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NPEAWCJIOBUE K BOCbMOMY H3JAHUIO

Hactosmee M3aanue - BeCbMa CYIIECTBEHHO OTJAHYRETCA OT Mpeaklny-
wero, Vi3 KHUTK WCK/IOUEH Marepuan, OTHOcAuiicd K aHanuTuueckoH
reoMeTpuu. B €BA3u ¢ 3THM NpHILIOCH cloejaaTh NEperpynmupoBKy ocran-
uierocs Marepuana, B uacTHOCTH, BCe HMEOIHECS B HACTOSUIEM TOME
npuaoxkeHus auddepeHUnasbHOrO HCYACIEHUS K reoMeTpun coOpaHsl B
§ 7 (rnasa 1), Jlanee, B mepBHIfi TOM OTHeCEeHa rJaBa, NOCBALLEHHAS
KOMIIIEKCHBIM HHCJIAaM, OCHOBHHIM CBOHCTBaM LEAHX MHOrOYJIEHOB H CH-
cTeMaTHYeCcKoMy HHTerpupoBaduio ¢yukuul. Ilpexne ona. Gbma raasoft |
BTOPOrO -TOMa.

He ocranasauBasics™ Ha MeJKUX n00apjennax H H3MEHEHHAX B H310-
HeHun, Ml YKameM Ha cyuwecTBeHssie goGasaenus. IlpraHumas Bo BHuMAa-
Hye, U4TO B CACAYIOMIMX TOMaX NPHXOAMTICA BCTPEYATHCH C JOBOJBHO TOil-
KHMH I CHOXHBIMM BOMPOCaMH COBPEMEHHOrO aHanu3a, Ml COUMM MoJe3-
uuM B KoHue § 2 (raasa 1) nocne n3nosxenns Teopuu npeienoB NOMeCTHTh
H3JMOKEHNe TeopHuH UPPAUNOHATIBHBIX UACeN N ee NMpuMeHennil K moxasza-
TENbCTBY NPH3NAKOB CYIECTBOBAHUA INpenena M CBOHCTIB ‘HENpepHBHBIX
dyuxunil. Tay xe MBI MPUBOAMM CTPOroe OnNpeleseHHe H HCCAeNOBaHUE
cpoficts aaementapHmx ¢yuxuuit, B raase V, nocesamenHolt ¢yHxumsam
HECKO/ILKHX NEPEMEHHHX, M NMPHBOMMM JOK3aTeAbCTBO CYUIECTBOBAmHA
HEABHBIX pyHKIHik

Hanoxenne segercA TakuM o00pa3oM, uTO KpynHHil WPHPT MOXKeET
UMTATLCA CAMOCTOATENLHO, B Meaxnil mpudT oTHeCEHH NpPHMEPH, HEKO-
TOpHE OTACAbHHE ROMOJHHTE/NbHHIE BONPOCH, a TaKWKe BeCh TOT Teope-
THuecknfl Marepua’;, 0 KOTODOM MHl YNOMHHAAH BHIE, W NMOCJACAHHE Ma-
parpads raaset IV, Takwe copepixaiue JONOJHATENbHHE TeopeTHyecKalt
Matepuan Gosnee CAOKHOTO XapakTepa.

HNpodeccop I'. M. duxrenronnn caenan mmue pag LeHHBx yKasauuf
B OTHOIIEHHH H3MOXEHHS, KOTOPHMA s BOCNOJAb30BAJCA NP OKOHYATEb-
Holt pepaknun 3toft kuury, CunTald CBOUM NPHSITHHM HOJAFOM BHPAa3uTh
eMy Moio rayGoKylo 6JaroaapHOCTb.

B. Cuupros



NMPEIUCJIOBUE K JBAJUATL NEPBOMY H3JAHMIO

B nacrosuieM H3ZaHiil OCHOBHOH TEKCT H BECb NJAH KHHFH OCTanHCh
Ges rmepeMed, HO B pAlE MECT OBl CAGNAHH WBMEHEHHS B  H3JOXKEHHH
Marephana. Ocobeino 310 KOCHYJ/IOCb TEOpHH MpeaeyjoB H JOMOJHHTEb-
HHIX cBeaenuft 00 ONpeaeNeHHOM RHTErpane.

B. Cuupros



FITABA I

SYHKUHOHANIbHASL 3ABUCUMOCTDb
W TEOPHSA NPEIEJOB

§ 1. IEPEMEHHBIE BEJTHYHHBI

1. Beanunna u ee uaMmepenue, MatemaTuyeckufl aHaaIn3 HMEET OC-
HOBHOE 3Hau€HHEe B psijfe HayK H, B YaCTHOCTY, B €CTECTBEHHHIX HayKax
I TexHHUKe. B OT/Mule OT OCTa/JbHBIX HAyK, U3 KOTOPHX K&KAad WHHTe-
pecyercs JaHb HEKOTOpoit onpeleseHHON CTOPOHOH OKpyawomero Hac
MHpa, MaTeMaTHKa HMeeT AeJ0 C CaMHMu oOmHMH CBOHCTBaMH, MpPHCY-
IMMMH BCEM JOCTYNHBIM JJSi Hay4HOTOQ HCCAENOBaHUS ABJIECHHAM.

OnuuM #3 OCHOBHHX MOHATHI SIBNSETCA TOHATHE O B2AU4UHe U ee
u3stepenuu. XapakTepHoe CBOHCTBO Gequduns 3aKAOYAETCA B TOM, UTO
OH2 MOKeT OHThb M3MEpeHa, T. €. TeM MJH HHHM NyTeM CpaBHeHa C He-
KoTopoit onmpeneneHHol BeaHyHHON TOrQ Ke poAa, KOTOpas NMPUHHMAETCA
3a edunuyy itepst. Camuifl mponecc CpaBHeHust 3aBUCHT OT CBOficTBA HC-
cnenyeMmofi BEMHYHHBl U HA3HIBAETCA u3aepenues. B pesyavrate xe wus-
MepeHus NOJY4aeTca 4icA0, BHPAXKalolee OTHOLIEHHe paccMarphBaeMoli
BEAUYMHL K Be/NWUMHE, NPUHATOH 32 eXMHUILY Mephi.

Beaknft sakon npuponsl naeT HaM COOTHOUIEHHE MEXAY BeANYHHaMA
I/, BEpHee, MEexAY YHCAAMH, BHIpaXalomMu sTh BeanunHsl. Ilpeasmeroxm
NCCAENOBAHNA MATEMATHKU M ABJKIOTCH KaK pa3 yHc/Aa H pasianuHHe CoOoT-
HOLUEHHST MEXIY HHMH, He3aBHCHMO OT KOHKDETHOrO XapaKTepa Tex Be-
JHYHH IR 33KOHOB, KOTOPHE MpHBEMH HAaC K STHM YHCAaM W COOTHO-
1WeHnAM,

HUrak, rxaocdoli sesunune coomeememayem usmepsouee ee 4ucao.
Ho uncno 510 CymiecTseHHO 3aBHCHT OT HPHHATOR MpPH H3MEPEHHH enau-
HHUH AR stacwmaOa. Tlpn ypeanueHHnn sToff eAnHHUB! 6ymeT yMeHb-
TaThCA YICAO, M3MEPSIOMEE AAHHYIO BeJIHUMHY, H, 06paTHO, YHCAO 3TO
OyJeT yBennunBaThCA NPH YMEHBINEHHH eNHMHHUHL.

BriGop macmra6a oGyc/IOBIMBIETCS XapakTepoM wuccaenyemoit sem-
YUHE I 0GCTOATE/NbCTBAMH, NPU KOTOPHX NpPOW3BOAMTCS H3mepenue. Be-
JUYHEHAa MacmitaGa npu u3Mepenun ofHoff W TOl Ke BEAMUMHEL MOXKeT
MEHATBCA B CAMHX INHPOKHX Mpefeax, — HanpuMep, NpH usMepeHun JAuHs:
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B TOUHHX OIITHYECKUX MHCCAENOBAHUAX NPHHHMAIOT 32 EAUHHLY JJHHBE
onuH anzcmpest (ORHY AECATHUMHIIUIIONNYIO Joai0 MuaanMerpa, 107%acar);
B aCTPOHOMHH Ke YNOTPeOJNAIoT €QMHULY AJNMH, Ha3HBACMYIO C8eMOo8H A
20004, T. e. PacCTOsHHE, MPOXOAUMOE CBETOM B TeueHHe OIHOro roia
(32 oauy cekynay cser npoxoaut npusepuo 300 000 ).

2. Yicno. Hiucno, KoTOpOe ROAYHAETCH B Pe3yAbTaTe H3MEpeH:s, MO-
weT OuTb Heass (€CAH eIHHHUA COAEPKHTCS lenoe 4YdcJo pa3 B H3-
MmepseMoll pennunue), OpoOrsia, BAU payuoHassHsizs (€Can CylecTnyer
Apyras eANHHILA, KOTOPas COAEPHKHTCA UENOE YHCAO Pa3 Kak B n3Meps-
eMofi Be/unHe, Tak H B BHOpaHHoil panbuie easHuIe, — KOpoue, KOrAa
H3MepseMas DeANuNla cou3damepunma ¢ eInunuell MepH), U, HaKoHeu, up-
paguonaastbia (KOraa Takoft ofuleft Mepsl He CyulecTBYeT, T. €. HaHuas
BEIHYNHA OKAa3HBACTCH HECOUIMEPUMO C eauHNlel MepH).

Tak, nanpumep, B sneMeuTapnofi reoMerpuu AOKasHBaercd, 4yTo AHa-
rouajib KBaIpaTa Hecou3MepuMa ¢ ero cropouoli, Tak ur0, ecan Mu  Oy-
JeM N3MEpPAThb ANaroHajAb KBaapaTa, NMPRHAB 33 eXMHNLY JAHHH ero CIo-
poHy, TO TNOJyueHHOe TPH u3MepeHui uncao y 2 Gymer HppPaNOHAALHEL,
Hppannonaapnuy ke OKa3HBaeTCA H YUCAO %, U3MepsIoulee MJIHHY OK-
PYKHOCTH, JHaMeTP KOTOpoil NnpuiaT 33 eaunndy.

g yacnenus nonstia o6 HPPaUKOHANBHOM uiCAe noJesno oGpa-
THTBCY K JecATuynny apobam. Beaxoe paunmnonajsnoe 4nCaO, Kak N3secr-
HO '3 apH(MeTHKi, MOxeT OHnTb NpPEACTaBaeHo M B BHIE KOHEYHOH
pecatuunoll mpobu uas B puse OecKoneyuoil necarnunofi apoGu, npu-
yeM B nocaeaHeM cayvae OeckoreuyHas aApoOb Oyaer nepuoasiueckolt (unc-
Tol nepHonuueckoll wam cMewiaHHodt nepuoguueckoft). Tax, nanpusep,
NpousBoas AE/JAECHHE HHC/ANTENS Ha 3HaMeHaTeab MO NMpaBijy AedeHus je-
CATHYHBIX Apo6eti, MBI NOayunM

5 "5
g3 =0,161515...=0,(15), 1§ =0:2777...=0,2 ™.

HaoGopor, kak n3pecTHo u3 apHQMeTHKH, BCAKAA nepHOAHUECcKas necs-
THYHAasi ApOOb BBIPAXaCT PallOHAAbHOE YHCJIO.

[Tpn usMepeluty BeauyuHbl, HECOH3MEpHMOH C npuusTol eanHuueli,
MLl MOXeM CcHauana NOLCYMTaTb, CKOJBKO Pas MOJHad eIuIHud 3aKJio-
4yaercst B H3MepAeMOfl BeJaHYNHE, 3aTeM CKOJABKO pas Jecarasds [oJd enau-
HHUB  33KJIOYAETCS] B MOJAYYEHHOM OCTATKE BEAHYMHH, 3aTeM CKOABLKO
pa3 CcoTas oOoNA eAHHHIB 33KJAKYaeTCd B HOBOM OCTaTKE H T. 1. TakuM
nyTeM NpH  U3MEPEHHn BEANUYNHH, HecousMepumoil ¢ emunuuefl, Gyaer
c6pa3oBHBaTLCA HEKOTOpas Oeckoueuintas HENePHOANYCCKAS  ACCATHNIHAN
Japobb. BedkoMy HPpaUMOHAJIBHOMY YHMCAY COOTBETCTBYET Takas GecKo-
neyHas ApoGb #, HA000pOT, BCAKOH OeckOHEYHOH HenepHoauyeckofi ae-
caruyHofl Apo0i COOTBETCTBYET HEKOTODOE HPpaluoHanbHOE uncao. Ecan
B 3T0H OeckoHeYHOH aecsTnyHof npobGH OCTaBHTb JHIIL HECKOJBKO Nep-
BHIX [AECATHYNBIX SHAKOB, TO NOJAy4uTcs InpubiukenHoe 3HayeHue Ino
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HeIOCTATKY HPPANHOHAJBHOrO YHCJ3, TPEACTaBAAEMOTO 3TOH ApoGsIo.
Tak, sanpumep, u3sieKas KBagpaTHeil Kopenus No oO0HUYHOMY NpaBuay RO
TpeTbero JAECATHYHOIO 3HAKA, NMOJyUHM

VY2=1414..,

Yucna 1,414 n 1,415 GyayT npnGmmxennumn anavennamu /2 ¢ Tou-
HOCTBIO 10 OAHOH THCAYHOH IO HEMOCTATKY H NO H3GHITKY.

[Monbayacs AECATHUHHIMH 3HAKAMH, MOXHO HPpPAMOHAJbHHE uHCAA
CpPaBIHBATh 110 BEAWYHHE APYT C APYrOM H C PAalMOHAJNbHHMH YHCIAMH,

Bo muornx Caydasx npuxXoniTcd pacCcMarpnBarb BEANYHHBL PAasHMX
2H2KOB: NMOJOXKHTENbHNE H OTpHUATensHHE (TeMmeparypa Bmile H Huxe 0°
1 1. ). Takne BeAnyHHH BHPAKAOTCA COOTBETCTBEHHO HOJOKHTENBILI=
MH H oTpumareasnnMi unpcaamn, Ecan @ u b —nonoxurenbHne uncaa
n a>b 10— a<l—b, n moGoe MONOKHTEILHOE UNCJIO, BKIIOYAA HYb,
Gonbue noGOro OTPHLATENLHOrO YHCAA.

Bce panponanbHee W HPPAMOHAJBHEIE YHCAA PACNOAaraioTcs B He-
KOTOpPOM OnpeneneliHoM nopsake mo ceoefi Benmunne. Bce st uncaa
00pa3yioT COBOKYNHOCTb B€WeCMEBEHHHX HUCEN.

OrmeTnM. omno OOGCTOATENLCTBO, CBA3AHHOE € NPEXCTABJCHHEM Beme-
CTBEHHHX UHCE] AeCATHYHHMH apoCsmu. Bmecto noGoft koHeunoft nmecs-
Tuynofl Opo6H MH MO:keM Hamucarb GecKOHEYHyIo MNECITHYRYO ApoGb
¢ nmepatkofi B nepuome. Tak, nanpumep: 3,16=3,1599... Ecan ne
N0Jb30BaTbCA KOHEYHHIMH ACCATHYHHMH APOGAMH, TO MOJYYHTCH TOYNOE
6HOZHO3HAYHOE COOTBETCTBHE MEXIY BEIECTBEHHHMH uncaamu H Oec-
KOHEUHHIMH JAECATHYHBIMH APOOSMH, T. €. BCAKOMY BELIECTBEHHOMY uncay
COOTBETCTBYET GecKOHeuHas AecaTHuHas Apo6b (nau Lenoe 4YuCIo) M BCs-
Kolt GeckoHeusoft necATHyHOH APOGHM COOTBETCTBYET BEINECTBEHHOS HNCIO.
OTpunaTenLHHM YHCAaM COOTBETCTBYIOT GeCKOHEUHHe AecATHYHHE ApoGi
(nan neame uncaa) ¢ NPeAISCTBYIOUIHM HM 3HAKOM MHHYC.

B o6nacTit BemecTBEHHHX YMCEA BHMOMHHMH MNEpBHE YeTHpe nefi-
CTBNA, KpOME JeneHHs Ha Hyab, Kopenp HeueTHoft crenmemm ns Jsoboro
BEIECTREHHOr 0 YHC/A HMEeT BCerfa OJHO onpeje/ieHHoe 3HaueHue, Kopenb
ueTHOft CTENnenH M3 MOJOMHTENBHOrO YHC/A2 HMEET ABa 3HAuYeHHs, KOTOPHE
PasnHYalOTC TOABLKO 3HAKOM. KoOpeHn uerHoft CTemeHu M3 OTpuUATENhb-
HOrO BEMIECTBEHHOT 0 YHC/2 HE UMEET CMEICAR B 06/1aCTH BEIECTBERHEIX unces

(n}/O =0).

Crporas Teopust BemleCTBEHHHIX uncen H AefcTeuft Ham Humn Gymer
namu msnoxena B [40]. '

Apugpremuneckus, WA aGCOAIOMHbBLM, SHA1eHUeM HUCAA @ Ha-
BHBAETCA CaMO YHCAO 4, €CMM Q@ — NOJOKNTENBNOE UHCAO WM HyAh,
H UHCA0 —a, €CaH a-— OTpHuaTenbHoe uncao. AGCOMOTHOE 3Hauenne
uucaa @ o6osHavaeTcs cuMBosioM |al, Tak urO |a|=a, ecan a==0,
Hla|=—a, ecrn a<0. Tax, nanpumep, |5|=5 n |—5|=5 u
poobme |a|=|—a| Herpymo Buzers, Yro aGCOMIOTHOE 3SHAYenue
CymMMH |a-{~b| Gyner pasHo cyMMe aGCOMOTHHX 3HAuYeHHH CAAraeMHX,
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T. €. pasHO |a|-}-|b| TOAbKO B TOM cayyae, e€C/M CHaraeMHe HMEIT
OIuHAKOBHIl 3HAK, a NPH Pa3uBIX 3HaKax caaraemuix a8 | <|a|4-{b},
TaK YTO BO BCEX CJyd4asx

|la+b]<|a]45]

Tax, nanpuvep, npn a=—3 n b=—7 M uMeeM 31IK pABEHCTBa,
anpt a==3 u b==—7 uneem |34+ (—7)|=4 u |3]|4|—=T7|=10,
T. €, 3HAaK HEpaBEHCTBa,

TouHo Tak e JIerKo BuUAeTh, YTO

la—bl=la|—]|b],

npuyeM cunraercs, uto |a|==|b}. Tlpn [a| <|b| uepasencrso Ttake
cnpaseanupo, u6o cnepa CTOHT MOJOKUTECAbHAA BCJAHYHHA, A CApaBa —
OTpHLaTE b A,

AGcomoTHoe 3HAYEHUE NPOH3BENEHHT paBHO mnpouasefeHmo aGco-
JUOTHBLIX 3Havennfi coMuoiuteach, u a6COMOTHOE 8HAueHME YaCTHOrO
(aeauresb OTMUYEH OT MHyJs) pPaBHO YacTHOMY aGCO/MIOTHHX 3HaueHil
JACMIMOro H pe/rens, T. €.

a

|ave|=]al-[b]-lc] n |5

lal

8. Benduuunl mocTosinibie i nepemennble, Beauunnd, nccaeayembie
B MAaTeMaTHKe, Pa3neaaloTCs 11a JABA KJjacca: MOCTOAHMLIE §I IepeMENHHE.

ITocmonnnoil seaururoli Ma3LBaeTcd BeanunNa, KOTOpasd NPH AaH-
"fI0M  HCCAeA0BaHHN COXpAufeT OAHO H TO iK€, HEH3MEHHOe, 3HayeHne.
Efl cooTsercrnyeT, Takuy 06pasoy, npn (UKCHPOBaHHOH eXHHILE MEpH
onpeneaeioe 4ucao.

[Tepexennod geanwunofl HasHBaCTCA Tarkajg BeJHYNNA, KOTOpas No
TeM WA HHBIM TNPHYHHAM MOMKET NPHHEMAThb pasauyHbie 3HaueHua npH
JaHHOM MCCJaEN0Banii,

W3 stux onpenesennil sicHo, 4TO NOHATHE O NOCTOSHHOH 11 nepeMeH-
HOff BEIUYNHE B 3HAUNTEBHON Mepe YCJOBHO M 32BICHT OT 00CTOATEILCTS,
npH KOTOPHX H3yvaercsa nanhoe ssaenne, OaMa 11 Ta ke BeINYHHA, KO-
TOpas NP OAHUX YCAOBHAX MOIJIA paccMaTpHBAThCH KaK HOCTOnHHaf,
npH APYrix YCAOBHAX MOXET CTaTb NepeMeHHolf, u HaoGopoT.

Tak, nanpumep, npu u3MepeHinn Beca TeJ BA:KHO 3HATh, NPOH3BOLUTCA
Ay B3BELINBAHHE B OQHOM I TOM K€ MECTe 3eMHOH NOBEPXHOCTH IIJIH
B PasnblX: €cia H3MepeHne NPOH3BOAHTCA B OXHOM H TOM ke MeCTe, TO
YCKOPCHNIC CHJIL T5:ieCTH, OT KO10poH u sasucuTr sec, Oyaer ocrabaTeCs
Beanyuioll nocronuxoll, U pasauyne B Bece ME#Ay pasubivy Teaasn Oy-
JeT 3aBHCETb TOALKO OT HX MaCCH, €CJH K€ MW3MEpeHHS NPOH3BOAATCA
B PasHBIX MeCTax 3eMHOll NOBEPXHOCTH, TO YCKOPEHHE CHJL TAXKECTH He
MOET CYUTaTbCsd MOCTOSHHBIM, TaK KaK OHO 3aBHCHT OT LeHTpoOewHofl
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cuapl BpameHns 3emau; 6aaronaps 3TOMY OJHO M TO € TENO HAa 3KBa-
TOpe BECHT MEHbIIE, YeM Ha MOJIOCe, YTO M MOXHO OOHApYKHTb, ecal
NIPOU3BOAUTH B3BEIIMBAHME HE Ha PHIUAKHHEIX, @ HA NPYKUHHHX Becax.

PasnuiM 0Opa3oM npu rpyOHX TEXHHUECKHX pacyeTaX MOXHO CUNTAaTh,
YTO JJIMHA BXOOAMMX B KOHCTPYKUHIO CTepikHeH ecTh BeAHYHHA HeH3MeH-
Has; npy 6oJee ke TOUHBIX, KOrJA MPHXOANTCA NPUHHMATb BO BHIMaHfe
IeHCTBHE M3MEHEHHS TEMNEPaTypH, AJMHHA CTepxHell OKAa3HBaETCA Tmepe-
MEHHOH, YTO, KOHEYHO, BHAUUTEJBHO YC/AOXKHAET BCE PacueThl,

4. TpomexyToK. XapaKkTep H3MEHEHUS NepeMeHHO!l BEAHYIHBI MOXKET
OuTb caMblM  pasHooGpasuniM, ITepemenHas BeamynHa MOXKET NPHHUMATD
160 BCEBO3MOXHEIE BelECTBEHHHIE 3HayeHHd, 6e3 BCAKHX OrpaHnyenil
(nanpnMep BpeMs £, OTCUHTHIBAEMCE OT HEKOTODOrQ ONpene/eHHOro Ha-
4aAbHOTO MOMEHT2, MOXET NPHHIMATH BCEBO3MOXIIHE, KAK MOJOKHTE b-
HHeE, TaK U OTPHUATENbHbIE, 3HAYEHNN), NGO 3HAYEHHS €€ OrPaHHYHRAIOTCA
HEKOTOpBIMU HepaBeHcTBami (Hampumep aGcoaioTHas TeMmeparypa 7°, Ko-
TOpas JOMKHAa OHTh Goapiie — 273°C); HaKoHew, NEepeMeHHas Be/muyn-
Ha MOXET NDHHUMATL JUIb HEKOTOPHE, a He BCEBO3MOKHHE 3Haye-
Hus (TOMLKO lleble — YncAO iKnTedell AaHHOrO ropoxa, YucJIO MoJe-
Kyl B JaHHOM oO0BeMe rasa—uiIH TOJALKO COH3MEpHMBlEe C JaHHOf
exuHuuelt u T. 1),

YKameM HeKoTGpHe, HauGosee PpacOPOCTPAHEHHHE B TEOPETHUECKHX
HCCAELOBAHNAX H HA NPaKTUKE CMOCOGH M3MEHEHUs NepeMEeHHBIX Eeauyni,

Ec/n nepeMeHHast BeJHYHH2 X MOXET NMPHHUMATh BCE BeHIECTBEHHBIE
3HAYEHNs, YAOBJETBOPSIONING YCJIOBNIO a=<CX=Cb, rie a-n b—3anan-
HHE BEUIeCTBEHHHE YHCA3, TO TOBOPSAT, YTO X U3MEHSEeMCA 8 Hpoe-
agcymice (a, b). Takoff NMPOMEKYTOK, CO BKIIOUEHHLIMH KOHIAMH, Ha3H-
BAOT MHOTJA 3aMKHYmbLss nposexcymror. Ecm nepeMeHHas X MOXET
NPUHUMAThL BCe 3HAYeHHst W3 mpoMexyrtka (a, b), KpoMe ero KOHIOB, T. €.
a<x<b, TO TOBODAT, UTO X W3MEHACMCS GHYMPU NPOMENCYMKQ
(a, b). Taxoit npoMexxyTOK C UCKMOYEHHEIMH KOHIAMHU Ha3HBAeTCH OMKpH-
meotae npomescymror. Kpome TOro, 0GMaCThIO W3MEHEHUA X MOXKET GHTb
u MPOMEXYTOK, 3aMKHYTHl C OAHOM CTOPOMH m OTKPHTHH C Apyrofi:
a<xe<lbum alx<<h.

Ecan o6nacth m3MeHeHnst X ONpeReNseTcs HEPAaBEHCTBOM d <X, TO
TOBOPAT, YTO X H3MeHseTcA B NmpoMexyTke (@, - o00), KOTOpHIl 3aMKHYT
. CreBa M OTKPHT cnpasa. TOYHO Tak e NpH HePaBEHCTBE X << b
" MBl HMEEM TPOMEXYTOK (— 00, &), OTKDHTHI caeBa H 3aAMKHYTHI
cnpaBa. Ecau X Moxer nNpHHHMAThL J/OGHE BeleCTBEHHHIE 3HaueHnd,
TO FOBOPAT, YTO X H3MEHSETCH B MPOMEXyTke (— 0O,-}-00), OTKPHTOM
¢ o6enx CTOPOH.

B nanbnetimedM yepes (@, b) M Bceraa 6ymeM 0G03HaUaTbh 3AMKHYTHI
npoMexyTor, HacTo s 3aMKHYTOrO MNpOMEXyTKa NoAs3yloTcs o6o3ua-
venuem [a, b]. Vickmouenne ogHoro mau 0GOHX KOHHOB H3 TNPOMEXKYTKA
Me GyaeM orosapuBath 0coGo.
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5. MonsTtie 0 (ynxkuuy. Yame Bcero B NPHIOKEHUAX MPHXOAHTCS
HMETb AEN0 He C OAHOH mepeMeHHOH BEJMUNHOM, a C HeCKOJILKUMH Cpasy.
Paccmotpun, nanpumep, 1 xe so3ayxa. IlepeMennnie BeauuuHm, onpeaens-
IOlKe ero cocrodHue, Gyayr: nasienne p(x2/x?®), O KOTODHIM OH Ha-
xoautcs; ob6bvem v(#4P%), Kotopwmi oM sanumaer; Temmepatypa ero t(°C).
ITpeancaoxum noxa, uro TemMneparypa BO3AYXa MNOANEP:KHBAETCS PaBHOM
0° C. Yucao £ ectb B A3HHOM CAyYae nocrosuxag, pasHad nymo. Ocra-
10TCA mepesmeHHbie p U v. ECAH MEHATL p, TO OyIeT MEHATBCA H U, Ha-
npuMep, ecad BO3MYX CKHMATe, TO ofbeM ymeHpllaercd. JlaBnenue p
MBI MOJKEM MEHATh ITPOM3BOJIBHO (MO Kkpaline#l Mepe B mpenesax, AOCTYN-
HHIX TEXHHKE), 8 IIOTOMY MBI MOXKEM Ha3uBaTb P HE3ABUCUMOI NEpeMeHHOL,
npn Kawpoft (pUKCHPOBAHHOH BeJHUYNHE [ABJEHHS ra3, OUEBUIHO, AOJIKeEl
3aHUMATh BIIOJIHE omnpereneHHbi 00beM; cTano GHTb, HOMKEH CYILECTBO-
BaTh TAaKOil 8aKOH, KOTOpHIH MNO3BOJfIET NPH KaXKAOM 3HauYeHuu p HafTH
COOTBETCTBYIOLLEE €MY 8HAu€HHe 7. DTOT 3aKOH XOPOUO U3BECTEH ~— 3TO
3akon DBotas — Mapuorta, KOTOpHH raacur, uro o0beM, 3aHumaemuif
razoM npH IIOCTOAHHOM TeMnepaType, oOpaTHO MPONOPIIOHA/EH JaBJCHHIO.

ITpumensa 310T 3aKOH K HalleMy KHJAOrpaMMy BO3AyXa, MOXHO Haiiti
3apHCHMOCTb MEXAY U U P B BHIE YPAGHEHUS

273 - 29,27
V=
P

Ilepemennas BenuuiHa U HA3HBASTCH B JaHHOM caydae ywxyuell
He3aBuCHMOH nepemenioll p.

OtBnekascb OT 3TOTO HacTHOTO MNPHMEPA, MH MOXNEM CKa3aTb, uTO,
TEOPETHYECKH TOBOPS, 0458 HE3dBUCUMOL NepeMeHHOL XapaKmepHoim
ABAAEMCA MHONCECHIBO €€ BO3MOJNCHBIX 3HAYEHU, U MbL MOXCEM NO
npou3soay suibupanis 047 Hee AK000e 3RAYLEHUE U3 3MO20 MHONHCECINER
ee 803MOICHbIX 3Havenull. Tak, Hanpumep, MHOKECTBOM 3HAueHUH HE33-
BHCHMOH NepeMEHHOH X MOXET CAYxKHTb KakoH-1ubo mpomexyTok (a, b)
W BHYTPEHHOCTL STOrO TNMPOMEXKYTKA, T. € HE3aBHCHMAs NEPeMEeHHas X
MOJKeT, Hanpumep, NpHHIMaTh Jo0be 3nayeHus, yIOBAETBOPAOLINE Hepa-
BEHCTBY a =< X =< b nan nepasenctsy a < x < b. Moxer cayuurbca, 4ro
X TnpuHiMaer moOble IEeJ0uYNC/ACHHBIE 3uaueHus H 1. A. B ykasanuom
BHILIE TIpIMEDe poab He3apHCHMOI mepesennoli urpaio p, n o6beM v OsL1
dynkune p. Hanusm Tenepb onpenencHne (QYHKUHH.

Onpenencune Beauduna y Hazvigaenmcs PHyHxyued He3asucu-
MOl nepemeHnoli X, ecau 41000y onpedesennorty 3xavenuio x (u3
MHOJCECTBA €€ BO3MOJNCHbLX 3HAYEHUT) coongemcemsyem onpedeacH-
Hoe 3HaueHue y.

Ecau, sanpumep, y ectb (yHKuUHA OT X, ONpeAeeHHas B NPOMEKYTKE
(a, b), T0 aT0 8HauuT, 4TO JA000MY SHAUEHHIO X H3 3TOCO NPOMEKYTKA
COOTBETCTBYET ONpPEHENEHHOE 3HA4CHHE Y.

Bonpoc o ToM, Kakylo H3 ABYX BEAWYHH, X HIM Y, CYHTATL 1I€3aBH-
CHMOH IIepeMeHHOH, eCTb 4acTo BOIPOC TOAbKO yhoOctsa. B Hawem npu-
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Mepe MBI Moram Owl, MeHss Npon3poablo 00BbeM v W onpemenss Kaxami
pa3 zaasJ€HHE p, CUMTaTh He3asluCHMON nepemeHHOH v, a jmaBienue p pac-
CMaTpHBaTh Kak (QyHxkunio 0T v. Pelllas HaNuCaHHO® BHILE YpaBHEHHE
OTHOCHTENBHO p, noayunM ¢opmyay, Bhepaxawomyo ¢ynkuuio p yepes
HEe3aBUCHMYI0 NEePEeMEHRYIOo: '
. 273-29,27
P=——7" _
CkasaHHoe o ABYX nepeMeHHHX 6e3 TpyAa pacnpocTpaHseTca N Ha
Cayyall Kakoro YroiHo 4YHCJIa NepeMeHHbX; U 34eCb MH MOXEM OTJu-
YNTh TMEepeMeHHbe He3aBHCHMBIE OT 3aBHCHMHX, HAN GYHKUuH.
‘Bosspamascs K HaueMy npuMEpY, NONOKHUM, YTO Temmeparypa ! He
6yner yxe 0° C, a moxer MeHsnTbcs. 3akoH Boftns — Mapuorra gomxen
OHTL npH 3TOM 3aMeHeH Gonee CJOxHON 3aBHCHAMOCTBIo Knamefipona:

pu==29,27 (273 4-1),

KOTOpast NOK23HLIBAET, YTO NPH H3YUYEHHH COCTOSHMsS 333 MOXHO MEHATH
NPOH3BOJABHO AULIL JBE H3 BEJANUHH p, U 1 f, a TPeThsl OyAET NMOJHOCTHIO
onpeneaeHa, ecal AaHH 3UaYEHU 3THX ABYX. MK MOXEM NpHHATb 3a Hesa-
BUCHMHE NEPEMEHHBIE, Hanpumep, p u f, Toraa v 6yzer dyHkuueli or Hux:

2927 (21341)
=0
an60 ke He3aBHCHMBIMH MEpPEeMEeHHHMH MOXHO CUNTaTh ¥ W f, a p Oyaer
yHKuue or Hux.
Ipusenem apyro#t npumep. IMaowams S TPEYTONbHHKA BHPaKaeTCs
yepe3 IJMNHH CTOPOH a, b, ¢ no dopmyne

S=vpp—a)(—bp—c)
rae p — nOAYNEPUMETP TPEYrOAbHNKa:
a-l—b-l—c
p=——.
Croponnl a, b, ¢ MOXHO MEHSITb NPOE3BOJBHO, JHUIL OH TONLKO KaXKasn
cropoHa Onna MeHple CyMmul aByx apyrix. TaxuM oGpasoM, nepemesn-
nue a, b, ¢ Gy0ym He3aBUCUMBIMIL NEPEMEHHEIMU, O2DAHULEHHBIMIL He-
pasencméanu, S— diynrgueii om Hux.
Mu MoMeM Takke 3alaTh MPON3BOJBLHO ABE CTOPOHH, HampuMmep, a, b,
I niomans S TPEYroabHuKa; ﬂOanYﬂCh tdopmyroft

S=—i-ab sin C,

rane C— yron Mexiy CTopoHaMH a4, b, MH MOXeM Torxa BrHuHCIHTH C.
3nech yxe peauuunnl a, b, S Gyayr HesasucHMLIMH NepeMeHHmmH, C—
(pynkupett. Ilpu stoM nepemenune g, b, S AOMKHB OHTb OrPaHUYEHH
NEPABEHCTBOM ~

sinc=2 <1,

ab
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Caenyer '8aMetuTbh, HTO B STOM npiMepe MH “noiayyaeM a1 C dsa
.BHa4eHus, CMOTPA NO TOMY, BO3bMEM Ji Mu Aad C OCTPHR. uau Tynoft
H3 ABYX YFJOB, HMEIOIINX OAMH W TOT ke CHHYC

. 28
sinC==--.
ab
Mp! npnxomnM 3aechb K MOHATHIO O .uuoaosualmou dyHEYUN, O KOTOPOM
nogpoGuee OyHeM TOBOPHTb MIXKE,

6. AnaauTnueckuil cnoco6 3anaHus (GYHKIMOHAJBLHOW 3aBu-
CHMOCTH. Beakuil 3aKOH NPHPOAH, Aaioulifl CBA3b OXHHX fABaeHHH ¢ Apy-
FHMH, YCTAHABAUBAET (BYHKYUOHAAGHYI0 3A8UCUMOCIHs MEKIY BEAHYHHAMH,

CywecTsyer MHOTO cnoco6os JMas u3oOpaikeHns (YHKLUHOHAAbHBIX
3aBHCHMOCTEH, HO CaMOe Ba)xHOE 3HauyeHHe HMET Tpu cmnocoba: 1) ana-
aumudeckuti, 2) cnoco@ mabauy n 3) 2paguieckul, Win zeosenpi-
yecKuil.

Mgt rosopny, 410 (DYHKILUIOHA/AbHAA SaBHCHMOCTL MEXKAY DBEJHWHIAMI
Wi, npoule, @GYKKYURL U300PANCEHA QHAAUMUYECKU, €CAH  BeJUYHHb
3T CBA3AHBl MEKRY coOolt ypasuenuasu, B KOTOPHE OHH DBXOAAT, NOA-
BEPrasiChb Pa3JUYHEIM MATEMATHUECKIM ONEPallIaM: CAOKENo, BHYHTaHMIO,
Jeseiio, Jiorapudyiposanio n 1. 4. K aHaauTiyeckomy nzoOpaikeniio
(yuKuit Mb OPHXOAHM, KOrAa liCCAedyeM BONPOC IMeopemuteckit, T. €,¢ s
YCTaHOBIB OCHOBHHE MNPEANOCHJKH, Mbl FpHMEHSIEM MaTeMaTHuyeckull , .~
anaaia i NoJiyyaeM pe3y/abTar B BiAe HEKOTOPOHl MaTeMaTiuecKofl opMyanl.

EcJiil MBl nMeeM HermocpeacTneniioe puipamenne Qynkunn (1. €. 3asu-
ciHMOHl nepemenHol) NpH moMoulM MaTeMaTHYECKHX AeficTouil Ham ppy- -
FHMY, LE€3dBHCHMBIMH I€PEMEHHBIMH, TO TOBODAT, YTO (PYHKLUHA aHaAWTH- =
YeckH samana spHO. IIpunmepoM ABHOrO 3afanisd GYHKLUHH MOMKET cay-
AHTb BBHpa:keHue o0beMa rasa v NpH NOCTOSHHON TeMneparype uepes
Aapaenne (fipHas QyHKIUS OXHOH He3aBHCHMOH nepeMeHHol):

_273.2927
P

HJAH BBIPDAKECHHE NJaoLaAu S TPEYyroJabHiRa 4e€pe3 CTOPOHBL

S=Vpp—a)p—b@—0)

(iBHa® QYHKUMS OT TPeX He3aBHCHMHX TIePeMEeHHHX). Bunuuem eute
IpHMED SBHOTO 3aJlaHiA ()YHKLMH OT OJHOH HE3aBHCUMOH nepeMeHHOff Xt

y=2x1—3x+1. )

Yacto 6mBaeT HeyZOoOHO HAN HEBO3MOMKHO DWMNCHIBATH (OPMYIY, KO-
Topas BHpawxaer (yHKULO uepe3 HesasHcHMBE nepevennsie. I[Ipu 1oy
nHWYT KOPOTKO Tak:

y=f).
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Ora sanuck 0603NAY3ET, UTO ¥ €CTb (PYHKUUS HE3aBUCHMOR mepeMeHHOH
X, 1 f ecTb cuMBOJMYECKHH 3HAK 3aBUCHMOCTH Y OT Xx. Bmecto f Moxuo,
KOHEuHo, ynotpebaate u apyrue OykBe., Ecam Mm  paccmarpusaem pas-
HHe (YHKUMH OT X, TO JOKHH YNOTpeGaarh 1 pasﬂue O6yKBH 118 CHMBO-
JNUECKOR 3anucH 3aBMCHMOCTH OT Xt

f(x) F(x) o(x) u T 1

Taxoft cuMBOJ/IMUECKOH 3anMMCHIO NMOJB3YIOTCH HE TOJNBKO B TOM Cayuae,
KOMAa (yHKUHA 331aHa aHAJNHTHYECKH, HO H B CaMOM obuieM ciaydae q)ymc-
HHOHANbHOH 3aBHCHMOCTH, KOTODHH MH onpereanau B [5).

Ananornunofi KODOTKOH 8amiCblo NOAB3YIOTCA M ans  (YHKUud or
HECKOJIbKHX HE3aBHCHMBIX MEPEMEHHRIX:

v=F(x, y,/z).

3neck v ecTb QYHKINS MEPEMEHHHX X, ¥, 2.
YacTHoe 3HaueHne GyHKUMH MOJyunM, NPHAaB HE3apHCHMHIM TepeMed-
HBIM Y3CTHBEIE K€ SHAYEHWA M BHNOJHWB JefiCTBHf, YKa3aHHBIE 3HaKaMH

/, F,... Tax, nanpumep, yacTHoe 3Hauenue dyuxauu (1) npu x—i 6yner
y=2'(7) —3'-7—!—7:6.

Boo6iwe yacTHoe sHaueHue HexoTopoh dynkunn f(x) npn x = x, 0Go-
aHavaerca f(x,). AHanOriuHo — Aas PyHKINHA OT HECKOJIBKUX NepPeMEeHHbIX.

He nazno cmemusatrh ofumero nousatus (yHKunH, Koropoe Onijo Hamu
JaHO B [B], ¢ moHsATHEM aHAJMTHYECKOrO BHIPANEHHa y uepe3 x. B o0-
weM onpexeneHnd QYHKUHH TOBOPATCHA JAHIUb O HEKOTOPOM 3aKOHE, CO-
IJ3CHO KOTOPOMY Ja0060MYy 3HAueHHIO NMepeMeHHOH X u3 MHOXKeCTBa ee
BO3MOXHBIX 3Hauennil COOTBETCTBYET ONpeneaenHoe snavenne y. Ilpn stom
HE NpPeAnoJaraeTcsi HHKAKOe aHAJIMTHYeCKoe BHpaxenue (dopmyna) y
yepes Xx.

OTMernM emie, YTO MOXHO ONpefe/anTb (YHKIHIO Pa3AUYHHMI aHANN-
THYECKHMH BHP2XEHUIMH HA DPa3HHX YYaCTKaX M3MEHEHHS HEe3aBHCHMOf
nepemesiHolt x, Tak, nanpnMep, MBI MOKeM onpexeantb (GYHKUIO y na
npomexytxe (0, 3) caexyiomnm oGpasom: y=x-+5 npu 0<<x<<2 u
y=11—2x npu 2<x=<3. lIpn TaKoM 3aJaHuH N000MY 3HAYECHHIO X
n3 npovexyrtka (0, 3) COOTBETCTBYET ONPEACACHHOE 3HAYEHHE ¥, UTO M
COOTBETCTBYeT omnpefeneHno Qynxkumi.

7. Hensubie pynkunn. PyHKUUs HA3LIBACTCA HEABHOM, €CAI MBI HMeeM
He HEMOCPEACTBEHHOE AHAMMTHUECKOE BHIDAXEHHE ee uepe3 NepeMeHHLe
HE3aBHCHMHEE, 3 TOILKO YPAGHEHUEe, KOTOPOE CBA3LIBAET €€ 3HAYeHne Co
3HaueHHAMH NEpeMEeHHHX HesaBUCHMBIX. Tak, Hampumep, ecan nepemexHas
BEJHYHHA ¥ CBfA3ana C NepeMEHHOH BemuunHoft X ypaBHeHueM
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TO Yy eCTb Hesg8Has OGYHKUHMSA He3aBUCHMOH mnepeMeHHO# X; ¢ Apyroi
CTOPOHH, MOXHO H X CYHTaTh HEABHOH (YHKUHEH HE3aBHCUMON mnepe-
MeHHoft y.

Hespnas QpyHKOua v 0T HECKOALKHX HE3aBUCHMBIX IEPEMEHHEIX X, ¥, 2, . ..
onpenenserca BooOWE U3 ypasHeHs

Fx, 3, 2,..., v)=0.

Briyucasrs 3Hadenns sToli QyHKUHH MH MO:KEM TOrJa, Korja pas-
peliM YpaBHEHHE OTHOCUTEALHO ¥ ¥ TeM CaMWM INPEACTaBuM U B BuAe
siBHONl QYHRUH OT X, ,2,...

v=0¢(x2,...)

B NPUBEJAECHHOM BHIIE IIpUMEpE Y BHPAKICTCA 4HEPE3I X B BUAC
s f—
y=]/ X3,

Omaxko A MOAYYEHHA PAsAUYHBIX CBOICTE (DYHKUUH T COBCEM HET
1eo6XOANMOCTH pellaTh ypasHeHne, U OYeHb 4acTo GHBAeT, yTO yAaercs
LOCTaTOYHO XOPOIIO M3YUNTh HEABHYIO (YUKUHIO MO CIMOMY YPaBlEHHIO,
KOTOPLM Ola ONpelensercs, He peluas ero.

Hanpumep, o6venm rasa v ectb HesBHaa QYiKLHA AaBaenua p u TeM-
nepatypu f, onpeleasemas ypapheiue

pv=R (273} 1¢).

Yroa C Mmewxpy cropounamu a u b Tpeyrosbnnka naomans S ecrn
ueapuas ¢yukuug @, b u S, onpenendgenmas ypasHeHHEM

ab sin C=28.

8. TaGanuneil cnocol. Anaautnueckuli cnoceO npeacrapaenns Qynk-
nuit mpuMeHseTcd rjaasHeM 00pa3oM NMPH TEOPETHYECKHX HCCACNOBAHHAX.
Ha npakruke e, korja NpHXOAHTCA Ha CaMOM JE€J€ BHIYHCAATb MHOIO
Y3CTHHX 3HAaueHuil pasianyHeiX Qynkunil, asaanThyeckufi cnoco6 npea-
CTaBJCHHS YaCTO OKasnBaeTcs HeyAOOHHM, TaK KaK OH TpebyeT B Kaxk-
JOM Ciydyae NPOU3BOACTBA BCEX HEOOXOMHMLIX BhplyHCAEHMH.

Yrobu usbedath 9TOTO, BHYHCAAIOTCH YacTHHE 3uavenns HanboJaee
ynotpeGute pHBX  QyHKuufl, npu 060ablIOM YHCAE YacTHHX 3nayeHnit
HE33BUCHMHIX NEpeMeHHHX, W cocTapasiorcs mabauyn. Takosw, mnanpu-
mep, Tabauun sHayeHull Qynkunil

1 — 1 ] .
y=x? = VX, =, Tnx‘, logyex, logy sinx, u T. I,
€ KOTODHIMH NOCTOSHHO NPHXOANTCA HMETb Ae10 Ha npakTuxe. Cyute-
CIBYIOT B JApyrue Tabauum, GoJee cJaoxnbX ¢yHKINl, KoTOphe TOXe
NpHHOCAT GOJbILYI0 NOJABL3Y: Tabauuu OGeccenenuX qyuxuull, saaunTHYcC-
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knx # T. & Cymectsyior Tabamum # aas QyHKuE OT HECKOAbKHX
AepEMEHHNX, NpocTeliliui NpuMep KOTOPHX NpPeACTaBAsieT OGHKHOBEHHAs
mabauya YMHOJCEHUA, T. €. Tabauua 3uaueHnlt ¢QyHkunlt z—=xy npn
PA3/MUHBX NEMHX 3HAYeHHdX X H Y.

Vnoraa npuxoaumTcs BHYACAATH 3auauenns dyskuuti npu TaKuX 4acT-
HHX 3HAYEHHAX JE33aBHCHMHX [EPEMEHHHX, KOTOPHX B TaGjuuax Her,
a ecTb TOJABKO COCEAHHE K HHM 3HAYeHHus; JJI1 TOTO, uTOOH MOXKHO
6H/I0 NO0JB30BAaThCA TAGJIMLAMH W B 3TOM CJAyYae, CYMECTBYIOT pasmid-
HHE TPapuia UHMepnoAsyuN; ONHO N3 TAKUX MNpasHa OHJIO JaHO eme
B Kypce cpelHell WKOJAN mnpH noAb30BauMu Tabamuamu naorapudpmos
(partes proportionales).

Baxioe a3HaueHne umeror TalbjaHuH TOTA3, KOrAa MNPH HX MOMOHIN
H306paxanTcd GYHKIHY, aHaAHTHYECKOE BHPAXKEHNE KOTOPHX HAM Hel3-
8eCMHO; C 3THM NMPHXOAHMTCS WMETh MeT0, KOrja MNpousBOAMTCH JKcne-
pusenm. Bcakoe ONbBTHOE HCCACNOBAHHE HMEET LEAbI0 OGHAPYXUTH
CKpHITHE 119 HAC (PYHKUMOHAJBHHIE 3aBHCHMOCTH, M PE3YJbTaT BCAKOrO
ONHTAa NPEACTaBJAfETCa B BHIE mabauys,, cea3nBaomefl Mexay coboit
COOTBETCTBYIOIHE SHAYEHUA HCCAEAYEMHX IPH 3TOM ONHTE BEJNYHH.

9. Ipaduuecknit cnoco6 usoGpawmenns uucen. ITepexonms K rpa-
duueckoMy cnocoGy H306paeHus (YHKIMOHANBHOR 3aBUCUMOCTH, MH
HayHeM Co cay4as rpacdudeckoro nzoOpa:keHus oaHolt mepemeHHof.

Beskoe uncao x Mower OHTh H300paXeHO HEKOTODHIM OTPESKOM.
Ilns 3TOro AOCTAaTOYHO, YC/JOBHBUINCH pa3 HaBcerha B BuOOpe eXHHHUH
JJIHHE, TOCTPOWTb OTPE30K, MJIMHA KOTOPOro paBHa KaK pa3 JdaHHOMY
uncny x. Takum o6pasom, BCAkas Be- -
JAUYHHA He TOJBKO MOXET OHTb BHI- & _ A A
paxeHa 4ucsroM, HO TaKixe n reoMer- -~ e
pHUECKH H300paxena ompesrKout. ‘

Oas toro yroGH MOxHO GHJIO Ta-

KHM nyTeM u306pasuTh u OTpuua-
TeJbHBIE YHCA3, YCAOBHMCS OTKAAALBAaTh OTPE3KH HA OAHOH u TOH Xe
npsiMoft JuHuH, NpUNHCaB eff TPHTOM onpeaenenHoe HanpasaeHue (puc. 1).

YcnosumMcs, nanee, o603HayaTh BCAKMH OTpPe30K 3HAKOM AB, npuueM TOu-
Ky A Oyaem nasmBath HauajaoM, 5B — KOHUOM OTpesKa.

Ecan nanpasnenne oT A K B cosnagaer ¢ HanpasJeHuew npﬂmoﬂ
OTPE30K H300pawaeT 4uyHUCAO MOJOXKHTENbHOE;, €CAX e HanpaBJeHHe
or AKX B npoTHRONOJOXKHO HaNpaBJeHHIO NpPsAMOMH, TO OTPe3oK iH306pa-
30T uucao orpuuareabHoe (A By ma puc. 1). Abcoaromuoe wxe 3uaue-
Hue pPacCMaTPUBAEMOro 4MC/AA BHIPamaeTcd IJuHO# u306paxaiowero ero
OTpe3Ka HE3aBHCHMO OT HampaBJeHus.

Hanny otpeska AB OGymeM ofo3uauaTb uepe3 | AB[, ecanm orpesox
AB unsobpaxaer yuca0o x, To OydeM nucaTb HPOCTO

x==AB, |x|=|AB].

8

Puc. 1.
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HOna  Goapweli onpeleneHHOCTH MOXKHO pa3 HABCEr4a YCJIOBHTHCA
MOMEWaTh Hayao BCEX OTPE3KOB B 3apanee BHOpanHylo Touky O mnps.

moft, Toraa Besxuit orpesok OA, a NOTOMY M H300PAKAEMOE HM HHCIO X,
OyZlleT BMOJHE ONpeNeanTbcss moukoi A, KOHUOM oTpe3ka (puc. 2).
OG6patHo, 3a1aB YHCAO X, MOXEM H
o BEAHYHHE H NO HaNpPaBJICHHIO
onpexeantb orpesok OA, a no-
Puc. 2. TOMy M KoHel ero A. Touke Q
(navaao) coorserctByer x=0.

Urak, ecau nposecrnu wanpagaennyio npasyio X'X (ocs) u omae-
mums Ha Hell HenodsuosicHyio moury O (Hawaao), mo Kaxcdoity
8ewecmBenHomy 4icAy X Oydem coOmsemcmsosams ONpedescHHAs

mouxka A smoil npamoi, marxas, wmo ompe3ox OAusmepsemcs quc-
s0x x. OOpamno, ecaxkol mouxe A ocu .coomegemcngyen 8noaxe

onpedeneHnoe BeuecmEennoe HUCA0 X, u3amepanuwee ompesox OA.
Smo wucao x uazsiaemca adcyuccoli moiku A; €U KYIKHO YRa-
3ame, 4mo modxa A useem abcyuccy x, mo nuuym A (x).

Ecan unciao X Mensercs, To nsoOpawmawouiag ero Touyka A nepeann-
TaeTCd MO OCH. YCT2HOBJEGHHOE BHIUE MOHSATHE O MPOMEAYTKE NPH TaKOM
epadiuseckos u300paiCeHUN HUCAQ X CTAHOBUICS COBEPHIEHHO Harasad-
HBIM, a HMEHHO: €CJH X MEeHfeTcs B NPOMEKYTKe <X = b, 10 COOoT-
BETCIBYIOIAs TOYKAa Ha ocit X'X GyaeT HaxoAuTbCA B OTPE3Ke, KOHIH
KOTOPOro HMelT afcuuccH g u b.

Ecau Go MBl OFpPaHHYMINCL OJAHHMH PaUHOHAIBHHIMH 4YHCIaMu, TO
TOYKe A HE COOTBETCTBOBaJ0 Onl HHKAKOM a6cuuccH, ecan orpesok OA
HecoMaMepuM ¢ npuxsTofl ezmuunelf, T. e, HHaye ropops, OOHH palHO-
Ha/IbHBIE YHCJA He BalOJHAIOT BCEX TOYeK npsyofl. IJI0 3anodHeHue
JOCTHI3eTCA BBeJeHHEM HPPalHOHANBHHX unceld. OCHOBHBIM IOJOXKEHIEM
npu rpacguyeckoM HaoOpameHun 04HO NepeMeHHONl BEJAHYUHH SABJASETCH
yKa3aHHOE BHIIE IOJOKEHHE: BCAKOH Touke oci X'X COOTBETCTBYET
ornpejeieHHOe BElleCTBEHHOE UYICJAO0 If, Hao00pOT, BCSKOMY BelLIeCTBEH=
HOMY YHCIy COOTBETCIBYET onpejeleHHas Touka ocu X'X.

Bossaem Ha ocu X'X gpe Touku: Toyky Ay ¢ abeuuccow x; u

TOUKy A; ¢ abcuuccowo xp. Ilpu atoy orpesky 04, 6yzer coorBer-
CTBOBaThb YKCIO Xy, d OTPE3KYy OA; —uncno X Herpynno mnokasars,
paccMarpuBasg BCEBO3MONHHE B3alMHBIE DacMONOMKEHHA TOUEK Ay H A,
4TO OTPE3KY m 6yReT COOTBETCTBOBATh YHCIO (X3 — X1), TaK 4TO AMHHA
3TOr0 OTpeska Oymer paBHa aGCOMOTHOMY 3HAYEHHIO PAa3HOCTH (X — Xi):

X J A(x) X

l A(Ag l = lxg—xll.

Ecait, Hanpuyep, Xy==—3 H Xy==7, TO TOuka A; JEKHT cIeBa
or (O Ha paccTosHuy, paBHOM 3, a Touka A, JAexur cnpasa or O Ha

paccrosnuu, pasion 7. Otpesok A,A4; Oyser uvers paudy 10 u Gyner
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HanpaBMeH TaK ke, Kak ocb XX, T. e. emy Oyzer COOTBETCTBOBATb
yucao 10=7 — (— 3)==x, — xy. IIpenocrasasem uuratremo pasobparb
Ipyrue BO3MOXKHOCTH pacnoJoxeHust Touek Ay n A,

10. Koopaunatsl, Brme Mpl Buemi, yTO NMOJOXEHHE TOUKH HA NpS-
Moft X'X Moxker OHTb oOnpeseseHo BemecTBeHHHM uucaoM x, IToka-
KEM TEMmeph AaHAMOTHYHHi cnoco6 onpeaeneHns MOJOXEHMT TOYKH HA

I/IOCKOCTH. y)
IlpoBepeM Ha TJIOCKOCTH fBe 7 S

B3aUMHO MEePNeHIUKyNIpPHHE ocH T=FF3= B 7

XX u Y'Y u posbMeM 3a Hauano : !

Ha Kaxoft U3 HHX HX TOUKy Nepe- Xt + B X

ceuenus O (puc. 3). IMoaoxnreas- NN ERSE

HHE HANpaBleHus Ha OCAX YKa3aHHI 1

crpeakamu. Toukam ocn X'X co- 7 : =1 il

OTBETCTBYIOT BEINECTBEHHHE YHCIa, 5

KOoTopHe MH o6o3Hayum Oykeoft x. ~ v’

‘Toukam ocn Y'Y Takmxe coorBeT- Prc. 3.

CTBYIOT BEIECTBEHHHE YHCHA, KOTO-
pue Mu Oyaem oGosnauaTe Oykeoft y. Ecan nam 3amanm ompenenenHsie
3HAYCHHUA X U b2 TO MLl HMEEM onpeaeacHHBe TOUKH A n B Ha ocax
XX u Y'Y; sHas ToukH A u B, MOKeM mocTpouTh TOuky M mepeceye-
HUS MPAMBIX, Napa/VIEJbHHIX OCIM H NPOBEAEHHHX yepe3 TOuka A u B.

KaoiOoll nepe 3Hatenuid seautun X, y coomsemcmsyem O00HO
8noane onpedeaernoe nosogcenne mouxu M Ha niaockocmu wepmedrca.

Obparmno, xaxcdoldi mouxe M naockocmu coomseemcmsyenm 8noaxe
onpedesennas napa 3Hadexud 8eAntuH X, y, OTBEUAIOMIX TOUKAM Nepe-
ceyenns A, B npaMeX, NPOBEAEHHHX uepe3d TOuKy M mapaiiensHo ocaM,
c oot X'X u Y'Y.

Ipu yxasawusix Ha puc. 3 HanpasiaeHusx ocelt XX, Y'YV nHago x
CYUNTaTh MOJOXHTENLHAIN, €CAH TOYKA A JIEXUT HanpaBo, © OTPHUATENb-
HBIM, €CM OHA JIEXHT HaJeBo OT ToukH (O, y OyAeT HOJNOKHTENBHBIM,
€CM TOYKa B JeXHT CBepXy, OTPHLATEbHBIM, — ecan cHudy ot O.

Beaununst x, y, onpedeaswwue nososcesne mouxku M Ha naoc-
Kocmu i 8 c8010 ouepeds onpedensiessle noosceruesn mouru M, Ha-
3u8aiomess Koopounamanu mouxku M. Ocu X'X, Y'Y Hasusawmesn
KOOPOUHAMHBLMU OCAMU, NAOCKOCIMS Lepmesta — KoopuHamuol naoc-
rKocmelo XQOVY, mouxa O — Hataroxs Koopduram.

Beauunna x xassigaemces  abeyuccoi, y — opdunamoit mouxu M.
3adasan mouxy M ee roopdunamaxu, nuuym M(x, y).

Canwtii cnoco6 11306pao'ceml}z Ha3vgaemes cnocolos NPsI0Y2046-
Hblx Koopduxam.

3HaKki KOOPAHHAT TOMKH M IpH pasanuHHX €€ NONOXKEHHAX B pas-
AMYHBX KoopannatHeX yraax (I—IV) (puc. 3) moxHo npeacrasuth Ta-
Kol Tabauueft;
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Coseplienno 1CHO, YTo KOOpau-

M 1 1 i v HaTH X H ¥ TOYKHM M pasuu pac-
croanuaM Touykn M o ocefi koop-
¢ - =] + IUHAT, B3ATEIM C COOTBETCTBYIOILH-

My 3HakaM#. OTMETHM, YTO TOYKH
ocH X'X umeior koopauuartu (x, 0),
¥ S =y a TOUKH oCH Y'Y — KoopauHaTH
' (0, ). Havano roopainar O umeer
roopaunarsr (0, 0).

11. 'pacdux u ypapienue KpuBoid. Bossparumcs K sennunnam x n y,
Kotopuie n3oOpamaer 1oyka M. Ilycth X u y cBA3aHH QYHKUUOHAABHOH
BaBHCHMOCTBIO; STO 3HAUHT, YTO, MeHas MO mnpoussoay Xx (WA y), Ml
Oynem noayuyaTh KaxIbil Pas CcOOTBETCTBYIoulee sHauenue y (HIH X).
Kampoft Takoit mape 3navemuf X M ) COOTBEICIBYeT ONpeAeaeHHOe MOo-
aoxenne Toukn M na maockacty XOV; ecan xe auauenus atH Oyays
MEHATbCSH, TO TOYKa M Oyner nepeaBuratbCsi 1O IMIOCKOCTH M NpH ABH-
weluil CBOeM onuiler HeKOTopyio JAnHmio (pic. 4), KOTopas HA3WBacTCa
epapuneckurn n3odpasxceruesm (Un, npoute, 2paduxoss nin duazpasioi)

vaccuampusaeold @GYHKYUOHAAbHOL 3a- y
sucuaocinu, J
Ecan 3aBuCHMOCTL 3ajana axaaulitie ! 1M
yeckll B BUAC ypagHerus B asuoft Qopue 7 2
) N
o 3, X
y=f(x) o T TR T
wi b neasnoft gopye A+
F(x, y)=0,
TO YpapHenue 3TO 1A3LIBAETCA ypasHe- Puc. 4.

Huem Kpusod, a KpuBas — zpaghuxon
ypasuerusg uwan epagurosr ¢hywxyuu, Kpusas i ee ypamsuete Cyib
JHllb Pa3fiyHbie CnocolH BhHpakenus ofnoll 1 TOil ke dyHKUNOHANLHON
3aBUCHMOCTH, T. €. 8CC MOYKN, KOOPOUHAIME, KOMOPLX YO0BAENIEOPRION
ypasuenuwpo Kpusod, aesicam wa Imoy Kpugoi u, oopammuo, Koopou-
namer gcex moHer, AHCAUUX HA KPUBOT, YOOCACIEOPAION €€ YPABHEHILIO,
Ecau zatio ypabiienre Kpuso#l, MOXHO, NOAL3YACh ANCTOM rpadaenoil
Oymaryu, mocTpouTh, CoJee i MeHee TOulO, CaMyio Kpupyio (sepuee,
MOXHO NOCTPOHTb KAK0€ Y200HO HUCAO moHer, Newaulux Ha 3Toll Kpu-
Bolt); uenm GoJblUE TAKHX TOYEK MOCTPOMM, TeM sicHee Gymer aas Hac opia
KplHpOli; Takoli Cnoco® HAa3LIBAETCH HOCIpPOEHUeM KPUGOE 1O IMOUKAM,
Brbop Jracwumala uMeeT CYUIECTBEHIIOE 3HadeHiie NpH NOCTPOCHEH
KPHBHX; NPH 3TOM MOuill0 BLIOUPATL pagniie MaclwiTalh npi HOCIPoe-
nun x u y. Ipn onunakoswx Mmacwrtabax mas X H Y NIOCKOCTL Yno-
RoOasercst aucty Oymary, pasrpaienHoMy Ha ksadpamss, TPH PasHLX
e Macwrabax —Ma npasoyzoasnuxu. B nanphefluiem Oyaer noapasy-
Meparthes, YTO Macwralel g X [ Y OANHAKOBLL
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UnrarensM peKOMEHAYETCs 3/ECh ke MOCTPOHTh MO TOUKAM HECKOABKO
rpaduxoB npocrefinx ¢ynxknu#, menas APUTOM MacwiTabHl AAf X o Y.

Beenennre Bhille MOHATHA O KOOPAMHATaX Touku M, o6 ypasuenun
l(pHBOﬂ n rpaq)m(e YPaBHEHUA YCTaHaBJAUBAIOT TECHYIO CBSI3b MEXAY
anre6poit n reomerpueil. C onHON CTOPOHH, MBI IMOJyuaeM. BO3MOXHOCTSH
RarNAmHBIM TEOMETPHUYECKHM NMyTeM u306paxarb H HCCIENOBATh alAINTH-
YecKHe 3aBHCHMOCTH, C JpYrofi CTOPOHB, OKa3HBaETCI BO3MOXHEIM
CBOLNTL pelleHie TeOMETPHUECKNX BONPOCOB K uucTo anrefpanyecknm
neficTeusM, B 4eM W 3aKJIOYaeTC OCHOBHAs 3alaya aHAAUMULECKOI
2eosmempun, paspaGoransoft pmepsnie JlexapToMm.

Benay upessmuafinoft Bawunoctn Qopmyaupyesm eme pas (akTH,
Jexaimue B OCHOBE aHasnThyeckofl reomerpun. Ecam Ha naockocts or-
METHTb [BE KOOPAMHATHHE OCH, TO 8CAKOL mMo4uKe naockocmu Gydem
coomsemcmsosams napa sEMeCmMseHRX Yucea — abeyucea 1 opounama
smod mouxu, u, Haobopom, 8caAKol nape yucea 6ydem coomsemcmaso-
gams onpedefeHHAST MOYKA NACCKOCINU, UMEIOWAST NEPBOe HUCAO CBOElL
alcyuccoil u smopoe wicao ceoeil opdunamoii. Kpusoii na naocxocmir
coomsemcmsyem OYHKGUOHAAHASL 3ABUCUNCCIME MeHCOY X U Y, ual,
4mo mo Jxe, ypasHeHlle, codepycaiiee nepeMennse X 1y, Komopoe
ydosaemsopaemes 8 ;Mo U ANMWS 8 MO CAYHLAC, ECAU BMECMO X N )
nodcmasums roopdunamst raxoii-aubo u3 mouex xpusoi. Hao6opom,
YPasHeruio, codepycamesy 08e repemeHHEe X W Yy, coomsemcmeyemn
Kpusasn, cocmofuas U3 mex moyex NnA0CKOCHU, KoOPOUHAMbL KOMOPH.X,
0ydy1u nodcmagrens 8:Meco X Uy 68 ypasreHue, y008AemEopsIom emy.

B nanbreftiueM MH paccMOTPHM OCHOBHHE TpPHMepH! FpadukoB GyHK-
unfl, a Tenmepp npuBeseM HekoTopeie ofwue coobpawenns. ITycrb Mu
uMeeM ypasHeHue B spHOH dopme: y==f(x), rae f(x)— odnosnaynasn
yHryua, onpeneseHnas, Hanpumep, B nmpoMexyTtke (a,b), T.e. Takasm
yHKnua, uro mobomy X u3 (2,b) COOTBETCTBYET OHHO ONpeaeneHHoe
3HaueHne f(x); rpadmk ykazaHHOH YHKUMOHAJLHON 3aBUCHMOCTH COCTOHT
n3 Touek (x,y), MOAYYEHHHX YKa3aHHHM TOAbKO uTo cnocoGoy, Ilepnen-
aukyasp k ocn OX, npopeneHHuft yepes moOylo Touky stoft och, abc-
uucca koropo#t npuuapgexur (a,b), BcTpeTdT rpaguMk B oxuol Toyke
(omnosnaunocts f(x)). B cayuae ypaswenns F(x,y)==0 B nespuon
dopye neno o6CTOMT caoxHee, MOXET CAyyuTbCs, UTO YpaBHEHHIO He
COOTBETCTBYeT HHM ONHOH TOUKH. DTO MMEET MECTO, Halpumep, IJs
ypasuenus x%?-f- y?--3=0, u6o npm MOGHX BEWECTBEHHHX X N
7epag yacTb nomoxntenbna. Ypasuenmo (x — 3)1+4(y — 5)?=0 coor-
BETCTBYET, OYEBHAHO, TOJbKO OnHa Touka (3, 5).

[Tocrpoense rpagnxa coBepmraercs asTOMATHYECKH B CaMOMMIIYU{HX MpIf-
Gopax; nepeMeHHOft x ABAAETCA OOLIYHO BPeMsA; y — BEJNYIHA, HIMEHEHHEe KOTO-
Pofi C TeueHHEM BpPEMEHH HAC HHTepecyeT, HanpuMmep GapoMeTpHyeckoe Jasije-
nue (6aporpad), Temnepatypa (repMorpad). Damuoe 3nayenme mMeer uHAHKa-
TOD, KOTOPHI 3aMHCHIBAET 3aBHCHMOCTB MemAy o6beMoM U JaaBjieHHeM [a3a,
3aK/MIOYEHHOr0 B MHIAMHADPE 11apOBOro WJH Ta30BOro ABHrarend.
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12, Jluneitnas dyuxwus. ITpocrefimas dyHxuus, KOTOpPag BMECTE
C TeM HMEET BaXHHIE NPHJAOKEHHUS, — ABYWIEH IIePBOH CTEneHi:

y=ax-b, 2
rae @ u b— nanusie uncaa. Jta QyHKUNA Ha3BIBAETCH AUNEHOL (BYHK-
yueid. Mul noxaxewM, 410 ee rpaguKk — npsaMas JHHHA. Paccmorpum cHa-
yana TOT Caywafi, korna yucao b papHo Hymo. Ilpu stoM dyukuua (2)
HMEET BT

y=ax. 3)

Ouna puipamaeT TOT (aKT, YTO NepeMeHHas Y NPAMO NpPONOPLHOHAIbHA
nepeMenHoft X, H UICA0 @ HA3BBaeTCA KO3(QHUUEHTOM NPONOPUNONAiL.
HOCTH,

3uayenns x=0, y=0

YAOBAESTBOPSIOT YpaBHEHN©O (3), T.e. COOTBETCTBYIOUINI STOMY ypaBHeuio
rpaguK IPOXOIHT yepe3 nayaao Koopaunar O.

y
Y M M
(94
N a - X \ -X
( N N 0 g
M
Puc. 5. Puc. 6.

Odpamascy k ueprexy (puc. 5), Mbl BumuM, YT0 ypasueuue (3) Buipa-
AeT CHedyiolllee TEOMETPHYECKOE CBOHCTBO HCCAGAYeMOro rpaduka:

Kakyio Obl TOKY A Ha HeM MW HH D35/, OTHOLIEHHE opaunati y = NA{

sTOl TOUKH K ee aGcuucce x== ON ecTh NOCTOAHHAs beanunna @, Tax
Kak, ¢ Apyroit CTOPOHE, STO OTHOLIEHUE DPaBHO TaHreucy yraa a, obpa-

syemoro orpeakoM OM ¢ ocvio OX, TO OTCIORA BIJHO, YTO TEOMeTpiH-
yeckoe MecTo ToueK M ecTb mpaasas, npoxolsu;as wepe3 Ha4aao Koop-
ouwam O noa yraoMm o (mam w-}-a) K ocu OX. Mu cunraeM a OT
act OX po npsmoit npPoOTHUB Yacopoil CTpenkH,

OanoppenmenHo ¢ 3THM oOGHAapy:KiBaercst I BaXKHOE TreoMeTpHYecKce
auavenne Kos(ipuunenta a B ypasnemtn (3): a ecmo maneenc yeaa g,
Komopuili o6pasyem nupAMAQs, COONEENCINEYIOUIARL SMOMY YPABHEHILD,
¢ ocsw OX, BCACACTBHE YETO @ HA3LIBACTCH Y2A085LM KOSHHULUEHINO N
npssoli. 3aMeTHM, YTO €CAH @~ YHCIO OTPHUATENBHOE, TO yroa o Gyaer
Tynoli M COOTBETCTBYyIomas npsmas OyaeT pPacnofoxeHa TaK, KaK yKasauo
ua puc. 6.
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OGpatamcs Tenepws K ofmeMy cayuaio JguHefino# dynxmum, a nmenno
K ypasHenuio (2). Opaunate y rpadukxa 5TOrG ypaBHEHHs OTJIINYAIOTCA
OT COOTBETCTBYIOUUX OpAMHAT rpaduka ypapHeHns (3) MOCTOSHHHM caa-
raemum b, TaknM o6pasoM, MW NOJAYYHM HENOCPelACTBeHHO rpaduk ypas-
nenns (2), ecan rpadmuk ypasueHns (3), usobpaxenusfi Ha puc. 5 (npn
a>0), nepeasuueM napaaneasio ocu QY Ha oTpesok b: Hasepx, ecan
b noaoxurenvio, N BHM3, ecan oOHO orpuuarensHo. Takum o6pasom,
MH MOJY"HM NPSMYIO, NApaIedBHYIO HCXOAHOH NpAMOfl 1 OTCeKatoNLyIo

Ha ocn OY ortpesok OMy=b (puc. 7).

Hrak, epagpux cpynxyuu (2) ecms
npaMan ausus, npudes Kodpuyerm
a pagen mauzeHcy y24a, 00pa30BARHO0
amoii npaxmoi ¢ ocsro OX, a c80600HbL
4aen b pasen ompe3sky, omcexaeimoiry
amoii npamoii na ocu QY, ctumas om
raana O,

Kos¢ddnuuenr a mnHoraa HaspiBaloOT
npocTo yx.aoxos npamoli, a b— navais- Prne. 7.
Hoil opdunamoii stoft npamot. HaoGopor,
ecan HaM IJaHa Kakasf-unOyab npavaa L, He mapaanensHas ocit OY, 10
HETPYOHO HamuCaTh ypaBHeHne Buaa (2), cooTBercrBylomiee 3Tofl npsMoil,
CorJacHo npensAymeMy, AOCTATOYHO B3aThb Ko3(duuuent a pasHHIA
TaHreHCcy yraa HaknaoHa stoft npsmoft K ocn OX u b paBHEIM OTpeEsKy,
oTcekaeMoMy sTolt npsmoft Ha ocn OY.

OrMeruM ORMH dacTinl. ciyvafl, KOTOpHIl NMpeAcTaB/seT H3BECTHYIO
ocobennocte. Ilycth a=—0. Vpaenenne (2) naer HaM npH BCAKOM X:

y=b, 21

T. €. NOAy4Yaercs Taxkas ,(YHKUMA® OT X, KOTOpas NpH BCEX 3HAUEHHAX X
COXpaHsieT OfHO M TO e 3HaueHue b. Herpyawo Buzers, uto rpaduxom
ypaBHenus (2,) 6ynzer npsMas, napainenasHas ociu OX 1. orcrosmas ot
5Toft ocu Ha paccrosuun | b| (ceepxy, ecan 6> 0, u cunsy, ecan b < 0).
Yro6H He OenaTh ChneunaipHHX OrOBOPOK, M GyneM TroBOPHTh, UTO
ypaBHeHue (2;) Takxe onpezensieT (YHKUMIO OT X.

13. IIpupamenne. OcHoBHOe CBOICTBO JuHeliHOH ¢yHKUMH. YcTa-
HOBHM OJHO HOBOE BAa:KHOE ITOHATHE, ¢ KOTODHM YaCcTO NPHXOZUTCH
UMETh M0 MpH HCCAeJOBaHHH (YHKINOHAABHON 3aBHCHMOCTH,

TTpupawennes nesasucusoll nepesteHHol 8eAlLNbL X NPU nepexode
onm HAYAABHO20 3HAYCHUS X{ K KOHEUHOMY X3 HA3bL8AEMCA PA3HOCIND
MEINC0Y KOHEHHBIAL U HQUAAbHBLA 3HALEHUAMU: X3 — Xi. Coomeem-
cmeyouus npupawenies @Gyuxyuu y=f(x) Ha3vi8aemcsa pa3rocmo
MENHCOY KOHEUHBIAL U HALAAHOM 3HALEHUAMU HYHKYUU:

Y2 — I =/[(%3) — [ (1)
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Aru npupameHus 4acto 0003HAYaloT TaK:
Ax=xy— X, Ay=y;—y,

3aMeTuM ApH STOM, 4TO MNPHPAIIEHIE MOXKET GBITb KaK MNOJOKHTENb-
noif, Tak H OTPUHATEJbHOH BeJHYHHOH, TAK 4YTO. DEAMUHHA, [OJAYYHB
Slipipamienue®, e 0053aTEABHO [0JAiHA YBEAHUHTBCY,

OGpatiM BuuMaHHe HA TO, YTO 3aMHCh AX Haxo paccmarpxmarb Kar
eauHoe uesoe a4s o6o3HayeuHs NpUpaWEHns x.

O6parinsea K cayyaio mnpefinoll dyukunn:

yy=axs--b u y=ax;4-0b.
BbiyitTasi mowseHo, NOJy4HM
Nh—N=a(x—x) 4
HAH
’.\y —aq AX.

PapcHCTBO 5T0 1lOKA3BIBAET, YTO ANHeldHan PyuKyus y=—=ax—b
o0aadaem iiex c8olicingon, wmno npupawenue Oyaxyun (yz— yy) npo-
NOPUUOHAABHO Npupaijenilio Hela-
sucumoil  nepesennolr (Xy— Xy),
npuves  rosgguyuennm  nponop-
yuoHaAbHOCHIL — pages a, T. €.
yeaosomy  Kosunyuenmy, uau
YRAOHY 2pagura @GyHEGuN.

Ecaun Mp1 oOpaTuMcsi K caMoMy
rpagury (puc. 8), T0 npupauieniuio
nesapuCHMOfl mepedMeHHoll COOTBET-

Puc. 8. cTBYeT OTPe30k MP— Ax =

=x,—Xx; H NpHpauweHto ynx-

win — o1pe3ok PAM;=—Ay=y;,—y,, 1 Qopuyna (4) HenocpeacTseiHo
BLITEKAET 13 PacCMOTPeHHs Tpeyroibuika MPM,.

[Toaoxum Tenepb, YTO HEKOTOPas GyHKLHA 00/3L€T YKASAHHLIM BH-
e cBoiiCTBOM NpPOMOPLHOHAJLHOCTH NpupawmeHHit nHesapucuMoll nepesen-
Holt 1 (pyHKUwmIL, BripamaeMbM opuyaof (4). V3 s1oll Qopmyan caenyer

yi==a (53— %)+

HJH
Y= axy + (yl — ax]).

ByaeM cyuTaTh HCXOMHME OJHAYEINE NCPEMEIMILIX Xy y; BHOAHE
onpeseaeHHbM 1 0003HauuM PasHocTh (y, — axy) oaxoft Oykooft b:

yg=axg+ b.

.TaKk Kak OKONHYATEAbHHE 3HAUECHHA TMEPEMEHHHX Xg H Y3 MH MOXEM
Opars  a1066iMH, TO BMeCTO OYyKB Xy M y; MOXHO IPOCTO NUCaTh
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6)’!([":‘ X 1y, n npeanaymee paBeHCTBO NEPEnuuIcTcd B BHAC
y=ax+ b, » Y

T. €, 8caAKas GyHKyug, o02ada0uas YKA3anHb s Bblute ceolicineox
NpONopRUCHANLHOCIIL NPUPAULEHILE, eciny AUHEeTHAST PYHKLUR Y= aXx -
—~+ b, npuses a ecms Kosunterm nporoOPRNORALLHOCHIIL.

WUrak, aunefinag dynkuus u rpadguk ee, npsaMas JuHHS, MOTYT Cay-
MATH 141 M306pameHHss BCAKOrO 33aKOHAa TNPHPOAH, B KOTOPOM HMeer
MECTO MNPONOPUHOHANBHOCTD MEWAY NPHPALIEHUAMH HCCJAEYEMBIX BeJH-
YHH, YTO CAYYaeTcsl BEChMa 4acro.

14, 'paduk pasHdMepHoro ABMeHHs. Han6oree saxHoe npuioxene,
KOTOpOE JaeT MeXGHUuYecKoe WCTOIKOBaHIle ypaBHeHHA NpsaMofi u ero xodddu-
IMEHTOB, — 9TO 2pauK pPAasHOMEPHOZ0 O8UICEHUS. $
Ecan TOyka P IBMKETCA NO HEKOTOPOMY NyTH M
(TpaeKTOpHY), NOIOXEHNE ee BIIOIHE onpefersercs
PACCTORHIEM, OTCUHTBIBAEMHM MO TPACKTOPHUN B TY
WIH HHYI0 CTODOHY OT HEKOTODOil RaHHUH ce TOYKH S=f(t)
A no Touxn P. 310 paccrosuue, T. e. myra AP, My
Ha3pBaeTCs NPOHAEHHHM nNyTeM § o06o3Havaerca ¢
6ykBoft s, npuyeM s MOMET ObThb ¥ NOJOXNTEIb- 0' t
HHM M OTPHUATEILHBLIM: 3HauYeHHA § B OIHY CTO-

POHY oOT HauvanbHOH Toukm A cunralTcs NOAC- Puc. 9.
EUTEIbHHMH, a B JADYTY0 — OTPHUATEABHBIMIL

TlpofinenHuitt NyTh § €CTh HEKOTOPasi (YHKIHA OT BpEMCHH f, NPHHAB KOTO-
poe 3a He3aBHCHMYIO NEPEMCHHYI0, MOXeM NOCTPONTHL 2paduk Jsudrcenus, T. e.
rpadmk (yHRITOHANBHOM 3aBHCHMOCTH (pHC. 9)

s=f(t)

€ro He CleNyer CMEeWNnBaTh ¢ caMmoll mpaexmopueil NBIKEHHA. -

Ilpnxkenne Ha3LBaeTCA PABHOMEPHLLAM, €CAH MYTh, NPOXOAHMHEIT TOYKON 32
21060fi NPOMEXYTOK BpEeMeHN, NPONOPUHOHAIEH STOMY MPOMERYTKY, XPYIHMH
C10BaMH, ecan oTHOLIEHHE

S;—S, _ As

t,—f, At ,
nyTH, NpofiiCHHOrO 32 MPOMCKYTOX BpeMeHH oOT f, 10 I, K BeinuynHe 3T0rO
MIPOMEIKYTKa eCTh MOCTOAKHAA BEINYNHA, KOTOpan
Ha3HBAETCA CKOPOCMbI0 HIBIXEHUA I 0003HAYaeTCA
yepes v. ’
B cuay cka3aHHOro BHINE, YpasHeHue 2pafuxa
PasHOMEpHO20 OBudICERUR uneen 6ud

s==vt 4 5
t camnii zpadux ecmv npamas, yer080ii Ko3ddu-
0t ¢4 ty - yuenm Komopoii pasen cxopocmu 0suicenus, Ha-
qaabHas Jice opduHama s, ecmp 3Haderue s npu t =0,
Puc. 10. Ha puc. 10 nso6paxen rpadbux ABmNKenns

ToukH P, KOoTOpas ABHralacb C NOCTOAHHOI - CKO-
POCTHIO U; B NOJOXNUTEJLHOM HANpaBiIeHuu oT MOMeHTa 0 10 MomeHTa ¢, (yroa
€ OChIO ¢ OCTPHIi), 3aTeM ¢ IIOCTOsAHHOK e, O Goabuiell CKOPOCTBIO ¥, B TOM
®e HanpaBrenuny (yroa ocrpwuii, Ho Goapmuil) 10 MOMeHTa f,, a 3aTeM C MOCTO-
SHIOM, KO OTPHUATENbHON CKOPOCTBIO U, (B 0GPaTHOM Hampasacumy, yrox Tynofl)

&
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A0 HavasbHOTO CBOEro moiaoxenna. B cayuae, kOrma NPHXOAHICH HMETb REA0
C MHOTHMH TOYKaMH, ABHXYIIHMHCH NO ONHOH H TOHt e TPaeKTOpHi (Hanmpy-
Mep OpH COCTaBAeHHHW pacHHCAHHA JABHXEHHA T0€3/I0B HAH TpaMpaes), Takoil
spaduneckuil ¢cnocof HBAACTCA CANHCTBEHHO YROOGHHIM HA NPAKTHKC CPEICTBOM

A8 onpefeleHiA DBCIPeY ABHXKY-
“06‘—\‘ 7 8 9 10 11 12  ymxca Touek N Boobme Aia 060-

=2 \2 ) / / 3peHus Bcero asikxkenna (puc. 11).
12%_2\ < <
1o 4?_‘:,\ e \ A IEA 1 15. Bmnupuueckne (HOpMYbL,
100 % \ K / / IIpoctota mnoctpocHna npamofi u
< \ &/ BHPAMXaCMOro €10 3aKOHa NPoOHOp-
9 Ty XA HOHAJILHOCTH NPHpamesua QyHK-
\ N 1Y/ HHH H He3aBHCHMOIl mnepemenyolt
80 N7 /X neaaer rpaguHk  ppamofi  BechMa
70 171/ YAOGHHIM CPEACTBOM HpPH Haxoxje-
50 -4 T HUH amnupudeckux gopmya, 1. ¢
/ \/ N TaKHX, KOTOpHIE BHBOAATCA HeENo-
50 = AVARA CPEACTBCHHO H3 J3HHBX ONMIa, 63
“0 . s o 0coG0ro Te0peTHYCCKOro lcciacno-
1/ §/ \ \' BaHML, -
30 u\"{’ @( \ N HM3o6pa3ns rpaguyeckn noay-
Z(JF@@ L §_~$,L A AV YCHHYI0 13 ONHTa Tabanuy Ha Ju-
NG AN \ \ CTe MIIABMETPOBOfi Oymary, M
10f~4 S \ HAiAeM P TOUCK, I CCaH MH e-
0 ! l S \ JaeM  WOayyHThb  NpHOIHEKeHHYIO

I 7 8 [’ 10 11 12 3MnipuYecKY©® Qopuyay s n3y-
i yaeymoli (GynKUHOHAILNON 3aBHCH-

Puc. 11 MOCTH B BIJC AHHEHON (DYHKUIN,

HaM OCTaercsa MPOBCCTH npasLyo,

KOTOpPaa ¢CIH 1 He NPOXOZHT CPa3y yepes BCC MOCTpoctublie TOUKI (4T0, KOoneuno,
NOYTI HIKOrAa HCBO3MOXKHO), TO, IO Kpajiticit Mepe, NPOXOAHT MCH MY 3THMU

45
by ——
4,3 o/
42 S

4,1
4.0
3,9
3,8 P
37|
3,6

5
%5 % 70 5 Z0

Piuc. 12.

TOYKAMIH U JPH 3TOM TaK, YTOGH IO BO3MOXKHOCTH OJAHHAKOBOE YNCIO TOYCK OKa-
33J0CL Kak HO OfHY, TaK Ml N0 APYTylo CTOPORY OT IIPAMOII, H BCE OHH JexaiaH J0-
CTaToyHo Kk Meil Gan3ko. B teopun omuGok u o6paGoTki HaGaiofeRuit u3ywaores
6oaec ToyHbie CnOCOGH KaK JUIA NMOCTPOEHHS YKa3aHHOH NMpAMOH, Tak u KA Cy-
¥ACHHA O COBEPUIAEMOI! NPH TAKOM DPHO.IMKEHHOM IIPEACTABACHII MOrpemHOCTI.
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Ho npu MeHee TOUHHX WCCIEZOBAHHAX, ¢ KOTODHMH NPHXONHTCA HMETL Nea0
B TexHIKe, MOCTPOCHHE SMIHPUYECKOH NPAMON Npollle BCEro MPOH3BONHTL MO
€noco6y ,HATAHYTOro LWIHYPKa®, CYMHOCTb KOTOPOro SCHAa 113 CaMOro Hassamms.
TMocrpone npaMyo, ¢ NOMOULI0 HENMOCPENCTBEHHOrO H3MEPEHHA ONpeleiseM ee
ypaBHeHue

y=ax-b,

KOTOpOe 1 NaeT HCKOoMYIOo sMmapHueckyio dopmyay. Ilpn suBome stofi dopmyan
HAJAeXNT HMETh B BHAY, YTO OYEHb YaCTO MAaCIMTAOM 1A BEeAHYHH X H y GH-
BAIOT Pa3INuyHHl, T. €. OOHaG u ma Jce 0auHa, omaoxcenHas Ha ocax OX u OY,
u3obpascaem pa3nsie qucaa. B 3tom cayvae yraosofl kospouunenr a He Gymer
PaseH TaHreHCy yraa, o6pasyemoro mpamoft ¢ oceio OX, HO OGyrer OTIHYaTHCA
OT Hero MHOXNTE:1eM, PABHEIM YIHCIEHHON BeINYHHE OTHOWIEHHA MeXAY eXHHH-
HaMH JTHHB, NPHHATHMI! NPH U306paxeHHN BEIHYHH X U .

MMeumer (puc 12).

| x 0,212 | 0,451 | 0,530 | 0,708 ! 0,901 | 1,120 { 1,341 } 1,520 | 1,738 | 1,871

! y |3721|8779] 3870|3910 | 4,000 [ 4,080 | 4,150 | 4,201 | 4,260 | 4,350

Omas.
- y==0,375x -}- 3,65.

(3sakoM =~ Mpl 0603HauaeM 31ech H B JaabHefllueM npulAUICEeHHOE PABeHCMBO.)

16. MMapa6ona BTopoit cTemenu. JluneiHag QyHKUUA

y=ax+b
€CThb yaCTHHA cayualt yeaolf fysxyun n-ii cmenenu, MAN MHO204NEHA
(noaurnona) n-ii cmenewnu:

y=aox"—|—a,x"°‘+ vee —|—a,,-1x-]-a,,,

npocrefimuft cayyalt xortoporo nocae JanHeHHoll (YHKUMH €CTb Mmpexyaen
smopoll cmenenu (n=2): -

y=ax*4bx--c;

rpaguk sroit dyHKNUR Ha3HBaETCA napaboaod smopol cmenenu naN
npocTo napaboaoi.
Ioxa mm Gymem mnccremoBath Janms npocrefiwnft cayyait mapa6Goas:

y=ax (5)
KpuBas sta Ge3 Tpyma MowxeT GHTH mocrpoena mo Touxam. Ha puc. 13
nsobpaxenn kpmsne y=x? (a=1) n y=—x* (a=—1). Kpunas,

COOTBETCTBYIOWaA ypaBHeHHIO (5), pacnoaokeHa UeauUKOM Hax ocklo OX
npu a >0 u nox ocsto OX npn @< 0. OpnuHara sToft KpuBoft BO3-
pacTaeT no a0COMOTHOMY B3HAuyeHHIO, KOTAA X BO3PACT3ET No abcomoT-
HOMY BHa4eHmo, H TeM OucTpee, yem Goasume aGCo.OTHAs BeAMYHHA Q.
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Ha puc. 14 usobpawen pax rpadukos ¢yuxuun (5) npu pasdIHYHKX
SHAYEHHAX 4, KOTOPHE NPOCTaBJAEHH Ha YyepTexe NMPH COOTBETCTBYOULHX
5THM 3HaueHusM HapaGonaax.

Ypanuenue (5) comepmut ToAbKO X3, a NOTOMy He MeEHSercsa NpH 3a-
mene X Ha (— X), T. € ecan HeKkoropasd Touxka (¥, y) JEKHT HAa napa-
6oae (5), To u.TOuKa (— X, ¥) Mexur Ha ToH ke mapaGoae. Hse TOUKH

yazt Y 4 5 g

‘ N |
i 3 ,
A VAYIV N TRV

e
"
- N
2o
Ty
A
-
1=

ra
/
S
—~

TNN T
S

/
/

/
/]
//
A\
\

s A\

W
1
~2

\ A\ I/
NV S eal,
] ,>£)0<\I ¥ < ’.'77.//%\\ z ,X
7 PR / //l-f\ h
7 = LA EWAN N N,
A e AfEANNARE
e LA R
|
/
|

|
-8

Puc. 13. Puc. 14.

-4=2 ~1

(x, ¥) u (— x, y), ouenuzano, cuMMeTpuunsl ornocureasno ocn OY, T. e,
oA U3 MUX fBJASETCA 3ePKaJbHBIM N300paxedneM APYroi OTHOCHTEIbNHO
sToit ocu. Takum o6pasoM, ecan MOBEPHYTb NPAByi0 YacCTb IIOCKOCTH Ha
180° poxpyr ocu OY u COBMECTHTH e€e C /1epoff 4acTbio, TO 4acTh MHa-
paboaw, Jexamas cnpasa or ocit OY, cosnager ¢ 4acTeio napaGoaw,
aexameil caesa or artoft ocu. Wuaye rosops, oce OY ecms oce cus-
stempun napatGoast (B).

Havaao koopaunar OKa3bIBAETCA cavoft Hu3Kof TOUKONl KpHBOH mpu
a>0 u camoii sricokoit npu a<0 i HaswBaercs Bepuunol napaboan.

Kospduuuent @ snoane onpeaeadecs, oo 3a1ath 0IHY Touky Mg (x,, 3)
112paGoas, OTAHYNYIO OT BCPUIMHH, TaK KAK TOQAa HMeeM
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nocac yero ypasnenye napaGoan (5) upuMeT BHA
X

2 .

— 4t ———

y=J ( xo) . , 6
CyutectByer BechMa mpocToft 2paguteckuld cnmoco6 NOCTPOEHHA KaKOro

YTOAHO uHCIa 72 TOYEK napaGo.gst NpH 3a1aHHLIX BepPUIHHE, OCH CHMMETPHH 1 aoboil

ee Touke M, OTAMuHONl OT BepUIHHH. ¥y

AGcunccy W opannary fmammoft TOY- 4

kit M, (x4, ¥,) N€AUM HA N PaBHBIX ya-

creii (puc, 15) U yepes Hayaro KOOpPAN- \ 3 ‘_/
- \3 7. o
yraxf, a=2 \ g}'
(] 27 xZ’ Qs )
Zp T twpd \RE N4
- x )7 ~ T \% | 1AL/
7 /I 1 4
/ 1 (4 " 4
/%} ,yn N / /)l
22 e L by |
_ s _ - ) le|’ Josp 2
= l vy
91 2 3 4 56 7 8 . '
Puc. 15. ) ' Puc. 16.

uaT NPOBOAMM AYUM K TOYKaM JcicHua opauHato. [lepeceyenne 3Tix ayueil ¢
NPAMHMH, NPOBEXEHHBIMH Yeped TOYKH jedeHns aGcuyccH mapamreanho ocn QY
M naer ToykH napa6oau. HeficTBuTe1bHo, O NOCTPOEHHIO MM HMeeM (pHc. 15):

n—1 , n—1

Xy =Xy * n , y=y0. rE)
, n—1 n—1\3 xy \?
=Y —F—=J\= =Y ENE

1. €. Ha ocHopamuy (6) Touxa M, (x,, ¥,) Takxke Ae¥HT Ha napaGoxe. Mlowasa-
TEALCTBO AN APYrHX TOYeK anaaorfHyHo.

Ecan nmelorcs Ape dyHKuun:

y=f) n y=r1(x)
Il COOTBETCTBYIOWME M TPaduKy, TO KOODPAMHATH TOYEK NepeceveHus
5THX rpadHKOB YAOBJETBOPAIT OOOHM HANHCaHHLIM YPaBHEHUAM, T. €.
a0CLEUCCH STHX TOYEK Nepeceuenisl CyTh PELIEHHS YPaBHEHHs '

fr(x)=/i(x).
YKasanHoe oO6CTOATENLCTBO JErKO HCAO/b30BATH A9 npubaiKennoro
perenns KeazpaTtHoro ypasHennd. IToCTpOHB Ha OTZEALHOM JHCTE MH/IH-
merpoBofi 6ymarH, mo BO3MOXHOCTH TOYHee, rpaduk napaboaut

y=ux, (61
MBI MOXEM pacCMaTPHBAaTb KODHH KBaJPAaTHOrO YPaBHEHus
2 _
B=pxi+q, ™
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kak afcuuccs Touek nepeceuenus mapaboam (6;) u npamoft y —=px-|-g,
TAK 4TO peunieHne ypasHeHus (7) CBOAUTCH K HAXOXKACHHIO Ha Yeprexe
YROMSHYTHX ToueK nepecevyenwss. Ha puc. 16 usobpaxenn Tpu cayuas,
Korja Ttakux ToueK Oynmer mase, omna (Kacanue npamofi ¢ mapaGoJioft) m
HH OAHOH.

17. Mlapa6osa Tperseil cTemenn. Muorounen 3-it crenenu

y=ax'tbxttcxtd
uMeer csouM rpa(uKoM KPHBYIO, HAa3HBAEMYIO napaboaod mpemseil cme-
nenu. M paccMoTpuM 3TY KpHBYIO B mpocTreillieM ciayyae

y=ax> ()]

Ilpn noJOKUTENLHOM @ 3HAKM X H Y OJAMHAKOBH, a MNPH OTPULATENb-
HOM @ ~— pa3nuydx. B mnepsoM cAydae KpuBas pacnoAoxeHa B IEPBOM

H TPETbEM KOOPAHH2THHX YrJax, a BO
Lol U122y 2155 % Ys p P Y

BIOPOM Clyuae — BO BTOPOM N ueT-
Y HHD i _peprom yraax. Ha puc, 17 uzo6pasien
ANHUHE 1] BUI STOH KpuBOH NpH  PasANYHHX
JKRRHD [l 3HaYEHHAX 4.
SNENIIb Ecan x u y oanoBpemenuo 3same-
ARE 111771/ unts na (— x) 1 (—y), 10 0be YactTu
WL // ypasuenua (8) usMenar 3uHak, u ypas-
YRR A 3 HEHUE N0 CYILECTBY HE H3MEeHHTCH,
SENNY 1 Y=ax . ’ e ‘Dlie
N I L\ x T. € ecln TOuKa (X, ¥) IeKHT Ha Kpu
457257 NN |3 14 poft (8), 10 u TOuKa (—x, —y)
2./4//EINNRN TaKke AEKUT HA 3Toft Kpusoit. Toukn
A BN (%, 3) n (— X, —y) aexar, OYeBHIHO,
SRR CHMMETPHYHO OTHOCHTEAbHO Hayada O,
[ o VR T. €. OTPe3oK, HX coeanHsiomutl, ne-
“-—l (= ITIRTBIRY antcs HavaaoM O nomoaay. Ws npe-
IS EE E.-l J‘ Y= IbLAYLIErO ClAeAyeT, YTO BCAKas Xopia
= i kpusoli (8), mpoxoasilas uepe3s Ha-

Puc. 17. yano koopauHat O, HenuTCA STHM Ha-
yaaoM nonoaaM. Muaue 310 BRIpakaloT
TaK: rataao roopdunam O ecms yewmp rKpugoi (8).
OryeTuM emle ofuH YyaCTHHH cayyafi mapaGoan Tperbeli creneHi:

y=ax?-|cx. Q)

Tlpapas yacTh 3T0ro ypasHEHHs €CTb CyMMa OBYX CJAaraeMelx, H, CIexo-
Bare/lbHO, A/ MOCTPOEHHs 5TO# KPHBOH JOCTaTOUHO MNPOBECTH MPAMYIO
y=cx (10)

Il B3ATb CYMMY cooTeeTcTByWOIMUX opausar qaudufl (8) u (10) uenmocpea-

CTBEHHO H3 4YepTexa. PaznunyHue BHAbI, KOTOPHE MOXKET MpPH 3TOM Mpil-
uate Kpusag (9) (upu a=1 n pasauuHmx ¢), usoGpawxens ua puc, 18.
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Mocrpous kpusyio
y=x?

MOAYYHM YnOGHHN (npH HEe60.JbINO TOUHOCTH BHYHCACHHTN) 2padudeckuii cnocod
Onn pewenus ypasHeHus 3-ii cmenexu

xt=px-+q,
TaK Kak KOPHH STOro YPaBHeHHA CYTh He YTO IfHOe, KaK aGCuwiicCH TOYeK mepe-
cegeHHA KpHBoit
y=x
¢ npamoit
y=px-}-q.

Yepremx HaM nokaxer (puc. 19), yTo TakMx TOyex mepecevyeHust MOXeT GHTH
ofHa, JiBé MJAH TpPH, HO OJIHA — HaBEPHO, T. €. ypasHexue 3-li cmenenu umeem,
no xpaiineii Mmepe, oOun eujecmseHHulii Kopexd. Crtporo noxasano 3to 6yaer
BIOCIENCTBHH. '

Ya 13240123 Y,
3

Wi
/

Al
\

P epers

N2
4
et

x

// / P Kt

Puc. 18. Pre, 19,

18. 3akon oGpaTHOil MPONOPUHOHANLHOCTH. PYHKIIIOHAABHAS 3aBU-
CHMOCTB

y=x (1)

BHP2XaeT 3aKOH OGPaTHON NPONOPLUOHANBHOCTH MEXAY NepeMeHHRMH
x u y. Tlpn ypemiuennnt X B HECKOJBKO Pa3 y YMEHbIIAETCH BO CTOALKO
ke pas. Ilpn m >0 nepemeHHme X 1 y OZHOrO M TOro Xe 3HaKa,

T. € rpaduKk pacnosoxeH B NEPBOM M TPETheM KOODAMHATHBIX Yraax, a
npu m<C0—Bo BropoM u uerseproM. IIpu x, OMU3KHX K HYMI0, APOOB

m
— beauka 1o a6comornofl Beanunne, Hao6opor, npu Goapwnx no abco-

m
MOTHON Be/MUUHE 3HAUEHUsX X APOoCb — Maia mo aGCOMOTHOH peamyine.

2 B. H. Cuupros, 1. 1
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Henocpenctsensoe nocrpoeune 3To#l Kpusoh MO TOYKam NpHBEAET
nac k puc. 20, wa xKoTopom usoOpa:kenn Kpussie (11) Opu pasayHBX
SHaueHusIX /2, NpHYEeM CnAoWHON JuHne#l HauepyeHH KPUBHE, COOTBET-
cieyoume cayvaio m >0, nynktupHolt — caydaio m<0, u y xamaof
Kpusofl MPoOCTaBJeHO COOTBETCTBYIoUlee € 3Havenne m. Mu Bumum, uTO
KaXIas U3 NOCTPOEHHHX KPHBHX, KOTOPHE HI3HBAOTCH PAgHOGOLHBIMU
2unepfosaru, wMeeT OeckOoHedHble gemsu, NPUOIKAIOIMECT K OCAM
koopanuat OX u OY npu GecnpeaeabHeM Ypeanmyennn aGCUiCCH X nman
OpAMHATLl ¥ TOYKH Ha paccMarpuBaeMoll Be1BH. DTH NPAMbIE HA3HLIBAIOTCS
acuanmomaru runep6oisl,

Y}

'Mﬂgaly“l) a, a3 ) al‘

A

\’L’Z P’z:yz)
>~ A M,
M55 e

» X

INew

21

Puc. 21.

Kosdduunenr m B ypasnenun (l1) onpegeaserca Bnoiue, ecan 3ajarh Ai-
6y Touky M, (X ¥,) M3yuaeMoll KpiBOfi, TaK Kak TOrAa

XoYo =11,
ypasuenne we (11) nepenuiuerca B Bife
XY =XV (12
Han
IR )
N x°

Ortciofa suiTekacr 2pagudeckuil ¢nocol NOCTPOEHUA KAKOTO YFOZHO yilcaa
To4exk pasnoGounofl runepGoawl, ecan 3ajaHbl €C ACHMATOTH It KaKas-nHGyIb
ee Ttouka M, (x,, ¥o). TIpHHAB acuMnToThl 33 OCH KOOPAMHAT, IIPOBEAEM N3
Hayana KOODIUHAT npoussoabeie ayun OP;, OPy, ... 1 OTMETHM TOYKH mepe-
CEeueHNs STHX AYYell C NPAMBIMH y==y, U X=X,

Tlposoxs uepe3 Kawxmbic ABE TAKIE TOYKI, J€Waluyle Ha ONHOM ayuye, nps-
MblE, napannenhuue OCAM KOOpIHHAT, MNOJIYYHM B NepeceyeHNH 9THX NPAMHX TOUKH
runepboan (puc. 21). 310 BHiTEKaeT U3 uOAOOHA Tpeyroabhikos ORQ, u OSP;:

&_—_-——-OR pay A = Yo
0S RQ, X, X'

T. ¢ Touka M; (x, ¥;) aexut Ha kpusoit (12).,
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19. Crenenndn ¢yuxkuusa, Oynkuun y=—=ax, y=—ax®, y=—ax® n
)v_-:"i‘;',' KOTOPHE MH BHII® KCCASKOBAMH, 'CYTh uaCTHHE CAyuan QyHk-
uun BHAa o ' .

y=ax", (13)

rie @ U n—Kakue yroaso mnoctosunue. dynxums (13) Boobuie nasm-
paerca cmenentol dynxyuedi. TIpy nocTpoennn KpusoH Myl OrpaHHupMcs
AMIIb MOJMOXUTENBHHMU 3HaueHuaMuy X # cayuyaem a==1. Ha puc. 22 »
23 usoOpaxens rpadHke, COOTBETCTBYIONINE Ppa3ANUHBIM 3HAUYCHIAM 71

2
y ne3 2z 1

™

< L o~y

S
~

{ .
Puc_. 22, Puc. 23.

Han Bcex suauennfl n ypasnenne y=—=x" naer y=—1 npu x=1,T. e
BCE KpHBHe npoxoasr Yepes Touky (1, 1). ITpu nonoxureAsHeIX suave-
HUAX 72 KpHsHe npu X > 1 TIOAWMAIOTCA .BBEPX TEM Kpyue, ueM Goablue
pemunda n (puc. 22). ITpu orpuuareasnsix 1 (puc. 23) dysxkuus y=x"

paBrocuabHa Apobu. Hanpumep, sMecto y = x~* MOXKHO Hamucath ==z

B atux cniyyasx npH BO3pAacTaHun X OPAUHATH Y, HaoGopoT, yOHLBAIOT.
3ameTuM TpH STOM, YTO NPH APOGHOM £ C YETHHM 3HAMEHATeNEeM MHI
] 1
CuMTaeM 3uavenHe PaAMKana mMoaoxurenbury; nanpuep, x2 =7V, x cun-
TaeM mosoxuTeapHuM- (mpun x> 0). :

Hse nocroauune @ H n, sxoxamue s ypasrenue (13), ompeaerarca, ecan
3aflaTb ABe TOWKM xpusoft M, (xy, ¥,) 1 M, (x., ¥5), NOCTE YEro OKamercsa

S n=ax{, y,=ax3; . (19)
Mead OBHO ypaBHeHNe Ha APYroe, HCKAIOYAEM g: .
Y (x\?
3 («T’: '

Oe
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3areM, aorapugMupys, HaXoXuM 2 no dopmyae

logy, —logy, |

n=logxx—-logx, ’

Haiiga n, N3 J060oro u3 ypasneHnit (14) noayuuxm a.

TIpaguyeckuit croco6 nocTpoeHin Kakoro yrogHo yncia touex xpusofi (13)
1o NBYM 3ajaHKbIM ee ToukaM M, (xy, y;) U M; (x,, y;) H306paken Ha puc. 24.
Tposoaum uepe3 Touky O £Ba MNPOH3BOABHLIX nyYa NOR YraoM a K ocu OX
i B x ocn OY; u3 nannnx tovex M, u M; onycxaem mepneHIMKYaspH Ha Koop-
IMHATHBIE OCH JO HepccevyeHus WX C aAyyaMu B Toukax Sy, Sy Tj, Ty 1t ¢ ocamnt

{
A}
A AR My x,3)
\ B
2 % T\Me(xa.y;)
R \
L/ z — My [zg,y5)
& ~soMy
& — =aMs M
ﬁ— AL el
~do} A A -
oS p
7 SZE’Q,K [
Puc. 24,

B TOuKax Q;, Qa Ry, Rs Uepes Touky R, nmposomusm R,T; mnaparieasno R,T,
It yepe3 TOYKY S, nPoBORHM S,Q; Rapaaieasto S;Q,. IpoBoas, Hakonen, wepes T,
i Qg npaMue, NapanicibHHE COOTBETCIBeHHO ocaM OX u OY, noayunm B ux
nepeceyennn TouKy M; (X3, y,;) kpusoii. HeiictButensno, 13 monoGus Tpeyroan-
1IHKOB HaxX0JuM

00, _ 03y 0s, _ 0Q,
0Q, ©0S,’ 05, 00,

T. €
0Q; _ 0Q, Xy X
==X qm SL=I=i,
0Q, 0Q, X3 X
OTKYZa
X3
X3 =—),
Xy
H TOYHO TAK ¥eé MOXHO NOKa3zarb, YT1o
Vi
3= " e
y

_— "3
= ax"

_ (axy (2

T. €. Touka (X3, y;) AexHT feiicTBHTeabHo Ha kpusofi (13), yto u TpeGosaizocs
JIOKa3aTh,

~
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20. OGpatHele ¢yuxuun. 19 uccaenoBauus ZalbHEHIIHX 3aeMen-
TapHEIX (YHKUMH{ BBEaeM HOBOE NMOHATHE, a HUMEHHO, NOHATHE 006 ofpar-
no#t ¢ynxuun, Kak Mur yxe ynoMunann B [5], npu nccaegosainn dyHk-
1HOHaNbHOM 3aBHCHMOCTH MExAy NEPEMEHHHMH X H y, Bonpoc o Bubope
HE33aBUCHMONt MepeMEHHOM HAXOAMTCH B HAlleM PAaCHOPMKEHHU U Pellaercs
HCKJOUNTeNbHO cooOpaxenusyn yaoGera. Ilycts wumeercs HexoTopas
dynkuus y=,(x), npuueM X HrpaeT poJb HEe3aBHCHMOH MEpPeMEeHHO!,

Dyuryus, Komopas onpedeasiemcs 43 moil sce PYHKUUOHAALHOL
3asucumocmu y=j(x), ecau 8 Heii paccsampusams y Kax He3asucli=
MY NEPeMEHHYI0, @ X KaK GYHKLU0

x=2¢(y)

Ha3usaemcss obpamHoil no omuowenuio ¥ dannoii bynryun f(x), a
IMa NOCAeONAT BYRKYUS wacmo Ha3bi8aentcs npsasoll.

OG6o3HayeHnss A9 nepeMeHHHX HE HrpalT CYWECTBeHHOH posu u,
oGo3uauas B 060UX ClyuyasX He3aBHCUMYIO NepeMeHHylo OYyKBOO X, M&l
MOM(eM CKasaThk, uTo @ (x) Gyzer ofpatHo#t dynxuued maa dynkunn f(x).
Tax, nHanpuMep, ecan npsamele (QYHKUUH CYTh

y=ax-+ b, y=x"
TO oOparHuie 6yayT

—b np—
y=xa ’ }’=]/x-

Haxoxnenue obparthofi dynxkmmi no ypassHennio npsMoft QYHKUHH Ha3bi-
BaeTCAd €€ o0patjeHues., '

ITycte mbi uMeeM rpaduk npsMoii ¢ynkmun y=f(x). Herpyauo
BHIETb, YTO 3TOT ke rpadHK MOXET CAyxuTh H rpacdukoM o6paTHoil
dyuxun x =19 (y). Helcteuteasno, 06a ypasuenns y=/(x) n x=¢(y)
JAIOT OfHY H TY k€ (YHKUMOHANLHYIO 3aBHCUMOCTB MEXAY X M Y.
B npsamoft dyskuun npoussoasno sanaercd x. OrtkaansiBas no ocn OX
oT Hayana (O OTPe30K, COOTBETCTBYyiouii uMCJAy X, M BOCCTaBJISA U3
KOHILla 2TOr0 OTPe3Ka MepneHauKkyaIsp K ccu OX no nepecevenus ¢ rpa-
¢uKoM, MBI NOJAYYaeM, B3SB JJMHY 5TOr0 NEpPNeHAMKYJsApa C COOTBET-
CTBYIOIHM 3HAKOM, 3HaueHue y, oTBevaiomiee B3ATOMY 3HaueHuto x. Ilast
oOparsofi QyHKIUMN X=—=0¢(¥) MBH JOJKHH TOJLKO OTKJIANHBATL 3aJaHHOE
aiayenne y mo ocH OY oT Havana O H BOCCTaBJATb H3 KOHLA 3TOrO
- OTpe3Ka NepneHAHKyasp x ocH OV no nepecevenus ¢ rpaduxom, JanHa
STOro NepneHAMKYAApa C COOTBETCTBYIOIMM 3HAKOM JaeT HaM 3HAueHue X,
orTBeyaioLiee B3ATOMY 3HAuEHHIO J.

Ipn 310M BO3MHIKAET HEYAOOCTBO, YTO B MEPBOM C/ydae He3aBuCHMas
nepemeHnass X OTKJaAbIBaeTCA MO oAno#t ocw, a umenno ocu OX, a Bo
BTODOM CJy4Yae He3apicmmasi NePEeMEHHas ¥ OTKJAJHBAeTCs Mo Apyroft ocw,
a nMexHo mo oci QY. Hnaue ropops, npu mepexone OT npamoit ¢yHx-
uun y =/ (x) k o6paTHOl X ==¢ (V) MBH MOXEM OCTaBHTb TOT *€ rpauk,
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HO AOMXHN NOMHIITB, YTO NPH 5TOM NEPeXoAe OCb 14 H306paxeHus
sHauenull ne3aBuCUMON nepeMeliHGH CTaHoBHTCA OCbl0 3HaueHuH GyHKIHHM,
n 1ao6opor.

YroOu usbexarb 3TOr0 HeyaoGCIBA, MH JOJKHLL NPH  YIOMAIYTOM
nepexoie nomepHyTb NJAOCKOCTbL KaK LeJOE TakuM oO0pa3oM, uToGH ocH
0OX 1 OY nomensanck Mmectamu. Jlas sToro, ouebumio, J10CTaTouyilo

y NOBEPHYTL IJOCKOCTh YEpTewa BMe-
A cte ¢ rpapuxon Ha 180° pokpyr
\ «{(rx' L GHCCEKTPUCE  IIEPBOrO  KOOPAMHAT-

Y noro yraa. Ilpn stom mosopore ocu
LY ’ NOMEHAIOTCS  MecTaMyu, u  oGparHyio

3§

A

dyHKIHIO X = ¢ (y) Halo yKe Aucath b
> obriynoN Buge: ¥y =y (x). Urax, ecau
»x npaxang Qywxgug y=7s(x) zadana
AL 4 zpaghuteckut, mo AR noAyLeHUn zpa-
NTR-LAL dura cOpamnoil Pyuryuu y=¢(x)
. docmamouHo nogepryms NAOCKOCH b
7 epagiusa  na 180° sokpyz ouccex-
mpucsl nepgo2o KoopOUHANHO20 Y2A4.
< Ha pic. 25 rpaduk npsmioll Qyuk-
Puc. 25. unn ns3obpaskent crnaowHofl Jmmetl, a
rpaguk obparuoli  QyHKUHH — NYHK-
Tupoy. [lyuktipon we n3o6paxena GucceKTpuca Nepsoro KOOPAHHATHOrO
yri2, BOKPYr' KOropoll H3aio NOBEPHYTb BCIO MJIOCKOCTb YepTema RJas
neaydenna nyukTHpHoOift Kpupoli n3 cnaowmofi  KXpiusoil.

2]1. Mnoro3snayHoctb (yHrRuHH, Bo Bcex rpadukax saeMEHTapHBX
($yHuKuui, KOTOpPHIE Ml DacCMOTPeNH BhILIE, XapakTepHEIM OblJ TOT Qakr,
YTO npaAMble, nepnesauKyaspuule ocy OX, nepecexann rpagux He Goabe,
ueM B OxHOfl TOuke, N Ooabllel0 yYacTbio uMEHHO B oauofl Touke. 3rto
3HAYNT, YTO Yy QYHKILIH, OnpelesseMoli 3THM PpadMkoM, 3ajaHHOMY 3Ha-
YEILIO X COOTBETCTBYT OAIO ONPENE/ICHHOE 3HAYEHie Y. Huaue npo
TAKyl0 (YHKIUHIO TOBOPAT, YTO OHA 00HO3HAYHA.

Ecnu e npaMmile, nepnenankyaspusle oct OX, INepeceKaoT rpagux
B HECKOJLKHX TOYKaX, TO 3TO 3HAYHT, YTO 33aaHHOMY X COOTBETCTBYET
HECKOJLKO ODAHHAT Fpaduka, T. €. Heckoabko 3uayeuuit y. Taxue Qyiik-
IUH 1133LIBAIOTCA MHO203KHAYHbLN, MBI yke YHOMHHAAM O MHOrO3Hay-
HHX (Qynxuuax pauswie [8).

Ecan npsivas pynkuna y==/(x) oanosuauna, To obparHas Qynxums
y=¢9(X) MOxET O0Ka3aTeCi I MHOro3Haysoil. 10 BilANO, HanpuMep,
ug puc. 25.

Pasbepem noapoGuee oaun sjementapusit caywat. Ha puc. 13
uzoOpamen cnowHol aumuell rpadux Qynkunt y=ux* Ecan ucsep-
HYTb YepTem BOKpPYT GHCCEKTPUCH TIEPBOr0 KOOPAMHATHOrO yraa na 180°,

T0 moayuntca rpaduk obpatiofi dymkuwm y== 1 x (puc. 26).
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- Paccmorpum ero mnoapoGuee. [pn orpunareasustx x (1esee oca OY)
npamee, nepnengukyaapusie ocw  OX, Bonce He mnepecekawoT rpaduxa,

T. e dynkuns y=}/X ne onpenesrena npu x<C0. 3ro cooTeerctayer
TOMY (haKTy, YuT0 KOpEeHb KBaAPaTHsIf H3 OTPHUATEALHOTO YHCAA HE
uMeeT BemecTeeHunix 3uayennfi. HaoGopor, npu mobom nosoxmTenLHOM
X npaMas, nepnesauxyaapHas ocn OX, nepecekaer rpadHK B ABYX TOY-
Kax, T. e. NPH 3aaHHOM [MOJIOKHTEIBHOM X MH HMEEM [BE OpAHHATH
rpagmka: MN u MN,. Hleppas opaunara maer aaa y HEKOTOpOe MHOJ0-
AHTEJABHOR 3HAyeHue, a BTOpas JaeT TaKoe ke no abcomoTHON BeanuuHe

E7 _ oTpHuaTenbloe 3HayeHue. ITO CO-
- OTBETCTBYET TOMY (DAKTY, YTO KOPEHD
 y
M
X
0 x
> X
g
N~
Puc. 26. " Puc. 27.

KRAAPATHUH U3 MOMOKUTSALHOFO YHCJAA HMEET ABA SHAYCHHS, paBuHe
no. aGcomorHolt BenuunHe u obGparusle 1mo 3Haky. W3 ueprexa smaHo
Takxe, uto npu x=0 MH nmeem onHO ToAbkO 3Havenuwe y=—0. Hrax,

dynkuna y==y/x onpereresa npu x =0, uMEET [Ba 3HauUEHHs NpH
x>0 n onno npu x=0.

3ameTuM, UTO MBl MONEM CAeJaTh Hamy QYyHKIHIO y=1/ X 00~
3HayHOM, B3R JMWb vacTh rpaduxa. Ha puc. 26. Bosnmewm, Hanpumep,
TOJbKO Ty 4acTb rpaduia, KOTOopas HaXOAUTCH B MEPBOM KOODAHHATHOM
yrae (puc. 27). 310 COOTBRETCTBYET TOMY, YTO MH paccMaTpupaeM Juilb
MOJOKHTENBHHE 3HAYEHNs KpaapatHoro Kopud, OTMeTHM Takxe, -uTO

yacth rpaduxa dynxkuun y— 4 X, uzobpaxennas Ha puc. 27, noay-
yaerca u3 Toft wactm rpaduxa mpsimoit dynxuuu y=x? (puc. 13), koro-
paa xexur npasee ocn QY. Yacte rpaduxa ¢ynkuuy
1
y=Vx nm y==x2,
JeKamas B NEPBoM KOOPANHATHOM Yrae, yxke Onaa usobpawxena uaMmn
na puc. 22.
3alimeMca Temepp TeM cAydyaeM, KOrAa ofpaueHHe OAHO3HA4HOf
npsaMolt (ynxkumMm npuBOAMT K oano3HauHoOft ke oépamon cpyuxuml.
Ilna sTOro Ham npUIETCA BRECTH 10BCE NOHATHE.
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Dynryus y=Ff(x) nasubaemcs co3pacmamued, ecau Npu yseau-
YCHUU HE3QBUCUMOI nNepeseHHOl X coomeemcneyouiue 3Hadenus
Y 6ospacmaiom, m. e. ccau U3 HEPABeHCMBA X3 > Xy cAedyeil
J{x9) > f (x1).

‘TIpn ToM pacnonoxkennn oceli OX 1 OV, KOTOPHM MBI NOJb3YyeMcd,
BO3PACTAHHIO X COOTBETCTBYET nepemeuledne no oc OX pnpaso, a Bo3-
pacramio y — apiikerste no ocit OV pBepx. Xapakrtepiolt 0coGeHNOCThIO
rpaguka Boapacraioimeil (yHKIN SBASETICS TOT (aKT, YTO NPH ABHXKEHHH

BAOJL KpuBOHl B CTOpOHY BO3pa-

cralounx x (BOPaBO) Mbl ABHKEM-

€s I B CTOPOHY BO3pacralowux y

(sBEpX). '

PaccmotpuM rpadk Kakofi-nu-
6yabp onHosnautioll pospacraiouleit
¢yHKIWY, onpele’eHHOH{ B npoMe-

KyTKe a << X << b (puc. 28). ITycms

f@=c u f(b)==d, npuuen,
>y OUEBHANO, B CHAY  BO3pacTaHus
dynxuun ¢ <d. Ecnn My BosbMeM

Puc. 28. Kakoe-inbGyab 3HaYSHIE y H3 Hpo-

MEKYTKa ¢=<Cy=id U B COOTBET-

cIpylowell TOuke BOCCTaBnM HepneHZukyasp Kk ocn QOY, To 3T0T nepnen-

JHKYJAsp BCTPeTHT nawi rpaduk B oOAHON TOuKke, T. € BCAKOMY y u3

APOMEKYTKA c<Zy=Id OTBEYaeT OINO ONpeie’elloe 3Havelile Xx.

Wnaue rovops, @yuxyus, ofpamnas gospacmawwed Gynryuu, Gydem
00HO3HAL KO,

Hetpynno sumers u3 ueprewxa, uto I 3Ta oOparHas ¢yukuus Oyner
Bo3pacrawmel,

AHanornyHuy 06pasoM, @yHEyus y = f(X) Ha3ueaemcs yousaiouel,
ecau npi yocawicnuu ne3asucuMol nepeMeHHOE X coomeemmeyiouue
3Havenlst y, HaoGopont, YObLBAIONI, T. €. €CAll U3 HEPABEHCNIEA Xy > Xy
caedyem f(x)) > f(x;). Kak u peiie, MOKHNO YTBEP#1aTh, UTO (YHKIUIS,
obparnas yGmpaiowell ¢ynxw, 6yaer ozuosnaunofl yOwpaioulet ¢yhHx-
uneft. OTMETHM ele 04HO BawHOe 06CTOSTEALCTBO. BO BCEx paccymIeHus. X
Ml NpeanoJiaraeM Bceraa, yTo epagur QyHKyuu npedcmagafem €obon
cnaowKy  Kpugyo 06e3 pa3pusog. 10T GaKT pasHOCHAEH 0COGoMY
aHaJnTHYecKoMy cBOHCTBY (yHKuun f(X), @ UMEHHO, HenpepsigHOCHIL 3ol
yuryuu, CTporoe MaTeMaTHyeckoe onpejeseHHe HelPEPHBHOCTH QYHK-
1K 1 HccaenopaHine HenpepusHux (yHxuuft Gyger HamMu gano B § 2.
Leavlo nacTosuleil raaphl fBASETCS Jnllb NpeABapHTEbHOE O3HAKOMJelle
C OCHOBHBIMH MNOHATHAMIL, CHCIeMaTH4CCKOE Hey4enne Koropux Oyder
Jano B CJeAYIomux raasax.

B orHouieHnn TepMHHOMOrII 3aMeTHM, YTO KOr4a MH TroBOPHM O
¢yukusy 6e3 ynoMisnasiis O ee MHOrO3HaulioCTH, TO MM IOApasyMeBaeM
pcerja OJHO3HAauHYi0 (YHKIIO,

P N

L e atudatet
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292, TlokasaTensHasa u Jorapudmudeckas QyHKIUH. Boappamaemca
Teneph K HCCASAOBaNHIO sieMenTapuux ¢yukunit, floxaszameasnan @ynx-
yus dnpeneasercs PaBencTBoM

y==a", (15)

npuyeM MH CUYHT2€M, 4YTO OCHOBaHHE a4 €CTh 33aAaHHOEC NOJOXHTISHLHOE
icno (OTJll’l‘lHOG oT emmnuu). l']pu NeA0OM TONOKUTEJABHOM X 3HAUYCHNE

a* oyepnano. Ilpn apoGuoM noJokHTEILHOM X BHpaxeHne a* onpene-
p

q g
JeTCqd KaK pamukan @ =y a", npnyeM, B Ciaydae 4eTHOro ¢, MH ycC-

NOBAMBAEMCs OpaTh MNOJOXKHUTENLHOE 3HaueHMe pamuxana, He nxoaa ceft-
yac B moxpoG6roe paccMOTpeHHe 3HaueHuH a* NpH HPPALHOHANBHOM X,
3aMETHM TOJBKO, YTO MH NOJYYHM npuG.mxeHHHe 3HaueHHs a* npu up-
PAllOHANLHOM X BCe ¢ Gosbllleli CTENEeHbIO TOYHOCTH, €C/JAH BaMEHHM Hp-
panuoHaJbHOE X ero NpHOMDKEHHBIMI 3HAyeHHIMH TaK, Kak 3To OBLIO

ykasano Beime [2]. Hanpumep, npuGmmkenssivu 3uaueHusmn a¥ 2, rae, KaK
nssectHo, V 2=1,414213..., Gyayr
10— 100
al==a, alt=— 1/a“, atM = ¥ ...
Boiuncnenne a* npn OTpPHLLATENIBHOM X CBOAMTCS K BHUHCAEHmo a* npn
_ 1
NOJOXKHTEJBHOM X B CHJAY GOpMyJab: a~* =3, fBasomelica onpexene-

HHEM CTENCHH NPH OTPHIIATEJABHOM II0KasareJse. Us yONoMAHYTOro BHILIE
COrJlalIeHHA CYHTAaTb paguKaJsl B BHIpaxe-

g VY Yy 10y =y
i a? =1/ aP Beerna nonoXATEABHEMH \ \ L l
BHTEKaeT, 4To QyHKknus @ npu MOOHX |-
BEIlECTBEHHHX X BCEIAa NONONHTEAbHA. \ \ /
Kpome TOro, MOXHO TOKa3aTh, Ha ueMm &\\
Mbl HE OCTAaHaBAMBAEMCH, uTO NpH a > 1
¢yHkuns o* — Bospacrawmas  GyHKuuS, \

a mpu 0<<a<{1l— ybuBaomas ¢yHK-

VS S

uns, Bonee noapoGHoe nccregosanne sTof y=1%
(yuxunn Gyzer Hamu jano fanswe [44), | __l= =l

Ha puc. 29 nsobpaxenst rpacduki 7 =X
¢dbynkuun (15) npn pasjaHuHHIX BHaYeHH-
axX a. OTMeTUM HeKOoTophe OCCOEeHHOCTH Prc. 29,

rpagukoB Ha puc. 29,

Ipexne Bcero npu mo6oM @ 7= 0 MH uMeeM O onpeneneHuo qd=—1,
H, C/e1oBaTenbHO, NPH moGoM @ rpaduk ¢yHkumn (15) npoxoanT uepes
Touky y==1 Ha ocu OY, 1. e, uepe3 Touxky c koopannaramu (0, 1). Ecan
@>1, To KpmBag HIET CJieBa Hanpaso (B CTOPOHY BO3PACTAOMHUX X),
noaHuMasc, OccnpefenHO BBEPX, a NpH  ABMKEHHH BJAEBO  KpuBas
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Gecnpenensno npubamxaerca k ocu OX, nurae ee ne aocruras, Ilpu
a <1 pacnonoxenne Kpusofi oTHocuTeasno oceil Oyaer mubiM, Ipu asn-
MWeHuH HanpaBo Kpueas OecnpenenvHo npubauwaercs kK ocH OX, a npu
asketny paeso Oecnpeneabno yxoant BoepxX, Tak xak a* Bcerga noJao-
WKUTENLHO, TO rpadux, KOHEYHO, BCEraa pacnoJoxen Hag ocwvio OX. 3a-

1\x
MeTHM eue, YTO rpaduk QyHKunu y=(7) MOXKIO MOAY4yHTb 13 rpaduika

¢dyukuue y=a”*, nopopauubas uepTex Boxpyr ock OY ua 180° 310
BHITEKAeT HEMOCPEACTBEHHO W3 TOFO, YTO MNPH YMOMAHYTOM 10BOPOTE X

X
nepexoant B (—X), a a-*:(%) .

3ametny ewe, uto ecan a==1, 10 y==1% u Npi BCAKOM 3HAYEHHH X
MK IveeM y=1 [12].
Jozapughsunecrans Pyuryus onpesenseTcs PaBeucTsoy

y=log,x. (16)

ITo onpepenenuto aorapudma dyuxuus (16) Gyaer obpatuolt xas ¢yHk-
unn (15). Ml momem, Taxkny o6pasoM, NOAyyuTb rpaduk Jsorapudu-
veckoli ¢ynkuun (puc. 30) u3 rpaguxa noKasareAbHOI, NOBEPHYB KpHublE
puc. 29 na 180° pokpyr OHCCEKTPHCI NEPBOrO KOODMMHUATIONO yria.

y
A

%’1 , Yi
% //‘ :

7 o 3

7&é/1/ ¢

A\ =1 ‘X
N = a1 g » X

7 y N | L] 1/3

Z Y=togqa*

Pic. 30. ' Puc. 31.

Bouay Bospacramus ¢yukwm (15) npu e>>1 obparvas ¢yuxkuus (16)
Oyaer Takxe OmHO3HauHOli Bo3pacTawoweit ¢yukumielt oT X, npuueM, Kak
5T0 om0 u3 puc. 29, ¢ynxuwua (16) onpemeaena amwbs npu x>0
(oTpunatesapHnle yncaa ue nveoT aorapudyos). Bee rpadmkn puc. 30,
COOTBETCTBYIOIHE PAasJNYHBIM 3HAYCHUAM @, NepecekaoT ock OX B TOY-
ke x==1, IT0 COOTBETICTBYET TOMY (PAKTY, UTO JAOrapus exuHuuUN APy
aoGoy ocuesannu pasen Hymo, Ha puc. 31 nsobGpaxen pas sicuocty omun
rpadar dynxusun (16) npun a> 1.

C noinTizes 0 zorapidMHYCCKOll GyHKLIN TCCHO CBA3AHL NOHRINA 0 202a-
pudrudecroll tixase 1 TCOPHA 202aPUPMULECKOT AUHEUKY.

Jlorapudmuueckoii WIKaI0/i Ha3bIBAETCA TaKas IIK27a, HAHECEHHAA Ha JaHHOf
npaMofi, ManHA JejeHHt KOTOpoil COOTBETCTBYET HE CaMoMy wucay, o6o3Hayaiwo-
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memy IcireHHe, a ero jgorapudmy, obmknoBeHno mo ocHoBawmio 10 (pnc. 32).
Taxum OﬁpaBOM, €CJIH NPH HEKOTOPOM JXeJeHHI IMKAJIHW CTOHT YHCIO0 X, TO AIHHA

oTpeska lx pasHa ne x, a log,qx. J11Ha oTpeska MexAy ABYMA TOUKAMH IUKAJH,
ofo3HaucHnbMMI yepes x u y, 6yxer pasuatrbesa (puc. 32)

Ay —1x=log,oy —log;, x =1log;, 'i-;

Rag nonayyeHUn xe norapmbua npou3BeReHiA Xy AOCTATOYHO K OTPEIKY T; npn-

GaBnTh OTPE30K 1y, TaK KaKk MNOJAYYEHHHl TakuM myTeM OTpe3ok Gyxer pasen
: l0g;ox -}-10g,0y =108 {(x3).

Taxum o6pasom, HMesa JorapH$MHYECKYIO IUKA1y, MOXHO NPHBOXHTL YMHO-
MenHe N feaeHne YUCex NPOCTO K CAONKEHHIO H BHYHTAHNIO OTPE3KOB Ha IIKale,

Y
,rw,,,.,,,,,.,l.:'L.l!u!.l..Lh!&!s!!."," - ”r“!"["# L AR
N 2 3 4 5 57 489Y%]
x xy

Puc. 32.

YTO NpOLlE BCEro OCYL[ECTBAAETCA HA NMpPaKTHKE C NMOMOILIO ABYX TOXACCIBEll-
HBIX MKaJ, H3 KOWX OfHAa MOXET CKOAL3HTH BAOab Apyroft (puc. 32 u 33). B stom
H 33KM0YaeTca OCHOBHaf MAes ycrpoiictBa aorapudmuseckoll muaefikm.

X
1 £ K 4 5 b6 7 6391
1 2 W s 57891 |
yx y

Puc. 33.

Jas suyncaennil yacro ynorpebaserca aozapudatuteckan Gymaza, koropas
npeactasafer coboit pasrpadaennunil ancr, npuyeM, OAHAKO, TOYKH AedeHHA Ha
ocax OX n OV cooreerctBylor He o6GhiKHOBeHioft, a sorapudMuueckoil mkaze.

23. Tpuronomerpnueckue ¢yHkund. MH OCTaHOBHMCA JuIL HA
YeTHpeX OCHOBHHIX TPHIOHOMETpHYeCKHX dYHKUuAX:

y=sinx, y=—cosx,

y=tgx, y=cigx,
NPUYEM HE3ABHCHMYI0 MEPEMEHHYI0 X OyAeM BHpAaXaTh B paguanuof mepe,
. €. 3@ GAMHHLY Yria NpuMeM UEHTPaabHRi YroJ, KOTOPOMY COOTheT-

CTBYET [1yra CKDYKHOCTH, IO IJHHE paBlias paamycy.
I'padur dynxuun y = sinx n3obpawmen na puc. 34. Us dopuyau

€os x == sin (x+ 1;—)
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ACHO, uTO rpadmk QyHkunn y=—cosx (puc. 35) moxer OHTb nodyueH
u3 rpajuka ¢QyHKUMH y==sinx NpOCTHM MNEPEABIIKEHHEM €ro BAOJb
oct OX HaneBO Ha OTPE3OK .
y

!
B
]

'y

)

Pic, 34,

[]
Net
j\ <
Z
<L
=1
SIE
>

Puc. 35.

Ha pnc. 36 npencrapaen rpadux dynkunn y==tg x. Kpusas cocronr
13 psla OAMHAKOBLIX OTAEJbHHX Oeckoneunnix erneil. Kaxaan persn
NOMEIUAaeTCA B BEPTHKaALHON M0JIOCe WHPHHH = M HpeAcTaniaseT coboio
Bo3pacraouyio ¢gyukuo or x. Haxoueu, ua puc. 37 npeacrasiaen rpaduk
dynkunn y == ctg x, takixe cocToamuit 113 0raeAHHX OeCKONeUHHX BeTBell.

Ipu nepeasixeniy rpankos (QyHKUN y=—=sinx U y==c0s X BIOIbL
oct OX nanpaso W HaAeB0 Ha OTPE30OK 2% 9TH rpaduKH COBMELLAIOTCH
camu c codoli, 410 cooTBercTsyeT ToMy ¢akTy, uTO (yHKUHH Sin X 1
€OS X uMeloT Inepuog 2w, T. e.

sin(x £ 2x)==sinx u cos(x & 2x)=cos x

npun Jwobon x, Cosepuwienqo Tax ke rpagukd ¢ynxuuii y=tgx n
y==ctg X cobMewapnTca camyu C coboff npin nepeaBukeHHH HX BAOJb
oct OX na OTpesoKk .

Cpaduxu $ynxuuit

y=Asinax, y=Acosax (A>0, a>0) (17)
BecbMa CXOxH C rpaduxayn ¢Qynkunit y=sinx n y==cosx. Yrobsl

noiyuuts, Hanpumep, rpajuk nepsoit us dyukuuit (17) us rpaduxa
y==sinXx, Hag0 AAuHE BCEX OpJUHAT 3TOro mnochaenero rpaduka
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23

Yl

— — - —— ——— e — e —

——— m——— e o e =t ——

YA
0

| — . ————— — — —————— ——

Puc, 37.
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yMHONHTL HAa A u na3MeHutb Macwitab no ocu OX Tak, uT0Gu TOuKa
X
¢ abcuuccoli x nomnaza G B TOUKy ¢ aGcuuccolt = $ynxuun (17)

2z

TaKke NePHOANYECKNe, HO WMEIOT mepHol —-.

Fpaduku Gonee cAOKMBIX PyHKUMH

y=Asin (ax-}-8), y=Acos(ax-}-b), (18)
KOTOpBIE HA3HBAIOTCH HPOCHILLAIL 2aP MOKULECKUMIL KPUBHLLAI, HOIYUAIOTCA
n3 rpaduxos dynxunii (17) nepeapmxeHneM BRoAb ocu OX na orpe-
b
80K —- BJEBO (Mpt cuntaem b >0). dyuxunn (18) umeor Takke ne-
won 2=

puon —-.

Fpaduxn ¢yuxunii snaa

y=A4, sin a;x -} B; cos mx -+ A; sin a;x -+ By cos ayx;,

OpeaCTaBifloiiX  Co00K CYMMY Heckoabkux caaraemnx Ttnna  (17),
MOXHO CTPONTh, HaupuMep, CKJIAAuBag OPAHUATH rpadukoB OTASALNLIX

Y
{ Loeiia] 1
T T 2
o TN A =~
\ BN S v 1IN
\\ I N /\ \ V4 20 A
\ 4IAZK AAYAUR 4 \ X X
SANINNEARR N UEN KRN SN AN R ANELN A
AN L A SMATY 21 1] R -
\ g y (,0}&-,0,5. \\ ~¥ =
A y
W S5
/ \
7 X
N d
Piuc. 38.

caaraemplX. Iloayuennsie TakuM 06pasos Kpupsle HA3HBAIOTCA 0OLIYHO
CAOCHBLMI 2ap yonuneckua Kpusstau, Fla puc. 38 ykasano mocrpoe-
Hue rpaduka QyHKU

y=2sinx -}- cos 2x.
3aveTuM npu stoM, yro Qyuxuus
y=A, sin ayx - B, cos a,x (19)

mower OmTh npeacraniena B suse (18) u usobpaxnaer npocroe rapMmo-
uiuecKoe Koaelainie.
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lIenCTBmeano, MOJIOXNM

A B a4 T
=varE v ATV ATE

Mn umeeM, ouesnano,
Ay=mA, By=nA C(20)
n, KpoMe TOro,
mtni=1 |m|<l, |n|<],

a moToMy, Kak M3BECTHO ©3 TPHrOHOMETpHH, BCEria MOMXHO HaliTH Takoil
yroa by, uto6n OHLIO
cos by=nr, sinb=n. . 2n

Moncrasun B (19) pyMecto A, # By ux supaxenus (20) n noabsysace
pasencTaMu (21), npayyum

y==A(cos by - sin ayx - sin b, - cos a;x),
T. e
= y=A sin (a;x -+ by).

24, O6paTHble TpPHUTrOHOMETpHYECKHE, HAH KpPyroenle, (GyHKDuM,
A1 dysKiuy noayyaiorcs npu obpauleHi TPRrOHOMETpUYECKUX QynKumit

y=sin x, cos x, tgx, ctgx
1 0003H24aTCA, COOTRETCTBEHHO, CUMBOJAMH
y=—arcsin x, arccosx, arcigx, arcclgyx,

4TO MpPeAcTasaser co6ol0 He YTO MHOE, Kak COKpaieHHoe o6Go3HayeHue

Ha3saHni: yroa (Mam ayra), CHHYC, KOCHHYC, TAHF€HC WJIH KOTaHreHC KO-

TOPOro COOTBETCTBEHHO pPaBeH X. '
OcraHoBuMCa Ha (YHKIUMH

y==arc sin x. ' ' (22)

Fpajux sto dynkuun (puc. 39) moayuaercs u3 rpadmka dyHkuun
y==sinx no npasnay, yxkasassomy B [20]. Beco sror rpadmk pacnoso-
eH B BEPTHKAJAbHOH MoOJOCe IWMPHHN ABa, onupaioutefica Ha OTpesok
—l<x<<—+1 ocn OX, 1. e. pynxuus (22) onpesenesa Junb B Npo-
MexyTke — 1 <<x =< -} 1. Jlanee, ypasHetne (22) paBHOCHIBHO YpaBie-
nwio sin y=., 1, KaK W3BECTHO M3 TPHTOHOMETPHN, NPH 33AaHHOM X MH
noayyaeM GecuHcienHoe MHOXeCTBO 3HaueHnfl aaa yraa y. Us rpadmka
MH BHAHUM, DefiCTBHTEABbHO, YTO NpsAMHe, NEepneHanKkyaspHeie Kk ocn OX
B TOUKax mpoMexyrka — 1 <Cx=<<-]-1, nmeor c rpaduxoM Gecuncren-
HOE MHOXECTBO OfluX Touek, T. €. dyHKkuus (22) ecrb Muoroanaynas
dynkuus,

Henocpencreenno ns puc. 39 Mn BuauM, uro ¢ysxuua (22) craser
041103Ha4HON, ecan MB BMECTO BCEro rpaduKa OrpaHHuYHMCcs JHLIb €ro
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4acTblo, HaYepueHHofi Gosee KUPHO CILIOIIHOMN JANHHEH, YTO COOTBETCTBYET
YC/IOBUIO — PacCMaTPHBATh TOJbLKO TE 3HAYEHHA YrJa y, HUMEIOUlero HaH-
k17 ~
2:2)

Ha puc. 40 u 41 ykasann rpadukn ¢Qyskuafi y=—arc cos x u
y==arctg X H OTMEUEHH :IKHUDHO CIUJIOLIHOH JHHNEH Te 4acTH rpaduka,
KOTOpHE Hal0 OCTaRHTb, YTOOH cAenaTbh QYHKUNIO odHO3HA4HON (ueprex

Helll sin y ==X, KOTOpHE JeKaT B HPOMEKYTKe (—

H2E
NP
W e N Y AR
N 2 IN 7. -
X .
% \|{7T X % Tls
NTER § o 7 &
| § 7 I é N 7 Zé ol W z
_,..:s A 7 \\A -2—- .z_
§ Z(.G_, § / o% / /»
S % %
\ 1/ y :§ X I// 0 ‘% 5% 2 5 [/ 1 Loote X
N 1 g I B S | 011 2
N\ N 7
§ -7 § /,7,3 ‘J:“rc -
NEEEAIN A A § 1 7
Puc. 39. Piuc. 40. Puc. 41.

s arc ctg x mpemocTasasercs cIenaTh uHTaTeasM). 3aMETHM NpH 3TOM,
uro gyskunn y==arctgx u y==arcctg.x onpemenennl Npi BCEX Be-
HECTBEHHBIX 3Hau€Husx X.

Orseuast 13 yYeprexka HHTEPBaJa H3MeHEHUd Y HA OTMEUEHHOM KHPHO
uacTH Kpupol, Mbl moayyaeM TaGmumy orpasniueniil, Ipu KOTOPHX ¢YHK-
I CTAHOBATCS OJHO3HAYHBIME:

y arc sinx arc cos X arctgx arcclgx
Hepasen- | _ = .y 7| g<cy<z |—Z<y<i| O<y<s
CTBa A1a y 2 2 ) 2 2

Herpyano nokasaib, 4Io oupedeictHuie TaKHM 0OPasoM  (YHKUHH,
KOTOpHE HA3HBAIOTCS TJIaBHLIMI 3HAYCHUAMII KPYropux ¢yuxuuil, yaosae-

TBOPAIT COOTHOLICHHAM
=

arcsin & -}- arc cos x=—12"—, arc tg ¥ arcctg ¥ =, (23)



25 ] § 2. TREOPUSA NPEIEJOB. HBnPEPum'qu SYHKIIUH 49
§ 2. TEOPUS NPENEJOB. HENPEPBIBHBIE ®YHKIINN

25. YnopanoueHHoe nepeMentoe. Korna Mu ropopuiu 0 He3aBHCHMO#
nepemeHHoft X, Aas Hac GHJIO BaXHO JHINL MHOXECTBO TeX 3Hauenwui,
KOTOpHE MOKeT npuHiMath X, Hanpumep, 310 MoOrno OHTb MHOXECTBO
3nayeHnfl, yaosnersopsiomux HepaseHCTBY 0<C.x << 1. Celiuac mMu GymeMm
PACCMATPHBATh NMEPEMEHHYIO BEMHUHHY X, NPHHHMAIOILYIO NOCJEN0BATENb-
Ho OecuHCNeHHOE MHOXECTBO 3HaueHufl, T. e. ceflyac JAAa Hac sBAsETCS
BaXKHHIM HE TOJBKO MHOXECTBO 3Hauennft X, HO M TOT MOPAAOK, B KOTO-
pOM OHAa NpPUHHM3aET 3TH 3HaueHHs. TouHee roBOpA, NpeAnoJaraercs
cnenyomee: 1) ecnn x' # X" -— Ba 3HayeHnst NepeMEHHON BEIHUNHH X, TO
1IMEEeTCS BO3MOXKHOCTb OTAHYHTL CPEeAH HHX NpeBiymiee H MocIesyolee,
- npuyeM ecrn x' npeamecrsyer x”, a X" npeawecrsyer x™, To x' npem-
wectsyer x”; 2) HAKaKoe 3HaYeHHWEe X He ABASEeTCA NOCAEIHHM, T. €.
Kakoe OH 3HaueHne mnepeMeHHoll BeNHYUHH X MH HH B3AJH, CYILECTBYET
6eculCIeHHOE MHOXKECTBO 3HayeHnH, caeayiomnx 3a HaM. Takyio nepe-
MEHHYI0 BEJHUHHY Ha3HBAOT ynopsadotenroll nepesmenroll. B manvhetimenm
MH JJS KPaTKOCTH IIPOCTO OydeM rOBODHTb NEPEMEHRHAR BEAUHUHA.
OTBnexanch, KaK BCErAa, OT KOHKPETHOIO XapaKTepa BeAHunHH (4MiHa,
BEC M T. J.) TEPMHHOM ,YNOPSAOUYEHHAS NepeMeHHas BeMMYHHA® 1M NPOCTO
,lepeMelnas BeanynHa® 0603HauaoT BCIO GECKOHEMNYIO NOCAen0BaTelibe
HOCTh €€ 3HaveHui, T. €. GECKOHEYHYIO MOC]eNOBaTeNbHOCTb YHCE.

BaxueM  yacTHRIM  CryuaeM ynopsaoueHHol nepeMeHHoN BeaHuBHEl
ABASETCA TOT Cayuaff, KOrja MMEeTcs BO3MOMKHOCTE NPOHYMEPOBATH BCIO
€e NOCJeIOBATENbHOCTh 3nuaueHuil (mepeoe, BTOpOE, TPEThE U T. A.):

X1y X9y X33 eoes Xpy veer

TaK 4TO N3 ABYX 3HayeHnfi X, H X, TO SBISETCA MOCJEAYIOUINM, KOTO-
poe umeeT Goabiunil anauok. B kauecTse npuMepa nonoziM, 4to o6l uae

1

NOC/NeZ0BaTENLHOCTH X, onpeaensiercs gopmyaoft Xn =755 (n=123,..)
TaK UYTO MOCJACAOBATEIBHOCTH HMEET BII

11 1 1 :

T g G e oA e 1)

n

e ——

Tycrs, narnee, x,=0,11...1, 1. €. X, ectb AecatiuHas ApoOb, y KoTO-

poit Llenas uyaCTb paBHA HYJIO, 4 NOCJAE 3anaToff CTONT 72 €QUHHIL TNOJYy-

yiM nociea0BaTCAbHOCTD
. n

. —— s,
0,1; 0,11; 0,111, ..., 0,11...1, ... 2
Berapass Mexay IByMs uHCAaMH T0CAeA0BaTensuocTd (1) uucao Hyab,
NoAyYnM HOBYIO NOC]EAOBATEIbHOCTE

1 1 1 1 “
90 0’ G 0’ 8 0' —1_6-’ seey (3)
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s Kotopoii x,=—;-, X3=0, x3=—;—, x3=90, x5=—;— n 1. g Cpemu
SHadensii 3TOH mnepeMeHHOH BeJAMYHNHBI BCTPEYalOTCS H  OJHHAKOBHE,
a umenno x,==0 npu uerHom p. OtmeTHM, yTO nepemeHHas (1) yOusa-
omas, T. €. BCiKOe ee 3HauYeHHe MEHbWE BCeX NpEAIUECTBYIOIHX 3Haye-
nill, a nepemenuas (2) Bospacraiomias, T. € BCAKOE €€ 3HayeHue Goablie
Bcex npeawecrsyiomux. ITepemennas (3) He seasercs Hu yOuBaoule,
HI BO3pacTawowetl.

VKkamxeM Tenepb NpHMEPH YNOPAAOYeHHOH mepeMeHHoOl, 3HaueHus
KOoTOpOfi Heas3s npoHymepomarb. ITosOKUM, YTO TNepemeHHas BeAHYHHA
X NPHHUMAET BCE Pa3aHuHbIE 3HAYEHis, YAOBJAETBOPSAIOWHE HEPABEHCTBY
a—k<<x<a, rae a u k-—mnekoropuie uncaa u k£>0. Mpu s1om
CYHTACTCs, YTO U3 ABYX 2Hauennii x’ u X nocaenywiomny sipasercs 60ib-
wee. HMiaue rosops, mepeMeHHas BejuylHa X BO3pacTaeT, NpPHHUMAsg Bce
3HAUEHHA M3 MPOMEKYTKA @ — k<Cx <4, 33aMKHYTOrO CJe€Ba H OTKPH-
Toro cnpasa. QOna npuenMaer Jaw0pe 3HAYEHHs H3 STOTO NPOMEKYTKA
MEHEILHE @, BHO He NPHHHMAET 3Hauenng . [IePBHM SHayeHueM nepeMel-
HOll sBJASE1CH 3HAUEHHE X=—=a — R, a Ja’abHefiluag HyMepanus sHaueHui
nepemeHHOH HeBO3MOMHa. Ecau MH moJomuM, 4TO BO3pacTalomas nepe-
MCLHAR YAOBACTBOPSET He HepasenciBy ¢ — R <CXx < @, a HepaBeHCIBY
a—k<x<a, TO NpH STOM HET U NEPBOrO 3HAYEHHS IEPEMEHHOH X.
CoBepIUeKHO 2HZJOrHYHO MOXKHO paccMaTpHBaTh M YOHBAIOWIYIO mepe-
MEHHYI0 X Ha npoMexyTke a<x=Sa--k uau Ha nposemyrtke
alx<la+k

“VkaxeM Teneph NpHMED, 2H2IOTUUHMI NPEALAYLINM, O B KOTOPOM
nepeMeNHHas He aApAseTcs HI Bo3pacraiollefl, HH yGuBatowetl. ITepemennas
BEAUYHHA X MPHHUMAET BCE Pas3anuible 3yauedus, YAOBAETBOPSIOUInE
HEPaBEHCTBY a — k<Cx=<Ca -} k, kpome 3navenuss x =a. Ecan x" n x”" —
pasanyHele 3HaueHHs X, Y KOTOPHX abCOMIOTHHE BEJHYUHH PasHOCTEH
| —a| n |x" —a| pasanuyHbl, TO NOCAEAYIOUWHM CHYHTIETCA TO, Y KOTO-
poro 3rta aGCoaloTHasi BEeJAHYIH3 MeHbwe (To, KOTOpoe Gamke Ha OCH
OX K a), a ecan X' —a u X" —a oOTARvAOTCH JHWIL 3HAKOM (X' w x”
OANHAKOBO YHaJeHHM OT a, HO Hnaxoaatca Ha ocn OX ¢ pasHuiX CTOpoH
OT @), TO NMOCJEAYIOUHM CYHTEETCA TO, Y KOTOPOrQ YKas3auHas pPasHocTL
crpunareabta (1o, koropoe Ha oc OX aemnr caesa or a) B stom
npmvepe nNepemeHHas X NPHOJNAKAETCR K a4 Ha NpoMexyTke a— k<
=X <a—-|—-/c C pasHHX CTOpOH, NPHHHMAs BCE 3HAYEHHd, KpOME X ==a;
neppoe sHavyeHue nepemensofi x=—a-} k%, BrOpoe X=a—k&, a QRaib-
Helilas nyMepaius HeBO3MOXKHA. ECaH BMECTO MPOMeKYTKa a — kL X<
<Ca-}k B3atb npovexytok a— k< x<a-}-k npn npexnem onpe-
Oenenny [OPALKa N3MENSHNS X, TO leT BO3MOKHOCTI YK23aTL U HCpuow
3HaYCHHE X.

B naapneifieM Ms 4acro OyAeM uyMeTh Oe10 € HepeMEHHBIMI BeJluH-
HaMi, ceasaHHBMU™ GYHKIMOHAABHON sasucHMOCTbI0. ITycTh nepemenHas x
ectb ¢yHxwis nepevennofi f. B coorserciein ¢ 3TuM BsedeM 00603ld-
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yenue Xx(f). Ilycte {-— HeKoTOpOE YMOpAROYEHHOE nepeMeHHOe. DTuM
CO3[3eTCA W YNOPSAOYEHHOCTh 3Havenn#l x (f), a umenno, ecau ¢’ n £ npu-
Hagexar nocreaoBaTeabHOCTH 3Hauenuft ¢ u £’ npemmecrsyer £7,. To
cuntaeM, u4To cpeau sHaueHnil x (f) smavenue x(f) npemwectsyer x (£).
B nanvuefimeM Mm OyneM HMETb B OCHOBHOM Te€ CJAydYaH, KOrja cpemst
3Hauennll  ynopamouenno#ft nepeMennoft ¢ mer oamHakosmx. Ho x(f)
MO¥ET NPUHUMATL ¥ ONMHAKOBHE 3HAauenws npu pasanmunsix f. Ecrecr-
BEHHO CKa3aTh, YTO YINopsjoueHioe nepemeHHoe { YNOpsAOYHBAEeT nepe-
MetHylo x () wau apaserca ynopsiaounpawiueft nepemennoft ans x (f).
Otverny, uTO AAf TNPOHYMEePOBaHHOMI NepeMeHHOH Xy, Xy X3, ... POAB
t urpaer snauox 1, 2, 3, ..., T. €. B 3TOM CAyuae f NPUHHMaeT nocJe-
nopareabHne sHavenns 1, 2, 3, ... M TaknM 00pasoM HysmepyeT 3Haue-
nig nepemMeHHoft x.

Bosunkaer Bonpoc o AefiCTBHAX Han ynopnnoueuuumu nepeMeHHBIMH.
Ecan, nanpamep, X H y-— ynopsagoueHHHe nepeMeHHbe, T0 Ge3 npeasa-
pUTEABHBIX cornaameHult nescio, yro oGosnavaer cyMmma Xx—-y mau npo-
n3pejeHne xy, 160 Kaxk X, Tak W y NPHHNMAIOT GeculicaeHHoe MHOXKECTBO
3uaueHnil, 1 OCTaeTCH HEACHHM, KAaKHE 31avyeHHs X M Y Hal0 CKJIaAHBaTh
HAH NEPEMHOXATb, YTOOH MOMYYHTh HOBYIO MEpeMeHHylo X -}y uau Xxy.
Ecan x 1 y — npoHyMepOBaKHbIE NMEPEMEHHKE, 3 Xy, Xor o0 H Vg Yoy oo o —
nocienoBaTeNbHHE 3HAuEHUT X U Y, TO CyMMa x -}y onpesensercs Kkax
NPOHYMEPOBAHHOE. NEPEMEHHOe, lMelomee NOCAeA0BaTe/IbHOCTb 3HAYeHuUI

xi+yy Kty Xty .

B ofwem cayvae An1s onpenenenns AeHCTBHR Hax YNOPSUIOYEHHHMH nepe-
MEHHHIMH HeoGX0AMMO, YTOGH OHH MMENH OAHY U TY Xe YNOPSAOYHBAOULYIO
nepeMennyo. IIycTb nepemennsie X H 3 — Qynxumn X (f) u y(f) oanoit n
Tolt ke ymopsaouemiuofi mnepemennofl f,  xortopas ynopsaouusaer X (f)
n y(f). Cymma X u y onpeneasercs Kak ynopsaoueHHas mnepemeriias
X (£)+y (t), xotopas ynopsaouusaerca Tofl e nepemenuofl f.

Ins apnennft, NPONCXOAAIMMX BO BPEMENH, NOCAEIOBATEALHOCTb 3HAUE-
UMK nepeMEHHOM BeMYHHE MOXET €CTEeCTBEHHO YCTaHaBAHBATLCA HX
NOCAeN0BAaTENLHOCTBIO BO BPEMEHH, W YaCTO NOAL3YITICA cxeMOoil BpeMeHn
W NPHMEHAIOT TEPMUHH A0 H ,MOCAE® BMECTO ,npeguayitee’ u ,nocae-
nywomee* 3tayeHns. ,

Hacrosun#t naparpad nocBsimeH B OCHOBHOM TEOPHH NPenesos, sBJAAIO-
ieics OCHOBOIO COBPEMEIHOTO MaTeMaTHYecKoro amaansa. B atoft Teopun
paccMarpuBaloTCa HEKOTOPHE OCHOBHHE CAyuan H3MeHeHHs BeJHYNH,

26. Bexmuunst GeckoHeuno madnbie. Kaxnomy snauenuio nepemennoft
BEAHYHIE X COOTBETCTBYeT Touka K mna uncaosofi ocn OX, umewouas
abcumccy x, u uameHenme X usoGpasurcs nepememenneM Toukn K no
ocu_OX. ITonoxuy, uTo BCE Pasnnyipe NOJOKeHMs ToukW K npn mswve-
lenun X OCTAlOTCS BHYTPU HEKOTOPOro KOHeunoro orpeska ocu OX.

;OTO  PaBHOCHALHO TOMY, YTO AAHHA OTpesKa OK, rae O —uavano
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KOOpAMHAT HA OCH 0X, ocraercsl MeHblle ONPENENCHHOTO IT0J0XUTENbHOTO
yucaa M. B stom Cayuae nepeMeHHas BeaIHYHHa X HA3bIBAETC O2panil-

yennod. Npuninan Bo BuuMaHue, uto giauHa OK ectv |X|, MB mpuxomum
K CHeayioieMy OIpeReseHIo,

Onpenenenune. [lepesennas Beauduna X Ha3ugaemcs 02pai-
YeHHOII, ecAu Ccyujecmsyent marxoe MNOAOXCUMEAsHOE Hucao M, wmo
|x|<M 0an 6cex 3nawenuii x.

IIpuvepoyM orpaHuyeHHOfl BEJNUIHB MOXET CJAyAHTB sinf, rae ¢ —
mobas ynopsiioyeHHas nepeseHHas. B stom npumepe M ecTh JioGoe yucao,
Goablliee €IHHHLH,

PaccmMoTpuUM Temepb TOT Cayuall, Korfa Toyka K, NOCHIEXOBATEABHO
nepemMeulasice, OecnpexenbHo npubanikaercas K Hawaay kKoopausar. Tou-
Hee ropops, MOJOXKHM, YTO TOuka K IIpH CBOEM NOC/EZOBATE/bHOM Iie-
peMelenunl HONaAaeT BHYTPh JoGOro Hamepes 3aZaHHONO Majaoro OT-

peska §'S ocu OX c¢ cepexnnol O u npr panpHeflweM ABHKEHHN
OCTAa€TCH BHYTPH STOr0 OTpe3Kka. B 5TOM CJyuae FoBOpPAT, YTO Seauiuna
X cmpeMumcs ¥ Hyaw, U eCTb 8eAUYlHa 0ECKOHELHO Maaas.

O6Gosnayum pauny orpeska S'S uepes 2z Byksoll & MH 0603iaunan
Tem cambiM Jwo00e samanHoe NOJOKHTEIbHOE yucao. Ecau touka K Ha-

xoanrcs pHytpn 8'S, 10 Amuma OK< e u, HaoGopor, ecam A/iua

OK<e, 10 Toyka K mnaxomutcst suyrpn S'S. Mu mowem, Takuy o6pa-
30M, BLICKa3aTbh CJICAYIOLIEE ONPEACIEHHE:

Onpenenenue [lepemennan 8eAUtURA X CHIPEMUMCT § HYAIO
van ecmo OecioHedHO MaAast, ecau npu Aw60ox 3aA0AHHOI NOAOKCU-
MEABHOM HUCAC & CYW,ecmsyeIn Maxoe 3Hauerue BeAUtUHb X, LNO
04 gcex nocredyiowux 3xavenut sunoaxeno Hepagencingo |x|<e.

Bpuay Ba:kHOCTH NOHATHA OECKOHEYHO Majdofl BeJHUBHB DAIHM ApY-
ryio (GOpMyIHPOBKY TOrO € OHpeIeeHHs:

Onpenenenune. Beauiuna X HA36.8a€MCST CMPEMAWEHCT K HYAI0
uau 0ecKOHELHO MaAOll, ecall | X | npu nocaedosanteAbHOM U3MEHEHUN X
Oenaemest u npu OarsHelfwes UIMEHEHUN OCHLACINCS MeHbILE 2106020
Haneped 3a0QHHO20 MAAO20 NOAOICUINEABHO20 HUCAQ E.

Tepmnnoym ,0eckoHeyHO Manasi BeanunHa® Mo 0603HaYaeM BHIEONH-
cauHplfl XapakrTep H3MEHEHNa nepeMenHofl BEAHYHHBL, 3 HE HANO CMEL-
BaThb NOHATHA OECKOHEYHO MaJoff BENMYHHEL C YacTO YNOTPEO.ISIOWIMMCS
B NPAKTUKE ITOHATHEM OYCHb MAAOL BEAUHLHHL.

- Ilonoxnm, yTO0 Opit H3MEpeHHH AAHHHE HEKOTOPOro Y4acTKa M Io-
ayuywiu 1000 a2 ¢ KakiHM-TO OCTaTKOM, KOTOpHfI CYUHTaeM OUYEHb MaJkIM
NO CpaBHEHHIO O Beefi aaunoli n um npenebperaem. launa storo ocratka
BBIDAKAETCS ONPEHCNEHHBIM MOJIOXKHUTEABHEIM uncaoM, 1 Tepyun ,6ecko-
HEuHo Mamuifi B JaHHOM CJAyyae, ouyesniHo, HenpumeHm. Ecau 6u B apy-
roy, GoJee TOYHOM H3MEpPEeHUH MH BCTPETHAHCH € TaKOK0 ke JUTHHOH, TO
nepectamu OH YXe CYyuTaThb ee OdYeHb MaJofi H npuHsan OH ee BO BHH-
MmaHue. Mp Bugny, TakuM o0pasoy, uro NOHATHE MaJofi  BeIHYUHH
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€CTb MOHATIE OTHOCHTECJIBHOE, CBA3AHHOC C MNPAKTHYECKHM XapaKTepoMm
H3MepeHus.
HO«'!O)KHM, YTO NMEPpEMEHHAaA BCAMYHHA X NPUHAMACT [10C/ACA0BATC/ALIO
3naycHua
xl; xi) xa, TS ) x,,, see

H nyctb e ecTb J/060e 33faHHOE MOJNOKUTeabHOe uyucao. Yrobw
yGeauThcd B TOM, HTO X €CTb Be/uunHa OECKOHEUHO Manasd, HaM Halgo
I10Ka3aTh, 4TO |X,|, HauMHaA C HEKOTOPOrO 3HAUYEHHS 1, MeHblue €, T. €.
HaM Hag0 YCTAaHOBHTb CYUIECTBOBAHHE TaKOro weaoro uuciaa N, urobel
Gunno

| %, {<e npn ycroBuu n>>N.

310 unucao N 8aBHCHT OT .
PaccmoTpnM B KauecTBe npuMepa GecKOHEYHO Manofl BEAUURHEI Be/H-
YiHy, NPHHUMAOULYIO NOC/AEIOBATE/IBHO 3HAYEHHA

g g g e (0 gL D). “)
HaM HAA0 ynosneraopurb nepaaencmy

g"<e um nlogyg<logye 01

Mpuunmas Bo BuuManue, uro logy, g OTpHUATENEH, MOXEM NEpemucarb
npeasiaynlee HepaBeHCTBO B Buie
log,,¢
n>l°gw q’

160 npy Ze/eHUR HA OTPHIATENbHOE YHCAO CMBICA HEPaBeNCTBA MeHsercs,
H, CJeJOBaTe]pHO, 33 /N MH MOXEM TNPHHATH HanGoJsluee leJ0e YHCIOo,
3aKJoyaiolteecs B 4acTHoM logyy e : logyy ¢. Takum o6pasom, paccmarpupae-
Mast BE/IHUNHA, MM, Kak OOKYHO TrOBODAT, nocsedosamensrocms (4),
CTPeMHTCA K HYJTIO.

Ecan Mp B nocaenosarensHocTH (4) 3ameHnM ¢ Ha (— ¢), TO pasuuna
OygeT Julb B TOM, UTO Y HEUETHHX CTemeHeH MOABHTCA 3HAK MUHYC,
aGCcoMoTHEIe e BeJMYUHH YEHOB 3TOH MOC/AENOBATeNBLHOCTH OCTaHYTCH
NpeXHUMH, 2 MOTOMY I B 3TOM Cayyae Ml GyaeM uMeTs Beauusuy Gec-
KOHEYHO MayIo.

Ecan pennunna x GeckoHeuHO Mazas (X CTIPEMHTCS K HYMO), TO 3TO
o0nuHO 06o3HauaT caeayomnM ofbpasoM: limx==0, nai paa npouy-
meposannioft nepesennofi: lim x, —20, rae lim — HavanbHble GYKBH narTHH-
cxoro caopa limes, uTo MoO-pycckit 3HauuT npenet. B ganbHefimnx noxa-
3aTe/bCTBAX MBI, KpoMe nepsolft Teopems, OyaeM NpOBOANTH AOKa3aTelb-
CTBO I/l MPOHYMEPOBAHHHIX NepeMeHHHX. B mepsofi TeopeMe MHl Ipose-
JleM I0K23aTeNbCTBO KaK JJ/is1 NPOHYMEDOBAaHHHIX MNepeMeHHMX, TaK U B
ofuey cayvae,
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HoxaxeM aBa cBOlCTBA GECKOHEYHO MalbIX BEIHUMH.

1. Cy.sta Hecroasrux (onpedeserroz2o 4ucaa) 6ectcouetmo HANUX
ecme maxxce GECKOHEHHO MAAAT BeAULUHA.

Paccvorpuy, nanpunep, cyMMy w=x--y--2 Tpex GecKoHeuno
Manpx Beanyni. IlycTb 3T nepemennnie npOHYMEPOBaHH I

Xy X3 X oees Yo VYoo Y30 oved 21 23 23 o0

— HX nocaegopatedblite 3uavenus. Jag w noay4aeM nocnaenoBareabnue
sHaueHna

w=x1-Fy1 12, wy=x1+ntn wy=xntntn ..

Iyctb & — moGoe 3azaHHOE NONOXKHTEABHOE uucao. JIpuunMas Bo Bhuu-
MaHue, 4To X, ¥ H 2 — OeCKOHEYHO Majble, MOXeM YTBePMJaTh: CYWecT-

€ €
Byer Taroe N, 410 | X, | <5 mpu n>Nj; Takoe Ny uto |y, i<
£

npu n > N,; Takoe Nj, 410 [ 22| < mpu n> N,. OGosuavan uepes N
naunGoariiee u3 uicex N, N;, N; MoxkeM yTBEp#darh, 4TO

) g € 4

lxlll<-§_1 |yn,<__';'- lzlll<§ npH II>N
i1, ClegosaTessio,

lwn | <|x

' € ¢ i
dizl <5k mew s> N,

e. |w,|<e npu n>> N, oTKyma I CJIERYET, YTO W — Beauunna Gec-
KoHeuHo Manmad.,

Paccyorpum Teneps ofwnft cayuafl, Korma X, y, 2 CyTb ¢QyHKUnM
x(t), y (), z(t) omuofi 1 Toll we ynopsgounpaomeill nepemveniofi ¢ u
w({)=x () -y () + 2 (¢). Dpuunvas Bo BHIMaHEe, YTO X, ¥, 2 — Gec-~
KOHEUYHO MaJble, MOXEM YIBEPWAarTh: CYUIECTBYET TaKoe 3Haueuue t==',

Y10 |x(t)]<—;— a5t BCEX MNOCJAeAYIOUUX 3Hauenull f; CyuwecrByer Takoe
anaueHue ¢{===", uto y(t)|<% 47 BCeX HOCAeylomnX 3HaueHnil f;

£
CyuleCTByeT Takoe 3Hauenne ¢, uro |z(t)|<—3- IJs1 BCeX HOCAedYIoutixX

rr

snauennii £, OGosHavas uepes f, Takoe N3 Tpex 3Hauenuit t, ', " ne-
peveunolt f, 4yTo Apa APYruX AN DPEAWECTBYIOT €MY M/l COBNAARIoT C
HIIM, MOXEM YTBEPkAarb, 4TO

e OI<5 OI<s 1201<3
2as BCEX ¢, CAeAyIomMX 33 fy, H noToMy
lw@) | <| %O +19.0|+H201<5+5+5=s

jw(t)|<e ana scex ¢, caemywouux 3a fy, T. & @ — GeCKoueyHO Manad.
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2. [Ipon3sedenue GeAntUHbL, 02PAHILEHHOM HA 8ealtuny CeckOHEYHO
MQAYI0, ecInb BeAULUNA CECKOHELHO MAAasL.

PaccMoTpuM npousseaeHie Xy INPOHYMEPCBAHIBX - MEpEMEHHHX, e
BeMMYMHA X — OTpannyeHHas u Y — Oeckoneuno Manas, Ms storo ycio-
BHA CJGAYET: CYHIECTBYET TAKOE MOJOXHTeNAbHOE uucao A, uro | X, | <M

npn moGom r; cywectsyer takoe N, yTO | y,,]<1% npu n >N, Tlpu

3TOM
Ixnynl'—lx I lynl<M'— npu 71>N

T.€ | X,y,|<e npu n >N, o1Kysa u cneayer, YTo NpOH3BEAEHHE XY —
GeCKOHEUHO MaJjasi,

3aMeTHM, UTO MOC/ieIHee CBOICTBO OCTAETCA MONABHO CNPaBEeANUBHM,
ecin x = C— nocrosiHnas Beauyuna. Ilpn sroM posas uicaa M Moxer
urpath moGoe uucao, Goawuee, ueM |Cl, T. e. npoussesenue “nOCTOAHHOH
BeanunHB Ha C€eCKOHEYHO Manylo ecThb Beanuuna Geckoneuno mazas. B
YaCTHOCTH, ecau X — GeCKOHeyHo Manas, T0 H (— X) — OecKoHeuHo Majas.

Bpuny ocHOBHOTO 3HaueHHsi NOHATHA OGECKOHEUHO Majofi BeAHUNHB
NS nanbHeHIero MB! OCTAHOBHMMCS €ule Ha 3TOM MOHATHH H NpHBEIEeM
HEKOTOpHE ROMOJHUTE/bHBIE 3aMEUaHHA. -

Cuntas 0<Cg<{1, BCTaBHM MEXAYy ABYMA uJIEHAMH NOC.1e10BATEb-
noctn (4) uncao Hyan, IMoayunm nocnenoBaTe/bHOCTD

q, 0, q, 0: qr Or oo

HeTpyano "BuieTh, YTO ¥ 5Ta NepeMeHnas CTPEMHICS K Hy.T0, 1O fpH
5TOM oHa GecyncreHfice MHOXECTBO pa3 NMPHHHMAET 3HayeHte Hy’ab. JTO
He TPOTHBOPEUHT ONpPENeNeHiio Beanuuuel, crpeamedics k Hymo. Ilpex-
NCAOXKUM, YTO BCE MOCJEAOBATEABIHE 3HAYEHWs ,NEPEMENHON® paBn
nymo, [las npouyMepoBanHoii mepeMeHHON 3TO 3HauuTt, 410 X,==0 npx
BCAKOM 7, @ B cayuae x (f), rae {— ynopszouenHas nepeMeHHad, 3TO siia--
unut, 4t0 X ()=0 npw Bcex 3nauenusx f{. Taxaa ,nepevenHas’, mo cy-
IIECTBY, €CTb TNOCTONHHAA BeJWUMHA, HO OHa ¢OpMAJBHO NOAXOANHT NOJA
onpeaenenue Geckoneyro Maioff sesanuunsl. Hanpuvep, ans npouymepo-
pauHoft mepemeHHo#t (x,==0 npu mo6om 1) |x,|<e aas moboro samau-
HOro NoJoXuTeNbHOro € npn Bcex n. Ecim x,==C npu Bcex n u C—
YHC/O, OT/IMYHOE OT HYJAd, TO TaKas NOCNEZOBATENLHOCTh HE €CTh, Oue-
BrANO, CeckoHeYno Manas DBeuNHA,

Bosumem Te Tpn npuvepa ymopagoueHnofi nepemennofi ns [25)], B
KOTODHX He/Ab3s MNPOHYMEepOoBaTh MNEpeMelltyio, H MOMOXHM B STHX
npnmepax a=—0, Ilepsmit 13 Hux — Bo3pacTaOImas nepeMmeHuas, NPHUHi-
Malomas BCe 3HaueHHs M3 npomexyTka — k=<Cx<0. Tlpu 3axmannom

e >0 mns pcex snavennft 37Ol mepemenotl, caeayOMuX NMOCAE 3HIYCHUSA
xX=-—c¢, ecn ek, nmeen |x|<e. Ecau xe e >k 10 |x|<e mm
Beex amauenufl x. Taxmy o6pazoM, X CTpeMurcs K Hymo (0T MEHBUIHX
anavenit). ConepiIenio - aHaJIOrHYHO X CTPEMUTCA K HY/IO H'B OCTa/ibUbIX -
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IBYX Cayyasx: Koraa X -—yOsiBawomias NepeMeHHas, IPHHHMAIOmasn
Bce sHaueHus n3 npomexytka 0<x <<k, W Korga X npuHHMaeT Bce
3HayeHns (PasanuHele) N3 NpOMEXYTKa — R<Cx<<-+ &, xpove x==0,
C onpeneneHUEM NOCAEA0BATENPHOCTH 3HaueHuH, ykasanHolt B [25]. Ias
nepeMeHHOH X € YKa3aHHHMH BHIIE CcnocoGaMi CTPeMJEHHS K 1yJo
BpelleM ChemnanbHele OGO3HaueHHs: B IIepBOM caydae OyneM [micarh
X— —0 (x cTpeMHTCS K HyJIi0 OT MEHBINNX 3HaueHuil); EO BTOPOM
X ——-0 (x cTpemutca K Hya0 OT GOJbLINX 3HaueHuH); B TpeTbeM Cay-
yae x— 3= 0 (¥ cTpeMHTCA K HYJAI C ABYX CTODOH).

WMyeercs, koHeuno, GecuncieHHOE MHOKECTBO clOCOGOB, KaKuMil HpO-
HyMEepOBaHHas UMH HEMPOHYMepOBaHHas MepeMeHHas X MOMKET CTPEMUTb-
¢ K Hymo. Bo Bcex sTux ciayyasx mu GyzeMm mucatb X — 0. B ykasau-
HHX BHIUE TPEX CAyYyasx MB y HyJsd IHIIEM BHakH., XapaKTepHas 0co-
6eHHOCTh NMEPBOTO H3 STHX TpPEX CAyyaes COCTOMT B TOM, HTO X, BO3-
pacTas, NMPUHUMAET BCE 3HAYEHHs, MEHbIUHE HYJA # AOCTAaTOYHO OAn3KLE
K nymo. Bo BropoM cayyae TOT :€ XapakTep H3MEHEHHs X CBf3aH C
yOuBaHiey X. B TperbeM cayyae X npuHuMaeT BCe 3HaueHns, A0CTa-
TOYHO GJH3KNE K HYai0, KaKk MeHbluie, Tak 1 GOJblille, KPOME 3HAYeHus
Hyab. M3 nmByx sHavennfi x” u X", He OQHHAKOBO YHAJEHHBIX OT Hyas
(1. e. | &7 7= | X)), nocaeayromuy cunraercs 10, KoTopoe Gmike K HYAO,
a U3 IBYyX 3HaueHnH, ONHHAKOBO YHANEHHHX OT Hyas (x”=—x'), no-
CJASAYIOLLIM CUHTAETCA OTPHIATELHOE 3HAYeHe,

Caenaen eule omno 3aMeyaniie. M3 onpepesems Geckoneuno masoit
BETHYNHLL C/ACIYET, YTO npu 00KA3amenscni8e 020, YHO nepete-
Hast X — CecKoHewHo Maaas, OOCHANIONHO O2PAHUMUINGCST PACCMOlL-
pexues auwes mex 3HaveHUl X, Komopue caedyiont 10cAe KaKo20-
AUGO 0NPEJeNeHHO20 BHAYEHUS X ==X, Npudei 3o nocacoHee 3Ha-
yeHue MOJCHO 8ui0UpPAMs NPOU3BOALHO,

B cpasu ¢ 3THM INOJE3HO B TeOpHH NpeaenoB cienath AoGaBirenue
K ONpene/ieHN0 OrPaHHYEHHOH BEJHYHHEL, a HMEHHO, He Haao TpeboBath,
yTOGH JJst BCeX 3SHAYeHHH BEJNHYHHEL 3 BBINOJHANOCH HEPaBeHCTBO
|y |<M, a nocrarouHo natb Taxce Goaee ofuiee

Onpeaneaenne Beauuuna y Ha3biaemcs 02pAHULEHHOL, ecau
cyuecmayent maxoe NHoAo0xCUMEAsHOe wucao M u marxoe 3nauexue 3y,
UIo 04 BCex NOCAOYIOMUX 3HAHEHUI BbNOAHAEHICS HEPOBENCIN-
so |yl< A

Ilpn TtaxoM onpegesNeHun OrpaHHyeHHOH BENHYHHH JOKAa3aTeAbCTBO
BTOPOro cpotictBa GECKOHEYHO Manbix ocraercs 6e3 usMeHeHus. Ilas mpo-
HYMEDOBZHHOTO NEpPEMEHHOr0 M3 BTOPOrO ONpefeseHHs Or PaHHYEHHOI
BEHYHHBL CAEIyeT MepBOe, TaK HIO BTOPOE ONpeneseHie He ABASETCH
6oace obmuny. Meficrenteasno, ecan |x, |<AM npu n > N, 10, obcaua-
uaa uepe3 M uanGosbliee M3 UHCENT:

[x1]s [ Xel ooes [Xy] 1 M,

MEl MOKEM YTBepuAaTh, 4To | X, |<AM -}-1 npu Bcakoy n.
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27. Ilpegen nmepemenHOil BeAHUMHBI, [lepereHHy0 BeJNYHHY MBI Ha-
38271 GecKOHEeuHO MaJolf, ecad COOTBETCTBYIouas efi ABHKYLLaAcA 1o
ocn OX touka K oOnamaer TeM csoficTeoM, uro IauHa otpe3ka OK
IpH NOCJAeIOBaTeNAbHOM H3MeHeHMH K craHopwiack H TNpH JasbHefireM
nsMeHennn K ocraBajnach MeHblle J0GOro 3aJaHHOro NOJOXKHTEALHOrO
yncaa e. ITonoxuM Teneps, 4YTO 3TO CBOHCTBO BHIIOJHSIETCH HE [JA

otpeaka OK, a ana orpeska AK, rae A ecTp onpexeienHas Touka Ha

octt OX ¢ aGcuuccot a (puc. 42). B 5TOM cayuae MpOMEXYTOK NS
amns 2s GymeT UMeThb Cepeniy

He B Hauale KOOPAWHAT, a B TOUKE s AKS "
y —_— ‘h- Rl

A c abcunccoft x==a, u TouKa K 0 a6 €8 € are

NpH CBOEM NOCAEIOBATENBHOM IIe-

peMeuleHNH JOJKHA NONacTh BRYIPD Puc. 42.

STOro NpoOMEXKYTKa H TaM NPH Aanb-

HefileM nepeMeuieHH OCTaBaThesa. B srom C/ly4yae ropopdr, 4ro noCTosfH-
HOE€ YHUCJIO a eCThb npeae/t nepmteuuozi 8eAuMUuHy X, WIH YTO NepeMeHHad
BEIUUNHA X CmpeMUMCA K Q.

Yuurnisas, uto aauHa otpeska AK ects |[x—a| [9], Mm MoxeM
chopMy/IpoBaTh CleAylollee onpenenexue.

Onpenenenue. [lpederoi nepemeHHO 8eAU4UHEL X HA3bLBACMICS
maxoe Huca0 @, UMO PA3HOCIMG X — Q4 €cinG BeAUHUNA OCECKOHCHHO
xaras.

OrMeTnM, 4TO nmpH 3TOM H BeMIUHHA @ — X €CTh BeAnunHa GeCKOHEYyHOo
manas. ITpunumas Bo BuEMaHHe onpeaenenne 6CKOHEUHO MaJoft BEMHYHHH,
'MOXHO Cc(OPMYAHPOBATL ONpeae]eHne mpelena a CiaenyiouisM o6pasoM.

Onpenenenne. [Ipedesost nepesterHol sesuuunst X Ha3visaemcs
maKoe 4UCAO a, HIMO UMeem Mecmo caedyuee c8oicmeo: npu 060K
300QHHOM NONONCUMENLHOM HUCAE & Cywecmeyem maxKoe 3HA4eHUue
nepesentoll x, 4mo 0A% 6cex NOcAeOYIOWUX 3HAYEHUE BbNOAHAEINCH
nepagencmeo | x —a|<e (uau, wmo mo e, |a— x| <e).

B cayuyae npoHyMepOBaHHOrO MHOXECTBA Xy, Xy X3 ... NPN MoGOM
33]laHHOM IOJIOXHTENbHOM UHCAE € HAalO0 YCTaHOBHTh CYIIECTBOBaHIE
TaKOTO 1IEJIOro MOAONHTEABHOrO uYucaa N, uro |x,—a|<e (um
ja—x,|<¢e) npn n>>N.

Ecan a ectb npemen x (x crpe\uncn K @), To NHUIYT:
limx=—a, un x—a.

B cayyae nponymepoBanHoft nepemeHHofi: Xy, X3 X3 ... FOBOpAT
TaKxe, YT0 a eCThb Npejes yKa3aHHO# mnocaenosaredbHOCTH (IOc/enoBa-
TENLHOCTh CTPEMHTCH K @) M NUILYT: :

limx,—a, nm x,—>a

O6panm BHIUM3HHE HAa HCKOTOPLIC HENOCPEACTBCHHO ACHHIE CAEACTBHA
onpeaccHusa npeacia, Ha JOKa3arenbCTBe KOTOPHX MH HE OCTaHaBAHBAEMCH.,
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1. Ilepestennasn @eauuna He MOJCERL CIPeMUMBCT K PA3AULHBM
npedeaas, m. e, WML 808ce He UMeem npedesa uau wieem ooux onpe-
deacnnuii npedea.

2. Ilepesennan eseauduna, uMeOWan npedes, pasHuLl HyAw, ecms
OeckonedHo Aaran 6eAudlHa, U, HA000pPOm, 6CANAS OECKOHEUHO MAAAS
GeANtURa uMeem npedea, PasHull HYAR.

3. Ecau 08e nepemennsie X, u y, (n==1, 2, 3, ..)uan x () u y(t)
useiom npedeast @ u b u yoosaemsopsaioNt npu ceoer nocsedoganens-
HOM U3MeHeRUU HepaseHcmearm X,<<y, (n==1, 2, 3, ...) wan x(f) <<
< y(t), mo u a<<b.

3averun, uTO €CAU NepeMeHHble YAOBIETBOPAIOT HEePABEHCTBY X, < Y
TO A4S UX 1IPEAEJ0B MO#ET NOAYUHTBCS H 3HAK DarencTsa, T. e,
a<<b. '

4. Lecau mpu nepesenuvie X, Y, U Z, y0084em80OpsIont Hepase-
CHIBY Xp<SYp<T2p Q4 X, U 2, CPEMAINCA K OOHOMY U MOAMY Jice
npedeay a, 1o w NEPeIMCHHAS Y, CHMPEMUMCSA K ilpedeay a.

CyulecTsoBanne npeaena a y nepememiofi X paBHOCIJLIO TOMY, YTO
PasHOCTL X — @==¢ €eCTb OeCKOHEYNO MA1af, NBPHYEM YNOPSAOUEHHOCTH &
oupeneaneTcs yNnopaaoueHHocTrio X. Jlasg npoliymeposatinoit riepeMentoi:
XN, — Q==34,.

Orciona caeayer, uto

5. Cywecrnigoganne npedeaa @ y NeperMeHROE X PABHOCUABHO HIOALY,
YMo X MOJNCHO npedcniasums 6 6UOE CYMMbL HUCAG Q@ U OECKOHELHO
MAA0R  BeRUMUAHY, K1, . X=a-r-6 Ul X,=a-ta, 20e o uan d,—
0cCKOHEHHO taasble.

6. Tlpu onpedeacnun npedeaa a nepeMennol X COCHIAMOLHO 02patil-
HUMLCST PACCMOMPERUEt Allus INeX 3HA4eRul X, xomopue caedywm
HocAe KAK020-au00 oNpedeAeHHO20 3HAYEHUA X ==X, Npu4est 3mo no-
cacdHee 3Ha4eHUEe MOJMCHO 6bl0upames nNpou3soAsHO, IN. €. MOJCHO He
ofpauans GRUMANUSL HA 3HAYEHUS, npeduiecmeyouue X,.

7. Ecau nocaedosanieasHocins Xy, Xg, X3 ... CINpEAsumcs K a, mno
6cAKAs CECKOHEYHAST “LACMUYHQSL NCONOCAC008AMEABHOCHIy Xpy, Xny,
Xngy -..r GHOCACHHAST U3 BLUUEYKA3AHKON, MAKdCe cmpesunicss K a.
B uvactnuno#t mnoamocaenozarenbHOCTH 3HAUKH 1y, Ny, M, ... OOpasyor
Kakyio-1160 BO3PacTaoWyI0 IOCAEA0BATEbHOCTb LEJbX NOMOKHTEABHEIX
yrcen. '

Ilasn nenponysmeposanHofi nepementofl x, crpemsuefics K a, ana’io-
riyHoe CBOHCTBO HMEeT MECTO Apn hekoropofi oropopke. IToaomwuy, yto
13 110C/e10BaTE/ABHOCTH 3HayeHini X MH HCK/IOYNIN HEKOTOPHE 3Hayelus
(n03MO0K10, OECYNCACHIOE MHOKECTBO 3Haueinll), 1o caeaarn 3TO TaK,
uto aas meforo UKCIPOBANHOIO SHIUCHUT N ==X, OCTABLUdHCH HOC/ic-
A0BaTE/ALHOCTh 3HAYEnHH X COACPKHT 3HAUEHNA, MR KOTOPHX X ==X,
eCcTb lipeawecTsyoulee 3Hauedue. IIpn oToM ocCTaBbmascs nOCAeHOBATENb-
1OoCTb 3uayeunt npn npeikHeM ynopamnoyusanusd suayenuil ecTh ynopsao-
YeHHad nepeMelan, CTpeMsllancs K a.
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B kauecrBe mpuMepa paccMOTPHM HRPOHYMEDOBAHHYIO MEpEMEHHYIO
R S
x=01, x=011, ..., x,=0,11 ... 1, ...

1
H IOKAaXey, 4TO ee npeien paseH . Cocraeum pasHOCTDb

1 . 1 1 1 1 1

TTRTH TR 0 T Fa=gqorr o

Hepasenctso 5-7%07< € PaBHOCHABLHO HEPABEHCTBY
a~ 1 1
9-10">— nm n > logye ——10g1 9,

usaN MO)KHO npuHATh HanGosblice uenoe unClo, COAEpIKalLeecs B pas-
HocTH Iogm——log,oﬁ) (cqmae\x e <& )

3 Paccmorplm TENepb CyMMy (€PBHX 1 uieHoB GeckoHeulo yOwnpatomeli
reoMerpuueckoli nporpeccun

S, _b+bq+qu— N 0llgi<<).

