 4uces. JefiCTBUTEAbHO, €CAH HEKO-
TOpH HeHyneBoH sneMmeHT x rpynnsl U mmeer nopsaok /, lx=0, u
ecau- p%, B>>0, ecTb Taxas CTeNeHb NMPOCTOro YHCAA P, HA KOTOPYIO
yueao  penurtcs,

1=p*m,

TO SMEMEHT mX OT/MYEH OT MyAs M WMCeT NOpsAZoK p~.
Myctn

Piry P2y ooy Py n

OyAyT Bce pa3J/IHYHBE NMPOCTHE YHCAA, HEKOTOPHE CTEMEHH KOTOPHIX
CAy®aT NOpP#AKaM{ HeKoTOopuix 3jaeMmenToB rpynnal (. O6o3nauum
yepes p n0602 H3 STHX YHCed, a uyepe3 P COBOKYMHOCTb 9/EMEHTOB
rpynnsl G, HMeOWMX CBOUMHM MOPAAKAMH CTeMeHH uHcna p.

Mmnoocecmeo P sgasemcsa nodzpynnoid epynnwe G. [efcTBHTENbHO,
B P Bxoaut snemenr 0, Tak Kax ero nopsaok ectb 1=p° Janee,
ecnn pFx=0, 10 1 p*(—x)=0. Hakoneu, ecmu p*x=0, p’y=0
H ecau, Hanpumep, R=/, 10

Pk x4y =0,

T. €. MOPAAKOM SHJIEMEHTA x+y CAYXHT HJIH YHCIO ph, Had JeJHTENb
3TOro yucaa, T. €. BO BCfKOM C/Aydae HEKOTOpas (TeneHp 4YucAa p.
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Bepst B kauectBe p moouyepeaHo kawaoe u3 uucesa (1), Mbl nonyuum
§ HEHYJIEBHIX MOATpYMNN

P, P, ..., P, (2)
I'pynna G ssanemcs npamol cymmold amux nodepynn,
G=P,+Py+...+P,. (3)

JeftcT#uTenbHO, ecan X —MNpoH3BOabHHIE 3ieMedt rpynnw G, TO
€r0 MOPSAOK / MOXET AeJAHTBCH JIIb HA HEKOTOPHIE NPOCTHIE 4UCia
u3 cucremu (1),

1=pl:1p’;2 ces p?s,

rae &£=0, i=1, 2, ..., s. [losroMy, KaK NOKa3aHO B KOHIE Mpes-
wecTBylouero naparpada, uukaAudeckas mnoarpynmna {x} pasnaraercs
B NPAMYI0 CYMMY MDHMAPHHX HHUK/IHYECKHX OOATPYNI, HMEIOULIX COOT-
BeTCTBEHHO TMOpsAKH pf, pka | ., pks, DT npumapHHe uHKAHYECKHE
MOATPYMIK I€XKAT B COOTBETCTBEHHHX NOArpyAnax (2), H, Cie10BaTeAbHO,
97EMEHT X NMpPEeACTABJAeTCS B BULE CYMMH 3/IEMEHTOB, B3ATHX MO O~
HOMY BO BCeX HJAH HEKOTOPHX u3 noAarpymnn (2). DTHM HOKa3aHo

PaBeHCTBO
G={Py, Py, ..., P},

aHanoruynoe pasencrBy (6) u3 mpemumectsyloimero naparpada.

Jaf mOoka3arenbCTBA PAaBEHCTBA, aHANOTHYHOrO paseHcTBY (7) u3
TOoro xXe naparpada, Bo3bMeM moboe {, 2 <Si<Cs., Toraa noGoi sae-
Ment y u3 noarpynmul {P;, P,, ..., P;_;} umeer Bua

y=a,+4a,+...+a;_y,

rae saeMent ay; j=1, 2, ..., i—1, newut B noArpynme Py 1. e,
HMeeT NOPAAOK p;‘j. Toraa

(Phpla... Py =0,

T. €. MOPHAKOM 3JIEMEHTa Y CAYWUT HEKOTOPHH [eJANTenp uHcna
plipka. . pli-tu, cren0BaTelsbHO, SNEMEHT Y, €C/IH OH OT/IHYEH OT Hya,

He MOXET COZepXaTbcs B moarpymme P,. BTHM J0KasaHo, 4TO
{Plv Py ooy Pi—l}npi=0»

Y10 U TpeOGOBaNOCh NOKAa3aTh,

3amerum, yTo abeseBa rpynna, NOPAAKH BCEX SEMEHTOBR KOTOPOH
AIBASIIOTCA CTENEHAMH ONHOTO M TOFO e MPOCTOro yucaa p, HasbBaercs
npusaproll OTHOCHTENbHO uucia p, Tlpumaprhle LUKJAMYeCKHe Ipyumbl
ABAAIOTCA 4aCTHHIM C/lydyaem mnpuMapHelx rpynn. Takum ob6pazom, moj-
rpynnsi (2) npumapanl, OHH HA3HIBAIOTCH APUMAPHBMU KOMNOHEHMAMIL
rpynne G, a upsaMoe pasnoxenue (3)—passodxcenuess amoli 2pynns.
8 npumapuve Komnonewmw, Tax kak nNoArpynns (2) onpenenesu
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B rpynne G oAHO3HauHLIM 06pasoM, TO H pa3nosxenue zpynnu G
8 NpUMAPHBE KOMIOHEHMb ONPedeseHO OOHO3HAUHO.

