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HPEJNCJIOBHE KO BTOPOMY H3JAHUIO

Bropoe uspaune wrypca «/{uddepenmiraasarie ypasBuemus» mpej-
crasiser codoll cymecTsenno mepepadoraHuplii TEKCT HepBOro H3RAHIA.
He Meuss ocuoBnoro comepsralllsf Kypca, MBI BIeECAH 3HaYHTeJNLHBIE
U3MEHEHHSI B XapaKrep ero 13J0JKeHIIs.

B HoBOM H3TAHIN H3TOMKEHHE Y3MOBHX IMOJO/KEHIH Kypca CTPOUTCST
Ha ocHOBe oO0mNX njeit meroma anddepennualibublx HepaseHcTB, Ga-

BHPYIOIIErocst ma teopeMe Yamreiruoa, 3toT MeTo[J HarJdAdHO BLIJeJaAeT

HAEHHYI0 CTOPOHY JAOKAa3bIBaeMbIX B KYyDPCe OCHOBHBIX TeOpeM CYIecTBoO-
BaHMA H 3aBHCHMOCTH OT MAPaMETPOB peINeHIsl HAaYadbHON 3agadu Kar
A OANOro ypaBHeHHs, TAaK I AIA cucTeMmbl ypapHeHui. IIpu atou Bo
MIIOrUX CAYUasgX 3NAUMTENLHO CHIBKAKOTCA TeXHIYeCKHe TPYHUOCTH PN
JI0Ka3aTedbCTBe COOTBETCTBYIOIIUX TEOpeM, a CaMH JOKAa3aTeldbcTBa CTa-
HOBATCA G0Jiee alrOPITMIINBIMIL ,

Ha upeiinoii ocuose seroma nuddepeHNUaTILABIX HEPABENCTB TOCT-
poeHO TaKkyKe H3JOKEHIe paccMATPHBAEMBIX B KHITE BONPOCOB Yiciei-
HBIX [ AaCHMHTOTHYECKHX MeToJA0B pemrenns auddepeHnnialbABIX
ypaBnennit. B raaBy o wincaenneix  MeTOHax BHECEHBI, KpOMe TOrO,
3HAYHTEIbHBIE DeJAKIHOHIbIe H3MEHEHII B LEIAX YAYYIMIEHOS U3JN0-
HENNs ¢ MEeTONHYEeCKOI TOUKM 3peHIis,

ITonseprea nepepaboTke W TEKCT TA. 4, TOCBALIENHON KpAaeBLIM
3apgauayM. J[lamo MorasaTelNhCTBO TEOPEMbl CYM[ECTBOBAMNA  PeLIemnis
HeogHoponnoil kpaesoil samaun. Bouee mompoGro pasGupaercs moHATIIE
ofobmiennoit pynkmun I'puna. Brecewst HeroTOphle m3Menenis U B Xa-
paKTep H3JIO;KEeHIA 3ajad HA COOCTBENHBIE 3HAYSHIIA,

IToMmMO aTHX OCHOBHBIX II3MEHEHHI B TEKCT RINTH BHECEHO GOILLIOE
KOIHYecTBO 0o/ee JOKaJBHBIX H3MENeHHH A YIYYINE@HUS CTHJA H370-
Kenns. lasmenen n pag obosmauenmii.

ABTopHl BHIPAKAIOT €BOW ucKpenmoio 6Gaaromapmocts JI. JI. Kya-
PABIEBY, BNHMATEALHO HPOCMOTPEBINEMY DYKOINICH HACTOALLCTO H3jia-
HHA, a Tak:ke BCeM JHLAM, HPHCAABINEM CBOM 3aMEYauHa L0 HEpPBOMY
M3JAHAI0 KHACH,

Asropul




TIIABA 1
BBEJEHHE

§ 1. Ilonarne muddepenusiaabuoro ypasuenus

B macroameit Kuure paccMaTpuBaloTca aud@epeHIHEAIbEbIE YDABHE-
HUs, T. €. COOTHOIIEHHs MEKIY HEH3BECTHOH (pyHKimell, ee IPOH3BOT-
HHIMH [ He3aBHCHMBIMH IIepPeMEHHBIMI. ¥ paBHeHNsA, COJeprKaHlie
IPOM3BOMHEIE IO MHOTUM HE3AaBHCHMBIM [IEPEMEHHBIM, HA3HIBAOTCA
YPAGHEHUAMU 6 HACTHLIL NPOU3BOOHBIL. YpaBleHHd, COMePIRAIUe
NPOHU3BOANEIE JIIH O ONHON H3 HE3aBHCHMEIX HepeMEeHHBIX, HA3bIBAT-
ca obvikHosennblnu  OuPepenyuaabroiny  ypasnenuamu. Haygenne
CBOHMCTB I MeTOJOB pellleHHs O0BIKHOBeHHHIX AupdepeHUHATBHEIX ypas-
HeON# H COCTaBJIAeT OCHOBHOE COJleD’Kadie NAHHOW KHHIH, JIUIL HO-
ClefBAs I7IaBa IOCBAINEHA HEKOTOPHIM CHeNHAJbHLIM KiaccaM ypaBme-
HEIf B 9aCTHBIX TPOU3BOJHBIX.

Hesasucumyio mnepemMenHyio, NTPOH3BONHAA IO KOTOpoil BXxozuT
B o0ObiKHOBeHHOe nu(depeHNNadbAOE YpaBuenmne, o0bIIN0 0003HATAIOT
6ykpoit  (manm 6yKBoil f, HOCKOJBRY BO MHOTHX CIYY&fAX POJIb HE3aBH-
cuMoil mepemennoil nrpaer spemsa). Heussectuyio ¢gyuknuio oGosnaganor
yepe3 y(x).

O6siknoeennoe nuddepennuanpunoe ypasHeNHEe MOKHO 3aNHCATh
B BHJE COOTHOILEHHS '

d dr :
F(x,yrd—i,...,—dx—;‘{) =0. (1.1)

B ypasuenne (1.1), moMuMo memsBecTHO# (PYHKIIN, ee MPOH3BOXIBIX
N0 HE3aBHCHMOMY IWEPEMEHHOMY Z H CAMOTO HE3aBICHMOTQ IIepeMell-
NOTro &, MOTYT BXOANTH M HKOIOJHATENbHBIE HepeMeHHBIe [ly, ..., Ll
B sTom cayuae roBopAT, uTo HemspecTHAA (DYHKOHA BaBHCHAT OT Nepe-
MEHHBIX [, ..., Uy KAK OT IaPaMETPOB.

Ilopamor crapmeii mnpomasopmoil, Bxonsameli B ypasmemme (1.1),
na3biBaeTcA nopadkox ypaéHenua, YpaBHenmHe LIEPBOro IMOPA;KA
BMEeT BHI

d
F(-T,y,—d%)=0 (/1'2)

B CBA3BIBACT TPH TepeMeHHBbIe BEIHIHHBI — HEH3BECTHYIO (i)YIIK]IIIIO, ee
UPOH3BOAHYI0O H HE3ABUCHMYIO I€pEMEHHYIO. Yacto 210 CcoOTHOImENmUE



§ 1] IIOHATIE NHCPEPEHIHAJIBHOIO YPABHEHIISA 9

Ouesnmano, ecau y(zx)=y(x)+iy(z), rne y(z) nm y(x)— cooTser-
cTBenio NeiicTBUTeNbHAA U MUHMaA wacTy (Qyursnm y(x), ypasHenie
(1.3) sKBHBaNEUTLO CclicTeMe OOBIKIOBEHIBIX Aud@epernuaibUbIX YPas-
HCHHEI1 11 MedCTBUTENbIBIX (DYNKIMHA:

dy - = dy - =
%=R‘ef(x1 Y, y)’, -d—i=hnf(x, Yy y)'

" Pewenuenm cmetemsr nupdepennmanpaeix ypasuenmit (1.4) nassipa-
eTcs BCSKAA COBOKYHUOCTh Qymkuuit y:(z) (i=1, ..., 1), Koropsie npu
noncTanoBKe B ypapHeHms ofpamaioT MX B ToijecTsa. Hak npasmio,
n Kax 9To GyHeT BHAHO N3 THOCAEAYOINX mpumepoB (eM. § 2), ecan
nug@epenuanbroe ypaBiente paspeliuMo, To oHO obxajaer Oecunc-
JMEeNHBIM MHOMeCTBOM pelilenmii. IIporecc HAXO:RIEHHA pewlenuil uasbl-
BaeTCH UHTezpuposaruexm Oupdepenyuaioroso YpasreHUa.

OGsramo paccmarpupatores cuctemsl (1.4) ¢ mpaBeIME "acTsAMi, nc-
IPepBIBHEIME B HEKOTOpoil ofmactm D) M3MeHEeHHA HEH3BECTHBIX QyHK-
wuit y; 11 HesapucHMoil mepemelrsoft x. OdeBHHO, YTO P BTOM pPeHIeHHA
y:(x) mpencraBusior coboii meupepsrslo nudepennnpyemsie QyuKIOM,
OfHaKo B LUPWIOKEHHSAX HHOTAA HPUXOJMTCA HMETh NeJN0 ¢ ypaBHeHHsd-
MU, IIPaBble 9A4CTH KOTOPBIX HMEIOT PaspsiBbl (HanpuMep, NPH ONMHCAHHH
YAApIBIX HATPY30K, MTHOBEHHO IPHJIOMEHHBIX CHI W T. A.), HOdTOMY
K caMm pellenHs 6yayT MMeTh PaspsIBEl MPOm3BONHBIX. Torma ecrecTsen-
no 8 ragectse pemenusa (1.4) paccmarpmsarh HempephIBHBIE (YHKIHM
y:(r) ¢ Kycouno HempepbIBHBIMM Ipomssofmsivm. llpm rnopcranoske
B ypaBHeHHs onM [ud¢epeHIEPYIOTCA BCIOAY, 34 HCKIOYEHIEM TOUCK
paspbiBa (HJM OTCYTCTBUAY DpomsBOMIBIX. Takoe peluerne ecTecTBEHIO
1a3BAaTh 06006UeHHbIM DeuleHUEeM.

Besaxoe pewrenue yi(z) (i=1, ..., n) cucremsr {1.4) mo:kuo murep-
IpeTHPOBATH TeOMETPUYECKH Kak KpuBywo B (n 1 1)-mepnom upocrpai-
CTBe HEPEMEHHBIX T, Ui, +.., Yn, KOTOPAS HAIBIBACTCA UHTEZPAABHOU
kpueoiti. 1lonnpocTpaHCTBO NIEPEMEHHBIX Uy, ..., Yo Ha3bIBATCH (Ha3osvin
nPOCTPAHCTE0M, & NPOEKLHMA HHTErpalbliod Kpusoil HA ¢asoBoe mpo-
crpancTso — (fasoeoll TpaekrTopuell. :

VYpasuenna (1.4) ompenensior B Ka:kaoit Touwre obnactu D meKoro-
poe maiipapienue, 3agapaemoe Bekropom T=(1, fi, ..., f»). Taxaa 00-
JIaCTh TPOCTPAHCTBA C 3aaHHBIM B KakHoH TOUYKe HallpaBIeHHEM
HA3BIBAETCH noJer Hanpasdenull. VIHTerpHposanEe CHCTEMB! ypasHenui
(1.4) reoMerTpHuecKM HHUTEpPHpPeTHPYeTCA KaK HAXOKIeHHMe KPUBBIX,
Y KOTOPBIX Iiallpapieiue KacaTedbHOIl B KaIol TOYKe COBNAJAELT € la-
npaBIenueM T, 3QJAHHBIM B JAHHOM Loje HalpapieHHH.

Kak ormeuanocs Beinie, nuddepernunaipioe ypaBHenne nMeeT, BooO-
e ropops, Gecuucienuoe mrnokectso peisennil. lloaTony, muTerpupys
cucremy (1.4), mp1 waidgem Oecuncrelinioe MHO/KeCTBO HHTErPalbAbBIX
KPUBBIX, JeMamux B o0MacTH ollpefeleHHsA HPABBIX 4acTedl cHCTeMbl
(1.4). Yro6br w3 BCeil COBOKYHIIOCTH pelleRWil BBIAEIUTL OTHEJABbHYIO
HMITEeTrpajIbiyio KPABYIO, IPe/ICTaBIAKILYI0 CO00H Tak UasblBaeMoe 4acT-



§ 1] ' HNOHATHE IIIPOEPEHIWAJILHOIO YPABHEHHA 11

[Mpeanoaoskuy, 9o z, € [z,, X] — 6amraiimas ® x, TOUKa, B KOTO-
poit nepapercreo (1.13) mapymaercsa, T.e. z(z;)=y(x,). Teonerprae-
CKH DT0 03HAUAET, 9TO Kpusbie z(xz) @ y(z) Opum z =z, mepeceRawTCA

dz
mwin Kacaotcsa, Ho Torma momxro GHITH E(xﬂ} f (24, ¥ (x,)), 91O WpO-

rupopeunt (1.12). Teopema noxasama.
CpenaeMm cyIIeCTBeHHEBIE A AAJMLHEUINET0 3aMETYaHNA K JOKA3aHIOR
TeopeMe o guddepennuaIbIbX HepaBeACTBAX.,

3amewanua. 1. Me mpemmonaranm z(z,) <<y, HO Teopema ocra-
eTcd CIpaBeRaNBoil, ecnn z(z,)= Y,. B aToM caydae cymiecTroBanmme He-
KOTOPO#l OKPECTHOCTH TpPaBee TOYKH Z,, B KOTOPOH BBIIOJHEHO HEPaBeIi-
crso (1.13), cregyer ma roro, uto

dz dy
e (zo) <[ x5y 2(20)) =T (%, yy) = ar (2o)-
Haaopueiiimite paccy;REeHHA COBEPUIGHHO TaKie Ke, KAk [AId Cay-
qasi z(xo) < Yo
2. Ecan @ynxnna z(z) ynosjleTBOPAeT HePaBenCcTBaM

d:
'd—:>f(x,z)’:» e (2, X1y 2(xg) = Yoy

To 3uak epaBenctsa B {1.13) Tak:ke m3MenmTCA HA TPOTHBOIONOMIBIIL.
3. Teopema ocTaerca cOpaBeyINBOA B B TOM ciaydae, xKorga z(z) Ky-

couno pugpepennupyenma na [z,, X] u nepasenctso (1.12) poimoamsaercsa

4

I OpegeiblIbIX 3HAYeHHI IIpOH3BO}],HOﬁ d_l:-B TOYKaX €e paapeisa.

ITpu pemennm pAga BOOPOCOB OBIBAET YAOOHO CBOIMTH 3aadd KIS
AnddepeHINANBPHBX YPaBHeHMA K HEKOTODbIM IHTErpPANbHBIM Yypab-
IIeHUAM.

Jdemmal. 1. Mycro f(z, y) Henpepbiena no COBOKYNHOCTU AP2YMENTOR
6 HEeKOTOPOM NPAMOY20AbHUKE

D={lz—z,)<a, ly—yl<b)

~

To2da HavaabHas 3adaua
d
E=i@y,  yE) =y (1.1%)

IKGUBANEHTHA UHTE2PAALHOMY YDABHEHUIO

y(@ =y + | 16 v @)t (1.15)

Hoxasareasbctno. Hyers na cermente |z — z,l <a cymectayer
pelitenife HAYAdbHOU 3anauu — Qyukuua y{r), npugeMm y,— b < y(r)<
< y,+b (s1u nepaBencrsa o3uavaor, 410 NpA |z — &l < a murerpa;n-

N




g 9] NPUMEPBH ®H3HYRCKHX 3AHAT 13

HMeeT crelyloNIRd BuA:

e — i (1), (1.16)
te m(t)-— KONIMYeCTBO HEPacUaBHIErocsa K MOMERTY BpeMeRHn { BellecT-
pa. DTO COOTHOLIEHHE NpefcTaBiser coboit nmpdepernmasbroe ypanne-
n¥e TePBOro LOPAJKA, PasperieHHoe OTHOCHTELHO N POU3BOJHOM.

HenocpeacTsenofl NPOBEPKOil J1€TKO yGegurses, uto pemerue (1.16)
uMeeT BHJ

m(t)=Ce™, (147)

rae C — Mpon3BOAbNAsA NOCTOSHHAA, KOTOPag MOKeT OBITh OIpejelieHa
N3 JOMOMHUTEJABLHOTO YCIOBHMA, HAIpUMep M3 HAYAIBHOrO yCJIOBIA
m (t,) = m,, 3aAI0MET0 KOJIYECTBO HCXOOro BeINecTsa B HAYaJILHBIN

moyent I,. ‘lacTioe peiuenne COOTBETCTBYIOLLen HadagbHOil 3ajayl
HMeCT BILJ . ’

m(t) = moe_x('—t‘)). (1.18)

O.u10ft 13 BaKIBIX (PU3HTECKNX XapaKTepPHCTHR Mpoilecca pagMOaKTHB-
HOro pacmaja sABAfeTcA HepHoJ WHojypacnana — MIPOME:KYTOK BpeMe-
gt 7, 3a KOTODHl KOJANYECTBO PACHajaioierocs BeImecTsa YMeHbIIagT-
ca paeoe. 13 (1.18) naitaem

m, AT

T == moe »
OTKYJAA

T = %m 2. (1.19)

Ormerny, uro ypasuenme (1.16) ssagerca MaTeMATHYeCKOH MO-
ZIeNbI0 HE TONBKO Ipouecca PajMoakTHBHOLO pacmajd, 1o o MHOTHX
JPYTHX TIPOLECCOB Jleenusi iId PasMHOMeNnus, XapaKTepI3yeMbiX TeM,
10 CcrOpOCTH fAenenns (Pa3MHOREHHA) IPOLOPHMOHATLHA KOJIYeCTBY
BelecTsa B JAHHBIA MOMEHT BpeMeHH, mpugeM Koag@uiuent mponop-
NUOHATLHOCTH eCTb HEKOTOpas IOCTOAHNAA, XapaKTepuaylomasn pac-
cyarpupaeMuiii nponece. Rax mbr ybenmmcs, TANMYHOE [0CTATOBROM
sajay [UIA 9TOr0 Kiacca YpaBHEHHi ABRIAETCA HAYAIbHAA 33314 (3ana-
ya Rommn).

2. JBiskenye CHCTEMBI MAaTEPHAJBHBIX HACTHU. MareyaTuIeckoil Mo-
gensio  pewwenns cuereMpl N MATEPHAINBHBIX  HACTIL Macesl My
(i=1, ..., N), npmustoi B TeopeTHYECKOH MeXaHWKe, ABIAIOTCA ypas-
Henns IBIRENEs, cleJylle U3 BTOPOro BAKOHA Herorona:

2
d'r;

ded

' dr; . ,
m; =F1-(t, r; ——), ’1,]=1,...,1\. (1.20)

dt

3nech m;— MACChl YACTHIl, LOCTOMHIBI® BO BPEeMENH, r; — pajamyc-
sexropsl gactiy, Fi— BeKTOp CHAB, neficTBylOUlell -1ua {-10 4acTHy #



8 2l OPHUMEPE ®H3HYECKIIX 3AJAY i3

re PUBEUECKOr0 MAATHUKA B J1000# MOMEHT BPeMeHH MOKHO XapaKnre-
pH30BATH YIIOM ¢, KOTOPEUA cOCTaBIAET INpAMad OC ¢ BepTUKAIBIOH
0ChI0 2, mpoxojAliei yepea Touky O. Jlasa BbiBofa ypaBHeHHA ABHKENA
BOCIIONB3YeMcA BTophiM 3aKoHoM HploToHa B IpHMEHEHMH K BPAalaTelib-
HOMY JBHReHHIO (YI/II0BOe YCKOpeHHe NPOHOPUHOHAIBHO IIABHOMY MO-
menty smemnux cua). Torga, mpemefperas CHIaMil CONPOTHBIICHILST,
MOy IEM

2
I f;tif — —mgdsin g, (1.23)
rie ] — MOMENT ITHepHUWH Tera OTHOCHTEJIbHO OCH Bpamenmsd, a d —
paccroanue ot Toukn O no nentpa Tamects C.
OGmee ypasuenne (1.23) roneGannit ¢usudeckoro MaATHHRA FABIA-
eTess meapHednsiM. B caydae Maasix Koxefawmuil, orpaHHYHBAACH HEPBHIM
q1eHOM PazaoimeHnsa YHKIHH Sin @, HOIYyIHM

&
—d_t% + w?p =0, (1.24)

rie uepes ®® oGosmaueno orHomenme mgd/l. OdesnpHo, pPasMepHoOCTb
[w]=1/c, uTo u onpaBibiBaeT BBeNeHHOe 00O3HATEHHE. 3ametuMm, UTO
B caygae ypasueuus (1.24) Bosppamamnomas cmia HPONOPUHONATLHA
CMeIlleHHI0 OT II0JIOM{eHNIA PaBHOBECHUS.

Kak merko yOemuThca HENOCPe/ICTBEHHON TIPOBEPKOH, YypaBHelHe
(1.24) mmeer mepuoAHIecKHe PeLIeHHUA TACTOTH ©:

¢ (t)= A cos ot + Bsin ot, (1.25)

rie A m B — mpou3BoJbNble TOCTOAHHBIE, ONPefeAIOIHe AMITATYLY
HepHoAMIecKuX KoJeOanui.

Ipu yueTe cuI COUPOTHBIEHNSA, IPONOPIAONANBHBIX YIIOBOH CKOPO-
cTi, ypaprerne (1.24) nepeiifier B ypaBHeBMe BHIA

2
idr(f + a% + otg = 0. (1.26)

Kax 6yner nokasamo nmke (cm. ri. 3), ypasuenue (1.26) ompenens-
eT 3aryxalpomune Konebanmd.

3. Vpasuenus nepedoca. IIycts mo Tpy0e mOCTOAHHOrO IOIEpeTHOTO
cedeHusA, 0Ch KOTOPOH COBHAJAeT ¢ OChI0 Z, ABIKETCH HOTOK BO3MYXA,
CKOPOCTh KOTOPOTO BOAb OCH TPYGBI B TOYKe Z B MOMEHT Bpememi !
ecTh 3amapnaa Qymxuma v(z, t), 1lycTe BO3AYX IepEeHOCHT HEKOTOPOE
BeINeCTBO, IMHEHAYI0 ILIOTHOCTH KOTOPOTo B CeYeHMH TPyOsl ¢ Roopju-
HATOR z B MOMeNT Bpemenn ¢ ofosmauny u(z, {). B mponecce meperioca
BeI[eCTBO OCKAAOTCH HA CTEHKAaxX TPYOsL. bylem cuurtars, 4ro nJioT-
1OCTh PacupejleNedis 0CasKIAKIIErOCA BellleCTBa 3a;1aeTcA BBIPAKeHHeM
f(z, tyu(z, t)(f(x, t)— saganmas QyarnuA), T.e. IPONOPIUONAIHIA
KOHIEHTPAI[HI BellecTBa (3TO MOJKHO DPAcCMATPUBAThL Kak JHeiinoe
npudauKenne K 6ojee CI0KHOMY 3aKoNy, CUPaBeIHBOE NPH 0CTATOLO
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BOOHBIX ¥ paccMaTpUBAaEMbIX (byHK]lIlﬁ O BBIUHUCIAA HETErpajdsl 0o Teo-
peMe O cpefnei, NOJAYyIuM

a . 5
(.13*, t) lt=t* ArAt = — EE- (U (.T,', t**) u (I,» t**)) lx=x** Az At —

(@, prEE) y (e g Az AL, (1.28)

on
ot

e x¥, ¥ gEEx pF p¥E p*FE _ geroTophle  TOYKM M3 OTPE3KOB
[z, =+ Az], [¢, t + At] coorseTcTBenno. [lena sateM paBencTBo (1.28)
na Az At n yerpemasa Az n At K uynio, B CHIY HEIPEPLIBIOCTA BCEX
yienos coornomenns (1.28) momydmM oKoOHuYATeJbHOE ypaBHenie

9 ) + fu =0, C(1.29)
niu
an on
- m—+v(x,t)af+c(x,t)u=0, (1.30y
Irne
c(z,8) =22 (z,1) + ] (,1). (1.31)

Vparnenue (1.30) apaserca ypasHen#eM B YaCTHBIX NMPOU3BOJIBIX HEP-
poro nopsaxka. J[as 1ero Mo;KHO IOCTaBHTH, HANpPHUMep, CIAEAYIOMyI0 3a-
pauy. IlycTh m3pecTHa ROHLEHTPANNA BEIeCTBA IPH I =X,

u(x,, t)=1u,(t), (1.32)

re u,(¢)— sapaunas ¢yuxnua. Tpebyercsa oupeaeants u(z, t) nus
z = x,. Hume (B ra.8) mul ysuuuy, uto yeaosne (1.32) opnosnadubiv
oGpasom ompenensier pemenne ypasnenna (1.30).

4, 3anaya o npocaunBalun BOAM CKBO3b necok. ITycrs Boza mpocati-
paetca uepe3 uecok csepxy suus. Hanpasum och x BHU3. Yepes u(zx, 1)
obosnauny MJI0THOCTL BOubl B Hecke (¢ — BpeMsa). CkopocTh paBHIKenNs
BOLBI U, OYEBHJN0, 3aBHCOT OT €e INOTHOCTI, T.e. v =v(u), rie v{u)
eCTh 38JaH11asA YURLIA, TPHUEM U BO3PACTAET BMECTe € U.

Paccmorpity 6aganc poxsl s caoe [z, x+ Ax| 3a ppema Al usmerne-

X +AX
e

IHe KOJHYECTBA BOABI PaBLO j lw @, 4+ Al)—u (€, t)] dE. 310 m3Me-
x
Hemnie HPOHCXOHT 3& CUeT PasinoCTH BXOAAIEro HOTOKA

t+AL ADIZ SO 1 TERNZR DDA Gt
4 NP e . .

5 v, 1)) u(z, §'dr 0LV Vi S rE0EC
| KUTUBNONS !

K. ra‘W
_M__zoofy‘.

v(u (@ + Az, V) u (z + Az, 7) dr.

H BRINOAAWCTO TOTOKA
t+A¢

2 A. H, THXOHOB 1 Ap.
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cMeIeNHeM B MOMEHT BpeMemH f cedeHNd CTEPSKHSA, TIMEBIIETO
B nenedopMUPOBANHOM COCTOAHANH KoopxuEaTy z. ByageMm paceMarpmBath
cTep:Kenb IepeMennoil miornocrn p(x), nomanmsaoiuiica 3akony ['yra:
yupyraa cumia, gedopMIpyomas GeCKOHEIHO MAJbIH BIEMEHT CTeDHKHS,
3aKI0YEHIBIH MEKRAY cedenmsaMa z m z + Az, mpomopumonasbHa OTIIO-
CHTEeJIBIOMY YAJIHMHEHHIO 3TOTO dieMenTa, HoddpuuueHT nponopnaoHalb-
nocru  (MORyJdBL YIODPYTOCTH) TaKMKe OydeM CIMTATE DePEeMeHHBIM
BJ0NIb CTep:KEA 1 o6osmauuM ero uepes k(x). lopcamraem orHOCHTENE-
noe yAJHHENHe & Bhifesiennoro saemenra. QueBumno, MAHHA DTOFO 3Jje-
MeHTa B MOMEHT BpeMeHH i paBHa

Al=(xt+Az)tu(z+ Az, t)—x—u(r, t)=Art+u(z+ Az, t)—u(x 1),

OTHY/Zla OTHOCHTeNIbHOe YVIHHEHHE

Al—A Az, t) —u(z, t .
e= 2o r __ u(z+ 'cAl u(z '). (1.35)

Ilepexomn B puipaskennm (1.35) x mpemeany mpu Az — 0, mpeamonaras
¢ynarnuo u(x, t) nenpepsisno ruddepennupyeMoll 1 BOCHOIb30BABIIKCE
3akoHOM ['yKa, MONYyYHM, YTO CHiia YIPYroro HANpAMKERHs B CEICHWH I,
AefCTBYIOMIAA CO CTOPOIIBl IIPABOM YacTH HA JeBylo, pasHa k(z)u.(z, t).
3aMeTHM, 4TO LOJYYeNHOe BBIpASKEHUE JUIA CHJIB YIPYroro HAPSAIKEHIT
CHpPABENNNBO JHUIL B CIyYae MaJbIX KoJe0aHWil, KOTla MOJRHO NpH-
MeHATH 3aK0H I'yKa K GecKonewHO MAJNOMY DJAEMEHTY CTepIKHS.

UTo68 HONYYNTH ypasuenne KoleGaunuil cTeP;KHA, MPHMEHHM BTOPOM
saxoH Hriotoua K BBIJIEJEHHOMY DJeMeHTY. DyieM cumTaTh, 9TO BHEII-
HUE CHJBI, NPIVIOJKENIBle K CTEPIKHIO, PpACIpeledensl ¢ IAOTHOCTBHIO
f(z, t), Tak wTo DMOYIbC CHIBI, AelicTByOLIell na saeMedT Az 3a mpo-
MC/RYTOK Bpemenu Af, paseH

t+AL x+Ax
sar= | | 7@ vded (1.36)
1 x

I{pone TOTO, Ha Tpanu4vnhle Ce4YeilHfl BBIJEJEHHOTO dJeMeHnTa I[eﬁCTBYIOT
olpejneliendble Bplle CIUIBl YIOPYroro HaNpPALReHHA. Torna YpaBHEeHHE
BTOPOro 3aKoHa Heiorona sannumercsa B BH]IE

x+Ax

[0 (), B ¢+ A — p (B uy (&, £)] dF =

t+At
k@ Ax)ug(x 4+ A, ) — K (2) ux.(r, 1)] dv +

t+A¢t x+f3x
+§ [ revdd (137
t x

Ito — nnterpoaudepennanniioe  ypasinenne Kojebaunii  ympyroro
crep:rudA. lipepnosaras nenpepsiBuyo nuddepenyupyeMocts QyuKiui,
2%
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B page caydaes HHTepeC TNDEACTABIAeT ONpefieenne IacToT cob-
CTBEHHBIX KONeGaHmA cHCTeMBl — YaCTOT TeX YCTAHOBUBIINXCA Nepuo-
nuUYeCKEX KoneGaHmil, KOTODble BO3MOKHEL B CHCTeMe IPH OTCYTCTBHH
BHCIINFX CHJI, KAK PacIpejeleHnslX, TAK H COCPEOTOYeHHBIX B IPAHAT-
[BIX cedeRmAX. JTa 3afadua CBOJUTCA K KpaeBoH 3dajade AJAA OJHOPOXHO-
ro ypapreuns (1.42):

[k (z)u.(2)): + @*p (z)u(x)=0. (1.43)

TpebyeTcsa ompefe]uTs Teé 3HAYeHAsA IapameTpa ®*, npE KOTOPHIX
ypasmenue (1.43) mMeeT HeTpHBHANBHOe pellleHNe, YIOBIeTBOpAiOIMee
3aj]AHHHIM OJHODPONHEIM I'DAaHNYHEIM YCJIOBHAM, HampuMep u{()=u(l)=
= (). Takas Bsajada HOCIT Ha3BAHH® KpaeBoil sajxaid o cobcTBeHHBIX
sHaYeHUAX.

6. Ypasnenme Ten:zonposonnoctn, OnuuM E3 THIATHRIX ypaBHeHRII MaTeMaTH-
TqecKoil (I3NKE SABIAETCS YpasHenue TENAONPOOGHOCTU, K BBIBOXY KOTODOTO MbI
ceituac mepeitmem. TemoBoe cocTosiEme Tela [ MOMKHO ONMCATh © LOMOMBIO CKa-
napnoit ysrumu u(M, t) — TeMnepaTypsl B TOIKe M Tena B MOMEHT BpEMEHH L.
Tenziogmanueckne XapaKTePHCTHKA Tella ONACHBANTCA QYEKUAAME IIOTHOCTA
o (M) m TemmoemrocTH ¢ (M), KOTOpsIe B UIAPOKOM HHTEPBAJIS TEMIEpATYpLI MOYKHO
CUATATH He SABWCAM[OIMA OT TeMOEPATYDPHI, 8 TaKie TeNIONPOBOXHOCTHIO k (M), aB-
nawmelica K0ddPUONEATOM MPOTOPOHOHAMBLHOCTE MeKAY NIOTHOCTBIO ITOTOKA Tell-
7OTLL 9epes SIeMeHTAPHYIO IIOMAZKy AS @ rpajueHTOM TeMIepaTypsl B Hampas-
JeHHH HOPMAJH K 9TOH ILIOMIAJIHE: :

.~

9
Bg = — k(M) 35 AS. : (1.44)

Mil caETAeM NMOTOK TOIIOTH HATIPABIeHHHIM OT Gosee HATPETOH CTOPOHHI IIIOMIANKE
K MeHee HArpeToii (TPAfmeHT TeMIEpATYPsl B BTOM HANDABNEHHM OTpHIATeleH),
w10 OmpeNeNAeT 3HEK «MuHY0» B dopMyie (1.44).

Yro6s IOCTPONTh MAaTEMATHYECKYIO MOJe]s M3MeHeHHA TeMIIeparypsl B pac-
CMATPMBAEMOM TeJde, cOCTaBNM ypasHenme Batamca. lauveHenme KoImZecTsa Tel-
notel AQ, B anemenTe 06beMa AV 3a IPOMEKYTOK BPeMEHH OT MOMEHTA ¢ 0 MOMes-
Ta t+ At

AQ, = S ¢ (M)p (M) [u(M, t -+ At) — u (M, )] dV (1.45)
AV .

onpeneaseTcs TOTOKOM TemwIOTH AQ; uepes GOKOBYI MOBEPXHOCTE AZ paccMmarpm-
BaeMoOro ofneMa,

t4-At
) ou
AQ, = E(M)--dodt (1.46)
on )
t AZ
(npomssofiRas GepeTcs MO HANDABIEHHIO BHEIUHEd HOpMamd, ¥T0 OMpefielAeT 3MaK
«umoc» meped mETerpanom B (1.46)), m KOIHueCTBOM TEIJIOTHI AQa, BoiflensieMoit

BHCIIHMMHE WCTOYHHNKAMEA, pacupefeleHHBIMHE B IPOCTPAHCTBE W BO BpeMelld ©
mwioTHOCTRIO f(M, t),

t+At
AQ, = Y » Y F(M, T)dV dr. (L47)
t AV

1lycem

AQ; = AQ; -+ AQ;. ‘ (1.48)



TJIABA 2
OBIIIAAl TEOPHA

§ 1. JaemenrapHble METOXBl HHTErPHPOBAHUSA

Peurenme nnddepennuanbioro ypasHenia, Kak Npasuio, e yAaercd
BHLIPASHTH B BU/E DIEMEHTAPIBIX QYHKIUA VM KBANPATYP OT HUX M JIJ
IOTYYeRHA YACTHBIX PpelleHnii mnpuxofuresa npuberars K pasaHIHbIM
qucAeHEBM MeTofaM, 3QEQEKTHBHOCTE KOTOPHIX HEU3MePAMO BO3pocja
¢ MOABIEENEM ¥ PasBHTHEM COBPEMENHBIX IBM. Opraxo Mo HDOABIEHUA
9BM crpemienne «IPOMHTETpUPOBAThL JAH(PepeHiHaIbHoe YpPABHEHUo
B KBAJPATYyPaX» ONpPEfielsI0 OfN0 I3 OCHOBHBIX HANPABIEHMH B HCCHE-
nosannu obuknoBenusx AuQdepeRIIATbIFX ypaBHenuit H DpHBEIO
K TIOABIEHINIO MIOTOYHCJIGHHBIX CIIpaBounmnkos*) mo pemenimio fugde-
penguanbHBIX ypapHenud. B macrosmesm maparpage Mel KpaTKo ocra-
HOBUMCA HAa HEKOTOPHIX Inpocrefimux m Hambolee pacOpoCTPAHEHIILIX
B NPUIOKEHHAX CIYYaAX, KOIJa YAAeTcsA IOMYUHThH Pellenue ypaBsHeHusd
I1IepBOTO IOpAfKA

L (e ) (2.1)

B KBagpaTypax. Bo MIOTHX cixydYasx llepeMennbie £ W Y B (2.1) pasno-
npaBubl. JTO AaeT ocHosanme umapsAly ¢ ypasueymem (2.1) pacemarpu-
BaTh ¥ ypaBiienne

dr 1
dr _ 1 )
- T@ h (2.2)

4 TaKKe ypaBHeHHe IMepPBOTO MOPAJKA, 3AHCANHOEe B BUJC

fi(z, y)dx+ f:(z, y)dy =0.

1. Ypapuenne ¢ pasIeaAloOnUIMICA I€peMEHHbBIMI. Tark nmasniBaercsa
ypasueige BHAA

dy _ fl (I) ! §
=T, - (2.3)
Wi :
fulz)dx + f.(y)dy =0. (2.4)

*) Cy., uanpusep, d. Kamke «Cnpasouunk N0 o0bIKHOBEHILIM napdepen-
nua’abub ypaBuensayy (5-e mag.— M.: layna, 1976).
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Jlerko B@;eTh, 9TO PAN YPABHEHHIT MoxeT ObITh NPHREACH K ypaslie-
Huio ¢ pasgersommmuca nepeMennsivu (2.4). Tax, ypasnenne

fi(@)g (y)dz + f.(x)g.(y)dy =0 (2.9)

nocme mexends Ha g,(y)f.(z) upusommTca k Tpefyemomy BHAY. Hapo
JiMeTh B BIAY, 9TO HIPH 3TOM MOTYT OBITh NMOTEPAHB YACTHBIE pelleHud,
ofpamapmuae B HyIb npoussenenue g, (y)f- (z).

TMpumep 2.1. IlpocTefimmy ypaBHeHMEM ¢ PasjelMOMAMEOA HePeMERIHIMH
AB1SETCS YDABHEHHO

dy
= f(z). (2.10)
Ero obmuil mirerpaj mMeer BAJ
y-—Vf(x)dJ::C. (2.11)
3 YacTHOe pemefime, YIOBJIETBOPAKINEEe HATAIPHOMY YCIOBHIO 2.7)—
x
y={ 1@y, @.12)
%o
B cnygae ypasmenaa (2.10) ¢ mocrosmumoft mpasol JacTeR
Co- d
= @.13)
HOJIYYMM WACTHOC PCINCHIe, YAOBIETBOPsIONIee NAYaILHOMY YCIAOBRIO (2.7), B nuge
y = a(x — z0) + Yo. (2.14)
Tlpumep 2.2
dy y
iz = (;) ) (2.15)
CrellaeM B3aMeHy TCKOMOIl IepeMeHHOH, MOJOMHB z = y/z. Tak Kak NOpH 3TOM
d d
y = zz, ﬁ =1z d_ch -+ z, 1o ypaBueAnme (2.15) mepexoxAT B ypaBHeHHE
zds+ [z—f(z)]dz =0 (2.18)
smia (2.9).
K pupy (2.9) DpuBoauTca m ypapHenue
dy
& =1 (az + by), (2.17)

re ¢ u b— mocTogHALIC. BBeXeM HOBYIO HCKOMYI0 HepeMeHHYIO g = azx -+ by.
Torpa
dz dy

FEA
u ypapreane (2.17) mepexopur B ypaBHCHUE
dz — [a+ bf(z)]dz = 0. : (2.18)
PaccamoTpEM Telieps ypaBHenue

M(z, y)dz + N(z, y)dy =0, (2.19)
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BaMeTnM, 4TO 10 caMoMmy cmocoly moctpoenus gopmyna (2.26) as-
JfeTCA [OKA3aTeJbCTBOM €QMIICTBEHHOCTH pelleHHA Hadajblod 3871a7H
quis ypasEerna (2.23), B OpeNONOReHHH, 9TO 3TO pemieHne CyMecTBY-
eT. JleficTBHTenbHO, HOACTaBIAA Alofoe pemienue HAYJIBHOHR 3ajadu
B ypasmemme (2.23) u ©DpoBofA IociefoBaTeNbHO NpeobpasoBadAa
(2.24) — (2.26), MBI BCOTIa TPHAEM K ONHOMY M TOMY jKe pe3yJIbTaTy —
dopayae (2.26). Utolsl AoKa3aTh CYyINeCTBOBAHNE PellendA JAHHOW 3a-
714", JIOCTATOMIO MyTeM HENOCPeACTBEHHON IpoBepKM yOeauthes, ITO
qu1s1 Henpepbisaoit Gynxnuu p(x) ¢yurnma y(z), ompegenennas opMy-
Joft (2.26), yA0BIEeTBOPAET BCEM YCJIOBHAM HAYAJLHOK 3a7a9d WIS ypas-
nenna (2.23). Ouenupgso, NMOKoOHBI® PACCY/RACHOA MOMIO IPOBECTH
¥ B Cciyuae HAYAJLHON 8amadum JAJAA YPaBHEHHH ¢ DPa3geiAloniuMHCH
pepeMeHHLIMH, PACCMOTPEHHBIX B I. 1 Hacroamero maparpada.

Peiuenne nuneiinoro HeogHoponroro ypasmemua (2.22) naiimem Me-
TOJOM BapUANHH NOCTOSHNOH, KOTOPHIH COCTOMT B TOM, YTO MBI HCHONb-
3yeM COENUANBHYIO 3aMeHy HemsBeCTHOH (pyHKOuH

~{p()dn

y(@)="C(a)e : (.27

rae C(r)— Qyuxuus, momieskammas onpejeiennio, Iloxcrasasas Taxoi
BIJ] PeINeHIA B ypaBHeHHe, IOTYIIM

~\ p(x)d —\ p(x)d: - d:
90 IR 0y p ) e 4 p @) € (@) e I (),
OTKYHAa )
dac [peoydx
o =1@)e .
Hnterpupysa aTo paBeHCTBO, HalIeM
(@)= [ 1@ el dz 1 C,,
0 oRou49aTeabHO
y(a) = Coe PO 4 IO gy (2.08)

13 nonydennoro BEIPAMIEHHA cCiefyeT, UTo ollee pemieHue JHNEH-
HOTO HeoJHOpOHHOrO YypasHeHna (2.22) mpefcraBafercad B  BHje
cyMMEl ofmiero pemmenua (2.25) IHHeAHOTO OJHOPO[HOTO ypasHenus
(2.23) u wacTmoro pellenHs HeOXHOPoJAHOro ypamHewnsa (2.22), B uem
nerxo yGeauThCA, NOACTAaBHB BTOpoe ciaaraemoe gopmynst (2.28) B me-
ogHopoaRoe ypasmenue (2.22).,

Pemenne HauampHOI 3agaud ¥ (x,)=1y, mas ypasuennasa (2.22) naii-
feM, ompefeiaAs H3 HavaibHOro yciosma mocrogEmymo C, B dopmyne
(2.28). llpu aromM B KagecTBe lLepsoo0pasublx QyUKUHH, 3aNMCAUHBIX
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Torjia Jis peienus HAavadbHOI 3a/lauNl U3 OpejCTaBlennsd (2.29) pna
X = x, clieyeT ONeHKa :

K{x—x M ( K(x—x '
ly @< [y e 4 2 (T ). (2.31)

B sakiiouende 3Toro MYyHKTa YKaKeM HEKOTOPBIE JacTO BCTpevdalo-
jecs B IPIIOKEHHAX YPaBHeHHs, KOTOPble COOTBETCTBYIOMUIMH HOZ-
CTRHOBKAMHA MOLYT GBITb CBeJlelbl K JINHeliHOMY YPaBHEHHIO.

PaccMOTpHM Tak HasbiBaemoe ypasuenne bepuyiu

dy n
Ltr@y=71@y,

rie n ¥ 1, mHade ypaBueHme yiKe JHHeEUTIoe. BseseM HOBYI0 HEH3BECT-
nywo dymkumo z=y'"" Torjna ypapnenue nepedjer B nmueiinoe
ypaglenne
1 dz
— z)=f(z
L%y @@ = f (),

obuee penrensie KoToporo gaercs Gopmyoi (2.29).
Boaee cnosknoe ypasuenne Prrkatu

Yo p@)y@ +a@y@=1@)

p obmeM caydae B KBAJAPATYpax 1e MUTETPHPYeTCA. Opnaxo ono obnasia-~
eT CJefyIOMUM BaKHBIM CBOMCTBOM: €CJII H3BECTHO Kakoe-1n00 9acTIoe
pemennme y = y,(z) ypasnenusa PuKKaTu, To Haxoiienue ero obulero
pelienns CBOAMTCHA K PEIlenfio NUHednoro ypapuenud. JleficTBUTENLIO,
BBejiA HOBYIO HEN3BECTUYIO (PYHKLHIO ) ’ -

z(z) =y (z) = y:(x),

DoJyIHM JIA mee ypasuenue bBepuyiian

& 4 1p(@) + 20 (@) 5 @) 2@ + 9 (2) 2 @) =0,

4TO M MOKAa3LIBAeT BLICKA3aHHOE YTBepyKIeHue.