Kak wuaeectiio,
b—bg"

1—gq’
W, npunasas 7 3navenna 1, 2, 3, ..., noayunm NOCAEN0BATENLIIOCTD
S], Sg, S3, “ee

Sp=

Vs pupaxenns S, nmeeM

b b
T—5 T—37"

Hpanaﬁ YaCTb HABJASCTCA NPOH3BCIEHHEM HOCTOSfﬂHOFO MHOXHTEAR i

_Sn=

—9q
1 GeckOHeyHo Mazsoro MHoxureas " [26]. B cuny Broporo csoficTBa

b
GeckoHeuHo Mannx [26] pasuocts _q—S,, €CThb Be/YHHA GecKoHeuno

i
Manaa H, CA€aOBaTEeNIBHO, 4YHCJIO

Siy Sas ...

Bepuemcsi X Hempomymeponanuoff nepemennofi eamuumne x n3 |26],
onpeaensemoil HepaBeHcTBaMi: @ — k<< x < a, wm a< x<<a--k, nm
a—k<<x=<a-}*k xpome x=—a, c ykasannofi B [25] noc.enosarenn-
HOCTbI0 3HaueHnfl. DTa mepeMEHHas X MMEET, OYEBWAHO, BO BCEX TPeX
cayyasx npenex a, u M Oyiem o0603HauaTh STH TPH CAyyas H3MEHelnns X
caenyomuy obpasom: x—a—0, x —a—-+0, x—a=*+0 [cp. 26]. Orve-
THM, 4YTO 3TO 0GO3HayeHde HE CBA33HO C BEAHUHHOIO IOJOGKHTEALHOrO
unucaa k, n60, KaK yKasano BHILUE, MPH ONpPENeNeHHH Npeaesa MOKHO He
ofpamarh BHHMAHWA Na 3HauYCHWs, NPEALECTBYIOMUE KaKOMy-AuGo 3nave-
HHIO X.

b
T, €CTb INpEAeT MOCAenoBATEIbHOCTH
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Chenaem eme HeCKOJbKO 3aMeyaHuil H IpHBEAEM MPHMEPLL

Yunopanouenuast ,Nepevennan BeJaHdlHa X, BCe 3HaueHHs KoTopoll
PaBHBL YHCJAY 4@, HOAXOAUT NOA ONpEeAcaeHHe BeJNuinu, crpemaulefica K a.
Hanpumep, aas nponymepoBaHHoll nepesentofl (X,=a npu aoboy n)
| X, — aj=0 menbmwe n060ro 3agaHHOr0 NOJOKHTEALHOLO & LU BCEX It
[cp. 26]. Takoe paccymoTpenne NOCTORHHON BEJNHYMHBI KaKk 4acTHOro Cay-
yasg nepeMenHolt OyxerT HaM yA0GHO BNOCASNCTBHIL

Orseruym ewe, uTo ec/mi nepeMeHHas X HMeeT Npeges, Hanpumep a,
10 [X —a|<e npu 3aganHoM & >0, HaunHas ¢ HEKOTOPOrO 3HAYEHHT X,
u, caegosarensio, npu sroM |x|<|a|-f¢, m. e. x eaununa ozpanu-
yennasn (cM. 3amevanne B [26]).

Ilepevennas Bequyina, Kak MbH Yixe YIOMHHAAM, He BCErga MMeer
npeaea. Bosbyey, Hanpumep, npoHyMepoBaHHyio nepesenHylo x;=0,1,

xo=0,11, x3=0,111, ..., useowyio npexgena 5 M nepevMennyio y;==

1 1 1
=7, Y2 =%, 3=, ..., iMeoutyo npeaea nyap. [Iponymeposanmas

1 1

nepenennas 5, =0,1, Hy=-5, 23=0,11, 2 =1, z2;=0,111, z;=

=53 ... HC NMEET mpeaeia. ITocrenoparenpnocTL €2 3iauctsif 21 S
1

235 ... NMECT Mpeaed 9 a noCaeA0BATEILHOCTL 3Nauennil 25, 23, Z¢ ...

HUMECT Npeaed liy.b,

1 1
Bosbyex ykasaunylo pblie nocae10BaTeablocts yy ==, yy==33,

1
Y3 =53, ..., HMCOLYIO NPEIELT HYJAL, H BCTABHM MCHKIY ABYyMs ee d.1e-

Hayu wicaa 1, T;-, zl ..., KoTOpHE Basoe GoablIe NMPEABAYUIEro uHCaa.
d1a mocreauss MOC/eI0BATCJALHOCTL TaKkke CcTpeMurca K uymo, IToay-
YUTCS NOCHACI0BATCABHOCTD, CTPEMAANCA K HYy:HO:

1 1 1 1 11

Tz'x > ?}: '§': ?: '§§9 coe
YseHpl 3TOH MOCASIOBATENBLHOCTH, Npubanxaich Gecnpenensio K iyao
OT MOJOKHTENBHEX 3Hayeuiill, ne pcerda y6upaot: pTopoll Goawule nep-
BOrQ, YeTBepTHl 60ablie TPETLEro u T. A

PaccyoTpiy 1enpoHyMepOBaHHYIO NepeMeHHylo, KoTopas, yObBas Ha

npovexyTre (1 <X =<H), crpemurcs K eammme, T. e X —1—4-0. Ecau
MBl HCKOYNM 3HaueHns X, yAOBJAeTsopsiowse ycaommo 3<x<<4, 10
OCTABLIEECA MHOXKECTBO 3nauemnii X npu npexney ynopsgodupanin (yOu-
patne) Takwe Oyaer crpeMutTbed K enunnne. Ecan Mu nekmouns 3uate-
s x, yaosaersopsiomtie ycaopmo 1< =<2, To npu npeiieM nopsiake
(yOuiBanne) ocrasiteecss MHOKeCTBO Oyjaer ynopsaoueHHb, HO Oyzer
CTpeMUTbCA 1€ K exdHuue, a K asyM. Ecan ke MBI HCKMOYNM 3Haue-
Hus X, yaosaersopsiomue ycaosuio 1< x <2, TO oCTaBumieecs MHOe-
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CTBO 3HauyeHnit x mpn mpexHeM nopsgxe (yOusanue) He Oyner ynopsno-
yeHHHM, H00 OyZer HMeTh NoCJAenHee BHaueHue x = 2. DTOT NpHMep CBA-
8aH C TEM 3aMEYaHHMEeM, KOTOpOe MBI CHesami Beie 00 HCKTIOUEeHHH 3Ha-
4YeHull u3 HempoHyMEpOBaHHONl ynmopsaaouennofl mepemeHHoH.

28. OcHoBuble TeopeMbl. JlaabHefimne TeopeMn Mu GyaeM MpoBOIHTb
IO TIPOHYMEPOBAHHLIX MNepeMeHHHX. B ofmeM cayuae H0Ka3aTenLCTBO
COBEpIIEHHO aHaloruyHo [cp. 26].

1. Ecau caazaensie arzeOpauteckoii cysumsl Heckoasxux (onpede-
ACHHO20 HICAQ) NEPEMEHNBIX UAEIOm Nnpedesbl, MO U UX CYMMQ UMeent
npedes, u smom npeden pasen cyMie npedesos caaaesix.

PaccyoTpum anre6panueckyio CymMmy X —y-}-2 H IOJO0XHM, YTO NIpO-
HYMEPOBAHHHE NepeMEHHHe X,, ¥, H 2, (n=1, 2, 3, ..) umeoT npe-
nens a, b n c. B cuny sroro nmeem

Xp=a-40, Y,=b-1B, z,=c1p

rae a, 8, n |, — BeaMunHe GeckoHeyHo Maawie. Jlad mociaenoBaTeabHsIX
3HaueHHll CyMMH X — y -2 umeeM

Xn—Yn +Zn=(a+an)_(b+pn)+(c+'fn)=
=(a—b+c)+(an_pn+1n)°

Iepsas ckobka B npaBoff yacTH €CTh MOCTOfHHAR, a BTOpas — GecKo-
neyHo Manan semiyuna [26). Crenosareasuo [27],

Xn—Int2Z—a—b-tq
TO €CTh
im(x—y-+2)=a—b-+c=limx—limy-+tlimz.

2. Ecau comnoscumenn npou3gedeHus HecKOASKUX NEPeMEHHBLX
usetom npedeavl, mo u npousgedexue uieem npedenr u smom npeden
pager npou3sedenuro npedenos coMHodcumenel.

PaccMOTpuM NpOMSBENEHHE ABYX COMHOXHUTENEH Xy W NOJAONKUM, YTO
NpOHYMEPOBaHHBIE TEpEeMeHHbe X,, ¥, (n=1, 2, 3, ...) umeor npexeas
a u b. B cuny storo umeem

Xp=a-}a, .yn=b+Bm

rae a, 1 B, — Bearnunns GeckoHeuno Maawe. Jlisi MOCAEOOBATEABHLIX 3HA-
yeHnit MPOM3BEAEHNS Xy, HMEEM

XpYn= (a + a,) (b + ?n) =ab "'_ (apn _I_ ba, "I- anpn)' -

Cymma, crosmmas B mpaBoff vactH B cko6kax, ecTb cymMMa GecCKomeyHo
Manmx. JleficTBuTenbHO, NepBHlE fABa charaeMuie €e CyTh NPOU3BENEHHS
NOCTOSMHHX @ B b Ha OeCKOHEYHO Manse, a B TPETbEM C/1araeMoM
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nepspifl MHOMKHTENAb a,->0 1 NOTOMY eCTb OrpaHuueHHas BeddYHHA, a
BTOpOH MHOXHTENb f§, — GecKoHeyno Madas BenuyuHa., Takum oGpasom,
B npaso#t yacTH nepsoe cjaaraeMoe ab ecTb NOCTOfHHad, a Bropoe (CKOG-
ka) — Geckoneuno Madaa [26]. CaemosartenrHo, X,y,-—>ab, TO ecTb

lim(xy)=ab=Ilimx-lim y.

3. Ecau desunsoe u feaumens — nepestennsie 8eAUHlHb, UMeOUle
npedeanl, 1t npedes OeAUmMeAsT OMAUMEH OmM KYAR, MO U 4achHoe
useem npedea u 3Mont npedes Pasen 4acmHoMy npedenos Qeaumo20
u deaumean.

- Paccmotpum  wactHOe x/y I NOJAOKIM, YTO NPOHYMEPOBaHHNHE mepe-
MEHHBE X, Vg (n=l 2, 3,...) nyewoT npeseas a u b, npuuem b F 0.
Hoxkaxew, uro 3’——»3- Ias sT0r0 ROCTAaTOYHO MOKA3aTb, YTO PA3HOCThb

n
X a
=% _ — ectb GeckoneuHo Mamas. ITo ycaosio

Yn b
. — — ]
-xn—‘a_l_am yn—b'l'pn’
rae a, 1 @”—Gecxoueqﬂo maaue. Maeenm
Xp a al-a, a 1 b
— e e T T =7 (0% ap,).

Sa 6 T bbb B (et aba)
3iasenaresn Apo6u, cTosumell B mpapoil 4acTd, COCTOMT 3 ABYX MHOWXH-
Tededl u, B cuay MpeJBAyIX ABYX Teopes, CTPeMnTca K . Caenosa-
TEJ‘ILHO, HauuHas ¢ Hehoroporo 3nauenun #, snameHaredr Oyaer Goablse

2 G#£0),u .apoéb b-{—@ y OyAeT, LiauiHas € YKa3aHHOTO 3HAuCHus 71,

aakmoanbcsl MEXAY HYyJIeM H 7 T. e. Oyner BeUHHON OrpamiyeHHon.

X a
Beanuuna (bo, — a3,) ecrs Geckoneyno madas. Mrak, pasHoctb _y_n-—T
n

X a
ecTh OecKOHeYHO Masnas. CJIG,'IOBaTeJIbHO, 7—-—)—5, T0 €CTb

. a llmx .
11 AN lim y = 0).
M=%~ Tmy (lim y 5% 0),
OrMeTHM HEKOTGpHIe cnencmmx Joxasaulinix TeopeM. Ecau x crpemurca
K npeseny a, To nepeMeHHas bx*, roe b — nocrosuHas u k — uenoe noso-
XHTeabHOE 4HCA0, Oyaer CTPENHTBCH, COrMIAcHO TeopeNs 2, x npeaeny ba*.
PaccMoTpum MHOrousen

f(x):aoxm__l_alxm-l .. .—{—akx’"'k—{—.,,—l—am_lx_{_am,_
rae Koah@uuueHTH a, — nocrosHusle. IIpuyenss reopemy 1 u noansysce

TOALKO UTO CASJAAHHEIN 32MS'UQHHEM, MOKHO YTIUCPAAADb, YTIO HPU CrpeMie-
HHH X K @ 3TOT MUHOTOYJICH 6y,’1€1‘ CTpPEMIITbCH K TNpeaeny

lim f (x) =f (a) =q,a" }-a;0™ 1 -... -+

+aa"E - —}—am,1a+am.
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Touno Tax e Mpl MOXKEM YTBEPKAarh, YTO NPH YKA3aHHOM H3Melle-
HHH X paunoHanbHas ApoGb -

@ xm a1 - ey xf-ap,
) =G b xP ... by x5,

Gyner CTPEMUTLCA K npeneny

. 20" 4-a,a™ 4. t-ap_atap,
lim¢ ()= (@)= Gy bprat o,

boa? +ba®t ... b, a--b, £0.

Bce 3TH yTBEp:KAEHHT NWMEIOT MeCTO IpH MoGoM chnocoGe crpemie-
HHg X K TNpeleny a.

BMecTo Miorousenos, pacnoJoXenHHX IO cTenensM opnofl nepemen-
HO#t, MBl MOrJHM GH, KOHEYHO, PaCCMATPHBATh MHIOrOUYJEHH, PaCHONOKEHHHE
10 CTENeHAM HECKOJBLKHX MEepPeMEHHHYX, CTPEMAILHXCA K npeaenaM.

€can

Tak, HanpuMep, N1 MPOHYMCPOBANHHX MepeMEHHMY, ecanm limx,=a n
limy,=25, 10
lim (3 Xnyat-37) = 0a*+ab - 0%

29, Beauunun GeckoHeuHo Goanmmue, Ecan nepevexHas semnuuna x
CTPEMHTCA K Npegeny, TO OH3, KaKk MHl YNOMHHAJN, OUYEBHAHO, OrpaHu-
yeHa. .

Tenepb MH PacCMOTPHM HEKOTOpPHE CJAY4YaH U3MEHEHHs Heorpamuuen-
HHIX BEJIHUHH. '

Kak wu paseie, smecre c pennunHoft x Mul GygeM paccMarpusarh
cootBercTBylomyio eft Touky K, nepememiawnomytocs no ocn OX. Ilycrs

3Ta Touka K nepeMemaercs TaK, YTo KakoH G6um Goabuioft orpesok 1°T
C cepeauHoil B Hayale KOOPAMHAT MH HH B3daH, Touka K. npu cBoem
NOCNeIOBATEBHOM TNEPEMEIUEHNIT OKAaXeTCsd BHE 3TOro orpeska n npu
RaabHefimem nepeMemenun OyldeT 0CTaBaTeCs BHE €ro. B aTom cayuae
ropopar, 4r0 X €CTb BeJH4YliHA GecKoHEUHOo 60!1!;11]3.‘1, HAH  CTPEMRTCH
K Geckoneunoctd, Ilycte 2M — naanna orpeska 7'7. Ilpunnmas so Bun-
MaHue, uto AnuHa orpeska OK==|x| MoxeM BHCKa3aThb Ccjeayoulee
onpenereHne ”

Beauuuna x -nasssaemcest OGeckonedHo 6oasutoll, uan cmpesauelicsa
K Oeckoneunocmu, ecan | x|, npu nocaedosameasHoar u3imenenun X,
denacmncs u npu Oaavredituest usMeHenuu ocmaemcss CGoasue /f106020
3adannoz0 noaoxcunteasrozo wucaa M. Wnaue rosops: peanumna x
Ha3upaeTcn OeckoHeyHo Goabiiofi npu co6a0JEHNH CASAYIOUIEr0 YCAOBHS:
npu 210604 3a0aHHOM nosoxCUMeNsHOM Hlicae M cywecmsyem maxoe
3uaventie nepeMenHol X, wmo 047 6CeX nocAeCYIOMNX 3HateHul
cobawdaemen nepasencmeo | x| >M.

B dactHocTH, ecnu OecKOHeuHO G60ablUas BeAUYMHA X NPH CBOEM
NOCAEAOBATENBHOM H3MEHEHHN, HAUHHAt C HEKOTOPOro CBOErO 3Hauells,
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OCTzercs NOCTOSHHO noaoxuTensHolt (Touka K copaBa or Toukn Q),
TO FOBOPAT, YTO X CTPeMuTCA K mmoc Gecxoneunoctn (- oo). Ecan ke
BEJUUNHA X OCTaeTc oTphuarensHofi (touka K caepa or touku O), T1O-
FOBOPSIT, YTO X CIPEMHTICA K MHHYC OECKOHEUYHOCTH (— ©O).

HOns oGosnauenus GeckoHeyHo O6OJAbIIOH BeAHYHHR YnoOTpebASIOT Chal-
poau: limx==o00, limx=--00, limx=-—co. Biecro limx=—=o00
MOXHO, OYEBHAHO, NUCATb lim | X |==-} co.

Tepyun ,6eckoHeyHO OGOABMIOH  CayxNT JHWb A Kparkoro o6o-
3113UeHHs BEHILIEYKA3aHHOrO XapaKTepa H3MeHeHNA NepPeMEeHHOH BeHYylHEH
X, H 8[€Ch, KaK H B NOHATHH OecKoHeuno Manoil BEJHYHHH, HaRO OTJH-
yath NOHATIE OECKOHEUHO GOJLIUOf BENHYMHH OT HOHATHUR O%eHb 00Ab-
woi seaudlnyl. v
~ Ecau, yanpnmep, BeIHYHHA X NPHHIMaeT NOCAEAOBATEAbHO 3HAYEHIs
1, 2, 3, ..., 7O, oueBuaHo, limx=-oco. Ecau ee nocaenosarenbHse
sHayeHus Oyzyr: —1, —2, —3, ..., 10 limx=-—o00, u, Hakomuey,
eca 3Tu 3Hauenns Gyayr: — 1, 2, —3, 4, ..., TO ML MOKEM Hami-
care: lim x==co.

PaccyoTpuM elle B KayecTBe MnpiuMepa Beauuilly, NPIMIHMaOULYio
nocaeaoBaTesblo 3layeHis

I P L (/BB ) } 5)
u nycts M >1— moGoe sapandoe uucao. Hepasencrso

" >M
PaBHOCH/BHO CAeAyIolleMy:
Tog,, M
n>—g‘° s
logio q
o, CaedoBaTenbHo, ecan N eCTh Han0oabluee LEAOE YHCAO0, BaKA0Yyalo-
uteecss B 4acTHOM logy, M:logye g, To Oyaem nmertb

¢* > M npu ycaosun n_> N,

T. €. paccMaTpHBaeMas nepeMenias CTpeMurcs k -- co.

Ecan B nocaemosaresbioctn (9) 3amenny ¢ Ha (— ¢), TO H3Menarcs
JULbL 3NAKH HPU HEYETHBIX CTENEHSX ¢, aGCOJIOTHHIE XKE 3HayeHHd YjIelos
N0C/Ae10BaTENLHOCTH OCTAHYTCA NPEKRHIME 1, CI€J0BAaTEALHO, NMPH OTPu-
HaTeJAbHLIX 3HaYeHlax ¢, 110 aGCoJIOTIOMY 3HaueHio OOAbIUIX eXuIuL,
nocaen0BaTeALHOCTh (D) CTpeMHTCR: K GecKOHeyloCTH.

B nanbnefimeym, xoria Mp 6yaeM roBOpHTb, YTO NEpeMelHas BeAHYNHa
CTpeMHTCa K npeneay, tTo OydeM noiapasyMeBaTh, YTO 3TOT Npeaea Ko-
Heuen. Minoraa rosopsr, 4TO ,NepeMeliHas BeAUMHHA CTPEMHTCS K Gecko-
neunoMy npeacay, olosuauas THMH  caosami  Oeckoheyno ©Goabluyio
BEJIHYIHY.

W3 npeawsiaymnx onpeieneHnti HENOCPEACTBEHHO BHTEKAET Takoe

CACACTBHE: €Call nepeMmentas X CTPEMHTCA K 1Yy.Ja10, 7'1‘0 nepemMeHHas =
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rae m -—3agaHiag nocroaHHasg, OTAHYHAd OT HY/s, CTPEMHUTCA K Oeckoney-
- : m
_HOCTH, a €C/l X CTPeMuICa K 68CKOH€“HOCTH, TO s CTPEMUTCA K HYJIO,.

30. MonoToHHBIe mepeMennble. ITpi paccmoTpenn nepeMeHHoH BesH-
YHHBL MBI YaCTO HE B COCTOfHIM HailTil €e mpexest, HO HAaM BAXKHO 3HATh,
YyTO STOT NpeAetT CyWeCTByeTI, T. €. YTO MepeMeHHas CTPeMHTCa K Ipe-
zeny. YKameM OQuH BaxHBIH NPH3HAK CYLIECTBOBAHUA Ipejena.

TlonoxnM, uro nmepemenHad BeXHdMHA X TOCTOSHHO BO3PaCcTaer
(tounee roBops, HHKOrxa He yOHBaer) HJIH MOCTOAHHO YOmBaeT (TouHee
roBops, HHKOrJa He Bo3pacraeT). B nepeoM cayuae BcAKoe 3HayeHie
BEJNMYHMIL HE MeHblle BCEX NPeRBIAYWMX 1 He 6oJblie BCeX NOCTeNYIOMHX.
Bo BTOpOM cinyyae oHO He OoJablle BCeX NpPEABAYUIHX U HE MEHbuIe
BCEX Mocaeayowux. B 3TuX cayuasax roBopaT, UTO BEANYUHA MEHACMCH
MOHOMOHHO,

CoorBercrayiomas eft Touka K na ocn OX Oymer Toraa mepewe-

IaTbCA B OJHOM HAMpaBACHHH — B MOJOKHTEIbHOM, €CJIH NepeMeHHas
BO3pacTaeT, U B OTPUUATEARHOM, ecru oHa yOuBaer. Henocpenctsenuo
AICHO, 4TO MOryT NPEACTaBHTLCA MUUb '
ABE BO3MOXHOCTH: MM Touka K Oec. ———0—00-o0—0———3= )
npesensHo  yAaaseTcs No  mpsaMoft Hy HeHyKe A
(X — -+ oo nm-——co), um Touka K Pirc. 43
GecnpegensHo npubmmKaeTcs K He-
KoTopoft onpexeneHHoii Touke A (puc. 43), T. e. nepemennas x crpe-
MHTCA K npexeny. Ecam, KpoMe MOHOTOHHOCTH H3MEHEHIs, N3BeCTHO elue,
YTO BeJNYNHA X OrpaHiueHa, TO MepBas BO3MOXKHOCTbL OTMAAaeT, i MOKHO
yTBEDHKAATh, YTO BEJANYHHA CTPEMUTC K Tpexeny.

Paccyxaenue 3T0, OCHOBAaHHOE Ha HHTYHIMI, OYEBNAHO, HE mNMeer
noxazarenpnofi cinetl, CTporoe [A0KasaTe/NbCTBO MBI NPHBEJEM MNO3KE.

Vkazauuufl NpPH3HAK CymecTBOBauns npeaena oOnuuo Gopmyupyor
TaK: ecAl NEPeMEHHAS BEAUYUHA O2PANULEHA I MEHAENICS MOHOIMOHHO,
mo ona cmpemumcs K npedeay.

PaccMorpuy B KayecTBe mpmnMepa MOCA€IOBATE/LHOCTD

- -2 -3 n
u,=3lc—, llg—-_—-";'—!', u;=§!—, vee s u,,=’fl—! N ©)

rge X eCTb aauyoe noJ0KHTCILHOE UUCT0. Mur nseem
X
Uy ==lp_1 7+ ' )

.- X
TMpit ‘suwavenmt n>>x apoGb - OyaeT Membiue eXmmusl i Uy <ty 1
nepevemnas  (,, HauMHad C HEKOTOPOro CBOEr0  3HAUEHNd, MpH

1) Cumsox n! ectb coxpaulenpoe ofo3navenne npoussexenusa 1.2.3 ... n
1 HasmBaerca ,$axropuaxa n*,

3 B, U. Caunpuos, T. 1



66 I, 1, ¢YHKUHOHANLHAS 3ABHCHMOCTD 13 TEOPHA NPELENIOB [ 31

yoemuuenni 72 Gyzetr mocrodnuno yGuparth, ocrapasch Goabwe nyas. Co-
£JacHO NpH3NaKy CYUleCTBOBaHMs Npeena, sTa lepeMennas Oyaer cTpe-
MHTBCS K HeKoTopoMmy npemeay u. Byzem B papenctse (7) Gecnpeaeablio
yBeJIHUNBATL 1EI0€ WiIca0 7. B npeaeae Mul noaywinM

u=u-0 wm t=0,
TO €CThb
. xR
11]‘[}1_ ;ﬁ'=0. (S)
X = -1 O

Ecat Mpl B nocaenosareasnioctin (6) 3amenny x ua (—x), 70 n3ve-
HUTCSL JIHIUL 3HaK Y YICHUOB C HEUeTHLIM 31aykoM 71, 1 9Ta MOCJIEA0Ba-
TEALIOCTL NO-mpeikiieMy OyieT CTPeMHTBCA K HyJa0, T. € pasenciso (8)
clipaBeATBO Ipn 060N 33JAHHOM 3HAUEHNIT X KaK I110JOKNTEIbIOM,
TaK H OTPHUATEILHOM. ‘

B sToM mpuvepe MLI BLMHCIHIN Tpeiet u, Npeasapureibio yGeans-
1ICh, 4TO oH cyuiecTByer. Ecan 0wl 3T0ro nocjeiero Mb ne Caesaa,
TO HpuMCHCUNLIE HAMH MCTOZ MOT O MpUBCCTH i K Oowmn6GounoMy pe-
syanTaty. PaccMoTpuy, nampuMep, noci1eaoBareabliocTb

m=qm=q ..., =49 ... (@>1.

tueen, ouesnano,
Uy =U,_y9q-

He 3a60Tach O CyecTBOBaNGH Npeaesa i, o6o3nauuy ero Oyksow .
llepexoas B namicamioM papencrTBe K npeneay, HOJAYYHM

u=uq, T €& u(l—g)=0

1, ¢Je10BaTe.1bllo,
u=_0.

Ho 3T0 nemepuo, u6o npn ¢ >1, Kax H3BECTNO, lim ¢"=--co |29}

31. Mlpusnax Kowu cywectnosanna mnpepena. Yrkasauuuil p [30]
HPI3NAK CYIMECTROBAMNS HPeRe’d sBITeTCH JUMUbL AKOCTATOUILIM, 1O ne
nCOOXOANMUM YCAOBIEM CyulecTBOBalN npeaead, nbo, Kak Mol 3uaew
|27], nepeycinas Beua MOKET CTPEMUTHCHE K NPSAETY, MEsIcCh 0 ie
MOHOTONIIO. ’

dpanuyscknil marematuk Komm jgax neo6xomivoe # 20CTaTouiioe
ycaoBlle CyleCTBOBaHisA lIpeResaa, KOTopoe Mbl ceifuac n chopMyanpye.
Ecm npemes nssecren, TO XapakTePHEIM i HEro gBJAeTcs TOT (aKT,
WTO, Haunnas ¢ HEKOTOPOTrO 3laueHHs nepeMeiniof, a6coaiorTiioe suauchne
PAsIOCTH MCIRAY 1IPCACIOM 1 mepeMemioil menbwe 1o6oro 3agatioro
noaoxurteasnoro s Coraactio mpusuaky Kowmn, aas cyulecrsosaius npe-
aeaa 1eoGXoauMo 1 A0CTaToOuHO, 4TOOLI, l1auiinas ¢ 1EKOTOPOro 3uaie-
1S I1ePeMCHIIOti, Pa3HOCTL MEKAY MOOGLIMIL ABYMst HOCJEAYIOLUIMI Blid-
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YeHMAMI nepemenoi Gulsa Menplue Mmo6Goro 3a1alHOro MOJA0NHTENLHONO &,
Hazum Tounyo dopMyauposky npusnaka Komm.

Mpusnar Kown. Jag mozc umobu nepesennas x urneaa npe-
den, HEOOXOdUMO T DOCIMAMOMKO BbINOAHENNE cAe0yoNe20 YCA08U:
npu 210604 3GOQHHOM NONONCUINEABHOM HUCAE € CYWECIBYem INaKoe
3HQUeHue X, 4mo 04 AWOHX nocaedyomux 3natenuii x' n X" 8o~
noansiemcsn nepagencmso: |x' —x"|<e.

IMonoxuy, YTo MBH HMeeM IPOHYMepOBaIUyIo HepeMelllyio

xlr xiy evse 3 xny s

Cornacno npusnaky Kouwm, neo6xoanmoe n foCTaTouiioe yC/IOBHE Cylue-
CTBOBAlNS TIPEAENA Y 3TOH MOC/JIENOBATeNLHOCTH COCTOMT B CJaeIylolieM:
npu moGoM 3aauNOM MOJNOMHTEALHOM & CywecTsyer Takoe N (3asuce-
uee OT €), u10

fxm—x,|<e, ecm mu n>N. ).

HeoOxoanMocTh 3TOro yc/a0BuA- AOKa3HBaeTCst ouels npocto. Ecan
Hala MNOCJAEeROBATENBHOCTH UHMEeT 7IpeAeN @, TO HanuumeM X, —X,==
=(Xp —a) - (a—x,), orkyna caenyer

|x,,,—x,,Igl.t-',,,—al,—Ha—x,,l.
Ho, B cnay onpemenenns npexmena, cyuwectsyer Ttakoe AN, uro
[3 3
|x,,,——a[<? nle—x,| <+, eccm m o >N, 1, Ten caumy,

| ¥ — %, <e, ecmt m u n>>N. Kopoue rosops, ecrn suauemns x
CTaHOBATCA CKOAb yroado OGJIu3KAMH K @, TO OUH CTAUOBATCH CKOAL
yroaHo OANBKHMH W ADYr K APYrY.

He npusoas noka crpororo a0Ka3aTenbCTBa JOCTATOUHOCTH ycnomm
Kow, maznm ey narasioe noscHene (puc. 44).

R —1-—-~
iy s "J,%C A0 1N
. ‘4'/ MN’ AJ s\]é__M/v:%r%_,l(AZ)
Puc. 44.

TMycts M, — TOuka KOOpANHATHONH OCH, COOTBETCTBYIOWAA HHCAY X
IMono:kum, uto ycaosue (9) Bumoaxeno., Cornaciuo 3TOMYy YCJAOBHIO Cy=-
HeCTBYeT Taxoe 3nauemne N=AN,, uto

fos— 2y [T mpu- s>N,

T. e Bce Touku Mg npu §>>N; HaXOAATCA BHYTPH OTpesKa A7 A, nanna
KOTOPOro pPaBHa ABYM 1 Cepeaillia KOTOPOTro €CTb TOouKa C a6cuuccoﬂ Xy

Touto Tak we cymecTByer auaqeuue N=N,; Taxoe, uro

fes— Xy, 1< npu s >N,,
3
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NpHYeM - MOXKHO cunTaTs, 4T0 Ny =N, M3 ckasanHoro cxeayert, uto Bce
TOUKH X; Mpn s >N, HaxomaTcs BHYTpH OTpesKa I, aauHa KOTOPOro
papHa exunmie 1 CepeliHa KOTOpPOro ecTe TOuka ¢ abcumnccod Xy C

Apyrofi CTOPOHE!, BCE 5TH TOYKH JOKHEI HaXOAUThCS BHYTPH OTpe3Ka
AJA,, otkyxa caeayer, yto otpeskn I n A;A, OMKHH HMEThb o6uiyio
vacte. Ilyctb Aj;A; —5Ta ofwas wacte. B cuay ckasamnoro Bilie TOUKH
Mg npn s> N, ROMKHEL NAaXOANTLCS BHYTPH OTpe3ka A,Ag.

1
Touno Tak we cymecrsyer N==N; =N, TaKoe, 410 | X; — X N, < T

‘mpi § > N;. AHaJOruyHO NpeabiAyuleMy, NOCTPOuM OTpeaok A;A,; panHa

KOTOPOro He NPEBOCXOMNT - N KOTOPHfi MpiHaINexuT o1pesky AzAs

npuuem Bce Toukn AM; npn s >N, 6yayr saxoantscs Buytpn mero, Ilo-
1 1 1

’I, ‘5‘, cee F
pezxos A,A,, U3 KOTODHX KawAHl Mnocieaywouulil 3akaoyaercs B npe-
ALLIYIEM 1 LUHLD KOTOPLIX CTPCMSTCA K HyXio. onubi 5Tix OTpe3kos
OynyT, ouenuano, CTPEMHTLCA K oanoil 1 Tofi ske Touke A, o uuc’Io @,
COOTBETCIBYIOMEE 3TOI TOuke, 1t OyJeT Npele’acyM nepeMelofl BeTiyiiHE
X, TaK KaK 13 ONHCAaHHOrO BHILIE FIOCTPCEHIA CJIeAyeT, YTO NpH ROCTa-
TOyHO 00.Ip1IOM 3HAUEHUH § BCe TOuKH Alg Oyayr ckoab yroaHo Gauski
K Touke A.

Jaaras e = y «ee , NOAyunM, TakuM o6pazoM, pag OT-

B xauectse npuiomenua npusHaka Kown paccMorpny ypasHenne Kemaepa,
KOTOpOe CIY:XKHT I GUpeIedcHus 11010kl IJaleTh Ba cpocii op6ute. ¥Ypas-
Benye 370 HMeeT BILY

x=gsin x4 aq,

rie @ i g — AaHHRIC YIIC13, H3 KOTOPWX BTOPOC 32KII0YCHO MEEKAY MNYIeM I
cannnuell, a x — nenssectHoe. BosbMenm 11060e ulca0 X, 11 NOCTPOUM MOC:€10-
BaTCABLHOCTb YIHCET

X =gqgsinx,+a, Xo=gsinx; }a, ...,
Xp=qgsin x,_;+a, xXp,;,=¢gsinx,+}a,...
Briynras 113 BTOpOro u3 3TnX paBelCcTB MOYICHHO ICPBOC, NOJYYHM

1— X oo X
2 2 °

NpuanMas Bo BunMaHiie, Y10 |sina|<<]a| 1 |cosa|<< 1, moayumnn

. . o X
Xy — X = ¢ (sin x; — sin x;) =2¢ sin

[X1— X

Jx,—x << 2g > =qlx;— x| (10)

CoBCPLIEEHO Tak K€ MUzeM HOAYYHTb clefylouiee HEpaBeHCTBOL,
[s— x| glag—a],

nay, noab3yack nepasencrsoM (10), moxem Hamncats
JXs—xa <@l — x|
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npOlIO.'I)Kaﬂ n0ﬂ06ﬂble BHYIICACHNA, NMOIYYHM NpH BCAKOM 11 HEPABCHCTBO
[ Xny— Xn | < g7 | Xy —x, |- - (1)
PacCMOTpHM TeMepb Pa3HOCTh Xp— Xp, CYHTAR 117 ONPEIACACHHOCTH m >
Xm—Xn=Xm— Xm_y + Xm1— Xm_e -+ Xmea = Xy + - + Xpp1— Xp:

[Toab3yacs HepaBencteoM (11) n dopmyaoft 1A cyMMbl u1eHOB reoMerpis
yeckolt mporpeccuy, GyaeM uMeTb

[ ¥m—Xp|<|X¥m—Xpoy || Xy — X |+
Fl xpee— Xmos oo Knpy — xa | <

- _ _ | —gm-n
SR gt g bk g =y = g [ —
[Tpn GecnpemedbHOM YBEAHUCHHH 1t MHOXHIETD g™ cTpemutca K Hymtio [26]3
~n

1—
MHOXHTENb | X — X | MOCTOAHHKIL APOGD —l—gq— BCErla 3aKI0YALTCA MEWAY

HyIeM H , T. & orpauiyena, u6o, npi m>n, g™ " 3aKT0yaeTCA MEKIAY

1—
nyiem n eaunnuef, Takuum ofpasoy, npH GecnpefedsHOM YBCTHYEHHI 72 U T10«
60M m > n pasHOCTb Xp— X, CIpeMirca K Hymo, i ycaosie (9) sumoanero,
Mu Moxey, coraacro ycaosuio Komm, yrBepwaarb, YyTO CyL(ECTBYCT Nmpeme:l
limx, =%
B pasencrtse
Xppy=gsinx,4a

6ynem GecnpejeabHo yseanunsath n. Iloan3yacs Teu, uro limsin x,; =sin § npu
lim x, =§, Kak 370 M noxaweM B [34], B mpeaeae moayumnm

t=gsini+taq, (12)

T. e, npexea & nepeMenHoft x, ecTb KopeHb YypasHenus Kemzepa.

[Ipu mocTpoeHnit NOCAEI0BATEIBHOCTH X, MH HCXOJHAH K3 NPOH3BOALHOLO
uicra x, OaHako moxaxkeM, yto ypasHeHue Kenaepa ne MoxeT HMETh ABYX
pa3IHYHHX KopHell, OTkyza cieiyer, YTo lim x, He 3aBHCHT OT BHOOPa X, i
paBHAETCA eJHHCTBEHHOMY KOpHI0 Ypasuenna Kemaepa,

[Toaoxuy, 4yTo KpoMe € OHO IMEeT eue KopeHs £, n Mokawkem, uro §; =¢§.
Mo ycaosmio, kpome (12) nueem

g =gsin§ +a.
Bhiuntan 03 3T0ro paseHCTBA MOouYIeHHO pasencrBo (12), moayunm

§ —E=q (sin§ —sin E)=‘2qsin%coselg—=,

OTKYAa

[6—¢&] <2 |sin

El_&
5 |
Ho |sina|<<]a| nmpi noboM yrie a, H mnocieguee HEPABEHCTBO NpPHBOAHT K
CIeAYIOWEeMy:

lex—fléqlﬁl—ﬁl.
B cnay 0<<g<<1 nocaenHee HepaseHCTBO MOKET HMeTb MECTO TOIBKO Npit

[§,—E]==0, T. e. §, =¢, oTkyla n cieayer, uto ypasuenue Iemiepa iuMeer
TOALKO OIIH KOPeHb,
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32. Oanospemennoe H3MeHeHHE ABYX NepeMeHHbLIX BeJHYHH, CBf-
3aunbix  QynkunonansHoii 3amucumocthio, Ilycts nvmeercs. yukuns
y =1/ (x), onpere1semas 1a HEKOTOPOM MiQOiKecTBe 3uavennti X, nHanpi-
Mep B 1IEKOTOpOM npoMewyTre. Vicmoabdys 3uavenns X w3 ykasanmioro
MIOKECTBA, MW MOKEM CTPONTh PasiviLe YHOPSHAOUENHBE MIOKECTDA
snauennii mepemennoil X n npu 3T0M OyieM NOIyyaTh COOTBEICTBYIOULIE
YHOPSIIOUEHHHE MIOKECTBA 3Hauennit mnepevennofi y=Ff(x) [256}. Yno-
praouelas nepevennas X apiasercs ynopsiounsaiomedl mas f(x). Mu
paccMoTpuM B 3TOM maparpade oauH Bawnuwli cayyall Takoro npo-
necca.

IMycts ¢ynxuna f(x) onpemesena na nekoTOpoM NPOMEKYTKE, CO-
aepikameM TOUKY X'==c¢ buyTpu. Bu6upas pnocrarouno majaoe no.aoii-
TEAbIOE R, MOXKEM CUHTaThb, 4TO Tem camuM f(X) ompenmesena na npove-
(KyTKe ¢ —k<<x<<c-|-k Paccyorpnm Tpn caywas ynopsmouunaiing
suavenfl X1 X —>¢—0, x> c-}-0; x— cz}-0—n cooTBETCTBYIOWYIO
TUM CYUasM ynopaaouennyio nepexennyto f(x). Ilycts b nepsoy .cay-
uae 3Ta nepeMennas nyeer npezeid. OGosnanim ero Gyxsoo A;. B arom
cayuae muwmyT:

lim f(x)= A4, (13)

X—>C—0
Coseputeniio  aua:ioriuiio BO BTOPOM Caywde, Npil NLTHYINL Hpeaesa
(oGosunauny ero Oyksolo A,), miwyT:
lim f(x)= A, (14)
N2 c-T 0

Yacro npeaeart (13) u (14) oGosuauaior cumeoaamn f(c— 0) n f(c--0),
TIK 4TO

im J)=f—=0), lim [fx)=/(+0).

Orverny, uyro 570 —npemeant f(X) npu crpeMacinm X K ¢ C1esa il
cupana. B Tpetben cayuae X CTPeMHTCS K ¢ € ABYX CTOPOH Il CyuleCT-
BoBamNe npeie.a

lim f(x)=8 (15)

xX—sct+0

PaBlOCIALIO, OYEBIN0, Caedylolemy: cyuiecTsyior npeaean (13) u (14),
u omt pasibl (Ay==A;). Ilpu s10M B== A, == A,.

He caenyer cvewmbats cuMBOaN f(c—0) u f(c--0) ¢ f(c), T. e
co suavenneM f(x) npu x==c. Buwe Mu conepuwenmo ne noa»308amich
STUM SHAUCHNCY, I Npu NPCAMAYMUX paccyxacmuax f (&) momer 6uty
n ne onpeneaena upn x=c¢. Ecau dyusxuns onpenesena npn x=c u

J—0)=S(c--0)=f(c) 1 e
x —ll:-n + .Of )=/ ()
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TO [OBODAT, UTO (BYHKUUST HenpepsigHa npu x==c (8 .1ouxe ¢). Ilob-
3yaCh onpenenenneM mnpeseda. aas X M f(x), jserko yKasate YcCaAoBus,
pasnociabiibie cyutectsopannay npegenos (13), (14) n (15). Cymecteso-
sanue npegena (13) pasuocuabiio, oueBuuno, tomy, uro f(x) cranosurcs
cKoab yromio Oamskum K A,, KOraa x jaocrarouno npHOmiKaeTcs K
uicay ¢, ocrasasce Mensiie ¢. Touuee roeops, (13) pasnocnastio cae-
AywouieMy: npi moGoM 33AAIM0M MONOKHTENLHOM UHCAe ¢ CYUECTBYET
TAKO® MOJOKHTEABHOE YICAO %, "TO

I/ ) — A <]le ecmn 0Te—x % (131

TIpun svom v 3asucnt or smbGopa . Cosepwemno anagornito, (14) pas-
HOCH/BIIO CaedyiomeMy: 1npi IoGOM 33aZaIU0M NOJOKHTENBIOM WiCae &
CYMECTBYET TAKOe MOJOKUTEABLHOE YICAO ¥, 4TO

() — A [<]e, ecmt 0 x—c<my (4)

u (15) pasnocnisio caexyromeMy: npu moGOM 3a7AMIOM MOMOKHTEABLIOM
YHCAE ¢ CYUIECTBYET TaKoe MOJMONHTEALHOE MHCAO ¥, UTO

f(x)—B| <z ecan | x —c]<7 (15y)

Orverum ewe creayoutnit oueBuannli ¢hakt: ecan cymecmsyem npe-
Oea (15), mo f(x) npu awbo.st 3arone cmpesnenus ynopsdodeHHod
nepeMeHHoll X K ¢ useem npedea B. Ananornuioe 3ameuamue imeer
mecrto u aaa npexenos’ (13) u (14) npu crpemaenus x K ¢ caesa i
cnpasa.

B namvuefiwen Me noapoGHO paccMOTPHM MOHATHE HENPEPHBHOCTIH
n csolictea nenpepuBunix ¢yukunai. Cefiuac Ml ofparnMca K TeM cay-
uasM, Koraa x wm f(x) crpemarca k Geckouneunocrn [29]. Ipensiayuue
onpeseneHus Jerko ofobutaroTca 1 na s1i cayvan. Herpyano, nanpusep,
BIIETh, YTO

. 1 . 1
lim — =—00, lim ————=-}o00,
xsc—9 X —¢€ xsc40 ¥ —C
lim tgx=-1-00o, lim tgx=-—oo.
™
.Y—»-E——-O . x-o-;—-{-o

Honoxuy, uto f(x) onpexenena mpu Beex A0CTATOMNO GOJBUIMX X

M UTO YMopAaouentias nepemeiiias x noGuM 06pa3oM CTpeMHTCa K —}- 00

[29]. Hpu 310oM f(x) ecrb Tarkwe ynopsmouennas mepememias, # MOMXeT
CYIeCTBOBATL IR Hee KOMEUHBH npenen

lim f(x)=A. (16)

X = -0 :

Sro pasnocnabio caeayoueMy: NP MOGOM 32AAMIOM MONONKHIEALIOM
YiCJIE & CYWECTBYeT Taxkoe uiicao M, uto

[f)—A[<e ecmn x> M (16y)
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B vacTuocty, ynopsmouyeHHOCTb X MOKET COCTOATH B TOM, 4To X Gec-
npeaenablo BO3pacTaeT, NPUHIMas BCE MOCTAaTOUYHO GOJbILHE BEulEeCTBEH-
npie 3nauenns., CobeplieHHO aHAJOTHYHO MOXKIO pPaccMOTpern cayuah
X —> —co.

Ecan f(x) onpezesena npi BCeX x, MOCTaTouHO OOJbLWIHX 1O ab-
COMOTHON Beauyune, U yNOPANOYEHHOE NepeMeHHOoe X CTPEMHTCH K o0
[29], 1O MOxer ana’dOruyHO MNPEIBIYyIEMY CYLWEeCTBOLATb KONEYHH)
npeser

lim f (x) = A,

X = O
UTO PAaBHOCHJBLHO CAeIyIOIleMy: npil MoGoM 3aaaHHOM IOJIOKHTEALHOM
YIICAE & CYUIECTBYET Takoe MOJOKHTeAbHOoe uncao A, yro

If)—Al<e ecmn |x|>M.

B u4acTHOCTH, X MOKET CTPEMHTBCS K CO, NPHHIMAT BCe pasHyHble
3nayeuus, XOCTaToyno Goasminne no abcomoruoit peanunue. Mx MoxHO
YIOpSAOUNHTL TAK €, KaK 3T0 MH jeaanu B [25] ana nenymeposamioft
nepeveinoil x, ynopaersopsoulelf ycaonmo a-—k=<{x<a--£ (kpome
x==a). O1veruy, YTO 4151 NPOHYMEPOBauHOH nepeMennolt Xy, Xo, Xj ...,
unewowett npeaea a, puecro limx,=—a yacto mmyr lim x,=a.
n— o0
B sroM cayuae #— co 0003nauaeT, YTO /i EC3PacTaer, NpuLuMas Bee
HeaLe NCJT0/KHTEIbHBIC 3HayeHisl.
Mowxno rosoputs 1 o GeckoHeynmx mnpegedax f(x). B wactnocry,
lim f(x¥)=—co
X = -} 00
oGo3itauzet, uto nmpn M000M 3a1aHNOM OTIpHUATEILHOM uncae A, cy-
mecrsyer 1akoe wncao A, uro f(x)<AM, ecan x>>AM. Auaiornyno
MOKHO onpeaesTb I APYrHe Caydyan OecKOHEYHOrO mpeneia.
Herpyano nposepuTe CNpaBeimilBOCTb CACAYIOULIX PaBCHCTE:

lim x*=-oc, lim x'=—co,
X — 1o . & — —
lim l,::o, lim x?=-cc,
_\'_,(p"' X — O
1
2 BT
a1 1 1~ 3
X —» CC X — Q0 o — —
3+++
3,5
T
fim XS oy 2

Pacemorpny euwte ozun ¢usnveckuii npudep. Ioaoxkuy, uro Mp na-
FLeBaeM HEKOTOpOE TBEPAOE TE€10, H NYCTh f, €ro HayaJbnas TeMnepa-
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typa. Ilpn HarpeBanun TeMmeparypa Tena Gyaert HOBHILATBCH, NMOKA He A0-
CTUTHET TOUKH m1asaennd. [lpu panbHefiies HarpeBanuyl Temmeparypa
OyJer OCTaBaThC HEH3MEHHOil JO TeX mop, MoKa Tero He mepelper ue-
JUKOM B KHAKOE COCTOAHUE, a 3aTeM OMSTH HauyHeTCH MOBHILEHHE TeMie-
parypsl oOpasoBaBuuefics HAKOCTH. AHAJTOrHYHAsS KapTHHA MPON3OHIET 1
npu npeBpameHnn XuAKOCTH B rasoo0pasHoe cocrosnue. Bymem paccmar-
pHBaTh KoJauuecTtso cooluieHHOro Teay Temaa @ Kak QyHKUHIO Temne-
patypel. Ha puc. 45 m3oGpaxen rpaduk sTofi ¢QyHKnum, mpuyeM Ha ro-
pH30HTaAbHONI OCH OTKAAAHWBACTCA TeMMeparypa, a Ha BEPTHKATbHOH —

0‘ F/

1 1

R o it
S)
S
~

c
IB ]
et 2
Pic. 45. Puc. 46.

KOanyecTso moraomennoro remna. Ilycrs ¢ — temmeparypa, npn xoto-
pofi TEJ0 HauuHaET NEepexXoNAuTh B MKIAKOE COCTOSHHE, H fy — TeMnepa-
TYpa, NIPH KOTOPOH MAKOCT HAYHHAET NEepexomuTh B rasoobpasnoe
cocrosHue. OuesHaHO:

lim Q=opa. AB u  lim Q==opn. AC. .
t—+t;—0 ft—+1 40 '

Beanunna orpeska BC naer CKPHTYO TeMI0TY MJaBjenns, a Bead-
yHHa oTpe3ka EF — CKpHTYIO TEemIOTY napooGpasoBaHusl.

Ecau npedeant f(c —0) u f(c-}-0) cymecmsyiom u pasaunes, mo
pasnocms f(c-+40)—f(c —0) ra3vteaemcs paspsigost, uan cxaiKost,
gynryuu f(x) npu x=c (8 mouxe x==c).

PynKuua y=arctg——_ uMeer mpn ¥==c¢ ckauok = Toabko uro

paccmoTpenHas ¢ynkung Q(f) nMeer B Touke NJaBJeHus ¢=—¢#; CKayoK,
paBHHI CKDHITON TenjoTre nAasJeHud.

. Ipn onpenenenuu npepena f(x) npn CTpeMJeHHH X K ¢ MH CunTa’m,
YTO X CTPEMHTCS K ¢, HUKOLJA C HHM He COBNajas, DTa OroBopKa Cyue-
CTBEHH3, NOTOMY uTO 3HaueHue f(x) mpnm ¥==c¢ WHOra WIH He Cyme-
CTBYET, U1 He uMeeT Huuero obwero co snaueHusMn f(x) npu X, 6an3kux
K ¢. TaKk, Hanpuvep, ¢ynkuua Q(f) He ompejenena npu f=t#,,
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PaccyoTpuM ewe npuvMep Aaa nosckeuus ckasauuoro. IMoaoxuny, uyto
na npoxle,i\)n\e (— 1, 4 1) dyuxkuns onpeneiena caeayouwnm o6paso:
y=).—|—- I npu — 1 << x <0,
y=x—1mpn 0<x<};

y=0 np x=

Ha puc. 46 socnpoussesen rpadux 3TOf ynxuii, cocroautuii H3 ABYX
OTPE3KOB NMPAMBIX, I3 KOTOPHX HCK/IOYeHb! Koneunse Toukn (npu X =0), u
04O OTIe/bHOH TOUKN — Hauaza KoopauHar. B srox cayuae

lim f(x)=1, lim f(x)_.—-l JF(0)=0.

xX—>—=—0 X =10

33. llpumepsr. 1. HUssectuo, uto npu M060M X HMEET MECTO Hepa-
BeHcTBo |SinX|<<|x| 1 3MaK PaBeHCTBA HMEET MECTO Juib mpH X =0.
HanoMunM, uTO Beanuupa- X MHpH 3TOM BHpakaetrcA B paguanax. Us cka-
3UNOro CJeAyer, 4ro I JOOO0ro 33JaHHOrO MOMOKHTEALIOro 4iCia e
mu nveer [siny[<e, ecan |x|{<e, 1. €

lim sinx=0.
X0

2. Jlaaee, nyee:
/ ! '\‘\9 .XS
l—co:.,\—ZSm-2 2\5) =5,

A
T. e 0==1 —cos v om

5, OTKyaa caeayer, uro [27]

lim cosx=1
X—-0

3. PaccMotpuy wactiioe
sinxX
=
Sra ¢yukuua omnpeseseita npu Bcex X kpove x¥=90, ubo npu x=0 u
yuc/Teas M 3ilavMenareab 006pallaloTcs B HyAb M ApoGb TepdAeT CMBIC/.
¢ Hccaeayem usvenenue y npu x — 0. [pn 13-
MelleHHil 3Haka X BeauyHia y lie Meusercsd, Tak
g "4TO [OCTATOYNO MPEeInoaarate, uro x — - 0. ITo-
Kawey, uto y —1 npu x— 0. Tor xe npexea
[ g noayuurcs i npu x— —0. Ormerny, yro Teo-
! peMy o mpenese 4acTHOro HDHMEHUTh Heab3d, uGo
H UICAHTEJb M 3HAMEHAaTeAb CTPeMATCS K HyJio
npy x ——-0.
Byaem paccmMarpuBatb X Kak HeHTPaiabhbiit
buc. 47, yroa s kpyre paguyca emmiia {(puc. 47). Ipu-
HiMag BO BHIIMaNue, MT0 M1 A AOB <rm. cek-
.1opa AOB<nmn. A AOC, noayuum :
1

1 1 =
xS 5tgx (0<x<~2—),
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, : 1 . '
OTKYyAa, ne€1s8 Ha D} Sin X, noayunm

< sin.x Cos X
1.

sin ¢
1> —=>cosx (17y
Ho cosx— 1 npu x— -0, orxyna

. sin .x
lim
x-+40 X

=1

", B CHAY CKa3alHoro Beime,
sin .v

- lim = 1.

EEe e ) x

Onpexeany 114 JaHHOr0 Cayuas “MHCIO 7, KOTOPOE BXOAHT B yCa0-
pine (158,). Buuntas 13 emnupusl TpH yactu nepasencrsa (17), noaywuum

01— =221 —cos x (0<x<%},

OTKyIa CJeayeT, 4To

sin V
| —1]<s
-2
ecan 1 —cos x<e Mo, kak mum Bugesn Beme, 1-— cos x<i‘—, |

X2 oo
nocTatonno BuGpath <3, T. e [x|< V' 2e. Urtak, B pamiom cayuae

¥/ 2e Mower nrpath poan uncaa .

34. Henpepmeuocts ¢ynxkuun. Ilpusenem cme pa3 onpeaeic-
nne nenpepuinocTH Pynukinn f(x) B Touke X==¢c, ecxu 3Ta qynKuus
onpeneaena b 3Toit Touxe 1 BOJIM3N Hee CIeBa Ul CNpasa.

Onpenenenne. Dyuryua f(x), onpedeseRnas npu x=c u 8cex
aratenusnx x, 0ocmamotno 6AuIKNX K €, HA3LBACNCA HeNnpepbteHOL
npu x=c (B TOUKe ¢), ecait cywecnayemn npe()e.z f)y mpu x—cx0
‘u smom npedes pasen f ()

lim f(v):f(c) (18)
X—c *0

HanoMnny, 410 310 PaBHOCHIBIO TOMY, MTO CYMecmeyiom rnpedeatt
Sf(c—0) u f(c+0) cacea u cnpaga u wmo 3mu npedeas. pasHet
weacdy cobow u pasus f(c), m. e. f(e—0)=Ff(c-}0)==f(c).

W3 _crazanmnoro B [32] caeayer, 4TO 3TO - PaBHOCHBHO TaKiKe Cae-
Aytoueny: apte 406046 3a0aHHOIL NOAOHCUMEABHOM HUCAE & CYULCCINBYEN
marxoe NoAOIKHCUINEALHOE HUCAO T, 41O

) —=fl<e nmpu |x—c|<x (19)
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He wuymxno orosapmsars, uro X 3£ ¢, u6o f(x) —f(c)=0 nmpn x=-c.
Wnaue 310 Moxno GopMyanposars Tak: f(x) — f(¢)—0 npu x — c—0,
Pasnocte X —c¢ eCTb  npupawenne He3amucumofi  nepevesxofl, a
pasuocts  f(x) — f (c) — coorsercTyromee npupautenne ¢ynxumt. Io-
STOMY YKa3allHO€ BHIE ONpeaejelne HenpepHBHOCTH 4acTo (OopMYy-
JHPYIOT TaK:

DYHKUUA HA36IBACIICA HENPEPLIBHOLE 8 moyKke X =c, ecan Gecro-
HEYHO AAN0MY NPUpQUeuo He3asucuMol nepesennoil (om HawarsHozo
3Ha4eHun X ==C) coomseeincmeyem OeCKOHeHHO MAAOE NplUpatyeHue
Pyuryuun.

3ameruy, 4TO CBOIHCTBO HEMPEPHIBHOCTI, BHpaxaeMoe pasenictooM (18),
CBOAHTCA K BO3MOXKHOCTH HAXOHHTh npeaesa (YHKUIM NPOCTOH NoacTa-
HOBKO{t BMECTO He3saBiuCiyoii nepeMeHHoll ee npepena.

Hs dopyya, npiseleHHHX B KoHie [28), MH BuauyM, 4ro ueasil MHoro-
yaeH OT X I YAaCTHOE TaKUX MHOrOYAENOB, T. € pauHoHanblas (QyHKLUs
OT X, CyTb (YHKLHI, HenpepsiBHBle NPH M000M 3uayeHHI X, KPOME Tex
aHauenuil, AP KOTOPLIX SHaMEUATE L pamuonaiuitoft Gpynrmun odpamacrcs
B HYyJb.

Henpepuisuoit, ouesnauo, Gyier 1 Qyukuns y==b, coxpanqowas npi
BCAKOM X OXO Il TO e 3Hayenue [12].

Bce saeventapusle (pyHKWU, paccMOTPEHHbIE HAMIl B NSPBOil riase
(cTemennas, mnOKasaTe sbHas, JOrapu@MIUECKas, TPHrOHOMETPHUECKHE I
oOpartiibie KPYroBhie), HenpepuHBisl API BCEX 3HAUEHHAX X, NPH KOTOPHIX
OHIl CYMIECTBYIOT, KpoME TeX 3uauenufl, npn KOTOPHX OHU OOpAAIOTCH
B OECKOHEUHOCTb.

Tak, nanpusep, log;, X ecTs nenpepsisnas ¢yHKuns OT X NPH BCEX
MOJMOKNTE/AbHEIX SHAYEHIAX X; tgx ecTb nenpepsiBHad (YHRUMA OT X
Npu BCEX 3HAYEHIAX X, KpoMe 3uavennti

¥=(2k-+1) 5,

rae £ ects moGoe ueioe yico.

Oryerum eue Qyuxunio 1®, rae # N v CyTh nenpepuisiisie (yuKui
OoT X, IpHuyeM IIpeanoaaraercs, UTo u He MNpuHiMaeT OTpiuareibHbX
suauenuil. Takas ¢Qynxuna HaskBaercs cmenexno-noraszameastoil. Oua
TOYNO Tak e o00xazaer cpollcTBOM HENPEPLIBHOCTH, HCKJOYad Te
3HAYEHHA X, MPH KOTOPWX 1 I T OJUOBPEMENNO pPAaBHB HYJIO M
u=0 un v<0.

Bpickazaunoe HaMil YTBEDAAEHHE O HENPepHBHOCTH SJAEMENTAPHBIX
GyHRUHA HYAKITA@TCH, KOHEYHO, B JOKa3aTeabCThe, 110 Mbl TpuMeM 310 0e3
MOKasaieapCisd, B naapHeiilles  Mpl paccMOTPUM ¥TOT BOHPOC 110APOG-
nee. lokaxeM TOILKO nenpepusuocts Gpynxuun sin X npn awolboy ¥ =g,
noan3ysich onpegeaetnem (19). Mu myeeym [cp. 31]

sinx — sin ¢ ==2 sin'}-g-ccos"—%'—,
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OTKyAa crenyer

|smx—sm c]-?]

s el ]

Ho |sina|<<|a| npn moGom yrae a, m, cJenoBaresHo,
|sinx—sine|<<|x—c].

Uro6u umers |sinx — sin¢|<e, rae &— 3anaHHoe NOJOKNTEALHOR
YHCIO0, ROCTAaTOMHO CHHTaTh, 4T0 |X¥—¢|<g, T. € pOabL 7 B onpene-
aennn (19) moxer nrparb unciIoO e.

Herpyano nokasare, urto cy.ria uau npouaaeaeﬂue npou3goAsHo20
KOHEUHO20 WUCAQ HEMpepelBHEX (YNNI ecms maksice Henpepelgnas
OYHKQUA; Mo dce OMHOCUMCA U K HACMHONMY O08YX HeNpepbieHslx

BYHRyUl 3a uckanderuest mex 3HAYEHNE He3BUCUMOE Nepe.MeHHoIl,
npu KomopuLX 3nasenamens obpaiyaemcs 8 Hyas,

Paccyorpny anms cayuait yactioro. IMoaouny, uro dyrkunn ¢ (x)
u ¢(x) HempephsHu npn x=a u yro ¢(a) #0. Cocrapbum ¢yuxunio

IToabsysic TeopeMoft 0 mpemeste YacTHOTo, MOAYYHM
lHm ¢ (x)
I f =Tty =/ @

YTO 1 JOKa3HBAET HENMpPEPHBHOCTL YactHoro f(x) mpn x=a.

Orverum omin npocrtoit mpumep. Pa3 y=sinx ecTb HenpepHBHAs
¢Gynxkuusg oT X, 10 y="5 sin x, rge b — nocrosnxas, Takxe GyaeT Henpe-
puiBnofi dyHKuueft, Tak Kak oOua ABAAETCA NPON3BEAEHHEM HENPEPHBHHX
¢ynkunft y=~= (cM. Brle) 0 y=sin x.

sin

Bepnemca Teneps eume x QyHkunn y-—— Opn x=0 3r1a ¢ynk-

LN HEONMpPENEeJEHHa, HO MBI 3Haew, yro lim y=—1. ITosTony, ecmt mMu
x—>+0

MOJOKUM y=1 npu x=0, To y Oyzer Henpepsirnoii dynxuuei 'rouke
x=0,

[Toro6Hoe wHaxoxIeHNe mnpenena GYHKIUH NpH crpe\memm X K ee
TOUKE HEeONPEeJeNCHHOCTII Ha3BIBAETC packpeimuelt HeonpedeseHrocmil,
a caMblfl npefest, €can OH CYUWECTBYET, HAa3LIBAIOT HHOTAA UCHIUHKbLI 3Ha-
yenue st QYHKLIHH B €€ YNOMAHYTOfi TOyKe HeompeneaeHsocTH. B paawnefi-
ey Mol GyZeM HMETh MHOTO IpHMEPOB PacKpHITus HeompeaeteHHocrel.

356. Ceoiictea Henpeps!BHhIX ¢yHkuuil. Brue Mb  onpeneanmt
CBOHCTBO HempepeIBHOCTH GYHKUMH NpH 3amaHHoM 3uadennn x. Ioaoxmy
TENeps, YyTo (PyHKIMA ompegesaeHa B KOHEUHOM NPOMEKYTKE 4 <X =T b.
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Ecau ona nenpepslsna npu anGos 3Hadenutt X U3 3mozo nposejxicymra,
mo zo080psm, MO OKA Henpepusna 6 npomexcymwe (a, b). 3amerunm
ipit T0M, YTO HEHPEPLIBIOCTL (yHKUHI 1A KOHUAX HNPOMEKYTRA X =
1 x==b COCTOUT B CAeayiowem;

s =T @ I JO=T0

Bce unenpepushuie Qyisium 06aagaieT CAeayIOILUMI CBONCTBaMN;

. Ecau @yuruyug f(x) uenpepsoisna 6 npomescymee (a, b), nio
cyiecmeyem 8 3NOM Nposecymre, no Kpainel aMepe, 00HO maroe
SHauenle X, npu Komopost f(x) npunusaem ceoe HauGorsutee 3Haye-
Hite u, no rKpaiikeii aepe, odHo maroe 3nadenue X, NP KOMOPoM
BYARyua NpURLALACIL CB0C HauseNbliee 3HadeHlle.

2. Ecan goyuxyun f(X) uenpepusna 8 npomesxcymsie (a, b), npu-
sen f(@)=m u f(by==n, u ecau k — ato6oe wucao, 3axroianueecs
41e0C0y m w1, mo cywecmeyem 6 nposeycymse (a, b), no rpaiinei
Atepe, 00HO nrakoe 3KadcHue x, npu Komopos 3uatenue f(x) pasuo k;
6 wacmuocmu, ecau f(a) u f(b) paswsx 3Hawos, mo cyuwecmeyem
eHvmpu nposrexcymia (a, b), no xpaiineii sepe, odno maroe 3anavc-
Hue x, npu wonmopos f(x) obpamaemes 8 Kyas. :

On1 ABa CBONCTEBA CTANOBATCA NENOCPEACTHENNO SICHLIMI, €Ca  Hpil-
1L BO BIIMAINEG, YTO B Cayuae HEUPCPLBHOCTH (PYHKILIN COOTBETCTBYIO-
uwtdi eit rpadur Oyaer npencrasiasts o000 HENPeprslylo Kpusyo. 310
BUMCUAHIE HE MOMKET, KOHEUIO, CAYKNTL HokasareascTsoM. Cayoe uonarie
0 HenpepLsioll Kpusoll, 1arasaoe ¢ NepBOro B3r/a1a, OKa3LIBaeTCa ypes-
puvaiino caomiuy npu Omtkalimiem ero paccyorpewul. Crporoe aokasa-
1eALCTEO YRAJAMILIX AByX CBOficTB, TAK We KaK M CJACAYIOMEro, TPeTbero,
OCHORANO 11a TEOPHH NPPARNOHAALUBIX wicea. M npumes 3Tt cpoiictsa
(c3 10Kazare/inerna.

B nocaeannx novepax nactosiiero naparpaa Mo BHHCHIM  OCHOLL
TCOPI HPPaUNONANLILIX unCeJ it CBA3L 3710l reopun c teopuell npe-
henop 1 cpolicToamu HenpepwiBnnix Qynxuufi.  3aMmeriny, ur0 BTOpOE
CROIICTBO HenpepuBULIX (YUKW MOKHO elle (GOPMY/HIPOBATL TAK: P
HSNPEPHIBIOM H3MeHemt X or a a0 b uenpepumpuas Qyuxuin f(x)
npoxoauT, no kpafineli mepe, oaut pas uepes Bce WICIL, JSKAULE Meik-
ny f(@) w f(b).

Ha puc. 48 u 49 u3oGpaiken rpadur menpepusuoli B NPOMEKYTKE
(a, D) dymuun, y xoropoit f(a)<0 u f(6)>0. Ha puc. 48 rpajuk
ot paz nepecekaer ock OX, U NP COOTBETCTBYIOUIEM 3HAUElUHN X
dyusuna f(x) obpaaerca s nyav. B cayuae puc. 49 raknx snavennii
Oyaer ue omuo, a TPU.

Mu nepexoaum tenepn K Tperveny CsoliCTBY HCUPCPLIBULIX dynKuuii,
KOTOPOE sipniseTca Meuee HAMJAMNBYM, YEM [ABA NPEALIECTBYouLHX.

3. Ecan f(x) uenpepusna B npoMexyrtie -(a, b) u ecm x=x, ecip
HSROTOPOE 3nayeuue X U3 3TOr0 NPOMEAYTKA, TO B Cuay ycaosus (19)
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[34] (3aMenss ¢ Ha Xo) Aaa mo0Oro 3a4anHOTO MOJOKNTEABHOTO € CylLe-
CTBYeT Takoe 7, 3aBICALIEE, OYEBIINO, OT €, HTO

1 @) —F (o) | <y ecam |x — X [,

npHueM MH CYHT2€M, KOHEYHO, X TaKKe NPHHALICKAUUIM NPOMEXYTKY
(a, b). (Ecim, nanpumep, xXo==a, T0 X o0a3areiLno Goablle a, a ecau
Xo="b, T0 x<b.) Ho uncio 4 MOKeT 3aBHCeTh 1€ TOJBLKO OT &, 1O
11 OT TOro, KaKce HMEeHHO 3HaUeHne X ==x, W3 npoMexyrka (a, b) mm
paccmarpuBaey. Tpere cBOHCTBO uenpepmBHBHX (YHKUNA 3aKJ0vaeTCH

B TOM, UTO Ha CaMOM Aelde 151 yy
Mmo6oro 3agannoro e cynie-
Y
]
' |
J
' |
| /\ |
a Lo X g Lo X
ol ) 0 H : \/ 5
|
| t /. )
1 |

Pirc. 48. ) Pic. 49.

CTBYET OJIO 1 'TO Xe A4t BCeX snavenntt x, u3 mpomexyrka (a, b).
Winbimu caomamn, ecan f(x) Henpepeisna 8 nposcescymre (a, b), mo
042 4100020 3a0AHHO20 NOAOKHCUINEABHO0 & CYUecmByen maxoe no-
AOXHCUINEALHOE T, IO

ey —f() 1 <le (20)

0451 aw0bx 08yx 3natenudi X' u X" u3 nposeacymra (a, b), ydosaems-
BOPAOMUX HEPABEHCINEY '

& — x| < @1

910 CBOHCTBO Ha3LIBAETCA pasHoxepHoil Henpepslsnocmesio. Taxkum
oGpasoy, ecan GyHKuun Henpepst6ra 6 npoxeycymre (a, b), nmo owa
Oydeim pagHOMEDHO HeNpepsiera 8 Smost nposexcymre.

Orvemny ewe pas, uto Mu npeanoaaraem ¢ynkuwmo f(x) nenpepne-
nofl ne TOIbKO ANA BCEX X, JEKAWNX BUYTPH npoMexyTka (a, b), no u
ana 3uavenifl x=a n x=<b,

Mu noscunM cpofictea pastoMepiioll HENpPepHBIOCTH €ule HA OAoOM
npocrom npumepe. Ilpeasapnreasio nepeniiey npeas ayiise HepasencTea
B apyroM Buje, 3avenss Gyksy x’ ma x u X" ma (x-n). [pn srom
- X" — &’ == I npexacrapaser coGoI0 nNpipanieHte Ne3aBHCHMON nepeMelnof



80 [N 1, oVHEIHOHANBHAS 3ABHCHMOCTb U TEOPHSA NPEAE/OB [ 35

u f(x -+ h) — f (x) — cootrerciaymowmee npupamenne ¢yukuun, Cpofictso
paBHOMEPHOfi HENPepHBHOCTH 3aMHIIETCA TaK:

7 [fe-th)—fx)]|<e ecan (R
rae x¥ u (X k) — mo6ue aBe TOYKN N3 MPOMEKYTKA (a, b).

HIaa npusepa pacevorpuM @yukuiio

fx)=axn

B AAHHOM CaY4Yae MLl HMeeM
F(x 40— f (x) = (x 4 b)* — x* =2xh + .

Ipu apGom 3axannoM 3HaucHun X Bbipawenne (2xh -} A%), naouiee Npupaiesne
Hauiefl GpyNRUNY, CTPEMHTICA, OYCBHAHO, K HYTIO, €CIH NpHPaUeHHe He3aBHCHMOIT
NepeMeHHOH CTpeMITea K nyao, DTHM eule pa3 moxrsepkaaerca [34}, uto Basran
(YyHKUHA HCMPCPHBHA NIPHt BCAKOM 3Hauennn x. TeMm cambiM oHa Gyler Henpe-
puiBHa, Hanpuymep, B npovMewyTke — | << x << 2. Tlokaxes, yT0 oHa GyjeT pasHo-
MEpPHO HENpEPHBHA B 3TOM npoMexyTke. HaM Hago yaoBaeTBODHIL HepaBeHCTBY

[2xh - A%< 22

COOTBEICTBYIOWHM NOI60pOM uHCaa ¥ B Hepasenctse |A|<<w, npiyem X u
(¥ - h) Doaxkusl mpHHAIekaTh NPOMExYTRY (— 1, 2). Mu numeenm .

|20k 4 13| < |2k |+ h2 =2 | x || h]|+ A2

Ho naioavuice anayenie | x| B mpoMexytke (— i, 2) pasHO ABYM, M HOTOMY
MW MOKCM 33aMCHITH NpPCABLLAYLICC HEPABEHCTBO 601ee CILILHBIMG

[2x0h4-h% <40+ 0%

Byaem cuurats Bo Beakos cayuae |4 << 1. Tpu stom A <C|h, H MB MOxeM
HEepENICATh GPCABAYILEC HEPABEHCTBO B BHIE:

(2004 h <4 |h|4 |8 nan |20k B3| <A

Hepasencrso (22) 6yzer, HaBepHOe, YIOBIETBOPCHO, €CAH Ml MOAYHHUM | A |
yenosuio 5| | <<e, TakuM 06pa3oM, s JOA#HO YN0BIACTBOPATE ABYM HEPABEHCTBAM

|Al<1 u |h|<%.

CrenoBareabio, 3a YHCIO v MH MOXKEM B3ATb HaHMeHbllee 3 ABYX yucea 1 u
%. [lpu Maabix ¢ (a HMeHHO TpH 2 <C5) MBI JOIKHE B3ATL v;=—£5-—, H BO BCA«
KOM Cayyae OYyCBHIHO, YTO Hafilenuoe v GyaeT, NMpPH 321aHHOM &, OJHIM H TCM Xe
LI BCEX X M3 MpoMexytka (— 1, 2).

YKasaunwe cBoficTBa MOryT yxe He HMeTh MeECTa B CIyyae pa3phIBHBIX
GyHRUHA Ban GYHKUH{l, HENPEePLHIBHHX TOABKO B H Y T P I NpoMmexyTka. PaccMor-
puM ¢ynxuuio, rpadHk Kotopoit nsobpamed Ha piuc. 46. Ona onpeaenena Ha
npomexytke (— 1, - 1) 1t nseer paspuis npu x = 0. Cpexn ce aHaycHuil HMEIOICA
CKOIbL YTOauOo 6:II3KHE K CUHINe, HO OHa Ne TPHHITMAeT 31Auciug, Pasloro
exuumue, M 3uaycHuil, 66apmux exnsnus. Takuym o6pa3oM, cpeaH snayeHmit atolt
Gyuxuin Het nanboavurero. Toyno Tak #e Cpeqil ITHX 3HAYCHHI HET M HAHMEHDL-
wero. JaesmentapHan QyHKUHA y =X He NpHHHMaeT BHYTpH mpomexyrtka (0, 1)
HH Hai6oAbIUero, HY HalMeHbliero 3HavenHa. Ecan paccmarpisarb sty e QyHK-
uHo B 3aMkHyTOM npoMexytke (0, 1), To oHa OyjeT ZOCTHIaThb CBOEr0 HaHMEHb=
uero nayeHa npu x =0 n nanooavumero npu x =1. Paccyorpum ewe ¢yHi-
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U] f(x)—_-_-sln-;f-, HENpepHBHY0 B npomexyTke 0 < x <1, OTKpHTOM CreBa,

1 1
Tlpu cTpeMaeHHH X K HYIO 8pryMeHt - GecnpeneasHo pacrer, u sin = Kones-

nerca Mexny (—1) u (4-1) n He nmeer npesena npu x — -0, Tlokaxem, yTO0
yxasauHaa QyHKuHA He 0671aaeT PABHOMEpPHOI! HENPEPHIBHOCTLIO B NMPOMEKYTKE

0 <<x =<1, PaccMOTPHM JIBA 3HAYEHHAN X' = — H X" ==-——"" . 1€ 11— lCJ08
<x< pus R = @nFn= Ren—u

nooxuteasHoe yucao, O6a OHN NMPHHALIEKAT YMOMAHYTOMY NPOMERYTKY MpH
ao6oM BubGope n. danee, Mbl HMeeM )

Fx)=sinnn==0, f(x")=sin (m + %) =1,
Taknm o6pasoy, '

P —f) =1 0w = s

[Tpit GecnpeneabHOM BO3PACTaHHH LEIOr0 MOJTOXHTEILHOIO YHCIA i PA3HOCTS
X" — x' c1peMirca K HYalo, a pasHocts f (x'') — f (x') octaerca pasHoit eaunmue,
Orciona BHIHO, YTO He CYmeCTBYeT NONOKHTENbHOro 7 11 npoMexytka 0 < x =< |
Takoro, yto H3 (21) caeayer |f(x")—f(x")|<Cl; ato coorBercrByer BuGopy
e==1 B dopmyae (20).

Bosbmem dynkumio f(x)=xsin T}C—' Mpu x — 40 nepsuit MuoxuTens X

: .1
CTPCMIITCA K HYI0, & BTOpOf’I sm}- He¢ ImpeBbIiaeT €IHHIIELL TO abcoaoTHON

BeanunHe, a notoMy [32] £ (x)—0 npit x — 0. IIpi x =0 Bropoft MHORNTEND
He HMeeT CMBICIA, HO €CIH MH JOTOJHIM onpeieieHiie Haweil Gynkuumy, nojIoxns

JS(0)=0, 1. e, Gynem cuurarh f(x)=xsin%_— mpn 0<x <51 u f(0)=0, 10
noayuns QyHKumo, HenpepxBHYI0 B 3aMxHyTOoM npomexytke (0, 1), ®ynkunn
sin; H X sin 3 06:1a1210T, OYEBHHO, HENIPEPHBHOCTHIO NPH JIO60M X, OTIHYHOM
OT Hyas.

36. Cpasnenue GeckoHeyHo MaJLX M OecKOHeUHO GOJNBIIHX Be-
auuun. B panenefimem Gyksavmu a n 8 mb Gyaem obo3nauarh ynopsaao-
YeHHble NEpeMEHHH'e, KOTOpHE HMeloT OfHY H Ty ke YNOpPAXOYHBAIOWLYIO
nepemennyio (3Ha4yok 1 1N nepeMennyo f), Tak UTO MH MOMEM NpOH3-
BOAHTEL 3JeMEHTapHue AefiCTBHA Ha STHMH MePeMEHHBIMIL )

a
TeopeMa O npefieNe HACTHOTO HEMPHMEHHMAa U MH 6e3 JONOMHHTENBHHIX
- HCCMIeMIOBaHHit NHYEro He MoxeM CKa3aTh O CYMECTBOBaHHN npefena y
STOTO YaCTHOrO. :

IMonoxkuy, urto a n § crpemarcs K Hyaio, 10 Ne NPHHAMAIOT B NpoO-

Ecmn nepeMeHHnle & i ﬁ CTpEMATCA K NIy, TO K HX YacTHoMy

necce H3MeHenus 3tayeHusds HyJb H 4TO OTHOI.I.Iel"’lé -E— CTPEMUTCA K IIpe-

. a
Ay a, KOHCUHOMY H OTJHYHOMY OT HYy/i. Hpu 2TOM H OTHOWICHHE —

8
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l .
CTPEMHTCA K Npefedy —-, KOHEWNOMY U OT.IuioMy OT nyas. B stom

€Iyyae TOBODPAT, UTO & Il 3 -— GeckoHeqyHO Ma.avle 00HO20 W 11020 Jce
nopsoxa.

Ecau npenea ornomernns S— paseit Hya0, -TO roBOPST, uT0 B — Oec-

KOHEMHO MaAas BulCwC20 NOPAOKA NO CPABKEHUI0 € & W WIO & —
GeckoHe4no Maaas Hu3iwezo nopadxa no cpasienuio ¢ 3. Ecan ortnowe-

B

a
nie - CTPeMITCH K GecKOleyuoCcTH, T0 g CYPEMHTCs K Hyilio, T. e. B Gy-

B

ACT HM3UIETO NOPRAKAa TO CPABHEHHIO € « I @ BLICIIErO NOPsAKa NHO
cpasiienniio ¢ . Jlerko nokasatu, uto ecau 2 u B GecKonewHo maasie
00020 U mo020 e nopadra u | OecKOHeuHO .MaAas 8bicilezo Ho-
PAOKG NO ONMHOWEHNNO K 3, MO OHA OCCKOHEHHO MAAASL BHCUEZO ne-

padika u no omuowenuo x 9. Ilo ycaosino ;——»0 It OTHOLIENIIE & IINMEeT

b
I
npeae, Koneunsiit n orauunnil or nyas. Ha ouesumnoro pasencrsa
a
=§ <=, B Clay 1copeMul O npefene NpousBelennd, HenocpeAcTsenilo

B
caeyer, 1o z — 0, uT0 1 A0KA3WBACT HAlIC yTBEpHICHIE,
P
Orverny sausifi vactunl  cayuati Geckoncuio 'Majaux OANOrO it

2 { 3 \
TOro #e nopyaxa. Ecan 5—’1 \llpll 3TOM 1 P ]}’ 70 OeckoHeylo
; 3
I

8a
MaILe @ 1 3 HA3WB3IOTCH IKEUSAACHIIRLLIL M3 papeicTsa —==" — ]

11eNOCPEeACTBEHIO CJelyeT, UTO SKEUBAACHMHOCHL & U § PABHOCUALHA
IN0MY, LIO pa3Hochts 3 — o ecine OeCKOREHHO 1a.aasn 86lcide20 NOpAOKa

g

——a x
no omuowenuto ¥ 2. H3 pasencrsa g = 1 —3 TOYNO TaK ke ¢Jaelyer,

YTO 3KBUBAJCHTIOCTL pAaBlOCH/AbLHA TOMY, UTO ?—a €CTb GECI\OHE‘H!O

MaJas BLICHIErO HOPSAK2 10 OTHOUICHHIO K §.

Ecan otnoluernie -—B-k-, rie £k — nocCTofiloe MNOI0:KHTEdblIoe 4ic.1o,

a
CTPEMUTCA K IpeAg.y, KOHCYIIOMY I OT.INUIOMY O HY.14, TO FOBODS#T,
yr0 § OeckoHenno asras nopsdka k no cpaguenuio ¢ «. Ecau %—,c,

3
ri¢ € — MHCA0, OTMIOE OT HyAs, T0 ——z—1, T. e § u cak — sKBi-
X

Badentunie GeCKoleulo Maawe, M CJ1€10BaTeabiio, pa3noctb |==B— ca®

ecTh GecKolieyilo MaJas BHCIIEro Nopsaka no cpasnemio ¢ § (wan no
cpastiemio ¢ o). Ecau npunsats a 3a ocHoBHYI0 GECKONEUNO Masyio,
10 paBenctso P==ca®-}-7, rae -— GecKoueuno Maian BHCUIETO 110-
paaKka 110 CpabicHing ¢ u®, upeacrapaser cofon Beaedenne n3 6ecKo-
weuno wmaiofi B8 Geckomenno Mazoro caaracmoro ca®  (upocreiiue-
ro BUIA NO OTHOMENNI0 K a), TaK 4YTO OCTaToKk | ecrb yke Oec-
kOlle'llIO MaJ1an BHICIIECTO nopﬂ}u\a no cpasluenyno ¢ a (Hilll o cpasle-
nio ¢ o).
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~ Ananornunuy 06pasoM nponspoantca cpapuenne Gecroneuno Gonb-
wux semmmun v, Ecan f—i CTPEMHTCH K npefeay, KOHEUHOMY U
OT/IYNOMY OT Nyad, TO TOBOPST, YTO N B U 6ec1<dnequo 0o.bIIMEe BEH-
yue OAHOrO H TOro ¥e¢ nopaaka. Ecan ;—:——»0 'ro——’oo B s10u

cayuae ropopsar, yto v OGeckoneuno Goabluas uusmero nopsaaka no
cpasuemmio ¢ i uan 4t0 u Geckomeuuo GOAbIIAs BHCINErO NOPAAKA NO

v
cpasuemnio ¢ v. Econ ’-‘ —1, T1O Oeckotieuno Goasumte Ha3bLIBAIOTCA

sxpupanentHeMit. Ecan —k, rae k—nocmmmoe NOMOKNTEABIIOE YHCO,

BMEET npexed, Koueuusit H OTANULHN OT HyJd, TO-TrOBOpAT, UTO U
Gecroneuto Gosbuias A-ro mopsaiaxa 1o cpaeHemo ¢ . Bee ckasannoe
puigie 0 GecKoneuno MajAHX HMeeT MecTo 1 Ana Oeckomeuno GOAbuMiIX.

B

v
Orsernn eure, Uro ecau omomelme— nan o BOBCE 1€ NMEeT npe-

NeN3, TO COOTBETCTBYlOLWHE Oeckoneuno Majawie N 6€‘Cl\0l|€'II|0 60J|b-/~
IHII€ HA3HBAWTCA HECPABHIIMBIMIL .

37. Mpumepsr

1. Buimre mur Bnaca, uro -
. sinx

lim =1,

x—0 X

T. ¢ sinx 1 x CyTb SKBHBAIEHTHBIE 6CCKOHC‘IH(_) Matde, M, caelosarcanio, pal-
HOCTB §in X — A" ecTb GeCKoHEYNO Malaf BHLICLIETO nopsaka fo OTIHOMICHNIO K X.

Maapiwe MB YBINM, UTO 3Ta PA3UOCTH SKBHBATEHTHA — X%, T. €. ABIACICA

GeckoneyHo Maloil TpeTsero MOPALKa NO CPaBHEHINO € X.

2, MMokasxesM, 4TO Pa3nOCThb | — COS.X €CTh GeCKOHEUHO Magas BTOPOro fo-
pAaka no orHowremmo x x. JeficTBuTebHO, NPHMEHARN H3BCCTHYIO TPHIOHOMET-
puyeckyo GopMyay It 9aeMeHTapibic npcodpasosamm, noayyns

2sin? /sm £\
l—cosx 2 _ 1 2
X2 T Xt 2 X .
5
x
Ecat +—0, 10 a=i; TAKKE CTPEMUTCA K NY1i0, W, KAK M NOKA3aaH,
Y
sin - .
\ . sina . l—cosx 1
lim ——= lim =1, =, cacgosareasno, lim ———— =+,
x=0 X a0 @ x—0 X 2°

2

T. ¢. acitcreurensno, 1 — cos x Geckoneylio Maxas BTOPOro HOPAZKA NO cpannc-'
HHIO C X,

3. H3 dopuyan

. . X

MMy — | =——-—
N AE Y
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crenyer ,
Vita—1 i
x ViFe41’
OTKYyJa
o ViFx—1_1
ll_'."o x 2

T.e. V14X —1 n x cyrs Geckoneuno Male OAHOTO NMopAIKA, NPHYCM
Y T4-%—1 sxeupazcurua o
4. JIoKa:meM, uTO MHOrOYICH CTCNEHH M CCTh Geckoneyno Goiblias noe
paixa m no cpasnenno ¢ x. JHelicTBuTeabHo,
A"+ @ X e g - ap —_
Xxm

lim
X — 00
. a; Om_1 | Gnm
= lim (00 +T+--.+;‘”ﬁ‘+‘ﬁ = a,.
X = OO -
Herpyauo BHICTE, 4TO aBa MHOTOYIEHA OIHOI M Toll e CTCMEHI, NPH X — OO,
CyTb OcCKOHCYHO Goabluie OHOTO M TOro Xe nopsika. HMx orwowmwemie umeer
upeleIoM oTHoWenle ux crapwux koddduusicnton. Hanpumep,

543
i Y br—3 X 35
m = lim D) 1 ==

x—b007't2+2"'-+4 X =0 7+%+_\_=

Ecan crenemnt aByx Muorovaenos Pasanyuu, T60 OpH X — 0O TOT M3 Hux Gyacr
6eckoleyHo 6oabluoli BBICIICTO nopsaKa [0 CPABHCHHIO € JAPYTHM, CICHNCHL KO-
10poro Goabuic.

38. Uncno e. Paccyorpuy oaun BaxHbil A1s paibhefiwero npimep
nepe.\xeuuoﬁ BEIUYHHL, A HMEHHO, paccMoTpuM nepesMennylo, npuHi-
MaloIYI0 3HaueHls L1y

( 'T'F) )

rae n, BO3pacTas, NPHHIMAET IleTble IMOIOANTETbHHE BHAuEHNs H CTpes
MUTCS, TakuyM oOpasoy, k —f-oo. Ilpumeuss ¢opyyay Gunoma Hbiotona,
noIyynM

1\ nl nin—1 1 nn—Nn—2) 1
(1+F> “1+T7+ 21 n—”+ 3! W

tn—Dn—2)...(n—k+1) 1
_}_“._l_rn ) (n = ! —4- n_k+'°°+

nin—){n—2)...2-1 1
+ ’nl nt
1 1 2
=11t gt =)+ (—F) (=)

2!\ ny

+%(1—H(1—-3) ...(1—k:1)+...—i—
B
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Hanncaunan cymma comepxur (n—-1) nonoxuTeIbHHX C/araeMbix.
IMpn yBennueHun wesnoro umCHa 7, BO-MEPBHX, YBEMAUUTCA YHCIO CJa-
raeMHx H, BO-BTOPHX, KaKAOE U3 NPEXKHHIX CAaraeMBX TaKixe yBeldd-
unTCH, TAK KaK B BHIpawennn olbuero unena')

S0=50=2) (=5
k! n n n
k! ocraerca Gez u3MeHeHus, a PasHOCTH, CTOfLHME B KPYFIBIX CKOOKax,
ysemiyarcs npu yeemuyeuun n. Taknm o0pasoMm, Mel BHANM, 4TO pac-
CMaTpHBAaEMad TEpeMeHHad NpH YBEJAHYEHHH 7 yBequYMBAaeTcCd, M AJs
TOrOo, 4TOOH YyOeanTbCA B CYUIECTBOBAHIN INpegesaa 3TOH MepeMeHHOH,
JOCTaTOYHO JOKa3aTh, UTO OHA OrpaHuyeHa,

3aveHnM B BHpaxeHnn OOIEro wieHa KAKAYIO H3 YNOMAHYTHX pas-
HoCTelt emuumnef, a Bce MHOXHTemI, BXoadwuxe B R!, Hauuwaa c 3,
3amenuM Ha 2, Or Takoft 3avensl obwinft usien ypemmuurcd, H Mo Oyaem
1Mers, npuMeHss ¢opMyay AJAA CYMMBI UJIEHOB reoMerpuyeckoft mpo-
rpeccun

(142 <tHi+g+a+ ot gt tmr=
1
T

1—

1

:1+

1
=3 =73

n
T. €. mepeMeHnas (1-}—%) orpaimuena. OGosnayny npegen stofi mepe-
meunoft Oyxsoft e:
n :
lim (l—[—l) =e (1n—ueroe NOOKUTENbLIIOE). (23)
n-»-4-00 n

dror npegsen me Mower OWTh, ouesnauno, Goaswe 3. B dopuyre (23)
‘1es0e /1 MOXET, OYEBHIHO, CTPEMHTLCS K —— 00 MoGHM 06pasoM.

1\*
JlokaxkeM Tenepb, UTO BHIDaWeEHHE (l+,\7) CTPeMHTCA K TOMY e

npeneny e, ecau X — —}- 0o, NpuHNMag Aw00He 3naueHnus,
Ilycts 7 — nanGoabuiee 1€A0€ 4HCH0, 3aKMoyaoueecs B X, T. &

n<<x<n+1l

1) Mpon3senenne (1—%) (1—%) ‘e (l—-k—;l) noayyaerca 3 japobn

nin—ND{AE—2)...(n—k+1)
i nk !
cCIH KawIit 13 B coMuoxnrelef, cToAmMX B YHCIHTeNe, pasmeurb Ha n,

npuuiMasg BO BHHMAaHHC, YTO YHCIO COMHOXHTeXell n B 3uHaMeHarene TaKme
pasuo A. :
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Hincio 1 CTpeMuTCs, OueBHAHO, BMECT€ € X K —}-oo. Ilpunnmas Bo
BifIMaNNe, YTO NP YBEAHYEHHH MNOJOKHTEJLHOrO OCHOBaHUs, GOXbIIEro
eHHHLH, 11 NIOK43aTe.Isi CTEeNeHI ysenunBaercs H CaMd CTEneHb, MOKEM
HanucaTh

() <ty <) @4)

Ho, B cnay pasencrsa (23),

im (1=~ —\"— lim el
|

n—»—}—oo

AN (N (Ee) B

n—--o n—-l-

Takny o6pasow, xpaiinne uiexs nepasencrsa (24) crpemsrcs K npe-
Aedy €, a MOTOMY K TOMY ke Hpeide]y JOLKeH CTPEMHTBCR it cpeaunil
wiel, T. e

lim {1 L)’” —e. (25)

X~ 00 <

Paccyorpum Tenepr TOT C€ayuail, Korja x crpeMutcs K- -— oo. Beeacym
BMECTO X 1OBYI0 NEpeMennyio y, no.aras
Y¥=-—1—y, omyla y=—1—x
13 nocaemnero pabencTBa BHANHO, NTO, NPH CTPEMAGHMN X K — CO
¥y crpemitcs K~ co.
i

] X
Copepuwias B BLIpasKeHi (1#7) 3aMeny mepeMennux i npHiiMas
BO BlHHMaLLE papencteo (23), noayuim

lim (1+—l—)x=—‘ lim (———i V' = i (ﬁ‘f\)w=

X —cC x y—oo Y 1 _)'} Yy
/ .
= lim I(l_._l\)’ 1- H=8~1=L’.
yotolU Ty :

Ecan x crpemurces K ©o, uvea mobue 3naku, T e |[x|——-co,
TO N3 MPeNLAYHIEro CIeAyeT, yTo I B 3TOM CJIyudae
. L1y
lim (1) =e. (26)
. X
X— 00 A
Brnocaeactsiu Mp HOKZAKeM ya00uuil nyTn A28 GHUNCIONNA HHCIa ¢
¢ ao6oit crenensio Tounocti. Yucao sro, Kak OKa3bIBAETCHA, €CTb YHC/I0
HPPALIONAJILHOe #f € TOYHOCTBIO A0 CEAbMOrO AECATHYHOrO 3HaKa OHO
BHpaKaeTcs TaKk: e ==2,7182818.,,
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BA\¥
Herpyano tenepe mafiTu npenea swipameitns (1—{—;) , rae k — nau-
noe uncao. Ilopsyace HenpepHBHOCTHIO CTenemtoft  GyUKUHH, noay M

tim (142" = tim [[14- # = tim [(1+%)yjk=e",

X0 X =00 —_— y—x

rae Gyksow y 06o03ianeno yacrioe %, cTpemsaueecs K OGeCKOHEuHocTH

OJHOBPEMEHIO C X.
k\NP
Boipaenus Bina (1 —F) BCTPEMJIOTC B TEOPHH TAK HMa3bIBAEMBIX

- €noXNHX npouedtos. Ilpeamonoxu, yTo MpHpawienie Kamirazd MpomHc-

xoaut ewxeroano. Ecau kanutan @ oToaH U3 p NPOLUEHTOB FOAOBHX, TO
P
100°
no mpouwectsmit BToporo roaa o Oyaer a(l -+ &)% u, BooGie, no mpo-
wecTBun m net o Oyaet a(l-- &)™

No HCTeueHHH roga Hapamennslt xannran 6yaer a(l--k), roe k=

1
Moaoxum Tenepob, UYTO MNpHpAUIEHHE KanuTama MpPoHCXOoaUT uepes 7

yacts ropa. Ilpn 3TtoM uicaA0 & YMEHBIHTCA B 71 Pas, TaKk Kaxk npo-
IeHTHAT TaKCa p paccunTana Ha rof, a YIC/AO MPOMEKYTKOB BpeMens
yBeauuurcd B 21 pas, u Hapawenusit Kamuraa uepes m aer Gyaer

- { E\mn
Q ( —I—-;) .
nyCTb,.HaKOIleu, n yBe.’m'mBaETCil 6ecnpe,’le-’“>"0, T. €. npupawenne
Kannrtahia npouCXOodHT Uepe3 BCe MEHbBUIHE MPOMEKYTKU BpEeMEHU U B npe-
Aene — yenpepweiio. ITo npomecTann 2 Aer napamennsit kanutan 6yaer
p\mn . EARm "
1i ( \) — (1 —) = m
tma (137 = i o 143 = e

[IpuMem uncio e 3a ocnosaune aorapudymos. Takune gorapndm na-
3LIBAIOTCA  HamypaasHsiMu  ao2apupsmasu u nx oOsiuno obo3uauaior
npocro 3uakom log (nnu ln) Ges ykasamus ocuosanis.

log (1 + x)
X

uucanNTeNs W 3naMeHareas crpemarcs K mymo. Packpoem ary ueompe-
Jenennocts. Beeaem 1iosyio nepesennyio y, noaaras ‘

1 1

K=, Toe y=-,
OTKyaa puano, uro, npn x -0, y crpemurcs k Geckoueunocrd. Beeaa
3TY NOBYI0 MNepeMennyio M noJb3yich nenpepusuocrmo dynrwg log x

npi x>0 n dopmynoit (26), moAy s

log(H—A) 1 ( 1y
I = lim ylog (1) = 1Y —toge=
im ——— im 3 ]og(l y) lim log y) logg 1.

X0 J— y-

Ipu cTpemnenuu nepemennolfl X K HYJIO B BHpAameHny
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U3 storo gcua uenecooGpasHocTs Coeaanuoro BGopa oCHOBANMNS J0-
rapndmos. TouHO Taxk ke, KaK NpH PagHaHHOM H3MEepeHHil yIJI0B, HCTHH-
sin x
< npu x=0 pasHo emnniue, 8 cayqae
log (1 4+ x)
X

110€ 3HaYCHHE BhIPaKEHHSA

HamyparsHolx /toeapugﬁ.uoa UCHIURHOE 3HQUCHUE BbIPpAXNCEHUA
npu x=0 moice pasno eduxuye.

Hs onpeneaeHus JIOI‘apHQ).\IOB BRITEKAET C/J1eAylomee COOTHOLUEHHE,
N=alogaN.

ﬂorapmpmlpyﬂ 5TO COOTHOWICHHE MO OCHOBAHUIO e, NMOJAYYUM

1
loga®

log N=1log,N-log a nau log, N=logN-

Cootnouenite 310 BHpamaer Jgorapudy uucaa N npn moGoy oCio-

Ballil @ yepe3 ero HarypaJeHuil aorapugy. Mmoxunreas M= Ha-

loga
3LIBIETCA .r0dy.ie.qt cncTeMul JorapidyMoB ¢ ocuopauueM @ npn a==10
OH BBIPAKAETCA C TOYHOCTBIO 40 CEALMOrO AECATHYHOrO 3HaKa Tak:

M=0,4342943..,

39. Henoxasaunple mnpeasos:eHus. [lpn nsioaemnn Teopnn  mpe-
JeJI0B MBl OCTaBILT HEZOKAa3aHHBIMI HECKOJILKO npeaaoienii, KoTo-
puie  celivac nepeuncaiiv:  CYuleCTBOBaHne npeleta 'y  MOHOTOHHOI
orpaindennoft nepevenoli [30], neoOxoAnMoe 1 JOCTaTOYHOE YC.IOBHE
cyinecrsopamiis npeneia (mpusnak Koumr) [31] n tpu cpofictsa nenpe-
PHBIILIX B 3aMKHYTOM npoMexyTke ¢ynukuuti [35)]. lokasareasCTBo 3Tnx
npeaaoeHitl OCHOBHBAETC1 HA TEOPINl BEIECTBENHBIX Yucead u aeficrButi
Hag unvi. Usnoxenuo sToil TEopun U A0Ka3areaLCTBY YNOMSHYTHIX BHILE
npejaoxenntt 6yAyT ROCBSILEHH! CIEAYIONLNE HOMepa.

Bpeaem ewe oano Hosoe mnousTHE i1 QopMYJHIpYeM elle OZHO Npea-
J0KeHIle, KOTOpoe Takike OydeT nokaszaHo mmike. Ecaim MBI nyeeM MuO-
KeCTBO, COCTOfALIEe H3 KOHEYHOrO YiC1a BEeWEeCTBeHHHX ulcea (Hanpuyep,
MBl [IMEeM THICAYY BeuleCTBEHHLIX uHCed), TO cpedil HUX Oyler Kak Hai-
Goabuiee, Tak o Hanmenbwee. Ecan e Mu nmeem GeckoneuHoe MHOKe-
CTBO BEIUECTBEHUBIX YIHCeT I Jae TaKiX, YTO BCE STH YlicAa mpuHai-
ZE€KAT ONMpeNeeHHOMY NPDOMEXKYTKY, TO BCE K€ HE BCErja cpeiau 3THX
unces Oyaer nauGoabliee i HaiMedslwee. Hanpumep, ecan mp pacemor-
pUM MHOKECTBO BCeX BElMeCTBEHHBIX 4HCeJ, 3aKJwdaiounxca Mmexay 0
1 1, Ho He OyaeM NpPHYHCIATH K 3TOMY MHOKECTBY caMixX uucea 0 n I,
TO Cpeall 3T0I0 MHOWCCILE Yiced el Hil HanGoabliero, HU HAHMEHD-
utero. Kakoe Odl uic10, 01113K0€ K eIiitiue, HO MCHbIIS €€, MBI HII B34.i,
natizeTcst Apyroe 4lcI0, JeMallee MeAAy B3ATBIM YHCJAOM I exuHuiefl.
B aaunoM cayyae uncaa 0 u 1, He npunamiexaliue K B3STOMY MHOKe-
cTBy uncesd, 00437a0T N0 OTHOLUEHHIO K HeMy "CJASAYIOULHM CBOHCTBOM:
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Cpean unces Hamero MHOXECTBA HET uuces, G6mpwinx eIHHUUH, HO TPH
M000M 331aHHOM MOJOKHTENBHOM 4iICIe € eCTh uncaa, 66apwie (1 —e).
Touno Tak ke cpeml YHCea HAUIero MHOMECTBA HET WHCEJ, MEHbUINX
HYJ4, HO Mpi MoGoM 3313HHOM NOJOKHTENLHOM YHCIE & €CTh YHCAA, MEHb-
uie (04-¢). Dt uncaa 0 n 1 naswBAOTCA MOYHONL HudCHel W MOYHOIL
sepXHell 2paHuyaMu YKA3aHHOrO BHILIE MHOXECTBA BEWECTBEHHBIX YICE.

Iepefinem ot atoro npuMepa K ofuwemy cayyaro.

ITycTts uMeetcs HeKOTOpPOe MHOXKECTBO FE BelleCcToeHHHX unced. [o-
BODAT, YTO OHO O2PAKUYEHO CEepXYy, €CaI CYWeCTBYeT Takoe uncao M,
YTO BCe WYiCJ3, NpHHAJexKawie MHOXecTBy FE, He npesocxoast M.
TouHo Tak ke roBOPAT, YTO MHOXKECTBO O2PAHUHEHO CHI3Y, €Can Cyiue-
CTBYET TaKOe WHCAO /1, YTO BCE UIC/AA, TPHHALIEKAUINE MHOKECTBY
E, ne menee, uem m. Ecan MHOMNECTBO OrFpPaHHYEHO CBEPXY I CHH3Y,
TO €ro NpPCCTO HAa3HBAIT 02PAHNHEHHBLIL.

Onpeneanenne, Tounoli sepxuell 2pannyeil smwoxcecmea E Ha-
3ugaom  maroe wucao § (ecau omo cywecmsyem), wmo cpedu qucea,
npunadaexncamux E, Hem wuucea, GOaswmux B, Ho npu awlGom 3adan-
HOJL NOAGKCUMENBHONE & ecms wucaa, Goarsute (B—e). Touxoi Huowc-
Heil 2pannyeil Muomcecmea E Ha3bieaemcs maxoe 4ucao o (ecau OHo
cymecmayem), 41mo cpedu wucea, npunadrexcamux E, Hem duicea, Menb-
wux @, HO npu A06oM 3a0AHHOI NOAONCUMEABHOM & ecmsp 4ucaa,
Jtensuie (a—-e).

Ecan muomectso E He OrpaHHu€HO CEEPXY, T. €. CYUIeCTBYIOT 4ncaa
n3 E, O66apwne mo60oro 3ajanioro 4ncla, TO MHOKECTBO He MOXeT
nMeTh Tounoft Bepxuefi rpammu. Touno Tak ke, ecmt Muoxecrso £ ne
OrpaHHYEHO CHH3Y, TO OHO- He MOXET NMETh TOUHOH HiKIell TpaHHuH.
Ecan cpean uncen MHOMECTBa eCTh HanGoJbliee, TO OHO, OYEBHAHO, H
apagerca ToyHofl Bepxueft rpamnuelt Muoxecrtra. TowHO Tak ke, ecan
cpeain uyncea MHOXECTBA €CTh HaHMEHbIUee, TO OHO M ABIAETCH TOYHOM
" HmKHell rpammueft mnoxecrsa E. Ho, kak MB Bumenn, He pcerpa cpeau
yice1 GECKOHEUHOrO MHOXKECTBA €CTb Han6ospliee WM HauMeHblUee.
OnHako MOKHO MOKa3aTk, YTO Yy JLHOJCECMBA, 0PAHULEHHO20 CBEPXY,
8ce20a uaeemcs MOMHAR BEPXHASL 2PAKUNA, @ Y MHONCECIN8a, 02PaNl-
UEHHO20 CHU3Y, — nmouHas HuxcHAR 2panuya. OTveTHM eme, 4TO 13 ON-
pesenelis TOUYHHX TPaHHl HENOCDEACTBEHHO CJEAYeT, YTO TOuHas BEpX-
HA9 1 TOYHAA HILKHAS rpaHnua MoxeT OHTb TOJBKO Oaa.

YKazanneMin B HacTOAIIEM HOMEpE NpeaaoXenusMH MH OyaeM 4ac1o
noAb30BaThCA B MaipHefimneM.

Caenywonygie HovMepa, HameuaraHHbie MeakuM wpudroM, moryt Gurs
NpoNyWeHsl NPH NEPBOM YTEHHH.

40. BewrecTBeHnbte wHcaa. Hawnem ¢ n31oxennsa Teopun BemecTBEHHHIX
yncer. Mbl HCXOANM 113 MHOXECTBA BCEX PaUIIOHATLHLIX YHCEd, HEIHX 11 ApoG-
HHX, K2K NOJ0XNTEIbHHX, TaK M OTpHUATeIbHHX, Bce 31 paunonaanHue yitcaa
MOXHO ceGe NPCICTABHTL DPACHOIOKEHHEIMH B MOPAIKe NX Bo3pacranmus. Mpn
9ToM, ecay ¢ M b 1sa MOGHX pPa3INYHHX PAUHONAILHHX 9ICIa, TO MEXAy
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HIIMIL MOX!O BCTAaBHTL CKOJIBKO Yrodio paulioHAIbLHBWIX YHCesad, ﬂCﬁCTBllTCJblIO,
-—a

, rae

11— Kakoe-Hud YL neaoe MOJIOKHTCALLOE YIUCI0. Paunonaibhuie wncia a-4-r,
at2r, ..., ad-(n—1)r acxar Mexay a it 5, W, BBHAY HPOU3BOIBHOCTH
B, BLOOpE 1C100 MOJ0KHTEALHOrO YNCHA 71, HAWIC YTBCP:KACHIHE NOKA3aHO,

Hasosem cedenuess 8 obaacmu payuoHaasHeix wuce BCAKOC pasicichsie
ECCX PauHONAILUBIX YICET Ha TakHe ABa Kaacca, 4To A1060¢ uICIO 0A10ro
(nepBoro) kiacca Menple J06oro yicia apyroro (Broporo) kaacca. Ilpu stow,
0OYCBIINO, €CI HCKOTOPOC YHCIO0 HAXOAHTCA B MEPBOM Klacce, TO II BCAKOC
MEHLEICE €r0 YIICIO Takie HaxXORHTCA B NCPBOM Kaacce, M CCII HCKOTOPOE
YHCI0 HAXOJHTCH BO BIOPOM KIacce, TO I BCAKOC Goablice YIICI10 TaKKE HAXO0-
JIICH BO BTOPOM Kiacce.

floaoxuM, uTo cpean yHCeI NCPBOro KiacCa ¢CThb Hanboivwee yucio. [Ipu
3TOM, B CHIY YOOMAHYTOro CBOICTBA COBOKYIMMOCTI PallioNaIblbIX YlCe:d, MOKIO
yTBCPEIATL, YTO CPCAH WICEI BIOPOro KIacca MeT HauMeuburero uicaa. Towno
TAK 2KC, CCIM CPCAN YIICET BTOPOrO KIacCa CCTL HaHMCHDLIIEC, TO CPCIN YHCed
uepsoro kaacca pet nanGoasmero. Hazoses ceuenite — ceweduest nepsozo poda,
CCII CPIAN YHCEA [ICPBOrO KJIacCCa €CThb HAanGoavuce I CPedll YHCET BIOPOro
Kiacca ccTL nanMesvuice. Jierko nocrpontt Takue ceuctita. Bosnmenm kakoe-
LHOYAb PanionaILHOC YHCIO b H OTHECEM K HEePBOMY KIACCY BCC PaloNaInbiiLie
$HCA3, MCHBLINC O, KO BIOPOMY KiacCy — BCC PallIOHAILHHKE YHCIA, Gdabune b,
a caMo uicao b otueces HaH K NMEpBOMY KiacCy (oHo GYACT Tam HanGoIbIuiM)
HIH KO BTOpOMY Kiaccy (ono 6vicT Tam nauMenwitnsm). Geps 3a & BceBo3mox-
K¢ PALHOHAILILIC YHCAA, Mbl HOIYUIIM TAKHM 00pa3oM BCCBO3MOKHLIC CCYCHINI
nepsoro poia. Mu 6yacm rosopiTb, UTO TaKOC CeucHuC MNCPBOro pola onpe-
RCAsET TO PAWoNAALHOC YHCIO b, KOTOpOe fBAACTCA HalGOILIUNM B HCPBOM
LTI HauMelLwiy BO BTOPOM Kiacce.

Ho cywectsyor u cetenusn smopozo poda, y KOTOPHX B HCPBOM Ki1acce
ner Hanboabltero Yiucaa, a BO BTOPOM KIACCC HET NaiMenbiero vicaa. flocrpony
upuMep Taxkoro ceyeunsd. OrneceM K HepBOMY  KJAcCy BCC OTPHUATCALHLIC
PALOIAABILIC YHCIA, YL 1T T€ HOJOXKHTEILHLC PaLHOHAIBILIC YIIC1a, KBAApAT
KOTOPBHX MCHLIUC ABYX, a KO BTOPOMY KIACCY OTHCCEM BCC TC PAUNOHAIBULIC
HOIOKHTCALULIC YIICa, KBAAPAT KOTOPLX Goavute AByX. Tak Kak e cyulecByer
PalIOHAILIIOrO YIiC1a, KBAAPAT KOTOPOro pasel ABYM, TO BCC PAIIOHATBIILC YICAA
OKQKYTCA pacnpeRc.achHbIMII, If MBI GYReM HMETh HeKOTOpoe ceyenite. [lokamey, uto
B HICPBOM Kiacce HeT nanboabumero uicaa. Jaa sT0ro pocraTouln noka’ate, 4Io
CCAI YHCA0 ¢ HPHHALICHKIIT NCPBOMY KAaccy, TO CCTb yucaa, 66IblHC @, TAKKE
upuualIc:Kauyle nepsoMy kaiaccy. Ecan a  orpHuareabno Al HYab, 1o 3Tv
oueBILO; T010%HM, 4To a>>0. [lo YyCI0BHIO COCTaBICHHA MNCPBOrO Kaaccd
a*<C 2. BeeacyM 10J0:RHTCIBLOC PAUNONAILUOE HHCIO r==2—@a* Il NOKAKCM,
YTO MOXKHO OIPCAEANTDL HACTOILKO MAI0C MOJOXNITEALIIOC PALHOHAILIOE YIICA0 X,
41068 (¢ 4-X) Takxke MUPUHATICKATO NEPBOMY KIaccy, T. €. uTOOH HMCI0CDL
11CpaABCHCTBO

nycTn a<b, I BBEACM MHOJOKUTCILHOC PAUNONAIBHOE YICIO =

2—(a-+a)>0 n r—2av—a?>0,

T. €. ACI0 CBOARTCA K NAXOMICHIIO TAKOIO MOJOKHTCILUOIO PAUHOUAILHOTO
YHCI, KOTOPOC YAOBACTBOPACT Hepasencrsy A2 -+ 2ax << r. Cynrag & << 1, umeem
X< A, o, cicaoBareasio, x*-4-2ax << x-+2av=(2a-}1)x, 1. c. HAM pocCIaA-
TOUO YAOBICTBOPHTL uepascuctsy (2a 4 1) & <<r, Takuy 06pasoy, X onpeae-
AACTCS M3 ABYX HEPARCHCTH

v <<l nx’———- r__
S ~SY%FI

OllCBH,'UlO, MOMKHO HAlTH CKOJLKO YroiHo TarUX HOJORHICILHBIX pauiloNnaiL-
HLIX A, KOTOpLIC YAOBICTBOPAIOT 0001 3THM lepasceticTBaM, COBCpLUClIHO TAK M
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MOXIO TMOKJ33Thb, YTO BO BTOPOM KJI3aCCE€ MOCTPOCBHOrO CeCYENNa HCT HauMelib-
mero yncaa. Urak, Mo nocrponan npimep ceyenns BToporo poxa. Ocnopnum
MOMEHTOM TEOpHH fIBIACTCA CICAYIoHlee COTIAMCHIC: MH CUNTaeM, YTO §CAKOe
cevenue 8mMOp020 poda onpedeasiem Hexomopwil W08 00zexit — uppayua-
HAbHOe 4uca0. Pasnbic cevyenis BTOPOro pola ONPCACIAIOT PasHHC Hppanio-
naishuie yitcaa. HeTpyano moramathes, uto nocTpoenHbl BHIINE NplMeEp ceye-
1N BTOPOTO pOXa ONMPeACIACT TO NPPauNioHaIbHoe YiCIo0, KOTOpoe Mu 06huHO
o6oanayaen V2.

Moxno paccraBlTh Tenepb- BCe BBEXEHNHE TaKlIM 06DPA30M HPPANNOHAILIEC
YIIC1a BMCCTC € NPEXHIMH Paunona’dbHEIMII B MOPAJIKE BO3PACTaHIs, KOTOPHIl
NHTYNTHBHO i1306paxkaerca 14 Hac TOuKaMu HanpasacHHoll ocnt OX. Ecan a ectn
11CKOTOpOE UppanuoHaiIbioe unclo, 10 M o6o3nauny vepes [ (a) u Il (2) nepeuft
N BTOPO{t K1accel TOro CEyeHus, KOTOpOe OnpelcafeT NPpalHoHalbHOC YHCIO a.
Mpr cunraem uncio e« 66abuinM, ueM Jwo6oc wicto n3 I(a), N MeHLIIHM, yeMm
ao6oe uncao n3 1 (a). Takum o6pasom, aw06oc ypparionaiblioe YHCIO CPaBHH-
caerca ¢ aofum  paunonaipney., OcTaercs ompejeanis nonarus Goabume w
MeHbme X1 1106uX. ABYX Pa3INYEHIX HPPAaUHOHAIbHBIX ulicex a 1 8. TToCKoIbKy
a 11 B pasanunw, kaaccen l(a) u 1 () e coBnagarnr, I oImy 13 K1acCOB 33K1i0-
yacrca B apyrom. [loaoxkum, uto 1(2) sakaiouaerca B (), T. e. BCakoe uncio
u3 I (z) npmnazaexur 1(8), no ecre uncaa us I (3), npunaniexamue Il (). Mpu
3TOM MH 510 onpeseiennio cuntaeM a<<f. Taxum o6pasom, COBOKYNHOCTb BCCX
PAUMOHAILHBIX I NPPANNOHATIBIEX YHCEN, T, €., III3Ue TOBOPA, COSOKVNHOCNIb 8CEX
BOU(ECTNBEHRBLY HUCEA PACNOA0CeHa 8 nopadre. TIpH 3TOM, NOIL3VACH A3NHBIMIT
BHILIC ONpelelcHNAMIl, HETPYANO NOKa3aTh, YTO €CIM 4, b u ¢ — BemecTBeiLe
yicra a<<b n b<<e, 10 @<, )

OTyeTnM npexie BCEro OAO 2ICMEHTapHoe CICACTBIE 113 YKA3anHbLX onpe-
aeaennil. Ilyctb a— nexoropoe nppaunonaitshoce uic1o. [lockoavky B kaacce | (2)
ster nan6oisiero, a B xaacce !l (z) HET HANMENBIUCIO WNCIA, TO BEMOCPEACT-
BCINO OYEBHANO, UTO MEXIY a H JOGBIM PallHoNaIsHLIM YICIOM g MOXHO BCTZ-
BITb CKOJBKO Yroailo pauHoHaibnwx yiceds. flycts tenepb a <<3— aBa pa3aamy-
1IBIX BPPAUHOHAIBHEIX ulica. YacTs pannorasbnbix uncea n3 I (3) Bxoaut B 1l (), u
0TCI01a HCMOCPEACTBEHNO CIeyeT, HTO MCXIY a I § TakKC MOMXIO BCTaBITh
CKOJbKO YTrOAHO pAUIOHAaJBHHIX uICET, T, €. BooGwic, Mexcdy 08yva pasaut-
HOLMI BEH(ECINBEHHBAMU  HUCAGMU MOJCHO ECHMIABUMD CKO.1bKO Y200HO paylc-
HABHBLX Hlicea.

Mb mepexoauM Tenepb K J0Ka3aTeIbCIBY OCHOBNOIi TCOPEMEI TCOPHI Hppa-
HNONaJblibiX yHCel, PaccMOTpNM COBOKYNHOCTH BCCX BEILCCTBCHHBIX YICET H
npoussenaeym B Heff Kakoe-puGyab ceuenpe, T. €. DacnNpeaeldiM BCE BeuieCTBElNbE
4ircia (¢ ToabKO palyonaiblibie, HO It Wppauionatuiuic) na aBa kaacca [ n Il
1aK, 4To6H J1060e uncio n3 [ 6uao Menbme Jio6oro yicaa u3 fl. dokaxkem, uro
NpH 9TOM o6A3aTelbHo nan B kaacce I 6ymet nanGoabniee wncao nan s Kaacce Il
6yact nanMenburee 4HcIo (OANO NCKTIOYaeT JAPYroe, Kax o BHIUE A1 ceuchs
B 061aCTN paunoHaIbhux uncel). J1a storo o6Gosnauny uepe3 I' cosoxynnocts
BCCX pannonaibnHX uHcea u3 I 11 yeped II' — cosokynnocTs Bcex paustonaib-
nux yncea 3 I Kaacew (I, II') onpeneasior Hekotopoe ceyenne B 06.1acTH panio-
MAaIBHKX YHCET, 1f 9TO CCYCHEE ONMPeNeINT BEUICCTBCHIIOC WICIO a (pannonaibnoe
B3I Hppannonaasnoe). Moxoxny 171a onpeaeacniocty, Yto 37O MHCIO « NpHNAL-
acxnt xkaaccy | npi ynousnyToM BHIIC pacnpele.IeHHH BCEX BElEeCTBCNBBLIX
yicea na gea kaacca. Tloxaxesm, 4To a A0aKNO GHITh HaNGOALIINM UNCIOM N3
Kaacca I. Hefictsnreasno, ecan 6o 3710 6HI0 He TaK, TO CYHICCTEOB230 G
B xJacce ] Bemecteennoe uncao 3, Goannice a. Boabyewm nexkoropoe paunonain-
BEOC YHCIO r, dexaiice MCkAy o H 3, T. e, a <<r<C3. Ono joaxkno npunagie-
warb kxaccy | m, cacpomareawnno, kaaccy I

Taxkum o6pasom, B nepeoM kiacce cevenna (I, II'), onpeneasioutero yicaa a,
HAXOMNTCA yHCI0 r, Goabiuce, ueM a. JToro 6bHTh HE MOXeET, M, CI€10BaTeibllo,
naie npeaAnoiokenie, Yyro a ne Han6oibuiee YNCIO Kaacca |— nenpaenavho.
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CoBepIICHHO ‘TaK e MOXHO MOKa3aTh, YTO €CHl a nomamaer B kiacc I, To ono
JNOIXHO GbITb TaM HaHMEHbIIHM YHCIOM.

Mrak, Mu 10Ka3a1H CIeAYIOULYI0 OCHOBHYIO TCOpEMY:

OcHoBHasn Teopewa. B awobos cewenuu, npoussedeHnom 8 obaacmu
BeujeCmBeHHNX Hlcea, 00A3amensHO: UAW nep8uil Kaacc codepicum HAU60Ab-
uiee HUCAO UAU BMOPOL KAGCC COVEPHCUI HAUMEHbUIEE HUCI0.

Bcem paccyineHHAM HACTOALLEIO HOMEPA JAErKo NpHAaTh IpocToft reoMerpi-
yecknlt cyeica. Chawaza Mo paccmarpuBaeM Ha ocit OX TOIbKO TOYKH C paumo-
HaapHuMI a6cunccami. CeycHHIO B 067acTH PaUlOHAAbHBIX YHCET COOTBETCTBYET
paspes npasoit OX Ha nBe noaynpasmsie. Ecai paspe3 MNpPOHCXOANT B TOUKe
¢ paunonaabHoilt abcuitccofl, TO MOJYYACTCA CCYeHlie INCPBOTO PO, NpHYEM
agcuicca T10i TOYKH, B KOTOpOil NPOHCXOIHT Pa3pe3, NPHYHCIAETCA caMa KM
K NepBOMy HIH KO BTopoMy Kaaccy. Ecam xe pa3pes npon3soiurca B TOUKe,
KOTOpOH He COOIBETCTBYeT pallHOHAIbHAA abCuuccd, TO MOIYYaeTcid CCYCHHE
BTOPOTO Pojla, ONpecasonlee HPPanHoOHalblioe 4HHC10, KOTOPOC H NPHHAMAETCA
3a abcumccy TOit TOYKM, B KOTopoii mpou3sseaen paspes. [locie samoanenns 1a-
KHMX NYCTLIX TOWYCK HPPALHOHAAbHAIMH ab6CcuUMCCaMH BCAKOE PACCEuCHHE NMPAMOil
NPONCXOANT Yke B TOYKe C HeKoTopofi BemiecTBeHHoit aGcumccoil. Bce 3sro
SIBJIACTCA JHWL TeoMeTpHucckoil IIToCcTpalHeil 11 He 1MeeT I0Ka3aTeabloll CHIaB.
Herpymuo, noap3aysch naHHbIM onpeneichiiesM HPpPauUHOHAILHOIO YiCIa a, 06pa-
30BaTh GCCKOHEUHYIO JACCATHYHYI0 Ipolb, COOTBEICIBYIOILYI0 310MYy uncay [2].
Besiknit KoneuHslll oTpe3ok 370i1 ApoGi JoX:keH npuBaziexats I (z), 1o ecait Mbl
YBEINYHM HAa CAHHHNY NOCICAHION UudPYy 3TOr0 OIpe3ka, TO COOTBEICTBYIOUICE
PaliIoOHAILIOEe YHCAO N01xHO Haxoantbes B I (2).

41, Nefictoua Ha] BewecTBeHHbIMH yicaamu. Tecopna uppaumnoHaaLusix
yilcea, KpoMe HaHHBX BHIC Ofipejelennii H OCHOBHOII TEOPEMb!, COACPKHT eule
onpedeiacuie AeiCTBIT HA1 HPPALIIOHAILILIMI UHCIAMI M HCCIEI0BAHIIC CBOICTB
stux geficrsuit. [lpit onpeaeiaeHnnt JclicTBHil Mbl 6yAeM PYKOBOACTBOBATHCH
ceycHNAMIt B 061aCTH PAaUHOHAILHHX YHCEd, M, MOCKOILKY 3TH ceueHya onpeie-
AT He TOJIbKO HppawiioHalslble, HO It PARHOHAILHLE YHCAA (CeueHHs NCPBOrO
poaa), onpexeacHne aciictsiil 6yAeT roAHTLCA Booblle A1 BCeX BEUECTBCHHBIX
yicel, HpHyeM a8 PAOHAILHHIX yHCeTI oOuHM OyIAYT COBNagaTh C H3BECT-
BuMiL TIpH H330MWeHII HACTOALEr0 HOMEPa Mbl OTPAaHHYHMCA TOIBKO OOGL{KMII
YKa3aHHAMIL,

CnenaeM mnpexsapurtelbHo OIHO 3aMeuyaHue. IIycTL «-— HekoTopoe Beuie-
crenive yucao., Bosssmeyn xaxkoe-mn6yap (Madoe) pauHOHATLHOC NOIOEKHTEILHOC
YHCI0 r, 3aTCcM pauHoHaibHoe 4@ uH3 1(z) 1 cocTaBHM apHPMETHYCCKYIO npo-

rpeccio
a, a-+r,a+2r, ..., atnr ..

fpu Goabwinx n yucaa (a -+ nr) nonaayt B Il (a), N, crexoBateabio, Gyaer
CylllecTBOBaTh Takoe ueaoe NoiloxkHuteabHoe k, uto {a-4(k—1)r} npuuangic-
wHT 1(2) u (a4 kr) npunanaexur Il (2), 1. ¢

3aMeyaHue: B 4000M ceqeHul PALUOHGABHOLX HlUCen CYUeCMBYIOm
8 PA3HLLX KAGCCAX 4UCAG, OMAUMAIOUUECS HA A060e 3a0aHHOE NOAOXHCIMeAb=
HOe payUOHBAbHOE HUCARO I, KAK Obl MAA0 OHO Hu 0bla0. '

[lepctinem Teneps K omnpeieilenuto cioxeHis. Ilyctb « n §—asa Beue-
cTBeHHHX uncaa, [lycrs a— aw6oe uncio u3 I(a), a—mns (), b—us @)
1 & —u3 I (3). Cocrabum BceBo3MOHHE CYMMB (a-}-b) 1 (@' 4+ &'). Bo Beakom
cayyae uMeeMm: a-+ b <<a' -+ b'. CocraBnM HOBOE CeyeHHe PallHOHAIbHBIX yuced,
OTHOCA KO BTOpPOMY KJIaccy BCe paliloHaJpHble 4Hcaa, 66abuue Beex (a-+0),
i OTHOCA K [epBOMY KIacCy BCe OCTalbHne pauuoHaibhsie uncia. [pu srom
aboe yuCcI0 MEPBOro KIacca MeHpine :A1060ro yicia BTOPOro Kiacca, Bce
uncna (a-+ b) oTxomar B mepBHIT KIace i BCe yKcaa (a’ 4 b') — Bo BTOpOIt Kaacc.
CocTaBicHHOC HOBOC CedeHHE ONpefeIHT 1EKOTOpPOC BCIULCCIBCHHOE YHCIO,
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KOTOpOe Mul 11 Ha3oseM cyMMoit (e -}~ 8). ATo yncro, ouenngHo, GOIBIIE UAN PABHO
BCeM (a - b) nm menbme HaH pasno BCeM (a'-}- b). IpnHnMan Bo BHHMaHIE, 4TO
B CHIY CHeIaHHOrO BHINE 3aMeyanysa, YicIa @ H &, a Takke b n b Moryr or-
JHYATBCA APYr OT JIPYra Ha J1060e Maloe MOJOKHTEILHOE DAIMOHAILHOE YICIO,
HEeTPYHO NMOKa3aTh, YTO MOXET CYIIECTBOBATh TOJBKO OJHO UIICIO, YIOBIETBO=
pajomee yKasaunnM Bolulc HepaBeHcTBaM. HemocpeZCTBeHHO mpoBepsiercs, YTO
CIOMEHNE YNOBIETBOPACT OOBIYHBLIM 3aKOHAM, U3BECTHHM JTA. PauioH2IbHBIX

yicesn1
atp=f+a @+htr=ct @iy, et0=x

Hanpusmep, uto6ur moayunts (8-f-2), HaM Hazo 6ymer COCTaBIATL BMECTO
cyMM (a4-8) n (@ +0') cymmmr (b4-a) n (&' +a'), 1o 3TH CyMMB COBNARAIOT
€ NMPeXHUMH, TaK KaK MePeMeCTHTEeIbHEIfi 3aKOH CIOMEHHA 118 PaUNOHAIbHEX
Ylicel H3BECTeH. _

Iycts o —mnexortopoe BemecTBenHoe wicto. Onpexeany yucao (—a) Cie-
ILYIOUIIM CeyeHNeM: B NEPBHIT KIacC OTHOCHM BCe pauiOHaIbHLIe YHCIa U3 Kracca
Il (2) c. n2MeHeHHHM 3HAKOM, a BO BTOpOI Kiacc— Bce yneaa u3 I(a) ¢ name-
HeuwsiM 3Hakom. Takum o6pasoM, MoayunTca HefiCTBHTEILHO CeyeHlle B o61acti
PalHOHATBHLIX YHCET, I 1A 4iC13d (— a), KAK HeTPYIHO NPOBEPNThH, HMEEM

—(—a)=2, a4 (—a)=0,

Hetpyano siuers, yto ecan « >0, 1o (— a) << 0, 11 naoGopor. Hazoseym aGeomior-
HBIM 3HauCHIEM YHCIA @, OTINYHOrO OT HYId, TO H3 ABYX YHCEI a 11 (—a),
KoTopoe Goabme nyas, O6o3nauny, Kak 1 paHblue, a6COTI0THOE 3HAYEHHE YHCTA @
CHMBOJOM | a |

[Tepexonnm Temepn .¥ yMBOMeHH0, IIycth o 11 §— IBa NOJOXITEIBHBIX
BEIIECTBCHHMX 4Yucaa, T. € a>0 1u.§> 0. llycte a— 21060e no.roxcumervroe
yueao n3 I (a), b— awb6oe no.soxcumeasnoe 4ucso n3 1@), @ n b’ — aw6ue
utcra n3 I (a) u 11 (8) (omm yme o6ssateinno noxowureabHu). CocTaBasem
HOBOE ceyeHlle, OTHOCA KO BTOPOMY KIacCy BCC PIUHGHAIBHHIE yuci1a, 66abine
BCeX mpou3BejeHnit @b, H K NMepBOMY KIaCCY-— OCTaIbHHE PAlHOHAIbHEIC YHCIA.
Bce ab nonaayr B mepsmit Kiacc n Bce a’b’ — Bo BTOpOil Krace. Hosoe cevenne
onpeeINT HCKOTOPGE BEWECTBEHHOE YICA0, KOTOpOe MBI 11 Ha3oBeM mpo-
n3sefenneM ol 310 uncio © 6olbile MM pPaBHO BceM ab 11 He npeBocXomnT
BCCX @'0’, I TOIBKO OIHO 9TO BEMIECTBCHHOC YHCIO YIOBIETBOPAET 3THM Hes
paBeHCTBaM.

Ecan onno u3 uncel a, B man 06a — oTpHuaTeIsHH, TO MH DPHBOINM YMHO-
WeHHe K MpejujaymeMy cIyyalo, BBOIA B oONpedeleHie yYMHOXeHHA oOGbYHOE
NPaBHIO0 3HAKOB, T. €. MH JolaraeM aj=— = |a| |B], npuyem Gepeym 3nak (-}),
ecan yicaa e i § o6a MeHbie Hyis, i Gepem 3Hak (—), ecan OJHO w3 ylcen
Goabwe Hyls, a Apyroe MeHbIle HY.Is.

MMpn yMHOMEHHH HAa HyaIn NpHHMMaeMm onpegeienue, 410 ¢-0=0.2=0,
Henocpeactrenno nmpoBepsioTCA OCHOBHHIG 33KOHH yMHOXERHA:

a=ps, (@)1=0c@)y a@F+D=a}fay

1 npou3selleHlle HECKOILKUX COMHQXNTCIell MOXET PpaBHATLCA HYI0 B TOM 3
TOJIBKO B TOM CIyuae, eCI XOTb OXNMH N3 COMHOXUTeIefi paBeH HyIw. -
Buyntanne onpexeaserca Kak neficTeie, o6patHoe CIOXEHHIO, T. €. a—f=x
paBHOCHAbHO X -+ f=—c. Jlo6aB1fA K oGenM 9YacTAM 9TOro paeeHcrsa (—#f),
NOIyyHM, B CHIY YMNOMAHYTHX BHIIE CBOICIB CaoWeHua: x—a- (—B), 1. e.
pasHoCTh ROMKHA O0A3aTEILHO ONpEJeIATbCA Mo 3Tolt dopmyre, n xeficTBie
BHIYHTAHNA CBORHTCA X caoxkenmnto. Ocraerca nposepiTh, Y10 NMOIYYeHHoe Bhpa-
®eHNe 114 X XefiCTBHTEILHO YIOB1eTBOpAET YCI0BHIO X - f=—4a, HO 3T0 Heno-
CpeACTBEHHO BHITEKaeT H3 CBOMCIB caoxeHnsa. OTMeTHM CIIpaBelINBOCTh OGbiY-
HOTo CBOIICTBa: HepaBeHCTBO a >f§ paBHocuabHO a —f > 0. Mpexae uem nepe-
ZOANTL K JAEIEHUI, - ONPEAEINM YHC30; obparnoe xamnomy, Ecam a ecrs pauso-
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1
HAAbHOC 4IICAO, OTaN4YHOC OT mHyl1d, TO o6pammx Ha3LIBAIOT YICAO —a—. l'lycn.

a.— BEL{CCTBEHHOE YHCA0, OTanyHOC oT Hyaa. [lycTb cnavaza a > 0, 11 nycrb a'—
ao6oc uncao us Il (a) (ono — paunonaavho 1 noJoxnICABLHO). ONMPEICINM YHCIO,
obGpatioc a, CICAYIOMHM CEYCHIICM: K NCPBOMY KJaCcCy OTHCCEA! BCC OTPHUATC L~

nme uicta, Hyab i Yncia %, a KO BTOPOMY KaIaccy — ocTaisueic. yucaa. Ilycts
HCKOTOPOC MOJOXKHTEALHOE YHCAO €, NPHHAZICKHT HEPBOMY - KIacCy HOBOro
ceycniist. 310 3uaunT, YT0 €, ='E-,,l rie a; —us Il(a). Bosbmen moboc moo-
AHTCALIOE pauHoHaIbloC uncio ¢, <<¢,, Ero Moxno npeactasuth B8 BHIC
€=, e a;',l——pauuouanbuo I a;>a), 1. ¢ a; Takxe npunagaexur I (a).

Wnaue roeops, ecai 11ekoTopoe MNOTOXRNTEILIOC YHCIO OPHHALICKHUT HEPBOMY
KAacCy HOBOLO cCeCYClHE, TO BCAKOE MCHBWCC PAniioNaIbHOC MOA0KHTCILHOE
YHCAD TaKwe NPHHAANCIKHY STOMY HEPBOMY Kaaccy. Tyda e BxoasT IO ycao-
BHIO BCE OTpHUaTeIbHbIE vuHcaa U nyab, OTCIOZa BUAHO, MTO ceyeliHe, Onpeac-
AfioUWee Yyicao, o6paTHOE @, NPON3BENCHO HaMil ¢ COGIIOICHIIEeM TOro GCHOBLOLO
yCaoBHA, yto a11060e 4iICI0 BTOpOro Kaacca 6oapiue ai06oro uucaa nepsoro

Kaacca. 310 uucio, o6patusc a, 6603NAUNM CHMBOIOM =

. L1 1
Eean a << 0, 10 ML onpegerns o6parhoe yHcao (pop.u_\'non?=—m.
[ToaL3yacy onpeAcacHuCM ¥ MHOMCHIS, TTOIYYHM ar—-= 1.

[epexoaun Tenept x xexenno. 70 eCTh  AciicTeie, ofpaTHoe YMHOMKCMINO,
T. C..a:ff==2X PABHOCHILIIO A3==g, U, KaK NPH BLIUKTAUII, HETPYIO HOKA3ATL,

410 ccai p£0, TO HOIyyacICR €ANNCTBEHHOC YAaCTHOE: x.—:a-F,n, TaKuM 06-
)

pasoM, AcacHie CBOIMTCA K ympomemiio. [ledenne Ha HYab HeBO3MOKIIO.
Bosseachie B U0AYI0 NOIOKHTEIbHYIO CTCNCHE CBOAHICA K YMIOECHIIO.
H3sacucune KopHa ompeiaeasercs Kak AciicTaie, oGpaTHOC BO3BeAcHIO B CTc-
uecns, [lycts a — BeowecTBOHOC HOTOKITEILHOE UHCIO If 71 —HEKOTOPOE 1CIOC,
Goabmice canspuu. Ilponseesem caepyiomee ceyenne pPauBOHAIBHBIX YIICCX:
K NCPBOMY KJ4CCy OTHECCM BCE OTPHUATEIbHBIE YHCAA, HY:Ib §I BCC MOTOKHTEIL-
BLIE ylicna, n-@ CTCheHIl KOTOPWX MEHbIUIE o, a KO BTOPOMY KAACCY — OCTaJbHBIC
yitena, [Moau3yack onpegcacHHOM YMHOXEHIH, HETPYAHO HOKA3aTLb, YTO NMOJOKH-
TCALNOC ulicio f, ONPCACIACMOC STHM CeuchHIlEM, YIOBICTBOpAET YCIOBIHIO:

no—
fP=a, 1. ¢. § aA1Aerca apndMeTIYeCKUM 3HayellCM KOpH: ‘/a.Ecnn n—4ycr-
10¢, TO BTOPHIM 3HaychieM Oyaer (—B). Analornyno onpelcasercs KOpeHb He-
yeTHOil CTCICHH H3 Bel{CCTBCHIOrO oTpilateabHoro yicaa (oamt orsetr). boaee
noApobuo o nokasatcabnoli pynxunu Gyxer cxkasaso notom. OTMernm euie cae-
AYOWHT BakHbll Pe3yILTAT: pA3 (NPasedalss: OCHO8HE e 3GKOHB Oeiicmsuii, mo
mes caxvia Gydym cnpagedausst 1 8ce npasiaa U moxcdecmsa aazeGpsl, ecau
nod GyxsaMit pa3yMeniv 8elljecinBeHnble YUCAa. .

42. TouHble rpaHHULl YHCAOBBLIX MHO¥ecCTB. [Ipn3HakH cyumecTBOBaHHA
npeaena. JokaxeM Tencpb TEOPEMY O TOUHBIX TpaHIIAaX MHOKECTBA BEUICCT-
ECHHEX YIICCI, LOTOPYio Mli (yuopMyanposaan b [39].

Teopewma. Ecau smuosncecmso E seujecngeHHblx Yilces 02PAHIIYEHO CBEPXY,
O OHO-UMeeN MOUKYIO BEPXHI0N 2paruyy, U ecan L ozpanitdedo cuusy, nio
OHO uMeent MOYHYIO HUJICHION 2panuty. :

OrpannyuMcA A0Ka3a1e1bCTBOM mepsoit uyactit Teopemsl, [lo ycaosuio Bce
yicaa 13 £ menpiic nekoroporo uiicaa A Ilpon3sseacM cevenne BeuecTschubX
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uncex creaymouliM o6pasoM: Ko BTOPOMY KJaccy oTieceM Bce 4iicia, Goipbmic
Bcex uncer u3 E, a k nmepBoMy — oCTaJdbHHe BeulecTsennsle yncia, Bo Bropoft
Kaacc nonaayT, Banpimep, Bce uncaa (M4-p), rne p==0, a B nepsuil kiacc
nonanyT, nanpusep, sce uncaa u3 E, [lycte 3 — Bewecrsennoe yncio, onpene-
aennoe npoi3segenHuM cewenneM, ITo ocnosHoft Tecopenme [40] ono 6yner nam-
GoILIIM B NEPBOM KJacCe Hall HauMeHbIUNM Bo BTOpoM. [lokamem, uro 3" 11
ccThb TOuHas Bepxuas rpannua E. Bo-mepswx, cpean E ner umcer, 66abmux B,
6o Bce yucaa E nomain B nepshit xaacc. Jance, napepno cymecTsyior uncaa E,

Goapune (3 —ce) npu do6om e >0, n6o, ecan 60 TaKHX vuicel He GHIO, TO
NG
YHCa0 (3— -7) 6n10 Ol Goapime BCex yicel E 1 101xN0 6bii0 GH nomacthb

BO BTOPOfi K1ace, a B RefiCTBHTEILHOCTH OHO Mehibiie 8 1 HAXOANTCA B NEPBOM
kaacce. Teopema, TakiM o6pa3om, aokazana. Quesiino, uT0 eca 3 npHnajpic-
winr E, To oo 6yner HanGoabmuM n3 yucel E. .

Hoxaxem Tenepb cymecrsoBanlie Npelela y MOHOTORNON orpannueHHofll
nepemennoft [30]. Mrak, nycrs nepemennas x Bce BpeMsa Bo3pacraeT HaH, No
kpafineit Mepe, ne y6nBaeT, T. €. BCAKOC €€ 3navenyie He McHbue mw6oro npe-
awaygiero. I1ycrs, xpoMe TOTO, X OrpaniiyeHo, T. €. CYmMECTBYET TaKoe YHCIo MM,
UTO BCE 3HAYyCHHA .x MeHbue M. PaccMOTpHM COBOKYNHOCTL BCEX 3HayeHnit .x.
Mo nokasannoft Teopeme cyumlecTByeT TOYHas BepXHaa rpanuna 8 pas sTofl co-
BoKynHocTH. [Tokaxewn, uto 8 1 ects npenex x. I1ycTb ¢ — npoussoasHoOE NOIO-
xurteabnoe untcto. Ilo onpeneaennio ToyHoft BepxHefl rpannisl naitgerca snave-
nue x, Goabmee (3-—¢). Toraa, B CI1y MOHOTOMHOCTH, Il BCE MOCICAYIOUNIC 3l1a-
uenia x GyRyr Goaswme (3 —e), Ho, C Apyroft CTOpOMH!, OHII HE MOTYT OHTDL
Goabuie B, H, B CIIy NpOII3BOJIBHOCTH ¢, MBI BHAnM, yto 8=lim.x. Touno Tak -
e MOXNO pazobparb I cayuali yGuiBalouieft nepesennoit. R

[pexne wem nepexofnTh K NoKasaTeascTsy mpnsuaka Komn [31], noxames
Oy TEOPEMY, KOTOPOil MEl GyleM N0Ab30BATLCA.

Teopewxa. [lycmp useemcs noc.ic008ame1bHOCHb KOHEYHB.X npoNC-

HCYMKO8
(ay, b)), (as, b.), ..., (an, by), ...

npudest Kaxcolii c.1eOYIONUE NPOMeNCYIMOK 3aK.204aencs 8 npedudyuiest, 1. c.
gy =0y 18 by << by, I NyC QAUHB IMUX NPOMEINCYMKOS CRIPEMANC K
Hya10, T. €. (b —a,) — 0. Ilpu s3mos KoHyu nposvencymxos a, u b, cmpe-
Msumest K oOujesy npedeay npit go3pacmanuit n.

ITo ycioBnio TeopeMbl MH HMCEM @, <<a@,<<... H, KpOME TOro, a, <<b,
npit a060M n. Taxnm o6pa3owm, N0C1e10BAaTEILHOCTD 4y, ds, ... GYNET MOHOTON-
noit i orpannyeniofl, a nmoromy G6yner nmerb npexes: a,—a. M3 yciosna
(bp— a,) — 0 Burtexaer b, =a, +¢,, ric ¢, —0, 1, cicioBareasno, b, umeer
npene:, Takxe pasibil a.

Mepefizem Teneph X nokasateascrey npusnaka Kowws. Orpamirmivca cayua-
€M nepeMchnofi, 31aYcniA KOTOPOfi MOXHO NPONYMEpOBATh: :

iy Xop eees Xiy en. ' @n

Hano nokasarsp, uro #1€06X0JnM0€ 1t OCTAaTOUNOE YCIOBHE CYMICCTBOBANHA Mpe-
Jlexa nocaenosareabliocT (27) 3axaoyaercsa B CIeAyOmeM: A1a 1060ro 3aian-
HOTO NOJOXHUTEIbNOrO € CymlecTByer Takoii anauok N, urto

ltm—Xpl<<e mpnmun>N. ' (28)

ITokaxeM, YTo 310 YCI0BHEe X OCTAaTOUIIO, T. €. YTO NPH BHIGIECHNN 9TOrO
yCA0BHA H0CIEN0BATEILIOCTD (27) fiMeerT npened. M3 namny npexanx paccysauc-
nnit [31] BuTeKaeT, YTO CCIN YCIOBHE BLZilOIHENO, TO MOXHO AOCTPONTL NOCTe-
ROBATEALUOCTL IIPOMEKYTKOB .

(ay, b1}y (s b3)y ooy (€y Bp), ...
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CO CICAYIOUUIMIH CBO{ICTBaMIL KaxAwil Cleylowiil 3aK10YaCTCA B NpeabayuleN,
ananHsl (bp — a@p) CTPEMATCA K HYAI0 I BCAKOMY uUHTCpBaay (@, &) coorBerct-
BYET Takoe 1el1oe NoJokNTeIsHoe Yncao N, yTo BCe Xg npH s > N, npuHaa-
nexar (ag, by). D1 unrepsanu (dg, b)) cy1p orpedku A A us [31). Ilo moxa-
3aHHOIl BhLIE Teopeme NMecTcs obuuti npeae::
lim a; = lim bp=a. (29)
koo k-»00

IMoxames:, uto @ n ectv npepea nocacgosateasbioctt (27). Ilyers 3azamo
noaoxnTCAbHOE yHCI0 & B cnay (29) cymectByer Takoe ueaoe INOJIOXHTECIb-
Hoe [, 4TO NPOMEKYTOK (47, by) I BCE CIeiylouile NPOMEKYTKH JIE€XKaT BHYTPH
NpOMCEYTKA (a—z¢, a-}-¢). :

Orcpona caeayer, uTo 3t BCE YlCIa Xg NPH § > Ny NpHHALIERAT ITOMY Ke
NPOMCKYTKY, T. € |a—uxg|<<s npn s> N, Bsily npousBoIbHOCTH & Mbl
BHIHM, YTO @ eCTb mpejea nociegoBareabHocTi (27), H ROCTAaTOYHOCTH YCia0-
BiA (28) nokasana. Heo6xonuMoOCTh 3TOro "yciosua Gwia JokasaHa Hami
paubuie {31]. Ioka3aTeanCTBO OCTaeTCA B CHae - il A14 He NPOHYyMepoBanuoit
nepeMenHoil,

43. Csoiicta menpepniBnbix ynkunit, lepexols k aokasareancrny dop-
ayanposanuux panvuie {35] caoficta Henpepsisinix QYHKUMI, HauHEM C JOKa3a-

TeAbCTBA BCHOMOTaTeCabHOM TCOPeMH,

Tecopema I. Ecau f(x) nenpeprina 8 npoxescymne (a, by u 3adano
KaKoe-HuUy0b n0.10JCUMeabH0e HUCAO €, MO IMOM  NPOMEXCYMOK MONCHO
maxus 00pas’osr pa3bums HA KOHEHHOE HUCA0 HOSWX NPOMeNCYMKO8, 4O
1f (x) —F (X)) | <z ecau moabko x; @ X, NPUHAOAEHCAM QOHOMY 1 IMOMY
e HOBOMY NPOMEsCYNKY.

Byxewm nokaswiBath or obpartworo. IIpeanoaoxus, 410 1COpeMa necnpasex-
7HBA, H NpUAeM K HeaerocTi. KTak, IycThL HCBO3MOXHO pa3buts (4, D) ua yactu
YKa3aHHbIM 06pasoy, JeanM HAl NpoOMCAYTOK cpeaHeil TOYKoit #a ABa HpoMe-
a——j b) I (__a-;—b' b). Ecan 6u 71copema 6maa cnpaseganmsa Aaa
Ka:&JI0T0 13 3THX ABYX NMPOMCKYTKOB, TO OHa, OYEBHIHO, Gbl1a GM CHpaBex1iBa
H A1d Bcero mpoyexytka (a, b). Mrax, Mpl pomxHb cuntats, yio, no kpaiiHeit
Mepe, OAMH 13 ABYX NOJIYYCHHBIX NPOMEXYTKOB HeIb3sl pasbliTb Ha YacTH YKa-
3aHHHM B Teopeme of6pa3om. BepeM Ty mnoioBHHY NPOMEXKYTKE, XIa KOTOpOoit
TCOpEMAa HE BHINOIHACTCH, H A€M €r0 onATh, Ha ABe paBHue yacTH. Kax it B~
uwe, no kpafinefi Mepe A1A OAHOMT }I3 HOBHIX MOJOBHHOK TEOpeMa He BHIIOI-
HAaetcA, bepeM 3Ty NOI0BHHKY, AcaHM cc onaTh nomoJaM M T. A. Takum ofpa-
30M, MBI IIOJyYaeM MOCICIOBATCIBHOCTH MPOMEKYTKOB

(a, b), (a5, 81y (@ by)y oevy (@ny Ba)y vory
I3 KOTOPHIX Kawmawi CIelywowifl eCTs MoIoBHHA NMPCIABIAYIEro, TAK YTO AaiHA

WYTKA: (a,

—a
(bn—ap), paBHan ——, CTPEMHICA K Y110 npu Bo3pactauiit #. Kpowe toro,

LIA BCAKOrO NPOMEXYTKA (4,, b,;) Teopema He BHIIOAHAETCA, T. C. HEAb3A HHKa-
Koit (a,, b;) pasGuTb Ha HOBBIE HPOMEXKYTKID TaK, 4YTOOW |f (&) —f(x)|<s,
CCaIl TOABLKO X', H Xy NpHHALIeRAT OIHOMY H TOMY KC HOBOMY TNPOMEKYTKY.
TMokaxes, 410 370 Heieno.

llo Teopeme u3 {42] a, u b, umecior o6muii npexex:

lim a, =1lim b, =g¢, 30)

MIpHYCM ITOT Ipeled, Kak i BCe uNCIa a, H b,, NPHHANICKHT NpOMexRYTKY (4, b).
OJOXHM CHayala, YT0 « — BHYTPH (g, b). Ilo ycaosuw, f(x) HenpepuBha npH
X =a, U, ClefoBareabHo [34], mpH 3aJanHOM B TEopeMe ¢ CYWeCTByeT Takoe v,

~
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410 AaA BCEX X H3 MPOMEXYTKA (2 —+, a -}-%) BHNOIHAECTCA HCPABEHCTBO

If @) —f(9)| <. @1
Ecan xy 1 xy— B2 Mo6HX 3Hauenna ps npomexytka (z—m, a-f14), T0 Mu
HMeeM
Fle) —F ) =F (x) —f (2) 4+ (2) — f (x),

OTKyAa

[f ) —F ) <1 () —F (@) | 41 £ (@) —F (x0) ],
n, B ciay (31),

If ) —f ey | <5+,
T. e
Lf (e —f () | <& (32)

© B2 MOGHX Xy U Xy H3 NPOMeXyTKa (a— v, a 4-v). Ho, B cnay (30), 6yzer cy-
eCTBOBATh NMPOMEXYTOK (a7, D), mpHHamnexaunit NpoMexyTKY (a—mv, a+7).
.TlostoMy mepasencrso (32) M NMOMABHO Gyjger BHIOAHATLCA RIS MIOGHX Xy H X,
i3 9TOrO MpoMexyTka (a4; b;), T. e. maa npomexytka (a;, b;) Teopema BHNOI-
HAETCA jawe 6€3 BCAKOTO €ro NOApa3leaeHHA HA YACTH. DTO NPOTHBOPEYHT TOMY,
4TO, KaK MH BHAEIH BB, JUIA BCAKOTO NPOMEXKYTKA (@, b,) Teopema He BhHI-
noauserca. Takny o6pasoM, TeopeMa nokasana, eca a— BHYTPH NpOMEXYTKA
(a, b). Ecan @ cobnajaer, HanpnMep, ¢ AeBLIM KONLOM IPOMEKYTK3, T. €. a =g,
TO JI0Ka3aTeIhCTBO GYAET TAKHUM JKe, HO BMECTO MPOMEKYTKA (2 —1, a -+ %) Hano
GyaeT B3aTh NMpoOMexyToX (2, a - 1). '
ITepeilzeM Tenepr K AOKasaTeancIBy Tpernero cBoiicTsa ma [35).
Teopema Il Ecau f(x) Henpepwsna 6 npomexcymre (a, b), mo
OHA PGBHOMEPHO HENPEPHIBHA 8 3MOA npomexcymre, T. €. npu 060
300aHHOM NOAOHCUMEABHOM € Cyuecmsyem mMaKoe NOAONCUINEABHOE 7, H4mO
L) —F(x) | <e 8aa a06vix 3navenuii x' u x" u3 (a, b), ydossemsopsio-
ux Hepagenemgy | x”—x' | <w. . .
B ciny reopemm I mm mowem nonpasmeants (e, b) na xoHculoe wumcIo

HOBHYX NMPOMEXYTKOB TaK, YTOOH |f(x,) —f (x,)|<—f— eCIH TOIBKO Xy H Xg

b

NpHHANIEXKAT OHOMY H TOMY e HOBOMY npomexyrky. Ilycts n— manna ca-
MOro KOPOTKOro H3 HOBHX NpOMeXYTKoB. Iloxames, 4T0 HMEHHO nNpIf 3TOM
yHCae v Haa TeopeMa smnoanaerca. HefictBHreanHo, ecan x' 1 x'' — gBa 3Ha-
yeHna u3 (a, b), yNOBAETBOPAOMMX HepaBeHCIBY | X" —x' | <<%, TO A X° H X"
NPHHALIEKAT OHOMY M TOMY XK€ HOBOMY NPOMEXYTKY, HIH OHH HaXOmATCs
B JBYX NpHAeralomux Apyr K APYry HOBHIX Npomexyrtkax. B mepsowm cayvae, no

- €
NOCTPOEHHI0 HOBWX NPOMEXKYTKOB, HmeeM: | f(x")—f (x')[<—2—, a notoMy H

nonasio | f (x") —f (x’) | << e. Tlepexoan ko BTOpOMY cayuaiw, 0603HaYHM yepes |
TOYKY, B KOTODOff CONPHKACAIOTCA Te [BAa NPILIEralomux APYT K APYry npomc-
HYTKA, K KOTOPHM NpHAajIex®ar x' N x”. B namsoM cayuae Mm MoOxeM Hann-

CaTth
o FE)—F ) =F () —F @D +F D —F (),
T. € .
If ) —F @) [<IFE)—F DI +HIF@O—F () | 33)
. ) |
Fx)—f@i<g n 1fO—f)I<3, (39

4 B, HU. Cungpuoe, 7. 1
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TaK KaK TOYKH X" M 7, a Takike 7 1 X' HAXOAATCA B OLLOM H TOM K€ HOBOM
npomexyixe. Hepascncisa (33) n (34) nator nam {f(x")—f(x)|<<e, M TeO-
peMa JoxKasana.

Teopema [ npusoinr nac Taxwe K TAKOMY CICACTEHIO!

CaERCTBUE DYHKYyuA, HENPepueHan 8 nposexcyinie (a, b), o2panudena
€8ep.Xy U CHU3Y, T. €. HPOCHIO O2PAHUYEHA 8 IN0M nposescymue. MubMI cao-
BaMi, CYUleCTBYET Takoe wicao Af, uTo Xia Bcex 3naucnmit x u3 (g, b) Bumoa-
nacTca nepaselctso | f (x) | <M. HciicTBHTCABLO, BO3LMEM 1ICKOTOPOC ONpenc-
acnuoe €5> 0, I NYCTb 11— YHCAO TEX HOBHX IIPOMCIKYTKOB, 12 KOTOPHE Haio
pa3buth (a, b), utolul ynosieTBOpHTL Teopeme | npu B3ATOM 3nayenHll e=¢,.
Has 106X ABYX TOYCK, HPHHALIEKAUHX OANOMY I TOMY #e. HOBOMY LIpOMC-
HYTKY, MB IMECM | f (x5) — f (xy) | << €. OTCIONA NENOCPCACTBCNNO CACAYCT, YTO0
atn mo6ore x M3 npovexytka (g, b) Mu uvmeenm |f(v)—f(a) | <ng,, 1. e
BCC 3nauchia f(x) 3akaoyalorca Mexay f(a)— e, 1 f(8) -+ nge,.

IlockoabKy COBOKYIIOCTL BCeX 3iauchuil £(x) B npoMexyrke (a, b) orpa-
1HYCHA CBEPXY I CHI3Y, OHA HMCET TOYHYIO BCPXHIO0 Tpauiny H TOYNYIO BIK-
nolo rpaunnuy [42]. OGosnauiiy nepsyio ucpe3 8, a BTopyio ucpe3 a. Joxamem
TelepL HepBoe cBoiicteo u3 [35). .

Tecopewma lil. Henpepuenan 8 nposexcymre (a, b) ynkyus docmuzacm
8 MO NPOMEINCYMKe 6020 HAUGO0.1611620 1L HAUMEHDULE20 3HAYEHUSA.

llam Bago noKasars, Y10 B HPOMCKYTKe (4, b) CYWICCTBYET TaKoe 3nayenie
X, OpH KOTOpOM f (X) paBuo 3, It Takoe 3HayeHue y, NPl KOTOPOM f (X) paslo a.
OrpannynMca 0Ka3aTeILcIBOM NEPBOrO- yTepaaenia i 6yleM XOKa3WBaTh of
oGparnoro. Toxoxin, uto f(x) uil npil Kakom x N3 (@, b) ne pasuo 3 (caczo-
B4TCALNO, BCCrAd sMcnwiue 3). CocTaniiM nOBYIO QyHKIHIO

1
==

Hockoanky 3uamellareds yie oGPAWACTCA B NYyab, 10BaR (QYHKUNA TaKme
Gyaer nenpepeisioft B npovemyTRe (a, b) [34). C apyroit cropout:, na onpege-
Aciia TOuHoll Bepxucli rpannuw cieayer, YTo HpH NpoH3BoabuoM & >0 cyuie-
CTBYIOT 471 @ =S .= b suauenua f (v), aekauwgie mexay (3—e) i 3. Hpu stom:

O<f—f)<<e np¥)> :l Mockoabky ¢ MouI0 6paTh- NPON3BOILHC Ma-

WM, Mbl BHANM, YTO HenpephBHan B npomexyTke (a, b) dyukunsa ¢ (x) ve orpa-
KlvelHa CBepXy, UTO HPOTHBOPEYHT YKA3aHHOMY BHIUC CIEACTBHIO TeopeMmul I

Jokawxew, naxoneu, sropoc cpoifictso n3 [35]. Tlyern f(x) nenpepusia
B (4, b) i1 k—nexoropoe uicao, acwamiee Moway f(a) u f(b). daa onpeneacu-
HOCTH 1010%1M, UTO0 f (@) <<k << f (b). CocTaBiiy 1OBYIO (yHKIII0

F(x)=F(x)—k,
ncupepuisiyio B npomewy1ie (g, b). Ee anaveinia na Konnax npomesyrka 6yayt
F@y=f(a)—k<<0, F@)=rf¥)—Ek>0,

T. €. 3uaychiin F(X) Ha Konmax npoMekyTka — pasuux 3Hakos. Ecail mul 1oka-
HCM, YTO BHYTPH (@, b) ecTb Takoe 31AYCHHC .Y, NPH KoTopom F (xy) =0, To
npir 31oM f(¥o) —k=0, 1. e. f(x,)=~£k, 11 BTOpOC CBOIlCIBO GYXET AOKA3alO,
Hrak, noctatouHo Joxasath ciexyiouyio Téopemy: - T

Teopewsa IV. Ecau f(x) Henpepviena & nposesicymne (a, b), a f(a) u
F(b) pasnolx 3HAKO08, MO GHYMPU NPOMENYMKQ Cyujecmeyems HO KpailNei
Kepe 0310 LGKUC SHAHERUE Xg, npu KOMOPOM f(x)=0.

HokasusaeM ot obpartiioro, Kak i Teopeny Hi 1Iyets f(x) miric B npo-
MexyTRe (@, ) ne obpamacrca B nyab. IIpn 3tom HoBan ¢ynxiua

=g (3)
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Gyaer Takke nenpepwuisuofi B npomewkytke (a, b) [34]. Iycts 3axano kaxoe-nm-
6yab e >0. B cuay Teopemn | Mbl- MOMEM paccTaBuTh BuyTpH NpOMENYTEA
(a, b) xoneunoe YHCAO TOYCK TAK, YTO, MPHYHCIAA K STHM TOYKAM €(l€ KOHIBI
NPOMEKYTKA, M GYACM HMCTH DAa3HOCTL 3Havemnft f(x) B mo6ux msyx cocen-
HILY PACCTAaBICHHHX TOYKAX, 10 aGcoxoTHOll Beanynne Menbutyio, yem e, Ilpunn-
Ma BO BHIIManMe, 4T0 f(@) 1 f(0) PamMHLX 3IHAKOB, MH MONEM YTBEpPWKAaTL,
YTO NAMAYTCA TaKuc RBe COCEMNNC N3 BHUIEYMOMANYTHX TOYeK & M &, B KOTO-
pux f(x) pasuux suakos. WMrax, ¢ omnoit croponm, f(5,) 1 f(§.) pasnmx 3na-
KO8 1, ¢ apyroft cropousl, | f(§:) —f(§,) ]| <<e Ho ecmt y asyx seutecrsennbix
YICET PA3NHX 3HaKOB a6COTIOTHOE 3iaueHNe PA3HOCTI MEHbINE e, TO KAKI0C M3
ITHX -YHCCT MO a6COTIOTHOMY 3HAYCHNIO Meublue ¢, T. € HanpiuMep, [f ()] <<e.

. . "
Ho Ttorna, 8 cuay (33), | (¢,) [>?, It BBHAY TOrO, 4TO & MOXHO 6parts npo-

1138015110 MATbIM, Mbl BHANM, UTO HCHPEepHIBHAA B npoMexkyTke (@, ) dyuk-

uii @ (xX) — 1€ OrpannycHa B 9TOM NpPOMEKYTKe, yTo nedeno. TeopeMa, Taknm
ofipasoM, nokasama. ‘

44. HenpepoiHocTh snemenTapupx dynkunf, Mu noxasaan panswe ne-
UpCPHIBIOCTL MHOrOYACHA I paunonasbhoft dynxmmu [34]. Paccmorpum Tenmeps
. NoKa3areannyio Qyuxnio

y=a*. (a>0), » (36)

npiHueM LR onpefencnuocti Gyaem cuntate @ > 1. Bra byuxuua snoaie onpe-
JCACHA TPII BCCX PALHOHATBHBIX NOJOKHTCAbHULIX 3navemitnx x. Jia orpmnua-
TeJbHBX X ONA onpeacraercs dopmyoft:

aF =L _ @7

1, kpome Toro, a®=1. Takum o6pa3sow, ona onpencicHa NpH - BCCX PANNOHANL-
ueix X, 3 anre6pe n3sectinl TAaKKC NPaBlaa CIOMEHIA U BHYHTANUA NOKa3a-
Teacl npH yMHOXEHUN H ACICHNIL

Ecan x ects nogoxntessuoe panmoHa sH0e YHCAO !qL, T0

a¥= ‘Va_ps

riic ‘paaukan cymraerca apnpmeruueckus. Owesnano, uro af > 1, i 113 onpene-
JenNA KOpHA BHTekaer, yto a*>1 npn x>0 (npuMennTh ONPCACICHHA K3
[41]). U3 (37) Burekaer, wio 0<<a¥ <<l npn x < 0. Ilokawem Tteneps, wro
. a'*>a"l ecan x,>x,, 1. €. uT0 a¥—Bo3pacraoutan dyvukuua, Hefcran-
1€1b110, ’ .

a™—a*1=g"1 (2"t~ F1_1),

npriyeM x,— x, >0, 11, cacrosareabiio, 06a COMHOXHTEIn CIPaBa MOJIONKN-
teasnsl IToxkaxkem ewe, uto a¥— 1, ccan x — 0, npminiMan pauHoHadbHKE 3Na-
uennd, Tlosoknm cnavaaa,” uro x—0 vuepes Bce pannonaibuse 3HaueHiln,
y6mBaa (cnpasa). [Ipin sToM a* y6wiBacT, HO ocTaeTcA Goabuie eANNHUN, H, Cac-
70BaTEAbHO, MMEeT lIpeaes, koTopuit Mul oGo3nauiy yepes /. [Ipn ynomanyrom
BHILIC H3MEHEHIH X NepeMmenlian 2.X TaKkKe CTPEMHTCA COPaBa K HYIO MO BCCM
pauttonaibhus 3nadennan. Mu nameeM, ouesnano,
a** == (a*)2,

o, nepexoxs K fpeacay, moay s
= nm [({—1)=0,
4.
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T. ¢, /=1 nan /=0. Ho Bropas BO3MOXHOCTb OTmajaer BBHAY a*> 1, Hrax,
a* — 1, ccan x — 0 cnpasa. M3 (37) BuTeKaer, YTO TOT e npexca O6yleT n
TOrga, korga x — 0 caeBa. Mrak, soobue: a¥—1, ecay x— 0, npHHuMan pa-
usonaabnbie sHayeniia, OTCI0AA BHITEKAeT HEMOCPERACTBEHHO, YTO CCIH X, Npi-
HHUMaA paluHOHAIbHHe 3Hayenns, CTPEMHTCA K pauloHaibHOMY Ipegeay b, 1o
a* — a¥, Heficteureanno,

a* —ab=ab (a¥-¥—1).

Pasnoctb (¥ —b) crpemutcs k uydwo H (a¥P—1), no noxazanuoMy, TaKme
CTPEMHICA K HYTW.

Onpegeann teneps ¢ynxuwino (36) npu nppauuosaasusx x. Ilycth a —ne-
KOTOpoe yppaunonaibHoe yucto, a [(a) 1 Il (a) —nepBuit M BTOPON Kaacch
ceyenia B 061aCTH pauuoHaALHEIX YHCCT, ONpeeaaomux a. IoaomuM, 410 X —a,
BO3pacTad U IPOXOAR Yeped BCC PauHOHaabHHe yHcaa us [ (a). l’lcpg'meuuan a*

BO3pacTacT, HO OCTAeTCs OrPaHHYeHHOf, a HMeHHO OHa MeHblue, yeM a¥ | rae x°—

-a060e uncao us H(a). Takum o6pasom, npu YNOMAHYTOM H3MCHELHI X Mepe-
MCHHasA @* HMeeT Mpeaed, KOTophii Mbl nmoka o6osnauim uepes L. Toywo Ttak
We, eCIl X ~— a, YObBaA M npoberas paunonaasisie yucaa ud Il («), 10 ¢¥ takxe
nmeer npeped. [Mokaxem, uro stor npefea Takxke pasen L. Ilycrb x'—us I (a)
it x” —u3 Il (). Mot umeem

axll__ ax' — a"' (axll__x' _ 1) < L (axn_xr . l)'
T. C.
0<a —a*¥ <L(a'—%—1).

Haa x' 1 x”, GIM3KHX K &, pa3fnoctb (X — x') CKOIBKO yYromio 61n3ka K
HY10 U, B CHIY HANHCAHHOrO HCPABCHCTBA, TO MC MOXHO CKa3aTbh I O PA3HOCTH

(@' —a*'), oTKyZa 1 BLITCKAaCT Halle YTBEPXNACHIC O COBRAXCHHN MPCACIoB. Mul
LpHHEMAaCM 110 ONpejeleHiio ¢* paBibM YNOMAHYTOMY npeacay L, 1. ¢. a* ecms
npedea, Kk Komopoty cmpexndincs a*, Ko20a X — a 4epe3 pAYUOHAabHbE 3HA-
venusn. Teneps ¢ynkuna (36) onpeneiaena npi Bcex peuecTseHHux x. Ha ocho-
BaHHM CKa3aHHOro Bhlllle JETKO JI0Ka3aTh, UTO 3TO GyleT Bo3pactaiomas ¢yHx-

e, T. e a¥2>>a*t, ecan x; M x, — A100be Seujecmeennsle UNCIa, YI0BIETBO~
paiolLlie HePaBeHCTBY Xy > X,. [1pit J0KA3aTe bCTBE HaZ0 PACCMOTPETHL OTACALHO
Cayual, KOria X, H Xy— 06a NpPALUOHAILHL HAN ORHO H3 HHX pAaUiCHAIBLHO,
Ocraeren euie foKa3aTh, Y10 9Ta QYHKUMA GYLET HeNpepblBHA NpI BCAKOM BC-
wectsenion x. CHayalta Hajgo MoKasars, Y10 a¥ — | npn &~ 0, npHuesm cuite
Tal0TCA JOMYCTUMLIMH BCe BeI(ECTBCHHBE 3HaYeHHd X. 3TO MOXHO MOKa3aTh
COBCPLICHHO TaK e, Kak BHIUE 3TO GblI0 CAENaH0 A1A paulloHaasHuX x. Haxee,
KaK I BblUe, M0Ib3yach GopMy.aofi

g* —a*=q* (a*"*—1),

Mbl MOXCM NO0Ka3aTh, YT0 a¥ — @* NpH X — @, YTO 1l JMacT HENpPCPHBHOCTL g¥
1IpH 11060M BCIICCTBCHHOM X.

Hertpyano nposepiTb, YTO BCe OCHOBNbIE CBOHCIBA HOKa3aTeabHOIN QYyHKUMI
cnpaBealnBbl NpH MoOHX BCLIECTBEHHBIX NMOKa3ateaax. [1yctb, Hanpumep, a i B—
JBa HPPALOHAIBHBIX YHCIA H NMYCTh X —a H y— B, IpHUEM nepeMelHHe X
M y, MeHAACb, OIHOBPEMCHIO NUPIINMAIT paulionaisinie suaycnnus. Has pauno-
HAILbHEX II0Ka3aredeil MBI HMCCM

a"a}' = a\.‘-)'.
Tlepexoan K upelcay I 10Ib3Y#Ch AOKa3aHHOIl HENPCPHIBHOCTLIO [10Ka3as
TeauHoll QyBKUIN, NMOJYYHIM T0 xe CBOHCTBO LIa HPpauuoHaIbHbIX TIoKasateaells
a’ad = a**p,
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Joxaxem emle Npasilio NepeMHOXEHHA NOKa3artelxeH NpH BO3BHIIIEHNH CTE-

NeHN B CIeleHb:
(a*)3=a".

Ecan B=n ects neioe moaoxiureabHoe, TO HamicanHas GopMyaa Hemocpen-
CTBEHHO BHITEKaeT H3 MpaBiiIa CIOXeHHA MNokasaTerell npu ymHoxenun, Ecau

g =% €CTh PalHOHANbHOC NMOJOXHTEILHOE YHCI0, TO

P a2
@) =Y @ =T =",

Hasn paunoHaisHEIX OTpHIATEILHHX YICe1 YKA3aHHOE NpPaBILI0 HEmocpelcT-
BeHHO BHTexaer u3 opmyan (37). Iloaowuym Temepp, uro f§ mppauroHaibHo,
H NyCTh pauMoHaiIbHBIE YHuCIa r cTpeMATca K . Mo nveeM, 1m0 HoKazaHHOMY
BHIILE,

(az)r — ail'.

[Tepexons x npefeay H 10.163yACh HeNpephLBHOCTHIO NOKa3ateasbioll ¢yik-
uuy, NpiYeM cIeBa NPHHUNMaeM a@* 32 OCHOBaHNe, MH H noayumm (a*)3 =ag*3.

Mpexne weMm nepexomuts k dorapudmuyeckofi QyHKUHH, CAelacM HCKOTO-
phie 3aMeyannsa 06 o6paTHHX (YHKIMAX, O yeM MHl yXe FOBOPHIN KODOTKO BO
seegcnny [20]. Ecan y = f (x) — Bo3pacraoman HenpepusHaa QYHKHHA B NIpo-
MexyTre (a, b), npnueM f(a)= A n f(b)=B, 710, B _Cit1y BTOpPOro CBOfiCTBA
nienpepuBHEX QYHKUNN, PN BO3pacTaHHN X OT @ o b yepe3 Bce BemecIsen-
HHe 3navenna f(x) 6yxer Bospactath oT A 10 B, npoxona yepes Bce npoMe-
MYTOuHHe 3HayeHHA. TakHM o6pa3oM, BCAKOMY 3HAYEHHI0 y H3 NPOMEXYTKA
(A, B) 6yner cootBeTcTBOBaTh oOmpefmeaentnoe x u3 (a, b), n obparnas dyuk-
nHa X =g¢ (y) 6y1er oxHosHauHofi n Bo3pactaomeil. Ecimm x=x, maxoanrca
BHYTPH (@, ), ¥o=F (x,) I X npoGeraer Maiuil NPOMEKYTOK (X, —e¢, X,--¢),
T0 ¥ GyZeT npoGeraTb HEKOTOPHIfT NPOMEKYTOK (¥o— % Yo+ 7). OOo03nauan
yepes 3 HalIMeHbliee H3 ABYX MOJOXKHTEIbHHX YHCET % 1 %, MBI MOKEM YTBCp-
®IaTh, YTO €CTH y NPHHALIEKHT MPOMEXYTKY (3 — 3, ¥, -+ ), cocrasasionieny
JHUWB YaCTh MPOMEXYTKA (Yp— %y Yo+ Me)y TO COOTBEICTBYIOU[HE 3HAUEHHA X
TeM Golee TNpHHANIERAT NPeXHEMY INPOMEKYIKY (Xp—e, Xo4c¢), T. e
Jo () —o(¥)]| <e ecanm TOaBKO |y —y,|<<3. BBHAY npou3BOIBLHOCTH 8
9TO faeT HaM HenmpepHBHOCTb QyHKUHN xX=¢ (¥) B Touke y=y, Ecau x,
COBNajaeT, HANMpPHMEpP, C KOHUOM ‘4, TO B MNpPEABAYIMX pACCYyXICHNAX BMECTO
(xo—e, Xp-¢) HAgOo B3ATb NPOMEKYTOK (Xg, Xo-+¢). AHRIOMHMYHO MOXIO
pazo6pars cayyafl yGesawouefi HenpepuBHOfi QYBXUHH £ (x).

Bepremcs K dynxkunn (36), Pas a>1, 10 =145, rae 5> 0, 1 dopuyra
611HoMa HbloToHa MaeT mpn weaoM noioxiuTelbHoM n > 1

a"= (1 4+ 5" >1-4-no,

OTKYyZa BHAHO, YTO a* GecmpefeasHo Bo3pacTacT nmpH GeClpeIcIbHOM BO3paACTas
nnn x, Hanee, n3 (37) caepyer, uro a* — 0 npn x ——oo. Ilpunnvas so BHH-
MaHHe CKa3aHHoe BHIIe 06 O06paTHHX (YHKUHAX, MOXEM YTBEpWIarb, HTO
GyHKUnA

x=1l0g, 3, (33)

o6partHaa (36), 6yzer onHo3HayHolt, Bo3pacrawoulelt nenpegbmﬂoi‘l dyuxumnell npi
y>0. Takne xe pesyabTaTel NMoayuyawrca H Xia caydad 0 <<a<<l, Ho TOaBKO
¢ynruun (36) 1 (38) 6ymyT y6mBaomuMiL

Bsegeu Teneps HoBoe MoHATHE o ca0xcHol dyarguit. Ilycts y = f(x) ects
OYHKUHA, HENPEPHBHAA B NPOMEKYTKEe @ <X =< h, MPHYEM € 3HAYCHHA IIPis
Hajexar npoMexytky (¢, d). Mycts, nazee, z=F(y) ¢CTb QyHKuuA, Henpe-
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PuBlIan B NpOMCKYTKe ¢ =<y << d. [TonuMas Noa y yxazaunyo Buuie Qynxumo
OT .\, MW NOIYuny CI104HYI0 QYNKUINO OT .\

z=F(y)=F(f(x))

ToBopst, uTo 31a QyHKINA 3aBHCHT OT .\ yepe3 nocpexcrso y. Ouna onpe-
leieHa B mpoMemyTke a<<.x << b. Herpyano suzers, uto ona Gyaer-m nenpe-
puiBlofl B 3TOM upoMexytke, JeilcrBiTeIbio, 6CCKONICUI0 MaTOMY NPUIpallenno X
COOTBCICTBYCT GCCKOHCYNO Maioc Mplipaumleniic y B Ciy nenpepuBuoctd f(x),
a GECKOHEYHO ManoMy MpHPALUCHHIO ¥ COOTBCICTBYET GECKONCYHO Maige Hpupa-
uweniie 2 B cHay neupepusuocti F(y).

Paccyorpum tencph crenciuyio Gynkiiio

=.x? 39

C 106HM BeniecCTBCHNLIM NOK33aTeaeM b, NpuueM NEpeMennylo X MH CyliTacM
noaoxnreannoit. H3 paccymxacnuii ¢ nokasareabnoii gynkmiest nenocpeacrsenno
caepyer, uto ¢pynkuna (39) uMect onpeiciennoe 3nauenne npu BeakoM x> 0.
lloabaysnch onpepeaennies orapidsa i HpuMelns, HaupuMep, HaTYpaivHbic do-
rapudyp, MB MO&kEM lanncarb smecto (39):

z =0z,

Toaaras y=="blog.x n z=2¢Y, MU MOmEN PAcCMAIPHBATIb YTy (YNKIINIO KaK
C10%NYI0 QYUKUUIO OT .X, I NeNpPepHBHOCTL NOKa3aTcabloii it aorapudmuyueckof
MYyuKUN gokawer Hau uenpepsBROCTL dynkwint (39) npu seskom x>0,

Mer Jokazaan suue (34) nenpepusiiocts (YUKW SN X HPR BCEX 3nave-
puax v, Tak e ROKa3wBaeTca NeNpCPHBHOCTL Gynxun cos.x npn Beex . H3
GopMya

: sin X COoS .\
sy OgV=—
€0s .\ sin ¢

tg.v=

nenocpeAcTBenio caeayer [34] nenpeprupnoctb tg.n It clg . OpH BCEX X, Kpome
TCX, HIpH KOTOPWX 3laMelaTeib oGpamaeTcs B HY.b.
Pynkmg y ==sin X CCIb HCNPCPHLBLAA BO3pacraiouwan (YHUKIUs B DpoMe-
~ kid
WYTKE (—-2—, -2—). [loab3yach, cxkazannsiM Bhille 06 06pamiLIX (QYHKUHAX, MO=
WCM ¥TBCPUKAATH, UTO FIABIIOC 3naucHile Qyukuun X == arcsiny - 6yner uenpe-
puBloll Bo3pacTalowelt dynkuicit B npoMexyrke —l =<y =<1, Awnanornsio Xo-

Ka3uBacICa NCNpepLBIOCTb I OCTAIbHLX 00pariuX KPpyrosux ¢yuxkuii.



FTABA 1l
MOHATHE O MPOMU3BOAHON M Er0 NMPUJIOXEHUSA

§ 3. NPON3BOAHAA H JHOPEPEHIUAN
NMEPBOro NnoPsIAKA

45. Tonatne o npoussoauoit. Paccyorpuy asmkywyocs mo nampa-
pacunol npavofi amuun Touky. Ilpofimenunit eo nyrb s, orcunrnBaeMutit
OT onpejeseiniofl -TouUKH npaMoil, ecTs, OMEBNANO, (yHKIHA BpeMenu f.

s=f(t),

TIK UTO BCAKOMY OMPEAENEHIOMYy MOMEuTYy Bpevenn f COOTBETCTByeT
onpeaenennoe 3suavemue s. Ilpupanum ¢ npnpamenne Af, n torma no-
noMy MoMenTy spemennt f-}-Af Gyaer COOTBETCTBOBaTh MNyTh S-|-As.
B ciyuae pasHOMEPIOro ABILKeHId, MpHpalenie myTi MPONOPUHOHAIBIO

As
npupauieniio BpeMeHil, 1 8 3TOM C/ayuae OTHOIEHHE At BhIpaxaer 1o-

CTOANIYIO CKOPOCTh ABiKenus. B oGuieM cayuae 9TO OTHOIMEHHE 3ABHCHT
Kak OT BHOpamioro MoMelTa BpeMmenn f, Tak N OT npupauteiins Af u
BHPAKACT CPEOHIOI0 CKOPOCMs NBILKEHHS 33 NMPOMENYTOK BpeMenu OT £ _
"mo -+ Af, 3ra cpeausin CKOPOCTh €CTb CKOpOCTb BooOpawmaemofi TOUKY,
KOTOpas, MABHrafsCb DPaBlHOMEPLO, 32 NPOMEXKYTOK Bpemens Af npoxoaur
nyts As. Hanpumep, B cayuae pabioMepno yCKOPEHOro JABILKElH Mbl
Oynem uMets

s= g -0t

As %g(t-{—At)e-{-vo(t+At)__%_g¢=_vot 1
e at == gt +vy-}- 5 gAL.

Uenm Meublle NPOMEKYTOR Bpemennt Af, TeM ¢ GOMbIUMM [IPaBOM M
MOXKEM CYNTaTh ABIDKEINE PacCMaTPiBaeMofl TOUKH 31 3TOT MPOMEXKYTOK

A
—i, npn cTpesaenun At

BPEMEHH paBHOMEPHLIM, H Npeaen OTHOLUSHHA At
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K HY.O, ONpeietsieT ckopocms v 8 O0aHHH oaenimn L

v=lim as
Af0 A ‘

Tak, B ciyyae paBHONMEpPHO YCKOPEHHOIQ ABIAKEHHS

v=1im -gtiz lim (gt+vo —i—%gAt):gt—}— U
Af—0 JYAN

CropocTs v eCTh TaK e, Kak Il nyTb s, ¢yHkuna ot f; ¢ynxuns
5Ta HaskBaeTca npou3sodwoir dyuxkuun f(f) no f; TaKkum 0O6pasoM,
CKOpPOCIE ecms NpPou3so0HAsT O IYMIL N0 8PeseHl.

ITonoxiy, 4TO HEKOTOPOE BELIECTBO ECTYMNAeT B XHMHYECKYIO PeaK-
0. Koanyecrso 5TOro BemiecTsa x, BCTYMIBIUEE YXe B  PeaKIHio
K MoMeHMTy BpeMenu ¢, ectb ¢ynxuua or f. Ilpupamenuo Bpemenn Af

Ax
Oyzer COOTBETCTBOBAThb NplpauieHie Ax peanunHn X, U OTHOIIEHHE A7

BHPAKAET CPEONIOI0 CKOPOCMs XUMUYECKOod peakyuu 3a NPOMEKYTOK
ppevelnn Af, a npele:x 3TOro oTnoluenis, Npu crpeMiennn Af k uy.o,
BHPARKAET CKOPOCING XUMUYECKOd pearynll 8 QaHHbLE MOMEHNL Bpesteru t.

OrsieueMcst Tenepb OT NPHMEPOB H paauM ofuiee onpeaedcitiie npo-
uzsoanoil. ITlosomny, urto ¢yukunus y==f(x) onpeie:iena npi HeKOTOPOM
(PIKCHPOBANIIOM 3HAYCHII X I HPH BCEX 3HAYCHHAX K HeMy JAOCTaTouio
G.H3KNK, T. €. LPU BCeX 3sHavennax biia & - N, rae h— moGoe no.o-
RUTEAbLOE WA OTPHUATEAbHOE YIICA0, AOCTATOYHO Majoe Mo a6coJioT-
HoMy 3suavewinio. Beauunny [ nassisaior oOHYHO mPHpauienneM He3asit-
cuvoft nepemeniioff x. Buecto £ muwyt uacto Ax. Coortsercrsyioltee
npupawenne ¢yukunn Gyzen: Ay==f(x -+ f)— f(x). Cocrasuym ortiio-
1eHile STHX InpupaueHit:

Ly _flxt+h—Fx) )
Ax h ¢
J10 oTHOWEHHE onpeleseHO NMPH BCEX SHAUEGHUAX /1, HOCTATOUNO Ma/aKX
10 aGcomoTHOH Be/MIUMHE, T. €. B HEKOTOPOM NMPOMEKYTKE — k< h << - &
xkpose h=0. Tlockoabky x (puxcuposano, otuouwenie (1) ssasercs
¢dynkuuet T01pK0 0T A.

Onpenenenue. Ecan omnowenue (1) wseem npedes (Koneunslii)
npu cmpesmaeduu h g wyawo (h—23=0), mo amom npedear Ha3weaenics
npoussodnoi @yuryuu f(x) npu 3adanroir X.

Huave rosops, npoussoaxoft nauHoft QyHKuuu f(x) npu sapannom

3Hayenu x HasbLIBaeTCs npenena omomemmK%npupamemm Ay q,)yHKqul

K COOTBETCTBYIOUIEMY NPHPAUIEHHio AX HE3aBICHMOrO NePeMEeHHOro, Koraa

5T0 nocaeaee crpemurcs K hymo (Ax — 2= 0), ecan ynomanyroil npe-
aea cymecrsyer. Jlas oGosiayenns npowssoaxofl nuwyt 3, wa f'(x):
. A . x+h)—f(x

_v’=f’(«x)= lim 'A—y-_——_ lim i.(_i.l)_'_fﬂ.'

ax—0 84X a0 4
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Onepaunst nHaxoxaeHHA NPOU3BOMNON HA3HBAETCA Ougghepenyuposane s
oyHK UL,

Ipo6e (1) mpu kh—> 30 moxer n mwe umers npenesa, n ToOrja
NPON3BOAHAR NPH 330aHHOM 3Hauenun x He cymecrsyer. CymecTsoBanie
npenena f'(x) paeHocmabHo crenyiomemy [32]: npn amGox 3adanmoa
sucse € >0 cymecmsyem maroe wucao 1 >0, umo

|ﬂx—'|'h’)l___f(:’2—f’(x)|<s, ecan || < u h£0.

Ipeanonaras, uTO0 NPOH3BOIHAA CYIIECTBYET, MOXKEM HAINICaTh

f(x+hl)l—f(X) =fr(x)+p,

rae §—>0 npu h—>=+0, Hanee, nmeem
Je+B)—fQ)=1f"*)+Blk

oTkyaa caeayer, uto f(x-}-h)—f(x)—>0 npu A—>=*=0, T e ecan
npu Hexomopos 3xayenunt X npou3godnas f'(x) cywecmsyem, mo
npu amox 3Hadenuu x gyuxyus f(x) nenpepusrna. O6GpatHoe yreepx-
J€HNe HEMPaBIJBHO, T. €. NIPH HETIPEPHBHOCTH (PYHKIHH NPH 321aHHOM X €Ie
HEJIb38 YTBEPXAATh, UTO MPH STOM 3HAUEHHH X CYUIECTBYeT NPOH3BOAHAs.

OGpatm BHHMANHE  HA TO, YTO MPH OTHICKaHHH NponssoAnofl y He-
npepuiBHoft QyHkunn Mur. umeeM Apo6e (1), y Koropo#i n uncanTe b M
3HaMeHAaTeNb CTPEMATCA K HYJIO, MPHUEM 3HaMeHaTe b /i B Hyab He oGpa-
waercs. OTmeTuM oZMH vacTHHMH cayualt, Ecam y==cx, TO uncAHTEND
apobu ectb ¢(x-}-h)—cx==ch, a Bca apo6b papua ¢, T. €. He 3aBUCHT
ot h. Ee npegen npn £ — 0 Ttakxe paseH c.

Mpu ¢uxcuposaunoM x 3uavenua f(x) u f'(x) cyrs uncaa. Ecan
(yHKIUA | NMPOM3BOAHAA CYUIECTBYIOT NPH BCEX X BHYTPH HEKOTOPOro
npoMexyTka, T0 f'(x) sBasercs ¢QyHKunefl Or X BHYTPH ITOrO npoMe-
XKyTKa. B paccmoTpennom Beme cayuae f(x)==cx nponssoanas f’(x)
paBHa uHcIy ¢ NPU BCEX X,

46. Teomerpuueckoe 3HaYeHHe NPOH3BOANON. Jlaa BeACHEHHA
reoMeTpHYecKoro 3HaueHus mpouasoanoft o6paruMca k rpadwky ¢ynx-
mnn y=f(x). BosbMeM Ha meM TOuKy M ¢ Koopamunatamu (x, y) u
6auskylo K Hefl, TOXe Jexaulylo Ha xpusol, Touky N ¢ xoopauHaramu

(x+Ax, y-}-Ay). Ilposesem opagmarst M,M " N,N 5THX TOYEK H H3
Toukn M nposeaeM mnpamylo, napaanenasnyio ocn OX. Mu Gynmem nmers
(puc. 50):

MP=MN,=Ax, MiM=y, NN=y-} Ay, PN=Ay. (2)

A
Omomenue ~ DPaBHO, OUEBHINO, TAHreHcy yraa «;, o6pasosanno-
ro cexymetl MN € INOJOKHTETbHEIM Hampasaenuen ocu  OX. Ilpn



105 I 1. NOHSITHE O MPOH3BOAMIOI 11 EFO NPHAOKENHS [ 46

cipemacum Ax K nymo touka N Gyzer, 0CTaBaach 11a Kpusoll, CTpeMuTscd
K touKke Af; npeaeibusim monowenuen cexyuiet AMN Gyaer wacamens-
nass MT x kpusod B Touke M, u, cregopatenviio, npoussoauas f'(x)
PasHa  manzency yeaa a, 0OpA30BAHHO20 KAcameAsroll K Kplgod
8 moure M (X, y) ¢ noaosicumensrol s
Hanpagsaenuesn ocu QOX, T.e. pasua
yeaogomy Kosdghguyuenmy 3moil ra-
cameasHodl.