Pa3noxuMocTh BCAKOH KOHEuHOH aGeneBoil TPYMNInl B IPAMYIO CyMMY
NPUMAPHHX TPYNMNCBOAHT, NOKSATHO, AOKa3aTeJdIbCTBOOCHOR-
HO# TeopeMH Ha cay4Ya#! KOHeyHOH npuUMapHOHN abene-
BOK rpynnu P, oTHOCsimeHlca K HEKOTOPOMY NPOCTOMY
ygcay p. PaccMOTpHM 9TOT cayuail.

[lycts a, Gymer OAMH W3 SJEMEHTOB TIpyNad P, UMEoUHX B Hel
HauBuCluHH nopsaaox. Ecaun, manee, B rpynne P uMeOTCAs HeHYJ/eBhe
S/IEMEHTH, LHUKIHYSCKHNE MOATPYNNH KOTOPHX MePeceKalnTcd ¢ LHKAH-
yeckoit moarpynno#f {a,} nuwb Mo Hymo, TO Yepe3 @, 0603HAUYMM OAHH
M3 SJEMEHTOB HAHBHCUIETO MNOPAAKA CPeJH 9JIEMEHTOB C STHM CBOH-
CTBOM; TaKuM 06pa3om

{a:} 0 {a,} =0.

[lyctb yxe BLIOPaHE 9MEMENTH @, Gy, ..., @;_,. HoArpynny rpyn-
nu P, MNOpPOXAEHHYI0O HMX LHKJIMYECKHMH [OArpynnaMu, o0G603HAYHM
uepes {a;, @,, ..., @;_1},

{{aih {as}s ooy {aisa} }={ay, an .05 014} 4

OHa cOCTOHT, OYEBWAHO, M3 BCEX 3JEMEHTOB rpyinnu P, KOTOpbhe MOryT
O6LiTb 3anucaHbl B BHAE CYMMBbl DJIEMEHTOB, KPATHWX 3/]eMeHTaM &,
Qg ..., @;_y; OylleM FOBOPHTD, YTO 3Ta NOATPYNNA NOPONHCOaEMES Dile-
MeHTaMH &,, @y, ..., @;_;. OG03HauUUM Tenepb uepe3 a; OAMH H3 Ine-
MEHTOB HAWBBLICUIEr0 MOPSAKA CPELH TeX 3/JEMEHTOB rpynmu P, uuk/in-
YyecKue MOACPYIIH KOTOPHIX MMEIOT pPaBHOe HYM0 [epeceyenne ¢ nop-
rpymnoit {a;, @y, ..., @;_;}; Taxum o6pasom
{al’ az, v ey al'_l} n{ai}=0' (5)
BBuny KOHEYHOCTH TPyHOn P 3TOT npoilecc A0MKEeH OCTAaHOBHTbLCH;
nycTb 3TO NPON30HdeT mocie TOro, Kak O6yAyT BuGpaHH 3JEMEHTH @,
@y, ..., @5 Ecnau yepes P’ mu 0603HauMM NOATPYNNY, MOPOKICHHYIO

STHUMH 3SJIEMEHTAMH,
’
P ={ali azv se 0y as})

Plz{ {01}7 {a&‘.}' R {as} }’ (6)

TO, CeJ0BaTeJNbHO, UHKAHYECKAasd NOATPYNnNanw6oro Heuy-
A€BOrO 3M€eMeHTa rpynne P umeeT c noarpynnoit P
HeHy/IeBOe MepeceyeHHe.

PasenctBo (6) u paBenctso (5), cnpasemauBoe and i=2, 3, ..., §
NnokasuiBaloT, BBHAY (4), yTo noarpynna P spasercs npaMoi
cymMmMmoM unknuvyeckux noarpynn {a,}, {a;}, ..., {a},

P'={a}+{a;}+... +{a}. M

Ocraercq nokasaTb, 4to noarpynna P’ Ha caMoM Aeae COB-
najgaeTr co Bceli rpynnoii P,

T. €.
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[Tycts x— moGo#t snement rpynnu P, nvetoutnit nopsanok p. Tak kak
P’ n{x} =0,

a noarpynna {x} ne uMeeT HeHyaeBHX MNOArPYMMN, OTIHYHHX OT Hee
caMOf— HANIOMHHM, YTO NOPSAOK MOAFPYNNH SABASETCH AEIHTE/EeM FfO-
pHAKAa TPYANH, a YHCAO p MNpPOCTOE, —TO B JAeHCTBHTEAbHOCTH MOA-
rpynna {x} comepxurcs B noarpynne P’ u, cjeloBaTeNbHO, X Opil-
Hapaexut k P’. Takas 06pa3om, Bce 3A€MEHTH NMOPALKA p U3 rpynnu P
BXOIST B noarpynny P’,