3. Jlemma o auddepenuuanbinix nepasencrsax. B nanpnefimenm Oy-
JICT MCIOJB30BARO CJeyiomlee yTBepiaenne.

Jdemma 2.1 (aemma o duge penyuaronblx nepasencréar). Lycro
Pynryus z(r) HenpepbléHa U UMEET KYCOUHO HERPEPLIENYIO NpU T &
& [z,, X] npouseodiyio, yddeaersopaiouyio Hepasencrey

‘E\gmzl + a, (2.32)

dx

2de N=0, a=0— noaoxureabudvie nocrosunnvie. (B rTourar paspeisa
npoussodnoli nepagencrey (2.32) ydosaereopaior ee npefenbhble 8HA~
uenus.) Tozda ureer mecTn onenka

fz (o)) = s{4), L E (2, X, (2.33)
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- e

5, (@) = 5 (M —q), (2.37)

Bameuanne Onesxy (231) oaerxo modyIuThH ¥3 JOKA3al-
HOH JIeMMBL

§ 2. TeopeMbi CyU[ECTBOBANNA W ITHCTBEHHOCTH peiena
HAYAMbHOM 3274l 1A OJJHOro YPABHEHUA MEPBOro MOPANKRA,
Paspelienioro OTHOCHTEIBHO MPON3BOAHOIH.
Aaroputs aoManmx Jiiaepa

B mpenbigymeM maparpage ¢ HOMOIIBIO SABHBIX dopmya Gwuio mo-
Ka3aHo CylecTBoBalie H eAMHACTBEHHOCTH Demienns HadaNbHOH 3afavd
naa anneiinoro ypasnennsa (2.22). Ilepefimem Temeps K paccMOPDEHIIO
COOTBETCTBYIOIIUX TeopeM JUiA HAYANbHOM 3afatn (sapaum Komm)

Z—Z =f@xy, Y& ="Yo (2.38)

OpH [OCTaTOYHO OOMHEX YCHOBHAX, HANOKEHHBIX HA dynrnmo f(zx, y).
Ilpn 5ToM NokazaTeabcTBo 6yneT OMATh HPOBEJEHO KOHCTPYRTHUBULIM
HyTeM — OJHOBPEMENHO C JOKA3ATENLCTBOM TeOPeMBl CYNIeCTBORAINA
pemenns sagaun (2.38) 6yaer naH anropaTM NOCTPOEnUsAd $yHRIHIT
y(z), cKodb YyTOANO TOTHO aNIPOKCHMUPYIOIIell pelienne MCXORAHOM 3a-
nagm. Iijes artoro metona mpmuamnessmt Jfimepy. Merox cocront B TOM,
4TO MHTErPAJbHAA KpHBas, ABAAIOIIAACA peHIeHeM 3339 (2.38), no-
CJAe0BATENBIBIMI IIATAMH TPHONEIKENHO 3aMEHAETCH HEKOTOpO# JoMa-
Hoit — jomaroil Jiknepa.

Hycrs $yusmus f(z, y) samama B obmactm G IITOCKOCTH (z, y)-
ITocTpouy B oToif ofaacT# 3aMKHYTHIH NMPAMOYTONBHUK D={lz—z,) <
<a, ly—yol <b} ¢ nentpoM B HaYaEbHOH TOTKe (Zo, Yo) M HWOCTABHM
CRoeil 1eJbl0 Ompejielienne MHTErpajbHOM KPHUBOM y(x), BBIXOZAMEH U3
nanHoil HAYANBOON TOUKH (Zo, Yo) M HAYIIed B CTOPONY BO3pacTraio-
IMUX T > Zo. ¥

Ipeanonosmnm, 9to B G ynknns f(zr, y) meOpepsiBHa H YROBAETBO-
prer yeaosmio Jluruunia o mepeMenHon Y :

1f(z, y.)— f(x, y) < Nlyi—pl, (.2.39)

rie N — HOCTOAHRAMA, He 3aBHCANIAA HH OT Z, HH OT Y. 3aMeTHM, 9TO U3
nenpepsiBuocTl ¢gynknnm f(z, y) B 3amrayToil obiacrh D caenyer ee
OrpaHHYEIIHOCTh B JlAHHOH obmactm:

[z, NI<M, (z, y)=D. (2.40)

IlckoMas muTerpajpHas KpHBasd, eclN OHAa CYIIeCTByer, Iepecevyer
000 BEPTHRAIBLHYI0 Z = X+ @, AnG0 TOPH3OHTANBHYIO Y = Yo + b nmx
Yy =y, — b rpamnny obnactu D. B mocmemmem caydae abcmueca TOYRH
mepeceueHns MeHblle T, +a ¥ HCKOMasg HOTerpajibuas KpHBasg Ompenelne-
Ha He Ha BCEM OTpe3ke T, < & < %, +a. Ojnaro H3 UPOCTHIX reoMeTpu-
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Hyeer mecTo ciaegyromas ocunoBnag TeopeMa.
Teopema 2.1.Iycry ¢ navaavhoii sadave

= f(z,y), Y (%) = Yo

dynryua f(x, y) 6 obaactu D Henpepuisna u ydosaeTsopser YycaA08UIO
Jdunwuya no nepemennotr y. Tozda nocaedosareavrocrs §, (x), cxo-
dawasacs no Heeaske Ha oTpesre [z,, X|, cxodurca pasnomepno Ha
aTom orpeske K Pynryun y(xr), seaswyelica peuenuem HAYANLHOU
sadauu. '

HoxaszareuscTBo. B cmny nemvpt 2.2 ImoCaenoBaTeNbHOCTD
{f(ny(z)} ynomiersopser xpmrepmio Homm paBIOMepHOil CXOXEMOCTH
ua orpeske [zg, X]. Tem campiy cymectyer gynrnmus y(r), K KOTOPOIL
HOCTe0BATEABHOCTh {(ny(Z)} CXOaMTCA paBUOMepHO, M 3TAa (HYHKIHA
Oymer HempephLIBHOL, TOCKOABKY, §n) (£) HEHPEDHIBHLI.

TloncraBum €,-npuOIIIKEHHOE pelllenne ., (z) B ypasuenne (2.38)
M 3aMeHHM IOJydaiolleecs HPH 3TOM TORIECTBO SKBIBAJEHTHHIM HII-
TerpaIbHsIM COOTLOMeHHeM (oM, memmy 1.1)

Yo (%) = Yemy (36) + S' [ (& Um ©) + wa (B)] 5. (2.58)

*o

Tak kKag [Pol < en U [Fin) (20} — 10l < < €y, TO, TIPEXOMIA B (2.58) & mpe-
feny opH &, — 0, momyaum

@) =0+ | F Gy @) (2.59)

*o
113 mocmemmero TosKmECTBA CJAEAyeT, 4TO upemexbunas ¢dyukoms y(x)
pugdepennupyesa. [nddeperynpysn, HaXoqmM -

L i@y T (260

Kpoye Toro, y(x,) =y, Tarum obpazoM, mpenenbuas yHROIHUA HOCITe-
noBaTeNbHOCTH {f(n) (%)} ABIAETCA TOWNBIM DelIeHHeM HAYANbHOH 3a-
favm (2.38). Teopema morasama.

Jdaa mokazaredhcTBA TEOPEMBI CYINECTBOBAHHA DPEIIeHHs HATATLHOM
sagaun (2.38) HaMm Temeps 0CTaeTCs MOKA3aTh, UTO CYIHECTBYET CXO/s-
HIAfACA 10 HEeBA3KE IIOCHEHOBATENHHOCTh €,~-HPHONHKEHHLIX X0 HEBf3Ke
pemtenmii aroit sagmagn. Ceiivac Mp DOKasKeM, YTO TOCTPOEIHBIE BhILIE
JIoMaHBIe Jitepa o6pasyioT TAKY0 DOCIEJ0BATEILHOCTD,

Teopena 2 2. Ecau ewinoakensvt ycaosus rteopemvt 2.1, 170 nocaedo-
eareabHocTy AoManblx Jlaepa npu h—~ 0 cxodurca pasnomepHo Ha
orpeske [z,, X] & Bynryun y(x), asasiouelica peueruem HAUAALHOLL
3adauu.

HNorxasareascTBo, Tak Kak HauaJbUBe 3HAYENHA JOMAHBIX
Ofinepa J(ny () N0 MOCTPOGHIIO COBHAJAIOT C I, TO joCTaTOMNO yOe-

8%
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U2 opeasixymux paccysiesnii BeITEKaeT, 9T0 H3 CXONIMOCTH TO-
CJIe[IOBATENBHOCTH DEINCHUI, UPHOIIMKeHHBIX [0 HEeABKe, CJEHyeT H HX
CXOAMMOCTE 10 OTRJIOHENIO,

3aMeTHy, ITO OOPATHOE YTBEDSKIEHHe HeBEePHO: eCIH OTKIONEMINs
UpAGIMIReNHBIX DPelIeH il OT TOYHOTO CTPeMATCA K Hy/II0, TO CAMH pe-
NICHAA MOTYT IPI 3TOM HMeTh CKOIb YTORHO GoJbiliMe HeBA3KH, Goice
TOTO, Pellenns, NPROJANKENHBle N0 OTKIOHENNI, MOTYT GHITh He -
depentmpyembl U Jayie Ie HeIPepPHIBHEL '

3ameuanma 1. Merog momanmeix diitepa He TONBKO MO3BOMsCT
AI0KA3aTh CYILECTBOBANIle PEITeHIs PACCMOTPEHHON HadaJbHON sajadir,
O I f[aeT HeIOCPeACTBEHIbIT ANrOPHTM NOCTPOENHA MNPHOIMRENIOrg
pelleHyd, CKOJL YrofiHo OJH3KO ANNPOKCHMHPYOMEro TOIHoe. ITOT
MmeTon Jerxo peasusopats a IBM. Ilootomy om aBnsercs ommum m3
9 PEeKTHBIBIX METOXOB UICJEHHOr0 peNrenmA HAYAIBHBIX 3a/[ad. Tlpu
ero KOHKPETHOIl peajyMsanui ecTeCTBEIIHO BO3HOKAIOT BONPOCH TOYHO-
CTH IIONYYeHHOrO NPHOMMWKeNUs H PAJ CUENHQIYIECKAX BEITHCITHTONb-
HBIX ACHEeKTOB ofmeift mpoGiesbl 4YIICIEHEHIX METOXOB. DTH BOIPOCHI
monpofnee GymayT pacCMOTPenHl B . 6. '

2. Mu pmoxasanm cyliectBoBaHNe H eHHCTBEHHOCTSH PEMICHAS y(x)
mauanbHOll sajaun (2.38) mums ma orpeske [z, X|. Ilycrs gymrmus
f(z, y) nmenpepsina u ynosuersopser ycaosmio Jlmnmuma (2.39) B me-
xopmoit obnactn G. Tax xkak npm z = X unTerpanpmas KPHUBAS He BLi-
maa ws obnacrn G, To, B3AB Touky z=2X, y=y(X) sa mauambHyIo,
MOJRHO, HOBTOPOB NpPOBeJeHHble BhIIe DAaCCy’KAEHHs, NPOROJIKHTL pe-
wenue Ha HOBHIT orpesox [X, X,]. Moxuo mokasate, uTo, mpomoiiRas
9TOT mpomece, yAaeTcs mOCTPONTHL INTErpaibHYI0 KPHBYIO, CKOIb yTOJ-
HO OJN3KO DORXORAIYIO K rpanmne obaactu G.

Me1 paccMoTpeNHI aNropUTM MOCTPOENHA HHTCIPATBHOIN KpEBO# y ()
B CTOPOHY BO3DACTARIOMHAX Z > %, (OueBmAHO, AHAJOTHYNEIC paccymie-
HOA MOTYT OBITH HPOBEJENBI U JJA NOCTPOEHHA ITHTErpasbIroi KpHBOi1
B CTOpoHY yObIBalOINAX Z <, IIpm aToM COOTBETCTBYIOINIH mpomece
MOCTPOGHNsT MHTErPAIbOON KPHBOH MOMLO ONATL MPOROMMRATL KO TeX
nop, IOKa HUTerpalbHadA KPHBAg He MHOAoiiAer K rpamume obmacta G.

3. Mosxmo pokasaTe CyImeCTBOBAHIE pemIeHNs HAYaNbLHOL 3agati
I DpW ofHOM TpeGOBAHNA MempepeIBHOCTH (PyHRmEN f(z, y) (Teopema
lleamo). Onpako opmoit HempepsIBHOCTH (ynKmimm f(z, y) UemocTatou-
HO [AA eHHCTBEHHOCTI peilleHNns navambEoil sagaum. Tak, mampumep,
3agava

d - -

Yo Vi y0=0 (2.65)
OOMHEMO TPHBHAJBLHOIO pemiegusn y= 0 HMeEeT elre pemenne

' y = a%/4, (2.66)

YIOBICTBOPAIOIIee MNyNEBOMYy HadaiahLHOMy ycaosmio. (Hak merko siu-
ReTh, OpaBag 4acTs ypasmesms (2.65) B okpecrroctnn Tourm (0, 0)
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§ 3. Ypasnenne, nepaspeieHHOE OTHOCHTEIBHO MPOH3BONHOMH

1. Teopema cymecrsoBanna 1 egnHcTBeHHOCTH pemrenss. Ilepeiiea
Temepp K paccMoTpennio auddepeHNMAIbIOr0 ypPaBHeHHS IIEPBOTO IO-

pAaxa o0mero BHIA .
F(z, y, y')=0 (2.67)

M BBIACHHM JOCTATOUHBIE YCIOBIA CyIMeECTBOBAHAA peHIeNHH 3Toro
ypasnenna. Mysknna F B obnacTu cBoero ompepeleEHs 3afaeT COOT-

. " o dy
HOIIeHNe Me/Ay HeH3BeCTHOH (yHRIMel y, ee IPOH3BOAHON ¥y = iz
n mesaBmcuMoii mepeMenmoif r. Ecnm sTo cooTHolmenme ypaercs pas-
PEeIINTL OTHOCHTEJIBHO MPOM3BOJAHON y', TO MoXydaeM OjiHO HJIH Iie-
CKOABKO pudepeHnnaNbuEIX ypPAaBHEHHIT IEPBOr0 MOPANKA, Paspemci-
HBIX OTHOCHTEJILHO IPOH3BOAHOI

y =hiz, y) (k=12 ... (2.68)

Iyers ¢ymkmmn f,(r, y) B OKPECTHOCTH TOYKH (%o, yo) MIOCKOCTI
(z, ¥) ynoBneTBOPAIOT yCAOBHAM TCODEM CYIECTBOBAHHA U @HHCTBCH-
HOCTH pellenus Havaapnofl sagawn Komm pma ypasmemis nepBoro mo-
psAiKa, pas3pellenHoro OTHOCHTENHO mpon3BojHoi, Torma wepes Touxy
(%o, Yo) TPOXOAUT MO OXHOIl I TOXBKO O[HON HHTErPaJbHOI KPHBOI
yx(z) xamporo ms otux ypasmennmit (K =1, 2, ...). Bee st muTerpais-
Hble KPHBbIE ABIAIOTCA pelleNHAMI HCXOOHOrO puddepennnazbHOro
ypasuenna (2.67) (mpum mojacramoske B ypasHenme (2.67) ¢ymErmim
ys(x) obpamaior ero B TosRAecTBo). Hampamiemme BeKropa KacaTein-
HOil K MHTerpanbHOll KpHBOH y.(r) ypammemua (2.68) B Toure (&, y,)
ompepensiercss suauendmeM ¢GyERuAn (2o, y,). Ecam st 3mavenna
pasimYHbl, TO 4epes TOUKy (I, Yo) HIPOXOZNT HECKOJIEKO HHTEIpPATb-
UBIX RpHBHX ypasuenus (2.67) (cTonpKO, KAaKOBO WICJIO ypaBHEHIH
(2.68), moayuennsix mpn paspemwesnu ypasmenns (2.67) oTHOCHTeabHO
IPOM3BOALOI), HO HANpABIENHs BEKTOPOB KACATENBHEIX K OTHM KpH-
BHIM B TOYKe (&, Yo) pasnmumsl. ITosromy, wToGrl BEHIENHTH ompefe-
neHHoe pewenne ypasuenns (2.67), mago me TONBKO 33aTh NAYaAbHLIE
Jannbie — 3HAUGHIIE PellleAds y(z) B TOUKe Z,, T. €.

Y (20) =y, (2.69)

’
HO U 3HAUCHNE OPOH3BOJLOI pemenHs B dToit Touke ¥’ (r,) = Y5 Oue-
!

BIII0, 9TO 3HAYEHHE He MO’/ReT OBITH 3aJ{AHO IPOH3BONBRO: Yo MOMHO
OBITL KOpHEM ypaBHEHHS

F(zo, Yo, y')=0. (2.70)

Hrax, cymecrosanme pemenns ypasmerus (2.67) casanmo ¢ BO3MOIK-
HOCTHIO PAspPEIIHTh €ro OTHOCHTeNBLHO y' H CyLIeCTBOBAHHEM PpemeHMit
ypapreEmit (2.68). Tem caMBIM JOCTATOYHBI® YCHOBAA PA3PEIIHMOCTH
ypasuenns (2.67) onpepieasioTea M3BECTHHIME M3 Kypca aHAJW3a yC.10-
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MOpPAAKA, pa3perneHHELIe OTHOCHTEILHO TIPOA3BOJIHOH,
¥y =1y (2.77)
y’ = 2z, 2.78)

TpaBele WACTH KOTODHIX YJOBIETBOPSAIOT YCIOBHAM TEOpeM 2.3 @ 2.4 cymecTBOBa-
HESL ¥ e[WICTBeHHOCTH DelneHisa NaualpHOH 3ajauli B JM000H TOUKE IVIOCKOCTH
(z, y). Odnqic pewenus ypasmemuit (277) u (2.78) umelor BT

y=Ce* = (2.79)
y = 22+ Cy, (2.80)

rae mocrosmasie Cp 01 Cp OOPEJENAIOTCS H3 HAYAILHBIX yeaoBuid, Kar xerxo -
OeThb, depe3 JO0YI0 TOYKY [MJIOCKOCTH .

(z, y) OpPOXOAAT Kak HITErpajlpHas KpH- 4
pasg cemeiictsa (2.79), Tark n uHTErpaiL- . 4 5
nan wpupas ceseficrsa (2.80), mpuuem B

TOYKaX mpAMOI y == 2z KPHBHIE DTHX Ce-

MEHCTB HMEIOT OOMYI0 KacaTeJbHoyio 2
¥’ (zo) = 2z (pmc. 5; I — KpaBas y = 2% /

2 — mpuBaa y = 2?4 1, 3 — Rpupas y = /
= (2/e)e*, 4 — wpnuBan y = (2/e)%e*, 5 —
npamag y = 2z). (B toure (0, 0) moTer-
paibnas Kphsag y = x? Racaercsd NpPA-
Moli y = 0, aBiaaomeiica TacTuLIM penie-
nueM ypasdennsa (2.77), Koropoe MOmeT
651Th moxydeno u3 dopmyast (2.79) npu ‘
Cy =0, 9ra Ke UNTerpalsHAsA KPI- s
Basi y = z? [Oepecekactcs B TOUKe 4«7
z=2, y=4 ¢ NHTeIPAILHOI Kpu-
poit y = (2/e)%e* cemeilctRa  (2.79), _
npHgeM 3TOll TOUke o0De LpHBLIE 5
HMeI0T O0mYI0 KacaredpHylo Y’ == 4.)

MpsaMas y = 2z npefcTapiser codoil reo-

METPHUECKOE MECTO TOUYeK, B TROTOPBIX

UAPYLIEHB! YCAOBIA e4UUCTBENHOCTH PEIlenHa ypaBHeilns (2.76). (B osrax ToTKax

e BLIMOANEHO yCI0BHe 3), MOCKOIBRY %l:. =0.)

g ly=2x

3¢

“ J 2

(

[=28-]

Puc. 5

2, IIrchrﬁj)onalllle ypasHeHud, nepaspenieHHoro OTHOCHTEABHO npo-
n3BoAuoil, nyTem Bpefenns uapamerpa. [lokasamHas B NpeABIAYINEM
JiyHKTe TeopeMma 2.5 rapanTipyoT nhW RATONHOWHH OUPeeiedHbiX
yCIIOBIIl BO3MOYKIIOETS cBEJleHNA HCXOZHOTo ypaBHenmsa (2.67) x ypas-

wenuio (2.68) n paspemnyocts nocaexsero. OfHAKO NPAKTHYECKAN

peasiusala 9Toil BO3MO;RHOCTH H HOCHefyloliee HHTETPHPOBAHHE HOMIY-
yennoro ypasuenns (2.72) 4acTo BEI3BIBAKT 3HAYNTENbHBIE TPYHNHOCTH.
1ToaroMy B pAje clyuaeB MPEACTABIANTCA OGoilee yNOOHBIME [pyrEe
cocoby maTerpmpopanna ypashenma (2.67), Hawmem co ciayuas, Koraa
ypasuerue (2.67) merko MOKHO pAa3peIIATh OTHOCHTENBHO CAMOH He-

u3BecTHOH (yHKIAH
y(x)={(z,y"). - (2.81)

Jna manbEeitmero yjio0uo BBecTH ofo3maveHnme y = p M Tepenu-
catr, (2.81) B sune :

y(x)=[(z, p(x)). (2.82),
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]

BOM, UTO KpHBas y = z%/4 B KayROH cBoeil Touxe Kacaercs Karoit-1uéo KpHBOit
(2.91). 9r0 o3Hauaer, 4TO KPUBAsA Y = 2%/4 mpencraBusieT coboil TEOMETpHUCCKO®
MECTO TOUEK, dYepe3 KOTOpoe MPOXOAAT [BA peulenud ypPabHeHHAA (2.80),

7

Puc. 6

mMelomue ofMy0 KacaTedbHYK B OTOHl TOUKe. B tourax npusoli y = xz%% mapy-
maercs yciosue 0) Teopems 2.5:
oF . -
—F =2y — 2z = (. 2.94
0y ly=a?/s v Iy=x2/4 (2.9%)

TeM caMpiM pelieHne ¥ == z?/4 OKa3bIBACTCA B ONPeETEBHOM CMEBICIe 0coBBIM
pellelneM ypaBHeBRUA (2.85).

Tlpesse weM mepexoJHTb K PACCMOTPEHHIO o0mero ciy4as, OTMEeTHY,
4TO 1I0CKONBKY B HCXOfHOM ypasmenmn (2.67) mepemenuble z 1 y pas-
JIOIPABHEL, TO IPOBEAeHHBIE BbIIE PACCMOTPEHHS COXPAHAIOT CILIy U B
TOM ciydae, KOTla ICXOXHOE yPaBHeHIe JErKo PaspelliHTh OTHOCHTENL-
o nesaBHCHMOii mepemensoit z. HampriMmep, aTo mMeeT MeCTO B CIydae’
Tak massiBaeMoro ypasnenus Jlarpaka

zp(y )y ) =1, (2.95)

HHeRIOr0 OTHOCHTENHHO mepeMeHHBIX z 1 y. Yacrmpiv cayuaem ypar-
yemna Jlarpamka ® ABIAETCA ypaBleHiie, paccMoTpennoe 1 mpil-
Mmepe 2.4. :

Tlepeiifes Temeps K HM3JIQREHHI0 OOLIETO MeTO/a JHTErpHpOBANIT
ypasHelds mepBoro mopsAaka (2.67), 1epaspemeHioro OTHOCHTENLIO
Ipon3Bo;oit, WyTeM BBeJeHHA IIAPaMerpa. O6osnauns y = p, 3ami-
ey ypasresnue (2.67) B Buse

F(z, y, p)=0. (2.96)

Vpasuenue (2.96) ompefeisieT HeROTOPYIO MOBEPXHOCTH B TPEXMEDPHOM
npocrpauctse (z, ¥, p). Hax u3secTHO, NMyTeMm BBEIEHHA JBYX N@pa-
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meno mo xpaifueir Mepe oxno u3 yciaosmil teopemsr 2.5. Yame scero

p or
Hapyunlaercsa ycJiosue ), T. e. 5y—,=0. Torma npd BHIDOJIHEHHH B

TouKax 0coGoro MHOMKeCTBA YCIOBHSA a) H Hapymlenmd yeiosus 0)
B STHX TOYKAX OXUOBPEMEHHO HMEIT MeCTO COOTHOIICHHA

F
F@,y, 0 =0, 55(zyp) =0 (2409

Wekmowns p m3 coorsomenmii (2.104), monydynm HeABHOe ypaBIeHHS
TaK HA3HBaeMOM p-OUCKPUMUHAHTHOU KPUEOU

- D (z,y)=0. (2.105)

DyjeM HA3HBATL 0CO6bLM peuleHlexn NHTErPANbHYI0 KPHBYWO, BO BCeX
. aF -

TouKkax (%, y) KOTOPOIi 5&7=0. Ecan rakas-an0o #M3 BeTBell p-uc-

KPUMHHAHTHOM KpHBOIf OpexcraBifer co00H HITErpaibHYI0 HKPHBYIO
ypasmenna (2.67), To oHa ABASETCS ero oCOOBIM DelIeHHeM. 3aMeTH,
yTo He 00f3aTeNbHO BCAKAA P-AHCKPUMHHANTHAA KPHBAA IPENCTABIAET
coboit ocofoe peurenme ypapdenns (2.67), oma MojKeT M HE ABIATHCH
IHTErpalbROH KpHBOf sToro ypasmenns. Tak, mampaMep, Kak Jerko
1IPOBEPHTH, B CiIyJae TpEMepa 2.3 p-JUCKPHMUHAHTHAA KPHBag Y =27
vpasoenna (2.70) He sBNAeTCA HHTETPANLHON KPUBOH, a TeM CAMBIM
1t ocobbiM pemenmeym atoro ypasmenus. Haiinennoe B mpmmepe 2.4 oco-
Goe pemremme y =z°/4 ypasnenna (2.86) aABnserca ero p-THCKPHMM-
TIAHTIIOA KPHABOIL.

B Tex ciydasx, eciiH MHOKeCTBo pemrenmii ypasmemua (2.67) mo-
skeT 6BITH 3AOMCANO B BHJE OJ(HONAPAMETPHUECKOTO CceMefcTBa

®(z,y, C)=0, (2.106)

B KOTOpOM 3HatdeHHs mocToAHNol C ONpefciAT PasiMYHbe HHTEerpajh-
yEle KpEBBle, W ceMeiictBo Qynrnmii (2.106) mmeer ormbawmyio
y=y(z), 10, oueBHAHO, BTA ormfalollad TaK:iKe SBIAETCA HMHTErpah-
Hoit kpmBo#i ypammeHuA (2.67) H uepes KaMIyl0 TOUKy ormbaroimeil
IPOXOJHT HHTErpaibHAs KpuBag ceMeiictsa (2.106), nmernomas B dToif
Touke ofmyio KacatelapHyw ¢ ormGaiomeii. Tem cammim ormdaiomasn
ceMmeiicTBa HETerpanbmbXx KpmBeX (2.108) mpeactamaser coGoii ocoBoe
pemenue ypasrennsa (2.67). Kak msBectno, ormfaiomias ofHODapaMer-
pmueckoro cemeiictsa (2.106) momer GmTH BaifimeHa myTeM MCKJO4Ye-
ana napamerpa C H3 COOTHOINEHHIT -

®(z,y,0) =0, 22(z,y,C)=0. (2.107)

Ilonywennas upn atom kpusaa ¥ (z, y)=0 nassiBaerca C-Ouckpumu-
nanthoi kpueoi. Taw, uaiigenmoe B mpuMepe 2.4 ocofoe pemenne
y = 2*/4 ypaemenna (2.86) sBiaseTcs, KAk JeTKO 1poBepHTH, C-AHCKPR-
MUTIANTHOH Kpusoil cemeficTea pemenuit (2.91). '
B aaxmiowenwe 3aMeTnM, uro cucreMma coorHomennii (2.107) ompe-
nmenser He Toabko orubaromywo cemefictsa (2.106), mo u MmuoKecTBO
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Jlna mocrpoenus somanoii Jiiiepa na orpesre [ts, T] pasobbem atoT
OTPe30K Ha 1 gacTeil TOUKAME fedeHus fo, by, ... t.==T | Tar e, KaK
B § 2, obosnawmy t;— fi_y = h;, b =maxh;. Ha nepsom mare «3amo-

1 -
U 0
posam» ¢yurnur fi(f, yi, ..., Ya) B TOUKe (ty ¥3, ..., yh) m, mn-
Terpupya MOJIydeHHble YPABHEHUsI € NOCTOAHHBIMH NPABBIMH WACTAMH,
Haiien sHavenus Qgyurnmi ji(¢) ma orpeske [ty t]:

y,,(t)=y? +fi(t07 y?y ---yy?")(t—to)' (2'112)
Haiigennsie ¢Qynnmnuu oupefeasoT B (m -+ 1)-MepHOM npOCTPAHCTBC
mepeMeHHBX £, ¥y, ..., Ym HA yUACTHE [t, t.] mHeroTopriil mpAMONHHEii-

MBI OTPE30K, KOTOPHIT ABIAETCS IEPBHIM 3BeHOM NoMaHoit Jiinepa.

3navenua Qyurnuii ¥; () B Toure { =1, npuMeM 32 IIOBRI® HATAIB-
bl 3HAYEHHS 1, NOBTOPAA BBIUIEONUCANNbIY AArOPHTM, MONYTLM JO-
manylo Jitnepa ma orpesre {f, 7']. 1Ipu momoinn OLEHOK, aHAaJOTHIHBIX
OLEHKAM B CJAydYae OJHOTO yDaBuells, upoBelennsiM B § 2, MOKHO
7I0Ka3aTh, UTO IIOCTPOENHAS IO HALNOMY NITOPUTMy JjoMmauas Jitrepa
na orpesre [Z,, T} ne Buiiget us odnactu D.

BeefieM HOLATHE g-MPHOIIEHIION0 10 HEBA3Ke pellellHd HaTailb-
goit samaum (2.109), amamormunoec COOTBETCTBYIOIIEMY IOHATHIO A
cnydag ONHOTO ypaBUeHNd,

Onpedeaenune. Henpepuisnuaa na orpeske [t,, T] eexrop-gynryus
§~(t)=(y,(t), vew Jm(t)) € KYCOUNO HenpepLIEHBIMU NPOUSEOOHBIMU
dy,
dat !
e-npubausxennviy no Heeaske peuweruer HAUAILHOU 3a-
daun (2.109), ecau '

epagur  koTopoli yeaukom aexwur ¢ obaactu D, Hasvleaerca

max | y; () — yi| <e,

u npu nodcranoske @yHryui gj.-(t) ¢ ypasnenusn {2.109) noayuum

dy; ~ ~
. _(Tt-=fz (tv Yyy - o s ym) + wi (t)1 (2‘113)
20e nesasku P;(L) ydoeaereopRIOT HEPABEHLTEY
max sup |;(f)|<e. (2.114)
i 1E[1,.T]

Urobel KOKA3aTh TCOpeMy CYIIeCTBOBANMA, TAK JKe, KAK H B Ciydae
OffHOTO YDABHEHWA, NOKAKeM, UTO TOCHE[0BATENBHOCTL JOMAHBIX ditse-
pa{y (t)} npr h — 0 obpasyeT paBIOMCPHO CXOAAMYIOCA Ha OTPe3Ke
[te, T} mocamemomaTennuocTh €,-TIPUOIIKEUHBIX 110 HeBA3Ke pelleHuil
La"aNbHOM 3a4adE, & IpefedbHAs BEKTOP-PYHRUUA STOA IIOCIHENOB-
TenpHocTH (t) yIOBIEeTBOpSET BCEM VYCIOBHAM HCXONHOH 3amadu
(2.109). 9To pmenaeTcs uyTeM paccyrijielu#, AHAJOTHIHBIX TPOBENell-
HEIM B § 2.
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rie s(i)— pemlemile HavalbHOH 3aJaYH JAA JuUHeliloro ypapluenus ¢
HOCTOAHNBIME KodULIeHTaMT

Zt Nm?s + 2mey,  s(ty) = p (). (2.125)

Cornacuo (2.117) naganwmoe sumagenne ${f,) yIOBIETBOPAET llePaBeH-

crBy ${E,) =0 () = l/z 25 (¢,) <2Vm £, HOZ)TO\Iy pasa o (¢) oxou-
YyaTeNbLHO nmyqn\x

- 2e Nmi( -
0 () < <2Vm ele m?(4 tu)+i(e.an (=tg) 1) <

Nm

. — Am’T 1 ( Nmr
< ZGI[Vme + 5 e — 1)} = 2¢,Q, (2.126)
rie moctosiHHaa Q He 3apucHT or -€,. Ouesnjgno, ouenra (2.126) cmpa-
spequmea u gaa lz(¢)] (i=1, ..., m). Budnpan e, =¢/(2Q), M u
IIOJIYUIM YTBEPIRACHIIE JIeMMEL,

Onpedeaenue. llocaedosareaviiocts &,- npuéxzu)/re}utbzx no Hegrake

peutenudi Y, (L) nasogem cxodawelica no nesasre, ecah e, 0.

113 pokasannoil JeMMel CIeayeT, UTO BCAKAA (OCAEHOBATEILIOCTE
{Yn (1)}, cxoaamasca no nepAsre, spAAETCA paBuonepno cxopsameica
na orpesxe [y, T].

[Hocaenyonmue TeopemMsl 10KA3BIBAIOTCA M[OJANOCTHI0 ANATOrHIHO CO-
OTBCTCTBYIOIHM TeopeMaM B CIyYae O;U10r0 ypaBuels,

Teopema 2.6. [lycre ¢ navaaovnoii sadaue

dy; 0

d_t=fi(l1y11"~~y'ﬂ)1 !/i([u)z.l/i, l=17-"7'n’

dynryun fi{{(t, R, ..., Yn) 6 obaacru D nenpepvienst u ydosaersopaior
yeaoswo Jlunwuya no nepexennuin y,, ..., Yym. To2da nocaedosarens-
10cTb {Ym (1)), crodawasca no nesasie na orpeske [t,, T] cxodurcs
pasHoMepio na aTow orpeske k (iynkyuu Yy (1), aeaaloueiics peutenyu-
e Hauaabrol sadaul. ‘ :

Teopema 2.7. Ecau euinoanenvi ycaosus teopemwv. 2.6, o nocaedo-
éareavnocto aoxmanvir Jiacpa npu h— 0 cxodurca pasuomepno Ha
orpesre L, T] & Pynryuu y(t), asasowyeiica pewenues HuuarbHOU
sadauu.

Otcroga caegyer

Teopema 2.8 (cywecrsosanus). Ecau ghynryuw fi(t, ¥y, o..y Ya)
(i=1, ..., m) 6 obaacru D nenpepuiénvt 1 ydoeaeTeopAIOT YCAOBUNW
Jlunzuuqa o nepenennbliL Yy, ..., Ym, TO Ha oTpesxe [t, T] cyuecray-
eT peuteHue HAuALbHOU sadavu.,

Tar e Kak H B clydae 0JHQTO YPABHENHA, HMEeT MECTO

Teopexma 2.9 (eduncreennocru). [Ipu ewvinoanenuuw ycaoeuii Teope-
Mot 2.8 mauaavnaa sadava (2.109) useer na [t,, T] eduncreennoe
pewenue,

4 A II, TuxoHoB 1 up.
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PaccyoTpHM 3aiauy O ABIGHEHHU DakeThl B ME/KIUIAHETHOM NPOCT-
paHCTBe, MCIBITBIBAIONEi TAroTenme co croponst Seman, Jymer, Gomu-
na. Takas sajaya BO3HIKAeT NpM pacdeTe mojeta pareTsr k Jlyme.
9To pBEAKenne OMICHIBACTCA CHCTeMOil ypaBHeHIU [BIKEHHA dYeThipex
trex rtmma (1.20), rne Fi (i=1, 2, 3, 4)— pasHojeficTByomasa CILI
HBIOTONOBCKOIO TPHTAReNIs, fAeilcTBylOIMHX HA i-e TeJo CO CTOPOHEL
BCEX OCTAUBHBIX, OPHUEM CHIAMI, AeHCTBYKOIIMH Na HebecHble Teja
CO CTODOHBI PAaKeThl, MOKHO, pasymeercs, npeHeGpeus. Taxmm obpasom,
mpuxoauM K cmcreMe 12 ypaBHeHH{T BTOPOrO mOPAAKA HIH K HOPMAajb-
Ol cucTeMe 24 ypaBHENN ¢ MPABBIMHE YaCTAMI, MMEIOINUMH CIOMKHYI
aHATITHYECKYIO CTPYRTYDPY; GopMys [Aad OpPaBhX 1UacTeil M 37eCh He
BBIMICHIBaeM. JJIA OpHMeneHus aAropuTMa Jiiiepa H JPYTUX 9HCHeN-
HBIX alTOPITMOB FOCTATOYHO HMETL BOBMOKHOCTH BBHIYMCIATH [PAaBHIe
YACTH [IPM PA3NIYHLIX MOJOMKENHAX ABIGRYIUXCA TeN; MPH 3TOM KO-
KPeTHLI{l BHj anainTidecknx QopMyn fgiA Ipasblx wacrell He HMeeT
3Ha9enNsa Jia MeTOXA HHTerpnpoBaHIA.

Ha npusepmenmon ajiech pEc. 7 nsodpajskena ofna M3 NPOEKOHA Tpa-
CKTOPNH [BIPKEHIIsT AaBTOMATHYECKOIT Me/KIUianeTHoll cTaHmus, 3amy-
mennoii 8 CCCP 4 oktadpa 1959 r., ¢ moMoImbio KOTOpOii BOEpBbie GwIia
cdoTtorpaduposaua odparaas cropoua JIyHsl

§ 5. 3asncuyMocrs permennii
OT HaYaTbHBIX BHAUEHHI] II MapaMeTpoB.

B peaibHBIX 3ajauax, CBASAHNBIX ¢ perrenuem nudgepeHINaILObX
ypaBHenmnii, Havaibible 3HAYEHNA OOBIMHO M3BECTHH JOMB € HEKOTO-
pBIM NPAGINIKEHHEM, TAK KAK “OHH ONPEeJeNATCH HKCIHePHMEHTANLIO
MU BHIYHCISIIOTCA, a4 9T0 Hems0e:KIo CBA3aHO C IIOABJeNHeM MOorpeil-
nocreit. [{poMe Toro, B mpaBkle 4acTH ypaBuenuil MOIyT BXOIMTH KaKue-
anGo nmapaMeTpsl, XapakTepusyloline (uU3NTeCRy0 HTPHPOTY Baydaemoit
CHCTeMBI (Macchl, 3apfAjbl, yupyriie XapaKTepucTHKH W T, I.), M 3ua-
YeHHs JAHIBIX MAPaMETPOB Tak:ke ONpeReasioTcs mpubamkenHo, B caa-
31 ¢ 9THM BO3HIOKAET BONPOC O TOM, KAK H3MEHAETCA pellenne HaAYalb-
poff sajadnm mpuo NeGOABIINX H3MEHEHHAX HAYANBHBIX 3HAYCHHA W
[HApaMeTPoB H 3aBHCHT JH OHO OT OTHX BeJNYNH HenpephBHO. IJTOT
BOTIPOC MBI H DAacCMOTPHM B fnanmom naparpade. 3aMeTum, 49To aHaio-
THYHEI BONPOC MOKIO IIOCTABHTH If /A HEOTPAHHICNHOTO HPOMEKYT-
Ka (f,, ), eciu pelleHHe Ha HeM oOIllpefetieno, JTOT BOIPOC COCTAB-
JfeT cojep;KAHHE TaK HA3BIBAeMOIl TEOPHH YCTOHYHBOCTH, KOTOPOH
nocBAMmena clenuaibuasa raasa (ra. S).

Byaem paccMarpuBath HAUaJNbLHYIO 3afady A HOPMalbHOM CHCTe-
Mul AuddepeHnuaibHBIX ypaBHeNH

d
l—i?y ==z f(y’ ty M)! y == (yl’ vy ym), f = (-fl7 ey f,m) (2.’127)
¢ HAMANLHBIMH YCAOBHAMHU »

Y (to) = Yo» Yo = Wros - -1 Ymy)- o (2128)
4%
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Ilyers  mpasaa "wacrs f(y, f, W) ompejlesena B papauleennnese
D={lt—tl|l<a, ly—y,l <b, ;u— Wl < ¢}, menpepusma B D mo co-
BOKYNHOCTH IepeMeHILIX N, KpoMe TOTO, YAOBJeTBOpseT B 1) YCIOBIIO
Jlunoraia no y

U o W= f(ys £, W) <Nlyo—gal,  (2135)

rde N —omna ® Ta JKe TOCTOALRAA JUiA  BCeX |4 113 OTpe3ka
lp— ol <e.

IMpu rasmuonm q)m\cnpomumou L, COTJIACHO TEOPEM® CYIUECTBOBAHHUA,
Ha otpeske [t,, t, + H] (H = min{a, byM}, M= sgp|f(yl t, Wi

ompefeNeHa UHTerpanbllagd KpHBag — pelleHHe HAYANbHON 3afatin
(2.133), (2.134). Mensas p, MONYYUM B CHJAY HE3aBHCHMOCTHE KOHCTAHT
M u N or p, uro ua [t &, + H] onpejeneno CceMeilCTBO HHTErpalbIbIX
KpHBEIX Y (I, p).

Byaem mcciuenosars saBncEMocTb Y (f, u) or p. Joraskem cmpasex-
JHBOCTH CIERYIOMEN TeOpPEMBL.

Teopema 2.10. ILlycre f(y, t, n) onpedesena u menpepvieua ¢ D u
ydoaaereopaer ycaoeuro Junwuya (2.435) no nepemennomy y. Tozda
pewenue y(t, u) sadauu (2.133), (2.134), onpedeaenrnoe Ha orTpeske
[to, to+ |, Henpepvisno no p npu arwbom n ua orpeska fp— pol < ec.

Horazarenbcrro. Teopema Gyner mowrasama, ecam yOemmmcs,
uro aaa mioboro € >0 cymecrsyer 6(e) Taroe, uto mpm [Apl <8
CIPaBENIUBO NIEPABEHCTBO '

ly(t, p+AW)—y(t, Wl <e (2.136)

s m06ex poH p - Ap u3 orpesra Ip — pol < e. Bocmompsyencs men-
Mmoit 2.1 o nud)(bepenuuanmn)m HepaBelicTBax. lImeem

d—dty & p+A)=7@E, p+An, &, nt+Ap), ¥, p+ A =y,
d—‘fy(t, W=7 1t W, gl 1) =y,
Briuuran ~0/l110  coornomenie I3 leyl‘O’I;O, NOAYyYHM JIAJA  pPasnocru
Ay=y(t, n+A)—y(t p) :
R%Ay =@ A, 6 A = ), f w A+
A GE W, 6w+ A —fE, W, 6 W], Ayley, =0, (2.137)

B cnny. nenpepoisaocty f(y, [, ) DO COBOKYHHOCTH apl‘yMeHTOB B
cuny Toro, uto |y (¢, )= Yol <b npn |t —t,| < H, pna moboro £ >0
cymecrayer 8, (¢) Taroe, uto ecan [Aul <8, To

F(y(t, 1), ¢, np+ Ap)— f(y(t, n), ¢, p)l <e,

3
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OcrapoBmMcs Teneph Ha HCCAENOBARME BABHCHMOCTI peIIeHHS OT
napamerpa Yo. 1IycTh aTOT mapaMeTp MemseTcs Ha orpeske |y, — y§|<C
<{A. IHycrs f(y, t) onpepenena u menpepmBua 3 D[ |t —t,| < aq,
ly— ¥3] <<b). Torma ms reomerpmueckux cooBpasenuii oueBHIHO, UTO
ceMellcTBO HOTErpanbHBIX KpuBHIX ¥ (I, Y.) CYLIIECTBYeT Ha OTpeske

[te, 8o+ H], tne H =minfa, (b — A)/M}, M= sup [/]. Cemes ary sa-

Jlaly YKa3amUblM BBILIE CHOCO0OM K YyiKe paCC\IOTPEHHOII 3ajjade 0 3a-
BHCEMOCTH pelleHHS OT [ (BBOAS z =y — y, 1 moiaaras y, = u). [lomy-
UM TOrfa Kak ciedcrsne Teopemst 2.10, uro ¢ynruusa y (¢, y,), ompe-
nenennas ma [fy, &+ IT], nenpeprisuia mo y, npum A1060M J, U3 IpOMe-
mytka |y, — 0| <A :
Touro Tak jite MOSKHO PacCMOTpPeTh 3ABLCHMOCTL peuieHHs OT mapa-
MeTpa #,, KOTOPBIH MeHAETCA Ha OTpe3le lt —t0|<6, U TOJYTHTE,
uto y(t, ), ompefelennag Ha_ OTpe3ke [, © + H] roe H =

= min{a - §, 1% ~ 6}, HenpepsBIa 1o &, mpn |, — fo I g 5.

Ecam y AaBngerca BeKTOPHON BeNIWUIHIOL, TO COpaBeJIINBEL aHaTOrHI-
HBie¢ Pe3yILTATHI, KOTOPhiE MOFYT OBITH [IOKA3aHbl, €CJH BOCIOJH30BATH-
s Todl sKe jgemmoli 2.1 o nuddepeHNBaANBLEBIX HepaBeHCTBAX H coolpa-
JKeHUAMH, HMeBLIHMH MeCTo IPH JI0KaBaTeIbCTBE TEOPEeMbI CYINECTBOBA-
NUA QIA CHCTeMBl ypaBHenuil,

Cuntesupys Bce CKa3amHoe, NPINOAUM K CHEIYIOUIEMY YTBep-
sipenuio A obmero cayyas (2.127), (2.128). Iycrto ¢y, Yo ABIA-
0TCA  HapaMerpaMH,  MeHAIONHMHCA B olmacrtm lt(,—t?,| <9,
]yio — y%\< A;, a Bxojamumii B cHCTeMy BeKTOp-IApAMeTp b MEHNETCH
B o0xactn !pth—;tglgck. Hyers npassie gacrn cucremsr (2.127) ne-
NpepHIBHB 10 COBOKYHHOCTH apryMelToB B Hapajiielienime;ie

D={|t—tl<a lyi—yhl<bn [ —pll<el (2.140)

n yposiaersopAoT B D ycaosuio Jnnmuna no ¥y, ..., Ym. Toria Gpysk-
uEn Yi(t, fo, Yior -+ Ymo, M1, +.. M), OHpejlesieHHBle Ha OTPE3KS
|8, 13+ H], rne

min (bi — Ai)

H = min{a —§ .
4 niax Mi

— 8}, My==suplfil,
D

n gBagomuecs peientem 3sajaun  (2,127), (2.128), nempepsiBHLI Ho
COBOKYIIIOCTH apryMenToB OpH

e — il H, ’lo—f8|<6, i — vl <A, | —pi|<en

CaolicTBo nempepsIBHOCTH 110 mapaMeTpaM HMeeT CYIIecTBEHHOE 3Ha-
Yenme IS BO3MOJRIIOCTI MCHONB30Baluud Hadanbnofi sagaun (2.127),
(2.128) B rauecrtBe MaTeMaTHYeCKOIl MOZeJH MHOIMX €CTeCTBEHHO-Ha-
yanbix 3aiat. JleficiDHTeNLIIO, KAK Yike OTMeTanoch, HA NPAKTIke Ha-
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Tloapayacy (2.137), nveem -

v _ fy(d, wA- AW oA — gt ), ton - An) +
dt - Ap

' + fly@. .t Aw) — flylt. 1, o .
Au

= 1,y W)+ 0,8y, &, p+ AR+ fuly @t ), ¢ -+ 6,A0); (2.146)
0<0, <1, 0<6,<1.