_% """" Ipu prraucaenuu oTpeskos no gop-
L]

’

:

&

MyAaym (2) Hano upuuuMarh BO BHUMA-

Jtiie MPaBIvIO 31AKOB U MOMHHTb, YTO

npipautentits Ax 1 Ay moryr 6LITL Kak

X NOJOKUTEJBHLIMH, TAK W OTPHLATE/b-
A MBI,

Pitc. 50. Touka N, Jnemamas 1a Kpuooh,

Moxer cipemurscs K A ¢ moGoli

cropoutt. Ha puc. 50 mu npuaaan kracateasnolt onpenesciioe uamnpas-

seaue. Ecan Ou MU npuzazan el npaMo npoTHBONOMJOKHOE HampasJeHuc,

TO 3TO UPHUBCAO Gl K H3MEUEUHIO yrAd & 1A BEAYHIlY = H HE NOBJHIO

Ha BEAURIMY Taurenca sToro yraa. B omagavnefiwes mut pepuemcs cue

K solpocy O nanpasacunu xacateanuofl. Cellyac anst nac 310 Hecyutecr-

Beuo.

Mut pugus Takam oGpazon, 4TO CYWIECTBOBAMUC HPOUIBOAHON CBAIAUIO

C CywecTpoBalliey Kacaicabioll K Kpusoli, cooTseTcTByiowmeli ypasuenuio

y=/(x), npuuey yraosoll Kospduunent Kacareapnofl tgo = f’(x) noa-

wen Oute koneunstM. luwain crosasi, Kacatensuas He Ao/kia Oulib

napaaeasiia ocit OY. B sroyM nocaeanem caydae

e . - - - -

=)
=
=

a= 7 nu az%—, M TANFENC TAKOro  yraa
paseu GecKOHEMIOCTH.

Henpepoisias kpusas MOMET B OTASAbHLIX
TOUKAX BOBCC He UMeTb Kacareasiiofl 1l (IMETH
Kacareabliylo, napaiaieasiywo ocu QY (puc. 51),
I NPH COOTBETCTBYIOUWNX 3HAyeHuax X Qyuxuus Puc. 51.

J(x) ue umeer npoussomuofl. Takux sick/mounTens- .
UMK TOUEK MOeT OLIThb CKOMbL Yroano Miuoro ua kpusoil, JokazuiBaercs
TaKKe, uTO CYIECTBYOT Takue HENpPEepuBlbe (yHKuni, KOTOPWE e
HMEIOT NpOu3BOMION Hi npu oanom suaueuun X. Kpusad, coorsercrsyio-
ugas Takolt pyukuHy, HELOCTYNHA HAWHM FEOMETPUUSCKIM [PEACTABACHHAM,

OcranoBuMest 11eCKOLKO noapobuee Ha TeX CAyuaax, KOTopue npea-
crapienn na puc. 51,

IIpensapureablio - BsegeM NOUATHS O NPOM3BOAHON CHPaBa # MpoOHU3-
poauoll caesa. Ilonowus, uto /i CTPEMMICA K HYMIO HE NPOH3BOABIILIM.
00pasoM, a €O CTOPOMHL - OTPHUATEMABINY SHAYCHUY I €O  CTOpONL
NOJOKHTEAbHBIX 3HaueHul, T. € h~»—0 wm h—>--0. Ecan npu stom
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ornowenine (1) nmeer npeaex (koueunwti), To on 0603nauyaercs oGHWIO
cnyoaoM f'(x—0) wam, coorsercreemio, f'(x--0) » nasuBaerca
npon3sodHoil caesa nan, COOTBETCTBEHNO, rpou3sodxoir cnpaga. Cyme-
cTBoBatine nponssoanofi f'(X) paBHOCHALIIO TOMY, WTO CYHIECTBYIOT NpO-
nzsoanvie f'(x—0) n f(x--0) u uro onn paenu. Ipn srom f'(x) =
= f'(x — 0)=f"(x--0).

Ecan cymectBytor pazmmmibie npouzsogusie f'(x —0) n f'(x-{-0),
TO 3TO COOTBETCTBYET TOMY C.Iyualo, KOria B COOTBETCTRYIONEl TOuke X
CYuleCTBYIOT CJeBa M CNPaBa Kacareablble, le naparieisine ocn OY
(npeneabipe Monoxens cexkyulel), HO 3TH Kacateabibe Pasmiumul, T. €.
onn Ite Jekar Ha omiofl npamof, npoxoasimel uepes TOMKY ¢ abcunccod
X. 3Jror cayuail npeacrasaen Touxkot M, na pnc. 51. B toukax M, n
M, otnomenne (1) npu i1——0 u h—-1-0 crpemnrca Kk Geckoueuno
cmt. OGpatny Bunmanne na 3mak 3tofl Geckoneunoct. :

Han toyexk N, Jgewamnx na xpusofl ciesa or M, seanmma <0 n
S+ M) —f(x)<0 npun h, pocraTouno Gau3KnX K HYTO0, TIK Kak
opJInara ciesa Menbwe opannatel B Touke. AM,. Takny o6pazom, B 310M
cayuae ornomenne (1) norxoxkurteasto, n npn t— —0 ono crpemnrcs
K (-}-o0) (kacateabnas caesa napaaiemsna ocn QY). Cnpasa ot Al,
senma 2> 0 u no-npexneny f (v -4 1) — f (¥) <0, . e. ornomeme (1)
OTPHIATENbNO 11 ON0 cTpeMutca k (—oo) npu fi—-1- 0. ITepexoanm
k Touke My 3meck caesa <O n f(x-+h)—f(¥)<<0, a cnpaca
R>0 uw fc+-h)—f(x)>0, 1. e creBa u cnpaea orTnoWenNE -
(1) NOJOKHTELHO 11 OHO CTPEMHTCH Ky
(-F-oo) kak npu ft—>—0, Tak u npn. .
l—--0, T.e. B 3TOM Cayuae oTHO- ~
wemne (1) crpemntea kK (--co) nmpn
h—0.

Oryerny, uTO NpH onpexe’eHul npo-
n3egognolt Mpl Tpe6oBarH, 4roGH OTIO- -
meme (1) CTPeMHIGCh K KOleuHoMy
npeaeay npi i — =0, Ecau sror npe-
nea npu h——0 pasen (-}-o0) nm
(— c0), TO MH BCe :Ke He roBOpiM, YTO 7
npu COOTBETCTBYIONEM 3nayenmn X Cy--
LIeCTBYET MNpon3BoAlas, pastas (-} co) Puc. 32.
wm (— oo). . S . :

Boamoxubl, KOHEulo, W Takue TOuKH nHa kpusofl y==f(x), B xoro-
puix net u npoussoannx f'(x—0) n f'(x-}-0). Takaa xkpnsas uzo6pa-
xwena na puc. 52. Ona ne nveer- ykasaunbX NPOH3BOMNHX NPl X ==_c.

Ecan nenpepuBnas ¢ynkuus 3amana ToAbKO Ha npoMexytxe (a; b,
TO.NPH X ==@ MH IMEEM BO3MOXHOCTh 06Pa30BaTh TOILKO NPABYIO MPON3-
soanyio f’(a—-0), a npu x==5b — T0:IBKO AEBYI0 TMpON3BOANYIO [ (b — 0).
Korna roeopar, uto.f(x) wuseem 8 npoatescymre. (a, b). (3axxny-
mox) npou3godnyr f(X), .To. BO BHYTPEINIX TOYKAX MPOMEXYTKA STy

Xel
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NPON3BOAHYI0 HAAO0 NOHUMATH B OGHIYHOM CMbIC/AE, 2 HA KOMHAX NpoMe-
HYTKa B TOJABKO YTO YKAa3aHHOM CMBIC/E.

Ecau f(x) ompeaerena B npomexyrse (A, B), Goiaee wwipoxoy, ueMm
(@, b), . e. A< a u B>b, n uneer suyrpu (A, B) oluuuyo npo-
ussoguyio f'(x), 1o Tem Gonee omna OyneT npou3BOAUOH B YKasaHHoM
CMEC/IE W Ha IpoMexyTtke (a, b).

47. Npoussoausie npocrefimux ¢yunrunit. Hs nousrna npoussoxa-
Hofl caenyer, yro 844 onpederbrus npou3sodHol HKado cocmasume
npupaujenne ynryuu, pasdesums €20 Ha COOMBeMCcmMEyOMee npupa-
Hjenne He3a8UCUMOL NePemMenHoll 1 Halimu npeden 3Mmo20 OMHOMEHUS
npu cmpemaenunt npupaujeHus He3asucumoil nepesennoli K nyawo. Ilpu-
MEHIIM 3TO NpPasiI0 K HEKOTOPHIM NpOCTeHwnM (PpyHKIUAM,

I. y==0 (nocronunas) [12].

y=lim 2=l =1im 0=0,
h—0 k0
T. €. NPO3BOOHAR NOCIMOAKHOL PABHA HY.A0.
I y=x" (n —uenoe noNOKNTEbHOE YHCJIO).

N p X% nhats ‘+n(n l)Il a2 AR— AR
3§ ==lim CER =Xy =
PR h h—0 h
=lim [nx”“ - il—(%_—-l—)hx"“2 T h"“] =nx""1,
h—0 "

B uacmiocti, ecmt y==x, 170 ¥ =1. B maapueiimem 2p 0600umuy
310 npasuno angdepenunponanus creneluofi ¢gynkuun Ha mobuie 3iaye-
HuA 1IOKa3aTens 1.

. y=sin x.

\

2co0s (x + g) sin —g—

sin (& + h) — sin x

’=1lim =lim =
J h—0 h h—0 h
/ ; sin -
— 1 ot — -
._._’in_r’no cos \,\ ) ) B Cos X,
2
.h
h Sl ==
TIK KaK MpH CTPRMACHUN - K 1y[TO — 1{33].
IV. y=cos x. 2 h h
X X 25in(x+‘)sm‘
3 =1lim cos(x+lz)—cosx=]im_ 'Z 2 —
P h hs0 &
sin L
h 2
==— lim sin (x ) =-—sinux.
h—0 T3



47 ) § 3. MPOM3BOJNHAS U OH$SPEPEHLIMA/ MTEPBOTO NOPAIKA 109

V. y=logx (x>0).

h
log (1 +—)
. log(x4-h)—logx . X
=llm —_——————— llm ——
‘y’ h—0 h h—0 h
it 2EUE) 1
a0 X h —x?
X

Tak kaxk npu h—> 0 nepemenuas a=% TaKKe CTPeMHTC! K Hyao o
log(lde) 1138
VI. y==cu(x), roe c¢—nmocrosnHad N u(x) ecTb OGYHKUHA OT X.
cu (x+ﬁ)~—cu (x) n(x+h)—u(x)
h h

=clim =ct!’ (%),

! — lim
y ‘R0

h—>0
T. € Npoli3800HAN OM NPOU3BETEHNS NOCMOAKHON SeAutuHs Ha nepe-
MEHHYI0 PABHA NPOUZBEIEHID MOl NOCMOAHKONL Ha Npou3eodHyw om
nepeseHHo20 COMHONCUMEAS, NN, APYTHMN CJAOBAMH, HOCHOSAHKbLY AHO-
JHUMENL JMONCHO BLHOCUMS 3Q 3HAK NpPou3800HOH,

VIl y=1log, x.
1

Kaxk Mb 3uzev, log, =Iogx--m [88]. Ilpumensas mpasunao VI,
noayuuM
;11
V=% Toga

VIIL. Paccmorpnm npomssoiHyio OT CyMMbl HECKOJbKHX (yHKUmil;
A ONPEAENEHHOCTH OrPaHHYHMCH TPeMs CJaraeMBbIMH:

y=u(x)+v(x)+w(x),
¥ =1lim xt+htoxt+h)twxth)—[u)+to)t+wx)]__
5 =

A—0
s g(x4+h—u(x)  ox+h)—v(x) |, wx+hH—wlx)]__
= lim [£EEG=l) ot ime ) | wled i) |
=1 (x) -} 7' (x) + @' (x),

T. € NpOU3BOOHAST CYyMAMbL HECKOABKUX OYHEYWE pasra cysse npous-
800RELX Imux GyHKyUiL.
IX. Paccyorpum Temeps npou3BOAHYIO OT NpOM3BESEHHS ABYX
© dynxunit
y=u(x) -v(x),
= lim u{x-4+h)o(4h)—u(x)v(x)
h=-0 h :
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HMpudasana & wucauremo weauwuny u (x-}-1)v(x) n Buunras u3 nero
Ty Ke BEAMNIY, NoJAyYnM

un(x+ho(x+h)—u(x+4hHo(x)t- u(\—'—h)v(x)—u()\)v(A)

y’=:i»0 I
=lim u (x -1 h) -m'i'—h)——(—'i‘—)-!—hm v(t)ﬁ(—‘ﬂ——“iﬂ
B0 h

=u (x) v (x) v () (x),

T. € A9 CJAYuas ARYX COMUQKUTENed Mpl MOKa3MI, YTO /poNU3800HAS
1PPOU3BEOCHISL PABHA Cyare NPoU3seOeHull Npousso0n X Kalic0o2o U3
cosHOICIMene il Ha OCHIAAbHbIC.

[lokakeM cnpasemamiBoCTL STOFO MPaBHA3 IAas TPex coMuoxireact,
coeamiss  ABA  COMUOXUTEAT 8 O&HY Tpylily upumenas mpasuno
K cayqaio AByxX comuoisuteneli:

y =W @),
¥ =l () v ()] @ @ =0 (¥) v ()] & @) -2 () [u () v (W) =

=ux)v) e’ @) fu®v©)wE)-o (\)v(,\)w(,x)

Tlpumensn ussecTHUll METOA MATEMATHYECKOI ILayKuuy, HETPYyAuo pac-
HDOCTPAINTD 10 [PABUI0 1Y CAyuail M000ro KONSHINOIro HICAA COMHO-
el ;
X, Ilycts teneps y ecTsv wactioe:
. u{x)
J= v(v) '’

u({x-+n "y

y e U (x+0) v(x)

= i =
Y 1 nx+No () —v(x+MNHuly)
—-h-—-O v(v)v(xv-+h) h *

Buuuras 1 npnfasass K uncanreao sropoit n3 npobeil uponsseac-
wie (X)) v (X), NOAyuHy, NPHINMAN BO BHIIMaHUE HENPEpLIBHOCTEL U (X):

¢ —lim I R (x4-Mo(x)—u(Mv(x)Fu(xX)v(x)—v(x+Mu(x) __
J '_',1__0 v(x)u(x - h) h -
1 (x4 h)y—u(x) v(xd-h)—o(x)
__1 —_— N {x) ==
hl_f})u(.\)v(,\—i-h) [ ) < h () /] J
v (Nux)—v(uy)
= wF :
T. € npou3sodnas 0polOn (4acTHOrO) pagHa Nnpou3sodHQl wncaumeasn,
VAUHOJCEHHOH HA 3HAMEHANIeAb, MUHYC NPOU3BOOHAA 3HAMEKameas,
JMHOJICEHHAsT HA HlCAUMEAb, 6ce pa3leneHHoe Ha Kéadpam 3HaMe-
Hamest. : .
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XL y=tg .,
,__{sinx\'  (sin.x) cosx—(cosx)sinx __ cosPx sinfx 1
- (m) = cos® X - Cos® ¢ — costx
Xl y=ctgx. .
. (cos .\')’__ (cos x)'sin x—(sinx)’ cos ¥ _ —sin*e— cosx_ 1
TA\sinx/ T sin® x sin® x T sintxt

Ipn Buiroge npasua VI, VIIL IX u X MH npeanoaaram, yro hynx-
i 1 (x), v(x), w(x) uMel0T NPOU3BOAHKE, H JOKa3a.1n CyulecTBOBallE
npoussoanoit y ¢ynkuun y. '

48, Mponssonuste caOXHEIX ¥ 06paTHBIX ¢yuxkunit. Hanounum
nouatue o caoxcHoit Pynxyun [44]. Iycrs y=f (x) — dynxuus, nenpe-
pLIBIIaR B HEKOTOPOM MNpPOMEKYTKE a<CX<Cb, npnueM ee 3uavenna
ApHIAAAeKaT NPOMEKYTKY c¢=<y=<d. Ilycts ganee, z=F (y) — qyux-
uus, lenpepmwsHag B npovexytke ¢=<y=xd. ITommasa noxa y smme-
YKa3annyo ¢GynkuHio 0T X, MB IOJAYYHM CJIOKHYI0 QynKUHiO 0T X:

z=F()=F(f(x)).

. Tobopar, uT0 3Ta dynKUIa 3aBHCHT OT X. uYepe3 NOCPEACTBO J.
Herpyano Buzets, 410 371a (hynKung OyA€T 1ENPEPHBHA B NPOMEKYTKE .
a=sx < b, JlefictBuTeanto, GECKONEYHO MaJOMy NPHPAILENI0 X COOT-
peTcTByeT GecKoleuno Manoe NpHpauienie y B Citay lenpepuBiocTH ¢ynk-
nu f(x), a Geckoneuno MaioMy NpHPAIMENHIO y COOTBEICTBYET Gecko-
HENHO Manoe mpupamenue z B cuay nenpepsisnioctin F(y).

IMpexne uwem nepexomuts K BHIBOAY Mpasuna andpepeminpopanns
caokofi dynxkunn caeraem oano samevanmne. Ecanm z=F(y) umeer
npoN3poANyI0 NpH Y==41%, TO, COr.1acHo cKaszamiomy B [45], Mu MoOwen

HANNCaTH :
Az=F (94 Ay) — F (o) =[F (30) - 2| Ay, 3

rae nepevennas o ectb ¢ynxkuns Ay, onpeneienHas npn Bcex Ay, no-
cTatouno GaAn3kNX K NYMO I OTAMYHHIX OT Hyas, npuyeM «— 0, ecan
Ay— 0, ocrasaice oranumnyM or nyad. Pasencrso (3) ocraerca cmpa-
seaueuM aas Ay==0 npu moGom BuGope «, n6o mpu Ay=0 n
Az=0. B cnay CKa3aHHOro BHIIE eCTECTBEHIO MOAOXNTh a&=—0 npn
Ay=0. Ilpn TaxoM coriamemnn Mpl MOXEM CYNTaTh, 410 B Qopmyae (3)
e—>0, ecru Ay—0 aoGuiv oGpason, pmaxe o NPUHUMAs  3navenne,
pasnoe nymo. ®opmy:amnpyem Ttenepr Teopemy o nponssomiofl caoxuoil
(pynxui.

Teopewa. Ecau y=f(x) wueem 8 moure x=x, npou3godnyio
S (xo) w z=F(y) uneem s mouxe y,==f(x,) npoussodnyw F (y,),
mo’ caogicnan Pynkuusn F(f (X)) useem 8 modrxe X == x, npouzsoduyo,
pasuyto npongedenuw F (yo) f(x,).
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ITycte Ax — npupamenue (OTAHMYHOE OT HyJR), KOTOPOE MBI NPUKAEM
BHAUEHINO X, HesasucuMofl nepemennoft X, u Ay=/F (x, - Ax) — f (x) —
COOTBETCTBYIOLLEE NpHpalieHiie nepeMeHnol y (OHO MOXKET OKas3arbCsd H
paBubs  Hymo). Ilycts, manee, Az=F (y,-+ Ay) — F(y,). Ipoussoanas
OT ca0MHOI Pyuxuun 2= F (f(X)) no X npu xX=—ux, paBHa, OYeBHIHO,

2
npeneay ornowenns y= npu AX—>0, ecau ST0T mpexesn CyuwlecTsyer.

Pazneaum obe wactu (3) na Ax:

a , Y.\
=[F () +alz.

Mpn crpemaenun Ax K nymo u Ay — 0, B cuay uenpepsisHocTH ¢yux-

H y=f(x) B TOUKE X ==X, 4 INOTOMYy, KIK M YKa3aJil BHLUIE,
A

a— 0. Ornowenne A—-:‘\’, cTpeMurcs npu 3ToM K nponssomuoll f7(xg), u,

nepexold B HAINCAHHOM BHIE DABEHCTBE K Npeaeny, Moaydus

lim £ =F (3)" (x2)

Ax—0 Ax

4TO'H AOka3LBaeT TeopeMy. OTMETHN, YTO HenpepusHocTs f(X) npn vy =ux,
BLITEKAET 113 MPEANO/OKENHOro CyIleCTBOBaNNA npousnoanoli f”(x,) [46].

Hlokasaunast Teopema Mower Obirh dopyyanponana B Buie cJeayio-
wero fipapaa anddepenunposanug CAOKULIX GYHKUME: npon3sodnasn
CAONCHOI (YHEQUI pasHa npou3sefenuio npou3sodHoll no npoiexcy-
nowHOll nepestennoli Ha NPoOU3BOOHYI OIM NPOMENICYMOLHON nepeten-

HOLl 1o He3asucusmoil nepesMesHoil!
ze=F)f (*).

Iepexoanm k npaenay auddepeHunpopadus oOpaTHHX  GYHKIMIL.
Ecmn y=f(x) HenpepniBHa 1 BO3pacTaeT B mpomexyTke (a, &) (1. e.
GOBUINM 3HAYGHIAM X COOTBETCTBYIOT H OOabmie y), npuuer A=f(a)
u B=f(b), To, xak mp 3uaem [21 u 44}, B npomexyrke (A, B) cy-
IEeCTBYET OAHO3HAYHAsS u HenpephBHas OOpaTHasd, Takwe BO3pacTalouias
Gyukuwa X =¢(y). B cuny pospacrauns, ecan Ax 20, to u Ayz£0,
u Hao0opor, i B Cuay HenpephBHOCTH 13 Ax—>0 ciegyer Ay -0, u
naobopor. (Copepuienno anaIornyHo paccyMaTpuHBaeTCs caydali yOmaio-
wuX QyHxui).

Teopema. Ecan f(x) umeem 8 moure x, npoussoduyw f’(xy),
omaudHyi om Hyas, mo otpamuan @yniyus ¢ (y) useem 6 mouxre
y=r (xy) npousgoduyio

(90) == e
¢ (J'O)—fl ('\Ao) . (4)
Oo0o3nauas yepes Axn Ay COOTBETCTBYIOUHE NpHpalleHis X I W e

Ax =0 (yo-}-Ay) — o (¥0)
Ay =1 (xy-}|- Ax) — f (%),
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H npmuma& BO BHuMaHue, 410 003 OHH OTJIHYHB * OT HY/ 5, MOXEM
Hanucars:

ax _ L
ay T Ay’
“Ax

Kak w1 sngenn sewe, Ax 1t Ay ogHOBpEMEHHO CTPEMATCA K HyAto,
I moceAnee paBeHcTBO B npedene H npusozutr K (4). Iloxasamias T1eo-
. pema MOXET OuThb ¢opMyaMpOBalA B BHae CJe- y
" aywouero npasuaa anddepeHunposanni o6paTHHX
dyukuui: npou3sodHan obpamuoil Pynrxyun pas-
Ha eQunutie, 0eACHKOI HQA NPON3BOOHYI0 Nepgo-
RavaasHoli  (PynKyun 6 coomsemcmsyiouel
movxe.
Tpasuno auddepennuposanns o6paTisx GpyHx-
il UMeeT MpocToe reoMeTpHyeckoe HCTOJAKOBa- 0
“mue [21] Oymrkumn x=9 (¥) n y=; (x) unetor Puc. 53
oguH H TOT xke rpaduk Ha niaockoctu XOY ¢ roft
aume pastnuel, 4yro A Qynknun x=¢ (y) ocb uesasucumofi mepe-
mennoft ects ock OY, a ue OX (puc. 53). Ilposoas xacareavnyio MT
H BCIIOMHHAA TEOMETPHYECKOE 3Mayesie NPOH3BOLMNON, MOMyunM

f(x)=tg(0X, MT)=tga,
| ¢’ () =tg (07, MT)=tgB,
npuyeM Ha puc. 53 yroa B, Kak u a, cuntaerca noaoxuteasusiM. Ho,
™

oueBnaHo, B = 5 — @ W, CJeI0BaTeNBIO,

. l R 1
tgﬁ=t—g—a. &g (J’)=f—,(7)-

Ecmn x==9(y) ects dynkuns, obparnas y=f(x), 10, OuUEBHAMNO,
H Hao0opoT — dyHKumio y=,(x) mokuo cunrarp obpaTHOH QyHKUUH
x=¢ ()

IMpumennm npasnao anddepenmuponanis o6patnbix Qydxuuti K noxa-
sareapHoil QyHKuan,

XL y=a* (a>>0).
~ O6patnas ¢ynkuua B maunoM ciayuvae Gyzer

x=0(y)=log,y,
u, B cuay VI,

’ 1 1
? (y)“'}" 'mv

OTKyAa no npasuay nuddepenunpopanns oGparHux dynxuuit

'—.1_-'—- e
Y=gy =Y loga um (¢) =a"loga.
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B uactioum CIyuae npn a=—e uMeeM
(ex)'=-e,x.

[Moayuennas dopmyaa, Byecte ¢ npasiioy Auddepennpopaiis €10:K-
WX Qyiukunfl, gacr #aM  BO3MOKNOCTL BHYICINT NPOI3BOJAHYI0 OT
crenentoll gynKuum. '

XIV. y=x" (x>0; n— moGoe BeulecTseINOE YICAO0).

dra dynkuns npu pcex x >0 onpeseiena 1 iMeeT MOJ0KNTEIbHLIE
anaveuns [19].

ToJb3yscy onpeaeaennes Jaorapudya, Mp MOKEM DPEACTABNTbL HAWY
gynxunio B Bnpe C¢JI0:xKHOH dynruim

¥ — Pt —nlogx,

Ouddepenuspys no npasnay aunddepenunposauns  CIoRBLX  ynKuuil,
1oAyuHM

n
X

n N

y=erlgr _—x T:nx"".

Iror pesyabraT uerpyano o6obuliTh I Ha cayuall oTpulaTeabliLX 3ma-
yeltl X, eI TOALKO caMa YHKINA HPU 3TOM CYWECTBYET, Nanpuyep,
_y=x‘/3=]"/-§.

[pnyenny npasito audpepeniiiporanita  oOpaTiuX (pyuKWIHI K Ha-
XO:KZellio MPOH3BOAIILIX 00PAaTHLIX KPYroBEIX (ynKuuii.

XV, y==arcsin.x.

Mpl paccmarpusaeM raasnoe suauenne [24] srtofl dynkunn, T. e. 1Y

w aT
AYry, KOTOpas 13XOANTCA B MPOMEKYTKE (— SR —{--2—) . dynxumo a1y

MOIIO -PACCHATPHBATL KAK OOPaTiylo PyHKLNIO N0 OTHOLIENHO K (YKL
x=siny u, coraacito npaspay auddepenunposauis o0pPATILIX (PYHKIL,
HMeEeEM

1 1 1 1

Y= T ey T Yimemry | Yi=w

npiveM y paaukaia nago Opatb 3uak (<L), TaK Kak cosy uMeer 3nak
(4-) B npomeikytre (-———,—, —,) Touno TaK e MOKIO NOJYUHTH

1
Y1i—x’

NPHUEN PACCMATPUBACTCS FIaBlioe 31auelne arc cos.X,. T. €. Ta Ayra, Ko-
TOpa 3aK.M0YaCICH B npovMexyike (0, =)
XV y=arctgx.

(arccos XY =—

: T 0w
Taasnoe snasemie arctg.x 3akaiouaercs B npoMEKyTKe (—7, iz-),

n (YHKNHIO 3Ty MOKIO PacCMarpuBaTb Kak o6paTiyio MO OTHOLIEINO
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K ¢ynxunn x==tgy; €/1e10BaTENLHO,

P U BUSPUNPIR I
V=T = = cosy = 11ty Y

cos®y
Touno Tak we noayunm

(arcctg x) =— HI—\’

XVIL. Paccmorpiv eme audpepeinnponanue dyuknuil pnga:
y=u’, -
rae u u v— dyacunn o1 X (Crenentio-nokasateabnan gyuxisn).
Mu Mowem mansucarb
),=ezv log n,
u, npusenss npasu1o audpepennupoBania CAOKIHX (ynkiu, noayuum
y =evlzu.(ploguy.

Mpumeuss mpasuao auddrepenuuposanus npoussemenus u jguddepemu-
pya logu, kak caokuyo ¢yuxkumo or X, GyAeM HMETb OKOHYATEbIO

» » v
=e"‘°3"('v log 1t —u)
y gu—
nan

’ ol 1 U,
f—=u? (v lo -,
Y =u ( gu- z)

49, TaGauua npouseronHbIX U npumepsl. Ilpneesem TtaGanuy Bcex
BLIBEACHNBIX NIaMH npasil ﬂll(l‘(i)@p@lllulpOBallllﬂ.
1. (¢y =0.
2. (en) =«
3. (myFmt-. tu) =y
4 (uy... Y =iy, W, - gy, - gttt
5 (u )’___u’v—v'u

v v
6. (x”)'—nx"" n(x) =1
T. (log, ¥y = - ITEIF i (log x) =
8. (Y =¢" u (@*) =a"loga.
9. (sin x)" = cos x.
10. (cos x) =— sin x.

, 1
11. (tg %) = CoE
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’ 1

12, (ctgx) = — e

’ 1
13. (arc sin x) —_——,

T—

’ 4 Al
14. (arc cos x) = Vl =
15. (arctgx) = 1+\2 B
16. (arcctgx) = l+x2‘

17. @Y =ou™ v’ - u” loguv'.
18. yyx=yu-u, (¥ 3aBUCHT OT X Yepe3 NOCPEACTBO ).
, 1
19. xy —_—
Vx
{Ipimenny BLIBEdeHHBIE NPaBNIA K HECKOABKHM NpHMCPaM,
I y=ua®—3x2 4 7x—10.
[Tpumensa npasnaa 3, 6 u 2, noayuum
y=3x*—6x+417

1 _2

2 y=——=x 3 .

Y V%
INpisenss upasdao 6, noayyns

5
L p— _2_ X - —3— — __2_
7T axy/

3. y=sin%x,

[Mosaras u=sin x, npumenn™ npasuia 18, 6 u 9:
Yy =2u-u' =2 sin xcos x==sin 2x,

4. y==sin (x?).
[losaras u = x?, mpuMCHHM Te Ke mpabnaa

¥ = cosu . u = 2xcos (x?).
5. y=log (x-} Vx:4-1).

Moaarasa ciayanra u=.x- V,v2+l u sareM v=x?4-1, npumemiy nsa
pasa npasitio 18, a takxe npasnia 7, 3 u 6

1 -
'—______. 2 —_—— l 2 L
R rrn{s +1/7cl T = e [ VT
=.V+Vx_=ﬁ[l+21/?‘—ﬁ(x2+l)']=

I X
f=3 1 =
-v+V-\""+1< +1 x“+l>
1 x—}-Vx--{-l 1
s+Ve+l Yo+l VeE+l
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o=

X
Toxosxy "=727??——1 u npusenny npasiaa 18, 6 u 5

x )"“ 2¢4-1—-2¢x _ nxr!

L X "_l. X ' —
y=n (2x T 1) (2x ¥ 1) =n (‘2x+ I CeF 1) = @x Lo
7. y=x*
. ITpumenaa npasuzo 17, noayuyus
_ Y =x*1 x4 x¥log x = x* (1 +log x).
8. ®ynxu#a y 3agana ypasHeHsem

x2 2 .
et R —1=0, e

Kak neasuas dynkuna or .x. TpeGyerca HaitTit mpon3soaHywo .
Ecait 651 MB pemiin AaHHOe ypaBHEHHe OTHOCHTCIBHO ¥, TO MOAYYHIH Gbr
Y y=7/(x), n1eBanA yacTb ypaBHEHHA NOCIE NOJICTAHOBKI ¥ = f (X), OYEBHIHO, 06pa~
1AeTCA TOXIAECTBEHHO B HYas. Ho mpomnssoanas OT HYJst Kak NPOH3BOAHAR OT
nocroaxsoll, pasHa ny{o, a NOTOMY, ecaH Mbl NpoHdQepeHnupyeM IeBYI0 uacTh
LAaHHOTO YPaBHEHHA 110 X, CYHTad, YTO ¥ eCTb 3ajaHHaA STHM ypaBHeHHEM ¢ynk-

HHa oT X, TO RO/XHH IIOIYYHTb HYIb:
2¢ |, 2v , b*x
FTEy=0 omm y=—7o

B sroM cayuae, Kak Mui BIINM, y' BHpaKaeTcsa HE TOILKO Yepes X, HO I
yepes y, HO 33TO HAM He NPHINIOCH JIA OTHICKAHHA MPOH3BOMNOI pewaTh ypas-
HeHNe (3) OTHOCHTCILHO ¥, T. €. HAXOJUTh ABHOE BHPaXeHite QYHKUMH.

Kak n3sectno 13 amaantHyeckoil reoMerpuy, ypasHeHNO (5) COOTBETCTBYeT
914HNC, H HafileHNoe BHpaxceHHe y' AaeT Yraosoil Ko3douuueHT kacarteabhofi
K 9TOMY 3J1HNCY B TOYUKE C KOOpAMHaTaMu (x, y).

50. Monarue o xuddepennuane. Iycrs Ax — npoussoasioe npupa-
LieHne He3aBHCHMOH nepeMeHHOM, KOTOpoe Mbl CUMTaeM YKe lie 3aBucs-
muy ot X, Mm OyaeMm uasmBsarb ero dugighepenyuanost HezasucusMol
nepestennoti 1 0003HaYaTh 3HAKOM Ax nubo dx. 3Hak 3TOT HH B KoeM
cayyae He SBAAETCA NpoussencHueMm d mHa X, a CAYXKHT JHIUb CHMBOJIOM
aast 0003HAYCHNUA - NPON3BOALHOE, He 3asucsuell om X BeAUUHbL. ’

Hugppepenynaron @dynkyun Ha3ssaemes npoussedexue ee npous-
800H0i Ha Ougeperynanr He3aBUCUNMOE nepeserHOI,

Huddepeninan ¢ynkuun y==f(x) 06031aya0T cuMBOIOM dy HIH

df (xx
dy =df (x) =7 (x) d. . (6)

M3 otoit ¢opmyast eCTeCTBEHHO IOJAyyaeTcd BHpaxeH#e MpPONU3BOAHOM
B BHAE 4aCTHOrO ABYX Au(¢epeHunanon:

=2
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Moauepkuew, uro anddepenuna’ dx 1e3aBUCHMOrO  MEPEMENIIOra,
pxoasuitft B onpeneienne auddepenunaaa gynxuun 1 B gopmyay (6),
MO:KET NPHINMaTh COBEpIUENIIO NPON3BOAbIIbE 3Hatennd. Pnkcupys xaxoe-
anGo 3nuaveine dx, mu no ¢opmyae (6) noayvaem COOTBETCTBYIOULEE

anauenne dy npu 3amannom X. Ecam mMm cun-
% T TdeM dx npipaulenneM He3aBHCHMOrO IepeMeir-
HOTO X, TO Napo, 4To6H Ne TOABLKO X, HO M
X - dx npunagiexaan npoMEKYTKY, Ha KOTO-

t

M #p -- poy onpeneaena ¢yukius. Ho it npn sroM aud-
! : (peperniaa gynkunn dy ne COBN3AaeT, Kpome
' 1 HCKMIOUHTEAbIBIX  CAyYaeB, C  NpHpauleHiem
H ! (PYHKINY, COOTBETCTBYIONINM Npupauiennio dx

b » X 11€3ABHCHMOrO nepeMenoro.

0 My N Uro6 *

TOOB BHISCHNTB Pasnily MEKAY 3STHMH
Piuic. 54 nouaTHaMI, oOpatuMca K rpadgury (yukiuim.

Boabmen Ha neM nekoropyio rTouky AM(x, )
u apyryio touky N, Ilposemem xacateawtiyio M7, opaunary, CooTner-
croytontie  Touxam M ou N, u upsinyw MP napareasno O (puc. 54)
Mpl OyaeM HMETb

T’tl_ﬁzm =Ax (um dx),
PN=Ay (npupamenue y),
tg £ PMQ=1"(x),
OTCI0A
dy=f'(x)dx=APtg 7 PMQ=DPQ.

IOuddepennnaa gpynkunn H306pakaercs OTPEIKOM 1—5_(,?, le coBnajao-
‘M ¢ orpeakoM PN, xoropufl usoOpaxaer npupawenne ¢pypxwi, OT-
peaox PQ 1306pasiaeT TO MpHpAUICHNE, KOTOPOE NOAYHIA0CH 6Ll ecaut 6Ll
B npoMeKyTKe (X, X --dX) Ml 3aMeHia oTpe3ok MN xpunott oTpeskon
MQ wacareabnol, T. e, ecan Gbl ME CUNTaJMl, MTO B HTOM NPOMEKYTKE
npupautenie (QyHKI NponopuHoHansiio Npupalelno nesasncuMoli nepe-
MeHuol, 1 KO3(ppuUHENT NPONOPUIOHAILIOCTH B3dMmi O PaBibM yrio-
poMy Kos(duuuienty kacareastioli A7, 1an, uT0 TO K€, _pasnuiy npe-

usnoatioll f’(x).
Pasuocte Mmewxay anddepemunaiom u npupauienieM n3oOpaicaercs

orpeskoM NQ. TMoxaikem, uro ecam Ax CTpeMuTCs K 1yal0, TO Pa3nocrs
2Ta €CThb BEIAUMHHA 6eCI(0H€‘IHO MaJa0 BLICIIETO NOpAAKa NO cpaunemno
¢ Ax [36].

dy

"Oruowenue = B Opeieic KaCT Npounoauyio, a norouy [27]

Ax
A ' N
ﬁ:f (,x)—{- €,

-\
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FAe € eCTh peauunHa GeckoHeulo Masas onuoape\xeuuo ¢ Ax. M3 storo
paBelcTsa NOAYYHM :
Ay=f(x)Ax+z=Arx

Ay=dy |-<dx,

OTKyZa BHANO, 4TO pasnocTs Meway dy u Ay pasna (—edx). Ho
ortouenne (—edx) x Ax, pasuoe (—e), CTPEMHTCA K HYyMIO BMeCTe
c Ax, 1. e. pasnocts mexay dy n Ay ecrs peauunna GecKoueuno Manas
BBICIIErO 1OPAAKAa no cpasiteumio ¢ Ax. 3aMmeTuyM, uro 3nak 3Tof pas-
HOCTIl MOkeT Outb mobuiy. Ha namem uveprexe u Ax u sra pasuocTs
umerot 3uax ().

dopmyaa (6) naer npasuro naxomaenus Auddepenunana dyukui.
ﬂpxmemm €ro K HEKOTODPBIM MICTIBIM CJyuasM.

I. Ect ¢ ects nocrosuuas, 10

de=(c)ydx=0.dx=0,
T. € oughbepenyuan nocMosIHHON paser HyAlw.
IL dcu (X)) =[cu ()] dx =i (x)dx =c du (x),

T. €. NOCIMOSTHHBLT MHOJCIMENs MOJCHO BHLHOCHUMS 3a 3HAK Oughheper-
yunana, ‘

HL du@)-+ov®)+w@l=[ux)Fv) o) de=
= (¥)+ v () + @& (X))dy =1 (x)dx |-V (x)dx @ (x)dx =
=du(x)-+dv(x)+dw(x)

T. e. Oudhbeperuan cysms pagen cyarse Qugpdbepennanos caazaesbrx.
V. dn(x)v(x)© @) =[u(x)vx)e®)] dc= '
=v(X)w (X))’ (X)dx - u(x)w(x) v (¥)dx-ux)v(x)w (x)de=
=v(x) @ (x) du(x) -}~ 11 (x) @ (x) dv (x) -1 (x) v(x) dw (x),

T. €. dughhepennuan npoussedennss pasen cysie tnpoussedenui ougpe-
PEHLIAN08 Kaxc0020 N3 COMHOXKUMENed HA 8Ce OCMANbHBE COMHO-
ocnmeat. _

Mu  orpanmuuimch,  cayudem Tpex comMuomureneh. Tor KE BHBOA.
roaurca 1 ajas moBOro Koueunoro vuchaa comuoxurenct.

v, gt l’u(r)J ds 0w () dr—u(x) v (x)dx __
B 7 €5 £ O = (v (¥))*
. v (x)du(x)—u(x) do (.\'

= lor - 7

1. e. Jugdbepenyuan wacmuozo (npoGu) pasen npouzsedenio Ougdghe-

PERRIAAQ YlUCAUMERST Ha 3HAMENQINENs ruHYC npoussedentte dughgepen-

Huasn 3HAMERAMeEAs Ha 4qucaumens, 6ce denexnoe Ha Keadpam 3na-

Mernamean,

Hay
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VI. Paccyorpuy caownyio dynkunio y=f (u), rae u ecrb Qyuxuua
or x, Onpeneany dy, npeanoJaras y 3aBHCAUIM OT Xt

dy=y,dx=f (u) - u,dx =1 (u)du,

T. e duggepenyuanr caoxcHoi yHryUL uMeem mom dice 8ud, Karkol
OH uMea Ou & moat cayiae, ecan s 8CNO.M02AMENLHAT PYHKUUT 1
Oblaa He3a8uCuUMOL nepeseHHOl,

PaccMoTpiM  yucaeHHHI TpHMep 1 CpaBHeHNA BEIHYHHE DIpHpaUleHis
¢ynxuun ¢ ee anddepennuatom. BosbMesm ¢yHKUMHIO

y=Ff(x)=x342x3+4x 410
I PacCMOTPIIM €¢ mpHpaueHIe
F201) —F(2)=20134+2.2,012 +4-201 410 — (28 +2.22 - 4.2 4 10).
Mpoussoaa Bce AcficTBHA, NOIYYHM AIA DPHpaLiesHA Beanyuuy
Ay =£(2,01) — £ (2) = 0,240801,

Hecpasnenno mpowe swiuncaits-guddepenunan pyuxam. B ganuom cayyae
dx=201 —2=0,01 n gupdepenunaion Qysxu 6yaer

dy=(3x*+-4x -t 4) dx=(3.224- 4.2} 4)-0,01 =024,

Cpasungaa dy H Ay, BHIHM, YTO OHIUl COBNAJalOT AO TPETLCTO MECATHY-
HOTO 3HEKa.

51, HexoTopsle anddepernnanbusie ypasnenns. Mel noxasaan, uto, 3aMe-
nag B npoMexyTke (x, X - dx) npupautenue Gpynkuun ce andepeHiianom, Mu
NpHMeHsAeNM 3aKOH MPAMOI! NPOITOPUHOHAILHOCTH Me:k1y NPHPAueHHAMH YRR
It He3aBHCHMOIT nepeMeitHOlt C COOTBETCTBYIOWHM KO3GDHUHEHTOM NPONOPILII0iIaIh-
HOCTH, M YTO Takad 3aMeHa NPUBOJMT K omli6ke, KOTOpPAasa ABIAETCA GCCKONCYHO
Maloit BHCIIEro nopsika no cpasHenHio ¢ dx. Ha 3toM ochHoBaHo mpumenenie
anajn3a 6eCKOHEYHO MaJHX K HCCICAOBAHHIO ABAeHHil NPHPOALL.

Ha6awonaa HexkoTopuil nmpouecc, cTapaloTca pas6lTh €ro Ha MaaHe 31eMEHTH,
K KaXIOMY H3 KOTOPHIX, MOAL3YACh €ro MaJ0CTbio, MPUMEHAIOT 32KOH MpPsMOfl
IIPOIIOPUHOHAILHOCTH, B npeleae noayyamor Takim 06pa3oM ypaBHeHHe, npci-
cTaBaslniee cO60I0 COOTHOLUEHHE Mex Ay HE3aBUCHMOfi nmepeMenHoil, dyHKnneil
1 ux auddepenunasaMu (1Al npoussoanoil). Ypassenue amo Hasweaemes dudpe-
PEHYUQAbHBLAM YpABHEHUeS!, COOTBETCTBYIOULIM pacCMaTpPHBACMOMY IHpoLCCCy.
3azaua naxommeHus camofi @yuxuun no anddepeHUIaILHOMY YPABHCHHIO €CTL
33]a4a UHmMe2puposanus ouddepenjuuaabH020 YPasHerUs.

HMrak, . npi npuseHeHi anain3a GeCKOHEYHO MaluX K H3YUeHIO KaKoro-
2160 3aKOHa NpPHPOXE!, HEOOXOINMO COCTaBHTb AHG(GCPCHUNAILIOE YpaBHEHIC
pPaccMaTpHBACMOro 3aKOHa IPHPOAW I NPOHHICrPHPOBaThH €ro. JTa NOCICAHAR
33j]aya OGbIYHO GbIBAaeT ropasfio TpyoHee nepsofi, 1 o Hell Mbl GyleM FOBOPHTH
BiocaeacTBinL B naabHefiunx npusmepax BuBegeM AiddepeHulansisie ypaBieis,
COOTBETCTBYIOL[HE HEKOTOPHIM NMPOCTEiilIHM ABIEHHAM TPHPOALL

1. Bapoxempuyeckan gopruyaa. aBaenue atmocdepsi p, pacculiThiBaeMoe
B3 CAHHHLY 1AOUaAH, €CTb, vuesBHAHU, (YHKIHH BbICOTH 2 Haj IOBEPXHOCTHIO
seMal. PaccMOTpHM BepTHKATbHBIT UUIHHIPHYECKHIT €T0I6 BO3IYXaA C IO ALIO0
lonepeynoro ceyelHs, pashoit emnunue. Ilposejgem nBa monepeuHHX CEYCHIN
Au A, na swucotax h u h-dh Ilpn nepexoge ot ceueHHs A K ceyeHno A,
naBacuie p ysmenbmnrca (ecan dh>0) Ha BeanylHYy, paBHY BecCy BO3AYXa,
KOTOPHI! 3aK1l0uacIca B YaCTH wiLugapa mexay A un A, Ecan di mana, Moxen

[N
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NpHGINKEHHO CYUNTAaTh MJIOTHOCTH p BO3AYXa B 3TOH YacTH WAMHAPA NOCTORHe
noft. [Tromane ocHoBanna croabuxka AA, pasBHa enuHuue, ero Becora dh u,cae-
RoBaTeibHo, 06beM dh, a HcKoMuil Bec p df. Vrax, ymenvumenne p (npu di > 0)

pasno p dh:
dp =-—0p dh.

Coraacno 3akony Boft1a — Mapnorra, nioTHOCTs p NPONOPUHOHATbHA JaBlE=
HHIO p: '
p=cp (¢ — nocrosnuasn),

I MBH OKOHY3aTeJbHO Moayyaem auddepenunaibHoe ypasHenie

dp=—cpdh nan g% =—cp.

2. Xusudeckue peaxnuu nepso20 nopadxa. IycTb HeKOTOpoe BeweCTBO,
Macca KOTOporo €cTb ¢, BCTynmaeT B XHMHYeCKYlo peakuuio. O603HaynM GyKBOIO
X TY yYacTb 3TOff MaccH, KOTOpas Y»Xa BCTYNHIA B Peakuiio K MOMEHTY Bpe-
MEeHN f, OTCYHTHBAEMOMY OT Havaia peaknHd. OueBuaHO, X eCTb QYHKNHA OT 7,
Jaa HexoTOpHX PeaKuRH MOXHO NPHGIIMKEHHO CYHMTATh, UTO KOJIHYECTBO Bele-
CTBa dx, BCTYNHBIIEE B pEAKIMIO 33 NPOMEXYTOK BPEMEHH OT MOMEHTa ¢ J0

) Momenta t - dt, npu MailoM df NpONMOPHUOHAIBLHO df 1 KOIMYECTBY Beulecrsa,
KOTOpOEe K MOMEHTY f OCTaBaJOCh HE BCTYMHBIIHM B PCAaKIMIO:

dx=c(a—x)dt nan % =c(a—x).

Ilpeo6pasyem s1o ZAnddepenunaibioe ypasHeHNe, BBOXA BMECTO X HOBYIO
dyHKkuHl y=a—x, rae y o6o3Hauaer Maccy, KOTOpad OCTaeTcA He BCTYMHB-

mell B PeaKUHIO K MOMeHTY Bpesenn f, TIpHHHMan BO BHUMaHHe, YTO 4 €CTb
NOCTOAHHASA, NMOIYYHM

dy__ _ dx
dt—  dt?

i nuddepeHunaTbHOe ypaBHeHHe XHMHYECKHX peaxuiit nepBoro nopsaaka MOXer
GLTb TepenicaHo B BHIe .

dy

a=

3. 3aron oxaasicdenus. Tlo10kIM, YTO HEKOTOPOE TE10, HAPETOE N0 BHCO-

Koft TeMIeparyphl, NOMeaeTcst B cpely, HMEMYo HOCTOAHHYI0 TeMnepatypy 0°,
ITpu oxaaxnennn Texa ero Temneparypa § Gynmer ¢ynxuneit Bpemeny ¢, xotopoe
MBI GyleM OTCYHTHBaTb OT MOMEHTa IOMelleHHA Teia B cpeny. Koamuvecteo
Tenm1a dQ, OTHaHHOrC TelIoM 3a NPOMEXYTOK BpeMmenn df, Gyaem mpu6amkeHHO
CYHTATL INPONOPUNOHAIBHEIM JINTEILHOCTH df STOrO NPOMEXYTKA N PasHOCTH
TEMMEpPATyp Teaa H Cpeinl K MOMEHTY BpeMeHI £ (32koH oxaaxjenna Hoiortona),
Mur Moxem Torza Hammcath

dQ=c,0dt (¢, —nmocrosHHas),
O6o3naune 6YKBOI0 kB TEMIOEMKOCTb Teaa, HMeeM
dQ=—Fk db,

rae Mo nHmeM 3Hak (—), Tak Kak d0 B paccmaTpuBaeMoM Cayyae OTPHUATEIbLHO
TeMneparypa nounwaetes). CpasHIBag STH ABa BHpameHHs dQ), Noayyum

df = — c0 a¢ (c=%) HIH %:—ce;
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€ CCThb BCANYHIA HOCTOANNAN, €Ca Mb GyAeM CUHTATL TCHAOEMKOCTL & HOCTO-
suiolt. Buipegennusie namn nuddepennnainibic  ypasHCHNA HMCIOT ONHHAKOBYIO
¢dopuy. Bce ol BLIpaxaloT TO CBOIICTBO, YTO HPON3BOAHAA NPONOPUHONAALHA
caMoil QyuUKUny € OTPHUATCILILIM KO3(UUNCHTOM NPONOpUNIOHAABHOCTH (— C).

B [38] Mwt noxasaan, yto HpH HCNPCPHIBHALIX HPOUCHTAX C OCHOBHOrO Kalil-
7433 @ uycpe3 ¢ acr oGpasyeTca Hapawcuuuil Ranutax ae®’, rae k — npouenr-
Ha# TAKC3, BLIPAWCHNAA B COTHIX 0K

¥ =ae*, U]
Buiuucans 1poH3soauYI0, HOAYUIN
3 =akett = ky, ®)

1. €. B 3TOM CIY4ac MB HOIYHACM TO K€ CBOIICTBO NPONOPILIOHAILHOCTH fIpoN3-
soIHoil 11 caMoft QyKuu, 0Jarofapa 4CMYy CBOMICTBO 3TO Ha3BBAIOT JGKQHOM
CAOMCRUNX npoyednos. Brocacactsiit Mu nokames, yto ¢ynsuna (7) aaer sce
peutcima  anddepeniaasioro  ypasucuus (8) npu npou3soasHoss 3naMCHNU
woctonmiiofi a, sMecto kotopoft 6yaem micate C.

TakiM oGpasoM, peurcnHA HAWHX ypasucuuit MoryT ObiTb HPCACTABICHLE
B BiAe (3amcuan k na —e¢):

p(y=Ceh y(ty=Ce™ ¢, 8()=Ce™*, 9,

rie C —noctonnnan, Oupepeiy Tenepb ¢Qu3Nucckoe 3Haveniie nocrosuunoi C
B K20l 3 npeawaywux dqopyyd. lloacrasina s nepsyio u3 dopmya h=0,

HOIYHIM
C=p0)=ps

re p, ecin, Takus ofpasoy, fasaecmie atvocdiepu fpu =0, 1. ¢, ha HOBLCPX-
1octir sesan. Bropas 13 Qopyya upu £ =0 aact nam

C=y ),

1. ¢. C eCTb Macca, e BCTYNUBINAA B PCAKINIO B HAUAILULIT MOMCHT BpeMCHi,
w ce Mu patbite oGoanauamy Oyxsoto g, Hakouew, noacrasana t==0 s TpeTnio
n3 Gopuyi (9), yv6camen Takike, yto C €CTL Havaauhas Temiecparypa b, Teaa
B Meveut cro moscuicuus 8 cpeay. Hrak, okonyarcasno umeen

p(y=pet y({t)=ae 0()=0c"¢ (10)

52, Ouetka norpewnocted. [Ipi NPaKTHYCCKOM OHPCACACHIH M HETOY-
HOM BWYHCACHIH KaKoii-11160 BCANYBHLI X HOadyyacTcsa owmnbka Ax, KoTopaa ma-
3BACTCA ABCOMOMHOL OMUBKONI WAl abco0mKol no2petHocmbio 112611001
ua suyncachin. Ouna pe xapakrepusyer rtousioct HaGaoicuna, Haupusmep,
ommbka 0£030 1 it upH onpelucaclHil JANAL KOMHATH HPAKTHYECKH RONYCTHMA,
a Takad we omuGKa upH OHPEAEACHHI PAcCTOAuHA ABYX GAHIKNX HNPCAMCTOB
(natpusep, €Beyn OT skpaila GOTOMCTPA) YKA3WBACT Ma GOJLNIYIO HCTOUNOCTL
uamepeinit, [loatoMy BBOXHT cuie HOMATHC 00 omuocuMeAbHOd nozpewHocmi,

Ax :
KOTOpan pasia a6coaioTION BEINYINIC OTHOLICHHA ITI aGcoalothoit  Horpeu-

HOCTH K 3Hayenio camoli uascpacsmofl e,
[lorowum Tencps, 4TO HCKOTOPAA BCIHYIIHA 3 OLpEACAACTCA N3 Y PaBHCHNA
Y=F(x). Omnbxa Ax npu onpeeIenny BEANUNNN X NosacueT 3a cobofl ownG-
Ky Ay. l!jpu MaaslX 3HayeHiax Ax MOXHO 3aMeHNTh npibmpkeHso Ay ambpdeper-
1Han0M dy, Tak UTO OTEOCHICILUAA JIOrPCUINOCTL [P ONPCACACHI BEIHYiNib ¥
sbipaxcacTca opMyaoit
. ldy
y
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Mpumepmn. 1. Cura toka i onpegeasnercs, Kak H3BECTHO, NO Tanrelc-raib-
BaNOMCTPY N3 QopMyaH: :

i=ctge.
Nycrs dp — omubka npn orcuere yraa ¢:
. ¢ di ¢ 2
di= cos?e d, T costg-cige dy= sin 2¢ i

OTKYAd BUANO, UTO OTHOCHTEIbHAn omnéka

npH onpexcacHun i 6yneT rem

MelbIine, yem Gamxe ¢ k 45°.
2. PaccMorpny npon3scnenye uu:

d (uv)=v du + u do, (I(HL:) = dv

T oo
n, ClieA0BaTeabio,
d (uv)
uv

du

i |+

do
o’

|<

. €. OMHOCUMebHaR owubra npou3seCentsn He 0.abute cyMsMMbl OMHOCUNEN-
HOX OWUGOK COMHQICUMe el . .
To ace npasuao noayyaess u 048 4ACMHOZ0, MAK KaK

u vdu—udo
do=——gi >
u . n )
5 au do | %T| _yauy . |do
'——=_'—'_', - g _ + o ]e
i u v 1 u v
v v o

3. Paccmorpum ¢opMyay ana miowmann Kpyra:
dQ  2mrdr dr

QT T T T

T. €. OTLOCHTEIbNAA ONNIGKA NpH ONpeaeaeHHH MIOWANN Kpyra No nanncannoit
Boile ¢opMmyie paBHa YABoeHHOH oOTHOCHTEIbNONt owmmGke NpPH ompeRcacHINT
panuyca. : =

© 4. TonownM, yto onpeaeiserca yroa ¢ Tno JorapudgMy ero cuuyca n ran-
renca, Coraacno npasnaaM auddepenunpoBanna HMeeM ‘

=ar?, dQ=2=rdr,

_ cos ¢ d d;
d (logy, sin ¢)=@'ﬁ,—%ﬁ;, d (logy, 1g ¢) = Tog lO-tg{:p- cos¥ o !
oTRY A2 C '
de=20RM SNy o sing), dp=1log 10- sin ¢ cos ¢ d (logyy g g). (1)

cos

. Mpennoaoxnm, uto npu onpeacaennn log,,sin ¢ u log,,1g¢ Mu caeaaan
OINY H Ty e OmHOKY (3Ta "OmmHGka 3aBICHT OT YHCIA JCCATINHHX 3HaKOB
B 10il Tabanue 1orapidMos, kOTOpoit Me noavbayemca). [lepsan n3 dopuya (11)
AaCT 119 dp BEIHUNHY no 26COTOTHOMY 3HayeHHI® G60abLIYI0, YCM BTOP2s M3
dopuya (I1), rak xak B mepsoit dopmyse nponsselenne log 10- sin ¢ neanrcs,
a o sTOpofi QhopMyde YMHOMKACTCA Ha cosy, 4 [ cos¢|<< . Takum oGpazowm,
npy BHIVHCIENNH YTI0B BHIOAICE N0Ib30BaThCA Tabanuefi pin log,, tg ¢
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~ § 4 NPOH3BOJHBIE H NHOPEPEHUHAIJIDL
BbICIIUX NOPSKOB

53. Ilpoussonusie Boicmux mopaaxos. Ilpoussoanas f” (x) ¢yuk-
unn y=f(x) ectb, Kak Mm 3HaeM, Takxe ¢yHkuus ot x. Huddepen-
BHpys €€, Mbl 10Ay4ydeM HOBYIO (DYHKIHIO, KOTOPasi Ha3HIBACTCH B8mOpoil
npou3sodnoi, nau npol38odHOHE 8mOpo20 nOopAIKa, NEPBOHAYAABHON
oyukwn f(x) n 0603nauaerca Tak:

37, wm fr(x).
Inddepenunpys Bropylo NpOHIBOAHYIO, TOAYYaeM HPOU3BOOHYIO
mpemse20 nopadxa, Wid mpemsi0 npou3600HYI0:
¥y, nm f7 (x).
Ipnvenss TakuM o6pasom onepaumo mup«pepeﬂuupoaamm noJyuuM

npou3sodnyio aw6oz0 n-ro nopadxa y™, nm f™ (x).
PaccMOTpuM 11€CKOIBKO NpHMEPOB.

1. y=e%, y' ==qe®, y"=a%", ..., y\» =a"e"",

2, y=(ax-}-b)*, y =ak(ax-- b)*,
y'=a(k—1)@x--b*"...,

YW =0k (k—1) (k —2)...(k — n-}1) (ax B ™.
3. Mu 2Haem, uTO

(sm,\)—cosx_.sm(x—r ) (cosx)=——smx__cos(,\,—|—2)

T. € qu)(pepeuunponamxe sinx u cosx npuBOANTCA K npubapiaeHuio

YUCAa - K apryMeHry, a noroMy

2
, - =\ : w . LAY ®
(sin x)’:[sm (x+—2~)J = sin (x—]‘— 2 7) . (A, —}—7) =sin (L—f—??) ,
i, BOOOIE,
. - ke =
(sin X)) = sin (x—{— n 7) u (cos x)(® = cos (x—]— n 5).

K ’_ 1 " 1 " ___ 1.2
4-y=10g(1+)~):}’—ﬂ_7x)’ —_(1+x)2»y ‘_(1_{_'\.};’---:

(n) — ¢yt r—1!

5. Paccyorpuy cymMy ¢yuxuuh
y=u-tvtw.

IMpuvensa npabiao Aunddepenuuponalus CyMMLI H CYUTad, 4IO COOT-
BETCTBYWILHE HPOU3BOAHBE (YHKUuHl u, ¥ M W CYUECTBYIOT, NOMyYnM

yr= ""l‘ v + W, y” =u" _{_ ’()"+ w’,. .., y(n) =g(n) + on) + w(n)’
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T. € npou3sodnas w0020 HOPAOKA OM CYIMILL pagHa CyMue Hpous-
800KbIX mozo sice nopsadxa. Hanpnvep,

y=x—4x*+Tx4-10; y=3x*—8x-}-7, y"=6x—8; y"=6,
y® =0 u, BooGuwe, y™ =0 npu n>>3.
TaknM e TyTeM MOXHO NOKa3aTh, BOOOLLE, YTO NPOU3BOOHAA N-20
nopadxka om Mrozounena m-ii cmenexu pasxa 0, ecauw n>n.

PacemoTpuy Tenepp npomussenenne mByx ¢ynkunft y=wnv. Ilpumenas
npasitna AuddepeHUHpOBalNa NPON3BENEHUS U CYMMH, MOJYdHM

Yy =uv}uv,
y"= o'V v’ - w” =u"v 4 20D - un”,
Y'=v"v4u"v -} 20"V 4 200" J- 1’0" - 10" =
=u""v-}3u"v 4 3u"v" 4 uv”.

. Mu noameuyaeM crenyloUiHH 3a3KOH COCTABJEHHS NPOM3BOAHBIX: 4m 006t
cocmasums nHpoli3860dHYI0 n-20 nopsidxa om npou3sedexust uv, HAdo
(u - v)* padaoxcums no popityse 6unosa Hsomona ut 8 nosyLenHon
PA3A0JCEHUIL 3aMEHUME noKasamean cmeneneld y u 1 v yKasameasmu
nopadxa npou3eodnsix, npudess Hyaseseie cmenenn (n'=1v"=1), sxo-
dfuue 8 KpaiiHue 4ACHS PA3AOICEHUST, 3AMEHUMS CAMUMIL HYHEGUAMU,
Mpasuno 3710 HaswiBaeTc npasusose JledOxuya 1 CUMBOMMUECKH €ro
3aNUCHBAIOT B CACAYIOWIEM BHIE:

M = ().

IlokameM CnpaBemnuBOCTb - STOrQ NpPaBUJA4, NOJAB3YACH CNOCOGOM
JoOKasateabcTBa no -uaykuuu. IloxoxuM, uro aias n-H npoussopHoit
5TO NPABUIO CNPaBEIAHBO, T. €.

y(n) =(u-}- )M = u(")v—{—% (=g’ - ’L(i;;l)-lt(”fe)v"+ ver -
+ nn—1) -..k(ln—k-l- 1) (n-k)g(R) b ur™e (1)

Yro6u monyunts y**), mano HATHCAHHYIO CY MMy MPORHGGEpenIpoBaTy
no x. Tlpu sTom mnpomssesenne u*®u(® p obmeym unene cymmm, co-
raacio npasiay ang CPEHLHPOBAIA NPOUSBEAEHILA, SANENNTCA CyMMO
z(""‘“)'v( A n(-Fly(e+1) | Ho B cnvBOaMueCKUX 060SHAUEHHAX STY CyMMY
MOKHO HamueaTb B BHIE

kot (1 ),

JleficTBuTebHO, packphiBas CKOOKH 1 3aMeHdd IOKasaTean creneHefl
YKaRaTeNAMH NOPANKA NPONSROTHEIX, MBl W noayuny cymmy u(m-*y(k) |
—{—u("""'v("*” ‘Mb BHZNM, TakuM 06pasoyN, uTo AJs NOAyueHHs y"'“)
HaZ0 Kamgoe caaraemoe B. cymMe (1), a NOTOMYy o BCIO 3Ty CyMMy,
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NOMHOMXHTE CHMBOJIHYECKH Ha (it -~ v),- 1, caeaoBarenblio,
Y = (i - v) M (1 - v) = ( - v) Y,

Mul noxasanu, uto ecan npasuiao Jlen(’muua cnpaseaiB0 AA% Heko-
TOPOro #, TO OHO cmpaseanuso i aas (n--1). Ho nenocpencrpento mu
yGenu/nich, 4T0 ONO cnpasefuBo s n==1, 2 i 3, a c:xenouarenbuo,
OHO CNpaBesiBO i 171 BCEX sHaveuuft .

PaccMoTpiM B Kayectae fIpiscpa
=e¥ (3t —1)

I nafines 'y“"‘”: .
yuom z(ex)uoox (3xt— 1) +_129 (ex)(w (31\. 1)v 100 99 (e\)m)(3\s 1y

Y VR BRSPS

Bee nponssoansic MHoroudacna BTOpoil CTemenm, Hauiag ¢ Tperbefl, pasiut
T0WACCTBCHHO HYa0 I (%)) ==e¥, BCICACTBHE Yero Mbl [OYYHM

PO =S (3t — 1) - 10065 - B¢ - 40302 - 6 = ¥ (3x% 4 600x - 29 699).

54. Mexanuyeckoe 3nayeHHe BTOPOil NPOM3BOAHOI. Paccyorpny
npmxommeﬁuoe ABILKEIHIIE TO'UKIL

s=f(),

rae, Kax Bceraa, t ecTb BpeMAa I § —IyTL, OTCHHTLIBAEMHMI OT onpeae-
Jgeunoit Touxu npamoi. Huddgepeuuupys oam pas ro f, noayuus cro-
pocnis ABHKEHHS:

=/ (0.

CocrasuM  BTOpYI0 IIPOU3BOANYIO, KOTOpas mpeacrasaseTr coboto

Av Av
npesea OTHOMIEHHS = TNpH  CTpeMJIeiHi Atk nyno. Omomeuuev

XapaKTepuayer GHCTPOTY HM3MEHEHHs CKOPOCTH 31 MPOMEKYTOK BpeMeliy
Af u paer cpelHee YCKOpeiue 32 3TOT NPOMEKYTGK BPEMEHH, a mpeaen
TOrO OTuouleHus fpu crpemaenun Af K HYA0 J3ET YCKOpexne @ pac-
CMaTPHBAEMOrO ABHMEHNS B MOMENT BpeMelt f: '

w=f"(1).
Moaowuy, uro f(f) ecrs Miuoroused BTOPOH CTenemu:
s=at'-bt-I-c, v=2at-1-b, w=2aq,

_ , -
T. €. YCKOpeH#e @ NOCTORMO H Ko3pduuuent a = w. Moacrasaaa

t=0, noayuun b==1v,, T. e. Kosppunuent b paseu na4aaBLIOHA CKOPOCTH,
H C=S5; T. € C PaBuoc PacCTORNUMIO TOUKH B mMOMEHT Bpemenn (=0
oT uauana xoopautnar ua npavoft. IMoactasnas mnalinennsie 3snavenna a,
b u ¢ B sHpakeune AR S, NOAyuuM QOPMYyay AAR NYTH B PaBHOMEPHO
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ycxkopennoym (w > 0) nan pasnovepno 3amepienmnom (w<0) Apmemin:
l 21! 1
== @t -Vt - 5,.

BooGute, 311an 3aK0sl N3MEHEHUA NyTH, MH MoxkeM, ABa pasa audde-
penuipys no f, onpeieauTs YCKOpelne w, a caeloBareiabHo, u cuay f,
npON3BOAAULYIO ABIKENNe, TaK KaK, COraacHo BTOopoMy 3akony Helotona,
f=mw, rae m — Macca aBixyulefict TOUKN.

Bce ckasannce roauTcs Jnmb I8 NPAMOJNHEHRIIOro  ABHKENms,
B cayuae kpnsoanHeHnoro mBiKeHud, KaK JOKAa3HB3eTCS B MeXaHiKe,
J” () naer AnmubL NPOEKHMIO BEKTOPA YCKOPENHHA HAa KacaTeapsylo K Tpa-
eKxTopnn. '

PaccmoTpuy gzast npumepa cayyait rapMOHHYECKOro KOaeGaTeasloro
ABIKeNHs TOYKH A, xoraa paccrosmue § 3TOH TOUKH OT MHEKOTOPOfi
onpeaeaennofi toukn O na npaMofl, mo Koropoil ABmKeTca TOYKa M,
onpene.serca mo opuyae: -

. [2=
s=asin (— t+m),
T

rie a-— aMIviTyAa, T — nepuoj KoaeGanna n o — asa CyTb Benunib
nocrosnnsie. Onpeaeany, ,un(pq)epeuuupyn, CKOpOCTh ¥ 1t cHay f:

2ra 2= 4z l._.. 4x®m
U === cOS (T t—{—w), f=nw= —I—m)z-—— s,

3

T. € CIJIa N0 Beauuuse NPoHopulioHatsna. Atime oTpeska OM . u na-
npasjena B NPOTHBONOJOKIYIO CTOPOHY. Mubimi caosami, cuaa nanpas-
Jena sceraa ot toukn M K Touke O H nponopunonaIbia  ynaacnuio
Toukn M or toukn O.

+ 55, Muddepennnanst Beicmux nopaaxon., Beezew Teneps nonsrtie
0 mup(pepenunana‘( BLICINIX NOPALKOB (pymcunu y—f(\f) Ee mnpq)e-

penuuan
dy=f"(x)dx

ApJsercd, ouesnano, ¢ynxuueit or x, HO ne nano 326HBaTb NPH ITOM,
aro mnddepenunan nesasucuMoft nepevMennoft dx CuUNTaeTcs yxe nesa-
pucsuy or x [60] 1 npn panenefiirem Anddepemunposaii BHIOCHTCA
Ba 3MaK npon3soaHofl Kak nocroauHnfl Muoxnteas. Pacemarpusas dy
Kak (YHKIHIO OT X, MOKNO COCTaBuTh auddepeHunar stoft ¢ynxumm;
on nasnBaerca dughghepenynasost  81mopo20 nopadxa NEepPBOHAUAILIION
q‘)ynklum f(v) u 0603na'laerca cumpoaayn diy, nan d’f(v)

dy=d (dy)=[f (x)dx} dx=F" (x) dx*,

‘ Cocranaaa_onats anddepennnai no.'xylleuuon (pynkunn oT x, npnaey
K Ongﬁ(ﬁepem;uaﬁy mpemese20 nopaora;

=d (@) =[f"(x)dx* dx f’" (x) dx’
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1, BoofLe, cocrasass nNOCAeAOBatTeabHO AiddepeHnuansl, npuieM K nons-
THIO O Oughipeperyuare n-zo nopsoxa oyHkuuna f(x) u noayuuym A7s
HEro BHpameHue:

d*f (%), nm  d’y=s" (x)dx" 2)
dra cdopmyra no3soaser NPEACTaBHUTb NPOU3BOAHYIO N-TO MOPAAKA

B BHAE YaCTHOrO; an
™ =2 (3)

Paccvorpum  Temeps  caydaff  caoxuoff  dynkumu  y==f(u), rae
i — QyHKRUA HekoTopofi HesaBucumoi nepemensoft. Mot snaem [50],
uyro nepseift guddepenuuan 370 GYHKUMH HMEET TOT Xe BHI, Kak
M B TOM CJayyae, KOrAa i — HE3aBHCHUMAA NEepeMeHHas:

dy=Jf(u)du.

ITpu onpepenenun anddepeHiiianos BECIUMX NMOPAIKOB ME MOTYUYHM
dopMyAasl, OT/HYHBE MO BHAY OT dopmyas (2), 160 MbI HE HMeeM yKe
npasa CcuuTaTh du BeAMYUHON NOCTOAHHOI, TaK Kak u He sABIfercs
HesasucumMoli mepemennoil. Tak, uanpusep, ans anddepenuiana sToporo
nopaaka OygeM HMeTb, NpHMEHAR NPaBiIo M7 Haxoaaenust auddepen-
llHana MPOH3BEAEHHA, BHIPAKenue

dy=d[f () du]=dud [f ()] 5 f @) d (du)=f" (u) du® — f’ (u) d’u,

KOTOpOZ COJEep:KHT, no cpasueniio ¢ <¢opuyaoli  (2), nodasounce
caaraexoe f'(u)du.

Ecau u ects HesaBucnMas nepeMensad, To di Hafo CYNTarh BeTHUU-
noit nocrosunoff u dn=0. Iloaoxum Tenepp, uTO I e€CTb JuHeltas
GyHKLHA He3aBUCHMOfl nepeMeHHOH f, T. e.

u=at 4 b.
Ipu stoM du=—ad!, 1. e. du ecTb ONATb BEMIYNHA IIOCTOSHHAA, a MO-

ToMy audipepeniuans  BHICIIHX [OPAAKOB  CACKHOH dydKwun Oyayr
ppipakensl no gopmyae (2) :

d*f () = f (u) du”,
T. e supasxcenue (2) 0an azlgigﬁepekuzzaﬂos sulcuux nopsionos 200umcs

8 IMOM CAydQe, ecal X eCcib He3QsUCUMAR NEPeMEHHAs UAL AUHEEHAS
PYHKLUS He3ABUCUMOIL NepeseHHOH.

56, Pasuocty ¢ynxkuuit. O603nauuy 6ykBoo /i npupatueHne He3apucH-
stoft nepexennoft, CoorsercToenuoe npupawteniue gyuximi y—=f(x) Oyuer
Ay=fx--IH)—f(x). )

Ero nasslBaioT undue pasHocmeio nepsozo nopadxa ¢yHkuun f(x).
9Ta pasHOCTb €CTb, B CBOIO OuEPefb, QYHKUUA OT X, M Mbl MOKEM HafiTn
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pasHocTh 3TOH  GyHKUMH, BHUHCASS 3Hayenwe oToft QyHKUEH npn
x-+h u x u BHuuTas u3 mNepBOro pesyiabrara Bropofl. ITa Pa3HOCT
Ha3bLIBACTCA PAIHOCBI0 Bm0p020 nopadxa nepsonavansHoft Gynkmm £ (x)
u obosHauaerca cumposom A?y. Herpyauo Bmipasuts Aly uepes suauenns
cavmolt q)ym\mm S (x):

=AW =f(x+2h)—f(x4M]— [f(\c +h)—f(x))=
=f (x4 2h) —2f (x -} 1) +F (x). )

" Dra pasHOCTL BTOPOrO MOPAAKA TAKKE €CTh (GYHKUMS OT X, W, Ompe-
uemm Pa3HOCTh 3TOH (YHKUNH, NOAYYHM PA3HOCME mpemse20 Nopsadxa

A%y mnepeonauanbnoft dyukuun f(x). 3amenss B npasoff yacTm pasen-
crBa (5) » nMa x-}-h 1 BHYNTa M3 NOJYYEHHOrO Ppe3y/bLTaTa NPaByio
uacTb pasencrsa (9), 6yaem nMers BHpaxenue ams Ady:

Ny =|f (x + 38) — 2 (x - 2h) - F (x - )] —
—[f (e 4-2h) — of () +-f ()] =
== f (x -+ 3h) — 3f (x - 20) - 3f (x - h) — £ (x).

Takum 06pasoyM, MOXHO NOCTENOBATEJBHO ONPEAEHHTb PasloOCTb
mo6oro nopaaka, u pasHocms n-20 nopsidka A"y Gymer uMeTs ciexyio-
llee BHIpaKEHHE yepe3 3HaueHns ¢yHxunn f(x): ’

Ay = (x |- nh) — if<x+_n =) -2 =D et — 2y —

(= =D R D) e Ty
+---+(—1)"f(x)- ©)

Brie Mp y6eaunnch B cnpaBeannBocTd sToit Qopmyas npu n=1, 2
n 3. Jlna ee mOMHOro [OKa3aTeabCTBAa HAZO NMPUMEHHTb OGHUHEI cocob
moxasatensCcTsa OT n K (n~1). 3averny, yto Aa9 BHuHCAeHus A"y
nago suath (n--1) snauenna ¢yuxkuun f(x) npu sHayeHuAx aprymesTa:
x, x+h x-42h..., x4-nh Oru sHauenus aprymenra o6pasyoT
apuMETHYECKYIO NMPOrPECCHI0 C PA3HOCTHLIO f2, HAH, KAK FOBODPAT, SBAIOTCA
PaBHOOTCTOSMINMHE 3HAUEHIAMI.

ITpu manpx 3naueHnax fi==dx pasnocts Ay Man0 OT/HYyaeTCs OT and-
depennnana dy. ToyHO Tak e PasHOCTH BHICIUMX MOPSAKOB OYAYT NaBath
npHOIHKEHHBIE 3HaueHns AHQEPEPEHNATOB COOTBETCTBYIOUNX MNOPARKOB,
1 naoGopor. Ecnn, Hampumep, ¢yHkuus samara TaGauuHo npn pasno-
OTCTOAIINX 3HAUCHHAX APTyMEHTa, TO M, He HMed aHAJHTHYECKOro
-BHPaXeHUa (QYHKUHN, HE B COCTOSHHH TOYHO BHIUACTHTB 3HAYENs
€e TNpPON3BOAHEIX PAa3ANYHEIX [MOPANKOB, HO BMECTO TOUHOH dopmy-

Ju (3) MO:keM NOAYUHTb NPHOMKEHHOe 3HAYEHHE NPOH3BOAHLIX, BHI-
n

Ary
i CocrasnM nas npusepa Ttabauny passocreft n

YUCadast OTHOUIEHHEe

5 B, H. Cmupuos, T. I
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mugpdepenunanos yuxunn y=x* p npovexyrre (2, 3), npuuman:
Av=h=0,1.

Iast cocrapaennst stofl Tabanuer GeLUL BBINNCACHLI  MOCAEAOBATENL-
nple  3snauenns QYHKIMH Y=x3 U3 NUX NpPH NOMOWH BHYHTANNS,
coraaciio ¢opmyae (4), Owmi noayuenst 3mauenns Ay, M3 HUX TaKKe
UPH TOMOUL BRYHTaHUs noayunmics snavenns Aly u 1. a. Takolt cmo-
co0 noc.1e10BaTeILHOrO  BRIMHCACNNA  pasHocTell, Kotieuno, npoule, Yyem
puiyncaenne no ¢opuyae (6). Hduddepenwitans BLUBC/ISIOTCS N0 H3BECT-
HBIM (OPMYJIaM, YKasauuuM Hapepxy Tal/auuel, NPHYEM HaZ0 TOJIOKHTDL
dx=h=0,1. .

x y Ay A2y A3y | Aty | dy=3x%dx ;126&:\2 d3y=64x3|dly=20
2 8,060 | 1,261} 0,126 0,006] © 1,200 0,120 0,006 0
21 9,261 | 1,387 0,132] 0,006| 0 1,323 0,126 0,006 0
22 | 10,648 [ 1,519] u;1381] 0,006( 0 1,452 0,132 0,006 0
23 | 12,167 | 1,637 0,144 0,006 | 0 1,587 0,138 0,006 0
24| 13,824 1 1,801 0,150} 0,006| 0 1,728 0,144 0,006 0
25 | 15625 | 1,931} 0,156] 0,006{ 0 1,875 0,150 0,006 0
26 | 17,576 | 2,107} 0,162} 0,006} © 2,028 0,155 0,006 0
27 19,683 | 22691 0,168 0,006} — 2,187 | . 0,162 0,006 —
28 | 2LY32 [ 2437 01T — | — 2,352 0,168 — —
29 | 21,389 | 2611 — - | — 2,523 — — ~--
3 27,000 — — — — — — —_ —

Cpasnuy Tounoe u 1pHOAHKCINIOE 3uavenis Bropofl npouasoauoli y”

upn x==2. B paccuarpusaedon cayuae 3" =06x n y'=12 nmpux=2.
L\Z

Hpn6anskenio »1a  npoussoanas BHPAKIETCH OTHOIWECHHEM 71—3’-, noupu
X=2 MU noayumy :
0,126
1
Ecau f(x) ects Mmuorouien or Xx:

y=f(x)=ax"-|- T e e I R

10, BHuncass Ay no ¢opuyae (4), noayunus aas Ay Buipaskense B Buae
HeJA0ro Muorouaena (m — 1)-i Crenems €O CTapumM wienoM mayx™?,
nTo HeTPYAHO nporeputn. Takuy obGpasow, B cayyae y==x°, Ay Gynaer
MHOro4/1€10M BrOpoOlt crenmeln OT X, Aiy—muomq.’leuo.\t nepeolt  cre-
uei, Ay — nociosmmoi o Aly —uyaes  (em. rabmuny). Ilpeanaraem
YNTATENO B KayecTse YIPawHCHHs IOKa3aTb, 4TO 3Haueuns d2y ROLKHB
B pacCMaTpuBaeMOM npuMepe Ha Oy CTynellh 3aa3ALIBaTbh 1O Cpashe-
uwo ¢ A’y, 4to BuaHO u3 TaGmL.

= 12,6.
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§ 5. IPUJOXEHHUE NOHATHA O HPOHSBO,H.HOH
K U3YYEHHIO OYHKLHH

57. Mpusnaxkn pospacranus W yo6bniauusa ¢bysxkuuit. 3nanue npo-
H3BOAHON Ma€T BO3MOMNHOCTb H3YYaTh pa3anuHbie csoHcrea dynxuuit, Mut
nauteM ¢ nauboaee NpocTOro H OCHOBHOTO BONPOCa, a HMEHNO C BO-
Ifpoca 0 BO3PaCTaHuH U yOBIBannH (QyHKLH.

dynryua f(x) Hazssaemces Bo3pacmanueii 8 HEKOMOPO npoie-
oymre, ecalt 8 3mont npoastescymee O6abiu st 3Ha4eHUsM He3asucn-
MOl nepesenroli coomsemcmeyom - u Goavune 3naveHun QyHxyul,

T. €. ecan
flx4-m)—Ff(x)>0 npu h™>0.
HaoGopom, ecau mor uneen:
f(x+hm)—f(x)<0 npu h™>0,

mo pynkuna nasssaemes yovsapmell.

Ecan mm oGpatumcst K rpaduky dynkinn, 1O NpOMEXYTKN BO3-
pacrauns GYAyT COOTBETCTBOBATb TeM wacTAM rpaduxa, Ha KOTOPHX
O6mbliMM  abCluccaM COOTBETCTBYIOT 1 OOAbliie opanHaTH. Ecanm ms,
Kak 3TO caenaHo na puc. 55, nanpanuM ocb QX pnpaso un ocs OV
HaBepX, TO NMPOMEKYTKY BO3PACTaHms y,
(dbyukutty Oyayr CoOTBETCTBOBATh Ta- ‘
Kue vacTn rpaguka, uro npum psuKe-
HUM BAOJbL KpHBCH Bnpaso B 1anpas-
JIeHUH  BO3pACTaoX  abCUHCC MBI
noamMaemcst peepx. HaoGopor, npoxe-
HYTKaM yOBIBaHHA COOTBETCTBYIOT ua-
CTH KPHBOfi, onycxaomuecss BHH3 1pi
nBImKEHuN BAOML Kpueoil Bnpaso. Ha H
puc. 55 uvactb rpaduka AB cootBer- '
CTBYET NPOMEXKYTKY BO3pacrauus, a H
yacts  BC — npoMexyTky yOsiBanud,
M3 ueprema wnenocpexpcrsensio sico, Prc. 55.
4TO 112 MEPBOM YuacTKe KacaTeabHad
obpasyer ¢ nanpasienueMm oci OX yroa a, otcunrsiBaemslit ot ocn OX
A0 KacareaeHoff, Tanrenc xortoporo noaoxurened. Ho ranreHc sroro
yraa eCTb Kak pas nepsas npousrognas f (x). Haoboport, na yuacrke BC
Hanpabienne KacareapHofl o6Gpasyer ¢ nanpasaenneM OX yroa a (8
ueTBEPTOHl UETBEpTH), TAHIeHC KOTOPOr'0 OTPHILATE/]eH, T. €. JJ1 3TOro
cayuan f'(x) Gyzer pemtunmofl orpnunareasuofl. Conocrasias noayuer-
uHe PesynsTaTts, MH NPUXOAMM K CHedyouleMy NPaBuay: me npoates
ocymru, 8 rxomopux f(x)>>0, cyms npomescymru 8o3pacmanus
PyHKRyun, a me nposesxcymxu, 8 nomopux (x)<0, cyms npoaste-
acymrn yoviganun gyHxyuu.

5‘
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Mu mpumiim x 3TOMY NpaBuay, NOJAL3YACH YepTEWOM. B nanbheil-
meM J3fuM IS Hero CTPOroe aHaJuTHYecKoe aokaszatenancrso. Ceiuac xe
MBI TIPHMEHHM NOJYYEHHOE MPaBIO K HEKOTOPBIM MpPUMEPAM. ‘

1, JokaxeM HepaBeHCTBO
. X3
sin x >x -5 opu x>0,
Jl1a 3T0rO COCTABUM Pa3HOCTH
; X3
f{x)=sinx— (x _E) .
Onpexneany npoussoznyio f' (x):

) = x £ _ 8 g X
f(.x)—cosx—l—]—7_7—(l-cosx)_7—-2sm27_.

2 (x)Q (sin £\?
A2 2/ F
MpuHiMas Bo BHUMAHule, YTO 1O a6COTIOTHON BeanynHe cama ayra 6o0abme
CBOEro CHHYCa, MOXeM YTBCpkIaTh, 4YTO f'(Xx)>0 B mpomexytke (0, + c0),.
“T., €. B 3TOM HpOMeXyT1ke f(x) mospactaer, Ho f(0)=0, u notomy
. X8
flx)= smx-(x-—g-)>0 npi x>0,

T. C

; X8

§in X > X — < TpH x>0,

2, ToyHo TaKk Xe MOXKHO NOKa3aTb HCPABCHCIBO
x>log(l4+x) mpu x>0
f(x)=x—1log (1 + x),

oy 1
frx)= l—m‘

CocraBlN pasHOCTh

OTKYZa

U3 storo Bupawxenna BuxHo, yro npn x>0 u f(x)>0, 1. e. f (¥) BO3p2-
craer B npomexyrke (0, 4 o0), Ho f(0)=0, u, cieaoBareibHo,

Fx)=x—log(1-+4+x)>0 npn x>0,
"o x>1log (14 x) mpn x>0.
3. Paccmorpny ypasucnie Kenaepa, o xKoTopom Mu rosopitiy B [31]:
x=gsinx+4a O<qg<l)
Mbl Mo:eMm Nepenuncatb €ro B BHIC
f(x)=x—gq sin x—a=0.
Cocrtasass NpOU3BOAHYIO f' (X), HOAYYHM
f(x)=1—gq cos x.

Mpunivan BO BHEMaHHE, YTO NPOH3BEHCHHE g COS.X MO aGCOTIOTHOMY 3Haye-
HHIO MeHbIIE eIUHHUB, TaK KaKk 110 YCIOBHIO § 3aKa1I0YacTCi MEXEXY HyIeM
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u epnnnueft, MoweM Yreepwmath, 410 f'(x)>0 npu aw6oM 3nauenHn .x,
a notomy f (x) Bo3pacraerT B nmpoMexyTke (—oo, 4-co) W, cIrefomarensHo, He
MOXer o6patiTbeca Godec ORHOrO pasa B Hyab, T. €. ypasHeHne Kemaepa mne
MOMET HMeTb 60J€e OIHOro BElEeCTBEHHOrO KOPHA.

Ecan nocroannan a xpatHa =, T. e. a= k=, rle k—nexoe 4HC10, TO, HEMO-
CPeICTBEHHO NOACTaBIAA X ==kr, noayunm f(kz)=0, nu x=k= 6yner eiuH-
CTBCHHHM KopHeM ypaBueHna Kenaepa. Ecanm @ He xpatnHo =, T0O MOXHO HafiTH

Takoe lelnoe ynciao k, uro
br<<a<<(k+1D=

Moncrasaaa x =kx u (B + 1) =, noayunm
fkr)=kr—a <0,
flEF1m)=(E+1)=—a>0.
Ho ecann f(kr) u f(k+ Iz) pasnnx 3uaxos, 10 f (x) 0NKHO 0GPAMATHCA B HYIb
BHYTpH npomexyTtka (kx, k- Ix) [35], 1. e. BHyTPH 3tOrO0 mnpomexyrtka Gyier

'HaXOANTLCA eMHNHCTBEHHHI Kopens ypasHenns Kenxepa.
4. PaccMoTpnM ypaBHeHne

S (x)=3x%—25x*+ 60x 4 15=0.
CocraBum npon3soanyo f' (x) H NpIpaBHAEM ee HYTO:
S (x)=15x¢* —T5x2 4+ 60 =15 (x* — 5x* }-4) =0.
Peman 3to G6HKBagpaTHoe YypaBHeHHe, NOayuitM, uto f’(x) ofpamaercsa
B HYAb NIPH '
=—2, —1, 41 n 42

TakuM o6pasoy, BeCb NPOMEXYTOK (~—co0, -+-Co0) MBI MOMKEM pa3bHTL Ha
NATH NPOMEKYTKOB:

(-—OO, '—'2)1 (_2’ ""1)1 ('—lv 1)- (1! 2)) (2! —l—GD),

BHYTPH KOTOPHX f’(¥) COXpaHseT yxe HeH3MeHHH{i 3HaK, a noromy f(x) Me«
HAEICA MOHOTOHHO, T. €, MJH BO3pacTaeT HaH YGHBaeT, H He MOXeT NO3TOMY
BHYTPH Ka¥JIOro I3 3THX IPOMEXYTKOB liMeTb Goaee opxHoro kopua. Ecam na
KOHUAX Kakoro-tH6o H3 STHX MNPOMEXYTKOB f(x) HMeeT pa3Hhe 3HAKY, TO
ypassenne f(x) =0 HMeeT BHYTPH TaKOIO NPOMEXYTKa OANH KOPEHb, a ecail
9TH 3HAKI OXHHAKOBHE, TO BHYTPH COOTBETCTBYIOILEIO MPOMEXYTKA KOopHell HeT.
Takum o6pa3oM, A1 onpeJeldeHNA YHCIa KOpHefl YpaBHEHHA OCTaercs onpe-
ReJdTh 3HakH f(X) Ha KOHUAX KaXIOro H3 NATH YKa3aHHBIX NPOMEXYTKOB.
Hdaa onpenerenns snaka f (x) npu x == 0o npeictasiM f(x) B Buxe

2% , 60 , 15
Fx)=x° (3-F+F+P)'

[Tpi crpemaeHun x x (—oo), f(x) cIpeMurca K (—co), 160 x° npi stom
CTpeMHTCA K (— o0), a BhlpaxeHie, CTodmee B KPyraux cko6kax, —K 3. Touno
Tak ke yGeamuMcs B ToM, YTo ApH cIpeMienun x Kk (+oo) 1n f(x) crpemurca
K (4-o0). IloacraBana 3nayenna x=—2, —1, 1 n 2, noayunm caeaywoumymo
Tabaiuy:

X ‘—OO —2 —1, 1 2 |+

———’+++
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Okaaupactcs, 4TO f (X) HMEET pasHbie 3HAKH TOJILKO HA KOHIUAX NPOMCEKYTKa
(—1, 4 1), n, caciosateanno, paccMaTpilBacMoc YpasHeHHe HMeCT TOJALKO OMIH
BeecTBCHHbLI KOPelb, 3aKIoyanowniica BUYTPH 3TOr0 NPOMEXKYTKA,

Buwe mp onpefemiin Bospactanue 1 yGwiBanine ¢yHKUHN B npome-
sKyTke. HMHoraa ropopsTt, 4TO (PyHKUMA BO3pacTaetT WiaH YOLIBaeT b TOYKe

- X=X, 3T0 3HAUNT cJaeayioluee: (Qyuxuud BO3PACTIET MpU X ==X,
ecan f(x)<f(xo) npn x<xy u f(x)>f(x) npu x>x,, npiven ¥
CYNTaeTCH JOCTATOYHO OJU3KHM K Xy Anajnoruuiio onpeaenserca yOusa-
e ¢ynkunn B Touke. M3 momarna  npoussoanoil  HenocpeacTuenno
BHITEKaeT AOCTATOUNOE YCJI0BIE BO3PACTANMs U YORIBANUA B TOUKEC X,
a umenuo, ecan f'(xg) >0, 1O ¢ynxkunst BO3pacTaeT B TOUKE X,
n ecmn f(x)<<0, To pynxuns y6HBaeT b TOuKE Xo JelicTouteanno,
ecan, nanpuvep, f'(x) >0, To oTHOWEHIE

f (xaA-R)—f(x0)
7 ’

nMetomee  npeaea  f(x,), Oyaer Takike MOJOMHTENABNWM  IpH
Bcca h, nocrarouno Maaux no a0COMOTHOH BeAnunne, T. €. MUCHITElb
1 3pavenareab OyAyT oautiakobux 3uakoB. Mnaue roBops, Oyuner:
Jo=)—f(x) >0 upn >0 u fxg—+—h)—f(x)<0 npu

<0, yTo u JaeT BO3PACTANNE B TOUKE Xg.

58. MakcuMmymbl B MuHHMYMB (QyHgnuit. O6patiMcs BHOBb K pac-
cvorpenmio  rpagura nekotopoft  dyukuuu f(x) (puc. 56). Ha srtom
rpa ke MBI 1IMEEM [OC/IeI0BATEIbHOE HYePeAOLule NPOMEKYTKOB BO3-

pactauus u yOwmpanus Qynxunm dyra AM,

COOTBETCTBYET TIPOMEXKYTKY BO3PacTaHiish.

Caeayomas 3a nelt ayra MM, — npose-

AKYTRY yOuBauug, caeayiomas MyAly; — onats

NpoMeAyTKY Bo3pactanust ¥ T. 1. Te Toukn

KpHBOMl, KOTOpHIE OTAENAIOT HPOMEXKYTKIL
BO3pacraiii OT TNPOMEKYTKOB yOHBaHg,
SIBIAI0TCA BepnnaMu kpupofl. Paccmorpuy,
x nanpusep, sepwuny M, Opmunara B sroit
sepwnne 0oaplIc BCEX OPAHHAT KPHBOH,

JOCTATOYHO O.N3KHX K paccMaTpiupaeMofl u

JE/aUUIX Kak ¢JeBa, TaK H CNpaBa OT Hee.
CopopsTt, uTO Takoll Bepllulle COOTBETCTBYET MakcunMyM oyuxkuun f(x).

310 NpUBOAHT K CJIeAyIOUIEMY cOuUleMy aHaAHTHUCCKOMY OlpeNeaelHio;
Pdynwyus f(x) Gocmuzaem MarcusmyMa 8 MOUKe X ==X, ecal ee 3Ha-
senue f(xy) 8 smoil mouxe Goasue 8rex cc 3uatenntll 8 Caisicadiius
moyKax, 1. €. cCau npupauierue GyHKEyun

F -1 —f(x)<<0

npu 8CAKNX h xar noaoscumeawsnulx, mar u ompuiamesbRux, docma-
MOUKHO HAAUX NO 066'0/[}01””0.!!)7 JHAUCRUIO.
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O6paruMcs k paccmorpennio Bepuinbl M,. B atoft Bepinne, HaoGopor,
opaHIaTa MeHbIIe BCEX COCENHMX € Hell ODANHAT, JeXaWuX KaK caesa,
TaK W CNpaBa, H roBOpaT, 4r0 3TOfl BEpIINHE COOTBETCTBYET MHHUMYM
dyuxuuy; asaaurtiyeckoe onpenetenue Oyner: @ynxnus f(xX) docmuzaem
MUHHALYMQ 8 MOYKE X=X, eCAl

St —f (%) >0

npu 8caxkux h, Kax noaoscumessHulx, max u ompuyamessHsx, docma-
MOYHO AMAABX NO aGcosIOMHOY 3HALEHNIO.

M3 ueprexmta Ms! BHABM, YTO KaK B BEPIHAX, COOTBETCTBYIOIIHX
MaKcHMyMy OYHKIGIH, TAK 1 B BEPMIUHAX, COOTBETCTBYIOUIHX MHIHMYMY,
Kacareapnas nmapaanensna ocu OX, 1. e. ee yraosoit koadduunent f (x)
pasen nymo. Ilpm 3TOM mpeAnoaraercs, KOHEUHO,

‘UTO KacaTenbas M TeM CAMBIM NPOW3BOAMATA CY- ) £
miectBylor. Ho  mapanrenbHoCTs  Kacarembiiofi Y

ocn OX MOXET uUMETb MECTO 1l HE TOJBKO B Bep- Flz)>0
wuHax xpusofl, Tax, Hanpumep, ma puc. 57 Mu

nMeeM TOuUKy Kpupolt M, Kortopas He sapasercs - >X
pepuiHoil 1 B KOTOpOfi Bce ke KacarteJblias napaJi- o

aeapbna oc OX. Puc. 57.

IMonoxuM, uro f7(x) obpamaercs B HyJb npn
HEKOTOPOM 3HAYeHHH X ==X, T. €. B COOTBETCIByIOIEeM MecTe rpadnka
Kacatenbnas napaanersHa oci OX. Mccaenyem smak f'(x) npu 3ua-
ushuax X, GAU3KNX K X, PaccMorpum caenyioutnie Tpu caydad.

I. IIpn snHaueHuAx X, MEHbIUNX Xy H AOCTAaTOMHO O.an3KHUX K X ' (X)
NOJOKUTENbHA, a4 MPH 3HaueHHAX X, OOAbLINX X, i AOCTATOMHO OAH3KUX
K X, f (x) oTpuuaresbHa, T. €, HHHIMH caoBamu, f'(X) npn nepexoae X
uepe3 X, NEPEXONHT uepe3 HyJdb OT HOJOMUTENLHBIX 3uaueHnil K OTpH-
1ATEAbHBIM,

B sroM cayyae MH HMEEM C1eBa OT X ==X, NPOMEKYTOK BO3DaCTaius
H CNPaBa — NPOMEXYTOK YOLBaHus, T. € B3HAYEHHI0 X ==X, COOTBEr-
CTByeT BeplIHHa KpuBoH, aawomas maxkcumym éyuxuun f(x) (puc. 56).

Il Tlpu sHavenuax x, Meusnx  Xo, J (X) OTpHuaTtensna, a upu
sHayeHnsaxX X, OGABUINX X, MOJOKHTEAbHE, -T. e. f (¥) mpu nepexoae
yepe3 Hy/Jb HACT OT OTPHIATEJbHEIX 3HAueHuft K MOJOKUTEILHHIM.

B 3ToM cayyae cAeBa OT TOUKI X ==X, MH HMEEM NPOMEKYTOK yGH-
BaHud, a ClpaBa— MPOMEXYTOK BO3PACTaHHs, T. €. 3HAYEHHIO X=X,
COOTRETCTBYET BepLINHa KpHBOf, aawomas suuHumysm dynxunu (puc. 56).

1. Tlpnt 3HaueHmax X Kax MeHbIHMX; Tak H 60abuIX Xy, f7(X) umeer
oaun ¥ TOT k€ 3suax. ITomoxnM, nanpumep, uro 310 ecTh 3nax (-).

“ B s3ToM caywae COOTBETCTBylOWIas TouyKa rpadiika JexHT BHYTPU
NpoMeXyTKa BO3PACTaHHA W BOBCE e sBJAETCA BepirnHoii (puc. 57).

Cxasannoe NpUBOAMT HAC K C/EAYIOUIEMY TNPaBHAY 1AXOXKAEHHUA TeX
aiauennft X, Mpu KOTOPHX f(X) HOCTHraeT MaKCHMyMa HAH MUHHMyMa:

1) nyocno cocmasums f'(x);



136 TA. I, IOHSTHE O NPOH3BOAHOI M ETO NMPHJOMEHUS | 58

2) Hailimu me snaenusn x, npu Komopux f'(x) obpauaemcs 8 nyas,
T. & pewums ypasxenue f'(x)==0;

3) uccaedosams usmenenusn 3xaxa f(x) npu nepexode ttepes amu
3Kauenitn no caedynouell cxene:

X Xo—h | Xy | Xt A f(x)

- —_ MaKCHMYM

. — 0 + MHHHMYM

£ -+ + BO3pacTacT
— — y6uiBaer

OdGosnauenus xo— i 1 X¢-+ /i B npupesennoll Tabanue nNOKasLBAOT,
UTO HY:KHO OMpemeaits suaxki Gyuxunu f'(x) npn snavennsx x, MeHb-
mnx 1 Oéapwnx xp HO Aocratoyno OJNBKHX, TaK 4TO [t cunraercsd
JOCTATOYHO MAJBIM MOJOKNTEJABHBIM YHCAOM.

Tlpn 5TOM HCCNEIOBAINLGT NPEANONATAETCs, YTO f’(x)_() HO 1pn
BCEX X, DOCTarou#o GJHBKUX K Xy I OTMYHLX OT X, f (x) oranuma
oT nya. "

OGpatuM  cuie BuuManig, uro B cayvae puc. 57  Kacaremwuas
B Toyke Al ¢ alcuuccoro X, HAXOAHTCS MO pasuble CTOPOHLI OT KPHEOI
B OKpecTHOGTH 3TOM TOukn. B mamnom cayyae f (x)=0 u f(x)>0
npH pcex ¥, OAH3KUX K Xy ¥ OTJIHYHEIX OT Xg M BECh YYACTOK KPHBOIl
C TOUKOli Xy BIYTPH JHaeT INPOMEKYTOK BO3DAacTaHus, HECMOTPS N3 TO,
yro f'(xg)=0.

Huorma pmecTo yKasauuoro puiuie ONpeAeacHils MaKCHMYyMa JRaioT
HECKOALKO APYroe, a nMenno: gywryus f(x) Oocmueaem marcumysa
8 moure x==ux,, ecau ee 3naucnue f(x,) 8 amoi mouke He Menbiue ce
SHaUCHUIl 8 OAndcaiimux mouxax, T. € ecau npupawyenue (OYHEuuu
fle 1) —f(x)=<0 npu scarux h, Kax nosoxclmessrux, mar u
ompuamessHolX, O0CIAMOLHO  MaALX N0 QOCOAMHONE BeAlldliHe.
AHQA02UMHO MUHUMYAM 8 MOUKE Xy MONCHO ONpedesltiny HepaBeHCMBOM
F(xy+h)— f(x:)=0. Ecan npn s1oM ompeaeaennn Qynkuns Hyeer
B TOYKE MaKCHMYMa IVt MININMYMa IIDONSBOAIYI0, TO 5Td NPOH3BOANAs
JOJIKIA, KAK W Dbile, 00pawareca B 11yJb.

Pacemorpunm nepuMEP. IIycTs TpeGycTea nailtn MakCHMYMH M MUBIMYMH
Gynruuu
Fx)=(x—1)2(x—2)%
Cocrasiy nepsyio npon3soanyio
S ()=2(x—1)(x—2P+3(x— 1P (x—2)t =
== =2 Ex—7) =5 r—1) (r—2 (x— ).
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W3 mocaennero BHpaxenna Buano, uto f'(x) o6pauiaetca B myan npu cae-
NYOIWHAX 3HAYCHIAX HE3ABHCHMOI MepeMeHnoll: xy =1, X, =g H A =2
TMepexomM Kk HX nccaeposanmo. [pitx =1 MroxHTENL (X — 2)? HMEET 3HAK

7
TII0C, MHOXHTEIb (x - g) —- 3HaK MHHYC. l'Ipn BCeX 3HAYEHHAX X KaK MEHbIINHX,

TaKk H 66IbIINX eNMHHIE, HO NOCTATOYHO GIN3KHX K eINMHINE, 3HAKH 3THX MHOXH-
Texeft 6yAyT Te e CaMbie I, CTef0BaTeIbHO, NPON3BEICHHE 3THX ABYX MHOXKHTE-
neft MMeer 6e3yCJOBHHIT 3HAK MUHYC IIpH BCeX 3HAYEHNAX X, X0CTaTOYNHO Gau3-
KuX K enunnue. O6patnMca, HakoHell, K PACCMOTPEHHIO ITOCAEAHErO MHOXNTEIA
(x—1), xoropuift kax pa3 ofpamaerca B Hyab npu x=1. B cayyac x<C1
OH HMEeT 3HaK MHHYC, a npu x > 1 —3nak nmoc. TakuM ofpasoM, Bce npous-
Benenne, T. €. f’(x), numeer mpn x <<l 3nax nawoc nm npn x >1 3#ak MmuHyC.
Otkyna crenyer, YTo 3HaueHHI0 x =1 cooTBeTcTByeT MakcuMyMm dyukuuu f(x).
HNoxncrasaaa 3navenne x =1 p suipamenne camoil gynxunn f(x), Ms nOIyURM
BeINYHHY HailIeHHOro MaKCHMyMa, T. €. OPAHHATY COOTBETCTBYIOuiell -BepUItIHH
rpaduka gynxuun

fF()y=0-(=1)y=0.
TToBTOpAA aHATOTHYHHE paccykAeHHA H JIA OCTAILHHX 3HaucHHi x,=—;—
H Xy=2, MH NOIYUHM CICAYIOWLYI0 TaGIHYKY:
x ft—r| v figa|Toal L[ Zoal2—a] 2 |24
. 5 5 5
f’(x)+0——l— 0 ++01+
0 18
f(x) |Bo3p. yOniBaeT 3125 BO3pacracr
MakKc.
MIIHIIM.

B ykasanHoM Hami cnoco6e NCCAENOBaHAs MaKCHIMYMOB H  MHHIIMY-
MOB (DYHKUMH TNpPEACTABASETCS HECKO/JBKO 3aTPYIHUTEAbLHHM, OCOGEHHO
B Go/ee CJOKHHX NpHMEpax, OonpeaencHue 3Haka f'(x) npu 3HAUEHHAX X
KaK MEHbINX, Tak H GOMBIMHX HCOBITYeMOro. Bo MHOMUX €AyYasXx 3TOro
MOXHO H36erHyTb, €C/ail BBECTH B PAaCCMOTPEHHE BTOPYIO MPOH3BOMIYIO
7 (%). Tlonosxuy, 4TO HaM HAJO HCMHTATh S3HAYEHUE X ==X, NPH KOTO-
poM f'(xy)=0. TToxcTasumM 35TO 3HaueHHe X ==X, B BHPaXKEHHE BTOPOIl
NPOU3BOAHOM U MOJMONIM, YTO MBI MOJYUIJI NOJOXKHTENBHYIO BENHYHHY,
T. & f”(x0) >0. Ecnu npuuate f'(x) 3a ocnosuyio ¢ynkumo, 10 f”(X)
Oyner ee NpOU3BOAHON W MOJONKHTEABHOCTH 3TOH mpouspogHofl B TOuke
X ==X, NOKa3HBaeT, UTO caMa OcCHoBHax ¢yHKuus f’(x) BoO3pacTaer
B COOTBETCTBylOWwell TOuke, T. €. Jf'(X) npu nepexose uyepe3 Hy.db
B TOYKE X ==X, ZO/MKHA HATH OT OTPHUATENbHHIX 3HAUeHHH K NOJOKi-
TeabtinM. Takum oGpasom, 8 cayrae f7(xg) >0 8 mouke x =Xy PyHK-
gua f(x) 6ydem docmuzams sunusysa. TouHO maK oe MOHHO
noxasams, wmo 8 cayiae f(x)<0 8 mouxe x=x, @ynxyua f(x)
Oocmuzaem  aaxcuaysa. Ecam, HaKoHeW, npH NOACTaHOBKE X ==x
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8 supaxenne f7(x) Mu noayuuMm nyas, T. e f" (x,)==0, To noab3osanie
pTopoi npoHspoAMOH He AaeT BO3MOKHOCTH - HCCACAOBATL  3HAUESHIE
X ==X, I npuxomutcs o0palllaTbCca K HEeNOCPEACTBEHIIOMY HCCAENOBANHIO
3naka f'(x). Mo noayuaem, Takum oGpasoy, uzoGpamennyio B Tabauue
cxeMy:

x LW ) fx)

— MaKCHMYM
X 0 + MHHHMYM

0 coMHUTCaLHbIN cayyail

W3 npusenennux paccys:xaenitl HEMNOCPEACTBEHHO CJACAYET, UTO Mpil
HATUMUUH TIPOU3BOMION BTOPOro HOPSAKA HEOOXOXHMBIM YCJAOBHEM MaK-
cumMyma spasercst nepasenctso  f7(x)<<0, a 1eoGXOLMMEIM  YC/IOBUEM
Muiysa — tepasedctso f7(x)== 0. Ilpu sToM MBI MOKEM OIlIpeaesTh
Makcumys  yeaopneM  f(x,-R)—f(x)<<0 1 sunmyM — ycaosreM
f(x2~+1)—f(xg) =0, xax NMpl 00 5TOM FOBOPILTI BLILE.

Meuser. TpeGyercs nalithh MAKCHMYMU 11 MININYME QYR
F(x)=sin x +-cos v,

Jd1a GyuKuus nncer nepnod 27, T. €. IC MCHACTCA npi 3aMene x na x4 2=z
Hocraroutio nccaeaosats, HPOMEKYTOR n3Menenns & or 0 g0 2z, CoctaBuu
HPOK3BOANLIC MCPBOrO H BTOPUro Nopsaka

S (x)=cos x —sinx, f'(x)=-—sinx—cos.x.

IIpupasnupas neppyio npoH3BOANYI0 HY1I0, HOIYYHM YpasucHiue
cosx—sinx=0 nan tgr=1»_L

Kopuu storo ypasuemits u3 npoMexkytia (0, 2z) 6yayt

.\'1::»:'- noXe =-§%
Hccaeayes atn 3naucnus X no 3naky f' (x): .
r k%) = —sin %——-cos -% =— Y 2<0; maKkcumyn f(—ﬂ =V
f (%) =—sin 5f—-—cos 5{: V2>0; MUBHMYM f(—szr) =—V2

B sakaoucine o06paTiuy BHEMAILIC ia 040 00CTOsiiCibLiBY, KoTupoe
WIOTAA UMEET MECTO NpiH HAXOXAEHHH MAKCHMYMOB I Munumyson. Mouxer
C/AYYlTBCA, UTO Ha rpadiike QGYNKUIH HMETCH TaKue TOuK:, B KOTOPHIX
Kacareqbiofi #1# BoBCce HET HWAM OHAa mapanaeasHa oct QY (puc. 58).
B Touxax mepsoro poaa npoussopuas f'(x)- sopce He OyAeT cyule-
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CTBOBaTh, 2 B TOUKaX BTOPOro poga oua Oyaer pasHa GecKOHEYHOCTH,
TaK Kak yraosoft kos(ipuunent npsmofl, napanreabHolt ocu OY, pasen
Geckoneunoctn. Ho, Kak HENMOCPEACTBEHHO BHAHO U3 YEPTEKA, B TAKHX
TGUKAX MOIKET BCTPETHTLC MaKCHMyM wan MumnmyM dynxomd. Takum
o0pasoM, MBHl JOMKHH, CTPOrO FOBOPA, N0- '
NoMNUTL Npensayliee NpaBuao Haxowxaewns ¥
MaKCHMYMOB 1 MHHUMYMOB CJACAYIOULHM YKa-
BAHHEM: MAKCUMYI U MUHUAMY.Y HyHrgun
f(x) aooscem scmpemumscs ne moasko

8 mex movrax, 20e f'(x) obpawaemcs 8
Hyas, HO 1l 8 mex mouKax, 20e OHA He
cymecmeyent ualt ofpawacriica 8 6ecko- G ol
netHocms. Viccnenonanne TakuxX TOYEK Hago Puc. 58.
Npon3BOANTb MO NEpBOfl M3 CXeM, YyKasal-

HBIX BEHIIE, a HMEHHO — NyTeM omnpegeaenHs 3uaka f (x) npn 3uave-
HHAX, MEHBNMIMX M GOJBIIMX HCCJIeayemMoro.

Bo ncew NPEABAYINEM MH 33HUMAJMINCh NPOCTEHIUIM cayyaeM Henpe-
puBnoit gymawmn f(x) ¢ Henpepuisnofi npon3Boanof, umeromefi KoHey-
Hoe uncao ny’neft B uccaexyemoM npomexyrtke. Ilpu nocaennem zame-
YaHWN OTCYTCTBHE IPOH3BOANON NOMYCKAeTCHd TaK:Ke B KOHEYHOM uHche
Touek. BooGuie nacTosmuil H caeaywouie asa naparpada MMEOT LENbIO
OHTh MarJsQHBIM BBEIEHHEM B HccAefoBatine CBOficT  dynxuutt. Ilanee
MBl BEPHEMCA K CTPOTOMY aHAJHTIMECKOMY N3J0:KeHHIO.

R T

Mepumer. Tpebyerca HalfiTH MakCHMYMB I MIHHMYMB QYRR
Fle)=(x—1) /5%

CoCTaBHM NCPBYI0 NPOH3BOIHYIO

F=yF 2‘”"’ =5

2
Ona ofpauaerca B HyIb npH X=% 1 B 6eCKOHEYHOCTE  npit x =0,

Mccaenyem mocaennee 3naveHye: yncanTeb HamICanHofl Bhine Apol6H HMECT NpH
x =0 343K MHHYC H NIpI BCeX 3navemnsax X, Kak OOapmNX, Tak H MCHbIIHX
nyas, o GAN3KIX K HeMy, oit 6yjler HMeTb TOT € 3HaK. 3HaMeHareab ApoGu
npi x <0 useer 3nax Mmunyc, a npn x>0 3nak nmoc. Ciexosareariio, Bcs
apo6u nmeeT npu X <0 11 6aM3KHX K HYMO 3HaK Tuaoc, a NpH x:>0—~3nax

Minyc, T. e, npn x =0 mu nmecnm makcmmym f(0) =0. B touxe = Gyaen

2 3 /1 3 s
f(€)=‘§1/55 —5z V.

69. MNocTpoenue rpaduxos. Pasbickanue MakCHMYMOB I MHNHMYMOB
¢ynkunn f(x) cyuiecTsenHbM 06pasoM obaervyaer nocrpoemnue rpagmxa

HMETH MIHHMYM



140 TJL 11, TOHATHE O MPOH3BOAHOI H EFO NPHIOXEHHS 159

stofi ¢ynkunn. BuAcHuM HAa HEKOTOPHIX NPHMEPAX NPOCTelillyio CcXemy
nocrpoeiius rpagukos Qynxiui.

1. Myctb Tpe6yerca NoCTponTh rpaduk QyHKUNH
y=x—1)F(x—2)
HCCCKOBAHHOIT HaMH B NpeIbayiieM Homepe. Mbi MOJAYYILIH Tam JBe BEpUIHHBE

108 Orvernm
ro3125)° B
STH TOUKH Ha yeprcxe. Kpoye TOro, MoIesHo OTMETUTL H CIEAB HCKOMOI KPHBOIT
na ocax. Ilpy x=0 mu nmeem y=-—38§, T. e. c1ea
y Is) . —_—8
y na ocn OY 6yaer y= 5
: [IpupasunBas y Hy1o, T. C.

(x—1)2 (x —2)* =0,

N 7
sToil Kpusofl, a nMcnno, Makcumys (1, 0) 1 MuEHMYM 5

‘

MH Doayynsm caean na ocn OX. Oann u3 snx, x =1,
KaK Mbl YK€ BBIACHHIM, ABJIAETCA BCplIHHOf, a ApY-
rofi, x =2, kak 310 GHI10 BHACHCHO B NpPCALIAYLICM
HOMEpe, BepIIHHON HC ABJIACICH, 110 B COOTBCTCTBYIO-
7 >X eii Touke rpadnka KacarcibHas NapaLIeabld ocH
OX. Hckomas kpusas ti3o6paxena na puc. 59.

2. BuucptuM kphsyio

y=e*

CoctaBuM ICPBYIO NMPOH3BOANYIO

' —xs

y=—2e""*,
[pupasunsas y° ny:1o, moayyuym suayenue x =10, Ko-
TOPOMY, Kak MCTPYIHO BILICTL, COOTBCTCTBYCT BCPIIH-
fa (MakcumyM) Kpusofi ¢ opaunatoft y=1. Jr1a xe
Puc. 59. TOYKa JaeT It caex kpusoft na ocu OY. Ilpupasunsas
2 .
y Hydio, moayunu ypasHenne e~ * =0, koropoe He
nMeer peucuuii, T. e, cicaos Ha ocn OX kpuBas me uveer. 3aMerTuM, KpoMe

2
TOro, 410 NpH CTPeMIcHuN X K (4 ©0) Hau (— co) nokaszatels CTencHi y e—*
CIpEMNICH K (—00), § BCe BHipamenie CTPCMHTCA K HyMo, T. €. nNpH Oecnpe-

Y]

10

o5F

> X

20 <5 @ g5 0 45 w0 6
Puc. 60.

ACILHOM YIAJCHIN HaNpaBo Il HaneBO KpHBas GeclpCAeaLHO NPHOINKAETCA K
ocit OX. CooTBCTCIBYIOIIAA BCCM NOJYYCHHBM JauibnM KpHBas n3o6paxena na
puc. 60.

3. MMocTpous kpHBYIO

y=e%sinbx (a>0),



59 | § 5. MPUNONEHHE K U3YYEHUIO GYHKIUH 141

KOTOpaR naeT rpadux Tak Ha3HBAEMOrO 3amMyXawue20 Korebanus. MHoxuTeIb
sin bx no a6COMIOTHOMY 3HAUEHHIO He NPeBHUIaeT eIHHNUL, H BCA KpuBas 6yler
pacnonoxesa MexAy HBYMA KPHBEIMH

. y=e€9% u y==—ea,
Mpn crpemaennn x K (--co) MHOMHTeab £79%, a cienoBaTenLHo, H BCE NPO-
n3BefeHne €% sin bx Gyler CTPEMHTBCA K Hyao, T. € Npu GecnpexenbHOM yaa-

JeHHN HampaBo kpusas GyjeT Oe3rpaHHyHO npuGImxarsca k ocd OX. Caelum
kpuBoit Ha ocn OX onpeleaaTca H3 ypaBHeHHA :

sin bx =0,
T. €. 6ynyT

Y= %‘ (R —uezoe uncao).

OnpeneanM nepeyio NPOH3BOZHYIO
Y = —ae™%* sin bx -}- be~3¥ cos bx = e~%* (bcos bx — a sin bx).

Ho smipaxense, crosmiee B KPYTaHX CKOOKAX, MOXET GhTb, Kak W3BECTHO, npel-
CTaBIEHO B BiJe .
bcos bx — asin bx = K'sin (bx - ¢,),

rie K n ¢,—nocrosuusie, [IpHpaBHiBan NMepByo NPOH3BONHYIO HYAIO, MOAYYMM

ypaBHEHHe .
2 sin (bx +¢0) =0,
KOTOpOE naer

bx ¢, =kn 1.6 X= kr;b%- (R —ueaoe umncio). )

Korpa x mepexoint uepes sTif aHauenus, sin (bx--q,) Gymer Bcaxmil pa3s
MeHATh cBofi 3Hak. TO e MOXHO, OYEeBHIHO, CKa3aTh W OTHOCHTEILHO KpON3-

BOMHON y’, TaK Kak
¥ = Ke~% sin (bx 4+ ¢,),
a MHOXHTENb €-%¥ 3Haka He Menser. CleJloBaTebHO, STHM KOPHAM COOTBETCTBY 0T

nooyepesHO MaKCHMYMHI H MHHHMYMH GYHknnt. B caiyyae orcyrcrsua moxasa-
TEJIbHOrO MHOXHTEIA € 9% Ml mMean Ol CHHYCOURY

y =sin bx,
i acuneeH ee BepUINH MOJYYILTMCh Ob M3 ypaBHEHNA
cos bx =0,
T. C
2dk—1)=
x= Gk—=1D= (k— uexoe wicao). ) 1)

2b

Mur BnumM, TakuM 06pa3oM, YTO IOKa3aTeJbHBI! MHOXHTEIb HE TOMBKO
yMeHbIIaeT aMISHTYAH KojeGaHuit, HO M cMemaer abClUICCH BepullH KPHBOIL.
CpasnnBas ypasnenus (1) n (l;), HeTpyAHO BHIeTb, YTO STO CMeuleHHe pPaBHO

NOCTOANHON BennunHe (—21:5—%"-) Ha pﬂé. 61 mnsobpawen rpadmuk 3aryxaio-

uiero koaebamns npu @ =1 n b =2z Bepmuuu Kpusoft He HaXoXATCA Ha NyHK-
THPHBIX JHHHAX, COOTBETCTBYMOINMX YPaBHEHNAM Y= ¢ %%, DTo OPOHCXOMUT
BCJEACTBHE YKAa32HHOIO BHINE CMEIIEHUA BEpUIHH.
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4. TlocTpoum xpusyio
x¥—3x
y - —(;—— .

CocraBasem npoussoaiibie NCPBOro I BTOPOro nopsiaka

0 xt—1 "
y= 9 y =x

Mpupasnitpas nepByr©o NPON3BOIHYIO HY110, MOIyulM 3uayenHs xy==1 g
xg=— 1, [NoacraBans 3Tl 3HayecHHUsA BO BTOPYI0 NMPOH3BOAHYIO, YGEAHMCH, 4YTO

y NepBOMY 3HaYeHHwo 6yaer coor-
BCTCTBOBATh MHHIIMYM, a BTO-
N poMy — MakciHmyM. [loxcrasass
\ STH 3HAYEHHA B BHIPAN(CHNE AAH
Yy, OnpeeaiM COOTBETCTBYIOMUE
\ 2 BCPIUHHB KPHBOIl:
\
\ 1 1 1 1
\\ . -1 '§' ’ ] —"g' .
N
h il B Moaaran x =0, noayuum y=0,
e T. €. nayaro woopiaunar (0, 0)
Ay JexHT wsa kpusoft. Hakouen,
o y
~—— -1 -0.5 a ax‘s f/’\’;f“h»--*‘
¥ 7 e L g} .
/"
,,';f-
7
PR
=i
7/
’ N 0 x
.
,/ y=e STh2RE
II
-~ 7/ -.a
/
/
!
/
1]
Pitc. 6l. Piic. 62.

NDHPABHNBAA Y Ny, NOAYunM, kpome x =0, cuc Asa spayemna x =+ ¥ 3,
T. €. OKOHYATEIbHO TOUKH IIepeccuenns Kpusoil ¢ ocaMu kKoopaunar 6yayt (0, 0),

(V'3, 0) u (— 13, 0). OrMeTuy cule, 4T0 npH OIHOBPEMEHHON 3avene X u y
ua (—x) n (—y) obe yacti ypasuenysn KpPHBOH MEHAKOT mlb 3MaK, T. C.
H2QYa10 KOOPAHHAT €CTb HEHTP cuMMerpun kpnsoil (puc. 62).

60. HanGoavmee u wmansenniee anauenuss gyuxnuit, ITycis pac-
CMATPHBAIOTCA 3uayenus (yuxnnn f(x) npu sHayeHusx Hesasucunmolt nepe-
Mewoll X u3 npoMexyrka (g, b), 1. e. npu a<cx=<b, u nyctb Tpe-
Oyercst siafitn nanboJbliee 5 papMeHsuiee U3 3THX SHayeHil. IMpn yka-
sanHoM ycaosun ¢yuxnua f(x) Oyaer AocTuratb HanGoJbluero 1 Hau-
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MeHblero smaveuns [35), 1. e. coorTmercTRYIOmNA STOH (yHKUHN rpaduk
OyAer nMeTh B YMOMAHYTOM MPOMEXYTKE HanGoJbLIYI0 H HAaNMEIbILYIO
opaunate. COrjacHo MpHBEJEHNIHIM BHIIE NPABILJaM, MBI CMOkeM mHaHTi
BCE MAKCHMYMBH H MHHHMYMB (BYHKIIN, 33KTIOUAIOMHECH BHYTPH npo-
Mexyrtka (e, b). Ecom dyukuus f(x) nveer csowo HanGoasmylo opai-
HATY BIYTPH STOrO NPOMEKYTK3, TO 35Ta HanGoJbwas opanHara Gyaer,
oueBMaNo, COBMAagaTtb C HanGoJblUImM  MaKCHMyMOM (YHKUHH  BHYTPH
npomexkytka (a, b). Ho Mowxer okasarscs, 4rOo i11auoJbwias OpAHHATA
HAXOANTCA lle BHYTPH NPOMEXKYTKA, a Ha OMIOM H3 €ro KOHUOB X==4a
nm x=~=. Ilodtomy ans maxoxkaenns, nanpumep, HanGoJapuiero 3ina-
venus (QyHKIHM HEIOCTATOYHO CPaBHHTb BCE €€ MAKCHMYMH BHYTDH
NPOMEXYTKA M B3iTb HanOGoablunil, HO NEOOXOANMO TaKXe NPHHATL BO
BHUMaHBE H 3HauyeHHe QYHKUMH HA KOHUAX mnpomexyTka. Touno Tak ke
NS onmpenenaeHHs HaUMEHbINEro 3HaueHns GylukuuH HALO B3ATh BCe ee
MHHHMYMLI, J€Xalulie BHYTPH NPOMEXYTKA, # FPaiiUHBe 3HaueHus QyIK-
nun npy x=—a 1 x=~>b. 3aMeruM NP 5TOM, YTO MAKCIHMYMH M Mi-
HUMYMB  MOTYT BOBCE OTCYTCTBOBaTh, a HanGoJbllee H HauMeHbliee
3i1ayennst y HenpepelBHOH (ynkumn B orpamnueinoM npomexyrke (a, b) -
00g3aTenbio GyAyT CywleCTBOBATL.

OTMeTHM HEKOTOPHIE YaCTHHIE CAyuan, KOTAa NAXOXKAEHHE 1ANMEHb-
mux 1 HanGoaplunX 3HaueHufi npoussoantcs nanGoisee npocro. Ecum,
nanpumep, ¢yuxuus f(x) pospacraer B npoue»\yn(e (a, b), 10, Oue-
BNAHO, NPH X ==a OHa OyAeT NPUHHMATh
nanMenblee, a npn x—>0 nanboabuice YA Houb. 3o
snayenie. [as yOuBaiomelt  dynximn
KapTuHa GyZeT NpOTHBOMOJOKHOMH.

Ecan ¢dyukuus umeer BUYTPH MpoMe-
WYTKa OLHH MAKCHMYM H He HMeeT Mil-
1HMYMOB, TO STOT E€IMHCTBEHHBIl MaKCH- i
MyM 1 xaeT HauGoabulee 3Hauenne QyHk- 0
wuu (puc, 63), Tak 4TO B 3TOM Caydae Puc. 63.
ana onpejenenns HanGoJbiuero 3HaueHns
(GYHKIIM BOBCE HE HAAO0 OmpenensTh 3nauenntt QyHKunf Ha KOHIAX Mpo-
MexyTka. TouHo Tak ke, ecan QyHKIHA 1MEET BHYTPH MPOMEKYTKA OAuH
MUHHMYM H HE HMEET BOBCE MaKCHMYMOS, TO YNOMANYTHIH eIHHCTBeHHH
MHHHMYM H JaeT HauMeHbllee 3nauelive dyHKumia. YKasaHHeeE TOAbLKO
uto o6cTosTensCcTBA GYAYT HMETh MECTO B [EpPBHIX H3 uerHpex HaJo-
KEUHBIX HIKE 337au.

V. fdan ompesox Oaunwt I. Tpebyemess pasdeaums €20 1a 08e Yacmu mar,
4moOs naowjads nPAMOY20LbHUKA, NOCMPOEHHO20 HA HUX, Ovaa Haubo.buerl.

[lycrs x — nanua oxvofi u3 vacrefi otpeska, ([ — v)—n'nma apyroit ero
yactd, [IpuuuMan BO BHHMaHHe, YTO ILIOWAjlb MPAMOYTOJIbHHKA PaBHA NpON3Be-
RCHHI0 €ro coceaHHX CTOPOH, BHAUM, YTO 33jaya CBOANTCA K HAXOXIEHHIO TCX
3HayeHHil x, NpH KoTOpLIX QynknuA

f(xX)=x({—x)
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JocTiraeT HanGoabuero 3Hayenius B mpoMewxytke (0, /) H3MellcHHA X. Cocramm
NpOH3BOJHbBIE 11EPBOrO H BTOPOro NOpsAKa

Fx)=(—x)—x=1—2x, f'(x)=—2<0.
TlpupaBnuBas nepBy0 NPOM3BOAHYIO HY:I110, NOAYYHUM CIUHCTBEHHOE 3HAyenHe
X =, KOTOpOMY H COOTBETCTBYET MakKciMyM, Tak Kak f’ (x) HOCTOAHHO

oTpHuareabna. Takum o6pasoM, Han6oapias ILI0-

mans 6y1eT y KBaiparta co CTOPOHOIO —I—

R

(R & 2. H3 Kpyea paduyca- R guipe3aenicst cexmop
u u3 ocmasweiick 4acmu Kpyea cKaeusaemcsi KO-
Hyc. TpeGyenica onpedeaums Y204 BbPe3aHHo20
cekmopa marx, 4molOu 00sess Kowyca Oba Hau-

60.abluius.
Puc. 64, [Mpumem 3a He3aBHCHMYI0 MNepeMCHHYIO X He
yrol BLIPpE33HHOTO CCKTOPa, a €ro AOIOJHCHHE 1O
2%, T. e. yroa ocrasmieroca cexkrtopa. [Ilpu 3naveHnsax x, Gamskux k 0 n 2gx,
o6ben Konyca 6yler GaH30K K HYII0, H, OUeBIHO, BHYTpH npomexyTtka (0, 2x)
6yaeT CyuweCTBOBATb TAKOE 3HayecHie X, NPH KOTOPOM 3TOT 06beM OydeT HaH-

Goabumy.

[Mpn ck:enBanii ocraslefica uwacT Kpyra B kouyc (puc. 64) noayumrca
Takolt KOHyc, ¥ KOTOporo ofpasymowmas pasna R, JIHA OKPY:KHOCTI OCHOBAHNA

Rx
pasua Rx, Paanyc OCHOBAHHA r=1— Il BLICOTA

2z
- R p—
h= ] T = Rym=—=
OGven sroro konyca 6yaet
1. R " oo R evi—
V() =gr e V4.. — =g BV A —

[Tpit oTBICKaHHM HAHOOJLIIETO 3HAYCHHA 3TOM (QYBKUHH MK MOXEM He 06-
3

pawath BHHMaHua Ha NOCTOAHHLIIl MHOXHTEIb . Ocrasmeecs npousncacHie

2473
x2 V 4=¥ — x¥ 11010HTEILNO H, CIENOBATCIBHO, 6yaer AOCTHraTh HaNGOabiLero
3HayCHHA MPH Tex ke 3HAYCHHAX X, HPH KOTOPHX AOCTHraeT Han6oalbllero 3Ha-
yenna cro keagpar. Takiy o6pa3on, M MOMeM paccMaTpuBaTh (yHKLHIO

fx)=4=%xt —x8
BHYTpH npoyexyTka (0, 2z). CocraBaseM NEpBY© NPOU3BOAHYIO
S (x)=1622x3 —6x3.

Ona cyulecTByer HpH BCcex 3nauennAax x. [IpupaBHIBas ee HY10, NOAYYHM
TPH 3HaYCHUA:

2 2
x1=0, x2=—2ﬁ]/-—,)~, X3=2T.—l/_,—.
i¥d
[epoue apa 3navenna He aesicam uympu nposmcxytsa (0, 2=). Ocraercs eamn-

2
CTBCHHOE 3HAYCHHC x3=2:: -g-, Jdexaimee BHYTPH 3TOTO0  IPOMCKYTKA;

HO BBHIIIC MBI BHAEIH, 4TO Hanufoablice 3HayeHHe BHYTPH 3TOro NPOMCKYTKa
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JOKHO BCTPETHTLCA, 3 CIEHOBATEIbHO, 1 He HCCAENyA 3HAYEHHA X;, MOKCM
)'megmnarb, Y10 eMy GyJeT COOTBETCTBOBATL HanGoabIIN{l 06beM KOHYCa.

. [Ipsimoio L naockocms pasdesena na dse uyacmu (cpednt) I uw Il Touxa
dsuzaemes 8 cpede I co cxopocmpio v, 6 cpede 1I—co cxopocmbwo v, [lo
Kaxormy nymu 004%CHA O8U2aMbCA MOUKE, 4MOOK BO3MONCHO CKOpee nonacmb
u3 moyxku A cpedn I 8 moyxy B cpedw 11?

Iycts AA; n BB, —nepnespukyasps ns

Touek A 1 B na npamywo L. Bsezem caexyonute U .
£ ——

oGosnavenns: AA,=a, BB, =058, A;B,=¢, a " ]

na npasmofi L 6yneM OTCYHTHBATh aclUicCH B Ha- x ' c-x 1B,

npasaennn A,B; (puc. 65). A M L
flcHo, yTo Kak B cpene /, Tak 1 B cpexe I/ 1 Vo

NyTh TOUKHM IOMkeH OBbITb NPAMONNHENHBIM, HO 1P

nyts no npsumoft AB ne Gynmer, BooSuie roeops,

.CKOpefimuy mytem, Urak, ,ckopeftmmnit myTn“ Pitc. 63

OyfleT COCTOATh M3 JBYX NPAMOJIHHCHHLIX OT-

peskos AM u MB, npuuem Touka M poamna

aexath na npamoil L. 3a He3aBlCHMYI0 NepeMEHHYI0 X BHGepeM aGCUHCCY TOUKH
M: x = A;M. Bpems ¢, nauMenbitee 3nayeHite KOTOPOTO HIETCH, ONPEREIHTICH
no dopuy.e

t=f(r) ="+

v Us Uy 2

AM MB V&t  VEF(c—x)
1 7 + v,

B npoMexyTke (— oo, -}-o0). CocTaBHM npoH3BOIHHE NEPBOro H BTOPOro
NOPANKOB:

' — X _ c— X
7 o, Vaitx o, VEtf(c—xP'
" _ a? b
f (x)- v, (as_*_x:)‘*/z +

vs (6% (c— 172"

O6e nponssonnbie CYIECTBYIOT NPH BCeX 3HAuYeHNAX x, It f” (x) Bcerma nmeer
anak (). CnenosareabHo, f' (x) Bo3pacTaeT B NMpoMexyTke (— oo, --0co) I He
MoxeT o6paTiTheA B HYab Golee oaHoro pasa. Ho ’

¢
= ———— 0
5 © o ng = <

[
T
f (x)=0

nMeeT eAHHCTBEHHHIl KOpeHb X, Mexay O I ¢, KOTOpOMY COOTBETCTBYCT eaiil-
crBeHnblit MunnMyM dynkuun f(x), Tak kak f7 (x) >0. AGcuncent 0 11 ¢ coot-
BETCTBYIOT TOyKaM A, # B,, a moroMy nckomaa Toyka M Gymer Haxoamutbes
MeXAy ToukamMH A; 0 Bj, uro MOXHO 6H10 G IOKa3aTh § M3 31€MEHTapHBIX
recoMeTpHyecKnx coobpaxennit.

[MoscHyM reoMeTpHYECKHii CMBICT NMOAyyeHHOro pemennda. O6o3HaYHM yepe3
a it B yraml, cocrasiIeHHne orpe3kamit AM 1 BM c mepmenankyaapoM, BoccTa-
BachubiM H3 touku A kK L. AGcumcca x nckomoft Toukn A pomxma o6pauwath
B Hyap f (Xx), T. €. JIOTKHA YAOBICTBOPATL YPABHEHNIO

X c—x

v VaEFae v VEF(e—xr'

)= 0,

2 NOTOMY ypaBHeHHe
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KOTOPOE MOKHO ICPEICATh TaK:
AM _ MB,
v AM ~ v,BM
Han

sine _ sinf sina v,
. v, vy ' sinp = vy’

LCKOpelmnit myre® 6yact TOT, NPH KOTOpOM OTHOIIEHHC CHHYCOB YriI0B a H 3
0yaeT paBHO OTHOWIEHHIO CKopocTelt B cpegax / u //. PeayabTtat 310T Aaer Ham
n3BeCTHbIT 3aKQN IpCIOMIeNNsA CBeTa, 1, ICZOBaTE]bLio, NpeIOMICHHC CBeTa
coepiuacTea TaK, kKak GyAT0 JAyy cBeta buGupael ~,CKopelwnii NyTh* H3 TOYeK
ORNHOIT cpeabl B TOYKH IpYroil.

4. Iloaoxiy, Y70 IKCNEPHMEHTAALHO ONpelenseTca BeANYyHHA X, I 1 OANHa-
KOBO TILATCABHO NPOH3BENCHHLIX HAGIIONeHHNT N30T IaA lee r 3uayennii -

al’ ag, eesy Qg

HCONHHAKOBLIX BBH1Y HETOYHOCTH MHCTPYMCHTOB. LHangoaee BEDOATHLIM® 3Haue-
HHCM BCTHYINEL X éynem CYllTaTb TO, lIpH KOTOPOM CYMMa KBaJpartos OIIHGOK
6)'11(31' HanMenbuell, Takuu 06p330M, HaXOowAcCHIte 3TOro 3HAYEHUA NPHBOAHTCA
K NaXOmACHI0 X 13 YCJIODHA HAHMCHbLIUCIO 3HUYEHHA (p}'UKLlHH

f)=x—a)+4(x—a)+ ... +(x—a,)*
B npoMexyTie (—oo, < co0). Cocrapisem NpoN3BOJHHE HEPBOro M BTOPOro
HOPHLKOB
F)=2(—a)+2(x—a)+ ... +2(x—ap),
I (.\') =2+2+ oo +2=2n>0
[lpupaniueas NCPBYIO NPOH3BOIHYIO Y30, HOJYUHM CIIHCTBCHIOC 3Hauclile

= at+a,+ ... 4a,

n

KOTOpPOMY GYReT COOTBETCTBOBATbL MIHHIIMYM BBHAY MOJOKHTCALHOCTH BTOPOIl
npoussoauofl. Taknum oGpa3om .Haubo.ace 8epoOsMHUM® 3HAYEHUEN X SB.1AENMICS
CpedHee apudaemuyeckoe 3RaUenuii, NOAYIECHAHOX 113 HAOa00eHi.

5. Haimu xpamuaiiwee paccmosnue mogxu M do oxpyxcrocmu.

Tlpnmenm 3a Havazo koopauHar uentp okpymnoctn O, 3a ocb OX— npa-
myio OM. Mlyeth OM=a u nyctb R ecTh paguyc OKpPYXHOCTH. Ypasuenue

OKpYy:kiocTH 6yiaer
Xty =R,

a paccroanie Toukn Al c xoopannarayn (g, 0) Ao 31060t TOYKH OKpYWHOCTH
VG—ar 57

Byaem nckarh nanGoanmice 3mavennc Kpaipata storo paccrosund. [loacrasus
BMCCTO y* €ro BuipamcHne R*®—.x 13 YPABHCHMA OKPY:KHOCTH, Mh HOIYYIM
Gyvukumo

fO)=x—a+ (RP—x)=—2ax+ & + R},

FAC HE3aBHCHMAA NICPEMElHAn X MOXET HIMCHATLCA B HPOMOKYTKE (— RS x << R).
Tax xak neppas npoi3Boinasn

[ (x)=-—2a
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OTPHUATCALHA NP BCExX 3Hauennsx X, 10 dynkuma f(x) yéuiBaer 1n gmocriraer,
ClefoBaTeabHo, HAUMEHBUICTO 3HAYEHI NpH X ==R 1a NPaBoM Kolile mpoMe-
wytka. Kparuafimny paccrosnnem Gyzaer minna orpeska PAM (puc. 66).

6. B Qaunuii npasyoii kpy2080i KOHYC 8nucams YUAUHOP mak, 4moGut e2o
noaHas nosepxHocny Ouiaa HAUbobweil.

Y

R_|*RA\P. My

Puc. 66. ' ' Puic. 67.

OGo3naunM paxiyc OCHOBARHA It BEICOTY KoHyca 6yksamm R u F, a paauyc
OCHOBAHHA W BHICOTY WHIMHApAa— GykBaMmu r H A Pyukumua, HanGoasuice 3mave-
HHEe KOTOpoil Imuerca, GyIeT B AaHHOM cayvac

S =2zr* - 2zrh.

[MepeMenHble BeaANYHMHH r 1 i CBA3aHH MeXy COGOf Te€M YCIOBHEM, HTO LILTHHAP
BOMCAH B HaHHWil konyc. W3 nopo6na Tpeyroasunxos ABD n AMN nmecm
(puc. 67):

MN_ 5D n__H
A AD’ 77 R—r R’

oTKyHa

h=8="n

TMoacrasana sto anavenue h B BHpawenne 113 S, nmoayuis
. » ry
S=2zir*4-rfd 1"‘? . -

Takns o6pa3som, S oxaseBaerca ¢yuxuneft oanoit neszaBucnMofi nmepemci-
Hoft r, KOTODasg MOXceT u3MeHATbCA B npoMmexyTke 0=<<r < R. Cocrasum tpons-
BoaHbie MEPBHIX JBYX MNOPANKOB:

as_ o, (2r+H—2—'H) Ltz (1—ﬂ)-

dar R ' dr? R
ds
ﬂpnpamumaﬂ Hy.’llO E_, noaAy4YuUM 11a r oano SIIaUEHlle
- HR
T=5H—R) @

Ana Toro uto6H STO 3HaUeHHEe HAXOAMIOCh BHYTPH npoucmyrka (0, R), ncoGxo-
AHMO BLIMOJHEHIIe HePaBCHCIB
HR HR
O<sH=R" TAT—=R

<R 3)
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[Tepeoe H3 9THX HePaBeHCTB PaBHOCHABLHO TOMY, uto HH pomxHO GHiTh
6oasuie R. YMHO®as o6e YacTH BTOPOrO HePABEHCIBA HA MOJOXHTEAbHYIO Bedi-
yniy 2 (H— R), noayuum

H

R<-2—'

a8
[Ipn BWMOJIHEHHI 9TOTO YCAOBHA —— HMCET 3HAK (—); 3HaycHHw (2) cooTBeT-
ar?
CTBYIOT CHUHCTBEHHEIl MAaKCHMYM (yHKUHH S # Han6oablIag BeJHYHHA NOBEpXs
HOCTH UMIHHAPA. DTy BEIHYHHY MOXHO JerKO ONpPEAETiHTb, MOACTABAAA 3HAyeC-
Hlle r u3 (2) B BHpaxenue Aas S.
TIpeamosoOKHM Tenepb, YTO 3HaueHHe (2) He ZCKHT BHYTDH NMPOMEXYTKA
(0, R), 1. e. 4TO He BHIOJIHEHO OXHO M3 HepaseHCTB (3). [Tpu sToM MoryT mpen-

CTaBHTLCA ABE BoOaMoxHOCTH: Han H<C R uwan H> R, Ho R;-z—. O6e onn

Mory'r GLITh oxapaxrepnsosauu OJOHHM HepaBeHCTBOM
H<2R “)

ds
Mpcobpasyem BrpaxicHile A1 i’

‘§F='2n (Qr-[-H—?}—g H):%[(2R—H)r+H(R—r)].

ds
V13 storo BhipaxeHita BIIHO, YTO NPH BHOOIHCHHH ycaosua (4) -d—r>0 npu

0<r< R, 1. c. ynxuna S so3pacracr B npoMexytke (0, R), a notomy mocth-
raer HauGoabuiero 3Havenus npn r=24K. [pn stom 3uayehun r, oueBHANO,
h =0, 1 noayyennoe peurenHe MOXHO PacCMaTpPHBATh KaK CILIIOWEHHBIT WHANHAP,
OCIIOBaHIIC KOTOPOTro COBMAfaeT ¢ OCHOBAHIICM KOHYCa I BCA NMOBEPXHOCTL KOTO-
poro npieoaurca x 2=K%

61. Teopema depma. Buiue Ml U340k, N0Ib3YACh DACMEHTaPHEIMII
reoMETPHYECKHMH COOODaNEHHAMH, CMOCOOH HCC/AeNOBaHUs BO3DPACTaHHA
1 yOmBaHusg QYHKUHH, HAXOXAEHHS HX MAKCHMYMOB U MHHHMYMOB, a TaKike
Hau0oBIINX M HauMeHblINX 3Hauennil. Cefiyac MBI mepexomuy K CTPOromy
AHAMNTHYECKOMY H3J0KEHHI0 HEKOTODHX TeopeM u (OpMyJ, KOTOpHE
NAZyT HAM aHAJNTHYECKOE MOKAa3aTeAbCTBO CHPABEAMIBOCTI NMPHBEACHHBIX
Belllle TIPABWJ, A TaKike MO3BOJAT NPOABRHYTH HCCAenoBanue (yHKuuil
emle HECKOJbKO Aaibie. B naawweitmes nsno:xkeHun msl Oyney yxe BHOJHE
OTYETMIIBO N MOAPOGHO MEpeyncasTh BCe YCAOBHS, IPH KOTOPHX COOTBET-
CTByioliie TeopeMH 1 (OPMYJbl HMEIOT MeCTo.

Teopema depma. Ecau ynuxgus f(x) Henpepusra 8 npose-
gcymre (a, b), 8 Kaxnc0ol nouxe GHYmMPpuU 31m020 NPoreACYMER UAEEnL
Hpou3B00HYI0 U 8 HeKomopol moyke X==c GHYMPU NpPOMEICYMEQ
docmuzaem HAUGOAbIME20 (WA HAUMEHBILE20) 3HAMEHUs, MO 8 IMOL
nmoyke X ==c nepgast npou3sodnas pasna ryaw, n. e. f {c)=0.

Wrak, nosoxnyM Aad ONPEAEACHHOCTH, YTO 3HaueHue f(c) aABasercs
nauboabuny 3HavenueM ¢yHkuun. Jas Toro cayyas, Korza ST10 ecTb
HauMeHpllee 3HayeHue, NOKA3aTeAbCTBO MOXET OHTb NPOBEACHO COBEp-
IIeHHO aHaJornyueM ob6pasoy. Mrak, coraacHo ycaosiio, TOuKa xX==¢
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JIOKUT BHYTPH NpPOMeXyTKa u pasuoct f(c—+h)—f(c) Gymer orpu-
IaTeJLHOH 1/, BO BCAKOM CJAy4ae, HE NOJOXNTEAbNOH, npu moGom /i
KaK MNOJ0XHUTCAbHOM, TaK U OTDHUATCHbHOM:

Fle+h—fl)<o.
CocrasuM OTHOIUEHHE
flet+n—1(
—

Hucaureas Hamicanqofl Apo0H, Kak CKa3auo, MEHbIUE W paBeH HYJIO,
a noromy

f(ﬂ‘i;:f_(”léo npu h>>0,

)
Mz—‘f—@>o npn h<0.

Touka X==c¢ JeXHT BHYTPH NPOMEXYTKa, M B Hefl NO YCJAOBHIO
CyWLECTBYET MPOM3BOAHAS, T. €. HAMMCaHHAas BHINE Apo6h CTpemuTcs
_K onpeneaesHoMy mnpeaeny f'(c), ecan h CTpEMHTCH X HyMO MOGHIM
obpasoy. IMonoxuM cHayana, yto h CTPEMHTCS K HYJIO CO CTOPOHH! MOJIO-
xuTeabnplx  3Havetinfl, IIpu sToM, nepexoas k npejeny B nepeoM H3
nepaseHcTs (5), nmoayunm

F'(e)=<0.

Touno Tax e mepexoA K npeaeay npn f—0 BO BTOpOM HEpaBeH-
cise (5) maer .

f =0
Conocrapass 3TH HepaBencTBa, MBI NOAYduM TpeGyeMuil peayabTat:

F@=0.

62. Teopema Poans. Ecan ¢ynxyun f(x) nenpepmsna 8 npoite-
ocymre (a, b), usmeem npou3godnyo 8 Kaxcdoll moukKe Hympu 3moz20
npoMedCymKa U 3HAYEHUS BYHKYII HAQ KOHUAX 3M020 NPOMENHCYMKA
pasuet, 1. . f(@)=f(b), mo snympu nposmescymrxa cywecmsyen, no
Kpafineldl mepe, 00HO makxoe 3Hayenue X =c, Npu KOMOPOI NPou3Eood-
Haa obpamaemcst 8 nyas, T. e. f (c)=0.

Henpepuipnas dyukuns f(x) nomxkHa JOCTHraTL B PacCMaTPHBAEMOM
NPOMEXKYTKE HAUMEHBLIEro 3HaueHus m ¥ HauGoabliero 3sHayeHus M.
Ecau Obl 0Ka3anoCb, YTO 5TH HauWMeHbluee i1 HaunGoibluee 3HAYEHHA OH-
HaKoBH, T. €. m =M, To o1Cloza cnefoBaio Gsl, OUEBHAHO, UTO (HYHKIUA BO
BCEM TNPOMEXYTKE COXDaHsieT MOCTOAHHOe 3HaueHue, pasHoe m (nau M). Ho,
KaK H3BECTHO, NPOU3BOAHAA OT NOCTOAHHON paBHa HYJO, H, CJIEA0Ba-
TEe/NbHO, B 3TOM MPOCTOM C/yyae BO BCAKOfl TOuke BHYTPH NpPOMEKYTKa
npoussoaHas Osl1a Ou pana mymo. O6pamasics Kk paccMoTpeHitio ofuwero
Cayuas, MBl MOXEM, CIexoBaTeabHo, cuutars, uro m<_M. Tak Kak
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3HaYeHHA (QYHKUHN HA KOHIAX MO YCJAOBHIO OAHHAKOBH, T.e. f(a)=f(b),
TO, IO KpalHel Mepe, OAHO N3 uncen m wat M oTanyno or 3Toro obile-
ro 3nauennd Ha konuax. Ioxomuy, nanpuyep, uro s10 Oyzer M, T.e. yTO
HauGoabuiee suayeHne QYHKHHN JOCTHMaETCd HE HAa KOHIAX, a BHYTPH
npoyexytka. Ilycte x==c OyneT Ta TOUKA, rA€ 3TO 3HAYEHHE MOCTHI AETCS.
Coraacuo Teopeve depma, Mo Oyaem uvers B 310l Touke f'(¢)=0, 410
H noKasmipaer Teopemy Poaas.

B uactiom cayuae, ecan f{@)==f(b)==0, moxuHo Tteopemy Pouaas
(hOpMY.TIPOBaTL KPATKO TaK: MedQy 08yssa KOprAMU PDYHKEUU 30KAI0-
y M qaemcs, no kpaiueld wsepe, 00UH KOpeus

nepgoii npolt3800HOII.
AL 1 -_N\38 Teopesa Pouns nyeer npoctoe reonerpu-
! yeckoe 3uauetue. [lo ycaosuw, f(a)==f(b),
) T. € OpAHHAaTH KpuBoff y=f(x), coorser-
il - L—»X CTBYIOUIHE KOMHAM TPOMEXKYTKa, pPabliu, M
Puc. 68. BHYTPH 9TOrQ NPOMEKYTKA CYLWIECTBYET IIPO-
H3BOAHAA, T. €. KPHBAA HMEET ONPEACICHHYIO _
kacaresblyio. Teopema Poaad yTpepiiaer, uro npu 3TOM BHYTpi npo-
MeKyTKa Oyaer CYWECTBOBATH, 110 KpaliHell Mepe, OZHa Takas TOUKa,
B KoTopoil mpoussoaHas Oyaer pabHa HYyJIo, T. € B KOTOPOH KacaTein-

nag Gyaet napaaaeisia ocu OX (puc. 68).

3ameuanne Ecan ne nunoaueno ycaoene rteopems Poaas o cy-
UIECTBOBAINNI NPON3BOAHON f7(X) BO BCEX TOUKax BHYTPU TIPOMEXKYTKA,
TO 1e0peMa MOXKET OKa3arbCst 3 HeBeplofi.

Tak, nanpuvep, (yuxuus

fER)=1—y %
nenpepwisia B npoMexytke (—1, 1) n f(— 1)=f(1)=0, no npona-
BOMlIast

2
3vx
BHYTPH NPOMEXYTKA B 1yan ne obpamaercss. ITponcXomnT 310 otroro,
uto f'(x) ne cymecrsyer (o6pamaercs B GECKOHEYHOCTB) NpH x =0

(puc. 69). Ipyrott npuxep paer
Kpusas, uzobpawennas ua puc. 70,

y

A
/K | ‘ ”
= 5’l y ¥

1

'

!

]
| i
vt a o }
Puc, 69. Puc. 10,

fx)=—

B stoM caywae ME hNeem KpHBYIO y==f(x), y koropoii f(a) =f(b)=0.
Oanako 13 uepTera BHANO, YTO KacaTeldbHas BHYTPH IPOMEKYTKa (a, b)
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e Mower OmTh napaiiensia ocu OX, T.e. f'(x) He oOpaumaerca B nyas,
[Ipoucxomur 3T0 OTTOrO, YTO KpHBas B TOUKE X ==a HMEeT jpe pa3/uu-
nHe KacarenpHbe, CIIPaBA N CJAeBa OT 3ITOH TOUKH, 1T, CACAOBATE]LHO,
B 3TOfl TOUKE MNe CYWECTBYET onpexeiennofl nponssoinoli, n ycionue
Teopemm Poaast o cywlecTsopaiii npon3soAlioll BO BCEX TOUKAaX BHYTPH
NPOMEXYTKA HE BHINOJHEHO.

63. ®opmyna Jlarpanwa. IToaoxny, uto dymruus f(x) uenpepusua
B npovexyTke (@, b) M uMeeT BHYTpH 3TOrO NPOMEXYTKa NMPOH3BOAHYIO,
no ycaosue f(a)==sf(b) teopemst Poais MOXKET OHTh lie BHIIOAHEHO.
Cocranum (Qysxiuo

Fx)=f )+

rae A — nocrosiHuas, KOTOPY0 MH OMpeneanM TakK, 4TOOGs noBas (yiK-
uua F (x¥) yzosreTBOpa/a ynoMsSHyTOMY YCAOBHIO TeopeMp Poans, T. e
norpeGyeyM, uTOGH

F@)=F ()
"I
f(@)+ra=r(®)+10,
orKyaa
L) —1(@)
b—a :

[pumenss teneps Kk F(x) Teopemy Poaada, MoOkeM yTsepxNarh, uto
MexXay a b 6}’113'1' HAX0ANTHCA TAKOE 3HaYeHue xX—c, npu KOTopom

F(o=/f()+r=0 (a<le<d),

OTKyna, NOACTaBAAs HallzenHoe Btuue 3nauenue A,
F©y=—x mm f’(c)—_:f_(’lb):%.

TTocnennee paBeHcTBO MOKHO Mepenicarb TaK:
4
FO)—f@=0®—0a)f (0
Pasenctso 310 naseBaerca goparyaoii Jazpansca. Suanenne ¢ 3aka0-
(_'_

a
== 0 3akn04aeTCa MEKAY

4aerca MEXAy a H b, a noroMy OTHOIUEHHQ,}_G

HYJAEM U eauHULEll, © ML MOXEM Hamicarh
c=a-0(b—a) oL,
n opmyna Jlarpamka nepennierca B Buge:
fO)—f(@=(b—a)f (a+10(b—a) 00D,
Monaran b=a-- I, noayunm ewe crexyomutt sux dopyyass:

fa+h) —f(a)=hf"(a-{-0h).
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dopuyna Jlarpamxa gaer ToOunOE BHPAKEHHE AAA  NIPHPAIIEHHs
F(®)—f(a) dyukunn f(x), a notoMy Ha3HIBaETC TAKKE gopayaoi
KOHEeUHbLX npupaujesui,

Mu 3HaeM, yT0 npoussoamas mnocrosuHol pasna nyao. Vs ¢opmyan
Jlarpansa Mb MoxeM peiecTn o6paTHOe NMPEAJOKEHUE: ecAll npou3eod-
Hag f'(x) 60 scex mourax npomescymua (a, b) paswa wyaw, mo
gynryusn f(x) nocmosuna 6 smor npomesxcymre.

B camoy neae, BosbMeMm npou3BOJbHOE 3HAYEHHE X 13 MPOMEKYTKA
(a, b) u, npumenss Qopmyny Jlarpamwa K NpoMEKYTKY (@, X), NOAyunM:

fx)—f@=(x—a)f () (a<lt<lx)
o no ycaonuio f'(3)==0 u, cregosatensHo,
F(xX)—f(@)=0, 1. e f(x)=Ff(a)=rnocrosnuof

OrHocnteabHo Bemuuusl ¢, pxoasutell B dopmyay Jlarpauia, Mbl
3HaeM TOJBKO TO, YTO OHA 3aKJIOUAETCT MexAy @ 1 b, u nostomy ¢op-
Myaa Jlarpamika He JaeT BO3MO:KHOCTH TOYHONO BEIYHCJIEHNHS NMpPHpAlleHns
- (byHKUUI YEPE3 POH3BOAHYIO, HO C ee IOMOWBI0 MOXKHO TPON3BECTH
oueHxy TOH OWUOKH, KOTOPYIO Mbl jJesaeM, 3aMeHss npupauleHne ¢yHK-
um ee quddepenuiaIo.

Mpumep. Mycmn

f(x)=log,, X,
[Mponssoanan

fr (X) —— . = _z._ (,H = 0,43429.-.),

1 ¢opmyaa Jlarpanxa pacr

|
logy, (a+h)—log,0a=ha—_lli—o—h 0<bi<l)
HIH

M
logio (@ h)=logya+h = .

3aveuss npupauwenie KuddepeHunaIoN, noayuny npuéamkennyio gopmyay
M M
logyo (@ h)—log,a=h z! logye (a+ i) =logya -+ 1 rE
CpapHisas 3T0 NpHOMLxEHHOE DABCHCTBO € TOYHBIM, HOJIYYCHHLIM 110 dopMyac

Jlarpamka, yBHANM, YTO ouHOKa
P ’

pM_, M _ oM
a a0~ a(a-t+0n)°

[Toaaras @ =100 u s =1, noayuis npu6aiseHHoe PaBeHCTBO

log,, 101 =log,, 100+%=2,00434...
¢ ownbkoit
oM

T00 (100 -0 O<0<1.
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3amenan B uncantese sToft mpo6u O cxunHuell, a B 3HaMenatese Hy71eM,
YBEAHYNM ApoGb 11 MOMKEM 1I03TOMY CKasaTh, YTO OLINGKA BHYHCIEHHOro aHaye-
una logy, 101 Menbue
M

g% = 0:00004...

Ilepennem ¢opmyay Jlarpamka B Buge:

OO —p)  @<e<o)

OGpamasc k rpaguxky dynkuan y=f(x) (puc. 71), 3aMetny, yTO
OTHOLUEHHE .

b)—f(a
1010 T g, cas

aaer yraosoft kosdduuuent xopamt AB, a f'(c) naer yraopoff xosd-
¢uunedT KacareabHoll B Hekoropofi Touke M ayrn AB Kpusoh. Taxum
oGpa3sonM, ¢dopmyna JlarpaHma paBHOCHAbHA
CNENYIOUIEMY YTBEPKAEHHIO: Ha Oyze Kpu- y
8Ol uMeemcss maKas Mmoyxa, 8 KOmopoi
KacameasHass NapasnressHa xopoe. HacTHuM
CJIy4aeM STOTO YTBEPHAEHHs, KOraa xopuaa
napanaemsna ocn OX, 1. e, f(a)=f(b),
apasercs Teopema Poans. . N

3ameuanne. Y3 gopmynn Jarpamwa O o
HEMOCPEJCTBEHNO BHTEKAIOT T€ NPH3HAKA Puc. 71.
Bo3pacTauus W yOwlBanusa, Kotopoie OGwlan
yCTaHOBJEHH HAMH BHINE U3 ueprexa. [lefiCTBATENBNO, NOJXOKNM, YTO
BHYTPH HEKOTOPOIO NMPOMEXYTKA mnepBas mnpousnogHas jf’(x) noaoxu-
TEIbH2 H NYCTb X H X -~ i — xBe TOukH u3 3TOrO npomexyrka. Us dop-
myast Jlarpamxa:

D —F@=n -0 0o 1)

BUAHO, YTO MPH NOJOKHTENbHBIX [ PasHOCTb, CTOSILAS CAEBa, OYAET Bean-
yHOH monoxuTebHOM, Tak KaK 00a MHOXHTEJNS B NpPOH3BEAEHHH, CTOfi-
IEM CrpaBa, B 3TOM CAy4ae moao:xnreasisl, TakuM o6pasom, npeanoJiaras
NOJ0KHTEIbIIOCT, NPOH3BOAHON B HEKOTOPOM NPOMEKYTKE, Mbl NOJYYHJN

Fle+1)—7(x)>0,

T. €. QyHKIHS BO3PacTaeT B 3TOM npomexyrke. TOUHO Tak ke H3 Hamil-
caunoft Brllle GOPMYJB HENOCPEICTBEHHO BHITEKAET M MPu3HAK YOHBaHUsA.
3aMeTuM 37ech Ke, YTO PACCYMIeHHs, NPHBEACHHHE HaMi NpPH 0Ka-
3aTe/bcTBE TeopeMhl depMa, OCTAOTCA BIOJHE MPUMEHHMHIMH H I/ TOrO
cnyyas, KOrAa B paccMarpiBaemofi Touxe (yHKIHs AocTaraer ne o6sisa-
TEAbHO HanGOJBIErO NJM HAMMEHBIIEro 3HAyeHHsl, a TOABKO JAHIUb MAKCH-
MYMa 0 MHHHMYMa. DTH DacCyXIEHHS [OKaKYT, YTO B TAKHX TOUKax
nepsas npousnoAHas AOMKHA OHTb PaBHa HY/IO, €CAH OHA CYLIECTBYET.
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64. ®opmyaa Kowmu. [Moaowuy, uro pyuxkumt f(x) u o (x) nenpe-
PHBHBl B IpoMexyTke (@, ) 1 B KaKAOH TOYKE BHYTPH 310r0 npoe-
AYTKa HMEIOT IPOH3BOMIYIO, npHued npoussoanas ¢ (x) ui b omoll 3
TOYEK BHYTPU MpOMEXKYTKAa He obpawaerca o Hyab. Ilpumeuss x ¢yuk-
wint ¢ (x) dopyyay Jlarpamka, noayunm

o) —¢@=0C—a)¢ () (@a<by
uo no ycaosuo 2°(c1) 3= 0 u, cI1e10BaTEILHO,
¢(0)—¢(@#0.
Cocrabiy ¢ynkuo
Fx)=f @)+ (x)
rae ) — NOCTOAMMIAA, KOTOPYIO Ml OmpejennM TaK, 4Tolu Guiao
F@=F@),
TO eCTb
f@) 4z (@ =F ()40 (),
OTKYAa
— S —f(a)
¢ (0)—%(a)”
Ipu takom sudope 2 Kk (yuxuwsm F(x) npuaoxuma teopema Poans,
i, c/lenoparenbno, OyaeT cywecTsoBaTb Takoe Stlavenne XN==c¢, npi

KOTOPOM
Fo)=f" ()12 (c)=0 (a<e<b).
D10 ypasuenue jaer
[ () '
Fo="r  EO#0)
OTRYAd, NOACTABAAN Hafifennoe nam i snayeuue, NOJAYUIM

SO —f@ _ f
. TO—=5@ — ¢ (a<lc<b)
SO —f(@) _ flat0(p—a)

0@ ~vario=g  C<I<D ®

L@+ h)—f@__ f(a+0h)

YOt =@ ¢ (@t

' 310 l'x“AeCT‘l:’Qop.uy,za Kowu. Tlonaras n stoli dopuysre ¢ (x)=x,

Cyacst muetl (%) =1, 1 $opuyaa UpuyET B

f(")*f(a):(b —a)f ()

IT('OE-HMN nofytina dopyyay Jlarpamka Kak uacTumlfl cayuali gopmyau



65 ] § 5. MPHJIOXEHUE K M3YYEHHIO ®YHKLMIT 155

- 65. PackpniTue neonpenenenoctedl. [Tonoxuy, uro dyukm ¢ (x)
1 U (x) nenpepunns npn a< xXx=<a--% rae k—HeKOTOpoe MOJONKN-
TEALHOE HHCJTO0, HMEIOT HempepmBHHe npoussoanste u ¢ (x) ue obpa-
naerca B HyJdb NpH YKasanHex suavenusx x. ITonoxuw, kpome TOro, uro
limo(x)._O n limd(x)=0 npu x—>a--0 [26]. Tlonaran ¢ (@)=

$(2)=0, Mu noayunM ¢yHKuwHn, HENpepHBHHE BIIOTH A0 X —a,
¢ (x)
Y’

. 0

npi X==a npeacras1ser o600 HEOMpEeNeeHHOCTs’ BHIA -, Ne npuMe-

T. e. npH a<<x=<a- k. Hpn x— a0 x vacruony KoTopoe

HIIMa TEOPEeMa O INpeete YacTHOro. YKaxem croccl packpeiTis Takofi
¢ (x)
¥ (x)

HokameM npeaBapHTE/bHO CAEAYIOWLYI0 TEopemy: ecai npu cleaan-

HEONPeAEAEHHOCTH, T. €. CNOCOG HAXOKAEHHA NPELEa ; npn x-»a-}- 0,

X
HblX 8bllle npednoxzoofcemmx OmHouenue ?( ) cmpemxumes K npe-

V(x)
deay b npu x—a—+0, mo K momy ore npedery CHPEMUMCA U OMHO-
wenue @GyHryni ?E ))

ITpuunMas BO BHHMAHHE, YTO
2(@)=14¢(a)=0,
n npuMenss dopmyay Kount [64], noayuunm

¢ (x X)— 'z -
—JESE-18 Cremann O
3ameTuy, UTO NPH CRENAHHHX OTHOCHTEIBHO P(X) n ¢ (X) npeanonoe-
nngx npuMenma dopmyaa Kows.

Ecan x—a -0, To & 3akaiovaiouteecst Mekay @ M X 1 3apHcaulee
oT X, crpemurcs k a. Ilpu 3ToM, o ycnosnio, npapas uactb paseuctna (7)
cTpeMUTCs K npenely b, a NoTOMy Mt JeBas 4aCTb HMEET TOT ke Npesel.
OTMeTus, 4TO 3TOT npeaen Moxer GuiTe u Geckoueunpry. Taxidr oGpasom
NPHXOAUM K NpaBHAY:

s (X
Ipu pa3stcranuu npedeaa Hacmrozo %x; 8 cayuae neonpedeseHHO-

0 .
lel-ﬁ- MMONHCHO 3QrseHUMbs OMHOIEHIIE ¢}'Hl£l{ll!l OMHOWeHIe s UX

NpoU3BOOHBX 1 OMBLCKUBAMY Npedes 3IMo20 HOB020 OMHOULEHIS.
Hpasnao 310 nano dpanuysckum maremarukon JlonntaneM u Hasui-
BaeTcA OOBIYIIO €ro HMEHeM.
¢ (x)

¥ (%)
0
noctn g # gyukwim ¢ (x) 1 ¢’ (X) y20BAETBOPAIOT TeM yCJAOBUAY, KOTO-

pue Mu Buiue dQopyymuponamt aas o(x) n 6(x), T0 ¥ K OTHOWe-
¢ (v)
¥ (x)

Ecan ortnHoutenie Npou3BOANLIX TaK:ke NPUBOAUT K Heonpeaeneil-

HUI0 MOXHO NPHMEHHTh MPABHIO Jlonura.'m, 7T A
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Mu pacemotpenu cayyaft a<x =< a-} 4 CobeplieHHO aHaAOrHYHO
paccMatpuaercs cayuait a —k=<x<a, T. & x—a—0. B npambueit-
KX TpUMEPAX Npeded HE BaBICHT OT TOr0, CTPEMIHTCA JIM X CHpaBa i
C/IeBa, W MH THIHEM X —» Q.

Mer paccmorpenn TOT cayuyafi, Koraa X CTpeMHTCS K KOHEUHOMY mpe-
aeny a. Ilpapnao cnpaBeanuBo M AJs TOMO CJyyas, KOMAa X CTPEMHTCH
Kk GeckoxeunocTi. Ha g0Ka3aTe/bCTBe 3TOrO M e OCTAHAaBJAHBAEMCH.

Mpuaowny npapnao JIONHTAIA K HeCKOJILKUM NPHMEpaM.

1. lim (4x7—1 =1lim n(l 4"

=1,
x—=0 X x>0 1 !
. — sin . , — . sin .
9, lim XS Xy, 1 COS X fim S0% _ fim S5 =L,
x =0 X8 x=0  3x* x=06x  x—=0 6 6

T. €. pasuocCTh X —sin x ecTb GeCKOHEYHO Malas TPETbEro nopsixka 1o cpashe-
HUIO C X,

. —x ¢ . l—cosx-+xsinx
3, lim = “\C,OS“\ =1im + =
x=0 X — sinmx x—0 1 — cosx
. sin x4 sin x -+ xcos x . 2c08xX 4 cos x — xsin x
= lim + - + =lim + = 3.
x—0 sy xX—0 Cos X

Pe3yaLTaT 3Toro npHMepa HPHBOINT K NPAKTHYECKH yAo6HOMY cmocoGy
CIPAMACHUS Oy2U OKpYICHOCHIU,

PaccMOTpHM OKPYiHOCTb, PaHyc KoTopoii npuvem 3a elunnuy. 3a ocs OX
puGepeM OaMH 13 IHAMEIpPOB 3TOIl OKPYXHOCTH, a 3a och OY— kacateabhyno
B Konle sToro auasmerpa (pnc. 72). Bosumem nekoropylo ayry OM u mycts ma
ocit OV unmeerca otpedok ON, pasuuit ayre OMM,
11 nposeaem npamyio NAL Tyctb P— Touka ee
nepeceyennsa ¢ ocblo OX. OGosnaunm yepes u
gauny ayrn OM (paamyc npuuar 3a emuHHuy).
YpasHenue npasoli NM p oTpeskax mHmeeT B

X y

=1

0P+ u
Haa Boiyncienns gauunbl orpeaka OP 3ametnw,
410 Ha npaMofi NM aemur touka M c koopau-

Puc. 72. HaTaMi
e x=0Q=1—cosu, y=QM=sinu

A1 KOOPAHHATH JOXKHB YJOBJICTBOPATH HanuCaHHOMY )'paBHEHHIOI

I—cosu sin u u—1ucos i
—_— -———_'—__1 OTKYJda P=——————
OoP + u ! yza O u— sinu*

PesyanTaT npumepa 3 nokasmBaer, yro, npn OP—3 u—0, 1. e. Toyka P
na oct OX G6yzer CTpeMuTbesa K TOoyKe [), paccrosuite KOTOpofi OT Hayaxa
KOODAHHAT PaBHO YTPOEHHOMY painycy oxkpyxHocty. Orciola noayyacics mpo-
CTOd €006 HPHOIHKEHHOIO CHPAMICHNIs AVIH OKpyxHocTH. Mlas cupamaenna
ayry OM nafo orTaoxuts, or tTouki O otpezok OD, pasuwlil TpeM padnycam
okpyxuoctH, 1l nposect npasyio DA, Orpesok ON,, oTcekaeMuil 3T0ft npAMOoit
na ocu OY, u mact npubamkenno panuy ayrun OM. Cnoco6 stor npusoaut
" K OyeHL XOPOIUNM pe3yabTatay, 0co6eHHO Aa8 HeGOJbLINX AYF; HO Jake Xada
Ayry %/2 OTHOCHTCIbHAA OINOKA COCTaBiAeT MPHEIH3NTCILHO 5%
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66. Pasauunpie Bumsl uedmpeneneHHocTeill, Jlokasannoe B [65]
[0 0
TPAaBHAO NDHMEHHMO N K CAy4alo HeompeleienHocrefi Buga —. B

ndanpHelimeM Mb He OyZeM OTJAMYATL CTPEMJIEHHS X K @ cJaeBa MAH
cnpasa n GydeM nucath A XparkocTH x — a. Ilpeanomoxuw, uto npn
5TOM HenpepsiBHble GYHKUHH ©(X) H $(x) crpeMarca Kk (--oco) uan
(— o0). Ias onpeneneHHOCTH NyCTh

limo (x)=Ilim¢ (x)=-}co (8)
. x—a X—a
€
L2 Gt ©

X
IMokasey, uTO OTHOLIEHUE ng; CTpeMHTCA K TOMy e npefmeny b, mpn-

yeM mpeanoJaraercs, uro ¢ (x) He o6pamaeTcs B HyJb IPH 3HAYEHNIX X,
-~ OMMBKHX K a.

PaccMorpuM ABa 3Hauenns He3aBHCHMONt nepeMensoft x n x, 6an3-
KHe K a Il Takue, 4TO X 3aKmouvalorcss Mexay X, i a. ITo dopmyre
Kommn 6yaem uMers

o(¥) — () _ ¥ (&)
v(O)—¢ () ¢ @)
HO, C ApYyroil CTODOHHI,

¢ Mexmay x u x),

— 25
¢(x)—5(xe) __g(x) 9 (%)
X)) =) vy 9’
¢ (%)
Ormerny, uyTo n3 (8) nEnOCpeACTBeHHO 'caemyeT, u4To ¢(x) n ¢ (x)
OT/JIHYHBl OT HYJS NpH 3HAYCHHUAX X, 6/MH3KHX K 4. Cpasmmaﬂ 3T JABa
BHIpaXKensg, MOJMyunM

_9(x)
% (v) e(0) _ ()
¢c) | vx) ¥
¥ (x)
HII
W e
p(v)__9'( P (x)
T R CRTEA R (19)
¢ (%)

rae § 3aKTIouaeTcs MeXIy X W X, H, CIeIOBATEJbIO, MEXKAY a H X,
BosbyeM x, A0cTaToyHO OAH3KHM K a; TOrAa, B cuay ycaosus (9), Mu
MOXKEM CUHTaTh, YTO NEPBHIH MHOXATETb B Npasoit uacti pasencrsa (10)
OyZEeT CKOMb YroJHO Mano OT/mMaThcd OT b mpn moGoM BhGope X MexAy
Xy M a. 3axpenus, TakuM o00pa3oM, sHayenue X, OyaeM mpurGmikaTb
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X K a. Toraa B cuay. ycaosns (8) Bropolt MHOuTENb B Hpaboll wacTu
pasenictna (10) Oyaer CTPeMITbCA K eAHHHIE, @ [OTOMY MBI MOXKEM
F X .
YTBEDMHAATh, YTO OTHOLUIEHHE 3'5((—':;, crosiulee B AeBoli yacTh pasenctsa (10),
npi sHayennsx x, OAWSKHX K @, OyJAer CKO/Ab YrOJAHO MaJa0 OTJIHYATLCH
or b, 1. €.
. X
lim ?( ')
X=+a Y ('\)

=b

W3 noxasaunofl Teopembl CAeAyeT, uTO NpasHio JIOMmiTans mpiMeHiso
©
I OAAA pacKpmTud Heonpedeaenuocrell sna .

Orserum  eule HeKoTOpHE BUAL 1leonpedenennoctedl, Paccmorpin
npoussenenie ¢ (x) e (x), 1 nycTh
limg(x)=0
X—a
lim ¢ (x) = o0.
XxX—a

Aro Gyaer neonpenenentocts sBuaa 0.00. Herpyano npusectu ec

0 <o
K Bty § ban —

P () =20=2,
¢ () ()

Paccvotpiy, nakoneu, pupawenne 2 (x)*) u nycrs
lim»(x)=1 u lim ¢ (x)=oo.

X= 0 xX—-a
D10 Gymet cayuvall ueoupeseaennoctit puaa 1%®°, Paccmorpum Jaora-
pudy Aanoro psipamenus

log [ (x)* W =1 (x) log ¢ (x),
kotopuil npupoanTcs K Heonpederenuocti pula 0-o0o. Packpusas 31y
HEONpeneaetiiocTb, T. €. HaX0An Npeaed JorapudMa Raimioro BHpaKens,

MH TeM caMuM OyleM 3uaTh 1l npesen camoro swipaxenns. Cosepuiento
T4K K€ PACKPHIBAIOTCA HeomnpeaetelocTi siaa oo u 0°,

Paccmorpus Tenepn upHMEpEL

Lotim £~ tim &
.x-o-f—oo?—x—»-}-co—l___*-oo’

i x . X i X
im € .. lim ,.e_= lim f___;_oo,
.»:-'-*—c;ox2 Xt x4 2

X

e
COBCpLUCHIlO TaK e MOKNO )'6CﬂllTbCﬂ B TOM, 4TO oOTHOUICHIE :\Tn- npu

A60M  MOTOKMTCALUOM  3HAUEHHMH 71 CTPEMUTCA K  GCCKOHCYHOCTH, KOLAa
X — 400, T. € nNOKa3anleAbHGA PYHKIUR e* 8o3pacmaem Ouicmpee 21000ii
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noaoxcumesbHoil cmenentt x npn GecnpeneibHoM BO3PACTaHHN X.
: 1

; log x : X : 1
2. lim = lim ——_ = lim —=
xofoo X% koo XN T oo nxP 0 (>0,

T. €. log x go3pacmaemn atednenree 210600 nOAOHCUMEABHON cMeneHy X.

1
3. lim x*logx= lim logx _ lim —— =
x—<40 x—-40 _l_ x—40 — 1
Xxn . xn+1
lim o0 0
_—x—>+OT— (ﬂ> )'

4, Haftnenm npenex x* npu crpemaennn x k (- 0). Jlorapudmupysa sto suipa-
seHue, NOIyuHM HeonpegeleHHocTh Buaa 0.co. Jrta HeonpenelenHoCTb B CHAY
npHMepa 3 macT B npejiene Hyab, a CIe10BaTelIbHO

lim x¥=1,
x—>+0

5. Hafinem npexea ortnomesns
x 4sin x

“lim
X— 00 X
q"C.’l“Teﬂb H 3HaMenare b HaniCaHHOrQ OTHOIUEHNA CTpEMATCA K Geckoney-

noctH. 3aMeHnan no npasuay JloniTaas orHomenye (QYHKUN OTHOINEHBEM NpO-
H3BOAHBIX, MOXYUHNM

lim 14 cosx .
X =00

Ho 14 cos.x npit GecnpeneabHOM BO3DPACTAHNH X HH K KAKOMY mpeneay He
cTpeMurcs, H6o cosx G6yaer Bce BpeMa koie6atbca Meway (1) n (—1);
OIHAaKO HETPYIHO BIJeTb, YTO CaMO JaHHOE OTHOWICHNE CTPeMHTCA K npeacay

lim X - sin X _ lim (1+ sin v )=1.
X

X— 0 X X — 00

WUrak, B 3TOM cayyae HeompeleleHHOCTb PacKpmBacrcs, Ho npasuio Jlon-
T21A HUYCro He JaeT. IJTOT pe3yJbTaT le NMPOTHBOPEYNT HNOKa3annoit Teopewme,
160 B TcopeMe YTBEPKAAIOCh JHIIL TO, YTO €CIH OTHOMIEHNEC NPONU3BOANLIX
CTPeMHTCA K npelety, TO K TOMY e npeiely CTpeMHTCA H oTnomenne ¢ynx-
uuid, Ho lie Hao6opoT.

6. OTMeTHM el HeoNpeeICHHOCTh BIAA (00 20). Ona npueomnrca 06uyno

0 .
K neonpeacaentocT BHAa v Hanpuasep,
lim 1 1 iy X x?—sinx
sin.x  x+x?/7 xo0 (X4 x¥)siny

x—0

0

MMocaemiee suipawenye npeicraBIseT co60I0 HeonpejcieHHOCTb BHAA o
PackpuiBas ee Yka3aHHLIM BbIIEe CIOCOGOM, MOIYYlM

lim(_,_l_'._.__l__)=1,
x—=0\ sinx - x-4-x?
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§ 6. ¢YHKIUH ABYX NEPEMEHHbIX

67. OcHoBuble mouaTUs. Jlo cux mop MW paccMaTpHBaid (PYHKUHIO
oaHOfl He3daBHCuMOH mnepemenHoil. Paccmorpmm Temeph ¢yHKUHIO ABYX
He3aBHCHMEIX NepeMeHHBX u=—f(x, y).

Jian onpeienenus vacTHHX 3HaueHndl Taxkofi QyHKUHH HOMKHBL OBITH
3aaHE 3Ha4YeHU] HE3ABHCUMBMIX NEPEMEHHHX! X=X, y=—=y, Kaxnofl
Takoft nape sHaueHuit X U y COOTBETCTBYET onpelenesHas Touka M,
Ha KOODAHHATHON IIOCKOCTH C KOOpAHHaTaMu (X, V), H BMECTO TOro,
yToGB TFOBOPUTL O 3HaueHHH QYHKUHH IIpH X=X, y==), MOKHO
roBOpHTH O 3HayeHud ¢ynkuun B Touke M, (%, ¥,) nAoCKocTH, Pynkuug
MozkeT ObTb ONpelesieHa Ha 8cell nAOCKocinu W1 TOJAbKO B HEKOTODOil
ee 4acTn, 8 Hexomopoii obaacmu. Ecan f(x, y) ecTb ueaunit mMuoro-
YieH OT X, y, Hampumep,

u=f(x, Y=x*+xy4+y—2x+3y-7,

TO MOKHO CuHTaTh, YTO 3Ta ¢opMyaa onpelenseT QyHKLLO Ha seell .
nmaockoctd, Popuyna ’

—_— 1/ 2 2

=y 11—y

onpenenser Gyukuuio BuyTpn oxkpyskuoctH x?-L-y?=1 ¢ uenrpom
B HAYale KOOPAUHAT H PajHycoM eausiua i Ha caMofl OKpyXHOCTH,
rade u#=0. AHajorom npOMEXKYTKa Ha IUIOCKOCTH SBJAETCA O00MACTb,
onpefeiseMas HepaBeHCTBAMHU @y < X <<y, @y <y =< b,. I10 — Npsavo-
YPOJIBHUK CO CTOPOHAMH, MapaJJeabLHBIMH OCSM, NpHYEM FPaHBla 3TOro
npsMOyro/IbHHKa Tak:ke BKJouaercs B o6aacts. Hepasencrsa ay<x<b,
a; < y < b, onpexessioT TOJbKO BHYTPEHHIE TOYKH NPAMOYro/bItiKa.
Ecan rpanuiia ofaacte npuuncasercs X Hell, To 0064acTe Ha3pBaercs
3amkuymod. Ecau rpanmnua ne npuuncrasercs K oGaactn, 10 06aacts
naspiBacTcs omkpumoi (cp. 4], Onpenenum noHsTue npeaeaa Aas Pyuk-
unn f(x, y) aByx nepemenHnx [cp. 32]. IMonoxuy, uro ¢yukuua onpe-
nenena po Bcex Toukax M(x, y), mocratouHo GAnsKixX K Touke MM, (a, 0).
Onpenenenne. losopam, umo wucao A ecms npedes f(x,y)

npu cmpesmaenun M(x, y) & My (e, b), u nuwmym

limf(x, y)=A, wan limf(x, y)=A,

Xx—a M- M,

y—b
ecan 0an 100020 320GHHO20 NOAOJCUIMENEHO20 HUCAQ & CYuecmeyen
makoe NOAOHCUMEALHOE YUCAO %), 11O

VA —f(x, »)<e, ecm | x—al<qu U__b}<7."

Ilpn sToM npeianmonaraercs, uIO ICKAI0OYeHa Iapa 3HayeHull x=—a,
y=0b(M ne cosnazaer ¢ My). Ecan touka M, neKHT na rpannue Tofi
ofaacTn, B KkOTOpOHi onpemeaeHa f(x, y), To M, crpemswasnca K M,
No/KHa npunagaexars obaacta, B KOTOpOil ompeneaena dyukuua Flv, 3,
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Mycts nmeercs Kakas-1mGo  NPOHYMEPOBAHHAA — TOC/AEA0BATEBHOCTD
Touek A, (X, V) cTpemsmascs K M,(a, b), T. e. Tekas, uro Mnocieno-
BAaTeNbHOCTh X, HMEET Npelen @, a MOCAe0BaTeNbHOCTh Y, — npenen b.
MoixHo noKa3aTh, uYTO €CJAH NOCIeIOBATEAbROCTL uNCed o, ==f (X, ¥,)
s moGolt Takol nocaenosatenpHocTH TOueK M, (X, V,) HMEET OAHM
u Tor e mpemean A, 1o A ects npeaea f(x, y) npn CTpeMIeHHN
M(x, y) x My(a, b) B cupcae chopMyTHPOBAHHOrO BHUIE ONpEAeIEHHA.
Monoxum, uro f(x, y) onpeseaena B Toukax AM,(e, b) n BO BCEX
TOYKaX, AOCTaTOyHO Oauskux k M, (a, b) [cp. 32]
Onpenenenne. Qyuxygus f(x, y) Ha3veaemcs HenpepbsHoil
8 mourxe M,(a, b), ecau
limf(r, y)=f(a, b), u/mMIim fx, »=f(a, b).
X—a

- Mo

\

y—»b

DyHKyUL HA3bBACNCST HENPepblBHOI 8 HerKomopol obaacmnit, ecall OHa
. Henpepvi8Ha 8 Kayxcdol mouke 3moid olaacmi,

Tak, nanpuvep, ¢ymxuns n=)/ 1—x?—y® nenpepuBna BuyTpH
Kpyra, B Kotopom oHa onpefenena. IIpo mee MOXHO Takxe CKa3aTh,
YTO OHa OCTaeTcsl HENpPEepHIBHOM, €Can MH K KPYry NpHCOEIUHNM I ero
rPaHuily, T. €. OKDYXHOCTb, Ha KoTopofi n=0. :

Ilycte B -— orpannyeHHas 3aMkHyTad o00JaCTb Ha  NJAOCKOCTH I
S (%, y) —nenpepusnas B B ¢yunxkuns (Henpepwmsias BHYTPH B u BIIOTH
o rpavuum B). Takas ¢yskunsa o0aanaer csoficTBaMu, aHaJOTrHYHBIMA
coofictBay  ¢yHKUnH oAaHoH HesaBucuMmoit nepemenHofl, HenpepuBHOI
B KOHeuHOoM 3aMKHyToM npomexyTke [35]. JlokasareascTBa 3THX CBOMHCTB,
no Cymecrsy, Te e, uTo N jokasareanctsa n3 [43]. Cdopmyanpyem
JHIIb Pe3yabTaTH.

1. @yuxyua f(x, y) pasnosepro Henpepsigna 8 B, T. €. npu 410604
3a0QHHOM NOAOXCUMENbHONM HUCAE € CYWecmeyem maxoe NnoA0ICH-
measHoe wucao v, LMo

|f (%2 v —F(xn )<l
ecan (Xy, y1) u (Xe, y2) npunadaescam B u
e —x| <% |p—pl<m

2. @yurgun f(x, y) oepanutena 8 B, T. e. cymecmsyem maxoe
noaoscumensnoe wucao M, wmo {f(x, y)|<M ozrn scex (x, y)
npunadasescamux B,

3. Qywryua f(x, y) Oocmuzaem 8 B Hauboaswe20 u HauimeHs-
we20 3nayerull. .

OGparuM BHHMAHHE HA OAHO CJEACTBHE, KOTOPOE BHITEKaeT H3 Ofpe-
nenenufi nenpepwsHocTH dynkuntl. Ecan f(x, y) wenpepmsHa B Touke
(@ b) n ecnn Mp moaowuMm y==b, T0 Qyuxuus f(x, b) omuoft nepe-
MEHHON X HenmpepHBHa NpW X ==a. Amnajoruuno, f(a, y) HenpepwBHA
npn y==.