Myctb yke Aokasanwo, y4To B noirpynny P’ BXoasT nce S/IeMEHTH
Tpynnu P, nopsajoKk KOTOPHX He NPEeBOCXOANT HHCIa p*-1, u mycrs
x —noboft oneMeHtT u3 P, uMewlMH#t noparoK p Kaxk noxasuaaer
BHIGOD SNEMEHTOB @y, Uy, ..., as, NOpSAKY HX HAYT He BO3pacTras H
TI03TOMY MOMXHO YKa3aTh Takoe {, 1 <Ci—1 < §, YTO MOPSAKH 3IEMEHTOB
ay, @, ..., @;_, Gonbuie uan pasuu p*, a npun i—1<<s nopAAOK
sneMenTa @ choro MeHbllle 3TOro uHCjAa, T. €. MEHbllle nopsaka
saementa x. OTcioma cieayer, BBHAY YCJAOBHI, KOTOPHM M[OAYHHEH
BHOOD 9JeMeHTA @; HTO €CiH

Q={ay, a3, ..., 2,1},

Qn{x}==0.

B npenmectByioulem naparpage 6610 10Ka3aHOo, OAHAKO, YTO BCAKAA

HenyneBasi MOArpynna npuMaphod HukaAnyecko# rpynmu {x} mopsaaka

p* comepwut snement

T0

k-
y=p*lx. (8)
DnemeHT y BXOAMT, clenoBaTenbHo, B mepeceyenue QM {x}, a moaromy

W B noarpynmy €. 310 r03BOJSET 3anucaTh Y B BHAE CYMMH 9ne-
MEHTOB, KPATHLIX BNEMEHTAM @y, @y, ..., Q_q,

y=hay+la,+ ... +_10;_,. )
3 (8) caeayer, uto snemeHT y umeer nopsnok p. [loatomy
(ph) ay +(ply) ay+ ... +(pli—y) ;-1 =0,
T. €., BBHAY CYLI€CTBOBAaHH{ NPHMOr0 Pa3/IoWEHHs (N,
(pl)) a;=0, Jj=1, 2, ..., i—1,
Yucao pl JO/MKHO, cneuoaarenbno JENUThCA HA MOPANOK 9/AEMEHTa a;,
a HOSTOMY u Ha uncao p¥, oTkyla BHTEKaeT, YTO {; nenurces na p {

L=ptim, g1, 2, ..y i1 (10)

[Mycts g

z=ma, -+myay ..o +m_qa;_y.

DTo Gyner sneMeHT u3 MOATPynns (), a MO3TOMY # H3 mOArpynnd P’,
npudem, BBHAY (9) u (10), )
y=p*lz (11)
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M3 (8) u (11) BuTekaeT paBeHcTso
p*1(x—2)=0,
T. €. NOPHAOK 9AeMeHTa
t=x—2

we Goabiwe pf~1u, cnenoBaTenbHO, B CHAY HHAYKTHBHOTO MPEAMNOIOKE-
Hug ¢ couepwutca B noarpyune P’. [To3ToMy U 9MeMeHT X, KaK Cymma
LBYX 3jeMeHTOB u3 P’ x==2-{, npunaanexur k noarpynne P’ tum
NOKa3aHO, YTO BCE 9/1eMeHTH nopsaaka p* us rpynnu P conepwarcs B P’.

Hame uHaykruBHOE N0Ka3aTEAbCTBO 1103BO/SET YTBEPXAATD, CAEA0-
BaTEAbHO, UTO BCE 9JEMEHTH Cpynnu P sxoast B noarpynny P/, T1.e.
P’ = P. Jloxa3aTeIbCTBO OCHOBHOH TEOpeMH 3aKOHYEHO,

B kauectBe mMOGOYHOro NMPOAYKTA M NOJy4aeM, YTO KOHetHas ale-
nesa 2pynna moz2da u mosasko mozda G6Gydem npumaproli omuocu-
negsHe NPOCMO20 4UCAG P, eCAll ee nOpsagdox SIBASEMCA CMeneHbio
amozo uucaa p, B camoM pese, 6ul10 NOKA3aHO, YUTO BCSKAS KOHEYHast
npuMapHaa (no p) abeneBa rpynna P pasaaraetcs B NMPAMYI0 CyMMy
NPUMAPHHX (N0 p) WHKANYECKHX IPYMN, a MO3TOMY MOPAAOK rpynnu P
paBes NPoOHU3BEAEHUIO NOPHAKOB STHX LUHK/IHYECKHX TPYMN, T. €. #HBAAETCH
crenenbio yucna p. O6paTtHo, ecan koHeyHad aGesneBa rpynnma nmeer
nopanok p®, rae p—npocroe 4HCJAO, TO MOPRAOK MOBOTO €€ sieMeHTa
Oyner JAeianTeneM STOTO 4YuUC1a, T. €, TAKKe HEKOTOPOH CTeneHbio
Yucaa p, a NO3TOMY CPynNa OKAa3hiBAETCH NPUMAPHOK OTHOCHTEABHO p.