Quesnjiio,
wli=t, = 0. (2.147)

CocraBliM ypaBlieniie OTHOCHTEIbHO PasHOCTH W — z. 3aMeTHM Mpejsa-
pUTEIbHO, 4TO, B CILTy UEmpepHBHOCTH f, o f, B uHempepbBHOCTH
y(t, p), HMeeT MecTo IpejicTaBlenne

Ly, p)+8AY, t, ptAp)=fi(y(t, n), &, p)+pl, p Ap),

rne Ipl <e, npn |Apl < 8,(e,) pasmomepuo ormocmtensno t. I Touno
TdK 2Ke

Lyt W), t, ot 0Ap)=fu(y(t, n), &, W)+ q(t n, Ap),

rae lql <e, mpu |Apl < 8.(e,) paBHOMepHO oTHOCHTeNbHO f. Brramras
(2.443), (2.144) w3 (2.446), (2.147), noayumm Temeph CaeAyioules
ypanneuﬂe OTHOCHTEJBHO W — 2.

d—f(w —2)=f, ¢t ), & Ww—2) +pw—2) + pz + ¢ (2.148)

Iipn atom
. (Ww—2) =, = 0. (2.149)

Tax kai mepemensam z orpammuena, to Ipz+g¢l <e, wmpm |Apl<
< 8,(e2). Kpone Toro, 1ax xax If,l <Q, 1o |fy+pl <@+ e, Iosromy

d -
[Gw—a]|<@+e)lv—szlte - @150
H IS ONeHKH [ — 2 MOKHO ONATH BOCHOJNB30BATHCA demmoii 2.1,
B pesyabrate noayumM ) .

s (Qte)I &
| A |w——z]<m(e —1)<e (2.151)
npa 1Aul < 6(e) naa seex &< |ty t,+ M}, ato 1 TpeGosamocs.

Tarmy 0Gpas3oM, J0Kasana cielyonias TeopeMa.

Teopema 2.11. llycrv f(y, t, n) onpedeaena u Henpepbleha no co-
sorynnocru apeymenros 6 obaactu D ={lt — &l <a, ly — yol < b,
In— pol < ¢} emecre ¢ uacTuwmu npoussodusinu  fy(y, 1, n) u
fu(y, t, ). Tozda pewenue y (i, p) navasvrot sadauu (2.133), (2.134)
npu raxdom w us npoxmescyrra lp — pol < c uneer npoussoduyio no u,
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Bee crasammoe COXpaHAeT CHAY U JJIa 00ILEro ciydas (2.430),
(2.132) mpu yenosuu, uro B odaacru [ (cym. (2.140)) f; oGmamawT He-

[pepBIBHEIMI YaCTHLIMI IPOH3BOAHBIMII IO BCEM Yi, ... Ym L IO TOMY
U3 napaMeTpoB, IO KOTOPOMY IHPOH3BOJMTCA nngpepenuuposanme. Tak,

Y, “
HaIpHMep, NPOU3BOJLAs —aui yI0BIETBOPSET CHCTeMe YpaBUIeHII B Ba-

3
pHAIMAX

ki)
d y; of oy, 0 9y;
Bp =99 01y B B li=1,

Bonpoc 0 CYIMeCTBOBAHNI M IENpepLIBIOCTI NPOM3BORHBIX BHICIIHX
TIOPSIIKOB MCCAeNYeTCs AHAJIOTHIHO. MosKEo TOKAa3aTh, YTO CYINECTBOBA-
Hile HEOPepPHIBHBIX UACTHBHIX IPOH3BOMLLIX 70 NOPAAKA k or ¢ynrumil
§: 1O Y1, «+ vy Ymy iy o+ Wy OOECTIETABACT CYNIECTBOBAINE HETPEPRIBHLIX
YaCTHBIX HPOU3BOAUBIX K-TO TODANKA IO TMAPAMETPAM Yios sswy Ymos
fl, + .. M OT peIlenis 3axavn (2.127), (2.128).

Basmewanie, Iimeer Mmecto

Teopena Ilyanrape. Ecaw @ynkyuu fi A64A10TCA QHAAUTULECKUML
PYHKYUAMY CEOUT APEYMEHTO8, TO U peulcHue aadauu (2.127), (2.128)
OKA3LIEACT A QHAAUTUYLECKU 3ABUCAUUM OT RAPAMETPOS.

§ 6. Meroa moc1eA0BaTEAbHBIX npudmxennii (merox ITuxapa)

Paccvarpmpas B § 2 HavaabHYIO 32137y Homm paa ofHOTO ypasHe-
TiHs, Mbl JIOKA3ajiil CYyIeCTBOBAHUE U e[MHCTBEHHOCTH DEIICHHA 9TOil
3a7aud METOJOM JOMaHbIX Jiliepa, HpelcTaBlIAIOMIIM coBolit o7moBpe-
Menao 0 d(QeKTHBHBLE ANTOPATM THCJIEHHOTO PeINeHIA. B nacrosamem
maparpade MBI BepHeMca K mpolieMe CYyIIeCTBOBAHHA H EIHHCTBEHLO-
CTH pemelHA HAYANLHOil 3a7avm H JaTHM ee J0Ka3aTexheTBo MeTOHOM
[HOCTe0BATebHBIX T pUOIM/Ke AT, OCHOBIGI® HJEH KOTOPOTO BOCXOMAT
% uccxemosanuaM [lurapa. He asusiszch croab ke s PeKTEBHEIM B -
TOPATMHYECKOM Hafe, KaK MeTojl JOMAHDBIX diinmepa, MeTox MOCIEOBA-
TelpHBIX NPHOAM:KeHmiT odnajaer GONBIION OOIIHOCTLIO H HAXOMHT INH-
poKde TpHMEHeHHS OPH MHCCHe/I0BANUA BOMPOCOB CyINeCTBOBAHUA M
eMHCTBEHAOCTH PEIIeHNA 3aiatT 13 PABINTHEIX DA3[EN0B MATEMATHLM.
T10aTOMY 3HAKOMCTBO C OCHOBHBIMI ILIefIMI DTOTO METOJA HA IPIMEpe
pacemaTpuBaeMofl B JHAHIOM maparpade 3ajadi 1enecoo0pasHo.

Hraxk, paccMOTPHM HATabIYI0 33Ty

W ey, y(@) =Y (2.457)

rie ¢ynruua f(z, y) sajana o HenpepsBHa B aopaMoyroabuuke [ =
= {|z — x,] <a, ly—y,) <b). Torya naiigerca nocTOANNAA M rta-
Kas, 910
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OueBnpiEo, n-a uacrnunag cymma S, (z) pajga coBmagaeT ¢ 7-M WIGHOM
pocneloBaTeabuoctTn (Y ()}, Ouenunt wnenst psaa. OueBmAnO,

oy @) — 4 (@) | <y @) — vy} + 1Yoy (2) — 4o | < 20,

X

192 (2) — Yy (@) | < Y 118 ¥y B) — 7 & v BN | 6.

%0

Torga, B cuay ycaosna (2.159), mymeer Mecro onenxa
x

|y (@) — o @ | <N S vy §) — v B) | dE 26NV (z — 7). (2.165)
B

AHaJIOTHEYHO

LYo (@) — per (@) | < .

x

< NS (42 () — 3, B dE<< 2bN25l (& — z,) dE = 2bN? (= —2!%)'.

%o X

MetofoM AHAYKNUN HOXYIAM MJIA N-T0 UWJleHa OLNBHKY

-

' ey (22 n-1
\y(n)(.’lf) — Yn-1) ($)|<2b]\/ lg(n—__o?l)-!—". (2166)

113 omenrn (2.166) chexyer, aro na orpeske [z, X] unenst gynkumo-
HAJBHOTO DPAZA MAKODUPYIOTCA WIenaMn CXOJADIerocA YHCIOBOIO pAia

) n—y H™1 :
- | Yo (@)=Y (2) | K26V e (2.167)

—
9TO M ABAAETCA JIOCTATOYHBIM MPU3NAKOM DAaBHOMEPHOHR cxomMocTH
paga (2.164). Jlemma nokasaHa.

JlokasanHas JeMMa OO3BOJIAET J0KA3aTh CHEAYIOHIYI0 TeopeMy:

Teopema 2.12 (cywecreoeanusn). Ecau gynryus f(z, y) nenpepbvis-
na ¢ D u ydosaereopaer ycaoeuro Junwuya (2.159), 7o na orpeske
[zo, X] cywecrsyer pewenue nawarvhon sadauu (2.157).

Horasdreascrso. B cuny anemun 1.1 pgocrarouno goxasars
CYLIeCTBOBAHTIe HA OTpeake [&,, X| pememns OUTErpaibHOrO ypasie-
ans (2.160). Cormacmo nemme 2.4 nocaencsarteabuocts (Y, (z)}, mo-
crpoernaa no Qopmyne (2.161), cxomurca pasuoMepHO Ha txo, X]. Tar
KaK BCe WIEHBl MOCHeI0BaTeNbLHOCTH {Y(ny ()} Mo mOCTPOEHNIO ABAAMI-
¢ HeUmpepLIBHEIMH (YHKOHAMY, To H npefenbuas Qynruas y(z) me-
npepeiBHa na [z, X|. Pasmomepman ma [z,, X] cxopumocth mocienosa-
TeNbHOCTH {Y(n)) ABISETCA [OCTATOUHBIM YCIOBHEM BO3MOYKHOCTH HpC-
fennnoro mepexofa B gopmyne (2.161). Ilepexogs k mnpemeny opo
1= oo, poONYIOM, UTO Opefeldbras (YHRIAA  HOCHeJ0BATENbHOCTII

{ymy (x)}
Yy (x) = lim Yy () (2.168)
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BLITHCHeHNA TpaBoil wactn (opmyast (2.61), Tar ® BLIGOPOM HATANBHOTO NpH-
GANReHII,

3. Mpr paccMmoTpesn OpPHMeHeNHe MeTOfia HOCIEAOBATENLHBIX nprbamKennit
JUIS OKA3aTeIbCTBA CYMECTROBAHEA H CAUHCTBEHIOCTI DeHIeHAN HaialbpHON 8a-
JMaum [ OJHOTO CKAJAPHOTO YDAaBHEHHS MEPBOT0 HOpAAKA. AHAJIOTMYHbIE pac-
cMOTpeHIT MOTYT OLITh LPOBEJEHLI I B CIydae HAYaIpHOli 3alaw®if KA IOpMasnb-
HOIl CHCTEMEL.

§ 7. Hpuuugun c;RaTeix orobpaskenii.
Teopema 0 HemoxBIKHOI TOUxRe

PaccmorpenHbii B mpeAblAymeM naparpadge MeTOX [OCIe0BaTENb-
HbIX NPOOIMMKeHIH OCHOBBIBAGTCA HA 00IMeM MaTeMaTHIeCKOM MpHUIH-
e, M3BECTHOM [OJ Ha3BaHHEM (IPHHINI CKaTHIX OTo0pameHmit», oc-
HOBHBIE HJeH KOTOPOro OyAYT. H3J0KeHB! B HACTOAIEM maparpade.

Bymem paccMaTpHBaTh NPON3BOJNBHOe IIONHOE MeTpHIecKoe IIPOCT-
parcreo M. ITpocrpamcteo M Ha3HIBAGKCA METPHUECKHM, eCIH Kajof
mape &, y SJeMEHTOB 3TOr0 HPOCTPAHCTBA HOCTABIEHO B COOTBETCTBAE
gmcno p(z, y), odnajawinee CleAyIOIHMI CBOHCTBAMI:

1) p(x, y)=0, nopnuem p(z, y)= 0 ToABKO PN & = ¥;

2) o(z, y)=rp(y, );

3) mas nw00BX &, Y, 2 S M mMeeT MecTO HOPABEHCTBO TPeYTONBHHKA

p(z, y)<p(z, 2)+ (2 ¥).

Ymeao p(z, y) oObIHO Ha3BIBAETCA DACCTOAHHEM MeKIY - dleMer-
TaMA Z H Y. :

IMocrenoBaTenbuocTh (.} sremerTos mpocTpamcTsa M HaspiBaercst
JynraMeHTANBHON, ecan mIs modoro & >0 cymectsyer N(e) Taroe,
yto mpn n>N(e) u mwobom p>0 cropaselTHBO NEPaBeHCTBO
0 (Zmy Tmyp)< &. MeTpEIeCKOE NPOCTPANCTBO HABBIBACTCA NOAHLLY, €CI
BeARAA (DYHAAMENTAIbHAS MOCIE/0BATEJBHOCTh {Zn} DIEMEHTOB 2TOrO
MPOCTPAHCTBA -CXOANTCA K HEKOTOPOMY DIEMEHTY & & M, 1. e. cymgecr-
Byer x & M takoe, aro lim p(z, Zm) = 0 (0603Haqae:rcn z=1im xm).

m-—»o0 : M =»00
TIpuMepoM MOTHOTO METPHIECKOTO NPOCTPANCTBA ABIACTCA HPOCT-
pamCcTBO HeNepHBHLIX Ha cervenre z < [a, b] dyurmmit y(z), B Koro-
pox paccrosume p(y, 2z) Mempmy omementamu y(x) m z(z) Bsajgaerca
B BIIfie

0,2 = sup |y@—z@]. (2.474)
x<=[a,bl

Brinosnmenne ceoficts 1) u 2) ouesmamo. IIposepuM, 9T0 BHIIOMHEHO 3).

Nas modoro z € [a, b] myeen |y (x) — 2 (@) | <y (@) —u ()] +{u(z) —

— z(2)|<< sup |y(@ —u@)|+ sup |u(@—z(x). Ho rax Kak,
x=[ab x<[a,bl

B ciy HempepniBHOCTH, sup |y(z)— z(z)| mocturaerca mpH HEKOTO-

x&fa,b]
poy z*< [a, b], o sup |y (z) —z ()| =]y (¢¥)| —z(z*)| u modromy
Ry b

sup [y(0)— 2 (@) < xg&pb]ly (@) —u@]+ sup |u(@)—z()]

x=(a,
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yennwix nodcranoskod (3.27) e (3.26) u npupasnusanuem uieHog
¢ odunarosvimu crenenamu t (cp. (3.12), (3.13); B 2ToM mpocTeiimem
crydae S(t) aBaserca Komcramroit A, T. e. MHOrOWIeHOM HYJIEBOIl cre-
pend, a muorouaen 1 (t) taxswe siBngerca woucramroi: I =a).

Ecau » cosnalaer c¢ KopHem XaparTepucTULecko020 YpAeHEHUS A,
UMENWUM KPATHOCTL M (Tak HA3bLAEeMbll DE30HAHCHBUL cayuall), TO
yacrroe pewenue (3.26) caedyer uckars ¢ gude

= T(t)tme", » (3.28)

2de T (t) — mHozouaen Toi ace crenenu, uro u S(t). Hosdguyuenrer
I (t) no-npexcnemy onpedeastorcs nodcranoskot (3.28) & ypasmenue
(3.26) (cp. (3.1Y), rae umbABIAETCA MEOKUTENb ! B COOTBETCTBHM €
KPATHOCTBIO M = 1 KOpHA i®,).

Ecau »=a+ i komnaercro, to delicreureavnas (cooTsercréenno
Muumas) yacre pewenus (3.28) aeaserca pewrenuem YpasHeHUR ¢ npa-
60ii uacrvro S(t)e* cos Pt (coorsercreenno S(t)e™ sin Pt).

Ob6wee pewernue neodnopodrnozo ypasnenusn (3.26) npedcrasasercsa
8 sude cymmvt obugezo pewernus (3.23) odnopodnozo ypaswenus (3.21),
u uacrnozo pewenus (3.27) uau (3.28) neodnopodrozo YypasHeHus
(3.26) (cp. (3.15)).

Bee amn vmepm;lcnua B naibeeilmeM OyayTr crporo RoKasanst
(eM. Teopemsr 3.12, 3.13, 3. 1’1 3.43).

§ 2. O6upe cpoiicTBa anueiinoro ypaBHEeHHA N -To NOPAAKa

OdparuMea w ypasueunio (3.1). Ecan B paccmarpmsaemoil obmacra
HM3MeHeHHs He3aBUCOMOro mnepeMeHHOTo &,(z) 0, To, moJenns na a,(z)
M 0003HauYadg nojiyueunnle Kod(@UIHEHTH H OPAByl0 YacTb BHOBL 4Ye-
pes a,(z), ..., a.(x), f(z), OyAem mMerhb

Y™+ a (2)y™ Y + Lt aa (@) y = (). (3.29)

Onpederenue. Ypasnenue (3.29) nasvigaercs o0nopodnvin, ec-
2t f(x) =0, 6 nporugrom cayuae —neodHopodHbLM.

Hyers a:i(z) (i=1, ..., n) HenpepbiBHH Ha HEKOTOPOM HHTEPBAJe
X (X Moxer ObITh KaK KOHEUNBIM HHTEPBANOM, TaK H OeCKOHEYIEIM,
panpumep, (—oo, «)). Ofmas TeopeMma CYINECTBOBAHHUA Il eNHHCTBEH-
noctr (ca. teopemel 2.8 m 2.9 § 4 ra. 2) rapasrmpyer, 9ITO HA IEKOTO-
poM cermente |z — x| < H, npmuamiemames X, cymecTByeT eIHEHCT-
sennoe pemenue y(zr) ypasuemmsa (3.29), yjoBieTBopsioilee HaYaldb-
HOMY Y CJIOBHIO

@) =5 ¥ @)=y -,y () = ya (3.30)

Ian ypaspeuns (3.29) Mmokmo Aokaszare (ollee CHABNOE YTBEpIHIEHHe.

Teopema 3.1. Ecau ai(z) (i=1, ..., n), flx) nenpepvranvr na X,
70 peuterue nauaavroli sadanu (3.29), (3.30) cywecrsyer u eduncr-
eenno ecrody na X.
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» . .
Hoabayscs oTuM n yuuthBag, uto H, - H, moaysum ly:(ze + Hawm)—
— yu(xe+ H,) <ClHpym — Hil <e mpu n>N(e) m mobom m. Orciopa
o xpartepuio Homm fenaeM BBIBOJ O CXOJEMOCTH LOCIE0BATEILHOCTH
yi(zo+ H,) x nexotopoMy mnpepery y. byaeM cauraTkb 9TOT Hpejel
anavenmeM y; B TOUKe X, + H, T. e. nonommM Yi(z, + H)=§. Tanmm
00pa3oM, mHTerpajbHast KPHBAA OKA3bIBAETCA HENPEPHIBHO NPONOTHREHU-
1oit BOJOTH 7O TOUKE I+ . B cury caMoll chcremn ypapHeHHI
. Y3

(3.31) Tem sxe cpofictBoM 06JafaloT HPOH3BOAELE 7. Torpa B cay-
wae H = A TeopeMa pokasama. Paccmorpum caysad H < A. Herpyamo
y6enuThes, 9T0 2TOT ciydail He peanmsyercsa. [leiicTsuTenpHO, IpHHAR
zo+ H, yi(z,+ H) 3a nopyno BavajbHYI0 TOYKY, MOKHO HPOJMONKHTHL
pemenge Ea YYacrok [%,, z, + H + 8], 6 > 0, uro nporusopeunur ompe-
neaennio H. . .

Urak, H = A, 1. e. pelleHue CyIIeCTBYeT M €JUHCTBENHO Ha OTPe3-
Ke |z,, z, -+ A}, 9t0 u Tpebopanocs.

NlanpHeiimee paccmorpende cucreMbt (3.31) ormomnm mo § 6 mBep-
neMesa cuosa k (3.29). Jaa ypasmenusa (3.29) cmpase[mnBa Ciepylo-
Las TeopeMa, Na3blBaeMasd NPUHYUNOM CYNepro3uyuu. )

Teopema 3.3. Iycre ¢ ypasnenuu (3.29) npasas uacre fh(x). a643-

erca aunelinoil wombunayueii Pynryui fi(z), 7. e. f(2) = D aifi (@),
i=1

ede i — nocTosHHble HUCAQ, U RYCTb Yi(T) ABAAIOTCA PEULEHUAMU

YypasHeHUTL

y e @V + L+ e @y = fi). (3.33)
Toeda auneinas nom6unagua yi(x) ¢ remu xe KoaPPuyuenTamu i,
7. e. Pynryus  Yy(x) = 2 @iy (%) ABAAETCR peulenueM Ypagne-
nus (3.29): =

3HaueHE® DTOTO NPUHOMOA B TOM, YTO HPaBYK UacThb YypaBHENHA
(3.29) Mo¥HO HpEeJCTABUTh KaKk JHHEHHYIO roMOmmauuio Oomee mpo-
CTBIX 3JE€MEeHTOB H CBECTH pelIeHHIe YPAaBHEHUA K pellenuio HeCKOb-
Kmx Gonee mpocTeix ypasmenuit (3.33), C 10Uk B8pemHHA (UBUKA 2TO
03HATAET, UTO Pe3yAbTAT CHOKHOTO BHEIIHEro BO3MEeHCTBHA Ha HEKOTO-
pHlit 00BeKT, BhipasKkaeMmoro (yuxumeir f(z), MOKHO HpENCTAaBATH Kak
CyIepUO3ULAI0 DPe3yibIaToB OTNEJBHBIX 3IeMeHTAaPHBIX BO3/EHCTBH.

JloxasaTeanbcTBO TeopeMsl 3.3 OCHOBaHO Ha TOMJECTBe, cupa-
BeIABOM A K UPOHM3BOJNBHEIX 1 pa3 AmpdepeEnUpyeMbx QyHKIUE
Wy, ..., Uy B CcHeJylolileM HeNOCpeJCTBEHNO H3 cBolicts fuddepen-
HEPOBAHUA N

k ) k (n—1) k
(2 ol (Jﬂ)) + a, (%) (Elaiui (»‘C)) + oo+ aa(2) El ai; (2) =

i=1

i=

= _hﬁ @i [u (2) + 0, @U@ + .o + @ (@ui @] (3.3

[
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qasbHO{l 8a7aud CyulecTsyeT n efuHCTBeHHO Ha X, wem Oyjem cCymect-
BEHHO IIOJIH30BATHCA HIKE. : _ :

Onpedeaenue. Bydem 2060puTvb, uto yrrEyul U (z), ..., up(x)
AuHElNO 3a8UCUMB Ha UHTepeaae X, ecalt CYwecTeyior no-
croaunvte Cy, ..., Cp, He 6ce pagnvle HYato, TAKUE, UTO UMEET MecTo
ToXC0ecT80

0 .
> Cui(z)=0, =z=X. (3.37)
i=1
B nporusnom cayuae (r. e. ecau (3.3T) 6bInOAHAETCA TOALEO npU
C,=...=C,=0) 6yden z060puts, uto ui(x), ..., Up(x) AUHEUNO
He3a6ucumbl )
Myers y;(z), ..., Ya(x)— pemenns ypapHenns (3.38). -
Onpedeaenue. Hazosenm derTepmunant :

y, (=) veeUn (3)
Mg = |1 e (3.38

y(l""l) () ... ys:l_l) (z)

onpedeaureaém Bponcrozo¥).
Teopema 3.7. Ecau pewenus y,(z), ..., Yn(z) ypasHenus (3.36)
auneiino saeucumst na X, 7o A(z)=0 na X,

n

B camom pgeie, cormacuo . (3.37) mmeen > Ciyi(x) =0. Tpopud-
» i=1
depennuposas 310 TOMAeCTBO N — 1 pas, monyuuM

n

Y Cs@ =0, ... X Caf ™ (&) =0. (3.29

e

=1 i

Tpu nw0dom < X 5T COOTHONIEHHA MOMIO DACCMATPUBATHL KAk CHCTE-
My JAHHe{fubIX OAUOPOJHBIX ajire0pamvecKix ypaBHEHIH OTHOCHTE/ILUO
C,, ..., C, mMeomyo HeTPEBHAIBHOE PelIeHHe TO YCIOBHIO JHneiinoif
sasucumocTu  Qynkuuii  y. CrefosarenbHo, ompeJeanTeNb CHCTEMLI
A(z)=0 npu mobom z=X, 1. e. A(z)=0 na X.

Samevanne I3 JokazaTenbcTBA TeopeMbl BH/HO, WI0 OHA CIIPaBellB2
e ToNbKO Aus pemrenuii ypasuenna (3.36), #o maa mobuix n—1 pas auddepen-
HUpyeMuiX QyHERLTML.

Teopema 3.8. Ecau A(z)=0 zora 661 daz odnozo x, € X, To peuse-
wus Yy (z), ..., ya(x) ypasuenus (3.38) auneino sasucumsl Ha X.
JoxasateasbeTsno. [efictBATNbHO, BO3BMEM TOUKY I =Xy, B KO-

o TOpOi A(z,) =0, u cocTaBuM CHCTeMYy JIHHEIIBIX aire6pamdecKux

*) llBorga Geieaer ymoGuo oGosuavenne A(yi(z), ... yn(z)).
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BaMeuanme, Tak KAk CYIECTBYeT GECcKOHEYHO MHOLO OWpeflennTesed, OT-
FAMSHBIX OT HYJAA, MIA KWKIOTO YPaBHEHHs CYMeECTBYeT (EeCKOHeYHO MHOIO dy=-
NAMEHTATBEBIX CHCTeM pemenmikt, KpoMe TOro, JHHEiHO8 HEBLIPOACHHOO npeob-

n

pas3oBanue ;‘l: E cijyj HEPEBOSOT OAHY (I)yana.uen'ranhnylo CHCTOMY pemeﬂnf&
i=1
8 APYTYIO. '

JoxaskeyM Temeph OCHPBUHYI0O TEOpeMy JAHIHOTO naparpada,

Teopzma 3.11. Ecau y,(x), ..., ya(x)— PyHdanenrasbhas cucrena

pewenull, To aioboe pewenue y(r) YypasHerua (3.36) npedcrasumo

8 eude .
ke v
'
, y (@) =2 Ciyi(a), (3.42)
N =1
20e C,, ..., C,— HekoTOpblEe NOCTOAHHbLE. F

0 n—1 0
oraszartexscTBo. 1lyeTs ¥ (%) =Vis.o0r ¥ (x,;) == Yn. Omnpe-
ey noctoanusie Cy, ..., C. Juuefnoi cHucTeMOil ypapHeHii ¢ fe-
TepMUBAHRTOM, paBubim A (z,) 7 0: :
n n
AN 0 AN (n—1) 0
P Ciyi (T = Y1y ooy 2 Cili (Zo) = Un (3.43)
i=1 i=1
~ n
1 mocTponyM Y (X) = > Ciy; (x). Cormacno teopeme 3.4 §(z) apaserca

=1
pemenmey ypasmesua (3.36), a (3.43) oamawaer, 4TO 9TO pelienue
YIOBIETBOPAET TeM e HAYANbHBIM YCIOBUAM, HUTO H y(z). Torna,
B CHIy eIMHCTBEHHOCTH (CP. JIOKA3aTelbCTBO TEOPEMBI 3.8), y(z)=
n

=y (r) =2 Ciy;(x), wur0o 1 TPeGOBAIOCH.
i=1

SamMeuannsa 1. Gopuyaa (3.42), ede Cy, ..., Cn— npou3goabrble NOCTOAR:
nble, aeaderca ofuun peuwenler ypasHeHus (3.36) B TOM nie cMLICHe, KaK B § 1,
T. e. (3.42) apasercs (opmysroil, cofepramieil sce PCHICHMA ypaBOORUA (3.36)
Ae colepsKamiell HI4ero, KpodMe pemenni. B camoM pene, no TeopeMe 3.4 npn sio-
€bix Cy, ..., Ca (3.42) sBaseTCcA pemeHneM YpPaBHCHHA (3.36), a cormacHo TOJBKO
wr0 NOKA3amHON TeopeMe B (3.42) cONeP/RETCA JNI0Goe peulemite ypaBueHus (3.36).

9. Ha mabike smHeitnod axreopst teopeMsl 3.10 u 3.11 osuawaor, 4TO B MPOCT-
paucTBe pelleHuil JINAGHHOT0O OXHOPOXHOTO YpAaBHEHHA (3.36) nmeerca 6asuc ns n
DJIOMEHTOB, T. €. 3T0 IPOCTPAIICTBO 1-MEPHO.

§ 4. Heognopoxitoe niHeiitioe ypasHeuie 12 -ro nopajgka

PaccMOTpHM Temeps ypaBHEHHE

g +a (x)y™mr e (x)y =T (2), (3.44)
rae ai(z) (1=1, -..,n) HempephBAsI KA nutepsane X.
Teopema 3.12. Ecau y,(x), ..., ¥»(T) — Pynoamenrasbnas cucrena

peuwenuti odropoduvzo ypaswernus (3.36), a y(x) — uacrroe peuwe-
Hue wneodHopodnozo ypasmewusn (3.44), To arwboe pewenue y(z)
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ero ma f(E)AE. Mrak, X (z, §) crpoutca Kax pemenue oJHOPOIHOTO
ypaBEenng, yAOBAETBOPAOMEe YCIOBHAM

HEEH=0 ..., X7 VEEH =0 HIVE, a>=1,“”<3.47>

a peumiende, OTBEYAOINEe ONEMEHTADHOMY BOBJACHCTBHIO, HMeeT BW[T
K (x, EYf(E)AE. CymMupya Temepsr sleMeHTapIHe BO3feHCTBHA HA OC-
HOBAHHH TOf0 7Ke OPHONHIA CYNEepPHO3NNUA H HEPexois OT CYMMSI K M-
Terpany, moxyumM pelennme j(x), yaoeaersopsiomee ycaosnio (3.46):

=@ rEd (3.48)

-

®opumyna (3.48) moxyiema ma ocHOBAHAN DBPHMCTHTECKAX cooOpa-
JKenmii, HO HETPYRHO HENOCPeJACTBEHIOIl NpPOBEpKoO# yOexnThCA, 4UTO
(3.48) ects wacrHoe pemenne ypasmenna (3.44). B oroit mposepre u
fyieT COCTOATh JOKA3ATENLCTBO CAEAYIOLIEIT TEOPEMEI:

Teopema 3.13. Bupamenue (3.48), ede ¢ynryus H(z, t), Hasu-
eaenas umnyabchou @dynkyued, ydosaersopaer odHopodnomy ypasgHe-
nuwo (3.36) u Hauvasvubin ycaosuam (3.47), aeanerTca wACTHLIM peuie~
nuen HeoOHopodnozo ypaswenus (3.44), ydosaersopaiouwurm HYysebly
HauaavHbly yeaosusn (3.46).

NHoxaszareancrpo. Haiizem us (3.48) ¥y, ..., y™. Ilpensapi-
TENbIIO 33METHM, 9TO TaK KAK £ ABIAETCA TAPaMETPOM, TNPHHAIENHa-
UM TOMY $Ke MHNORecTBy, 4To I Z, To (3.47) ~paBmocmasmo sammen

H(x,2)=0, ..., KT V(@ 2)=0, HIV(z,2)=1.
JIn(b(bepeuuupya (3.48), nMees

v (x)—jm(x B (E) dE+ H (z, 1) (2) = jyf (2, 51 () d8,

)

7" (@) = j HETV (2, 81 ©) 4,

*o

@) = § A @ DO d 4 KO @, 2] (@) —

%

x
=[P 01 @+ @
xo — . - -
BoaMoRmocTs nEQQepennupoBalna HOJ 3HAKOM HETErpaza Cieiyer Hs

TeopeMBl O LEUPEPHIBHOA 3aBUCUMOCTH pellleHMa cucTemsl AaAddepen-
OUAJBHBIX YPABHEHHA 0T &£ M HATYAJIBHOTO 3HAveRHA IepPeMeHHofl r,

6 A. H, Tuxomo® u ;p.
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(cM. Teopemy 3.10), opuako Bonmpoc o ee opdeKTHBHEOM IOCTPOEEMM
OCTANCH OTKPHITHIM,

Iyers B (3.36) ai= const:

y™ +aytrt+ . +a.y=0. (3.49)

JTOT Kiace ypaBHEHHIl 3aMedaTelleH TeM, 9TO Ui HEro HAXOKIERUe
$yufaMeHTaNbHON CHCTeMEI peIleHHil cBoguTcA K ajare0pamaecKnm
omepanmyaM, & HMEHHO K pemllennio airefpamveckoro ypaBHenus n-i
CTETel .

Conocrasuy ypasuennio (3.49) muorousen ornocuteldbHo A, HA3HL-
BaeMBIil rapakTepucTuveckun muozouwaenom ypasmenng (3.49):

M@A)=r"+a A+, ..+ a,.
Jdemma 3.1. Cnpaeeb.weo TOMMDeCcTe0

d:,,[ ef ()] + an == [T @]+ L+ e (@) =
MM () f(") x)}

nl

=MW1 @+ 1@+ TGO,y
(3.50)

IlorasaTeasbcTBO. ITO TOMKRECTBO JOKABLIBAETCA TNeEMOCPEHCT-
BeNHBIM BBIMHCJEUMeM C HCHoiAb3oBanmeMm ¢opMynn Jlefidnmna paa
noddepeunnposanun nponssepenua. Umees

€f =,
L)) =S + 1) = T OF + 1T,
j}(e“-f):e“ (3 + 28+ 1) = o (g 4 LDL 4 GO,
L) = '
( M(}»nf_{_ I n(n—h...k[ln—(k—i)l ATRAR ...+f‘"))=
“(x"f+(x")’f’+...+—(*—")i,g)—’—(f)—+..‘+(—@%)—f(ﬂ).

CxaajpiBad NOJydeHiuble PABEHCTBA, YMUOKAB HMX NpeIBAPHTENbIO Ha
coOTBeTCTBYIOINEe @;, npaxomguM K (3.50).

damenanms 1. Ecan f(z) = 2P, 1o (3.50) npurrMaer Bujg

— (e -ﬁp)*f‘al = () .0, P =

— M{JVI(A)x”+px1I’(A)xP'1+,,,+ P...(Plgk"—l) M(k)(),)a:p—h—}—”.

e - MP (x)}. (3.51)

da"t

8
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T

NoxasaTenbctno. 1. Bocmonsayemcsa (3.51) nmm (3.54). Lean
A, ABIAETCSA KOPHEM XaDAKTePHCTHYeCKOTO yPABHEHHMA KPATHOCTH My, TO

M) =M ()= ... =M™ () =07).

TostoMy mpasasm wacts (3.51) ofpamaerca B uyms pas p=0, 1, ...
..., m,— 1, a aTo o3pavaer, 4To ZPetn* (p=0,1, ..., my — 1) yaosuei-
Bopsiet ypasnenmio (3.49), aro m Tpelbyercs.

9. Tipeanososuy upotusmoe, T. e. qro pemenuna (3.57) (k=
=1, ..., ) auneiio 3aBnCUMBL. JTO 03UAYAET, YTO CHPABEIIHBO TOHI-
IeCTBO ’

A

R, (x) & + ...+ R () P 0, (3.58)

rie uepes R;(z) obosmavers] MHOTOWIEHB! CTEINEHH m;—1, He BCe
pasibie 1ymio. [JonycTiy, 4TO OTIMIHBIM OT HYIA ABIFETCA R, (atoro
MOMKIO JOOHTBCH COOTBETCTBYMOIUeil ImyMepamueii A), a B R, crapmmuii
OTANMLEIT OT Hylf Wien ImMeeT cremems p; (py<<sm,—1), 1. e

S Ri(@)=Cy+Cphz+ e b Clplxéli

npuuey Cip 7% 0.
—hlx
Vymomny (3.58) na ¢ - Iloaywum

Ru@ ™ 4 4 R @M T L Ri@) =0, (359

[poxmddepeniupyes 370 TORIECTBO HY, CIHHALY Oojbliee HUCIO pas,
Hesiennm cremedp pr<<m;— 1 wmuoromnena R, (x). Ilpeasapureiniio 3a-
MeTHM, 4T0 s Bumpawenus A (z)e™, rme o= const, A(z)— muoro-
WICH, NPH OPOH3BOJBIOM K IMEET MECTO TOMAECTBO

R
-d—hf A (z) e™ = B (z) €™,
dx

rne B(z)— Muorowren Toii ke cremenm, uro n A(z), mpuuem ero
cTapmmii kod(puIHeHT pasenm crapumemy kodddmuirenty A(z), nmoMoo-
JeHHOMYy Ha ¢'. DTO TOMIECTBO JerR0 MOJydIATh audo H3 (3.93), mo-
maraa M(D)=D A=a, f(z)=A(k%), aubo upocto u3 (opMysl
Jeitonuna. 11tak, guddepenunpys (3.59), momyaum

Ql (x) e(xl"}-l)x T+ Ql_l (.’L‘) e(hl_l-ll)l — Ob

i
11-11

Q@ e + .+ Qo (@e T =0, (3.60)

rae Q:(z), ..., Q-1 (z)— Muorowrens Toi e cremend, uto Ry, ..., Ry,
) pr+1
npuuey koapduument crapmero wiena Q.(z) ecTs Cyp, (kl—kl)l .

~*) Hawvun B. A, Hosmnax 3. I. Ocmosu MareMaTHiecKoro amarasa.
_‘l. 1.— 4-e uax.— M.: Hayxa, 1982, ra. 7, § 3.
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Teopema 3.15. Mycrs f(x)=S(x)e™, 20e A = const, S (x) — mrozo-
uaen crenenu s. HycTs A we cosnadaer Hu ¢ 0dHuM KOpHem M rapar-
repucruueckozo ypaskenua (3.56) (rax Hasvieaemvlil Hepe30HAHCHBIL
cayuait). Toezda cyupecTgyer uacTHOe peWEHUE YPABHEHUA (3.62),

uneroupee 6ud . _ _
j(z)="P(z)e, (3.63)

ede P (x)— nnozouaen Tol ace crenenu, uro u S(zx). Ecau A cognadaer
¢ KOpHEM TAPAKTePUCTUNECKO20 YPABHEHUS hy KPATHOCTU My (Tak na-
ab18aeMblli PESOHAHCHBLL caydall), TO CYWECTeyer UACTHOE peulenuc
ypasHerus (3.62), umeroyee eud

7@ =T ()z '™, (‘3.64)

20e T (x)— Mnozouaer 106 e crenenu, uro u S(z).

Ha . ocnosann® »Toft TeopeMs UYACTHO® PpeIeHHe NIeTCA B YKasad-
noM BEIe, rae muorowied P(x) mam 7 (r) 3anmchiBaeTcA € HEN3BecT-
wprvn  koaddumuentamu, Iloncrasuas B ypasmenne (3.62), coxpamas
pa e I TpUpaBHEBAA WIEHBl ¢ OJXMHAKOBHIMH CTeNEeNSAMH ¥, HOILYyUHM
cucTeMy HeoTHOPOAHBIX anreGpamdecKNX ypaBueumii OTHOCHTENBHO Ie-
m3BecTHHIX Kodpdunuentos muorowrena P(z) mmn T (x). Ira cucrema
GymeT paspemnMofi, MOCKOJBKY CYINECTBOBAI(Ie peNIenHs TAKOT0 BHIR
ofecneueno TeopeMoit 3.15. |

NlokaszaTeannscTBo Teopewsl 3.15 mpmeexeym miId Pe30HATCHOTO
ciyuan (3.64), tar war (3.63) monywaercs ma (3.64) mpm m.=0.
Tloacrasmy (3.64) B (3.62):

MD)T (z) x e = €S (x) (3.65)

¥ yGemuMcs, UTO OTCIONA MOKHO OMPEednTh TOCTeNoBATeAbHO KOd(-
¢umments Muorowrena 7' (z), naummas ¢ xoaddumuenta npn crapireit
cremenn z°. Boizesiim B smuorownenax 7 (z) n S(x) crapuime wiemst

S(z)= a‘ox’.—!- S (z), T(x)=bwx'+T(x).

ITaeenm ToTIR

MDY by kM 4 M (D)2 T (2) € = eMayr’ 4 €S, (2.
Pacumurey meppoe ciaracMoe cjiesa, moabaysack Qopuynoi (3.54) n

yanteisag, ato M (W) =M (M) =... =M (™) (A)=0,a M (&) INEZ=
0. Toayaum

e [P s my) D

m,!

8

bse

w(mE ) (sFmp).ooes oy

(ot 1) o M D)ET () =

=™ 2" + S, (2). (3.66)
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Cuctema (3.69) masmBaerca ogmopoxmod, ecam fi(z)=0 (i=1, ..., n),
B TPOTHBHOM Caydae — HeogHopoanoil. Bynem npexmomaraTs ai(x)
n fi(z) mempepsiBusivm na untepsase X, Hax Opi1o joxasano peiie
(c. § 2), mpm »TAX yciaoBmax Ha X CyIecTByeT eIHNCTBEHHOE peLie-
nme cucremst (3.69), yIoBicTBOpsOIes HAYAIBHOMY YCA0OBHIO :

yi () =i, i=1,...,n (3.70)

Jlas cuceTeMbl ypaBHEHHil CIIPaBEIANBHL TCOPEMbI, alAJOrHTHbEe TeM,
KOTOpPHIe GHIAH J0KA3aHbl O1dA OJHOTO ypaBHeHHA N-ro HOPAAKA.

1. Marpuunas 3amuchk., B nensx MarCHMaipHOTO YIPOLIEHUA Pop-
Mbl I3I0MENNA HAaM GymeT yA0o0HO [MOJL3OBATHCH MATPHUHOH 3AUMCHIO.
HamoMmuy OCHOBUBEIE (PAKTBI MATPIYIIOTO ICYUC/IGHIA, KOTOpBie noNa-
no0sTCH NJA BTOTO.

1°. Marpnueii pasmepmoct nXm (uam (n X m)-matpuped) na-
gpIiBaeTca TabJuIa qiCeN a; BHIA

833 % --- @

a a

nt %az e+ %um
Yjiena a; Na3eIBAIOTCA DIIeMEeHTAMH MATPHIBL.

B nactosmenm naparpade Mbl GyAcM HCOONb30BATH KBAIDaTHbIE MAT-
puusl (usaze (7 X n)-MaTpUIB) M TAK HA3BIBaeMbIe crondust  (uam
(n X 1)-MaTpunsl)

“n 1 -
wan mpocto | i ).
2ny an

DBynes ofo3inavaTs MaTpuusl ¢, b, ¢ B T. 1., 2 OX 2MeMEHTHl COOT-
BCTCTBEHHO @ij, by, € I T. 1. '

2°. Marpuusl @ M b canTaOTCA DPAaBHBIMH, ecan a;= by Marpunaa
cyllTaeTcAa PaBHOil HyM0, ecAnm a; = 0. ’ :

3°. Hag (nX m)-marpuuaym omOpefelensl ONepamui CAOMKEHUA M
YMIIOJKeHIs Ha 9Heo, )

CyMyoit MaTpum @ n b masmiBaerca marpuna c¢ (ofosnasaercs ¢ =
=g+ b) TaKasg, 4T0 Cyj=a; 1 by

Il ponssefennes MAaTPHHB @ Ta YACIO ¢ HA3BLIBAETCA MATpHUA ¢
(oGo3nauaerca ¢ = aa) Takasd, 4TO Ci; = 0Ll

4°. Eeam a ssaserca (n X m)-matpuneii, a b ssasercs (m Xp)-
MaTpumei, To mpoi3BefenmileM MATPHO @ u b naspipaerca MaTpulia ¢
pasmepnoctu n X p (oGosmazaerca ¢ =ab) Takad, 410

m
Cij = IZ aihij.
=1

Ymuoskenme Marpui 06:1ajaeT COYeTATCALHBIM M PacHpeNeNHTeNbUbIM
CBOIICTBAMIL,

e
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Tonpaysch NPABHIOM YMHOMERHA 4°, TPABMAOM CIOMKENAA 3 u
[paBEIOM paBencTBa MATpHI 2°, HeTpymHO yOeIHTLCA B TOM, YTO
(3.71) m (3.72) To e camoe, uyTo 1 (3.69) m (3.70).

B cmay ceoiicts ywuomenud mn puddepeniupoBannag MaTPHI JIA
nuddepennupyeMsix CToAOLOB TMEET MecTo TOH#ecTBO (CP. (3.34)),
B KOTOPOM O — IIOCTOAHHBIE YIICIa, ’

k ' k 3 .
’
(E Oﬂiuu)) — 4 ( ‘ “iu(i)) = 2 ailuwm — Auw)y - (B.73)
=1 i i=1 =1

BRIpAJRAIONIee CBO{CTBO JIIHEHNOCTH OMeparopa y —Ay=L{y] na
muoskecTBe nHQOEPERHUPYEMBIX CTONOIOB.

Bnech N B fampHeilmeM ANA HyMeDammH CTONOmOB Oyaem ymoTpeb-
JNATH WHTEKC, 3aKMIOYeHIBI B KPYTJble CKOORM, 0CTaBifAfA WHAEKC Ge3
cKOGOK 7711 0003UATEHNA IeMEHTOR (KOMIOIEHT).

HemocpeAcTBeHTBIM CIENCTBIEM TOTO TOMRIECTBA SIBIACTCA NpHI-
AN CyNepno3MIHm, .