6 B. H. Cuuphos, 7. I
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68. Yactubie npos3sBoxmbie W nosaubiil auddepenunan ¢ynk-
LHH JABYX He3ABHCHMbIX mepeMeHHBIX. Jlonyctny, yro y (hynKmuu
u==f(x, y) nepeMeHHas y COXpalisieT MOCTOSHHOE 3HAUeHHEe I MCHAETCH
TOAbKO X, TO €CTb I CTAHOBHTCS (hylKUMEH OANOTO X W MOKHO BBIUHC-
JAHTh €€ npupaueune u npoussoanytoo. O6osuauum uepes A,u npupaue-
nge &, KoTopoe 3Ta QyHKINIS NOAYyuaeT, KOrAa y OCTACTCsi NOCTOMHHLIM,
a X noJayvaer npupaimienne Ax: -

Bi=f (x4 Ax, 3)—f(x, 3)

IMpousnoanyo noayuis, Hafias npenen

flxAxy, )—f(x, )
Ax ¢

3 lim
Ax—st0 8% Ax—40

[Tponssoaiias 3Ta, BHUUCACHNAA B NMPEANONOKEHIS, YTO y OCTAETCH
NOCTORMIBLY, HA3BIBAETCS YACMKEOE HPOU3GOOHOU QyHKGuUU U NHo X M

s df(-\‘o ' ’ . 1
oboanayaercst Tak: ——ML), um fe(x, y), wan o

ou
3ametuy, yTO ox Veab3s TOAXOBaTh KaK Apo0b, HO JHIUL KaK CHM-

po.1 A obo3naveinsi uactioii nponssoanol, Ecan f(x, y) umeer vacr-
HYI0 NPON3BOANYI0 N0 X, TO OHA ABJAETCH lenpepusnoll Qynkuneit x
npu (PUKCHPOBZNHOM Y. ,

Touno tak e onpeaeaserca mpupawenue A W HacHmHan npous-
gcoHas om W no Y, BLIHHCAeHHas B NPENJTOKEHil, 4YTOo X HE MEHSICTCs

af (x, ¥) . du Agu . fay+ay—/Sn )
Y — o, gy =2 = " lim .
dy fy (% 9) dy AJ,_,nio ay AJ._l.io by
ou ou
2 2 —— —
Ecan, nanpiyep, n=x'--3% 10 5-=2X, = 2y,

Paccvorpiy ypasucklie Kaanciipoua
B pv=RT.

C nosowblo STOro YpasHeling oaHMa u3 Beanym p, v 1 T Mower GuTh onpe-
ACIcHa B 33aBHCHMOCTH OT ABYX JXPYIHX, MNDHYCM 3TH MNOCICAHHE AOMKILL YKE
CYBTATLCA HC3ABNCHMLIME TIePeMCHHEIMH. Mbl IOIYYHN CICAYIOWYIO TaGanuy:

Hesasncnusuie

nepeMenibic Lp v |2 Y
_ _RT __RT _p
P YURLHE v_—p— p==r T'= I

Yacribie dv_R dv RT |op R dp RT| 0T v oT
npon3soatEe |57 p* gp Sm= = =
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Otcioga moayyaetca caeaylotiiee COOTHOLIEHIE

Ecan 66t B neoft waCTH DABEHCIBA MBI NPON3BEAH COKpaulenite, TO noay-
yna 6 He (— 1), a (-+1). Ho B 370M pasencrse yacTHble IPOH3BOJHBIC BHUM-~

07 .
ClEHH NP Pa3ANYHHX NPEANOAOKEHIAX: =7 —B MPEANOIOKEHHH, YTO P NOCTORH-
orT op
HO} 55 ~MPH U MOCTORHKON; 52— npi T 1GCTOAHNOM, 4 MOTOMY YMOMAHYTOC

COKpauleHHe HEeXOMYCTIIMO.

OGosnauum uepes Au noanoe npupamjexue @Gysxyitn, noayvaemoe
npu OAHOBpeMEeNHOM H3MEHCHHH KaK X, TaK 11 y:

Au=f(x - Ax, y+Ay) —f(x ¥)

TMpuGapnas n suiwuraa f(x, y—-Ay), sMoxeM mamicars
Au=[f(x+Ax, y+Ay)—f (% y+ W+ 1f (6 y+8) —F(x pl.

B nepooft kpaaparuoft cxoGxe MBI nMeeM mnpupamedne Qynkmun
NpH HEU3MEHHOM 3uadeHnn (y - Ay) nepedennoft y, Bo BTOpOit KBagpaTHOl
ckoOke — npupaumienne Toft e QyHKUMH NPH HEH3MEHHOM SHAYEHHH X.

IMoaoxuwm, -uro f(x, y) onpeneneila BHYTPH nekotopoll ofaactu B,
yTo TOYKA (X, ¥) MaxomuTCR BHYTpH B u uto Ax n Ay B33TH HaCTOMbKO
MalLIME IO aBCO/IOTHON Beiuilie, UTO MPAMOYTOJABHIK C LEHTPOM (X, y) u
aaunoll cropon 2|Ax| u 2|Ay| Taxxke naxoaurcs euytpu B. Ilpeano-
70XXuM, Kpome Toro, uro f(x, y) HMEET BHYTpM B wacTHHe Npou3BOA-
nue, [Ipuvedsa K KaxaAOMy 13 mpupaitennii, BXoadmnx B BHpaxenne Aw,
cdopmyay JlarpaHwxa, 4TO MBl MOWKEM CHeJHaTb, T2K KaK B KaXaOM Cay-
4ae MEHAETCHA TO/AbKO OIHA 1e3aBHCHMAA NEPEMEeHNas, NMOAyuuM

A= (x+0Ax, y +Ap)Ax -+ £5(x, y4-0,4y) Ay,
rae 0 u 8, sakmouatorcs Mexay HyaeM n eannuueil, Ilpeanonaras we-

. . {4 u
NPEPHIBHOCTD HACTHLIX NMPOH3IBOANBIX 0-7\’.' n ‘W’ MB MOXEM YTBCDXKAATh,

yro mpu crpemaenud Ax n Ay k nymo, xosdduunenr npun Ax Oyzer
crpemitsest K fr (X, ¥), a kospuument npu Ay —k fy(x, y), a noromy

" HMEEeM
Au=[fr(x, ¥)-Fe]dxI-[f3(x, y)+&]Ay

nny
Au=/fy(x, y) Ax -y (%, y) Ay +-eAx{-e,Ay, )
TIe & H e — BeJANYHHH OECKOHEYHO MaJble OJHOBPEMEHHO ¢ Ax n Ay.
dopmyna sTa anajzoruyna gopmynae
Ay =y'Ax - cAx,
6 '
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noKasannoll mamu B cayyae ¢yHKUHH oaHoll HesapucHMmoil nepemeHHOl
[50]. Mpoussegenns sAx n Ay OyAyr GecKoHeuHO MaabMil BBICILIX

1OPAAKOB 10 CPABHENNIO COOTBETCTBENNO € Ax 1 Ay.
Hanoymuy, uro B npeaslayuyix paccys:aeHisix Mbl HCXOLHMI W3
npeanoaoKeHns He TOJNLKO CyLecTBOBAIMs, HO H HENPEpHBHOCTH YacT-
ou

du
HHIX MPOM3BOAMBIX == W ay

B HeKoTopoil o6aacTu, conepikailell TOUKy
(x, y) buyrpu ce0s.

B cysmye nepsux asyx caaraemuix B npasofi uacta Qopyyam (1)
samenny Ax u Ay nponssoabubiyi peamynnasmy dx u dy (augdepen-

IH27aMUI HE3ABHCHMBIX MepeMeHHBIX). MEl MoJAyuHM TaknM nyTeM Belpa-

#wene

du:f:v(xt y) dx+f_;’(x’ J’)d)’;
1w

du=g—ffcdx—}—%dy, 2)
KOTOPOC Ha3LIBaeTcsl noaHsln dughepenyuaton dynryuu u [cp. 50}

Bougy poliseyxkasapsix csolicts eAX n gidy MOKHO CKa3arh, 4TO

npu sasstx 3natenusx |dx| u |dy| noanwii dugpgepenynan du daemn
leIl6AIIJfC€HHOC SHA'eHUIe JIT0AH020 NpUpau,eHust All, coomsgenicmgyowee
npupanjerusnse dx u dy relzasucusux nepemerusx [80].

u du
C apyroil cTOpoHE, OYEBHAHO, 4TO IPON3BEIEHIS o—xdx n @dy ZaIoT

npnbaxentylo Bequyuny npnpawenntt d.uon A, u, Takum o0pasoy,
IPI MAALLX APUPAUIEHNSX HE3ABUCUMELX NEPeMEHHBIX NOAHOE NpUpalye-
Hie QOyREQUI BpuOAlIICEHHO PABHO CYMMe ee HACHHLX npupauenud

Bur~du~Au--Au

Pasenctso (2) BHpakaeT BecbMa BaxHOe CpOHCTBO dynkuni or ne-
CKOJBKHX HE3aBHCHMBIX IEpeMeltoX, KOTOpoe MOKHO Ha3Batb ,CBolcTBOM
HAJOKHMOCTH MaamXx aefictBuli“, CyIHOCTb €ro 3aKJIOYAETCA B TOM, UTO
coemnnenubil 3HEKT OT HECKOJBKNX Maaumx aefictoufi Ax n Ay ¢ nocra-
TOYHOIl TOUHOCTLIO MOKET OHTL 3ameney cymMoil a(pdeKToB OT Kakaoro
MAJOro aelicToust B OTAEIbHOCTH.

69. Mpoussonnbie caomubx H HeasHbIX pynkuuil. Ioaoxnym Tenepn
uto (yuxuust u=sf(x, y) sapucur yepea MOCPEICTBO X 1 y OT OAHOM
Heszapucumofi nepemennoif £, T. €. JONYCTHM, 4TO X H ¥ CYTb lE€ li€3aBi-
ciMble mepemenisie, HO QyHkUWH He3abucuMoil nepesetnoft ¢, u onpe-

du
AeIHM NPOU3BOANYIO Jf or u no 1.

Ecan unesapucnvas nepevemiaa ¢ noayunt npupawenne Af, 10 Qyik-
W X Iy MOMy4aT COOTBETCTBEHHO Npupautenus Ax n Ay, @ & NOIy4HT
npupawerie Awu;

Mn=f(x-- 4% y+An)—F(x )
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B [68] mu Bnaenn, uTO NPUPANIEHHE MOKHO HAMHCATh B Blje:
Au=fy (x4 0Ax, y~Ay) Ax 415 (%, vy - 01Ay) Ay.
Pasgenuy o6e wactin 3TOro paseHcTsa na Af:
M fre-0A%, Y+ Ay) S5 (5 y+0dy) .
Mu npemnoxarany, 4To X N y NONYCKAaT NPOHU3BOAHY MO £, a cae-

JIOBaTeAbLHO, H NMOAaBHO GYAyT HenpepoiHuiMH dynkuuaymu or f. Ilostomy
npn crpemaenun Af x nymo Ax un Ay Takwe GyayT CTPeMHTBCA K HY.1O,

du ou
", B CHAY npeanonaraeMofl nenpepHBHOCTIH Fr dy’ HamucanHoe paseH-

CTBO B mpeaeje JacT HaM

d . d . d -
G=Sen NF e D 3

PapeHCTBO 3TO BHIPAKAET npasuao OudgdepeHyuposanus CcL0HCHOE
Pynryun 8 caytae BYHKGUL HECKOABKNUX NEPeMEeHHbIX.

MpeanoaosxkusM, B yacTHOCTH, YTO pOJAbL He3abucumoll nepemeHHOfl £
HFpaeT nepeMeHHas X, T. €. uro ¢ynxkuna u=jf(x, y) 3aBucutr or He3a-
BHCHMOft nepeMeHnoll X KaK HenoCpeACTBENHO, TaK W Yepe3 MoCpeacrso
nepementioft y, Kotopas ssaserca ¢yuxuueft or x. Ilpunumas BO puuya-

dx
HHe, YTo ﬂ=1, noJyudM Ha ocHopauui pasencrsa (3)
du ' . dy
==l NI ) g% 4

du . . -
IIpoussoanas Ix Ha3HBAETC NOAHOE npou3s00HOIE OT It 10 X B OT/H-

yue OT wacmHuol npoussoaHol fy (x, y).

IokazanHoe npasuao AuQdepeHpoBaHns CA0KHEX GYHKUHN npH-
MEHSETC AN HAXOWAEHUA npou3sodrnol wesgrol Gyuryuu, Iloaouun,
YTO YypaBHeHHe

F(x, y)=0 ®)
onpesenser y KaKk HEfABHYI0 (YHKUHMIO OT X, HMEOUY NPOH3BOIHYIO
Y=9¢(x)

Toncrapasas y=¢ (x) B ypasuenne (5), MK AOMKHH Ghum GH NOMYYHTD
Toxaectso 0=0, Tak kakx y==¢ (x) ectp pemenue ypaetenus (5). Mut
BHAMM, TakinM 00pa3oM, YTO NOCTOSIHHYI0 HYJb MOXHO pPacCMaTPHBATh
KaK CIOXHYIO (YHKUHIO OT X, KOTOPas 3aBICHAT OT X KaK HENOCPEeACTBEHHO,
TaKk H uepe3 MOCPencTso y=g¢ (x).

Hpouseonuas no x or 3Tofl nocrosnHOll MOMKHA paBHATLCA 11Y.TO;
npumenss npasiao (4), moayynm

Fi(%, y)4Fy (% )y =0,
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OTKYyaa
r____ _ F.;f (X) _v)
Y F),' (x, J’).

B noayuennoe rakuM o0pascM Bpamenue A1 3’ MOKeT BOHTH KaK
TaKk 1 J, M €CAH HY:KHO IOJYUNTh BHDaieHHe 3 TOJBKO uepe3 He3an
CUMYI0 MEpeMeNnHyie X, TO MpIACTCS pemnTs ypasuenne (5) ornoc
TeAbLHO .

§ 7. HEKOTOPDBIE TrEOMETPHYECKHE NPHJIOXEHUSA
NOHATHA O NMPOH3BOAHDIX

70. Juddepenunan ayru. B nnterpasbHoM HcuncaeHun Gyaer MoK
3310, KakuM o0pa3oM HaXOANTCA OJAHHA AYTH KpHuBo#, OyAeT BuBenen
pupaxenue aaa anddepenunana mMHE ayru o -Gyaer nokasano, 4Tt
OTHOIIEHHE JJIHLI XOPABI K JAJlne CTarusaeMofl €0 ayri  CTpeMHTC
K ediHiue, Korma ayra OGecnpeseabHo Cxi

y / N M3CTCa K TOYKe.

% ITycts nana vekotopas xpusas y=f(x
M dg,_\_}_A;‘/ n Oy1exM OTCUMTHLIBATL Ha Hefi maumy ayrin o
/‘,F x | nexortopoit  ¢Qukcuposaimoll ToukH A B onpe

A!: ' peaentoy  uanpasaesnnt (puc. 73). Ilyems s
! v wx Amma ayri AM ot TOouUKH A 10 nepemento
0 toukn Af. Beqanunna s, kak 1 opaunara
Puc. 73. apasercs  Qynrumell abcumccet X TOUKH A

Ecau nanpasnenne AM cosnapaer ¢ uprustul
nanpasaenuer kpnsoll, To § >0, a b npotupuoy cayuae s<0. Iycr
M(x, yy 1 N(x--Ax, y-+ Ay) — ase Toukn Kpupoift u As — pasnocr
e ayr AN w AM, 1. e. mpupauienue JAuUHB JYFH TIpH Nepexoie M
M B N. AGcomornoe snavenne As ectb pgauna ayru MN, pasras ¢
snakoM naioc. M3 npsamoyroanHoro TpeyroJsHika nmeeM

(MN)? = Ax? -1 Ay?,
OTKyZa

s
Ax? T T \Ax
i -

(B — e

Kacameasnag MT, ecit ona CyllecTBYeT, ARASETCH NPCACILULIN 1G]
skeHieM cexyuwieit MN npu crpemaennn N K M Broaw xpupoil, T. e. mp
Ax — 0.

Mepexons k npeiaeay B npeAwAylEeM paBencTee (IPeANonaraercs cyul
CTBOBaHile KacaTeabHofl), MoJyund, OPHHUMAA BO BHUMAHHE, UTO, B CHJ
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MN\2
CKa3aHHOro BLIlLE (F)—’ 1
ds\* {dy\?
(&) =1+(2)
iy '
ds 05
S=xV14ym ()

Mu gomxun Opars 3Hak (-}-), ecan npu BO3pacTaHHH X B S BO3PACTaET,
n 3nak (—), ecmu § yOuiaer npn pospacrauuu . Byaem mas onpese-
JEHHOCTR CYNTATh, YTO MMEET MECTO nepBhil cayuyaft (13obpaxennnti na
puc. 73). U3 ¢opmyan (1) npu stom carexyer

ds=VT1Fy%dx wm, b cuy y'=%"’

ds=VdPF AP, 1. e dst=dxi+dy’ @

Ecmm pamukan CYNTaeTCs MOJOMKHTEMLHEIM, TO NOAYyYaeTCst apndMeTHyecKoe
suavenne ds. dopmyna (2) sBasercs, 10 CYWECTBY, HHOH 3alHCBI0 NpEaH-
ayuwelt cdopmyas nau dopmyan (1). Ona, Kak MH yBuauM B JaibHeHwey,
yaobna ana npunoxenufl. Bomee nmoapoGnoe paccMorpenne MJIMHBL AYTH
Gyner mano B {103].

ECTECTBEHHHIM IapaMeTpOM OpH OnpejeteHHH NMoJoxeHns Toukn M Ha
Kpusoit sBaseTc MAMHA S AyrH AM. 3Ty BeTHUHHY S MOXKHO NPHHATEH
33 HE3ABHCHMYIO NMEPEMEHHYI0, H NMPH 3TOM KOOPAMHATH (X, ¥) Toukn M
Oyayt dyHxunaMg s

x=9(s), y=9(s).

Bonee nompo6no Mu GyaeMm TOBOPHTH O «NapaMETPHYECKOM 3aaaiini KpH-
nofi» B [74]. Tenepp Mbl EHICHHM TFeOMETPHYECKHH CMBICA HPOU3BOANHIX
OT X U y no &

IMonoxuy, uro Touka N pacrosoxeHa Tax, 4To HampasaeHne ayrun MN
COBMAgaeT ¢ MPHHATHM HampasaeuueM xpupofi, T. e. As > 0. TIpn crpem-
aemin N & M nanpasieHue cexywelt MN B npenene HaeT onpeneseHHoe
nanpas/ieHie kacareabioft x kpusoti B Touke M. D10 Hanpasienue kaca-
TeJAbHOM MB HA30BEM MOJOXHTENBLHHM HanpasjeHHeM Kacareantofl. Ouo
CBA33HO C NMPHHATHIM HanpasaeHueM camoft xpusofl.

ITycts a; — yron, o6pasosanumit HanpasaeHneM MN € TOMOKUTEAbHBIM
nanpapnednem ocn OX. Ilpupamenne Ax abcunccht X €CTb MPOEKIIA

oTpe3Ka MN ua ocs 0OX, un, cl1enoBaTenbHo,
Ax=MN- cos 2, (MN= vV Ax* -4y,

npuyem B 3TOM paBelictee MN cunraeTcs moJoxuTenpHEM. Jeas ofe
uacTH 3TOrO papeHcTBAa Ha AmuHy ayrin MN, pasuyio As, noayyum

_VAE Ay

AS as COS %4,



168 TJ1. 1. [IOHATHE O MPOH3BOAHOII U ETO NPHAOXEHHS [

Mo ycnosmo As™>0, a notomy npu crpemaennn N x M orHoumenue
1 axi - Ay?

As
30BAHHOMY NOJOXKITENLHEIM Hanpas/ieHHeM KacarteasHoli MT ¢ nonoxu-
TeAbHEIM HampabaenueM oci OX. HamucanHoe BEILE PaBEHCTZO ZacT Ham
B npejese

crpenurca K (1), a yron oy crpemnrca x yray a, o6pa-

dx
cos a=o", 6]

Touno Tax ke, npoektupys MN Ha ocs QY, noayuus

. dy
sin (l=d—s. (4)
71. BeinykaocTh, BOTHYTOCTh H KpuBH3HA. Cayyau BLIMyKJIOCTH M
BOTHYTOCTH KPHBOH B CTOPOHY NOJOKHTEAbIHNX OPIHMHAT MNPEACTaBAEHDB!
na puc. 74 u 75.
Oana u Ta we KpuBas y=—=f(X) MOXET, KOHEUHO, COCTOATL M M3
BHIOYKAHY. H 03 BoOrnyrux uactefi (puc. 76). Touku, omdeaswuue

Y %
0l X ol ~X
Puc. 74, Puc. 75.

BunyKAble Hacmu Kpusol om ee 802HymslXx Hacmel, HAILLBANONMCA
moukasu nepeauba.

Ecan Oynem, ABHrasch No Kpipofl B CTOPOHY BO3PacTaHis X, CJeduThb
33 H3MeHeHHeM yraa a, ofpasyeMoro KacareabHoff € MOJOXITEIbHbIM
HanpasJaexnem ocu OX, To ysugum (puc. 76),

¢ YTO Ha ydacmrax Bbl/lyh'./lOCIIlll Jmom yeon
j}5b18(26‘l)l, a Ha yiacmrax goeHymocmu

//w go3pacmaem, Takoe #xe H3MEHeHIe, CAELO-

! BaTe.bHo, Oynet nperepnesaie o tga, T. e

Bongnn. | Boengm. 2 npoussoanas f’(x), TaK Kak C yBeJHyeHueM

a Tepenas > (yMenblleHney) yraa e i tg e ypemuyupaercs

(yvensuraercs). Ho nposexyrkn yGniBanns

Puc. 76. J'(x) cyTb Te npoMEKYTKH, I'le npOH3BOJ-

nan  »7oll  Qynkuun  orpugarenbmna, T. €.

7" (x)<0, u TOUHO TaK e npomexyTkn pospactamng f'(x) cyTL TC
nposMeAyTkn, rae f7(x¥)>0. Mo nmoayuny, takuy 06pasoy, Teopemy:

Kpusasn obpaijena sunyraocnisio 8 CHIOPOHY NOAOHCUMENbHELX Op O~

Ham wa mex ywacmrax, 20e f(x)<lO0, u goenymocmesio Ha mex, 20e
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"(x)>0. Touxu nepezuba cyms me ee mouxu, npu nepexode uepe3
rKomopue [”(x) mensem 3nax,

W3 sToft Teopembl Mbl myTeM paccy:AeHiH, aHaJOMHYHBIX MPHBEACHHBM
panblie paccyxaennsy [58], mosyuaeM MpaBHO HAXOKREHHA TOUEK Mepe-
ruGa kpusotl: 4molst raiimu moyku nepezuda Kpusoii, Hado onpedeaums
me 3uatenus X, npu Komopsx [”(X) obpawmaemcs 8 Hyay uau He
cymecmeyem, u uccaedosams u3senenue 3uaxa f7(x) npu nepexode
uepe3 amu 3HadeHus X, NoAL3YACy, caedywowell mabauyeii:

’ TOYKa mepernba HeT TOuKH mepern6a
s hd
et +~ | -+ — | ++
l BOTH. BB, ‘ BHIL BOTH. | BHINYKI. | BOTH.

HanGonee ectecTBennoe npexacrasieHne o6 HCKPHUBJASHAN KPHBOH MH
noayunM, ecin GydeM CJIeIdTh 32 H3MEHEHHEM yraa @, COCTaBAgeMOro
KacateapHolt ¢ ocklo OX mpn meuxennn no kpuso#t. W3 mByx ayr ogu-
naxoBolt aauuel As Ta nyra Oyamer GoJee HCKDUBJEHa,

A1 KOTOpofl KacateawHad NoBepHercs Ha OoJbiunit 4%
yroa, T. e. Ais Koropoft mpupamenne Ax Gyaer s N
6oabute. At cooOpa:KeHHsd MPHBOAAT HAC K MOHATHIO 1

0 cpeaHei KpuBnsHe AS M O KpuBH3HE B JAaHHOM _
TOUKE: cpedueil xpususnoi dyau As na3wgaemcs Puc. 77.

abcorlOMHas BeAudiHa OmHoueHUsTt yaaa Aa aescdy
racamensustmi 8 Kougax smoii dyau K daune As dyau. Ilpedea smozo
OMHOMERNST npu cimpesaenun As K Hya10 Ha3bL8aemcsT KPUBU3HOUL Kpu-
soii 6 dannoii mouxe (puc. 77).

Taxkum o6pasoM, A KpusnsHel C MBI IOJYy4aeM BhHIpaKeRue:

C=

da
ds

Ho tga ecrs nepsas mpomssoanas 3, T. e.!
e=1qarctgy,
oTkyaa, muddepenuupys mo x croxuyo ¢yukumo arctgy”

dr= dx.

A
14-y2
Kax MH TOJbLKO 4TO NOKa3ani
ds=t Y14 y%dx.
Jeas de na ds, noJyysM OKOHYATeABHO BHIpAKEHHE IS KPHBH3NH

= y
C=z T ©®)
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Ha yuactkax BmnykjaocTH Hamo Opars 3Hak (—), a Ha yvYacTKax
poruyTocTt 3nak (-}) Aas TOrO, YTOOW C MOAYYAIO NOJNOKHTENBHOE
3HaueHue.

B Tex rouxkax Kp#soHl, rae me cyulectsyer npoussoanmx y uam y”,
HEe CyllecTByer M Kpuu3Hbo. BGausu Tex Touex, rae y” obpauaerca
B 1ydb, W, CJACNOBATENbHO, KPUBN3HA OOpaulaeTcs B HYAb, KPHBAd NOXOAUT
Ha npamyio. Jto Oyner, HanpuMep, B6AN3N TOouek neperuba.

[Tonoxuy, 4TO KOOPAMHATH X, y TOYEK KPHBOH Bblpaiensl uyepes
nauiy ayriy 8. B sTom cayuae, Kak Mb Bugeau

cos oz=(i’E sin a—_—:fi)—'
ds’ ds -
Yron a Oyner takxke ¢yuxkuuell s, u, AuddepenuHpys Hamicaine

PaBeHcTBa Mo S, MOJyYuM
da d’x da__d%

— §i —= o ey
sina =5, c0sa =%

Bossoas. ofe wacTit STHX PaBEUCTB L KB2APaT ¥ cKJAaaniBas, Oyaest HiMerb

=+ & v o=(E) (@)

=V (@) + (@

o6paTHad KPHBH3HE, HA3LIBIETC paduycos Kpusu3Hul.

OTKYAd

Beanuuna IE,
Jlns pagnyca KpuBnsus R M Oyzem uverb, B cuiay (8), caesyiowee
BBIPAXKEHHE -

ds 1 '2)*/a ’

d1 -_— vll »

Wi
1

Vi@
dst] T \dst
npHYeM 3l1aYeHne KOPHs Gepercs MOa0:KHTe bHEIM.
B cayvae npamoHt JAHHHZ y. €CTb MHOrOWIEH HEpBOH CTENeHH OT X,
a motomy y” TOMKAECTBEHHO PaBHa HYJ/IO, T. €. BIOJb BCEH MPAMON KpH-

BI3HA papila HYA0, a paauyc KPHBH3HB — OECKOHEUHOCTH.
B cayuae OKPYAKHOCTH pamuyca r Oynem umers, ouennano (puc. 78):

. As
As—=—rdAz n R=Ilim n="n

T. €. paguyc KPHBHU3HH BHOJb BCEl OKpymxHOCTH mnocrosHen. Bmocaes-
CTBHIE Mbl YBHAUM, YTO TakuM CBOHCTBOM 006/1a2€T TO/JLKO OKPY:HOCT.
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3aMeTiM, YTO H3MEHEHHe pajHyca KDHBH3HbI COBCEM He Tak Haraamo, Kak
n3McHeHHe Kacareapioft. PaccMOTpHM AMHNIO, cocTOAmlylo M3 oTpe3ka AB mps-
moil i1 2yrn BC oxpyxHOCTH, KacareabHofl X oTpe3ky B Kouile B (puc. 79).
Ha yvactke AB pamnyc xpuBH3HEI paBeH GeCKOHeYHoCTH, Ha yuacTke xe BC
OH DpaBeH pPafHyCy OKPYXHOCTH r H,
TakHM o6pa3oM, B Touke B on Tepnur
Pa3spuB  HenpCpHBHOCTH, XOT4 IIpN
9TOM HampaBieHHe KacateibHoft Me-
HAETCA HENPCPHIBHO, DTHM 06CTORTE b
CTBOM OGBLACHAIOTCR TOJIYKI BArOHOB
Ha nosoporax. JlonycThm, yTo Bean-
UiHa CKOPOCTH JBIDKEHHA BaroHa o
ocraercs Henamenrofl. B stom cayuae, :
KaK I13BeCTHO H3 Mexamnliki, Cit1a Oyjer Puc. 78. Pric. 79.
HaNpaB1eHa 1o HOPMAIH K TPAEXTOPHH

2

v
11 pasHa m —[}-, rie m eCTb Macca ABIKYUeroca Teran R—pannyc KpIHBH3NL

1paekropiy. OTCI0la BIHO, YTO B TOYKAX pa3puHBa HENPePHBHOCTH pajnyca
KDPHBH3HE! 1f cia GyAeT npeTepresarh pa3phbiB HENpPEpHIBHOCTH, YTO H 06YCAOBs
N1B3ET TOTUOK.

72. Acumntotel. IlepefizeM Teneps K N3yYEHHIO GECKOHEHHbIX Bem-

gell xpusoll, Ha KOTOPHX 0JHa H3 KOOPAHHAT X HAH y Mt o6e BuecTe

GecnpenensHo po3pacraior. 'nnep6oaa n na-

A2t eonlly Limfl)ese padoma maloT HaM NpuMeps KPHBHX ¢ GecKo-
g o HEUHBIMH BETBAMIL,

Acuvnmomoli Kpusoii ¢ O6eckoHeMHOW0

8eMBbI0 HA3blsaenmcaA maKas npsaas, 4mo

—»-y paccrmonnue mouex Kpusof 00 dmoi nps-

Y

¢ M
0 r0i npu Gecnpedensnonr ydasenu no Gecko-
\ HEYHOI 8emBIL CMpeMUmCa K HYAI.
limf (x)=-i|l Limf{ox)=-e0 Iokaxem CHauana, kak HAXOMUTH acHMNTO-
oreC-0 Xeged TH Kpusolt, napamaeassie ocu QY. VYpasue-

Hue TaKofi aCHMNTOTH AOMKHO UMETh BUI:
Puc. 80.
X ==,

rie ¢ — MOCTOAHNAS, H B 9TOM C/Iyyae NpH ABHXEHUN MO COOTBETCTBYIO

mefi GecrolieuHol BETBH X AOMKHO CTPEMHTbCA K ¢, 2 y —K GecKoueu-

noctn (puc. 80). Mu nosyyaey, TakuM 06pasoM, cCaelyioulee MPaBuio.
Bce acumnmoms  rpusoil ’

}’=f )
napaanensrtie oct OY, soxcHo noayuums, Halids me aHatexnun x=c,
npn npubandcenu x© Komoptis f(x) cmpesmumes k¥ GeckoHednocmu,
Hq 1cenenosani TOro, Kak pacnoa0:KeHa KpHBasi OTHOCHTEALIIO ACHMII-
TOTH, HAaNO0 ONPENeuTh 3HaK f(X) Npu CTpeMaeHHH X K ¢ C1eBa H CIpaba.
[TepefizeM Tenepr K HaxXOXAEHUIO aCHMOTOT, HeMapaiienbuuX ocu QY,
B sToM cayuae ypapuenne acHMIOTOTH MOMKHO IIMETh BHJ

n1=ai+b,
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rae §, % — TeKyulie KOOPAUHATH aCHMATOTH, B OTJAHYLE OT X, y — TEKy-
LHX KOOPIHAT KPUBOIL
Ilycts @ ecTts yroa, oOpa3oBaunblil acCHMOTOTON € NOJOKHTENbHEIM

nanpasaenneM ocit OX, MK — paccTrosHile TOYKN KpHBOH 40 acHMNTOTH

u MK;— pasnocte opanHar KpHBOII 11 aCHMOTOTHL HpPH OQMHAKOBOfl
abcwircce x (puc. 81). Vi3 npamoyrosnnoro tpeyrossHika OyzeM HMEThb

|K; | =gea] (0% 5)»

|cos w |
i1, caeaoBare.aLio, ycaosue
lim MK=0
ﬂlbl MOKEM 33aMEHHTL YCJAOBHEM
lim MK, =0. : )

B cayvae acumnToTw, nenapamnessuofl ocn OY, npu ApixeHn# HO
cooTsercTpyioileli Geckolneynoll BeTBH X CTPEMHTCS K OECKOHEYHOCTH.
ITpunusaa Bo BuuManne, 4ro AK; ecTb pasHocTb OpPMMIAT Kpupo u

acHMATOTHl MPH OAHHAKOBHIX A6CUIICCAX, MOKEM

y nepeniicare ycaonue (7) Tak:
M lim [f (x) — ax — 0] =0, ®)
X = O
0 K| OTKYAa Mul I IO.TKNLI OAYUNTL 3nayenus a 1 b.
t o Ycaopue (8) MoxHO mepenucats b puae:
Puc. 81, lim xlﬂ',—\)—a—ijzﬁ
RN [ X

Ho nepoult MpomnTean X ¢TpeMuTcs K OeCKOHEYHOCTH, a [OTOMy DEIpa-
WEHUe, CTOsIllee B KBAAPATHHX CKOOKAX, NOMKHO CTPEeMUTBC K HY/o

lim [w—a—-%J= lim ’:(—'_\’—)—azo,

X -0 v X — 00
TO €CTb
. X
a=lim i(T).
X — 00 X
Halas ¢, nm onpegeany b u3 ocnoBuoro ycaonis (8), KOTopoe MOKHO
nepenucaTtb B BHIE:
b==lim [f(x)— ax]
X =0

WUrak, 045 cywecmsosanun acunmonsl, Henapassesstol ocu OY,

Y Kpusoit
y=f
Heo0xo0umMo u docmaniodno, 4molsl npu 08UNCEHUN 10 CeCKOHeLHOU
semeu x Oecnpedeasno 603pacingao u winele cyuecnsosaan npededu
X .
18 p—tim [f (%) —ax],
;=

a=lim —=
x? .

N =0
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it moz0a ypasHenue acuxnmomst Gydem
n=a5-}b.

JLns nccnenosanust pacnooxeHust KpHBOH OTHOCHTEIBHO aCHMIITOTH, HAA0
OTHENALHO Pa300paTh CAyuan CTPEMIACHHS X K (- 00) I (— 00) U B KakIoM
H3 STUX CAyuaeB ONpelenuTh 3HAK Pa3HOCTH

f () — (ax-b). 7

Ecan on Gyner (<), T0 KpuBas pacno.’o-

dena Ham acummroroll, a ecau (—), TO mox

acumnrorofi. Ecau e sta pasnocts mpn Gec-

npenesbHOM Bo3pacTannn X He OyAeT coxpa-
HATh HEH3MEHHOTO 3HAKa, TO KpnBas Gymer Koje- ol .

| aThCs OKOJO acuMnToTH (puc. 82). Puc. 82,

»X

73. HocTpoenne rpadHKoB. YKaxeM Temeph cxemy meiicTsuif, KOTO-
pHE Hamo NpoaetaTh NpPH MOCTPOEHHH KpPHUBOfL

y=f(x)

oJlee MOJIHYIO, YyeM 3TO cietaHo B [69].

Jinga 3TOro HyxHO:

a) onpenesnTb NMPOMEXYTOK H3MEHEHHS He3aBHCHMOHl mepeMeHnoft x;

0) onpefeanTh TOYKH MNepeceueHns KPHBOfI C OCAMH KOOPAWHAT;

B) ONpeae/nTh BEepIUHHB KPHBOH;

r) onpeenanTb BEIMYKJIOCTb, BOTHYTOCTb H TOUKH mnepernba Kpubofi;

1) ONpelenuTh ACHMNTOTH KPHBOH;

€) BBIACHHTb CHMMETPHUYHOCTb KPHBOH OTHOCHTEIBHO ocetl KOOPAHHAT,,
€11 TaKoBas CYIIECTBYET.

Iaa Gonee TOYHOrO BHUEDPUHBAHHA KPHBOH MOJE3HO TaKie HAMETHTh
ue psa Touek kpusBoH. KoopamnaTH 3THX TOYEK MOXKHO BHIYHCJHTS,
0/1b3yACh YpaBHEHHEM KPHBOflL

1. Bryeptuy kpuByio
(x—3)
Y=1m=—=n"
4) X MOXET H3MeHATHCA B NPOMEXYTKE (— 0O, -}- o).
6) Ioaaraa x =0, moayyum y=-—-; noaaras y=0, moayunm x=3, 1. &

9
puBan nepecexaercs € OCAMH KoOpAmHar B Touxax {0, ——) u (3, 0).

B) CocraBasieM nepByio I BTOPYIO NPON3BOJHbIE

r=82ELD =2

pHMenas 06bynOe MPABILIO, NOTYUNM BepuIHH (3, 0) — MunmMyM, (— I, —2)—
12KCHMYM.

2
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r) U3 suipamenns BTopofi IPOH3BORHOA BHIHO, UTO OHA II0J0XHTEIbHA IIpH
x> 1 u otpuuareanHa npu x << 1, T. e. mpoMmexxytok (l, ©0) eCTb NpOMERKYTOK
BOTHYTOCTH KpHBOM, & HPOMEKYTOK (—oco, 1) ecTb HNpPOMEXYTOK BHIIYKJIOCTH.
Touek neperu6a Her, Tak Kak f'(x) MeHseT 3HaK JHIIb Ipu x =1, a sTOMYy
3HAYCHHIO X COOTBETCTBYeT, Kak MH cefiyac yBIuM, aCUMNTOTA, Hapaiieaniias
ocu OY.

1) Ipn x=1 y ob6pamacrca B 6eCKOHEYHOCTb, H KPHBaA HMEET aCHMUTOTY

x=1
Byaesm TCncpb HCKaThb acuMOTOTH, HeliapalieasHsie ocy OF:

L (=3
= A= x.im4(1__1_) i
X
s (x —3)* \]__ —5x¢ 49
b=1 o Ty - f=lim =T
x’_r."oo[ux—l) 73] i Wy ¥ oy )
sl
=1lim ? =——4—’
x—»oa‘”/]__)
\ X
T. e. acuMnTora 6yacr
1 5
Y=g rTa

[Ipeaaaraem vyntareldio HCCI1eJ0BAThb PaClOAOKCINE KDPHUBOI OTHOCHTCILHO
ACIHMNTOTHL.

¢) CuMMeTpuu He HMEeTCH.

Hanocs Bce noayuennsie pappele Ba yeprex, noayuusm kpusylo (puc. 83).

2. HUccaeayem Kpusrie:

y=c(a*—x%) (5a® — &%), y; =c (* — %)}, (¢ <0),

KOTOpHIC NaloT ¢opMy Taxeioil Gaaku, naru6aouciica NOR BIusHHEM COGCTBCH-
HOTO Beca, NpHYeM nepBag KpHBAA OTHOCHTCA K TOMY CAYyalo, KOrAa KOKIUb
Ganky MOryT CBOGOIHO IIOBOPAuHBATHCA, 3 BTOPAA — KO OHII 3a/(€NaHBI HALIYXO.
O6Gwan ganHa Gaakn 2a, Hayaio KoopjanHat B cepeause Gaakd u ocb QY wa-
1ipaBieHa BEPTHKAIbHO BBEDX.

a) OueBnnHo, Hac MHTCPECYET H3MeHeHie X ANmb B NpoMexyTke (—a, --a).

6) Monaras x =0, noayuum y=>5ca' u y,==cat!, 7. ¢. B HEPBOM Cayuae
nporu6 cepeanns GaakH B IATH pa3 6oabluie, yem Bo Bropom, Ilpn x= g,
y=y,==0, YT0 COOTBETCTBYET KOHIAM 6aaKi.

B) Onpepeany nponssoinbie

Yy =—dex Ba*— %), y'=—12c(a*— x?),
Yr=—dcx (a®*—2x?), y/=-—4c(a®*—3x3).

B o6onx cayyanax B npoMmexyTke (— g, --4a) OyIeT cymecTsoBaTh MHHIUMYM
npit x=0, yto coorBeTCTByeT MpOrnGy cepeiHHb GAaIkH, O KOTOPOM MEl roBo-
pHaK BHIIIE.

r) B nepsom cayvae y” >0 B npomexyrke (—a, 4 a), T. e. B nepsom cay-
yae ses Gaaka ob6pauicha boruyTocisio ssepx. Bo Bropos cayuae vy o0paiaerca

a
B HYJIb NpH X — % —
yab mp v

H MeHAeT NPUTOM 3HAK, T. €. COOTBCICTBYIOULUC TOUKE
GyAyT TOuKaMu meperuGa GaakiL '
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n) Becroncunux Berseiil nert.

¢) B ofoux cayuasx ypaBkenue ne MeHserca npn 3aMeHe X Ha (—x), T. c.
B 060NX Ciyuasx KpHBas CHMMeTPHyNa oTHOCHTEInHO ocH OY.

Ha puc. 84 muzobpamenn o6e xpussie. 1A NpoCTOTH HaMp B3AT cayuail

a=1], c=~—1; pa ppaktuke aauna Gaiky 3uauuTeIbHO Goabme ee nporuba,
T
! 2
(o-3)
2 ! Y=
1 .
' 4{x-1)
1M
[}
: pr——
0y n 2 ‘z,,a#’— X
-1 :,—;"’
A B
==
-3} :
i
-4 : .
]
[ ]
Puc. 83. Prc. 84.

T. €. @ 3HAYNTCAbHO Goablle ¢, Tak uyro BHemmnft BuA Kpusofl nporun6a Gyner
HCCKOIbKO HHOft (KaKofi?).
[Ipenaaraem unrateaio Haitrm Toukil neperi6a xpusoi

y=e

W CpPaBHHTBL C pHC. 60, Ha KOTOpPOM H306paxel COOTBETCTBYIOUUHIY rpaduxk.

74. Tlapamerpudeckoe 3amanne Kpupofl. IIpn OTHCKanuH ypaslie-
111S1_TEOMETPHYECKOro MeCTa NO JaHHOMY €ro cBOHiCTBY ne Bceria GuiBaer
yaoGHO HAH BO3MOXKHO BHPAa3dTb 3TO CBOHCTBO HEMOCPEACTBEHHO B Buie
YPaBHEHHS!, CBA3LIBAIOMIErO TeKyulne KOOPAUHATH X, y. B Takom cayuae
GHBAET MOME3HO BBECTH TPETHIO, BCIOMOraTEAbHYIO [€PEMEHHYIO BeaH-
4y, 4epe3 KOTOPYI0 MOXKHO BHIPa3HThb OTAEAbHO alcunccy X H OpaH-
naty y moGoff TOuK:H FreoMETPHUECKOro MecTa.

CoBOKYNHOCTb ABYX NOJYUEHHBIX TaKHMM MYTEM ypasHenul -

x=¢(), y=9(@ )
TAKKE MONKET CAYKUTh A9 NOCTPOEHHA M HCCTeNoBaHus Kpupofl, Tax
KaK NpHR KaxAOM 3HaYeHHMH { OHa onpeje’seT NOJOXKEHHE COOTBETCTBYIO-
nieft TOUKH Kpusofl.

Takoft crmoco6 3amanns KpHBOH HA3KBACTCA napasempuiecKuss,
BCIOMOraTenbHas xe nepeMeHHan £-— napasemponm. Jas noayuenns
ypasuetina Kpupotl B OGBIYHOM (ABHOM HJH HEABIIOM) BHAE KaK 3aBHCH-
MOCTH, cBs3biBaouiefi x u y, #yxHO ©3 AByX ypasuenutt (9) ucraw-
yumes napaMerp f, 4TO0 MOXKHO CAEJATh, XOTA OH pemmuB OOHO N3 3THX
YpaBHeHiH OTHOCHTEAbHO ¢ # NMOACTABHB MOJYYEHHHI pe3yabTaT B ApYIoe,
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C napaMeTpuyeCKuM 3afaHueM KpPHBHIX OCOGENHO 4YacTO MPHXOANTCA
EMEThb JIEJI0 B MEeXaHHKe, NnpH UCCAeAOBAHHH TPAEKTOPUH ABH:kYmIeilcs
TOYKH, NOJOXKEHNEe KOTOPOll 3aBHCHT OT ppeMeHu f, a2 MOTOMY H KOOp-
aanatet cyth ¢ynkuun ot £ Onpegeaus st (QyHKUHH, MB H [OJyYHM
napaMeTpuyecKoe 3analie TPaeKTOPHH.

Tak, nanpuvep, napaMeTpuyeckoe ypapleHHe OKPYKHOCTH C LEHTPOM
B TOuUKe (X; Jo) M paauycoM r Gyner

x=xpFrcost, y=y,—}rsint. (10)
Tlepennwen ST ypaBHeHHs:
X —Xg==r cos t, y—-—yo_rsint

Bossons ofe uyactn B KBaApPaT H CKA3AWBAasA, HCKAIOYNM napasmerp ¢
1 noJayunM OOCHYHOE YPaBlieHHE OKPY:KHOCTH

2 2 2
(x—x0)' +(y —yo) =r2
Touno tar we HeNOCpeaACTBCHHO SCHO, 4YTO
x=—acost, y—=bsint (it

€CTL MapaMeTpnyeckoe ypasueune 3:1HIca
.\’

=l.

[MTonoxny, 4To ¥, Kak OGyHKUHR OT X, onpeieideHa mapaMeTpHyeckn
dopmyaamu (9).

[pupamenne napayerpa Af pu3opeT COOTBETCTIDYIONIHE MPHPALICHH

A

Ax u Ay, u M NOIYYuHM, OEIA YUCIHTEIb H 3HAMEHATEAb APOGH A—':l

na At, cieayrwouee BHpaKeHHe A9 MPOH3BOAHON OT y IO Xi

dy
Ay t ¥ ()
=lim = lim — =T+
2 axe 00X axm0B8X ¢ (D)
At
HJH
day __ ¢ (9)
ax g:’ @ " (12
Cocrasuy BTOPYIO NPOH3BOMHYIO OT y IO X7
dy
. 4G5 )
V=

Tpumenas npaspno naxomaenns Anddgepennuata wacTioro, noayuny [50

. diydx—d’xdy .
="y (s
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Ho, B chxy ),

dx=0¢'(t)dt, d’x=0¢"(t)dt?

dy=1{ (t)dt, d*y=19"(t)dt’
Tloncrapasa 10 B (13) U cokpamas Ha df3, noayyuM OKOHYAaTenbHO

Y OF 0= 0T
V= For (9

3ameriy, yTO BHpawkenue y” no ¢opmy’ae (13) oTanuaeTcs oT BHpPa-
sKenus Tol ke mponsBofHofl mo cdopumyne (3) u3 [65] (npu n=2)
o dYy
Y = - (19)
NOTOMY YTO STa. MOCJAEANAs (hopMyaa BHIBElEHa JHIllb B TOM TNPEANOJO-
Keliiy, YTO X €CTb HEe3aBHCHMas MepeMeHHad, a NMpPH NapaMeTPHYECKOM
npencrasaednn (9) HesaBucumoft nepemvennoft ssaserca . Ecam x ectb
HE3aBHCUMAsi NepeMeHHadt, To dx cunraercs ywxe mnocrosHueyM [560],
T. €. ne 3aucAuuM ot X, H dvr=d(dx)=0 xak andpepenunan no-
crosuuofi. 1Tpu atom dopmyaa (13) nepexomut 8 (15).
VIMes BO3MOXHOCTb onpexednTb y M y”, MB TeM CaMHM MOXeM
pelnTs BOMPOC O HANPaBAEHHH KacaTeapHoff K KPHBOiH, O BHNYKIOCTH
H BOTHYTOCTH Kpupoft n T. A

B kayecTBe npiimepa paccMOTPHM KPHBYIO, 3aTaHHYI0 YPaBHEHIEM
x}+y?—3axy=0 (a>0) (16)
11 HaswBacMyw ,microm JMekapra“.
Bsenem nmepemenHwift napasmerp ¢, noaaras
y=ltx, (17)
M PacCMOTPHM TOYKH mepecevenns npamoft (17) ¢ nepeMeHHHM YrI0BHM Ko3d-

¢duunenton ¢ M kpusoii (16). [Moacrasasa B ypasuenne (16) Bupaxkenne y u3
ypaeuerua (17) u coxpawmas Ha X%, noIyyHM

e 3at
14
a ypasnenne (17) macr nam Ttoraa
__ Bae?
V=11

d1i ypaBHEHHA AT mapaMerpiyeckylo ¢opmy npencrasleHua aucra Jekapra,
OnpeneauyM Npoussoanbe OT X I ¥ MO £

1
v g ot — 3 __f”(T‘")
d I+ (I3 (18)
g 3g 20 L) =3 3at @ —t)
' aFeF ey
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Jas nccicioBalua H3MEHEHIn X 1 Y Pa306beM Bech NPOMCEYTOK (— €0, -}-00)

H3MCHCHHA £ I3 TaKHC OTHCIbHbE WACTH, BHYTPH KOTOPLIX NPOH3BOMILC X; H Vs

COXpauAioT HeH3MEeHHRIT 3HAK H He 00palaioTcs
Y B Geckoneunocrb. [las 9TOro Ham mpiierca Ot-
MeTHTH 3Hauens:

1 Py
t=—l, 0, -7;_— " V2 ,
D 2
N -, x TpIl KOTODHX 3TI NpON3BOAHLIC 06paWaTCH B
> HYIb LTI 6CKOHEYHOCTL. 3HAKH X; 1 ¥y BRYTPX

STHX {[POMEXKYTKOB onpeicaarcs 0e3 1pyna no
dopsyitam (18); BhIuHCAMB 3lHaveHHs X U Y Ha
KOHUAX MPOMEXYTKOB, Mbl MOIYYHM, TaKHM OG-
pas3oy, NPHBCICHHYIO Hinke Tabauuy.

B coorserctBud ¢ 970ft CXeMOil MW fO3y«

Puc. 85. YHM KpHBYIO, H300pasennyio Ha puc. §5.
ﬂpometxcyrox < |y ¥ y
(—eo, —1) | 4+ | —"|BO3pactacr or 610 oo yb6uBaer or 0 30 —co
(—10) + | — |Bo3pacracr o1 —co 1o 0} y6eiBaer or -+ oo 1o 0
]
(O, T/—T) + | + | pospactact 010 10 /dal vospacracr o1 0 no 3/ Za
_r'_ 3y ybusact ot /4a Bospactaer or 3/ 2a
(l/-—z_,l «-)— + ,’10]'1/-‘2-0 }10}'1/-4_a
(/2 +o) | — | — | y6msaer or 1/2a 10 0| y6usaer or 3/ 4a no 0

_ Jlas BuulcicHuA yraoporo koddpgiuuicita kacarcavhoil uMecm gopmyay

. ¥ t@—1) | (19)

)vx:—?::——l—————
X} 1
2(2 —3

OGpatum BHHMAHIC B2 TO, YT0 X H ¥ o6pamaiorcs B Hyab Opu £=0 u
t==00, i KpiiBas, KaK 3TO BHIHO H3 yeprexka, NCpPeceKkaer cama ceOsn B Hayaae
KOOPAHNAT. -~

Popuyaa (19) aaer nam

=0 npn =0,
t(7=1)
- =0 pH {=00,

i) ()
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T. €. I8¢ BCTBH KPHBOIl, B3aMHO NEepPCCCKAIOMUICC B 11a4a1¢ KOOPAMHAT, Ka-
cawotca — oana ocn OX u apyras ocn Q.
Mpu crpemaennd £ x (—1) x ny crpeMarca kK 6eckoneyiocT, H KpHBas
nMeeT GeckoHeunylo Bersb. OmpeacanM acuMNTOTY: tl g
. y . =
YrI0Boft KO3(QGUUHENT acHMITOTH pasen lim 2 ==lim ﬁt—,(—:*‘—ﬂl=—— 1,
x00 X f—l 3at’(l 4-¢%)
°
b=1lim (y+ x) =lim S +3at _p;,, Gat+3a
£-—1 t-—1 148 (-1 3t

T. €. YpaBHEHHC acHMNTOTH Gyner _
y=—x—a um x+y+a=0.

— a,

75. Ypasneune Bau-gep-Baannca. Ecan cuprars, 410 ra3 T04HO CICAYCT
saxotiam boftig — Mapnorra n Tedi-Jlioccaka, TO NOTy4aeTca, Kak H3BECTHO,
caeRyoulas 3aBHCHMOCTb MCXAY YHpyroctoio rasa p, ero o6bemom v n aGco-
aoTHot Temneparypoit T:

- pUv=RT,

rie R—nmoctosnHag, OAHA I Ta e 1A BCEX ra3os, €CIH paccMaTpHsaTth oamy
»TPAMM-MOICKYY* Ta3a, T. € YICIO FPaMMOB ra3d, PaBlioe Cro MOTEKYIApHoMy
BeCy.

CyutecTBymoue rassl ne MOAYHHAIOTCA CTPOro Ykasannoll 3aBHCHMOCTH, U
Ban-nep-Baanbcom Gmna gana apyrasa ¢opmyaa, ropa3io 6oi1ee TOUHO BhHIPAWa0-
was ssachie. PopMyra ITa HMeeT BHN

(p+=)0—n=rT,

rae @ u b—noloxureasiHe fOCTOAHHHE, PA3THYHBIC 1A PA3INYHBIX ra3os.
Peutas ypasHeHie OTHOCHTEIBHO p, MOTYUIIM }
RT a

TS .

v—b v

p= (20

Viccaeayem 3aBHCHMOCTL p OT ©, cyntasa T NMOCTOAHHEIM, T. €. PaccMaTpHBaA
cayuyalt H30TePMHYECKOro U3MeHeHNs cocToauis raza. Hailieym nepeymo nponssoj-
HYI0 OT p NO_U:

dp RT 2a 1 [2a (v—b)?
= >

——RT]. @)

Mwu 6ynem paccMaTpnBath TOAbKO 3uavenna ¢ >b. [lo nosomy dusnycckoro
CMHIC1a 3TOTO YCROBNA, a TAKXKE KPHBHX, KOTOpHE GYAYT MOIYYeHb, OTCHIAaCM
YHTATCAR K KypcaM ¢u3ukn. [IpupaBHnBas npon3poiHylo HY1i0, NOIYYHM ypas-

Henue
2a (v—b)*
=

- — RT=0. [05))

Vccaenyem namenenne nesoft 4acTH STOTO YPaBHeHis MPH HaMeHeli v oT b
N0 (4-co) 1 nas sToro ompeneanyM ee NPON3BOAHYIO 1O U, NOMH:A, YTO NPONU3BC-
nenste RT no yc1oBHIO NMOCTOSHHO: .
2a(v—0)0 ) __, 2(0—8)v*—3v*(v—0b)® _ 2a(v—b)(v—3h)
0° =2a ° - o'

OTKYJa BHAHO, YTO 3Ta NPONH3BONHAA NOIONITEILHA NpH b << v << 3b n orpuna-
TeabHa mpi v >3, T. C. 1NeBad YacTh YpaBHcHIA (22) BO3PAcTacT B NPOMEXYTKE
(b, 3b) m y6upaer npm Aaivhefimiem yBealvenms v, a NoToMy npu v=23b ouna
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JOCTHIAET MAaKCHMYMa, pPaBHOro

8a -

e— - RT,

215 R

HenocpeacrseHHoil MOACT2aHOBKOIt HETPYIHO Tak#e YGEAHTLCHA, YTO NCBas

yacTb ypasHeHus (22) nmpit v==§ 1 v==-} co obpawmaerca B (— RT) i, caenona-
TeabHo, nMeeT 3Hak (—). Ecan nafizenunifi
MaKCHMYM e¢ Tax:ke OTPHUATEICH, T. €. ecal

SD.p ) 8a
| RI> 75
80 TO IeBas yacTb ypasHeHHsa (22) mnocrosn-
H HO OTpHUaTeIbHa, a B STOM cayyae i3
7 Beipawenns (21) Bnado, YT6 NpPoH3BOAHaA
7L
Z—Z MOCTOAHHO OTPHUATCIbHA, T. € p YOul-
ol BaeT C BO3pacraHileM 7.
Hao6oport, ecan e
a
50} 5. RT< 575>
31° 71O JeBag wacTh YypasHeHua (22) nocrtu-
Lot 20°  TaeT LOJOXHTEIbHUTO MaKCHMYMa fpi

10°  ©=3b, u ypasucune (22) muMcer OIHH

Kopenb v, B npoMexytke (b, 3b) n apy-
IOt roii KopeHb v, B npoMexyrtke (34, -} o).
TIpn nepexone v uepe3 3Haucwne v, ile-
Bas YacTh ypasHennsa (22) u, ciexoBateilnb-

a0 p
10, —=~ TMePEXOINT OT 3laKa (=) x 3naky
10 (+), 1. e. 9TOMy 3HAauCHHIO U COOTBCTI-
( cTeyer muniMy™M p. Touno Tak xe yGe-
JUIMCA, 4YTO 3HAYCHUI0 U =¥, COOTBETCTBY-
- bt ¢T MAKCHMYM p.
0l1 234567890 Ecan, naxoneu,
Puc. 86. 8a

TO MAaKCHMYM JeBofi yacTi ypasHenus (22) paBeH Hy110, 3HayeHUA U=7, H
U =10, CIHBAIOTC] B OJHO 3Haychue u=3H, NpH Jepexole¢ Yepe3 3TO 3HauyeHne
dp
dv
BaeT C Bo3pacTaHHeM o, H 3HayeHII0 ¥ =230 COOTBEICTBYET TOuYKa Nepernba K
kpusoil. CooIBercTBYIOUlIC 370l TOYKe MNepern6a sHauCHHA U=vg, p=p; K
3nauelne Temnepatyps I=T,, onpeleisemoe u3 yciosua (23), Ha3mBaloTCA
KPHTHYECKHMII 06bEMOM, YOPYrocThio H TeMOeparypoil rasa. Ha pic. 86 ykasau
BHJ KPHBBIX, COOTBETCTBYIOUINX TPEM PacCMOTPEHHHIM CIyyasM.,

1eBast wacTbh ypasHeHHs (22) u COXpaHAIoT 3Hak (—), T. €. p NOCTOAHIO YOH-

76. Oco6bie TOYKH KPHBBIX. PaccMoTpuM ypaBueHie KPHBOIY B HeaABHOM popMe
F(x,)=0. (24)
Yraosell roadduuuenr xecarcaviuoll kX TaKodl kpusoil oupeacascIcs  no gop-
Myae [69] —
L))
Fy (%) !
rie (X, y) — KOOPAUHATH TOUKH KacaHis,

(25)
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Paccmorpum T1OT wacThmil cayuaft, koria F(x,y) ecTb ueanii MHOroY:IeH OT
x u y. B atoM cayuae kpusas (24) mazmBaerca aiare6panyeckoit. Yactume mnpo-
nssoanne F(x,y) n F|(x,y) OyAyT uMeTb BMOIHe onpejeleHHHe 3HaYeHHd,
eca BMECTO X M Yy TMOACTaBHTL KOOPAHHATH Mi060ft Touxn M xpusoit (24), n
ypasHenite (25) macT HaM onpefelenHHil Yri10Bofi Ko3dGHUHEHT KacaTelbHOIl, BO
BCEX CIYyYasax, KpoMe TeX, Koraa KOOpIHMHAaThl Touku (x, y) o6pawiaior B HYIb
uacTHHE Npon3sofHsie F, (x,y) 1 FJ’, (x,y). Takas Touka M HnasmiBaercsa ocoGoft
TOuKoOfi KpHBOft (24).

Ocoboii mouxoil arzebpauyeckoil xpusoii (24) Hasvsaemest moyka, Koopdu-
Hamu komopod ydosaemsopsiom ypasnenio (24) 1 ypasHenusy

F.(x, y)=0, FJ', (x, ) =0. (26)
JAaa saannca

x! y‘_’
o T E=l

ycaosue (26) mact mam x =y=0, 1o Touxa (0, 0) He AexNT Ha saimnce, a Io-
TOMY 311HMC OCOGmX Touek He nmeeT, To xe MOXHO yTBep®AaTb H OTHOCH-
TeapHo runep6oast 11 napagoau.

B cayuae ancra [Jexapra

x34-y*—3axy=0
ycaoBua (26) 6yayr umeTh BHI:
3x?—3ay=0 n 3y*—3ax =0,

1 HemocpelCTBeHHO BHIHO, 4TO Hayaro koopanHart (0,0) sBasercsa oco6oft Tou-
roft kpusoil. Ilpn mccaenosammy amcra Jexkapra Mu NMoKasalan, YTO B Bayaie
KOODANNAT KPHBas Mepecekaer caMa ce6s, it ABE BETBN KPHBOfY, NepeceKaomiecs
B 3T10{l TOYKe, HMEWT B Heil pasaHyHule KacaTelbHHE: A1A OANOoil H3 BeTBeil
KacareabHoft asaserca oce OX, paa mpyrofi— oce OY.

OcoGas mo4xa, 8 KOMOPOI nepeceKaloMcs pa3audHsie 6emeu Kpusod max,
YUMo KaxHOas 8emss UMeem 8010 OCOOYI0O KacAmeabHYI0, HA3WEALMCS Y3A080M.
mo4xoli kpusoi. .

Taxum oGpasoM, Haya10 KOOPIUHAT ABIAETCA y310BOfl TOUKoil micra dekapra.

Yxaxem eule Ha NpHMepax HEKOTOPHIE THOH OCOGHIX TOUeK aareGpanyeckux
KPHBBIX.

1. PaccMOTpuM KpHBYIO

/ Y —ax?=0 (a>0),

HA3HBAEGMYI0 nOAYKYOu4eckoii napabosoii. Herpynno mposepntb, urto xoopmu-
naru (0,0) o6pamaloT B HYaIb JEBYI0 4YacTb STOrO YPaBHEHHA H ee YacTHe
NPOH3BOJHEE 1O X H y, H, CIEA0BaTeIbHO, HAYal0 KOOPANHAT ABAAETCA 0cooll
Toukofi xpusoil. Jl18 HcclefoBaHHA BHAA XPHBONT BOIH3H 3TOfl 0COGOI TOYKH
nocrpoun 31y kpusyw. Ee ypasnenne B ssuoft dopme Gyner

Y=y axi.

Jdaa nocrpoenns XpHBO/l NOCTaTOYHO MHCCIENOBATH Ty €€ YacTh, KOTOpas
COOTBETCTBYET 3HaKy (-), 6O wacTh KpHBOIl, COOTBEICTBYIOIaA 3HAKY (—),
Gyner cuMMeTpiyHa ¢ Ieppofi yacthio ortnocuteasHo oci OX. Ua ypasnenns
BOIHO, Y10 X He MOxer OHTb MeHbIIE HYJIA M 4TO NpH BO3PaCTAHHH
x or 0 1o (4 o) u y Bo3pacraer or 0 no (4 o).

Onpeneany NponsBoJHHE MEPBHX JBYX NOPAIKOB:

3Va

'-—-__3_ Vs "
y=gboan =0
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Mpn x=0u y =0, n 3aMeTiB, YTO X MOKCT CTPCMHTLCA K HYI0, NPHHHMAA
JNILL NOJOKHTCAbILIE 3HAYCHIA, MOXKCM YTBEPWIaTb, 4T0 Ocb OX GyAeT Kaca-
TCALHOI- K KpHBO{I CHpaBa B Mayale Koopauwrat. Kpome Toro Bumuo, 4To Aas
Heeaeayemoil acti Kpusoii y* coxpanaeT neussmcinbill 3Hak (-F) B IPOMEKYTOK
(0, 4 o0), 1. €. 312 vactb o0pauicHa BOTHYTOCTEK B CTOPOHY NOAOMNTEILMLIX
OpLIaT. ‘

Ha puc. 87 nso6pamena uccaenyeman kpusas (npu ¢ =1). B navase xoop-
Ounam scnipedarorics, He npodoaxcascs Oaabuie, G6e 8emnsu Kpusol, npudes o0e

y

g5

Puc. 87. Puc. 88.

EeINgU 8 MOUKE BCIIPEUL UMEIONT O0HY 1L 1LY 2ice KACAMEAbHYIO U PACIO.10HCEHE
1O pasHule CMOPOXLL OM N0d KacameabHolt 80.au3n 0coboli moyxu (B nan-
noM cayyae—nesie), Takas ocoGas TOYKA HA3WBACICA MOYKOI 6036pama
nepeo20 pooa.

2. PaccmMoTpuy KpiiBYyio

(y—x)r—x=0. -

Hetpyano nposeputb, 4TO Haualo KOOpAuHAT aBiserca ocoboll TOUKOIl KpuBOi,
Ypasucnuc kphusofi B apnoit gopue oyaer

y=ax2V X
113 sT0r0 ypasHcuua BILNO, YTO X MOWeT uaMcHaTncs ot 0 go (4~ oo0). Oupe-
ACAIM NPON3BOAHLIC JBYX NEpPBHX NOPAIKOB:

y'=2.\'i‘_,—3-}/.\j, y”=21—14§- -.:'

n HuccIeAyeM OTieIbio 06¢ BeTsl KPHBOMH, COOTBETCTBYIOWLNE 31aKaM () u (—).

3ameTun, npexcae BCCro, 4TO B 0GOMX cayyasx, npu x=0 u y' =0 n r1ax
we, KaK B NpeaniaymieM npisepe, ock OX Gyner ji1a oGeux BCTBCIl KacaTedb-
Hoil copasa.

Hccaeayn o6e petBi o6biuHbiM CIOCOGOM, MOAYUHM CICAYIOULHE PE3YARTATH:
Aas neppoil BeTBH npH Bospactanud X of 0 10 (4-oo) u y Bospacraer or 0 10
(- <o), it KpuBaa BOrNYTa; Ha BIOPOIl BCTBI NMCCTCA BEpINNIA (MAKCHMYM) npi
X ==, TOUKa neperit6a npn x =
npiu x=1,

64
55 11 TOUKA TepeceueHis C 0cbio )¢
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ﬂpngguan BO BHHUMaNHC BCe YKa3aHHOe, MNOIAYYHM KDPHBYIO, H3oGpaxelnnyio
na puc. 88.

B nayanze roopdunam scmpedaiomcs, He npoooadicascs 0aabuie, 0se semsu
Kpusoii, npudesm 06e 6emsu 8 modKe 8cmpequ useOm OOHYy u my Jce
KacameasHyi0 1t pacnoOAONCEHB. NO OOHY CHIOPORY Om 3IMoil KacameabHoit
86.au3u 0coboii mouxu. Taxas oco06as TOYKA HA3LIBAETCA mMOYKOH 6o38pama
smopozo poda. :

. 3. UccaenyeM xpusyo

y—xt4xt=0.

Havano xoopamnat ects o0colas Touyka KpuBofi. Ypasuenuce Kpisoft B asnoft
dopme 6yner
y=+ 21—

Ypasuenuie kpusoil B neasnoft ¢popMe COAEPKHT TOILKO YCTHHIE CTENesH X i1y,

a oTOMY OCH KOODIHHAT CYTb OCH CHMMETPHH KpHBOil, I IOCTATOYHO HCC.IC-

JI0BaTb YacTb KPHBOS, COOTBETCTBYIOULYIO HOJOXHTEIbHHIM 3HAYCHHAM X I V.

W3 ypaBneHns xpnsoft B sBHOli (opMe BHAHO, 4TO X MOXET H3MEHATLCA 0T (—I)
no 1. OrpaununMca BHYNCIEHHEM NepBoil !
" 1pou3soaHofl y
X (2—3x%) ’ /

= ——— y2_164_t$=0
yi—x 0.5

Mpt x=0 n y=y =0, 1. e. B Hauaxe
KOOpAHIIAT, KacaTenbHas COBNANACT C OChIO
OX, a npn x=1, y=0ny =oo, 1. €.
B touxke (l,0), xacareapHas mnapamrreasHa
oct OY. Mo o6huHbHIM mpasuiamM Hafizey,
yro KpitBas OyAeT HMeTb BCPUIHHY TP

Pnc. 89.

) 2
x=-1/_3__, Mpunnman Bo BHHMaHMe

BCE CKa3aHnoe N, B YacTHOCTH, CHMMCTPHUHOCTD KpHuBOfl, fOAYYHM KPHBYO,
n3ob6paxennyo Ha puc. 89. B navaze woopamuar Ose semsu Kpu8od, COOT-
sercTByomue 3uakam (J-) 1 (—) nepen wopineMm, 83asusmHo racaiomes. Takan
oco6asn TOYKA HA3HBAETCH MOHKOI CONPUKOCHOBCHUSA. )
4. Hccaenyem xpusyio
y¥—xt(x—1)=0.

Hauano koopansar ectn ocoGaa touka kpusoil. fIBHoe ypasiicuite Kpusofi Gyner
y=xV Ex=1)-

MpuniMan BO BHEMAHNE, YTO NOAKOPCHIOE BHIPAXKEHIE He MOWET OHTbL OTpHia-
TCABHBIM, MOXEM YTBepXAaTh, uTo an6o x==0, m6o x=1. Tpy x=0 #n
y =0. WccrenyeM Temeph BETBL KpHBOii, cooTsercrsyiomyio 3Haxy (). Ilpu
yseanyenu x ot 1 nmo (4 co) y yseanyusaerca or 0 o (4 o). U3 supaxenun
nepsofi Npon3soaHOI

, Ix—2 - .

T2V E—1

sugHo, uto, mpn x =1, y' o6pawaerca B GeckoHeunocth, T. €. B Touke (1, 0)
KacareasHaa mapairteibna ocii QY. Bropas Berss kpusoii, COOTBETCTBYOUAA
suaky (—), Oyaer cuMMeTpiyHa ¢ Hccnefosansoft orHocuteabio ocH OX,
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TlpiinnMan BCE 9TO BO BHUMaHHe, NOAYYHM KPHBYM, u3obpaxennyio na puc. 90,
B paccmatpusaemom cayuae koopausate toukin O (0, 0) yRoBaIeTBopsioT ypas-
HeUNIO KpUBOH, WO 60.4u3u Hee Hem Opyeux movexk Kpusol. B amor cayuae
0c00as moYKka Ha3bi8aenics U30AUPOSAHHOI MOYKOIL.

YKa3aHHBIMH BBHIIIC THHAMH OCOGHIX TOYEK HCYEPMLIBAIOTCA BCEBO3MOXKHLIE
cIyuay 0CHBLIX TOUEK a:lrcﬁpauqecxux KpHBBIX, HO MOXeT CIYYHTbCA, YTO B He-
KOTOpofl TOouke aareGpanueckoll Kpiu-
BOIl npon3oiifeT coBnajgenie HECKOdb-
KHX 0COObX TOYCK, OIHMHAKOBHX Hal
Pa3HHX THIOB,

Kpnsre He atreGpanyeckie Hasu-
BAlOTCA NIPAHCUEHOCHIMRBMU,

flpenaaraem unTatendo noxasarb,
YTO YpaBHCHHIO X

- o W

y=xlogx

COOTBCTCTBYET KpuBas, H306pamCHHAN
na puc. 91, Hayazo koopaunar asascr-
- € mo4Kod npexpaujenus KpHaoil.

-4t 77. daementnt kpusoil, Ilpu-

. BeleM OCHOBHBIE (POPMYAH, CBS3aH-

Puc. 90, Puc. 9. Hul€ C [IOHATHEM KacateabHoll K

KpPHBOH U €e KpHBU3HBL, H BBEIEM

€Ule HEKOTOPLIE HOBRHIE TMOHATHSA, CBA3aHHBIC C MOHATHEM KacaTeablioil.
Ecaun ypabuenne xpusofi nmeer sua:

y=r) (27)

TOo yra0Bol Koa(puumuent Kacateabioll ecTh mpoussommas f'(x) or y
no X, U ypasHenue KacareJAbHOH MOXeT OHTb Hanmucaho B BHAC:

Y—y=y'(X—x} (/=S (28)

rie (X, y)— KOOpPAMHATH TOUkH KacaHus H (X, ¥)— tekywne Koop-
IuHaTe Kacareabholl. Hopaaasio ® rpusoil 8 moure (x, y) kpusoi
HA3bL6QI0NL NPAMYI0, NPOBEOCHAHYID 4epe3 MY INOUKY NepreHOUKYAAPHO
& KacameasHol 8 smoli mourxe. Kak n3pecTno mu3 anaautnueckoft reo-
METPHH, Yriaopsle KO3(QuuUNeHTH NepneHAuKyJAIpHBIX MPAMBX OGPaTHH
10 BEJIMYHHE M [0 3HAKY, T. €. Yrnosolf Koa(umuent nHopmamu Oyger

1
(—-—), I YpasHeHile HOPMaal MOXKHO HAMICATL Tak:
Yy

1 .
Y—y=———y,—(X—~x),

HAT

X —2)+y (¥ —p)=0. (29)

Hycts Al ects nexkoTtopas Touka kpusofi, T u N — TouKu nepece-
ueHns Kacareabtofi u HopMaan kpusofl B Touke M ¢ ocvio OX, Q—
OCHOBaHHe MePAeHIHKYAApa, ONYWEHHOro #3 ToukH M na ocs OX
(puc. 92). Ompesrkn QT u QN, aescamgue na ocu QX, Haswsawmcs
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nodkacamensnoil W nodHopmansid xpusoii 8 mouxke M, n orpeskam’
STHM COOTBETCTBYIOT ONPEAEAEHHHE YHCJIa, NOJOKHTENAbHHIE HAN OTpPH-
11aTeNbHBIE, CMOTPA NO HANPABJAEHUIO 3THX OTpe3koB Ha ocn OX. Haunwu
orpeskos MT u MN nassisaomes QAUHOK KacameasHoOl W OAUHOKW
Hopmaan Kpugoll 8 mouxe M, npudem amm- y
HHl 3TH MBI GyZE€M CYNTaTh BCErga MOJOXKH-
TeabHeIMH. AGcuucca Toukn Q na ocu OX
papita, oueBngHo, abcuuncce X TOwk M. M
Toukn T uw N cyTb TOUKH NepeceyeHis
KacaTenpHoft 1 HopMann ¢ ocklo OX, a no-
TOMY IJf onpejeneHus aGCLUHCC 3THX TOUEK

Hazo MOJOXHTb B YPaBHEHHH KacaTe/abHofl 7 »X
n HopMami Y=0 n nonyuenuse ypaBHe- N ) a 4
Hua paspemiuTs orHocureasHo X, Mul no- Puc, 92.

JyunM, TaKBM 00pa3oM, A1 aGCUHCCH TOUKH
T BHpaxeHne x—%), a ara  abcumccs  Toukm N — Bripaenpe

(x--yy"). Herpyaso Tenepnb onpesenutb BeAHUBHY no.zu(acareqbuoﬂ "
nonuopua.'m.

QT=0T—0Q=x v X Ik

QN=0ON—0Q=x-}yy —x=yy.

M3 npamoyronbuuix Ttpeyroasuukos MQT u MQN wmoxuno onpene-
AUTH TEnepp AJMHH KacaTeabHOH H HOpMamu:

mT M@ QT = u_J’___..y T,
=TT =) 74 G 4y TP
[N =V 1@+ QN’=Vy*’+y"‘y'*= iyl/l‘-l-y?’,

npudeM 3sHak () mamo BHOGHpaTe Tak, uroGHl BHIpaXenus B npasoil
YaCTH OKa3aMluch MOJOXKHATENLHBIMIL
Hanommu emwe ¢opMyay aas pamuyca kpusnsHs kpusoll [71]:

(30)

R=-+{ +yy")”= (32)

OGosnauasn aauny mopmann Gykeoio 7, noayunm n3 sropofl u3 dop-
mya (31):

n
Vityi= x5
m, noxcrasasa sto suavenne ) 1--y? b dopuyay (32), Gyseym nvers

eule CREAYIOULEEe BRIPAXKEHIE AAS Paguyca KpHBH3HLL:

R=z 1 (32,)
J’.V"
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ECJIH KpHBﬂfl 3aaana napamerpuqecxn
x=9(), y=4¢(),

TO NepBas U BTOpas MPOM3BOAHHE Yy U y” OT y MO X BHPAKALICR NO
Gopuyaam [74]

f_dy ¥ ()
Y EEaTEE
o _diyde—dixdy _ 0§ O—¢" OV O
=TT o [ OF : (33)

B wacrniocti, noacrapass sti Bepamenna B dopuyay (32), noayyum spi-
paxcenua pamnyca Kpususiibl B PacCMaTpiBaeMOM C/yuae:

R (O HDDE _  AFOP W OIS o ds gy
dlydx —d*x dy (O () — 9" (1) ¥(t) da

rae o ecrb yrod, oGpasyemettt Kacareassoft ¢ ocsio OX.
Ecau Kpnuaﬂ 3ajlana HesaBHO

F(x, y)=0,
o B cuay Gopuyas (25) noayuny cienyiomee ypasuenne KacareabHoll
Fi (%, y) (N — %)+ Fy (%, 3) (¥ —3)=0. (39)

78. Uenuas AuHHA. Llennoit tuniuell 1336IBaCTCA KpHBan, KOTOPan npi CoOT-
BETCTBYIOULCM BHLIGOPE KOOPANHATHLIX OCEfl JIMCET ypasHenuc:

=3(F e e

Kpunsaa sra pmact Qopuy pasuosecns Taweaoff HHTI, noaberuchiofi 3a jasa
xonua. Ee nerpyano nocrpoiurh no npasiiiaM, yKasaunwM B [73], H BHI ce yKa-
3an na puc. 93. OnpescauM NCPBYIO M BTOPYIO NPOU3BOAHHMC OT Yt

17 = _x 17 = X y
y=p(er=eTe) yrmgletre 7)==

(.5 ﬁ)“’
e —¢ ¢

1—*—_\7'2:1 -—*————4—————:

OTKYyAa

el A A
_dte®—24e ”_(e“+e “) _»

k] t a-

TloactaBass 310 phipawenue (1-4-y'#) Bo Bropywo n3 gopuya (31), noayuus
L Aadiel HOPMAMI KpuBoit

2
llzlva—,
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U NOJCTaBAAA BHpaxccuue a1a 2 4 9" B gopmyay (32,), moayuny

T. €. paduyc Kpusu3nul HenHod Aunuu pasen o.aune nopsaar MN. Tpy x =0

OpAMHATA ¥ 1enHOll JMHHI NPIHIMAET HaMeHbIUeC 3HAYeHHEe Y==a, 1l COOTBCT-

CTBYylOman Touka A KpnBoil Ha3LBACTCH ce 8ep-

UIUHOI0. - y
Ha puc. 93 yra3zaun eme HeKoTophe BCno-

MOraTeabHBIC INHI, KOTOPHE HAM TOHANOGATCS

srocaeacrsun. flpin 3amene v Ha (— x) ypasie-

Hie uenHoft auuu He Mensercs, T. €. ock OY

CCTh OCb CHMMETDHI uenuoft anumnm.

79, Huxnounpa. BooGpasum kpyr patuyca
a, KOTOPHIl KaTHTCA Ge3 CKOJbXERIA N0 Helo-
ABIKHOIT npaAmofl. Teomerpnueckoe Mecro, omi-
caHHoe NMpH TaKOM ABINEHHI HEeKOTOpoil ToyKoft
M OKpYIKHOCTH KDYra, HasnBaeTCA YUKA0UOOL. - 0
TIpnMeM mpAMYIO, MO KOTOPOH KaTHTCA KPYT,
3a ock OX; 3a HaYal0 KOODXIHAT NpiMEM Ha- Puc. 93.
YyaJIbHOC IIOJOXEHHE TOukH M, Koraa OKpyiK- :
HOCTh Kacaerca B Heft ocn OX, 11 uepe3 £ 0603HAYUNM YIoad NOBOPOTA OKPYKHO-
ctin. O6o3Haynm pazee: vyeped C— LEHTP OKPYKHOCTH, yeped N — TOUKY Kaca-
HHSL OKPYKIOCTH B €f HCKOTOPOM Mol10keHnn ¢ ocbio OX, uepes Q — ocHoBanne

Puc. 94.

nepnenanKkyanpa, onymenoro n3 troukn M Ha ocs OX, n uepe3 R— ocnoBanmne
nepnenanKyapa, onymennoro 3 roukn M Ha auamerp NN, oxpyxHocTn (puc. 94).
MpuniMas Bo BuUManye, YT0 BBHAY OTCYTCTBHA CKOJbMEHHA

ON=nyre NM=at,
MoWeM BbIPAa3NTh KOODIANNATH Toykn M, onncwBaiomieil mukaionny, vepes napa-
Metp t= / NCAM:
x=00=ON—QN=at—asint=a(t—sin¢),
y=QM=NC—RC=a—acost=a(l —cost).
STO H jaer nHaM napa!\lel‘pnl{CC}(oe npe.ZICTaB.‘lelme UUKJIOHADL.
3aMeTnM npexje BCero, uT0 NOCTaTOYHO PACCMOTPETh M3MEHEHHe ¢ B mpo-

mexytke (0, 2m), KOTOPHIl COOTBETCTBYeT NMOMHOMY ofopory okpyxhnocTi. [Tocae
9TOT0 NoJHOro 0Gopora toyka A onare cosnamaer ¢ Toukoii kacauna O' OKpyx-

noctn u ocu OX, 1o TOAbKO NepeiBuHeTCA Ha oTpe3ok OO =2ma. Yacrts kpu-
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BOif, KOTOpas MNOJYYHICA UPH JaibHefimieM ABHKCHIY, OYACT TOMXAECTBCHHA
¢ pyroft 00" M 1OJIYYHTCH, CCIH MH NepeHeceM 3Ty JYTy Ha oTpe3oxk 2n@ BIPABo,
11 7. J. Buyncaum teneps nepsne I BTOpHE 1POH3BOIHLE OT X M ¥ HO £:

. d -
%:;’(t):a(l-—cost), =¥ ()=asnt,
: R (36)
2 4o d-
%%::p" (t)y=asint, Et%:x{/’ (t)=uacost.
Yraopoit Kospduunent kacateavnofl B ciay nepsoil 3 dopmya (33) 6yaer:
2sin —tco t
. asint 2 s?_ﬂ t
Y =a(=wst) L.t &g
25m-—2—

dopmyaa s1a NPHBOIMT K NPOCTOMY Cnoco0y NOCTpOCHNA KacaTeabHoil k
unkaonae, Cocaunsm Touky N; ¢ Toykoit M kpusoil. Yroa MN,N ectb bhi-
canublii yrol, onmnpamowmmiics na ayry NM=t, u, ciciosareanho, on pascit

%, W3 npavoyroavtoro tpeyroavunka RAN, noayuns (puc. 94):

£ RMN, =§—

IOI -~

s t t
, g L RMN,=1g <?—~—2—)= ctg~2—.

Cpasnusas 370 BLIDIKCHIC C BHPAKCHHEM 13a ¥, BugiM, uto npasas MN,
I eCTb Kacateanlas K LUKIOHIAE, TO CCTb:

Ymo0s nocmpouimy KacameapHyio ¥ yuk.aoude 8 ee moyxe M, docmamouno
coeQurump my mMouKy ¢ KoHyom N, mozo Quasempa kamsauwezocs Kpyza, opy-
200 KoOHey KOMOPOR0 HAXOOUMCS 8 MOYKe Kacawus oxpyycnocmu 1 ocu OX.

Hpavaa MN, coeamunoman 1oyky M ¢ ApyruM KOHIOM TOILKO YTO ynoMsa-
HYTOrO nHaMeTpa, MeplieHRUKYaspHa k npsasoit AN, tak xak yroax NAMN
ONHpAeTCst 1A JHaMCTP, I Mbl MOMCM JI03TOMY YIBEDKAATb, yTO Npamas MN
ecms Hopmaae K yuxaoude. Nanna nopmaiu n= AN onpegeanrtca nemocpel-
CTBCHHO U3 IPAMOYTOabHOIo Tpeyroabuuxa NyMAN:

A 4
tl—2asm7.

PaauyC KpHBH3HH UHKIOHAB MNOIYYHM, NOIb3YACL (opmyioit (34) 1t BuLipa-
wenHaMn (36): :
[a® (1 —cos £)* 4 a2 sin? ¢]*/2 a(2—2cos t)*/2

= i =

cost—1

R=+ — -
—acost-a(l —cost)—asint -asin¢

=a.22 (1 — cos £)/2= dasin é

B nocaentienm BHDAKCHBH MH OCTAaBIACM JHUIb 3HAK (+), TdK Kak Aaa
nepnoli BCIBI RUKIONAL ¢ JakaiodacTca b npomexyike (0, 2z), u sin T He Moxer
6uTL BEaNYIOL OTPHUATCALUOIL

CpaBunBan 370 BupaxieHHE C BbipameiHeM AJA NAHHH HOpMAaan n, 6yaem
nMeTb R=2n, T. ¢. paduyc KPUSUIHb LUKAOUOH paser YO60eHHOI O.tuHe HOp-

Maau (MC, na puc. 94).
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afg ONHCHIBAa1a UHKJIONAY, JEXKa’Ta HE HA OKPYXK-

HOCTH Kpyra, a BHYTPH HIH BHe ee, TO NpIH KaueRHH KPyra oHa omicaia Gur
KPHBY10, KOTOpas COOTBETCTBEHHO HAa3bIBAaeTCA YKOPO4eHHOU NN Y0AUHEHHOR

fukaoudoii (MHorna o6e 9TH KpH-
BHE HA3HBAT mMpoxoudod).

Hasosem wuepe3 & paccros-
ane CM Ttouxn M oT mentpa
Karamerocs xpyra. Ocraibnue
o603HaueHNA OCTaBHM Te e,
Pa36epem cHauaia cayvali k<< a,
T. €. TOT CIy4ail, Korja rouka M
MaXOJHTCA BHYTPH Kpyra (puc.
95). Hemocpencteenno n3 yepre-
%a nmeem:

X=_.TQ=-(_)TV—Q-—N?_
=at—hsint, y=QM=
=NC — RC=a—hcost.
B cayvae h>a ypasHenna

OYRyT Te %e, HO XpHUBasA NMpHMET
BHI, YKa3anHuit Ha puc. 96.

Pirc. 95.

Puc. 96.

80, SnBuMKAOHRBL H rHnonuKkIonAbl. Ecan kpyr, ¢ OKpyXHOCTBIO KOTOPOro

cBa3aHa Toyka MM, katHICA He

Puc. 97.

BBHIly TOro, 4710 KayeHue O
Hanucarb

T. €.

bt =ay,

13 yeptexa nenocpelcTseHHo H

no npaMoit OX, a Mo HeKOTOPOl HEeNOABHXHOIL
OKPYXHOCTH, TO NOJIYYyaTcsl ABA OGUIMPHHX Kiac-
Ca KpHBBIX! Inuyuxkaoudw, ecaH Karammiics
KPYT Pacroiomen 6He HENOABHXHOTO; 2UNOLUK-
£20u0bt, €CIi KaTAWN{CA KPYT PacmoloXeH 8uy-
mpu HeNmoNBHXHOrO,

BuiBenem ypasuenne anuguwsoud. IMome-
CTHM HAayalo KOOPAHNAT B MOEHTP HEMOHBHK-
Horo Kpyra; ocb OX Hangasxm no npasofi, co-
ennuaomeli stor nentp O ¢ toukofl K xoropas
ABIAETCA HAYAJIbHEIM MOJTOXEHHeM Toukd A,
Korga o6e OKPYWHOCTH Kacaauch APYr Apyra B
stoit Touke. O6o3HayuM 6ykBolo @ painyc Kara-
mweftcs OKPYXHOCTH, Yepe3 b — pajiyC HEMOABINK-
HOf! OXPYXHOCTH If MpHMEM 32 napaMertp ¢ yrod,
o6pasyemuit ¢ ocklo OX paanycom ON Henoa-
BIHO{1 OKPYHHOCTH, NPOBEAEHHBIM B TOUKY Kaca~
HIIA OKPYXHOCTe(l, KOrJ1a NOABHXHAA OKPYKHOCTD
nosepHy1ace Ha yroa o=/ NCM (puc. 97).
KPYXHOCTH NMPOHCXOAUT 6€3 CKOIbXEHHA, MOXeM

ayra KN==nayre NM,

bt
p=—

a

axonanm

x=0Q=0L+LQ=0Ccos /. KOC —CMcos / SMC =

= {(a-{-b)cost—acos

y:W:Zé—EE:O-C-SiH A KOC——CT\Tsin ASAMC=

= (a+b)sint —asin

a-tb

a

(t4-9)=(a-b) cost—acos L,

P 3D
a-tb
a

L.

(¢ 9)=(a-tb)sint—asin
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I{puBan COCTOMT N3 psAa OANMAKOBBIX 1)yr, KakKas H3 KOTOPHX COOTBCT-
CTBYCT HOMIOMY 0GOpOTYy MOABIANOIG KPyra, T. €. YREIHYEHHIO yraa ¢ ua 2,

2ax
a yeaa £ ma —=, Tagus 06pasod, KOMIUH STHX Ry COOTBETCTBYIOT 3HaucHHAM

_ o 28m  4a= 2paw
t=0, B Byt T p e

Han T0r0 yTOGH KOMHa-HHOYXb MBI IPIWAN B HayaiLHYID TOMKY Kphusoi K,
HCOGXORNMO 1l IOCTATOYHO, YTOOL ORUH I3 3THX KOHUOB cosuail ¢ K, T. ¢. y106n
CYMICCTBOBAAN UCABIE YHCAAZ p I ¢, YIOBICTBOPAIOWIC YCIOBHIO

b

HGo Touke K COOTBCTCTBYCT HEKOTOPOE YNHCIO NOJIHBIX 0GOPOTOB O0K010 Toykit O.
[peasiiyuwee ycaosie moxer GLITb HANICAHO Tak:

=z,

Takie uticaa p 1 ¢ GVAYT CYUWLCCTBOBATL TOr1a W TOJLKO TOTAQ, Korjia @ m b —
< a
OTpC3KH, COUIMCPHMIC MCWKAY €OGOI0; B NPOTHBHOM KC Ciyyac OTHOUICHHE -

CCTL YICIO HPPANUCHAILIIOC H HE MOMKET Cic-
JGTLCS PABHLIM OTHOUICHHIO ABYX UCAHX vylice:nd
Orcloaa cacjayer, 4To 3NHUNKIONAA NpCX-
CTABASCT 3AaMKHYTYI0 KPHBYIO TOria M 101bLKO
TOrAa, Koria palnycsl DOABIIKLOLO M lelQ-
JABHAIOTO KPYTOB CON3MCPHMH, B HPOTHBHOM
We ClIyyae KpHBan 3Ta HE3AMKHYTaA M, BHii-
X a8 13 Toukw K, B Hee HHROrga Goabme ne
BO3BPATHTICH.

Puc. 9S. 310 3aMmevanne OTHOCIUICA H K 2uUnogurx-
acudam (pic. 93), ypasuelHe KOTOPHX MOXET

6uTb HOTYYEHO M3 YPaBHCHHA 3LNUNKIONI NPOCTO0 3aMenoit @ ma (—a):

_at'

x=(b—a)cos ¢+ acos b
39

L.

y=(b—a)sint —asin

OrMeriiM HekoTophie yacTHble cayyail [loaoxny, Y10 B Cayyac snnUBKIOHAN
=a, T. €. PaAHYCH HCNOIBIIAKNOro 1 NOIBIKIOCO KPYros pasHbl. Mbl noayyns
B 3TOM Cayyac KPHBYIO, cocToawmyio 113 oanoit sersir (puc. 99), u, noacrasus
B ypasucuna (37) b=a, noayuns ypasHChHlA 3TOil KpHBOiL
x=2acost—acos 2,

y=2asin t —asin 2.

Kpueaa sta nasmBaerca Kapououdoi. -
Oupeneanym paccrosnie r Toyck AM(x, y) 37o0it Kpusoit 10 TouxkH K, nMmeio-
mett koopaunary (a, 0), & 111 aroro npuseleM k 6olce yao6uoMy BIAY BLipa-
wenus aaa (xX—a) u .
x—a=2acos t— a(cos® { — sin?¢) —a=2acos ¢ — 2acos’t =2acost (1 —cos¢),
y=2asin t —2asin t cos{ = 2asin ¢ (1 —cos ¢),
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OTKyNa
=lKM|=V{x—af ty=
=7V da*cos*t (1 —cos t)® 4 4a® sin® t (I —cos £)* ==2a (1 —cost).

Pasnocte (¥ —a) 1 y cy1b npockuun orpeska KM na ocn OX n OY, no
H3 HaNHCalHHIX BHUIE BHPaxeHnii BUANO, YTO (X —a) H y paBHH Npoli3celeHiio
IJanHb otpe3ka KAl cootperctBenno na cosf 1 sinf, MW ML MOXeEM [O3TOMY
YTBEPXaTh, 4To OTPe30K KA 06Gpa3ver yrod £ € MOJOXNTEALHHIM HANPaBICHHCH
ocit OX, 7. e. napaxiacaen paanycy ON.
——_ A~ PesyabTaT 3TOT GyNET ATA MAC Baxcn
¢ ’ B NaiphefiieM npl BWBOJC APaBIIA
NOCTPOCHIA KacaTeabHOll K Kapanomjie.

y

Puc. 99. ’ Puc. 100,

Beenem yro1 86==—¢, o6pasopannmil oTpeskom KM ¢ orpHnareibnum
nanpasaennem ocn OX. Jaa r My noayunm toraa

r=2a(l +cosb).

YpaBHeHle 3T0 ABIACTCA ypaBHeHIeM KapAHOMAN B NOIAPHHX KOOPANHATAYX,
H M Goxee MOAPOGHO HCCICAYEM 3TY KPHBYW, KOrla GyaeMm roBOPHTb O 1oIsp-
HHX KOOPAHHATaX.

OTMeTHM Tenepn HEKOTOPHE YaCTHble Cayyan runomnkionn. foaaraa s ypas-
nennsax (38) & =2a, noayuus

x=2acost=bcost, y=0,

>

T. €. €CI pagnyC HemoABIBKHOrLO KPYra BABOC 60abuiC paalyca MOIABIMXHOTO
Kpyra, T0 T0uka M ABHraerca mo juraMeTpy HCMOIBHNHOrO Xpyra.

[Toxoxcum tenepn, uto b=4a. B 310M cayyae runomukionaa 6yner cocroab
n3 yernipex perseit (puc. 100), i B 3T0M yacTHOM cayyae oHa Ha3HBaeTCs acmpg-
udoii. Ypasneuus (38) npn b=4a maayr nau

x=3acost -} acos 3f = 3acos £ -}- a (4 cos® £ — 3 cos t) = 4acas® £ = b cos® ¢,
y=3asint-—asin3t=3asin¢—a(3sin ¢t —4sin*¢) =4asin®t =bsin3¢.
Bossens ‘o6e¢ wacti ypasHenmit B cTemenb %/; §l CKIagbBan NOYICHNO MOIY-

YCHHBIC YDPaBHeHHs, HCKIOYHM napaMeTp £ # NOIYyYHM YypasHeHHE acTPOIbI
B HeaBHOIl dopme

xs +y3 =p*h,
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81. Passeptika kpyra. Passepmroll Kpyza Ha3biBaeTcA KPHBAA, KOTOPYIO
omicuiBact Konewt A rubxoft HnTi, MOCTENEHHO CMATBIBAIOWICHICA € HENOBHMKIION
OKpYXHOCTY palsyca g, H IDHTOM TaK, YTO B Touke K, rjc HHTbL OTAeaAeTCH OT
OKPY®HOCTH, OHa OCTACTCH KacaTeabHoil K okpyxuoct (puc. 101).

Ipunab 3a 1apamMerp yroa £, o6pasyeMblil C 11010KHTCIBHEIM HaNpaBieHieM
ocii OX pamnycoM, NpOBCACHHEIM B TOUKY K, I NpPHHHMAaA BO BHHMaHHe, YTO
KM =nyre AK=at, noayuns ypasucuue
pa3BepTKH  Kpyra B  napaMmMerpHuyeckofi
¢opme:

X = ipyyOM =np,xOK + npox KM=

=acost - atsint,

y= HPOY_O—M: npoym‘{-l- Ilpoy—[m =
=asin t —atcost,

Onpenecany, noan3ysich nepsoil 13
dopuya (33), yraosoit kodpPHUHCHT Ka-

catcabHoiL:
s _acost-—acost-{-afsint —tot
Puc. 101, y= —asinttasint-Fatcost g

Yraoeoit xo3¢punucuar HopMaMI K passeprie kpyra Gyder, CICI0BATCALIO,
pasen

oTKyjaa BuIHo, yTo npavas MK u 6yiet nopmainio K passeprke kpyra. Cooii-
CTBO 3TO, KaK MM YBHAHM BIIOCICACTBHH, HMCCT MCCTO N JIH Pa3sBCPTOK TIOOLIX
KpHBLIX.

82. Kpusbie B nonspuelx kKoopauuarax. Ilonowxenue touxu A na
miaockoctin (pic. 102) onpeseasercs B noaapusx rkoopduxamax: 1) ee
paccTosuueM - r or nexoropolt aamuoft Touku Q (roawoc) n 2) yraox 6,
Kotopuil  o0pasyer nanpasicHue
orpeska OM c mauumM  Hanpasie-

uneM (L) (noaspras ocs). Hacto M
e )
. M ‘(// :y
-(L) o = {t)
Pnc. 102. Puic. 103.

MasHLBAOT  — paduycos-8eKmopors n 00— noagpuus  yeaosn. Ecan
npulATL nojspuyio ocs 3a OX, a nomoc —3a 1ayajJo KOOpAMAT, TO
nyeey, ouesnauo (puc. 103):

x=rcos0, y=rsin0. (39)

Llamlomy NMOJMOKEeHHI0 TOYKH M COOTBETCTBYET OAHO oOnpeaeacHIoe
HOMOKHTEALHOE 3Hauense r n GeculcienHoe MHOXecTBO 3nauenuti 0,
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KOTOPHE OTJAMYAIOTCS CAaraeMeiM, kpatuuiM 27 Ecan M cosmamaer ¢ O,
10 r=0 n 0 coBepuUIEHHO HEONpeaeJeHHO.

Beskas  Qynkuuonanbiias 3aBHCHMOCTb BHAa r==f(8) (aBuan) nan
F(r, 0)=0 (uespnan) umeer B noaspHoil ClcTeMe KOOpAmHar CBOH rpa-
¢uk. Yame npuxoanTcs uMETb N€10 C SBHBIM YpaBHeHneM

r=f@®). (40)

B nambnefimmes Mp GyzeM paccMarTpuBaTh He TOJBKO MOJOXHTENbHEIE,
HO H OTPHUATEJBHHE SHAUEHHA r, MPHUYEM €CAIl IIEKOTOPOMY 3HaueHuio 0
COOTBETCTBYET OTPHLATENLHOE 3Hauelne r, TO YCJAOBUMCA OTKJaAHBATb
3TO 3HayeHue r B Hampap/eHHH, NpsMo Npo- .

THBOMNO.IOXKHOM TOMY HanpasJennto, koropoe Y
onpenenserca 3smuauelnem 6.

Cunrtas, uro Ha HeKoTopoil samanuoll
Kpusoft r ectb ¢ynxuns 6, MB BHANM, YTO
ypapHenns (39) npeacrasasior coGofl napa-
MeTpnyeckylo GopMy ypasHenust sToft Kpu-
Bofi, DpHYEM X I y 3aBUCAT OT NapaMer-
pa 6 Kak HemocpeaCTBEHHO, TaK W yepea no- 0|
cpexcTeo r. Mpl MOXEM MO3ITOMY nmpHJIarars Puc. 104.

B jgaunoM cayuae copuyas (33) u (34)

[77]. OGo3uauas uepes a yroa, cocrasaennnit kacareasiofi ¢ ocsio OX,
GyaeM mMeTh, npuMenss nepeyio u3 ¢opmya (33),

r'sin 64-rcos 8

TcosO—rsind’

tga=y'=

rae yepes r’ Mn oGo3HauaeM NPOH3BOLHYIO OT r no 6.

Beesem emie B pacCMOTpEHHE Yroa . MEXAy MNONOXKHTEIbHHMH Ha-
NpaBJEHIAME pajuyca-BeKTOpa M KacatenbHoft K kpusoft (puc. 104). Mm
nmeeM: '

p=a—79,
4, CJeA0BATENLHO,
cos pp == cos a cos 8- sin a sin 6,

sin p.== sin a cos 8 — cos a sin 6.

Inddepennnpys pasencrsa (39) no s 1 NpHHNMAA BO BHHMAHHE, UTO
dx d .
& n -‘—i{- COOTBETCTBEHHO PaBHH C€OS a H Sin &, NOJAYYHM

dr N .o dr do
cos a== cos 8 = —r sin 6 sma_smﬂ—‘g—}-rcosBFS-.

1

Iloncrasaas 3TH BHPaKeHNs COS & H Sin & B HamiiCaHHbIE BHIUIE BHpPa-
WEHUA AAA cosp M sinp, OyzeM HMeTsh
. rdo

cos p.=5—§, sin p=—7 (41)

7 B. H. Cuppnos, T, I-
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Y, CJA€NOBATCALHO,

rdb r r
tgp:-—dr—-=-‘—i—r—=7. (4]1)
dy

U3 (39) caeayer
dx = cos Odr — r sin 6.d9,
dy= sin bdr-+r cos Bdf,
a noromy :
ds ="V {dx) 1+ (&) =V @dr}+F r* @)}, (42)

u paBenciso a==p -0 maer Ham, ecau M DPasAeTNM YHCAHTENb U 8Ha-
Menatean na df:

Remols _ lr) 1t @' _ . (e

e du-{-db dp °
1475
s dopuyau xe (41;) nyecem
_ ro dw 1 rt—r" __r*—rr"
i p._arctg?, dv | (,-)2' rt T rigri
A

rac ' w r” —upon3BOAilble INEPBOLO U BTOPOro nopsaka or r no 0.
IloacTapiss HoOAyveHHBlE BHpamenus NPOH3BORUHX B NMPEALIAYULYio (op-
Myay, OydeM HMeTh A4 Paguyca KpHBH3ibL

L (r*4- ,.:3)3/2
R=:= o “3)

§3. Cnupaan, PasGepem 1pu BHia cnnpaaeil:

cnypaab Apxmyeaa: r=ab,
»  runepboanyeckyio: ré=a @>0; b>0),
,  aorapudsuucckyio: r==bed%,

Cnupaas Apxuseda uvecr Bua, usobpamennuit ma puc. 103, npivenm
DYNKTHP COOTBCTCTBYET YacTH kpuBoit npu 0 <<0. OrpHnareabiuy 3naucHuim 0
COOTBCTCTBYIOT M OTpHuaTeJblible 3HayCuiia r, X 11310 OTKJIAIuBath B Hanpas-
:.cnnu,o IIPOTHROIIOIOKHOM TOMY HANPaBJIenio, KOTOPOC ONPCACIACTCH 3naye-
nuen 0.

Beskuit paainyc-scktop BCTpeuacr kpneylo OecuiiCiensoe MHOKCCTBO Pas,
DPHUCM PACCTOsIHME MOEKAY KanIAWIMIU JBYMA 110CICAOBATCILHBIMI TOYKaMI licpe-
CCYCHHS €CThb BCINYMHA IOCTOAHHAA, PaBHAaA 2ax. JT0 BHIHO U3 TOrO, YIO Ha-
upasjIenHe Ppainyca-BCKTOPA, COOTBCICTBYOU(EC HEKOTOPOMY HaHHOMY 31:aye-
nmo 8, He Mensercs, ccan k 8§ npubasury 2z, 4, .. LINHA Ke F, ONPCACIIEMAA
N3 ypashcuns r=af, 6yxer noayuars npupawmchia 2aw, 4a=, ...

unepboanieckan cnupaas nsobpaxena ua puc. 105. Hpeanoxaras 0> 0,
neeacayes, 4ré6 6yict NPONCXOAMIL ¢ KPHBOI, Koria 0 CTpeMuIci K mymo,
Ypasucone

r—
-0
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moka3biBaeT, YTO r GylAeT CTPeMHTBCA NpH 9TOM K GeckoHeunocri. BosbMem
HexoTopylo TOYKY M Ha KpHBOfi NpI ROCTaTOYHO ManzoM 3HaveHuH 0 H OMYCTHM
nepnenankysap MQ na noaspuyio ocs X. W3 npamoyroastioro 1peyroastnka MOQ
noayunm (puc. 106):

QM= rsing =200
a npn cTpemuennn 0 K HyTo
lim OM=1im a 322 =4
00 00 0

WUrak, paccrosnne mexay Touxkofi M xpusoft I moaapHofl ocklo, NpH CTpeM-
fennn 0 K Hy€0, CTPEMHTCH K @, 1 KpuBas 6yier uMerb acumnrtory LK, mapaa-
7eJpHYI0 MOTAPHOIL OCH It MPOBCICHHYIO Ha PACCTOAHNH @ OT Hee.

L 7 K

Puc. 105, Puc. 106.

Hanee, BHauM, yTo r He OGPANIACTCA B HVAb HU MPU KAKHK KOHCUHBIX 3Ha-
yenuax 0, a TOABKO cTpeMHTCA K NYJw0, Koraa O crpeMurca K 6eCKOHEUHOCTH.
Kpusan Gyner nosromy Gecnpesmeibio npuéamxatsesa K moaocy O, 3aKkpyunsanch
oKon0 IHero, Ho Nixoria e npoifiger yeped O B IPOTHBONOIOKNOCTD CIHPATN
Apxnmena. Takas Toyka HasmBaercs, Boobure,
acuxnnmomuyeckoii mo4xoii Kxpusoil.

Jozapudpmuuveckan cnupaas n3obpamena Ha
puc. 107.

Mpu 6 =0, r=2>0 u npn crpemaennn 0 x ( -+ co)
i r crpemnres K (-}-00), a npu crpemienmt 8 x
(—oo) r crpemurca k Hyao, HuKoria hne oGpa-
manch B nyab. B paccmatpusaemoym cayyac

1

r
'—ga eaﬂ oot —_
r b gp’ rl a’

T. €. paduyc-gexmop 00pasyem ¢ KacameavHoi r
202apUPMULECKOT CNUPAAL NOCMOKHHNI Y2042 (. Pnc. 107. .

84, Yautkn n xaparoupa. floctpony xpyr na anametrpe OA=2a (puc. 108);
n3 T1oukn O, aewamiell Ha OKPYXHOCTH, 6yacM NPOBOANTL PaXNyCH-BEKTOPW H
HA KaXBOM H3 HHX GyAeM OTKI3AHWBaTh NOCTOARHYIO AAMHY A== DM or TouKn
nepecevenna D sroit npamoit ¢ oxpyxkHocThlo. [eomerpiucckoe mecto Touek M
Ha3WBaETCA BOOGUIE YAUMKOIO. .
3ameyasn, uto

OD==2acosd n OM=r,

HAaxXOOHM ypasHeERIe YIHTKH
r=2acos 04 h,

7.



196 TJL 11, TIOHATHE O NIPOH3BOAHON H ETO NMPHJIOKEHHSA | 84

Ecan h>>2a, 10 ypaBHeHHE 3TO JaeT AJA r TOILKO MOJOKHTEILHBIC 3Ha-
UeHHs, H COOTBETCTBYIOW{ad KpuBan uzobpamcHa na puc. 109, Ecau h<< 24, 10 1
6ymer NpHHHMAaThb H OTpHUATE]bHBIE 3HAaYe-
HHs, KpHBag iMeeT BHA, H300pameHHMl
Ha puc. 110. B toyke O kpuBas nepecexkaert

Puc. 108, Puc. 109,

cavoe ce6a. Hakonen, npu 2==2a ypaBHeHHE YINTKH Gyaer
- " r=2a(l 4 cosb),

‘1. e. B 9TOM CIyyae yIHTKA MPEICTaBaACT C06010 Kapduoudy (80], KOTOPas TOALKO |

HHaye pacnoloxena, uyeM B [80]
(pic. 111). 3nayennmo == O6yicer
coorBercTBoBath r=2~0, 1. ¢. KpiBaa
npoiizer yepes 1o4ry O.

Puc. 110. Puc. 111,

OnpeleinM nEpBY10 H BTOPYI NPOH3BOAHRHE OT r no 0:
r'=—2asinf, r’'=—2acosh.
Buyncany tgp:

_r _2a(l-+cost)
Br= = o

-+

1) a

)

p=T 4 (44)

Kak 6h10 moka3ano pamsme [80], KapamoHay MomHO ceGe MpPeICTaBHTbh KakK
KpUBYI0, OMICAaHHYI0 TOYKOIH KpYyTa, KaTAuleroCa IO yNOMAHYTOMY Bhillle Kpyry

=-—C1g7g-=tg(\

’ lch:

TO0 €CTh
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c nmnamerpoM OA=2a, npHueM XHAMETP KAaTAWETOCA KPyra PaBeH AHAMETpy
HemogsukHoro xpyra. [lycts C— HeHTp HemoABHkHOro xpyra, M— Hexoropas
TOYKa Kapamouas, N —TouyKa KacaHHA KaTsUIErocs Kpyra B ero MOJOXeEHHH,
COOTBETCTBYIOUlEM 3TOfl TOYKe, C HEMOABIDKHHM KpyroM, W NN;— xuamerp no-
apmxnoro xpyra (puc. 111), Bume [80] mbt Bunenn, uro npamwme OM u CNy —
napazreastst 1), 1. e. yrot ACN=10 n, ciexosareinHo,

ayra NM=nayre ON==—0,

Yroa MN,N, xax Bmicaunnsit, omipawomuiica Ha Ayry NM, pasen %— —g—,

1, HakoHel, yroa, o6pasoBannuit HanpasieunasMn OM n NiM, pasen

b i} T 0
—(F—g)=5tg=w

oTKyna BHAHO, yTOo N,M n ecrs xacareabnan k kapanonie B Touke M. Mu noay-
yaeM, TakHM o0pa3oM, CIeAYIoIlee NpPasilio:

Umobst nocmpoums racameasHyio K rxapduoude 8 ee mouke M, docma-
MOYHO cOoeQuHumb 3my mo4Ky ¢ KOHyox N, moz0 Ouarmempa xamswezocs
Kpyza, Opy20il KoHey KOmMOpOZO HAXO0UMCS 8 moOYKe KACAHUST KAmMAwe20cs
Kpy2a ¢ HenoOBUICHH AL, HOpMAAs npolidem no npssoid MN.

BoiBegeHHoe BbIIE MPaBHIO MOCTPOEHHA KacaTeIbHON! K Kapauonae noay-
yaeTca NpOCTO 113 KHHeMaTHuecKHx cooGpawxenuit. Masectno, uto BooGuie xeinxe-
Hile Hen3MeHaAeMOli ClCTeMbl Ha IIOCKOCTH B KawAblii MaHHHI MOMEHT CBONHTCA
K BPALIeHHI0 BOKPYT HEMOABINKHOMN TOUKN (MFHOBEHHOrO ICHTpA), NpHyeMm, Boobite
roBOpf, NMOJOXEHHE 3TOH TOYKH MeHAeTCA C TedeHHeM Bpemenn. B caywae xave-
H1f, YKa3aHnHoro Ha pic. 111, MrHOBeHHLI IlEHTp ecTh TOUKA CONMpHKOCHOBeHHA N
KaTAUErocst KPyra ¢ HEMOABINKHBIM, I, C:I€IOBATEIbHO, CKOPOCTH ABIXYuLefica
ToukH M, HanpaBlenHasm M0 KacaTelsHOIl K Kapamoule, NepHeHINKyJIspHa
x ayuy NM, 1. e. 3TOT ayy ecTb HOpMaab K KapiHoMie, a MepNenaUKyIapHas
kK Hemy npaman N, M —kacarteapnaa x kapamonge. M3 atnx coo6paxenuti cae-
AyeT, YyTO NpuBeIeHHOE NpaBII0 MOCTPOEHHA KacaTelbHOfi rofnrcs, sooGuie, JL1a
KDHBHIX, ONICAHHEIX HEKOTOPOIl TOUKON OKPYXHOCTH, KaTaAeficsn Ge3 CKOAbXKeHNs
o HemoaBikHOI Kpusoil.

85. OBanp1 Kaccunn u gemuuckara. Osaavt Kaccurit noyyaorcs Kak reo-
MeTpHYECKoe MECTO Touek M, A1 KOTOpPHIX NMpoH3BefeHlle pacCToanmil OT ABYX
JaHHbLIX Touek Fy 1t Fy €CTh BeIHUNHA MOCTOAHHAA:

FM-FM=0.

O6osnauny aamiy F,F, uepes 2o, HaNpaBUM MOJAPHYIO OCh Mo AMHMN F,F,
i nmoawc O MOMECTHM B cepeinHe otpe3ka f;F.. W3 tpeyroabunxos OMF; n
OMF, (puc. 112) naxoniim

FiM*=rt4a®+4 2arcos 0, FoM?=r®-a®—2arcos®.

[MopcTaBasas 9TH BHpaMeHHs B ypasHeHHe 0BajoB M BO3BOXA ero ofe yacrn
B KBaNpaT, MOIYYHM MOCIE 31EMEHTapHHIX Npeo6pasoBaHmil

rt—2ae%r¥cos 20 -}- a* — p* =0,
OTKYyIa

ré=a%cos 20 = ¥ a*cos® 20 — (a* — &%).

') B [80] s1u xse mpambie 6ot KM u ON, (puc. 99).
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Cayuyau, coorserciylomme a®><<b® u a®>b% H3o6pawenn Ha puc. 112,
NpHyeM BTOPOMY CIyyal0 COOTBETCTBYeT KpHBas, COCTOSLLAA H3 ABYX OTACIABHbIX
3aMKHYTHIX KpHBHX. Mst paccmorpnMm 6oace noxpoGHO ailIb TOT BAXHRIL CIy-
uaji, koraa a*=»5b2 CooTBeTCIByIOI{an KDHBAA HAWBACTCA A2EMHUCKAmMOi, H CC
YpasHenne Gyaecr

r*=2a%cos 20.

YpaBHeHHe 3T0 JacT BellecTBeHHbe 3MaYCHIA LId 7, TOIbKO KOraa cos 20 =0,
T. €. KOFja 0 Jexur B OAHOM N3 MPOMEKYTKOB

0.3), (5 ), (& )

ﬂpll‘lc.\l r o6pamaerca B HY1b NpH
0 — = 3= 5= T=
~7%r g 4 g

Herpyaino Ha ocHoBaHHH 3THX COOGpacHu{l MOCTPONTH Kpusyio (puc. 113).

Puc. 112, Pune. 113.

B towxe O xpusas Gyier mepecexaTs camoe cefs, I NYBKTHPHLIC NpavLie
BpeiCTaBinoT 06010 KaCaTelbHEIC K ABYM BCTBAM KPHBOIT, NEPECEKIOWIMMCA
B touke O. Hupdepenunpys obe yacTi ypaBHCHIA JICMHHCKATH 10 0, NOayunM

© 2a%sin 20

2rr'=—4a*sin 28 1 r'= - s
oTKYZA
r re 2a?cos 26 - ®
== — 2@smz e =g (?"" 26)’
p= % -+ 26.

Tlepexoas OT MOJAPHEIX KOOPANHAT K NPAMOYToapHmM, N3 Qopuyan (39) nmeeM
’ . X : v
P=x?43?, cosl=~, sinf==<=,
r r
Vpasuesie 1eMHICKATH MOXKHO HANiCaTbh B BHAC
r*=2a%(cos® § —sin®0);

NOJCTaBas# NPCABAYULHE BhIPAXKEHIA, NOIYUNM YpaBileHIe IEMUHCKATH B NPAMO-
¥YFOJLHBIX KOOpAHHATax ’
e 1 e meXT—V? . . 2 .
Ayt 20—, . (X497t =ddt (xF—y*
Ty «d .\.'3—!—_)"” (X +4y) ( ),

OTKYJAa BHALO, 4YTO JE€MHHICKATA €CTb a.1re6pauqecxa;1 KpnBas 4YCTBEPIOro nopajka.




FJTABA I
MOHATUE OB UHTETPAJIE Y Er0 NPUJOXEHUSA

§ 8. OCHOBHBIE 3AJAYH HHTErPAJIbHOIO UCYHCIEHHSA
Y HEOMNPEAEJEHHBIA WHTEFPAJN

86. MNMousntHe 0 HeonpenesenHom muuTerpase. Omiofl H3 OCHOBHHKX
3anay anddepenunansHoro HCUHCACHIS ABASETCS 33fa4a HAXOXASHHA Npo-
uspoguoli uau anddepeminasa paunoft pyHxkunn.

Iepnoit ocnoBHoOH 3ajavuefi HHTErpasbHOrO  HCUNCACHHR  ABARETCA
obpatHas 3anaya — oTHCKanue QyHKUNN 1O 3ajanHoft ee npon3soauoi
it anddepesunany.

ITyctes pana npouspoanas

y=r)
dy=f(x)dx

nm guddepennnan

HEU3BeCTHON dynKUuu 3.

@ynryus F(X), useroman dannyio dynxyuno f(x) csoeii npoussod-
nafl nan f (x)dx csous dugpgbeperyuanont, Ha3sigaemes nep8oolbpasdHoil
dannoii dynryuu f(x).

Ecin, nanpuwep,

fx)=x
TO nepsooOpasnoit dyuxiueii Gyaer, nanpumep, F (x)..—_%x". Heficr-

BHTEJBHO,

1oay__ 1 2___ .2
(g—x) —?-3x = X"

HonycraM, uyrto MM namam Kakyo-niGyan nepepoobpasuyi  F(x)
dynkuuo pannofl dynxunn f(x), xoropas umeer f(x) csoelt nponssox-
Hoft, T. €. YAOBJETBOPAET COOTHOLIEHUIO

I' (x)=f (x).

Tax xak npouspoamas ot npoussosbHoft nocrosHuoli C pasna Hy.o,

MEL UMEeM TaKike _
[F (x)4-CY =F (x)==1 (%),



200 TA. I NNOHATHE OB WHTETPAJE 1 ETO MPUNOKEHUS 1 86

T. e Hapanry € F(x) n ¢ynkuns F(x)-} C ectp Takxke nepsooGpasuas
¢yukuns pas f(x).

Orciona caeayeT, 4YTO eCau 3ajaya MaxoxiaeHus nepsoobpasholi
(YHKUHN UMEET -XOTb OAHO peUleHHe, TO OHa mMeeT u GecuncacHHoe
MHOKECTBO JAPYTHX pemennfi, OTANYAOWNXCS OT YAOMAHYIOro Ha Npo-
U3BOJBLHOE MOCTOAHHOE charaemoe. MoOXHO, OLHAKO, MOKa3aTb, YTO 3TUM
Il HCYEPNHIBAIOTCA BCE DEIUEHNsl 3a1ayH, a HMEHHO:

Ecau F(x) ecms EKavas-au6o u3 nepgoolpasusix dynxyuii 0as
dannoil gynunyun f(x), mo awbas Opyzasn nepgoobpasnas QyHKyNR

usteem 6ud .
F(x)+4C,

20e C ecmy npou3sossHas HOCHIOAKHASA.
B cavoum nene, mycrs Fy(x) ects /moGas ¢gyuxung, nmeiomas f(x)
cpoell mpoussoaHoil. Mer mnuveen

Fi(x)=/f(x).

C npyrofi ctoponw, i paccuatpusaemas ¢ynxung F (x) nveer f(x) cpoeit
‘Npou3BOAHOI, T. €.
F' (x)=f (x).

Briuntag 5TO pacencTBo M3 NPEABIYILEro, MOJAyuaeM
Fi(x) — F (x)=[Fi (x) —F(x)} =0,
OTKYyda, B CITy H3BecTHol Teopewms [63),
' Fi(x)—F(x)=¢(,

rae C ecTb MmOCTOANHAR, YTO N TPeGOBAIOCH NOKA3ATh.

IToayuennwii HaMu pesy.zLTaT MOAHO ele (OpMyJHPOBATH TaK: ecau
npou3ssodnsie (uau Ougpghepenyuaatt) 98yx PYHKYUE MOHCIECHIEEHHO
PasHeL, MO CaMu OYHKYUL OMAULAIONICH AUULL TIOCTILOSIHHBLM CAA2AEMBER.

Caaoe obuyee suipasicenne 045 nepsoobpa3nol HYHKUL HAIWEALIICS
margice HeonpeOeAeHHb N UHMe2Panorr om O0arnoii gyuryuu f(x) uan
om Qanrozo ougpgepenyuanra f(x)dx u obosnaraemcs cliymgonos

V/(x)dx,

nputes gynkygus f(x) nassgaemcs nodstunmezpanvHoii hynryueii, a
[ (x)dx — nodetnmezparsno st guipasicenuest.

Haiina kakywo-nubyas nepsooGpastyw ¢yuxumio F(X), B cuiy goxa-
33HHOFO BHIUE MOXKEM Hamucath

V@dr=F@+e

rie C ecTb NPON3BOJLIAR ROCIGHIiIGH,

IpusenenM MeXaHHYECKOE N TEOMETpHMECKOe NCTOIKOBallie Heonpe-
JieeHHOro unterpana. ITycTb y Hac nMeercs 3aKOH aHaJHTHYECKON 3aBi-
CHMOCTH CKOPOCTH OT BPEMEHIL

v=7,(
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n tpefyercsd HaliTH BHpaXeHHe MyTH § OT BpeMeHH. Tak KaK CKOPOCTb
ds
dé
10 BPEMEHH, TO 3afaya CBOAUTCA K HaXOxAeHmo nepsoolGpasHoil manuoft

dynxunu f(f), 1. e

JBIZKEHHA TOYKH MO 3aaaHHOff TPacKTOPHA €CTb NMPOHU3BOJHAs OT NyTi

s=§ f(® adt.

Mu nomyuaeM GecuHCTEHHOE MHOXECTBO peleHufl, OTJHYaomWXcs Ha
MOCTOfHHOE cjaraeMoe. 3JTa HeOMpPENEJEHHOCTb OTBETa HMEeT MecTo
BCJAEACTBIIE TOrO, YTO MH Ke (UKCHPOBaAH TOrO MECTa, OT KOTOPOro
orcuuthiBaenM npofinenumii nyts §. Ecam, Hanpumep, v=gt -t v, (paesno-
MEpHO YCKODEHHOE JBUKEHHE), TO ANA § MBI MOJYYHM BBIpaNeHue

1
S:i'gtg—l—vot"l" C, (1)

160, KaK HETPYAHO NpPOBEPHTb, Npoussoanas Bupaxenns (1) no ¢ cop-
nagaer ¢ 3ajaHiHM BepaxenuneM v=—gf-}-v,. Ecam M cornacnMes
OTCYUTHBATH S OT TOfl TOYKN, KOTOpas COOTBETCTBYeT 3Haueimo {==0,
T. e. ecau cornacuMcs cuurath s=0 npu ¢=0, T0 MEH gomkiH Oymem
B ¢opmyae (1) nonoxnte nocrosnuyio C=0. B npeasayunx paccyx-
JeHuax Mpl 0603HayuaIM HE3aBHUCHMYIO MepeMmenHylo He OykBofi x, a Gyk-
BOfl f, 4TO, KOHEYHO, He HMEeT CyMIeCTBEHHOrO 3HaYeHHA.

IMepefimem Temepb K reoMETPHYECKOMY MCTOJNKOBAHHIO 3a4ayn  Ha-
xoxaenus nepsooGpasuott dynkuun. Coornowenne y’ = f(x) nokasupaer,
uTO rpaduk HCKoMoOit mepeoobpasHofi GyHKUuN, v
WM, KaK TOBODAT, UHMe2paisHas Kpusas y

Yy =F(x)r

€CTb KpHBadg, KacareasHag K KoTopoil mpiu nio-
oM 3nayennn X HMMeeT 3afaHHOE HampaBJIEHIe,
onpeaeaseMoe yraoBHM KO3dduuineHToM

’

¥ =f(x). @ 3 X
WuuMn  coroamn, npn Mmo6GoM  snayeHnu Hesas
BHCHMOf nepeMeHHOft X cOoTHOWeHneM (2) 3a- Puc. 114.

JaHO HanpasJenne KacaTeabHoH K Kpusofl n

Tpebyercs Hafttn sty KpuBylo. Ecan nocrpoena oama Takas unterpaanHas
KpHBas, TO BCE KPHBHE, KOTOPHE MH IOJYYHM, NepeaBuras ee Ha moGoii
OTpe30oK napaanensHo OcH OY, OYAyT HMEThb NMpPH OQHOM M TOM K€ 3Ha-
YEHHH X mapajiesbHHE KacaTeNbHHE C TEM 3Ke yrioBeM Ko3(duuueHToM
Y =/(x) (puc. 114), 4t0 W ucxomuas Kpupad, YMNOMAHYTHH mNapatess-
HHH NepeHoc paBHOCHASH NpPnGaBJeHHI0O K ODPAHHATEM KPHBOH MOCTOSH-
Horo cuaaraemoro C, u ofuiee ypasHeHHEe KDHBHIX, OTBEUAIOLIMX 3ajaue,

6yaer
y=Fx)+C. 3)
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Ilas TOro uyTOGW BNOJMHE ONPEAEAHTh NOJONKEHHE HCKOMOH HHTe-
rpansioll KpnBoff, T. €. BHpaweHue HCKOMOH nepsoobpasnoit ¢hyHKuu,
HY®HO 33jaTh enle Kakyw-Hubyas TOYRY, uepe3 KOTOPYIO HHTerpa/bHas
Kpueas aouaxHa npofiti,, XO1s OBl TOYKY NepeceuyeHus €e C HEKOTOpo#H
npsyoit

x=x0,

napaanensuoft ocn OY. Takoe 3ajaHue pasHOCH/ABHO 3AMAHHIO HAYAJL-
HOro 3tiaveling 3y, HCKOMOH ¢yukuun y==F(x), KOTOpOe OHAa HOJI&Ha
HMETb NpH 3aJaHHOM 3HauyeHHn X ==X, [IloACTasasd STH HauyaJbHHE
sHaueHus B Yypasseuse (3), MBl NOJAYuUHM ypapHeHHe OIS onpejeeHus
npouspo/sHoit mocrosuuofl C

Yo=F (£0)-+C,
il OKoHYaTeJbHO nepsooOpasHas (YHKLMSA, YA0BJIETBODPAIOULAA MOCTaBJEH-
oMy ycsaosuio, OyJeT HMETb BHA
y=F(x)~}[yo— F (%)} _
[Ipeae YoM BHsCHUTD CBOIHCTBA HEOMNPRARASHHOIO MMIerpasa u cno-
co0ul Haxomaenus nepsoobpasioii GYHKLHN, MH H3/10:KHM BTOPYI0 OCHOB-
Uy 3a1auy UHHTCrPIJILIOro HCHICIENNs, I BHACHHM ee CBA3bL C (popyy-
AupoBaHiiol y:Ke HaMH neppoil 3ajauefl — 3alauveil HaXOxAEHHA NepPBO-
oOpasiofl ¢y, CylecTBeHHHM A48 AajbHeillllero sIBASETCH HOBOE
NOHATHE, & HMEHHO NOHATHE onpeleleHHoro nuterpada. Jlas toro uroOu
ecrecTpeinio npuiith K 3TOMY HOBOMY NOHATIO, ML OYAeM HCXOIHIb 3
HUTYIUTHBHOrO npeiactasieniis nioutafgu. Oxo me OyAeT CAYXHTL HaM #
JUISE BLIACHEHHST CBA3H MEXKAY NOHATHEM onpenesesnoro HHrerpaJsa n mno-
uatieM nepsoo6pasnoil ¢ynkwnt Takuy o6pasoy, paccy:xieuns caeayio-
WX ABYX HOMEpOS, OCHOBauuLie N3 BHTYHTHBHOM MpEACTaBJAelHH nJ0-
majm, le SBAATCA CTPOriMH J0Ka3aTeIbCTBaMH HOBHX (akToB. Jlorm-
Y YeCcKH CTporas cxema nmno-
CTpOeHH OCHOB MHTErpajn-
HOFO HCUHCJEHH$ YKasaHa B
rouue [88]. Ona mnpusegena
MO.IHOCTBIO B KOHIIE HACTOf-
wefl raase.

S‘ib
! X -
@<z, %, z; 0 Tt T Zn1%nes 87.. OnpeneneHHbil nH-
Terpay Kak mnpeles CYyMMbL
Puc. 115. OmnveriaM na naockoctu XOY

7 rpapux  ¢yukupn f(x), npu-
ueM MK CUHTaeM, Yr0 3TOT rpadmik Npencrasiser cofoi0 HenpepHpHyIo
Kpusyio, Jie:xaulyio HeaukoM Hax ocelo OX, T. €. cuuTaeM, uro sce op-
IUUATH 3TOro rpadika noJoRHTEALHE. PaccioTpiy naowaae S,,, Orpami-
ventyio ocelo OX, 5THM rpadiKoOM II ABYMA OPOMHATAMH X==aul X=<b
(puc. 115), u nocrapaevcs naiitu peauuuny sTo#f naowazn. PasoGbem
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A STOr0 NMPOMEXYTOK -(a, b) ua n vacteit B TOUKAX ,
=y o < X2 .. . Xt <, o o < Koy < X =0

Paccmarpupaeman naomany S,, pa3oObercs Ha. 71 BEPTHKAABMLIX TO-
710C, TpHYeM k-9 10J0Ca HMEET OCHOBAHHE AJHHHI (X5 — Xp_y). O6Go3nauny
uepes m, u M, COOTBETCTBEHHO HanMeHbllee H HanGoJabluee 3HaYeHns
dyukuun f(X) B npoMexyTKe (Xp_1, Xp), T. € HauMeHbllyio # HanGoMb-
urylo opaunatel namero rpaduka B sToM npomexyTke. Ilaomans noaockn
AEKHT MEXKAY NJIOMANSMH ABYX MPAMOYTOJIBHHKOB ¢ OOULMM OCHOBanHeM
(Xp-1» xp) (puc. 116) u c BeicoTamu m, 0 M, D11 npaMOYronbHUKH
ABASIOTCS BXOAAUMM M BEIXOASUINM NPAMOYTOJLHHKAMH I R-H NMOJOCKH.

y )
1 y
\ ————— .
S R
il LT
0 X420k 0 -1 G50
Puc. 116. Puc. 117.

Taxuym o6pasom, BexHunHHa naomand A-fi MOJ0CKH 3aK/IOYAETCT MEXAY
niaomanaMy  ynoMsHyTHX JBYX [PAMOYTrOJbHHKOB, T. €. MEXAY JABYMsA
YHCTAMH

my (X, —Xp_q) 1 My, — Xp_1)
a noToMy BCS paccMarpiBaeMas miaowdns S,, OyAer newarb MeXAY CyM-
Mamu nJowmaae YNOMAHYTHIX BXOAAUIHX I BHIXOMSIHX NMPAMOYTOJIbIIHKOB,
T. €. BCA IVIOMWAAb S,, OyAeT JaekaTb MexIy CyMMaMH

8= My (X7 — Xo) - Mg (X3 — X9) ...y (X — X)) .-
+ my_y (xn-l - n-z) —!' n, (xn _xn-l); (4)
Sp=M(xy — X)) Mty — X)) ... M (o, — X)) .o
T+ My (¥pog — Xpog) = My (6 — Xpy)-
Taxny o6pazomM, MB UMEEM HepaBeHCTBO
S =< Sp<< S, ®)
ITocTpOHM Tenepb BMECTO BXOAMUErO It BHXONSMIErO NPAMOYrOJabHU-
KOB A Kaxjoft moaocku kakoft-au6o cpeaunit npsMOyroJbHHK, NpPHHH-
Mad, KaK Bceraa, 3a ocHoBauie (X, — X,_y) ! B34B 32 BHCOTY KaKyio-

6o opaunary f(§,) nawero rpaduxa, cootsercrsyiomyio Jawo6oii Touke §,
H3 NMPOMEKYTKAa (Xp.y» Xp) (puc. 117). Paccmorpum cymmy naomanefi
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3THX CpPedHUX NPAMOYrOAbHNKOB:
Sa=1 1) ey — X))+ E) (s — ¥ oo F Gr) (¥ — X))

+ cen 'l"f (Envl) (xn—l - xn-‘!) +f(§n) (xu - xn—l)' (6)
Ona, Tak ke KaK n momaab S,p OyAeT 3aK/II04aTbC MEXKAY CyMMaMu .
momwagell BXOASHIMX I BHIXOAAUWX MPAMOYrOAbHHKOB, T. €. Mbl OyjaeM

UMeTh 1epaBeHcTBo
S, =<8, =S, @)

Byaem teneph Gecnpene/dsHO YBEAUYHBATHL UHC/AO 72 Jedenuil HPOMEKYTKA
(a, b) n npurom TaK, 4roOH HauGoAbIIax 3 pasHocTell (X, — X, y),
crpemnaach K nymo. Tak Kak ¢ynkuns f(x) no ycaosuio Henpepuibia,
1O pasnoctb (M, — m,) Mexay HauGOJBWINM U HAHMEHBLIUNM ee 3iaye-
HUAMH B NPOMEKYTKe (Xp_y, Xp) OyAeT cTpeMutbes K Hyaio npn Oecnpe-
JEJAbHOM yMEeHbLUeln AJIHE 5TOr0 NMPOMEMXYTKA, He3aBHCHMO OT €ro 1o-
J0xEHNA B OCHOBHOM NpoMExyTKe (a, §) (cpoiictBo HempepsiBuOil (yiiK-
i [35]). Takust obpasoy, ecan Mot 0003nauny uepes &, HanGoJblWYIO
H3 pas3nocreH

My—my), (My—ms), ooy (Mp—my), ..., (Mpoy—m,y), (M, — m,),
TO, B CHAY CK33aHlOr0, NPH YHOMSLUYTOM BHILIE NpPeaeablioM Nepexose
uica0 s, Oyaer CrpeMuTbes K Hyao. Onpeieauns tenepb pasHoCTb MewAy

CYMMOJi n1omlanel]l BLIXOASMHX JDPAMOYrOJABLHUKOB H CyMmMoll nuiouiaaeii
BXOASIIX NPAMOYTOIbHHKOB:

Sp — Sp =My — m) (¥ — X)) - (My — m) (3 — X))+ ...

T (M — 1) (%, — X)) oo (M — ) (0, — X,4),
OTRyDa, 3aMenas Bce pasuocTit (M, — m,) nanGoabluell e, U noMid, yro
BCE PasHOCTH (Xj — Xj_y) — IOJOKUTEABNEL
Sp—s,<e, (e —x) e (o —x) o Fe (0 — X)) .

"l— €n (xn - xn—l))

TO €CTh
Sn— sy <&, [(1 — X)) - (o — X)) .. (o — X ) .
= (¥n —Xp )] =2, (¥ — X)) =2, (b —a).
Mu moxkem, Takuy o6pasoy, Hanucarb
0=<S, —s,<<¢e,(b—a),

TO eCTb
lint (S, — s,)=0. ®)

n—x
C npyrofl CTOpOHLL, HPH BCAKOM 71 MBI HMEJI
Snésabgsn (Q)
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u BequynHa naowand S,, ectb ompexesnentoe uucao. Ma dopmyn (8) u
(9) HenmocpenCTBEHHO clledyeT, YTO BeJHYnNHAa maomann §,, ABAETCS
obmum npexenoM S, 0 S, T. €. mromanefl BHXOASMHX H BXOAAHX
npaMoyroJILHIKOB;

lims,=1im S, =38,

Tax kak, ¢ apyrofft CTOpOHH, CyMMa CPEIHHX TNPAMOYrOJNBHUKOB Sy,
KaK MBI BHIETH, JEXHT MEXAY S, U S, TO H OHA JOMKHA CTPEMHTbCH
'k naomaan S, T. €.

lim S,; = Sab'

Dra cymma S, sBasercs Gonee oOwelt NO CPaBHEHHIO € CyMMaMH S, H
Sm T2K Kak B HeH MB MOXEM NpDOM3BOAbHO BHOHpaTh §, u3 mpome-
| KyTKa (X,_y, Xp) W, B 4acTHocTH, MoxeM GOpath f(%,) pPaBHOH HauMeHb-
meft opannare m;, umi ganboasweft M,. ITpn Takom BhiGope cymma S
“NPeBpamaercd B CyMMH S, u S,

TIpeasinymune paccyxAeHus NPHBOAAT HAC K CJAEAYIOIEMY:

Ecau dynxngus f(x) nenpepsigna 8 npoaescymre (a, b) u ecau
M, pa3bus smont NposeNyCYmoK Ha n wacmeii 8 MouKax

a=x0<xl<x‘3<"-<xk—l<xk<---<xn—l<xn=b.

u o6o3xayus wepe3 x =28, A1060e 3HA4EHNE U3 NPOMENCYMKA (Xy_y, Xp)

soucaus coomeemcemsynouee 3xavenue @gynxguu f(5) u cocmagui

cyrnyt) - o
n

-

kglf ) (p — Xp1)s (10)

mo npu GecnpedenrsHost so3pacmanun qucaa OeseHUd n NpoMewcymra
u GecnpedensHOM YMeHBUENNN HAuGoAbMmel U3 paznocmed (X, — Xp_q)
ama cynma cmpemumcs K onpedeaennory npedeay. [lpedea smom
pasex naowadu, ozpanuiennoir ocslo OX, 2paguros @ynryuu f(x) u
ogyms opdunamamu: x=—a, x=2~.

YnoManyTsHit mpexem HAa3HBAETCA OMpedeAeHHBIAS UHME2Pasor OT
Gyukunn  f(x), B3ATHM NO mEpeMEHHON X MeXAY HIXHUM NpeaesoM
X==a H BepxXuuM x=>~, n 00603Hauaerca CACAYIOUIUM CHMBO/IOM

b
- (@) ax.

BamernM, uto cymecreoBanne npemena I cymmm (10) npm Gecnpe-
- JenbHOM YMeHbuIeHnH HanGoJbluelt n3 pasuocrell (X, — X,_4), CBOANTCA

n

%) 3nak Z F (§x) (xp— xp_y) ecTb cokpauennoe oGo3nayenne cymmu (6).
k=1
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.

K CACAYIOWEMY = YTBeDKICHHIO: npi mo6oM  334aHHOM MOJNOWKHTEALHOM
HHCAE & CYWMECTBYET TaKO€ IOJONKHTEALHOC YHCAO 7, YTO

“—k'gx TG e — X)) [ <o

npi moGoM pasbuennu 1 pubope Touexk £, U3 MPOMEKYTKA (Xp_y» Xi)
ecail naiuboabuas 3 (MOJOKHTEABHBIX) pasHocTel Xy, — x,_y <. 10T

npeneda | 1 sBASETCS ONpPEAEJEHHEIM HHTErpasioM.
OtrmernM, 4t0 MuOxecTBo 3uaueHnfi cymym (10) npu pceBo3MOKHHIX
pasbuenuax npoMmewyrka (@, D) Ha uwacTH U BCeBO3MOkHOM pubope &,
HeMb3d YMOpAAOouHTh TaK, 4ToOu o0pa-

v 30BaJjacCh ynopsaoueHuas nepeyeuas.
7 Hpellen CyMMBl H3aJO0 ROHHMATH JHUB -~
+2 TaKk, Kak 3T0 YKasaHo snlwe (C 1o-
MOILBIO & H .
— 4y Vo )

Brlle Mbl npeanosaradn, uto rpa-

Puc. 118. duk pynkum f(x) unaxoaurcs wuetu-

’ KoM Hag oceio OX, 1. e. utO0 BCE

OPAHBATE 3TOro Trpadura noaoxnTeabHH. PaccMOTpuM Tenepn oOimnil

Cayyail, npi KOTOPOM HEKOTOPbie YacCTH 3TOro rpaduka Haxomarcs Hai
ocvio, a apyriie noix ocslo OX (puc. 118).

Ecan w1 B 3TOM caydae coctapiuy  cymmy (6), 10 caaraesue
J () (xp — Xp_y)» COOTBETCTBYIOLINE YACTAM IPAPUKA, AeiamnM NoA OCblo
OAX, “0yAyr OTPHUATEJBHBIMI, TAK KaK Pasnoctb (X, — X,_y) NOJI0KN-
teasna u opamara f(%,) orpunareasua.

ITocae nepexona K mpeieay noayunrcs onpeleieunsii purerpad,
KOTOpHIil OydeT YuHTHBAaTh INJOMAMI, naxomsmuecs tan oceio OX co
snakom () # moa ocelo OX co 3nakoM (—), T. e. B 3ToM ofumen
cnyyae onpedeserHblii uURmepa

§f(x) dx
b

Oydem 0agams aa2e0pauqecKyio cy. My naiowaded, 3arKAI0HEHRELY MEKCOY
ocsio OX, epagurom @gyurxyun f(x) u opdunamarn x=a u x=0.
Tlpu amoxe naowadu Had oceio OX Gydym noaywamecs ¢ noaAoHCu-
measHb L 3HaKOM, @ nod ocelo OX — ¢ ompugamesHu M.

Kak wMpl ypuanM B HadbHelimieM, bl DPHXOAHM K HAaXOJKAEHHIO Npe-
neaa cymunl puga (6) He TOAbKO B BOUPOCE BHYHCACHHA NJAOWAAH, HO
# BO MHOrHX, BecbMa pPa3HoOOpa3iibx, APYrHX 3adauyax eCcTeCTBO3HaHus.
Mpusenem ToAbKO oaun npumep. Ilycts nekotopas Ttouxka A{ mepensii-
raerca no oci OX or abGcuucc Xx=—a & abcuicce ¥ =="~, u ua Hee
JeiictsyeT nekoropas cmaa 7, nanpasaenuas rakike no ocu OX, Ecau
cuna 7 moctosHuas, 10 pabora, KOTOPYIO OHa COBEpLIaeT NpH nepeasi-
Weuun TOYKH H3 MOJOKelHs X==a B noJoxenne x=—=>b, onpegeasercsa
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npoussenenneM R=T (b — a), T. e. npou3BegeHIeM BEANMUNHEL CH/H Ha
npoftrenusit Toukoft nyrs. Ecau cuila T — nepemeHHas, TO HamucaHuast
opmyna Gombuwie nenmpumennyma. ITomoxny, 4TO BeHUHHA CHJB 3aBHCHT
OT MoJIoXeHus Toukn Ha ocn QOX, T. e ABiaserca Qynkiuned abcuucces
Toukn T =71 (x). :

Yro6m BryHCANTL paGoTry B 3TOM Ciayyae, pas3ofbeM Bechb NYTh,
npotizenusiii Toukoll, Ha omnpenejeHHbe 4acTH

a=xp < X3 X2 .. . < Xy < Hp 0. < Ky < Xp=0

1 PaccCMOTPUM OAHY H3 3THX vacTell (X y, X;). C ommGxofl TeM Meb-
uieff, yeM MeHble JIAHNA (X, — Xp_;), MH MOXEM CYMTaTh, YTO CHJA,
ACHCTBOBABILAS HA TOUYKY NPH INEPEABHKEHHN €€ OT X,y K Xp NOCTO-
AHHA H COBMAgaer co 3nauenweM artoft cuam f(&,) B nexoropoit Touke &,
U3 NpOMEeXYTKA (Xp_g, Xp). IlosTOMY ns1 paGors Ha yuactke (X,_y, Xp)
MH NOAYYHM NPUGIHKEHHOE BHIDAXEHNe

Ry~ f (Gr) (¥p — Xp1)s

u s Bceft paGoTel OyAeM HMeTh NpuGMILKEHHOE NMOKA BHpaXKeHHe BHAA

R~ D) f (&) (% — Xpo)-

=1

Ipn GecnpenenbHoM yBeanuenun yucsaa genenuil n u GecnpemenbHom
yMenbuwiennd HanGosplelt n3 pasnocrefi (X, — X,_q) MH NOJYYHM B npe-
Jene onpeaeneHHslt HHTerpasn, anniuil ToOUHyo BeanuuHy HckoMolt paloTs:

b
R=\f(x)dx.

a

Orprexancy OT Kaxkux OH TO HH GHIJIO FeOMETPHYECKHX HJIH MEXaHu-
YeCKHX HCTOJNKOBalNi, Ml MOXEM TENepb YCTaHOBHTb NOHATHE 06 onpe-
JeNEeHHOM HHTerpane oT QyHkuun f(X) no npoMexytky a<<x=<b Kak
o npeznene cymmu Buga (6). Bropoft ocuoBnofl sanayeti HHTErpajibHOTO
NCUHCTEHHST M SBAAETCA H3yuenue CBOHCTB ONpene/NeHHOro HHTErpana u,
npexae Bcero, ero Buuncaenne. Ecan f(x) — sanannas gyuxuns, a x=—a
U X==0 — 33J]aHHEIE YHCJA3, TO ONpEeje/ el HuTEerpasn

b
\f(x)dx

a

€CTb 1IeKOTOpoe OfipefeNIeHHOe YiuC10. 3HaK S npeacrapaser co6oio

namenennyio OykBy S M 1o/axell HamoMmmnarb O TOHf CymMe, KOTOpast
npi NpefeabioM NEpexoie Mala BeTHUHHY ONPEeNeHHOTO NHTErpas’a,
Toamurerpaspioe puipakenue f(x)dx nonKHO HANOMWHATH O BHAE CJa-
raemex sTOft CyMMpl, a uMeHno o f(3,) (x, — x,_y). Byksa x, crosmasn
NOJ 3HAKOM ONPEAETEHHOrO HHTErpata, Ha3biBaeTCa OGHIMHO MepeseHHOIE
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usmezpuposanus. OTMeTHM N0 nopogy >Toit OyKBel OO BaxHoe 06-
CTOATE/bCTBO. Bemiuina uuTerpana, Kak Ml yxe ynoManyai, ecTb Olpe-
Jenaeniioe YHCJI0, He 3aBHCsllee, KOHEYHO, OT 0003HaueHHs MepeMeHHOt
HUTErpHPOBAHHA X, I MB MOMKEM B OnpeleaeHHoM HHTerpane obo3ia-
YaTL nepeMennylo unTerpupoanns nw6o# Oyksoil. Dro ne OymeT uMeTs,
OueBHAHo, HHKAKOrO BJAHIS HA BEJHYHHY HHTErpasna, KOTopas 3aBiCHT
JHWb OT TOro, KakoBel opauHaTh rpaduka f(x) u npeseasl HHTerpupo-
pamst @ w b, Wrak, oOosuayenue He3aBnCHUMOH mnepeMeHHON HHKAKOi
poait 1e Nrpaer, T. €., HanpuMep,

b b
V@) de =/ at.

Bropaﬂ dajavya UHTIErpadpbHOro HCYHCJACHIIST — BBIYICACHIE onpene- .
JEHIIOr0 HIITErpaaa — npeiacrapiser co0010 Ha Nepnblii B3rJsLA HOBOJLIO
CA0KNYI0 32navy cocrapaenns cymmbl piaa (6) u satem nepexoza Kk npe-
nety. 3aMeTus, 4TO IIPH 3TOM MPENEbHOM IIePexoie 4liCa0 CaaraeMux
B ynoManyroft cysmye Oyzer Oecnpeneibio pacTi, a Kamioe M3 HHX
Oyner cTpeminiscd K my.io. Kposme TOro, na nepppii Barasg sTa Bropas
3d/taya HHTErpaJbloro HCYICAeHHA He HMEeT Hukakelt csasu ¢ nepnoit
3uJavuell o naxomaenni nepsooGpasuoll gynxuuun a8 3azannoii  GyHk-

unn f (x). B caeayiouem novepe Mu nokawey, 4to o6e 3a1auil TECHO CBs3aNLl
b

0aila ¢ ApYroil 1 yTO BLIYHC/CHIE ONpEAeenoro miTerpaaa Sf(.v) dx

a
COLEpUIAETCS BechbMa NPOCTO, €CaIl H3BecTiHa nepsoolpasias ¢yuBKiua
nast f(x)

88. Cpi3e onpepeneHHoOro H neompejeseniloro Hurterpaios. Pac-

CMOTDHM ORATh ILTOWamb S,; orpanuyennyio ocslo OX, rpadukom
Oyuxwin f(x) 1 opmumatamu X==a u x==>4. Buecte ¢ 370l naouULAALBIO

Yy
P
//é ASax
z

Wi

Puc. 119.

paccMoTpuM 11 4acTb ee, orpaiiyennyto naepoit opaunaroli x=a u ne-
KoTOpoil noaBikHON opannartoll, oTpevalomell nepeMeHNOMy 3HaYeHN0 X
(puc. 119). Beanynua stoll naowaxn S,, Oyzer, O4eBHAHO, 3aBHCETb OT
1010, B KJIKOM MecTe Ml HOCTasuM I[1paBylo opauyHatry, T. e. Oyiaer
dynrumelt or x. Ira Beanunna Gyzer n300pakaTbhC  ONpENENEHHEIM
BUTETPAIOM OT (YHKUHH f(¥), B3ATHIM OT HILKNErO Npenela a A0 BepX-
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nero npenesa x. Tak kak Oyxkpa x 3aHaTa A9 o003HaueHiuss BEpPXHEro
npeaena, TO MM aad udbexaHus nyTaHuusl OyAeM o603Hauats nepeMeH-
Hyio unterprposannd apyroft Gyksofl, a umenso, 6yksoti £, Takum olpa-
30M, MbLI MOIKEM HanucaThb:

={r@at. (1n

3aech MBl HMEEM ONpeaeseHHHI HHTErpal C MePEeMEeHHBIM BEPXHHM
NpefetoM X, U ero BeAnunia ecrs, OYEBUAHO, (YHKUHS 3TOTO Inpejena.
ITokaxey, yto 3Ta dYyHKUN ABASETCA OAHOH 03 MepBoOOpasHHIX (yHK-
mnft gas f(x). JLas seyucaeHHs npo-
nspoguofi or sfoit dynkunn paccmot-
piuM  cnepea ee mnpupamemie AS,,,
COOTBETCTBYMOIIECE MplupalieHnio  Ax
Heaasucuyoft nepemennoti x. Ouesna-
HO, uMeeym (puc. 120):

< AS, =mmom. P,PQQ;.

) OGoanayny uepes m u M, coor-
BETCTBEHHO, HamMEeHbIUYio 1 Han6oJb-
wyio opauHars rpaduka f(x) B npo-
mexytke (¥, x--Ax). Kpusommefinas durypa P1PQQ1, HavepueHnas
B Goxsmom Macwtabe na puc. 120, Oyzer ueinkoM JaexaTb BHYTPH Tpsis
MOYroJbHuKa ¢ BbicOTOH M 1 ocnoBamneM Ax u 6yaer 3aKJiOuaTh BHYTDH
ce6a MpSMOYroJIbHHK C BBHICOTOH #2 1f TEM K€ OCHOBaHHEM, a NOTOMY

mAx=CAS,, << MAx,

Wi, paszenus Ha Ax:

Asax
m=z T =M.

Korga Ax — 0, oGe semmunusl m 1 M B culy HENpephIBHOCTH (yKs.
mun f(x) crpemsarcst k obulemy mnpeleny — opautare PP =f(x) kpu-’
BOH# B TOUKe X, a moTOMY

YTO MH 11 XOTemn JoKasaTh. Iloayuenusit pesyabrar Mol MoweM dop-
MYJAHDOBATH CJAEAyOIHM 00Da3OM: onpedeseHHsll UHMe2PaAs € NepeeH-
HBLM BepXHUA npedenont

g f@dt

ecms OYHKUQUA 3MO20 8epXHE20 npedera, npou3sodnas om Komopoil
pasua nodsinmezpansroli gyrryun f(X) npu sepxuem npedese, Vinaue
rOBODSl, ONPe0eAcHHbLl UHMePAr € NEPeMeHHBLAM BEPXHUM Npedenoit
ecms nepgoolpasxas OYHKUUL 0451 nodunmezpassnoll PyHryuL,
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Ycranonun c¢Basb MEKAY TNOHATHAMU ONpeneNeHHoro. u leonpeaneacm-
HOTO HHTErpa’ioB, NMOKaxeM TEnepp, KaKuM 06p830M MOKHO BBUHCAATD
BEJHYHHY ONPEIEJEHIIOr0 HHTErpana :

‘ b
{f(x)dx,

a

ec/il H3BECTHA Kakag-anGo mnepsooGpasnas  dydkuua F(x) ngaas f(x).
Kak Mbl noxasami, onpegesieHuslii unTerpal € HepeMeHHbHM BepXuHM
IpenesoN eCTb TOwe nepsooGpasuas ¢ynkuus aas f(x), u B cuay [85]

MOKEM HaNHCAThb
X

(f®dt=F(x)+c (12)

a

rae C ecTb HekoTopas nocrosnnas. [as onpeneienus stoft mocrosnnoil
3aMETHM, YTO ec! y niowagu S,, npabas OpPAIIHATA COBNAAAET C JCBGH,
T. € X==a, TO BeJHYHHA mniomaau oOpaULaeTCs, OYEBHANO, B HYab,
T. € Jesat yactb B ¢opuyae (12) olpawaerca B Hyab npu x=a.
Carenopatenblio, TO#AECTBO 3TO NPH X==a AdeT

0=F(a)+C, 1. e. C=—F(a).

Noacrtapass matineunoe suavenne C B (12), Hoayyum

§ F(t)dt =F (x) — F (a).

a

Hakoueu, noaaras szech x =25, Gynen iunvers

b b
\f(t)dt =F (b)— F(a) nam \f(x)dx=F(b)— F (a). (13)

a a

Passiocts Bupa [F(b)— F(a)] Oymem B paabnefimeM 00603ua4atn
b
ciypoaoM F(x)| ,
a

Msr npuxoaiy, TakuyM o6pazoM, K caeaywlieMy OCHOBHOMY NpPaBuay,
BLIDAXKAIOWEMY BeMiNly ONPEAEIEHHOr0 UHTErpajsa uepe3 3uauvenie
neppooOpastioff  pyHKUNN: BeanuuHa OHPECEeAeHHO20 UHIepasa pasHa
passocinu 3Haveruil nep8oolpasHol YHEYNU 0AsT NOOWHIEZPAALHOI
PYHEQUIL NPU 8EPXHEN U HUNCHEIM NPEdenqax UHIIePuposaHiist.

dopMyanpoBaHHoe NpaBiI0 MOKA3LIBAET, HTO HAXOKAEHHUE NepBoGO-
pa3uoil gynkuny, T. €. pemeHne Nepsoil 33Aaull HHTEFPAJBHOTO HCOMN-
caenis, pelaer 1i BrOpyio 3ajady, T. €. BLYICTElHe onpeaeaeHioro
HITErpaty, it ocoolboikazer, TakiuM o0pasoM, HAC NpH BBIYNCIEHHN ONpe-
ZETeioro uuTerpana ot cAoKHHX onepauutt obpasosanns cymmu (6) u
NepexoAa K npeaeay.
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‘B kayecrse npumepa Hafinem onpenexenHuit HHTErpan
1
§ xtdx.

. 1
ITepsooGpasnoit dynkuuelt a1a x* asasercs dynxuus .—d-x’ (861.
HMoabaynach BHBENEHHHIM HAMH NPaBHIOM, GyIeM HMETb

11 1,
= P 0=

1
2 — 3
Sx dx_.—3 X o
0

Ecan 6n1 Mb, He nomb3dysck mnepsoobGpasHoit dynkuitefl, cTamn BHYHCIATH
npearoxenusiit onpeneseHnnil HHTErpas HeNOCPENACTBEHHO H3 €ro onpenereHHs
KaK npenefra CyMMbl, TO NPHILTH GH K ropasno 6oiee CIOXHOMY BHLIMHCIEHHIO,
KOoTOopoe BKparue Bochpou3senem. Pa3oOnem npomexyrox (0, 1) na n pasHbIX
yacreii ToYKaMH

1
"3

1 2 n—1
0<7<7<-.. =

B nanuom cryyae MH HMEEM 71 CJIedYIOUINX NPOMEXYTKOB:

ot (52 (2 B 5

RTHNA KAKAOrO N3 KOTOPHX pasna —-. Ipit cocrasaennu cymmut (6) npumenm
3a §, nesuift KOHeN NpOMEKYTKa, T. €.

1 .
Bce Pa3HOCTH Xp—Xp_y=-—, I, 3aMeYaA, UYTO 3HAYEHUA HOllblllTel'pa.'leOﬂ
n

¢Gyuxund f (x) =x? Ha aeBux KoHuax npouemymon 6ynyt:

FE)=0, fE)=rr, FE)=2g, r FE=0T

nZ) *

("-—1)

MOXeM HanmHCaTh
1

. T, 1 1 21 n—1* 1
’d= l o — —_— — — — — e — | =
(5 e nl»rgo[o n +n3 n +n’ n +eet n n]
2 2 - 3
= tim A2t @—D gy
n—so0 n
Jaa pHuUMCIEHHS CYMMO!, CTOAUIEH B uyncaInTeTe, HAMHMmeEM PAX OYEBHANBLIX
pasencrs:

(-1 =143 143 1213,
(1422 =1+43.24-3.2:423,
(14-3)*=143-3-4-3.3°-}-3,

N4@—DpP=143@n—1)+43@—1)F@—1)*
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CkaaguBas HOYJIEHHO, NOJYYIM

PPt =n—1)F3[F24...F—1)]F
(12t (r— 1) F 1P 2 o (n— T2,

ITpon3soja coxpamicHuss W npuMeHAs QopMyay cyMMu apudsernycckoil npo-
rpeccHH, MOXCM HanHCcarb

n“=(n-—l)+3i(ﬁ§——l)+3[l’+22+32+"'+("_"])’l+l’

OTKYIHA

p—n_nn—1)_ nm—1)Q2n—1)
= 5 .

B2 3 (= 1) =" >

loxacraens noayyenHoe Bupawenuc B (14), nmeenm

1
R n(n—1)2n—1) = 1 ., 1 _i=_2_=l
é‘x"’d,\ lim lim (1 )(2 )

n—o 6n3 6 noo

YACHIB OCHOBHbBIE 3aJayll HHTErPAJIbHOrO HCYHCJCHHA 1 CBA3b MEXKAYy
HIME, ML OOCBATHM CaeAylowufi HOMEp JaapHefillieMy paccMorpenmio
nepooll 3afaun HHTErpajJbHOrO 1CYHCIEHNS, a HMEHHO 33Jaye BHIACHEHHS
CBOJCTB HEOMpeNeIeHHOr0 HHTErpaia 1 ero pasLICKanug.

Hawi npexmsizyimne paccysienus of onpeieaeHtoM HuTerpaje oco-
ELIBATHCH HA MHCTO TeOMeTpHUeckiX coofpamennsx, a HMEHo na pac-
cvotpenun miaowagel S,y u S, B uactnocTty, N10Ka3ate’bCTBO OCHOB-
noro ¢axTa, uro cymma (6) umeer mpeaes, HCXOAUAO W3 AONYLLEHud,
uTO AJA BCAKOH HenpepuiBHON KpiBOfl HMEETCA omnpeae’elias IIOLAAbL
Sap- TIpu Beeft HaragaHOCTH TaKOTO LOMYLLEHHA OHO 1€ fBIACTCH CEPOro
00OCHOBAHHBIM, 1 EANHCTBEHHO MaTEMATHYeCKH CTPOTHil nyTb OLla Gul
ofpatHelii: HE OmiIpasch 1A FEeOMETPHYECKYI0 HHTEpNpeTaulno, AOKa3arb
HEMOCPEACTBEHHO  aHAJNTHYECKNM NyTeM CyulecTBoBanue npeaeana S
CYMMBI

Z S E) (o — Xps)s

k=1

KaKkopolt moToM Yy:Ke nNpuHATL 32 onpeaeaenne naowamn S, 310
JMOKA33aTeAbCTBO MBl NPHBEREM B KOole nacrosmell raassl o NPHTOM
npn GoJee oGIWX MNPEANOAOKEHNAN OTHOCHTEIbHO (yHK f(x), yem
€€ HelpepHBHOCTD. ’

3avetuy eite, YTO TeoMETpHYECKas HHTepRpeTauls Apasjach cyue-
CTBEHHBIM MOMENTOM H NPH JA0Ka3aTeabCTBE TOro OCHOBHOrO mnpenso-
3KeHUsA, YTO MPH HEeNpepHBHOCTH MNOABINTErpaibiofl (yHKUMH NpousBoL-
Hag OT ONpeAe]eHHOro HHTErpaja TNo BepxueMy mnpeaenay pasHa NOAHH-
Terpaanioft GpyHkunn npu pepxueM npegeie. B caeaywoulem naparpage
HacTosllel rjasel Ml HPUBEAEM N CTPOroe atlaauTiHyeckoe JOKasarenn-
CTBO 3TOro mpeanoxenusd. OHO, COBMECTHO € A0Ka3areabCTBOM CYIECTBO-
Banug OMNPEAeaCHIOro HHTerpana oT HenpepusHoll (YHKUUH, [103BOARET
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yTBEpKIaTh, YTO A BCSKoff HenmpepeBnoit (yuxumnm nveercs neprooO-
pasnas, T. e. HeompexeneHuwifi mnterpan. Jlaabme MBI BHSCHAM OCHOB-
nse cpoficTBA NEONMPEAEIEHHOTO UHTErpaJta, n OyaeM CHUTATh, YTO HMEEM
JeN0 ANlb C HeNnpepHBHBIMHI (PYHKILHSMIL

Mpn n3noxenuu cBofiCTB ONpeaeseHHOro HHTErpata MH CTPOTO HO-
KaxeyM ocuoBnyo ¢opyyay (13). Takum oOpasom, exnHHCTBEHHHM HENOKa-
saunbiM  GakTOM ocTanercs ¢akT cymectsopanna nperesa cyyyu (10)
Ans  uenpepsiBHOH (yuxuun f(x). DTO ROK33aTEILCTBO, KAaK MHl yiKe
CKa3aan, NPHBOAHTCA B KOHIUE TI.1aBHL

89. CnoiicTea HeonmpexexeHHoro unterpana. B [86] mu Buzean, uyro
ABe neppooOpasunie (yHkunu nia onuofl n Toff e QynkuwiE OTINMYAOTCA
JHLb NMOCTORHHHIM C/AaraeMeM. ITO NPHBOAHT HAc K nepBoMy cBoficTBy
HeolnpeneneHHOro HHTerpania.

L Ecau 0se ynryun nan 0sa ongdepenyuasa mooicdecmsentst,
MO HeonpedeneHrye UHMEPAAS. ONT HUX MOYM OMAULAMECS AUULL
HaQ nocmMosHHOE caazaexoe,

HaoGopoT, wmobe nposepums, wmo 08e pyHxuyun omantanmcs
NOCHIOAHHE A CAG2AEMELN, 00CMANIOLHO NOKA3ams, HMO UX /pou3sol-
note (uan Oudbgpepenyuianst) moxcodecmserHesl.

Crenyomue csofictea 1l n I nemocpeacTBenio BHTEKaOT H3 MOHSA-
THA O HEONpeNeJAeHHOM HHTerpa’le kak mneppooGpasHofi Qyukmum, T. e.
H3 TOrQ, 4TO HeonpeOelCHHEBL uHmMezpan

(f(x)dx

ecms maxas GYHKUS, npou3sodHas Komopol no x pasna nodstHme-
epansuoll dynryun f(x), wan Ouggepenyuar Komopoii pasex nooss-
mezpanrsrory suipasientio f(x)dx.

Il [Ipou3sodnas om Heonpedesennoz0 uHmezpasa pasHa nodsHme-
2pansHoil pynxyun, a Ouggeperyuans — hodsrme2parsHoMy 8bpagce-
Hup:

(fx)da)ye=f(x),. d{f(¥)dx=Ff(x)dx. - (15)
I1l. OmnoBpevenno ¢ (15) MH umeem
(F(odex=Fx)+C

1 3Ty (OpMyJIy MOXHO euie mepemncaTts Tak {50]:

-

\dF (x)=F (x)+C, . (16)

yto B coeaunelnu co cnofictson Il maet: pmdosx cmoswmue snaxn du S,

6 raxox Ob nopslKe onn Hu caed08aAl, B3QAUMHO YHULMONCAOMCSA,
eca yCJaOBHTLCA OTﬁpaCblBaTb NPOH3BOJBHYIO I0CTOAHHYIO B PaBCHCTBE
MEKAY HEeONPeReNCHIBIMI HHTErPalaMiL.
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IV. Hocmoannaii MHONCUMEAL MONCHO BHHOCUMS Uu3-HOO 3HAKQ
UHmezpasq:

{Af(x)dx=A(f(x)dx+-CY). (17)

V. Hrmeapasr om anzebpaniecioli cyrsmsl pasen arelpaudeckoi
CYMIC UHMEPAN0S O Kascd020 €AQ2aerM020!

f+v—w)de={udy+ {vdx — (wdx+C 18)

Mpasuasrocte Qopyya (17) u (18) uerpyauno obuapymute, audupe-
peuuupys obe uactu B y6exaaach B TOXKIECTBEHHOCTH HOJYYEUHHX J1PO-
napoansx. Hanpumep, nas pasencrpa (17):

({ Af (x)dx) = Af (x),
(ASf (@) de+ Cf = A(f(x)dx) = Af (%).

90. TaGauua npocTteilyux HuTerpanos. Ilas noayuenus 3710 Tab-
JNUB AOCTATOYHO IpovecTh B ofpatHoM mopsaake Tabauuy npocreimnx
npoH3BOAHBIX [49], nocae yero M HOJYUHM

jdx=x+c,
‘md‘_ _\»mu C . 1
S)v A-m+ , ecan m o — 1,
dx .
{ S=togpi+G
a.t
Saxd.zm+a gexd.v=e‘+C,
Ssinxdx:—cosx—';—c, Scosxdx:sinx—lf—c,
dx dx
§aew=tertc | =—cer+c
S li[*’_tx__,::arctgx—i—C, Sﬁ;:arcsinx—ka

Hna nposepkit 3710il Tabaibl I0CTATOYHO YCTaHOBUTH, YTO NPOH3BON-
11as npapoii 4acTH paBeHCTBA TOMWACCTLENHA C NMOALIHTErpaivHoll (yukuuei
aesoli yacti. BooGute, 3uas Ty ¢yukuio, OT KOTOpoOH naHHas (ynkuus
f(x) ectb npoussoauas, MLl TEM CaMBIM [M0JyuaeM ee HeonpeseacHimil
mrerpan. Ho oOHKHOBENHO, Make B CaMBIX NPOCTHX CJAyuasX, 3aiaHHBe

'y Hiiorda He uMwyT NPOH3BOABHOTO NOCTOAHHOIO CIAraeMoro 10cIe 1eon-
FEACACHHOIO WHTCTPada, NOAPa3yMebas, uUTO HCOMpCIeICHULIE LNTErpaa yie
COACPKHT Takoe caaraesmoe. Pasenctso (17) npn stom Gyaer

VAr@) ax=A\r()ax.
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¢dynicnuy He HaxomsaTca B Tabalue BHTErpajaos, uTto W JENAeT 3ajauy
HUTErpanapHOro HcUHMCAeHns ropasfo 6oJee TpyaHol, uem sazauy aud-
¢depenansioro ncuncieHns. Bee aeso npusoantcs k npeo6pa3oBaliuio
JAaHIOrOo wuuTerpana K TaKHM, KOTOpDHE 3aK/oualoTcs B Tabauue npo-
crefmix, .

[TpeoGpasosaune sT0 TpelyeT HaBHka M NPaKTHKH H obsaeryaerca
NpUMEHEHHEM HIKECAEAYIOULHX OCHOBHHIX TPaBii HHTErPajbHOTO HCHH-
creHns, a Takxke csoficts IV, V n3 [89].

91. Ilpaguno HHTerpUpoBaHMs N0 yacTAM. Mu 3HaeM, yTO €Ciu
I, v— e K2KHe YroaHo ¢YHKHMUI OT X € HenpepHBHHIMH NPON3BOA-
Hemu, 10 [50] '

d (nv)=udo-}-vdu, mwm ndv=d (uv) —vdu.

B cnay csoficts I, V n Il mu 3akaouaem orciona

Sudv:S {d (lw)—'odu]—{—C=Sd(uv)—-§vdu—|—c=
=uv — S'v du--C,

4mo u ddem HOPMYAY UHMEPUPOBAHUS NO HLACHSIM:

Sudv:nv-—S'vdu. ' (19)

OHa cBOOMT BHIYHC/JEHHE RHTErpa’a Sll dv K BRUHCJAEHNIO WHTErpana
S'udu, npuyeM 3TOT MOCAeAHN{l MOweT oxasaTbCid G0aee MPOCTBIM.
Mpumepn.
1. Slog X dx.
Ioxaraa 3necw
u=logx, dr=—dv,
HMeeM Ipexie Bcero .

dx
du=-—-, v=x,
x

orkyna, B cuay (19),
S log xdx =xlog x— S X l—%+C=xlogx—x+C.

Ha npaxtike orXeasHsie npeo6pasoBaniiad BHIIHCHBATL HE HYXIHO] BCE Zeit-
CTBHA NPOH3BONATICA MO BO3MOKHOCTH B yMe.
2. S exx? dx=3 xt.eXdx = S xtde* = x%* — S erdet=
=x%r—2 S e*x dx,

Se-'xdx:Sxde*=.re~"— S e*dx =e*x— e*,
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YTO MACT OKOHYaTCILHO
S e¥xtdx =e* [x2 —2x -|- 2]+ C.
3. S sin x -x"dx=s x3. sinx dx=S x3d (—cos x) =
=—x’cosx—s (—cosx)dxt=—x%cosx +3 Sx2 ccos xdx=
=-—x3cosx+3 S xd sin x =— x3cos x -}- 3x?sin x —3 ‘ sin x dx*=
= — x3¢cos x -} 3x7 sin x—GS xsinxdx=
= — x3cos x + 3xsin x—GSxd (—cos x)=
=— x3cos x -+ 3x2sin x + 6xcos x —6 Scosx dx=
= — A3 ¢c0s x -}- 3x2 sin x - 6x cos x — 6 sin x -+ C.
Cnoco6, nokasanuuil B 3TNX NpuMepax, npuvensercs, booluie, npH
BHIUICJIEHIIN HHTErpajoB Tina: :
Se""’x”‘dx, S sin bx - x™dx, | cos bx-x"dx,
rae m ectb Jo0oe 1enoe NOJOKHTEALHOE YHCIO0; HY:KHO 33a60THThCH

JUWBL O TOM, uTOOH NpH HOCICA0BATEABHEIX Npeo0pa3oBaHisgx CTenelb X
BCe BpeMsa IMOHUXKaAAch, MOKA He noiimer Ao mnyaesofi.

92, [IpaBuao samzHbl nepeMeHnbix. Ipunmepst. Muterpai Sf(x) dx
49aCTO MOKHO yapocCTuTh, BBEAA BMECTO X HOBYIO HepEMEHHyIO t, IoaoKuB

x=0(f). (20)

Has npeolpa3osanus Heonpedesenno20 UHIMe2pala K HOBOU nepe-
Mennod t no dhopayae (20) docmamouno mpeofpazosams K HOEOH
RepeMennoll e20 NOObHNESPANLHOE BbIpANCEHUE:

@ de=\flo0)¢ @) dt--C (21)

Hast gokasatenbcTsa B cuay cmotictea 1 [89] mam mocratouno ycra-
HOBHTL COBHajeHue MENAy auddepeHunanaMs oT aesoil u npasoii yacteil
¢dopmyart (21). ITpoussens auddepenunponanue, nveeM

d(§f (xydx)=f (¥) dx=F[s ()] ¢ ) dt,
d({7le 019 O dt)=Fle B¢ O at.
Hacto syecto moactanonkn (20) ynorpeGaaior oGpatiiyio

t=9 (%)
n

Y (x) dx =dt.
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Npumepmu.
1. S(ax+b)'"dx (npn ms£—1).

Ana ynpoulenns HHTerpaia noiaraem

ax+b=t, adx=4dt, dx—g.

IloacTaBuB 3TO B AaHHLI JIHTErpa. T, HaxXoANnM

log(a\‘—l—b)
(3

+

C=

n
dx dx 1 a) 1 X
3.3‘ = s = — -—2=-_arctg_+c
a® -+ x? jvaﬁ'(l—l— a S X a a

m
dx 1 d_=_10g+

ax+b=a t +C.

(nonc‘ranonxa {= :’i)
a

)

4, S Vajiﬁ = ]/_1_(—)_ = arc sm—-[—C
5 S V;ixiz'.

Jas BHUNCIEHNA 3TOTO MHTCTPa’a YNOTPeGIACTCA NMOACTAHOBKA diinepa,
0 kotopofi Golee nofpo6io ckazano nmxe, Hosasn nepeMennas ¢ BeoanTCa 3gech

no dopuy.ae
Vxta=t—x, t=x+Vx+a

Has onpeieaenna X 1 dx BO3BHUIACM B KBaIpar:

t:—a 1 a
2 pu—4 - 2 -_— = ——
x2ta=12—2tx + x?, X = 2(1‘ t)’
—_— t2—a t2+a 1 a ]t2+a
/X2 —f—— — — = — _
Vxt+a=t T T dx > (l—l-tg)dt— 5 g dt,

[Topcrasns BCe 3T0 B AaHHLII HHTErpat, nMees

SV}’—_ St’ "lt_l_a‘”—

=S %=10gt+0=10g(x+ Vxt+a+cC

6. Wurerpaa
dx
x:__aﬂ
BHYNCAAETCA NMPH INOMOIMH 0CO6Or0 MNPHCMA, C KOTODHM MH TNO3HAKOMHMCA

nojpoGHee mNo3xe, a NHMEHHO NPH NOMOWUL PA320XCeHUS NOOHHMEZPAAbHO
dyuxgun na npocmetiwue dpobu.



218 T, Uil, HOHATHUE OB MHTETPARE U ETO TIPHJIOKEHUS [ 92

Pa3aokie 3HaMeHaTedb NOAMHTCrPaivHONl GYHKUWHH Ha MHOXHTCIIL:
x2—a*=(x—a)(x+a),
npeacTaBHM ee B BHIC CyMMu Goaec npocTmx mpoGefi:
1 A B
=+

X¥—a2 x—a ' xta

Jan onpeneachus nocToAuHXx A 11 B ocBoGoxmaeMca OT 3HaMCHATCIR, UTO
JACT TO#AACCTBO

I=A(x+0)+B(x—a)=(A-+B)x+a(A—B),

KOTOpOe AOIMHO HMCTh MECTO NpH Bcex 3ntavernsx x. Ono Gyaer BuMOaHCHO,
ecan onpejeaits A m B u3 yciosHil

a(A—B)=1, A+B=0, A=—B=_-

Mrak, nameem:

1 _1[ 1 1 J
—a® 2a|lx—a  xFaf

dx 1 { dx _

x*—a‘-’_ﬂl_‘\ x—a x—l—al
=L log (x—a)—Tlog (x + @)+ C= - log =8 - C
= g '8 gt 2 gx—}-a )

7. Hurerpaast Goace o6uero Bijia:

mx-+n
XTppx g

NPHBOIATCA K Pa30GpaunbiM yXKE paHbiie, eCll B 3uaMeuaTCic MOANHTCIPalb-
nolt Gyuxuuyn swdeaums noanui xeadpam. Yyees

. ) ?
spitg=(v+5) +a -4
[Toxaracm raace

x-{——p—=t, x=t~—£ dx =dt,

2 27
4TO 1act
my--n=m (t—,—g) +n=At+ B,
rae MH noiownan A=mu B= 1——2’1 [Toaowxus, nakonel,

%

=iaa,

q_

.
rae 3uak () Ham (—) HyxHO B3ATL B 3aBHCHMOCTH OT 3HAKa JeBoOit yacti
9TOr0 PaBEHCTBA 1 @ CYHTACTCA HOJOXUTCILHBIM, MW MOXEM MCPCINICATL jall-
Hblil HHTCrpa1 8 BHAC:

my+n - (AL+B tdt
Sm‘“‘ Fra U= ASt’-'-a’ St’-l-a"
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MepBHit B3 3THX HHTCTPATOB BHUICIAETCA CPa3y, €CIH HOJOKHUTH
' 2aat=2z 2Adt=dz,
yTO AdCT

tdt 1 Cdz _ 1 1
Sm= 5 —z-=——logz_—log(t’+a)

Bropoit xe nHTErpal mmcer Biil, pasoOpannbit B npuvepax 3 () n 6 (—).

8. Harterpaan Buxa:
S mx4-n
Vetpe+q

NPUBOAATCA K Pa3o6palBLHM BhUIE TEM ke NPHEMOM BHIACICHHA IOJNOrO KBa-
nparta. [Ipumensa o6Go3nayena npiMepa 7, MOMeM Iepenicath JdHHHIT HuTerpan
B BHIE:

mx-n At+B
—_———dx = —
Vetpre g VeE+s

: tdt
vt v
VELRy T + b
nepBblﬂ I3 3THX BHTCTPAIOB BLIVHCIACTCA NPH NOMOMmH NOACTAHOBKH
2 b=2z%, 2dt=2zdz

dx

dt =

— gt _ﬁ)
b_u_-a...q 7))

xoropa;l naer
t dt S z dz

a'z =z=VEF0b.
VeFo vete

Bropo#t ukterpan yxe paso6pan B npumepe 5 i pasen log (¢ V&2 4 08).
9,  AHATOrHYHHM 1IPHEMOM BbIXCAEHNA NOINOro KBajpara HMHTErpal

mxy n
———____j_‘——_—"___— de

Vatpx—x
MOXHO anBCCT“ K B",‘Iy:

As]/at-di +5 S]/a* " )

H HMeeM
tdt VE—E
—& - yYFIE4C
Va;)__tz

NpH oMol NOACTaHoBKH a® — 2 = 2% Bropoit nuterpas pasoGpan B npnuepe 4,

e 1 —cos 2.v 1 1.
10. Ssm xdx::S—,z——-d _—f(r—-—Q—stv)—}-C==

=% (x —sin xcos x) 4 C.

L
Scos’xdx:S-l'*——czoid (x-}-—sm?x)—]—C:

= %— (x+sinxcos x) 4 C.
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11. Hurerpax
§Vfaax

NPHBOAHTCA K pasodpaunony Yxe npll noMouH HUTCrpHPOBAHIA 110 YaCTaM!

Vi Fede=xyV ¥ Fa—{cdVFFa=

=xV3¥Fa— S — - dx,

Mpubasup 1 BLIYTA @ B YHCIHTCIE MOJALIHTCTPalbHOfl GYHKUUH MOCICIHCTO
HHTErpaia, MepenHiueM Npeibliylice paBseHCIBO B BILIe:

—_— . = ./ dx
SVX +ad.\_,x]/.x —{—G—S/-A +adx+a ]/m’
Hai
) —_ /32 _gx_..
20V ¥ fade=x) *_+”+"Svm’

OTKYAa OKONYaTeILHO ™

S]f.?-’_—i-?d, =%[x]/x2+ atalog (x-+V xEFa))4C

93. Mpumeps! guddepennnaapubix ypabHeHHit nepsoro nopsaka. B {51]
MLl paccvarpusaail npoctefimie audepenuuaisnpie ypasHenus., Camoce obuee
mdepeniaIbHoe YPaBHCHIIC HepBOro 10pAJKa HMeeT BHAL

Fx g y)y=0.
310 ecTb COOTHOUICHIE, CBA3LIBAOLICE HE3aBHCHMYIO IICPEMCHHYIO X, HeH3-

BCCTHYIO QYHKUIIO y 11 ce nepeylo nponssoauylo y'. OOLIKHOBEHHO MOKINO
PCIUHTL 3TO ypaBHCHile OTHOCHTEALHO ¥ 1 MCPCNHCATL CrO B BHAC:

y=f(x )

rae f(x, y) ecth u3sectHad (yHKUHA OT X H Y.
He paccmatpnsas storo ypasueHns B ofmeMm cayyae, yro Gymer caeaano
BO BTOPOM TOMC, OCTZHOBHMCH WL 11a HCKOTOPHX MPOCTCHINHX IIPHMEpPAX.
Ypasuenue ¢ paszdeasouusucss nepesennusu,—xoria dynxuns f(x, y)
NPeACTaBIdeICs B BHEC OTHOIUEHHA ABYX (YHKIMIl, 113 KOTOPHX OAHA 3aBHCHT
TOIBLKO OT X, @ Apyras TOILKO OT y:

=20 22
V=50 (22)

Momus, uro y' = % , MOXeM Mepenncath 3TO ypaBHCHHE B BILIC
¢ () dy=7y (x) dx,

TaK YTO B OIHY YaCTb YPAaBHCHHA BXOXHT TOIbKO GYKBR X, B ApYIyio — TOIbKO
6yKBa y; 3T0 npeopasoBanne I HasuBaerca paidenenuess nepesenunx. Tax Kak

Yo dy=d Y dyn ¢(x)dr=d{¢(x)dx,
B ciay csofictea 1 [89] moayuaen
feordy =f¢()dr+c 23)

OTKYAQ M MOXHO, B3AB HHTCIDA:H, ONPEACIHIL HCKOMYIO (pyﬂKLlHlO y.
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Mpunepu L. Xunuvecrkue pearyuu nepsozo nopsorxa. OG6o3nayns yepes
@ KOIHYCCTBO BEIIECTBA, HMEBLIEroCA K Hayaxy peakuny, ycpes .x — KOJHYECTBO
BEIECTBA, BCTYNHBILCIO B PEAKUHIO K MOMEHTY f, Mb nueeM [51] ypasnenie

dx

—=c{a—x 24
rae ¢-—mnocronHnas peakuud. CBEpPX TOro MHI HMECM YCIOBIE
x =0. (25)
t=0
Pasneaas nmepeMeHHbC, HaxoIuM
dx
=cdlt,
a—x

1111, THTErpHpys

dx
a—x

= S edt+Cy; —log(a—x)=ct+Cy

rae C,— npoussoabhana mocrosnHaa. OTCI0Xa BHBOAMM
. Y 2 —ct
a—x=¢ tc‘=Ce ’

rie C==¢C! ectb Takwe npomssoinHas mocrosnnas. Ee moxmo onpeieInTh
H3 ycaosua (23), B CiLIy KOTOPOro mpeiwAyulee paBeHcTBO npH f==0 paer
a=0C, 1 OKoHYaTeIbHO

x=a(l —e*).

2. Xumuyecrxtte peaxyuu 6mopozo nopsdxa. TIycte B pactBope coaepxartca
IBa BEWIECTBA, KOIHYECTBA KOTODPHX K Hayaly DeakiHy, BHPaEHHHE B IpamMM-
MOJeKYaaxX, CyTh @ n b. JIONYCTHM, YTO K MOMEHTY £ B pEaKUHI0 BCTYNaioT
paBHbE KOayiyecTBa 0GONX BEIICCTB, KOTOPHE Mb 0GO3HAUIM Yepes X, TaK YTO
KOJIHYeCTBA OCTABIINXCA BewlecTB GYAYT @a— X H b— X.

TTo OCHOBHOMY. 3aKOHY XHMHYECKHX DeaKuHii BTOPOro MOpAAKA CKOPOCThH
TeYEHHA peaxiHil NPONOPUHOHATbLHA NPON3BENEHHIO 3THX OCTABMIHXCA KOJANYECTB,
T. e

dx
m:k(a—x) (& — x).

Hyxno nurerpnpoBath 9T0 ypaeBHeHHe, NPHCOCNNHNE K HeMY eme HayaibHoe
ycaoBHe

X =0.
-
Pasgenss mepeMeHHHIC, HMeeM
. dx b dt
(@a—x)b—x) "7
nan, nHTErpHpYA, _
_dx +C %
(a—x)(b—x) v (26)

rae C,— NpON3BOIbHAA NOCTOAHHAA,
O1a Boiuncaenns mATerpana B J€BO YAaCTH MBI NPHMEHHM CNOCOG Pas3toe-
nHA Ha npocrefiue apo6u (npumep 6) [92]: ‘

1 __A . B
@—x)(b—x) a—x " b—x’
1=A(b—x)+ B (a—x) =— (A+B) x -+ (A6 +- Ba),
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HTO Aacr
—(A+B)=0; Ab+Ba=],
OTKYyna
1
A=—b=y=3
TaK Y10

S‘ dx _I[de___a’x]__llb—x
(a—x)(b—x)_b—a_ a—x b—x]| b—a Oga-—-x'

Moncrasaas B (26), nmeenm:

b_ -
log Z=%=(b— a) kt + (6 — ) C,,
b—x — Ce'b—a) kt
a—x !

rne C=¢{""% €1, Yckomas GyukuHa X onpeacaserca orciona 6e3 BCAKOro 1pyia

[penraracs yutateanm paso6path 0CoGmil caywali a=b8, korga npeibin
uiite GopMy/B TePAIT CMLICI.

3. laimu sce kpusvie, nepecexawujiie nod OGHHLIM NOCIMOAHHUM Y2A0A
paouycol-eKmopul, nposedeHnye U3 HAYAAB KOOP
dunam ') (puc. 121).

Tiycte A (x, y) €CTL TOYKA HCKOMOIT KPHBOI
M3 yeprewa mum nmeem

w==a-—10,

A y-2
tga—1tg X
tgo=tg(z—10)= = .
1+igatgh Y
BEEY a4y *
—af >X OGo3anayus 118 yaoGc1Ba BhyicIeHuit
I
Pitc. 121, go=—

H 0c8o6OMAACL OT 3HaMCHATeel, Nepenimic) Hoayycnuoe nddepeHuiaiLio
ypasucnie B Bie
- Xty =a@'x—y)
1ai, yMHOKHB 06¢ 4acTH Ha dux,
xdx+tydy=a(xdy—ydx). (27
10 ypapucnuuc HHTEIpHpYeIcs BeECbMA [IPOCTO, €CI_ NEpefiTh OT NpaMo
yroabHuX KOOPANNAT X, 3 K HOIApHHM r, §, npunas ock OX 3a 5OASpHYI0 OC
it nayaio xoopauuar O 3a noaioc. Mur nmeem [82]

At ty*=ri, bG=arc tg%,

Y10 jaer
T L 1 y _ xdy—ydx
Xdx4ydy=rudr, au_—TTd;——.mz—-,

1’(‘;2‘ -

1) Boo6uie yraoM Mexuay ABYMA KDHBHIMI HA3WBAETCA YTOA MexAy KacaTedb
HBMH K HIIM, NPOBCAGHULIMH B TOYKE IIEPECCYCHHA KPUBHIX,
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Ypasnenne (27) nepenumercs nocre T0ro B BHie:
rdr=ar%*d8, nm ?:adﬁ,

Wnrerpupyn, nMeeM
logr=ab-4}-C;, 1. e. r==Ce%, rne C = ¢C1,

Ho:lyqeuﬂue KpHBLIE Ha3LIBAIOTCA .'lOl‘apH(pMH‘ICCKHMll cnupaiaMmit,

§ 9. CBOACTBA OINPEJNEJIEHHOIO UHTETPAJIA

94. OcHomHbie cBOjficTEA OmnpeneJeHHOro nHTerpajaa. Mu yme
FOBOPHAH, UTO ONpeleacHHH BHTErpan

b
I=\f(x)dx, a b, )

vae (a, b)—xoHeunmfi mnpomexyrok u f(xX)-—nenpepwBHas B HeM
¢dyHkupg, ecty npeaen cymm suma [87]
b n

{f(x)dx=1lim Zlf(ek) (¥ — Xpoa)- @)
a k=

AtoT npesen Hal0 MOHWMATh cAeAyomuM o6pasoM: npu Jo6oM sanau-
HOM TNOJOKHTENLHOM & CymECTBYeT TaKoe MOJOXHTENbHOE YHCJIO 7, 4TO

|1— z‘,lf(sk)(xk—xk_,)|<e
k=

npn moGoM pasGHEHHH M BHOOPE TOYEK &, H3 NPOMEKYTKOB (X, 1, Xp)
ecan HanGonbluad u3 (MONONUTENBHBX) pasnocTel Xp — Xp_y < 7.

Kpatko rosops, nurterpan (1) ects npemen cymm (2) npu aioGom
Boibope &, 1 cTpeMylennn HanGoJasluefl H3 pasHoCTel X, — X, K HYMO.

OTMerHM, 4TO NPH STOM UUCAO CaaraeMHx cyMMu (2) Gecnpegenbho
Bo3pacraer. CTporo rosops, onpexeneHue ynomsuyroro npezena (2) Hano
NOHUMATh TaK, KaK 3TO YKasano BHIUE (C MOMOWBIO € H 7).

