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NMPEAUCJIOBUE K YETBEPTOMY HW3IAHHUIO

B nacrosutem n3namus, B CBS3M € no0aBieHineM HOBOrO MaTepnana,
Tpernfi Tom paséur Ha ase wacTH. IlepBas wacrs comepikUT Bechb Mare-
puaa, oTHocsmufica Kk Jnneftiofl anrebpe, Teopunm KBAOPaTHYHEIX dopnm
u Teopun rpymn. B artoft uwactn HanGosee cymectseHnsie aoGasaenna
OTHOCATCR K Teopii rpyni. Boabinyio nomouis npn CoCTaBieHnd STHX
noGasnenuft mme oxasan [. K. ®amnees. EMy, B uacTHOCTH, MpHHAAAEXKUT
H3/I0MEHHE MATEPHA/Na, OTHOCAUIEroC K BHACHEHHIO MNPOCTOTH YOSl
Bpamledns n rpynns Jlopenua, mOCTPOeHNE rPYNNLl MO CTPYKTYPHHIM [O-
CTOSHHBIM U HHTErpuposauuio Ha rpynne [70, 81, 87, 88, 89, 90). Ipu-
Howy eMmy 6oasliyio 6/1arofZapHOCTe 33 noMoub B paGore uHan 31O
KHuroft,

B. Cauupnos



NPEIUCJOBHE K JAEBATOMY W3JAHHIO

Cymecmex-nme H3MEHeHNs B HacrosueM H3IAaHI BHECEHB! JAjlllUb

B MaTeplal], oTHOCAWNCA K (YHKUHONAALHOMY npocTpauctsy Li 3710

CBA3aHO C TeM, YTO MNOCAECliee, 1BaAUATOE, H3Aaule BTOPOro TOMa conep-

WHT H3a0KeHnne teopmy wunuterpana Jlebera u cpolicrs cemefictsa QyHK-
LiH, UNTErPHPYEMBIX C KB3IPaToM.

) B. Cuupnos



rTABAI

ONPEREIUTEN
¥ PEIIEHUE CUCTEM YPABHEHUIA

§ 1. OMPEJIEJHUTEINb U EI'0 CBOWACTBA

1. NlonssTue o6 onpenenauTene. Mul HaudeMm Hactosmnit maparpad
C pewenns npocrofi aareGpanueckoit samadn, a WMEHHO 3a4adH O penre-
HI cucTeM ypaBHeHn#l mepBofl cremenn. Paccmorpenne stoft samaun npn-
BelleT HAC K BaXHOMY nouatmo o0 onpenennrene.

Haunem ¢ paccMorpenns mnanfostee MNpPOCTHIX HYAaCTHEIX  CAYuaes.
Bo3bMem cHayana cucteMy ABYX ypasseHufl ¢ ABYMS HEH3BECTHBIMIL

ayXy 4 apX, =10o,
Aay1 Xy + QX9 =— b.z.

Koadduunentst npn HeH3BECTHHX @;, CHAOXKEHBl ABYMsS 3HAuKami,
nepBHfl 13 KOTOPHIX YKa3HBaeT, B KAKOM YDAaBHEHHH HAXOANTCH ITOT
K05(QrIeHT, a BTOPOH 3HAYOK YKa3biBaer, NP KAaKOM H3 HEH3BECTHHIX
OH CTOmT.

Pewenne namicannofi cucremsl, Kak H3BECTHO, HMeeT BH

byay0 — a,:bs . _ ayby— biay

M g a4, 2T g Qe — Gyo0ay
11422 12%%21 11422 12%21

BoabMem Teneps TPH ypaBHEHHA C TPeMs HEN3BECTHHIMIL

Q41X - a10%3 +ax3=0b,
A%y - ApXy + AnX3==by,
31X~} Q32 -} Q333 = b3,

NpHYEM MH NOAL3YEMCA MPeXHHMH 0603HauEHNAMH A4 KO3(PNINEHTOB.
IlepenunineM nepsHe nBa ypasHeHis B BIjE

a1 Xy -} Q19X == by — ay3%3,
Q31X | Qg% == b3 — Q305



;

8 /1. 1, OTIPEARJUTE/H H PEUIEHHE CHCTEM YPABHEHUI I
Peluas HX OTHOCHTEALHO HEN3BECTHHX X H X3 MO npelbiaynium ¢op-
MyhaM, Gydem HMeTb:

(b) — a,3%3) Gye — 05 (by — d3%y) .
]

X1 = 1, Gy — @508
A41432 12821

841 (b — 8y3x3) — (b — ay3%;5) ayy

KXo —
Q41033 — G50y,

IToacrapias 5TH BHIPAKEHHS B NOCAECAHEE YpaBHEHHE CHCTEMH, MOo-
JYUYHM YPaBHEHHE [Jd ONPEAC/EHIs HECH3BECTHOTO X3 H, HaKOHel, pellas
9TO YPABHEHHE, 6y11e:u NMETb OKOHYATC/BHOC BHPAXKCHHE MO 3TOro He-
H3BECTHOrO:

@y183005 - a,50:a5, —+0,85,050 — ;10,853 — 0,085, by — b,a,:0,, (1)
0103053~ 1900305y = 01300, 050 — @43 0y3U3s — 3,303,053 — Q30500

Paccmorpus noIpoGHO KOHCTPYKLIIO STOr0 BhIpameHis. 3aMeTHyM
npexie BCero, YTO €ro YHCAHTeAb MOKeT OHTh MojayueH 3 3HaMeHaTens
npocrofi 3ameHoll KO3(HUNEHTOB a;; NpH ONpENeNseMOM HeN3BEeCTHOM
ceoboaubinn  unenamu b; Takny o6pasoyM, OCTaeTcsi BBHIACHHTb 33KOH
o6pa3oBalid  3HAMEHATEIs, KOTOPHl He COASpwUT yike CBOGOAHBIX uylle-
HOB 1 COCTaBJACH HCKJAOYUTCILHO N3 KO3(p(bHLllX€HTOB Haweli cucresu.
3anuwem 3T Koa(hhuUUEeHTH B BHIE KBaapatioil Tabauuk, coxpaHss
TOT IIOPSAOK, B KOTOPOM OHH CIOST B CaMmoil cHcIeMme

X3 =

]
| dun Qi Qg

,ael a; axn

i @
az Qa3 Qa3

Hanncannas 1aGaima cOOEp:KUT TPH CTPOKH H TpH croabua. Hicaa
a;, HasHBaTCs ee s/aemeHTaMi. Ilepsrill 13 3HAaUKOB NOKa3biBaeT, B KaKofl
CTPOKE CTOHT 3TOT 3JEMEeHT, a BTOpoll 3HaUOK yKasnBaeT Homep cToabua.
Buniwem Tenepb sHaMeHaTeab Bepamenna (1): ’

1109033 + Q13033031 —— Q130037 — Q1305055 — Q100 A5 — A13023;.  (3)

Kak MB BHAHM, OH COCTOHT H3 WIECTH 4YJEHOB, H KaKaHH €ro uieH
eCTb NpOu3BejeHHe Tpex aaeMmeHTOB Tabanuet (2), nmpuyeM B 3TOM Npo-
N3BEeJEHHH Y4YacTBYIOT 3JEMEeHTH KaxAofl CTPOKH H Kaxaoro croabua.
JelCIBUTEIbHO, 5TI NPOH3BEIACHHS 1IMEIOT BHL

Qy,03,03,, “)

rie p, g, r ¢ytb ueasle uyncaa 1, 2, 3, pacCTaBJACHHHE B HEKOTOPOM
onpeneneHHoM mnopsake. Takam o6pasoM, Kak mnepsele, TaKk H BTOpHe
8HAKH NpeACTaBasioT €060l COBOKYMHOCTh WeaHX uncea 1, 2, 3, n mpo-
usseneHns (4) JelcTBHTEIBHO COJAEPIKAT IO OJHOMY SJIEMEHTY H3 Kawiofl
CTPOKH H H3 Ka}aoro croabua. Yro6Gs MNOJY4HTh BCE YIEHBI BHPaKEHHA
(3), nago B npouspedeHun (4) B3ATb BTOPHE 3HAYKH p, ¢, I' B PAMMUHEX



1] § 1. OMPEAR/UTENbL M ETO CBOKICTBA 9

BO3MOXHHX MOpAAKAaxX. TakuX BO3MOXHHX TNEPECTaHOBOK H3 BTOPHX
3HaYKOB OyaeT, OUCBHIHO, MECThb:

1,2, 3 2,3 1; 31,2 13,2 2, 1,3 3,21, (9

W MB noayuaeM, TakuMm o06GpasoM, BCE IWMeCTb 4WIeHOB BHpaxenus (3).
Ho Mt BnmnM, uTo nekoropue u3 npoussemennti (4) BXoasT B BHpame-
Hie (3) co 3HAKOM MMOC, a APYrHe CO 3HAKOM MHHYC, N OCTaercs Juulb
BHIACHATL TO MPaBHJIO, COFJAaCHO KOTOpPOMY Hago BuiGmpare 3Hak. Co
3HaKOM IMIIOC, KaK MBl BHAHM, BXOAAT Te npouspencHus (4), y KOTOPHX
BTOpHe 3HauKli ¢OpasyioT caedyomHe nepecTaHOBKH:

1, 2, 3; 2’ 3) 1; 3’ 11 2; (51)

a CO 3HAKOM MOHYC BXOAAT T€ MPON3BEACHHS, BTOPHE 3HAYKH KOTOPHIX
00pa3yoT nepecTraHoBKIL

1,392 21,3 3,21 (5

BuisicHnm Teneps, ueM nepectaHoskn (5,) oTanuyalorca OT nmepecta-
HoBOK (D;). HasoBem GecnopaakoM B nEpecTanobke TOT (aKT, 4TO
Goablilee YHCJAO CTOMT BMEpeal MeHbliero, H noacunraeM uucao Gecno-
pankoB B nepecranoBkax (5,). B nepoofi m3 3Tux nepecranoeox Gec-
NOpAAKOB BOBCE HET, T. € uicao OecnopaakoB pasHo Hyaw. Ilepefizem
Ko Bropoll mepecTaHoBKe ¥ CPaBHIIM MO BEAHUHHE KawJ0oe N3 u4ncen,
B HEe BXOAAIUX, CO BCEMH C/CAYIOULHMU. Mu BHIIN, YTO 3/€Ch HMCIOTCH
IBa Gecropsaka, a HMEHHO YRCAO 2 CrouT meped uyucaom 1 m uyncao 3
cront mnepex uncaonm 1. TouyHo Tak e HETPyAHO yG6eanTbCs, YTO M
TpeTbsi 13 nepecranoBok (5;) comepxnt aABa Oecrmopsaxa. OaumM crao-
BOM, MOXHO CKa3daTh, UYTO BCe mnepecraHoski (5;) coORepkaT 4YETHOE
yucao Gecrnopsaxkos. CoBeplieHHO TaK :Ke HCCaenysa. mepecTaHoBki (5g),
Mel yOexaaeMCs, UTO BCE OHII. COAEP:KAT HEeYeTHOe uucao OeCmopsAKCB.
Mm MomeMm Teneps (¢hOpMYJIHPOBAaTL NPABIVIO 3HAKOB B Bmpaxesnn (3),
a HMeHHO: Te mpousseneHus (4), B KOTOPHX uncao GecnopsikoB B Ie-
pecraHoBKe, o6pazosaniofl BTODHMH 3HAYKaMIl, €CTb WYHCJAO UETHOE,
. BXoasT B BeIpaxeune (3) Oe3 BcAKOro wuameHenns. Te e mpomsBemeHns
(4), y KOTOpHX TMepecTaHoBkH, GOpa3oBanHHE BIOPHIMI 3HauKaMp, CO-
IepXaT HeueTHoe uNCJA0 OeCnopsiKoB, BXOZAT B Bepaxenne (3) ¢ npu-
NUCAHNLIM K HHM 3HaKOM MnHyC. Bripaxenue (3) HasmiBaercs onpedeau-
menex mpemse2o nopsaoxa, coorserciByouinM Tabaune uncen (2). He-
TPYAHO Tenepb 00OGILUTL nNpeasilyuiee Ha cayvalt onpeneaureneft moboro
nopsaKa.

MMycts nmeercs n? unces’, paccTaBaeHHHIX B BiUge KBaapaTHoff TaG-
JULE, HMeoluled 7 CTPOK 1t 7 cTOAGUOoB:

a3 Qg3 ... Qp

Qyy Q3 «ve Aap (6)

e & & s s &

Qur Apa oo al"li
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DnemenTnl 3TON Tabanub a;, CyTb 3afaHHBE KOMIAEKCHBIE UICAa,
npinueM 3Haykil I B & yKas3wBaloT HOMEp CTPOKH u croabua, Ha mepe-
CeueHIl KOTOPHX CTONT WHCAO a;, CoCraBuM BCEBO3MOWKHHE MNpoN3Be-
JAeHns B3 uncea tabanisl (6) Tak, yToOe 5TH mpoii3pedeHus coXepikann
10 OZHOMY YHCAY U3 Kamzol CTPoKn n #3 Kaxuaoro croabua. Idtu npo-
ngsefenns OyAyT HMEThb BRHA:

Qyp, Qopy»2+Qnp» Q)
TAE Py, Pas +evy Pn CyTh uncaa 1, 2, ..., 1, pAacCTaBACHHHE B HEKO-
TopoM mopsizke. YToOH 10AyulTH BCEBO3MOXKIHE Npoussenenns suga (7),
HaM Hal0 B34Th BCEBO3MOJKHbIE MEPECTaNOBKH BTOPHX 3Haukop. Kak us-
BECTHO M3 32JIEeMEeHTapHoll aare6pH, YHCJAO TaKHX INepecTaHosok Oyaer
paBHO (aKTOpHATY HEJAOro uiicaa I

1.2.3 ... n=n!

Kaxiaa n3 sTux nepectanosox Oyzer nyeTs HekoTopoe uiciao Gec-
NOPALKOB TO0 CPaBHEHHIO C OCHOBHON mepecTasoBKOM

1, 2,3, ..., n.

Te nponspenexns snaa (7), BTOpble 3HAUKU KOTOPHX 00pasyr nepe-
CTalOBKY C YETHLIM uicaoM 0ecrnopsikos, Bo3byeM (e3 BCSKOro l3meHe-
Hiif, @ K TeM mpousBedeHiay BuA3 (7), y KOTOPHIX 112PECTaHOBKA BTOPHIX
313YKOB NMEET HeyerHoe uncao Oecnopaaxkos, UPHMILEM 3HAK MUHYC.
CyMya BCeX MOJYYEHHBIX Takusm o0pasom rpousseieHuil H Ha3bBaeICs
onpedeaumencs n-20 nopadxa, coorsercrsyiomny tabanue (6). 1a
cymma Gymer, oueBiAHO, cozepixarb n! caaraemuix. Herpyano npencra-
BUTb 9TO onpejeleHne B Bije ¢opuyan. Bsezem i 3TOro HeKoropoe
o6osuayeune. Ilyctes py, pa, ..., P, — HEKOTOpAs MEpecTaloBKa U3 uiuce]
1, 2, ..., n. O0o3HaunM unc;ao GecnopsiakoB B 3TOi NepecTaHoBKe CHM-
BOJIOM

[P1 Py oy Pa)

Toraa naHHoe BHIIUE ONMpPEACAEHHE ONPEASTHTEAs, COOTBETCTBYIOUIErO
tabanue (6), moxer OHTbL 3aMiCaHO B BHAE caeaylouleli (opMyaw, nph-
yem mas 00O3HAUeHIs OMpeAeanTeas MH numes Tadanny (6) seday
BEPTHKAJLHBIMH YepTaMu

g Qg3 .. Qqp

Q3 4y ... Gy A\ f
— Piv Pov oven Pl .
e e e e y (— 17 " % ayp Qgp, ++ dnp,. (8)
Pie Pyr vean P

a4y ... a,| 00 )

3mecb CyMMHPOBaHHE pacnpoCTPaHAEICs Ha BCEBO3MOXKHBIE HepecTa-
HOBKH BTODBIX B8HAaYKOB, T. € Ha BCEBO3MOXHHE nepecralosxn (py,
P .oy Pp)- ToBOpa o tabanue, kak TaxkoBol, a ue of ompeneantene,
113 Hee COCTABJCHHOM, Mbl CTaBUM 3Ty TabAuLy MexAy MABOfHHIMI BEp-
THKA/bHLIMI YePTaMil
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3amernM, yTOo B BHpaxenuu (3) MHl B Ka¥AOM MpON3BedeHHH pac-
CTanUIN COMHOXIHTEAH B TakOM INOpsAKe, uTOOH nepshle 3HAuKH o0pa-
30BLIBANTI OCHOBHYIO IepectaioBky 1, 2, 3, n Takiy o0pasoM Bce Halln
PAacCyAEHN® OTHOCHMNCL K TNepecTaHoBKaM, o6pasyeMblM  BTOPHIMI
3Hauxkami. MoxHo, H2a060pOT, NMOCTABNUTh B KaXKIOM MPON3BENEHIIH COMHO-
Kurean Tak, uro0n BTOPHIE 3H3YKH BCErda ULIIH B BO3PACTaioumieM
nopsAKe; NMpH 5TOM BHpawxenune (3) nepenuitercs B BIe:

31 ayg3 |~ 231019003 ~- Ay @33 — Q1) Q3233 ~— A @203 ~— Ay Andyz  (9)

3necs nepssie 3Hauky 00pasyloT BCEBO3MOXKILIE NMEPecTaloBKu p, ¢, T,
npHYeM JErKo NPOBEPHTh, YTO NPABHJO 3HAKOB Yy WieHop pupaselns (9)
MO:KET OBITH (OPMYJIPOBANO COBEPIIEHIIO TAK K€, Kak 1 BhHIIE, HO
TOJBLKO MO OTHOLUEHNIO K MEPBHIM 3uaukaM. 3TO NPHBOANT HAC K TOMY,
ytoOH Hapagy ¢ cymmofi (8) paccMaTpuBaTh aHaZOrHUHY0 CYMMY BHAA:

N [P1s P24 e s
ZJ (— 1)low 2 Pyl 8p,10p2 oo.lp o (10)
(Pl:Pﬂ.-...Pn}

OueBuaHO, 4TO 3Ta NOCASAHAS CYMMa COCTONT M3 TeX K€ YJenon,
yto 1 cymma (8). B nanpnefiuem mbl yBHAHM, 4TO H 3HAKH €€ 4/JEHOB
TaKue ke, KaKk u B cymyme (8), T. e. TaKk ke, Kak u npu n=3, cyuma (10)
copnagaer ¢ cysmoii (8).

O6parumce, HakoHeu, K caydailo n—==2. Ilpn 3TOM Tab/miua HMEET
B

ay G|

@y Aaxn

1 opmyaa (8) maer caenyoulee BHpaxenie LA onpeaeanTteas BTOPOro
nopsaaKa, COOTBETCTBYIOUtero sToft Tabanie:

an
= A1Q9y — 0192y (11)

Ay A

Ua Npeapaymero HenocpeacTBeHHO CJAEAYET, 4YTO AN BHACHCHHA
CBOHiCIR onpeaeanTeas HeoOXOANMO MO3HaKOMHTbCA GmixKe €O CBOli-
CTBAMH NEPECTAHOBOK, K UYCMY MLI celfiuac u mepexoau.

2. MepectanoBku. ITycrs nmeercss n Kaknx-unbyap 3n€MEHTOB, pac-
CTaB/JCHHHIX B onpelenesHoM nopsake. HasomeMm 310 nepecmanosroi,
o6Gpa3zoBaHHoli H3 Hawux agementos. JloxakeMm mpexae Bcero, UTO TaKHX
pasanunnx nepecraHoBok 6yzaer a! Ilpn n=2 sT10 OueBnano, n6o ABa
9JeMEHTa MOFYT 0ODa3oBHBATHL ABe pa3inuuble nepecranoskiu. IIpu n=3
3TO MENOCPeACTBEHHO CJeAyeT M3 moacueTa nepectaHoBok (B), rae poas
s7eMedTOB urpaiotr uncna 1, 2, 3. Bes 1pyza moxHO yGeautscs, uto (5)
Jal0T BCEBO3MOXKHEIE MEPECTEZHOBKH 13 3THX TpeX 3JjemenToB. okamesm
Halle yTBepxkjeHne npu Jo6oM 1eI0M s No 3aKony unaykunu. Ilpes-
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nonaras, yTo Halle yTRep:XKIAelNe CHPaBelAMBO MNPH HEKOTOPOM f, HOKa-
3EM, YTO OHO CNpaBelTHBO U Aast uncaa saementos (1 - 1). Monoxuy,
YTO 7 37eMEHTOB JaloT n! MepecTaHoBOK # PAacCMOTPHM Kakle-HHOYIb
(n 1) snementoB, KoTOpEE 0603HAUIN

C]) 02) ceey C,”.].

OG6paTux cHayaa BHHUMANNE HA Te MEPECTaHOBKH, Y KOTOPHIX nep-
BLIM 37ementoM Oyzaer C;. YTo0H noayunth BCEBO3MOXHBIE TakHe mepe-
CTAQHOBKN, H3J0 TOCTaBHTb Ha nepsoe MecTo C;, a 3aTeM HiCaTh BCe-
BO3MOMKHBIE [1ePECTAHOBKI 113 OCTABUIUXCS N PJIEMEHTOB, H YICJIO TaKHX
nepectanoBok Oyier no npeanosoxenuo pasio n! Takum o6pazoy,
YIICIO TepecTaHOROK N3 3iesenton Cp, Haunmaouuxces ¢ sjemenra C,
6yzer pasuo n! CoBepileHHO TaK :Ke 4HC/AO NSPecTaHOBOK U3 37eMeH-
ToB Cp, Haunnawomuxcs ¢ s1evenra C, Oyzer panuo rtakxe n! B obmey,
4I:C7I0 Pa3INYHBIX NMEepPectTaHoBok n3 ajementos C, Oyaer

nt-n1)=1.2-...n-(n4-1)=(@n-}1),

410 1 TpPebOoBA.IOCH HOKA33aTh.

Mer mo:keM, KoHEUNO, CUHTATBL, YTO 33 3J€MENTHI B3STHl  LEiIE
YIIC.13, HAUHHAA C eANNNUL, Yero Ml It OyJem NpILAepANBaTLC B [3.1b-
neftwes. Hasosem  mpamcnosuyueld onepayuio, romopas cocmount
8 1il0Ai, HINO 8 HEKOHIOPOU NEPeCHIQHOBKE Mbl MEHAEM Mecnami 08a
aaeateuma. Henocpeacreenno oueniamo, yro #3 pcaxoff nepecranonku
MBI MOXeM TMOJYulTb BCSAKYK /PYryl0 NEpPecTaHoBKYy, coBeplias ie-
CKOALKO Tpaucnosuunit. Hanpuaep, BosbMeM ABS NepecTalioBkH N3
YETHIPEX 5JEMEeHTOB

1,8 42 2 41,3

Mo:kHo nepefitn or nepsoft U3 3THX NEPECTGHOBOK KO BTOPOH mpu
NOMOLLH TPaHCMO3mil myTeM ClelyloWero nepexoia:

1,3 42—-223 415243 1241, 3.

3gech Ham TMoHagoOHaNCh TPU TPaHCAO3NI, 4TOoOH mepefiTn oT
nepsoit nepectaHoBKil KO BTOpofl. Ecanm Op MBI COBEPLIANM TPaAHCMIO3l-
ui uHelM o6pasoM, TO MBI MOMHM OH 1 JADYFHIM MNyTeM nepefity or
nepsoil nepecTtadoBKil KO BTOPOH npn momowy TpaMcnosnunti, 1. e,
1Ha4Ye ronops, Yilcjac Tpaicnosnuutl, Heo0XoduMBIX IS Nepexoda Of
OLHOI 1IepPECTEHOBRH K APYyroil, He eCTb CTPOI'0 ONPEAENEHHOE uIICTO.
Moxuso nepexoants 0T oJuOH nepecraHoskil K Apyrofl npH HOMOMULI
pasauuioro uncaa tpaHcnosnuuft. Ho ana Hac Oyzer CyiuecTBEHHBIM
IOKa3aTb, YTO 5TU PAsJHuHLIE YHCA3 AAA ABYX 33JaHHBIX MEpPeCTaHOBOK
OyayT Bceria uJam BCE UeTiEle [N Bce leueTHsle. Muaue 310 BHIpa-
AT, FOBOPS, YTO STH 4NCIa BCerga OAHHAKOBOH ueTHocTH. YTOGHI
BOIACHHTL 3TO, BBEAEM MOHATHE O OecnopaigKe, KOTOPHM Mbl YiKe MOJb-
30BaAlChL B npeguaymes Hosmepe. Ilycthb HMEWOICA mnepecraioBKR H3 7
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saementoB 1, 2, ..., n. Hasosem ocHoBHOE nepecmanogioi Ty mnepe-
CTaHOBKY

L2 ...,mn _ (12)

B KOTOpOH umcaa uayT Bo3pacraiomuym mnopaaxod. Hasosem Gecnopsa-
KOM B HEKOTOpOH nepecTaHoBKe TOT (PaKkT, Koraa ABa 3JeMeHTa 3Tof
NepecTaHOBKH CJEAYIOT He B TOM MOPAAKe, B KAKOM OHH CTOAT B OCHOB-
HOft nepecraHoBke (12), T. e, unaue roBops, Koraa OoJblee uHCIO
CTOMT JeBee MeHbluero. Hasomem nepecmanosxaxun nepsozo waacca Te
NepEeCTaHOBKH, B KOTOPHIX 4HCA0 OECMOpPAAKOB €CTh UHCTO YETHOe, H
nepecmarograsMit 8mopo2o kaaccaq,— T€, TA€ 3T0 4YHCIO €CTh YHCIO
neuerHoe. OcHoBHLIM AAs AaibHefintero OyleT crenywoulas Teopema:
Tpancnosugus sensem 4ucao 6ecnopsidKo8 Ha HUCAO HewemHoe.
Boabyem neKoTopylo nepecTaHOBKY

@ by ais Byeeiy Praany S (13)

0 MOJOKHM, YTO MH NpPHMEHAEM K 3Toft nepecTaHoBKe TPaHCNO3BIMU
0 OTHOLIEHHIO K 3JEMEHTaM 2 M p, T. € MeHieM STH [Ba 3JeMeHTa
B3anMHO MecTawmi. ITocne Takolt TpaHCHO3NLIN B3aHMHOE PacnofokeHue
971eMEHTOB 2 H p OTHOCHTEJALHO 3JE€MEHTOB, CTOSILUX Jenee &2 1ian
npasee p, ocranerca mnpexnuM. Masmenurcs anme B3auMHOE pacno’o-
*KeHHe 3/IEMEHTOB 2 1 p OTHOCHTENLHO TeX 3JEMEHTOB, KOTOpHE CToSaT
B NEPeCcTaHOBKe MexAy 2 H p, a TakXKe H3MEHHTCH, KOHEYHO, B3anMHoe
pacrnonokeHne 3JeMEHTOB 2 I p oxHoro orHocuteasHo apyroro. Iloa-
cuntaem obuiee u3ameHenne uncaa Oecnopsakos. [loaoxkny, uTO MeKAy
sneMeHTaMH £ H p B nepecraHoske (13) crour Bcero /m  31€MEHTOB,
I MyCTh STH CPEIHIE S/EMEHTH MO CPaBHEHHIO C 3MEMEHTOM 2 3T 2
nopaakos u B OecnopamKoB, OTHOCHTENBLHO K€ 3IeMeNTa p AanT oy
nopsaxos u 3; Gecnopsaakos. Vimeew, oueBnano: )

at-3=a}B=m. (14)
B pesyabtarte - TPaHCMIO3NNHN TNOPSJAOK mepefiler B 6ecnopaiok u
Hao60pOT, T. €, TOUHEE FOBOPA, €CAll SJAEeMEHT 2 C HEKOTOPHM CPEIHHM
97€MEeHTOM [0 TpaHcno3muun Oua B nopsike, TO MOCAe TPaHCMO3HLUH
OH OKawercs B Oecrnopsixe 1 Ha000pOT, H TO ke CaMOe /s 3MEMEHTa p.
Takum oGpasom oGuiee uuci0 GECMOPAAKOB Yy 3]1eMEHTOB 2 H p OTHO-
CHTE/NBHO CPeHIX 3JEMEHTOB A0 Tpancnosuuun 6mio 3-1-B;, n nocae
TpaHcmosnuny & -y, T. €. n3menenne yncaa Gecnopaaxos OyneT

T=@-+u)—@+8)
IToavsysce (14), MOxeMm REpenncaTe 3T0 YACAO B BHAE:
1=@+t9)—(m—atm—a)=2-+2—m),

OTKYAa HENOCPEeACTBEHHO CJeAyeT, 4To 5TO u4ncao 71 OyAerT YeTHHM.
Octaercs oGpaTiTs BHHMAHHE 112 B3aHMHOE PACTOJOKEHNE CaMHX 3JeMeH-
To8 & u p. Ecan go Tpancnosnunit oHH o6pasoBEIBaIN MOPSAOK, TO MOCJE
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onnt oOpasyor OGecropsiiok # HaoGOpOT, T. € 31ech N3MEHEHNe 4ichaa
6ecnopsJKos paBio eInHHLE, H TaknM oOpa3om oluitee H3MeHeHie 4nCal
OecrnopaAKoB, NPOHCIICAUINX OT TPaHCHO3uuUY, OyUET YHCHOM leyeTHLIM.

BrissicHIM HEKOTOpHIE CJACACTBHA, BHTEKalollle 3 J0Ka3amiofl Teo-
PEMHL :

Caencrsue L Ecan Bumncarb Bce n! MepecTanoBoK o B Kasxciofl
N3 HUX NPOH3BECTH TPAHCMOINLIIO JABYX Olpele/eHHHX 3JeMenTOB, Ha-
npuymep saementoB 1 n 3, TO BCE nEpecTanoBki NEPBOro KJaacca CTanyT
AepecTaHOBKaMil BTOPOro KJacca n naoGopor; a B ofuiem noayuurcs
OnsTb BCA COBOKYnHuoCts n1l mepectanosok. OTciola HenocpeacTBeHHO
claesyer, 4TO HUCAO NHEPecINaHOBOK MNEPE020 U §IMOPO20 Kaacca odu-
HAK080.

Cnexctoue Il. Beakas nepecranopka MoxeT OLIThb [oJydena ns3
ocHosHOI nyTem Tpaucnos3uuuil. W3 noxkasankol Teopemul nenocpea-
CTBEHHO cCaenyeT, 4TO Hepsuii Kaacc o0pasyiom me NEpecmaHosy,
Komopble noAy4AIOMCs U3 OCHOBHOIL Nyme HemHno0 4UCAq MPaxcno-
3uguil, a 8mopoil KAacc — me NEPeCMAHOBKU, KOMOPble NOAYHAWNCA
13 OCHOBHOI NyHieA HEYEMHO20 HUCAQ NMPAHCIIOULL.

Caeancrsue lll. Bufop ocHoBilofi nepecTaHoBKIl COBEPLICHIO [pPO-
n3pojed. Mpi moran Obl BMecTo nepecraioskn (12) smOpars 3a ochos-
HYI0 Kakyo-unOyis ApPYFYI0 NEpecTaHoBKY, NpPH 5TOM, KOHeYNo, mpu
onpeneneunn OecnopsIKOB HaO CPaBliBaTh NEPECTANOBKY € OCHOBHOM,
7. €& HCXO0AUlb H3 10r0 NOPAUKA JAEMeHTOB, B KOTOPOM OHU CTOST
B OCHOBHO} mnepecTaHouke. Herpymio Biuieth, 4TO €Cal Mbl BO3bMeM
sMecTo nepectanoBkn (12) sa ocHOBHYWO TNCPeCTanHOBKY Kakyio-unGyan
N3 MNEepecTaHOBOK NEPBOrO KJ3acCa, TO NEPECTAHOBKH MNEepBOro  K.Jacca
OCTanyTCs NO-MpexieMy NepecTalioBKaMu Nepsoro KJaacca, a nepecra-
HOBKIl BTOPOro KJacca OCTanyTcs nepecTaloBkaMil BTOPOro  K.jacca.
HaoGopor, ec/i Mbl 33 OCHOBHYIO MEPECTAHOBKY BO3bMEM KaKylo-HIOYAbL
NnepecTaHoBKY BTOPOro KJaacca, TO NMEPECTaHOBKI BTOPOro KJacca Crauyr
nepecTaHOBKaMi NEPBOrO KaAdcca, M NMEpecralonkll Nepsoro KJaacca cra-
HYT IEPeCTaHOBKaMIl BTOPOro KJjacca.

Hanpumep, ecan b LIECTH nepecTaHopkax i3 aJjemenros 1, 2, 3 mu
NPHMEM 32 OCHOBHYIO NEPECTanoBky 2, 1, 3, T0 nepecTaHoBKaMil HEp-
BOro Kaacca OyAYT nepecraloBku:

2, L,3 1,3 2 3 2 L
Bo viopoll 63 5TiX MCPECTAlOBOK bl iimcem Asa Occnopsaxa: 1 crour
nepex 2 u 3 nepea 2, a b ocuosuofl 2 crour meped 1 u 2 neped 3.
[lepecranoskami BTOpOro K/aacca OyAyT nepecTaioBKIL:

,23 231 31,2
B nepsoft m3 sTHX NEPECTaHOBOK Mbl IHMEEM OXHH Gecrnopagok no
cpaBHeHHI0 ¢ ocHobHoft 2, 1, 3, a umenno 1 cront nepea 2.

[Tpunumag BO BHHMAHIIE CKa3aHHOE BHIME, Mb MOKEM (OPMYMIPO-

BaTb NPaBINO 3HAKOB B BhIpaweunn (8) caeaywoinum o0pasoM: ae nu-
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mem neped npou3sedenue.dt 3HAK NAIC, eCAU NEPECHIAHOBKA U3I BIMOPLLX
3HAYKO8 NPUHAOAeIHCUNM NEPBOMY KAQCCY, Ul 3HAK MUHYC, ecal nepe-
CIMAHOBKA U3 BMOPHLX 3HAYKOS NPUHAACHCUM BINOPOILY KAaccy, npu-
4es 3@ OCHOBHYI0 MepecmanosKy NpUHAMA nepecmaxoska 1, 2, ..., n.

Bristcuim  Teneps o4O 13 OCHOBHHIX cBoiicts onpeneantens. [Tepe-
crapnym B Tabanue, jpawoulefl onpeseanTens, nepsHil n BTOpoil CTOAGIH.
Uncna, Koroprie Mbl panbiue 0603Hauann Yepes a;,, MH IO-NPEKHEMY
OyneM 0003HauaTh STHMH ke OYKBAMH C TEMH XK€ CaMbIMi 3HauKaMH.
Bsecro tabanust (6) 6yaem umers TaGumuy:

ai ay Qi3 ... Q,
an Qy Ay ... Oy,

: (15)

Ans At Qp3 o .0 Qpyp

« o e e e o

Mu MoxeM Temeps, NOMB3YACh ONpeaesaeHneNM, BHpaxaeMsiM Gopmy-
aoft (8), cocrasnrs onpeaeantens, coorserciByloninii TaGmuue (15).
B sroft Tabamme crToaluB nNpoHyMepOBalK B CAEAYOUlEM HOpSIKe:
2, 1, 3, ..., n, 1 3TY MEPECTAHOBKY MBI AOJKHH CUATATh 32 OCHOBHYIO.
Ona noayunaace 13 npewiell ocHosunoit npn nosmomsu oaxoft TpaHcno3sn-
NN W, CJIENOBATENbHO, palbuie npHIagiexansa Ko BTOPOMY KJaaccy.
Takum o6pasom mnpexHne nepecTaHoBKH BTOPOrO KJacca CTaHyr mnpn
HOBOM BHOOpPE OCHOBHOfI MEPECTaHOBKHM MEPeCTAHOBKAaMIl [EPBOro Kaacca
1 HaoOopor. CrexopartenbHo, oOnpeneauTenb, COOTBeTcTBytoutt Tab-
ane (15), Oyaer cymumoft Tex ke ciaaraeMmblX, KOTOPHe: cTOAT B (op-
Myse (8), HO BCIEIACTBHE YKa3aHHOrO TOJBKO YTO H3MeHenns B pacnpe-
JeJNeHnH TNEPECTAHOBOK BTOPLIX 3HAUYKOB MO KJAaccaM 3HAaKH Y. YIeHOB
noBoft cymmbl OYAYT NpOTHBOMOMOKHBLI 3HaKaM cjlaraeMeix Ccymmel (8),
T. € npn nepecimanosxe 08yX CHIOAOHO8 BeAuMUHa onpedealiners
Mensem 3Hak. Mul jporasann srto cpoficTBO, nepecrapiss NEepBHfl 11 BTO-
polt croabum. Touio Takoe e J0OKa3arTeabCTBO TOAHTCA I NN MeEpe-
cTasoBke AByx moOwnix cronbuos. Tax, nanprmep, nyeer mecto ¢opmyna:

1 03 130
2 76{=—|2 6 71,
530 - 15 0 3

Bropoit onpexeantens nOAy4aeTcsa 13 MEPBOrO NEPeCTaHOBKOH BTO-
poro u TperLero croaduoB.

Buiscuny eme omio cpofictso onpeaeantens. Bosbmem HekoTopoe
craraemoe cymsu (8):

(= D)lewresPrlay, @y, oo Gpp (16

IMepecrasasag mopsaAoK coMuoxkuTeselt, M MOXKEM NpHBECTH B MOJI-
Hblfl MOpAAOK BTOpHE 3HAuKH, 1O MNPl 3TOM nepsule 3suaukn Oyayr
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06pasoBHIBATL HEKOTOPYIO MEPECTAHOBKY ¢y, G2, +..» Gny U Npedsipyllee
BHIpaKeHNe 3amHercs B BIAE

(_1)[P1. P2 -_-. nPn] aqllaqﬂ oo aqnw (l 62)

Hepexor ot (16;) k (16;) MOXKHO COBEPUINTH MPI [OMOWN HECKOJbKIX
TpaHcnosnuuil comuoxkurenefl. Beakas Takam Tpancnosnuust 6yzer ouaHO-
BPEMEHHO TpaHcmo3nuuell B MEPeCTaHOBKE KaK MNEPBHX, TaK i BTOPHIX
3HaykoB. Eciam uncno Heo0XOAHMHIX TpPauHCmo3nuuit Aas nepexoma oOT
(16;) k (16;) OGymer uernmy, To oTcioda Oyaer €nel0BaTb, YTO Mepe-
CTaHOBKA Py, Py «..» P, TNPHHAMIEKHT NEPBOMY KAACCY, TaK Kak OHa
nepexoanT B ocHOBHYIO 1, 2, ..., /1 NPH NOMOULI HETIOro uKCAA TPAHC-
nosuunll o, C/ASAOBATENbHO, OUYEBHIAHO, MOKET ObiTb MOJdyyeHa H3 OCHOB-
HOl TaKkwe mpi mOoMOULN YerHoro uncaa tpancnosnuufl. Ho npu stoM u
NEPECTAHOBKA Gy, G2 «-+» §, TPHHAMISKHT K NEPBOMY KAACCY, TaK Kak
OHAa OJHOBPEMEHHO HOAYYaeTcs 03 OCHOBHOff NPl noMoul: -TOro ke
YeTHOrO uncaa TtpaHcno3nunit. Touno Tak ke, ecan py, py ..., Py
NpUIANNERUT BTOPOMY KAACCY, TO U Gy Gay ..., ¢, TNPHHALIEKUT BTO-
pomy Kaaccy. Orciona caepyer, uto (— 1P P2 s Pl (— 1)i90: 920 00 Gp),
I, C1e]0BaTeabio, Mbl MO:EM HaMiCaTh:

(— 1)“‘“'172' b 'p”‘alplaiﬂz eve anpn:—(“ ])Wh LTS 'qn] ﬂql‘ang. e aqn,,.

H1ak, ecan Mul CpaBHUM COOTBETCIBYOulHe cJiaraemue B cymdax (8) n
(10), To yBuamy, YTO 3TH CYMMH B TOYHOCTH cosmazaioT. B cymme (10)
CTPOKH HFPaloT Ty e pPOJb, 4TO croabusl B cymye (8), m u3 Hamnx
paccyaaenull HENOCPENCTBEHHO CAGAYET, UTO ecall 6 mabauye 3asexuns
8ce CIMPORI CIMOACLAMIL U CINOABHbL CINPOKAI, He MEHAA UX nopaka,
Mo BeAUdUNA ONPedeAUNIeAs OliL MO0 HE U3MEHWINCA.

Tak, nanpusmep, MM HMeeM PAaBEHCTBO CJAELYIOULHX JABYX ONpeie-
TeAeH TPETbero nopsaka: .

N~ N

3
0
1

S = O
I
W N

7
0
1

[=> R ]

3. OcHosHbie cBoiicTBa onpepenutens. I dopmymnpyem npexne
BCET0 TOMbKO 4TO JOK333aHHOS CBOHCTBO — Beautuna onpedeaumens He
Mensiemcs npu 3asenme cmpox cmoabyamu. B panbHeftiem Bce, uto
Oyaer mOKasaHo niaa cTOAGUOB, OVAET romuThes W 799 CTPOK 1 H20060-
por.

Il. B npeawayuieM HoMepe MBI BHAEAH, UYTO NepECTaHoBKa OBYX
CTOAGLOB MEHAET JHIIb 3HAK Y ONpeaenutens, TO e OTHOCHTCA o
K CTPOKaM, T. € npu nepecmanosxe 08yx cmipox (cmoa0yos) escdy
€000l BeANUUHA OnpedeAUmenst MEHACI AWLL 3HAK.

lll. Ecau onpenmeanten» nMeer ase oannakounie CTPOKH, TO, nepe-
CTavAfa HX, MH, C OAHOH CTOPOHH, HHYEIO HE H3MeHHM, a C Apyroi
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CTOPOHH, NO IOKA3aHHOMY NEPEMEHNHM 3HAK onpeaeaurens, T. €., o6o3na-
yas uepe3 A pennumny onpemenntens, A=—=-— A pan A==0. Urax, onpe-
deaumens ¢ 06yas odunaxossrmu cmporasu (cmoabyasu) pasex
HYyA10. '

IV. Jlunetinoft ogHopoauofi (yHKUHEH MEPEMEHHBIX Xy, X3 ..., X,
Ha3HBAETCA MNOMUHOM TNEpBOfi CTENeHH 3THX mMepeMeHHHX 6e3 cBoGoa-
HOTQ YJIEH3, T. €. BHPAKEHHE BUAA:

P(Xp Xp vevs X)) =00 - 0rXy . - p X

rae KOh@uIMeHTs a@; He 3aBHCAT OT X, Takag ¢yHkuus obaanaer
JABYMA OUEBUAHHIMH CBOHCTBAMH:

o (kxy, Rxy ooy kX)) =R (X Xy ..oy X))
4 (x1 +,V17 Xa +y-2’ ooy Xp ‘}'yn):? (1 X200y xn)"{"‘? 0’1»)’-2,-. s Vn)

Mocaeatee CBOHCTBO BMEET MECTO H AA J06Or0 YHCIA CaaraeMux.
OGpamancy kK dopmyae (8), MH BHAHM, YTO KaxI0€ CJIaraeMoe HamicaH-
Hofl CYMMB COLEDHXKHUT MHOXHTEJEM OXAIH H TOJbBKO OLHH 3JEMEHT H3
kaxaoft cTpoku. OTcroAa CAeLyeT, YTO onpedeaumens ecmes AlHelHAs
0OHOPOOHAR PYHIGUS 3NCMEHIO8 KAKOI-HUGYIs cmpoxu (au xaxozo-
HUuOYOs 13 cHoa6L08).

CnenoparensHo, ecan 8ce 3aesenms. Hexomopol cmpoxru (cmoadya)
codepacam o0l MHONCUMEN,, MO €20 JMONCHO BBIHECMI 34 3HAK
onpedeaumeas.

Benuunna onpemenurens, coorsercrsytomero tabaunue (6), yacro o6o-
BHaYaeTCs, KaK MB YXe YKasHBaJH BHIE, B BHAE

Q 4 ... 4

Gy Qpn .-. Oy ADI5 SOZIR TERMIZLY ROMIDAGH
e e e e . SURXONDARYO VILOYATI AYSOROT

KUTUSXONA BARKAZI
Ont Gnz «xo Gnn Ket.}a -

uny, 6onee KOPOTKO: -gr 200
laixl G E=1,2, ..., n)

IloxasanHoe cBOHCTBO MOXHO B UaCTHOM cayuae 3ammcarb, HamprMmep,
B BHAC

kay kay kag ay; Qi Q3
ay @p» an|=*Fk|ay an ay|.
ay G 4 a3 a3 ag

Bropoe mn3 ykasauwHbplX CBOHCIB JnHeHHBIX OAHOPOZHHIX (YHKUHH
JaeT ciaeiyioulee CBOfICTBO ONPENENNTENs: €CcAll SAeMEeHMbl HEeKomopoii
cmpoxu  (cmoadua) c\ne cyarap pasHo2o HucAa  caqoembx, Mo
onpedeanimens pager cpyie onpedesumened, 8 Konopox 3IAeMeHN bl

\PbHHCHAA |
ACTEHA |
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ynossguymoii cmportt (cmoabya) 3aseHeHs: OMOCAbHUMIL €.Aa2aeMbLII.
Tak, nampusep:

abctc abec a b
deflfl=\|def|4id e f]|.

g h i}-7 ghi g h v

OTMeTHM eule OAHO oOyesnaHoe CJeICTBUE JHHEHHOCTH W ONHOPOX-
HocT. Ecan 6ce saesenmul Hexomopod cmpowu (cmoabya) pasrot
HYAI0, MO U OnpedeAUNes PAser HYA.

V. Ecan uz tabauusl (6) BHUEpKHYTh i-10 CTPOKY H k-l croaGel,
Ha MepeceueHiil KOTOPHX HAXOAMICA 3JEMEHT 4y, TO ocranerca (n— 1)
CTPOK It CTOABKO e cronabuos. CooTsercTRyrowutl  onpeaeautes
(n— 1)-ro nopsaka Ha3HBAETCH MUHOPOM OCHOBHOrO ONpEse/NITens n-ro
NOPAAKA, COOTBETCTBYIOULNM 3JeMEHTY a;,. O0o3uaunm ero twepes J;, n
COCTaBiM MPOH3BEAEHIE -

Apg=(— 1)**3,, (17

Il HasOBeM €ro a.f2e0pautcciilit 00N0IHERUEM ICMEHTA a;,. [lokamenm
Tenepy, 410 3TH aarefpanveckiie AONOJHENHS SEITIOTCS KOaMGHLHCHTaMII
TOll Juneiiunoll 0aAHOPOANON (YHKIHE, O KOTOpOHl MK rosopuail s npe-
Aelgyuiesm  csoilcTse, T. e, uto a1 JMoGoil {-fi CTpOKI mveer Mecto
(hopmyJa:

A=Apay - Apap--. .4+ A0, (=12, ..., n) (18)

n ans moboro k-ro croabua — qopayaa:
A=A]ka1k+A.Zk(lgk—f—...—{—A,,kank (k:l, 2, ceey ”), (19)

rae & —pemnynna onpeneantess. Muaue rosops, MLl ZOMAKIE NOKa3aTh,
uto ecni B cymme (8) Mpt coGepen Bce uwieHH, ColepXalline HeKoTopoii
onpeAeneHHbIl  2aeMeHT @;, TO Ko(uwieHTOM NP 3TOM 3JeMente
Oyaer ero aare0panueckoe jaornodienie Ay, onpegeasemoe gopyyaoit (17).
OG6o3Hauil NMpeaBapHTeablo 3TOT Kod(G@uuuenT uepes B;, # 3aMETHM
IpeKAE BCEro, YTO ST0T KO3((UUNEHT MPEACTABAIET COG0I0  CyMMY
npoussegennti n3 (n— 1) sjeMeHTOB, NpPHYEM STH Npou3BEIeHus He
COIep:KaT y:e saemeHTOB i-ft cTpoki u k-ro croabua.

Bosbyey cnavada caydalt i=—~%=1 u BHMILIEM TE CAAaraeMble CYMMbl
(8), KOTOpBIE COAEPKAl JLMCHT dyy:

“r P2 euen P ‘
ay E (=1 P ypye + Bpp -+
(P2s vevs PR

3mech CyMMnpOBaHile JOJKHO DPacHpPOCTPAHATHCS HA BCEBO3MOKHME
NEPECTAHOBKH Dy, P3, ..., P, W3 uncea 2, 3, ..., n. B nosanoti nepecra-
Hoske i, py, ..., p, NEPBHI 37eMEHT €IUHNIA MO OTHOIUEHHIO KO BCEM
COeAyIouM HAXOAHTCA B MOPAAKE, @ NOCOMY Aia 4icaa GeclopsiKoB Mbi
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BnMeeM:
[1) P2 eees Pn]Z[Pe» eoey pn]'

npiyYeM 33 OCHOBHYIO NepecTaHosky B obonx caydasx Oepercs Ta, rae
yncaa HAYT B BO3pacTaouleM nopsaxke. Mu umeeMm, Taknym oGpasom, cae-
Aytolee Bhipaxenne A48 KospduunenTa npH ag:

1Pz, eoc s
B"= Z (—- I)p p"]agp2 “es a,,pn.
(P2 P3o o on 'pll)

dr1a cyMMa NOAXOANT MO OonpeleseHlie onpeaenTens, N0 TOAbKO MO
CPaslieHNI0 ¢ NHCXOJAHLIM oOftpele/iiTe/eyM OTCYTCIBYIOT MepBas CTPOKa M
nepsufl  croaGen. Orcioaa puano, uro By =3 =(— )WA,=A4,,
T. € npu {=k=—1 wnaule yTsepxienne noxasano. Ilepelizem k cayuaio
aobux i n k. Byaem nepecraBiasrb i-10 CTPOKy mnocrenenHo ¢ OoJee
BBICOKHMH CTPOKaMi TaK, uToOBl OHAa MOMaJa Ha MecTO MepBoll CTPOKH.
Has atoro npugerca caeaats ({ — 1) nepectanoBok crpok. CosepiienHo
TaK ke nocreneHHoii mepectaHoBkofl mpuseaeM A-fi croabeny Ha MeCTo
nepsoro cronbua. Ilocne STUX NepecTaloBOK 3JeMEHT 4a;, MOMajeT
B Jepnfi BepxHHfl yroa Ha Mecto ssemeHTa ay. Crpoka ¢ momepom I 1
cTto10el ¢ HOMEPOM k& OKa:KYTCS Ha NePBOM MeCTe, a MOPAAOK OCTalbe
HHX CTPOK 1 cToabuoB He wuaMeuntcs. IlToayuennvifi Boie pe3yibrar
NOKa3blBaeT, 4TO MOCJAE YINOMAHYTHIX MepecTanosok Kod(duuuent npu a;p
Oyaser pasen 4;. Ho mam npmmtocs npusennuts (I — 1) -} (& — 1) mepe-
CTAaHOBOK CTPOK U CTOJI0UOB MOMapHo, H Kaxaas TaKas MepecraHoBKa
aoGasaser muoxnrtens (— 1) k onpesennrtemo, T. e. B obmem Mu 100a-
Bl MHOKHTENb (— 1) —D+(k—1 —(_ 1)+~ 1, caenosareabno, OKOH-
uareabHoe BhHpaxenue 4as koddduunenra B;, Oyaer

Aip

B'k_ (“ 1)'+k'—‘(_ l)urkA ik
uro 1 Tpefosanock Aoka3ath. Taxim ob6pasoM MH Aokasami dropay.n (18)

(19). Ecoin Mo B onpegenureae A 3aMeHHM 9JeMENTH [-fi CTPOKH
MOCNEAOBATEAbHO HEKOTOPBLIMH UHCAAMIL €y, €3 +.., €, HE MEHAS OCTAAB-
HHIX CTPOK, TO B Gopumyae (18) mHoxurean A;; He u3MeHaT1cd, U Beau-
YiHa HOBOrO onpeenureas Oyaer

A’_—'—Ailci+Ai-2"'2+---+Aincn- (20)
B 4aCTHOCTH, €C/M MEl BO3bMEM UHC/AA €y, €3 ..., €, PABHBIMIL JENEH-
TaM @y, Q3 ..., @z APYTOl CTPOKI C HOMEPOM j, OTAHUHHM OT i, TO
onpezxennteas A’ GyJeT uMeTh ABe olmnaxoume CTPOKH {-10 1 j-10, W
ero seauunna Oymer pasHa nymo: A'=0, 1.

A,-léz,,—{—Ai.zaj.z—}—...—l-Ai,,a,,,:O (i#]) (211)
TouHO TaK ke Ia8 CT0a6LOB:

Apay 4 Any - oo Agpy =0 (k£ (21y)
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Gopuyan (19) u (21, ) npusomar uac K cnenylom.e\xy BaXKHOMY B Jajb-
neflies cpolictny onpeneantes.

Ecau sremenmor nexomopoit cmporu (cnoalya) yMHoMCUME HA UX
aazefpanieckue JOnoAHeHUST U MU NPou3BedeRus CAONCUNS, HO no-
Ayqumces seauduna onpedeumenn. Ecan oice 3aeseritel neKomopoid
cmporut (cmoalya) yuMHoNcUNs Ka aszefpaiieckiie JONOAHEHUA COOMNL~
semcm ey aesmenmos Opyzoli cmpoxu (cnoabya) u dmu npous-
8eleHILsL cA0XCUMD, Mo cyMMa OYydem pasHa HYAW.

VI. TpuGasuM k sxemextaM neppoli CTPOKH onpedeanteas A sie-
MEHTHl BTOPOH CTPOKH, YMHOXEHHHE Ha HEKOTOpuil MuOXuTenb p. die-
MENTH NepBOfi CTPOKN CTaHYT paBHBIMi a4y —f-pay, (s=1, 2, ..., n),
1 B cuay coolictea IV nosmil onpeseantens 6yner cyMMOK0 ABYX onpe-
neaureneil: npeKHero onpexealTeas 1 BTOporo onpeaeantead, y Koro-
poro mepBast CTPOKa COCTOHT N3 3JeMeHTOB pays (s=1, 2, ..., n), a
OCTaJbHbe CTPOKH olnHakopn ¢ A, BwHOca 103 nepsBoil  CTpOKi p,
HOAYUHM OOHHAKOBHE MNEPBYi0 H BTOPYIO CTPOKH, I, CJAEI0BATENBHO,
BeqIIYKNIA DTOrO BTOPOro ONpele/aiTeas pPasHa iy.ao0, T. € Booliie
geannuna  onpederumeass He UIMEHUMCS, ecal K d.leMenma
Heromopoli cmporu (cmo.alya) 0doGasums coomeemcmseyumue 3.1ec-
Jenmot dpy2oii cmpoxu (cmoalya), npedsapumme.sino YMHOXCHUS 3mu
nocacinue Ha OOUH U MONL JICE MHONCUMELD. .

YKameM Hexkoropeie 0003HaueHiiss, KOTOPHMI ML 6yjeM M0.1b300aTLCA
o Jaasneiiwen. ITycts, Kax 1 BHIe, nMeeTcst kpalpatuas 1adanua uyncea
(6) 1 nycrb [ — 1es0€ MOMOWHTEALHOE YHCAO, He Ooabllee, 4eMm 7. Bae-
aey caedyiomee o0o3HaueHHe oOmpejeanTeas nopaaka /, COCTaBIEHHOrO
113 crpok tabanust (6) ¢ HOMEpaMil Py, Py .., P; U CT0AOHOB C HOME-

paMit gy gy <oy q

A(pl pa... Pl>= apsq‘ ap2q2 Tt aPqu . (22)
91 42« A

e, Apyq, o+ Aoy,

Ilpn sTtoM OOHYHO ompedeniiTesqeM NEPBOro MOPSAKa, COOTBETCTBYIOIUIM
Kakomy-ando u4nclay @, HasbiBaloT €aMo 5TO 4iCa0, T. €. A(f,’):apq.
ITocnea0BaTeALIOCTH HEIHX MOJOKNIEABHBIX YICEN Py Po «v0» Py B Gy,
93 ..., ¢; MOTYT ObiTb PaCronOkeHH U He B MNOPAAKE BO3PACTAHUS
uricen p, 1 ¢, Ecmi B o0enx 3THX M0CJIeIOBATEABHOCTAX 4HC/AA HAYT
B BO3pacrawiouleM nopsike, To onpeneantend (22) Ha3bIBaCTCH HUHOPOM
nopsaaka / onpeaeantens (8). 21oT onpegeanteas (22) moayuaerca uz (8)
peiyepkusauneM (n— /) cIpok u (n-—/) croabuos. [lycrs HoMepa 5THX
BHIYEPKHYTHX CTPOK H CTOAOLOB B BO3pACTAalONEM MOPAAKE CYIb: Iy,
Fo euvs Ty U S5 Sy ovvy Sy Munop

A(r,, Tas oo Tny
Sl) si) see Sll-l
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Ha3BIBAETCR MHHOPOM, JAOMNOJHHTEABHHM K MUHOPY (22), a BoIpameHne:

) (22y)

Ha3bBACTCA aazeOpauteckus donoareruesr Munopa (22). Iaa oraensHoro
9JIEMENTa a;, STO onpeneneHuse aare6panyecKkoro AOMOJHEHUSs COBNagaet
¢ npexuny onpeaenennem (17).

AareGpanueckoe aonoaueHue (22,) oGosaunm yepes

\
A,(Pl P ... Pz‘.
d1 93 ... qy/

Ono Bnosxe onpenenserca 3ajaHneM onperemureds (22), . e. 3adaHueM
NoCAEI0BATELHOCTEN HOMEPOB €ro CTPOK py, Py ..., Py M CTOAGLOB

gy g3 oy qp B

duxcnpyeM HoMmepa cTpok. Beanunna onpemesurens A sasasercs, oueBHIHO,
OJHODOOHBIM NMOJIHHOMOM CTeneHn [ 571eMeHTOB 9THX CIPOX, H OHAa BHpaxaercHd,
KaK MOXHO joxa3ath, dopmyxoft (teopema Jlamraca):

A 2 A(px J I pz) A (P1 Ps - Pl)’ @3
dr 93 . G q9 9 --. q
9, < <...<gq

(— 1)p,+p2+...+p,+q,+q,-x-...+q,A(" T2 ces oo

S1 81 ... 8,

rae CyMMHPOBaHHE NPOBOAHTCA N0 BCEBO3MOXHEIM BO3PACTAOMHM MOCIEIOBA-
TEIbHOCTAM uHCed Gy, qyy ..., 7, B3ATHX H3 [IOCIEAOBATEILHOCTH 1, 2, ..., n.
Uneto craraemumx B cyume (23) pasHo uncay coueTannili u3 n sxevextroe mo I

Cl — nin—1)..@mn—1-}1)
n I! »

flIOCKOIbKY TOPAIOK YHCEI gy He HrpaeT poau, H60 oHH GepyTCs MPH COCTaBie-
HHI cymMMHl (23) Toabko B Bo3pacTaiomeM Ropsaike. [lpu /=1 wmMu mnveewm

A(’éi)=0pm’ n ¢opmyaa (23) nepexoxaur B dopmyay (18) npn i=p,. Jlerko
nocrpouth Qopmyay, anaroruynyio (23) H COOTBETCTBYIMYIO pa3Toxennio A mo

9aeMENTaM KakHX-T1160 BHOpaHHHX - cTox6uoB. MM He OyaeM B JaiabHefimenm
noab3oBathea Gopmyaoft (23) 1 He nmpHBOAMM ee I0KA3aTEILCTBA.

4. Boiuncaenne ofnpeneaurens. Buluncienne onpeaeanTens BTOPOTO
nopsaka ovens npocro. Coraacio d¢opmyre (11) a0CTaTouHO HamicaThb
Tabauiy

h“ alg

‘Nﬁ

11 B39Tb MPON3BEICHNE BJEMEHTOB, CTOSUINX Ha AHaroHann, noa4epKHyToft
cniowtoft ueprofl, ¢ COOCTBEHHHM 3HAKOM, H NOJUEPKHYTOH NYHKTHPOM —
€ OOpDaTHHM 3HaKOM.
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IMepetinem K onpelenntesnio TPETbero nopsika. B packpeiTom BiAE
on sanncan nHamu B gopmyae (3). Herpyauo nmpopepiitbh, UTO €ro MO:KHO
0o6pa3oBaTh CASAyIOULNM NyTEM: BbliicelBaem TabAaiy, Aaioulylo onpede-
JuTeAb, U MOAMICLIBAENM INOL HEI0 ele pa3 Nepsylo I BTOPYI CTPOKIL
Bynem wumern Tabanly, comepailyio LleCTh ANaronase, no Tpu aJe-
MeHta B Kaxaofl.

Bepen Npou3BEACHNE 3JEMEHTOB, CTOAULNX Ha AHarolangax, noauyepk-
HYTBIX CIVIOLIHOf yepToH, 63 N3MEHEHHS | $1a LHAroHaAaX, MOAYEPKHYTHIX
NYHKTUPOM, — €0 3HaKom mumyc. Cymma sTux ectnn mpoussefenull n
naer onpeaeantenn (npasuao Cappyca).

Tpasnao 916 ne ofobuactca Ha onpedcanread Goxee BLICOKOro Nopsika,
I TaM NPHXOAMTCA MOCTYNATL HMHaye MJA Cokpaulenus Beryncaennft. [loaesno,
HampiMep, NOJIbL30BATLC YKA3aHHEIM B NpelblaylieM HoMepe csoictsom VI onpe-
Ieautean. Boisichum 9To Ha npumepe. BosbMmewm onpefeanreas UeTBCPTOro Io-
pAaka :

YMHOMXAeM TPETHIO CTPOYKY Ha (—2) 1 CKJIAAbIBAEGM CO BTOPOil, KpoMme 10ro,
YMHOMaAeM 3Ty XK€ CTPOYKY Ha 3 M CKJIaIbBaeM € YETBEPTON H BbHYHTaACM H3
nepsoit. Taknym 00pasoM, B CILIYy YNOMAHYTOIO CBOHCTBA, MNpiieM K oypeacii-
T€.110, PABHOMY BHIIIICHAMIICAHHOMY, NDIHYCM 3TOT ONpPEeIeINTCIL 6)'.'191‘ HMCTD
B mepBoM C10.100€e TPH HY.IH

0 —16 —11 —6
A 0 —13 — 4 i

1 7 4 2.

0 26 13 7
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Ortcpoa, paziaras no 3aeMentaM ficpsoro croabua, coraacuo gopmyae (19),
noayynm:

—16 —11 —6
A=) —13 — 4 1],
26 13 7

Yunoxaem tpernfi croaben Ha 4 i CKIAAHBACM CO BTOPHM H 33aT€M YMHOXAaeM
ero Ha 13 i ckaaamBaem ¢ nepsuM. IToxyvacy Takum oGpasom:

— 94 —3 —6 — 94 —35 -
A= 0 0 } | =— =04-41 —35-11T=—241.,
117 41 7 117 41

5. Ipumepst. 1. Tlycte Tpebyercs pmuncanTs obwveM napanrenen-
neaa, Tpu peOpa KOTOPOro, BHXOMIIUIX H3 OANON BepNHH, CyTh BeK-
topet A, B 11 C. Kak nssectno [Il, 117], nckomuii obunem Bhpamaercs
CKaMsIpHHIM TIpon3BeeHneM Bektopa A Ha sekropHoe nponssenenne (B X C):

V=A@B X C). 24)

[Tpn sToM 06bEM NOAYYaercd CO 3HAKOM MJIOC, eCan BEKTOPH A,
B, C naior Ty e OPUEHTHDOBKY, UYTO KOODAUHATHHE OCH, B CO 3HAKOM
MUHYC, €CJH YNOMSHYTHE OpPHeHTHPOBKH pasanunel. Cocrasisiomie BeK-
TOPHOro NPOH3BENEHHs PaBlibl

B,C.—B.C,, B.C.—B,C., B.C,—B,C,
n TaknM o6pa3oM Ckaagpiioe npoussencHie, sxojsuiee B opmyay (24),
Oyner:
Ax (ByCz _ Bzcy) + Ay (Bsz - Bxcz) + Az (Bxcy - B_vcx)'
Herpyauo mugers, 4To 3Ta nocaeaHss cyMma npeicrasiaser co6ow onpe-
JNEeANTENMb TPETLEro NOLAAKA, T. €.

‘A, B, C,
V=|4, B, C|. (25)
A, B, C,

PaseHcTBO nymo 3TOr0 onpeneantens GYAeT HaM NOKa3blBaTh, YTO OOBEM
paBed HyJio, nHaye roBODS, YIO HAlUl TPH BEKTOP2 KOMIIAHApHH, T. €.
naxomsrcs s omuoH maockoctit. Ecant MBL B omnpenennTene nepecraBnM
aBe cTpoki (croabua), nanpnMep nNepByl H BTOPYlO, TO 3THM CaMBIM
nopsnok mextopos A, B, C samenutcs apyrum nopsakom B, A, C
ecnil BeKTOPH B MpE:KHEl NOCAe10BaTeNbHOCTH [aBaji Ty Xe OpHEeHTI-
POBKY, YTO KOODAMHATHHIE OCH, TO TEmeph oHul OYAYT 4aBaTb yiKe HHYIO
OPHEHTHPOBKY, U HBao6opoT. B cooTBeTcTBNH € 9THM BeaNulHA onpene-
ANTeNs H3MEHNT 3HaK.

Ecan ananornuneld  ofpazom B maockocT XY pacemorpiuM ana
BexTopa ¢ cocrapastouuini (A, Ay) 1 (By, By), 10 naouars napaa-
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Je/0rpayMMa, NOCTPOEHHOro Ha 3THX ABYX BeKropax, GyaeT pasHa onmpe-
JeanTemo BTOPOro nopsixa:

Ax B X
A, B,

PaccvMOTpuM Tenepb TPEYyroAbHHK, KOOPAHHATH BEPUIHH KOTOPOro
CyTb

P =

My (x1, ), Ma(xy 32), Ma(xg 33)-
Bepen Bextopn A==M;M; u B=M;M; c cocTaBasiontmu:
MM (63— Xy a—3) Mdly (53— X1 Y3 — ),
# IJIOLL3Ab HALIEro TPEYroJbHIKA MOKET OHTb BHPAaKEHAa B BHIE:
X3—X X3—X
p=_;_ 3 1 3 1 .
Ji—: Vs—N
Herpyano noxasare, Y10 HAmIiCaHHHI oONpeieinTes BTOPOro Ho-

pAAKa MOMKHO 3aMEHHTh ONpPEACIHTENeM TPeTbero MNOPAAKAa I Hanicarh
(opMy.Ty B CAEAYIOUIEM BHAE

l X X3 X3 !
P =5 M ¥ N L
11 1|

PaBencTBO HY.JI0 3TOrO ONpeleauTelIs A3eT yCJIO0BHE TOro, UTo TOukH A,
My, M; vaxoasrca Ha oauoli npsamol. VlHaue rosops, ypasueHie nps-
MOH, npoxogsimiell yepes mse 3ajanHble TOuku (X3, Jy) o (X3 33), MOKeT
OLlTb HamiCaHO B BlAE:

X X X

Yy N »n =0
111

II. HerpyaHo cOCTaBuTb, NOJB3YACH ONpEASINTeasMil, YDaBHEHNs He-
KOTOpBIX reoMeTpnyecknx MecT. [IycTh, Hanpumep, ULIETCS YPaBHEHHe
OKDYKHOCTI, NPOXOAsulefl yepe3 TDH 3alaHuble Toukit (X, i) (X2 Va)
1 (X3 y3). Jlerko Buzerp, YTO 3TO ypaBlieHHe 3amMUILETCs, NPH 10MOULY
onpereanTeNN YeTBepToro NOpsaKa, clexylomny o0pasod:

{ 42 _¢ 4 2 _1 2 -2 3 -2 2 ~
R P A7 G b W o o R B S

X Xy X3 X3 =0, (2 6)
Yy I Ja Y3
1 1 1 1

Iefictureavlio, pasiaaras N0 3JeMEHTaM nepBoro croabua, yGeix-
12eMCsl, MTO HAamMuCaunoe ypasuenne ecrb ypapHenue bB1opoil cremenn,
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B kOoTOpoM KO3dduuueHTs npn x® u y? OOWHAKOBH, W WIEH C Nponsse-
JenueM Xy OTCYTCTBYeT, T. €. ypaBHeHuio (26) COOTBETCTBYeT OKPyx-
nocTh., Hakonen, ecnm M B 3TOM YypaBHEHHH MNOACTaBHM X ==X, H
y=y, (=1, 2, 3), 10 nepeuit croaGeiy onpeaenntens OyAeT COBNAXATb
C ONHHM I3 CJEAYIOUNX, U ypaBHeHHe OyJeT YIOBJAETBOPEHO, T. €. OK-
PY:XHOCTb JEfiCTBHTE/NLHO IPOXOAMT Yepe3 TPH JaHHble TOUKH. 3aMeTHM,
4TO €CAH TPH 33JaHHBe TOUKH HaxoAarcs Ha oAHoit npavol, TO B ypas-
nenun (26) xosddmunent npn (x*-I- y?) okawxercs paBHEM Hyado, H
ypaBHeHnio GYJeT COOTBETCTBOBAThH He OKPYXHOCTb, a IpsMas.

CoBepllIeHHO TaK e ypaBHenie IOCKOCTH B MpocTpanctae ¢ ocamn OX,
0Y, OZ, npoxonsuietf yepes Tpn 3afaHHHE TOUKH (X1, ¥y, 21), (Ko Vo 29)
1 (X3 Vi 23), MOXeT OHTbL HamicaHo B BHAE ONpeNennTeas YETBEPTOro
nopsaxa: '

X Xy X3 X3
Y N V2 s :
=0. 27
Z2 2 23 2
11 11
Ecan Tpn 3azanHBe TOUKH JewaT Ha oauolt npavolt, TO ypasHe-
Hie (27) npespatutcy B TOxaectso 0=0,
H1. Paccmorpuy onpemeantens D, mopsika n, Kaxaas CTPOuKAa KO-

TOPOro COCTOMT U3 CTENEHelt HexkoTOporo uucha, Haunuaa ¢ (n—1)-i
CTEMEHH H 10 HyJesofl BKJIOYNTENBHO:

~1 —2
X7 P70  xn
- n—1 n—2
X X e X 1
Dn= 2 2 2 . (28)
—~1 —2
xn xn TS|

Mpan n=1 n 2 Gyzem nMeTh:
Dy=1; Dy=Xx; — X3

Ins packpuTHA onpedeantens D; Mp 3aMeHnm B mepnoft CTpPouke 3TOro
onpeneauTens uucao x; Gykeo#t x. IToayunMm onpeleantens BHia:

xtx 1

) Dy (x)=|x} x5 1

x3 %3 1
Pasnaras ero mo saeMeHTam nepsoil CTpokH, BHAnM, uro Dy (x) ectp
noanuoM Bropoll crenend or x. Ecanm noacrasiuth B ONpERENHTENb

==X; Wil X==X3, TO NepBas CTPOKAa CTaHer OAHHAKOBOH CO BTOPOH
nan Tpersefl, W BenmuMHa onpesennteas OyAeT HyaAb, T. €. KBaAPAaTHHIM
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rpexunen Dj(X) imteer KopHnm Xx; U X3 U MOxeT OHTb npeacrapJed
B Blge:
Dy (x)= A3 (x — %)) (x — X3),

rae A; ecrb xoapduunent npu &% T. e aarebpaiueckoe fonoaHenne
snementa x* onpegeaunreas D;(x), Croswero B JEBOM BEDXHEM yray.
Otciona caepyer

Xy 1
A=

X3 1
T. €. A; ecTb onpeleanteab D, COCTaBjJeHHT N3 ulcen X; H X3 Okon-
YaTeJbHO:
Dy (x) = (x5 — x3) (x — x9) (X — Xxy).

Moacrapaas x=x;, noayuny aag D; Bupaxeune B Blde npoudseienus
TPEX MHOKHTeneh:

(X1 — X9} (3xp — x3)

Dy=
(33 — x3).
CoBepiueino aHaJoriuio, uMea suipaienne D;, MOXKIO NOAYYNTb BWPa-
wenne 419 O, Ouo Oyaer uMerh BiLX npoi3segenis eCTH Muoxureaell:
(%1 — x) (% — x3) (%) — x)
D= (%3 — x3) (2 — ).
(w3 — xy)

Touno Tak e, npit moGoM n MOJyunyM CAEAyOllee BHIPaKCHHE 171
onpedgeanreas [, Kotopulll o0uunHO Has3wBaeTca onpeneaunrenen Bau-
Jepyola:

(X1 —x) () —x3) ... (g — xy)
(2 — X3) .0 (%2 — Xp)-

(xn—l - xn)
Hanncalmoe BHIpaWEHIE 1IMEeT HHTGPECHY}O CBSI3b C OCHOBHLIM onpe-

nenenuey onpedennteas. JhoGoll onpeaeanteab MOpaAKa £ MOKEr ObTb
3anHcaHd B BRjIE

(29)

Xin X1p-1 +00 X1

Xap Xap-p v Xy

. 30)

Xnn Xnna o0 Xn

E—1
3amennm B Hey uncTo QOPMaLHO KauAbll aaeMenT X;;, Ha xj . Ilocae
Takoli 3amenn onpegeanteas (30) nepeliaer, ouesiAHO, B ONpEAENHTENb
Baugepyonaa (28). Orcioaa  BHTEKacT HENOCPEACTBEHHO — caeayioulee
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npasnao o6pa3oBaing CyMMH, JAamoniel seanunny onpemenuntens (30):
B pupaxennn (29) OTKpnBaeM CKOOKH H B KaXHOM N3 MNOJYYEHHHIX
TOCNE DTOTO YAEHOB 3aMeHsAeM xi_l Ha Xy, NpnueM, ecan Takoll unen
He COAEPIKHT CTEMEeHH HEKOTOPOro 4YHC/NA X, TO B COOTBETCTBYIOIEM
npoussefeHnH Haf0 H0GaBNTh MHOXKATENb X%, KOTODHI noclte ynoms-
HyTOH 3aMeHBl nmepefieT B X 3aMernM, 4YT0 3TO NOCJeQHeE NPaBnio
MOxeT ObiTh NMPHHATO 3a OmpeaeieHne onpeaeauTens.

IV. Pacevorpuy BHpaxkelnne, € KOTODHM HaM NpPHAETCAd HMETh HEN0
B NOCAEAYIOLIEM:

Ay —l— X Qja Qg3 cee ay,
an an-x Ay “ee 25
A (x) = as [22%) Qaz3 + X ... 3, (31)
aﬂl aﬂi a’za cos arm "l_ X

n pasaoxuM ero no crenensM Oyken x. [las sToro nepenuueM ero
npenaapmenbno B CAGAYIOMIEM BHJIE

au—l—x a0 1115+0 aln+0
a,u—l—O aag+x a23—|—0 e ag,,—l—O
A@w)= ay -0 a3i+0 ag-t+x ... a,-01, (32)

a,,1-]—0 nz—l—o an3+0 ces a,",—l—x

Kaxamft n3 cronbion aTOro onpeaenuTens ecTb CyMMa ABYX caa-
raeMhHx, i, npuMenss HECKOAbKO pasd cmofictBa 1V onpemeautens, Mbl
npeacTaBum ero B Buae cymmsl 2% onpenenuteneff, cToAGmH KOTOPHX
yxe He cofepxar cymM. Ecan Bo Bcex croafuax seipawenus (32) Bul-
YEPKNYTb BTODHIE C/araeMble, TO MBI MOJYUHMM uJeH, He coaepiauinii
6ykBH X, T. e. cBoGoaHHH yaeH B pasnoxeHun A (x):

ayy Qg3 ... Qp
Qyy Qa3 .vv Qg

A= . (33)

Any Qpg ooe Qpp

" Hao6oport, ecan BLUepKHYTh BO BCEX CTOAGLAX NEpPBHIE CJAAraeMbe, TO
noayunTcs crapwinit uaen moanHoma A (x), pasuuit

x00.
0x 0.
|00 x ...0|=x"

000...x
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Paccmotpuy  Temeps cpeanne uiensl noanHoMa. JlodoxkuM, uto B
cronbuax ¢ HOMEPaMH py, Py, ..., P MH YAEPKHBAEM BTODHE CAaraeMue,
a B OCTaXbHHX CToa0max — mepshie caaraeMmsie. [Ipn 3TOM Kamawi
cronben ¢ HoMepoM p,(k=1, 2, ..., s) Oylder COCTOATb CHVIOWIb M3
Hy.eff, KpPOME OJHOro 3aeMeHTa, DaBHOTO X Il CTOAULErO HA [IVIaBHOI)
ANaroHaay, T. €. Ha MepeceyeHun CTPOKH N CTOAGLA C O/ANHAKOBHIM
novepoM. Pasnaras noayueunmifi onpenesntenb MOCAENOBATEILHO M0
37€MeHTaM  CT0AGLOB Py, Pay ooy Po MH OT 3THX CTOAOLOB NOAYYHM
MHONNTENb X° U AOMAHB OydeM BHYEDKHYTb CTPOKH C HOMEpaMu p,
Pa «v.s Ps M CTOAOBUBE C Taknyy ke nomepamy. Tlocae kawmoro takoro
BHUEpPKIBaHUA aareGpanyeckie JOMOJHEHHS COOTBETCTBYIOLIErO 3JEeMEHTa
OyayT paBHbl B TOYHOCTH MHHOPAM, BBUAY COBMAAEHUs HOMEPa BHYEpPKN-
Baemoft cTpoku n croabua. Hrak, npn awoGom BeHGOpe HOMEPOB CTOJ0-
uos pp(k=1, 2,..., s) nHaw onpeseantens 6yxer colepkarb X° ¢ Koag-
(PHUIEHTON, DABHHIM Oupereareno nopaaka (n—s), noayuaemoMmy us
OCHOBHOro onpeaeauteas (33) BHuepKupaHneM TeX CTPOK H CTOAOLOB,
Ha [E€peceyeHHy KOTOPLIX CTOAT 3JeMEHTB rJaasHofi anaronanau app,,

Qppy +oes Apps O6o3HaunM 3TOT onpeieanreNp NOpsaka (1 — ) Cui-
B0JOM dp, ... p. O HA3LIBaCTCA OOLIYHO 2.1a8HULI MUHOPO.KE onpede-
1¥2 s
plpg...ps

aumean A, nopsaka (n — ). Bubupas uucaa py, py, ..., P PasIIuHEM
o0pa3on, 1oayyuy B ofuleM OKOHYATeibHHN KOIpduUHEeHT npu x° B BH-
pamenni A (X), B BiLde CYMMLI BCCBO3MOMKIULIX FIaBHLX MHHOPOB MOPAIKA
{(n—s), T e

A () =" S5+ S5 - S, xS,

rie Sp €CTb CyMMa BCeX TAaBHHIX MHHOPOB onpeaeantens A nopaaka k
u, B vactHocTi, S, pasHo A. Hamimesm sBHOe BHpameHne Aas Kod-
(puunenTa
L2,....m
— ‘ - —
Sy = A Bppy by =
Py <p2 ees <pn—k PiPy-e-Ppy p

g9, Qq,9, -+ 9,4,

3 s oo o | o
- . . - - . - . . I

<G, <o g
3 2 R
!a,,

Il

W %49, co- Qo I

3aecy cyMmupoBaHue PpAacnPOCTPaHserCs Ha BCEBO3MOXHBIE KOMGH-
Haunit w3 & uncen ¢y, ¢y ¢p DAYUIHX B BO3PACTAIONIEM NOPsAKE H B3s-
THX cpean uncen 1, 2, ..., n. Ecam Om Mbl Cranu  CyMMHDOBaTh
8 BHpaxedin (34) no KawIoMy 813Ky g; NPOCTO 1O BCeM 3Ha4eHUsM
Or 1 A0 #, TO B NEPCCIAaNOBKE ¢y, gy ..., ¢, UILE uncaa wau Obl
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HE TOMBLKO B BO3PACTAOIIEM MOPALKE, HO H BO BCEX JAPYrHUX BO3MOXHHIX
nopsakax. TouHee roBops, BCAKas BO3pacTaoOUIas MNOCJE10BAaTENBHOCTD
TP CyMMHpOBanii mo BCeM ¢; oT 1 no n nana Ou scero k! nepecra-
HOBOK. 3aMeTHM Tenepp, YTO NpU NEPeCcTaHOBKe KaKuX-Hubyab ABYX un-
cen q; n q; BenuHHa onpeaenuteas, croamero s dopmyae (34), ne usme-
HuTca. JeHcTBuTeNbHO, €CAH MH IIEPECTaBHM, HANMPHMED, ¢y I ¢;, TO, TeMm
CaMEM, B YNOMAHYTOM oOnNpeleiJnTene NEpecTaBiaTcs MNepsBas M BTOpas
CTPOKH N MepBHfl 1 BTOpol cToAGel, YTO He MOBINSET Ha BeJHUHHY
onpegemiteas. Taknm o6pa3oM B3 NMpeAHAymlero CJAexyeT, YTO €CAH Ml
B Buipaxenun (34) OyaeM CyMMHPOBaTb MO KaxJ0My H3 uHCea ¢; NPOCTO
or 1 1o n, TO Kawmgoe caaraemoe cymmol (34) nosTopurcs k! pas, n,
Ce/I0BAaTeNbHO, MBl MOXKEM HamncaTh BHIpaxeHne kosdduuuenra S, B Brie:

kL 2 21 - Z’; A0 ¢ mq)_ 35)

1g,=1 1 ‘11 9z ««. qg
6. Teopema o6 ymHOeHUH onpegeauteneil. B sToM HoMepe MH
BbIBegeM Qopmyay aas nponsﬂenemm ABYX onpefeanreneit oaHoro u
TOFO e TOPRAKa.
ITycts umeloTca ABa Omnpexenntens nopsaxa .

A={ay (361)

Ay =|by |7, (369)

CocraBuyM HOBHH onpeneauteb, 3JAEMEHTH KOTOPOrO BHPAKAOTCA
dopmyaamu:
n

Cip== Z .a,-sbsk ([, k=1, 2, veey ﬂ) (37)

s=1

I JOKA}eM, 9TO 3TOT ONpeNennTe]b PAaBeH NPOU3BEACHUIO onpenennTte-

aeft (36y) u (365). Haunem co cayuas n=2. [Ipusumas BO BHHM2HNE

dopuyaw (37) u pasnaras onpexenntedp Ha CaaraeMsie, COrJacHo Csofl-

crBy IV u3 [3], noyumm:

__|aubu -+ aypbn aubm'l—anbn _
anby 1 by anbys =+ anby

ayby  auby

1y €2 anby  aybye

+

Qpby  ayaby
Agaby  Aagbig

Cn Cn anby  axnby

Qyobyy  aybyy

anby  anbn anby  anby

BrHOCS OANHAKOBHE MHOXKNTENIHM N3 32JEMEHTOR OAHOTO 1 TOFO Ke
¢Toa0ua, Mbi [Ioayuny o nEpsoM H YETBEPTOM CJaraeMoM onpeaelirenail
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¢ ONHHAKOBHIMH CTOAOUAMN, pasHble Hy/ao. Ilepectasasn ewe B OZHOM
u3 onpenenureseil croadub, OyaenM HMETb:

Cyy €12 = byybas ayy Qg - bysby Q3 ayy —
€3 Cn az axn ay an
==by by i — bysby i = o (bub-za—bﬂbzl)=
ay ap an 4ax Ay Qy;
_ |9 an by bm,
— Qy Ay by byl

4TO0 N TpeGOBaIOCH JOKA3aTh,
B ofwewn cayuae mopsaka s mocsne npumeHeHus csofictea IV u3 [3]
OyaeM nMeTb:

. alslbsﬂ a,szbszg eee a"nb‘n"
| €ir H' = S a'"xbsll azs2b52-2 Tt a'”nbsn" (38)
I »

(5,08,00e018)
1”72 n

ans b Aus Ds 9 . Qns O
IlS1 Sl, nSS 822 IIS” Snll

rae nepeMeHHble CYMMUODOBAHIS Sy, Sy ..., S, NPHHIMAIOT HeJbe 3Ha-
venns 1, 2, ..., n. Caaraemsle 5T0fi CyMMp MOryr OHTbL 3amucany
B BulE:

Qps Qs oo- Qs
bslibssg e bsn" 1 2 n |, (39)

Qns,  Qasy oo+ ns,
Ecan cpean uncea S, Sy ..., S, €CTb OIUHAKOBHE, TO HAMHCAHHLIH
onpegeMiTeN b IMEeT OANHAaKOBbiE CTOJAOWB, II COOTBETCIBYMOIlee CJa-
ragmoe pasno Hyaio. Takuy ¢O6pasoyM, Mbl MOMEM OFpaHHYHTLCS pac-
CMOTpeHiieM TaKHX C1araeMblX, y KOTOPbIX Cpean uucel s, HeT ojuHa-
KOBHIX, I TakuM o0pa3soM 5Ta I110CIeNOBATEABHOCTb YNCEHA Sy, Sp wans S,
npexcrasaserT co000 HEKOTOPYI0 NEpPecTaHoBKy N3 uncea 1, 2, ..., n
Yamomny supasenne (39) oamau ua (— 1) S sl 5 pesyavtate
yero OHOU, OUEHBHAHO, HE HIMEHHICH, b 210 Bb!pa)i\'ei-iiie dOMHO iiepf:iiii-
Care B BILIC NPON3BEISHNA ABYX MHOMUTENCH:

a a e Q
15, 15y 15,

Q; a ve @
(_ l)!sl' Sgrenes Sn] 28, 25, 25, (__ 1)[51, Sgraven sn] bslxbsqg-- -bsnn.

e o & e

a Aus, vov @
fMy‘x ,“2 ns"
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B nepsom MHOXINTENE NyTeM HECKOJBKHX TpaHCmosuunft nepecTaHoBky
Sy S3 ..., S, npupeneM X suay 1, 2, ..., n IIpn kawpoft Tpaucno-
31UBH BEANYHHA (—])[sl' See*nl y nanncauwmll  onpeseanTenb Gynyt
JHIb MEHATh 3HAK, 8 BECh NEPBHII MHOXHTEAb OCTaeTca Ge3 H3IMEeHeHns.
Taknm o6pasom supaxenne (39) moxer OnTb NepenncaHo B BHAE:

Iy Qg +.. Ay
eoe Q3

¢ .

:’ . (= l)ls" Sgr e+ Sl bsllbsge cee bsnm

Ant Anz eoe App
U, CJeI0BATENbLHO, BO3BPAmLAcL K cymyme (38), noayumi

l Cir ];’ =A Z (_ 1)151' S 5’”1 bSllbsg‘z e bsn"’

(Sl‘ Sgr e Sn)

rie cyMMHUPOBaHNe PAacnpoCTPansIeTCa HA BCE MEPECTAHOBKM Sy, Sa, v.. s Sp
n3 uncen 1, 2, ..., n. Hanucaunaa cymma ects onpenreantens 4,, T. e
|cip |?=A44;, uto n TpeGosarocs nokasar. Popmyaa (37) aAaa ¢
CBONNTCS K CJAEOYIOIEMY: 53JeMents -l CcTpokn onpeseantens A
YMHOXKAIOTCH 12  COOTBETCTBYIOIMIIE 3JEMEHTH k-ro croaua BToporo
onpexeAnTe]s, H 3TH NPOH3BEACHHs CKJAAAHBalOTCA. MHB  3HaeM, uro
B ONPENENNTENE MOXHO 3aMEHHTh CTPOKH cToaGlami, He Mensas ero
peanunnn.  CrenoBaTesplio, Npeamiyulee NPaBmio YMHONXKEHHR CTPOKH
Ha cTox0em MOXHO 3aMEHHTb TpeMs APYrUMi NPaBHAAMI; NPaBHIOM
CTpOKa Ha CTPOKY, cTonben Ha croaGein 1 cronGew na CTPOKY. ,

dopuyanpyem OKOHYAaTEALHO TEOPEMY: nycmes umencs 08a onpe-
deaumens n-ro nopsaora:

| am] u |by .
Cocmasasnexn Hogslli onpedeaumens
| Cig I )

JAeMEHNBL  KOMOpO20  BHYUCAAOMCS NO O0HOI u3 cAedywouux
dopatya:

n
Cip= Z PN (40))

s=1

n

Cin== D) Qysbps (40y)

S=1
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n

Cip== Z as,-bsk, (403)
S==1
n .
Cu= D, sibps L k=12, ..., n). (409)
s=1

Tlpu smoar geauduna onpedenumensn |c;,| pasHa npou3gedenurn
onpedeaumeaneit |ay| u |b;,|.
[pumep. Hapagy c ocuoBnbiM onpemeautenem

A=]a;]

PaccMOTPHM ONpPENeANTe/Nb, COCTABAEHHHH u3 aareOpauyeckux AonoJsHe-
HUH ero 3JeMeHTOB
A

CornacHo npupelennofl  BHIUE TeopeMe BHPasHM  NPOH3BEAEHHE
{@p|+| Asx | Takwe B BHIE onpeaenntens, yMHOKad CIPOKY Ha "CTPOKY.
Met Gyzes HMEThb AJ 3TOT0 ONpEleIHTENs CASIYIOUINE 3JEMEHTH;

n
Cix== ) 8;;4;5
s=1

B cuay csolicTea V onpeaeanteas MH NOJyuuM:
Cirn=0 npun {5£k; c;;==A4,
T. €
A00...0
0A0...0
lagl-14nl=|00A...0

nan
a1t A T=A"% 1. e AJA,1=4"

Cuntas A OT/HUHBIM OT HYAA I COKpaulas Ha mHero, Oyzem usmers:
AR
| A p == AR, “n

Ecau saeMentl a;,=<aqj; TAKOBU, Y10 oupeleanTeIs A pasen ny.no,
TO MOXKHO YKasaTb TaKue SHauenns @, CKOAbL Yromuo Oauskue ajy,
npu KOTopux onpexeanteab A oranuen or nyas. Has stux susaue-
il a;, Oynmem nmers Qopmyay (41), a mnoromy B mnpeaene npH
a;, — aj} 512 Qopuyaa GYAET uUMETH MECTO U OpH a;,==aj}, T. €. 3Ta
dopmyaa uveer mecto n npn A=0. Ecan smpasnts A u A; uepes
37EMEHTH a;,, TO OHA MPEACTABARET COOOK TOXKAESCTBO OTHOCHTENBLHO Gy
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7. Nipamoyroasunie TaGauusl. B nanvuetimem Mpt 6ygeM BcTpe-.
YaThCA W C TaKWMM TabauuaMn uucea, B KOTOPHX 4HCJAO CTPOK H CTOJIO-
1OB MOXeT OGHTb W HeoAMHaKoBo. PaccmoTpnm Takylo Gosee oOuiyo
Tabanuy:

‘au Q2 +v. Qip

Gy QG ... Qyp | (42)

Qmy Amg eee Ay

Oua comep:xHT 7 CTPOK H n CTOAGUOB, NPHYEM YHCAA 7 W 7t MOTYT
6HTb HAH DPasinyHBL, WIH paBHH. BeuepknBad n3 3Tofl Tabamib HEKo-
" TOpHE CTPOKB H CTOAOUH Tak, yroOH 4YHC/IO OCTaBIINXCA CTPOK 0
cTon6110B OHJIO ONHMHAKOBO, MBI CMONKEM H3 OCTABIUHXCA CTPOK H CTOAG-
108 COCTaBHTh ONpejennTenb. Takpe ONpemeaHNTEeNN HA30BEM onpenenn-
TeAAMH, BXOOSIWUMH B cocras Tabmiusl (42). Hamemcmmit nopsaok, xo-
TOPHIfl OHH MOTyT HMMEThb, PaBEH, OYEBILIHO, HAUMEHBIIEMY M3 JIBYX uncea
m W p, a HaUMEeHbIUNH MNOPAAOK 3THX oOnpeldenutenell paBeH EHHHMNLE,
NpHYEM OMNpPEJEeANTENN TNEPBOrO NOPAAKAa CYTh CAMH 3JeMeHTH Tal-
aau (42). TTonoxmM, 4TO BCE OMPENeANTeIN HEKOTOPOro mnopsaaxa /,
BXOAsIHe B Tabanuy, pasHe Hymo. Herpyaro Bmamers, uTO TOrA2 1 BCe
onpereaurenn mnopsaka (/-}-1), Bxoasmue B Tabanmy, TaKXKe paBHH
nymo. Jeficreutenbso, Beskuft Takoft ompeneauwtenr nopsaxa ([ 1)
MOXHO NPEACTaBHTb B BHAE CYMMB NpOH3BEJEHUIt 51EMEHTOB €ro HeKo-
TOpPOft CTPOKH Ha aare6panyeckue HONOJHeHHs 3THX 3JemenToB. Ho
nocaeaHue ¢ TOYHOCTHIO 0 3HAKA COBMAJAT C HEKOTOPHMH onpejenn-
TenaMi nopagka / Tabanuw, #H, CAeA0BaTeNbHO, BCe PaBHH mymo. Pa3.
Bce onpelenutenn nopsaka (/- 1) pasHnl Hymo, TO TaK e, Kak H
BHINE, BCe onpeaeanteni mopsaaxka (/- 2) Ttaxkwe GyAyT PaBHH Hymio
n 1. 4. Wrak, ecam Bce omnpeaeauTenn HEKOTOPOro OMpPEAENEHHOrO MO-
psaxa, sxomsmue B Tabanuy (42), pasHM HyM0, TO W BCE ONpelrenH-
Tenn GoJjee BHCOKOro nopsaxa 3tofl TaGauupl Takxe pPaBHEl HYJIO,

Beeaem BaxHOe AJd DasbHefiirero NoHsTHE 0 panre Tabauubl, HAH, KAK
ropopar, Marpultl (42). Panzos smampuys: (42) na3pBaeTcs HAauBHICIIHA
NOPAAOK onpexenuTens 3Tofl Tabauibl, OTANYHOrO OT HYHAd, T. € €CaH
paur Ttabamusl eCcTb k, TO cpean onpegenutesnefl nopsiaxa %, BXOASILKX
B 3Ty Tadnnuy, €CTb MO KkpaiiHell Mepe OJHH, OTAHYHHIl OT HYJId, HO BCE
onpeneanteny Tabanusl nopsiaka (k- 1) pasHn Hymo,

[Tycts Hapsapy ¢ taGanuefl (42) nmeerca Tabanua

byt by oo D1
b.“ b.n e b-zm , - ’ (43)

) l bnl bn-]-on bnm
2 B. H. CuupHoB, T, 111
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colepxkauas n# CTpOK H m croabuos. O6pasyem m? uicea

n
cu= Y, qsbgy (hk=1,2, ..., m) 44

s==1

KpazpatHan Ta6anua, COCTaBAEHHAR H3 YHCeN C;p HasbIBAeTCd OOGLIYHO
TiponsBefeHHeM npsMOyroabhuux Tabann (42) u (43).

Iokaxem Teopemy, KOTOpas smiserca o600uwieHnes Teopemst 00
YMHOXEHHH onpeaeanrenei. '

Teopewma. Ecau m=<<n, mo

1 2 ... m rry.. 'y
[eu P == 2 A( )B(l 9 m), (45)

nnrni...ry ves
rl<f2<n.<rm

20€ CYMMUPOBAKNC PACHPOCIPARAENICA HQA 6Ce 3HAYENUN T, U3 paia
ycea 1, 2, ..., n, ydogiemsopamwuite YKA3aHHOMY HEPAGEHCNBY,
Ecaut oce m>>n, mo onpedeaumens |c;, |™ pasen Hyiw.

CMBiCA CHMBOJIOB

A(l 2 ... m) . B(r1 I ... r,,,)
ryra...ry 12 ...m
yxazan B [3]. Bropott ua nnx ofosnayaer onpeaeauiean, cocrasaeHHril
u3 saesmenton Tabaunut (43), NPHIAAJEKRAMNX CIPOKAM Iy Ty oo, Ty
u croabuam 1, 2, ..., m. Ilpn m=n cymma, pxonsas 8 gopmyay (45),
CO/IEPKHT JHLLbL OMHO CA3raemMoe, COOTBeTCIBytowlee ry=1, ry==2, ...,
rp=m, u popyyara (45) Buipaxaer TeopeMy o0 YMHOKEHHH Onpeaeny-
Tenelt.

Paccmorpuy cayuatt m<n. Ilokasareancrso dopmyan (43) Gyaer
aHAJIOrHYHO JO0KA3aTe/bLCTBY Teopembl 00 yMHOXKEHMH onpeleanredei.
Kak u npun stom doKkasatenabcTBe, MBI HMEEM:

O 12 ...m
A bsl,bszt2 b‘m”" (46)

Cip [P =
sl Sy S3 ov. Sp

(840 0 8p)

NpHYEM KauA0e H3 4IICea S, MOXET NpHiuMar, 3uavenns 1, 2, ..., n,
1 MOXHO OTOPOCHTb T€ ClaraeMbi€, Y KOTOPBIX Cpedn uucea §, €cThb
paBHblg, TaKk Kak 3TH cCJaraembie paBHB HYJMO. Boabmey Kal\'le-nHﬁO
ONpene/IEHHyio MOCAeA0BATeILHOCTb YHeen 1y <ry<l...<r, H3 paza
uucea 1, 2, ..., 1 u sufteaun w3 cymmil (49) Te caaraemme, Yy KOTO-
PHX COBOKYMHOCTb YHCEA $y, Sy ... S, COBNANAET C COBOKYNHOCTbHIO
UHCEN Ity T2 ouu y T MBI nmosyuny Takum oOpasom uacte cymub (46):

1 2 ... m
A btllbtgg bt,,,m' “7)

ity .oty
(ll' ts. s b))
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FA€ CyMMa PacmPOCTPAHRETCA Ha BCEBO3MOMNHHE nepecTaHoBkn (f, fy, ... ,
ty) U3 WHCENM Ty, Ty .. » Iy YMHOXKAA Kawioe craraeMoe cymmul (47)
nBaxan Ha (— I)"i"" ”“'ml, Mbl JOKa:X€M COBEpPUIEHHO TaK XK€, Kak H
B [6], uto 5Ta CyMma paBHa

A(l 2 ... m)B(r, ry ... r,,,).

Ty Ty eei Ty 12 ...m -

Yro6ul moayyuth BCIO CyMMY, BXxoaswmwyw B ¢opmyay (46), mocratouso
NPOCYMMAPOBATb 5TO NpousBeleHne no BeeM 1< 1< ... < Iy, YTO
u naer gopuyay (45). ITonoxnm, Hakowew, uro m >n. M MOxeM
npu sToM H06aBuTh K Tabanue (42) (m —n) croabuor, cocroamux n3
Hyaett, a k tabanue (43) —(m —n) cTpok, cocrosmnx n3 uynefl. Ecau
nocie Takoro N06GaBaeHus Mbl GYAeM BHIUHCAATL ¢ He NO dopyynam (44),
a no dopmynaM:

m
Cip = Z a,-sbsk (i, k=l, 2, ees 3 m), (48)

s=1

TO MOAyHHM NPEKHHE 3HAYERNA Cpp, TaK Kak A00aBieHHHIE  Caarae-
mpie B npasoft wactn (48) pasunt Hymo. C nmpyroft cTOpOHH, mnocJe
ykasaHHoro nolasienna tabanust (42) n (43) npespatuanch B KBaapar-
Hete Ta0/anibl, KOTOPHIM COOTBEICTBYIOT ONpedeAnTeNn, paBHEE HYJIo,
a MOTOMY, COMMIacHO Teopeme 00 YMHOXEHiu onpegeantenefl, n ompe-
AenuTendb |c;, |™ paBen Hymo, 1 TeopeMa MOJMHOCTBIO JOKa3aHa.

3ameuanne. Ecan ase npaMoyroabHsie Tabanusl HMEOT KaxAas m
CTPOX H.7 CTOAOLIOB, TO, YMHOXad CTPOKAa Ha CTPOKY:

n
Cop == Z Qb (@ k=1, 2, ..., m)
§ =1

MOJYuHM ONpPedeNnTeNb |cC; |7, BEAHUNHA KOTOPOrO pPasHa Hyms0 npm
m>>n, a npu m<<n BHPAaKaeTcs GQopMyaoH:

12 ... m 12..m
lewlp= X 4, B .
1t I3 e ', Py Tayeoo Ppy
r1<r2<...<rm

Caeacrene. [lycrb uMeloTcs ABE KBaApaTHHE Tabauls! MOpadKa 1
COCTaBJEHHHE W3 DNEMEHTOB a;, N by, a uncaa ¢;, onpeaeasiorcs dop-

Myaamu  (44). Bmpasum moGott MHHOD C(P: P2 ece Py
9y Ga... q

| €ir IT uepes munopnl onpeneantenedi |ay |7 u by |7 Herpyano suners
2.

) onpenennteas
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) N IO 2y
Y70 KBajApaTHad Talianua, Koropas o6Gpasyer MmuHop C @ q a)"
1 92 «v. Gy

ABJACTCA MPOM3BEIEHHEM INPAEMOYIOAbHBIX TabanLL;
apll aplg ree apln ‘blql blq2 e blql

Gpt pg -+ Gpn byg, bsq, ... by,

H

@p G --- Apn b"qn b"qz b”"z.
IlpuMenss NoKa3aHHYl0 TeOpeMy, MbBl H MOJYYHM HCKOMOE BHIPaXeHHe:

C(Pl Pz ---Pz)_:
91 91 ... q;
N Py oea. P ryfy ... r
_ 2 A(I:I’z “)B(l z)’ (49)
r<riZ <, 'y ry ... Ip 192 ... G
R

rie rp NPHHHMAIOT 3Hauenns u3 paga 1, 2,...,n Ilycte Ry, Ry R.—
paurit tabauu || a;p {7, || 6; 2 u | cip |2 Ecam, mampumep, R, <n, u

B dopuyae (49) mul BossMenm moGoe [> R, To BCe A(l: [;i };')
1 r... I

6yayT, B cuay onpedeaenus Ry, DPaBHH HYMO, a TNOTOMY H  BCE

Py P2 ... Py
C(

N 92 ... @ .
Rc=<<R, Ecan panr T1a6anust ||a;.]j? pasen n, 710, oOveBHAHO,
Rc =Ry, ubo, Ro<<n. Cosepuienno ananoruuio R.<< Ry B namn-
HeHuIeM MBl MOKakeM, YTo ecan onpememutens |b;, 2% 0, 10 R;=R,,
a ecmn a7 #0, 10 Re=R,

) papun Hymo. Ortcioda caeayer, uto R.<[ 1 e

§ 2. PEIUIEHHE CHUCTEM YPABHEHHUi

8. Teopema Kpamepa. Ycranosup nousTie o6 onpeieanteie 1t Bhi-
SICHHB €ro OCHOBHHE CBOHCTBA, Mbl NEPEXOANM TEMepb K NpHMEHEHHIO
STOro MNOHATHA K pELIeHHI CHCTEM YypaBHeHuit mneppoft ctenmenn. Pac-
CMOTPUM CHAayaJsa OCHOBHOll cayuyali, Koraa 4icao ypasHEHHH coBnanaer
C 4iCAOM HEN3BeCTHHIX. MH MoOeM 3amucath Takyl CHCIEMY, COmep-
KAy 2 ypasueunit u n HEN3BECTHUX, B BIIC: :

)X T QX e Ay Xy =by,
QX+ @nXa 1. o Qe Xy = by, )
an Xy + ApeXy + ses _I" ApnXn == bm
npuuesM 0603Hauenns KOPQHUNEHIOB Takue ke, KakHe MH BBEJH B [1]
AAs  Cayuas Tpex ypasnennfi ¢ IpeMa HeuspecTHmmu. Caemaey o4no
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NpeanosoXkeHNne, a NHMEHHO OYAeM CUHTaTh, UTO ONPENETNTeNbs CHCTEMH,
T. €. onpeneantens, CooTsercTsyomuft tabmuue kosddunuenros ay,
CHCTEMBI, OT/NUYEH OT HyJAa

A=]a;|#0. @

Ymuoxum obe uactn ypasHennft cucremm (1) Ha anreGpanueckue
ZonoAHeHHs 3JeMeHTOB ' k-ro croalua 3Ttoro onpegeauTens, T. e ofe
YacTi NMEPBOrO YPaBHEHNA CHCTEMBl YMHOMHM Ha Ag,, BTOPOro Ha Ay
u T. & ITonyuennne Takum o0pa3oM ypaBHeHus ca10xuM. B pesyasrare
MBI MPHAEM K YDPaBHEHIO, B NPaBOH 4acCTH KOTOPOro CTOMT CyMMa

Apby - Agby .ok Apby,
a B 7eBof yacTy KodpGuUNEHT NPH HEH3BECTHOM X; BHIPAXAETCH CyMMOH
Alkall+A2kail+"'+Ankanl (l=l) 2, cee n)-

Dra nocaemHss cymma paBHa Hymo npn /% k u onpeaeantemo A mpn
I=F, 1. e MBH DNPHXOANM K YPaBHEHHIO BHAA:

A-xp=Auby 4 Asba ... Ansbpe

IMponenas 310 AN9 KakAOrO 3HAyKa k&, MB, Kak CJEIACTBHE YPaBHe-
Hu#t (1), moayuyuym CHCTEMY HOBHIX YypaBHeHuH

Aoy =Apb+Apbi+...F 4800, (R=1,2,...,n). (3)

HerpyaHo noka3ats, yro 1, HaoGopoT, w3 cHCTeMH (3), Kak CHeNCTBHE,
noayuaercs cucrema (1). IleficrBureasHo, ymHOXmM o0e uYacTi ypasue-
Hia (3) Ha g, n npocymMupyem 3ateM no Bcem %2 ot 1 jmo n. Hoas-
3yach onartb cpoficreom V onpepeantend, MH NpHAEM, KaKk HETPYAHO
BHIETH, K ypaBueHmo .

A-(apxy 4 apxa ... F-apx)=A- b, *

YTO, MOCHE COKPauleHns Ha MHOXATENh A, OTMUYHEIA OT HYJs, HACT HaM
ypasuenne ¢ nomepoM [ cucremsi (1), npnueM MH MOXEM 3TO mpore-
aAath aas ao6oro L Hrak, cncremul (1) n (3) PaBHOCHABHH, 1§ MB MOXEM
BMecto cucremsl (1) pewats cucremy (3). ITocmemuss cucrema penraercst
HEMOCPEACTBEHHO H [3eT OJHO N TOMbKO OIHO DelieHHe, BHYHCAIEMOE
no ¢opmyaam

xk=A1kb1+A2kbaj“~-~+Ankbn (k:l, 2’ vee s Il). (5)

3averny, uT0 B CHAY CKasaHHOro B [3] uHCAHTENb HaMHCAHHOrO .
BHPaXEHNd mnpeicTasaser co0olo onpegeanTens, KOTOPHH mnoJayvaercs
13 onpenenntens A samenolt 3aemeHToB k-ro Croabua, T. e Koaddu-
INEHTOB @;, NPH Xy, CBOCOAHBIMH ydeHamu b;. Mu nmeeM takum ofpa-
30M C/AEAYIOULYI0 TEopemy: :
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Teopema Kpamepa. Ecau onpedeaumeas A cucmemst (1) om-
AUMEH O HYAS, MO 3ma cucmema uieem OOHO ONpedeserRHOe pelie-
Hue, ssipascaesoe ghopatysasu (3). Cozaacro smus gopiyiar Kasc-
00c U3 HEUIBECHIHbIX BHPAICACHICA HACHMHbLAM 08YX onpedeaumened,

 mpuses 8 3HaMeHamene cmoui onpedeAumens cucmesl, a 8 4ucau-

mene — onpedeaunmeans, KOMOPLLL U3 HE20 NOAYLAeMCs 3aMEHOU Ko3G-
Puyuenrmos npu onpedeasesorm HEU3BECHIHOM COOMBENICIEY UM
CB06O0HbLMI HACHAMIL, i

[Mpu GoablioM uHCJAe YpaBHeHuH# mNosab3oBaHue Teopemol Kpamepa
HeynoOHO, 11 CYUleCTBYIOT ApYyrue, npub.aixeHHble, NPaKTHYECKHE CIo-
cOOH PEIUEHHA CICTeM MHOTHX YPaBHEHNHl CO MHOTHMH HEH3BECTHHIMH,
Ha YeM MH OCTaHaB/INBaTbCA He OydeM.

9. O6omuil cayuail cucrem ypapnenuii. Paccyotpuy ofmui cayyall
m ypaBueHnfl ¢ 72 Heu3BECTHLIMIL

Xi=a,x, +012-\2+ 'raxk\k+ax,k+1v\k?1+ S agpxy=1b
Xy=ayx+a,x,-t.. —;—-a k\;‘j—az,kﬂxk Lo Qo Xy == b,
Xp = ap X, —;—akn,\,—}—...—}-akk\k—}—ak k“/\kﬂ—}—...-f—ak,,.\,,_bk (6)

Xby1 == Oy, 1 X = Oy, 0 X0 F oo - Gy, 1 X0 - T
+akﬂ,k-r1‘kﬂ+“'+ak-r1.n‘n—bk 1

X = ami Xy + AmeXe oo Oppxy -+ Am ke 1Xk+1 d vt tpprin=10bp. )

Has KpaTKoCTH B JaiabHelnx BHKJaAkax Mel o0o3Hauman uepes X,
BCIO JIEBYIO YacTb YpaBHeHHs ¢ HoMepom §. Koadduunenurst g;, 3T0H
cucTeMbl 00pasyioT npsMOYrodbHylo Tabauuy, H Nycib A —ee paHr.
ITepectapass CTpoxi 1 croabupl, T. €. NepeMeHsis HyMepaunio ypaeHeHul
Il HEN3BECTHHIX, MBl MOXKEM AOCTHTHYTb TOro, 4YTOGH HEKOTOPHIH onpe-
Jdenurteas nopsaka k, BXOASuli B TaGaHLy W OTJAHUHBIH OT HyAd, CTOsI
B aesoM BepxneMm yray. Hasowem ero eaaswory onpedeaumenest cu-
cmens. On Oyaer nMerb BHA:

Ay Gz ... Qg

A @ Gy ... Gy Q)

gy Qpa ovv Qg

Cocrasuy (m — k) onpedeauteneft nopaska (£-}-1), Kotopsie Haski-
BAIOTCA XAPAKMEPUCTIULECRUMI ONPeQeANMeATMIL cucniebl I KOTOpLe
II0/1yYaIOTCA 13 [/1aBHOTO onpedenntens, ecau K nemy Ao6aBuTh oauy
CTPOKY, COCTOAUYI0 13 KOa(uuneHTos ypasuenuft ¢ nomepoM, 66/b-
WwuM yeM &, u oamn croabeu, cocroswuil u3 co0OJHBIX UYJICHOB. ¥YTOu-
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HSiS CKa3aHHOe, ONpeletnM 511 XapaKTEPHCTHYECKNe onpexennrens cuae-
ayouusi popuynamin

ay Q3 oo Qup by
Qay A oo dop bg

Ak+s p— P T L (8)
Apy [27%) cee Qpp bk

Qps,t Qhps,a +ov Gris b Drss
(kts=k+1 k12, ..., m)
Ecan k==m, 1. €. paHr paBeH UNCJAYy ypaBHEHHH, TO XapaKTepucru-
yecknx onpenenutenefi soBce He Oyaer. PaccMOTpuM Hapsaay € Xapak-

TEPHCTHUECKHMI ONPEACTIUTENAMN apyrue onpeneantens, KOTopHe noay-
YaloTCa N3 HAX 3amenoil B MOCJAEAHEM croabue C¢B00OAHBIX uYJEHOB

JAeBBIMH 4acCTAMU ypamiel-um:

ay a3 eer Qyp Xi
as as eee Qap X3
e & e e e 6 e o+ s s s . (g)
Uy gy cos Qpp X

Qpis,1 Qpes, 2 =+ Cras,k Xrs

ST nocaenune onpeleaHTENl, KPOME 33JaHHBIX Ko3(Hunenton ag,
cozepxar x; Ho nerpyaso mnokasaTb, uTO ONpEEANTENH (9) TOxz€-
CTBEHHO PaBHEl Hymo. JleHCTBHTEJbHO, SJIEMEHTH mnocaesHero croabua
STHX onpeaenureneit B cany

 Xi=euX+apXa ..o QinXs
COCTOST U3 71 ciIaraeMHX W, C/lefOBaTeNdbHO, Beskufi onpeaemnrens (9)
Moxer OwTh npeacrapaeH, coraacHo csoficTsy IV n3 [3], B Buge CymMsl
ynenos caeaywouefl ¢opme

an Qg9 cee Qg Q;

220 Q33 vee Qop av

. . e « o s . . . « o e . xi.

ap Qa eos Qpp Qry

pis,t Apes, 3 o0 Cras, b Orys,j
Jlerko yOemuTbecs, UTO ONPEAENNTENb, CTOSMMA MHONHTENEM NpH Xy,
paBen nymo. JlelCTBUTEABHO, €CAN j=C &, TO mocaeannti croabeu 3Toro
- OmpelleqMTEAs COBMagaeT ¢ OAHNMM u3 npeawaymux. Ecan xe j>>k, TO
ynoMaHyTHI onpeienuTenb ecTb onpeaennreas mnopamka (k-}-1), Bxo-
aswuft 8 Ttabanuy (5), #, CAEQOBATENbHO, OH paseH HYMO, TaK Kak

fo npeanonoenuo paur stoft Tabanus pasen k. BolunTas onpele-
autean  (9), paBHble TOXAESCTBEHHO HY/IO, H3  XapaKTEPHCTHYECKHX
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onpexenutenell u Honab3ysch cBolicTooM IV onpexenurenell, Ml MOKEM
NpeACTaBHTh  XapaKTepHCTHYECKHE OnpelemiTeNs B CASdylouleM BHIE:

a a5 coe Qg by — X,
ay an oo Qap by— X,

Ak+s= R (10)
Qpy (% voe Qpp by — Xy

Apys, 1 Qpis, g seos ak+s,kbk+s_Xk+sl
(kt-s=k-41, k42, ..., m)

npiyeM B 5TOH popMe OHM AnWb MO BHAY BaBHCAT OT Oyks x,. Ilpex-
NONOXUM Tenepb, 4ro Hawa cicTema (6) umeer HEKOTOpOE pelleHne:
xi=x xp=x, ..., Xp=X7"

Moacrapass x,==xy' B nociexunii croaen onpexeantene (10),
M OydeM UMETh B 3TOM HOCAedueM croadue HyJa, T. € Bee XapakTe-
pHCTHUECKHE OMpEeAenTeN JOMKNL PaBHATLCH HYJIO.

Teopema . dag mozo umoGes cucmesta (6) umesa xoms odno
peweniie, Heo0xo0uo, 4molu 6ce Xapaxmepucunuieckue oipedeat-
meatt (8) Gorant pasrel HYAK.

IlokaxesM Temepb HAOCTATOYHOCTb 3TOrO YCAOBHA i1 JadHM  Cnocob
Haxowaenns pceX pewennii cncremsl. Mrtak, npeanonosiM, yro mce xa-
PaKTepHCTHUECKIIE ONpedeanteanl pasnbl Hyao. Bosbvem ux B dgopue
(10) 1 pasnoxnm no sjementam nocaednero croabua. Herpymmo siaers,
yto anrebpaunveckoe gononnene sneventa (bp.s— Xp.) Oyner pasno
FJaBHOMY onpefeanTenio A, OTAHYHOMY OT 1yJAs, N MB MOKeM 3amucarb
Haule yCcnoBle, YTO BCe XapaKTeplCTHYeCKue OnpeAenTeNail PasHbl Hymo,
B BUAE:

k < & k ’
a; 'l")(bi—z\l)—{—a}2 +$)(b2—Xg)+...—|—a}¢ +~‘)(bk—.z\k)—|—

- A (bpys — Xpps)=0 (kts=k4-1, k42, ..., m), (I1)
rae aﬁf)—qucnemme Ko3gduunenTs, He npeacTapasiouile 4as  Hac
HHIKaKoro HHTepeca.

INonoxnm Tenepp, 4T0 MH HMEeM KaKkoe-HHOyAb peuleHne NEPBHX &
ypaBHeHnHl CHCTEMH, N RNOACTAaBHM MBICAEHHO STO pewenie BMeCTO X
B Toxmaectsa (11). Ilpn stom Bce pasnocrn -

b— X, b— Xy ooo, by — X,
o0paTaTCs B HYJAb, B MH MOJYHYHM NOCKE YKasaHHO!H MOACTAHOBKI
A'(bk+s_Xk+s)=0
nwau B cuay A £ 0:
bros— Xpps=0 (k-s=k+1, k42, ..., m),
T. € OKa3HBaercd, Uro €CAH BCe XapaKTEepHCTHYECKHe onpeaenuTesn
paBHH HYMO, TO BCAKOE PElleHite NepBLIX R ypaBHeHuil cicreMm O6yaer
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YAOBAETBOPATL W BCEM C/CAYIOIUNM YPaBHEHHSAM, Il HAM OCT2eTcs B 3TOM
Clyyae peluTh TOJbKO mepsuie ko ypasnennit.

IMepetieceM B 3THX YDPaBHEHHAX BCe HEH3BECTHHE ¢ HoMEpOM, GGab-
WHM &, B NPaByl0 YacTh, NOCAE YEro STH YPaBHEHHS NMPHMYT BHI:

ap Xy =4 Xy apXp = by — A, g1 Xyt — o v QupXy

31X + 212X +- .. +agkxk =b.3 ~— Q3 pytXpy) — 0 Q3p Xy (12)

e & s s s e & s+ e e & o+ & e e & s = 8 s e e .

apy Xy -I— ak.zxi-l—. . .+ akkxk=bk —Qp, 531Xy —— v oo Qpp Xy,

Bynem paccMaTpHBaTh 3TU yPaBHEHHs Kak CHCTeMYy AA8 onpeaene-
HUST Xy, X3 ..., X Ee onpegenntens A yixe oranuen or Hyas, U Mbl
MOXEM MOAYYNTh [/18 Hee OJHO ONpeleJenHOe pelseHNne CorJaacHo
dopuyne Kpavepa. 3amerny TOABKO, uTO CBOGOOMHE uJEHH mocaepHet!
CHCTEMBI COREDPKAT OYKBBI Xp,1, -+. , X, KOTODHIM MOXIO NPHA3BATH
mobele 3navenns. M3 dopmyn Kpamepa nenocpeacTBEHHO BHITEKaer, YTO
pewenne cucteMs (12) OyaeT nMeTbh B

X =a BN b, (J=1,2..,8),  (13)

rie a_ {3;;1)—He1<oropme yncaenHbe KOIDPUUNEHTE I Xpuq, «.. » X,

- ocratores mpoussoasnsiyi. M3 mpeastaymiero BHTEK3ET, 4TO 3TH (hop-
Myam 1 JaioT camoe ofuiee pemenne cucrems (6) npn  caenaHHOM
NPeAnoOKEeNnN O PaBEHCTBE NY/I0 BCEX XapakTEPHCTHYECKHX onpene-
Janrenefl. '

Teopema Il. Ecau 8ce xapakmepucmuuecxkue onpedesumean
cucmeMbt pasHbt HYA, mo JoCmarnoiHo pewums A mMe YPasHeHus
cucnieatbt, Komopsie codepycam 2Aa8HHI OonpedeAlmens OMHOCUNMENbHO
mex Heu3seCMHHIX, KOIPPUUUERMEL KOMOPEHX U COCMIABASIONM SN0
2nasnbll onpedeaumens. Imo peuenue soxcem Obimsy npou3sedeHo no
gopuyran Kpamepa u daem seipasicenue 41 k Heussecmuvix (20e k —
panz mabauysl Kosfuynenmos) 8 sude auwneiinvix @yrrygui (13)
ocmansuslx (n— R) Hendsecmusix, 3HALEHUA KOMOPLX OCHMAIOMCA CO-
sepieenno npousgoasrsimu. Taxuym 006pa3oM noOnyyaloTcd BCe pelleHHs
cucrems (6).

Cpasnupast Teopemst | n II, nprxoanM K BHiBOAY:

Teopema ll. Heobxodusmnne u Qocmamounsis ycrosuest cyuje-
cmeosanusn pewenuii cucmens (6) seasemcss pasencmeo HyalO 8cex
xapaxmepucmudeckux onpedeanmenell 3moi cucmess.

3aMeTnM, uTO €c/AH 2==n, T. €. €CAN paHr pPaBeH uYUCAy Heusse-
CTHHX, TO Qopyyan (13) Bopce-He COAEPKAT B MPaBHX YaCTAX X; H
BCE HEN3BECTULIE OT Xy OO0 X, BIOJHE ONPEAENAOTCS.

Teopema IV. Han mozo umolbs cucmesa unmesa 0dKo onpede-
AenHoe peutentte, Heo6X00UAMO U 0OCMAMOLHO, 4mMobH 8ce xaparme-
pucmutecrue onpedeaumennt ObAU pagHbl HYAO U 4mobs panz mag-
Auyst ee KO3PPUBUEHMO8 Cbia PABeH 4UCAY HeU3BECHIHLX.
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3aMernM, uTO BCE npeaplayuine pacCy:KacHng roasarcsd, OuYeBHIAHO, H

Ins TOro cayuyas, KOrja uilcjl0 ypasHeHHH paBHO YHCNY HEH3BECTHHIX,
T. € KOra m=—1.