Teopema 3.16. Hycrv 6 ypaswenuw (3.71) f(x) asazerca aunel-
Hoii koMbunayuel fi (x), 7. e ’

k

f(@) = 2 aife (@),

i=1
20e o — NOCTOAHHBlE uUCA®, U nYcTs Y (x) Asaserca pewenuen
YPABHEHUS, ’ :

, :

yor =A@y + fo

Toz0a auHelinas rombunayus yu (x) ¢ Temu xe woofhpuyuenrany o,
h

T. e. croabey y(:v)=2 Yy (T), seaneTcs peuleHueMm YpasHEHUS
i=1 :

(3.71).
JIMe1oT Takske MeCTO TeopeMsl, amajormumbie TeopemaM 3.4—3.6.
3. Oguopommnoe ypasmemne. PaccMOTpEM Golee JeTanbio OHOPOX-
noe ypagpHeHIIe

y =A(z)y. (3.74)
IlycTs uMeercsa n cToaOnoOB
Y(in
Yypn=1: .
Yy

CocTaBuy H3 3THX cTOAONOB Matpumy W(x):

W (x) Yan (=)o o ) 3.75
( Poom B oee Uy () _ (3.75)

Comoctasny ypasuenmio (3.74), mpapas W JeBag TacTH KOTOPOTO —
cTONONBI, AHAJOTHIHOE ypaBHeHue

W =A(z)W, (3.76)
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-

c

1
BsemeM B paccMOTpeHHEe HOCTOANNBIL croaben C = C‘, . Honwsyscsn
n

orEM cronbmom m wmatpmueit W (z), coctaBmennod W3 Yy, WO OPABULTY
(3.75), momno (3.81) samucars B BAJE o

WC=0. (3.82)

Tak Kak, COMAcHO HPABILTYy MAaTPHMIOr0 HedMcienms, 2° cUmTaeTcs
C=0, ecnn Bee C; (i=1, ..., n) paBHBE HyNIO, TO ORPeJeNCcHIE M-
HefHON B3ABHCHMOCTI T HE3aBHCHMOCTH Yy, «-- Y(ny MOMKHO CHODPMY-
JMPOBAThH CIGAYIOMIM 00pasomM.

Onpedeaenue. Bydea 2080puth, uTd CTOAOYLL Y1)y -+ Y(m) AuHE -
HO 3aeucuMbl Ha unTepease X, ecau CYUECTEYeT NOCTOAHHBLEL CTOA-
6ey C+ 0 raxoii, uro Toxdecreenno Ha X uMeer MecTo (3.82).

B nporusnom cayuae, 7. e. ecau (3.82) cnpasedaugo ToAbKO npu
C =0, 6ydem 2080pUTb, HTO Y1y, vy Yy AUHEUHO HEIAEUCUMLL

Onpedesenue. ~Hasosen A(x)=DetW(z) onpedeaureaen
Bporcrozo 048 Yy, ooy Yimye B

Teneps MosxHO cPOpPMYIHPOBATH M JOKa3aTh TEOPEMEI, aHAJIOTIY-
nete TeopeMam 3.7—3.9 ma Teopnm ypasHemna n-ro mopsapka. Bee atn
JIOKA3aTeIbCTBA 3aTMCHIBAIOTCSA BeChbMa KOMNAKTHO, €CHNH HOTb30BATHCH
BBCJICHHOl MATPNYHON 3amHCBI0, KOTopas ‘odemh ymobma u Tpelyer
JIAINL HEKOTOPOro HABBIKA.

Teopema 3.19. Ecau peuwerus Ycu, .., Ymy ypashenus (3.74) au-
netino sasucumvt na X, ro A(z)=0 na X.

HokasateancrBo. Hueew W(C=0, C+0. 3ra sannce ABIA-
eTcsi KpaTKIM ofosuduenmem Toro Bakra, 9TO OPH KAKAOM T BeNHTH-
we Cy, ..., Cn yHOBJETBOPAIOT CHCTeME INHeHHEIX anrefpamIeckux
yparuenmii ¢ oupefeanterem A(z), o Tak Kak pemienie IeTPHBHANL-
noe, To A(z)=0 mpn mobou z= X, 1. e. A(z)=0.

Teopemea 3.20. Ecau A(z)=0 zora 6t daa 0dnozo z,= X, 10 pe-
WEHUS Y(ryy - - Yomy YpasHenus (3.74) auneiino sasucumer na T

JlokaaaTenbcTBO, 3anmmem KPATKO NOKa3aTeNbCTBO 3TOIl, Teo-
PeMBI, yie Lie NaBas JONOJHHTENbHNLIX PasbsCUEHN, KAK B NPeIbIay-
neit. BossmeMm z,=X, m nyers A(x,) =0. CocrasuMm ypasuenne
W (z,)C =0 otnocnrensio C. B cany A(z,)=0 cymecrsyer pemenne
C # 0. Honowny y(z)= W (x)C. Cormacno teopeme 3.18 aro pemenne
ypasuenna (3.74), npnuen y(x,)= W(z,)C =0, a rtorna, B cuiy reo-
pembi exmmcrsennocth, y{(z)=0 1, takmyu obpazom, W(z)C =0, qro
031a9aeT NAHEIHYI0 3aBUCHMOCTD Y(1yy « . o Y(n)e

Teopema 3.21 (anvrepnaruea). Onpedeaureav Bponckozo aubo
TONDECTEENHO PAGEH HYAIO, U 9TO O3HAMAET, YTO PEULEHUR Y(1ys -+ Y(n)
AUHEUHO 3asucuMbl, aubo He obpaujaerca 6 Hyab Hu 6 00noi Toure X,
U 370 03HAUAET, UTO PEULEHUSR Uiy, - v Yny AUHCUHO HE3QBUCUMBL,

Onpedesenue. O yndanenrTaardbroll cucremol peuenui
ypaenenusn (3.74) Oydem Ha3b16aTO N AUHELHO HE3QBUCUMBLE
PeUeEHUll  Yisy, - Yy ~YPasuerus (3.74), a cooreercreyouyro
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pewenue y(z) ypasnenus (3.71) npedcrasuno ¢ eude
y(z)=W(z)C+y(x), (3.85)

2de C — nekoropulil nocroanHull cToabey.

JloxasaTeAbCTBO TOYHO TAKOe e, KAK B CiIydae ypaBHeHHA
n-ro DOPAAKA, ¥ MHEl ero OHYCKaeM.

TlocTponm wacruoe penlenne y(x), yROBIEGTEOPAKHIee IyJIeBBIM Ha-
waabubIM yenoBuaM J (z,)= 0. Byjesm ncxars ero B Buje

§(z)=W(z)C(x),
AJ

rae C(x)— neussecrnsiit cronlen. Ito gaxTHYeCKM NPOCTO-3aMena me-
pemenusix, Ilopcrasnga y(z) B (3.71), noayunm

W'C+ WC' =AWC + {.

Tax xax W ynosaersopsaer (3.76), To W' — AW =0 u, cienoBareibHO,
WC' =1{. Orciopa C'= W=, A tax xak J(x)= W (x:)C(2,)=0, T0
C(z,)=10 n, caexoparennno, .

©

c@=fwrered

%o

-

Taxism o6pasom,

V@)= W@WT OO E={ X @hIE &

(\0 x

B CHpaBeliinBa
Teopema 3.26. Tacrnoe pewenue j(z) ypasnenus (3.71), ydosae-
Teoparowyee ycaosuio §{z,)= 0, uneer eud

v =fxenieda, (3.86)

2de K (x, t)— umnyavcuan .ua'r‘pul;.a, WAl MATPUYAHT,— peuLeHue Mar-
puunozo ypaenenus (3.76), ydoesersopaiouee ycaosuio K (&, §)=E.

Saveuanna 1. Ianomxeunnii metoq mocTpoennwa dYacTHOIO Pe-
IlenMa CHCTeMbl Jiflleflnbix ypasuennii axkTu9ecKH ABIAAETCS Bappan-
TOM METOJA BapHMAaUlH HNOCTOAHHBIX, KOTOPHH Jjns OAHOIO YyPaBHEHRA
ucnoib3osaaca B rit. 2 (c. 27—28).

2. B cmny ppumnuna cymepnoauumns peinenme y(z) samaum (3.71),
(3.72) nmeer Bug '

Y@ = (z,2)y° + | (2,51 dE (3.87)

&y
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Sapamee H3BeCTHO, 4TO DAHT 3TOif cHCTeMH pasen 6 m CBOGOAHLIX Hema-
BCCTHLIX 3. .

3anmcLIBasg ONPCAETUTENb OTOH CIHCTeMbL, PACIONG/KIB HEN3BECTHLIE B IOPS-
Ke ag, bo, o, a1, by, €1, a3 D2, 2, JETKO BUETh, YTO HPABLIL BEDPNOHWH ONpeFeNHTEND
6-ro mopsApAka OoTANYeN OT HYJAA I paBeH, OUeBUJHO, ITPON3BEACHHIO JAIATOHAIBHBIX
DACMCUTOB, T. €. 8, TAK K&K ClipaBa OT IJIABHOH AaroHaan — Hy:au. CregoBaTe.ln-
HO, B KaweCTBe CBOOOJHBIX HEN3BECTHHIX MOKHO B3ATH ag, by, Co.

llepeaa rpynna ypasaenmii (3.97) yike jaer BuipaskeHws mius a;, by, ¢ depes
@y, bo, co, @ TOJCTABIHAA 3TO BO BTOPYIO rpynny ypanneuuir (3.97), monyqum

1 1
4, =7 (4 —=byt ) by =a,—b,F =7 (a, b+ ).

Tperna rpyuna ypasueRuii (3.97) odpamiaerca aBTOMaTHYECKH B TOMKIECTBO.
Hoperasasa moayuennsie suipa:kenusa B (3.96) n npmBoja ero k supy (3.94),
fyreM uMerh

1 - 1 o\ 1
/8 1—{—21.—{——2-302 —r— ?x“ —2-1:2
Yo ) =14, 3r 4 2° bl 1 —z—2" |+ % —z—2t e,
] 1 1 1
) A — 2t 1~—x+§z2

(3.98)

3nech ag, ba, €o— MPOUBBOALHLIE MOCTOAHHBIE (MOKRHO HX o0os3Hawnth Ci, Cy Cj,
nak B (3.94)), BerTOpwr pi(x), p2(z), ps(r) ycMmarpmpaoTcs B mpasod uactu (3.98).
Taium ofpasos, noayueuo pewenne crerens (3.88) B Bume nnmeiinoii KoMGuHannH
TPCX JNICEHO HEe3aBHCUMBIN PeilleHuil p;(x)e™ (i = 1, 2, 3).

Utobrt oGocioBaTh yKAa3aHHBIT TpHeM, Hy:RHO (QaxTHYecKn 06oCHO-
BaTh JIBA MOMENTA: BO-HEepBBIX, TO, 4T0 B Beipaskenmu (3.93) wucno
He3aBUCHUMBIX KOHCTauT () PaBIO KPATHOCTH- M KOPHUA A, H, BO-BTO-

pBIX, TO, 9TO pellenua~BHIA pPgi (X) e (i=1, ..., my k=1, .., ]
AelicTBUTEIbHO 00pasyioT (QyHIAMEHTANBHYH CHUCTEMy pelleHHil +ypas-
wenng (3.88). na srtoro morpedyercs Gomlee TouHoe IIpefCTaBIEHHE
© CTPYKType DelleHIIl, OTBEYANINNX KaKAOMy KOPIIO XapaKTePHCTU-
9eCKOTO ypaBHeHHA, deM TO, KoTopoe paercs dopmynoir (3.93). Ile-
pelileM X HOJIYYeNIIO TAKOIO TNpeJCTaBIeHHA., DBymém wmmade Becrti
HyMepanni KOpHeil XapaKTepPHCTHYECKOr0 YyPABHEHHS WM, UTO TO ke
caMoe, XapaKTepHCTHYEeCKIX uHCean MATpumsl A, a HMeHHO OyiaeM
HYMepoBaTh CcOOCTBEHHEBIE BERTOPBL. TeM caMbIM Kamkaoe 3HadeHie A
HYMepyeTcs CTOJIbKO Pa3, CKOJbKO JHHEHHO He3aBHCHMBIX COOCTBEHHBIX
BeKTOpOB eMy otBeuaer. Hampumep, ecam A, oTBeualoT coGcTBeHHEBI®
BERTOPBI  Z(11), %(12)y -+ .y X(1p)s & ks — COGCTBEHHBIE BEKTOPHL (1),
O22)y « ..y %zp,) W T. M., TO GydeM TOBOPHTH, YTO  HMEIOTCHA XapaKTepH-
cn.mecrme qaucna Ay, Agy o .., Aoy )\:p1+1, vevs Ap 4p, M T. A (DU 3TOM
M=...= Apl,lplﬂ =...=M 4P )Ta}m\f 00pazoM, HEMEIOTCA Ay, ...
PN k,, KaKIOMy M3 KOTODBIX OTBedYaeT COOCTBEHIIBIN BEKTOD.

I[anbﬂenmue IOCTPOEHHA OCHOBAHBI LA cJaefylomedl aareGpamue-
CROA TeopeMe, -

T
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j—2
= exp (ApT) {e(h,j_l) + ...+ (]%2)! e(hl)} -
. pi=2

- [e(k,j—l) + ...+ —(j_—z)!eou)} exp (Axz) = 0.

Hrak, rammomy A, (k=1, ..., s) orBewaer ¢, pemenuit Buga
(3.100), n, Taxum obpasom, Bcero mmeercs ¢, +...+ ¢, =n pemenuii:

Yoy e ¥a)yr - Yo « oo Yysag)- (3.101)

Teopema 3.31. Pewenus (3.101) obpasyior gyndamentarshyio cu-
cTeaty peuleHull. -
Horxaszatennctno. [eiticTBuTensno,

. Y (0) = enrys « vy Yingyy O) =gy, k=1, ...,5,

a cornacno teopeme 3.29 cTOAGHBL €(n1)y « .., €(hay) (k=1,...,8) B KO-
auuectBe ¢+ ...+ ¢, =n ABNAITCA AHHeiiHO HE3ABHCHMBIMA H, Cle-
mosateasro, Det W(0)# 0. B cnny teopemsr 3.19 orcioga cnemyer, uto
pemennsa (3.101) nmneiino uesasucumsl, T. e, ofpaayior (pyHmaMeH-
TAJNBUYIO CHCTEMY pelIeHui.

Bepuemcst rtemepnr K mpeskHeil HyMeparMH KOpIeil XapaxkTepuCTH-
YECKOr0 YPABHEHHs, KOTJA HYMEDYIOTCA Dpasjugiible I10 BeJUYUHE A.
Hamaomy A Mmomer oTBesaTh Ieckojibko rpynno peutepmit sna (3.101)
[0 YHCIY OTBEYAINHX 3TOMY A COOCTBeHHBIX BEKTOpPOB, HO o0llee
YHCJO peleHudil B 3THX [PYHIIax PaBHO KpaTHOCTH M xopua A, Tarmu
o0pa3oM, peficTBUTeNbHO, JHHEHHAd KOMOMHALUA pelueHHil, OTBeYal0-
IMHX JaHHOMY" A, ;umeer Bupx (3.93), rae HesaBHCHMBIX KOHCTAnT Oy-
AeT m, Tak Kak unciao pememnmii Tuna (3.101), orsewaromux artomy A,
ecTs m. 3aMeTny, uro, kak Buamo uz (3.100), (3.101), crapmas cre-
nenp auorowienos B (3.93), Boobmie rosops, meHslle, weym m — 1,

IIpu opakTHYecKOM BHIMHMCIeHMH (PYyHAAMEHTANLHOW CHCTEMBI pe-
meHH M0KI0 nonb3oBaThes (3.100), npegsapurensno mafigg Bce cob-
CTBEHHBIE II MPHCOeMHEHUBIE BEKTOPH, HO IPOIIe NOCTYHATh, KaK
yKaszano Bwime, mopctabuas (3.93) B mcxogmoe ypapuenme (3.88)
U BBIJleJ1siA M CBOGORHBIX HeusBecTHBIX Cy; -

|

|

)

\

{ § 8. HocTpoenne pewenna auneiinoro ypasnenns
; B BIji€ CTENEHHOrO PAAA

Jluneitiioe ypasnenne ¢ nocrosHUsDMI Kodduimentami mpeacras-
JsaeT co0oil HEKOTOPBII KJIacc yPaBHENH, IiA KOTOPHX (yuniamen-
TalbHasg CHCTeMa pelleHmii ModieT OBITH BHOUcana aPPerTABHBIM
obpasom. -~

Hak ke crpomtea (yniaMeHTalbHAA CHCTEMA pelleHIi B ofmem
ciyuae ypasnenusg c¢ pepesmenunimu godddunuenramu? I[lens mactos-
mero naparpada — maTe mpeacTasienme o crnocobe nocTpoenmsa $yuna-
MEHTaJAbHOH CHCTeMBl pellenHil, HCHOOAB3YIOMEM TEOPUIO CTEHEeHIIBIX

.
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IlpopaBauBaeM Temepb Ko3(PPuUMENTH NPH OIMHAKOBLIX CTEHEHAX I.
Hmeen

2% a,-2.1=0; orciona a, = 0,

a
z) a,-3:2+ a, = 0; orciona a; = — =, (3.103)

R—2 . ah_a
2" 7)) apk(h—1) +ay_y=0; QICIoNa @y = — g
a3 (3.105) suxmo, uto
1) kooduuHenTH BHAA Q3 BHIPAIKAIOTCA UePes do:
S = = (= f a
3¢g(3g—1) "HTI T T30 (3g—1)...3-2 O

Qazq = —

OpuYeM CaMO0 a, 0CTAETCA HEOUPEeIeIEeNnNbIM,
2) K03 HUUNEHTHl BU/IR (304, BHIPA;KAIOTCA "WEPE3 a4t
. a - (— 1) a
30+l T (34 1)-3g ... 431

IPATEeM CaMO @, 0CTAeTCH HeOoNnpe;esleuHublM, H, HaAKOHNeH,
3) Ko3(D(PHOHEHTH BHIA dsqss BHIPA/RAITCA Uepe3 a,:

— (— 1)q
sa+2 = BT 3q L 1) ...5°4

a, =0,
TaK KaK a, =0,
Hoxoxum a; =1, a, = 0. Hoayaun pag

oo

S (— 1) '
(@) =X age® =1+ N5 at (3.406)
q=0 g=1 :

Ilonaras, manporus, a, =0, a;, =1, noayunu pax

21T, (3.107)

— )4
pa@) = X @ =zt 3 G+ i)-‘d? A3
a=0 g=1

Teopema 3.32. Pader (3.106) u (3.107) crodarca, u onpedeaserivie

umu gynryuu y,(x) w y.(x) obpasyior dyndamenraavnyio cucremny
peweruil ypasnenus (3.102).

JHorasarenbctBo. [eiictBurtensuo, cxogmmocts- pamos (3.106)

u (3.107) asementapHO ycTaHapA@BAaeTCS VA JN0OOTO z, HANPHMEp, O

npusnaky [anaubepa *), u, Takum obpasoM, y,(z) 1 y,(z) ompenenenst

* Havmn B. A, Mosnmaxr 9. I. OcHOBH MaTeMaTHAYECKOro aHANR3a,—
Y. I.— 4-e m3p.— M.: Hayxa, 1982,

.



TIABA 4
KPAEBBIE 3ATAYU

§ 1. ITocranoBKa KpaesbiX 3aJaq H X (dusHYecKoe COfepIRaHIe

B ppeapipymnx rjaBax H3yvenie mndQepeHnuaibHBIX yPABHEH IR
GBiI0 B OCHOBIOM [IOCBALIENo pellefilo NavaipiHoil 3afaid, B KOTO-
poil B KagecTse MOMOJHHTENLUBIX yernosuil  3ajaloTCA  HAYANBHBIC
yCHoBLs, ONpefieliAiolie 3HaTerIl HeH3BeCTHOI (PYyHKOMI H ee Ipo-
U3BOJHBIX HpH (HKCHPOBAHIOM 3HAYEUHH HEe3aBHCHMOK mepeMeHHOIl.
Oamaxo, Kag yKasbiBaloch B . 1, Hawanplple yCIOBHUA HE ABJIANOTCA
eUILICTBEHIIO BO3MO/KHOM (opMOfl FOMOJIHUTENbIBIX ycloBHil, BBIIeNsI-
JOLIIX oNpefelienHoe yacTioe peiienie, Bo mmorux ciydasx B KadecT-
pe MOIOJHHTEeNbHBIX yCJHOBHIl 8aJ1Al0TCA IPANUYAble yCIOBHA, Olpene-
ASIOLIe SHAYeHUA HensBecTHOl (YHKUUA U ee IPOM3BOLHBIX (man
HeKOTOPHIX BHIPA/KEHHIl OT HHX) OPU HECKOJBKHX (PURCHPOBAHHBIX
SHAYENTIAX He3aBHCHMOIO MepeMeHIoro. 3ajauy ompejeleHHs HacTHOTO
pemienna aa@QepenuaTbioro ypasHeHld, yAOBJAeTBOPAIOMEro 3saja-
IBIM CPAHIYHBIM YCIOBHAM, (yeM HasblBaTh KpaeBoil samaquen. lHceae-
joBamme OOIIEX CBOICTB I METOJOB peIlleHHS KPaesblX 3a3a1 H CO-
cTaBigeT cojepsanite HACTOAINeIl TNaBbl, HMPM 3TOM OCHOBHOE BHIMA-
fine GyfeT yAelieHo H3YUEHHIO KPaeBRIX 33724 s IHHEHHBIX audde-
PeHIHANBIBIX YPAaBHEHHUI BTOPOTO MOPAIKA. ‘

K mpaersiv 3ajadam jasn auddepennuaipHBIX ypasnenuit cBosiTCA
MIOrHe MaTemMaTHdeckHme M (uamyeckite sajgaud. Tak, paccMorpeuias
B ra. 1 3ajava ompejesieHIAA COCTOAHNNA CTATHYECKOrOo PAaBHOBECHA 3a-
KPEILIeHHOr0 B TPAHNYHBLIX CEYEHIAX YHPYTOTO CTePHHA ¢ . koadpPpu-
uiertoM ympyroctd k(z) noj peiicTBueM BHeIIHEH CHIBI f(z) cBogurt-
¢s1 K KpaeBoll 3afave -

a0 &)= —1@ v@=0 wp=o0. (4.0

- Anamormano nnd  aMIUINTYABL 1 (X) YCTaHOBHBIUNIXCA TapMoHmte-
CKuX KoJe6apmil 9acTOTHl @ NOJYYNM KPaeBylo 3ajady

Lk %]+ ot @u@ = —1@ w0 =0 u0=0. (&2

3necy p(z)— maotHoCcTh cTep:iHA. B cayuae 3ajamus  peanuuubl
CMeHM(eHHs TPAaHMYHBIX CeYeHMil HJIH 3ajaHus JelcTBYOMHX HA rpa-

HAYHBIe CeYeHUA BHEUIHMX CHJI OJHOPOJHBIE TIpaHuvisbie YCIOBUA

”
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HA3bIBACTCA yCIOBHNEM Repsozo poda; ecin B;=0 (i=1, 2)— ycno-
pieM 67opoeo poda; ecum o; I i OGHOBPEMEHHO OTIHTHEL OT HyJIA —
yCIOBHeM TpeTbe2o podd.

K{paeBbie 3ajiady, B KOTOPBIX HDABAA €acTh YPABHENHA HE paBHa
nyawo, 0yJeM Ua3biBaTh 1te0dHopod1bLNIL  KPAeBBIMHI  3ajavaMii. Pac-
CMOTpenUio 3THX 3aJaY [10CBANLEN § 2 mactofmeil IJaBH. )

Kpaessle 3ajgadull st OJXHOPONHOIO ypasHEHUA C OHOPOATBIMI TPa~
NIYHBIMI  yCJAOBHAMI OyjieM HasbpBaTh 0010 podHBIMI  KPAGBBIMIL 33~
navamu, _

OueBIjHo, 4TO OHOPOAHAs Kpaepas 3ajadva, HampuMep 33jata

Liyl=0, 0<z<], y(0)=0, y(@)=0, (4.10)

BCeTZa IMEeT TO/KIECTBEHNHO DaBHOE HYJI0, TAK HA3bIBAEMOE TPUBUAAL-
noe peurenne y(z)=0. Momer oxazarscd, 4T0 APYrAX pemteHnii 3aia-
ya me -IMeeT. JTO 03HadaeT, 4TO, peilad Ha OTpesxne 0 <z < mazanp-
Hyio 3ajady g ypasHemus L{y]=0 c¢ nasampHBIMH yCIOBHANM!
y(0)=0, y'(0)=y, (B cuny Teopeml CyMIeCcTBOBAHAA pelieHHs Tna-
wanbuofi sagaun — Teopema 3.1 -— Taroe peimenne CymecTByeT i NP
y, 70 He paBuHO TOHIECTBEUNO HyI0), Mbl OPH BCEBO3MOKIBIX 3HA-
vyennax y, 70 moaydmM QyHRRIHIO y(z, yi), odrafawilyio TeM cBOiI-
crroy, uto y(l, y:)7 0. Amamoruinoe HOMORENHe fymer H npH 3aja-
I COOTBETCTBYIONIUX HAUANBIEIX YCAOBHII Ha TPaBOM KOLMNE OTPE3-
ka ¥ MOCTPOEHHI IHHTErpajbHBIX KPHBBIX CIpaBa HaleBo. Hanpuwmep,
samaTa -

y” (2)=0, 0<z<t, y(0)=y(1)=0

[MeeT TOALKO TPHBHAJbLIOE pelieHHe y(z)=0.

Eeau ke npH HEKOTOPOM 3HAaYEHNN 7, 7 0 mocTpoennoe yRa3ammmbIM
crrocoboy pemenne y(x, Ji) HA4YadLbnofl sagawd mpu & = yHoBAeTBO-
preT BTOPOMY FPamHYHOMY YCJOBUIO y(l, 7:)=0, 10 2TO O3HAYAET, HUTO
januas OJHOpofHas Kpaesas 3ajada MOMIMO TPUBHAILIOLO nMeeT ellle
u He paBHOEe TOMECTBEHHO HYJIO pelleHue. Taxoe penieilie 0ZHOPOX-
Hofl KpaeBoil 3ajaqn fygem HAa3BIBATL HETPUEUANBHLLM. OtyeTHM, uTO
B CHIy JIHHelHOCTH 3aJayd B 3TOM Cjydae It dynxnus Cy(r, §,) npa
0G0y suawennm nocrosiHoit C 70 sABiAeTCA HETPUBHAILHBIM peuie-
npeM NAHHON ORHOPOAHOHE 3agatm. Hamnpuep, sagaua

y’ +y=0 0<z<m  y(0)=y(x)=0,

KaK JerKo TPOBEPHTH, IOMHMO TPHBUAILHOrO PEIIEHHA y(z)=0 nveer
1 HeTPUBHAJILHOE perenue y(z)=Csinz.

IIpuBeennble PACCYsKAeHAA CIPABEUINBLL H B CIyIae gosee obmux
rpannyislx yeaopnit (4.9). _

BaskubIM CAydaeM OJUIOPOJIHBIX KPAeBBIX 33faf ABAAOTCA Tak Ma-
apIBaeMble 3adaiu Ha COBCTéEHHLIE 3HAYEHUSR, COCTORIME B Ompejee-
{1 3uavenHil MAPAMETPOB, BXOAsMuX B auddgepernuanbioe ypasHe-
Jilie, P KOTOPHIX CYIIECTBYIOT NeTPHBUAIbHBIE pelleHis OJ{HOPOATIOR
KPaeBoii 3ajadu.
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2. B obmeM ciydae I ypaBHeHUS n-TO TOPAAKA NMPAXONHTCA PAcCMATPHBATH
KpaeBble 3a/laul ¢ TPAHHIHLIMIL YCTOBHAMA Doitee obngero Buaa

Pi(y(0) ooy y0(0), ¥y eeny @) =0, " (414)

rie n — NOpAAOK ypasHenud, a Pi(-) — 3ajanmnie $yaxuan OoT 3maueHnid peie-
HUA M ero JPOM3BOJHHIX B CPAHMYHRIX Toukax. Hanpuwmep, ycaowsim TrIa (4.14)
YIOBJAETBOPAET 3agava ONpejelleHns] HePHOJHIECKAX pelueHui, B KOTOPOH ZOHOJ-
HUTEIbHbIE YCI0BUA HMEIOT BHJ

y(0) =y@), ¥'O =y1), ... y"7H(0) = yb (@), (4.15)

OTMeTM BasKHBIQ 1A HajdbHEIIero CBOMCTBA pemennid ypasHeHHA
{4.8). llyets y(z) ¥ z(x) ymOBIETBOPAIOT yPABHEHHAM

Ll =g [p@ |- 1@y=1@ (4.16)
H"
Liz] = di[ [P (z) g—i] —q(@)z =g (x). (4.17)

Vuuomas (4:16) na z(r), (417) ma y(x) m BHUATAA IIOWIEHHO,
HOAYUNM

WA [P@ v OL P @ L]~ 1@ @ —s@y @ (419
Tar xar |
o (fa-vi)]-
R LCH RIS A r@|EE—2E|
10 (4.18) MosKer OBITH 3anmuCaHO B BHJe

2lp@ (z‘;—?—yj—;)] — @@ —g@y@. (419

910 cooTHOHIeHNe HocuT HassaHme roxdecrea Jlazpanwa. Ero uire-
rpanbuas Qopya nassiBaetea gopuyaot I'puna:

l

0

Y Ll —yL el de = {p@ (: 2~y %))

£

.

(@) 2 (2) — g (4) y (2)) da. (4.20)

=

Y I—

113 Popmyast (4.19) caenyer, uro ecam y(x) u y.(r)— nsa snnei-
HO HEe3aBUCHMBIX PemeHHA OJHOPOAHOTO YypaBHCHMA (f(zx)=g(x)=0)

Lyl =2{r@E]-a@y =0, (4.21)
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OTmeTiM Ccpasy, 4To, B CHIy Jamueiimocrn sapauun (4.26), ma aroro
NIPeANONOeHIA clAeyeT, UTO ecau peuterie Jdanwoi sadauu cywecr-
8yer. TO OHO eQUNCTEEHHO, :

Hama 6ammaiiliag LeJdb 3aKII0YAETCA B JOKa3aTelbCTBe CYHIeCTBO-
paHms -pemlenuA 3ajaun (4.26) npm clenaHHBIX OPEIHONOKEHHAX O
roapdunmentax u mpasoil wacTi ypasuenmua. Ilpm aToM joKasaTent-
CTBO CYIECTBOBANNA PeILEHHA §y;1eT OJHOBPEMEHHO COJepiKaTh M AJro-
PUTM ero KOHCTPYKTHBHOTO NMOCTPOEHIS.

Haupey ¢ masomsanmx coodpaskenuit. Ilpeamonokuy, 9T0 CYINECTBY-
T pemenue zazadn (4.26) nmpH crenuaibHOM cnocobe 3aJaHAA TpaBoOi
9aCTH ypasmenusd, a MMeHHO TIpu (yHKUHH f(x), oramusOft OT HynsA
JIMIIb B &-OKPECTHOCTH HEKOTOPoil (PHKCHPOBAHHOE TOYKM T = E=(0,0):

JO, z<(E—¢,
fa)=1fe(@), E—e<z<<E+ e (4.27)
0, z>=§+eg,
npuaeM (I)yni\'mm fe(x)=0 n
fte
\ fel@) dr =1. (4.28)
§=e

Pemtenne aToit 3amadu 6ylem oGoszmadats ynkomed y.(z, §).
Hurerpupya ypasuenume (4.26) ¢ Tak sagauHoit QyHKumeit f(z) no
orpesky [§— e, &+ e], moayauym
PE+OyE+e H—pE—0yE—eb—
§+e ) E+e
— | 4@ yelz, Hdr= | fo(x)dr=1. (4.29)

E—e E—e

PaceMoTpuy Temeps TpedeabHbii npomecc npu e — 0, mpexnonaras,
g0 (4.29) cmpaseuiiBo IpH ;0G0M € H, Cle0BaTeNIbHO,
t-e
lim | fo(z)dz=1. : (4.30)

€0 £ g

Dymem Ipefmonarath, 4To mpeienbHas QyHRIHA
lim ye (z, &) = G (x, §) (4.31)
z

-0
cymecryer u menpepsisna ma [0, I]. Torna, cosepmias npeesbHbIi
uepexoy npu € >0 B (4.29), monyuuM, YTO NPOH3BORHAA 2 Gz, &)

B TOUKe £ == MOMH{HA UMETH Pa3PHB IEPBOTO POjA, NpHIeM PAHOCTH
NPABOr0 H JEBOr0 IIPefeAbHOTOo 3HAYeHUiT 3TOH ITPOM3BOAHOH B TOUKE
X = £ onpefeNseTCA BbIDAHEHHEM

d d 1
= . —_ 4
16@ 9|, — 269, ~7E (4.32)
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rie C — npoumsBsonpmasa mocrosAmHag. B ciydae CleAaHHOrO NpPeRIOJo-
JReNEsl O CyIIeCTBOBAHUM JNIIp TPHBNAIGHBIX DeIeHAH OHOPOIHOM
KpaeBoii 3ajlavi MOCTPOeHHAA TAakHM oOpasom ¢yuxuma y,(z) He ynoB-
JICTBOPAET IPABOMY CPAHMYHOMY YCJIOBHIO

Yy (1) + Bayy (1) 0. (4.37)

Ananornamsiy 06pasoM mocTporrM YHKOEIO Y. (r), ABIAMYCH pe-
nienmeM OJHOPOJNHOTO YPaBHEHHA, yAOBAETBOPAIOUINM OPABOMy rpanmti-
1HOMY YCIOBHIO

ayys (1) + Bays (1) = O. (4.38)
Jlerko BHIETh, 4TO NOCTPOElHBIE YyKa3aHHBIM o0pasom ¢QyBKOUH yo(x)

¥ y.(z) nuneiino mnesapumcuMbl, [leficTBATenbHO, UpeANONaras nnHen-
LY10 3aBHCHMOCTH yukumit y,(x) n y.(r), Banpumep,

yi(x)=Cy:(x), (4.39)

nolyuuy, 4to y,;(r) YAOBIETBOPAET HPABOMY TPAHMYHOMY YCJIOBHIO,
uro mpormsopeunr (4.37). Mrax, MBI mocTpomul mBa JHHEHHO He3a-

- BHCHMBIX PelieHHA OXHOPOAHOrO ypaBHenums (4.26), xaskgoe U3 KOTO-

PHIX Y/IOBIETBOPAET TOABLKO OJIOMY H3 JBYX OJHODOJHBIX TIPAHNYHBIX
yCIAOBHIL, : ht
Bynex mckats Qynrknmio G(z, &) B Bmje

Clyl(x)7 0<$<§,

G D=\, (1), t<a<l.

(4.40)

fleno, ato mpu atoM Qynkuus (4.40) ymomierBOpsieT OIHOPOANOMY
ypasuenuio (4.26) npu x5 % 1 ONHOPOAHBIM TPAHHYHBIM YCIOBUAM.
Jliig Toro 4TOOBI Y/OBJIETBOPUTH YCJOBHAM HENPEPLIBHOCTH (YHKIMI
G(z, £) n cxauka ee mpomsBogHoi (4.32), ocraercs HAATH HOCTOAH-
usie C, u C; 13 cooTHOMENHIT

Cova®) — Cty (8 =0, Coya(® —Cun(®) =1p®. (44D

Oupepenntenp 3Toil Juneiinofi anre6pauveckoil CUCTEMbl, mpeICTaBIA-
ommi coboit omnpexeanTensr BpoHCKOro nHHeHO He3aBHCHMBIX pelle-
puit y,(x) u y.(z), orauuen or uyns u B cuny (4.22)

A(!/n y2)=C/p(I),

rie noctosnnas C onpenensercs HOPMHUPOBKoil pentennit y,(x) u y.(x).
Otclofa clexyer, urto cucrema (4.41) paspewnma epumuctBeHAnIM ofpa-
soM. Ilogcrasnp mnomyuenusie snawenns C; u C, B (4.40), monyuum
OKONYATEeIbHOe Bhipajkenue ¢yurnuu I'pmua xkpaepoit aamaum (4.26):

¥, (§) y, (x), 0 e<E,

. N
Gz, B)= 12" .
Qy, Gy @), <<y,

(4.42)

8 A. H. TuxonoB H Ap.
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.

evipascaerca Gopmyaol

)

. 1 .
y@ = 6@ viE (4.45)

NoxazareancTno. Jna moKaszateabCTBa TEOPeMbl JOCTATOINO
fieHocpefcTBeHHOH mpoBepKoil ybepurnesa, uto ¢ymxnma y(x), sazad-
Hasg ¢opmyioit (4.45), ynoBIeTBOpAET BCeM YCJIOBHAM OIpeIeselinss
pelenus kpaesoil sajaun (4.26).

JleitcTBuTenbuo, samuniem gopmyry (4.45) B Bupe

x . 1
y@ =6 9@+ 66 HredE,

0

rae Gy(z, §) = %yl ) y2 @), Gy (2, §) = %yz (8) %, () smasores mempe-

PBIBIIBIMH (byllh'uﬂﬂ)lﬂ z U E BMeCTe € INPOH3BOIHBIMH O BTOpOro 10-
pAfKa, npAyeM ycIosAe HempepbIBHOCTI G(x, £) B TOuRE T = § MOKNO
sanucath B Buge G,(§, §)=G:(§, §) wmm

Gi (xv ‘I)= Gz(x, .’E),
a yCJIOBHE CKauKa HPOM3BOJHOM (4.32) — B BH7E
Gz (2, 2) =G (z, 2) = 1/p ().

[onb3yscs aTHMH cooTHOWeHHAMN Meway G, m G, nomyams B pe-
gyapTaTe AU depenipoBanus HHTECPANOB N0 M3BECTURIM npasuam *)

Y (@) =6 @ D@+ |Gz, DIQE— Gy (w, ] (@) +
i x . 1
+§Gne 9r@d=6 e 91O &+ [Cue v &,
o ox 0 ) X .
V(@) = G, D1(0) + | G @, B7(®) dE—
0 .

[}

3 !
= ];,(:3) + 5GZxx (z, 1) &€ + 50;, (x, E) () dE.
0 x

*)y Hasnn B. A, Hosmax . I. OcHOBL MaTCMAaTAYECKOTO aHaInaa.—
Y. [1.— 2-e nay.— M. Hayna, 1954,

8*
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Tpuna. 3amerum, uto ecnu QyHKnuA y(xr) ABIAETCA pelleHHeM Kpae-
Boit 3agagn (4.46), 10 mobaa pyurnug j{zr) suga

)=y (x)+ Coo(z), (4.50)

rae C — Npom3BONBHAA MOCTOSHHAMA, SABIAETCS DPeUIeHHeM TOH ke 3a-
Nadn, TOCKONLKY (YHKIMA @ (z) — PelieHne COOTBETCTBYIOINEH OfHO-
ponmoit 3amauu. Ilosromy, 4rofsl OOpeesuTs eIHACTBeHHOE peLIeHHe
KpaeBO#l 337aYd, ero HAJ0 IOJYHHHTH JONOJHATENLHOMY YCJIOBHIO.
B kawecTse TAKOBOTO MOCTABHM YCJIOBHE OPTOrOHAALHOCTH HCKOMOLO pe-
nieHHs coberBennoi GyHrmmm @, (x):
o
(y@e@de—0. - (4.51)

0

Tloraskem, at0 3amada (4.46), (4.51) moker mMeTh TONBKO OgHO pe-
meune, OueBAIHO, 4TO0 B CHAY JHOHEHHOCTH 3a789d JJIA 3TOFO NOCTATOY-
HO [I0K23aTh, YTO COOTBETCTBYIOINAS ONHODOJHAA 3aada HMEET TOJLKO
TPUBHANLHOE pellienue,

JAemma 4.2.00nopodnas sadaua (4.47), (4.51) uneer Toavko Tpu-
8UAABHOE pewenue.

HJoxazareasctno. llo ycnosuw Bce pemenus ogHOPOIHOIN 3a-
Aatu  (4.47) ppeacraBamel B BHIe Yo(x)=Cq,(x). Ycnosue (4.51)
Jaer

4 !
§ vo (1) 90 (1) dz = € | 92 (2) de =0,

otkyjaa C =0, u neMMa foKkasaHa.

Ilepeitnem k mnoCTpOEHHMIO TaKk HAa3LIBAGMON 0006ujeHHOl HynKIUL
I'puna 3adauu (4.46), “(4.51). Tar xar cylmecTByer HeTpIBHANBLHO®
peuienue OJiopogno# Kpaemoii 3amauu (4.47), TO AaA TOCTpoeHmsA
nysRuoit mam @ynruuu I'puHa OrpaHNYHTLCA TONLKO PeHIEHHAMH OJHO-
poinorg ypasunenus nenp3sa. IlosToMy onpemenus oGofmennyio d)vm(-
umo I'pana G (z, &) kak pemenue ciexylolieil sazaym:

1. G(x, &) ynoBieTsopseT HEOZHOPOOMY YPABHEHHIO

LG (2, 8)] = —o (5) 9o () (4.52)

mpr 0<zr<Emg<r<l
2. G(x, &) ynoBmeTBOPAET TeM ke rpammm,m VCIOBHAM, uYTO H
HCKOMOe pellieAue
G0, §)=G(l, Y= . (453

3. G(z, &) nenpepsisra na {0, l].
4. TlepBaa mpoussonHas aG(x, §) wumeer paspsis mepsoro pona
HPH X = S, OpUYeM BEJNUIHA CKAYKa panna ’

E+0 1
= A5k
G( E) T TE (4.5%)
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6aBUB nUHeiino He3aBICHMOE C @, pelleHre OJHOPORHOrG yPARHEHHA —
$yHRORI0 @, KOTOPasfA, YIOBIETBOPAA OIHOPOAHBIM yciaosmam (4.53),
He MOKeT HX HCmopTHTh, llosToMmy 0600menHyio ¢ynrknuio pmma Gy-
fleM CTPOHNTDL B BH0

Ci0,(2) + Cyp,(2), 0L 2C g,
Cop1 (2) + Cypy (7), E< 2,

up1ompan nocroannsie Cy, (o, C,, C; rax, ato0B yHOBJETBOPUTHL ECEM
yciaoBuaM. Yeaosan (4.53) mawor

®(0)+Ci9(0)=0, o()+C.(l)=0. (4.63)

G(z,8) =0+ { (4.62)

B cuny (4.61) orcroma oanosmauno ompesensiores nocroanusie Cy i Cs.
VYeaosua menpepsiBrocTd pyHrnunm G(zr, §) m CKauka ee NMPOM3BOAHOM
npu £ = ¢ NPHBOIAT K yPABHEHHAM

C;—Ce, )+ (Cy—Cy e, (B) =0,
(C—CYo @+ Ci—Cho®=1/p@.
B cuay (4.60) ara cucTeMa OJHO3HAYHO pa3peNmHMa OTHOCHTENHHO
C,—CinC.—Cy:
Co—Ci=—6o(§), Ci—Csi=0(E). (4.65)

-Bnavesna C, o C, 6siam yike naiensr uz (4.63). Iloxamewm, uto omHm
yrosaetsopaloT (4.65). lpuyennm dopmyny I'puna r dpynkumuam o (r)
H @o(z):

1

§ @0 L10] — 00 Lig,]) dz =

(4.64)

0
1 .
=P @ (0, () 0" (&) — 0 (@ 25 @) |y = — § 9 (@) @ ®) @, (2) d;
OAY YHM ’
—pM oD () + P (0)0(0) 9 (0) = — @, ©). (4.66)
Ho & cuay (4.60)
PO =1e (D, PO (0) =1/, (0), (4.67)
n ma ocmopammu (4.63) ~dopmyna (4.66) mnepexommt B BBHIpArKenue
C,— Cy= —q,(E), cosnanawiee ¢ (4.65). Hrar, €y un C. onmpegenenst
onrosnauno. Buipasus C, wepes Cs us (4.65), nosxyanwm
C.= 0+ @ (E), (4.68)

u nepennimem (4.62) B Buze
Cy9, (2), 0<e<E,

6y =0+ C0@ +{clo! (' 4, 60y 0, B

(4.69)
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I puMep 4.2. PaccMOTpHM KDaeByIo 3ajaty
v +y=fz), I<z<m, y(0) =0, y{n)=0.

$aK JerKo BRIETh, COOTBETCTBYWINAsA ONHOPOAHAsA KpaeBasd 3ajava mMeeT meTpasm-
apHOe pemenwe (oz) = Y2/nsinz (ko3cpdunment ¥2/n BHIGpAH W3 yCaAOBHA HOP-

mupopku (4.48)). TlooroMy pemienue HEOLHOPOIHOH KpaeBoil 3ajadd CymecTsyer
JIMITL TOTAA, KOTa Tpasad 4acTh f(z) YAOBIETBODAET YCJIOBHIO OPTOrOHAJLHO-
cri (4.49)

T
S f(z) sin z dz =0,
0

W 7R Tero, WTOOLI 2TO pelienie IPeNCTABATH MO dopmyne (4.57), nyxaa 06ob-

meEHan @yREIuA Ipuna.
TMepeiines 1k ee mocrpoenno. Haligem wacTHOe peuienue o (z) ypasueaus

2
w"—|—m=——;t—sin§sinx.

DByaeM BCKATH ero B BHIE ® = Az cos z. HemocpeACTBeNHO MOJCTANOBKOA B ypaB-

Helme HafifeM 3madenume mocToAmHOR A= oy sin § w moayumm

w(x) = ;1— (sin &) x cos z.