B KoHHE r/aBH MB JQOKaKeM CYUIECTBOBAHIE YNOMSIYTOro npeaena
cymM (2) aaa nenpepreBHHX (yHKUUR H HEKOTOPHX KJIaCCOB PaspbiBHEIX
¢ynxunil. B pansnefimem, ecan He oropopeHo oco(o, Mpl OyAeMm cunTath
NOAKHTErPanbHyio GYHKINIO NenpePHBHOi Ha NPOMEKYTKE HHTEr PHPOBANHSL.

Mu npeanoaaram, uro minknull npegen @ uHTErpasa MeHbUIE BEPXHEro
npepeaa b Ecam a=0b, TO 13 TOJAKOBAHMA HHTErpata KaK IJIOWAaH
CTEAYET, YTO €CTECTBEHHO CYNTaTh

a
{f(x)dx=0. (3)
a
TO PpaBeHCTBO fBASETCA ONpejfe]enneM HHTerpasa Aaas TOro cayuas,
oraa pepxuuil mpemen pabeH HIKHEMY.
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Ipn @>>b npunmvaercs caeayoliee onpeneseHie:

b a
(f)de=— § F(x)dx. “)

B uurerpane, crosuueM B npasoff wactH, iubkunil npexea b Mewslue
BEPXHEro a I umrerpan mnounvaerca oOBYHHM 00pa3oM, Kak YKasalo
poie. Ecan Ovl MB 4719 HHTErpasa, CTOAILErO CAEB3, NOCTPON CYMMY (2),
10 Ana nee (@ >b0) MH noayuny

A=K X > X >0 > X S K > Xy > X ==b,
1 BCE PasHoCTi (X, — X,_,) oTpuuarejbhsl: Ecan Mbl mepefizeM Kk nure-
rpany, crosiuemy B npasofl yacTi paseHCTBAa (4), T. €. OyaeM CYHTaTh @
BEPXHUM NPEIEOM Ii b HIGKHUM, TO MNpPOMEKYTOUUBE TOYKH X, HAAO
6ynmer cuntath B oOpaTHOM nopsiake, i B cymye (2) Bce pasHoCTH nepe-
MEHsT 3HAK. DTi coolpaxkenns [AeNAI0T €CTECTBEHHBIM OfpejeneHie (4)
B TOM cayuae, Korga a > b.
O1MeTHM ele oveBiIHOE paBeHcIBo

b b .
{dx=(1dv=b—a )
a a )

HeficTpureanho, pas mojsuTerpaibnas (Gyukuna npu BCex X pasHa edn-
niie, TO

dx =1im [(%) — @) 4= (¥ — 1) - (X3 — X)) -+ .-

'_:— (xn—l - xn—?) —l_ (b - xn-l)]'

Ho cysa, cToawas B KpaapaTHHX CKOOKaxX, papHa mocrosuuofl (b — a)

Ilepexogus K nepeuncaeH0 U JOKA3ATEAbCTBY CBOCTB onpexedeli-
noro muurerpana. Ilepprie aBa 13 HIX CYTb ONPEIEACHNS, BLIPAKCHHBIE
pasenctsayu (3) u (4).

L. Onpedeaennviit unmezpar ¢ 00UHAKOBLMU SEPXHUM W HUICHUML
npedeaamiy CHUMAencs pagHbli HYAL.

Il. [Ipu nepecmarnosie aescdy coboil 8epxXHe20 1 HUNCHE2O npede-
208 onpedefeHnblll UHMe2Paa, COXpansas alCoAlmHOe 3HadeHUe, AlC-
HAteNL AlG 3HAK:

0 L)

a

b
{fx)ds=— {7 x)dx.

b a

Ill. Beauyuna onpedeacntHo2o unmezpaid He 3asucum om o0o3ua-
YeHUST NePeEMEHHOL UHMepuposanin:

b b
{fx)dx={st)dt.

9710 ye Onio suiscueno s [87].
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IV. Ecau danu paod uuces
aQ, b, Cy vuoy k) l’

PACNOAOIERRBX 8 KAKOAM yeoano ﬂop}lah’e, no
b c {

4
Sf(x)dx=§f(x)dx+Sf(x)dx+---+§f(x)dx- (6)
a ) b

a

ATy dopmyay HOCTaTOYHO YCTaHOBHTb IS CJydas Tpex HHCen a, b, ¢,
noc/se Yero HETPYNHO PacnpPOCTPAHHTL NOKA3ATEAbCTBO HA KaKOE YroaHo
YICNO CJIaraeMplX. i :

Honycrum cnepsa, uro a<b<c. Us onpenenenus BHTEKAET, 4TO

Vfyde=tim 3} £ (6 — %)

a i=1

npuyeM npexen 3ToT OYZeT OOMH H TOT e, KakKuM Osl MBI CrnocoGoM
ni pasbusani Ha vacTH npomexytok (@, ¢), mumb O TOABKO Hau6Gomn-
mas u3 pasHocreft (x; — x;4) crpeMmiacs K Hymo. Mut MOxem ycao-
BHTbCA Da3bmBaTh npOMEXYTOK (@, ¢) Tak, uroOn TOYKa b, nexatias
MeXAY @& Hu ¢, Kaxauil pa3s oxassiBasach OHOH M3 TOYEK JAeeHud.
Ho rtorga cysma :

z{f G (o — xpy)

paso0bercs Ha 1Be TaKOTO Xe THNa, C TOH JHIIL pasHALEIo, YTO NpH
cocraBnennn OAHOH Mbl GyleM pasGnsarb Ha YacTH NpoMexyTok (a, b),
NpH COCTABACHHH Ke APYroi — npomexyTok (b, ¢), u NpHTOM TaK, YTO
B 00oux cayyaax nauboabwias mu3 pasHocTeft (x; — X;_;) CTpeMHTCH
K Hymo. Kawaas u3 STHX cymM O6yJer CTPEMHTbCS COOTBETCTBEHHO K

b c
{fxyds, §f(xdx,
a 14

H MB nmoayumd, (QUKCHDYS MOCIENOBAaTeAbHOCTh pasGueHnft M uncaa &,

[ n b c
§ fx)de= limig{ fE) i —xiy) = f(x)dx - § f(x)dx,

410 U TPeOOBalOCh NOKa3aTh,

Tlycts Temepe & zexut BHe npomexyrka (a, c), sanpmyep a <l c < b.
Io pmoxasattoMy ceflyac Ml MOXEM HamucaTtb

S/ de={f(x)dxL § fx)dx,

-
8 B. H, CMupnos, 7. [
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OTKyna
c b b
V£ () dx = [ f () dx —( (%) dx.

Ho B cuny csoiictea Il umeem

b ¢
—(F () dx=(F (x)dx,
¢ b
T. €. OIllsTh .
¢ b c
§f o de={7(xydx 4§/ (x)dx.

AHJIOFHYHEIM NYTEM MOXKHO PAacCMOTPETh H BCE OCTAJNbHHIE BOSMON-
HHE CAYYaH B3aHMHOTO PaclOJOKEHHS TOYeK. _

V. Hocmoskubli  MHOJCUNIEA MOJNCHO BHHOCUNS U3-Nn0d 3HAKU
ONpedeAeHHO20 HHINEPAAR, T. €,

b b
(A () dx=A(f(x)dx,

n6o
b ° n
V47 () dx =1lim DA G (i — %)=

i=1

=1

n S
= Alim D\ f ) (i —x;)=A §f(x)dx.
a . .
VL Onpedesernnii unmeezpan om aaceOpauieckolt cymms pasen
arzefpaudeckof cymse OnpedeAeHHNIX UHHIEPAR08 OM Kancdo20 caa-
2aex020, w60, Hanpumep,
b n

(I @) — ¢ dx=1im 3} (£ ¢) — ¢ Elxs — xp0) =

i=1

=lim D} f (&) (¥ — x;y) —lim _Z:l?(ii)  —x; )=

i==}

b b
={f(@)ds—{o(x)dx.

95. Teopema o cpenuem. VIL Ecau 8 nposesicymie (a, b) gyns-
yuu f(x) u ¢ (x) yoosaemsopsiwnm ycaosui

) <¢() a<x<b, )
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mou

b b
{fdr<(odx (>0, @®

KOpOue roBops, HEPABEHCMBA MOJCHO UHIMEPUposams.
CocrasuM pasHocThb

14 b b
{e)ax —§ f() do=1 [ (¥) —f (¥)]dx=

= “m'Z,l (e G —F Gl —x,y).

B cuay nepasencrsa (7) caaraeMbie, CTOSIHE NOA 3HAKOM CYMMH, I10-
JIOXKHTEABHE MJAH, MO Kpafinell Mepe, HeoTpuuaTeasus, CaemoBaTennho,
TO ¥e MOXKHO CKasaTh O Bceft cyMMe M ee npeaene, urQ H NPHBOMNT
K nepaseuctey (8).

Mpusenem eme reomerpuyeckoe no-
acnenne ckasannoro. Jlonmycrum cmepsa, |- ‘k‘f%)
uro ofe Kpuswe

y=/(x), y=9) .i y:fix)

nexar Ham ocblo OX (puc. 122). Torma @ a ) —
turypa, orpannyenHas kpusoft y =f(x), Pue. 122

ocslo OX W OpAMHAaTaMH X==a U X =20,

JIEXAT UEJHKOM BHYTPH aHalornuHo ¢urypw, orpanuuensoli Kpusof
y=9(x), a notoMy nuomans nepsoti GUrypH He NPEBOCXOMHT MNJIOLLAMM
BTOpOH, T. e,

L)

Sf(x)dx<§ o (x) dx.

O6mu#t cnyvafi KaKoro yroaso pacnoJOXeHHS HaHHHX KPHBBHIX OTHO-
careabHo oct OX npu coxpaneHun ycaosua (7) NpuBOAMTCS K Npeaw-
RYWEMY, ecnd NepeaBHHYTb YEPTEXK HACTOJBKO KBepxy, uroGu ofe kpu-
BHE OKasanch Hax ocbto OX; 5TO nepenBHKEHHE NPHGABHT K KaxaoH
dynkunn f(x) n ¢ (x) omHO H TO xe craraeMoe c.

Jlerko noxasats, uTo ecan B (7) HMEET MECTO 3Hak <, TO H B (8)
nyeeT MecTo snak <. Hamomuum, uto dymxuun f(x) u ¢ (x) cunraiorcs
HENPEPBIBHBIMH,

Crencrsue. Ecau 8 npomescymre (a, b)

lf(x)l<<9(x)<M, ©)

mo
|f(x)dx| <p(x)dx<M(b—a) b>a. (10)

80
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B cason nene, ycaosus (9) paBHOCH/IbHEL CAEAYIOLLUM:
—M<s—s@)<fW<e@W=-+M

Huterpupys sTH HepaseHcTBa B npegedax oT a 10 & (coiictso VII)
1 noaw3ysch (5), noayuaem

b b b
—M@p—a)< —{odx<| f(x)dr<| o) dx<M(®—a),

YyTO paBHOCHAbHO Hepaeenctsam (10).
Ioaaras ¢ (x)==|f(x)|, noayuyaes u3z (10) BaxHOE HepPaBeHCTBO:

b b
|§ 7 dx | < 1f ()] dx, (10y)
a a
KoTopoe sBaserca o0oCulesineM Ha cayuall HHTErpa’la H3BECTHOTO CBOft-y
CTBa CyMMBl: a0COMOTHas BeaHyHHZ CYMMbl MEHbLIE HJH PaBHa CyMMe
a6coMmOTHLIX BeMIYUH caaraevux, B namicanHolt QopMyae 3HaK pase-
CTBa HMEET MECTO, KaK HeTPYAHO MNoHATb, JAHIIb B TOM CJyyae, KOraa
f(x) ne menser 3naka B npovexytke (a, b).
W3 Ttoro we cpofictea VIl BriTexaeT pechbMa BaxHasd TeopeMa,

Teopema o cpeanem. Ecau ¢ynwyua «(X) coxpansem 3nar
8 nposexcymre (a, b), mo

b b
V@ o) dy=F@f o (¥)ax, (1

20e £ ecms Hewomopoe 3nadenue, npunadaedcaiugee npoxeacymry (a, b).

Bynem ans onpenenennoctn cuntars ¢ (x)==0 b npomexyTke (a, b)
H 0003HauNM yepes 7 H M COOTBETCTBEHHO HauMeHblIEe Ul HanGoabluee
snauenns f(x) B npovewxytke (@, b). Tak Kak, OYeBHHO,

n<<fx)sM

(npuyem 00a 3HaKa PABEHCTBA HMEIOT MECTO OANOBPEMEHHO, TOAbKO KOTAa
S (%) nocrosnna) n ¢ (x)==0, To0

me ()< f(x) o (X) << Mp (%),
u B cuny csofictea VII, cuntas &> aq,

b b b
m @ dr<{f(x)¢(x)dx < M( ¢ (x)dx.

Orciona scto, 4TO0 cymectsyer Takoe uicao P, YAOBAETBOPAIOLIEE
HepasencTsy M =< P<< M, uro

b
{760 () drm P ¢ ) d. 12)

[
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Taxk kak ¢ynxuna f(x) HenpepsiBHA, OHA NPHHHMAET B NPOMEXYTKe
(a, b) Bce 3Hauenns, Jexamue MEKAY HaHMEHbIINM s 1 HanOGoabmiuyM M,
B TOM uncie M 3HaueHne P [35). ITostomy Hafinercs Takoe 3naueuue §
BHYTpH npoMexyTka (@, b), a1 KoToporo

fEO=P"r,

4TO M HoKasuBaeT dopmyay (11).
Ecan ¢ (x)=<<0 B nmpomexyTtie (@, b), T0 —¢(x¥)=0 B npomexyTKe
(a, b). IIpumensas K Helt JOKa3aHHYI0 Teopemy, NOAYYHM

b b
§ 7 =2 @) dx=7 () § [—2()ldx5

BHIOCA 3HaK (—) 3a 3HaK HHTErpa’a H ymuHoxas o6e wactn Ha (—1),
. puzem K dopmyae (11),
Touno rax xe, ecm b<Ca, TO M3 MpeavAyWEro caeayer dopmyaa:

a

§ e de=rf) | o(x)dx.

b b

[Tepectasasa B oOenx uwacTAX mnpelentl HHTErPAajoOB M yMHOXad Ha
(—1), nmpuzem k ¢opmynre (11), koropas JokasaHa, Takum oGpa3om,
BO- Bcefl obuHoCTH,

B uactHocTH, nonsras ¢(x)==1, noayunMm 6aicHuii 4acmuul cay-
wall meopems. 0 cpedHes:

b b .
§f)de=f®)f dx=f® (& —a) (13)

a a

3naventie onpedesennozo unmezpanra PasHo NPoU3BeOeRUI0 OAUHEL
npoMeNCYMKQ UHME2PUPOSANUSA HA 3HAYUEHUE NOOLIHMEZPANsHOL OYHK-
Qi npu HEKOmopos NpoAtexCymoy- ’

" b/
HoM 3Hadennu He3asucumoii nepe-
MenHoil. ;
1
Ecan a™>b, 31y AanHy HyxHO ' ! !
B31Tb CO 3HakoM (—). [eoMerpuuecku : (k) e :
MPEANOKEHHE TO PABHOCHABHO TOMY,  —% | A Ly

yTo, paccmarpiuBad MJIOLlaAb, OFPaHu-
dennyio moGolt Kpueol, ocklo OX Puc. 123.
OBYMA OpauHataMy x==g, X=20,
BCErAda MOXKHO HaliTH paBHOBeAHKHIl ell NPAMOYrOJbLHHK € TEM e OCHO-
panueM (b —a) n c BHCOTOH, pasrol od0nOHE u3 opdunam Kpugoi 6
npoxexcymre (a, b) (puc. 123).

Herpyano nokasats, uto umcao § Bxomsmee B cdopmyay (11) nau
(13), Bcerga MOXHO CUHTATh JEXKAWHM BHYTPH npomexyTka (a, b).
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96. CymectBoBanne mnepsoodpasuoit dyuxuuu. VII. Ecau sepx-
Hull npedes onpedefeHHO20 UHMEPAAA eCms BeAltUHA NepeMeHHas,
10 Npou3soOHAs UKNIE2PAAQ NO BEPXHery npedesy PaBHA IHALEHUID
1OQbLHINE2PANBHOL (BYHIGUL npu Mo BepxHes npedcae.

3ameTuy, YTO BeJHYHHA MHTErpana

b

{f(x)ds

a
npu fauuoft moasnterpaastoft gpyuxiim f(x) sasucuT OT npeneaoB ui-
TerpiupoBanus @ u b. PaccMOTPHM nHTerpan

X

{r@at

a
C TIOCTOSHHBIM HHXKHIIM NPEIETOM a U MEPEMEHHEIM BEPXHUM TPEAesioN X,
npuueN nepeMeHHyio HHTerpHpoBatus M ofo3HauaeM Oykpolo £ B OT-
Auyle OT BepxHero mpeaeta x. Beanunna sroro nwurerpana Gyner ¢wik-
uuell sepxuero npeageaa x:

Fxy=\f(t)dt (14)
i, HAZO AOKa3aTh, uTO
dF(x) ., .
dx =1 )

HIag 10Ka3aTenbCTBA BHYHCAUM NPOH3BOANYI0 PYHKUHIO F (Xx), 1cxoas
n3 onpeaeienns npoussonnolt [45]:

dF(x) o Pt b~ F(x)
dx 40 I )

Mu uneem
x-+h x x4k

Flx+n={f@d= {f@e)dt+ \WAGK:

{8 cuay coofictsa 1V), orkyaa
xX+h
Fx4-h=Fx)+ { foa,
nphues
Fl@=\f@dt=o.

ITpansensa (13), umees

: x4h
Fx—4-—Fx)= § fOdt=FE)h,
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rae It MOmeT ObTb Kak MOJOXNTEALIBIM, TaK H OTPHUATEJLHBIM, €C/MH
e x<b >0 mpn x=a u <0 npu x=>5. Yncao & npunanne-
KAT NMPOMEKYTKY, KOHUM KOTOPOro CyTh X H X-+/, Tak uyro ecan i
CTPEMUTCA K Ky, TO § CTpEMHTcA K X H f(c)—K f(x) B cuay ue-
npepusHocta 3TO# dynxkunn. Ha nocaexneft gopmyast nenocpeacTseHno
caenyer, uro F(X)— HenpepreiBHas (yHKUMA NpU @ << X << b, T. €. onpe-
deneHnblil uHmezpan, paccxampusaesnsili Kax QyHKyUSL 8epXHe20 npe-

deqa, ecms Henpepusran dyuxyus 8 nposmexcymre (a, b) Hens obe
4yacTH nocaeadeft ¢opmyan ua /i

F (x4 h)— F(x)
”

=/

u ycrperaaa ft x nymo (f—>--0 mpu x—=a u h—>—0 npu x==»5),
NOAyYHM

F =" =linfO=F

O6 onpenesesun npouscoANOH Ha KOMIAX 3aMKHYTOrO NPOMEXYTKA MH
yxe rosopumu B [46].

W3 npeasiaywero cireayer Takike, 4TO:

IX. Beaxan nenpepusnast diynxyua f(x) useem nepgoo0pa3suyw0
PYHKQUI0 uan HeonpedeneHHbLl uHMezpan.

dynkuna (14) ectb Ta nepsooGpassan ¢yHkuna aas f(x), xoropasn
o6pawaercd B HyJb Npn x=—a.

Ecau Fy(x) ecms o0dno us Bblpa.')ICEHllll nepsoolpa3noi q’)ynmmu,
mo, Kak MH sugenu s [88],

b
\f (5) dx =Fy (8) — Fi (a). (15)

97. Paspnie noabinTerpansuofi ¢dynkuuu, -Bo scex npeapimymux
paccyxneHHaX MpPEeanonaraioch, YTo MOAWHTerpaiabHas dyukuna [f(x)
HEMpPEepHBHA BO BCEM MPOMENYTKe HHTerpHpoBanua (a, b).

Boeaem Tenepb MOUATHE HHTErPaJa H 449 HEKOTODHIX DPaspHIBIHX
ynxuun.

‘Ecau 8 npomesxcymre (a, b) umeemca mouxa c, 8 Komopoi
nodsinmezparsias  Pynxyus f(x) mepnum pa3puis, Ho npu 3moss
unmez2passt

c—¢' b
{ f(x)dx, { fx)dx (a<b)
a c4¢f

cmpessimcs K ONnpedeseHHB At npedesas, Ko020a HoA0HCUmMEASHBLE
wucaa ¢ u e’ cmpesmames rk wyao, mo smu npedeart Ha3stéarm-
c onpedeseHnp mu unmezpanamu om @Gywxyuu  f(x), e3amo
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coomeemcmeenno sexncdy npedesanu (a, c) u (c, b), 1. e.

V@ds=lm { f(x)ds,

a

b b
{fyde=1im | f(x)dx,
c i"—>+0 $+|’
ecau smu npedesst Cyuecingyrwm.
Mu noaoxum B sToM cayuae
b c v
§f)de=(f(x)dx 4 { f(x)dx.
a a [

Pynkuust F(x), onpenenennas popuynoli (14), o6ranaer, Kak HeTpymio
BUIETD, CASAYIOWNMH CBOICTBAMIL;

F (¥)=f (x) 60 scex mouxax (a, b), kpome x=c, u F(x) Henpe-
pusna 60 8cem npomexcymxe (a, b), sxawovan x=c.

Ecan TOuKa ¢ cobnamaer ¢ omumuM u3 KOHUOB NpoOMexyTka (a, b),
N3N0 PacCMATPUBATL BMECTO ABYX TOBKO OAUNI U3 DPENesion:

b b—e
lim  { f(x)dx wm lim { fx)dx.
€—0+0 a+‘ S—v+0 a

Hakoneu, ecan Touek paspuina ¢ B npomexytke (@, b) ue omma, a
HECKOJZBKO, TO HYXHO Ppa30HTb NPOMEXKYTOK HA YacTH, B Kawaoil u3
KOTOpHX Oyaer yie TOJALKO MO OMHOH TOYKe pa3phlba.

[lpu c0eaannoss Bbiue COAQUICHUIL O CMbICAE CUAMBOAQ

b
§/(x)dx
a
csoiicmeo 1X u gopayaa (15)
' b
{f(x)dx=F, (b)— F,(a)

a

Oyoym Hasepro usems mecmo, ecau F(x)=f(x) 8o 8cex mourax
(a, b), Kpome x==c, u F,(x) nenpepvisna so scex npomexcymre (a, b),
8EAIONAS X ==C.

YIpepikpelitle 3T0 JOCTAaTOUMO [AOKA3aTh JJIA CJAyuas OINOII TOuKH
paspeiBa ¢ BHYIpUl HPOMeKYTKa (@, §), TaK Kak cayudaft HeCKOJNbKuX
TOUECK paspeiBa 0 cayuall, Koraa c¢==a nan b, uccaeayloTcsl COBEpLIEHHO
anaaornyHely 006pasoM.

Tak xak B npoMexyTtkax (a, ¢—¢'), (c-}¢", b) dyukuna f(x)
TaKXK€ HENpepHBHa, TO K 3THM NPOMEXKYTKAM npumenuMa ¢opmyaa (15),
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H MH nMeeMm

| F@dr=F(c—)—F@),

b

§ f)dx=F(0)—File-e)
c+e

B cuay nenpepnBHOCTH Fy(X) MBIl MOXEM MHarucarh

V@) dx= lim [F(c — &) — Fi @) =F1() ~ F1 @),

QL Q

f(x)dx =‘”11n3r[0F: () — Fi(c +¢)=Fy (6) — F1(c),

<>

Sf(x)dx_s (x)dx-{—s (X)dx=

= [F1 () —Fy (a)] +[F1 (8) — Fy(e)]=F(b) — F (a),
uro 1 TpeGoBanoCh AOKa3aTkh.

C TOYKHM 3peHHA reoMeTpHuecxKoll, paccMOTPEHHHfl cayuaft Bcrpeuaercn
TOTNa, KOTJa KpHBas y = f (x) HMeET pa3pHiB
B TOUKe ¢, HO TaK, YTO naowads KpHBOI Yy )
BCE e cymecTsyer. Paccmorpum, HanpuMmep,
rpaduk dynkuun, onpexrereHHofl crepyomHM
obpasom:

f(x)=%+—;- mpr 0<x<2,

fx)=x mpn 2<<x<3

(puc. 124). Maomans, orpannyenHas sroft
xpneofi, ocblo OX, opanaaroft x=0 n ne-
peMenHOfi opmmHaToOll x = X,, €CTb Henpe-
poiBH2d (QYHKHHA OT X, HECMOTPA Ha TO, YTO
¢yBkuna f(x) TCpNHT paspuB MNpH x =2,
C npyro#t ctopoHsl, HeTpyaHo HafiTH mepso-
o6pasnylo dyHkunio aas f (x), koropas Ouia Pnc. 124,

61 HenpepniBHa BO BceM npomexytke (0, 3).

J10 GyRer, HanpuMmep, dyskuna F;(x), onpemeaseMas ciemyiounsm o6pasom:

F,(x)=z-+? nmpn 0<<x <2,
x2
F,(x)=—2—- mpH 2<Cx<<3.

JHeiictBuTensno, anddepenunpys, y6e)xnaemcn, 410
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B nupomexyrke (0, 2) n F| (x) =x B npomexytke (2, 3). Kpome 10ro, o6a na-
MHCanNWX Bupachusa Fy(x) npu x=2 RaloT OOHY H Ty XC BEHYUHY 2, YTO H
oGccneynBaer HenpepHBHOCTL [y (x). [lromans, orpanmyennas nawell KpHsoi,
ocvio OX u opaunatamu x =0, X ==3, Bupasurca Qopmymol

3 2 3
- 9
§f(x) dx =\f(x)dx 4\ f () dx=F, @ —F, (O) =,
0 R 2
B UCM HETDYANHO )'6c;mn,cn Il HCNOCpeaCTBEHHLIM paCCMOTpCHHCM YycpieKa.

X
A

By = 0 1 z 3 4
Pue. 123,

Paccmotpus cue ¢ynrmio y=x‘2/-" (puc. 125). Oua ob6pawaerca B Gee-

1
koncuuocts npun x==0, 110 ec nepsoobpasnas pynxuna 3x /s ocractea nenpe-
pLIBHOIl HPH ITOM 3uHaucuiil X, a NOTOMY MOKeM Hanmucarhb

£1
. .
3‘ ahdx=ax's | I1=6

APYrHMH CIOBaMH, XOTA pacCMaTpHBaeMas Kpipas NpH NPHOIMKCHHN X K Y10
YXORHT B GCCKOHCYHOCTL, T€M HC MCHCE OHa HMeeT COBEpIICHHO ONpeleacHHYIo
1I01WaaL MeWAy OpRHHATaMH x=—1 10 x=1.

M dyukunn —% nepsooOpa3nan ¢ yHKIHA —%) o6Gpaiaerca caMa B 6ec-

koHewunocTs npn x=0, Qopmysa (15) nenpnmemuma K 3TOfl QyHKUHH B TOM
cayyae, Koraa Touka 0 aexur BHYTPH npoMexyTka (s, b); kpusaa 5 b TaKo

NPOMCKYTKC KoHCUHOIl IIomam He IMCCT.

3ameruM, uTo HHTErpa’sl OT Pa3puiBHHX (QyHKUHii B KOHEYHOM NpO-
MexyTKe (a, b) B HEKOTOPHX CAYYaAX UMEIOT CMBICA H HENOCPENCTBENIO,
KaKk npefensi CyMM, yKasaHumx B navaize [94]. dro Oynmer nmers, ua-
npiniep, MeCTo B TOM cJaydae, KOra f(X) uMEET KoHeunoe 4YHCJI0 TOYEK
paspmsa B npomexyrke (@, b)) m orpanuyena B HeMm, T. €. CYILECTBYeT
TaKoe noaoureastioe uicao M, uro |f(x)|<<AM npu pcex x u3 (a, b).
3uavennst B TOUKaX paspeBa HE BAHAIOT NPH STOM HA BEJHYIMY HIiTE-
rpana. Mu Oyasem rosopurb 06 stoM B [116]. Ecan xe dyuxuua ue
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orpannuena, T. e. |f(x)| npuHEMaer cKoan yromHo Goabluse 3iauenus,
TO .HENOCPENCTBEHHOE OMpPENENeHHe IHHTerpasad Kak npenena CyMMH He-
BO3MOX!HO. JTO HMEET MeCTO AJA NpHMepa, COOTBETCTBYloulero puc. 125:
3mech HeoOXOAUMO ONpeneiaTh HHTErPana KaK: HHTErpaX No YKopoueti-
HOMY NPOMEXYTKY C RanibHefiiMM nepexoaoM K npeaery

+1 2 ¢ 2 12

Sx Sde= lim S x Sdx-4 lim Sx 3 dx.

1 ef——0_" €40

Takue HHTETPaNH 11a3HIBAIOTCA OOLIUHO HecOOGCHBeHHb ML
1
Jag dynxumt — He CYWECTBYET KOHEYHOTO mpesena

1
lim S%dx: -+ co.
l—>+0 P4

Takue unTerpansl Ha3HBAOTCA pacxodsuusucs. Yiazanunil Bpinie nire-
rpaa or x—*3 HasbIBIETCA CXOOAMUMCA, TIOCKOAbKY YKasaHHHE BRI
npegeast npu ¢ —>—0 1 &>} 0 CymecTByor.

B caenyomeM naparpadge MH paccMOTPHM HeCOGCTBEHHHE HHTErpasbl
no GecKOHE HOMY NpPOMEXYTKY. B 3TOM nociegHem cayuyae Henocpen-
CTBENHOE ONpele]eHHe HHTerpala Kax Mpeaena CyMMH HEBO3MOXHO M
nuTerpa’ no cyuecrsy HecoOcTenubiil.

98. BeckoHeunte npenenst. Ilpeasiayuine paccywnenns MOXIIO pac-
NpoOCTPauuTh H Ha cayuall GecKoHeHHO020 NPOMENCYMKA U MONOKUTL

-+ o0 b '
{ f)de= 1tim (f(x)dx, (16)
a b—>+03a
b b .
{ f@dr= tim (f(yas =~ (D

ecan smu npedeas cyujecmeyom.

Yenosue 9TO HabepHo BHNOAHENO, ecau mepsooGpasuas  dynkuns
Fi(x) cTpeMHTC K ONpeieteHtrM TNpeaetaM, KOrja X CTpemurcs
K (- 00) Han k (— oo). O60sHauns 5TH NPERENB NPOCTO Hepes Fy (-+ o0)
n Fy(— co), GyzeM HMETH

Tf(x) dx %b lim [F1(0) — Fi @] =Fa(+-00) —F1 (@) (18)
, .
{ f(x)de= lim [Fy(b)—F1(@)=F(6) —Fi(— ), (19
te a |

{ fdr={ fx)ded$ £ de=Fi(00)—Fi (o), (20)
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ut0 U saBasercs oGoGuiexuenm dopmyas (15) ua cayyat Geckoneunoro
NPOMEXKYTKA.
Yacro cootnomenne (16) nmmyr B Buae

o b .
{f)dx= tim §f(x)dx.
a brfo0,4

C TOuKH 3peHHA reoMeTPHYECKOfl, NMpH BHOJHEHUH IPEJBIAYLUIEro
YCAOBHS MO®WHO CKa3aTh, yTO GecKoHeynas BETBb KPHBOH y==f(x), Kko-
TOpad COOTBEICTBYeT X — —= oo, HMeel maowans.

Ecau npegenst (16) man (17) cymecTByoT, TO FOBOPST, YTO COOTBET-
CTBYIOULHE MHTErpantt cXxo0ancsg WAH YTO 3T0 — CXOAAlUMECH HHTe-
rpaisl. B npoTHBHOM cJyuae roBOpPSAT, YTO HHTErpansl pacxodsamcs.

1
142

BCe K€ orpaHHynBaer ¢ ocbio OX KoHeuHYw miowazs (puc. 126), Tak Kak

Mpumep. Kpusany= , YXo0asa1aa B 6eCKOHEYHOCTb NPH X == - ©O,

e e oo
dx + o w w

) 1—_i_;,=arctgx!__00=T--—(._-,)-)_—:-.1:.

—o

Tlpii BHUHCICHUI 3T0T0 HHTErpala CieayeT NOMHHTb, HYTO X1 (YHKUHH
arc tg .v ny:xHo Gpats He 11060¢ 3HaYCHIE 3T0il MHOTO3HaYHOIl QyHKUMI, a HMCHIO

2 ~5 -1 =05 0 05 1 5 2
Piic. 126.

70, KOTOpoC Gh10 onpejeleHo B [24], 214 Toro yro6n OHA Cielalack OXIO3HAY~-

HOff, T. €. MeEKAY (——%) H (—I—%) ; B IPOTHBHOM CIyyae Npeaniyilas gopuyaa

TEPpALT CMHICI.

99. 3amena mnepemMeHHOil NOX 3HAKOM ONpexeieHHOrO HHTeErpana.
Iycts f(x) — HenpepwBHa B mpoMexyTke (@, &) wan pame B Goase
wnpokoy npovexyrke (A, B), o koropom Oymer ckaszaHo Hike. ITycrs
Jaiee (yHKuua ¢ (f) OAHO3HAYHA, HENpEpPHBHA H HMEET HENPEPHBHYIO
npoussoanyio ¢ (f) B npoMexyrtke (a, §), npuyem

e@=a n g@=0 @1
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IMonowuM jnanee, uyto sHauenus ¢ (f) npu uavmenewmn ¢ B mpomes
xyTke (2, B) He BHXOZAT M3 NpoMexyTKa (@, b) uwam us TOro Gonee
IIHPOKOro npoMexyrtka (A, B), B KotopoM f(x)— uenpepsisHa. Ilpu
5TOM caokHas ¢ynkunsa f[o (f)] ects HenpepmiBHas ¢yHkuua ¢ B NpoO-
Mexyrtke (a, p). .

Ilpn BHCKA3aHHHX NPEANONOMEHHAX, €CNMM BBECTH BMECTO X HOBYIO
nepeMeHHYI0 HHTErpupoBaHns

x==9(?), 22)
TO onpeneNeHHHfl HHTErpan npeobpasyercs mo dopmyne

b 8
() de =\ flo O] (¢)at. (23)

B camom Aere, BBCOEM BMECTO DAaCCMaTpPHBAEMBIX WHTErpasiioB — liH=
Terpansl ¢ NEpeMEHHLIMH TpexenaMu

x 4
Fy={rp)dy, YO={/le@)¢ ()d=

B cuay (22) F(x) ecte caomuas dyuxuus f:
(]

)
Fx)=Fls(Ol= { f(»)dy.

Buiuncags ee npoussoauyro no npasuay anddgepeHUHPOBAHHA CAOKHBIX
GyHKIH, HMeeM

dF (x) __dF (x)dx

_ dt dx dt’®
Ho, B cniy csofictea VIII [96),
dF
T2 =roy
n3 dopmyan xe (22) crepyer
dx ’
F[:“(? ®,

OTKYAA

D 1) O=1lo O] 7 .

Bruncany teneps mpoussoxunyo or dyukumn ¥ (f). B cuny ceoft-
cta VHI # cpenanHmX HaMu npeanosoxenutt umeen
av (¢ ‘
Al =1le 1% ©.

bynkunn U(E) u F(x), paccmarpusaempie Kak  (QyHKunmg or f,
UMeIoT, TaKHM G0Pa30M, OAMHAKOBLIE NMpPON3BOAHME B NMPOMEKYTKE (2, B),
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a notoMy [89] Moryr oT/HyYaThCA JMLb HA [OCTOAHNOE CJaraeMoe, o
npu {=ua Mb HIMeeM

=¢@=a, F®)|tca=F(@)=0, ¥ ()==0,

T. €. 3Ti Ape (yHRWM paBHW Npe f==a, a NOTOMY W IPH BCEX 3Ha-
uenusix ¢ B nposexytke (v, B). B wactnocts, npn t=§ mmeen

4 g
F) | rmp=FO)={f()dx={flo(®)] ¢’ () dt,
a -]
410 I TPeOOBaI0Ch JOKA3ATD.
Beceyma yacTo BMeCTO noacTaHoBki (22):

x=9(t)
ynotpeGasior obpatiyio
| t=¢(x). @9
Toraa npexeant @ u B onpenensioTca cpasy no goparyaa
a=¢(a) =y ()

HO HY#HO 3JeCh LMeTL B BWAY, uto ssipaocenue (22) 0an x, romopoe
noayuiLy, ecauw pewus ypasuente (24) omuocumensno X, 00a%6HO
yoosaemeopsaine 8cesl YKAZARNULM SULLE YCAOBUAM, B HACTHOCTH, dyiK-
uust o (f) nomwna OuTh 00HO3HauHoi (pynruuel or f. Ecmi 310 Cooli-
¢80 ¢ (f) ne cobmoleno, 10 dopmyta (23) MOkeT OKa3aTbCs HeBepHOIl.

Boean B unterpaze
+1
S dx=2
=1

BMCCTO X HOBYIO HE3aBHCHMYIO nepemecuHylo ¢ no Qopmyae
t=ux3
B 1npasoit yactH ¢opmyan (23) noaydnsM HHTErpax C OANHAKOBHWIME npeleiamu

+1, 41, pasHulil, cac10BaTeILHO, HY.1I0, YTO HeBO3MOXHO. OunibKa NPOHCXOANT
BCAGACTBUE TOrO, YTO BHIpAWenye X yepea £:

x==Vi

eCTh (b)'HKU.lm MHOroauadmas.

[Tpumsep. Pynxuna f(x) HazuBaCTCA 4emHuold PyaKyued x, ecal f(—x)= .
= f(x), # Hevemuod Pynryueld, ecan f(— x) =—f (x). Hanpnmep, cosx ecro
yeTHan QyHKUMA I sin X — neyeTian.

MMoxkaxen, yto

+a a
§ fx)de=2 E Fx)dx,
ecan f (x) — uernas, i '
+a
§ f(x) dx =0,
~a

ccan f (x) — Heyeruasn,
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Pazo6bem muterpat na asa [94, IV]:

+4a 0 a
§ F(x)de= § F(x)dx 4+ f (x)dx.
—a —-—a 0
B nepBoM mHTErpaie COBEPUINM 3aMeHYy MepeMEHHON X ==-— ¢ U BOCIOAL-

ayemca ceofictaamu Il n 111 [94]: 7
_(S)af(x) dx== - :S:f(— t)dt =S)f(—' t) dt =§f (—x) dx,
OTKYN3, MOACTaB1AA B Npegmpymylo dopmyay,
E:f(x) dx =Sf(—- x)dx +Sf(x) dx=§ (= x)+f(x)]dx.

Ecan f (x) — vernan dynxkuns, to cym™a [f (— x) -+ £ (x)] paBua 2f (x), a ecan
f(x)—neyernas, 10 37Ta CyMMa paBHa HYJAM, YTO I JOKa3WBaeT Haiie yTBEp-
KAeHNe,

-100. UnTerpuporanue no 4acTAM. Dopayaa UHME2PUPOSARUSL MO
dyacmasr [91] oan onpedesennuix unmeaparos sooxcem Gbimb HANUCAHA
8 gude: . .

b

b b
fu()dv@)=u@)vx)| —§o)du(x). (25)

IeticTBiTeNbHO, HHTErpHPYS HOMJEHHO TOXAECTBO [91)
1 (x)dv(x)=d[u(x)v(x)] —v(x)du(x),

noayunM
b i b b
§u(x) dv (x) = d{u(x)v ()] — (v (x) dn(x),
no B cuay ceoficrea 1X [96],
b b, 3
X dln()v()= | D@ 2N g — ey (x) I

uyto N jgaer dopmyay (25). Cumraercs, KOHEUHO, 4TO i (X) u v (X) HMElOT
HEMPEepHBHHE TNPOH3BOAHbIE B npoMexyTke (a, b).

f1pnuep. Buyncants uHTerpain
/2 w/2
S sin® x dx, S cos”™ x dx.
1] 0
Toaoxim
%2

Ip= é sin® x d.x.,
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Wnterpupys no yactam, nucem
/2 /2

Ip= S sin®! xsin x dx =— S sin®*!txd cosx=
[ 0
=/3 w2
=—sin*tx cosx| - \ (n—1)sin?"2 x cos x - cos x dx ==
0 b
/2 =/2
=(n—1) \ sin"?x cos?xdr=(n—1) | sin®2x(l — sin*x)dv=
[ o
/2 /2
=@n—1) \ sin*2xde—(n—1) \ sin*xdv=(n—1)/,,—(n—1)1Ip
0 0

T. C.
In=(n—0 1, —(n—=11,
OTKYZa, pelaa OTHOCHTEALHO /[,
n—1
n

I,= 1o s (26)
dopMyaa 3Ta Ha3bIBAETCA POpMYA00 NpusedeHus, Tak Kaxk MPHBOAHT BBIYH-
cacHHe HHTerpaia /, K TaKOMy e HHTErpalty, HO C MCHBLUINM 3HAYKOM (1 —2).
Pazanyuym Temeph ABa cayyas B 3aBHCHMOCTH OT TOro, €CTh A 1 YHCIO
yeTHoe KT HeyeTHoe,
1. n=2k (uetwnoc). Huecn, B cnay (26),

Loo2%=1, _Qk—D@k—3, _ _(k—1(@k—3)...3-1
T TRt T TR 2k —2) R T T R (2R —2)...4-2

H TaK Kax

1o,

::/;_
Iy= \ dx =
0

k1
—r)’
“

TO OKOHYATC.ILIO
P _(2e—D(2k—3)...3-1 =
TR (RE—2).. 4.2 2

2. n=2k -1 (neyerHoe). AHAJOrHYHO NPCIABLAYLUIEMY HAXOIHM
Ok (2k—2)... 4.2 s /2

ones = - 2fy 1=\ sinxdx=-—~—cosx| =],
TR T (k=) 5.3 i\) 0
a notoMy
Lo 2k (2k—2)... 4.2
FHT ORI Rk—1)... 5.3°
Hurerpax
=2
\ cos® xdx
0

MOXKIO BHYNCIHTD TAKHM e NYTEM, HO Upome NpHSCCTII €ro K npeauayuemy,

3aMCIlB, YIO
/2 /2

{ cosrxdx= & sin” (-;— -—-x) dx,
)
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OTKYna, NOJOXHB

T T
Iox=t, x=3—4
Ha ocnoBanuyn Qopmyam (23) i csoficrea II [94] nmeenm
/2 . 0 /2
‘ costxdx= — S sin?tdt = § sin”® ¢ dt.
=/2

OG6beanuan NoIyucHHbIe Pe3yILTaTH, MO:eM HamicaTeb

/2 /2 ,
_— e _@—1)(2k—3)...3-1 =
§ sin x‘”—.‘\) oSt XAt = .. 42 2 @D
=/3 =2 2% (2k—2)... 4.2
in okt — 2k+1 —_— . i
S sin®htt ¢ dx = S cos xdx_(‘Zk—{—l)(?k—l)... =3 28)

0 0

§ 10. MIPUJTOXEHHA MMOHATHS OB ONPEJNEJEHHOM
HUHTErPAJIE

101. Boiuucaenne nuomaneil. Mbl nepexoauM K NpPHAOKEHHAM MO-
HATHS OMPEAe/IEeHOro HHTErPasa K BHYHCAEHHIO Iomanett, o6beMoB u A
ayr. TIpu stoM Mpt GyaeM DYKOBOICTBOBATbCS BO MHOTOM HariasaHHIMH
coobpaxeunsamu. Tounoe onpefeseniie niomagu 1 o6beMa ¢ pasHHX TO-
yeK 3peHus OyZeT HaMH JZaHO B IOC/eAYIOUIUX TOMax,

B [87] Mu Buaeas, 4TO NJIOWAAb, OrpaHnHyeHHas xpusofl y=j(x),
ocbio OX 1 IByMa opAaMHATaMH X==a W X==>b, BHpaxaercs onpeie-

JICHHBIM HHTErpa/noM Y,
) ,
{fdx @<b) / _ ko xfh x
a Q

ST0T HHTErpalt, Kak M BHIe/IH, A3ET Pne. 127.

aareOpanyeckyo cyMumy maomanefl, B

KOTOpOH Kaxaas maomanp, pacnoioxeHHas mnox ocklo OX, BXOAHT €O
sHakom (—). Has Ttoro uto6H NOMYYuTb CyMMmy naoumiazell B oOBIYIIOM
CMBIC/IE, IYKHO BBIYHCJHTS

b
§ 1/ (%) dx.
Tak, cymMa 3awITpuXOBaHHHIX Ha puc. 127 niomazel paBHa -
¢ g h &k b
V£ () dx — 7 () dx4-§7 (0 dx — [ F () de - (£ () d.
a c 4 h k

[Trowads, 3axapvuennas mexcdy 08yMsa Kpusbii
y=Ffx) y=¢e() M
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u 08yss opduxamaau
X=a, x=2,,

8 mox cayyae, Ko20a o0na wpusas aexcum Kad Opyzoii, m. e,
fX)=¢ )
8 npoxescymre (a, b), sbipadicaemcsi onpedeieHHB M UHMEZPANOM

b
W) — o)) dx. ()

a

Jonyctuy cnepsa, uto 00e Kpushe Jaeskar Hap ockio OX. Henmocpen-
cToenno u3 puc. 128 BuANO, uTO HCKOMAS IITOMAAb S PaBua PastoCTi
nJouaae, orpannyenHeX AalHeMH KPHBHMH C ocblo OX

b b b
S={f()dx —§ ¢ () dx={If () — e ()] dx,

uro u TpeGopanoch nokasats. OGuumi cayyali Kakoro yromHo pacmnoso-
Wenid KpHBLIX OTHOCUTEIbHO ocu OX npupoautcs K pasolpannomy
ecau nepeasudytb ock O.X HACTONLKO K-

y 3y, utoOn 00e KpHDBLle OKAa33.THCh 11AJ OCLIO
' OX; 2T0 nepeaBiuKeHie PaBHOCILIbIO Dpu-
Gapaemio K oGenm Qyskuuay f(x) n ¢ (x)

OAHOr0 1l TOTO ke MOCTOMNOre CAaraeMo-

7 ro, npuueM pastocts f(xX) — ¢ (x) ocraercs

6e3 13MeHEHs.

llpensaraeM B BHme ynpamuenna JoKa-
3aTh, UTO ecau dannbie 08e Kpugse nepe-
CeraQIoncs max, 4wmo o0HA KPUBQS ACIHCUIM HQCMBIO HUNCE, @ HACHIbIO
sulue Opyeoli, mo cysmmua naowaded, sescauux sexcdy Humu u opdu-
Hamamny Xx=a, Xx==0, pasgua
b

$If () — ¢ () | dx. @)

a

Hacto BHYHCIEHHE OMNPEIeNeHHOr0 HHTErpana Ha3uBAIOT Ksadpamy-
poli. ITO CBS3aHO C TEM, YTO ONpeje]eHHe IJOWlady, KaK yKa3aHo BHlle,
CBORHTCA K BHIWICJAGHHIO ONPEAENEHHOrO HHTErpasa.

Opusepuw. L MMiomans, orpannycunas napa6oaoit BTopoii cTemeniy,

y= ax? + bx + c,
ocvio OX n ABYM# OPRHHATAMH, pACCTOAHHE MCHAY KOTOPLIMII €CTb h, pasna

2 Gityat- 4y o)
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rae y, M Yy, 03HAYAOT KpafiHie OPIONHATH KPHBOIY, ¥, — OPAHHATY, PABHOOTCTION-
Y10 OT KpafiHux.

flpn sroM npeanonaraercs, YTo KpHBag aexur Hal ockio OX.

Ipn noxkasatensctse GopMyaH (4) MB MOMeM, He OrpaHHuUHBAas OOLLHOCTIY,
CYHTaTh, YTO Kpalinasg OpAMHATa C1eBa HampasaeHa no ocu OV (puc. 129), Tax
KaK mepelBkeHHe BCero yepTexa napaanesbHo ocH OX He n3MenseT HH Beal-

y YHHBL paccMarpiBaeMofi MiIouUlamH, HM
B3aHIMHOTO PACMOXOXEHNA KPANHHX 1f
A cpelHeit opAMHAaT, HH BETHUHH STHX
\ opanHat. Ho npH 9710M npeanoaoxen,
Y
N )y
Yl %o % R
: 1 ) A
- — X a t-ax
Ol H B
2 H
le— 1 ——t
Puc. 129. Puc. 130.

JZONyCTi8, YTO YpaBHeHue mnapaGoast mMeeT Bug y—ax®*-}-bx-¢, Mu Bupa-
3HM HCKOMYIO niomais S B BHAE ONPeReIeHHOro MHTErpana

A
N =§ (ax*+bx—+c) dx=a%3—l-b§2—2—|—cx IZ:

B R h .
=a§+b7+ ch =% (2ah®-}-3bh - 6¢).

an HalHUX 0603HayeHHAX MH HMeeM

 Yo=ax*J-bx--c i:%ah’—{-%bﬂ—l—c,,

X'=2

yl=ax’+bx+c|x 0= Ye=ax*t-bx+4-¢ h=ah’-l—bh—[—c,
= X=

OTKyla caenyer
Y193+ 490 = 2ah* 4351 46,

- 4TO U JOKa3LIBAET Hallle YTBEpPKICHHe.
2, Maomanes snaaunca, Daaunc, ypaBHEHIe KOTOPOro

x! 2
tE=1

CHMMCTPHYEH OTHOCHTENbHO KOOPAMHATHBIX oCefi, a MOTOMY HCKOMAs MIowais S
paBHa YyyeTsepenHoft mromaagn TOIf YACTH 91aHNCa, KOTOPAA ACKHT B NEPBOM
KOODAWHATHOM Yray, T. e.

a

S=4§ydx
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(puc. 130). Bmectro TOro, uro6H onpegeaHTb y H3 YpaBHEHHA 3IIMACA H NoA-
CTaBHTh IOJTYYEHHOC BHPaKeHHE B MNOJBLIHIErPanbHY|0 GYHKLHIO, MK BOCHOb-
ayemcsa napaMeTpHYeCKHM NPCACTaBIeHHEM SIAHICA:

Xx=acost, y=bsint, (5)
H BBelleM BMECTO X HOBYIO NCPEMCHHYIO f; ¥ BHPA3HICA TOrAa CPa3y BTOPHIM
u3 ypaesenmil (5). Korfia x wmensercs or 0 ;o a, £ Mensercs or —2— no 0, u

TAK KaK BCE YCA0BNA NPaBHIa 3aMensl NepeMeHHBX [89] B gannom cayuyae Bhi-
NoaleHsl, TO
/3

0 0
§=4 S bsint d (acos t)=-—4ab S sin? £ df = 4ab g sin®¢ d¢.
w/2 m/3 ¢
Mo dopuyae (27) [100] npn k=1 M uMeeM
b/ /2 1
2 in2 '—_—:—-E;‘:-i
sin® ¢ dt ) rg
0

OTKYJIa HaxXOZHM OKOHHYATEIbHO
=zab. 6)

MMpu a=2"4, xoraa s1aMnc ofpaiaercs B
x KDPYF pajuyca 4, noayuuM i3pecThHOoe BHpa-
¥eHHe ma? NaA NUIowWajgd Kpyra.

3. BuuncauTh WIOWaAb, 3aKIIOUEHHYIO
MEeMAY ABYMA KPHBHIMI

y=ua% x=y%

Jaunnbie xpuseie (pic. 131) nepecekaior-
Puc. 131. ca B asyx 7toukax (0, 0), (1, 1), koopnu-
HaTH KOTOPHX MH NOJYYHM, pemlas COBMeCT-

no ypasmenns oThx kpueux, Tak xak B mpomemytke (0, 1) umeem V x =2,
- T0 HCKOMas naowanb S B cuay (2) Bupaxkaerca gopmyJoit

S= i‘ (V;—xz)dx-—_(—g—x%—-i;-) l]= 1
)]

102, Mnomans cexTopa. [Tiomads cexmopa, 02panuMeRHasT KPusoi,
YpasKenlie Konopoll 8 NOAAPHbX KOOPOUHAMQX €cins .
r=r(), M
u 08ysaa paduycami-sexniopaiuu
=ua, 6=05, (8)
npogedexts il U3 noAica 10d yeaasu o U P K NOAAPHOL OCU, syipa-
oaemcs hopryaol

1 1

p
S= \ grdi= S If (6)de. ©)

R Cryy
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Ins euBoga dopumyan (9) pasobbem paccMaTpuBaeMmylo IUIOIAAb
(puc. 132) na Mannle 3JeMEHTH, pa3ienuB yrol Mexiay PaguycaMu-BeK-
Topamu (8) Ha n uyacrefl. PaccMOTpUM niomags OZHOTO H3 TaKUX MavbIX
CEeKTOPOB, OrpaHiueHHoro Jayyamu 6 n
6 -4 A0. OGoanaunB uepes AS ero mn.o-
a1k, uepes 7 1 M — HanMeHblIee 1 Hai-
6onbuee 3HaueHud Gynkuun r=jf(0) B
npomexytke (6, 8- AB), My Buaum, uyto
AS 3ax/m043€TCa MeXAY IJIOWANAMH ABYX
KPYroBHX CEKTOPOB TOr0 ke pacTBope-
Hust AB, HO pannycoB m u M, T. e

0
_mw) AS< M2AG, Puc. 132,

a notoMy, 0003HayuB uepes P HEKOTOpoe YHCTIO, JeKallee Mexiy m
n M, MOXEM Hamucarb

=1 pe
AS—7PA6.

Tak kak Henpephinas ¢yHkuus f(0) B npomexytke (6, 0-}-AD)
NPHHAMACT BCE 3HAYEHUA MeXLYy m u A, TO B 5TOM IPOMEXYTKE HaBep-
noe nafigerca Taxkoe 3suauenue &, npn xoropom:

f)=r,

4a Torma
AS=-[F ()] A, (10)

Ecan Temeps OyneM yBeAMuUMBATB UYHCJIO 3JEMEHTaPHHIX CEKTOPOB
AS Tak, uto uanGoabwee u3 3Havenu#t AD crpemurcs K Hyd0, U ecau
BCIOMHHM cKasauHoe B [87], To B mpexpene moayunm

1 ; 1 1 :
S=lim Y+ [f ) 20 = S S ORI =+ S 7do,
X -3
uro U TPeOOBaNOCH JOKA3aTh.

3ameruM, 4TO OCHOBHAas HAesd NPUBEIEHHOTO a0KasaTenbcTBa ¢op-
Myan (9) sakmouaercs B 3amese mjomagu cekropa AS naomaneio Kpy-
roBoro cexkTopa Toro e pacTeopeHus A6 u pamuyca f(O’) Mpunuss
BMeCTO mo4Ho20 Brpaxenus (10) npubauscenroe:

AS=? r’AG,

rae r=f(8") n 6" — moGoe sHauenne 3 npomexyrxa (6, 0-}-Af), naa
NIOMAAH STOr0 CEKTOPa MH MOJYYHM B NpEAETe TOT Xe De3y/bTar:

B
tim Y- [ (@) 0= S 3o, )

-3
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Ilpu Takom BHBOme noaWuTerpadbHoe BHpaxenue B dopmyne (11)
| )
NOAy4aeT HPOCTON FeoMETPHYECKUH CMEICA: o r’d0 ecto npubmnkennoe

BUPaXeHHe TUIOIAAN 3ACMEHTapPHOrO CeKTopa pactopenns db m noromy
Ha3bLBIETCH NPOCTO FAEMEHMOM HAOWA0U 8 NOAAPHUX Koopdusamax.

I puwep. Hafitn naowans, orpanu-
YEHHYI0 3aMKHYTOH xpusoii

r=acos 30 (@ >0).

Kpusaa 913, mnocrpoeHne Kortopoil
M0 TOYKaM He MpeACTaBIAET HHKAKOro
TpyAa, H3o6paxena mna puc. 133 n ua-
3bIB3CTCA mpuaucmuuxos. Iloanas nio-
Mlaxb, €0 OrpaHHYeHHas, paBua Lie-
CTHKPAaTHOl ILIOH{aAM  3aITPHXOBanNoiL
4actil, COOTBETCTBYIoWeli H3MeHeHIo 6 oT

0 no -g-, TaK 410 HOo Gopmyie (9) umecen
s=6 | —;—azcos’SOdO—__—_

0
/g

=a* S cos? 30 d (36)=a?

z:o

3

2 g gy
cos? tdi= et

ety B

Puc. 133.

<

103. Hauna ayru. Ilycts nmeercs ayra AB uekoropoil kpusoit
Bunwen B Hee Jomayl Junmo (puc. 134) n Oyzem yseanynars
YICAO CTOPOH 3TOH JoMaHoft Tak, yroOsl HaubOJBIIAA W3 AAUH CTOpOH
cTpemuaacs K nymo. Ecain mpn 3ToM nmepumerp JoMaHolt Oyxer crpe-
MUTBCS K ONpejeneHtoMy npeseny, ue
3aBHCAMLEMY OT TOTO, KaKie HMEHHO JIO-
MaHple MBl BOHCHIBa€M, TO Ayra Hagso-
BACTCA  cnpamagesol, a yIOMAHYTHI
npenen HaseBaercs Oaurodl smoil Oy
J10 ke onpegeNeHue MIUHB FOAMTCH W
AJ% 3aMKHYTOH Kpupoil.

ITycts Kpubas 3amaHa fBHBLIM ypas-
nenieM y==f(x), npiuuem Toukam A u B Puc. 134,
COOTBETCTBYIOT 3HaueHHsd X—==a U X==2Dh
(a<b), u nycTs f(X) uMEET HENPEPHBHYIO NPOH3BOAHYIO B NPOMEKYTKe
a=CxX=<<b, Kotopony u coorsercreyer ayra AB. Mu noxaxeM, uto
npit 3THX YCAOBUAX Ayra AB cnpsyaseMa U YTO €C ATUNQ BLIPAMGercs
ONPENEICHHBIM HHTErPaioM.

Nycty AdM; ... M, 1B — pnucannas JoMaHad, npuyeM e¢ BEpill-
HaM COOTBETCIBYIOT 3HaueHls

a=X0<x1<x~z< ces <xn_1 <-xf;n:b)
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u 06o3naunm Yi==f(x;). Tlpunnmas po suumaune dopMyay and amin

OTPE3Ka H3 aHAMTHTHYECKOH reomerplm, Aas nepuMmerpa JomaHolt noay-
UHM CAEAYIOIYIo dopMyay:

= ; Vea—xia) F+0i—yi)=

=2 VE—xi ) F ) — @)l

i=1

TMoaw3ysace GopmyaoHh koueyHHX npHpaimeHnit
fE)—Fx)=Ff G —xi) (o< <x)

noNyuuM A9 ANHHBL OTAENbHOH# CTOPOHH J0Maloft Beipaxkenne

V14£3E) (o — xi), ' ’

H3 KOTOPOro MH BHANM, 4r0 TpeGoBauue TOro, urobm HauGoabusas w3
CTOPOH CTPEMHJIACh K HYJIO, PaBHOCHIBbHO TpeGoBaHio, 4TOOH HaG0/h-
maa us passocrelt (x; —.x;,) crpemmnace K nymo, Jlaa nepusmerpa
JIOMAHOR nosyuaeM BHIpaxeHne

n
p=VIEGE) (xi— xiy)
‘=l
a OHO JCHCTBHTENBHO HMEET npene’, pasunfl nurerpany

b
\VTF/ ) dx.

Taxkum obpasom, mauna [ ayru AB supawxaerca ¢opyynoft
b
=\ Y14 (x)dx. (12)
2 ,

Mycte &’ <{x” — kakue-mbo nsa 3Hauemusa u3 npoMexyrtka (a, b),
a M u M’ — coorBercryomne Touku Ha ayre AB. Ilpumensa reo-
peMy o cpemiem, folyuyaeM cleayoulylo ¢opyyay aas aaiae [
ayen M'M":

xll

r-sV I @de=VIF G —x) @&l

Ias mmansr xopam M'M”, moan3ysacs dopmyaoft KOHEUHHX npnpameuun
noayuaem opmyay

MM =V —P+F ) —F&)=
=1+ EE —5) @ <HIX)
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O1ciona caeayer
ay _ VIIFEl
L VIEFG)
Ecmn toukn M u M” crpemsarca x Touke M c aGcumccofi x, 10 X’
u x"—>x, a tem campiy & u E—-Xx, 0 u3 nocaensell GopMyaH Mu
noayyaeM

MM

'——1,——>1.

STHM MB NOAb30BaAHCE B [70].
Toaomus Teneps, YTO KpilBas 3aAaHa mapaMeTpPHYLCKil

x=e(), y=v(@)

Jnpuuer ToukaMm A ® B cootsercisyior 3uavenus f==o u f=3(a<f).
Mu nppeamosaraeM, 4TO 3HaueHusM ¢ U3 mpomexyTKa a=<?=CP coor-
BETCTBYIOT TOYkH KpuBoli AB Tak, YTO pasauunHslM f{ COOTBETCTBYIOT
pasmuHble TOukH 3Toff KpuBoll, KoTopas cavma ce0s He nepecexkaer u
He 3aMxuyra (puc. 134). Ilaiee mpl npeanoaaraeM, YTO B NPOMEKYTKE
a<<t<CP cywecTByloT HenpepeiBHble Nponssoansie ¢’ (f) 1 ¢’ (f).

Iyctys, kak n swwe, AMAM, ... M, ;B — snucannaa nomanas n
th=a<t, <, ... <t,4<t,=P— coorsercTByiounie suauems
napaverpa ¢. [lng nmepuMerpa JoManofl noayuiy Buipamenue

p= 3 VEO =70 6 — 9T

Wi, npuMensis opMyday KoueuHex npupauteunt,

n
P=_le/?'2(fi)+ PEED G — ) G <spom <) (13)

i=
Moo mnokasars, uto TpebGopanse TOro, 4robn nanboabuias 13 CTOPOH
JOMaHOH CTpeMuaach K HYJI0, PaBHOCHALHO TpeOOBaHHIO TOro, Yol
naubonbliag u3 pasnocrell (f; —f; ;) cTpeMuaacL K Hyao. DTO MOKeET
OuiThb  AOKazaHo U Ge3 NPeanoaokeHus CYUleCTBOBAHHA MNPOH3BOANBIX

&) 1 Y
Bupaxeune (13) ormiyaercs oT cyMMbl, pawoweil B npeaete BHTerpai

p
{Veotyo (14)

BBUZY TOMO, UYTO apryMedTst <; ¥ <, BOOCUIE TOBOPS, PasTHulLL
Bsegem cymmy
n

g= 2V E) F G — i

=1
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KoTopas B mpemene paer uurerpan (14). Jam Ttoro utoOH mOKa3arth,

uto H cysMma (13) crpemurca x npepeny (14), mago nokasarb, 4TO
Pa3noCTh

p—a= X VTET L@ V@ @] G—t)

i=1

" CTpeMuTCa K HyJIo. :
YMHOXAd H Aead HA CYMMy DaiMKaloB, NMOJYYHM

[ )= (=)t —1iy)-

\ Y &)+ Y @)
P—q=2, ,
,ZW )+ )+ Vo () + 42 ()
Tak kaxk )
WGV @<V F P+ VR E) 97 (),

T0
lp—ql ~<~‘_§l [§ (D) — ¢ (=) |t —t;o).

Yncna «; u 1; NpuHAamIexar npomexytky (f;_, f;), #, B cuay pasio-
MepHolt nenpepsiBHOCTH ¢ (f) B npoMexyTke a<Ct=CB, MOXHO yTBep-
#1aTh, uTO Hanboabwas n3 semuunH | (1) — ¢ (t;)], XoTopyw Mu
o6Go3naunym uepe3 8, CTPeMHTCH K HYTIO, ecan HanGoabwas n3 pasHocTeft
(t;—1t;_y) crpemurcs Kk nymo. Ho n3 npemmayuieli dopmyaw caeayet:

p—al< Bolt—t =3 3t — ) =0(G—0)

OTKyAa oueBnAHO, 4to p-—qg—>0. Takum oO6pasoym, cymma (13), Bripa-
*aoWas NepUMETP BMHMCAHHON JOMaHOfi, crpeMutcs K uurerpaay (14),
T. e

) |
1=\ VFOFTr o , 15)

-3

Ora ¢opmyna ans aanHe [ OCTaeTcs CHApaBeqnBoOfi H B Ccayyae 3aM-
kuytoft kpusoft. Yro6w yGeaurbcs B 3TOM, JOCTAaTOYHO, HanpuMep,
pazbnTbh 3aMKHYTYI0 KPMBYIO Ha JB€ HE3aMKHYTHE, K KaxIoH NpHMEHHTHb
dopmyay (16) u caoxuth noayueHnsie 3nadeus /. Touno Tak ke,
€C/H HeKoTopas KpuBags L COCTONT H3 KOHEYHOTO YHCA2 KPHBHX L,
Kaxaas U3 KOTOPHX HMEeT napaMeTpuyecKoe NpencTaBleHHe, YAOBJe-
TBOPSIOLIEe YKa3aHHHM BHILIE YCJOBHAM, TO, BHuHCAAA Mo ¢opmyne (15)
anuny Kaxjoft Kpusoff L, © CKIaAMBas 3TH JJHHM, NOAYYHM AARARY
xpusoft L.
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Paccmotpum nepemenHoe 3uavenne ! u3 npomexyrka (a, 8), koto-
poMy cooTBercTByeT nepemennas touka M ayrn AB. Ilauwa ayrn AM
Gyner ¢yuxuuelt or ¢ u Oyaer BHpaxaTbca Qopmy.oH

; :

so=| v&OFyo (16)

[Mpunuxas po BHuManue npasuao auddepemiupoBllls  HHTerpaza Io
BepxHeMy npeaeay, [0/ydnM

A =VFOTTO, ()

TO €CTh
ds = 1/9'2 O+ 9" (1) dt,

OTKYZa, NPHHUMAK BO BHIMalile, 4TO
, dx o d
FO=" YO=3
noayuaem opmyay ans angdepenunana ayru {70]
ds =V (dx)'+ (@)}

¢opumyna (15) momer OuiTh, Ge3 yKasaHus nEpeMeHHOll unrerpuposa-
HHg, Dlepenucala B Bane

(B) (B)
1=\ das= | vey+@n
Q) (4

Ipenenu (A) u (B) yxaswBaoT Ha HaYaJAbHYI0 H KOHEYHYIO TOUYKH
anpnm,

Ecan o3 (t)+ 92 (¢)>0 npu bcex £ us (o B), 10, coraacuo (17),
MH nonyqnu NpOU3BOANYIC OT napasmerpa ¢ no s:

dt __ 1
sV EOFe®
Haanuue nenpepwmBunx mnpoussomubix ¢ (£) u ¢ (f) npn  ycaopu

() () >0 rapaurupyer 11aM HeNpepHBHO 113\1eumou1yxoca Kaca-
Teabllylo o AB
Ecau xpupas 3anana B NOAAPHBIX KOODAMHATAX )panueuue\x

r=s(9),
TO, BREAS MPAMOYTOJRNIE KOOPIMHITLL X N ¥, CLASGHILIC ¢ HOJAAPHBIMI
r u 0 cooTnowennayMu
x=rcosl, y=rsinb (18)

{82], M Mosesm paccMaTpuBaTh STH YPaBHeHWs, KaK MapaMeTpHyecKoe
saganne Kpusolt ¢ mapaserponm 0.
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Mu uveem toraa
dx = cos 0dr —r sin 6 df,
dy=sin0dr—--r cos i df,

dx® 4 dy? = (dr)* - r* (d9)?,
0TKYyAa,

ds = V/(dx) 4~ (dy)' = /(dr) 4-r* (dO)’, (19)

H ecan ToukaM A # B coorBercTBylT 3HaueHns a« H P moaspHoro
yraa 8 (puc. 135), 10 hopmyaa (15) mact nam

s——S ]/ -{— d6 (20)

Buipaxenue aas ds (19), koropoe Hash-
paerca duggepernyuarorn dyan 8 NOASIPHbLX
KoopOuHamax, MOKHO WOJMYYMTb H Hero-
CPEACTBEHHO U3 uepTexa, 3ameHus Oecko- Puc. 135.
neuno Maayio ayry MM ee xoppoft n BruH- :

C/IB MOC/ENHION, KaK TNNOTEHY3y NPAMOYroJbHOrO TPEyroJbHHKA MNM,

Karersl KOTOporo MN n NM npuémmermo pasnsl, coomercmeuuo,
.rdb u dr. .

Mpusmepwu. L Jdmnma ayrn s napaboas y_x" orculiThiBacMofl oT Bep-
wnnst (0, 0) no nepe“emion Toukn C a6cunccoli x, no dopmyie (12) supa-
WaeTcs HHTErpaloM ..

X

= S Vityide= § VIiFadde=

0

\
7\1/14-:*:1: 1)
o

(Mm noxoxuan ¢ = 2x). .
B cnay npumepa 11 [92] numeenm

SVl+t‘dt——[tV1+t2+log<t+V1+z>1+c
Tloncrasue 910 B (21), noayunm Ge3 Tpyaa
[2r Vl+4\'-+log(2\'+]/l+4t’)]

2. dauna sanumca

B CHAY CHMMETPIHYHOCTH €ro OTHOCHTEIbHO ocefl KOODIMHAT, PaBHAa yueTsepei-
Hoil AaMHe TOfl €ro yacTH, KOTOpas JAEeXHT B NepPBOM KOOpAHHATHOM yray. Ipex-
CTABHB 9MJHIC MapaMeTPIUCCKN YPABHEHUAMH

x==acost, y=bsint



252 . T4, 111, IOHSATHE OB MHTEIPAJIE H ETO

i 3aMCTHB, YTO TOYKaM A U B COOTBCTICIBYIOT 3HAHCHH

NOAYYHM 18 HCKOMOI Aauibl I caeaymouee Beipaxenie
/s

(=4 g V a*sin® ¢ + bcos® ¢ dt.
0

Wuterpas 9ror me Mmoxer OHTh BHUHCICH B KOHC!
MOMUO YKa3aTh TOAbLKG CHOCOO NPUGAMECHHOIO BHIYMHC
lpHBCIEH HILKE.

3. Manna nyrs sorapudMuueckofi cnupasn

r==Cead

{83}, orcekaemoii pammycamu-pekropamu 8=a, 6 =3, B
HHTCIPAIOM

8
s i /
\]/ r3+<—3—%)2d6=01fl+a3 et ap=CV

Ry

4. B [78] mm paccmarpuxanu LHCANYI0 JHBHIO, NYCThb
an6o ce Touka. Buiyncaum pasuy ayrm AM (puc. 93). T
puipamenne fasn (14 y') u3 [78], noayunn

X

. 2 1"‘ X X
AM= \]/l +yidy = g:‘—'-d.\’:—,)—g (e" J-e ")dx:
b - e

a FA

OTKYJa
a* - (nyra AM)*=a* - a*y*=a*(1 4y

T. e. AanuHa ayrn AM pasHa KaTeTy NpPAMOYTOJbLHOrO Tpey
KOTOPOro paBHa opiausatre Toukit M, m apyroff karer ¥
HoayyaeM, TakHM oG6GpasoM, caeiyiouiee npasyio NocTpo

H3 sepuunot A yendod auHuU, KAk Uednpa, Hado

paduycos, pasuuis opduname mouku M;. ompesox OQ
Koopdunam O Jo mo4rxu nepecedenus Q ocu OX ¢
Hocmbo 1 Gydem npedcmagaims co60i0 CRPAMACHHYIO OV

B npeawaymux ¢opmyiax npin BGOpe 3HAKOB M
06CTOATEILCTBOM, YTO JIA TOUCK, Jewauyx Ha Hpasoff
y' nseer 3Hak ().

5. [as wuxaonaw, paccyorpenHoil B [79], onpexean:
O0' (puc. 94) u naowans S, orpaHuyeHnyo 3T0ft BETBbIO

2z 2%

=\ VY TOFF T @ = | v
]

o

=g\ V223 sidi=a ]/4Sin2~§-dt=2a

[}

(3]
*a

oL

=2
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T. €. Jauna Oyau OOHO eemsu yuKkAOUOb: pAsHA y4emsepeHHOMY Juarempy
kamsue20cst Kpyza;

2za 2:1 2.'1
S= gydx= \ b ¢ (6) dt =a? \ (1 —cos £)? dt =
o 0
2z X
=a’S (1 — 2cos ¢ +cos? ) dt = 2za® — 2a® [ sin t]zx +a’|-%—t—|-%sin 2t]zx =
p .

=2ra® + na® =3na?,

T. €. n20ujads, O2panudeHHAs OOHOI 8em8sI0 (uKAOUON 1 MmOl HenodsUNCHOI
npaAMoil, n0 KOmMOpoil Kamumcs Kpy2, pasHa ympoeHHOl naoujadu Kamsye-
20cs kpyza.

. t :

Buuncasa /, npn H3BleYeHHH KODHA ]/-4sm’7, MB JIOMKHH BHGDPaTh

apndmMeTnyeckoe 3HaueHNe KODHA, 4TO M caelan, n6o npn uamenernn £ or 0
I 4

10 2z dymkuna sin < — MOToKHTEbH. .

6. Kapanouna, paccmorpennas B [84], ciMMeTpHyHa OTHOCHTEIBLHO NOXAPHOL
oc (puc. 111), a motoMy n1a BHYNCIEHHUA €€ IIMHH [ JOCTaTOYHO BHIYHCANTD
AANHY OYTH npu uameHenns 0 B npomexyrtke (0, ) M mnoayueHHuii pe3yibrar

YABOHTH:
L1 T

1=2\Vrtria=2\ymriTost); Fdtsn0 dd =
0 0

n~
i} LN
_SaOS cos di=8a [2 sin 7]0 == 16a,

T. e. Oauna Oyeu xapduoudst 8 80cesb pa3 Gosbuie Juasempa Kamswezocst
(au HenodsusrH020) Kpy2a.

104. Boiuncsaenyvie 06BLeMOB TeA MO HX NOMNEPEUHBHIM CEUCHHSIM,
Bruncenne o6beMa AaHHOTO TeNd CBOANTCA TAaKKE K BLIYHCAGHHIO Onpe-

Pic. 136.

IENEeHHOTO HHTErpana, ecan MH YMEeM OMpefe/aTh NJOMAAb MONepeyHbIX
ceuenntt Tesa, MEPNEHIHKYASPHHIX MAHHOMY HampaBJeHiio.

OGoaHaunM uvepes V ob6bem JxanHoro tema (pnc. 136) u monycrum,
YTO HaM H3BECTHH IIOMAIN BCEX TMONEPEYHEIX ceueHuit Tena MaOCKO-
CTAMH, NMEPHNeHAUKYAAPHHIMI JaHHOMY HaNpPaB/eHHI0, KOTOPOE MHl NDHMEM
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8a ock OX. Beskoe nonepeunoe ceyeHne onpeaeantcs abcluccod X Tou-
Ku IepeceyeHus ero ¢ ocbio OX, a nOTOMy MJOMAAL TOrO MONEPEYHOro
ceveritsl Gyaer QyHKuueff or X, KOTOpylo M 0003HauuM uyepes S(x) u
OyzeM cyuTarh U3BECTHOM.
IMycrs, panee, @ u b osmauaior abcuuccs KpahHux ceyeHnft Tena.
Haa soiyucaenns of0vema V pazoObeM €ro Ha SJEMEHTH pAAOM None-
: peuHpIx cenett, HauuHad OT X ==a
1 KoHuyas x=0b; pacCMOTPHM ORI
13 Takux anaementos AV, obpaso-
Bamiplfi  ceueHuAMu ¢ abcuucca
x u x -+ Ax. 3avensen obrem AV
o0beMoM RNPAMOro UHANHAPA, BH-
coTa KOTOporo pasHa Ax, a ocilo-
Puc. 137, BaHile COBMAAACT C TNONEPEYHBIM
ceueuueM Iallero Teaa, COOTBET-
creylomuy abencce x (puc. 137). OGLeM Takoro UHMAHHAPA BHPa3uICH
npoussenetiieM  S(x)Ax, n, Takum o0pazoM, Mul [OJAyuuM cJeAylollee
npufan:kenHoe Bbpadenue s Hawero oGvema V:
Y S Ax,
FAE CyMMUpOBAlile pPacnpoCTPIHEHO HA BCe Te 3JeMEHTH, 1A KOToplie
pas0uTo Hawe Ten0 monepeunsMi cevenusymi. B npeaeae, xorma uucao
aseventTon Oecnpegenplo Bo3pacTaeT H HanbGoAbuiee M3 Ax cTpeMurcs:
K HyJQI0, Hanmicauiias cyMMa INpeBpalllaercs B onpeieseHHbll uuterpad,
Kotopuit 1 JaeT TOwioe 3Hauenne obrvema V,
YTO MPHBOAHT K C/CLYIOLIEeMY MDPEeIJOKEHHIO.
Ecau 0an Oannozo meaa u3lsecmuol sce
€20 NONCPEHHBIC CEHEHIUSI NAOCKOCHLA M, NepreX-
OURYAAPHUMI HEKONIOPOMY OQHHOMY Hanpas-
AeHUKO, npuramoMy 3a ocs 0OX, mo o0sex
meaa 'V supascaemes Gopauyaol

b
={Sx)dx, (23)
a Pic. 138,

20e S(x) o3nawaem naowyads nonepetHo20 ceweHusg ¢ abcyuccol X,
a u b— abcyuccyl KpaliHux cevexul neaa.

[Tpusmep. Obsesr ,yuaundpudeck020 Ompe3ka*, oTCCKaeMuli OT HPAMOTro
KpYroBoro MOJyLANHIPA NI0CKOCTLIO, NPOBEJEHHOf Yepe3 AHaMeTp €ro OCHo-
paunn (puc. 138). INpumem puametrp AB 3a ocy OX, Touky A — 32 Hayaao Koop-
IMHAT; 0603HaYHM pagHyc OCHOBaHMA IULIMHApA uepe3 r, Yroax, o6pasyemuiii
ECPXUIIL CCNCUIiCa OTPC3Ka € clu uCHUBaHHEM, Yyepe3d a.

[Monepeunoe ceucniie, NCPICIHKYIAPHOE THAMCTPY AB, umcer B npaMo-
yrou.noro TPEYroabHHKa PQR, u ero IIomans BHPawaercs dopmy:oii

S (x)= —PQ QR = 4-1g« PQ~
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Naree, N0 H3BECTHOMY CBOHCTBY Y OKPYXHOCTH, OTpe3oK- PQ ects cpeaHee .
reometpnyeckoe Mexay orpeskamn AP, PB anametpa AB, a noToMy

PQ*=AP-PB=x (2r—x),
H OKOHYATeabHO

S (x)=—;-x @r—x)tga

Mpumenaa dopmyay (23), axa nckomoro ofbvema V noaywnm

V-—’S d_-lt ( 9% —x) d. X3\ |2
S (x)dx= 5 ga§x(r x)dx = 5 Iga(rx _?)0
0 .
__.2 3 _.2 2
gl ge=ygrh

€CJH BBCCTH ,BHICOTY OTpe3ka h=riga.

. 105. O6bem Tesa BpameHus, B ciywae, Xorja paccMarpHpaeMoe
TeNO noJayuaercd OT BpallleHHs AaHHoft kpusoit y = f(x) sokpyr ocu OX,

Puc, 139. _ Puc. 140.

nonepeyssie ero cevenus Gyayr kpyru paauyca y (puc. 139), a noromy
Sx)=mny",
5
V(x) =S7:y’dx, A
: ,

T. €. ofses meaa, noAyyaemoz0 npu spamjenunt soxpyz ocu OX wacmu

xpusoii
y=r(x)

3aKAI0MenHol mexcdy opounamaxnu x=—a, x=~>0, supancaemcsa gop-

Atyaoii
b

v={=y*dx. (24)
a . .
Npnmep. O6ben sxaunconna spawenns. [Ipn spameny axannca

T+d=1

BOKpPYr 60abioil OCH MOJIYYaeTCA Tex0, HA3LIBaEMOE YOAUHEHHHIAE IAAUNCOUOM
epaujenun (puc. 140). Kpaitune snayenna abcuiiccl X B paccMarpHBaeMOM
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cayyae 6ynyt (—a) u (4 a), a notomy dopmyxa (24) maer

t+a_ 4 =
_a—-é—::ab. 25

ol +-a R s
9 9 X= o X
V)’:l.'l::’: S y‘dx=7: S b'(l—;)d.&':ﬂb’(x—s—a-é)

—_—a —_

Toyno TaK e - MBI CMOXCM BHYHCMITL H 06BeM cacamozo »aauncoud
8paujenus, KOTOpuifl MOIyvacTCA HPH BpaUleHHH BAINErO 9.IIAMIC2 BOKPYr Maiol
oci. Hyxkio Toauko mnepecrasith Mescly coboii 6ykBH X, ¥, @ H b, uTOo nac

+o )

—|—.b
T— S stdy=n S a“(l—'{—,) dy="3 xba?. (26)
—b —-b

B cayyac a=05 o6a 3xmnconna o6paulAICA B WAp pagmyca g, o6LLM

KOTOpOro pasen —3—1:a‘.

106. TlopepxnocTs Tena Bpamenns. [laowadsro nosepxxocmu,
noaysaensoii npu spawenun kpugoi 8 naockocmu X0Y soxpyz ocu OX,
Ha3ueaemcs npeden, K KOMOPONMY CMpPeMUMCST RAOWA0s nOGEPXHOCHU,
noaywaeMoll npu épaujeruil 8OKPY2 MO JHee OCl A0MAHOU, BNUCAHHOL
8 0QHHYI KpuByw, 1020 HUCAO CMOPOH 3MORL A0MAHOL OecnpedcasHo
yeeaunnusaemcs, a HauOoAswan 13 0AUH CHIOPOH CIHPEMUMICH K HYAI0
(puc. 141). Ecan spawaemcs wuacms Kpugod, 3aKAOUEHHAST MEHCOY
mouraymu A u B, mo nosepxunocms F

Y, meaa 6paiieHus goipascaemcs QopaLyaol
(B)
F={ 2=yds, 27)
() R
0 20e ds ecms Jugpdhepenyuan dyau dan-

Hoil Kpusoil, T. e,
ds=V (dxy+ @)

Pue. 141 B 5101 dopMyae Kpupas MOKET GHTb

3ajaHa Kak yroAuo, b sBHOH wan p na-

paverpuueckoil ¢opye; cumpoant (A) u (B) NOKa3WBAIOT, HTO NYHNHO

unTerpuposarh MekAy TeMH npeleaaMu s uesasucumofi nepemenuof,
KOTOpHIE COOTBETCTBYIOT JAaHHHIM TOYKaM Kpusoil A u B.

Bysem cuutath, 4TO ypapHeHue KPHpoH 3aJaHo B mapaMerpuueckoh
¢dopye, npuyem poab NapaMerpa Hrpaer Aania ayrit § KpHpo#, oTcuu
Thisaemas oT TouKu A, n oGosuaynm uyepes / anuny pcelt kpupoii AB
dra KpHeasg, KOHEUHO, cuntaercs cnpamasemoll. Mu  mnmeenm: X =0 (s)
y=y(s). PazoObey, Kak Bcerga, nposexyrok (0, /) usmemienns § u
YacTHYIILIE NPOMEKYTKH

0=s5 <5< oo ' Sp1 8 =1
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Iycte snaueHmio s==s; COOTBETCTBYeT TOoyKa M, KpusoH, npuueM, ove-
puauo, M, cosmanaer ¢ A u M,—c B. OGosnaunm uepes g; amuy
oTpe3Ka M, 1M;, uepes As; — nanny nyru M;_yM; n noxoxusm y; ==¢ (s;).
HUcnompsys ¢opMyay A4 NOBEPXHOCTH YCEYEHHOrO KOHYC2, HAXOQUM
caeaywowmyio  ¢dopmyay Ana  NOBEPXHOCTH, IHOJAyuaeMoli OT BpaileHus
aomanoft AMM,... M,,_,B'

—=9= 2 Yia 1-Yi +yz

'-.

i

n n
Q=2r gzl Yiagi+* Z Oi— i)
= i=1

IMycts 8 —naunGoabiiee u3 aGcomOTHHX 3HaveHnH |y, — y; 4] B ciay
" pasHoMepHOH HenpepHiBHOCTH (yHKunn ¢(s) B npomemyme 0<<s<g!
BEMNYNHA 8 CTPEMUTCH K HyJo, ecan HauGo/bmiaa n3 pasHocrel (s; — §;_q)
crpemurcst Kk nymo. Ho mu nveenm

n n

) i —yi) @ |<3 Da<d

OTKYyAa CJeAyeT, uTO BTOPOE CcjaraeMoe B BHpakeHun Q crpeMurcs
Kk Hymo. Hccaenyem nepsoe craraemoe, 441 4ero nepensmeM ero B Buae

2% Z}’i 191 =2=% Z}’; 14s; — 2= 2)’;-1 (As; —q)).

i=1

Tloxaxey, YTO BHIMUTAEMOE B ITOM BHIDAKEHUH CTpeMuTca K nymo. s
STOro 3aMeTHM, 4TO HenpeprBHasg B npomexyTke (0, /) dyukuna y=1¢ (s)
OrpaHWyeHa, M, CJeI0BaTeNbHO, CYIIECTBYET TaKOe  MOJOKHTEeIbHOe
YHCO 1, YTO |y 4| << m npu Becex i. ITostomy

I Z Vit (As; — Qi) I m(Asi —q)=m (l - izl‘h)

Ho ecan nanGoapmias n3 pasuocren (5; — S;_1) CTPEMHTCA K HYJII0, TO
1 HanboJbluas W3 AJANH XOPA ¢; CIPEMUTCA K HYJTO, U NEPUMETP BIH-
CaHHOM JIOMaHOfi CTPEMHTCA K JUIHE Ayra

n
Z‘h—’l»

i=1
OTKyZa

n
2z ZJ’M (As;—g)—0.
i=1

9 B, H. Cuupuos, 7. I
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Taknm oOpasoy, B BHpaxesnn Q OCTaeTcs HCCAENOBATH JHIUL CJAaraeMoe

27 3 yials;=2% 3¢ (551) (S — Sio)-

i=1 i=1

Ho npenen sto#ft cymmul u npupoant Hac K uuterpany (27). Takum
o6pasom, Mbl © mnoaydaeM STy dqopmyay. Ecan kpusas samana napame-
Tpuyeckn uepes moGolt mapamerp £, 1o Mm umeeM [cp. 103]

B
— {o~u SR T
F=\25y0 V¥"OF @ 4 (28,)
H B CAyyae fIBHOrO YpaBHEHHs y= f(x) aunun AB:
b : :
F= SQ:: FE VTG d. | (28;)
a

Mpusep. MorepxHOCTh SAINNCONAA BpaleHHA, YATHHEHHOIO N CRATOFO.
PaccMorpus Crepsa TMOBEPXHOCTL YATHHEHHOro 9JaHNICOMAAZ Bpawlenns, [pn-
MenAs ofosHayenna npumepa [105], no ¢opuyae (28) nmeen

a a
Fym=2= (3 VIFyide=2 (V@ Or) dx.
-a -

W3 ypasnennsa saaunca Ml nmeewm:

.2 2
y::bg(l—%)’ )yv'—_:_?_'__t

a’
oTKYAa
, bix3
Gy =2%,
a a
- b2x? | bix? - X[ P
Fia=2z S ]/ B ——-+ 5 dx=2mb S ]/1—;2(1—;;)‘“-

—a a
Brogna cwoaa BBHIPAKCHNC LA SKCRCHTIPIICHTETA SAaHNCa

. at — p?
= a? )

nmeem (eMm. npumep [99])

a a

) T, — T

Fy“=2,.bj“l 1_7_:1A=4,-.bj']/1_‘02 dx =
—a Y

a

V=T e)=s2 fyr=ra

4nba
s

0
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WMuterpipya no vacram, umeem (cp. npumep 11 [92])
ﬁ
1——!’ dt==f 1-—t’ ——::::::'dt==
{v V= (e
=ty 11—t — 1—¢2 dt
Vi—E— (VI=F +SV1

OTKYna o
S yi—e dt=%[t]/l—t’ + aresin ],
H OKOHYaTeaAbHo

Fypa= 2rab[ Y= pacsne

arcsine ] 29)

Ora Qopmyaa romurca B npefere n 1A e=0, 1. e. Korla b==a, 1 saIMN-
COMA NpeBpamacTca B wap paumyca a. B ckobkax npH 3TOM OKa3WBaeTcA He-
ompejenennoe BHpawenune, packpuBaa kotopoe [63], nmeem

1
_ YIi=¢

arcsin e
e=0 ]

€

=1

¢ =0

MepefineM Temeps k ckaToMy 31anmconay spaumenns. [lepecrasus memay
coGoft 6ykBH X H ¥, @ U b, MH HaxOANM:

b
Fax=2n (VT (ex) dy,

rae x cunraerca dynxuueit or y. Ho na ypasuenns sranmca mnmeem

2 1 44,2
xt=a? (l —%3—), xx'=—(-%'¥-, (xx’)2=q—b'%-,
oTKyna
b
2 2 2
Foy = 2ra j“‘/l+%—(~—l dy—4na‘f]/1+y“ dy =
-b

ae

b
= A=b* S'VT—T t_—_2"” YV TFEFlogt+ VIFE )]l
b

IS VAC R C o VAT
V:: (aa'*‘]/b*)]“?”"z bt a(l+e)

H OKOHYATEeALHO

Fox=2nat 4 28 10g 20LES), (30)

go
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107. Onpenenenue uentpos TawecTH. Teopembt lyawnpuna. Ecan
ana CHCTeMA NI MaTepHaNLHEIX TOYEK

/Hl (xb }'n), /”i (x‘l’ }’z): ooy ‘“n (xm J’n):
MacCh KOTOPHIX paBHL, COOTBETCTBEHIIO,
nmy, my ..., M,

TO YHewmpom magcecmu cuctemsl (4 Ha3bIBAETCA TOUK3, KOOPAMHATHL
KOTOpOHl X, ¥, YAOBAETBOPSIOT YCAQGBHAM

Mx,= Zm X My,= Zm, Vi (31
rae A osuayaer noanyio Maccy CucTeMbl

n
=] 2 .
i=1

[lpn onpegesennn wuenTpa TAMKECTH MOWKHO KakuM YroaHo oGpaszom
rpyNmiIpoBaTs TOYKI CHCTEML, P3asOubas HX HAa 4acTHble CHCTEMEL C TeM,
yToOLl NpH BHYHCAEHHN KOOPAHHAT wHeHTpa TsiwecTH Q pceli cucTeMul
3dMEHSATL DCIO TPYNIy TOUEK, BOWIEIMNIX B KaKylo YroAaHO YacTiyio
cucTeMy, OLHOHl TOYKON, a MMEHHO ee WEeHTPOM TRKECTH, npumicas eff
Maccy, papiylo CyMMe Macc BOWAWNX B HEE TOUEK.

Mp pe OyzeM OCTanapINBaThbCA Ha JOK33aTeasCTBE STOro obLiero
npHHLHAA, KOTOpOE ie NPeACTaBaseT TPyAa H Jerko MOXeT OuiTb npo-
Bepelo Ha MNPOCTEHWNX YaCTHBIX CAYYasx
clCTeMBl C TpeMd, UYeThpbMA il T. A TOY-
KaMil.

B aanpuetiimem Mu OyzeMm nMeTh Aeno
He C CHCTeMaMu TOYEK, & C TeM Cayyaem,
KOPZa Macca S2NOJHSET CIJIOWDbL HEKOTOPYio
naockyto Qurypy (o6aactb) wam JauHmo.

Ias npoCTOTH OrpanuyuMcst paccMoTpe-

Puc. 142, HHEM UL OANOPOANHBIX T, NAOTHOCTh KO-

TOPHLIX NpUMEM 33 eNHHIIY, TIK YTO Macca

Takofl Qurypst GyHeT paBHATbCSA €e OJiiHe, eCAU OHA HMEeer Buj iy,
W IJoula;M, eCJH Ohia HMeer BHA IJIOCKOl o6JaacTii

IycTs cnepsa Hy:1o onpenennTs yewmp mascecmu dyau Kpusolt AB
(puc. 142), pauna xotopoit s. Cnenys npeamayuieMmy oGuUleMy NpHHLUMY,
pasobben ayry AB mwa n Maaux saementon As. Lleurp r1skectu peeit
CUCTEMBl MOKHO BBIYHC/NTL, 3aMEHUB Kaxabll H3 3THX 3JeMEHTOB OAHOM
TOYKOfi, WEHTPOM TAKECTH PaccMaTPHBAEMOrO S/JeMelTa, COCPeaoTounn
B peil BCIo Maccy aaemenra Am==As?),

1) Hentp TamCCTH KamkAoro Takoro S1eMeHT3, BOOGWIC rOBOpH, HC ACHHT Ha
KpHBoil, XoTA W GyICT TeM GUDKC K Hefl, YoM MeHbUIC SICMEHT, YT0 M YKA3aNo
CXeMaTHyeCKH Ha puc. 142,
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PaccmorpnM oaMH 13 Taknx aaeMenros As # o6o3HauuM KOOPAHHATH
ero KoHuos uepes (x,y), (x-}-Ax,y-+ Ay), KOODANHATH Xe ero LeNT-
pa Tmxkectn oGo3uaunM depe3 (X, 7). Ilpm gocraTouHOM yMeHbUIeHHH
sneMeHTa As, MOXEM CuHTaTh, 4TO TOuKa (X, J) CKOAb YroAHO Ma’I0
OTCTOHT OT TOUKH (X, y).

Ilo dopumynanm (31) umeem, kak n s [104],

B
Myg=sxo= 2 Xdm=73 % As=lim D xAs={ xds, (32)
. tA
(B
Myo=sya=2yAm=2yAs=lim2yAs=Syds, (33)
(A4)

OTKYZa, BHluucAHB § No ¢dopyyae

(B) {B)
s={ ds={ Vo' + @,
14) 4

Il onpefenuM KOOPAMHATH UeHTpa Tsxectd Q.

W3 dopmya (32) n (33) BuTEKaeT Baxuas TeopeMa:

Teopema I T'yabauna. [1rouads nosepxnocmu, nosytennoli npu
spawenuu dyau 0axHOl nAOCKOIl KpUBOR 80OKpY2 HeKOmMOPoOi ocl, aexca-
weli 8 ee naockocmu U He nepecexanuiell ee, pasugemcst npousgede-
HU0 OAUKbL spamjanowelicss dy2n Ha OAUHY RYmMU, ONICAHHO20 npu
3MOM BPAUEHUI LJeHMPOA mscecit 0y2il. '

B camoM nmese, NpuHdB OCh BPaweHnd 3a yy M, M
ock OX, naa nosepxHocti F Tena, omicanuo- |
ro npu ppamenun ayriu AB, umeem (27) [105]

(V3]
F=2x Syds=21:ya-s !
(A) [ : lyfgfi(x)l_j__x
[8 cuny (33)], uto u TpeGosazoch Aokasats. 0 G x x48x b
PaccmoTpus Tenepb HEKOTOPYIO MJOCKYIO Puc. 143.

obnact § (maomans Kotopofi oGostaumy
Takxe yepes S). Honyctum ana npoctoTH, uro 3Ta 06aacTh (puc. 143)
.OrpaHHyeHa JBYMA KpHBHMH, ODAHHATH KOTOPHX 00603HayuM vyepes

n=r 1 ) yi=/ra(x).

Cnenyn ofweMy npiHIHMY, YKa3aHHOMY B Hadyajle 5TOr0 HOMepa,
pasobbeM GUIYPY Ha 72 BePTHKAJABHHIX NMOAOCOK AS npaMuLMH, napannens-
neivy oct QY. TIpn BeYKCAGHHN KOOPAHHAT LUEHTPa TaxecTH G GurypH Mo
MOXEM B3aMEHNTh KaXAYIO TaKylo MOJOCKY €e LEeHTPOM TAXECTH, cocpe-
JZOTOUNB B HeM Maccy nosocok Am=—AS. PaccMOTPHM OOHY H3 TaKHX
noaocox; 0003HaunM uepes X nx—Ax abcupcch orpaHHunBaouIX ee
npaMex MMy, u MiMs, uepes X, J — KOOPAHHATH LEHTPA TAKECTH.
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[Ipn pocratoynoM CyieHiH MNOJOCKH, T. € MNPH  yMelbllenun ee
wupnHu Ax, Touka (X, J) CKOJb YroaHo Majo OymeT OTCTOSTh OT Cepe-
IHHH P orpe3ska npsmofi AM;M; BCAGACTBUE UYEro MOXKEM MHCaTbh NpiH-
OauKeHHBIE PABEHCTBA

xNx, yN31+y2.

Ianee, macca Am noaocks, pasHas ee mnaowaan AS, moxer OHTh
npHpaBHeHa MJOWAZH MPAMOYrO/bHIKA € OCHOBaHWeM AX H BHICOTOH,

CKOJb Yromuo Malo oTauuaiouiedics oT Aaunul otpeska MMe=—y,—yy,
T. €
Am ~ (33— y) Ax.

Ilpnsensa cdopuyay (31), moxem Hanicatb

Mxy,=S8x5=>Y X Am=1im Y, [x (y: —y))] Ax =
b

={rUi—mds @Y
My, =Sy, S‘y Ant ==1lim 5‘( )(y — ) dx=
=tim W[5 i—sp)ar={s0ui—ax @9

M3 dopmyaur (35) puitekaer

Teopema Il Cyabanna. Obsen meaa, noayiaeso2o npu spa-
1eHn nA0CKOl (u2ypsl 60KpY2 Hewomopoil oclu, aexcaujeli 8 €€ npo-
crRocmu U He nepecekawuell ee, pasexn npoudsedenuio naow,adu pa-
wanwelca guaypsl Ha 0AlKY NYmu, ONUCAHHO20 €€ LeHmpois Mmse-
cmu npu spaujenu.

B casom pnene, npunss och BpauleHns 3a oce QX, HeTpy4HO 3ame-
THTb, 4TO 00GBEM paccMaTpHBAEMOro Teda ppameHus V papeH pasHoCTH
00LeMOB Ted, NOJyuaeMHIX NpH BpauleHwn Kpusoll y, u Kpusoll y,,
a noromy, corJaacuo (21) [105],

b
Ve=r{yidy —={yldx=={(yi—yDdxr=2zy,.S,
a a

a

B ciay (35), uto. u TpeGOBAaNOCH JOKA3aTh.

MMoayuennse ase reopemut I'yabauiia BecbMa 1nojae3HN Kak npH omnpe-
ZCACIG HOBTPXHOCTH il 00besMa (puryp opauenus, KOraa H3secTio
NOAOKEHNE IeHTPa TMKECTH Bpamaomelics ¢urypu, Tak u obpario —
npu onpereseHHH MEHTpa TsXecTH (UrypH, KOrAa u3BeCTHH o6beMm
WAH NOBEPXHOCTbL NPON3BOAUMOIl €0 (uryps Bpauienus,
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Mprwmeps. 1. Hafitn o6beM ¥V koabua (mopa), noayyaeMoro npH BpameHi
Kpyra paamnyca r (puc. 144) Boxpyr och, aexauiefi B ero NJI0CKOCTH Ha Paccros-
HHH a OT uenTpa (npuyem r << g, T. €. 0Cb BPAIEHHA HE NEPECeKaeT OKPYKHOCTL).

Uentp TAMECTH Bpamlamouerocs Kpyra HaxoANTCA, OYEBHAHO, B €ro HeHTpe,
a NOTOMy MIHMHA MYTH, ONMICHBAEMOTO UEHTPOM TMXECTH NpPH BpAauleHIN, paBHA
2ra. Maowans spamanmesica Gurypst pasHa =r?, a notoMy no teopesme Il [yas-
JiHa 1Meem ‘
==r?.2za=2z%r , . (36)

2. Hatitu nosepxnocts F xoablla, paccMoTpeHHoro B npumepe 1.

Janxa Bpawamiieiics OKPYXHOCTH PaBHa 2nP; LEHTP TAKECTH MO-TIPEXHEMY
COBManaeT ¢ MEHTPOM OKPYXHOCTH, 2 NOTOMY B cuiy teopemw I Fyanmnna
HMeeM y

F=2zr-2ra==4n%ar, 37)

3. Hafitit uentp Ttaxect™ G noaykpyza pa-
nuyca a. TIpuMeMm OCHOBaHNE MOIYKPYra 3a ocb
OX v nanpasuM ocs OV mno mepneHaMxyaspy
x OX, BocctaBaennomy B uenrpe (puc. 145); B

CHIY CHMMETPHUHOCTH OHIYPH OTHOCHTCABHO 7 &
ocn OY sacHo, uTo HeHTp TAXecTH G JEXHT Ha .
ocn OY. Ocraerca Hafith ToabKO ¥, Jas stoft Puc. 145.

nenn npmmennm rteopemy Il I'yasauna. Teso,
nonyyaemoe NpH Bpamenin Noaykpyra Boxpyr ocn OX, ecTh map pamiyca a,

T °
H ero ofpeM pascH T ma’. [Naomaze S Bpaulaontefica (pﬂl'_\'pbl paBHa? as, a
noromy
4 LI 4 a
—3 ‘l‘.?a'_-—-—'2 a ~27: Io’ _yo—_.3 - R

4. Hafitn nentp TmmecTn (' nOAYOKpYd*CHOCMIL pajuyca a.

BuGupas KoopAHHATHBIE OCH, KaK I B NpeibAyIeM NpuMepe, BHAHM ONATH,
y10 ncKomutfi nenrp G' mexut mna ocu OY, Tak uTo ocraercs HafitH yg. [pn-
mennn Teopemy | Fyanansa m 3aMetns, YTO MOBEPXHOCTb Teaa BpaulcHua F B
JaHHOM cay4ae paBHa 4ma®, JIMHA S =74, NOIYYHM

4ne* ==za - 2295, ye=22,

"Kak W cAenoBalo OXHMIATh, HENTP TAMECTH MOAYOKPYKHOCTH JEHHT GaMK
K nrell, yeM UEHTP TAKECTH OrPaHNYRB2EMOro €1 NOJyKpyra, .
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108. TMprGaKIeHHOE BBIYHCIEHHE ONPeneNeHHBIX HHTErpanos; GopMy bl
ﬂpﬂMOyl‘OJleHKOB H Tpaneuuﬁ. Briyncaenne onpeaeIeHHHX HHICTPAJI0B Ha
ocHoBanni @opmyan (15) [96] ¢ nomowblo nepBoo6pasHoll (YHKIN HC BCeraa
BO3MOXHO, T8K KaK, XOTA nepsooOpasiiasg QYHKUIA N CYWCCTBYET, €CIN  MOALH--
TCrpaibHas QJ)'HKLIHH HenpepbiBHA, OJHAKO OHA JAaJ1€KO HEé BCerja MOXCT 6HTb
naiigesa QaxTHYeCKH, 1 Jaxe TOrga, KOria ce MOXHO HaiiTH, OHA HMCeT yacTo
BeCbMa CJIOMHBI K HCyIl06Hblﬂ 114 BHUICIeHHil BHI. l'loaro.\xy BaXHoe 3HaycHHe
HMEIOT CIocoGH HPHG.'IH)KCHHOI‘O BLIYHCICHIA ONlpejeellHhX HHTEerpaaos.

Béabuias yacTb HX OCHOBWBACTCA Ha HCTOJKOBAHHN ONPEHREIEHHOrO IHTC-
rpaia Kak NJOLAAN H KaK Npelera CYMMH

b n
. Wl .
Vfyde=1im D 7E) (si—xi). (38)
a i=1
Bo Bcem naipueiimieNt MBI YCIOBHMCHA pa3 HaBCCrda OeauTb NPOMEXYTOK
(a, b) na n pasuplx uactell; DINMHY Kaxaoil uacti o6o3nauny ucpes A, Tak uTO
b—a

n

h= xj=a-+ih (vo=a xp=a+nh=0»).

O6o3naunyM gaace yepe3 y; 3HaYCHIC NOILIHTCIPAILNOll Gynkumn y=f(x)
mpn x=ux; (i=0,1, ..., n):

yi=f(x)=f(a—ih) (39

DT BeaHYubL Ml CYHTaeM H3BECTHBIMH; HX MOXIIO NOJIYUYHTL Henmocpel-
CTBCHHBIM BLIWIICACHHCM, ecat Gynxuna f (&) 3agaHa aHaANTHYCCKN, ILIH CHATh
HpaAMO C ucpTexa, ecait OHa H300paicHa rpaduuCCKL.

[Noraras B cymue, croawelt B npapoil uvacti (38), §;=.;_, WA X; MH
HO2YYuM ABC NPHOTINKCHHBIC (POp.MyAbl NPANOY20AbHUKOS:

b—a
n

b
Sf(-\') dr=~ """ 1y ys oo S, (40)

b—
n

b
S Fe)dem =2l b gyt ooy, @1)

rie snak (==) o6o3navaeT npuGIMKEBHOC PaBCHCTBO.

Yenm Goabuie Yicio n, T. €. Yesm McHbIUe /i, TeM 3TH QopMyasl GyayT Toumee
n B npeieie, npi n-—oo u h—0,
AaXYT TOYHYIO BCINYHHY oOnpejeleH-
HOro HHTErpaJa.

Takum o6pasoM, nozpewrocmu
dopauyr (40) u (41) cmpemsmea x
HY.210 npu 803paCMaHuU 4lucaAa opdu-
#am. Tlpn JaHHOM 3Ke 3HaYeHHH 4HCIa
OpJHHaT BEpXHHil npeaes norpemHo-
: CTi  0COGEHHO MPOCTO ONpeeanercs.
.‘/a!y": JJ8 TOTO Ciyuas, KOTAa AaHHAaA QyHK-

L X lHf f(X) MOHOMOHHAE B NPOMEKYTKC
0l =X Xy Xy A Wy X5 Xg Xz Xy (a, b) (puc. 146). B srom cayvae sicHo
. HENOCPCACTBCHNO J3 YCPICa&a, YIV nU-

Puc. 146. 2pewrocmb kax10ii n3 gopmya (40) u

. (41) He npesviuwaem cymmun niomazcit

32IUTPHXOBAHHBIX NPAMOYFOILRIKOB, T. €. He npesului@ent NACWIALH NPAMOYLOdb-
—a

M

&

S s

. Ly

HHKA C TCM € OCHOBAHHEM

==t i1 BHICOTO{I, PaBHOII CYMME BHCOT Y, —Y,.
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3alITPIUXOBAHHLIX NPAMOYTOJNLHHKOB, T. €, §eAlYUHbL

b—a
—2 (Y — Yo)- , (42)

$opMYyIH NPAMOYrOJILHHKOB BBOJAT BMECTO TOYHOrO BHpAMEHNd ILIOMAAH
KpHBofi y ==f(x) npn6anxkenHoe ec BHPaMeHHE — IIOLALL CTYNEHYATO J0Ma-
HOM AN, COCTABIEBHOM N3 TOPH3OHTATbHHX H BEPTIKATLHBIX OTPE3KOB, OrpaHil~
YNBAM0UIIX NPAMOYTOJILHUKH,

Wnne mpu6amuennsie supame- Y}
HHA M NOAYYHM, €CI BMECTO CTy-
nenyatoil aoMmaHoft ampmn Gynem
6paTh ApyrHe IHHIY, KOTOPHE A0CTa-
TOYHO MaJ0 OTINYAITCA OT JaHHOf
XpuBofl; ueM Gamke TaKas BCMO-
MorateibHasg JHHHS TOAXOIHT K

KpuBofl y=f(x), TeM- Menbiue Gy- = =
JIeT TMOTPEHIHOCTh, KOTOPYI0 MBI CO- o ax = %z xs bex
BEpIIaeM, NPHHAB 32 BETHYHHY NI0- Pnc. 147

IajgH — nloutaib, OrPaHIYeHHYIo
BCIoOMorareasHoit anuneil.

Tak, nanpnmep, ecanm M 33MCHHM JaHHYI0 KpHBYIO Bmucaupofi B nee Jo-
MaHOI1 auHpefi, OPANAATH KOTOPOil NPH X =—X; COBMNAAAIOT C OPIHHATAMII RAH-
rolt kpusoii (puc. 147), APYrHMI CTOBaMi, 3aMEHHM PacCMaTpPHBaeMylo niomanb
CYMMOIO momaneft BIHCAHHLIX B Hee 3AMITPHUXOBAaHHWX Tpaneuuil, TO NOIyuuM
NpUGINKCHNYI0 dopayay mpaneruii:

Sbf(x)dxmh[mz-& TR +2’_::;'2+A']=

_b—a

= 5~ W+ +20:+ ..+ Waa T 3a) (43)

109. ®opmyna xacateabHbix H dopmyna Honcene. Yseanunu Ttenepn
uiCI0 ACTeHHi BABOE, MOIpa3jeans Kakiloc 3 AeleHnil momoaam. Mu moayunm
TaknuM nyrtem 2n pexennft (puc. 148):

y h
xov -xl/3 =a+ '2—)
xy=a-th, .., x;=a-}ih,
Xipr=a+t (z +%) By
_ Xp=2b,
ol L7 «‘1"‘ Xy Xgy Xp Xgy Xy X% X4 KOTOPHM GyXYT COOTBETCTBOBaTH Op-

JANHATHI

Puc. 148, Yoo Y1y Y1 ooes Yis Yigtyp oees In

(opauuATH ¥4, 4y .oy Y OYNEM HABHBATL HeMHBMU, OPAUHATH ¥y, Vs a7 oeed
Vn—13— HeyemHbiMu).

B xonne xaxaoit HeuerHoft OpIHHATHL JIPOBEACM KaCaTeIbHYIO QO nep’eceqc-
Hia €e ¢ AByMA COCCAHHMH YEeTHMMN OPIHHATAMH M 3aMCHHM JA3aHHYIO Maomanb
CYMMOI0 nirouaneil MOCTPOCHNHLIX TAKHM nmyreM 'rpaneum‘i. ﬂo:lyqeﬂﬂaﬂ TAKIM
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o6pa3oM npuGmmnkenHas GopMyaa Ha3WBaeTca Popays0li KacamessHHX:
b » -
—a
Sf(x) dxme P22 1y o yagy e Ya gl =0 (@4)
a

OnnoBpeMeHHO € NPeAHZYUUIMH ONUCAHHHMI TPANELHAMH PacCMOTPHM
8nUCAHHYe mpanequu, KOTOPbie NMOIYYHM, COEXMHHB XOPAAMH KOHUH COCCAHWX
fleYeTHHX OPHHHAT; NPHCOBOKYNIM K HIM ecmle nse KpafinHe Tpameums, o6pa-
30BaNHLE XODAAMH, COCIMHAUNMII KOHUB OPIMHAT Yo M Yy, Yo _ 1/, U Va-

Cymmy naouwiaiefl moayyenHsix Tpaneinit o6osnaunM vepes

b—a[yo+¥n Yy, +¥n—y
2n[ g T T 3 ’+2.91/,+2)'a,3+...+2yn_l/’].

Sy =

Ecau xpusas y=f(x) 6 nposexcymre (a, b) ne useem movex nepeauba,
T. €. MOAGKO 8HNYKAG WAL MOAbKO 802HYyma, TO Naomanb S kpusoli 3akaio-
YacTCA MEXAY [NI0WafAMi ¢y H dy H €CTECTBCHHO MN03TOMY INPHHATH 32 I'Ipllﬁ.’llh
5+ 39,

2

WEHHOC BHpaweHie A1a S cpeinec apiudMerHycckoe , uT0 Jaer gopayay

TloHxcene:

b—al:yo+)’n_.)’l/._,+i’n_l/2 Lo, 4

b
Sf(x) dy == o 3

b Yary | 69

Herpymio sugers, Y10 morpeimnocts 371oit GOPMYan UPH cleJannoM npei-
HOJOMCHHN O BHAE KPHBOI He IIPEBOCXOINT ab6COTOTHOrO 3uayenusn

64— 0 ____<.)'1/2+}’,;_1/5 Yo —I—y,,)b—a

7 3 2 e (46)

IIpHYCM BBIpAXECHHC, CTOALLEC B cK0o0Kax, paBHO, KaK STO HETPYyAHO NOKa3aTb M3
csofictBa cpcmleﬁ AHHHH Tpamewul, OTPE3Ky cpeaneii OpAHHATH, OTCCKAEMOMY
XoplaMH, COeONHAILIMI MeXIY co6oii KOHIK! KpailHHX YeTHLIX if Kpafinix mHe-
YCTHRIX OpIHHAT.

110. ®opmyaa Cumncona. Ocrasup B Cilie npeasayuiee [0lpasieiciie na
YCTHOE YHCIO vyacTelf, 3aMCHHM JaHHYI0 KDHBYIO PsaoM AYr napa6oa BTopoil
cTelienin, IPOBCAA HX Yepe3 KOHIW KaikAbIX TPeX OpAMHAT:

Yor Yy Y15 Y1 Y3y, Yo s Yy p Vp sy Yy

Buuncann niomanb Kaxxoll H3 MoayycHHLX TaKHM NYyTCM KpHBO.‘lHHeﬂHHX
¢uryp no gopsmyae (4) [101], Mn noayuis NpubixeHnyw gopmyay Cumncouna:
7
. .
S f(x)dx =

o

b

= ot i/, + 2+ 4y, ekt

KR TPE o TE SS R R

Ha swBoie morpewmmocti sroft GopMyasl, 3 PaBHO M NOrPEIHOCTI POPMYIH
Tpancunii, Mpl 3iech OCTaHapImBathea He Gylea. 3amerum, BooGuic, YTO Buipa-
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AeHHe NOrPENIHOCTH B BHIC ompedeleHHoll GOpPMYIH liMeeT cCKopee Teoperiue-
CKOe, yeM NpaKTHYecKoe 3HayeHNe, TaK KaK OGHKHOBEHHO NAeT CAMINKOM Ipy-
6Lift npexes.

Mo moBony MpexHAyUIEro ROCTPOCHHA 3aMeTHM, YTO COOTBETCTBYIOUIMM NOM~
6opom a, b u ¢ B napa6Goie y=—=ax?*-4-bx -+ ¢ MOXHO Bcerja 3acTaBntb ce
npofitn yepe3 3ajaHHHIE TPH TOYKH ILTOCKOCTH € PA3IMYHHMH aGCHHCCAMH.

. Ha npaxtixe nas TOYHOCTH pe3yabraTa CyM€CTBEHHOE 3HAYCHHE HMCET NIas-
HHIl XOX KpHBOJ, H B COCENCTBE € TOYKAMH, Ijle KpHBas Golee WIH MeHee PE3KO
MeHAeT BHX, HYXHO BECTH BHIUMCIEHHA ¢ Goibuiell TOYHOCTBIO, IAA Yero Heol-
XOANMO BBOXNHTL 6oJee MenkHe NMOApasieneHud npoMexyrtka, Bo Bcaxom cayyae
NoJe3Ho Nepel BHYHCIEHHEM COCTaBHTb cefe XOTA GH TOJABKO NPHOIN3HTEILHOE
NpeiCTaBIcHHEe O Xole KpHBOfi,

BecbMa cymecrsennoe 3Hayenne npH NPHOIHNEHHANX BHYHCICHHAX HMeeT
cxexma pacnoaodicenust deficmguii. aa Toro yro6w naTth npeAcTaB1eHHE O Hell,
a TaKkxe YTO6H CPaBHHTL TOYHOCTD, 1aBaEMYI0 Pa3THYHHMH BHIBEJICHHHIMU BuE
NpHOMKEHHLIME (GOPMYAaMH, Mbl NPHBOANM CleAYiou(He NPHMEpH:

1:/,

1. S= § sin xdx =1,

b—a b—a b—a

n=10, =0,157 079 63, o = 0,078 539 81, TR 0,026 179 94
b sin 9° 0,156 4345 Y, sin 4°5 | 0,078 4591
s sin 18° 0,309 0170 Y34 sin 13,5 | 0,233 4454
i sin 27° | 0,453 9905 Y5y, | sin 22°,5 | 0,382 6834
A sin 36° | 0,587 7853 Y1y | S0 31,5 | 0,522 4986
35 sin 45° | 0,707 1068 Yoyy | SO 40°,5 | 0,649 4480
e sin 54° | 0,8090170 Yy, | S0 49°,5 | 0,760 4060
¥ sin 63° | 0,891 0065 BUTYA sin 58°,5 0,85? 6402
Vs sin 72° | 0,951 0565 Ssy | SO 67°,5 | 0,923 8795
Yo sin 81° | 0,987 6883 Y11y, | S0 765 | 0,972 3659

Yo | 8O 85°,5 | 0,996 9173

Y, 5,853 1024 Y. 6,372 7474
Yo sin 0° | 0,0000000
Yo sin 90° 1,000 0000

.



268 TJI. UL TIOHSITHE OB HHTETPANE H ETO NPHAOXKEHHS [ 110
DOpALyAa nPAMOYZOLLRUKOS N0 HEDOCHIGMKY
¥, | 58531024 g% 0,767 3561
y. | 0,0000000 Ig ”:" 1,196 1198
» 5,853 1024 Ig S 1,963 5059
S=10,9194080

DopuyAa NPAMOYZOALHUKOS 1O UIOHMKY

¥, | 58531024 Ign 0,835 8873
v | 1,0000000 g2 —2 1 Tisenes
) 6,833 1024 1gS 0,032 0071
8§==1,076 5828
Dopatyaa
KacameabHux Dopsyaa mpaneyuil
lg ¥, 0,804 3267 o%, | 11,706 2048 gy 1,104 0158
Ig ”;" 1,1961198 | {3,y | 1,0000000 Ig b;l“ 3,895 0399
1gS 0,000 4465 p 12,706 2048 g8 1,999 1057
S a=1,001 0290 S = 0,997 9430
Dopuyaa Ilownceae
2y, 12,745 4948
1 g% 1,104 7141
o 0o+ 310 0,250 000
1 1g 222 3,8050808 |
— 0y FS101,) —0,268 8441 :
N 12,726 6307 Ig S 1,999 8039

S == 0,999 5487
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Dopsyaa Cusncona

2%, | 11,706 2048 lgy | 1,5820314
4% 25,490 9896 —al ~
: 192 =91 34179685
Yo+ 300 | 1,0000000 6a
) 38,107 1944 1gS  1,9999999
S == 1,000 0000

1

log(1 +x w
2. S= S%dx:—g—log2=0,2721982613...,‘)
0

=10 b—a_ 1 b—a_ 1
- 2n 20 61 ~ 60"

" 0,094 3665 Sy, 0,048 6685
¥s 0,175 3092 S/, 0,136 6863
95 0,240 7012 s, 02100175
A 0,290 0623 Y1, 0,267 3538
s 0,324 3721 Yors 0,308 9926
Ve 0,345 5909 Su,, | 03364722
¥, 0,356 1263 $1s,, | 03520389
Vs 0,358 4063 Y15y, | 03581540
Vo 0,354 6154 Y1y, | 03571470
Y1y, | 03510273
T 2,539 5503 T, 9,726 5583

l ¥ 0,000 0000

Y10 0,316 5736

1) dra dopmyaa GyRer BhHBeIeHA BO BTOPOM TOMe.

269
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Qopayaa [oncene

Popuyas Cumncona

P 5,453 1166 2%, 5,079 1006
? O +y10) 0,086 6434 4 10,906 2332
— - Oy uay) | —0,099239 Yo 0,346 5736

) 5,439 8361 ) 16,331 9074

1
§ =55 2=~ 0271 9918

1
b odx
s=\1%
0
. b—a
n=20, e

v, 0,952 3810
¥ 0,909 0909
¥ 0,869 5653
1 0,833 3333
s 0,500 0000
Yo 0,769 2307
¥ 0,740 7407
Vs 0,714 2857
Yo 0,689 6552
Y10 0,666 6667
it 0,645 1613
Y12 0,625 0000
13 0,606 0606
Yis 0,588 2353
Vs 0,571 4287
Yo 0,555 5556
Yiz 0,540 5405
Y18 0,526 3146
V1o 0,512 8205
¥, 13,116 6666

1

=4—0,

=1log2=0,693147 18...

!
S =5 21~ 0272 198 46

b—a 1
6n 120
S1/ 0,075 6097
Yar, 0,930 2326
F5y4 0,388 8859
Y1), 0,851 0638
Yoy, 0,816 3266
Vi 0,784 3135
Yu, | 07547169
Yisy, 0,727 2721
iz 0,701 7543
Yio,y | 06779661
Yoy, 0,655 71377
Ve, 0,634 9207
Yasy, 0,615 3846
Yo, | 05970149
Yeuyg 0,597 7101
yuy | 05633804
yay, | 05479451
i, | 05333333
Vst 0,519 4806
V5o, 0,506 3291
T | 133613816
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dopaysa mpaneguil

o 1,000 0000 2%, | 262321332
Va0 0,500 0000 Sob-veo | 1,500 0000
£ 27,732 1332

! :
S =35 Za0,693 303 33

Dopsyara [Toncere dopayra Cumncora
ET ' 2727632 | 2%, 26,232 1332
7 Go+¥20) 0,375 0000 4%, 55,445 5264
— % 1), +¥30,) | —0370 4847 Yo+ Yeo 0,500 0000
T 977272185 n 83,177 6396
S=a]-02:§=0,693181 96 s=l—;0-2m0,693 147 16

111. Briunciienne onpeReleHHOT0 HHTerpaja € nepeMeHHBHIM BEePXHHM
npefgeroM. Bo MHorix Bonmpocax MPHXOANTCA BHUHCIATHL 3HAYEHHA omnpeacien-
HOTO HHTErpaia

X
Fx)y={f(<)dx

a

npH NMepeMeHHOM BepXHeM npegedfe,

OcHoBuiBasch Ha dopmyise Tpaneunit (43), MOXHO YKa3aTh cireaylomuil cno-
€06 MoayueHna MpuOHKEHHMX 3HAYeHHN 9TOrO HHTErpala, KOHEYHOo, He NPH BCex
3nayeniax X, a TOJAbKO NMPH TeX, KOTOPHMH MOApa3feleH Ha YacTH NPOMEXYTOK
(a, b), 1. e.

F(a), F(xy), F(xs)y .oy F(xp)y <oy Flxp_y), F ().

ITo dopmyae (43) mm nmeem

atkh '
Frp) = S f(x)dxmh[y“gy*+...+3”’-';‘5”‘], (48)
) .
a-th+ WA

F(xk-l-l) — S f(x) dx"—-ch[y" "2'}’1 +."+yk-l£"'yk _}_J’k '*-2.”’2-!-1]%

= F (5 + 5 h Ok as). 49

3r1a GopMyna ;aeT BO3MOXMOCTb, BHunCanB 3navenne F(xg), mepeiitn k
caeavomemy 3uavennio F(xpy)=F (xp-+h). .
Buiuncienne 910" MOXHO  pacriolaraTs Mo cxeMe, nmpusefieHHOft na crp. 272,
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272

Cs s st s i)y & g - 35 Vs -t - Ts o T i ygo
0f 4 96 =15
(s s o+ s ) y L ot o5 b S Ts |  yg+o
3 =S5
Cs 47545515y & 'S5 s T Wl yyto
=Yg
(s -+ 3s - T5) :lﬂw ts % -1Ts & ye4-»
p =g
Cs 1)y L 5+ 1s il ugto
Bf 4T =
Tsy :MA Ts W y-+o
oS =Ts
0 0 o8 )
1=u 1=u
ug ww y m =(1x) 4 ug T T L A= A Uy
q
IA A Al it I
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112. T'padnueckne cnocoGbl. ITH BHYUCIEHHA MOXHO Nponssect rpadu-
yecky, ecId JaH rpadux Kpueoll y=—f(x); Mu MNOIyYHM TaKHM NyTeM IIO-

cTpoeHHe rpadiKa HHTErpaibHOl y AM,
KpHBOILi /
X
y=\r(x)dx=F(x) /
a
,‘{Mg

no rpaduky xpusoft
y=f(x). (50)

-Tlpexne Bcero, ecian HMeeM
JOCTaTOYHO JHeideHH{l, TO MH MO-
WeM NPHHATH NPHGIMEKEHHO

Tt ey

'
1
1
|
'
]

s .
"2_k'=yk ‘;-yk =yk_!/,1 (51) JI
. P 0l qeaxy 2y, xy X xry X
T. e, ecan rpapux kpusoit (50) 0Xy X1 Ty Ta Ty T3 Ty Te
Se Prc. 149,
HauepyeH, TO BeMHYHHH . MO1y-
Ya10TCA HEMOCPEACTBEHHO M3 YepTexa, KaK OpIMHATH Kpusoft mpu (puc. 149)

2k—1
Xp 1, =0+ ) h.

) Hamerum na ocn OY touxm:
A (Y1) Az 003y A3 Usy)s oooy Ar Okyy)-

Ha ocit OX Baeso or toukn O uocrponsm orpesok OP, pasuuii emuuuue.
* IlpoBemeM nyun

PA,, PA,, PA,, ..., PAy,
I yepe3 toukn M, M;, M,,...— unm napaaieabHble, TaK 4TO
MM | PA,, MM, || PA,, MM, || PA,, ...

Touxu M, M;, M,, ... n Gyayr TOYKaMH HCKOMOH NpuGUDKenHoff Hute-
rpaibHoOil KpNBO{l, TaK Kak HEeTPYXHO 13 yepTemxa YGeAHThCA, 4TO

XiMi=hyy,, XsMe=h (), +33,,), XMy=h (175 T Va7 57 eoes

a 910, B ciy npubankennoro pasexcrsa (51), noxasmBsaer

FHM =B 9y + sy oo 3nay) = (LI e Y BT =

B cH1y dopmyan (48).

Ka3aHHOe MOCTPOEHHE TNpojxetaHo A4 TOro ciIyyas, Koraa Macmrab xas
¢yukunn F(x) copnmagaer ¢ MacwraboM aaa f (x). Ecan macmrab fas nmiougagu
Apyrofl, TO MOCTpPOEHHE OCTAETCA TEM e C TOO TOIbKO pasHuueft, 4To oTpe-
30k OP nMeer AIHHY He eIHHHUY, a /, nphyem / pasHO OTHOUIEHHIO Macumrada
aaa F(x) x macmraby naa f(x).

Ipaduyeckoe mpubamxenHoe MocTpoenie NOBTOPHOrO HHTErpana

@ ()= dx ({7 (x) dx)

OCHOBaHO Ha ¢dopmyae npamoyroabHukos (40) [108].
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l']o:xomm, KaK 11 panbuie, yto

F(x)=(f(x)dx.

PaccMaTpiBas TOJLKO 3HAYEHUA Xg, Xy, Xgyeeey Xpy... HC3ADHCHMOM nepe-
MeHHOIl X, MH 110 ¢dopmyae (40) nmeem nprGIHKCHHOE PaBEHCIBO

F(ep)==hy, F{x)esh(yo+3) ..., Fxp)=h(+y+ -+ Ip)
Mpuscuan 1y ke dopuyay u K dynkuun ¢ (x), Hmeem

D (xp) =1 [F (xo) + F (x;) .. 4 F(xp)] =
== hf WotGoty)+ o+ 0oty 30l (52)

Orciola BHTEKaeT CIenywiee nocrpoenne opanHary ¢ (xp) (puc. 150): no-

y CTPOMB TOUKY P, KaK 1l paHbiue, M Ha
1 Mb’f ocnt OY oTKIaANBaEM OTPC3KH
II 63—1—_—)'0: B\B; =y,
I[I ) BgB‘ =gy eeey Bk-lBk ==y,,_,, vee
K Mpuseps ayun
M.
s 1 PB,, PB,, PB,,..., PBy, ...,
g . CTPOHM TOYKIL
81 /
v My ! A“o, 1“,, 1”2, aeey ‘”In cesy
B M ,'7 \
2 5 'y IpOBOIR
Tt M- - MM, || PB,, MM PB,,
P 0' Xy Xy X X3 Xy 1’”21”3 [l PB;, vee

Puc. 150, 31 TOYKN B GYAYT TOUKAMH ICKO-
Moft npubamixcnHoll Kpusoil, Hauepuennoii,
OJHAKO, B HeH3MeHnoM MacuraGe (1:/), H60 H3 IIOCTPOCHHA HCHO, YTO

X My=hye X My=Rye 4 A (% + 1) oeny
— D (x
Ty =g A b (9 33) s O 3 oo ) 28

B cuay (52). Ecan panua OP cctb He caiHHLA, a [, TO MOCTpOcHlas Kpusas
JaeT opauHaty Kpueoit @ (x), n3Menennyio 8 orHomennn 1:/h. Cacayer orono-
pHTbL, YTO MpIl BCeM YI106CTBe YKA3aHHBHIX MOCTPOEHI{t TOYHOCTL HX HCBCANKa,
H X MOXNO Y1OTPe6IATL IHIUL IIPH CPABHHTEILHO rPyOHX pacueTax.

113. MMaowaau 6bIcTPO KoJgeOAOMKUXCA KPHBBIX. Bre [110] Guiao yxasano,
YTO Aaf YCNEWHOro PHMEHEHIA PasaInylLX NpHGIHAeHHBX GopMYya, 1A BHYHC-
JCHUA ONpelenCHHBX HHTCrPanoB HaZdeXHT pasbHBaTh KPHBYIO, MAOMAAL KOTO-
poii onpeaeasercss, Ha YYaCTKH, B KaXIOM §13 KOTODHIX OHA HMCCT I[AaBHYIO
Gopmy. 10 TpeGosaHie BeCLMa 3aTPYAHHTEILHO AAA KPHBLIX, BEAYWIHX cebs ne-
NP3BIILUS, HMCIOILIX MHOTO KoaeOGaHnil BBepx u BHH3. Man onpeneaenna naio-
manen TaKNX KPHBHX o Ilp(‘.ﬂbljlyulHM npasuna.u MPHXOTIHTCA BBOIHUTL CIHNIIKUM
MHOTO MojApa3ieneHuil, 4To 3HAYHTEALHO YCIOXKHACT BHYHCIEHHSA.

B Takux cayyaax noae3Ho NMPHMEHATb APYrolt crocol, a.HMeHHO Pa3Gusath
naowaib la NoJocKH, napanaeiabiinie uHe ocH QF, a ocn OX nas npuGamxeu-



114 ] & 1. AONOAHHUTENLHHE CBEAEHHSA OB OMPEARARHHOM WHTErPAnE 275

HOro onpefefeHHa MAoWann KpHeofi, H3oGpawxennoft Ha piuc. 151, oTknannBaem
na ocu OY nauMeHpl1yo ¥ HanGoIbIIYIO OPAMHATH a 1 B KPHUBOfi N pasicasaem
npomextyTox (2, §) Ha n vacreft B TOoyKax

Yo==0 Yiyerer Yieps Yir+eoy Yn-1» Yn =5

lpoeens uepe3s TOuKH JeleHHs npaMble, naparieabusie ocn OX, Mu
paso6beM BCIO Maomajb Ha MOAOCKH, COCTOAN{ME H3 OTHeJIbHHX Hacreil; 3a

Y
- P
="~~~ g~ """ """ R~ "~

Sl “A__ ___—a__ ... A.__

¥ i Z
s sa s m AR
v %
%
1%

Yz 2

Ne |~ N

Y1

M

“‘yg W77 X
a )

Puc. 151,

NPHGTHKERHOE BHPAXEHNE MAOMaih i-fi MOJOCKH MH MOXEM NpHHATH NPOU3-
BeJCHHE €€ OCHOBaHHA (y;—y;.q) Ha CyMMY IuHH [; OTpe3koB moGofi mpamoit

y=m Viasu<<y),

3aKAOYCHHLIX BHYTPH pacCMaTpiBaeMofi MIOWANM; CyMMa 9Ta HENOCPEACTBEHHO
MOXeT OHTb onpejeieHa Ha yepreme. OG0o3HaunB 9TY CYMMY Yepe3 [; MH noay-
yaeM RIA HCKOMOH miomaan S npuGinxennoe BHpajxeHHe BHAA

Y0 =)+ —3) i+ s =) bt oo+ On —Ynr) Ins

KOTOpOe GyneT TeM ToyHee, yeM Goabimie YHCIO ;XedeHufi M weM Kxpyde KoaeGa-
HHA KpuBoil, -

Hannexamee passurite ocHOBHOM HAeH 3TOTo €noco6a NpPHBENO K MOHATHIO
06 wunrerpane JleGera, sHauHTeanHo Goree oGuIEMY, YEM M3NOWeHHOE Bhne
nonatie o6 uurterpaze Pumana [94, 116].

§ 11. RONMOJHUTENbHBLIE CBEAJEHHA OB ONPENEJEHHOM
HHTETPAJIE

114, Tipenpaputenbusie nonatus. Ilocneguune HOoMepa mnacrosmeft
raassl OYAYT MOCBSLIEHH CTPOTOMY 2HAMHTHYECKOMY DPacCMOTPEHHIO NOHH-
THl WHTErpaja, U B AaibHefileM MB JOKaXeM CYIUIeCTBOBAHUE onpeae-
JIERHOr0 Npeaena y CyMMH BHAa: )

D f R (o — Xpn)

k=1
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HE TOAbKO 471 CAyuas uenpepuBHEX (ynkunfl. HOas atoro mam neoGxo-
JUIMO BBECTIl HEKOTODHE HOBBIE NOHATUA, CBA3AHHEIE C PAcCMOTPEHILeM
paspeisubix QyHkuntl.

Ilycte dynkuns f(x) onpemenena B HEKOTOPOM KOHEYHOM HpoMe-
KyTKe (@, b). Mul Gynem paccMarpupaTb TOABKO oOrpamuyennsie dgyik-
WiH, T. € TaKHe @YHKUHN, BCe 3HAYEHNS KOTOPHIX B YIOMSHYTOM NpO-
MEXKYTKE OCTAIOTCA N0 a6CoJoTHON  Beauyllie MEHbLIHMH HEKOTOPOro
OMNPeneaeHoro noX0KUTEALHOTO YNCIA, T. €. PyHryus f(x) nasusaemcsn
ozpanuennol 8 npostexcymre (a, b), ecan cywecmsyent maxoe noao-
Jicumensroe ucAo B, wmo npu scarom X U3 YHOMAHYIMO20 NpoMc-
HCYMEa Mol uMees:

/) |<B.

Ecan ¢ynsuna f(x) wenpepmsnua, 710, Kak M yixe ynomuuamm [35),
OHa JOCTUraEeT B 3TOM MpOMEKYTKE 1anGOabWEro H HauMeHbIero siaye-
wufl, a notomy, ouesuguo, Oyaer u orpa-

Y uunyennofl. HaoGopor, paspusunie ¢ynk-
Wit MOryT O6lThb KaK Orpaniyeniisiym, Tak
1 peorpanuyentiviMi. B paapneitien wmu
OyaeM paccMaTpuBaTbh TOJbKO OFpaniyen-
e paspoipibie dynkunn. Hoaowny, na-
npuMep, 4to ynxuna f (x) nveer rpadux,
XL —X  usoOpaxennuit na puc. 152. B Touke
N v X==C MH UMEeM pa3pLB IleNpepHBHO-
Puc. 152, cr  Qynkuny, W 3nayenne QYHKWMI B
cayolt Touke xX=¢, T.e. f(c¢), noaxno

OuTb OnpeneaeHo KaknM-HHOya» o0pa3oM HyTeM AOMOJHHTEABHOrO YCJO-
Bus. B 0oCTanbHBIX TOuKAax NpoMewyTKa, BKAOUAT KOMUW a n b, Gynxmms
uenpepuisna. Kpome Toro, npi crpemaenuu nepeMeHsol X K snayeHmio
X==c¢ OT MeHpWHX 3uaveuuil, T. e. cuaesa, opanuara f(x) crpemurcs
K ONpeeeHHOMY npeaeany, reoMerpinyeckn naobpaikaemomy orpeskom NM;.
Touno Tak ke npn cTpemjenus X K ¢ of 60abluux 3uaueml, T. €.
cnpasa, f(x) CTpeMurcs TOke K ONpeae]eHHOMY Npeey, H306PamaeMomy

orpeskoM NAf;, HO 3TOT mociexumnit npeser OTJAHYEH OT YNOMANYTOTO '
BLIIE TIpejeaa caesd. YnoMsuyInii npeaei caesa oGo3Hawaor 0OHuUIIO
cumpoaom f(c—0), a npenen cnpasa — cumsoaoM f(c-}0) [32]. Dror
nanbonee nPOCTOil paspeis HenpepuBHOCIMI POYHKYUN, NPU KOmMopoit
Cyuecn8yion KOHeuHsle onpedesenHbie npedeast Kak caresa, mark U
cnpaga, Ha3siéaenics obu4HO pa3pbi8ost nepsoz2o poda. 3Havenne ¢yHx-
uny B cavofl Touke X ==¢, 1. ¢ f(¢), Oyaer, vooOue roBops, OTAHYHEIM
Kak oF f(c—0), 7ak u ot f(c4-0) u moaxno OuHTL oOnpeleeHo Jo-
noanntenasho. Ecan ¢gynkuna senpepriBia B npoMexyrtke (a, b), BKmoyast
KOHIlbl, 32 HCKJIIOYEHHEM KOHEYHOTo YNCJAd TOYEK, B KOTOPHX OHa HMeer
PaspuiBH NEepBOro popaa, 1O rpaduk Takol ¢yHKLHI COCTOHT H3 KOHEY-

'
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HOTO YIIC/1a KPUBHX, HENPEPHIBHEIX BOJOTH 10 CBOHX KOHIOB, H N3 OT-
JIeNbHLIX TOYEK B MecCTax - pa3peiBa nenpepmusnoctn (puc. 153). Taxas
¢yHKINA, HECMOTPST HAa CBOW DPa3pHBHOCTb, OYHET, OUYEBHANO, Orpanu-
uennofi Bo BceM mnpoMexyrke. Ho, komeuno, ¢ynkmun n ¢ GoJee
CJIOXHBIMH Pa3pHBaMu MOryT OHTh oOrpa-
HHYEHHBIMH, b 1
B nambuefimem mut uyacro Oyaem pac-
CMaTpHBaTh MHOXECTBA BCEX 3uayeHuft,
KoTopHe HekoTopas dynkuus f(x) mpu- X
HIIMaeT HA KakoM-anbo 3aZaHHOM npo- ]
MEXXYTKE M3MeHeHus He3aBuUCHMOft nepe- :

mennoft. Ecam pastas dynxkuusa orpanu- G @ ¢, ¢ >
YEeHa B PACCMAaTPHBAEMOM . IPOMEKYTKe,
TO MHOKECTBO €€ 3HaueHnil B 3TOM mpoMe- Puc. 153.

MYTKE OrpanHyeHo CBEPXy I CHH3Yy, a

NOTOMY 3TO MHOXECTBO HMMEET TOUHYI0 BEDXHIOI0 H TOUHYIO HHIKHIOIO
rpanuue [39]. Ecsm, Hanmpumep, f(X) HenmpepsiBHa B paccMaTpuBaeMOM
npoMexyTKe (3aMKHYTOM), TO, Kak ussecruo [35], oma nocruraer o 3TOM
npoMexyTke HanGoJpINero 1 HauMeHbllero 3Hayendfl. B pannom caywae
9TH Haubo/bliee § HauMeHbliee 3HaveHus QYHKUHH H GYAYT TOUNLIMH
pepxnefi u mmxnell rpannunammu 3navennit f(x) B paccmarpupaeMoM npo-
- MEXYTKE.

Paccyotpum  npyrofi  npmyep. Ecanm  dynkuus f(x) ect» Bo3pa-
craromas QyHKUHsg, TO OHA MPHHMMAET HaHGO/bIIEE 3HAYEHHE 1A MPABOM
KOHLLE TIPOMEKYTKA M HAUMEHbILEE — HAa JeBOM. ITH 3HAueHHd, TaK Ke
KaKk U B MpeaslayueM caydae, OyAyT TOYHBIMM BepXHeH M Hikueft rpa-
Huuamn 3HauenuBl f(x). B o6oux paccMOTpenHBIX npHMepax Toufble
TpaHiubl  3HadeHHA QYHKIHH CaMH  SBASTHCH  YACTHHIMH  3HAYEHHAMU
GyHxknmm, T. e. CaMH NPHHALIEXKAMM K pPaccMaTpHBaeMoll COBOKYMHOCTH
sHavennit ¢ysxuun. B Gonee caoxubX caAyuasx paspbiBuoH pyHKUHH
TOYHBIE TDaHuitel 3HayeHnit (YHKUUH MOrYT CaMil W HE SBAATLCH 3HAYe-
nnsMu QYHKUMH, T. € MOTYT H He NPHHALNeRKATh K MUHOKECTBY 3Haue-
it dynkuun. . _

Ilycrs m — TOuHaa mixnsAs rpaHnANa MHOXKECTBa 3HAaueHUi orpaHuuel-
noft dyHkunu f(x) Ha HEKOTOPOM KoHeuHoM mpomexyTke (a, b) u M —
TOYHas BepXHAa rpaHuua. BosbMeMm HoBHIL npoMexyToK (d, b'), KOTOpHI{t
ABNAETCA uacTeio (a, b).

Iycts m" n M — Tounble HiKHAT H BepXiss IPAHMUB MHOXECTBA
snavennfi f(x) na (o, ¥'). Tak xak MuOXecTBO 3Hauenuit f(x) na (a’, )
CONEPKHTCA B MHOKecTBe 3Hauennh f (x) na Sosee wupoxoM npomexyrke
(a, b), TO mMoxHO yTBepwaaTh, ut0 M'=m n M <M, T. e. nyeer
MecTo

Jlemma 1. Ecau Hexomopbiii npostescymor 3amenums e2o 1acmsio,
Mo MOUHASL 8EPXHAS 2panuya 3HaveHud f(x) re Modcem ysenyumscs,
@ MOYHAS HUNCHAR 2PAHNYA He MOJCem yMeHbUUmscs.
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115. Pasfuenue npomexyTka Ha 4acTH M 06pasoBaHHe pa3iHu-
HbIX cymMm. IlycTb KOHeunmili npomekytok (a, b) pasGur Ha Koneunoe
YHCA0 YacTell MPOMEKYTOUHBLIMH 3HAYCHHAMH X

a =1, < X1 < X%y ... Xy < .. < Xy <X =0. (1)

Takoe pasGuenne Gyaem oGosnauaTe oxuoli Gyksoll &; snauelius X,
HA3HBAIOTCA TOUKaMU AeneHns & Y pasanyHmx pasGuennil uucao yacTuy-
- HBIX TIPOMEAYTKOB M TOYKH fefenns X, BooGlUle roOBOpH, PasJHYiib.
Jlanpel 4acTHYHRIX TPOMEXKYTKOD Aast pasbuenus (1) oGo3Hauum: 8, =
=x,— X,y (=1, 2,..., n). yctp f(x)— orpaimyennas QyuKuus,
3agauuas na npoMexyTke (@, b). Hanumem cymmy, COOTBETCTBYIOULYIO
pasbuenno 8 (1), npemea KoTopol, ecan OH CyLIeCTBYeT, AAeT onpepe-
JenHull uuTerpaa ot f(x) mo mpomexyrky (a, b):

s, &)= Z S G o 2

k=1

Ona sasucut or 6 n BuGopa ToYek &, PaccMOTpuM MHOMKECTBO 3uaye-
nuit f(x) B npoMexyTKe (X;_y, X3). B ciiay orpanuuennoctut dynxuun f(x),
3T0 — orpatnteuioe muoxectso. O6031aynM yepes /72, TOUHYIO HIDKHION
n uepe3 A, — TOYllyl0 BepXHIOI0 FPaHHUL suavenuil f(X) B nmpoMexyTie
(xp_ 1 xp) (=1, 2,..., n) n B caaraeumx cymupt (2) 3amenun f (%) na
ny, a Takxke Ha Af,. Mbl noayunM ABe CyMMBl, 3aBHCAILME TOJLKO OT

o

pasGuenust & npomexytka (a, b):
n n
s@= Y mdy; SE@ =) M3 3)
E=1 F=1

W3 onpenenennst m, n A, nenocpeactsenno Caeayer
m, <f(E)< M,
OTKYA2 BBULY NOJIOKHTEALHOCTH 8, Oyzem nmets
sE=<e(s H)=<SEO) C))

ITycts, Kak n Bebe, m n A — ToulLe HNAIINS 1 BEPXHAS FPaHuub 3na-
uenuit f(x) na scem npomesyrke (e, b). Mcnoansya aemmy 1, nerpyano
BHAETb, YTO HMEIOT MECTO HEepaBeHCTBa

m=<m,<<M,<<M, k=1, 2,...,,n ®)

i, Kpoic 1010, OUEBHIHO,

n n
Nd= D) (xp—p)=b—a.
k=1

k=1, oo
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Yunoxas uepasencTsa (5) Ha NOKOKHTENbHEIE YHCAA 8, H CyMMUPYs 1O &
or k=1 go k=n, noayunm

mb—a)<<s@)s M@ —a),
mb—a)<<SQ)y<<M(b—a),

T. e. MHOXecTBO 3Havenutt s(8) n S(3) mpu BCeBO3MOWHHX pa3buenuax 3
orpanuyeno csepxy m cuuzy. OGoamaunm OGYKBOIO | TOYHYIO BepXHIOIO
rpaunuy Muoxecrsa suauenullt s(3) u Oyksowo / — Toulyio HWXHIOW© rpa-
miny 3navenuit S(8) npu BceBO3MOXHHX pasbuenusx 3

s<<i, S=1 (6)

OrMetuM, 4TO HEOTPHUATENBHAA PAa3HOCTE M —m HasuBaeTcs OOHUNO
xoneGanues gynxyuu f(x) na npomexytke (a, b). Pasnocts M, — m,
ectb KoaeGanua Gynkuun f(x) Ha npoMexyTKe (X,_;, Xp)-

Beenem Tenep» HeKOTOpHE HOBHe nousTHd. Pasbuenne & mpomexyrka
(a, b) nazoBem nponomxeHueM pasbueHus 3, e€cau BCAKas TOYKA aenaenns 3
ectb U TOuKa aenenus ¥, T. e. & noayuwaercs u3 3 noGaBieHMeM HOBHIX
Touek nenenus (ecau ¥ we cosnmagaer ¢ 3). Ecau §; n 8, — nBa pasbue-
HHa, TO npousseneHHEM HX HazoBeM Takoe pasbuenue (g, b), TOuxku aene-
HUSL KOTOPOro MOJYYaloTCs OGBENWHEHHEM TOYeK AeJEHH Kak O, TaK #
;. Ilponspenenue pasbuenult oGoszHaynM cuMBOJIOM 8,85 DTO nonsTHE
NPHUMEHHMO H AAS HECKOJBKHX coMHOXuTenell. Pasbuenne 3,3, ssasercs,
OYEBH/HO, NPOAOMKEHHEM Kak pasbuenus 8, Tak u pasbuenun 3,.

Jdemma 2. Ecau pa3buenue ¥ ecms npodoascentie pasbuexus 3,
mo s(@<<s®) u SE)=S®).

ITpn nepexoze ot & x & Kawabil H3 NPOMEKYTKOB (Xj_y, Xj) MOA-
pasgenenns 8 Moxer pasbuTbca Ha yactu. ITonoxum, uanpumep, uro sTOT
NPOMEXYTOK PasOHACa HA TPH 4YacTh (Xp_y, ®y), (% PBp) (Bp Xp), AaHHE
KOTOpHX ' ==a,— X, 4, 33'=B,—a, ¥=x,—B; u nycro M¥,
" My, M’ — Tounpie BepxXHHE TpaHHUB MHOXECTBa snaveuuit f(x) B yka-
3aHHHX MPOMEXYTKax. B cuny nemmu 1t MY, M§ u My’ << M,, u cymma
3 8% -3 =38, =x, — x,_;. Charaemoe M,,S,, cymmer S(3) npn me-
pexoge K O saMeHAeTCs CyMMoft TPEX CJ/araeMuix:

/”("8‘"—]—/”(” m_l_/wsws»
» n B (;ll.’lY CKa3aHHOro BhilUE, -
Mrkha(kn__i_M(z)am_}_ M(a) 13 - Mk(sfn_{__a«’z:)_l_a(k;n):/”kak’

. T. e. npu nepexoge oT 3 K ¥ Kakaoe caaraemoe M,3, cyMMm uam 3a-
MeHAeTC KOHEUHOH cymMMoff, koTOpas MeHbule nau pasna M3, ww
ocraerca Ges nsmenenns. Orciona n caenyer, uro S@)==S (). Cosep-
WEHHO aHAJOTHYHO JOKasniBaercs, 4ro s(8)<<s(d), u Jaemma nmoxasama,

IMpunamag BO BHUMAUHe, 4YTO M,=<< M, N 8 nojoNKuUTENBLHH, JAErKO
BHIETb, YyTO MPH OAHOM M TOM xe & mu umeeM s(3)<<S(3). IMoxawew,
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YTO TaKOE e HepaBencTBO HMEeT MecTo I JJIf JIOGLX pasauyHuIX pas-
Onenuil. ’

Jleuma 3. Ecan 8 u 8,—a1066ic dsa pa3buenus, mo s(8,) << S(3,).

Paccaorpuy npounspeaenne 6,8, pasGuennii &; n 8, ITockoanky 8,3,
€CThb fnpono/kenue & u 9, 13 aemmbl 2 craenyer, 4To S(8,8)=s(3,) u
S(0;8,) << S(8,), u nomw3ysac, nepanencTsoM S (3;3;) << S(3,3,), noayuaen
$(98y) << S (8,). Jlenma pokazana.

M3 stoft meMMml HenmocpeacTBenilo cJeayeT, 4TO Bepxuss rpamb i

MHOIKECTBA 3HaYeHnH §(J8) NPl BCEBO3MOKHBIX PasGHENNaX & 0 HIKUsL
rpaus I gna S(8) yumosaersopsioT nepasencrsaM

S@<Ii<<I<<S©). )

~3afivemca Tenepe cymmami 6 (8, £,), KOTOpHE YAOBJAETBOPSIOT lepa-
peuctsan (4). Ilpn cukcnposannoy pasGienuu 8, B cuay onpenenenus
my, u My, somuo npn nmoGom k Bubpars §, Tak, uro6u f(3,) Ouiio
CKOABKO yroano 6an3ko Kk M, wan jaxe (B HEKOTOPHX CayyasX) cobrna-
a0 ¢ Ay, T. €. MOWHO BHOparth §, Tak, uroOw cymMa o (B, §,) Ouaa
CKO/b yroaHo Gau3koli kK S(6) wmt mawe B HEKOTOPWX Cayuasx, 41oGu
a (3, &) copmazaro ¢ S(2). C apyroli cropous, B cuay (4), ¢ (8, &)=<
=< §(0). Orciona caeayer, yto S(3) ecrp TOuUHa#w BepXilssi rpaunua 3ua-
venntt ¢ (%, £,) npi BceBo3MOAHBIX BhOOpax &, ANaJornyno moKastl-
BaeTCH, ¥TO §(0) €CTb TOYHas NHAuAZ rpannua snavennft o(s, &), T. e
HMECT MecTo,

JTeuya 4. [lpu durcuposannose pasGuenuu 3 geauduna s(0) ecms
MOUHAs KUNCKHAS epanuya 3Hatenud o (8, &) npu 8ce803xO0ICHHX
sebopax &, a S(8) ecms mouHas BePXHAL 2PAHULA IHOJCECIIEA 3HA-
wenuli o (3, &) npu mex gce ycaosuAXx.

116. Unterpupyempie ¢ynxkuun. YxaweMm Tenepb HeobGxoaumoe H
AOCTATO4HOE YCAOBiHe CYIWECTBOBAHUS WHTErpana y orpanuuentofi §ysnk-
umi f(x) uwaM, Kak roBopaT, HeOOXOmUMOE [ JOCTAaTOYHOE YCJAOBHE
unrerpapyesoctn f(x). Yepes ¢ (3) 5 naasuelmem GyzeM oGosnavarb
HanGo/bIIYIo M3 JUIMH YACTHYHLIX MPOMEKYTKOB, BXOAMUUX B [OAPa3-
neaenie 8.

Teopesa. Heobxodnsoe u OdocmamouHoe ycaosiie uUHmezpupye- -
socinu ozpanudennoll ynryuu f(x) Ha xonewnom npomesxcymre (a, b)
cocmount 8 moa, 4noGs PasHociiLs

S@—s@ =D (M,—m)3, (8)

k=1

cmpentiaace & Hyao, ecauy w(d) cmpesumcs K HYawo.
Miauve rosops, 3TO yCr0OBHE, HA30BeM €ro ycJaopueM A, cOCTOUT B CJe-
aywowes: npu mio0oM 33KANMOM NOMOKUTENLHOM uHCAS & CYMECTByeT
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TaKOe IMOJOKHTEAbHOE UYHCJO 7, UTO HEOTPHIATEbHA PA3HOCTH
SB) —s@)<e, ecmt p )M

HocTatounoCTb. [Tomoxny, uro ycroBne A TEOPEMH BEINOJNEHO,
T. &. S@)—s@)—0 npn p()—>0. Ipu stom u3 (7) creayer, uyro
i=1 n uro s(d) n S(3) crpemsarca k I npu p.(3)— 0. Otciona caenyer,
p cuay (4), uto 1 cymma o(3, &) crpemurca k I npu p(8)— 0 1 moGon
srGope £, Tounee rosops: |I—o(3, &)|<e npu p(@)<7 npuuem
1> 0 onpenenserca 3aganueM € _>0. Takum oGpasoy, 1okasauo, uto f(x)
uuTerpupyeMa n uncao [ ects BeanuynHa uurerpana. HocrarouHocTs ycio-
Bua A noxasana. -

Heo6xoaumocTth. Honoxum, yro f(x) nurerpupyema. Jlokaxew,
4TO BHINOAHEeHO ycnopne A. OGosuaunm J, peamuuHy HHTErpana ot f(x).
W3 ero onpepenenusa caeayer: AR moGoro e >0 CyUeCTByeT Taxce

7>0, uro
[0 (&) — I | <> ecmt p@) <7 ©)

npn moGoy Bubope .. B cuay aewmu 4, npn moGoM d¢mkcnposanionm 3,
Bo3MOxeHn Takoft BuGop &, =% n &, =£&;, utO

lo@ 8 —s@®I<5 v oG 8 —S®I<F- (10)
Mur moxeM nanmmncatn

SO —s®) =[SO — (G, H)] [5G ) — ]+
Uy o, B oG B — s @),

TKyA3, b cuay (9) u (10), .nonyqae.\x npn p(3)<n
IS —s®I<|SE)—0o@ D+1a@ B —Ll+1lh—a@ b))
@ W) —s@I<c+7+1+1=s

e 1S@)—s@)|<e npu p@)<m a s10 1 ects ycaosne A.. HeoC-
ORNMOCTh YCJIOBHA [0Ka3aHa,

3amevanne 1. Us noxkasarenbCTBa JOCTAaTOMHOCTH CJEIAYET, YTO
=1 npu Bumonsennn ycaopust A, U IPH 3TOM BeJAHUMHA HHTerpana
asHa I Tlostomy n3 HeoGxomumOCTH YCJI0BHA A ClelyeT, YTO paBeH-
TBO =] sBnseTct HEOGXOAHMHM YCJIOBHEM HHTETPUPYEMOCTH.

3ameuanne 2. MoxHo mokasars, uTo Aaf JoGofl orpanuyentolt
bynkwnn f(x) Gyzer: s(@)—i u S(3)—1 npn p(8) - 0. Orciona cre-
Yer, uto ecimt i=1, 10 (S(8) — s(3)) = 0 npn p. (8) — 0, n noToMy pasen-
TBO i==] ge TOABKO HEOGXOmMMO, HO H JOCTATOMHO A BHTErpHpyeMo-

™ f(x).
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I. Ecnu f(x) HenpepnBHAZ Ha 3aMKHYTOM MNPOMEXYTKe (a, b), TO ona
pasHOMEpHO HenpephiBHa Ha HeM. Kpome TOro, Ha KauOM u3 MPOMEXYT-
KOB (Xj_;, X;) OHZ MOCTHTaeT CBOETC HauMeHbIUEro SHaYeHus m, W Hau-
Goavwero M, B cuay pasnomepuolt HemnpepuiHocTH f(X) mpu moGom

samaunom ¢ >0 cymecrsyer 1akoe 1 >0, uro 0<< M, —m, < Fi_&’
ecmu p(3) <. Mpu 3toM

n n . n
- N\ € o € b &

0= 2 (Mk—~mk)3k< Z =5 Z ok=m(b—a)=s,
k=1 k=1 k=1

r.e. SE—s@)<e ecan p(8)<<m Taxkum obpasowM, "ycaosue A
BLINIOAHEHO, W, CAeJOBATe]bHO, BCAKAS HENpepui8HaA OYHKYUSL UHMe-
2pupyesa.

II. Monoxum Teneps, uto orpannuentas ¢yuxuus f(x) nveer Koneuioe
yicao ToyeK paspeiea. Ham onpeseaennoctd OyxeM cuurars, uro f(x)
nMeeT OMHYy TOUKY paspeBa x==c¢, JAexauyio pHyTpu (a, b). Orverum
npeiae Bcero, 4to pasHocti My, — m, na mo0oM YaCTHUHOM IPOMEXYTKe
He [peBoCXoiaT KoJaeGanna M-—m  GyHKUHH 13 BCEM [POMEKYTKe
(a, b)

My,—my<M—m, k=1,2,..., 1 (1)

Iycte 3apano HOJOKHTEAbHOE UYUCAO & Bruaeaus TOuKy ¢ u3 mpove-
KYTKa (@, b) MaauM QUKCUDPOBAnHBIM NpOMEKYTKOM (a, by) (puc. 154),
Takuy, uto a< @< e< by<b u by—a,<e. Ha savkuytax npoxe-
KyTKax (a, a)) w (by, b) dyukunsa f(x)
HempepHBHA, a TEM CAMHM H PasHOMEPHO

P R S
o oG ¢ Y b nenpepmpna. ITostoMy mas Kaknoro w3
Puc. 154 STHX ABYX NPOMEKYTKOB CYUIECTBYeT TaKoe

uitcao 4, uro | f(x") —f(x) | <e, ecau X7
# x” npumagnexar (a, @) wm (by, o) n | X" — x"|<%. Yucaa 4 moryr
oKasatbci pasuuiMu Ias (@, ay) u (by, b), HO €CAH MBI BO3bMEM HauMelib-
mwee N3 3THX JABYX YuUCea W, TO OHO OyaeT roauTbcs A4 o6oHX npoe-
sxkytkon. Ilycrs 8 — moGoe Takoe pasbuenne (a, b), 4TO COOTBETCIBYIO-
wee emy () menble uncex 7 u &

p@<n n p@<s (12)

T. €. Meublle HANMEHbLIero H3 ABYX HHCEa W H €.

OueniM COOTBETCTBYIONLYI0 TakoMy & cymmy (8), cocrtosulyio us He-
OTPHUATENBHHX caaraeMbiX. TIpovexxyTku (X5, Xp), npmiaaackauue 3,
pasobpem na gsa kaacca. K nepsoMy oOTHeceM Te, KOTOpHE LEAHKOM
yKaaguBaorcs B (@, @) wm (b, 0), a Ko BTOpPOMY KJAaCCy OCTa/bilble Yac-
THYHBIE MPOMEXKYTKH pasbuenus & 310 GYAYT Te MPOMEKYTKH (Xp.1 Xph
KOTOpHE MM npuHamiexar (a;, b;) HIM 4aCTbI0 HAJEraoT Ha 3T0T MpPO-
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MexyToK. CyMMa JuH 3, NPOMEKYTKOB MEPBOTO K/ACCa, OUEBUIHO, MeHble
(b — @), a 372 cymMMa A7 NPOMEKYTKOB BTOPOTO KJacca MeHmiie 3e. 3t0
BHTEK2T H3 HepaBelcTBa by—a;<s, BrOpOrOo 13 HepaseHct (12) u
TOro (akTa, 4YTO YHCAO 4aCThIO Hajerawuux Ha (@, by) NMPOMEKYTKOB
pasbuenns 8 we Gonble aByx. Hamee, 45 MPOMEKYTKOB NEPBOro Kaacca,
B CHTy HenpepwBHocTH f(X) Ha (a, a;) n (b, b), nepsoro u3 nepa-
Bencts (12) u onpenenenns uucaa v, nmeeMm My, — mp<e. Ias npome-
HYTKOB BTOPOro KJacca ucnosab3yem uepasenctBo (11). Takum oGpasom,
HMEEM AJIf CYMMHl MO NPOMEXYTKaM NEePBOro K.Jacca

Z(Mk_’nk)8k<ezl:8k<e(b——a)
1 .

0 An9 NPOMEXYTKOB BTOPOro KJiacca
DMy —mp) 3 <(M—m) Y, 3, < (M — m)3e.
1 1

OxonuarensHo
DMy —mp) 3, <e[(b —a)-+-3(M— m)), (13)
E=1 , :

ecan p(8) ynomrersopser nepasencrsam (12). Ksagparnas ckobka B npa-
poft wacty (13) ecTh onpeseneHHoe uMCa0, M NMPHHHMAs BO BHUMaHUE
BO3MOXHOCTb MPON3BOJBLHOFO BHOOPZ Majnoro MOJOMHTENBHONO UNHCJIA e,
MH MOKEM YTBEPXKA2Th, YTO BHINOJHEHO ycAoBue A, T. €. 8caKas ozpaui-
senHas ynxgusn f(x), usenwas KoHewHoe ulcA0 MOHeK pa3pbisa
HenpepbiBHOCIU, UNMEPUPYeMaA.

HL Paccwotpum TOT cayuafl, koraa f(x)-— MOHOTOHHas orpainyenmasn
nHa KoneuHom npomexyrke (a, b) dynkuns. Ins onpeneaennoctu Oyaem
cunTath, 4to f(x) He yGuBaer, T. e. f(cy)<<f(cy) ecmu ¢y < co. Mpn
TOM Ha KAKAOM INPOMEKYTKE (X,_p, Xp) MH nMeeM mp=—=f(xp_4) H
M, =f(x;) Orcona crenyer

S@)—s@)= kgl (My— mp) 8y = D) [f (%) — [ (Xp-0)] 3y

k=1

Ho 8,=<<p(3) n passoctin f(x,) — f(X,_;) HeOTPHUATEJBHH, H, CeN0Ba-
TEABHO,

n
SE) —s@=<p @) D) [ —f ()l
K=l
TIpuniMas BO BHHMEHHE, UTO

S @) — Gl =F (e — F@)] -
k=] .
YD LD eV O — T =F (0) — T @),
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noJay4aem

SE—s@<[fO)—f(@]pQ)
OTKyAa CJAEAYEeT, yTo
SE) —s@) <e, ecan p(a)<?rif(a)_ npu f(6) > f(a).

Ecan f(0)=f(a), 10 f(x)— nocroainas,

Taxkum oOpasoM, 8cAKAA MOHOMOKHAN O0PAHUUCHHAA PYHKEUL UH-
mezpupyesa.

3aveTuy, yTO MOHOTOHHAH (YHKUNSA MOMKET HMeTh il GecuucaeHsoe
MHOKECTBO TOYEK pa3puiBa, Tak uro cayyafi (II) ne ncuepnmbaercs cay-
yaem (ll). B rauectpe npumepa MOkeM TpHBECTH (YUKIHIO, PaBiyio

, L 1 1

nymo npn 0<Cx <7, pashyw0 - mph ?<x<§, pasuyo 5 npu
2 3
e <T’ u T. 4. 1, nakouey, pasuyio 1 npn x=1.Y sTolt HeyGu-
paowedt yuxmi roukamn paspusa O0yayr na nposexyrxe (0, 1) 3nauenns

gl 2 3 4
T3 Ee

Vnousnes o TOM, UTO MOHOTONNAA Orpauuueimias Gyuxuls AOLKHA
IMETb BO BCsKOIl Touke paspmBa x = ¢ npegeaut f (¢ — 0) u f (¢ 4 0). D10
HCNOCPEACTBEHHO cJedyeT U3 CYLLeCTBOBaHiS INpeleia y MOHOTOHHON it
orpaunienuofl nocacnonaresastocti vicea [30]. }

ITpn pupose ycaopufl ITErPHPYeMOCTH MLl BCerja npeanosaranu f(x)
orpatiiennofl. MouHO J0OKa3aTh, YTO 3TO YCIOBHE ABJAAETCH HEOOXOLHMEIM
yC/a0BHEM HHTErPHPYeMOCTIl, T. €. CYUIeCTBOBAHHA ONpeNe]eHHOro npeiena
y cymmsl (2). Ecait 970 yc/108ue OrpaHiyeHHOCTH HE BBIIOJHEHO, TO BCE Ke
B HEKOTODHIX CJyYasX MOXKHO ONpeleluTh HHTErpal or f(x) mo npome-
KYTKy (@, 0), HO yxke He Kak npesea cymmsl (2). B stom cayvae nuure-
rpan HaselBaeTcs Hecobcnigennstst. OCHOBH yueliia 0 HeCOGCTBEHHOM HHTe-
rpaie Buscuensl Havmu B [97]. Boaee moapoGHO 3To GyneT u3JI0&eHO
BO BTOPOM TOMe.

Ecau npomexyTOK HHTerpuposanus (a, b)) 6eckoHeueH B 04HY uJai B 06e
CTOPOHH!, TO monsATHe 00 onpene/eHHOM BHIETpaje Mo TaKOMY NPOMEKYTKY
Takue He NPHBOAWTCA HENOCPEeACTBEHHO K TMpeleny cymuer siga (2).
B stoM cayuae Mp umeeM Toxe HecoOcTseHunifl nurerpan (c. [98] u BTO-
poii Tox).

117. CroiicTBa wusTerpupyembix ¢yuxuuil. Ioabsysch HafimzenHu
DLILUC HCOGXOAHMHM H JAOCTATOYHBIM YCJAOBHEM HHTIErpHPYEMOCTH, HETPYAHO
BBIICHHTL OCHOBHHE CBOHCTBA HNUTErPHPYEMBIX (QYHRUIIL

I Ecau f(x) uunmeepupyema s npomesxcymre (a, b) u v uszase-
HUM npou3sossHo 3Hadenus f(x) 8 Kowewnodr 4ucae movex u3 (a, b),
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mo Hogas Pynkyus Oydem marxoce unmezpupyesa 8 (a, b) u eeau-
YUHQ UHIME2paAa Onm 3Mo20 He U3IMEHUNCS.

Orpannuumess paccMOTpeHHeM Toro cayuyad, KOTAA MB N3MEHILIN 3Ha-
venne f(x) B omHofi Touke, mampumep B TOouke X=a. Hopasa ynk-
uua ¢ (x) Beane cosmanaet ¢ f(x), kpome x=a, a ¢(a) Gepem npous-
poaeHO. Ilycte m u M —TOuHble MiKHAS W BepXHSA TrpaHnusl f(x)
B (a, b). Tounas mmkuaa rpammua o (x) Gyaer, ouesumno, G6oablue HAu
pasna m, ecan @(a)==m, u G6yner ¢(a), ecan ¢ (a)<m. Touno T2k xe
TOUHast Bepxuss rpanuna ¢(x) Oyzer Menplte umi pasHa M, ecau
?(@a)<<M, n Gyner ¢(a), ecmt o (a) > M. Cpasuupan cymmy (12) aas
F(x) u ¢(x), saveuaev, uTO pa3mmLa MOXET ObiTb TOJALKO B MEpBEOM
-caaraemMom (mpn k==1). Ho 310 nepmoe caaraemoe, ouesnano, aas f(x)
" ¢(X) CTpeMuTcA K HyMO, Tak Kak 8, — 0 u (M, —m,) orpammyeno.
CyMMa OCTanBHBIX C/AaraeMbiX, KpOME NepBOro, Takke, OYEBHANO, CTpe-
MUTCA K HYM0, Tak Kak f(X) muterpmpyema, u Bcs cymma (8) mas f(x)
JomKHa cTpeMuThe K Hymo. Huterpnpyemocts ¢ (x) nokasana. Coena-
Aenne 3Havennft unterpana ana f(x) u ¢(x) ouesnano, n6o npm cocra-
BJICHUR CymMM (2) MBI BCEra MOXKEM CUHTATh § OTJINYHHIM OT @, 2 3Ha-
uenust f(x) n ¢(X) BO BCEX TOYKAX, KPOME X =4a, COBNAJAIT.

Il. Ecan f(x) unmezpupyema 8 nposescymre (a, b), mo ona
unmezpupyesa 8 awboxs npostexcymre (c, d), cocmasasoujer wacms
(a, b).

DTO NErKO cneayeT m3 TOro, 4TO CymMa (8), COCTOAUIAA H3 HEOTpH-
IaTeNbHBIX CJaraeMulx, 14 npomexyrtka (¢, d) ne 6oJblie, yem sTa cymMMa
ana (a, b), npu ycaoBun, UTO B STOft mocaeauneil CyMMe X=c # xX=d
CyTh TOUKH nedeuus. B cuay muterpupyemocrn f(x) Ha (a, &) cymma (8)
zast (@, b) cTpemurca x Hymo npu p (3) — O npH MOGHX TOUKaxX geneHus,
Tem Gonee n cymma ana (¢, d) crpemutcs K Hymo, ecin p(8)—0 gas
YAaCTHYHBIX NpoMexyTKOB u3 (c, d), T. e. f(x) wunterpupyema mna (¢, d).
3ameTHM, UTO ¢ MOXET COBNajaTh C @, a d MOXeT COBNAAaTh C b. Cosep-
IIEHHO TaK e, Kak n B [94], nOKa3LIBaeTCd PaBEHCTBO

b [4 b
Vf@de={fx)dx+{f(dx (@<c<b).
a a L4

Il Ecan f(x) unmezpupyesa 8 (a, b), mo u cf (x), npu awbox
NOCMOAHHOA ¢, maKe uxnmezpupyesma 8 (a, b).

Cuuras, nanpumep, c>0, MOXHO YTBEPKAATh, YTO It yHKUHH ¢f (x)
HanO 3aMEHWTb NpexHne m1, w M, Ha cmy u cM,. Cymma (8) npuoGperer
JHIUb MHOKNTENb ¢ i OyIeT no-npexHeMy cTpeMuTsCs X Hymo. Ceotictso V
13 [94], oueBHNHO, COXPaHSETCH M ZOKA3HIBACTCA MO-NIPEKHEMY.

IV. Ecau fi(x) u fy(x)— pynxyuu, unmezpupyemsie 8 (a, b), mo

ux cysmma
¢ (X)=/1(x)+ /2 (%)

maxace unmezpupyesa 8 (a, b).
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Mycts myp, My, my, My — TOuHHE HIKHIE U BEePXHHE MPaHILB fi (x)
u f(x) B npomMexyTke (X,_j, Xj). TakuM oOpasoM, nce suavenus fj(x)
B NPOMEXYTKE (Xj_1, X;) 6OALIIE WM PaBHBl Mg, a Bee 3Havenus fo(x)
Tay ke OGoapwe wumi pacun mp. Otciona ¢ (X)==my-m; B npome-
WYTKE (KXpopy Xp)- :

Toulo Tak e [OKa3kiBaercs, 410 o (X)<< Mp-}-Mi; B npome-
HYTKE (Xpy, Xjp)- OGo3Hauas uepes m, w M, TOUNYIO HIDKHIOI W TOUHYIO
BEPXHIOID TpAaHHUbLl @ (X) B NPOMEKYTKE (Xp_5, Xp), HMEEM, TaKum
o6pasom, :

my=mp--my n M, << M+ Mi,

OTKyAa Clelyer HEPaBEHCTBO
M, — my, << (Mp—+ Mp) — (mx -+ mp),

TO €CTh
My, — my, << (Mp — mi) - (Mg — mg)-

Cocrapiana cymmy (8) 4as ¢ (X), Hoay4yum

n n n
0< DV (M — ) 8, << Y (M — mi) 8 D3 (M — mz) 3,
k=1 k=1 k=1

OGe cymmbl, cTOAUMe crnpasa, crpemstcs K nymo mpu p(8) —0, Tak
Kak gynsuun f (x) # f5(x) no ycaosuio unterpupyesst. Cireposaredsiio,
cymma (8) mas ¢(x), T. e. cymma

DMy —m) 3y,
K=

H NOAAaBHO CTPEMHTCA K HYy/Mo, T. €. ¢(X) Takke uuterpupyema. Jloxa-
3aTeqbCTBO  PAaCNpOCTpaHsaeTcss Jerko Ha cayuati aare6panyeckoll CyMMui
A060ro KomeuHoro uucsaa caaraemsix. Ceoiictso VI uz [94] nokasuisaercs,
KaK o panblue,

Ananoriuio npeariayuleMy AOKa3LBalOTCA CJACRYyIOwlHe cpoficTsa:

V. [lpoussedenue fi(x) fi(x) Osyx dynryui, unmezpupyesux’
6 (a, b), Oydem ynnyus, maxoce unmezpupyesas 8 (a, b).

VL. Ecau f(x) unmezpupyesa 8 (a, b) u mounsie HUNCHAS 1L BEPXHAS
epanuy m u M @yuxyuu f(x) 8 (a, b) odnozo u mozo oce 3naxa,

mo u Fo) ccme oyuryus, unmezpupyesnasn 8 (a, b).

VIL. Ecau f(x) unmezpupyesa 8 (a, b), mo u ec abcoromnoe 3na-
wenue |f(x)| mavace ecmo Pynxyust, unmezpupyesasn 6 (a, b).

Hepapenctso (10) us [95] mowmer ObiTh 1OKa3aHO, KaK M BHILE.
Cosepwenno Tak we ocraerca cnpaselausuy n cpooficrso VII us [95],
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ecmn f(x) u @(x)—unterpupyemsie ¢yHkumn. TeopeMa o cpemneM
YHT2ETCH TaK:
Ecan f(x) u o(x) unmezpupyenst 8 npomescymre (a, b) u ¢ (x)
COXpaHsem 3HAK 8 3MOM NPOMEICYMKe, nio
b b

/()9 (x)de=up (o (x),

a a

208.;1.— Hexomopoe uicA0, YO0B.AeMEOPRIOUIEE HEPABEHCINS Y m S p <M,
e m u M—moyunbe HUNCHAS u 8epxHAR zpanuys [(x) e (a, b).
B wacmuocmu, ‘ '

b

/() dr=p(6—a).

a

HNokasatemcteo Gyner takmm ke, uro W panbwe [95]. IMoawayscs
BTOH (opMyJOH, HETPYAHO YCTaHOBHTb, HTO
X

F)y={r@at

ecTb HenpepwiBHag ¢yHKuns ot x, n F'(x)==f(x) npu Bcex sHauenusx x,
rae f(x) uenpepusna, Hakoueu, ycTaHoBUM OCHOBHYIW (FOPMYAY unme-
2paasrozo ucucaeHus pns nurerpupyemux oyuknufh. Ilyers F (x)—
HempepsiBias B npoMexyTke (@, b) dyukuus, u npn moGoOM 3Hauewmn x
BHYTpH npomexyTka (a, b) mnmeerca npomssoanas F,(x)=f(x), rae
f(x) — wnterpupyemas 8 (a, b) dynxuus.
IIpu stom umeeT MecTo OCHOBHaA ¢opmysa
14 .
{f(x)dx=F,(b) — Fy(a).

Pa30uas npoMexkyTOK Ha 4aCTH N NPUMENss K KawaoH uactn (x,_y, X,)
dopmyay koneunnx npupauteHufi [63], mMoxem Hanucarb :

Fy(xp) —Fi(xp) =F1 G 3% =G % (x4 <ék<xk)' (i4)

Hanee, cymmupys no k£ n mpunnvas Bo snuvanne, wro (1l ns [116])

n

E [Fy(xp) — Fy (xp-1)] = F, (b) — F, (a),

MH NOAYyuHM

Fy(b)— Fy(a)= Zlf (AL
k== X
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Papenctoo 3T0 cnpasesnuso Ipu mo6oym pasbueHun npomexyrka (a, )
Ha yacTH BBIXY CHEUHalbHOro BHOOpa TOUYEK &, onpexensesoro ¢op-
myJoft koHeunwx npupamedufi (14). [lepexoas K npexeay, noayuus BMecTO
CYMMBl HHTErpas . )

b
Fi(0)—F, (a)=Sf(x)dx,

a

uTO 1 TpeGOpanoch NOKa3aTh. 3aMETHM, YTO MPH ONPeAeJenHd HuTerpana
suavenns f(x) ma xKouuax npoMexyTka (a, b) me urpaioT poam, B CHIY
CBolicTBa | HacToswero Homepa.



F'JTABA IV

PANBl U UX NPWIOKEHRUA K NPUBJHXKXEHHBIM
BbIYUCJIEHUAM

§ 12. OCHOBHBIE NMOHATHA U3 TEOPHH BECKOHEYHBIX PAN0B

118. INonatue o GeckoneuHoM pane. [lycTs nana GeckoHeuHas noc.re-
JOBATENBHOCTL UUCEN

ul’ iy, "3, cany "ll’ ceoa (1)
Cocrabus CyMMy N NEpPBHIX Y/EHOB MOC/AE€A0BATENLHOCTH
Sp=ty 1t} ... -1, 2)

MB IOJYYHM, TaKHM 06])830.‘\!, Apyryio 6eCKOHE‘lHYIO nocaenoBaTeJabHOCTD
qyucen

sb si, vee) S,p see

Ecau sma nocaedosamensnocms cmpemumca K npedeay (Koweu-

HOMY): :
s=lim s,
n— o0

2080psIm, wmo GecKoHedHbll pAaod

mtu .- ’ 3
cxodumess u umeem cysmy s, u mumym:
s=uy-fugt ... Fu, .., 4)

Ecau oce s, ne cmpemumca x npedeay, mo 208opam, umo Oec-
KoHeunbit psd (3) pacxodumcs,

Huaue rosops, Gecroneunniii pad (3) Hasvsaemces cxo0Rmumcsa, ecau
CyMMa e20 nepsux 1 caazaesbix npu becnpedeasror 8o3pacmaruu n
Nno 8CeM YeablMt NOAOHCUMENbHHM IHALENUSM CIMPEMUMCA K Npedery,
I 3mom npedes HA3BLBAEMCA CYMMOIO pAdq.

10 B, H. Cuupuos, T. 1
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O cymme 6eckoHeuHOro psiia MOXHO TOBODHTb TOJALKO TOrAd, KOTAa
OH CXOHTCA, N TOTAA CyMMa NEPBHX YJEHOB pafa S, apaserca npubau-
XKEHHUBLIM BLIpameHueM ans cymmel psna s. [lorpeuwocTs r, storo npub.au-
HEHHOro BbIpameHus, T. € PasHOCTb

rh,=8—S8g,

Na3LIBACTCA ocmanrkos paaa. .

OueBnano, YTo OCTaTOK 7, €CTb B CBOIO ouepeab CyMMa OecKoueu-
HOrO pfAa, KOTopoli nojyuaerca n3 Aaunoro psaga (1), ecan B ueM
oTOpocuTL NEPBBIE 11 YJEHOB C Hayaja:

Tn =g+ lge+ ... +"n+p+ see

TouHas BEAHYHHA STOrO0 OCTaTKAa B OOABLIMHCTBE CJAyuaed OCTaeTcs
HEH3BECTHOM, N NOTOMY 0COGEHHO BaKHON ABASETCH NPUOCAUINCEHRAR OUEHKA
HTOrO OCTaTKa.

Mpoctefiwuti npuvep GecKOHEUHOrO PAAa MpPEACTABASET reOMETpHuE-
CKas nporpeccis

a-tag+agi+ ... e .. @0 @)
PHCCMOTPHM OTAL/ALIO C.'ly‘lﬂll

1<t fgi>1 ¢=1, g¢=—1
Mu suaem [27], uto npn |g|<C1 reomerpiuecKas mporpeccis HMeeT

a
KOHEUYHYIO CYMMY S=-Tq, i NMOTOMY OKa3blBaeTCs CXOOAUWIMMCA pRaoM;

1
JefiCTBHTE/IbHO, NMPH STOM
ey L 1 an-t__ 4—aq"
sp=a-taq+...-}-aq = 1=
__ a a—aq® __ aq"
§=—5n T l—gq I—qg — 1—¢q°
We—s,—0 nmpn n—oo, Tak Kak ¢"—0 npn |q|<1 [26] Ipn
|g|>>1 u3 smpaxenus s, BUIHO, 4TO S,— OO MPH N— OO, TAK KaK
¢"—oco npn |g|>1 [29]. Ilpn g==1 Mu uMeeM s, ==an, 1, OUEBHANO,
TaKke §,~— 00, Tak uto npi |g|>1 u g=1 reomerpuueckan npo-
rpeccus okaspipaercs pacxoasuinycs psgodm. Ilpn ¢g=-—1 mu noay-

yaem pag
e—a-ta—a+ ...

Cysma s, NepBHX 21 €ro UJeHOB paBHa HYJ0, €CAH N YeTHOe, H
pasna g, ecau n Heyernoe, T. €. S, He CTPEMUTCS K mnpeaeny, M pag
PacXoAHTCH; OAHAKO NpI BCEX B3HAUEHNAX /1 5TA CYMMA B OTIHWNC OT
npeaLInyllero ¢/ayuyas OCTaeTcsd orpanuyentofl, TaKk Kax npnmmaer TOJbLKO
siaveuns 0 u a.

Ecau aGcoaomuan seauttina S, — cy MMy n nepaux lt/leHOB paoda
(3)— cmpenumes K 6ecnouevmocmu npu OecnpedessHOM 603pacmamm n,
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mo pad (1) Ha3ssaemen cobcmeenno pacxodswusca. B maasuetimey,
roBopa O COOGCTBEHHO DACXONAMEMCA psafe, MB Iad4 KpaTkoctd Oyaem
FOBOPHTb NPOCTO pacxodsuuiica psao.

119. OcHoBHbte croficTBa GeckoHeunsiX panos. Cxomsuuecs Gecko-
HeuHble paan o6JafaloT HEKOTOPHIMH CBOICTBaMH, KOTOPHE NO3BOJKIOT
neilcTBOBaTh C HUMH, KaK C KOHEUHLIMH CYMMHMH.

I Ecau pno

R R PR SR S A T

useem cymMmy s, mo pao

ayy -+ any-- ... J-an, - ..., ©)

noaytaesmelii u3 npedudymwe20 YMHONUCEHUeM BCeX HACHO8 Ha O0HO
u mo ag€e 4ucao a, uiseem cymiy as, n6o Cy™MMa o, NMEpBHIX 71 1JIECHOB
pana (6) ectb

o,=a 4 auy-}- ... 4-an,==as,,
a noTomy : ‘ '
lim o, = lim as, =a lim s, =as.

n— oo n— o0 n=»o

II. Cxodnwuecss padest MONHCHO NOYAEHHO cKAadbiBAMS U BHYUMAMS,

m. e. ecau
u ot o a4 =5,
nt+nt...+v,+...=q

(i, i“v,).—l—(uiivg.)—{- R S (M=t 0 B )

marace cxodumca u cymma e:o passa S$=o, u60 cymMMa NepBHIX
YneHoB pada :

mEv)4-(Eo) ...+ @, xv,)=s,Fq,

Ilpyrae cBoficTBa CyMMEI, HampuMep He3aBHCHMOCTb CYMMb OT MOpsaxa
C/araeMulX, MPAaBUJIO NepeMHOXEHWs ABYX CYMM W T. I, B NpDHMEHEHHH
Kk GeckoHeuHHMM pafaM OyayT paccmoTpensl HuXeE B § 14. 3amerum noka,
UTO OHil CNpasefuBsl He Ana Beskoro paxa. CouerarenpHbfl 3aKOH cnipa-
BEIMB, OYEBUAHO, AR M06Oro CXOAAILErocs PAAd, T. € MOXHO obbexn-
HATb B FPYMnl moGuie PSAOM CTOsmiMe CaaraeMue. ITO CBOAMTCH K TOMY,
YTO BMECTO BCEX S, (n==1, 2, 3,...) bl GepeM NOANOCAEAOBATENALHOCTD S,
yTO0 Me Menser npegena s[27]. )

Itl. Ceodicmeo cxodumocmu uau pacxodusocmu psda He Hapy-
wumcs, ecau 8 psde ombpocums UAN NPUNNCAmMs K HeMmy A0060e Korey-
HOe 4UCAO 4AeHO8 C. Havaaq,

10*

mo psad

k’
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JleficTBHTEALHO, PACCMOTPHM ABa paia

”1+"~z+"3—|‘"c+ ceey
uy~-ug - ug—4-ug - ...
Brapoll noayyaerca w3 nepeoro oT6pachiBaHHEM MEPBHX ABYX CAaraeMblX.

Ecan o6osnaynTb yepes s, CyMMYy NepBHX M- YJeHOB NepBoro psaa,
a yepe3 o, — TO € AJs BTOPOro psana, TO, OYEBHAHO :

Opg =385 — (ul + ui)r Sp=0,9 + ("l + "i)»

npuyeM ecan n— oo, T0 H 3Hauok (n —2)—co. Orcioma BUAHO, YTO
ecl §, HMEeT mpeled, TO H o, o MMeeT mpeaen, W HaoGopor. i npe-
Jaeasl $ H 6, T. € CYMMBl B3STHIX ABYX Paao08, OYAYT, KOHEUHO, pa3iuyHH,
a nMenHo

’

o=s — (uy - 13).
IV. OGuwuii usen 1, cx00awe20ca pada CMPeMUNICA K HYAO npu
GecnpedensHOM 603PACINAKUNL 1!
limu, =0, 3)
u6o oueBnAHO, YTO
Up=8, —S4.1»
H eCan PAX CXOLHTCH H HMeeT CyMMY S, TO
lims, ;=lims,=s,
OTKYIA
limu,=lims, —lims, j=s—s=0.
Taxkny o6pa3oy, yciaobne (8) HeoOX0ANMO Anst CXOAHMOCTH PAAa,

HO OHO He Aoctaroyno: obunlt yaen panxa MOKET CTPEMHIbCH K HYJIO,
U Pl BCE KE MOKET OBITh pacxoadaunMcs.,

N punep. Fapuonnyeckuil pag
0
1 1 1 1 1
1+—2—+-§'+T+ aes +’;l-+ ...=2—l_ (9)

3aech Mbl HMeeM
1
lln=7“’0 npH n—co.

Herpynno, oanako, nokasarb, uTO CyMMa B NepBHX ujieHoB psaja (9) Gecmpe-
Jeapito Bo3pacraer. Maa storo crpynnipyeM ciaraeMne, HayHHas co BTOpOLo,
B rpynnu u3 1, 2, 4, 8, ... uwicnos:

Rl e
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TaK yTo B K-ii rpynne Gymer 281 yienos. Eca B kammoft rpynne sameHum Bce
YIeHH! MOCIEAHHM, HAHMEHbIIHM YWICHOM IPYMNH, TO MOJIYYHTCA PAl

byt 2ha d b 8= 142 rt b, ()

1
CYMMa MepBHIX 71 YIeHOB KOTOporo, paBHas |1--— (n—1 CTpeMHTCs, oye-
P poro, p 5 » CTD h

“BuaHo, K (4-00). B3as moctaToyno Goabmoe wicro uyienos paga (9), MH MOXEM
NIOAYUHTL KaKoe YFOAHO YHCAO 1 TPYNN, I CYMMa STHX 41eHoB GyneT eule 6oasiue,

yeM [I—l—% (n—-l)], 0 OTC0ia BRAHO, 4TO A1a paga (9) s, ——-oco.

. 120. Panbt ¢ noaoxutensusivu unenamu. lipusnaku cxonumocT.
OcoGennoe 3Hauenve NMET PAAH € MOJOKHTEAbHBIMH (HE OTPHIATENb-
HHIMU) YJeHamH, A KOTOPHX BCE UHMCAa

Uy, Uy, U3y ooey Uy ooo==0.

Jing HUX MBl YCTAHOBUM DS NPH3NAKOB CXOANMOCTH H PacXOXHMOCTH.
1. P20 ¢ noAoICUMEABHBIMIU YACHAMIL MOXNCEM ObMbG MOABKO MO0
CXO0UUMES, MO0 2Ce COOCMBEHHO PAcXOdAUUMCS; 0A5L MaKo20 psada

Sp—>S UM S,—>-}-00.

Jlrg mozo wmobe pid ¢ NOAOHCUMEASHBIMIL 4aeHAMU CHA CX005-
muMCcsa, Heobxodumo u O0CMAamourHo, 4Mobe CYMMA S, €20 NEPBHX
HACHOB NPU 8CAKOM I OCIMQBANACH MEHBIUE HEKOMOPO NOCMOAHKOR A,
He 3asucsaued om n.