Mpusep. PaccMoTpum cucreMy yermpex ypasHennil ¢ Tpems Hen3BecT-
HHMH
x—3y— 2z=-—1
2x-4- y— 4z2= 3
xt+dy— 22= 4
S5x-}-6y —10z= 10.

Hanumes tabanuy ce xosdduuienros:

1 —3 — 2
2 1 — 4
i1 4 — 2
}5 6 —10

Herpyano y6eantbcsa, 4r0 BCC ONPERCINTCIN TPETLEr0 NOPAIKA, BXOIALLNIE
B 31y Tabaluy, paBiH HYIO, I YTO ONPElEIHTCIb BTOPOro NOPAIKA, CTOALLIL
B JICBOM BCPXHEM YLy, orxiyeH oT HyIa. Takiwm o6Gpa3’oM ero MOEHO RpHIATH
32 raapHbii ONMpeacINTCIs, I PaHr cicTeMs pased asyM. CocraBaseMm XapakTe-
puctnueckne onpeteantexi. Mx 6yier 8 nannoyM cayuae 1sa:

1 —3 —1 1 —3 —1
A=l2 1 3l=0 =2 1 3|=0.
1 4 4 5 6 10

O6a oun pasHSl HYIIO, If, C.I1e10BaTC.IbHO, JaHHAA CHCTEMA coBMecTHa. [To-
9TOMY NOCTAaTOYHO DCWIHTL NMEPBbIE ABA YPABHCHIA OTHOCHTEIBHO X H ¥y, nepe-
HOCH z Hanpaso:

x—3y=2z—1
2x+ y=4z-}3
Peucniie noayunica B BHAC
2z2~—1 —3 ]1 2z—-—1l
L R
2 ll |2 1'

npHyeM 2 -—— [poH3B0O.IbHO.

10. Onnoponubie cuctembl. CiucTema HasslBaeTcd ORHOPOZHOH, ecan
B Hefl Bce cpofoauule uwleHw b; pasud uyao. Ecan Takas oanopoahas
CIICTEMA HMEET XapakTepHCTHueCKHe onpeieautenn, TO HX nocaeannit
cronGell cocroutT w3 uyaelt, u oun sce pasum Hymo. CoseplueHHO Oue-
BIOHO, YTO BCAKas OAHOPOMAHAA CICTEMA HMEET pellenue

Xy=x;=...=x,=0,
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KoTopoe B manbHefinem Mu GyZeM Ha3mBaTh HyaessiM, Jas OZHOPOAHOL
CHCTEMBl OCHOBHHIM SIBASIETCS BONMPOC O TOM, MMeeT /I OHa pelleHnd,
OT/JHYHBLIE OT HYMEBOro, I €C/ll HMeeT, TO KaKoBa Gyaer COBOKYMHOCTH
BCeX Takux pemennit. PaccMoTpnM cHayana TOT cayuail, KOrga HHCIO
ypaBHeHutt pasxo uncay wemssecTHuX. Cucrema GyZerT uMerb BHAS

a1 Xy —L‘ ay9Xq + .. .+ Ayp X, = 0

A91X1 + ayXy "’r + aenxn =0
A1 Xy + QpaXs + + AppXn = 0

Ecan onpemeantenb 5TOH cHCTEMB OTJHYEH OT HYJS, TO, COMIACHO
TeopeMe Kpamepa, sTa cncTeMa HMEeT OIHO ONDENETEHHOE peIIeHHE,
a UMEHHO B J3aHHOM cayyae HyJesoe pewenue. Ecam xe sToT ompeaenu-
TEMb PABEH HyMO, TO panr k& Tabauuel kosdduuneHroB Oyrer MeHblie
YHCa HEH3BECTHHX 1 I, CACAOBATENbHO, 3HAaueHns (nn— k) HeH3BECTHHIX
OCTaHYTCS COBEpINEHHO NPOH3BOJBLHEIMM, M MH OyZem nmerh OGecunc-
JIEHHO@ MHOKECTBO pellieHufl, OTAHYHHX OT Hyaesoro. Mu npuxodum
TaknM o0pasoM K caeaywouleit ocHOBHONH Teopeme:

Teopema L Han mozo umobs. cucmersa (14) umesa pewenue,
OMAUMHOE O HYAE8020, HEOOXOIUMO U 00CHAMOYHO, 4moget ee onpe-
deaumens pasnaAcs HYAW.

IlpoBesem napannenb TeX pesyabTaToB, KOTOPHE MBI MOAYYHIAR A7
HeoAHopoaHott cncremsl (1) u oanopoauo#t cucremm (14). Ecan onpene-
JANTeNb CHCTEMBI OTANYEH OT HYJs, TO HeoAHopoAmnas cucTema (1) mnmeer
OIHO ONPEAENEHHOE pellieHHe, I OJHOPOJAHAd CHCTEMA — TOJNLKO HYJAeBOE
pemtenne. Ecan ke onpenennTens CHCTEMH DPaBeH HYMo, TO OMHOPOLHAs
cacrema (14) nmeer peineHHs, OTIHMYHHIE OT MHYJIEBOro, HO MNPl 9TOM
yenosun  Heoanopoauas cucrtema (1), BooOuwe -rosops, BOBCe pelleHns
He umeet, ubo ana Toro, 4roOs OHa HMeNa peuteHue, Heo6X0AUMO, YTOGH
csoBonuuie ee uneHs Oum BHGpaHB Tak, 4TOOH ouu oGpaulanu B HYJb
BCE XapakTepHCTHUeckne onpexaeantenau. IIpuseneHHnil  napaanenuss
pesyabTatoB OyRer urparh B HadbHelillieM CyulecTseHHYI0 poas. B son-
pocax (H3MKN ONHOPOAMHIE CHCTEMH. BCTPETATCH fIpH PaccMOTPEHHH co6-
CTBEHHHIX KoJeGannH, a HEOAHOPOAHHE — MPH PACCMOTPEHIN BHHYMAEH-
HHX KoneGauufl, it yKasanHwifl BHINE CAyuali pasencrBa HyJlo omnpeneln-
Tens Oyner XapakTepu3oBatb AAA  OJAHMOPOJAHOH CHCTEMH  Hamuuue
cobcTBeHHBIX  KoneGanufl, a Ja19 HeOMHOPOAHOH CHCTEMH — SBAEHUE
pesonanca.

ITepexoanm Tenepe k Oosdee nOAPOGHOMY DPAacCMOTDEHIHIO pelleHuit
cuctemn (14), Koraa ee ocHOBHON onpefeantedb paseH Hymo. ITycts /2
ecth paur Tabanusl ee Kosdduunentos, npuueym, ouesnmio, k<
CoraacHo 10Ka3aHHON B NpeBIAYIEM HOMEPE TeopeMe, Mbl JOJKHEI
B3Tb Te A& ypaBHeHnl, KOTOpHie COAEPXKAaT IJaBHBHIL Onpesenutens, H
pelinTh HX OTHOCHTENbHO A HeN3BeCTHHX. [lo/moxuy, He orpanuyusas

: (14)
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OOWHOCTH, YTO 3TH HEH3BECTHHE OYAYT Xy, ».., X Pellenus nosayyarcs
B BHAE

x,=ﬁ;f;_lxk+,+...+p;pxn (=12 ..., &), (15)

rae B0 — onpenenenuble  uncAeHHHE KOIPHUUUEHTH 1 Xy «.vy X

MOTYT NPHHHMATb NPOH3BOJbHBEIE 3HAYEHMs.

Otmerust omo obuiee cBoficTBO peweHns cucremst (14), Hemocpesn-
CTBEHHO BhITEKawulee uH3 AHHEHHOCTH H OXHOPOLHOCTH 3TOH CHCTEMH,
U KOTOpoe MOXET OuTb Ha3BaHO NPHHUHOOM HaNOXeHHs pelleHnH, a
HMEHHO — eCJH MH HMEEM HECKOJbKO petueiit cucreMsl:

x,=x1 X, =x X =xW .. x =2l (s=1,2, ...,n), (16)

TO, YMHOXas [X Ha NPOH3BOJIbHEE MNOCTOfIIHBIE I CKAQAMBad, MH MO-
JAYUIM TaKKEe peuleHne ClcTeMul

%s=Cxy +CxP + G .. CxP (s=1, 2, ..., 1)

Hocrynaﬂ aHaJOrHyHo TOMY, KaK 3TO MB A€Janan  4aa AuHeliHN X
muddepenunanpinx  ypassennt [1l, 27], nazosem petenns (16) numeti-
HO-HE3aBUCHMBIMI, €CJH HE CYULECTBYET HUKAKNX 3HaueHni NOCTOsHHLIX Ci’
cpelii KOTOPHMX €CTb OIMHYHLe OF HYyJAs, TaKHX, 4IO0 0P BCHKOM §
HMEIOT MeCTO pasencrua: )

l

(
3 cuf =0
i=1

HerpyaHo noctponts (n—4k) anHellHO-HE3aBHCHAMBIX  peureHnfi
CHCTEMB TaKiX, 4TO, YMHOXas HX Ha NPOH3BOJbHEE NOCrOsiHME [
CKJanpiBas, noayuim Bce. peweuns cncremsl. IHeiictBnreasno, obpatumcs
K ¢opmyaay (15), aaounuid oluiee peuienne CHCTeMBl, 1l NOCTPONM Ha
ocHoBe 5THX (OpPMya pewenns caeayioulny o0pasoM: B mepsoM pelue-
HBHH MOJOKNM Xy =1, & BCE OCTaabHHE X, . PpaBHLIMH UYd0; BO
BTOPOM DeLIeHNH NOAOKHM Xp.=1, 3 BCC OCTAILHLIE X, PaBHLIMU
HyM0 B T. O 1, HaKOHElW, B NocaeaneM (11— R)-M pellleHun HOJ0KHM
Xp==1 1 BCe OCTaJIbHME X, paBHuMu byao. Herpyauo sugers, uyto
MNOCTPOEHHBIE pelleHns Jiiellilo-He3aBluCHMEl, Tak KaK Kaxaoe M3 HuX
COLCPXKHT ORHO H3 HEH3BECTHBIX PABHBIM CAHHILUE, KOTOPOE B OCTaNbHBIX
pewennax pasuo dymo. OGosnaqny MOAYHSHHLIC DCLICHIS CACIYIOUWLIM
o6pasonm:

ER)

k42 m
xs==xFtD o = FF =5 (=1, 2, ..., n).

Bosbmem Teneps Kakoe-nnbyap pewenite cucrems (14). Ouo noay-
vaercsd no ¢opmyaam (18) npn HEKOTOPHX YaCTHHX 3HAUSHHAX!

Ketl = Tegty Xp2 = Thsd <05 Xa=Tn
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Henocpencrnem!o OYEBHIHO, UYTO I3TO peleHHe ecTh JnHeHHad KoM-
GuHauus MOCTPOEHHHX HaMH peuiednil, a WMEHHO:

s=Tk+lxgk+l)+7k;l-2xgk+2)+'"+Tnx.(gn) (S=1’ 27 vy n)-

Mbl BepHeMcs K uccaedoBanpio pewleHuft oamopoxmott cuctems (14)
H noKameM, 4T0 npH JMo6oM BHGODE JANHEHHO-HE3ABHCHMHIX pelleHHH ux
ofuee uucao Oyzer pasHo (12 — k).

O6patuMcs K oOmieMy Cayyaio 72 OTHOPORHHX YPaBHEHuit ¢ n He-
usBecTHhiMit. Ecain m<Cn, 10 panr %, KOTODHHt HE MOXET IpPEBH-
mars m, Takxe OylXeT MeHblle 7, U (1 — k) HEHM3BECTHHX OCTAHYTCHA
NPOU3BOMBHEIMH, T. € ecAl 41cA0 OOHOPOOHLLX YPQBHEHWE MeHbvule
HUCAQ HeEN3BECMHBIX, MO cucmema uMeent peuerus, omaudHsie om
HY 28020,

Boobme 2<<rn n npn k==n cuctema O6yzeT HUMETb TOJbKO HYJEBOE
pelLeHHe,

11, Jlunelinpie dopmbl. C BonpocoM O pelieHun CHCTEM YPaBHEHHH
HEepPBOH CcTemeMH TECHO CBS3al0 HCCJAEAOBaHHE CHCTEM JuHelHHX ¢opM.
Mon nunettuofi popmoit NepeMeHHBIX Xy, X3 ..., X, MH M0IPasyMeBaeMm
JHHEHHYI0 OIXHOPOAHYIO (YHKIMIO 3THX mepeMeHHHX. IIycTh uMmeloTCa m
TaKHX JuHHeHHnX dopm

ys=as,xl+as,x,+...-|—a,!,x,, =12 ..., m) (17)

Hanuncannse $GopMH Ha3KBAIOTCA AUHEIHO-3ABUCHAMb MU, €CN CYILECTBYIOT
NOCTOAHHKE %, %, ..., Oy CPed# KOTOPHX €CTh OTJAHYHHE OT HYJS,
TaKHe, YTO HMEET MECTO, TOXKAECTBEHHO OTHOCHTENbHO NMEPEMEHHHX Xi,
Xy +ee» Xp COOTHOIIEHME:

11_}’1—}—&2)!,—]—...—}—&”, m=0.

Ecan taknx nocrosHHeIX Het, T0 dopuu (17) HasuBaotca Auxelro-ne-
3asucuresn. M ZO/OKHR B HAaNHCAHHOM TOKIASCTBE NPHPABHATH HYJIO
kosdiuunenT npu BceX nepemenusX x;. Taknm oGpasom namicannoe
TOXAECTBO PaBHOCHJBLHO CleAywuefl ClHCTeMe 71 PaBeHCTB:

a5y —-}—:qag, +. . .——{-:tmam1 =0,

0aye - ran . L a0 =0,

« s e e e s s = e s

038y, - 2305, - - .- 28, == 0.

dop.ust 3, AltHeliHO-Re3aBUCHME M020a It MOABKO Mo20a, Ko20a sma
clucmema OOHOPOOHHBX YPABHECHUIL ONMHOCUMEABHO %y, %y ooy Xy UMEEM
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moasko wyasegoe pewenue. IlonyueHHble BHIIE Ppe3yJAbTATH NPHBOAAT
K pagy CAeAcTBHH, Kacalomuxcs JnHefiHoli 3asncuMocTH  ¢ops. Ecan
m>n, TO HAMICaHNHAs OXHOPOAHAs CICTEMA HMEeT HAaBEPHO He Hy.JeBHeE
pewedus, u ¢opMpl JauHetiHo-3aBucuMbl. Ilasg Toro uytoOn ¢opyMbl 6N
HE3aBHCHMBIMII, HEOOX0ANMO I HOCTAaTOuHO, YTOOH paHr &k Tabanum Kodg-
duunentos a,, Gua pased uncay copm m. Ecau m==n, 1. e. ecau
wuCcA0 fopM pagHO HUCAY nepeMeHHblX, MmO 04 AuHeilinol He3asuci-
amocmu HeoOXx00UMO U 00CINANIOLHO, 4moOs onpedelumens u3 gcell
keadpamnoi (m==n) mabauye. a,, Obtia omauiex om Hyas. B 3TOM
Cy4ae rOBOPAT, YTO HMEETCA HOAHAS cUCMeMa AUHEHO-HEe3ABUCUMbIX
gopu. Ecim m=<n n dopust (17) nuuefino-HesaBucHMbl (T. €. ecau
k==m), 10 npn molHX 3Havenussx y, cucrema ypasneunil (17) paspe-
HIIIMa OTHOCHTEJABLHO TEX IEePEeMEHHHX X, KO3(PdHUIEHTH NPH KOTOPLIX
ofpasyloT onpeaeauteab NOpsAKa &, OTAnyHBi{l OT HyJad, T. €. AUHelHO-
He3asgucumbe Gopael Mo2ym HPUHUMANG A0V COBOKYHHOCHS 3HA-
senull y,. Ecan k=m==n, 10 npn 3alanHHX y, ONpeleadIcs BCe
nEPEMEeNHBIE X,

[Monoxny Tenepy, uto k< m. COOTBETCTBEHHO HYMEPYR (HODME yg
B NepeMeHHHE X, MOKeM CYNTaTh, uT0 B TabJauue a,, B JEBOM BEpXHEM
yray crout onpeleintens nopsaka k, oTauuubit or uyas. Ipu stom
nepsbe 2 GopM: 3y, ¥y ..., Vi JIHEHHO-HE3ABUCHMH, a8 Kakaas 03
OCTaJbHHX (POPM Y., BHPAKASTCA AHHERHO vuepes nepsbe & ¢opm.
Hefictureastio, aas nepeux £ Qopy padr 1abanust Kos(puineHTos,
paBnufl 2, copnazaer ¢ unciaom ¢opy, a noromy ¢dopMu JnHeflio Hesa-
BuciMel. Ecan ast BozsMeM (A1) OpMY Yi Vi «ovs Vi Veap TO
paHr mnx Ttal0miusl Ko3¢duuueHTOB, paBHHI TOXEe £, MeHblle uucaa
¢opM, TaKk uTO QOpPMH JIHEHHO 3aBHCHMH, T. €. CYWECTBYIOT NOCTOSIH-
uee B takne, uro 8,y —+...— 8,y BruyVra==0. B s10M cOOTHO-
mennn Kosdpumuent B, Ao/mkeH OHTb OTMUYHBIN OT HYAR, TaK Kak
nHaue QOpMB ¥y, V3, ..., Vp OKasadiuch Ow JiiHefiHO-3aBHCUMBIMY, M ML
noayyaeM JnHefiHoe BHIPaweHHE Vi, Yepes nepsue 2 dopy

P g 9
yk+l=— S 'l__’Pi J'a—-..—‘j‘i}’k.
Sk Phet” Prs1

Yncao k& Mu HazoseM paweonm cucmenssr gop.y (17). 10 uucio, pasHoe
panry Tabamun Ko3(duUleHTO8, ¢ APYrol CTOPOHH — PaBHO HaHOO/b-
weMy yucay Jmiefino-HesapncnuMux ¢opy us cncremu ¢opy (17).
Monomus, Mbl nMeeM 2 JHHEHHO-HE3aBUCHMBIX GOPMI Vi, Yo + ey Voo
rie k<n. MoxHo cuynrate, UTO onpelemnTe’]s nOpsaka &, crosumuf
B BEepPXHeM JesoM yray 71abauupl a,, orTauyed 0T Hyas. Herpyaxo
BUAETb, YTO MOXHO JOMOJHHTb CHCTEMY STHX R ¢opM X0 noJiof
CHCTEMH # JuHeliHo-He3aBHCHMBIX ¢opM. lelicTBHTENBHO, A0CTAaTOYHO
Aasi 3TOrO NOJIOKITH, HAMPHMEp: '

yk+1==xk+1; veey J,'n:xn.
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Onpenenntens moayueHusix £ dopm Gyaer:
Q11 Qg «v. Qrp Arpyy oo Qp

@31 Qgy «-. Qg Qpy1 vev By

Qg1 Bpa -+o Gpp Qg rst ovs Qpn
o 0..0 10.. 0]

0 0..0 01..0

0 0..0 0O0.. 1

Pasnaras 3TOT oOnpeXeanTens, HaunHas C 3JEMEHTOB MOCAEAHEeR CTPOKH,
NOTOM N0 3JeMeHTaM npeanocaensefl CTPOKH H T. X, BUIHM, YTO €ro
BE/HYMHA PaBHA ONMPEAEHTEN0 MOPSAKA 2, CTOAUIEMY B JIeBOM BepXHeM
yray, T. e orauuna or uyaa. CrenosatensHo, GOPMH ¥y, Vi «ves Y
aeficreuteaso, auveiino nesasucnmsl. Urak, scaxyro cucme.ny auneiino-
HE3QBUCHMEX DOPI MONCHO O0ROAHUMSE 00 HOAHOL cUCMEMSL ANEIHO-
He3agucuyslx dopat.

12. n-MepHOe BEeKTOpPHOE NPOCTPAHCTBO. M JaguM MOAYUYEHHBIM
BRIl pe3yJAbTaTaM reoMeIpuueckyio QopMyaHPOBKY, KoTopoft G6yaem
noas30BaThca B JaabefimieM. s 3Toro BBedeM mMOHATHA O BeKTOpe
B N-MEDHOM NPOCTPAHCTBE, a HMEHHO Ha30BeM TaKHM BEKTOPOM COBO-
KYMHOCTb 7 uyncen (KOMIAEKCHHX), UAYUWIX B ONpeReRreHHOM MOpPAZRKe.
Takusm o6pazoM 8cAKkul maxoi 8ekmop X XapaKmepusyemcs nocae-
Ooaameﬂbuocmbm n KOMNACKCHBIX HliCeA, KOmOopble HA3IL8AWMCA CO-
CIMABASIOWUMI  3/M020 . BEKMOPA: X (X1 X3 -+» X,). CoBoOKYnHOCMS
8cex maxux 8exmopo8 olfpa3yem n-iepHoe BEKMOPHOE NpocMpan-
cmeo R,

Jsa sexmopa cuumarnmca pasHuAm mo20a 1 nMoAsKo nozia,
Kozda 8ce ux cocmagaguue OOUHAKOBE, T. €. ecAll WMemcs 08a
sexmopa u(ly, s ...y Uy) W O(Vy Vg ..., Up), TO BEKTOPHOE PABEHCTBO
=17 DPAaBHOCH/IBHO CJEAYWUIHM 7 CKaJSIPDHBIM DPaBEHCTBAM: Uj==17,;
y="y ...; U,==7, Onpeneauy ONEPAUHIO — YMHOXEHHUE BEKTOPa
Ha 4ucao 1 caoxeHue BekTopos. [lo onmpeneneHnio yMHOXeEHHE BEKTOpa
Ha 4NnCA0 CBOAHTCH K YMHOXEHHIO BCEX COCTaBJASIONIHX BEKTOPa Ha 3TO
YHCTIO, T. € €CAH BEKTOP X HMEET COCTaBAAUINE (Xy, X3 -y Xp) TO
BEKTOD AX uMeer cocrasisiouine (kxy, AXxy ..., kx,). Croxenne pex-
TOPOB CBOIOMTCA K CJHOXEHNIO COCTaBAAWOINHX, T. €., €CJAH HMEWTCA BEK-
TOPH X (Xy, X9y «vey X5) H Y (Y1» Yo --+s Yp)» TO, MO ONPEAENEHHIO,
CyMMa X -}y HMEeT cocTaBasoulte (Xy—Vp Xa-¥Ya «oor Xp—y,)
Hynesrim sexTopom Hasusaercs sexktop (0, O, ..., 0), y KoToporo sce
cocrapasonuie papisl Hymo. OOGo3HauuM 3TOT BeKTOp cuMBosoM 6. Mm
umeey, ouesuano, 0=0x, rae x— moGoll Bekrop, n X-0=ux,
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BrlyuTanne BeKTOPOB ONPEAeasieTcs TaK: BEKTOD X — 3y lMeeT COCTaBJRIo-
mpe (X —y5, Xg— Vo -+0y Xp—Y,)- M uyees, oueBnnuo, x —x=0
U x—y=x-+(—1)y, T. e BHUHTAlHE BEKTOPa Y PABHOCHALHO CI0-
KEHHIO C BEKTOPOM ¥, YMHOXEHHBM Ha uucio (— 1). B naabneitmen
HaM OpHIeTcs 4acTo MHCaTh BEKTOpHHE paseHcTBa. Beskoe Takoe pa-
BEHCTBO DPABHOCU/IBHO /1 CKAaJAPHHIM DaBeHCTBaM, BHIDAXaioUlM  TOT
¢aKT, uYro COOTBETCTBYIOUINE COCTaBAsiomle oOeHX uactell paBeHCTBa
OaNHAKOBH. B manbHefiiemM MBI He OydeM moJp3oBathca cnmsoaoy 0
IOAs HYJEBOro BEKTOPA, HO HAAO MNOMHHIb, YTO €CAH B BEKTOPHOM pa-
BEHCTBE € ONHOft CTOPOHB CTONT HYJb, TO 3TOT HYJb HAaNO MNOHHMATDb
Kak HyJeBoli Bektop. W3 naunuix Beiue onpeaeneiifi HemocpeacIBEHIO
BHTEKalOT OOHIYHHE CBONCTBA CAOMKEHHE H YMHOKEHUA:

xty=y+x x+O@+)d=C+y+2
(iR x=hx~+hkex; k(X Fy)=kxtky,  k(kx)=(kik) x.

B cymme BekTOpOB ¢ M0GBIM YHCJAOM CJIaraeMbix MOXHO, TakuM o0Gpasom,
nepecTasnisTh CjaaraeMele 1 3akaouath nx B rpynnu. U3 pasencrsa
x-}y==z cnenyer x=z—y u y=—2— X 1, Ha060POT, 13 X —y =2
cneayer x=y -} 2.

Bseaem tenepr nouatne o anueliHoll 3aBHCHMOCTH H HE32aBHCHMOCTH
pexkTopon. Bexktopm

x, x5 (18)

OyneM Ha3biBaTh AUHEHO-3aBUCUMOLMU, €CAH CYIECTBYIOT TaKHE HOCTO-
aHHne Cy, ..., C;, He BCe paBHHE HYJI0, YTO

CxV~++ CxV - . CxD =0. (19)

Ecan TakHX NOCTOSHHBLIX He cyulecTsyer, To OyleM HashHBaTb BEK-
topnt (18) auneiino-nesasucumsiyu, Q6o3HauuM COCTABJAROILNE BEKTO-
~pos x\) uepes (D, 2D, L., %), Yenosue (19), oueBnaHo, paeHo-
CuABHO CHCTeME 7 ypasHeHuft ¢ HeussectnMut Cy, Gy ovvy Cpt

e 4 xPC . 4 2P, =0,
1 2
X0 A xPC .+ 2P Cp=0, (20)

x(nn01 + xf)cz —‘lf— een + xg)C, = 0.

[ToaLsysicl, noayuemnuMit BLE DPE3yILTATaMH X141 OAHOPOIHOH Cil-
CTeMBI, HETPYAHO BHBECTH H3 HHX PR CALACTBHH § OpIIaTh 3THM
pe3yabTaTaM reoMerpuueckyio (opmyauposky. I10J10kHM CHayasa, 4TO
[>>n, T. e YTO YNCAO BEKTOPOB GOJbILE uiCAa M3MepPeHuH npocTpaHCTBa.
IIpu atom B odnopoauoft cicreme (20) uncao ypastenuit Gyser mensblue
yucia HEH3BECTHHIX, M 3Ta CICTEM3, KaK MH 3HaeM, Hasepuo Oyzer
HMETb AAs HenapeCTHnx C; peuleHns, OTANYHEIE OT HYJAeBOro, T. €.
Halim BEKTOPW OyAyr Hasepuo Juueluo-3asucumbivi. Huaye rosops,
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YICAO AUHEIHO-He3ABUCUMBLX 8EKMOPOB, caioe GOAbHES, PABHO HUCAY
u3meperuii npocmpancmsea. Paccmorpum Teneps cayuali /=n. Ipn
stom cucrema (20) Gymer cozepxaTb ONIHAKOBOE YHCAO YPaBHEHuH n
HEH3BECTHHIX H 6yner UMETb pELIeHHd, OT/NHYHbIE OT HYJ/A€BOro, TOoriaa H
TOMBKO TOrZa, KOrZa ee onpeleauTe]s DaBeH Hymo, T. € €CaH B n-Mep-
HOM TNPOCTPAHCTBE MHl MIMEEM 71 BEKTODOB, W COCTaBiM H3 7% COCTaB/A0-
HiHX 3THX BEKTOPDOB OnpenenHTesnb, oMeulas, Hanpumep, COCTABJAIOLLIHE
KaX10ro BEKTOPa B ONPEAETEHHOM cToable M cunras HOMED CTPOKH
COBNAmawIIM € HOMEpPOM cocTasasioulell, To anas AnHefiHo#l HesaBHCH-
MOCTH BEKTOPOB HEOOXOAUMO 1 A0CTaTOHHO, HTOOH 3TOT ONpEeAeTHTENb
OB OTIHYEH OT Hyad. Bennunwa srtoro onperenntenst uMeeT anajiaor
c ofbemMoM Mmapannenenunena B BEUIECTBEHHOM TPEXMEPHOM NPOCTPaHCTBE.

Mu moxem B mo6oM onpesenurene |d;,| nopsika n paccMarpHBaTh
3/71eMEHTH Kamnoro cronéua (b1ps b3y - .5 bpp) KAk coOCT2BASIOULHE HEKO-
toporo sektopa &®), 1 npn stom Bemmunua onpemennrtenn Gyaer dyuk-
wnett n sexktopos &), ..., 5. Papencrso mymo 3Toro onpeneautens
Oyaer pasHOCHIBHO TOMY (DaKTy, UTO 3TH BEKTOPH JHHEeflHO-3aBHCIIMHL

OG6o3naunyM BeaMuHny ompeseantens kak (yHkumo Bekropos &)
yepe3 i

| b =AY, 8D, ..., &™)

Bcnomuast, 4uTo npu nepecTaHOBKE JABYX CTOA0UOB BeJANYNHA onpe-
NEeNNTeNs MEeHseT 3HaK, MBl MOXeM YTBepxJAarb, uro diynkuns A nave-
HHT JMb 3H3K, €CJAN NOMEHSATh MecraMn ee nasa aprysmenrta. Takas
¢dyuxuns HaspiBaercs oOvIuUHO awmucuysempuyecroli. Herpyano Buaers,
HanpiMep, uto onpereantens Banaepmonaa D, KoTopwei MH paccMaTpu-
Banu B [B], ecTs Takwe anTHCHMMETPHYECKAR (yHKUuA CBOHX aprymen-
TOB Xygy +ovy Xpe

Bepuemca k paccmorpenmio cucremu (20) 1 kK Bonpocy o Jjunefinofi
nesasucumoctn sexktopos x(V, ..., x{!), npeanonaras /<< n. OGosnaunm

uepe3 k panr Tabanum, o6pas3oBaHHON COCTaBAAIOMINMH X9 Ecmn k=1,
TO, KaK Mbl BILIENH, CHCTEMa HMEeeT TONbKO HyJAeBoe pelienue, T. e.
BEKTOPH JnHelino-He3asncinMbul. Ecan xe £ </, 10 cucrema Gynaer ua-
BEPHO HMETH pelIeHNIe, OTANYHOE OT HY/AEBOro, T. €. 04g AuHelinoi
He3asucumocmu 8exmopos Heobxoduimo u Jdocmamoino, HmoOs ux
YUCAO PABHANOCH, PAH2Y malAuysl, o0pa30sanHoil UX COCMAaBATIOUUMIL
IMoaoxum Temeps, uro k£</, T. € 4YTO BEKTOPH JKNE{HO-3ABUCHMEL
BuimennmM n3 Hux Te 2 BEKTOpPOB (BO3MOXKHO, YTO 3TO MOKHO Oyler
Clenath HECKOJAbKNMH cnocoGaMn), CoCTapasiomie KOTOPHX CoiepsKar
onpefexmTens mnopsaka k, ornmuHwifl or nyas. Coraacio Ackasaunomy
Bhllle, 3TH BEKTOPH JuHefiHo-ne3sasicuMu. Herpyano suiern, uro Kax-
Al 13 OCTaABHHIX BEKTOPOB MOeT OHTb BHpaxeH JanHeflno depes
Boienennre sextopwl. JHeficrsuteasno, mycts x4, ..., x(*) — nnuen-
HO-1€3aBHCHMBle BeKTOps. [Ilpucoedunss K nuM  Kaxkofi-nnyas BeKTOp
x®49) nonyunm (k--1) BexkTopos, kKoTophie GYAYT MMefin0 3aBUCHMH,
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TAK KaK paHr £ TaGauLB HX COCTaBJSIOIHX MeHplle HX uHcaa [=k - 1.
Wrak, 6ynyr cywectsosate mnocrosunse Cy(i==1, 2, ..., &k k-}s),
Cpelit KOTOPHX eCThb OT/MHYHHE OT HyJd, TAaKue, YTo
CixtV) = Cpx@ -, - Cx®) - €y (x*+) =0,
ITpu stom nasepuo Ci,s# 0, 160, B NPOTHBHOM CAyYae, BEKTODHI
xM, x®, 0 x® grazanuce 6w aunetino-sasucumsl. W3 mwanucansoro
paBeHCTBa CAEayerT:

(k) — G xu)_ccz x = Cr x®),

ks ks ks
1. e x%*) pupawaerca aumefino uepes x(, x®, ..., x®. Tycrs
XM, 2@ X — p kakux-nu6yas AuHelN0-HE3aBHCHMBIX BEKTOPOB.
B Kayectse mpuMepa TAKHX BEKTOPOD MBI MOMKEM YKa3aTh BEKTOPHL:

(1,0,0,...,0; (0,1,0,...,0)...; (0,0,0,...,1). (21

Ecan mp Bo3bMem Kakoli yromo Bektop X, 10 (n—-1) sektopos x(V,
x®, .., x), x, Kax MH BumeAH Bullle, HABEPHO JAHHEHHO-3aBUCHMBI

CixM - Cyx@ deei - Cx™ - Cx =0,

npiueM nocrosuuas C Hapepno OTAMYHA OT Hyas, W60 B NPOTHBHOM
cayuae mektopn x(0, x(), [ . x{® okazanuce G aunelino-3aBHCHMLL
W3 npeamayulero cieayer, uto /060 BeKnlop X 8bPAXNCAENCs 4epe3 n
AUHEUHO-HEe3ABUCUMBLYE BEINMOPOB:

x=axM fax® - Ly k™ (as =— %) . (22)

Herpyano Bullets, IO cyujecmgyenm Alus 00HO ONPedCACHHOC B8blpa-
acene X wepez xW, x(I .. xM, [eiictoureasno, ecaun Gp, Kpome
HAMHCAHHOrO BLIPaKeuns, CyUECTBOBAAO ellle OANO BHpPaKellne:

x =B - Box® .. - B,
B KOTODPOM €CTb KO3(HUHEHTH 3, OTTuuHbEe OT COOTBETCTIBYIOUHX %,
TO, BHIYNTAS ABA HAMHCAHHBIX COOTHOIUEHHS MOYAEHHO, Mbl TOJAYHHAN bl
1 2 ny _.
(3 —B) x4 (1 — B) x® .. - (3, — B) M =0,
7. e pektopw x(0, x®, ..., x(® okrasa’such 68 AuHEHHO-3ABUCHMBIMIL
Ecau 3a sektopn x(V, x®, ... %™ npuuate sextoput (21), 10 uncaa 7,
topyyan (22) GyayT, OUEBHINO, COBMNAZATH C COCTABAAOWUMU X BEK-
tTopa X (xy, X3 ..., X,). B ofwenm cayyae nx MONHO Ha3Barb TaKme
cocmasagiomsu gexmopa X, ccau XV, X 0 X wpunsme 3a
opmu. TIpHaasas UHCAEM o BCEBO3MOKHBIE KOMIVIEKCHBIE 3liaueHus,
NoAyuynM BCE DEKTOPH HALUEro /7-MEpioro 1pocrpancrsa. Iloaomns
~Tenepb, YTO MBI HMEEM % JUHEHHO-HEe3aBHCHMEIX BEKTOPOB

£, x®, L xR, (23)

npuuen k< n. ToBOpAT, 4TO COBOKYMHOCTh BEKTOPOB, MOAYYaeMHX MO
thopmyae ,
y:C,x(”-—l—C.;x("’)—}— -.."i’— Ckx(k), (231)
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rae C; — npoussoJbHHE MOCTOAHHEIE, 06pasyeT HeKOTOpoe nodnpocmpan-
cmgo L, usmepenns k. Kak #u 'Bhille, MOXNO nNOKasaTb, uTO BCHKMfl
BEKTOp, Npuuagiaexaunii L,, eIHHCTBEHHBIM 06Gpa3oM BHIPaXKaerca uepes
Cx, x ) %8 Topopsr nuaue, uro sexmops (23) obpazywm nod-
npocmpancmso Ly,

3ameTnM, 4TO eCAH KaxkoH-HuUGYAL BEKTODP 2 npuHAAMEKHT L, T. €.
supaxaerca ¢opmyaoft snga (23;), T0 Bekrop ¢z, rae ¢ — nobas no-
CTOSIHHAY, TaKke BHpaxaercss, ouveBnauo, dopyyaolt suaa (23y), T. e
. Takxe npunannexnt L,. Touno Tak xe, ecan 2y 2 npHHagaexar L,,
10 nx cymma 2z --2z® takwe npmmamsewnr L, Orciola Henocpex-
CTBEHHO caeayer u Oonee ofmee CBOHCTBO: ecAll Hexomopsie 8ex-
mops 2, 23, ..., 2") npunadsexcam L, mo ux aw6as unefinas
rouounagus 7,20 2@ - L 1,2P) maxoce npunadaescum L.

Bosbmem m kakux-uuOyab BEKTOPOB, mpHHagaexamnx L

Y =CPxM L CPx® .. L CPOxP  (s=1, 2, ..., m). (24)
B cnay audefinofi Hesasicumoctin BekTopop (23) cooTHouleHue BHAR
ayyM tayy® L. ta,y™M=0
PaBHOCH/JBHO CHCTeMe 2 OIZHOPOAHHX YPaBHEHHI
uCP - CP b A2, O =0  (¢=1, 2, ..., k).

Ecau 512 cHCTEMa HMEET PellieHis, OT/NUHBIE OT HYJIEBOro, T0 BEKTOPH (24)
AuHeHHo-3aBnCcHMBL B uacTHOCTH, ecam m >k, TO H3aBEPHO HMEWTCA
pelleHns, OTAHYHHE OT HYJAEBOrO, T. €. BCAKAA COBOKYNHOCTh BEKTODOR
ypcaoM 6oJblle 2 U3 NOANPOCTPaHCTBA, oOGpa3oBaHHoOro Bekropamu (23),
6yzer COBOKYMHOCTbIO JHHEHHO-3aBICHMBIX BeKkTOpoB. OTC0l2 Hemocpen-
CTBEHHO CJAENyeT, 4T0 MNORNPOCTPNCTBO, oOpazoBaHHOE JnHeHHO-He3a-
BICHMBEIMI BekTOpaMnu (23), ne moxer OnTb OOpa3oBaHO HHKaKoft COBO-
KYNMHOCTBIO AHHefino-nesasucummx sektopos 20, ..., 29, uncio koro-
pux /< k. [HeficTBuTeNbHO, COrJacHO  BHILEYK23aHHOMY, B TaKOM
NOANPOCTPAHCTBE HE MOXET CyumecTBoBaTh Goablue, uem [, JnHeHHO-
He3aBUCHMBIX BEKTOPOB, a € Jpyroft CTOPOHH, 3TOMYy ROANPOCTPAHCIBY
JOMKHE MPHHAANEeXaTh JuHeflHO-He3aBnCHMLle BekTOpH (23), uHCAO KO-
TOpHX & OGoaviwe /. Ecan mu gozs.nest k xarxux-wulyds auxeiino-we-
sasucumex sexmopos u™V, u®, ... a'® npunadsexcamux Ly, mo onu
ofpa3yiom, 8 YKAIAHHONM Bblue CMsICAE, 31O Je nodnpocmpaHcmeo Ly,
Hetticteirensno, B CHJAY onpeieseHHs ROANDOCTPaHCTIBa BCAKas JH-
HefiHas koMOnuauus ‘

Clu(l) + Cgu(a) + ces + Cku(k)

npunanaexnt L, C APyroft cTOpoHsl, BO3bMEM KaKoH-HHOYAb BEKTOp ¥
us L,. Bextopu #V), ..., u®, y wuncnom (k--1), npusannexar L, u,
MO0 NpPEeNHAyNeMy, ZOMKHE OHTH AHHEHHO-38BHCHMBIMHU

i) B - B -y =0,

u, nockoasky M, ..., #'® — nuneino-nesasucuMy, KoIpHUMEHT 7
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JomkeH OBTb OTANUHHM OT Hy.’lﬂ, T. €. BCAKui BeKTOp y M3 L,
Bupaxkaerca uepes D, ..., #®), 1. e. 3TH nocremmue BeKTOpH Heit-
cTBuTeNbHO 06Gpasyior L. Ecan B dopumyaax (24) m=*% u onpeieiautenb

n3 xosdpduunentos Cf' ormuen or Hyas, 1o Bektopu y, ..., y®)
O6ynyT .'lHHeﬁHO-HesaBHCH.\lbIMH BekTopaMn u3 L, B oOimem cayyae He-
TPYAHO NOKasaTh, UTO YiC10 JHHEHHO-HE33BUCIMBIX BEKTODOB, AaBaEMBIX

dopyyaayn (24), pasuo panry Tabanusl Cy.

Boiiie MB BHAENH, YTO €CAHN BEKTOP 2 NPHHAWJIEKHT HEKOTOPOMY
MOANPOCTPaHCIBY L, TO BeKIOp ¢Z npH moGoM MNOCTOSHHOM ¢ TaKike
npunagaexnt L, n ecan 20w 2z® “npumaanewar L, 1o (20 -4-2(0)
Takke npuHagiexar L. Mwel Moranm O J2aTh HOBOE OMNpeleaeHne nod-
NpPOCTPAHCTBA, @ -NMEHHO HA3BaTb MOGHPOCHIPAHCNIBOM TAKYI COBOKYIN-
HOCTb BEKTOPOB, 4TO €Cal 2 NPHHAANAERHT L, TO H ¢2 npHHaANexuT L,
1 ecan 2 u 2 ppunazaewar L, 1o (210 - 2¥) tare npunaasexnr L.
Otcrola nHenocpeAcIBElHO C/EdyeT, 4T0 BesKkas JnHelinas KoMmOnHauus
BEKTOPOB, NpHHamMexaulsx [, Takke npuHaanexnt L. Mp Toabko uro
BILLE/H, YTO W3 MpEKHEro ompeledeHus MNOAMNPOCTPAHCTBA BHITEKAIOT, Kak
CleiCTBHE, Te CBOHCTBA, KoTopbie CHOPMYAHPOBAHE B HOBOM Olpegefe-
nuit Tlokaxem 1 Hao60pOT, YTO 13 HOBOTO Onpede.]eHHd BLITEKaeT Npex-
Hee, T. € UTO 3Til 08a 0npedescHUs PABHOCIALHBL.

Bosbyen nexortopmit sektop X'V, mpumsasaexamni L. TTo onpeae-
aennio  noanpocrpancrsa L sextopet Cyx'Y, mpu npoussoashom G,
Takwe npunadaexkar L, Ecanm stuMm BexropaMi ncyepnmsacrcs mcé L,
TO MBL InteeM L; B mpewxieM cMpicae. B nporussoM caywae B L Bxoanr
Hekotopuit Bektop X, auHefiuo-nesasncunmii ¢ x™, u BexTopH
Cyx - C,x™, npu npoussoasubix Cy u C;, npuvannesxar L. Ecan
STHMH BEKTOpaMH HcuepnsiBaeTcs Bcé L, To L cosmazaer ¢ HEKOToO-
puy Ly B mpewxieM cvbiciae. B npotusHoM cayuae B L BXOJHT HEKOTO-
puit Bekrop x(® Takoit, uro xW, x®, x® aunefino-nesasucuMbL
Tlpogonxas Tak u Jajblue, Mbl, NYTe€M MPUCOEIHHEHHs KOHEYHOrO WYICJa
anHeftno-nesasucuMulx  pekropos X8, ucuepmaen Bcé L, Tak Kak ue
cywecrsyer OGoaee n Jaunefiiio-nesasucnvMux sexropos. Ofwee uncao £
aTux Bekropos X0 maer Ham usmepeune noanpocrpancrsa L. Ecau
OKamerTcs, 4To R==n, T0 L COBMaJaeT CO BCEM A-MEePHBM NPOCTPaHCTBOM.

OtyetnM 04HO 0OCTOATENLCTBO, CBf3aHHOe C oOpa3oBaHieM HOANDO-
crpancrea. IToaowmny, uro mektopu x(U, x@®, ... x(¥) — quuetino-
sapucuypl. TIpil sToM MNO-npekneMy rosopsii, uro gopmyaa (23;) onpe-
Jenser HEeKoTopoe nonnpocrpancmo L. Ifoaoxuy, uto Cpead YKasaHHBIX
pektopos nepsuie & xD, x@ .. x)— anuefino-nesasiciyp,  a
Kaxaufi us caeayownx sekropos: xU+D, [ x®) pupakaercs au-
HefiHo uepes nepsue /. IIpil 3TOM COBOKYIHOCTb BEKTOPOB, ONpeneaseMblX
dopuyqoft (23,), 6yler, OueBILAHO, COBNAZATh C COBOKYNHOCTBIO BEK-
TOPOB, onpeleaseMux ¢GopMyJoi:

y= Clx“) —i— sz('l) + ‘e —‘Z— C,x(l),
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T. € TOANPOCTPaHCTBO L, ofpasyemoe /uUHEHHO-3aBUCHMEIMI  BEKTO-
pamn xM, x®, ..., x®), umeer pasmepuocts /(I < k).

PaccMOTpHM BEIIECTBEHHOE TPEXMEPHOE MPOCTPAHCTBO M YCJAOBUMCA
OTKJ3JABIBATh BEKTOPH OT HEKOTOPOH onpeneneHHo#t Toukn O (Hauano).
B nmauHom cayyae n=3. Ilpn k=1 noanpocrpaucteo L, ecTb Heko-
Topast npaMad, npoxoaswas vyepe3s O, a L; eCTb HEKOTOpas IMIOCKOCTD,
npoxogsuias yepes O.

13. CkanapHoe mnpou3BeneHHe. YCAOBHMCH OTHOCHTENbHO OAHOrO
o6o3naueind. Ecan o — HEKOTOpOe KOMMJIEKCHOE YHC/AO, TO CHMBOJIOM &
6yaeM 0603HauaTh YHCIO, CONPSKEHHOE C &, N CHMBOJOM |a| — MOAYAb
yncaa «, TaK uro ad==|a/®. Ecin a Bemecrsenxo, 10 a=a n |a|t=2a%
Beesem Tteneps HOBOE nOHATHE, KOTOpPOe B jaabHefimiem Oyaer urparb
GOABIWYI0 POJb.

Onpenenenne. CraaspHbit npoussedenuers 08yx 8exmopos

X(Xy, Xo o0y X)) B Y (Vi Yo cees V)
HA3b68AEMCST HUCAO, PABHOE caedyoued cyme:

n
DES A
s=1

Mu Gyaem ofo3HauaTh CKalMpHOE NpOHM3BeleHie CHMBOJMIOM (X, ¥).
Fimees:

| (*y)= Z XsJs3 O x)= E.ly:xs’

s=1
OTKyda cJaeayer

3 ¥)=(x )

Hasosem 0sa sexmopa s3auitno nepnenduKYAApHBLMUI WAL 83QUAMHO
OpIMO20KHAABHOLMI, ecAll UX CKAASPHOE nHpou3gedexie pasHo HYAI.
ITockoabKy unMcnO, COMpAKEHHOE ¢ HYJeM, €CTb TaKxke HY/b, B YCIAOBUI
OPTOrOHANLHOCTH NOPAAOK BEKTIOPOB B CKAaJARPHOM NPOL3BEASHHH POJAH
ne urpaer. Herpyauo Bugers, uto nynesofft sexrop (0, O, ..., 0) opro-
roianes k moGoMy BeKTOpy X. i

W3 onpenerennsi CKangpHOro NpPOM3BENEHNS HENOCPEACTBEHHO BHTE-
KaloT caenyioutne ero CoHcTBsa:

(ox, ) =2(x, y); (%, ay)=2(x, ),
rae o — yncaenHuti mHoxunrtens. Kpome toro:
x4y )=, )+ 2 (% y+2=00»+& 2)

M STOT pacnpeennTe/]bHHfl 3aKOH HMEET MeCTo Aad Jio6oro  yucaa
ciaraeMslX. M3 Hero cremyer, MewAy npoum:

x4y at+o)=(, o)+ 9)+ O 8)-+ O )
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CocraBuM cKaaspHOe NpOW3BeleHHe BEKTopa X (Xy, Xy ..., X,;) Ha 3TOT
Ke BeKTIOp:

* x)= Zl XXy = Zl EN

s=1

Mgpr monyuaes takuM 06pasom BEIECTBEHHOE UKC/0, KOTOpoe GyAeT MoJo-
KUTEMbHBIM IJsl BEKTOPA X, OTJAHYHOro or Hyaesoro Bexropa (0, 0,...,0),
U DaBHBIM HYJIO IS HYJEBOrO BeKTopa. Hopews rsadpamrsiii (apugate-
Mu4ecKoe 3Haienue) U3 BeUEeCMBEHH020 Hilcaa (X, X) Ha3weaemcs
Hopaol nau daunoli exmopa x. OO03Hauas 3Ty HOpMY CumBOJIOM || X |,
MOXEM Hamucarh:

s=1

I#P=(s 9= 3 1xf 1=V GEH=/ sk

Papenctso || x||=0 paBHOCHABHO TOMYy, YTO X €CThb Hy.eBoH BEKTOPp.
[Tonroann, 40 WMEIOTCA TPH B3aHMHO INEepNeHIMKY/ASPHHX BEKIOpa X, y
HzT7T e

(x5, 3)=0; (x, 2)=0; (y, 2)=0.

ITprMeHAs pacnpeneanTeNbHBl 3aKOH A4 CKaASPHOrO MNpPOH3BEAEHUS
¥ MPUHUMAs BO BHIMaHHE HaMUCAaHHHE DaBEHCTBA, MOAYUMM:

x+y+2z x+y+2)=(x )40 N+ 2

Nlx+y+2zF=lIxF Iyt

Ora dopmyna Brpamkaer meopesty Ilughazopa. Oua cnpasesanBa ans
AoGoro yucaa caaraempix. CyUlecTBEHHO JHIIb, YIO STH CJaraeMsle
BEKTOPH TNOMapHo opToroHaishbl. [lokawkem, 4TO ecan 6exmopu

win

xW, x® xD nonapuo opmozonansmne u cpedu nux wem nyaegozo
gexmopa, mo OHU AuHelino He3asucu.mbi. JLeHCTBUTENLHO, NOAOKHAM
1
Z Cx =0
s=1

W rOKakeM, uTo BCE yucaa C; OOMKHH PAaBHATBCA HYA0. YMHOXHM o6e
YacTil 5TOrO paBeHcTBa ckanspHo Ha x\¥), rae & — ogno w3 uncen 1,2, ..., &

]
D Cs(x, xy=o0.

sa=l

B cuay Toro, yro BekTopn X{*) nonapuo oproroHamshu, (x(), x(¥)=0
npu sz&k, TaK 4To nocnenuas dopmyaa aaer: C, (xF, xF)=0, 1. e
Ce || ¥ |['=0, otkyna, B cuay || x®) |*>> 0, caeayer C, =0, u 310 npn
-ni00oM BHIGOpe A,
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14. FeomeTpuuecKkas HHTEPNpPETALHA OXHOPOAHBIX cHcTeM. Pac-
CMOTPHM OJHOPOIHYIO CHCTEMY

apXy - @gXg .. - 01X, =0

ag Xy -+ anxy ... agx, =0 @25)
a,1X + Apa Xy + e -]—'a,,,,x,, =0.
Bsenem BexTOpH! '
at) (du, gy onny aln); seey a™ (@n1s Tnpr ooy d,,,,). (26)

Tpn stom cucrema (25) moxeT OHTBh 3amiucanHa B CASAYIOIIEM CKATOM
BIAE:

(x, aM=0; ...; (x, a™)==0, 27

T. € JIeJI0 CBOANTCA K HAXOXIEHHI0 BEKTOP2 X, NEPHEHANKYJSPHOIO KO
BCEM BEKTOpaM a”). Ecau onpenenntes |a;,| oTanuen or Hyas, TO, Oye-
BHAHO, N onpedenntend {d;, |, ¢ HHM CONMPMKEHHHH MO BENMYHHE, TaKXKe
" oTAHueH OT Hyad. B stom cayuae sexktopm a'’) auneHio-HesaBHCHMEL 1
cucteMa (27) HMEET TOJBKO HYJEBOE pelleHne, T. €. HE CYWeCTBYeT BeK-
Topa (KpoMe Hyasd), KoTopwifl GHJ OB OIHOBDPEMEHHO NepPHeHINKyadapeH
K 7 MHHeHHO-He3aBHCHMHIM BEKTOPaM (B 7-MEDPHOM NPOCTPAHCTBE).

PaccmoTtpum Tenepp Apyroft cayuai, Koraa onpenenntens cucremu (23)
pasen Hymo. [Tonowum, uro paur cucremst Gymer %k Ecan cocrasnthb
120y U3 CONPSKEHHHX 3JEMEHTOB, TO BXOISUlE B HEe OnpeaeanTenn
OynyT no BeanuuHe CONPSKEHHEIMH € ONPEICANTEqsMH, BXOASUHMH
B Tabanuy a;,, u paHr CONpPsKEHHOH TabGauuwl Oymer TaKkxKe OUEeBHAHO A.
Takum 00pasoM, Mo AOKasaHHOMY Bhlle, cpean sektopos at) Gyzer k
AHHENHO-HE3aBHCHMBIX, a OCTa/MbHHE BeKTOpH OyayT X JanHefinkiMA
komGuannami. He orpannunsas . ofiiHocTH, MOMXEM CUHTaTh, 4TO 3TH
MHHEHHO-He3aBHCHMEIE BEKTOPH CYTh

av, ..., a®, (28)
a Aiag OCTaabHBIX 6}’116.\1 HMETh BBIDAXEHHA Brla:
b+ =B+ gl g - BB (L s=k4-1, B2, oy 1),

rae @;9)—uncnexmme Ko3dpuunenTs. W3 nocnenHero HemocpeacTBEHHO

CHIEllyeT, 4TO €CAH X MeprneHauKkyaapeH Bekropam (28), To TeM caMulM

on Gyler nepneHaukyaspen u ko scem sextopam a). Jefictsurensuo:
k

(x, a®+9)= Z (x, pgk-}-s)a(”)
fe)

M BCA CYMMa paBHa HYMO, TaK KAK KawA0e U3 OTAEABHHIX CJaraeMux
no ycaosuio ofpamaercs B Ryab. Mrak, nocrarouHo pemmnts nepsne &
ypaouenn ciucremst. Cunras, Kak BCErAa, 410 ONPeAeaNTENb NOPAAKa A,
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OTJHYHBIE OT HyJs, CTONT B JIEBOM BEDPXHEM yrJay, s HCKOMOro BEKTO-
pa x Mul noayunM (1 — &) aunelino-nesasucuymuix pewenui x(, .., x{(*-0
TeM crniocoGoM, Kotoph#t Ovi yka3dad B [12], 1 Bcskoe peurenne Oyner
npeicrasaste cobowo JnHeHuywo KomOnnauuio 3Tnx (12— &) BEKTOPOB.
MoxHo cKasaTh, UTO B JaHHOM CJAyuyae BEKTODH, onpelreaseMbe dopsyaof

y= C,a“) + s + Cka(k),

rae C; — npoii3BoJbHHE MOCTOsHHbe, 06pa3yloT NpoCcTPaHCTBO L, Hu3Mme-
peHus k, KOTOpoe ABJSETCS NOANPOCTPACIBOM A4 BCErO NPOCTPAHCIBR 71
uamepedntt. CoBepuienno Tak e ualizennme Bektopnl XD, x|
x(%) oBpasyioT nekoTOpoe moanpocIpauctso AM,_, namepeuns (n— k).
Iodnpocmpancmeo M, , opmozonarsno noonpocmpancmgy L, B ToM
CMBICAE, YTO BCRKuft BeKTOp u3 A, , OpTOroHaideH BCAKOMY BEKTODY
n3 L, (#, ouesnaso, naoBopor). IToanpoctpancrso Af,_, cocrout u3
BEKTOPOB, KOTOpHlE YIOBJIETBOPAIOT cucTeMe (27), T. € OpPTOrOHa’bHE
a, o, ..., a'®). Herpyauo nnzers, uro n pextopos a'l, ..., al®),
x, ., x(®%  mmefino-nesapncisel.  JLeHCTBUTEBHO, NOTOKHM, YTO
MEXAY HIMI CYWEeCTBYeT COOTHOLUeHie:

(a0 .. @™y L (dx D L Aed, xRy =0.  (29)

Ilepsas cxko6Ka JaeT HEKOTOpLIi BEKTOP a n3 L, a BTOpas — HEKOTO-

pHH BeKIOp X M3 Alyp 1 M HMeeM g@-Xx=0 nan ea=--x. Ho
BEKTOPL @ I X B32{IMIO-OPTOTONMAJbHL, T. €. OK43bBaercd, 4T0 BeK-
TOp @ oproronanes cam cebe, uHaye rosops (@, a)=0 wm [jalj=0,

OTKyZJa CJeldyeT, 4TO BEKTOp @ €CTb HYJeBOfl BEKTOP; TO ke MOXHO
CKasaTh n o Bekrope X. Mrak:

a4, - a® =0 un dxV- . . 4d, x*"=0.

Ho sextopsl a'l, ..., a'®, no ycaosmo, annetino-He3asnciue, 1, cae1o-
BATENbHO, BCE NMOCTOAHHLIE Cg ZOKHEL OHITh PABHE HYJIO; TO KE MOKHO
yTBEp®AaTh 1 oThHocuteabHo dg. WMrak, B cootHomennn (29) sce ko3d-
GUUHEHTH JONAHM OLTb DaBHBl Hydo, T. € Bextopu ab, ..., a'®,
XM, .., x("*) jelictBuTeabHo aAnHEHHO-HE3ABHCIMEL

Beakuft BeKTOp X eAnHCTBeHHBIM 00pa3oM MoxeT OblTb NpeacraBied
B Bufe: _

r=(1a" 4. ..+ 10"+ @t . -3, ),

npiueM nepsas ckoGKa JaeT BeKTOp, npHHaiaexautiit L, a Bropad —
eKTop, npuHamnexauwift A, ,. BekTopH, Bxoasuiue B coctaB M, ,,
CyTb, Kak MBI Y:K€ YIIOMUHATI, BCEBO3MOXHbIE pellenus cuctemn (27),
n TakaM ofpasom npu JoGoym BHOOpE MOJAHOH cuHCTEMbl JHHEHHO-HEe3a-
BHCHMBIX peIIeHnH uicJA0 Taknx pewennfi Oyder pasno (n— k), T. e
yucay usmepenufi M,_,. Ilpusedennoe Buillle NCCAeAOBAaHNE OAHOPOAHOIL
CHCTEMH NPHBOANT HAaC K CAEAYIOUIEMY Ba:KHOMY Ppe3yabTary:

Ecau umeemcs nodnpocmpancmeo L, u3mepenun k(k<n), mo
8EKMOpPbl, OPMO20HAAbHbE K FHI0MY NOONPOCMPAHCmsy, o0pa3yinn
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nodnpocmparncmso M,_, ussepenus (n— k), u scaxuil sexmop x u3 R,
Modicem Obimo npedcmasaer 8 sude cysust X =y -} 2, 20e y npunad-
aexcum Ly, w z npunadaexncum M,_,.

HMoxaxem, uto maxoe npedcmasaenue eduncmeenro. Ilyctb, Kpome
YKa3aHHOTO NPEACTAaBJECHHS, HMEETCH elle OMHO: X==# -0, rle u u3 L,
n 0—u3 M,_, Hano noxasats, uto # =y u 9==2. Mo nmeem: y -+ 2=
=u-}9v, oIKyla y —u=—70—2. Pa3HOCTs Yy — # TPHHAMIEKHT L,,
a pPasHOCTb ¥ — 2 NPUHAAAEKHT M, ;, OTKYAa CJedyer, 4TO BEKTOp
Y —u optoronanen cam cebe, T. e. (y — #,y —u)=0n ||y —u || =0,
orkyna y—u=0 n y=u. llpu 3T0M 18 y-—u=0—2 CIEAYeET,
4yro 9==2. Bextop y, BXommn#t B npeiacTaBjeHHe X=—y -2, nHasH-
BAETCs npaexylieli X 8 nodnpocmpancnigo Ly B ykasanHoM npeacTapieHnu
BEKTODH § W 2 OpTOroHambiwl, 1 Teopema Iludaropa naer: || x |P==
=|lyl*+41 2|3 orkyna caenyer, uto ||y||<<| x|, npuuem sHak pasen-
CTBA HMEET MEeCTO B TOM H TOJbKO B TOM CJyuae, KOra 2 eCTb hyJaesofl
BEKTOD, T. € Korjda X npunaiiexur L, Tak u4To y=x. AHajorpuno
lzl<<|lx|l, n 8sHMak paBeHcTBa 1MEET MECTO TOJLKO B TOM CJAyuae,
KOrja X oproroHanpHo L, T. e. 2=wx. Iloanpoctpancrea L, n M, ,
Ha3bIBAIOTCH, OOHLIUHO, OGONOAHUMEABHBIMIL OPPIO20HANBHBLAIL NOONPO-
cmpancmgarnu. Ecnmm k=n, 10 L, ectb Bce R,, a M, CBOAUTCA X OMOMY
HYJ€BOMY BEKTOpY.

[Tonoxny, yTo MH HMEeM BEUIECTBEHHOE TPEXMEPHOE NPOCTPaHCTBO,
O KOTOpPOM MHl TOBOPHAN BHWE, U NycTh k=2, Tak 410 n— k=
=3 — 2=1. IToanpoctpaHcTBo L, €CTh HEKOTOpas MAOCKOCTb P, mnpo-
xonsulas uepe3 Touky O, a A; ectb npsaMas, npoxodsuias uyepes O
N nepneHaukyaspuas P. Besknft BekTOp MOXeT ObITh €XHHCTBEHHBIM
o0pa3oM nNpeacTaBNeH Kak CyMMa ABYX BEKTOPOB, H3 KOTOPHX OAHH
JAEKUT B nuockoctn P, a apyrofi —wna npssott K. Mu mposenn reo-
METPHYECKYI0 HHTEPNpETauyio pelennss OHHOPOIHOH CHCTEMH B TOM
Cayuae, KOrRXa YHCIO ypaBHeHHfI paBHO 4YHCIy Hen3BeCTHHX. CoBepumieHHO
TaK Ke MOXHO NpPOBECTH paccyxienns n B oOuieM caydae, Koraa 4Hc/I0
BektopoB a{®) e o6s3aTenbno paBHO uHCAY 7. AHAJOTHYHOE 3aMeyaHHe
OTHOCHTCS H K CAEAyioueMy HOMepy.

15. Cayuyail HeomHopoxHoii cucTeMBl. PaccMOTpPHM HEOXHOPOAHYIO
crcremy: '

ay Xy - apXs ... 4, =0,
Xy - @aXa ..o - Ay X = by (30)
Ay Xy + Qpa Xy + .o .'+ AppXpn == 0p.

Ee MOXHO TONKOBAaTb KaK 33aJauy HAXOXKAEHHS BEKTOPA X (Xp ..., X,)
npn 3aZaHHelX BexkTopax (26) n3 cucremu

x, aM)=by; ...; (x, aP)=1b, @n
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Ecau onpeneanteab cincTeMi OTJHYEH OT Hyas, To Teopema Kpamepa
Aaer odun onpeaenennnil orper. ITonoxns, uro onpeaeaurenb CUCTEMH
pasen HyJi0 11 paHr TaOanubl ee KodgduienTon pasen k, npuueM onpe-
Jennteab nopsiaka &, OTAHYHEIL OT HyJAf, CTONT, Kak BCeria, B JIEBOM
BepxHem yray. Hapsay ¢ cucrevott (30) nanuwem cucreMy OAHOPORHBIX
ypapHeHull, Ko3(pHUHEHTH KOTOPHX NOAYYaloTCA. H3 KO3(HUHEHTOB
Janiol cucTeMsl 3aMenolt CTPOK CTOAGUAMH 1 BCEX YlCeJ — CONMpameH-
HEIMH. DTa HoBas cucrema Oyder, TakuM oOpasoM, UMETb BILL

agy+ayh+.. 4+ auy,=0 .
dli)’] + 62.2)"1 + ese + aniy” = 0 (32)

. e o s 6o e 8 s e w e o

Elnyl'i—diny!’{—“"i—dnnyn:o'

Tabauua ee kosdduuuieHToB MO-npexHeMy uMeeT pamnr k, u onpeze-
anteas k-ro mopsaAka, CTOSMUL B JIEBOM BEPXHEM Yray, HO-NpekHeMy
orauueit or uyns. Hazosenm sTy oamnoponmylo cucremy cow3swod ¢ cu-
cremofl (30). Kak mu Bnaenn soiue, ee obulee pelelue ecTh JuHelitas
KonMOunauna (n— k) pemenuii (BeKTopoB), KOTOPHE MOKIO NOAYUYIT,
Hanpumep, ecan pewnts no Teopeme Kpamepa nepsue £ ypasuenuil
OTHOCHTEABNO ¥y, ..., J;, N10/13Ta8 OCTAABHHE Iy, PABUKMIS HYTI0, KpoMe
OI1Oro, KOTOPOE HAA0 CYNTaThb paBHKM ednnnue. Mu  npuaeM Taksy
nyreM mpHu y,, =1 K cucreme

Ay~ GOt Gy = — G
Gph+anyi+...F 8V =— G2
A+ Gyt T Ve = g1

Pewas 3Ty cucTeMy u nepexois K COMPS:KEHHBIM BETHUHHAM, MOJAYYRM:

A .
ym="—-z,— (”l=1, 2, YER] k) (53)

yk+l=1; j-'k+-2=yk+3=-"=y_n=0»
rae
A Qag oees Ap
Qg2 Qa2 vovs Qg2
A= = 0,

Qs Qs oo Qpyp

H A7, noaydaercst u3 A’ 3aMeHOll 5JeMENTOB /4-T0 CTOAOUA HA Qpuyy .o.)
Q.1 - CocTaBuy yCAOBHE NEPNEHANKY/AAPHOCTH BEKTOPa & ¢ cocrtapasio-
wnsy (&, ..., b;) € BEKTOPOM ¥, NONYUEHHBIM TOJMBLKO YTO MPH pPeLIEHHN
cucrexn (32)

k
A
6 y=— 2 'ernbm+bk+l=0

m==1
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Hm

k
— Y Apbpt Ay =0. (34)
m=1
3amenss B onpemenntene Ap CTPOKH CTOAGUAMH M nepecTapass 3aTeM
m-10 CIPOKY Ha MOCAefHee MeCTO MpH moMouln (k -— ) nepecTaHoBOK
NOCAEOHHX CTPOK, MOJYHHM:

ay ap cee Gy
Qpait -1 <+ Am-1p
. kitim
—An=|aGmu1 Am+1a - Qmur,r | (-1 .
apy Qg3 cor Qg
LPTER I FIR BT LR SNy

D10 ecTh Kak pa3 anareGpauyecKoe HOMOJAHEHHe sJeMeHTa b, B Xa-
paKTepHCTHUECKOM onpeneanTene:

an ajs ves Qqp bl
AIa+l= apy Qpa cee Qpp bk

Qpara pars oor Gpae b

n ycaosre (34) BHPpamaeT KaK Pa3 PaBEHCTBO HYJA0 3TOro XapaKTepu-
CTHYeCKoro ompereantens. AHAJIOTHYHEM o6pasoM mpn y,,.—1 MH
noayunm ycaosue A, =0. IIpuxoany, takum o6pasoMm, Kk caexyoulemy
peayavTaty: ecaut onpedesumeas cucmenmst (30) pasen nyawo, mo ors
Cyuecmeosanliss pelienss Imoii cucmemsr neobxodurmo u docmarmoino,
ymoGst 8exmop (by, ..., b;) Oblt Opmoz20naser KO Bcem Bexmopan,
damouum pewentte odnopooHoll colo3nol cucmess (32).

O6uee pemenne cucremn (30) Oyazer cymmoff kaxoro-uubyns 4a-
CTHOTO pelennst 3ToH clcTeMH U ofmiero pelleHns COOTBETCTBYIomeh
0AHOPOAHOM cHCTEMB, KOTOpas mnoayuaercs n3 (30) samenoft Bcex b,
Hynsmu. D10 ofmee pelueHine OAHOPOAHOfl cucTeMH O6yler colepxarb
(n — k) npon3BOABHEIX MOCTOSHHHIX.

Vkaxem eule ooHy, BaKHYIO B JadbHeHllleM, reoMETPHUYECKYIO HHTep-
nperaunio ocHoploH TeopeMbl O pemeHnn cucreM. IIycts uMmeercs n
aunelineiX GopM € 1 HE3aBUCHMBIMH NEPEMEHHBIMH:

n=ay-+t...--a,x,

3 e s s s s e = =

Yn==QyX1 .o ApuXpe
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Bynem cunTaTh, YTO X MOFYT NpUHUMATh JoOble KOMILIEKCHBIE 3Ha-
yennd, a (Jy, +.., Yp)— NYCTb COCTaBASOUINE HEKOTOPOTO BeKkTopa. Ecau
onpeneanTenb |a;,| oTauveH OT HyaAs; TO NPH JMOOHX 3HAYCHHAX Y
MBI MOJAYyYaeM ONpelesieHHHE 3HaueHns X, U npeaslayuuie Qopyyas
JaiT BcE n-mepHoe npoctpaiicteo y. ITomoxum Tteneps, uro Tabanua
[l @i || nmeer panr r<n. He orpannumpas OGMWHOCTH, MOXKEM CYHTaTh,
YTO onpefennTesNb r-ro NOpslKa, CTOAulIi B J1eBOM BEPXHEM Yray, OT-
jiven or nyas. Ilpu 370M ocHOBHasg TeopeMa O DeIIEHHH clCTeM Aaer
HaM CJACLYIOILEE: COBOKYNHOCTs 3Hauenml (yy, ..., ¥,), NOJAydaeMHX no
npeastaynuny dopaynam, o61adaer Tex CBOHCTBOM, YTO SHAYEHHS Iy, « .., Yy
MOryT OHTb NPOH3BOABLNUBIMI, HO eclH (UKCIPOBaTb 3TH 3HAYEHHH, TO
3HAYEHUA ¥, 4 +.., ¥y MNONYYAIOTCA BIOJHE ONPEENSHIBIMH, a HMEHNO
3TH MOCAEAHHE 3HAYEHNs NOJYYIOTCS N3 YCAOBHS PABEHCTBA HYMO Xapak-
TEpUCTHYeCKnX onpegeanreneii. Ha s3mke reomerpun 310 3nauir, 410
npeasiayutiie GopMyAn A30T MOANPOCTPAHCTBO H3MEpeniia r, KOTOPoe
0o0Gpa3opano TeMil BEKTOPaMil, KOTOpPHE MOAYYaTCsl, eCii MOAOKNTL OMHO
s y,(s=1, 2, ..., r) paBHHM enuHnne, a oOcCTadbHhe — uyao. WTak,
ecan paur Tabauus || @; || pasen r, To npeawsinyumie GopyysH A30T
COBOKYNuoCTb 3uauenutt (yy, ..., y,), onpemeasiomix HEKOTOpoe mnoA-
NPOCTPaHCTBO u3Mepeilns I.

Mbl paccMoTpesnu ToOT cayuwali, KOrma uncao JanHelnsX (opy pasho
uHCay nepeMeHHBX X, Mokno B3a1b oOwnti caywati

N =ay Xy~ .o QX
Y =0mX oo F appxn .

B stoM cayuae 3TH (JOPMYAB NPH MPOH3BOALHHIX X, ONPEESIOT
B HPOCTPaHCTBE ¢ u3MepeHitHl MOANPOCTPaHCTBO, YNCA0 n3MepennH KoTo-
poro pasHo paury TtaGmmusl || a;, ||. JlokasatenscrBo He oTamyaercs
BOBCE OT NPEAHAYLIErO.

16. Onpepeanteanr [pamma. HepabencrBo Apamapa. Ilycts umeerca
1 BEKTOPOB:
’ S S (s) (S
A9, K0 xD) s=1,2, .0, m).

CocTasny onmpeiealiTedb MOPARAKA m N3 CKAIApHMX npomsseleduit (x'0, xt%) u
BBEAEM 1A HEro CleuHaTbHoe 0603HaycCHHe:
G (xm, XL, X —'l (x4, x(k)) i I”:

(xll)’ x(l)) (x(l), x(‘.’)) vee (x(h’ x(rm)

2 H
(x( )’ x( )) (x(2)’ x(ﬂ)) ..o (x(l)' x(m:) (35)

.
I T R S T R S S S

(xlﬂh’ x(h) (x(m), x(n)) vee (x(rm’ x(m))
Sror onpcaeTuTe b Ha3biBacTCA onpede/zume/zmt rpa,u.tla 8EKMOPOs
X, x(s», ey XU,

Pa36epes ordeavHo cayyamm==n, m-<<n M m>np OOwuil yiew wua-
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NHCaHHOro ompenernTeaa HMeer BHA:

n RS
k
(€0, 2 = 31 £ B,
s=1

Ipu m=n onpenemurean (33) paBeH mpoH3BeleHN0 ompelernrereft
PR U P

B L I L R O

¢ s e s s s b e n e e e e e s o s 8w s e s e e

H

B P
npHyeM NpHMeHseTCA MPaBHIoO €Tpoka Ha croaben. TpHHIMan BO BHIMaHHe He-
H3MEHHOCTb BeINYHH ONpeleTHTeTt IPH 3aMeHe CTPOK CTOIOLAMH, MOKEM YTBep-
®AaTh, YTO BTOpPOIt MHOXHTEIb OyJeT KOMILIEKCRO CONpPSXKEHHHM C MEPBHM,
H, clenosatelbHo, BeaHunHa onpenexntexas I'pamma (35) npt m=—n pasHa

KBagpary Monyaa onpememnrers |xy) % o6pasoBannoro cocraBrmouyIMi xg)

BEKTOPOB X, Xgy «+., Xp. TaKHM 06pa3oM, onpegedntedb (33) MOJ0KHTEICH, €CIH
yKa3aHHBle BEKTOPHl .HHe{{HO He3aBHCHMH, I PaBeH ‘HY.TO, eCIH OHH HHeltHO
3asicuMu [12]). Tlpn m A n MU HMeeM ABe NPAMOYTrOJbHHE TaGaHUH:

B L L T T
(2) (2) 2 (I 12) m)
xl X2 ree xn (361) " x? x2 ece x& . (36’)

D R I I N Y

(m) (m m) ] 2 m)
Mo Kl =) KDL X

11 Tabanna, sXoaAmas B onpeacauteds (33), sBIAeTCA NPOH3BCHCHHEM MHOCHef-
uux asyx 1abmuy [7]. B cimay Teopemwl, nokasanvolt B [7], ompeneanrems (33)
paBeH Hymo npH m>n. Ho B 3TOM cayyae BeKTOpH X'V, x'2), . x(™ _ gy
Heftno-aasucHMH [12]. Tlpn m <<n, B cHay ykasauuoft Bbille TEOpeMH,

G (x1, X', ..., X)) = Z X( 1, 2,..., m )Y(f'n Fey couy r,,,)’

Py oy veey Iy 1, 2,...,m
rl< ’2<“°<rm

I, 2,...,m

Fiys Fay vesy 'y

e x| )

) 03Hayaer MHHOPH Tabauuun (36,) n Y (
- \L 2,...,m

Ty Py sesy Uy

MitHopH Tab6anus (36.). Kak 1 e, Y(
1, 2,...,m

) ecTb 4HC.10, CONpsKeH~

I, 2,..., m
Hoe ¢ X , 11 nocrenHsas ¢opMyra nepemncHBaeTCs B BHIE:
Ty Foy ceey 'y
2
Gz, X, ..., x") = S,‘ X( 1, 2, .., m) i @n
Al ru"zv---:rm

’1<r2<"'<’m

Ecant pektopnt X', x|, x'™ — qnHellHO-HEe3aBHCHMB, TO paHr Tabaniu
(36,) pasen m [12], 1 cpeant HEOTPHUATCALHHIX CIArAEMHIX, CTOAUIHX B MPaBoOH
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yacTn paseHcrBa (37), no kpafiHeil Mepe 0aHO ciaraemoe noaoxureasio. Ecan
¥e YNoMAHYTHE BEKTOPH aHHeiiHo-3aBHCHMBL, TO paur tabauus (36,) McHbule m,
BCE oONpeleiHTIeIH MOPHAKa m, colepaumHecs B 3T0il Tabauue, paBHH HY.TIO,
n u3 (37) caexyer, uro B 3T0M cayyae G (x'V, x'*, ..., x)=0. Takum o6pa-
30M, paccMOTpeHNe BCEX TPCX CIyyaeB: m==n, m>Nn U M <<n NPHUBOAHT Hac
K cacayougeit obueil Tcopeme: .

Teopewma. Onpedeaumeas Ipassa G (x'P, x*, ..., XU) nosoxcumenet,
ecau geKmopyt X, XL, X' aunelino-He3asucuMbl, U PABCH  HYAI0, ecau
OHU AUHEIKO-3G8UCUMB.

Ceilyac MH gokakeM euwie o1HY ¢opMyay 11a onpeieanteas [paswma. [Ipex-
BapHTEIbHO YCIOBHMCH B HEKOTOpHIX 0003Havennsx. Ilycte x -— 1i060it BeKtop
H3 Ry, U 114 Hero HMeeT MeCTO pasloXeHlie X==y-}-2, rle y npHHAIIEKUT
NOANPOCTPaHCTBY, OnpejeIacMoMy Bektopaun xW', x¥, .., x, a z— opro~
TOHATCH K 3ITOMY NOAupocTpaHcTsy. PopMy’Ia, KOTOPYIO Mbi XOTHM JI0Ka3aTk,
HMeer BHC

G(x(l), x(i)’ vens x(m», x).:_.;[z Ilﬁ G(x(lb, x(ﬁ)' ceey x(Iﬂl). (38)

Mpuunvas Bo BuuMaHne paBeHCTBA: (X'S), X) = (x'S, ¥); (1, X'S) = (3, x'5"),
KOTOpbie CICIYIOT 13 OPTOIOHAILIOCTH 2 KO BCeM X'S', i gopmyay (x, X) =
= (¥, V) (2, 2) [13], MoxeM nanmncatn:

G (X', x¥, .., X', x)=

(x(ll, x(h) (.\‘“', x(‘.’)) cee (x(l), x(ﬂlr) (x(l), y)
(x(21’ x(ll) (xlil' x(ﬂn) s (x(?)’ x!ﬂh) (x(E)’ y)
(x<m», xll)) (x("lz’ x(?)) e (x(m., x(”h) (x(ﬂh’ y)

¥y, x1) o, ) .. W ™) (3 ¥ +(2 2)
IMpeacrasaas s.aeMenTbl mocieiHelf CTPOKH B Blile:
0, )10, (¥, x*) -0, ..., (3, ™) -0, (v, ¥) 4 (2, 2)

H NpeicTaBids onpeleliiteldb B BIIe CYMMH JIBYX omnpelelireaeil coriacho
csoitcty IV u3 [3], Momenm namicars:

G(x(l), x[2), veesy x(ﬂh’ x)=G(x(l\’ x(2)’ veey x("l\, y)_!__

(x(l)’ x(l)) (x”‘, x(il) (xl.l), x(my) (x(1)1y)
(x(i)’ x(l)) (x(il, x(i)) e (x(ﬁ), x(ml) (le)' y)

+..... ...... R e e e |, (39)
(x(nh' x(l)) (x(m)’ x(ﬂ)) tee (x(ml, x(ﬂll) (xlﬂh, y)
0 0 0 G

Bekrop ¥ npuHaliexNT MOINPOCTPAHCTBY, OfpeleIseMoMy BekTopamu x'0),
X'P, L., X1 el aHHeltHo BeIpawaeTcx Yepes X'S', M [OTOMY, B CHAY JoKa-
3aHHoft TEopeMbI:

G (£, £, ..., £, y)=0,

Pazaaraa onpepeantean dopmyan (39) mo sxeMeHTaM nocTeaHefl CTpoki,
Mu U noayyaem gopmyay (38).
W3 stoii Qpopyyasl HemocpeacTBEHHO CaeayeT HepaBEHCTBO

G(x(l), x(:l), cees x(mn’ x)suxnia(x(ll’ x(ﬂ)’ ceny x(lll)). (40)



16] § 2. PELIEHHE CHCTEM YPABHEHHIT 63

O1MeTHM, YTO ecaH BeKTOpH X'S' JHHeHHO-3aBHCHMBI, TO
G(x, X2, ..., ', x)=CG (x'V, 1, ..., ™) =0,

Ecmn x'$' — anHefiHo-He3aBHCHMBI, TO B HepaBeHcTBe (40) HMeeT MeCTO 3HaK
PaBEHCTBA B TOM M TOJBKO B TOM cIyuyae, Korga y==0, T, e. KOT1a X OpTOro-
HATEH KO BCeM X'S,

Ecan mut k ucxosnoMy onpegemntemo pamma G (x'0, x'®, ..., x™) npu-
MEHHM HecKoabko pa3 HepaseHCTBO (40), TO MOIyuHM 2114 HEro CIeAYOILYIO
OLEHKY!

G (2, 0, o, ) <[ 02 X0 ]2 L]t i, (1)

flpn stoM Hamo nmers B BHAY, uTO G (X)) =] xV (2

3Hak paBeHcTBa B (41) HMeeT MECTO B TOM M TOJIbKO B TOM CIyyae, KOrxa
BEKTOPH TOMapHO OPTOroHaJbHbl. CYHTACTCA NIPH 3TOM, YTO HH OIMH H3 BEKTOPOB
He ecTb HyaeBoft BexTop. JIOKazaHHO® HEePABEHCIBO J€FKO TMPHBOMNT K OUEHKE
aoboro onpesenteasn. Ilycrn A— onpefeasTens NOpSAka 7 C JIeMEHTAMH dpp.
Bynesm paccMaTpuBaTh 31eMeHTH! I-fi CTPOKIf 3TOTO ONpEReINTeInA (Qfy, Gigy --. , din)
K2K COCTaBJRW0INHe HCKoTOporo BekTopa X' n3 R, CocrasiuM HOBHII onpejeii-
TEIb C 9TeMeHTaMH d;p — CONPKEHHBIMA C @;p. OH paBen, ouesuaHo, A. YmHo-

%as A Ha A Mo npaBUIy CTIPOKa HAa CTPOKY, NOJyyHM onpenemurean I'pamma
a(x't, x'®, ..., x'*), BealuiHa KOTOPOro, B CHIYy TeopeMb 06 YMHOXEHHH

onpegeantesteit, pasua A3, 1. e. pasua |A |2 [lpuMensas nepasenctso (41), nmoay-
YHM CIEAYIOWIYIO OUEHKY NI MOAY.I# ONpelelnTers, MPHHaATexkawylo ARamapy:

A< 3 lawlts D) [asf® oo 3] | anelt. “2)
E=t = k=1

Ecan onpelernTCIb A nnmecT BemleCTBEHHBIE 3J1CMEHTH, TO MOXEM HamHcaTb:

n n n
AzékZl % ‘kZl Glp -oe kz‘ e (43)

Ecan mas szeMeHToB onpefeantela d uMeeT MecTo oueHka |dip|<<M
¢ k=1, 2, ..., n), 10, O4EBIIHO:

" .
D laip P,
Re=1]

H (42) 1aer oneHky:
n

|[d]<n ? M=, ' (44)

3nax papenctBa B (42) nMeeT MecTo, B CHIY CKa3aHHOrO BHIIE, B TOM H
TOIbKO B TOM CIyyae, Koria BEeKTOPH X' monmapHo OPTOrOHAIBHEL

Moskeym nmoxyynTs M IpYrie oueHKH 31a onpeXeantera ['pamsa. OHn ocHo-
BLIBAIOTCA Ha HEPaBEHCTBE, KOTOpoe Amiaserca obobuleHiteM HepaseHcTBa (40).

Myerb xaxmman n3 6yks X, Y, Z o6o3nauaer nocieloBateasHoCTh HEKOTODHX
BeKTOpoB U3 R,. Hepaserciro, 0 KOTOpOM M YHOMHHAIH, UMeeT BHA:

GX, Y, )GX)<G(X, )G, 7). 43
B 3T0M HepaBeHCTBe HE HCKTIOEH CIYYall mycTofi NOCIe10BaTeILHOCTH Bek-

TOopoB, ‘l‘..e. Takoil nocaeaoBaTeIbHocTy, KOTOpas He COIEPHWHUT NIl OXHOrO BEKTOpA.
Ecan W — 1axan nocienoBaresbHOCTb, T0 HaJo cuutate G (W) =1,
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Ha ocnose 31010 HepaBeHCTBA MOMCT GHTb noIyyeHa CaeAymouUlad OUEHKE

onpexeainreas Upamma: ‘

]Tn_:—l

»

m

QG (x, 22, ..., x'™) <[H G (£, ..., x&D, gRth | gtm)
k=1

rae JI —3uak nponsseneHns. Muorokpariioe npuMeHenie 3Tofl ONCHKH NpPHBO-

AT K HOBWM OWEHKAM, B KOTOPHX onpeaexantelb I'paMMa CONCPHHT MeHbluee
ylCcI0 BeKTOpOB. Bo BCeX 3THX OWleHKAaX 3HaK PIBEHCIBA IIMeeT MeCTO B TOM
H TOIbKO B TOM CIyyae, KOLZ4 BEKTOPH NMOMapHO OPTOroHaabHH. YKa3aHHHe
TOaLKO 4TO oOueHKH onpeseantean Ipavma manst M. K. ®are (loxaanm Axa-
nemun nayk CCCP, 1946 r,, 7. LIV, N2 9).

17. Cuctembl auHeliHnx aucddepennnanshbix ypasHeHuit ¢ no-
CTOMIHHBIMU KO3 PHuuenTamu. [IpuMeHnM noayuenHsle pe3yAbTaThl K
3ajaue WHTErpHPOBaHNA clcTeM JuHelinsix AuddepedniaapipXx ypasHe-
Huft ¢ nocrosumibiMy Kosduunentam. Hammwes Takyo cucteMy 8 puac:

x;=anxl “‘Ii—anxg —E—-...—:—amx,,
Xp==ayx) +apx; +...Fayx )
2 21 l+ 22 2+. :_}—. 2fl :1 . (46)

X == Ay Xy —= Q¥ et Apn X
rie X, — ncKoMble (GYHKILG OT f, Xj— HX NPOU3BOMHBIE H ;) — 332all-
HHE TIOCTOSIHHBIE. Bydem UCKaTh pelietiie B Bije:
X =be™ xy=beM; ... x,=0be™. (47)
Moxctapass B cuctenmy (46) u coxkpawas Ha Muowuteas e, Gyzem
UMETb A48 OnpelejeHHs MOCTOSHHBIX by, ..., b, cicTemy ypasHeHHfi
(a“ -— )\) bl —‘%— algbg +. ..‘—:— a]nbn=0
ayby+(@n—No+...+aub, =0
by amby+ -+ - .= (g — 1) 0, =0
Tak xak JAng neusseCTHHIX b; M JOMAHB NOAYUNTL Ppellieune,
OT/AIYHOE OT HYJEBOro, ONpelesiTeNb IIaMHCAHHOH CHCTEMBl [JOJKeH
DABHATLCA HYMO, T. €. AJd NMOCTORHHOH A MHl NOJyuaeM ypaBHEHHe BlAa:

(48)

all —)\ a1~2 LR aln
a, Ay —h ... a,
21 22 n =0. (49)
ay a, ces Qpp—

YpaBHenne TaKoro BHAA HA3BIBAETCH OOLIYHO 8EKO0B6IAL YPABHEHIUEM.
OHo xopoulo N3BECTHO TNpPH PACCMOTPEHIN KoJaeOaHiit MeXalyeckilx
cucteM G6e3 CONPOTHBIACHHA B YaCTHOM cJaydae, KorAa talanua kxosgdu-
IWHEHTOB @), CHMMETPHYHA, T. € KOrAa a;, ==4a; H BCE KOIPHHUHEHTH
BEWECTBEHHN, O YeM Mel OyAeM roOBOPHTL Jaiblue TIPHl PaccMOTPEHIn
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Maanx koneGannil. Cefluac MH 3afiMeMC HCCAEROBaHHEM CHCTEMH B ofniem
cayuae. Ypasuenne (49) ectb aare0panyeckoe ypaBHeHHe CTENEHH 7 CO
crapuinM  wienoM (— A)% Ecan 310 ypasHenne HMEET 7 DPasiMuHEX
Kopuef 7
l=)‘l’ ceey k=)\n,

T0, MOACTaBAAA KakAbif N3 HEX A=)\, B Ko3(dduunentn cucremn (48),
MB OyzeM HMeTb /1 ONHOPOAHHIX YPaBHEHHHl A7 COOTBETCTBYIOLIUX He-
n3BeCTHHX by, ..., b, ¢ onpeleinureneM, PaBHHM HYJI0, U CMOXeM IMO-
JAyuuTh AJ% 3THX HEH3BECTHHIX pellenue, OTAHYHOE OT nyJesoro. Takum
o6Gpa3zom, no dopmyaam (47) M nOAyuHM 72 AuHeHHO-HE3aBHCHMHX pe-
wennil Hawelt cucteMn (46), u- ux anHefiHad KomGuRauus Aacr oGmufl
nurerpan cucreMe. Ecan ke BexoBoe ypasHenue (49) umeer xpatHbie
KOpHH, TO peueHne 3agayd Oyaer O6oJiee CI0KHHM, a HMEHHO — KakK-
JOMY KOpHIO ypaBHeHus (49) KparHOCINn 2 JO/MXHH COOTBETCTBOBATbL R
anxefino-nesasucHMBEIX peutennit cucremm (46), npHueM OOHO H3 9THX
pewennft Oyner nasepno umeTh BuA (47), a ocraavhne Oyayr, soofuie
rOBOPSA, COAEp¥aTh elle MHOMHTeAeM noauHom or f. Ho B nanHom cay-
Yae B OTJIHYHE OT OAHOrO YPABHEHHA C NOCTOAHHEIME Ko3(ipnuueHTaMu
[II; 39] MOxeT CayuHTbCHl, YTO HE OIHO, a HECKOJbKO pewennf (un
Jaxe BCe), COOTBETCTBYIOMNX YNOMSHYTOMY KpaTHOMY KopHI, Oyayr
umers Bua (47). Mm ne Oyaem Oosaee moapoGHO OCTaHaBANBATLCH Ha
HCC/IEJOBAHHA STOrO OOCTOATENLCTB3, TaK Kak B HaabHelwew, no/b3ydach
Teopuieft Gynkuuil KOMNJIEKCHOrO NEPEMEHHOro, NPUMEHUM A7 pewenns
cucreMn (46) apyroft meton.

BepHemca K paccMOTpeHHIO BEKOBOro ypaBHeHna (49), xoTopoe Hrpaer oCHOB-
HY!0 poab B Hamleli 3afaye. Peuweniie 310ro ypasHeHns, X0oTa O H NPHGAIKeH-
HOE€, NpeacTaBaseT MNpH GoabIIHX 1 NpakTHYECKHEe TPYIHOCTU, BRI3BAHHLIE TEM
OGCTOHTE.’H:CTBOM, YTO HCKOMOE HeH3BeCTHOe A CTOHT He B Kakom-}m6ynb OJHOM
croabue Han CTpOoxe, a BXOANT B JHArOHalbHBIE YJEHH, Pasaoxenne aeBofl yactu
3TOT0 YpaBHEHHA NO CTeneHAM A 'Ipedyer 60abILHX BLIYHCAEHHUI, KOTOpHE HaMn
ykasanu Buiue B [4]. Ykaxem npuem npeo6pasoBanus ypaBHenns (49) K npak-
THYecky Gogee yZoGHOMY BHAY, NPH KOTOPOM HEH3BeCTHOe A nomnajgaer B OQHMH
croa6eu. Ilpuenm stor npunazaexnt akal. A. H. Kpoaosy n uazoxeH um B pa-
Gote ,,O YHCJICHHOM pEIIeHHH YPaBHCHHA, KOTOPLIM B TEXHHYECKHX BOlipocax
ONPEaCTAIOTCA YACTOTH MaJghiX Koxebanit MarepHaIbHBIX cHcreM* (HSBCCTHH
Axagemnu #ayk CCCP, 1931 r.).

CocraBum .'IHHGﬁH)'lO KOMOIHAIHI0 HCKOMBX BEIIHYHH

§=a4%, f-agoxty oo dgpxp, ' (50)
IIe @y;— B3dAThle KAKUM-HHOyAb o0GpasoM unciaenHste KOdQduumentn. Bylem

mddepenunposars ypasHenne (50) n pas no f, saMeHAA KaXblil pas B npasoft
4acTH NpPOH3BOIHMIE x} HX BhIpaXMeHHaMH H3 cHcTeMu (46). Mu moayunm Taxum

obpasoM (n-}-1) ypaBHennfi Bnia: ‘
§=apx; FapXs ety
C=aux; apre oo,
I R R R R R R T S S R S R S B R R S (51)
§A=1) o= 2n-11%1 -+ 1,202 4 etap i nkn
§M =2y 5,  A-peXy  TeetGpnkn

3 B, U. Cuupuos, 1. 111
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[Moaoxum, YTO ONpeneanTeab, COCTABICHHEI 13 KO3QPHUHEHTOB a;;, BXOAA-
HIBX B ICPBHC 7 ypaBueHmii, orauyen ot ny:as. [ipn 31oM nepsuic 2 ypaBHCHRf
AaayT HaM Bhpawenne x; ucpes §, €, ..., g-1) i nojcraBisAs HX B NOCICR-
nee ypasHeHile, 6yAeM nMett ypasiicnne n-ro nopsaxa niaa €. Moo nenocpes-
CTBCHIIO NPON3BECTH 9TO HCKIOUeHHe Xy 13 (n—{-1) ypasuenuit (51) npu nosouu
onpejemreaell. JeficTsuTeanto, nepeniiuen 3TH ypaBHels CIelyowns o6pason:

ExoF- ooy F 2geXs oo 2pXn =0,
Exot-an X Fape Xy e 2ip i =0,

§Mxy - any Xy Fag, ¥y oo B =0,

rae x,=-—1, 1 Gynem- paccmarpusarh 3TH (n-}-1) ypasnenuii Kak oamnopoamete
YPaBHEHHs OTHOCHTEALHO BEIHYINL Xp, Xpy oee s Xpe

Onpejeanteas HamMCcaHHofl CHCTEMul JOMKeHd DAaBHATLCA HYIO, YTO M Aaer
HaM HCKOMHI Pe3yabTaT NCKIOUCHIH

s

.
§ @y g eee Ay

=0. 52)

2iny
5 Aay Bp2 eee Qg

ByzeM 1CKaTh peuieniie 3TOFO Ypasiciis B Bile:
e_____e)‘t.

floicrasaas 310 B nepseil cToaben onpeieanteasn (32) i BLINOCA 13 NCPROroO
€10a611a 32 313K OMpCACINTCIA MHOKHUTCIL e, Mul npisies, COKpawas 112 3107
MHOXKHTEb, K CICAYIOWEMY YPaBHEUHIO I onpeie.aeHns A:

Ioag s . gy

Loy gy .. g =0. (53)

n
A ay @y . @pp

Herpyano nokasate, 4TO npH HameM npeanoioxehun ypasuenie (53) uveer
1€ Ke KOpull, uto I ypasuenne (49). HeficTBHTeabHO, NYCTh A==X, €CTb HCKO-
Topulil KopeHb ypasueHnsa (53). Mwur umeem npn stom Aas (52) peuichne BuAa:

£=Ce*, 6T

rae C-—npon3soabHas NOCTOsAHHAA. IIpH 3TOM nepsbie n ypaBHeHH{l CHCTEMb!
(51) nanyr mnam n xaa x; peimeHua Buma (47) npu A==1, 1. &. h=1, Gyacr
1 KopneMm ypashenus (49). HaoGoport, ecoin A =1, cctb xopenb ypasnenns (49),
TO MGl JIMCCM R34 Xy peulchite siza (47) upnu A==}, rae b;— wuucacunsie no-
CTOsHIbIC, CPEAH KOTOPLIX ¢CTh OTANYHBC OT Byt [ToaCTasan 9TH BLIpaKCA
X ;B iepBOC 113 ypasHeHuii cucrems (S1), Mbl noayuum U mis § pemeHue BHAA
(514). npiyeM 3TO peuieHue OyneT Hasepno ofauuio ot Hyad. Heficteute:abHo,
8 NPOTHBHOM Ciayuae Mu umean 6w §=§ =.,.=§{""D=0, o1Kyaa, B Cuay
nepBHX 1 ypasHeHuit cucTeMnl (51) HEMOCPEIACTBCHHO CI10BATO OA Xy ==X, ==
= ..=Xp=0. :

Taxun o6pasowm, neilcTBHTEIbHO BCAKN{ Kopeub A==\, ypassenua (49) 6yaer
n kopHem ypapuenus (53). HMrak, npu Hamem npejanoaoxeHud ypasHenne (53)
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HMEeT Te Xe KOPHH, 4TO M ypasHeHue (49). [lpimenenue sroro Metroga K um-
CeHHBIM NpHMEpaM, a TaK¥e pacCMOTPeHHe Cayuas, KOrIa Haue npennoioxenue
He HMeeT MeCTa, MOXHO Halltn B BHmeynoMsanytoft craree axam A. H. Kpuaosa.

HanGoaee npocroie Bhuncaenns noayyarcs, ecan gopuyay (50) B3ath B Bige
=x,;. B 3tom cayyae ypasuenue (53) Gyaer HMeTh BHA

1 1 0 ..0

)\ a a a
11 12 e PIn
=01 -

ceessetsane
: M gy g el Bpp

Bumecto cucremn (46) paccMoTpuM CHCTeMy - ypaBHeHuft sToporo mo-
paaKa Buaa:

X{ =ayx; - ayXa ... a1 %,
X3 == Ay Xy - Qg X3 =0 == Qop Xy (55)

Xn=0y X1+ X3\ s Cpp Xy
Takne cuctems uacTo BCTpeyaloTcs B Mexanuke. Ecam nckarb nx
pelneHne B BuAE

xj=b/ (o1} ()\t -I— (?),

TO NOAYYHM 449 A ypaBHEHUE BUAZ:
ay+» 13 .o Gy
ax aea—l—)\’ cee @y,

e o o o

2
ny Qps ess Opp ‘I‘ X

[MocTonnume b; onpeneastcs u3 CUCTEMH, aHanoruuHoft cicreme (48),
H ¢ OCTaHEeTCA NPOHM3BOJbHEIM.
. Hakounen, ana cucrem Bnpa:

Xi=ayX ... X, +cyx; ..o cipXn
xﬁ'=a21xl+‘°‘+a?nxn+cilxl'+"'+c?nx;l (57)
Xn=0m X1 ...~ CpaX, iy +eo - CanXn

COIepKAUNX § MEepBHie MPOU3BOMHLIE, OTHICKNBAsA ONATH peleHns B popue
(47), MBI NPHXOAMM K BEKOBOMY YDaBHEHHIO BHIa:

an -+ enyh — 2, ayg ek ver Qup 01
ay - cad, an +cak— M ... a5, ¢y, —0. (59

ny + cnll’ A + fnel P ‘alm + C,,,,)L — !

!) Yno6uufi Meron npeoGpasoBaHus BeKosoro ypasmenms Ona gan A. [l a-
nuaesckun (Maremarnuecknil c6opnig, 1. 2, BuM. 1),

30

=0. (56)

* v e e e

e o o o o « e o o
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BBoasi n106aBoyHpie HEU3BECTHHIE
Xnyt =Xy, Xpa==Xy +vs§ Xpp=Xp (89)

Mbl npuselem cucremy (97) K 2n ypaBseHUsM NepBOro nOpAIKa, H3
KOTOPHX 1 ypabHeHuii noayuarcs us (57) samenofi

RN . .
A«j-—-—-xn_‘_j H x]—xn+j (J-—I, 2, veey ’1),

a ocraibhsle n CyTh ypasuenus (69).

18. dynkuuoHaanHnle onpegeautenn. ITycTs nmeoTcs 71 GyHKUnH
OT 71 NEPEMEHHHX Xy, X3y oe0y Xy

e (X Xg vvs X Q2 (X Xy evns Xp) vv; Pu(Xn Xy oony X)) (60)

QyuryuonassHbia onpedeaumeness OT THX (yikunii no mepemer-
MBIM X 1a3LIBAeTCA ONPeAeNITeAb /-r0 NOPSAKA, 3JEMEHTH KOTOpOoro

03;
BHIYHCARIOTCA NO (popMynam: ap,— a—‘ Besegem cneuuansHoe o0o3Haue-

Hue 21 GyHkunonaabHoro onpeaemiTens:

09 O O
ox; Ox; °°° Odx,
Opg O 0%,

Doy ooy 9n) I FREC il B 61
D(xyyeuny Xn) ot : " 1

0x; 0x, °°° dxp,

Mpl BCTpeuannch yxe paHplUe C TaKUMH ONpPEAEHITENAMH IPH 3aMEHe
nepeMeHHBX B KparHuix uuTerpanax [II, 63 n 80). Ecan mer nyeesm 3a-
MEHY NEPEeMEHIIHIX Ha IJIOCKOCTH

x==9(n, v}, y=9%(u v), 62)
npH KOTOpoH Touka (1, v) mepexoantr B TOUKY (X, ¥), TO abco.ioTioe
3HaueHne (YHKLHUOHAAbHOrO ONpeaeTUTeNs

U
g(‘?t ) (63)

(4, v)
JaeT KO3(PpuIMEeHT H3MEHEHNs niowand B AauHo# Touke (w, v) mpu TO-
yeysom npeobpasopannu (61), npuyem MeI cuntaeym, uyro B Toft ofaacrth,
B KoTopoii mpumeHserca TtoueyHoe npeobpasopanne (62), uactHsie npo-
nssoanse or ¢yuxuntt (62) no u n v menpepuisuel, it onpexeantean (63)
B HyJb He oOpaumiaercd. AnajorayHpym o6pasoM, ecan HMEeTCs TOueunoe

npeo0pa3oBanie B TPEXMEPHOM NPOCTPAHCTBE:

X=0(q 9» 9} Y=9(» 9» 92} 2=9(qs 9 93,
npu KOTOpOM TOYKa ¢ Koopiunaramn (¢ ¢y ¢s) NEPEXOAUT B TOUKY
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(x, ¥ 2), a o6tem (V;) nepexomur B o6beym (V), 10 (opMyna 3aMeHB
nepeMeHHHX B TpofiHoMm unTerpaise nmeer sun [II, 63]:

Sg/Sf(x, ¥ Adxdydz ={{(f[e, ¢ ]| D|dq,dg,dgs,
(Vy)
riae

— D (g, §, ©)
D_D 1 92 92)°

[D]| naer xosddmument nsmeHenns o6beMa B HaHHOM MECTE MpH
nepexone or (gy, ¢ q3) X (%6 ¥, 2).

CosepuienHo Tak xe MB Moram OH pPaccMaTpHBaTh OHY (YHKIUHIO
OT ofHOH Hesasucumofi mepemenHoft n=—f(x) Kak ToueyHoe npeoGpaso-
Baune Ha ocn OX, npn KOTOpPOM TOYKa C abCunccoit X mepexomuTt
B HOBOE noaoxkenne c a6Gcunccolt u. fIpu atoM, oueBnaHo, aGComoTHOE
3Hauenne npomnssogHoft |f’(x)| xapaktepmayer m3MeHeHHs JHHERNHOrO
pasmepa B JanHoM mecre. Bce ckasanHoe BHILIE PacnpoOCTPaHseTcs M Ha
cayyat ToueuHoro npeoGpa3oBaHUA B /-MEPHOM TNPOCTPAHCTBE M mpH
3aMEHE NepeMeHHbHX B n-KpaTHOM murerpane [II, 100]. ’

BhigcHEHHan Ha cayyasX JABYX H TPeX H3Mepenull aHanorHs Mexay
GYHKUHOHANLHHM ONpEJeINTENEM H NPON3BOAHOH HMEeT CBOMM Clef-
CTBHEM H HEKOTODYIO aHaJornio Mexay HuX ¢GopMaTbHHMU cBOficTBami,
KOTOPYIO MH celiyac ¥ NOKaxeM.

ITyctes nmeerca cucrema ¢yHKuufl

?1(”1’ DR yn)) seey (Pn(vp ceey yn))

H NOMOXAM, 4TO Iy, ..., ¥, HE CYTb HE3aBUCHMHIE NEDEMEHHHE, a CaMu
GYHKUHH OT Xy, .., X, TaK YTO B KOHEUHOM cueTe (pyHKuun ¢; OyayT
GYHKUMAMH mepeMeHHHX X; Mbl MOxeM cocraBnTts TpH (bym(uuoﬂanb-
HHEIX ONpexe/anTes:

D(¢pyvees9n) . DG eer9n) . D@y oes Yn)
Dy c-es ) Dixy eoay xp)? Dixy .0y xp) °

DaeMenTs 3THX (PYHKUIOHAABHHIX onpejeantesefl Gyayr cooTser-
CTBEHHO

92, O, 0N
Oyy' Oxp’ Oxp

-

Ho no npasnay nanddepemuiposauns CA0XKHHX Gynxuafl M iveeM:

O%: _0?1 A 09 , O%n
Tg 0y, g T Ty, o

H MmpHMenss TeopeMy o6 ymHOXeHUn onpeaeintenaeft no cxeme CTpoka
na croaben, MOJAy4YHM PaBEHCTBO, BHIpaXawilee nepsoe CBoficTBO
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QYHKUHOHABHOTO ONpeeanTens:

D(?l’ ceey ':"n) —_ D(?ll cesy ?n) . D(yl' coe y yn) (64)
D (xyy ooey Xn) DYy ey Yn) D(xgy o0y Xp) °

DTO paBeHCTBO aHAMOTHYHO MNpaBuay AnddepeHUNPOBaHUS CAOKHBIX
dyHKuui omHoll HE3aBHCHMOH nepeMeHHOH.

BhisicHuM eile OmIHO CBOHCTBO (YHKUMOHANBHHX —onpeneaxtesetl.
Cucremy ¢yHKUEH ¢@; MOXHO paccMaTpHBaTh Kak mnpeoGpasopatie ot
nepeMeHHHX X; K HOBBIM TEPEMEHHHM ¢;

c?iz?i(xb see xn) (l=l’ 2 o0 Il)-’ (65)

OTMeTHM cHAuala OANMH YacTHHE cjayuali, a HMeHHO cayuvati Tak ua-
3bHIBAEMOrO TOXAECTBEHHOrO npeoGpasoBaHus:

P=X5; Qa==Xy «es; Pp=Xp

Ero ¢ynxkuuonanbuuii onpenenutens Gyaer
1 0 0...0

01 0...0
0 0 I..0{=L

0 0 0...1

Ilpencrasuym ceGe, uto ypasHenus (65) peweHH OTHOCHTENBHO X;
TaK, YTO X; BLIPaKEHB uepes ¢;

xi=xi((‘?l’ (RN ] (Pn) (i=1: 2: vaey n)- . (66)

Ipeobpasosanue (66) ecrecTBeHHO HassaTh OOpaTHHIM HpeolpaszoBa-
nuto (65). Ecau noacrasuts Boipawenns (66) B npaesie wacTH PaBeHcTs
(65), TO NOAYUHM TOMNAECTBA @y ==@p vee; P =", HJH, HHAue COBOPS,
MOAYUHM TOXJAECTBEHHOE mnpeoOpasosaHue. IIpuMeHuM Tenep» K aTOMY
YaCcTHOMY cJaydalo ¢opyyay (64), npuuem mam Hazo Oymer c4uTath
Vi=X; 0 X;=¢; a B aesoil uacti Qopmyas (64) M noayuum ¢QyHk-
UHOHAALHEIH ONpere/nTeIb TOXACCTBEHHOro npeobpasoBaHus:

D (91 <o s 1) — D (91y oov 0 20) D (x4 ooiy Xp)
D@1y veny a) Dy ooy X)) D@uoserr $0)

HJAR
D(‘?U cre s Q) D(xy ooy xp)
D(xiy vous X)) Doy voey $a)

=1, (67)
T. €. npoussedenie OYHKUUOHAALHOLX onpedestimenel npamozo u 00-
pamno20 npeobpalosaniii pasro eOunHuye. BTO CBOHCTBO 3HAJAOTHYHO
ceofictBy mpoussoanofi oGpatHoH (ynxknun A4 cayyas OAHOrO HE34BH-
CHMOrO IEPEMEHHOTO.
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BrificHHM Tenmepb CMHICA TOro yCA0BHA, 4TO QYHKUWHOHAILKEI onpeRennrens

D(“?l' P2y oee s ?Il)
D (%) Xay oovy Xn) (68)

oT dyrxiult o (Xy wuuy X5 92 (Xps ooy Xn)s coes @p(Xyy oy Xz) 1O MepeMeH-
HBM X TOXRAECTBeHHO pasen Hymio. [1010%uUM, YTO 3TH QYHXUMN CBA3AHW yHK-
IHOHAILHON 3aBHCHMOCTHIO:

F (31 ve0 v 92)=0, (69)

NpHYEM 9TO PaBEHCTBO €CTb TONKIAECTBO OTHOCHTEIbHO HE3aBHCHMHX fl€pcMeH-
Hux x;. duddepenunpys ero no BceM HE3ABHCHMHM MEPEMEHHHM, MOAYYHM 7
TOXECTS: :

0":6?1 0_}"0&,__
0_?,0—)(1.*-“°+09,,0xl_0
cees s s et e oo (70)

o—%’d—,‘;’l‘..."“dEE:Oo

Mu MoxeM paccMaTpHBaTh HaNHCAaHHHE TOXIECTBA Kak JHHefilHne ypasHe-
HHA OTHOCHTEIALHO n BEANYHH?
oF aF
Op,* 77 Ogy’

npHyeM, OYEBUIHO, BEAHYHMHB 9TH HE MOTYT OIHOBPEMEHHO PaBHATHCA HY.IO TOX-
AeCTBENHO, TaK KaK B NPOTHBHOM ciyyae F ne conepmano 64 hi onnol n3
¢yukunft ¢; Takum o6pasoM, onpencantenb ogHopoaHofi cuereMsl (70) moameu
pPaBHATLCA HYN0, YTO I CBOAHTCH K TOMY, YTO (QYHKUEOHAZLHLII ONpCACAMTEnb
(68) pasen nHymo. Wtak, n3 Hatuuusa ¢yHKOHouaabHoOfi 3asucumoctd (69) BuTe-
KaeT TOXIECTBEHHOC PAaBEHCTBO HyMO dyHKHMOHaibHOro onpeaexanrens (68).
MoxHo mokazath 1 o6paTHOE NpeINOXCHHE, Ha ueM Mbl OCTAaHAaBANBATHLCH He
6yneM, T. €. IMOXNCOeCMBEHHOE DPABEHCMEBO HYMO PYHKIUOHANBHO20 Onpedenl-
meas (68) ssasiemcs HeoGxo0uMBM 11 GOCMIAMOYHLIAM YCA08UENM 3Q8UCUIMOCMU
M0y PYHKQUAMB ¢; (X1, oov y Xp) )

PaccMoTpuM B KaueCTBe MpHMepa TPH QYHKIMH OT TpeX He3aBHCHMMX Nepe-
MEHHHX

gy=axttadd- x5 ee=x, by t Xy op==x XXk (7))
HeTpynano nposepHTb, uTO MeXAy HHMH CYLeCTBYET CJeaylomas 3asuci-
MOCTh: )
o8 — 91— 26, =0.
Cocrasny ans cuctemu dynxuuft (71) dyHxuonanbHuli onpegeanTes:
2x, 2x, 2x,
D(‘?ls Qo '?a)__ 1 1 1

D (x,, x -
(e %or %4) xptxy x4 X Fx,

TpexocrtasiaseM uHTAaTeN®0 NOKa3aTh, HTO 3TOT ONpeneIHTENL O6pamaercs
TOXAECTBCHHO B HYTb.

1) 3ametnm, yTo HANI paccyxneHHA OTHOCHTEILHO CHCTEMB (70) HOCAT dop-
MaibHbIfl XapaKTep W He #ABAAITCA, CTPOro I'OBOPA, NOKA3aTeJbCTBOM.
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19, HesnBHble dyHrums, Msl gokaszaan B ToMe | TeopeMy O CyuiccTBOBaKHH
Hestisnoli dyuxwun {1, 15, 7}, onpeaeasemoit oaunm ypasuctimes. Q6061HuM Tencpb
STy TeopeMy Ha Cayuyail cucTeMmel ypashenuil. PopmyanpyeMm cHayaia JKOKasai-
RYIO Teopemy: myCIb X ==X, ¥=y3, — pelleHHe YPaBHCHH:H

F(x, 3)=0 (72)

i nyctb F(x, y) 1 ce yaCTunie NPOH3BOJLbLIE NCPBOro HOPHAKA — HeNpPePHLHbIC
GYHKUBN NP X =.,), y==3, U IpH BCCX 3H3YCHNAX X, Y, AOCTAaTOYHO OAN3KHUX
K HiM, 0 MyCTh, HaKOHel, YacTnas npoussounas Fy (x, y) oTanyna ot uyas npu

=Xy, ¥y=2,. [Ipu s1om ypasncuue (72) oupepeaser ipn x, AOCTaTOYHO 6aH3-
KHX K X, €XHHCIBEHHYIO QybKkuino y (x), HenpepuisHylo, HMEOWYI0 Npol3Boi-
HYIO Il YROBICTBOPAKOULYIO YCa0BHIO ¥ (X,) =y,  Kak Mb ymxe ynmommnsai, co-
BEPLICHHO TaK e MOXKHO J0Ka3ath, YTO YpaBHeHlC

F(xt Y, 2)-—-0,

HMEIOLICE pPELICHNE X ==X, Y==3,, Z==<2, IIpH YCI0BHH JenpepuBHOCTH (yHK-
wnr F(x, , z) # ec YacTHHIX NPOM3BOZULIX IICPBOrO UOPAIKA B OKPECTUOCTI
YKa3aHHBIX 3uayenuit i upn ycaosuu F (X, ¥, 2,) 70, onpencaser canHCTBeH-
nyio Qynxuuio z (X, ¥), HEIPEPLIBHYI0 B OKPECTHOCTH X ==X\, ¥ ==Y, HMCIOW{YIO
NPOU3BOAHLIE 110 X 11 Y I ¥10BICTBOPHIOLYIO YCI0BHIO Z (X, o) =2, PaccMoTpun
TENEpb CHCTEMY ABYX ypasHCHMIL:

¢(x 3 2)=0 v(x, 3 2)=0 (73)
Tlyemb ama cucniesa uMeeml pewenlie x == Xg, Y= 3¥,, 2 =2,, PyHKyuiL ¢ (X, ¥, z),

(X, ¥, 2) u ux Hacmuuie NPOU3BOIHLLe HENPEPULIBHLL 8 OKPECINHOCIL  YKA3AH-
HbLX 3HaveHuld, u OYUKGUOHALbHUIL Onpedeattmens:

9

D@ ) _ |9 92| _0d¢ 0y 050y (79)

D@, 207 | dy 0y | dy 0z 0z0dy

dy’' o0z ’
omauden om HYAA npu YKA3GHHWX 3HGYeHUslx nepemennvix. [lpu amor cu-
cmesa (13) onpedeasem npu x, QOCMAMOYHO OAUIKUX K Xy, eQUHCIIBEHHIIO
cucmesy Pyaryuil y (x), 2 (x), HenpepuléHbLX, UMEIONUN NPOU3BOOHBIE NEPBO2O
nopAdKa u y008aemeOPOIUX YC.08UI0 ¥ (Xo) == Yo, 2 (Xo) == 2,

Tak kak Buipawenue (74) OTIHUHO OT HYIA HPH X =X, Y=1,, 2=2,, TO

K

no Kpamici'x Mepe O1Ha H3 YacTHLIX HPOH3BOIHLIX F;— Hau 0—: OTINYHA OT 1y .1s.
2

nO.’[OX(HM, HanpusMep, 4ro -0—2 OTaidi2 OT HY st OPIl yKa3aHuulx 3HaycHusAx lepe-
menubix. Coraacno dopmyTpoBannoii Buime TeopeMe, BTopoe u3 ypasHenuti (73)
onpesecaseT eANHCTBEHHLIM 06pasoM (Qyukumio z(x, ¥). [loacTasasn a1y Qynk-
HHIO B NcpBoe 13 ypasHeHi{l CHCTCMBI, ITOJIYYHM YPaBHCHUEC C AepeMCHHBLIMN
X H

¢lv, » z(x, y}=0. (15)

Yr1o6e nokasath Teopemy, HaM OCTACICA T0IbKO MOKA3aTh, YTO YACTHAA NPOH3-
BOAHAA OT uacBofi yacti ypasueuus (75) no y OTANYHA OT RYId NPH X=X,
Y=Y, J1a yacTHas npou3soauas Bupasurcsa opmyofi:

Jd¢ dp , Op 0z .
(55) =+ 5 )
%

rhe (@) €CTL NOJHadA NPoH3BOAHAfA OT o (X, ¥, 2) 10 apryMeHty y. PyHKuUHA
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z(x, y) ecTb penicHHe BTOPOTO N3 ypasHenufi (73), YTO NPHBOANT K TOXICCTBY:
x5 3 2(x 9)]=0.
JuddepeHunpya 310 TOXACCTBO NO Y, MOIYUUM;

Y —
S5 E=o, an

oY
Yuuoxum ofe yactnt (76) na E H CI0XHM C ToxnectBoM (77), NpexBapnTEAbHO

. 4
yMHOXHB ofe ero yactn Ha -—-d%. Mu moayunn taxiM o6pa3oM mocae 3aeMeH-

TapHoro mpeo6pasoBaurs:
9y, (__03)_0(9, )

0z \dy/ D@, 2)°
Tipn x=x,, y=1y, Qynxuua z (x, y) obpamaerca B z,, H NPH YKa3aHHHX 3Ha-
q ).
YEHHAX NEPEeMEHHHIX 3‘;- i (74) oTaANMYHEI OT Hyas, a MOTOMY (g;) Takxe Oor-

anmyHa ot Hyas. CaezosareasHo, ypaBHenite (75) onpexeiseT eXHHCTBEHHYIO
dynkuno y (x). MMoxcrasasas ee B 2z (x, ¥), NMoIyuaeM H z KaK QYHKUHIO OT x.
IT0 10Ka3aTeIhbCTBO CMPABELINBO IIA CIYUas HECKOIBKNX HEe3aBHCHMHEIX fiepe-
MEHHHIX. -
B ofweM cayyae TeopeMa O HesBHHX QYHKIUIAX YHTAaeTCA Tax: nycme
LMECMCR CUCMEMA N YPASHERUE:
Fy(xn ooy Xmy Y13 ooy Y1) =0, ooos Fa(Xyy ceey Xmy Yoy «oe s V) =0, (78)
useuas peuleHue
k=1,..., m
Xp=Xp, 3=y ( B (19
& £ 4 : =1, .., nJ?

nycms  Fy— Henpepolgrbie BYHKUGUIL ¢ HENPepulgHHAMIL HACMHBANL  npOU3800-
HbMU nepso20 nopAdxa 8 oxkpecmuocmu 3Havenuid (19) u nycms, Haxower,
PYHRIUOHAABHOLE Onpedeaument

OF, OF,  OF
oy; Oy """ Oy
OF, 0F, d0F,
D(Fy, ..., Fy) Fvo T vt ov.

S A s 0y (80)
0w s | 00

N

0Fy OF,  0F
dy, Oy: " Oyn

omauden om uyas npu 3dadenusx (19). Ilpu amoar ypasuenus (18) npu xp,
docmamouno Oauskux K x§, onpedeasiom eduncmsennyio cucmesty dynxyud
31 (X1, oy Xn) HENPEDHLBHBLY, UNMeOUINX NPOU3BOOHLE Nep8o20 nopsidKa u 300-
saemsopsiowirx  yeaosuo ¥, (xf% ..., x0) = y".