OcHoBnas TeopeMa e€ule He HCYEPINLIBAET BOMNPOCA O MOJHOM oOfiica-
HHH KOHEYHHX aGeneBHX rpyfnn, TaK KaK NOKa He HCKIOYEHA BO3MOXK-
HOCTb TOrO, YTO MNPSIMBIE CYMMHl ABYX Pa3/U4HHX HAG0POB LUKAUYECKUX
Tpynmn, NPUMAPHLEIX 1O HEKOTOPLIM NPOCTHIM YHCJ2M, MOTYT OKa3aTbCs
naomopduniMu rpynnamu. Ha camom nene 9To He uMeeT MecTa, Kak
noKa3uBaeT CAENYIOWIas Teopema:

Ecau wxoneunas abesesa zpynna G pa3soxcena 08yaua cnocobaru
8 NPAMYIO CYMMY NPUMAPDHHX YUKAULECKUX nodzpynn,

G={a}+{as}+ ... +H{a}={b:} +{bo} + ... + {0}, (12)

mo oba npamuwx pasznroxnceruss 064a0Q0m OOHUM U Mes He HUCAOM
npAmLX  cagzaemuix, S=1, U MeHOY NPAMBMY CAAZAEMBMUL IMUX
Pa3A0dCEHUl MOHCHO YCMAHOBUMb MAKOE B3AUMHO O0HO3HAYHOE CO-
omgemcmaite, 4Mo COOmM8emCmseyOWue cara2aembe SBALOMCA YUK AU~
yecKUMU 2pYNNaML 00HO020 UL MO20 Hce NOPSOKG, M. e. U30MODPHHL.

3ameruM cnayana, YTO €CAH Mbl B MEPBOM, HANpHMep, H3 TNPAMHX
pasnowennit (12) cobepeM npsiMbie claraeMmuie, OTHOCAUMECS K JTAHHOMY
IIPOCTOMY YuCAY p, TO HX npaMas cymma Gyaer npumapuolt (no p)
noarpynno#i rpynnu G u maxe npuMapHo#t koMnoHeHTo sTOlt rpynnm,
TaK Kak ee MOpNAOK paBeH HAaHBHICIIEH CTENEHH YHCAA P, HA KOTOPYIO
nenntes nopuaok rpynnn G. O6bepuHss STHM cnoco0OM nMpsiMbe caa-
raeMbie B Kaw oM H3 pa3noxeduit (12), Mu B 060HX CAydasx MOAy4YHM
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pasnoxenue rpynns G B NpuMapHble KOMIIOHEHTHl, €JHHCTBEHHOCTb KO-
TOoporo yxe Gbl1a OTMeYeHa BHILIE.

310 no3BoaseT AOKa3HBATH HAlly TEOPEMY B MNPEANOJOMEHHH, YTO
rpynna G cama fBAseTCS NPHMAPHONK OTHOCHUTEAbHO
npocroro yncaa p. [lycte HyMepalus NPAMBIX C/1araeMBlX B KamA0M
H3 pasroxenuit (12) smbpada Tak, YTO MOPSALKH STUX CAAraeMHX HAYT
He BO3pacTas, T. €, DJISMEHTH @y, dyy ..., g HMECIOT COOTBETCTBEHHO
NopsaKH -

2N R U8

npuyeM

ky=ky=...>k,

a sneMeHTH by, by, ..., by —mopALKH

by oph, oL, DR,
apuyeM
hz=lLb=...=1,.

Ecan 6n yTBepiieHHe Haillefi TeopeMH He HMeJO0 MeCTa, TO HaLLIOCh
6w Ttakoe i, i=1, uto

k1=ll, ey k,-_1=1'—11 (13)

HO

k[#l'.

[TonsitHO, uTO { << min (s, ¢), Tak Kaxk ANA KaXAOrQo H3 pa3dnaoxkenu#t (12)
NpoM3BEeNeHHE NOPAAKOB BCEX MDPAMHX CJ4raeMbiX PABHO MNOPHAKY
rpyfnu G, [lokaxem, 4TO Halle NPEeANOAOWEHHe NPHUBOAMT K MPOTHBO-
peuuio.