[ xawecTse WACTHOTO pemIends ONHOPOJNOTO YPARHENAS, ¥e YIOBJIETBOPAIOINCIO
33/l HLIM TPANNYHLIM YCJOBIAM, pribepeM QyHKINO @ (T) = COS Z.
Cornacro (4.62) ofoGmennyio ¢pyuxmuio I'puna paccMaTpHBaeMoil 3ajayu cie-

[yeT HCKaThb B BHIE

Clcosx—{-Casinz, 0L r<E,

1
— ~ (sint
Gz, ) n(sm"’)xcosx_‘_{Czcosz—l—04sinz, <<

TpeGopanfe YIOBAETBOPENHsA TPABMTABIM YCIOBAAM G, &) =0, G(n, §) =
= (0 jaeT ypapicHUA A ONPeAeNIeHUsT NOCTOANNBIX CynCy

G = 0, —8in E — Cy = 0, OTKYAa Cy = 0, Cy = —sin E. '

.

Venopnsa nempepuipuoctd QynKRUAH G(r, &) npu r ==F u ckaduxka ee mpous-
BOMION B BTOH TOYKe ¢ YYETOM RAUJEeTHEIX gnavenuia €, u Co NPHBOAAT K ypasnue-

LM ANA HOCTOANELIX O3 0 Cy:
C,sin E + sin & cos § — Cqsin £E =0,
sin? § 4+ Cycos & — Cycos § =1,
orkyna Cy = C3 + cos E B Buipameune A G(r, £) oprauMaeT suj
0,

1 | . 0
Ty — —— in & _{
Gz, 3) = (simgzcost Cysinz [—- sin £ cos « {- cos £ sin z, £



§ 3 - 3ATAUYNl HA COBCTBLEHHBIE 3AHAYEHIA 123

B pamnoM mpuMepe o0olIenHasn dyusmus Tpuoa G(x, §) mMeer $usndecKuit
CMLICT AMOANTYNBE § YCTARHOBMBIIGXCA KoJeOanmil 3aKpEMNIeRHOr0 Ha KOHIAX yo-
PYTOTO CTEP:RESA TIPH HMEPUOAHTECKOM BIEINTeM B037eficTBIA ¢ pe30HAHCHOH 9acTo-
Toii, KoTOPOE TPeACTaBiAer cofoil cyMAmy cocpeoTouennoii cuis, TPAJIOKEHHON
B TOUKe E, Il CAUTHI, paclpeeleHIofi mo BCeMy CTePHI0 ¢ OJIOTHOCTRIO sin x I am-

nAnTyAcH I sin E.
7

3aMeTHM, HaKoNeI, WTO -Mbl PacCMaTpHBaLM Hleann3EPOBANULIE ciaydail T04Y-
LOT0 BLITIOJHEHIA YCAOBHE  OPTOTOHATLHOCTH aMIUIATYIbl BHEIIHETO BO3IeiicTBHA
aMILTATYfie COOCTBEMNBIX Kxonepanuii. B peanpnbix 3afauax 9TH CTPOrme yCa0BHA,
KK NPABATO, He BLUIOAHFIOTCSH, ITO MOKET NPUBECTH K OUeHDL OONBIINM AMILTHTY-
maM YCTaHOBHBIINXCS KoJe6aumil mpi wacToTe BHEemIero po3meilicTBIs, OIH3KOW
K pesomamcHOf, MW K_HEeCymeCTBOBAHIIO peINeHns paccyaTpruBaeMoil 3azata 0b
yeranoprpuriyest komefamusx. IIpnm 8T0M clellyeT HMETL B BHY, UTO B CJHYVYae
GoNLIIMX aMMIHTY] paccMaTpEBaeMas JATeiinas MaTeMaTHYeCKad MOAE:Ib, gocta-
Touno AZIEKBATHO OMHCHLIBAIOIIAA Majgwie Koiebammd, yie He WPHMeHlUMa K O~
Ha GLITH 3anmeHena Go:iee CA0ARHON Ienunelnoil Moxensio.

§ 3. 3azaun Ha cobcCTBEHNbIEe 3HAYEHIA

B § 1 Opta mocraBleHa 3ajada Ha cobcTBeHHBIE 3MATEHIA, t3AKII0-
vajomasica B ONpeJelleniil TeX 3HAUEHIN rmapaMeTpa A, OPH KOTOPHIX
na [0, 1] cymecTsylOT HeTPHBUAIBIIBIE DeLIENHA OJHOPOIIOTO ypasue-
g

Liyl +hp(2)y(z)=0, (4.73)
y;[OB.’ICTBOpHIO[HHe O TIOPOAITBIM rpadHUYIbIM yCIAOBITAM
oy’ (0)F By (0)=0, = ccay” (1) + By (1) =0 (4.74)

ByneM cuntath, 9T0 (QyIRUHA p(z)>0 wenpeppiBya mna [o, 14,
a B ornomennu KoddPHIHENTOB, BXOJAIMUX B nuddepennmapuplit
onepatop L, BelDONIeHBL Te JKE tpeGosanua, aro u B § 2. Iipn atom
¢ynkuua ['pura rpaesoil 3ajadwi (4.26) cyuecTByeT H ABIAETCA CHM-
MeTpuunoii (pyHruUeil CBONX apryMeHToB. .

Bajagy na codCTBeumble 3NAYEUHA, T. €. 33437y OTLICRAIHA nerpu-
BMAJBHBIX PeINernuii O HOPOJHOTO ypaBHEINA (4.73), yaommersopsaio-
X OAHOPOINBIM PANIYHBIM YCIOBIAM (4.74), wacTo maspIBAIOT 3add-
weii Hlrypana — Jduysusas, a caMu NETPHBHAILILIE pemenus — cobcT-
BeHNBIMH (QyURIUAMH 3TOIl 3aTaqH.

CoGerpennsie QyHELIN 3a1aTH Hitypma — Jlnysusansa ofnamaior ps-
OM 3aMedaTeNBHBIX CBONCTB, KOTOPHIE LIIPOKO HCIOMBL3YIOTCA Xie TO.Tb-
KO [IP¥ PeHIeHMH KPAeBBIX 3ajad aud obpiknoBeHNBIX Au(depeHnaIb-
pHIX ypaBHEnNil, Mo N @PI pelIeHHH KDAeBRIX 3ajad A ypaBHenuit
B WACTHHIX TPON3BOIHHIX, 3 TaKiie A PellelimA MIOTHUX JIPYrHX Ma-
reyaTtHieckux mpobieyM., DBoIBIINHCTBO 3THX CBOICTB MOKHO mpoule
Bcero OKa3aTh IMyTeM CBeleHNsA KpaeBoli 3anaqn (4.73), (474) k nm-
terpaipuoMy ypasmermio (PpenroxbyMa BTOPOrO Pojid € CHMMETPHUNAHIM
sapoM. OHAKO M3ydeHiue HHTETPAJIBHBIX ypasHeniii BHIXOAHT 3a mpe-
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pa $ymKnEIO y.(z) H nponnTerpnpyeM peayanaT no [0, I]. Moaywum

Sldi[ ‘”)d ]Jn(x)dx—jﬁx y,z(x)dx+xn§p(z Y2 (z) dx = 0.
0 (4.78)

IlpeoGpasys mepBEil MUTErpax mo 4acTAM, B CAJY TPAHHYHBIX YCIOBHE
OKOHYATEJNBHO MMOJYyIUM

Sp(x)yn @ dz—jp(x)[ a1 dx+§q<x A dz,  GT9)

4TO H JOKasplBaeT yTRep:KieHue.
4. Cobereennvie dynryuu y.(z) obpasyior na [0, 1] oprozonasvryro
¢ eecom p(x) cucreny {y.(z)):
!

(4@ ym@p@dz =0, netm. (4.80)

JleiicTBATENLHO, TAX KAK KaKIOMY COOCTBEHHOMY B3MAYeHHI0 OTBe-
YaeT TOILKO OfiHA cobGcTeensas QyHKIHA, TO 0CTaeTcsa pPaccMOTPeTh
cayuail, Korga coGcTBennbie QYHRUMHA Yn(Z) B Yu(T) COOTBETCTBYIOT
pasnnuneiM coBCTBEHNBIM SHAYCHHAM Ay 7 Am

amnuiem gaa sTux cobersenuplx PpyHROHN ypaBHeRHsA

L{y] + hap(x)ya=0,  L{ym]+Anp(2)ym=0 (4.81)
m, npumenas gopmyay 'puna, moayums
{

Y un @ L 1yml — v @) L 1yal) dz =

0

1
= (}un — }\'m) j.l/n (.1‘) Ym (-T) o (I) dxr =

= [p @) (40 @) ym @) — ym @) ya @)] Jo. (4.82)

Iloayuennoe Bhipaskenue, odeBHAHO, obpallaetcs B HyJb, Tak Kak ole
codcTBennbie QYHRORU Yn(Z) B Ym(Z) YIOBAETBOPAIOT ONHODOIHBIM
rpapuuiniy ycaosuam (4.74). Tak kak A, 7 M., To oTCIOJa H clefyeT
Hallle yTBep:KjeHHe.

5. Teopzma pasaoncuvocru B. A. Creraosa. Ecau gynryus f(z)
dsuxcdu nenpepwisho dugpepenyupyena na [0, 1| u ydosaersopser
00HOpOOHLIM epanuuHbLy yeaosusarn (4.74), ro ona pasaaecaercs 6 ab-
coatoTHo u pagnomepro cxodswuiica na [0, 1] pad no cobereernvim
gynryuan y,(r) sadawuw (4.73), (4.74)

[ ) = t 1.y (). (4.83)

¥
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unsamu ypasuenua (4.87). WMa ycraHosneHHO# SKBEBANEHTHOCTH Clle-
jyeTr, uro kKpaepadg 3agaua (4.73), (4.74) n unTerpalbEOe ypaBHeHme
(4.87) mMeworT ogHum ¥ Te jKe CoOCTBEeHHBIE 3H39eNUsa M cobcTBenubie
dyurinn, .

Tax wax $yurnns I'pnva G(z, &) aABusgerca cummerpaunoil QyHk-
unefi cBoux aprymentos, aapo —G(z, §)p(E) mnrerpaipmoro ypasHe-
nus (4.87), BooGme rosops, necummerprino. OjHako 2T0 ypaBierHe
JIETKO CBECTM K HHTErPajJbHOMY YPABICHHIO € CHMMETPHYHBIM AIPOM.
JIeitcrutensno, ymuomup (487) ma VYp(x) u ofosmawus v(zr)=
= Vp(x)y(x), nonyuum MuTerpansHoe ypapHeHUE

!
v (@) = H (2, B v E dE (4.88)

[}

¢ CUMMETPHYHBIM fIIPOM
. K (z, §)=—C(z, E)Vp(z)Vp(E). (4.89)

Ouesnpno, kpaesas sagaua (4.73), (4.74) u murterpansnoe ypaBHe-
nue (4.88) umenr ofmme coGCTBeHHBIe 3HAUeNUd A,, & COOTBETCTRYIO-
mue ataM coOcTBenubBIM 3HavYenuaM cobcTReunie Qyuruoa y.(z)
Kpaesoil samaum (4.73), (4.74) m cobcrsennnie $yurumu v, () .mure-
rpaabuoro ypasuenus (4.88) ceasaum cooTHomeHHEM

Yn(x)=va(x)/Vp(2). (4.90)

TeM camblM H3BeCTHBIe N3 TEOPHH NHTETPANBLHBIX YPAaBHEHHHE CBOHACTBA
coBCcTBEHHBIX 3nadenuii ¥ cobcrBenunix (yHKUMIT UuTErpanboore ypas-
nenna DpesrossMa BTOPOro pofia € CUMMETPHYHBIM SAPOM HAIOT BO3-
MOKHOCTh CHl€JaTh 3aKJIIOUEHHEe O CBOHCTBAX COOCTBGHIBIX 3HAYCHNNE W
cobersennelx pynkumi kpaesoid samayn rypma — Jduysnnas,
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HeIXx = (momsTme (PasoBOro mpocTpancTBa ObBUI0 BBememo B ri..1). Ha-
riasafHoe n3o0paskeHne 3fech MOKHO HaTh MiIA ciaydag n=2 (puc. 9).
TpuBnansroe pemeHne B (a30BOM IPOCTPAHCTBE HM300pasKaeTcA TOU-
Kol — HatasoM koopauuat. HepaserctBo (5.8) B pmBymepHoMm cayuae
o3Hadaer, 4T0 (azoBasg TpaexTopus npm !> () gemuUT B Kpyre pagmyca

£ C INEHTPOM B Hadale Koopaumar, a He-. z,
pasercTBo (9.9) — 9T0 HavanbHAA TOUKA
TPAEKTOPHH JIEKHT B Kpyre pamuyca O (e), £

T. €. TPaeKTopuA, HauMHAaLIlaAcad B 6-0k-
pecTHOCTH Hadaja KOODAHHAT, He BHIAOET

03 £-OKPeCTHOCTH Havaja KOOpAMHAT HPH o)

Bcex t>0; B ciy4ae acHMITOTHYECKOI LY
VCTOMYNBOCTH — TPaeKTopnA Opu [ -+ o z,
feckoHeuyHO TpHOMmKaercd K Hadaly

KOODAIHAT.

3aMeganne. Bwmecro toro urober ro-

IMEHHA, 4YACTO TOBOPAT 00  ycTOWYHBOCTH Puc. 9
toukn (0, ..., 0) dasoBoro  mpocrpaHCTBA.

PaccmorpmM cuereMy HABYX JHHEHHHIX OJHOPONHBIX YpaBHeHHH ¢
OOCTOAHHBIME K0d(pdumuneHTaMn

dx .
& _ Az, (5.11)

rae A — nocrosmnasn (2 X 2)-marpuna:

1 %12
A=\, A
21 %22 .

Cucrema (5.11) umeer tpuenaapmoe pemenume z = 0. Bynmem mccie-
noBaTh ero Ha ycroiumBocrh. Ilockonbry pemenne cuctemst (5.11),
YAOBIETBOPAIOIMEE TPON3BONBILIM HATAJNLIbIM YCIOBHAM, BBIIHCHIBAET-
¢ ABHO, TO yCTOHYMBOCTD WJIH HEYyCTOHYHBOCTE TPHBUAJNLHOrO pelleHAs
MO;KHO YCTAaHOBHTH HENOCPeACTBEHHO. B o0mem ciayuae »TOro cienarh
nvenb3d. OgHAaKo peayJabTaTsl, KOTOpBIE Mbl moayuymm miuA (5.11), mox-
CKajKyT HanpaBleHHE HCCAeAOBaHHA 06Iero cayvas.

IMonyunM crasama HeKoTOpbIe BCIIOMOTaTeJbHbIEe HePABEHCTBA.

Cornaceo usnoskennomy B §§ 6 m 7 ra. 3 pewenne x (¢, z,) cHCTeMBI
(5.11), opmEmMaomee HagalbHOe 3HAYENHE I, NpPEACTABAMO B BHJE

z(t, 20) = H (t, 0) 0, (5.12)

rae K (1, 0)=W ) W-(0); W(¢)— dynnamentanpran MaTpHOa, mMe-
IoInasi B KavecTBe CTOAGIOB jBa JHHEHHO HE3aBHCHMLIX peLIelNs:

[¢3 o
(1) At (2)1 Aot -
x(l) = (a(])g) e y . Ty = ((1(2)2) e “., (0.13)

3mecs A, A, — XapakTepHcTHUeckme ducjaa marpunbl 4 (KOpHH Xapaks
9a*
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Izl < 8(e) cupasepanso lzll <e. Mamvmeitmue paccyswpemmsa GyayT
HEeCKOJLKO PasinTaTbcAd B 3aBICHMOCTH OT TOTO, fABJIAIOTCA h¢ meifcTBH-
TeNbHBIMHI IUIH KOMIUIEKCHO conpsskenmbiMu. [lpu feficTBHTETBHHIX A,
JOCTaTOYHO paccmoTperh pemenune x=Cz(,. Ilpu pocratouyno MamoMm
IC|, ouesmmmo, iz, <&(e), mo mepasencrso llzl <<e me momxer Ouith

BRUTONEEHO Ipu Beex !> 0, Tak Kan PN mpn t — oo. Ecam sme M
KOMILTEKCOBIE, TO py = P:=p, Ay =pTig u paccMOTPEM pellenne I ==
= CRez,, Ipm pocratoumo Mmazom [C| mo-mpexuemy llzoll << 8 (e).
BosbMmeM OQNy I3 KOMIOOHEHT 9TOTO pelleris, OTIUTHYI OT TO:RAC-
crBenHoro uyus, mHampumep z,=CPi(t)e™, rne P,(f)— HeroTopas
pUOIEe ompefeNeHHas JmHeliHad KomOmmanms cos ¢ u singt. Quesnp-
10, Z, He ABIAeTcs OrPAHMYEHHBIM TIpH [ — ©, 1 [OITOMY HEPABEHCTBO
lzll < g raxske me MoMeT GLITH BHUIOMHENHBIM IpH Beex t > 0.

3. Ocratocy paccMorTpers ciaydail, korma py=0, p. <0 mam p, =
= p, = 0. Tlocnexnee ozmavaer, 9T0 Ay U As aub0 YHCTO MHAMBIE, N100
pasusie nyaio u kpartosie. B caywae py =0, p, <0 iz 9ucTO MHIIMBIX
A B dopmyre (5.17) p=0, C,=0, rax uro lz(¢, )l < Cllz,ll 1 pe-
[IeHIe ycTOIYNBO 1O TeM e mpHImEaM, 49to m B 1. AcmMurormieckoi
yCTOIYHBOCTH 37€Ch, OJHAKO, y/Ke He Oyner, Tak Kak, OIeBHIHO, Haft-
IYTCA pemIenis, He CTPeMANuecs K HyJIio Ipm f— 0. B cayuae p, =0,
p><<0 Takmym peuremmeM Oyjer, HampHEMep, peurenne BIia z="Cxzy,,
[ KoTOporo mpr jocratodmo maxom |Cl Bemamna llzoll ®ax yrommo
wara, omnaro lzl =const# 0 mpn t->oo. Ilpu umcro MHEMBIX A

ouesngHo, £ =C Rezy, #» 0 opm ¢ — oo,
it Aot "
Eemm sxe M =1),=0, To e ¥ =e? =1, a o — nnneiiasie yuk-

wmu £, B mostomy mepaseuctso Iz (f, z,)ll <e we MO}ieT BEIIONHATHCA
nas Beex ¢>0, 3a MCKIIOUEHNEM TOTO Ciydasl, KOTA BCO Oy BBHIPOK-
naoTes B MHorowiens! myidesoii crememn. Ho ator ciny4ail pearmsyeTcs
aump TpH g, =0, B PelleHne TorAa UMeeT BHA Iy = Zopy T2 = Loz I,
09eBHIHO, ABIACTCH YCTOHUUBEIM, HO e ACHMITOTHYECKH.

Bameuanue. Herpyamo BHmers, ITO IPOBe/leRNSI amaims B 31a-
qmTenbEOI Mepe 0CTAeTCA CHPABETHBHIM N A n-MepHoro exyuarm. Tax
coxpamsgerca omenka (5.15) maa Xy, Hepasencrso (5.16), B roTopoM
H3MEITCA TOABLKO TO, ¥T0 BMecTo Kodddmimenta 2 NMOABHTCA IEKOTO-
pas Beimumma, sapucAmas or n. OcTaHeTcA CIpPaBe/UIMBHIM TepaBeH-
cto (5.18). Herpyamo Bumers TawiKe, 9YTO PACCy KNeHILSA, TPUBEACHHEIO

©

B 1, 2, darTnueckn Ge3 ma3MeHEHII NePEHOCATCA HA n-MepHBIH ciaydai.

TlonBoaA MTOrm, MOMKHO CHENaTh BBHIBOA, UTO TPUBUAAbHOE pellerue
00HOpPOOHOT CUCTeMbL HEAUHEUHBLT ypasHeHull ycroluuso u npurov
acumnroruuecku, ecau Rehi<0 das ecex i, u HeycTouuuso, ecau
Re A > 0 zora 6ul dasn 0dHo20 i. '

‘Tipn maauquy XapakTepHCTHYECKHX THCEN paBHOit Hymo AeiicTBu-
TeJHbHOM 9AaCTHI) CUTYANHs ABIseTcA 60ies CIOKHOIL. TTonoauATeALHBI
aHAJNH3 T0Ka36IBAET, YTO €CAH XapPAKTePHCTHIECKUe THCAA ¢ PaBHBIMA

9 A. H. Tmxcuos u Ap.



8 2] JICCJENOBAHUE 10 NEPBOMY NPUBIMKEHHAIO \ 135

xommoit cncremst (5.19). Kawr Gynmer BHAHO HIKe, 5TO IpeANONOKeHIe
oupasamsaerca. OpHako, mpesmjge deM (OPMYJAIPOBATE COOTBETCTBYIO-
LIYI0 TeopeMy, MOKaKeM JeMMy, COMepiKal(yl0 HEeKOTOpPhe BCOOMOTrA-
TeJbHbIe HEPABEHCTBA, KOTOphle mOTPeOYyIOTCA NPH [0Ka3aTelbCTBE TeO-
pemsbl, B panmpmeiimes, Kaw 3TO HepexKo JeNaeTcA, Bce BcTpedarommuecst
TIONI0JKETeIbHBIe TTOCTOSHHEIE, BeINTAHA KOTOPLHIX He Hrpaer cymiecTBen-
Hoit poaw, Gymem oGo3nadaTh ofHOH m Toil ke Gyksoit C (Tak, B (3.17)
MOMKHO b0 b1 Hamucath lz(t, o)l < (C+ Ct)erlzl u 1. 1.).

Hemma 5.1. Hueror necro caedyrowjue yreepicdenus:

1°. Ilycte y A645€TCA 6eKTOPOM C KOMNOHEHTAMU

n

o1
Y= k); @i () ZTny
=1

20e laqa ()| <a(t). To2da
Iyl <Ca(t)lzl. >

2°, ITycro y R8adeTCA 6EKTOPOM C KOMNOHECHTAMU

n
. Yi= .[E aij (t) 2;xy,
Ji=1

20e la(t)! <a(t). Tozda
Iyl < Ca (1)l
3. ,ZZJmV A10601t napbi 3em01%06 T U Yy cnpagedauso HepageHCTEo
e + gl < € Izl + Iyl

4°, Jlasg arw06oz20 éexTopa Y cnpagediuso HepaBeHCTEo

t ‘ i
[yasl<c (vl e
1]

0

5% Jlas marpuyanra J{t, &) auneiinoli cucremvt (5.22) cnpagedau-
60 HepaseHcT8o

| (8, B) | = |y (t—E,0)] <CelrrPt=9, (5.23),

ede p= max (Rek3), vy — noaoxuresvras noCTOANKAR.
i=1,..40

Noxkaszarteabctno. 1°. YTeepsapuerne ObuI0 [OKAa3aHO JIA JIBY-
mepuoro ciydaa (cm. (5.16)). Jlnsa mpoussombroro n, Kak Obuio yme
oTMedeHO B mpefblylliem naparpade, NOKasaTeIbCTBO IPOBOJXHUTCA IO-
[OGHBIM K6 00pa3oM.

2°. VrBepiKnenne [OKasbIBaeTCA HPH MOMOINA aHAJOTHIHBIX coolhpas
FAGHMH, N0O3TOMY JOKA3ATEIbCTBO OUYCKAGM.

g*
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ypaBieruo (cm. (3.87))
t
= (O 7+ | K, D) R () B, (5.25)
0

PaccyoTpnM HekoTopyo oxpectHocTh Q Toukm z =0 ¢asoBoro mpo-
crpauctsa. llycth gua ounpenenenmoctm Q aagaerca pasemcTsoM lzl <
< K, rpe K — nexoropaa nocroamHaa. Cormacmo nemme 5.1 B odiactm
Q mua R, cnpasemnusa oumeHra IRl <Clzl® u or (5.25) momuo
HepeiTy K HepaBeHCTBY

! .
fzl<Ce™ | + € | &2 |z P, (5.26)

0

rie —a=p-+17. Tak kKak B paccmarpuBaemom ciydae p <0, To mpm
Jl0CTaTOYHO MajoMm y HMeeM o = 0.
PaccymorpuM Teneps BenoMoraTteJbHYI0 CRAIAPHYIO 3a7a4y

% o —az 4 C2, 3(0) = 25> Cl %l (5.27)

310 ypapHeHHme dleMeHTapHo HHTEerpupyercsa (Kak ypaBHEHHO ¢ pas-
JeASIOMIMACH NePEeMeHHBIMHI WIH KaK ypaBHeHHe Beprynnu), u pe-

niepHe HMeeT BU]

azo

- Czy+- (& — Czo) e?”'

drto pemerme Kak HETPYANO BHAETH, 00Jajaer clemyOMHEMHA CBOii-
CTBaMH:

1) 2>0 opu £ =0, eean 2z, AOCTATOIHO MAI0: 2o < &t/C;
oz

2) pus moboro £ >0 mMmeeM 2 << ————2——— =2, M, CIeJ0Ba-
Czp +o— Cz,

TeJLHO, Z < g, eCiIl 2, < g; )
3) z(t)—> 0 opr ¢ — o, ’
Hanumem tenepe miusa z(f) HHTETDAJILHOE YpaBHeHHe IO THAOY
(5.25):

i .
o= zee™ + C [ e Pngg (5.28)
(1}

n cpasumm llzll m z. Y6emumcsa, uro npm £=>0 cmpasefnmBO HepaBeH-
GTBO i
Izl < 2, (5.29)

B cavom peme, mpu {=0 BepaBemctBo (5.29) copaBegnmBo, Tan
Kak, moiaarag B- (D.26) ¢=0, wmonyumm lz,ll< 3z, IIpemmomommm, gTO
[pH HEKOTOPOM 3HAYeHHH t = {, HepaBeHCTBO (5 29) mepecrtaer BBIIOJN-
aarbea m nmeer mecto lz (&)= z(t,). W3 caoiictea 2) ¢ymrnma z(?)
CHeJyeT, W10 HPH JOCTATOTHO MANOM Zo HMeeM Izl < K paa t>0
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A. M. JlamyunoBsim OBIT ITpe[IosReN TaKyke I Apyroit merod. B atoum
MeTOo[¢ 3aJaHHOil clcTeMe YpaBHeHUI comocTaBiaseTcs HeKoTopas
GYHRUIA OT apryMenTos z,, ..., L., Ha3ssaeMas Qyuxmneil Jlaoynora,
M 10 ee CBOMCTBAM MOKIIO [eJaTh BLIBOA 00 YCTOHYNBOCTH peIleHIis.
) IIponamiocTpupyem njeio Meroja Ha npocreiiliies IpuMmepe

dry dl‘2 o -
7=—x1+$2=f1, 7=_'—12=/‘2- (5.30)

Tlo mpepsimymemy MBI 3HAEM, 9TO TPHBUOAALHOE pelllerine 3TOH CHCTeME
yeroiftnuso, Tar Kagr A, = —1<<0, A, = —2 << 0. Opnaro, pis TOro IT06H
yGequTbea B yCTONUIBOCTH TPHBHAJBIOLG pe-
IIeHHA, MOKHO PACCYRIATL H TO-APYTOMY.
Pacesotpum Qymrmumio  V (z, ) = 221 + 3.
dra QyurOma TOJOKITEILHA BCIOAY, KpoOMe
Touru x, =0, 2, =10, rae oHa ofpamaerca B
Hyab. B mpocrpamcTBe INEpPEMEHHBIX Xy, I, V

ypasmenme V = 22} + 3 onpeneasier mapaGo- =
Jon[ ¢ BepIIHHOl B Havake Koopaunar, Jimamn &_J/ 2
ypoBHs 3T0il moBepXHOCTH Ha MiocKoctH (I,
x,) npepcrapiasior codofl smamncH. 3amamuM
npousBoasno Majoe €. [locrpoum Ha miocko-
cra (zy, Z,) KPYyT o, pajmyca €. Bosbmem opuy Puc. 10
I3 JHEMH YPOBHS — 9LIHUOC, NEJHKOM JelKa-
Il BHYTPH Kpyra ,. IlocTpomM gpyroii RpyrT s, MEJTIKOM JIeRaIIil
suyTpn sminnca (pme. 10). Ilyers navambuas Touxa A (Zi,o, Z20) Je-
FRUT BEYTPH ®s.

Pacemorpum ¢yErumi nByx nepemenmnix W(xy, z,)=(gradV, f).
Jlerko BHHETH, YTO €CIH BMECTO Z;, ¥; HOACTABUTH pelieHne z,(t),
x5 (t) cmeremsr (9.30), To modydeHHAA TARIM 06pa30M, dyuxkoasa or ¢

7 ot V(z(t),
2,(t)) Bmoanb Ttpaextopun pemreHnsa cmcremsl (5.30). Ecmu sta mpos
U3BOMHAA BHOJIL TI000il TPAaeKTOPHN, HAUHMHAIIIEHCA B s, HEIONOHHe
TelbHa, TO 3T0 Oydger 03HAYaTh, UTO TaKasg TPAEKTOPHS HEO CMOKET

NOKOEYTh M., TaK Kak HHade Meway t=0 m smavenueMm ! =¢,, npn
KOTOpOM OHa Homafaer Ha TpamNOy ., Haiigercsa snaderume &= t%

A KOTOPOIO g;—,>0, nockoAbRY V{(x, (&), 22(8))>V (21,0, Zz,0).

bz,

Ws

fyger OpemcTaBAATH cO0OH IMOMHYIO IPOH3BOJHYIO

To, 4To HA OfHAa TPAEKTOPHHA, HAUAHAIOIIAACA B ®s HE HORUAAET il
npr opHoM t>( Kpyr ., 03HaYaeT yCTOIMNBOCTh TPHBHAJIBLHOLO pe-
IUeHuA. ’

av -

- Mrag, MBI FOWKHBI TPOBEPHUTE BHAK 7~ BIOXb TPAGKTOPHM. Maa
3TOr0 Haf0 3HATHL CAMY TPAeKTOPHIO. XOTd B JAaHHOOM IpmMepe 3TO’
MOJKHO CeJaTh, HO MeTOf AOJsKeH OGBITh PACCTIHTAH HA CHCTEMY OBINero
BHUMA, IIA KoTopoit z,(t), x,(f) Hexb3d BLHIIHCATH ABHO H TéM CAMBIM
IpOBepHTh HY;KHOe HepaBeHcTBO. IloatoMy Mbr Gymem TpeGoBarh, 1TOGH
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CHOBA 0003HAUNM T(n)), HMEIOIIYIO IIpefet I; OPH 3TOM
~ e, =slzli<K. (5.33)
B cury mempepwiemoctit V(x) mmeem lim V (zny) =V (z). Ho uz 1e-
>0

pasencrsa (5.32) cmegyer, aro lim V (zrpn) =0. Taxkmm ofpasoa,

n—>o00

V{(Z)=0=Z =0, gro nporusopeanTt (5.33).

6) Ilycrs npm Bmimonmenmm HepaseHcTBa V (z)22 e, EN 1A Kakoro
e, mepasenctso lzll = ¢, me Beimommeno. Torga ans mw6oro €)1 Cyme-
CTBYeT Z;,, yHoBaerBopsiomee HepasenctBy lz,l <eq,, B TOo Bpema
Kak V(x4 )= e.. BosbMem wnoclenoBatenbHOCTL £,y —> 0. Eit 6ymer
0TBeIATh NOCIHEAOBATETBNOCTh TOUCK I(n, Tarasg, 410 V (Zin))= €,
a lzal < €@y~ 0. Ho mocnegmee ozmagaer, 910 Z(a — 0. Iloarony,
B cuay menpepwsuoctn V(z), mmeen limV (zpn) =V (0)=0. 1o

n—

¢ apyroit croponst, lim V (zm)>e, . e. 0=>¢, (mpormsopeune).

Hn—-o00

Teopema 5.2 (06 ycrodnueocru). Iycre ¢ Q cywecrsyer Henpe-
PBlEHAs 8MECTE C UACTHBIMUL NPOU3ECOHBIMUL NEp802o NOpAdka noaoxcu-
Teabno onpedeaennan gynryus V{(x) raras, uro GyHryus

Wz, t)=(grad V, / (, z})
ydosaeTeopseT HepasencTey
Wz t)<0 dun t>0, 29, (5.34)

Toeda rpusuasvroe pewenue cucremwvrt (5.31) ycrolduuso.

Howrasateascrso. 3agamum miodoe &>0. Jlemma 5.2 obecne-
qupaeT (HOJOKHM €; =g€) cylmecTBOBadme ¢€,(g) TaKoTO, 4TO [
lzll = ¢ umeem V(z)>e,. Nanee, B cuny penpepeisEocTE V(x) (mpnt
z=0) cymecrByer &,(e,)=208(e) rtawoe, aro mpu lzll <& mmeen
Vi(z)<< e, /2

Bospuem mavaabryo Touky Z(0)=2, B 8-cdepe w, ¢aszosoro mpo-
cTpaiicTha mepeMmenustx z (puc. 11 RarmAgHO FIAIOCTPHPYET CHTYANHIO
ma neyMepHOM caydae), T. e. mycth Iz (0)l < 8. Torga V(z(0))<e./2.
Hymuo moxasath, 470 TpaeKTopus ocrafiercs Aas Bcex ¢ >0 B e-cepe

"o, (cm. (5.8)).

IIpennosossuM NUPOTHBHOE, T. €. UTO TPAEKTOPUA TPH HEKOTODOM
t =1¢, noxmmer w. (ocraBasgch B Q). Torma V(x(#))= e, lmeey, Ta-
KuM obOpason,

-

V() —V(@0)=e—3=5>0. (5.35)
Ho ¢ gpyrofi ¢cTopoHBH, ’

V)=V Eo) =5 n=(madV, G) 6=

=%

= (grad V, [f(&*, =@, =W(z(*), 14,0 0 <Ly, (3.36)
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Boapyew V (z)= 3z3-- 223. Torma W (s, ) = — 6z} sin® 2 — 4z§ < 0.CrepoBarcine

HO, 10 TeopeMe 5.2 TPHBHAJNLHOE pemieHme ycToifumso. Teopema 3.4 sgeck orpera
He JaeT, TAaK K&K XapaKTepUCTI9eCKAe 9HCIa MATPHIOL LepBOro upmbammennd
ABJAIOTCS YUCTO MHIIMDIMH,

MosrHO HCHONB30BATH ANATOTHTHBI® HEH MAJIA RKOKABATEABCTBA He-
yeToitunsocTnn TpuBuaiproro pemenna cucreMst (5.31). Takoro poaa
TeopeMbl BIEPBBle OBUIH TPEIOKeHBI z,
H. I'. YeraessiMm, Mu npmBegeM 3gech
npocrefimiyii BapHaHT TeopeMEl O He-

YCTOHIHBOCTIL.

Teopema 5.4 (0 neycroliwusocru).

Iycte 8 Q cywecreyer HenpepbléHas /
8MECTE ¢ HACTHHIMU RPOUSBOOHLIMU nep- ‘
8020 nopadka gynryus V(x) rakasn, uro

a) ¢ 410601 8-0kpecTHOCTU Gy HAYLALQ
KoopOunar cyuecrsyer Touka I, 8 KOTO- g
poii V{(z)>0 (u, caedosareavro,obracty,
6 roropoi V{z)>a, e2de o >0 — Hexro-
TOPOE YHUCLO0),

6) 0as awbozo o >0 cywyecrsyer B>
>0 Takoe, 4ro U3 ycaosui r <€ w, (M, —
HEKOTOpas E£-0KPECTHOCTL Hawaaa koopduwar), V(z)=a caedyer He-
pasencreo Wz, t)=(grad V, (¢, z)) = B, cnpasedaueoe npu scex t =0,

Tozda Tpusuasvioe pewenue cucrenst (5.31) neycrotuuso.

JlokasaTexbcTBY TeopeMbl IIpejnolnesM npuxep. PaccMoTpuM cmeTe-
My BHJA

Zr

Parc, 12

o,
dt

d.r2

4 2
=%, g = T

Bosemem V(z)=z,x,. OueBunso, B m06080 w, cymectByer Toaxa (ie-
malas, HaOpuUMep, B IepBOM KBagpaHTe), r@e V =ax,x,>0. Ilyern
HauaJIbHAA TOTKA TAKOBA, 4T0 £{Z) = & > 0. Ha pme. 12 samrpuxosana
%
gacTh (0 Kpyra ., BbIfledgeMas rumepboxoil z,x, =0, B Koropoil
: [+
V = a. O4eBujiHoO, B ®; CIpaBeIIBO HePABEHCTBO ) + 73> 2%, 1. e.
lzl = Y2a. Torma, B cmiy aemmsl 5.2, cymecrsyer y >0 Ttaxoe, 4TO
4’ 2 N
xy + x{ >V u, cnegoarensno, Wz, t) = ay =p. Ilo Teopems 5.4 moin-
HO TeM- CaMBIM BAKIIYHTh O HEYCTOHYIHBOCTH TPHUBHUAJLHOLO PEIICHHA,
Teopema 5.1 (cm. samedaHme) B aToM caydae He paGoraer, Tak Kak Bce
aJeMeNnTsl MATPHIBL NEPBOTO HPUGIHKEHNsA PABHEI HYJIIO.
JloraszaTeascTBO TeopeMsl 5.4 upoBexeM oT mpormsHoro, Ilpen-
TIOJNORIIM, 9TO TPHBHAILHO® pelneHme yoroiamso. Torma pmas mwodoro
e >0 cymecreyer O(e) rawoe, uro lz(t)l<e pmua t>0, ecan
lz (0) < 8(e). Tar kaw mo yciosHio a) TeopeMH 5.4 B @s HaiimeTcs
TOYKA Z, Takaf, 4T0 V(Z,)>> @, BosbMeM ee 3a HadaabHYR: r(0)=x,.
V6emumes, ato mpir Beex ¢=> 0 cupasefnmo mepaseHctso V(z(t))> a.



N\ ”
§ 4] TPAEKTOPHH B OKPECTHOCTH TOYKH IIOKOA 140

MO# ypaBHeHnit ¢ mocroanHeIMH Kodpduumenrtamu (5.11)1
a

d: — Az, A= (‘111 12). (.39)

Q1 Ty

Jdra cucrema o6najaer TPHUBHMANBLHEMM pewenmeM =0, z;=0. C kn-
HEMATHIECKOIl TOYRH 3PeHHA 3TO COCTOSAHNE IIOKOA, I0ITOMY OTBEUAIO-
masa sromy peineruio Togxa (0, 0) dazoBoll mIocKocTM HaspiBaerca
TOUKOU NOKOA.

JameriM, 4To (asorylo Ttpaexropuio cmerembl (5.39) mosxEo pac-

CMAaTPHBATh KAR UATErPATBHYIO KDPIBYIO YPaBHEHHUA
&yt %% (5.40)
ary 4y ey, '
B rouxe (0, 0) mpasas wacts ypaBrenus (5.40) paspmisma, T. e. Hapy-
LIEHO YCJIOBHe TeopeMhl CYIIeCTBOBAHHA H eAHHCTBeHHOCTH. ToTHa
(0,0) sBasgerca cormacmo TEPMHIIOIOTMH I, 2 ocoboit Touroii. Iloato-
My anpuopn uepe3 toury (0, 0) MoKeTr He mpoxomuTh BN ofHOil HA-
TerpajpHOli KpuBoit ypasmenusa (5.40), a TarKe MoKeT UPOXOOHTH
6omee onmoil m pame GECKOHETHO MHOIO HHTETDAJbHBIX KPUBHIX:

Rar Oyger nokasailo, pacliolioyKeHIe TPaeKTOPHH B - OKPecTHOCTH
rourn (0, 0) ompegensercs, KAk M CBOHCTBO ee YCTONYHBOCTE WK He-
YCTOMTUBOCTH, XapaKTePHCTHISCKHMH YHCaaMI MaTpansl 4.

Paccmorpum pasubie cayvai.

a) Ilycrs xapaxrepmcTndeckme wumcaa Ay B A, HelCTBHTENLIEH, pa3-
Jmunel B oofHoro 3Hara. [lomosxuMm mias ompepememHocTtn, 910 A, <Ay <
< 0.' B atom cayvae pemenue CHCTEMBI (5.39) mmeer Bupg (cm. § 7

1. 3)

z=C ame "+, a<2)e : (5.41)
Fin

TAE Qg = (a ) — HEKOTOPHIE NOCTOSTHHBI® CTOJOI(BI — COOCTBEHNEIO
(i)2
BEKTODBL MATPHIOB A, oTBegaiolgme cOOCTBEHHBHIM 3sHadeHusiM A (i==
=1, 2) Touka (0,0) aBngercsa cormacuo teopeme o.1 acHMUOTOTHYIECKH
yeroituusoit, u x — 0 upn ¢ — oo, IIccnenyeM XapaKTep IPHONHKEHNA
Honee noapoduo. lImeenm
X Ayt
1 2
dry _ CiA%ee - 1 Cohy®g)e¢

dr Xt AT
L Cihogye t T Cohyagye ®

Orcroma supuo, 410 ecau C, %0, 1o

T lim d_I2_ _ F(1)2

- ?

, 100 8Ty %y
T. €. BCe HATErpajbLHble TPAaeKTOpHU, KpoMe onHolt, orevamel C, =0,
exogar B (0, 0) c obmpeit KacarenbHOH, ypaBHeHme KOTODPOIT x =T,

L(1)a

X(in

z; (o6osnauum ee I). 3amerum, uto mpaMasa I cama ABAAETCA
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Touka mOKos, OTBEYANOINAS CHYIal0 HeHCTBATENbHBIX XapAKTePHCTH-
9eCKHX YHCeJ IPOTHBONOJOMHOTO 3HaKa, HaspBaered cedaom. Cedao
ABAAETCA  HEYCTOUUUBOU  TOUKOU
noxos. . Z,

Tpaerrtopnr I n II, mpoxogamire
Yepes cemi0, HA3LIBAIOTCA Cenapd-

TPUCAMU. \
B) IlyeTp xaparrtepucTHUECKH® : I
gucaa Marpumbkt 4 — KOMOJIEKCHBIe,

B cmany pedicrrurenpHocTn 4 oHE ] Z
OYAYT KOMIUIEKCHO CONPSKEHHBIMM, \\

T, 6. A = 7»: = ). CooTBercrByIo-
e KOMIOHEHTHI COBCTBEHIEIX BEK- I

TOPOB oy, OYAYT TaKIKe KOMILIEKCHO * Puc. 14
COOpPSIMEHHBIMA, 8 TAK KaK MBI pac-

CcMaTpPHEaeM [eHCTBHTEJbHBle pelleHHs, TO H TPOW3BOJBHBEE IIOCTOMH-
HbIe JOMMHBI OBITH KOMINIEKCHO CONPKeNMHuMU. Takum o6pazoM,

o, * L] . * *
z, = Cae™ + Craje™,  z, = Cae™ + Crajet™.  (5.42)

TMogcrasasa cioga A= p+ig, MokHO IpeobpasoBaTh 3TH BEIpaske-
HUA K BHIY

z, =e?" (2cccos gt — 2B sin gt), 2. = e?'(2ycos gt — 28 sin gl),
(5.43)

rae oo = Re (Cay), p=1Im (Ca,), ¥ =Re (Ca,), § =Im (Ca,). Orcropa
AMeeM

p? = 2% + 1] = e*" [(2a.cos gt — 2P singt)? + (2y cos gt — 28 singt)?].

Ecim p=0 (xapakTepucTHUeCKHe dNCJa — HCTO MIUHMEIE), TO Xy,
Z, M O ABJSAIOTCA THepHomHYecKiumMa QyHKIAAMA
t nepuoga 2m/q¢. 9T0 3HAYHT, UTO Kaxkpomy C
Ha aszoBOIl UIOCKOCTH OTBEYaeT HEKoTopas
3aMKHYTaA KPHBAfd. T KPUBHE HE Iepecera-
0TCA, TAK Kak BCIOAy, kpome toukm (0, 0),
pzn) mia (5.40) CTpaBefiiBa TEOPeMa eNIHCTBeH-
. ¥, Hoctn (pmc. 15).

Donee meranbHoe IicciiefloBAHWE IIOKA3BIBA-
eT, 4TO B3aMKHYTHEe KPHBBEE, O KOTOPHIX WIOET
peus, ABAAIOTCA onamOocaMn. B camom fene,

onpeneanTellb
Prc. 13 20 _26

2y —25'7/:'0"

B TIIPOTHBHOM CJydae CYIIeCTBOBAJO OBl pelleHHe BUAA Z; = arl, (a Be-
mecTteernoe). Tak Kak x, u z, Belpaskatotca 1o opmynam (5.42), 1o

o u A¥t
U3 pPAaBEHCTBA Iy = ar; B CUJy JIAHOMHOH HE3ABUCHMOCTH e u e

Z
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ctm m3obpaskaercss Toukoif. Touxi $a30Boil IIOCKOCTH, OTBEUAIOIIUE
peleHHsAM BIA Ty = T;= CONSt, HABBIBAIOTCA TOURAMU noxosa. Cootpet-
cTByMOIell 3aMEHOIl TepeMeHHbX KKAYI TOURY HOKOA MOMRHO mepe-
pectr B Hauato Koopammar. Torma, ecan fi mpeacTaBmMa B RIS (5.20),
1o cucrema mepsoro mpubmmkenns (5.22) copmagaer ¢ (5.39).

Cornacmo TteopeMe 5.1 B ciayiae Re A 55 0 ycroilunBOCTHL IIN HEYCTOHIHBOCTD
rourm (0, 0) cucTemsr (5.19) oBeCIeunBAGTCA TEMH jke caMbIME TPeGOBaHHAMA
Ha A, KOTOpble 00eCHeUunBaloT yCcTOfiYEBOCTD KN ReyCTOHINBOCTE TOIRK (0, 0) nan
CECTEeMBbl MePBOTO NPBOIHIKEenNs (5.22), 1. €. unensl Ry HE BAUANT HA yetTo#nn-
BOCTH IIH BeycrofiumsocTh TouKE (0, 0). Yto KacaeTcsl pPaCHOIOEHIA TpaeKkTOpHii,
10 TOYHOe ACCAEOBaHHeX) IOKashBaeT, IO UPN HALMTIRM yana, cefia wiam (o-
Kyca y edctenini (5.22) (0 BERX ITHX CIVIAAX Re A 5= 0) KaueCTBeHHBIR XapaxTep
PACIONOKEHIA TPAEKTOPUIl CLCTEMBI (5.19) B pmocTarovuno MaJloii ORpEeCTOOCTE TOU-
kn (0, 0) GymeT TeM e CAMBIM. Ecan sxe B touxe (0, 0) cucrema (5.22) mmeer
MeETp, TO 6e3 AOMOJHHTEALHOTO HCCASfOBALMA WIeloB R (2): -0 XapaKrepe pacno-
JIOYKEHHSA TPACGKTOPIL CHCTEMbI (5.19) EmUero cKasaTh HEIb3dA.