Hametnm nokasateabctBo 3toff Teopemsl. Cunrtas TeopeMy crpaBeXTIBOH
nas cicremn (n—1) ypasuennfi (npn n=1 1 n=2 ona IeilCTBTEIbHO CMpa-
BelANBa), NOKAaXeM ee A4 CHCTeMul n ypasHeunit. Pa3dmaras onpepeanrens (80)
no sJIeMeHTaM mnepeoro croafiua, MoKeM YTBepKI1aTh, YTO XOTh OJHO H3 aire-
GpanyeckHx TOMOIHEHH{l 3THX 3JEMEHTOB OTJNYHO OT ny:as mpH 3uavennax (79),
1n6o cam onpefeanTeab NP STHX 3HAUEHHAX MO YCAOBHIO OTIHYEH OT HY.TL
CootBercTBeBHO HyMepyd (ynkunu F;, MoxeM cuilTaTs, YTO OTIHYHO OT Hyaa
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aF
anreépauqecxoe JONoIHEHHE 3JCMCHTA -——l. 310 E.TI‘CGPEH‘JCCKOE JAONOAHCHIE

0y,
npeacraBaser cobolo QyHKUHOHAIbHLI onpefeanTeab OT QYHKUMA Fy, ..., Fp,
N0 nepeMeHHLIN Yg, ..., Y. CorzacHo teopeme Aad cucreM (n—1) ypasuenni,
ypaBHeHH:

Fa(xyy veey Xy Y15 oo s Y} =05 ciss Fa(xgy voey Xy Yoo voey Ya) =0 81
ONpENeARIOT EAHHCTBEHNLIM 06Pa3oM B yHKILM
Y =793 (xh ooy gy )'1)1 wes Yn==¢%n (x“ veey Uy yl) (82)

MonctaBana sTH QyHKUHH B mepsoc U3 ypasuesnil chcremu (78), noayunm ypas-
Henie JJIA ONPCNEICHHR Y%

Fir (X1y ooy Xy Yis Qa1 2o s §0) =0, (83)

Ham ocraerca npoBepiTh, 4T0 moaHas NpoONH3BOIHAA OT 4eBOIl YacCTH 3Toro
ypasHeHHs Mo ¥, OTAHYHA OT uyas nupu 3nauenunx (79). D1a nponssoauas
BBIPAXAETCA Qopmyaoii:

n

oF,) oF, OF, ¢
=1 L. 35 84
(dyl oy, 5‘2 dos Oy, &4

S =

Moacrasaaa dyukunn (§2) B acsuie uacTi ypasueuuil (81), moaywns roiiccisa,
KoTopoie AnQipepeHunpyem fo y,:

n
0F; O 0F; O3
= =0 (=2, ..., n).
oy, R 20’1’s oy, ( " ®3)

OGosuaunM uepes A,;, Ay, ..., Ay aarcGpaiucckiic AONOTHEHHA 31EMEHTOB Hep-
Boro ctoxbua onpene.anres (80). ¥Ymuoxum (84) nHa A,, (83) Ha A; U BuutcM
nocaefHie TOXACCTBA N3 nepporo. TaknM myTem Mbl NOJyYHM PAaBEHCTBO:

n n n
oF, oF; | 0F; Je

A (-——l-) = —+ 4 — A (2.
'\ oy, IZI 0y, I+SZQ l;l 09 ! oy

B npasoit yactis neppan cymma jact onpegeanteas (80), kotopeift MBl 417 Kpat-
KOCTH oGo3naumM mpocto 6yksoft D, a cymmuposanHe no [ Bo BTOpoOll vacti
npeacTaBasgeT co6010 CyMMY NPOH3BCAEHHIT 9JICMEHTOB HEKOTOPOro croabua D,
C HOMEpOM, OTAHYHHLIM OT eMIHHULI, HA 3Iré6panyecKkHe IOMNOJHEHHS COOTRET-
CTBYIOIIHX 91EMEHTOB NepBOro croabiud, T. €. 9Ta CyMMa pasHa HYmO. 3aMmertH
npHu s310M, uTO AiddepcHUHpPOBaHHe MO g, BCE PaBHO YTO Iuddepennnposanie
no ys Takus o6pa3oyM upeiuayulas QopMYJa UCPCHUCWMBACTCA B BHIC:

(OF,\ __
A, (E) =D.

[Tpn snavennsx (79) A; u D oTmIuBW OT Hyad, H, CIEIOBATEALHO, TO KE MOWKIO
yTBEPXKIaTh H OTHOCHTEALHO MPOu3BOAHON 1eBOfi yacin ypashenus (83) mo y,,
H 9TO ypaBHeHie AAeT eANHCTBEHHYIO OYHKuu0 y, (xy, Xy, ..., Xp), HOACTABHB
KoTopylo B Gynxuun (§2), uoayyaeM OKOHYATEALHHIl pe3yabiat,
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YacTHHM cayyaenm TeopeMbl O HEABHHIX GYHKUHAX SABAAETCA meopema 00
obpawenuu cucmemut dyrryuid. [lycms useromess ypasHenus

] Ye=fu(xXy ., xp) (=1 2,..,0). (86)
[Toaoxcus, 4mo GynKyuu fi, HenpepsoigHbt gMecme €O C80UMU NPOU3BOOHLMU
nepsozo nopsdKa 8 okpecmuocmu 3navennii x,=xQ (k=1, 2, ..., n), u npu
amux 3HAYEHUAX PYHKIUOHAAbRWI onpedeaumend

D(fyy ..o 1)

D (xyy .-y Xn)

@®7)

omauten om wyaf. Ilpu smos_ ypasuenust (86) onpedeasuom eduncmsenuvir
00pasom xp (Y1s ---y Yn)» KaK dyuxnuu y,, ..., Yo 8 oKpecmrocmit 3naderuil
V' =fp (X} cec s X)), npunes amu GyHxguy HenpepusHul, useom npou3soo-
Hble nepsozo nopadxa u x, (B, ..., yO)=x{.

Uro6ur IOKA3aTh 3Ty TeopeMy, HOCTaTOYHO PAaCCMOTPEThb YpaBHEHH:

fr(x1y eooy Xp) — Y =0 (k=|l A )]

H BOCMOIb30BATHC TeOpeMofl 0 neABHWX (QYHKUUAX, NpHYEM B AaHHOM cayuae
poTbL ¥; UrpaloT Xp. -

Ecmy fp cyTh anHefinbie oanopoanue GynukuHn nmepeMeHHHX Xp, TO CHCTEMA
(86) nmeer BuI:

Y=y X - xgt-ta,, X,

Onpeneautens (87) B AaHHOM CIyyae CBOANTCA K ONpENEINTEaO |dp;| N3 KO3(-
dmHenToB ag;, M BO3MOMHOCTD OIHO3HAYHOrO peuleHHd CHCTEMH Jaercd Teo-
pemoit Kpavepa.



TJABA Il

JIMHEAHBIE NIPEOBPA30BAHUS
H KBAIPATUYHBIE ¢OPMbI

§ 3. JIHEIHBIE TIPEOBPA30BAHIf
20. MpeoGpasonaHHe KOOpPAMHAT B TPeXMEPHOM NPOCTPAHCTEBE.
JluneitnLiy npeoGpasopaiieM € # nepeMeHHLIMII Ha3upaercs npeodpaso-
BaHHE BIAa:
X1 =y Xy apXy .- QX
Xy = anX; - apXy .o @ Xy

- . . . . . . . . . (1)
Xp=a, X+ apxF. . a5,

MoxHo TonkoBaTh 5TO mpeoGpasoBaHiie KaK MepPexold OT HEKOTOPOro
BEKTOPa (X3, ..., X,) N-MEPHOTO TPOCTPAHCTBA K JADPYroMy BEKTOPY
(X1, ---5 Xz)- Moo nmaue 10aKOBaTh (X}, ..., X,) KAK KOODAUHATH
TOUKH B 7-MepiOM mpocTpancrse, a npeoOpasonaine (1) ~— Kak nepexoxn
OT OJHOH TOUKN K APyrofi.

Moxno Toakopat (1) eme u uHaye, a MUMENNO: CUNTalb, 4TO
(Xp eovy X)) 8 (X oee, Xz) CYTb COCTABASIOUIIE OIHOTO 1l TOFO iKe
BeKTOpa (KOODAMHATH ONHOH 11 TOM K€ TOUKW), HO NpPH Pa3JIHYHOM
suibope oceil. $opmyan (1) maot npu stom ¢opuyan npeobpasosanns
cocTaB/dloILNX (KOOPAMHAT) NpH Nepexode OT OAHON KOOPAHIATHOH
CHCTeMBl K JApyrofl. PaHplle Mbpl HEOLHOKPATHO BCTPevalich € GopMmy-
aami suma (1) mpn n=2 u n==3.

Hacroswas raasa B csoeil nepsoft yacti u OyZer nocesuieHa noi-
pobHoMy paccumotpennio  anHeflHoro npeoGpasonavins  sunga (1), Has
Goabliefl SICHOCTH MB HauHeM C PacCMOTPEHHA BEULEeCTBEHHOrQ Tpex-
MEPHOFO NPOCTPaHCTIBA, 2 BaTeM NepefiaeM K oOMIEMY CAYYal0 I-MEPHOro
NPOCTPAlCTBA H KOMIJEKCHHX COCTasasloinx. B cayuyae T1pexmepHoro
NPOCTPAHCTBA MH HayHeM paccMoTpeHne ¢ Toro haunfojee npocroro
cayuyas, koraa mnpeoGpasomanmio (1) COOTBeTCTBYET nepexol OT OIHHX
NPAMOYrONBHEIX ©OCeH ¥ ApyraM Takuym ke OTKJagbiBas BeKTODH OT
Hauyala KOOpHMiAT, Mbl MOXEM CHYITaTh, OYEBHIAHO, (X[, X3 X3) WiH
COCTaBJSOIMIMY BEKTOPA, H/M KOOPAHHATAaMH €ro KOHUua.
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Kak nssectho us ananntuuecko#t reomerpmun, ¢opmyasi npeoGpaso-
BaHug NpAMOANHENHEIX NPAMOYroJAbHHX KOOPAMHAT HIMEIOT BH

x; =a,x + Q13X3 + ay3 X3
Xo==ayux -+ anxat-anx; ¢, @)
xé = aalxl + aa-}xi + as3x3

rZe a;, CyTb KOCHHYCH YraoB, OOPa30BaHHBIX HOBHIMH OCAMH C Npex-
HUMY; @, ONpEJeIdioTcs Mo caesyromefl TabGaunue:

lexglx,

,
X | an |012 ’ agy

: 3
Xy | ayy

Qg9 | Ggg

)
X3 | sy | G50 | ss

Kak nssectso, Tabanua kosdduuuentos (3) obsanaer B maHHOM CAY-
yae TeM CBOHCTBOM, YTO CYMMa KBaJPaToOB 3/JEMEHTOB KaxIOHf CrPOKH
u croabua paBHa eIHHNUE M CYMMa OpOM3BEIEHHH COOTBETCTBYIOUINX
SNEMEHTOB [BYX pasHEIX CTPOK MMM PasHHX CcT1oabnoB paBHAa HYJO.
Bennuina onpesenntens |a;,| pasua, ouesnano [5], o6bemy npsasoyroab-
HOrO napajzenenunesa ¢ pe6paMp, PaBHBIMH €AHRHUE H HANPABJICHHHMI
M0 HOBHIM KOODAHHATHHM OCAM, T. € 3Ta BEMHYIHA PaBHa EAMHHUE,
€CaAH OPHEHTHPOBKH ocel oamHakoBHw, # (— 1), eCAH OHH DPa3fHYHHL.
[TpeoGpasoBanie, Aawouee o6paTHHil nepexod ot (X, X3, X3) K (X, X3, X3),
OyaeT, OYEBHAHO, HMETh BILL

Xy = ayX| - anxy - ag 0y
Xy=aypX| +-an¥y--apx; |, (29

r r 4
X3 == @3 I G3X3 - A3 X3.

Wnaue rosops, npeoGpasoBaune, oGparHoe (2), moayvaercs npocrofi
nepecraHoBkofl CTPOK n croabuoB Tabamue ero kosdduuuentos. Onpe-
Jeautens 3Toro oGparHoro npeoGpasoBaHusd, OYEBIAHO, paBeH onpeie-
antento npeoOpasosanns (2). )

IMokaxem Tenmeps, YTO yNOMAHYTOe BHILIE CBOHCTBO KOID@iuueHTODR
npeo0pasoBannsa (2) MoxkeT OHTb NOJAYYEHO NPH BHINOJHEHHH OJHOTO
Tpe6GoBaHnsd, KOTOpOE HENOCPENCTBEHHO BHITEKAaeT H3 TeoMeTpHuecKolt
CYIIHOCTH BONpOCa, a HMEHHO — mocTaBuyM cefe caenywomylo 3agauy:
HaliTu BCe BeilleCTBeHHHe npeoOpaszosanns Buaa (2) Takue, Y10

xp %! A= Xl =x] A x5 - X5 @

Takas NMOCTaHOBKA 3a4aul J2eT BO3MOXKHOCTb OGOOLIHTE paccMOTpeH-
HHEe HaMu Beiue npeo6pasoBaHus Ha cayvaft npocTpanctsa ¢ J100HNM
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uuciaom uaMmepenuft. JlokaxkeM, uTo Hamn npeoGpasobauns, TpeGyembie
HOBOH 3aJauel, COBMAJalT € TeMH, KOTOPHE HAaMH DaccMOTPeHH OhiH
BHIIUE, T. € NOKaxeM, 4To TpeGoBaHue (4) mNpuBEAeT K YMOMAHYTHIM
BhIIE COOTHOMIEHUAM a8 Ko3dduuneHToB a;,. [loacTannsa Bupaxe-
Hug (2) B neByl vuacts cootnowedus (4), packpnBas CKOGKH H npu-
pasHuBan Ko3dduuueHTsl nNpH KBaApaTax MNePEMEHHHX edHHHLE, a npu
NPOUSBEACHHE DA3JUYHBIX KO3(HUHEHTOB — HYJI0, MBl MOJYYHM KaK pas
ecrb COOTHowennl snaa:

QipQy - Aap0y - agpas, =3y, (R, =1, 2, 3), (%)

8,=0 npn k£l u 3¥,=1, (6)

T. €& CYMMa KBaAPaTOB D3JEMEHTOB KaxkIOro cToalua-paBHa euHile H
CyMMa TpOH3BeleHuit COOIBETCTIBYIOILUX 3JEMEHTOB PasHHX cTonGuoB
paBHa HYMO. ITH YCAOBUA HA3LIBAIOTCA OOBIYHO YCAOBUAMU  OpHIOZ0-
Haabnocmu no cmoabyasm. Takum o0pazod, 3AeMEHTH KakAoro croabua
paBHBE HaNPABAAIOWIUM KOCHHYCaM HEKOTOPOro HampaBjeHus U Hanpasie-
Husl, COOTBETCTBYIOUINE Pa3IHuHLIM CT0JA0UAM, B33UMHO OPTOrOHAAbLHHL
Orcona HENOCPEACTBEHHO CJEAYET, YTO B PAaccMAaTPIUBAEMOM Cayyae
npeoOpasoBaHie (2) cosmazaer C PpacCMOTPENHBIM BHINE, W CBOHCTBO
OPTOrOHa/bHOCTH HMEET MECTO He TOAbKO IO OTHOLIEHHIO K CT0A0maM,
HO H 1O OTHOIUEHHIO K CTPOKaM.

dopuynnl (2) MB MOMKEM TOJKOBAaTb He Kak npeoGpas3oBaHune Kocp-
JUHAT B HEH3MEHHOM IPOCTPaHCIBE, a Kak ppeo0pa3oBaHHe NPOCTPaH-
CTBd MNPH HEHU3MEHHOCTH KOoopAHHATHBIX ocell. [lomoxkuM cHavazna, uyro
onpexeautens npeo6pasosanns pased (-} 1), T. e. ofe cucieMn Koop-
JUHATHHX OcCefl uMEIOT OAHY W Ty e opueHTHPOBKYy. Mu Moxem npn
9TOM MOBEPHYTb NPOCTPAHCIBO, KaK TBEpAOE UeJoe, BOKPYr Hauyaaa
Buecte ¢ ocamu (X, X; X;) Tak, YroGW 3TH OCH COBHaAN C OCAMH
(X1, X, Xj;), KOTOpHIE MH CulIT2eM HENOABIKHEIMH IPU 3TOM BPallEHiH
B K KOTOPHM MB OTHOCHM KOOP/UHATH BCAKOH TOUKH Kak N0 BpauleHus,
Tak H nocae mnero. Ecan Hekotopas Touka M umesa 40 BpauleHus
KOopauHatH (X, X, X3), TO B pe3yjbTaTte BpalleHHsd 3Ta TOuKa 3afimer
HOBOE noJokeHne M’ n GyneT uMETh HOBHE KOODAMHATH (Xy, X3, Xj).
Ilockoabky Touka M ABiKeTCA BMeCTe €  KOODIAUHATHBIMH  OCAMH
(X1 X5 X3), koopmunarh (x;, X3 X;) Toukdn A OTHOCHTENbHO ocell
(X1, Xy X3), ¢ xoropuimn cosnmaan ocu (X;, Xg X3) B pesyantare mpa-
menus, OyAyT COBMAaZaTh C KOOPASIHATaMH TOUKH M OTHOCHTENbHO ocel
(X5 Xz AX%) no spamienus. Mu puany, Takay 06pasoy, uto dopyyan (2)
B cayyae onpenenntens (- 1) npeacrtasasioT coGoll mnpeoGpasopanne
KoopauHar /mo0ofi TOukH B pe3y/bTare MPOM3BEAEHHOTO BP3ILEHNS OPO-
CTpaHCIBa.

Tonoxum Teneps, uro onpeneantenb |a;,| pasen (— 1). Buecro
npeobpasoBauns (2) paccmorpuym npeoGpasopanne

Xi=— Xy —apXy—apx; (=1, 2, 3).

rae
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Ero kosddnunentst no-npexnemy o6aamaior csoficrsayn (5), no onpe-
neautenb n3 xodddmunenros yxe pased (-}1), T. e. aTomy npeoOpa-
30BaHHIO COOTBETCTBYET BPAIIEHNE MPOCTPAICTBA BOKPYr Hayaia. YroOu
NOAYYHTb KOODAHHATH (X;, Xg X3), HaM HaZ0 COBEPUINTHL eume npeol-
pasoBaHue:

Xi=—X]; Xp==—Xg Xz——X5
a TaKoe mn3MEHEHNe 3HAKOB Y BCeX KOOPANHAT €CTh mnpeoGpasoBaufe
CHMMETPHE OTHOCHTEAbHO Havana. Wrak, B cayuae onpemeanteas (— 1)
npeo6pasopaiiio (2) COOTBEICTBYET HEKOTOpOE BpallteHne NPOCTPaHCTBA
BOKPYr Haua’za ¢ nocieayiomefi chymerpnell oTHOCHTERBIIO Havana.

Mu Bnaean nmwe, 4To nepaTh KOI(MUNHEHTOB a;, AOMKHH YAOD-
NeTBOPATHL wectit cootnoutennsy (3). Orcioma caexyer, uTO OHH JOMAKHBL
BHP3XaTLCA YePe3 TPIl He3aBHCH-, ,
MHIX NapaMerpa. YKaxeM Ha OanH 1%
U3 BO3MOXHHX BHOOPOB STIX -
napaMeTpon B CAyuae Bpamiesns
NpPOCTPaHCTBA BOKPYr Havana.

Beenes B paccyorpenne nase
CHCTEMB  KOOPAHUATHWX oceft:
omny Xy, Xgy X3 — HENOABIXRYIO,
K KOTOPOHl OTHOCATCH BCE KOOpAu-
Hars, 1 apyryo Xy, X Xg, Hens-
MEHHO CBS3aHHYI0 C Bpamlao-
UMMCT  TPOCTPaHCTBOM. YToOH
onpeaesnTh  BpaUleHue, Halo ' Puc. .
yCTaHoBNTb  TPH  mapamerpa,

KoTopele onpezeasan Ow  no-

nokeHue BTOpoft cncreMH oceft orHocnteaprHo nepsoft. Ilycts ON
(puc. 1) —nepecevenne maockoctn  X;0X; ¢ naockocthio X 0X,
Bosbyem wHa 3ToH mpaMoft onpexenenduyM o0pasom  peiOpaHuoe Ha-
npasaeHue, M nyctb a—yroa X;ON, otcuntmsaemuit ot  O0X;.
Beenem eue yron P=X,0X; u yron y=NOX, 3D 1pun yraa
BIIOMHE X3apaKTePH3yioT MOJONKeHHe BTOPOH CHCTEMB ocefl OTHOCHTEABLHO
nepeofl, T. e. BIOJHE XapaKTepnsyior npouspeileHHoe Bpaniexue. Bynes
oGosHauate ero caeayoutnm cumponosm: {z, B, 7}. Hs npeamaymero
HENOCPEACTBEHNO CJEAYET, YTO Halle [BIKEHNE eCTb pPe3yabTaT nocae-
JA0BATENBHO TNPOBENEHHMX TPeX cJaeaylomnxX JAsmxenufl: 1) ppauienne
BOKPYr oci X, Ha yroa «; 2) BpamieHne BOKPYF HOBOTO MONOMEHHs
ocw X; na yroa f; 3) spaulenne Boxpyr Hosoft ocu X; Ha yroa .
D1u TpU yrsaa pasuiBaoTcs oOWuNO yraamn DHaepa. 3ameTus, yTo AN
3THX YIVIOB MH MOXEM HamicaTbh cJaelAylollie npeaefn HX u3MeneHns:
O=sa<2m 0<B<m O0<y<2n

Ecan 83==0, 70 mBuxenue {2, 3, 7} CBOAUTCS NPOCTO K (OBOPOTY
BOKpyr ocn Xz Ha yron a7, n B 3TOM CMBICAE npu mioGoM 3 Mbl
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nMeeM:
{2, 0, 7} ={a-}3, 0, y—3}).

D10 06CTOATEILCTBO YKA3HBAaeT Ha TO, YTO B HEKOTOPHX CAyyasx
napaserpst {2, B, Y} cooTBeTCTBYIOT BpallEHHsM NPOCTPAHCTBA BOKPYT
Hauana He BMNOJHE OAHO3HAuUHO. Pa3anunbiM 3HAuUEHHSAM NapaMeTPoOB COOT-
BETICTBYIOT OOHH N Te e BpauleHus. Herpyano BwiBecTn dopmys,
Beipaxcaouiie KodpduuueHTH a;, uepes TPHrOHOMETPIUECKHe (YHKUHH
yraos «, B, 7 [cy. 62} B nmamshefimem Mm Gyaem umerh u  Apyroii
BEI6Op MapaMeTpoB, XapaKTepH3VIOUHX BpaillleHne NPOCTPAHCTBA BOKPYT
Havaja, 1 BepHeMCs eme K yraam ditnepa.

21, O6mue suneiiHple mMpeoGpa3oBaHHs BemeCTBEHHOTO Tpexmep-
HOTO NpOCTPaHCTBA. Bynem paccMaTpuBaTh Temeph JuHelHue Beuie-
cTBeHHHe npeolpasopanns piaa (2) ¢ awlwma Kos(ulueHTamMy, HO
GynzeM Bceraa cuntaTb, 4YIO onpelemdiTe]b npeoOpasoBaHisd OTAHYEH OT

HyAs:
fai| 0. )

B stom cnyuae npeoGpazoBaniie OOHYHO HA3HIBAETCS COGCHIBEHHBLY
npeobpazosanney. Ecan oHo He ynoBaerBopser ycaoBusM (3), TO OHO
cesizaHo ¢ Zedpopyaumefi npoctpaucrsa [II, 125]. 3amerns, uro B mpe-
obpazopaunn (2) xapantepuuM apasercs Tabanua ero KoddduuneHToB,
13 KOTOpOH BMOJHE ofipejelsercs 3aKoH mnepexola oT J1o6oro pexkropa
€ cocTaBasoluMd (X, X3 X3) K HOBOMY BEKTOPY € COCTaBAfIOUINMI
(xp X9 x3). OG6osmaunym BClo Tabauuy Koadduuuento omnoil Gyksofi

a;  a; ag
A=\a, ay ay, ®
az 4z az

npudeM Mpl CTaptiy 3Ty TabauLy, Kak N PaHbIue, MEXAY JABOHHBIMI
yepTaMn, 4TOGH OTAHYHTE ee OT ompenenntens. OHa Ha3HBAeTCs HHaue
Mampuyeti. Onpeneaurtens Tabaumum (8) Oydem o6o3Hauath CHMBOAOM
D (A). 310 ects HeKoTOpoe omnpereaenHoe uucio. IIpeoGpasosanne (2)
MH 3annueM CHMBOJHYECKH B CHEIYIOUeM Blile:

X =Ax, )

rie X — BEeKTOP € COCTaBAsIoUNME (X, X3, X3) I X — BEKTOp C COCTa-
asoutM (X, X3 X3).

ITpeoGpasosantie, npu KOTOPOM KakABH BEKTOP OCTAETCA HEH3MEH-
HHM, Ha30BeM mosclecnaenHbist npeobpasosanuest. EMy coorBeTcIByer
Tabauua

1 00
0 1 0, (10)
001
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KOTOpas Ha3eBaeTcA OOHUHO eduHNYNOI ma6/mt;et‘i, wm  edurutHoOl
sampuneti, u o6o3Havaerca cnmpoaoM /.

Cunras D(A)£ 0, moxkewm pewnts ypaetends (2) OTHOCHTENBHO
(X1, X9 X3) U noayunM GopMyab

Ali ’ A2l Aa!
X

—0@ Yt p@* T o

Agg A3o
T X 11
D(A) 1+D(A)xi+D(A) ’ ( )

. A A X!

e— 13 23 33

=@ Towm T ow
rae A;, — anreGpanyeckne IOMONHEHHS 3JNEMEHTOB 4a;, B onpeaennTene
D(A). d10 amuetinoe npeobpasoBanie Ha3kBaeTca OGHYHO npeoGpaso-
paumneM, o6patHmM (2), U, ecmr MaTpHUa 3TOro mnocaeaHero 06o3HaueHa
yepes A, To MaTpnuy npeobpasopauns (11) oGosnauaior vepes A™L. Beermen
Teneps BaXHOE AAA jaibhefillero TNOHATHE O NPON3BEACHNN ABYX npe-
o6pasosannit 1an npon3seaeHun AByX Matprm. TlonomnM, 4T0 M HMeeM

IBa AnHeHHHX npeoGpasoBaHus, OT (Xy, Xa X3) K (X], Xa Xg):

X§ == Ay %y - aaxs -+ 413
X3 == QX - anxs -} anx, nm X =Ax (12)

X3 == a3 Xy 4 X3~ AnXa
n 3ateM O (X, Xy X3) K (¥{, X35 X3)

X1 =byx; 4 baxs - biax;
Xg == by Xy - boaXy -+ by | nn X" =Bx". (13)
X3 == by Xy -+ basxy - b

DTOT nOCTenOBATEAbHEN MEPEXOR OT (Xy, Xy X3) K (X7, X3 X3)
zateM OT (¥, X3 X3) K (X{, X3, X3) MOXKHO 3aMEHUTb HeNOCPEACTBEH-
HHIM mepexomom oT (X, Xg Xa) K (X{, X3, X3), KOTOpHH Takike Oyner
aunefiurM npeo6pasonaHieM

x;=€k1xl+ck2x2+ Cp3X3 (k=1, 2, 3). (14)

dto nocneanee Jauuelinoe npeobpa3oBaHne HA3LIBAETCA Npousseze-
puem npeobpasopanuft (12) n (13), npnueM 3Iech CYmIECTBEHHO OTME-
THTH TOPSIOK, B KOTOPOM Mpon3soxumich npeo6pasosanusd. IToacrasnas
pupaxkenna (12) B mpaseie uactn opyyast (13), Mo u moayuny dop-
myan (14). Orcioaa HenoCPeACTBEHHO MNOJAYYAETCA BHPAMEHHE SEMEH-
TOB ¢;, Tabanusl npowssefeHnd npeo6pasoBannit uepes saementsl TaGamnu
nepeMHOXaeMbX npeobpasoBaHuii:

3
cw=Nbias (k=112 3). (15)

s=1
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ITpeoGpasosanne (14) oGeiuno 3amicwiBaeIcs caenywouiny oGpasoM:
X' = BAx. (16)

Marpiny C ¢ 3nemenramn ¢, noaydaemmyu no ¢opmyaam (15),
Ha3LIBAIOT npoH3BeaeHueM MaTpuu A # B 0 3amICHBAOT 3T0 B CJe-
nyioueys  Buje:

C=BA, an

npuYeM B CMHCJAE HOPAAKA CaeloBaHus npeoOpasosanufl Hano 4HTaTh
310 npou3seseHie cnpasa nasdeso. [lpunuMas o sHuMaHue teopemy 00
yMHOxennn onpeieanteaell n ¢opuyas (19), Mb MOKeM Hanucath A
onpeaeanteseil npeoOpasosannil OueBiAIOE PaBeHCTBO:

D(C)=D(B)D(A), (18)

T. €. onpedeaumens npoudsedentisi npeobpalosanuii pagen npoussede-
Hito onpedeaumereti smux npeobpasosanuti. Herpymno noxasate cre-
dywouiine COOTHCIEeHNd, DMeloule NMPOCToll reoMeTpnyeckuil cMbICa:

AA'=A"A=1. (19)

3ayeTnym, KpoMe TOro, 4to 13 CaMoro mnpotiecca obpasonanna odpar-
HOro mnpeoGpasosanis caedyer, 4To npeoOpasosaime, obpatiuoe A~
6yner upeoGpasosanne A. Hefictbureasno, pewast cucremy (11) otHo-
CHTEABHO Xp, NOAYUHM, OUeBHAIO, oOHaTh dopyyaut (2). 310 MOKIO
samicarb caeaywouiny o0paso: ’

(A=A (20)

Iloustne nponsseaeuns npeoOpasopannit Mower OHTb pacnpocrpa-
HEeHo Ha cayuwail io0oro uyncaa comuoknTeneil, a HMEHHO; pesyabrar
nocsaeaoBarebloro npeobpasosatiisi ¢ HeKOTOpHMI MaTpuuamu A, B u C
Gyager nonoe npeoOpasosaniie ¢ matpuuet D:

D = CBA. @n
Ecan satpuust 4, B u C uMeoT 3aeMEeHTH @y, by 1 € TO

marpuna D, fBasionlascs uX npousBeseHueM, GyAeT UMEeTb 3JeMEHTL,
onpeneasemble M0 (opuyaad:

3
dig== ) ¢,;0,,2,s (22)
P g=l

Hetictauteabto, aas aneMentos sarpuun E==BA nyeem ¢opuyau

3
Cir :Z bipapk
p=l
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n, uaxoden, aas mMarpuunt CE Gyaem umersb, coraacHo (13), dopmynn
| 3
dik = Z CigCom
q=

T. €. Kak pa3 dopmyast (22). 3ametum, yTO B HaipHefimem Mu Gyaem
4acTo 0603HAUaTh 3JEMEHTH Marpuutl A cuMsosoMm

{Aise
IMponssenenne Marpuu He TOAuUNHAETCH, Booluie rosops, nepeses
cmumensHoMy 3axony, T. e. BooOme BA# AB, HO, Kak HEIpyaHo
BUAETb, NOAYHHAETCH COYETATEALHOMY 3aKOHY — COMHOMXHTENH MOXHO
COENHHATD B TPYNNHL

C(BA)=(CB) A. (23)

B nepoft ero wact MM IOMKHH MatpHuy A yMHOXMTD Ha B ciesa
N 3aTeM MNoayueHHst pesyapbTaT yYMHOXNTL Ha matpuny C. B npasofi
YacTH MBI CHauana JOJLKHM YMHOXHTH Matpuuy B na C, a 3ateM
Matpully A NOMHONHUTD Ha MATpHUY, NOJAYYEHHYI0 B Pe3yabTare TONbKO
yTO MpOH3BENEHHOro yMHoxeHus. Herpyano suzets, 4T0 B 00OuX Cay-
Yafx 3/ME€MEHTHl MaTPHUN, [OAYHAIONINECT B OKOHHATENLHOM NPOH3BEACHHH,
6yayt Bepaxathca no dopmynam (22). Hehicrsutenbno, Ana jnesofi 4acTh
510 OHIO NMOKa3aHo pitte, YTo xe KacaeTcst npapofi 4acTd, TO MH HMEEM,
NPOH3BOAA NOCAEIOBATENLHO YKA3aHHHIE YMHOKEHHS:

{CBlir = q};l {Chig {Blae

0

: 3 3
{(CB)A} i, = gl {CBLip{Alpr = 2} {Chig{Blool Al pio

P, 9=

YTO COBMANaeT, OueBHAHO, C (22) npu HAmMMX HOBHX 0603HAUEHHAX.
OrMernM eme oaun Baxuuit Tnn AunefiHtx npeo6pasosanufi, a UMEHHO
paccMOTPHM npeo0pasoBaHus

x;:klxl; x;=kgxg; x;———'kaxa, (24)
KOTOpHIE CBOAATCA K PacTXKEHHIO BAOAb KOOPDAHHATHHX ocell, npuuem
ynchaeHHble KoIQduuneHTH Ry, ky ky; XapakTepH3yIOT BEIMUMHY 3TOro

pactaxenus (unn cxarns). Marpnna ykasaHHoro npeoGpasoBaHHA HMeeT,
QUEBHAHO, BHA .

B 0 0
0 & O,
0 0 K
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T. €. BCE €€ 3JIeMEHTH, CTOfUlHe DHe rJaBHOH [AHArQHaaH, pPaBHH HYJIO.
Takas maTpnua HasmBaercs OuazonaAsnoil sampugeld, 1 MH ee OyleMm
0603Ha4aTbh CIMBOQJIOM

(%1, ko Rg).

B uyacTHOCTH, €CAH 4HCJA OANHAKOBH, T. € €CAn Ry ==Rky—hk,=—Fk,
T0 npeo0pa3oBaHHe CBEJETCA K YMHOXEHHIO BCEX COCTaBJSIOUMHX BeK-
TOpa Ha OJHO M TO e uncjao &, u 310 OyjAeT, oueBnaHo, npeoOpaso-
BaHne noAoOus C UEHTPOM B Hayaje KOopAHHaT. Bceakuit BekTop, He
MeHAs CBOero HanpasseHua (cuntaem 2 >0), usMeHiurcs ANMbL 10 IJHHE,
npuyey.- ero JumHa ymHowxurca Ha k. Takoe npeoGpasoBaune Gyaem
o6o3navars

X =kx,

T. € 6y,ue.\1 YACAO R CUMTAThb YBCTHHIM CJAy4YaeM MAaTrpHilsl, a HMEHHO
6)’&6)1 AUAroHaAbHYI MaTpHiy ¢ OJNHAKOBHIMU 3JACEMEHTaMH Ha raaBHOH
Agaronalin

k0 0
0 & ol (25)
0 0 &

cunTath uicaoM k. Herpyano siaers, moaesysace (15), 4to upoussele-
HHe TaKUX MaTpull CBOAUTCA K OOLIYHOMY mNEpeMHOXKEHHIO yiiced, T. €.

(B B, k][4 L, 1| =[kl, El, EI].

Boobie serko npoBepHThb, YTO /I8 AHACOHAJBHBIX MATPUL HMEET
MECTO NPOCTOH BaKOH YMHOXKEHHS

[k, By ka] [0y By Bl=[Rilsy Ralyy Rsls], (26)

T. € JBa DPaCTMXEHHA BAOJL KOOPAHHATHEIX OCell PaBHOCH/bHB OZHOMY
pacTsaeHno ¢ ko uUNeHTaMll, PaBHHMU MPON3BEACHHIO COOTBEICIBYIO-
mHX  KO3GUUUEHTOB cocTaBaslwux pactawennit. Ws dopmyau (26),
MEAKAY INPOYHM, HEMOCPEACTBEHHO CJAELyeT, YTO NPOH3BEAECHHE MABYX
IUaroHaJpHLIX MaTPHLL HE MEeHseTCs NPH NepecTaHOBKE COMHOXHTesefl.
Toabaysacy npeacTaBacHHEM 4HCAA B BUIE AHAroHaAbHOH MmaTpuusl (25)
i ¢opyynoit (13), HeTpyAHO BUALTb, UTO INpoHsBeseHue kA cBoanTCH
K YMHOMKEHHIO BCEX SJEMEHTOB MaTpuusl A Ha uncno 2 210 npoussese-
HHE HE 3aBHCHT OT MOPAAKAa COMHONUTENeH, T. e

{kA}yp = {Ak}i =k {A}ipe @n

. Mp paccmarpuBannm  OCHOBHOE JHHefiHoe npeofpasoeamne (2) Kak
JedopManuio  NPOCTPaHCTBA, NPH  KOTOPOH BEKTOP € COCTABJAAIOMLIMI
(%1 X9 X3) MepexoAuT B HOBBI BEKTOD C COCTaBIASIOIUMA (Xy, Xy X)-
Moxuo, KOHEURO, KaKk Mbl YyiXe YKA3MBaJH H paHblie, TCOJAKOBATh 3TO
npeodpasoBaHue I Kak ToueuHoe npeoOpasoBaHie, NPH KOTOPOM TOUKa
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€ xoopamHaTamMH (X, Xa, X3) NEPEXOAHT B TOUKY C KOODAMHATaMH
(*1 %o X3)- -

[Tpn ompeneneHnst COCTARANIONIMX BEKTOPAa MH MOP/AN IOJb30BATHLCH
moboft cucremolt ocelf, HHaue ropops, JOGHMH OpTaMH, T. € MH MOIIH
B33Th J/oOsle TPH HEKOMIVIAaH2DHHIX Bexropa i, j, B 32 OCHOBHblE BeK-
TOpH (32 OPTH), H NPH 3TOM LI BCIAKOrO BEKTOPa X Msl, KaK H3BECTHO,
HMeeM eaMIICTBeHHoe npeacrasnexue suga {II, 114]:

x=ux,0 -} %of L x4k (28)

Yucna Xx;, X3 X3 H HA3HIBAIOTCA COCTABJSIOILIMI BEKTOpa X BO
B3ATON cHCTeMe KoopauHaT, ompexensemofi opramu {, j n k& Hawefl
zagauell cefiuac spaserca NCCAENOBATH BAlSHUE PA3aIHYHOrO BHGOpa OPTOB
Ha BuA JuHeiiHOro nmpeo6pasoBaHis.

Tounee rosops, €CAH B CHCTEME KOOpPUHAT, onpeaenseMoli opramm
i, j u R, nexkotopoe nuneiinoe npeoOpasosansie nmeer Bua (12), 1O
KakuM oOpasom Oylder BHIVIAAETb TO Ke caMoe JnHefiHoe npeoGpasoba-
HHe NPOCTPAaHCTBA B APYroff cucreme KOOpAUHAT, onpeaenseMoH opTaMmu
i, ji» ky? Tlonoxwuy, 4TO HOBEHIE OpTH BHIPAKAIOICA UEPE3 CTaphie Mo

dopyynam:
il == tui + tﬂj "l- tiak
Ji=tyi + teef+ tnk (29)
ky =ty + taef"l— task.

3ameTHM, 4TO OMNpefenHTeNs, COCTaBJeHHHH H3 KoadduuueHTOB £,
Jomked GBIThb OTAHYHHIM OT HynAsa. B npoTuBHOM cayuyae BeKTOPH iy, J;
u Ry oxazanauch OH JAnHEHHO 3aBHCUMBIMH, T. €. KOMN/aHapummu. B Ho-
BOHi cHCTeMe KOODAMHAT Hall BexTop, onpedeaseMufl dopuyaoft (28),
OyzeT HMeTb y:Ke HOBHE COCTaBAfouiHe

Yiv+yajy +yika

YcranoBum npesxae Bcero Qopmyay, BHPaXaoUIyl0 HOBHE COCTa-
BJSIONIHE BEKTOPA Yepe3 ero npexuue cocrapidwomue. Mb umeey, oue-
BHIHO, HCNOAB3Ys BhIpaxeHus (29) HOBLIX OpPTOB:

3
Z‘lys (- tio] -+ Eok) = x0,d + o] - x5k,

CpasnuBas ko3dduunentst npu i, j n k, noayunm ¢opMyan, Bmpa-
JKAOULME TIPEXHHE COCTaB/AIONINE Yepes HOBHE:

xy=tyy, +byr s
Xy= txey: + taa Vs t33)s (30)
X3==t13y) -+ tays -+ faa)s
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Ta6nuua storo npeoGpasosanns oraiuaercs or Tabauun npeo6pa-
3oBanuA (29) TeM, uTO CTPOKH 3aMeHeHH cTosbuamu. JeHicreureasiio,
B Kaxnaoll crpoxe tabanum (29) ue mensercd nepsufl 3HAuOK, a B Tab-
auue (30) 310 uMeer Mecto AA8 BIOporo 3uauka. OOosznauas tabauy
npeobpasosanust (29) uepes 7, yuu Oyaen Tabaniy npeoGpasopannsa (30)
06o2nayats yepes T(*) u naswparb €e TPauCNOHHPOBAHHON MO OTHOLIE-
Hmo Kk 7. ITpn arom moxHO 3anucarb dopmyast (30) Koporko B cae-
aywuleit gpopye:

(X Xo ) =T (3, 35, 3), 62y

npuueM (X, X3 X3) 0003HayaeT TPH COCTaBASIONLHE BEKTOPA B HPEKHIX
oprax, a (¥;, Vy V3) —B HOBHX OpTax. Bulpamenue 1I0BLIX COCTaBasio-
mMuX yepe3 cTapuie Oyder nMeTb BUI

Db ya 38)= A (x4 X3, X3),

rae T)71 ect» mumefinoe npeoGpasosanne, obpathoe 7). Qio na-
suibaercs  OOMYHO Koumpazpaduenmus sy 1o orpowenmo k 7. [Las
KPaTKOCTH nicbMa 0003HAauUnM COOTBEICIBYIOWYID eMy Tadamy ocoOoii
6yKnoll

U=TE1, (32)

Mu mozeM, Taknym o0pa3oM, yIBepixaaTb, UTO AP NepemeHe OCHOB-
HHIX OpTOB, coriacto (iopuyae (29), cocTaBasiouiHe BCAKOrO BEKTOpPa
HCMBITLIBAIOT  Jiilieliioe npeoldpasosanue ¢ Ttabauueit {J, onpeneasemofi
no ¢opuyre (32). Taxnm oOGpasoM, nawm ABa BEKTOpa X (X4, X3 X3)
H X' (x;, X X;), Bxoaswue B npeobpascsadie (9), nocae npeobpaso-
BaHHA OpTOB OyAyT HMETb YiKe /JAPYrue COCTABJAMIOULIE, oOnpeaeisieMule
yepes npexkHue no dopmynan:

o yo ) =U (%1, X3 X% (V3 Y ¥3) = U (%, X3, X3). (33)

Hawefi sanauell, Taxnym oOpasoy, sgBAsieTCs YCTaHOBUTL JHieliHYio
BaBHCHMOCTL  MEKAY COCTaBasiomuMu (g, ¥y, 33) 0 (5 Yo Vi) Mu
MOXKEM COBEPIUNTL NEePexoi OT BeKkTopa (), J's y3) K HOBOMY BEKTOPY
(1 Ye ¥y3) caenyowny cOpasoM: cHauasa nepefitTh  oT BeKropa
(V1» Yo ¥3) K BeKTODY (X, X3 X3), uTo B cuay (33) cosepiuaerca npu
noyowtn Tabanust U!. 3arem nepefith Or BekTopa (X, X3 X3) K Bek-
TOpY (X;, X3 X;) npu movouwt Tabauust A npeoGpasobanus (9) n,
HaKolel, OT BeKTOpa (Xy, X3 X3) K BeKiopy (¥, Vg ¥3) IIPH HOMOLLY
1abauum  npeobpasosanus . OxoHuaTenbHO MBI GyZeM LMerb JlHeHHOe
npeobpasopaniie CJICIVIOWEro BILAA:

y=UAU"Y. (34)

310 npeolpazoBanue Ha3HBaeTCs MOAOOHLIM npeobpasosatino (9), n
ero matpita UAU™' HasmBaercs nomoGholi matpuue A.

dopyyanpyeM OKOHYATENBHO NOJAYUYeHHHHl pesyastar. Ecau gop-
ayane (33)  ewpaxcaiom aunelinoe npeolpasosaniic cocCmMaBASIOUUX
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8K MOpPa, CHI3LLBAEMOE NEPCNCHON OCHOBHBLX OpMOS, MO BCsKOE AuHel-
Hoe npeolpal3osanue NPocMPancmea, KOMopoe 8 HPEINCHUX OCHOBHHX
opmax useso 8uo:

X = Ax,

Oydem usems 8 HOB0IL KOOPOUHANIHOL clcmeste 8uo:
y=UAUy.

22, KosapnantHble H KONTpPaBapHaHTHble adHHHBIE BeKTOpbL [loxoxiw,
yto anHeiinoe rpeo6pasosanne (9) BLIpaxaeT MPOCTO Nepexod OT OJHOIl CHCTEMhI
ACKapTOBLIX KOOPANHATHHX oCeil K JApyrofi, T. €. 4TO ero Ko3d@HUHEHTH CYTh
naupasialowue KocHHycH, onpenersempie no tabamie (3). B atom cayuae, kag
Mpt Buaean 8 [20), Tpaucnonnposannaa taGanua A'*' cosnaxaer ¢ o6parHoii Tab-
mmefi A™!' u, caiezosareabHo, KonTparpaaentHan Ttabanua A1 Gyner cosna-
laTth ¢ OCHOBHO{I Tabanuelt A, T. e. ’

A(*) =A-l; A(*)—l =A. (35)

PaccmatpiiBaa HensMeHHbwil Mo XTHHE H HaNpPaBIeHNI0 BEKTOP, MH MOXeM,
KOHEYHO, YTBEPHIaTh, YTO €ro COCTaBIAIONHE NPpeo6pas3yioTca MO TeM Xe CaMHM
¢dopmyaam (9), uTo # KoOpAHHATH, T. €.

Xy =@y Xy |- a5 -} ay508
Xy ==y Xy -} Ay s - 3505 (36)
X3 == 05X, +Iaazx=+aasxs~

Taknm ofpasom, BCKTOpP BNOJHE XapakTepH3yeTcs TPeMs YHCIZMH BO BCAKoft
dukcnposanHoft nexapToBofi xoopainatHolt cucrese, H npH nepexofe OT OAHof
nekaproBofl cucTeMtl k Apyroft 3TH TPH uncaa (cocTasasioutiie BeKTOpa) npeol-
pa3ylotrcs no teM e dopmyaam (36), uto 1t KoopanHatel. [pexmosoxkUM Teneps,
YTO MBI MPHHIMACM B pacyeT He TOJbKO MEPEXol OT OXHOfl NeKapTOBOM CHCTEMb
K Apyrofl, HO BooGuie BCeBO3MOXHHE anucitusie mpeo6pasoBannd KoopAHHAT
¢ onpenetHTe; eM, OTIHUHLIM OT HYIA, YTO COOTBETCTBYET, KAK MBI BbIlE BIACTIH,
npou3BOJILHOMY BHOOpDY TPEX HEKOMMIAHAPHHIX BCKTOPOB 33 OCHOBHHE OPTHL.
ByneMm, Kak # Buiue, Hapany ¢ tabanuefi A npeoGpa3sosanig (36) paccmarpusath
It KOHTparpaanentuywo rabmmy V= A"®=1 B obuen cayyae onnt 6ynyr pasmiuy-
HLIMH, H MBI HIMeeM TakiuM o0pa3oM BO3MOXHOCTL JIBOAKOIO OMpENe.IeHI Bek-
Topa npH a1060M anHeitHoM npeoGpasosaHill koopIuHat. Bo-nepBHX, MOXHO
cripencINTh BEKTOp -KaK Tpojiky wiices, xoTopasa npeofpasyercs npi nepexone
oT oaHofl CHCTEMB KOOpIHHAT K Jpyroft 1o TeM xe QopMyxaM, uTo 1 camiy
Koopauhatel, T. €. no gopmyram

(x1s X2y X3) = A (y, Xg, Xs). @7

Takoit BeKTOD Ha30BeM KOHMPABAPUAHMHBIN GPUHHBLAM BeKMOPOIL, NPHUEM
obutee aiHeliHoe nmpeobfpa3osanne (36) HasniBaerca HHOraa aduHHHIM npeobpaso-
BanueM. MHaye, MOXHO onpeneanTb BEKTOp Tak, uToObl NMPH BCAKOM JHHEHOM
npeo6pasoBannn (36) ero cocTasasowWie HCMBITHIBAIN COOTBETCTBYIOIIEE KOHTpa-
rpalmiecHTHoe npeo6pasopaxile, T. €.

(xp X2 x5) =V (xy, X5, X3). (33)
Takoll BeKTOp Ha3bBaeTCA KOBAPUAHMHBLA APUHHBLAL 8eKMOPOAM,
B o6oux cayuasx, nMea coCIapiaouiie BeKTOpa B Kaxofi-HHGYIb Koopiu-

natHoil cicTeMe, Mb TeM CaMbIM HMeeM ero CoOCTaBasiouiiie H BO BCEX ApYy-
FHX CHCTE€MAaX KoOpAanHar, noJdyuaeMsix n3 ynommyron pH  noMoI -'110601'0
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ajgunHoro npeobpasosanns. fIpuseneM npitmepsl BexTopos o6oero poxa. IMpexte
BCEro PAaluyC-BEKTOP, COCNMHALINUA JIBC ONPEeleTeHHBIE TOUYKI NPOCTPAHCTBA,
ABJAAETCSA, OYEBHIHO, KOHTPABAPHAHTHEIM BEKTOPOM, TaK KaK €ro CocTasiIsiomie
B BHIIEYKA3aHHOM CMHCHAE CI0Ba (pPa3HOCTH KOOPHHHAT €ro KOKUOB) npeobpa-
3YI0TCA MO TeM e JHHefHHM ¢opMyaaM, 4TO U caMi Koopauuater [lpusedem
enle TNpHMep KOHTPABapHaHTHOrG BekT1opa. [l0J0%NUM, YTO KOOpAMHATH TOYKH
(x4, X3, X3) CYTh QYHKIHI HEXOTOPOro mapaverpa ¢, H onpelemnM BEKTOp CKO-
POCTH, HMeloUH{T COCTaBAMONIIE

dx, dx, dx,
dt ' dt’ dt)°

Hucddepenunpya ochosuue dopuyasl (36) no £, ybemIaemcs Henocpel-
CTBEHHO B TOM, YTO BEKTOP CKOPOCTH TaKKC SBIAETCA KOHTPABapHAHTHHIM Bek-
TOPOM.

Jdanny Tenepb npHMep KOBAPHAHTHOrO BeKTopa. PaccMoTpnMm maa 3Toro He-
KOTODPYi10 PYHKUHIO TOuKH f (Xy, Xy, X;) B NPOCTPAHCIBE H onpelemiM B 1o06oil
KOODIHHATHO! CHCIeme BEeKTOp, Ha3mBacAblil 2paduennor 31O yHKUHI U onpe-
ReaAeMElfl CIEAYIOUUIMH COCTABIAOIHMH:

of of of

Ox;’ 0xy’ Oxy”

CoraacHo npaBnay audg¢epeHHpoBania CI0KENX QYHEIUI 1 dopmy1aM (36),
OyneM HMETh:
L oL +”2s%+a I s=1,2 3,
2

oy = M5 0x; s 0y

T. €. COCTaBJIAIOL{HE TPATHEHTA B OCAX (Xy, X,y X3) BHIPAkKAIOTCA Yepe3 cCOCTa-
BAAIOL{HE rpalieHTa B oCsX (X;, X3, X;) -HeHHHM npeoGpa3osannem ¢ Taban-
neit A n, ciejoBaresHo, COCTABIAOUIHE B OCAX (Xj, X3, X3) Yepe3 COCTAB.IAL-
uiie B ocax (Xy, X'g, X3) BHIPAXAOTCA JHHefiHHM mnpeo6pasoBaHneM ¢ TaGaHieit
A=V, 1, e. rpaineHT QYHKUUI eCTb NefiCTBHIEILHO KOBAPHAHTHBI1 BEKTOP.
Herpynro Bripasuts dopMyast (37) 1 (38) yepes yaCTHIE HPOH3BOAHLE HOBHIX
KOOpIHHAaT MO CTapuM H HaoGopor. Bseaem o0G6Go3HaueHNs, HECKOJIBKO OTIHYHBE
OT NpPeAHIYU(lIX, KOTOPHE ABIAIOTCA OGLIYHBIMH B Teophil BekTopoB. Byizem y
COCTABJIALINX KOHTPaBaPHAHTHHIX BEKTOPOB MPHINCHIBATH 3HaYOK CBEPXY, a y KO-
BAPHAHTHHIX CHH3Y. B COOTBETCTBHH ¢ 3TUM ¥y CaMIX KoopanHar 6yxeM miucarb
8HAYOK CBEPXY.
Koa@duunents npeo6pazopanna (36) MOKHO NpeACTaBlTL B BHIE YAaCTHBIX
NPOH3BOIHBIX CIeAYoIiM 06pa3zon:
ax'(l)
aik=m. . 39

DaeMeHTH KOHTparpaaneHTHoii Matpuus V 6yayr:
- __ Ap

H Te Xe SMeMEHTH IMeeT Matpuma (A~ T. e,
(Al#))-l = (A-l)(*)’

T. €. MOXHO cHayala nepefitn k o6parHoii MaTpuie, a HOTOM NEPECTaBUTH
cTpokH H croabusl. Ilpu nepexode k obparHoit MmaTpiue KosQduuueHt ¢
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«h ' . .
GnyeTW H Hocle TPAHCIIOHHPOBAHHA MOJYYHM A4 SI€MEHTOB MatpHun V
BBEIpaXEHHA:

dxtk
Vip= g - _ (40)

Ilycts u'S' — cocraBasiomHe KOHTPABAPHAHTHOrO BEKTOPa B KOOPAHHATAX
x* 1 'S — B goopauHarax x'S. Ilo onpexerenyio uMeeMm:

3
. rii
i — 2 %xx(-:: a® (=12 3). @n

s=1

Touno Tak we nan KOBAPHAHTHOrO BEKTOpPa (10 OMPEACICHHIO MOJYYHM:

3
, oxt
ul = R o;l [¥1) uS' (42)

. s=1\

3aMeTnM™, YTO MBI MOXEM 10:1b30BaThCA ITHMH (OPMYIaMit XA onpefeaeHus
COCTaBIAILIX BEKTOPa He TOJIBKO NpH JnHeliHOM Npeo6pa3oBaHNH KOOPIHHAT,
'HO H B cayyae caMoro ofmero npeo6pa3oBaHHs, KOrka OIHH KOOPIHHATH BHpa-
XKAOTCA yepe3 Apyrue npn noMoutit J06mx, Boobme Hemnueflimx, yHKunil.

YkaxeM emle Ha OAHY BO3MOXHOCThL ONpeieIeHHA KOBapHAHTHOrO BEKTOPa,
npHYyeM KOHTPABapHAHTHHIT BEKTOp onpelersercs NMPOCTO KaK Takofi Bekrop,
COCTaBIA0INHE KOTOPOro npeofpasyioTcs no 1eM xe GopMyraM, yTo H KOOPAH-
narl. Witax, mycts Mb HMeeM 1IeKOTOPLI! KOHTpaBapHaHTHHIL Bektop u'S! i Ko-
BAapHaHTHLI BEKTOp .

CocrasiM cyMMy nponasegenit

Wy, - uy, + u®y,. (43)

Herpynwo Bumers, uTO OHa ocraeTcsa HeN3MeHHOfl, 1M, KaK FOBODAT, €CTh
CK?E)F’ ecan u'$' 1 Uy H3MEHAKTICA N0 COOTBETCIBYOWHM HM dopmyram (41)
n .

HeftcTBuTEe bHO, GyAeM HMETb HeNOCPEACTBEHHO B CHay mpaeHia muddepen-
LHPOBAHUA CAOXHHX (QYHKURIT

3

3 3 3
dx' S oxth
Sy — tk P, _— 2) {3)
2 u vs-—z [Z S ! S | =u v, + u'®vy -} 0¥y,
s=1 k=1 1=1

s=1

Takum o6pasoy, onpeneais KOHTPABAPHAHTHHIL BEKTOP YKa3aHHLIM BHIE Cro-
cofoM, MBI MOXeM OMpeleaHTbh 3aKOH H3IMEHEHHA COCTaBAAIOINX KOBAPHAHTHOIO
BeKTOpa U3 TpeGoBanusa, yToGu BuipaxeHie (43) ocrasazoch HenameHHHM, Tlpu-
MeHas OYKBAIbHO Te JKe BLIYHC.IEHHS, KOTOPHMH MH! 0Jb30BAIHCH B IPeILAYLIEM
HOMepe, MH NMPHAEM K TOMY, YTO INpH NHBAPHAHTHOCTH Bhipaxenus (43) cocra-
BIAIULE Ug NOXMHH HCOBITHBATL JHHENHOE [IPeofpasoBayHe, KOHTPArpaleHTHO.
TOMY, KOTOpO€ HCHHTHBAIOT cocTaBadwoine u'S). [IpenocrasaseM yHTaTEN0 NOKA-
3arb, 4T0 NpH ao0oM npeolpasosanii KOOPAHHAT (lie TOJIbKO TitnefiHOM) BeKTOp
CKODOCTH ABJIAETCA KOHTPABAPHAHTHHIM BEKTOPOM H I'PafHeHT (YHKUHH — KOBa-
PUAHTHHIM BEKTODOM.

B sakmouenne caexaeM olHo 3aMeyaHHe MO MOBONY PasHMIUBI MeXIY KOHTpa-
BapHaHTHLIMH H KOBapHAHTHHIMH BeKTOPAaMH, KOTOpHie OLLTH ONpefedeHH BHILIC
yuCcTO hopMaakHHM 06pazoM — (opMyIaMit Mepexona o1 OIHOMH CHCTEeMB! K IPYroil.
[lyere x — HexoTopuil BeKTOp; 3ajaBHHI CBOeft Zauuoil M Hanpasienuem. Vimen
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OpTH, Mbi OGpasyem cocrasasmulHe BeKTOpa 1o dopmyae (28). Hasosen st
COCTABAAIOUHE CeitYac KONMPABAPUAHIMHNME €OCMABALOWUMY 11 Hannmexn dop-
Myay (28) B Buac: . :

x___,_xu)"__l__x(z)j_'_x(:hk' (44)

Hazosewn Kosapuanmuoii cocmasasionei] BekTopa X Ha OpT I BeANUNHY npd-
MOYrOabLHOIl HPOeKuNH X Ha I, YMHOKCHHYIO HAa AAHHY £, H AHATOIHYHO Xa% ABYX
apyrix opros. Takum o6pasom MMeeM AIR KawAOil CHCTEMW OPTOB TPH KOBAapH-
anTHBle coCTaBagiome (x,, Xxa, X;). MOXHO nokasarb, yTo OHII npeoGpasylorca
npH nepexone OT ONHHX OPTOB K JAPYIHM KaK COCTAaBIAOLIIEC KOBAPHAHTHOrO
BekTopa. JlefiCTBHTEIbHO, MOKHO NOKa3aTh, HA YeM MBI HE OCTAHABJIHBAEMCH, YTO
B JIaKHOM Cayuae BalpaxenHne x'tx;-x®x,-x®x; OGyner masath kBaapat
DIHHB BEKTOPAa X 1 TakHM oOpasom OyIeT OCTaBAThCHA HCH3MEHHBLIM NpH Npeo6-
pPa3oBanin OPTOB.

23. NonsiTHe TeH3opa. Mm mepexoaum Teneps K HEKOTOPOMY 06OGUiCHINO
IOHATHA BEKTOpa, NpitueM Cnauyaia G6yfeM paccMaTpHBaTh TOILKO .dNHeiiHnle ape-
oGpasopauns xoopinsar. [lycts B HexoTopofi KoopuiHATHO ciicTeMe 3ajaha
Tab.qina ACBATH ylce.: -

bip (i, k=1, 2, 3).

Cocrasum Bbipakceyie Biia:

3
E b,-ku""v‘k’, k (45)

i k=)

rae ath i o™ cyTy cocTaBIAOWIC ABYX KONTPABAPHANTHBIX BekTopos. Cosep-
1134 NCPEXOX K HOBLIM KOOPAHHETAM, Mbl MO¥CM B BHpaxeHHn (43) Bupasuts
uh y v'® yepes nosbie cocTasasomie 4 11 v * 1y TagkuM 06pasom npeoGpasycm
BripaxeHHe (45) K caenywolemy BuIy:

3 3
2 bipuo® = 31 ppu o e, (46)

=1 iF=1

Mgl Gyzem mMeTh, TakiM 06pa3oM, 11 B HOBOH KOOPANHATHOM cucTeme T1ab-
auy AEBATH uicex ¢ sacmentamn b, Takas rta6anua, onpejeneHnas B 11060l

KOOpAuHATHOfl cicieMe u3 Tpefonaniia NHBAapHAHTHOCTH BhIpaXenus (43), Hasbl-
BACTCA KOBAPUAHMHUWAM MeH30pOMN 8mopo20 paxaa. TOUHO Tak e, B3AB ABa
KOBAPUAHTHLIX BCKTOPA C COCTABIAIOWMMI 4; i Uy 1 06pa3oBaB Bhpaxenne

3
8Py, ' (7
i k=1

Mbl, 3a11aB B KaKo{1-11100 KOOpANHATHOII cHCTeMC TaGIHILY AEBATI ymHCea b("k),
6yaeM nMeTh 13 TPCOGOBAHIST HHBAPHAKTHOCTH supaxenua (17) Tabauny aesary
ypcea u 8 ao6oil Apyrofi KOOpAHHATHOIl ciicTeMe. JTO AaCT HaM Tak HasbiBae-
Mbfl KOHmMpasapuauMKbl men3op smopozo pawza. Haxoueu, B3ss OXUR KOHTpa-
BaplaHTHbIll BEKTOP € COCTaBIdioutimH u'™ 11 OAIH KOBApPHAHTHLI BEKTOP C COCTa-
BAAIOIHMH U ¥ 00pa3oBaB BRIpaweHIle

3

21 oPuy, (48)
ik=
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MBI TAKIM KE TOYHO MYTEM NPHIEM K MOHATHIO CAeUIAHHO20 MEH30PA 8MOpPO20
panaa.

Mokaxen Tenepw, kakuy ob6pasow, HMes Kosdduuients anHeitioro npeobpa-
308aHIA Koopanuat (36), MOXHO cOCTABHTL OPMYIH, BHPAKAOUWHE COCTABIAIO-
uliie HEKOTOPOro TeH30pa B HOBBIX KOOPANHATAX yepe3 ero CoCIaBIdiomiie B Npex-
HuX Koopaunatax. OcCTaHOBHMCA cHayalza Ha cayyae KOBapHZHTHOTO ~TeH3opa
sroporo panra. Cocrasasoue u') 1 v'® KontpaBapHaHTHBIX BEKTOPOB B Ipex-
Hefl KOODIMHATHOI CHCTEMe BBIpaXAI0TCA Yepe3 cocTasasiomue u’ ¥ 11 v’ B HoBoft
KoopanHaTHoft cugTeme npu nomown anueftHoro npeoGpasosanna ¢ Tabauueft AL
OGo3nayan 9omemeHtnt ®TOft Tabanubl yepes {A~'};, Mb 6yieM HMeTb TakHM
obpazon: ‘

3 3
uth — 2 {A1) jpu 0y ot = Z {A 1} 00,
k=1 k=1

[Tonctasaas B Bupaxenne (43) 11 onpexeans kKo3dpduunucHT npin npouaselennu
w'hy' R ML noayunM . BepaweHHe 114 cocraBiaouiefi b, TeH3opa B HOBOM
KOOPAHRATHOI cHCTeMe:

3
bir= 2 | bpg {A™ ot {A ) gr. (49)
p.g=

Jlnst cayyas KOHTPABapPHAHTHOrO TEH30pa BTOPOro PaHra HaM COBEPUIEHHO
TaK e HaXo 6yneT BHIPA3NTh COCTABIAIOUIHE KOBAPNAHTHBIX BEKTOPOB If; W Up
yepe3 HoBble coctasrapmiie. Corracio onpeleneHHIO KOBAPHAHTHOTO BEKTOPA, U,

BHIpaW4ETCA yepe3 i; npH nomoumyy rabanusl A*'"! m, cregosateawno, u; Bhpa-
HaeTcA yepes y; npH momowgy Tabauusl A, TpancmouiposaHnoift no orsome-
HIO K A, 1 8HANOTHYHO ©;, T. €.

3 3
u = Z‘{ {AVy; vi= 21 {A}nivg.
k= k=

[MoacraBans 310 B BhHpaxenue (47), noayvunm dopmyas npeo6pa3oBanns s
COCTaBAAWIIHX KOHTPABAPHAHTHOrO TEH30pa BTOPOro pasra:

3
p R Z At {AYip {Alrg- (50)
p.g=1

ToyHo Tak *Xe, 271 COCTABJIAOMIIX-CMEIaHHOrO T€N30pa BITOporo paHra 6y-
IeM TiMeTh caeayomyio ¢dopmyay npeoGpasosanis:

3
b= P {A Yy {Alrg 1)
—r . Prg=}

Ecan M Bupasum xodbduuuents anueltnoro npeo6pasoBanna yepe3 yact-
Hble NPOM3BOAHbLIE

ox'h dxth
oxk u dx K

1 MOACTABHM 9TH BHIpaxeHya B npeabigymite dopumyan, To G6yneM umers dop-
MYyabl npeoGpasoBaHisl TEH30POB BTOPOTO PaHra A1a cayvas mwoboro npeobpaso-
Bauis KoopauHar, CopepuIeHHO aHATOTHYHO NPEALAYINEMY MOXHO onpefeInts
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NOHATHE H O TeH30pe paHra BHIUE BTOPOro, HA yeM MH OCTAHABIHBATHLCA He
GyneM.

B npeabiaymeM Mbl BCe BpeMA HMeaH geqo ¢ taGamueil, Bripaxaiouieii mi-
HeltHoe NpeoOpa3oBaHie TPeXMEPHOro NPOCTPAHCTBA B HEKOTOPHIX KOODAHHATHEIX
ocax. Ilycrb 310 6yzer Tabanua B 1 NMOI0OXHM, YTO MBI COBEpPIIHAH aduHHOE
npeo6pa3oBaHne KOOPAHHAT IO QopMYyIam

U Yo Y2) = A (%, x0y X3),

rae A ecTp HekoTopaa TalaHua ¢ onpejeanTeleM, oTIHYHEM OT Hyad. Kak 6uiao
TOK33aHO BHIIIE, B HOBHX KOOPANHATAX Haite npeo6pasoBaHiie NPOCTPaHCIBA
6yger nMmers TaGanuy

ABATL,

Herpyndo sunets, 4to Takoe mpecobpasoBanue Tabaunst B COBnNaZaer ¢ yKa-
3aHHBIM BBILE NpeobpasoBaHHeM 1A CMEIIAHHOrO TeH30pa BTOporo paura. [lefi-
CTBHTEIbHO, NPHMEHAR MPaBHAA 118 NepeMHOXeHua Tabain, OyxeM HMeTh cae-
aylouiHe ¢opamyas:

3
{BA ) gy == 21 {Blgp {47 }pir
p=

H Ra.ablle OTCi0da

3 3 )
{ABA Y= El {Aleg {BA  }gi= 3] I{B}qp {A™1}pi {A}gge
qg= D, g==

O6o3nayasn bi’) svecto {B},,, noayuus xak pas dopmyas Buma (31).

YnousaHem ewe O HEKOTOPLIX TEH30PaX yaCTHOro BHIa. FlOJ0oXHM, YTO
B HeKOTOpoH KOOpIHHAaTHOI ClcIeMe KOBapHaHTHHIH TeH30p ofaajaer TeM cBoit-

CTBOM, YTO
bin=0by (i, k=12, 3). (52)

Herpyano simets, uto on 6yzer o61alaTb 3THM ke CBOACTBOM H B a1060fi
apyroft KoopnuHatHo# cucreme. [eficTBuTenbHO, coraacuo (49):

3

b= 3 bog (A or (A7
P, q=

uan B cuay (52):

3
b= , bap {A ) o {A™ } gy
P g=

uaHd, u3MeHas obosnaueHus NEPEMEHHBIX CYMMIPOBAHHA?

3
b == Z bpg {A ™ }qr {A  } s
prg=1

OTKYyNla HENOCPEeACTBEHHO BHANO, uTO D), AelicTBHTETbHO coBmamaeT ¢ by, Takol
TEH30p HA3HIBAETCA CUMMEMPULHUAL KOBGpUGHMHBAL men30poat. Coepluento
@HAJ0THYHO OMNpENeIeHNe CUMMENMPULHO0 KOXIMPABAPUARmHO20 men30pd. Touno
TaK ¥*e, eCJH B HEKOTOpOil KOOPANHATHOI CHCTeMe by = — bp; 1M bl R = plk by
TO TO e 6ydeT HMeTh MecTo H B .rio6oli Apyrofi koopaHuaTHoll cHCTEME, H COOT-
BEICTBYIOUHE TEH30PH HAWBAWICH KococumaMempuyeckus, J1a CMeWanHOro
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TeH30pa yKa3aHHoe OGCTOATEILCTBO yxe He GYAeT HMeTb MECTa, TAK YTO, HAMpH-
Mep, cootHomenue b{¥) = 51 ne Gyxer nmBapnanTHEIM NpH npeoGpasosaHIt KOOP-

nunar. Mut nepexolny Teneépb K pacCMOTPEHII0O HEKOTOPHIX YACTHHIX CaIyyaeB
TE€H30pOB.

24, TlpuMepsl adHHHBLIX OPTOroHAJNBHBIX TEH30pOB. B narbuHeftunx npi-
Mepax Mbl OrpaHHuHM anHeilHele Npeo6pasoBaHMA KOOPIMHAT JHWB TeMH npeol-
Pa30BaHHAMI, KOTOpPHE O6bl1H paccmoTpensl B [20] H KOTOphle COOTBETCTBYKWT
nepexoly OT ojHoit aekapToBoll ciicTembl kK apyroil. Taxue npeo6pasosanus Ha-
36IBaOTCA OGBIYHO OPTOrOHATBHLIMI NPeo6pa30BaHNAMH TPeXMEPHOTO NMPOCTpaH-
crBa. [lra HHX, KaK Mbl BHAEIN BhILNE, KOHTparpalueHTHoe npeoGpazoBanie
A1 copnanaer ¢ A u 1cye3aer pasHHUA KOBAPHAHTHOIO 1t KOHTPaBAPHAHTHOTO
BeKTOpa. TOYHO Tak ®e N1 9THX npeoGpa3oBaHN{i KOOPANHAT GYIEM .OYeBHIHO
HMETh OIHO TOIbLKO MOHATHE Tensopa BToporo paxra. Obosyayas tabanuy xo3d-
¢uuIeHTOB OPTOroHa bHOro npeo6pa3oBania KOODINHAT, KaK 1T Bbille, yepe3 {A}:s,
noayyuM Lis Gopmyrs npeo0pasoBaHHA TEH30pa BTOPOr0 paHra CIelyloumyio
dopmyay: s

bik= Z lbpq {A}ip {Abrgs (33)
p,q=

KOTOpaA HEMOCPENCTBEHHO BhITEKAeT 113 dopMy.a npeastayutero naparpaga. Bynem
TOIKOBATb IEMEHTH KamAoro crorbua radanusl || b || Kak cocTasasmoue HeKo-
Toporo BekTopa. Mel itmead, TakHM o6pasoM, TPH BEKTOpa:

B'Y (Byyy bagy Bar)i ' (Bygy basy Bys)s B (bysy Dagy oa)-

ByaeM rosoputh, YTo nepBhit H3 HUX COOTBETCTBYET OCH .X,, BTOPOIi — OCH X,
H 1peTfi — ocn x,;. ConocrasiM Tenmepb mo6GoMY HampaBiIeHHIO (1) BeKTOp b
corracHo dopuyae

b'™ =cos (n, x,) bV’ +-cos (n, x,) B> J-cos (n, x;) b, (39)

BoabyeM Temepb kakue-Hn6yas IexKaproBel ocu (xj, X,, X;) BMECTO npex-
HHX (X¥;, X3, X3), I COCTABHM BEeKTOPH cOTaacHo dopmy:ae (54), cooTBeTCTBYlOUINE
HaNpasIeHHAM HOBBIX KOOPAHHATHHIX ocefi:

bR =cos (xg, &) BV —-cos (v, Xg) BB J-cos (xp, xy) B, (33)

PaccMatpuBas npoeKuUi 3TIX BEKTOPOB HAa HOBLIE KOOPIMHATHBIE OCH X, Xa, X3,
Gynem nMerb Tabamy mesatn unced || bjy ||, anazornunyio Ta6anue || b;p {|. IMoxa-

WeM, UTO 3TeMEeHTH HOBOM Tabanusl BHIPAKAIOTCA yepe3 3reMeHTH Tabanust by
KaK pa3 no gopmyray npeo6pa3osanHA COCTABJIAOINX TEH30POB BTOPOTO paHra.
HAefictpitteabno, paccMoTpnM, HanpuMep, 3aement bg,. Coraaco onpelereHino
3TO €CTb COCTamaAwilas BekTopa b''® Ha HOBYIO ocCb x,. Popmyra (35) naer:

b =cos (x3, x,) B -}-cos (x;, xg) B -cos (xy x;) b, (36)

OTKYJNa BHIHO, uTO b''® ects amumefinan ¢yHkuma pextopos b*", u, uto6u noay-
YuTh by, NOCTATOYHO B NpaBoil wactn Qopmyast (36) samennts BexkTOpH bV Ix
NPOEKIAMH HA OCb Xy, T. €. 3aMEHHTb 3TH BEKTOPH CICAYIOMIMI BEIPAKEHHAMH:
’ ’ ’

b —ma byjcos (xf, x,)-}-by;c08 (X1, X9)—4-bsico8 (xy, X3) (i=1, 2, 3). 3ane-
THM, KPOME TOro, YT0, COracHo tadamue (2): cos (x;, xp)=a;p={A}ir

TloacTasana 3Ti BuIpakeHIA BMCCTO YNOMSHYTEIX BEKTOPOB B NPIBYIO YacTh
dopmyan (56), 6yaem 1MeTh: .

3

bjz= 2 bpq {A}xp {A}sq»
Pig=l
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YTO K2K pa3 u cosnapaer ¢ dopmyaofi (63). Takum o6Gpazoym Mbl MoxeM yTBep-
¥Aarb, YTO CCIH JAA TPeX B3aUMHO HEPNEHANKYIAPHLIX Hanpas.IcHiifi onpeneacHbl
TpH BeKTOpa O'Y, ', B'¥ n no ¢opuyre (54) onpexcicH BekTop AIA 31060ro
Hanpasaenua (n), 10 Tabauua MACBATH YyuCed, A3OWUX NPOCKUNH BEKTOPOB
e (k=1, 2, 3) na ocu x"** B moGoii nekapToBOH KOOPAHHATHON CHCTEME, olipe-
JeaaeT aduHHHIL OPTOroHaIbULIL TCH30P BIOPOrO pamra, T. e. TCH30pP BTOPOro
paura, onpcacIeHHbt A1 BCCBO3MOXKHBIX OPTOFOHAIbHHX HpeobpasoBaHiil.

3aMeTHM, YTO KOrZa MH ropopns, 4yro b'!' COOTBETCIBYET HANPaBICHHIO He-
KoTopoff oCH Xy, TO 9TO He 3HayuT, uto b'!’ J0MKeH HMeTb HAUpPABJIEHIE OCH X;.
CymecTBeHHBM ABAACTCA aMIb dopmyaa (54), KOTOpan CONOCTaBIAET BCAKOMY
HampasJeHHi0 (1) BekTOp 4'”, HaupasieHile KOToporo, oobule rosops, He COB-
nanaer ¢ (n).

IlpusexeM Tenmeps Ksa npisMepa adiHHOO OPTOrOHAILHONO TEH30PA BIOPOIO
paura. [lepumil U3 3THX npiMeEpOB ecTb H3BeCTHHIT 113 TEOPHH YNPYrOCTH TEHIOP
uanpsaxena. Paccymorpum nedopmiposannoe ynpyroe 1eI10 H OpPOBCIEM B HCKO-
Topoil ¢ukcuposamnofi ero Touke Al Gecxoncuno Maayo maowaiky ds ¢ HOp-
Maablo (7). B Teopun ynpyroctst npitHUMAloT, YT0 BO3ACHCTBIC HA YOOMAHYTYIO
I0WAIKYy TOfl YacTH YNpYroit cpeid, KOTOpAas HAXOAWTCA CO CTOPOHHI olipeie-
aseMOi Hanpas.acHileM nopMaaH, 6yReT paBHOCHILHO NPOH3BEACHHIO HEKOTOPOIo
BekTOpa b, 3aBicsulCro OT HaNpaBICHAA HOPMAN (1), Ha BCANYIIHY NI0WaAKH ds.
M3 paccsorpenus ycaosnit pasnosecna 6CCKOHEYHO MAIOro TETPa’ipa, BHICICH-
HOrO H3 YNPYroro Tela, noy4aercs papeHcTso (54), 113 KOTOPOro HenocpeaCTBEHHO
BLITEKdeT, YTO Halpa#cHile CCTL TeH30p pToporo panra. B .iofoil dckaprosoi
KOOPJIHHATHOI CHCTEMEe 3TOT TCH30p OyacT XapakTepu3osarbes Tabamucii acBatn
uicea || by ||, npryey, Kak AOKa3LIBAETCH B TCOPHIl YNPYrocCTH, 3TOT TcH30p Gyner
CHMMETPHYUNbIM, T. €. D;p = by;. Huaue rosops, npockius Ha oCh A; HANpAKCH,
AcHCTBYIOIICFO HA NIOIMAIKY, NCPNCHANKY.IIPHYI0 K OCH X, PaBHa NPOCKUINI
Ha OCb Xz Nanpamkenis, AcfiCTBYiOUero Ha MJIOHIAIKY, NCPUERIMKYIAPHYIO
K OCH Xj.

[MepeitneM Tenepb K XpyroMy (piiMepy Tenzopa. PaccMOTpHM Heko1opoe
BekTopHoe noie C (M). Ecan sbi6pars HeKOTOPYIO 1€KAPTOBY KOOPAHHATHYIO CH-
creMy (x,, Xg Xg) U B38Tb NMPON3BOJHHE OT COCTABIAOWHX NOAA (Cgy €, C3) 1O
KOOPAHHATAM, TO Mbl {10JAYYHM caelyiowywo Tabauuy AeBATH BCIHYHH:

1 dey

0xy
dey

0x,

Ocg.
Xy

o,
oxg
dey
0x;
dcy
Oxg

dey
0x,

67

Bas mo6oro wanpasaeHHa (1) ONpencauM BEKTOP, COOTRETCTBYIOWLM{ 3TOMY
c
HampaBaCcHHIO, KAK NPOH3BOAHYIO n TaKk y4to vaeMenThl Tabauuw (57), Haxoas-

muecs B k-M croxbue, G6yayr maBath COCTaBaAOWHE BEKTOPE, COOTBETCTBYIOLErO
nanpasienuio ocH X Maa aoboro uampasaenns (n) OymeMm nserh dopmyay
[1; 120):

OC,' 00,- 00" 601

5 =008 (1, Xy) 5= ~1-C0s (1, X3)5— -F-€0s (1, X3)s— (i=1,2, 3

on ( ' 1)0x1+ ( ) S)dxa—i_ ( 1 ')0«\‘, ( [ ] )1
1. €. onpejeieHHas Hami 7abamua npejcTaBaser co60l0 TEH3OP BIOPOro paHra.
10T Tensop He GyneT, BooGUle TOBOPHA, HH CHMMETPHYHBIM, HH AHTHCHMMCTPHU-
neis. Ho HeTpYZHO ero mpencraBHTL B Bitie CYMMbl CHMMETPHYBOLO 1 aHTHCHM-
METPHYHOrO TCH30pa, MOHHMAA [OA CYMMOM ABYX TalalL CYMMY COOTBETCIBY1o-
UHX 9ICMCHTOB ITHX Tabauu,
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Mpensapureanhio creazeM nekorophie obmue 3ameyannsa. Ma mmefinoro xa-
paktepa dopyya (533) BHTekaer, uyto ecan || by || n || eir ]l 6ynyr aBa Tensopa,
10 cymma || bip--cir || Takke 6Gymer Tensopom. Kpome TOro, sra xe dopmyaa
COXpansercs npH nepecraHoBKe 3HAaYKOB, T. €.

3
bri= D, bop{Alip {Abrg
p, g=1

TaK YTO €Call HeKOTOpee 7261umH, onpejesennsie 11a BCex ocefl, MAlOT TeNn3op,
TO H TPAHCNOHNPOBaHHHe Tabmuuu Aalor Ten3op. [loxoknM Teneps, 4TO MM
HMeeM HeKOTOpHIl Ten3op || ;. Mb MoxeM npeacrasuth ero B Blite CYMMB

iy . -
A e ]

[Teppoe caaracmoe npencraBaser co6oio, 0YCBILIHO, CHMMETPHYHHI TeH3op, a
BTOPOE — aHTHCHMMETPUYHKI TEH3O0P.

lNpnyensa 910 pasbieHne x TeH3opy, onpeneasemoMy tabauuedt (57), moay-
YHM €ro CHMMETPHYHYIO YacTh B Bige:

| dey l(d_c, ac, 1 {0¢} | Ocy
e zlontan) T(Eta)
1 (e, | Oey dcg 1 [0cs | Ocq .
5 (o 35 ozl (38)
2 \0x; ' 0xy/° 2 \0x, ' 0x,)’ 0x, I

Ecan nmeerca nedopuaunsa ciromnoft cpens n MC ecth BeKTOp cMeHICHIS, T. €.
TOT BCKTOP, Ha KOTOpH{i cmectiaack Touxka A cpeaw, To Ttabanna (58) onpexe-
AAET TaKk Ha3bIBAEGMLIl men30p Odepoprarjuu. ANTHCIHIMMETPHUECKAA 4acTh TeH-

3opa Gyzxer:
0 Ll g), (ko)
’ o 2\0xy 0x,)7 2 \0x, Ox,
1 (dc, Oc, 1 (Oc, ey
7 (=), o l(a—d)) 9
1 (%._S’i) i(%__.%) 0
2 d.vl 6."; ’ 2 0.\’3 d-r; ’

Ms! yxe panblle npon3soinan paséicnie TeH30pa Ha ABe YacCTH A1s 4acTioOro
cayuas auuefinoft omnopomnoft mepopmamun [II, 125] u suiaean, 4to B 3TOM
cIyyae aHTHCHMMETpHYECKOill YacTH COOTBETCTBOBATO BpallleRile NMPOCTPAHCTBA,
Kak neaoro (6e3 aedopmanui), BOKpYr HeKoTopoil ocil.

25. Cayuaii n-mepHoro KOMMIEKCHOro mpoctpaHcrea. OGparumcs
cefluac K ofiieMy cay4al 7-MEPHOro NpOCTPaHCTBA. BeKTOpoM B TakoM
NPOCTPANCTBE MH paHbllle YA€ HA3BaIN NOCAENOBATENLHOCTH 71 uHCen,
BeHIECTBEHHHX I KoMIeKcHnx [12]:

x(xl’ X2 ooss xn)’
npuyeM 3TH YHCJa HA3BIBAIOTCA COCTABJMIONINIMIE BEKTOpa X. Mu cunraem
npn 3TOM, YTO NMPOCTPAaHCTBO OTHECCHO K ONPEACNEHHRIM OPTaM:

a1, 0, ..., 0 a®(0, 1, ..., 0} ..i; @™ (0, O, ..., 1),
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TaK 4TO
x=xaV + 5,0 4 ... - x,a". (60)

Ycaosie paselicTBa BEKTOpPOB n npocrefiine AelicTsist HAZ HRMP Guan
onpesenes B [12).

JluneiHuN npeoGpasosanuey n-MEpHOro NpOCTPaHCTBA HA30BEM Mepe-
X04 OT BEKTOpPa X (X1, Xy ..., ¥,) K BEKTOPY Yy (Vi Y2» +..r ¥,) MO
tdoparynax:

yis=apnX - apXy - ... - aX, i=12,...,n, (61)
WAl HHaye
y=A4x, (62)
rore A ecte Tabanua nan Marpnua || ag|[? npeobpasosanns. Ecan ee
onpenemiteas D (A) orauyen or nyas, 10 npeobpasosanne (62) nasul-
BaeTca HeocoOuM mpeoOpasosaniey, a marpuua A — HeocoGoll mMatTpuilelt
(rabannelt). B sTom cayuae, pewias ypassenne (61) oTHOCHTeAbHO X,
noayuus npeobpasosanue, obparHoe (61) uan (62):

x=A7"y, (63)
roe Tabauma A7' nuMeer saeMenThl
_ Ap;
{A l}ikzl) (f{) N (64)

npuuey vepes D (A) mm obo3navaen onpedeintens tabanusl A 0 oyepes
A;, — anreOpanueckne JONOMIGHNA €ro OTHOCHTEJNBHO 3/EMEHTOR ;.
Hanviie, ananornuyno npeasayulemy [21], onpenensiercs npousBeleHie
JByX npeoOpasoBaHiil, a HMCHHO I[OCJIeIOBATE/NLHOE HNpPHMEHEHIe AaByX
npeoGpasobanni
y=A4x;, z=B58y

PaBHOCHABLHO OHOMY JAuHeHHOMY npeoGpa3oBaniio
z2=DBAx,

KOTOPOE Ha3hLBaerca npou3sedenuest npeobpasosanuft A 1 B u Tabauua
KOTOpOro ONpelesercd ro Qopiyae:

(BAlu= 3 (8 (4} G

s=1
D10 npou3beAenHe 33BHCHT, BOOGIUIE TOBOPSA, OT NOPSIKA  COMHOXKIL-
TeNeH, T. €., KPOME HCKAOYHTENLHHIX CJAYYaeB, Mbl IMEeM
BA #£ AB.

Herpyauo pacnpocTpanuTb onpejencHne Npon3BeJeHHs Ha Cayuaf
ao0oro  uNHCAa  COMHOWUTENEH, MpuYeM IlMeer MeCcro CoueraTenbHuif
33KOH, T. €. COMHOWKHIEAI MOMKHO COEMNHSTL B TPYMILL

(CB) A= C(84). (66)
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O6patHoe npeopasoBaHne YAOB/JETBOPSET COOTHOLIEHHSIM
AAN=A"1A=1] (AN 1=A4, (67

roe cumBonoM [ Mbl 0GO3HAUMAW TaK HA3HBAEMYI0 €AMHMUYHYIO MATpHILY,
Yy KoTopoll 3/:eMEeHTH, CTOfIHe HA rAaasHOH NHAroHamy, PaBHE ERHHHIE,
3 OCTalbHHE 3IMEMEHTH — HyM©0. DTOH MaTpHUE COOTBETCTBYET TOXKIe-
cTBeHHOe npeolpasoBanue y;=x; (I=1, 2, ..., n).

Tak ke, Kak 1 BHIUE, ONPEAEANM JHATOHANBLHYI0 MATPHLY NOPAAKa n:

kL O 0 ...0
0 % 0 ...0
(ke kg oo b]=[0 O ky...0

s & s s e = 0

0 0 0 .. k4

(68)

EH#l cootsercrayer npeoGpazosaune: y; =k (=1, 2, ..., n).
INponsseselne AHArOHaJAbHHX MATPHIL HE 3aBHCHT OT MOPAAKA COMHO-
Kuteneft u onpenenserca no opmyae

[kl’ kq, ey kﬂ] [ll’ Ig, cey ln]= [ll’ lg; cuey l’l] [kl’ k%’ vevy k’l]:
= [klll’ kilg, esey knln]'

B uwactHoM cayuae Ai=rk,=...=Fk,==k MH NONYYAM MaTPHLY

£00..0
0£0...0
[k By ooey E]==[0 0 £ ... O, (69)

000...4%

koTopo#t OyneT COOTBETCTBOBATL YMHOMEHHE BCEX COCTABIAOUINX BEK-
TOPa Ha uuca0 k. B COOTBETCTBHM CO CKa3aHHHM B Hayane HACTOANLErO
naparpada me Oynmem cuurtaTh, uTo MaTtpuua (69) ssasercs npocro
YHCAOM R, T. e OyAeM CUHTaTh YHCAO & YaCTHBIM CAy4aeM MATDHIL
Herpyano sumers, noasaysch ¢opmyaoit (65), uro npomssenenne
yHcna k, Tpaktyemoro Kak Marpuua (69), Ha a6y matpuny A He
338BHCHUT OT NOPAAKZ COMHONKHTENEH H CBOAMICA K YMHOXEHHIO BCEX
9/€MEHTOB Matpuusl A Ha uncao k&

{[B B ..oy k) Alip={kA}i, =k {A}ip (70)
4 B, H. Cuupyos, 1. 111 '
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IonoknM Temepb, YTO MBl B3AAM 32 OCHOBHHE OPTH He BeKTOpH
a®, a noswe sextopn ™), Kkoropuie smpamaorcs uepes a'® mo
dopuynas:

B = ty,a) L t,0® 1. Lt ol

b(]) tna(l) —'i"tz)a(’) + +t3na(n) (71)

b(")—t ,a“)-}—t aa“)—]—...—{—t at™

npuyeM onpeaennTeab, COCTaBJEHHBI 13 3JMEHIOB I, He DaBeH HYJH.
Ipu 910\1 pekTops a'®), Hao6opoT, BHpakaoTcA AHHEHHO uyepe3 BeK-
Topu &%), n peskas aunetinas komGunauns sextopos al®) ecrs B To We
caymoe BpeMs Junefinas komOunauns sextopos &%) u maoGopor. Hnaue
rosops, Bektops &%), Kak OpTH, 006PasyioT TO ke NMPOCTPAHCIBO, YIO H
BEKTODH a®). Ecan HEhOTOpHH BEKTOP X B CHCTEME KOOpPAHHAT, Onpe-
nensevmolt opramn a®), uveer coctapasouwe (X, ..., X,), T0 B CHCTEME
KOOpAHHAT, onpeneaseMolt opramil b, on OyAeT HMETL APYrHe COCTaB-
astomue (Xg, ..., X,), KOTODHE BHPAKAOTCH YePe3 NpexHHe NPH NO-
MOMLH Junefinoro npeo0pa3oBatiiid, KONTPArpaaleHTloro npeo6pa3oBaniio
(71), 4TO MO:kHO BamucaTb Tak:

(X1 ovey X)=T"(xy, ..\, Xp) 72
rae 1abanua TF) ects tpancnonnposadnas rabanua nmo  OTHOLENH:O
x tabmue 7, coorsercrayioutelt npeobpasosanmio (71).

Ecaun MH uMean HeKoTopoe npeo0pasoBaiiie NpoOCTpaHCIB3, KOTOpoe
B NEPBOHAYAJBHON KOODAUHATHOfl CcuCTeMe BeIpaxanock ¢opyyaoit (62),
TO B HOBOH KOOpAuHAaTHOH cucTeMe 3T0 ke npeodpasopanne Oyaer
BHIpaxarbcad Gopyyaoi

y =UAU X, (73)
rae
U= T0x)-1,
Matpuua
VAU
HassiBaercst nodo6Hod Marpuue A.

OCHOBHHIMH MOHSTHAMH B DDPEABAYILEM H3JIOKEHHH SABAANNCH MOHS-
THS BEKTOpPA W MaTpRubl. 3aMeTilM, 4TO IHOTA3a DPAacCMaTpHBAT BEKTOP
X (¥4 +.., X;) TONE Kak MaTpuiy, oZuH u3 croabuce KoTopofi, Ges-
Pa3IHuHO Kakofl, 3anojHeH uncaasit (X, ..., X,;), @ OCTaJIbHHE 3.Ie-
MEHTH Marpuuul papiul nyaw. 1030, HaNpHMEp, 410 MH  CTaBnM
coCTap Jsiiollile BEKTOpPa B nepsoii cro.abeu. Taxny oOpasoM Mu Gyles
UMETb MPEACTaBACHIE HAWIEro BEKTOPa B BILAE MATPHUBL

ix, 0 ... Of
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Huoraa Taxyilo MaTpuuy, Y KOTODOH TOABKO OAWH CToabeir coaep-
XHT 9JEMEHTHI, OT/IHMYHHE OT HYJAH, 0003HaYaloT CHMBOJOM

Xy x 0 ... 0 _
.?g — Xa 0o ... 0 ) : (74)
%) lx, 0 ... 0

[Tokaxem Temeps, uTo JuHeliHoe npeobpasoBanue (62) moxer OHIThb
3anucaHo B BHAE npouspeaeHus MarpHusl (74) Ha Marpuuy npeoGpaso-
pauns  A. JeHcTsurtessHo, nepemHowkas wmatpuuy (74) Ha marpuuy A
no npapuay (65) n npuHnMas BO BHUMaHME, YTO Yy Marpuus (74) TOaBKO
SMIEMEHTH TIEPBOro CTOAOLAE OTAMYHEL OT HYAS, MBI HOJAYUHM MpOH3BEne-
HIE B BHIE MarpHUB, Y KOTOPOff TOwe TOJABKO 3JEMEHTHI NEpBOro
croabua OyAyT OTJAHYHEIMH OT HYJAS, M STH 3JEMEHTH, KaK HEeTPYIHO BH--

ners, 6yayT
Yi==apX X 0 X,

T. € OHU JAIOT KaK pa3 JuHeHHoe npeoGpasosadue (62). Mu moxem Ta-
kuM 0o6pa3oM 3amucaTbh 3TO npeo0pa3oBaHile B BIHAE:

Jt X1
Blaa®) 75
j’n : -’.Cn/

rge cnpasa CTOHT NIpousselcunie ABYX MaTpnil.
B 3akj0ueHue HAaCTOALIEro HOMEpAa OTMETHM eunle pa3 obune sar\onu,
KOTOpPHIM NOOYNHAIOTCA AelcTBIA ¢ BEKTOPAaMH B 1-MEDHOM NPOCTPAHCTBE

xty=y+x Et+Nt+z=x+4@-+2

Ecmm ¥ n y— xakne-unbyab /1Ba BEKTOPa, TO BEKTOp 2=y —X
¢ cocrapasiouami (¥, — Xp) 9BI9€TCA €AHHCTBEHHBIM BEKTOPOM, YIOBJE-
TBOPSUOIIHM YCJOBHIO X-}-Z==}Y.

ITycts a u b— xakne-unbyab uncna. Mul nmeem:

(@} b)x=ax-}bx; a (bx) == (ab) x; a(x-+y)=ax-}ay.

Ias uncna exnnnua Mo uveeM lx=x u Ox =0, rxe nyap, crosmnti
cnpasa, 0603HAaYaeT BEKTOP, Y KOTOPOro BCE COCTABAAOILME PABHH HYJIO.

26. OcHOBBI MATpPHYHOrO HCYHCAeHHA. B dopmynax, npuseleHHHX
B NpeAuAymieM HOMepe, MaTpHua BXOIIIa B KauecTBe HOBOIO CHMBOJA,
Hal KOTOPHM MBI MOP/H NMPON3BOAMTb ¥ HEKOTOpHE AEHCTBHA, aHAAOTHY-
HHle AeHcTBHSAM Hal OOHYHEIMH YHCAaMH., DTO NPHBOAMT HAC K €CTECTBEH-
HOH MHICAH NOCTPOMTb HOBYH- aarebpy, KoTopas rodnnacs Os Jas
CHMBOJIOB, 1OJ KOTOPHIMH MB Noapasymesaem Matpmup. Mhaue rosops,

4.
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MB OyaeM TOMAKOBaTb MATpnIy Kak HOBHIH BHA YNCI3, K&K HEKOTOPOE
aunepromnaexcroe uicno. CoBEDWIEHHO TaK Xe, KaK C. NOMOWLI IBYX
BELECTBEHHDIX WYHCeA Mbl NPHILAN BHUIE K [MOCTPOCHHIO uHCea HOBOMH
NpHPOME], @ HMEHHO KOMIJEKCHMX uiicea Bufa a-}-1b, Tak u Tenepnb Ml
c nomowplo 2! KOMIJEKCHHX UHCET da;, PAaccTaBIeHHMX B Bile Kba-
apatioff Talauubl, NPUXOAHNM K HOHATHIO NOBOTO HHCJA — Mampuysl.
Ho t107bKO Halno oTMETHTH HX CYWECTBeHHylo pasHuumy. A uyenno,
MH BHIEJAH, UYTO Hal Oyksayi, u300paXaloWIMH KOMIJIEKCHBE YHCJIA,
MOM¥HO MpOH3BOAMTL BCe opManbHLIE onepaunit aareO6pbl, H3BECTHHIE A4
BelleCTBEHHMX uncen. [las MaTpru Msl noayuits aareGpy, CyLIECTBEHHO
OTAHYHYIO OT H3BECTHOH HaM aareGpe KoMIIEKCHBIX uncea. CyulecTsel-
HLIM  MOMEHTOM, KOTODH BHI3BIBAET 3TO OT/IHYHE, ABJARCTCA HEKO.U.MY-
MAMUBHOCIIE YMHOJNCEHUZ, T. €. 3aBHCHMOCTb PE3y bTara yMHOMKeHHs
OT nopsaka coMHomuTeael. Mul nepexoauym cefiuac K ycranosJaennio
OCHOBHHX 11paBuj anreOpnl MaTpul, OPuYeM BO MHOTHMX OTHOIIEHHSX
PYKOBOAAWLUM IIyTeM JUIs Hac OyAyT CAYKUTb T€ Pe3YyAbTaTh, KOTOPHE
Ml TOAYSHAW BBHILE, TOJKY# Marpuuy Kak tadanuy JAuneinoro npeod-
pasobauus.

Besze B aaabuefimes, ecat ne Oyider orosopeHo ocoGo, Mut Gyaem
paccMaTpuBaTL KBalpaTHbhle MaTpinusl OXHOTO H TOFO ke INOopsiaka /.
Ecan A— Takaa MaTpuua, To, Kak I Bhlle, ee 3aeMenth Oynem o6o-
3Haudarh uepes {A}ip.

Adse Marpuusl 4 11 B CuUNTAIOTCH PABHHMH TOFJa H TOJALKO TOraa,
Korlza :
{A}ik={B}lk (b k=1, 2,.., n), (76)

T. €. KOra BCe HX COOTBETCTBYIOUIHE SACMEHTH OAHHAKOBbL
Choxenne mMaTpul onpeaeasercs no gopmyne:

{A4+Blu={4 w1+ {Blw (77

T. €. CBOAUTCA K CJO0XEHHIO COOTBETCTBYHOUUIX 3JEMEHTOB.
Tpouseenenne onpéneasnercs no ¢opiyae:

{BA Y= {Blis{4}e (78)

Kax wmpl Bule Buuend, BooSwe rosopa, BA 7 AB, Ho umeer mecrTo
coyerarte bl 3akon [21):

(CB) A= C(BA). : (79)

Onpenenntedn npon3Bejedilss paBen TNPOH3REAEHHIO onpesdeiteaett
HEPEMHOKAEMBX MATPHLL

D(BA)=D(B) - D(4). (80)
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Mmeer mecto, oueBuaHo, H pacnpeaeanTelbHbill 3aKOH;
(A+B)C=AC+BC u C(A+ B)=CA-}+ CB. (81)

OTtMerny euie OAHY OCOGEHHOCTb YMHOKEHUS, a HMEHHO npon3pene-
Hue MaTpHu MO¥eT o6pamaTbCs B HyAb, T. €. B Marpnuy, y KoTopo#t
BCE 3JEMEHTH PaBHH HYMO, XOTA BCE COMHOXHTENM W OTAHUHH OT HY-
nm. B kauecTee mpuMepa npyBeReM NpPOH3BENCHHE ABYX ORHHAKOBHX
MaTpHIL BTOPOro nopaaxa

00f 0O 00

10] 10] I 00
CosepilleHHo TaK, Kak OHAO0 yKa33aHO B NpeaBAYyIeM HOMepe, BBOAMUTCA
noHsatHe oGpatHoRt MaTpuub Al ecam A — meocoGan  maTphuua, T. €.
ecmm D(A)#0. Ecam C=BA uw R,, Ry w R¢— paurn marpnu
A, B, C 10, kak Mb Bugeny, Ro=<<R, [7] Ecan B — neocobas Mat-
pnua, To A=B"'C, 1, KaKk n BHIIE, MOXHO yTBep¥AaTh, uto R, << R,
H, creposatenaso, Re=R,, T. . npu yMHoNCexuu mampuyst A Ha He-

ocobyiw smampuyy B (cnpasa uan caesa) ee pane we atennemcs. Ioas
eauHnyHOR Marputtl | HMeeT MecTO COOTHOLIEHHE

Bl=IB=235, (82)

rae B — mo6Gas MaTpHua.
Herpyauo suzerb, uto Mmarpuua A™! ABasercs €ANHCTBEHHHIM pelle-
HUEM ypaBHEHRH
AX=1un XA=], (83)

rae | — emnnuunas marpuua. JleficTeutennHo, ymnoxas, Hanpumep, mep-
BOE 13 STHX 'PaBEHCTB Cne€Ba Ha A™! n npuunmas Bo BHiMaHue (79) u
(67), noayuum X=A"' 11 anamornuno nmas srTOpOro ypasueHns. Orme-
M, uto ecawt D (A)=20, 1o ypasuenus (83) Bonce He nMeloT pelueHnH, T.e.
matpuua A He nveeT oGpatnotl. [leftcTBuTenbHO, KaK CACACTBHE YypaBHe-
Hulit (83), umeer: D (A) D (X)==1, uto npornsopeunt ycaosnio D (A)=0.

Hanomuny rtak:e nouaTie AuaroHaasHON MaTpuisl, BBENEHHOE B Npe-
JBILYIIeM HOMEpEe, a Takke TOro, YTO BCAKOE YHC/IO B MOXHO paccMmar-
pHBaTL Kak 4acTHHH cayvaft Marpuus. Herpyaso ssecTn mossTHe uenofs
nonoxNnTeNLHOR CreneHn MaTpHub

AP=A.4...A.

Llesnie OTpHLATENbHLIE CTEMEHW MATPHIE BBOLATCA Kag UEAHE [0J0-
KHUTEABHHE CTENeHn OOGpaTHON MaTpHilH, T. €

AP= (A1, (84)
Vmeenm, ovesnano

AP=(AP)), 1. es APAP=APA P =], - (89)
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CuMBOA YaCTHOFO ABYX MaTpill
\

B

HE UMEET ONPENENACHHOro CMHCHA. MH MOKEM TONKOBATH €ro ABOAKO —
A Kak nponsselene AB7), nan kak npousseneHne B'A, npuyem 3t
Ba nponspeenus, BooOWE roBops, PasTiyHB, H TOJbKO B TeX YaCTHHIX
CAyyasx, KOria OHH COBMNAAAIOT, CHMBOJ YacTHOrO HMeeT OfpejeeHHBIH
CMBICTL.

Ilanee, OCHOBHBIM INOHATHEM $BJAETCA NMOHATHE NOXOOHLIX MATPHL, KO-
TOpPOE MH TAKXKE BBEIM B NpenpaymeM HoMepe, OTMETHM HEKOTOpHE
OUeBHAHHE GOPMYALI

(CBAY'=A"'1B'C, (86)

CBAC'=(CBC™) (CAC™). (87)

Ecau uepes A*) oGosnauntsb Mérpuuy, TPAHCIIOHNPOBAKHYI0O MO OT-
HouteHuo K A, To nMeer mecto ¢opuysa:

(CBA)(*)= A ) B #) ¢ %), (88)

KOTOPYIO HETPYyAHO NpPOBEPHTH, MOJL3YACh ONpeleJeHHEM YMHOMXeHUs.

Beenem asa oOosuaueis. OQ003Hauny uepes A MaTpHLIY, 3JEMEHTH KO-
TOPOfl CYTb YHCI2, CONMPSMNKEHHEIE € 3J1eMEHTaMH MATpHUH A, T. €

{Ain = {4} (89)

npuyesM CHMBOJOM & o6o3HayaeM KoMIeKCHOe 4HCAO0, COMpAMKEHHoe € 4,

H uepes A Marpuuy, KOoTopas noayuaeTca u3 A, eCAH CTPOKH 3aMEHUTb
c10A0LAMH H BCE 3JEMElTH —— CONPSKEHHBIMH YucaaMy, T. €.

{A}in={A}rs- ‘ (90)
Marpuua A nasuiBaerca uHorna COnNpsKEHHOH HAH 3PMHTOBCKH CO-
npsaxenioll ¢ Marpuueft A'). Herpyauo npopeputs ¢opmyay
~ ~ A~
CBA== ABC. oD
IMpennaraeM npoBepHTb TaKke CJEAYIOILYIO DJIEMEHTapHYI0 (OpMYy.y:
(A(*))-1=A—l(=k)’
T. €. YTO 3HaK OOpaTHOH MaTpHIL U TPAHCHOHIPOBAHHA MOMHO MEHsTh
MeCcTaMi, O ueM MHl y:ixe ynoMuHaan u suiwe [20]

OTtyeTiy ewe oAy noaesHyio B aaasueftimen gopmyay. U3 coorto-
wenua (67) uenocpeAcTBEHHO BHTEKaeT

DA)D (AN =1,

) Mo wmmennt ¢paunysckoro MartemaThka sropoft moaosunnm XIX Bexa —
Hl. 3pmura,
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T. €
DA Y)Y=D(A)y\. (92)
Muaue rosops, ompenenurens oSpaTHOff Marpuuy o6GpaTeH no Beau-
ypHe OMpEJeNUTeN0 OCHOBHOH MaTpHILHL.
Bsemem elle noHATHE K8a3uduazoHaAsHOl Mmampuyst, sBagouletcs
o6o0uleHneM AHaroHambHON MaTpuusl. BHIACHHM 5TO TMOHATHE CHavana
Ha 4acTHOM cayyae. IlycTe mmeercs marpuma celpMOro NOpsAKa Buiaa:

by by 50 0 0 O
by byy B30 0 0 O
by by b3,50 0 0 O
0 0 0 ¢ye0 0 L
0 0 O cyyc590 0

0 0 0 0 0 dy dg
0 0 0 0 0 dy dy

O6o3naunM uyepe3 B Marpuily TPEThEro NopsiKa € 3JIeMEHTaMA by,
a uepes C u D — MaTpuubl BTOPOrO NOPSAKA C 3JAEMEHTaMH c;, W djp.
[Mpensinymas MaTpuia CebMOrO NOPAAKA HA3bIBAETCA KBa3NOUA20HANL-
Holi cTpykTypH {3, 2, 2} n 0003HaYaeTCs CHMBOJIOM

_ (B, C, D]

Monoxnm BooGute, uTO rJapHas AHArOHa/ZbL MATPUULL MOpSOKA 7,
COCTOALIAS M3 3JMEMEHTOB d;;, pasbnTa Ha m uvactefl, NpHyeM meppas
4aCTh COCTOHT U3 MEPBHIX R; 3JEMEHTOB, BTOpas M3 CAEAYIOWHX ky 37e-
MEHTOB H TaK Hanee, Tak 4r0 By -...-+ k,=n. Ms MoikeM paccmar-
pnBaTh MepBHE £, 5J1EMEHTOB KaK [JIaBHYIO [UaroHaJb HEKOTOPOH MaTpu-
ust X, nopaaka ky; caenywomne Ry 9J1eMEHTOR — KaK FMaBHYIO ANaroHalb
HekoTopolt matpuun X, mopsika B, 1 Tak nasee. IlonoxmM, uro BCe
5/1eMeHTH Hawel MaTpuunl A, He NPHHaAnexaumue K Marpruam X, pao-
HEl Hymwo. IIpn stom Mmarpuna A HaselBaeTcs K8a3udUA20HAALHON MAMPU-
yeii cmpyxmypet {ky, ..., k,} B o6o3nauaerca caelywouwmM o6pasoM:

A=[X1’ X?: ooy Xm]

IpaBuaa nmeficTBHA € KBa3NAHArOHAJLHLIME MaTPHUAMIl OINHAKOBOH
CTPYKTYpH oTanuaiorca Gonbiuolt npocroToft. Mul mpuseseM COOTBET-
cTByolWue GOPMysl, He OCTAHaB/ANBAACH HA NX OoKasareabcrse. OHO Mo-
*eT OHTb NPOBEIEHO COBEPIUIEHHO 5/JEMEHTaPHO Ha OCHOBE ONpeleneHHs
Jetictenf. Oas caowxeHNns KBasuAHaroHaJbHBHIX MaTpHU OAHHAKOBOf CTpy-
KTYphl Mbl HMeeM (opMyay

[Xb D CR /Ym]_}'[yl» Yo, ooy Ym]=
=[Xi4+ Y, Xa+ Yo oory X+ Ynl  (93)

npHYeM OAMHAKOBOCTb CTPYKTYPH PaBHOCHJABHA TOMY, 4TO MOPANOK RCs-
KOH Marpuubl X, COBNAAAET C MOPAAKOM COOTBETCIBYOINEH MaTpHUB Y.
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Touno Tax xe nas YMHO)KEHHJH H BO3BHIIEHHS B CTENEHb HMEEeM:
[Yb Yg, cesy Ym][XI, Xz, veey Xm]={leb YgXi,_..., Yme], (94)
[Xb Xg, cony X,,,]”=[X‘,’, Xg, ...,Xful, (95)

rie p— moGoe LEJ0e NOJOXKHTENLHOE HAM OTPHIATEAbHOE YHCJAO, MNpH-
yeM, €Can p ecThb UEJA0e OTPHUATE/LHOE YHCAO, TO HeOGXOMIMO, KOHEUHO,
Tpe6oBarb, 4ToOW onpedeantean D (X,) Guan OTAIYHB OT HyJs.

[Mpasuao nomo6uoro npeoGpasosanua  Marpuusl ~ (X, Xs, ..., X
nps NOMOLLH Marpuusl TOH e CTPYKTYPH Bupaxaerca opmyaoi:

[Yy ooy YollXy ooy Xo)[ Yy o0y ym]_‘=
=IYVYX Yl-‘» ey memym—‘l' (96)

OtvertuyM reoMerpuueckuit cmuicn r1ex Janneflusix npeoép\aaoaamm,
KOTOpbLE [JOCTABARIOTCS KBA3uAHaroHa/JeHbIMi MaTpuuaMn. Paccmorpus
Aasi npocTOTH  Cayvall yKasanuoili BLIlE KBasHAHAroHaabuoll Marpunu
celbMOro MOpRAKa, CTPYKTYpH {3, 2, 2}. PaccvorpaM Jnuefinoe npe-
oOpazosanne, coorsercrsyioniee srvofl marpuue. Ecan B nepsonavaavnom
BekTope (Xy, ..., Xq) ML MMEEM: X;==Xy;=X;=X»=0, 10 0 B npe-
oOpasopaniioM, OUYEBHAHO, OYAET: y;=yy==y,—=y;=0, 1. €, uuuMn
CI0BAMIL, BCE BEKTOPLL, KOTOpPHIE HpHHAalJe:xaT INOANPOCTPaHCTBY, obpa-
80BANNHOMY TpeMfA lepBLIMI OCHOBHBIMM OpPTaMi, B 1l0cJae upeoOpasoBanis
OyAyT HpHHAAJEHKATH STOMY NOLIPOCTPAWCIBY, il €amo lpeoGpasosaHie
Oyaer onpeneauTLCs Matpuuell Tpervero mnopsaxa B. To ke OTHOCHTCA
K MOAMPOCTPaHCTBY, OOpa3sOBaHHOMY CHAEAyioLlUMH JABYMA OpTaMu, W,
HaKoOHel, K NOANDPOCTPAaHCTBY, 0O0pa3oBaHHOMYy [OCAEIHHMH  ABYMA
OpTaMu.

Hanoaunar upn 310M, YTO HOOHPOCHIPAHCINEOM, O0PA308AHHLYM 6EK-
mopaxnu xV, ..., x")) MM Ha3LBaeM COBOKYNUOCTb BEKTOPOB, oOfipe-

Jeasembix gopmyaofi
eV -, - exth,
rae cy, ..., ¢;— NPOU3IBOJLILIE MOCTOSIHIKE,

27. XapaKTepUCTHYCCKHE YBCJIa MATPHL H NOpidBeleHHe MaTpul
K KaHONHYecKOMY Buny. lloao0uble Marplilk He paBHbl, KOHEUHO, MEKLY
coboio B cMbicie (76), 10 B FCOMCIPHUCCKOM CMLIC/IC PaBlioCiliblibl B TOM
OTHOLUEHIH, Y4TO OHIl OCYIMECTBALIOT OMI0 11 TO ke Januelinoe mnpe-
o0pa3osakiie NPOCTPAICTLE, HO BLIPAAKEHIOE B PA3AUUULIX KOOPAHHATHMX
cucteMax. Mu safimescs ceflyac pasbicKanileM 1HBapHaHTOB 3THX MaTpHL,
T. € TaKHX Bblpaxetnll, COCTaBAEHHBIX H3 JEMEITOB, KOTOpHE Hyeai Obl
ONHMHAKOBOE 3uaueHne 1Js Bcex uoaoOumx Marpuu. Herpyaio cocTasutb
OFHH U3 TaKUX HHB3PHANTOB. D10 OyAeT onpeAenirend Marpiusl. [eficr-
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BitTeAbHO, nycth A —nexoropas Marpuma n JAU! --efl nomoGas,
npuuem () — mobas Marpuna C onpéjennteneM, OTJHYHEIM OT Hyas.
Mub umeem B cuay (80) u (92):

D(UAU™)= D (U) D(A) D(U)= D (U) D(A) D(Uy* =D(A)

Y7066 NMOCTPOUTD elle APYrHe HHBapuante, o6pasyeM noausoM ¢ ()
CTENEHH 7 OT HEKOTOPOro mapaMerpa A, PaBHBIH ONPEAENHTEN0 MAaTPHILH,
KROTOpas TNojydyaeTcd #3 Marpulbl A, ecay MH BHYTEM H3 BCeX ee
INAaroHaJbHHX WIEHOB TNapaMeTrp A, T. €. M0JOXHM

a“-—l (YT . Qn
a3y agg—')\ e Qs

eM=| L) ®7)
n Qns L ann""X

rioe a;, — 9JAeMeHTH Marprusl A. Mnaue M MOXeM 3anucaTb 3TO TaK:
e(MN=D(A—N)=D(A—1), (98)

n6o no ycnosmio A uan Al ecTb AnarouasbHas MaTpuua, y KOTOpoH Bee
SJEMEHTH, CTOfIMe Ha raasnoft Auaronanw, pasuu A. Tloacrasnas UAU™!
BMECTO A n npuHUMas BO BHUManue, yto mMobasi MaTpuua NMEepPeMeCTHTeNb-
Ha ¢ uncaoM A n, caenoBatenbHo, UAU™'==), Gynem umers:

D(UAU —N=D|U(A—NU=D(A—)),
T. € :
D(UAU —)\)=D(A —)). (99)

Mu BuanM, TakuM oOpaszom, uto mnoamuonm (97), cocTaBaeHHHit Aas
marpuust JAU™, coBmajaer C TEKHM ke II0JIMHOMOM, COCTaBJEHHHIM
ans marpuust A, Vmpiva cnoBamy, Bce Koddduumentsi noamsoma (97)
CYTh MHBADHAaHTH TNO OTHOWIEHHIO K noaoGumy Marpmuaym. Crapumii
KO3 DMIUHEHT HAMMCAHHOTO MOJMHOMA, KaK jerko suierh, pased (— 1)™
OTMeTuM ocob0 ABa ero kosduiuenTta, 4 HMEHHO C¢BOGOAHLIA unen
n Kos(gdumuest npu (—1)*2%1 Tlepstii H3 HHUX pPaBeH, OYEBUHO,
OnpenesnTeNo, 1 3TOT MHBAPHAHT MBI YK€ OTMETHAM u paHsise, Yro xe
Kacaercs kospduunenta npn (—1)* A" 1o, nonvaysicy pesyantatamu [5],
MBI BHOMM, 4TO OH COBMAAAET C CyMMOH [naroHaNbHBIX SMeMeHToB. T2 CYyM-
Ma Ha3hBaeTCs OOLIUHO caedost sampuysl W 0O03HAYAETCH CJAEAYIOUIHM
obpasom: ' :

Sp(A) = {4}y +{Ahs 4+ A= {Ahn = au +- 2t - ag

rie Sp ecrb HauanpHue OyKBH HEMEUKOTO ca0Ba «Spurs, uTO 3HAYHT
no-pyccku «caedy (dppaniyscroe «traces). Yirak, nonobHsie Marpuisl UMEROT
OJUHAKOBHIT onpeemTenb H OAHHAKOBHIH CJEX. .

Hannwewm teneps ypabuenue

D(A—N)=0, | ~(100)
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KOTOpOE Ha3HBAETCA Xaparmepucnuieckus ypasreruesr aampuys A,
a €ro KOPHU — XQPAKMepucmuieckum 4ucaart, ual coOcnmeeHHsMu
3navenussu smampuyss A. CornacHoO NpPEAbIAYILEMY, Ml MOWEM CKa3aTb,
4TO noMOGHHIE MATPHIH HMEIT OMIHAKOBLIE XaDaKTEPHCTHYECKHE YHCJA.
Mu yxe nmean ypasuenue suga (100) paubrue.

ITocrabum Tenepn, caeaylouthit BOMPOC: HEAL3A AN Haltti MaTpuuy V,
cosepluaontyio npeoGpasoBaniie mogoGua oT 3alaHHOH MaTpuusl A
K matpune V'AV tak, uro6w mnocnemuss MaTpuua 6blia AHArOHaabHOH
matpuuedl. MHHMH CA0BaM, ¢ TOUKH 3peHus JHHEHHHIX npeo6pasosanui
NPOCTPAHCTBE, HEAb3R A BHOPaTh TaKle KOOPAHHATHHE OCH, B KOTOPHX
Jaunetinoe npeoGpa3oBaHie, XapakTepu3yeMoe B MepBoHauyaJbHOH cucTeme
KoopauHat Matpiueii A, ¢soamiock Osl NPOCTO B HOBHIX OCAX K Ipe-
06pa3oBaHiIo BUAA ¥, == A,Xp. 3aMETHM, YTO MBI millleM nogobHyio MaTpil-
uy B suze V'AV Buecto npewnero suga UAU™, uto ne 1MeeT, KoHeuuo,
CYLIECTBEHHOrO 3HaYeHHs.

Mu Moxey 3amicarh Halle YCAOBHE B BUAE

V—IA ‘,=[)»1, )~g, caey )»n], (101)

r1e HCKOMHMIH SBJAAITCA 3JeMEHTH Matpuudml V n uncaa ), Moo,
OUEeBHIHO, NEpPenmiCcaTb 3T0 YyCaoBne, yMmuo:xas o6e uacty caesa na V,
B BHIE:

AV= V[, X, ....0,} (102)

Onpenenny no Qopuyie (65) saemenru ofenx dacrell HanHCaHHO-
ro pasetictsa co 3uaukamu I u & Takum o6pasoM Mu noayunym n? ypas-
HeHni:

n
Z @;sUsk = Viphg
Se=1

rae a;, " v;, — saeMents Marpun A n V.
duxcupys Bropofl aHayok k£ u noaaras I=1, 2, ..., 1, noAyynM n
ypaBHeHull, COJepwKalulliXx TOJbKO S/SMENTH Uy, ..., Upy CTOAOHA MATpPH-
upl V C HOMEDPOM A I uucia0 Ay
n

M avge=kv, (=12 ..., n) (103)

s=1
Ecan npl OyeM CH4HI&Tb YNAEMEHTH (Vg ..., Upp) KK COCTABJSIOLLIE
nekoroporo pektopa ¥), 1o MoweM aanucar, npeanlayliee paseHCTBO
B BUJE ONHOTO BEKTODHOrO DaBEeHCTBa:
Av®) = )-k'{}(k). (104)

Mul Buany TakiM 06pasoy, uTo pasHICKaune Matpiusl V, RoTOpas npuso-
aur Marpuny A K auaronanbhofi opue, CBOANTCH K PA3HCKAHHIO TaKHX
pextopos %), KOTOphEe BOCMPON3LOAATCA € TOMHOCTBIO A0 UHCAENHOrO
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MHOKUTER B pe3ynbTaTe JanHeinoro upeoGpasopains, onpeneaseMoro
matpuueft A, DToT dakT SBaserca aareGpanyecknM aHanoroM Toro (axra
COBpEMENHO!l KBAHTOROH MEXAHNKIN, COTMACHO KOTOPOMY MaTpHyHas Mexa-
Hika eftsenepra no cymecTry paBHOCH/LHA BOAHOBOM Mexannke LUp&nnn-
repa. CornacHo mepBofl TOUKe 3peHus, CYUECTBEHHHM BONPOCOM ABJAETCA
3amaya NpuUBEAEHNs HEKoTopoft Marpuibl (6eckoHeunofl) Kk AnMaroHaabHOH
¢dopye. YUTo ke KacaeTcs BOJIHOBON MEXaHWKN, TO 34€Ch OCHOBHHIM BONpO-
COM fBJAETCS 3alaua OTHCKAHNA TaKHX BEKTOPOB (B MpocTpaHcTBe ¢ Gec-
YNC/EHHBIM MHOKECTBOM  usMepenuit), koropee OH BOCHDOH3BOANIHCEH
C TOYHOCTBIO JO YHCJEHHOTO MHOXNTEJS B Pe3yAbTare HEKOTOPOro JRHEH-
Horo mpeobpa3zosanud. Ilpeanayuwe coo6paxenns MH unaseann asnreGpa-
HYECKIM 2HAJIOTOM MOTOMY, YTO OFPaHIYHBAACH NPOCTPAHCTBOM C KOHEYHRIM
YHCJOM USMEPEHMH, MBI NMPHBOAHM HAWUN 33JaYM K YHCTO anreGpanyecknm
3agayad. B Gosee ke CJO0NKHEIX CayuyasX MPOCTPAHCTBA C Gecuuc/eHHBM
MHOXECTBOM H3MEpEeHHfl MB CyIleCTBEHHHM 06Pa30M BHXOAHM H3 PaMOK
o6eiunofl anrefpH 1 Hyxnaemcs B anmapare aHaansa. Boaee noapoGHO
BCEe 3TH BOMPOCH OYAyT BHIACHEHH BINOCASACTBHI, NpPUYEM 3aMETHM, YTO
ans npnaoxernft K QHU3HKE B DPAacCMaTPUBAaEMOM CHy4ae KOHEWHOro uHC-
72 u3MepeHuHl JOCTAaTOYHO OFPAHMUUTLCA MaTpuuamn A vacTHOro THMNA
(3pMHTOBCKUE MATPHUL, ¥ KOTOPHX a4 == &;,) W, KpoMe TOro, Marpuna {J
TaKke JOMkHA ObTb onpefeneHHoro Thna (YHuTapHas MaTpnua, ompe-
Zenenne Kortopoft Gyaer mano umke), 34eck M paccmatpuBaeM o6uiuft
Bonpoc Ans mobofl KoHEYHON MATpHUE, NPHYEM OrpaHNUNMCA JHilb NPA-
BeJeHHeM OKOHUATEJbHHX pesy/bTaToB, HE TPHBOAS MNOJHOCTBIO JOKAa3a-
TeabcTBO. JaA Tex 3agay, xotopsie OyAyT HHTEDECHH B TMPHJIOKEHHAX,
ponpoc Oyzer pelleH MOJHOCTHIO,

[Nepexonny x pewenmo cucremst (103) naum (104). B packpurom
BHAE Mbl MOXEM 3amicaTh €e TaK:

(@11 — 2) Vip - QyaVs oo o 1 Tpp ==0
Vs, ~+ (@sa — M) Vap o - @3,0p, =0 (103)

Ap1Uyp + ApaUap + s —}' (ann - )‘k) Upp = 0.