Iycty, Hanpumep,

k; <1, (14)

O6o3nauum yepe3 H COBOKYNHOCTb 37eMeHTOB rpynnnl G, HOpaAKi
KOTOPHX He mpesocxoadt pki, 1o G6ymer noarpynma rpynns G, Tak
KaK eC/M X W y—sieMeHTel W3 H, To H x4y, # —X HMEWT no-
PAAKH, He MpeBocxoadulxe yucaa phi,

3ameTnM, 4TOo K noxrpynne H npuHazaexar, B 4aCTHOCTH, CJELYO-
LIIHE 3/IEMEHTHI:

pk'-ktal» pka_kiaz’ ERE) ka—l-kta‘._l’ Ay Cpgy ooy Qg

C npyroit cTopons, ecin 1< j<Ci—1, T0 ajemeHt pti~ki~lg, umeer
nopanok pkitl u mostomy B H ne Bxoxaut. Orciona caensyer, 4TO CMEx-
Hblit Knacc a; -+ H (HanoMuHaeM, YTO MB! HCIIONb3YEM aZAUTHBHYIO 3aNHCh!])
HMeeT, KaK S1eMeHT ¢daxtop-rpynnu G/H, nopsaaok pti~#; Takos e
TOPAAOK ero WUK/AHYECKOR noarpynnu {a; 4- H}. [lokaxe, 4TO r py nna
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G/HaBnaeTcs NpaiMOH CYMMOHN LHKAHYCCKHX noarpynn
{aj_l_H}v j=]’ 21 o0 ey i—lr

G/H={a,+H}+{a,+H} +... +{a;_;+ H}, (15)
H MO3TOMY €€ NOpPAAOK paBeH yuHcay
p(kx—kl)+(kz"kl)+-o-+(ki—1"ki). (16)

Eciu x —npoussoaenuit snement rpynnm G, TO CywiecTByer 3amuchb
X=ma;+ma,+ ... +ma.
Oyers ana j=1, 2, ..., i—1
mj=Pk’°k‘q,'+”/a
rue
0, <<phs~h, (17)
Torna
m;a,=4q; (ij-k‘a/) +na,,
a TaK KaK nepsoe caaraemMoe mpaBof yacTu coaepwkurcs B H, TO
mjal+H=ﬂlal+H.
C apyroit cToposm,
ma,+H=H, ..., ma,+H=H,
[Toaromy
x+H=(mya, + H)+ (mya:+H)+ ... +(ma+ H) =
= (nya; +H)+ (nya, + H)+ ... +(nioy0;, + H). (18)
[TycTh cywecTByer elie oAHa Takas 3anuch,
x+H=(na,+H)+ (ma, + H)+ ... +(ni-1a;y +H), (19)
rae .
0<<nj<pts-t, j=1,2, ..., i—1, (20)
Torma sneMmeHTH
nya; 4 nya,+ oo 18

4 ’ ’
naynga, 4 .. M-y oy

JexaTt B OJHOM CMEHOM kJjaacce no Ff, T. €. MX pa3HoCTh NpHHaL/e-
WUT K H u nosromy

Pl(ny—ni) oy +(ny—n3) ay+ o oo +(mioy— mioy) ey ]=0.
Orcioaa cneayer (trak kak mepeoe W3 pasnoxenuit (12) — npsimoe), uto

Pkt(n/—rz;-)aj=0, Jj=1, 2, ., i—1,
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a mosToMy uMcao pkt (rzj—-n,) AOMKHO NEHTBCK. HA NOPSAOK p* 3ae-

MEHTa @ W, CeOBATe/bHO, PAHOCTb /1 ,— 71, NE/UTCH HA YHCAO pri—ti,
Orciona, suny (17) u (20), creayer, uto

ny=n, j=1,2 ..., i—1,

T. e, 3anucu (18) u (19) ToxmecTBeunn., DTUM JHOKA3aHO CYLIECTBOBA-
Hye mpaMoro pasnoxenus (15),

Ananoruynble paccMOTpeHusi, NPOBeILEHHHE A BTOPOTO M3 MNPAMBIX
passoxenuit (12), nokaxyt, uto 3Ta We dakrop-rpynna G/H o6aamaer
NPSIMHIM Pa3JouenHeM

G/H={by+H} + {by+H} + ... +{b_s + H} + {b; + H} + ...,

T. e., BBuAY (13) u (14), ee NopsinOK AOMKEH OLITh CTPOTO 6O0nbUE
uncaa (16). dro npoTuBOpeuHe HOKA3WBAET TeopeMy,

[Tonnoe o6o3penne KOHeYHBIX abelNeBHX TPYI HAMH TeNepb ywe
nonydeno. Mmenno, Oepest 8cego3soscHbie woHeynbie Habopu Hamy-
pasHblx dlcen

(71, ngy ooy ny),

OMAUYHBIX Om eOuHuub, HO He 0023amessHO pPA3AUYHBIX, NpUten
Kaxcdoe u3 amux uuces O00ANCHO Cbimb CMenensio HeKomopozo npo-
cmozo wucaa. Kaswdomy maxomy nabopy cmasus 8 coomsemcmasue
npAMYI0 CYMMY HUKAUMECKUX 2pYNN, NOPAOKAME KOMOPHX CAyHcam
yucae U3 smozo wnabopa. Bce noayuenubvie 3muis nymem xoneunsie
abesess 2pynns Cyoym nonapro Heu3omopgnsiisi, a mobas opyzas
Koneunas abenesa 2pynna u3omoppna odHoilk u3 smux zpynn.
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‘la2c8'moe OT AeNeHHs MHOro4JseHoB 153,
9

— 3JIeMEHTOB noJasi 276
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— MNOACTAHOBKa 32