IleticTeuTeNLHO, AN TAaKOrO pAfda cymma S, He y6biBaeT npu BOspa-
CTaHuy 7, TaK KaK mpu 5ToM NOOABASIOTCS HOBHE MOJOMUTENbHBE (HEOT-
PHLATEbHBIE) CAAaraeMsle, W BCE HAIMH yTBEPu/ICHUA BHTEKAT n3 Pasol-
PaHHHIX paHbllle CBOMCTB BO3pacTalowux nepeMeHHnx [30].

Ina cyxmeHus O CXOOWMOCTH HJAH PAaCXOAMMOCTH pSZOB C MMOJOKI-
TeJAbLHBIMH YJeHaMH 4YacTo mojesHo OuBaer CPapHHATh HUX C APYruMi, Gonee
NPOCTHMH pAfaMH, Yaule BCEro ¢ reoMeTpuueckoft mporpeccuet.

I 3TOrO MBI YCTaHOBUM TNDH3HAK:

2. Ecau xancObli waen pada ¢ nonoxcumersHbisil 4AeHai

-ty u, -, am

HAYUHAA € HEKOMOPO20 HAeHA, He nNPesocXodum coomBemcmeyie20
unena cxodauezocs psada

uytvtvd... .., (12)

mo u psd (11) marace cxodumcs.

Ecau oce, naobopom, xaxcouii unen psda (11), masunasn ¢ nexo-
mopoz0 n, He JMenbule COOMSemcmeyIIEez0 4AeHa pPACXOdAUEz0CT
paoa (12) ¢ nososcumensnvimu waenasu, mo u pad (11) maroce
pacxodumesn.
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IlonycTim ciiepsa, 4TO MBI HMeEeM
U, << U, (13)

npuyeM paz (12) cxoantcs. He orpannuisas oGuiHOCTH, MLI MOXEM CyH-
TaTb, YTO STO HEPaBeHCTBO BLIMOJHAETCA NPH BCeX 3HaYeHHAX i, oTOpoCHB,
B cayuyae HanoGHOCTH, T€ MEPBHIE H/EHH, AAS KOHX OHO He BHNOJANSeTcs
(csotictso Il [119]). OOCo3suauis uepe3 S, CyMMy 72 lepHLIX HYJeHOB’
pana (11), uepes o, — ananoruunyio cymymy ana pama (12), mu umeem,
B cuay (13),

Sp <G,

Ho paa (12) no ycaopnio cxoantest, M, 0003HAuHB uyepe3 ¢ CyMMy
pana (12), umeem
%, <0,
a notoMy H -

S, <0,

OTKy/aa, B CHaY 1, BBTeraeT cxoaumoctb psza (11).
ITycTb Tenepb BHIMOJHAETCA HEPABEHCTBO

u, ==, (14)
Mu umeen, ouesnano,

S, =20, (15)
no pax (12) temepn pacxoanTcs, H CyMMa ¢, MHEpPBLIX €ro 7t 4ienoch

Mower Ouith ciedana 0oJblue CKOJAb YrOAHO 00J61MOr0 AIHIOrO uanepex
yKcAa; TeM ke CBOIlCTBOM, B cway (15), oGaranaer u s, T. e. pan (11)
Oyner TaKie pPacxoasiIlHcs.

3ameuaune s cxonumoctu (uan pacxomumoct) psga (12) smre-
KaeT H CXOAUMOCTb (HJH PaCXOAHMOCTL) Panad

ko, kvy kv oL kv,

rae k — Kakoe yroauo noCTOSHHOC MOJOKHTEAbHOE YHCIIO.

HeficTBiTeablio, 13 CXOAMMOCTH PAAA YU, BHTEKIET H CXOAUMOCTL
psma Mkv, B cuay 1 [119). HaoGopor, ecan Yu, pacxoaurcs, To H
pan Shkv, noawen OHTb pacxomsuuycst, u6o, ecai Gl on cxoausics,

—llz-, ast, & cuay [ [119], umenu O u cxo-
AnMocTs pama v, W3 ckasanHoro BLITEKaeT:
Pad (11) cxodumes, ecan

TO, YMHQIKast €ro yactiul Ha

u,<<kv,, (16)

nputes pao Mv, — cxooamuiics 1 k— Kaxoe-ni0yds NoL0sCUIMCALHOE
yucao; psud (11) pacxodumesn, ecan X )
u, = kv, a7

nputem pad Yv, — pacxo0nguguic.
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i . .
CpasunBas mauusii pag ¢ reoMeTpHuecKoft nporpeccueft, Ms noay-
YHM /B2 OCHOBHBIX TMPH3HAKA CXOJAUMOCTH DAAOB C IOJOXKUTEJIbHHIMH
YJIeHaMu,

121, llpusnaku Komu wu Jdanambepa. 3. [Ipusuak Kowwu. Ecan
odmuu HAen p;zaa ¢ NOAOHCUMENBHH MU HACHAMIL (11)

: uyytumtu+ .. Fu, .
HaYUNAs ¢ HeKomopozo 3HadeHus n, ydosaemeopsem HepageHcmeoy
n
n,<q<l], (18)

20e q He 3asucum om n, mo pad cxodumcs.
Ecau oce, HaoGopom, HALUHAR € HEKOMOPO20 3HAYEHUS, UMEEIE

Yu,=1 (19)

mo pad (11) pacxodumcsn.

He orpannuupas oGImHOCTH, MOXeM JONYCTHTb, uTO HepaBeHcrBa (18)
nau (19) punomnsiiorcs npu Beex 3Hauenusx n (ceoficrno I [119]): Ecan
punoanero (18), To

Uy << q )
T. e obmufi wieH HaHNHOro paga He TNPeBOCXOAHT COOTBEICTBYIOLIEro

wena Geckoneunolt yOsiaiomiell reoMeTpuueckol nporpeccuy, a noToMy,
B CHay 2, pang 6yner cxomsnMca. B cayuae we (19) mmeem

. u, =1,
7 pan (11), ofmuit unen xotoporo He crpeMurca K Hymo (Goabuwe enu-

Huuet), He MOXET OuTh cxoaswmumca {(caoficrso 1V [119]).
4. Mlpusnak Hanam6 e p a. Ecau omHowenue nocaedynouezo

» HOYNHAA C HEKOIMOPO20 SHAHEHUS I,
-1
yodosaemsopsaem Hepaeeﬁcmsy

i<g<1, (20)

20e q He 3asuculnr om n, mo pﬂa (11 cxodumen.
Ecau orce, naoGopom, HAHUHAR ¢ HEKOMOPO20 3HAUEHUS N, UELss

Up
=1, 21
. (20

mo Oannbit pad pacxooumest.
Jonycrns, Kak # paHblue, YTO Hepasencraa (20) man (21) Bumon-
HAOTCA NPU BCeX 3sHauvennsx n B caywae (20), MH umeem

Upsslp G, Uy <Slpeq, Upoa<Slpaq, ..., IS uxq,
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OTKYA3, NEepEeMHOKasa MOYJEHHO W COKpaias obwue MHOXKHTEAH,
U, < mg,

T. € WIEeHH psia Meuplle 4ieHOB YyOuiBalowell reoMerpudeckoli npo-

rpeccuu
wm+mgt-ng ... wg" 40 (0<lg <),
n, B cuay 2, paa (11) cxomutcsa. B cayuae we (21)
W<t ... Tl <l < ...,

T. € 4WIEHH pAad He YOHBAOT NO Mepe yAaaleHus OT Hayana, caeno-
BaTeMbHO, N, He CTPeMnNTICH K HyMo Npu n—0o, U PId CXOHHTbCA HE
moxer (ceofictro IV [119]).

Cnenctene. Ecau npu Gecnpedeasnor Bo3pacmanuu n

Vu, u l—l”—”- (22)

n-1
CIMPEeMUMCS K KOHe4HOMY npedeay r, mo psao
Wyl .

cxodumes npu ycaosun r< 1 u pacxodumes npu ycaosuu r> 1.
Iycts cnepsa r<C 1. BrifepeM uic1o e HACTOALKO MMM, 4TOOH

OHIJI0 Takwe H
[
r-+:<{1.
u’l

1 p—
Tpn Goasuiix suavennsx n seanuuna ¥ u, wan P

PA

OyaeT OTAHYATLCS
. n—1
OT cBOero npeaena r He 6oJblue, yeM HA €, T. € Mhb, HaunHas C HEKO-

TOPOTroO A0CTATOUHO 60.1b110T0 3HaueHua n, 6y11e.\| HMETh

r——s\<\']"/-u—n<r-}—a<l (23))
nan

r-e<§i<r+a<1. (23,)
n-1

Mpuvenss npusuaks Kous wan  HanamGepa npuy g=r-}-e<1,
B cuay (23;) nan (23g), Cpasy 3aKkmwouaeM O CXOZHMOCTH MAHHOrO psaa.
AnanoruynsiM 06pasoM JOKa3HBAaeTCH H PACXOAHMOCTb €ro OpH YCJI0-
B r>1 uan ecan XOTb OAHO u3 BHPameHuit (22) crpemurca K (- co).

Mpumeps. 1. Pax

xn

x , A ' X"
1+1~+I—2+.+m+..= e (24)

~hvjs

0
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Mpumensa npnsnak HNaramGepa

X xnt Upyy X
Uppy=—, Uy—=r—, 2="ou( npu n—co
r =T BTN u, on ) TRRET

a MOTOMY JaHHHIT pAX CcXOAHTCA npn BCe€X KOHEYHBIX 3HaYyeHHAX X (HOHO)KH-

TEILHLIX).
2. Pax
[+0]
3, Xxn
: _ —, (25)
n
n=\
31ecy MH 1MeeM N
u xn " xn-1 u, ___n—lx .
Lt T Rt a1 u, T  n ' .

a noroMy, mo npusnaky JazamGepa, maHHHI pax cxoaurca npy 0<<x <<l n
, Pacxomutca nmpu x > 1. )
3. Pan
[es] .
N rrsintaa (r>0). (26)

n=1

" Mpumenan npusnak Koww, nveem

. n n,r—
up=rtsin*na, 1 Up=rq/sinfna<r,

a MOTOMY JaHHMM pAX CXOAHTCA, ecan r<< I,
Tpnsnak [lanam6epa B JahHOM CIyyae He JZaeT HHKAKOro pe3yabTara, néo
OTHOLIEHHE

Up sin na *
gy  Lsin(r—1)a_

He CTPeMHTCA HU K KaKOMy fipejlely H Jaxe HE OCTaerca Bce Bpema << 1
nm=1.

BooGme moxuo nmokasatb, 4To mpu3anak Kommn cnibHee npmanaka [Haiam-
Gepa, T. €. OH MOXET NMPHMEHATLCA BO BCEX CIyyasxX, KOTXa HpIMeHsAeTcsa mpH-
snak Jlaazam6epa, HO CBepx TOro il B HEKOTOPHIX APYIHX, KOTAa NOCIEIHHl He
‘MoweT mpumenaTscs. Ho 3aro moabsosanme 1M cioxHee, yeM npusnaxkom Jazam-
Gepa, B ueM HeTpyaHO Y6eanTbCA X0Ta Gbl HAa NEPBHX ABYX N3 pPa306paHHBIX
BHIUIE NpHMCpaX.

3ameriy, maree, uTo OHBAIOT CIyyaW, Korga i mpu3nak Kommn n npusnag
Haiam6epa npuMeHATBCA He MOTYT, 3TO CIyuaeTcs, HanplMep, BCAKNIT pas, Koraa

n iU,
Vi n 7 —1,

n-1

T. e. Koraa r=1. Mu nmeeM TOTZa JEl0 C COMHUMEABHHAL cayyaeyM, Korja
BONPOC O CXOAHMOCTH HIH PAcXOINMOCTH AOIXeH GHTb pa3zpemeH KaKnM-a16o
HHBIM TYTEM.
Taxk, Hamplimep, A14 rapMoOBIYeCKoro pana
)
v 1
?y
n=1
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KoTopuil, Kak Mu BHmean B [119), ecTs pax pacxodsauguiics, MH HMCEM

1 i
—1 —
_&'___.n l_,l' ";/ un_wly—%_en 03"_’11)'

Uy n

H, TakuM 06pa3oM, BONPOC O CXOHMOCTH It PACXOZHMOCTH rapMOHHYECKOTO
paxa ue Mor GHTb peileH ¢ nosmowsio mpusHakos Kown uan HazamGepa.
C apyroii cTopoln, Aaibiie M AOKaEEM, 4TO pak

[eo]
1 1 1 1
Lw=!tytgtgt -
n=

eCcTh pnl cxoxautiiica.
Ho ana Hero MM umeeMm onarb

R L A .

Up_y

1. C. ONATL-TAKll COMHHTCIbHRIT cayyall, ecan npuMenars npusuaky Komur man |
Hanam6epa. :

122, Unterpaabupiil npusnax cxomumoctu Komu. ITpeanonoxiy,
YTO wJensl JaHOro psaa

R e e R R ey @7
NOJIOKETELIL 1 HEe BO3DPacTaioT, T. €. .
W= ... === ... >0, (28)

Hszobpasum uaenu psaa rpadudeckn, OTKAagsiBas 10 ocH  abcwice
1HE3aBUCHMYIO NepeMelliylo i, IPHHEMAIONLYIO TIOKA TOJLKO Leable 3Hayellud,
a2 no ocH OpAHHAT — COOTBETCTBYIOUlHe 3naveuns u, (puc. 155). Bceraa

MOXHO HAlTH TAKYIO HENpepridlyo (yHK-
y - o Y = f (x), KoTOpas NpH LeALIX 3Haye-
‘ HHAX X ==7 NpHHMMAeT KaK pa3 3Haye-
HIA 11,; 075 3TOrO AOCTATOYHO MPOBECTH
HENpepHIBHYI0 KDHBYIO Yepe3 BCe IIO-
cTpoennnie TOuKH; GyneM NpH STOM Cyu-
TaTb, 4TO H (ynkuus y =7 (x) ne po3-
pacraloras.

[Tpu TaroM rpadmueckom uzoGpaxetnin
CyMMAa 1 HepBHX 4JEHOB AAUNOro PAma

Sp=w iy ... F-u,

NPeaCcTaBUTCA KaK CymMMa maowafell ,BuXOAswuX® MPAMOYrONBHIKOB,

Puc. 185,

!) B mpexmaymux BHYHCIEHHAX CYU{CCTBEHHO OOPATHTh BHIMAHHC Ha TO,

1 1
NTO €Cal MOTOKMTL X =-—-, T0 x—0n Flog;:xlogx—-o (66]. Orciona,

n l ‘
AorapudMupya BhHpaxeHue ]/—7—1-, y6e®xaaeMCa, YTO OHO CTPEMHTCA K efHHHIE,
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KOTOpast 3aK/MOYaeT BHYTPW ceGs maomianb GUryph, OrpaHWYeHHoN Kpu-
Boft y=/£(x), ocvio OX u opmwmaramn x=1, x=n-}1, a notony
n1
§ F(x)dx. ©29)
1

. C npyrot cropons, Ta ke ¢urypa 3akmouaeT BHYTpH ceba Bce
»BXONAME* MPAMOYrOJMBHUKH, CyMMa IIONIafell KOTOPHX paBHa

mt+uy o At =S — Uy, - @30
a noroMmy : '
nt1
Spp — My << \ fx)dx. 31)

1

STH HepaBencTBa MPUBOAAT HAC K CJAEIyIOUIEMY TNPHINAKY.
9. Unrterpaapuufi npusnaxk Kowmn. Pro (27)

mytutut- .o Fu, ..., u,=f(n),

YAEHB KOMOPO20 NOA0JCUMEAsHB W He 8o3pacmaiom npu 8ospacma-
THUW M, cXOOUMCST WAN COOCHMEEHHO paAcCXOOUMCS, CMOMPSA NO MOMY,
useem AU uxmezpan

=\ reax | (32)
1

KOHeYHoe 3Ha4eRile UuAl pasen GECKOHELHOCMIL
Hanomunm npu stom, uto f(¥) momxHa yGuBaTh MpU BO3PACTAHHE X.
Iycts cnepsa nurerpan / umeer Koueunoe 3HaueHue, T. €. Kpupas
=7(x) nmMeer Koueuityio nnomam, (98] U3 mnoxoxurtensHocTH f(x)
Bmexaer
n+l

\ F@dx< § (x)dx,

a noroMy, B cnay (31),
Sp < Sy =< u,-—{-l
T. €. CYMMa S, OCTaeTCa OrpannueHnofl npii BCex 3HAYEHHAX /, H 112 OCHO-
paunn npusnaka I [120] pan (27) Gyner cxomsmumcs.
[lyctb Temepp /=00, T. e. Huterpan
n-i:l

\ f(x)dx
1

npu. yBeIHMUEHHH 72 MOXET OuTh cneran Goabine MmoGoro . 3agaHHOro
nanepen uncra N. Toraa B cuay (29) u cymma s, MoweT GuTb cxenana
Goavwe N, T. €. pan (27) Oyaer COGCTBEHHO DPacXOAIUINMCS.
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AHanornuunM . nyTeM MOXHO TIOKa3aTh, YTO ocmamok pada (27) ue
npesocxodum unmezpasa

' Eof(x) dx.

3ameuaune [Ipu npusenenun npusnaxa Kowi s unmezpaie (32)
HUdICHUIL npeden, pasHulil eOuHule, MOICHO 3QMECHILNYG AKO0bLM HUCAOM Q,
Conouillae QuRULLL, JNQK KAK UHIE2PAAs € HUICHUM lipedesox edu-
Huya 1 a 0dHospesmenHo uan cxodamces uan pacxodamcst [98).

[Tpusmepsu. 1. Fapmonnyeckuit pax

0
1
4 N
n=
31ech MBI HMECM
1
n)—=—
fm=—,
a HOTO!\ly MOXHO IIOJOKHTH
1
F==3

TOrAa

@

dx ©
1= g —=lo x,

AR g ]

1
M 1IHTErpaa pacxoantca, 6o log x — - oo npu X — -} oo; RaHKEiT PR, KAK Mbl
yie 3uacM, pacxoAauHiics.

2. Boacc ofuwwmit pag

33

rac p —awo6oc yHco0, 6oabuiee Hyaa (pu p =< 0 pan, ouesnaHo, pacxojautfics).
3necy Mu pMeeM

iy ccnt p£l,

(o]
o0 i x1-p
1 1 ' dx —p
fmy=5, F(x)=—25, 1=\-;p-— o
1 logxl iy eca p=1.
Orciona fACHO, 4TO HHTCTPAT DACXOAMTCA, cCalt p<<l, ¥ cxoaurca H pasen
ccan p > 1. eiictsuteasno, B nociegHeM cayyac nokasateab 1 —p <O,

p—=0
x“l'=?}—_‘- — 0 npu x — 4o, 1, cacaoBarcanio,
LI S
I—p 1 I—p p-—1I°

Cncnosateasto, B cilay npushaka Kowmm, pap (33) Oydem cxodswumcs, ecau
v > 1, u pacxodauuncs, ecau p =<1
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123. 3uakonepemennsie paxsl. Ilepexoas K psanaM C KakuME yroauo
yneHaMi, Mb PacCMOTPHM NpEXIE BCEro PAAM 3HAKONEPEAERHEIE, Y KOTO=
pHIX uJelibl MONEpPeMEHHO MOJOKHTEALHE M OoTpuuareapHsl. Takne pagu
ynoGHee MHCaTh He TaK, KaK paHbile, a B Bule

m—wy~fuy—ug ... Eu, Ty e, 39
.. npHueM 4ucJja

Uy, Uy Uz ooy Upy oony
CUHTAIOTCA NOJONATEALHEIMA ).

OTHOCHTENLHO 3HAKOMEpeMEHHHX PSIOB MOXHO AOKa3aTh Cjepyioulee
npeanoxeHHe: :

Hsan moz0 umoGs 3HaKonepeseHHHE pA) cXO0UACA, DocmanodHto,
4IMoGs a6COAMHbe 3HAYEHUA €20 HAEHO8 YOHBQAN U CMPEeMUALCH
K Hyaro npu gospacmanun n. Ocmamox marozo pada no aocoawom-
HOMY 3HAULEHNIO He npegocxoldiim abCoAOMmMHO20 3HAYEHUs nepgozo U3

OMOPOULEHHBLX HAEHOB.
PaccmoTpuM cnepBa CyMMH YETHOrO 4HMC/A YJIEHOB psaa

Sgp==1ty — Uyttt — 1y -1~ ... F- gy — U3y

Tak Kak no ycnosuio aGCOMOTHHIE BHAYEHHT HYJNEHOB pAAa yOHBAIOT
(1yumue ckasaTh, He BO3PACTAlOT) MPU BO3PAcTanmu nm, TO, BooGute,

) uy = uk+l n uﬂn+l - uin+% = 0»
a noroMy :
S2n42 == S2n - (Bap 11 — Uspy9) == Somr
T. e. nepeMeHHas Sy, — He yossaiowas. C ppyrofl CTOPOHHL, MH nMeeM
Sop =1ty — (g — tt3) — (U — Ug) — oo — (Uzp_a— Man_g) — Uap <<y
TaK KaK BCE PAasHOCTH B CKOGKaX HEOTPHIATEAbHbI, T. € NEPEMENHAT Sy,
OCTaeTCsl o2panuvuexHoii npn BceX sHavennsx n. OTci0ma caeayer, uTo,

npi GecnpeneabHOM BO3PACTAHHH 71, Sg, CTPEMHTCS K KOHEUHOMY npe-
zeay [30], xoropsifi Mp1 0603HauNM uepes s

lim 8;, =s.
n— oo

Ianee, MB uMeeM .
Sans1 = Son + Upy — S OPH 72— OO,

TaK KaKk MO YCAOBUIO Uy, — 0.

1) 3gecs Mol cyutaeM, 4TD Mepsuifl wien pana noA0KHTEIbHUI; ecan ol
oTpHUATEbHE, TO Paf 3aMHWIETCA 8 BUAC — Uy - Uy — Ug By —.0s
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Mm Brzum, TakuMm oGpasoM, YTO Kak CyMMa WYETHOro, Tak M CyMMa
HEYeTHOro yucjaa 4aeHoB psga (34) CrpeMUTCs K OLHOMY 'H TOMy Xe
npeseny §, T. € psi (34) cxozsuwmiicas W uMeer CyMMYy S.

Ocraerca eule ONEHHTb OCTaToOK I, pAna. Mul HyeeM

r '_+"n.+l+un.+‘3——-”n+3+"n+""“°" 4 )
npuqeax OZHOBPEMCHHO HaIxO0 6pa b BerHHe }i.’l“ HUHIIE 3HAKH. l/lﬂaqe .

Mo =5 (U — Upp2 —HUpya — Upgps <)
OTKYAQ, paccyxmaﬁ KaK H panbplle, HMEEM
l T | = (un+1 - un+‘2) + (un+3 - "n+i) + ce e T

=ty — (e — Upys) — (s — Upys) — oo Sy,
uTo Il TPebGOBaNOCh HOKA3aTh. o
W3 ¢opuyanl
M +
Tt = [("n-H - ”n+‘l) _I_ (un+3 - un+£) T ']’
B KBaApPaTHBIX CKOOKAX KOTOPOH CTOAT HEOTPHUATC/bHHE KOAMYECTDE,
CAelyeT, uTO 3HAK I, COBMANAeT C TeM B8HAKOM, KOTOPHIH Hago Opath
nepex KBagpaTHOH CKOGKoM, T. e. copnmazaer co suakom —bFu, ;. Hrak,
NpU YKQ3aHHOIX 8 IMeopese YCAOBUAX 3HQK OCMAINKA 3HAKoNnepeseH-
nozo pada cognadaent co 3HAKOM NEP8020 U3 OMOPOULECHHULX UAEHOB.

Mpumep. Pan )
P 1,1
—-2——I-3—4+...,

€CTb 3HAKONEpEMEHHHH DsaX, aGCoOTOTHHE 3HaueHHA 4YaCHOB KOTOporo Gecnpe-
HeabHO yOBIBAIOT ApPH 71— CO, @ NOTOMY OH Oymer cxoasaumuaca. Msl yBiauMm
B-'AaabHeiilieM, YTo €ro cyMmsa pasna log2. Oanako JAaa [efiCTBHICAbHOTO BHl-
yicacHns log 2 ST0T pal He roiutcd, Tak Kak Ias TOr0 4To0n OCTAaTOK ero
6uta Menpiue 0,0001, nyxno Baare 10000 ero yaewos:

Ir,,l<-—-_ﬁ<00001 n = 10000.
Mrak, pax sTOT XOT8 H CXOMHTCA, HO C€X00UMCA O4eHo MedAeHHO; IAA TOTO
y106b HMETh C TAaKHMH DPAAAMI Ae10 HA MPaKTHKe, HYXHO NPEeABApHTEILHO mpe-
06pa3oBaTh HX M3 MEAIEHHO CXOJALXCA B GBHICTPO CXOAALLNCCA, HIH, KAK TOBO-
PAT, YAYYLIHTH CXONHMOCTE,

124. AGcomorHo cxonsuiiecs psgbl, Y3 npounx psnoB ¢ Kakumu
YTOAHO UJAeHaMH Ml OCTAHOBINICA JHIIL HA Psigax abCoMOTHO CXOAAULUXCH.

Pao
uy a4 (39)
cxo0umes, ecall cXCunics Prd, cOCIABACKHBIE U3 uGCOLIIMHbLX 3HAYE=
HUii 4aeqoe Oannozo psda, T. €, pad

(g |-l [ | .oy |- (36)

Taxue pady Ha3v6armcs aGcoOAOMHO cXodAuuUMUCT PAOAMIL
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HUrak, nonycrum, uro psix (36) cxomuTcs, U MOJIOKHM
1 1
=7(l tty | 4-11a), wn=§(‘"nl — ).

O6a uucna v, 1 w,, HaBepHo, HEOTPHUATENbHL, TaK KaK OYEBHAHO

n,, ecan u, =0, 0, ecam u, =0,
v, == n—
"l , w,<<0, luh 5 1w, <O,

C apyrofi CTOpoHH, KaK U, TaK U W, HE NMPEBOCX0asT |u,|, T. €.
obmero uneua cxomsuerocs paga (36), .a moroMy, B Chily npu3Haka 2
CXOIMMOCTH PAZOB C NOJOWHTEAbHHMI uaeHamd [120], o6a psaaa

o ©0
Z Uny Z Wy
n=1 n==1
OyayT cxoasuimucs,
Tak kak MH HMeeM
U, =70, — W,

10 Gyaer cxoanTbcs M pan

2 u,= 2 0, — W)= 2 v, — Z W,

n=1
. h [ 0 .
KOTOpHH MOMyyaeTcsl BHUMTAHMEM paga Y, W, w3 pama ) v, [119]
n=1 n=1

Cxonsmmecs pfaB € TMONOKHTEABHEIMH UJACHAMH MPENCTABAAOT da-
cTHH  caydall aGCOMOTHO CXOAAMMXCA pAAOB, NPHIHAKH CXOXMMOCTH
KOTOPHX NOJY'UaloTCA HeNoCPeACTBEHHO H3 NMPH3HAKOB CXOANMOCTH pPALOB
€ MOJOXUTENbHHMH HJIeHAMIL. ) _
Ilpusnann cxodumocmu 1—35, susedennne 6 [120, 121, 122] 012
PA008 ¢ NOAOICUMENbHY MU HACHAMU, HPUMEHSIOMCR U K psdax ¢ Ka-
Kumu y200HO 4AEHAMI, €CANl MOASKO YCAOBUMbLCS 3AMEHUMSb ge3de 1,
na (u,|. flpu smom yciosuu ocmanymcen @ cute u npusHaKu pacxo-

dumocmu 3 u 4 u caedcmeue u3z Hux 121}
B uactoctn, B Qopmyanposkax npusnakos Komu n JlanamGepa

HYXHO 3aMEHHTh
npe— 1 np——rr
Vi, n —2 ua.;/lu,,] "
Up_y

Tak, nanpmumep, ecad

T. e I”"< <1, 70

COTJIACHO - NPH3NAKY Ila.'lam6epa 1121], pag ¢ nonomnenbumm YjaeHaMH
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(36) cxoautcs, a caexoBsarensHo, psaa (33) cxoamurcs abcomoTHo. Ecan
: 1
we |%~> 1, . e ju,|=|un,), TO, Npu BO3pacTaHui 1, YJEHH U,
n—1 .

He yObBAOT MO a6COMOTHOMY 3HAUEHHIO, 3 NMOTOMY HE MOTYT CTPEMHTbCH
K Hymo, u pag (35) pacxomurcs. Orcioga, Kak u B caexcrsun [121],

U, —r<1, 10 pax (35) aGcomoruo cxoauTCs;

caeayeT, uTO eCJH

n-1
l—-r>1, T0 paR (35) pacxoanTcs.

ecnu xe
n—-1
3aveuanne 3averudM elle, YTO eCAll H4AEHb HEKONMOPo20 pada

(35) no abcoaromuosy 3HAUEHIID He GOAbILE HEKONIOPLLX NOAONHCUMEANL-
Rux wucen |u,|<<a, u pad ay+ay--...-a,-... u3 smux uucea
cxodumces, mo pao (36) u nodasHo cxodumes [120), T. e. pad (35)
abcormMKo cXo0UmcA.

Mpusmepn. L Pax (npumep [121])
[e2]
xn
; nl
n=1
a6CcoTI0THO CXOANTCA NpH BCEX KOHCUHBIX SHAYEHIIAX X' KaK JOIOKHTICIBILIX, TAK
1t OTPHUATCIbLHBIX, HEO -
Upit
Up

=4
n

npH BCCX KOHCYHBIX 3HAYCHHAX .X.
2. Pax

3. Pax

[«2)
>irtsin na

n==1

a6GcoaoTHO cxoanTca npu |r|<< 1, ubo nas uero:
‘ n n 3 n
V iug|=y/[r*|[sinna|<y/|rP=|r|<L

HeuOaomiimo 3aMeTiTb, YTO Jal€KO He BCAKHIT CXORAWUICA Pal eCcTbh BMecTe
¢ TeM H a6COTTHO CXOIALIMACHA, T. €. OCTACTCA CXOIAWNMMCH, C€CIH Kau Il
uicH pAfd 3AMCHHTbL €ro abcoaTHHM 3HayenneM. Tax, HanpuMep, 3HAKoNepeMeH-
Hblil pag

1 1 1
—gty—gt .
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KaK MH BHICIH, — CXOAAUIHACA; €CIH XKe 3aMeHHTb Ka}Nuil vileH ero abconmor-
HLIM 3HAYEHNCM, MOTYUYHM pacxonnmuﬁcn Pap!\lO"ll‘lCCl(ﬂn pax

byt g gt e

AGcoatoTHo cxoasmuecs Paas O6GJANAIOT MHOTHMH 3aMEyaTeIbHBIMHA
cBoiicTBamu, KoTopeie u3noxkenst B § 14. Tak, Hanpumep, TOJBKO oHM
., 06/1a0al0T CBOHCTBOM KOHEUHBIX CYMM — HE3aBHCHAMOCTBIO CYMMH OT MO-
PAAKa CAaraeMHx. ’ \

125. O6muii npu3HAK CXOMMMOCTH. B 3akmiouenne HacTosero
- maparpada ynomsHeM O HeOOXOAHMOM H AOCTATOYHOM YCJIOBHA CXOANMOCTH

pana
muy-tut.. . Fu, ...

CXO}I"MOCTB 3Ta MO onpeaeaeHHo paBHOCH/AbHA CYUIECTBOBAHHIO IpeaeC/a
Yy nocnaenoBare/bHOCTH
sl' S’b S eaty Sn-.-,

rie s, — CyMMa n nepBHX uyneHoB psaga. Ho ana cymecrBoBarms 3710ro
npenena Mul HMEEM cJeayoinee Heo0XOAMMOE H JOCTAaTOUHOE YCJOBHE
Koum {31]: ‘

0452106020 3ADARHO20 NOAOICUMENLHO20 ECYecmEyem maKoe N, umo

I*"'m—5n|<s ’

npu geaxux m un>>N. TTo0XHM Ans ONPENENEHHOCTH, YTO M >>n n
nyctb m==n-{-p, rae p — mo6oe Uen0e NOMOKHTEILHOE YHCIO0. 3aMeTHs,
uro TOrAa

Sm—Sn="Spp—Sp=(F -+ ... F -ty Ulpy ) —
— Wt ug - g) = e g,

MK MOXEM BEICKasaTb caenyromu#t o6muft npusHak CXODUMOCTH pana,
HAan cxolusmocmu Gecxonewnozo0 pada

-ty 4. ., ...

HeoGx00umo U docmamouno, wmoGsl 04 2106020 3A0AKHO20 NOAONK I~
measHo20 & cyuecmeogaro maroe qucao N, wmo npu 8caKosm n >N
U npu BCAKONM NOAONCUIMENLHONM D BHLIOAHSEMCS HEPABEHCINEO

AR ST S Sy e <s

T. € CYMMA KQKO20 Y200HO HUCAQZ NOCACDOBAMENSHIX HACHOS pRda,
HAYURAR € Up,y, OCMaemcss no abCoAlomMHOMY 3HAUCHUID MeHsue ¢,
Koas cxopo n >N, :

HeoGxoxnmMo savetnts, uTo mpn Bcelt TeOpeTHYECKOR BaXHOCTH STOro
obuiero NPU3HaKa CXOXMMOCTH PAAa, NPUMEHEHUE €ro Ha NPaKTHKe OOHyHo
8aTPYAHHTENBHO.
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§ 13. ®OPMYJIA TEHJIOPA H EE NPHJIOXEHHUS

126. ®opmyna Teiinopa. Paccyorpum MHOroulzen n-fi crenenu:
f(x)=a, + a,x—{— ax? —|— oot a5

NpHAALUM X Tpupauniedse 2 M BHYUCIAHM COOTBETCTBYIOWIEE 3HaueHne

¢dyuxunn f(x -} h). D10 3Haverne, OuEBHAHO, MOKIO Pa3IOKHTL 1O CTe- .
neusaM /1, PacKpHIBas PasmIudple cremeHu (X--71) no dopmyae Giosa

Hblotona u pacrionaraa oxonuyateantnifl pesyastat no cteneuaym h. Kosd-

(uuMenTH NIPH PasAudHLIX CTemeHsX /i OyayT MHOTOU/IEHAM, 3aBHCALLHMMM

oT X:

Fe )= Ao (x)+hA;(X)F- 1P Ay (¥) ...
S A @) AR (1)
1 HYXHO TOJbKO ONIPENeINTb MHOPOUAEHL: 7
' | Ao (%), Ay (), oees Ay ().
- Has svoro mm usmenum obo3uauenns, mnanucas B Toxmaectse (1) a
BMECTO X 1 BMecTo X -/t mpocto x. Toraa okawercs
h=x—a,
i, pyecto (1), MBI NOAYuHM
fEF)=A@+(x—a) Ay(@+ (x—a) A (@ +... 4
+—af Ap@ ... (x—a)* A, () @

Ilas onpenpenenns Ag(a) noaoxuM B 3T0M TOXKAECTEE X=4a, 4TO
zacr

f(@)=Aq(a).

Iaa onpeneaennsi Ay (a) npoauddepenuupyen ToxzecTsO (2) 10 X
H 3aTeM IM0J0XIM XN =—=a:

fr@)=1-A,(0) +2(* — @) Ay (@) ...+ k(x —a)" A (a)
... Fnx—a)y-tA4,(a),

f'(@=1-4,(a)

Huddepenunpyn ewe Oy pa3 nNo X n nojaras sarey x =g, 1oay-
uuM Ay (@)

ffx)=2-14(a) ...+ k{k— D{x—a)?A,(a) -

e Fae =D —a) T Ay ()
f(@=2-14;(a). ’
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Tlporomxan 3T onepauiy, nucpq)epenuupya k Pa3 u nonaras sarex
X=a, MB NOJAYYHM

@)y =k(k—1)...2-14,@F...+ o
Fnn—1)...(n— k4 1)(x —a)** A, (a),
S® (@)==F! A, (a).

Utak, M nMeem )
h@=/@ a@=2, 40=C0, .,
A (a)..‘fk (2) A, (a )_f"” (0)'

b4 ’

‘IocAe yero q)opmyna (2) npumer Bung
F@=r@+E2 (x— )+ L0 —ap -, 1
__l_f(k (a) a)k 1 +f(m (a) (x — a)n (3)

dra opmyna BepHa TOABKO B TOM Cayyae, Koraa f (x) ectp MuOrO-
4AeH CTENENH He BHINE n, H OHA JaeT Pa3NoKeHHe TAKOro MHOrouJeHa
no CTeneHdM. pasuoctu (X — a).

TTonoxum Teneps, uro f(x) — ne MHOl‘O‘lJleH, a KaKas-au6o byHkuns,
ompenenentas BnyTpH HeKOTOpOro npomexyrka I u umeomas uenpepwis-
Hele npoussondnbie a0 nopaaka (n-}-1): Iycre suavenne x—a naxo-
autcs snytpu I B nanvuefwem cymtaeM, uto x npunagaexur I,

‘OGosnaunm uepes R, (x) pasnocTs Mexay f(x) n ‘TIpasoit vacruio
dopmynst (3), 1. e. noxoxnmM

f(x)_f(a)+f (a) +f (a) a)‘l_l_.”_l_
+52 - ‘“’ — o) 4 Ry (4). B )
Ilﬂdiq)epeuunpyeu NOC/Ie10BATENBHO BTO TOXKIAECTBO:

f@=r@+58 w—a)+...+
+ f"” (tg! —a)*! + Ry (x), .
I"@=r"@-+LI52 r D —a)...+ SR
+ff," 9 ot REG

) (x) =/ @+ R () )
Monarast B (4) n nocsenuux ToxmecTnax x=—a, nomyuaeM

R.(@)=0, Ru(@)=0,..., RP@=0. ®
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Hnddepenunpys nocrextee n3 paeeHctB (4;) eme oaud pas, Haflzem
T REE (x) =+ (). - (6)

s coornowennit (5) u (6) Mb Ge3 TpyAa MOJyuHM BEID@XKEHHE IS
R, (x), n6o nmo ocuosHolt dopmyse mnerpanbuoro HCYHCIEHNd

Ru(¥)—R, (a)—SRn(t)dt

OTKYA3, NPHHHMAA BO BHHMAHIE (a) H HHTEFPHDPYA MO YacTAM, BHBOAMM
TIOC/AEHOBATENABHO

Re@=(Riyat=— (R d(x—1=

=—K, L) (v — ) dt =
----- —_—— S R': (t)d (x‘—t)z_____
=— RO v Egha=

X

~ §R;"(t)d—‘x;! X~

e
a

=—RrOEFE I+ [ Ro 05 L ar=

Il

= S Rotvy P gr=1 S F (6 (e—t) dt.

Ias ysacHenusl CAEIaHHBIX npeoGpasopauuil  3aMETHM  caeayolnee.
IMepevennas unterpuposannsa oOo3naueHa OykBofl £, TaK uYT0 X mojg
3HZKOM WHTErpaja HajxO CYATaTh MOCTOSHHBIM I AnddepeHunas x pas-
HBIM HYMO, H NOTOMY, Hanpuvep,

(x—1) __3(x—1)? R . {x—=10)?
d 31 = 31 d(a\ —t)———- Tdt

n, BooGule, . - .
(v — FIR— — #\k-1
gE = B g =— S =0

TouHo T4R KE BHPameHle

ROOEZD N ey
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ofpamiaeTca B HyJb, TaK Kak NPH MOACTaHOBKE {==x oGpalLaeTca B Hy/b
MuHoxuTeas (x —1£)%, a npu noacranoske f==a muoxures R (a)=0
B cuay (5).

Mer noayuaem TakuM TyTeM CJleaylolulee BaXHOe NpeasoXeHIe:

®opmyna Tetinopa Beaxan gynxgusn f(x), urewnuwan sHympu
HEKOMOp0o20 NpomeIcymra, codepacauie20 MouKy X==a BHympu ce6s,
Henpepeinbie npou3sodusie 0o (n—+ 1)-20 nopsadxa exawuumensto, npu
8CeX 3HAYEHUSX X BHYMPU 3M020 NPOMEICYMKA Arodicem Obims pas3-
A0OCEHa No cmeneHAx pasnocmu (X —a) 6 gude

F=f@+@—alP +E—aly? 4.+
+w—ar 4 R (), )

n!

" 20e R,(x), ocmamounsiii waen gopatyast, useem 8ud
X

R, (x)=% S £ (1) (x — £ dE. ®)
8.

BecbMa uacTo B NPHIOKEHHAX BCTpevaerca Apyras ¢opMa oCTaTou-
HOFO uJleHa, KoTopas HemocpeaCTBEHHO noayyaercs n3 (8) npu npume-
Henuu Teopemnt o cpeaneM [956) Ilom 3smHakom uuTerpana s npasoft wacTu
dopumyast (8) dynxuus (x — £)* coxpaHser 3Hak, a MOTOMYy IO Teopeme

O CpeaHeM Mbl uMeeMm
x

R, (x)=f_n.;:£). g (x — B dt= [ () [___ (x —t)ntt |x]'

n! ntl |a
Moncrapnss BepxHufl M HuxHU npeneaH, MOAyuHM

_ (x—p)ntt

n+41

£ (x—a)mHt

a— n+l 4

TaK Kak npu f=—x wnanucaHHoe BHpakeHne obpautaercs B Hy/Ib. Iloa-
CTaBaAd 3T0 B npeasiaymyio ¢Gopmyay, Oyaem HMeTb

(n+1Y (=
R (@) =(x— a2, ©

rae § ecTs HekoTopoe Cpenmtice 3HauelHMe, Jexamee Mexay @ n x. I1a
dopma ocTaTouHOrO uMena Ha3WBAETCA OCMAMOUHHLA HACHONM 8 hopre
Jlazpanaica, u tdopmyna TeHtaopa c ocrarounnM uyiaenom Jlarpamxa
Gyner
4 4
FO=f@+x—al@ px—apli2 .+
’ (ny (a)

(n+1y (=
+ =B - E28 @)

G vewny a n x).
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127. Pasnnuusie Bupw oopmyant Teitnopa. Ilpn #=0 Mu noay-
uaem u3 (7)) buBeneHnylo paubwe [63] (opMyAy KOHeuHmX mpHpaile-
nail Jlarpamka:

f&)—S@)=@x—a)fE);

¢opuyaa Tefinopa spasercss, TakuyM 06pa3oM, HENOCPEACTBEHUBIM 0606-
wenneM GopMysaLl KOHEYNHBIX Tpupainetuii,

flepexoas x npexuuy o0603nauennsM 1l HamucaB X BMECTO @ M
x -+ h Buecto x, nepenmiuem dopmyay Teiiaopa (7) b puge

i

S —fey="00 O TR 4R, (10)

TdK Kak Npu HOBWX 0Co3uauennsx (X —a) Hamo 3amenuts ua h. 3ua-
yenie §, Jewamee npu Npexinx oGosHayeHuAx Mexay a n &, Oymer
AeKaTh Meway X H (¥ —~-h), u ero moxno oGosnauuts uepes (x--06M),
rae 0<8<1. B cuay (9) ocrarounsift uien copmyan (10) Moxiio,
Takuy 0o6pa3oM, HAMICATH B Bile:

ne D (- L 04 N
R, (x)="h *iTgi;%—”— 0 <0< 1). a1

Jlesast vacte opyyau (10) ectv npnpautenne Ay gyurunn y=f(x),
COOTBETCTBYIONIEE NPUPAWEHMO WM, 4TO TO ke, Auddepenunany i
nezapucuyoll nepemennoil. Bcenoymuup Bupaikenus aas gudpepenuanios
phicLIIX nopsiakon [55], MBr nyeem

dy=ydx=f (x)h, dy=y"{dxP=f"), ...,
dy =y (dx)t =1 ()",

OTKYyAQ
, . .
y=%4+P+ IS . @

dfl“‘ly
(n4 1)et6n
BMECTO X CyMMH X —— 6/,

npuyeMm  CuUMBOA o6o3Hayaer pe3yabTaT NOACTAaHOBKH B BLI-

. n+ly
paxxeunne m )

B srtom Buge ¢gopuyaa Teilnopa ocoGenHo uHTepecua TOrAa, KOrAa
npupautenne i HesasncHMOll nepementoft ecThb BeauunHa OeCKOHEYHO
Manas. dopumyna (12) AaeT TOrAa BO3MONKHOCTL BHIAEANTL H3 NpHpauie-
uis Qyukiig Ay GeCKOHEYHO MaJane CJAardeMble PasiiuyiblX MOpPsAKOB
OTHOCHTEAbHO H,

B uactiHoM Caydag, KOTIa NCXOIHOE 3laverlie @ He3aBucnMoft nepe-
MenHol eCTh nyan, dopyyna Teiinopa (7) npuxnmaer Bug

=1 O+ 5P+ o LR e L0 R @), (09)
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rae
- x .
1 _ . xnt1fiatn ®)
Ra()=r | Fo0 O —trat = 2ELG0 ay
n & nexamee mMexay 0 u x, MoxHO o6ozuaunts Ox, rae 6, 3asucsuee

or x, yrosnersopser nepasenctsy 0<C6< 1. dopmyaa (13) nasmbaercsa
gopatyaoii Maraopena, . :

128. Panui Teitnopa u Makaopena. Ecan f(x) umeer npu x=a
% X OnnsKUX X a NPONU3BOAHLIE BCEX NOPAAKOB, TO MBI MOXEM HANHCATh

¢opmyny Teftropa npu moGoy suauenun n. Hepemmwem dopmyny Teh-
“JI0pa B BHAE:

f(x) _ Sn+l (x)=Rn (x):
roe

.n

T. €. Sp;1(x) ects cymma mepsux (- 1) unenoB Geckomeunoro psfa

f@+e—atP+ - @y

n!

Ecait npi HeKoTopoM 3HaueHus x u GecnpenesblOM BO3pacTaHuu n
lim R, (x)=0, : (15)

n—o
TO, B CHAy ckasaHHoro B [118], ykasauumfi Bhlwe Geckoueunwft psf
CXOANTCA NpH yKa3aHHOM 3HAaueHuH X 1t ero cymma pasna f(x). Takum

00pa3oM, nosyyaeTcs passooxerue dyuxyun f(x) 8 Geckoneunnii cme-
nexrod pad Teliaopa:

FO=/@+—al@4 . - 2@ g

N0 CTENEHAM PAsHOCTH (X — a).

B nanvnefimem Mu Bceraa Gymem HMETh 7eJ0 € TeM cayuaeM, KoOraa
ycaosue (15) HMEET MECTO He M/ OTAEAbHOTO 3HAYEHHA X, @ JUIA BCeX X
«H3 HEKOTOpPOro MpoMexyTKa.

Taknm xe obpasom ¢opmysa Makaopena Aaer naM npH coGmoxeHHA
ycnosua (15) pasaoscenue f(x) 8 pnd Maxaopena

=@ +xL0 4O (7

Ounenka R,(x) nMeeT BaxHuoe sHayenHe A MPUOGHIKEHHOTO BHUNC/ACHHS
sHauenntt ¢yuxkunu f(x) npn noMowtM pasnoxenus ee B CTEMeHHOH DA,

Ipumemsm npeastaywne coo6paKeHHs K PasNOKEHHIO U MPUGAHKEH-
HOMY BLYHCJEHHIO NpocTeNX QyHKuUni,
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129. Pasnowxenue e*. Ilpexxne Bcero Mel HMeeM
f)y=e", fx)=e, ..., fAw=e,...,
a noTomy
fO=r0)=...=f®0)=1,

11 ¢opmyaa Maxaopena ¢ ocratounnM unesom (14) maer
i x X2 xh xhHt o)
f@=1+3+5+ ... +5t+azme 0.

‘Mut Bigenu (npumep [121]), uro pan
«©
x:‘l
2
n=0
ectb aGCOMIOTHO CXOASHUCS TpH BCeX KOHEYHHIX 3HAYeHHsX X, a mo-

TOMY MpH BCAKOM X -HMeeM
. xntt 0

i H 15— 0O

@En Y npnn »

TaK KAaK 3TO BHpaxenue ectb oGuAN yneH cxolsuterocs pspal).

C apyrofl CTOPONH, MHOKHTEAL €° B BLHIPIKEHHH OCTAaTOYNOrO uJIeHa,

nasepiio, ue mpespocxoaut €® mpu x>0 i emmmusl npn x <0, a no-

TOMY OCTATOWHHI ujeH CTPEMHTCA K HYA0 NPH BCeX 3HAYCHHAX X, H

MHL TOYHUM DAa3JomeHne

A T R ARUE R B R T (18)

KOTODOE HMEET MeCTO NpH BCeX 3HAYCHUAX X,
B uactHocTh, npu x==1 noayuaem BhIpaxeHue AJAd e, BecbMa YAOO-
HOe AJd BHUMC/eHHS e C moboli CTeneHbld TOYHOCTH

T 1
e—-1+T!-—|—ﬁ—1— een +m+...

[Moab3yace 370t GopMyI0ff, BBHIYHCIHM YICI0 € C UICCTbI0 ACCATHYHLIMII
3HakaMi., Ecal MbH npHOIIKEHHO MOJOXNM

1 1
6%2—{—?—}—...—{—7{1, )
10 ownbka Gygzer )
1 + 1 o= 1 | 1 + 1
n+DEY @42 T (1) [ + n4-2 (n+2)
| L1 ! o !
RETER [IT n41 + (n+1)=+ J— TES | nin’

et <

1) Cw. 1axke nprsep B [34).
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npnqeu 3HaKk (<C) mocTaBieH NOTOMY, -UTO B 3HaMeHaTexe IpoGeil MHOMHTETH
(n+42), (n43), (n4+4), ... sameneHs MeHbWHM yHCIOM (n--1), oruero Bce
Ipo6H YBEAHUHIHCH.

MoxHO no3ToMy yKasaTh caexyoue mpefels, MexAY KOTODHMH 3aKilo-
yaeTca Y4ICIO €

2+21+ o <e<2+21+ o LT

n'

Ecnu xedaeM Moayunuth 17a € NPHOIMMEHHOE 3HAYeHNe, OTAHUAOINEECS OT
RCTUHHOTO He Goaee, yem Ha 0,000 001, monoxum n=10; Torna

’ 1,1 1
8%2-}-—2—!—{—3—!-}— Iy +m,

t

n omn6ra He mpep3ofiier ———=~<<3-10~% B artoft tdopMyire nepsme nBa cna-

1
forio
aeMBHIX BHIYHCIAIOTCA TOYHO; OCTaTbHBIE BOCEMb CIaraeMblX HYXHO BHUHCIHTH
€ CeMbIO 3HaKaMH, TaK KaK NpH 3TOM OMAGKA KaXIOro CI1araemMoro He Goabie
O eIHHHUOKN celbMoro 3Haxa, T. e. 0,5 1077, a Bca ommubxa He 6oabile

107.0,5-8=4.107,

. €. yeTHpex eNUHHU CeIbMOro 3HaKa, a MOTOMY ofmas omu6Ka no a6colwor-
OMY 3HayeHHio He Gyzer npeewmats 4,3-1077. Mu nmeen

2==2,0600 000 0 (touno)

11 '

S =7 = 0,500 000 o .,

L ‘ —=0,166666 | 7 Gutky
E b Vi (o n3GHTKY)

1 1 ’ ,
it = 0,041 666 7 ., »

1 i
A= 0,008 333 3 (no memocTaTky)

1 1 e == 27182818,
&= 5ig = 0,001 388 9 (no H36HITKY) '
%:-61— 0,000 198 4 (nmo HemocTaTky)
11 o002 | 8

sSiTTgT ” 4

i 1
NI 0,000 002 8 (o u3bHTKY)
-l—— 1 =0,000 000 3 7
0o ’ ”

“3naveniie e ¢ 12 sHakamn ects 2,718 231 828 459.
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130, Paznowenue sinx n cosx. Mu nveey [53]:

fx)=sinx, f (x)=sin (x—}-%), coer f® () = sin(x-{-k%),
OTKyAa '
F(O)=0, f(0)=1, f"(0)=0, f"(0)=—1, ...,
FEM () =0, fO™ (©0)=(—1)",
nocae yero dopmyna (13) naer
. X X ;3 (— 1)n x2ntt
sind =[—gtFH— o oo T
x‘.’rH- R R (2]1 + 3)1: »
+ (2"-{—3)! sin [0.\' +-——2——J.

-2nts
B ocratouno: ujeHe MUOKHTEIb —5— =, KIK ML Bilaea Boilie,

n+3)°
CTPeMUTCs K HyMO NpPH s1— 00, & abCoMI0THOE 3HAUeHue CuHyca He
npesblluaer  eAdHiUs, §, C/AS10BATEIbHO, OCTATOUNHBIH uYjed CTpeMuici
K HyJmo npu BCeX KOHEUHBIX 3HAYEHHAX X, T. €. pasjoxeHue '
(_])n Adntt

.3 .5
sinx:x—%—!—{-i\s—!—...—km—{--.. (19)

HMEET MCCTO Mpu gcex 3HaveRusx X.
AHANOTHYHLIM 06p330M MBl MOIKCM JOKa3aTb, YTO DAa3.JOACHUHC

— ])'l xan

cos w1 — 3 45— E e (20)

HMEET MECTO Npu 8Cex 3HALeHUAX X.

Pagu (19) u (20) secbMa yaoGHbl Ads BoHCAHUA 3uadenutl QPyHKIUH
sin X 1 COS X mpu Maamx suaveHnsx yraa x. Ilpu Bcex suauennsx X,
KaK NOJOKUTENbHHX, TAK Hl OTPH-
LaTeJbiblX, OHH 3HAaKONEpeMeHHEle,
TAaK YTO €C/N MH! B3/l TAKOE YICJI0
YJIeHoB, YTO AadbHelilllie HayTeyGh-
Bag, T0 owndkKa no abcoaoTHOM
e LB\, , JHAUCHHO 1l NPESOCXOMNT HEpLor
310 05 10 15 20 25 30 35 u3 orGpowennux uienos [123].

IIpn Goabunx  3suavenusx
Puic. 156. paast (19) u (20) rak#e cxomarca
" HO MeMJCIHO, W [ BHIYICIeHH
neynoOusl. Ha puc. 156 nOKasano B3aMMHOE PACLOAUMCLNC MUMHOL KpU
60 Sin X Q0 NePULIX TPeX NpubausKedrui:

xS
X, X—=, —f— 120
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Uem Coablie uJsenoB B3iTO B npuGanmkenHoft ¢opmyse, teM B 60ab-
HmeM npoMexyTke npubankennas Kpusas Gamska K TounoH. 3aMeruwm,
UTO BO BCEX HamUCaHHBIX (OPMyJIaX Yroa X BHPAKIeTcs B nyronon
Mepe, T. e. B pamuaHax [33].

Mpumep. Buuncimrts sin 10° ¢ Townoctsio mo 105, TMpewae Bcero nepe-
BOMMM IPajyCHYIO Mepy B nyronylo

arc 10° = 3_6-6 10—~§ 017 .e

OcranoBuBIIHCL Ha MpuOMNKenHofi dopuyte
sin T~ T pr
18 6\18/°
MEI JenaeM omudxy, He anBOCxORHmle

1 5 e =
135 (02 < 410 (1—8<o,2),

B npasoft wactn npeauaymeit gopmyast sm]—8 HALTEHNT BHIUHCIATH KaX-

Joe chaaraeMoe ¢ WECTHLIO 3HAaKaMH, TAK KAK TOrAA  MOJHas oubra 6)1101' He

Gonbuie .
2.05-100¢4+4.10%=5.10"".
C yKa3aHnHOlf TOUHOCTBIO MH lHMeeM

1
T =0,174533, 6(18) = 00008865, sin 2 =0,173617,

NpHyeM 32 nepBee YETHIpC 3HAKa MOXHO pyHaThCA,
131. Bunom HeloToma. 3mech Mw nveew, cumtan x >—1, 1. e.
14-x>0
f)=Q04x)" f(x)=mQ+x)"" ...,
R =mm—1)...(m— k1)1 +x)"*
FO)=1, f[(O=m, .., fPO)=mm—1)...(m—k-}1),

rae m — moGce BeNeCTBEHHOE YHCAO, Tak uTo ¢opmyna (13) maer mam:
m{m—1)

(l+x)”‘=1—|— Xt =gt
n ,,,(,n__l)...(ltl—ﬂ+1)xn+R (x), (@)

‘rae ocTaTounmit ufgen MoxeT OwTh OnpeldeteH mo q)opuy.'xe (8) npu
a=0:

&m;%ﬁwmmw—mm
0

anHHMaﬂ BO BHHMaAHIE, YTO B AaNHOM Ciyuyae

fint) O=mm—1)...(m— n)(1 4= £yn-n-1,
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MOXEM. HanuCarh

R,, (x)= m(m— 1)’;;- (m— n) s' (x _ t)u (l __l_ t)m—n-’dt. (22)
Y :

TNpinveuss K unrerpany teopemy o cpeasem (13) u3 [95] n o6o3suauas
yepes Ox, rae 0<8<1, suavenue f, newxamee mexay O um X u BXo-
Jswmee B YNOMAHYTYIO TeOPEMY O cCpeaueM, NOAyduMm '

R, (x)= m(m— l)n.!.. (m —n) (x — 0x) (1 4 0y % df =
0

—1)(m—2)...(m— 1—6\n m-
—(m—1) (m n!) (m ")xn(l+0x) (146x) ‘_mxn (23)

Ecan R,— 0, 10 pan

1+";;x+m(”;!—l)xg+”-+ m(m—l)..'.z!(m-—n—l—l) ... (24)

nogwken OmTh cxoasmumyca [118). Mu umeen

Upyy
Un

—_—,le-»l.xl npu n—»co,

a notony psaa cxoaurcs (aGcomoTno) npu | x| <1 u pacxoanrcs npu
[x[>1 [124]. Xora pan (24) n cxoautca npu | x |<!I, oanaxo eute
HesCHo, JITO TP 3ToM ero cymma pasHa (1 -FXx)™, u npuxoaurcs eme
IokasuBath, 4t0 R, (x¥)— 0 npu |x|<1. Muoxurens

(m—1)(m—2)...(m—n) s
n!

B Bupaxenunn (23) man R,(x) Oyzer ofuwyM uneHoM cxodgujezocs
psra (24), B Kotopom m 3ameHeno Ha (m-—1), a moromy [118] cTpe-
MUTCH K HYJIO 1pH 1 —> 00,

1—6
(1+Ox ¢
HuAx n. B camom nene, 8 paccmatpusaeMon caydae —1<lx<l+1,
a noToMy KaK NpH MOJ0KHTEAbHHK, TaK H NMPH OTPHULATE]bHHIX 3Haue-
nuax x Oyaer 0<1—0<1--6x, otkyna

1—0

o<ﬁ<1 n o<(1—+—0x)"<1.

Mocaeanuti Muoxuteas mx (1--0x)™! Takie ocraercs orpaHuyes-
HEM, TaK Kak unciao (1 - 0x) sexnt meway 1 u 14-x n mx (14 0x)™?
ASKHT MeAYy npededamus mx u mx (1-Fx)™), ne sasucautuMu o1 1.

n
Muoxureas ) He MNpPeBOCXOAUT eIUHIIB TNpPH BCEX 3Haye-
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W3 cxasannoro scHo, ut0 R,(x) mo dopmyre (23) npeacrasasercs
B BUAe NpOM3BEJeHHS TpeX MHOXHTeJelf, H3 KOTODHX ORHH CTPeMHTCH
K HyMo, a ABa JAPYFHX OCTAlOTCH OrpaHHYeHHBIMH INpH GecrmpeaenbHOM
BO3pacraHuu 7, a NOTOMY H

R,(x)—0 npn n— oo,
Hrak, pasnoxenne
m —1
Ut =142 20Dy 4
—D...(m—
+m(m ) n!(m n+1)x,,+.“ (25)

HMEET MECTO Mpit 8CeX BHAYEHUAX X, YD0BACMEBOPAIOUUX YCAOBUID
|x <L

Korzaa nokazatenp #2 €CTh YHC/IO LeOE H MOJOXKHUTENbHOE, TO paA (25)
3aKaHYUBAeTCA Ha UNEHe n==m W NPEBPaILaETCi B 3JIeMEHTapHyw ¢op-
myany Gunoma Hewortona, B obulem xe cayuyae pasaooscenue (25) daem
oGobujenue Gurosa Heomona 04 Kaxoz20 y200HO noxasameas m.

ITonesno ormeTuTs 0COGO HEKOTOPHIE YAaCTHHE CAyYau GHHOMA:

%=1+x—}—x9+x3+...+x"+..., (26)

— 1 1 1-3 1.3-5
Vifse=ltgr—ggatrs® —gresctn @D

1 . 1., 1.3 ¢ 1.3.5 5, 1:3:5:7,
Vige ' T ¥t —rre® Traest T (29

3amerum, uto dyuxuus (1 4 x)" npm Beskux x >-—1 umeer noJo-
xKuTenbHne 3nauenns [19,44], 1. e. cymma pana (24) npn —1<x<+1
noioxurensHa. B uacTHOCTH, Hanpuvep, paA (27) ZaeT B 3TOM MNpoMe-

KYTKe NOJOXHTeAbHOe 3Havenne 3/ 1 -+ x.

IIpumepun. 1. MsBaeyenne xopneit. Popmyana (25) oco6eHHo ypoGHa mis
u3BIeYeHHs KOpHelt ¢ mo6oft cremeHblo TOYHOCTH. [1yCTh HYXHO H3BIeYb XOpCHB
m-it creneHn n3 ueioro uucra A. Bcerma MoxHO nomo6parh mexoe YHCIO a
_TaK, Y106H m-a CcTencHb @ Gbl1a, M0 BO3MOXKHOCTH, 6anxe K A, Tak uro, nolo-
wus A =a™-b, npnuem |b| << a™, mu umean 6ol

VA ="/a"1b =a “/1.}._01%_

b b
Tax xak 3nmechb I—aﬁ <<1, T0 06o3HayHB OTHOLICHIE o7 1epes X, MLl MoxXeM

b
BHYHCINTD Vl +b7“ no dgopmyte G6iHoma HeioToHa, mpuuem paa 6yiler cxo-

ANThCA TEM JayylIiC, 4YeM MeHbINE _36(?0.'1101'1!00 3HayeHIe paccMarpisacMoro
OTHOLICHNA.
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Briyncans, nanpHmep, i/lOOO ¢ Toynocteio mo 1078, Mper mmeem

0= /T2 =4(1— 55 =

128

_4[1_L._3___L.i(3)2 1. i 3/_3_)’_ I
= 51985 "10\128) ~ 5 "10 1B\138) T
OCTaHOBHMCA HA HAMUCAaHHHX WICHAX I OUEHHM ownCKy, MOICTaBAA# B Qop-
myay (23)
m_—..—l— n=3 x=—-i-
5 ' 728

1—o0\~
Muoxureas (1+0x) , Kak OHJ0 YKa3aHO, 3aKIIOYaeTCs MeEMIy HyaeM I

eaunnieit. Muoxurean (1 4 8x)™~! Gyner
) 3 \—¥s_ [125\%/s 6\¥s _[_3/ G\ _[4\8
(1_0 128) <(1_E§) “(Tz‘é) < ('5‘) —U/€) <(?) '

16o
6 _6 4
Vs<3<3"

Oxouyareantio 13 gopmyas (23) noayuns

4 1 4 9 14/ 4 ]
4iRn[<1 2 3 5 —5-"3"_5_(“1’58_) <2'012'0»8'()'6'2'8'(0,03)1<5'10 7.

Buiyscaeniie OCTABIINECS YICHOB HYXHO BECTH € IICCTLIO 3HAKAMH, TaK KaK
TOrAA 103Has OWNOKA He MPes3oiieT

4-3-05-107°45.1007=6,5.10" < 1075,

Buiuticaeniie Mokno PACHOIOKHTL CACAYIOMUIM 06p830.\12

1 3
i == D,
E=02 X [og = 00234375 X 0,2=0,004 687
1 4 3
+ - 15 =008 % (@) = 0,000 549 X 0,08 = 0,000 044
1,4 9 _ oo 8\ 0,000 013 X 0,048 = 0,000 001
T 01T x(ﬁg>—’ T

0,004 732
1 — 0,004 732 = 0,995 268
X 4

3,081 072

2. Mpubainkennoe BuyicieHne Kaupu saannca. B [103] 6wi1o noayyeno
ciaejylouiee BHpaxcHite MaA JIHHB [ 9a1H0cCa € MOIYOCAMW a M b:

w/s ®/2

3
= gVaz sin? ¢ -+ b2cos? £ dt =4a V-sinzt—i—%,cos’tdt
0 §
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|bopmyna (22)]. Beona B paccMoTpeHie SKCHEHTPHCHTET ¢ 3AmiuCa

2 __pe b
!’_a 02 . ;:1—&’,
nonyuaem:
/3
[=4a g V T—dcos fat. S ©9)
o

ViHTerpan sToT TOYHO BHUYHCINTL HEIb3fl, HO €r0 MOXHO BHYHCINTH ¢ Kaxofl
YrOZHO CTCMEHbIO TOYHOCTH, PA3TOKHB !) NonwnuTerpaibHyl0 GYHKUMIO B pai Io
cTefenamM

VY 1—clcostt=1— %a’ms’t-{—

Y3
1-2.3

=1 ——;— e’cos’t——‘— ¢4 costt

s s*cos® £ 4 Ry,

1
16
npiueMm omubxa R, ecan ee onennth no gopmyae (23) npn n =3, ynosaersopsner
HEpaBeHCTBY :

1 1 3 5 1
7'7°7'3 1—0 1
R =2 T vest o iy | 0 —btem 7 <
5 efcostt
< gy ——— 30
RYT—a’ ©0)
TaK Kax

1—86 3
0<(1—8:’cos’t) <l

n
LI -1
(1—8efcos?f)? < (1 —e?cos?s) 7,

ﬂOIICTaBHBVSTO Buipawenne B (29) nas I, mHTErpHpys ¥ BCNOMHEB dop-
Myan (27) [100], naxomum

®/2 I =/ l‘ /2 1 =/ %3
l=4a[S dt— Scm!tdt—§54§cos*tdt—mee§ cose £ dt - SR,dt]—_:
1] - [i]

1, 3, 5 /0
=27:a[l ——4'5’—6—45‘—%5"’79], B (3])

1) Pa3noxeHne 9T0, HABEPHO, BO3MOMHO, TAK KaK JAas 9MAHINCA ¢ << 1, W mo-
TOMy cmaraemoe —e®cos® f, KoTOpoe Hrpaer 3iech poib X B opMyre GuHOMA
Hoiotona, no aGcomoTnoMy 3HayeHHI0 MeHblle €AHHHIHL,
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rac, B cuay gopuyant (10,) [95]) u nepasencrsa (30),

/g /g
2 S' 5 &8 2 175 €8 0,05¢¢
=|—= Rdt|<,— —————-——gcosstdt=——— < — .
Vel l"b : 2 Y12 = ) 2 yYi—e Yi—e

dopmyaa (31) cama no cebe yno6HA KA BHIYHCIEHIA IAHHBI 9THACA, OCO-
GCHHO I8 MaJablx 3KCIECHTPIICHTCTOB. OcHoBHBaACL Ha Hell, MOMHO YKa3arb
1IpOCTOE TICOMCTPHYCCKOC NOCTpOCHIIE npn6.1mxcm10ro BHIpaXcHHA IJA AR
9AJHIICA, JIDH KOTOPOM HYXHO HMCTbL J€10 TOJIBKO C OKDYIKHOCTAMIL

OG6oanaunym uepesa /, o [, COOTBETCTBCHHO, CpeaHee apudMeTHYeCcKoe 1t Cpel-
Eee reoMerpHuyccKkoe noayoceil saamnca:

a-t-b —
ll= -*2_ 2 12=Vab

M CPaBHHM JanHy ! saaunca ¢ Aanuamu 2zly, 2=/, ABYX OKpYyMHOCTel pamuy-
coB Iy 1 Iy
3ameyas, yro
b=ay T=e, L4y =T, Va=d/T=2
o » T2 T2 ’ =% ’
M paaiaras B psaisl mo dopmyae Gunoma Herotona, noayyum Ges 1pyaa cacayio-
e BhIPaMCHI:

- 1, 1 1 ’
_2:l,=27:a|_1-——‘i— E'-—]EE‘—§25°+91J: (32)
) 1 3 7 )
27:[2=2.'.algl-——4—£2-—3—25’—'m—8'5°+92’|. (33)

npiueM oMWMOKH p; W py, CCAH HX ouennTb 1o dopmyae (23), yaosacTsopaior
HCPABCHCTRAM:

5 €8 77 &8

D) Vf——e—,, le2 < 75

SI2 (1 —ezy’/a”

Orciofa ACHO, YTO NpPH ManoM IKCUEHTPHCHTETe, K020a8 MONCHO NpeHeOpedd
BULCULUMIL CIENEHAMU & IO CPABHEHUIO C €2, MONCHO NPUHAMb 3a 0AUKY IAAUNCA
Oauny a0608 U3 08YX OKPYICHOCIREl, paouycel KOMOPWX pasHvl CpeOHeLy
apupsemuieckoMy uau cpednesy 2eosempudeckomy noayoced. Ecan wenareasna
GéabllaA TOYHOCTh, COCTABHM BhIpaxceHile

@ 2=l + 8- 2y, (34)
HOB,06PBB MHOXHTEIH a i ? Tax, 4TO0H! 110 BO3MOXHOCTH 60abliee YHCIO 4iACHOB

B soipaxenuax (31) u (34) cosmapaan Mexnay cobofl. Tak kaxk mepsbic ABa YlcHa
Kaxaoro n3 Buipaxenuit (31), (32) n (33) cosnanaior, 7O, lIpexae BCEro, AOMKHO

6uiTh
af-f=1
Mpupasunpas, naace, Mexay coboll kosdduuiteHtel npn ¢! B Buipakennax (31)
1 (34), noayvaem
a , 33 3 .
Tt_5+3—2_6_1 uan 4o -§-63=3.

Pewas noayyenusie Asa ypaBHCHHA OTHOCHTEIbHO a M §, HAXOXHM
3 1

p=—

7.

a=



132 § § 13. SOPMYJA TE{IJIOPA U EE NPUJIOXEHHUSA 821

Moncrasus 310 B (34), nmeem
a-2nl, 4B 2,1,ﬂ2r(2 11—%1,)_.
1 3 5 3 1
=tra(l—ge—ge =gt ru—gn), @)

T. ¢, OKa3HBaeTcd, YTO COBNANAIT YIEHH HE TOILKO C ), HO It c ¢%, 1 pacxo-
waesne dopmya (31) n (35) HauuHaetca TOabXO ¢ 4ieHos ¢ ¢5. [Ipuusas o BuH-
MaHUe HafiileHHHE Bblile OUEHKH JIA p, Py M pe I 32METHB, YTO

1 1 1 175 1
Vi—e " (1—e2)*/s ST—e W +3? 2 +51f> 7 <04
MOMEM OKOHYATEABHO CKA3aTh: ¢ OMUOKOL, He npesocxoosuel 10 : ey 3a’ -

Ry 2a4UnCa ¢ noAyocami a, b u axcyenmpucumemon & MOICHO NPUHAMD OAURY
OKpydcHocmu paduyca r, npuuenm

132. Pasnomenue log (1} x).') dro pasnomenne MOXHO moayuntsn
u3 obwelt Teopun, HO Ml NPUMEHNM APYro# cnoco6, koTopeift ¢ ycne-
XOM ynoTpeOseTcs H BO MHOFHX ADYFHX CJAyuasx.

Buipaszum log (1'-}-x) B Buae ompeaenenxHoro nurerpana. Mu nmeed,
ouesHaHo, mpu X >— 1t

dt
l+t

TO0 eCTb

log(l—l—t)l = log (1 - x) — log 1 =log (1 -} ¥),

X
dt
log (1 -+ x)= S ™
0
Ho umeer MecTo TOMAECTBO '
ot (1t D
l + t - 1 +t s

KOTOPOE HENOCPEeNCTBEHHO MOJYYAeTcs, €CAH AeMHTh eauHuuy Ha 1-F¢
M OCTAHOBHTLCH Ha OCTAaTKe (—-1)"t". TakuM oGpasoy,

dt

og (1-0)=\ 1

(_.1)ntn

[l—t—l—t*-—t*—}-...—}—( ty-tget 4 G208 Jdt=
=x__:§_’+x’ x‘ +(_l) +Rn(x))

1) dypkuua log v He Moxer ObTh Pa3ToMEH2 B PAR NO CTemeHaM X, TaK
Kak npi x =0 oHa caMa H €C NPOHU3BOAHHIC TCPHAT Pa3PHB HEMNPEPHBHOCTH
H ofpawmanTca B 6eCKOHEYHOCTD,

11 B, H. Cuupaos, 1. I

I

R T Y9
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rae

R, (¥)=(—1)" S f"_‘f‘t (36)

Pax
P I —]-—-——_(_n:lx" £

I8 KOTOPOro

='—l:n——I |x|—]x]| npn n— oo,

u,

Up_y

nasepno pacxoasmutica npu |x|>1 (caenctsue [121]), a notomy nyskio
paccmarpnpaTh ToabkO Cayvalt |x|<l, x===1. IIpu srom cayuait
X=-—1 TaKkke poaxen Outb o10pomen, n6o npn xX=—1 d¢ynxuus
log (1 4~ x) obpawaercs B GECKOHEYHOCTh.

Wrak, ocrawtea cayuam 1) |x|<1 u 2) x=1. B cayyae 1), npu-
menss K Bepaxeduo (36) ans R, (x) teopemy o cpeanem [95] u upwm-
HNMat BO BHUMaHne, YTO f" ne MehseT 8uaka npH usmeneuni £ or 0
0 X, lMeeM

I O P |
Rn(—’@)~—1+0_\.gi dt—m (A2 37
v

oTKyAa, B cuay ycaosna {x|<1, caenyer
_ 1
| R 0 <531 T

Muoxurtean B TpaBofl 4YacTH NpeALAYMEro HepaBeHcTsa

1
I4-0x
OCTAaETCA OrpanuyeHnuiM NMPH BCEX 3HaueHMAX /I, TAK KAaK 32KJI04aercs

MEKAY mnpeaciaMu 1u HE 3aBHCAWHME OT 12, a IIOTOMY mpn pac-

1
I4x?
CMATPUBIEMHX 3HayeHuax X

R, (¥)— 0 npu n— co.

Tor xe pe3yabTar Mul moayunM u o cayuae 2), korma x=1.Ta xe
dopuyna (37) npn x=1 noxasepaet :

1o 1
]R"(1)|=n+11+0<n+1’
T. €. OllATb

R, (1)—0 nmpu n-~— o0,
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Hrak, pasnoxenue

log(l4+-9)=xr—5 45 LEVF L @9

HMEET MECTO FIpl 8CEX 3HAUEHUAX X, Y00BACIMEOPAIOMNY HEPABEHCINBA M

-l (39)

B uactnoctd, npn x==1 umeeMm paBEHCTBO
L 1,1 (—1)n~t '
log2=1— 7—}——3—— +—n~—l—,

‘0 KOTOpOM yxe Ouo ynomanyto seme [123). dopmyaa (38) uenocpen-
CTBEHHO I/ BHUNC/IEHHs JIOrapndMoB HE FOANTCA, TaK Kak B Hefi npej- .
nonaraercd, 4TO X YAOBAeTBOpser HepaBencrsam (39) m, kpome ToroO,
pax B NMPaBOi YACTH €€ CXOAMTCA HeNOCTaTouHo Onictpo. Ee Moo mnpe-
o6pasosars B Gosee ynoOumift ang Buiuucaenuft sun. Jas storo noacra-
BHM B DaBCHCTBO

log (1 +x)=x—§—}—%—s——...

(— Xx) BMECTO X, yTO Jaer

x:  x3
lg(l —X)=—x—5—F—.. (x|<1),
Il BHYTEM NOUseHHO. Mu moayumm
l—l—x X3
og (5L =2(r+T+F+..) qrI<D
TTonoxus 3smech
4 z __a+z .z
—x =T =" =51 (40)
MBl nMeeM
a+z

a [2a+z+3 (2a+z)‘+5(2a+z)5+ ]

nin

1
log(a+z)=loga+2[.2;*_2—!—?(2(1_,‘_2),—!— J (41)
Bra dopMyna roantcs yxe npu BCEX NOMOKUTENLHMX SHAUEHHIX @

TE

nune#t, Ona Tem Gosee ynoGHa NS BHUNCAEHHA, YeM MeHblue ApoGb

U 2, TaK KaK MnpH 2TOM X = 33KMIOYACTCA MEeXAy HYyAeM u enn-

z
27_"'_—5, HJAH, YTO TO K¢, 4YEM MEHBIIC 2 1O CpPaBHEHHI C a.

11
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Popuyaa (41) BecbMa 110a1C3HA N1 BHYNCIEHNA JorapupmoB. Xota daxrn-
yeckH Ta6aiua aorapudmMos OHJa BHYHCIEHA He ¢ TMOMOMbIO PANOB, KOTOpHC
Bo Bpema Henepa u bpurra 6nanm ewe HenspectHw, Bce ke ¢opMyra (41)
MOXET C YCIEXOM NDHMEHATbCA NIA IPOBEPKI H J1s8 GLICTPOro BHIYHCIEHHSA
Tabanuu aorapudmos. [lodoxum B (4]1) 2=1 1 BO3bLMeM mnOCIEAOBATEIBHO
a=15, 24, 80, M moayunm

1, 1
log 16— log 15=2[3—1+W+"']=2P'

) 1 1 :
Jog 25— log 24=2[E+m+...J=2Q,

1 1
10g81——10g80=2[m+m+"_]___QR,

i

rac psaas, oGossayensme yepe3 P, Q, R, cxoxarcs sechMa Guictpo, ITH pasen-
CTBa AAIT HaM YPaBHCHUA

4log2— log3— log5=2P,
—3log2— log3-2log5=2Q,
—4log244log3— logb=2R

aas onpeiedenna yucea log 2, log 3, log 5, pewasn koropsle, HaiileM Ge3 Tpyma
log 2= 14P -1+ 10Q + G6R,
log 3=22P-}-16Q - 10R,
log 5=232P 4-24Q +} 14R.

Moayyennure TakuM nmyTes orapigMer 6yAyT HaTYPAILHLIMI C HX OMODILIO
Mbl HaxolnmM Moayab M AECATHYHOi CHCTeMBI J0rapugMoB:

1
M=oy =0434204 4819 .,

3Has KOTOpHIl, MOKEM OT HATYPaAbHBLIX ;0rapndMOB NEPEXOMiTh K AECATHYHHIM
no gopmyae
log,, x =M log x.

Anazornynnm nyTeM, NOIb3YACH PAJTOXKCHHAME HAa MHOKHTEdH

a= 2400=100.23.3, atz= 2401=T",

a= 9800=100.2.7¢, atz= 9801=3.11,
‘a=123200=100.2+.7. 11, a-+z==123201 =3°. 132,
a= 2600=100.2.13, atz= 2601=32.17¢,
a= 28899=232.132.19, a-4z= 28900=100.172,

Ml BHYnCanyM log 7, log 11, log 13, ...

Onpejeans JorapudgMbl NPOCTHIX YHCET, MH  Yywe 6e3 MOMOWM pALOB,
a TOIbKO ONHHMI CIOKEHHAMU H YMHOMCHHAMH Ha leibie MHOXHTEIN Onpejc-
AHM H JIorapiH@Mbl COCTaBHBX YHCET, KOTOPHE, KaKk H3BECTHO, BCEIZA MOXMNO
Pa3J10KHTb Ha NPOCTHC MHOXHTEAH.
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133. Paanowenne arc tgX. 31ecb M OyaeM MOCTYMaTh Tak e,
kak u npu pasaoxenun log (1 - x). Mu HMeeM

darctgt=—= T-{-_t*
IMoayyaey, uHTErpHPYH,

X
§ -1—_;{‘—‘2—=arctgtlj:arctgx—-arctg0=arctgx,

rae arctgx, Kak u B mpumepe H3 [98], HMEEeT TrJaBHOe 3HayeHne. Mul
Hveey, cnenoaarenbno,
X

= (e =1t — e e
5
R N ) i sl 7o)
rae *
Re@=(—1r § 25 (42)
Pan

l)’l—l  x2n—-1

(_
=5 S+
9 KOTOPOro OTHOLIEHHE

_2n—3 ,

Up 2
—2n_1x X npy n-—oo

e

Up_y
HaBepHo, pacxoautcs npu x*>>1; HaM NO3TOMY MOCTATOMHO Orpau-
unTheA cayuaem xi<<1, 1. e
—l<xr<-1 (43)
Cunran cnavana 0<x<<1, us dopmyant (42), B cuny VI [95)}, no-
AyquM:
x2ntt 1

|R,,(x)]=S%di<§t”dﬁ—-2n+l\2n+l—’0 (n— 00),
i §

TIK KaK, OYEBHAHO,
t”' on
<t

Ecan x<{0, 710, BBOAS BMECTO ¢ HOBYIO MNEpeMEHHyl, ¢==-—r,
IOJayunM

R, (x)=(—1)"“05 e e
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3aech BepxHuil npeges (— X) y:me NONOMKHUTENEH, a TNOTOMY ONATh
IMEET MECTO yKasaHHas BHIIE OueHKa mas |R,(x)], T. e. pasnomenue

X3, % (—1)r-ty2n-1
arctgx—x-—?—}—-—s——...-}——QnTl—-—I—... 41)
HMEET MECTO npu 8cex 3HAYCRUAX X, He IZpEBOCxoaﬂllﬂlx ebzmuuy no

Q6CcoAIONHOMY 3HAYEHIIO,

B wactHocri, npy x =1 noayyaem

% 1 1
arctgl =—4-__1-—-§-+'§—-..

Psn sroT, BBHAY BECbMa MeAJEHHOI CXOXHMOCTH, HENpPHrOileH I BHYC-
acHus yHcaa = Pax (44) cxoamrea Ttem Gucrpee, yeMm Menbue X, Iloaoxum,
nanpisep,

Mo nMecM

2 5
B 5 6 120
BT R A A 1
25 144
Tak kax tg 43 Ma10 OTINYACTCA OT CAMHHNL, TO yroa 43 Maio oranyacrca
oT % Beefes 3Ty Ma1yl0 Pas’HOCTb
q,-=4»,=—-2-, %=4l~_g,
Orciofa BHEOINM
= 120
, ny Bk—lg gl
gy=gik—7)= 20~ 339°

I-Higdp-1g 14175
Yro Aaer

T . 1 1 _
T=49—-«,-—-4 arctg —g—arctgm_

1 1 1 1 1 1 1 ’ 1
=4 —— e . e — . —_ e —
4[5 3 R R T CE +J [239 ]
O06a paaa B cKo6Kax-— anakonepesennsie [123], a notomy, orpannunsmiucs

B KLKAOM B3 HUX Jjlb HAMHCAHHBIMU YICHAMIL, MB clelaeMm OWINOKY, He npe-
BOCXONAILY IO
4 1

—— 3. 10~
g7 Ty <08 10 (

¥eaas noayuurb = ¢ ToyHoCTsI0 10 1075, MH 6ynem BHUNCIATL OTAEILHEHC
YACHH C CeMbIO 3HAKAMH, TaK KaK TOrda OMHOKA NpH onpejeleHnH T He npe-
4

B3oiiner
: 4-4.0,5-107740,5-10774-0,5- 10" << 2. 1079,

a omn6Ka DpH onpeleacHIH = He npes3ofizer §.107¢,
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Buunenenie 6yaeM NpoH3BOAUTbL MO cledymomeft cxeme:

P 1

= ==0,2000000 7oy = 0,0026667
1 1

5 =0,0000640 ey = 0,000 001 8

-} 0,200 064 0 — 0,002 6635 0,197 3935

X 4

T 07895820

— 535 == — 0,004 184 1

~0,7853979

X 4

===3,141 591 6

3navcuite yncaa = € BOCbMbIO 3HakaMu ecth 3,141 591 65.
Moxxo noayunrs npn | x| <1 pasioxenie

oo _ox o xt 1.3x8 1-3-5... 2n—1) xintt
acsinx=T+5gtegsttoge.. wmomFiTr @

134, NpuGanenusie dopmyav. Psanp Makaopena, B cayuae ero
CXOJUMOCTH, NAET BO3MOXKHOCTb NPUOMLKEHHO BHYHCAATE dynkumio f(x),
saMensis €€ KOHEUHBIM YHC/JAOM YIEHOB Pa3jOKEHUR:

xf' 0 x2F°(0
rO+LO4=L0

YeMm MmeHblue X, TEM MEHbLIe UJIEGHOB MOXHO Opare B 9TOM pasno-
wenud aas BeuncaeHus f(x) ¢ xenaemoft TouxHocTbio. Ecaum x Becema
Majo, TO JOCTaTOYHO OTPAHHYHTLCHA TOJLKO MNEPBBIMH JABYMA UY/IEHAMHu,
oTOpocuB BCe OcTajbHbe. TaknM 00pa3oM NOJYYaeTC 8ecsisa npocmas
npuGauscennas gopruyasa 0as f(x), KoTopas npH MaAHX X BHOJANE
MOMET 3aMEeHHTh YaCTO BEChbMa CJIOXHOE TOUHOe BHpameHne ang f(x).

[Ipusenem Takuwe npubianxenuste ¢GopMyas pas Haubojee BaMHHIX
GynKuui:

"]/ l—{—xml—}—%, sinx X,

1 x x*

—_—aal—, cosx~1—3,
']'/'IT-T n '
(4%~ 1-4nx, tgx=x, »
a*~1-4xloga, log (14 x)~x.

Monb3ysce oTnMu  npuGamikeHHHMH  dopMyaamn npu X, Gauskux
K Hymo (MONOKATENLHHX NAH OTPHUATEABHBIX), MOXHO 3HAYHTEABLHO
ynpoulaTh CAOKHHE BHPAKEHHS,
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Npumeps.
m n m \n
| / 1+ 5% B (H‘,’,?-\) ~(11m x)(l—]—"_mx)~
k n—m - n—m "~( n n -
n n

n—m
n

x=14ux

m
: ~14+—x-+
n

I—x 1 1 ! 1
. 1o ]/———:—10 [—)—log(l + ) x—m X — X =—x,
3. Onpeacauts yBeauueniue o6beMa Teaa nmpi Harpesannn (o6beMioc pac-
pere), KOraa 113pected koadduuuedt mineftnoro pacumipenus a. Ecan omun
U3 anHefiHBIX pa3MepoB Teaa mpx 0° ecTb /,, 10 NpH HarpeBaHHH Jo £° o 6yLeT

I=1, (1 4 at).

@, K03 HUICHT pacuiipedis, A18 GOIbIMHHCTBA TCT — BCCbMa Majas BCIHURNA
(<<107%). Tak kak 06LCMEl OTHOCATCA, KAK KyOLl JHHCIHBIX PAa3MCPOB, MOKCM
nHcarb

v 1+ at)?

v—=f—+1—); v=0, (1 4 at)* = v, (1} 3at),

[}
T. €. YHCT10 32 AaeT HaM Kos3hdHUICHT o6bemuoro pacumpenna. Jaa naorio-
CTHl p, KOTOpasA o6paTHO MPONOPUHOHAIbHA 06beMY, HaflacM aHATOrHYNYIO 3aBH-
CIIMOCTb!

P 1
o (I-at)®
[ouatio, uto Bee 3TN MpHGIMEKCHILIEC GOPMYAL FOIATCA TOILKO NMPH A0CT3-

TOYHO MAJIBX X, B NPOTHBHOM K€ CIyYac OHHN OKA3LIBAIOTCA YXC HCTOUHHMY, N
Heo6x0 MO TIpHBICKATL K PaccMOTpPCHIIO AAJabHEMHC YICHB pasaosEenna.

p=po (I 4-at)? sz o (1 —3at).

135. Makcumymbl, MUHHMYMBI W ToukH neperuéa. dopmyaa Tefi-
Jopa DO3BOJAET CAEAATh CYLIECTBEHHOE [MOMOJHEHHe K MNpaBilly Haxo-
AIeIs MAKCHMyMa u MunnMyMa ¢yHxkunfi, usioxensomy B [58]. B naas-
neliweM MBI cynTaeM, 4ro f(x) lMeer lenpepHBuNE MPOH3BOANHHE O
NIOPANKA I B TOYKE X ==X, Il €€ OKPECTHOCTH.

Ecau npu x =x, obpawarwnica 8 Hyas (n— 1) nepenx npou3sod-
rotx gyuryun f(x):

fx)=f (x)=...=f""1 (x)=0,

npuses n-s npouszsodnan [ (x,) omauuna om Hyasm, 3Hauenue x,
coomeemcneyem 8epuune Kpusom, ecau n, m.e. NopadoK nepsoii He
obpaujaiouieiicA 8 HYAb npou3so0HOI, ecnis HUCAO LENHOE, I NPUIOM:
Makcumys, ecan [ (x)<0,
snusys, ecau fU7 (x0) > 0;

ecal dite n ecms HlcaA0 HeHemHuoe, mo 3HaxeHue X, coomeemcmsyen
He eepliuHe, a modxe nepeeuo’a.
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D.Jlﬂ AOKa3aTe/bCTBaA HYAKHO PaccMOTpeTh PpasHoCTH
fxgh)—f(x) n [fxg—h)y—f(x),

rae hr — pocratoyHo Matoe nosokuTenbnoe uncro. ITo camomy onpene-
AEHHI0 MaKCcuMyMa B MuHUMyMa [B8] B Touke X, Gyzer Makcumyym, ecan
ofe 5TH PasHOCTH MEHBINE Hy/Ad, MHHUMYM, ecan o6e oun Goablie
nyas. Ecan e sTH Pa3HOCTH NPU CKOJAb YrOZHO MANHX HONOXHTENAb-
HBIX /i GyAyT pasHEIX 3HAKOB, TO MPH X, He OYZeT HH MaKCHMyMa, HH
MuHnMyMa. PasHocTi ke 3T MOryT OHITL BhuiCIens no ¢opmyae Tefi-
JI0pa, ecan MOACTaBHTL TyAa X, BMecTo a u =/ Bmecro?!) /:

F o B=F (50 {11 () o e 0 () -+

| 5 o 00,
S (0 — W=7 (%) = {11 (e 4. A ST S0 (o)
- S o ey — 041

o<t 1 08 1)
Ilo ycnosmo:
F' =1 () =...=F"1 (x)=0, - /™ (xg) 7 0;
3HAUHT,

£ (o) — F () = 2= £ (2 |- 01,

f o — 1) — f ) = X 1) ey — 0,1,

HPH HOCTATOYHO ManOM MoAOXuTeabhoM ki Muommremn f (x, -1-0h)
1 f*) (xy—06,h), B cuny npeanonaraemoft nenpepuisHoct f*) (x), nvelor
onunakosufl 3Hak, a umenso auak wucaa f (x,), oramumoro or nyas.

Mu BHzemH, YTO TOUKa X, MOXeT GHITL BEPIIMHON TOrAa H TOJBLKO
TOraa, xoraa o6e pasnocru f(x, == i) — f(x,) onMHAKOBOro 3maka, 1 o
CHAIy CKa3aHHOro cefiyac 3TO MOXET CAYUHTBbCS TOJBKO, €CA 71 HUcao
yeTHoe, #GO TONBKO TOrAa BRIpawenns fx,=2=h)— f(x,) Oymyr nmers

. OHAKOBHE 3HAKN; B OPOTHBHOM e CJy4ae, KOraa 7 HEueTHOe, MIKMi-
‘tean B* u (—1)*h" Gynyr pasubIX 3HAKOB, H HCCAEAyEMBIE DPa3HOCTI

Takwe OyAyT pasHLIX 3HAKOB.

%) Ocrarounnit uzen Mo Gepem B dopme Jlarpanwa; uncao 0, aexamee
MeXRy ByaeMm 'y exusuueft, npy (4-h) u (—Ah) He OIHO H TO Xe, NOYEMY MHI
namncaan 6; Bo Bropoil dopmyae,
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Honyctum Teneph, YTO 7 ueTHOe; Toraa OOCWMH SHaK passocteld
JF(xy = h)— f(x,) copnazaer co smakon S (x,). Ecmn f™ (x)<0,
T0 f(x = /) — f(20) <0, u Mbl myeen Makcuyss; ecau e [ (1) >0,
10 f(xy == 1) — f(x) >0, 1 nomyuaeM MuHuMyM.

Ecau ixe 72— yucao HeueTHOe, TO, BO BCAKOM Caydae, #>==3, aaa
BTOpO# mpoussoanoll f7(x) Mu moayuaeMm n3 gopmyast Tetlaopa supa-
KeHue:

hn-?

(M= =2 S (x4 6,1),

" __1 n-2 hn—2 n
f(r— )= ‘_(,I)TQ)I_ F® (6, — 0,10,

OTKYHa, paccy#xaas TakuM ke o0pasoM, Kak n paublue, yOemaaemcd, 4To
BBUAY nedetHoctTn (n—2) oynkuus f°(x), obpamaics B Hyas npu
C==X,, MeHSeT 3HAaK, T. € 3HaueHHe X, COOTBETCTIBYET TOuKe mnepe-
ruba [71], yto u TpeGoBanoch NOKa3aTh.

136. PackpoiTie Heonpeaenennocteil. Ilycts iveem oTHoOweHue
dyuruuit
(x

X

-G
—

|

’

-
—
~

KOTOpLIE MipH X—a o6pamaiorc;1 B HY/b. Oas packpuiTHd HEonpeae-
JEHHOro BLIpaMeHua

¢ (x)

¢ (%) jr=a

npu 9 (a) =¢(a)=0 pasnaraem uucAuTeJAb H 3HaMeHaTeJs no dopmyae
Tetinopa:

W =(r—0a)y (@ E=G L@ L Gt
{x — a)rH‘l ‘?‘nﬂ) (E )
T aEn
~—a)* ¢’ — gyt
*i'(x)z(x—a)‘y(a)_}_(x_j‘_%!_‘l‘_(“_)_i_._._{_M)n!‘r‘_("_)_{_ i

a)lH-l LPUH-H (s‘)

(x—
ny CEY

n, M0 COKPAlEHWH PACCMATPHBAEMOrO OTHOLUEHHR HA HEKOTOPYIO CTe-
neus (X — a), noJjaraeM X =a.
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Mpumepw.

4x2 , 16x* )
. 1—cos2x . ]—(I_T-'_ 5 T o
1. lim =lim

. 3
x0F—1—3x x—>0(1+3x+.9%.+%7-x’+ ...)—-l—ax

16
. 2—2—4x'+ .oe 4
=lim -———-——————'=§.

Tor e mnpHeM TNPHHOCHT mOIbL3y 1 TpPH DPACKPHITHH HeompeRe’deHHocTell
APYTHX BHIOB. PaccmoTpuM ONIH mpuMep.
3

2. lim (¥ £ —5x8 +1— ).
X—>o
3nech MH HMeeM HeonpeaeacHHocTs BHAa (co— o). Mu nmeen

Ve gi—eme[) 1- B =
=r{[ =2

5 1
[Tpu nocraToyno 6oxbLINX, O a6COTIOTHOMY 3HAUEHHIO, X PA3HOCTh (—;—25
61M3Ka K HYII0, H Mbl MOXEM NpHMeHHTL ¢opmyay 6uHoma Heiotona (25) npu

1
m='§, 3aMcHAA X HR — > X H
1(1 1)
5  1\s 1/5 1\,3\3 ' J/5 1\
[—(F-=] R T L

ToxcTasana 970 B QUIYPHYI0 CKOGKY 1 COKPAmas CANMHILH, MHOIYuHM
1 (.l— 1) .
m—x=x[—%(—§-——l>+ 6—32‘—(-2———%),-{- ]:
= (_%4-3_;2)4-

TAC BCC HCBHIMHCARHEIE WICHH COXEPKAT TOILKO OTPHUATCABLHHC CTEMEHN X, T. €.
B mIpefieae NPH X —> oo 06pamanTca B HYIb, U, C1€J0BATEILHO,

fim () 0 —5x% 1 —x) = — ..
x=00 3

BoamoxHoOCTD NpeaciIbHbX Nepexolos B GecKoHeuHNX pAAax, KOTOpPHEC MH
nNpHMERnAEeM B HACTOAUICM HOMeEpe, JErKo MOXer OLTh OnpaBadHa, Ha Yy¢M MU He
OCTaHaB.IHBaEMCA, ’ :
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§ 14. JONOJIHUTEJIbHBIE CBEJAEHHSA
H3 TEOPHH PANOB

137. CpoiicTBa aGCoOJIOTHO CXOASIMHXCA panoB. [loHatue 06 aGco:oTHO
cxolfuemca page Guao mawo B (124]. Temeps MM ycTauoBHM BaxkHefimtne ero
cBoiicTBa.

Cymma abcomomuo cxo0suezocs pada He 3asuctim Om nopsoKa cad-
2aemvlx.

Jloxaxem sto mpeazoxenne cnepsa 414 PANOB C HEOTPHUATEIBHBIMII Yiae-
Hami, KoTophle, Kak Mul 3HaeM [120], MOryT 6uITb TOIBKO HIAH CXOIALIIMHCH
(a motomy H aGCOJIOTHO CXOMAUIHMHCA), HIH COGCTBEHHO PaCXOIALHMIHCA.

HMrax, nycrs nan cXoAAwHicH PAX ¢ NOIOXHTEIABHHIMH (HEOTpPHUATEIbHLIMII)

waeHasi
uytuytus+ . Fu M

OGosHayHM vyepe3 §, CYMMY €ro n nepsbiX Y/IEHOB, Yepe3 S§-—ero CyMMy.
Mul HaeeM, 0YeBHIHO,
Sp=<S.

Tepectasus uiemsl pana (1) kakusm yroaso o6pa3oM, Mb MOIYWHM JApyroe pac-
lpejeacHe YIeHoB, KOTOpOMY GYAeT COOTBCTCTBOBATh PAX

L vdvetv 4. vt @
cocroAmuit H3 Tex e yaeHos, uto u (1), WO B Apyrom nopamKe, TaKk YTO Kax-
Rutit uaen u3 paxa (1) umeer onpejeaensufi HoMep B pade (2), 1 Hao60pOT.
OGo3HayuM yepes s, CyMMy n ICPBHX yacHoB psaia (2). [lpu aio6oM 3Hayenun n
MOMHO HaHTH HACTOABKO 6OJLLIOE YHCIO M, YTOGH BCE YIEHN, BXOZAILHE B CYMMY

Cpy BOLLIN B S, @ NOTOMY
Op <= Sy << S.
Taxum 06pasoM, NOKA3AHO CYULeCTBOBAHHE NOCTOAHHOLO YICIA S, HE 3aBH-
CAULErO OT 7, TAKOrO, YTO IIPH BCEX 3HAYEHHAX 1 HMeeM
Gngsy
orkyna [120] BoiTexaer cxOmUMOCTH pafa (2). OGo3HayHM yepes G €ro CyMmuy.
OueBHAHO, YTO

¢=lime, <Is.
n-»oo

TlepectaBiB B mpenwAymux paccyxaeHuax pais (1) u (2), Mot TakuM xe nytem
HOKAkKeM, YTO
s<Co,
I H3 HepaBeHCTB G << §, S=I ¢ BHITEKAET
S—=a.
OGpatHyMca Temepb K pAAaM € KaKHMH YrogHo uiaeHami. Tak xak mo ycao-
siio pan (1) aGcoaoTHo cxoaswiica, TO PAL C NOJIOKHTEILUBIMH YICHAMI

(oo}
i '
lag [ 4[4 oo+l g+ o= 3 g ®)
n=1
CXORHTCS 1l MO JOKA3aHHOMY CYMMa ero §' He 3aBHCHT OT MOPAAKA ClaraeMuix.
C apyroft croponn, o6a psaia
o0 o]

1 1
YogUualtud Y 5 () —u)
n=1 n=1
(cp. [124]) Taxkke nHMEIOT HOJZOKHTEIbHHE YIEHH I TaKke CXOIATCA, TaK Kak
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ofmufl yred KamI0ro 13 HHX He NPCBOCXOINT | U, [, T. €. ofwiero yiena cxons-
ueroca pana (3),

B cuay noxasanHoro kamamft M3 HHX He 3aBHCHT OT MOpPAIK2 YJICHOB; HE
Gyxer 3aBlceTb OT MOPSANKA YIEHOB M Pa3HOCTb HX, KOTOpaa COBNAJZAET C CYM-
moft pana (1), uto 1 Tpe6oBanoch IOKa3aTh.

Caexcrene. B afcoromuo cxolauemcs psaie MOMNCHO KaKum 20010
00pa3os 2pynnuposams ciaz2aesse U cK.2adbleams Lx 3ames Yice no pynna,

. 160 Takas IpYMIIPOBKA NPHBOANT K IeEpeMeHe NOPAZKA ClaraemMbx, OTYero
CyMMa palla He H3MEHHTCA.

© 3ameyanne Ecat n3 a6coli0THO CXOXAIIErocs paia BHAETHTHh 1106YI0
I10C1eI0BATEILHOCTL €ro YI1eHOB, TO MOIYUCHHHIT TAKHM NyTeM pal Takke Gyler
afCoMIOTHO CXOAMIMIMCA, TaK KaK TAKOMY BHIIETEHHIO COOTBETCTBYET BHILeleiie
NOCAeI0BATEILHOCTH YIeHoB B paAfe (3) C MOJIOXHTEILHBLIMII UIeHaMi, 4To, Oue-
BIIHO, HC HapylIaeT CXOIMMOCTH 3TOro psaa. B wactHoct, 6yayT cxogsmumucs
PANH, COCTaBJEHHHE B OTAEILHOCTH H3 INMOTOMHTEILHHX H OTPHUATCILHHX Yie-
HOB cxonameroca paxa. OGosnaunM uepe3 §' CyYMMY psaia, COCTaBIEHHOrO M3
N010XATEIbHHX YIeHOB, I yepe3 (— §")— CyMMY pAla, COCTABJIEHHOrO 13 OTPH-
nareasHHX yaeHoB. [lpn GecnpeaeabHOM BO3PacTaHiH n CyMMa S, MNepBHX 7t
YTEHOB BCETO PAIZ MOMET C€OJep¥aTb CKOIb YIONHO MHOrO YJI€HOB N3 oGolx
YNOMAHYTHX PALOB, H B Npexexre, OYeBIIHO, NOIYUHM

s=lim s, =s"—s".

Herpyano mokasats, 4To KOraa psal CXOMNTCA He a6COTIOTHO, TO PARM,
COCTaBAEHHBIE H3 €r0 MOJOXHTEILHLIX H OTPHUATEILHHX YICHOB, ABAKIOTCA COG-
CTBeHHO pacxofswtiMiicA. Tak, Hanpimep, Ria HeaGCOMIOTHO CXOAAwlErocs
pana [124] :

1,1 1
I=gtg—7t+--
pans
1+_l _I_._*.l_‘_ H oo o oo e e e
gTyts+.. T 6 8T

pacxonarca. CyMya n MepBLIX 4aIeliOB NEPBOro pAja crpeMurcs x (-4 oo), a Bro-
poro pajxa— K (—co) npit 6ecnpeneabHoM Bo3pacTanni n. [oab3yach ykazaHHBIM
BHIIE OGCTOATEIbCTBOM, PHMan nokasard, uTo, MeHAA Haaaexamum oG6pa3zoM
NOPAXOK 4I€HOB HeaGCoMOTHO CXOAAWErocs pAfa, MOXHO CHEIaTb €ro CyMmy
paBHoii xakoMy yromHo uncay. Takum oGpa3oM, OKasmBaercs, YTO mouathe o6
afCOJIOTHO CXONAMEMCA pPAle TOXNECTBEHHO C NMOHATHEM O pAle, CyMMa KOTO-
poro He 3aBHCHT OT MOPANKA ClaraeMbix.

3aMeTnM emge, YTO €CI MBI B KaKOM-HHOYAb cxomsmemca (He 0Ga3areibHo
aGcoaoTHO cxofnuleMca) pafle MepecTaBHM MeCTaMH KOHeyHOe YHCIO CIaraeMulx,
TO CYMMH MNEDPBHX 12 YJ1EHOB S, OCTAHYTcA NpH BCEX JOCTAaTOYHO GOAblUNX 72
TEMH JKe, T. €. CXONMMOCTb paia He HAapYUIHTCA, i CyMMa PAlAa OCTaHETCA NpPeiK-
neil. [lpexunymee xe pacCyxIeHHe H Pe3yIbTaThl OTHOCATCA Il K TOMY CIyualo,
KOTjJia mepecTaBasioT GeCKOHEYHOe HHCIO CIaraeMulX.

138. YMnoxenne aGCONMOTHO CXORAMNXCA panoB. [Ipu nepemuocenuu
08yx a0coa0mHuo cxXO0AuUXCT OeckonedHbX pPROO8 MOJHCHO nPUMEHSMDb npe-
BUN0 YMHONCEHUSL KOHEIHHX CYMM: npott3gedeHuie pasHO cymme paoa, KOmopuii
noAy4uM, ecall KANCOWE 4AeH O0HOZ0 P0G YMHONMCUM HAE KANCOWi 4ren Opy-
2020 U noayuennsie npou3sedenust caozcusm. [Topsdox crazaemwtx 30ech Ge3-
Pazauden, maK Kax nocmpOeHnwii marxus nymess pad 6ydem makoce abco-
AIOMHO CXO0UMCS.

Jlannue aGcomoTHO cxoasuyiecsa PaAAB NYCTh GYAyT

s=u, 4 u+ ... Ju,+ ..., }

= 0)
s=0;+ 0} oo +034 ..
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Paccmotpun cnepBa uactinfl cayuail, KOrna o6a OHH € HOIOKHTCADLIBIMI
qacuaMH, i MPHTOM KOTAR CaMO YMHOWCHHE COBEPIIACTCA CICAYIONIMM MOPALAKOM:

U0y - Uy - Uy - u v U ugey o
+ 0,0, +UUp g+ oo U0t o ®)

Tokaxienm, mpexkae BCero, yro pai (5), BCC YaeHH KOTOPOro TaKixe MOJOMi-
TCALHB, CXOAHTCA, 4 3aT€M YiKe, YTO Cro Cymma S pasua ss.

OGosnaunM vepe3 S, cymMMy n lepBux uienos psaga (3). Moxno Bceria
BBI6PATh HACTOALKO GOabLIOE YHCIO M, YTOOW BCE YICHL, BXOAAUHC B COCTan §,,
BOULTH 1f B IPON3BEACHIC CYMM:

Sp=uy-tut ... Uy cp=vitv.t o vy
T. C. YTOOH OKa3a1och S, << Sy, T. €.
S, =53, 6)
TAK KK §,, =<I§, Oy <TS, OTKYAA I CICAYCT cXxoauMocTh pada (5) [120]
Oo6o3nayns cymmy psiaa (3) uepes S, u3 mepaseucrsa (6), 0ucBHAIO, HMCCM
= lim §, <CTss.
n—od

PaccymoTpus Tenepb NPOH3BCICHRE S,3,. IIpit RauHoM 7, OYEBHINO, MOKHO
BafiTi HacToAbKO GOABIIOE /1, §TOGK BCE HIEHB, BXOIAMHC B COCTAaB MPOK3TC-
ACHHA CYMM S, H G, BOULIHM B CYMMY S,;; MBI NOIyynM TOria

Spt, <L Sp<< S,
a notomy I B npeiacae, HpH n—» co,
A @)

Hepasenerso 370 B coegmitennit ¢ (6) jdaet S=s3, ut0 u TpeGosaiocs,
JOKa3aThb.

Tlycts Tenepe paant (1) —a6CcoTOTHO CXOAALNICCA, HO C KaKHMII YFOZHO
vaenasit. CieioBaTeIbHO, CXOAATCH PRIAN € HOJOKHTCIGHEIMI 4ICHAMK

ug[ a4 oo + g4 o w0 oo o+ log [ .0y
a MOTOMY, B CHIY TOIBKO YTO AOKA3aHHOTO, CXOAMTCA H pAA

fug (Lo lua oy [+ lug oo [ las{og [+ oo+
+luy [l oal 4 oo + lugl o]+ ..

Orclo3a BHANO, YTO COCTABACHHMIT MO NpeALAyweMy npaBiay pax (5) 6yaer
B 3TOM Cayuyae aGcoxoTHo cxogamuMca. O603nauny TefepL Yepes
a;. @y eees T/ S a;, 67, ey ap,...,

b' 4 . - L4 b' .
’ ot teer Uy eees 10 Vgr ooy Up eee

1

COOTBCTCTBEHHO ITOJTOXKHTEAbHBC uicHul panos (4) I aGcoTOTHHE 3HAYCHUA OT-
PHUSTCALHBE YiAckus. Mibt suaenm (3amcvanne [137]), uto paam, coctaBienHbic u3
STHX YACHOB, CXOMATCH; HOJOMKHM

[ee]

w © o
s'= Z a,;, ¢ = Z b"" "= Z a;, ¢ = Z b,"’ 8)
n=1

n==1 n=1
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Kax nasectno [137], Mu nmeenm
s§=s§"—s", =g —a'"

Kak nokasaHo, pagbl (8) ¢ VOIOMHTENBHHMH UIEHAMH MOXINO MOYIeHlio

nepeMHOKaTh MewAy coGofl; cymMa mpoH3BsejeHuit paloB
sla', sl!clﬁ, —_ S'Q", —_ s”cl
COJEPKNT KAaK pa3 TC M TOAbKO T€ YIeHB, KOTOpble BX0AAT B pap (5), a noroMmy
. nMeeM
S — slal + S"C” '_S'Q" _sllal — (sl_ sll) (31_. °") —_ sq’

uTO H Tpe60Bal10Ch J0Ka3aTh.

Mpumep. Pan

T g g e g o = s

q
CX0ANTCA a6COJI0THO NpHt | g ] << 1, a notomy

T =g g D (g g ) =
=14-2¢4+3¢°+ ... +ng"™t 4 ...

139, Mpusnaxk Kymmepa. [Mpusnakn Komn u JanamGepa cxoanMocTi n pac-
xoaumoctH pagos [121], npu Bceft HX NPaKTIHyeCKON BaXHOCTH, BCE Xe ABIAOTCA
BCCbMA YAaCTHHIMH H HENDHMEHHMB BO MHOIHNX Ha®e CPaBHHTEILHO NPOCTHX
cayuanx. [IpoBoanMuit Hike Npn3Hak o6ragaer ropasgo 6oapmreft oGUIHOCTHIO.

- Mpusnak KymMMepa. PAd ¢ noaoxcumessHo e 4.1eHaMy

-yt oo oy (9)
cxodumes, ecau cyujecmsyem maKas nocaedo8amMeAbHOCHDb 1LOAONCUIMEABHBLX
YUCOR @y, Tgy vy Oy ...y HMO, HOYUHAGA ¢ HEKOMOPO20 3HAYEHUR n,
00120 8ce20a

a, —tyy=a>0, (10

Upyy

20e. @ — Hexomapoe noaoxcumenvHoe 4Hucao, He 3asuciujee om n; pad (9)
pacxodumes, ecall npu mex Jice 3HAYEHUAX n:

Up

—dpy <0, (l h
Upyy

o0
1 -
u, kpose mozo, psad 2 a——-pacxodmrwum.
n
n=1

He orpaniyneas o6mnocT, MEl MOXEM CYHTaTh, UTO YCAOBHA TEOPEMH BHI-
noausiorcs, yxe Haynnas ¢ n=1. [lycts cnepsa sunoaneno ycaosue (10). Mu
BLBORNM 13 Hero, notoxms n—=1, 2, 3, ...,

Gyl — Qollg =2 Qllg, @olly —Qylly Z=QAlly, ooy Gp_y Up_y~— Cplly, =2 all,,
OTKYZ2, CKIaRbiBaA 1OYICHIO 1 MPIBONA NOJOGHHE YIeHH, HaX0ANM
B a (gt oo - ttp) S ayity — aglt, <ayy. ‘
Mu BumuM orciona, uto pag (9) € NOTOXHUTEIbHBIMH YIEHAMH, CYyMMa 1 NepBHX
ACHOB KOTOPOro Ge3 1f; oCcTaeTcA MeHbINE NOCTOAHHOrO YHCIA ‘i:—', e 3apn-
camero oF n, cxoxnrca [120).
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ITycts Teneps Bunoaneno ycaosite (11). Ono naer Ham

1
Upsy %niy
—_—=
u, = 1 ?
%n
u .
T. € OTHOUICHHE _n+‘ HE MEHbIIE COOTBCTCTBYIOLIEro OTHOLUEHHA WJICHOB pac-
n
xojxAucroca paxa o
b

a
n
n=1

Pacxommocts paza (9) 6yaeT cIc10BaTh TOrAA M3 CreAylom(eil ACMMBL O pf- ¢
RKAX C I0J0WHTEIbHBIMII YICHAMIL:
A

onosHeHHe K npuaHaxry Maaam6epa. Ecau, nayunasn ¢ Hexo-
MOpPo20 3HAHEHUR n, OMHOULEHUE

Up.
BYL He npesocxodum cOOmMBemCMEYOUEZ0
n
v
OImHOUIeHUS %*—‘ YaeH08 cxodsujezocss psda
n
[es]
B Wl
2 (12)
n=1
mo u pso
[e]
2
>ty (13)
n=1
Up;
cxodumesn. Ecau sce omuowenue 231

ocmaemcs He MEHbUUAL COONBENICHIBYI0-
n

u{e20 OMHOUIEHUS HAeH08 pac.xodsuezocs pada (12), mo u pad (13) — pacxo-

Osuyuiicn. .

HciictBiiTCALHO, NYCTb CNEpBa HMECM

Upsy TVns
Al gt

Up Uy’
npuyenm pax (12) cxozurca. Mol HMeEM NOCICIOBATEILHO
U _ Un  Up1 _Unoy u, 0,
— » _—
g1 Vny

Upoa Vpe' T Uy
OTKYAa, HCPCMHOXAs, HAXOIUM

u v 7]
Lt onan u, < -Lo,
uy 1 1

u
H3 nocaeanero nepasencrsa u 3amecyanns B [120] | npu k=1—}—‘) caenyer

1/
cxomumocts paga (13). AnazornyuslM o6pasoM MOXHO J0Ka3aTb M Pacxofi-

u v,

MOCTL €r0, B Cayyae, ecTH —;’f—'-}—"—“

i pax (12) pacxoanrca.
vll

110. Mpuanak Faycca. Becbma BamwHbie TDHMEHCHHA HMeeT CaeXyIOuiii

Hpuaunax Faycca!l) Ecau 8 pade ¢ noaoscumeavrvisy daenasu (9)

uFu+ ... fu, 4 ...
1) B cywmuocry, o6oGuieHie
Tayccom.

fipstaka, RelficTBHTEAbRO YCTAHOBICHHOIO
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u
omHowerue —% MOXNCHO npedcmagums 8 8ude
n+t P
u, - ©
L1424 % e p>1 u o, [<A, (14)
Upyy n ' nP

npudesm A He 3asucum Om n, T. C. 8eAUHUHA ©, OCMAEMCS O2PAHUYeHHON, MO
pad (9) cxodumes, ecau p>1, u pacxodumes, ecan p<< 1.
. 3ameTHM, YTO BO BCEX CIyyaaX, HCYUEPNHBAEMBHIX 3THM NPH3HAKOM, NPH3HAK
* ManamGepa nenpumennm [121]. Cama xe ¢opmyna (14) moayyaerca npu pasio-
Iy
n+t

1
HBHIX NMOPAJIKOB MAJIOCTH OTHOCHTEIBHO 7, KOHEYHO, eCIH 3TO BO3MOXKHO.

¥XECHHY OTHOUICHHSA

No CTeneHsIM 7 y T. € NIPH BHIEICHHN YI1€HOB pa3nHY-

Tepexons K NOKa3aTeIbCTBY, Mhl HCCIERyeM OTIeabHO caywam: 1) p#1n
2) p=1. B cayvae 1) mu noroxuym B npusnake Kymyepa a, =n, npiuem 3ame-

THM, uTO @, >0 1 pax Z—n— pacxoantca [119). Mu mnwmees, oucBHIHO, B Jai~
HOM cayyae
. u s 3 w
lim [a L —q ]=llm [n(l = —")—n—l]:—_ —1
n—el " Uny A oS + n +"p "

Ecan p > 1, 10, HayHHas ¢ HCKOTOPOro 3HayeHua n, GyleM HMEThb

u
4 A —ep>a>0,
A+t

rie a—mo6oe NOIOKHTEIBLHOE YHCTIO, MeHbuiee w—1, 1 pax (9) 6yzer cxo-
naumnMca. Ecan we p<C 1, To, HaunHas c HEKOTOPOro 3HAaYeHHR 11, MW GyleMm
HMeTb

u
o bl 781 <0,

a
n
Upiy

T. €. pad (9) Gyner pacxoasutnyca [139]. B cayuae 2) M nmeeM

Un ©p

1
"n+1=1+7+5p—'

MMoxoxum B nmpustake Kymmepa a, =nlogn u cocrasuM psag

Y=g 9

rae CyMMHPOBAHHE MOXHO HaumHaTh C A1060ro UEI0ro MOXOWKHTEALHOIO 1, Tak

Kak TMepBhie craraeMule He BAHAIOT Ha cxounmocTh [118]. JlokaxkeM pacxoanMocts
‘ HANNCaHHOTO pANA, NOIb3YACH MHTerpaibHHM npn3HakoM Komn [122). Ham nano
- IOKa3aTb PacXOAHMOCTb HHTErpaia

©
S?% (@>1).
Ho Mu nmeem ) |
¢ g ¢ d (log x) ¢ dt o
le(é;x-: log x S 7 =logllogx)| -,

a a loga
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n ¢yukuna log (log x) Gecnpeneablo Bo3pacTaeT NPH BO3PACTaHHH X, T. C. na-
MiCaHHWI{T Bhllle HHTErpas JeilCTBHTEILHO PACXOANTCH, a NOTOMY I pan (lS)_pac-

u
xoaurcs. COCTaBHM Telepb PasHOCTb a, —=&

— a4y, NOAL3YACH (14):
1

bn e gy = (1 o 22 ) log n— (a4 1) log (1 4 1)=
n+1
=(n+l)logn—{—w—”nl;’Tglr—l—(n-{—l)log(n—{—l)= v
a,logn 1
=20 080 1 (- l)log(l —77{—_1)‘ (16)
MuoxiTean ®, OCTaeTCca MO YCIOBHIO OTPAHNYEHHbLIM, OTHOLICHHE ke %%%T"

CTPEMHTCH K HY1I0 NPl 72— 00, T2K K&K NO yciosnio p— 1 >0, u log 1 Bospa-
cracr caaGee aw6oil noaoxuTeALHON cTenenn n (npusep 2 u3 [66]). Ecan noao-

HUTh #: —x, 10 X — 0, 11 BTOpOE CIaracmoc cnpasa Gyaer
1 \__ _log(l4x)
(n+1)1og(1_”+1/_ — BT
1. ¢. ono crpemnrca Kk (—1) [38]. Mu Buaus, Takum o6paszoM, 4TO B Raliom
/

Up

cayuae pai — pacxoautca u la, —-a,,},)—»—l npu #n-—» 00, a 1o~
A

a, gy

Un
TOMY, HIpi J0CTaToOun0 GOJLWHX 2, 6y1eT: ay,

l—'“nu<or T. ¢ paa (9) Gy-

n+
Act pacxoxmumnyea [139), uro n 1pe6osaioch A0KA3aTL.

ITpuseacunbie BLIC NPH3NAKI CXOAMMOCTII MOTYT MPHMCHATHCA § K Pajam
€ KaKHMIl YLOAHO 4ICHAMY, €CIHM 3aMCHNTL B MHX u, 1A {u,|. Ho b atou cay-
y3aC OHH 20T TOALKO BO3MOWKHOCTbL CKa3aTh, G6YIACT au Jaunuii pai abcoawomuo
cxodsuusest Han He Oyaer TakoBuM. K3 pux momkHo Gyfer m3sicus, BooGuie
roBops, yca1osue abcoomHod cxedusocmi, HO He YCA0BUE pacxoousocmu, TaK
K4K MbI 31ACM, YTO PAX MOKCT GMTL He aGCOTIOTHO CXOIAUUIMCH, HO i He pac-
xoasuwuimca [124]. Taxkum nyTeM Mbl [HOayyacs:

Hdonoancune x npusnaxky Faycca. Pad

- o Fu, o (17)
€ KAKUMH 320010 4w.1eHaMu, 0151 KOMOLo2o
Uy " 0,
=14 =F+2 18
Uy, + n +m’" (%)

cde p>1 u o, |<<A, 6vdem abcoiomuo cxodsuyustcs npu > 1.

Herpyaino nokasath, uto om Gyier pacxogsmimcs npi p<<0. B camom
Acie, B 3TOM cayyac MLI HMCCM, HDININM3A BO BHUMAHNC OrpaHHYCHIUCTL w,, -
©, )

-0, 14+ —L=—1 npun—oo

Yn
pun?-t wnpt

2 nOTOMY, Ha4YHBAH C HCKOTOPOro 3HAYCHIUA 7, B Clay ycioBua p <0,
\
“ o Yn__ ’1 Wn
Ll W U o — <0 n
n +11P n K + un? ‘)
T. ¢, HAYHNAA C 3TOrO 3HAYCHUA 72, WICHH DA BO3PACTAIOT 1O aGCOTIOTHOMY

3n4UCHIIO, U o6WH yiael PAda #, He MOMKCET CTPEMHTLCH K HYII0 DPH 11— 0o,
1. ¢. paa (17) 6yaer pacxoasuiHMCs,

o
“n

<]1

Upyy
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141, Tunepreomerpuuecknii pax. [lpusmenny npexuinymue ofugie cooGpa-
WEHHA K TAK HA3HBACMOMY 2unepzeomempudeckorny psady, han psdy [aycca:

e B e ) a3 a(@+-DBE+1)
I‘(a,ﬁ,-{,x)-—l-l-—l—!—.‘x—l- 2!1(1_*_]) .\f+...+
af@t ). etn—DBEFD...0+n—1) ,
. X ... (19
+ AT - G a—1) Fo (19
“Hexoropwe &yHkum, BCTpevaouiiecs B TNPHIOKEHIAX, NPHBOAATCA K TaKiM
panam. HenocpencrsentHofl MoRCTaROBKON uiice «, B If T Terko NMpoBepHTb, Ha-
npuMep, cheayoullle paseHcTsa :

F(LB g )=14x4-x2 ... 4+ x4 ... =

F(—m3 g x)=(1+4x)m,
Fa, ?' 6;;—)‘.)_1 —o =1log (1 4- x). (20)

Haa nccaenosanna cxoaumocti pana (19) cocrasum orTsomenne mocaeayro-
HLero yiena K IpegblAymeMy

Bpyy (e4nm@E+n)
up — (+hHGy+n)
T. €. no caencremio n3 [121] pax (19) cxomnrtea npn | x| <<1 1y pacxomntcs npu
| x}> 1. Ocraiorca romeko cayuan: 1) x=1 1 2) x = —1. 3amerum eme, yTo
IpH BCEX A0CTaToyHo Goapwnx n Muoxurean (a4-n), 3-+n) n (y+n) 6ynyr
HOMOMHTEAbHHMH, TAK YTO NPH X =1 BCe WIeHH pfaa NpH AOCTATOYHO 601h-
IOM 7 HMCIOT OXHH II TOT %€ 3HAK, @ NMPI X = — | NOIYYNTCA NPH GOABLINX n
3HaKonepeMeHNLl pax.
B nepsoM cnyuyae mmeeM, pasnaras no dopmyze mporpeccus (Cuiras n go-
CTaTOYHO GOIBINNM) H MEpeMHOXKAA MOIYYCHHHE aGCOTIOTHO CXOIALLHECA PAAM
noynenxo [138}:

Ha _ (a1 (4m) (1+71T)(1+%) B

S R R RN R
=1+7—$_B_'*;1..|_“’n

e

X — X NpH 71— 00, 21

rie seanwyuila ©, OCTAETCA OrpaHHyeHHOIl. Ilanee, B paccMaTpuBaeMoOM cayuyace,
OTGPOCHB NOCTATOYHO 60:abHIOE YHCIO HAYAILHHIX YICHOB B page

Fa,8 v )=14 l"'a.‘ + ..
e(@t1) .. (a+n—1BE+D...0+n—1)
+ i+ .. (14n—1) EaRey

MH fIOAYYHM DAA € YAGHAMH OAHOrO 3HAaKA, NMpPHMEHAR K KOTOPOMY NpI3HAK
Faycca, noayuaem aGeoromuyo cxodusocms npu

) 1T—e—p+1>1, T e y—a—f>0,
u pacxodumocms npu

1—a—,’1+lgl, T. € 1_a—?€0o
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Bo Bropom cayvae, mpit x= — 1, MHl HoRyyaeM 3HaKomepeMcHHHI, HayH-
Bas ¢ HCKOTOPOro WicHa, PAX

B, a(@tDEG+HD)
PR Ty ey § e b
+(_1)n“(‘1+1)-~-(°‘+"'—1)5(3+1)...(3—{-:1——1)
ATGFD o G Fa—1)

Mu nyeenm 3fech, Kak B paHsLic

+

i,

=1+:’_"T_?;F_l+

Unyy n

a motoMy, MpHMCHAA JIomoinenue K mpusnaky laycca, moayuaeM cxodumocms
npu '
1—a—B+1>1, T e y—e—E>0,

u pacxodusocms npu

1—ae—B4+1<0, .e. y—a—f<<—1,
B cayuae
1—a—f=—1
MOXIIO NMOKa3aTh, YTO OGulil YJICH PAA3 CTPCMHTCH K Npeleny, OTINYHOMY OT
uyas, T. e. pag 6yaer pacxodsuguaces [119]. Haxonen, B cayuac
—l<<y—a—3=0

MOKHO IO0Ka3aThb, YTO AGCOTIOTHLIC 3HAYCHNHA YICHOB PfAd, YOLIBAS, CTPEMATCA
K Hyao IpH n—-co, . e. [123] pan 6yaer cxodsujurcs, no He ageoaor-
no. Ha nokasareapcrse stnx IBYX NOCICANIX YIBEPACHNN MH OCTalaBili-

BAaTLCH He GyHeM.
Ilpusmenaa 310 K pasioxcinio GniHoma

I)A L+

+m (m—-l)..;lfm-—ll’[" 1y L

xotopoce moayuacres u3 (19) (3-—-'{——"1)0]13801!:"0) 3aMmeHolt @ Ha (—m) U x
Ha (— .x) 31 KOTOPOEC, KAK MUl 3HaeM, cxoaurca mpu |.x | << 1 i1 pacxoanres npu
|| > 1, noayuunw, 4to nanucauuuit pag 6yaet:

m m (m

(+xym=1+4J 5+

aGcoarotHo cxoautbea  mpn m>0, eccan x= —1,
PACXOIUTHCA npu m<<0, ccam x=—1,
aGcoaiotno cxoantbes mpu m >0, ccan v=1,
ne a6coaoTHo cxoanrbea npn — 1 <<m<<0, ecan x =1,
pacxoantbes npu m=s—1, ecn x=1,
o6pawaTbCs B NOIMHOM NPH m = ueioMy uncay ==0.

Mer mokaxem maasme {149], uto ecan psx GuHOMA CXOAMTCA NpH X =],
10 CyMMa cro pasnma (1::1)™, 1. ¢, cooTBeICibennu, 24 nan 0.

3daMeTiM, YTO B DpeAbAYIICM Mbl CYHTAIH @, § H 4 OTIMYHBIMI OT BYIa I
1eI0I0 OTPHUATEAbHOTO YHcaa. [Jaa y 310 BaxHO, TaK Kak B NPOTHBHOM Cayuac
YICHH pAla TePAIT cMulca (3HaMCHATEIL obpamacica B HYAb), a €CIH a WiH 3
eCTb HyIh WAL Uedoe OTPHIATEALHOE SHCIO, TO Pif oépunacrcﬂ 3 1peBpa-
1aeTcA B KOHEYHYIO CYMMY,
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142. Isofinbie paasl. PaccMOTPHM MPAMOYroAbHYI0 TabIHuy uncedt, orpaHi-
YEHHYI0 CBEPXY H CJ1€Ba, HO YXORAUYI0 B GECKOHEYHOCTb Hanpaso H BHH3;

1 2 3 .. n ..

1 Uy Uye Uyg eo. Myp oo
2 Uy Hag Usg .. Usg ...
3 Usy Uga Uzs eee Uy ooe
(22)
m Upy Ums Uma <o Ump oos

Ona conepxur GecuHCICHHOE MHOXECTBO CMpPOK, HOMEPa KOTOPHIX YKasbl-
BAaIOTCA NMEPBHIM 3HAUKOM, i cmo40408, HOMEPAa KOTOPHX NAOTCA BTOPHM 3Hay-
xoM npH 6ykse u. Takum o6pasoM, u;, 03HAYaET YHCRO, CTOAUlEE B IepeceyeHITH
{-ft CTPOKH € R-M CTOIGUOM TaGaHuH.

HonyctnM cnepBa, YTO BCE UHCAA U;p NOAOHCUMEABHH.

Jna TOro YyTOOM oONpeleIHTh NOHATHE O CYMMe Bcex ymcea TaGauus (22),
HaMEeTHM B INIOCKOCTH YepTema TOYKH C HEeJHMH NOJOXHTEIbHBIMH KOOpANHa-
Tamin M (i, k) n nposeseM pAX KPHBHX

Co» Cayevey Cor oen s

nepecexKaonix KOOPAIHATHLIC OCH B NEPBOM
KOOPAHHATHOM Yray H NOIYHHEHHHX JHIUb
TOMY YCITOBHIO, YTOGH Kadcdas Touka M npn
nocratoutio 6oIbIIOM 71 flONajta BHYTPb MIIO-
mann (C,), orpannyensoft xpmusoti C,
KoopAMHATHHIMIL ocami (puc. 157), n uro6u
naomaab (C,) 3akaoyaracs BHYTPH (Cpyy).
CocraBnm cymmy S, Bcex umcea 4, COOT-
BETCTBYIOLIIIX TOYKAM, NOMABIINM BHYTPDH IIO- Puc. 157.
mann (C,). Mpn Bo3pacTannu n sra cymma,
OyeBHIHO, 6yleT BO3pacTarb, H MO3TOMY MO-
ryT NMPEeNCTaBHTLCA AMML ABA Cayyasa: naH 1) cymma S, ocraerca orpaHnyeHnoft
ApH BCeX 3HAYEHHAX 11, H TOTAA CYULECTBYET KOHEYHHIl fipelen

lim S, =S,

-0

nan 2) cymma S, npH Bo3pacTaHin n GecnpelelbHO BO3PACTAeT.
B cayqae 1) zo80pam, 1umo dsoiinoii psd

' > i (23)
1, E=1

cxodumes u. umeem cysmmy S. B caywae 2) 0dsoiinoid pad (23) nazwsaemcs
PacxoosuuMcs.

Cymama cxodsuyezocss psada (23) ¢ nososCUmMesbHHMIE 4AEHAMU He 3a8U-
cum om cnocoba cymmuposanus, T. e. om swbopa xpugvix C, u ModCem
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Sumps noAyHeHa maxoice nymem CcYMMUPOSGRUA pﬂda no cmpoKas uisu

cnoabyas
=2 [+2] © o
S= kzl(lzl ”ik)= 2‘(2 ”ik); ' (24)
= = 1

ie= =

T. €. BHUNCACHHEM CICPBA CYMMBl BCEX YICHOB KAWAON CIPOKH (LI KaWAOTO
€10161a) Tabauupl, a 32TeM CIOXKEHHEM NOAYUEHHHX CYMM. ;
, B camom neae, noctpons kakyio-un6yap Apyrymo cicremy kpusux Cj, Cj, ...,
Cps -+ » OGamalomux TeM ke csolicteom, uto C,, G, ..., s -+ OGosnaunm

yepes §; cymMy Bcex yucea Ta6miy, C€OOT-

S SN " | BCTCTBYIOIMX TOYKAM, MOMJBUWIHM BHYTpPL I3O-
MNSIANELNNG wamu (C;). TIpit 3agaHBOM 72 MOXHO BCCrAd Bl-
A <
ANPINPERPAN IS X 6parb MacTOAbKO GOabluOe M, YTOGH NAOWANL
e (C,) oxazaaace suytpu (Cp), M TOraa
\\\o\\ -3 oM © JL\ .
— \\\ S \\\1 S8, <SS,
\_ 0 o hNol o
\\ RS AN B X . T. € B CHIY BPCAMAYUIEro CYWECTBYCT KOHCY-
T unii npeaca
. i =S
Puc. 158. nl_{‘moosn“s =S

Mepesmcnns poan kpusux Cp 1t C:;' MH TOYNO TaK ue ROKAKCM, YTO
S$<S,
YTO BO3MOKIO JHNIL NPH YCIOBHI
NEER
CymMy mBofinoro paga (23) MoXkHO MOIYYNTh, X0Ia OW B3aB 32 C, aoMa-
Hble, COCTABICHHBIC 113 OTPe3koB NpAMbIX (puc, 158):

i == const, k==const,

Mul noayuns TakHM IyTeM CYMMHPOBaHHC ,110 KBaaparam“

S=uy (g +tpy o) ... 4
(Uit ton+ oo A tpp A tin, gyt e U) +

CyMMilpyn e ,N0 ABAronaiaM“, noayyM

S=uyy 4 (g - 2t2g) + (Uyg - gy - 1135) - oo -
FUp - tang+ o Fupg) 4 o (25)
ldas noxasareancrsa ¢popmy.a (24) 3aMeTHM npexje BCCFO, YTO CYMMa KIKOTo
yromio umcaa vacHos Tabanun (22) Mewsmie S, a HOTOMY M CYMMa ui1eloB,

cronwnx o 1:060il CIPUKC HiaH B awloM crualue, Takme BCCrAa Mehbmice .S, oT-
KyAa BHITCKACT CXOAHMMOCTL KaXAOro H3 pALOB

o« ) o]
2 Uip =3, Z Uy == Sge

k=l i==]
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Msi ieeM csepx Toro as mMoOGHX KONEUHWX 3HAYEHHA uncen m W n;

$;F 8o+ oen Sy = '21 (kzl zz,-,,)éS,
= 26)

s; 485+ o Fos) =k§l (iz_]l Uy ) <S.

B camom neae, 6yneM paccmMaTpuBaTh TOILKO MEpBHE m cTpok Tabanust (22).
BafB 13 HuHX 3.JEMEHTH MePBHX p CTOAGHOB, MH HMeEeM, OYEBHANO

P m

b (,Zl up ) <S.

k=1 i=

[o npasnay caoxenns pagos [119] nmeem
[oo] m P m
sitsyt e F =3 (X ma)=lim 3 (3 up) <5,
k=1 i=1 P—Op—] i=1

TaK KaK BHIpameHme, croAuiee NMoJX 3HAKOM mpelena, He Goasute S.
Aunanornynsin 00pa3oM JorasuBaeTcs H BTOpoe u3 nepasencts (26). Hepa-
peHcrsa (26) nokaswsalot, YTO 06Ga paga

‘gl (kgl k) = igl H= k§:]l (12 1 ) = kgl H=

CXOATCA H HMEIOT CYMMBI, He nIpesocxojsuue S, T. e,
<SS n "8

C npyroit cTopoHHI, ACHO, YTO NpHt 1106oM BHGOpE CHCTEMH KpHBHX C, BCC
YneHH, BXOAAILNE B COCTaB CYMMH S, BOfiAyT B COCTaB 0feHX CYMM :

Sy tSot oo F S ST Sg A e s,
npi JOCTaTouHo 60ILLIOM m, T. C.
’ r v
S, <s;+ .. tsp<d, S <s{+ ... +sp<
a noTomMy u B mpegene
S=1limS,<¢ n S<q".
r— 00 T
Beuay o' << S n 6" << §, 370 BO3MOXKHO JHIUb NPH YCIOBUH
¢ =s"=3§,

410 M TpeGOBANOCH NOKA3ATh.

M3 nsoftHbiX pPANOB C KAKMMH YroiHO 4YJeHAMH MH OCTAHOBHMCA TOABKO Ha

adcoromuo cxodsuyuxcs padax, T. e. Takux, 028 Komopux 080iHOd pAaod,
COCIMABACHHIL U3 GOCORIOMHNX 3HaYeHLl

(o]

>l

L k=1
exodumes.
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Tpnyenas paccysjiens, analornyisie paccymiednays [124], Moxes NoKa3ats,
NTO H 028 maKux pagos cyuiecmsyem cymma

o [oe] oo oo
S =nlimms,, = igl (k§1 uik) = kgl (igl uik), @n

KOTOpas Takie HE 3aBHCHT OT CMNOCOGA CYMMIUpPOBaHHA H, B YaCTHOCTH, MONeET
6uITh NOJyYCHA CYMMIPOBaHiIEM 116 CIPOKaM H N0 CToaGuaM.

3asmcuanie. MHuorne cBoiictBa aGCOATHO CXOASUHMXCA NPOCTHX PAAOH
pacnpocTpanualTcs 3 Ha BoiiHble a6COTIOTHO CXOAMUHECs PSIAN; B YACTHOCTH,
sameuanne us [124]: ecau waxcowi “aen 0800020 psda no GGCOMOMHOMY
3HAYEHII0 HE NPesocxodum 4AcHA c¢x00sezocs 080iH020 psda ¢ NOL0HCUMENL-
HOMUL Yaenamu, MO Oanubiil paod abcoai0muo cxodswuiics.

Touno Tak ke pacnpocrpanacics csoiictso 2) 13 [120].

Mpusepn. L. Pax

v !
d
2 @)
i k=1

cxoaurca upn a> 1, f> 1, u6o, cymMupya Mo Kpagparam, Mo HMCCM
P P s

o= 33 s )=( T3 d<m

=

ric A n B o603nayalor cyMMy pR10B

2. Psaa

SR
2 @
k=

CXOANTCA UPH «>>2 I PACXOANTCA Npn o =<2, TaK Kak, CyMMIDYS Mo auaroHa-
aaM, Mbl HMeCM

1 1 1
Sn=mt2mt o H@—1) 2=
i 1 1 1
= 51 (1_?)4" P ] (1—7;),

I 1
OTKYia, NOACTABIAA BMCCTO (1—7) ciHayaia =y, T. C. MeHnbmee Yiclo, a 3a-
pi

TeM 1, T. ¢. 60IbUICE YHCIO, HAXOIUM

i 1

1 ] 1
—2—[2“—_"-}- vee +F]<S,.<§ﬁ+ vee +n“_"'
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o0

: :
Cxoausocts paxa Z 7=t TPM @>>2 N DACXOANMOCTL €ro npn a=<<2

n=1
JOKa3bIBAIOT Halle YTBEpXKACHNE,
3. Ecau a n ¢ noaosxcumeasrvr 1 b2 — ac <0, mo psaod

[eo]

1
kE_- @7 F2bik + k)P (30)

cxodumest npu p>1 u pacxodunics npu p <1,
ITyctv cnepsa b =0. Tax xak, oueBngHo

it -+ k* = 2ik,
10, 0603HaunB yepes A, MeHbuice H3 uncel & I ¢, yepes A,— Goabuee u3
ulcex a, b, ¢, umeem
2Aik << ai® 4 2bik + ck®* << A, (i + k)3,
OTKY1a, OrPaHIuiBanch €IMHCTBEHHO MHTEPECHHM CayyaeM p >0, BHBOAHM
LR SN S
AR (P RYP T (ai® - 2bik - k)P 7T (24,)P iPRP?

yTo B cnay npnmepos 1 m 2 n caexannoro Bhllle 3aMeyaHHA JH3eT CXOJMMOCTD
npu p>1 H pacxoamMoctb npn p<<l, npHueM CymwecTBeHHO OTMETHTDb, YTO

MHOXHTEIN OT i 1 R He 3aBHCAT.

ar U @Ay
Mycrs tenepy & <<0. OGosnauus uepes A, Goabuee M3 vucex a, ¢, | b,
B citay ouesnanoro Hepasenctsa () ai): -+ (V ck): >2 V acik:

2(b+V ac) ik << ai? 4 2bik -+ ckt < A, (i - k)3,

npnyen b4V ae>0, 1ax Kak no yciosnio | 4| <<}V ac. Daabine goxka3atelncrso
NPOBOJUTCA TaK XKe, Kak H B ciyyae b > 0.

143. Pagpt ¢ mepeMeHHLIMH ujeHaMH, PaBHOMepHO CXOAAILHECH PSAbL
dopmyan Teftzopa H MaknopeHa NMpeACTaBAANT NPHMeDPH PANOB, YIEHB KOTOPHIX
3aBIICAT OT nepeMeRHoil x. Bo BTOpOfi wacTH Kypca Mbl MO3HAKOMHMCA C BeCbMa
BAXKHBIMH MPUZOHOMEMPUYeCKUMIL PAKAMH, KOTOPbIC HMEIOT BHA:

(o]
>} (ancos nx 4 by sin nx),

n=I1

YIeHH KOTOPHIX 33aBHCAT TAK®e He TOJIBKO OT 7, HO I OT NMepeMenHoit .v,

Mm 3alimemca Teneps, BooOuie, pAmAaMH C NEePEMEHHHMH UYleHaMI, 33BHCA-
WHMH OT HEeKOTOPOfi He3sasucHMOfl mepeMeHHOl X,

[Tycts nmeercd GeckoHeuHas MOCTeNOBATEIbHOCTh GyHKIHIL

Uy (x), 1, (x), 113(x), oovy 1y (X)y o0ny €1))
' onpenelennsx B npovexytke (a, b). CocTaBHM H3 RHX pAR
Uy (x) -y () g () + oo Fup () F .ol (32)

On moxer cxoanTthes A1a Kaknx-116o 3naueHnii x u3 (@, b) 11 pacxoauThea 1an
npyrax x. Cymma nepsux n ytenoB paaa (32) s, (x) ecTb, oueBHaHO, GYyHKUMA
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or x. Jlna 3uaveHmit x, npH KOTOpHX pAX (32) cxomntca, MH MOXEM [OBOPHTb
o cro cymMe s (x) i ocrarke rp(x)=s(x)— s, (x). Ilpi stoM

s(x)= lim s, (x). (33

Ecau pad (32) cxodumcs npu gcex x u3 (a, b), m. e. npu a<<x<<b, mo
2080pam, 4mo Ox cxodumcs 8 npomexcymye (a, b).

Ecan pan (32) cxoaurca B npoMmexytke (a, b) 11 nMeer cymmy s(x), 1o 310
3UAUNT, YTO NpH KaxIOM A3HHOM 3HAyeHuH x u3 (g, b), 3agaB NpoNH3BOALHO
NOJI0KHTCALIOC YHCIO €&, MO0 HaliTil Takoe uicio N, 4To6bl Npit BCEX 3Hayc-
Huax >N Ml HMCIR | F, (X) | <<e npu n > N, npuyey, oueBHIHO, 3T0 YnCI0 N
6yzer sasucerb or BuGopa e Heo6Xomumo, oasako, ormeruts, uro N Gyzer,
BOOOLLe OBOPA, 3aBHCETh eule OT BLIGPAHHOIO 3HAYCHHA X, T. €. MOXET HMCTh
pasiMynne 3HayeHHs IIPH 3afaHHOM € I PABIHYHOM BHGOpE X H3 NpOMexyTka
(a, b), n ero Mu Gyzem obosHauath uyepes N (x). Ecau npu 210604 oannom no-
RONCUIMELLHOM & MOJNCHO Halimu maxoe 4ucao N, He 308ucsujee om x, 4mobvi
npi 210603 3HAHERUL X U3 npoMexcyInKa (a, b) 8uN0AKALOCH HepageHcmgo

Ira(x)|<e (39
npit gcex n>N, mo pad (32) Ha3uleaom pasHOMEPHO CXOOAUUMCA 8 nPOMe-
acymne (@, b).

PaccMoTpuM, HanpHMep, paa
| 1 1
x4+1 @+ DE+ (F+2)x+3 T
1
T xFa<=DO@xFn
npuycym x McHaerca B nposexyrke (0, @), rie @ —a060€ AAHHOC NOIOKIUTEAb~

HOC YiICII0.
Herpyano Bumerb, 4To pafg MOXKHO ICPEHIlCATh TaK:

(35

.\--li- 1”(;‘-414 ‘"x}{-2)‘"(x—ly2"x-l;-3)" e

1 1
(x-l-u—l _—x-i-n)_~ cee
TAaK YTO B HaHHOM Cayyae
1 . 1
$p (V)= ——— s(x)= li x)=20 rp,(x) = — ———
n (X) T’ () n—?loasn() y n (%) oyl
I eCAH M XOTHM CACAATb
1
rp (X)) ]| =——— <¢ 3
|Fa () | =5 <o (36)
TO A0CTATOUHO B3ATb

n> %— x = N(x). 37

Ecan Teneps Mut xortitM, yro6u nepasenctso (36) Bmmoansioct Npi pcex
3Hayveuuax x s npomexyrtke (0, @), npH ycaIoBHH n >N, He3aBHCHMO OT B3ATOTO
3HayeuHa X, TO AOCTaTOYHO TNONOKHTb N=—E—2N(x), TaK Kak TOrAd Hepa-

Benctso (37), a noromy H (36), npu ycaoBuH n > N, 6yieT BHIOIHEHO HaBepHOE
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npi Bcex anavennax x B npomexyrxe (0, a). Mrak, pax (35) 6yner pasHoMepHo
cxoaAmmMca B npomexytke (0, a).

He Beaxnit psg o6Janaer cBofiCTBOM paBHOMEpPHO!I CXOMHMOCTIH, TaK KaKk He
A8 BCAKOrO pAla MOXHO YKa3aTb He 3aBHcAmee OT X vynclo N, kKoropoe
610 On He menbmie Bcex N (x) B npomexyTke (a, b).

Paccmorpiy, HanpuMep, B npoMexyTke 0<<x =1 pan

:x—i-x(x—l)-l—x’(x—l)-{-...+x""(x-—l)+ (38)
CyMMa nepsHX n uiaeHoB Gymer

Sp(¥)=x4-(—x) (2P —aB) 4 ... +(X"—x""),

T0 €CThb
8p (x) =",
i, crefoBarteanHo [26]
s(x)= lim s, (x)==0 npn 0=<<x <<l
n—» o
n
ra(x)=s(x)—s,(X)=—x"* 1npnl0<<x<l.

Ipn x==1 Mb nMeey, noxncrasasa B (38) x =1, pax

140404 ...,
TO eCTh .
S (x)=1, s()= lims;(x)=1, r,(x)=s(x)—s,(x)=0

npu x=1 n npn mo6om n. Pax (38) cxoaurca Bo BceM nMpoMexyTKe 0 << ¥ << 1,
HO B 9TOM NPOMEXYTKE CXOAIMOCTh HepaBHOMepHa. JeficTBHTeatHo, B CHay
rp(x)=—x" npn 0<<x <<, ecan Mo XOTHM, UTOGH BHNOIHATOCH HEpaBCH-
cteo (34) |rp(x)]<e, TO ROMMHO OHTb X" <Ce, T. €. nlog.x <<loge, wm, nean
Ha oTpHuaTelbnoe yicio log .x, moayunw

loge

>

loge
log x

[lpn npn6amxennn x x eaunmne, log x — 0, pynkuna N (x) Bospacraer Gec-
npefeabHo, H HeIb3A YKasarh Takoe 3navenne N, uTo6H HepaBeHCTBO (34) Bui-
noanazoce npn n>N Bo Bcem mpomexytke (0, 1). Bcieacrsne sroro o6croa-
TeascTBa, x0T pan (38) m cxomurcs Bo BceM mpomexytke (0, 1), B ToM uncae
H npH x =1, ofHaKO cXOAUMOCTb ero Gy;er Bce MelTcHHEe MPH MPHOIIDKEHHH X
K eHHLE; JIA JOCTATOUHOrO MPHOINMEHHA X CyMMe paAfa HYXHoO Gymer Gparb
BCe 60ablile uiaenos, YeM Gake x GYNeT K eannHue. 3aMeTHM, OfHaKo, 4TO Hpi
€amMoM 3HayeHHH x==1 pax NpocTo o6pHBaeTcA Ha BTOPOM wu.IeHe.

Yxaxtem Tenepb Jpyroe ofnpejeleHyne PaBHOMEPHON CXOMUMOCTH, PaBHOCHIb-
HOe MnpextHeMy onpefeaennio. Buime Mu dopuyanposaxn [125] neco6xomnsoe 1y
JIOCTaTOYHOE YCNOBHE CXONMHMOCTH paja. B paccmartpusaeMoM cayyae ono dopmy-
AHPYETCA TaK: AJM CXOMHMOCTH psanxa (32) B nmpomexytke (a, b) neo6zommumo n
AOCTAaTOYHO, YTO6H MpPH J060M 3aNaHHOM NOTOKNTECILHOM e M J1060M X u3 (a, b)
cymecrBoBaio takoe N, uro

|#p41 (X) + tpge () F oo Fttpyp () [ <o : (39)

npr >N 1 2060M HETOM MOJOKHTEILHOM p. 10 N npH 3a1aHHOM & MOMCT
aasucerb cme or BuGopa x. Ecau oice npu aw6or 3edannom noroxcumes-
HOM & cywecmsyem yucao N 0010 u mo ce dasn écex x u3 (a, b) maxoe, umo

Wrax, B nanHom cayuae N (x)= H He MOXeT OHTb 3aMEHEHO MCHBUINM,
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npu n> N u 2i060M 4es0M n0A0KHCUMEABHOM D 8uinoansemes (39), mo zoaopﬂm,
ymo psod (32) cxodumcs pasomepHo 8 npomexcymre (a, b). |

Hapo 1oxkasarb, yro 3To HOBOE oInpeleleHHC PABHOMEPHONl CXOIHMOCTH
PABHOCIILHO [MpekHeMYy OnpeleleHHio, T. €. €CIH pAI PaBHOMEPHO CXONHICH
B OpEXHEM CMBICTe, TO OH PABHOMEPHO CXOANTCA I B HOBOM CMbICIE, H Ha060-
por. Mrak, mycib cnayaza psx paBHOMEPHO CXOAMICH B NpEKHEM CMHCIC, T. €.
|ra{x)|<<e upn n>N, rie x—a1o6oe 3naycHue H3 (g, b) n N ue sasucur
oT X, Mul uMeesM, oueBnaHo

Upyy (X) - tpgs (X)) - ooo -ty (X) =75 (X) —Fayp (X) (“0)

i, C1€10BATCILKO,

[y () 4 ttpse (X) - -oo Fttpip (<1 () [ Frip (X)),

410 mpH n> N 1, caeaosareabHo, n -+ p > N nacr

| sy (x) -+ tpes () + ... +Unip () <2 @“n

Beuay nponssoabHoro BnGopa & Mbt BILINM, YTO PAX PAaBHOMEPHO CXOIHICH
B HOBOM cMbicae. [loaokum Temepb, YTO Pl PaBHOMCPHO CXOANTCA B HOBOM
CMHCIE, T. €. YTO BHIIOIHCHO HepaBeHcTso (39) mpn 22 > N, He 3aBHCALLEM OT X,
J1060M 1EI0M MOJOKHTEILHOM p 11 awGoym x u3 (g, b). M3 storo caeayer, uro
PAR CXOANICH, I MH MOXCM o6pa3oBarb

T (%) = tpysy (X) - tpye (%) + ... =p]imw["n+1 () g4 (%) - oo - thnip ()],

npHyesm H3 HepasencrBa (39) mpn p— oo noayyaeM B npexexe [r, (x)|<Se npu
n> N, T. e. 113 HOBOro ompeieiesHa paBHOMCPHOII CXOINMOCTH, B CHay NpPOH3-
BOJLHOCTH €, BHITCKaeT NpexHee, H PaBHOCHILHOCTL OOOHX OfpelcicHHil A0-
Kasasa.

OrMeTHM, YTO NPH MCpPBOM onpeleidciiil paBUoMCpPHOH cxoaumocTH (34) Mb
HCMOIL3YCM rp(Xx) 11 TeM caMbiM Yyixe JONOINHTCILHO NpeanogaraeM, Y10 pax
cxoairca. Bropoe ompexeacniie pashosephoit cxoamsoctit (39) Braioyaet i ca-
Mplit GAKT CXOAHMMOCTH pAajla.

144. PaBHoMepHO CXOAflHecs nocieaoBaTedbHOCTH dyHKIHMA. [Tocaeno-

BaTCILHOCTL (PyHKUIE
851 (%)y S2(X)y wevy Sp (), wuvy (42)

KOTOPY0 Mbl paccMaTpuBadil BHIue, Ouaa onpeieleHa c moMouibio paga (32);
S, (X) o3Hayazo cymMmy #n mepsuix yienos psaga. Ho mouno paccmarpusats o-
ciepoBateabHocTh (42) camy mo ceGe, cuntas ee JauHoil, M yxe mo Heit ro-
CTPOHTL PsI, CYMMOIl 1 IlepBHX YJeHOB KOTOPOro fABasieTcA A-fi yleH nocielo-
BaTeILHOCTH S, (x). HUdeHn 3TOro paaa onpeleasAiorCcH, OYyeBILIHO, MO dopymyas:

Uy (x) = 5;(x), Uy (x) =58, (x) — 5, (X), oe0y Uy (X) =25, () — 5,4 (X), ... (43)

Oyenp yacto mocaelosareabHocTn (42) GuiBaer mpowe (43), Kak 310 HMea0
MCCTO Il B PAcCMOTpPeIHNX HpiMepax.

TaknsM nyTeM Mu NPHXOANM K HOHATHAM O CXOAAINEICA H PaBHOMEpHO
cxoasuelica noc:eaoBareabHocTH Gynxnmii

Ecau dana nocaedosamenvrocms gynrgui (42):
S1(x) Ss(xX)y eery Sp(X)y oeey

onpedereHnux 8 nposexcymue (a, b), u ecau npu KaxcO0M IHGHEHUL X 6 3MOM
npoMedcymKe cyujecmsyenn npedea

s{x)= lim s, (x), (44)
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mo nocredosamensnocms (42) nazusaemes cxodnujeiics 8 npomexcymre (a, b),
dyuryusn oe s(x) Hazwsaemcs npedessroii gyuxyueii nocaedosamensrocmu (42).

Ecau, ceepx mozo, npu 21060 0anHOM HAneped NOAOHCUMEAbHOM & Cyuie~
cmgyem maxoe quceo N, He 3asucsmee Oom X, 1Mo HepaseHcmso:

[s(x)—sp(x)[<e (45)

usneem secmo npun 8cex 3Hayenusx n>N 80 ecesr npomexcymre (a, b), mo
nocsedosamenprocms (42) Haszueaemest paBHOMEPHO CXO0SUeiics 8 NPOMEHCYM- -
xe (a, b). Yeaosue (45) MONHCHO 3aseHUMb PABHOCUABHBLIL- €AY

Ism () —sp (¥) | <e (46)
npu m u n>N.
Yeaosue pasrosteproii cxodusocmu nocaedosameasrocmu (42) pagsocursro
YCA08UI0 PASHOMEPHOI cxcumocmu pada

2de (43): u (x)t+u, ()4 ... +Fuz () + ...y @7

T8 (x) =5, (%), Up () =53 (xX) =5, (x)s evy Up () =3, (X) =S5y (%), ...

Pasnocnasnocts ycaosnft (45) n (46) npm 1nccienoBanui paBHOMepHOIl cxo-
AHMOCTH nocaefoBaTeabHocTell MOXeT OBITh NOKAa3aHAa COBEPHIEHHO TaK ke, KaK
BHINE Gbl1a YCTaHOBIEHA PaBHOCHABLHOCTL YcIoBHfi (35) I (36) A1a GeckoHeyHHX
panos. OTMETHM ewie, YTO H3 paBHOMepHOI
CXONHMOCTHt S, (X¥) B npomexyrke (a, b) y
HENOCPeJICTBEHHO CICAYET ¥ paBHOMepHAA 4
cxomuMocTh B amoGoit vacri (a, b). ’

Touatne O paBHOMEPHOM CXOXUMO-

CTH nocieloBaTelbHOCTell MOXeT OHITh

y
05

T

S$l1)=1

y=x=8q ()

. y:-x{—ﬂ.-‘rﬂm 05

— n
—ir
0 W0 20 31 &0 7 0,5 T
y=sfx)=0 Y=s(x]=0{x<1)
Puc. 159, Puc, 160.

)

. ) \
HCTOIKOBAHO I reoMerpnueck. Ecan Mu n3o6pasns rpaduveckn GyHRunn s (x)
" S, (X) NpH pasINyHBIX 3HaYEHHAX 1, TO I1A PABHOMEPHO cxofsulefica mocaeno-
BaTeJbHOCTH Han6oibIunit OTPE30K ODPAHHATH, 33aKTIOYEHHON MeXIY KPHBRIMH
.8p(x) 1 s(x), NOMKEH CTPEMHTBCA K HY.TI0, IPH n— cO L1 BCeX X H3 (4, b);
13 HePABHOMEPHO CXonAuleficA MOCIENOBATEILHOCTH 9TO YCIOBHe He 6yleT BHI-
- OIHEHO.

O6cToATeIbCTBO STO HAraAgHO Nposepserca Ha pruc. 159 n 160, caexannux ')
11 pa306paHHBIX BHIIE NMPHMEPOB:

Sa (x)=x—-ﬁ’ Sp (x) = x".

1y laa Goabmefi HaraagnocTd puc. 159 m 160 BMIOJTHEHH B pasHMX Mac-
mrabax A18 X H ¥,
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B cayuae pnc. 160 npeneapnas ¢ynxuna s (x) rpapuuecku n3obpaixaerca
orpezx(clml(o, 1) ocu OX, uckarovas touxy l, 1 orgeanHoft TOUKON € KOOpAHHA-
tamn (1, 1),

ﬂpasn%, B MoOcacaHeM MpHMepe npefeibias ¢yHKuua §(x) He HenpepoBHa.
Ho uerpyano npusecTH NpHMEp Cxoisuleiica NOCAeA0BATEIbHOCTH, NpefcabHas
¢GyHKUNA KOTOPOIi HempephBHA, HO KOTOpas TeM He MEHEe CXORHTCA HepaBHo-
MepHo. Takum cBolicTBOM O6Iagaer xoTa Guf [MOCICOBateIbHOCTH (piic. 161)

Py ‘
Sp (X) = 1—+!l“nz_w O<x<a). (48)

Mur nveem, oyeBuauo, npH X =00 -
nx 1 X

Lt :

n=

14n2® n

1 1
1, npu n— co, Nepsuli MUOKNTEL cMpaBa '—l-—>0, a BTOPOft CTpeMiTCA K —,

T. € 8, (x) —O0 npu x720. Tlpi x =0, ouesuano, s, (0)=0 npiu Bcakom n, u,
caegoBareasho, upu scex x u3 (0, a),

¥, rie @—HEKOTOpPOC NOJOKHTIEAbHOE
10} nx 4HCI0, .
d Y* onigr *$n (x) s(x)= lim s, (x)=0.
n—=>o0

Oanako MAKCHMAIbHAg BeaHYHNA
95 OTPC3KA OPIMHATH MCXXY KPHBBIMIH
n:1 5. (x) u s(x), XoTopas B paccMaTpH-
n-2 BaeMoM Ciyyae IPHBOAMICA NMPOCTO K

. X ) ‘"'41 opaunate KpHBOit S, (x), TaK Kak
[

05 o 45 &0 s(x)=0, 6yaer 5 (n 6yaeT coorBeT-
Puc. 161, 1
CTBOBATL 3HAYCHHIO X ::7). Tak kax

OHAQ HC CTPEMHTICR K HYII0 NpH n— 0O, To NociejosateabHocTh (48) He Gyner
panroMepHO cxoisweiics B mpomexcytke (0, @); u, NEACTBHTEAbHO, €CAH MBl XOTHM,
Y100 GBN0

nx

ls(x)—sn(x)]=m<a,

10, pellas OTHOCHTEIBLHO 1 HCPABCHCTBO 2-il CTEMNCHI
0<1——':—u—{—x2n2
U CUHTAR & JOCTATOYHO MAILM, MOJIYUHM
n >2_Ix—a[l 4 V' 1—4e) = N(x).

¢yuxkuna 3Ta BO3pacraer GecmpefeasHo NpH x — 0, 4TO I O0GYCAIBANBACT -
HCPaBHOMEPHYIO CXONHMOCTL NMOCAeNOBATEILHOCTIL.

3amerns, unakouen, 4ro te we puc. 160 u 161 nosasbisaior, 410 HOCACA0-
BaTEILHOCTb X7 paBHOMepHO cxomurca B upomexyike (0, g), rne g — mio6oe

nx
NOJOKUTEIBHOC YHCA0, MCHbUIee €IHHHIL, a TOCACROBATCALHOCTD I_Wx_’ passo-

MCPHO CXONHTICA 8 mpoMexyTke (g, a), rie 0 << g << @, B ueM HeTpyaHO y6eRuIbCA
H HCNOCPEACTBEHHUM BHYHCICHHEM,
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145. CeoficTB2 paBHOMEPHO CXOASUINXCH MOCAenoBaTeabHocTefi. 1. /Ipe-
deavnas GYHKGUS PABHOMEPHO cxo0sueiicst 8 nposexcymxe (a, b) nocaedosa-
MeAbHOCMIL Henpeplenvlx GyHKyUE makoice Henpepulgua.

Mycms

1 (x)v Sg (x)’ seey Sp (x)v b
— JaHHaA M0CIeA0BaTeILHOCTD MYHKIH, MpHYEM BCe OHIl HEMPEPHBHH B NPOMC-
wyrxke (a, b), 1 mycTb :
s(x)= lim s, (x)
n— oo

ce npenersnas ¢ynxuna. Ham HYXHO 1HOKa3arh, 4yTo, 33[aB Hanepej CKOubL
YroiHO Mance MNONOKHTEIbHOE YHCIO £, MOXHO HafiT Takoe YHCIO 3, YTOGHL
6uia0 [35]:

Is(x+h)—s(x)|<<e, ecan |h]<<?, 49)

npH ycriosuy, uTo 06a uncia X u .x -}k aexat B npoMexyrxe (4, b). Mo Momenm
nncars npn aw6oM

|s(x+h)—s(x)|= .
=|[s (x4 k) —sa (x + D]+ [s (¥ 14 B) — 5 (X)) + [$2 () —s (X)l| <
<|s(x+h—sa(x+A)[4]5(X) =35, (X) I+ |50 (X F-h) =52 (V)]
B cuay onpefieleHHn DaBHOMEPHOfi CXONNUMOCTI, MBI MOXeM BHIGPaTh 1 Ha-

CTOIbKO 6OAbLINM, YTOOH BO BCEeM MpOMEXYTKe (4, b), B TOM uicIe 1t npit 3na-
yeHHax X H X - h, 6ua0

ls(rdm—sa(x+DI<g, [5O)—s ()] <7.

Bu6pas Tak n 1 QHKCHPOBaB €ro, B CH1y HENpPepLIBHOCTH (ynxuun s, (x)
[35], Ma1 moxeM HaliTH Takoe yicao 3, 4TOGH GBLIO )

|s,,(x+h)—s,,(x)|<-§--, ecan |h|<bd.

ConoctaByB BCe STI HEPaBCHCTBA, Mbl I MOAYYHM HepaBeHcTBO (49).

Ecau nocneposarensHocTs $YHKUM{t CXOANTCA HepaBHOMEPHO, TO NMpEAEIbHAsN
GYyHKUUA MOXeT M He GHTb HempepuIBHOf, NPHMEPOM YEro MOmKeT CIYXHTh
xoTa 6N moclefoBaTeabHocTh x® B mpomexyrke (0, 1).

O6partHoe yrtBepiieHHe, OJHAKO, HEBEPHO, — I 1151 HEPABHOMEPHO CXOIsi-
mefica MoOCAeXOBAaTeTbHOCTH TNpefenpHas ¢YHKUUA MOxeT OHITb HeNpepHIBHOI,
Hanpuvep, AJA MOCIEIOBATEIbLHOCTH:

nx
1 4 n3x®*
2. Ecau
83 (X), 85 (X)) vey Sp(X), ...
ecmb pABHOMEPHO CX00AWaScs NOCAeO0BAMEAbROCIND HENPEPLHBHLLX 8 npoMe-
. ocymxe (a, by dynxyui u (2, B)— 210003 nposeicymox, sexcawuit 8 (a, b}, mo

g 8 . .
- S Sp(X)dx — 3 s(x)de (50)

«@ « B
uau, uHade,

8 8 : .
lim {s,(x)de =\ lim s, (x)dx. 51)
ll'—'OOa a =00 o . . LN
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Ecau npedeant unmezpuposanus nepemennvle, nanpumep, = x, mo nocae-
Oosamenprocmp PyHKYui

§s,, () dt (n=1,23,..) (52)

maxoxe cxodumcst pagroMepro & npomexcymie (a, b). Tipouccc sToT Ha3bI-
BaETCA Nepexo0or K npedesy nod 3HAKOM UHMezpaia.

3aMerusM mnpexae BCEro, Yro B CHay cBoficTa 1) npexeabnas GyHkuHa § (x)
TaKie HenpepuBHa. PaccMOIpHM Temepb PasHOCTb ;

8 6 6
\s(x)dx —-Ss,, (x)dx = S [s (x) — s, ()] dx.

-2

3agaB uyHCAO €, MBIl MOXCM, B CHAY DaBHOMEPHON CXOZUMOCTH, HaiiTH TaKoe
yucao N, utofx OpH BCeX 3HAYeHHAX n >N, BO BCeM NpoMmexyIke (a, b) mul
HMean

[s(x)—s,(A) [ <e,
a motomy [95], (10,)

B 8 f
| §Is (%) — 55 (x)] dx 1<3|s(x)—s,,(x)]dx<§edx=e(@_a)<s(b—a).

Hrak, a1 moGoro npoMexyTka (v, B), saxmouaoweroca & (g, b), HMeem

: b
{ [ys(x)de —

a

sn (x)dx | <e(b—a)

R 'y

&L

apy n> N. Tlpasan vactb uecpamen-

CTBA HC 3aBHCHT OT a u B 1 cIpe-

MHICA K HY.i0, ec1i ¢ — 0. Beunay npo-

I3BOJBHOCTH & MH MoOxeM QopMyai-
. posaTh pe3yabTaT Tak: NpH 1060M
3a1aHHOM NOJOKHTCILHOM g Cyme-
creyer N, He 3aBlicsuee or a H §,
10y TaKkoe, 410

g 4
|Ss(x)dx——Ss,,(x) dx|<e,

npin n> N. Orcioza nHenocpejcTBehno

ns16 = nf ~ BuTexaer Qopumyia (50). Iloaaras

0 10 Zo X =X u NpiuniMag BO BHEMAMC He-
' 3asucumocte N oT §, BHEHM, YTO

Puc. 162. NOCIe10BaTeAbHOCTD (32) CXOAUTCA PaB-

HOMepHO Jaa Bcex x mu3 (4, b). .
Ilna HepaBHOMEPHO CXOJAUIMXCA MOCIEIOBAaTeILHOCTEt 9Ta Teopema MOXMCT
oxasatbea It nepephoft. I1ycTb, Hampiniep,

$p (¥) = nxe= " b<x<l)

(psc. 162). Herpyano mokasatb, pasbupas orfeasHo cayyan £ >0 u x =0, uro
npi Bcakom x B npomexytke (0, 1) 3

Sp(x)—0 npn n— oo
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Tak uyToO 371ech §(x)=0. [ocregoBareabHOCTh 39T2, OxHAKO, HE MONeET OHTH
paBHOMEpHO cxofsuleficd, Tak Kak Han6olbluas opansata KpHBOH y= S, (x),
HIH, 4TO TO e caMoe, HaHG6OIbINAA BeJHYHHA PasHOCTH §, (X)— 8 (), KOTOpaa

noayyaerca npu X =

1
— , Bo3pacraer GecnpegelbHO IpH 7 — CO,
Von
C apyroft CTOpOHBI, MHl IIMeeM
1
L]
S Sp(x)dx=n
L}
[}

1 1 N .1
o= =,

—nx® 1 a
nx= - X
xXe dx = — 03 e

[

B TO BDEMA Kak
1

§s (x)dx =0.
3. Ecau gynxguu nocredosamensnocmu
S (%), Se(x), viiy Sp(X), .e
uMeom HenpepuisHbie npou3soonue
s; (x), s; (X)) vy 552D .ee
& npomexcymxe (@, b), npudesm nocaedosamesvrocms s, (X) PABHOMEPHRO €X0-

Jumes ¥ npedeavioli dyrxyuu a(x), a nocae008ameabHoOcms S, (x) cxodumest
K npedeavnoit dynryun s (x), mo s, (X) maxace cxo0uncs pasHoMepHo u

ds (.
s (=20 (53)
usu uHave
d lim s, (x
lim L) _ oo i (54)
nesco dX dx )

- TIponecc sToT HasbiBaeTcA nepexodor Kk npedesy nod aHaxKosm npoussooHoil.
[lycTb a-—m060€ NOCTOAHHOE, X — NMEpeMEHHOE 3HAYEHHE HAa MPOMEXYTKe
(a, b). B cuay cpoficta 2) Mu umeem

X X
lim {sy(¥)dx ={o(x)ax.
R g o

Jsn(x)de=s,(x) =55 () = s () — s (a),

a noroMy mpenniiymas GopMyaa naer
X
s(x)—s (a)=Sa (x) dx.
a

12 B, H. Cuupuos, 1. I °
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Quddepesuupys 910 paBeHcTBO i MOdb3yACh HIBECTHWMI CBONICTBaMH onpe-
aeaensoro nuterpaaa (csoiicrso VII) [95], mbl nmeem

ds (x) :
d - =g (x)’
X
uT0 i Tpc6OBaI0Ch MOKa3aTh, OCTacrcs N0Ka3aTb PABHOMEPHYIO CXOLHMOCTH NO-
CACAOBATCALHOCTH §, (x). ViMeem

Sn (X) =85 (3) +{ 5, (x) d.

a

[TocacnosareasHocTs S, (x) CXOIHTCA I BoBCe ne cogcpxkHr X, [Mocaeaona-
x .
TCILHOCTD Ssn (x) dx cxonuTca pasHoOMEpHO B cuay csojictBa 2). Orclona u Bui-
a
TCKAET PABHOMEPHAA CXOAUMOCThH S, (X), TaK KaK H3 onpejeleHHA pasloMepnoii
CXOAHMOCTH HENOCPEACTBCHHO BHITEKAET, YTO CYMMa ABYX PaBHOMCPHO CXOAALLIXCI
110CJIC0BATCALHOCTE]! CCTh TaKKC PAaBHOMEPHO CXOIAIAACA NOCTEJ10BATCALIHOCTD. -
Kpoye TOro, BCAKas CXOJAUIAACA MOCICI0BATEILHOCTD, YICHM KOTOPOil HE colep-
War A, Kak, HanpuMmep, s, (a), MOIXOAHT NOX oNpeacieHlic PaBHOMEPHO CXORji-
u1eiicst T10CIeN0BaTeIbHOCTH.
3aMeTuM eule, yTo MH 10Ka3aall paBHOMCPHYIO CXOALMOCTb S (X) BO BCEM
npoMexyTke (g, b), UCNOAL3YA Alb PABHOMEPHYI CXOIHMOCTL §, (X) 11 CXOmH-
MOCTh §, (a), 11, C1e10BATCALHO, MpIl QOPMYANPOBKE 110CICAHErO CBOJCTBA ROCTa-
TOUHO 1OTPeGOBATL CXOLUMOCTIHI S, (X) B oanoil Touke x ==a. O1CI003, KAK MU
y®e CKasaa, O6yi1CT BHITCKATh PABHOMEpPHAsA CXOANMOCTb S, (X) BO BCeM HpOMC-
KyTRe (4, b).

146. CsoficTBa paBHoMepHO cXoasutHxca papos. Ecau B npeauayuuix
NPELTOKCHIAX ML GYACM CUHTaThb S, (X) CYMMOil ;1 NCPBHIX YICHOB J3HHOIO

piza
u ()t u, (x)4 ... +uz ()4 ...,

a s (x) — cyMmuoil BCcero pama, T0 HENOCPEJCTBCHIIO MOIYYHM anaIoTHYHLIE Bpel-
JOXKCHHA A14 PAAOB € HCPEeMEHHLIMH YieHaMmit. .
. Ecaut yaenw pada

Uy (x)fue (V) + ... At () .ol (53)

KenpepugHsie 8 npoxexcymue (a8, b) Pyuwuyun u pad cxodumcs pagHOMEPHO,
mo u cymma €20 s(X) ecmnp HenpepuGHas PYHKUUSL 8 nposescymye (a, b).
Ecau ynenvt psida (55) nenpepusHue 8 npomexcymie (a, b) dynruquu
1 pad cxo0UNCA PABHOMEPHO, N0 €20 MONCHO NOYACHHO UHMELPUPOIAND A eHCOY
KaruMit ¥20040 npedeaanu a, 8, aeacauunu 8 npomescynire (a, b), 1. c.

©

£ oo
S 3ty (W) dr = ) gu,. (x)dx. (56)
1 :

an= n=la

Ecau npedeast UHMEPUPOSAHUS MEPEMEHALE, Hanpuxep, B==x, mo psod,
KOMOpstl noAyuachics NOYAEHRNN UHINEZPUPOSAHLEN

V() de +§u ) dxt oo +{u a0, 57)

aKJice PAsHOMEPHO €X00umca 8 npoxedicymse (4, b).
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3. Ecan pad (55) cxodumes 8 npomexcymke (a, b) u €20 HACHB UMEIOM
Henpepuousie 8 nposexcymxe (a, b) npoussodnve u (x), ..., a, (X), ..., npudes

PAO, COCMABACHNBE U3 NPOU3BOOHBLX
u; (x)+ n; O+ ... Fu, )+ ...,

cxodumen pasuomepro 8 nposmexcymxe (a, b), mo u Oanneii pad cxodumes
PasSHOMEPHO U €20 MONCHO Ouddeperyuposamp nOYACHHO, T, €.

2V upm= Y L (58)

n=1 n=1

Mpu BeiBoge STHX npearoxennit n3 TeopeM [145] nazo ToabKo nMethb B BHAY,
UTO YKA3AHHLE 8 NPLONONHCEHUAX CBOICMSA UMEOM, KK Mbl YiKe 3HaeM, Mecmo
8 caydae KOHE4HO20 4ueaa caazaexuix. Tak, HaNpuUMep, ecau 4aeHv paida u, (x)
cyms Henpepususie Gynxyuu, mo u dynKuyuL

82 () =, () 413 () F oo F115 (1)

HenpepulsHu npu awbosm n [34].

147. MpusnakH pasHOMepHON CXOJHMOCTH. Yramen NeKOTOPHE NOCTaTOY-
IBIC YCAOBHA PABHOMEPHOf! CXOZHMOCTH.
Pnd @ynrnyuii, onpedescnnx 8 npomescymre (a, b):

1 (1) Aty (1) F e bt ()
cX00UNMCSt PABHOMEPHO 8 nposexcymKe (a, b), ecau 8bn0AHEHO OOHO 113 cnedy10-
wux yca08uii: : i :

(A) Moo naiimu nocaedosamesbHOCMb NOAOHCUMEALHOLX NOCMOAHHHNX

My, My, oo, My, e :
makux, 4mo
|t (x) | <M, 8 nposexcymie (a, b) (59)
u pad T :
M +M4 o M+ (60)

cxodsuyuiics (mpusanak Beftepmrpacca).

(B) ®ynkguu u, (x) sozym Cvtms npedcmasaenu 8 gude

Upn (x) =08,V (X), (61)
20e a;, Gy, ..., Qg ... CYMb NOCMOAHHNeE, makue, 4mo paod
a4+ 0+ ... +ap+ ... (62)

cxodumesn; PyHKyun sce vy (X), ..., Uy (X), -.. 8ce HeOMPULAMENLHEL, OCMAIONCA
" MeHbUIe NOCMOAHHOZO NOAOICUMENbHO20 Huucad M u npu KaixicOos 3HateHuu x -
. 8 npomescymse (a, b):
U)W = 20, ()= .., 0<v, ()<M (63)

(mpusnak Abeunn) g
HoxazarteabcrBo (A). Tak xax paa (60) cxomurca, TO NMpPH JaHHOM
e MowHO Hafitit Takoe uHcao N, uro6ut mpn Bcex n>N H IPH BCEX p MH

nmemn {125
Mpy +Mpio - o0 +Mayp<e;
12
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B CHay xe HepaseHCTB (59) n
Fageg (0) 4 oo tpp () S Mp 4 oo FMppp <ty

oTkyna [143] i BeiTexaeT paBHOMEpHAas CXOLHMOCTb paga (55).
Hokaszarteabctao (Bb). IToaoxum

sp=a, t a6, .+ - +an+p Pp=12 ..
OTKYJa HemoCPeACTBEHHO Caenyer

a, =0 H 4, , =0 —c (k> 1).

n+t
OueHnM BhIpakeHie
Upyy (X) Ftps () 4 o0 - Upyp (X)=
= 8p44Unsy (X)) - BniaUnye (X) F oo pypUaip (X).
ToacTaBasnA BMECTO @4, HX BBIDAWMEHIA YEDE3 oy, U cOGHpas YaeHH C OAu-
HAKOBHIMH G), MOIYYHM
Un 1 Upit (%) Ggya¥nes (0) F oo = Gpyplnip (X) =
=00, (X) + (05— 01 U, 9 (X) 4 wos (0, — 0, Vo,,,(x)=
=0y [U,,1 () =V (O] + o +
0 [0 ) — 7, ()] 50, , ()-

[lpUHHMAR BO BHHMANHE, YTO Upyp (X) M BCE PABHOCTH Upyp_y (X) — Vpyp (X)
N0 YCIOBHIO HCOTPHLATEIbHLI, MOKeM Hanlcarb

[Upi (X) 4 oo tinyp (X) | <
< (€11 () — Oy (O e 8y 1[0, 4 () — 0, (1) 17, ),

HaH, o6o3nayana yepes ¢’ HauGoabluiee M3 a6COAIOTHHX 3uaqemm I 1] |02|, ,| |
Vnes () 4 oo - ttnap (0) [ <
< ¢ {[Vn41 (X) — Vnsa ()] + oo F[Vn1p-1 (X) —Vasp (X)] + Vnyp ()}
noayyaes, HPON3BOIA COKpPALCHIA,
sy (9 wov - By () | S04 (). (64)

Us onpeneaenna o), n cxoanvoctit psia (62) BuTekaer, yTo 11 aw6oro

33J1aHHOr0 MOJOXKHTEIbHOIO & CYWCCTBYET TaKoe N, YTO NpH n>N H BCAKOM k
MBI HMEEM

]ck[<M, a noroMy H ¢’ <M'

IIpitHuMan BO BHHMaHHE cile, yTO 1O YCI0BHIO 0<C v,y , (¥) << M, noayvaem
B cray (64),

IulH-l (X)+ eee +ull+p (x)l<£

npu n>N H moboM p. Tak kKak N He 3aBICHT OT X, TO OTCIOfA I BMTEKAeT
PaBHOMEPH&EA CXOAMMOCTh paja (55) B mpoMexyTke (g, b).
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Mpumepe.
1. Paau

cos nx sin nx
255 X EE o>y (65)

n=1 n=1

CX0JATCA DABHOMEPHO BO BCAKOM IIDOMEXYTKE, TAK KaK NPH BCAKOM "X 1IMCCM;

1 sin nx 1
= — — =<
nb? ne nP?

COos nn.x
nfP

n pan lei” npH p>1 cxonauuniica [122] (npuaunax Beficpuitpacca).

. [o0] .
2. Ecan pan Y, a, cxommtes, T0 H paa
n=1
(=]
a
2= ()
n=1

paBHOMeDHO cxoinTcA B npomexytke (0<C x <Z[) npn ;o6oM /, TaK Kak, M010-
WUB 31eCh

1
Un (x)=;ﬁ,

YAOBIETBOPHM BCEM YCIOBHAM NpH3naka AGexs.

148, Crenennsie psaaet. Pagnyc cxogumoctn. BechMa BaxHuit npumMep npu-
NoXeHHA H3M0keHHOl Bhe TCOPHH PALOB C MCPEMECHHHMII YICcHAMH Mpeicra-
BIAIOT cmenexuyie psads, T. e, palbl BHAA:

gyt-ax fa x4 .. Faxn4 .., (67)

C KOTODBIMH MHl Y€ BCTPeTHIHCh NpH HcciaeloBanun dopmyan Makiopena.
[TogpoGHoe n3yyeHpe CBOHCTB 3THX PAINOB OTHOCHTCA K TeOPHH (PYHKUHI KOM-
N1eKCHON MepeMeHHOMl, a MoToMYy 3leCh MH YKaWeM TOIbKO CAMBIE OCHOBHBIC
CBOfiCTBa.

flepsaa teopema AGeas Ecae cmenennoid psd (67) cxodumes npu
Hexomopos 3dadenun X =¢§, mo od cxodumcs abcoMOMHO npu Gcex 3nade-
HUAX X, 047 KOMOpHuX

[x]<<[E) (68)
HaoGopot, ecau o4 pacxodumen npu x =§, mo pacxodumes u npu 8cex
3HAYEHUANX X, 048 KOMOpHX
|x|>|¢|=r. (69)
[Iycts cnepsa pan
‘ a,taftaf 4 . a8t ..
cxomTcs, Torxa obutuft yien cxoiasmeroca paia IOMXKEH CTPeMHTHCA K HYIIO,
T. € :
a,5"—0 npu n-—oco,
a MOTOMY MOXHO HafiTH Takylo nocroaHuyl M, yTo6b NpH BCEX 3HAYEHUAX n
MH HMean
| a5 | < M.
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[pugagum tencps X Mwo6oe 3HayeHie, YA0BAETBOPAIOILCE YCIOBHIO (68), u
TI0J0XHM :
=|% [<1
=% .
Mu usmeew, ouesngno

n gn X0 tn
| @nx®|=0pk W =|a,8"|

<

T. €. o6umiit yaen psjga (67) mpu paccMATPUBAEMOM 3HAYEHHH X NO a6CoIIOTHOI
BeAHYHHE le NpPEeBOCXOMNT 06Wero uYieHa GeckoHeYHO yGLBalouieli reomerpi-
veckofi nporpeccun, a notromy pax (67) cxoaurca abecoaorno [124).

Bropas wacts Tcopemu oyesnama, 1axk Kak ecanm 68 panr (67) cxommica npu
HEKOTOpOM 3HAYeHHH X, ylopierBopalmeMm ycioBuwo (69), To no noxasannmomy
ceflvac oH JloMEeH LT Gl CXOAUTLCA UPH BCAkoM §, AIA KoToporo {§] <|x),
YTO NPOTHBOPEYHT YCIOBHIO.

Caeancteune. Cyuecmgyem 8noaue or;pede,zeﬁnoe qyucao R, romopoe
Ha3vsaencs paduycos cxodusocmu pada (67) u womopoe 06.1adaem caedyo-
wury cgolicmeanu:

pad (67) cxodumest abeoaromuo npu | x| <R,
pad (67) pacxodumes npu | x| > R.

B yacrHocty, MOxeT OKa3arhes, 4t0o R=0, u roraa panx (67) PacXoanTCR
NpH BCEX 3HAYEHHAX X, OTANYHHX OT Hyas, HaH we R=—=o0, n 10ria psaa (67)
CXOANTCA NPH BCEX 3HAYCHHAX X.

Or16pocuB mnepBHii cayuail, paccMOTPUM TaKoe NOJOKNHTEILHOE 3HaychHue
x =S¢, npi Kotopom pal (67) cxoautca. Takoe aHaucHue HaBepHoe CywlecTBYerT,
ecan, Booluie, CyWECIBYIOT 3ilaucHus x 320, npi KotopuX pai (67) cxoanrcs.
Ecan M Gyaem yBeaMuHBaTb YHCIO § TO MOTYT BCTPETHTBCA AHIUL ABA CAYyYan:
nan sce BpeMa pax (67) Gyaer ocTaBaTheA CXOAAWHMCH IPH X =§, jJaxe Koria
§ yBeaiynBaeTca GecNpeleabHo; TOrAa Mbl HMeeM, 0YeBIIN0, R = o) Hall we Gyier
CyIECTBOBATh TaKoe NOCTOAHHOE YHCIO A, KoTopoe 001afaeT TeM CBOICIBOM,
uyto npi Beex £<<A pax (67) cxoamics, Ho mpu §>>A pag Aejacrca pacxo-
JALMCA.

CywecTsoBanne Takoro yicia A HHTYHTHBHO-T€OMETPHYCCKH BIIOJHE OUC-
BHAHO, TAK KAaK Ha OCHOBahHi neppofi Teopemn AGead, €CIH PAR NPH KAKOM-
HUGYAb 3HayeHHH § CledaeTca pacxXoiswiliMcd, T0 o GyAeT PACXOANTLCA H Npi
Bcex Goabwux 3Hayenusx. CTpOroe A0OKa3areabCTBO CYUICCTBOBaHHA unHCIa A
MOXeT GHTb NpoBelleH0 Ha OCHOBAHHH TEOPHI HPpauHOHaIbHHX Yicet. Ouesiiino,
yTO 370 yHCI0 A 11 6yZer paauycom cxoaumoctu R psaza (67). :

IMpoeeaem noxa3aTelbcTBO CyulecIBOBaHHA R, PazofbeM BCe BCujeCTBEHlUME
yjcia Ha JBa Kaacca caeiylomny o6pa3oM: K NepBOoMY KJacCy OTHCCeM BCe
OTPHUATEILHBIC YlC3a, HYab M Takue NoloxNTEIbHHME uncaa § uro pag (67)
CXOANTCA Mpl | x|=2§, a Ko BTOPOMY KJAaCCYy OTHECEeM BCC OCTaIblinie BeuleCTBen-
Bbie yicaa. B cnay poxasannoil TeopeMbl J1060€ YIICIO MEPBOrO KJIacCa MeHblle
a1060ro yilc:la BIOPOro Kiacca, T. €. MW NPOU3BCIH CeyeHlle B oGiacTu seuge-
CTBEHHLX YlCeX, a MOTOMY IL1i1 B MEepBOM KJacce eCTb HaHGOIbILCE HHCIO HAN
BO BTOpPOM €CTb HaiMeHbmiee uncio [40}. Herpymno Bnnern, 410 370 4liCI0 M
Gyner paanycoa cxoaumocti R paga. Ecan Bce yncaa nomaayr B mepauit xaacc,
TO Haxo cynTarL R==co.

149. Bropasn teopema AGens, Ecau R ecms paduyc cxodumocmu psda
(67), mo pad cxodumeii HE MOALKO 8GCOLOKIHO, HO I PABHOMEPHO 8 21060M
nposexcymice (a, b), aevcaujes yeauxos suympu nposexymia (—R, + R),
m. e. 041 KOMOPO20 )

—R<a<<b<R
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Ecau orce psad cxodumes u npu x =R uatt x =— R, mo ox G6ydem pasHo=-
MEPHO cxo0suqumes w 8 npomescymre (a, R) usn (—R, b).

3ameTiy, MpexkaAe BCEro, YTO, He Hapymaa OGWHOCTH, MBI MOXEM CUHTATh
R=1, BBei1a BMecTO X HOBYIO He3aBICHMYIO NMepeMeHHYI0 ¢ 1o ¢opMyae

x=2~Rt,
nocne yero psaa (67) npeppaTHTCA B CTenmeHHON PAX OTHOCHTEIbHO MepeMeHHoft £,
a npomexyTok (— R, - R) nepefizer B (— 1, 1).

Ecan R=1, 710, no onpexeinernio paznyca cxogumocty, psax (67) 6yner cxo-
RNTbCA aBCOTIOTHO NMPH BCAKOM 3HayeHHn x ==§, 11a kotoporo |§|<< 1. PaccMo-

TpHM Temepb AWGOH MpoMexyToK (g, b), aewawnit BHYTpH (— R, R), Tak utO
' —l<a<b<l

BuGepem 3a £ nmwo6oe uncno, nexautee suytpy (— 1, 1), Ho no a6comoTHoMY
anayennio Goawvmee [a@| 1 | b|. [Ipn BcskoM x B mpoMexyTke (4, b) HMeewm

[apxm| <| @8],
H TaK Kak paj '
Gyfagtafd- ... Fagrd- ..