Ias Toro 4roGH MOAYYHTH A4S (Vg ..., Uny) DELIEHNE, OTANYHOE
OT HyNeBOro, HEOGXOANMO 11 AOCTATOYHO, UTOOH OMpEACTHTENb HAMNCAHHOH
cucteMbl GBI paBeH HyJ 0, T. €. HeoOXOAUMO M JAOCTATOYHO, YTOGH
yneao A, GblIO KODHEM XapakTepHCTHUECKOro ypasHenns. Pasbepes noa-
po6Ho /iwb TOT cayuafl, KOra 5TO YPaBHEHHE MMEeT DPa3/iuHble KopHM.
OGosnaunM 31# KOpHH depe3 Ay, ..., A, [loacrasnas B KosddmmieHTs
cicremsr (105) BMeCTO ), mepBuit KOpDEHb Ay, MBI CMOXKEM ONpeNeanTb
H3 Hee 3JeMeHTH nepsoro croabua rtabamum V, npnueM He paccMaTpu-
BaeM BOMpPOCa O TOM, HACKOJBKO WHPOK OyaeT BHOOD STHX BEMIHHH Tjy.
BriGepem peuleHne cucteMpl KakuM-unGyas OAHuM onpeneneHHmm ofpa-
30M, JHLb TaK, YTOGB OHO OBLIO OTJHYHO OT HYJEBOIO,
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Touno Tak xe, 3avenss B kosgduuuentax cucremn (105) A, =1, Mu
CMOXEM ONpPEAENNTb 3JEMEHTH BTOpOro cronua matpuusl V o T.A X0
n-ro croabua. Pasencrsa (105) pasnocnabum (102), u yToOH nepeliTh
K ocHosHOMYy paseHcTsy (101), Ham Hano Toabko, urtobu V umena oGpart-
Hylo matpuny V7, T.e. utoOm onpenensitean V Oua OTAHYEH OT HyJs.
Byaem nokaspiBath 310 or nportnsuoro. IToaoius, 410 OH paseH Hyaw.
Kak mu 3uaem (12], 310 paBnocuasto tomy, uto Meway pektopaumu @l%,
onpegeaseMeIMil CToa0uayMy MaTpuusl V, cywectsyer JauHelHOe COOTHO-
LieHHe:
Co 4-...4- CoM =0,

rae He Bce Koagduuuentnl C, paBubl nyao. IlpnveHuym k obeum yacTam
STOro paseHcTsa (n — 1) pa3s mpeo6pasosaHile, onpeneaseMoe Marpuueti A.
ITonb3yscy (104), Gyzenm nMeTs n paBeHcrs:

Cott) - Cot™ =0
. MG - 0, Cot =0

MG 0, G =0,

IMpuunyas BO BHuManue, 410 He Bce pektopn Co® pasum nymo,
MOKEM YTBEp:KAaTb, YIO ONDESTHTEIb HANUCAHHOH CHCTEMB AOMAKEH
PaBHATBCA HY/IIO:

I 1 ... 1
PR PO )

=0,

e & e & e & s .

PN T S

rjae uicaa A, no ycaosmo pasanunbl, Ho nocneanee paseHcTso mnpot-
BODEYNT TOMYy, 4TO onpeieaiTeab DBanzepmonmza oOr HepaBHHX uice]
orauyen ot Hyas. Taxuym oOpasom Ml JOKasaJil BO3MOKHOCTb TpiBene-
HHS Marpuusl npeoGpasosauieM noa106us Kk auaroHaabHoti gopye aasa To-
FO Cayyas, KOrlda BCe XapaKTepHCTHYECKHe Yucaa MaTPHUBl Pas/iluyHblL
B roM cayuae, koria cpean XapaKTepHCTHYECKHX WHCEJA HMEIOTCS pas-
HblE, MOKET CAYYHTbCHA, YTO. MAaTPHUA He MOxeT OuHTb NpuBEAEHa npe-
oOpasosanieM noaobua K AuaroHassHofi dopye. Bce we u B 310M Cay-
yag cymecTsyeT nanfoaee npocToe ILI, KK TOBOPAT, KallOHHYECKoe
NpeacTaBAeHe MaTpHLbi. DTO KAaUOHHYECKOe NPEACTabicHHE B 10M  Cay-
Yae, KOrJa MATPILA NPRBOANTCH K muaronaibnofl dopse, nveer Bl

[)'b )"2» ey )‘n]’

rae ), — xapaktepucriyeckie yucaa marpuunl. [las obmero cayvas cdop-
Myaupyes auiub pesyabtat'). Ilyctb A=—a sBiseTcs KOpHeM ypaBHewis

1) Ero noka3ateancTBO NPHBOAMICA B CHEUHAILHOM HONOIHCHHI B KOHUE
BTOPOfl yactu 3T0r0 10Ma,
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(100) kpatunoctn k. ITonoxum xatee, uro Aas Bcex onpexenurenett to-
paaka (n — 1) tabaune, crosuel B sesoft uacth ypasdenus (100), unc-
0 A==a ABJAETCA KOPHEM KpPaTHOCTH A, HO HE BHIE, T.e, BCE 9TH
onpeneantenu gensirca Ha (A — a)®!, HO XOTb OAMH W3 HWX He MeANTCHA
na (A — a)*1+1 Ilonokum Ranee, uTO0 BCE ONPEAEANTENH YNOMSHYTOH
tabauun nopaaka (1 — 2) UMEIT A==a KOPHEM KPaTHOCTH k; HO He
BHILE, H TaK lanbile, H, HAKOHEL, BCe onpeieantean nopsaxa (n— m)
MMEIOT YHOMAHYTHIl KOpPeHb KpPaTHOCTH k,, @ XOTb OAHH U3 ONpesend-
Teneft mopaaka (n—m-—1) yxe Bosce He o6pauiaercs B HyJb NpH
A==a. To ke cayoe 6yaer, OYEBHIHO, UMETh MECTO H AAs ONpesenuTe-
nefl Gonee Hu3KOro nopsaaka. MOKHO J0xasarb, YTo uMcna k; YOHBAWOT:
R>k >k >... >k, Bserem caenyouiie NoJOKHTENBHHE LEAHE
yncaa;

h=k—Fky L=k —Fky ...; lpy=Fkpy

npuueM, ouesnino, 4L+ ... Flpa=k
BuHoMH:

r—a)fy —a)Y:y ...; (A—a)mt

HA3HBAOTC IAeMEHMAPHEMN deaumennsu ymampuyst A, COOTBETCTBYIO-
IBMI KOpHIO A==a. Mmn MOweM Ttakum oO6paszoM oOnpeaeauTb 3JeMel-
TaPHBIE JEAHTeAN JAJf BCEX XaPAaKTCPHCTHUECKUX 4YHcen MaTpuunm A,
B DE3Y/ILTATE YErO MOAYHUM COBOKYMHOCMS INCMERMAPHHX Oeamnered:

—N)Py A—=2)° ...; ()\——lp)?p, (106)
prt+pat.fpp=n (107)

B cpemn uncen A, Moryt OHITh ¥ OAHHAKOBHE.

Bulle MM Buieas, UYTO XapaKTEPHCTHYECKWE YuCaa He MEeHAIOTCS
nps npeoGpasosanun noao6us. OKa3eBaeTCs:, UYTO TaKuM Xe CBOHCTBOM
00/1ataeT ¥ COBOKYMHOCTb 3JEMEHTapPHHIX JenuTeneft MmaTpuun. Beenem
TENepL HEKOTOPHE HOBHe, npocTefiume Marpuus [, (a). Mu mnonpasy-
MeBaeM MOA 3THM MaTpuly MOpAAKa p, Yy KOTopofi Ha raasuofl auaro-
HAMN BE3ZE CTOMT YHCJIO 4, Ha caedywouieft HmxecTosulel JAuaroHas
CTONT Be3fe eNMHHIA, a OCTAaJbHhE 3JeMEHTH DaBHBl HYJ/IO:

rae

a 0 0 ...-0 O
1 a 0 ... 00
0 0 0 ... a O
o 0 0 ... a
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OcHoBHBIM $aKTOM B BOMpOCe O MPEACTABACHHH MaTPHIL B KaHO-
HuyecKol Qopye dgpadercs caedyioulfi pesyabTaT: ecan Marpuua A
nMeer sJaeMedrapuue deauteait (106), To cymecrsyer Takas Mmatpuua U
C onpeAenHTeneM, OTJIUYHBIM OT HyJd, uTO

UAU =, ) Ipy (), ey T ()} (109)

3aMernM, 4YTO ec/al (3BECTHH BCE XapaKTePHCTHYECKHE uiCAa
MaTpHUIBI A, TO HAXOKACHHE MaTPHILb U cBoautcs K SAEMEHTAPHEM
aareGpanueckny onepaunsM. Ecan p==1, 10 noxa / (a) Mn noapasyme-
BaeM MNPOCTO uncao a. Momer CAyunTbCs, 4TO M NPH HAAHYHK OdHHA-
KOBHIX XapaKTEPHCTHHYECKHX uHCea Bce 3JeMeHTapHue Aeantean (106)
OyayT npocteMy, T. € OyAyT HMeTb BUI

A=) A=k} ..; —2)
B stoM cay'ae KBasianaroHadAnHas Martpida
[191 ()'.l)’ le ()‘2)’ seey lpp ()‘p)]

npespaulaercs NpocTo B LHArOHaMuLHYI MaTpumy [A, ..., A;], u Marpuua
NpUBOINTCA K Auaronansnoil ¢opye.

Herpyaso /aokasate, 4TO 44 BO3MOKHOCTH [PHBEACHHA MAaTPHUB!
K AuaroHaipHoft dopme neoOX0aNMO H A0CTaTOYHO, YTOOR paur Tal.uLl
KospduuuentoB B cucreme (103) 6u1 pasen (m-— ), rae p, — Kpat-
HOCTb KOpHA A, BEKOBOro Yypasuenus. IIpu BenosneHunm 3TOrO Yycao-
Bus crcreva (109) onpeaenut u, auHeflHO-HE3aBHCHMLIX BEKTOPOB (v,
Vs o+ o> Un) 14

Otverns, uro Marpuua [, Bxoasuas B dopuyay (109), onpenexns-
eIcqd He elHHCTBEeHHEIM o6pasoM. B uactHocTd, ecan @ — BE/IHYHHA oInpe-
neauteaa matpuus U, 10 B dopuyae (109) moxHO 3aMEHHTB

Uta —— Uy U na V4 U,

V' d
T. € MOXHO CuHTath, uTO B (bopmyne (109) ompereaunreas Matpuun
paBeH eauHnue. DTHMI YKasaHHaMil M 0 orpanuynvca B ofuweff 3aiaue
NpHBEJEHHA MaTPHIL K KaHOHUuYeckoMy Buay. Mup BepHemcs K srofi 3aia-
ye B CNENHanbHOM [J00aB/leHHH KO BTOpOfi yacTH TPeTbero ToMma. Kak
yie ynoMunaaoch ssllie, Mel 6yaeM pJaiblie paccMaTpusBaTbh NOAPoGHO
5Ty 3alauy 178 Matpuu ocoforo THma.

28. YunuTtapunlie H oprorosaJsHbie mnpeodpasopanug. B stom 1
CJAEAYIOMIHX HOMEpaX Mhl GyJeM Mo/b30BAThCA MOHATHAMH CKaAsPHOIO Npo-
u3BEAeHus N HODMH (IJNHH) BexkTopa, Koropoe Omsio Beegero B [13]
Hanosmuuy, 4t0 KBaspaT HOpME (faunbl) onpepensercs opmyJoi:

[xi=(x, x)= }"] gl (110)
Seaj
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uny, B Cayuae BCUIECTBEHHBIX COCTaBJAAIOLINX,

Tejr= 30

Se==1

ATto ompexenextie HOPMH CBA3aHO C ONpPEAETEHHHM BHOOPOM OCHOB-
HHX OpPTOB, T. € KOOPAWHATHHX oceH. Mu 6yaeM H23bIBaTh KOOPAMHAT-
HYI0 CHCTEMY C YKa3aHHHM BHIUIE ONpEIEJEHIEM HOPMH HODMAABHOM,
nan gexaprosofl, cucremofl. ITouuMo manHn BexTOpa OHI0 ONpeneteHo
elle cxarfpHoe npoudgedenue 08yx sexmopos creaywouel QqopMyaof:

(x, y)'—-—"xlj?l—[—xgﬁ.z—i—...—]—x,,ﬁm a1y

B cayuae BeilleCTBEHHHX BEKTOPOB 3Ta (OpMyJaa npuHuMaer Gonee CHM-
MeTpRUHBI BHA

(x, )=x3 9 +x539:+...- L %, 9

U3 (111) Britekaer, 4TO npi NEpecTraHOBKE NOPsAKa BEKTODOB BeaRYNHA
CKangpHoOro Npou3BeACHHS NEPEeXoauT B CONPAKCIHHYIO, T. €.

(y, )=(x, ). (112)

IlBa BEKTOpa M MA3BATH NEPNEHOUKYASPHBLMN WIH OPMO20HAABHEIMIL,
ecail X CKaJAfpHOE Npom3peleHne PaBHO RYJIO.

B nmanbHetimem  Bcerza OyzaeM CUNTaTh, €CAH HE OrOBOPeHO 0€060
MPOTHBOMNO/IOKHOE, UTO MH NMEEM IeJ0 C JAEKapTOBON cHCTEMOH KOOp-
apnar, B cBasn ¢ atuM npuobpetaoT ocoGoe - 3uHauende Te JAnHefiHble
npeo6pa3oBauisl, KOTOPHE COOTBETCIBYIOT Nepexomy oOaHoft xexapronoft
cucTeMnl B Apyryio. Mmul 3HaeM, 4To BCAKOMY Nepexoly OT ONHHX Op-
TOB K ADYTHM COOTBETCTBYET JuHefinoe npeo6pasosanne COCTABJAIOUIUX.
Mycte nyMeercs Takoe npeobpaszopaniie

(yb sy yn)=U(xh seey xn)» . (113)

NpHYeM MNepBOHauadbias cicrema KoopamHar Ouaa nexaprosoit. as
TOro 4troOH 1 HOBAag cHcreMa Omlia Aekapronoff, HeoOxodumo M JHOCTa-
TOYHO, YTOOH AMHMHA BEKTOPAa M B HOBOH CHCTEME BHIPAXKanach CyMMoOfl
KBaaparoB Moayael cocTaBagoullx, T. €.

Py P=1x P A (114
[Tokaxkew, 4ro NP 3TOM BEANYNHA CKAAAPHOTO MPOH3BEACHHA M B HOBOf
cucreMe KOOpANHAT BHpasutcs ¢gopmynoll, anazornunoft (111). IeficTen-
TeJAbHO, MOJOXKIM, MH HMEJAN B MepBoHAuaJbHOIl cucTeMe KOODAHHAT ABA
BEKTOpA
X (X ooy Xp) H X (XL oeny Xn),

l'lpH‘le.“ B HOBOH cucreme uM COOTBETCTBYIOT BEKTODH
y e .
.)'(J’x» vy yn.) ny (J’b (XX yn)-
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Cocrasim 18a HOBHX BeKTOpd z==X-+X u # =x-}i¥, Kotopue
HMET cocTaBasomue (X 4-xx) u (X -}ixz). Cuuras ycaosue (114)
BHNOAHEHHNM, GyaeM uMeTs:

2 ey G+ 7= X (1 4 x4) (B + %2),
k=1

k=1

OTKYia, onATb«Taku B cuay (114), nojyyaeM OKOHHATEJIbHO

n n
Z(ka'l; + )= Z(xkfl'z + X2 %), (115y)
k= fa
6o ! '
n n n n
D l=Y el u Flyif= P lxil
ka=q : Ra=y k=1 k=]

Touno TaK xe;

S0k ) (B~ )= 3 (2 - i) (55 — L)

k=1 k=1
U orclona
" ’ ’ n ra .
D 0efe =3 J0) = Y (KR — XuXa)- (1155
ka=y k==

Papencrsa (115,) n (115;) naiot

n n
DVeFh== D, L4, (116)
k= k=1

T. € CKajapHoe mpousBedenue JAefiCTBHTENILHO BHPAWaeTCA npexned
¢opuynoit. Takum o6pasoy, ecan npeoGpasoBanne (113) ynosaeTBopser
ycaosuio (114), 10 omo ynosaersopser u ycaosmo (116), T. e. ocras-
JReT HeusMeHilHM Beanunny ckanspuoro uposssenenus. HaoGopor, u3
ycaosus (116) sutekaer (114), ecan noaokuts v (116) xp=2x, TaK
KaK CKaxsapHoe NpON3BENEHIE JIBYX OMdNHAKOBHIX BEKTOPOB CBOAHTCH,
OuEeBMAHO, K KBaapary MIanHel Bexkropa. Jlunellusie npeoGpasosaus,
yaosnersopsiome  ycaosmo (114) nan ycrosmo (116), uasmBaoica
o0LNI0 yrumapau Ml NpeoOpas3osanuaMi.

Eca pacemarpusars BenecTsesnoe NpOCTPaHCTBO I BEUIECTOEINILIC
MaTpuui JuHefiHbix npeoOpasosadufl, To ycaosue (114) ¢semerca npocro

K YCJOBKIO
Viyid. . Fyi=xiF a3 - xd (117)

H COOTBETCTBCHHHNE BEIMECTBCHHHIC npeoGpaaosamm Ha3bBAIOTCA opmo-
20naaoHp My, Oun ABAMIOICA, OYEBIJAHO, YaCTHWM CAayyaeM YHHTapHHX.
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[lépexonit Tefiéps K BHIACHEHHIO OCHOBHHIX CBOHCIB YHHTADHHX Tpe-
o6pasopanufl. Hanumtem ana npeoGpasosanns (113) ycaosue (114) B siB-
Hoft dopme, oGo3nauan uepes u;, sneMeHTH MarpHus U

n n
2 [tpry oo o= tppXnft = Z |}
k=1 k=1

U

Z (s . o 1 X) @ %y - o A By Tp) = Z Xp R (118)
=1

k=1 !

Packpusas cxoOkn B sesoft wacti ¢opmyasl 0 npupasHuBas Koaddu-
UHEHTHl TIPH X,%, eluHune, a npu X,%,(p7%q) nyno, 6yaeM nMers He-
00X0AuMOe M ROCTAaTOYHOE YC/AO0BHE M 5JAEMEHTOB YHNTapHOro mpe-
o6pasosanus B caeayomefi dopme:

n )
lelka:l r=12,..., n),
k=1 (119)
Stntng =0 Goe)
=1

T. € CyMMa KBaapaToB MoAyJefl 3/MeMEHTOB KamAoro Croabila JO/IKHA
PaBHATbLCA €AMHHLE I CYMMa Mponssenennii 31eMeHTOB HEKOTOPOTO CTOAG-
l1a Hd BENNUHHEL, CONPSIKEHHHE C COOTBETCTBYIOUIMMH 3JEMEHTaMn
apyroro croabua, A0/MmKHAa paBHATHLCA Hymo. WUHorma aTH ycaosns ewe
BAMUCHIBAIOT TaK:

> ity =13, ' (120)

k=1

rae 3,, CyTb NEMEHTH eIMHMUHON MaTpuiM, T. €.

5 0 (r#9)
el (p=9)

Briitte MH npuMennan K Toxgectsy (118) meTon HeonmpeaeseHHbIX
koa(ipununenton. ITo ABAAETCH, KOHEUHO, NOCTATOUHHM JJI  BHIMOJHEHHS
toxaecrsa. HeTpyawo mnoxasarb, nmpupmasas X, YacTHble 3HA4YEHUs, YTO
TOXAECTBEHHOCTh KO3(DODUIHEHTOB NpH NOJOOHHX UMEHAX ABASETCS N
HeoOXOaUMHM yC/A0BIeM.

Bossyem onpesemureas D(A) n xpyroft onpereantens D (A), ¢ocras-
AEHURN N3 COMpAXKEHHEIX SJEMEeHTOB. YMHOXad HX MO cxeMe cronbeir
Ha cTonGen [B], mu foayduwm, B cuay (119), onpegeanrenn eanHnuioft
MaTpmubl, T. e. emumimy. C apyrofl CcTOpOHH, oueBnAHO, uTO 06a

(121)
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YMOMARYTHX oOnpeneanrens 6y11y1' BHIpa:KATbCA KOMIINIEKCHBIMH COMPAAKEH-
HBIMH URCAaMH, W H3 CKa3aHHOro HENoCpeACTBEHHO CJiaeayeT

IDAP=1,

T. €. Ksadpam M00yAs onpedeanumenss YHUMApHOI sampuyst pasen edu-
xuge. YMuaye romops, oupeaeanTeIb YRUTAPHOH MaTpuB TO MOAYMO
paBeH eIHHMUE, T. € BHIPAKAETCA KOMMJEKCHHM uHCJAOM Buza e', rie
t — BEILLECTBEHHO.

Boezem B paccmotpensie matpruy {\*), Tpancnosuposannywo ¢ U. Y-
aosng (119), KoTophle Ha3blBawTCH OOHLIYHO YCAOBHSMH OPTOTOHAILHOCTH
no croabuaM, MOryr ObITb 3aiHCaHbl B BHI€ C/ACAYIOULEr0 MaTpPHBHOrO
paBeHCTBa:

U U=l (122)
UTO PaBHOCILILHO .
Ut=UW={(, A (123)

T. €. eCAM MaTpHua yHuTapua, 10 oOpartHas eft MaTpHUa CoBNaiaer ¢ sp-
MITOBCKH-COMpaxenyot yaTprinet.

ITpeoGpasosanne /™!, o6parnoe {J, pHpakaeT Nepexol OT BEKTopa ¥
K BekTopy X. Oil0 Takike, OYEBHAHO, YAOBJIETBOPAET YCJOBUIO YHHTap-
noctu (114), 1. e. ecan U -— ynutapuas marpuna, 1o i obparnas U 6y-
aer ynutapnofl, Mumym caosamm, 3 cpay (123), matpuua 0 Gyier YHu-
TapHoll, 1 ee cT0A0NH YAOBIETBOPAIOT YCI0BHIO OPTOrOHAILHOCTH. Ho
croabust U CyTb CTpOKH U. M yowey Takuy oGpasoy yTBepxkuarb, 4o
B YHHTapHOl MaTpile HE TOJLKO CTO.16ubl, HO I CTPOKI YJIOBJAETBOPSAIOT
yCAOBUAM OPTOFOHAALHOCTH, T. € Hapaiy ¢ ¢opuyaami (120) Oynem
HMETb TaKke GOopMY.I

n
k}_‘j Uppil gy == 3 g, (124)
=1

Ananornuno npeaslaywesy, ecat marpnust {y; # U, ya0BaersopsioT yc-
nosuto (114), 10 ¥ ux npoussesenne [/,{); Taxkwxe, oueBuaHo, 6ymer yao-
BJIETBOPATh STOMY YCJAOBHIO, T. €. NMPOHU3BEICHHE ABYX YHHTADHBIX MaTpuL
€CTb TaKXKe YHHTapHas MaTpHIa.

Vrawey nee pasiuuHeie QOPME, B KOTOPHX MOKHO NPRACTEBHTL ONpe-
eJeHNe yuuTapioll MaTpibl

JUx=1x nan (Ux, UX)=(x, X), (123,)

npuueM B MOCJAEAHEM PaBEHCTBE X U X — JioOble BEKTOPHL.

OrveTuM TEnepb T€ OOCTOATEABLCTBA, KOTOPHE OYyAYT HMETB MECTO,
€CaH yHHTapHas MaTpuua nMeeT BeulecTBeHHbe 3aementel. B sToM cayuae,
KAaK MBl y:K€ FORBODIJN, OHA HA3LIBAETCS OPTOrOHAJILHON H COOTBETCIBY-
ouee efi npeobpasosaitiie — OPTOrOHAIBHEIN 1PEOOPA3OBAKTEM,
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B nannom cayuae Bmecto qopuya (120) u (124) Mu 6yaem nMers dopmyas
n n

D Urpling ==y D tpp g == (125;)
k=1 k=1

Kpoue Toro, onpenenntens npeo6pasoBaHns K0/keH OHTb, OYEBMIAHO,
BEHIECTBEHHKM YHCAOM, A MOTOMY €ro BEJHUHHA MOMKeT PaBHATHCA LIS
-+ 1. Dta semecrseHHble OPTOTOHAJbHHE NPEeoGPa3oBaiiHi B H-MEPHOM
NPOCTPaNCTBE ABJAMIOTCHA NOJHHM aHANOroM Tex npeoGpa3oBaHui Tpexmep-
HOro NpOCTPaHCTBa, KOTOPHeE MH paccmarpusain B [20]. B srom peutect-
BEHHOM CJ1yuae, KpoME€ TOro, U cosmamaer ¢ U™, 1. e. obpatHoe mpe-
o6pasosanune ™! moayuaerca u3 [/ 3aMeHofti CTPOK CTO/IGUAMIL

OTMeTiM emte, YTO BCAKOE KOMMJAEKCNOE uncao e', rae ¢ — pemect-
BEHHO, paccMaTpupaemoe Kak Matphua [e'¥, e%,..., €'%], npeacrasaser co-
Goto yHntapnyo Matpuuy, H ecan U eCTb yHHTapHas MaTpHua, TO H MpO-
n3senenne e'*U ecthb yunrapHaa Marpuna. Cuuica NPOH3BEACHHA YHCAA Ha

MaTpuny ykasaH namun B [25]

29. HepaBencTro Komu — ByHAKOBCKOTO. YCTaHOBHM B HacTOsLIEM
naparpadge OAHO HEPABEHCTBO, KOTOPHM HaM NMPHAETCS MOAL30BATBCA B
AaabketiieM, OHO COCTOHT B CJAEAYIOIEM: KakoBH O HH Onau pemect-
BEHHHIE UHCAA 3y, %3,.0vy Gy B 3y, Bavees, B mMeeM:

m m m
(D odef <X i 284 (126)
k=t k=1 =1

npuyeM 3HaK paBeHCTBA GyleT HMEThb MECTO TOrAa H TOJNbKO TOrAa, Ko-
r1a 4, U B, MpONOPUMOHA/BHBL

Bkt (127)

% %9 %m
ITycrs §— moGoe semiecrseHnoe uncao. CocTasnM  cyMmMmy:
m
— t )
- Z (Cy'k - pk) ’
R=q

KOTOpasd, O4EeBHAHO, HEOTPHUATENbHA. 3uak paBeHCTBa 6y1181‘ HMETh ME-
CTO TOrJa ¥ TOJBKO TOrAa, Koria

0 B 3TOM CJayHae, OUEBHIHO:

Soar—g 3

k=] k=1
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BooGute ke rosops, packprsasd B puipawxennd S CKOOKN, MOJAy4YHM Tpex-
4aey Bropoli cTenenn

| S=A2 — 2Bt L C,
rae

m m m
Azza,';'; B._—-_Zak?k; C=Z§i.
k==t k=% k=1
Hanucanuufl TpexuaeH npi BCeX BEIlECTBEHHHBIX 3 OCTAeTCA HEOTPHUATENb-
HHM, OTKyAa caenyer: AC— B*=0, 1. e. B'<<AC, 4ro w npusomut
K nepasenctsy (126).

Ecin AC— B*==0, 1O Tpexusiel npn HEKOTOPOM BellecTBeHHOM §
AoAkeH obpamarscs B HYAp, @ AP STOM, Kak MW BHAEAH, IOOJKHO
BHINOMHATBLCH ycaosie (127). HaoGopot, npu BHNOJHEHUH 3TOrO YCJOBHS
B (opyyse (126) nveer mecro suak pasencrsa. ITosomuy Temeps, yTO
o, 0 B, — KoMmaercuue uncaa. Ilpunuvas Bo BHuMaHHe, yTO

EEAESHERTEAN
k=1 k=1

NOJIyUsy, TPHMENAA K Moc/aedieti cymme, cocrosuuell 03 nOJ0KHTEALHLIX
cnaraeMux, Hepasenctso (126):

m

m n
I M <D ml Dal (126,)
k=1 k=1 k=1

Herpyauo mokasarb, 4To B JaHHOM CAyuae, MU KOMIVIEKCHHX & H fj,
8HaK pasencrsa OyleT HMEThb MECTO TOIAA U TOAbKO TOIA3, KOTAA |a|
n |B,| mponopuuoHanbHel U BCE Tponssedenus 8, HMEIOT OLHHAKOBHI
apryment. Hepasencrso (126) npusennyMo He TOJABKO K CyMMaM, HO H
K HHTErpajam, Kak Mp 00 3T0M yxe ynomunamn pausmie [lI, 161]. Ecan
f1(%) 1 fi(x) — ase sewecTseiule QYHKUNG B NPOMEKYTKE a <X < b,
TO HEPaBeHCTBO /78 HHIErPAJOo8 KMeeT BI

14 b b
[/ fae)de] <[ i) de- £ () . (126;)
JleHCTBUTENBHO, COCTABUM BBIPAKCHUE
14 b b 4
(A @) —fi@Pde=2{fi(x)dx — 28§ fi(x) fa(x)dx (3 (%) d,

rae § — moBoe Beutecrselnioe yncao. M3 Bnua nesod yactu caedyer, 4to
5TO BHIPaKEHHE HH NPH KaKuxX BellecTBenHHX & ne momer GuTh OTpHUA-
teapHuM. Ho ecan tpexunen Ai? — 23B-}- C npu mcex semecTheHHuX S
He OTPHUATENeH, TO, KaK H3BECTHO N3 3JjeMeHTapHo#i aare6pn, AC —
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— B'=0. B npuMenenns K DPEALAYIUEMY TpeXuleHy 3TO. M JaeT
nepapenctso (126;). 3To HepaseHCTBO A/ HHTErPanoB Bnepsoe OHJO
fokazano B. JI. Byuskosckum. Ilas cymm oHo Bcrpewanocs y Komm.

" 30. CroficTBa cKaaspHoro npom3eeleHuss u Hopmbl. OrMeTHM
TENepb HEKOTOPHE CBO{ICTBA CKandpHOro npomsseneHus ¥ Hopmu. [Ipm-
MeHsn Hepamencrso (126,) u npuHnMas BO BHuEMaHue, YTO |Jp|=|ysl,
MOXKEM Hanucarh:

n n n
TEAIE DI A= HEA LI H T
k=1

k=1 k=1

[Ge nl<<lixl-llyl. (128)
IloxaxeM Tenepb TaK Ha3WBaeMOE MPaBHJO TPEYroJbHAKA

lx+yll<lixll iyl (129)

MR umeem:

lx+yiP=CE~+y x+y=( x)+0 90N+ »N+0, %)

A, npuHRMas Bo BHtManne (128), nosyun:
letylP<lxi®+lyP+20xl - Iy li=d i+ 0y D%

oTkyaa u caeayer (129).

B sakmouerne HacToOAUIEro HOMEpPA PacCMOTPHM, KAKOE BJHAHWE OKas
3HBaeT BHOODP CICTEMBI KOOPANHAT HAa METPHKY MNPOCTPAHCTBA, T. €. Ha
BHIpAXKEHHe KBagpara Aanusl Bexkropa. [lomoxus, 4To BMECTO OCHOBHON
nexapToBoft MH GepeM HOBYIO cuCTeMy KOODAMHAT, MPHYEM 32 OCHOBHHE
ODTH MNPUHIMAEM HEKOTODHE HE3aBHCHMBIC BEKTODH

20 2 2m,
Ilna moGoro Bekropa GymeMm umers:
- X =220 -, ..+znz‘"’,

rae z,— ero COCTaB/JfOMINE B 110BOH KOOPIHHATHON CHCTeME:
Kpaapar A/MuHB 3TOro Bekropa OyldeT BHPAXATbCA CKAAAPHHM MpO-
WaBe/elneM BeKTopa Ha camoro celd, T. €,

[ X 2= (2120 ... 2,27, 220 .. - 2,207),

PackpuBasg 3TO, COrJacHO BHIIEYKasaHHHM dopmynaM, ‘OyleM HMETh
creayiollee BHPaXKEHHE s KBaapaTa AJMHHE BEKTOpa:

n
[XP= D) 2nz2s (130)
fyRem}
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rie Kos(@uuuenTH «;, ompefeasioTcs no ¢opmyaam
a,-k=(2("’, z(k‘).

npﬂ NEpPpEeCTAHOBKE 3Ha'-lKOB OHH, OQUYEBHIHO, NCPEXOHAT B COIPAKCHHLIC,
T. €
Upi = 0p. (131)

Cymya pnaa (130) ¢ koadbuuuentamn, yXOBAETBOPAOLINMI YCAOBUIO
(131), naaninaerca obwuno ¢hoparoli Apana. HenocpeacTBeHHO oOueBHA-
HO, uTO BCAKoe Bepaxwenue Buda (130) mpn ycaosmi (131) Oyner uMeTs
NpH BCEBO3MOKHBIX KOMIIEKCHBIX 2 JHIUb BEUIeCTBEHHbIE 3HaueHns, Taw
Kak npu I 7 k gpa ynena cymun (130) Gyayr conpsaenusivy, a B 4je-
HAX BIA &g, |2,]% B cuay ycaosus (131), koadduunentst ay, OyAyT
BeulecTBeHHbIMI, Kpoye TOro, no camomy nocrpoennto dopye puuta
(130), B AannoM cAayyae Mbl MOmkeM yTBep#daTb, yTo cymma (130) Oyuer
HeotpiinareanHoft 1 Gyner oOpawarbcs B HYJAb TOJALKO TOrAa, KOFAa BCe
2, pasHm nymio, Popyyaa (130) u onpezeaser MeTPHKY NOpPOCTPAHCTBA
B HOBOH KOOPAHHATHOI cucreme,

Merpuka (130) Gyaer cosnazars ¢ ymerpuroft (110) B cooTsercTRYWO-
el AekaproBsoft cucreme, ecan %, =0 npn Iz k un oy,=—I1, nm
(@Y, 2*)=0 npu £k n (2%, 2*®)=1, 1. e, nHaue rosops, e€c.iu
BEKTOPH 2%, npumsrteie naMi 32 oprTul, OyAyT L33UMUO OPTOTOHAILHEBIM
ETUHIYKEMI BeKTOPaMH (AAUHB eqmiua).

B naaonelinieM BCAKYIO CHCTCMY B3aHMHO OPTOrOHAJAbHBIX H €AHHHYHHX
Bektopos z® (k==1, 2,..., [) Mpl GyldeM HasHBaTb OPMOHOPMUPOBAHKO
cucresofi.

3averum eme, uyro ecan ¢opuyaa (113) onpeseaser yHurapHoe
npeobpasoBanune AAf COCTABJAIOUINX BEKTOPa, TO COOTBETCTBYIOHlEE Npe-
00pa3oBaHile Aas Nepexola OT NpPexHNX OPTOB K HOBHM OyAeT AaBaThCs
Talannei

U\‘)—l’

routparpaanentiuofi {. B maunom cayuae, B cuay (123), sra Tabauua

Gyner cosmamarb ¢ Tabauuefi U, a Aan BeuleCTBEHHEIX OPTOTrOHAIbHLIX
npeobpasosaunti ona Oyler mpocto cosnazares ¢ U,

31. Ilpouecc opToronaausauny sexkTopos. IToaoxiy, 4o Hav Jans
7 Kakux-Hubyab JnHeNo-He3aBucHMHX BexkTopos XV, .., x. Coso-
KYIIHOCTL BEKTOpOB bBiila:
C',x“) "I-' .. -+ me(m‘,

rie C, — npoussoabhsle KoadduunenTw, onpeidenser Bce Haule I1po-
CTPaHCTBO, €CJAH M2 ==]I, i HEKOTOPOEe MOANPOCTPaHCTBO R, H3MepeHus n,
ecan m<n. IToxaweM, 4TO MBl BCErAa MOMKeM I[IOCTPOHTL OPTOHOPMH-
poBakHylo cucTeMy BekTopos ¥ (k=1, 2,.., m), Kotopai oOpasyerT
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TO ¥€ TMOANPOCTPAHCTBO R, uTo u BektOopn Xx*. Wnaue romops, 2k
IO/MKHH BHPAa:xaTbCad JnHeHHo uepes x(® nu, mnaobopor, X** poMKHL
BHIPaKaTbCA yeped 2K, DTH BEKTOPH MB MOXEM NMOCTPOUTh MO CAEAYio-
uleft cxeme:

O = 5

y(i) =x(i) — (x(’)’ z“)) z(l)

PO = D _ (£®), Z0) 700 __ (5@ @) [ (132)
riae
1) (2) o
z(l)::l-.!—’”—’l; z(’)=§(2—,l;...; z(”‘)=rvfm—,,. (133)

Bekrop 2(Y nonyuaerca n3 Y npoctmy Aenenmeym na mmmy () g,
caenosateabho, AanHa 2V paswa eamunue. 3arem crpomtes pektop y(®
no ykasanHofl Bmime cdopmyne. M3 camoro ero onpexenesns Hermocped-
CTBEHHO BHITEKaeT, YTO OH opToroHaned ¢ z(:

Y, 2M)==(x®), 2(0)—(x@, 20)(z(), 2(10)=0.

Heas sextop y'¥ Ha ero mauuy, noayyaem sekrop 2(¥, 3ateM Aaabiue
crpoum Bextop ¥ no ykasannoft Bmwe dopmyre. Vs unee wenocpex-
CTBEHHO BHTEKaeT, uTo0 OH oprtoronaze c 21 u 2%,

JleficTeutensto, B cuny oproronansroctn 2z m z®,  noayumy,
Harnpumep: ‘

®), 2®)=(x®, 2)—(x®), 2 (2, zM)=0.

Heas sextop y® na ero namny, moayuaem sekrop 23 n T. &

Bce BHOBb NMOCTPOEHHHE BEKTOPH BHIpMKAOTCA anneiino uepes x(M,
Herpyaso Bumers 1 naoGopor, uro x'® supawaiorca uepes z®. [lna
STOr0 MOCTATONHO TOJBKO MOCTENEHHO pelaTh NpeAHAyIlHe pPaBeHCTBa
ornocnreasto X, x® u 1. 1.

3aMeTuM TaKkke, UTO HH OAWH M3 BHOBb MOCTPOEHHHX BEKTOPOB ¥
He MoxeT o6paTnTbca B HYAb. JleficTBHTEABHO, €cam OH MBH Ha HEKOTO-
poM are BHUNCAEHAN NMOayynan Bekrop y\) pasuufi nymo, TO, TAK Kak
ol BHpAXaeTca auneiino yepes x'S), npuyem koapduunent npn x* B 3TOM
AUHENHOM BHpPameHHH PaBEH eAUHHuUE, TO M MNoayunan OH JnHefinyo
3aBHCHMOCTb MEX1Yy BeKTOpaMm X, 4TO NPOTHBOPEYHT TOMY YCHOBHIO,
YTO 3TH BEKTOPH Jniefii0o-HEe3aBICHMBL

HanomuuM, uto e€cau HMeeTcH HEKOTOpPas COBOKYNHOCTb TMOMNAapHO
OPTOTOHaNLHEIX BEKTOPOB, OTJHIYHBIX OT HYJEBOTO BEKTOpa, TO 3TH
BEKTOPH JHHElHO-He3aBHCHMBL

Ecan m=n, 10 2™ Ra0T NOJHYIO OPTOHOPMIDOBAHHYIO CHCTEMY.
Ecan e m<n, T0 049 MOAydyeHNs NOJHOH CHCTeMW J1EKapTOBHX KO-
OpAHHAT MH ROJANBI B JZONOJNCHIE K IOCTPOeHHsM BexTopam 2% no-
CTPOUTE emle (1 — /1) BeKTOpOB, KOTOpHe Obaii OnM OpTOrONaJLHH N
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mexay co0ofi 1 K Bektopam 2\, D1 HOBble eXMHHUHBE BEKTOPH AOMKHH,
TakuM 06pazoy, 06pa30BHBaTL NOANPOCTPARCTRO Ry _m uMepenns (1 — m),
opToronanpnoe nodnpocrpaictsy R, [12). Hoeue uckomue vektopw u
JOMAXHH YROBAETBOPATH CHCTEME YypaBHEHIH

(n, xXM)=0,..., (1, xm)=0.

31ech MB uMeeM CHCTEMY /7 OAHOPOAMBIX ypasueuuil ¢ n Heussect-
HBIMH, TIpHYEM paHr 310fl CHCTEMH DaBeH /1, MOCKOAbKY BEKTOpH Xx(* —
Jnneiino-nesasucnMu [12]. Dra cncrema umeer (1 — nr) anuetino-HesaBucu-
MHX peuleHnfl, T. €. Mb noayuaeM (11— m) AnHelHO-HE3aBUCHMBEIX BEKTO-
pos. Ilpusmenas K niuM yKasaiHefl Bblle HAPOLECC OPTOrOHAN3AWRIN N
NPUBOAS WX JUIMHY K eluHuue, Mo 1 noaywum cosmectio ¢ 20, ..., zm
noatyio oproHopmuposaunyio cucremy., Clrenaem eule 0/HO 3saveyanue.
TMoanpocrpancrso R, o0pazosanioe OproHOPMHPOBaHHON ciCTEMOH Bek-
Topos 2'®, Moxer OuwTb oOGpasopano #n Apyroll Takofl xe cucremoil.
HeticTBiTENbHO, IOCTATOUNO 451 3TOTO HPHMEHNTL K CHCTEME BEKTOPOB 2%
yuntapuoe npeoOpaszoBanne. M Buanm, Taknm o0pasom, 4TO npouecc
OPTOrOHaJAN3aLM  CHCTEMLl BEKTOPOB MOXKET COBEPHIATHCS  Pas/iMyHLIM
o0pasoM, n YKasaHHsll BLlllle jpueM JaeT JNlb OAHY U3 TaKNX BO3MOK-
Hocrelil,

§ 4. KBAOPATHYHDIE ©OPMbDI

32. TlpeoGpasosaHue KBaapaTHyHOIi (opMbl K CYMMe KBaaparos.
PaceMOTpHM B NPOCTPAHCTBE HEKOTOPYIO MOBEPXHOCTL BTOPOrO MOPSAKa,
HMEULYI0 UEHTP B llauale Koopaumar

Ax? Byl C2? - 2Dxy -} 2Exz -+ 2Fyz -+ G=0.
Bceraa moxHo puOpaTh Tak HOBHE KOOpAHHATHHeE ocu (&7, ¥, 2°),

uto6bl, B NpeoGpa3oBattoM ypaBHEHHH OCTaMICh JAUllb UWIeHbl, COAep:ia-
LlHe KBRAPATH KOODIHHAT, T. €. TaK, utoOH npeo0pasoBaHHOE ypaBHeune

HMEJO BUL
X" =yt -2y - G=0.

3amaya CBOMNTCH K OTBICKAHHIO TAKOrO OPTOFOHA/LHOrO Mpeobpazo:
BaHusl, cBA3biBaloutero nepeveunwe (&', 3, 2') n (X, y, 2), ur06H CoBO-
KYNHOCTb 4JENOB BTOPOro N3Mepeliilss OTHOCHTEALII0 KOOPMMIAaT B JeBoil
YacTi ypasuenus npnpeiach K CyMMe€ KBaaparon. ITocTanuy alaaoritunyto
3alayy Aas cayvaii BEHIECTBeHMHOTO mnpocTpanctsa n usmepennii. Ilycre
Y Hac HMMEETcs BEenlecTBelnas Kopalpatuunas (opMa OT I liepeMeHHBIX:

n
Q(Kpeevy Xp)= D a1X;%p (134)
i, k=1
npHYEM a;, — BEULECTBEHHEIE KOI(MILHENTE, YAOBAECTLOPSIOUUE YCAOBUIO
Qpi = ayp. (135)
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B npexmaymen npuyepe MH MOXKEM CUHTATD X ==X, V==X Z==X;
4] a“=A; a.n=B; (133=C; an=a,,=D; a,3=a31=E; a23==a3,=F.

Hasosem mampuyeii xsadpamuynoii gpopms (134) matpuuy, cocras-
NEHHYIO U3 3/EMEHTOB Q. DTa MaTtpnua Oyder CHMMeTpHuH3, T.e. Oy-
JleT coBmajarb CO CBOEH TPaHCMOHHPOBAaHHOMH,

IMonoxuy, uro M npeoGpasyenm dopmy (134) K HOBEIM NEpeMEHHHIM,
BBOAA BMECTO X, NepeMeHnsie X', nMpuyem npeoGpa3oBanie 3TO 3ami-
CaHO B Be:

(*1e0s Xp)=B(¥'yy.., Xn)s (136)

rae B ectb marpuna ¢ saeMeHTaMu b;,. Bnoca Bupameﬂnﬂ (136) B dop-
myay (134), Gynem umers:

Z. Qi GarXy - oo bpX n) (ba X'y 4=+ - - by X ).

i k=<1

PackpuBas ckoOku, nomyunm xosdduunent npu X', %", (p 7% q):

n
Z i (bipbkq + blqbkp)'

i,h=1

~ Ioabsyace (135), nerko BumeTs, YTO MOJOBHHA HANUCAHHOTO BHIpPa-
weHna OyAer paBHa MPOCTO CyMMe:

Z bip Z xbrg-

i=k

Taxkum oGpasoy, pasGupas aHAJOrHYHO 0 cnyuaﬁ p==¢g, MH YBHIHM,
YTO B HOBHX NEPEMEHHHX KBaapaTuuyHas ¢opma Oyler HMeTb BHL

n
o= > X 1i¥p (137)

i k=1

n n
Cik=6'ki=2b;izatsbsk-
t=1 §={
Cymmuposanue no s naer {AB},. Ecan B Muoxnrene by Oynem
cuntath {— HOMepoM cTOnGua u I — HOMEpOM CTpokH, TO b, Oyaer
9JEMEHTOM TpaHCnoHnposauuoft Marpuust {B(*)},, orkynsa

Cir=Cp = Z, 1B} {AB) i
=1
T. €. peoGpa3oBanHas ¢opma (137) Oyaer uyeTb MaTpuUy, OMNperexse-
Myio yepes matpuny A ¢opMuy B Npexuux nNepeMeHHHX H Marpuuy B
npeoOpasosanua (136) caeayonuiy obpasod:

C=B*AB. (138)

rame
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Ecan npeoGpasopanue (136) OpTOI‘O}laanO TO 1M oprorouanbnon
MaTpuusl B Tpaucnonupopanuas B(*) cosnagaer ¢ oGpathoft B7Y, u Mb
HMeeM B 3TOM Cayuae, BMecto dopayaw (138), dopmyay:

C=B"AB. (139)

Takuy o6pasos, nalua 3agaua o MOCTPOEHHI OPTOrOHAJILHOrO npe-
o6pasopanua (136), npusoasutero ksagpatuunyio dopmy (134) k cymse
KBaApaToB, paBHOCHALHA 3alade MOCTPOeHus TaKoH OpPTOroHajpHOH
Matpuusl B, yroOu Marpuua (139) Owaa npocro AnaronasbHoH ManH-
ueft [Ay,..., A;], 6o maTpuua Takol QOpME, KOTOPad MPHBOANTCH K CYM-
ME KBaLparToB, ! eCTb AWArOHalbHasd MAaTpHUA, NMPHUEM €€ SJAeMEHTH Ay
H CyTb KO3(QUUUEHTH MPH KBaaparax x’z. Vtak, MB JOMKHH HMET,
KaK u BLile;

B'AB=1[}A,..., ;]
HJIH
AB=RBI[N,..., ] (140)

3amern™, YTO B AaHHOM caydae Matpuua A He Kakas YrofHo Mar-
pilla, a BeUleCcTBeHHas CHMMETpPHYHas Marpuua u B moaxua OHTb OpTO-
roHaavHofl Marpuueit. Byldem MOCTYMatTh COBEPLISIO TAK Xe, KaK 3TO Mu
Aenamn Buile B [27] npn paccmorpeHmn obutero cayuéas. [lepenmwen
ypasuenne (140)  Buze:

n
Db =Nby (141)
=1

Orcioza aaa saeneHToB £-ro crealua MarpHUB B nMeeM n ypasHe-
Hult, Booas Bektop x(¥) ¢ cocrasasiowmumn (B, ..e, byp), MOmEM Iepe-
RUCaTh NOCAENHEE YpaBHeEHiie TaK:

A = ), (142)

Mepeneca sce unenst (141) B oaHy cropody, Gydes Hierb Aa4 Omupe-
nenaesus by, ..., by, cuctemy n OAHOPOIAHHX YpaBueumni
(@ — 2) by + apbap =+ o A= 10 =0

anby, + (@ — ‘k) b2k+"'+a7n =0 (143)

anlblk +an”‘b21~ "I‘ +(ann - ‘k) bnk '—'O
Onpexeanteas 3TON CHCTEMBl JOMKEH PABHATLCS HY/I0, U AAS uuCea
A, MBl moayyaeM aareGpanyeckoe ypaBHeHHe CTENeHu 7
w—A Qg ... ay

ay ay—h ... a —0. (144)

e ¢ s e s & e e o e

2%} Ay oo a,m—)\
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3TO0, KaKk Mbl 3HaeM, 11 €CTb XaPaKTEPHCTHYECKOE YpaBHEHNE MATPHIK A.

Hokaxem npewne Bcero, Wro AAR BeuleCTBEHHOH cuMMeTpuyHOH Mat-
piunt A ypasueune (144) nmeer Bce KopHu Bemecrsennsie. ITpenpapn-
TeJbHO Maanm Hopylo dopmy 3anuce ana kpagpartnunoft dopuu. Ilycrts
X — BEKTOp € COCTaBafOUINMH (X, ..., X,)-— BEHIECTBEHHBIMH 1A
KOMMIEKCHEIME B A — Mmarpuua ¢ Jwo6sMu sneMentaMs  ap,. Cocrasum
CKa/apHOE npousseaeHne:

n
(A%, %)= %;(@u%s + ...+ 6;:%,).
i=1
Mu BHINM, YTO OHO MOXeT OHTb 3aMHCAHO B BHIE:

n
(Ax, x)== Z Aip XX (145)
k=1
Ecan punoaseHo ycsaosne

Qi ==0;;, @y — BEUIECTBEHHBI), (146)

TO 310 ecTh opMa IpMHT3, 3HAUYEHHS KOTOpOH 00A3aTENLHO BelecT-
BeHHH. TOT cayuwall, koraa A ecTb BeuleCTBEHHas CUMMETPHUHAs MATpMUa,
ecth vacTHmli cayuatt ycaosuft (146). Ecau npn sToM emle cocTaBasiomue
BEKTOpPA X BEILECTBEHHH, TO Gopmyna (145) n naer HaM KBaApPAaTHUHYIO
dopyy (134).

IMepelinem Teneps K HOKa3aTeNbCTBY BElECTBEHHOCTH KopHeH ypas-
Henns (144). ITycts A, — HekoTOpHil KopeHb 3TOro ypaenenus. Cucrema
(143) naer uam npn 3TOM CcOCTaBasiomiHe BexkTopa X% (BellecTBEHHOro
HIM  KOMIJIEKCHOrO), YAOBJeTBOpsfoutero ypasHeHunio (142). Ymuoxum
o6e u©aCcTH 3TOro YpaBHEHHd CMpaBa ckaaapHo Ha x(®), Mu moayumm:

LS ), = (Axth), x),

Bhipaixenne, crosulee Cnpa®a, Kak MHl BRlead, €CTb UYHCJAO BeuiecT-
BEHHOE, U, CJEeA0BATENLHO, A, €CTh TaKXE YHCAO BelecTBeHHoe. MH
NO0Ka3ann TakuM o0pa3oM BEMECTBEHHOCTh KopHeH ypasHenust (144) He
TOJBKO N1 BENIECTBEHHHX CAMMETPUYHHIX MATpPHI, HO ¥ Uil MaTpHu,
3NeMEHTH KOTOPHX YyHoBaerBopsior ycaoeuio (146). Takme MaTpuun
- Ha3bIBAIOTCA OGHIYHO IPAUMOBCKUMI MAMPULANIL

B paccmarpusaemom cayuae kosdpdunnentst cucremn (143) cytb Be-
HIECTBEHHHE YHCA3, W MBI MOXEM CUNTAaTbh, YTO I COCTaBJAsOmMPE X% —
sewtectBennbt. ITokaxewm Teneps, u4to ecau A, u X, — 1Ba PA3AHYHBIX KOP-
Hs ypasnenns (144), To coorBercrsyioutie BekTops x'P n x!9), ynoraerso-
psioute ypasuenmo (142), — e3auMuO oproronaasHu. M nMeeM 1o ycao-
BHIO;

AxP=1,xP;  Ax'?=} x'D.
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YMHOXKast nepsoe w3 3TUX ypasHeHuHl CKaAspHO Ha X9, a BTOpOE
Ha xP), u BHuuTad, NOAYYHM:

(Ax, x9) —(xP, Ax?)=(,—L)(x7, x?). (147)

ITokaxem tenepb, uro AR mOOHX ABYX BEKTOPOB X 11 y (Beulect-
BEHHHIX W KOMIIEKCHHX) uMeer mecro (opyaa

(Ax, y)=(x, Ay), (148)

€CAH TONbKO 3AEMEHTH MaTpunm A y#oBJeTBOPAT ycaosuaM (146).
IleficrButensno, nesas wacre opmyan (148) naer:

(Ax, J’)=Z(amll+ vt Q) = Zak: iV

R=1 i,k=1
nan, B cuay (146):

n
(Ax, )= Dlaux;7p *
ik=1

Takofi #e pesyabTaT MdacT itam W npasas uYactb c¢opmyan (148).
91a dopuyaa cnpaselqnna, Takny o6paszoM, u s BEIECTBEHIbIX CHM-
METPHYHLIX MATPHI, KOTOPLIE SABASIOTCS YACTHBLIM CAYYaeM DPMHTOBCKHX.
B cuny (148) aesas uactu (147) pasna myao, n B cHay A, =X, Mu
miceM (x', x9)=20, 1.¢. bekTopH X' u X9 neiluuurenbuo OpTOrO-
HanbHel, B manuoyM cayuae 3TO BEIMCCTDCHILIC BEKTOPHL, W YCAOBHE NX
ODTOrOHAJALHOCTH CBOANTCA K TOMY, 4TO CyMMa NpouspeleHntl uX co-
CTaBAsIOUMX PaBH2 HY/IO.

Ecau ypasuenne (144) umeer pasanyHele KOpDHH, TO Mu 6yleM UMeTs,
TakuM o0pasoM, 71 B3aHMHO OPTOrOHaJLHHIX BEIECTBEHHBIX BEKTOpOB X,
Ypapueune (142) aunelince, 0AHOpPOAHOE OTHOCHTEAbHO X, 1 MH MoO-
KeM YMHOXKHTb pelieHHe 5TOrO ypaBileHils Ha MoOylo MNOCTOAHHYIO, TaK
UTO MOMKHO CYHTaTb, YTO YMOMSHYTHiE BhlIE BEKTOPH X% HMelT Annny,
PaBHYIO elHHHLE,

Cocrasasitoutiie 3THX BeKTOPOB 06pasyloT €T0A0WB MaTpnubl B. MHaue
roBOps, 3Ta Marpiia YAOBJAETBOPSET YCJOBHIO OPTOHODMIDPOBAHHOCTH MO
croabuaM i sipaserca oproronanvnofl Marpunefl. Takum o6paszom Haiwa
3ajaya npupefeuns keaaparuunofi (GopMe OPTOroHaJALHRM NpeoGpa3osa-
HIEM K CYMMe KB3aAparoB HJI — YTO TO ke -—— Npusenenns marpuust A K
muaronaasnof! gopme oxomucHa B NPedloaoikeHil, uro ypassenue (144)
uMeer pasauunble xopud. Yucaa A, H33LIBAOT WHOMAA COGCIMBEHHBILMU
3HageRuaMu mampuys A, a BEKIopU X*' — cOOCIGCHRUAI BER IOPaMU
3moil mampuys.

33. Cayuail kpaTHbIX KOpHeil XapaKTepHCTHYECKOro YpaBHeHHS.
[Mepetinem Tenepn K paccMOTpeHuro OOLIErO Cayyad, KOrAd YypashueHne
(144) moxeT umeTh u oAuuaxkoBrie Kopui. BosbMeMm 1HEKOTOpLH Kopens
A=2; ypasueuus (144) # nocTpouM COOTBCTCTBYIOUIEE €My pelueHie



33] § 4, KBAIPATHYHLIE $OPMH 125

ypasnenus (142). 3to O6yner HeKoTophil seutectBeHHu Bekrop X
annnel enusnua. Ilpucoennnny k nemy eme (n— 1) BeulecTBeHHbX €au-
HHUYHHX BEKTOPOB, KOTOpHIE Gbl BMECTE € HHM O0Pa3oRHBANH NMOJHYIO OPTO-
Hopmuposanuylo cucremy [31). Tlepexoa_or oCHOBHHX OPTOB K 3TiM
HOBHIM OpTaM 6)’1181', KaK MB 3HaeM, BHPAXKATbCId HEKOTOPHM opTOro-
HalbHEIM NMpeo6pa3oBaHueM Haj COCTABAAIOUINMI BEKTOpaMH, ¥ Matpuua A
nepefiner B noaoGuyro marpuny A, == B;'AB,. Coorsercrsywmee stofi
HOBOH MaTpuue YypaBHEHue

i Ayx=)x (149)
GyleT uMeThb B KauecTBe pellenns, COOTBETCTBYIOmero coGCTBEHHOMY 3Ha-
venimo A =X, (colcTenntie 3HaueHHs He MenmoOTCA NpPH NPeoGpasoBaHul
noao6us), sekrop X', KOTOPHN MH NPUHATH 32 nepHil OPT H KOTOPHID
uMeer, csaeaoBareabHo, cocrasaswome (1, 0,..., 0). TToacrasasa 3TO
peutenne B ypasnenne (149), Gyidem nmers:

Al(lr 0r°--’ O)Z()‘l’ 0"-'1 0):
OTKYZAa HENOCPEACTBEHHO CJAEAYeT IS 3JEMEHTOB MepBoro croabua
{Al}u:)q? {Al}el={Ax}31=---={A1}nt=0- (150)

[Tokaxem Ttenepn, uro BewmecrsenHas Marpuua A, Oyder Takke cuMm-
METpHYHa, T. € OyIder coBNamaTb CO CBOEH TpaHCHOHHDOBaHHOM, IleH-
CTBUTEJILHO:

AP = (B, AB)" =B AMBP 1,
Ho B8 cuay oproroHambnocTi Marpuun By

B =By' u B 1=B2B,
OTKylla CJaeayer
AN = A,

IMpunuMast Bo BHuUManHne cdopMyasl (150) u CHMMETPHYHOCTL MATPHILH
A;, MH MOXEM HalHCaTh:

{Al}u =)-1; {Al}ﬂ = {Al}m‘:—-- o= {Al}nx = {Al}ln =0,

T. €. Y Marpuis A; BCE 3/eMeHTH Nepsol CTPOKH M Nepsoro Croabua
ofpaialorcs B Hyab, KpoMe, momer Ourtb, szemenra {A;};=\, T.e.
aTa Matpuua A; uMeer dopmy:
)\l 0 LN ) 0
A= 0 afy ... oy
¢ (S8
0 ay ... ah

rie uepes a'y MH 00603nauNAN AEMENTH A
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Kpaaparuuydas ¢opMa ¢ B HOBHX NepeMesHHX OYAET UMETb BAI:

n
— ’2 [FRI A
e=ly] + Jlatyys
k=2
TaxaM 06pasoM MH BHASAHAH OAHH KBaipaT # MPHIIAH K PacCMOT-
peruo KBagpatiunofl gopmu ¢ (1 — 1) mepeMeHHHMH
n
Y aiiyivi
i, ka-]

UM, YTO aHAJOTHYHO, K PAcCMOTPEHHIO COOTBETCIBYWOILeH eH MarpHilH

C, nopsanka (n— 1), aBasiolleficd 4acTblo MaTpuubl Ay 3ZeCh MB MOKEM

paccyaaTh COBEPIIEHHO TaK K€, Kak 1 BHIWE, H B MOANPOCTPaHCTBE

{n — [)-ro usmepenis, 06pa3oBakHOM NOCIeIHUMH (11— 1) opTamu, MOMeEM

BELACAUTL HEKOTOPHI eAuuiuHuil BeRTOp X', dBAsiOWIMiics pelueHueM

ypaBHeHus .
Cix® ==,x12,

Dtor pektop Oyaer, OueBiAHO, oproroHaneH BekTopy x. B pe-
3y/bTaTe 3TOro BTOporo npeobGpazobanus opr XM coxpaHutcs, a OCTab-
Hele OpTH nepefiayT B JAPYrie, B33HMIO OPTOrOHAAbHLE eAHHUYHBIE
OpTH, MEpBHIM U3 KOTOPHX OyiaeT x®. B 3TiX HOBHX nepeMeHnux
Kpaaparnyian gopya ¢ OydeT HMETb BUL

n
p=dul 2+ Y aituyivi

i, k=3

IMpomonikas Tak M Jaipllle, MH NpHBENEM, HAKOHEL, KBaIPaTHYHYIO
dopyy K CymMme KBRAPaTOB, T. €. COOTBEICIBYOU(YIO efl Marpuuy K
anaronansHoft dopye. IDTO NOAYUHTCA B pe3ysabTaTe NpHMEHenHs He-
CKOJBKHX OPTOrofiaJbHHX npeodpasopainil, 4To, OYEBHAHO, PABHOCHJIbLHO
NPHMEHEHII0 OANOro OPTOrOHAJAbHOrO NpeolpasoBanis B, ABAflOUErocs
UX nponsBeaeHueM.

Oxeuuatenslias ARaroNajbHas Marpiua

BUAB=y, .., 2] (151)

G6yner monoGHa ocHoBHOl MaTpHue A, n, caexosareabHo, ee Xapaxre-
pHCTHYECKOE YpaBHere

M—A 0 0
0 Jg—h ... 0
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Gyzer coBmagath ¢ ypasHeHueM (144), unmMu caoBaMM, Kosdduuuents
A, npu KBampatax B npuseeHnoff kpaapatiynoft gopye

p=hx A A Ay (1£2)

6yayT kopuaMu ypasuennsa (144), npuuem kamami#t KpaTubifi KopeHs Gy-
HET MOBTOPATHCA CTOALKO Pa3, CKOJABKO EANHHI COAEPKHT €0 KPaTHOCTb.

Kaxnanit cronben OKOHYaTeNLHOrO OPTOrOHaIbHOrO Npeo6pasoBaHys
B naer, Xak Mwpl 3HaeM, BEKTOp, sBafouIufica peuexneM ypasHenns (142),
IpHYEM M3 €aMOro 3aKOHA MOCTPOEHNS CJeAyeT, UTO COOTBETCTByWOLlee
sHaueHne A, cosnajaer ¢ TeM KoadduuientoM B KBaZpaTnuHoH dopye
(152), xoropmif CTOHT npn COOTBETCTBYIOuleH mepemenHofl, Yxawmem
Gonee TOYHO 310 cooTHowenue. B cuay (136) oproronaasnoe mpeoG-
pasoBaHue B, ynosnersopsiomee ycaosuio (140), nepesoaur mnepeMeH-
HHE (X,,...,X,) B NEpeMEHHHE (X, ..., X,).

O6paTHoe npeoGpasosanne B~! Gyaer TPaHCMIOKNPOBAHHEIM 1O OTHO-
wenno K B, 1. e. Mp GyaeM nMeTh:

Xp=byXr+...+F by, (k=12...n) (153)

n sekTop x®, nyeromull coctasisioutiie (byg,..., b,), Oymer pelwennem
ypasuenns (142), npn A==X,.

IMokaxeym, H2KOHEN, YTO MHl HaWN gce peuenus ypasHenusn (142).
ITpexxae Bcero, M3 nNpeABAYWLIX PACCyKACHHH BHITEKAeT, YTO 3HaueHre
A, DOMKHO ORITb KOpHeM ypassenus (144). Bosbvem Kakoft-un6ymn ko-
peHb STOTO YpPaBHEHHS A H NOJOKHM IJA ONPENENEHHOCTH, 4YTO ero
KPA4THOCTb DAaBHA TPEM, MPHYEM MOXKHO, KOHEYHO, CHHTAThb, UTO A==); ==
= hy==1;. [Ipeasinymue paccyxiaenns AaOT HaM A9 ypaBHeHNHs

Ax=D)\x (154)
TpH pelUeHAM:

XNV (Bygy o owbpg)y XD (Bray.. bpa); X3 (Bysy. . bya).

ToxaxeM, yro Besikoe pewenne ypassenns (154) aomxno Owth rx’
aunetinoft koymOunaunefi. JefictBntenpHo, ecan G 310 6HAO HE Tak, TO
M HMenn Obl elle HEKOTOpOe pellenHe 3TOMO ypasHeHHs y, JauHelino-
nesapncnMoe ¢ xM, x@ n x®., Bekrop y MOxer oKa3aTbCd H KOM-
MJIEKCHBIM, HO B 3TOM MOCHEAHEM CJYyYae €ro BemecTBEHHad M MHHMas
YaCTH B OTAEABHOCTH JOMKHH YROBJETBOPSTh ypaenennio (154), Ttax
KaK 3TO YpaBHEHHE HMEET BeleCTBeHHHe Ko3d¢nuuents. OueBuaHo,
yro nO Kpatineli mepe oaHa u3 X uacrefi AoakHA NpeACTaBAaTH CO-
Golo BeKTOp, anueHuo-nesapucnMuifi ¢ x®) (k==1, 2, 3). Mu moxenm
TakuM 00pasoM CYNTaTh, YTO TOT BEKTOD ¥, O KOTOPOM Ml YHNOMHHAJN
BHIUE, CTh BEUlECTBEHHHH BekTop. Kak Mm nokasaan panbiue, on noa-
e OHITb OPTOrOHaZeH KO BceM BekTopaM xi® mpn £ >3, Tak Kak
STHM MOCJEAHHM COOTBETCTBYIOT 3HaueHH A, OTAMYHBE OT A, Takum
006pa3oy BHIXOAMT, uTO BeKTOp y Oyier JHHeNHO-He3aBHCHMEIM CO Bcel
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COBOKYIHOCTBIO BeKTOpoB Xx*, T, e. mul umeem (n-+1) aunelino-nesa-
BUCHMBIX BEKTODOB, YTO HEBO3MO#HO. MTak, 1414 BCAKOro Kopud ypas-
Henns (144) xparnoctn m ypassenne (154) uveeT poBHO M JuHefiHoO-
HE3aBUCUMBIX BEILIECTBEHHBIX pelleHni.

Moacrasus B Kospduunentu cucremu (143) Byecto Ay HEKOTOpHIM
KOpeHb A ==Xy KpParHocTil #2, Mbl MOAYMHM OLIOPOAHYIO CHCTIEMY, HMEIO-
myw #  JuHeliHO-He3aBHCHMBIX pewenndi, T. €. paur 3Tol CHCTeMB
Jo/mken  paBuaTbea (n— m). Vnaue rosops, 3Ta cucTeMa CBeAeTCH
K (n— m) ypasHenusM., BosbMeM Kakoe-HnOyAb pellienue 3TOH CHCTEMU
U yMHOXXHM €ro Ha TakOH MuOwITeJb, YyTOOB CyMMa KBaApaToB YHceJ,
BXOAfINX B 3TO peweine, 6Maa paBna eaminue. Takum oOpasoM noay-
YHM OLMH BEKTOP, COOTBETCTBYIOHUH{I B3ATOMY KODHIO YypaBuenns A==,
Hro6u mafitn caeayounii Bekrop, n00aBHM K (1 — m) ypashneunsM na-
mwell CHCTEMB €ule OANO ypaBHeHHe, BLIPAMAIOULEE OPTOrOHAALHOCTD
HOBOrO HCKOMOFO BeKTOpa K yike nocrpoennomy. Takum o6pasom nas
HAXO0XKAEHHA COCTABJAIOILIX HOBOrO BEKTOpa OyaeM HMETb ORHOPOIHYIO
cuctemy u3 (n— m—-1) ypasuenui. Basp kaxoe-nn6yib pewenne 3tof
CHCTEMH i HOPMHDOBAB €ro ONATb K eduunue (AAuHa BeKTOpPa pasHa
eaunnue), nepefiieM K HAXOAIENNO TPETLErO BEKTOP3, COOTBETCIBYIO-
Ilero TOMY ke KOpHiO ypasuenus »==2»X, Ilan 3Toro moGasis K oCuoB-
HLM (28— pr) ypashenusM CHCTeMb eule /B3 YPaBHEHus, BHPAXAIOUUIX
OPTOrOIAALIIOCTL HIOBOF0 HCKOMOIO BeKTOPAa K ABYM, YKE MHOJYYEHHSIM,
§ T. X -— [IOKZ HE HOCTPONM OPTOHOPMUPOBANNYIO CICTEMY, COCTOALYIO
U3 M BEKTOPOB, COOTBETCTUYIOUIHX KOPHIO YpaBHeHua h==~A, Kparuoctu n.
Vi3 yKasaunoro nocrpoenusi uenoCpeiCTBEHHO BHITEKaeT HeKOTopas npo-
H3BOJBHOCTL 1IOCTPOENHA OCHOBHEX pewennit ypasuenns (142). Ecau
BCe KOPHH ypapHehus NPOCTLIE, TO 3Ta NPON3BOJABLHOCTL CBOANTCA JMILDL
K TOMY, 4TO BCE cOCTasasone BekTopa XK} MOXKIO NOMHONKHTL Ha
(— 1). Monoxun Teneps, uto ypasueHue (144) uMeet Kopeub KPaTHOCTH /2.
B sToM cuayuae cooTBETCTBYIOLIE 42 €IMHHYNLIX OPTOrOHaJbHBX BEKTO-
pOB, ABAAIOLIXCA pemieHueM ypasHeuns (142), o6pasylor nekoropoe not-
npocrpanctso R, unaxepeuus m. Mul  MOWeM, o04eBuaHO, B 35TOM
noanpocrTpancrse bubiparn moOby 00pa3oM  B3aHMHO OPTOrOHA/BHLE
efnnnyHble OPTH, I BCE onu OYAyT Takwe pelueHusmy ypassenns (142)
Hpu A==1xy, T. €. Mp MO¥EM NEPEXOANTb OT OAHOM OpPTOHOPMHPOBAHHOMH
cucreMbl peulenufl K Apyrofl, cosepmias OpPTOroHaiblioe npeoGpasobanie
noanpoctpanctsa R,. Bce cresammoe otnocutes # Kk JioboMy Apyromy
KPaTHOMY KOpHio Ypasueuus (144).

Ia noscuennst ckasannoro obparmymca K Toft 32lawe, ¢ KOTOpOit
MEl Haya/y npeaslaymiuli HoMep, a MMEHHO K 3alaye NpHBefelds ypas-
HEHHA MOBEDXHOCTH BTOPOro nopsaxka K ocaym cummerpud. INoaoxum ansa
ONpeleIEHHOCTH, 4TO 3Ta NOBEPXHOCTb ecTb Saauncond, Cayya#h pas-
HLX KopHeil ypashenns (144) coorBercrsByer TOMY (DaKTy, utO BCE IO-
AYOCH 3TOrO  3JJHIICOMAA pasmiuHK. B s1OM ciyvae eNHHCTBEHHHI
NPOU3BOA B BHOOPE OKOUYATEABHWX OCell KOOPAMHAT CBOAMTICH K H3Me-
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HeHno Hanpasaenns arux ocefl. Ecau ypasnenne (144), xoropoe B pac-
cMaTpuBaemMoM cayuae OyJeT ypasHEHHEM TpeThefl CTeneHs, uMeer ABa
OINHAKOBHX KOpH#, TO 3Jauncond OYIET S/IMnconioM BpauleHnd, u Ase
OCH CHMMETDHH MOFYT JexaTb Kak YFOAHO B IVIOCKOCTH, NpOXOAfmie
yepes LEHTP N NEPNEeHANKYJAAPHOH K OCH BpalleHns, Juiib Ob oHB OBLTH
B33aMMHO OpPTOTOHaAbHH, T. €. B JaHHOM cJyyae npouseo 1 B Bhifope
OKONYATEIbHHX OCell COCTONT eme B NPOU3BOJALHOM OPTOrOHAMbIIOM
npeoGpa3oBaHnn B ykasaHHoll Beue miaockocti. Hakoweu, ecan ypas-
nenue (144) umeer Bce TPH OMMHMAKOBBIX KOpHA, TO HAall 3JINNCONA
ectp cdepa, 0 Halle ypaBHeHHe HE COAEPKNT YAEHOB € MPOU3BEACHUAMM
KoopanHat. B sTOM cayyae MH BOOOUIE MOKEM COBEDIUEHHO MPOH3-
BOJABHO BHIOHDaTb NPAMOAHHEHHHE, MNPAMOYrONBbHHIE KOOPAHHATHLIE OCH
B NPOCTPaHCTBE,

34. MNMpumepsl. PaccyoTpuM ABa YHMCIGHHEIX NpPHMeEpa.
1. [IpiBecTi K OCAM CHMMETPHN ypasHEHHe IOBEPXHOCTH

X3+ 5x3 - x3 + 2x,x, 4 6x,x05 + 2x,03 =3,
CooTBETCTBYOWAA KBapaTiyHas dopua GyleT HMeTh BHI:
¢ = X+ X% -+ 3505 ++ Xexy - 5xd - Ko - 3x9x; - a0 +- X3,
XapaxkTepucTHUECKOE YDaBHEHHE ee MaTpHnal 6yier
1—2 1 3
1 5—x 1 [=0,
3 1 1—=2
OTKYJa, pasiaras no 3.1€MeHTaM nepBOn CTPOKI:

s 1—=2[E—-N1—-)—=1]—(1—=r—3)43[1—3(5—N]=0
A8 — 7\ 36 =0.
3710 ypaBHeHHe, KaK HETPYIHO NpOBEpPHTH, HMEET KOPHH
' A=—2 A,=3; A, =6,
W ypaBHEHIle Halleli NMOBEPXHOCTH, OTHeceHHOe K OCAM cCuMMeTphn, 6yier
—2x;2 4 3x.2 4-6x,2 =5,
Byxew tenepb onpeleants sieventn opToroHaIbHOM MATpPHUSL

by by by
B=|b, bay b
by, bys by
Mul Hveeu A1 HHUX cucre.\ly
(1—%) by bsp -+ 33, =0
bkt (B —2) byp+ by =0 (138)
3bip 4 by - (1 —2) by =0.
B B. H. Caupnos, 1. 111
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Hoxcrasanen cnavaza A=»%; = —2, 410 UPHBONT HAC K RABYyM YpasHcHuAM
3b1y+ by 430, =0
by + 70+ b5 =0
Peureniie 3TOM CHCTeMHM HMeCT BMI:
byu=—Fky; by =0, by, =k,
rae k, — npou3seaphoe yiicao. Bubnpaes ero Tak, 4To6W CyMMa KBa1paToB yHced,
COCTABJIAIOIWNX pelieHle, OGnlaa paBHa €jlHHLIE. Okonuyareanno noayyaes:

1 1
by = '——‘/.—)—; by =0; by= _'—‘1/2— ’
npHYeM MOXKNO B3aTh H pemicHiHe € o6paTHLIM 3HAKOM.
Mozacrasasies Tenepb B KOaduuuentut cucremp (155) A =%, =3, Hoayuaem
cicreMmy, B KOTOPOfi TPeTne YpPaBHCHIE CCTL DAa3NOCTL MEPBHX JABYX H, TaKkHM
06pa3oM, NPHXOINM K ABYM YPaBHCHHAM:

—2by3+ Doy -+ 3bs3 =0
bu -t 2y, b3e =0.
Herpyano naiiti peuieniie 9Tofi CIICTeMB, HOPMIDOBAHIOE K eAlHnue;

bye== —1_—; bay = —-—1?_; —l—.

V3 V3 V3

MoacraBases, uakonuey, B Ko3dguuuentu cuctemu (155) Tperinii Kopenb.
Moayyaenm onsurh cucTEMY, B KOTOpOil 0110 M3 ypaBhenuil ecTL CIcACTBIC ABYX
Apyrux. Pemas oCTaBsiunecs ABA YPABHEHHA 3t HOPMHDYS N0JIyucnnoe peluenie
X eauuiuue, 6yAeM HMeTbL:

2 1
bg = -—_— 93 = ——, by = —.
13 _l 6 28 .'/'6 a3 l/G
B nanHoM Caydae dopyyan npeodpaaouamm nepeMeHHBIX HMEIOT BHI:
, 1
T vz’
x' =__1_x _._l-x + ..l_ X
2 ]/3— 1 ]/--3— 2 ]/5- 3
1 2

= ¥ -}

e
3 ]/6

Vé_ X3+ 1—/% X3
2. ITpnBecTin K OCAM CHMMETPHN YpaBHEHIE NOBEDPXHOCTH
2x3 4 6x2 -1 205 -8, =1L
B nannonm cayyae xsazpariuHaa Qopma 3anuuieTcs B BiLle:
9 = 2x3 - Oxyxp + 4oy xg - Oy - 6xF 4 Oupixy - 4oy - O - 25,
XapaKTePHCTHYCCKOE YpaBHEHHE ce MaTpHUN 6)'1181'
2—x 0 4
0 6—2 0 |=0.
4 0 2—)
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Pacxpmsaﬂ 3TOT onpejeaireab, NPHICM K ypaBHEeHHIO BHIA:
M — 1002 4 124 + 2= 0. '

Ero xopHi 6yayr Ay =~—2; Ay=1%, =6, T. e. 370 ypaBHeHue HMEET 1BOfi-

Holl KOpeHb.
[Mepexoaum k onpeneieHno ko3GdNUNEHTOB OPTOroHaIbHOro npeobpaszona-
HIfA, 114 KOTOPHX HMeEM ClCTeMy

@—=N) b+ 453 =0,

(6 —1) b =0, (155,)
40y + (2= 1) by =0. ,
MMoxcrasasas A = — 2, noay4ny, KaK HETPYIHO BHIYHCINTL, HOPMAPOBAHHOE
K elMnnue peuienrne {
1
by=— by=0; byy=—=——.
1 V2 21 31 V2

Moxcrasuy reneps B xo3dduunentsr cicrems (153) asofinoli xopenb A =6,
118 KOTOPOro MH JOX:KHB NOIYYHTb 1Ba AlHElIHO-HE3aBHCHMHX I B3aHMHO-OPTO-
roHaabHHIX peuienns. TIpn yxkalaHHoli MOJICTaHOBKE CHCTEMa CBeJETCA K OIHOMY

ypaBHeHH0O

—bys+ b5 =0. (1553)
Boabsem HOpMHPOBaHHOE K €AHHHNE pelieHlie 9TOro ypaBHEHRA
1 1
bs=w=} bp=0; byy==—.

V2 V2

Jas Haxoxlenys BTOPOro PEIUEHIA 3aMETIM, YTO OHO NOJKHO Y.IOBIETBO-
PATh KaK peutenuio (153;), Tak M yCIOBHIO OPTOrOHATBHOCTH € yxe HalleHHBM
pemenyen. Takum o6pasoM, M MOayyaeM [J18 ero HaXOXACHHUA [Ba YpDaBHeHHA

by + by =0
1 1
VE by + 75 by =0
2.111 b3 == b3y =0, 0OTKya HOpMHPOBaHHOE K eInHuue pelseHue 6yrer b, ==0;
=1; =0,
# OKOHUATEbHO oproroxaibHoe npeoGpasosaHie GyJeT MMeThb BHI:
o=ty — L
w1 Vi‘ 1 V2 3
1
X'g = ——=.X —
2 V2 1 + V2 3
Xy = X

H YpaBHeHHE NOBEPXHOCTH B OCAX CHM.\IETPHH npHBeJeTCa K BUIY:
— 24" -6 (2 + ¥ =1

35. Knaccnduxkauna xeagpaTHuHbiX ¢opm. 3agauy o mnpHBeAennn
KBaJApaTHYiOft OPMEI K CyMME KBaJAparoB MOXKHO TNOCTasuTb H B Gonaee

50
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obmeyM BHAE, 4YeM 5TO MH Aejaan BHlde, He Tpebys o6s3arenbHo, yTOGH
JuHelinoe npeofpa3oBaHie OT HOBHIX NEPEMEHHHX K CTapHM GHJO OpTO-
FOHaJbHBIM, & HMEHHO MH MOXKEM NOCTaBHTh 3adadyy C/AeAYIOUiHM 06pa-
30M: TpeOyercs NpuBECTH BeIlecTBeHHylo Kpaapartuyuyo d¢opmy (134)

K BuLY:
=X + pX3 + ...+ o Xn (156)

rae X, CyTb Kakne-HuOyab n JuneliHO-He3aBHCHMHX BeIEeCTBEHHHX -
Helinex Qopm nepemenHmx x,. IIpn Taxoifi nocraHoBke 3amaun Ko3g-
(HUHEHTH {1, HE SBAAIOTCH KaKHMI-A000 ONpeleneHHBIMII YHCIaMH, Kak
5TO MH HMEJH BHIIE, HO MB MOEM BCE-TAKIl BHCKa3aTb HEKOTOPOE
YIBEpKACHIE OTHOCHTCABHO 35THX KO3(hQHUHEHTOB, a HMEHHO: YHCJIO0
3THX KOS((UUUENTOB, OTJHYHHIX OT HYJs, AOMKHO BCEFAa PaBHATLCA
panry Tabanum, cocTasaennofi us Kosdduuuenton a;, Kpaaparuuuoh
¢dopuu. Munaue rosops, npu mo6oyM npupedennn kpaapatiuxoll dopmul
K CyMMe KBaApaTon JHHeHHBIX JniHefllio-He3aBncuMpx (GopM  YHCAO
KBaapaTtop papio panry ynoMmsHytolt Tabaunue. Kpome Ttoro, umeer
MECTO I elle OAHO CBONHCTBO, KOTOpPOe OOBIMHO HA3LIBAETCH 3AKOHO.M
uxepyun KeadpamudHsix (pop., a uMenHo: npu moboym npeo6paso-
BaHun pemecTtsennoli kpaapatnunofl ¢opyn Kk Buay (156), rae auueti-
Hele (GOpMBI X, TaKike BELIeCTBEHUB, HUCAO NOAONCUMEALHBLX KO3Hhu-
yuennos p;, (U wucao ompuyameasnuX ros@guyuenmos pg) Oydem
gce20a oO0HwA 1 mes Jice. Brickasanueie coobpawkenns OyAyT HaMmu
JOKa3aHbl B KOlille HaCTOsLLEro HoMepa.

HMocrasacHHan o6uias 3a1aya o NpiBeAeHHN KBaapariuHoft Gopumbl k By (156)
peuraerca BeCbMa NPOCTO BhJedcHHEM NOJaHbIX kBagparos. Ilposeiem 310 Ha
YacTHOM NpHMepe:

¢ = x{ + 4 -} &3 4 2x,05 — 605 - B,

Ho6asasa K umeHam (a7 4 2x,x, —6x,x3) caaraembie (xf 4 9x3 — 6x,x;), Mu
noayuacM MOJHBIT KBapaT H MOXEM 3anHcarh ¢ B Blie:

¢ = (xy -+ X3 — 3x3)? -+ 3af — 8a3 4 [dgxy,
Touyno Tax e, BHICIIA €lle OLIH KBA1par, Mbl NPHXOIHM OKOHYATEILHO K Mpe-
CTaBICHHIO KBajgpatnunoil gopmu B Bige (156):

o= (X X3 —3xy)" — 2(2-"3 —‘z— x2>2 + ? (x9)%

JMuuetinte GopMe, cToswe B KPYraux ckobxax, 6yAyT, OUCBIIHO, IuHEfiHO-HC-
32BHCHIMBIMIL

B cayyae oTCYTCTBHA B BHIPaMeEHHH ¢ KBAIPATOB NCPEMEHHHIX BHIYHCIeHHe
H3J0 NUPOBOJMTHL HECKOILKO HHaue, [IycTb Mu mMeenm:

¢=axy Xy + Px; + Qx;+ R,

rae a — yncIeHHuit kosgduuuesT, orayubil oT Hyas, P u Q — anxefinslie hopMbl
nepeMeHHsIX, He colepkaiue X; ¥ X; KR — kpaiparnynas dQopma, Takxe He
cojepixaulaa X, i X, M MoxeMm HanHcatb:

?:—a(x, - %) (.v,-}-[—;>+R_EQ

@
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Ecan notoxnre:

Y= (st n+2L9); X2=%(xl—x2—P_Q)

a

n

TO MOJYYHM:
o=aX}—aXi+ ¢,

rie ¢, — KBagpaTiyHas $opMa, He cojepikaiias X, H X, Bhgeans LBa KBagpara,
MBI OCBOGOIHINCH OT JABYX MEPEMEHHBIX.

[pusenenne ksaapatnuHofi dopum k Bumy (156) naer Bo3MON-
HOCTb €CTeCTBEeHHOft knaccuduxkanmn Ttakux d¢opy. Paccmorpum pan
CIyJaes. C

I. Monoxnuy, yro Bce KosdduuueHTH p, B ¢opmyse (156) noso-
KuTeAbHEL. B 3TOM cayvyae dopma Ha3BIBAaeTCH OnpedeAeHHO MNOAONCU-
measnoii, HeTpynrHo nokasatb, YTO OHAa HMMEET NOJIOKHTEAbHHE 3Haye-
HHMs TNpY BCEX BEMECTBEHHHX 3HAYEHHAX X, H MOMeT oOpawmarsca
B HyJIb TOJbKO TOTJA, KOrAa BCE X, PaBHH Hymo. HeficTButenpHo, Aas
toro uro6w mpasas yactb dopmyas (156) oGparinack B Hyab, HeoO-
XOAHMO H JOCTAaTOYHQ, BBHAY IOJOXHTEAbHOCTH BCEX p,, 4YTOOH BCe
auHelinple GopMbl X, OBHAM paBHH Hymo. Msl moayuyaeM, TakuM oGpasom,
ISt X, CHCTEMY 7 ORNHOPOIHHX YpaBHEHmHt C OmnpelenuTeneM, OTJIHYHEIM
or Hyss (dopMl anHeflHO-HE3aBHCHMB), M 3TAa CHCTEMa HMEET, CJeA0Ba-
TEJbHO, TOJNLKO HYJEBOE pelleHne. )

I. Ecrtn Bce KOSQMHUUHEHTH {#, OTPHUATENbHH, TO KBaApPaTHYHAA
cdopMa Ha3eBaeTCs onpedesenno ompuyameasroli. Kak n Bhllle, MOXHO
NOKa3aTh, YTO OHA MMEET IpPH BCAKAX BEILECTBEHHHX X, TOMBKO OTpi-
LaTenbHble 3HaueHus, npiueM o6paulaeTcs B HYJb TOJABKO TOrA3, KOrAa
BCE X, D2aBHH HyO,

[1I. Paccmorpum Tenepb TOT Cayuafl, Koria cpeau Kos(EHUUEHTOB L,
€CThb DaBHHE HYMO, @ BCe HEe DaBHEE HYMO ONpPENeNeHHOTO 3HaKa, Ha-
npuMep, NMOJOXKNTeNBHH. B 5TOM cayuae Mn OyxeM nMerb Aad QopMsl ¢
' TpeicTaBJEHHE BHAA:

o= X! g X (M), (156,)

rIe BCEe [, TNOJOKHUTENbHH. J3ZeCh ONATh 3HaueHHs Hawef dopmy He
MOryT OHTb OTPHLATEJABHBIMH HH MDY KAaKWX BHAUEHHAX Xp, HO MOLYT
PaBHATBCA HYJI0 H TOrAa, KOrAa 3HAYeHHS X, OT/INYHB OT Hyad, Heft-
CTBUTEIRHO, YTOGH NOJYYHTb HyJAeBoe 3HaueHHe (ODPMBI, MB JOMKHEI
HamicaTh CHCTEMY 72 OOHODOOHHX YpaBHeHmlt Jns Xy

Xlngl:.,,:szO,
M TaK Kak m< M, TO 9Ta CHCTeMA HABEPHO HMEET pelleHus, OT/IY-

Huie ot Hyaesoro. Touno tak xe, ecan B dopuyne (156,) sce wosddmun-
€HTH , OTPHIATEJBHE, TO KBaAparudHad (OPMa HE MOKET HMETb
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NONOWHTEABHEIX 3HAUeHUl, HO MOmeT 00pawaTeCa B HYAb H NpH 3Haue-
HHAX X, OTAHUHBIX OT HyJs. B paccmatpinaeMoyM ciayyae ¢opma Ha3nBaeTcs
3HAKONOCINOAHKON ~— NOJIOKUTENAbHON AN OTPHIATEALHOMH.

IV. Haxkonen, ecan cpean kosdduuuentos p, dopmyasnt (158)
IMEIOTCSl KAK MOJOMUTEJbHBE, TaK 1 OTPHUATENbHLIE, TO, KaK HETPYAHO
BIAETb, KBaApaTiyHas ¢opMa MOKET NPHHHMATL KaR MOJ0KHTEHbHbIE,
TaK M OTPHUATEAbHBIE 3HaueHHs T[IPH  BEMIECTBEHHBIX 3HAUEHHAX X
B 3T10M cAy4yae OHA UA3HIBACTCA 3HAKONEPEIEHHOW.

Tlpeaniaywas kaaccudukauis BEIWECTBEHHBIX KBalpaThyHuXx ¢opy
1IMEET HENOCPEICTBEHHOE MNPIJOXKEHHEe K 3ajavye Ha maxima 1 minima
(QyuKuwm OT HECKOALKHX nepexmenunx. IlycTh umeerca ¢yHkuus n Hesa-
BUCHMBIX NEPEMEHHEBIX Xy, ..., X,

O(Xy, «eny Xp),

npHYeM npu  3nauenmsix Xy =—...—=Xx,=0 punoiuens HeoGXoaUMHE
ycaopus maxima it minima, T. €. BCe 4HacTHhE NPOH3BOAHHE OT (PYHK-
WM ¢ MO HE3aBHCHMHIM NepeMenHnM olpaumaiorcs B Hyas. Pasaaras
Hawly ¢gyukuio b psa Makaopena, Oyaem nMernb:

O(Xp voey X —0(0, oo, O)=35(xy .or, X)) T o,

rae uepes (&g, ..., X,) MU O003HAUILTI KB2IPATHUHYIO ¢GOpMY nepe-
MEHHLIX Xy, @ YEPe3 ® —— COBOKYIHOCTb YFeHOB H3ME[EHHs DLILle BTO-
pOro OTHOCHTEIbHO Xy Ecan Kpaapatiunas (QopMa ¢ onpesenenxHo
HOMOKHTEAbHA, TO Mb HMEEM MHHHMYM OYHKUIN B TOYKE X[ =—=...=
= x,=0. Ecait ona onpeaeneHHo OTPHUATEJbHA, TO MH HMEEM MaKCil-
MyM. Ecam ona 3uakomepemeHHa, TO MBI HE HMEEM HU  MIHHMYMa,
HII MaKCHMYM3, }, HaKOHell, €CAil ¢ — 3HAKONOCTOAHHAA (opMa, TO Ml
IMeeM  JeN0 € COMHHTENBLHBIM cayyaeM. ITOT pPe3yabTar fABASETCA
€CTECTBEHHBIM HONOJAHEHUEM K TOMYy, KoTopuii Mu umeau B [I, 163] s
cayuas QyHKIUNI OT ABYX HC3aBHCHMBIX MEPEMEHHBIX.

[Tepexoany K 10Ka3aTeaLCTBY Npel10weHill, BEICKAa3anHBIX B HA4a1e HacIos-
uwero naparpada. [1ycth umcercs ksaipatnuyHas ¢opya:

n
= aipXiX, aip == Ap;
¢ ‘},;lxktk (@i = agy),
I, R=

upiyeN r ecTb paur Tabauuu ce KoapgHuueH1oB. COCTaBHM CHCTEMY n aHHefi-
HuX Gopa:

n
1 0

ﬂpu COCT3BACHHH Bblpﬂ)KCHHﬁ 3THX YacCTHHX HNPON3BOAHHIX MH [0.JIbL30BAJNCL
YCI0BHAME g;p = Gg;, HHCA0 7 eCTh, oueByauo, paur cucremm dopm (157)
B cambicae [11].- -
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. Sonomm, UTO ¢ NPHBOANTCA K CYMME m KBajparos HEfHO-HE3aBHCHMMX
hopa: Vs =Bty +BsaXat oot Ben¥n (5=1,2,..., m), (158)
o=y +tayi+ .o+ pmym (159)

rie pg OTMIUHH OT Hyas. Ham nano aoxasars, ytro m=r. [oav3yach BHpaxe-
nieM (139), cocrapum annefinete popmu (157):

T. €,

1 0
T o=t Tedide b oAby (=1, 200, ) (15T)

Ilepementibie yg MOryT npUHNMATh MOGHe 3HAaYeHHs, MOCKOIbky ¢opmu (158)
auHefino-nesasucumsl. Ilosromy npi onpegenennu auHefiHoil 3aBicHMOCTH (Qopy
(157,) ys MOXHO cuHTaThb 32 He3aBHCHMHE NepeMeHHHe, H HanGoILIICe YHCAO
JnHelino-He3aBHCHMEX (GopM B cucreme (157,) pomxHO GHITL pasHo paury Ta6-
aHub KO3QONUIHEHTOB pple;, rae HOMep cToa6ua £ NPHHHMZCT BO3MOMKHMIE 3Ha-
uenns: k=1, 2,..., m, 1 HoMep cTpokn i=1, 2, ..., n. DIeMeHTH KLKAOTO
croa6ua sTofi Tabmiubl cozepmar OOUlMil MHOXNTEAb g, OTIHMUHBII OT HYIA,
H NOTOMY panr TaGauubl pgBe; -COBNANaeT C DaHroM tabmnubl Bp. [lockoabxy
cucrema m dopy (158) ecrn cucrema anueiiHo-He3aBHCHMHIX (OpM, 3TOT paHr
paBeH m, T. e, HanOoJbLIEE YHCO AHHe({iHO-He3aBHCHMHX dopM B cucreme (157)
uan (157) pasno m. C apyrofi CTOpOHE, N0 YCIOBHIO, 9TO YHCIO PaBHO r, OTKyAa
H caepyer, uto m=r,

Tloxawex - Tenepb, uto npu moGoM crmocofe npeacrasieHns ¢ Gopmyoft
Bia (1589), rae ys — Beulecrpennsle auHefiHo-He3aBHCHMEIE QOPMEL, YHCIO NOIO0-
WMTEILHHX H OTPHUATEALHBIX K03DHUIEHTOB g BCerra oaHo I 10 ke, Byresm
JOKa3kIBaTb 9TO OT npoTHBHOro. [logoxuM, YTO Mu HMeeMm [iBa NPEACTABIEHHA ¢
dopmyaamn 8iaa (109), npuyem YNCIO MOJOXHTEALHHX KOIG(PULHEHTOB B 9THX
NpeACTaBIeHIAX Pa3INYHO: '

e=Ayi-+...-} )‘py; - Ap-tly:’+l e l,,,yfm
e=Myi+...+ Aey'q — l'1+1y';+1 — oo Amym-

B otux ¢opuyrax Ag # As MH CUHTAEM NOIOKHTEIBHHMH. DOPMH ¥y, 000, Yy —

. ’
anuefiHo-HE3aBHCHMH, TO Xe MOMHO cKa3aTh 0 ¢opMax yy,..., ym. Pa3 p£gq,
TO BCErja MOXHO CHHTaTh, YTO, Hanpusep, p << g. [loxawxewm, YTo 310 nNpHBeger
Hac x HeaenoctH. IIpucoenunum k dopMam yy,..., ¥, GOPMH Yy ,4,..., ¥y T2K,
4TOGH NOJYYHIAch NOJHAA ChcTeMa anHelino-HesapucnMux ¢opy [11]. Hannwewm
CHCTEMY JAHHEIIHHX OAHOPOAHKX YDPABHEHHIl XIA Xy, Xy ..., Xt

(160)

N1=0; 9p=0, Y2, =0 ..; ym=0; Yps1=0; 000} ¥y, =0. (161)

Yncao sThx oHopoaHux ypasuennit p 4 (m — q) -} (n — m)=n — (g —p), 1 12K

Kak ¢ —p >0, 10 310 yucao smexbme n. CienoBaTeabHo, HaNMHCaHHAA OJHOPOM-

Has CHCTeMa HMeeT BeuleCTBEHHHE peLIeHHst, OTIHYHHeE OT HyaeBoro. Boabuenm
0

KaKoe-HUGY b H3 STHX pemtenit: x = xs (s==1, 2,..., n). [lpn 3THX 3Havennax

Xs Mu Oyaem nmers, B cnay (161):

= p+1y;+1 e —me,’,, =Myit...+ 7‘1’11"1’1'

Orcioxa BHIHG, YTO NpH Xg==Xts KBagparnunas ($opMa ¢ NOTKHA 06pamarscs

B HYIb, H, CAENOBATCIbHO, .Xg==Xs , Kpome ypasuemnit (161), noaxnu ynosae-
TBOPATH YPABHEHHAM: :
Ypa1=0;..0; ¥ =0.
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' 1]
OxoHyaTeablo 110ayYacy, YTO Xg==Xs NOJKHbH 06pallaTb B HYyib BCe opMmal
noaHofl CICTeMBI JAIHC{IHO-He3aBHCHMBIX (GODM: ¥y, Vs, +++, ¥n. HO 3TOr0 HE MOMWeT
ObITh, IOCKOJbKY B OAHOPOAHOI CHCTEMe OTHOCHTEIbHO Xy, Xgy evsy Xpi

=0 y,=0;...; ¥, =0

onpejemiTes b OTIHYEH OT Hy:1a, H60 QOPMEI yg AlHeiiHo-He3aBUCHMEL, Mbl npuiwIy
K IIPOTHBOPCYHIO, YTO H JOKa3blBAGT 3aKOH HHEPLIiH.

36. ®opmyna SIko6u. Ilpueegem 6e3 noxasateabcrsa gopMmyay $Hko6H,
AawoWyio B yno6HoM Bilc NpHBefeHie KBaapartnunofi GOpPMB K cymMme KBaji-
paros.

Jaa storo sBegem chiayana Hekoropsle o0o3HaueHHa. [loxouim:

n
A (x) =D apxp (i=1,2,..., n),
kel

Gyy Gyg oo Uyp

. . A3y Gog e Oy
bo=1; 8 =ay; Bp=| 73 "2 * |,

Gpy Qry oo Qg
P (k=2,3,..., n)
Ay oer Gy A (X)
X, = A, (x) Xp= Ay wen Gpp_y Az (%) .

apy oo Gppy Ag (X)

Ecau paur taGauubl KosdQiuicHToB 4g;, pabell r it onpeieantean i, 4,,..., 4,
OTJIHYHE OT HYa#, TO ¢opmy:da fAkoOu msmeer BHA:

n r 9
\P.¢
9—2 GinXiXe= ) FR (162)
i, k=1 F=)

npuyen annefinsie popust Xp (B=1, 2,..., r) — mmefino-nezasncumu. Iocaea-
Hasa GOpMYy.1a JaeT BO3MOXHOCTL N0 3HaKaM 4d; onpeleinth, K KakoMy THIY
B OTHOLICHHII 3aKOHA HHEPLUN NpHHALIeENT dGopma ¢.

B yacrirocT, ecan Bce onpeacantean 4d;, Ad,,..., 3, 10I0KHTEILHB (HIPH
atom r==n), 13 (162) caeiyer, Yro ¢ —— ORpPEICICHNO MOIOWKHIEIbHA. MOXKNO
10Ka3aTh M o6parioe IIpeiloiehHe — eCal ¢ ONpeiAeldeHHO NOMONHTEIbHaAA
¢opMa, TO BCE yKasdahnbe ofipcleantean A0MI¥Hb GbiTb MoaowuTeandbl, [lpu
npusmeHeHnn ¢opmyan (162) MOXHO, KOHEYHO, HYMEPOBATb IiepPeMEHHble Xg
B n060M nopaike. IIpu mepesene nHyMmepaunn 6ynyT MeHATLCR, KOHCYHO, I YKa-
3aHHLIE BbILIE ONPeACTHTEAN A, H KaXAH{ H3 FI2aBHLIX MIHOPOB MATPHUB
| g | MomeT GUTL OompeacInNTEACM H3 HOCICIOBATCALIOCTH 4; NpH onpejeiren-
HO{l HyMepauHil llepeMeHHHX X 3 cKkasanHoro BHMIC Caelyer, YTo y onpe-
JeJeHHO 1OJOXHTEIbHOI GOPMBL ¢ BCe IIaBHbie MHHOPL HOJ0KHTICILIL, HO NpH
3TOM ROCTATOYHO YO6EeIUThLCA B IOIOKHTEILHOCTI ONpexeanTetefi

A, (s=1, 2,..., n).

MoxHo nokasate, uTo AIA TOro, uyroGel (opMa ¢ Obaa  NOMOKHTEdbHOI,
HEOGXOANMO U [0CTATOYHO, YTOGH! BCe [AaBHbIC MHHOPHE Gbl1H HEOTPHUATEAbHH,
T. €. 6blaH GOJbIie HYaA I paBuul HYMO. 31ech HeJOCTaTOYyHO OllpeleneHHs
3HAKOB TOALKO onpejcautenefl A;, a HYWHO ONpeelATb 3HAKH BCeX [JI2BHBIX
MHHOPOB,
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Iaa toro uro6u dopva ¢ Graa onpejnereHHO oTpHuaTeIbHON, Heo6xomuMO
H IOCTaTOWHO co6aioieHHe HepaBeHCTB (— 1)% A, >0 (k==1, 2,..., n). dan
TOro yroGu ¢ Oblaa OTpHUATEILHON, HeO6X0INMO M JOCTaTOYHO, YTOGH IIABHHIE
MHHODPH nMedn 3nak (— 1)%, rae & — mopamox MuuOpa, NIA GLIIM PasHBl HYIO.

Jloka3aTeanCTBO YyKazaHHBIX B HacCTOsuUleM HOMepe NpemIoXeHnii MOXHO
Haltt B kHnre . P, Tanrmaxepa ,Teopusa marpun® (1953 r.).

37. OnnoBpeMeHHoe MpHBedeHHEe [IBYX KBagpaTHUHeXx Gopm
K CyMMme KBaapaToB. IIycTb HMEWOTCH ABE KBaipaTHuHbie QOPMEL:

n n
<?1=Zazkxixk; P1== Z bipx 1%y
i, k=1 i, k=1
NpHYeM %, OMpPEeAeNeHHO INOJOKATENbHa, T. €, NPHBOAUTCA K CyMMe 7
NOMOKUTENBHEIX KBaApatos. TpelGyercs HafiTn Takoe JnHeliHoe npe-
o6pazopaHne (He oO6s3areIbHO OPTOrOHanMbHOE), uToGH B pE3yabLTarTe
ero o6e ¢opMel nepentm B CyMMY KBaJApaToOB.

[Tpexae Bcero, BBENEM TaKHE HOBHE NEPEMEHHHIE Y, UTOOH dopMa ¢,
nepewia B CyMMy KBaApaToB, DTO MOXHO CIeNaTh, HanpuMEp, 3JAeMeH-
TapHBIM TIPHEMOM, YKa3aHHHM B MpeAbAymeM Homepe. B noBmX mepe-
MeHHBX OyZeM HMEeTb Clelyloulne MpPeACTaBJeHHs KBaAPaTHUHHX ¢op:

n n
1= Z pryk; == E biry iy
E=1

i, k=1

ITo YCAOBHIO BCE UNCAA Wp TOJOXKHTEIBHB, H MBI MOXEM BBECTH

HOBHIE BEMIECTBEHHHE MEpPEeMEHHHIe zk=1/p_,,j;k. Ilpn 3toM moayunm
tdopMyas BHAA:

n n

—_— ’. a— ral

1= 212} Q2= Y, birziz
’ k= i, k=1

Copepiuny oproroHansHoe npeobpazopaHie OT NMEpPEMEHHHX 2, K HO-
BHM TIEPEMEHHBIM 2y, HpHBOASmIEE (DOPMY @2 K CYMME KBaZDATOB.

ITpu sTOM @; OCTaHeTCs CyMMOft KBaapaTtop, Tak Kak npeoOpasoBa-
HHE OPTOrOHAJLHO, H M OYIJEeM HMeTh OKOHYaTeabHo ofe (OpMH B BHAE
CYMMEI KBaIpaTos:

n n
or= D25 o= D M2i’

he=q k=1

UYncaa A, Ha3HBATCA HHOTAA XAPAKMEPUCMUMECKUMU  HUCAQMU
opatel 9y no OMHOULEHUID K dopite Oy

YcTaHosny Teneps TO YPaBHEHHE, KOTOPOMY JOMNKHE YAOBJIETBODPATH
5TM uHcra A, U xoropoe Oyaer BmOJHe aHanOrHuHO YypasHeHnio (144)
uz {32). Hdas sToro BBEAEM NOHATHE O OQUCKPHMUHAKME KBAADATHYHOH
GopMEL, A HMEHHO: OuCKpuMuHawmoust kgadpamudnol hopast Ha3bt-
raemcea onpedeaunens, COCIMABAEHHHI 113 ee KOIPPuyermos.
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IMonoxum, yto Mu npeobpasyeM dopmy ¢ ¢ MaTpmueh koacp(puuuut-
70B A K HOBHIM HepeMEHHBIM Ipu nosouin npeo6pasoBaHus

Kireeey X)=B('},..., X'0)
Marpuna uosoti Qopys O6yner, kak nasectno [32]:
C=B AB,
Il ee ompelgeAanTeJb BHUNCASETCS MO Qopuyne
D(C)=D(B'*))D(A)D(B).

Onpenenntean D(B™)) u D(B), ouyepuaHo, pasusl, TaK KaKk COOT-
percrayiomue Tabanuu noaydaworca oaHa M3 APYrofi b saMenofl
cTpoK croabuavn. Mo nuveey Takuy o6pasoy

D(C)=D(A)D(B),

T. €. npn auneftnoy npeoGpa3osanil nepeMelHLX B KBaapatiuioll dopye
DUCKPIMIIHAHT (POPMH  yMIIOKAETCA Ha KBaapaT onpeaeantens npeolpa-
308allilst OT HOBLIX NMepeMelHHX K NepsolayaibHbM.

Bepuescs Tenepn, K Haluliy  KoaapaTiynsid ¢opMmaM ¢y, @3 H COCTa-
BHM KBaapariuuyio gopyy

P )“”1—_— Sj (blk_ \dip) XiXp

W=

-G

Koa(hiuieHTsl KOTOPOil codepkatr napavetp A
B pesyabrare npeodpasoBaHNs K HOBHM [epeMeHHbM 3Ta dopua

OydeT HMEeThb BHI
n

== Z ()\k—)\)zéa,

1 ee JAHCKPHMHHAHT B HOBBIX MNEPEMEHHBIX BRIpaXKaercd, ouesungHo, npo-

uspeaeHueM
Oy—1)0g—2) s Oy —1), (163)

a B CrapeHlx TnepeMeHHLX 3TOT JUCKpuMuHauT OyZeTr pasen onpenei-
temo ¢ saeMentamMu (b, — hagp). Kak Mmpl nokasamu, sTu ABa AHCKPH-
Muuanta 6yayT OTAMYAaThCS JbL  MHOXKITEJEM — KBAAPATOM ONpeaei-
Teaa npeoGpasosaniist, He COAep»alluM A 11 OTANYHBLIM OT HyJaa. Orcrona
HEMOCPEACTBEHHO CJeayer, 410 00a MUCKPHMIHAHTA HMEIOT OINHAKORHE
KOpHI oTHOocHTeabHo mapamerpa A Ilpnunvas Bo pHumanue (163), Bitauy,
YTQ uiCaa A, CYTb KOPHH ypasHeHus

by —Mhay by —tay...by, —hay,
by —Aay by —MNan...by,—hay,

e + e * & e 8 2 & o s e e =

bnl - )‘anl bui - )‘arﬂ ves bnn - )‘arm

=0.
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38. Mansie xoneGanust. Mu sugean suime [l, 20], yto pBKeHHe MexaHi-
yeckofl cHcTeMmHu, muercttelt n cremreneil cso6oianl, CBA3H KOTOpOil He cogepxar
BpeMeHH M KOTopas HAXOIUTCA NOJ Bo3leficTBHCM CHJ, HMEOUIHX TMOTeHIa,
onpeneaserca cucreMoil IddepeHaIbHLIX YPaBHeHHH Blija;

d(9T\ 9T U,
_d'?(dq,;) Eq—k‘—.a—q—k(k—l' 21"'1 n)9 (164)

rae T — xuHetnueckan 3Hepria cucteMsl n U-—3ananmnan dysxuma (cuiaopas
GYHKNHA) OT gp, KOTOPYIO MH CUNTaeM He 3asucsamell of £. Kak Mo ymomu-
Hamn Boime, I ecrb KBaapaTHunas ¢GopMa OT MNPON3BOIHWX g, OT g mHO
BpeMeHH

n
T= ) 0ixq 9% (@i = aiz), (165)
i, kg .

npuueM ko3bduusents cyTh 3a1aHHbIe GyHKUHN OT gg. [lonoxmM, uTOo 3Haye-
HHA gp =0 06paiaOT B HYJb YaCTHBE NPON3BOAHHIE .

gi—_—o npn ¢, =...=¢q, =0 k=12..,n. (166)
'3

Mpu stom cucrema nuddepennnassunx ypasHennit (164) umeer ovesnanoe
peuteHne g, =...=¢, =0, KOTOPOMY COOTBETCTBYeT HEKOTOpOEe [0JOXeHHe
paBHoBecHa cuctemsl, Pynuxnna U onpepelena anmb ¢ TOMHOCTBIO RO MOCTOAH-
HOTO C13araeMoro, It MBI MOXkeM BCeria Cynrars, 4ro OHa oO6paulaeTca B HYJb
npH ¢, =...=¢q,=0. B cuay ycaosua (166) mowmno, Takmy o6pa3zom, yTBep-
xRaTh, YTO pasinoweHne dysxuun U no cremenam g HaunHaeTca AnmL € ule-
HOB BTOpOro H3mepeHusa. [lonoxiy, uto xBanpatnuHaa ¢opma, NoryuyaeMmas or
9THX YIEHOB BTOPOro H3MepeHHs, 6yner onpejleleHHO OTPHUATEALHON, OTKyRa cle-
ayer, uyro U nyeer MakCuMy™ npH ¢, =...= g, =0, .1} — YTO TO XC — IIOTEH-
nuaibHan sHeprua (—U) nveer munmmys. Kax mm goxdsaan [II, 20) npu stom
N10;I0€HHE PABHOBECHA y =...== == 0 Oyier ycroiluHsblM, Il IIDH MAJLX Ha-
YaIbHBIX BO3MYLMEHHAX CHCreMa GyIer coBepmaTh maable KoaeGaHHA 0KO10 yRo-
MAHYTOrO NOJOXEHHA DaBHOBECHA, TaK UTO ¢, BO BCe BpeMs ABHeHns O6ynyT
0CTaBaThCA MaibiMHM, MBI MOXCM MO03TOMY NpH HCCIEROBAHHH STHX MaTHX KO-
aeGanuil cumrars, yto U cBOAHTCA IHIIB K 4YJeHaM BTOPOro H3MepeHns, T. €.
HMeeT BH:

n

—U= buaigs  (on="bu. (167)

i, k=1 ’
Touno tak we Mb MOxeM B Kosdduunenrax a;, suipaxenus (165) nosoxunrs
NpHOIINKEHHO g =0, mocie Yero 5TH KOIDOHUHEHTH OKAXYTCA 3aTaHHBIMI

upcaamy. [loacrasass Bce ato B cucremy (164), Gynem uMeThb CHCTeMY n aHHefi-
HHX YpaBHeHHN € NOCTOAHHBIME KO3 duumenramiy:

8,91 + a:9; + ...+ amq; + 09140129+ ... F byp9, =0
83191 + 83297 + ...+ asnqp + 02yqy A 0209+ oo+ bepgn =0

e« vt s e s .

(168)

ap 91 + noq? A oo annq; T 0n191+bpeqet oo 4 Bpagn =0.



140 /1. 1. NHHEHBIE MPEOBPA3OBAHHA U KBAPATHYHKIE $OPMbI [38

Ecan mbr Gyiem Hckarh peineHe 370i1 CHCTEMH B $popMe rapMOHHYECKHX KO-
ae6anuil ofHoil U TOIl e YAaCTOTHl M HayaJbHOMl ¢asel, HO C Pa3HBLIMH aMILIHTY-

aaMu
qr=Agcos (M 4+ ¢) (k=1,2,..., n), (169)

TO, NOACTaBIsAA B cucreMy (168), Gymes iserb cucremy ypavueunilt 11a Ag u M

(61, —2%ay) Ay - (b2 — May3) Ay - oo (byy — Kayn) A, =0
(boy — M2ay) Ay + (b2 — Nag) Ap - oo - (D2 —2%00,) Ay = (170)

(bny — 22841) Ay 4= (baz—20p3) Agt- oo+ (Bup—H05,) Ay = 0.

Has toro 4ro6bl 3Ta CHCTeMa HMeIa 1aa A, pelileHHe, OTIHYHOE OT HY.e-
BOro, Mb J0:DKHE MPHPABHATL €€ OfpeleaiTedb HY.Iio:

2
by —Nayy by, —Aayy . by — Ray,

bgl"")\zail b.ﬁ,,—léa” “ee bgn‘—')‘EaEn
P I R A A =0. (l71)

bny —MNagy by —Nap; ... byn —Map,

B3aB HEKOTOpHIl KopeHb 3T0ro ypaBHCHHA H NOJCTABHB B KO3(QduuUHeHTL
cucteMer (170), Mbl nOIyuynM AaA Ap pelleHHA — OJHO HJIHl HECKOIbKO, KOTOphle
Mbl 3aTCM MOKCM YMHONHTH H2 NMPOH3BOABHYIO NOCTOAHHYIO. KpoMe toro, ¢op-
syaa (169) coaepxHT eute MPoH3BOILIYIO MOCTOAHHYIO §.

Met moayyaem Goaee oTyueraHBoe pelueHite 3alayl, NpHMeHAA Teopio KBal-
paTHYHLIX GopM. 3aMeTilM npexae BCEro, YTo 10 CaMOMY CYUleCTBY jeJa KBaji-
partityuas opua (165) nepemennuix gy, BHPAXKaOULAA KIHETHYECKYIO SHEPTHIO NPH
ABHKeHUH, 6yNeT onpeiacienHo noaoxnreasHolt dgopaoft. Kpome toro, B naHnHouM
clyyac no yciosmio 3ajaunt H ¢opma (167) Gyaer ompeleaeHHO MOI0KUTEbHOIL.
Kaxk Mw BHEEIH, MOxHO BBeCTH BMeCTo IMepeMeHHMX g TaKiie HOBHE fepe-
MEHHHE pj, CBA3AHHBIE ¢ MAPeXHHM JTHHEHHIM NPeo6pa3oBaHiieM ¢ NOCTOAHHBIMIL
Ko3punieHTaM, yTo6n B HOBHX HepeMeHHBX Ksaaparhnynsie ¢opyu T n (—U)
OAHOBPEMEHHO NpPHBEMICL K CyMMe KBaiparos, npHyeM A1 ¢opumbl T 370 a01%k-
HO OnTh uiCrofi cyMMmoff KBajipatoB ¢ Kodd@duuHeHTaMH, PaBHBIMI eIHHHLE.
3aMeTHM NpH 3TOM, YTO JlHeilnass 3aBHCHMOCTb AR Pp M ¢p NPHBOAUT K Takoil
3We 3aBHCHMOCTH 14 p'p i ¢'p. Mu Gyaes, TakuM o6paso, HMeTh:

n

n
T= Z st —U= Z Mopl, (172)
s==1 s=I

rie Bce Ko3hdHUHEHTH NPH P35 MOA0KHTEILHB, TaK YTO Mbl HIMeIH BO3MOXHOCTD
0003HauuThL ux yepe3d Kpaapartsl. Byecro cucreMs (168) MBI MoxeM HanlcaTb
ypasnenun Jlarpanma (164) jun HOBBIX NepeMeHHBIX

d[or ] _ou

dt |0p's] ™ Ops
Moxcrasaaa (172), 6yaeM HMeTh YPe3BHYaiiHO MPOCTYIO cHCTEMY

Pt Mwe=0, (k=1,2,..., n).

Pemenns sroii cncremb 6yayr:

pr=Crcos et +vr) (R=1, 2,..., n), (173)
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rae Cp u ¢, — mpoussoabHue nocrosHHure, O6o6uieHnbe KOOPAHHATH pp Ha3H-
BaIOTCA TJIaBHHIMH KOODAHHaTaMH Hauleft MeXaHHMYyeCKoil cHCTeMSL

OcHOBHblE KOOPAMHATH ¢ BHIPAWAIOTCA uepe3 HIX aiHeftHHM o6pa3oM ¢
nocrosHHEIMI Ko3Dduunenrami. M3 pesyantaroB npeamnyuiero HomMepa Helo-
CPENCTBEHHO CIefAyeT, yTo Wicaa A, DoMxHHl OuiTh KopHaMH ypasuenna (170).
3aMeTHM, YTO CpeIH HHX MOrYT OKa3aThCsi H ONNHAKOBHE, HO I B STOM ciaydae
dopuyant (169) naor ofuee peweHite 3a3ayll MaIWX KoJe6aHuil B paccMarpHs
BaeMOM cayvae.

39. OxcTpeManbHble cBOACTBA COGCTBEHHBIX 3HAYeHHA KBaApaTHYHORA
dopmbl. PaccMoTpiy 3a1ayy npiBefeHHA BewleCTBEHHO!t KBagpaTHYHON (dopMbl
K CyMMe KBajgparos C HOBOfl TOUKH 3pEHHA. ,’.1.'[51 fIpoCTOTH OrpaHHYHMCA cay-
yaeM Tpex nepeMeHHBIX R

3
Q= D) GipXiXp = Y, ApX's%, (174)
i, k=1 k=1

e Xk CBA32HE C Xj HEKOTODHM OPTOFOHAMHHBIM npeofpasobanney
Xy == by Xy bisxy + byax;
Xp== by X | saxs + bys X, (175)
X3 == by x| + bagXs -+ bysxs.

Iaa onpeaedeHHocTn 6yleM CulITaTh, Y0 4HCIA Ay HIYT B YGHBaOmeM no-
paike, T. €.