9. Ticcmenopanne pACIONOIKEHIA TPAGRTOPH B OKPECTHOCTH TOIEeK
[OKOA MaeT HeKoTOPYH MHQOPMAIIHIO OTHOCITEIBHO pacmonokenus ga-
B0BBLIX TPAeKTOPHil Ha BCeil MI0CKOCTH, HO, KOHETHO,
noXHOro peflenusa »Toil CAOMKHOM rao6anbHoil sagadn
me maet.

Ins maydeHns KapTHHb Ha dazoBoli NAOCKOCTH,
mnu, kak HHOrAa roBopsAT, (asoBOro noprpera crcTe:
mpl (5.19), BajkHO mCCAENOBATH HE TOALKO TOUKH
mokosi. Hepemko BCTpedaoTcsl 3aMRHYTbie TPAGKTO
pun (3aMKHyTas TPaeKTOpua oO3madaer nepuonx4e-
cKoe IBIKelHEe), 0OJajaloNiie TeM CBOHCTBOM, 9T0
B OKPECTHOCTH TAKIX TpaeKTOpPHil meT ApYTux 3a- pue. 17
MKHYTHIX TpaekTopmif, a BCe TPAEKTOPHI EKak (1338
(TAMATBIBAIOTCA» HA DTY €IUICTBEHHYI0 BAMKHYTYI0 TPaeKTODHIO, KOTO-
paA noayunia Ha3BaHne npedeabrozo Yukaa, M, Hao00POT, «CMATHI-
paroTcs» ¢ mee. llpefesbibie OHIUJIBL, TARIM oGpasoMm Moryr OBITL yC-
ToMYNBAIME H IeycToiiumpeiMm (Ha pHC. 17 m3o06pasken yCTOHIABBIHA
npenenpusti muka). Hecaepopamize mpejebHBIX OUKIOB BAKHO TAKIKC
¢ TOUYKH 3PemHA CyIecTBOBANIs yCTOMUMIBLIX ITEPHOMIIECKIX PERAMOB
B (PI3NIECKIX CICTEMaX.

Hanpuruep, cuacreMa

dx N dz, e ‘
#:-xl(]/x1+xz—a)—xz, E—:—xz(l/xl—kxz——a)-l—xl
(5.44)

o 2 "2
mMeer TouKy Tokos zy =0, Z,= 0 n mpefeabHEI HUKI I + X3 = at.

B cylmecTBOBAHHI TAKOTO MUKIA JIETKO yOeRuTHCA, Hepe#jisd K OOJAPHBIM

*) Car, mampmumep, JL C. Hontparumn «O0HKAOBEHHEIE naddeperamanhaLe
ypapuerm (5-€ H3R.— M.: Hayka, 1983), § 30.

10 A. 0. Tuxouos 1 Hp.



TIIABAGS

YHCJIEAHALIE METO/ibl PEIIEHIIA OBBIKHOBEHHBIX
THOOEPEHINAJIBHBIX YPABHEHIII

Tlpu mpakTHYECKOM pemienmd sajad [ili 06bikEOBeRERX Anddepens

, NuaibHBIX ypaBHeHml, Kax OpPaBHIO, He YHAETCA TOJY4YUTh pelleHue
B KBAJpaTypax, BHIDajkeHHOe depe3 dIeMeHTADHRIC A COeNAIbHDIO
¢pyukmur (ompeneaeHHOE MCKAOTEHMS COCTABIAIOT JmEeilHBIE ypasHe-

« BUS, DACCMOTPeHEBIe B T 3). B To ke BpeMA KHTeHCHBHO® MHpHMe-
menme nE(QepeHIUATBHBIX YPAaBHeHHH B KadecIse MaTeMaTHIecKHX
MoJesieli MHUPOKOTO KPYTa ecTeCTBEeHHO-HAYTHBIX samaud Tpebyer paspa-

GoTKW METONOB HX MCCIENOBAHI, MO3BOJAIOMAX HOIYIHTD C JOCTATOY-

1ol TOYHOCTHIO YHCIOBHIE XAPAKTEPHCTHRH paccMaTpmBaeMoii 3afadiL.
Hamuboree shPeKTHBHBIMA B[eCh ORA3bIBAIOTCA ypcJaeHnble MeTONBL.
Baarogapa GypHOMY pPasBHTHIO OIEKTPOHHOM BHIYMCIUTENBHON TOXHNKI
mCTeHHBE METOXH HAXOAAT MAPOKoe NpHMEHEnune: B paBIAIHBIX 00-

| JaCTHX MATEMATHKH ¥ ee IPHIOKeHHAX, B YAaCTHOCTI, M OpH pemIeHin
oGpIkEoBeHEHX AuddepennuaIbHbIX ypasHeHnit. 3a mocieniuee BPeMA

l OSBUIOCH NOCTATOYHO 00JBINOE KOIMIECTBO yaeSusx mocoOuif, MOCBsI-
menEnx aTolt mpobaeme *). B macrosmeil raape OymyT W3JOMKEHBI
|
|

Jqumy mpocTefilime BOMPOCH, OTHOCAMUECH K guCcIeHABIM MeTOXaM pe-
menns 06bKHOBeHHbX Au(pdepeHnuanbHbX ypaBHeHMIL.

§ 1. PasHocTHbIE METONHI PELIeHIA HavajdbHOI 3aayn

1. Pasnocrnaa exema. IlonaTne cXOMIMOCTIH. HanGonee pacupocTpa-

4 pennpiME B 9(QEKTHBHBIMI THCIEHHBIMI METOaMH DpemeHns MHOTHX
MaTeMATHUECKHX 3ajad #, B TaCTHOCTH, HadajbHBIX B KDaeBbIX 3afad
mist maddepeRnAANbOBIX ypaBHeHn#t FBIAINTCA TaK HasbpiBaeMble pas-
HoCTHBIe METONBI, B OCHOBE KOTOPBIX JIERAT paccMOTpeHIe KOHEeTHO-
pasaocmoi’x 3anadnm BMECTO pexonHoi qu)(bepeﬂunanwoﬁ gagagd, Ilo<
coeqEAs mpefcrasiger coboif  3ajaly oTHOCHTENbHO OONBIIOre, HO
KOHEYHOro UHCHA HEH3BECTHHIX, ABIAIMIXCA agageHnaAME (QyEKIHA
KECKPeTHOro apryMenTa, ompenejesHoll B TOYKaX pasbmenna oTpe3Ka
mrrerpupopannda. Eceam 3naveHis aroit pynmmu GIESKN K 3HATSHHAM
TOYHOTO pelleHns mexonHoil 3aja¥d B COOTBETCTBYHIUX TOYKAX, TO

*) CM., mampmMep, A. A Camapcrmit «Bsefeane B quCcAeHHbe MEeTOJBI»
(M.: Haygra, 1982); T. W Mapuyk «Merous BHIYACIHATENLHOA MaTeMaTHKEY (M.:
Hayxka, 1977); H. C. BaxBaixoBs «Umenennse meTomsn (M.: Hayxa, 1975) = zp.

10*
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TlycTts auddepeHnnanpnas 3afata UMeeT BHL
Ly =o(x). ' (6.2)

Baecy coMBonoM L Gyrem oGo3mauaTh He TONbKO 3afaHHe yPaBHeHHA,
Ho H 3ajalige AONOJHATEILHBIX, HalpuMep, HAYANbHBIX HIH KPACBHIX
ycaoBHii, 3a0MCAHHOe B OHpeJeJeHHOM IOPANKeE. Yepea ¢(r) obozua-
9eHH! KaK NpaBasd 9acTh yPaBHEHHA, TaK H NPABbe FAaCTH AODOTHHTENB-
HBIX yCHOBHH, 3amHcaEHbBie B COOTBeTCTByonem mnopsaxe. Tak, samada -
(6.1) Moyker GBITH 3amHCAHA B BHAE :

d
Ly—=|z¥ /@l {0}= o (). (6.3)
-y (%) Yo
CoOTBETCTBYIONIYIO pPA3HOCTHYIO 3ajady OyjeM 3alHCHBATH B BIAE
Lhuh == On, (64)

rae "epes L, oGoazmadaeTca 3ajaEue DAa3HOCTHOrO YyPaBHEHHA H OTBE-
Yafol(nXx emy AOTMOMHNTENBHBIX YCIOBHI, a dYepes @n — T00HbIE dan-
Hble 3ajadi, T. €. 3HAYEHNA CETOYHOM (yHKmum fr» — mpaBoil wacTH pas-
HOCTHOTO ypaBHEHISA,— B COBOKYHNHOCTH ¢ NPABBIMI YACTAMHA [OMOJHH-
TCABHBLIX yCIOBIIL

Banaua ompefedeHus ceTOYHBIX QYHKONI u, M0MKHa OBITH OCTAB-
Jena Tak, 9TO0Ll NIpH cTpeMJIEHEH IIara kb ceTKm K HyINI0 ceTouHbie
YHKOUN CXOAWINCH B ONPEJENeHHOM CMBICIE K TOTHOMY peIleHilo
pexofsoil sagaun (6.3).

Hana ompefeienns cXOAAMOCTH ceMelicTBa ceTOYHBIX (QyHKORI K pe-
HieNiio meXofgHoil sajaunm B mpocTpamcTBe {va) cerodwmBIX Qymrnuil me-
06X0MEMO 3a1aTh pAcCTOSHNE MEKAY OTHNbHBIMN (QYHKIEAMH Kak
nopMmy nx pasmocrn. [lonATne HOPMBI B HPOCTPANCTBE CETOYHBIX $yHK-
il MO:RHO BBecTH mo-pasuoMy. Uamie Bcero HCHOIB3YeTCA TaKk Ha3bl-
paeytag pasHoMepHAs unu uEbblwéeckas HopMa, ompejelNseMad Bbipa-
JReHgeM

loa] =max|v;f, =01, ..., n (6.5)

B page ciyuaes IpuUMeHAeTCA Cpeduersadparuunas (euavbeprosa)

HOpMA
n—1 1/2
- onle, = (;0 U%Pihi> ’ (6.6)

rfie Qi — 3ajaHObie BECOBHIE ko3 punuenTsl. B HeKOTODHIX CIaydasx
IpIMENAOTCSA B APYrHe HOPMBI, HANPUMep dHepreTHiIeckue.

Onpedeaenue. Bydem ecosoputvb, uTo cemeilcreo ceTou-
noix gynkyui {u crodurcas K TOUHOMY pewenul
y(x) ucxodnoi sadauu, ecau

limfun — (yl] =0, (6.7)
h—>Q
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OuennM Temepp NOPAIOK CXOANMOCTH IIpH h— 0 mociemoBarelib-
HOCTH CeTOYHBIX (PYHKIMMA, HOCTPOSHHBIX IO pasHoCTHOH cXeMe diinepa,
HONB3YACH ONATH-TAKM PE3yAbTATaAMH W METoAaMu I 2. B rn. 2 6w110
0Ka3ano, 9T0 KaK pelfeHHe nuddepenmnuansuoit (6.3), Tar m permienne
pasmocTnoit (6.9) sajgaum ompejleNeibl Ha CEIrMEHTe [zo, X] m mHe BbHI-
xonar ma obmactn D, rme samasa ¢pymrmus f(z, y). Oycers f(z, y) He-
upepsiBua B ofnacti D 10 COBOKYNHOCTH apryMeHTOB H YROBIETBOPSAOT
ycaosmio JIUTIUNNA 1O Ka/KAOMY U3 HepeMeHHBIX, T. . HycTh HMeI0T
Mecto omenxu ((z, y) =D, M u N ue sasucar o1 Z, y).

‘f(xv y)l<]”1 lf(xh y)_f(xzy y)l<le1_1'zl,
lf(.’l?, Y1) — f(z, yZ)‘ <N‘yi—‘yz‘-

B nanbieiimiey, Hccaexys ApyTiie DasHOCTHbIE CXeMbl JUIA 3alatn
(6.3), M1 OymeM npednoaazars, UTO perienne pasHOCTHOIl 3aja4u HE
puIxoAHT 13 D. -

Hrak, omesHEM paslocTh MERAY cerTouHoii (pynrnmeil, orsedawmeil
tounomy pemenutwo sapaum (6.1), n ceTounoli (ynrumei, mocTpoeHHOI
mo pasnoctHOI cxewme Jiizepa. Jlias sTOTO [OCTAaTOTHO OLEHUTH pas-
HOCTb. MKy TOYHBIM pelrenueM y(z) samasn (6.1) m momamoii Jitnepa

T(m (Z), KOTOpAA YIOBIETBODSET YPABHEHNIO U HAYAILHOMY YCIOBHIO

.- dg n _ .
—2 — @ Yy @) =0, T e Tigy, Yom (T)) = Yoo (6:11)

(6.10)

CocTaBEM pasmocTb 2z(r) Me/RNYy TOYHBIM pellenmeMm y{z) ucxopmoil
sagaun (6.1) m momauoii Jitmepa Geny (2):

2(2) =y (2) = yom (). (6.12)
B cuay (6.1), (6.11), (6.12) moayamy
L@y @) —f (@ Y @), 2@ =0 (613

OnenuM Opasylo 1acTh (6.13), moaB3yACh yCIOBUAMA (6.10). Tar rar
f@, v (@)= (@0 Fou (2))=f(2, y(2))— (20 y(2))T

+ f(zq y(2)) = 1{Zs Yemy (x))+ (x5 Gy (x))—-”f(xi, Jom (x3)),
10 coraacno obozuadenmio (6.12) mpm i S T S Tigy
(2, y (@)~ 1 (2 Gom ()1 < |

<Nlz—zd +Nlz(@) | + NlFm (@) —Fm (@)l (6.14)
Onenuym mocienmee ciaraeMoe B (opMymne (6.14). Cormacmo (6.11)
Vo (2) = Fem () | =tz -zl lf(z Tom (@) ],

oTEy7a, B cuay (6.10) m yemosas |z — 2zl < h, nonysnm

Gem (2) = Gem () | < R (6.15)
d

Hoxcrasina  (6.15) ® (6.14), moayumd pas npoussofnoil -
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ho < —2 ppumeefennan ua pume. 18, 6 nomanas diepa Emdero ofmiero
He HMeeT C TOYHBIM pellleHueM.

Cerounmas QyHKOHA u, H peltenne auddepeRnnaIrHoro ypaBHeHHSA
Yy VAOBIETBODAIOT YpaBHEHNAM pasHoil npupoxmst. lloaromy B obmewm
cIydae He yNaeTcA NOBTOPHETH PACCMOTPEHNS, HPHBOAANINE JIA IPocTell-
meit cxems! Jditrepa K ouenre (6.17). B wactHocTm, Ana ceroumoll PyHK-
IO Uy, ABAAIOIIEICA pellleHHeM [JOCTATOYHO CXOKHON pasHOCTHOH cxe-
MBI, TPYAHO OPENIOSHTH TAKOW QJTOPHTM HHTEPHONSANEHA, ITOGHI IOmy-
qeHHAA KpHBad ABAANACh MHETErpadbHON KpHBOH HuddepeHnHANLHOIO
YpPaBHEHHA, B OTpeJeNeHHOM cMblcae OIIBKOro K MCXOJNHOMY, H MOMKHO
ObII0 6B BOCHOAB30BaThCA MeTomoM HiddepeHNUANbHEIX HEpPaBeHCTH
Ais OLEHKH pAasHOCTH MeMKAYy pellieHHmeM HCXOJHOr0 M IOAYYeHHOro
mudgepeENIaNbHBIX YPaBHEHRI,

B ofimes caydae JJaA OUeHKA CXOAHMMOCTH HOPHXOXHUTCA UONBL30BATHCSH
APYTHMHA NyTAMI, BBOAA HOHATHA ARNDOKCUMAYLU H YCTOUHUGOCTU
Pa3HOCTHOUR cXeMBl. -

3. Ilopanor annporcmmamun pasnocrHoit exemsr. g paccMmorperus
TIOHATHA HOPAMKA aUIPOKCHMAnMy PA3HOCTHOH cXeMbl ToTpedyercs
BBECTH HOPMY (» — IIpaBofl vacTH pasHocTHOI cxemsl (B8.4). Kar yme
0TMedaoch BEILIE, Qs MPeJACTaBIsAeT co00f mMpaByld TacTh ypaBHEINA —
ceTouHYI0 QYHKNHI f, B COBORYHNIOCTH ¢ NOMONHHTEIbHBIME YCIOBMAAMI
718 nckoMoil cetounoll ¢ymEkmmn us. OEE Moryr OBHIT H HaJaNbHBIM,
H KpaeBbIMH. JaHyMepyeM HX B onpefieleHHOM HOpFLKE. COOTBeTchym-
U6 mpaBble 9aCTH UYCTH OYAYT €1y ... Lo

O6osnauny |unl, = max|g; |u ssemem mopumy lguly, monaras
i

Npall, = max {0 Nall}. (6.18)

IIycts pasmoctHas cxema (6.4) opmosmaudo paspemImMa IIpH Bcex
< ho. Ecan suauenns [y], pemenuma y(z) mexonmoil mmddepenrann-
noll 3amau; Ha ceTKe s TOIHO YIOBIETBOPAT pasmoctHOIl cxeve (6.4),
To, Haiiug permenne pasHOCTHOM cXeMBI Up, HONYYHNM 3HAUeHHe TOTHONO
peIleRHs B y3AaX CETKH [yl = U
C raxuM modoKeHHEM MBI BCTpedaeMcs Kpalime pemko. KHax npanu-
J0, upu nopcranonke smadennii [y}, B pasmoctmylo cxemy (6.4) ssr me
nonyJaeM TO;KEECTBa, a (6.4) yxomiersopsgerca ¢ ueKoTOpoll HeBA3KON

L;.[y]h = @n + (SCPh. (619)

‘Bennuraa meBAskn 8¢, pasmocTHONl cxembl Ha pelleHmnm WCX0IHOil 3a-

7a9d B ABIAETCS XapaKTepHCTHROH anNpoKCHMalHH pPasHOCTHOH cxe-
MBI HCXONHOH 3amadn.

Bamevamnsa 1. OTMeruM IpHHININAILHOE OTJIHIHe BBEJEHHOTO
TWOBATHA HeBA3KI aONpPOKCHMAIIT PasnocTHOH cxemoit guddepenunannb-
uofl 3amadd OT NCNOAb30BAHHOrO B § 2 Ii. 2 HOHATHA HEBA3KH IpH
TIORCTAaHOBKe NPUOOIMKEHHOr0 peMMeHHsa B BHAe JoMaHoil Jimepa B mc-
xoguoe ampdepernyuanbuoe ypasHeHHe. JTo OTIIIYHE CBA3aHO C TEM,
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Tpegmonaras HeUPePHBHOCTh TPOTHHX NpPOH3BOAHKIX pemennsa (410 COyger
WMeTh MECTO IPHE COOTBETCTBYIOIMEX YCAOBHAX raajkoct® Qynrnmm f(z, y) B mpa-
BOl uacTm ypasmenus (6.1)), Oymem myeTn

’ hz " h3 "
y( -t h)y =y (=) Ty () F 58" (=) T VT (= OR),
2 3 (6.24)
’ (Y (A
y(zi—h)=y(xi)—hy_(xi)+2_y (xi)——b‘_y (zi—{—ezh)_
AnnpokcnMEpyeM safagy. (6.3) pasmocrmoli cxeMoff (y, — 3HadYeHUe CETOMHOM

$yEKIEA B HEPBOM y3ie — LIOKA OCTaBMM HeoupefeleHHbIM, HO 9TO 3HATCHHE He-
06X0JEMO 8a7aTh, 4TO0bI MOCIEOBATEAbHO ONPEAENHTD iz, U3 «..)

v Uipg — Wiy 0
2h fi 1
Lyu, = : =1 . (6.25)
+ Uy Yo
U -'/1‘

TIpoBojsA paccMOTPeNHs, AHATOTHYALIE HPENLIAYUIHM, WONYYHM, YTO DA3HOCTHO®
yparmesme (6.25) annpoxcoMmpyer HCXofHOe ypasdedHne (6.1) co BTOPLIM LODARA-
KoM. UToBEI OOp2/eAATh NOPANOK ANNPOKCAMAIME YCJIOBHS B HEPBOM y3ie, OOATh
BOCHOAB3yeMCHA Pa3IoKeHHeM TOYHOTO peilenma mo gopuyre Tefimopa

y(xo+ h)—yl =Y (Io) +hy (zo) +

2 . 2
+ g_-l—y” (2, + Oh) — 3, =y, -+ bf (240 4) + ’2L y" (@, Ok) —y,.  (6:26)

113 (6.26) caenyer, uro eciau BHIGpATh

¥ = Yo+ 1f (2o, yo), (6.27)

TO W BTOpPOe HadalpHOE ycjioBme B (6.25) anmpokCHMHPYETCS CO BTODBIM TODAN-
xod. IlepBoe HauaibHOe YCJHOBHe BRImONHAeTca Toumo. OTciofa cledyeT, 9T0 IpH
BHIIOJNHeHHUH HOTOJHITENLEOr0 yeaosusa (6.27) pasmocTmas cxema (8.25) ammpoxcu-
MHpPYeT HCXOJHYIO 3a/1a1y CO BTOPEIM HOPAAKOM.

EcTecTBeHHO IPEANONORATE, YT0 A TOr0, UTOOB pemIeHNe U, pas-
HOCTHOM cXeMbl ObLIO GAM3KO K peIIeHHI0 HUCXOAHOH 3ajavl, HEBA3KA
O¢n pmomsmna Obith mocTaTouHO Manoil. Bosammkaer Bompoc, ABNAETCA NH
MaJIOCTh HeBASKH O JOCTATOYHOW miA Toro, 4Tobb o0ecrmeyuTsh Onm-
30CTH Ws K pelIeHMI0 MCXOAHOH 3afad, T. e., MHBIMU cloBaMmHb, obecre-
YEBaeTCA JH CXOAMMOCTb PA3HOCTHOH CXeMBI, €CJIH HMeeT MEeCTO aIllpoK-
covanna? OkaspiBaeTcda, ofAHON ammporcaMammn, BooOime rosopsA, He-
HOCTATOMHO, 4TO0b Da3HOCTHAs cXeMa AaBaja NpulOiHKeHHOe pelleHie
nnPepesnuanpioil safata. [JommMo anmnpokcmManmun HYMREB eIie Ka-
KHe-TO NONOJHHTeqbHEe cBolicTBa pasHOCTHOH cxembl. TakmMm cBolicTBoM
ABIfAETCA TAK Ha3blBaeMas ycTOHUIABOCTL PA3HOCTHOH CXEMBL.

4. Yeroitunpocrs pasHocTHoii cxemst. Ilepeiimem K ompegeaennio
yeroitumpoit pasmoctHO# cxembl. Paccmorpum pasHocTHYH cxemy (6.4)
0 COOTBETCTBYIOIYIO TAK HA3EIBAEMYIO 603MYUEHRYI0 3alady

Lhﬁh = Pn + 6@&; (628)

rie 0@, HasblBAeTCA 603MYlyenuem BXOALbLIX AadHbX. B panbHefimem
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~

peuIeHnA Sun = Un — Un, OTEBHUNO, TONYIIMM ' S
Ou,, , — Su, -
—H (@, wi) + [ (@, w) =8fi, Sup = ¢ (6.34)

OrMeTHM, 4TO COTJIACHO BBEHEHHLIM BEHILIEe OMpeReTelnAM
167, < U8fal,  N8uyll, = le,l. «(6.35)
Wz (6.34) B cuiy omenor (6.32) m (6.35) momyumm
[8uiys| < 18wl + AN |8ui! + RISTN =
=(1-+hN) 6wl + RISHI <
< (1+ AN)*6uir,| + R{(1+ AN)+ 1}I8fl.  (6.36)

IlpuMmensin »TOT IpOIECe MOCHEAOBATENBHBIX ONEHOK, mocie (i+ 1)-ro
mrara gamgeM .

-

ISuiss | << (14 BNY T e | + R {1+ 2N 4+ Lo+ 1]180]<

<+ RN founly + 5 (1 + RNl (6.37)
OTKYZia TOJIYIHM

Sl < (1 + RN)" (Founl + S 18A1). - (6.38)

Tax wax X —x,=nh, 10, B cumay Hepasencrsa (1 + hN)(X_%)/hg
<3N(X—x"), OKOHYATENbHO Oy/IeM HAMETh

[ounl<e™ 7 (10wl + 181) <Cloeal (639

npn giofoM h, 9T0 ¥ . JOKA3BIBAET YCTOHYHBOCTL PA3HOCTHOM cXe-
msl (6.28).

5. Teopema o cxogmmocTii. Beefenupie Bpille MOHEATHA HOPAZKA am-
TMPOKCHMANUA A yCTOHYIBOCTH PA3HOCTHON CXEMBI MO3BOJSIIOT MOKa3aTh
CIeAYOOIYI0 TeopeMy, Hrparouryio (yEIaMeHTaXbHYI poab OpH HCCiIe-
JOBAHUH CXORMMOCTY DAa3HOCTHBIX CXeM.

Teopema 6.1. Ecav pasnocruas cxema (6.4) -ycrotuusea u annpok-
cunmupyer sadauy (6.2) ¢ nopadkom k, o pewenus u, npu h-—>0
cxodarca & pewernurw y(z) dubgdepenyuasvnold sadauu, npuuwem no-
padok cxodumocru Tarwce pasen k, T. e. umeer mecTo OyeHKa

s — [y]all < CR*, (6.40)

20e nocrosnmnas C He sasucur or h.
HowaszareancrBo. OGo3maumyM pasfocTh 3HAYEHNH CETOYHBIX
$ynrouit us u {y]. gepes z:

2n =t — [y | A.(6~41)1
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depeENNANLHOrG YPABHEHHA ¢ NOCTOSHERME Ko3ddnmmenramm B dop-
me €*), Umeem torma A" — (34 ah)A*+ 20" =0 nau

- M—@B+ak)h+2=0, (6.47)
Tlonywennoe ypasHeHHe HasbIBAETCS XaparTtepacrtoyeckuM (ondTh IKe

0 AHAJOTMH ¢ TeopHel nmi)(bepeﬁunanbﬂmx ypaBHeHni) mIsa pa3HOCT-
Horo ypasmemmA (6.46). Haxons us (6.47

———7
gy = SR V12+6ah+ah . e

34ah 4+ V11 6ah - okl
; 3
(6.49)

DONyd9uM fABa WACTHBIX pemenHns ypasHeana (6.46) B Bmme Ung) =
= Al» Un@y=A3- IlombiTaeMcsa yj0BIETBOPIT YCIOBIAM B HYJEBOM I B
MepBOM y3ne, T. €. YCAOBHAM Up = Yi, Uy = Yo, B3AB JNHUGHHYIO KOMOH-
HAIIMIO THX pelleniil (JBAAION[YIOCS TaKs/Ke pellleHNeM B CHNY JHHel-

HOCTH ypaBHENHA)
|

un = CiA1 + C,A5. (6.49)
Hueer Cy+C, =y, C A+ Cohz = yo. Orcioga -
_ (= Yo (M — 1) ‘
Cl = W—’ C = -—}\'__T_. (6.50)

ITrax, dopuyna (6.49), rme C, n C, onpenenensr gopmyaamn (6.50),
HaeT pelleHHe pa3HocTHoil 3amaum (6.40). Herpymumo yGenuTnes, gT0
OHO ABIAETCA eMHCTBEHHBIM, TaK KaK, Opejimojarad, uTo HMeITCA IBa
pemennsa 3agawum (6.45), HOMYIHM, YTO NX PA3HOCTL B CITYy AMueHHOCTH
ABJXAeTCA pelllenmeM ONAThL-TaxH 3amaun (6.43), rae y, =0. Otciona
nocTef0BaTelbHO [OAYYHM, UTO BCe 3HAYeHHsA CeTOYHOH (HyHKINH,
oTBeYalileill pasHOCTH NpeNcJaraeMBIX pa3THYHLIX peIleHN, paBIH
HYJIIO.

cenenyen mocTpoennoe pemenme sagawn (6.45) npn i — 0. [loms- .
3yACh H3BECTHBIMI METOAAMII amajil3a, HeTPYAHO OOJNYYHTb, 49TO ODH
HOCTARTOYHO MAanblx h *)

M=1—ah+O k), r=2+2ah+0 k),

y, (14O () v, (e + 0 (%))
1+0® 1+0 W)

Mpn_h—0m >0 mveex C,—yo, a [A}] <1, mosmomy €3} =
—_ Cl}\'gxﬂ_xo)/h,

C, = . Cy=

orpaundeno npu 2 — 0. B 1o ke Bpema ;> 2", n

leas|> ol anan — Lol gpatn=ort, (6.51)

*) CumsoaoMm O (h*) oﬁoanaqae'rcn BEJHYAHA, MOJAYIp KOTOpoil MeHbme Ch?,
rie C — He saBHCAMOIAA OT k IOCTOAHHAS, .
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Byagem uo-npe:kieMy paccMaTpuBath HadaapHylo sagazy (6.1)
(unu (6.3)):
d
Lyz{dxy it y)}s{o}_ 659
Yy (2o Yo

Yenosna raagkoctn gysriman f(x, y) OyayTr c@OpMYyIUPOBaHE HUMKE.
Conoctasnm 3ajgade {6.1) pasHocTHYIO cxeMmy

L TN (K k) _[o
Lhuh={ h _(pl 1+ -..+pl l)} =[ },_ (6.54)

u,o y()
rae
[\’1 = f(xh l)
K, = f(x1 -1— ok, ul —|— a hlxl) (6.55)
- Kz = f(x + oy 1h U + a,_lhlx, D,
8 Pii oeeny Diy Qpy oeny a,_,—HeROTopme mapaMeTpel, BHIGOPOM KOTODPHIX

MORHO o0ecrneunTh TpelyeMblil NOpPANOK ammporcHMmanuu cxeMsl (6.54)
Ha pemennn sagadm (6.53).

B uwacrnom caydae upn /=1, p=1 cxema (6.54) mepexomut B cXe-
My Ofimepa (6.9), nMepmymo rIepBbIII nopsapok anmporcirmanni. [Toxa-
skeM, uro npa [ =2 mMoMHO Tak BHIOpaTh mapaMeTpel Py, pp H 4, UTO
cxemMa (6.54) Gymetr mMets BTOpoil mnopsAmoK - anmupoxcmMamui. Ilycts
dyurona f(z, y) mmeer B D HenpeppIBHbIE YacTHble IIPOM3BOKHBIE O
BTOPOTO OOPANKA 1o 000MM apryMeHTaM, 9T0 AOCTATOYHG MIA CYIIecT-
ROBAHHJ HempepwIBHOM Tperheil nmpomssommoil ot pemrennsa. Torma pe-
nienme sagawm (6.53) mosker GviTh mpegcrasieHo no gopmyre Teiimopa

Yz =y @) + ' (0 + Sy @y @Y. (656)
IMoncrapasa ato selpaskenme B cxemy (6.54), moayany
Ko ZVE) R, 4 paK) = (@) + (@) + O () —
— pf (@0 Y (7)) — Pof (@i + aah, y (2) 4 gk (@i, y @) (6.57)
BOC[IOJII)30B3BHIHCL pasjJomenneM
1 (@ + ash, y( ) + auhf (2, y (@) = 1 (2, v (z) +
+ ok 2 (2,5 @) + @b (@, y @) I (@, y (@) + O () (8.58)
1 OYEeBHAHBIM COOTHOINEeHHneM
v @)= L,y @)+ 2 (xz, (z:) ¥ (z) =
= L @i,y @) + @y @) 5 @,y @), 659
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Jlerko npoBeputb, UTO 3TA cXeMa ITMeeT 9YeTBepTHil HMOPAJOK ANIPOK-
CHMAITH.

B euay teopemsr 6.1 ams ompemeneriss HOPAAKA CXOMIMOCTH CXeM
Pynre — KyTta gocratounmo foKasaTs uX ycrofiamBocTh. JT0 JOKasa-
TEJBCTBO MO/KIIO0 INPOBECTH B NOJHON aHAJOIMH ¢ JOKA3aTeJbCTBOM
ycroitunBoern cxembl Jilsepa. [JeiierButennuo, sce cxeMsl ruma (6.54)
IMeloT BHIJ

U,

i1 T
Lun—{" B G (xi w) ={O}, (6.65)
u Yo .

0

rne ¢yuruua G(x, y) unpeicraBasger cofoill JanHeilmyl0 KOMOHHALHIO
$yurmuit f(z, y) oT NpoMeRYTOUHBIX sHaveHnil aprymenra. Iloatomy
otenku 11A QyHruun G (z, ¥) ¥ ee UPOUSBONHLIX JErKO BHIPA3UTh de-
pe3 cooTBeTCTBYOUUe oUeHKHM (yHKIIN f(r, y) H ee NPON3BOIHBIX,
HCIIOAB3yeMble IIPH JOKAa3aTeiberBe ycroiluBocTH Merofa Jilmepa, or-
Kyla i caemyeT cjlelallHoe yTBep:KAeHHe.

B wacrrOCTH, HMeeT MECTO CleRyIlomas

Teopema 6.2. [lyctv ¢dynryua f(x, y) umeer ¢ D Henpepuignble
yacTHwle npoussodnvie uerseprozo nopadka. Tozda cxema Pynze — Kyr-
Ta (6.63) cxodurca ¢ uersepTvim NOPAGKOM TOUHOCTU, T. e.

s — [y]l < CHS. (6.66)

OTMetnM B 3ariIoUenie, 4To cxemsl Pymre— HyTra pfomyckamor
BHIUNCHAEHHA W ¢ lepeMenubiM marom. Haunmag ¢ gioboro majgexca i,
MOKHO YMEHBIINTH HIAH YBEJIHYHTHL NMOCAeAYIOMHE IIar ceTku.

3ameuanne B aroym maparpade OGbl1H PACCMOTPEHH! YHCIEHHBIE METOIBL pe-
ileHHA HavYaapHOR 3azaun (6.1) AIA OMHOrO CKAJIAPHOTO YpaBHEHHS TEPBOT0 IU-
paaka. Bes cymnecTBeHHBIX H3MEeHEHNH pa3ofpanHble MeTONLI EPEHOCATCA Ha CIy-
vall Ha4aJIbHOH 3afadn H [AiA HOPMaJBHOH CHCTEMBI YpaBHeHHWH IIepBOro mno-
pagka *).

§ 2. Kpaessie 3agaun

B artoy maparpade GymyT paccMoTpeHsl IpocTefilime WMCIeHHBIE Me-
TOABI pelieHnsi KpaeBbIX 3a7ad A oObIKHOBeHHBIX AunddepeHnHaIbHbIX
ypasnennii. IToctanoBra aTuHx 3amad n obmme cBolicTBa MX pelleHHH
OB H3YYeHBI B I 4.

1. Merop crpeanopl. OcHOBHam HAeA 3TOr0 MeTONAa BAKJIIOYAETCA B
CBeIeHHUH pelIeHHsA HCXOKHOH KpaeBoH 3afgadm K MHOTOKDATHOMY pe-
UIEHHI0 BCOOMOraTeJbHBIX 3afay Homu mis samanroro muddepennmans-

*) Cym.,, manpamep, Kuury A. A, Camapcroro «Teopus pasHOCTHBIX
cxey» (M.: Hayra, 1983).
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»
To4HOll (YHRIHII, aumpoKCUMHpYoLleil Ha ceTke pemeHIe HCXOTHOI
sagaud. PaccMoTpnm ocnorible ngenm storo smeroga Ha TpHMEpe IIPO-
creiimrelt aumeiinoli Kpaepoil 3ajaull AAS ypaBHEHISA BTOPOr0 MOPAIKA

vy —q(2)y = f(z), (6.81)
y(0)=y(l)=0. , (6.82)

Jlerko Bmmets, wro npn ¢(z)>0 wpaesas sapmaua (6.81), (6.82)
IMeeT eAMICTBENHOe pellleHme. JTO yTBep:KIeHHe ARIIETCS CIEACTBIEM
obfiiero cpofictBa 3amaduil Ha COGCTBENHBIe 3HAYEHTs, PACCMOTPEHHON B
ra. 4. Rax 6bim0 morasano, mpn ¢(z)>0 Bce coBGCTBeHHBIE 3HAUEHIS
A coortBercTByMOmell 3ajaun Ha COGCTBEHHEbBIE 3AAYEHAA CTPOrO MOJO-
ruTenniul: A, > 0. Hockoabky A =0 ne sBIseTcA COGCTBEHHBIM 3HA-
YeHHeM 3ToHl 3ajmaul, KpaeBas 3agada (6.81)— (6.82) paspemmuma emun-
CTBEUHbIM 00pa3on. .

Exnncreennocts pemennsa sagmaum (6.81), (6.82) mommo noxasath
Il HEIOCPeACTBEINO, ONMPAACh Ha TAK HA3LIBACMBIH NPUHLUN MAKCUMY-
na. lIpenmonoiy, 9T0 CyImecTBYeT HETPHBHANLHO® DENISHI® OXHOPOM-
Ho#l wpaesoit 3amasm (6.81), (6.82) — dymkuna y,(z). Ira Pysxruus
HenpepsiBHA na 3aMrHyToM otpeske [0, ], ciemomarennmo, mo ussect-
HOMY CBOICTBY HeNpepHIBHBIX (QYHKROAH NPOHHMAET B HEKOTOPOil Touke
I, 3TOO OTPE3Ka CBOE MaKCHMaibHOe 3Hadenme M:

Yo (.Z') <M =o (xo) ? TE [01 l]7 (683)

npuiem M =0, mockoabKy Yo(0)=y,(l)=0. Toura z, MoKeT ObITH
anbo rpammunoii, anbo BuyTpemneii Toukoit [0, I]. Ilyers z, — rpanmu-
‘naf rouka. Ho torma M =0, wmockomsry y,(0)=y,(l)=10. Homyecrum
TENEePb, UTO Xo — BHYTPeHHAS TOUKA; TOrJAa B DTOH. TOIKe HMeeTcd
makeumy™M H y” (2,) <O. Ho us camoro ypasmemms (cw. (6.81) mpn
fiz)=0) cremyer N

< -

0 > y; (1‘0) =4q (xo) Yo (xo) ={q (xn) M > 07 (684)

a 9T0 MOKeT BHIMONEAThCA amme npu M =0, Hrak, M = 0. Ananoruu-
HBIM 00pa3oM: JIeTKO TOKa3arh, UTO I MUNMMAJILHOE M 3madeHne (yHK-
nud Y,(z) ma samrHytom orpeske [0, I] paBmo mymo: m=0. Orciona
crenyer, 910 Yo(z)=0, z<[0, I], uro u moxassiBaer yrBepikpgenie o6
eMHCTBeRHOCTH peIieHus Kpaesodl samadn (6.81), (6.82). .

Iepeiinem  mocrpoenmio pasmocTHOH CXeMEI, ammpokcHMIpyOMIeit
samauy (6.81), (6.82). Bmenem mna otpesre [0, [] cetky @, n pacemor-
PEM CETOUHYI0 (QYHKOMIO J(x), ONpeJeNeHHYI0 B y3laX CeTKn. Bropyio
OpPOU3BORHYI V' (T) anmpokcmMupyeM pasHOCTHBIM OTHOIIEHHeM

Hir — 2y; + yi /WP .(6.85)\
11*.

/
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NOJICTABAAA 3TO Pasio;Kenne B JAepyo TacTs ypasHenna (6.86):
1 . K B, '
h—g{y @)+ hy' @) + 5y @) + 5y @)+
R awn ' K .
+5zy (&4 8k)— 2y (x) + y () — hy' (z) + 5 ¥ (@) —

W, A : ‘
— 5y @)+ 5y @i— 92}1)} — @)y @) 0<8,<<1, 0<6,),

(6.89)
NOTYIIIM .
Y @) — a @)y @) + g [y @+ 0uk) + ¥V (@ —0,)] = / (=),
(6.90)

OTKYJla ciaeflyeT, 4TO OOpAfOK anupoxcmManum cxemst (6.86) pasem 2.

PaccayorpnM Boupoc o6 yeroiiznBocTr pasmocTHoil cxemnt (6.86) mo
OTHONICHMIO K BO3MYIIEHUAM TPAHOYHHIX YCIOBHI H OmpaBOd gactd
yvpasHenna., Bosyymennan sagata mMeer BHJ

Yimyier — 2+ Yemio -
_ W2 — QY faoi + 8fcnyi
Ly = ~ = € . (6.91)
Yy e
- (]
l - Yam
A)603HaUAB HOrPeNINOCTh penienns
Sy mi = Foms — Yy (6.92)

p soigntaa (6.91) n3 (6.86), moaysuuM B culy anmEEfBEOCTH
(2 + R2q ) 8y nys = 8Yaytas T O myios — B*6f vy (6.93)
8Ymo =80, OYmyn =¢n.
BriGepem 1o 3mauenne i=Fk (i——: 1,..., n—1), npa rortopom aGcomior-
BajA BeJIHYOHA NOCPeHIBOCTH HAHGOJBINAA:
[8ymal = 10y@yl, « i=1, ..., n—~1. (6.94)

H3 ypapreunsa (6.93) mveenm
(2 B2qnn) 18y on] < 18Yynas] + 18y mn-ol +R28f il (6.95)
Hepasenctoo (6.95) Toapko ycmaures, ecan 3aMeHHTH |8yapnsl @

{8ympn—-] ma mamcnmanbmoe .3naveune I8ymul, a 18famnl — na Marcan-
mManbHoe aHavenme |8fn . Torna (6.95) maer .

B2 qounl 8yl << REIS I, ) (6.96)
Jrcoa noxyunM

lﬁy«hml<ﬂ6f(h>“’};“;?ﬂx)1 k=1, ..,0—1,
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ByneM mckath Takme Koa(@HEIUEHTHI i, Pi, TTO0BI AjA BCOX 3HATeE-
Bail mHAeKea i =1, 2, ..., n EMEJIO MECTO COOTHOMIEHH®

Vit = il T Ba. - - (6.101)

HonpcrapmM mckomsiit Bum pentemna (6.101) B ypasuemme (6.98);
noXyIAM - -

- (Aiai - C.-)ys + Byt (A.-ﬁi + Fi) = 0. (6102)
Beipamas y; 2epe3 Yiuq mno Qopmyae (6.101), nepenumem (6.102)
B BHOJE

[(Ai— Ci’)‘ai-i»i + By T [(Aioi — Ci) Bigs T Afi+ F]=0. (6.103)
Ias toro wrobm (6.103) ynosneTBOpANOCH TOMAECTBeHHO upa =
=1, 2, ..., n— 1, goerarogno morpe6oBaTh, WTOOH KajK/asd H3 KBaJ-
paTHBIX ckofor ofpamamack B Hyab mpa i= 1.2, ..., n— 1. 910 Tpe- .
GoBaHHe NaeT peKyppeHTHHIE COOTHODIGHHA JJA NOCIETOBATEIbLHOIO OH-
pellefienAs 00 3aJaHHBIM 3HAYEHHAAM o =0, A B =P, «IPOrOHOTHBIX»

K02(pPUOUENTOB ®iys B Piys («IPAMAA DPOTOHKAY):
B, AB. P,
Cipy = Ej:jl{;—, Bit1 = ﬁ' (6.104)
1 1 1 i

Jlerko moxasaTh, uTo mpn Bhmosmenun yeiaopmii (6.100) smamemaream
B Qopuyrax (6.104) oramumm or Byas u, Gomee Toro, 0 <a;<t.
JleficTerTennno, mepennmes BTopoe ycxosme (6.100) B Bmpe

Ci=A1+Bi+D,-, D;%O. (6.105)

Torza mepsyio gopmyay (6.104) moxxuo 3ammecatsh B BHe

Bi
i = B A =) Dy (6.106)

3

v

Tak Kar 0 <o, <1, 4;, B;>0 m D; =0, orciopa ciregyer, 470 ®H Jyis

BcexX o;, BHMmcaseMsix mo Qopmyae (6.106), Brimommserca ycuoBme

0 < a; < 1. Urak, Bce apamenarean B Qopmymne (6.104) crporo Gombmie

HyIfA, IT0 TO3BOJAET HANTH BCe DPOTOHOUHBIE KO3Q(HIEEHTHI.
Boraucans o, B B, u3 (6.101), momyumm

Ynot = QnlYn + Bn- (6107)

4
-

C npyroit cTopoHs!, B cuiry rpaEmanoro ycjgosus (6.99)
Yo ="TYn-1 T &=y (2aya + Ba)+ 5, (6.108)

OTI\:yaa . )
Yo =(1fn + 8)/(1 —yaa). (6.109)
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ACHMITOTHKA PEIIEHUN JHO®OPEPEHIMAJIBHBIX
YPABHEHNU 110 MAJIOMY HAPAMETPY

HeobxonmmocTs passaTHA npuGAHKeHALIX MeTONOB pemeHua and-
(depeHIMANbEIX YPaBEEHUE oTMedanach Bhime. 1. 6 Opiia mocesamena
TaK Ha3bIBAEMBIM YHCIEHHBIM MeTOJaM pemenusa An@gepeRnlAaIbHbIX
ypaBHEHHH, KOTODHO AT BO3MOMKHOCTH JAIA JAHHOTO YPaBHEHAA C
KOHKDeTHHIMH JOHOJNHATENBHBIMA YCIOBEAMHU HOJNYYHTH C IPOM3BOIBHOM
CTeIeHbI0 TOYHOCTH TA0AMIly 3HAYEHNN pemeHHA B yalaX CeTkH. B ma-
crosineil riase OyleT HATH pedb O APYroM KiIacce HPEOIMKEHHRIX Me-
TONOB, 0 TAK HABHIBAEMBIX ACAMITOTHYECKAX METOJAX, KOTOpHIe CTaBAT
cBOel Helanl0 molyuieHAe (OpPMYJLI, ONMACHLIBAIOMIEN KadeCTBeHHOe IOBE-
JeHHe pelNeHHsA Ha HeKOTOPOM HHTEepBAJe M3MEeHeHHA He3aBHCHMOIO Ie-
peMenuoro. ToTnOCTE TaKoi QOPMyINBI HMMeeT ecTeCTBeHHOS OrpaHAYHEE
(mompoOree 00 9TOM ¢M. HIIKe). JaMeTHM cpasy ke, 9TO IHCICHHHE B
ACEMITOTHIECKHE METOABI He MCKJIIOIAlT, a B3AHMHO JONOJAHAKT APYT
npyra,

§ 1. Peryaapusie BO3MYyueHAA

{. HousTHe acnMnroTHYecKoro npefcrasiennsa. B § 5 ru. 2 mo-
APOOHO HCCAEAOBAICA BONPOC O 3ABHCAMOCTH pelleHHA HAaJajIbHOH 8a-
aYd OT BXOAAINAX B ypaBHeHWEe IapaMerpoB. B HacrosameM maparpa-
(e MBI HOMOMKEM f, = 0, 4ero Bcerfia MOMKHO JIOOMTHCA 3aMeHOH He3aBH-
CUMOr0 HepeMeHHOro, A OTPAHMYAMCHA CKAIAPHLIM ciydaeM (J — CRa-
JAAp, | — CKauAp), 9TO He NPHHIHANNAJLHO, a JelaeTCA JHIFb B MeJAX
KpaTKocTH m3jiosendd. Mrak, paccMOTDEM HAaYaJabHYI 3a7aTy

ﬁi_g' = f(y, t, u)v y(01 ”‘) = !)0' (7'1)

IIpr stom GymeM c9mETaTh, 9TO | H3MeHAETCA B HEKOTOPOH OKPECTHOCTH
sHavendsa p = 0, Yero Toe MOMKHO JOGHTHCH COOTBETCTBYKINEM BHIGO-
poM HadajJa OFTCIeTa HO OCH [

B ra. 2 (reopema 2.10) 6rim0 JoKa3aHO, YTO OPHE COOTBETCTRYIOINHX
ycaoBaAaX Ha mpasyio dacte (7.1) pemenre y(t, 1) samaum (7.1) cy-
EeCTBYeT U SABIAETCA Henpepmsuon $yHxOoueit ¢ ® | BA MHOKEOTBE
t=[0, T), Ipl <ec.