Uncaosas MaTpuua 364
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— noJe 269
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- Adpduntoe npocrpactso 185
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Basa npocrpancrea 189

BekTtop 61, 185
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puubt 76

Huckpumunant 236, 343

HAauna unkaa 35

JononuutensHullt MuHOp 43

EBskangoBo mpoctpancteo 212
Eaunnua rpynne 393

— nonsa 278

Eaunuunas matpuua 16

— noxrpynna 399

Enunnynbie sekTopn 65 :
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JKopna#osa xJaetka 379
— wmarpuua 380
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3axou unepuuu 176
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Wnrepronsiunonnas ¢opmyna Jlarpan-
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HckatoueHne HeH3BeCTHOTO H3 CHCTEMH
ABYX ypaBHeHui 340
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Kasounuecxasa A-Matpuua 365

Kanonuueckuit sy kBaaparudHoii dop-
mul 169

Keaaparuusas ¢opma 167

KBappathasa matpana 16

KBaapartnoe ypasHenne 233

Ksartepunontt 115

Koasuo 270, 271

—MHoroyseHos 288

— —HaJ KosbuoM 289

— —OT HeCKOJIbKHX HeH3BecTHmX 313

— CHMMETPHYECKHX MHOrod.eHoB 321

Komnnekcsas KBajpaTHyHaa  dopma
167

—na0cKocTs 115

Kounnekcuoe JuHeiiioe NpOCTPAHCTBO
187

Komnsexchble yucaa 113, 284

Komnonenra Bektopa 61

—3J/1eMeHTa npamoit cymmet 411

Koueynas rpynna 393

Koueunoe xoJbuo (none) 277

Koxeusomeproe mpoctpakcreo 189

Kopeub MHorouseHa 143, 388

Kopuu 3 eguuuns 127

Kococummerpnueckuii onpenennteas 43

KpatHoe sneMedTa ajAHTHBHOA CpPynIbl

— —Kosbla 273

Kpartunifi kopeub muorousena 145
— MHOXHTeJIb MHOrouJeHa 293
Kputepuit Dfizenwreiina 353

— 3KBHBAJIEHTHOCTH A-maTpuu 372
Ky6uyHoe ypasueune 234

Jlam6aa-marpuua 364

JleBocTOpOnHee pasfoiKeHHe PYNNH NO
noarpynmue 403

Jlexcukorpagpuyeckan sanuce
dieda 319

Jlemma Taycca 316, 351

— Hanambepa 152

-0 BO3PaCTaHHH MOLYyJS MHOrOYJeHa

MHOrO-

~— — MOJLyJe cTapuero uynesa 150

Jluneituas saBucuMOCTb BeKTOpOB 64,
188, 285

— koMOHHALHA BeKTOpOB 63

— —CTPOK MaTpuub 42

—odopma 63

Jlunefinoe moanpocrpancrso 201

—npeofpasoBaHye JHHe{HOr0 NpOCT-
pauctea 194, 286

— —HeHn3BecTHuX 89

—npocrpasnctso 185, 286

—ypabuenue 15

NPEAMETHLH YKA3ATEAD

MaxkcumasbHas aHHefiHO He3aBHCHMas
cucTeMa BekTopoB 66

Marpuua 16

— xBajgpatuyHoll dopmu 167

— ~anHeftHoro npeot6pasosauusa 197

— nepexoaa 192

Marpuuunifi Kopenb Muorousexa 388

— MHorouaex 374

Mertoa laycca 17, 285

— Tlopnepa 144

— JHHefiHORl HHTepnoaswHH 260

—Qé-(l)bloroua A BBIYHCAEHHA KOpHelt

~— —— — pa3biChaH4A TPaHHU Kopheld
245

MunuMansHeii  MHOrOYJEH
npeo6pa3obanus 391

— — MaTpHuu 388

Meunop 43, 46

Muumasn eguunna 115

— oce 115

— 4acTb KOMNJeKcHOro uucia 115

Muorouaen 131

— zeaedus xpyra 354

— dyaepo#l cTemenn 132

— OT HECKOJBKHX HeH3BeCcTHmX 312

Moayan komniekcHoro yucaa 117

Myabtunaukatusias rpynna noas 396

JHHEHHOro

HauGoabwuit ofwuft geauntesp 137, 142

Hesuipoxaeunasas kBaiapaTHas MaTpuua
95, 101

— KBajparHuHas ¢dopma 167

Hesuipoxaennoe nuHednoe npeoGpasos
BaHHe HeH3BeCTHbIX 95

— — — npocrpancTea 205

He3saBucumbie uukas 36

Hexoumyrtarussaa rpynmna 397

HekommyTtaTeBroe Koabuo 276

Hci%gpeaeneﬂnan KBa/jpatnuHas ¢opmMa

- cHcTeMa JuHefiHHIX YypasHeHuft 17

HenpepuiBhas ¢yuxkuusa 148

Henpusoaumetit MmHorouaen 161, 290, 315

— cJayuail peileHHst KySHuUHOTO ypase
Hexus 238

Hepasnoxumas aGeneBa rpynna 415

Hecopmecrnas cicrema anHeitbix ypas-
Herui 16

He%oxpammaa pauioHaJbHAas  Apodb

i

Hecuetnoe muoxecrso 361

Heuernas nepecrasoska 29

— noAcTaHosKa 32

HopmaJbheifi Bug KBajpaTH4HO# ¢op-
Ml 175
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Hopmanbhuit nenntens 404