V-0 V) ¥ (176)

Hamefi 3agaveft 6yner onpenetenne uicel A 1 koahdnuueHTOB ;8 MO 3HA-

yeHnaM dGopMH ¢ Ha eauHnyHolt cepe K, 1. e. Ha chepe C wEHTPOM B Havale
KOOPJAHHAT ¥ PaZHyCOM eAHHHNA:

x4+ xidxi=1 nm x32 x4+ x2=1. (177)
Kawxaaa Touka Taxoft cdepsl XapakTepH3yer HEKOTOPOE HanpaBaeHNe B NPOCT-

PaHCTBe, ompefelsemMoe eXMHHYHEIM BEKTOPOM, HAYINHM H3 Hayala B YNOMSHY-
TyI0 Touky. Mul MoxeMm Hamncatb dopmyay (174) B Buge:

=M (x;* +2:° 4 23%) + (ha — Ry) x5* - (hg — Xy) 3%,
OTKyXa BHAHO, 4TO Ha YHOMAHYTOM eanuuunofl cdepe K Gymem HuMeTs:

o=MFRe— A) a4+ Ay —1) x4

Ortciofa HenmoCpeICTBEHHO CIeayeT, YTO A, ¢CThb MaxkcHMyM ¢ Ha K. dror
MaKCHMYM HOCTHrAaeTCH, OUEBHIHO, B TOYKe

x;=1; xi=x3==0,

m, B cuay (173), B nmpexHux KoopaMHaTax 3710 Gyier Touka chepul K* € Koop-
IZHHATaMIn

Xy=by; Xe=bsy; Xy=by.

dr1a TOUKA OmpejelseT BEKTOP, COOTBETCTByomIll nepBoMy CTOI6UY OPTOro-
HaIbHOrO npeofpasoBanua (173), T. e, BEKTOD, ABIAUMACA pelueHieM ypaBHe-
HHSA i

Ax=1ix (178)
npi A =1}, Urax, nepsoe no sexmuyyuHe coGCTBeHtoe 3HayeHHE KBaJApPaTHYHOI
dopust (174) paBHO MakcHMYMY 3HaueRHa 3Toit dopmbl Ha exnHHuHON cdepe, a
COOTBETCTByIOmH{T cOGCTBEHHAII BekTop X', mBIsowmliniicA pelieHHeM ypaBHe-
sus (178), ects BekTOp, MAyMUI N3 Hayala B TY TOUKY eIMHHUYHON ChepH, rie
YOOMARHYTHI MAaKCHMYM AOCTHraercs,
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[Tepeitnem Teiteps K ONPCACICHIIO BTOPOro COGCTBCHIONO 3HAuCHIN M COOT-
BCTCTBYIOUCro CoGCTBCHNOrO BeKTopa. [loaoxnym B Qopmyac x{=0. Jromy
YPaBHEeHI0 COOTBETCTBYET MI0CKOCTh, NPOXOARLLAN YEPe3 HAYAIO M NepneHai-
Kyaapuas k Bextopy x'®’, Ceuenue 970l MI0CKOCTH ¢ eliHHuUHONl cdepoll aact

OKPYXHOCTD
X xp=1,

Ha 3Toft OKpy®HOCTH Mbl HIMeeM:
9= hpg® 4 Ayxg3,

OTKYIa HEROCPCICTBEHHO BHAHO, YTO Ay €CTb MaKCHMYM 3HaueHHil ¢ Ha eQNHHY-
HoOft cepe mpH YCIOBUI MEPNEHMIKYIAPHOCTI COOTBETCTBYIOULHX BEKIOPOB Yike
nafizensomy sextopy x', Touno Tak se, Xak I puiue, JoKaxeMm, yYTO CcobCT-
BeHHBI! BexTOp X**', T, e. peiwlenuc ypasHenua (178) npin A=1,, ccThb BekTOp,
HAYUUIi B Ty TOYKY, Ile 3TOT MAKCHMYM JOCTHIAETCH.

ViMes nsa BekTOpa, MLI NOAYUHM H TPeTHi X'$, KaK NepRenankyaapHeft K
HHM o6oHy, a colcTsennoc 3nauchne Ay 6yier 3HaucHuesm (GOpPME ¢ B Toil TOUKE
CaNIIYNON ciepli, B KOTOPOIl OHA MepecekacIcs ¢ BEKTOpoM x'%, -

Ecau Gul, HaupuMep, Mot uMean A, = ky, TO NP OTHICKAHNUN NCPBOrO MaKCH-
Myma (oOpMBEl ¢ Ha eluHHYHON cdepe Mul moayuiLul 6b HC TOYRY, a Leaylo
OKDPY:KIOCTb, TJe 3TOT MaKCHMYM JOCTiraercs.

[peauinyiee paccymachiie J1erko nepeHocHtes 1 nHa cayuaft aoboro uncaa
usMepenitit. Mol upiseses AJs sT0ro ofilero cayyas JwL pe3yauTar, Bnoane
anaaornyipil npeawayuesy. IycTo Hyeercest BeulecTBCHBAA KBaapaThuHas ¢op-
M@ 0 [ICPCMCHHLIX

n .
;== Z Qi NiXp. (179)

{, k=1

-G

Exiniynblil BCKTOP B BCUICCTBCHHOM N-MepHOM npocTpancrse Gyaer u3obpa-
#aTbCA COBOKYIHOCTLIO BEeU|CCTBEHHLIX dlices, CyMMa KBafpaToB KOTOPHIX pasHa
eanHuue. Mu GyaeM roBopHTh, YTO KOHIIW TakHX BCKTOPOB J€aT HA € AHHHYHOII
cdepe, U ypapHenie 3roft exuHiyHoil chepu 6yaeT, oueBiHO:

Aafaat. =1 (180)

HanGoasuice xapakrepicriyeckoe 41ic1o GopMet ¢ OYAeT PaBHO MaKCHMYMY
91oit dopmu na exunnynoil chepe (180), 1 coorsercrociniLifl co6eTBennLIft Bek-
TOp 6YJCT ONPCACIATLCH BEKTOPOM X1, HAYLIIM H3 HAYa1a B Ty TOUKY cdepul, rac ¢
jpocriracr MakcumyMa. Jas noayycHHs BTOPOro 10 BEIHYNHE XapaKTepiCTiye-
CKOro yncaa OyieM paccMaTpHBarth CAUBHYHLC BCKTOPW, NCPHCHAMKYIApHBIC K
yxe HaligcuHoMmy Bektopy x'V, Cpean Hux nafiaercs Takoli X' ,xoTopwifi mact
Han6oaslee 3HayeHue QOPMH . ITOT BTOPOIl MaKCUMYM X, i Gynet paBeH BTO-
poMy cobcTBenony 3nayenuio GopMH, 3 yNoMauyTuil BCKTOp X'* 6yaer cooTser-
CTBYIOUNM coOCTBENNBIM BEKTOpOM. PaccuMoTpus Temeph CANHHYHBIC BCKTODH,
NepPICHIHKVIAPHLC K X' 11 X'¥)) yTO DPaBHOCILILIO NPUCOCIIIICHNIO K YCIO0LIIO
(180) eme asyXx ycaonuin

xP x)=0u (x®, x)=0,

Cpean uux Hajgerca Taxoil, KoTopuil onatTh nacr ¢gopue ¢ naHGoabmee
sHayexie, 1o 3HayeHite H GyeT TPETbLUM N0 BETHYHHE COGCTBCHHBIM 3HaYeHUeM
dropMut Ay, 2 YIOMANYTHIl BEKTOp GYNeT COOTBETCTBYIOUIUM COOCTBEHHMM BeK-
TopoM M T. I

Mpt Moran 6w pacnoaokuTh COGCTBCHbLIC 3HAYCHHA KBajpathyHoil Qopsbt
He B yOuiBaiowcM, a 8 Bo3pacraiouieM MHOPAAKE, Tak YTO IiepBoe COGCTBCHHOE
3HayeHue Oba0 6Ll HANMEHLINM, CICAYIOULCE — BTOPHM B OPSIKe BO3PacTaHis
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i 1. x Tlpit sToM MH moayusmir GW 3a1aul, COBEPUICHHO aHAIOTHUHLIE MPCIHI-
Aymus, Ho TO.IbKO Be3je, rie roBOPILIOCH O HAUGOILUIEM 3HAUEHHI, HaM npHul-
a0ch OH FOBOPHTH O HANMEHBIUEM 3HAYCHIHH.

Bee npeastaymue paccys:aenia o6o6maioTca Taxkxe 1 Ha cayyail oaHospe-
MEHHOro mpliBefeHHs ABYX KsagpatuuHsix dopM K cymae ksaaparos. Ilycrs nse
KBagparnyusie Qope:

n n
o= 2 aipxiXy Y= E bipxixy
i F=1 i, k=1

NpHBOZATCA K CYMME KBalparoB
n

n
9= X% b= P!
k=1 ko=l

npr momouyt IuHefiHOro npeoGpasosanis
(Y1 ooy X)) =B (xf, ..., x"l)i

npidyeM Mer CYNTaeM, ¥TO yHcaa A, HAYT B yGuBalouieM nopsaiaxe.
fpi stoM A, Oyxer HanGoibwinM 3HayeniteM ¢ npi yciosm, uto ¢=1,
npiyeyM 310 Hauboanulee 3HAycHite GYIeT MOCTHraThCH Kak pas npn

Xy=b,; Xs="bsy ces} Xp=10bp,.

AHATOTHYHO OMpPeNeTAnTCA It crelyoulite COGCTBEHHHME 3HAUEHUA

40. 2pmurtosckne marpuubl n Qopmsl IdpmuTa. B npenmaymux
naparpaax Mbl PaccMarpuBasH  BEUWECTBEHHBIE CHMMETDHYHHIE MAaTPHILBI
1 OTMETIN, YTO OHNU SIBJFIOTCA YACTHEIM C/yuaeM SPMHTOBCKHX MaTpmy,
5.1€MEHTH KOTOPHX CYThb KOMNJEKCHHIE Y1CJAa, YAOBJETBOPSIOUIHE COOTHO-
UIeHHIO

Api == qjp. (181)

[Ipn {=F% 3TO COOTHOUIEHIIE MNOKa3HBAET, 4TO AHArOHajbHHE 3Jje-
MEHTHl @, JOMKHBE OHITh BEULECTBEHHLIMIL
Muaue moxHO dopMyanpoBaTh ompeseneHie SPMHTOBCKON MaTpnus!
TaK: SPMHTOBCKAd MaIpHUA HE MeHsercs, ecan B Heft CTPOKH 3aMEHHTDH
cron6uaMn 1 BCE 3JEMEHTH COMPSIKEHHHMH, T. € B 00O3HAueHmsiX u3
{26} ) ‘
AW =Aum A=A (182)

Marpuma A, Kak Ml 3HaeM, Ha3HBAETCA 3PMHTOBCKH COMpAXEHHOH
¢ A. Ilo3toMy 3pMUTOBCKNE MATpHUb UHAau€ Ha3HLIBAIOTCA CaMOCONps-
HEHHBIMIL

Bhite Mp noxaszaan [32], uro apmuroBckas matpuna A ynosaerso-
psieT mpH Mo0HIX BEKTOPaX X 1 Y COOTHOWIEHNIO

(Ax, ) =(x, Ay). (183)

BT0 COOTHOWEHNE, KK W ABA MPEABIYILHX, MOXKET CAYXHTb Onpe-
AeneHneM SpMUTOBCKON MaTpHILL
Oryernym eme 0AHO CBOHICTRO 9PMHTOBCKNX MarpHll
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Mycte A — spuuToBCcKas marpmua # U — moGan yHutapsas MaTpuua.
Herpyaso noxasats, uro {'AU G6yaer, Kak u A, 3pMHTOBCKOH Marpii-
uett, ITo ycaosmo A(#)—= A, Hamo @oKasarb, uTO TakuM K€ CBOHCTBOM
obnanaer u UAU. Mu nmeem [26]:

(U"'AU)‘*)= D) A=) )
nal, NPHHAMAA BO BHAMaHHE YCAOBHE N4 A H yHHTapHui xapakrep U,
oTkyaa caenyer U'*)=={"!, noayumu:
(UTADY ) = U1AU,

410 1 TpebOoBaJ0Ch HOKa3aTh.
MoxHo CcKasaTb, YTO npPH YHHTAPHOM npeo0pa3oBasHn KOOPAHHAT,
KOTOpO€ OCYIeCTBJAfAETCH A1 COCTaBIfioWX BekIopa ¢opMy.oil

(xlr DS ] xn):'U(x;) (XS] xl'l)’

3PMHTOBCKas Marpuua A, Kak oneparop JnHeliHoro npeoOpa3oBanus
npocTpancTea, OyIer BurasfeTb B HOBHX Koopansatax B suae U'AU,
W, C7Ael0BaTe/NbHO, NOKa3aHHOE MPeLIOoXKEHNe MOXHO euie dQopayanpo-
BaTb TaK: YHHUTapHee npeo0pa3oBanna NPOCTIPAHCTBA HE MEHAIOT 5pMif-
TOBCKOrO XapakTepa MaTpHLH KAaK oneparopa.

TloctaBuy Temeps 3ajauy O HNPHBEACHIN SPMHTOBCKONl MAaTpHLB
K IuaroHaabHoil dopde npu moMou\H YHHIapHOro mnpeodpa3oBaHis

UBAU=[ly, +.ry Mg} (184)

Kak n Bbime A1 BEHECTBEHHBIX CHMMETDHYHBIX MaTpHL, Hama 3a-
Jadya paBHOCH/JIbHA 33jJaye peLIEHHs YpaBHEHNS BILla:

Ax=12x, (185)

rae . ecTb OZHO H3 unced h, NI COCTaBIfOLINE BEKTOPa X 1alOT 3.1e-
MEHTH COOTBeTCIBYMWollero croabua sarpuust (.
D1 4ncaa ), H COOTBETCTBYIOULHE MM BEKTOPH x®)  HasppaoTca
COGCTBEHHHIMII 3HAYEHNAMH [ COOCTBEHHBIMH BEKTOpaMn MaTpnub A.
CoOcTBEHHBIE 3HauyeHNs, Kak Mbl 3naeM, AO0JAHB OniTh 0053aTeabHo
KOpHAMII YpaBHeHHs
ay—>X ap ... a,

ay an— ... au| o  aso)

Amlp2 «oe Qpp— X

Iyctb » =), — nexoropuil Kopeub 3Toro ypasuenns n x{ — yexo-
TOpoe pewenne ypasuenns (189) mpu h=),.

D10 ypasuenne Oyder JnHefiHEM 1l ONHOPOAMBIM, T2aK UTO €ro
pellenne MOXHO YMHOXATh Ha JoOYi0 NOCTOAHHYIO, Il Mbl MOKEM HO3TOMY
cuntats pamty sexropa x!) passoft enwmnme. BosuMen 10T BekTOp
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32 mepsuift OpT HOBOfl KOODANHATHOM CHCTEMBI I HOCTPOHM KaKHM-HAGYAb
o6pasom eme (77— 1) eXMHUYHHX BEKTOPOB TakK, YTo6u B OOMIEM MOJY-
YT OPTOHOPMHPOBAHHYIO clCTeMy BekTopoB. ITpumeM 3TH BEKTOpH 3a
HOBHEe OpTH, i nyctb Uj—TO yHHTapHoe npeoGpa3oBaHne, KOTOpPOE
COOTBETCTBYET MNEpexoAy K STHM HOBHM oOpTaM. B HoBofi KoopaunarHoft
CHCTeMe Hama 3PMHTOBCKad MarpHua A nepefiier B HOBYIO 3PMHIOBCKYIO
Marpuuy A, == U;'AU;, npuueyM COOTBEICTBYIOULIEE YypasiieHue

A1x=u

OODKHO npH A==»XA; UMETb B KauecTBE PeIUeHNs BEKTOP C COCTaBafo-
wimn (1, 0, ..., 0). Kak n B [33], 370 06CTOSTEIHCTBO MOKaXKET HaM,
yto y Matpnust A; Bce 3JeMEHTH NepBoft CTPOKH N mepsoro croabua
00paTaTcs B HYAb, KPOME 3JIEMEHTa, CTOSLLEr0 HAa NepeceyeHHH nepeofi
CTPOKH ¥ Nepporo cToabla H PaBHOro Ag.

V3 spuuTOBCKOrO XapakTepa MAaTpHHH A, HENOCPEACTBEHHO CIEAYET,
YTO 3TOT B5JEMEHT A; JO/:KeH OHTh WICAOM BEUIeCTBEHHHM, H OTCIOAa,
MEXKAY NpPOUYHM, HENOCPEACTBEHHO CIEAYET, 4TO BCe KOpui ypasHeHns (186)
JOMmKHE OHTH BENlECTBEHHBIMH, YTO Msl BHIean It paHbwe. Mr1ak, mar-
puua A; OyzeT HMeTb BHI

20 ...0 l

1) [$3]
0 a3y ... a3
10 an; ... Gha l

T. @ 3T0 GyAeT KBasuauaroHanbHas MaTpuLa BHAA
(A Gi)s

rae uepes C; MH 00O3HaumnH 3PMHTOBCKYI0 MaTpruy nopanka (r—1)
¢ aneventamn aiy. IToBTOpAs mNpenHAyIIEE PaCCY#AEHIHE, MBI CMOWKEM
npu MOMOMIH 1EKOTOPOro yHurapnoro npeo6pasopanns (f; Npon3BefeH-
HOTO Haj opTaMii, KpOME MepBoro opra, mpusectn Matpuuy C; K TaKoMmy
BNAY, NpH KOTOPOM BCE SJEMEHTH ee mepsoii CTPokn 1 nepsoro croatua
OyAyT HyJH, KpOME 3J€MEHTa, CTOSIEero Ha HX NepeceyeHnm.

YnomaHyroe ynurapHoe npeo0pa3’oBaHHE MH MOXEM PacCMATPHBATb
KaK yHntrapHoe npeoGpa3oBaHie BO BCEM HalIeM /-MEDHOM IPOCTPaHCTBE.
310 6)’1{81‘ KBa3ljuaroHajbHasg YHHTAapHas MaTplua Buga:

[1, Us)

B pesyabrate storo npeoOpa3oBaHus Halla 3IPMHTOBCKAs MaTpuua
nepefiier B8 SPMHTOBCKYI0O MATpUILy BHIA:

(1, el ' [Me G, Usl==[Ay, UR'GiURL
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I B PacKpLITOM BHAE 3Ta MarTpiua Oyner
MO 0... O
0% 0... 0]

|

| 2 2) i
0 0 033 LNy as,ll
I

- . . - . P

10 0 a(,f:: ees a;,’,:i

Mponoaxas paccy:xaaTe Tak 0 AaJblie, MH OKOMYUATEJbHO MPHBEAEM
Hallly SPMHTOBCKYI0 MarTpuwy K Auaronaistoli ¢opye, npuuem 10 00uwee
yuutapuoe mnpeoGpasosanune (), Koropoe sxoauT s (popmy (184), Oyaer
npou3seaeHieM TexX yHHTapHuX npeoOGpasoBanil, KOTOpse HaM npuaeTcs
coBeplIaTh [P YKa3saHHOM Bbllie IPOLECce NOCJed0BaTEILHOrO npipe-
Ieuns MaTpuus K oAcsaronaasioll dopue.

O0patuMest Teneps K ypasitenmo (183). B [33) mut nokasaan, uto
ero pellcHisi, COOTBEICIBYIOIIIE pPa3uiey 3naueluay 2, of6s3areasno
. B3aUM{10 OPTOTOH2 bl

Cosepurenno 7ak ke, Kak 1 B [33], Mu MoxeM NOKasarb, 4TO BEK-
TODH, NpeacTapIseMpie croaduasn Marpuuut U, pyecte € COOTBETCTRYIO-
plIMI 3HavennaMn A gawor Bce pewennd ypasuenus (183). Heo6xoanvo
TOJABLKO INIPH 3TOM HMCTH B BIL1Y OIHO BamHOe OGCTONTENLCTBO, Kacalo-
meecs  kparmiux  Kopueil ypasunenna (186). Ecan, wnanpusep, ypabue-
vite (186) umeeT Kopeub A==); KpPaTHOCIH 7, TO UPH l==),; ypasue-
tie (183) Oyier uMerb m Jaineilio-tesasHcuMplx  pewennfl £, ...
x(™, Beskas nx aunefinas  koMGuUHAWa ¢ NPOH3BOJABHLIME KO3dpuIuen-
TaMi Oyaer, ouennulo, Takike pelienneM ypasueuus (183), 1. e ypaoie-
Hile :

Ax=)‘lx

6yler HMeThb CODOKYMIOCTh peluenuil, NPeACTaBaAfeMylo MNOINPOCTPaH-
crooy, ofpasosannuy pexropayu X, ..., x(™ 1. e. onpezersemyo
cymmofl

e -(1) ! .(m

r=CxM 4. L C, ™

¢ npon3soapisiMin Ko3(ppuutentanun Cy, ..., C,. Alu MowxeMm sHOHPaTh
B 3TOM NOANPOCTPaHcTBE J100LIM 00pasoM OPTOHOPMIPOBANHYIO CHCTEMY
/it BEKTOPOB, COCTapJAsioulllc KOTOPHX I HalyT HaM Te croalust Mar-
punn U, KOTIOpLC COOTLCTCTBYIOT cofCremnoMy suauemno h==2,
3aech MBI HMEe, CASA0BA1eAbH0, 1aKoi e 1POoU3BoJ B BHIGOPE Maipuus U,
rakoft ym myean un b {33] a1a B. Kpome T1oro, oucsiano, Mul MomeM
COCTaBanIomIe BCAKOro BekTopa X(*), KoTopHil y Hac moay4niaCs B Pesyib-
Tare peweuns ypasuenns (183), ymMno:kntb Ha ducaentuift  Muoxi-
T&1b, MO MOAYJIO papHuil eunnue, T. € HA HICASHHHIl MHOKITEIb
piaa e? (dasopuii MHOKHTEAL). [IpH STOM MAAHHAZ BEKTOPA OCTaHETCd
pausiofl eanuiue 1 COXPaniiTca YCa0Blie OPTOroHAILHOCTH 3TOrO BEKTOPA
K OCTAABLILIN BCKTOPaM, BXOAAULM B IOJHYI0 cucremy peweunit ypas-
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neuns (185). Haxkonen, nm moxeM B matpuue {/ uponsnoasnpy obpasom
MEHATb NOPAAOK CTOAGUOB. DTO HecyllecTsenioe npeobpasonaine CBO-
IONTCH, OUYEBNAHO, K MEPeMeHe HyMepalllll OpPTOB B HOBOH KOOPMHATHOM
CHCTEME M OHO BJeyeT 3a co6oft Juwb NepecTaHopky uncea A, B AHAro-
HaabHONt Qopme wMarpnun. B npaannefimem Bcerma Gyaem CuuTaTh, 4IO
9TI YHCJAA HAYT B BO3PacTaiolleM HopsaKe.

[Mepettnen Ttenepn k paccmotpenno dopm dpuuta. M Gyaem roso-
puTh, UTO 5pMuTOBCKON Marpinue A coorsercisyer ¢hopaa Spuuma suia:

n
(Ax, )= D) a;XiXp (187)
i, k=1

-

riae Xy, ..., X, CyTb cocTaBisiouiite Bexktopa x. Yncio (Ax, x) seume-
creenHo [32]

IMonoxuM. Teneph, YTO MH COBEPLIILTI HAA HAWNM NPOCTPaHCTBOM
HEKOTOpOe yHHTapHoe npeolpasoBanile, MpHYEM CTaphHe COCTaB/soullie
BEKTOPa BHIpaXaloTCsl uyepe3 Hopee mo dopyyre x = {x’. B HOBHX Ko-
opaunarax ¢opya Ipmura (187) Oyaer numerp BHI ‘

(AUX, Ux).

[Toanayscs csoficTsoM (125,) ynnrapumx npeofpa3zosanuil, Met MOMXeM
06a pexkTopa, 0O0pa3yiolNX CKalspHOE NPOH3BEJEHHe, NOMIOKHTh CJena
Ha yuurapnyio Matpuuy ! u, TakuM o0Gpa3oM, MOJAYYNM B HOBHIX KOOp-
IMHATaxX clelywilee BHpamenue aaa ¢opuu dpmnra (187):

(UAUX, X)) (188)

B uactnocty, ecnn ynntapuoe npeoGpasosanne U npeobGpasyer Mar-
pnuy A k anarosaawHoft copme, T. €. nmeetr mecro (184), To B HOBHX
nepeMenHHx B Hameil (gopmeé DpMHTa OCTAaHYTCS JHIIb YJEHH, COJepika-
e Tpou3BeneHns X;-Xj M Mul OydeM UMeTs npupeleHne (opMul
DpMuTa K CyMMe KBAaApaTOB MOAy.Jel:

(UAUX, X)=NZyx; -} MaTaXg oo o MR nxn.

Takum olpasom, 3mech, kak u B (32}, 3amava npeoOpasoBaHHA MaT-
pnun A K Anarosansuofl dopMe paBHOCHIBHA 33jaue NpPHBEIEHHA CO-
orsetcTBylomel dopymu Ipyura K CymMMe KBanparoB MoAyfefl.

Byecto dopyn Dpmura paccMaTPHBAIOT NHOTAA TaK Ha3BIBAEMYIO
ouaunelinyo gopaty, onpeneirsemyio cleayouum o6pasos:

n
Ay, X)= D} apXiys
i k=1

Ecan npnaMeHnTb ONATh K NPOCTPAHCTBY YHHTapHOoe npeobpasosaliie
TaK, 4YTO HOBHE COCTaBAsOme OYAYT BHPA:KAaTbCA uYepe3 Craphie o
npexuny GopymyaaM, T0 B HOBHX KOOPAIHATAX MH MOAYHHM:

Ay, x)=(AUY', Ux)
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WY, B Ciuly CBOHCTBA YHHTapHOro npeoOpasoBaHus:
AUy, x).
- Harouewn, ecan { npusomur A K auaroHaabHoit ¢opye, 10 B COOT-

BETCTBYIOWIX KoopauHatax OnmiHelHas ¢opya NpPHBEASTCA K Caedyio-
uleMy npocreliweMy Buay:

n
Z kkxkyk.
k=1
3aMeTHM, YTO BCAKasg MAHAaroHanabHasa MarpHua C BEUICCTBEHHBIMH 3J€-
MEHTaMH €CTb 3PMUTOBCKAf MaTpHLA, a moToMy u Marpaua U™t [Ay, ..., 0,] U,

rae U — molas yHuraphas MaTpiua, Oyder Takwxe SPMHTOBCKOH. Boilne
MBI BiLZEH, 4T0 H, Hao0OPOT, BCSKYIO SDMUTOBCKYIO MaTPULY MLl MOKEM
Hamicarb B TakOM BHIE.

dopMH DpMuTa AeaTCH, KaK 1 BEUeCTBEHHKE KBaapaTHuHble (JopMbI
[85], mo smaxy xapaxkTepucriueckux umncen A, Ecaun, Hanpnyep, Bce A,
NoJA0MHTENLHE, TO (opMa DpMiuTa HA3HLIBAETCHS ONPEACIEHHO MMOJ0NKH-
TeabHOH. XapawTepHuM ee CpOflcTBOM £BASETCa TO cBoilcTBO, 4YTO ee
3HaueHls [MMOJOKHTEILUL MPH DCAKUX Xy N oOHa MOweT oOpaTHinca
B HYJb auwWes 0pn Xy =...=X,==0. Auaroruuno onpeuessiorcs
3HAKOMOCTOsiliHBlE 11 3HaKkonepeMenuwe (opyu Dpymura. Hccnenosatie
COBEPIUEHHO aHAJAOIYHO CJAyYal BeuleCTBeHHBIX KBaApaTHYHHX (OpM
0CHOBaHO Ha Qopyyae

(Ax, x)=M % x;-L... L)1,
dopuyaa (183) cnpaseliBa AJs 9p\xutonc1\ux matpuy. Ecan A —

moGas matpinua n A==A*) — conpsikeHHas c Hell MAaTpUA, TO BMECTO
(183) Gyaem numers:

(Ax, 9)=(x, Ay). (1833)
Ecmu a,k—sneuenm Matpuust A, 10 y MarpHusbl A snevents 6y-
oyt {A},k_.aki, 1 ¢opmyna (183,) nposepsercs HeNoCPeACTBEHHOMH

noicra{oBkoft, kak u ¢opuyaa (183).

41, KommyTipyiolise spMUTOBCKHe MaTplubl [Tycis A u B — ase
spMHTOBCKHE Matpuust, ITocMoTpuy, HpPH KakiHX YCTOBHAX M HX NPOM3-
peledne BA Oyzer spuurosckoff marpuuefl. CocTaBHM MaTpHIly, SPMu-
TOBCKI CONPA#eHiylo ¢ npousseienueM BA:

(BA) ) = A(x) (%)

HJH, B CHJY SDMHTOBCKOro xapakrepa A u B
(BA)®) = AB.
IOas toro uyrobm BA Obl0 SPMHTOBCKOH MaTpHuel, HeoOOXOAHMO H

nocratoyHo, uyrobu AB copnamanro ¢ BA, T. e utoOn sampuigs. Koi-
aymuposasu. Tlonoxuy, YTO SPMHTOBCKHE MaTpuusl A u B npupoasics
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K AuaroHaabHofl (opMe npH NOoMOUIH OAHOrO YHWTZPHOro npeo6pasosa-
g U
A= U“[)&,, ves MU B=U"[py, .., 1] U.

Herpyaso BuzeTs, 4TO B 3TOM CaAyyae OHH OYAYT KOMMYTHDOBATb
AB=BA=U"1[Mpy, ..., hyp,] U.

IMokaxkeM Teneps, uto 1 HAOOOPOT: ecan 08e SpauumMogcKue Mampuyst
KOMMYMUPYIOM, MO WX MONMCHO npil nostowr 00Ho20 i mo20 gce YHU-
Mapro20 npeolpazosanlit OOHOBPEMERHO npugecmit K QUAOHANLHOL
gopae, T. €. TEPEMECTHTEABHOCTh 3PMHUTOBCKUX MaTpPHIl ABJAETCA He
TOALKO HEeOGXOAMMBIM, HO H JOCTAaTOUHHIM YCJOBHEM BO3MOKHOCTH HX
OJHOBPEMEHHOrO INpHBEIEHNS MNPH NOMOWM YHHTapHOro npeoGpasoBaHu s
K auaroHaietioft dopme. Hrax, moaoxum, uro AB=—=BA. 3avMernm npn
3TOM, 4TO # M0ZCOHBIE HM Marphukl OyAyT TaKKe KOMMYTHDOBATh.
HeftcTeutensHO:

(C1AQ)(C'BC)=C'ABC=C'BAC,
Il TOUHO TaKOEe K& BHPaKEHHe NOJYYHUTCA A8 MPOH3BEICHAA
(C'BC)(CAQ).

MonoxnM, yTo 3a C M BHOpaan yHHTapHoe npeoGpasoBanue, Npu-
pogsamee A K AuaroHanpHofl Qopme, 1 moaBepraM TakoMy ke npeobpa-
30BaHuo 1 Marpuny B. Hoswie maTpuuel 6ydyT Takixe KOMMYTHPOBAaTb, H
MH MOXEM, TakuM o6pa3oM, NpH [JOKa3aTejabCIBE HALIErOo NPeJIOKeHHs
CYNTaTh INPOCTO, YTO Marpuua A yxe HMeeT AHaroHaJabHylo Qopyy,
T. € UTO 3JEMEHTH a;, YAOBJAETBOPSIOT YCIOBHIO

a;,—0 npu £k (189)

OGo3nauny uepes b;, 3JAeMEHTH MaTpHUH B H 3analleM ycJosue,

YTO HAlUH MATPHUH KOMMYTHPYIOT:

n n
D b= bisag (, k=1, 2, ..., n).

s=1 s=1
B cuny (189) ycaosna st OyAyT uMeTh BHI
(a“eak,,)b,k=0 (l, k=1, 2, ceny ﬂ). (190)

Ecnu Bce yucaa q;; pas/aHydH, TO H3 MOCJACIHNX PaBEHCTB Henmocped-
CTBEHHO cJaeayeT, uto b;,=0 npn 14k, T. e. uto MaTpnua B Takxe
HMEET AuarcHalbHylo (opMy, H NpeasoxeHue JA0Ka3aHo.

IMepefizem teneps K paccymoTpenuio ofuiero cayyas, KOrga cpean ui-
cen a; nMelTcd oAuHakoswe. [l onpeaeneHiiocTH NPeAnoNOoKNM, UTO
YHC/a TN PacMajaoTcs Ha ABE IPYNMH OAMHAKOBHIX MewAy coboft uucesr

)y =...=Qmm; A1 myt =+ ++=Qpp.

Ua dopuyast (190) nenocpexcisenHo cJeayer, uTo B 3TOM Caydae
9/7eMEHTB b;, MOryr OGHTb OT/JHYHEI OT HYJd TOJbKO TOrJAa, KOraa Han
o6a sHauka I u k& OGoasumie m uaM o6a ouu He Goabiue m, Taxum
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o0pa3oM, B JaHHOM Cayuae Marpia B HMEEr KBa3iAHarOHaJIbHYO
dopuy: :

BZ[BI’ B‘Z]'
rie B, — Hekoropas 3pMITOBCKas MaTpnua nopsika m 1 By — spayuros-
CKas marpuua nopsaaka (n—am). B packpuroii ¢opye ML Moxem Ha-
nucate Marpuny B B Buue:

by +vn by O .. 0

Byt s b O ... 0

0 ...0 bm+l. myl e bm-l—l.n

* e + s e s s s = . . . .

0 «oe0 by eee by

Me Mowenm ne wmenss auarouaasnoli ¢opumm A, noiseprats nod-
NPOCTPancrso, o0pa3opailioe NEpBEIMI /2 OPTaMil, JIOGOMY YIHTApPHOMY
npeoGpa3opaHiio, i1 TO K& €aMoe OTHOCHTCK K NOAUPOCTPAHCTBY, 0o6pa-
30BAHHOMY mocaeanil {(# — m) opramu. BulOepem 31l yuutapiee mpe-
ofpazopanua V; n V, rtak, 4rodu smarpunst By 0 By 3amHCaqUCh B ALAro-
Haawliofl hopye. B cbuwen mp Gyiaem nvers yunrapnoe npeobpasopaHiie
BCEro /1-MEDHOTO TNPOCTPRHCTBA, MMEIOliee KBasianaroHaabhyio {opmy

[ Vl: v”.‘]

B ciay ckazamioro Bullue, B HOBLIX KoOpAunatax Marpuua A co-
XPaHuT AHaroHajnHyio Qopyy, a mMatpuna B npumer Bui:

[Vi, Vo' By Byl [ Vi Val=[Vi'BiVh, Vi'B, Vi)

T. €. OyAeT Takike HMeTh Auaronaasiylo QopMy, I Halle NpPEAJTOKeHHE
JOKa3aHo.

Ecan MB TENepp NOCTPOMM LIS HAULIX KOMMYTHDYIOUIHX Matpull
ypasuienis

Ax=)x; Bx=px, (191)

TO u3 MNPEILIAYUIEro HEMOCPEACTBEHNO caeayeT, 4ro AAd o0OHX 3THX
ypapueuntt My MOXEM MOCTPONTE OIHY I Ty e CHCTeMy 2 JitefiHO-
HE3ABUCHMHX pelwennil. DTi pewenns u OyAyT masath Ccroabusl Toft
yHOTapHOi MaTpuue {J, KoTopasi npusodut o0e HalH MaTpuuul K Ana-
ronansiofi opye. ¥uaue ropopd, Mpl MomeM st ABYX KOMMYTHpYIO-
IMMX SPMUTOBCKHX MATpiilk HOCIPOUTD OAHY W TY ke MOJAHYIO CHCIEMY 7t
JUHEHHO-HEe3aBHCHMLIX  COOCTBEHHBIX BeKTopoB. UTO ke KacaeTcs col-
CTBEHHEIX 3Havenudl, T. €. sHauennfl napamerpos A u w, TO oHu Oyayr,
KOHEUHO, BooOule FOBOPA, DPAa3YHBIMIL 3aMerny, Yr0 H3 NpPeAMAYLIEro
ewe He craeayer, 4yrTo BCaKuil coOcIpeHnuil pekrop marpnun A Oyzer
1 coOCTeeHHBINM BekropoM Marpuusl B. Ecan nce co6cTpenHme 3Haye-
Higd A # B pasauyuel, TaK 4TO KAKAOMY 3HAUEHHO Ay 0 g, COOTBET-
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CTBYET € TOMHOCTBIO N0 WYICJIEHHOrO MHOXHTENT TOJLKO OMI BEKTOD,
TO 3T0 OyZer, Koneudo, Tak. Ho 310 ywe ne Oyaer, mooGuie rosops,
HMeTb MECTa, €Can cpean coOCTBeHHHX 3Hauenntt ecTb OaNaKoBHe.
Mycrs x*) ecth nonmas cncrema cOGCTBEHHHIX BeKTOPOB MaTpnu A n
B, a X, 1 p,— cooTBeTCcIBYIOILIIE ‘coOCTBenHHe 3nauennsa. [Toaoxnm,
HanpuMep, uTo Ay==X;, HO pg 7= py. IIpu 310M Bektopn Cyx(V - Cox®
npn mobom BmOope nocrosHHEX C, n C, 6yayr coOCTBentbMi BEKTO-
pamu aas A, Ho yxe ne OyayT COGCTBEHHBIMH BEKTOpaMit aas B.

Bce npeabiaymine paccyxiesns Jerko NepeHocaTcs # Ha  cayuail
HECKOABKIIX MaTpIL, a HMMEeHHO: eCall HMEETCd HECKOAbKO SPMUTOBCKHX
matpun Ay ..., Ap TO ana Toro, utobn nx Moxuno OGwao oaxospe-
MEHHO MpHBECTHI K Anarona’islioll dQopme mpm noMouut yHuTapHoro
npeoGpasosainsl, Heo6XOINMO H JOCTAaTOUHO, UTOGH OHH NONAPHO KOM-
Myruposam, T. e A;A,=A,A; npu mobux i n k or 1 no /

42. llpunbenenne YHUTAPHHIX MATPAll K RHAroHaasnoil dopme.
YuutapHee MaTpuusl B OTHOWIEHNH NPUBEAEHHS K AuaroHadbHolt dopme
obaanaiot cpoficTnoM, COBEPLIEHHO  alAJOriYHeIM 3PMUTOBCKHM ~MaTpI-
naM, a umMeHHo: ecin V ectb 1eKOTOpas yHHTapHas MaTpuia, TO BCeraa
MOXHO HafiTll Takyw yHuTapHywo matpuny (J, uro mMarpnua

utvu
Oyaer auaroHaieHoft maTpnuefi. Mbr MoxeM 3anncate Hamy 3satauy

B C/JeAymolueM BHIC:
VU———' Upt‘, coey Ak]’ . (192)

rze U/ — HCKOMas yHHTapHas Marpuua A, — HCKOMBIE YiCAa.

Kak 1 panbime a1 spMoToBCcKofi MaTphusl, croabuam matpuuw U/
6yNyT COOTBETCTBOBATH HEKOTOPHE BexTopst x'¥) 1 3T pexTOpH HOMKHH
GLITb pelleHHsAMIT YPaBHEHIs

' Vx =), (193)

.rIe A coBmajaoT ¢ uucaamu ), OTCIOM3, KaK H BHIlUE, HENOCPEACTBEHHO

c1eayer, utro aTH uucaa A IOMXKHBL OHTbL Kopuamu XapaKTepHCT"quKOFO
ypasHeHHs

U1y — A Vig oo Uin

Uy Taa— M ... TVap

=0, (194)

Vpg  Tpa v Upn—A

rAe Uy, — 97EMEHTH Marpuus V.

3ameTuM npexiae Bcero, uYTo ecan Marpuust Vi m U yuurapim, TO
n marpuua ({'ViU; O6yaer yunrtapuoil. Ileficteureasno, w3 ynurapio-
ctn U crenyer yuutapHocts U5, 11 NponsmelieHHe YHUTAPHHX MaTpuiL
€CTb TaKe yHHTapHaa Marpnua.

BosbMenm HexoTOpuH Kopenb A==, ypasueuns (194) u, noiacrasns
ero BMecro A B ypasuenne (193), ompeneaum eammmunniti sexrop x(V,
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YAOBNETBOPSAIONINAL 3TOMY YDaBHEHHIO, NPHMEM 3TOT BEKTOD 3a HOBhfi
OPT H MNpUCOEAHHRM K Hevy eme (72— 1) eIUHHYHBIX BEKTOPOB TaK,
4TOOH MOJAYYHIb 7 ENHHHYHHX B3aHMHO ODTOTOHA/NBLHHX BEKTODOB.
Ilepexox ot npexnux opTOB K HOBHYM OyleT PaBHOCHJEH HEKOTOPOMY
yuurapuomy npeobpasosanmo [J;, 1 Hawa yuuraphas wmarpoua Vv one-
pelizer B rnojo6uyo

Vl — U;l VU{—
COOTBETCTByK)Ulee YpaBHeEHIe
le =AX

GyzeT umeTb, npn A==DX;, B KayeCcTBE peLIEHNs BEKTOP C COCTaBIAMO-
wumn (1, 0, ..., 0), orkyma 6ymeT, Kak i paHblie, HENOCPEACTBEHHO
CleI0BaTh, WYTO 3JEMEHTH nepsoro croaua Marpuilel V) paBHH Bce
HYA0, KpOMe mnepBoro sJeMeHTa, KoTopelfi papen A, Ho nockoasky
B YHHTApHOM MaTpuie CymMMa KBaApParoB MoAyJaeH 3/AE€MEHTOB Kaxaoro
cToa0lla paBHa eANHHLE, MH MOXEM YIBep:kAaTb, YTO HICAO Ay MO MO-
ayaio paeno eanHnue. Hanomumy Teneps, wio B yHHTapHoli marpuue Vi
W CyMMa KBaJapaToB MOAyJ/el 3JeMeHTOB KaxaAol CTPOKH TaKike paBHa
equnnne. Ho, kak ToabKO uTO noOKasano, neppufl 3JeMeHT mepsofi
CTPOKH Ay paBeH MO MOAYMO eIuillue, 1, CIeIOBATEALHO, OCTA/IbHEIE
3JEeMEHTH 3TOff CTPOKN AOJAKHB paBuatbcs nyalo. lrak, B pesyabrare
NEPBOrO YHHIAPHOTO npeo0pasosalua Mbi [PHBEM HALlY YHUTApHYIO
MaTpHUy K TEKOMY BIAYy, 4§TO B ec neppofi CTpoxe u nepsoyM cToabue
Bce 2]eMedTHl PaBHHEl HYd0, KpOMe Nepsoro:

iy 0 ... 0}
0 vy ... v

L T )

i0 vny ... Un
Copepiuelno anaiornuHoe OOCTOATENLCTBO MBI IMEMU BHINE 15
spmutoBcknx  matpuu.  Jlanmee, saeventsl Uik 00pasyior  YHHTapHYIO
MaTpnuy nopsaka (n—1). Tlpusenss eme yHurapHoe npeo0pasoBaHie,
MBI CMOXeM H B 3TOfi MATpHUE MNOJAYYHTb HYJAH B nepsoil CTPOKE i
croabue, KpoMe MepBoro 3JeMeiTa, KoTopulil no meoaymo Oyaer paseH
elnHuue. B okoHyaTenbHOM cueTe, B pe3y/bTare NPOH3BENEHHHX IBYX
YHUTapHuX npeodpaszosannil, Hawia yuuTapHas MaTpuua npHBEAeTCH
K BRAY:
1,0 0... 0

0% O0... 0

2) 2)
00 V33 oo Ugnf*

o 0wy ... vy
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ITpomonxas naute paccyxaeHne Tak e W Aafdblle, MH NpuBeleM
HAWY YHUTaPHYIO MATPHIY NPH IOMOMH HEKOTOPOro YHHMTApHOro npe-
o0pascBaniad K AuaroHaiabHoft dopme. OTMETHM, YTO M3 NpPeaHAymHX
cooOpaxennit HenoCpeACTBellHO C/AeAYeT, YTO 8C€ Xaparmepucmudeckue
qucaq Yyrumaproil sampuyst Gyoym no MoOyA0 pasHst eduxuye,

Tak ke, Kak 1 B [41], MOXHO NOKa3aTh, YTO €C/Ii1 HEKOTOPHlE YHH-
TApPHHE MATPHUHl MOMApPHO KOMMYTIHPYIOT, TO HX MOXHO ODPH I[OMOMIH
OIHOrQ H TOrQ K€ YHHTapHOro npeoOpa3oBaHis NPHBECTH K JNAaroHalib-
Hoft Qopme.

Orvernm eme caenywounit dakr. ITycrs yHntapuas marpuua U npu-
BOANT HEKOTOpYyH Mmarpnuy A x AnaroHaasHoft dopme, T. €. NycTb
UAU ectb namaronanbHas marpnua. Kak ussecTHo, MOAyab omnpene-
aurens U paBeH eauHHue, H M MOXEM MoxoGpaTth BeuleCTBEHHOE
YHCMO ® TaK, YTOOM onpedenuTe]b yHuTapHOR Matpunml e'®U/ papusics
eaunuue. ITpn sToM ynnTapnas Matpuua €U Takwie Gyaer NPHBOMTL A
K auaroHanbHOH copye, nbo

() 1A (€°U) = ee~ U AU = UAU.

Takny o0pasoM, Bceria MOXHO CYHTaTh, YTO ONPEAENHTEIb YHHTapHON
marpuus {, npusodsuieil HEKOTOpylo MAaTpHiy K AHaroHaasHOH dQopye,
paBeH exHHALe.

IIpusep. PaccMotpuM B Kayectse npiiMepa HpHBEIeHHe K AHaronaibHOM
dopme nexoTopoil BenlecTBeHHONl opTOronaibroil MaTpHUM TpeThero mopsika

Uyy Uys Uys
V=|lvy Vs Vs . (195)
Ugy Usg Vss

ByaeMm cunrtath, 4TO onpejexnteab stoit Marpmud pasen (1), Tak yro sroit
MaTpHiUE COOTBETCTBYeT HEKOTOpOe JBIKeHHe TPEXMEeDHOro NpoCTpPaHCTBa, Kak
1e10ro, BOKPYr Hayana, XapakTepHCTHYeCKOe YpaBHeHHe paas MarpHun (195)
6yaeT no ycaosmio MMeTh cBOGOIHHIT uieH, paBHEI exuHnue, n6o stor csobon-
HHfl Y1eH COBNajaer, OYEBNAHO, ¢ ompejeanTeireM MaTpuus. C apyroft CTOpOHH,
Mbl BHJIE]H, YTO BCE KOPDHH HAIIEro XapaKTepHCTHYECKOro YPaBHEHHA NOIXHBI
HMeTh MOAYab, paBHBIfl equnnie. CTapiuHii YeH XapaKTepHCTHYECKOTO YPaBHEHUSA
6yner (— 2)® =— )3, i, crefoBaTeIbHO, CBOGOJHBIN YleH YpPaBHEHHA — EIHHHLA ——
6yneT paBHATHLCs MPOCTO NpOH3BefeH0 KopHefl aToro ypasuenus. Mockoabky 310
YPaBHeHHE IIMeeT BelleCTBeHHBIC KO3IDdIUHERTH, BO3MOXHL JHIIbL fBa cayvas,
a HMEHHO: ILTH STO ypaBleHle HMeeT OJiH KODeHb, paBHHIl eannnue, a xsa apy-
rix MHHMble, CONPAXEHHBEIE C MOAYIEM, DaBHLIM elNHHLe, T. €. JABa APyriX KOpPHA
6yayT Buna eX'®, man ypasnenue 6yner HMeTb KOpeHb elduIua, H 06a ApYrug
KopHA 6yayT pasnarbca (—1). Bropoil cayyaft asagerca yacTHBIM CiyyaeM nep-
BOTO NIpH 9=,

CofcrBennoMy 3Hayvennw A==1 cooTBeTCTBYeT BeuieCTBeHHHl Bektop X'V,
KOTOPHIil 101MeH ABIATLCA peIleHIeM YPaBHEHNA

Vxth = g, (196)

HFlnave rosops, STOT BEeKTOP He NOMKeH MEHATHCA IPH TOM MOBOPOTE Npo-
CTpaHCTBA, KOTOPHIY onpencasercs marpuuelt V. Dror BekTop, orBeyarowmit
BEUIECTBEHHOMY 3HayeHHmo A ==1, GyjeT BeulecTBEHHBHIM BEKTOpOM, H OH Oyxer



134  ra. . JUBEAHHE NPEOBPA3OBAHNS W KBALPATHUHLIE GOPME (42

OnpeaeaaTb, OYEBHIHO, TY OCb, BOKPYT KOTOpOil 1loBEpHY.I0ChL HPOCTPAHCTBO
(BCsIKMIY NOBOPOT MpocTpancTBa BOKPYT Haua.aa pPaBioCHICH BPAILEHHI0 BOKPYT
HEKOTOpOlt ocH, f1poxouueit yepes Hayato). Adid onpeaeieHis COCTaBAAOLIMX
8roro Bexropa x'’ uepes axzements V o nepenuuem ypasuewite (196) B Bitde:
) V-ixth — xto
M, 1I0CKOILKY Martpuua V pemgectsetia H YRUTAPHA, MBI MOKEM H2BUCATL
Pt — xth,

Brrunrasn sto us (196), Gyaen immvets:
(V— V) xth ==,

Hanumesm 310 paBeHCTBO-B PacKphITOM BILAe, NpHYeM COCTaBIAOLIHE BEKTOpa X'
0003naunM yeped (iyy, Us;, Uy). Iloayuny cicreMmy ypasueHuii

(V18 —Vay) Uy = (V13— V3y) 18, =0
(Vo —52) 1y |- (Ve — Us2) Uy —0
(V31— Vy3) gy - (Ta2 — Voy) 0y =0

1 113 Hee HEHOCPEeACTBCHHO CICAYIOT (UPMYIHL, ONpeleIsiowie HanpasieHie oci
BPALLEHHSE
Uyy 2 Uy 2 Uy == (Vyg— Uge) 2 (92— 0y5) 1 (Vge — Vay)-

Asa apyrux coberpeminx BekTopa X' 1 X% 101E0u, 0O4CBIANO, YIOBIE-
1BOPHTL YPaBHEHHIM . )
VB =eivx® 11 V'3 = ¢~ivx™, 197)

11 970 GYAVT yie BCKTOPH € KOMILTERCHLIMII COCIABLIRUIMIL MLl cMOKeM olipe-
JeauTh ¢ 13 TOro YCIOBIA, UTO CYMMA KOPLCT XAPAKICPHCTHYCCKOIV YPabHEHIs
pasha, OuEBHANO, CYMMe ANMAroHAALHLIX Y:1€HOB, T, €. cIedy Marpuuu Vi

Itetv et =142 cos g = vy, F- 020 -3,

[pHYeM MOXKHO CYMTaTh, YTO ¢ JCKHT Mexay O I =.

W3 ypapuennit (197) cacayer, 4ro cocradmuougiic BEKTOpPa X2 u x'® Mul
MOMKEM CUHTATL MHIMBIMI CONPANEHHBIMI, NOCKOILKY 3HayeHid A B ypaBHEHH:uX
(197) cytb munMeie conpsukenntie uicaa, CocTaBuM HOBYI YHITapPHYI MATpPHuY:

ilOO\
1 i

0 1 i
vz v

Hetpyzno y6eakIiuci LEHOCPCIACTBCING, YTO 31eMEHTH  CTOAGLOB MATPHILH
W==UU, 6yayT paLiL CUCTEBLAOWHM BEKTOPOB

i x(:')_%_x(al . X e D
; —=

i —
vz .’ ve '
1. e. 6yayr sewiectBennt. Kpome toro, marpimua W, kak npounsseachne IBYX
YHHT2pHHIX MaTpHl, Takwe Oyier yuutapuoil Matpiueil, 1. e. W 6yier oproro-
HaabHoOlt MaTpuueil. [Ipuvenuy teneps kx Marpuue V npeobpasosasne nogo6id,
1n0ab3yAct yHHTapHoil seutectsennoit Matpnueft W. Mu noayums:

WVW = U U-VUU, = Us! 1, i3, e~i%) U,

u.,=i VZ Val. (198)
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l'lpousno,m (bax'mqecxn nepeMHozCHue MaTpHl, MOAYYHMS

oo 0
w—tvw:l 0 coso —sinol. (199)
IO sing Co3y

Mm moxem Bceraa cymrarb, YTO onmpezeanTelb OPTOrOHAIbHOM MaTphus W
pasen (-} 1), 1160 B MPOTHBHOM CIYuae Mbl MOITHM OB YMHOMHTL 3Ty Marpmuy
Ha (—1), ot vuero cootHomenne (199) He m3amenntoch Gu. TakuMm oGpasow,
marprne W 6yjer COOTBETCIBOBATL TaK:Ke HEKOTOpPOe OBHXeHHe TPexMepHoro
npocrpanctea. Marpuua (199), noayuennas B pe3ybTare npeo6pa3oBaniis KOOpAH-~
nar x= Wx', noao6ua marpuue V u Jaer B HOBHX KOOpDINHATaX TO e Npe-
o6pa3oBaHiie, KOTOpoe NepBOHAauaIbHan Marpnna V' naeaza B mpewmHux KOOpmi-
Hatax. M3 Bniaa matpuum (199) nenocpexciseHHO cielyer, YTO 3Toff MaTpuue
(199) cootsercTByer Bpaulenne Bokpyr Homoft ocn x''*' ma yroa ©, 1 CYIHOCTh
Hauzero npeo6pa3oBanys CBOMUTCA K TOMY, YTO MBI OPHHsLII3a och X', ynoua-
HYTYIO BhiNle, OCb BpalleHNd, H306paxaeMy0 BeKTopoMm xi,

V3 npenmaymero HemocpeacTBEHHO BHITCKAeT elle OfHO BaxkHoe 06CTOR-
TeIbCTBO, 2 HMEHHO: BCE BeuleCTBEHHBIE MaTpHIlbl, KOTOPHIM COOTBETCTBYET NOBO-
POT NMPOCTPaHCTBA Ha HEKOTOPHIT onpeieieHHHI! yroa ¢, MOryT GHTb npHUBeleHb!
npi noMouy npeo6pa3oBaiisg noao6nA (PasaINYHOrO AIs Pa3THYHLIX  MaTPHU)
K ogHoMy u ToMYy xe suay (199), u, cremoBarenbHo, BCC Takie Marpuusl 6yayr
noxolue Mexny codoit.

Matpnuty, cooTBETCIBYIOUIIIE Pa3THYHHIM YriIaM BpAIeHHs, He MOTYT OHTH
Mexay co6oft momo6ubl, TaK KaK XapaKTEepPHCTHYECKNe uncIa Taknx Matpmg 1,
ei? 11 ¢7i? GynyT HaBEPHO PA3AMYHH MekAY coboft MPH pa3’INYABIX 3HAYEHHAX
yraa ¢, Bce 9T cBoficTBa nMeloT OYeHb MPOCTOE TreoMETPHUYECKOE 3HaucHHe.

43, Matpuust npoexTHpoBaHuA. M nepexomnnM Tenepb K pacCMOTPEHHIO
HEKOTOPOro YacTHOro cayuasa 3pMHToBckux mMarpuu. Ilycts R, — HexoTopoe noj-
NPOCTPaHCTBO N3MepeHHsA m, o6pa3oBaHHOe m  JHHeliHO-He3aBHCHMBIMH BEKTO-

pamm Y0, ..., y'™, D10 NOINPOCTPAHCTBO Ry, NpeICTaB AT COGOI0 COBOKYNHOCTH
BEKTOPOB BHIA:

CyW ... Cpyt™,

rae Cp, —npon3soabubie uncaenntie kodddminents, OPTOronaansnpys BCKTOPbI
Y MH MOXEM MOCTPONTH OPTOHOPMHPOBANHY IO CHCTEMY BEKTOPOB, Xt ., xm,
~ KoTopas o0pa3yeT TO e NOANPOCTPAHCTBO Rp. Mul MomeM jatee JONOIHATHL
ee 0 MOJHONl OPTOHOPMITPOBAHHOI CHCTEMBI 72 BEKTOPOB, NOCTPOHB el(e OpTO-
HOPMUPOB3HHYIO CHCTeMy X'PHD o glm), .

A1i mocrenuHe BEKTOPH 06pa3yloT HEKOTOpPoe NOANPOCTPAHCTBO R, ., u3-
MepeHns (n — m), npuueM JIBa NOANPOCTPaHCTBA Ry M R, _ ., B33aHMHO OPTOro-
HAILHH B TOM CMHICIe, YTO :11060fi BeKTOp MNOANPOCTPaHCTBA R,; OPTOroHaieH
moGoMy BekTOpy noanpocrtpanctsa R, _ .. {14]. Pazaaran npon3soabHH{l BEKTOp X
‘no opram xt*:

x=xx0 J.. x 1t (200)

Ml MOXteM MPEACTAaBHTL €r0 B BIlAe CYMMHEI JBYX BEKTOPOB:

X =[x XV - - X - [y X e X =00, (201)
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H3 KOTOPHIX OIMH MpHHAjaexwHT R, a BTopoit R, ... Herpyano sumers, urto
Takoe pasIoXKeHHe Mo60ro BEKTOpa X Ha IBa COCTaB.IAIOWIHX eIHHCTBEHHO. Jeft-
CTBHTEIBHO, II0JOXUM, YTO, KpoMe pazroxennd (201), Mbl HMeeM BTOpoe pasioxe-
HHe X=u'-}-9' ykasaHsoro Bmue cBoficta. Otciofa U o=u'--0' uan
U—y =9 —02.

Bexrtop, croamuit ciesa, npnHataexnt R, a cnpasa R,_ . H, cIeloBa-
TEIbHO, # — U’ U D— @' NOMKHB GBITH OPTOrOHAIbHHL.

Ho kawnoit BexTOp, oproronaibHeil caym ce6e, paBeH, OYeBHIHO, Hyaw [14]
H, caegosareasHo, ¥ —u' =0, T. e. 1 coBmagaerc ', a 9 —C 9, T.e. BeKTOPH
U U D onpeleIq0ICA NO BEKTOPY X eIHHCTBEHHHM oO0pasoM. Bextop # Hasw-
gaemcs npoexyueli BeKTopa X B nodnpocmpancmso R,,. Ta Matpuua, Kotopas ocy-
ulecTBIAET Mepexol OT BEeKTOpa X K BEKTOpY ¥, HasLIBACTCA mamputell npo-
eKXMUpOsaHUS B TOANPOCTPAHCTBO Ry, 1 ME ee 0603HaynM uepes Pp . Bun sroit

m

MaTpHUb 3aBHCHT, KOHEYHO, OT BbIGOpﬂ KOOpAHHATHBIX ocetit,

Ecau 3a ocnosHeie opTar Mbl BHGepeM x'%), To BEXTOp X NpeACTaBIAeTCH Gop-
Myaoft (201), a BekTOop & — dopmyaol

= x XD -, fag,xtm,

II B JaHHOM CJy4Yae OnepaumiaA MPOEKTHPOBAHHA CBOJHTCA NPOCTO K TOMY, YTO

NEPBLIC M COCTAB.ITIOUNIX OCTAIOTCA NPEKHHMIL, 3 OCTaJAbHHIE NEIai0TCst PaBHEIMII

nymso. CoorBeTCTBYIOU[ad MaTpHUa NPOeKTHpoBaHHa 6yl1eT, OYCBILIHO, [HArOHATh-

noft Marpiueft Buza: Pp =[l, I, ..., 1, 0, 0,...,0], rae mepsele m aecr
m

32HATH CIHHUAMIL, @ OoCTaitbieie HYamMu. Ecanm 6n Ml HHaYc RpPOHYMepoBaIn
OpTH, TO MOIYWiaH 6B TOILKO JApyrofi HOPAIOK 3IeMCHTOB, HO HO-NpekHeMYy
uMean Gbl AHArOHaIbLHYIO MAaTpHUY, COCTOAW(YI0 M3 eliHN M Hyxeft. B o6mewm
cIyyae npu J1060M BHOGOpe IeKapTOBBLIX Ocefl Marpiua NPOEKTHPOBAHHA HMeeT
BUA: o

PRsz’l n,..,50..,00 (202)

rie U ectv Hexotopas yRHTapuas MaTpHua, i co6cTBenHble 3Hayenns Py  pasHH
m

HIH HYya10, Wi exnHune. Haobopor, BcAKas 3pMITOBCKAas MAaTpHUA YKa3aHHOIO
BIId CCTb MATPHIA NPOCKTHPOBaHNA B HEKOTOpOe NMOANPOCTPANCTBO, YHC.I0 H3Mepe-
HIIli KOTOPOro paBHO YHCIY COGCTBEHHBIX 3HaueHHIl PR , PaBHHIX eJdiHHHLe.

m

Moxno ompeaeaits MaTpHUY MPOCKTHPOBAHNSA 11 HHBIM O0pPa3oM, a HMEHHO!
MAMPUYE nPOEKMUPOSAHUS echls MAKGA IPMUMOSCKAGR MaAmMpuyd, KOmopas
YO08.aemgopsiem COOMHOWERILIO

Pi=P. (203)

HeficTeuteasno, npunnMan Bo BhnMasme, yro 12=1n 02=0, Herpyamo
nposepnth, uTo Matpuun sinia (202) yaosaersopswot cootnoueinno (203). HaoGo-
POT, €Caii HeKOTOpas 3PMHTOBCKAad Marpiila YIOBJIETBOPsieT cooTHomenio (203),
M Mbl npenacrasuM ee B Buie: P=U"1{A, ..., 2, JU, 10 B cu1y (203):
Ut Ay ey MJU=U? Ry e s MU 10 Ap=2, (=1, 2, ..., n), OTKyna
HenocpeacTBeHHo caenyeT, Y10 Ap=1 nan 0. Ecan Bce xapakrepucrilyeckue
yHCTa MaTpHIK PaBHH €IHHHIE, TO 3Ta MaTpHUA eCTh eIHHHYHAS MaIipHuua,
eft COOTBETCTBYET TOXIECTBeHHOe mpeobpa3oBaHile, T. €., HHaue roBOPH, NPOEK-
THPOBaHHe BEKTOpa BO BCe HPOCTPAHCTBO (BEKTOD OCTAETCA HEH3MEHHBIM).
Hekmouan sTOoT TpuBHAALULIT Cayyali, Mbt 6yIeM HIMeTL ¥ MaTpHilbl IPOCKTHPO-
BaHHA XOTb OJHO XapaKTepHCTHYECKOE YHCIO PaBHHM HYIO 1, CIeJ0BarelnHo,
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onpejeuTeab 37oft  MaTpumbl, pPaBHHII NPOM3BEIEHHIO XaPaKTEPHCTHYECKHX
yucea, 6YNeT TakKe PaBEH HYJO, H MbBl HE MOMeM, KOHEYHO, FOBOPHTL 06
o6partHoil Matprue P~ 3aMeTHM eme, YTO HENOCPEICTBEHHO W3 oOnpele’eHis
CleAyeT, YTO MaTpHua NPOEKTHPOBAHUA PRm He MEHfeT BeKTOpa, eCau OH MpH-

HaLJ1eXHUT MOXNPOCTPAHCTBY Ry, M yMEHbUIAeT JUTHHY BEKTOPA, eCIH OH He MNpH-
HaLIERHT Ry,

Tlocre 9TiHX npexsapHTensHBIX CBEICHIfT mepefieM K pacCMOTPEHHIO HEKOTO-
PHX MefCTBHII C MATpHUAMH NPOEKTHPOBAHHA. IIycTh HMeEOTCA JBE MaTPHUM
npoexTHposanus P, 1t P, TaKite, uTO HX npou3BeleHde PAaBHO HYToO, T. €.

MaTpHue, BCe 3IeMeHTH KOTOpoft paBHB HY.TIO:
PSPR=0. (204)

Bo3bMeM HEKOTOpHIT EEKTOp X M3 NMOXNPOCIPaHCTBA R, TaK YTO PRx=x.
dopmyaa (204) mact nHam:
Psx=0.

Ho orcrona menocpencrsenHo cienyer, yto X OpTOroHaleH K .TI060MY Be-
TOpY M3 noanpocTpaHctsa S. JeficTBHTEIbHO, B NPOTHBHOM CIYYae Mbl MOITH 6kl
HaliTH B MOXNpocTpaHcTBe S eINHHYHHI{ BEKTOp Y, He OPTOrOHaIbHHN X X, H,
NpHHHMaA €ro 3a nepsuit opT, Mp HMeN 6b! jaa neppolt COCTAaBIAOWEN BEKTOPA
X BeIHYNHY, OTIHYHYIO OT HYJIA H NpPH NPOEKTHPOBAaHHH X B S 3Ta Cocrasism-
mas ocrarach Gul nenamenxoft. TakuM 06pasoM M BHIHM, YTO NpPH BEIMOJTHEHHH
yecaosis (204) Bcaxuft BekTop H3 R OpTOroHaien BCAKOMY BeKTOpy H3 S, a caelo-
BaTeabHo, i1 Hao6opoT. Ho rtorpa mapany c (204) Mm mmeem

PoPs=0. (205)

JettctBuTe bHO, 013 mM060Oro BEKTOpa ¥, BEKTOp Pgy npunaniexnt S, a no-
TOMY OpTOrOHaneH KO BCEM BeKTOpaM H3 R, T. e. 11 moGoro BeKTOpa ¥ Mbl
HMeeM: PRP&v=0, uyTo H paBHocHabloO (203). HaoGopor, eca msa noampoct-
paHcTBa R # S B3aHMHO OPTOrOHaIbHbBl B YKa3aHHOM BHIIE CMbICIE, TO HMEIOT
Mecto (204) 1 (203).

PaccMoTpuM Tenepb CYMMY NBYX MAaTpPHIl NPOEKTHPOBAHMA:

P=PR+PS (206)

H NOJOXNHM, YTO BRIMOAHEHH yCa08HA (204) n (203). [Toxaxey, yTo MaTpHua (206),
KoTopas fBIdeTCA, OYEeBHIHO, IPMHUTOBCKOM MaTpHuefi, 6yler Takxke MartpHueft
npoexktiposannd, Jaa sroro yGemxHMcs, YTo KBaIpar ee CoBlajaer C Heff camoff:

Pt==(P,+Pg) (Pp+Pg =Py-+P Pc+PP, P}

OTKYda, B CHIY CIEJAaHHOIO YCIOBHA H TOro, YTO PR 11 P CyTh MaTpHIL NIPOEK-
THPOBAHIA, HMEEeM: P2=Pk+PS=P'

Herpynso nokasatb, YTO B paccMaTpHBaeMOM ciyyae Martpuue P coorser-
CTBYeT olepauns NPOeKTHPOBaHiA B Molmpoctpancrso (R--S), xotopoe obpa-
3yeTcs COEINHEHIIEM TNOAMPOCTPAHCTB R 11 S B TOM CMbiC1e, YTO NOJANPOCTPAHCTBO
(R-}-S) o6pa3oBaHo COBOKYMHOCTBIO BCEX TeX BEKTOPOB, KOTOPHIE CIYKILTH 114
obpasosanis noimpocrtpaucts R u §, T. ¢ ecut BekropH X', ..., x®
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obpasosuiBain Ru y'v, ..., y'® o6pasosmsain S,T0 noanpocipanctso (R--S)
6yxeT NpeacTaBIATHCH COBOKYNHOCTBIO BCKTOPOB:

Cixfeo .- CpxP - Dyt ...+ Dgy'?,

rae Cp 1 Dy —npoussoasubie MoCTosnHbe. [lpeibLayuiee cBoficTo o6obuiaercs
H Ha JI060€ YHCI0 CIaraeMbix:

P=Psl+...+Psm. (207)

Ecan noanpocrpanctsa Sp nomapHo B3alMHO OPTOrOHAILHBI, T. €. eC1il 3060t
BEKTOp U3 S; oproronazen K m060My BCKTOPY B3 S; NpH Pasauysuix i I j, 10
cymma (207) npeacrasaseT co6010 MaTpuUuy NPOCKTHPOBAHHA B MOANPOCTPANCIBO
Sy ...~ Sm), o6pasosauioe BCEMI TeMH BEKTOpaMH, KOTOPHle CIYXKILIH I
o6pazosanna nolnpoctpancts Sp. B wvactom cayyae 3ta cymma MOkeT OHTL
paBsHOIl eanKIYHON MaTpHue 1=P81+--~+PS , I B 9T0M cayyae OGHYIO

m

FOBODAIT O Da3I0IKCHUH CIMHMUB H3 MATPHUL NPOCKTHPOBAHHS I NPOCTO
0 DPa3I0KeHI CAMHIULbI.
PaccyotpuM cuie npousselcHie IBYX MATpHIL NPOCKTHPOBaHNA

P=PP, (208)

Il Toro uto6l 37O npoi3Belenite Takxe GbII0 MaTpuueil NPoeKTHpoOBAHNS,
11€06X011M0 ApeicIe BCero, Yto6ul 310 npon3sseleHite 610 IPMUTOBCKOLT MaTpu-
uefl, a 114 910r0, Kak u3secTso [41],nco6xomMo, yToGLl HaLI MATPHULI KOMMY-

THpoBa.Il
PPs=PP, (209)

[Moxauiey, yT0 310 YCIOBHC I0CIATOYHO, T. €. YTO B IaHHOM CIyuae KBaipar
MatpHubl P? coBirazaer ¢ camoit martpuueii P:

Pr=PgPpPsPr

MM, NEepecTaBIad Matpiusl B cHay yciosua (209):
P? = P3PL= PPy,

y10 It TpeboBaI0ChL JOKa3ars. HeTpyluo nposepiTs, YTO NPH YCJIO0BHH KOMMYTH-
posanis (209) matpiue (208) coorBeTCTBYET NPOCKTHPOBAHKIE B NOANPOCTPAHCTBRO,
00pa3oBanHoe BCKTOpaMil, oOUwHMI TeM IBYM COBOKYNMHOCTHAM BEKTOPOB, KOTOpbIE
ofpasyior R 1 S.

Oryerny clie OJHH pe3yabTaT, He OCTaHaBINBasiCh Ha €ro IOKasaTeabCTBe,
KOTOPOE He NpPEICTaBIACT HHKAKOro Tpyaa, a HMEHHO: eCIl NMOXMPOCTPaHCIBO S
€ocTaBadAeT YacTb NOANPOCTPaHcIBa R, T0 Pa3sHOCTbL

P=P,—P; 210)

€CTh, Tak:ke mMaTpuua npocktiposald. Ecam x'® cyTu, ocnobutie BerI1opsl, o6pa-
sypouite S, T0 214 NOayuCHIis OCHOBHBIX BEKTOPOB, O6pasylowix R, Mbl A0IXKHH
N0GaBHTH K BbIMICYKA3aHHLIM BeKTOpaM eule OJIIH ILIH HEeCKOJbKO .JHHelHO He-
3aBHCHMBIX BEKTOPOB. DT mocaeliiile BEKTOPH caMit mo cebe 06pasyiT HEKO-
Topoc noanpoctpancrso 7, n marpuna (210) B paccmarpiBacmonm cayvae i 6yaer
MaTpuueil NPOCKTIPOBAINA B 3TO 110NPOCTPAHCTBO.

floap3ysc, MaTpuuaMi NpPOEKTHPOBalMA, MOXHO QOpPMyaupoBarh 3ajauy
npHBeXCHHA IPMUTOBCKOIN MaTpHUB K JAHaroHaabHoit dopMe BHOANE OIHO3HAYHBIM
06pa3oM U BPH NATMYHI KPATHHIX COGCTBEHHMHX 3HAyeull, — :
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ﬂo.'IO)Km!, HanpiMep, Y10 Mbl HMECM 3PMITOBCKYIO MATPIRY
A=URy, o, 2] 07

rae U~ Hexotopas ynurtapHas matpuua, IToromnsm 114 OnpeleneHHOCTH, YTO
YyHCAa )p pacnajaloTcs Ha JBe YacTll, OJNHAKOBhIe Mcewxa1y co6oil, npudeM mep-
BHE /1 UHCEI PaBHH 1, a OCTaibHuie (72 — /) PaBHH Vi

A——:U[y, vee 3 By Yy eee , VU
Mu MoxeM, OYEBHAHO, HEPEmHCaTh Hamly MaTpuuy B Biije:
A=pU[l, ..., 1,0,..,00UWU,..,01,..,11U™"L
BpexeM B paccMOTpeHye MaTphibl NPOEKTHPOBAHISA
PR=U[l, ey 1,0, ..., 01U P.=U[0, ..., 0,1, ..., 1]U™
CooTBeTCTBYIOL(HE MOANPOCTPAHCTBA R u S, OYEBHIHO, B3aNMHO OPTOro-

HAaIbHK, I HALNI MaTPHUBI NPOEKTHPOBAHMA B CYyMMe IAIOT €MTHHYHYIO MAaTpIily.
Mo nmeenm TakiM ofpasoM B AaHHOM ClIyuyae A=,uPR—}—vPS, npHueM A, =
=..=Ap=p U dpy=..=k;=V

B ofuem cayyae 3azaya nmpuseienis 3pMITOBCKOI MAaTPHIK K AAroHaIbHOI
¢dopMe CBOANTCA K TAKOMY Pa3TOMEHN0 eINMIMYHOM MaTpHIK

I=PSI—[—...—I—PSH, @1
yTo6M Halma MaTpiua A Moria GWTL nmpeacTasicla B BIIe:
A=[11PSI—|—...—|—11,',,PSm, (212)

FA€ 21— Pa3anyueic coBGCTBCHHBIC 3navenist namelt martpiun. Takiv o6pason
BCAKOIl 3PMHTOBCKON MaTpHIle COOTBETCTBYET ONPEICICHHOE PA3TOXKEHHE eRi-
Huuer (211) Takoe, yTo 3T2 MartpHua npeacrasasercs B Buge (212).

Herpyavo nepepecTi! BCe NMpexutiymiie Pe3yibTaThl Ha s3wWK He MATpiu, a
dopm Apwmura. Beskol Martprue npoeKTHPOBIHUA PR C 3J1eMEeHTaMH p;, COOT-

BeTCTBYET Hekolopas dopma dpmmrta

n
Pp(x)=(Ppx, X) =i %_l IPiki’i-\’k, (213)

KOTopas HaswBaerca nmnoraa ocobod ¢opyoft (Einzelform). Cumsox PR(x)—-
KpaTKas 3amichb (PRx, Xx).

Ecan cooTBeTCTBYyloUee NMOANPOCTPAHCTBO R neer [ n3mepenitit i Mu BbiGe-
peM 3a nepsue / OpTOB / eIUHHYHBLIX B32IIMHO OPTOrOHAIbHLIX BEKTOPOB NOJI-
npoctpaHcTea R, T0 B Takoft koopausartroft cucteMe Hama dopma (213) Gyzer

HMeTh BHI: , . ,
(PRx', X)) =X x4 Xyt XX

3aMeTHM paiee, YTO €CaH MaTpuilbl Psk ABJAIOTCA DPa3TOXKEHIeM €XHHHIH,

coraacno (211}, to, BEIGUpPaA 32 OPTH eIHHHYHLIE B3alMHO OPTOrOHAJbHHE BeK-
TOPH B KaXIOM I3 NOXNPOCTPANCTB Sp, Mut GyleM, OYEBIIHO, HMETh:

n

m
3 Ps (%)= > xix}
R==1 k i

=
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H, C1el0BaTe15HO, MpH BCAKOM Brfope KOODOMHATHHX oceHl cymMa

> Ps, (%)
k=l

Bbl axaer KBalpar JIaMBH BexkTopa. Mul Moxes, TakHM 06pasoM, ckazarb, YTo
adaya npusederus gopmot Ipmuma A K cyMMe K8a0pamos PABHOCUAbHA Cae- -
y;ou;u,u 08y.M paseHcmsan: -

(Ax, x) = k}_]l #xPs, (x), (214)

|x|P= Z} Ps, (x). (215)

Bseacuiie MaTpiil NPOEKTHPOBaHHA NO3BOIACT, TakiyM obpasom, GopymyTHpo-
BATL 331ayy nNpHBCICHHA 3IPMHTOBCKOH MaTpHIlL kK amaronaabhoil ¢dopue 6e3s
BCAKOFO CleuNaibioro Bp60pa KOODAHHATHBIX ocell. D10 JacT B CBOIO oyepelb
BO3MOXKHOCTL ICPCHECTH NpeIblayiliie pe3y.IbTardl, ¢ COOTBETCIBEHHLIMH H3Me-
HEHIAMH, 11 112 cIyyail npocTpaHcTBa ¢ GeculCIenHbIM MHOKCECTBOM H3MepeHHT,
4TO I ABJIACTCA OCHOBHOI 3azayeil MareMaTHYCCKOro anmnapara coBpeMenHoil
xBauroBoft Mexaunku. Mu 6y1ev rosoputh 06 3T0OM IHllb 3HAYHNTEILHO HO3WEE,
J10 pacnpocrtpaneniie Ha cayyail 6ecylCcIenHOro MHOXCCTBA H3MEPCHHIT BHIBOIHT
HAac H3 paMok aire6pu M CYIECTBCHHLIM OGpasoM cBA3aHO € BBCIEHHCM allna-
para aHaamnsa.

44. ¢yukuuH OT MaTpHu, Marpuma MOmeT urpars poJbs apryMmeHra
Hekotopott dyukuwnn. Mbl orpannunycs 3iecs paccMOTpeHHeM Hanbogee
BEMEHTAPHBIX (YHKLHH, a UMEHHO NOANHOMA Om MQmpuyst U payuo-
HaavHol Opobu., DBonee noapoGHoe paccmoTpeniie Teopun (QYHKUuH
MaTpHIL MH CIeNaeM BMNOCAGACTBHH, IMOC/TIE H3JIOeHHs TeopuH ¢GyHKuui
KoMnieKcHoro nepemensoro. IToannos f(A) cremeun m OT mnepemeHoft
Marpuus A uMeer BuA

Fld)=cot+ed-L...tc A", (216)

rae ¢, — HEKOTOpHE uncaeHubie KO3 uunenTs. 3Hauenne GyHKULUM B 1aH-
HOM CayyYae eCTb TOKE HEKOTOPas MaTpHLE, SJeMeHTH KOTOpoH Bupa-
KAIOTCA, OYEBHAHO, MO (QOPMYy.Iar:

@ ie=cidir+ci{Aint.o o+ Cn {A™

d;p=0 npn {7k u 8;;=1.

rae

MowxHO paccMaTpuBaTe NOJHHOM H OT HECKOJBKHX MaTPHL, HO NpH
5TOM Ha#O IIMETb B BHAY HEKOMMYTAaTHBHOCTb 3THX MAaTPHL MPH  YMHO-
swennn. O6utntt BuO NOJAHHOMA BTODOH CTEneHu or ABYX MECPEMEHHBIX Ma-
Pl A u B Gyner:

f(A By==cy4 A+ eiB~+c3A* 4 o,B - ¢y AB +- ¢ BA.
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3ameHum B (popmy.ne (216) marpumy A uemropoh nonaoGuofl el
matpuueti UT'AU. Tlpummmas Bo - BHmmamue, uto > (UAU) = UAMU,
Oynem umers:

FUlAD)=co+ UM AU+.. .4 c U AU ==
= U‘1 (co+cA4...F-c AT U,
FUPAU) = U F(A) U. @17)

Ananornynas dopmyna OyaeT HMETh MECTO N JAJs IIONHHOMA OT He-
CKOJIBKAX MaTpiil ’

.

T. €

F(UHAU, UPBUY=U"f(A, B) U. ©18)

OcraHoBHMCA Tenepb HECKOAbKO NOAPOOHee Ha c/ayyae 5PMHTOBCKHX
matpun. Ecan A ects 3pMHTOBCKas Marpuua, TO HENOCPEACTBEHHO U3
onpefeneHns cjaeayer, yro - JiofGas uenas NOJOKNTeNbHAs CTENeHb A%,
a TaKkke mnpoussesenne cA, rie ¢ — BEUIECTBEHNIAs NOCTOANHAA, CYThb
TAKWKE HPMUTOBCKIE MAaTpHubl. Kpome TOro, cymsa SpMHTOBCKHX MaTpHIL
€CTh TaKxe B3pMHTOBCKas Marpuna. OTciola HEmocpeiaCTBENHO ClAeayeT,
uto ecan B ¢opuyse (216) A ectb 3SPMITOBCKag Marpuua n ko3 du-
IWEHTH Cg — BEULECTBENHbE YicAa, TO n 3Hauenne dyuxwm f(A) Gyzer
spMuTOBCKOfi Marpiuefl. DTa spMuTOBCKas Matpiua f(A), OueBHIHO, KOM-
MYTHPYeT € A, I HX MOXHO OJIHOBPEMEHHO NpHBECTH K JHAroHaJbHOM
dopMe nmpH NMOMOULI HEKOTOPOFO YHUTAapHOro npeoGpasosanius. 3aMeTHM
npexie BCero, 4T0 ecan Ms noAactasum B dynxumio (216) Bmecto A ne-
KOTOPYIO AHaroHaapuyo Matpmmy [A, ..., A;], T0 B pesyabTaTe noayums,
OUYEBHIHO, TAKXKe AHArOHAJBHYIO MaTpPHLY

' m - . .
- e\ e MI=[F Q) o FOIL . (219)

k=0

rae f();) €CTb unCleHHOE SHAYEHWe Hamero NoJMHOMA NpH NOACTAaHOBKE
BMecTo A uucaa A,

Tlonoxum Teneps, uto V ects yHuTapHoe npeoGpasobanue, npeoGpa-
aywlollee MaTpuny A K JauaroHaasholi dopme -

A= V[)\l, cosy n] V-l.
B cuny (217) n (219) Gyaem umerts:
FA=VIFQ), ... FOI VT,

T. €. V npeobpasyer 1 f(A) k AuaronanasHoi dopme, npuuen f()\k) CyTh
XapaKTepPHCTHYECKHE YHCaAa 3TOH nocaemHel " MaTpuUH.

IMepeiizeM Tenepb K PAacCMOTPEHNI0 paliloHaAbHHX apobeit. Tlycts
fi(4) n f3(A)— nBa noanxoma or matpuusl A. PaccmoTpuy nx uactsoe
f1(4)

__ AL (220)
6 B. U. Cmupuos, 1. 111 :
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Kak MH pasblue BuIeJH, YaCTHOE ABYX MATpHIL HE uMeeT, Boobuie
roBOpA, onpeneseHHoro 3HaueHHs [26], HO B naHHOM CaAyuae, Kak He-
TPYAHO TNOKa3aTh, MHl HOJAYWHM AJAs yacTHoro (220) oxmno onpeneneHnoe
SHauE€HHE, €CAH TOALKO onpedeNnIens MaTPHUH f3(A) OTAHYeH OT Hyas.
Yactoe (220) mo:kHO 3amnCaTh ABOAKO:

[i(A) £2 (A wm f5(A)! £ (A)
TTokaxeM, YTO STH XBa NMPON3BEACHHS PABHH MEKAY CoGOM:
[1(A) 2 (A =£ (A f1(4),
LM, YTO PaBHOCHUABLHO:
5(A) £ (A =11(4) f1(A). (221)

Tak Kak Haim nOJNHOMB COAEPKAT TOABKO OZHY MAaTpuuy A, To OHH
KOMMYTUDYIOT, T. e (221) JeficTBuTeAbHO HMeeT MeCTO, H Halle YacT-
Hoe (220) umeer onpeleneHHoe sHaueHne. Herpyano nposeputh aajblue,
YTO PaluOHalbHbie APOOH B Clyyae OQHOH MATPHLLL MEPEMHOKAIOTCH, KK
n obuunnie apoGu. JelicTBnTenbHO:

? ffxi f Eﬁ; LA LA fi(4) K (A)—i

0, npHinMas BO BIIH\IBHHC KOMMYTaTiBHOCTL:

LD L L = /B 1H@ A =24

FARNAG) f2 (A) 1 (A)°
B Kasectse mpuMmepa PacCMOTPHUM PaUHOHAAbHYIO ApoOb Buia:
U=}—ﬁ_%, (222)

rie A -— HeKoTopas SPMHTOBCKas Marpuua, T. e. A(*) = A. Jlerko noka-
3aTb, 410 Marpnua U Oyzer yHHTapHOM, T.e. 410

, - U® =y, (223)
JIeHCTBNTENABHO, MH HMEEeM:
_1—iA

= =(1 —14) (1 4 1A)"
A== +A
OTKyZa, mepexols K TPAHCNOHHPOBAaHHOH martpuue, moayknM [26]:

U == (1 4= 1A) )1 (1 — 1 A)) = (1 4= 1Ay (1 — 1AD)),
uay, B cuay Toro, uro A% = A:
- n_ 1—ia :
(k) — ~101 —_— a1
UM =114 (1 tA)_H_iA = U,
T. & (223) BunoaseHo, u U ecTb nAeficTBHTENbHAS YHHTapHad MaTpuua.
dopuyay (222) mn MOXKEM 3aNHCATL B BHAE;

U(l —id)=(1 + i4),
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npuyey, B cuay (222);, U xoMmyTnpyer ¢ A, o 3HAUHT

A=zg—‘$‘l. _ (224)

CoBepIIEHHO TaK Ke, KaK H BHIE, MOXHO TOKa3aTh, YTo ecan U ecrs-
YHHTapHad MaTpHlUa M onpeseanTtens Marpuusl -} 1 OTIuYeH OT Hyas,
10 A, onpeneasemas dopmyaot (224), Gyzer spMuToBCKOft MaTpHLUEl.
Taxnm 06pa3oy, BCAKYIO YHHTapHY0 MaTpuuy, Ias kotopot D(U+-1) £ 0,
MOXHO NPeACTABHTh Yepes’ SPMHTOBCKYI Marpuuy A no dopmyne (222).

45. MpocTpancTBo ¢ GecuMcJIeHHBIM MHOXECTBOM wu3MepeHHuil.
Mut nepexoaum temeps K BBEZEHHIO IIOHATHA O NPOCTpaHcTBe C Gecumc-
JIEHHBIM MHOKECTBOM HBMEpEHHﬂ. I'Ipeneapurenbno H3aM H3aAO BBECTH IOHA-
THE O npelese KOMIIEKCHOro nepemeHHoro. TTonoxuy, 4TO KOMIIEKCHOE
nepeMeHHoe 2 ==X -}yl NpHHHMAET NOC.JIEA0BATEIbHO 3HAYEHHS:

=Xyt =40l o =X+ Y.b .. (225)

FoBopAT, uTO KOMMJAEKCHOE uncao a==a--bl ecrb npelen nocaexvsa-
TeapHOCTH (223), ecnn MOAYAb Da3HOCTH (2 — 2,) CIPEMHTCA K HYMO
npn GecnpemeabHOM BO3pacTaHmu n, T. e |a—2,|—=>0 mpu n— oo,
" namyTt e==lim 2, um z,—->a Ho

le—z,|=|@@— %)+ (b —y) | =V @—x) T+ —I)

[Tockonbky NOA palukanoM 00a ClaraeMHX He OTPUUATEIBHH, YCJAOBHE
|a—2z,|— 0 paBuocuabHO ABYM ycaoBusM: X,~>a U y,—b. Urak:

Xt ypl > a4 bi : (226)

PaBHOCHABHO X, —> @ H Y, —>b. PaccMOTPHM DAL C KOMIVIEKCHHIME uie-
HaMm:

2 (b, . (227)

On HasmBaerca cxomamiumMce, ecan CyMMma €ro nepBHX 7 UJ€HOB

S;|=h2l(ak+bkl)=(al+ai+"'+an)+(bl+bi+"'+bn)l

cTpemutcd K npeaeny: S, —»a-}-5! npu GecnpenensHoM BO3PaCTaHHH n,
u 10T npexen (a-i-bi) mnasmBaercs cymmowo psma. M3 onpenenexns
npefena CAEAYET, YTO CXOAHMOCTh paia (227) pasHOCH/AbHA CXOINMOCTIH
jl:0:(e): :

) © ’
a=Da, u b= Zl by (228)
k] k= .

60



164 IV1, I IMHERHHE NPEOGPASOBAHMS U KBALPATUYHBIE GOPMH [45

COCTaBJAEHHBIX H3 BEIIECTBEHHBIX ¥ MHHMBIX uacTeli uiaeHos psama (227).
IMoaoxuM, uTo cxoauTcH p;ux

2 Iak+ibk!—- E de‘i"bk’ (229)

k=1

cocraenenunii us moayaefl unenos paga (227). B cuay oueBMAHHX He-

paBeHCTB
la, | <Vai 6 u |b,|<Vai bk (230)

npy 31oM 1 paip (228) GyAyT cxoAALUMICA W NMPUTOM abCOMIOTHO CXO-
DAuiuMucs, a notomy u paa (227) 6yAeT Takke CXOAAILMMCH, T. €. eCJlH
cxomurca pan (229), to pax (227) u nozaBHO cxoantcs. B srom cayuae
pad (227) uasmBaerca abcoaromuo cxodsuyuscs. TIpumenss oOnuHuf
npusHak Kowwn, Ml MOxeM (OpMYAHPOBaTh HEOOXOAHMOE H JAOCTaTOYHOE
ycaopue aGCcomOTHOH CXOAUMOCTH CJeAyomiyM o6pasom: npn JmoGom
MaJIoM MOJOXHTENBHOM & CYUIECTBYeT Takoe N, u1o

nkp

et | <o (231)
k=n .

€can TOAEKO 7> N 1l p— /1060€ 1e10€ NOA0KNTEAbHOE UIICT0.

TIpumenus Tenepp CKa3aHHOE BHIIIE K HEKOTODHIM YACTHBIM Cayvasmy,
KOTOPHE UrpPalT CYULECTBEHHYI POJb B HanbuetiueM. PaccmoTpum papm
BUJA:

[oo]

DI (232)

k=1

rae @, ¥ B, — HEeKOTOphie KOMILIEKCHBIE YHC/A3, OTHOCHTEIbHO KOTOPHIX
H3BECTHO, YTO PARBI

Z EAEEI AL (233)
Py Py

cxoparcs. IIpuneHum HOKa3aHHOe B [29] HEPaBEeHCTBO

n+p n4-p
]ak3k|} lakli S‘ 1Be 1%
TMpuHnMas BO BHUMaHHE CXOAHMOCTh psnos (233), mu NoJy4aeM oTcioaa,
YyTO CyMMa . oo
n+p

P ‘ I Zlakpk’

h=n
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GyleT CKOJbKO YroZHO Maiaoff mps Goabwux n7 u MOGHX p, T. € CXO-
anMocTh pagos (233) obecneunsaeT abCOMOTHYK CXOANMOCTh psda (232).
PaccMoTpuM Teneps pal

D1t = 3] B @+ B (234)

npuueM no-npexuemy GyLeM cunTaTh, uTo paast (233) cxoasrca. Pax (234)
MOXHO NPEACTaBHTh B BHAE CYMMHl UYETHPEX PsAOB:

o] [o0] (o] [o0] '
Z loe [ Z [ Be I Z A IR
=1 k=1 k=1 E=1

[Mepstie aBa 13 HUX CXOAATCA MO YC/AOBHIO, CXOMHMOCTb XK€ MOCIENHHX
ABYX DPALOB BHITEK3ET H3 JOKA3aHHOIO BHIIE NPENNONEHHd, T. €. CXOAH-
MocTh psmoB (233) obecneunBaeT n CXOAMMOCTh pama (234).

O6patuMcs TENEPb K PACCMOTPEHHIO NPOCMPAHCMEBA ¢ OeCUUCACHHbIM
MHOdcecmsoM u3smeperud. My HasoBeM gexmopoir 8 maxos npocmpax-
cmee TOCJAe10BaTeNbHOCTh GECYHCIEHHOTO MHOMECTBA KOMILIEKCHHIX YnCe

X (xb x2» .o .)’

npuuyeM BcCerga 6)’116.\! CUHTaTh, YTO 3TH 4IC/Ja MOAUYMHAOTCA HEKOTOpOMY ~
yC/0BHIO, @  UIMCHHO paa

pAEA S ‘ (239)

Jo/keH OniTh cxoAsuMcs psafoM. COBOKYNHOCTb TaKHX BEKTOPOB Ha3H-
BaeTcst OOBIUHO npocmpanchigos I'uasbepma, KOoTOpPHI BnepsHe H3yuas
TaKoe MpPOCTPaHcTBO. B HMaaphefiluem My OyZeM N1 KPaTKOCTH Ha3HBaTh
€ro NpOoCTPaHCTBOM /.

Ilna BekTOpoB NMpOCTPAHCTBA /; MBI BBEJEM, KAaK 1 BHILUE, OCHOBHHE
onepauii YMHOXEHHS BEKTOPa Ha UYNCIO H CJAOXeHHe BekTopos. Ecan
X, — COCT2BJsIOINE X, TO COCTaBJsfiolLle BEKTOPAa c¢X, rle ¢-— Heko-
TOpOe KOMILIEKCHOE YHCJAO, CYHTAOTCA PaBHHMH ¢Xp Ecan x, n y, —
COCTABJIOUINE BEKTOPOB X H ¥, TO COCTAaBAAOMIE BekTOpa (x--y)
CUMTAIOTCS PaBHEMH (X~ ;). PasHocth X —y ecTb cymMa x u (— 1)y

[o0]

(cp. [lb2]). Pas psx (235) cxoantes, TO, OUEBHAHO, PAA Z |exg[* Takke

k=1
cxogurcs. TouHO Tak ke, ecall psaw ’

2] 0
PNEAE WAL
Py i=l :
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CXOA5TCH, TO U3 BHIUECKA3aHHOro BHITEKaer, YTO H-pﬂll
’ ©

Z [ %e 3 [?

k=1
TaKKE CXOAUTCH, T. € MNOCIAEI0BATENbHOCTH 4YHCeA (cXxy, €X3, ...) H
(x1-+y1» X3}y ...) onpenessior BEKTOPH €X H X-}-y, ecan X # Y
npuHanae:xar /g Hyaesol BEKTOp €CTh BEKTOp, BCE COCTaBAsIOLINE KOTO-
poro pasHB! HyJ0. B BEKTOPHBHIX paBEHCTBaX OH 0OHuHO o603Hayaercs
yucjaoM Hysab. Onepanuu Hal BEKTOPaMH NOAMHHAIOTCH OGHYHHIM NpaBil
aam (cp. [12]):

s+y=y+x E+Nt+zr=x+0G0-+2),
(@} x=ax-Fbx; a(x-+y)=ax-tay; a(bx)=(ab)x.’

Touxo TaK e, B CHNY CKa3aHHOro BHINEG, MH MOXKENM I8 BCKIOpOD X
H Y OnNpeieauTh CKaJafpHOE TNPON3BEACHHE

% )=} X Jp
k=l
OTKyna caenyior cdopyyas {13]

(3 D=0 % (ax, Y)=a(x ) (x a)=a(x y),
x4+ = )= 2 (& x4-0=(2 ) (2 )
Cymma '

(6 )= 3} | %" ' (236)

k=1

onpeleaseT Kpaapatr Hopms: (IJAMHB) BEKTOpa X. Beeaem caenywoulee
0003HayeHue HOPMHI:

PIEASES (237)

T. e || x|l oGo3Hauaer HOpMYy BEKTOpA X.
Ias ckanapHoro mpoussefeis uMeer MeCTo Hepaaeﬂcrso (30]

o py<llxll-liyll (238)
Il COBCPLISHHO Tak ke, Kak B [30], BHBOAMICH LPABUAO TPEYrOAbHHKA
lix—y uél'xii—Hl.v fi (239)

Hopma nonoxurensa [nasa BCIKOro BEKTOPa, KPOME HYJEBOrO BEKTOPa,
y KOTOpOro OHa paBHa Hyaio. JiBa BeKTOpa # I © HA3LBAKTCA §3aN.IHO
OpMO2OHAABKELMI  HAN NMPOCTO OP/NO0HAABRY AL, €CAU X CKalapHoe
npousseleHne pasiio Hyao, T. e (#, ¥)=0 u (v, #)=10, npiuyexn- onxo
H3 9THX DPaBEHCTB €CTb CJACACTBHE APYrorQ.
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Ecnu sextropr x(®) (=1, 2, ..., m) nonapuo opToroHa bHH, T. €. €CaH
(D, x®)=0 npu ik, To nMeeM, OYEBHIHO:

W4, xtm, x0 L™y = (), x4 - (™, x(™)
WM, YO TO K CaMoe:
(R e o e [ [ N S A (240)

T. €. K8adpam HOPMBEL CYMMbL NONAPHO OPMO20HANLHELX 6EKMOPOS PAGEH
cysme Kgadpamos HOpM caazaesv.x. ECTecTBEHHO HaspaTh 5TO nped-
JoxeHne meopenmoii [Tughazopa. Vi3 onpeneneHns HOPMBl HEMOCPEACTBEHHO
CledyeT, UTO €CAH ¢ — KOMIUIEKCHOE YMCN0, TO AJs HOPMH BEKTOPA €X
HMEEM :
lexli=le|-[ xk
oBopAT, 4TO BEKTOPH .

‘ xM, x®, L, 2™ (241)

06pasyioT OPTOHOPMHDOBAHHYI® CHCTEMY, €CAH STH BEKTODH MNOMapHO
OPTOrOHAJbHE M HOPMAa KaXAOrO paBHa eXuMHHuue, T. e.
l (x(i)’ x(k))_—-aik’

N
rae 8, =0 npu 15k ud;==1. OmvMerum, uro npu s31OoM Qopmyaa (240)

AaeT )
21 o a2t [P ==y P o

rae a, — moGue xoMmaexcHue uucaa. OpTOHOPMHPOBAHHEIE CHCTEMH MO-
TYT COCTOATH M n3 GeCunc/IeHHOr0 MHOXECTBA BEKTOPOB. B Kauectse
npuMepa NpuBeJeM OCHOBHBIE OPTH NpPOCTPAHCTBA ly '

a"(1,0,00,..) a¥(© 1,00,.. a®(© 0,1, 0,..) ...
Haa cocrasasiownx moGoro BekTopa (Y1 Yo +..) HMEEM:
»e=(y, a®).

Bepuemca k xKoneuHofl oproHopymuposanHoft cucreme (241). .Ckaaspaoe
npoussenenne (y, x*) naswpaior uacTo rKosgguynenmorn dypve Bex-
TOpPa ¥ OTHOCHTEJIbHO OPTOHOPMHDOBaHHOH cucreMB (241) nau gesusn-
Hod npoexyuu y #a ocs x*), Cymma

m
Z (y, x(k))x(k)
k=]

BoOGLie rosops, oTauunHa oT y. [IpeactasnM y B BRAE

m

y= > (3 x®)xth L g (242)
, ,

-
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Vunoxas o6Ge wactu s1oro pasencrsa ckaaapiuo Ha x(¥ u npuuumas Bo
BHAMaHHe OPTOHOPMHPOBAHHOCTb CHCTeMH (241), moayuum

0 xD)=(y, x4 (a1, x),

1. e (&, xV)=0 ({=1, 2, ..., m) um, u4aue ropops, BEKTOp & op-
ToronaneH Ko Bcem Bektopam X (k==1, 2, ..., m). M moxeM Takum
. o6pa3oM NMpHMEHHTb K NpaBoii yactu pasedctBa (242) teopemy Iudaropa

m
IylF= 3 1@ ™) F-alf, (243)
. k=1
OTKYZa HENOCPEACTBEHHO CACAyET HEPABEHCTBO -
m
: 0 Y Py} S (@49
k=1

KOTOpOE Ha3biBaeTcs Hepasercmgsos becceas. B atoM Hepasencrse O6y-
ZleT uMeTb MEeCTO 3HAK DaBeHCTBa B TOM H TOJbKO B TOM CJyyae, KOria
u=0, 1. e. Koraa & — HyJesofl BEKTOP. DTO HENOCPEACTBEUHO CiaeayeT
u3 (243). '

Il nepeHeceHus HOCAEAHMX Ppe3YJbTaroB Ha Cayuall GeCKOHEYHHX
OPTOHODMIPOBAHIHX CUCTEM HaM HeO0XOAHMO BBECTH MOHATHE npeaeaa
ITOC/IEA0BATE/NLHOCTH BEKTOPOB I PacCMATPHBATL OECKOHEYHBIE PSIH, YJEHH
KOTOPHIX — BEKTOPH /;.

46. CxopumoCTn BekTOpoB. Ilycth umeercs GeCKOHeuHas MOCAE0-
BaTeasHOCTs Bektopos 0% (k==1, 2, ..). Byaeu rosoputs, yro 3Ta
TNOCAEN0BATENBHOCTD CMPEMUMCA K BeKHiopy U, HIH YTO BEKTOP ¥ €CTb
npedes 9TOH NOCAENOBATEJLHOCTH, €CAN NPH & —> 0O

lo—o® || -0, 1. e [Jo—o®|—0. (245)

O6o3Hauas yepes 'oﬁ"‘, 'vfz"‘, ... cocraasiomue 5, a yepes vy, Ty oo —
COCTaBJALLIE U, MOXEM Hamucatb ycaosue (243) B PacKpHITOM BHAE:

o
im Y [|o—of P |vs— o P4 ]=0.  (246)

k=~ 5

Pa3 cymyMa HEOTDHIATEJBHHX CJAaraeMHX HO/AKHA CTPEMHTBCA K HYJIO,
TO TO K€ MOXHO YTBEPHAATb H O Kax[A0M chaaraeMoM, T. €. us (246)
caenyer

i k
lim [y, —v®|=0 @m=1,2,..) (247)

ko

T. €. Kaxaasg COCraBJAwoLLasg ‘Ug:) JOJXKHA CTPEMHTBCH K COOTBETCTBYIOIIEH

cocrasaswoilell v,,. Ilodpobuee ropops, BelleciBEeHHan W MHHMas 4YacTH
v NOMKHE  CTPEMHTBCA K BElleCTBEHHOH i MHUMOH vacTaM Uy [45]
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3amerny, uto us (246) caenyer (247), Ho obparioe He BepHO, T. €. N3
(247) ne crenyer (246). B xauecTse mpumepa noaoxuy, uro sektop o)
umeer cocrasasiouie (0, ..., 0, 1, 0 ..), npuyeMm eanHHua CTONT Ha
MecTe, HoMep KoToporo--pasen k. ITpn GecnpenenbHoM Bo3pacraHuu k
Kaxas H3 COCTaBASIOUINX CTAaHET PaBHON nyJio, T. €. npn JoGoM 1eaoM
m Mu nMeex: v —0, 1. €. V=0 (m=1, 2, ...), HO B TO e BpeMs
cymma (246) Bce spems OCTaeTCs paBHOM eanHuLe. '

Ecan nocnenosatenstocts o) crpemurca k o, o mumyr o) =>0q.
PaccmotpuM euwie npuMep, Koraa CXOXHMOCTb umeeT Mecro. Ilycrs
©(vy, U3 «..) — HEKOTODHI BekTOp., OnpenenuM BEKTOPH o) cnenyo-
wum o6pasom: sektop ©%) nMeer mepeme % cOCTaBasOLNE TE€ XKe, UTO
H U, a OCTa/IbHEIE €r0 COCTaB/AOLIHE PABHH HYJI0, T. €.

U(k) ('Ul; U3y seey Upy 0, 0, ...).

Herpyano noxasars, 4ro ") => 9. IelicTnTenbHO, ‘B PAaCCMATPUBAEMOM
cayuae
o

‘ lo—o®jE= 3 |u.l
n=Fk+41

f, B CHAY CXOAUMOCTH psia ¢ obwmum unreuoM |v,]%, Hanucauman cymma
CTPEMHTICA K HyJwo npu OecnpenenpHoM BospactaHnu k. OTMETHM HEKoO-
TOpHE MPOCTHE NPaBH/Aa, CBA3AHHHE C MOHATHeM npenena. Ecan ) => g
n 9% =>9, 10 :

u® Lo®=>pgLou @® o™ (4, o).

OtMeruM, uTO CKalsipHOE npoH3BeleHHe €eCTb KOMIVIEKCHO® uneao M
‘B nocnegueft Qopmyae. B CBA3H C 3THM Mbl Hamucaau —», a HE =>.
MoxHo CcKasaTh, 4To 3Ta opMy/a BHPAKAET HENMPEPHIBHOCTb CKansp-
Horo npom3sefenns. Msl nmeeym, B cuay (234): .

I 40) — @# o) | = (e — )+ (0 — o) | <

<lz—a®|+|lo—o®,

nphue, B cnay onpenenenns npenena, j|# — ™ | >0 u ||o —o® || > 0.
W3 HamuCaHHOrO HepaBeHCTBa CIeAyer, YTO i :

l| (2 + 2) — () 423 | > 0,
1. e. neficreutensno a® oM =>u4-o. Manee, 8 cuny onpenenenus
npenena, caelyer:
u(k) =u+s(k); 'D(k)=.‘v+t(k),
‘rae|| s® || >0 n ||#® || - 0. Ina ckaJspHOro NPOH3BENEHHA HMEEM:

(u(k), .v(k)):—__—(u_i_s(k)’ :v_‘__t(k)) —_—
=, 0)-f (& )4 (s¥), O+ (s¥, ¢M),
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OTKyaa _
[, 2)—@®, o)< | @, )| 4-|(s™®), o) ]| (s, #4))},
uny, B CHIy (538): | |
[ 0 — (@, o®)|<[all- (£ 4| s® |- o]l 4[| s® ||- [ £2].
Hpanaﬁ YacTb CTPeMHTCH K HYMIO, 3 MOTOMY H
L@ 0)— @®, o®)[ >0, 1. e. (1, 0®) > (u, ).

B uwacmnocrit (89, #®)—(u, #), 1 e [a®|P-|ulf wm
Fa® || > a]. —

Jlerko ROKa3aTh TAKIKE, 4TO €CAN MOCNEI0BATEABHOCTL HHCAA ¢; HMEST
npexen c, 10 ¢, u® =>cu.

Myeer moc1o Takke HeoOxoanyoe n JoCTaTounoe YCJI0BHE CYILECTBO-
Batns npenena, BripakaeMoe OOHuHBIM npusHakoM Kowm. dopuyanpyem
STOT NPHU3HAaK B HannoM cayuae. TIycTn mMeeTcs NOCAEHOBaTesibHOCTD
BEKTOPOB

o (k=1, 2,..). (248)

Ing toro urofm 3Ta NOCIEAOBATEALHOCTH HMena npejen, HeoOXo-
OHMO 1 JOCTaTOYHO BHIOJAHEHUE CJASAYIOIEro ycIoBus: I8 Jw0doro
MaJaoro u MOJOKHTEBHOrO & cyuilecrsyer takoe N, 4to

fo™ — o™ || <e, (249)

ecan ToaKo n U m > N. »

. TToxaxem npexae Bcero HeoOxomuMocTs ycaosna. ITycrb mocaeno-
BateqbHOCTh (248) umeer npeden ©. Mu MoxeM mnps 3TOM Hamucarb

o™ — g™ = (9™ — g) | (v — 0™,
} I OTCioAa no npaBHIY TPEYroJabHHKa
o™ — o™ || <[|o™ — o]+ [0 — o]

Ws onpezmeneHns npelena HenocpeACTBEHHO BHTEKaeT, uro oba cJja-
raeMpix B MPaBOH YacTy CTPeMATCs K HYJAIO NpH BO3pacTaHuu n u m,
a CJeloBaTeNbHO, TO KE CaMOe NOKHO HMETh MeCTO U A4s /JeBoH uacTH,
T. e ycropne (249) npu s1oM  0043aT€NbHO AOMKHQ OHTh BHIIOJHEHO.
ITepexonuy 1enepb K NOKa3aTeabCTBY AOCTAaTOUHOCTH ycaosHs (249). ITo-
J0KHM, YTO 3TO YCJOBHE BLINOJIHEHO, H JAOKakKeM, UTO N0CIe10BaTeldb-
Hocts (248) crpemurcd K npeneay. Yenosue (249) B pacKpuiTOM Bite
MOxeT OHTb 3aNHCaHO Tak:

Z |0 — v{m P << & npu n n m > N, (250)
§e=1
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rae v) — coctapasiomue oY), Orciona HEnoCPeACTBEHHO CJeNyer, uTo
npu moGoM s mpr nmeem: |viW — o™ | e npn n m >N, nnm, pas-
Jlarasi Ha BElIECTBEHHYI0 M MHHMYIO 4acTi

—_— n
o = ol 16
MOXEM Hamucatb
la{d —a|<e u o —bmi<e mpn n m m>N.
Tipnmenss npussak Komm [I; 31}, Moxem yrBepwmats, uro a{® u b‘s"’

HMEIOT npesenst npu r-»oo. O6osHauas ux uepes ag; H b;, MOXKeM yT-
BEPKIaTh, 4TO v HMEeT NMPEeNe/OM KOMIIEKCHOE YHCAO @y -{-1b,. Tloka-

HKEM IIpexAe BCero, 4To paa

-]
AR
S=s1

CXOAWTCH, T. €. UTO U, ABAAOTCHA COCTABJASIOUWAMH HEKOTOPOTO BEKTOpA.
Yaepxupag B cymme (250) KOHEYHOE YHCJO NMEPBHIX CJAardeMHX u nepe-
Xos B 3TOH KOHEUHOH cymme K mnpeneny no n, Gyaem NMeTh:

M
2 l-vs,__ov.(gm) Ii<€g;
s= 1 . - o

rae M — moGoe neaoe uucao. Ilepexoas B sTom mocaenueM _pasexcTee
K npeneny npu M— co, noayuum:

w
2 v, —umpEel, (251)
s=1 i

OTKYJa HENOCPeACTBEHHO CJAEAyeT, YTO uucaa v, — v™ o0pasyioT cocTaB-

asoue HeKoToporo BekTopa. To ke caMoe MM 3HaeM M OTHOCHTENbHO
uucen vi™), a cAeJOBATENBHO, TO K€ MH MOXeM YTBepXKIaTb u 06 HX
CyMMe, T. €. 0 YHCaaX v, Takum o0pasoM, 3T YuCAa CYTh COCTaBJsOUINE
HEKOTOPOro BeKTOpa 9, U HepaseHCTBO (251) moxHO 3anucaTh B BUAE:

lo—o™|<e,

npn m > N, 1. e. 9™ — 0, u, creNOBaTENbHO, NOCAEAOBATENBHOCTH (248)
RecTBHTENbHO WMeeT npefed. Kaknas cocrasasiomai v, BeKTOpa
onpexesnsercs, OYEBHAHO, Kak npeaen o™, orkysa HeNOCPEACTBEHHO
CaeyeT, YTO STOT Npeaen MoXer GHTb TOAbKO ofuH. PaccMOTpuM Teneps
GECKOHEUHYI0 CYMMY BEKTOPOB

a0 g (252)
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Ona HaspiBaeTcs CXoAsmlefics, €CAH CyMMa NEPBHX 71 CAAraeMeIX
§M =g} 4y

HMECT npenen B YKasaHHOM BHHIE CMHCAE NPH 11— CO. B Cll/1y npH3HaKa
KOIUH, HEOOXOAUMBIM H JOCTaTOYHRIM YCA0BHEM CXOIAHMOCTH SABJAACICH
BBITIOJHEHHE HCPABEHCTBA :

| sP) — s [ = || g™ L, e u) <. (253)-

npu n> N u noboM p.

OtameTHM, 4TO U3 HENpepHBHOCTH CKaAspuoro mnpoussedenns [46]
HEMnoCPeACTEEHHO BHIEKaer cienyioulee: ecan paa (232) cxoaurcs u § —
ero cyMMa, a 2 — ao0olt saeMeHT /, TO

(s, 2)= Z @®, 2) u (z, )= S‘ (z, u™), (254)
k_l

1. €, KPaTKO ropops, CKaJspHbe npousseﬂemm (s, 2) n (2, s) mo:kHO
OnpeaeasTb NOYJIEHHO.

YeTanosuM Teneph neoOXoAnMOe I NOCTaTOMHOE YCAOBHE CXOLHMOCTH
pama (252), COCTaBJIEHHOrO M3 NONAPHO OPTOrOHAJIBHLX Bextopon #(%).
Coraacso npusnaky Koumn sl Z0mxHH COCTaBUTH BhipameHune (233), kpaa-
par koroporo, B ciay teopeMs Ilndaropa, pasen

I s cPPR o i '

Or1ciona HEMOCPeNCTBEHHO CUelyeT, 4ro 045 cxoduisocmu pada, cocmas-
AEHHO20 113 NONAPHO OPINO20HANBHHX BeKNOpo8, HeoO0Xoduso u 0o-
cmamovro, 4mobs cxoduaca pad u3 Keadpamos HOpi 4aeno8 pala.
D10T  pe3yabrar MOKHO  cpopMyanposats n  mHave. Ilycrs  x(®)
(B==1, 2, ...)— OeckoneuHas opTOHOpMupoBanHas cucrema. Cocrasum
psa

o]
3 oa®, - (255)

k==

rie o, — HEKOTOpHE KOMIJIeKcHbie uncaa. M3 BelneckasaHnoro Hernocpexn-
CTBEHHO CJIEAYeT, UTO HeoOxodusblr 1t JOCMAIMOUHBM YCAO8UEM CXO-
Susocmu pada (255) sigasemen cxodurocie paoa

®
Z oy %
k=1

Mexay npouuy, u3 5TOr0 HEnOCPEACTBEHHO C/ELYET, UTO NEPecTaHoBKa
caaraenmx paaa (205) He Hapywaer ero CXOAuMOCTH. MoxkHo noxasarh,
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,YTO mpH 5TOM u CyMmMa psaaa ne Menserca. IToxoxum, uro psg (255)
€X0INTCd, N 0603HauNM uepe3 § €ro CcyMmmy

(o]
s= ) apx®. (255,)
k=1

Yunoxas o6e uactn na x() m npunnMas BO BHHMaHUE OPTOHOPMHPOBAH--
nocts cncremst x%), noayumw: o, =(s, x¥)) ({=1, 2, ...). 3amenss a,
Ha (s, x*)) u ymuoxas o6e uacru (255,) CKAJsAPHO Ha §, MOJYUIM:

I siP= Zl I(s, a®)p, (256)
k=

~

T. € Kodpguntienmsr cxodauezoca pada (255,) cyms wosgpuyuenmor
Dypse e20 cysmp, u 041 Imofi cymmp usmeem Mecmo PHopuyra
3amknymocmu (256) no omuoueH1I0 K OpMOHOPMUPOSAHHOL ClCme-
se xR, .
Bepuemcs K paay (252) m noaoxns, YTO 4iensl psAa NONapHO OPTO-
FOHaMbLHHL U YTO pAl CXoAutcd. Mbl Moxem npu sTom Hamicars u(®) =
=a,x"), rae o, =| u® || —uncma u x*® o6pasylor -oproHopMNpOBaH-
nyio cucrtemy. Ionyuennmfi BHe pe3ysibTaT Moxer OuiTh 3anicad B puie:

Islt= 3 Ia®p,
k=1

T. e teopema ITudaropa BepHa M AMA CXOMAILUXCA DPALOB, YAEHH KOTO-
pHX TONapHO OPTOrOHAJbHHL

47. OpTOHOpPMHpOBaHHBIE CHCTeMBl. IIycTb uMeerca OeckoHeuHas
OpPTOHOPDMHPOBAHHAA CHCTEMA .

: xB (k=1, 2, ..), (257)
T. €.
' 2 (xD, xBy =3, : (257y)

'y — Kaxko#t-Go Bekrop /. CocraBnM «psl dypres y OTHOCHTENBHO
cucremu (257): '

© P
k=1

Kak mp supenn [45], aas moGoro KoneuHoro m

m
D1 M) E< iyl
k=l N
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H B MNpejeae npH m —CO NOAYUHM:
(o] .
S X E<liylP (259)
k=1

OIKYJa CleAyeT CXOIMMOCTh Psifa, CTOAUIEro B JEBOH 4acTm STOFO HEpa-
BeHcTBa (HepaseHcTO Becceas), m, B cumy ckasanHoro B [46], paa (258)
cxoaurcs. IToaoxum

[=<] .
y= > (3 x*x® L g (260)
k=1

Kak u B [45] MoxHO noKkasaTh, uT0 # oOpTOrOHa’zeH ko scem Xx® n
teopema ITudaropa naer

lyiP= Zl OSSR
K= .

Mu uowem yTsep:waats [4B), uto 3wawr pasencmesa 8 nepasencnse (239)
pasHocuen mory, wmo sexmop B & gopiyae (260) ecme uyresod
8ernop.

Opronopyuposataa cucreva (257) HaswBaeTca Mo.HOW, ecan He Cy-
U1eCTBYET BCKTOpPa, OTJHYHOIO OF HYJAEBOr0 M OPTOrOHAMBHOIO KO BCEM
x¥); ona nasmBacIcs 3auxHymoi, €can R MmobOro BeKIopa y M3
UMEET MEeCTO YDaBHEHHe 8aMKHYTOCTH:

lylP= Z}l [(3 xFN 1 (261)

y=

Ecau cucrema (257) nonwa, 10 BEKTOp &, BXodawuit 8 dopuyay (260),
€CTb HYJeBOIl BEKTOP, H MBI HMEEM Das/0KeHHe:

[==]
y= ) (3 xF)xd, (262)
E=1. .

OTKYAs, Kik Mu Bumean [46], cneayer ypasheHue samkuytocts (261).
HaoBopor, nycTs cicTeMa 3aMKHYTa H BEKTOP # OPTOroHa’leH KO BCeM
x®, 1 e (g, x%)=0 (k==1, 2, ..). Ipu stoM uz dopuyan (261)
npu 3aMene y na & caeayer ||u|i!=0, 1. e. # — nyaepofl nextop. Mrax,
nosxoma u 3amKHymocms sxeusaseHmusl. W3 BHIIECKa3aHHOrO JErko
cleayeT, 4T0 nosHoma (3amxnymocms) cucmemst x'®) pagrocuasua
8o3MoJtrocnu npedcmasaenunl 106020 gexmopa y prdoxm (262).
Tonoxuy, uro cucrema (257) 3aMkHyTa o BuBemeM A48 JOGHX ABYX
BEKTOPOB y © 2z u3 /; obobweHHoe ypasHenne 3samxHyrocti. Herpyauo
BHACTb, YTO A/ BEKTOPOB ¥ -1~Z u y-- iz KoappuuneHta Pypbe pasH
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cootsercrsento (y, x™) (2, x®) u (y, x®)+i(2 x(k)) I‘Ipmxeﬂaem
K y-+2 u y-4 iz ypasHeHue 3aMKHYTOCTH:

2 [y, x®) (2, xE) [(3, B} (2, x*N)= (y+2 y+2),
k=1 .

i [y, xP) L1z, 2[5, €P) —i(z, 2] =(y-+iz,y-+i2).

k=l

ITonp3yac, ypasHeHHeM 3aMKHYTOCTH A4S U 2, MOAYUMM:

f} (9 x® (2 x®) + i (2, x”"j (y, )= 2)+(2 9).
k=] k=l

i (& )z, x™)— Z (2, x®) (3, 3, XF)=(y, 2)—(2, )

k=1 k==l

OTKYAa u clenyeT o6o6uieHHOe ypaBHeHHe S3aMKHYTOCTH I/ NOJHOM
oproHopmuposannoit cncremn (257): :

O 2= i‘, (v, x) (z, xR, ' (261,)
k=1

~Ecan y cosnajaer ¢ 2, 1o 3Ta ¢op\xyna nepexomir B (261) O603na4ny
uyepes x{¥ cocrapnsiomue sexropos x(® (k, s=1, 2, ...) opronopMu-

poaaHHon cucrteMn (257) n BHnumleM HX B BHAE 6ecxouequoﬂ MaTpHiLL:
X, x, X, L
(1) (2) (3)
X3 X xt, (263)
xgl A x(a‘z)’ x(33)’

W3 ycaosuft opronopmuposannoctn (237,) Henocpencmeuuo _cnenywor
dopmyan

Z, xg»ﬁ =8, (k=1 2..),

Ss==]

T. €. CAEAYeT OPMOHOPMUPOBAHKOCHs CMOACHO8 MaAmMpuns. (263). Boisic-
HEM Teneph YCAOBRA, NPH KOTODHX OPTOHOPNMPOBAHHAs CHCTEMA (287)
Oyner nosaxo#. :

Cnavana ycTanosnM HEOGXOMMMHE YCAOBHSA HOAHOTHL. Honomm, 4TO
cncrena (257) — noawnas, n npumenny x mextopay q(® ©0...,1,
0, ...), KoTOpHE MH BBEAN B [45], ypasHeuns samxuyrocru (261) n (261,).
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Mpunuvas o suivanue, uro (a®), xM)=xP u uro a® obpasyiwr
OPTOHOPMHPOBAHHYIO CHCTEMY, MOJYUIM:

o
Z X0 =18y,
s=1 :

T. € IA% NOJHOTH oprouopmxponélmoﬂ cuctems x*) neo6xonuma op-
TOHOPMIPOBAHHOCTh CTPOK Marpuubl (263). Tlokaxes, uYTO AJd MOJHOTH
IOCTaTouHo noTpefoBarhb Jillb HOPMHPOBAHHOCTH CTPOK!