JoraszanHan TeopeMa 3aKIi0UaeT B cefe CIEAYIOIIYI0 BO3MOKHOCTD
HOCTpOeHAA npubamKeHHOro pemenus 3ajawm (7.1). Pacemorpum saja-



§ 11 PETVYJIAAPHBIE BO3MVINEHIA 179

PesyapTarsl 1. 2 NO3BOJNAIOT NOIYYHTH AaAA y(f, B) acEMNTOTHIE-
CKYyI0 (OPMYHIY ¢ OCTaTOYHBIM TIeHOM 00Jee BBHICOKOTO HOPSAJKA MAaJo-
cte, 2em O (p)*), ecam f(y, t, 1) yIdoBieTBOpAeT YCIOBH:M, obecmedu-
BAIOIIEM cyllecTBoBaHre 7 -~ 1 HenpephIBHBIX HPOH3BOJHHX 1O W.
CdopMymmpyeMm aroT BeiBoj B3 § O 1. 2 B BOAe OT[EJbHOH TeOpeMLI.

Teopema 7.1. Hycro e neroropoii obaacru D nepemennviz y, &, p
dyuryus f(y, t, u) ob6aadaer HenpepblEHLIMU U DAEHOMEDHO *02DAHU-
YEeHHBLMU YACTHBIMU npoudgodnuimi no y u up do nopadka n+1
sxatonureavno. Tozda cyujecreyer ceement [0, T, na roropom das pe-
wenus y(t, n) sadaww (1.1) cnpasedauso acumnroruueckoe nped-
crasaerue '

y(t, W=y + H (t 0) + . 2 (1, 0) + eara (2, W, (7.9

n! a}"
ede ey (t,0)=0 npu n—0, 0<t<T, npuuen &n.:(t,p)=0(n*"").

k
- 9
Fameunaunun 1. Beamumust — (¢, 0) ompefensioTca H3 ypas-
6p"

HeHmil B Bapmannax, smnucannnx B § 5 ria. 2. Ilpexpcrasmemme (7.5)
MOMKHO moayduTh u nmade. Ilopcrasmm B (7.1) BHpaskenme Aaxa y B
pajie OpMaIbHOTO PAAA

y=yo(t)F py(t)+ ... (7.6)

PackiappiBasg mocje HOACTAHOBRE BelwumEY f(Yo +pyc+ ..., f, RK)
TaKKe (POPMAJbHO B CTENEHHOH pAJ, MOTYYHAM

dyo‘*‘u_y_l'l‘\ =

a |
= 1o £, 0) + T (o, £,0) (ya+ ..) + Sty 1, O

a\n
o+ gy (s + ...)@Jrug—u)f(yo,t,O)%--..:
o(0)+ py (0)+... =
IIpapaBEEBAsA WIEHH C OHHAKOBBLIMH CTemeHAMH W, Oy/ieM HMOTh
Y ’
dat = f(y01 t1 0)1 Yo (O) = yO) (7'7 )

dy "
hay oo b0y + L, £,0, 3 (0)=0, (7.7
dt Op,

Pomas nociefoBaTelbHO OTH 3ajadm, ompefenmM wgiensl papa (7.6).
3amawa (7.7') mas y.(t) cosomamaer ¢ 3agaweir (7.2), m, cramo OBITh, B

*} Cm. cHOCKy Ha c. 163. s
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4, ¢JIeaoBareabio,

t ~

t faar

pW={c@mBme  dam v w =y )+, O+ W
0

2. CymectBoBanile pelleHis BO3MYI[eHHOii 3apaun. Peaynsrarsi, mo-
ayeennsle B § 5 ri. 2, ofmanaoT TOH 0CO0EHHOCTBIO, 9TO CIIPaBEJJIH-
BOCTH ACHMITOTHYECKOTO HpejCcTaBleHHs rapaHTHPYeTCs Ha HEKOTOPOM
cersenre [0, T, onpeneasemonm cpoitcTsaMu npasoit wactn (7.1), ommo-
BpEMeNHO ¢ CyileCTBOBAHEEM W eJHHCTBENHOCTHI0 KAK HEBO3MYIIeHHO-
I'0, TAK H BO3MYIEHHOrO ypaBHEeHHII.

MoskHo cTaBUTh Bompoc umnatde. JomycTmM, UTO peliennme HEeBO3-
MymenHo# sagatn (7.2) cymecTByeT, eJHHCTBEHHO H LIPHHAJIEKHAT He-
xoTopoii obmactu G mpocTpancIBa mepeMmenusx (y, {) OpH O<it<T.
Beangmmy 7 B RanmoM caydae MOMKHO, HanpuMep, YCTAHOBATh HEMOC-
pejcTBeHHO I3 ABHOro Buda y(I). Bynmer A mpn g0CTATOYBO MANEIX [k
pemenue safads (7.1) Taxe cyImecrsoBaThb Ha BCeM [0, T] n mopgm-
uatbea Gopmyae (7.3)? Orser Ha 3TOT BOmpOC Aaer ciaelyiomas

Teopema 7.2. llycro ¢ obaactu G={0<t<T, lyl<b, |nl <}
Pynryus f(y, t, B) HenpepLléHa NO COBOKYRHOCTU apeymenTos u ydos-
aergopaer ycaosurw Jlunwuya -

Uy, & n)— 1y ¢, < Ny, — pal, _
20e N — odmna u ta ace nocroannas 0aa ecer | us orpesra lpl <.
Ilycro pewenue y(t) sadauu (7.2) cyujecteyer u eJUHCTEEHHO HA
[0, T] u npunadaearcur D={0<t<T, |yl <b}. Toeda npu wasxdom
docTarouno maaoxm p pewenue y(t, p) sadawu (7.1) rarwe cywecrsy-
er u eduncreenno na [0, T w npunadaescur D, npuuem umeer mecro
PAsHOMepHBLE OTHOCUTEAbHO t npedesbiblil nepexod

limy (t, p) =y (o). (7.8)

uw—0

Noxasateanctno. Ilepeitnes B (7.1) K HOBOH HeN3BECTHOM
¢yurnua A = y — j(f), KoTopas sBIAETCA peINeHIeM HAaYaJbHOH 3a-
nawm {cp. (2.137)); monyimm

A - = = -

B UG+ 0D —1G LW+ TG W —1E 50, AO) =0.
(7.9)

PaccuorpaM clelyomyo 06aacTh MepeMe RBIX At

D={0<t<T, |A|<C}, e C=b—8, ﬁ==[sug]|§<t)|.
N 0,

Tpu 1Al <C mmeem |yl <ljl + 1Al <p+C=b, 1. e. mpr Al <C
apryments: f(y, ¢, n) ocraiorca B obmacta G. Torma, B cmny ycloBEA
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§ 2. CunryaspHple BO3MYIIEHIA

B npmioienuAX HepeKo BCTPedaioTCA CIyTam, KOTAa MaJbli mapa-
MeTp | BXOJHT B ypaBHEHHE TaKuM 00pa3oM, WT0 TEOPUA HPEBLAYIIETo
maparpaga HempuMeumMa. PaccaorpuMm B KaduecTse npocreiimero mpu-
Mepa JBEKenHe MasTHHEa (CM. INL. 1, § 2),

ny” +oay’ +ky =£(t), (7.11)

rie ] = gy sABAseTcA MaJpiM IapaMeTpOM. B cayvae, pa3o0paHmHOM B
upeAbiAylieM naparpade, B UeIAX IONYUeHUA DpuGAMKeHAOTO BbIpa-
JReHHsA Ul pellieHHs MOKHO ObUIO B ypaBHeHHH $opMaIBHO HOJOKATH
pw=0 Hm B3ATH pelleHie HOJYIEHHOTO TAKHM ofpasoyl yIPOIEHHOTO
ypasHenusA, MOMKHO JI NOCTYOHTR Tak Ke B CIydae (7.11)?

Jisuienne MaATUIKA B (7.11) ompenensieTca 3ajaniueM HATAJIBHOTO
wonomenns u cropoet  y(0)=Yyo, y'(0)=y}. Uonarag s (7.11) p=0,
MBI [IOAYYOM ypaBHeNHe 0Oo04ee HU3K02Z0 (nepBoro) mopAaKa, pelleHIe
KOTOPOTO ONpejelAeTcs TOJAbKO 3alaHueM y(0). Tem campiM 3apaHee
SECHO,, UT0, MOCTYNAsA TaK, Mbl HE MOMKeM y€ecTsh BCe dakTopst, ompeje-
asomue pemenie (7.11), m mo wpaiiHeii Mepe B OKPECTHOCTA BAHYAJB-
HOH TOYRH HPABHIJIBHOI MOJeJH He IONyqHM. .

Taxum o6pa3om, BEIBOALI HpeIbLyITIEro naparpaga B JJaHOOM CIY-
4ae HeCHpABeVIHBEI i, CTAM0 OBITH, YCAOBHA TeOpeM IpPeALI1yniero ma-
parpada mapymtensl. UToOBI MOHATH, KaKne YCIOBHA HapyUeHEL, 3amA-
wem (7.11) B gopme (7.1) (ypasmenue y:ice fyJeT BEKTODHBIM, HO, KaK
OTMEUaJOCh BhILE, 9TO He NMPHHIIIAAJbLHO) :

" ,  —oz—ky4-f (1)

¢ == W0 iy, b,

y' =z=f(2 ¥, t 1).

Otciofla BUJIHO, UTO f, lie ABIAAeTCA HENPEPHIBHOW ¢yuriueii W 1npH
p=0, 7. e. He BLILOJHEHO OCHOBHO® TpeOoBAHHE TEOPHIL NDELbLIYINEro
naparpaga — Tpe0oBaHHe HENpPEPBIBIOCTH [PABBIX gacreii. Jpyramu
¢I0BAMH, MOYKHO CKa3aTb, YTO B JIAHHOM ClyUae OpaBasd 1acTb 3aBHCHT
OT W HepeeyaspHblM, I CUHIYAADHBIM, 00PasoM. TlooToMy BO3MYyHIe-
HHA TENa Py~ , T. €. KOria Majbiif napamerp BXOTAT Kak MHOMHTENR
npu crapimeii TPOHBBOAHOH, MONYWIMII B JIATEpaType naspaimie CuH2y-
AAPHBLY 803MyujeHul. ’

Ipocreiiniue UpAMEPH MOKA3HIBAIOT, UTO CHHTYISPHO BOIMYILEHHDIO
CHCTEMB! 06JANaloT PAZOM CBOMCTB, KODeHHBIM 00pasoM OTIUTAMIIUX HX
0T peryifapno BO3MYLIEHHBIX CHCTEM, HCCIeJOBAMHBIX B § 1.

Paccmorpum ypasnemne

py’ =ay+b; a=const, b=const, (7.12)

npu mauajsnom yeaosmm y (0, p)= y°. Ero ToYHOe-pemienne HMeeT BHJ

gt w= (" +g) e = 2 (7.13)

a
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copmyamposano Hmxe (cm. 3°, 5°). Ilocae moacramosrm z =@ (y, t)
Bo BTOpOe ypasEHenme (7.16) momyumrtca puddepennmanbHoe ypaBHeHHe
OTHOCHTEIBHO § ¥ JJaA OfHOSHATHOTrO OmpefedeHEA Yy merpebyercsa 3a-
aTh HaYaibHOE ycxopme. EeTeCTBEeHHO HpeAmoNO:KUTh, ITO H3 JIBYX Ha-
qaiabEKX yeaoHi (7.15) ciemyer ocraBHTBH JHIIB OHO: YCIOBHEe Ba Y.
Hrar, Mur BpEXoAOM K 3a7ade

_2..—,: f((P(.J; t)1 g-!, t)7 :l;(O)== yoa; (717)

rie @(y, t)— oamu m3 KopmHeil ypasmenus F(z, y, t)=0

2°. ByneM mpegmomarath, 9to (yHKIEA ¢(Yy, ) HempepriBHA BMECTE
¢ OpOoE3BOXHOH mo y, Korga (y, t)= D.

Onpedeaenue. Hopenv z=q@(y, t) 6yden Haswiears ycroiuuu-
ettx 6 o6aacru D, ecau npu (y, t) € D 6blN0AHAETCA HEPABEHCTEO

d—z(CP ¥, 1), ¥, 1)<<0. (7.18)

-
Bamevanme. Cp. TpedoBanue a¢ < (0 B PacCMOTPEHEOM BLIIIE IpHMeEpe.

3°. Bymem mpejnoxarats, 910 B (7.17) ¢(y, t) asaserca ycrofitm-
BBIM KODHEM.

4°. Bynmem npeamoaarats, uto pemende y(¢) samaum (7.17) ompepe-
nero Ha cermenre 0 <¢< T m mpumaguemnr D = 0<:t<T, |yl <bl.

Ilpexpge weM DpOH3BOMTH fanbEeiillee HCCACJOBAHUE 3ajadul, pac-
CMOTPIM OJNH YacTHEHI caydail, a OMEHHO

BE=F @), 2(0, W) = 2. (7.19)

J10T caydall, BO-IEPBBHIX, HHTEPECEH CBOell reoMeTpHIecKOll HAIJHAIHO-
CTBIO, & BO-BTOPHIX, COOTBETCTBYIOIHE pe3yIbTarsl HPHATOJATCA IpH
paceMorperuH ofmero cayias (7.14). :
IIycrs z =@ saBaserca ycToHYdBbIM KopHeM Yypasaemma F(z)= 0.
@ B JAHHOM ciydae ABiIfeTcA KOHCTaHTOH, a [ — m00BM HHTEPBAIOM

. . ) ar
BellecTBeHHON ocH. Yciaosme ycrofiumpocrd (7.18) myeer BHJ d—z((p)<0.

[Tycts kpoMe ¢ ypasmenne F(z)= 0 mmeer eme KOpHA @y, @, ..., ODH-
9eM @y H @ — ABa OMMKAAX K ¢ KOPHA COOTBETCTBEHHO CHH3Y H
cBEpXY (pme. 20, Ba KoTopoM mpejcrasiena moioca 0 <t < T, rpe T —
n10006 DOJOKHTENBHOe YTHUCIO). Hpocne;mu 33 ILOJNeM HampapieHHil
ypasrerua (7.19). lipm mocraTogmOo ManoM | BeKTODHI, KacaTeldbHH® K
EHTETPAJbHEIM KPHBBIM, PAacHONOKeHLI HOUTH HAPALIENbHO ocd Z (B4
HCKIIOYEHWEeM MaJol OKpecTHOCTH KOpHe#l ypaBmenma F(z)=0),
¢+» ¥ «—» Ha pHCYHKe yKaswBaloT sHaK Qymruam F(z2). 3amermy,

ar
970, HOCKOJBLKY d—(cp) (0, KOpeHL @ ABIAAETCA HPOCTHIM O npn 2=

OPOMCXOJUT CMEHA BHAKA ¢pyarnan F(z),

IIyers @, < z2° < @,. Paccmorpmm MHOMKecTBO TOYek |z— gl <e
Tlle €& NPOH3BONBHO MAano (£-OKPeCTHOCTL Kopusa ¢). Xapakrep mnoas
12 A. H. TUXOHOB M J1p.
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¢ TPYroil cTOpOuE,

dav

F(z(t,,
Ehﬂ=2”@zm—@FL%Jm<O

B cuay csoiicrBa F(z2)=Z 0 mpn z = ¢, 00eCIedeHHOTO YCIOBHEM yCTOH-
dF
YMBOCTH 5= (p) <<0. Ilpormsopeume npmBOAET K BHIBOAY, 9YT0 HH-

Terpaabliag KpHBag OCTAHETCA B €-OKPECTHOCTH 2z = ¢. Tak Rar ona
Hofnajaer B 3Ty OKPECTHOCTL HMpH t =1, <<g, T0 B CHJIY NPON3BOALHOHA
MajzocTH € 9To (akTHUecKH o3madaeT cmpaBemuupoctb (7.20).
Vrpepssaenne (7.20) momHEO 3ammcarh Takke B ciaegyromeill ya00-
Holi mza Jjaabneiimero dopye. DBsefeM He3apmcHMoOe IlepeMemnHOe
v =t/p. Torga 3agzaga (7.19) mpumer BUX "

- . L_F@, z20=2 (7.21)

Vreepmpeune (7.20) osmawaer, uto lim z(T) = ¢, =mam, mHAYe, AIA

T—>00
M000TO €& CyIIecTByeT T,(¢) Taroe, YT0 HWPE T = T, CUPABEAINBO He-
PaBEHCTBO
lz(1)— @l <e. . (7.22)

3amMeugannsa 1. Kak Buamo m3 mOpoBeleHHEIX pacCy:KIeHui,
npefensurii mepexoq (7.20) me ABAseTCA PABHOMEDHBIM OTHOCHTEIBHO
t = (0, T}, aro xopouio wnocrpupyercsa puc. 20.

2. Tepmuor «ycTOHUNMBLI KOpDeHB» He ABIAeTcA cay<ailEpiM. Herpymso npo-
CIEeJNTh CBA3L MpOXENaHBLIX LOCTpoeHuit ¢ Teopweid ycroidmeocT: (CM. M. 5).
JleficTBNTeABEO, z = @ SIBAAETCS TOYHBIM pemeHueM ypasherua (7.21), mpmden,

F N
B CHIY (%(q;) < 0, 370 peilemiie aCAMUTOTIYECKH ycroiuneo mo Jlanymosy. Urolu

yOeuTLCA B HTOM, LOCTATOYHO CAEJATH 3aMEHY NePeMEeHHBIX & == Z — @ A BOCIOJIb-
30BaThCA TeopeMoi 5.1 mau -Teopemoii 5.3, B3sB B KavecTBe (ymERmEE JlamyHOoBa
V = 2% To, uT0 HHETerpajnLHasg KPHBAA z = 2{T) 0CTaeTCA B €-OKPECTHOCTH NIpA-

. . dz
MOH z = ¢, ofecmeueHO YCTOHYMBOCTHIO pelllcHHA 2z == ¢ YDPaBHeHWA Fra F(z).

Bepmemca k odmemy caywao (7.14), (7.15). Ilpm paccmorpenzn
5TOTO CAyuas HJeD Teopin ycrofigmpocTu OyAyT codeTaTbCA € HAEAME
. TEOPHH PEryAAPHLIX BO3MYIIEHM. :

ConocraBmym 3amage (7.14) (7.15) sapagy

d
RIL = Fla, 3% 0), 2o(0) = % 7.23)

Jra zajada sBIAeTCS HecaeloBamHON yike safgadeit tTmma (7.19). B cm-
ay 3° z,=q(y% 0) saBasercAa ycrofuWmBEIM KOpDHEM YPaBHEHHA
F(z, y° 0)=0. -

5°. Bynem mpegmosiaraTh, 9T0 HA9aAbUO® 3HAYEHHe 2’ IPHHANIEHMAT
obnacrm Brmapms Kopea @(y°, 0) ypasmemus F(Z°, y°, 0)=0.

12%
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IlpuEnMas BO BHEMaHIe HempepHBHOCTh ¢ (¥, t), MoiHO, obecmeTnB
nocraTouEylo Mamocrs 1y (f, p)— y°l, oGecuednts TakiKe HEPaBencTBO

lp(y(t, 1), )—o ¥’ 0)l <e/3 mpr 0 <i< Top. o (7.31)
113 (7.29) — (7.31) moayumy, 910 PR ¢ == Tolh = o (1)
lz(t, W)— @y (@, n), 1)l <e. (7.32)

2) O6osmawnu A(f, p)=z(f, p)—o(y(f n), t). Coormomenne
(7.32) rosopur o TOM, 4To A(f, W) Kak yroago Mano mnpm I =fo(p).
Hepasercrso (7.32) Oyder ocraBaThcAd BBHINONHEHHLIM B HEKOTOPOM
OKDECTHOCTH CIpaBa OT TOYKH f,. Benmamma oT0il OKpecTHOCTH 3apaHee
He m3BecTHA. MOKeT CIVYHTBCA, 9TO HepaBeHCTBO (7.32) BHImOJANEeno
1A Beex ¢ == t, otk A0 £ =T, a MoKeT oOKasarbcs, Wro Haiijerca
apauenne !, << T, opn KotopoM (7.32) mepeiiier B paBeHCTBO. ¥YOe1HM-
¢f, 9TO B NEePBOM cIydae npH Beex < [f,, T], a Bo BTOpoM mpi Beex
t e [t,, t,] peamumna y(¢, p) ®ak yropuo Ommska ® y(f). Has aroro
mepenmimeM BTOpoe ypasueHme (7.14) B Bmpe

Do T@E O+ACE ¥ 0 Yl =¥+ 80, (7:39)

A CpaBHEM 3Ty 3ajady ¢ 3agazeit (7.17). Cormacmo mnoayJenHOMy B
upeNsIAYINEM OYHKTe BelmYmABl fo(n), 18(pn)| Kak yrommo Mmaner mpm
pocraTouno MasoM W m Beamumma |A (¢, u)| wak yrogHo mama mpm nio-
craToumo MaixoM | 1 t€[t, T] mam t €|t t,]. 3anawa (7.33) apuser-
¢A peryIsapno BO3MYIERHOH 3afadell mo oTHOmeHHIO K 3agave (7.17) -
(cM. Teopemy 7.2 Bvecre ¢ samedanmem 3). Ilosromy mpn t&[t, T]
aan t<[t, t] y(, p) cymecrsyer, mpmHammesrar [) H, KpoMe TOro,
Ama modoro &, >0 cuopasefimBo HepapenctBo Iy (f, pm)—y(t)l <e,
opn t€[t,, T] mmm t <[t t,], ecim TOMBKO |1 AOCTATOUNO MAJO.

3) Y6emmmca Temeps, 9T0 HepaBeHCTBO (7.32) BBHIMONHEHO IS BCEX
t=[t,, T], 1. e. m3 ABYX BO3MOKHOCTEH, YKAa3aHHEIX B 2), pealusyercs
TOABLKO ONHA, a MpejNOJO:eHNe O CyHIeCTBOBAHHE TO4RE & < T, s
kotopoit |A (¢, n)| = e, upusoaUT K HPOTHBOpEIHIO.

Hycrs npu ¢, < T pocraraercs paserctso |A(fy, p)l =e. Bsenem
B paccMoOTpenRne (PYHIRIHIO

V(Z, Y, t)= [Z'—(P(.l/, t)]z-

. dvi
B cury mpeamozomenna o Toure ¢, mmeem |, >>0. Ho
- 1

av .F(z,y,t)_'?_q) __a_(p
R A e S SR

Tax kar  F(z, y, )i=1,#0, 7o smax {*} mpm pocrarodmo Mameix @
oumpepnenserca sHaxoM F(z, y, t), a, cre/loBaTeJabno, B CIUIY MajoCTH
A — 3HAROM

- g—f(cp (v, ),y Yz— oy, )
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Ilpa 3ToM OCTATOUHBIT WIeH €,(f, L) B BHIPAKEHAH JUIA z(t, u) me AB-
AfeTCA PaBHOMEDHO MaJoil BeNHuMHOf. lSCTeCTBEHHO MpPeoJIOKIUT,
wro ecim K Z(¢) AobaBmTh pasEOCTh Z(T)— @(y°, 0), TO moayuHTCA
(bopmyna z(ti p‘)=i(t)+zo(’t)_(p (yov 0')+83(t1 p')v rae 83(t1 “’)=> 0
ua [0, T]. Yoeaumcs, uto s10 jeficTsutensro Tak. Benmumma es(Z, w)=
=z(t, p)—Z(t)— 2(t)+ @(y°, 0). Pasodreu orpesox [0, T] na nBa
vaacrra [0, o(u)] n [Z(p), T], rme fo(u)= Top — BesmmuMHA, BBEACH-
af OpH [0KA3aTeNsCTBE TeopeMbl 7.4, To JOCTATOTNO BENKO Il PUKCH-
posamo mpu p — 0. Ha [0, ¢, ()] opencrasnm € B Bujte

. 83(t7 M)= [Z(t, “’)_ ZO(T)] - [Z(t)— cP(yov O)]

“3aecs lz(t, p)— 2z(t)| <&/2 mpn p—~0 (sTo TO e camoe, 1TO
(7.30)), a ’

1Z (¢) —cp\(y”,O)l = z(¢t) —z(0)] < e/2,

Tak Kak f(p)— O mpu w — 0. Cuenomarensno, na [0, to(n)] mmeem
les| < e pasmomepno ormocureanHo t mpu p— 0. Ha [to(n), T] mpen-
CTaBUM € B BIOJIE

es(t, B)=1[z(¢, m)—Z(1)] = [2(1)— 9" 0)]

3xecs lz(t, n) —z(¢)1 <e/2 (cm. samegamme 1 K Teopee 7.4 o pas-
noMeprocT: mpefenbroro nepexopa (7.25) ma [fo(n), T]). I Toumo
rar e |2 (t)— @(y°, 0)| <e/2, mockoabKy 3TO TO iKe HEpPaBeHCTBO,
Ho Juim wacTHOro caydas (7.23), T. e. m Ha [L(p), T] mueen lesl <e
paBHomepro otuocaTeibuo ¢ mpm p — 0. Tarum obpasoy, es(t, p)=10
mpu w— 0 ma [0, T

" Bamer:mM, uTo pasHocTh Zo(T)— @(y°, 0) ocyuecrsiser mONPaBKY
HA «uoTeplo» HadansHOro ycaosus z(0, W)= z°, KOTODOMY He MOKeT
yaoexersopath Z(t). Boipamenne Z(f)+ zo(t)— @(y’, 0) yme Gyner
VIOBIeTBOPATH HadaabuoMy ycaosuio npu ¢ = 0.

Hume (teopema 7.5) Oymer nokasamo, uro & (f, p)=0(u),
gs5(¢, )= O0(n). Bosee Toro, mpm KOCTATOYHOH TIAJKOCTH TPABLIX HYa-
creit (7.14) MOMKIO NOCTPOHTL ACHMITOTHYECKOe NpPEACTABIEHIE I
pemennsa s3apadn (7.14); (7.15) c ocraroumeiM UIeHOM O (n**'), Ho,
B OTIHYHe OT PEryJsPHOTO ciIydas (CM. TeopeMmy 7.1), aT0 mpepcrasie-
ume GyneT, IOMIMO CTeNeNHEIX IO [ (WIN pesysapHblL) HAEHO8, CO-
JepsKaTh HeKoTophle GYHRUEH (TAK HA3KIBAEMBIE NOZPAHUNHbIE UAEHbL),
3aBlcAmOe OT [L He cTeneHHblm 00pPasoM; IOTPAHUTNEIe WIEHBI HMEIOT
3aMeTHYW Beamimuy B okpecrmocTm ¢ =0, a fanee ¢ pocrom f GricTpo
yopiBator. Beejenmasa BbIllle Pa3HOCTD zo(t)— @(y°, 0) mpedcrasasger
co060ii MOrpaHHYHBIA WIeH B ACHMOTOTHUECKOH (opMysie ¢ OCTATOTHBIM
gaenoM O(p).

Tlocne STEX mpejBapUTeJbHBIX 3aMeYaHUi IepeilfieM HeloCpeICcTBeH-
[0 K ONECAHHIO OOLIEr0 ANrOPATMA NOCTPOEHAA ACHMITOTHKH Delleins
CHETYAAPHO BO3Mymenmnoil sagaun (7.14), (7.15). ‘

lipeacTaBmM z M y B BHJe CyMMBI ABYX (OPMaibHBIX PA0B (3/1€Ch
I B ganpHeiimeMm moj # OyfeM IOHEMATL 2 H Y B COBOKYIHOCTH,
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9Ta cHECTEMa COBODAJAET, KAK W CJIENOBAJ0 OMKOAATh, C BBHIPOKIEHHOM
cacremoi (7.16). Ilmeem Takie (y4UHTHIBA DepBOe 03 YpaBHEHIH

(7.41))
Mgz = TF = F (% (0) + Tz, 3(0)+ Ty, 0) — F (2 (0), %6 0), 0) =
= F (% (0) + Iz, %, (0) + 1;y,0), =Ty —0. (7.42)

Haumpasn ¢ k=1, ypasgenna (7.39) m (7.40) Gyayr samHeinbIMO
OTHOCHTENBHO Zx, Jx U 14z, IL,y. OSparum BHHMaume ua T0, ITO CliCTe-
ma (7.39) ne coZep:KNT HPOH3BOMHOH OT Zy, a TOILKO HPOH3BOIHYIO
oT §x, a cucrema (7.40) myeer Ty ocoGemHOCTb, UTO BTOpOe YpaBHeHNe
B Hell oTjenseTcda, TAK KAK €ro IPaBasg YacTh COAEPMKUT WIEHBI TOILKO
OpeJBIAYIAX HOMEDOB.

Jlnsa Toro 4T06s! W3 mosdydennsix ypasuenmi (7.39), (7.40) ompeje-
muTh WieHH pasno:kennit (7.35), (7.36), mymHO 3ajaTh HauaJbHble
yenopas., Jlaa atoro moicrasuM (7.34) B (7.15):

%0 (0)+ pT,(0)+ ... + Lz (0)+ pllz (0)+,.. = 2°  (7.43)

n npHpaBHAeM KO3(EUUIEHTH UpPH OJMHAKOBHIX CTeIeHAX [ B O0eHX
gacrax »rEx pasencts. llpmpasnuBamne rosdduuenTOB HPH HYIEeBOU
cTeneHd W Jaer

F0)+ Mz (0)=2°, 7o (0)+ Iy (0)= ¥". (7.44)

PaccMOTpHM BTOpOe W3 STHX paBeHcTB. be3 Kawux-imbo AOmoIm-
TeJIBHHX CcOOOpakeRImil u3 mero Hean3s ompeieduts o(0) nm ILy(0).
Oxmako Ha DOrpaHHYELIE WIENLI, KOTOpHE NPH3BaHbl HIPATL POJb IXO-
npaBox B okpectmoctm £ =0, a npu ¢ >0 cTpeMOTBCA K HYJIIO BMecTe
¢ W, crefyeT. HAAOKHTEL monondnteabioe ycaosme 1Lz — 0 mpo 1 — oo,
Orcioga mpuxofuM ® Bmmoxy, uro 1ly(0)=0, rTak Kar noOHaue
(en, (7.42)) oy (t)=1l,y(0)= const » 0. A rorna ms (7.44)

N 70(0)= 3", (7.45)

Hpn stom ycaoBmm pemaem cicremy (7.41) m momywaem, [0 Z(f),
o (t) coBmamalor ¢ pemenneM Z(t), (i), KoTopoe yHte BCTPEYanoCh B
teopeme 7.4, Mz (7.41) moayanmm 2Z,(0) = ¢ (7 (0), 0) =y’ 0),
a Torja mepBoe m3 paseHcTB (7.44) maer navansuoe yciaosue aas Il,z.
Mrtar, Hagadpusle YCIOROA Ans cucreMsl (7.42) nMeior BN

Ty (0) =0, Tz (0) = 2* — Z,(0) = 2" — @ (", 0). (7.46)

Moaromy Iy (t)=0, a Il;z(1r) sBasercs pewennem creiylomed Ha-
YaJabHOH 3ajad4n:

2 M,z = F (¢ °, 0) + Tz, y°, O;
ILz(0)=2* — ¢(y", 0).

(7.47)

LN
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A

B Teopum CHETYJADHBIX BO3MyIeHuil RoxaseBaercd, uro masg Iz
HMeeT MeCTO OIeHKA

Mzl < Ce»w, :=0,1, .., (7.54)

rae C >0, x>0 — HexoTOpBle NOCTOANHBIE. OJTa OIEHKA O3HAYaer
3KCHOHeHNEANbLHOe cTpemienne [,z K Hymo npm t — o, 3T0 Ke Hepa-
BeHCTBO obecneumBaeT CXOAUMOCTh HHTEerpaios B (7.53).

OcHOBHOEe YTBEpHeHNe, OTHOCALIeeCH K TONBKO UTO HPOBEJIeHHBIM
HOCTDPOSHMAM, 3aKIIYAeTCH B TOM, 4T0 pAR (7.34) sABideTcA acuMuTo-
THTeCKAM pANoM A pemernua x(f, u) sagasm (7.14), (7.15), a nmen-
HO, B TEOPHM CHHIYJADHHIX BO3MYOIeHMil J0oKa3blBaeTcs, 9TO Pas3HOCTD
Messny z(f, W) m n-i wacrmuHOM cymmoii papa (7.34) mMeeT mopsloK
O (p™*'). Taxoso oboSmernme TeopeMsl 7.1 HA CHATYJAPHO BO3MYHIEH-
gyio cmereMy. IlogpoGHee ¢ 3THM MORHO O3HAKOMHUTLCS B KHHTre *).

IlpaBesieM JOKA3aTeAbCTBO ACHMITOTHYECKOTO IIPECTABIEHNSA A pemeHHs
sagaun (7.14), (7.45) ¢ ocrarousmiM unesoM O (W), a HMEHHO, MNOKaj)ieM, dTO
z(t, p) = Zo(t) + Mo(z) + Mo(Z) + O (u), ¥ (¢, p) = Ho(t) 4 O (u). Joxasarenscrso
PEACTaBIeHHA ¢ OCTATOUHEIM wieHoM O (u"t!') cliojkHee JHINL B YHCTO TeXHHYE-
CKOM OTHOIIGHWUH.

JameM GOPMVINPOBKY COOTBeTCTBYIOIIeil TeopeMsl.

~ Teopema 7.5. Ilycre svinoanenst Ycao6UA:
T A% F(z, y,t) u f(2, y, t) nenpepvienbl RO COGOKYNHOCTU AP2YMEHTOB 6 Heko-
Topou obadgcru H.

2°, Ha ceznmenre [0, T] onpedescno pewenue Go(t), zo(t) sadauu (7.41), (7.45),
u 70 pewenue npunadaexur H,

3% Fo(Zo(t), ¥olt), t), cywmecrayer, nenpeprisha u orpuyaresvra npu @(y° 0).

4°, 2% mpunapanexaT obnacte BuasrEa ¢(y° 0).

5. Hpu 0<<t<<T, |A] <e, |8] <e (e—mexoropoe, moxer 6ureb, docra-
TOUHO Mmasoce, HO (Pukcuposanmoe, He 3asucsujee .OT | Hucao) Pyuryuu
F(zo+Hz+ A, fo+ 6, t), f(Zo+ oz + A, Jo-+ 06, t) nenpeprisubvt sxnecre ¢ npous-
¢0dnbuLmu Go 6T0po20 nopadka exatouliTeavro no A u 9.

Tozda na 0 <<t << T cnpagedausst pasHoMepHble OTHOCUTEAbHO t OYEHKU

z(t, p) — Zo(t) — Moz (t/u) = O (n), (7.55)
¥t ) —Folt) = O . ’ (7.56)
JloxasarelbCTBO TEOPEMET OCHOBAHO HA HECKONBKHX JeMMax.
Jdenwma 7.1, Hueer .ueca;o HepagencTeo *
| Toz| << Ce—xt/n, (7.97)

28e C > 0, x > 0 — nexoropole nocroanmusle.

Jorasatreannbctso Mu ymke sugenu soime, 910 oz — 0 mpa 1 —- oo, Cei-
gac rtpefyercA NAIDE YTOYHHUTH XapaKkTep STOro CTpeMieREms K Hyudo. Ofpartmm
pHHEMaHHe Ba TO, 9r0 (7.57) — 910 (7.54) npm z =z, k = 0. U3 (7.47) mmeeMm (Ha--
noymmy, o @(y°, 0) = Z0(0), 3° = 7(0))

L ]

d - —_
7 Ugr = F. (2, (0) =+ 08Iz, Ty, (0), 0) Mz,

*) Bacuanbena A. B, Byrysos B. @®. AceMnroTmueckme Pa3IOKeHRSA
pemenuii CHECYJADHO BO3MYMIeHHEIX ypasmemmil.— M.: Hayka, 1973.
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Tak RaK sup (te~*!/*) = pe~!x. 33ech mocroammas Ce~!/x BHOBL oflozHaueHa de-

pe3 C. Yeropmycs B zadrHeiizeM Bce He 3aBHCAINEE OT | NOcTOARNEIE 0603HaTaTH
omoit n Toif e GykBoll C, 82 HCKIIOUCHHEM OTJAETBUHX CIYTaEB, KAK BTO YiKe
pexasocs B § 2 ra. 5.

HoxasaTeIncTBO Teopens: 7.5. Iodomnm. A = z — T — [z, § = y — Fo-
Boiwnran (7.58) u3 (7.14), moaytmm

dA — — ¢ -
pagr =F (T + Tz + 8, v+ 8,8) = F (5, + T v 1) + Ry
. : (7.59)
ds = , -, - - :
E—:f( 24+ Hoz—,— A, gt s t)——f( zo—:r— Hoz, Yo t)—}—R2.
OueBiIno
A0, v)=0, 5(0, p)=0. : (7.60)
CrcreMy ypasmennii (7.59) MokHO uepénnca'rb B BHJ@ '
dA , dd
Ry =adFa,8+ R, gr=a,Aa,d Ry (7.61)
jy: GRS

1
0y, (8: 8,10 = [ F, (G Tz + 08, g+ 8,1) a6,

1
ayy (8,800 = [ P, (T, + T,z Ty + 06, ) a0,
]

€ T agzg TMCIOT @HAJIOMMYEYIO CTPYKTYpPY. PaBencTso mpaswix wacreit (7.59) u (7.61)
Jderxo HPOBEPHTh HENOCPEeCTBERNO, €CHH 3AMETHTh, 9TO MO HBTErpajyoM B BEIpa-

dF ,— -
HEUDD JJA an CTONT BeInunna A_E( —I—H'z—}-GA, yo—i—ﬁ t) I OpEMERUTH

aNAOrRYHLIe COOOpasRENAsA K 0CTRNBIBIM 1\03(b(imcmema\1 ap.
s mepsoro ypasmemun (7.61) serpasus A uqepes 6 (Oymem B JaidbEeiimem
ynorpebaats oboamavenue A(t), §(¢), oOmyckas 3aBUCHMOCTB OT {4):

4
J L4t
g

A(t)—fe——(a,26 )+ R & (7.62)
\ 0

TlogcraBiiy pe3yasbTaT BO BTOPOC ypaBHeHIe:

l_uj’llldt
ds e -
a5 = % §1a 15‘—?——' (4,8 &+ R)dE--R,.
0

Orciofa Hoayuns
’ 3

—j‘a”dt

@g,di !
andgj 126 () .—f— R)dn.

AL W,

t
. tjz 1
mu:fi H£+§e
1] 0
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BregeM u = Svlbldn. Torga %=|6|, ‘g?ul=l6| u (7.89) maer

0
du
1< Clul+cp (7.70)

Toapsysics aemmoit 2.1 o guddepernualpuslX HEPABEHCTBAX, MOMYTIM OTCIOAA
fu] <p(eft—1) < p(efT—1) <Cp. (7.71)

du
CnenoBarteabno, B cuay (7.70) \?17 < Cu, T.e.

16] < Cu. (1.72)
Toneaysch Teneps (7.62), omemroit (7.72), tem 1TO {R,| < Cp, 1 onenxoii (7.66),
TONYIEM
P!
b —~—(t—b)
lal< 5 L;—Cud§<6'p‘.' (7.73)
0

Onenxu (7.72) m (7.73) B coCTABIALT yTBepHASIeHEE TeoPeMsl 7.5, KOTODas, TaKAM
o0paaoM, foKa3zaHa.

3. Ilocrpoenne acMMOTOTHKH (YHIAMEHTAJIBHOIl CHCTEMBI pemennii
RIA JHHEHOro YPaBHEHHA BTOPOro HOPAAKA € MaldbiM IAapaMeTpoM IpH
crapmreii nponspofunoii. B paje sagmau Teopnn KojMebanuil, KBaHTOBOH
MEXaHOKHA H [p. BCTpeUaeTcs CHHTYJIAPHO BO3MYIeHHOE ypaBHeHHE BIAR

' Wy + @)y =0, (7.74)

He YIOBIETBOpAIONiee TpeGoBaHmAM IpeisAymlero nymwra. R rtmmy
(7.74) npmHajnekAT, B YACTHOCTH, YPaBHEHNE JBIUKeHHUA MasATHAKA
(7.41) npm orcyrcremu Tpemus, T. e. B caydae o = 0. Urolu ypasme-
mme (7.41) cmenoch k cmcreMe rtama (7.14), ;s KOTOPOIT BEIMOAHENO yC-
noBme yeroiiamsoctm (7.18), memamee B ocHoBe Bceit Teopmm m. 1,
HY3KHO, 9T00BI ¢ OBLIO OTAMYHEIM OT HyAA. Ecam e o = 0, To Teopust
o. 1 mempmmenuma. Hak n3BecTHO, B 3TOM ciydae pelliende ypaBHeHH:
(7.41) HocmT KoaeGaTenbHELIT XapakTep .(BCIEJCTBIfe MamOCTH {( KO-
neGauns GyyT mMeTh oueHb (ONBIIYI0 JacTOTY), T. €. sABJIEHHEe Kavecr-
BEHHO OTJHYAeTCA OT paccMoTpeHHoro B iL. 1.

Ilonpayscs ammeftmoctho ypasHenus (7.74), Mmr me OymeM CBA3BI-
BATh IOCTPOGHHE ACHMITOTHKH C 3ajjaHdeM MOHOJHHTENBbHBIX YCIOBI,
KaK 9TO OBLTO CHENAHO B HpeXBIIyMeM IyHKTe, I[e paccMaTpHBAjlach
AavaJbEad 3a7ada, a MOCTABAM IEJIHI0 MOCTPONTH ACHMNTOTHRY (yHAa-
MEHTANbHON CHCTEMBI pemiendmii, d4ro [acT BO3MOMKHOCTD WOJMYHATh
ACHMITOTEKY peIlieHHil; OmpefelsieMBIX CAMBIMH Da3HOOOPasHBIMII [0-
NOJAHATEABLHBIMA YCIOBIAMIIL. ;

Bynem npemmonarars, ato Q(x) 7 0 ma cermenre a'g:c <b u apaa-
eTCA TPHIAIH HenpepsiBHEO ARddepernupyemoii (yHKumeH (mas ompe-
Rexennoctd 6ymeM cumtats Q(x)>0).
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nyas. Hieem

 J
L Y uy u*y*
Dy, y) = | =

2 ’ w ' % |
N uv'4zv  u*r* +z*v

7 3 LA { r 5
Y4qureBan, 410 U _H—Qv’ OOJIy9HM Jajiee
u u*

D (y, y)) = vv* uii_()_l‘z —u*fi_0+z*

iQlu Tou* 2iQ .
blutow —wiowl = T et 0w
- -2+ ow],

OTRYIa y#e ACHO, 4TO 2T BBJIH‘IHH& OTJHTIHA OT HYJIA.

Taruy obpasom, Yy, U Vo= yl jelicrsutesnsno obpasyior dyuiamer-
TaAbIYI0 CHCTeMY pelienuil, 1 reopeMa 7.6 J101.a3aua

BaMegaunnda 1. Momuo ZoKa3arh, YTO aHAJIOTMYIHBIA pPe3yabTaT
mMeeT MecTo M M ypasuenus p'y” — Q*(z)y =0, ¢ rToil pasumueit,
gro B (7.78) cineayer i 3aMeHNTb e nHEOeIl.