Hopmuposansnlit sextop 214

Hynepas marpuna 102

— cTeneHb sJjemedTa rpynns 399

Hyanesoe kpatHoe ssemenTa Konbua 274

— nognpocTpaHcTeo 202

— npeo6pa3oBaKue JnHeilHOr0 n[poCT-
pancrea 195

— pewenne 21

Hyaneroit sextop 61, 185

Hyns xonwua 274

O6nacte sHavenuil nuHeliHoro npeotpa-
30BaHug 204

OGpa3 BekTOpa npu npeoGpasoBaHHR
npocTpanctea 194

O6patnas Matpuua 95, 97

— onepauusa 270

— rojcraHoBka 34

O6patioe muHeilHoe
205

O6patuwil snement B rpynne 394

— — — noJe 278

OGuiee pelseyne CHCTEMH  JIMHERHBIX
ypaBHenuii 82

QO6uinfi pesnTten» MHorousexos 137

OnHoponHoe ypasHeHHe 21

Ogpnopoaunil Muorounen 314

Onpejenennas cicTeMa JHMHEHHBIX ypaB-
HeHuit 16

Onpezenurtens 24, 26, 38

— Bangepmonaa 50

— CHCTEMbl JIMHEHHKIX VpaBHeHuft 54

OproronanbHas Gasza 214

— MaTpHua 218

OpToroHaJssroe npeo6pa3oBaHHE €BK.H-
Ao0Ba npocTpaHcTBa 219

— — HeHaBecTHoIX 218

Optoronanbibie BeKkTOpH 213

OptoHopMupoBanHas 6asza 215

OcnoBHasi Teopema ajare6pel KOMMJexc-
HWX 4qncen 147

— — o0 KBaapaTHuyHBIX ¢opmax 170

— — — KoneyHnXx a6ejieBHX Tpynnax
417

— — — JuHelino#t 3aBucuMocTH 68

— -— — pallHOHaJbHLX Apofsx 162

— — — CHMMETPHYEeCKHX  MHOrouJe-
Hax 322

Ocratoxk or jenenHsa MHorousenos 135

Otjesienne KoOpHeit Murorounexa 259

Otpruatenbso omnpejeseHHas KpBajpa-
THyHad ¢opma 183

OtpuuaTesbHble  KpaTHHE
KoJabua 274

~— cTeneHH sjeMeHTa rpynnu 399

npeoSpasosauue

3JIEMEHTA

YKA3ATEND 429

OtpruatesbHEIe CTENEHH MeMEHTa NoJs
279

O7rpunatenbuuit HHAeKC nnepunn 177

flapa kBazpaTtuunsix ¢opm 231
ﬂe%%oocpasﬂuﬁ KOpeHb H3 eXHHAUH
1

[NepeMenn 3H3KOB B cHCTeMe uncea 247

Ilepeceuenne noanpocrpancrs 202

IMepectanonka 28

HNoarpynna 398

Monnone 280

INoacranosxka 31

Ione 276

— pasJioKeRHA MHorow.eHa 304

— pauKoHaabHbIX apoGeii 306

TNonunovMuaneHele MaTpuiel 364

[NonoxutebHO onpenesieHHas KBaapa-
THYHan dopma 179

[MonoxuTesbHbllt HHAeKC uHepuwn 177

MNMoayonpeenennas kpaapaTuyHaa ¢op-
ma 183

Hop&mnemxe MOArpyNnE MOATPyNNaMu
4 ¢

— — saementamn 419

[Topsaok Koweunofi rpynnus 393

— 3siemenTa rpynna 400

[MpaBujo BHYUCAEHHS paHra MaTpHILL
73

— Kpamepa 24, 27, 57, 80, 100, 285

— pelleHHs CHCTeM JHHelHHMX ypasue-
Huit 80 ’

[Mpasunbras paudonaswHas apoSe 161

[IpaBoctopoHHee passoxeHue TCPyNAL
no noirpynme 403

[1peo6pazoBanne npocrpancrsa 194

[puBenetive KBagpaTHuHOH ¢opME K
rJaaBHbIM ocaM 227

[lpuBegennas cHcreMa JHHe{iHHX Ypas-
HeHuit 87

MpuBoumuit muorowsen 290, 315

[IpumapHas rpynna 418

~— UHKauyeckas rpynna 416

[puMapHbie  KOMNOHEHTHI
rpynns 418

[MpumuTHBHbIL MHOrOugeH 316, 351

Tpucoesunenne saementa K noJaio 281

[NpucoesuteHHass matpuna 96

[Ipok3segeHue BeKTOpa Ha ducno 62

- JIHHEITHOrO Npeofpa3oBaHuA HA YHCJIO

abeneBoit

— JaHHelHHX npeo6pasoBauuil 200
— Matpun 91

— MaTpHUH Ha uucao 103

— MHorousiesoB 132

— NOAMHOXECTB rpynnu 402
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Ilpousseenue nopctTaHoBok 33