MlxppP=1 i (264)

=1

[Ton0% KM, YTO STH YCAOBHA BHIIOJHEHE!, H [OKameM MOJHOTY CHCTEME
x*), dopyyan (264) spaziores, s cuay (a®), x9N =xP u ||a®||=1,
ypaBHeHueM 3aMKHyTocTi i sexropos a®), u caexopatenpho, nmee:

o] .
By k ( =
a® =3 (@™, x*)x. (265)

s==1

Baecre ¢ tem rxoadpduuuentsr dypoe awboro sexkropa y (¥, ¥ ...) 1O
oTHOWENHIO K opToHopMiposannol cucteme a'*) pasun cocrapasioutiy
y® (k=1, 2, ..) 1 ypapueinc 3aMKHYIOCTH AJ% ¥ COBNAAder NPOCTO
¢ onpedeenueM HopMm y (236), T. e. cucreva a@'*) — noanas. Ilycrs
@ — BEKTOP, OPTOrOHaAbHHIl KO BCEM x*). Ilokaxey, uro 3TO nyaesoft
BekTOp. W3 (263) caeayer, uto (a®), ©)=0 (=1, 2, ...). [Tockoabky
a'®) 06pa3yioT NMOMHYI0 CIHCTEMY, OTCIO4A N CJAedyer, YTO U — HyJeBolt
pextop. Takum oOpaszom, npn cobmozenuu ycaosufi (264) noxasana noa-
HOTa opToHOPMIIpOBAHNOI CliCTeMH x5, C¢opuyanpyem mnoaydentsiil
pesyabrat: 045 mo2o 4molber opmonopsupogannas cucmesa x*) Guaa
noanoit (3amruymoil), Heobxoduso u Qocmnanio4ro, 4moOs .seal
atecnio ghopayan (264) (Hop.stuposannocms no cmporals manipuys (263)).
[Tpu coGaiomennn stiux ycaosuil Oyaer uMmerb MeCTO Il OPTOroHa/jbHOCTh
CTPOK Matpiusl (263). '

48, Jluueiinsie npeoGpasopanus ¢ GecuucjeHHbIM MHOXeCTBOM
nepeseHHbIX. Paccyorpus B Kparkux ueprax JnHeltHpie npeo6pasosna-
Hig ¢ BECYUC/CHHBIM MIOKECTBOM NEPEMCHIIBIXS

xl' =anx +algx2+. ey
x-;:__"a‘llxl + a.]_.zx-]"‘l—. vey (266)

Han ’
x = Ax, (267)
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rae A ectb GeckoHeuHas MarpHia ¢ sJaeMenTaMu @;p. ITOCTAaBHM npesct

BCero ycnosne, 4roOpl OecKOHEYHBIE Dsbl, BXOJAlllE B MPaBHE YacTH
pasexcts (266), Ovlan cxomauuuvinca nas mobGoro Bexropa X U3 npo-
crpaucrsa /p. Kak MBI 3HaeM, 3TO yC/JoBHe OyJer BHINOJINEHO, €CAH PAAH

MNlal ((=1,2..)
k=1

6yayT cxoaswmmuca npn sesakoM I MoxkHO mokasars, 4TO 3TO yCnOBHE
HE TOJBKO AOCTaTOUHO, HO H Heodxoaumo. Ecan 310 yciosue He BHNOJ-
HEHO, TO PO, CTOAU[HE B IIPashX vacTsax paseHcrs (266), Oyayr cxoas-
WHMHCA He 145 BCEr0 NpOCTPaHcTsa /, HO JHIIbL JJI9 HEeKOTopoll ero
YacTH.

EcrecTseHHO TaKe NOCTaBHTH YCJAOBHE TOrO, 4YTOOM uHCAA Xp,
noiyuaemsle B pesyawbrate npeoOpasoBanua (266), Takke gBAAAUCH
COCTaBASIOIWINME HEKOTOPOr0 BEKTOPAa MNPOCTPaHCTBA f, €CIH X, CYTh
COCTaBJAAOUINE HEKOTOPOrO BEKTOpa, T. €. 4roOw psax
’ ©
DRES

k=1

OB CXOAANLHMCS, €C/ TOABKO CXONUTCH psil
(o]
:-.
Z | X %
=1

Ecnn matpuua A ynosiersopseT o0onM BHIUEYKA3AHHHIM YCAOBHAM,
TO COOTBETCTBYloulee npeoGpasosanne A Ha3HBACTCH O2PAHUYEHHBIM
npeoGpaszosanues. CMBICA 3TOrO TEPMIHA 3aK/OYAETCA B TOM, YTO 1A
Takoro npeo6pasoBanns MOXHO [OKAa3aTb CYILECTBOBAHHE MOJIOXHTENb-
Horo umncaa M rtakoro, 4ro

-~

P (268)

<" P <Ml x

I B PACKPHITOM BHIE:

LA kg | (269)

k=1

OcTaHoBnMCA Ha OJHOM 4YacTHOM CJyuae JHHEHHHX npeoGpasopaHuit,
Paccyorpny auHefinoe npeoGpasopanne ‘

x; =X +11”_x-2 +. ey
Xy = Uy Xy = UpXa ..., (270)
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npuyeM, Kak pceraa, cudraeM, 4Iro paan -

3 g P

k=l

cxonaTcs npu BcskoM . BeeleM B paccvorpenne BekTopn a(®) ¢ co-
CTaBAAIOULHNMH: iy, aki’ ee.y M TOJOKUM, UTO KOIPPHUUEHTH 1;, Ta-
KOBH, 4T0 BekTopsl #4(*) 06pasyloT NO/NHYI0 OPTOHOPMUDPOBAHHYIO CHCTEMY.
Kak M MOKasanu BHlie, 3TO PaBHOCH/ABHO OPTOrOHATBHOCTH M HOPMH-
poBaHHOCTH TaGauUEl «;, 0O CTPOKAM It croabuas, T. e.

o« «©
3w, =80 D Uplgg==8,. @7

s=1 s=1

Coomercmytoulee npeoGpaszosaunde (270) HasuBaeTcs B 3TOM Cayuae
YHUMAapHuLM.
Papenctsa (270) Mo MOxem 3amucatb B BHAE

(x’ u(l)) == xl' 1
(x, 4y =x;, (272)

PopMyna 3aMKHYTOCTH J2el:
[eed

Z |x: P =1l x| Z x5

T. €, KaK H B CAy4ac KOHEYHOrO VYiCJa H3MepeHnil, YHUTapHoe npe-
06pasoBaHne He MeHSeT IJIHHbI Behropa, un B dopmyae (268) Mu MOKeM
cuurarb M=1.

Cucreny (270) nam, 41O TO e, (272) HeTpyAHO peWMTh OTHOCH-
TENBHO Xj, €CHH 3alaHHBE YHCAA X TaKOBH, YTO psX H3 KBAIPATOD X
Moayzneti cxoantcs. ITpuuuMas Bo BHHMaHNE, uTO BeKTOPH &%) (iZyy, 4, .. )
06pasyioT MO yCJA0BHIO HOJAHYIO OPTOHOPMIPOBAHRYIO cucre\xy, noayyaem

B cuay (272)
x=xuW +xu® ., (273)
win

i

Xy =Xy T AnXg e
Xa = ﬁ”xi —i— ljggx.; + ey (274)

. .

®opmysbl 3TH NMOKA3HBAIOT, YTO npeobpasosanue, o0paTHOE yHHTapHOMY,
NOAYYaeTCA 3aMeHOH CTPOK CToAGIaMi H BCEX 3/1EMEHTOB CONPsKEeHHbIMH,
T. € 3/1eCb NMEET MECTO IO/Had aHAMOTNA CO CAy4aeM KONCYHOro Hilcaa
uasMepenutl. . _ .
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B ofuiem ciyuae maxe OrpannHyeHHHIX MaTpHi Bompoc o6 o6parHoi
MaTpHLE ¥ O NpHBEAEHHN MATPHLUH K AnaroHaabHolt fopMe npeacrapaser
Gonnmnte TPyAHOCTH I NPHBOANT K PE3yAbTataM, KOTOPHE H€ nMeloT .
CBOEro TOUHOr0 aHajlora B MPOCTPAHCTBE C KONEUHHM YHC/IOM HaMepe-
unil. IToapo6roe paccmoTpeHie TeopHH GeCKOHEUHHX MATPHIL NPOBEAEHO
B mATOM TOME. 3IeCh MB OTPaHHUMMCH YKa3aHHEM JHlb HEKOTOPHX
pesysibTatoB. [IpuBeneM Heo6xoauMoe H JAOCTaTOYHOE YCJAOBHE [ Qg
; mpu KoropoM dopmyaa (266) naer orpanuuenHoe npeoGpaszosanne. OHo
tbopMyINpYeTCs TaK: cyigecmsyens maxoe noAoxcumeabroe 4icao M,
wmo npu A60M yeaoM nosoxcumessrorm [ u 0aa A00O0X Komnaex-
croix wncenr Xg(s==1, 2, ...) 8uNOAHACMCA HEPABEHCINBO

MZ [ %

ke=1

L
Z QX Xp

i, k=]

.

JokassiBaeTcs N chenywolee T0CTaTOYHO® YC/AOBHE OrPAaHHYEHHOCTH mpe-
obpasosauns (266). cywecmsyem maxoe noaoxcumessHoe 4ucao p (He
3asucsawee om L u k), umo 8HNOAHAIOMCcA Hepasencmsa!

[e2] . o0 .
D lag ) <r Dlawl<p o
=1 : k=]

(=12 .) ({=12..)

Ecnu marpuua A onpenenser orpadnueHsoe mpeoGpasosanne (266), To

CYLLECTBYET €XMHCTBEHHAs Matpula A, TakKe ONPeAeNsoulast orpaHHyeH-

Hoe npeo6pa3oBanNe M Takas, 4TO AAs MOOHX X H Y BHMOJHAETCH pa-
BEHCTBO -

(Ax, y)=(x, Ay),
- ¥ 371eMEHTH 3ToH MaTpHuu A BHpakaoTCca uepes 3/IEMEHTH A no ¢op-
MyJ1aM aik=ak, Ecin A cosnamaer ¢ A, T. e. @, ==0;, TO OFPaHHYEH-
Hoe npeoGpasosanne (266) (mau maTpuua A) Ha3HBAETCA CAMOCONPANCEH-
Hom (camoconpascentot).

Jas orpaHnueHHBIX npeo6pasonannﬂ nveer Mecto dopmyaa:

oo

C(Ax, )= Z ( Z anmxm)yn : xm'(gl anmyn>=

A=1 mMmel =

= lim Z Z Qs T

k=0 ma) =1
-
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OtmerTHM OAHMH BakuHB YacTHLl ciayuyall orpaHuyenibix ONepaTopos,
a HMEHHO TOT Cayuafl, koraa cxonnrcs Asolinoil pan

[ee]
Z | @ [ (27%)
n,m=1 -
Ilpn sTOM IBOHHOH psa
[ee]
Z CnmXmVn
n, m=1

aGcomotHo cxodurcs npn Jwofom pebope BEKTOPOB X (X;, X3 ...)
n y(Y, Y ...) Ecau, xpome cxomumoctu psga (275), Mwel iveem
@;, ==y, TO HMEET MECTO DO3MOKIOCIb npupeAenus GOPMH IpMuTa
K CyMMe KBalpaToB NIPH MOMOLN YHUTapHOro npeoGpasoBaHis

[ee) [oo]
Z QXX = E )‘I.’Zkfkv
n,m=1 k=1

Fle h;, — BELLEeCTBEHHBLIC YUCJA3 1 BEKIrop 2{2y, 2y ...) NOJY4aercs nyreu
NpHMEHEHIS K BEKTOPY X (X, X, ...) HEKOTOpPOro yHurapsoro npeodpa-
sopatiyl: 2= Ux. Tlpu s1om X —> 0 npi & — 0O (MOKEr CaAYYHTIbCH, YTO
»,=0 npn scex aocrarouno Goabuwiix £). Ecan A n B— me Gecko-
HeyHble MaTphipl, Jawline orpannyentnie npeotpasosains, 10 UX nocie-
J0BATEILHOE NPHMEHENNe J1JeT Takike orpannyeHiioe mpeodpasosaie,
KO3(INEHTLI KOTOPOro BBIYHCASIOTCH N0 OOLIUHBIM, OpMYyJIaM

{BAli = ‘%;l {B}is {A}ss . .

OTMeTHM emte, uYTO €can mocaexosatebnocts sextopos x(*) mueer npe-
gea x, T. e. ecan x¥)=">x, 10 Ax®="> Ax, ecau A— varpuua
OrpaniyeHnoro npeodpasosanis.

CyiecTseiiHo BakIyl0 POJb B NPHIOKEHHIX K MareMarinueckoll ¢u-
3HKE LrpaloT 1 Heorpaiiyentnie aunefinnie npeodpasosanns. Wx mnccae-
IOBaHIIE N3MOKENO B MATOM TOME.

49. PyukuuoHaabHoe mnpocTpancteo L, Mm  pacemorpenn npo-
CIPAHCTBO /;, B KOTOPOM BEKTOP onpelemiacs GECHHCIEHHRM MIOKECTBOM
COCTAaBASAIOUIIX, KOTOPHIE MUl HYMepoBa i UEJABIMI HICAAMIE nepsas
cocrasasionlas — Xy, Bropas —x; U 1. 1

[lepexomum Teneps K paccmorpemmio  cevelicrBa L (€°) KOMIIEKCHBIX
oynrunit f(x)=f) (¥) 1 Iif;(x), onpeseneHHBX Ha U3MEPHMOM MHONe-
ctBe & 11 TAaKHX, 4YTO BewecTsenHsle Qynkun fi (x) n fi (x) u3Mepnyn
na & u npunainexar L,(4) [1I, 161—163], orkyaa caeayer, uto | f(x)|
ectb uavepumas na & ¢yuxuus u npunagaexur Ly (€). Ecan sewecrsen-
HBIE H MHHMBIE 4acTH ABYX (YHKUUH COOTBETCTBEHHO 3KBUBAJEHTHH, TO
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YUKINN HA3HBAOTCA SKBUBAACHMHELMU, T OHI, KAK JEMEHTH pyIKLUHO-
naabnoro mpocrpanctsa Lg (&), OTOXIECTBASIOTCH, T. €. 3JAEMEHTOM STOrQ
NPOCTPAHCTBA ABJSETCS BCE MHOXECTBO SKBHBANEHTHHX QyHkuui 1 moGas
q)y}ll(l.lﬂﬂ 3TOr0 MHOKECTBa MOXeET OHTbH NPEACTAaBHUTEIEM 3TOr0 MHOXE-
crea. Hynesoft anement Lo (&) ectb dynkuns, sksupajenthas uyaio Ha &, —
nanpumep, Qynkuns, TOXAECTBEHHO paBHas Hymo Ha &. B nanbhefimem
BMECTO Lg(&) Mut Gyzem micath npocto L.

‘CaolictBa ynKUHONAALHOTO NPOCTPancTBa L, ananoruussl  csofi-
crBaM /. DaeMeHTH L; MOXHO YMHOXaTh Ha KOMIUIEKCHHE YHC/A 11 CKJa-
awsark [II, 161} Ckansproe npousseneune asyx azaementos f(x)n g(x)
onpeneaserca gopmyaoft

(f,g)=§9@ FWE@dx - (@76

W KBaApaT HOPMH 3yeMeHTa f(x)— dopmynoit

I/ IF=0: N= (Sg | f (%) [P dux. 277)

Onpeznenenne OPTOrOHANLHOCTH — TO XK€, YTO W Aas [, n 6e3 uaMenenns
nosropsitorca pesyabratsl [45]. CXOANMOCTE MOCAEN0BATEABHOCTH 3JEMEH-
0B f,(X) K ane,\xemy f(x) onpeneaserca dopmyaott

lim S‘lf(x)—-fn @pdiLo, - (278)

.

I nosTOpsiioTCA Ge3 MaMeneHHd onpeneneHns n pesynbtate [46] n [47],
nprueM Hago umers B suay [II, 161—163]. Otmerny, uro ecan ap, u b, —
kosdduuneHtst Pypwe snementos f(x) H g(x) OTHOCHTENBHO MOJHOM
OPTOHOPMUDPOBAHHOM CHCTEMEI @y x) (k=12 ..) 1 e

g = §§Jf(x)c?k—(x) dx; bk=§§g(x) o (%) dx, 1(279)

TO HMEET MEeCT0o, Kak n B [47], ofobumenHoe ypabHeHHe 3aMKHYTOCTH

Séof (x)g(x)dx = Z aby (280)

k=1

M3 ckasanHOro Buille cleAyer, YyTo CXOAHMOCTb PAAa B L,

\ P) =4 () + 2 (%) +-..
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€CTb CXOIHMOCTb B CpeaHeM

lim { [f(x)—s,(x) Pdx =0,
8

n— oo
rae s, (x) — cyuMMa mepBHIX 71 4/EHOB DAla.

50. Ceaap Meway npoctpancTBaMH Iy u Ly Ilycth, Kak u Bhie,
op(x) (B=1, 2,..) (281)

— HEKOoTOopas MNOJHAafd OpPTOHOPMHPOBaHHaa B L, cucrtema. Ilpu sTtoM
ao6oMy 3JeMeHTy u3 Ly cooTBeTcTByeT OeCKOHeuHas MNoC/AeLOoBaTeb-
HOCTb a; ero Kosddnunentos Pypbe, cymma KBaapatoB MoayJaelt KoTo-
PHX cxomurcd, # HaoGopoTt, MmoO6oil GecKoHeyHoti MOCAeA0BATEIBHOCTH
KOMIIIEKCHHIX u4ncea ¢, (k=1, 2, ...), cyuMa Kpaaparop Moiynelt KOTO-
PHX CXOAHTCS, COOTBETCTBYET onpeleneHHlit saemMenT L, 113 KOTOPOro ¢,
cyTs kodpdmuientur dypne otnocurensho cucremu (281) [II, 163]. Taxim
o6pa3oy, 3Ta CHCTEMAa NPHBOANT B GHOAIO3HAYHOE COOTBETCTBHE 3.1eMEHTH
L; u aneMentn /y; BCAKoMY 3aJeMeHTY L, COOTBETCTBYeT onpeneneHshil
saevent /,, u naobopor [II, 163]. IIpim sTOM COXpaunIOTCA CAOKEHIe,
yMHOMEHHE HA YiICA0, CKasspHoe mpoussedenne (8 cuay (280)) n Hopma.
Ecait nocnenosateasHocTh f, (X) aaesmentos L, cxoanrcs k saemenry f(X),
T. & [L f—7.1l >0 npu n— oo, 10 10 we Gyaer mMeTb MecTo H A1
coorpelCTBylomIX 3aeMeHTOB Jp, YTO CielyeT H3 pPaBeHCIBA HOPM:

g —af = S () —Fo (%) i,
k=1 .

rIe @, 1 @y — COCTAaBIAIONLHE DIAEMEHTOR /;, COOTBETCTBYIOWMX f(X) I

fn ().

Ilpn ycTaHoBzieHHN COOTBETCTBHA ME:LY NPOCTPAHCTBAMH Ly # fH MM
HCXOAHAH H3 Onpele/ieHHOH MOAHOH OPTOHOPMHPOBAHHOH CHCTEMH (281)
Ecau B3sTb ADYryi0 Takyl0 xe CHCIeMy

¢ (%) (B=1, 2,.), (282)

TO, KOHEYHO, 33KOH COOTBETCTBHS OyAeT yxe HHEM. Bceakas QyHKuUu:
cncremy (282) pasnaraerca B paad Pypee no %, (X):

P (¥)= -21 (%) k=1, 2,..) (283)

npuyeM pad, CTOAWAH Cnpasa, CXoAUTCS B Ly IIpHHHMA3s BO BHuManue
060011eHHOe ypaBHelile 3aMKHYTOCTIH, MOAYYHM '

[+

2 usiask=aik (1) k=1: 2: ---):

Se=l
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T. €. MaTpuua {J ¢ DNEMEHTaMM u;;, OPTOHOPMHpPOBaHa mo CTPokaM. IIpu-
HHMad BO BHHMaHHE, YTO

Uy == ;ﬁ«?k (xye; (¥)dx

n noanoty cucremst (281), nomyuaem

(o]

Z[uikl’?(gglt{)k(x) Pdy=

i=1

oTKyAa creayer, 4ro tabanua U ects rtabamua yuutapHoro npeo6paso-
Banus. HeTpyano moxasaTh, YTO # Ha060OPOT, BCAKask Tabaulla YHHTapHOTO
npeofpasosanus U npuBOAHT coraacHo (283) k noaHoH OpTOHOPMHpO-
BaHHOH crcTeme (282), ecan Ttakowo e Onuia cicrema (281). Ipupesem
B KayeCTse mpumepa st mpoctpaHcTsa Ly dynkuni onuolt Hesasmcumoft
nepeMeHHofl Ha orpeske (— =, %) cucremy dynkuutt [II, 174]:

s (x)=i/—12—;e“’” k=12 ..) (284)

HeTpyauo 10kasath, 4TO 5TO — OPTOHOpMHpOBaHHas cucrema. OTMETHM,
YTO HyMepalluf no A2 npoHu3BOAMTCA 31ech He oT 1 4o oo, a oT (— o9)
o (-4 0). Takoe usMEHEHne HyMepaunnm HecymecTsenHo. ITospsydcs
pesyabtatamu [II, 169] moxHO nokasate, uTO cucrema (284)-— monHas.

51. Jinnefincie onepatopst B Ly [Toa0:kHM, 4TO HMEET MECTO ompe-
AEeNeHHHH 33KOH, COraacHO Kortopody Beskoff dymkumn f(x) n3 Ly (%)
COOTBETCTBYET HexoTopas Apyras dysxuus F(x) us toro xe Ly (S):

F(x)=A[f (%)) _ -(285)

. rae A — cuMBoanyeckoe 0G03HayeHME 3TOrO 3aKOHA COOTBETCTBHA. Mm
‘HMeeM 3llecb Kak Onr oGo6uieHHoe mnoHsTHE (YHKUMA: POJAb 3pryMeHTa
urpaer He Mo6oe YHCJAO H3 HEKOTOPOrO MHOXECTBAa, HanpHMep, npome-
KyTka, a ao6as ¢ynkuus u3 Ly(S), n 3sHavenneM ¢QynKumnm spasercs
TaKke HEKOTopas ‘pyHKuHa u3 Ly(&). Takoe coorsercisne, yCTaHaBANBa-
emoe dopmynol (285), HasnBaeTcss OGHUHO HYHKLUOHAABLHBLM OnEparmo-
po.st. Onepatop A Ha3HIBa€TCA AUHEHHBLA, €CNn

Alf @)+ ()] = ALF (9] + Alg(®)} }
Afaf () =aA[f ()] |

rae o — mofoe KOMMIEKCHOE 4YHCI0, H O2PAHUHEeHHbAM, €CAH cymecmyer
Takoe MOJOXUTEAbHOE uyncao M, uro

| Al<H 287
npu awbom f(x) us Lg(é°),” f“ “f” (287)

L3

(286)

v
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Ecan nocaenosarenstocts f,(x) cxomurca k f(x) 8 Ly n A — au-
nefinplfi orpaunuennnit oneparop, 10 Af,(x) cxomurcas k Af(x) B L,
DT0 HEMOCPEICTBENHO CAelyeT H3 liepapencrsa

AL ) —FaNN<MIf—falh
NAf—Afll < MIf—Fall-

Herpynuo cdopyymiposark A48 paccMaTpuBaeMoro cayuas onpene-
JEHUA 9PMHTOBCKOro I yuirapuoro npeoGpasopanufl, Jluneftnutt orpanu-
YeHHbIH oneparop A HNa3uHBAEICH SPMUMOBCKUM (CAMOCONPACEHHBLIM),

eCcal .
A, =/, A9 ' (288)

g mobux f(x) u g(x) ns Ly Jinnefinnfl onepatop U/ Hasnipaercs
Yrumapnstst, ecan ou Guoanosnavno npeobpasyer L; B cebs,

Ulf)=F (%) (289)
1 Uf @)=\ fil

Ykazannas Onoanosuaunocts npeoCpasopanns (289) csoianrcs K caeayio-
eMy: He TOJMBKO BCAKOMY 3aeMenty f(x) us L, coorsercisyer onpele-
Jentistft aaesent F(x), no u pcakoMy [F(xX) us Ly COOTBEICTBYET ORuH
onpeletennsifi npooGpas f(x). V3 2toro caeayer, uro a1 {J useerca
obparupiii oneparop (7!, koropmii mo F(x) soccranasansaer f(x).
Herpyauo sumers, yro U™'— Takwe yuutapusit oneparop. das yuurap-
HOro onepartopa nepasencTso (287) MOKHO 3aMeHUTb PaBeNCTBOM, H0JO-
#uB A ==1. Jlerko nokasatb, 4TO yunrapnoe npeoGpa3sosaiiie He MEHSET
He TOJBKO HOPMBL, HO 1 CKaJAsSpHOFO Npon3sspelenus, T. €.

(Uf’ Ug)= (fr g)

anst moOHxX f(x) n g(x) n3 Ly, 1 uto {/ npeolpasyer BCAKYIO NOJHYIO
OpPTOHOPMHPOBAHHYIO ClCTeMy 13 L, B Takylo ke cucremy. Onpeaenny
elle noudriie compsukeninoro oneparopa. Onepatop A*  HasbiBaercs
CONpRJICeHHbLA C AunefineiM orpaHidYeHuslM  OneparopoM A, ecan 4ad
mobHX f(x) u g(x) u3 L, HMeer MeCTo parelcrno;

A4f, 9=/, A*g)~

- MoXIO HOKasarb, 40 AJd BCAKOro JuHEliHOro OrpamiiyeHHoro onepa-

Topa A cyulecTsyer eauucTsenuudi conpmiennufi oneparop A% Pac-

cyoTpuM npocrpauctso L, ¢yuxuut f(X) oxnoro He3asncuMoro nepe-

MEHHOrO, ONpeie/eHiBIX Ha KOHEUHOM /M GeCKOHEYHOM HPOMERYTKE

(a, b). B Takom L; JanHeHuple onepaTops 4acto onpefensiorcs Gopuynoft
b

Fx)y=\{K(x, )f@®)dt, .(290)

a

T. €

It He MEHACT HQOPMBL
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rae K(x, f) — ¢ynxuus, onpemenennas (maMepHMas) B Kpaapare a =<
<x=<<h a=<t<b. Oneparopm sBuma (290) wuaszuBaOTCca OGHYIO
HHMe2parbHBLMU OnepaTopaMy, a (yHKus K (x, ©)— ndpox oneparopa
Ecan

0ty &>

b
VK@ Fdedt <Soo,

-

b
WM ecAM  CymecTByeT TaKoe uHCAO  p, uTO S[K (x, t)|dt<<p
Q

b '. - .
1 SlK(x, t)|dx<<p npu Bcex ¢, x u3 (a, b), T0 dopumyna (290) onpe-

a
deaser Jannelinn# orpannuennnil oneparop. MoXHO [OKasarb, YTO one-
paTop, CONPSMEHHBIH € OrpaHMuYEHHKIM ONEPaTOPOM (290), €CTh TaKKe
unTerpanbRuft oneparop ¢ faapon K*(x, t)=K({, x). Tlpumepon ynu-
TapHoro mnpeoGpasosanus B L, Ha npowe;xyrxe (— co, -}-c0) ABAAETCS

npeobpasosaxie Pypbe: ,
m

1 ~ixt
F)=Uf (0)= lim J‘ e £ () dt,
- m-—» 0 -_n .

rae lim ects npegen @yHKUMH OT X, NOAYYEHHOH B pe3yahTare HHTe-
rpupoBanHig B Ly Ha npoMexytke (— oo, J-00), 1. e..ecm 0Go3naunM

m -
e £ (t) dt,

—n

(?n m(X)= 1/2‘

TO
4+ o

Ecan f(x) ne toapko npnnamaégxnt L, Ha npovexyTke (— 00, -}~ c0),
HO N CyMMHDYEMa Ha 3TOM TNpPOMEXYTKE, TO npeobpasosanne &Pypoe
MOXHO 3amucato B oGpiuHOfi dopye

. 4w
F(x)——~——— j‘ e £ (1) dt.

HeusMensocTs HOpMm mpn npeoGpasosannn dypse mAMeeT B

<+ o - + o
{ IF@Pde= § |f(x)Pdx.
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Paccyotpuy Teneps omum uvactHuft npumep. ITycte B npocTpancree L;

Ha TNpoMekyTke (— =, %) BalaH: JAuHEHHHH oOneparop YMHOMEHHs Ha
HE3ABICHMYIO NEPEMEHHYIO:

ALf (%)= xf (x). (291)

Hyeey, oueBnaxo:

|AfIF= §.|%Plf () Pdx <= FIF, -

- 4

T. & 419 onepatopa (291) B dQopruyae (287) moxHO cunratb M=—=
IMoctpous auHetiHoe npeo6pasobaHie, pupaxaiouiee omnepatop (291)
B /5, €CIH NPUHATHL 32 OCHOBY MOJIHYIO OPTOHOPMIPOBaHHYy0 cucteMy (284).
Mycrs ¢, — koapdumientet Pypsre f(x) oTHocuTeabHO cucreMH (284):

je-‘k*f(x)dx (=0, &1, 2, ..) .

-7

ck=

L
Vo

U ¢x — Kovdppuunentnt dypee xf (x):

II
5‘.’||

S e xf(X)dx  (k=0, =1, =2, ..).

Han nazo nocrponts aAnnefinoe npeoGpasosanue (GecKoHednyio- MaTpuLy),
BHIpaXaioliee Cx Yepes ¢ Onpenemny kosdduuueHrs Pypse QyHKUUR

ikxx:

k-1
Vs .

3
=-2l_-S M xdx  (m=0, =1, *2,..)

WHTerpnpys no uvactay, noJayuny

_(__ l)k-m
m=" Tk —m)

IMepenucupas BHpaXeHNe Cj B BIIE:

b npn  mE k b,=0.

n

Cr== V% J‘ ek x f(x)dx

-

n npuvensis 0GOGIIEHHOE YPABHEHHE 3aMKHYTOCTH, MOJYYHM
, % O? (__ ])k—-m
ch =i 2 T e, (=0, 21, =2, L), (292)

k—m
M=~
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rIe IITPUX HAJ 3HAKOM CYMMH TIOKa3HBaer, YTO Hal0 HCKJIOYUTH CJa-
‘Taemoe, .coorercisywoumee m=—Fk. Gopmyna (292) u mnaer anxefiHoe npe-
ofpasoBanne B [/, cootsercrsyloillee oneparopy (291) B L,, ecnn 3a
KOOpAMHATHHE GynKuuM B rnpocTpaHcTBe Ly B3aTH dyHKuun (284).
Herpyaso nokasats, 4to oneparop (291)—cauoconpn>x<ennuﬂ

ITpoBeneM ofwee paccyxiaeHue and moGoro JuHefiHoro orpaHuyeH-
HOro camoconpsikeHHoro onepatopa A, npuueM OyzeM 3anHcHBaTh
koadduunentsl dypre B Bule CKAAAPHOrO NPOM3BENLHHA it yuTeM onpe-
nenexue (288) caMocomps:kenHoro oneparopa. BseaeM XKo3gdHuueHTH
dypre ¢p ¥ ¢k 418 f(x) 1 Af(X) OTHOCHTENLHO MOJHO# OPTOHOPMHPO-
BaHHOM CHCTEMH ¢y (X):

a=( o ci=(4f e=(\ Az). (293)
Beenenm teneps kosdduuuentn dypoe dyukunft Agp, (x)
n=(A%m 9t)=(Pm App) (299)

OTKYa CAEAYET, YTO @pp== Qg MO0 MO ONpeleeHHo
amk=(A?k' c?m)'

[Mpunumas BO BHEMaHHE 0GOGIIEHHOE YPaBHEHHE 3aMKHYTOCTH, dopMymy
2aa cp 1 (294), noayuus:

ci= 3 ( o) @p tm)= 3 (: 9n) @ Ao0)

m=

T. €
4

o]
;=E Gt B=1, 2, ..).

. D10 npeofpasopanne H BHpawaeT onepatop A B f, ecau o, (x) npu-
HATH 33 KoopaunaTHoe Qynkmiu B Ly

Mn paccmatpuBann B Npeaslayuiix naparpacpax TPH _ cayuas, Koraa
JAuHeHuui onepatop 3adaH Ha BceM L, 1 orpanuyed. Ecam Mut posbyeM,
Hanpaumep, oneparop anddepenuuposanna A[f (x)]=f' (x), 10 oH 3azau
He Ha BceM Ly HOO He mcakas ¢ynxkuus u3 Ly HMEET MPOH3BOAHY!O.
Kpose Ttoro, ykasanunil omneparop He OrpaHnueH Ha TOM MHOMKECTBE
dyHkunit, Ha KOTOPOM OH 3akaH.

Boaee noapo6ioe 1 Crporoe Haa0XeHHE \xarepnana NOCAEAHHX Mapa-
rpagos OyIeT 0aHO B NATOM TOME.



FrTABA I

OCHOBbB! TEOPHH I'PYINII
H JIMHEAHBIE NPEACTABJIEHHS TPYIII

§ 5. OCHOBbI OBUIEl TEOPHH Ipynil

52. Fpynnbl JuneiiHBIX npeodpa3osanuil. PaccMorpuy  CoBoKyn-
HOCTH BCEX yuntapuux npeoOpasosanili B n-MepuoM npocrpancrse. Bee
3TH npeofpasopanns HMEIOT ONpeAESNTE b, OTJMIUHBEIL OT Hyas, Tak 4ro
s Kamloro yuurapuoro npeodpasosanns Ux, KoTopoe pno.e xapak-
Tepusyercs cooTsercisyloulelt Matpuuefi {J, cyulecIsyer Bmo.Jie onpeie-
aennoe obparHoe mpeoOpasosanne Ulx, Kotopoe Takxe Gyaer yuurap-
uuim [28). Kpoxe toro, ecamt Uyx u Upx — apa yunrapupx npeoGpasosalius,
TO 1t nx uponsnegenne LU x Takwe Oyler yHuirapusy npeo0Opasona-
HieM. Bce st cpoiicTsa COBOKYIHOCIH BCEX YHHTapHBIX 1peoOpasosantiit
BHIPAXAIOT KOPOTKO TeM, YTO TFOBOPAT, YTO COBOKYNHOCHIE YHUMAPHHX
npeobpasosanuii obpasyenr 2pyniny.

BooO6uie copokyniocTb 1HeKOTOPHX Jinelinuix npeobpasopannil ¢ onpe-
ZeauTeseM, OTJIYHBIM OT Hyas, o0pasyer rpyniy, eciii BHIIOJAHEHH CJle-
ayiollile ABa YCJOBUA: BO-NIEPBHX, €CAll HEKomopoe nNpeodpai3osarie
npunadaescuny Haueli cOBOKYNHOCIN, 1o U ofpamHoe npeolpalosantie
maraice npuHa0AeHCUIn COBOKYRHOCHIL, U, BO-BTODHIX, 1pOL3sedeHlle 06X
npeobpazosanui, npuxadiexcauux Hawel cosoxynHocmu (npit aw000.m
nopadxe CoMHOxCUmMeAed) marsce NPUHADACIHCIIN HAWell COBOKIIHOCHLL,
npuvesr MHoxcumeAan io2ym Obinie U OOUHAKOBbLMIL

IMpuunyas BO BHHMaHue, YTO NPOH3BEEliie BCAKOro npeobpasopanns
Ha ofpaTioe eMy ecTb TOmAECTBeHloe npeoOpasoBanie, Mbl  MOKEM
yIBep:K1aTh, UTO 2pynna olbn3anmeasno 004scia codepoicalins  1iogcde-
CILBEHHOE NPEOCPA30BAHLe, T. € eOURUHHYN MUINPUYY.

Boo6we amnettnoe npeoGpazosaniie  Brosue onpeieasercs cpoell
MaTpuuell, 1. BO BCEM NpEABUAYIIEM TaK K€, KaK H BIOCJACACTBHH, Mbl
MOJKEM [OBOPHTb I O 2pynne AuHelHuX npeofpasogaxuil, nin o zpynie
aampuy,

Ipusesen ewe npuMeps CRYNN JnHelnux npeo6pasosannit. Herpyano
BIJIETh, YTO COBOKYNHOCTb BCEX BEIECTBEHMHHIX OPTOroHa/bHbX Mpeobpa-
sopannit ofpasyer rpynny. Kaxk nsBecTio, STH BCUIECIBEHHBEIE OPTOro-
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HaabHsie npeoGpazoBaHns nMeloT onpedeantenb, pasHeifi (=1). Ecam
'B3MTb COBOKYMHOCTb .BEILECTBEHHBIX OPTOrOHaJBHHX NpeoOpasoBaHuii
¢ onpeneautenes (1), 10 onn Takwe obpaszyor rpynny. Ho ecan mu
BO3bMEM COBOKYMHOCTH BEMIECTBEHHHX OPTOrOHAJIBHHIX MpeoOpasopaHnti
¢ ompeneaureieM (— 1), To OHU yxe He o0pa3yloT rpymny, Tak Kak
NMPOM3BENEHHE ABYX MATPHIL C OMpeieauTeneM (— 1) maer Matpuny
¢ onpenemurenem (- 1). '

B 4aCTHOCTH, €C/M MBI PacCMOTPHM IPYNNY BEIECTBEHHHX OPTOrO-
HaJbHBIX NpeobGpaszoBanuli ¢ Tpems nepeMeHHHMH, TO 3T0 Oyler rpynna,
COCTOfIIAs H3 UNCTHIX BpallleHuit NPOCTPaHCTBA BOKPYr Hawala M H3
npeoGpasoBannti, KOTOpHE MOJY4YalOTCd B DPE3yJAbTaTe TAKOro BpaLIeHNs
# npeoOpa3oBaHufl CHMMETPHH OTHOCHTEJbHO Hawakna. Ecam ke mu
BO3bMEM Trpymny JnHefiHHIX OPTOFOHaJlblBIX npeoOpa3oBaHuit ¢ Tpems
nepeMeHHuIMH, ¢ onpeaeanteneM (- 1), To 370 OyAer rpynna BpameHus
MPOCTPAHCTBA BOKpPYr Havaja.

Bo Bcex paccMOTpeHHBIX cayuvadx rpynna colepxafia GecunclaeHHoe
MHOKeCTBO npeoGpa3oBaHnll, B YaCTHOCTH rpynna BpaUIEHUs TpexMep-
HOro NpPOCTPAaHCTBa BOKPYr Hayaja 3aBHCEeNa OT TpeX MNpPOH3BOJIBHHIX
BEILeCTBEHHHIX napamerpoa—yrnoa Dtinrepa, 0 KOTOPHIX M roBOpH/HN
BHILIE.

B kauectse c.nezlylom.ero npuMepa pacCMOTPHM BpalleHHe npocTpaH-
CTBa BOKPYr oOcH Z una yroa ¢. CootBercipywoiine (opMyas HMEOT

BuL Xx'==Xx cos p —y sin ¢
Y =uxsin 9|y coso.

ITpn BO3MOXHEIX 3HAUEHHAX BENIECTBEHHOrO . MapaMeTpa ¢ B DpoMe-
wyTtke (0, 2=) MH moayvaeyM, O4YeBUAHO, rpynmy, coAepiauLyio Gecunc-
JEHHOE MHOXECTBO npeobpasosanufi 1 3aBHCSULYIO * OT OZHOrO BEILle-
\ CTBEHHOro mapadMerpa. Beesem creaywomee oG03HaueHue Aad MaTpHIB
‘npeo0pasoBaHus: ‘

1)

cos ¢, — sin ¢

?

)

sin o, cos »

Henocpencrsenno ouesnzaHo, uTo nNpoussedeHue ABYX BpaleHu#t Ha
yroan @q B ¢ MAET BpauleHHe Ha Yroa (9 — ¢g):

- N :
ZoyZoy = Loy gy _ &)
M TOYHO TaK xKe '
‘ Zp Zoy= Loty
Mp BnamM, Takum o6pasoM, 4YTO B JAaHHOM caydae Bce npeo6paso-
BaHH TPYNNH 1M, K3aK TOBOPAT, 3JEMEHTH TIpYNNb [QMNaPHO KOMMY-
tpyior. Takas rpynma nasmpaeTca alesesgoli  epynnoii. Kpome Ttoro,
B NOCAEJHEM NpuMepe NepeMHOXEHNe ABYX 3JEMEHTOB TPYNRB CBOANTCH
NPOCTO K C/JOXEHHIO 3HaueHmi napaserpa ¢, COOTBETCTBYIOLIUX nepe-
MHOXCAEMBIM MaTpuuaM.
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Mul MO:KeM HECKOJbKO PacIuinpHTh NOCAENHION IPYNNY, B3SB HE TOJNLKO
BpalleHHe MAocKoctTi XY BOKPYr Hayaia, HO It 3epKajbHOe OoToOpake-
HHE, T. € CHMMETPUlo, OTHOCHTEIbHO OcCu Y, npuueM, ouesniuo, Ges-
PasAnuHO, B KAaKOM MOpsAKe NPOU3BOAHTb 5TH ONepalHi — cHayaza Bpa-
UIEHHEe BOKPYr Hayana, a 3aTeM CHMMETPHIO OTHOCHTEJABLHO OCH Y Hian
- naobopoT. IlepeMena mopsAka moBJHAET Ha pe3yabrar, Ho obmwas coso-
KynHoCtb npeobpasopanntt Oyler OAHA H Ta *e npu oboux cnocofax.
D710 OyayT BelieCTBEHHHE OPTOroHaibHhe npeoOpas’oBaHuis € ABYMS
nepemesnbMu. OOmuit BUA COOTBETCIBYIOILUX MATpul Oyner

{o, d} =

rie o — npexdufi napamerp, a d — uucao, pasuoe = 1. Ilpn d=1 un
noayyaeM TPOCTOE BpauleHile MI0CKoCTH XY BOKpYr Havaaa, a npu
d==— 1 noayuyaercs BpalleHie, NOCJIE KOTOPOr0 NPOH3BOAHTCH YIOMS-
HyTas BHIIe cuuMerpns. Herpyawo nposepurts, uTO A8 nponsseleHus
matpuu (4) Mpl Oyaeym HMETb CJAENYOUIEE NMPaBIJIO:  +

{eo da} {0 di} = {11 diz2 dida}. ()

B nmannoM cayuae npOH3BEJEHHE YiKe MOKET 3aBHCETh OT Nopaika
coMHouTenell, T. e. rpynna yxe He Oyder alenesofl. TouHo Tak :ke,
OUEBIAHO, [IPYNlld BEULECTBEHHBIX OPTOrOHa’dbHBIX  Npeobpasobannuii
b TPCXMCPIIOM NPOCTPALCTIBE Il J24C Ipynna ppalieHis TpexMeploro
NpOCTPalCTBA BOKPYr Hayaiaa ne Oyner abesepoit.

Hdo cux nop Mb HpPHBOANL NPUMEPH TrPYNN, colepxaumux Gecuc-
JeHHOE MHOXECTBO npeolpaszopannii (3/1€MEHTOB), U COOTBETCIBYIOILHE
MaTpHUB COJepXain NpPOou3BOJbHbIE BeulecTselllipie napamerpsl. Cefivac
npupefeM HEKOTOPHE [PHMEDPH ~ FPYNN, COAEPKAUIHX KOHEYHOE YHCAO
aneMenToB. I[lycTb m — HeKOTOpoe leAoe MOoJ0kHTEebHoe uncao. Pac-{
CMOTPHM COBOKYNIOCTb BpauleHnit naockoctn XY BOKpyr Hauaia na yrasl
% 4 2m—1)=

m?’ m?*" """ m

’ ()

dcos o, -—dsincp!

sin ¢, cos ¢

?

Mp Gymem mnsMerb 31eCh Bcero #¢ npeobpasosanui, Marpausl Koro-
pux 6ynyt .

| 2k% . 2k=
| Ccos —""n , — Sin —Y_"— .
ok == ’ ol (k=0, I, ..., m—1).
o . Zk= 2kw
m i sin ==, s ——
N m m

1 npeobpasosaHins ofpasyoT, OYEBIAHO, IPYyNmy, H 3JeMeNTH 5TOH
rpynnsl CyTb UEJBE NOJAOKNTE/bHEE CTENEHH .OAHOrO Il TOTO K€ npe-
o6pa3oBanis, a HMEHHO '

Z&:(Zt)k “b(k=0, 1, .0 ”1,—-1), (6)

m m
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Takas KOHeuHas rpynna, COCTOfIAA M3 CTemeHell HEKOTOporo npeol-
Pa30BaHNs, HA3HIBAETCH OGHUHO HUKAUYECKOLL.
- Ecanu MB BO3bMEM NEKOTOPHH Yroa ¢, He COH3MepuMuit ¢ =, TO
npeo6pasosanns (MATPHLL)-

Zyy=Zs, (=0, k1,2 ..) o)

o6pasytor 'raxzxe, ouesnauo, rpynny. Ho sta rpynma Gymer coctosts
yke 13 GecunC/NeHHOr0 MHOKECTBA B3JIEMEHTOB, TaK KaK HH MPH KAKHX
HeAHX MoKasaTeNax Matpuuma Zgo He cosnanaer ¢ Z9 =I. Tpynna O]

Oymer OGeckoHeuHo#f rpynuoff, HO ee MaTpHIH HE COMEPKAT HUKAKOro
HENPEepHBHO MEHAIerocss mapaMerpa. B maHHOM cayuae, KaK rOBOPAT,
HUCAO IreMenmos 8 2pynne Gydem cHemHbiM, T. €. MH MOXEM NPOHY-
MEpOBaTh BCE  I/JEMEHTH TIPYNNH HeJBIMH uncAaMH, CcHalauB BCAKUi
BJIEMENT TpynTil 3uauwoM, DABHHEIM NEAOMY UYHCAY, TaK UTO PasHHM 3Je-
MeHTaM OyAyT COOTBETCTBOBATH pasHHE 3HAYKH, H BCAKOE UEN0e UYHCJIO
Gyaer 3HAKOM Y HEKOTODOro sjeMeHTa, DTOro Heab3n CAENATh B CAyvae
rpynmn, COZEPXAUHX HENPEPHBHO MEHAIOUIHECA NapaMerphL

63. I'pynnsl NpaBUALHHEIX MHOrorpanuuxos. Ilpusesem ewe npue
MepH KOHEUHHX rpymnm, npuueM o0pasyeM HX H3 BpauleHuil TpexMepHOro
NPOCTPaHCTBA BOKPYr Hauyana, Taxkue- BpaUIEHHs B ONpeleseHHOfl Koop-
JUHATHO# CHCTEME@ BHIPAXKAIOTCH, KAK MBI 3HAEM, HEKOTOPHMH JIHHEHHEIMH
npeo6pa30BaHHAMH KOOPAMHAT. 3aMEeTHM, YTO KOTAa MK rOBOPHM O Bpa-
IIEHHN TPOCTPAHCTBA BOKPYr Havala, TO ' '
NOAPasyMEBaEM INOA 9THM JIHUIL OKOHYA-
TeNbHEH 9SddeKT nepexosa us HaYaIbLHOrO
nonoxeHns B npeoGpasosanHoe. Kaknm my-
_ TéM STOT Nepexoi COBEpIIAeTCs, 370 CO-
', BEpIIEHHO He BXONHT B Halllg PaccMOTPe-
Hue, JeficTBHTEeNbHO, BCAKOE JAuHelHoe
npeoGpasoBaHue onpeaenser KOOPAHHATH
npeo6pasoBaHHO! TOUKH, HO, KOHEUHO, HH-
4ero He rOBOPHT O CaMoM NyTH npeoGpa-
30BaHHA. PaccMoTpeHue caMoro nyTtH mpe-
06pa3oBaHiA COBEPLIEHHO MPH STOM HE BXO-
AUT B PacCyxIeHns. ~==);

Paccyorpuy cdepy ¢ nearpom B Havane - '

u paamycoM eAmnuua. Brnnmem B 3Ty cdepy - © Pue. 2.
Kaxko#-HuOyab npaBWbHBI MHOrOrpaHHuK,
Hanpnmep okrasAp (puc. 2). IToBepXHOCTb 3TOrO MHOMOFPAaHHHKA COCTOMT,
KaK H3BECTHO, M3 BOCBMH DABHOCTODOHHHX TPEYyroiabHHKoB, PaccMoTpum
TENEPb COBOKYNMHOCTb TEX BPAIEHHfl TPEXMEPHOrO MPOCTPAaHCTBA BOKDPYT
Hayana, NPH KOTOPHX B3ATHIH HaMH OKTa’Ap coBMeuraercs cam ¢ coboft.
" Herpyano Buiers, 4TO COBOKYNHOCTb ITHX Bpaulenu# obpasyer rpynmy
U YTO 3Ta rpynna COAEPKUT KOHEYHOe uMuCa0 '3aeMeHTOB. IloacyntaeM
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YECIO  BAEMEHTOB rpynnel. Bossumem kakywo-unOGyAb OCb  OKTasapa,
COEAUHAIONLYI0 JBE NPOTHBONOAOAHLE Bepluunsl. OKTadAp COBMECTHICH

ca'n c c060ﬂ €C/il MB TI0OBEpHEM NPOCTPAHCTBO BOKPYr YHOMSHYTOH ocH

31:

Ha yroa 0, . Bpawemmno na yroa 0 coorBeICTBYET, OYEBHAHO,

2 y
TOXAECTBEHHOE npeoGpaaoBauue, T. €. eMuHnyHas marpnua. OGosnaumm
YROMAHYTHE HETHPE BpauleHus BOKPYr p3arToll ocn uepes

So=1 Si Sy Ss (8)

l'IyCIb'A-onna 13 BEPIIHH OKTa’apa, Jnemauas Ha B3aroil ocCiL
Boeaeyn B paccMoTpedue narh JiHeHHBX npeobpasopaunit

Tl’ T?» Tar Tv Tm

Opu KOTOPHX OKTa’Ap copMelnaerca caM c coGoil, a ero mepmnna A
copnamaer ¢ OAHON U3 OCTaJAbHHX NATH BepiuiH OKTasapa. Hapary
C uernpsMs ppautenusmu (8) cocrasum eule 20 ppamennfi npocTpancrsa
BOKPYF 11ayana cJelyiolero BilAa:

TiSo TeSu TiSe TiS;  (k=1,2, 3, 4, 5) ©

Herpymio nposepurs, uto - 24 mpamenus (8) n (9) pasamunn. 3Iro
COBEPILEHHO OYEBHAHO 1 FEOMETPHYECKH, d TAKKEe MOMKET ObTh A0Ka3aHO
_ CAeAYIOILUM NyTeM: HyCTh

TS, = Tp,Sqs (10)

TIpeo6pa3zosauna S; COOTBETCIBYIOT NOBOPOTY BOKPYF OCH, IPOXOIsi-
meit yepes pepwnHy A4, n npu a1ux mnpeoOpasosanusx A ocraercs Ha
mecte. IlpeoGpasosanns T, 1t Tp, npil PasinuHBIX 3HAUKAX p I p; nepe-
BOAAT BepuwiHy A B pasmwnme BEpIUUIiB, H, CJAELOBATE/bHO, H3 PaBeH-
crpa (10) BuiTeKaeT, 4YTO 3HAUKH p I p; AOMKHE OHTL OLHHAKOBHL, HO .
TOrJa, OueBnAlo, N3 3ITOro ke papenctsa OYAET nyTeM YMHOMEHHs
caesa Ha T, =T, cnenosats, uTO U BHAYUKH § Il ¢; TaKKE MONKHH
Ourb odnnaKkosw, T. € pasenctso (10) Momer nMerb MeCcTo TOJAbKO
TOrAa, KOrga npasas Il Jepas 4YacTil COCTOAT U3 OMUHAKOBHIX COMHOXKII-
teaell. CheloBareabHo,. Beipaxenns (8) u (9) nmaor HayM 24 pasiauuHuX
BpaUleHUs, NPt KOTOPHX OKTasIp cosMeumlaerca caym ¢ coboil. ITokaxew
Teneps, YTO STUM II HCYEPNHIBAIOTCA BCe BpalleHns, obJaajaioulie 3TUM
csoficteoy. [leficTButensho, nycth V — HeKoTopoe Bpaul€uile, Npil KOTO-
poM mnall oktasap’ nepexoiur cav B cebs. ITonoxwuy, urto npu atom
Bepwnna A COBMEIAETCa ¢ neKkoTopoit Apyroit sepumiolt A; u nycrs 7, —
TO u3 npeobpasosannil T,,, KoTopoe npeobpasyer A Takwe B A, Cocm-
BuM npeoGpasopanne 77'V. Ilpu 3TOM OKTasAp mnepexoant B cebs, H
Bepmuuma A ocraercs ha Mecre. Chenosareabno, OCTaeTcs Ha MecTe
H NpPOTHBONOJOXHAA BEPIINHA, I ‘COCTanJeHHoe HaMu npeobpasopanue
€crs 04HO H3 Bpamlennfi S; BOKpYyr ocu, npoxoasmell yepes pepuinny A,
T. e T7'V=3S,;, n orcona V=T,S;. Wunaue rosops, BCikoe BpaileHie,
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npu KOTOPOM OKTasAp nepexoaut B celf, MOMKHO 3aKII0UATLCA CPEeAi
Tex 24 spanmennfl, Kotopsie MH cocrasnan Beie. Hrak, okounarenstio,
2pynna spamenus, npit Komopoli oxmasdp nepexodum 8 cebs, codep-
orcum 24 anemenma. '

Mpr momeM, oueBIAHO, BAHCATh B CPEpPY eAMHNUHOrO pamnyca Kyb
TaKUM 00pa3oM, YTOOB PaARyCH, NHAYILHE B LUEHTPH TrpaHH OKTa3Apa,
HMeaH CBONMMII KOHUAMH BepUuHH Ky6a. OTCl0Aa HenoCpeACTBEHHO cJe-
Ayer, yIo rpynna Bpaulenus Ans ky6a Oyzer Tofi ke camoH, uto n Aas
okrasapa. [lonownM, uto MBl HHaue BHOPANH NOJIOKEHHE OKTA3Apa,
a UMenHo, Yro HOBOE MOJIOKEHIIe OKTa3Apa MO/JYyYaercd H3 NMEPBOHAYAMb-
HOrO NpH MOMOILH BPAIMEHHd, OCYUIECTBAIEMOro lekoropofi marpuueft [,
Ecan V ecTb HeKOTOpOE BpalleHHe, fpIl KOTOPOM NpPeXHHH OKTasap
nepexoxns caM B cebs, To, ouepnano, [JVU! Gymer nasarb Takoe Bpa-
uieHHe, NPH KOTOPOM HOBHMI OKTasap Oyler nepexoants B cebs, N Ia-
o6opor. Taxnm oO6pa3oM, ecan rpynna BpalEHis MPEKHEr0 OKTa’apa
cocrosina u3 Marpun Vi, (k=1, 2, ..., 24), To rpynna BpauleHus HOBOro
oxrasapa Gyxer mpocTo cOCTOATb u3 nogobustx matpnu UV,U~l. Wnaye
rosops, noayuaercs nodofuas zpynna. Boobue, ecau cosoxynHocmes
Hexomopolx mampuy V, ofpa3yem 2pynny, mo co8oKynHocms nodo6-
nex smampuy UV, U™ npu ap6oii ghurccuposandoii sampuge U maxce
ofpa3yem 2pynny. STO HETPYAHO NENOCPEACTBEHHO /OKa3ars 13 ompe-
IeJeHHs TPYNmel, 4TO MH H NpedjaraeM npojenars uurtaremo. Bropas
rpynna Hassipaetcst oObnuHO 110000HOH mneprofl,

Paccmotpuy TeTpasap, MOBEPXHOCTb KOTOPOrO COCTOMT H3 4eTHpex
PaBHOCTOPOHHIX TPEYrOJBHHKOB M HMEeT ueTHpe spepluntHs. Bosemem
KaKy-HHGYIb OCh TETPasapa, COSANHSIOMIYIO ero sepisuHy A ¢ LeHTpoM
npotusoaexautelt rpann. Terpasap cosMecturca caM ¢ cobowo, ecian
NOBEpPHEM NPOCTPAHCTBO BOKPYr YHOMAHYTOH oOCH B HEKOTOpPOM Hampas-
nennn Ha yrona 0, %, %_‘n: Mycts Sy, S, S3—>31tn Bpamenus. Hanee
BBOJAUM TPH AnHeHHBIX npeoGpasopanisa Ty, Ty, 73, nNpH KOTOPHIX TETPasap
cosMemaercs caM ¢ cofolo, a ero BepuiiHa A cosmagaer ¢ oAHOH u3
OCTaNbHBIX Tpex ero sepuiud, Hapsaay ¢ spamennsmu S, S), S, cocrasum
aesath Bpamtennt 73Sy, T3Sy, TpS: (=1, 2, 3). TToayuennsie 12 spa-
meHutt pasanuHH, H 9TO CYTh BCE BPAISHHS, NpH KOTOPHX TETPasIp
MepexonuT B cebi. »

PaccMoTpiM Temepn HKOCASAD, NOBEPXHOCTb KOTOPOrO COCTOHT N3
20 paBHOCTOPOHHHX TPEYroJbHHKOB © HMeeT 12 pepuumt. Bosbmey, Kak
1 BHIIE, KAaKY0-HNOYyAb OCh NKOCA3AP3, COSAMHAOILYIO €ro Bepuinny A
¢ nporusonojoxHoH BepmnHoft. WMikocasap cosmecrurca cam ¢ coboto,
Br k=0, 1, 2, 3, 4). Mycrs
Sy —5tnn Bpamenns. Hanee umeem 11 spamenutt 7,(/=1, 2, ..., 1),
TPH KOTOPHX HKOCa3p COBMEmaercs caM ¢ cofoio, a sepuinna A mepe-
XOANT B OOHY M3 OCTaJAbHHX BepwnH. Ilosnas rpynna ppamennfi, npu

7 B. H. Cuupuos, 1. III

€CaH TOBEPHEM NPOCTPAHCTBO HA Yroa
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KOTOPHIX UKOCa3Ap nepexoauT B celf, COCTOMT H3 MATH BpaileHult S,
n 83 spamennft T,S,. Taknm oOpasoM, 3Ta rpynna colepxur 60 ppa-
mennfl. Takoit :xe Oyaer u rpynna AoAeKasApa, NMOBEPXHOCTL KOTOPOToO
cocTouT 13 12 NpPaBHJBHBIX MNATHYFOABHHKOB M colep:kur 20 Bepiuu.
UroOn yOemuTbCsi B 3TOM, HaL0 PACMONOAKHTb J0AEKASAP OTHOCHTEALHO
HKOCa34pa TaK :ke, KAaK 3TO BHLIE MBl CAedain Ans Ky0a OTHOCHTEALHO
OKTavapa.

PaccyoTpny ewe oiaHy rpynny, COCTOAWLYIO U3 BpalleHHii Tpexsep-
Horo npocrpanuctsa. Ilycte B naockoctnn XV naxoanrcs npapuibHbii
N-yroabliik, LEHTP KOTOPOro COBNAaJaeT € HayaioM Koopausaat. Bosbmem
Kaky10-nudyib OCb 1-yroabHiKa, COeMHHsONlyl0 ero sepwnny A ¢ npo-
THBONOAOKHON BeplunHofl (ecAn # — YeTHO), wan ¢ cepedntoli nporupo-
noaoxnoit cropoun (ectn n — ueverno). Ilpn spaiennn niockoctn XY
BOKpYT 3Toll octi na yroa 0 n =, n-yroabHnk conMeitaercs caM ¢ coGoto,
IMepsoe mpailtenine ecib TOXAECTBEHHOEe npeoGpasopanue [, a2 nTopoc M
o0Go3nauny uepes S.

Kpoume Toro, mum umeenm BpauleHus 7, BOKpPyr ocu Z ia yroa —2%
(=1, 2, ..., n—1), npu KOTOPHX /i-yrONbHUK TO&E COBMEHLAETC s
cam ¢ co0oio, a ero pepiinHa A NepexoiNT B OAHY H3 APYrax BEPLIH.
IIpu k=0 noayuvaen Ttowmnectseiioe npeoGpasosanne 7T,==I. Toauan
rpynna npeo0OpasosaHiiii, NPH KOTOPHX N-YrOAbUNK Nepexoxnr o cebs,
Oyaer cocTosiTb N3 caexywouinx 21 npeobpasosanufi: 7, u 7,8 (=0,
I, 2, ..., n—1)

YKasauuslll 7-yTOJIbHIK, NOBEPXHOCTH KOTOPOro CHHTAETCH JBAHABI
(sepx 1 Hn3), HaselBaeTca OOHIYNO AU3APOM, a NOCTPOEHHAs TFpynna —
rpynnott auszupa.

54. TlpeoGpasosanusa Jlopenua. Bce npuvepn rpynn auuefiiikx npe-
00pasoBaHull, KOTOpHE Mbl NPHBOANAN BHIE, COCTOSAN H3 YHHUTAPHHX
npeoOpasopannil nan u3 ppauleHull TPEXMEPHOro MPocTPaHcTBa (YacTHuiH
cayuwali yuutapinx npeoOpasosannfl). Cefiuac Mbl H3YYHM HEKOTOPYIO
OBy rpynny JanHeliunix npeoGpasopauifl, s7eMeHTH KOTOpOll yie He
ABAAIOTCH  YHUTApHBMu npeoGpasoBanusMi. DTa rpynna Hrpaer Bamkiylo
poJib B MNPHHUHINE OTHOCHTEABHOCTH, 3SJIEKTPOAHHAMIKE H ToH 4acti
KB3HTOBOHl MEXaHHKN, KOTOpasd cCpf3alla C OPUHININOM OTHOCHTEABHOCTH.

PaccyoTpHM YETHIpE NepeMEHHLIE Xy, X3 X3, Xj M3 KOTOPLIX NeppHe
TP CYyIb NPOCTPAHCTBEHHBIE KOOPJAHHATH TOUKH, a NOCJAEAHAR NEepeMeH-
Has ecte Bpems. B cpa3H ¢ OCHOBHHM TpeGoBaHHEM CHELNaALHOrO NpHH-
HUIId  OTHOCHTCALHOCTII O HEH3MEHHOCTH HEKOIOpoll onpeneaennofl cko-
pocTu ¢ (CKOPOCTb CBETa) B CjAy4Yae OTHOCHUTEJLHOrO HABHXKEHHs, BO3IH-
KaeT BONPOC O Takux JHHEHHHX npeoOpa3oBaHHAX YNOMAHYTHX BLILE
YETHIPEX MEPEMEHHBIX, NPH KOTOPHIX BHIPaKEHHe

X1+ x3 - x5 — cixg

-
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OCTAETCd HEH3MEHHBIM, T. €, nonpoGHee‘ ropopsd, MBI JAOJKHBL Haitri
Takne JiHelHeie npeoépaaosamm, BbIpaKaloiuHe HOBHIE MNEepEeMEHHBIE X,
YEpE3 NPeXKHNES Xy, YyTOOH HMEJI0 MECTO TOXIECTBO:

2 3 SRS P WS L S TRV SR YOt
Xt g X5 — el =] - X5 v — e

PaccMoTpuM cHauyaja TOT Cayuafl, Koraa KOODAHUAIB X3 H X3 OCTa-
10TCS HEHSMEHHBIMH, W B JuHeHHOM npeoOpasoBaHHH YYaCTBYIOT JHUIb
nepeMeHHsle x; 1 Xy MB DoxxHB, Takuym o6pa3zoMm, HafiTH Takue /minefi-
HHe npeobpasoBaHis

Xy==auX;+auX,  Xg=auX -+ X 1
yTo6H
X — ol =] — cixf. (12)

BoeneM BMeCTO Xy HOBYI YHCTO MHHMYIO NEPEMENHYI y;, COrJIacio
opMyJe .
(p puy y1=lcxy.
Hckombie aunnefinpie npeo6pasopatiis DOMKHEL HMETh BIL

Xy ==Xy %Yy Yy =% Xty (13)
rae .
gy =ay A=t ay =icay; ap=
11— Qyy; =7 21 == €Ay 23 == Qg4

a ycaosue (12) nepenucmBaercs mpi 3TOM caedymouinM oGpasom:
‘2 . P— 2
X4y =x1 1+t 7 (149

Kospdnuientn ayy 1 25, A0maus OBITh BEIECTBEHHHMN, a oy H Ty —
ypucto MHUMEIMK, O6O03HAUHM NMOITOMY %3 =1IB;; " 03y =1I3y. Ycaosne
(14) pasHOCHJBHO, OYEBHANO, YCJOBHIO OPTOrOHaJALHOCTH npeoGpasosa-
His (13), 1, cnenoBaTenbHO, CyMMa KBaJpaTOB 3JEMEHTOB Kawaofl cTpokn
1 cronbna moMmKHA paBHATBCA eanHuue, D10 cpasy Jdaer Ph=—33 =
=o} — =0} —1 u o} =03 IloaoxuM ayp==a u By =2af. Byrem
CUNTATh MOJOKUTEJIBHHIMH KOI(D(MHIIEHTH 0y U &y, UTO COOTBETCIBYET
HEU3MEHHOCTH B HanpaBAeHHu oTCYeTa Xy U Xy MBI noayuuM TakuM
o6pa3oy Byecto (13) B cuay npeasayuiux COOTHOLUEHHI:

Xy=ox, 28y, Y =X -+
Yca0BHE OPTOrOHaJBHOCTH CTPOK
gy - 2?3 =0

macr HaM oy =— {8, T. € Py 1 By AOMKHH ObliTb MPOTHBOMOMOKHBIX
snaxkoB. Hakouen, -ycnosue
U.fl—l—ah:l

T/llT—T <<

nact
a?—o?Bl=1 wm a=

7.
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Il OKOHUATE/JbUO MBI NMPHXOLHM K CACAYIOWHM (POpMyAaM:

= _I—ttayl . ‘= B -+
T Vl—p’ T VI=F
HJAH, BO3Bpalla’sCb BHOBbL OT nepemenuoll y,=——=icx; K npexuneii nepe-
MEHHOH X B
——4x X
o —fexy, c’\‘+ ' 5
VT Ty ? T (15)
Vi—§g Vi—g

W3 s1ux pasencrs HENOCPEACTBEHHO CJAEAyer, YTO KOOpAHIaTIias
CHCTeMa, KOTOPOfl COOIBETCTBYIOT MEPEMEHHHE CO WTPHXaMH, ABHIAETCHA
Nno OTHOWIEHUID K nepsoHava’biioli KoOpAHHATHOH CHCTEME CO CKOPOCTHIO

=fc (16)

B Hampasaenuu oci ., Ielcrslireasto, ecal NpHuATb X; HOCTOSHHBIM,

TO MOJAYYHM: dx
dey,—fedx;==0, 1 e d—\_—‘ =4fec.
4

Booas smecro § ckopocTs v coraacHo ¢opyyie (16) u 3amenss x,
Ha X u Xy Ha £, noayuum oObsiunyio opmy npeobpalos anusn Jlopenya
C ABYMS REPEMCHHBIMU

¥ = (7
]/ 1—Z ]/u_F

B npeaeabloM CIyyae mpH ¢ —- 00 Mbi N0Jy4aem oGslunpie (GopMy.Jibl
OTHOCHTEABHOrO ABILKEHIA KAaCCHYECKOH MeXaHiKu

X =x—vf; =t

Herpyano nposepitb, uto npeoOpasosauns Jlopenua (17), sasucsuiue
OT O0JHOTO BeuleCTBEHHOro mnapamerpa v, o6pasyior rpynny. Peuias
ypasitenna (17) ornocutensno x u f, noJaydmy npeoOpasopaHie, o0part-
Hoe (17). Ilokaweym, uyio 310 OyAer To e mpeoOpasovauue Jlopenua,
KOTOpoe moJjyuaercss n3 unpeoOpasopanus (17) samedHoll v Ha (— v).
Heiictpureibiio, pewan ypaunemm (17), Oynem umern:

(1 —= x__l/_l — (x’.J_.vtr)’ (1 __)t___l/-—(

OTKYJ1a HENnOCPLUCTBCHNO CaeayeT

v’—l—t')

ct’

%x'—*—-t'

 PaccmoTpum Tenepb aBa npeolpasosanus Jlopenma [, o Ly, coor-
BETCTBYIOIMUMX 3HAYellaM napamerpa v=wv; 4 v==v; CocraBuM ux
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npousseneHue Lol; n nokaxem, u4ro 3TO TOXe Oyzer npeoGpa3soBanue
Jlopenna. Ham namo coctasuts nponssefienne w3 ABYX Marpun

1 _ B.c 1 Bse
VIi—g VT—83 Vi—p — VI—B§
B B ,
_ ¢ 1 _ [ 1
YT—8 T—82 Vi—Br VI—§
rae
31=v-c’§ ;32:20&.

IMpimenss o6nunble Npabuia yMHOXEHHs MaTpHl, NOJAYYHM IJIf Mpo-
H3BEIEHHS CJAEAYIOIWYIO MATPHIY:

1 _ Byc 4By
4B o 5 | ThE (18)
Vicm vi—m | 242 o
T TR
Bpezem HOBYIO BEJHUHHY
v =- (19
14 2,’
Herpyaso nposepuTh CnpaseldanBoCcTb TOXAECTBA:
U,0,
== 1

) v} ol vg'
Vi-gy-4 Y4

-1 B pesyabrate Marpuua (18) moxer OHTb Hamucana B C/AERYIOILEM BHjE:

1 B
V1—8 VT—8 ( v
p B3=_—x ’
o 1 c)

TVi=e Vi-m

T. € eff COOTBETCTByer TaKxe mpeoGpasopanHne JIOpeHUa €O 3HAYEHHEM
napamerpa v==ty. Taknm o6pa3oM, dopmyaa (19) naer npasuio cao-
HCeHUR Cropocmell 8 CneyuaisHoM npungune omuocumensHocrmu. Ecan
B dopmynre (19) nomoxuts ¥y==c¢, TO, KaK JEerKko NPOBEpHTb, U s
pesyabTupylomell ckopoctH vy MH GyleM HMeTh Vz=c, T. e. deilcmasu-
MEALRO CKOPOCMS € Ke MeHSeMCH npu HAA0NCEHUU 8YX OBUINCEHUL.

Ipn suibome ¢opmyn (15) mMm dnxcuporaau onpesenensHsiM o6pa-
30M 3Hakr ko3hduumentos auHeHHoro npeobGpaszosanus (11), cumran
KO3QHuueHT @y M Qg MNOMOXHTE/AbHHMH. MOXHO 3aMeHurs 310
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1peGoBanne APYruM, a HMEHHO: NOJOKHTEABHOCTbIO Kodddnumenta ag u
NOJOMHTEABHOCTHIO ONpefenHTeNs

anayg — a1a51- (20)

Herpyauo siiaets, 410 OTCIOA3, KaK CJAEACTBiE, MOJAYYNTCA I MOJO-
JKUTEABHOCTL  KO3(pduunenta ay, 1 HaoGopor. IelicTeuTteanio, onpene-
anteap npeoGpasosanusi (17) paseit (1), 1. e. npu ay; >0 u onpene-
auteap (20) nonoxurenen. Ecan Obl MH B3N @) =-—0 u @ =0,
rie @ >0, T0 noayunaocs Ow npeoGpasosanne ¢ onpeleautener (— 1).
Veaopue HOMOKHTEABHOCTH Kod(ipuiumenrTa a;; paBlOCHABHO TOMYy, UTO
npu (HKCUPOBANHOM X; M Xg—> OO MH HMeeM Xg->co. Moxno ckasarb,
YTO 3TO COOTBETCTBYET HEH3MEHHOCTH B HanpaBjeHHH OTCueTa BpeMeHH.
Taxux oGpa3som, ¢opMyan 130T He Bce andefinsie npeoGpasosaiis, yoo-
paeTsopsiontne ycaosnio (12), Ho /Aulb Te, AJAs KOTOPHIX Onpeae/uTelb
(20) nonoxurenen 1 KOTOPLIE He MEHSIOT HANpPaBAeHHs OTCYETa BPeMeHil.

OGparnmcs Temepb K paccMoTpenuio obujezo npeoGpasoganusn Jlo-
pexya IAs chydas uernipex mnepeMenunx X, (k=1, 2, 3, 4), npuyem
nonxHo OWTH BHIIOJHEHO ycaoBue:

Xt - 2 — PP = A A A — @en

Bynem paccvarpnsath X, (k=1, 2, 3) n xp(k=1, 2, 3) Kax ze-
KapTOBB KOODAHHATLI B ABYX Ppas/iyHLlX TPEeXMepHLIX NpOCTpalcTBax
R u R. Tloxaxey, 410, BHOHPast COOTBETCTBEHHKM 0GPa30M KOOPAHHAT-
uLe ocCll B 3THX /ABYX NPOCTPANCTBAX, MH MOXKeM npupecti obutee
npeoGpasopanue Jlopenna k ToMy YacTHOMY CaAyvaio, KOTODHil GhJ Hamn
paccmoTpen suite. OGosnauum uepes T o6uiee npeoGpasosanne JiopeHua
n uepes § vacTHoe npeoGpazosanue Jlopenua paccCMOTPEHHOrO Bbillle
tuna. Hawe yrtBepxaenue paBHOCHABNO TOMY OOCTOATENLCTBY, YTO Mbl
MoumeM npeacTasuTs 7 B Buae

rae U w V — BellecTBEHHbE OpTOroHaJblitie NmpeoGpa3oBaiiis, COOTBET-
Crpyloule ynoManyruM BHIUE Npeo6pasosaniiaM KOOPAHHAT B NPOCTPaH-
crsax R u R.
Buene.\x, Kak o Bpuie, YETHIpEC HOBHIC NEpeMenHue:
N=Xg Yy ==Xy Y3=Xg; Yy =Xy
1N ananornuHbiM oOpasom:
N=Xy Wy==Xy yy==Xg y==icx
Buecto ycaopus (21) noayyum JAas HOBHX nepeMennmx o6uumEe
YCAOBHS OPTOronaJbHOTO NpPeoGpasoBanus:

Wyt 4y =y +yi+ i+ (23)

Hcekomoe smneitnoe npeoGpasosanne 6yder UMETb BHI
Ye=%p 1 + % e e )i (=1, 2, 3, 4). (249)

-

T = VSU, 22)/
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[TpuHAMas BO BHIIMAHHE, YTO yy M y; JOMKHHE GHTb UHCTO MHHMBIMH,
Mbl MOXEM YTBEP:KAaTb, YTO KOI(PHUUEHTH 0y, Opa, 43, 0p =1, 2, 3,
8 TakKe og JOMKHEI OHITh BEUIECTBEHHBIMH, a KOSM()HUHEHTH o5, %
o3 1 aps npu R==1, 2, 3 momkHH OniTh uncro MHEMBEIMH, [lepemena
KOODAMHATHHX ocefl B npocrpaicTse R paBHOCU/IbHA DBElECTBEHHOMY
OPTOrOHaIbHOMY NpeoGpa30BAHUI0 HAld NEPEMEHHBIMH ¥y, Vs V3. Pac-
cMOTPHM KO3 (DHUMEHTH: )

ag==13g oa=1Ifw aa=ifs.

Tpu spemectsenunx uncaa By, By, Bas  onpenensior mekoTopHA
BEKTOD, H €C/IM MH HampaBJ€HHE STOTO BEKTOPA IIPHUMEM 33 HOBYIO
nepsylo ocb npoctpanctsa R, TO B pesyabrare COOTBETCIBYIOLIErO
OPTOrOHAMbHOrO MpPeoO0pasoBaHHA KOI(PQUUUEHTH a3 U a3, obpararcH
B Hyab. UroOmt yGeAnTbCs B STOM, HOCTAaTOYHO TOMLKO 3aMETHTh, 4YTO
B cuay (popmy.n (24) optoronanbHoe npeoGpa3oBaHne HAA NepPeMEHHBIMH
Yi» Y Y3 CBOMNTCA K TaKOMy e npeoGpasosaunio Hal By, Bep Pase
Wrak, Gyznem cuntath, 4TO 3TO NPeoGpasoBaHNE KOOPANHAT B NPOCTPaH-
ctBe R’ yxe COBEpPIIEHO, TaKk YTO MH uMeeM ay =uy; = 0. Ycaoene (23)
MOKashiBaeT, 4TO Ko3cduuuenTH npeobpasopanng (24) NOMKHH yAOBJE-
TBOPATh OOLIYHBIM YC/IOBHAM OpPTOroHalbHOro npeoOpasosanus. Ipuun-
Mas BO BHUMAHUE DPaBEHCTBO HY/I0 YMNOMAHYTHIX BHIle Ko3(dnuuentos,
noayuaeM, PacCMaTPHBas BTOPYIO M TPETHIO CTPOUKH, CJACNYIOILHE YCHOBUA:

a/zfl"!_a’:s—i—a"'a:l (k=2, 3),
%123y = Gg%ze - Rag¥az ==0,
rie Bce Bxolamue Ko3QdHUHEHTH BeUECTBeHHH. B CHly HanmuCaHHHX
ycroBHil ABa BEKTOpa C COCTaBMAAUINMI (Xgy, s, %ag) M (G3y, %33, Ug3)
CyayT eIMHMYHBIMH O IJIMHE M B3ANMHO OPTOrOHANBHEIMH MO HANpab-

nenmio. Ecau Mul B npocrpaHctee R BmGepeM 3T Ba BEKTOpa 3a
OCHOBHEIE ODTHI, HANmpaB/JeHHHE MO ocAM X, 1 X3, TO JABe CyMMHl

Gy -+ Gpeyatoays (£=2, 3),

BHDAXKAOUHE CKAJAPHEIE NPON3BEJEHNS YIIOMAHYTHIX BHIIE ABYX BEKTO-
PoOB Ha nepeMenHsit BeKTOD (¥y, Vs Va), BHPA3ATCA NPOCTO B BHIE ¥y
0y T. € NPH TakoM BHOOpE KOOPAMHATHHX ocelt MH 6yldeM HMeTs:

Gpp==oOg==1; oy =0y =0y =0a3=0.

Taxuym o6pa3oM, OKOHYaTeNbHO, NMPH CAEJANHOM BHOOpe ocelt B o6omnx
NPOCTPAHCTBAX MATpru@ npeoOpasosauns (24) Gyaer uMers pum

@31 %2 g3 gy
0 1 0 0
o o 1 o0 [ (25)

gy Jga X3 Xyg
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Sr1a Marpuua NOJAYuMaach B pe3yJbTare YMHOXEHHA NEPBOHayaibiofl
MaTpHUL Ha ABa OPTOrOHAJBHHX INpPeo0pa3oBaHins, KOTOpHE Kacaiuch
TOJbKO MNEPBHX TPEX NEPEMEHHHX, HO KOTOpHIE MOXHO, KOHEeuHo, pac-
CcMaTpHBaTh M KaK OpPTOroHaiAbHbe npeoOpa3oBaHils € YETHPbMA nepe-
MeNHbIMI, TIpHYeM yerpepras nepemeHHas ocraerca Oe3 uaweunenns. Ipu-
NUMas BO BHHMalllle, YTo NHpON3BeJenie ABYyX OPTOrOHaAbHEIX npeobpa-
30sannli TaKke ROAKHO OHTb OPTOTOHAJBHBIM, MH MOXEM YTBEPkKAATD,
YTO 3AeMeHTH Marpuitel (20) Taxkke JOMKHH YAOBJIETBOPATHL YCJAOBIO,
optoronaapnocti. Hanncas yciaosue opTOroHaJbHOCTH NEPBOH CTPOKH
co propolt u Tperbveli, noay4iM

ay=a;3=0,

1 TOYHO TaK K€ YCJOBHE OPTOrOHAJAbHOCTH YeTBEPTOHl CTPOKH CO BTO-
poli n Tpernell mact Ham

agg =05, =0.
B pesyabrare npuxoauMm K caeayiomell marpune:

0 0 0y

0 1 0 0
0 0 1 0}
i I
J"-u 0 0 gl

T. € B JAHHOM CJAyuae Mbl HMEeM JiHefiHoe npeoGpasoBatie

n=au +ayye
Y=gy~ ayyp
KOTOPOE AOMAHO YIOBJAETBOPATb YCJAOBHIO
3¢ =+ .
VineHHo TakiM npeo6pa3oBaHueM Ml W 3aHUMANCh BHIIE, H OHO Hac
H npHBeno K cremnaasHeIM npeo6pasosanuaM JlopeHua suma (15), u,
TakiM obpasoM, ¢opuyay (22) MoxHO cunTarh YycraHosaenHofl. 3ame-
TOM TOJbKO, YTO npasuaoc Be6Opa 3HAKOB TNpH ompeleiaeHnn npeobpa-
soBaHus § Oylder TeM e CaMBM, YTO W BHIleE, €cau Mb norpebyeM,
uyto6n ofwee npeobpasosanne JlopeHua 7 He MeH4J0 HanpasJeHns or-
CYeTa BPEMEHH U [MeJo onpeleantenab OGoasiue Hyas. OpTOroHalbHelE
npeobpazopaung U/ 1 V Mp BCErda MOMeM CUHTATh BPAlIeHHAMH THeX-
MCPHOrO HPOCTPANCTBA, Tak 4TIo M BX onpezeautear Oyaer OGo.ie
HyJAs, NPHYEM OHH BOBCE HE 3aTPariBaloT 4eTBepTOi nepeMeHHOH. Met
npngey, TakuM o0pasoyM, K Heo6XOIMMOCTH Toro, yTo0w 1 Yy npeoGpa-
sopaHng S onpeaenuteas Oba 6oJblie Hyas H uTo6H 5T0 npeo6pasosa-
HHe HE MEHSJI0 OTCYETa BpPEMEHH, T. € [pH CAe’aHHOM NPEANoJIOMEHHH
OTHOCHTENBHO ofwero npeobpasosBanuss 7 MH JAad yacTtHoro npeoGpa-
80BaHis MpHAEM KaK pas K TOMY YCJOBHIO, NPH KOTOpPOM (OpPMY.IH
O6nan BoiBedent. OOwuie npeoGpasosanus Jlopenua, yaosieTBopawlLie
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NOCTaBASHHHM BHIIE [ABYM YC/HOBHAM, Ha3HBAOTCA OOLIUHO ~ M040XCU-
measnbmu npeobpasosarnunsu Jlopenya. Vs npeanaymnx paccyxaenn
cieayer, 4TO COOTBETCIBYIOLLHE HM MATPHIH MOAYYaloTCs No Qopmyie
(22), rae S — cnennansnoe npeoGpasosanne Jlopenua suaa (15), a U
1V — maTtpuusl BpalueHHR TPEXMEPHOro mnpocTpancrsa. MoxHO noka-
3aTh, YTO NoJOXuTEAbnLEe npeobpasopauns Jlopesua o6Gpasywor rpymmy,
Kak u npeoGpasosanus (15).

Mpenstaymne paccy:xdenns NOKasHBAOT, YTO Marpnua nauGoaee
ofutero npeoGpasosanius JlopeHua, onpenenseMoro auilb ychosuen (21),
Moxer OHTh npeacranjesa no opmysae (22), rae U n V — ppauteuns
n S— obwee npeobpasosanne Jlopenna ¢ Asyma nepemenusiMit. Ecan
3T0 NOJOXNHTEJbHOE npeobpasopanite, 10 u3 dopmya (15) nenocpea-
cteenHo caepyer, uro D(S)=1, n onpegeantesb BCSIKOrO MOMONKH-
TeapHoro npeoGpasoBanus Jlopenua OyldeT Takxe paBeH eduHiiile,
NoCKOAbKY onpefeautean U w V pasnuw eanHnue, npuuem Marpuusn U,
S 1 V Mp paccmarpuBaeM Kak MaTpuuel uyerBeproro nopsaxka. B o6uiem
cayyae npecOpasosaina Jlopenua BTOporo nopsika, Kak HETPYAHO MO-
Ka3aTh, onpeleautenb Moxer pasHaTeca (= 1) n, caemosareasHo,
obuee npeob6pasosaiue Jlopenna Takxke G6yaer umers onpegenanrens (== 1).

55. MepectanoBku. o cnx nop MW paccMaTpHBa/ii MPUMEPH rpynm,

3JEMEHTAMII KOTOPHX BAAANCL JuHeHuple npeoGpasosanus. [lousarue
rpynmst He cBsi3ano ofs3arensHO onepauuamu auneitHoro npeoGpasosa-
Hist # MOxer OBTh NOCTPOeHO u Ajast onepanutl Apyroro poga. Mm ne-
pexoanMm ceffuac x paccMoTpenuro onepaunfi, ¢ KOTOPHIMU yxe pCTpe-
yannc, patibiie [2], a uMeHHO nNepexoluM K PacCMOTPEHHIO nepecma-
HOBOK. BmscHuM cHavala HEKOTOpHIe OCHOBHHE (AKTH I MOHATHA,
OTHOCAILIECH K NepecTaHOBKaM.
‘ [MycTb HMmeeTcs n 1EKOTOPHIX OGDBEKTOB, KOTOpLe MBI, Kak u B [2],
. MpoHyMepyeM, T. e. GyxeM MNpOCTO CYMTaTh, YTO 3TH OOBEKTH CYTh le-
‘ape uncaa 1, 2, ..., n. V3 3THX uncea MH, Kak HM3BECTHO, MOMKEM
coctasntb n! nepecraHoBoX. BoabMeM oJHY ©H3 3THX NepPecTalnoBOK

Pv P «+es Dp (26)

Uncna p, B cBoeft COBOKYNHOCTH HAOT BCe Heawe uncaa ot 1 do n,
npyyem B mepecraHoBxe (26) oHH pPaccTasneHH B ONpefesenHoM MOPAAKe.
Cpasuum nepecranoky (26) ¢ ocHosHoft nepecramoskoft 1, 2, ..., m

1 2 ... n
" @ 1)

1 P2 e+ Pa/
[Tepexox OT OCHOBHOH mepecTaHoBKH k mnepecraHoske (26) cosep-
waercs myTeMm 3amennt 1 ua py, 2 Ha p; u T1ak nanee. OOosuauum 3Ty

ollepano ofHoit Oyksoffi P u Oyaem B JAaitbHefllieM Haswparh ee nepe-
CTaHoBKOR. Onpeseanm Tenepb noustue o6 obpamHoil nepecmanosre P,
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dro Oyaser Takas onepamus, Koropas mnepesoant (26) B OCHOBHYIO
NOCAEAOBATEALHOCTb, T. €. 3aMeHseT p; na 1, p; na 2 u Tak nazee,
PasbacHuM 3TO Ha 4acTHOM INpHMEpE: BO3bMEM M ==8 ¥ paccMOTPuUM

nepecTaHoBKY <1 9 38 4 5

3 2 5 1 4)(P)'

OGpatnas nmepecranoska GyAer HMETb BHI:

(123451)_1
\42'153()‘

Herpynxo snaers, uro
PYyl=p. (28)

Bpenem Temeps nonsitne o npouldsedenuu nepecnianosor. Ilycrs Py
U Py~—kakne-HnOyap ase nepecraHoskil. Hazosem npouseenennen nepe-
CTAHOBOK P,yP; Takylo NepecTaHOBKY, KOTOpas NOJAYYaercsi B Pesyib-
Tare NpUMEHEHHs CHayajsa NepecTaHoBKH Py, a 3areM NepecTanosxi Py
Hanpumep, ecan Mpt nMmeeM ABe nmepecTanoBKH

IR 123 4 5
51 4 3 /g 1 5 o 4P

TO HX npousselenue PoP; GyAeT naBaTh NepecTaHOBKY BHAA:

123 45
s 5 9 1 3BP)

HenocpenctpenHo oueBuiHo, uro obparias nepecraHoska P! pnoane

onpenesaaercd H3 YCJI0BHA
Plp—=ppt=], (29) -

rie uepes I mb 0603HaYNAN EANHHUYNYIO TNEPECTAllOBKY, APl KOTOpOii
Ka:AuH 3/7€MeHT 3aMeHsercs cau co6ofi.

IlocaenosatenpHO mpuMelsis HECKOJbKO MEPECTaHOBOK, MHl  MOXEM
COCTaBHTb NIPOH3BENEHHE HECKOAbKHX NepecTaHoBok P3PyP;. Herpyaso
BHAETb, YTO TaKOE NPOW3BEACHUE YAOBJETBOPAET COYETATEALHOMY 3a-
KOHY, T. €.

Py (PoPy) == (P3Py) Py. (30)

Helicisitieqbto, npousseds nepectaHoBKY Py, Mbl  MOXeM 3areM
NocJe40BaTeAbHN0 NMPOU3BOANTL Py 11 Py, 11 BMECIO 3TOrO MLl - MOMKEM
8aMEHHTb BTO NOCJELOBaTENbHOE npHuMeHeHne Py u Py npuMeHeHueM
omdoft nepecranoskn (P3P;), KoTopas paBHOCH/BHA NOCAEAOBATENBHOMY
npuMmeHeHnio Py n P, 3aMeTnM, HaKoHel, YTO eIiHHYHas NEePeCTaHOBKa
YAOBJAETBOPAET, OUEBHALO, CACAYIOLLHM YCAOBHAM:

IP=Pl=P, 3D
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rie P— moGasa nepectanoska. [Ilpoussenenue nepecranosox iie Gyrer,
BooGuie TroBops, YAOBIETBOPATH NEPEMECTHTENLHOMY 3aKOHY, T. €. Npo-
nsefedns PP, u PP, Oyayr, Boobuie roBops, pPasnHuHKIMI fepecra-
Hoskami. IlpeanaraeMm nposepuTs 3TO HA NpPeAbAyuUleM npaMmepe,

Mu ycranosnan, TaknM 06pa3oM, OCHOBHbIE MOHATHA NPOH3BEAEHIR,
oOpatoli nmepecTaHOBKI! 1 €AHIHYHOH TNEepecTaHoBKlu, COBEPIUEHNO TaK
#e, KaK 5TO cAenaan pauplie Aas JuHefininx npeoOpasosanmtt (MaTpu).
MoxHo Temepb NPOROMKHTL STy aHAJIONHIO K JAajdbllie W YCTaHOBHTH
NOHATHE O 2pynne, a HMENHO: COBOKYMHOCTh INEPECTaHOBOK oOpasyer
Tpynny, ecm BHMNOJHEHB Caelyollne [Ba YCJAOBHA: BO-NEPBHIX, €CJAH
HEeKOTOpAasd NEepecTaHOBKA NPHHALICKUT HamweH COBOKYMHOCTH, TO WU 06-
parHas NePecTaHOBKA TaKXe NPHHAMIENKUT Hawell COBOKYNHOCTH, H, BO-
BTOPLIX, nponspelenne ABYX NEPECTaHOBOK, nNpHHAAJNEXKAIINX “Haweh
coBoKynHocTH (mpn moGoM mNOpsAAKe coMHOXHTedeH), Takxe npuxaane-
WNHT Hawel cosokymHocTu. Kak u B cayuae anueftHmx npeoGpasosanuft,
€AllHHYHag nepecraHoBKa MAO0/MKHA oba3aTeablio npunaanexars rpyafne.

CoBokynHocTs Bcex 7! mepecTaHoBOK o0pasyeT,” OYEBHAHO, TPYMMY.
ITepetineM Temepp K ycraHopJeHHIO elle Apyroft rpynms, KoTopas co-
CTaBJISE€T JHIIb YacCThb npenbmymeﬂ. 3ameTuy aJaa 3TOro, 4To BCSIKaRA
nepecTaHoBKa MOKET OBITh BHITOJNHEHA npu noMoIll HECKOABKIX TpPaHc-
noamunfi [2], npnuem ans 3aganHoft MEPECTAHOBKHM 4YuCAO0 Tpancmosmnuntt
Mo¥eTr OHThb pasjJuyHBIM, HO, KaK Mbl JAOKa3aaud BblLIE, OHO 6}’1181‘ Bceraa
Ans 3aJaHHOf NEepecTaHOBKH W/ YeTHHM, I HeueTHeM. [lepecranoskn,
cocTosulle 13 UYETHOro 4HCAa TpaHcmosuuwull, oOpasyioT camu mo ceGe
rpynny. [pynna, o6pasopauHas BceMH NepPeCTaHOBKAMH, HA3BIBAETCH
o0nuno cuaatemptiteckoli 2pynnoff, a rpynna, coCTOAIas M3 UETHHX
NePeCTAHOBOK, T. €. H3 IePeCTAHOBOK, CBOASIUUXCA K UETHOMY 4uHCay
Tpaucno3nmuti, Ha3LIBACTCA 3HaKonepemerHol.

PaccmoTpum Tenepb mepecTaHoBkn ocoboro THMa. l'chrb Ly &y v.o,
l, — KaKne-unGyab /m pa3anyHEIX uYncesa N3 nepBHXx n uncea ITosoxim,
YTO Halla nepecTaHOoBKAa COCTOHMT B 3aMmeHe /[y, Ha /[, /[y Ha [ u Tak
nanee, I, 4 wua [, u, nakoneu, [, wa /. [lepecraiosky Takoro Tuna
Ha3oBeM yuxaosr u# o6o3Haunm ee cumBoJoM (4, &, ..., ). Copepman
KDYroBYio NEpPECTaHOBKY YHCEJ BHYTPH CKOOKII, Ml OyJeM MOJMyuaTb LHKALL

U by eees Ly ) (s Ly ey Ly Lo D)y oo,

KOTOpHIE, OUeBMAHO, HAIOT TY K€ NEePEeCcTaHoBKy, 4T0 H ({1, Z, +voy {p):
Ecin m=1, 1. e. ecan MB umeeM uuka (/}), TO TaKOH UMK paBHOCH-
JIeH, OuEBUANO, eAMHHYHON nepecTaHOBKE, H €ro He NMEeT CMHCHIa pac-
cMatpuBath. Linka n3 asyx umcen (f, /) paBHoOCmiel, OUEBHAHO, TPaHC
NO3uLUNH /eMEHTOB /5 1 /.

Ecan nmeorcs ABa uukiaa 6e3s oGumux 5JEMEHTOB, TO HX npomnssene- .
HHE HE 3aBHCHT OT MOpPsAKa COMHOXHTenef.

IMycts, nanpumMep, n=25, U MH uMeeM NpOH3BENCHHE ABYX WHUKJIOB
6ea o6unx anementon (1, 3) (2, 4, 5) u (2, 4, 5) (1, 3).
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O6a 31Ti npousselenns Aa0T, OYEBNANO, OMHY I TY 3KE NEPECTaHOBKY

1 2 3 4 5

(3 4 1 56 2
Mu moxem BCAKYIO nepecraHosKy P npenctaButb B BHAE NPol3-
sedenust YukKa08, 1e uveownx obuux sJjemenros. YHro6m caenars 3710,
BO3bMEM 3aeMelT ! u ppumem ero 3a nepppii ajeMenr B wikJe. 3a
BTOPO# 3JEMelT HUKJ3 BO3bMEM TOT 3JeMeHT, KOTOPHH noayyaerca u3 1
npn nomomt P. [lyctb 310 Oyner /, 3a Tperufl sjeMenT BO3bMEM TOT,
KoTopwii nmonyvaercs n3 /, npu noMoutn P u Tak Jalee, NOKa, HAKOHEL,
ne AofieM N0 Takoro sJeMenra, Kotopwti nepexonut B 1 npu nomouti P.
dro n Oyaer nocaemnnil saemenrt coctapiaennoro uwkaa. Herpyauo su-
ZleTb, YTO 3TOT INIKA He MOKET CoAepxarTb OANHAKOBHIX 3aeMmenros. Co-
crasaennsfl Takuym o6pa3oM WIKJA He ncuepnaer, pooOUle rosops, Bce n
aaevenTos. M3 ocraswnxcs saeMentop BospMeyM Kakof-nnGyap 3a nepnuiif

9JEMENT HOBOrO LNKJAA H, KAK 1 DBLILIE, COCTaBUM BTOpOH LWKA U T. A.
B kauecrse npnmepa Bo3bMeM nepectanosky npn n==G6:

‘1 2 3 4 5 6\

I‘-\364125)'

IMpusmensns npeanaymufi npueyM, MOKEM NPEACTAsHTb €€ B BHAE Npo-
n3selenis UKAoL
(128 4s 6\) (1, 3, 4) (2, 6, 5)
k3 6 4 l 2 5/ » ’ 3, ’ t] ]
npuyes NopsAoK COMHOXHTENel chnpasa ne urpaer poJau.
Herpyano pufers, 4IO mnpon3BefeHne OBYX TPaHCmo3nunfl MOKHO
NPeACTaBNTh, B BHIAE [POU3BEAECHHA TPEXWIEHHHX UuKAOB. Ecau aByx-
UACHHBIE LHIKJN HE HMeoT OOUHX 9JEMEHTOB, TO Mbl HMEEM, KaK Jerko

niposepuTL: (s 1)l Le)=(ly L5 L) (s oy 1),
a Ilpn HaAHYIIH OGlU.llx 3JIEMEHTOR:
(11: 13) ([l: 1‘2)=(lli 121 IS)

Taxum 06pa3oy, BCAKYIO MEPECTAHOBKY H3 3HAKONEPEMEHHON rpynmsbl
MOAHO NPCACTaBHTb B BHIE IIPOH3BEAEHIA TPEXUIEHHBIX UHKJAOB,

Ormerny  eunte, 4I0 NPl NEPECTaHOBKE MOMHO B Nepooit CTpoxe
BMECTO HAaTyPaJblOro psida 4Yucesa mucaTb 3TH ylicaa B MoboM nopsuke.
Baixno b, 4ro06Ll MOA Ka:xABIM YHCAOM CTOSJIO TO YHCAO, B KOTOpOe
Oll0 NepexoaHT B PE3yabTaTe B3ATOH nepecTaHoBKu. [Ipupenem OAs npu-
Mepa Ape 3anucH o4HOH M TOH e nepecTaHoBKH: '

‘1 2 3 4 5 (31 5 4 2
K32514_53412‘
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Ilycte 1meercs nexoTopas nepecraHoBKa
P a a4 ... 4, .
by by ... b,
OO6parnyio nepecTatioBKy MB MOXKEM, OUEBIIHO, 32MHCATh B BHIE:
Pt by by ... b,,).
& A ... Qa,
TlycTb 1MEIOTCS ABE NEPECTaHOBKH, NMPIYEM BTOPYIO Mbl 3aNHLICM ABOAKO:
p (1 2 ... n\) 0 T2 ... u) fey, €3 oo Cp)
= ; = = .
‘Nt €3 ... Cp kd} d.g ves d,, \f, fg ees f,,)
MR umeex:

PQ_,=/1 2 ... n)(d, dy ... d,,)=(d, dy ... d,,)

€ € ... Cu\l 2 .. 0n \C1 €2 ... Cp

]

H, CACROBATEIbHO,

qul=(cl Cg oo Cn\ "!dl d.z ‘e dn\=(d1 di ces dn\‘
1 f".’. A fn)\cl €3 .o Oy fi f! b fn/

M3 wHanncanHoro BuITEKaeT cjedyionuiee NpPaBuao: uTOOH HOJYYHTH
nepecranioBky QPQ™!, Hago s o6enx CTPOUKAaX NEPECTAHOBKH

1 2 ... n
P=
Cy Ca «ou Cp
COBEPUINTh NEPECTanosky Q.

56. AGcTpakThnie rpynnel. Ilpu onpemenenud rpynnsl Mbl MOXEM
COBEPIIEHHO OTBJEYLCS OT KOHKPETHOro 3HaueHnd Tex onepauufi, Ko-
TOphe B CBOEH COBOKYnHOCTH o0pa3yioT rpynny M KOTOpHE B npelsl-
aymeM Gputn JnHefupimn npeo6pasoBanigMn uIH nmepecTaHosKamu. Mp
npnaeM, TaknuM o6pa3oM, K NOMATHIO a6cmparmHoll 2pynnsl.

AGcTpakTHas rpynna ecTh COBOKYINHOCTh HEKOTOPHX CHMBOJIOB, —
TaKkiX, 4TO JAJ9 STHX CHMBOJIOD ONPEAENCHO YMHOMKEHIE B TOM CMBIC]E,
Yro JAaercsd ONpeAeJenHOe NpaBwio, COrjlacHO KOTOPOMY H3 IRYX 3Je-
MeHTOB P 1 @ copokynnoctn (pasHEX N/ OAHHAKOBHIX) MOJYyuaeTcs
TpeTnil aaeMent, Takme npnuagiexainft COBOKYMHOCTH, KOTOPHII Ha3ni-
BaercA nx npousperenneM u obosnavaercs uepea QP. ITpn 3ToM HOMKIIM
OHITh BHIOJHEHB CAEAYIOUHE TP YCJAOBHS:

1. [Tepestnoocenue 00AHCHO NOJHUHAMBCST COLCNAIMEALHOMY 3QK OHY,
T. & (RQP=R(QP), orxyna pooGuie Gyaer cneaoBaTb, UTO Ml
MoxeM B M060M Tponssemeni, He Mends, KOHEeUuHOo, MOPAAKAa COMHOKN-
Tesell, coeanHATh MoOOHE COMHOKHTENN B ORHY rpynmy.

2. B nawell coBoxynHocmu 00a%cen cyuecingsosams o0un 1 moask o
odun maroii ssesmenm E, wxomopotii, 6yoyuu nomnoicen Ha a000IL
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Opy2oli sacsenm ¢ Mol AU ¢ UHOI CHIOFOHB!, BOCHPONIBOOUNL Smom

Je caMolli saemenm, T. e. }
EP=PE=P. (32)

Bynaes Ha3HBaTh STOT 3JEMEHT EOUHUHHLIA BAeMEHINO0AL.

3. Hast arwbo2o saemennia Hawell cosorynnocmu P cyuecmsyem
8 Hawell ace COBOKYNHOCIMN eQUHCMBeHHBT Opy20i saesenm Q, Komo-
pulil yoogaemaeopsaent ycao8ii0

QP=PQ=E (Q=P™). (33)

W3 (32) npu P=E purexkcer EEL =7, 1. e, B cuay onpenenenus obpar-
1Or o 37eMenTa, s7eMentoM, odparuny I, Gyzer cam aaemeur E (B~} = E).

MoxxHO nocTtasuTh 3TH YCAonis, onpeaeasoniie abCTpakTnyio rpyniy,
B Gonee yskofi ¢opye, npiuem n3 otHX Oonee y3kux tpeGopanuil
OCTajbHbe Y:Ke OYAYT BLITEKAaThb B KauecTBe HEOOXORHMBIX QOpPMaILHLIX
CIeACTBI, HO MH Ha 3TOM OCTanapansatbcst ne 6yneM. BooGuie orpa-
HIMIMCS JANWb  NpocTefiliMil 11 OCHOBHMMI  (DAKTaMIl,  CBA3ALHIBIMIL
¢ nonstueMm abcTpakTiofi rpynnu. Boaee mnoapoGitoe paccmorpenne
TEOpHH TPYNN [JaeT MaTepna’, KOTopmil caM mo cefe MOMET 3anogaHNTL
ueayio kunry. Hawelt neavio spasercs amus cooGHINTL uuraredio oc-
HOBHEIE TOWATHSL 11 3TuM  ofJeruurs urenne Qusnueckofl auteparypu,
B KOIOpOIi 3a4aCTyi0 NPHMEHSICTCS IOHATHE TPYNNE B A€ UacTo I10:1b-
3Yy10TCst ocnosuuMIl cpoficTeayMn rpynn. B aaavueiimem pyecto E Mul
Oyaem nucars unorja L 3aement Q, onpeaeasemuill coornoneniayn (33),
Ha3BIBACTCS o0pamnee Py obosunavaercs P Hseer mecro, ouesnano,
cootnowenne (28), n6o n3 (33) caeayer n 1o, 410 P ofpatHo Q.

Ycranosns noustie abCTpakTHON rpynnwl, nepefiaem Tenepb K puacle-
HIIO HCKOTOPBLIX lOBHX MOHATH, @ TaKke K AOKa3aTelbCTBY HEKOTOPLIX
cpolicTB  aGCTPAKTHHIX Tpynn. 3aMeTus MNpexae BCero, UTo YHCA0 3ne-
MEHNTOB B FpYMMNe, Kak 3TO ML BHJEJH DL, MOxeT ObnTb Kak Kolieu-
npy, Tak 1 Oeckoneunsly. PaccMoTpnM 1EKOTOpOE nponsmejeune s.e-

MENTOB rpYMNibl RQP

d10 Oyaer Takwxe HexoTopmli saement rpynnu. OOCpartunft saemenr
Oyaer no/yuyarbCs COBEPIUEHHO TaK e, KaK II B Ipynne JuHeiiHbix Inpe-
o6pasoBannt, a uMeHHO OH OyleT:

(RQPY™ = PIQ'R™,

B stoM nerpyano y0eanThCs, cOBeplilas MNEPeMHOMKeHHe 1 Moan3ysach
coyerarenbusM 3akoHOM. Ilycte P — nekortopuitl anemenT rpynne. Ero
1eTLle NOJOMKHTEAbHBIE CTEeMNetn

P'=] Py P,

takwe Oyayr anaementamin rpynnut. Ecan cyuiectsyer Takoe uenoe noJio-
WuTeAbHOe uyHcao m, uto P™=I, 10 roBopaT, uro 3JemMeHr Gyger
KOHEYHO20 nOpAOKa, MPHYENM NOPAOKOM daeseHma OYAET lauMeHbluee

—-—
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2naueHne Neaoro NOMOXHTEABHOro uucaa m, npu Koropom PT=].
ITpu atom cpean saementos

L, PP ..., P™1

yaxe ne moxer Owtb oanHakoswXx. JlelictBurenbno, H3  ycaopus
P*= P! (E<l) uenocpenctsenno smrekaer P *=—] Jlns xoueunofi
rpynnel Bce dJeMeHTsl GYAYT, OYEBHAHO, KOHEYHOro NOPSAKA.

OGo3naunm saementsl Haweli rpynmm  uepes P, Ecan rpynna
KOHNEuHa, TO MOXHO CYHTAaTb, UTO 3HAYOK 0 NpoOeraer KOHEUHoe HHCJIO0
+ LeAWX NOJONKHTEAbNHX 3naveHuil. Ecau rpynma GeckoHeuHa, TO oH
MOXeT npoberath Bce LeAble 3uaueHus [B2], Mo:eT MEHATHCA HENPEPHIBHO
i Aaxe OH MoxeT OBITh PABHOCIVIEN HECKOJBKHM 3HAuKaM, KOTOphie
Henpepusno n3mensiorcs. Ilycts U — Hekorophifi ¢uxcnposannnifi sae-
ment nameli rpynns. Cocrasum BcepoaMOxume npoussegenns UP,.
Herpyatio Buaerb, uro nps COOTBETCTBYIOMIEM H3MEHEHHH BHAYKa «
HannCaHHOe mnpom3peleHue JacT . HaM oONATh BCE 3JEMEHTH TIpynnst o
NPUTOM MO OAHOMY pasy. :

IlefictBuTENIBHO, U3 paBeHCTBa

: UpP,, = UP,,

g

ymnoxeHuem na ™! cnesa noayuaem P, =P,, T. € NPH Pa3HHX Z W
npoussesensie /P, paszanydo. Ilokawem rteneps, 4T0 3TO RPOH3BEASHHE
Gyner ofpawarscs B JoGoft sxement namefi rpynus. HefictBurensyo,
paseucrso UP,==P,, pasHocuasio P,=U"'P,, T e. npousseze-
Hue UP, AacT uam 3neMesT P,, KOria coMHOXUTENs P, 6YAeT pasHATbCS
snementy U™'P,, nawell rpynns. Tor ke caMpifl pe3yibTar Mp noay-
upay Opl, ecan 6p npunucain ¢ukcuposaHunl saemeut J ue caesa, a
cnpasa. Mtak, M noayuaem caedywowmuflt pesyabtar: ecan P, npoGeeaen:
gce srexmenmsl epynnot u U -— Hexomopslii (GuUKcuposanublll anerernm
2pynnet, mo npouzgedenue UP, (wm P, U) marxoce npoGezaem sce
SACMEHIbBL JPYNNEL U NPUMOM NO OOHOMY pa3y.

PaccmoTpuy wactusifl npuMep rpynnet. I1o103%iM, 4TO rpynna cocTour
H3 WIECTH 3/EMEHTOB (rpynna wecToro nopaixa), n o6o3nauuym 3TN
3JIEMENTH cleayomnyM obpasom:

E, A B, C D, F.
3aKkoH yMHOXKeuus onpelernM npH moMoun caegyiomell TaGanme

|EABCDF
E|EABCDF
A|AEDFBC 34)
B |BFEDCA
C (\CDFEARB
D |DCABFE
F |FBCAED
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droit Tabauuell HaZO NONL3OBATLCS s ONPEAENEHHA  YMHOXEHHA
caeayrouty obpasoy. Ecanm mpl XoTum, HanpuMmep, COCTaBHTb Ipousse-
zetme DB, To Romkisl B nepsoll crpoke Halitn B, B nepsom croafue D
Il Ha [IepeceyeHil COOTBETCIBYIOIIX CTPOK i cToa0uos HatizeM sae-
menr A, xoropuit u Gyaer spasieca npoussedenneM DAB. Herpyauo
1POBEPHTE, YTO NpH 3TOM OyAyT yJopJersopetn Bce 1€ YCJa0BHs, KOT0-
prie Mbl YNOMHHA/IU NpH onpededaennn abCTpakTHolt rpynnul, npuyem
s.eMeHT E Oyaer urpatb podb eAHHHYHOIO DJEMeHTa.

B npeapiaymux Homepax Mpl HMeI NPHMEPH KOHKPErHoro ocyumte-
cIBaenuss aGCTpakTioro mnondaTHs rpynnsl. B oanoy cayvae poab sae-
MenTa urpajso Jaumelinoe mpeoGpasopaiine (€ro MaTpHUA)  MNEPEMHONKENIE
ABYX 3JEMEHTOB CBOAIMOCh K 1IOCAEAOBATEJALHOMY NPHMEHEHHIO [ABYX
anueflnpix  npeoOpasosaHiil, T. € K NCPEMHONEHHI0 COOTBETCTBYIOLHX
3TN npeobpasonanusy Marpuu. B aApyrom cayvae poab 3/AeMeHTa urpana
IePecTaHoBKa, 1 IepPeMHOKelile ABYN JIEMEHTOB CBOAIIOCH K LOCILAQ-
BaTEABHOMY BBINOJANEHIO JABYX nepecranosok. [Ipneeder. eme npisep
KOHKPETHOro OCYWeCTB. ICHHA IPYILLL

IIycty saemenTaMu sBJASIOICS BCEBO3MOMKIBIE KOMILIEKCHBIE 4HcaAa u
lepeMHOKenie ABYX 32JeMENUTOB CBOANTCA K CJI0WEHINO  COOIBETCIBYIO-
ILIX KOMIFIEKCHBIX uiiced. B AaannoM cayuag podb €ANHHYHOrO sJeMenta
HIpaer uucao Hydr, 1 3/eMeHroM, o0parHbLM KOMILIEKCHOMY UHCHY «,
siBJsercs 4nciao (— a). BMeCTO KOMIMIEKCHBIX wiices MK MOrdn Obl 35iTb
32 3/IeMEHTH BCEBO3MOXIULIE BEKTOpHl X (Xy, Xy +..y X,) KOMIJEKCHOrO
#-McpHOIQ0 HPOCIPAHCIBU R,, H olpeleJiiTb YMHOXKECHHE 3JIEMEHTOB, KIK
caoskentie  CoorpercTsylomnx sekiopos. Ilpu sroM podb  eaunudnoro
sjeMeNTa nurpaer unyJaesoli pexrop. Vuaue dokHO CKa3aTh, 4TO 3J]€MEll-
TaMil FPYNNEL SIBJISOTCA BEKTOPH 113 R, a rpynnosely Aeilcrsiern —
caroskenne pexTopoB. OTMETIHM, YTO B NOCACAHHX ABYX NPHMEPAX pe3y/b-
TaTH NepeMHoiels ABYX SJIEMEHTOB rpyNnh He 3aBIUCIT OF HOpsAKa
coMHokKITENEH, T. €, KaK roBOpAT, JioOHe ABA JAeMEHTa rpymns KoM-
myrupyior. Takue rpynns HaswBawtcs abeaeguyu pynnayu [cp. 46]
IIpocrefiiiny mpiviepoM  abeaepoft rpynnel  sipasgercsi Tak 1ia3pisaeMas
gurAudeckas 2pynna, KOTopas COCTONT L3 edHHuuioro aeMeura E u
creneieft nexoroporo vaemeura P. Ecan s — nanvenbliuee ueloe noJo-
WHTCABHOE WiICA0, 1pH KoropoM P™=FE, 10 UuKJIYecKas rpymia
coaepxut m saevenros: E, P, P ..., P*). Ecan Takoro ueioro noJo-
WUTEALHOro 2 UET, 10 WuKJauveckaa rpyuna OGocwouevua: E, P, PP, ...

57. Hoarpynna. 1lycrs nmeercs nexoropas rpynna G 1 noJaoxny, 4ro
COBOKYHUOCTL f 9JCMECHTOB, COAeprKalLas Wb Yaclb 3/eMeHToB rpyuns G,
Takxe oOpasyeT rpynmny, Upu COXPaHelnHi NPEXIero onpeue/IeHns yMHOme-
uns. B arom cayuae rpynna / nasuisaercs nodepynnoii rpynns G Hetpyauo
BHIETD, 4TO COBOKYMHOCTh, COCTOANLAS 113 OMIOTO ANHHUYHOrO 31eMEHTa rpyi-
net G, ecTb BCerfa noaArpyina. 10 — TpusHaibias nodrpynna. B aaanueti-
11CM, TOBOPA O NOATpyNne, Ml OylUeM pasdyMeTh He TPHBHAJbIYIO NOATPYLLY,
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O6o3nauum uepes H, saemenrst noarpynnm A, 1 nycrs G, — HEKoO-
Topuill 3zement oOuweH rpynmnust G, npuuem G ne npunamaexnt F.
ITponssenenns GyH,, Kax MB Buiean DHILE, NAAYT HAM pasIHuHbE Je-
MenTH rpynns G, npuueM STH 3JeMenTH ue npudamnexar H. Hefictou-
TEIbHO, B MPOTHBHOM CAY'Uae Mu HMEAW Gul NpH HEKOTOPHX 3Hayenunx
o, n oy snauKa « Gy, = H,,, otkysa Gy=H,.H;}, 1. e. G momxuo
npunagexars f, uI0 npotusopcylr nocrasaennoMy ycaosno. IMonomum
Tenepb, uTo0 Gy 1 (G cyrs Asa pacanuunx sixemenra obuefl rpynnu G,
ne npunagaexawnx moarpynue f. ITokaxem, uTo COBOKYMHOCTH SJae-
mentoB GH, n G,H, nan posce He nuMeOT O6HHUX 3JI€MEHTOB, WUAH
COBNAAAIOT, T. €. COCTOAT U3 OmNUX M TeX e 3emenros. IHeficrsi-
TENbHO, €CAM NPH  HEKOTOPHIX  3IAYCHHAX 3HAYKA & MHL  [MEEM
GH,, = GiH,,, 1O oOTCI082 caciyer Gy= Gf, H;} = GiHH,,, 1. e. G
NPHHAATEIKUT COBOKYMHOCTH 3naevenios G, 1 touno Tak xe @G, npu-
HagMeRuT coBOKymioctu saemeuros Gyf{,. Orciora caeayer, 4ro npous-
Beaenus Gy H, w G,H, onpeaensior oany n Ty e COBOKYNHOCTb 3.€-
MEHTOB.

Bospmem Bce saementst H, noarpynnwt H. Oun ne ncuyepuspaioT
Bcex »3aementos rpynnm (. PaccmorpiM HexoTtopuift ssementr G, ue
npunaaaexamnit f, 1 cocrasuM pcesosvoxiue mnpouzserciiug G,
KOTOpHE, KaKk MM BHAEIN BHILIE, BCE PA3IHYHE MEXIAY COGOI0 M OTAHuNE
or 7,

Moxer cayunrbcs, wro anemeurs f, n Gy, Takxe ne ncuepno-
BaloT Becell rpynne. Bospmem nexkoropmit snement rpynnst G, He npu-
nagtexawnit H, n G H, u cocrasum nceposmoxusie npousseneuus G,
Kax wm pngenn seime, saementst G,F, Gyayr Bce pasianynsl Meway
coGoii 11 Gyayr oranunsl or saementos /7, u G H, Ecan snementst H,
GH, n G,H, ue ncuepnnBalor Bcex 3Jjemenros rpynmnst G, TO BO3bMEM
HeKkoTopHil 3jement @ He npuHAAJeKauluit YKasauubiM BLIILE TpeM
COBOKYMHOCTAM 3JAeMeNnToB, B coctasuM npomssereuns GH,. My noay-
Yy TakuM o6pasoM HOBHE 3JeMeHTH rpynnst # T. A. [loxoxuyM, uro
NyTEM KOHEUHOrO H“HCA3 TAKHX ONEPauuil MB HCUEPRaeM BCE 3/AEMEHTL
rpynne Q. Ilycte ana storo morpebyerca (m— 1) anemeuros G,
IIpn stoM Bce 3nementH rpynnsl G OyAyT npeiacrasieHsl B CJAEAYIOLIEM

BILIC: Ha’ Gll—]a' G-zHay coay Gm—lH:z‘ (35)

rie 38auoK o npoGeraer ciavuenus, COOTBETCTByMmIHe noarpynme M.
Ecan noaoxum G == G H,, rue 7, Kak-Hubya» ¢ukcupopano, 1o CoBo-
Kymocrs anementos GpF,, kax nokaszano ppme, OyAeT COBNAAATH
¢ cosokymiocteio Gpf,. Wuaue rosops, B Kawnmofi COBOKYNHOCTH
.GpH,(Gy==1) moGoft anerenT COBOKYNIOCTH MOXKET HrPaTh POJb NPEACTa-
putens Gy OTcona HenoCpeACTBEHHO CJeAyeT, 4YTo MpH 3adaHHOH nod-
rpynne H, pasGuenne saemenros rpynnst G na cosokynuocrn suda (35)
Bnoane onpeaeneno. CosoxynHocru Gpfl, Ha3HBAOTCA COGOKYNHOCMAMLU,
CONPAINCEHNBMU OMHOCUmMenso nodzpynnet H,.
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B paccmarpusaemom cayuae (35) noarpynna H nasmBaercs nodzpyn-
noi rouewnozo undexca, a uMmenlo nodzpynnoi undexca m., Ecau
rpynna G Koneuna, To umgexc noarpynnu H Oyaer paseH, oueBHAHO,
4acTIlOMy OT AejeHnns nopsaxa scell rpynnn G Ha nopsiok noarpynnu £,
NpHUEN NOPpROKOM KOHEURO] 2pynnst RA3HSACMCA HUCAO €OdepIKa-
yuxes 8 Hell 3aemenmos. 3aMeTHM, Y4TO U3 coBokymiocrteil (35) TOAbLKO
neppas COBOKYNHOCTb 0Gpasyer moarpynmy. Kaxiaas n3 ocra/bHEIX COBO-
xkynnoctelt G H, He CONEPXHT eNHHHYHOTO 3JEMEHTa, a NOTOMy HE
Moxer 06pazosarb NOArPYNIH.

Ipin noctpoennn cxemsl (35) Mbl yMmHOxaAN 3JeMentsl f, noa-
rpynan H na saementn G, rpynnn G caesa. Moxno Omao 0b npous-
BOANTb 5TO yMIOXEHHE W cnpasa. Bsoas smecto G, apyroe oGosuaue-
nne G, Mu npuun 66 TakuM ke 06pasoM K IPEACTaBJEHHIO 3JeMell-
TOB rpynnul G pmecto cxemu (35) B caenyiowieMm Buie:

Ha’ HGG;’ Haa;y ceoy Hao;n-h (36)

ApH 3TOM HHAEKC noArpynnil m He Mensercs. COBOKynuoctn 3aemel-
tos GpFf, HA3LBAOTCS HHOTAAQ CONPSMKEHHEIMH COBOKYNHOCTSMH CJE€Ba,
a H,G, — conpsikennuMiu COBOKYMIOCTAMI CNpaBa.

3asmeTuy mpe:ae Bcero, uro ecam o mnpoleraer BCe 3layenns, COOT-
sercipyiomue noarpynne FH, 10 sqementn H;' AaioT pce saementnt F.
D10 HENOCPeACTBENNO CHAEAYeT U3 TOrO, Yro 3aeMent, oOparuwifl Heko-
TOpOMY sJeMeHTy, npimaanrexaweny H, taxoe npunaanexur H. Ilepexo-
AuM TenepL K JOKasaTeanLCIBY COBNalenns uAeKcoB Yy Copokymnuocredl,
CONpAXEHHNX COPaBa M CONpPS:KEHHMWX cJaepa. BosbMeMm Kakue-nndyab
Aoe pasmiunme cosokymuocti u3 (39), G H, n G,H, (p#gq), npuuem
aas nepsoli n3 cosoxymiocrtet (35) mm MOXKeM CuHuTaTh, HanpHuMep,
G,=L. Bosbmen oOparnne 3JeMENTH:

(G H) ' =H'G;' n (G H,Y = H;'Gg'.