2. Honyyenunie acuMnroTudeckue gopmyast (7.78) TepaoT cMBICA, eclAH HA
[a, b] umelorcsn Touwm, rie Q(zr) obpamawTca B Hyas. TakHe TOYKH HA3BIBAITCH
ToukamMu noeopora. TepMHMH NPOHCXOAAT H3 KBAHTOBOH MEXaHHKH, TAe HEKOTODhIe
sajauyd 3 ypasHerns lllpeniiarepa B 0JHOMEDHOM cilydae IPABOJATCA K yDAaBHO-
nmio Troa (7.74). llpn nanuuum TOUYeK NOBOPOTa AacHMITOTHKA CTPOATCA (o.ee
CAOMHBIM 00pa3oM B COOTBETCTBYIOLIAA TEOPHA BLIXOAHMT 3a PaMKHl HACTOANIENO
yuebrnka. Merog mocTpoeHHs ACHMOTOTHKH peluieHMHl ypaBHemwd tuma (7.74) »
¢usnKe YacTo Ha3bIBABTCA BBh—Mero;[ou no HMMeHH vr{enm\:——dmam\on BenuneJs,
Bpunmosna u Kpasmepca, paspaGoTaBIIIX COOTBETCTBYIOUIME aATOPATM.

3. MeTox HaM# OpojeMOHCTPHPOBAR HA mpmMepe (7.74). Crexyer, ogHAKO, 3aMe-
THTH, 4TO JTOT METOX PACHPOCTPAHACTCA HA CHATYNAPHO BOIMYIIEHMbIE CHCTEMSL
Gonee olGmero Buja *).

4. Merog ycpeanenna. PaccMoTpum ypasnesue

=wY@t), yO, pn=y" (7.86)

1l3 upeiniayiiero M3secTHo, 9TO0 HPA YCIOBMH JOCTATOYHON TJALKOCTH
npasoit wactu (7.86) ma meroropom cermente [0, 7] pemenue 3agaun
(7.86) mpefcraBEMO acOMOTOTHYECKA MHOTOWIEHOM U0 CTEUEHAM W
(reopema 7.2). Oapako npu pelleHMA DPAJA BONPOCOB MaTeMaTHAYECKOi

*) Cym., manpuamep, C. A. JTomMoB «Beegerue B 06mMYyI0 TEOPHIO CAHFYIAPHBIX
BoaMymennii» (M.: Hayka, 1981), rae uprsefen moxpoOHBIA anaju3 OCIOBHLIX Mei
MeT0/la, er0 flajdsHeiilllee PA3BHTHE W CBA3L C BONPOCOM TAK HA3KBAeMOMN peryisapu-
Ba0HU CHHTYJAPHO BO3MYDICHHBIX 3aJat.

13
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ITpennonoxum, 110 KpoMme mpefeabHbix coornowenmi (7.87) cnpa-
Be;IIMBBI TaKsKe COOTHONIEHHA

T

day N -
&~ lin faq“ ) di, (7.88)

T

oYy .
T. €, €peiiee 3HaYeHHe Dp0H3BOILHOII <= DPaBHO HpPOH3BOAHNOHM OT

an
cpeJiHero 3madesdd Y.
IlocraBum B coorBercrBue ypasmenmio (7.86) exeayouee, Tar na-
3LIBAEMO€ yCpeJIHeHHOe ypaBHeHMe, KOTOpoe B mpmuuume npoue (7.80):

D —f¥ ), 20=y. (7.89)

CnipaBennpa cirenyroman
Teope.)na 7.7. ITycro
1°. B neroropoii o6aactu lyl <b, 0<t< oo ynryus Y(y, t) wue-

npepuléna 1t PA6HOMEPHO 02PAHUYEHA GMECTE C NPOU3BOIHOL nepeoco
nopadka no y.

2°. Ipu |yl <b cywyecreyer cpednee snavenue (7.87), a Taruce
cnpasedauso (7.88), npuuem npedesvnuvii nepexod e (71.87) u (7.88)
UMEeT MEeCTO PA6HOMEPHO OTHOCUTeabHO M < [—b, b].

3. Pewenus y u n sadau (7.86) u (7.89) cywecreyior, u npunad-
aexar (—b, b) npu 0<t<<L/p, 20e L — ne sasucawyas or u nocro-
annas.

Tozda pasnomepno ornocureavhn te|[0, L/u] umeer mecro npe-
deabnrlii nepexod

lim(y — n) = 0. (7.90)
>0

Joxaszareasctso. PaccMoTpam Beanummy

, ) ,
w(n, )= | 1Y (n, ) — T (mlde, | (7.01)

0

a TaKyKe ee NPOM3BOJHYIO IO n

a ay - 0
u S[a‘] (1], —_ El—‘r—]-}dti (/.92)

0

H MoKaskeM, 9T0 B ofmacrn [nl < b, 0<t<L/pn copaBepnmes coor-,
HOHIEHUSA

p=e(p), p m] =& (p). (7.93)

3nech H B fanbueiimeM ycropuMcs depes &(p) o603mauaTh JI06YIO Be-
anyuny, 6ecKONeTHO Maiyl0 BMeCTe ¢ | PaBHOMEPHO OTHOCHTENLHO Tex
APYTHX DepeMeRHBIX, HAOpUMep 1 H £, OT KOTOPHIX 3Ta BeAMUHHA 3aBH-
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OTKyJa B caeiyeT paBmoMepioe ormocmrensuo t& [0, L/p] crpemuennme
A x unymo npu p — 0.

ITonbsyace ataM pesyabratoM, coorHomenmem (7.94) mu  oUeHKOi
(7.93), moxyaum (7.90), n reopema 7.7 TeM caMBIM JioKa3ama.

3avMeuanusa 1. Yreepsnueune teopeMsr 7.7 OcTaeTcs CIPaBe-
JUBLIM A caydas, kKorfa B (7.86) Beamumuma y sABIAETCA BEKTOD-

dyurumeii. B ycaosnsax reopeMbl -BMeCTO 37 ecTeCTBEHUEIN  00Da3oM
Y, _

MOABATCS TPOMIBONMELIE 5 -. B nokasaTenncTse BCTpeTATCA LeJOMbUIHE
TeXHHUECKHe OCJHOKIEHUIA NpH OuenKe A, KOTOphle MOKHO IDEOJ0JETh,
noab3yach coobparkenuavu § 4 ra. 2

2. Teopema 7.7 Onuia cdopMynupoBaHa W MOKa3aHa NpH YHPOLIAKO-
mieM OpejinoJoKeNd, 9To He TOAbKo peinenne 7(f, |t) Gomee mpocToi,
TeM MCXOfHas, yepegHeHnmoid cucreMs! Jexar 8 (—b, b), HO 1 pellleHme
y(t, p) ncxoamnofi cucremyl rakke nexur 8 (—b, b). Or sroro mocuex-
mnero TpefoBalua MOKHO M30aBHTHCH, HAJOMKHB JIOMONHITENbHOE Tpe-
Gosanne ma N(f, u): n=[—b+8, b— 8] npu 0 <t < L/p. Orcroza re-
paBenctBo |y (¢, w)| < b Moskuo momyudTh Kak caeéjicrsue. B caMom
nexe, mycTb upa Hexkoropom I << L/u mmeenm |y (T, p)l =b, 1. e. unrer-
pajJbHaA KpHBasA BHIXOAUT Ha rpaunmny obmaacrd. Boammen I'* < T, no-
cratourno Oamskoe K T, arodm y (7%, MB oraugagocs or y (7, n) nme Go-
nee gem pa 6/4. Ilockoawky ly(¢, w)l <b mpn O0<<i<<T* 710 mpm
0<<t<T* cupasegiupa TeopeMa 7.7 W TpH JOCTATORHO MAaXbIX K
n(T*, u) oramaaerca or y(I*, u) ne Goiaee wem ma 8/4. A Torma
n(T*, n) oramuaerca or y(7, pn), papuoro b mian —b, ne Gogee uem Ha
6/2, aro mpoTuBOpeYnT TOMY, 4TO

ne[—b+3, b— o

IlporuBopeune mpuBoAuT K BHBOAY, uTo |y (f, n)| <b mas 0 <t<L/p,
a Toraa, Kak Oeuto jgoxasamo, (7.90) cmpasemnueo ma scem [0, L/ul.

Mosrno 6wIm0 OBl He NIPEANOJAraTh TakKiKe I CYMNIECTBOBAHIA peile-
nua y(¢, p), a JOKasaTh ero cyulecTBoBaHHme B OKpectHOCTH 1 (i), mo-
HOOHO TOMYy, KaK aToO OBLIO C/eNaHO, HampEMep, B Teopeme 7.2

3. M= mpuBean 3feck HpOCTelIyi0 TeopeMy METOHAa YycpeAHeHIs.
CymecrByer ofmnpnas JuTeparypa, MOCBAlleHHAs MeTOAY ycpeilleHud,
B KOTOpOil mpHBOJATCA JOKA3aTeibcTBA pAasNuYHbIX Oolee TOHKIX I
CJIOIBIX TEOpeM H CTPOATCA OPHONMIKEHUA, JaolHe J00YI0 acHMITO-
THYECKYIO TOTHOCTH *).

*) Hoppobuee ¢ 9THM KPYroM BONPOCOB MOKHO O3NAKOMHTBCA, HATIPHMED, NO
KIaraM:

Boroawb6on H H, Marponoascraii 10. A. AcmMmMnrormiecinme Me-
Toxsl Heawneiunx wonebammii.— M.: Hayxa, 1974.

Murponoascknii 0. A. Merox ycpennernsa B peammefinoii mexannre.—
Iimes: HayroBa gymka, 1971.

Bonocos B. M, Moprynos B. I1. Merox ocpegmenma B TeopnH neixd-
ucionix rwonebateabnsix cucres.— M.: Map-so MI'Y, 1971,




TTABAS

YPABHEHISI B YACTHBIX HPOU3BOJTHLIX
IIEPBOI'O IIOPATKA

Vpaproeuusi B 4aCTHBIX NPON3BOIHEIX IIEPBOTO MOPAJKA TPAXHINOHIO
paccMaTpuBAIOTCA B Kypce o0pIknosennsix naddepennuaibHbIX ypaBHe- .
MO O Tofi MpHYEIle, 9TO NOCTPOEHHE HX 00uero pelreHHsa MosKeT ObiTh
HPOBEICHO METOXAMM, Da3BUTHIMU B TeopuH oGbKHOBeHHBIX AEPdepeu-
OHANLHBIX yYPaBHEnui.

uddepentmarpioe ypasuenne B YaCTHBIX NPOM3BOJNEIX IIEPBOTO
HOPAJKA HMEeeT BIjl

F(‘Il’ v ey xn,u QZ‘ ﬁ—u—)zo, (81)
1

rie I — nexoTopas 3afgannas QyDKIEMA CBOMX apryMenTos, a HEW3BecT-
no#t Qynrnneii ABAAETCH U, BABHCAIIAA OT APIYMEHTOB Iy, ..., Tn.
MbI ocTanoBMMCA HA ABYX uacTubix cayuaax (8.1). 9rto Tax HA3BI-
BaeMoe JuHelHoe ypasHenue
n

du '

Dailo, 2) 3 =0 (8.2)

i=1 :

H keasuaunennoe ypaenenue
n .
Ju

Eai (xl’ veey Eny u)g;' =a(‘Tl$ ey Ty u), (8.3)

13 .

i=1

e a:, @ — 3ananisle QYIKUMA CBOMX AapryMeNToB.

§ 1. Jhineiinoe ypasuenne
OG6patmMca K maydernio ypasnenna (8.2):

ou du
al(xh ey xn)a’ft":'!"‘ o0 + an(xl, vy xﬂ)aT'=O. (84)

n

Hyers z, ..., , H3MeRAOTeA B NeKoTopoil obracTd G, 1 uycTh B DTON
o6racti PyBKIAR i(Zy, ..., Ta) (i=1, .., 1) obuanaor Aenpepbiiki-
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Baf HpPON3BOAHAs OT U 1o ¢ 8 cuiy (8.6) coBmagaer ¢1€BOU TACTHIO (8.9):

du du dz du du u u
o= 9z di a_y"&’z=A(x’ Wt BE g (8.9)

du
CnefopaTenpno, B ciLty ypasmenna (8.9) d—;—=0, najg XapaKTepHCTH-

Kol amAuKATa U MHTErpaJbliofl - MOBEPXHOCTH COXPaHAET NOCTOANIOE
3uagenue, T. e. XapaKTepPHCTHKA fBIAeTCA JH-
Hyuell ypoBHA HHTErPAJbHOl TNOBEPXIIOCTH.

PaccMOTpEM HEKOTOPYIO KPHBYIO Y, He COB-
najaiomyio ¢ xapakrepuerukof (puc. 21). Ye-
pes Kasayo touky M(z, y) obaactit G mpo-
BejeM xapakrepucTnky. Touka ee mepecedenus
¢ KpuBOil Y OJHO3HATHO OMpejelsAeT 3Ty Xapak-
TepHCTHKY, T. €. XapakTepHCTHRN 00pasyioT
oHOIapaMeTpuueckoe cemeiictso. B Kadectse
mapaMeTrpa MOKHO B3fTh, HaOPHMEp, paccrod- Prc. 21
nne 6 no Kpusoil Y OT HEKOTOPOil (PUKCHPOBAH-
wolt TOUKH (Zo, Yo). Ilodoikenne Touru M na Kaskgod XapakTepHCTHKE
onpegeagerca mapamerponm . Kax smmno, m3 (8.6), ¢ mommo 3amath ©
TOMHOCTRI0 0 IIPOM3BONBLHOTO CHAraeMOTo, modToMy OymeM CYmTATH, 4TO
TOYKa TepecedenHa Kaskaoll XapaKTePHCTURA ¢ KPHBOI Y COOTBETCTBYeT
3nagenuio = {,.

Takum obpasoy, B obaactn G wamyjoit toure M (z, y) momuo mocra-
BITb B COOTBETCTBHe mapy umcen (8, t): O ompemeaser xapaKkTePHCTHRY,
npoxojaAmIyo wepes M, a ¢t — 3mauende mapaMeTpa Ha XapaRTepPUCTAKE,
orpevaioniee Togke M. Tem caMbIM MBI MIMeeM B3AHMHO ONH03HATHOE CO-
orercreue (x, y) <> (0, {) BaM, AHATUTHICCKH,

.’L‘=X(6, t)’ y= Y(ev t)’
0=08(z, y), t="T(x, y).

B mnepemennnix (6, t) ypaBHeHHe XapaKTePHCTHKH HMEET BHJ

(8.10)

j—? =0, orkyna 8 = C. Taxnm o0pa3oM, BEOIb XapaKTePHCTHRIL
O(x, y) =C. (8.11)

ITepemennble 6, £ ynoOust B TOM OTHOILEIIH, YTO, nepe#a K 3TAM nepe-
MEHEBIM, MBl MOJKeM IerKo IOJY9YHTE pelllelne ypapnerns  (8.3).
QdosnaunM

ulz, y) =u(X(0,t), Y(6, 1)) =v(6, ).

B cuay (8.10) ypasuenue (8.5) B mepemennsIx v, 0, mmeer BIJ -g—;' =0

(pemrenme coxpamser Cpoe 2madenne BAOTb xapakTtepuctukn), Tax Kak

dv - .
9% _ 0, 1o v smaserca Ppynuxmueil Toapro 6,T.e. v = F(0), a Tem cambiM

at
u(z, y) =F(0(x, y)), (8.12))
rne F — nponspoiibHAaA (PYyHKIHA CBOETO apryMemHTa.
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CTH XapaKTeDHCTHKY, TO ee ypapuenue OyaeT HMeTb BHTe O(x,y) =5,
a aHayeHge pemenuA B TOUYKAX ITOH XAPAKTEPUCTURE  PaBHO
o[Q(O(z, y))] A Tax KaK Yepe3 KAKAYIO TOIRY G TIpOXOAHT XapakTe-
prcTuKa, To dTa QOPMYJA ABIAETCA BHIPAKERHEM JUIA PEMICHHUA B Ji0-
6oit Toure obnacru G: s

u(z, y) = o[Q@(z, y))]- (8.15)

CoOTBETCTBYOLIAA TeOMeTpHIECKAsds KapTHHA Npe/cTaBiesa Ia puc. 23.

HeTpyaHo ¥ HEDOCPENCTBEIHO HPOBEPHTE, UTO dopmyna (8.15) paer

Hy/KHOe pelllene: BO-IEPBBIX, ITO

pelnenue, TAK KaK COJEPIRATCA B

u=w[5?(£)]=w[9(9(l‘,y))]- (8.12), a wpome Toro  u (%, Py=

= o[Q(E)]=o(s), 1. e yrosie-
rBopsietca ycaosue (8.14).

¢ £=8(z.5),4(5)

-

s, S s

Puc. 23 Pac. 24

Jameganmuna 1. Bmecro ©(z, y) BO Bcex aTHX PAacCyAAeAMAX MOMKHO LOJIb-
gosaTees @(z, y) (em. (8.13)).

2. 1{oReuHo, cAeAyeT HMETH B BHAY, UTO AJiA LOAY1eHHA Q (&) mymuo, urobut §
BJOKL ) 3ABHCEA OT § MOHOTOHHO, KaK, HAOPIMeEp, HA yeacTKe (S(, s2) {(puc. 24).
Torga s = Q(§) ompeneseHo OJEO3HATHO.

Hpemep 8.2 PaccmoTpmy ypaBHeHHe M3 mpuMepa 8.4 u B xazecrse (8.14)
BO3bMeM YyCAOBHO

u(t, 0) = u(t). {8.18)
3ABch Y1 ecTh npaMax y = 0, mapaMeTpoM s cnymﬁT t. B atoM cay4ae
@ (t, y)=y—'-'ot' Q () I/)!vl'—_"—vot:g' t=Q(E)=—E/"’°.

t
CreHOBATEJNbHO, HCKOMO® pemenue u (I, y)y=n (‘_P:_(_’Li/l) = (t - z—) Taxnm
i . 0
00(pasoM, pelienHne ABIAETCH Gorymeit BONHOME, TPOGMIL KOTOPOE ONHO3HATHO Ompe-
JelisieTca safanuol gynxumei w(t).
ITycts Temeph Y1 COBHAAAET C KakoH-1ub0 xapakrepacTHio#. 3xech MOIyT mpen-
CTABUTBLCS DA3HLIe CIYYaH. .
a) u(z, ¥) ‘Vl =const =u Torga pemenme, OUYeBHIHO, OUPefe/AETCA HeOX-

HO3HATHO, TAK KAk peliendeM 5TOi 3ajain Gyner nwban dynxmua u(z, y) =
== f(B(z, y)), nmmp Ol f(8 (z, y) ‘v1)=uo.Haupn_Mep, MOXKHO MOJYIHTH

F® (x, y)=F®O( P)—F (9 (x, ) |v1)+ u, (manommms, 110 F (8 (2

1 lV. ) = const), rae F — ye npon3soibLaA QyHRIEA,
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a B Rauectse Oy ... 0, MOMKHO . B3ATH HAYAJIBLIBIO 3NAMTEHHA

0 0 . ) o
2%, ..., 2% z, 6yaer urpars poanp f. CeyelicTso pelueunit CHCTeMbI
{8.21) mMeer BHX

z; = Xi(zn, 2,..., Th-1, z3), i=1...,n—1 (8.22)

X, BBIpa/KAeT 3AKOH COOTBETCTBHA MEMIYy NApOHd TOYeK HATerpanLiol

. kpuBoit: wadaipHO# I Texymedr. Hx mowxiio HOMENATH POJAMH, H TOLAA

NOJIYyInM
0 ‘e 0 s — 4
=X (22, 2oy T, Z)y P=1, .0 —1, (8.23)

rie X: — Te ke camsie ynuuum, uro u B (8.22), TaK KAK BBHIPANAIOT
TOT ke 3aK0oIl COOTBCTCTBMA.

Jameuanne To, uro cupasa B (8.22) m B (8.23) Mu1 uMeeMm ojnv u te
e Qyurun, yA00H0 NpPOAEMONCIPHPOBATH HA lpHAMEpe NUHEeAno cucTeMBl C

HO3ABHCIMBIM LEPEMCHHBIM I, M HEH3BeCTHOI sexTop-pyurgumed * ¢ KOMAO-
HONITAMU. Zi, « .+« Zn-1. DopMyaa (8.22) mmeer BUZ (cv. (3.84))

N z=W (1) X w1 (’l’?l) L= (.rn, ’:‘:) 2.

Paspeman ormocuteabio «°, Toxywaem (823), T. e. =W ()W (zn) x =
= ,7[’ (.’C?l, In) z. '

Oymxnas X (T« - L) (2% B (8.23) urcupoBaio) MO0 MCIOIb-
30BaTh B KadecTse ©; B IOCTPOEIHH 00IIero peruenis (8.20). 3ametum

cuie, YTO U3 BRAUMHOIN O0OPATHMOCTH dopmyn (8.22) u (8.23) caeny-

D(X,\. ... Xy_y)
N Ce rn_l);ﬁo B G

Onpedeaenue. Ilepeblym UHTEZPAAOM CUCTEMD (8.18) na-
svi8aerca PyYHKYUR @(Tyy . o Tn), 00PAUWAIOUAACA TOoMDeCcT8eHO 8 no-
CTORHHYI0, KO02DA TOUKG Iy, «.. Ln npoOEcaerT UHTE2PAALHYIO Kpusyio
cucrexst (8.18)%). ,

Ouepnino, gynsnun Xi(zy, ... ) B PopyTax (8.23) smnAiOTCA
MEePBBIMIL IIHTErpajlaMu CHCTeMBI (8.21), Tak Rak IpH IHOJCTAHOBIE
(8.22) B mpasbie YaCTH (8.23) omm obpamaTCA TONKAECTBENIO B FAl
O1aKo TIePRBIMH MITErpajgaMu MOTyT ObITh H JPYTHE Py uURUHE M, YTO
0¢0GenHO YI00HO0 IPH IPAKTHIECKOM PelTemiH, Uepsbie HITErpasinl ue-
pesio MOFYT GbiTe 1OXy9emnsl, MAalpuMep, MEeTojoM HHTErpHpPyeMbIX
xoMOumanng (ana monydenua (8.23) HAT0 pemaTh NAATBHYIO 324y
H 9To Menee yaoGHO). '

€T, 4To

dz, ’ dr )
Mpumep 83. (_1_1:: z,, d_‘i:xl. CxiagpiBast 9TH  YDABHCHUA, TOAYyIAM
x x '

3

d
H(ﬂ + T,) = (%, +-z,). Orcoma z, + 7, = Cex", 4 nepsuiM uurerpajoM Oyaer
3

9 = (% 1 2,) e s,

*) HMuorpa mepBLIM HUTETPRJOM HAIGIBAIOT HE dynxouo ¢, a COOTHOUICHHO
¢ = const, -
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o, ¢
! alal ...+an——=0-
OPp_y 0Pp_y
al 0.1? + “ e + an ax = O.

B rampoit rouke obnactm G 9TH COOTHOWIENHA MOSKHO PACCMATPHBATE
KAaK cHeTeMy JNHEHHBIX anre6paMvuecKnX ypaBHEHHH OTHOCHTENLHO
n

2
ay, ..., @ llo yciaosuio > a;i=*=0, 1. e. ¥MeeTca HeTPUBHANBHOC Pe-
i=1
niensie, CnefioBaTe:lbHO, ONpENEIHTEIL JTOM CHCTeMEI DpaBen nyIo
peiopy B G

D, @ evvs Pp_y)
D@y oeesay)

=0.

Orcioga mo Teopeme aHanmaa *) MEKAY P, @iy - - -, Pn—g HAMeeTCA PYyHK-
IOHAJbNAA 3aBUCMMOCTE H B CHAy yciosua (8.24) oTa 3aBHCHMOCTH
MomeT OHITH npejcTaBiena B pa3pelleNHOM OTHOCHTENLHO 1§ BHAE
Y=Y (¢, ..., Pa=r), 9T0 1 Tpebyercs.

Jameuwannsa 1. Jloxasannan rTeopeMa xaer ofocHoBamite INpHBCACHTOR
rorime gopmydse (3.20). .

2. (bopmyna (8.25) npn unpoussoasHOit Anddepennmpyemoii W olnamaer Tem
CcROHCTBOM, 4TO B Heil, cornacuo TeopeMe 8.3, conepxuresn di00oe pemenne
vpasHeEHsn (8.4). C npyroii cTOpoubl, JErKO NPOBEPUTH HENOCPeACTBEHHO, YTO
npe mobGoit anddepenyupyemoir ¥ dymrnua u m3 (8.25) yaosierBopseT ypas-

nennio (8.4); TeM caMniM (bopMy.ua (8.25) upeacrasaser ofimee pemieHue ypasie-
ung (8.4).

HoctapaM Temepnh JONONLHUTENBIIOE YCIOBHE, AAI0INEe BO3MOMKHOCTH
n3 mpomecrsa (8.20) swyenuts oguo pemenue. Jlns aroro Hy/KHO Ba-
nate B obmacta G mnorooGpasme n — 1 usMmepenuii @ mna 3TOM MIOF0O-
ofpasnu 3ajaTh 3mavenie HCKOMOTO pewenua (B ciysae n=2 s m 1
3afaBajace Kpusag v,). llycts ato Muoroo6pasme (0603BaTHM €ro TOKe
Y1) 8samaerca mapaMeTpuueckn (9epes mMapaMeTpel Sy, ..., Sa-1) B BUJ@
Ti= (S ..., $amy) (=1, ..., 1) W HCKOMOE peIIeNHe Ha TIeM 3aJ14€T-
cA TaKe KaK QYUKOHA NapaMeTPOB Sy, ..., Sn—1t

u l?l = (Sli LA sn—'l) (8'26)'

(nawasiruas sajaua, man zajgaga Komm).
Ilycts m3BecTns! n — 1 ReaaBHCHMEIX DepBEIX MuTerpatos ¢; lImeem
(pi ,‘yl = Cpi ((.l)l (31, vaoey 3)1-1), “eny (l.)n (Sl, «e ey 371_1)).

O603naanm Er = @i(0,(Sty ++er Sact)y «ovs @81y ooy Sami)) (}’= 1, ...
..., n—1). Ilpeanonoxum, uto ara cucrema n— 1 ypaspenud ¢ n—

*» Hasnrn B. A, Moamar J. I OcnoBy MaTeMaTHYeCKOro aHANA3A.
Y. I.— 4-e m3g.— M.: Hayka, 1982, ra. 15, Teopema 15.4.

A4 A. H, Tuxonos u ap.
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I TeM caMBIM JeBas uacTe ypasnenua (8.28) pasua

_2 idz z?u’ ’

=1

a 910 B cany (8.29) ects a(zyy ..., ¢), T. e. ypasuenne (8.28) ymoBuer-
sopseTcs. '

JlokasamHas TeopemMa M pe3yALTATH IPEABITylNero naparpaga mpH-
BOJAT K clellylomeMy crnocofy mocTpoenns pewennit ypasuenusa (8.28).
Hy:xuo nanmcats cCHCTeMy ypaBHeHHil, OUpeAelf0Nyl0 XapaKTepPHCTUKK
auneitnoro ypapuennsa (8.29):

sk N g (8.30)

IInrezpasvnvie kpusvie cucremvr (8.30), 7. e. zaparrepucruru aumel-
1020 YpaGHENUR (8.29), mpt 6ydem Ha3bléaTL ZAPAKTEPUCTUKAMU
keasuaunelinozo ypasnenus (828). Ecnm ypasmeune (8.29)
YIOBJETBODAET YCJIOBHAM, HAJNOKEHHBIM Ha Juiiefinoe ypasuense B § 1,
TO BTH XAPAKTEPUCTHKI 3aLONHAIOT 00MacTh {) HEPEMEHHBIX Zi,..., Tn, U,
TaR 4TO gepe3 KAKAYIO TOYRY ) IPOXOINT OAHA M TONBKO OfHA Xapak-
repucrtura. [axaee, mo gopymyne (8.25) crpomm ofinee pelreirne ypapue-
naa (8.29) (roapko Temeps HEe3aBUCHMEIX MHTErpajoe OydeT n # OLK
GynyT QYNRIUMAME Ty, ..., Tny U):

V=YW (@ (2, ..oy Ta, ), ..oy Pu(Zyy ou .y Xay 1)), (8.31)

3areMm, nonarag v = 0, HonyunM ypasueune JnA oUpefeNeHHA MHOKe-
ctBa pemennit ypasueunsa (8.28):

WA(@i{Tty ovvy Ty )y wavy @ulTyy oory Tnyu)) =0, (8.32)

3aMevannme. Hax Ownao norkasaHo, d¢opmyna (8.31) mpn mocrartotr-
1o o0wMxX DpejmoJoKeHHAX CONEep:HHT Bce pemeEus ypasHEerna (8.29). Moxno
au cKasarh, 94T0 ¢opymyna (8.32) cogepsknT BCE™ pemieRHA ypasBHemua (8.28)7
ITpoanannampyeM J0Ka3aTeAbCTBO TeopeMsl 8.4. Ilpm mpesepke To:kpmectpa (8.28)
Mpl HMcmoam3opanm Tosgectso (8.29), m mam pocrarouro, urobm  (8.29) Guno
TORIECTBOM WO Xy, ... Tn (OPH 3TOM ¥ = @(Zy, ..., ¥n)). OZHAKO DpPH HOCTPOE-
naw V(zi1, ..., xa, u) Tpelyercs Gonrimee, a mMeunHo, urobu (8.29) Gnuto ToKZE-
CTBOM N0 Zy, ..., Zn, &. I103TOMY aUpPHOPH He HCKIOYEHA BO3MOIKHOCTH, YTO MO~
ryr OuiTh Takme pemennsa (8.28), mia wortopeix (8.20) ymomiersopseTcs He TOMK-
JIeCTBEHHO MO Zi, ++. Zn, U, 8 TOABKO NPA U = Q(Z{, ..., Tn). TaKHe pemenud,
poobme romopsa, He cogep:katcA B (gopmyiae (8.32). OBM Ha3HIBAIOTCA cneyud.tb-
numu pemieRnaMH. MoOKHO HOKasaTe, UTO CHENMAaJdbHOe pellleHHme — clydail Hc-~
KIOYHTENIbEDE, ¥ B JalbHeHIIeM pPacCMOTPEHMN MBI HX OPUEMMATh BO BHOMAaHHE
ne GyneM.

B oramune or aumeiimoro caydas, B KpasmimmelinoM ciydae xapak-
TePUCTHKE Je€KAT fe B TNPOCTPAHCTBE i, ..., Lo, & B INPOCTPAHCTBE
Ziy o vy Tny U, B DOITOMY TEOMETPHYECKHEN CMBICH X8PAKTEPHCTIKE 3/1€Ch
unoi, Jloxaskem ciemywomuit gaxr. .

Teopema 8.5. Bcakaa unTe2paibHas nOEEPIHOCTL U= [(Zy, ... Tn)
COCTOUT U3 TAPAKTEPUCTUK @ TOM CMbICAE, YTO uepe3 Kaxdylo TOUKY

14*
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ITH Ke reoMeTpU4YecKHe CoOOpasKeHHMA MAIOT BO3MOMKHOCTH HpeIo-
HUTh CACIYOMY0 NPOUeNyPY /A PEmieHHA 3a7a9i ¢ NOMOAHATENbHBIM
yenosdeM (samawr Komin), KoTopas cTaBHTCH clhefylomum oOpasom:
uepes (n— 1)-mepuoe wmHOroo6pasue I'y B mpocTpascTBe Iy ..., Tn, U
LIpPOBECTH UHTETPANLHYI0 IOBEPXHOCTh, JT0 MHOr000pa3Me MOMKHO 33/1aTh
mapaMeTpuYecKHd B BOAE

1'¢=0):(31, .oy Sn—g), i= 1, ooy 12,

(8.37)

H

U=0(St «t., Sn=q).

TaxuyM o0pasoM, 3afada OO CyileCTBY Ta jKe, 4T0 H JJIA JIHHeAHOTO
ypaBnenus.

Teneps Mbl HomMikubl cBA3b (8.36) majiomuTL He UPOU3BONLHBIM 00-
pasoM, a ncxonsa n3 (8.37). Jlaa sroro moxcrasum (8.37) » (8.35):

(Pi((!)g(sh .oy 8,.-;), .o ay (0(3], .oy sn-l)) == Bi, i= 1, .oy n,

M, HCKJII09AA OTCIOHA Sy, ..., Su—y, HOAYIEM uHCKOMylo cBA3p (8.36),
B KoTopoit W Gyner yme, BooGie roBOpA, BOOJNHE ONpefcNeHHoit Qymuk-
noeit, a (8.32) Oyaer mapats pemenue 3agaun (8.37).

He nposojaa B ofmeM BHje aHAIH3a TOTO, KAKHe 0COOEHHOCTH MOTYT
OpeICTABHTLCA [PH BHINOJHERNN ONHCAHNOH MPONEAypbl, HPOCHEeNUM 3TO
ma TpexyephoM cayuae (mofo0HO TOMY, Kak Gpuio caemamno B § 1), Koto-
oMY OTBEYAeT ypaBHEHHE

Az, y,u) 5= + B(z,y, u)g—’; —C(z,y,u). (8.38)
Sapagum I, (B TpexmepHoM ciyuae 9T0 KpPHBAA):
r=X(s), y=Y(s), u=U(s). (8.39)
Beroucsiaem cucremy (8.30), nmenomyio sug
iz_ — d_y . du
A4 B ;!

K HAXOJEM 1Ba Neppbix muTerpana ¢ (x, y, u) (i=1, 2). Hoacrasnan
(8.39), momyumm

@i(X(s), Y(s), U(s)) =0y i=1, 2 (8.40)

Hewmouas u3 3THX ABYX YpaBHEeHHH s, LalijieM cBA3k
¥ (0, 6.) =0. (8.41)

Tenm caumbiM ypasHEHNe MCKOMOIT moBepXHOCTH OyHmer
V(@i (2, y, u), ¢:(x, y, u)) =0. (8.42)

I'eomeTpuuecknit cMbicA OpOLEAYPH! O04eHb HPOCTOH: M3 KaKAOH TO4-
KA s3afauboil Kpusof I'; BHIDyCKaeTCA XapaKTePHCTHKA, U BCe TAKHEe Xa-
PAaKTePHCTHKH B COBOKYIHOCTH o00pasyioT MCKOMY0 HHTerpalbHyi HO-
BepXHoCTL (pHc, 25).
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410 ¢ == const). Taxam obpasoy, Apyroil mepBsil mATerpal mMeeT BAJ

—b (¢, x—vt)
¢, = ue .

Iipa z = O omeeyn (8.40):

—bl(t. —v{)

91=——vt, 92=u0 (t) e

Orcoga naxogaMm cBaAsh (8.41):

( 0, =u, (‘ &) e ""('971'91)

v »

u gopmyaa (8.42) paer

x
—b,(t,x=vt) ( z) b\ t—prx—ut
ue =u t—]e
0 v

Moskuno BafiTeH Takie ABHOC BLIpaKeHHme Aad u(z, t):

: ( x) bl(t.x—vt)—bl(t—’:—.x—vt)
u=u (t——je *
o v

Mpumep 85 JluueilHoe ypaBHeHHe MOKIO TPAKTOBATH KaK KBasuimHed-
noe. Ilpu sroM a =0 u 3aBeOMO ONIUNM M3 NEPBLIX METEIPAIOB SBIAETCA U.
JT0 COOTBETCTBYOT ycTanosjieHuoMy B § 1 ¢axry, uTO BIONB XApAKTEPACTHKE
u = const (reopema 8.1).

PaccqorpuM ypasaenue

u u
ya_.r:_‘tﬁzo ) (8.45)

A pemuM €ro <KpasmanHeliHbIM» cmocofoM. CoorseTcTBywmas crcreMa (8.32)
jaeT JBa OepBLIX murerpata: @ = u, @ = x?- y% ®opmyra (8.32) pmaer
¥ (u, 22+ y?) = 0, orrypa u = P(z? + y?). Taxum o0pa3zomM, peillleHHeM yDaBHeHHH
(8.45) aBaseTca npoM3BOILHAA [VIafIKAA IIOBEPXHOCTL BpallleHHA.

PaccMorpnm Teneps pasInuHbIe OIMOJHHTENbHBIE YCAOBHA:

A. I'y—npavMas munnA, z=s, y=s, u=-s. Onucanuslii mnpEeM H#aeT
8i=s, 0, =28, =20], u pemenmmem samawm Gyger 2z’ y? =2u?— xouye.

b. I'y — oxpymHocTs: z == cost, y =sint, u = 1. Taxuym obpasom, I'| ABuA-
ercsA XapakTepucrukoii ypasmenus (8.45), paccMmarpiBaeMoro Kak LBasuinHeiiHOe
ypasuenue. B mammoMm ciayzae mveeMm 0y ==1, 0; == 1, n pemenueym Oyner nosepx-
HocTh Bujga @ (u, 2% 4+ y*) — O(1, 1) = 0. ['eoMeTpuyecKky ACHO, YTO YEPE3 3ANANKYIO
OKPYKHOCTh AedCTBATENABHO MOKHO IIPOBECTH OECKOHEYHO MHOT0 MHOBEpPXHOCTei
BpaleHys.

B. PaccmarpnBaa (8.43) Kak aumeiiEOe ypaBHeHHe, MORHO HPOJAEMOHCTAPOBATH
cly4ail, oncanyeiil B Koume n. 1 § 1, Korxa pemenue z3agauu Houmium me cymecTByer.
HycTs Y, 3aJana B BAJe £ = c0S ¢, y = sin ¢, a u =t Jlioban moBepxHOCTH Bpa-

OeHNA UMeeT NOCTOSHHYI0 AmInKATy HA 33AAHHOH OKDPY:KHOCTH Y, ¥, TaAKAM o0f-
pasoM, yciIoBHe u]vl == { YAOB;IETBOPEHO OLITh HE MOGKET.

2. lonstne o paspeiBubIX penrennax. Y aapuie soaHnl. B macToamem
IYHKTEG MBI PACCMOTPDHM OJNO XapaKTepHOe [Jd KBasIIMHeAHBIX ypas-
Heunid ARJeHAe, KOTOporo Ie mabmoganocs ana aumediuoro caydad. [Ipo-
HeMOUCTPHPYeM dTO ApledHe La npocTeimeM npuMepe KBasmimueiioro
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Urtobbl pa3pACHHTh BTOT KaKYIUACHK MAPAJOKC, HaiijieM peuieHue
nocrapleunoll sagain B ABHOM Buie. bMmeem u=1—s, z=s+
4+ (1 — s)*, oTKyna, HCKAIOYAA S, MOJAYIHM

1—VIi—a(dl=g
U= 5 8.47)
(paxmran Gepercd co BHAKOM ¢—», 4TOOL YAOBIETBOPANOCH YyClAOBHUE
u(0, z) =1 —zx).

W3 seipaenus (8 47) HeHOCPeACTBENHO BHIHO, YTO peuieHHe ompe-
neneno jgesee rooepooasi: 4t (1 —z) =1 (puc. 27, xpusaa L). B Tou-
Rax runepGoast L pmopkopeHHOe BhIpaieHHe ofpaliaeTca B HyJdb, a fa-
Jiee C POCTOM { CTaHOBHTCA OoTpHuIaTenpusiM, Takny o6pasoM, B TOYKAX
runepboisl pellleniie mepecTaeT CyMIECTBOBATh., 3AMETHM, YTO OPU ITOM

u
Fylmalol HeTpyano npoeeputs, uTo na aunum [, HapymaeTcs ycjaosde

Z—L- # 0, ¢urypupyomee B Teopeme 8.4.

Crnesa oT runepGosabl nepecedeHusA NPOSKEUIl XAPAKTEPHCTUR He IPO-
HCXOMMT W HHMKAKOH (HeONHO3HAYHOCTH» B pemeHmH uet. Iipamasa z =t
«tie JOX0AUT» [0 HpAMOH z = 1, Tak Kak npAMasa zr = { cHadana obAsa-
ua mepeceunb rumepbosay, a Ha Hefi peHIeHHe IepecTaer CyL{eCTBOBAThH.

Sameuanue, I'unepGona L sapnserca MecTom Iepecedenns Oec-
KOIEYHO OJUBKHX OpoeKuui, B JammoM CclAydae orubawiieil cemeicTra
z=s+ (1 —s)*. Ee moxpo HAaiTH, BOCLOJb30BABIINCEL S-JUCKPHMU-
HAHTHONH KPUBOA 3TOrO cemeilCTBA. ’

To, uTo peutenue CyueCTBYyeT JMIIbL B OTPAHHMYENHOH 00JACTH, MOMI-
no nafmogarts H AuA ofblKHOBeHUBIX JAddepeHUnaapIbIX ypaBHeRHH,
1o pasofpannblil ceifyac ciaydaifi WHTepeceH TeM, 4YTO OH MMeeT Helo-
CPCACTBEHHYIO CBA3L € PACCMOTPEHUBIME (H3NYECKHMH 3aJaTaMHA,

ObpartnyMcs k sanade m. 4 § 2 ra. 1:

2 pE=0, u(z,0)=u, () (1.33)
at ox
Oyuwnua p(i), KOTOPYIO MOIKHO TOIYYIHTh DKCHEPHMEUTANbIO, MMeeT
xapakTep, npeicrasiaennstit ma puc. 28. Tarum
o0pasoM, Qu3HYeCKd uiTepecHbI cAydai ka-
YeCTBEHHO L€ CJHNOIKOM CIJbHO OTINYAeTCA
0T mpuMepa p=—u’, KOTOpbIE TOIBKO 4TO
O0bl1 mccaeoBad. ECTeCTBEHHO OKHAATH, 4TO
B paccMmarpusaeMoil grusmueckoil 3anade peme-
THe TepecTaer CyUIeCTBOBaTH HIA HEKOTOPOH
aumnnu L, npua 3Tom ofpartutcs B Oeckomed-
HOCTH OPOU3BOAHAA ©o &, ToONO0HO TOMY, y
Kar © pasobpanmom npumepe. Ho sexs ¢uan- Puc. 28
YeCKH [POLeCe HMeeT MecTo n 3a samumei L, '
1. e, maa Gonpumx f. Bosuumkaer pompoc, KakmMm ke o0pa3oM MOAYYHTH
oTseYaloniee NamioMy (H3HIECKOMY MOpoueccy peulemnne, cupasenusoC
3a nundeit L?

pu)
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Il BHIACHEHHA DTOTO BONPOCA Mbl HCIONb3YeM puaMIecKne cooGpa-
JEHUA — BCC TOT e 3AKOR COXPANeuHsa KOJIMYeCTBA BeIecTBa, KOTO-
puiit npusen ® puddepennumazsHomy ypasienmo (1.33).

O6o3navuy "gepea U, upefeabHoe suavenne ¥ na ammun L (ee MO0
NAa3BaTHL AHIEHeH pa3pbiBa), KOTOPOe IOJY4eHo W3 KIACCHUeCKOro pefire-
His, oUpeeleHHOro NAYabIBIMI NAaNUBIME, T. €. IpeJeibHoe 3UATeHus
wanyTtpn obmacta I (mo paspeisa). Masa )

HOCTpoenusA. CJAegylolllero — ryajgkoro - L

ydyacTka paM YN0 HAHTH Ipefeib-
ROC 3HavenHe u, M3HyTpu obnacra 11 y
(uocie paspsiBa), KOTOpoe LpIMeM 33 7 /
HAadaNbHOe A TOCTPOCHHA peleiis Af U
Ha CcJaeIyIOIIeAl 1ocjie paspbiBa 3aramne.

Ypasmenne Gajanca 3alHIIeM ¢ 4 7
aToil liedabio B clHeAyoIleM Bige (ywH-
TeiBAfA, uTO U(Z, {)=1uy, u(z, t+Af)=
= u,, u(r — Az, t) = up; 'cM. puec, 29,
rge nso0paied Oeckouedno MAJBI HPAMOYTOJBHHK, JIeBAA BEPXHAA
BepIINIA KOTOPOro JIe:KAT B obnacTu I Gecrouedno GJIM3KO K JIAHHM L,
a octansuble B obaactu I1):

— (tta — u,) Az = [v (m) uy — v(w:)u]AL

Az u

Puc. 29

xr
Iepexoaa & upegeny Az —~ 0, At — 0 u yunvsiBad, 4ro %—Z CTPEeMUTCHA

. dz -
ff APOU3BOJUOHN T~ OT HROUH, OIMHCBIBRIOHIEH KPUBYIO L (st Ipou3-
dt !

BOIHYIO eCTecTBEHNO I1a3BaTh CKOPOCTLIO [ABIKEIHA Pa3phiBa Vs),
TOSTY UM

— u
. vp = v (ul) tl — l;(u2) 2' (849)
1 2

31asn u, 11 Up, MOKIO IO 9TOM (opMyse ONPeAeNnTsh Us.

3Has U, MOKIO CHOBA HOCTPOHTH FIAJKHH yYaCTOR PeIIeHHsd N0 HO-
poit kpupofi Tuma L. Tawoit kpuBo# MOjKeT, OHAKO, U He BO3HAKHYTb.
MsI yike BUAENM BblINE, YTO BO3HHKHOBEHIE IEPBOTO Pa3phiBa OLUIO CBA-
3aHO C TeM, 9TO XapaKTepUCTHKH «cxoaunmch», Broporo pasphisa 1e
BO3HIKAET, eCN IOcJae PaspblBa XAPAKTEPHCTUKH OKAMYTCA ¢PACXOAA-
UIUMECH». ANAJATHY9CCKH BO3HMKHOBEHHE IUIH OTCYTCTBHe pa3spsiBa Rbl-
ACIIAETCA TOTHO TAaK Hic, KAK 9T0 HEIaJoCh BbIUIe JJA pelelud (8.48).
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