CXOINTCA aGCOMIOTHO M WIeHsl €ro He 3aBHCAT OT .X, TO MO mpisnaxy Befiep-
mrpacca pax (67) cxomurca paBHOMEpHO B npoMmexyTtke (g, b).
Honyctum tenmeps, yto pax (67) cxomnrca n npu ¥ =1, T. e. Y10 pag

ata+a+...4+a,+...
cxoaurca. [loxaraa
U, (X) =7,

MH MOXeEM NpHMeHHTb K pany (67) npusnax AGeas, koropuil mokaxker, yto pan
(67) Gyner paBHOMEPHO CXOHTLCA BO BCEM IPOMEXYTKE (a, 1), rae a— aw6oe
yucno, Goabmee — 1,

Cnyuait, xorna pan (67) cxommrca npu x=— l, npusoantca K mpeaway:
uleMy, ecu 3aMennTb X Ha (— x). :

OGostnauum uepes f(x) cymmy psaga (67). Osa cyuiectyer, KoHeuHo, IHIIL
NpH TeX 3HAYEHHUAX X, NPH KOTOPHX psi cxommurca. Iyctb R-—papuyc cxonm-
MocTH pAna. [IpunnMan BO BHHMaHHe PaBHOMEPHYIO CXOAUMOCTb PAAA BO BCAKOM
fipomexyTke (a, b), 118 KoTOpOrO

—R<a<b<R . . : (70)

u ceoficto 1) nus [146), Mowem yTBepwnath, umo cysmsa psda f(x) ecms
HenpepueHaAR (PYHK YU 80 BCAKOM U3 YKA3AHRWX npoMedxcymxos (a, b). Vnaue

'TOBOPAT, uT0 f(x) HenpepwsHa euympu nposexcymra (— R, -+ R). Narwue

MH YBUIHM, YTO 3Ta QYHKUNA JMeeT CKOIBKO YTOMHO NPOHIBOAHHX BHYTPH
npomexytka (— R, -+ R). Ecan psag (67) cxomutca m npn x=R, 10 B cuay
AOKa3aNHON DaBHOMEPHON CXOXNMOCTH BO BCAKOM NpoMexyTke (g, R), rie
a>—R, f(x) 6yaer HenpephiBHONt QYHKWIEN B STOM NPOMEXYTKe, 1, B yacT-
1octH, f(R) Gyner npegeaoyM f(X) npH cTpemaenun x Kk R caesa [35]:

F(R)= lim f(x). n
x—»R—O
AnazorfuHo npu CXOAHMOCTH pAfa AAR X =— R,
Buwe Mol Bugean, yro pazaoxenne 6unoma HoortoHa [131]
m(m—1) o

- m
(tom=14 fot gL x+ ...
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HMCECT Paauyc CXOMMMOCTHI R==1 1l B HEKOTOPHX CIyuasx CXOAHTCA NpH Xx =+ 1L
B ciay ToIbKO YTO NOKA3aHHOTO MOXKHO YTBEpPWIaTh, YTO €CHAll, HanmpuMep, pax
cxoanrcs mpi x =1, To ero cyuma npu 3ToM pasHa

lim (14 x)m=2m,

x—-1—0

150. AndepennnpoBanne B HHTerpHpoBanHe CTenenHoro paaa. Ilycrs
R — pazuyc cxoauMocTil psia

a,+axtax*t ... a4 (72)

Wnrerpnpys ero noyienno or 0 1o x u anddepeHuHpya ero, M NOIyYuM ABa
IpYIHX CTeNeHHHX paAa

aox-(-—(—g—x?-{—...—}—%x"“—{—-... ) (13)
a; 4+ 2a,x + 3a;x2 - ...+ nagatt - .., (74)

ITokaxkenm, yTo oMM HMEOT TOT K¢ paanyc cxoiumoctu R. Mas storo Hago
NOKa3aTh, 4TO OHH CXOIATCA, ecaH | x | << R, H pacxoaarcd, ecal |x | > R.

Mo noxkaszanHomy, paix (72) cxoanTca PasHOMEPHO BO BCAKOM NPOMEKYTKE
A—Ry,-+Ry), rac 0 Ry << R, u B cuay cpoiictsa 2) u3 [146) ero MoxkHO B 3T0M
NPOMEKYTKE HHTETPHPOBATH NouaenHo or 0 fo X, 7. €. MOXHO YTBEpkiath, 4TO
pai (73) cxoantca npi 31060M X, A3a KOTOpOro | X | << R, it 4TO NpH 3TOM CYMMA
pata (73) pasiia

\f () dx,
Q

rae f{x)—cymma paza (72). Tlokaxeym Teneps, yto u pax (74) cxoanICs, eCan
x| <<R. Boanbmenm 1akoe x, BrfepeyM Kakoe-nnGyiab uncio §, Jexaulee Meway
lxl 8 R, 1 e

[¥[<E<R, (75)
I NOJOKIM :

_1xl
qg= E <L

Ias uaenoB paga (74) noayyaeM OUEHKY
xvt ]

napit ——

gt —e' ]

jnaant| =
I, B CIIY NPeIALIAYILEro,
1
| napxt~t| << ngt T | a,5"].

TipiimeHas k psay an”“ npusHak JazamGepa, HeTpyaHO NOKa3arb, yTo
on cxoautes npu 0<< ¢ <1l m, ciegosareiabno [119],

nq"“ -0 npu n— oo, (76) ;
4 noToMYy, NIpIl BCEX 0CTATOYHO goablung
Ina,x® 1 <|azi" ]

Ho B cuay (75), pax 2 a,5® cxo0a1TCa abcoa0THO, a otoMy M pax (74) cxo-

Jurca abCoTOTHO NpPH B3atoM 3HaveHuy x. Mrak, o6a psaaa (73) u (74) cxoaarcs,
ecan |X|<R, T. ¢ NpH NOYIEHHOM HHTErPHPOBAHHH I AH(depeHUHpoBaHIY
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CTEMeHHOro pANa ero PaaHyc CXOMNMOCTH He MoxeT ymeHbHHTbCA. Ho ortcioza
HEMOCPeJCTBEHHO CIelyer, YTO OH He MoOxXeT M yBeanyntbca. [eficTBureasHo,
ecan Gul, HanpHMep, paanyc cxoIuMocTi psaga (73) 6ux R', npuueym R >R, 10
npu auddepenunposannn paga (73) Mul noayywan 6e paax (72), u ero pauiyc
CXOJHMOCTH JOMXeH GHTb He MeHbme R, a o YCIOBHIO OH paBeH R, npHueM
R < R. Urak, pagn (73) 11 (74) nMe0T TOT e paallyc CXOMHMOCTH, UTO H pajg
(72). Qnddepenunpya pag (74) eme pas, NOAyyHM, B CHIY AOKAa3aHHOIO BHILIC,
CTeNeHHoil pax

2a05-+-3+20,x+ 430,02+ ... Fn(n—1)ax" 2.,

c Tem xe panuycoM cxoxumocTh R n 1. A. To e 6ylem HMETb 1 NpH NOBTOP™
HOM TIOYIeHHOM HHTerpupoBannn paga (73) or 0 no x. Bce moayyesnme ot
nouxeHHoro auddepeHnnpoBaHna 11 OT NOYIEHHOTO HHTerpipoBanns ot 0 jo x
- pAltl PaBHOMEDHO CXOAATCA BO BCAKOM NpoMexyTke (a, b), ylomaersopsiomeM
ycaosuio (70). Benowmmasa cmoiictea 1), 2) n 3) n3 [146], moxem cdopmyanpo-
BaTh cheayioumit pesyabrar,

Cymana cmenennoz20 pada

g +axtaxtt...Fax?..., an

paduye cxodurocmu KOmopozo ecms R, ecmb HenpepulsHas HYMPU NPOMEHCYINK A
(—R,+R), m e npu —R<x<<-+ R, dynryusa, usmeowas euympu amozo
nposexcymrka npou3soduste 8cex nopsdxos.” Imu npoussoduue mo2ym Gumb
noaydenst nowaennvir dupdepenyuposanuess psada (17). ITocaedosamensroe
noy4sennoe unmezpuposanue om 0 do x npu — R << x < -} R maxaice moxcem
npou3sooumsest noYneHHuM usmezpuposanuerm psada (17). [lovaennoe dugpe-
. PEHUUPOBAHUE U UHMEZPUPOBAHUE CMENEHHOZO P0G He MeHAIOm €20 paduyca
cxodumocmu,

OtMeTnM, uTO NPOMEXYTOK (—R, -+ R) MOmeT GHTb H OTKPHTHIM IPOMEX YT~
KOM (— oo, -}~co), T. €. BCE CKasaHHOe CMPaBeLIHBO 1 A14 TOrO Cayuas, Koraa
pannyc cxoaumocTH psia (77) paBen GeCKOHEYHOCTH.

[lonaras
F) =0, 0% a0 - (78)
MH noayuaeM, TakuM o6pasom,
F1 () =0, +200x . nagant 4,
fF(xX)=2a3+6a,x+...4+n(n—1) apxn24...,
M (xy=nla,4-(n4+1n...3-2a,,x4...,
OTKyaa caeayer npn x =0,

" (0 ” (0
a,=f(0), al=f l(! ) ’ as=f 2(1 )v evy an=fl’:;'ﬂ(-0)y cee
Y lMoacrasuB 3TH BHIPAXEHUA L1A &;, @y, Gy ..., 3, B (78), noayuim
=+ L O L0 L r<x<tR)

T. e, cmeneHrol pad cosnadaem ¢ pa3L0JCEHUEM cBOell CYMAMb no Popryae
Maxaopena.

_ Vsao:xenHas TeopHA CTeNeHHHX PANOB pacHpocTpaHserca 6e3 Tpyla Ha
CTeNeHHble PAXB BlA

g, ta(x—a)ta(x—a)+4...+a,(x—a" .. (79)
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Beane poab x Gyner urpatb pasuoct (X —a). Paaunyc CXomnMoCcTH R psasa
(79) oupenecaserca H3 TOrO YCIOBIsA, YTO psd CXOAHTCA npH [ x —a| << R H pac-
xogutca npH | x — a | > R, Ecau o6osuaynt, uepes f(x) cymmy pana (79) B npo-

MCH Y TKE
—R<x—a<Rk (80)
T0 A1A KOo3((QHUNCHTOB @, MOIY4YacM Bbipaxkelie
f' (a tn a
a, = f(a), lZl::-T), ceey a,,=f Il!( ),...,

1. ¢. pad (79) 8 npomsescymre (80) cosnadaem c pasaoscerues csoeid cyms
8 psd Tellaopa.

Mu Bepueca ewle K Teopil CTeNCHHBX DAIOB B TPETbEM TOME [pi H310-
#CHINI TCOPHI GYHKUHI KOMMIICKCHOIT NepeMcHHOf.

B xauectse npismepa npeAlaraercA BBIBECTH M3 TCOPHH CTENCHHMX DANOB
pasaoxenna ¢yuxuuii log (1 4 x), arctg x, arcsin x, 3aMCTHB, YTI0

5
dx

log (1 X)= —
g+x=\ 7=,

3

0
X
dx
arctgx = \‘ -

dx

X

.
arcsin ¥ = s =

b] l—w

I HccacaoBath ofIacTh NPHMENHMOCTH NOJYyHCHRLX pasaosenii.



FJTJABA V
®YHKIIUH HECKOJIbKMX HEPEMEHHBIX

§ 15. MPOU3BOJHBIE H AUPCEPEHIIHAJIbI ¢YHKUHH

151, OcHoBuble nonatia. B § 6 raasu I, noceamennom dynkinam
JABYX MNepeMeHHHX, MBI HAYaJH C H3.JT0XKEHHS OCHOBHHIX MOHATHH, Kacalo-
“muxces Takux gyHkuufl. Cefivac Mpt GyzeM roBopuTb O (BPYHKIGISX MIIOFHX
NepeMeHHsx H, Kpome Toro, 6oJeec noapoOHO OCTAHOBHUMCA HA NOHSTUH
npesena.

dyukunio [ (x, ¥) MB cunTaeM onpeneneHHOfl uAnm Ha Bcefl NJOCKO-
CTH Ham B uexoropoft o6mactn. Taknm o6pasoy, Beaxoit Touke (X, y)
- 3 sToft o6nacTH COOTBETCTBYET onpeneneHHoe 3uauenne f(x, y). Ecan
PaccMaTpHBAalOTCS TOABKO BHYTpeHHHE TOYKH O6MacTH, TO Takad 06Jacthb
HasbiBaercs omwpeimoil. Ecnn x oGnacTH NPHYHCASEICA ee KONTYD, TO
006/1aCTh HaSHBAETCA 3AMKHYMOLl.

AnanoruuysiM 06pasoM, ecan BBeCTH NPAMOaHHeHHYo, npmioyrom,-
nylo cucreMy koopaunar OX, OY, OZ B npocrpaHctse, TO, BMECTO
Tpoliku umcex (X, y, 2) MB MOXEM TFOBODHTb O TOuKe /M npocTpaHcTsa
¢ Koopxunaramu (X, y, 2z). Bysem cunrats, uro dynxuus f(x, y, 2)
onpeseneHa BO BCEM INPOCTPAHCTBE MM B HEKOTopoit o6aacti npocrpai-
CTBa, KOTOpas Moxer OWTb OTKPHTOH uan samkuyroft. B nanGosee mnpo-
CTHX caydasx rpamumaMn oGuacti (nX MOMET OHTb M HECKoaAbko) Gy-
IYT HEKOTOpHeE NOBepxHOCTH. TaK, HanNpHUMep, HePaBEHCTBA

QLX< ay << y=<b, ;<2< 3

ONpenentioT 3aMKHYTHII MPAMOYrOALHHN napannenenunes, pe6pa Koro-
poro napaJjne/isHbl KOOPAHHATHBIM OCHM. Hepaneucma

gxla, H<y<b, <z<a

{
onpenendioT OTKPHITHII napaJJenennnen. Hepaaeucrno

(x—af -+ (y—b) +(z—cp<r®

onpexenser 3aMkuyryio chepy ¢ uentpom (a, b, ¢) n paanycom r. Ecan
HCKJIOWNTb BHAK PaBEHCTBA ¥ OCTaBUTh TOABKO 3HAK <, TO NOJYHHTCS
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oTkpuiTan cdiepa. llomsaTne npegesa u  nenpepuBHOCTH I8 (PYHKIUK
TPeX mnepeMEeHHHX Oompeae/siorT COBepLIeNHO TaK e, Kak n [67] aas
ABYX TepeMeHubX.

Has dyukunit f(xy, X3 ..., X,) MHOTHX HepeMeHHWX nOpuw n >3
yxe TepsieTcsl reoMeTpHYecKas HarJsgHOCTb NPOCTPANCTBA, OIHAKO U
B 3TOM CJy4ae YacTO COXPaHSiOT reoMeTpuyeckywoo Ttepmuuodorimo. Ilo-
C/JeR0BATENLHOCTb 71 BEIIECTBEHHMX uHCeaA (X;, Xo ..., X,) Ha3LHBaOT

Toukof. MuoxecTBO Bcex Touek oOpa3yer n-MepHO€ NpPOCTPAHCTBO. °

O6nactin Takoro mnpocTpancrsa onpejeiasiorcs HepasencTtsaMil. Tax, na-
npiHMep, HepaBeHCTBa

O<sx<d), <CXp<<d,, ..., (;<X,<<d,

onpeneanior rz-mepm,m napaaaeaenune] HJay, Kak nHorja rosopdr, n-mep-
noiit NPOMEKYTOK. Hepaﬂeucmo

n
Z r—a)<rt
k=1

onpenenseT n-vepuyio cdhepy. Oxpecmrocmsio TOYRW (@), Qi ..., G,)
HA3LIBAETCAA  MHOKECTBO TOYEK, ONpeAe]eHHBIX MOCAeaUM HepaBen-
CTBOM IIPH HEKOTOpOM BhHOOpE 7 UMM HEpaBeHCTBAaMH |x, —a,|<Ip
(k=1 2, ..., n), rie p— HEKOTOPOE NOJOKHTEAIIOE MiICJO.

Ecan dynsuma f(xy, X ..., X,) onpexenena B OKPecTHOCTH TOY-
Kt (a5, @z ..., Q) TO rosopar, 4ro f(x,, X3 ..., X,;) cTpeMurcs
K npeieay A npu cTpesienun Touku AM(Xy, Xy ..., X;) K TOUke
M, (ay, a3 ..., a,), 1 oUWyt

lim f(xy, X oovy X)=A nmt lim f(x, Xy ...y Xp)=A4,
Xp—ay M- A,

ecmi and mo0Goro 3agaHHOr0 MOJOAKITEALHOrO YiCAa & CYWECTBYeT Ta-
Koe noJokuTeabioe v, u4to |A—f(x, Xy ..., x,)|<e, ecan T0ab-
ko lap—x,|<m npn k=1, 2, ..., n, npuyeM cudTaeTCH, YTO
touka AM(x, Xy ..., Xx,) ue cosnamaer ¢ M,(a, as ..., a,). Ecan

f(xy Xy ..., x;) onpezerena u B Touke My(ay, ay ..., @), TO He-

npepLBHOCTh B 3TOlf TOuke onpeaeaserca papeucrsod [cp. 67]:

lim f(xh X2 cany xn)=f(al) Ay .uy an)'
xXp -.ak

Cnpasennunn  ykasanusie B [67] cpolicTBa Gyukunn, HenpepuBiofi
B 3aMkHyTOft obaacti

Kak u B cayyse ¢yuxunn oanoro nepementoro [34], cnpasennnssnl
YTBRPKALHHS O HENPEPHIBHOCTH CYMMBI, I[IPOHSBEAEHHS 1l YACTHOFO He-
npepusisx (ynxkuuil. IlocrenHee — B TOM Ccayuae, KOrga suaMmeHarels
OT/MYEH OT HYAS B TOYKE (@5, Q3 ..., Q)

~1aa
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152. O .npenenbHom mepexope. Ocranopumca 6oree NOAPOGHO Ha MOHATIN
npejena, OrpaHNUNBaAch ciyvaeMm QyHKunH Asyx nepemennux. Ecanm cymectsyer

npeaea
lim f(x, »N=A4, (1)
X—a
y—»b

’
10 6yleM roBopHTb, UTO cyujecmsyem npedes no obeust nepesernss. Kax Mul
snaeM [67], sTo amaymt, yTO f (¥, y) CIpeMuTCA K npexeiy A Ipi 11060M 3aKOHe
crpemaenua touk M(x, y) k My (a, b). B vactnoctn

lim f(x, ))=A n limbf(a, y=A 2)
X —a y—

B nepsom cayyae M(x, y) crpemnrca k¥ M, (a, b) no npamofi, napanieibHoft
ocn OX, a BO BTOpOM ciayyae —mo 7paAMoOfi, mapaniteishoft ocu OY. Otmernm,
UTO M3 CYmECTBOBaHHA npejeloB (2) M 11X paBeHCTBA eulc HE BHTEKAET CyIie-
croBanne npegena (1). B xavecrse npumepa paccMoTpuyM QyHKUMIO

—_
f(x! y)— x2+yz
n notoxknM =01 5=0. M nmeem

lim £(x, )= lim —X-0 — 1im 0=0 n lim £(0, y) =0,
x-.of( ) x-0 x4 02 x-'Po "y'_',“of( 9

a npenex (1) B atom cayyae He cymecTByer. HeficTBHTEaLHO, NONArasn %—: tg a,
MOXEM TNepenncarh Hamy QyHKUm©O B BHIE

tga
1-4-tg2a

Ecan Ttouka M(x, y) crpemntca x M (0, 0) no npamoft, npoxonawmeit yepes
Havya1o u ofpasyromeli yroa a, ¢ ocbo OX, 10 f(x, y), BupaxaeMasa dopMyoit
(3), ocraerca nocrosHHOM, H ee BeINYNHA 3aBHCHT OT BHOOpa a, OTKYIa M Cle-
nyer, uto npeflea (1) me cymecrsyer B paccmarpnBaemoM npumepe. Otmerny,
uto Qopmyna (3) ne onpeneaser Qynxuuio B camoii Touke M (0, 0).

Kpome mpeneannoro mepexona (1), MOXHO paccMaTpHRaTh €II€ NOSMOPHHE
npedeast, COOTBETCTBYIONE IIPeeIbHOMY Nepexofy CHayala flo X IPH NOCTOAH-
HOM ¥, OTIHYHOM OT b, a 3aTeM No y, HAH Hao60poT: '

lim (limf(x, y)] na lim [lim £(x, y)]. “@
x=—ay-—b y=—>bx—a

f(x y)=xg'3_’y, = = sina cosa. ()]

Moxker oKkasaTnbes, uTo 06Ga NOBTOPHHX NpPefena CyulecTByor, HO pazmmunn. Tax,
HanpuMep, naa GyHKuuA . .

fl ="ttty

x* 4 y*
MH HMeeM, Kak HeTpYAHO NMPOBEPHTH,
lim [lim f(x, y]=1, lim [lim f(x, y)}=—1.
x=0y—0 y=0 x-0

Ho mnmeer mecro
Teopema. Ecau cymecmsyem npedea no obeur nepesennvire (1), u npu
8CAKOM X, 0OCMAMOYHO OAUSKOM K @ 1 OMAUYHOM QIn G, Cywjecmsyem npeden

lim f(x, y)=1¢(x), ©)
y—ob
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mo cyugecmayem nepsud nogmopHuili npedea (4) u on pases A, 1. C.
lim ¢ (x)=A. 6)
X—a

Vs cymectsosanna npepera (1) caeayer [67], uto mas awo6oro sagaiinoro
HOMOKNTCALHOrO ¢ CYWECTBYET TaKOe I0JOKHTCALHOC %, UTO

[A—f(xi<e npn [x—a|<yuly—dl<nw ™

npuden (x, y) ne cosnamaer ¢ (@, b). PuUKcHpyeM X, OTINYHOC OT @, TaK, YTOGH
nseth | x—a| << MNpunuman eo phumanne (5) 1t nepexoas B niepaschcise (7)
K npegeay no y, noayuus

JA—e(x)|<<e nmpn |x—a|<y B x#aq,

OTKYJa, BBIAY NPOH3BOILHOCTH &, C1exyeT paseHcTBo (6).
3amcyannc. CopepuicHHO TaK IKC, CCIH MBl NPEXNOI0NHM, YTO CYiC-
creyer npeaea (1) # yTo npH BCAKOM y, AOCTATOYHO GAH3KOM K b I OTJAHYHOM
0T b, cywccTsyYCT npejes
lim f(x, y)=¢ )
X—=a

TO cyuiecTByeT BTOpoil mopropubifi npedea (4) u on pasen A, T. ¢,
lim ¢ (y)y=A.
y=b

Ecan npeaea (1) cywecrsyer u pasen f(a, ), 1. e. A=f(a, D), 10 dpynk-
uits f(x, y) HellpCpuIBHA B TOuKe (@, §) HIH, KAK TOBOPSAT, HEIPEPHIBHA 110 OGCHM
nepenmeniuM B To8Ke (a, b). Mpu atoM, B cuay (2),

lim f(x, b)=/f(a, b), lim f(a, ¥)==f(a, D),
x—a Y0

T, ¢. QyuKuUHA HeNpepbiBHA MO KawAoil nepesmcHiiofi B OTJACIbHOCTH B TOUKC
(¢, ), o uem wmbl rosopuan I paneiie {67). HaoGoport, H3 HenpepelBHOCTH no
ka0t nepeMCHBOll ewe He BLITCKaer HCNPCPLIBHOCTH 1O OGCHM HCPCMCHHBIM.
Jeftctsureasiio, onpeacans Qyuxiuio ¢opmyaoit (3) pue nayasa KoopauHar i io-
aoxum £(0, 0) =0. Kak MB ynoMuHaIH BHLIC, MB HMCEM Npil 5TOM

lim f(x, 0)=0 u lim £(0, y)=0,
x—0 y—0

"T. €. QYHKIia HCNpephiBiia no Kaucaoft nepemennoil & toyke (0, 0). Ho ona ne
ABNACTCA HenpepuBholl o oGenM nepeMcHBBM, 160, KaK Mbl BHICIH, He Cylie-
crBycT omnpedcacHioro npenena f(x, y) upu crpesiennn M (x, y) k M; (0, 0).

Ecan f(x, y) umeer B HexoTopoii 06aacty, coaepxaweil TOUKy (x, y) BHyTpH
ce6s, wacTunle UpoM3BOAnLIC, TO, Kak Mbl Mokasaan [68], nmcer mccro dopmyaa

Fx4ax, y+Ay)—F(x, y)=fu (x4 00x, y+Ay) Ax - Fy (x, y-+0,4y) Ay
(0<<0u 8, <)

[loaosus, YTO YacTHEIC NPON3BOAHBIE OrpaHNucHH B YIOMAHYTON oGmacty, T. c.
10 a6ComoTHON BeHuMle He NPEBHIWAT EekoToporo uicaa M. Tlpu stoM Ha-
nucauyas Qopmyna paer

[f(x4Ax, y+4y) —f(x, ) <M (| Ax |- 8y ]),
W 1paRas YaCTb 9TOrO HEPABCHCTBA cTpemutca K Hymo npn Ax—0 i Ay —0,

OTKyHa Cacaycert .
AL‘T (f(x +4x, Yyt ay) =75 y)
Ay - 0
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T. € ecaun f(x, y) usmeem eHympu HexOomopoii 06aacmy 02panudeHtbe YACMHK e
NpOU3BO0HbIE, MO OHA Henpepuena sHympu amoii o6aacmil.

$ynxuna (3) npn gomoaunureabnom cootnomenun f(0, 0)=0 pasna nymo
na Bceft ocn OX u Ha Bceit ocn OY u B touke M, (0, 0) ona mnveer, oyesnnno,
‘YacTHH€ MPOH3BOXNEIe, paBiue HYJo. B ocrazbnnx Touxax oHa Taxxke HMeer
YacTHHE NMPOH3BOAHKIE:

3__ .2 3 2

T. €. YKa3aHHas BHnie GyHKIUA IMEeT YaCTHHEC NMPOH3BORHKC HA BCefl maocKocTn.
Bce #e ona, xak Mn BuHIean, e o61amaer HenpepmsHOCThIO B Touke (0, 0). Ao
0GBACHACTCA TCM, YTO YacThbie TPOH3BOXHHIE MOTYT NPHRIMATH CKOb YTOAMNO
6oavne no aGcomoTHoil BelnunHe 3nauenudA npu npubinnenun Toukn (x, y)
K H3aualy KOOpAHHaT.

1563. Yacrunie npousponubie n moaubiil auddepennuan nepsoro
nopaaka. B [68] mu BBean monaTHe O YAaCTHRIX MPOU3BOAHBIX M NMOJNOM
middepennnane dyukuun ABYX nepeMEeHHBX. JTH NOHATHA MOryT OuiTh
pacnpocTpaHeHsl ©W Ha cJayda#l ¢ydknun moGoro uicAa nepeMensix.
Il npumepa paccMOTPHM (DYHKIMIO UETHIPEX NepeMEeHHBIX C

w=f(x, y, 2 ).
Yacmuoii npou3godrod ot 3TOH (YHKUHH MO X HA3KBAETCA npeaen
S+ yz, ) —f(x, v 2 1)
h ’

lim
hA—+0
€CJAN OH CYMIECTBYeT, H JAas o6o3nauenns 3Tofl vacTHofi nmpon3poanofl
ynorpeQ/aioT CHMBOJILI
: of(x, v, 2, t) dw
. Ox

um s—

fe(x, v, 2, 1), um , PR

AHa/OrHYHO ONpENe/AOTCA YACTHBIE NPON3BOIHEIE H IO APYrHM mepe-
MEHHBIM. .

MToannx Oughgheperyuaros HyHKUHH HA3HIBACTCA CYMMa €€ YacTHHX
auddepennanos:

' ow ow ow dw

e - — az —_
dw ox dx - oy dy -+ 0z dz-- ot dt,
rne dx, dy, dz, dt— anddepenunats HE3aBUCHMHX NEepeMeHHHX (1po-
M3BOJbHBIE BEAHYHHE, He 3aBUCAWNE OT X, ¥, 2, f).

InddepeHunan ecTb raapnad 4acTb NpupaieHus (yHkunm:

Aw=f(x-Fdx, y-+dy, z-+dz, t-+dt)y—f(x, y, 2, 1), '
a umeuno (cp. [68]):
Aw =dw-}-eidx |- eydy - cydz F-eqdl,

roe €, €, €3, €& CTpeMarcs K Hymo, ecan dx, dy, dz, dt crpemMaTes
K nyaio, NpuYeM MpPEANoAaraercs, 4T0 (YHKUHS @ WMEET HelpephbHbe
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yacTHele NPOM3BOAHBIE BHYTPH 1eKoTOpoit ofaacti, coaepikautell TOYKY
(x, y, 2, t) BuyTpu cebs.

Touno Taxk ke Momer Oure o6obweno u npasnao angdepenun-
poBaimns caoxkubX Qyukuu. TIpeanonoxuy, manpuvep, uto X, y o 2
CyTh 1€ HE3aBHCHMHE mnepeventnie, 10 QYHKUUH He3aBuCHMOll nepeven-
nolt £, dyurund w OyxeT B 3TOM cayuae 3aBHCeTb OT ¢ Kak Henocpea-
CTBEHNHO, TaK W uepe3 MNOCPeICTBO X, ¥, 2, M HOAHAS Npou3sodHas
oT @ no ¢ OYAET LMETb BLIpa:KeHie )

vl el e ®)
X dt oy dt 0z dt

Mu ne ocrtaHapauBaeMCq Ha JOKa3aTeAbCIBE 3TOTO  MPaBlad, Tak
Kak OHO CcOCTOHT B OYyKBaJbHOM NOBTOPEHHH TOro, YTO MH TOBOPH/N
s [69]. Ecan nepemennnie X, y, 2 3aBucsT, Kpome f, u OT Apyrux

HE3aBNCHMBIX NepeMeHHLIX, TO B NpaBoH vyacTi Qopymyan (8) Ml AOMKILS

d'—'x [-1—'2 1_1_2_ niucaTtb 4actHnie nOpol3BoaHHIe 0x a’—v 0:
dt' di* dt p A ot of' ot

B sroy cayuze n ¢yusmus w Oyaet, kpome f, 3asuceTb H OT ApYrux
HE3aBHCHMHX IIepeMEHHBIX, ¥ B .JIeBO#t uacTy papeHcTBa (8) MB Takxie

BMecCTo

HOAHDI dw 3aMEHITb Ha ()—z-ﬂ
IR U ot

Hag OTJIIYHA OT 4acTHOH NpoH3BOILHOf

Ho »s1a mnocaeanss uwactHas ppouseon-
ow
'Et‘y
papenctsa (8) N BLIYHCACHHON JHIIL NOCKOJAbKY @ HENOCpeACTBeHHo
3aBICUT OT 1; AJ4 OTJNYNA 3Ty YaCTHYI0 NPOU3BOAHYIO, BHUNCACHHYIO
HENOCPEICTBENHO MO f, 33KTIONal0T Hioraa B CcKOOKi, TaKk 4YTO pabell-
€180 (8) NpHHHMAET B PACCMATPHBALMOM CJAyvae Bill

0w _(0w\ | 0wdx | dwdy | dwd
'ﬂ_(dt)+5§0t+dy0t+dzdt‘ ®

B cayvae ¢yunxunu or oamoilt nepeveunol, Mb Buiaeml, 4To supa-
ocenue ee nepgozo dugighepenyuara He 3asucum om ge0opa He3asucu-
soii nepesernnoli [50). Tlokawxey, uto 370 cgolicimeo ocmaemea cnpa-
gedaugs s 1t 8 cayyae PYHRYUIL 0N HECKOABKUX NEPEMEHHDLX.

Paccyorpus gasa onpeaenensocT cayyal @yHkuud OT ABYyX nepe-
MEHHEIX

crosiefl B mpapoft wactu

=9, ¥)

ITonoxny, YTO X 11 ¥ CyTb (DYHKINN HE3aBICHMBIX NepeMeHHHX & U v,
Coraacuo npasnay andepenuupoBania CJAOKHBIX (QyHKUHH, HMeeM

92__0z0x ) 020y 0z _ 0z9dx , 0z0y
du~ _oxou ‘dyou'dv Oxdv ! dydv'
Ho/mutt auddepeminan dyHxuwity mo onpeae/eHio paseH

__ 0z 0z
de=g5- du—l—gaa'v.
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INoncTapaaa prpamenns YacTHHX NPON3BOMHLIX, HOAYHM
x ox 0z (dy )
dz_——(udu—[—-%-dv)—[—ay(oudu—]— )

Ho sBmpawenud, crosmue B KPyrasx ckoOxax, cyTe noauste mudde-
peHuManBl X N ¥, 1 MBl MOMEM HamHcaTh

dz— dx+ d_y,

T. 8. Oudghepenyuan cAoNCHOL ByHryIU nAeem mo de supasicedle, Ko-
mopoe OH uea Obt, ecAll Obt X, Y OblAll HE3ABUCUMBLAI NEPEMEHHBLMN,

CeolicTBO  3TO NO3BOJAET PACNPOCTPAHHTL NPABHIO  HAXOKAEHHA
anddepernnana CyMMH, NPON3BEASHHS H 4acTHOrO Ha Caydait (yHKIHL
OT HECKOJbKHX TepeMeHHBIX:

u vdu—udo
d(u~-v)=du-+tdv, d@)=vdu+tudv, d ;=—0p—,
rae u 1 v — QYHKIHE HECKOMbKUX  HE3aBUCHMBIX NepeMeHHHX. HeflcrBu-
TEJAbHO, TNOJL3YACh JOKA3aHHHIM CBOHCTBOM, MBl MOXEM, Hanpumep,

Hanucarb

d (xm) =9 (lw) du-}- 9 (lw) dv=vdu-}-udv.

154, Onnoponunte cdynxunn. Hanny onpeaenenue ogHopoauolt gpynk-
LM HECKOJBKHX TEPEMeHHHX: (OYHKUUR HECKOALKUX NEPENMEHHBX HA3bl-
saemcst 00HOpOOHON YHKLUEH SMUX NepesmeHHBX cMmeneHl m, ecau
npu  YMHONCEHUN IMUX NEPEMEHHBLX HA HPOU3BOALHYI0 6eauduny ¢t
dyuxyus yunoscaemest na t™, m. e. umeem mecmo moxcdecmaeo

f(tx, ty)=t"f(x, y) nam f(tx, ty, 2)=t"f(x, y, 2)  (10)

npu 210061 00NYCMUMBLX 3HAHERUSAX NEPeMEHHHX X, ¥, 2, L. Yucno m
MOXeT OHrb JM0ObIM (JHKCHPOBAHHLIM BeUleCTBEHHHM yucaoM. Ecad, na-

l —
npumep, m=-5, 10 "= ;/ t nt ponxKHR GHTH monoxuteannipivn, ITo-

' nowuy, uto dynkuus f(X, y) BHPaxaeT HeKOTOPHH OGBEM, UTO X H ¥
CYTb AJAHB HEKOTOPHX JuHHIl B uTO B BepaweHun f(x, y), KpOMe 3THX
auuutl, BXOAAT OTBJEYEHHHE 4YHCAA. YMHOXKEHHE X M y HAa f (110J0XH-
TeJbHOE YUC/AO) PaBHOCH/BHO yMeHbueHHIo Junefioro MacwmraGa B f pas -
(npn ¢>1 nan ysemuenmo npu < 1), H, OYEBHAHO, YTO MPH 3TOM
dynuxuna f(x, ¥), BHpaxamiomas o6beM, JOMKHA YMHOXKATHCA HA £ T e
B paccmarpnsaemoM cayuae ¢yuxuus f(x, y) Gyazer oauopoaHolt ¢ynk-
nnefl tpersell cremenn. Tak, Hampumep, o6beM KOHYCa BHpPaXaeTcs uepes

1
pamsyc ero OCHOBaHSt X W BWCOTY y 1O dopyte v=- rx%. Ora
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(yuxnug Oyaer OAHOPOMHOH TpeTbell CTemenu Npu BCEX BELIECTBEHHEIX
X, y u t. Taxoft xe dyuxunett Gyzer u awGol OXHOPOAHHI MHOrouJeH
OT X W y Tperbell crenmend, T. € TakoH MHOrOUYJEH, B Ka:XAOM uJeile
KOTOpOro CyMMa IIOK33aTejefl X B Yy pabila Tpem:

F 6 )= ax®+ b’y + cxy* + dy’
Ilpobu

x4yt xy x4y
APy x4yt x4y

cyts omiopoansie ¢ynxkuun crteneueit coorserctsenno 1, 0 u (— 1)
Oryerny, uto f(x, y)==1/x* % rne pamukan cuntaerca apudmeriue-
ckuM, Oyner oanopoanofl ¢yuxuuefi nepsoil cremeny npi pcex Beute-
CTBEINBIX X 11 ¥ H npy pcex ¢ >0. Helictantenso,

VT F R =t VI 7

npiyen 00a PafHKaAa CUNTAIOTCA MOAOKHTEALHLIMIL
Iudpepenunpys tomaecrso (10) no ¢ u npuvenss npasnao audde-
penposanug  ¢I0:RH0f Qyuruny, Noay4ny, noJarag u=tx n v=_¢y:

Xfa(, V) yfo (@, v)y=mt™1f(x, y).
IMoaaran f==1, naxoaum ,
xfx(x, ¥) —I—}'f,; (x, y)=mf(x, y), (1

YWTO BLIpAKAeT caedywloulyio Teopemy IJiflaepa 00 oainopoaHsx
(hyHguuax:

Cysxa npoussedennuii wacmHx npou3godnsx 00HOpOOHOl Pynryun
Ha coomeemcmsynue nepeseHnse pasia npou3sedenttio camol 3moi
@yHKyguu Ha cmenens ee odHopoOHOCHL

Ipu mokasareancise MLl cumTaem ecrtectseniio, uro gynxuus f(x, y)
HMeer HelnpepuLiblble YaCTHHE NPOU3BOAHLIE NPH COOTBETCTBYIOULIX 311a-
uCHUAX nepeMeniiblX, KOTODLIMH MK [0/b30BaJiCh TPU NOKA3ATEALCTBE.

1
Ecmt m=0, 10, noxoxus B toxaecrse (10) t=;, ML NOJIYUHM

z

fx, y)=f(1, %) wan f(x, y, z)=f(l, %, }-),

T. €. ODHOPOOHA PYHKYUS HYAeB0l cmencnu ecms PYHKYUL OmHoue-
HUSL BCEX NEPeMEHHBIX, Kpose O0HOU, K 3mol nocaedueii nepeseHHom.
Uacto oauopoOAnyI0 (YHKUHHIO HYJAEBOrO N3MEPEilMs HASHBAWT OPOCTO
0010po0HoI. :
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156. YacTHbie MpON3BOAHbLIE BHICHIMX NOPAAKOB, YacrHeie npows-
poansie (QYHKIHA OT HECKONbKHX TNepeMeHHHX CyTb B CBOIO Ouepelb
GYUKUAN TEX Xe TepeMeHHBX, H MB MOXEM ONpeleauTh HX YacTHeIE
npousgonusie. Takum oGpasoM MH NOJAYYUM acninbie npou3godnsie 8mo-
poz20 nopsdxa nepBoHauanbHONl QYHKUMN, KOTOpHE Takke Oyayt Qyux-
UM TEX Ke IlepeMeHtbX, N ux anddepenuupoBaHue npuseneT K vact-
IBIM TPOH3BOAHLIM TPEThEr0 NOPAAKA mepBoHauaiapHOf! yHkuuy, H T. 1.

Tak, Hanpumep, B cayyae GyHkuun u==f (X, y) OT IByX NEPEMEHHHIX,

u du
auddepenuupyd KaxKayo N3 YaCTHHIX NPOH3BOAHBLIX i dy eule pas no
X H Y, NONYYHM UETHpPE NPOH3BOAHLIE B'Toporo nopsaxa, KoTopeie 060-

3HAYawTCAd TaK:
f;" (x’ y)) f;'y(x, ,V), f_:'x(x: y), f)"z (x) y))
uan
' % (xy)  f(xy) Ef(xy) ()
0x® ' oOxdy ’ oyox ' oy
Y, Hakowen,

0%u 0% 0%u o

dxi' Oxdy’ odyox ' oy
TTponspoausie fyy (¥, ¥) 1n fye(¥, ¥) oTANNAOTCA ML MOPAAKOM
auddepeniuposanns. B nepsoM cayyae auddepenuuponanne NpousBo-
AMTCA CHAyala Mo X N NMOTOM MO ¥, 2 BO BTOPOM cuayuae —B o0par-
noM mnopsaxe. IToxawmeM, uro B5TH JABe NPOU3BOANBIE TOMXAECTBEHHI
Mexay co0otw, T. €. uTo pesyasmam OughepeHyipoganliss He 3asucum

om nopsidxa oughgbepenyuposans,
CocraBum BHpamenue -

o=fx+h y+B—fx-+h y)— f(x, y+R+Ix ).
Ilonaras

?(x’ )’)=f(_x+h, y) —f(xr ,V),

MOXKEM HANHCATh BHIPAXEHHE © B BHAC

o=[f(x+h, y+k)—f(x,y+k)]—[f(x+h N—rx M=
=% y+H—9(x )

Mpamenss asa pasa gopmyay Jlarpamxa [63], nomyunm

o=koy(x, y+0R)=~k[f,(c+h y 05 —fr (% y+-0k)]=
=khf 5. (x - 0:h, y-1-0,F).

Byken 0 ¢ pasnmunbiMp 3HauKaMH O3HAYAIOT YNCA3, Jexawue mexay 0

u 1. 3unakom fy(x-+h, y-0,2) mp 0Go3HauaeM 4acTHYIO NPOH3BOAHYIO

¢yuxunn f(x, y) no ee BropoMy apryMeHty ¥, KOrja TyAa BMECTO X

M y TNOACTaBJeHH, coorsercreeHno, x—-|h un y-}-0,k Awnanornunnie
0603Hauenus NPUMEHAIOTCS U AJAS APYTHX YaCTHHIX NPOH3BOAHHIX.
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ToyHo Tak xe, mo.jaras

b6 N=F00 y+E)—f(x, y)
MOKeM HamNCarTb .
o=[f(x-+h y+R)—F(c+hb M—[fx y+B~—f(x )=
=9I y)—o(x Y= (x-}-8h, y)= 7
=h|fx(c—-0h, y—- k) —Fi (6 40, y)|=hkfiy (x 65, y-|6ik).
Cpasiuipad o06a BHpaxenus, NOAYYEHHLX Aas o, GyAeM HMETDL

hif5e (e =00, y~-0k)=hkfsy (x4 051, y-1-6;k),

Fre e =0ult, g 01k = £y (- by, y+-0c)
Ipeanonarast HEMPePHBHOCTb HAMICAUNEX MPOH3BOAIKX BTOPOro NOPAAKa
u ycrpemass b u & K Hymo, noxyuuy

f;x (x) y) =f.;,\' ()C, y)‘
DTo paccyxaeHine NPHBOMIT K CJaeAyollell TeopeMe.

Teopema. Ecau f(x, y) umeem 8rympu HeKomopoi obaacmu
Henpepsl8Hele npou3soonsie fix(x, y) w0 fiy(%, y), mo 8o 8cex mou-
Kax BHympu ynomsawymoi obiacmil YKQ3aHHble NPOU3BO0HEE PABHSL,

Paccyorpiy renmeps Ane NMpou3poAntie TPeThero MopsaKa

Hn

wiy (%, ¥) 0 Sy (x, y), .
oTanualoLlnecs Wb nopsakoM  auddepenunposauns.  Ilpunnmas Bo
BUUMaHWE, YTO 10 NOKa3aHHOMY De3y/ibTar dsyxpamuozo pandipepenin-
poBanns He 3aBUCHT OT Nopaaka auddepeHinpoBanid, MOKeM Hanncarn
" Ffe(t,3) _ 0filx ) ..
Saey (6 )= oxoy . dyox ayx (X, y)=
=/yzx (% Y)=Fyx2 (%, y)
T. €. 1 B 3TOM CJAyuae pe3yasTar Aud@epeHuupoBaHus He 33aBHCUT OT
nopsiaka auddepenuuponanns. D10 cpoiictso 6e3 Tpyaa oOoluiaercs Ha
npou3BoAHLe JMoGOro Mopsgka M Ha cayvaft ¢yukuuu moboro uncaa
TepeMEeHHAEX, I MH MOXEM BBICKa3aTh O0OILYI0 TEOpeMy: pe3yasmat
oughgpepenyuposanuss He 3asucin on NopsalKa, 8 KOINOposM Npou3go-
dumcesn ougghepenyuposanue,

3averny, YTO NP JOKa3aTeabCTBe Mbl MOJb30BAMICL HE TOALKO
Cywecimeosantes npou3go0HsX, HO 1 UX HENpepu8HOCIbBIO BHYmMpU
Hekomopoii obaacmu.

B nmaasuefiluem Mpl Gyiex Bcerga npeanonarath NCNPEpLBHOCTL NPo-
H3BOJHHX, O KOTOPHX MBI OyA€M TOBODHTb, H B CHJIY JOKa3aHHOH TeOpPEME!
IJs TPOU3BOIHBIX BBICIIHX IOPSAKOB HaZo /HUb YKa3HBaTh MOPALOK
npon3soAHO 71, Té mepeMeHHsle, N0 KOTOPHM Rpoussomurcs Rudipepen-
LHPOBANKe, N Yucao aup@epenuuponannil Mo Kaxpofl nepemeHHoll.

-

“Novee
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Tak, HanmpuMep, B caydae (pyuhuun w=f(x, y, 2 f), noaL3ywoICcsa
caeayromHmM o0o03HauenueM:;

9% (x, v, 2, t) 0w I O DO T S
Gxroyoman 1 M gagmamer G Ti=n),
KOTOpOE TMOKa3hBaer, YTO B3ATa IPOM3BOAHAA nN-r0 INOpPAAKA, MpHYEM
- mudpepeHunpoBanie Npol3BeNeHO & pas no X, B pas mo y, 7 pa3s no

"z nd pas no t.

156. duddepennuanst Boicmux nopankor. IMTommft anddepenunan’
du QyHKUMH OT HECKOJbKHX IEPEMEHHHIX €CTh B CBOIO Ouepelb (yHK-
HNA TeX Ke NepeMenHbiX, U MH MOXeM onpeseanTs noauutt auddepen-
uuan sroft nocaentell dynxund. Takum o6pasoy Mu noayuny Ouggbepen-
yuas gmopozo nopAdrxa d*u nepsoHavajapHoH (yHKIUMN #, KOTOPHH Takxe
6yner dyHxkuneft Tex e NepeMeHHHX, a ero noaHweflt muddepenunan
npusener Hac k anddepexunany tpersero nopsaka du mepsoHayanbHolt
(yuxkunn 1o T. L

Paccmorpuym noapoGuee caysati dymkumu u=j(x, y) ZBYX nepe-
memupXx X u y u OyAeM mnpesnosnararh, uTO NEpeMeHHHe X i y CyTh
He3apucuMbie nepemennsie. Ilo onpenenensuio

of (x, of (x, ¥
du=%y—)-dx+—i(;y—”-dy. (12)

[Tpn Beruucaennn dn GyleM npunnmate BO BuHMaHHe, u4TO mudie-
penunanst dx u dy He3aBACHMEIX MEpeMEHHHIX Hazo PacCMaTpHBaTh KaK
BEJHYUHBE NOCTOIHHHE, @ TMOTOMY HX MOXHO BHIHOCHTB 3a 3HaK Andipe-
penuuana

T e ddf(«\ y)+d ddf(v'y)
J
—dx- [df(x. N ds +0£$3yy) dy]+

o (x, ) 9
+d i {)f)ry dx+ f(;y)dy

Bouncass touno tak xe d’u, mm noayunm
3, — 0 (%, 9) Of (5, y
Pu=="30 dx® -3 ) Ma” dxtdy-}-
03 X, 0 f X,

drn pupakenns d’n u d®n npusomar mac k creayowefl cusgoan-
“neckoii giopauyae dan dufihepentuara awboz0 nopsokKa:

d"u_( dx -2 d)"”f. (13)
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npuyeM (GoOpMyay 3Ty HAmO NOHHMAThb TaK: CyMMY, CTOSIULYI0 B KPYranx
CKo0Kax, Hal0 BO3BEHCHIL B CTemeHb p, npuMenss dopuyay Gmioma
HuioTona, nocne uero nokaszarean creneuweti y ax Yoy
yKasareJaMu NOpsjka INPOHSBORMHX MO X H ¥ oT ¢yHkuny f.

Mu y6eanmuce B cnpasenaasoctu ¢opmyast (13) npu n, papnom

Hago0 CYUTATH

1,2 u 3. Jlas noanoro ee JMOKAa3arennCTBa HEOOXOANMO FPHMEHHTH

o0uynuii coco6 nokasareanctsa oT n k (-} 1). Ioaowuy, yto ¢op-
myaa (13) cnpasepnmuna npu  uHekotopoM n. Onpenmeany Auddepenuan
(n-}-1)-ro nopsaxa:

dmm=dww=i%ﬁwx+ﬂ§ﬂ@=4%¢»+%@wm
rae CHMBOJOM .
a , .9
(G s+ 5d)e
MLI 0603"3‘!361\1, poolule:

(), ..
%u+%m
Ipmmyas po puusanie, uro s d"u ¢gopuyaa (13) cunraercs no-
Kazamioll, MOKeM NAMICATDH
0 9 J 0 () i} d , \lath
Ay = (?)jf— dx + a}dy)[(?)?dx+ ay dy) f]=(a}— dx+ & dy) )
T. e. opmyna poxasana u aas dy,
dopuyaa (13) obobuiaercs Gea Tpyma M Ha cayyafl ¢gynxunn mo-
Goro uic/aa HE3aBHCHMBIX NepemeHHHX. Popmyaa (13) cnpapeaausa, Kax
Mo 3uaem [153], ne ToAbKO B TOM cayyae, KOrka X Il ¥ CYTb He3aBil-
cnmple mepemennsie. Ho npu BeBoze BHpamenns d’ CYUleCTBEHHBIM
Oua0 cuntath dX W dy Be/NYHHAMH NOCTOSHHEMH, H opmyaa (13)
CIPapefIuRd Jllb B TeX CAyyasax, Korja dx u dy MOFyT CuNTaThCd
HOCTOSIHHDBIMIL
J10 OymeT CnpasejanBo, €CIH X 1 Y CYTh He3ABHCHMHE nepeMeHiibie.
IMonoxuM Tenepn, YT0 X U y CyTb JuueliHple (DYHKUHH HE3ABHCHMLIX nNe-
pemeiplx 2 £

=az-}-bt4-¢, y=aiz-bit-}cy
rae kosdipuunentst n cooGoaHLE yjaeHH — nocToAnHue. Jas dx u dy
TNOAYYIM BBID&KEHIs :
dx=adz~bdt, dy=a,dz-}b,dt.
Ho dz ndf, kak anddepeHunans ne3aBuCUMEIX NepEeMEHHBIX, LOKIN

CYNTATLCS TIOCTOSHHBIMH; TO € MOKHO CKa3aTh, CJIeI0BATeNbHO, B STOM
Caydae U OTHOCHTeAbHO -dX U dy; - MM MOXEM IO3TOMY YTBED:K/IaTh,

-~
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‘uT0 curgoanteckas gopmyaa (13) cnpasedausa wax 8 cayiae, xoz0a
X WYy cyms He3asucumbie nepesexnsvie, maxK u 8 MOM CAywae, Ko2da
OHI cyms auHedHble PYREGuU (Yeaste MHO20MACHM nepeoli cmenent)
HEe3aBUCUMBYX NEPEMEHHBIX.

Ecan dx n dy nemwss cunrath nocrosuHeiMu, TO dopmyna (13) ywe
ne Oyner cnpasennnpoll. PasGepem Buipawenue d’n B 5T0M oCWeM cay-
uae. [lpu puiwucaenun :

d (LD ax) w o LGN )

MH yike Me umeeM npasa BuHOCHTh dx u dy 3a 3uak muddepenunana,
KaKk 3TO Nelantd BHlle, HO MOMKIHN NpuMensts ¢opMyay aas andde-
penunana npousseneris [153).

Mut nonyuus, Takum oGpasom,

2 of (x, ¥) of (5, 9) 4 0f(x, ¥) n of (x, ¥)
Pu=dxd =—5=—-1dyd T ox dx—l———ay——d*y.

CyMMa mepBHX JBYX CAaraeMotx B MpaBol 4acTH 3TOro paBeHCTBa
OACT HAM BHpaXeH#e, KOTOPOE MH HMeau buie a4d d*w, H okouua-
TEALHO MOMYYUM

0% (x, ) 3 (x, o "
du— féizy) dx2+2 .S,(:ayy) dxdy—l— fl()::%y) dy2+

T. €. B paccMarpnBaeMOM ofuieM cayyae Bupawenne aaa - dm Gyaer
conepxarh 106aBOYHbIE Caaraemule, 3aBucswme ot dix u diy.

157. HenBHbie dynxuun. Yxawxem cefiuac npasuia auddepenunpo-
pands QyHxuuh, 3aganneix HesmBHo. IIpn aToM Mmu GydeM npeamo/arars,
YTO HAMHCAHHBIE YpaBHEHHs JeHCTBHTE/NBHO ONpEe/sioT HEKOTOPY QyHK-
ILHIO, UMEIOULYI0 COOTBeTCTBYyiowne mnpoussoanse. B [159] npu Hekoro-
pHX ycaoBuax Ml gokaxeMm 35T10. Ecam y ects HedasHas (yHKuma or X3

F(x, y)=0, - (15)

TO TepBas mpoussogHas y sTofl dyHKUMP onpesensercs, Kak Mbl 3Haew,
u3 ypanHeHus [69]:

Fe(x, y)4-Fy(x, y)y’=b- (16)

Ypasuenne (16) Mm noayyann, mnpeanonaras B paseHcree (15) y
dyuxuneit o1 x u anddepeHuupyst ofe yacTH BSTOr0 TOXIECTBA N0 X.
IMoctynas tax xe c (16), moayuuM ypasHeHue Aas OMpeneaenus BTOPOH
npounssoatoft y”:

Fit (% 3)42Fsy (5, )Y + Fre (5 93 - Fy (%, 9)y" =0, (17)
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IOnddepenunpys eie pas no x, noayuuM ypaBHeHne JAJaa onpezaede-
nnst Tpervefl mpoussoanoft ¥y u T. I :

OOpaTuM BHIIMaHie Ha TO, YTO B MOJy4YaeMbX TakuM oOpasoM
ypapHenngax Kosdpduunent npuy HCKOMHX NPOH3BOAHHX HeABHON (PYHKWIN
Gyzer omun u TOT ke, a uMenHo Fy(X, y), n notomy, ecau npu Heko-
TOPHX 3HaueHusX x 1 ), yaosaeTsopsiomnx. ypasuenuio (15), 3roT
KO3(QdHUNEHT OTJiYeH OT HYAd, TO IPH STHX 3HAYEHUAX YKa3aHHHI
BHIle mpHeM JacT BROJHe oNpefefeHHHE 3HayeHHs T MPOH3BOMHEIX
apboro nopsiaka nessiolt ¢ynkumn. Ilpn 3T0M, KoOHeuHo, npeanoJa-
raercsi CyulecTBOBaline 4acTHHX MNPOUSBOAHMKHX OT JeBOH yacTu ypasHe-
uus (15).

PaccMoTpun ypaslenne € TpeMs nepeMennbiMit

D(x, 3, 2)=0.

Takoe ypaeHeHue onpeieaseT 2 Kak HedBHYI0 GYHKIUIO OT HE3aBHCH-
MBIX TNEepEeMEeHHLIX X H y, H eCcai 3aMeHUTh B JeBOll yacTi 3TOro ypan-
HeHHsl z uMeHHO 3Tofl QyHKuueii or X W ¥, TO JNepad 4acTb ypasHeuus
CTAHET pasHa TOXAECTBEHHO Hymo. Takum o6pasoy, auddepequnpys
-'XED)'IO YaCTL 3TOT0 ypanuemm MO HEe3aBHCHMLIM uepe.\leuum:\l X Hy
B NIpeanoaoxeHnn, Y10 2 €CTb Q)ylll(ullﬂ OT HHX, Mbl JOJ:KHBI HOle‘HlTb
HYJIb:
D (x, ¥ 2)+Di(x 9 2)2e=0,

Oy(x, 3, )+ D (x, 3, 2)zy=0.

M3 sTux ypasuenull onpenensTcs yacTHee NPON3BOJAHHE IEPBOro
nopsiAKa 2y u 2y - dudepenuupys nepsoe u3 HAMICAUNNX COOTHOUIE-
il eme pa3 no X, NOJAYYHUM YypaBHeHHe JJs onpenenenust vacrtHoll mpo-
nasoanofl 2y: u T. A. Bo Bcex noayuaeMmunx ypaBHenuax Kosadduuuent
npn nckomoll npoussomuoll 6yaer @ (x, y, z). PaccyoTpuy Tenepb cu-
cTeMmy ypapueHuil :

eo(x, ¥ 2)=0, y(x, y, 2)==0. (17)

BymeM cunTath, YTO 9Ta CHCTEMa onpeiaedseT y H 2 Kak HessHue (ynk-
umn oT x. Jduddepenuupys o0a ypaphenns ciCTeMbl N0 X B NPeaNoJo-
MKEHHH, YTO ¥ M 2 CyTh (YHKWHH OT X, NOJAYuHM CHCTeMy ypaBHeHuH

nepBoll CTeneHi AMA ONpefedeHds MPOH3BOAHHX y' 1l 2° 0T y u 2 no Xx:

ox(x, ¥ 2t op(x » DY (% y 2)-F =0,
Vel X 35 D 0r(%6 ¥ 2y 49205y, 2)-2=0.

Hudgepenunpys 3TH COOTHOWENNS CUIE Pa3 N0 X, HOJYYHM CHCTEMY
ypasuenuil Ans onpededenis BTOPHX mnpoussomubix ¥ u 2”. Hudpe-
PeHIEpPYS eme pa3 Mo X, NOJIY4usM cicTeMy ypasnuenull 2as onpeaeneHus

4 [/

y'mnz"nrt n
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Mponssoauue n-ro nopsaka y™ u 2™ Gyayr npu stoM onpene-
AATBCA U3 CHCTEMB BHAA: -

os(% 3 2y toi(x, v, 2)-2M 4 A=0,
(lb.\"(x’ Y z)'}’(")‘l“?;(x: B4 2)-2(")—]—3:0,

rae A n B-—Bupaxenust, Conepxaiine NPOU3BOJHME MNOPAAKA HIXE 1.
Takas cucTeMa, Kak 3TO HM3BeCTHO M3 3JeMeHrapHoft aare6ph, Oyzer
I3BaTb ONHO OIpeleNeHHOE pelleHHe, eCan BHNOJIHEHO YCJIO0BHeE:

oy(% 3 2)dz(X 3 2)— (%, 3y 2)-p(x, ¥, 2) £ 0.

Tlpn Bcex Tex asmayeHusx X, y W 2, ynosieTsopsiomnx cucreme (17,),
NpH KOTOPHX 3TO YC/JOBHE BHINOJHEHO, OMHCAHHHIH BHILIE NpueM npu-
BeleT K BMOJHE ONpeAe/eHHBIM 3HAUEHHSM MPOH3BOJHBIX.

Econ umeerca cuctema m ypaehenult ¢ (m—}n) nepevMeHHsIMH, TO
Takas CHCTeMa onpexnenser, Boolule TroBOpS, 72 NEPeMeHHHIX KaK HeqB-
Hble (QYHKUMH OCTAJbHHX 71 NEePeMEHHBIX, W MPON3BOAHBIE STHX HEABHHIX
(Gydxnufl MOryT OHTb MOJYUYEHH YKA3aHHBLIM BHIIE INPHEMOM MOCJe10Ba-
TeNbHOrO AuddepeHIpoBaHus yYpaBHeHUl MO HE3aBHCHMEIM NEPEMEHHBIM,

158. Mpumep. PaccMOTpIM B KayeCTBe NpHMepa ypaBHeHHe

oTKYyN2

ax®+by? - c2? =1, (18)
KOTOpoe ompenerder z Kak (yHKuuio oT x H y. duddepeHunpya no x, moryunm
ax+-cz.2, =0, ) 19)
H TOYHO TaK e, AHddepeHwnpya mo y, nmoayunm
byt-ez-2,=0, (19,)
P__ax by
*— " ez? YT ezt

Huddepenunpys coornoutentte (19) no x u no y, a cootnoutenne (19,) no y,

noxyunm
atczttcz2y, =0, ezizytez27,=0, btcztcz25, =0,

OTKyJa

a®x?
e a ¢ ——
2o atez® + 222 aczt4aix?
= cz cz’ c2z? ’
4 ’
. sz.v _ ab Xy
=TT T T s
'e
o b+ ez _ bezr by
- ¢z - c2z8 .

TlokaxeM Temepb APYrofi ¢10coG BHIYNMCIEHHA YACTHHX IPOH3BOAHHX, OCHO-
BaHHH{I Ha NpPHMEHEHNH BbHpaXeHNs noaHoro anddepenunara ynxuun. Joka-
M¥eM NMpelBapHTEILHO BCNOMOraTeabHyi0 Teopemy. IIVCTh HaM yhazoch Kakum-
HH6YAb 06pPa3oM NOAYYHTb BHpameHHe NoIHoro anddepenunata dz GyHKuHH
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ABYX HC33BHCHMBX MCPCMCHHNX X Il ¥ B BHIE
dz=pdx-{-qdy.
C apyroit cCTOpoHB, MBI 3HacM, YTO
dz=z,dx -z, dy.
Cpasiinpas 3TH ABA BLIPAMCHEA, NOTYYHM
pdxd-qdy-tz,dx -+ z';, dy.

Ho dx w dy, kak _Andepenunaisl He3apHCHMUX TICPEMCENNX, CYTh GOl
unie nponssoasiinie. floaran dx =1 n dy=0 uan dx=0 u dy =1, noay-
Yim .

’ ’
p=z, n g=z,

HMrak, ecau noanwii Qufdepentjuar gyurxyun z 08yx HezagucumuiX nepe-
MEUHBLX X WY MOdicem Gtinib npedcinasach 8 sude

. dz=pdx -} qdy,
mop=zyn q=z,
Teopema 9ta cnpaBemaiBa H X18  GYHKUHUIL T1060r0  yicaa He3aBHCHMBIX
nepesciiinx, CoBepulenHo Tak Xe MOXMHO 110Ka3aTb, YTO ecau ougpeperiyuar
8m0po20 nopsdKa moxcem Ovims npedcnasich 8 guoe

d*z=rdx*+2sdxdy-tdy’,
—_— L4 — ” — L4
MO F=23 $§=2y, U t._.z_“g.

Bepnemcsn teneps K paccmorpenmoymy npusmepy. Baecto Toro, wroGu oupe-
ACARTL HPOM3BOAHBIC ACBOH wacTh cooTnomenusn (18) mo x m y, onpeacanm ce
auddepennnan, nOMHA, YTO Bhipa¥enue nepsoro auddepcnunaia ne 3aBHCUT OT
BLOOpa He3aBHCHMUK HepeMenubix [183):

axdx -+ bydy+czdz==0, (20)
OTKYyAa
ax b
di=—— dx———’gdy,
¢z cz
i, CICAOBATEALHO, B CIIY JOKa3auuoft Teopemel,
’ ax . by

* 3 ¥ cz"

Onpeneans tenepn Rnddepeinnan acpoil yacty cootowenusn (20), npuny-
Mag BO BiHMaume, YTO dX W dy JOTAHBI CYHTATLCH MPH ITOM MOCTOAHNBIMIL

adxt4-bdy*tcd2tczd’z=

Hait 1
a b i a b 1 tax by , \*
d¥—=— — x’———d2——dz"=—-—dx2——d’——(—dx = =
cz z @ z a2 TaY z \¢z + cz dy
acz® 4 a*x? . abxy bez® - biy? .
==y — 4 =2 o dady— w4y,
i, CACROLAICADLIIO,
s geBda o, abxy o, beto 02
] 228 s Fxy 28 ! 2 ciz3 .

Takum oGpasom, onpexeans giuddepenitian HCKOTOPOro OPALKAE, Mbl Noay-
YHM BCE YACTHLIC NPOUIBOAHLIC COOTBCTCTBYIOULErO NOPAAKA,
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159. CymecTtBoBanse nHespHbX ¢yuxkuuft. Hawm paccyxnenna nocnan
GopMaibHbit Xxapaktep. Mu npeanonaraly BO BCeX CIyyasxX, YTO COOTBETCTBYIO-
uice ypaBlEeHHE HIW CHCTEMAa YpDaBHEHH[l ONpeNelsioT HeABHHM o06pa3oM HeKo-
TOpyIo QyHKuMIo, HMeluLYI0 npoussoaHylo. Cefiyac IOKakeM OCHOBHYIO TEOpeMy
CYLIeCTBOBAHHA HEABHHX dyHKuil.

PaccMoTpuM ypasneHHe
F(x, 3)=0 @1

1) YKaxeM Te YCTOBHA, NPH KOTOPHIX OHO ONpefenseT efHICTBEHHHIM 06pa3oM y
KaK (YHKUHIO OT X, HEMPEPHBHYIO I HMEOWYI0 MPOH3BOAHYIO.
Teopema, Ilyems x=x, 1 y=y, — peutenue ypasnenus (21), 1. e.

F (xgy 30)=0; (22)

" nyems F(x, y) u ee 4acmuvie npou3sodnsie nepgozo nopadka no X 1 y — He-
npepuiBHNe PYHKYUL npu 8cex X U 3', docmamoHo GAUKUX K X, 0 Y, U
nycms, HAKOHEY, HACIMHAR NPOU3800HAS F'; (x, y) omaudna om wyas npu

L X=X, dy=y°. Ipu amost cyujecmsyem npu gcex x, 00cmamoyHo Oau3xux
" K X, O0H@ onpedeseHnas Pynxgus y (x), yoossemeopsiowan ypasueruw (21),
He(npt)’pbwnaﬂ, umeouas  npou3sodryi0 U - y0084emeopaIOUaE  YCA08UIO:
Y (Xo) =Y.

IToaoxny naa onpeneaennocts, yro Fy (X, y)>0 mpu x=xy y =y, Tax
KaK MO YCIOBHIO 5TA NPOM3BOAHAA HENDEpHIBHA, TO OHA GyJeT NOAOMHTIEIbHOI
I TP BCEX 3HAYEHHAX X H ¥, JOCTATOYHO GAN3KHX K X, M ¥, T. € CYUIECTBYCT
TaKOe MOIONKHTEAbHOe uncao /, uto F(x, y) N ee yacTHHE NPOH3BOJAHHE He-
NpepLIBHH

F (%, 9)>0 @)
fpH BCEX X H ¥, YAOBICTBOPAIOUHX YCIOBHIO
[x—xo| <l |y—yl<L (29)

Hanee, dynkuna F (x,, y) onHoil nepemenHoft y oGpamaerca B HY.1b Npit
Y=Y B cH1y (22), 1 ecTb BoO3pacTaomas GYHKUHA OT y B NIPOMEXYTKe
Wo—0U yo+1), B cuay (23) n (24). Takmum oGpazom, wuncia F(xy, y,— )
H F (x4 ¥yo-1 1) 6yayT pasHHX 3HAKOB: NepBOE — OTPHIATENbHOE, & BTOpOE —
nolowurenbHoe, - [IpHHIMan Bo “BHUMaHNe HenpepHBHOCTh ¢ymkunmu F (x, y),
MH MOXeM yTBepwaatb [67], uro F(x, y,—/{) Gyaer orpunareabhuy, a
F (x, ¥+ ) — no1o%HUTEIbHBIM IIDH BCEX X, JOCTaTOYHO GNH3KNX K X, T. €.
CyHIeCTBYeT TaKoe [OI0XHTeILHOE YHCIO [, 4TO

F(x,30—D<0 n F(x,5+0)>0 (25)

npu | x —x, | <!, OGosnaunM vepes m HauMenbulee n3 ABYX umcex: I u /.
HpnnuMas Bo BrHMaHHe (24) 1 (25), MH MOWEM YTBEpWAaTb, YTO BHIOINEHH
nepasenctea (23) n (25), ecan x H y yIOBIETBOPAIOT HEPABEHCTBAM

[x—xol<<m, |y—yo|=<<l (26)

Ecan BosbmeM Kakoe-nnGynn onpelereHHoe X, JIexauiee B NPOMEXYTKe
(xo—m, x,-+m), 1. e. yroBierBopamwulce NeppoMy I3 HepaBeHCTB (26), TO
F(x, y), vak ¢ynkuna ot y; Gyzer B cuay (23) Bospacratowmeii ¢ynxunefi s
npomewytke (yo—1, ¥o-+1), H, B cuay (25), GyXeT pa3ibiX 3HaKOB Ha KOHLAX
sroro npomexyrka. Caenosareabno, oHa GyReT o6pamaThcA B HYIb NPH ONHOM
onpefleNeHHOM 3HAYEHHH y N3 3TOro NpoMexyTka. B wactmocty, ecan x=.,,
10, B cH1y (22), sT0 3nayenne y Gymer y=—y, Mu aoka3zaan, Taknm oGpa3om,
CymiecTBOBaHHE B NPOMEXYTKe (X, — M, X, - m) onpeneireHHoll gynxunn y (x),
asasoueiica pentennem ypasHenns (21) n yno:aerBopsioutell YCIOBHIO y (X,) =
=Y, Vnaye rosops, n3 npeAbAymMXx paccymAeHHS caelyer, YTO, IPH BCAKOM
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GUKCHPOBAHHOM X H3 IpOMExkyTKa (x,—m, X,-}m), ypasueune (21) nmecr
eMHCTBEHHKIl KODEHb, JeXaluil BHYTPH NpOMexyTKa (Yo—1, ¥y, 1+ I).

[TokaxeM Teneps, uTo HafileHHaa ¢yHknua y (x) Oyner HenpepuBHOI npH
X = X,. JelicTBHTeabHO, DIl M1060M 3a13HHOM MajJOM MOTOXKHTEILHOM & YHCIA
F(xg ¥o—¢) U F(xy, ¥,-+¢) 6ynyr, B cnay (23), pasHeX 3HAKOB, a CICA0BA-
TeabHO, OYIET CYWeCcTBOBATh Takoe MNOJOXKHTEIbHOE 7, 4TO F (X, y,—e) H
F (x, y -+ ¢) — pasHBIX 3HaKOB, €CAH TOIBKO | X — X, | <<%, T. e., HHAYe roBOpPH,
npH | X — x| << v Kopeub ypaBHexus (21), 1. e. 3HaueHue Haiifennoil GyHKIHY
¥ (X), YROBAETBOPAET YCIAOBHIO |y —3, | <Te, YTO I JOKA3HBAET HENpPEpPLIBHOCTbL
y(x) npn x =x,.

[Mokawenm Tenepb CymecTBoBanue npoussofxoll ¥ (x) npn x=ux, Ilycte
Ax=x—x, 1 NycTb Ay=y-—y, €CTb COOTBETCTBYWOUleE Nmpupawenie y. Cie-
LOBATEAbHO, X ==X, Ax Il y=y,-}- Ay ynosaersopaioT ypasHenuwo (21), 1. e.
F(x,4Ax, yo4 4y)=0, n B cuay (22) MoxeM Hamucarb

F(xo--Ax, 3o+ 8y) — F (xy, y,) =0,

TIpuriiMan BO BHHMaHHC HCOPEPBIBHOCTb YACTHBIX MpPOH3BONIBIX, MOXCM
nepenicarb 970 PaBEHCTRO Tak [68]:

(Fyy (Fo» 3o} 2] A - [F (o) 30} -+ £5] 8y =0, 27)

rxe & M e;—0, ecan Ax u Ay — 0, n rae mu 0603uayMIN yepes F;.o (xo Vo) B
Fly (Xor Yo) 3tauenns 4aCTHhIX NPOH3BOIHBIX NPH X ==X, y==y, W3 Kokasan-
HOi: Bblllle HENMPEPHIBHOCTH caeaver, 410 Ay —0, ecan Ax — 0,
Ypassenne (27) naer nam
Ay Foy Xo ¥o) + &
Ax Fy (Xor Yo) 4= 2’
nepexoia k npeaeay npn dx —0, noayuum
F J'fn (Xar Yo)
F .3-0 0g yo) °
Mpl foKasaan HenpepbiBHOCTb H CYNIECTBOBaHIE NPON3BOAHON YyHKuUI
y(x) Toabko npu x=.x, Ecan Mb BO3bMEM Kaxkoe-auGo Apyroe 3HayeHlie X
u3 npoMexyrka (x,—im, X, n) H COOTBETCTBYIOU(EE 3HAYeHHE y H3 Npo-
MexYTKa (Yo — I, ¥y -} {), nBasiomeeca kopuem ypasueuua (21), 10 Raa stoii
napn 3HaveHiil x, ¥ ONATb BHIIOAHEHB! BCE YCJIOBHA naiueil TeopeMms, U B cuay
JiokazaHHoro y (x) 6ymer HenpepuBHON M GyAeT HMeTb NPOH3BOIHYIO IPH B3s-
TOM 3HAYCHHUH X 113 YNOMAHYTOrO NPOMCKYTKA.
Cosepiienno Tak e, Kak 1 Bhule, QOpMyIHpyeTca 1l JOKA3MBACTCA TeopeMa
0 CYIU{CCTBOBAHHN leABHOIT (yuxkumi z (X, y), onpeneisemMoil ypaBHeHHeM

@ (x, 3, 2)=0.

Y () =—

Paccymorpus 1eneps cucTeMy
? (x, 3, 2)=0, v (5 9 2) =0, (28)

onpefeAAOIMYI0 ¥ I 2 Kak (QYHKIHY OT X.

Jlaa 31010 cayyas HMeeT MecTo

Teopewa. Myems x=ux,, y==y,, 2 =2, — peiicitie cucuemo (28), nycms
¢ (x, v, 2), ¥ (%, ¥, 2) u ux 4acmuvle npou3sooHsie nepso2o nopsdxa — Henpe-
poisHole Pyuryguu (X, ¥, z) npu 6cex 3HAYEHUSX 3MUX nepemexuux, docma-
mo4Ho OAu3Kux K (Xg, ¥, 2,), U nyCMb BHPAIHCEHUE

‘f)'l (5, 3 2) ‘P;’ (52— ?z (X, 3 2) "tb_;' (x: 9 2)
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OMAUYHO OM RYASL NpU X=X Y=Y, 2==2, [lpu amos cywecmeyem npu
8Ccex 3HAYEHURX X, 00CMAMOYHO OAUIKUX K X, OOHQ OnpedencHHas cucmexa
deyx gyuxyui y (x), z(x), ydossemsopsiowan ypasnenuss (28) nenpepusunix,
uMeuuxX npou3so0HHe nepso20 nopRIKa U YOOBAELMEOPAIOWUX  YCAOGUIO
Y (X)) =yun 2 (x)=2,

a JIoKa3aTenbcrBe 9TOfi TeopeMH MH OCTaHABANBATLCA He GyaeM. B rpernem
TOME MBI PacCMOTPHM o6mnft cayvaii aw6oro uncaa ¢GyHkuuit ¢ J06BIM yHCIOM
flepeMesHHX.

160. Kpuseie B npocTpancTee u mnoBepxHocTH. Haunem ¢ ykasa-
Hifl HEKOTOPHX (aKTOB, W3BECTHHIX M3 aHaanTHYeCKOfi reomerpun. [lycTs
TPEXMepHOe MPOCTPAHCTBO OTHECEHO K NPAMOJHHEHHBIM MPAMOYTOJbHEIM
ocaM OX, OY, OZ, 12k 4TO BCAKast TOYKA ONpenensercs KOOPAHHATaMu
X, ¥, 2. Ilycts a, b, ¢ — xaxasa-m6o Tpoiika wucen, mpuyeM no xpakinet
Mepe ONHO H3 UHCe]d OTAHYHO OT Hyas. Takofi TpoHke uucen cooTBer-
CTByeT .1Ba NPAMO NPOTHBOMOJOXKHHIX HANPaBJIEHUS B MPOCTPAHCTBE,
Y KOTODHX Hanpagaswuue KocuHyctt (KOCHHYCH YIJOB, 00pa3oBaHHBIX
sTUMH HanpaeieHuamu ¢ ocamu OX, OY, OZ) nponopuHoHANAbLHHE 4HC-
nam (a, b, ¢).

YnoMaHyTHE KOCHHYCH BHIPaXAOTCA (OPMyNaMu:

b

~Vetote’

cos o= cos f=

a
Va0t ’

cos {==

[
xVaE+o+e
BrGop sHaka y pamukana (BepxXHEro WJIH HHXHEFO) ONpeaeaseT OAHO

M3 NMPSMO TPOTHBOIOJOKHBLIX Hanpae/eHut,
Ilycte umetorca aBe Tpofiku uucen (a, b, ¢) u (e, by, ¢,). Pa-

BEHCTBO
aqy + bbl + CCy =0

BHPAXAET YyCcA08Ue nepneHoukyAapHocmu COOTBETCTBYIOUIAX 3THM TPOH-
KaM uYuces HampasJeHnH. :

Kak u3BecTHO M3 aHanNTHYeCKOft reOMEeTpHH, BCAKOMY YpaBHEHHIO ¢
TpeMs nepeMeHHbIMHI

M F(x».y’ 2)=0, (29)
mm B ssHoit dopme

z=f(% y) (30)

COOTBETCTBYET, BOOGIE FOBOPH, HEKOTOPasd MOBEPXHOCTL B MPOCTDPAHCTBE,
OTHECEHHOM K mpsmoyroasHuy ocam OX, OY, OZ.

Jlunus B npocrpanctBe MoxeT OHTb DAacCMaTpPHBAaEMa, Kak mepece-
yeHue HEKOTODHIX JABYX NOBePXHOCTeH, H MOXKeT OHTh, CACAOBATEAbHO,
onpejesieHa COBOKYMHOCTbIO ABYX ypaBHeHuti :

Fy(x, y,2)==0, Fy(x, y, 2)=0. 31



882 T V. $YHKUMU HECKO/bKHX NEPEMEHHBIX | 160

Huave KpuBYIO MOXHO oOnpeme/iTh B llapaMeTpiueckoll ¢opme ypasHe-
HHSAMIL

rx=e() y=9@) z=0() (32)

IOnuna ayrsn kpusofl, Kak ® B cJayyae NMJOCKOH KPHBOH, onpenensercs
Kak lpeaena NEepUMETPOB JIOMauulX JHHHH, BIMCAHHBIX B 3Ty AYyry, Npu
Gecnpene/bHoM yMeHbleHuH Kawaoll 3 cropou stofl nomanof, Paccy-
Haelnd, KoTopele Mpl he OyaeM NPHBOAHTL, TaK KaK OHI COBEpIEnio
ananornyust paccyxaeunam [103] B cayuae nsocko# KpuBOH, nOKaswl-
BaIOT, 4TO QTHHa AYCH BHIPAMKAETCH ONpEAeSHHBIN HHTErpanoM

(Af2) t
s= { VP +@)+UWzp= { VEO-+ 9 OFoi@ddt,  (33)
1 B

(M)

rae t; u ¢, CyThb 3nauenua napaverpa f, COOTBETCTBYOILHe Konuas A
u M, ayri, n gudiepennnan ayrn Hymeer BBIpamenue

ds = V/{dx) F (dy) + (d2)* (34)

Ecan poap mapaMmetpa ¢ urpaer AJHHA AYTd § KPHBOH, OTCYHTHI-
BaeMas OT HEKOTOpoll cnpepenaeHHOH TOYKH e€e, TO COBepPIEeHHO TaK e,
Kak 3T0 MLI JeAatH B cJayuae Iockoli Kpupoft [70], mowuo mokasatw,
dx dy dz
ds’ ds’ ds
TeJbloff K KpuBOil, T. €. paBusl KocuuycaM yrjos, o0pa3oBanHLIX 110JIO-
WUTSHALULIM HanpasaeniieM 3Toll Kacareabloft ¢ OCAMH KOOPAHHAT.

fpunnmas o Buusanne (32) n (33), MM noayuaeym A4d 3THX KOCH-
nycons ¢opmyan:

4TO HpoU3BOAHBIC papiibl  HanpaBasloULM  KocuuycaMm Kaca-

5\

Cos o == ¢ () ,
=V )+ (O + ()
¢ (@)
COS p=— ,
P vearraTow S
A )
C =
SV TN T )

npH COOTBETCTByIOWEM BuLIGOpe 3iAKa Y paaikana, 3aBucAmieM OT BH-
Gopa nanpasaeunst KacarteqbHoil.

Boite Mp cyutamy, yto (QyHxius (32) uUMEOT HenpephsHHE NPOH3-
pomiue H Mo Kpalinel Mepe oama n3 HMX OTAyHA OT Hyas. Taxum o6-
PasoyM, HANPABJAOMWNE KOCHINYCH KacaTednuoll ik kpunott n Touke (X, y, 2)
nponopuionaasiet o (¢), O (¢), o' (¢) nnu dx, dy, dz u ypasHeuune xaca-
Teabtiol MOXeT OHTb HamHCalo B BHAE -

X—x Y— Z—z
dx dyy= dz ' (36,
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nan 2 )
X—x__Y—y_ Z—z
7O YO O (36:)

Beenem Temeps, 110BOE€ MOHATHE, a NMEHHO MOHATHE KacarelbHOH m.io-
CKOCTH K NOBEPXHOCTH v
F(x, y, 2)=0. ) (37)

Nycte My (X Yoo 20) —HexoTOpad Touka sTofl nmosepxHoctd u L — au-
mng (32), nexamas Ha NOBEPXHOCTH H Npoxoasuias uepes Touky My,
TAaK YTO NpPU HEKOTOPOM t=f, nMeeM Xy==0¢ (), yo="0 (t), 2o="0 (f,).
IIpeanoaaraeM, uto y dynxuun (37) B Touke M) 11 ee OKPECTHOCTH HMEIOTCS
llenpepHBHYE YacTHHE NPOH3BOAHHE MO X, y U 2, NpHYeM no Kpafineft
Mepe OIHa N3 3THX NPOU3BOAHEIX OT/ANyHA OT Hyas. Ilycrte anamornunoe
v cpoficTBo nMeloT 1 ¢yHxkunn (32) npn f=={, 1 B OKPECTHOCTH 3TOro
3Hayenns.
Ecm noacrasnm (32) B seBywo uacts ypasHeHus (37), TO noayunm
TOXKIECTBO NO f, nockoabky L aexur Ha nosepxHoctd (37). duddepen-
HUPYd 5TO TOXAECTBO IO f, MOJAYyYHM

Fi(x, 3, 2) ‘P,(t)—l"Fy(x» B4 2)(;)’ (t)+Fz o 3 D (=0,
rae BMECTO X, ¥, 2 Hano noactasuTs GyHkuun (32), n B Touxke M,
Fy (%o Yoo 20) 9 (80)+ F. y (X0 Yo 200§ (b)) ~+ Fz (X Yo 20) o (f) ==0. (38)

Kak mm Bagemn, ¢’ (fy), ¢ (f), o (f;) mponopuuoHaabuyl Hanpapasgionu
KOCHHYCaM KacaTeAbHOHl K Jaunun L B Touke M, n pasencreo (38) no-
KasHBaer, YTO Kacatelbias B Touke M, K moGoft munun L, aexameft
na nosepxHocti (37) u npoxoasuteft uepes Touky M, nepreHAUKyAApHa
K HEKOTOPOMY ONpenefeHHOMY, He 3apucsuleMy oT BuGopa L uanpasse-
HUIO, Y KOTOPOr0O Hampasisiolllte KOCHHYCH MPOMNOPUHOHAMBNUBI UYICAAM
Fy(%0 Yo 2o}y Fy(X0, Yo 20} F.(X0» Yoo 20)- Mbt Bmiy, Takum o6pa3sonm,
YTO KacaTeJblbie B TOuke M, KO BCeM JMHHAM, JEKAWUM HA NOBEpX-
HOCTH H npoxoasmuM yepe3 TOUKy M, nexar B omguoli n Toli e nJio-
CKOCTH. 3Ta INIOCKOCTh HA3HBAETCA KACAMEABHON NAOCKOCMEI0 K NO-
sepxuocrit (37) B Ttouke M, Ona npoxomur, ouesuaiuo, yepes Touky M.

[ycrb
A(X— X))+ B(Y — yo)+ C(Z—2,)=0 (39)

- — ypasHenune 37off mrockoctH. Kak #3BeCTHO u3 anaanTnyeckoll reomer-
pun, ko3dduuuentet A, B, C 1omknel GHTb NPONOPUHOHAALHL HanNpas-
JSOUMM KOCHHYCaM HODMAan K 3TOH JUIOCKOCTH, T. €. B JAHHOM Cayuae
nponoputoHanbibl Fy (Xe Yo 20) Fy (%0 Yo 20), F; (X0, Yo 20). B nan-
nefimeM BMecTo TOuKn My (X Vo z.,) MH npuMennyM oGilee 0Go3Haueimte
ToukH M(x, ¥, 2). Takum oGpasoM, A, B u C noaxust GuTh nponop-
unonanbuet Fr(x, y, 2), Fy(x, y, 2), F:(x, y, 2), , CIeROBaTeILNO,



384 T/ V. ®¥YHKUHH HECKOJbKHX NEPEMEHHMWX [ 160

ypaBpuenue KacaTe/bHOH INMIOCKOCTH OKXOHYATEIbHO MOXKEeT OBITb HAMUCAHO
B Buae:

Fi(x, y, )(X—=x)+Fy(%, y, (Y —y)+
+F;(x» ¥ ) Z—2)=0, (40)

rae X, Y, Z— Tekymue KoopanuaTel Kacatedsuofi NIOCKOCTH, a X, y,
2 — KOOpIHHATH TOYKH Kacamua A,

Hopmaas K KacaTeabnoft nAocKoCTH, Mpoxofsulas uepe3 TOYKY Kaca-
nus M, naspiBaeTC HOpaaaslo K nosepxxocmu. Ee nanpasasioutie
KOCHHYCLI NDONOPLUHOHANBHL, Kak Mbl ceflyac Bnmeny, YacTHBIM NPOH3-
soaubM Fi(x, ¥, 2), Fy(x, y, 2), F.(x, y, ), u ypabuenue ee, cieno- -
pareasiio, Oyxaer

X—x Y—y Z—z (A1) -
Fe(x, 3 2) F' * ¥, 2) 1“; [EF

Ecan nosepxiocTs 3amana ypapuenneM B fsuofl ¢popme: z==f(x, y),
10 ypastiende (37) Oyaer uMerh Bupg

F(x, 0 2)=f(%, y)—2z=0,
11, C/lea0BaTedanio,

Fi(x, y, 2)==fx(x, ¥), Fy(x, 3, 2)=fy(x, y), Fi{x, y, 2)=—1

OGodnauasi, Kak 570 OGHKIOBENHO AeJaercs, YacTHWe NPON3BOAINLIE
Jx(x, ) u f5(x, y) OyksaMu p n g, noJyduM ypasieiie KacateasHoll
I/I0CKOCTH

PX—X)4q(Y =) —(Z—2)=0 (2)
I HOPMA/M{ K MOBEPXHOCTH

X—x Yoy Z—
F= e = )

Jaa saannconaa . .
X y 2?
FiEteE=
ypashenie KacateabHoll II0CKOCTH B ucxoropon ero touke (x, y, z) Oyner

X X0+ D)+ E(z2—1) =0

HAH
+ a = +y: + » .

Mpapan wacTL 9TOro ypabuChMsk paBHa e€AlHNHUE, TaK KaK KOOPAHMMUATH
(X, ¥, z) TOYKHM KacaHia NOMKHH YNOBICTBOPATH YDPABHCHHIO 31IUNCOHTA, W
OKOHYAICAbHO ypaBHCHHE Kacarenbuoﬂ nJockocTi 6yaet

XL,
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§ 16. POPMYJIA TEIJIOPA. MAKCUMYMHB U MUHUMYMBI
SYHKIUUH OT HECKOJIbKHX NMEPEMEHHBIX

161. Pacnpoctpanenne dopmyan Teiftaopa na cayuait gpyuxknuu
OT HECKONBKHX HE3aBHCHMBIX mepeMeHHBIX, [lns NpPOCTOTH mHCbMa
orpanuunMcs cayyaeM dyHxuun f(x,y) oT ABYX He3aBHCHMBHIX TepeMen-
yux. Popuysa Teilaopa naer pasnoxenwe f(a--h, b-k) mo cre-
‘mensm h u k npupamennfi HesapucuMbix nepevensnix [127]. Bseaem
HOBYIO HE3aBHCHMYIO MepeMeHHyio f, moJaras

x=a-}-ht, y=0b-}kt. (1)
Mu nonyunyd, Takum oOpasoy, d¢yHxkuuio oxnoff HesasucuMOft nepe-

MeHnoft f:
e )=f(y)=F(a+ht, b-}-kt),

npuyeM
2 (=S (@) n g()=Ff(a-+h, b-F). @

IMoas3yace dopmynoft Makaopena ¢ ocTatounsM uiaeHoM Jlarpauxa,
MoxeM Hamucare [127]:

e =9 O+ + L2 4.+ 04T D o<o<n. @

Buipasum teneps npoussoansie oP (0) n o™ (8) yepes dynkuuo

f(x,y). Vs dopmyant (1) Mo BHEHM, YTO X H y CYThb /AuHeHHHE Qynx-
HUH He3aBUCHMOH nepeMeHHoft f 1

dx=nhdt, dy==*kdt,

ME MoXeM [09TOMy mNoab30BaThCA cHMBOJmYECKolt dopmytoft npu
onpeaenenun anddepenunana moboro nopaaxka dyukunn ¢ (£) [166]:

P (f) = (5’7 dx -1 % dy)(p) Flx,y)= (h 24k (;’—y)“” F(x, y)de?,

OTKyAa

o O=22A=(n T+ 2 )" 72, 9)

Ipn t=0 nmeeM x==qa 1 y==>0, npn t==0 nveen x==a-}-6k n

y=>b-}-0k, a motomy

P O= (g +25)" @, By =g+ 5" F 5
o) (§) = (ht;a—a—l—kb%)("-*-l) fla--0h, b-1-6k).

IMoacrasass st Bepaxennsa 8 Qopyyay (3) # noaw3yach eme popMyaamn
13 B. H. Cumupuos, 1. I




386 TJ. V. $¥HKUMY HECKONbKMX NEPEMEHHHX [ 162
(2), nomyuuM okoHuatenbHo opatyay Teliaopa
f@-+h b-LE)=Ff(a, b)-- (h o% s ao—b)f(a, b+
O N A %) RE I ¥ PR T A (N R
tarmh s+ D" r@ton, b-por. @

3asenas B 51Ol Qopmysae a na X, b Ha y u ob6csnavas npupawe-
nun kb 0k HesaBucuMbX nepeMeHHBX uepes dx u dy, a npupaienie
oyukwi, T. e f(x-dx, y-i-dy)—f(x, y), yepes Af(x, y), MOxeM .
Hanucath (GopMyNy B ClemyiouleM BhHue: '

, , dn ; ant+t Y
Yo = g LR TE],
> v

INMpasas wacte 310H Qopyyan colepkur anddepeHiuais  pasInyHbIX
nopaakos ¢yukumi f(x, y), a B nocaeaHey uwjene yKa3aHul Te 3HadeHNs
HE3ABHCHMBIX [NEPEMEHHBIX, KOTOPHE Hano MNOACTaBHTL B MNPON3BOAHLE
(n— 1)-ro nopsaka, BXoisuie B 3TOT yjed. AHAJIOTHYHO CAy4aio QyHK-
i oT oanoil wesapucumoli mepevennofi ¢opmyaa Maxsopena, npaoumasn
pasaomenne Qyskwin f(x, y) no cremeusM X, y, BHBOZMICT u3 dop-
Myan Teijaopa (4), ecan HoaoxnTL TaMm

a=0, b=0; h=x, k=}y.

Ilpu uboje gopmyast (4) Mpl npeanoaarami, uro ¢yuxuus f(x, y)
HMEET HenpepHBHbHE YacTHHE MPOu3BOANEE A0 NOpAaka (n-1) B neko-
TOpOH OTKpbLITOH 007aCTH, COAepxauleli OTPE3OK MNpPAMOil, coemuHAIomuil
Touku (@, ) u (a-}-f, b-4-£). Ilpn ussenens ¢ OT HyAs A0 elmunum,
nepemennas Touka x=a-hf, y=>0--kt onucesaer ynomauyrTit
orpesok. Ilpn n=0 noayuaem ¢opMyJsy KOHEYHHX NpHpPaILEHHI

fl@a--h, bk —f(a, b)==hf;(a-6h, b 8k)--kf; (a - 6h, b-1-6).

Orciona, Kak 1 b [63], HenocpeacTBeHHO caeayeT, YTO ecau 8HYmpu
HeKomopoll ofaacmiu 4acniHee Npoli3godHbie NEPSO20 NOPAOKA PasHbL
8e30e nya0, Mo @YHKUUA COXPAHAEm BHYMPU YNOMARYMION obaaciu
noCMosIHHOe 3HA4eHUe.

162. HeoGxonuMbie yCNOBHE MAKCHMYMAa W MHHMMYMa OyHKIUH.
Mycts dynkuua f(x, y) HeupepsieHa B Touke (@, b) W HeKoTOpOH ee
OKDECTHOCTH. AHAJOMHUHO CJyyalo OAHOH He3aBHCHMOH mnepemennoft Mu
6yneM roBoputb, YTO YHKYUA [ (X, Y) 06YX HE3Q8UCUMEBX NEpeMEHHE X
docmuzaem maxcumyma 8 moure (a, b), ecan 3uatenue f(a, b) He
MEHbIUE BCCX CMENCHHN 3JHAMERWE @yHryuu, T. €. ecau

Af=f(a+h, b--k)—f(a, b)<<0, (5)
npu 8cex h u k docmamouHo Maiwx no abcoriomuol geausune,
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Touno Tak e Mm Gymem rosoputh, uto @ynxyus f(x, y) docmu-
2aem MUHUMYMQ npu X==a u y=2>5, ecim

Af=f(a+h b+E)—f(a b)=0 (6)

npu scex 3Havenussx h w k docmamouHo Mmaavx no aGcoatomuoll

- BEAUNYIHE.

! Wrak, nyctb x==a, y==>b— 3HaueHusa HE3ABUCHMHX NEPEMEHIILX,

npH KOTOPHX ¢yukius f(x, y) AOCTHraeT MAaKCHMyMa MAH MHHIMYMa.
Paccyorpum dyuxkumio f(x, b) omuofi nesasucumoft nepemensofi x. [lo
YCOBHIO OHA AOJKHA AOCTHTATh MAaKCHMyMa HJH MHHHMYMa NpH X =g,
a NOTOMY ee Npou3BOAHAat MO X NPH X==a JOMKHa Wan ofpamathca
B Hy b HA K€ He cymectBoBath [68]. Taxum e paccymaenuem ybe-
AnMcs, 4To W npoussoaHas dynkuus f(a, y) mo y gomkna um obpa-
IaTbCA B HYJb M HE CYLIECTBOBATh NMpH y==5b. MmN NpHXOZN, TaKHM
06pa3oM, K CeAyiOLeMy HEOOXOXHMOMY YCJOBHIO CYW(ECTBOBAIIHA MaKCH-
MyMa wan MumiaMysa: @yuxyus f(x, y) 08yx He3asucumsx nepesex-
HBLX MooCem 0ocmuzams MAKCUMyAQ UAN MUHUMYMA AUMb NpU meX

SHaUeruUAxX X U y, npu lcomopbzx gacniHsle npotlSBOOHble nepaoeo no-=
6f(x. Y) U x )
dy

paoka 06pauLaIOMCST 8 HYAb UAN HE CYwecmsyont.

ConepmeHHo TAK e, MEHAd TOJABKO X WIH TOJNBKO ¥, MBl MOMeEM,
noan3yachk cKasanHeiM B [B8], yrBepssmars, uTO mNpH HaMuMK TPouU3-
BOJHBIX BTOPOTO NOPAAKA HEOGXOAMMEIM YCIOBHEM MAKCHMYMA ABJAROTCA

6f(xl }')<0 I df(x y)<0 a

HEepaBeHCTRA HEOOXOMUMHM ycJaoBneM

MHILIMYMA — HepaBencTsa n M_%JL)_B 0.

o°f o(.f;y)BO

[Ipearaymue paccyxzaeHns oCTaioTCa B Ciie # B Cayuae (Qynxmun
/Mo0Oro uic/aa He3apHCHMBIX NepeMeHHBIX. MBI MOeM BHICKa3aTh, TaKNM
ofpasomM, caenyoliee ofuiee NPaBHIIO:

. DYHKRUT HECKOALKNX He3QBUCUMLX NEPeMeHHbX aodcen docmu-
2amy MAKCUMYMQ UAN MUHNAMYMQ AUMe NPU MEX 3HAYEHIAX He3a-
BUCHMBX NEePeMEHRbIX, NPU KOMOpHX HACMHbe NPoU3800HbE nepozo
nopsadka obpawalomca 8 HyAs ual He cyujecmgyiom. B nanbuefimes
MBl OTPAHMYMMCS PACCMOTPEHHEM TOrO CJAyYas, KOrja YKa3aHHHIE HacTHHIE
MPON3BOAHLIE CYLULECTBYIOT.

Iuddepenuuan nepsoro nopsaKa paseH CyMMe NpOU3BENeHHH YacTHHX
NPON3BOANKX MO HE3aBUCHMHM NepeMeHHMM Ha auddepeHunans cooTBeT-
CTBYIOILHX HE3aBHCHMHEX nepevenustX [153], u Mu MOxeM MO3TOMY YTBEp-
HAaTh, UTO MPU 3HAYEHUAX HE3ABUCUMLX NEPEeMEHHBX, NPU  KOMophx
OYHEQUA UMeem MAKCUMYAL UAN MUHUMYM, ee dugdghepenyuan nepso20
nopaoia donrdicer obpamamscst 8 Hyas. d1a dopMa HEOGXOANMOro yca0-
BuA ynoOHa, MOTOMY YTO BBHIP2WEHHS MEPBOro nuddepeHunana He 3aBucaT
oT BnOopa nepemeHHnx. [163]. IlpupasnuBad Hymo uacTHHle NPON3BOA-
1IHe MEepBOTO MOPAAKA, MH NOJyuaeM CHCIEMY ypasuenull, OTKyjaa onpe-
JeNSIIOTC TE 3HAYeHHT HE3aBUCHMBIX NEPEMEHHBIX, NpH KOTOPHX dyHKINA

13+
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MOXMET JNOCTHraTh MaKCuMyMa WA MuHumyMa. [ag moaxoro pemeHus
BOnpoca HeoOXOAHMO ellle TPOH3BECTH HCCASAOBaHIe TOJIyYEHHHX 3Ha-
yeuui JAJAA TOro, 4TOOH pewnTb, KOCTHraeT JaH dyHkuns, gelicTourenaso,
npH STHX 3HAYEHHAX HE3aBHCHMEIX MepeMeniibiX MaKCHMYMa WAl MHHIMYMa,
a eCau JOCTUTAET, TO YEro MMEHHO — MaKCHMyMa HIH MuHuMmyMma. B cae-
AyOIIEeM HOMEPE MH IMOKaKeM, KaK TNpousBOAUICH 3TO uxcnenonanne
B Cay4asx (pym\uml ABYX HE3aBlCHMLIX nepeMeHHHX.

-

163. MccaenoBanne MakcumMyMmMa M MHHHMYMA QYHKUHH JBYX
He3aBUCHMBIX nepeMeHHblX. Ilyctb cucrema ypasnenufi

of (x, 3y ___ If(x, y) '
dx =0, dy - O’ (6)

BHIpa:xaiomas HEoOXOAMMOE YC/AODHE MAKCHMYM3 WA MHHHMYM3, Aana
Hay 3Hayenuda X==g u y==>, KOTOpHe Hago muccrexopars. Ilpeamono-
KM, yT0 f(X, y) UMeeT HenpephiBHHE 4YacTiuble NPON3BOANLE A0 BTO-
poro mopsaka b Touke (2, b) n uekoTOpoOll €e OKPECTHOCTIL.

Cornaciio Qopmyae Teitnopa (4), ups n==2 MoxeM HAMUCATH

flath bhR=Ff(a o) L&A, 4 H @Dy |

1[0 (% 3) df(\ J) °f (x, v)
+ 21 [ ox? ]1‘3 ' Ik+ 0y2 —ark ]x—aiﬂh

ITpunnvas BO BHuManNe, YTO X==@ H y==D) ABIMOTCA pPelwemueM
cucremsl (6), MOmeNM Iepemicarb 3TO PaBeHCTBO Tak:

Af=f(a-}—lz, b-t+k)—f(a b)=

0} (x, 3) Bf(x, y) *f (x, )
2l Toxr ’2+2 dx0y hk+ dy? ki]

. 7
x=a-04 ( )
y=b 0z
Tonoxiy '
r= VYR, h=rcosa, k=rsina

[Tpu Manwix no aGcomotHoMy 3nauenmio t w &, n r Gyaer Mano, n
naoGoport, i ycaosus It u k—0, ¢ omnoli cropous, u r—>0, ¢ apy-
rofl — Mexay coGoil paBlHOCHAbHEL

dopmyaa (7) npuMer pun:

Af_"_'[af(" N cos?q - 2 L5 9) cos a sin a -

21 ox2 dx oy
f (68 g
+EE e e ®
y=>b3-bk

MpuunMas DO  BHHMAME HEMPEPHIBHOCTb NPOH3BOIHHX BTOPOrO
nopsaka H CudTas B U Rk WM, YTO TO K€, r OGeCKOHEUlO MalHMD,
MOKEM YTBEDAAATb, YTO MPOH3BOAHMEIE B NpPasofl uactn Qopmyau (8},
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BHUHC/EHHBE Tpu suauennsx a—-0h, b -|-0k, Gecxoneuno Mano orau-
4aWHXC OT @, b, caMi GECKOHEYHO Malo OTINYAIOTCS OT YHCed
f(ad) _ 4 0%f (a, b) f@ b _ ~
da* 7 dadb ’ o T 7
a notoMy xosdduuuentsl npu cos?e, cosasina, sinfa B KpBagparioft
*~ ¢koGke hopMybt (8) MOXKHO 3aMEHHTH COOTBETCTBEHNO Ha A -|-e1, 2B} ¢y,
C}-e3 rae ey, gy, €5 CyThb BeAHUHHL, OECKOHEUIO MAILIE OMHOBPEMEHHO
‘chuk (wmucor)
dopmyay (8) MOxHO NMOCAE STOrO MEPENNCaTh TaK:

Af=€—j[A cos®a~}-28 sin a cos a—- C sin®a -} ¢], )

rae
e=—¢, cos’a 2s3c08 a sina ey sina
1 2 3

eCTh Benuunna, OecKOHEUHO Majias omHospemeHHo ¢ i u %2 (nau c r).

W3 onpemenenns MakcuMyMa H MUHHMYMAa CJenyeT, UTO ecJaH INpasas
yacTh pameHcTBa (9) mpn BCeX JOCTAaTOMHO MAJHIX 3HAYEHUSIX ' COXpaHs-
€T 3HAK (—), TO B3HAYEHUAM X ==@ W y==b COOTBETCTBYET MaKCHMYM
dynkuuu f(x, y); ecan ona coxpauser 3Hak (-|-), TO YKasallBM 3Haue-
HuaM OyAeT COOTBETCTBOBAaTb MHMHHMYM (YHKIIMH; €CJH ke, HaKOHell, mpH
CKO/b YroAHO MaJBIX 3HaueHHAX r NpaBas 4acTh paseHcrBa (9) moxer
HMETh KaK B8Hak (—), Tak # 3HaK (—), TO 3HaYeHUIM x=—a n y=—2>b
HE COOTBETCTBYIOT HU MaKCHMYM, HU MHUHUMYM (YHKLIHH.

Ilpn wuccnenoBaHuu 3Haka npasoft uactu papsencrsa (9) MOFyT npex-
CTaBUTLCA CJACAYIOULHE HETHPE CJ/yuas:

L. Ecau tpexunen

A cos?a-}-2Bsina cos a - C sin?a (10)

He o6paulaeTca B HY/Jb HH TIPH OMHOM 3HAYEHHH &, TO Kak HenpepuBHast
¢ynxuna or o on coxpanser nensmennsiil snak [656). Ilycrs st0 Gyaer
snak (). B npomexyrtie (0, 2%) 3ra nenpepuizmas QyHKuus AOCTHraeT
CBoero nauMenbuero (NOJOXMTENbHOTO) 3HaueHna m. B cuay nepuommy-
HOCTH COS 6 H Sino 3TO ke HauMenbuiee 3uauenue /2 GyaeT HMETb Mec-
TO M Aad moOux amauennit a. Beanunna |e| npn Bcex Z0OCTaTOUHO MafbX
3HAYCHHAX r MEHbLIE /72, W MPH 3TOM 3HAaK mpaBofi yacru paseHcrsa (9)
onpeienaerca 3makom Tpexunena (10), 1. e. Oyaer (}); B 3TOM cayuyae
MH GyneM uMerb MHHUMYM.

1. ITonoxny tenepb, uto Tpexunen (10), me oGpamasch HH NpU Ka-
KHX 3HaUEHHAX & B HyJb, coxXpanser 3nak (—). Ilycts — m manmensmee
(oTpuuaTenbHoE) 3uavenne 3TOro Tpexuaena B nposmexyrtke (0, 2=) ns-
menenua o« Beanunna |e| npn mocTarouHo ManHX 3sHaueHHsxX r MeHbiue
m, n npu 3TOM 3naK npasoll yactu papencrsa (9) 6yaer nocrosuuo (—),
T. € B 9TOM Cayuae Mbl OydeM HMETb MaKCHMYM.

HI. Tlonoxum Ttenepy, uro Tpexunen (10) menser anak. IlycTs mpn
a==gq; OH pased MNOJOKHTEIbHOMY uucay-}-m;, a npun o=%;—
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OTPHIATENLHOMY YHCAY — m3. TIpi BCEX NOCTAaTONHO MAJNX 3HAYENMaX 1
|e| Oymer Menbie mzy ¥ mtg IIpR TaKMX 3HaueHUAX r W 0pH a==a; H
@, 3HaK npasoll yacTi paseHcrsa (9) Oyder ONpeaeAsTbCAd 3HAKOM TPeEX-
unena (10), T. e. Gyzer (-F) npn a==0y u (—) npu a=a, Taxkum obpa-
30M, B DacCMaTpuBAaEMOM CAyYce 3HaK NpaBoll yacTi pasencrBa (9) moxer
6uthb 1 () ¥ (~—) NpU CKOAb YrOANO MAJLX 3HAYEHUSX 7, T. € B ITOM
cayuae MH He OyaeM uMNeThb HII MaKCHMYMa, HH MUHHMYMa. /

IV. Ioaoxum, nakouen, uro Ttpexuaed (10), coxpanss Heuavelul
8HaK, MOXeT 00pallarbCd B HyJb NpPH HEKOTOPHIX 3uauemusax o. B sToum
cayyae 6e3 paiabHelINero HCCJACAOBAaHHA 3HAKA € MB He MOXKEM CLEJaTh
HHUKaKNX 3aKJouyeHuft 0 3Hake npasol yactu pasedcrsa (9), u 3710T CaAy-
yalf OCTaeTcs COMHHTEJBHEIM B HalleM HCCAeJOBaHHH.

Hrak, Bce cBerocs k uccrepobaumnio 3uaka tpexdiaena (10) npa ns-
MeHEeHHn @, Il MW yKaXeM NPOCTHE NpH3HAKH, NO3BOJAAOMKE CYAHTb, C
KaKIM H3 YKa3aHHBIX YeTsipex C/AyyaeB MH ieeM JeJo.

1. IMonoxum cunavana, uro A 7 0. Tpexuneu (10) MH MOeM npen-
CTaBHTb B BUAE:

(Acosa-}- Bsin a)’A—l—- (AC— B?) sin’a. a1

Ecan AC— B*>0, 10 uucautean nanucannoll xpoGi NpeACTap.sier
€o0010 CYMMY IBYyX HOMOMKNTENBHLIX CJIaraeMulX, KOTOpPHE HE MOryT 00-
paTuTLCs B HYJAn oamoppesenno. IettcTpureasho, Bropoe c.aaraemoe 006-
pamaercs B HyJAb, TOALKO ecan sina==0, HO mpH 3TOM CcOS a==71-1,
1 neppoe chaaraeMoe obpamaerca b A?=£ 0. Takuy o6pasoM, B paccma-
TPUBAEMOM CJayyae 3nak pupakenus (11) cobnagaer co 3nakoM A, 1,
caegopateabho, npin A >0 Oyzem nmetb cayuafd (I), T. e. MumHuMyy, a
npn A< 0—cayuai (Il), T. e. MaKcHMyM.

2. peanoaaras mno-npexnemy A # 0, noaoxum, uro AC— B*<C0.
Yncaurenn apo6u (11) Gymer umers 3uak () npu sina=0 u 3uaK

(—) npu ctga=—=, a nNOTOMy npH YKa3aHHLIX YCAOBHAX MW OyldeM

uMerh cayuati (III), 7. e. ne GyZer nm MakcuMyMa, Hil MUHHMyMa.
3. Ecan npu A % 0 mut noaoxuy, yto AC— B?*=0, TO uucamuTeIb
Apobu (11) npuBoaNTCA K NMEPBOMY CJI2raeMOMYy i, COXpauss HeH3Meiliblii

aak (--), obpamaerca B Hyab npu ctga:—%, T. € npn 3THX yCJAo-
BIAX MBl uUMeeM Jieno ¢ coMHuTeapumm caydaem (IV).

4. ITonoxum, uro A=0, no B 0. Tpexuaen (10) nMeeT TOrAa
ena: sin o (28 cos a4 Csin a). TIpu 3uavemiax a, 6auskux K HyJsio, BH-
pakeune, crofmee B KPYramX CKOOKaX, COXPaHAET HEH3MEHHL 3uaK,
copnagaiwinil co suaxoM D, a nepphifl MHOKRHTCIL il @ HMCCT pasiliic
BHaKn, CMOTpa 1o ToMy, Oyaer Jan a 6OJble MAn Menbuie HyAd, T. €.
hyeer Mecto cayuail (1II) — un MaxcnmyMa, HH MuHUMYMA.

5. Ipenanoaomun, Hakohen, yto A=B=0. Toraa Tpexuaea (10)
npusenercs K oauomy charaeyoyy Csin¥a u, caen0BaTenbHo, HE Melas
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3HaKa, MOXET O0pamlaTbCA B HYAb, T. € MH HMEEM HeA0 C COMHHTE.b-
HBIM C/lyyaeM. :

Tlpnuumas BO BlManne, uto B cayuyae 4 Gyner AC—B*<O, B
caysae 5 mmeeM AC — B®=0, MOKeM BHCKa3aTb CJIeAyWllee NPaBHIO:
0451 HAXOJCOCHUS MAKCUMYMOB U MUNUMYMOS BHympu obaacmu npu

“sipednosoacenun, ymo hynrgua f(x, y) Henpepwra maxm u umeem
Henpepu8une npou3soOnste 0o smopozo nopsadxa, Hado cocmasums
wacmueie npouszgodnsie fi(x, y) u fyu(x, y) u pewms cucmey ypas-

HeHuil ] ,
fe(x, =0, fy(x, y)=0.

Ilycms x=aqa, y=>0 — xaxoe-nubyds pewenue smoii cucmens. [lo-
203CU8

PrOB_, @b g @b

da® da b 0b*
npou3eodits uccaedosanue peulenust no caedynouei cxee:
AC— B® + — 0
A + | -
i MHH. coMNUT,
HII Makc. cayuyaft
MITH. | M2KC.

164. Mpumepst. 1. PaccMoTpim noBepxrtocts 2= f(x, y). ¥Ypasuenue kaca-
TeabHOMt MI0CKOCTH K Hefl 6yrer [160]:

PX—=x)+q(Y—y)—(Z—2)=0,

Tie p M g ofo3mavawr uacTiwe npoussoHsie [ (X, ¥) u £, (x, y).
Ecan npn HCKOTOpHIX 3HAYEHNAX X —=aH y=§
GyHKUHA Z TOCTHTaeT MaKCHMYMa IaH MHHIMYMa,
TO COOTBETCTBYIOU2A TOYKAa Ha3LIBAETCHA 8EPUILHOIO
TIOBEPXHOCTI: B TaKofi TOUKe KacaTerbHas NIOCKOCTh
JonxHa GuTH MapaaizcabHa naockoctit XY, 1. e. yacr-
HHE NpOH3BOANBE P H -g AOMKHH oGpamarhca B
HYaAb, H MOBEPXHOCTH ~ JIOMKHA GHTb PaCHOIOKCHA
IO OIHY CTOPOHY OT KacaTelbHoll MI0CKOCTH, B6IN3N
TOoukn kKacaHHa. (puc. 163). Ho moxer cayunrtecs, S
YTO p H ¢ B HCKOTOPOIl TOYKE 06PAWAIOTCA B HYAb,
‘T. €. KacaTeabHas MIOCKOCTh MapaiielbHa ILTOCKO- 0 — X
cti XY, Ho nosepxHocTh BGai3n 9Toft TOYKH pac-
nonoxena no o6e CTOpoHH OT KacarelbHofi NaocKo- y
CTH, H B 3TOM Calyyae IIpH COOTBCTCTBYIOWINX 3Ha-
yenuax X H y GyHknna z He Gyner AOCTHraTh Hi Puc. 163.
MaKCHMYMa, HH MIHHMYMa.
YKa®eM eue Ha OAHY BO3MOXHOCTb, KOTOPAS MOXET OCYIECTBHTHCS B Cry-
yae, HA3BAHNOM HaMH B NPeJBIYMICM COMHHTEAbHHIM. [lomoxHM, uTO NpH X =,
y=1> xacateabHas NI0CKOCTb Mapanieabna uiockoct XY, M nosepxnocts
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PACNIOIOHEHA N0 ONNY CTOPONY OT KACAaTCAbHON NIAOCKOCTH, HO HMCET C Heio
o6IYI0 JHHIIO, NPOXOASIIYIO YCpe3 TOUKY KacaHna. B 3rom cayvae pasmocts

fla+h, b+4k)—f(a, b),

HE MCHSAS 31aKa NpH AOCTATOYHO MAIHX No aGcoa0THOMY 3navenmio h u k, 6yner
o6pamareca B Hyab npit i uan k, oranynux or Hyaa. Herpyano ocywecrsurs
9TOT Cayyail, npeacTaBns cee, nanpiMep, Kpyrosoil HIIHHAP, OCh KOTOPOro napai-,
acapna maockoctit XY, B stom caywae Taxwe romopar, 4ro dymxuus f(x, y)
NMeEeT MaKCHMYM M MUIUMYM IpH X =a 1 y=>0 [162).

IosepxHocThb ’
xﬁ y!
@ »

ecTb runepGoanyecknil napaGosona. IIpHpaBHHBAA HYJIIO YACTHBIE MPOH3BOANLIC
or z mo X ny, noayuny x=y=~0, 1 Kacareabnas IIOCKOCTb K IOBEPXHOCTI
B Hayaile KOOpiHar Gyrcr cos-
nagate ¢ naockocteio XY. Co-

2z =

CTaBHM 4aCTHBE NPOUIROAHHC
BTOPOro NOpAKa:
2z 1 0%z
prci N v il
0’z 1
o i
11, CICI0BATEALNO,
AC— B =— -1— <0,
a*h?

7. ¢ mupn x=y=0 dynkuns

2 He JIOCTHTaeT HH MaKCHMYMa,

B MHHHNMYMa, 31 BGIN3N Hayaaa

KOODABHAT NOBEPXNOCTb paciio-

Puc. 164. aoxcena no o6e CTOPOHE OT Ka-

careabHoli maockocri (puc. 164).

2. Ha naockoctn nanw n# 10yek M;(a; b)) (i=1, 2, ..., n). Tpebyerca

nafity Touky A TaKkyio, YTO6HI CYMMa INPOHM3BCACHHI JAHHBEIX MNOJOXHICILIBIX

uicel m; Ha KBaapartel paccrosniii ee no toyck A; noctiraia mMunumyma. Ilycio
(%, ¥} — xoopauHaTH HcKOMOI Toykn A, YnouanyTas Bwme cymma Gyjaer:

‘ we= 3} mills— aif + (=0}
i=

’ .
ﬂpnpamuman HYII0 YaCTHHIC NPON3BOIHBIC Wy H Wy, NOdyYacM

My +mya, -} ... +mpa, __mbyFmby 4 . b,
= omydmy - Fm, Y= T ... Fm,

Hetpyano npoepurs, yTo B paccmatpneaeMoy ciyuae A m AC— B® Gyayr
6oabue HYTd, H, CICAOBATCIbLHO, nHajiaenunM 3HaAYCHUAM X H Y neicTBITeILHO
6)'}1CT COOTBCTCTROBATL MINHMYM W, 310t MHHHEMYM  ABJACTCHA HAaHMCHbLIIIM
3HaYCHHCM @ HA ILIOCKOCTH (X, ¥), 160 @ — -} 0O NpH GeCnpecabHOM yaaachi
TOUKH (X, y).

Ecan M;— maTepnaibhne TOYUKH M m; — HX MACCH, T0 gopityaa (12) onpe-
Oeastem KOOpOUHAmMBL LeHpa madcecmu cucmev. modex M.

(12)
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165. JlonoanuTebHBIE 3aMEYAHHS O HAXOXKAEHNH MaKCHMYMOB W MHHH-
myMoB dyuxuun. [Ipeasiaymue paccyxmeHHA PacHPOCTPAHAOTCA H HA Cayyait
601b1Ero YHCIa He3aBHCHMBIX NepeMennnix. ITycts, Hanpnsmep, Aana dynkuua
TpexX He3aBHCHMHX fICPeMEHHHX f (X, y, z). Jlaa RaxoxnaeHNa Tex 3HaveHHIl He3a-
BHCHMBIX JIepeMeHHHBIX, NpH KOTOPHX 3Ta QYHKUNA IOCTHIaeT MAKCHMYMa i
MIHHMYMa, Hal0 peIHTb CHCTEMY TpexX ypaBHeHHIl ¢ TpeMs HenssecTHHIMI [162]

f:g (X, 2 =0, f:v (x, J'.VZ) =0, f; (x, , 2)=0. (13)

“ITyete x=a, y=25, z=c—oano u3 pemennit stofi cicremsr, HasMerny xpartko
IyTh NI HCCAENOBaHHsS STHX 3Havennil. Popuyna Tefltopa naer HaM nmpupauienne
GYHKUUHN B BHAE CYMMB OJHOPONHHX MOJIHOMOB, PACNOJOKEHHHX 1O CTelleHAM
TpHpanieHnit He3aBHCHMMX MepeMeHHHX:

Af =t Of(aéab, ¢) + B of (aébb, ¢) n IOf(aécb, c) +

+2l,(h5‘?,;+k (%Jrl(;)—c)mf(a, b ) o+ (14)
+(7_1‘_—m<hd%+k(%+l(%)m+“f(a—|-0h, b0k, c+01) (0<0<1).

3nayeHna X==a, y=~5, z=c ygposaersopsior ypasuenuaM (13). Mosromy

0f(a, b, ¢) 0f(a, b, ¢) , ,0f(a, b, ) _
e T T = 0.
Ecmil coBOKyNHOCTL ulIeHOB BTOpO{l cTemenn oTHocmteasno h, &, I
1 0 0 g\®
o (o gtz F@ b (15)
ofpamaerca B Hyab TOIbKO npu A==k —=[=0, 10 3nax npasoft yactin (14) npu

h, k, I, 10CTaTOYHO MAJHIX N0 a6COTIOTHOMY 3HAYEHHIO, COBIAJAET  CO 3HAKOM
pupaxenua (15), u ecan sror anak (), T0 f(@, b, ¢) ABIRETCA MIHIMYMOM
dynxunn f(x, ¥, 2), ecIn xe (—), TO MBH HMeeM Xea0 ¢ MakcuMymoMm. Ecun
Bupaxenne (15) Moxer nMerb pasunle 3HakH, T0 f(a, b, ¢) He ABIACTICA HII
MaKcHMYMOM, HH MunnMymoM ¢ynkunn. Ecan ke, HakoHen, Bupaxenne (15), He
MeHas 3Haka, o6paulacTcsa B HYJb NPH HEKOTODHX 3HAaUeHHaxX A, k, /, OTINYHBIX
oT h==k=1[=0, 10 3TOT cayuafl ocTaeTcs COMHHTEIBHHM I Tpe6yerTca IccIe-
JloBaHHe Tex uYleHoB mpaeoil vactu (14), koropue comepxar h, 2 it [ B crenenn
BHINIEe BTOpOIt. .

TpuseneM nmoaHoe HCCIENOBAHIE 3TOTO COMHHIEIBHOrO CIyyas B YaCTHOM
npuMepe GyHKunn ABYX HE3aBHCIMHX NepeMCHHHIX

n=x%—2xy-4+y*-} x4}y

ou ou
3navenns x=y=—0 o6pamanT B HYIb YACTHHE NDPOH3BOAHHE rra " I
Kposme rtoro, mveem '
] 0u o%u
T ——— -_— = = — —_— =2
A 0x? |x—o 2 0x0y [x=o0 z ¢ 0y lx=0 '
. y=0 y= o y= 0
AC—B*=0,

T. € MB IHMeeM JeJ0 € COMHITEIbHHM CIydaem. Xapaxrepnaa 0C06eHHOCTD
9TOro CIyvasa COCTONT B TOM, YTO COBOKYNMHOCTb YJIE€HOB BTOpPOro In3mepenus
B BHIpaXEHIN (I))'HKIIH“ it npeacrasaser 06010 1oIHbIT Ksaapart, I1 MH MOMEM
B paccMarpHBaeMOM npuMepe HanHucatb

u=(x—y)* +(* +y°).
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Mpin x =y =0 1 u o6pawaerca B nyip, Jl1a HCCICAOBAHNA 31AKA U NPH X
B y, 6IH3KHX K HYJHI0, BBEACM NOAAPHLIC KOOPAHHATH

x=rcosa, y=rsina.
[ToactaBnaa 9Tl 3HAYCHHA X H Y, NOIy4uMm
=r? [(cos a — sin a)® 4 r (cos® a -}- sin? a)).

~

T
Mpu moGom 3naychm a B npomexyrtke (0, 2z), OTIHYHOM OT "7
cos a — sina 40,
1, cicXoBaTe1bHO, JIIA BCHKOTO TAaKOro 3HauCHIHA a MOXHO BHOGpaTh Takoe noio-
WHTEIALHOE YHCIO g, YTO NPH r <<, 3HAK BHPAKEHNS, CTOAICTO B KBAAPATHHX

y cxobxax, 6yner (-}). Ilpn a=§ 3TOT 311aK TaKue

6yner (+), no npn a=5f MH NOayyiM 3uak (—),

i, ciefoBateabHo, npn x=y=0 ¢yHKuua & ne
GYJCT HIMETb HH MAKCHMYM3, HI MITHHMYMa.
Paccyorpuy eme ¢ynkuuo

= (y—a?)*—x"

0 Hetpyano nposeputs, uto npu x =y =0 vacr-
i ou

. 162. HLIE IPOU3BOINLE —— H —— 06palaiorca B HYaL

Puc. 163 p 4 ox oy pauy ¥ab,

1 9TO MH IMCCM JCT0 C COMHHTCABLHLIM CIy4acM.
BuGupan xas X ckoIs YroiHO Maloe 3HAYeHHC I NOJAras y = X%, MH BIIUM,
410 QyuRuHA @ Opuselerca K (—x3) n ee 3naKk 6yIeT 33aBHCCTL OT 3HAKA X,
T.C. npit x =y =0 Qyuxuua u we GyACT AOCTHUraTh HH MAKCHMYMa, LM M-
Mysma. Bsoas noaspuuie KOOPANHATH, Mbl MOAYYHAH 6H

t=r?(sin* a — 2r cos®a sin a 4 r2 cos* a — r cos® a),

H 113 3TOTO BHIPAXCHHA BILIHO, YTO NPH BCAKOM 3HAYCHHI a, HC HCKI0OYAA H 3Ha-
yenii e=0 1 =, MOXKHO HaliTH Takoe MOJAOKNTCILHOC YIHCIO Iy, UTOOM 6bio
u>0 npu r<<r, T. e. Ha BCAKOIl MOaynpaAMofi, BHXOAAW ]t 3 Haydaa KOOPH-
nar, gyuxruna g nmmecr sHak (<) B6au3n navasa koopaunar. Onnako, Kak mu
BIANM, 3TO He BJIcyeT 3a co6oit MHHIMYM3 B Hayale KoOpamuar, rie u =0, n6o
1eab3s HaliTH YIOMANYTOE YHCIO Iy Tak, YTOGH OHO GHI0 O0HO u moO Jxe fan
BCCX 3nayenuii a. -

B [76] mu1 noctpontan kpusyo (y — %) — x5 =0 i pugean, 4T0 OHA B Hayaie
KOODIHRAT HMEET TOUKY BO3BPara BTOPOro POJa, a AeBasn yacTb 3TOrO ypasueuus
nMeer 3uak (—) BOIM3M HAYAJTa KOOPANHAT, CCAHM DACCMAarpHBaTb ce 3HaycHud
B TOYKAX, 3aKI1I0YAIOULIHXCA B 3aUTPHXOBaKHON 061aCTH Mexay ABYMA BeTBAMH
Kpiisofi (pre. 163).

166. Han6oabwee u HaHMeHbmee 3HaueHus GyHKuun. [Toaoxuy, uto Tpe-
6yerca nafity HanGoabwee 3HaveHHe HekoTOpOft Gymxkuuu f(X, y), 3amanuoit
B onpeactennoil o6aacTy. Ykasauubiii B [163] npies nossoaser HaM HaliTH Bce
MIKCHMYMB QYHKUUN gHympu 3TOR 06iacTH, T. €. Té TOUKM BHYTpH oGxacry,
B KOTOPWX 3HAYCHHA QYHKUHH HE MeHbllle, YeM B COCEAHIX C HHMH Touykax. [laa
NAx0ACtNa HaB0OALLICTO SHAYCHHA $YHKUHH HALU UPHHAIL BO BHUMAHHC 3Ha-
ucnung QYHKUHI HG 2paHuye (KOHTYpeE) ManHOM 063aCTH H CPaBHHIbL €€ MaKCH-
MYMbl BHYTPH 00JacTH CO 3uaueHnAMH na kontype. HanGoabliee n3 Bcex stux
anaucnuit u OyACT HAUOOAbUIUM 3HGUeHUeM PYRKYUU 8 daHHOL o6aacmu. Ana-
AOHYNO HAXOAMTCHA M HauMeHpuwiee 3Havenne GyHKUHH B AanHONl obaacri. [aa
Pa3bACHEHIA CKA3aHHOIO PACCMOTPIIM NpPHMCP. ’
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- Ha naockoemu dan mpeyzonsnux OAB (puc. 166), obpaszosannsil ocamu
OX u OY u npamoii

x4y—1=0. (16)

Tpebyemest Hailimt maKyio MoYKY IMO20 MPey20abHUKA, (045 KOMOPOl | cyMMa
Kxgadpamog ee paccmosHul 00 8ePUIUH MPEY2OAbRUKAE (uad Cbl HauMeHbulell.

ITpunuMas Bo BHHMaHMe, YTO BepliHHM A 1 B nMélor xoopannara (1, 0) n
(0, 1), Mbl MOXeM HanHCaTh BHpa¥eHle L4 BHUIEYIOMAHYTON ¢yMMBl KBafpaTcB

"paccroaniil TepeMenHoft Toukm (X, y) KO BepuNH

TpeyroabHuKa:

2=24 4% 4 (r— 1) (y— 1),

- [lprpaBunBan Hy110 HacTHblC MPOH3BOAHBIC Mep-
BOT'O MOPAAKE, NOAYYHM X =3y =1[,, 0 HCTPYAHO
110Ka3aTh, YTO 3THM 3HAYCHIAM COOTBEICTBYET MH-
HHMYM 2==1%/,. Hccaenyem temepb 3HAauUCHHA Z Ha
KOHTYpe TpeyroabhMka. [Jia mHccrezoBanna z Ha
cropoie OA Hago B BHPAXEHHH JAIA 2z 10J0-
*uth y=0:

z=2¢+ (x—1)'+1, Puc. 166,

NIPHYCM X MOXET MeuaThcA B npoMexyTke (0, 1).

[Tocrynas coraacno [60], yGemmmcs, yro z Ha cro-

poie OA DnpuunMaer namMeHbulee 3nayeHue z=173/, B Toyke C, x1a Koropof
X =1/;. TouHo TaK xe 11 Ha cropoHe OB HauMeHbNee 3HAYeHUC z GYReT pasno
5/, 11 Gyxer nocTurarbca B Touke D, Axs xoropoft y =1/, [laa uccienosanna
anayennii z na cropoie AB Hago, coraacuo ypasHeduio (16), B BHpaxemmn z
No10XHTE y=1—.ux: *

z==3x2 43 (x —1)2,

npHYeM X MOXeT MeHATbCA B npomexyrke (0, I). B 1annom cayvae #anmenniee
3HayeHne z 6yner z =13/, 0 6yner focTHraThCa B TOYKe E, A1a KOTOpOit X ==y =1/,
Mut noayyaem, takum 06pazoM, creAyomyio Ta6IHMUy BO3MOMHBIX I1IAIMCHBININX
anayeniit pynkuum

11 1 1 1 1
SR BT B R B 2 Al
z 4 5 S 3
3 3 3 2

V3 sroff Tabamnm MBI BHANM, YTO HaHMeHbllee 3Havenne z=74/;, Gynrer
nocrurathea B Touke (Y/;, 1f;). PaccmarpuBaemas 3ajaya MoOWeT OWTb TaKKe
peliena H A1 11060ro TpeyroIbHIKa, H HICKOMaA TOYKa ABIAETCA UEHTPOM TAKECTH
TPpeyroJIbHHKA. :

167. OTHOCHTEAbHBIE MAKCHMYMbI H MHHMMYMbL J[0 cux nop Mu
paccMaTPHBAIH MAaKCHMYMbl I MUHUMYMH YHKIUH, MDEATNOaarad, 4T0 Te
nepemenHee, OT KOTODHX (YHKUHA 3aBHCHT, CYyThb HE3aBHCHMHE mnepe-
MeHHHe. B MOZOOHBIX CAy4asx MaKCHMyMHI H MHHAMYMH Ha3HIBAIOTCS:
abcorromusiru. Tlepeiizem Temepp K PaccMOTPEHHIO TOro c/ydad, KOraa
nepeMenibe, OT KOTOPHX 3aBHCHT  (YHKUMS, CBA33HB HEKOTOPHIMH
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COOTHOMEHHAMIL. B NMOZOOHEIX CAyuyasx MakCHMYMB §f MHHUMYMBl Ha3b-
BAIOTCS ONIHOCUMEAbHbLMIL,
ITycte TpeGyerca HaliTH MaKCHMyMEl I MIHUMYMH (YHKIHH

f(xl’ KXo eees Xppy xm+b seay xm+n)
oT (m—l—n) nepeMeHlbnX X;, KOTOPHE CBs3albl 71 COOTHOINEHHAMI

- 7
Pi(X1 X oo Koy Xppr eovr X)) =0 - (7
(i=12 ..., n. ‘

B naapuefiieM gas coxpamemis miucbMa Mul ne OyaeM nucaTh apry-
MeHTOB Yy ¢ynxuuiti. Paspewas n coornowenufi (17) OTHOCHTEJBHO 11
nepeMeHHbX, Hanpumep,

xm+1! xm+‘21 csey -Vm.}.m
Mbl BBIpasiM X yepe3 OCTAJNbHBIC 722 HE3AaBUCHMBIX HNEPCMCHHBIX
X1 X2 o0y Xms

NOJACTABAAA 3TH BHPaWeHHs B (yHKuMio f, noayuuM Oyukwmuo or m
HE3aABUCUMBIX NMEPEMEHNHIX, T. € INpuaeM K 33Jaue OTHCKaHuA alcoaom-
HblX MaKCHMYMOB I MunmMymon. Mo takoe paspeuwenue cuctemn (17)
4acTO OLIBAET NPAKTHYECKH 3aTPYMIITEALHHIM U Jame HEeBEIMOJHIMLIM,
I MU yKaxeM japyrolf cnocoG pewenns 3alaun, cnocol arHodcumened
Jlazpansica.

[lycts B nexortopofi Touke Al(xXy, Xy ..., Xp.,) OQyukuus f no-
CTUraeT OTHOCHTEJILHOrO MakcHMyya uan MuminMysa. Ilpeanonaras  cy-
LLECTBOBANIE NPOHU3BOAHBIX B TOuke Al, MoxeM yTIBep#aaTb, UYTO IM0.-
neiii andpepenunan Gyuswinn £ goswen oOpawlathest B HYab B TOYKE
M[162]:

m<-n
: )‘ J dx,=0. (18)
ox; 7S
s-_l
C npyrofi cropone, muddepenuupys coornowenns (17), noayuus s Tofl
we Touke Al caeayiouine 7t paBeHcTB:
m+n

\! ¢
aAf’dx =0 (=12 ...,n).

s_l

YMHOKUM DTH NOoCAeAHHe YpaBHEHHA 1A Heonpeaeaetibie noxa MHoO-
AKNTEH

Ay dy e, X

n

I} CI0&IM HX BCE LOYACHHO APYT € apyroM u ¢ coothowennevw (18):
m-+n

X 04 03 dv ’
Z(m—}-).,-m—f:—{-)..za;—:—f-...+ln5¥‘;)dxs=0. (19)

s=l
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OnpenennM 31 1 MHOXHATENefi Tak, uroGH Ko3(duunenTs npn 7 andp-
depenunanax
dXmypy QXpmyoy vovy AXpyyn

32BHCHMHX TIepeMENHHX OHJN PAaBHB HYJIO, T, €. ONpeneanM Ag, Ay ..., A
H3 71 PaBelcTs

n

e

5 gf (71”1 _{_Mau’»_'_“._l_ln m_o (20)
(s=nz+1, m—|—2, vees 1n+n).

Torna B nepoft wactu coornowenus (19) ocranmyrca JuWb  YAelH,
coaepxkamtte Auddepennuantl He3apUCHMEIX nepeMenusX

dx,, dxg, ceny dxm,
TO €CTh

Z/af (7',71 0?o+...+)\ 6?,,) x _0 (21)

s=1

Ho nanddepenunann dxy, dx,, ..., dx, He3aBNCHMHX nepeMeHHHIX
CyTh BeMHYHHM NpousBofbHele. IlpupaenuBas omnH- M3 HUX eanuue,
a OCTanbHLIE HyMIO, MH BHAUM, YTO H3 paBencrsa (21) BHTeKaer, 4TO
BCe KO3(pMUUEHTH 5TOr0 paBEHCTBA AOMKHH OHTL paBHu Hymo [158],
TO eCTb :

o_f-'—xl"*"-g-x "f;-[- -;-A,,g%_o (=1, 2 ..., m). (22)

Hago cuntats, uto BO BceX npensiaymux dopmyaay, xHayunas ¢ (18),
nepeMenHBle X, 3aMeHeHl KOOpAmHaramu Toff Touku M, B KoTopoi f
JACCTHraeT, MO NPeanoJoXeHHo, OTHOCHTEIbHOrO MaKCHMyMa IWJIH MIlHI-
myMa. B uactnocrn, 310 oTHOCHTCH n K ypasHenuam (20), us KoTopuX
JOMKHH OHiTh ONpeneneHsl Ay, Ay, ...y Ap

Taxum ofpasowm, ypasuenns (22), (20) u (17) BrpaxawT neobxoamnvoe
ycJaoBlie - TOro, YTO B TOUKE (Xy, X2, «ess Xpyn) AOCTHTAETCH OTHOCH-
TENLHBI MaKCHMYM U MHHAMYM,

VYpasuenusn (22), (20) u (17) dadym nas (m-}-2n) ypaeﬁemm oan
onpedesenus (m--n) nepesmennsix x, u n MHoycumeneir A

H3 cucmense (22) u (20) sudno, 41mo 045 onpedeseHus mex 3Hauerudl
nepesennsx Xy, npu xomopelx pyuxuyus f docmuzaem omHocumens-
HO20 MAKCUMYMQ UAN MUHUAMYMA, HAO0 NPUPABHAMb HYAI0 HacmHubie
npou3godneie no sces x; om pynxyun D, onpedersetoii paseHcmeo.st

D=f+ o1 hapa - oo -+ 2aPns

cuumast Ay, Xy, ..., A, nocmosnnsiMU, U npucoeOuHums n YpasHeHui
cesnzu (17).

B caeayiomeM naparpage Mel KPaTKO H3JO0XKIM BONPOC O AOCTATOUHLIX
ycaoBusx.
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OtMeTHy, 4TO NPH BHBOAE YKa3aHHOrO NPaBiaAa MH NPEANON0XH/H
e TOABKO CyIWECTBOBAaHNE NPOUSBOMHHX y dynxkuuit f u ¢; HO i1 poa-
MOWHOCTb oOnpegeneHus Muoxutesel Ay, Xy, ..., A, u3 ypanueuusn (20).
B cefsu ¢ atuM yKasaumnoe mpapujao MOXKeT He NAaTb HaM HEKOTOPHX 3Ha-
et (X3, Xo, ..., Xpyn), AN KOTOPHIX HOCTHF2ETCH OTHOCHTEBIBIH
MaKCHMyM HAH MuuumyM. Mst BuscuuM cefluac Gosee noppobho 310
00CTOATENLCTBO B MpoOCTefiliiX CAyuasx H yTOUHUM TeopHio.

168. Jonoanuteapubie 3aMeuanns. IlycTb mulyrca oTHOCHTEIbHBE MAKCH-
MYMBE B MUBUMYMB ©yHKIME f (X, ¥) PN OXHOM HONOANNTEILHOM YCIOBHH

¢ (x, ¥)=0, (23)

i NPCANOTOXKNM, YTO, HANPHMEP, OTHOCHTCILHLIT MAKCHMYM JROCTHIaeTCa B TOYKe
(X0 Yo)r TaK UTO ¢ (xXg, o) =0. Ilyctp ¢ (x, ¥) HMMeeT HCIpepLIBHLIC YACTHHIC
HPOH3BOAILIC [ICPBOrO HOPARKA B TOYKC (X, ¥,) H €€ HEKOTOpOil OKPCCTHOCTH,
H NPCANOI0KHM, KPOME TOrO, YTO

Ppp (X o) 70, (29)

[lpu atoMm ypasueune (23) onpeiacint CAMHCTBEHHIM oGPa30M B OKPECTIOCTR
X = x, QyURUHIO ¥y = o (X), HCIPEPHIBHYIO, C HENPCPLIBHOII NPON3BOIHOI H TaKY IO,
uto v, = o (x,) [157]. Moactasana y =0 (x) B oyuxuno f(x, y), MR MoxeM
yTIBCp®IaTh, UTO QYHRUHA f X, © (X)] oanoro nepeMcHHOro X ROIHA AOCTHIATL
MAKCHMYMA HpH X == X, If, C1CIOBATCILHO, €€ MOaHas NPON3BOINAA IO X NOIKHA
of6pamatbea B Lyab NpH X =X, TO €CTb

Ly Ko 30) Ff (Yor 3o) o (x9) =0.

MoacraBasa y=w(x) B (23) v andpepeunspys MO X, MHOIYYHM B TOYKE
(%o 30) [69: ,
Do (Kor o) 35 (Kor 30) @ (xp) =0.

Y Muonan BTOpOC ypauueuue na A 1 CKJaaausag HOYJICHIIO C IICPBLIM, MOJyYHM
Py 2oi) F P A Do) o (0) =0.

Onpeacaas A 13 ycaopHa f;,o-{—k,:s,“:o, Y10 BO3MOKHO, B cuay (24), Oyaem
uMeThb f;,o.-l-lc,o;,o::O, T. € lIpHAEM K JBYM ypaBHCHIAM

Tt hen =0 f5,+1,=0, @

K KOTODHM Haf0 NMpPHCOCAHUNTH cuie ypasHeune ¢ (X, ¥,) =0, ueM i ompasiui-
pactca  cnoco6  wmuoxkureacit. Ecaw  ycaosue  (24) ue swmimoaseno, T. e.
9vo (Xor Yo) =0, HO g (X4, ¥o) 750, TO MOKHO NOBTOPHTEL BCE NPEAMIYUHE pac-
Cyxaenls, Menaa x n y poaasil. Ecan B Touke (X, y,) M mmeey

‘f.’vo (X0 ¥0)=0 n ?.;'o X0 ¥} =0, (26)

TO Mbl HC MOKCM JIOKA3aTh, YTO TOUKA (Xg, ¥,) HOIYYACTCH fIPH MOMOWM Nipa-
BIL1a MHOXKHTCIACH.

Papenctsa (20) moKa3biBaloT, YTO TOuKa (X, ¥,) fBagerca ocoGoll Toukoil
kpusoil (23) [76). Hanuym cefivac mpuMep Taxoif 327ayl, AT KOTOPOf MMCIOf
MECTO YCa0BHA (26) B TOUKE OTHOCHTCILHOrO MHHHMYMa, )

NMycrs TpeGycrca nalitu Kparvaiiuice paccroaune or.ToYkn (— 1, 0) 1o Touck,
AcAUIX HA MOJyKy6uyeckoii mapa6oie y* — x* =0, nso6pawennoil na puc. 87
{76]. Takum o6pasoM, HuleTCa MuHUMYM Qynkuun f== (x - 1)? - y* npu ycaosmu
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¢=y? —x¥=0, TeoMeTpIUCCKH OYEBIIHO, YTO MHHHMYM NOCTHFAa€TCA B TOYKe
(0, 0), aexameil na woaykyGuueckoft mapaGore, nmpHueM STa TOYKa aBIACTCA
oco6oil Toukoll napaGoaw. Cmoco6 MHOXuTe:xefl NpHBEJET HAC K CAeNYIOWUM
JABYM ypPaBHEHIAM:

2(x+1)—3xt=0, 2y-+Ny=0. _

Tpn nopcranoske x =0, y=0 nepBoe ypaBHeHHE NPHBOIHT K HEIEMOMY

.pasenctsy 2=0, a BTOpOe — ynoBl1eTBOpeHo npiu mo6oM A. B naHsoM cayuae

cnoco6 MHOXHTerefi He nmpuseper Hac K touke (0, 0), B xoTopoff mocTHraercs
OTHOCHTEILHBIl MHHIIMYM.

CosepumiesHo aHAaTOTHYHO MOXHO [OKa3aTh, YTO €CIH B TOUKE (Xg Yo, 2Zo)
GynkunA jocTHraeT MAaKCHMYMa MIM MHHAMYMA, NPH OXHOM JNONOIHHTENLHOM
ycaosun ¢ (x, ¥, 2) =0, u npuroM, no Kpaitseft Mepe, OIHA U3 YaCTHHX IIpO-
H3BOJHHX NEPBOro nopaika GYHKUHH ¢ OTIHYHA OT HYIA B TOUKE (X, Vo 2,), TO
3Ta TOYKA MOMeT GHITL NOIyueHa IO CMOCO6Y MHOXHTEIZell,

AHnanornynu paccysxieHns H B 6oaee o6uiHX Cayyasx, HO NPH 3TOM NpH-
XONHTCA CCHIIATHCA Ha TEOPCMY CYUIeCTBOBaHHA HeABHBIX (GYHKUHI Nia CcHCTeM
ypasseHuft, o yeM Mun ynomunamu s [857]. Ilycrs, nanpusep, dynxuna f(x, y, 2)
JOCTHrAeT OTHOCHTCIBHOIO MakCHMyMa B Touke (Xg, ¥, Zo) NMPH ABYX AONOAHH-
TEIbHHX YCAOBHAX

9(x, 9, 2)=0, Ylx,y 2)=0 (27

H npn O6HYHHX NpeanoIoHCIHAX CYUICCTBOBAHHA H HENPEPHIBHOCTI NMPOH3BOX-
HHIX, I MYCTb MH IIMEeM

230 Xor Yor 20) ¥z (X0 Yor 26) — %20 (Xor Yor Z0) ¥y (¥or Yo 20) 0. (28)

Ilpn stom ypaBeenna (27) onpeneasaior ennNHCTBEHHHM o6pazoM dynxunm
y=u0, (x); Z==w, (X) TakHe, UTO Y,==w, (X,), Zo==w4(X,). [loxcrapana smn
¢ynxuun B dynxuno f, noayynM GyHKUHIO OJHOrO X, KOTOPaA HMEET MAKCHMYM
npH X = X,, OTKyda cienyer

Sy Ko Yoo 20) 53, (Xor Yor 20) @ (X0) - f7) (Xor Yor 2o) @ (%) =0.

TMoactasnaa ykasaunwe oyukuns B (27) u andpdepenuypys mo X B Touxe
(Xor Yor 2g), MOTYUHM

Py T P30 @) (o) F 92,0, (¥0) =0, * o i, @] (o) H§z, @) (¥0) =0.
YMHOMaeM 3TH PaBEHCTBA HA A, Ay M CKIAALBAEM C NPEAbLIAYILHM

(Pl Mg, A i) A sy - Mg, M85 F - hagh, F M) =0, (29)

INpuunmas Bo BHHManne (28), MoXeM YTBEepKIaTh, YTO U3 ABYX YpaBhemil

Fyo Tt Mgs, H A =0, f7, Ay, A =0 (30)

Mbl CMOXEM OMpefeInTh A; 11 A, 1 ypasHenne (29) mocie 3Toro mpHBeAeT nac
K PaBEHCTBY :

f.a'ro -+ Al?,’go -+ lg&'/_;,o =0, ‘ 31)

YeM § ONPaBAWBAETCA CMOCO6 MHOKHTEnell 11a Xaunoro ciywas. K ypasuennam
(30) u (31) nano no6aBuThH eme :

9 (Xp Yo 20)=0 n b (Xg Yo 20)=0.

Byecro ycroBus (28) Mel MoOray 66 NMOCTaBHTh aHAIOTHYHOE yCioBHe, ANd-
depenLlpya He MO Yo H 25, @ N0 Xo H ¥, WIH M0 X, H 2z, Ho ecan ne Toabxo
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BHpaXeEHue, croalee B aecsofl wactu (28), HO H ABa APyrHX aHaJOTHYHHX BHPa-~
HCHIHA, KOTOPHC MNOJYywaloTca mpH AHGQepeHUHPOBAHIN N0 Xy H ¥, IIH N0 X,
11 Z, PaBHI HY:110, TO MH He CMOMCM ONPaBAATh CHOCOG MHOXKHTCICH X1 TOUKI
(Xor Yor Z0). MOXkHO NOKA3aTh, YTO BO BCEX PACCMOTPCHHBLIX B CICHAYIOUICM HOMCPC
npUMEPAX MU HE MOXKEM HMCTL Takoro cayuas. Tak, sanpumep, B npnmepe 1
MBI HMCEM 0]HO RoNoannTeInhoe ycaosie (32), u B 1¢BOit YACTH 3TOFO yCI0BiLs,
1o kpaiineii mepe, oano u3 uucea A, B n C oranyuo or uyas. Ecan, nanpusep,
C #0, 10 nponssoanan acpoit yactu (32) no z pasua uncay C u, ciexosateasio, .
OTAHYNA OT HYyiA BO BCAKOH Toyke (X, ¥, z). 3To W YK3I3WBACT HA TO, YTG
B PaccMaTpHBACMOM Cayuae BCAKHI OTBCT AOXKCH MOJYYAThCA MO Cnocoby
MHOANTCICH,

[lpiseeM Teneps KOPOTKIHC YKA3ahna O JOCTATOUNWX YCIOBHMAX OTHOCH-
TCALIOFO MAaKCHMYMa HIH MULIMYMa, OrPaHMYNBaAchL TCM CIyYaeM, KOTXa MH
HMCCM JBC He3anlicHmbie nepeumennme. IIycre HuyTes OTHOCHUTICALEHE MAKCH-
MYNU B MHBHMYMB GyBKUHE f (X, ¥, 2) 0pi naanyni oauofi ceasu ¢ (x, y, z2) =0,
Cocrasanen ¢ynkunio ¢ =f--dy. Hoioxny, 4T0, NPHPABHIMBAA NYIIO €€ BPO-
H3BOLILIC NICPBOrO MOPAIK3 1O X, ¥, Z H YUNTHIBAA YPaBUCHHC CBA3H, MW M01y-
YT 3HAYCHHA X =X, Y=Yy Z==2¢ A=A, Mul J01kiILl HCOMWTATH NOIyYCH-
HLC 3HAYCHIA [CPEMEnHMX, T, €. ONPEAeINTL 3HAK passoctH f(x, ¥, 2)—
—f(xg Yo 2o) mpH BCCX (X, ¥, 2), ROCTATONHO GIM3KUX K (X, Yy 2Z,) M YiO-
BACTBOPAIOWNX YPaBHEHHIO €BA3N ¢ (x, ¥, 2)==0. Beeacw dynxuuo ¢ (v, y, 2) =
=f(x, 3, )t Ao (X, ¥, 2). V3 ypaBHCHHA CBA3H UCNOCHCICTBEHHO Clacayer,
YTO BMECTO PpasHOCTH f(X, ¥, 2)—f (x4 Yo 2,) MOKHO B3AThb PA3HOCTL
¢ (x, 3, 2) — ¢ (Xo Yo Z,) N HCCICOBATH €€ 313K, HaCTiLIC NMPON3BOTNLIC Hep-
BOro nopsika Gynxuns ¢ (x, y, z) B T0Uke (X, ¥ £,) OGPAIMAIICA MO YCIOBHIO
B nyib. Pasaaras nocieamoio pasnocrs no ¢opmyae Teiitopa m orpaununsanco
YICHAMII CO BIOPHIMM NPOM3BOAHBIMY, NOIYYIM Bupawemie piia [cp. 165):

¢ » 2)— v (X Yo 7)) =aydx* 4 am.dy® + a,d2* 4
-+ 2a,.dydy+2a,dx dz 4-2a,,dy dz + ...,

rjie yepes a;; Mol 0603HAYUM 3HAUCHIN COOTBCTCTBYIOWHK HYaCTHHX NPOH3BO1-
HLIX BTODPOTC MNOPAZKA QYHKUHI ¢ (X, ¥, Z) B TOYKE (X, ¥, Z,) ¥ uepes dv,
dy, dz —npupauenyua nepeMennnx, IToxomny, yto ?;o (e Yor 29) 7Z0, TR utO
ypaBrcuue CBA3H OnNpeAe1acT z==wu (X, y), mpHueM zo=o (x;, ¥,). 13 ypasue-
HIA CBA3H TOdyyaeM

¢x (B 3 ) dx -9, (x, 3 2) dy +9; (%, 3 2) dz=0.
Toacrapaasn 3uaYeHna X =k, y =y, 2==2, BHpaxacyn dz yepes d.x u dy:
$x0 (Kor Yor 20) d — Fyo (Kar Yor 20)
‘F"-o (Yo Yo 20) ‘f;vo (%o Yo 20) )

INoacrasaas 310 BEIpamenne dz B npeawaymyo GopMyay u cobupas nopoGuue
YiagHel, 101yl

¢ (0 ¥ 2) —¢ (Yo Yo 20) =Adx*+2Bdxdy 4 Cdy* -+ ...

Teneps MOXNHO HCTMOIL30BATL NPH3HAK MaKCHMyMa K Munumysa u3s {163]. Tag,
nanpusep, ecan AC—B*>0 n A>0, 10 B Touke (g, ¥4 2,) OYHEUHA
f{x, v, 2) uveer OTHOCHTCADHMWA MumwMyM. M3 paccysmacinii, npuseicnusix
B [163], HCIOCPCACTOCHHO CICAYCT, Y10 Add 0GUCHUBANLA YKa3anuHOTO NpaBuia
N0CTaToOYHO NPEANOIOXNTE, 4T0 dYHKWII f (X, ¥, 2) U ¢ (X, 3, 2) HMCIOT B TOYKe
(-¥e» ¥m £y) J1 €C OKPECTHOCTH HCUPEPLIBIbLIC NPOH3BOIULIE 10 BTOPOrO NMOPAAKA.

Mo ne ocranapansaemca Goaec noJIpoOGHO Ha BONPOCE O HOCTATOYHBIX
YCIOBHAX OTHOCHTCILHOrO MakcHuMmyma n MunnmyMa, CymectBeHHBIMI B npeds-
AyWHX PacCy:iICHNAX ABIAINCh 3aMCHA PasHOCTH f (X, 3, 2) —f(Xy Yo 20)

dz=—
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pasnoctbio ¢ (x, ¥, 2) — ¥ (x4 Yo» 2,)» Y KOTOPOIt MPOM3BOINHE NEPBOrO MOPALKA
B TOUKe (Xg Yo 2Z,) PaBHLI HYTIO, a Taxwe axt, yTo Anddepennnan dz 3aBu-
CHMOro nepeMeHHOro. ompegeasiacs yepes nuddepennnain dx, dy HE3aBHCHMBIX
nepeMeHHHX 13 ypasienns nepsofi cTeneni. AHATOTHYHBLIM 06Pa3oM Haj0 MOCTY-
naTh A48 BHIACHCHNA AOCTaTOYHLIX YCJIOBIH M NpH JAPYyroM Miucle NEPeMEHHBIX
H cBasefl. :

169. Npumepsr. 1. Tpe6ye1hc;1 Haiimu kpam4aiiwee paccmosnue om moy4Kl
(@, b, ¢) 00 naockocmu

Ax 4By} Cz-4+ D=0. 32)

Ksagpart paccrosnna or xauuofi Touki (@, b, ¢) 10 nepeMenHoil Touxn (x, y, z)
BHpaxaerca ¢opmynoft

rr=(x—ap+ @ —0+ (—0* @3
B nanHOM CIyyae KOOPIMHATH (X, ¥, Z) JOXKHH YIOBIETBOPATH ypasuenmio (32)
(Touka moakHA MAXOXMTbCA Ha ILtockocTit). Hafizem mumuMym supaxeuns (33)
npu ycaosui (32). Cocraasem ynkuuo

@ = (x —a)*+ (y—b)* + (z—¢)* +- X, (Ax + By 4 Cz + D).

HpHpaBHHBaH HYI1I0 €€ YaCTHbHeEe MNPOH3BOAHLIE MO X, ¥, Z, NOIYyUYNM

x=a—% A A, y=b—%l1B, z=c—%llc. (34)

Mogcrasaas sTH 3naueHns B ycaosme (32), mMoxeM ONpeReIHth Ay

y. 2 (Aa+Bb 4 Cc 4 D)
1= A2+BE+C2 .

Mol moayuynan eanHCTBeHHRM! OTBeT, M TAK KAK HanNMeHbulee 3uavenie
JOMKHO CYLIECTBOBATH, TO €My M JOMNHH COOTBETCTBOBaTb HaftACHHHIE 3Hauc-
HuA nepeMeHHbx. floacramassa 3Hauenns (34) B upaxkenne (33), moayuaem Bhpa-
MEeHHe JNA KBAaJPaTa PAacCTOANNA OT TOUKH RO MIOCKOCTH:

r3 =%xg (A*4- B2 }-C?),

rie A, onpeaeaserca no dopuyae (35).
2. Pa3aoscums QanHOe nosoxcunieAbHOe HUCAO @ HA MPU NONOICUMENbHNX
caaaeMux X, ¥, 2 max, 4mobul eupaxcexiie
XMynzp (36)

6520 RauGoavuus (m, n, p — RaHHble NOJIOKHTCIbHBIE YHCIa).
Haitpem maxcumym suipasxenus (36) npn ycioBuu

x+y+z=a 37
Buecto MakcHMmysma Bupaxemnsa (36) MoxHO 1HCKaTh MakCHMYM ero jorapudma
mlog x4-nlogy -+ plog 2.

CocraBasem dynxunmo
®=mlogx-{nlogytplogz-+i (x+y+z—a)
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[pupasupBas Hy: 0 €€ yacTHbie NPOH3BOAHBIC, NMOIYYNM

=20 2
X = VR - l‘ y 2= )“ ’
u cootnowmenne (37) maet
2 mtdntp
1 a ’

10 €CTh
ma na pa

x:'m-{-n—l—p’ 'vzm—{-n-{-p’ = m4n4-p’

npiucM Hafifeniie 3HayeHHs MepeMeHHHX CYyTh MOXOXNTeAbHbIe yncaa. Moxno
NOKa3aTh, Y70 NPH NOCTAaBICHHHX YCIOBHAX Bhipamenuce (36) poaxno umern
Han6oabliec 3nayenne, 1 CANHCTBENHOCTh OTBETA NIOKA3WIBACT, KAK U B npuMepe 1,
YTO HailACHHBIM 3HAUCHUAM IICPEMCHHHIX W CO-
OTBETCTBYCT, HMCHHO, BanGoabuiece 3uHaycHue
BuipaxceHis (36).
$opuyar (38) nokasmBaKT, Y10 A4 peuic-
HHA 3aJayl YHCI0 4 HAaAo pas6burhb Ha wacry,
NPONOPUHOHATLILIC NOKA3ATCIAM M1, 11 1 p.
lipeatraraeM uuraTealw B LOCIEAHHX ABYX
NPIMEPAX NPOBECTH HCCACAOBAHIE AOCTATOYHBX
YCIOBHIt 1O MCTOAY, YK33aHHOMY B NPCALIAYEICM
Itaparpade,.
3. Mposodnur Oaunv I, pa3zsemsasemes Ha
pic. 167 O0HOM U3 CBOUX KOHUO8 HA R OMOeAbHBLX npo-
: : 800nuKos Oaun Ils(s=1, 2, ..., k), nputex
CUAA MOKA 8 COOMBEMCMBYIONUX HACMAX Npo-
so0nura ecmo iy iy, ..., ip. Cnpawusaemes, xax Hado 8u6pamv NA0WAGH
noNEpetHHlX ceYeHUl g, qyy ..., Gy OMOCAGHUX Hacmed nposooHuKa 04 moz2o,
4mo0u npit 0aHnoil pasnocmu nomenynaros E dan yenei (I, 1), (I L), ...
eeey (Lo Ip) nOWR0 HAUNeHDUICE KOAUYECBO Mamepuaaa V (puc. 167).
O6o3naynM GYKBOIO ¢ CONPOTHBICHHC NPOBOJOKM H3 JANHOIO BCUICCTBA,
RINIA KOTOPOil H ILIOUIAAL NOMCPCYHOrO CEYCHHA PABHBLI CHMHHIC, .
Pynxunn V' nepemcHuuX gy, ¢y, ..., gz HaHMCHLLICE 3lIAuCHUE KOTOpof
wmercs, 6yner

(38)

V=Uq,+ L9+ ... -} Lqs.

Ilpunnmas Bo BunManie Rannylo pasiocth NOTEHUHAA0B E, MOKCM Hani-
catn R coornoennii

to=c(BR4Es)—p=0 (=12, 8. (30)
9o qs

Cocraenym QyHRIHIO
3
AN I !
D= ot g+ D [o (B4 )],
s==1 '

TpupasnuBan 1y1o yactuuic NPON3BOmHLIE OT D 110 G Gpy ovvy Gry HOIYUIM

i 0

Iu cqozlo ()\1'*‘).3 LR +)‘k)_ ! 0
hsel i k (4 )

I s ss___.()(s_.l, 2, -eey k).

q5
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Y3 ycaosnit (39) monyunm

7 A TR

06031auRB GYKBOIO ¢ OGULYI0 BEIHYHHY 3THX OTHOmieHmil, MOXeM HAMHCATDH

N _ Il _ —E._’_o_la Al
gs==2 (=12 ..,k o=- o (41)
W3 ypasuennit (40) umeenm
—35 _ Ui
FTely  ea®’

[loncrasus ItH Bupmemm s B mepBoe u3 ypasuenuit (40), moaywnm

o—"‘ (HI S A S o -1 /A X

HIit
_Y z..(l Wt Bt )
E L,
c 9o

OTKYAa OKOHYATCIbLHO
c o a7 :
Go= E [olo+ V 1o (1iy -+ Ly + ... F il

Moxgcrasanas 970 Bwpakenuyue g, B cootHomenns (41), moayuum gmas q,,
oy vooy qp°
clgl

_ Lyi )
=Lsts [y [0 =1, 2, ..., k).
="F ( + Vi, G F i+ .. +lj~;,ik)) ¢ )

Takum o6pa3oM, HeOGXOXHMMHIC YCIOBHA MakcHMyMmMa H MuuHMyMma V' papor
HaM efHHCTBEHHYIO CHCTEMY NMOJNOXHTENbHHIX 3HAUCHNH X1 Go Gypy ooy Gps HO U3
Gu3nYecKHX coofpaxenuil ACHO, YTO NPH HEKOTOPOM BhiGOope mnaomaneil norme-
peuYHHX ceyeHHIl MOMKHO MOJYYaThCs HAHMEHbIIee KOIMYECTBO MaTepHana, o
MOXHO TIOSTOMY YTBEPXJaTh, UTO MOJAYYEHHbIE 3HAUECHHA g 1y eeey g H AATYT
peleHita 3a1avis.




FJIABA VI

KOMIVIEKCHBIE YHCJIA, HAYAJIA BBICUIEA AJITEGPDI
1 UHTEMPUPOBAHUE &YHKLHUH

§ 17. KOMNJEKCHDIE YHCJIA

170. KommnexkcHnle uHcaa, Ecan OrpanuunpaThCd TOJABKO Belle-
. CTBEHIBIMH YHCAAMi, TO, KaKk M3BECTHO, HeflCTBile H3BJAeYeHHs KOPHS He
BCEra BHIIOMHUMO; KOPEHb UYeTHO! CTeneHH 13 OTPHUATEAbHOro YHCJAA
HE HMeeT oTberd B 06,7aCTH BEwleCTBEHHHIX uiCed. B ¢Bsi3il ¢ 3THM yike
KBAAPATHCE YpaBligHlle C BelleCTBEHHHMIl Ko3dduumileHTaMit e Bceraa
11MeeT BellecTBentble KOpHil. JTo o6CTOATe ILCTBO NPUBOINT, €CTECTBENHO,
K DPAacliHpeHuio NOHATHS O YIIC/]E, K BBEAEHNI0 HOBHX ynceT 6oaee obuelt
MpUPOABL, YaCTHHIM CAyyaeM KOTODPHIX ABJAIOTCA BelleCTBEHHBlE HHCAd.
ITpun s10M cymecTBeHHO ORpeleanTb 3Til YHCAA 1 JAellcTBHA HaX HEMH
TakuM 00pasoM, yToOHl A1 HOBHIX YHCEN CCTAMICL B Cilje BCE OCHOBHBIC
8aKOHH AeilCTBIl, H3BECTHEE [AJAA BEUIECTBEHHLIX uiuced. ITO, KaK Ml
NOKameM Jajblie, OKa3hlBAETCST BO3MOKHBIM.

He To1BKO yKa3aHHas BEHILE HEBHINO/HNMCCTB, B HEKOTODHIX CJay4asx,
JeficTBust H3BJEUEHHS KOPHS, HO Il MPOCTHE TeoMeTpHYyecKue coobpaskeHus
NpUBOAIT K €CTECTBEHHOMY pacIUUpeHio NOHATHS O wyucae. Mul n Gyiaem
PYKOBOXUTBHCS STHMI FEOMETPHYECKIUMH COOOpaKeHHsMi NpPH PaCcuilpen
TIOHATHA O yYucje.

Mu 3maem, uyTO BCAKOE BEUIECTBEHHOE YHCAO rpadiueck MOXKHO
n300pasiTe NN KaK OTPE30K, OTJaOkeHHH! HA mauHolt ocn OX, wa ke
Kak TOYKY Ha 3Toll OCH, €CJIl yCJOBHMCS HAuana BCEX OTPE3KOB NoMe-
L1aTh B HavaJgo KOOpAHHAT;, 00paTHO — BCAKOMY OTPE3KY HJH TOUKe Ha
ocit OX COOTBETCTBYET ONpeje]eHHOe BEUECTBEHIOE YHCIIO.

Ecan Temeps BMecTO ofHOH ocu QX paccMarpuBarb BCIO N40CKOCIS,
OTHECEHHYI0 K KoopauHatHuM ocaM OX, OY, 10, 00600UIHB HaZAeKAIIM
c0pa3oyM NOHATIE O YHCJAE, MH IOJYYHM BOSMOXKIIOCTb KAKAOMY GeKmopy,
JlexaleMy B 3TOfl NMJIOCKOCTH, HJII Kawaofl ee moyxe CONOCTAaBNTbL HEKO-
TOPOE YICI0, KOTOPOE MLl HA30BEM KOMNACKCHbLM.

Ecan ycnopumea He pasamyate Mewxay co6Goili BEKTOpH, pabible 110
JJHHE W OJAMHAKOBO HANPABJEHHLIE, TO MOXHO COMOCTABUTh BElIECTBEH-
HO€ YHCJO HE TOJBKO BCAKOMY BEKTOPY Ha ocu OX, Ho, BooOue, BCs-
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KOMY BEKTIOpY, mapaaaensHoMy ocu OX. B uacTHOCTH, BEKTOPY AJHIIG
€[MHIIA, HANpaBIeHHe KOTOPOr0 COBMAJAET C MOJOKHMTENBHHIM HAnpa-
BienneM ocn (X, COOTBETCTBYET BEIIECTBEHHOE YHC/AO €IMHHNA.
BexkTopy AJAuHB €IHHHIA, HanpaBJeHHE KOTOPOro COBMafaeT C I10/0-
KUTEAbHBLIM HanpasaenueM ocu OQY, CONOCTaBHM CHMBOJ J, HasnBaeMuli

. MHumod edunuyeil. Beskufi Bekrop MN naockoctn Mowker OwTh npenx-
"CTaBJeH KaK CyMMa ABYX BeKTOPoB MP u PN, napaanenbiiix ocas Koop-

nunatr (puc. 168). Bexropy MP, napanaemsiiomy ocn OX, COOTBEICTBYET

HEKOTOpOe BelecTBeHHoe yucao a. Bexropy PN, napaanensuonmy ocu OY,
NyCTb COOTBETCTBYET CuMBoJa bi, rae b — BelecTBeHHOE Yic/io, abcomoT-

HOe 3HaueHne KOTOPOro paBHO JAJauHe BekTopa PN H xoropoe Gyaer
NOMOKHTEAbHEIM, €caH nanpasienne PN COBNagaeT ¢ MOJOXKHATEIbHBIM

nanpasaeHueM ocu OV, u OTpHHATeTbHHIM, €CaH Hanpasaexune PN nporu-
BOMOJ/IOXKHO TOJOKNTEABHOMY Hanpasiexnio OY.

Takum o6pa3om, ectecTBeHHO, BekTopy MN co- 4 y
NIOCTABUTb KOMNAEKCHOE 4UCA0, HMEOLIEE BHI o"“\ 3
M,
a- bl o
Orvernm TOT akt, yto 3nak (<) B HamucanHOM- W Al )

poipukesnn @bl ne ecth 3uak jeficrBud. ITO >
BHPAXEHHE HAA0 PaCCMaTPUBaTh Kak  eanHuil
CHMBOJ a1 0003HayeHNs KOMIVIEKCHOIQ 4HC/a,
Tiocne onpeneneHus CI0mKeEHHS KOMIIEKCHBIX Yucen Puc. 168,
MBI BEPHEMCA K PAaCCMOTPEHHIO STOTO 3HaKa.

Bemectpennsle uncaa @ u b npeacrasasior cobofi, OeBHAINO, BeH-

YHHBE npoexuinfl seKkTopa MN Ha KOODAHHATHHE OCH.
OTa0uM OT Hauala KOODIMHAT BekTOop OA (puc. 168), cosnazato-

muit mo anune M Hampasiaenuio ¢ pektopoM MAN. Kownew storo sektopa A
Oyrer muMerb Koopanuate (@, b), 1 TOfl TOuke A MB MOXEM COMOCTa-

BHTb TO e KOMIJIEKCHOEe yncao a-f &i, yto u Bektopam MN u QOA.

Wrak, scaxomy eexmopy naocxocmu (8caxoli moukxe naocxocmi)
coomseememayem onpedesenroe Kosnaexcroe wucao a -+ bl, Bewjecmeen-
nble qucaa a u b pasHu npoexyusM paccaamplgaeoo BEKMOpa Ha
Kxoopiunamnse ocu (Koopdunamait paccuampusaesol mouk).

Tpunasas B BeipameHnn a-} bi GykBaM @ 1 b BCEBO3MOXKHLIE Bele-
CTBEHHHE 3HaYeHAs, NMOJAYYHM COBOKYMHOCTh KOMIJIEKCHBIX YUCET; @& Ha3bl-
BaeTca sewjecmBeHnoll 1 bi — MHUMOE 1acme0 KOMIIEKCHOTO YuC/Ia.

B uwactHOM cayuae BekTOpa, napaaseiasHoro ocH’ OX, KoMIJeKcioe
YiC/IO0 COBMNAZaeT CO cBoelt BeumecTseHHOH 4YacTbio:

a+0l=a. )

Takum o6pa30n, BEUMIECTBEHHOE 4UHCJI0 @ MBI CUlTAeM YaCTHHIM Cay-
YaeM KOMNJAEKCHOro 4pcaa.
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IMoustie 0 paseHcTBe ABYX KOMIIEKCHHIX UilCeJd BHTEKIET H3 HX
reoMeTpuyeckoli sHTepnperaunt. JIBa BEeKTOpa CYHTAIOTCH PaBlbIMH, €CJH
OHH HMEIOT OJHHAKOBYI0 MJIHY o COBNAjaioulee HanpabJeHHe, T. e.
€ci Ol HMEIT OAHHAKOBLIE MPOEKLUHH HA KOODAHHATHHIE OCH, 3 NOTOMY
06a KOMNACKCHBLX HUCAQ CHUMAIOMCS PAsHBlMU Atesicdy coboii mozoa
u moasko mozda, Ko20a 8 OMOEALHOCHIN PAGHsl UX GeljeCIMBEHHEE
U MHUAMBE HACH, N €. YCAOBUE PABEHCINEA KOMNACKCHOLY Hilcea Gydem

ay - bji =a,-}- b,i pasBnocuabio ay=a,, by=20b;. @)
B yactiioct,
a-} bi=0 pasnocuabno a=0; b=0.

Baecto Toro, urtoOut onpepeants pektop MN ero mpoekunsym @ u
b na KoopauHATIIHIE OCH, Mbl MOKEM ONpeleNuTb €ro JABYMS JAPYFruMu
BEANYHHAME, 3 HMEHHO: €ro JJANHOIO ' # YriOM ¢, KOTOpHIl Hnanpasie-
e AN oOpasyer ¢ nojoxuTeJAbHHM HampapaesunesM ocu OX (puc. 168).
Ecan ke MBl CulTaeM, YTO KOMILIEKCHOe uicio a-} bl coorsercipyer
Touke ¢ Koopauuarayu (a@, §), 10 r 1t $ OyayT, OUCBHAHO, HOAAPHBIMK
xoopaunaramn 37oll touxku. Kak namecTio, HMEIOT MECTO COOTHOLIENHS:

a==rcosy, b=rsing, r=ya’J0b%

a o b —3 ti (3)
COS Q== F—r=—r Sm?—ﬁ T g—arcig .

Va2’
[Toa0#uTeAbOE UNCAO r H33LBACTCH xodyles, ¢ — aP2YMeHINOM
KOMMICKCHIOTO 4licaa @ — bi. Aprysent onpeaeasercst Mulllb C TOYHOCTBIO

J0 cJaaraeMoro, Kparioro 2w, tak Kak Bcskuli Bektop MN conmecTnrest
cam c ccOoll, ecan ero nopepuyrb Ha MoGoe YNHCI0 ROAHHX 0060pOTOB
B Ty wai Huyo cropouy pokpyr Touku M. B cayvae r—=0 kommiexc-
11I0€ YHCAO PaBHO HYMO, H €ro apryMeHT CODBepLieHHO Heonpexeseteil.
Ycaosue pagencnéa AByX KOMIVIEKCHBIX 4YICET COCTOHT, OYEBIIHO, B TOM,
YTO M00yal ux 00AJCHH Oblmb PABKb!, @ APYMEHHIBL MO2ym omau-
4aMeCA AU CAGRACMBN, KPAMHLM 2%,

Bewectseiinioe 4yuca0 1MeeT apryMent 24w, ecAu OHO INOJOKHTEb-
noe, u (2k--1)%, ecan ono orpuuareisiioe, rae k— moboe ueaoe -
yucao. Ecain pelwecToenHan uyacTe KOMMJIEKCHOTO YHCAA paBua myJao,
TO KOMIIEKCHOE WiIC/0 HMeeT BUA DI 1 HA3WBAETCH HUCHIO MHUMbLM,
CoorsercTeyromnti TakoMy duucay BexTop mnapaazeiaen ocu QY, wu

apryMentT 4HCTO MHUMOrO unciaa bl papeH (%——l—?k::), ecan b>0, u

(33 -1 2k::) , €can b.< 0.

2 :

Monyas BenecTBEHHOrO Yicaa COBNAAAET € €ro abCcoMOTHLIM 3iaue-

mcM. JLaa oGo3uayeHis MOAYAs unucaa @—- bl NHYT 3TO HIHCAO MEKAY
ABYMSl BEPTHKAJALHBIMI YepTaMu:

|a+bi| = VFFB.
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B pmanvuefimem Mpt OymeM uyacTo o0603nauate KOMMAEKCHOE YHCIO
oanoft 6ykeofl. Ecan ¢ eCTh KOMIIEKCHOE YHCJIO, TO €ro MOAyJa» Oyaer
o0osHayatbc cnMBoaoMm |al. ITonwaysace BeipawenweM (3) ans a n b,
MONEeM BHDA3UTh KOMIJIEKCHOE UYMCJAO Yepe3 ero MOAY/Ab H apryMesT
B BlIE -

. r(cos ¢ -}-1sin o).
~B 3TOM Cayuce rOBOPAT, UTO KOMIJIEKCHOE YHC/AO HAMUCANO B /NPH2OHO-
Mempueckoil gopae.

171. Cnoxenue ¥ BHIYUTAHHE KOMMNJEKCHBIX yHcelr Cymma Bex-
TOpOB NpeacTaBaseT COG0K0 3aMBIKAIULYI0 MHOrOYFOAbIAKA, COCTABJACH-
HOrO B3 cJaraeMHX BeKTOpoB. [IpnHIMas BO BHHMaHue, YTO NpOEKIHA
3aMBIKaloutelt . paBHa CyMMe MNPOEKUHH  COCTaB/SOILNX, MB [PHXOMNM
K CHeoYOWEMY ONnpedeneHld CAONCEHUST KOMNACKCHHX Hucen:

(@ bid)F-(arbed) ... (a, -+ b)) =
=(al+a2+"-—l—an)+(bl+b$+-°-+bn)i° (4)

Herpyano Bugers, uTO CyMMa KOMILVIEKCHEIX YHCEJd fie 3aBHCUT OT Mo-
pAmKka caaraeMbX (MEPEMECTHTEAbHHI 338KOH) H UTO Caaraempie MOKHO
o0befHATb B TPYnmb (COyeTaTeNbHEIT 3aKOH), HOGO TAKHMH CBOHCTBAaMH
00/1aal0T CyMMa BEIIECTBEHHBIX UNCeJ @, N CyMMa BelleCTBEHHEIX
uncen by.

Kak MM ynoMuHanm Bbllle, KOMIUIEKCHOe unca0 a-} 0! oToxae-
CTBMAETCA C BEWIECTBEHHHIM uncaoM a. Touno Tak xe uncao 0-+- bl
3anuCHBAaOT nmpocto B Buge bi (uucro Muumoe uncao). IToawaysce onpene-
JeHHeM CJOMellus, MB MOXeM YTBepXHaTh, UTO KOMMJEKCHOE YHCNO
a—- bl ecTh CymMMa BelleCTBEHHOrO YMC/MAa @ N YHUCTO MunMoOro wucna bi,
10 ectb a-+ b=(a - 0i)-} (0 - bi).

Buunranne onpenensiercs kak ageficrsue, oGparnoe CAOKEHBIO, T. €.

pasiocTs .
X~ yi==(a, -} bsi) — (a2 - b3))
onpenenserca U3 ycaoBHs

5 (x +yi)+(ag+ bgi)=a] —}—- bll, X

unn, B ey (4) n (2 xtag=—ay; y-Fbi=0b, T. e x=a;—a,
y —by — by, 1 OKOIHYATENBHO NOJYyYaeM

(ay - by0) — (az - byi) = (a1 — a5) -+ (by — by)i. (5)

Buuntanne koMnaekcHoro umcaa (az— bef), xax wMw BnanM, paso-
CIVIBIO  CJAOMeHiio yMenbwaeMoro (ay—-}5{) u KomnaexcHoro umcaa
(— a3 — byi). D10 COOTBETCTBYET CHCAYIOWIEMY: BHYNUMAHUE 8eKMOpPO8
CBODUMCA K CAOICEHUIO BEKMOPA YMEHBULALMO20 € BEKMOpPOrL, NO 8e-
AULUNE PABHBIAM BHUUMAEMOMY, @ 110 HANPASACHIID €My NPOMUBONC-
AOHCHBL IS,
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Pacemorpum BekTOp AzAy, HauadeHOH Touke Az KOTOPOrQ COOTBET-
CIByeT KOMIJIEKCHOE WYHCAO0 @3-} b3l B KoHuy A;—uucao a;-} bl

Dr1oT BeKTOp npeacrasaser coboli, oueBHHHO, PasHoCTb BexTopos OA,; o

0A, (puc. 169) m, caenosatesbno, eMmy CoOT-

BETCTBYET KOMINVIEKCHOE YIICJIO
’42 {az 1 bz) b 7
la a)b b (a1 — ax)+ (b1 — b2,

Alfapby) paBHOE pAa3sHOCTH KOMIMEKCHLIX WYHCEJN, COOTBET-

a b X CIBYIOIIHX €ro KOHIy H ero Hayaxy.
2 . YcraHoBuM Temeph CBOHCTBA MOAYAS CYMMHL
Prec. 160. 1l - Pa3HOCTH JABYX KOMIIEKCHMX . uncel. Ilpuuu-

Mas BO BHHMaHHE, UYTO MOAY/Jb KOMIIIEKCHOTO
YHCAd paBen JJNHE COOTBETCTBYIOILEr0 3TOMY YHCAY BEKTOpa H YTO ONHA
CTOPOHA TPEYrO/bHUKA KODOue CyMMH ABYX ApPYyrux, moayyuy (puc. 170)

fog -ag | <<fay |- {asl,

npuueM 3HaK PAaBCHCTBa OyZeT HMeThb MECTO Jnilb B TOM CJydae, KOTia
BEKTOPH, COOTBETCTBYIOIUINE KOMIVIEKCHHIM YHCJAAM &; H Oy, HMEIOT OfMHA-
KOBOE HalpaBJeHlie, T. €. KOTAZ aPryMeHTH STHX Ylcea N paBiul, nam
OTIHYZIOTCS Ha KparHoe 2z, JloKasamHoe CBOHCTBO HMeeT, OHYEBHIHO,
MEeCcTo I B cAyyae MoGOro uic/aa CJAaraeMex:

E R B I P PRI P R PR

T. e. Mo0yas CYMME AMeHbwe UAU PABeH cyiLie
Modyaell caqzaeMblx, npudes 3HAK PABEHCMBA
useent Mecnio Ay 8 mott ciyiae, Koz20a apzy-
MEHINE CAQRACMbLY DABHB WAL OMAULAIONICA Kpati-
Holae 2w,

ITpunumag BO BHUMAHHE, YTO CTOPOHA TPEYrOabe
HiKa GoJplle PA3HOCTH ABYX ADYrHX CTOPOH, MOXeM,
KpOMe TOro, Hanucatb Puc. 170.

|ay o3| ={ay | —]az)

T. e. M00yA6 CYMME 08YX caqzacsbix GoAsue UAU PAGEH PASHOCHLT
Modyaelr smux cagzaessx, PabeHcTBO OyleT HMETb MeCTO JHIIbL B TOM
¢Iyuae, KOrAa HanpamJeHus COOTBETCTBYIOUIHX BEKTOPOB NpPOTHBONOMOXKHLL.

BriyntaHine BEKTOPOB H KOMIVIEKCHBIX YHCEA NPHBOANTCA, KAK 3TO ML
Bujen BHILE, K CAOXKEHHIO, U A7 MOAYAS Pa3HOCTH ABYX KOMIVIEKCHBIX
ynces OyneM, Kak H A4 MOAYAd cyyusl, mMerh (puc. 170)

] —lal<ia—al<|a]d-{xl

172, YmHoxeHHe KOMIJIEKCHBIX uMces. IIpousseneHne ABYX KoOM-
MJAEKCHBIX YHCea MB ONpefenfeM aHaJOFHYHO MpPOH3BENEHN0 BellecTBell-
HBIX 4HCEJd, @ HMEHHO: TNpOM3BEJEHHE DacCMaTpHBAETCA KAK  UICao,
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COCTaBJEHHOE N3 MHOXKMMOrO, KaK MHOXHTEAb COCTaBAEH N3 eIANNLEH.

BexTOp, cooTEETCTBYIOmN{ KOMIUIEKCHOMY YHCAY € MOAYJAeM r n apry-

MEHTOM @, MOXeT OHTb NOMYyueH H3 eQUHNLHO20 8eKmopa, ITuHA KOTO-

poro papHa emnnde H 1anpaBJeHHe XOTOPOro COBNAZaeT C IOJOXH-
. TeAblbM HanpabiexneM ocn OX, nyTeM ero yAaHHEHHA B I Pa3 H MOBO-
. POTA B TOJOXHTEJbHOM HANpaBAeHHH Ha YTOJa o, -

ITponspenenneM HEKOTOPOrO BeKTOpPAa @, Ha BEKTOP A, 1a30BEM BeK-
TODP, KOTOPHI NOAYUHTCS, €C/MI K BeKTOpY a; NpPUMEHHTb BHINEYKa3ali-
HHe yAAHuenwe W TNOBOPOT, TNpPH TOMOIH KOTOPHX BEKTOp a; MoJy-
yaercs N3 EAWHHYHOTO BEKTOPA, NpHYEM TOCTEeIHEMY COOTBETCTBYET,
OYEeBIJHO, BelleCTBeHHas eaNHMIa.

Ecm (r, @), (ra ) CyTb MOAYMI U APTYMEHTH KOMIJIEKCHHIX
uluces, COOTBETCIBYIOIHX BEKTOPaM @&, {M A, TO NPOW3BENEHMIO STHX
EEKTOpoB OYIeT, OYEeBHIHO, COOTBETCTBOBAaTh KOMILUIEKCHOE YHCIO C MO-
nyneM ryrg W aprymenToM (¢} ¢3). Mwet npuxomum, TakmM o6pasowM,
K clefyouteMy onpefesieHno NMPOH3BEeHNeHHs KOMIVIEKCHBIX HMCe:

Ilpousgedenuess 08yX KOMNACKCHBIX HluCenr HA3BLBALMCS MaKoe
KOMNAeKCHOE HUCAD, MOQYAL KOMOPO0 pageH npoussedenuio sodyaell
COMHOCUMeEned 1l ap2yMeRm — CYMME apYMeHmMOo8 COMHONCumenel.

Taxuy oO6pasoM, B TOM CJyyae, KOrAa KOMILIEKCHBE YncJaa Hanu-
CaHH B TpHroHOMeTpHueckoft dopme, GyaeM uMeTh

ry(cos oy sin @) - 7o (cos @3- 1 sin @) =
=nr[cos (312 +isin(mt9)}  (6)

BuieneM TENEpb NpAaBna0 COCTABJACHNA NPOU3BEACHNT 19 TOrO CJay-
4ad, KOrna KOMIUJICKCHBIE YHCJA NaHBl HE B TPHroHoMeTpuueckoft (bOp.\let

(al + b]i) (ag + bgi)'_—-x +J’l.

. IToabsysich ykasanuwM Boille 0GO3HauyeHHeM MoayJeH H apryMeHTon
coMHoxuTenell, MOXEeM HamHcaTh

@ =r 08¢y, by=rysing, ay==rycos ¢, by==rysinyy
...COTJIacHO ompenenennio yMuoxenns (6):
. X=rirs cos (91 + 92, Y=rry sin (3} ¢2),
OTKYZA
X =ry73(€0S @, €OS ¢ — sin g, sin ¢;) =
==T1 COS @y - T'a COS Py — Iy SiN @ - 7o Sin @3 = @0y — by by,
Y=rr2(sin ¢, oS ¢ |- €OS @y Sin @a) ==7, sin @, - ry cos 3 -}
~-r1 €Os @y - 1y sin @y = b10; -} @, by,
I OKOHY3aTeJbHO MOJYuHM
(a; -} byd) (@2 4 bai) = (@03 — b1bo) - (bya; }- ayb9) L. )
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B caywae by=0;=0 comHOKNTEAU HABJSIOTCA BelLECTBEHULIMH
YHCAAMH a@; M @; W NpousBeleHHe NPHBOAMTCA K NPOW3BENCHHIO Q,a;
aTHX yuced. B cayvae ay=ay==0 n b;=>by=1 paeenctso (7) maer

ifi=mt=—1,

T. €. Kgadpam nmrusoli edunuyte pasex (—1).
Buuncass nocaenopare/iblHo 1eAbe MOAOKuTEAbHLE creneut I, 110-

JYSHM i
P=—1, P=—i ‘=1, P=i, f=—1

>ene

# poolute, Apn BCAKOM 1ES0M NOAOKNTENbHOM ki
iik____ 1, iik+l=i’ iik+'2____ 1, AL S

IMpasuao  ymnosenns, . supasxaence paseictoon (7), Mmoxuo Qopmy-
JHPOBATHL TAK: KOMNIAeKCHble wucaqa HA0O flepeMHOdCams, Kax GyKeew-
Hble mHO2044CHU, cuuman it=—I.

Ecan @ eCTb KOMIIGKCHOE UHCI0 a-f-bi, TO KoMOaexcuoe 'Mucio
a — bi uaguuaetcst conpsiocennbim € o, W ero obosuayaior uepes a. Co-
raacuo dopmynay (3) nmeem |af=a? %

Ho u3 pasencrsa (7) puitexaer
| (a - bi) (a — bi)=0a*-|- 17,
a CJ¢A0BaTeNILHoO,

|2 P=(a - bi) (@ — bi) =03,

T. € NHPOUSBCOCHIE CONPSIJCEHHDN KOMNACKCHULX 4lices PaBHO Kead-
pamy MoOyan Kaxc0ozo u3 HuX.
OTtMeTHn ewe oyesuaHbe (OPMY.ibl

at-a=2q o-—a=2bL )
Mz dopmya (4) u (7) HenocpeacTBEHHO CJaelyeT, YTO CJAOKeHHE H
yMHOM(EUNE KOMIVIEKCHBIX 4HCead HNOAUMHAIOTCA NepeMeCTHTeJAbHOMY 3a-

Kolly, T. €. CyMMa He 3aBHCHT OT NOpAKa CJaaraeMulx, a NpoH3BeaeHie —
o1 ' nopaaKa coMHomuTelell, HeTpyano nposepuTs U COPaBeAJaHBOCTH

COYeTaTeALoro M pacnpenesiTe/pHoOro 3aK0HOB, BLIDAWAOWINXCH CAC~ -~

JAYIOWHMI TOMAECTBAMIL
t
(= ‘{" ) - oy =0, —l‘ (2 + %) (22) a5 =0y (2;3;),
’ (o o) f=a,3 .

IIpeaocTananeM caenars 3T0 YHUTATENIO.