IMpunnMas BO BHIMaHNe clesanible BHILE 3aMeyaHis, MBI MOKEM Mepe-
nHcaTh STU COBOKYNHOCTH saeMentos B suie H,Gp,' n H,G;'. Herpyano
BROETb, YTO OHi lie nmeior obuinx saemenros. JHeticTsureavio, ecau Ot

MLl HMEJI:
a_ "
H'HGP - u:GE ’
TO OTCIOZA BLITEKaA0 Oul
G,'G, = H./H.,== H,; nan G,=G,H.,

11 okasaiaocs Ou, uIO G NPHHAANEHRHT COBOKYUHOCTH GH,S, yero He
smoxer Outb. Takum oépaaou, OKa3blBAETCH, YTO COBOKYMHOCTH

. Ha? HJG;‘; HaG;l’ seey HaO;ll-l

GynyT conpsikenHbMI COBOKYMIOCTAMN €npana, Tak H4I0 B (36) Mmoo
npocro Gparb C;== Gj',
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Paccmorpum HexoTopsie mnpumepm moarpymn. [lycrs G — copokyn-
HOCTb BEUleCTBEHHHIX OPTOTOHAJALHHIX npeo6pasoBannit ¢ TpeMs nepe-
MEHHBIMH 1t H—COBOK}'I’IHOCTB BEUIECTBEHHBIX OPTOrOHAJbHBIX npeo6pa-
3oBannft ¢ Tpema nepemenumMn u ¢ onpexenutenem (--1). Beakoe
BEIIECTBEHHOE OPTOTOHANbLNOE npeobpasoBanne OYAET I  BpauleHueM,
T. €. NPHHAAACKAULIM H, Wi npousseAacHHEM BpameHns Ha CHMMETpPHIO
OTHOCHTENIBHO HAayana, KOTOPasa BHpaxaercs dopmynamu:

X¥=—x Y=—y 2Z=—z (O 37)

B nantiom cayuae rpynma G moxer GuTb mpeicrasiena caenyoutelt
Moii:

cXeMo H,, SH, , 38)

nan . .

H, H,S, 39)

rie H, oGosnauaer COBOKYMHOCT, BCEX 3AeMeHTOB rpynns ff. B nau-
HOM cayuyae H, Oynmer noArpynmofl nuaekca 2.

IMycte G — cuMmeTpPHYECKAs rpynna nepecraHoBOK H3 /1 3JeMelToBn,
H — 3uakonepemeliags  rpynna, cocrosulas H3 YeTHWX NEPeCTalloBoK.
ITycts manee S — kakas-un0yap onpenesenias HedueTHas NepecTaloBKa,
HanmpnMep mepecranoBka, cocroawas n3 oauoro mukaa (1, 2), . e. cso-
Adwasgcs K TpaHcnosnuun aaemenros 1 n 2. M MoxeM, oueBmnauo, u
agech npexacrasute G no cxeme (38) mau (39). B oboux caydasix ymmuo-
JKEHHE CJIepa MPHBOANT K TOMY e Pe3y/AbTary, UTo H yMHOXeHne Cnpana.

B nmannosm cayuae sHakonepeMeHnas rpynna OGyJder noarpynmnofl cum-
MeTpHuecKofl rpynnel ¢ HHIEKCOM /Ba.

PaccMoTpiM elle KOHEUHYIO TPYNNY MPaBHALHOCO OKTa3dApa, O KOTO-
poti Mm rosopman Beie, [Tycte A — siexoTopas pepuinHa OKTasApa
n /—ocs, npoxofsiuias uepes sty pepwuny. [lycrs S, S, S S3—
%, T n %’— BOXpYyr 3ToH ocd. DT BpauleHHs
obpasyior noarpynmy Bceft noauod rpynms ppamenns oxrasapa. OGo-
aHauuy uepes Tp(k=1, 2, 3, 4, 8) Bpatuenus, nepesoasiiie sepwnuy A
B OCTaJIbHHE NATH BEPWINH OKTasApa. Mu MoxeM MpeacTaBiTh MOMHYIO
rpynnmy OKTasApa No CJaeaylouiel cxeme:

- So T1Sy TS, T3S, TS, TsS.

T. e, noarpynna S, GyiaeT nmOArpynmof HiAeKca UIECTb.

Mycts Qg G5' (s=1, 2, ..., k) —kakne-au6o szemenrst rpynas G.
PaccMoTpuM MHOXECTBO BCeX Tex asnementoB rpynnst (G, KoTopsie
MOKHO mpeACTaBuTh B Buie npoussesenus aaemenros Jd, Gi!
(s=1,2 ..., k). ‘

DTo MHOXECTBO sJjeMenTOB Oo6pa3yer, OUEBHAHO, TpYyNMy, KOTOpas
asasercs noarpynnoft ana G uan copnamaetr ¢ G

["oBopsaT, uTO 3Ta moArpynna MOPOMAAeTCA MJaHHOH COBOKYMHOCTBIO
asnementos G, Gi' (s=1, 2, ..., &) :

Bpautenns na yroa 0,
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68. Knaccw u Mopmaibnblit peautenb. Ilycte U uV — HeKoTOpHIE
saements rpynnel. Jaement W== VUV™! nasuipaercs conpaoicernsii
aqermenmy - U. Hetpymio Buaers, uro u maoGopor U Oymer conpsuxen-
upiM ¢ W. IHeitctsureabno, U=V IWV. Jlpa siementa U; u U,
CONPMKEHNBIe € ONHMM U TeM ke TpeThim Wi

U,= Vl WV;I, Ut): VQWV;I,
OyAyT conpsbkeHHBHIMH K Mexay coGoil
Uz - Vg Vl—l U1 ( V-; Vrl)—l.

CoBOKYRHOCTb BCEX B3aHMHO CONPSKEHHHX 3JEMEHTOB Tpynns ofpa-
3yeT TO, YTO Ha3HBaeICsd Kaaccox 2pynne. Kaacc snomie onpele-
ASETCs ONHMM CBOHM 3JeMeHTOM (/. JleficteutensHo, 3amas U/, Mb noay-
uum Bech kaace no Qopmyae G,UG;Y, rae G, npoberaer Bce 3.JeMeHTH
rpynnsl. Takum o6pasoM M MoxeM pasOuTb BCIO FPYRIY Ha KJI2CChL
ITpniinMas BO BHHMaHNE OCHOBHOE CBOHCTBO EINIHYHOrO 3JeMelra, Qop-
MyaHpoBanyoe unami B [B6), MH nmeem:

G, IlG;' =],

T. €. eINHIYHHI 27eMeHT caM mo cebe cOcTaBaseT Kaacc.

Ecan aaement U OyleT nopsiaka r2, T. € €CAl 1 €CThb HaiMelbluee
11e]10€ NONOMKHTENbHOE HYHCAO, lpi Koropom UU™==I, 10 u BCiuKknii co-
npawennuii aaement G,UG;* mveer TOT e NOPsAOK M, MI0 Henocpe-
CTBENHO CACAYET H3 pPaneucrna:

(G,UGY" = G, UGz =1.

Vinaue rosops, BCe 3a€MEHTH OHBIIOTO 1 TOTO K€ KJIaCCa UMET
OINIZKOBLIH nepsaoK.

3amerum, uro koraa G, npoleraer Bce 3aementsl rpymns G, 1o
nponssenenne G,UG;' Moxer naparb 3JEMEHTH KJIACCA B 110 HECKOLLKY
pa3. Tax, nanpumep, ecan =1, 10, KaK ML BUAeJl, YKa3anioe npous-
peaenue pceria aaer L

B xavectse npumepa BO3bMEM OIsifb FPYRNy Bpaulenuil OKTa»apa.

Iycrs U ecrb ppauienne na yroa 7

sapa. Ecan spamenne T, npunainexamiee Hawefi rpynme OKrasipa,
npeoGpasyer ocb / B ocb /;, npuvem pepumna A, nepexoaut B A, u
sepuna A, B A, 10 3aemenr rpymnn T,UTj' Oyaer nasatb Bpaute-

BOKpYr nekoropofi ocn A A, oxra-

T
Hue Ha yroa - sokpyr ocu A,A, Ecau, wanpuyep, T, npeoGpasyer

2
A, B A, TO ynousuyTroe npoussenenne OGyaer NasaTh BpaileHue Ha
T 3=
yron = BOKpyr ocm A4, wan, unave ropops, spauieinue Ha yroa -5

soxpyr ocn A A, Ecan T, npeoGpasyer ocb A, A, B camy ceGs, T. €.
€CTb TOBOPOT BOKPYF 3TOH oCH, TO npouaneneune T,UT%' cosnanaer
¢ U. Takum oGpasom, B JaHHOM C/Ayyde KAAcC 9JEMEHTOB, COMPSIKEHHBIX
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¢ U, Gyner npeacrasastb €060I0 COBOKYNHOCTb Bpaimiennft na yroa —g—

BOKpYyr ocefl oxrasapa.

CosepieHHO TaK ke, €l MK BO3bMEM rDYNny BpauieHuli Tpexmep-
HOFO MNPOCTPANCTBA BOKPYF Hauyaila, TO, KaK MH 3HaeM, BCAKHH 3je-
ment U/ sroft rpynne GymeT npeacTasasTb cOGOI0 BpaileHne Ha HEKOTO-
pHil Yyroa ¢ BOKpYr HeKkoTopofi ocu. B manHOM cayuae kJaacc anemeti-
TOB, conpsxeHuwx ¢ [, OyReT COBOKYNHOCTBIO BpaiieHnit Ha yroa o
BOKPYT BCEBO3MOXHHX OCel, npoxoAfmnx Yepes Hayaso.

B TecHol ¢BS3M C NIOHATHEM KJacca CTONT H JPYroe BaXHOE MOt~
THE, 3 UMEHNO: TNOHATHE O HOPMAAbHONM Jealimene, K KOTOPOMY MH
ceftuac n nepexomum. Ilyctb G— Hekotopas rpynna u H—ee non-
rpynna. Ilycte G; — Hexkotopui#t ¢ukcupopaunuit saement rpymu G.
PaccMOTPIIM COBOKYMHOCTH 3JIEMEHTOB 9TOHl TpyInH, NPEACTaBASEMBIX

Nnpou3BCICHNEM GIH G;! (40)
a ’

rae vepes f1, mp oGo3Hauman mepeMeHHuilt sneMent noarpynnu H, T. €.,
nHaye rosops, H, npoGeraer Bce asaementn mnoarpynnw H. Herpyano
puieTs, 4to npousseneHun (40) oGpaayior Taxxke noarpynny. He#icren-
TeabNO, €CAN B3ATh, HANPHMEP, NPOU3BENENHE NBYX 5JEMEHTOB, NPHHAJ-
aexaunx cosokynmnoctn (40), To oHo Takxke Oyder npunannexarb 3TOH
COBOKYIHOCTH:

(G 2y G ) (Gy Ha G *) == Gy Hoy H, G = Gy H, G,

11 aH3JIOM{1YHO BHIMOJIHAIOTCSA OCTaJbHBIE YC/AOBHR A 00pasosanis rpynisl.
[Toarpynna (40) naswBaercs nodobuoi nodepynne H, u ecan G; npa-
HamnexuT noarpynne H, to noarpynmna (40) Takke cCOCTOMT H3 3JeMEHTOB,
npuHafaexamnx H, u, kaK HeTpyaHO BHAETH, MPOCTO coBnafaer ¢ H.
Besxu#t anement H,, noarpynnm / Mmoxer OHTb noayuen B STOM
cayuae no dopmysae (40), ecanr Mp BO3bMEM

H,= Gi—lHaoOl'

Ecau snement Gy ne npunagnexur noarpynne H, to noarpymna (40)
MO¥eT OHTh H OTJIUHON OT moArpynnm H.

[Moarpynna H naswBaeTca HopauassneLyt deaumeness noanolt rpynnn G,
ecmt npn amobom BuGope anemedta () w3 nomiod rpynnm G noa-
rpynna (40) cosnamaer ¢ noarpynno#t H. M manbuie npusezeMm npu-
MEPH HOpMaJbHHX JAeauteaell rpynne, a celuac nepefiieM K BHacHe-
N0 HEKOTOPHX HOBHIX MOHATIH, CBA3aHIHKX € NOHATHEM HOPMAaJAbHOTO
nennrels.

Tonoxum, uyro nmoarpynmna H ectb HOpMaAbHEE JAeauTeav noanoi
rpymnt G. Jlas npocToTH nuceMa OyneM CunTarh, YTO 5Ta NOArpynna
nMeeT KoHeunsifi. muaexc m. B sToM caywae Bce anementn rpynnm G
MOryT OHTb NPEACTaBJeHH 10 CXeMme

Hg, GiH, GHy vuvy GpoyHy, 1)
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riae H,, kak Bceraa, — nepeveunsifi saement noarpynnm H, Pas H ecrts
HopManbhuil Aeantenb, T0 COBOKymiocrs saementos G,f,G;' cosmagaer
€ COBOKYNMHOCTbIO 3JIEMEHTOB H,, T. €. COBOKYmHOCTh 3aeMentos UM,
COBMafaeT C COBOKYNHOCTbIO saementos H,G;.

Taxkum obpasom, ecin H ecms Hopmasvreui Oeaumenas, 10O pasbie-
Hie 2JEMEHTOB NOJAHOft Tpynnel 112 CONPS:KEHHHE COBOKYMHOCTH 110
cxeme (41) copnamaer ¢ pasbuenueM >a€MEHTOB Ha CONPAKEHHLIE COBO-
KYNHOCTH IO cxeMe

H,, H,Gy, H,Gy ..., HyGpy. (42)

Huaue ropops, B 5TOM CAYyY3a€ CONPANCCHHbIE COBOKYNHOCINU Clpasa
€o8NnAdANt ¢ CONPSANCCHHBLMIL COBOKYNHOCMAMU CACBA,

Ecaun H,, ecTb 1ekoTOpHii 34eMEHT HOPMAJAbHOrO AeTNTens, TO npi
aobom G, us @ anement GyH,, Gy' Takwe UPHHALICKHT HOPMAJABHOMY
OCAATCAI0, T. C. Gl HCKOTOPLIE 3JeMCHT MAPHHALICKHT HOPMAJbHOMY
geautenio, TO 0 peCb KJA3ACC, B KOTOPHl 3TOT 3aeMenT BXOAUT
B ocHOpHOfl rpynne, TaKke MNPHHALIEANT HOPMATbHOMY  IEJNUTEIO,
Herpyaso nokasats 1 1ao6opor, uro ecinl Hekoropas noiarpynma o0:a-
Aaer 1eM CBOHCTBOM, 4r0, COMEP:a HEKOTOPHIH 3JeMeNT, OHa COAEPAUT
11 BECb KJIACC, K KOTOPOMY 3TOT 3/A€MEHT NpPHHAMJIEKHT B OCHOBHOH rpynne,
TO Takas NOArPynna ectb HOPMAAbHLI JETHTE/b.

O6parnyMcst Teneph K PacCMOTPEHHI0 COMPSKCHHLIX  COBOKYMHOCTEf
B cxeve (41) nan (42), rae saementnt /, oOpasyoT nopmaabHmii aean-
tens H. Paccsorpus npoussenenus G fH,G,H,; 371eMEHTOB HEKOTOPOI
conpsxennoit  cosokynuoctin GyH, Ha 37eMeHTH  conps:eHHOHf cono-
kynsoctin G,Hy».

Mu moxkeM COBOKYNHOCTb 3THX Npom3sefeHil Hamicatbh B BiIE:

GI (Haok) Ha'v G[GkHaH ’.

Daementst H, 1 H, coaepaarcs B HOpMaAbLlION neautene H, n 1o
Jke caMoe MOJKHO ckasare # o0 ux npouspedenun. Taxuym o6pasoy,
npeanayullie ApPON3BEACHis Mbl MOAEM Hamucarbh B BILIE:

G,GH,.

Bce ajeMeHTH 3TOrO BHIAA 3aK/MIOYAIOTCA B OAHOH H Toll Xe conps-
skenHofi copokynnoctn (41), a uvenno B TOll conpsikenHofi COBOKyn-
Hocty, K Kotropoll mpunastexnr saement G,G,. Herpyamo rtakwe noxa-
8aTh, YTO MK TOJYUYHM TaKiM o0pa3oM BCe 3JeMEHTH 5TOH conpsxen-
Holi cosokynHocti. Kopouye ropops, ecjiH noArpymnna ectb HOPManbHBbifl
Adenuteab, TO TMEPEeMHOKEHNe OMIoH CONpAKEofl COBOKYNHOCTH Ha ApY-
TYI0 [aeT TaK¥e HEKOTOpYyIo CONPSKEHHYI0 COBOKymHOCTb. Byaem pac-
CMarpuBaTh KaMAyio 13 CONPSXKEHHHX COBOKYNHOCTEH KakK HeKHil HOBBbI
SJIEMEHT, NPHYEM MepBYIO U3 CONPSKEHHHX COBOKYNHocTel B cxeme (41),
(38) Oyaem cunrars emMHHUHHIM 3JeMeHTOM. [lpenmayuminfi pesyabrtar
00 YMHOMKEHHH CONPSDKEHHHX COBOKYMHOCTEHl AacT HaM Npasnaa yMHO-
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JKEHHUA STHX HOBHIX, BBEJEHHBIX HAMH JJIEMEHTOB, NPHYEM, KaK "HeTpYAHO
NPOBEPUTb, YTO MH NPENOCTaBAAECM CHEJAaTh YATATENO, 3TO NPaBHJIO
YMHOXEHIS YOOBJIETBOPSIET BCEM YCJOBHAM, KOTOpHe Tpebyorca aas
o0pasoBanns rpynnH, T. ‘€ BBEASHHBHIE HAMH HOBHE 3JIEMEHTH npH
YKa3aHHOM NpasHJe NEePEeMHOXEHHs cam# o0pasyioT rpynny, B KoTopoii
nepsas U3 CONPSMEHHHIX COBOKYNHOCTeHl CXeMHl Hrpaer poib exiHnu-
HOro 3jeMeHTa. DTa HOBas Ipynna, NOPAJOK KOTOPOH paseH HHAEKCY
Hopmanplioro geaurens H, nasmBaercs aonoanureawHolt K H rpynnot
nan daxrop-rpynnofi orHocureasHo H.

Beskas rpynna G umeer JABa TPHBHAABMHIX JEAUTENR: OAHH COCTOHT
H3 OJHOrO €ANHHYHOro 3JeMEeHT2 u Apyrofl cosnaaaer co sceit rpynnofi.

B naabneiimem, rosopsi 0 HOPMajJbHOM JeJHTENe, MH OyneM CuiTath,
4TO OH OTAuYeN OT YNOMSHYTHIX ABYX TPHBHAJBHHX HOPMaabHHX IHeai-
Tenell. Mosker cayunthCs, UTO rpynna He UMeeT Hi OIHOrO HOPMaabHOro
nenutens. .

Taxaa rpynna naswiBaercss npocmoil.

59. Npumeprl. 1. Paccmorpnm rpynny G BemeCTBCHHHX OPTOroHaILHLIX
npeoGpa3soBannit B TpexMepiioM npoctpancrse. [1ycte H— noarpynna msnxkens,
7. €. COBOKYNHOCTL OPTOrOMaabHLIX Npeo6pasoBannfi ¢ onpepeanteaem (4 1),
Tycrp, natee, S ecTb cHMMETPHA OTHOCHTEIbHO NHayara, onpenpeiseMas (QoOpMYy-
aofi (37). Ect H, ‘ects mepeMmennnil sxesmentr u3 H, 1o moanas rpynna G mo-
#eT OHTb NpPeICcTaBaACHA MO CXeMe:

Hy SH, uwm - H, H,S. (43)

Ecan G, ects moboe npeoGpasosanite us G, 10 G H,Gp! nmeer onpenean-
teas (4 1), 1. e. npunagrexur H, w H ecTs nopMaibHufi JeanTeanr HuZexca jsa.
PaceMorpuM rpynmy, fomoanurexbnywo k F. Tepsefi u3 cosoxkynHocreit (43)
COOTBETCTBYET eNHHHuYHuIl 91eMeHT E 910fi rpynnul. IlpousBenenne O8yx saemeH-
TOB 13 BTOPOfl COBOKYIIHOCTH, T. €. IBYX OPTOroHaabHLIX npeoGpa3oBannit ¢ onpe-
zeauteaeM (— 1), naeT oproronasbHoe NpeofpasosaHue ¢ onpeneanterem (1),
KOTOpOE NpPHHANIEXHT nepBoit coBokynHocTi. Ecan K — 3.7€MeHT, COOTBETCTBYIO-
uiit BTOpoit COBOKYMHOCTH, TO H3 CKa3aHHOro caeayer, yro K*=_E, Wrak, nonoi-
HHTeabHaa X H rpynna cocToHT H3 ABYX 9meMeHtoB E n K, 1 K*=E, T. c. 910
ecTh IHKIHYECKas Ipynna nopanka asa. 3T1o 6yneT Boofite nMeTh MeCTO NpH
HOPMAJbHEIX NEIHTEIAX HHIACKCA JBA.

2. laa cuMMeTpHueckofl rpynmel NepecTaHoBOK 3HaKONepeMenHas rpynna
6yj1eT HODMaabHEIM JeIHTeIeM HHIeKCa JBa.

Benimey sneMenTH clHMMeTpPHYECKOll rpynnel ¢ TpeMs dieMenTaMi H 06o-
3nayuM Kaxasfi #3 HHX omnoft 6yksoifl, moab3ysch o6o3nayennamn u3 [55]:

E; A=(2,3); B=(l, 2); C=(1, 8); D={(l, 3, 2); F=(l, 2, 3).

3uakonepeMeHHaa rpynna, cocrosaman 13 mepecraHoBok E, D u F, 6yner unxan-
yeckoit rpynnoii 1persero nopsaiaka (F=D* n D= F?), npnyeM D)= F'=E,
ﬁfﬂD cn;me'rpxmecxan rpynna cocTtonT n3 Tpex kaaccos: 1E; A, B un C;

n F.

3nakonepeMeHHan rpynna Takxe cocTonr u3 rpex kaaccos: 1E; 1 D; I F.
HeTpynHo npoBepiTh, uto 3axkon yMUOMEHHs 1A 3IeMelTOB paccMaTpHBacMoll
CHMMETpHYECKOli Trpynnu COBNaRaeT ¢ TeM 3aKOHOM, KOTOpHI onpegeaserca
Tabannelt (34) n3 [56].
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3uaxoncpesicHHas rpynna npi n=4 colepxnt 12 siemcntos, KoTOpLIC
pacnpeaeasioTC HA YeTHIPE KIacca:

1E, MA=(l,2) @ 4; A,=(l,3) 2,4 A=(,4) (23,

B,=(, 2 3); B.=(@2,1,4); B;,=(3, 4, 1); Bi=(4, 3, 2);

IVC,=(l, 2,4 Co=(2,1,3); Ci=(@B 4, 2 Ci=(, 3, 1).

Bropoii ka1acc coaepkuT TpH 3JIeMEHTa BTOpOro nopsika, a Tpemiii  yer-
BCPTMIl KIdcCHl — MO YETHIPE 3IEMEHTA TPCThero nopsiaxa. [lponsseaenne asyx
9JAEMENTOB BTOPOro KJIacca RaeT, KaK HETPYAHO IIPOBEPHTL, ONATL IAEMECHT BTO-~
Pporo K.1acca, o, NOCKOAbKY BCC 3JICMEHTb BTOPOro INOpAiKa NOMaIH BO BTOPoil
KJ3CC, MOXKHO YTBEP#KAaTh, YTO ITH TPH 3JICMEHTA COBMCCTHO C EXHHIYHBIM 3IC-
MEHTOM O00pa3syioT HOPMAIbLuBil ACIHTCIL PpaccMarpHBacMoil 3HaxkomepeMeHHoIl
rpynnst. Mopsagox cro pasen vyeTmipem, a nujexc tpeM. Jlerko mposeputn, uro
IACMEHTH B; TPETLEro KJIacCa MOMAAYT § OAHY H3 CONMPAKENHBIX COBOKYMHOCTCH
91CMEHTOB MO YKA3AHHOMY NOPMaiIbLlOMY Jeantenio, a saeMentsl C; —B APYyryo
CONPAXEHHYI0 COBOKYNHOCTL. Jlazee HETIpYAHO NPOBEDPHTL, UTO NpPOH3BEJEHIE
JABYX 9ICMCUTOB TPCTLCrO KJACCA JACT HEKOTOPLIl 31eMEHT YeTBepIOro Kiacca, a
1IpoN3BeACHIE ABYX 3JICMCHTOB YETBEPTOro Kiaacca Zaet 3ICMEHT TPCThero Kaacca.
B aonoanurteauuolt rpynne YKasaHHoMy HOPMAIbHOMY JeINTETO COOTBETCTBYCT
eauHuykpil saement E. [lycrs A w B—aABa Jpyrux 9JICMCHTAa JOMOJHITEILHOL
rpynnsi. M3 ckasaudoro Bhille HENOCPEACTBEHHO caeayer, 410 A*=B u B*= A,
Il 1CMOCPCACTBEHHO OYEBIHIHO, YTO JOMOIHHTEILHAA TPYMNa, COCTOsL{AR H3 9.Te-
mentoB £, A u A%, npuuem A*=E, ects uUKIHYecKas rpynna TperbLero Nopsaaxa,

O1nerny, uto 3aementsl E (1, 2, 3) u (2, 1, 3) Haweft ocHoBHOIl 3HAKOME~
pescunoil rpynisl 06pa3yioT UHKIHYCCKYIO NOACPYNNY TPCTLELO MOPAIKA, HO 3Ta
NOArpyNNna e siBIAETCA JICMCHTAPHBIM JACJHTEIEM.

Ecan e npouysepyeM BepUIHHS TCTPa3APa B KaKOM-Ti60 NMOpPsUIKE, TO JCTKO
HENOCPEACTBEHHO 1IPOBEPHTb, YTO YKa3aHHas Bbllle 3HAKOHCpPEMeHHas [rpynna
npH n=+4 COOTBCICTBYET TE€M BPAUICHHAM, LPH KOIOPLIX TCTPA3AP NEPEXOIHT
B ceGi. Bedakas mepecraHoska onpejedser [epexox OIHUX BCPIUHH B IpVrie.
[MepecTanoBkamM TPEILErO KIacca COOTBCTCTBYCT Bpaueuie BOKPYr oanoit us

oceil TeTpasgpa ma yroa a MepecraHOBKAM YETBCPTOro KIacca — Bpauwenis

3 k]
B NIPOTHBONOMOMCHOM HanpaBaIcHHU BOKPYr TeX ke ocelt u Ha ToT ke yroa. Tax,
nanpunmep, nepecrasosray (1, 2, 3) u (2, 1, 3) cooTBeTCTBYIOT BPAL(CHIIA BOKPYT:
ocH, mpoxoiaileft yepes BepuinHy c HoMepoM 4. [TepecraHoskam BToporo kiacca
COOTBETCTBYIOT TakHe Bpalienus TeTpasipa, NPl KOTOPEIX HI 0IHA H3 BCPUIM
HC OCTAeTCH Heli3MeHHoil.

Moo 10Ka3ars, Y10 3HAKONCPEMCHHAA TPYNIla NPH n>>4 ABAsCTCA NpocTolt,

3. Ecant umeerca a6eresa rpynuna G u ee Kakas-an6o noarpynna H, 1o npu
mo6oM BuiGope axementos H, u3 H u G, us G met umeces G H,=H,G,, 1. e.
G, H,G* = H,, o1xyaa HenocpeiCIscuHo BUIHO, 4yT0 1 €CTh HOpMAILHBIL Je-
JUTeaL, T. € BCAKaA NoArpynua abeaesoil rpynlinl ecTh €e HOPMAJbHbIY Aei-
1eab. B Kavecrse npuMepa paccMoTpuM rpynny (G CIOXKCHIS BCKTOPOB B Ry,
0 KOTOpoft Mbl rosopuan B [49).

B kauectse noarpynmnel £ BO3LMEM BCKTOPbI, NPHHAZICKALIHE HEKOTOPOMY
noanpoctpaHctBy Ly n3 R, (0 << k << n). Conpsikennsie COBOKYNHOCTH [0IYYAIOTCA
nyremM 100aBICHIIA K KaKOMY-1i60 BCKTOPY X U3 R, BCEX BCKTOPOB MOANDON-
cTpanctsa Lg. .

Ecan & upunazaciknt Ly, T0 CONpAueninad COBOKYIIOCTL COBMAIACT C Hoi-
rpynno#i H, Bsezem mexotopbie opte XM, x® .., x%® B L, u optu
xRt xt g ponoaunTexbHOM moxnpoctpaHctse M,_p. Beakan conpswennas
COBOKYNHOCTL 3JeMeHTOB OyIeT COCTOATb,B CHIY CKa3aHHOTO BHIUE, H3 BCKTOPOB:

Clx‘“—i-ch‘z’—*‘n--l—ka‘k’—i-ck“x(kﬂ'+o-.+€nxm’,
NPHYEM Cpyy, +-.  Cp HMCIOT DHKCHDOBAHHLIC 3HAYECHHA, A €, Cg «vo, Cp — MOIYT
. NpHHHEMAaTb a100ne 3HAYCHUA,
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TaknM o6pasom, BCAKOft conpaxkeHHON COBOKYNHOCTH MbI MOXKEM CONIOCTABHTL
onpeneseHnnift BexTop n3 M,_p, 1, Hao60poT, BCAKOMY BeKTOpY M3 M,_, coor-
BETCTBYeT Onpefe’leHHas CONPsKEHHAs COBOKYMHOCTh. CIOMEHRIO IBYX BEKTOPOB
N3 KaKknx-méo JABYX CONMPANKCHHBIX COBOKYMHOCTEli COOTBETCTBYET CIOXCHNE
COOTBETCTBYIOMHX 9THM COBOKYIHOCTAM BekTopos M3 M,_p. Mnaue rosops, sxe-
MEHTaMI1 TOMOIHNTEIbHOfl TPYNNbL MOXHO CYUNTaTh BeKTOpH 13 M, , npn mpex-
Heil rpynnosoil onepauny (CIoxkeHHe BEKTOPOB).

B 3ToM mpuMepe nopalok HopMaabHoro jexnteas I 1 ero mmmckc paBHB
6eCKOHEYHOCTH.

60. Usomopduete u romomopdueie rpyanel. Ipe rpynnm A u B
HA3HBAOTCA N30MOPEHBLMI, €CNN MeXAY WX DJeMEeHTaMi MOXHO YCTa-
HOBHTb TaKOe COOTBETCTBHE, YTO 'KaXAOMY 3JeMeHTYy n3 A cooTBer-
cTBYyer onpexenennsfi saement u3 B u, 1a000pOT, BCAKOMY 3SJIEMEHTY
w3 B coorBeTcTByeT onpeneneHuuti aaement A (6noAHo3HauHOE COOT-
BETCTBHE), NpHUEM 5TO COOTBETCTBHE TAaKOBO, WTO NMPOM3BENEHMIO ABYX
Kaknx-mu6o anemeHTOoB N3 A COOTBETCTBYET MHPOU3BEAEHHE COOTBET-
cTByomux saementos 13 B. Ecau A u B— n3omopdune aGeTpakTibie
TPYNnel, TO OHH HMEIOT COBEPHIEHHO OAHHAKOBYI0 CTPYKTYpY, T. €. RO
CYmMecTsy ne OTJINHU3IOTCA OdHa OT ApYrof.

epelineM Temepbp K YCTaHOBJEHNO HOBOIO IONATHS, KOTOpOE
nsasercs  oboGuennem nouatus usoMopdumx rpynn. pynna B nasm-
BacTCs 204f0M0pPHOIL 2pynne A, ecau KaxXAOMY 3JIeMEHTY A CoOTBET-
CTBYeT omnpeliefeHHH{l 3aeMent B, npruem Kaxauit szeMment n3 B cooT-
BETCTBYET XOTb OAHOMY 3JeMeHTy #u3 A, I 3TO COOTBETCTBHE TaKOBO,.
YTO NPOM3BENEHHIO [BYX O3JMEMEHTOB U3 A COOTBETCTBYET npOH3BEeAEHHE
COOTBETCTBYIOINX 3JemMeHTOB u3 B. B mannoM cayuvae B oTauyne oOF
N30MOPGMHEIX TPYNN COOTBETCTBHE HE JOMKHO OHTh 0OpaTHO-OAHO3HAY-"
HHM, T. € OAHH M TOT JKE 3JEMEHT rpymnel B MOXeT COOTBETCTBOBAThH
HECKOJbKHM pasanunnim siementaMm rpynnw A. Ecau rpynna B romo-
MoptHa rpynnme A, u KaxIOMy 3MeMeHTy u3 B 6yler COOTBETCTBOBATh.
OIHH onpeleneHHHH 3aeMeHT M3 A, TO 3TH rpynnsl GyAyT u H3oMOpQ-
HHMH. 3aMeTuM, KpoMe TOro, uro ecan snaeMeHtam A, n A, u3 A coort-
BETCTBYIOT 3JeEMEHTH By # By u3 B, T0O N0 onpeneneHnio 3jaeMenty
A:A, m3 A coorsercrsyer sneMeHT BB n3 B. ,

Ilycts Ay — enuununmit sneMent u3 A 1 By — CooTpercTBYIOmnit
saeMeHT n3 B. Herpyano nokasats, 410 M B, OyJeT €ANHHUHEIM 3Je-
mentoMm. Iefictautensno, ann moboro A; n3 A uMeeM paBencIso

A/, =‘A1Ao = A,
KOTOPOE NPHBOMNT K PAaBEHCTBY COOTBETCTBYIOMIHX B3JeMeHTOB H3 B:
ByBy==B1By =By,
npryeM 1o onpenesensio roMoMopdusMa By MOXHO CuuTaTb MOOBIM
sneMenTtoM H3 B, Ilocneanee paBeHCTBO MOKAa3bIBAET, uT0 B, €CTh €Au-

HHYHHE saeMent rpynne B. Vitak, B 130MOPOHEIX H rOMOMODQHHX rpymn--
nax eAWHHYHOMY 2JeMeHTy H3 A COOTBETCTBYET EAMHHYHHI BJAeMenr
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n3 B. Bosbmem Tenepp nBa oGpatHnx 3ssemeHta A, H Al—i Uz A, u

nycts B, u B;— cooTBercrsyiomue 3jJeMeHTH H3 B. PaseHcrtso
AAT = A7 'A;= A, rae A, — enuHnuHHi{l 3JeMeHT, HaeT, Mo onpene-
JeHmo roMoMopdHHX rpynn, ByBy=—=B;B,=25, rie no npeluayumemy
By — emmmiunniii 31eMeHT, a notoMy By;=05y"', T. e. 0OpaTHHM 3JEeMeH-
TaM 113 A COOTBETCTBYIOT 1 OOparHHe 3JeMEeHTH u3 B.

IMonowxuy, 4TO HAlK FPYNOH TOJABKO roMOMOPQHE, HO HE H3O-
mopdunl. PaccmoTpuy cosokynHocTh 3deMeHTOB C, B rpymnne A, KoTo-
puiM cootpercrsyer eldnHnuunfl saement B, us B. Eciu C, cootper-
cisyer By 1O no npeavinywemy C;' coorsercrsyer B, '=B, u Bcs-
KoMy wnpousseneumo C,,C;, cOOTBETCTBYeT Takke ByBy=258, T. e.
COBOKYNHOCTL 3JAeMentoB C, rpynnsl A, KOTODHIM COOTBETCTBYET -
HIYHBI 37eMenT u3 B, obpasyer Hekortopyio noarpynny C rpymnb A.

IMToxkamex, uto 5Ta noarpynna OGyaer nopmaabhey geantenaeM. [Heil-
CTBUTEABNO, NyCThb A; — Kakofi-nubyap saemeHt rpynnot A u B, — co-
oTsercTsyromnfi saevent u3 B. Beakomy saementy suaa A;C,A7' coor-
BeTcrsyer B B 3sjemeutr B{ByBi', uau 8 cuay OCHOBHOrO CBOMiCTBA
€MINYHOro 2J1eMEHTa MOKHO YTBEp:KAaTh, UTO BCAKOMY 3JEMEHTY BHAA
A C,A7 ' cootBercTByeT eqnnuutinifi saement us B, T.e. BCAKU daeMeHT
suaa A,C,A7"' ects omun u3 saevenros C, T. € O HPHHALAEKHT
noarpynne C, a caefosarensno, 3Ta noarpymia C eCTb HOPMaabHL
deauteas. Paceyorpny Temepn pasGueninie rpynnsl A nia conpsikesHsie
COBOKYNHOCTI O CXeMe

Co AC, AiC, ... (44)

Iycts B, — saevent, cootpercTByowintl A, Bo3bmeMm aBa anemeHTa
A,Cy u A,C,,, mpuHagdexamux oJHolt 1 ToH# ke conpsikeHHOH COBO-
kymnocTi. My OyayT cooTBeTCTBOBaTh oJeMeHTH BB, u B,By 1. e
O4HH I TOT Xe 3JaeMeHtr B, us B.

DnevenTtaM U3 Pa3HHIX CONPSKEHHMX coporynnocreit A,C, n A,;C,
COOTBETCTBYIOT 3/eMedTH B, 1 B, Ilokawxeym, 4To 3Ti noc/aeaune sie-
ments  pasanunel.  JleficTBurenniio, ecan Gul oiil  Oblai  ORHHAKOBHL,
10 3aementy Az 'A; cooTsercrsopa’ Oul eanuuunsll saement B, us B,
T. €. sneMeHT Az 'A; Momxen Opta Obl Obith oAniM 13 sxaemenros C,,
T. € Mbl nMean 6 Az 'A;=Cy, T. & A;=A,C,, uTO npoTHBOpEUNT
cxeme (44). Urak, ecau 2pynna B zo0xomopgra epynne A, nmo coso-
Eynnocms 3aesenmos C u3 A, coomsemcmsyouux eOuHULHOILY
daemenmy u3 B, obpazyem Hopsmarsnull deaumens, u 8caNas conps-
JHCEHKAST COBOKYNHOCHLE € BINUM HOPMAALHBLM Oeaumenert npedcmas-
asem co00i0 COBOKYNHOCIG 8CeX 3AeMeHmo8 A, Komopwu coomsent-
cmeyen odun u mom oxe ssesenm uz B. V13 onpenenenns romomMopdusx
rpynn, cjAedyer HENoCpPeACTBEHHO, YTO MNpPOM3BEACHINW ABYX Kakux-ango
DJEMENTOB U3 Pas/uyHBX (U OHWHAKOBHIX) CONPAMEHHBIX COBOKYIHO-
crell  COOTBETCTBYET NPOH3BEAECHHE TEX 3JIEMEHTOB rpynms B, KoTopHe
COOTBETCTBYIOT YNOMAHYTHM CONPANKEHHBIM COBOKYMHOCTAM, T. €., KOpoue
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TOBOPA, BCAKOH COMpsikeHHON COBOKYMHOCTH N3 A COOTBETCTBYET ompe-
HejaenHull 2JeMenT 113 B, PpasanyHEIM  CONMPSIKEHHHIM  COBOKYMHOCTAM
COOTBETCTBYIOT pa3JHuHBEIE 3JEMEeHTH H3 B, U 3TO COOTBETCTBHE YCTaHaB-
JuBaeT n30MOpGHOCTH rpynns B ¢ aonoatureasoti aaa C, rpynmnoft B A,

B KauecTse mpuMepa BO3bMEM ONATh FPYNNY BEUIECTBEHHHX OPTOro-
1aapHHX mnpeoGpa3oBannii B TpeXMepHOM NpPOCTPAHCTBE H COMOCTaBHM
KaXAOMy TaKoMy npeo0pa3oBaHuI0 YHCJO, PaBHOe ONpeldeanTenio npeo6-
pa3oBauHndg, ONpefennB YMHOXeHHe B 00/1aCTH 35THX uuCea OOGHUYHBIM
o0pa3oM, KaK yMHOxenna uuces. B JamHoM cayyae Hawa rpynna Oyaer
romoMopgua rpynne, cocrosmell us asyx saemenros (1) n (—1),
npHUyeM YMHOMEHUE AJS 3THX JABYX 3JEMEHTOB ONpelenseTcs OOHYHBIM
o0pa3oM, Kak ymuoxeHne unced. Poap eaunnunoro siaemeHra Oyner
urparb (-} 1). Ias sToro npumepa HOpMalpHHi Jeautenap Oyaer npel-
CTapaaTh 06010 rpynny BpauleHus.

Ecan rpynna B romomopdHa, ‘Ho He uzomopdua rpynme A, To co-
BOKYNHOCTb 39/JE€MEHTOB pynnu A, KOTOPHM COOTBETCTBYET eAMHHMHBIH
aJeMeHT 13 B, HasmBaercs OOHUHO sdposr 2oaomopgusma. Mpl Bugenn,
4TO AApPO roMoMop(H3Ma SBASETCS HOPMAMLHHIM JeanuTteneM rpynnm A.

61. INpumepnt. 1. BosbmeMm rpynny G BemecTBeHHBIX OPTOrOHAIbHLIX Npe-
06pa3oBanuii B TpeXMCDHOM NPOCTPAaHCTBE, CONOCTaBHM KaxkIOMY TakoMy mpe-
06pa3oBaHiio YHCI0, PaBHOE ONpPENETHTEN0 ITOre Npeo6pa3oBaHiiA, H ONpPENeTHM
IPYNMNOBYI0 Ofepauio XIa 3THX ylCeI Kak HX oOHyHOoe yMmHOweHne. Ilpm atom
rpynna G, cocrosman n3 yucea (1) n (— 1) npn o6HYHOM YMHOWEHHH STHX
yucea, 6yrer romomopdnofi rpynne G. Exnnnunmit saement (4 1) rpynnu G’
COOTBEICTBYET BPAIICHHAM TPEXMepHOro mNpocTpancTBa 3 G. DTH BpaweHHa
06pa3yioT HOPMAJALHLIIT AeIHTCIb, 2 AOMOJIHHTEALHONl rpynnofl sBIfeTCA WHKIN-
yeckasn rpynna nopsaaka asa [59].

2. Bo3bMeM Ha naockocTi XY npaBHALHHIT TPEYFOAbHHK C BEPINMHAMH:

(1, 0); (cos 120°, sin120°); (cos 240°, sin 240°)

n o6pasyem rpynny G, cocTosmylo H3 BpauieHmil NIOCKOCTH BOKPYr Hayala Ha
yroa 0°, 120°, 240°, npn KOTOpPHX TpeyroapbHHK neépexoant B celA, H H3 CHM=
MEeTPHH ILTOCKOCTH OTHOCHTETbHO ocH X € NOCIenyioiHM BpameHIleM Ha yroz
0°, 120°, 240°. 310 Gymer rpynna ansapa npu n==3.

: Bunimesm Bce MaTpHIlb, COOTBETCTBYIOIHe 3IeMEHTaM STOil rpynms:

10 17 o -3 V3
E— . A= . B= o
0 ] ’ 0 —l ’ ]V§~ 1 I
V3 5 |
_1l_lys _1 lys -1 _lys
7 T2 7 2 7 T3
C= 1 b= v, ap = 1 -
—3V3 3 —3 V3 —3 TV3 —3

Ecan Mm ofpaTiMca X CXeMe yMHoOMeHHsA, onpefneaeHHofi Tabamnefi (34) n3
[56], To yBumHM, YTO 9Ta CXeMa YMHOXEHHA KaK pa3 Il COOTBETCTBYeT YMHO-
WeHNio MaTpuy, obpasylomux Hamy rpynny. Bume Mun suaemt [59], uro
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ynoManyTas CXeMa YMHOXEHHA COOTBETCTBYET Takuke CHMMeTpHUecKoil rpynne
NepecTanoBoK H3 TPCX SACMEHTOB:

E; A=, 3); B=(1,2; C=(,3); D=(,3,2: F=(, 2,3). 4

Takum obpasom, ecait Mbl 6yIeM CYHTATh SJICMEHTH 3THX ABYX rpynm, 06o-
3HaUEHHbIE ONHOM i Tol ke OyKBoil, COOTBETCTBYIOLLHMH, TO 3TH [BE Ipynusl
Gynyt usomopdueimu. [TepectanoBki rpynnsl (45) coOTBETCTBYIOT MEPECTaloOBKaM
BEepPIUHH YMOMAHYTOrO BbIie TPEYroAbHHKA, €CIH X 3aHyMepOBaThb COOTBCT-
CTBYOL{HM 06pa3oM.

CosepureHHO Tak e, Kak 06 3TOM MB ywe ynomusaau s [59], rpynna
TeTpasnpa H3oMopdua 3HaKonepeMmeHHoft rpynne npH n=4

3. Moo ykaszar, o6uwHii npHeM MOCTPOCHHA TIPYyNN [1€PeCTaHOBOK, FOMO-
mopueix manuoft rpynne G. Ilycrs A —wxaxas-an6o noarpynna rpynast (G
KOHeuHoro mujekca n. Hanmwem coorsercTsyiome eif conmpaxciHue COBOKYI-

HOCTH 3JEeMEeHTOB. H. HS HS HS
’ 1 2yt n-1.

Ecan mu yMuomiM Kaxiayl H3 3THX COBOKYMHOCTCIl CNpasa Ha HCKOTODLIl
snemeHT § n3 G, To MpOH30IiReT AHIL HEKOTOPan NCPECTAHOBKA MNOPAAKA 3THX
COBOKYNHOCTeft, M O6yiacM cunTaTh, 4T0 9STa MEPecTaHoBka If COOTBETCTIBYCT

-B3aTomy saemeHty § w3 G. Herpyano nokasarh, uto Taknm oOpasoM H moay-
uitcA rpynna (' nepecranosox, roMomopduas rpynne G.

Jlas Toro utoBm saemeHty S H3 (G COOTBETCTBOBAA CAHHHYHBLIEL 31€MEHT
13 (', HeoOXOdHMO I ROCTATOYHO, 4TOOH NPH YMEOXCHHII Clpasa Ha S BCAKan
CONpAXEHHAA COBOKYNHOCTh fICpeXoRiia B cebs, 1. e. yT0GH

HS=1M, w HSS=HS, (k=12 ..,n—1),

rae H,—moboit saemenr H u Hy takwe npunapiexur H. Hanncannwe pa-
BEHCTBA MO0 NEpenmucaTs B BILIC:

S=H 'HB: S=(S;'HS,)™" (S; 'HBSk).

M H3 HHK CaelyeT, YTO Hast TOro utoGu 37eMeHTy S COOTBETCTBOBAT eAMHHYHMIL
saement 3 G, HCOGXOANMO M JOCTATOYHO, 4TOOH & OAHOBPEMEHHO NpHHARTC-
wano H u scem nmonoGuuiM noxrpynnam Sy !HS,. :

Ecan H — nopMaapumit geanteas G, 10 ykasaunoe 1pcboBaHue CBOAHTCA
k ToMy, uTo S npuHagaexur I, u rpynna G' B 3TOM cayyae usomMopdmHa no-
tioaunteabuoft rpynne. Ecan H csoantca K OAHOMY eOUMHIYHOMY 3IeMEHTY, TO
rpynna G usoMopdHa rpynnme mnepectanosok @', KoTopaa MNOIYyaeTCs, ecau

saementu rpynns G E S. S S
r YV 2y se0y On

yMHOMHM cnpasa na moGofi saesmeutr § ua G, yTO0 NpHBCIET K HEKOTOPOIl mepe-
cranoske sacmentos G. B naaphefimieM Mbl MOAPOGHO pPaccMOTPHM NOCTPOCHIE
rpynn nuneliuslX npeo6pasosanifi, u3oMopdHEX 3afanHofi rpynmne.

62. Ctepeorpaduyeckass npoeKiusl. 3aKOHUNB OCHOBL ofuteft Teopin
Ipynm, MLl NCPEXOIMM TCNCPL K PacCMOTPEHHIO HEKOTOPOro Yacriloro
npuMepa COOTBETCTBHA MekAy TIPYNNaMi, HrpaiIlero BamHYK pOJb
b ¢usnke. IlpedsaputeNbHO BHSACHHM I[IOHATHE O cmepeozpaguyeckol
npoexyun, Rawlel onpeneJeHHHH 3aKOH COOTBETCTBHA MEXAY TOUKAMH
chepsl ¥ NAOCKOCTH.

Paccmorpum TpexmepHoe NPOCTPAHCTBO C KOOPAHHATHHMEA ocamu X VZ
u chepy C ¢ HeHTPpoM B Hauajxe H pamuycoM enunnua. ITycrs §-— Touxa
cepn, umeroiias koopandatet (0, 0, — 1), 1 M -— nepementas TOuKa"
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Ha chepe (puc. 3). TIpamas SM nepecever mrockocts XY B nexoropof
Touke P, 1 MH nMeeM Takum oO0pasoM BOOJHE oOfipeAeteHupifl 33KOH
COOTBETCTBHAL MeXcAy Toukamu cpepst C M Toukamn mnaockoctu XY,
npuuen Touke chepnt S ¢ koopaunaramu (0, 0, — 1) coorsercrByer
6eckoHEYNO JaneKkan TOYKA [IOCKOCTH. YCTaHOBJCHHOE COOTBETCTBHE
TOYEK I JlaeT HAaM cTepeorpaduyuecKyo npoex-
w0 cdepst HA NMIOCKOCTE.

OOpartumea  Teneps K BHBOARY (opmya,
Aalouix crepeorpatuyeckyio npoexuuo. Ilycrs
MN — nepnennukyasp us Touxn M Ha och
Z. Mu umeeM n3 nomo0ua TPeyro/bHHKOB,
npuHnMas Bo BuuMauue, uto SO=1;

NM= (1 ON)OP. (46)
OGosnauas uepe3 . (X, Y, 2) KOOpAHHATH

Toukn M u uepes (z, B) roopauHars P, cMo-
KEM HaMUcarhb: ’

NM=(1+Z)0P, Pue. 3.
U4, NpPOeKTUpYA MapaniensHsie otrpeskn OP n NM Ha ocu X n Y:
x=01+42)6 y=(1-2)8 ‘ (47)

Vpapuenne x®-f-y?-}-2%=1 naer nam xsanparnoe ypastenne A1a z:
@+ 2P+ =1,
n, peumiag €ro, noJayuum: e + 1 — (a2 .
14+(@*+8)

Ho ans Bcex Touek (a, B) HAa KOHEUHOM pACCTOAHHH M JOMKHHL
METh 2>— 1, n, crexosarenbio, B NpeALAyuEel dopMyse MH AOMKHBH
6patb (- 1). Mons3ysce eme dopmynamu (47), MOnyunM OKOHUATENBLHHIE
BHpaxeHust (x, y, 2) uepes (z, )

X =

2z — 2 1 —=(E4-0)
TFoFF YT TFedr ‘T ifage s 9

BMeCTO ABYX BEHIECTBEHHHX KOODAUHAT @ ¥ § HA mJaoCKOCTA BBEAEM
ONHYy KoMMiaeKcHyto koopauuaty {—a-}i. OG6o3uauas, kak Bceraa,
yepe3 { KOMOVIEKCHO@ 4HCHO, COMPIKEHHOE ¢ {, MH MOMXeM Mepemucarhb
npeasaymne GopMyast B CASAYIOUIEM BRIE:

2 % 1t
xt+hy=—"=; x—ly=——; 2=——32, 49
Y 144 Y 14-c T4 (49)

ITpeacraBuM KOMMJAEKCHOE nepementoe { 8 BHAE OTHOWEHHS ABYX

APYruxX KOMIVIEKCHHX § o .
L= (50)
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IMTapul snauennft & u v, oranvawouuecs OOWHM MHOKHTEAEM, T, €,
naps Buaa k%, Ay u & 7, Oyayr nasaTu oano u TO Ke §, T. €. OAHy Ul
TY K€ TOYKY IJIOCKOCTH, N napa 3Hauenult 4 %0, £=0 Gyxaer xasars
GeckOHEYHO Janekylo TouKy maockoctd. Kommaekcuwsie uncaa § u 7 Ha-
BLIBAIOTCS  OAHOPOAHBIMH KOMIJIEKCHBIMH KOOPAHHATaMH Ha IIOCKOCTIL
bopmyan (49) mn mouenm, noabsysch (50) u ormeans BemecrBeHnyio
II MHUMYIO YacTn, NEPenicath B BHLE:

il

p=atb i, z=5=m (51)
-+ i &5y &+
IOas mo6uix KOMIMIEKCHHX 3HaueHuH § u 7 nocaeguune QopyyJst
JaloT BenlecTseniine (X, y, 2), YAOBJIETBOPRIOUHE COOTHOUIEHHIO

Bfy2—1=0, (51y)

KaK 9TO U CJEA0BaNO Oxumarb, ubo Touka (X, y, 2) HAXOAUTCH HA edi-
Huunoit cdepe.

63. Yunrapnas rpynna u rpynna asikenss. Paccmorpus tenepn
Hexoropoe yuntapuoe npeobpasopanne Hal nepemenuwniMu (5, )

V=af+by, v=ctt|dy 52)
npuyeMm B Cuay YHHUTaPHOCTH A0/DKHO OLITD:
¥E o = 8- (33)
Hosue snauenns nepemennux (¢, %) JaayT HaM u HOBYI0 TOuKy Ha Cdepe
R | O S
e - Lty T

Onpenenutenr  ynurapuoro npeoGpasoBanns  (52), pasublf, Kak
H3BECTHO, 110 MOAY/I €AHHHUE, OyAEeT BBIPAKATHCA HEKOTOPLIM HHC.IOM

s ¥

. —_f ——

paa e'f. Yamomas sce Koapumnenrs npeoGpaszosanns (52) ua e 2,
nojyuuM ynuTapioe npeoGpa3opanue ¢ onpejeaureneM eannnua. Ho

: @
npu 31oM & 1 % yMHOMATCH TaKike Ha e 2. 3ror nomoammtessumft
MHOXKHTE/Nb COBEpLIEHHO He MoBJuser Ha seanynuy {. Mpr MoxeM, Takum
00pa3oy, orpaHnulTbcs PACCMOTPENHEM YHHT3PHLIX nmpeoGpasopamntt (32)
0pH ycaonuy, yTo onpeaeantean npeoGpa3obanus pabed eauHile, T. €.

ad — be=1. (35)

Haxe npu atom oOrpaniunreapnoM ycJAoBhi JABa npeoGpasoBanis,
KO3 QuLUNEHTE KOTOPHX OTANYAIOTCA 3HAaKOM, JAAyT HaM 3uayenns & n
7/, OTAHYAIOLINECS 3HAKOM, M MH npuiaem npn o6oux sIHX npeo6paso-
panugx K oduoH u Toll xe Ttouke [
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Ecan mut moacrasum B dopmyant (54) svecro & n f ux Bhpaxenns
(52) u npumem Bo BuuManue ycaosue (53), To yBummm, moassysch (51),
yTo nepemenune (X', ), 2) BHpasArcH B BHAE AHHEHHHIX OAHOPOAHBIX
nosannoMoB uepes (x, y, 2). B cany (53) sanamenarens 8 pupaxenusx (51)
u (64) oxasnBaeTcd OMNNAKOBHIM, H NepeMEHHHe (X, ¥, 2) HCOKTHBAT
TO Ke camoe JuHeHiHoe mMpeo6pa3oBaHue, KAKOE HCMIHTHBAIOT BHPAXEHNS:

=ttt v=pCr—t) w=8f—mn (56)

npu yuntapHom npeoGpasopannn (52). Jlaabme M yCTanoBAM TOYHO
BAL 5TOro JunefiHoro npeo0GpasoBaHus.

Ycranosum npewae Bcero ofwinit BUA yHHTApHHX npeobGpasosanuft
(62) c onpenenutenem exunuua. OObIUHHE YCIOBHS YHHTAPHOCTH JAIOT .
Ham [28]:

ac+bd=0; cc}-dd=1.

Yumuoxan ycaosue (55) Ha ¢ 1 MOJAB3YACh MEPBHIM M3 HAMHCANHBIX
ycaoBnfl, noayunm:

— bdd — bec =c,
OTKYyZa B CHiy BTOpOro ycnaosus Oyaem umere C=—— 0 wm c=—1>,
M COBEPIIEHHO aHAJOrHYHO MOXHO MOKa3aTh, UT0 d=a. Mu Moxem,

TaknM oOpa3om, HamicaTh BCE YHHTapHele mpeo0pasosanud ¢ onpeaenn-
TENEM, DaBHHM eIHHHLE, B CACAYIOUEM BHIE:

g =ai{|bm, }
W=—bt -+ &n,
TAe a u b— moOble KOMIUIEKCHHE 4dC/A3, YAOBJETBODSAIOUINE YC/AOBHIO
aa-}bb=1. ~ (88)
CocraBum Tenmepb BmpaxeHus (56)' C HOBHIMH NEPEMEHHHIMH
=2, o —i=20"; w="Ct%—7,
uan, noasadyace (57):
if + iv’ = a*2%n — b2k — 2ab (35 — ),
o — v = — b2 -} a%28n — 2ab (& — ),
@' = ab%%y -} ab2iv -} (aa — bb) E — ).
Iponssona 3ameny

(67)

Vn=u-tiv;, Xn=n—iv; HE—mM=w

I CKJaauBaa #u BLyuTas nEepBeIC ABa ypaBHEHHs, MOAYUHM BBIpAXCHUA
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(', v, @) vuepes (u, v, w), wan, uro 1O e, BHpaxenns (¥, V¥, 2)
uepes (x, ¥, 2)
’ ‘ 3 T
N=x(@-+a—0r—0)x-

2
@ B — @' — )y — (ab - 2D) 2,
Y=t (@4 P —a— b x - (59)

5@ @0 )y 1(ah—ab)z,
2 =(ab - ab) x 4 i(ch — ab)y -} (aa — bb) 2. |

Besikomy ynutaptomy npeoGpasopaumio (57) COOTBETCTBYET HEKOTO-
poe npeoGpasoparie nAoCKOCTH XY, a 310, B CBOIO Ouepelds, B CHAY
COOTBEICTDBHS, YCTalap/aHBaeMoro crepeorpadiiyeckolt npoekuned, naer
HeKkoropoe npeoGpasosauile cdephl.

B coorsercrenn ¢ srum (B9) ectb Bewiecrseunoe npeoOpasobaHie,
B CIAy KOTOPOro ypasHeHne

x4 l=1
Kyt 2t=1.

Ho annetinoe omnopomioe npeoGpasonanne (59) e wmenser coGox-
HOTro ujiena 1, u, c/ieaoBaTenbHo, OHO JOJXKHO OCTaBJasirb HEH3MEHHOH
U Jesyio 4acrb ypasieHns, T. €.

B p i =y 2

Bce ot 0GCTOSTENLCTBA MOXNHO HENOCPEACTBEHIO MOAYYNTH H 13
camoro puaa npeoGpasopanus (59). Wrak, dopmyan (59) nmaor sewe- -
CTBENHBIE OpPTOroHaiLNbie mnpeoGpasopaniis ¢ TpeMs nepeMennsimu. Ilo-
KaweMm Telepn, 10 onpeseautens npeoGpasopanns (59) Bcersa pasen
(- 1). 10T onpedeanteab ecTh llenpepupHas (YHKUNA DBEUIECTBEHHLIX
I MINMBIX YacTell KOMMJEKCHBIX NepeMeHHHX a i b, KOTOpHE [O0MKHH
ynopaersopsarb cootuoutennio (58). Ho pemnunnia onpeneaurens Moxer
6utb T0AbKO (1) umu (—1), n B cnay YnoMsHyTof Bphlle Hemnpe-
PHIBHOCTH 5Ta BeAnYHNa AOMkHa Guth nce spems (-} 1) uan sce Bpems
(— 1). Ho npu a=1 u =0 dopmyan (59) maioT nmaM TOxAECTBEHHOE
npeoGpazosanie ¢ oupeneanreaenm (- 1), 1. e AelcIBHIEILHO onpeae-
Aurens npeoGpasosanus (59) scerna pasen (-} 1). Wrak, ansefinse npe-
oGpaaosannsg (89) npeacranasior co0o10 Dpawiciie NPOCIPaANCIBA BOKPYr
Hauana.

Hoxaxem Teneps, 4TO BCAKOE BpalleHHe NPOCTPAHCIBA MOier OblTh
npeacrasaeno B suge (69). Ecan Mu nonoxum:

LI i —
a=e % a=e? ‘f; b=0b=0,

NEPEXOMNT B Yypasiiciine
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T. €. BO3bMEM MAaTpuLy YHHTapHOro npeobpasosanus
Ay= e (60) .

70 dopmynn (59) mamyr nam:
h X' =x cos ¢ —y sin o,
y = x sin ¢ -}y cos o, - (61)
=z,
T. €. MH NOJYyuM BpauleHHe BOKPYr ocn Z Ha yroad ¢.
Ecan reneps BosbMen:

—ge—cos Y. Y. i sin¥
a=a=cos; b=—ising; b=l sin-z,
T. € MaTpPully YHHTapHOro npeoGpasoBanid ONPeleanM CAERAYIOIHM 05-
pasoM: qj L. \P f
cos —isin 5
B,= Y o , (62)
—{ sin o oSy

T0 dopMmyan (59) mamyr uam:

xX'=ux,

y=ycos$—zsin¢ (63)

2=y sin 12 cos .

9r10 Oyser Bpamenne BOKPYr ocm X Ha yroa ¢.

Ho, xak Mm snaem [20], Bcakoe mpamenne ¢ yraaun dhaepa {1, 8, 1}
MOxeT OHTb MOJy4yeHO B pe3yabTarte MOBOPOTa BOKPYr Z Ha Yroa a,
nocjeyoulero nosopora BOKPyr Hoeoft oci X ma yroa B u nocue-
AYIOILEro 3aT€M NOBOPOTa BOKPYr HOBOH ocn Z Ha yroa 1.

OGo3naunM uepe3 Z, MaTpHlly TPETbEro NOPsAKa, COOTBETCTBYIONLYIO
npeoGpasosanuio  (61), " uyepes X, — marpuny npeoGpasosanus (63).
ITosopoT BOKPYr ocu Z Ha yroa o Oymer ocymecTsistbcs Marpnueft Z,.
Ilpn stom HoBas oce X moayunrca n3 mpexuelt ocy .X npu nomouiy
aTofl e MaTpHIL, 1 NMOBOPOT BOKPYr noBoft ocn X Ha yro.u 8 GOyamer
OCYWECTBAATLCA, KAaK HETPYAHO Buaerh, Matpuitel Z X Za , W Iepebie
JBa MOBOPOTa OCYIMIECTBJAAIOTCA Marpnuett

Z.X, 22 2, = Z,X,.

Kax n spnue, nosopor pokpyr nosoli ocn Z mwa yroa 7 Oyner ocy-
mecTBAAThCA Marpnief -
(Z.Xg) Z, (Z X,

8 B. 1. Cmupuos, 1. III
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W OKOHuatenbHo Bpautenne {x, B, 7} Oyaer ocywecrBastbcs marpuueh
(Z.X) Z, (ZX) " (Z.X)

ZX,Z, (64)

B npeaptaynuiix pacCcyXACHHAX Mbl [10/b30BAJIHCh TEM OYEBHIANBLIM
dakToM, uto ecnn Z, eCTb Matpiua, Jaioulasd Bpaileline BOKPYr HEKOTO-
pott ocu /, nmpoxoasieft yepes navano, Ha.yroi ¢, m mMarpuua M nepe-
Boaut / B OChb /j, TO Bpaulenue BOKPYr /; Ha yroa ¢ 6yaer onpenensThcs
noao6Holl maTpuueti: MZ, ML

B

3aveTHM Temepb, uto ecin A; n A;—aBa yuutapHelx npeoGpaso-

Bauua (57), KOTOPHIM COOTBETCTBYIOT OpPTOroHa/dbHEIE MpeobpasosaHus (59)

Uy 1 Uy 10 npoussemenmo A;A; Oyxer, OUeBHIHO, COOTBEICTBOBATDL

Tak:xe npouspesenne U, Tarum o06pasoy, BpauieHile npocTpailicTsa

{z, 8 ¥} 6yner noayuarscs B cnay (64) or ynurapholt Marpuusl, aB/dio-
melica npounsseaegHieM Tpex YHUTapHLIX MaTpHiL

B a (.

|

Y : 3
(I N bl cos iy —isin

H — 1 sin S

ol 1
[
2

e 0

|
..’7'

(65)

! L&
[ [

I
i 0 e * |
Wrak, neskoMmy yuurapuomy npeo0pasoBaiuio COOTBETCTBYET oOfpe-
JeqenHoe Bpalieiiiie TPEeXMepPHOro NpOCTPaHCIBa, H TakuM o0pas3oM 110-
JayyaoTcs Bce Bpaulenus. Ilpoussenennio AByX yHHTapHeix npeoGpaso-
Banufi Oyaer COOTBETCTBOBAaTh NMPOH3BEACHIE COOTBETCTBYIOULHX BpauleHii.
Mu Moxem ckasate, uTo dopmyu (59) onpeleasior roMoMopdHaIM rpynnn
yunTapuux npeoOpasopanufl C onpegeduTeneM eaHHANa ¢ rpynmofl spa-
INEeHHA TPEXMEPHOro npocTpancrsa.
ITocvorpunm TEnepp, Kakile YHiTapHble Npeo6pa3oBaHif AIOT TOMWAC-
cTBeHHoe npeoOpasoBatine, T. €. eUUHNYHEI 3/JeMeHT B rpynne npamemm.
Tpersa u3 dopuya (59) npaer uaM npu 310M

ab—=0; aa—bb=1,
orkyaa |a|=1 n b=0. Tlycs a=_¢". Ileppas u3 dopuyn (59) aaer: -
_;_(eiﬂ)_*_e—ﬁs): 1.

g !
"
cos B |
21 10 e

Orciona mnenocpencrsenno cheayer $=0 wm =, 1. e a==--1.
Mpl noaywaesm, TakuyM o0pasoM, ABa YHHTapHHX npeo6Gpa3opauis C

MaTpuuaMn )
‘1 o o_|—1 0
Mo 1 ° ) o —1|

E=
KOTODHIM COOIBEICTBYEI eMUIHYHBI 3JeMeHT B FPYNNe BPauieHhs.
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MMoaoxknyM Temeps, uTO ABe YHNTapHeie Matpuust U 1 V paor oamo
n Tto ke ppawenue. IIpn stoM VU 6yrer nasath TOXAECTBEHHOE
npeoOGpasoBaHue B rpynne spauieHus NpocTpancIsa, T. . VIU=—E uau
(— E), 1k uto U=V nan = — V. 3ameTusm npiu 31oM, 410 3HaK (—)
nepea Marpuueli 03HauaeT, uTo Yy BCEX 3JEMEHTOB MaTPHUB Halo n3Me-
nuth  sHak. [Ipeamaynmine pacCymIeHusi 1iOKa3HBalOT, YTO YHHTapHble
npeoGpasosanns (57) NpHBOAAT K OAMHAKOBOMY BPALLIEHUI0 MNPOCTPANCTBA
TOJBKO TOr'A3, KOFJAAa OHil OTAHuYaloTca JAnub 3HakoM. HaoGopor, ecan
Olilf OTAHYAIOTCH TOJNBKO 3HAKOM, TO, KaK MLl YXe YMNOMHHAMH BHIUE 0
Kak 310 caeayer u3 (Qopmyan (59), oHH HAOT OIHO W TO Xe Bpaute-
nie npocrpascrsa. OKOHYATENBHO MOMKeM CKas3aTb, NTO 2pynna spauie-
Hus npocmpancmea Oydem 2omosopdra 2pynne YHumapHsx npeo-
pazosanuii (57) ¢ onpedeaumenest edunuya, npudtes odunaxogble spa-
HeHUT noaydapmces  1mo20a U moasko mozda, Ko20a yHumapHbie
Mampuyst omandaomest AUy 3HAKOM.

Marpune ‘E 1 (— E) oOpasyior Hopmansumit aeaurelds H rpynmsl
G — yunrapunx npeoGpasosannii (57) ¢ onpeaeantenem emnHnna. Besxas
CONpsAXEHHAs COBOKYNHOCTb MO 3TOMY HOPMaJbHOMY Zeanteao H cocrour
3 IByx saementos G u (— G;), rae G;— moGolt 3JaeMeHT rpynmeL
M3 cxasanHOro BRIIE HEMNOCPEACTBEHHO CACLYET, UTO 2pynna 8patyeHist
usosoprna donoanumensroti ¥ H epynne.

dopuyan (59) conep:kaT ABa KOMIVIEKCIIBIX mapaMerpa a u b, xoro-
pHe JOMKHB YIOBJAETBOPATL cooTHoweHMo (58). Kawawit u3 xomnaekc-
HBIX 11aPaMETPOB COJEPNKNT [BA BEUISCTBEHHHIX MapaMerpa

a=a1+l‘ag; b:[)l—{—il)g,
1 cootioweine (58) paBHOCWIBHO CJeLYIOUIEMY:
o} + a3 b} b =1.

TakuM o6pasoy, dopMyas (89) cozepxar 4YeTHpPE BEWECTBEHHEIX
napaMerpa, KOTOpHE JOMKHE YIAOBAETBODPSTH OJHOMY COOTHOLIEHILO,
T. € Gopyyan (59) codep:kaT TPH HE3aBHCHMBIX BEIIECTBEHHHIX napa-
MeTpa, KaKk 3T0 B JO/MKHO OHTh AAf rpyunsl Bpamenns. [lapamerpsl a
n b uassiBaotcs oOmuno napavempaxsu Ketiau — Haelina. Hetpyano
NOJYYHTh UX BHpaxeHie yeped yraw diinepa. IelictuteabHo, nepesuo-
Was TpH YHHTapHHE MaTpuusl (65), moayunM, Kak Mbl BILAEAN BHILE,
Ty YHHTapuyl MaTtpuuy, KoTopas OydeT COOTBETCTBOBATb BpaULCHHIO
¢ yraamn Diaepa {a, B, 7}. YMuoxas, noayumm Ias COOTBETCTBYIOULHX
napaMeTpos @ 0 b cienyomne BHpaxeHHs:

_iﬂ‘l B 1—¢ 8
a=c 2 cos; b=—le ? sin<. (66)

Ecan npuGante 2n Kk o HAN 7§, TO @ W b nepeMeHdar 3HaK, a Bpa-
neHne NO CYWECTBY OCTHETCH TeM Ke. 3ITo 006CToATeabCTso On/Io
OTMEUEHO Y:e BHIUE,

80
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64. Odwasn auneilnasn rpynna u rpynna Jlopenua. Mu ycrano-
BILII TOALKO WTO TECHY!O CB93b YHHOTapHONt FPYNNB C ABYMA mnepeMet-
HEIMH W FPynNne BpaweHns TpexMepHoro mnpoctpancisa. Cosepluentio
alaAoriuyHeM 00pPa30M MOMKIIO YCTAaHOBNTb CBSI3b MEXAY oOmell sunefi-
noti rpynnofi ¢ AByMs nepeMEHHBIMH H C ONPEACJHTENEM, PaBHEYM edi-
nuue, u rpynnoft Jlopenna.

Beeaey ueTmpe nepeMenHble Xy, X, X3, Xp H, oOpawmasice K ¢opumy-
Jam (51), peipaxaomnM crepeorpadnueckyio NMPOEKHHIO, NOAKHIM B HHX

Xy X Xy

x=1l y=3% =3 67)
A1o AacT HaM caesyouine QOPMYJI:
X &bmL oy 18— o E—n

Oun onpeneasior X, € TOYHOCTbIO O HPON3BO.ibLIOFO ofUlero Mio-
JKHTEAS, 11 MBI MOMKEM MOJI0WKITH:

(NP - B Pt 1) pp— £,
Ao =350 Xy="En+-3%

(63)

l = -_ [3d =
X =—i(:7r,-—: Dy X3=383— 7

[Tpewiinie mnepeMeHnue YIAOBJETBOPSAN cootnowemmio (d1,), n, cie-
nosatedabilo, B cuay (67), HOBHeE nepemenible, onpeseseMsie no (¢op-
mysaayn (68), Oyayr unpu J06BIX KOMNJEKCHHIX 2uHaueHddx £ un v yaos-
JAETBOPATL COOTIOLIEHINIO

¥ X — =0, ©9)

IMpn yuntapuoctn npeobpasosanus ¢ & u 7 supamenne (33-F7%)
0CTaBaJOCh HEN3MEeHHLIM, T. €., coraacHo (68), ocrasanach neusMenioii
nepesMentas X%, BHpaKawoUas ceHuac speMms, M MBI HOAYYaAU TaKuM
oGpa3oM BpalleHlie TpexMepHOro npocrpancrea. OtkawmeMcs Teneps or
YHUT2PHOCTI npeobpaszosaniis I paccMOTpuM oO0uyio rpynmy Jaunelnsx
npeoGpasopaHiiit

¥=aid-by wW=ci|dy (70)

Byaem nocTynars Jafdbilie @HAAOTHYHO TOMY, Kak Mbl HOCTYMIN

B cayuae yuurapnmx npeobpasosaiui. CocrapuM prpameHis:
Xyl =28 x, — lxy=2iF;
Yot X3 =23 xo— x3=27,

@

Jns nosptx nepeseniblx §, % MOAYYRM HOBHE Xp
=ty

Xy ixy =28, x| —lxy=2%7;
Xo- X3 =288;  xp— x3=277. ;



64] § 8. OCHOBHI OBUIRII TROPHH TPYNM - 229

TMoncrasasa swpaxenns (70) u noasayscs (71), noayuns:

X1 lxg=ad (x, -+ lxg) +be (%, — Lxg)+
+ ac (xy - x3) -+ bd (20 — x3),

x; — 1xy==be (20, - ix:) -} ad (%, — ix2)+
+ ac (xcy - x3) - b (x50 — X3),

Xo -+ x5=ab (x; - Lxs) -}~ ab (x, — Lx5) -
+ aa (xy - x3) -} 6B (x5 — X3),

Xy — Xg=cd (%, -+ Lxg) - ed (3¢, — 1) +
- ¢ (x0g - X3) - dd (g — X3),

OTKYJa HEMOCPEACTBEHHO MOMNYYanTCT JAnHelHble BHPAXEHHT ¢ BeIe-
CTBEHHBIMH KO3(QUIIEHTAMI X% UYEpes X, KOTOPHE Mbl BHIMICHBATh He
Oyaem. 3aMeTuM TOJBKO, UYTO €CAH CJAOXHTL MOCAEAHHE ABAa U3 YpPaB-
nenntt (72), to B BHpaXeHHH I X, KO3QDHUHMENT NPH X, OKAKETCH

paBHbIM %(ai-}—lﬁ;—]—cE --dd), 1. e. s10T KO>(QPuunent Gymer noao-

KUTCABHBIM,

Hoswe nepemennne Xi Kak # nepBoHAaya’bume, YAOBAETCOPSIOT
YypasHeHuo:

——

(72)

%1* o Xq" - 2037 — " =0. (73)

Ecan B /neBoH yacTH 5TOr0 ypasHeHmus 3aMEHHTh Xp UX BHIPAKECHATMH
Yepes Xp, TO AOMKHO MoAyuntecs ypasuenue (69). Ho nepaa uvacts ypab-
HeHna (73) MoxeT mnpH STOM OKa3aTbCs OTJAMuAIOWIEdCss OT Jesofl wacTn
ypasuenusa (69) Ha mnOCTOSHHHIL MHOXMHTEAs, T. € MH GydeM uMersb
8 J3aHHOM Cayyae:

it x5 — ey = (] 1] — ),

rae k— nexoropas mnoctosHHas. [Toabsyace npeawmaymmmn  dopmyaaMu
¥ NPHHAMas BO BHHMAaHHE, UTO

X1° = x5" = X5T — gt = (o - Lxg) (o0 — £63) — (%0 - 3) (36 — ),

HeTPYAHO noKasats, uro k== (ad — bc)(ad — bc) =|ad — bc ’. Ecan
MH XOTHM moayunts k==1, T. e. npeoGpazosatue Jlopenua:

4 gt e 2 — = ) — 74)

T0 JoMmkHH OpaTh auHeHHHe npeoOpasosauns (70) c onpeneaurenem

10 MOLYMO, PaBHHIM ENWHHLUE, T. € BHPAWAOWMMCE YHCAOM BAga e'f.

VmHoxas, Kak n panbiie, Bce  koadpdunuents npeobpasosanus (70)
?

Hae 2, M, C ONHOH CTOPOHH, HE W3MCHHM BEMHYAH X;, Xj Xu
. 1 X X3
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onpenenseMux no gopmyaam (68), ecan B nux sameHnts § n % Ha &
u 7, n6o 3T (OPMYAH CONEPXKAT NpOH3BENEHNE ONHOH 3 BEJHUUHH
¢, v) na onny u3 pemmunn (8, ¥), #, ¢ ApYro#t CTOpPOHB, NpHBEIEM
onpeaejanTeaL npeobpasopannsg K eIUHALE,

bBynewm, takum oOpasoM, paccmatpusarh nmpecGpasosanus (70) ¢ onpe-
JAeanTeaeM cannina: .
ad — bc =1, (75)

Kak n B npeasinyuiem HoMeEpe, Mbl MOXEM [0Ka3aTb, uTO JAnHeHiOe
npeo6pasosailiie, BHpPaXaLIee X YEPe3 X, IMeET onpeneanteab (- 1).
Hanomuny, kpoye Toro, uro B nem Ko3dGULHEHT NpH X, B DBHpaweili
Xo— NOJIOKHTEJNEH, T. €. 3T0 npeoGpasoBaHHe HMEET onpele/nTelb
(-} 1) u ne menser nanpaejienns OTCYeTa BPEMeHH, T. € npeoGpasosa-
nus (72) cyrs noJaoxknresbtinie npeoGpasosanus Jlopenua.

WMrak, oxonuateanno, aunuelnwe npeoGpasonanns mpi ycaosun (75)
I3I0T TNoJoxHTeAbHEEe npeoOpasopanng Jlopenna, KOTOpHE Mul omnpeie-
a8 [64)

Kak 1 p npeamayniem ioMepe, MocTaBiM TENEPh BONPOC — MOWHO /i
noayunte mo <¢opyynam (72) moboe nonoxuteastioe npecOpasopanue
Jlopenua. QOTMmeTHM Npemle BCEro, YTo, Kak I B NPedLAymeM loMepe,
npoussedennlo AByx Juielinbix  npeoOpasosaitihi (70) orsevaer mnpo-
nsseneHie  coorBercTsytouinx npeoGpasosanuii Jlopenna, T1. €., TOUHEE
rosops: ecan A n B—apa mumneltnux npeoGpasosaunst (70), kotopuie
npusoasar, coraacno (72), k npeoOpasosannsy Jlopenua 7y u Ty 1O
aunelinomy npeoOpasosaunio BA OGyder cooTBeTrcTBOBaTh npeobpasosa-
nue Jlopenua 7,7, Kax mei pugean B [64], BCAKOE NOJAOKHTENBHOE
npeoGpasosanne Jlopenua Moxer OHTb NPEACTaBACHO B Bie:

= VSUy,

rae U u V cyrb npocrbie Bpauienusi TPEXMEPHOro npocrpaicrsa u §—
noaowureasnioe npeoGpasopanne Jlopenua ¢ AByMA  mepeMenHEIMIL
CornacHo  peaynbTaTaM nNpeABAYIIEro HOMEPa, MB MOXEM MOMYYNThb
ao0oe BpauleHne MpU NOMOULH HEKOTOPOro YNuUtTapHoro npeoOpasosamus
pina (70) c onpeneautreneM enununa. Takum o0pasoM, Ham ocraercs
NOKa3aTk, YTO MB MOKEM NOJAYuHTb H Jio6oe moJoXuTeannoe npeoGpa-
sosaune S Jlopesua ¢ asyms nepemenHnmMu no dopsynam (72) npn
cooteercTryiomiem BmGope anmeHnoro npeoGpazosania (70). Cpasuir-
sas (74) ¢ (21) n3 [64]), BuanM, uro celtyuac M cunraem ¢ =1, TaK
uto dopyyaum (17) u3 [54]), nawomne mnosoxnrensiie npeobpasopaiiis
Jlopenua ¢ Asymsi nepeMeHBHMH, NEpenHIuyTcs B BHIE:

— Xy} X5 o —Xo — VX,
]/l_-—‘l—l_2 ’ 0 Vl_—-7 (76)

xl=x1; xg=Xg.

xé:
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Beenem senauunny

) 1
[ E—tar——— 1
Y1—we >
1 paccMoTpuM JanHeHHoe npeo6Gpasosanue (70) wactHoro suia:
’ - r 1
3 =1C; m =T7]y

rae /[ — peulecTsenHas nocrosuuas. Onpejendrens ero, OYEBNHIHO, paBeH
1
ennuunue. B manuoM cayvae a=/, d =n b=c¢=0. Iloacrasasa 310

B dopmyant (72), Mel noayuuMm Kkak pa3 npeoGpasosanue (76), ecau /
YAOBJIETBOPSIET YCJIOBHAM:

3B | .
—2-+W_ll, 7—ﬁ=—'au.

3to maer wenocpeactsenno PB=—=u-+} 1 — 1. Bropoe u3 ycaopu
nokaswsaer, uro npu v >0 nago Gpars Kopeub Aan 22, menpurufl eap-
nnuy, a npun v< 0 — Goapmnit exnuuuM, ¥ NPU 3TOM BTOPOE yCaoBHE
Oyler BHIIOMHATbCA. W3Bjekan KopeHb, nojayyaem anas / Asa 3uaueHus,
OT/IHYAIOIUXCA JHIUL 3HAKOM. MB MoxeM, Takuym o0pa3oM, OKOHUATEAbHO
YTBeD:KAaTh, HYTO 2pynna Auxeiinttx npeodpa3zosanutii (10) ¢ onpedenu-
meaey eQUHULQ 20MOMOPPHHA 2pynNe NOAOHCUMENHEX NPeobPa30Banuli
Jlopenya, npuves asmom 20MOMOPPUIM  OCYUecmBAsiemcss  ghopuy-
aaxn (72). Kak n B npeasyniem Homepe, sTor romomopdusm ue Gyaer
n3oMopduamom, T. €. pasanunpie npeobpasosanns (70) Moryr npusoxuTh
K odHOMYy 1 ToMmy e npeoOpasosanuto JlopeHua. W3 dopuyn (72)
_HEenocpeacTBEHHO  BHTEKAeT, 4TO  TOXIECTBeHHoe npeolGpasoeanue
B rpynne JlopeHna noayuaercs OT ABYX JnHeHHnXx npeoGpasopaHuti
C MaTpHuaMu

s=|

M COBEPIUEHHO TAK XK€, Kak U B MPEILLAYLIEM [oMepe, MOXHO MOKa3ars,
uTo 8caxoe npeobpasoganue u3 2pynnst Jlopenya soocem Gvimes noay-
yeno auws u3 08yx aunelinstx npeodpagoganudi (70), xrosggpuyuenmsi
KOMmopsixX omAu4QOmcs moAsKo 3HAKOM,

CosepuienHo taxk xe, xak # B [63], snementst E n (— E) o6pasyor
HOpMaJbHEH fAenutens FH rpynne JanHelHHX npeoOpasoBaunfi ¢ onpe-
JenuteneM eINHHULA, M 2PYNNA  NOACHCUMEAbHHX  npeolpa3o8anuil
Jopenya u3omopghra donosnumeansnoli ¥ H apynne. '

Jlunettupte mnpeo6pasosanua (70) comepxaT UYETHpPE KOMIVIEKCHHBX
kosdduuuenra, ceasaHHpmx ycaosuem (75). Taxkum obpasom, dopmyan (72)
COIEPXKAT TPH NPOHU3BOJABHEIX KOMIIEKCHHX MapaMerpa, ujH, nHayYe
roBOpf, IIECTh MPOH3BO/BHBIX BEULECTBEHHHX MapaMeTpos.

.
1

—1 0
—1

1 0
E_Ol 0

==
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§ 6. IMHEMHBIE NMPEACTABJIEHHS Py NN

65. Ilpeactasienie rpynnbl JuBelHBIMM mnpeo0OpasoBaHHUAMM.
Tlycts G — Hekortopas rpynna ¢ saemedtamu G, u MOJOKHM, YTO Kax-
nomy aJesmenty G, COOTBETCTBYET OnpeleieHiias matpuua A, HApHYEM
BCE MATpHUHW A, HMEOT OAHH H TOT ke MOPAMOK H HX ONpeAeaiTenan
OTMkuHK Or Byad. IloJoxuM danee, uTO 3TO COOTBEICTBHE TAaKOBO, UTO
BcAKkoMy mnpoussenenino (G,,G,, COOTBEeTCTBYeT Martpuua Ag,As, KOTO-
pan sBasercs npou3pedeHieM A, 1 A, B sTOoM cayuae rosopsar, uro
Mampuger A, uan coomseemcmeyioue us AuHednbe npeoOpa308arilsy
darwm auneciinoe npedcmadaenue 2pynnoe G. Ilycts Gy — epunnunslii
aJeMenT rpynnu B Ay — coorserciByiomas MaTpuna. Ilockoapky G,G,=
> MH JOMKHH hMeTh AgA,==A, OTKylda, yMHOXas cHpaBa Ha
Az', umeeMm Ag==1I, 1. e emuuuuHOMy 3JeMEHTY HO.KHA COOTBETCTBO-
BaTh eanHuynas Marpumna. Ilycte G, u Gi, — oOpaTHHE 3J€MEHTH H
As, u A, — coorsercrsyromue Marpuun. W3 pasenctsa G,,- G, =G,
cneayer  Ag A.,==I, T. e. oOparunM 3J€MEHTaM COOTBETCTBYWOT H
obparnwe matpnun. W3 mpelwmzyumiero  HENOCpeAcTBeHlo  CAEAYET,
yro Marpnusl A, (#an  cooTpercIByiome Jauielinne npeobpasosaiiis)
obpaszyiom 2pynny A, zomomop@uyio epynne G Ecan  pa3andiny
sjaementam (@ COOTBETICTBYIOT I pasunynue Marpuuw, 10 A Oyaer
ne ToabKo romoMopdma, Ho n usomoppua G. B srom cayuae rovopsir,
YTO OHa JaeT OuodHo3HauHoe Jaurelinoce npedcmagacnue 2pynnut G

Ecau s10 1e TaK, TO COBOKYNHOCTb 3aementos G, KOTOPHM COOI-
BETCTBYeT ednHHuHas matpuua B A, obpasyer HOpMaibHLIft HAeaHTE b
rpynne G, uw rpynna A Oyzer usoMopdHa IOMOJHHTEAbHOH K 3TOMY
nopyaisHoMy Aeiuremo rpynne {57).

Ecau ocnoshas rpynna G cama ecrb rpynna JstelHmx npeoGpaso-
panull, TO, OUEBHANO, OHa €aMa H J3eT OAHO U3 BO3MOXKHEIX CBOHX JIH-
nelHeX npeacrasienni.

Cnenaem onHO 3ameyaune MO MOBOAY [AAHHOrO OMNpeNeNEHus JHHEH-
HOrO NPEACTABJCHH.

Ilyctb uam ussecTHo, uro BCAKOMY 3aementy (, COOTBETCTBYET
onpeaenensas Marpuna A, nNpPHYEM TNPOH3BEICHHIO DJAEMEHTOB COOT-
BETCTBYET IpOM3BeNEeNiie Marpull, HO HeusBecTHo, OyAyT Jan onpe-
neautean Marpuy A, OTAHuHE OT HyJad. ITokakeMm, 4YTO ecaH OAHH
onpeaeauteabr D (As,) paseu nymo, to n pce D(A,) pasnu uydo.
LieficTBHTENbHO, COBOKYNHOCTD MAIPHU Ag A, UPH HEPEMEHHOM ¢ COAEp-
JKNT BCE MATPHNE, COOTBETCTBYlomlme saementaM rpymnu [56] Ho
D(AeyAs)=D (As,) D(A,), n npousselenne PpasHo Hyaw, Tak Kak
neppuil MHOXHTEAL 10 YCAOBHIO paBed Hy/mo. Takum obpasoM, uMes
3aKOH COOTBETCTBHS, INPH KOTOPOM IDOH3BEHEHHIO COOTBETCTBYeT Npo-
usBeleHie, HaM JOCTaTOYHO NPOBEPHTb, YTO ONHH 13 Onpexennteieh
D (A,) ortauyen oOT nyas; HanpHMep, [JOCTaTOYHO IPOBEPUTH, YTO
enuHHynONy 5JeMeHTY u3 G COOTBETCTBYeT eAuHHyHas MaTtpuna u3 A
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Mycts X — nexkoropan MaTpmua TOro e MOPAAKA, YTO W MAaTPHIK
A, ¢ onpemennteneM, OTAUYHBIM OT Hyas. M mveem:

(XAg XY (XAr XY = XA Aa X1,

u, caegopareapto, Matpiusl XA, X! takke ZRaoT JauHeHnoe npeacras-
aenne namell rpynnu Q. Takne d8a nodobruX npedcmagaeniss Ha3bi-
saiomes o6u4HO xsusaseHmubiMu npedcmasresusas. Tloaoxiy, uto
nopsaok Mmatpuu A, pasen n n uro (xy, ..., X,) CYTb cocrasasionie
BEKTOpPa B N-MEPHOM NpPOCTPaHCTBE, HAaX KOTOPHM COBEpIUAIOTCA npeod-
pasoBanns A, Tak. uto rpynna A Gyner

X =Ax. an
Axsusanenrnoe aunefiioe npeacrasiaciue
¥ =XAX"y, (78)

Kak MK 3Haem [2B], uMeeT TOT CMHCH, YTO B YMNOMAHYTOM MPOCTPaHCTBE
BSOJATCA HOBHE OCH, OpHYeM HOBHE COCTAB/AIOUIHE BHPAWAIOTCA uepes
npexnne no dopmyiaam

(yh -'-'r yn)=’\,(xl’ cvey xn)' (79)

TMpu 9THX HOBEX OCAX JdHefiHsle npeo6pasoBaHns NPOCTPaHCTBA
Oyayr ysxe sBuipaxarscd no ¢opmynam (78), T. €. IKBHBAJEHTHHE Ju-
nefiune npeacrasienus MOryr OBTh NOAyuYeHH B pe3yabTaTe npocroft
3aMeHB KOOpIuHATHHMX oceit cornmacuo diopmyaam (79). Hasosem nepe-
MeHHHMe (X ..., X,), bxoasuine B dopmynn (77), obsexmanmu aunei-
Ho20 npedcmassenus. TTEpEXOn K IKBHBANCHTHOMY JuHEHHOMY npea-
CTaBJEHNI0 paBHoCHiIeH, TakuM o0pasoy, 3aMeHe oO0BEKTOB JanHefunx
npeacTapaeHufl APYruMil TPH MOMOMIM HEKOTOpOro JiHeHHoro npeoGpa-
sosanus (79) ¢ onpenexanteneM, OTJAHUYHBLIM OT HYJS.

IMycts umeercs anueflnoe npeactasienne rpynnel G OPH  MOMOLLKN
marpru A, nopaaka s uw Apyroe Jaunenoe npeacTaBneHne Tol ke
rpynns npu nomown Marpun B, nopsaka m. CocTauM Kpasuamaronalb-
HElE MaTPUUB mopsiaka (7 ~}- m):

A, 0
(4, Bl =

o B (80)

COl"HaCHO npaBH:’ly NEepeMHOXKEeHUA KBa3uAvaroHaJIbHHX MaTpull, Mbl
HMEeM:
[Aas Bﬂ:] [Aﬂp B¢1]=[A15Aan BaeBMl'

Taxnm o6pasom, marpuust (80) Taxwke AawT HEKOTOpOE® aulefiHOE
npencrasiedue rpynnst G. Boofuwe, nMes HECKOAbKO mnpeacTasieHnt
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rpynnsl G npu noMown Matpuu A, B, C, MB MOMEM COCTaBHTb I
HOBO€ INPCACTABJACHHE, 110JAb3YACh KBasuauaroHaabHoH Marpnuetl

A, 00
Da=[Aa’ Ba’ Ca]= 0 Bﬂ 0 . (81)
0 0 C,

3ameTuM Tenepp, YTO €CAH MB nepeliieM K SKBHBaZeHTHOMY npel-
cTapiemino npu nomown Marpuu XD, X', 10 KBasummaroHanbubil  xa-
pakTep MartpHu, BoOOUlE roOBOPS, HAPYIUHTCSH, H MO BHAY 3TOrO HOBOrO
npeacras/Jenus Heap3s ywxe OyAeT cpady CKasaTb, YTO OHO C TOYHOCTBIO
[0 SKBHBAJAEHTHOrO MNpPEACTaBJEHUA COCTaBJeHO W3 APYrux npeacrasie-
nuil ¢ Menbwuym uyncaoM usmepennt no saxony (81). Ecan nawe nauuei-
noe mnpeacrasaemie D, umeer yncro ksasumsarouanenwift sun (80), 1o
OHO pacnajsaercs Ha HECKOAbKO JntelHmx npeacrasaennti A, u B,
C MEUBILINM 4ICAOM H3Mepenufl, T. € C MarpHLAaMil MEHbIUEro NopslKa.
B srom cayuae aunefiioe NpeACTaBieHie HasHBACICA NpusedeHHbLM.
Ecau uexoropoe anmneiioe npeacrapienne E, He uMEeT KBasianaro-
HaJLHOrO  BHA4, 1O HEKOTOpOe SKBHBAJAENTHOE eMy npelcTrasnaeiie
XE, X' nveer rtakoli BnA, TO mnpeicrasiedne E, Ha3suiBaercs npugodi-
Ao, Hakoneu, ecaun He TOJBKO €aMoO lIpeicTaBieHie, HO H BCE 3IKBi-
BaJieHTHbIE ©MY NpeACTaBJeHis He HMEOT KBa3WANaroHaJbHOrO BHAZ,
T. € lie ABJAIOTCS NPHBELEHHLIMY, TO T3KOE NpeiacTapienue Ha3LIBaercs
Henpugodusbl s npedcmasaeHuet.

Oi1meTns HCKOTOphie YCAOBHH, HPH HAIHYMIL KOTOPHX MOWIO YTBEp-
MAAThb, YTO NpeAcTasaeHue Oyler npuBoauMsiM. Ilycrs annetinoe npex-
CTaBJieHHe COCTONT u3 Matpui A, mopsika n, KOTOpHe RAOT JnHeHuse
npeo6pa3oBanns ¢ NepeMeHtuMi (X, Xy, ..., X,). IIpeanonoxus, yro Bce
maTpnun A, — ynurapime n 4TO NoAnpocrpancrso R, o6Gpasosauiioe
nepsuMi & OpTaMiu, Nepexoaur caMo B ce6s B pesyabTate npeoGpaso-

panns A, Toe O Xy =Xpe= ... =X,=0, 10 n Xp,=
=Xp,g=...=X,=0. Muaue rosops, Bce MarpuUn A, uMEOT BHI
4 N, "
0o Ay (82)

rae A, — HeKOTopas MaTpHHa nopaaka k, A; — HeKoropas Marpuua rno-
pauka (n—4k), n B aeBoM HIDKHEM Yray, nMmewouieM (n— k) cTpok u &
CToA610B, CTOAT Be3fe nymi PaccMorpum npocrpancrso R, oGpasosan-
noe nocnemumu (n— k) opramu. Ono Oyder cOCTOATH M3 BEKTOPOB,
OPIOroHa/ibHLIX KO BCEM BEKTOpaM noAanpocrpaHcrsa R, yKasaHHoro
puite. Tak kak kamjoe npeoOpasoBaHie A, nepeBoAHT NMOANPOCTPAHCTBO
R B ce6s 11 B Culy YHHTapHOCTH COXpalseT CBOHCTBO OPTOroOHa/bHO-
CTH BEKTOPOB, TO BCSKHH BeKTOp noAnpocTpaHcTBa R” momxen B pe-
ayabTate npeoGpaszosauus A, nepefitis B BEKTOp, TaKkxe NpHHALIERA-
mnfl sToMy noanpoctpancisy. Huaue rosops, ecan x;—=...=x,==0,
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T0 # X{=...=X,=0. O1ciona HenocpeacTsento cieliyer, 4ro o Mar-
puuax (82) u sce saeMenTH, CTOAUIME B IIPAaBOM BepXHEM Yrjay, itMeio-
mexM & crpok u (n— k) croabuos, TaKxe AOMKHH OHTb BCE pPaBHH
HYJ1l0, T. € MaTPHUB pPacCMaTpHBaeMOro JHHeHHOro mpeacTaBAenuf

Oyayr: A0
0 A;

0, CAeOBaTENbHO, NpeacTasienne OylerT npuseaensoe. ITonowum reneps,
4TO BCe yHuTapHsle npeobpasoBaHus A, OCTaBAfOT BOOOWE HHBApHANT-
HBIM NEKOTOpoe moanpocTpancTeo Ry, usmepenus k(k<n), roe n—
nopsnok matpuu A, IlpeoOpasyem KOOpPAHHATHHIE OCH TAK, UTOOH NOA-
npocrpaiicteo R; O6vn0 oOpasosaHo nepBHME & OpTaMi, 4YTO paBloO-
CHJABHO Mepexoay K 3KBUBANEHTHOMY JHHEHHOMY npeAcTaBleHnio H Mo-
merT OBTb OCYUIECTBNEHO NpPH NOMOULM YHHTapHOro npeoOpasoBaHnd.
IMocae Takoro npeo6pasoBaHuss B CuUny MNPEABAYWEr0 nNpeACTaBjieHie
OKaxeTcs npusedeHHnM. Mp umeeM, Takum o6pa3om, caeaylonylo Teopemy:

Teopema. Ecau auneiinoe npedcmasiaenue zpynnst cocmoum u3
VHUMAPHBIX Mampuy, U 3mu Mampuys. OCIMABAAION HEUIMEHHBIN He-
Komopoe nodnpocmpaxcmso, mo maxoe npedcmasaeHile ecms npuso-
ou.toe npedcmasaerue.

Bonpoc o npuBOAMMOCTH HAM HENPHUBOAMMOCTH MpeICTaBJeHds TECHO
CBS3aH C BOMPOCOM O nepexoae OT Marpuul A, K NMOAOGHHIM MATpHUAM
XA, X, OrmernM HEKOTOpHeE YacTHHE CAyYaH Mepexola K SKBHBAIEHT-
HBIM NPENCTaB/JCHHSM, KOTODHE MNOJAYY3IOTCH NPH CcrnenuasioM subope
marpuusl X. IToctpoum Martpuuy X, y kKoropof B meppoff CTpoke Ha
BTOPOM MECTe CTOHT ERHHHUZ, a Ha APYrHX MECTaXx HYyJH, BO BTOPOIi
CTpOKE CTOMT Ha NEpBOM MECTe elHHHIA, a Ha OCTaJbHHIX MECTax HyJgd,
W, HaunHas ¢ Tperbeft CTPOKH, CTOAT Ha rsaBHOH zmarouanu eAHHULb,
a Ha OCTaNbHBIX MECTax HyaH, T. e.

=[4, Az},

60 10 0..0

1 00 0...0

x 0 01 0,.,.0
10 0 0 1.0}

0 00 O0...1

HenocpencTsenHo pasharas, HaumHas C nocJaefHelt CTPOKH, YpHAnMm,
uro D(X)=—1. IlpumeHss oOONuYHHE npasuja YMHOXEHHS Marpul,
HETPYARHO NPOBEPHTb, YTO €caM Y ecTb HEKOTOpas MAaTpPHUA, TO MOAOG-
Haa Matpuua XYX™ Gyner noayuvatecs w3 Y B3auMHOH nepecTaHoBKOMH
nepsofi 11 BTopofl CTPOKNH, a TaKke mepsoro N BTOPOro croabua. Tou-
HO TaK X€ BCAKaa MNEpecTaHoBKa CTPOK, COMPOBOMXAJEMas TaKof e
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nepecTanoBkoil  €Toa0LOB, PaBHOCHALNA NEpexoay K Hekoropofl noaol-
nofl marpnue ¢ noMouibto mnpeo6pasosanns X, KOTOpPOE HE 3aBHCHT,
ouesnano, or marpuunl Y. Takum obpasoy, ecau aee 80 8cex mampuyax
A, 0apouwux nexomopoe AUHeIHOE npedcmAaBACHUE 2PYNNBL, COBEPULILIL
OOHY U mny Jice NnepecmaHosry CIMpoK U cmoAabyos, mo 3smo Oydem
PABHOCUABHO NEpexo0y K SKBUBAACHMHOMY NPeOCcHQ8AEHILI.

Ecan moxno pacnpeseants uease uucaa 1, 2, ..., n na jpa Kaacca
TaK, YTO Ha nepeceueHun Jmo0OH CTPoKH Kaxaolt marpuusl A, c HoMme-
poM u3 OaHOro xaacca ¢ moOnm cTOACHOM C HOMEPOM U3 JAPYroro
KJaacca CTONT HYaAb, TO Takoe npeacrasieune Oyaer npusonumbiM. Jefi-
CTBHTE/BLHO, 4TOOH COBEPIUHTL €ro NpHBeieHue, T. €. COeJaTb €ro npiu-
BEJICHHBIM, AOCTAaTOYHO MEPeCTaBUTb CTPOKH H CTOAOUE! TaK, YTOOH CTPOKH
B CTOAOGUB OAHOrO KJacca CTOs/Il CINIOWDL CBEPXY M CJeBa, a CTPOKH
I cTOA0UB APYroro kiacca— CHH3Y H CNpasa.

B sakmoyenine HACTOAWIEro HOMEPa OIMETHM elle TOT cAyuafl, Koraa
Auxefinoe npeactapienne rpynnm (G OyAeT nepsoro nopaaka, T. .
Koraa Bce Matpuuu A, OyayT MaTtpuuaMi Nepooro MNOpsiuKa, luaue ro-
80pa, OOBIKHOBEHHBIMU uYHCAaMIiL B 3ToM CJAyyae KauaoMy SJeMeHTy
@, naweft rpynnu coorsercisyer npeobpasosanie x'==m X, i1, npouie
rosops, uicao m, u mnponsseiennro G,G; coorpercrsyer O6LuHOE Npo-
H3LENEHHE YICEN Mgliy.

66. Ocnoeusie Teopembl. [Ilycrs umeercs Koneynas rpynna G, co-
fdepaawmas m saemenros Gy, ..., Gy v nycn 4, ..., Ay — Marpiin
HEKOTOPOro MopsaAKa s, KOTOPDHE n#aloT JAniieililoe mnpencrasieHne 3T1ol
rpyunn. OO0beKTH 37T0ro npeacTasaenus o6osnauuM uepes X (X, ..., Xp)
PaccmorpuM Bhipaxenne:

m
9(Xy oovy X)= 3 | Ax ] - (83)

S==

B packpuroM Buse 310 Gyder supaxeHnne:

m n

=

2, >} (a‘lxl+...+a"’xn)(a")xl-l-...-]-a“)x ,  (84)

rEe uepes afy Mu ofo3maunan aaenentu Marpuun A, Herpyano npo-
pepHIb, Yo sumpaxenne (84) Oyuer Jopmoli Dpmima, 1. €. B 310M B-
paxennn Kospduuuents npu X,X, n x,X, CyIb KOMICKCHHE CONps-
JeHune uucna. Kpose Toro, us copmyaun (83) caenyer, uro sta gopma
Opunta npencrasiser co6ol0 CyMMY KBaaparos JJIHH HEKOTODHX BeK-
TOPOB, T. € 5TO GYAET OnpenesaeHHO noJaoxureasHas gopua Dpmura [40]
Finaue rosops, coepuwas nexoropoe yuntapuoe npeoGpasosaine

y=Ux,
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npusoasutee Hawy ¢opMy K CyMMe KBaaparton
n
o= 3 i
j=1
MH Oyzem mnvers sce Koddduunentrt A; noxoxuressHumn. Cosepiuas

eute npeofpasosanie zj=]/).jyj, B HOBBIX nepevMeHnnXx OyAeM HMeTb
ana nawefi Gopant DPMHUTA ¢ BHPAKEHHE B BIAS CYMMBl UNCTHX KBAAPaToOB:

=221 +...~} 2,7y (85)
Cosepuuy uag nepevennsiMn (Xy, ..., X,) lexoropoe npeobpaso-
B?Hu(% .«":'=Akx, (86)

nputaziesamee Kk aunellnoMy npeacrasaeniio nawetl rpynns. Herpyano
BUJETh, YTO npu stom depma Ipsura ¢ ne nsmenurcs. leficTBurensHo:

)

m
Y C . x;l)= Z | AcALx 12
=1

Ho, kak mu1 snaem [66], cosokymHocTs npeoGpasopaHuit (MaTpii)
.AlAk’ AgAk, voeed AmAk
COBNAZ2ET € COBOKYMHOCTBIO MATPhL
Al) A-}.» cesy Am;

[O3TOMY, €C/ MH Bupasiy npeoOpasosadne (86) B noshX nepeven-
HUX (Tp v.vy Z,) KOTOpHE CBA3aHKW C HpexnMi ¢GopMyJamMn Braa:

(21, seed z,,)=B(,(x,, cees Xp)

rae By —HekoTopas MarpHuma, To BMecTo rpynnsl A, noayunmy noios-
uylo rpynny ByA,By', 1 Bce npeoGpasosaius 5toff mogobuofi rpynusi
ne Oyayr meusib Bupakenug (85), T. e. He GYAYT MEHATh CYMMS! K2ad-
patos MOAy.elt, 1, cJaefopatensHo, OyAyT Bce yuutapusiMs npeodpazo-
paHuaMi. Mp nokasanu, TtaxuM oOpasoy, 418 Cayyas KOHEUHLIX rpynm,
4yro BCSKOE JAnHeiiioe npeacTas.Jellne 3KBHBAJICHTIIO HEKOTOPOMY YHI-
1apHOMY NPEACTaBJEHHIO, T. €. NPeACTaB/eHIIo, COCTOAuIEeMY H3 YHHTap-
nex npeodpasosanuii. [Ipu 11€KOTOPHX AOMOMINTEALHHX YCAOBHAX 3TO
¢BOIICTBO COXpansercs i1 npH JAuHeHHHX NOpescTaBiaeHiax OECKONEUNHX
rpynm, 3apHCALILX OT MapaMeTrpos, N B Aa’dbnefimieM, koraa Oyaest roso-
puth o JunefinoM npeicrasrenun rpymnmsl, MM Gyzenm noapasymesaTb
BCErja yuurapiroe npeacrasieune. Mpl mnveey, Ttakuy oGpasoM, caeayio-
LLYI0 TEopeMy: :

Teopema L. Besixoe auneiinoe npedcmasaerue zpynnst (Kouet-
Hod) useem SKBUBANEEMHOE YHUMApHoe npedcmasaaenie,

BuiBeaem Tenepn HcoOXOAHMOE U JAOCTAaTOYHOE YCAOBHE MPHBOANMOCTH
JauHefinoro npeicrasiaenus. Beeaey npenpapnteanno oAnH HOBHML TepyuH,
2 HMEHHO HI30BCM  Anaronanpliylo marpuuy [%, ..., k], conepxamyro
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Ha uarolla/il  OANHAKOBHIE 3JEMEHTHI, KpamHoi eAnHnyHofi Matpuue.
Taxyio smampuyy modxcHo oOo3nadums 8 sude kl. Kak mp Buaeny puiue,
8 oTnowenun anrebpanyecknx onepauull oHa SKBHBaJenTHA uHCay A.

Toaoskuy Teneps, YTO Yy Hac HMEETCs HPHBOMuMOE Jimefinoe npen-
cTapienie nexkoropoii rpymns. Takoe npeacrasyiente OCyIecTBiasercs,
Hanpusep, Marpuuamn BHAa:

D,= X[Aa’ B, Ga] X,

rie X — HeKoTopas MarpHua H BHYTPEHHsSss MaTpHua KBasHIHaroHaabla,
Cocrasuy MaTpuuy y=X[kl, i, mI] X,

rae cpeanuil KpasnanarouaibHbifl yJeH IMEET Ty K€ KOHCTPYKLINO, 4T0
n b varpnuax D, Herpyauo suzers, uro marpuua ¥ KOMMyTupyer co
sceMn Marpuuasmu Dj. HefictourensHo:

D,Y=X[Ak, B, C,m]X?
1 TOUHO TaK ke
YD,=X|[kA,, B, mC, X\

Ho npit ymmoxennit Jo00li MaTpuusl Ha UYinc/J0 NOPSAOK MHOMITE-
aell ne urpaer pouu. Kpome toro, eca uuciaa k, / u me pasmuuunl, uro
MBl Il [IpeAnoJaaraeM, TO Marpuia Y ne kpatua eaunuunoil marpuue. Hefi-
CTBHTE/BbIO, OHAa HMEET, OuYeBIIO, DPa3/dHylbLie XapaKrepucruyeckie
yncaa k&, [ u . Takuy o0pasoy MLl HPUXOAHM K cjedyioilteil ieopee:

Teopema Il Ecan aunciinoe npedcmasaenue npugoduio, mo
CYUeCnBYen Mampuya, oMAULHAS OMm KPAMHOE cOUHIYHON Mampuysl
U KOMMYMUPYIOWAR €O 8CeMIL Mampuyamu, 8xX00uuMl '8 YHOMAHY-
moe npusodustoe auneiinoe npedcmagaerue. '

ITokameM Tenepb, UTO HMEET MECTO I obparuas TeopeMma, T. €.

Teopema lll. Ecan cywmecmsyem mampuya Y, omaudnas on
Kpamnoll eOUHNYHOE Mampuybs 1t KOMMYIMUPYIOUAsT CO BCeMit Mam-
pugasu D, aunciinozo npedcmasgacrius, mo maroe AuHeiinoe nped-
cmasaenue 6ydent npugoduulit.

WMrak, no ycaopnio teopemul Ml umeem mis moGoro suauxa a:

‘ D, Y=YD,. 87
Mycts Z-—Takas MaTpiuua, ¢ ONpemeanTeseM, OTAHULBM OT HYJs,

yro Bee Marpuust ZD,Z™' yuwrapuo: ZD,Z7'=U,. Tlepemen npe-
Iblayllee paseHCIBO B BHAIE:

N, ZY = YZ'U,Z.
YmHoOxan csesa Ha Z 1 énpaua Ha Z7Y, noayyu:
U (ZYZY=(ZYZ™Y) U,

T. € Matpuua ZYZ™! koMMYyTHDYeT €O BCEMH MAaTPHUaMH YHHTAapHOroO
npeacTasiedud, Dr1a MaTpHLA, OYEBHJHO, HE KpatHa emiHuyuofl, ubo
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ecan ZYZV=Fkl, o 1 Y==*kKI. Ham pocrarouHo A0Ka3aTb [PUBOAN-
MOCTb 3KBHBaJeHTHOro JanHefiioro npenacrasredns [/, Taknm o6pasom
JIOK33aTensCcTRO Halliell TeopeMH CBEeJOCh K TOMY CAyualo, KoOraa Junefi-
noe npencrapiensie yuntapno, Mu GyaeM Qs npocTOTH NICBMA CYHTATh,
yTo camo JuHefioe mpeacrasiaenne, cocrosuee n3 Marpni D, ynurapo.

Mycte A, — HeKOTOPOE XapaKTepucriuecKoe wncao Marpuus Y. Mar-
puua A ==\J, xark ussecrno [26], xommyTupyer ¢ moGofi Marpnuel n,
cnemoparenpio, Marpmua Y —AJ Tak ke, kKak n Y, yaoBaersopser
ycnosusm.- (87), T. e. xoMmyTnpyer co Bcemn Mmarpmuamn D, Hertpyamno
BHJETh, YTO MO KpafiHefl Mepe oNHO N3 XapaKTEPHCTHYECKHX HHCEN MaT-
punyt Yy = Y —NJ Oyzer pasno nymo. lleficTBHTE/BHO, XapaKTepuCIH-
yeckoe ypaBHeHne mas MmMarpuunt Y, Oyzaer:

D(Yy—M)=D[Y —(+1)1]=0,

T. €. OHO MOAYHaeTcsd 13 XapaKTEePUCTHYECKOTO YpPaBHeHHsa nas Y 3ave-
nott A Ha (\-}%), nm TEaK KaK Cpeau XapaKTEPHCTHYECKNX YHCEX MaT-
puust Y Gbii0 XapaKTePHCTHYECKOE YHCJO, PABHOE Ay, TO Cpelln Xapax-
TEPHCTHYECKHX Yncen Y, Gyaer XorTb omno pasnoe Hymo. Ciaenosatennno,
onpesenuteab Marpuus ¥, pasHuit npousseieHHu0 ee XapaKTepncTH-
uecKHxX unces, Takxe Oyaer pasen Hymo. Mo MoxeM, Takum o6pasoM,
npH  NOKa3aTelbCTBe HalleH TeopeMbl TNpeAnonarats Bce Marphus D
YHHTapHKIMH, W Onpefejurens Marpuun Y, sxoadwef B dopuyam (87),
paBHLIM 1IYJII0,
PBCCMOTplIM COBOKYNHOCTb BEKTOPOB, HMEIOMHX COCTaBJAIONLHE:

Xy =Yty -yl +.. -+J’1n"m
Xo =Yy ity + Yty + ... Youllp, (88)

X =Ymlly =+ Ynalla = s .~ Ypn Uy

rae lt; NPHHUMAIOT MoGHie SHaueHHs U rle y;, — 97JeMentTn Martpuus Y.
Iockoabky onpeseautens Matpuubl Y pasen y:mo, paur Tabauust || vy, |
Gymer Meublie s [Tycrtb on pasen HEKoTopoMy uucay r<n. B stoM
cayuae, Kak Mu 3Haem [16], dopmyan (88) onpenendior Hekoropoe noa-
npocrpancTBo R namepeHus r.

PaccMOTpHM J1eBYI0 4aCTh paBeHCTBA:

D,Yn=YD,u. (89)

BexTop Y# nmeer kak pas cocramiasiompe (88) m, c/leaosaresnso,
D,Yn ects pe3syabrar npumeneHns npeoGpasosanna D, K HEKOTOpoMY
NpoH3BOABLHOMY BEKTOPY H3 noampocrpanctea R'. B npasoit wactu dop-
myant (89) M uMeeM pe3ynbTaT NpHMEHeHHs npeoGpaszoBanns Y k Bek-
Topy D,u, T. e. cocraBagiomine npaBoft yacTH BHIPAXAOTCH TOKE MO
dopmyaan (88), roe TOABKO BMECTO My, ..., I, MOCTAaBACHH COCTABAAIO-
wne sekropu Dyu, 1. e mpasas uacte dopyyan (89) npencrasaser
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coGolo vektop, npuuazaexauwnfi noanpocrpanctsy R. Taxkum o6pasom
Mbl BHIIM, CPaBHHBas JIEBYI0 4YacTb C npaBoli, YTO mpuMeuneHne npeol-
pasopanua D, x moGoMy BekTOpy M3 MoAnpocTpaHciea R’ gaer Bektop,
TaK#e npuHamnexauuil sromy nognpocrpancisy. Ho, Kak Mu snaem [65],
€Call YHUTapHRe npeoépasoaamm OCTaBJAIOT nIHBapuaNTHbIM HEKOiopoe
noaAnpoCTPaHcTBo, TO OHil oépaaylor NpHBOANMOE NpeACTaBJaeHne, i TakiM
o6pazom Teopeva NOKasaHa.

Teopeuut Il u I nokaswsaior, 4T0 HeoGx0duMbLIL U 0OCINANIOHHE!N
ycaosuess HenpusoduMocmIl ANHENH020 NpedcmasAeHs ABASEMCS MONL
daxm, wmo He cyujecmsyent Mampuyst, omAuLHol on amampuyst guda
kI, komopas romaymuposasa Ob co 8ceMll Mampuyamiy, 8xo0sugiml
8 AuHeliHoe npedcmasgaexue.

M3 T1eopemn | nenocpeactsenito caeayer, uro B Teopeme u3 [65]
fer Heo6XoANMOCTN YROMIIHATL 00 YHHTapHOCTH NPEeACTasJenis, I MO0
poofiie yTRep#Aath, YIO €CJAIl BCe MATPHIH HEROTOPOro npeicranie-
Hig  OCTapasiior (Iefi3MEHHBIM  HEROTOpPOE€ MNOANpPOCTPaHCTBO, TO TaKOL
npeacrasieniie npusoanMo. OueBBZHO 1 O0OPATHOC yTpepaenne.

07. AGenersl rpynnul i mpeacTapJsenus nepzoro nopaaka. I'pyuna
G ua3LIBAETCs afedeccid, eCI BCe ee 3JeMelTLl 1I0HapPHO KOMMY IHPYIoF,
T. e. ecan upn MOGHX 3uadkax U, Ga, = (a,0q, (6] Hycio A u
Ag, — vatpuusl, coorsercisyioutne G, 0 G, B HEKOTOpOM .iHElHOM
npeacrasietin. [Tlpousseiemno G.,G,;, coornercisyer Ag,Ag, a npo-
napeneumo Gy G, coorsercrsyer Ag dq,. o ynoManyriie npousseie-
HHA COBUIAZAIOT, H, CJ1A0BATEIBHO, MH JOJKHEL HMETh:

AgyAa, = AgAza

T. € Mampuysl, ofpadywuue Atheldrnoe npedcmasaneiiue ageaceoll apynist,
JIONAPHO KOMAMYMUPYIO .

[ToaoxuM, 4ro npejcras/ieHiie YulTapHo, T. €. YIo Bce MaTPHUH Y-
Tapuel, TIpi 3ToM, Kak H3BECTHO, CYHIECIBYET Takoe yuurapuoge npeodpa-
sosane {J, uto pce marpnuut A,/ nveior uicro auaroHaasHyo dopmy
[42], 1. e. B nmanHOM cayyae LeKOTOPOE 3KBHBAJGHTHOS Juneiitoe
NpencTaBJeHie COCTONT i3 YiCTO AuaroHa’bHbX MaTpuil

UAU ' =[&, ..., K2

Mur puany, Ttanny o6pasoy, UTO B JaHHOM CJlyuae Jaudefiiioe npejd-
CTan/edHe paclafaercs Ha /1 npejcras.enull nepsoro nop:aaka

) p— V¢ ]}
BY=&" (s=1, 2, ..., n)

WUrak, scaxoe ynumaproe npedcinasaenue aGeaegoli 2pynnst 3xsu-
6QAEHNIHO HEKONIOPOI COBOKYRHOCMN npedcrmagaeruii Nepgo0 nopaixa,
npudent nepexod K SKBUBAACHINMHOMY NPEOCMABACHUID COSEPILaEncs
MaKICe ¢ NOMONJLI0 YHUMAPHO20 NPeofpa30Barild.
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PaccyoTpny Teneps paa npusmepos npeacrasienafi afesenwx rpym,
a TaK/Ke HEKOTOpBhe mnpnMepn JunelHpiX npeacrasieinull nepsoro no-
paaKka n ne aberepwmx rpynm.

IIpnmep 1. B Krauectse nepsoro npuMepa paccMOTPHM UHHKJAHYE-
ckyio (abenesy) rpynny nopsaxa 1, COCTOAULYIO N3 3TEMEHTOR

SO=1I8, 8, ..., S™ (§"=I). (90)

Ecan saementy S coorsercrsyer anseilnoe npeoGpasosanne x°" = 0,
namn, uTo TO e, uncao o, 10 saeveHram (90) Oyayr cOOTBETCTBOBATH
caenyontie vucna: -

¥ 1, 0, 0} ..., o™,
Mockoavky S™==1, M pomxusl nyers 0" =1, 1. e

eni
== ™ N

rie & — IIEKOTOPOe LeT0e 4HCAO0, KOTOPOe MM  MOMXeM, OueBnano, mpu-
HIMATbh PaBUBIM ORHMOMY u3 wncena psga 0, 1, 2, ..., m— 1.
Paccmotpny noapoGuee cayuwalt m=—2. ITpu stom Oyner:

LS uS=]

T. 6. S=8"L lpu 2=0 oGoum saemeuram I n § coorsercroyer oauo
H TO Xe TOXIECTBEHHOe npeoGpasosanyie x'==x wm uncao I; npu
k=1 snemeury [ coorpercrsyer npeoGpazopanne X ==X, a 3JeMeHty
S npeobpaszosannne xX"= —x, nau, npowe ropops, 37neMenty J—
~uncno 1, a aaementy S—uncao (—1). B dusnuecknx npumenennax
NPencTaBIIeTCy BAKHEIM TOT CAyual, KOrAa rpynma COCTORT {13 TOMm/Ae-
CTBEHHOTO npeo0pasoBaldg TPeXMEpHOro mnpocrpasictsa n npecOpasosa-
HUA CIHMMETDUHI OTHOCHTENLHO MNavaja:
Y=—x y=—y Z=—2(S)

Mu nmeewm, ouesnato, m==2. Yxasautpte Bolle ABa MPEACTaBACHHA
MOKIO Ha3BaTh TOXAECTBEHNBM N 3HAKONEPEMEHHHM NPEACTaBACHHEM
CHMMETPHH OTHOCHTENBHO Hauana.

Mpumep 2. Paccmotpunm rpynny spanienus nol(pyr ocn Z. ‘Mar-
puus 31Ol rpynnNM nMEIT BRI

_ leosp —sing
I

on

1, KpoME TOro, Kak Mul BIAC. paublue, YAOBAETBOPAIOT OUEBIIIIOMY
COOTHOIIENHIO

¥ sino cos ¢

ZooZoy= Z?n Loy = Zgy 405

TakoMy e COOTHOLIEHRIO YAOBJIETBOPAET Takwke QyuKuua e

Ho namo saMerurb, urto ecian @ ==2%, TO MOBOPOT DPaBHOCHJIEH TOX-
JIECTBEHHOMY NPeo0pas’oBaHiio, W, CACAORATEABHO, MH HOMKHI HMETH
=1, 1. e uwucao ! pomxuo Owmrb puma [=4kl, rae k— moGoe
nesoe uncao. Mpi umeem, TakumM o6pa3oM, OGecuHCACHIOE MIOWKECTBO
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JAnnelynX NpeACTaBJeHHil Hallell rpynnn  BpameHus, npudyeM Marpuule

(91) cootsercTyer uncao e*i,
Ilpnpapas nenoMy uucay k2 BCEBO3MOMHHE 3HAUCHHS

k=0, =1, =2, ...,

Mpl H Oyaem uMeTh OeCUHCAEHHOE MHOXECTBO JHHEHHHX mnpencTasie-
Hullt rpynne BpaineHud.