TMpoussognas Muorousena 146, 296

IMponopunoHa/bHbie BeKTOPH 63

pocrefiwast paunoHanbHas Xpobs 162

Ipoctoit KopeHs MHorounena 145

— MHOXATeJIb MHOroudesa 293

~— CNeKTP JHHeiHOro npeoGpa3osa-
nua 210

— 3JieMeHT KoJeslua 204

ITpotusononoxuuit BexTop 62, 185

— 3JIeMEHT B KoJblie 274

Ipouecc opToroxanusauun 213

Tlpsamas cymma 411, 414

TipsimMoe npoussenenne 416

— pasioxenne 411

Ilpsimoyronbnast MaTtpuua 99

PaBeticTBo MHorousexos 131

Pasnowenne rpynnu no noarpynne 403

— MHOroY/JeHa Ha JIMHelHHEe MHOXH-
Teau 156

— onpegeauTeNs no crpoxe 47

pa3{;depHOCTb JIHHEHHOFO NPOCTPAHCTBA
191

Paur xBagpatuynoit ¢opmul 167

— JnuHefiHoro npeoGpasosanus 204

— maTpuun 71, 285

— npoussefeHus Matpuu 101

— cHcTeMbl BekTopos 70
Pagganaxomaxcn KBaJpaTHuHas ¢opma -

Pacwnpenne nons 280

PacuinpenHas MaTpHua CHCTEME JIHHEI-
HbIX ypaBHeHH#t 78

Pauunonansras gpobs 161

Pauunonanshble uncaa 110

Pesyabrant 335, 339

Pewenne MHOrouJeHa OT HECKOJbKHX
Heu3BecTHbIX 334

— cucTemMbl JHHeAHHX ypaBHenu#t 16

CsoGognsle HenspecTHee 80

Curnarypa 177

CummeTpuyeckas rpynna 397

~— Matpuua 167

— pausoHaabHas mpo6e 329

Cummerpuueckuit MHorowsen 321, 332

CummeTpuueckoe npeoGpasoBaHHE €BK-
JIHZ0Ba NPOCTPaHCTBA 222

Cucrema AuHefiHHX ypaBHenuil 15

— Ilirypma 247

— uncea Kaau 115

Ckanspuaa matpuua 104

Cxanspuoe npoussenexne 211

Choxenne matpuy 102

NPEIAMETHHI YKA3ZATEAB

CMeXHBIA KJacC rpynmnu MO MOALPYMs
ne 402, 403

Co6eTBeHHoe 3Hauenue 206, 207

Co6erseunnit BekTop 207

CoBMmecTHaa cHcTeMa JHHEHAHBIX
HeHuil 16

ConpsixkenHnle anreGpanueckne uHcaa
359

ypas-

— KOMNJeKcHhle uucaa 121

— 3JieMeHTH rpynnu 405

CnekTp nuHefiHoro npeo6paszopanus 207

Crenexn snemenTa rpynnsl 399

— — KoJbua 273

Crenendnie cymms 330

Crenenb A-MaTpuum 375

-— MHOroYJIeHa OT HECKOJbKHX Heu3-
BeCTHRIX 312

Crpoka koopaunat Bektopa 190

Cymma Bektopos 6l

— JuHefiupiX npeoGpasosanufi 199

— wmatpun 102

— MHorouJeHosB 132

Cuethoe MHoxecTBo 361

TeopeMma Biogana— dypee 255

— lamunbTona — Kaan 390

— Jekapra 255

— €JHHCTBEHHOCTH I/ A-MaTpuu 368
— — pauHoHaJbHLIX Apobeil 164
CHMMETPHYECKHX MHOTrouYJe-

" HoB "326
— Kponekepa— Kaneanu 78
— Jlarpanxa 404
Jlanaaca 51
06 yMHOKeHHH onpegesantesefi 93
— Ilrypma 248
ToxaecTseHHasi NOACTaHOBKa 32
ToxpecTBeHHoe JHHeliHoe npeoGpaso-
BaHUe HeH3BeCTHHIX 95
— — — npocrpancrsa 195
Tpatcnosunua 29, 34
TpaucnonuposanHbe MaTpHuu 39
TpanchopmupoBanue MaTpuun 199
— sJaemeHTta rpynnsl 405
TpascuenaeHTHoe uncao 358
TpaHcuengeHTHHH 3JeMeHT Konbua 288
TpHronoMerpuyeckasn GopMa KoMnJeKc-
Horo uucaa 118

¥Yuuoxenue marpun 91
YHuMonyaapuas A-matpuua 371
YuuTapHoe npoctpaHcTBo 217

®axTop-rpyana 407
Qopma 314