3ameTuM, NAKOHel, YTO /POU3BEOEHNE HECKOALEUX COMHONCUMOACL
Gydem umems M00Yab, PasHLIiL HpOU3BEOCHI0 MOOYAell coMHodCUmenel,
N apey.Menr, pasnui cysate apeyaenmos cosnoxcumenei. Tawua
o0pa3zos, npou3sedcsus KoAeKCHOX Hlicea Oydent PABHO HyAw moz0a
u moasko mozda, Ko20a, no Kpaiinel aepe, odun U3 coMHoxcumenel
pasen Ky,
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173. Jlenenne XOMMJICKCHBIX uucel. [leneHne KOMMAEKCHLIX wucea
onpexeasieTcs Kak geiicTsue, oGparnHoe ysHoxeiro. Takum oGpasom,
ecmt (ry, ) — MOLYAb W APLyMEHT HEmIMOro, a (ry, ¢3) — MOAYAbL M
apryMeHT JeianTeds, TO HeTPYAHO BuIETh, YTO JefJelue HMeeT OAnH
onpeneieHHLii pe3yabTaT, €CAd AeMNTENb OTIHYEH OT NYyds, H UTO MO-
JYyJTb 4acTHOro Oyaer 'rl' a aprymeHr._ero (¢, — $;). OGo3nauas wuactioe

AN

B Buure ApoOi; MOXeM Hanucarb

ry(cos¢ i sin r .
Ll D fcos (s — ) Hisin @ — )l (9)

WUrak, modyas wacmruozo pasen nacmuosry Mmodyaeil Oeansro2o u
deaumensr, W apYMeHm wACMHO20 DPABEH PAZHOCMU ap2y.[ermos de-
aumoz20 u deaumean. Ecan ry==0, 10 dopmyaa (9) Tepser CMBICHL

Ecan jgenuMoe u Zelureab JaHbl He B TPHMOHOMeTpHueckoft ¢opMe, a
B BHIe a;—byl u ay— byl, 1O, BHMpaxas B ¢opyyre (9) Momyau. m
apryMeHTHl uepe3 a;, ay by, by NOJAYuURM caeayiollee BHIpaxelne Aad ya-
CTHOTO; '

a4 bi __aa,+-b,b, | ba,— a,b, .,
a+ bi T aifb: | aieE

KOTOpOE MOXHO NOJYYHTb H HENOCPEACTBEHHO, paccMartpusas { Kak
praU.HOHaJleOCTb H ymnomaﬂ YHCJAHTEIb U 3HaMeNnaredb 1a KOMILIeKC-
HOEe UYHCJO, CONpSKEHHOoE CO 3HaMeuareteM, XJId Toro urobm ocpoGo-
AUTLCA OT prauHOHaJlbllOCTll B 3HaMeHaTtese

a, 48, — (a1 - b,i) (a, — b,i) —_ (3105 + 6:8,) 1 (410, — a,dy) i
a, + byi a3+ b3 a; -+ b5 ’

H OKOnuareanHo,
a,+bi__aa,+bb, , ba,—a,b,.
Gt b a0 T @it - (10)

Panbie [172] M ykasaan Ha TO, 4TO nepeMecTHreabumil, couera-
TeAbHHH 1. pacnpenesuTenHbff 33KOHH COXPAHAIOT CBOIO CHAY 1 NpH
CJOKEHNI H YMUHOKEHHH KOMIVIEKCHHX YHCEN, 3 NOTOMY AJAs BHpaKenut,
COMEPXKAMNX KOMIJIEKCHBlE YHC]3, OKAa3HBAIOTCA CAPABEMJHBHIMH BCE TE
npeo6pasoBanus, KOTOPHE ABJAAIOTCA CACACTBHAMN 3THX 33KOHOB H KO-
TOpHIE XOPOIIO H3BECTHH B NMPHMEHEHHH K BewecTBennsM uncaaym. Cioaa
OTHOCATCA, HanpuMep: MNPaBUIO BHHecenns 3a CKOOKY, PacKphITHE CKO-
Gok, mpocrefine dopmyas, dopmyra Gunoma HeloTona s cayuae ueaoro
MONOKHTENBIION0 MOKa3arens, ¢opMyas, OTHOCAUllecs K nporpeccusy,
T I

OTyernM emwe oauno BakHOE CBOHCTBO BHpawenufl, coaepmaulnx
KOMIVIGKCHBIE YHCJa, CBA3aHuble 3HaKaMH TNepPBBHIX HeTHpex aAclicTonil.
Uz ¢opuyr (4), (8), (7) u (10) HenocpencTsenHO BHTEKAET CJAEAYIOIIEE
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NPeN/IONEHNE: ecal 8 CyAtMe, PASHOCHIN, NPOU3Bedennl 1 HACIHHOM 3a-
MEHILM BCE HUCAQ CONPANCEHHBLAN, MO 1 pe3yAssmams Oeficmeui 3a-
MEHFINCA CONPAINCEHHBIMU,

Tak, uanpumep, saMenss B ¢opyyae (7) b, n by na(— by) u (— by),
noayuunm

(ay — byd) (@3 — byi) = (a0 — b1by) — (a2 -+ a,by) i.

Yica3annoe csolicmso Gydem, ouesudHo, cnpasediugess u dan ao-
0020 BHIPANCEHNUS, COVEPICANLE20 KOMIACKCHLE YUCAQ, CBA3AHHbIE 3HQ-
Kamu nepgux wemsipex Oeificmeui.

174. Boasbimenne B crenens. Ilpuvenss ¢opymyay (6) B cayuae n
paBHBIX COMHOXHTEJeH, MoaydaeM IPaBIVIO BO3BBILUGHHT KOMIJIEKCHOrO
YUC/a B UEAYI0 MOJOKUTEIbIYIO CTENcHb

[r (cos ¢-{i sin ¢)]* =r" (cos ny -1 sin ny), 11

T. € 045 803BHUIEHUA KOMHACKCHO20 HUCAQ 8 Besy0 nOAOHCUINEABHY IO
cmenerb HyHCHO €20 .uoc)y/zb 8038bicums 8 omy cimenens it apyAennt
Y MHOJCUMS HQ noKa3amens cmencHil.
Hlonaras B opmyae (11) r==1, noayuaen ghoparyay Moaspa
(cos ¢ -~ sin ¢)* = cos nyp i sin ny. (12)
Mpusepn. L. Paztaraa aesyio wacth pasencisa (12) mo dopmyae Gi-
noma Flplotona u npupapinBas BenecTBeHHLIE N .MHHMEIC YaCTH COTIACHO YCI0-

BHIO (2), MOAYUHM BHIPAXCHIA 1351 COSny M Sin 1y yepes cTenenn cos ¢ I sin g )
cos ng== cos" 9 —{(3) cos" ¢ sing 4

+ (§) cos™ iy sint¢ ... (— 1) (3,) cos" " gsinth g 4

n
7 .
LA—1)° sinfyp (n— ueTHOC)
+~.-+<4 ll-;‘ (13)
(—1) ° ncosgsin®leg (n— neyetnoc);

sin ny = () cos"* g sing —(F) cosn 3¢ sin® g 4 (8) cos*=¢sin® ¢ —...4

(= DF Bryp ) costkt g sinthtig 4

A=) 2 B eose sinn1 o (n— uctioe)

(—=1) % sinng (n — neuetnoc).

n .
1) Cumsoaoum (m) Mo ofo3navacyM  YHCIO CoyeTaHHil U3 1 YIeMCUTOB
no m, 10 €CTb

(,,)__ nin—=N0..(n—m-+1) _ n!
n) =

1-2..m T mi(n—m)l"
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B uacrnoctn, mpu n=3 dopmyra (12) nocie packputna ckoGox Gyaer
nveTs B

cos® ¢ - 3i cos® ¢ sin 9—3 cosy sin?¢— 7 sin?¢ = cos 3p-}-{ sin 3y,
OTKYAa
cos 3p== cos® 9—3 cos ¢ sin®, sin 3p==3cos?¢ sin ¢ — sin®7.
2. MpocymMupyeM BbIpaKeHHA

Ap=14rcosodr?cos2pt...4r*1 cos(n—1) 9
By=r sing-r?sin2p4-...4r*t sin(n—1) o
Toaoxnm
z=r (cos¢}1i sing),
H COCTaBHM KOMILICKCHOC YHCIO
Ap+Bpi=1-4r(cosg-i sing) 4 r2(cos2p 4 sin2¢) ... 4
+r*tcos(n—1)otisin(n—1)¢l.

Moabsyemca pasenctsoy (11) m dopuydofi aaa cymmm reomerpuyeckofi npo-
rpeccin

. . —y_ 1 —2*  1—rn(cospt1 sin¢)*
A Bpi=—= 2., -1 — =
ntBai=ldzt2t... 2 I—z = T—r(cosgptismng)
_ (I—r” cosny) — ir™ sin ny
T (I—rcesg)—ir sing

YMHOX)an uYHCANTCIL M 3HAMEHATeIb Noclemncit 1po6H 1A  BEIHYAHY
(1 — rcosg) 4 ir sin ¢, conpaxennyo co 3HaMeHaTeleM, NMOIYYHM -

AptBpi= [(1 —r? cos n3) —ir® sin ng] [(1 —r cos ¢) 4 ir sin ¢l _
n n N (l—rcos¢)+risin®g
(1 —r? cos ny) (1 —r cos¢) J-r*? sin g sin ny + ~
r*—2rcosg+41
+ (1 —r® cosny) r sing— (1 —r cos 3) r® sin ny =
r#—2rcosgp+1
rt*tcos (n—1)o—r" cosnp—r cosg 41
= ré—2r cosg+1 +
r**tsin(n—1)o—r? sin no+-r smcp
r{—2r cosg+1

TlpupaBHnBas BewecTBEHHHE I MHIIMBIE YacTH coraacso ycaosmio (2), 6yaem
nMethb

Ap=14rcospt-r2cos2s+...4-rm1tcos(n—1)¢=
_ rftcos(n—1)g9—r® cosnp—r cosp -1
- r:—2rcosyp-+1 ’
Bp=rsing+rEsin2¢4...4-r*tsin(n—1)p=
r’“fl sin(n—1)e—r? sinnyp---r sm:p
r:—2rcose+1
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Cunras, yTo a6COATHOE 3HAYEHHE BELIECTBEHHOTO YHCAA r MEHbIUE exH-
HHUBL, [ GCCOPENeIbHO YBeaHYHBad n, TMOJAY4YHM B Ipejene CyMMbl GecKoney-
HBIX PAXOB

l—rcosey
14-r cos rtcos2p ... =
+ v+ Pt r2—2rcosy—+1

. (14)
r sin g
r*—2rcoso-1

rsingtr®sin2¢e4..=

B suipaxenuax A, 1t B, noaoxum r==1, Toraa noayunm _
cos(n—1)p—cosnp—cosg41

14 cosgtcos2p4...4cos(n—1)p = T T— cos 9)
in 2 s _L) i3 2. -(_L) in 2.
=2sm2 sm(n 5 ¢+ 2 sin T sin {7 — ¢} sil
. Ei - . _cp_
4 sin 0 2 sin D)
sin t_l‘i Cos .g’_l;l_)_cp_
2 2
] = S . (15,)
sm?
ANazornyuuLIN 06pasoM NOIyYHM .
“sin g sin ____(n —21) i
sing 4+ sin2y94...4+ sin(n—1) o= . (15,)
sin%—

175, UsBaeuenne xopusi. Hopueis n-ii cmeneru U3 KOMNAEKCHO20
YHCAQ HA3BEAEMCA MAKOE KOMNACKCHOE HUCAO, N-A CHIENEHS KOMOPO20
PAasHa NOOKOPEHHOMY HUCAY.

Takum o6pa3oyM, paBeHCTBO

n
¥/ r(cos ¢}~ sin ¢) =p(cos -+ sin &)
pPaBHOCHJLIIO PABEHCTBY
p” (cos np -1 sin ny)=r (cos ¢ -1 sin ¢).
Ho y paBHHX KOMIJIEKCHBHIX 4iCeJ MORYMH HOMKHH OBTb paBHH u
apryMenTbl MOTYT OT/JHYATBLCH /b KPATHHM 2%, T. €.
pt==r, ny=o¢-} 2k,
OTKYAa

- 2k
N p=Vr, t;)=?————+n E,

n e
rae V' r ecTb apudyeTnyeckoe 3HadeHue xopusi u % -—.moGoe ueiaoc
yucao. Takum o6pasom, MH NOAyuaeM

1"/r(cos ¢~Fisin cp)={l/7(cos —“’-in&:—}—tsin ij%:—), (16)
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T. € 047 U36ACUEHUR KOPHA U3 KOMNAEKCHO20 4ucaa Hado u3eqeds
KOpeHs U3 e20 MOQYAS, a ap2yMennt pa3desltms Ha NOKAIAMENs KOPHA.
B dopuyae (16) sucso £ MOXET NPHHUMATh BCEBOSMOXHBEIE Leabe
S8HAYEHHUsl; OJHAKO MOXKHO TMO0Ka3aTh, YTO pAa3JIHUHBIX 3HAYeHHH Kopus
Oyner TOALKO 7, # OHH OYAyT COOTBETCTBOBATb 3HAYEHHAM .

k:—O: 1) 21---! (ﬂ-—'l). . (17)

Uro6n noKasath 3TO, 3aMeTuM, UTO mpaphie uactn B (opmyae (16) Gy-
JYT PasHHyHEIMH NDHM JBYX Pas/nuHBIX 3HaueHHAX B=—£Fk, u k=—k, TOrIQ,

¢ -+ 2kn n? + 2k,m
n n

Korjga apryMeHTH

OT/MHYAIOTCA HE KPaTHHM 2w, # Oy-

AYT ORMHAKOBLIMU, €CJAN YKa33HHHE apryMeHTH OT/IHYAalTCH KPAaTHBIM 27.
Ho pasnocts (k) — ky) naByx uncen us pama (17) no aGcomoTiomy
3HAYEHMIO MEHbLUE 71, a MOTOMY PasHOCTb
92k 92k Ri—k o
n n n

He MOXer OHTb KpatHa 2w, T. e. n 3HavuenuaMm % u3 panma (17) coorser-
CTBYIOT 72 Pa3/MYHHIX 3HaueHul KODHA.

Iycts Temeps kg —1uenoe uncao (MOJOKUTEABHOE WAH OTPUUATENb-
Hoe), He sakmovaromeecs B page (17). M MoxeM npeacTasuts €ro

B BHIE
k2=qn+k1,
rle g —ueace uncao i ky — oxaHo u3 uncen pspa (17), a noromy

? +n2kz" —_— <?"'3’?1‘“ + 2rg,

T. € 3HayeHno Ry COOTBETCTBYET TO JXe SHAYEHHe KODHS, YTO W Bnaue-
Huio &y, sakmovaowemyca B pame (17). Urak, xopens n-it cmenenn u3
KOMNAEKCHO20 4UCAQ UMeEem N PA3AULHNX 3HaHerud.

Wcknouenue n3 3TOro npasuna MPEACTaBASET JAHWbL YacTHHH cayuafl,
KOrga NOAKOpEeHHOe uncao paBHo Hymo, T. e. r==0. B stoM cayuae
BCE YKa3aHHHE BHLUIE 3HAYEHHS KOPHA PAaBHH HY/IO.

ﬂpnmep n. 1. Onpeneniy BCe 3HaueHns }/1. Monyan ¢ panen canBHue

I apryMeur a moToMmy

2 ’
‘ 3 —2—+2kn o 2= -
1/— 'l/ o8 - +i sm—._ cos +1 sin ——5— (k=0,1, 2).

Mu moayyaeM caegyouuie 'rpn 3irayenna aan V :

., ,. = V3 51___ V
osg-}-zsmF— +2z, 6-|-ismF——

t~=I

=, ., . 3=
cosf-l-t.sxn?—f—l._
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-
2, Paccmotpuy Bee anavenia 31, T. €. BCe pemciid ABYYACHHOrO Ypas-

neHua
=

Monyas exnunust paseH eIuuiue it aprysent — By, a norouy

Vi -—{cosO—l—ismO—-cos2k"—}-zsm2k'“ (k=0,1,2, ..., n—1).

OGosuaynM 6yksoil € TO 3Hayenue 9TOro KOPHA, KOTOPOC moayuacrcs npu k=1:

. 2=
e—cos—-l-zsm—

Coraacuno dopsyae Moaspa:

T. €. BCC KOPHH ypasnenua z% =1 msmcior BuY
ek (k=0,1,2,..,n—1),

npuyesM Haxo cyurarth e®=1.
PaccMoTpuM TCNCPL ABYWICHHOE YPaBHCHIle BHIa

2h=agq.
Buecto z BBegeM HOBOE HeH3BCCTHOE ¥, moJarad
n
z2=uy a,

n )
rae '@ cctb 01HO N3 3Hawemii Kopna n-ii crenemnm n3 a. [oicTasasa BHpa-
¥CHHE 1A Z B JaHHOE YPaBHCHNC, NOAYYNM JIA U YpaBHEHNC

ut=1,

Orcioza BHIHO, YTO BCE KOpPHII YpaBHeHHA 2% =—a MOryT GLTL BpeICTas-
ACHBI B BlIe

n

Ya* (k=0,1,2,..,n—1),
rae 1f @ —O0JHO U3 n 3HaueHl STOro KOpHA M e mpuniMaer Bce 3uayenus
Kopua n-it creneuu H3 CHAHHHUBL,

176. Ilokasateabnan ¢yuxknus. M paccMarpHBajal patiblie NOKa3a-
TeJAbHYI0 QYHKUNO e* B c/Ayyae BeulecTBeHHOro mnokasareas x. OGoGuiuM
TEMepL NOHATHE O mNOKa3aTeapHON ¢yukuun Ha cayvalt 11060ro Koy-
nJeKcHoro mnokasareas. Ilpi BeulecTseHHOM NOKasarerxe ¢QyHkuus e*
MOKeT OnTh Npeicrasiena B suge psxa [129] :

A3
C’——]—l—-“—'l—2' +...

Onpedeauss anano2uvunsise paoost NOKA3QAMEALHYHO OYHELUIO U
8 cayuae HUCINO MHUMO20 NOKA3ameAsi, T. €. NOAONHCUM

c"'i—:l—i-"l ] (Vl) +(\'l);+

Otaenss peulecToenupie 1 MilMble YJACHBI, HMEEM OTCi0da

re= (=g = ) (G =R St),
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OTKYyMa, BCMOMHHB pasnoxenus cosy u siny B pan [130], nmoayuaem

e = cos y-1sin y. (18)

dra dopMysra 1 onpeaenseT MOKA3aTEbHYI0 (YHKUHIO NPH YHCTO
MHEMOM noKasaTene, 3amensa y Ha (—y): .

. eY=cosy—1isiny 19)

n pewas ypasuenns (18) u (19) orHocurensHo cosy # sin y, moayuuM

opayast Jiaepa, Brpawaomwne TPUrOHOMETPHYECKHE OYHKUMKM uepes
NOKA3aTEAbHHE ¢ UUCTO MHHMBIM IIOKA3aTeaeM:

eyi gyl et — gyl

cosy=—5—07V, siny=—7m . 20)

dopmyna (18) maer HOBYIO noxazamessHy Hopay KOMNACKCHO20
4ucAQ, MMEIOUIEr0 MOAYJb 7 1 apryMeHT ¢;

r (cos p4-1 sin ¢)==re*,

Moxazamensuyto GyHEGUI0O npu 21006038 KOMRACKCHOM noxasameane
x -}yl onpenensem copmy.oft

el —=¢*. 5 =" (cos y-}-1i sin y), (21)
T. €. M00yas _yucaa e Gydem cqumams pasnwnm e, a apaysenm
pasHsLIE .

Herpyano o6o6muth Ha cayuyaft KOMIVIEKCHHIX mokasarenefl npasuiro
caoxcenuss  noxasamespely npu  ymwoxcenmu. Iycte z=x-yl u
2y =Xy} i

e’ .e1=¢"(cos y 1 i sin y)-e*1(cos yy, 41 sin y,),
1AM, NPUMEHsS MPaBHJIO YMHOXEHHS KOMIVIEKCHHX uncen [172],

e -ef1=¢*+*1[cos (y + 1)} I sin (y -3}

Ho Bupaxenne, croduiee B npasoit yacTn 5TOr0 paBeHCTBa, COrJIacHO
onpeaenenuo (21), npeacrasaser coGoro

e tx)++yl 10 ectp e?ta,
Tpasuso swuumanus noxasameaneii npu deaenun

—_——er%
et

MOkeT GHTB HENOCPEACTBEHHO NPOBEPEHO MNYTEM YMHOMEHHS YaCTHOrO
Ha JAeANTelNb.
B cayuae neroro moxoxuateabHoro n 6yZeM HMeThb
(Y'=c"...é=e",
| S ——"4
n pa3
14 B. H. Cumpros, 1. 1
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Moabsysnch, gopmyaamu 2fiaepa, MH CMOEeM BHPA3HTb J06YI0 UeaYI0 Ioa0-
KITCILHYIO CTeNenb sin ¢ I OS¢, @ TaKwe H NMpOH3BEAEHHE TaKOBHX CTCHCHeH,
B BHIE CYMMH YJICHOB, CONEPXALHX JIIUb NePBEIE CTENCHH CHHYCA Hal KOCHHYCA
KPaTHHIX LYT:

(eq:i__e-yi)m
2mim !

(e7i - eshym
om -

sin o = cos™ ¢ = (22)

Pasaoumns npasbie YacTil 9THX paBeHCTB No ¢opmyre 6nuoma Hsiotoua, -
NCPEeMHOXHB HX H NPHBCAA B 0AYYCHHBIX Pa310XCHIAX HOKA3ATEAbUBIE BYHKINNT
K TPHTOHOMETDHUECKHM, coraacio gopsyaam (18) u (19), nu noayyaem nckomoe

BLipAKEHIIC.

Ipnmepu, L.

(etpi _*_e-cpi)l etvi  4pl 6 4o-29i Ve 1
[ prg— e — — - _ —_—
cos' ¢ = ——Tg TR T TN TR B

ipi —4pi 29 ~23i
=%ev—}£e ¥ +%ei~ge r +—g—=%+%cos2go+—;—‘—cos4¢.
2‘ N . . - . s .
Csintg costg = (er'Tse iath . (e"'{"se il :(‘e.fl—c -r;gs(cr‘-—e “)::
(6’0"”’—33:"?'. + 20—l ~c-;i) (e+i ___e—;i) .
- 128 -
_ vl — eivi . 3p3%i + 3e¥¢ 4 3e-¥¢ B¢ i __ il +e~7¢i _
- ' 128 -
:—_i cos::——i cos3~——l— cosﬁu—i cos 74.
i3 64 T64 To6d ¥

3aMeTHM IIPH 3TOM, YTO TI00ad Heaanm CICOCHL COsS¢ 11 YCTias crencHsu sin ¢
NPCACTaBIAIT C060I0 YeTHLIC QYHKWMH ¢, T. €. HE MCHAIOT CBOCH BEIWYHHL NpH
saMene 9 Ha (—¢), H BHIPAXKCHHE TakKHX HETHHX QyHKunil ¢ Oyler coacpikarb
JMLWL KOCHHYCHW Kpartuwx ayr. Ecam :xe Qysxuns ecrb heyetHans Qynkuma ¢,
T. €. eCIy 9Ta (YHKIHA MeHAeT 3HAaK npn 3amcHe ¢ nHa (—¢), Kak 3to0 6yacr
3MeTb, Halpiiep, MECTO B CIyYae HEYeTHO cTemcHn sin ¢, TO Pa3ioxcHIe TaKoll
GYHKUHH 6YHeT CORCPAATL JHIUL CHHYCH KPaTHBIX HYT, Il CBOGOMNKIT YIcH B 9TOM
pastoxenii GyRCT HaBepHOe OTCYTCTBOBaTh. Bee ot ob6crosteancisa Gyayr
i1aMil BHISCHCHB 60Je¢ NMOZPOGIO OPH H3I0WEHHI TPHUTOHOMCTPHYCCKHX pilos.

177, TpuroHoMmerpHueckHe W runepdonnveckie ¢pynxunn. Jo cnx 7
nop MB  pacciymaTpiiBaJan TPHrOHOMCTPHYECKIE (}))’HKU.HH JHWL B Cayyae
peutecTeennoro aprysenra. Onpexe/sny TPHrOHOMETPUHYECKHE  (YHKIIIN
npu ao6oM KOMIIEKCHOM aprysente 2z no Qopyyaam 3iinepa:

Pidd +e-zi sin 2= el — o—2i
2 ’ 2! !

oS —

TpiyeM BLIpaweuus, crosumue cnpasa, npu mo00M KOMIJIEKCHOM Z HMEOT
cMBICH, yKasanuuli B [176]). ‘

IToap3ysice aTumu dopMynaMu n OCHOBHBIMI CBOIHCTBAMH NOKa3aTednh-

HOH GyHKUWHIL, HETPYAUNO MNpPOBEPHTL CHPABEAMNDBOCTb (HOPMYya TpUrouu-
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METPHIT B CJayuyae KOMIJIEKCHOTO apryMelra. Hpenna'raezu yyrareaio B Ka-
ueCTBe ynpaxHeHHa A0Ka3aTb, Hanpumep, COOTHOIIEHUd

sinfz - cos?z=1,
sin (2 -+ 2y) = sin 2 cos 2; -} cos 2 sin 2,

cos (2 -}-24) == cos z cos z; — sin z sin z;.

Pynxuun tgz n ctg z onpexensiorcs no dopatynan

tgz=Snz 1 ef—e? 1 g
82 =osz i efifeit™ | el
by g 032 E et e
A=z ltar—en=" gr—y-

Beenem Teneps 2unepSoauneckue gynxguu. CunepGosnueckue cuunyc
I KOCHHYC ONpenendiorct no dopmyay
siniz__ e —e™* . et t-e ¢
shz= = chz=cos iz= _.‘__E—,

shz e*—e? 1
the=r—r =0 =

chz  e° e e -1

chz et e 2 e+ 1
cthz= shz™ e?—e 77 e2—1°

[Monb3ysace atuMu OpPMy.aaMll, HETPYAO NPOBEPUTh, HAMpHMED, c.e-
AyIOLHE COOTHOWEHAS:
chz —shtz=1,
sh(2; &= 25)=sh 2y ch 2, 7= ch 2, sh 2,,
ch(zy = 2)=ch 2y ch z, = sh 2, sh 2,
sh2z=2shzchz ch2z=ch%z-+sh®,

' 2tz 1 4cthiz
th2z = H_ng-, CthVQZ— W. J

f (23)

Takum oOpasoM BosHuKaeT aunepGoautecKas mpu2orosemps ¢ Gpop-
Myaammp, anagzorndHuMu  GopMynam oOHYHOH TPHUTOHOMETPHH  KpYyra.
3amenqaa 8 dopmye obuuniofl Tpuronomerpun sinz wa i shz n cos z na
ch 2, noayuuy awanoruunyto GopMyay rumepGoandeckoll TPHrOHOMETPHH.
D10 0GCTOATEALCTBO BHITEKAET HEOCPEACTBEHHO U3 (OPMYJ, ONPerenso-
ux ranepboanyeckne QyHruum.

14+
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IToabsysch sTuM ykasaunes, HETPYAHO NOAYYNTb CAeayloutHe GpopMyIs
npusefieslis  cymus  runepboanyecknx  QyHkiuit K JorapHeMUYEcKOMy

BUAY:
) z, 4z, 2, —~2
shzy -} shzp==2 sh —o—~ ch—5—*+,
2y — 25 zZ Zq
shz; —shz,=—2sh ‘2 Z-ch ';" .,
\
2.+ 2o Z,— 2z,
chz,+chz;=2ch ‘2 i.ch ‘2 =
p-4 P-4 5 —Zz
chz,—chzy=2sh ‘TF LY [t L N
2 2 )
Paccmorpny  tenepn runepGoanueckne (yHKUHM - TpH
BHAYEHNSAX APryMEHTa:
gv_e-x
shx=— —5 chx—
- e:‘.‘v‘_ ] i
thx = et cthx =

@4)

BCINECTBEHHBIX

ex g

2 ?

et 1

Fpagpur ¢ynkuun y==chx npeacra-

BIsteT coboil uennywo ausnwo [78), k Go-
Jee NoADPOGHOMY H3YHEHHI0 KOTOPOH Mkl
nepefinem B [178). T'padnku  dyukruut

Puc. 171.

chx, shx, thx, cthx wuzobpaxens Ha
puc. 171,

Henocpeactpento andpepeHunpys,
- 1oJyYaeM Caexytoule BHPaKEHHS MpoH3-
BOJHBIX:

Orcrona noaydaem TaGaHUy HHTErpasion:

Cavoe HasBahie ,rumep0ojuyeckue QYHKUHMH® NPOH30LITIO

dshx . dchx .
'—(-ix—'-——ChAr, T—th,
dthx 1 dethe 1
dv ~ ch*x? dx sh*x °
3 shxdx=chx-C,
Schxdx:shx-]— G
L:thx-—'—C,
ch®x !
i:——cthx—{-c
sh* x
BCaeACTBAE
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Toro, uro ¢yuxin ché n sh¢ srpaor Ty e poab AaA napaMeTpuye-
CKOro npeacrasJjenus pasnoOoutofi rinepGoast
' B —yr=gt
Kakyio QyHxkunu cosf n sinf-— gas oKkpyxHOCTH
x? -+ Y=gt
ITapameTpuueckoe NpeAcTaBleHHe OKPYKHOCTH €CTh
x=acost, y==asint,
pasHoGouHOi ke runepGoJb
x=achtf, y==ash{,
KaK B 3TOM HETpyAHO yOeamThcs HpPH MOMOUH COOTHOIIEHHs
ch*t —sht=1,

I'eoveTpuueckoe sHaueHue napamerpa { B oGOMX CJyuasX, OKpyX-
HOCTH W rumepGoisl, Takke OAnHaKOBO. Ecmi Mul 0603nauny uepes S

Puc. 172, Pitc. 173.

naowmanp cexropa AOM (puc.172), a uepes S, naowaap Bcero kpyra
(Su==a?, 10, OueBmHaNO,

N t=2= $

So ” .
ITycth Teneps S 06o3nauaeT nNaowab anaTorHUHOro CEKTopa pasHoGoy-
uolt runepGoawnt (puc. 173). Mui useem

E3
S=nma. OMN—nn AMN=—y xy— | yax=
a

X
=17x Yat—al— S Vx*—a® dx.
a
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‘Bryuicasa nHrerpai no dopmyae u3 |92}, naxonum:

—e T o
S=%x '/ x“——aﬁ——;-[x]/-x'l—a'l—a*log(x—,'— xﬂ_ai)J =
. a
1 3 X 1/-.\72
_?alog(a—l— -0_2—1>.

ECJIH TENneph, oéoauaqaﬂ OonaThb uepes So niaoumaib lcpyra, NOJOKIM
2
t=2‘: ._s__'—_lo _/_t'_. /L_
‘ So g a + at L

T0 Hatigem Ge3s Tpyna

. a
OTKkYAa, CKA3AHBag IOYJACHIO H YMHOMAAH Ha 7:

X= .i(c’+e")=acllt,

y= l/-x2 —at= 1'/ a’ch’t — qt==asht,

T. €. MH I NoayyaeM NapaMeTpuyeckoe npeicrasienne pasuoGoyioit ri-
1epGoILL.

178. Hennan aunps. Hccacayem Kpusylo npopicaniis rubkofi ogiopomtoil
TaKeloll BHTH, NoABemeHHOlt Ha KoHuax A, u A, (puc. 174).

B naockoctn sroii kpusoil HanpasuM och OX ropusonrtaisuo, och OY sep-
THKaabno Beepx. Buaeany aaementot MM, =ds untn. Ha xawawit us npx geii-
crpylor Hatsmkenua T o 7' OT OCTaBLiHXcsa yacreil mutH W Bec saementa. Hars-
selMa npraoxkenut B Konuax A u Al saeMenTa M UanpaBICHB MO KacaTCALIKM
(npuuem T — no orpunareabhomy, 7 — 0 NOIOEHICILHOMY HAlNPaBIEHNO Kai-
carcapnoft). Bec Mu Mo:eM NpHNATL NPONOPUHOHAILHEIM JIHIC ICMCHTA

dp =y ds,

rae p— muieiinas [IOTHOCTb MHTH (BeC NOFONHON CRHMHUE A3HHLI).

Jan pasnoBecns HeoOXOMUMO H JIOCTAaTOYHO, YTOGH paBHaAach BY1I0 CyMMa
npoexuttil refiCTBYIONINX HA 3ICMEHT CHI KIK HAa TOPH3OHTAIbHOE, TAK M Ha BCp-
THKaabkoe nampapiaennc. Tak Kak NMpPoCkmuA Beca 33CMEHTA dS 12 FOPH3ONTAIL-
Hoe HanpasIcHIC PaBHA NY.110, TO TOPH3OHTaIbHHe cocTaBiaomne cna T n 7,
Jominbl GHTH PaBHH MO BCIHYHHE W NPOTHBOMOAOXHW MO 3HaKy., O603naunM
yepea T, obutyio peanmynny X ropusoHTaibuofl cocrasiammoineil.

Jaace, u3 yeprexxa MU II0XYYyacM NI BEePTHHKAILHHX COCTABAAIOMINX HATA-
3KCHI{l COOTBCTCTBEHHO BHIPaXKELHA

—Totga=—Ty' n Tytg@atda)=T,( +dy).
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3necy da— npupoct yraa «, o6pasoBannoro kacateasnoil ¢ ocslo OX, npu
nepeveutennn n3 toukn M B Toury M,, n dy'— cootercTBylOUICE NpHpaULC-
. HHe YriIoBoro xo3d@uuieHra xacateabhoil, T. e. BeTHUNHH 1g 2,

y
s
T -
T toee T
"W, Totgtes d) ‘
pdsl/ Afa,b)
T H
}
1
|
i
I
b
Prc. 174
[Mpupasunsas nyawo cymmy npoexkunit 7, 7, n cuan Beca pds Ha oce OY,
MOayunM
To(y +dy)y— Ty —pds=0,
TO €CcThb
. Tydy =p ds,
YTO MOMHO HamiCaTh TaK:
Tdy =p V' 1+y* dx. (25)
[Tepemennnie 3aech pasgeasiorca [93]:
————,___dv =‘E, rae k=5;
Vit+y: & 4

3aMeTIIM, YTO R €CTb MOCTOANHAs, NPAMO HPOMOPUHOHATLHAA TOPHIOHTAALHON
cocrasaswoitell HaTAXCHIA It 06paTHO NponopuuoHaILHasA AuHeftHoll naormocTH
nuti. Murerpupyem nosyvennoe ypasHeHue

x4+ C,

g+ VTF =224,

OTKYIa
x4+ Cy

k T
e =y +V1i+y5
yToGH onpeseants y', BoeaeM o6paTHYIO BEINUNHY
_x+C
k
e

L
y+VIity:

Bryntan mouienso 3ro PaBEHCTBO H3 Npeauaymero, HaxoauM

x+C _x4Cy
k k

'__—L( _‘e
y - 2 é

=V TF7—y.
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Muterpupya cute pas, moaydis ypaBHCHUC HCKOMOIt KpHUBOfl HHTH
X+C[ _x-l-C;
&

sre=fle T4 7). @

TMponasoasnuie nocrosanusic Cy 0 C, ONPEACIAIOTCA N3 YCAOBHA, 4TO KpHBas
HPOXOIHT yeped TOYKN A, (a,, b)) u A, (a b,). Oanako B npnioxennax nau6oian-
Ul HHTEPEC NPCACTABIACT HE CaMO YPaBHCHHC KPHBOIl MpOBHCaHA, T. €. IO-
crosnnsie Cy 1 Cy, 2 COOTHOMICHHE MEXAY TFOPH3OHTAILHBIM W  BEPTHKILULIM
paccToRHNAMH TOYCK nojBeca M Jumuoil ayrin A,A,.

[Ipi HecaegoBanyy 3aBHCHMOCTIT MCHCGLY STHMIU TPCMA BCAUUMHAMH MBI MO-
3CM, KOHEYHO, COBCPLINTL Mapaaieiblblil NCPCHOC KOOPXHHATHBIX  OCell.
Ilomectus Hauaxo B Touky (— C;, —C,), Mbl MOMCM CYHTaTh, YTO B yPaBHCHHH
(26) C; =C, =0, u 310 ypasuenue 3aMcHHTC 60ICC MPOCTHIM

i X
k BT
y=v% (e +e

OTKYAa ACHO, YTO KPpuBAS NPOSUCAHUN eClb HenHas AUNUSL.

flycrs npit ykasannom Bbi6OpC KOOPAMHATHBIX OCCHi TOYKa noaseca A, uMeer
koopaunatu (a,, ;) n Ay — koopannatu (a;, 0,). OGo3snayus uepes /, 4, s rope-
3UHTAIBHOC N BEPTHKAILHOC PACCTOAHMA TOYCK NOABCCAa W JIHHY HHTH, OyldcM
HMETD

F)ten x, (26)

a, a
l=a,—a, h=b2—bx=k(Ch—k"'—Ch ”k“)’

a az as
=\viTyrge=\ : Xgvem NehZFar=rlsh_—sn %
s .S)I—{—y”dx__'\]/l-}-sh kdx 'chkdx k(shk Shk'
ay ag ay

Tlo dopmyram (24) naxoanm

=ohsh 2T S B _opq t g2t a
h=2ksh ok ShT—2k5h2k5h %,
_ a—a,  aG+a _, 4 a4 a
s_.2ksh——-2k Ch——‘zk —“kSthCh——‘Zk ,

OTKYIa Ha OCHOBAHIIl NMEPBOro M3 cooTnomtennit (23)

l
$2— 2 =4k%*sh? —
2k
4TO M RACT HCKOMYIO 3aBHCHMOCTL MeKAy /, A 1 5. Ee Mmoxuo nepenmucars B c1c-
aymwouel gopme:

l

R

i = 1 @7)
o

Ecan Touxky mnomseca "M IAHHA HHTH 3alaHbl, TO BeAHUHHH [, i I S H3BCCTHLI
N Mbl NOXYYaeM ypagHCHHE HIA ollpedcicHMsa MapaMeTpa B, M cCan amiefi-
Has NJOTHOCTh p MUTH Takwe H3BCCTHY, TO ypashehue (27) MONKCT CIYWHTL AIs
ONpencIcHis TOPH3OHTadbhOH cocrasasoulell warawenns T, Tloaowns  pan
COKpamenns micbua;

1, Vs&=k _
o =5 =
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Ypasuenne (27) npesparurca B

S"TE = @1)

Benoumuns pasioxenne nokasateabHoit gynkunn B cremennofi paa [129], naiizem

she  ef—et ¢ o, e,
T = =ltytygtaytes

OTKYJa BHINO, uto nmpn Bo3pacrannn & or 0 10 -} 0o’ oTHOmIEHMHE TAaKM¥E NOCTO-
SIHHO BoO3pactaer or 1 no -}-co. Craio 6biTh, NPH BCAKOM 3aJaHHOM 3HAYCHUM
¢ =1 ypasneune (27,) uMeer oINH MOIOKUTEIBHHI KOpeHb, KOTOPHIT Mowno
BHYHCINTH, NOIL3YACH TaGanmaMmn runepGoanuecknx ¢bynkunil !). Hannsie Bean-
ypnel /, # 1 S JOTKHH NpH 3TOM YAOBIETBOPATH

Il

yCI0BHIO y,
= 1 -
c= Vs—lh-gl nay 2= h2 8, Z Q-_Z_ 4,

KOTOpO€ OYEBHIHO W N3 reoMeTpnyecknx coobpa-

wennil, Tak xax V A%+ [* ectb xopaa A;A., a s —

Jyra HemHofl AMHHH MeWAY TeMI Xe TOYKaMiL
[Tycts, nanpumep,

§=100 x, I="50 &, h=20 x, p =20 K2/n, -’Ko X

|
i

MBI TOIYUHM
¢=0,02 ' 10000 —400=0,8-) 6 = 1,96
n mo rabamuam runepGoanueckux dynxunft HaitgieM KkopeHs ypasHenna (27,):

Puc. 175,

!
t=gr =215
oTKyna
Tymhp= g p = oz 20=232 K2,

[lyctb Touku noxseca HaxogaTca Ha omunaxosoil Beicore. Mccaeayem crpeay
npoeucanua untyH f (puc. 175):

f=()—A—65=§-(e§%+ e—"%)—k=§(e§%'-}'-e—§l"—.— 2).

Pasnaras noxasateabnylo Gynxumio B psag, MOAywHM
S U R L 28)
=g g T e
Touno tak xe Gyxem mumers faa s=1ayre A,A, [popyuyaa (27) npu h=0]:

[4 {
_ ! (5—- —-2;> 1op 1P
S—-‘?ksh;z—k;=k L’k—e =1+3—|—?.—k{ +5TW+”. (29)

') Hanpumep, ta6anum Snxe 1 Inze
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Orpannsusasico B page (28) oxunm caaraeMuiM, onpexeanM npubmnxcnuo k:
12
8 °
B pasaoxenun (29) yAcpwHM NepBblC B3 CIaraeMblx 11 NMOLCTaBHM Hafigel-
noe g4 R BhpaxeHne
8 f2

S%l—}‘f‘s‘l—.

k=

Jugpepenuupys 370 COOTHOIICHNE, IOAYYHM 3agucusocmb Mexcdy y0.aune-
Huesm HUIMU U YBeAUdEHUEM CHIpeab NPOBUCAHUN:
16 fdf 3l
S o e . df x~ —ds.
=3 S 16f
Ypasuenne (25) 6HA0 HAMH MOIYYCHO B MPEANOIOACHIH, YTO Ha Beakmil
3I1CMCHT HNITH ACHCTBYET CHIA TLKECTH, NPONOPHHOHAALHAA [IHHC 93I1eMEeHTA.
B ncxotopux cayyaax, HanpiMep HpH PAacCMOTPeHHH wLemcil BHCAYHX MOCTOB,
STy CIIy TAXECTH Haflo CuHTaTb mpomnop-
Y HHOHAILHOI AIHHE HE CaMOro 3JeMeHIa,

2 HO Cro NPOCKUIH HAa FOPH3ONTAILHYIO OCL.
p f~—2 — JT10 CIyyurca TOraa, Korjia Harpyska ot
II ______ HACTIIA MOCTAa HACTOABKO BCINKA WO
CpaBECHID ¢ COGCTBCHUIIM BECOM UCTH,
4TO 110caegueil MoxHO npesnebpeyus. B stom
caywae bBmecto ypasucHus (23) Gyaem
HMeTb
€ T dy =pdux,
OTKyaa
P
y= - * + G
[
0 i
Pic. 176. ¥y =%— x4 Cix + Cy
0

T. ¢. Kpusas nposucarus Gydem napa6oiroil.

[Toaomns, 4Yro KOHUW HHTH A, N A, HaXoaATcs HA OXHHAKOBOM BhHICOTE,
It [OMECTHM HAyan0 KOOPAIHAT B BepwiHy mapaboaw (pic. 176), tak uro
ypasueuie ee 6yaer

S __P
y=er (“"'2“7‘0)°

Kax u suiue, onpeneany gauny npoaera [ =A;A, n crpeiy nporuda f= 0A,
U3 ypasticuns napaoatl noayuuM
2

! 4
f:—.a—Z—, 0TKyaa a=T{—,

Buiuncany panny ayen A,A,, pasnywo yasoeuxoft ayre OAg

s=2\ yTFa==ax

Oy w[-
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Tlo dopmyae 6unoma Hbiotona nueen :
Vit xf=(1 4 4a2x2)' e =14 2%k — 2a%x4 ...
W, HHTErpHpYA, HAXOMNM Da3lo:eHNe Aas §:

— l 273 ] 173
8—1-—]—?01—‘%&1—!—... —

MoncraBuM BMCCTO « HafileHHOE Boime ero BbIpAXECHHE:

s=1+%(-{-)31—-351(—{-)‘l-}—...:l[l—k%s?——?s‘ +]

rue e=li. OrpannyyBasch B HANHNCAHHOM PA3TOXEHHI ABYMA HEPBRIMH Cla-
raeMuIMH, HOJYYHM NPUGIMKEHHYIO ¢opMyTy

f’

1

8

st

+ 3

COBIIANAIOUIYI0 C anajorHyHoii ¢opmyrIoil naa unenHoft auHmM.

179. JlorapudmupoBanue. Hamypassuotz nozapugiort rosnaex-
cHoz0 Hucaa r(cosp--ising) wHa3wsaemcs noxaszamens cmenen,
8 Komopyw Hado 8038ucums e, Unobs noaywums ao2apugiupyeroe
wucao. OGosnaunp HatypaasHHf Jorapudy cumsomom Log, moxeM cka-

3aTh, YTO PABEHCTBO
: Log [r (cos ¢ -1 sin ¢)]=x i
PaBHOCIIBHO CJAENYIOWEMY: _
e =r (cos ¢ 1isin o).
TTocreaHee PaBeHCTBO MOXHO HAMHCATb TakK;

€* (cos y 41 sin y)=r (cos 9 -} sin ¢),
OTKYNa, CPaBHUBAs MOAY.IH H aPTYMENTH, MOAYYHM

ef=r, y=o¢-}2kz (=0, 21, Z=2,..),
TO €CTh , : ‘
x=logr u x--yi==logr- (¢ 2kx)!

H OKOHHYATE/BHO:
Log [r (cos 9 4 i sin ¢)] =log r = (¢ -} 2k=) 4, (30)

T. € HAMYpaAssHulii 202apughi KOMNACKCHO20 HUCAQ DPABEH KOMNAEK-
CHOMY HUCAY, 8e4eCIMBEHHAs Yacme KOMOPO20 ecms OObIYHBIE f0-
2apugha Modyasn, a MunMaa wacmy npedcmasasem co6ow npouzsede-
Hue | Ha 00HO u3 3Ha4eHuli ap2ymenma.

Mpr BummM, TakuM o6GpasoM, YTO HarypaibHoli Jjorapagu JaoGoro
yncaa uMeeT GecuncneHHOe MHOMKECTBO 3sHaueHull. Mckmouenne cocras-
J4€T Jumb HyJb, JorapudM KOTOporo ne cywecrByer. Ecan MW nop-
YHHEM 3HAYenHe apryMeHTa HepaneHcTsy

h“<‘?<“’
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TO MOJYYUM TaK HA3HIBAEMOE 22a8HOe 3HayeHue aozapugma. O ormu-
yysg rjgaBHOro 3Ha4YcHHI .uorapu(p.ua oT 06mer0 €ro 3HadeHnda, jgapaemMoro
gopuyaolt (30), moab3yoTCs Aas raapioro smnayeHus obosnaveiier log
pyecro Log, Tak uto

log[r(cos 9t ising)]=!logr-} ¢, 31)

rie — =< g w.

C moMomp0 JOrapudMa ONpeenuM KOMNACKCHYIO cmenens A06020
KOAMNAeKcH020 Hucaa. Ecit u 11 v — B2 KOMINEKCHBHIX 4iCad, NpuueM
u # 0, T0 NoA0KHM :

u v=ev Logu .

3avetny, yto Logu, a moroMy m #® umeloT, pooOute rosops, OGec-
YyUCACHHOE MHOXKECTBO 3Hadenufi,

[Ipumepn. 1. Moayan { paBen eamHie M aprymMeHr -;;, a notomy

Logt=(—§-'-+2k.-.)z (b =0, 1,2,
2, Onpegeany i

k4
. - ,—+2kﬁ)
il=ellogl—, (2 (R=0, =1, +2,...).
180. CuHycomaanbHble BelUUYHHLI H BEKTOPHBLIC AHMAarpaMmbl. YKaxcewm
HA NPHMEHEH]C KOMIICKCHBIX BEMMYNH NpH H3Y4YeHHH TapMOHHYECKHX Koaela-
Huil. PaccMoTpny nepeMennslii Tok, CiIa KOTOPOro j B KamAaslii mosmeHT Bpe-
MCHi HMCET BO BCefi LCHII OXHO M TO e 3uayeHue, ompcieisesoc no popuy.ae

J=lJmsin (ot ) 32

rac { —ppeMs, a fp, © H ¢ -— NOCTOANHbIC.

[MoctoAnnas j,,, KOTOPYI0O Mu Gyacm cYHTatTh MNOJOWHTEILHON, HA3WBACTCH
axnauinydod; NOCTOAHNAA « HA3LIBACTCA wacmomod W cpA3ana ¢ nepuodom T
COOTHOLCHIICM

AOCTOANNAA ¢ Ha3bIBaeTCA (Pa30ii nepeMeHioro ToKa.
Tox, cuiza xoroporo ompejeiserca no ¢opuyie (32), Ha3LBACICA CUHYCOU-
Odazbnui M. Cxazanuoe npHUMEHSETCA I I8 HANPMECHA

U == Uy, sin (ot -+ ¢)), (33)

W B jpaapHeftwieM Mul 6yaeM paccMarpuBaTh CHAM TOKR M HAONPAXEHHA, H3Me-
HAIOIHECH MO CHHYCOHJAIbHOMY 3aKoHy, onpeaeisesoMy gopumyaavu (32) u (33).

CyuleCTBYCT NPOCTO@ FEOMCTPIYCCKOE H306paeHNe CHHYCOHNAIbHAX BEIN-
YHH OJHOIl 1 TOit ke yacToTel. Uepead nekotopyio Touky O mniockocTH mnposo-
UM AYyY, KOTOpHI Mbl 6yaeM Bpallath € YrI0BoH CKOPOCTBIO ® IO YacoBofi
CIPCINC; 3I0T ay4 LA30LLM OChI0 8peticny. '

[lycTs mauainHoe N0J0:eHne ocit speMeHn npu ¢ =0 cosnazaer ¢ oceio OX,
Mocrpouym sexktop OA (puc. 177) aauHu jp, koTOpHit oBpasyer yroi ¢ ¢ Ha-
YaALHBIM NOJOKEHHEM OCH BpeMcHM (HAllOMHAM, YTO NOJIOWHTECIbHLIM HaNpaBilc-
HHCM OTCYETA YIA0B MM CYHTACM HAlpaBaclHe NIPOTHB YaCOBOIl CTPCIKH).
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B wmoment f Bextop OA 6y1er o6pa3oBuBath yroa (¢ -+ wf) ¢ 0Cbi0 Bpe-
MCHI, TIOBEpHYBLUEICs 1A yroa of; npoexuns sexktopa OA Ha Hanpas:elue, nep-
' L4
MEMANKYIAPHOE OCH BPEMEHI 1f MOAYYAIOMEECH OBOPOTOM €€ Ha YTOT —-  npo-

THB uvacosofl CTPeIKH, IIH, KOpoYe TOBOpsA, B3ATAd C HANIENKAULHM 3HIKOM
AIHHA TEPIEHINKYIApa, OMyUICHHOro H3 Kouuna Bektopa OA Ha oCb Bpewmen,
Il IaeT HaM, OYEBHIHO, BEINYHRY j= jp, sin (of 4 g). ‘

» (=

Puc. 177.

Ias mso6paxenus Apyrofl cHHYCOMRAIbHOfl BCIMYHHHI TOTO e nNepHOxA
J =j§) sin (ot + ;)
Hano Gyxer oTAOXUTHL BEKTOP JTHHEI jf,',), o6pasyomiii ¢ nepBHM BEKTOPOM Yroa
Y=%1—%

Takum o6pasom, Npit MOMOU[H HEMOIABMKHHX BEKTOPOB HA MIOCKOCTI ME!
MOeM H300paxarh CHHYCOHAAIbHBE BEAHYHHH OXHOM H Toft we yacrore. Jan-
Ha BCAKOTO BEKTOpA MaeT AMMIMTYAY COOTBETCTBYIOHIEfi BEJAHYNHH, a Yroa
MEXIy ABYMS BEXTOpPAMH MPENCTaBAscT CoGofi pasuocTs ¢a3 COOTBEICTBYIOMNX
3THM BeKTOpaM BeamynH, TlocTpoennuie yka3aHHHM 06pa30M BeKTOpH HAiOT Tak
HA3HBACMYIO 8eKMOPHYI0 OuAZPAAALY CHCTEMH CHHYCOHAAILHHX BEINYNH OXNO-
_TO H_TOro xe mnepHoza.

leomeTpryeckas CyMMa HECKOAbKHX BEKTOPOB BEKTOPHOH RHArpaMM, CO-
I1aCHO TeopeMe O MPOEKUHN 3aMuKalontel, GylleT COOTBETCTBOBATL CHHYCOMAAdb-
HOfl BeAHYHmHE TOro e Meploxa, PaBHON cyaste CUHYCOUDAALHOLX ~ 8eauduH,
COOTBETCTBYIOMHX CIaraeMBIM BEKTODAM.

[Toabaysce onpeneaeHileM yMHOMEHHS, MpUBENCHRHM B [172], MoxHO npH-
JIaTh_OfepauiaM C BEKTODHHIMH TNarpaMMaMH yAOOHBIH aHaauTiHuecKufi BHI

B naaeneitmem Mu 6yaeM 0603Havarb BEKTOPH TEMH e GyKBamm, HO KuD-
HHM pHOTOM. )

Tlpoussedente sexmopa j na Koxnaexcroe 4ucao re?t Gydex cunmams
PASHBLAL 8eKMOpY, KOMOPHl noaydaemes u3 6eKmopa j, ecatt e2o 0AuHy YMHO-
JfCUMb HA r 1t NOBEPHYMb €20 Ha Y202 ¢, T. €. GYNeM CUHTaTh, yTo NpoH3BejC-
Hite re?’ j noayyaerca cOriacHo npuseienHomy B [172] npasuay ymHowenus
KOMIIEKCHOrO 4ic1a, H306panaloutero BeKTOp J, Ha KOMIIEKCHOe 4ncio reti,

Ecmn kounaexcnoe uicao re?! manucars B Bute (¢ 4 i), to npoussejenie
MOXKIO NPENCTaBHTL B BHAE CYMMHI ABYX BEKTOPOB

(a-+ bi) j = aj + bil,
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HpHYEM [ICPBOC craraeMoc €CTb BCKTOP, NMapaniciabHuil BCKIOpy j, a Bropoe
C1aracMoe ¢CtTb BCKTOP, HCPHCHINKYAAPHLIT BEKTOPY §.

Pa3aaras kaxofi-1160 BeKTop j, Ha XBa B3aHMHO NCPNCHIHKYASPHHX HANpa-
BaCHIA, MOXKCM NPEICTaBHTh €ro B BiiiC

Ji=a} + bij=(a+ bi)}.

TTpu stoy [a 4 bi| pasHo, OYCBILAHO, OTHOWIEHHIO AU BEKTOPOB j H j, a apry-
ment yucaa (a -+ bi) npeicrasaser co6oil yroa, o6pa3oBaniikil BEKTOPOM j, € BeK-
TOPOM j. TOT yroa AaeT pasHocTh (a3 BeIHUIH, COOTBCTCTIBYIOUIMX BEKTOPAM J, u .

BecaeyM nonatnue o cpeduesr K3adpamuqHOA 3HIUCHHI CHHYCOMARILHOI BE-
anynust (32), kotopoe Mut o6o3mauny cumsoiom M (j2). Ono onpegeasiercs pa-
BCUCTBOM

T
M@y = i' .

T L

0

Hurerpupya seipamenne

" 2 . 1. 1.
J? —_—.]‘:nsm-(wt—}—c;): 7]3,,—7137&032(“"4'?)

2z
B npeieaax or 0 xo T=-;, noayuny

2z
1 1 5, w1,
A'(J-)=§'J:n—[4—‘sjgn Sm?-(‘“t'i-'f)]_) =3;!?7;°

Kopens ¥paapatuslil H3 cpeaHero KBaiparHUHOIO 3HaYCHHA HA3WBACTICA  3f-
PexmusHbiM, NN Oeficmeyouius, IHAYCHUEN 6EAUYUHBL :
fo /-1—”—.—2-__ Jm
Jegyp=V M) =F=,
Y 2
Ha npaxrtike npi 1nocTpoeniy BEKTOPHHX IHATPAMM OOGHYHO NPHHMMAIOT
ANy BEKTOPA pasuoil He aMmanTyie, a 3h@CKTUBHOMY 3HAYEHHIO BCIHYHH,
T. €. 10 CPABHCHHIO C ONHMCAHHBIM Bblile MOCTPOCHHMEM [INHH BCKTIODOB YMCHb~
a0t o oTHoweHmt 1: ) 2.
Auddepenunpya dopuyay (32), noayyiu

di . L :
(Tjt::“’]m €os (of + ¢) =w/m sin (wt+<e+ %3,

dj .
T. ¢. Ipol3Boanas ‘d—;- OT.HINAETCA OT } JHIIb TeM, YTO aMILINTYNa yMHOMKACTCA

®
Ma o 0 K {dase npibasaserca e
Buipegennoe CooTHOLICHHE B BCKTOPHMX 0603HAYCHHAX HANNIICICA TAK:

dj .

~ == wi}. 31

ar =il 31
Wurerpupya dopmyay (32) n or6pacuizan NPON3BOALHYO MOCTOAHHYIO, YTO

#eo6X0ANMO  fieAaTb, CCIH MH Ke1aeM MHOIYHHTb TaKke CHHYCOHXAALHY
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BEAHYHRBY TOrO Xe€ MEpHona, HMEEeM

ki3

", 1, | .
detz—ajmcos(mt+:;)= ;]msxn(mt+9—2),
oTKyxa cacayer !)

Sja't:mlij. (35)

181. IMpumepst. 1. PaccMoTpny 1enb NEPEeMEHHOTO TOKZ, B KOTOPYIO BBe-
ReHB TOCTE1GBaTeIbHO: CONMpOTHBICHNE K, caMOHMHAYKuHA L W eMxocts C.
OG6o3HayuB yepes v HanNpaxenne H yepes j cHay Toka, 6yaeM HMETh H3BecTioe
113 GHU3UKH COOTHONUEHNE:

_ dj  1¢,

OrpannynMcsa NoKa TOTBKO ABICHIAMN YCMAHOBUGMUMUCA W TPHTOM Tewm
CIyyaeM, KOraa u HanpsKeHHE H CH1a TOKA OKa3BIBAKTCA CHHYCOMAANBIKIMI
BCAUYHHAMI OJHOTO II TOro e nepuofa. [lpexniayulee ypaBiesHe MOXHO nepe-
nuca}b B BeKTOpHOI hopme, BBeA BMECTO ¥ H j 8eKmOps HaNpAXEHHA M TOKa
vij

—Ritr 8 L0
v=Ri+ L3+ {1
ccrioMHuB dopuyar (34) n (35), naxoanuM orcwoaa

v=Rj+mLij+;lc—“:j=(R+"i)j=c.i. (36)
rae .
"="’L_c.%’ t=R+ui (37

TMonyyennana 3aBHCHMOCTD MEXY BCKTOPaMIH HANpPsOKEHIIR i1 TOKA HMEeT BIX
obriynoro 3akona Oma ¢ 100 TOALKO DPa3unmeil, YTo BMECTO OMHUECKOro conpo-
THBJIEHHA 3/€Ch BXOAHT KOMILIEXCHHI{T MHOXHTeab {, KOTOpHIi Ha3HmBaeTca Ka-
HCYUUMCR CONPOMUGAEHUEM tjens T1 COCTOMT H3 CYMMB! TpeX ,CONMPOTHBAEHNIi“:
oxudecko20 (R), conpomusaenuss om casoundyryuu (wli) u conpomugarenus
om emxocmu g——) .

wCi

Popmyaa (36) maer BMecTe € TeM Pa3loxenye BEKTOPAa V Ha JIBe COCTAaBIAI~
mue: Rj— Mo HanpapIeHno j 1 wij — NO HaNmpabICHMIO, MEPINCHINKYIAPHOMY K j.
TepBas naswiBaerca sammmuod, BTOpas — Ge3sammuoii COCTaBIAOWIHMH Hanpaxe-
Hu. DTH TCPMHHBL CTAHYT fCHBIMH, €CTH MH BHIUNMCAHM CPeOHIO0 MowHocmd W
TOKa Haleil 1eny, KoTopas onpeieaneTca KaK cpeaHee apinGMeTAYECKOE 0 BCEMY
NepHolxy OT MrHOBEHHOIl MOMHOCTH Uj:

T T
W= I—TS vjdt = U"'T] '"S sin (ot 4 ¢y) sin («f -+ ¢,) df;
0 0

¢, o3nauaer 3tech a3y nanpaxenua, ¢, — a3y Toxa, TaKk uTo
V="0Up sin (of +¢,), J=jp sin (of +¢s).
p
1) CuwmBox d-'t' 0603Hay2eT BCKTOP, COOTBETCTBYIOUHA CHIIyCONTaIbHON Beai-
di
yIHe E]Z’ a CHMEOI X‘jdt—aemop, coomercmyxouumSj dt.
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bes 1pyna naxoaum

T
W =227 { [cos (5, — 92) — cos Qut + p.)] dt =
0
= v'"2] ™ 0os (9 — §o) = veﬁjeﬂ €05 (91 — o) (38)

TakuM o6pa3oM, HanGoaLIIaA MO a6COTIOTHOMY 3HAYCHIIO CPEIHAA MOUHOCTL
101yYyaeTcs, KOrxa ¢assl HanpsaKCEHNA H TOKA COBNAJAOT MM OTINYAIOTCA Ha w55
HauMcHbIuas, PaBHas HYTIO, MOMHOCTD MOJYYaeTCA, KOrAa 3TH Ga3u OTINYAOTCH
Ha /2. .

[pn cocraBieHun storo Bhpamenus W Ge3parTHas cocraBasiomas i
BEKTOpa V JaeT CPCHHIOI MOIIHOCTH, PABHYIO HY1I0, NGO BEKTOp uij mepneHuu-
KYAAPCH BCKTOPY J, T. €. s Hero cos (3, —¢,) =0, 1 BCA CpCAHAA MOIWLHOCTD,
KOTOPas NCPCXOAUT B KOYICBO TENA0, NOAYYACTCA JAMWb OT BaTTHOIl (,paboucii®)
cocrasaaomei.

Coornoutenite (36) MOXHO nepemicatb B Bjie

j=

o~

1 .
vV=nV, Trac -q=R+m_=g+lu,

Iy 7
J=gv + hiv.

KoMnackenuii MHOKITEL v HAa3BIBACTCA K@ICYUieiicst nposodusocmsio yenu,
OH pased 00pamuoil se.auduHe Kaxcyujezocs conpomus.tenusn. Tlpeiuayman xe
($OpMYIa NaCT PA3I0KCHIIC BCKTOPA TOKA HA BATINYIO M 6€3BATTHYIO COCTABAAIO-
we (110 HanpaBIeniio vV i NePNeHINKYIAPHO K HCMY). P

2. Ocuosubie 1paBit1a 114 BEIYHCICHIA CONPOTHBICIN CIOXKNOI Lenn nocroai-
110r0 TOK3, B KOTOPYI0 BKAIOYCHBI COMPOTHBICHHA MOCICAOBATCILHO IIH Mapal-
aeablo, TPaBida, KOTOPHE BWBOIATCA 313 3akonoB Owma n Knpxroda, ocraworcs
B ClIe 1 D14 ucncli ¢ mepeMeHHLM YCTAHOBHBIMHMCA CHHYCOHIAIbHLM TOKOM,
CCAH TOALKO YCIOBIMCA MCHOBCHHEIC 3HAYCHUA HANPAXCHHA B TOKA 3aMeniThb
COOTBETCTBYIOUIHMII BEKTOPaMif, 4 OMHYECKIIE CONPOTHBICHIA — KAaW yIIIMIICA.

Tag, ccan B uenb BKIOYCHH nOC26008ameabH0 KAKYUHECA CONPOTHBIACHHH

C1=Rl+x1i: C2=R2+x2i)"'l
TO BEKTOPH NANPAMCHHA I TOK2 GyAYT CBA3aHW COOTHONICHHAMIL
={j rmme = +C+..., (39)

T. C. npu Nn0CAe008aMeAbHOM GKAOYEHUL Kaxycyujuecss conpomugrenus CKAAIbL-
gawmes.

Haodopor, €CJIl Te XC CONPOTHBICHHA BKIIOYCHL nNapaAleAbHo, TO Mbl no-
AYHUM cooTuouwrenne

11,1 '
v=_{"j, rae Z;-—Cl-l—cg—i-..., (40)

T. C. NP NAPBANLALHOM BKAIOHEHIL CKAGOLBAOMNECS KaXCYujuecs npo8odustocmu.

Cpaduryecki mOCTPoCHie NOIHOr0 KauyULerocs CONpOTHBICHIA HPH N0CIC0~
BaTeIbLHOM BKAOUEHIN Kamkyuywxcs conporusienuit £y, §,,... csomurca npocro
K MOCTPOCHHIO T'COMETPHYCCKOIl CYMMH BEKTOPOB, H300PAKAIOUHX ITH KOMMICKC-
BBl yncIa.
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YKaxeM MOCTPoeHie B C1yyae Naparteabuoro BRIOYCHIA ABYX KAMYMHXCA
conpotsaenuit {; u £, Mu nveem no npeamnymesmy npasuay

1,
LG

(" — .—l—
tl C,

Monoxns
rr=pe% [ =pe, Co=pe®, 0 40 =pye,
MH GyneM HMeTb

p=-—E,  0=0,40,—0,
Po
10 NpHBOMNT HAC K ClefylouleMy reoMeTpuueckoMy nocrpoenmio (puc. 178)Y).
Haxomum npesxne Bcero cymmy ¢, --{,=OC; aateM crpoum A AOD, nopo6-
nuft A COB, naa uero nosopaunsaem A COB B nozosxenne C'OB’ n nposonus
npamyio AD || C'B'.
3 NOZoGUA TPEYTOABHHKOB BHIBOIHM:

00=04-22.  1eemn p= 2P:
oc”’ Po’

0=0,—0, (5,=0),

410 11 TpeGoBal10Ch NOKa3aTh. .
3. PaccMoTpuM cBa3aHHble Kole6aHHA IBYX uemelf, HaXOAAM{MXCA B MArHyT-
HoM coefntHenuy (puc. 179). [TycTh vy, j; 03HAYAIOT BHEWIHIOW SIEKTPOABHEKYIYIO

Pnc. 178. Prc. 179.

cnay u cuay toxa B nemn I j,—cuay toxa B nenn II (6e3 Buemmeit 3aexktpo-
asuxywelt cman); Ry, Ro, Ly, L, C;, C,— COOTBETCTBEHHO: CONpPOTHBICHHA,
KOQPHUHENTH CaMOMHAYKIHNH 1 eMkoctn STHX nemeill, M— koadppuuucHrn
p3aimuoft wHAyKimA weneft 1w 11 -
ViMeem cooTHomenns
.y g di dj 1.
0y =Ryj1+ Ly ;tl +M d’; +"‘C‘-IShdt1
dj, dj, 1¢.
2 g T Mgt g ) 2t

O=R2je+L

.~

) Ha yeprewme mu nusa ynpomenns nanpasuan ocs OX mo Bexropy ,, uto
NPHBOMHTCA K mpeanotoxenno 6, =—=0. B o6mem cryyae noCTaTOYHO MOBEPHYTH
ocs OX na yron 0, nmo yacoBofi cTpeike.
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Ecan paccmarpuBath yCTaHOBHBHIMECA NPONECC, B KOTOPOM HAMPRMEHUE 1
TOK MCUSAIOTCA 110 CHHYCOHNAJIBHOMY 3aKOHY OJMHAKOBOI YacToThl, TO 3TH ypaBlc-
HUA MOXINO LIEPCRNCaTh B BEKTOPHOI (opme:

, 1\, " ,
v, = (Rx 4oL +-°’—CT)]1 4 o Mijs =, -+ o Mij,,

.y 1 . ’e
0= Mifi+ (Rot 0 L + — Jis =0 Miji + Lol

rae §; n {,—xkamymuecs conpornBiaenns ueneil I uw Il, ecan omn p3arm camn
no ceGe. Peman OTHOCHTEIbHO j, M j, Moayuunm 6e3 Tpyla

. L s L o Mi
W=ty T T I TR

Tepenncas nepBoc ypaBHeHIe B BHIE:

"lo

2AMN .
V= (Cx -+ "(‘:T) 1

1Y

MBI MO:KE€M CKa3aTh, YTO HaIHYHE Henil H usmenser Kamyuicecs CONpoOTHBICHIIC 4
2 2

venu I Ha caaraemoe -
2

182, KpuBrie B komnaekcnoil dopume. Ecan pemccerseniitic ylicaa ycaosumcs
n306paxars Toykamn 11a AauHclt ocn OX, 10 H3Mencnie BEUICCTBCHHGI NepeMen-
HOIl NPHBOJNTCS K NCPCIABILKCHHIO cooTBercIByoouieil Toukn 1o ocn OX. Cosep-
IUEHHO aHAJOTIYNO H3MCHCHIO KOMILICKCHOI nepemennoii { = x -} yi npupoaurcs
K HepeiBinkeHHIo 1306paxcaomeiil Toukn no naockocmu XOY.

Oco6enno uuTCpeCen ToT cayyail, Koraa nepeMennan { mpn cBocM u3Mene-
HHUH OLIICLIBACT HEKOTOPYIO Kpu8)i0; 3T0 CIYYHTCA TOrid, KOrja Beluiccraeniias
I MUHM2A YacTH, T. €, KOOPINIATH X H ¥, CYyThb QYHKUWIH HCKOTOPOro napamerpa u,
KOTOPHfl Mbl GYICM CYHTaTh BCLLCCTBCHHLIM

x=g () y=%(0) “#n
Mu 6yzem Torxa mucare mpocto
=7 (), rae f@)=¢. () +ig, (@)
It 6yJeM Ha3LIBATh STO YPaBHCRIE — YpagHeHueM paccistampusaesnoti Kpusoii (41)
8 KOMNAEKCHOL doparie.
Ypapucuna (41) aawT napaMerpuycckoe NpPeACTaBiCHUE KPHBOH B npfMo-

y20abHeLX Koopaunatax. K npeicrasachiio ee B noAsApHo X KOOPAHIIATAX MLl Hpli-
ZieM, eCan Hamimex nepemcunyio { B noxasarcabholl dopue:

C=pe® p=9i(w) 6=1s ().

B 370M BHIpaKeRIH MHOXHICIbL p €CTh He YTO uHOE, Kak |{], Muoxurean

e e’} KOTopuii B cayuae pemecrsennnx § (0 =0 man %) COBNajfiaeT CO ,3HaKOM“
(== 1), €cTb BCKTOD MTHHBL INUHHIEN 11 0603HAYAETCS CIIMBOIOM

_t
I€i
(coxpamensoe AaTHHCKOE CI10BO ,Signum® — 3nak).

K neoGxomnmMocTin paccmMoTpenns YpPaBHEHHII KPHBHX B KOMILICKCHOH ¢opye
NPHBOJAT BCKTOPHUE AuArpammst, Eclit Mul B CooTHOWesnn

v={}

Sgn¢{ =e'
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6yneM CYHTaTh BEKTOP TOKa j MOCTOAHHBIM, HO 6yIeM MEHATb Kakyio-nubyio ua
PA3aNYHBIX NOCTOSHHBIX 1NN, TO GyIeT MCHATbCA Kakylleecs conporusienine §
N BEKTOD V; KOHel{ 3TOro BeKTOpa V OMHUIeT KPHBYIO, KOropas Ha3bBaercs dua-
2pamMOll  HAnpsoCexdus, MNOCTPOHB KOTODYIO, MBI NOAYYHM ACHYID KapTHHY
uaMeHenna Bexropa V. Touka { Taxixe onmmer xpusyw (Juazpastma conpomu-
8.2HUS), KOTOPas TOALKO BHIGOpOM MacmTaba GyHeT OTAHYATHCA OT ANArPaMMHl
nanpskenus (3a egMHHUY 6yAeT NMPUHAT BeKTOp j).

PaccmoTpuM Tenepb ypaBHeHHs HEKOTOPHIX NPOCTEIUHX KPIBHIX.

1. Ypaenenune npsamofl, npoxoasueit yepes HAAHHYIO TOUKY &y=x, -+ yd 1
obpasyromeit yroa a ¢ ocsio OX:

L =0y -J- uert;
napaue;p 2 03HAyaeT 3KeCh PACCTOANHE, OTCYHTHBaeMoe OT Touknm §, no . -
2. Ypaslenyie OKPYXHOCTH C LEHTPOM B TOuKe {, Il pammycoM r:
C={,+revi

3. D1mnc ¢ HCHTPOM B HAYaTe KOODPAWHAT H MOAYOCAMH 4 H b, mpmyem
Goabimas ochb HanpaBiena mo oci OX, nMeeT B KOMMmIeKcHOit ¢opMe ypasHe-
nne [177]:

{=x-tyi=acosuibl sinu= a-‘l)'be,,i'+a—2— bc‘"'.

Ecan Goabwaa ocp obpasyer yrox ¢, ¢ oceio OX, T0 ypaBHeHHE 31THACA NPHMET
BHA

t =e?°l [‘—L‘_.ll-—b et 4 a;_b.e-al ].

B o6uiem cayyae, KOrga ueHTp 3:TIHNCa Haxomutca B Touke {, u Goxasbuaa oce
oGpa3syer yrox g, ¢ ocvlo OX, sxunc Gyner UMeTh ypaBHenue

Ny —b _ .
=0+ e%,l_g:;—b eul + 9_2__ et J.
Ecan b =g, ypasueune 310 ofpamaerca B ypasHeHHe OKDPYKHOCTI pajuyca a:

4 =Co + ae(?o + u) i’
rae (9, -} 1), TaK ®e Kak ¥ o, — BeuleCTBenHHl napaverp. Ecan b =0, moayunm
OTPE30K npAMOll: - : : .

. eui+ e—ul
C=Co+ae? —5— =0, +ae® cosu, =1, +ve®,

obpasyomuft yrom ¢, ¢ ocbio OX, ninusl 2g, cepelinHa Kotoporo B Touke L,
1160 napaMeTp ¥ = a Cos # — BeIEeCTBEHHH, MOoTo6HO 1, HO MOXET NPHHIMATh
3HAYCHIA TOABKO Mexny (— a) u (- a).

PaccmarpuBas cayuan OKPYKHOCTH M OTPC3KA NPAMOM KaK NpegeabHsIC
cayyYail 3AMMICA, NOJYUanLlIecs, KOrga Majdas noayoch CTZHOBHICA PaBHOft 60.16-
o 1an o6pawlaeTcsa B Hydb, Ml MOXKEM Telcpb CKa3zaTh Boofule, UTO ypasHe-

Hue
U=0o+ pee® 4 pee™, (42)

20e Ly 1y, pa— Kaxtie y200HO KOMnaeKcHuole 4ucaa, ecezda npedcmasasem
YpasHenue 3rauncg.
B camom Jere, MOJOKHB

6, 46 0, —90
P1=Mxeeli' P-2=M.~.ea’it l-‘2_ : -

=0 Ty = Bor
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MOKeM NCpCHicath ypastichue (42) B Bije
Cm=lo 4 My F00 g A= @0 b ool (71,0800 T 4 pp o= (@t} iy,

OTKYZa sICHO, YTO PACCMATPIIBACMAA KPHBas ¢CTh AeflCTBHTEABHO 3ILIMIC C HCHTPOM
B TouKe Lo moayocasu (M, 2z M), i Goabinas och KOTOPOro oGpasyer yrox g,
c ocblo OX, T. c. HMeeT Hanpab:leHHe GUCCEKTPICH Yria MeXIY BCKTODAMH
M p,. [pu My =0 saannc ofpauwtaerca B okpyxkHoCcTh, Npn My = M; — B orpesox
npasofi.

4. Tlpn uccieiopauni sBlIC-
Bl NepeMeHHOro ToKa B UENsX ¢

Puc. 180. - Puc. 181,

HenpepsIBHO pacnpeleIeHLME CONPOTHBICHNAMY, €MKOCTAMH I CaMOMBAYKuMCit
GoabIloe 3HAYCHHC UMCIOT KPHBHE, ypaBlcHie KOTOPLX B KOMILICKCHOil dopme

HMCCT B
( = ‘481", ’ (43)

rae v i {—Kakue Yrolilo KOMIICKCHIHC MOCTOAHHNE,
Moaokus v=N,e¥%, y==a--bi 11 nepexoia K MNOIAPHHM KOOPIHHATAM,
HMeeM 0TCI01a

{= peﬁi = N,efolela+bis = Nxea"e(bu-}-%)i’

70 ecTb
p=N,e%, b=>bu-3,

OTKYyAa

KN OKOHYATCIALHO
B L)
p= Ne? N=Ne °)°

T. € PACCMATPUBACMAfn KPHBag eCTh JA0rapudMiyeckas cnupaib (pnc. 180, coot-

] a
BCICTBYIOULIT cnyq:no? >0 )
Boaee caomnue kpusne Tina

= Y]enu + Vgeuu + v + y‘\e"s“



184 | § 18. OCHOBHBIE CBOIICTBA LEJIHX MHOTOUY/IEHOB 437

MOXHO TOIYYNTH, NIOCTPOHB ,COCTABIAIOUINE CIIHDPAAN®
Cy =T, Co=v,eT?®, |, [=veels®

H BHYHCTSARA [COMETPHYECKN NPH KaiXAOM 3HAYCHHH It CYMMY COOTBETCTBYIONIHX
sunayennit §,, Lo, ..., {5 (puc. 181).

183. MlpeacTaBrenue rapMonnyecKoro KoneGanns B KOMIIEKCHOR dopme.
Fapyonnyeckoe 3atyxalomee KoieGansie Bupaxaerca GopMy.Iofi

x=Ae~t sin (ot + ), . (44
rie A # ¢ — noIoXHTEILHHE NocToARNEIe, Beeges B paccyoTpense KOMILIEKCHYIO
BeIHYUNY

bl L3
—=}1 —cf —=)1
(Po ) ) . € -l-(‘"l-l-?o 7 ) (45)
L—=Ae etoted it — Ap .

BeutecTBeHNAaA 4aCTh ITOM KOMILIEKCHO! BEINUnNGI COBNANACT C Buipaxeniey (44).
Takusm 06pa3oM, MB MOXKEM NpEICTaBHTL M060e FapMOHHYECKoe 3aTyxamee
Ko1e6anilc Kak BEU(ECTBCHHYIO YaCTh KOMMICKCHOrO BHPAWEHHA BHIA:

it
C == ae@ N
rne a o f— xomnaekcuse yncaa. B cayuae dopuyan (45)
(?'o—-}) i
a==Ae H f=otcl
B cayyae uncro rapMonmyeckoro xoseGanna Ges saryxamnma e=0 n B Gyner
yicaoM BeuectBernsIM. Bupanenne (45) naa { cosnanaer ¢ supaxennem (43) npn
()"
v=_Ae P y=(otci)i=—c¢tol n u=t

Orciona BHINO, YTO NPH H3MEHeHSH ¢ Touka { ONHCHBAET JI0rapipyMHYEcKYIO
cnipane, NpHYeM NOAAPHLIL yroa 0 ecth mmumefiiaa QyHKuHMA BpeMeny £

T

ﬂ=“’t+‘?o_'§’

T, €. pagHyC-BEKTOP W3 Hayala KOOPHHHAT B Touky { Bpamaerca ROKPYr Hayaia
€ MOCTOAHHOM Yra0BOH CKOpPOCTBIO o, Tlpoekuna Toyku { ua ock OX cosepinaer
aaryxawomHie Konebanua (44). Ecam e==0, 10 Toyka { ZIBHXKETCA NO OKpy¥K-
HocTH p=A, 1 ee npoekuua Ha ocb OX ABHKEICA N0 32KOHY TrapMOHHYECKOLO
KoaeGania 63 3aryxaunmuam

X = A sin (of 4~ §,).

§ 18. OCHOBHBIE CBOMCTBA LIEJIIX MHOCOYJIEHOB
1 BBIYHMCJEHHUE HX KOPHEM

184. AuareGpandeckoe ypaBHeHMe, B wnacrosmem naparpaje Mel
Oynae:M 3anHHMaTbCAd HCCAEAOBAHHEM LEJOro MHOrouaeHa (MOMHMHOMA):

fR=a" 402"+ ... + 2" "4 ... a4z-a,
TR @y gy «. v » Qpy o oo » @, — HAHIBE KOMITEKCHHE YHCAA H Z — KOM-
NAeKcHan MNepeMeHHad, MpHueM crapumf KOS(@HUUEHT @, Ml MOWEM
CUHTAaTh OTAMYHBIM OT Hyad, Ocuobupe feficTBHA € MHOrOUJAEHAMH
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XOpOWO U3BECTHH u3 saementapioll aarefpn. Mo HanoMuuM ToaLKO
ocHoOBHON pe3yabTar, Kacaioutniics xeticrous aexenns. Ecau £ (2) u ¢ (2) —
Apa  MUOrOYZeHa M cTenmenb ¢(2) me Buue crenenn f(2), 10 f(2)
MOMIIO NMPEACTaBlTL B BHAE:

[@=¢()- Q@ +R()
rae Q(z)u R(2)—Takike MHOTOUJEHH, fpHdeM CTeneils R (2) mike
crenent ¢ (2). Muorounennt Q(2) n R(z) HA3LIBAIOTCS, COOTBETCTREHIIO,
uacTuLIM U OCTaTROM npu geaennn f(2)ua o(2). Yacrnoe wu ocrarok
CyTh Bno;He onpeieieinibie MHOTOYJIEHH, Tak 4TO mpeicrasJenue f(2)
B YKA3aHHOM Bullle Buae vepe3 ¢ (2) eanilCTBEHHO.
3uauenus z, HPU NOOCHIAHOBKE KONIOPHX JMHO20MACK o0paujaenicst
8 HyAb, HA3bLBAIONICS KOPHSMU 3Mo20 MHO2otaena. Takum oGpaaowm,
ropHu f(2) cyTb peumteinis ypasheniis

f@=ay2"+a 2" 4 ... +a, 2"+ ...+ a, 42} a,=0. (1)

Hanucanoe ypabuenue HI3WBACTCA QA2e0pQUUECKUN  YPABREHUEM
n-ii cmenenu.

Ipn zeaeunun f(2)ua meyuaen(z — a)uactnoe Q(2) Oyaer mioro-

uaeiioM (11— 1)-il crenenn co crapuiy kosd@iuienTom @z OCTaTOK Ke R
ue Oyaer coaepixatbh z. [lo ocuosuoMmy CBOHCIBY neaenuns HMeer MECTO

TOXIECTRO
fRQ=E—a)Q)+R.
[Moacraniss B 5T0 TOKAECTBO Z==a, NOJAYYHM _ -

R=f(a)
T. €. ocmamor, Hoayraesud npu deacnun mnozoiaena f(z)ne (2 — a),
paeen f(a) (teopema Besy).
B uvactnoct, mas Toro yroOwm Miuorouden f(z)meauacs Ha(z — a)
6e3 ocTarka, 11e00X0auMO 1 LOCTATOUHO YCAOBHE

f(@)=0,
T. € 04 mo20 4molbl MHO20MAeH deaudcst Ha 0syiaed (z — a) Oe3

ocmamia, reol0xoduio u Q0cmamouno, 4moby z==a OHAO KOPHEM
IN020 MHO20U AEHA.

Takny ofpasoy, 3Has Kopelb 2==a Muoroudena f(2), Mo MOKeMm
BLIACAHTD M3 3TOrO MHOTOYJAEHa MUIOKHTEIb (2 — a):

f(@)=(z—0a)f,(2),

rie
[i@=by 2" -0, 2" o o b2 b, (bo=ay);
HAXOIKACHHE OCTAAbHBIX KOpHell NpHBOANT K DEWIennio ypanuels

by 2" by - L bz b b, =0
(n— 1)-1 creneum. o
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Ins naneneitmero mnaM ueo6XOAHMO HMETh OTBET HA chaeaytoulufl
BONPOC: MMEET JIM BCAKOe aaredpatyeckoe ypabHenue KopHu? B cayyae
Heanrefpauyeckoro ypaBHeHHUA OTZET MOWeT OHThb OTpHUATe’bunM. Tak,
HanpuMep, ypasHeHHe

=0 (z=x-yl)
BCBCE KOpHell He muMeer, Tak Kak MoAyan e¥ JaeBoft uyacTH Hu npw
ORIIOM 3HIYEHHH X B Hy1s He oOpawmaerca. Ho B cayyae anareGpanue-
CKOTO YPaBHEHH? HA MOCTABIENHHN DHIINE BONMPOC HMEETCS YTBEPAHTC/b-
Hblit OTBET, KOTOPHI W 3akmlouaercs B caepywouell ocnoBnofi Teo-
peme aareGpH: scaKoe asnzefpaitieckoe ypasHeHue umeem no
Kpaiinell sepe oduH KopeHs.

Mut npumeym 3nech 3Ty Teopemy Ges joKasaTenscTa. B Tpervem Tome
npU U3I0KeHuH Teopun (yHxuuit KoMmaeKcHoft mepemennoff Mnl gazum
€e J0Ka3areabCTBo.

185. Pa3nomenne MHOrowjIeHa Ha MHOuTend. Beakuit muorouaen
f)=a2"t+aq 214 ... da,,2-}a, 2

COrJIACHO OCHOBHOfl TEOpEME, HMEET KOPEeHb Z==2;, a4 NMOTOMY JEAUTCA
Ha (z—2zy), 1 MH MoxeM Hamucatb [184]

fQ)=(z— z)) (@" ' +..).
Bropoft MuoxHTe s npou3Bexenus, CTOSIEro B Npapoll wyacTH 3TOro

paBeiCcTBa, WMEET, COTAACHO ynoMdnyTofi OcHOBiOfl Teopeme, KOpeHb 2z ==
==2;, @ MOTOMY HEJHTCH Ha (2 — 23), 1 MBl MOXEM Hanucars

F (@) =(z—2z)) (z — z3) (@2" 2 -}-..)).
ITponomxas TakuM o6pa3oM BHIAEAATb MHOMHTEIH mnepnoft crenemn,
Mbl TMOJYYUM OKOHHATEeISHO caeayioulee paznoxenue f(z) ma muoxurenu:

Ff@)=ay(z—2) (z— 25)...(2—2,), (3)

T. €. 8caAKull MHO2044eH N-ii cmenenu passazaemcn Ha (n—--1) awno-
ogumenell, o0uH U3 KOMOpLX pasen cmapweMy Kodpgunyuenmy, a
ocmansueie cyms 08yYAeHs Nepsoii cmenenu suda (2 — a).

[Ipn noncranoske 2==2z;(s=1, 2,..., n) no kpattuel mepe omuu
13 mHowuTeaeH B pasnoxenun (3) oOparurcs B Hyab, T. €. 3Hade-
N 2=2z; cyms Kopru f(z). . :

JlwGoe 3HaueHHE 2, OTMIUHOE OT BCEX 2, HEe MOWeT OHThb Kop-
neM f(2), Tak KaK NpH TAaKOM SHAYGHHH 2 HM ORHMH N3 COMHOXHTEneH
B pasnoxenun (3) B Hyabp He oOparutcs.

Ecan ee uncaa 2z, pasmiynp mexxay coboft, To f(2) umeer posHo n
pasanynmx kopreff. Ecan cpeam uncen 2zg ectb OIMHAKOBHE, TO YUCTO
pasanunnix Kopueii f(z) 6yzer menbume 7.

Taxum 06pasoyM, MH MOXeM BHICKa3aTb TEOPEMY: MHO204AeH n-ii cme-
neru (uan aszebpanteckoe ypagnenue n-ii cmenenu) He sMozcem uMens
Oonee n pagandHelx KopHeil.
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Henocpeactsennsiy caeacTsieM 3TOH TEOpeMH siBAAETCS CaAeAyiollee
NPEANOKEHNE: ecAll U3BECINHO, HINO HEKOMOPLIL MNO204AeH cinelleni
He sbtute n useem Oosee 1 Pa3AULHBX KOpHed, mo éce Ko3fgunu-
CHINDL 3020 MHO2044eHA U C80000HBLI HACH PABHLL HYAI0, Hl. €. 3O
MHO20AEH PABEH HYAI0 MOIUCOECIIBEHHO,

Moao:xum, ut0 BHaueHns apyx Muorounenon fi(z) u fy(2) cremenn
le selllle 22 coBnanaiT GoJee yeM NpPH 1 PasanypblX 3Havyennsax 2. Hx
pasiocte fy (2) —fy(2) ect» mumorcunenr cTemenn ue BLIIE I, HMEIO-
mall 6oJee 2 PasAHUHBIX KOpHell, a NOTOMY 3Ta PasloCcTb COPALIAeTCA TOX-
nectenno B HYab 1 fy(2) u fo(2) nveoT omunakosule KO3(pdiniuenTH.
Ecan 3nauenusn 08yx MHO2044€HO8 cmeneHll He 8vle N cognadawnt
0oqee dest NPuU I PA3AUYHBX 3HALEHUAX Z, MO 8ce KoIPhuyuenme:
3MUX MHO204AEHOB 1t CB0C00HBEe HACHBL OOUHAKOBHL, Iil. €. smu sHo-
204ACHE MOXNCOCCMBEHHO PasHBL MedCdY colod.

J10 CBONCTBO MIIOFOYJIEHOB JIEKNT B OCHOBE TAK HA3LIBAEMOrO Me-
TOA2 Heonpemeennux Ko3(p@HIueHToB, KOTOPHM ML B gaiviiefinieM Gy-
neM noan3oBartbed, ITpakTHyeckn cymHoCTe 5TOr0 METo4a CBOANTCHS K TC-
My, YTO H3 TOXAECTBENNOro PpaBEeHCTBA ABYX MHOFOY/IEHOB BHITEKAIOT
papencTBa KoagduuueHToB STUX MHOTOYJe0B NPH OANIIAKOBLIX CTENelaX 2.

Paanoxenne (3) Obi10 HamMu 1oJyyento NyTeM BLIASAEHHS MHOMKNIC-
Jeli mepeoit cremenn n3 Muorousena f(z) B onpenenenHoM mopsake,
Tlokaxem Temepb, YTO OKonYaTeabHulll BHI PasIoxeNus HE 3aBHCHT OT
TOro, KaknmM oO0pasoy MLl BHIAEAAMI YKa3auunLe MIOKUTENN, T. € YTO
JHO204ACH WMeE eQURCIILBCHKOE PA3AONCEHIe HA MHOXMCUumeAl suda (3).

[Tonosxiy, YTO, KpoMe pasnoxenns (3), HMEET MECTO paszioikeHne

f(@)=0by(z —21)(2 —23)...(2 — 2p). EN)
CpasiuBas 5TH ABd PasIOKeHHs, MOKEM HaicaTb TOXAECTBO
q(z—2)(Z—2)...(2 — 2,)=by (2 — 21} (2 — 22)... (2 — 2p).

JleBast yacTs 3TOrO TOMKIECTBA OOpAallAeTCsd B HyJAb MNpH 2 ==2; CJe-
JOBaTesNbHO, TO Ke JODKHIO HMETh MECTO H [0 OTHOIIEHHIO K mnpasoti
4acTH, T. €. 10 Kpaluell mepe 0aHO U3 yicea 2% HOMKIO GHTL PaBHLIM 2.
Mo:xno, uanpumep, cunrats, yto 2, =2;. Coxpamas obe wactu namicai-
NOro TOXKIECTBA Ha (2 — Z;), MOJYYHM PaBencTBo

a,(2—2)...Z—2)=by(z—232)...(2—25),

CrpaBeniiBoe TpH BCEX 3HAYEHHAX 2, KpoMe, MOwkeT Owurts, z==2;. Ho
NpH 3TOM, B CHIY NOKa3aHHOI'O BHILIE NpeNJI0XKeHHs, 5TO PABEHCTBO TAKKE
D0oKHO OHTH ToxcaecToM. Paccyxnas Tak ke, Kak W BHINE, JOKAKeM,
yTo fp =2 U T. I. I, HAKOHEW, uT¢ by = a,, 1. €. pazaoxene (3y) 20Lii0
conmanath ¢ pasioweunnem (3).

186. KpaTtHnie xopuu. Cpemn uncen z,, BXOAAWNX B DasioxeHHe
(3), Moryt OnlThb, Kak MH y:Ke ynoMuuaau, u ojuuakossie, Coenunsas 8
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pasnoxennn (3) OIHIAKOBHE COMHOXHTENN B OINHY TPYMNIY, MOKEM Hall-
CaThb €ro B BILIE:

R =a,(z— 2" (z— 22 ... (2 — 2p)'m, “4)
TAC YHCAQ 2y, Z2seees 2y PASTUYHBL N
Ry} byt A-bpy=n. ()

Ecm B nanncalmou TaKHM 06pa30M DAa3/IOKEHHH HMEeTCs MHONi-
Teab (2— 25)%s , TO KOpeub zZ==2,; HA3HBANT KopHesr Kpamwuocmi ki
u 8oobue KopeRs z==a MHO204AeHa [ (z) Ha3bieaemcs Kopret Kpam-
Hocmu k, ecau f(z) Oeaumest wa (2— a)* u re deaumes a (z — a)**,

Ykawem Temepp Jpyrofi npH3HAK KpAaTHOCTH Kopua, s sToro
BBEAEM B paccmorpenne dopmyay TeHnopa, 3ametum npexpme Bcero,
YTO MOXEM ONpeneTHTb. IPOH3BOXHEIE OT MHOrouteHa f(2) mo Tem xe
dopMynamM, Kakue HMEJH MECTO NPH BELECTBEHHOH nepemexnoii:

f@R)=a" a2 . a2t a2 ay
f@=naz"'+@n—1)az" ...t (n— k) ap2"* 1) . La,
f"@=n@n—1)az" 4 (n—1)(n—2)ay2"34}-..

v —RB(n—k—1) a2t 2. 14q, ..

® e ¢ 8+ e 8 P & * a4 e s " e e s @& s e e o+ e s o e+ o = e s »

dopmyana TeHtnopa
F@=f @+ @+ 5L @+
...+(i-—,aﬁff“‘>(a)+... +E=a fm gy ()

npeactapaser co6olo aneMenrapHoe aareGpanyecKoe TOXIECTBO, COAEpPXKa-
mee GyKBH @ H 2, CIPaBeAiNBOE He TO/JbKO NpPH BEILECTBEHHEIX, HO R
Npit KOMIVIEKCHHIX SHAaYyeHHsX 3THX OyKs.

BruBenem Tenepn ycaoBue Toro, utobm z=a Omno kopuem f(2)
kparnoctn k. Ilepermuen (G) B Bhze:

f @)= (e—a)* [/ @)+ @) + ..+ E )|+
Hra+50r @+ + G va].

Muorounen, crosmnti B0 Bropofi kKpampaTHOf CKOGKE, IMEET CTEMEHb HixKe
crenenn (z— a)*, n orcioma Bumno [184], uto nepmas KpaapatHas CkoG-
Ka ecTb 4aCTHOE, a BTOpas — OCTaTOK npu jexennn f(z) nHa (2— a)*,
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s Toro utobu f(2) meamioch Ha (z—a)k, HeoOXO0AUMO | JOCTATOYHO,
y100b! 3TOT OCTATOK OBl PaBEH TOXKASCTBEHHO Hy/Mo, PaccMarpuBas ero Kak
MIIOFOYJIEH OTHOCHTE/BHO Nepemennoit (2—a), noayuaem cJjeayiollee

ycaosue:
fl@)y=f (@) =...=f*"V (a)=0. (@)

K 310My ycaouuio ML mo/mkHb eme A06aBuTb yCA0BHE
A GOE (8)

ubo ecan 6u n f¥a)=0, 10 f(2) meamaca 66 e TOMBKO Ha (2 — a),
no u na (z— a)**\. Urax, yeaosua (7) n (8) ssaswonmess HeoGxoduMeL-
MU U BOCIMAMOYHN I YCAOBUAMU M020, 4nols Z=a (u40 KOpHeM
kpamnocinu k snozousena f(2).

Moaowum ¢ (2)=f"(2), caenosareanilo,

(=S ¥ (=S"(2), ..., t})“")(z)zf“)(z).

Ecan 2=a ecTL Kopeun Kpatnoctn k muorouwaena f(z), 1o, B cuay
() u (8):
Y@=y @=...=¢" )=0 u ¥ (a) 3£ 0,

T.e. z2==a Oyzaer kopuem kpatnoctin (k— 1) mas ¢(2) naw, yt0 TO We,
s f'(2), T. e wopens Epamuocmu k HeKOmOPo20 MHO204AEHA SBAS-
encs Koprest Kpamnocmi (k— 1) 0.an npou3eodnoti 3mozo sMuozo01se1a.
IIpumensis nocaen0BaTenbI0 3T0 CBONCTBO, YOCRNMCH, 4mo ox Gydem
woprest rpamrocmu (k—2) 0an gmopoit npou3sodHol, Kopres Kpain-
Hocmu (k— 3) 0as mpemseii npoussodnod u m. 9. u, Haroxey, rop-
HeM nepooll KPammHOCIU, UAll, KQK 2080pAmt, BPOCINELA KOPHCM 04%
npou3eodnod (k— 1)-20 nopaika.
Taxun obpazoym, ecm nast f(2) umeer mecTo pasiosenve

FRQ=az— )1 (z—2)*...(2 — z)"m, ©)
10 st f7(2) OymeM mMers
f (D= — z)s GC—z)  (z—z ) o 2), (10)

rae o (2) — »muorouien, ne mueowntt yxe kopiefl, oGuux ¢ f(z).

187. Npanuno Fophepa, Yraxem teneps npaktuyeckit yaoBhoe npasiio
© 4151 BEIVHCACHUA 3HAYCHHUE f (2) M npON3BOAHBIX NPH 3aJaHHOM 3HAUCHUM 2= @.

Ilycro npu geaennit f(z) na (z— a) noayyaerca 4acthoe f,(z) u ocrarok
ry, upn geaeninn fi () va (z2— a) —vacthoe f, (z) W OCTATOK Iy M T. A

f@=G—a) fi(@)+r, ri=71(a),
f1(3)=(z_a)f2(z)+r2» re=/ (a)
fz(z)':(Z—a)fs(z)‘{"rav ry=/f,(a),

L R
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Tepenmmen dopmyay (6) B buze:
1 (2) =f(a)+(z—a)[ ) 5 IO iyt ...+ L0 a)"“].

Cpaensas sty gopmyay ¢ mepseM N3 HANICIUHHX BHIIE PABCHCTB, no-
Ayuuym

. (ny
S (2)___fl(a) f (a) e (z—a) ..+ /@ nl(a) (z—a)*™ %, ry=f(a).
Nocrynas touno 1ax we c f, (2), natizen:
() f
f. (Z) = 21(0) + (a) (2 0)+ ‘v + d nl(a) (2—(1)""2' ry= l(a) '
H, BooGue, )
L]
| rm=Io @ (k=12 ... ,n)
Nonoxuy tenepn

fF@=ayz2*+az*t ... Fa,_,2-Fay,

fi1(D)=b2® 52" 4 . by 2t by, b= "t
W IOKAMCM, KaKuM 06pa3oM MOXHO BHYHCIATL KO3ddmnuucurul actHoro bs n

OCTaToOK b,. PackpuiBaa CKOGKN 1f cOBHpas YICHH ¢ OANNZKOBHMH CTCTEHAMH 2,
1noayynm TO‘KJ.ICCTBO

22"+ a2V L ezt ay=
=(2—0a) (b2" ™+ b,2" 24~ o . .+ by 2~+bn D+ bn=
-—boz"+(bl—ba)2"‘+(b — b))+
+ (bpos— bp_sa) 2 -+ (b — b 1”):
W CpaBHEBas KO3@MIUICHTH NPH OJ{HHAKOBHX CTENCHAX 23
ay=054, a,=b,—ba, ay==b.—ba, ..., a,_,= bp_y— bn_sa,
a, = b,, —_ b,,_la,
OTKYy1a
by=ay by=ba+ta, by==batay, ...,b0, ,=b, 0} a,_y
n.—:b,,_la—{—a,,—.:_-r,.
3T paBencTBa M NAI0T BO3MOKHOCTb NMOCIENOBATEILHO ONPENEINTh BEIUNHN by,
Touno Tak xe, 0603HAUNB wACTHOE If OCTATOK NpH Jeiensn f, (z) na (z — a),

fe(@)=e2" 202" P oL L Feq 42t sy Cay =Ty

6yncM uMerh -

Co=by ey=cia+by, co=ca-fby ..., Croa=Cpr a4 by g
Cnoy =Cn_ ot bp_y =7,

T. €. KO3bdIUHEHTH €5 BHIYNCIAIOT noc1enonare1bno npy noyomn bs, Tax Auce
Kak bg npu nmoMomH ag,

Yxa3aHHH{! NPHEM BHIYNCICHHA HA3HBaCTCA NpPasBHIOM, nk'm arropudnom,

a

lopuepa !). TIpnvenaa 3To npasung, MH NOIYHHM BeIIYHIHH .
1) BooGime aaropidMoM Ha3WBAIOT ONpENCIEHHOE NPaBHAO, COLAACHO KOTO-

pOMY 1210 NpPOH3BOMNTL MAaTeMAaTHYECKHC onepanuy, yrobn noayuntb TpeGye-
Mbii OTBET,




444 /1. VI. KOMAJEKCHHIE YHCJA, HAYAJIA BHCIIEH ANTEGPLI [ 187

[TpiseseM cxeMmy BbIUHCIeHHI, KOTOpas NMoHATHA Ge3 NOACHeHMIl:

I1p 1 m e p. Haitti 3navenna ¢pynkunn
f(2)=2>4 22" — 222 — 252 4 100

a a a a P /) a a
a 0 1r 2 3 ? n-2» n-1» n
+  bea, b, bia, ..., by_sa, by 4, n-1@
bo = doy blr bir b.‘lv srey bll-‘.’l bn—lr b" = =f(a)
Coly €18, Coly «..y Cp_glly, Cp_ol —_—
_ f'(a)
€o=4a,, C; Cy Cy y Cr—as Cpy="ry= 1
10=a()l ll [ —r —f(n—2) (a)
mya 2 =T =T oy
f(’l—l) (a)
my==4a, ml=r,,=m
n) (a)
my, = / 1 \
ni

H ece HpOllBBO)XHb}X llpll Z=—5.
——s5{bh 2 0 —2 =2 100
¢=— —5, 15, —75, 383, —I1800 N
I, —3, 15, —177, 360 1700 = £ (-5
—5 40, —275, 1760 F(=9)
1, —8, 55 —352 __f'(=5H)
5 65 —600 2120 ="——
1, —13, 120 _gsp L (=9
—5 € ’ 92 =",
1, —I8 _ ) |
—5 20="= |
(V) (5
1 ’_234_5_»
4!
|
I Al )
=5
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188. O6mmit HauGoasmuii nenutenn. PaccmoTpuM 7aBa  Muoro-
unena fy(2) u fy(2). Kaxapit u3 Hox nMeeT ompeseneHioe pasaoxeie
na mMuroxnrean suad (3). O6wur rauGoaswust deaumerert D (2) 3THX ABYX
MHOTOY/JIEHOB HA3HIBa€TCH NPOM3BENEHHE BCEX ABYUJIEHHBIX MHOXuTench
Bi1a (z— @), BXOAAWNX KaK B pasioxenne fi (2), Tak u B pasnowenne f (2),
npuyeM 3TH obuue MHOxUTeAn GepyTcs ¢ NOKasaTesneM CTENeHH, PaBHHIM
HauMenplueMy H3 NOKa3aTeself, ¢ KOTOPHIM O BXOAAT B pasiaoxeHus f; (2)
1 f3(2). IMocrosHHEIE MHOXNITEAN NpPH cOCTaBleHnn ofwero HanGoasme-
ro peantenst Hukaxkoft poan me nrparot. Takum oOpasom, obmutt HanGoan-
wmil AennTeab IBYX MHOrOYAEHOB €CTh MHOTOYJEH, KOPHH KOTOPOFO CYTb
ofuine aByM YNOMSHYTHIM MHOrOUJEHaM KOPHH € KDAaTHOCTbIO, paBoll na-
HMEHbLIEH 13 TeX ABYX KparHOCTell, ¢ KOTODHIMII OHH BXOAAT B yMOMA-
HyTHe MHOrouJeHsl, Ec/an JaHibe MHOTOUNEHH HE HMEOT o6wnx Kopuel,
TO TOBOPST, YTO OHHU 83auiHo npocmsie. COBEPUIEHHO aHAJOrHYHO npe-
IHAYLIEMY MOXHO onpenennTs # ofwnit HanGoJapiunil AeanTeNb HECKO.Ib-
KIiX MHOroQ4YJ/JIEHOB,

: Ilas coctasaenns o6mero HanGoIbIIEro AGTATE I YKA3aHUBM BHILIIE CIIO-
co603 HEOOXOMHUMO HMETh PA3TOKEHHE JAHHBIX MHOTOUNEHOB Ha MHOXKHTE.
nepsoft crenenn. Ho Haxowpgenne pasaoxeHns (3) cBOAHTCS K peleHmo
ypasnetusi f(2)=0, 4T0 # COCTaBJAET OAHY H3 OCHOBHHIX 3a/ay aareSpiu.

MoxHo, ognako, mogo6HO TOMYy, KaK 3TO Jenaerca B apndMeTnke
anst obuiero HanGosbuiero aeanTens LETBX YICEN, yKasaTb apyrofi cno-
€06 OTHICKaHna obuiero HanGoabluero aennTens, He TpeGytomuti pasaoxe-
HHS Ha MHOXUTEM, — cnocol nocaedosamensro2o deaennsg. Cnocob sror
coctouT B crenyiowey, [Tonoxuy, uto crenens fi (2) ne Huxe crenenn fi (2).
HepBbm MHOrO4JEH AenHM Ha BTOpofl, sateM BTopoft MHorounen f,(2)
Je/MM Ha OCTAaToK, MOJyuyaeMbft NpH NMepBOM JAejeHHu, 5TOT NepBHit oc-
TaTOK AEAHM Ha OCTAaTOK, MOJy4YaeMbBli NDH BTOPOM JEJN€HUH, H T. 1,
NOKa He MOJYYHTCA AENEHME C OCTaTKOM, PaBHHM Hymo. [TocaedHuii oc-
mamox, omANYKLLE Oom HyAs, 1 Asasemcs oWy Hauboasuusm dea-
meaes 38yx 0annslx MHO2044eH08. ECAH 3TOT OCTaTOK HE COAEPKHT 2,
TO JaHHBIE MHOrouJMeHsl 6yAyT B3anMHO npocTeivi. Takum oGpasom, He-
xooicdenite o0e2o0 Hauboasuie20 dealmenst c800umcs K 0CAEHUID MHC-
20%1€HO08, PACNONOICEHHBX NO YOBLBAIOWIN CINENneHAM nepestertol. Pas-
nemuB fy(2) u f3(2) Ha D(2), MH NOAYunM B3aUMHO NPOCTHE MHOrouAe-
Hel. Omun H3 HuX win 06a MOryT He COZEpKaThb 2.

Cpasunpas pasnoxenns (9) u (10), MB BuanM, uto obmutt Han6oaL-
wnh peanteas D(z) smorouteHa f(2) u ero mpoussommoit f(z) Gymer

- Ba—1 . -
D()=(z— z,)”1 Wz — zp)ke—1, o(z— z,,,)k”‘ ',
npHYeM MBI OMyCKaeM MOCTOAHHBIT MHOMXNITENb, YTO SBJAETCA HECYLLECT-
BEHHBIM, .
Paspems f(z) na D(z2), noayuum

58——-%(2—-&)(2—ze)...(z—zm),
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. e. npu OcacHun Mwnozonaena f(2) na obwuii naubGosswuii Oeatt-
meas f(2) u f(2) noaywaemes snozouseH, wienowltii sce KopHu Npoc-
mue u cosnadaiowue ¢ pasauinasMu Kopussu f(2).

IMoayuenue Takoro MHOTOYJNEHa HA3HBaeTCa onepauuell ocsoloxaenns
miioroyaena f(2) oT KkpaTuux Kopuefl. M BumiM, 4TO AAA 3TOTO HET
neoGxoauMocTi pemars ypasuenue f(2)==0.

Ecau f(2) u f'(z) s3auMio nmpocTse, 10 f(2) UMEET BCE KOPHU MPOC-
10ie i HaoOOopOT.

189. Bewmectpennvie MHorouaensl. PaccmorpuM Teneps Muorowsen
€ BelieCTBeINILMI KOd(punneHTams:

fR)=0a"4-a;2" ...} a, 42} a,

W NycTb 3TOT MUOFOY/EH  HMEET KOMILICKCHEL xopeub z==a-}-bi
(9 £ 0) xparnocty &, 1. €.

flat+b)y=f (@+-bi)= ... =1 (a4 bi) =0,
ff(a-biy=A-4-Bi#0.

3amenum Teneps, B Bupaxenun f(a-~-bi) u B npousroauHX BCe pe-

aunnu conpamenusivu. Ipu sroft savene xkos@duupentl a;, Kak duchia
ECIIECTBENNBE, OCTANYTCd npesunMi 4 mmub (@ - bi) nepeliner o
(v —bi), T. e. mnorounen f(z) ocranercas upewuuM, HO  BMECTO
::a—{— bi B uero Oymer mnoacrapneno z==aq—bi. I[locse 3amenu
KOMIVIEKCHBIX  wilCes  CoupssennsiyMy, Kak ussectno [173], u oOuwnti
pesyabTar, T. €. 3HaueHie MHOTOWIEH3, NepeXxoxuT b conpsikennoc. Takum
00pa3oM nosuyuuM

fla—b)y=f (a—bi)= ... =fFV (g —bi)=

f*(a—bl)=A— Bi #0,

T. €. CCAN JMHO20UAeH € BEleCINBEHRLIMI  KOIPGuLenmani Useem
KosnackcHblll Kopers 2==a - bi (b 7% 0) kpamuocmu k, mo on dorsucer
nsems U CONpANCeHHuLE Kopens z=a-— bl moii oce Kpamuocmu.

Hrax, KoMmiexcHele KOpHu mHoroujaena f(z) ¢ peulectsenuniyMu Ko-
aubpuuneHTaMs  paclipenensiorcs No mapaM conpskenusx kopuelt. ITo-
JIOACHM, UTO TepeMeHHAs 2 NPHHUMAET JHIb BeuecTBeHlbe 3iaueHis,
u oBosuauny ee Oyksow X, Coraacuo opuyae (3)

fX)=ay(x—2)(x—2) ... (x—2,).

Ecan cpepu xopHelt 2 GyayT MiuiMble, TO COOTBETCTBYIOLULHE HM MIO-
siutean takske Oyayr mummbivu. TlepeMioxcus mnonapito Muoxutenm, co-
OTDETCTBYIOLLHE NApe COMPSKENHbX KOpHell, noayunm

o= (001 — (o — M =l —0) — ] — ) f-41) =
=(x—af F P =24 pr g

p=—2a g=a*+|b6 (b#0)

rae
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Taxkum 0o6pa3oM, napa MHHMHX CONPSKEHHHX KOPHEl HaeT BellecT-
BeHnHfl MHOXHTEIL BTOPOH CTEMEHH, H MBI MOXEM BHCKa3aTb CjAeayomee
NOJOKEHIE: MHO204ACH € BEUeCMBERHBIMIL Ko3Huienmant pasaa-
2aemcs Ha BeujecmBeHHse MHOJCUMeAl Rep8oll 1 6rmopoil cmenexu.

Pa3aioxkenne 5T0 uMeeT caeayomuit Bua:

F(x)=a, (x — x)" (x — x)™ ... (x—x,)k’(x"’—{—p,x—i—q,)" X
X @ Fpxta) ... (pxta)e (1)
rae Xy, X, ..., X, — BEWeCTBenue kopuu f(x) kpatnocta &y, &y, ..., &,

W MHOXHUTEJZH BTODOfl CTEMeHM MPONCXOAAT OT Map MHHMMX CONpsKeH-
HBIX KopHefi KpatHocTH /y, fyy ovvy Ip -

190. 3apHcHMOCTDL MewAy KOPHAMH ypasHenusa u ero ko3ddu-
nuentramu. Ilycrs, Kak u pamsuie, 2y, 23, ..., 2, CyTh KODHH ypaBHEHua

a2 +a 2"+ ... Fa,,24+a,=0.
Cornaco Qopyyae (3), 6ygeM uMeTb TOKIECTBO:
a2t ta 2" L azta,=a,(z—2)(2—2) ... (2—2,)
ITpumenss B mpapoft wacTi H3BeCTHylo 03 3jeMenTapHoli aireSpw  dop-
MyJdy Jas fepevMHoxkeHHs OHHOMOB, OT/NYAIOLLUXCS BTOPBIMI WIEHaMli,
MOXEM NPHBECTH HAMUCAHHOE TOXAECTBO K BHAY
a2t ta L e =
=q,[2"— 8§ 2" F 52" o (DS L (=) S,
rxe S, o603nauaer CyMMy BCEBO3MOXHHX nNpomssefennit u3 uncen z,

(s=1,2, .., n) no &2 muoxurenrefi B kaxzoM. Cpasuuas Ko3pduien-
TH NPU OAUHAKOBHIX CTENEHAX 2, MOJyunM

=2 ¢ =2 —(—1)t 2% —(—1)* 2n
S 2t S o S S
nan B pacKpHiTOM BHAE
a
zl+z'2+ e +zn"‘"—'?i'r
a
R e S A A T L (12)
a
2123 ee. Za=(—1)" 2.
12 n ( ) a,

dopmyan stn apamorcss oboOmieHneM #3BeCTHHIX  CBOHCTB Kopmelt
KBaJpaTHOro ypasHeHus na cayuall ypasHenus moGoii cremens, Onn na-
10T, MEXIY NPOYHM, BO3MOXKHOCTH COCTaBHTb YpaBleHHe, KOTAAQ H3BECTHH
€ro KOpHH,

191. Ypapsenne TpeTheA cTemeHH. Mu He GymeM moapo6HO 3aHIMaThCa

BOMPOCOM O (JAKTHUECKOM - BHIYMCAEHHH KOpHefl aire6panyeckux ypasuenmii.
Bonpoc sTor mamaraerca B yueGHuKax N0 NPHOIIMKEHHHIM BHYHCAEHHAM, Mu
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OCTAHOBIMCA JAHIUb HA CaAyyae YpaBHCHHA Tperbeﬁ CICNeHH H YKaXeM TaKxe
IEKOTOPHIC METOAB BBHIYHCICHHA, KOTOPHIE 6)’}1)’1‘ MoJe3HH If B JaibHefilieM.
Haunem ¢ HCCae0BaHNA YpPaBHEHHA TpeTbell cTeneHn

Y4ty gy a,=0. (13)
Buecto y BBEZeM HOBYIO HCH3BECTHYIO X, NMOJaras
y=x-}a

Moacrasus 10 B ZeByi0 yacTs ypassenus (13), MoayynM ypasHenue

x4 (8a+4-a6,) x* - (32} 2a,a -} a,) £+ (@ -} a,0t - g2 - a;) =0.

a
Ecait noxoscim a=—?1, T0 4i1ed ¢ x® npomajaer, M, CIEA0BATEIbHO, MOJACTA~
HOBKa
a,
y=X—-=3
npeoGpasyer ypasuenue (13) Kk Buay -
f(x)=x'+px+tg=0, (149

He cozepixauieMy uiaeHa ¢ x*.

Ecan p u ¢ seuwecTBenHwl, 10 ypasucnne (14) Moxer HMEThb I BCC TpH
BCILCCTBEHHBIX KOPHA, HIH ONXHH Bel{eCTBEHHHIl M JBa MHHMHX COMPSMKEHHbIX
ropus [189). Uro6ur pemuTh, Kakoll 13 SIHX CIYYacs HMEET MECTO, COCTaBHM
uepBYi0 NPOH3BOAHYIO J€BOIl YaCTH ypaBHeCHHA

7 ) =3xp.

Ecau p>0, 10 £/ (x) >0, u f(x) BCce BpeMa Bo3pacraer M Oyaer HMeTb
AWIUL OIHI BEU(CCTBEHHHI{ KOpCHb, 160 MpH Mepexoje OF X ==—00 K X=-}-co
Gyuguua f (x) Menser 3uak (—) na (). floxoxny Tenmepn, ur0 p <0. Pynk-

uua f(x), KaKk HeTPYAHO BHIETb, 6y1eT HMETh MAKCHMYM IPH ¥ = — ] ——% I

MIHHMYM OpH X = —"g—. IMoxcrasaas st 3HaYeHUA X B BhHIpAXCHHIE (1)}'}]1{-

uHi f (x), MOaYYHM XA MAKCHMAIbHOrO M MHUHHIMaIbHOro 3nauenuil stoft ¢ynk-
LK, COOTBETCTBEHHO, BLIPAXCHUA

_wy/_r
q-'l'_a"‘/- .

- Ecan o6a 3til snayeuns oiHoro 3Haka, T. €.
2py/ P 2p Py _ . ¥
(q—?V ’g‘)(q+‘3—]/——3,—q +27>0

2 3
T+E>o0 (1)

LI

TO ypaslicnye HMECT TOJLKO OIHH BeweCTBeHHBIIT KOpceHD, KoTOpHIfi 3aKTI0YaCTCA

o SaR!
B UPOMEKYTKE | — 00, ~— 1/-— %) LT B IIPOMEXYTKE (—l— -‘/-— —pg-,—{—oo).

Ecay e ynoMsuytoe BHUIC MakCHMaibuoe 3HayeHie f (x) Hyeer 3Hak (),
a MHuRMarslioe (—), 1. €

e 3
T +& <o, (15,
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™0 f(—°°)vf(— -l/-—*) o f (+ ]/_———;), f (4 co) 6ynyT uMer» cooTBer-

crBenHo 3Hakn (—), (+), (—), (+), n ypaeuenne (14) Gyzetr mumerb TpH Be-
1LeCTBEHHBIX KOpHA. 3aMeTHM, KpOMe TOro, 4To NpH p >0, HaBepHO, BHIOIHEHO
ycaosnte (15,). IlpefocrasiseM YHTAaTeIO NOKA3aTh, YTO B Cayyae

3
+” =0 (15,)
ypaeHenne (14) uMeeT KpaTHHII KOpEHb = —g— H KOpeHb %1, npuyem
Mul cuntaeM p£0, 1 u3 (15,) cnenyer p<<O0. Ilpy p=01u ¢%40 mu Hareent
HepaseHcTBo (15,), n ypasnenne (14) npunpmaer Buax®+g=0,T. e x._ — 0,

OTKYZHa cienyet, uto ypasnenue (14) umeer oxuH BemeCTBeHHuﬂ Kopenn [175].
Tpit p=¢q =0 ypasnenne (14) 6yzer: x’—O W HMeeT KopeHb x =0 Tperbeli
KPaTHOCTH.

IMoayyenusie pe3yabpTathl cOGpaHL B cie- i y
nywowmeft Tadanne:

x4 px+4q=0
2 3
Q—+'.';>0 Oy BemecTBEHHHIT H ABa
4 27
T 42 <o
T

e

Ha puc. 182 nso6paxken rpadgux QyHx-
nun
y=x+px+gq

npu  Pa3nHYHHX NPEaAnoIoX eHHAX OTHOCIH-

MHHMBIX CONPAXEHHbIX KOPHA
Tpu BewecTseBHLIX pasany-
HHX KOpHA
y 0
K + P _o Tpn BemecTBeHHBIX KOpHT,
4 927 — © [Cpeln KOTOpHiX eCTh KpaTHhii AR §

TeAbHO (——-—}—,)7) B cayuae (15;) nsoit-

HOMY KOPDHIO COOTBETCTBYET TOYKA KacaHHA
xpusoil ¢ ocklo OX.

Busenem temeps ¢opMy1y, BHpPaRaoWYyo KOPHH ypasHeHus (14) vepes ero-
ko3dpnunentn, Popmyra sra 1A NPaKTHYECKHX BHIYHCIEHHH He rofuTcs, u
B CHE[YIOUIeM HOMepe MH, MOJAb3YACh TPHrOHOMETPHYECKHMH QYHKUHAMH, H3Bie-
yeM U3 Hee NPaKTHYECKH yﬂOGHbm cnoco6 BHYHCIEHHA KODHeli.

BMeCTO HeH3BEETHHX X BBEJEM JBe HOBBIE HEH3BECTIIHE 4 W v, MfoJaras

x=u—|—0. (16)'

Puc. 182.

Noacrasum B ypasnenue (14)
(w40 +pu+t0)+q9=0,

u* +v° 4 (u-+v) Buv +p) +9=0. 17y
13 B. U, Cmupnos, 7. I '
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Henssectibie u# 1 v nmogymuny YCI10BHIO

3uv 4 p=0,
u TorAa ypastetsse (17) maer nam
: vt =—gq.
Taxus 06pa3oy, BONPOC NPHBEICA K PEWICHHIO ABYX ypaBHeuuil:
w=—~8, wiv=—g. (18)

Boasona ofc wactn nepsoro u3 ypasiehull B ky0, uiees
3
uavs=_%’ W vi=—gq,
#, CIEXOBATEALHO, U3 ¥ ©® CYTb KOPHH KBaapaTHOLO ypasHeHHs
3
2 |
z z—==0
+ 975 ,

T ¢

. 3 7 P 3 S aa
VA S A AT VA BV e
OxkoHuareasto, coraacio ¢opuyae (16), naiinew
3 35 3 T
.v=]/-—-‘2’-+]/%+»§’7+]/—%—]/%+§7. (20)

Ara dopmyaa Zas pemsenns kyGuueckoro ypassenus (14) wocur wmassausie
dopmyam Kapdana — uraapanckoro maremaruka XV] croaerus.

OGo3HayliM 1A KPAaTKOCTH ucpe3 R, U R, BHIPAWCHUA, CTOAUIE NOL 3HAKOM
Kybnyecknux kopueii 8 ¢gopuy.ae (20):

=y R+ R..

Kawnsii 13 kyGiyeckux Kopuell mcer Tpu pasinydux 3uadenua [175], tak
YTO HanHcaHHag QOpMYJa HacT, BooGliC OBOPR, ACBATL Pa3aMyHbiX 3HayCHMi X,
H TOAbKO TPH H3 HuX Oyayr kopHasu ypassenus (14). [loctopontiie snavenus x
I10aYYHIICh BCACICTBHE TOTO, YTO Mul BO3BONMAM NepBoc u3 ypasueunit (18) »
TPeTblo cTenetb. [Iaa HAC MOrYT HOZOHTH IMibL Te 3HAYEHHA, A1 KOHX 4 W U
cBA3ausl nepsbiM U3 cootnouennit (18), 1. e. B fopayae (20) Mn doaxcne Gpams

MOAbKO me 3Ha4eHus KOpHell KyOuteckux, npoussedenue Komopux pasHo (-— %) .
OG6o3snauns 6yKkBoio ¢ 01HO U3 3HayeHnii KyGHYECKOTO KOPHA H3 eUHHLLL:

2, , . 20 1 V3
e_cos§-+15m §—~——2—+—2—i,
e 4=, . 41 V3
€ __cos~3—+zsm—§_——§—-2—-—i,

u nycts YR, u 7/ R;— Kakne-au6o 3HaueHHA KopHefl, yioBaeTBOpAIOLLIE YKa-
3AHHOMY Bbllle YCAOBMIO. YMHOXKAA HX 1a ¢ U e, NOAYYNM BCE TpU 3HayCHHA
kopun (173],
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[MpuHnMas Bo BHIMaHNe, 4TO € =1, MOJyUnM clejymioiee BhHpaxeHie 11a
xopnefl ypasHenns (14), cuutas p 11 ¢ — M06LIMII KOMIICKCHHIMIL

x|='|s/ﬁl+]3/ Ry, xe—_—EVa Rx‘*‘es}s//-?; xa=esls/7‘)-x+€'v’ R, (21)-

192. Pemenne Ky6HuecKkoro ypaBHeHHS B TpHroHoMmeTpuueckofi dopme,
MonowuM, uto ko3pduuneHtsl p U ¢ ypashenns (14) — uncaa BemecTBeHHHE,
Popuyna Kapnawa, KaK Mbl yke YNoMnHaaM, HeynoGHA Wi BHYHCIEHHS KoOpHefi,
W Mb BHIBeIeM G6oee TNpPaKTHUHbHE GopMyab. PaccMOTPUM OTIEIBHO vYeTHpe
cayyas.

¢, r
I. T+27<0'

W3 nanmucannoro cxenpyet, yto p << 0. Monkopennue suipaxenns R, 0 R, s dop-
Myze (20) 6ynyT MHHMBIMH, HO, HECMOTPA Ha 3TO, BCC TPH KODHA YDPaBHEHHS
6yayT, K2k ussecrno, Bemectsennsmn [191]. Iloaoxuwy

——%i 1/$T§;—— =-— % *i l/—%—g—;-:ﬂcos?tising,
otkyaa [171]
=Y -5 =g (22)
Coraacro opumyae Kapuana, nmeem

x=yT (cos 9___-}—32121: +isin ¥ E +32kx) 4
+f/r_<cosf+3—2k§_lsin pE2E) =0, 1),

Tlpunnman B 060HX C1aracMbIX paBHble 3HAYEHHS A k, NOAYynM 11 npous-
BeJleHHs ITHX CIaracMslX MOJOXHTEIbHOE YHCAO: f/'r_2 =— B, Oxonuvareasto

6ynemM HMEThb
x=2f/’r_cos—?;+3ﬁn— (=0, 1, 2), (23

rle r U ¢ onpefeinoTcs o ¢opmyie (22), npuueM HEIPYAHO -NOK23aTh, YTO
€CTH Mbl BO3bMeM Da3fIHYHHE ¢, YJAOBJIeTBOPAOLIHE BTOPOMY 13 ypaBHeRruit (22),
TO MOJYYHM OIMHAKOBHIT HaGop kopHeit mo dopmyre (23).

2 3
I, 14-+—§’7>0up<o.

VYpasnenue (14) umeer oaun BeulecTBeHHBHII KOPCHb H IBA KOMMIEKCHHX CO-
3 2
npaxensnx [191), mpuyeM n3 HaNHCAHHOTO CAERyeT, YTO — £<-‘L Beegem.

21 < 4
BCIOMOT2TEAbHHH yroa w, noaarasa

pa
1/__27_=

R

sin w, 24,r
15
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310 nmacT Ham

i N =
Vﬂé—vg+-¢ﬂn—~mm~V?§Vwa

u6o, B cuay (24,),

BBoas, HakoHew, yroa ¢ no gopmyie

9
ee="1 1%, @1,
NoayunM CIeIylee BHpPaXeHHe A1s BCUIECTBCHHOrO KOpHA:
7 2 ]/ .
= ]/ (tgr+cigy) = e (25,)

Mpeanaraes yutateqo, noae3ysach popumyaoft (21), HOKasatb, YTO MuuMbie
®opuy 6yIyT HMCTL BBIDAMCHHA:

V-%

sin 27

iV —petg2; (25,)
Z
Il 4+27>0up>0.

B stoum cayyae, xak u B npeiwayumes, ypasHeHue (14) Gyaer users ommu
BeueCTBeHHbI KOpeHb 1 ABAa MHHMBIX CONPAMEHHbIX. ﬂpu 3TOM ]/-— MOXET

6HITL 1 MeHbILE I Goabure, yeM |i

o) H MH BMeCTO Gopmyam (24,) BBelcM

yrol o cieayiouumM o6pasos:
]/ =14 1go. (26,)

d10 naer

]/——' ]/q--i- qs'ﬂ*-"i_]/'l’ tg%’

Cos @

VoY e
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BBona HOBHN yroa ¢ no ¢opmyae

3
we=1 1%, (265)

OKOHYATeIbHO GYHEM muMmerb

x1="/-—§-(tgqp—ctg @:-2]/-% ctg 29 7))
- Mnuyue Kopun Gyayr
P iVp
]/g c1g2¢ & gy _ (27,)
2 3
Iv. Z+ % =0.

Ypasnenne (14) nMeer KpatHuil KOpenb, H B 3TOM cayyae, Kak u B cayyae p =0,
peumcHne ypaBHEHHs He NPEeACTaBIAAeT HMKAKUX 3aTpyaHeHuil,

[Toab3ysch BHIBCAGHHBIMH TPHTOHOMETPHYECKHME GOPMYIaMH, MOXHO NpPH NO-
Mo Tabauub AorapHdMOB BHIYUCIHTH KOPHU KyGHuecKOro ypaBHeHua ¢ 60ab-
mwofi CTeneHn0 TOYHOCTH.

Mpuwmep 1,
X' 4-9x% - 23 14 =0.

Monaras x=y— 3, NpHBCIEM yPaBHEeHHE K BHAY
y—4dy—1=0,

Il 3TO YpaBHEHHE HMeeT TPH BeuleCTBeHHuX Kopua [191). Popmyan (22) maior
€O0s ¢, H, Haxoaa caMmHil yroip, onpeneirseM xopun no dopmyaam (23):

cosp= ]? , 1g cos p = 1,51156

¢ ==171°2'56"

£ —oga0597, —“’_“‘f’i =143°40'50";

2.:*;;_72.0.' — 263°40'50°

1g —— —0,36350

V3

1g y, = 0,32520, 1g (—y) == 0,26970, lg (—,) = 1,40301

3, =2,1149, yy = —1,8608, y, = —0,2541

x, =—08851, x, =—4,608, x, =—3254]
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Npumep 2
x8—3x45=0.

Onpeaeasen yroa » no fopmyae (24,) u yroa p—no popmyae (24,) n 3arem
BHIYHCAACM KOPHH Mo Qopmyaam (25,) n (25,):

Ig sin o = 1,60206, o == 23°34'11", éf = 11°4720"

1g tg ¢ = 1,77818, ¢ ==30°40"31", 29 = 61°21"02"

1

sin 20

g ——— = 0,05672,

Sin g =1,11395

Ig V —p c1g2p=1,97602, ¥ —p ctg 2; = 0,91628

X, = —2,2790, Xy, x5 = 1,1395 - 0,04628i

193. Cnoco6 urepanii. Bo sHorux cayyasx, nMes npubiu:eHnoe 3Haye-
e x, HckoMoro Kopna § ¢ 1cGoablIny 4HCI0M TECHTHYHBIX 31AKO0B, Y0610
yayywar, 970 HpuGmnikenioc 3uayenne Kopud. Oankym u3 Cnoco6os Takoro
uenpagaenust NPHGINKCHIONO 3HAYCHHA KOPHA ABICTCA €10CO6 umepayuu, wan
cnocof nocaedosanmeasiulx npubauzxcedut. 10T cuoCo6, KAK BLIACHUTCR U3
naapieiinero, roARTCA He TOJbKO u1s aare6panyeckoro, 1o M LI TpaHCueHBgenT-
HBIX ypasHeEHNIL.

[loaoxkuM, 4TO ypasucuue

f(x)=0 (28)
Mbl mepenicani B Biie
fi(x)==fy (x), (29)
apuueM f) (X) TAKOBO, UTO ypasHeuue
fi(x)=m

npu 1060M BCULCCTBCHHOM . UMCCT OIHH BeUlCCTBEHHBII KOPeHb, KOTOpHI
NErKo BHYHCANTL € 60aLLION CTENCHLIO TOYHOCTH. BhiyucaeHue Kopua YypasHe-
una (29) npy HOMOILM METOXA MTCPaUMM COCTONT B CACAYIOLLEM! MOACTABAAR
npubaAHKCHIOE 3HAUCHHE X, HCKOMOTO KOpHs B NpaByio 4acTb ypasueHus (29),
onpexeasicM 8TOpPoC MpHOJILKEHHE X; K HCKOMOMY KOpHIO M3 ypaBHCHUA

fi(x)y=1f; (x,).

Moxcrapasa x; B npaByo uacth (29) maa caepyouero NpHEIHMCHNHA Xg,
pewaeM ypashenne fy (x)=/r,(x,) u 7. 1. Taknm o6pa3oM onpeaerurca nocae-
LOBaTEAbHOCTH 3HaycHHH

Koy Xipp Xgy eney Xpy oney (30)
UpHYCN
fi(x)) =72 (%),
Sfilxg)=Ffa(x) ...y (31)
Tixp)=Fa (Xn ) oos
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Herpynno ykasaTb reomerpHuecknii CMbiCA MoAyueHHux upnbanuenuii. Ucko-
MBIl KOpeHb €cTh afcuucca TOUKH NepeceyeHHUA KPHBHIX

y=fi(x) (32y)
1l
y=rfi(x) (32,)

Ha puc. 183 n 184 nso6paxentt o6e 3TH KpHBHE, NpHyeM B cayuae puc. 183
npou3soIHbie fi(X) u fi(X) UMEIOT B TOUKE MepeceyeHHs ONMHAKOBHE 3HAKH,
a B ciyyae puC. 184 — pasHble 3HakH, N B 0GOHX cayuwasx

£ <A@

Papencream (31) cooTsercTByer caepyloutee MOCTPOEHHE: NPOBOAMM Mps-
MY X ==X, Napaareabnyio ocn OV, 1o mepecedeHHs ee B TOUKE (X, ¥o) C KpH-
BOH (32,); yepes 9Ty TOUKY mepeceyeHHs MPOBOAUM MPAMYIO ¥ = ¥, MAPANTEALHYIO

y YA
< :
vie) vt ,
| '
! !
{ | HELH '
A o e
i X ! i I E 1A
! | 1 [ '
P | Vo
vy 1 vy I
v Ly g v o -~ X
[7 €z, 1, z, g Tty 5
Puc. 183. Puc. 184.

ocn OX, no mepeceuenun ee B TouKe (X4, ¥,) € KpHBOit (32,); uepes Toury (x,, y,)
NPOBOAHM ONATH NPAMYIO X = X, Napanseabhyo ocit OY, mo nepeceveins ce
¢ xpuBoft (32¢) B TOuKe (X,, ¥,); Y€pe3 3Ty MOCIENHIOW TOYKY UPOBOANM npa-
MYI0 y =y, IO nepeceucHHs ee ¢ kpusoft (32,) B Touke (x, y,;' u 1. 1. AGcuuncen
TOYEK TepeceveHHa M JAIOT HaM nocienoBateabHoOcTh (30).

Ecan nepsoe npu6anmmxenHe B3RTO JOCTaTOYHO 6AH3KO X £, TO 3Ta mocCAeno-
BaTEAbLHOCTD, KAK BHAHO H3 YepTeXa, CTpeMHTCA K § Kak K mnupemeay, npuyem
B cayuvae, koraa f;(5) M f;(5) ONHMHAKOBHX 3HaKOB, MOIYYaeTca CTymeHuaraa
AOMaHas JHHUA, cTpeMamaaca k § (vepr. 183), a ecan f;(¥) u f.(5) pasuux
3HAKOB, TO 3TA NOMaHaA JIHHHA CTpeMHTCA K §, uMea dopMy cnipaan (vepr. 184).
Mu He 6yaem npUBORHTH YCIOBHHi M CTPOroro R0Ka3aTeasCTBA TOrO, YTO MOCIC-
nosareasHocts (30) crpemurca k € xak k npegeay. Bo MHOrmx caywasax -sto
MOXHO HeNoCpeNCTBEHHO OGHapYXHTb H3 uyepTexa. :

Oco6enno ynoGeH ana NPUIOKEHHA YKa3aHHHIfl CMOCOG B TOM cayuae, Koraa
ypasHenue (29) nmeet BHj

x = f3(x).

Ilyctb § ecTb XOpPCHb 3TOrO ypaBHeHHs, NPHOIMICCHNIOE 3HAYEHHC KOTOPOro
Xo=E-+h
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HaM H3BeCTHo. Paj mocnemosareaphnx npuGanxeHudt Gymer
xXy=fr (X} Xa=LF () c-ey Xp=Fs(Xay) -

Moxno nokasath, 4YTO JEHCTBHTENbHO X, —£ NPU n— 0O, €CIH GYHKUHR
fo(x) nmeer npomasomuyio fs(X), Koropas
y YROBJAETBOPRET YCAOBHIO
y=x’ 1 <g<l
y=%+0Z B ppoOMCKYTKe
) E—h<<x<<E+h
flpumep 1. PaccmorpiiMm ypasuenne
x3—x—02=0. (33)

Ero BeulecrseHHbie KOpHH CYTb aGCUHCCHE

P el TOYeK mepeceueHHA aHuHil (puc. 183)
y=ux3 (34)
y=x+02, (345)
- M, Kak BHAHO H3 puc. 185, ypasHeune (33)

BMCCT OZHIl MOJOEHTCALHLII I ABa OTpHua~
TeIbHHX KOpHA.
Puc. 185, B 'rom(l:)ix nepecevenna A u B, coor-
BCTCTBYIOLLHMX NOJOKHICILHOMY KODHIO M
G6onplieMy N0 a6COMOTHOMY 3HAUeHHIO OTPHUATEALHOMY KODHIO, YII0BOI
k03¢duuieHT npamoii (34;) Metblue 110 aGCOIIOTHOMY 3HAYEHHIO, YEM YII0BOI
K03 @uumenT xacateasHoil K kpupoil (34;), T. €. 0PN BLYNCIEHNY ITHX Koplcil
MCTOAOM HTepauMd ypasHenue (33) HaaoO NPENCTABHTL B BH1E

x=x402

[NpuniMas 3a nepsoe UpuGainKeHiie NPH BEYNCIEHIH N0I0%NTEAHOIO KOPHA
X, =1, noayunm tabanny (I).

V xn 402 Xp 40,2

1,2
x, = 1,037 1,237 0
xe = 1,0434 1,2434
X, = 1,0445 1,2445

x, = 1,04472

: 3HayeHne x, RaeT MCKOMBbIl KOpEHb C TOYHOCTHIO A0 YeTBepToro asaka. pn
BLIYHCAEHHH OTpPHIATEJILHOrO KOpHA, Goabuiero mno a6comomom¥ 3HAYeRHUIO,
npusMex 32 nepsoe npubamkenie x, —=—1 u woayvacs zaGamuy (II).

B Toyke C, KOTOpOfi COOTBETCTBYET OTPHUATEALHHII KOpeHb, MEHbIUHH 0O’
a0Coa0THOMY 3HaueHH0, yraoBoli kKo3QouLIenT KacaTeanHoll K Kpusoii (34,) mo
a6COMOTHOMY 3HAYCHUI0 MCHbINE eQHMHHUL, W NOTOMY NP UPHMEHEHHH METORA
urTepauny ypasncuue (33) Haxo NpeACTaBUTh B BHAE

x=x%—0,2,
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NpunnMas 3a nepsoe npuGanxkenne x, =0, noayunsm raGauny (lD).

V xp 02 xp+02

—0,8

x,=~—0,956 —0,756 dly
X, =—0,9456 —0,7456
x4 ==—0,9430 —0,7430
x, == ~—0,9423 —0,7423
Xy =—0,94214 —0,74214

1, =~—0,94210

Bo Bcex Tpex cayvyasx NpHOJMKEHIE K KOPHIO NPOHCXOAHAO MO CTYMEHYATOl
AHHHH, KaK 9T0 n3o6paxeno HA pHC. 183, B yem HerpyaHo yGemutsncs u3 puc, 185,
U BO BCEX TPeX cIyyasx NPHOAMKCHHA X, CTPEMATCA NPH YBENHYEHMY 1 K HC-
KOMOMY KOPHIO, H3MEHAACH MOHOTONHO.

A

|

3
xi —02 x,s,

()

X, =02 —0,00032
xg = —0,20032

Mpumep 2.
x=tgx. (35)

Kopnn sroro ypaeHenna cyro a6c-
INICCH  TOYCK MCpeceveHHA  AHHHR
{puc. 186) 0

y=x y=1gx,

1, kax BHaHO 13 puc. 186, ypassenme
HMEEeT N0 ONHOMY KOpHIO B KAMIOM N3
NPOMEKY TKOB

[ea—nF, entni],
n=0 1, x2,...

Il1a monownTeNbHLIX KOpHefi 6yaer
1IMETh MECTO MPHOAIKEHHOE PABEHCTBO

a,,:w(?n—l-l)g-,

in

(R
R =
N@:
£
(Y
>

Puc. 186.

rie GyKBOW a, Mtl 0603HaYaeM n-fl NONOKNTEABLHH{ KOpeHb ypaBHeHns (35).
3r
BriuncauM xopeib a,, 6an3kuii > [aa npumeHenus METOAA HTepauuy Ie-

pemumen ypasuenne (35) B Buue
x=arctgx

3z
N pUMeM 32 nepBoe npubAMMEHNe X=3.
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TIpH BHUMCICHHH MOCIELOBATEALHOCTH npubaKennt
Xp=arctg x,_,

najo Bceraa Oparth 3HaueHHe apKTaHreHca, cojepmkaieecs B TPCTbel YeTBEpPTH.
Moabsyacy rtaGauuamp JorapHdMOB M BuIpawas JLYrH B PaiHaHHOM H3MEpeHHH,
NnoayynM:

X, =4,7124, - x; = 4,5033,

X, = 4,4938, %, = 4,493,

194. Cnoco6 Hbrortena. Upouecc urepauny, ykazauumii na puc. 183 u 184,
COCTONT B NpHOMIDKEHHH K HCKOMOMY KODHIO 110 MPAMHM, [apa;IICIbHEIM KOOp-
IHHATHRIM 0CAM. MH yKaxeM Temepb Jpyrue mpouecce HTepauni, N1 KOTOPHX
NPHMEHAIOTCA 1 NipaMbie, HAKJIOHHBIE K KOOPAHHATHHIM ocaM. OIHMM H3 TaKHX
cnoco6oB apaserca cnoco6 Helotona.

y Y P

AE)
Rizy) Qs Bizy)

X Nizg)

X

Puc. 187. Puc. 188.

Myers X% u xy— NpHOGAMXKERNBIC 3HAUYCHRA KOpus § ypaBHCHHA
fF(x)=0, (36)

1 TIOJOXKHM, YTO B NPOMEKYTKEC (Xg, X,) 3TO ypaBHCHUC MMEET OIHH TOJILKO KO-
pens & Ha puc. 187 u 188 nso6paxen rpaduk kpHsoit

y=f(x).

Ab6cuuccsl Touek N 1 P cyTh NpHGAHKEHHBIC 3HAYCHHA X, H X, KopHa &,
KoTophill sBaserca aGcumccoil Toukn A. B toyxe P nposenena Kacarexabnas PQ,
K KpHBOI, H U3 TOUKH mepeccyeHns Q, stofi kacateabHofi ¢ ocpio a6Gecuuce mpo-
Befena opauHara Q,Q KpHBOIf; B Touke  nposeieHa KacatcabHas QR; K kpn-
BOifl U M3 TOYkH R, nposenena opanHara R;R Kpusoii N T. A

Toukn P, Qy R;,..., KaK BILINC N3 MCPTC:id, CTPCMATCH K Touke A, Tak
4TO HX a6CUHCCH Xy Xy, Xg ,... ABAKIOTCA N0CIENOBATEILHBIMH NPHOTIIKCHHAMN
Aas Kopua § Bubciacm dopMyay, Bupamaloulylo x, uepes X, ;.

YpaBHeHue kacareapnoit PQ, Gyner

Y— f(xg) =t (x0) (X— x¢).
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Moncrasasa Y =0, natgem aGeuncey toukn Q:

#, Boobule,
xn=xn-1—;g#:;’ n=1,23... (38)

To ob6croaTeascreo, 410 X, AEHCTBHTEbHO ABIAIOTCA NPHOTHMEHHAMH K
KOPHIO §, MH YCMOTpeal MPOCTO M3 yepTeka, KOTOPHIl CREXaH A TOro Cayuas,
KOraa f(x)- MOHOTOHHA W ocTaerca BHAYKIOf (1A BOrHyTOfl) B NMpoMeXyTKe
(xg) Xo), ApyruMu ciosamm, xorna f (x) # f’(X) COXPaHAIOT 3HAK B 3TOM Npo-
mexcytke [57, 71). Ha crporom anaanTHyeckoM 10Ka3aTeabCTBE 3TOLO MM OCTa-
HaBJIHUBAaTLCA He Gynewm. :

3ameruy, uTO ecan 66! Mu mpHMeHHan cnoco6 Hulotowa me k xomny x,, a
K KOHIY Xo TO He MOAYwnay G npuGAKeHHa K KOPHIO, KAK 3TO MOKa3siBaer
npoBeJeHHast NMYHKTHPOM KacaTeabHas. B caywae puc. 188 xpuBaa o6pawena
BOTHYTOCTbI0 B CTOPOHY NOJOXHTEALHHX OpAHHAT, T. €. f'(x) >0, u cnoco6
Hblotona, xax Mn BHAHM, Hajo mpHMeHATh K TOMY Konuy, rie f(x)>0. Ua
puc. 187 Butekaer, uto mpu £ (x) <0 cnoco6 He:oTona HAo HPHMEHATL K TOMY
KOHIY, FAe opanHara f(x) <<O. Mu npuxonum, Takum oGpasoM, K crepymouemy
npasuay: ecau f'(x) u f(x) 8 nposexcymre (x;, Xo) He 06pamaomcsi 8 nyav,
a opdunamet f(xg) u f(x,) pasusx 3uax0s, mo, npumedds cnoco6 Hewomona
K momy Koxyy nposescymxa, 20e 3uaxu f(x) u f'(x) cosnadaom, noayqus
nocae008amenbHbe NPUOAUNCEHUR 02 OUHCMBEHHOZ0 KOPHA ypasHenus (36),
3AKA0HA0ULE20CH 8 npoMedcymue (X5, X,).

195. Cnioco6 nmpocToro HHTepnoAHpoBaHus. YKaxeM euwe OamH cnocob
MPHOIMNKEHHOr0 BHIYHCACHNA KopHa. Yepes kounsl N u P ayru xpusoil npobe-
zeM npamylo. AGcuucca ciega B stoft npsamoft Ha ocl aGeiuce B XACT NPHEANNCH-
Hoe 3HaueHne xopHA (puc. 189). [Mycrb, xak n paHbiue, X; U X, — abcuncen KoH-
110B IPOMEXYTKA, Y paBHeHne npamofi NP Gyner

Y—flr) _ X—x, d
Flxo)—f(x))  x5—x,-
Tlonaraa Y=0, wualtnen mupawenne aGcuncesl

ToukH B: ,
xof(xo) — xof (x('))

fxo)—f(xg)

vy — Lo — D £ (x3)
= Fix)

xg— Zo— X) Fxa) Puc. 189.
f(xg)—Ff(x) -

3amena yvacTka Kpusoil OTpe3koM MpsAMOfl, mpoxonsiteil yepes KOHCUHbIC
TOUKH KPHBOH, PAaBHOCHIbHA 3ameHe dbyHkun f (x) B uccreIyeMOM NPOMEXYTKe
MHOTOYICHOM NEPBOH CTENEeHH, NMEIOLUMM TE€ e KOHEUHbIe 3HAYEHNA, YTo 1 f (%),
HaH, YTO TO MC, PABHOCHILHO NMpeXMOIOMEHHIO, YTO B YKA3aHHOM NPOMEKYTKe
u3seHeHns f(X) NPOMOPUHOHANBHL H3MEHEHHAM X. JTOT NPHEM, HA3HIBAEMBII
OGLIYHO npocmetst UHmepnosuposanues, NPUMEHAETCA, HaNpuMep, APH N01b3082-
HUK TaGaunamn aoraputpmoB (partes proportionales). Ykasauuulfl namn npnem

BLIYHCACHHA KODHA HA3WBACTCA TaKue HHOTAA NPAGUAOM AOHCHOZO NOAONCEHUS
(regula falsi), :

um

39

HIn
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Ecau npuMessats ORHOBPEMEHHO KaK CNoco0 npOCTOrO HHTIEPNOJHPOBAHMS,
TaK ¥ cnoco6 HewoTona, noaywaercs BO3MOXHOCTL 062 mpefena X, ¥ x, nputau-
3UTb K KOpHIO £.

TToaosxum, HaMpHMEp, 4TO HAa KOHILE X, 3HakH f(x) H f" (x) coBmanamoT, TaK
Y10 cnoco6 HboToHa Hapo npumensats
WMEHHO K 3TOMY KOHUY.
y P Tpumenss o6a cnocoba, MOIyYHM
NBa  HOBHIX NPHOINKEHHHWX 3HAYeHNd
(pnc. 190):
o Xof (Xo) — Xof (x4

A

Ty —f(xy
s=n= G

K upnbanmentsiM 3HaYCHHAM X[ |
Xy MOXHO ONAath 0OPHMEHHTb Te e
GopMYyaR 1 NOAYUIM HOBHE 3HAYeHuA

. X)) —xf ()

Puc. 190, = Ty —F )
- _ f(xy)
x:—xx—m.

Taxiy 06pa3oym noayynM 18a pama 3HayenHii

1 ? . ’
K X Xpveey Xy oid HOXg Xy Ky ey Xy ooy

npubanAaouNxca K KOpHIo § €leBa n cnpasa.
oy 4
Ecait y snavennit x, H X, COBN2JaloT HECKOIbKO MEPBHIX JCCATHYHHIX 3Ha-
KOB, TO y KOPH# §, KOTOPHI! 32KIIOYAETCA MEKAY X, ¥ X, AOTKHH OHTb Te e

CaMpie ACCATHYHLIC 3HAKIL
[Mpumep. YpasHcHie

fx)=x"—x—02=0,

KOTOpoc MM paccmatpuBain B upumepe 1 [193], nmeer oaun nolomHTEAbHbI
KopeHb B npomexyTke | <<.x << 1,1, H B 3TOM HpoxexyTKe

fx)=5x*—1wn f’(x)=20x3
3HaKa He MeHawT. TaknMm 06pa3oM, MBI MOXEM NOJ0HNTDL

x =1 x,=1L
Buyncasgem 3Havenns GYHKUHI f(x):

[ =—0.2, £(1,1)=0,31031,

OTKYZa BHJHO, YTO Ha NMpaBoM koHue (x,=IL1), F(x) B f’(x) nmewr omus u

TOT Xe 3Hak (), M, clenoBareabHo, cnoco6 HboToHa Hamo MpHMeHATL HMEHHO
K NpaBoMy KoHuy. [IpensapuienbHo BeiulCIseM 3HaueHHe f' (X) Ha NPaBOM KOHues

J (1,1) =6,3205.
Coraacuo gopuyaas (37) u (39), Oyaem nmers
’ 01.02
0,31051

305 = sl

Xy= 1}l —
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Ona caepyicmero npHGIMKEHHA BEYHCISEM:
£(1,039) =—0,0282, f£(1,051) =0,0313, s’ (1,051) =5,1005,
OTKYyNa
0,012 -0,0282 0,0313

Xy = 1,039 + '—W=m4469, x2=1,051—5:—1—665—=1,04487,

YTO jaer 3HayeHNHe KOPHA C TOYHOCTHIO 10 ABYX CHMHHU B yeTBepTOM 3HaKe [193):
1,04469 << £<< 1,04487.

§ 19. HHTETPHPOBAHHE ¢YHKIHH

186. Pasnosxenue paunoHanbHOH Zpo6u HA mpocTeiimue. Brue
MB! YKa3ajgu pan NMPHEMOB s BHUHCAEHHS HEONMPEAEIEHHBIX HHTErDanos.
B Hacrosmem naparpade M JONOJHHM STH YKa3aHHS W NPUAAAHM MM
6onee cucrematnuecknft xapaxrtep. Ilepsmm Bompocom Oymer Bonpoc
06 HHTErpupoBaHUN payioHassKol 0polu, T. €. YaCTHOrO ABYX MHOrouJe-
HoB. [lpexae ueM NMepexXOfuTb K PEUIEHHI0 3TOr0 BONMPOCE, MBl YCTaHO-
BUM ¢OpMyJIy, KOTOpasd maeT NMPEACTaBJEHHEe paunHoHaiabHol apobu B BHIe
CYMMB HEKOTOPHX apofefl mpocrefiiero Buaa. STo NMpenCTaBJeHHE Ha3H-
BAETCA pasaosceruex paylioHassroli 0pobu Ha npocmeiiwie.

[yctb umeercs paunoHaibHad Apolb

F(x)
fx)’
Ecan 370 — apo6b  HENpaBH/IbHAd, T. €. CTENEHb YHCAUTENS He Hixe

CTENEeHW 3HaMeHaresd, TO, NMPOHU3BOAN AE/eHHE, MOXEM BHIACHITD ueayio
yacTb — MHorouneH Q (X) u mpexacraButh ApoGb B BHAe

F(\’) ?(x) . ’
T =Q )+f(x)’ 1
;%8 €CTb Y€ TpaBuabHas ApoGb, y KOTOpOH CTeneHb WYHC/AHTEA

HUXe cTemeHn 3HaMmenarens. Kpome Toro, Ml OyzeMm cuutath 3Ty Apo6b
Hecokparumoft, T. e. OymeM cuuTaTh, UTO UUCAUTEAh H BHAMEHaTelb
B3auMHO mnpocrhe [188].

Ilycth X=a ecTb KOpeHb 3HaMeHaTeJsd KPAaTHOCTH X:

fR)=(x—a)*f(x) n fi(a) 0.
JlokaxeM, uTo npolb MOXHO NDPEACTABHTH B Biile CJACAYIOWEHR CyMMBI

¢ (%) e ()
G A = T E—aF A (2)

raie A — HEeKoTOpas NMOCTORHHAs M BTOPOE cJjaraeMoe MpaBoH vacTi —
npasuabHag apo6b. CocTaBuM pasHocTh
¢ (x) A e —AL)
x—affi(x) (x—a) (x—a)* f1 (%)
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W ONpeaeauM NOCTOsSHHYI0 A Tak, yrtobm wicauteab apolu, crosulefl
B NPaBOH 4acTM HANNCAaHHOrO PABEHCTBA, jeawics Ha (x —a) [184):

¢ (a) — Afy (e)=0,
OTKyaa

a=£C (@ 0).

Mpu 1akom BriGope A TOABKO 4TO YNMOMAHYTYiI0 HPOOb MOKHO CO-
KpaTiTh Ha (X—a), ¥ MH npuaeM Takum o0pasom K TowkaecTsy (2).

Ono nokassiBaer, 41O, BBLACJAA CJaraeMoe BUHA3 KOTOpo€ H Ha-

(x — a)*’
3pIBaeTCA npocreiimefl gpo6blo, MB MOKEM NOHU3UTD n)oxasarenb cTeneHu
MHOKHTEAS (x——a), BXOJfIIErO B 3HaMeHareab, no kpaliuell mepe, Ha
eAHHHLY.

ITonoxiM, YTO 3HAMEHATENb PA3NArAETCA HA MHOKUTEAH:

F(x)=(x—a)*(x— a,z)k* e (x—ay)tm.

[Mocrosnunill MHOKHTEAL MBH HE MILIEM, TaK KaK OH MOKET OwTh
otHeceH K uncautemo. [lpuvenss mnocaenosatedbHO YKa3aHHOE  BEILUE
NpapiiiIo BHAeIeHUst mpocreiieilt gpoOu, moayuny pa3aoxeHHe NPaBuJib-
HoHi pauuonansuofi gpobn Ha npocrefliue

) {1 a
£ (¥) — Al o Akl—‘ ) N Ay B
F@x) (x—apf D (x— gy e a, '
A@D A('z) Am)
2 ! k2 —1 1
l (xr— aﬁ)kz R x— a;z)kz_l + e A—d, k&
A A A
m m = B
+ = Tttt ®
(x— ag)'m (x—agy)*m AT 8m

Vxamenm Tenepn cnocoOw onpeneieHiis KO3(QHIIEHTOB, BXOJAMIUX
B NPaBYI0 YacThb HAmMiCanHOro TomxAaecTBa, OcBoGoA1ad €ro OT 3HaMeHa-
Tend, NPHAEN K TOXZECTBEHHOMY DaBeHCIBY ABYX MHOTQYJEHOB H, NpH-
paBHiiBasg HX COOTBETCTBYyMOUNE KOIM(UUHEHTH, NOJYYHM CHCTEMY YpasB-
Henufl neppofi cremeHil AJs ONpeaeneHns HCKOMHX Koaddumuenros, ls-
Aowenntil cnocob, kak M yxe ynoMunaan sbpime [185], HasuiBaercs
€1nocofo. HeonpedeseHHbX KoIhiuyluenmos,

Moxuo noctymarb m mHave, a NMeHHO, NPHAABATL B YNOMAHYTOM
BHIIE TOKAECTBEHHOM PABEHCTBE MHOTOQYJIEHOB PasiiyHbe YacTHHE 3Ha-
qelg nepeNcHuoil X, 1M cnocovbon ROOCMAHOBRN MOXKHO €lle I0Jb-
308aThCs M npeasapnteabno  npoanddepenuaposas awoboe wHchao pas
YROMAHYTOE TOKACCTBO.

Mow#HO A0Ka3aTh, Ha ueM MBI OCTaHABANBATbCA He OyzeM, 4ro pas-
Jaokelne (3) €INMHCYBENHO, T. € UTO ero KOI(p(PUUHEHTH HMET BROIe



197 | § 19. HHTETPHPOBAHUE ®YHKLIIT 463

onpeaeneHIioe 3HayeHne, He 3aBucamee or cnocoba pasnoxenus. B nanb-
HeillgeM MBI OAgAM MpHMEpH TPHMEHEHWsT YKA3aHHHX BHMeE Cnoco6os
onpejeneHisi HeH3BECTHHX KO3MHUINEHTOB Pa3/IOKeHus,

B cayuae BeiecTBeHHOCTH MHOrouaeHoB ¢ (¥) H f(x) npasaa yacrb
TOKAECTBA (3) MOKET BCe-TAKH CONEPIKATb MHHMBIE W/EHH, MpPOHCXOAA-
llHe OT MHUMBHIX KOpHeft 3uamenarend. Mm npusegeM apyroe pasaoxe-
HHe palsnoHabHoft Apobu, cBoboaHOE OT 3TOrO HEZOCTATKA, HO oOrpa-
HHYHMCA TIPH 3TOM JHIL TEM CJAy4aeM, KOTAa 3HaMeHaTeab ApoGH nmeer
TOJAbLKO NPOCTHE KOPHM, TaK KK B TNPUJIOKEHHSX uMeerT unauGoasiiee
3HAuYeHHE HMEHHO 3TOT Cayual.

Tlape KOMIEKCHHIX CONpsKEHHHIX KOpHeli 3HaMeHaTtens X ==a -t bi
Oyaer cooToercrsoBaTh CyMMa npocrefiux apobedt

A+ Bi A—Bi
O+

XxX—a—bi ' x—atbi®
[pusons 3Tu RPOGH K ONHOMY S3IaMEHaTEMi0, M0AyYnM mnpocreluiyio
apo6b Buaa

M. N °
AN e gm0

Taxum o6pasoM, B paccMarpuBaeMOM CJyuae BElIECTBEHHas pauuno-
Ha/lbHas Apo0b Pa3NOXKUTCE HAa BelecTBEHHHIE Npocrehuine:

plx) A
f(x)'_x—xa,"f_x——a2 + +r—a -+

M x4 N, Max 4+ N, Mgx 4 Ng
— ‘e —_ 4
tE ot a TRt T o tEtaera @
anqu B nepﬂoﬂ CTpOKe CTOAT 11p06H, COOTBeTCTBleU.lHe BElIeCTBEHHBIM
KOpHﬂH 3HaMeHaTeaq, a BO BTOpOﬁ —-ﬂp06ﬂ, COOTBeTCTByIOluHe napaM
KOMNJEKCHBIX CO"pﬂ)KeHHHX KopHeﬁ.

197. Wnrerpuporanue pamuonaasHoil napo6u. HWurerpnpopanne
panuonaiasHolt apo6u B cuay Qopmyam (1) npMBOAMUTCE K HHTErpnpo-
BaHUIO MHOrFOY/JEHa, YTO NACT TaKXKe MHOrOYJIeH, H K HRTerpHPOBAHHIO
npasuabHOfl pauuoHanbHOR apo6u, yTo MBI 11 Oynem cefiuac paccmarpu-
BaTh.

Ecan 3namenarens npo6GH HMeeT TOJIbKO IPOCTHE KOPHH, TO,B CRAY
dopmyan (4), Bce mpuBenercs K MHTErpasiaM JABYX BHIOB:

L SxA_adx=Alg(x——a)—{—C

n

IL. S MetN

EEy
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Benounnas ckasannoe |92), nmoayynm OTBET BuAa
Mx+ N

g F=MEE - pr )+ parctg l—,-*ii—-kc
* ’ 49— p?

Taknm ©6pasoy, B paccMaTpuBaeMOM CAy4ae WHTErpan BHIPAsHTCH
yepea aorapudMs 3 aPKTaHFeHChl.

PaccMoTpuM  Teneph TOoT Caydali, KOFa 3HAMEHAaTelb NPaBMIbHOHN
paunonasHol Apolu colepxur kparusie xopun, OOpartuMcs K pasioie-
o (3). Munmbie uncaa, KOTOpHE MOFYT B HeM BCTPETHTbCS, GyayT
urparb  Jildb  NPOMEAKYTOYHYHO pPOJAb B JaabHeHmHX BHUUCICHUAX H
B OKOHYATEALHOM PE3YALTATE HCYEIHYT.

IIpn unrerpupoBaunn npocteitwux ApoGeli, sHaMeHaTeab KOTOPHIX
BHIIE NEPBOH CTEMEHH, MB MOJAYYHM TAKKe PpAUHOHAAbHYIO APOOL:

g Ak -5 : Ag,?—s

e e Y P

e+ C (—s>1).

CyMMa noayuyenHsIX nocae uHTerpuposasus apoGefi mact aszebpau-
4ecKYI0 4acme HHTErpaia, KOTOpas mo npreelenun K ofuieMy 3uaMena-
Te10 GyJeT, Ouesialio, NpaBiibHONl npoGbLIO BRAA

@ (x)

Ry—1 2—1 —
(x—ap™ (x’_as)k' '“(x—'am)km

HYncanteas o (X) ects MHOrouwdIeH cTelleHil, MO Kpafinelt Mepe, na
€AHHHILY HILKE CTeneHy 3HaMeHaTesd, a 3HaMenaredb NPeICTaBIser co-
6o oOmufi HanGoapwuil geanteas D (x) suaMenaread HHTErpupyemoli
apobu f(x) u ee nepsol npoussozuolt f'(x) [188].

CyMMa OCTaJNBHHX HENPOMHTErPUPOBAHHHX Apobei

AP AP I AP
x—a, | x—a, T T x—=a,

npu npuBeseHuu K o0meMy 3HAMEHATeqI0 OKAXeTCd npasmiabuofl Apobblo
BHAA
oy (x)
(x —a,) (x — ay)...(x —ap)’

rae o;(X) ecTb MHOrOu/EH CIENeHH, Mo KpafiHelt mepe, HA €AMHULY HIKE

CTelleHll BHaMEHaTeds, a 3HaMEHaTeab IpeAcTaBaseT Co00Kw  yacTHOE

Dy (x) ot menenns f(x) na D(x). Taxum oGpasom, Ml NMOJYYHM CAELY-

owyw gopayay Ocuipozpadckozo:

¢ (x) o) ay (Xx)

dx = dx. - 5

& ¥ =5m T Vb ™ ®)

Muorounerss D(x) n D;(X) MB MOxeM onpeaeists W He 3HaiA Kop-

netl f(x) [188]. Ykawmew rtenmeps, Kax onpeneautb KO3QduIMEHTH MHO-
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royneHoB o(Xx) n o;(x), crenenn KOTOPHX MB MOXEM CYHTaTh Ha €IH-
HOLy Huxe cremeHefl coorsercTayomux 3Hamenateneft, Muddepenunpysn
paserictBo (D), ocsobGoxknaemcs or 3HakoB mHrerpana. OcBoGoxaasch
B NOJYYEHHOM Takum 00pa3oM TOXAeCTBE OT 3HaMeHartead, GyneM HMeTb
TOW/JECTBEHHOE PABEHCTBO [ABYX MHOTOUJEHOB #, MPHMEHAA K HEMY METon
HeonpeaeseHHHX KO(QQUIUEHTOB Mau MOACTAHOBKH, CMOXEM ONPEACNHTH
Koadgdunueats o (x) u oy (¥).

dopmysna OcTporpaackoro naer, TaKHM oopasoM, anreGpanyeckyto
4acTh HHTErpaza npasuibHONR paunoHanbHON npolH # TOraa, KOraa KopHH
3HAMEHATEeN HEeH3BEeCTHH. 3HaMeHaTeab ApoOHW, cToswmwEeH MoA 3HAKOM WH-
Terpana B mpasofl yactu paseHcTsa (5), COOEPKUT TONBLKO MPOCTHIE KOPHH,
W, pasnaras 3ty apoOb Ha mnpocrefluime, MB CyMeeM BBIYHCAUTL 3TOT
HHTErpat, npuyeM, KaK 3TO MB TOJIbBKO YTO BHIE/IH, OH BHIPA3UTCA uye-
pes sorapupmst m apkraurencs. Jlaa nmposeaenus mocaennefi onepauun
Hay Hamo 3uate kopau D, (x).

IMpumep. Coraacho popmyae Ocrporpaicxoro
S =ax’+3x+x+s‘6x’ ex-{-v;d
(41 x4 1 x34-1
Hnddepennupyenm no x
1 Qx4+ —3x(ex+3x47) + bx? tex 4y

=+ 1)* (1) x* 41
0, 0CBOGOXIAACH OT 3HAMEHATEIs, 1IMeCM

L= Qux +8) (x? + 1) — 3% (ax® - fx - 1) -+ @& +ex ) (x* -+ ).
CpabnuBan xo3¢duunentsl mpH x% noayuaeMm 3=0, 1t CpaBHHBaA 3aTeM KO03}-

GHUNeHTH NpH X%, noayynM 1-—0 IToncrasasan B HANHC3HHOC TOXAECTBO
1=13==0 1 cpasHiBas kK03QPHUUNEHTH NPH OCTATLHEIX CTEMEeHAX, 6yaeM HMeTh:

t—a=0, 1—23=0, 2af-e=0, B+n=1,
OTKYJa OKORYATeNbHO:

L
3 ?

i
e 1o

a=y1=3=¢=0, =
H, Clel0BaTeabHO,
X 2
§ g= ST T T
Mocaeaunit HHTErpa1 BHUHCAAETCS p83.10)KCHHeM 1po6u HAa mpocreftune:
1 Mx 4N
AF1 - x + 1 + —x 41
Ocro6oxaeMca OT anaMenarens:

l=AF —x+ D)+ (Mx+N) (x+1).

l .
Monarar x=—1, noayunm A=?, a 3ateM, CPaBHIBAA KOIPPHUHERTH
npn x* u cBOGOAHLIE uNeHN
M=—

1 2
3 NEw
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M, Caef0BATEALHO,
_ 1 X —2
xt41 3(x+1) 3Bxt—x+D°

Oxouqarenbuo nonylnm

dx x—2 X2 e
P R 3 x+l 3 Yo fr =

— 1 2x—1
_-g-lg(x—}-l)-—vbvlg(x’—x-{-l)+)7§arctg W—I’—C,
OTKYZa
o= sy T e+ — g —x D+
ECF)E 3@ Fn) "9t o8
2 2 —1 .
+3V§arctg VE 4+ C.

198. Uurterpan or Buipamenuil, conepwamux panxuxauast. Paccmo-
TPHM HEKOTOpHIE APYrile THNH HHIErPajoB, KOTOpHE NMPUBOAATCS K uilTe-
rpazaM oT paunoxaabHofi apolu.

1. Huterpan

ax 4 b\ ax b )P
CR[x (S0 ) (ZE2) . Jax ©6)
rae R — paunonaibhas (yHKMus CBOMX apryMentoB, T. €. YacTHOE MHO-
TOWICHOB OT 3THX dprymenTos, a l, B, ... — paluoyaibHple YHCAd.

Iycrs m — oOuwnil snamenarean stux apoGell. Bsezem nomyio nepesen-
nyto

ax-bo __ ¢m
cx-d T ¢
I dx R
pu 3TOM, O4EBHAHO, X, —u- H BHpaNens
(ax-{-—b)A (ax—}-b)u
cx+d cx+d

6yayT paunouanbubiMi (Qyukuusyu t, u purerpan (6) npupegercs K Hi-
Terpajay OT pauuoHaapHod apolu.

2. Bunomnui dughgpepenyuas. K unnrerpany (6) npupoiarcs B ie-
KOTOPLIX C/yuasX uwmezpaast om GuHoMHuX Oudgepenynaros:

‘ x™ (a-4- bx")P dx, )
1
rpe m, n 1 p— panyoHansHLEE HHCID,
1

Toaoskuy x=={7;
m+1

Sx’" @+ b dx = St a T (ad- bty at,
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Ecan p unu m,# ecTb leJ0Ee YHCAO, TO INOAy4eHHslt muTerpan
ectp uHTerpan suga (6). M3 ouesmaHoro paseHcTBa
m 1 m31

St " (a—}—bt)”dt—-St " p—l(#)pdt

m
Clelyer, uTo ¥ B TOM CJAy4ae, KOraa T++p—uenoe unucao, HMHTE-

rpaa (7) npusomutcsa K suay (6).

Cymectayer meopesa UeObiuega, COrAacHO KOTOPOH yKa3aHHEHIE
TPH CJAyuasd MCYEPNBLIBAIOT BCE C/AyYad, B KOTOPHIX HNTErpan oT GHHOM-
Horo Au(depentuasa BePaXaeTcs depes 3semeirapisie QyHKWiM.

199. Hurerpansl Bupa g R(x, Vax*bxc)dx. Wurerpan
Buaa

S R, Vax 1 bx—c)dx, 8)

rne R — paunonanbHas (ynkuus CBOUX apryMenToB, NPHBOASTCE K HH-
TerpazaM or pauuonaisuofi ApoGu npu nomow nodcmarosox IJiisepa.
B cayuae a >0 MOXHO MOAB30BATLCA Nepsoli nodcmanoskol dtinepa:

Vax*-bx 4 c=t— y/ax.
Bossniuras o6e yacTi 3T0ro paBeiiCTBa B KBaapar peutag oTHOCUTE/ABHO X,
noay4HM
e
2V a+b
. dx — T T
OTKyZa BHANO, YTO' X, —; Vax®4-bx ¢ OGynyr paunoHanabHLIMu

dynkussmMu ot ¢ ou, caeposartenbiio, uxrerpan (8) npusemercs k unTe-
rpany OT DauMOHatLHOH ApoOu.
B cayuae ¢ >0 MOXHO NOAB30BaTLCA 8mopoii nodcmarosxol diinepa:

Vax* - bx Fc=tx+ ye.
TIpeanaraem uuratemo yGeguTbcst B 3TOM.

B cayuae a<{0 Tpexumen (ax“‘—|—bx+c) OMKEH HMETh Bewect-
BEHHHE KODHH Xy M, X; HGO B MPOTHBHOM CJyyae o HMe 65l TIpU BCEX
BEIeCTBEHHHX 3HaueHusax X 3HaK (—), a 1/ ax? - bx ¢ 61 6u peau-
uuHO#t MHuUMOH. B cayuae BewectseHHOCTH KOpHell ynoMAHyTOro Tpex-
ujeHa nuTerpan (8) nNpHUBOAMTCA K HHTErpany OT DalliOHaAbHOH Apobu
npH MOMOILN mpemeseil nodcmanogril dtinepa:

Valx—x) (x—x)=1(x— %),
B YeM ¥ npegnaraeM yOeanTbesl unrareno,
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Moncranosku itnepa NPUBOAAT GOMblIEH YACTBIO K CAOKHEIM BHIKAA-
KaM, a NOTOMYy Mbl yKaxeM Apyrofi mpHeM BbiuucaeHus unrerpaia (8).
OGo3nayuM 1 KPAaTKOCTH MHCbMA:

y=vVadtbx+ec.

Beskas nonoxuTenbHas 4YeTHas CTelleHb y NPEACTaBaser coboio MHO-
roused OT X, a NOTOMY NOABHTErPAbHYIO (DYHKLHIO HETPYAHO NpPUBECTH
K BHRY

o (X))o, (x)v
R(x, y)= L) Fa, (v
wy (X))t o4 (x)y

rae wg(x)— muoroused or x. OcBo6OxAasICh OT HPPAUUOHAILHOCTH
B 3HaMeHaTeJe H COBepllas 3jeMeHTapHue npeo6pa3oBaHus, MOXHO mHpe-
00pa30oBaTb HAMICaHHOE BHPAXEHHE K BHAY

R(x, yy=2l o 20

wg (x) 1 wg(x)y’

Hepsoe caaraeMoe eCTb pauuoua.'lbllaﬁ apoGb, WHTErpHPOBATH KOTO-
pyio MH yike yMeeMm. Buimeass u3 apoGu :«\’) 1eayio 4acTb i pasaaras
OCTaBUIYIOCS] MPaBHJIbHYI0 APOGhL Ha npocretiume, Mbl MIPHAEM K HITErpa-
JaM  BHIA

. .
VaxtF+bx+e¢
|
dx
S SN (10)
(x—a*Vaxt4bx+c !

rjae ¢(x)— Muorousen oT X.

Ipi sTOM MH INpeAnoNaraeM, 4TO MHOTOUJEH wg(X) uMEeT Juilub
BELIECTBEHHEIE KOPHIL

[Mpexae uem NepeXxojHTb K paccMoTpenuo uuterpanos (9) n (10),
OTMETHM JBa NpOCTEHIUHX 4YacTHRIX cJAyvas uitrerpaia (9):

dx _
S Vax*Fox+e¢
=Vl—a_]g<x+2%+' xg—i—%x-{——ca—)—l—C (a>0), an
b
S__d_x_~-= - dx _=an:sinx_7
V—xitbxte [_0\? "
Y m=(r—1)

$opmyay (11) nerpyano nOAYy4YHTb NMPH NOMOULI NEPBOH NOACTAHOBKH
ditnepa. Hurerpaa (12) yxe Obl1 Hamu pasobpan panbiue [92],

-—C. (12)
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Has Beuucaenns uuterpana (9) yaoOHO noJab3oBatses dopmysofi:

% (x) _ 2z X
S——dex (%) Vax I+ bx+¢ +AS__—Vm, (13)

rae ¢ (X)— MHOTOYJMEH CTEMeHH Ha emuHuLYy HuKe, 4YeM @ (X), u A —
nocroguHad. Ha nokasareabcTBe dopMmyast (13) MBl OCTaHAaBAHBATLCH HE
Gyney. Ouddepenunpys cootHomenue (13) u ocsoGomaanch OT B3Hame-
HaTess, MOAYUHM TOXAECTBEHHOE PABEHCTBO J[ABYX MHOIOYJIEHOB, OTKYZd
¥ MOXHO OnpeneauTb Koa(dUUHEHTH MHOrousneHoB ¢ (X) M MOCTOSHHYIO A

Wuterpan (10) npusoantca K uHTerpany (9) npu nOMOIM NOACTAHOBKIL

x—a=%.
Mpumep,
j' dx Sx—Vx”—x—!—ld _
x+Vx—x+1 x—1 =
- X —x+1 —
Sx-—l = S(x——l)]/tz—x—}-l ax
= T X2—x 41 d
x4ig(e—1) S(x—l)Vx’ —— .
Ho
xt—x41 1
x—1 =x+ x—1"7
a nortomy
—x 41 x dx
Y e T Rl Ty

Cornacno ¢ropmyae (13)

X T dx
| S_——_Vx2—x+ldx—an x+l+l8———]/x’—t+l‘

Nuddepenunpys 310 COOTHOUIEHHe H OCBOGOXKAanCh OT 3HAMEHATENs, NOAYYHM
TOXJECTBO
2¢x=a(2x—1)4 2,
OTKYyXa
a== 1, )\ E—4 %— N
W, C1ef0BAaTEIbHO, B ciay dopuyan (11),
S—__xzdx-:l/x’—x-{-l—{-—l-l ( —{-']/-k'2 .Y+l)+c.
Ve—x+1 2

floacrasass
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JI0AYUUM

dx =02 _ _
.S(x—l)Vx’~x+l SVtz+t+T“
=—tg(t+ 5+ VFFIFT)+C=

I I
—— (i 4y ]/(Ti_l)?+,t‘_-l—_l+l>+cz

=—lgx+I14+2Ve—x4) Flgx—1)+C

‘OKOHYaTeIblIOo

S'\-_*_]/'xz_x_*_l"x—l/*ﬁ_x‘("1"":2-lg(x——i-—}—]/'x-—/\—{-l \+

Flget 142V F—xF1+C

Unterpaa (8) sABIAETCA YACTHLIM cayyaeM alecesa unmezpaad, KOTOPBLL
uMeer BRI

g R(x, y) dx, (14)

Tac R —paunonaapnas GynkuHA CBOUX apryMenrTon oy — a.zefpaudeckast
PyHEQua om X, T. €. QYHKIW OT X, KOTOPAA ONPLICIACTCH U3 ypaBHeHuH

f(x, y)=0, (13)
JACBast YaCTL KOTOPOro ¢Cro 1eanlil MHOrOYJIeH OTHOCHTCILHO X Il 3. Ecau
y=VPx),

rae P (x)— muorouicn TpeTueli WAH 4eTBCPTOil CTemenst oT X, T a6CACH fuTC-
rpaa (14) Ha3uiBaeTeR 2 unmutecKUMs URMEZPa.10M. Mbl 3ailyMeMes 3THMI RUTC-
rpazamyt b Tpersem ToMe. flawe u 3707 mocacanudi, a Tem Goaec m oGwHii aGeaes
HUTCIpad, Boobuie rosops, He BLIPAXacTcs yeped siacMenrapuvie dynkumu. Ecan
creneny muorowacna P (x) swwe wyerscproff, 70 mmrerpaa (14) naamsacres 2u-
JnepIraUnuecKus.

Ecan coortnowenue (15), KoTopoe BLPaxacT y Kak aareGpaMuycckyo ¢yix-
e oT X, 00613jaeT TEM CBOHCTBOM, YTO X M y MOrYT OuiTh BHIPAMCHH B BHIC
pauHonaIbLiuX GYHKUHIT BCIIOMOrareabHoro 1napaMeipa f, To, OYeBHIHO, abelen
unrerpaa (14) npusoantcs K HHTErpaiy or paunonaisnofi apo6u. B ykasannom
cayyae asrcOpamycckas Kpupas, COOTBCICTBYIOulasg coorTHowehHio (15), Hasu-

BACTCA YHUKypcaavuoi. B yactnocty, noicranosku Jiilepa caymar J0OKa3aTedb-
CTBOM YHHKYPCaabHOCTH KPHBOI

yY=ax*t+bx+c
200. Huterpanul suga SR (sinx, cos x)dx. Unrerpan pupa:

SR(sin x, cosx)drx, (16)

rie R—pauuoua.'mnaﬂ Q)ym(mm CBOUX apryMcHIOB, HPDHBOAUTCS K HHTE-
rpany OT pauuoHanbiiofl }1p06ﬂ, €Cqau BBECTH HOBYIO nepeMennyto

{==1g -2{.
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Ilelictantenbro, COraacHo M3BeCTHHIM GIOPMYJIAaM TPArOHOMETPHH, TO-
AYUHM

sing==—2t_ cos x—-]—_—tz
X =1 =1Fa
1, KpoMe TOro,
2d¢t
X =2arc tg 1, dx = 'l—_w,

OTKyZa H BBITEKAeT HeMOoCPEACTBEHHO HAIIE YTBepkAeHHe.

Ykaxeym Tenepb HeKOTOpHE YACTHBIE CJy4al, KOraa BHIKJ3AKH MOTYT
OHTL YIPOILCHHI,

1. Monoxnm, uto R(sinx, cosx) He MeHseTcs npu 3amene sinx u
COS .X, COOTBETCTBEHHO, Ha (—sinx) n (— €0S X), T. € NPEANONOKUM,.
uto R(sinx, cosx) umeer nepuox = Tak Kak

sinx = cos x tg x,
10 R(sinx, cosx) okasmiBaerca paunoHaasoll dyuxumeli OT €os X u

tg x, ne Mensomefica npu 3amene €os.X Ha (— COS X), T. €. COmEpKa-
well TOALKO YEeTHHE CTENeHH COoS X:

R (sinx, cos x)=R, (costx, tgx).
B paccmatpupaemom cayuae ans npupesenns nurerpana (16) x unre-
rpajsy oT pauHoHaabHOH APOGH AOCTATOYHO MOJOKHTH
t=tgx.
JeflcTBiITENBLIIO, IPH BTOM

dt 0 1
dx = m , COS™ X = m.

WUrak, ecan R (sin x, cos x) e Mennemces npu 3axexe sin x u cos X,
coomsemcmaenno, Ha (—sinx) u (— cos x), mo unmeazpasr (16) npu-
sodumesn K unmezpasy om paynoHaAsHoil 0poSu npu nosowsn noo-
cmanosKu t=tg x.

2. TIpeanoaoxum Temeps, yto R(sinx, cos.Xx) Meuser auwib 3HAK
npu 3amene sinx #a (—sinx). dynxkuus

R (sin x, cos x)
sin .x

He OyleT BOBCE MEHATLCA NpH yKalanuoli 3aMene, T. €. Oyaer coaep-
JaTh TOJABKO YETHHIE CTENEHH SinX, a CJAeX0BaTE/bHO:

R(sinx, cos x)=R, (sin® x, cos x)-sin x.

IloacraBags £ = cos x, noayunm

S R (sinx, cos x) dx=— S Ri(1 —1¢, t)dt,
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T. €. ecau R(sinx, cos x) npu 3axene sinx wne (—sSinx) mensem
Auws 3xak, mo unmezpas (16) npugsodumcs K uwmeapaasy om payuo-
HaasHoOW Opobu npu noiouyn 1OOCINAHOBKI t == COS X.

3. Touno Tak ke HETPYAHO NOKA3aTh, YTO ecan R(sinx, cos X) npu
3aMmeHe Cos X Na (— cOs X) MeHsem auwls 3Hak, mo uxmezpas (16)
npusodumcs K uxmezpary om payloHaAbHOR OpolU npu nosouu noa-
cmanogru t=sin x.

201. Hurerpanst Buga S e** [P (x) cos bx |- Q (x) sin bx] dx. Hn-
Terpan Buaa:

S ™ o (x) dx, a7

rae ¢(x)— MHOroyden n-fi CTENeHn OT X, HHTErPHPOBAHIEM MO0 4acTaM
MOKHO YNPOCTHTL:

S‘ eax?(x)dx:_l_ eux? (X)—%- S ax '(x) dx.

Taknm 06p830.\!, BbLICAAd N3 HHTErpana <cJaaracyMoe, nMmcwooulee B
ApOu3BeIeHHA e na wmnorodaen n-it CTENeHi, MLI MOKEeM NonisiTn CIe-
nenp, MHOro4YJACHa nojJ 3HakoM HHTerpaja Ha eI1HHHLY. Hpononmaﬂ Ta-
KHM 06p830.\l HHTErpHpoOBaTh 110 4acrTsaM H NPHHUMAA BO BHHMAIIUE, YTO

1 .
S % d ~ 2% - C,
N0y 4HM

Se“‘g(x)dx:e“”np(x)%- o (18)

rae ¢ (x) — muorousen Tolt e n-ff cTeneHu, 4to W 9(X), T.e. uHme-
2paa om npou3sedexus noxasamessrnoll @ywxyuu et Ha muo204neH
n-fi cmenenu useem 8ud maroz20 gice npoussedexus. :
Huddepennpys cootHowenne (18) n coxpamas obe wacti noay-
YEHHOro TOWJeCTBa Ha e%%, MoweMm ONpeseaiTs Ko3pdHLNEHTH [O.i-
ucMa ¢ (x) no cnocoly Heompene/ieHHHK KO(PDULHEHTOB,
Paccyotpiy Teneps unterpan Goxee obuwero Buaa:

S‘”‘[P(x)cosbx Q(x)sinbx}dx, (19)
rae P(x) n Q(x) —muorowienn or X.- Ilyctb 1 — nauGosbluas 83

crenenelt sTUX ABYX MHOrO4Y/eHOB. BBoas B KauecTse BCMOMOraTeasHOIO
Cpeacrsa KOMIJEKCHBIE BEAHYHHB, MOMXEM npusecTd uurerpaa (19)
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nuterpany (17), a umenno, noxcTaBue BmecTo COS bx u sin bX uX pHpa-
HeHua no Qopmynam ditnepa [176]:
bxi —bxi bxi ~bxi
e’xt L ¢ eoxt ¢
Cos by =1~ i _——
2 ’ 2i '

noAyYnM
S e [P(x) cos bx - Q (x) sin bx | dox =

= (e roiyar 4 (et o,

rae @(X) 1 ¢, (X¥) — muorounenst crenenu He Buiume n. IIpumenss ¢op-
myny (18):

S e® [P (x) cos bx -} Q(x) sin bx] dx =
— e (a+bi) xq)(x) +e (a-bi) x(;,' (x)+ C,

rae ¢(x) n §;(xX) — MHOrOUNEHH CTeNMeHn He BHule 71, M MOACTaBAAA
+ b, ; :
¢* "' = cos bix == isin bx,

OKOHYATETbHO HMeeM
\‘ e™ [P (%) cos bx 4 Q (x)sin bx]dx =
= " [R (x) cos bx - S(x) sin bx]+C, (20)

rre R(x) u §(x)— muorounensl cTemenu He Beime 7. Takum oGpasowm,
MBI BHAUM, uT0 uumezpas (19) useem egspasicenue mozo e suda,
Ymo u e20 NoOviHme2passHas BYHKYUS, NPULEN, CMENneHs MHO0UAEHO8
8 supadcenuu unmezpasa Hado Opams pasHoli Hauboasweli u3 cme-
neHell MHO204AH08, CMOSINK 8 NOOMHMEPANbHOL BYHKYUN.

Huddepenunpys coornowenne (20), coxpauas nonyyeHHoe TOKAECTBO
Ha €% u npupasnusad Ko3(pUUUEHTH ONUHAKOBHIX WIEHOB BUIa
x*cos bx n x*sinbx(s=0,1,2,...,n), croswux B npasolt u JesoH
4acTaX, MOMYYAM CHCTEMY ypaBHeHuil nepeofl cremenn 419 onpeneneHus
Kkoapduunentos MHorounenos R(X) m S(x). 3amerum npm 3TOM, YTO,
ecan cos bx uan sin bx nox 3HaK WHTErpasta n He BXOAAT, B NpaBoi ya-
¢t GopMyan Hamo o0s3aTeAbHO MmucaTe o00e  TPUrOHOMETPHYECKue
(YHKUHN, MOMHsl BHICKAa3aHHOE BHIIE MpPABUIO ONpenenaeHus CcreneHett
MHorounesos R(x) u S(x).

K unrerpanam smga (19) npUBOAATCR HENMOCPENCTBEHHO HMHTErpanbl
BuIa:

Se""'t;(x) sin (@ —-by) sin (@ -+b65) ... cos(cyx-dy) cos (cgxt-dy) ... dx.

IeficTBHTENLHO, NoJb3yAaCb HM3BECTHHMH TPHTOHOMETDHUYECKHMH (pop-
MyJ/aMH, BHpaXamwuMn CyMMY H Pa3HOCTb CHHYCOB U KOCHHYCOB B BHAC
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TIPOH3BEACHHA, MOXHO, Ha000POT, MPOH3BENEHHE KaKuX-1HO0 ABYX U3 Bbl-
HICYNOMAHYTHIX TPHTOHOMETPHYECKAX (YHKUUil BHIDa3NTL B BUAE CYMMbl
HJH Pa3HOCTH CHHYCOB u Kocnrycos. Ilpumenss HeckoJbko pas 3To mpe-
-00pa3oBaHue, MOXEM MOBECTH UHCJAO TPHFOHOMETPHUYECKHX MHOXKuTeaeH
noj 3HaKOM HHTErpajia A0 ORHOIO M Takum 00pa3oM MOAY4YHM HHTErpas
buna (19).

[T pumep. Coraacio dopmyae (20):
Se"x sin bx dx = ¥ (A cos bx + Bsin bx) -}- C.

Juddepeuyupyem i coKpalgaem na e*:
sin bx = (aA -+ bB) cos bx 4+ (— bA - aB)sin b,

OTKYRa
b a
aA+4 6B =0, —bA+-aB=1, 10 CCTb A=_m' B=m'
H OKOHYaTCABHO
' b a .
Se“*‘sinbxdx=e“x(—mc‘)5bx+m sin bx)-}—C. 1)
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