ITpumep 3. PaccMoTpum Tenepp rpynmy, cOCTOsmlyio us n! nepe-
CTanoBOK Hal n siaemeHTami. Mm MOmxeM Kaxjaoll mnepecTanopke corno-
craputb uncao (- 1). Tak moayuntcs To, YO HasHBAaeTCsi CHMMETPHYE-
CKUM NpeACTaBlAEHNEM rpynns nepectanoBok. Muaue, Mmu MoxeM Bcakofi
NepecTaHoBKE NEPBOro KJAacca, COCTOAWEHi N3 YEeTHOro YHCJAa TPaHcno-
snumfi, comocrasutb uncaro (-}1), a BeAKoll nepecTaHoBKe BTOPOro
kaacca — uncao (— 1). Takum o6pasoym noayyurcs T0, YTO MNa3HBaerCs
SUTHCUMMETDIHYUECKNM TNPEACTZEICHIeM TPYNNH  Hepecranonok. B atoM
npeiacTanienun BCIKON nepectanoBke 13 3Hakonepemeniofl noArpyniist
coorsercTByer unciao (- 1), a ocTaAbHBIM NEpecTaHoBKaM COOTBETCTBYET
uiicao (— 1). MoxHO noka3atb, Ha YeM MEl lle OCTaHaBAHBAEMCH, uTO
YKa3aHHEIMH ABYMS CAyYasiMil i1 HCUEPNHBAIOTCS BCE BO3MOAKHOCTH JH-
nelnux npencrasjennft nepporo nopaaka Aas TFpynne  nepecraHOBOK.
Sra rpynna nMeer u JApyrie nNpeiCTaBleHis BHIUC NepBoro nopsaKa.

ITpusmep 4. PaccyorpnM Tenepsh rpynny BCeX BeILEeCTBEHHEIX OpTO-
ronaapunX npeoOpasosaunii Ha NJAOCKOCTH, T. e. rpynny, oGpa3osainyio
BPAleNnaMH MJOCKOCTH BOKPYr Hauaja, COeRHHEHHBIMH C CuMMerpueli
otocureabio ocit Y. Kak mp Buaens seime [52], marpiust stolt rpynmu
OyayT HMeTb BHI o !d cos ¢ —dsincpﬂ

L4 i . ]
| sing cos ¢
rie d==1 anasa uucToro ppamenns n d=—-—1 A1 Bpaulenus, coeau-
nentoro ¢ cummerpuefl, Kpome oueBHAHOro JuHeHHOro npeacTas.icHus
lepBoro nopsjka, NpH KoropoM kamxaoff matpuue (92) - coorseiciByer
uincao (1), Mpl MOXeM NOCTPONTbL elle JiHelHOe npeacraBJaeHne nep-
BOro nopsaka, npu Koropoy varpuue (92) coorsercrsyer uucao (- 1),
ecamt d=1, n uncao (—1), ecin d=— 1. 310 Zact HaMm JelcTBH-
TeALHO JielHoe npeicTasJenne, TaK Kak NPONSBEAeHHe MABYX MaTpHI
suda (92) coortpercrByeT uYHCTOMY BpalleHno, ecan d HMeer OIiHaKo-
BLIe 3HAKH, 0 BpauleHH C cumMerpuefl, ecan d uMeeT pasible 3HAKH
B MEpPEMHOMKAEMHX MATPIUAX.

(92)

68. Jlnuneiinble npeacraBieHUsn YHUTAPHOI IPyNnel ¢ XBYMs nepe-
MeHHBIMH., PaccMoTpuM JnHeHHBle NpPEACTaBJelNs YHUTapHoil rpynmb
C ABYMs NEepeMeHHEMH. DTa rpynna, Kak Mbl 3HaeM, HMeer BRI

X, =ax;+ bx, }

_ _ 93
Xy =— bx; -} axy (93)



68] § 6. MUIEAHBIE NPEACTABIEHUS TPYQ 243

FAe KOMMEKCHHE YHCAA @ # b AOMKUN MOAMHUSTHCR yCAoBHIO
aa--bb=1. (94)
HMocrpoum (m -} 1) Beanuun:
=xm b=xm—lx, ... & ==X (95)

Ecan ML BO3bMEM E;=x'l”'—’*’x': H MOACTaBMM BMECTO x; " x; Hx

Bhipaxkenus (93), To, ouesiaHo, Kawnmoe £ BHpasurca JuHeHHO uepes
£, n, creaoBaTe/bHO, BCAKOMY npeoGpasosannto u3 rpynnet (93) Gyaer
COOTBETCTBOBATh JnHefinoe mpeoGpaszosanne OT mepemeHHHx § x mepe-
meunbm 5, OuesniHo, uro npoussedenyio npeobpasosannfi  Gyaer
COOTBETCTBOBATH IPOH3BEAEHHE npeoOpasoBaHuit, H MH OyZEM HMETs,
TakuM ofpasoy, nuneitnoe npexncrasaenne rpynnst (93) nopaaxa (m - 1).
Ho, Kak oxasmiBaercd, 3TO NpeacrasieHne e Gyser yHutapuuM. Yrolum
NOCTPOUTL YNUTAPNOE TNpeAcCTaBJeHHe, NOCTaTOYHO B KawAo€ H3 nepe-
mMeHHBX (95) BBecTH HEKOTOpHH AonoanntenbHuit MOCTORHHBIE MHOXH-
Tenp, 11 nMeHHo smecro dopyyn (95) M onpedeauM nepeMeHuble no
caenywoum gopmynam:
m—k &

Ll =1 "2 __.g = k._:O 1 cee ) 96
k ]/(m — k)!k! ( » M) ( l)
11 TOYHO TaK Ke:
Y b —_— _——; : (/? — O 1 m) (96 )
f1:] ’/('T__)T_! ’ ) see )y » £]

rie, Kax Bceraa, cynraerca Ol=1.
TMpoBepum, YTO NPH TAKOM ONpEJENCHHH NEPEMEHHHIX Hale mnpen-
crapieHie Gyaer yHurapueM, T. €. 4TO

m m
2 NeMe = MM . o7
k=0 E—=0
Jeticrontensuo, npumensis dopmyay Gunoma Heiotona, nmeem:
m m - —
‘m—k_m—Fk k&
[ X X XoXs _— I
m!. 2 NN = m! 2 ! L= (6 %) X Xe)™
= T R _

N TOYHO TaK XKE

m
mbe 3 gl == (1 Fy - X %)™
k=0 .
Ho, B cuny yunrapuoctu mpeoGpasosaunus (93),
x;.f; + xéx; = xlf| + X3 X3

11, CAeA0BaTeNblO, UMEET Mecro u cooTiomenne (97).
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Buisenem Ttenepb (opMyJaH, KOTOpHE R3IOT B sBHOM ChAe Koaddu-
HHENTH NIOCTPOENNOro ynurapuoro npeacrasienns rpynnm (93). C stolt
UEJIbI0 HECKOJNBLKO H3MEHHM npeamayuiee o0o3naueiiie, a HMEHNO [0.10-
KM ALt .

12 (l=—j —Jj-+1, ..., j—0Lj) (98

W=
V40 G—n1
B nammx npexnux o6osnauennax m=—2j, n uncao j Oyder weisly,
ecall m-— ueTno, n OYRET DaBlio MNOJOBHHE IEA0r0 HEYETHOrO YliCaa,
ecan m— nevernoe yucao. Ecan, nanpumep, m=35, 10 Jopuyau (98)
JAIOT 11aM cJelyioulne 1eCrL NepeMeNHbX:

0 5= a3, 1 0, 1 xjxg
5 = —— 3= | = ——
-5 Y&’ -5 yna’ -7  yas’
Xixd xiv, X}
‘r‘-|= . N3 = = .. Ty = -,
S (4T 5 YAy > V8l

B aannoum cayuae Jigii  nepeMennple  npoiyMeposalu  He  nepBuLMH
EeCIblo HEABIMIT YNCAaMY, & llpOGllLl.\lll YcJaaMH, KOIOpHIC OIMIY2ioTCe

r or apy : 5 5) B,
ApYr OT JAPNTA ha eAHuuly 1 BAYT or {—3 ) 1o ——]—._7/. ¢/, na-
upumep, m==+4, 10 Mu uMeenm no dopuyaan (98) 1L HEpPeMeHHBIX:

- TR - DS T
7T e N Tk
AL I

13 HEL

3necy HyMepamust NepeMenipiX COBEPIIAcTCs  LUeAMMH  YHCJA3MiH  OT
(—2) 1o (—+2). Ilpu peaxom ¢ukcupopaunon m=2j mpl Oyzey nueis
COBEPLIENIO TAKYI0 Ke lyMepaumo CTPoK M CToabuos B Marpuuax,
Koropuie OyAyT Jmapatk anneilloe npeacrasaense nopsaka (27 - 1)
rpynnu (93).

[Tepeiigen Teueps K onpeseienino 31eMelToB 5THX Marpul. Mul mee:
S (ax b (= by g

VU-EG=nr VGF+org=n '

1 1laM 1130 NPeACTasuTh Npasylo 4acTb B Bile Junetinol xomGuuanin
veanynn v, Ilpumenenune dopnyan Gunoma Helotona aaer:

IHIE (GFDIG—=D
""ZZ 2 < i ey Y ey ey 1
k=0k" =0 -

W=

% (—lk'a/-i-z—kE/—z—k'bkx:j—k—-k'xg-;-k'.

Ecan mpl OyaeM cuurtath pl==c0, KOTAa p €CTb UEN0E OTPHUATE]db-
HOe yHCAO, TO MOKeM B npeauayuleli Qopyyae npoHsBOAUT CYMMH-
posamite no £ u k& or (— oo) no (--00), 160 mwHne caaraevue 6yayr
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conepxarb B 3HAMEHaTele MHOXMTENb, PaBHHfl Geckoneunocru, u obpa-
TATCA B Hyaw, Bpeaem BMECTO £’ HOBYIO TEpeMeniyio CYMMHPOBanus
§=j~—Fk—Fk, no xotopoll TOME MOXHO TPOH3BOAHTL CYMMHPOB2HIE
or (—oc0) 80 (©00) No LEeAHM BHAYCHHAM IVIM MO MOJOBMHAM LEAHX
snauenufi, cMOTPA no Tomy — OyZAeT Jn j LenBM YucJAOM MM [10NOBHHOM
uenaoro yucia. Mm noayuaem Takum obGpaszom

O - VUFDIG—D
n“ZZ(_l)k+ 1k!(j—k—s)!(j+l—k)!(k+s—1)!X

Xal—k=—s ai+t'~kbk+s—1bkx{'+sx{—s'
Ho, coraacuo (98), Me nmeex:
xftex]=s =V ([FNG—9)n,

I OKOHYAaTEeJbHO NOJAYY2ZEM HCKOMYIO JHHEHIYI0 3aBHCHMOCTbL B canenyio-
LlEM BIBACE

.,I;:zz(__l)ns-z VGi+DIG=D'G )G —s)! X
ks

R(j—k— ) 1 —k) (Rs—D)i
X'&/—k—sa/+t—k5k+s-zbkns,

Taxkum 06pasom, NP 334aHHOM QHUKCHPOBANHOM j SNEMEHTH MaTpHuH
anuetinoro npeoGpasopannsa nopsaxka (2/-f-1), coorsercteywomero yuu-
TapHoMy npeoGpasosanuto (93) ¢ marpnuet

abd
—ba

2

eS¢ VIFNU=DIGFING =5
=(=1" (=1 H(G—E— G I—R (ks =11 X

X @/ ~k=sai+i-kjrts—1ps (99)
3}1ec5 3HAUKN lns ﬂpOGeralOT Cc'lellylou.lﬂn paa 3HayeHnit:
l’ S=—j’ —j+l, cee ,j—_‘])j)

NPHYEM HANOMINM eule pas, YyTo ecan j ecTh NOJ0BMHA uesoro uicaa,
TO 5TO A3aeT HYMEpPaUno CTPOK N CTOACMOB MATPUIL TAKKE no NOJAOBI-
HaM ueamx uncen. Ilpunumaa Bo BHuUManme, uTO pl==oc0, ecan p ectb
Le0e OTPHUATENBNOE YHCAO, MBI MOAYYAEM CIEAYIOUHE NpEAear CYMMH-
pousasus no &k B dopmynax (99):

k=0 h=l—s k<<j—s k<<j4-L (100)
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O1meTnM HEKoTOpOe ynpowenne B gopmynaax (99), kotoporo MoxcHO
JAOCTHIHYTb, Nepexoas K nompoOHomy npeacrasieHuto. [lycts A — Heko-
TOpas MaTpuua C a/eMenTayMu ap,, u nycts S=I[g, ..., 8,]— auaro-
HajJbHas MaTpHua.

Hpumensis oObuHOE NPaBUNO  YMIOKEHHS, HETPYAHO NpOBEPHTb, YTO
Marpana SAS™! Gymer nMerb CJAEAYIOUIME SAEMEHTH:

{SAS™},, =0,a,,8."

Ecan Mmsl npuMeHuM Tenepb 3TO APABHIAO I MATPHUHI

ab
Pr—b 3

n npuves O,=(—1)*, 10 B Qopmysax (99) mHCuesHET MHOKHTEADL
(— 1), u v nassueftiwen mp GyZeM CUNTaTb, YIO STOT MIOKUTEAb OT-
CYTCTBYET.

Iepeitnem Teneps K MOKa3areAbCTBY TOro, YTO AlHelinoe npedcina-
saenue yuumapHou 2pynnol (93), onpedeasesoe smampuyeii ¢ 34eMeH-
naau (99), Oydem Henpugodumsia, [IpeasapuTeibHO JOKaKeM ABE JIEMMEL,

Jlemma 1. Ecau werxomopas Ouazonassnast sampuya, éce duazo-
HAAbHEIC JAEMEHINb.  KOMOPOl NONAPHO  PasAuimsl, KOMAMYMUpyem
¢ mampugeit A, mo A ecme maroice OUQ0HAABKAS Mampuya.

ITo ycaosuio mpr nyeed:

A[al’ DO 3,1]2[?)1, cee 3,,].4,

rae uducaa 8, nonapHo pasanuHul. ITycrs Apq — dAEMENTH  MaTpuun A.
[Tpunmenss NPaBUNO YMHOMKEHHS, Mbl IMOJYUHM U3 NPEIBAYILErO YCJAOBH:
a,d, =8.a, ui a

pg’e p?pq pg B —3)=0,
11, CJEeI0BaTeNbHO, pq=0, ecau p£~gq, T. e marpuua A — pefi-
CTBHTENBHO AHAroHa/lbHast MaTphua.

Ntemma I Ecan nexomopan Oduazonaasnan sampuya [8y, ..., 8,
rommymupyenr ¢ mampuyell A, 8 Komopoi 1o hpauueu Mepe odun
cmoadey He codepsicum U 00HO20 HYAR, MO O =,,, =3,

IlepecraBnsg cTpokH u CcroAGUH, T. € MEpexoid K MOMOOGHBIM MarpH-
uaM, MEl MOXEM AOCTHFHYTb TOrO, YTOOH cToaben, He colepixawmuii Hyaeti,
cToa/1 ua nepsoM mecre. IIpn 3ToM JAHaroHaJbHas MaTpHma ocraercs
HO-NPEKHEMY AHAroHa/IbHOH, # Halll MAaTpuub no-npexHemMy GYAyT Kom-
syTuposate. ‘Takum oGpasom, Mbl MOXeM cunrath, obosuayas uepes a,,
pJAEMEeNTs Marpuum A, 4ro

an#£0 (i=1,2 ..., n),
1, KPOME TOro, Mo YCJAOBHIO, KaK W BhHILE:
a8, —8)=0 (=12, ..., n)
OTKyAa mueen O, =.,.==3,, u, CAeA0BaTEAbHO, NEMMA [OKa3aua.
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IlepexoanM Ttenmepp K AOKa3aTeAbCTBY HENPHBOAHUMOCTH JanheliHoro
npexcrasienns, onpeneasemoro Marpunamu (99). Ilycrs Y ectb nekoro-
pas marpuna nopsaka (2j -}~ 1), koropasi KOMMYTHPYET CO BCEMH MaTpHNAMH

ab
D5 af’

NOAYYAIOWNMICA NP Pa3JNYHKX @ W b, YHNOBJETBOPAIOIMMUX YCAO0-
suio (94). Ilas noxkasarersCTBa HENpUBOAUMOCTH HaM  HaAO0 MOKa3ath,
uTo Y momxna GWTh KpatHOH eanHuuHol Matpuue. PaccMorpum cHavana
TOT cayyafl, korga b =0 u a==¢"". DI KOMIJEKCHHE uHcIa YAOBJE-
TBOPAIOT, OuYeBHAHO, ycaosuio (94). .

Ilonbsysce ¢opmyaamu (99), Mp  nosyuyaeM mnpexie Bcero, 4ro npH
3TOM eia 0

D.{

710 e

a AnaroHanbHBIE 3JEMEHTH OYAYT B manioM chydae

D e 0 —eftle (g i 1 — 1. i
j ~ia € ( yh J+ 3 s ’j ’J)r
0 ey,

} =0 npu [(Fs,
Is

1 Hauma  Marpuna 6)’1131‘ HMETb BHI:

e~ 0 0 .. 0
0 0  eU-ne g . 0
D, — -i2(j-g) = , 101
,{0 e_,,,} 0o o ) .0 s a0y
0 0 0 ... eV

T. € 9T0 [OMaroHajJpHas MaTpHLA C pa3AMUHEIMH  SJEMEeHTaMH Ha
raasuoft muaronann, npu noxxoamueMm phbope a«. IToaw3dyics nepsot
aeMMofl, MH MOXEM YTBEPXHaTb, YTO Marpuila ¥, KOTOpas /[0/MKHA KOM-
myTnposarb 1 ¢ marpuuefi (101), Ttae JHdomxua OHTb ANaroHadBHOM

MaTphuefl, T. e Y=[8, ..., 8} (102)

PaccMoTpum Tenepnr TOT cayuafi, xoria uncia a u b o6a OTaHYHR

ab

OT HyJs, U BO3bMEM nepsuft cronGen MaTpHuH D,{ B E}' Ero

aneMeNTH onpegensrcs no gopmymam (99), ecan Mu TaM  N0JA0XHM
s=— j. Hepasencrea (100) maor npu aTtoM:

R=0 k=14 f; k<2 k<<jd! U=—) —j+1 ..., j— 1, J),
OTKYNa BUNHO, YTO B JAHHOM CAyuae BCA CyMM3, BXONAWAA B ¢op-

Myay (99), npusenercs K ONHOMY C/araeMoMy, KOTOPO€ NOJYYHTCA npn
k=j-4/ n OGyner orauuHo or uyrs. Taxkium o6pasoM, B ZJaunom
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) ab
cayvae aeHcrpurensto nepnuit croabeu marpuust D 2 E} He cozep-

wut uynel. Ho pas amaronanenas martpmua (102) noawna KoMMyTHPO-
BaTb M C Takoff Mmarpmuedt, TO, coraacno Jaemme I, Bce uucaa §,
oquHakonn, T. €. Y KparHa ednHuuydolt Marpuue. Wrak, marpuus

ab
D]{ } naioT, JellCTBHTENBHO, HENpHBOAHMOE JuHeHioe npea-

—b a
crapaenne ynutrapHod rpynnu (93). Ilpnaasas j pax suavenuit
a1l 3
j——Ox '2", 1’ iz', 2» R

MBl nonydaey OeCHICASHHOE MIOKECTBO 3THX JiNneHHHX npeAcTasaeHi,
IMpn j=—0 noayuaercs TPHBHAIBLHOE TO::AECTBEHHOE NPEACTaBJEIIHE,
Ipn KOTOpPOM BCAKOMY 3aementy rpynnsl (93) coorBercisyer uucao
ennhuua.  Paccmorpum  Temeps  mnpn j >0, Kakum npeoGpasoBaHuaMm
rpynnst (93) cOOTBETCTBYeT TOAAECTBEHHOE npeofpazoBaniie B rpynmne

ab
—b a
N ==7; WM, UTO TO €, PABEHCTBAMI

(ax, by )+ (—bx, +ax )~ = xitie]~}
(=—j—j+bL...oj—1L))

npeacrasacuii Dj{ }, KOTOpOE  onpeaeasercss  papeucraaMmi

Tlonaras j =/, noayuaex (ax, —|—bx2)”' =x:l', OTKyZa cJenyert, uro b=20,
I npelbiayiee TOXIECTBO 3aMHCHBAGTCS B BIlIE:

A+ el ~ Lol ]l = g+ ix]~l  (=—], —j4+1, ..., =1, J)

otkyma &*a/'=1. Ho |a|=1 npu b=0, u nociremuee pasen-
CTBO MnepericoBaeTCs1 B BUIEC:

att=1 (=—j —j+1, ..., j—1L )

Ecau j— noaosuHa HEYETHOTO YHCJA3, TO Mb MOXKEM MNOJOKIUTH l=%,
uro maer a=1. Ecan j— uenoe uucao, 1o pasenctsa a*==1 csoasrcs
Kk oamomy a*=1, otkyaa a=-t1.

Takum ofpasom, ecan j — [OJAOBHNA HEYETHOrO 4YHCJAA, TO TOKIe-
ab

—ba
TOJNBKO TOXKAECTBEHHOMY npeoGpasosanimio B rpynme (93), . e. 8 3TOM

crsedioe  npeodpazosadue B rpynne Dj{ } coorBercIsyer

a
cayuae D - —¢ Oyder OGHOMHO3HAYHHM OpEACTaBJCHHEM TpPYHANsI
y TY\—b a p Y

(93). Ecau e j — uncao Uesoe, TO TOWACCTBENHOMY NPeoOPA3OBAHHIO
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ab
B rpynne D,{ 7 ~} cootserciyior B rpynne (93) 1nsa npeoGpa-

b a
,—l 0 E
0 —_— .

30BaHHa ¢ MaTpruaMmi
F—=
—1

10||_-S_
01~

!

Stn npeobpazosanug 06pasyioT HUKJINYECKYIO rpynny BTOPOro NOPRIKa,

ab

u Dy I—u_z} aBAgeTcs ONONHO3HAYHKM  NPEACTaBAEHHEM  AONOJIH-

TeapHol rpynnu [58]. WHaue moxHO ckasare, 41O BCAKOMY mnpeoGpaso-
ab

BaHNIO B NPENCTaBACHHN D,{ 5 a} npH  1eA0M j COOTBETCTBYIOT

apa npeoGpasosannd us rpynnm (93), y KOTopHX uucaa a u b orau-
Y3I0TCH JHIIb 3HAKOM.

69. Jluneiinble npencTaBieHUs rpynnsl BpameHns. Ilpeamaymue
Pe3yAbTaTH NPENCTaBAAIOTCA OCOGSHHO BasKHHMII MOTOMY, UTO YHHTapHas
rpynna (93) TecHo cBsi3aHa ¢ rpynnofl BpauleHHs TPEXMEpHOro mNpo-
CfPaHCTBA, N NOJYYEHHHH BHUIE pe3yJAbTaT NPHBOAMT HAC K HENPHUBO-
AHMBIM JHHEHHHM NPeICTaBJIEHHIM FPYnNul BpauieHus.

Besxomy yHutapHoMy npeoGpasosanuio (93) cootBercTByeT onpeie-
leHHOe Bpaulenue, TNpHYEM OJHOBPEMEHHad NepeMeHa 3Haka Yy a u b
JaeT yHuTtapuoe npeoGpasosaHue, KOTOPOMY COOTBEICIBYET TO IXKe
caMoe Bpamenne. ITapaMerps a u b CBA3aHW € yraams DHaepa coor-
BETCTBYIOILEro Bpamenns dopmyaamn [63]): .

1 Stg—a ]
N P 2 H
cosf; b=—1e smip. (103)
PaccmorpuM cHawana ToT caywafl, koraa j ectb uenoe yucno. B stom
cayuae ¢dopmyan (99) noxasmiBaloT, YTO ORHOBPEMEHHas nepeMeHa
3HAKOB Y a B b He MeHseT cJaraeMHX, CTOfIUX B NpaBoit vacry, Tax

Kak CymMMa noKasareaefl y @, @ b n b OyaeT B JaHHOM cJAyyae paBHa
yetHoMy uucay 2j. Taxkum oOpazom, npu 5TOM TeM ABYM YHHTapHEIM
npeo6pa3soBanyay, KOTOPHE JaloT OXHO I TO e BPaUlEHNE, COOTBETCT-
BYeT OINMHAKOBas MarpHila B JuHefiHOM npeAcTapaenny. Hnaye rosops,
npu ueaoM j xaxaomy BpameHmo c yraamn DHaepa {a, B, y} coorser-
CTBYeT olpeleleHRas MaTpuua B Junetuom mnpeiacrasaennn D; Bumecro

—i+e
f—y4

. ab : .
D, {—5 a} o6o3HaynM Tenepp Ty MAaTpuuy vyepes
D; {a, B, T}‘- (104)

Ecan / €CTb MOJ0BHHA NEJI0TO YHCA3, TO OAHOBPEMEHHAA nepemMena
8HaKOB ¥ @ u b mpuBOANT K NepeMeHe 3Haka M y Bcex sppamxenuti (99),



250 TJ1. 1il. OCHOBH TEOPUHU TPyMN [69

T. € B [aHHOM CJAyuae TeM YHHTapHHM npeo0pasoBaHusAM, KoTopLie
NPHUBOAAT K OJHOMY M TOMY Xe JRINKEHUIO, COOTBETICTBYIOT Pasanulipie
MaTPHUE, a HMEHHO MarpHUBl, BCE 3JEMEHTH KOTODHIX OT/HualOTCH
3HakoM. B nanHoM cayuze KawaoMmy BpaieHHwo OYIAYT COOTBETCTBOBATh
TaKxie JBe MaTPULBL, OT/JUYAIOLWIHMECHd BHAKOM, T. € B JaHHOM cCJayuyae
B (104) nepex D; Bl -JOMKUM MNOCTaBMTh ABa 3uaKa. Taxkuym oGpasoy,
npH ueaoM j marpuum (104) nmaor aunellHoe npeAcTasAeHue rPyRNH
ppautenns. IIpu j, paBHOM MOJOBHHE LEAOrO 4HCAd, MBI Iie NoJydaey;
TOYHO roBOps, JuHeliHOro mnpeiAcTasaeHus. B nannoM cayvae rosopsar
0 /JBY3HaYHOM JIHHEHHOM NPeACTaBJaEHHH.

Qrobst Hafit Bepaxenue aaemeHtos Marpun (104), amocrarouno
s polpakenuax (99) savenutrs a u b no ¢opmynam (103) Mur nmony-
yaey, OTOpacHBas NpeaBapHTeAbio MuOknTeas (— 1)*%

=i VEFD =G G—9)

S e—ils—istcog+i—2k—s —;—B sin 2k+s—1 %p (105)

Ecan Bocnoas3oBatbes NnepexoaoM K IKBHBAJCHTHOMY npeACTaB/JACHHIO
11pi noMOuLll Marpuiubi |
P P 100...01 I

00...10
X:T.....li
01...00

10...00

TO [IeJI0 Cpelercd K MnepecTauoBKe CTPOK i cronbuos B 0o0paTHOM mo-
psake, T. €. B Jauuom cJayyae K samene [/ u s na (—{) u (—s).
Takum oOpasoy, syecto dopumya (105) Mpi MoxeM HanucaTb Apyrue
¢opyyas:

s ) VU+NG=0 G+ G—9)!
Dj {o, B, 1}is Z( RU—k+)(—I—hl(k—s1D) X

- X eita+ist cos 2/-—1—2k+s_;p sin 2k-8+’%(3, (106)

TIPHYEM, HOJb3YACh TE\!H A\e coobpaxenuaMu, yro n B [68], au Mouenm
or6pocutb Muoxurean -

Ornetuym npocxeﬂmne yacthme caysan. Ilpn j=0 mu nmeem au-
HEHHOE NpeACTaBieHie NHepBoro nopsixa

’
W=7

1
IT0 eCTs TPHBHANBLHOE TOXAECTBEHHOE npencTasiaenue. IIpu j=-—2—

MB HMEeM 2/ - 1=2, u seaudyunm v | M 7, OYAYT NPOCTO pPaBHH
T2 ]
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X3 W Xy T.€ B JAHHOM cayuyae yHutapuas rpymma (93) n ssasercs
cBOUM coOCTBEHHHM JnieHHHM npexcrasieHueM (C TOYHOCTBIO RO mepe-
CTaHOBKH CTPOK I CT0a610B). : .

Oasa rpynnm  apmKeHns MM noayunM JABYSHAauHOE NPEACTaBJCHHE
BTOPOrO MNOpPAAKa, ONpelensieMoe MaTPHLAMH

1 1
——i1t+a) 1 - i1 —o) 1
e ? cos B le? sin B

D'y {a,B1}=

le

’
1
7

s —+- Cos -

1 1
—ir—a 1 7 ia+a 1
’ zf e’ 7P

Mpu. j=1 wmun OyaeM nMeTb JauHeHHOE nNPENCTaBJEHHE TPETHErO No-
panxa:

e—iq+o L‘tzﬁ‘ﬁ _e—ia_s_in_a eilt~a) l—-zcosﬁ
2
- — iy SinB ; sinB
Dl{d»p’7}= e Tﬁ COSB —3775_ .
emit—a I8 en 1B g 1d-cosB
2 7 3

Jhineltune npeacrasnenns Dy {a, B, 1} npn-ueaom j naor Gnommo-
3HauHOE TNPEACTaBAEHHE TrPYNNs BpauleHAs. DTO CAeayer Henocpen-
crBenno u3 Toro, uyro kawaomy D;{s, B, 7} coorsercsyior ase ma-
Tpnus 13 rpynns (93), oTrnyaromuecs JAHMb 3HaKaMH Y @ B b, a Takum
MaTpHuaM, Kak Ml YNOMHHa/IM BHILIE, COOTBETCTBYET OHHO H TO Xe€
BpameHie. Ecan j— nonopnna neveTHOro umcaa, TO KaXAOMY Bpalue-
1IN0 COOTBETCTBYIOT [BE MaTpuunt u3 npedctapnenns D; {a, B, 7}, oram-
YalouIHecs AHLbL 3HaKoM. B uactHocTH TOXAECTBEHHOMY Npeo6pa3’oBaHHIo
W3 rpynnu Bpautenus Coorsercrsywr u3 D {o, B, 7} marpuum = E,
raie E—enunnynas Matpuua mnopsaaxa (27 1). Ecau ozpanusumscs
npeobpasosanusxn u3 D;{a, B, v}, docmamouno Gausxumu x moxc-
decmeennosy npeoOpasosanuio, mo D;{e, B, 1} Gydym odnosnauneis
npedcinagaenuesn apynnsr gpawjenus. IIpu atom B obmnx ¢opmynax
(106) MOKHO oOrpaHMunTBLCA BHAuEHHIMH o, B B 9, AOCTaTOYHO GANBKHMH
K Hymo. Ho' ecan Mm npnbabuM 2% x o« nau f, TO BBHAY TOTO, uTO
§ B / cyTb NoNOBMHB HEYETHHX uHCeJ, BCe daementn Matprun Dj {a, 8, 7}
H3MEHAT 3HaK, M MH TOAYUYHM BTODOE NPEACTABJEHIE ~TOTQ e CaMOro
no cymecrsy spaumenns. [TokaxeM faabllle, YTO yra3awHsle npedcmas-
ACHUSL Cymb 6ce U30MOpHHble Henpugodu.sie npedcmasreHus 2pynnst
spaterus.

Tax xax npeacrasaenns D; {e, B, v} cyte Bce nenpusomMMHe npef-
CTaBJeHNa rpynns Bpaienns, To matpuna Dy {a, §, 1} Aomkua GHTHL noxo6ia
matpuue D {a, B, 7}, coorBercTyoed BpaulEHNIO MPOCTPAHCTBA C YraaMu
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Bitnepa {a, B, 7}. B [63] Mot Bumesan, uro D=Z,X Z, u, npoussoas
nepeMuoNeHue Marpull, CTOSUIUX CAEBa, MOMYYHM:

€O @ cos y—sina cos P siny —cosa siny—sina cos 3 cos y sin a sin 8
D={sinacosy-f-cosacosfsiny —sinasiny-}-sinacosdcosy —cosacosB|,
sin @ sin sin 8 cos 7 cos -

1 uerpyauo npoBepuTh (bOp!\lYle:
ADy{z, B, } A'=D{a, B, 1}
rjue t 1 0 1 !
A=|‘i 0 —ij.

|10 V2i o

70. Teopema o npocrote rpynnsl spamenns. Horawen celiuac,
YTO rpynna ppamends €CTs MNPOCTas rPynna, T. €. YTO OHA HE HMEer
nopmansimx geanteneit [68). Ecam Om  Takofi meautenn nyeacs, To
B cuay ckasaunoro B {63] emy coorBercrsosas Osl HODMAABHHA neAH-
Teas rpynnu G npeoOpasosannti (87) ¢ onpeaeaureaeM eanmulla, or-
anuinil ot Hopmaapioro meaunteas A, coctosmero us Eu (— E). Taknym
oGpa3oy, OCTaeTCA NCKasarb, 4To rpynna G He pMeer HOpMaJbHHX 1e-
autedel, OTAHYHBIX OT F, T. € Halo NOKa3aTh, YTO €C/ 3JeMentapunii
genurens Hy rpynnu G comepaut matpeny A, orvanunyio or E n (— E),
10 Ay cosnanaer ¢ G O1nMeTHM Npewae BCEro, 4ro ecan fHy coaepmnt
IIEKOTOPYI0 MaTpluy £, TO B Cuay onpeneseuus HOPMaJbHOrO Jenll-
Teas, M, comepwur pce marpuusl UT'BU, rme U— no6aa matpnua
rpynnnt G. Bubupas coorsercisyioumum c6pasoym marpuuy U, MH MOmeM
NOJYuYlTb TaKnM nyrem JmioOywo Matpuuy rpynnsl G, HMEOULYIO T ke
XapakTepucTnueckue uncaa, 4ro # marpnua B. Crezosatedelo, 4Todn
ycranosuib, uto F, coenanaer ¢ G, ZOCTaroutio AOKa3ath, uro H, coaep-
WHT MATpiust € MoGHMI AOMYCTHMHMH X2PAKTEPHCTHYECKHMI HHCAaMIL
OTH YNCAA ZOMKHH NMeTh Bl e™ u e~*", rie © — BeuiecTBenHoe HIcio,
160 MaTpHUA YHNTapHa, I ee ONpeleanTe]h papell emIHLe.

B cuay CxasanHoro BHILE M MOKEM BMECTO Matpuus A B3atb
smarpany U™TAU u, takum oGpasoM, MOXEM Cuntath, 4ro A ecTe anaro-
Hajlplas MaTpHua. o

Wrax, mano, uro f4, conepxur marpnuy A=/[e'?, e7*?], rae ¢ — seue-
crBenno, n e £ == 1. Tipu stom A '=[e™¥, ¢'’]. Bosbuem nponspo.n-
Hy1o marpuny rpynmnst. G:

U’—“ —y x" (B3 =1)
ITpu stom
w:;]" =
187 x|
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[Tockoasky noarpynma H, comepxur A . ABASETCA HOPMAMLUNM JAETH-
TeNEM, OHA JOMKHA COAEPKATH H MATpuuy:

Y= AUAUY).

Hpomaozm NepeMHOXEHHEe MATPHIL H YYHTHBas PaBeHcrso XX yp=1,
HoayunM cleayiwollee BHpaxeHue creaa § marpnus Y:

s=2—4yp sin®¢=2—4p* siny,

rie p=—|y| moxer npuduMarb MOGOE 3HaueHHE N3 NPOMEKYTKA:
0<<p<C1, u sin ¢ £ 0. Xapakrepucraueckue uncaa (e, e™**) marpnum Y
CYTb KOPHH YpaBHeuusa:

Be a4 1=0, 1. e. B (4p*sintp—2)A}-1=0.

Ilpu um3venenmuu p or p=0 g0 p=1 3navenns 2 OYRYT HIMCHATHCA
or 2=0 no a=27. Beenem cnenyouee obo3naueline:

Uy=Ie®, ™).

W3 ckasannoro Buie ciaegyer, 4ro fiy comepxnt pce marpnus f1, npu
0=<Ca=<2¢. Teneps yxe HETPYAHO MOKa3atb, Wro H comepxur moGyio
marpuny Uy (8>0). [HeitcrsutensHo, Bmbepem uexoe nonommenbuoe

YHca0 1 TaK, 4TOGH BHIMOJAHNIOCH HEPaReHcTBO 0< <2.p Mpu
stoM ) comepxutr Uz, a MOTOMY COAEPHKHT H

n
U’é— = Uﬁ'
n
Taxny ofpasom, Hy COAEPKUT MATPHUB € MOGHMU X2PAKTEPHCTHUECK MM
YHCJAAMI W TeM CaMbIM, B CHJY CKas3aHHOro Bhile, cosnazaer ¢ G Taknm
o6pasoM a0Ka3alo, UTO 2pynna BPpANEHUS eCIRe npocmas 2pynna.

U3 otoro HenocpeacTseHHo caegyeT, NTO rpynna BDPaIleHHA HE MOXET
nMers romoMopdHmX (He usoMopdHmx) npeacrasaennil, eticreutensno,
ecan GO uMENOCh TaKOE NPeACTaBieHue, TO TOXAECTBeyHOMY npeolGpa-
30BaHNIO B TpYyNNe NpPeactasieHdi JOMKHH Ol On COOTBETCTBOBATH
8 rpynne ppameHnfl npeoGpasosanus, ob6pasywlouine HOpMaJbHEI meau-
T€Nb, KOTOPOro, KaK MOKAa3aHO BHILE, HE CYULeCTBYeT.

71. Ypasuenue Jlanaaca u Junefinplie npeacTaBJieHHsl TPYNMLI
ppameHns. BusicunM  cefiuac  cB3b  Meway JunellumMn  npeacrasne-
HAgMu rpynn n anddepeHnnaNsHNME YpapHeHHsMH. ITa CBA3b JEKHT
B OCHOBE nNPHMEHEHNA JuueHHNMX npeacrasneHuif K pompocaM coppeMen-
HoH (usnku. Mu Hauwem c¢ uanGonee npoCTOro ciaywas ypapBHEHHs
Jannaca [II, 202}, xoropwii He AACT HAaM HHYErO HOBOTO H MOCAYHKHUT
Jullb K BHACHEHNHIO ofuiero Bonpoca. [IpegsapntensHo  ycTaHoBum
HEKOTOphie ofuuie (QaKTH, KOTOPHE HrpPaloT GOALY POAL B BOMPOCAX -
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aunefinnx npeacrapaeHuil rpynn B KOTOPHE B YacCTiBIX cnyqaﬂx yae
N3BECTUH HaM H3 NPEARAYHIRX NPHMEPOL.

Ilyctb rpynna @, anneilnoe npeactassienue KOTOpoii crpourcn, €CTb
rpynna Anueilulx npeoGpasopanuit nopsaxa

xé:gffx,—}-...—]—g‘k",)x k=12, ..., n), (107)

ra€ 3HAYOK @, Xapaktepusylouin#t saemenr rpynnu G, npoberaer Ko-
neunyo niay Oeckoneunyo copokynHocTe 3uauennil. Ilonoxum nasiee,
YTO CYWECTBYET /2 (PynKunii

P (X1, ood5 X)) (s=1, 2, ..., m), (108)

TaKiX, UTO INpH 3aMene He3apucuMHX nepemenunx no <¢opmyaanm (107)
9TH (YUKWHH HCOLITBIB3IOT TaK#e HEeKoTopoe .JuHefinoe npeoGpasosanue

@5 (X1 cves XD =0521 (X1 evry Xp)beeid-aimem Xy ooy X)) (109)
(s=1,2 ..., m).

Mp umeem speco matpuny A, ¢ sJementami afy, cootBercInyIOmLyIO

npeobpaszosainnio  (107) rpynow G. Paccmorpum  agsa  npeoGpasosatis
rpynmu

(Xp voo X)=GC\, (X1, cuvy X (X1 oeey X0)=Cay (X, -+v, Xn);
Ga,; == Gag G"‘l'

Coorsercraylonee npeotpazosanie pynunii (108) 6yzer:

95 vovr X =05 0y By vy K)o 05 0 (s 0 ) (110)
H

O (X1’ vvey X0 )= a1 (Xfs s Xn) oo 052 Ot vy X0). (110g)

Hoacrasass 5 (110,) smecro ¢ (X, ..., &¥y) uX vupawenus (110)),
Gyaem uMerb HEnOoCPeACTBENNYI0 3aBHCHMOCTE o (X,', ..., X,) uepes
¢s (X1 o0y X)), Haomyo Marpuuy Ay, Mum noayunym rakusm oGpasom

m
(az) ( .
Aa;}ik= Z a:YJ a;;zl)) T. € Aaa=Aa;»Aaly
s=1

u Qopuyan (109) onpeneasior, 0OueBNAHO, HEKOTOPOE JHHeliHoe npen-
crapienue nopsaka m jgas rpynne G B npeamaymnx paccysiaeHuax
ML CHIT3MH, 4IO QyuKkuwan @ Jaunelio-uesasucumpl. Ilpu sToM Anxefinuie
npeotpasosanns (109) onpenpeasiorcs snosnne oAnosnauno n D(A4,) £ 0,
n60 B NPOTHBHOM Ciayyae @ (X;, ..., Xz) Onan OW CBS3aHH JHHEHHOH
8aBHCHMOCTBIO.

B vactHoM cayuyae, npm nocrpoeHun JAunHelHHX npeacrasaennit YHH-
Tapuoll. rpyuns, poxn dyskunii ¢, urpaan ¢ynkuan (96,).
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TTonoxwnm, uro G ectb rpynna BpameHus TPEXMEPHOro mnpPOCTPat-
CTBa, TaK 4TO n==3, M NOJOXKHM, YTO (YHKUHH ¢, OPTOrOHAJBHH N«
HOPMHPOBAaHH B HeKOTOpOM wwape K ¢ WMEHTPOM B HAualde, T. €.

U8 2p(er 0 XY, (ors o ) doxy dxydicy =3, (11

K
TMokaxem, uro npu stoM JanueHnoe npeacrasnenne (109) rpynmu
Bpaiienns Oyaer ynurapumim. JleilcToutensuo, B pesyavrate ppautenus G,

chepa K nepefiner B cebs, m onpeaeaurens (G, Kak H3BECTHO, pasen
exqunnue. Yenosue (111) maer nam:

§05 2ot xa x9) 2, (o1, 5, X)) dixjdixgdxy =3,
K

WM B cuny (109):

m -
S S S [ Z aP' Qi (xh X x3) : Zla(;} Py (xh X3 xa)] dx; dx; dx:’l = 8pq°
J=

i=1

IMepexons k nepeMeHHbIM (Xy, Xg, X3), Ml AOMKHB GYyAeM, COraacio
NpaBiay 3ameHo NepeMenHHlx B TPOHUOM HHTErpaie, 3aMEHATb NPOCTO
dx,dxydx; na dx,dx,dx; n 3areM HiTErpupoOBaTh MO TOMY XE CaMOMYy
wapy K. B cuny ycaosuft (111) Mt noayums:

m
2 a;f‘,)ag)_am P g=12 ..., m),
i=1 : :
rae, kak Bceraa, 8,,=0 npupz£q nd,,=1 T e kawla u3
marpuu, A ob6aagaer B AaHHOM Clyuae cnoﬁcmom OpTOroNanbHOCTH MO
CTPOKaM, TaK WUTO TPaHCMOHHPOBAaHHAs Marpnua Oyaer o6aaaars oproO-
FOHaNLHOCTBIO NO CcTOAGuMaM, a chaenosarensno [28], u no crpoxaw,
T. €. OCHOBMas Marpnua Gyger 0GJamaTb OPTOrOHAABLIOCTHLIO U MO CTPO-
KaM H no croaGuaM, uau, HHaue rosops, Marpnua A, Gyaer neficrpu-
TEeABHO YHUTADHOM MarpuueH aas moOoro 3mnauka 2.

Paccmotrpum Temeps ypasuenne Jlansnaca ¢ AByMAa mepeMEHHHIMA
Ll d’U

o T oy

nan, Noab3ysch BEKTOPHBIMA oﬁosuaqemmmu,
div grad U=0. (113)
BosbMeM 0gHOPOAHHIH NOJMHOM OT X W y crenenn /:
21 (0 M)=apx' Fax Ny 4o Ay eyt (1149)

ITokaxeM, 4TO CYWMECTBYIOT ABA JHHEHHO-HE3aBHCUMHKIX MNOJHHOMA
siaa (114), xoropme sBasmoTcs pewennes ypasuenus (112), u Bcaxkoe
pemenue ypasuenus (112), npeacrasasiouleecs ORHOPOAILIM NOMHHOMOM

(112)
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cTenenn /, jomkHo Onrb JnHeliHoR koMOunauueil 5THX ABYX MOJHHOMOB
¢ NOoCrosHHnMu Kosdupuunenramu. Jelcrautensio, Koadduuuenrs noiu-
noma (114) supaxaiorcst no ¢opmyaam

' PR S X £ 9%
E== (@ —k)\R gxthoyr

Ho pa3 210T noaunoM aomken ynosaersopats ypasnenuio (112), 1o
MLl MONEM AsyKpatinoe muddepennupobanne No y 3aMenuTh ABYKDAaTHHM
Auddepennnposantes N0 X NpPH OAHOBPEMEHHOM H3MEHEHMH 3HAKA, TaK
Kak ypapuneme (112) moxuo nepenncats B Buie:

U U
T ox

Takum oGpasom, Mpl moayuuMm Jias Kos(pdnuuentos a, BHpPameHus
CACAYIOWCTO B

1 0’ I - 1 d’q:,

e Gt an %=k T T oxidy

T. €. 8cc koadphuunenru noamoma (114) Bupassrcs uepes Ko3ddit-
LHEHTLI @y 11 @y DTO PacCysIeiine NOKa3pBaeT HaM, UTO CYLIECTBYET lie
60Jblile ABYX JTHIEHIO-1IE3aBHCHMBX OANOPORILX ROAHNOMOB, YAOBJET-
sopsiontux ypasuenuio (112). Ilokaxkenm Tenepnb, YTo Takue ABa PasAHYNBIX
noanuoMa AeficTplreaslo cymecrsylor. Pacemorpuy Aaa aroro oanopoi-

HHH DNOJHHOM — iv)
’ wl(x’ y)_(x+W)'
PackpsiBasi ckoOKil 1l OTAEAAS BEWECTBEHHYIO 1 MHUMYIO YacTH, HOJYYHAL:
0 (%, Y)=1; (6, ¥) 19, (% ¥),
rie noanHoMb ¢, (X, y) # ¢, (X, ¥) — BeulecTBEHHbE OLHOPOAHEIE NOJI-
HOMH cTenenu /, jmieHHo-nesaBMcuMeie apyr or apyra. Hduddepenuupys
w; (%, ¥), noayunm:

Forlo D 1 — 1) (v - 9)

LT e

T. e. ©;(x, y) yrosaeTsopseT ypasuennio (112). To e camoe, caerosa-
T€AbHO, MOMHO CKa3aTb I O BEWLECTHeHHofl u MnuMofl ¥acru 3Toro BLipa-
MeHusd, T. € NOJAHHOMBL 9, (X, ¥) M” ¢;(X, ¥) I JAOT HaM ABd MCKOMBIX
pewenust ypasuienus (112). Boeaem noasplieie KoopAiHaru

X=rcos¢g; y==r sing,
OTKyA3 o, (x, y)=r'e'*s.
TIpu 5TOM NOAHHOME @, M ¢, TPUMYT OueHb NPOCTOH BHA:
¢ (%, yy=rlcosly; O (x, y)==r'sin lp
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TTosepuem naockocts XY BOKpYr Hayana Ha HeKOTOpHI yroa &:
x'=xcosd—ysind, y=xsind-4ycosd (115)

Herpyano sunmers, uro npun stom ypaesenue (112) ocranerca umsa-
pHAHTHHM, T. €., TOullee TOBOPS, B HOBHX MepeMEHHHX ypaBleHue Gyner
BHIFJISAETh COBEPHIEHHO TaK XKe:

a’U +d’U
oy

ITO0 MOXHO HEMOCPEeNCTBEHHO MPOBEPHTH, NOAL3YACk Gopmyaamu (115)
n npasuaoym auddepenunpoBanns caoxunx dynkuul. Kpome rtoro, yka-
3anHOe OOCTOATENLCTBO HEMOCPEACTBENHO BHTEK2ET W3 TOrO, YTO JeBas
yactp ypasuenna (113) nmeer onpeicneHHoe 3HaueHne, He 3aBHCAILEE OT
BHOOpa ocefl H, clrexoBaTeNbLHO, HMEET OAHY U Ty ke ¢GopMy npu mo6oM
suGope npavoauuefinkx npsMoyroabHux ocefl. Moautiompt ¢, (X, ) u
9 (X', ¥") Aomxun ynosaersopars ypasnenmio (116), a caenosaressio,
1 ypastiennio (112), a noTomMy oHH [ONKHHE JHHEHHO BHIPAWKATLCA uYepes
?1(x, ) 1 ¢ (x, y). O10 1 maer nam auHelHoe npeacrasAeHue rpynnu
BPAlIEHHs TIOCKOCTH.

Byecro yKasaHHHX ABYX NOJHHOMOB BO3bMEM B3 APYruX NOJIMHOMA,
KOTOpPLIE ABASIOTCA HX JMHEHHHMMH KOMOMHAIHAMH:

o1(0 Y)=0,(x, ) — (% p% 9 (x, )=9,(x ¥)+1Y; (%, ¥)
HIN

(116)

o1 (6 Y)=(c— ) =rle 4 (x, )=(x i) =rle"
OTu NoJHHOMBH HCHMWTHBAIOT Caexyiouiee npeoGpasoBanie:

91 (¥, Y)=rle " =0} (x, y),
q); (x:’ y)=r ei!(?+0) =ezl\‘) '1 (x y)

T. e. npeoGpasosanmo (115) cooTsercTByeT B JuUHEHHOM NpeacTaBaeHIY
MaTpuua l &~ g

;0 el'lﬂ I'
rae yron & mower uMeTs /MmoGoe 3HaueHne. M3 Buma marpau Hemocpen-
CTBEHHO BHITEKAET, YTO 5TO JAHHEHHOE NPEACTABJEHHE HUMEET NPUBEAEHHYIO
¢dopmy. OHo naer asa mmemmx Np=ACTAaBJIECHUA NEPBOrO MOPAAKA, onpe-
genseMuix uucaamn e p . Bo Bcex npeamaymux paccymmenuax
11€710€ YHC/I0 / MOrJIO HMEThb mo60e sHaueHue. Mel mosyunan taknM o6pa-
30M TE e CaMple JIHHEHHHE NpPeNCTaBAeHHS TIpPYNns BPAILEHHs MIOCKO-
CTH, KOTOpHE MH HMEAH u panbuie B [69)
[Tepeftaem Temepn K ypassewnio Jlanjaca ¢ TpeMs nepeMEHHHMH
U 6=U U
dx- Oyt + 0 (117)
1,8 B, N Cuupuos, 7. 111 °
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niau div grad U=0. (1 18)

Paccmorpuy 1 33eCb OAHOpOOHHE NMOMMIOMH CTenmeHu / ¢ TpeMs ne-
PEMEHHBIMH

o (% v, 2)=a2' + X1 (x, )27 - X3 (%, y) 214 -
+Xl-1 (x’ y)z+Xl (x’ y)’ (119)

rae X, (X, y)— OXHOPOIHKI{ NOMIHOM CTENEHH & CBONX aprymentos. Kax-
autt Takofl moauHoM X (X, y) comepxur (£~~1) DpousBoabHBIX KO3-
¢dunneHTos, TaKk uro B oOUlEM OAHOPOAHHIf MolHOM ¢, (X, ¥, 2) cTeneHn /
€ Tpeys mepeMeHHBlMit OYAET colepkaTh CAelyiolulee UNCA0 NPOH3BOAL-
HHX Ko3¢duUIIeHTOoB:

14243 4.+ n="LEDEED

IMoacrapass suipametine (119) B ypasnenne (117), moayuuy caesa
oaHopoausifl nosnHoy crenenn (/ — 2), u, npupaptinsas ero kosgguiuenTs
(g—1t ¢+ A+2
2 2
n3secTHuMn Koaddinuenranu noauHoMa 9, (¥, y, 2). Mu umeem:

G042 =il _
: = gy,

HYA10, MOJYUIM OHOPOIHHKX YypaBHeHuti ¢

i, clexopateabHo, no Kpaiweff mepe (2/--1) rospduunenros s noan-
noMe ¢;(x, y, 2) OCTaHYTCs NPOH3BOJILHBIMHE, T. € OydeTr CyulecTtBoBaTb
no xpalineit mepe (2/-+ 1) anuefiHo-1E3aBHCHMBIX ONHOPOAHBIX NOAHHO-
MOB cTeneHu /, yxosaersopswomnx ypasHenuwo (117). TToabsysce tem e
METOIOM, YTO H AJdd [ABYX NEPeMeHHLIX MOXHO MOKasaTh, 4T0 HX Gyzer
n He Goawbue, uem (2/-1), T. e. ux Oyzer B Tounocrn (2/-1). O6o-
3HAYUM 3TH MOJHHOMH Yepes

#5D  G=L% 02D

Ecan 2y .
- ¥, =U-(x, 3, 2)

€CTb HEKOTOpPOE BpallEHHE TPEXMEPHOro RNPOCTPAHCTBA BOKPYr Hayana,
TO npu 3toM Yypaexeune (117) ocTaeTcs UHBAPHAHTHBIM, U MOJNHOMH

W(%, y, 2) maoT Hekotopoe AmMeflioe NPECTABJEHUE FPYNNW Bpaule-
Hif TPEXMEpPHOro NpocTpalcTsd, nopsaxa (2/--1).

B npasbuefimien mMpt n0oAPOGHO H3JIOKHM TEOPHIO 2IUX rapMOHHYECKHX
MOJIIOMOB Il BLIBEASM A1 HHX SBHLIC BHPAaXKEHHS. Mu YBILAUNM, 4TO UX
BCErfid MOXHO BHOparb TaK, 4TO OHH GYAYT OPTOTOHAJBHLIMI H HOPMil-
poBaHHnMi B 060l cepe ¢ uenrpom B Havaze. ITpu arom apocrasase-
MO€ IIMH JuHeliHOe npeacTapieHue rpyNns opauieHis GYAeT YHHTapPHBIM.
Moxno noxasare, 4ro 310 u Gyaer Kak pa3 Jusefinoe npeacTasicHie,
sKBuBanenTHoe npeacrasaenno D, {a, B, 7}, Koropoe Mt noctponau s [69).
IToawe Mu BepHeMCS K 3TOMY BONpPOCY.
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72, llpamoe npoussenenne Matput. [IycTe HMEIOTCS ABE MATPHLHE

ay 3 ... Oy, by b oo by
ay Qyn ... a by bn ... b

A= 21 &3 n n B= 21 21 2m : (120)
Qpy Ap3 oes Ay bml bm% oo bmm

nepsas — MOPAAKa 7 1 BTOPas — mopaaka m. COCTaBHM HOBYIO MaT-
puny C ¢ snementamn Cjj, 4, KOTODHE MOAYHAIOTCS OT MEPEMHONKEHUS
KaxQoro sAeMenta MaTpimsl A Ha KaxAeil sAeMeHT MaTpHun B5:

{Clij; u==cij; y==auby,- azmn

B nauHoM cayuae poJb NEPBOro 3HAYKA HrPAET COBOKYMHOCTb ABYX

uenmx uucen (4, j), a poab BTOPOro 3HaUKa — COBOKYMHOCTb USAHIX
uncea (&, [), npnuem Ink=12 ...m

S jni=12 ..., m

WupiMu ca0BaMu, MB iMeeM 34ech 0co6hIi cnoco0 HanMeHoBaHHU CTPOK
# cToA0LOB, a HMEHHO: CTPOKH H CTOACUL HMEHYIOTCS COBOKYMHOCTBIO
ABYX HEJHX YHCE, NPHYeM Nepsoe 4uca0 NpnunMaer 3Hauenue or 1 4o n,
a BTopoe — oOT 1 mo m. Mspl MOXKEM, KOHEUHO, NEepPeHYMEpOBaTb CTPOKH
1 CTON6UH OOHYHBEIM 00pa3oM, T. € NPOCTHIMI LEJBIMH YHCA2MI, KOTOpHE
unyr or 1 10 nm, npnuem kaxnmolt mape uwucen (I, j) nan (B, ) coor-
BETCTBYET ONpEeNenenoe neidoe 4ncao npu Hosofl nymepamun, n ecian
9TH NapH OAUHAKOBH, TO H COOTBETCTBYIOULNE UEABE 4ICAa OAHHAKOBH.
DTy HyMepauHi© NPOCTHMI LEJALIMH HHCAAMI MOXKHO A€MaTh PashuuHLIM
cocofoM. Ilpn nepexome or oaHOro cmocof6a K ApyroMy Aeno CBemeTcs
K HEKOTOpOfl nepecranoBKe OAHOBPEMEHHO CTPOK H CTOJIOLOB, T. €. K Me-
pexoay K nogoCuoft Martphue, 4To B AadbHeiiieM He OyZeT HMErs HH-
KaKoro 3HaueHms. ,

Marpuna C HasmBaercs npassis npoussedenuess smampuy A n B, n
0003HayaeTca 370 OGHYHO clepyoulum o6pa3o:

C=AXBSB. (122)

[Topsmox MHOxuTENEfl B 3TOM mOCAeaNEM NPON3BEOEHNN HOBOMO THNA
HE Hrpaer HHKakofl poiam.

MMoaoxuy, nanpumep, uro o6e marpuuw (120) Gyayr marpruasma
BTOporo mnopsaxka. B srom cayuae ux npsmoe npousseleHne Gyaer mar-
puueit 4ersepToOro MOpsixKa, KOTOPYIO MB MOXEM Hamnucarbh, Haupumep,
B CJAEayollEM BIAE:

anby anbia apby aghys G G2 Gz i
_ anby by arby apby {6 Gz Gz Crzen
T lanby anby anby anbyl Cau;nn Ca;13 Cazn Ca 2

ayby anbyp anby anbyn Coz; 11 Cay1a Cox ot Copyaz

11714, 11Ha4Ye, OJHOBPEMEHHO [IEPECTaBAfAA CTPOKH H CTONOUEL.
l/ 8
4
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ITonowuy, 410 A 0 B cyTh AunarosalbHule MaTpilbl
A=[1v .o Tal B=1[8 ..., 3]

B srom cayvae a;, =0 n b, =0 nmpu iz%k u j#/ u, cregosa-
TeAbHO, CcOraacHo (121), ¢;;;4, OTANUYHO OT HYAR TOALKO, €CJH napa
uncea (4, j) cosnasaer ¢ napoft uncea (&, {), 1. e. ecan matpuua C rtaxie
Oyaer amaronanvhiofi. Ha ee raapnofl amarounann GyayT CTOATb BCEBO3-
MOXHBIE€ NPOH3BEAEHNA ulicea T, Ha uucaa 8. Ecau Bce 7, 1 BCe §; pasHH
eaunuue, 70 C Oyzer Takxe eauunudol mMarpnuet. Mgpr nMeeM, TakuMm
o6pasoy, caeayowyio Teopemy:

Teopema L [llpsusoce npoussedenue 08yx OuazonaasHbi X aanmpiy
ecmes 0ugzoxaAbHas mampuya, u npasoe npouldsedenue 08YX eduHuy-
HBLX mampuy ecms eONHUYHAS Mampuya.

JlokaxeM Takike CAEAYIOULYI0 TEOPEMY:

Teopena IL Ecau AW u A® — dge smampuyer 0dno20 u mozo sce
nopsioka n, a BYY u BY® — dge mampuyp marsce 0dno20 u mozo sice
nopROKa m, Mo useent Mecimo gopiyaa:

(A® X B (AN X BBy = AW AW ¢ BB, (123)

3aMeTiM, 4TO KOrA3 Ml IIILIEM ABe MATPHULL OXHOTO Il TOro ke
nopsAKa pagoM, 6e3 BCSKOro 3Haka, 10 3TO, Kak Bceraa, odo3tiayaer o6uu-
i10e npoussegenie 3Tux Avyx marpuu. O6o3nauas saeMENTH MATpIHIL €O-
OTBETCTBYIOULIIMIT MALIE OYKBaMil € ABYMs 3HAUKAMH BHU3Y, MB HMeEey,
COrJIaCHO ONpEelE/NeHHI0 NPSMOro HPOH3BEACHNH:

0 ) = ql0p&) =
{AY)Y X B }‘.l,;“_aikbﬂ t=1, 2),

H, MOAbL3YACb NPaBHAOM OOBLIMHOIO YMHOMKEHHSI MarpHIL NOIYyuuM Lis 3.Je-
MeHToB JeBoil wacti pasencrsa (123) caenyioune ¢opMyas:

n m
— N 22 e
dijiw= 2} 2} aip'bjFapiby. (124
p=1g¢=1
[Moxaxeyn, 4To Te e GopMYJAW MOAYYAOTCS U AJd 2.]eMenron npasoil
yacTH. MH 1MeeM no onpeneneHHio OOHYHOIO YMIQKEHNS:

n m
AR A, = 3 aifags {BWBW), = 3] bighy,
p=1 7=!

B, IO ONMPENEeJEHNIO NPSMOro NPON3BEIEHIS:
n m

: - (9) (1) 21501)

dijim= Z QipQpk 2 bibyl,
p=1 g=1

yto 1 coenagaer ¢ (124). ITepeftnem reneps K AOKasareabCIBy noc/aediiedt
TEOPEMH O HPsSMOM HPOU3BEASHILL
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Teopema Wll. Ecau mampuygs A u B ynumapnst, mo u ux npasoe
npoussedennie C=AX B marace ecmy ynumapras mampuya.
[Mo ycnosio TeopeMbpl MH liMeeM:

n
- _“ . -
Zl Asplsy == Opp Z bygh s %pg (125)
§ =
IMposepny aag Matpuus C YCI0BHS OPTOrOHAABHOCTH M HOPMATbHO-
CTH 10 croabuan n 06o3HaumM:

m

n
Z Z Cij;panCifi pegs = é31?1(11: paq

i=1j=1
T. e. B cuay (121):

85,1 page = Z V ":m“mnb/q:b/qz Z Qip,ips Z bﬂhbm (126)

j i=1

Ecan napw uncea (n, ¢;) n (py ¢3) PasnuuHel, TO XOTb OJAnH 013
muoxnureneft, crosmux B npasoft wactu (126), Oymer pamen HyJIO, a CH
5TH (apHl COBNaAalOT, 0o6a MHOXKHTEAS paBHBl ennHuue B cnay (123).
Taknm 00paszoM, 8p,q,: p.g, PABHO HYAIO, €CAH YMOMAHYTHE MapH HE COB-
NajanT, H papHO eAnHuUe, €c/AH 9TH naph COBMAaaloT, YTO H JAOKa3npBaer
Hamy TeopeMy.

Mbl MOxeM, OYeBHIHO, npsmoe Npou3BEJCHIE ABYX MaTpHH YMHOXNTH
eule, B CMbIC/AE NMPAMOro Npon3seacHus, Ha TPETBIO MAaTpuuy 1 NOAyYHThb
npaMoe NPOusBexelle TPeX MaTphil

A X A® 3¢ AG),
Vaepxnsas npexnee oGo3navenue, Mu GymgeM uMers g JAE€MENTOL
oroft nosofl Marpunbl cleayiomne pepaxenns:

1) (2 {3)

Conts e = % Y
Auanornuuey o6pasoM COCTABASETCA MNPAMOE MpPoH3BedeHne A06oro
KOHEUHOro YlCAa MaTpHL, MPHYEM 5TO NPAMOE NPON3BENEHNe NPEACTaBIET
06010 MaTpHLY, MOPAAOK KOTOPOf PAaBEH MPOH3BENEHHIO MOPAAKOD nepe-

MHOXAEMHBIX MaTpHIL ITocnenoBatTeasHOCTE, MHOXHUTEAEH HE Nrpaer poJai.

73. KoMnosunus apyx JuHefiHbIX npeicTasJeHHit rpynmsi ITycrob
umeercs Hexotopas rpynna G ¢ saemeHtaMi (G, M MOJOXHM, YTO MOCT-
pOEHHl ABa JHHEHHBIX NpeACcTasJeHnsd 3TOH rpynmen

xi=a®x,F...Falix, (=12 ..., n) (127)

Vh=b@y o Vi, (=1, 2, ..., m) (128)
© B. HU. Cmnphos, 1, 1II
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FAe 3HayoK a Mpoberaer KOHEUHYI0 AN GECKOHEYHYI0 COBOKYMHOCTb
suavenult. OGosnauuy uepes A(® u B marpuus npeoGpazosauust (127)
u (128) n cocrabiim HX npaMOe NPOH3BEHCHHE

C™ = A ¥ B, - (129)

[okasken, uTo Marpunm C!® Takie 20T HeKOTOpOe Jimuetidoe mpen-
crapaennie mawefl rpynnu G Heficronteasto, BeakoMy 3aneMenry @,
rpynnut @ cootserctayer marpuua C*; npoussenenuo G,,G,, == G,, Oyaer
COOTBETCTBOBATL MaTpuma C@2)Cl1), kortopas onpedeasercs B cuay (123)-
dopmynott:

CeaCen) == (Al X B2)) (A1) X By = (Ales) Al21)) X (Ble2) Bi)),

Ho pas matpmus A® u B paor ammetinoe npencrasienne rpynms,

T0
Al A(R) —= Al=s) 1 Bla)Bla1) == B(=s),

H, CJeJ0BaTeAbHO:
CleCla) = Alxs) Y Blas),
T. €. coraacHo (129):
Cla2)(Cla1) — (Clas),

Takuy oGpasom, npoussedeHnio sjemedtos (@, COOTBETCTBYET Kak
pas npouspedeHne cooTsercrpyiomux marpiy C), u 3TH Marpnud KaoT
HoBoe .uHeluoe npeactasieHue rpynnst G 3aMeTHM UIDPH 3TOM, YTO
eaunnunoMy  saeMenty 1u3 G COOTBCTCTBYST MNpil SIOM IIPsMOe HPOH3Be-
aedne eanununpx yMarput A n B 1. e eaunmumas matpuma C*).

Cocrapnm nm npouspeaennii x;y, n noaseprHeM KawAuil H3 COMHO-
Kuteeli npeoOpasopanuay (127) u (128). Mu 6ynem umers:

Vo (
xiyh = (a5 + ...+ afle) - Oklys + . ..+ biy)
1N, PacKpHBas CKOOKH:

n mn
Xpyr= Zcﬁ’; peXpYp THE 2 pg =a$§)b$f2,

=1 g=1
T. € eCAU Xy U Yy CYMb O0BEKINGL 8 AHEUHUX NPeOCMABACHURX, onpe-
deaseanx mampuganu A u B\, mo x,y, 6yoym obsexmamu 8 au-
HeliHoM npedcmasienuu Mol ace 2pynns, onpedeiseMor sMampuyasu
C™. Ecan marpnust A® n B(® gapann senpusodmybie auHeliHble npelr-
craeaenns, 10 Matpiua C® ne o6asateanno GyaeT JapaTh HENPHBOIMMOT
anseliHoe npeacrasieHile. B aaabHefimeM Mbpl moapoGHO paccMOTPHM TOT
cayuafl, Korda rpynna (G eCTb rpymfa BpaileHHs TPEXMEepHOro npocr-
paictea, a marpuusl A 1 B® cyrh pasanuiple HenPHBOAMMHE AuHEH-
HBIE NPEACTaB/JEHUA STOM rpynmul, mocrpoeuusie Hamu B [69]. ITokaxen,
4TO B 9TOM CJyyae Npou3BeneHne

Dﬂ {0., p' T} X Dji {G., p; T}
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GyaeT NPRBOAMMHM, H ONpPENeNnM, H3 KaKUX HENPHBOAWMHX NpeacTaBie-
Huit OHO OyHmeT COCTOATH.

B xayectse npumepa paccMorpum ypasHenite Illpemmnrepa ais cayuas asyx
91eKTPOHOB, HAXONAINNXCA B NOJE NOTOKHTCILHOrO ANP2. ITO YpaBHeHIHeE HMeeT

BHI 2 )
h 0 0 ot Y —
[_mgl(m+ﬁy§+-a;§)+ V]?——Eq», (130)

efe 1 e*
V=2_ 3 roz ] +—2— 3 T H (131)
— sz+ys+zs V(xy— x9)2 - (0, — 33) +(z,—zy)
NPHYEM NOCTOAHHbBIE MMEWT O6bUHBIE 3HayeHHs. BTopoe craraemoe B BhIpake-
nui V npoucxoant or B3auMmopeficTBusi saektpoHos. Eciu mp npeneSpesem
B NepBOM nNpHOIMEEHINT ITHM B3anMoxelicTBHEM, TO ypaBHeHHe Oyner:

(Hy-+-Hy) y=E¥, (132)
rae h! 62 2 62 - Se
Ho— — —_— - TN 8 s=1, 2).
o= (g oy T o)~y C=1 9

[Monoxnm, 4yT0 OTHEILHNE ypaBHEnys:
Hy=EY Hy=EY (133)

uMelor co6cTBeHHue 3HaveHna By, u E, u coorBercTByiommue Cco6CTBeHHBIE
dynknmnu

by (x z) n Yy (x Z,)

Y1 (X1 Yy 24 2 (Ko Yoy Z3)y

. Hyy=Ep;, Heyy=Ey,. (134)
Ecait mu1 nonpcraenym B ypasHenite (132):

Y="91 (X1 Y1, 21) * Y3 (2, Yoy 23},
TO MOAYUNM, oYeRHiHO, B cHay (134):

(H,+H,)¢=¢3HI'{1,+%H3%= (E:+E,) U= (E,+E,) ¥

T. e, ypasHenne (132) 6yner nmerh coGCTBEHHYI0 BYHKUINO ¢y ¢y, KOTOPONt 6yAeT
€OOTBeTCTBOBATL 3Hayenne (E,--E;). Jleaa wacte ypassenuit (133) comepxur
onepatop Jlanaaca u paccToaHine TOYKM 10 Hayala KOODANHAT, H, CI€F0BATEILHO,
8TH JeBble YAaCTHl He MEHSIOTCA, eCaH Mbl COBEeDUINM BpaweHHe npocTpaHcTsa
BOKPYr Hayaza. MoxeT cayunthcd, uTO XapaKTepHCTiyeckoMy uncay E==F
B nepBOM 13 ypasHeHH{t (133) COOTBETCTBYET HeCKOAbKO COGCTBEHHBIX BYHKUMIT ;.
Bce 3TH QYHKUHN, ABIAACH pellleHieM YPaBHEHNs, JalyT HEKOTOpOe JHHefihoe
NpeJcTaBIenie TPYNNH BpalleHlsA, COBepPLUIEHHO TaK Xe, Kak B [69] omxHopoanne
rapMoHHYecKHe NMOJHHOMBI A3aBAAM HAM TaKMe MpeiCTasIeHHe CPYNNEL BPAILEHILL
Iycth 310 Gyner nexoropoe mnpeacrasienne Dy {a, B, 1}. CoBepuienno 13k xec
pemexla BToporo u3 ypaBHennit (133) npn 3amaHHOM COGCTBEHHOM 3HaueHMHI
E=E, panyr naM nexotopoe npeacrapaenne Dy, {a, B, v} rpynnst Bpamenis.
Npoussenenne ¢,9,, coraacHo npeaunnyumeMy, AacT HaM JiHe{iHOe MpeACTaBieHie
IPYNNH Bpamenifa, Cosnagaiomee C NpsaMbis npoissetenies Dy X Dy, 0 s
(h13HYECKON XapaKTePHCTHKH COOTBETCIBYIOmero coGereenHoro 3navemisn (E, -
~+ E;) ypasuenna (132) npencrasasercs CYUIECTBEHHHLIM BHIEINTL H3 3T0TO
ODPEeNCTABAERHA T€ HENpHBOIHMBbIE NPCACTABICHHA, Ha KOTOpLIC OHO pacnaiaeTcil.
310 NBCTOATEALCTBO HrpaeT CyL(eCTBeHNyo POAb B TEOPHN BO3MYIMeHIifi.

9.

T. €



264 TJ1, 1. OCHOBB! TEOPHH TPYIIN [74

74. Nlpamoe mnpoussenenue rpynn i ero JuHeillble mNpeacTabie-
una. ITonatue 0 NPAMOM NPOH3BENEHHH MATPHU HFPaeT PoOJib U B APYroM
BOMpoOCce, K KOTOpOMY Mbl cefivac u nepexoanm. [lycts mumeiorca ase
rpynnst G 1 H, s7eMeNTH KOTopeix 0003Haunm yepes G, u H;, npuuen
snaukn o @ § npoberaioT, Me3aBuUCHMO OANH OT APyroro, sooGule roBops,
pas:nudsle COBOKYMHOCTH 3Havennil. Onpeaennm wuosyio rpynny F, sae-
MEHTH KOTOpPOli ONpemeasA0TCs Kak napul saemeHroB u3 G u MH:

Foy=(0o Hy),

npHYEM TEPBBIfl 3JeMEHT napw eCcTh 3jaeMeHT (G, a BTOpOil — saemeHt H.
Ha3obey eanununnM 3;1eMeHTOM 3TOil rpynnbl sJeMeHT F,l'.i B TOM CJayuae,
xoraa G, u H_ cyrb enuHnynnie 3jJeMeHTH u3 G o H, u ananoruynsim
o0pasoy onpeneanM O6paTHhie 3/€MEHTH u3 rpynmsl F. 3akoH yMmHOwme-
uns aas rpynnst Foonpeaenuy ecTecTBeHHO (opuyJaoi:

Fai?sFulﬁx =(Gﬂzcﬂn Hf’zHﬂx)'

Herpyano npoBeplTs, 4YTO COBOKYNHOCTb 3J/IEMEHTOB Fm'.j neficton-
TenbHO oOpasyer rpynny. 3ty rpymny F Ha3opem nNpsMBIM npomussele-
Hiey rpynn G 1t H. TlycTb nMeercsi Hekoropoe auneliHOE LIpeacTasieHHe
rpynnsl G, ocyuiectoasemoe marpuunamu A%, 1 nekotopoe auuefinoe
npexcrapienne rpynns M, ocymecrsasemoe matpuuavi B IMoassysce
(popuyyaqofl (123), Kak o B DpeALLAYIIEM HOMepe, MOKHO [OKa3aTb, YTO
npsisie NpoUu3sederuss  ~a, 6y __ A X B

dawom auneilinoe npedcimasaenue epynns. F. Kpome Ttoro, ecam mpen-
crapaennss A® u B® yuutapnu, To u npeacrapaenne C* ® rpynom F
Oyrer yuurapuum [72]. '
TMokakenm Teneps, uro ecau npedcmasrenun A u BP wenpuso-
dussl, mo u npedcmagaenue C* ¥ zpynnee F O0ydem Henpusodussin.
ITycte n— nopagok Marpun A u m — nopsnok matpun B, Marpumu
Cw* #) Gyayt usmers nopsaaok nm. IIycTb cymiecTByer HexoTOpas Marphma X
NOPsAAKA 7142, KOTOPask KOMMYTHpYeT €O BceMi marpuiasi C* 8, OdosHa-
YiM 3/1eMEHTH MATDHIL COOTBETCTBYIOILIMII MajpiMiu Oykpamu. Ml umees,
C/1e10BaTebII0, 47151 MOOBIX 3HAYKOB §, f, p 1t ¢, @ TaKKe AaA MoOkX a u §:

m n m n
(), (3) __ (2) 1 (3)
D D%y mbipbig = D) D ai 0 X ps; pgp (135)
=1 k=1 =1 k=1
rie (a); (5) (2, f) (1), (3) (z, B)
Qrpbrg = cui, ;q U aubj = cij ki

Ecan mu modommy, uto G ectb eaunmuupll 3AeMent rpymnsl G,
10 A™ Gyser emunnunofi mMatpuuefi, T.e. a‘;}:O npu R£pu a};}:l,

u ¢opuyna (135) nacr:
m

m
inf3 P'b}aq)= Zb}?)xil; Py (136)
=l =1
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11 TouHo Tak e, monaras, uro B® ects emuununbif s;ement rpynnu B,
MOMYUHM:

m n

(2) {2)
§ :xij: kqa’;’ = z :ai:xk/: o (137)
k=1 k=l

Ecan mul BO3bMEM nnt 3/EMEHTOB X;;; ., M 3aKpenuM 3nauku I u k&,
TO noayunrca m? snaeMeHTOB

Xiji bt ‘ (. l=1,2, ..., m),

KOTOpHe JafyT HeKOTOPYIo MaTpuiy nopaaka m. O6Go3HauuM 3Ty MaTpuiLy
uepes XU¥, TouHo TaK Xe, 3aKpemass B X;; 3Hauku j 1 /, noayunm
matpmuy XY+9 nopsaka n. B cuny (136) Bce marpuust X %) Kommyrn-
pyor co scemn Marpuuamu B®), o6pasyiownmu  menpusomumoe npen-
craneHne rpynnn B, u, cnenopatenbHo, Bce marpuust X¢. 4 kparum
€OHHHYHON MATpHUE, T. €. 3MEMEHTH Xijp; NpH duxkcuposanumx I n &
UMEIOT OMMHAKOBOE 3HaueHue, ecan j==/, u, kpome T0r0, Xijpy =0, ecan
J 71 Mu moxem 3anicarb 370 caeAyoumnM o6pasoM

Xijik == Xi1; p1dj1- (138,)
Touno Tax xe u3 paccmorpenns marpny X9 Gymer caesosars:

Xij; bt == X1z 1181 (138y)
rle, Kak Bceraa,
3p=0 mpu p£q u i, =1

Us cpasnenns (138;) u (138;) BHTEKaAET, UTO Xij 5 OTJAHUHO OT HYyJA
TONBLKO B TOM CAayuae, €cad I==k 1 j=/ npuuem B 3TOM nocCJAenHeM
cnyyae BCE WHCAA Xjji; OMMHAKOBH Mexay coOoff, T. e. marpuua X,
KoMMyTHpylowas co Bcemu marpunamu C(P), Gymer o6ssatensio kpar-
Hofl emunnuuoft marpuue. OTCIOA2 W BHITEKAET HENOCPEACTBENNO, YTO
JHHeHHOe NpeacTaB/eHine rpynnst F, onpexenseMoe NMpAMBIM npoiissene-
nney A® X B®), Gyner nenpusomumeiM. MOXHO nOKa3aTb, YTO MaKUAL
ofpa3oi noayiamomcs 8ce nenpugodussie npedcmagaenus 2pynnot F.

Monoxnm, uro G n H cyms rpynnsl JuHeHHBX npeoGpa3osBaHnii
€ OHHM M TEM XK€ YICAOM mnepeMeHIbX, H NPEeANoJ0NKHM, 4To JiobHe
Apse matpuus G, n HB NONapHO KOMMYTHDYIOT, T. €.

G,H, == H,G, (139)

B npenniaymux pacCyXIEHHUAX MBI CYUWTaJNH, 4YTO 3JAeMeHT rpynnst F
onpenensercs mnapofi saemenros (G, H)), u mocrpouan onpeaeneHHsii
33KOH MepeMHOXEHHA BHYTPH rpynnul F, KOTOpHH onucan HamMn BHue.
B naanHom caydae MH MOXEM CYHTATH 3JeMeHTOM rpynns F npocro
“nponssefenne marpuu (139), xoropoe He 3aBucHT OT nOpaAKa. OTa
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nopas rpynmna F wmsomopdua npexueit F. Ecan G, n Hp, — eanHuy-
HHle MaTPHUH, TO 1 npoussesenue G, Hs, == H3,G;, OGyReT eauHuyHol
matpuuel. Marpuua Gp'Hi'=H;'G;' Oyzetr, ouyesuaHo, ofpaTHOH
nponsseaennio G F,, u MH nMeeM B cuay (139) caenywowmu#t 3akoH

YMHOKCHHAL
OazHEs . GE1HB1 = (Gﬂz Gan) (HﬁzHﬁx):

T. €. BCE YNOMAHyTHe BhIILE MPH 06pazoBauny rpynnu F cBoHcTBa B XaH-
HOM c/yyae BHOOJHEHH, TaK uTO mnpoussedaeHns (139) MoxHO cuirars
NnepeMeHHbIM 3JeMeHTOM Ipynne F. B KayecTse YacTHOro Cayvuas BO3bMeM
TOT cayual, Koraa G ecTb rpynna BpaleHHi TPEXMepPHOro IMPOCTPaHCTBa
n H-—rpynna BTOPOro NOpPSAKa, COCTOAWLAS H3 TOWAECTBEHHOIO Mpe-
obpasosanns [ un cuumerpun S oTHocHTeapHO Hauana [67]. B manuom-
cayyae ycnoeusi (139) Bunosansiotcs. Eciu @G, ecrs aw060e Bpauienue
npocrpanucrsd, 10 ouesnaHo G,S=S8G,. 'pynna F B nanHoM cayyae 6y-
Jer rpynnoit BCeX BeUECTBEHHBIX OPTOrOHaJbHHX Npec0pasoBaHift Tpex-
mepHoro npoctpascrsa. Has rpynnst [ mu nveau [67] mBa AuHehnbx
npeacTaBjaeHHs IEPBOro MNOPAAKa: OOHO TOXIECTBEHHOe, COCTOsUIee HB
yucea (1), u apyroe \anrncmmeTpnqecuoe, npi Koropom Marpuue [
coorsercteyer (-F1) nm marpuue S coorpercrayer (— 1). Ecan mix
BOSLMEM Teneph HEKOTOPOE JuHelnoe npeacrasaenne D {@, B, 7} rpynnu
Bpamens, TO MoOxeM OpaTb NpsAMOe NPON3BEJEHHE MaTpHull 3TO0ro
npeacras.deHiua C obouu npeacraBaAeHisaMH rpymin CHMMETPHI OTHOCH-
TEeJbll0 Ha¥aA2. B oanoyM cayuze mu moayuny mmefioe npeicrap:iedune
N0JHOl FPYNMB OPTOrOHAJBHHX NPeoGpPa3oBaHill, NPH KOTOPOM BCSKOMY
Bpamennio ¢ yraamu Oitnepa {a, B, 7}, BasTOoMy B umMCTOM BilZe uHan
COEMUHEHHOMY C CHMMETpHell OTHOCHTE/IbHO Hauada, COOTBETCTBYET OJHa
n ra we marpuna D;{s, B, 7). OOGosnaunm 57O . mpenCTaBieHHe rPynnu
oproronaibiux npeoGpasosauufi uyepes Dj{a, B, 1}. B ampyrom cay-
uae wuCTOMy BpameHuo Gyaer coornercrsosath Marpuua D, {x, B, 1},
a BpaUleHIlo, COEMHHEHHOMY C cummerpuefi, marpuua— D, {a, 3, 1}
Taxoe npeacrasienne rpynns OPTOrOHAaAbHHX NpeoGpasoBanuil 06o3Ha-
unn uepes Dy {z, 3, 1}. :
PasGepem ewe omun npuMep NPSMOro MPOM3BEASHHS ABYX CPYNIL
Ilycts y uac mmelorcs ase TOUKIL (Xy, Vi, 2y) H (X Vi 23)- INodomuw,
yro rpynna G eCTh rpynna BpallleHHsi TPeXMepHOro mpocrpaHcrsa. Haum
nepeMeHHbe HCIOHTHBAOT NMPH 3TOM JAuHelinHe npeoGpasopanus:

Xp = £nXy -+ 813V% —+ giste .
Y= gu¥p+ gaVr + gntp k=12 (140)
Zp == guXy + Vs + EuaZir

rae Tabanud g;, eCTb MaTPHUA HEKOTOPOro spaulenus. IToJoswuM gadblue,
urc rpynna H ectv rpynna, COCTOAIAs H3 TOXAECTBEHIOrO npeoGpazo-
BaHHA M H3 npeo0pasopaHni, KOTOPOMY COOTBETCTBYET NEPeCTAaHOBKa
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HoMepos 1 W 2 y naumux ToueK. Dto nocaeawee npeoGpasosaune Oyner

UMETbL BRI 1 9
(2 1) ). (141)

Mu wuMeeMm, oueBngHo, Si=1I, u caemoBaTeNbHO, 3Ta MOCIEAHAA
rpynna H Gyzer cocrosth u3 apyx mnpeoGpasosauuil: / u S. Ecmn G,
€CTh HEKOTOpOe BpauleHde, TO, ouesngno, G,S==S8G, rtak kak Gespas-
ANYHO — MPOMSBOAMTH M1 HYMepaLHIo TOYEK A0 WJIH Mocke BpameHus,
B naHHOM cAayuae MBI MOMyuuM Te e JHHeHHBle MpPEACTaBJeHHA [/f
ob6wefi rpynnst F, uro u BHme, Ecan On MH BMECTO ABYX B3AlH 1
TOueK, TO rpynma F, cocrosimas 3 nepeMeH HyMepalHll 3THX TOUEK,
nmeaa On cBouMM 3JeMeHTaMu JuHefiHne npeo6pa3oBaHHs C 1 mepemeH-
HBIMH, 3 3Ta rpynna / 6wna 66 nsoMopdHa rpymnme nepecraHoBoK 3 n
37eMeHTOB. B JaHHOM Cayuae TOYHO TaK e onepaums BpalleHHs 1 onepa-
uHs NepecTaHOBKH HOMEPOB ToueK OYAYyT KOMMYTHPOBAaTb ADYr C APYroM,
1, B3siB NPSIMOE NMPOU3BEJeHHe MaTPHUB! JAHHEHHOrO NpeacTaBAeHHs rpynnsi
BpAUIEHHA H MAaTpHll HEKOTOPOro JHHeHHOro npeiacTaBJeHHs TpYNNH
nepecTadoBoOK, M mosiyuns JanielHoe npeacrasnenne obuie#t rpynnum F.

78. Pa3Guenne komnosuuun D; X Dy auneiiupix npeacraeiaeHuil
rpynnsl BpameHnusi, Bossparmmca ceftyac K TOMy, YTO MH rOBOpUAN B
[78]. Mut snmeanm Tam, uto ecam paccmoTpiM ypasueune Wpeanurepa
oA OBYX 9]eKTpoHoB H Oyaem npeneOperars B3anMofeHCTBHEM dJeK-
TpOHOB, To cobcrBenHbe ¢yukuun ypasenns Ilpemusrepa Oyayr na-
BaTh JHHeliloe MpeAcTas/eHlle rPYNmu BPalleHHd, KOTOPOe Moaydaercs
nyTeM KOMMO3HUHM JABYX JHHEMHKIX NPeACTaBAeHHH TPYNNBl. BpauleHns,
PeaynbTaTH npenblAyllero HOMepa MOKa3HBAOT, 4YTO NPEACTaBAAETCA
BAXHHM YyMerb pa3burs Takoe JAHeHHOe NPeNCTaBIeHHe Ha Hempuso-
IuMble yactd. B Hacrosmiem HoMmepe MH H 3aiiMeMCs 3THM BOMpPOCOM.
3amaua matematnueckn dopmynupyercs creayomnm o6pasod. Ilycrs
uMeloTcA aBa Henpusoaumuix npeacrasaenus Dy {x, 8,7} u Dy {% B, 1}
rpynne  pamenns. Cocrapum  nx xomnosuumio  D; X Dy, xotopas
Take Gynaer pasath [73] HekoTopoe auneitnoe npencranneﬂne rpynnst
ppauenns. TpeGyerca BbAeMNTb T€ HENPHUBOAWMHE 4acTH, W3 l(OTOpHX
3TO MpeACTaBJEHHE COCTOMT.

O6vexramn Jauuefinoro npeacrasaenus D; nopaaka (2f--1) Gyayr
BEJINUHHEL

ul+mul——m
[ e ——=
Vi+m1G—mt
n ob6bextamu auneitnoro npeacrasacuns Dy OyayT BeJHUHHB
of t™of —™

m==—f, —j-+1,.., f—17), (143
Va Vu+m)lu—m)l( J 7t J /) (143)

(m=—j, —j41 e, j—1, )  (142)
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npudeM (uy, 1) u (v, v;) MOABEPraioICH ORHMHAKOBHM YHHMTapHHIM npe-
oOpasoBannam ¢ onpeseautenem (-} 1) [68] Ecam mu  cocrtasum -

2j+ 1D/ 4 1) seanunn

Jj4m, j—m fm—m
i us Ui (]
‘Y/mmr: mvm-z 1

V GFmt(j—m!( —-m) (j—m’)!
(m:——j, —j+1, =1, j)
m=—j,—j741 ...j—Lj)

(144)

TO 9TH BeAHYHHB OyayT oObekTaMii B TOM JIHHEHHOM npPeACTaBJIeHiN
FpyNnel BPallleHus, KoTopoe onpefeaserca Komnosuuuelt D; X Dj.

B zanvuelmenm Mbm Gysem cuurarb j M j1 WIH UEIBIM YHCAOM, N
NOJOBHHON WLEJOro uicaa, T. €, CTPoro ropops, Oyaem Oparb Juueit-
HBIE NPENCTaBJaeHNs YHHTAapHOH rpynns € ABYMS NEpeMEHHBIMH H ofpe-
ACTNTEACM, PaBHEIM €AIHIILC.

INycte £ — neaoe uncao (71 noaopia UEJIOro 4icaa), yaonJaeTBo-
pAIOLLIEE HEPABEHCTBY

j—i<k<j4J (145)

ITokakenm, 4TO MH MOXEM cOCTaBiTh H3 Beanuund (144) Takue Jau-
Heilnsie komOGunauun, uncaoM 2£--1, KoTopnle mdalT Junuelinoe npea-
crasaenne [, rpynnsl BpauieHus.

CocrasuM 145 HOKAa3aTeJbCIBA 3TOTO YTBEPIKIENHS BHIPaweHHe Buja:

L= (lll'l'.l _ llzvl)l ("]x‘ —I— llix2)2j—l (lel ’*— 'Uixg)Qj’—l, (l 46)

rae [ — HEKOTOpOEC q)nxcuposauﬂoe lnesqo€e 4ucjao, yaosJjaersopsioulee-
HEPaBencIBaM:
=0, I<<2j; 1<<2). (147)

Ecan nepemeunnie (g, 1) u (vy, v;) NPETEPIEBAIOT OOHO Il TO KE
anneiinoe npeo6pasobaxie

= agily - aylty; U1 == ay0; - 4,30,
1y == ay iy - ayuy V3= Ay | a0y

¢ onpeaeanteaem (-}-1), T. e apapy-—apay=—1, 10 NeIpymio BH-
IeTb, 4To nepswil N3 MHOXuTenefl suipawxenns (146) ocraercs nens-
mennuy. Jlefictsnreauno,

1103 — 301 == (@,3053 — 138y, (U303 — 1130)).

Buipaxenue (146) ectb, OueBHAHO, ONHOPOAHBI MOJHHOM OT X; A X3
crenenn 2(f -7 — ). Ou cocTONT, CJAEOOBATENBHO, 43 WJIEHOB BHJA:

agxixtr=h=s (=0, 1, ..., 2(F+J — D)
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BBoas o6Gosnauenne

k=j-+j—1 (148)

xhopm xck —m 0

" 14
Ym TVERTY G —m] (149)

m'=—"k —k+1,...,—1,4),
MBl MOXeM HamicaTb Bbipaxenue (146) caemyroutnm oGpasom:
-k
L= 3\ cnYmr (150)
m'=—==Fk

Kosdduunents ¢~ Gyayr sasucers ot nepemenusix (dy, us)(vy, vy).

Vs Bhipawenna (146) 1enoCpencTBeHHO CAEAYET, 4YTO Cpr €CTh OJ-
HOPOAHHA NOAHMHOM OT (iy, 11;) CTemeHH 2§ H OAHOPOJHHIH NMOMHHOM OT
(v1, vy) crenenn 2f', T. €. €y OYAET COCTOSTH M3 CAAraEMHX BHAA:

Py —p 2 ~q,
ap g 1 g *01 (A

uan, npriumas BO BHnMaune (142) n (143), Mbl MOWKeM YTBEpIKAATH, YTO
cmr OyRer auuefinofi xomOmiauuel npowussesenuit

cm,,—_:ZZd;g;;)_Umvmr (m'=—k, —Ek4+1,..., k—1, k), (151)
m m'

rae koaddnuwentst di) e comepkar ywe u, U U, 3aMeTHM, uTO B
puipawxennn (146) nepemennsie i; #1 U; BXOMAT TOJBKO HJH B COCHHIe-
HII ¢ MHOXHTENEM Xy, uan B nepsoM u3 muoxureneRt (146), npuuem
STOT NMEPBHI MHOXNTENh H3eT CyMMy mnokasatenefl y i, w vy, pasnyio /.
Ipuuman BO BiMaHHE, 9TO Ymw COAEPHHT XF+™", Ml mowem yrep-
IJATh, YTO B cnaraeMux cymmst (151) cymma nokasatenelt y u; u v,
Oyaer k-}m”" -+ nau, B cuny (148), 3ta cymma nokasareneit Gyner
J+J7+m. Ho U, comepxur nj+™ u V,. cogepwur vf'+™, u or-
CI01a HEMOCPEACTBEHHO CJENyeT, 4TO Kaxmoe u3 pupawxenni (151) co-
nepxut b 1€ nponsseneHus Uy Vg, a8 KOTOPHX m—m'—m".
Tlokaxem Tenepy, uro Jmnetinsle xomGunaunn (151) seanuun Uy, Vi
Kak pa3 u JaioT JuHellHOE NpeACTasieHie FpPYNns BPAIlEHNs, KBUBA-
aentHoe D,

IlpensaputensHo HAaMOMHHM oOlipeseneHHe KOHTPArPalHeHTHOro mpe-
oGpazopanns. Ecan umerorcs asa auneitnmx npeoGpasosanus

(.‘Ci, seey x;l)=A(xli ceey xn) " (,v;» ceoy y;l)zB(_yb ey y,,),
TO 44 BBINOJHCHNA paBEHCTBA )
XWite oot Xnya=x 4. .. Xpn

uecé\ommo R rocrarouno, utoOu B 6bl10 KOHTPArpaauenTio ¢ 4 T e
= A1 (cp. [21] n [40]).
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[Tonoxuy, uto nepemenHne (i, u3) # (v;, U;) OAHOBPEMEHHO NOJA-
BEpPraloTCcs HEKOTOPOMY YHHTapHoMmy npeoOpasopaHmo A ¢ onpegenn-
tene (- 1). IMoaoxum, YT0 nepeMeHHHE X; N X; NOABEPraiTCs NPR
sToM npeo6pasopaumio A(*)L kourparpammentnomy npeoBpazosaniio A.
M3 onpenenennss KOHTparpainmeHTHOro npeoOpa3oBaHus CJAenyeT, 4TO
TIIpH 3TOM CYMMB

10,6+ gy 1 v vexg

OCTaI0TCs HEnaMeHHEMI. Kpove TOro, Kak Mb NOKasaan BUE, I nep-
BuIl MHOXM(NTENb B BHpaxennn (146) ocTaeTcs HEH3MEHHHM npH yKa-
3aHHOM MNpeo6pa3oBaHNM HAIUHX nepeMeHHbx. TaknyM o6Gpasoy, u BCA
cymMa L ocTaHercs HensmeHHOfl, T. €., HHaue ropops, B cuay (150),
nepeMeHHHe Cpe HCMLITAlOT npeo6pasoBanile B, KOHTparpamieHTHOE TOMY
npeo6pasosaHiio C, KOTOpoe HCHHTAIOT NepeMeHHBe Y. :

Bsenem HOBHE nepemeHHBIE

uk+m"uk-ni"
1 2

- VEFm)T(E—m")! (m'=—Fk —k-+1, ..., k—1, k)

Zmu

Ipunyensa cdopyyay 6unnova Herotona, mMoxeym HanncaTte!

+k
(g, -+ 1,%7)%* == (24)! E Y
mil=—4k

Jlepag 4aCTb mocCaAeAMEro BHIPaXEHHS OCTAeTCA HHBADUAHTHON NpH HAMHX
npeoOpa3oBaHNAX, 1, CJAENOBATE/NbHO, TO K€ MOKHO CKas3arb H O npa-
BOHl 4acTH, T. €. nepeMeHHHBe Zp» MNOABEPraloTCs TOMY e CaMoMy mpe-
oOGpasopannio B, KoHwTparpamneHTHOMY mnpeoGpasosanuio C, uto I nepe-
MEuNHe cp. Ho MW 3HaeM, yTO nepeMeHHHE 2,~ KaK pPa3 o JaioT naM
aunefinoe mnpencrasaenne D, rpynnel  Bpamenuns, ecan (i, 1) CyTh
o0bekTH ynutapHofi rpynnn ¢ onpeaeantenem (- 1). CaenosartessHo,
Halle YTBEPXIAEHHE NOKa3aHo. .

Mwe  mowenm Takny ofpasom  n3 mepemennmx (144), Kotopue
TOJKYEM KaK COCTaBAsiOnllie HEKOTOpOro BEKTOpa B NPOCTPAHCTBE C
(2/ + 1) (2j -} 1) n3vepennszMu, cOCTaBNTL Jnnetinpie KOMGRHALINT YICAOM
(2k -} 1), koTopHe naloT JAuHeliHoe npencrasieHHe [, rpynnm Bpauie-
nng. Ilppnovas so sHmManue dopuyny (148) u nepamenctsa (147), MH
BRANM, YTO YHCIAY % MOueM NPUAABaTL CJIelyIollne 3HayCHis:

k=j+j, j+i—L .., {j—j (152)

- INloncuntaeM Tenepn, CKOABKO BCETO AHHEHHHX KOMOHHaumf n3 BeNYHH
(144) nam npuaercs cocrasntb. Jlna onpenenensHoctn OyzeM npeamnona-
ratb, 910 j==j . VYnomanyroe obuiee uHcAO JnHeHHHX KOMGHHaWMK

Oyunert:
@G+ +D)F @+ =D @ —2 1)
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3T0 ecTh cyMMa apudMeTHuecKOft MPOTpeccuu C YHCAOM WIEHOB

Q+Y D —@ =4 4 1 o
. +1=2/41,

n ofmee uncao JjuHeHHwx xomOunauni Oymer (2/-}1)(2/°4-1), T e.
Oyner pasHo uucay BemnunH (144). Tor xe pesyabratr noayumiacs Gwt
u npu ycaosun j<j. IMonaras A1 KPaTtKoCcTH

@+DE +D=r,

00603HauEM YNOMAHYTHE Buuue Juselusnle xoMOuuammu pennuun (144)
crenyomnM o6pazom:
Wyy Way o0y w,, (153)

npryeM OyxeM CuuTarh, YTO 3ITH JHHeHHble KOMOHHAIEA PaCHOJOKEHH
B TOM NOpAAKe, KOTOPH{t naer nnHefinne npencrasaenus Dy, rae k umeer
3navenns (152). B pe3yabrare HeKOTOPOro yHnTapHoro npeoGpasoBanus
¢ onpenenntenem (- 1) Ham nepemenHeMu (i, 13) u (v;, U3) MH TO-
AyunM HOBHe 3HaueHus U, V, nepemennsix (144) u Hosme 3nauenmns
ws(s=1, 2, ..., r) nepemenuuix (1563), npnuem w; BHPAKAOTCT uepe3
W, TPH MOMOIIM KBASUAHArOHANBHON MAaTpHLB

[Dy4ps Djy—1s «o0sDiy—pib (154)

1 Kaxaoe [, COOTBETCTBYeT TOMY YHHTapHOMY Npeobpa30BaHHIO, KOTO-
poMy Mbl noaseprian (#y, 1) u (vy, vy). Hansme nokaxes, 4TO Jnteft-
uste opusr (183) Beamunn (144) mewxay coGoft anueftio-He3aBHCHMBL.
[Tycts T —— MaTprua TOro AuHefiHoro npeoGpasoBaHHs, NpH MOMOILH KOTO-
poro w, sHpaxaioorcsd uyepes mnepevednne (144). IIpamoe nponssegenie
D; X Dp ecrp mMaTphua namHefthoro npeo6pa3oBaHns A MePEMEHHHIX
(144), n MH uMeeM B CHAY NPeXBAYUIErO:

(Dj+s» Dygy=1y vees Dyy—pl=T(D; X Dp) T, (185)

4TO H [JJeT pa3TOoWMEHHe NPAMOro MpPOM3BENEHHs Ha HENpHBOAHMBIE
uactit. Ilpenstaymyo ¢opMyay ofsuHo 3anmuceBaOT caeaywouinmM obpa-

30M:
Dy X Dp=Djsy+Djypr—eeet-Diyy—yry. (156)
HanoyunM, uto kawgoe [, onpeaeasercd YHUTapHHM npeoGpasopaHueMm
a
H MOJHOCTBIO 3aMIICHBAGTCA TakK: Dk{ Ed}' [Tpensiayunit pesyastar

ofo0maerca ¢ Ha cayyah HecKO/IbKix CcoMHOXuteneil. Tax, nanpumep,
MIl MOMXEM HafmHCcaThb:

DIXDIXDI=(Di+Dl+Do)XDI=
== -n:£+Di+Dl+Di+DI+D.0+Dl=
=Ly, 2R304 Dy
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Cama matpnua D, ectb Marpuua tperbero mnopsaka [68]. ITpamoe
npouspenenne Dy X Dy Gyzer marpuueli messitoro nopsika, H, nHaxkouel,
npayoe npoussenenne Dy X Dy X D; Oynmer matpuuell Anaguarb celb-
moro nopsiaxka. Ilpemsiaywas ¢opmyana nokaspiBaeT, 4TO 3Ta Marphua
SKBUBaJZeuTHAa NMPH BCSKOM BHOOpe yHiitapHoro npeofpas3obpalis Kpasi-
AHaroHaJAblol MarpHue

[Das Dg, D\Zr Dl: Db Dl’ DO]
IMopsimox sTOH nocaenneit maTpuus pasen [68]:

@-34+1)+2@2-24+1)+3@ - 141)F(@-041)=27.

OGparuMcst Tenepb K AOKasaTeabCTBy JuHeillol HE3aBHCHMOCTH @,
KaKk Junelinnx ¢opm ot seanunn (144). Beauunnn wg B npexunx o6o-
3HaUEINAX CYTb BeJIHYHNLI Cpe, HO TOJABKO HaJO0 IPHHATBE BO BHIMaRe,
YTO NPH HOCTPOEHHM Cp MB MOXEM OpaTh pasanunpie SHaueHils 2 i,
YTO TO Ke, pasanuuple sHayeHus /J, Tak YTO npasnjibtiee Owjo Onl nNi-
catb ¢¥),. Kax mu pugean puwe, pcskoe ¢, puipamaercs Toabko uepes

1e seanmunuu Uy Vyye, Raf xoTopux m -~ m'=m". O1ci04a uenocpen-
CTBEHIO BHTEKAET, YTO JHHEHHO-3ABUCHMLIMIL MOTYT OKa3arnLes Jilb
c), npn pasamunpix /, no opunakoselx . OTKPHBAs. B BHPaKenHn
(146) cko6ki B ABYX NOCAEAUNX MHOMNMHTEASX 1 cofupas wieH npmn
xhtm'yk—m" rne k onpenenserca Qopyyaots (148), My u noayunm ¢

TOUYHOCTBHIO O NOCTOSHHOrTO MHOKITE (,“”':,,, BbIpaenyple wepes u, u

v,. Ounu Oynyr, ouesiano, NPON3BEAEHHAMIl (uﬂ;.,—-—ltﬂ!,)’ Ha HEeKOoTo-
pHfl MOMNHOM OT Uy, Uy, ¥y U Uy C HEJABMH NOJOKNTEAbHEMI KO3(du-
wientami. Herpymio sngers, 4TO Takie puipaieHus 1€ MOTyT OHTb
npu pazmuunpix /[ aunetino-sapncuMuiMi. Ipennoaoxuy, panpiiMep, uTo
MBl HMEEM JHHelHyi0 3aBHCHMOCTb BiJA:

ayclis) - “zcﬁ,'ﬁ) - a3elin =0,

rne L <5<l w @, — HEKOTOpPHIE TNOCTOSHIIBIE, OTJHYIBE OT LyJd.
Hamnucannoe coornowenne ROMKHO BBHIOJNHATLCA TOXKAECTBENNO IPI BCs-
KuX 1y, g, vy 1 v, [lonoxuMm, nanpuMep, uy=—v,=mv,=<1. B cuay
Ckasaunoro suiwe o Qopve vepakeunti ¢, ME noayunm cootiowene

- Bnaa

ay (1 — 1)py (uy) 4+ a3 (g — 1)Y2py (1) %3 (11y — 1)13py _("1) ==0,

rae pg (1) — noanioMsl  OT 1y € UEJABMI  [OJAOKUTEALHLIME KO3t~
unentami, Jleas npeamaymee cootHomenne Ha (1 — 1)1 'n monaras
3ateM uy;==1, nmoayunM a;=0, YTO NPOTHBOPEYHT CKA3aHHOMY BHILE
H JOKa3nBaeT TakuM o0pa3soM HEBO3MOXKHOCTb JHHEHHBX COOTHOWeHHiL.
PackpmuBas ckoOkn B supaxennn (146), Mol Moran OH, KOHEYHO, H
(hakTnyeCKIl MOCTPONTHL BHpakens w, yepe3 nepevennsie (144).
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76. CBoficTBO OpTOroHanbHOCTH. Marpiubl, 06pa3youliie HEIKBIBATCHTHLIC
ynutapieie HEOPUBOANMLIC MpEACTaBIeNns, 06JaNa0T HEKOTOPHM CBOJICTBOM,
KOTOPOE Ha3HBACTCA OCLIYHO CBOfICTBOM OpMOZOHAAbHOCHIN. VIM 4aCTO MOab-
3YIOTCSl MpH MpHMCHCHIN TeOpHi rpynm K duanke. CuHavaza chopmyapyem 3To
csolicTso.

Hycrs nveerca koneynas rpynna G nopsika m € 3ICMCHTaMI

Gy, Gey oy G
A“’, veey Al B(ll’ ey Bum

— JiBE CHCTEMb MaTPIl, Jaomix anneiiHoc npeacrasaexie rpynns G, O6osnayas
91eMCHTH 3THX MaTpmil MaiwMi GyKsaMi C ABYMsi 3nauKaMu CHU3Y M cyuTas,
uTO yKa3aHHbIE 182 .THHEIHHX NPEICTABIENHs HEIKBHBATEHTHHE, HEMPHBOINMbIE
ApeICTaBIEnHA N COCTOAT B3 YHHTAPHHIX MaTpmil, Mpl GyieM HMeTb Crelylougie
pascHCTBa:

I nycTh

i ——

{SVpts) .
) afy) =0, (157)
s=1
KOTOophie HMCIOT MCCT_O npH 105blx HHKHIIX 3HAYKax. AHAJIOrHYHbIE paaencraa
HMCIOT MECTO H st OIAHOT O HenpueoIIMOro, yHHTapHoro npeacrasIenys. n)'CTb

nopazok Matpmy A%, Ra0MUX  YnNTaproe, HENpPHBOINMOE NPeICcTaBIeHNe,
pasen p. MuecoT mectd cyenyiouyie GopMyn:.

< S m
ZI aiPaly = birdin (138)

S=
T. €. CyMMa, CTOAIan CICBA, pabnHa nHyTo, ecan mapel uncex (i, j) n (&, {) pas-
m :
AMUHBL, I paBiia -5, €CaIl 3TH Napsl OJNHAKOBHL

JloxazaTeanCTBO OPTOroHaILHOCTH OcHoBano na teopeme Il w3 [66]. [Ipca-
BapHTCIBNO HANMOMHHM INOHATHE YMHOXENNA A4 Cayyasd HEKBaAPATHHIX NPAMO-
yroanunx Matpuu. ITycrts nmerotca xse marpuust C 1 D ¢ axementami

P=1,2, .y G=1,2 ..., ng)
D). ! C. ,
(Dl (k:l, 2 .., ng) wACh (1:1, 9 ey My

npHyeM uicao 7, croabuos MatpHuw D cosmamaer c uncIoMm crpox Marpims C.
Jaements npoussenenns DO onpepeanm obeiynoit dopuyaolt

{DClip= 2_']l {D}is {C) st

Hoeaa matpnua DC Gyzer nMeTs, OUeBHANO, 1, CTPOK I 71y €TOI61OB.

PopMyanpyeM Tenepb OCHOBHYIO Teopemy.

Teopesa. Ecau ywumapuoe smampuyst A'S nopadxa p u ynumapuole
sampust B'S’ nopadea q Gawm HeIKEUBAACHINANE Renpugodusue npedcmas.ae-
Hus 2pynnet G U ecan Hexomopas npsaaMoy20abHan sMampuya C ¢ p empoxa
" q cmoabygesi y006.1emeopsienmt npil 6CAKOM S YCAOBUAM

ASC=CBS (s=1, 2, ..., m), (139)

mo C — Hyaesast mMampuya, 1. €. 6ce ee IACMEHMBL PASHIL H3A10.
PaccmoTpuM cnavaaa cayuafi p=g¢q, xoria C ecTb Tawme KBaapatnas Ma-
Tpnua. Ecan onpegeanteas C oranuen oT nyas, To cymectsyer G4, 1 u3 (139)

Caeayer
A ____CB(srC—l’
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T. €. HalUM [Ba NpEACTaBJIeHHA 9KBHBAJICHTHH, YTO NPOTHBOPEYHT YCJIOBHIO T€O-
pemu. Mrak, onpexeantear C RoaxeH paBHATBCA Hymo. [10a0XKHM, yTO He BCe
saemMeHTl C PaBHB HYTIO, H 0603HAYHM STH 3]eMeHTH ueped ¢, Kak ussecrtno,

annefinsie HopMbl Ciky o cipr, (=1,2, ..., p)

ONpeleaaT NpH [POH3BOILHHX Xy MOANPOCTPAHCIBO, YHCIO H3MepeHifl KOTo-
poro pasHo panry Marpuust C [14], 1. e. B IaHHOM cayyae 310 GyZeT HOANpO-
CTPanCTBO C YHCAOM H3MepeHuit =1 u << p. Mnaye rosopa, sto Gyxer IeficTBH-
TeALHO He MOJHOe NPOCTPaHCIBO p H3MepeHf], a HEKOTOpoe MOoANPOCTPAHCTBO R.
Hanmmewm (159) xaxk HekoTopoe muHefiHoe npeoGpasoBaHue Hal BEKTOPOM C CO-
CTABIARIHNE (Xgy +0uy Xp):

ASC (xy, ooy xp) =CB® (¥, .00y xp) (5=1, 2, ..., m),

Ciaesa C(xy, +voy Ap) €CTb NPOU3BOALHBI BEKTOp M3 R, a BCA npabas
yacTb, npeicrasiawuas coboft mitkefinoe npeo6pasoBaniie C Hal BEKTOPOM
B (x4, ..., xp), Takxe npHHaliexut K. Muave rosopsa, npeoc6pazosanme A'S! nan
a1006H1M BEKTOPOM M3 R HacT onaTh Bektop H3 R. [pn atoM, Kak Mul 3Haewm [66),
Al nmaoT NpHBOJHMOE NpPEACTaBACHNE, YTO NPOTHBOPELYHT YCJOBHIO TCOPEMLL

HoxasateabCTBO 3TO OCTaeTCA B Ciiae i upH p>q. Toraa panr MaTtpuuu
C BO BCAKOM Cayyac MeHblle p, H JiHHellHble QOPMHI

X Fegx, (=1, 2, ...p)
ofnpelersioT B NPOCTPAHCTBE p H3MepeHHH HEKOTOpoc MOAAPOCTpaHcTBo R,
C uHCI0M H3MepeHifi << p, TaK YTO mpeibayulee A0KasaTeahCTBO OCTaeTcs Cnpa-

sedTBaIM, [10103%1M, HakoHeL, 4TO p << ¢, i B ycaoBHax (159) nepeiuzenm k Tpanc-
MOHNIPOBEZHHLIM MaTpHuaM. D10 JAacT Ham

BiSi# Ch = C*AS %,

B 1amnoM cayyac MOpPAIOK ¢ MaTpui B'S'* phime mopsuika p marpiy AS'*,
H, Kak i Bhille, Mbl 3aKaI049aeM OTCI0Ja, YTO YHHTapHue MaTpHu B'¥ ocrap-
JS10T UHBAPHAHTHBIM HCKOTOPOE MPOCTPAHCTIBO, @ CICAOBATCAbHO, MBI MOXEM COOT-
BETCTBYIOLUIHM M0160POM OCHOBHHX OPTOB NPHBECTH HX K KBa3HAHAroHaIbHOM
dopue. Tlpn atoM I Matpuus B'S’ GyayT KBasHAHArOHAJbHLIMH, YTO NpPOTHBO-
peunt ycaosnio Teopemu. TakiM o6pasom, Teopema [0Ka3aha.

Mup moran 6w He ynoMHHaTbh B YCTOBHAX TEOPeMbl O TOM, YTO MaTpHitnl A'S?
n B yuntapuun. Kak issectHo, nepexofs K MOHOOHBIM NpeACTABAEHHAM, M
moxeM Beerna cuntath A'S' u B'S’ yHutapHeiMH, NpHYeM Nepexox K NOROGHLIM
npeicTaBIcHHAM B cooTiomenusax (159) ssomur Bmecto C Hosy Matpuuy C,,
casannyio ¢ C COOTHOMCHIIEM BIAa:

C=D,C\D,,

ecan C; ecTb HyIeBasa MaTpHua, To Takofi xe 6yaer u C.

OOGpatnyMcs Temepb K JokasateanctBy dopmya (157). Baecto A p B
BBefey o6o3navennn A (Gg) U B (), rae Gg — TOT 9aeMEHT rpynnsl G, KOTOpoMy
COOTBETCTBYIOT Matpuuu A’ n B Ilycte X-—awbas mMaTpHua, uMenwas p
CIpPOK M ¢ ctoabuos. Dseaem Matpuuy

C= Y] A(G,) XB(Gy)! (160) .

s=1

o NOKaXeM, YTO OHa yJ0BJIeTBOpAeT cootHomenusam (159).
INycts Gy— kakofi-mm6o ¢urcHpoBannmil s1eMeHT rpymnol G. Mm umeemt

A(G)C= ZIA (Gn) A(Gy) XB (G)™
Su==
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Ho B cnay onpenerenns anHefiHoro npeacrasienns

A(Gy) A (Gs) = A (G(Gs) n B(Gy) B (Gs) =B (G(Gs),
n orciona

m .
A(G)C= 3 A(G/Gs) XB (GGs)™'B (G)).
S==

daement Gy npoGeraeT BCIO Fpynny, TO e CaMOe MOXHO CKa3aTh H
o npouseefennmn G;Gg, Tak uTO NpEAHAYmYI0 (OpMYyIy MONKHO 3anncars

B BHIE:
A(G) C=CB(Gy),

1. e. Mmatpina C, onpeznexseman dopmyaoti (160), aeficTBiiTeabHO ynosieTsopaer
cootnowennay (159), 11, crexosareIbHo, 9Ta MaTpuna C ecTb HyJeBasd MaTpuua.
Wrax, npn moGoy BuGope Marpnusi X mmeenm:

3} A(Gs) XB (Gg)* =0.

sa=]

Mozoxnuy, uro B MaTpime X Hexoropuii (duxcuposanHuil siement {X}y,
pasen emunnue, a ocraishue Hymo. Hamircaunas ¢opMmyza naer HaMm npit SToM

ZJ; {A(Gs)}if (B (Go) '} =0

B cuay ymntaproctn matpuna B (Gs) noaywaerca u3 B (Gs)™' 3amenoit ctpok
cTna6uaMi 1l BCCX 9IEMEHTOB COMpMKEHHHIMI, TaK YTO NpEABRy:xad ¢dopmyia
npn npexunx o6o3HayeHHAX JaeT

m J—
(S)pS) —
El a;bi =0,
uyto 1 cosnapaer ¢ (157).
TouHo TaK Xe CTPOA MaTpHUy

m
D= Y A(Gs) XA (G,
s=1
roe X-— mo6asa KBaapaTtHas MaTpina MopAAKa p, Mbl MOXEM I0Ka3aTh, uTo
A(G)D=DA(G,) (s=1,2,...,m)

n 8 cuay teopemst Il u3 [66] moxno yrsepamarth, uro D KPaTHO eXuHHunoft
Marpuue, HIH

m
3 A(G) XA (@ =,
s=1
Flle unCAO ¢ 3aBHCHT ot BuGopa X. MMoaowmm onars {X}ju=1, 2 ocTasbuue

sacMenTel X PaBHLHIMH HYTI0, H 0G03HAYHM Yepe3 ¢y COOTBETCTBYIOUICE 3HACHNE
yicaa ¢. Mo MoxeM 5anHCaTh:

2 AAGiAA (G hy =cptine (161)

s=)
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Jan oupencaciua ¢y noaoxum i=4k u GyxeMm cymmuposats 1o { ot 1 1o p
m m

p
pejp = 1'2 {A @) {A (G }iy= 3] {1}y

s=1li=1 s=
Ecan /=/, 10 npasaa yacrb pasna m, a npn /34 j ona pasna uyao. Otciona

m
cﬂ=76ﬂ H, CICAUBATCILHO, Qopmyaa (161) nepenucuBacTcs B Bixe:

m
2 {A Gyl {A (Gs)_l}lk=%l'6ika]b (162
s=1

410 1t coBnazaer ¢ (158), ccair BOCMOaL3OBATLCA YHHTApHOCTLIO Martpint A (Gy).

Herpyano suaers, uto coornoumcuie (157) uMeeT MeCTo He TOILKO I
YHUTZPHBIX NPEACTABICHUIT IPYMOLl, HO I 414 JT00HX HEIKBHBAACHTHLIX, HEHPI-
BoauMblx npeacrasrenuil. Ilycte A' (Gs) n B' (Gy) —naBa Takux npeicrasBiIciuA
nopaakos p it g, a A(Gg) 1 B (Gs) — 3KBUBAACHTHbIE BN YHITADHbE [peICTas-
JenHs, TaK yto

A (Gs) = C,A" (Gy) CrY;, B (Gy) =C,B' (Gy) C3Y,

rre C; n C, —oupeiaetcitnuie MaTpHusl, ue 3asucsmgue OT §. B cuxy yuntap-
noctir B (Gg) umeeM:

B(Gy) =B (Gy)* =(C;")* B' (Gy)* CF,

I ¢opmyaa (157) moxer GuiTh 3amncauna B ooiyic:

m

2 Cid' (@) CiiX T3 B (Gy)* C =0,

s==1
OTKYaa, ymmoxas cacsa na Ci' m cnpasa na (C)~' o 88B0IA NPOH3BOILNYIO
marpuny Y=Cr1X(C7Y)*, useouiyio p cIpox i g croabuos:

m
> A (Gy) YB(G)* =0,

s=1

I HOJL3YACL NPON3BOILHGCTLIO Y, K2k #1 BWIle, NOIYYHAM:
m e
iSVp'Sy
2 a;; by =0.
s=1

O1vernM Takike, uto ¢opmyaa (162) umcer Mecto fgas mo6oro, a He TOIbKO
1 YHUTApHOrO NPCACTABICHIA, YTO BBITEKACT H3 €€ JOKA3aTeabCTBA I U3 TOrO,
410 B (opMyIupPOBKE TPHBENEHHOI] BLIE TCOPCMB He HYXKHO YNOMHHATL 06
yuntapyoctn mMatpuua A'S' 1 BS,

77. Xapakrtepstl flycts, kak 1 Buwe, A (Gs) u B (G;) — Iba HEIKBHBAICHT-
HEIX, HEHPUBOAMMKEX MPEICTaBJIeHHA NOpsIKoB p M ¢ rpynnsi G ¢ meMeHTamu
G,, G, ..., Gy. OGosnaunyu uepes X (Gs) 1 X' (Gg) — caend Matpuw B STHX
QPCACTABACHIAX, T. € CYMMY HX OHATOHAIbHLIX 9JIEMCHTOB:

2 q
X (@Gs)= X {AG)): X (G)= ] {B (G}

ie] k=)
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3Ti uilCcaa HA3WBAOTCA XAPAKMEpAMI YUOMsHYTHX npeictaBiennit. Y sxsusa-
JMEHTHBIX MPeACTaBACHHl XapaKTeps!, OYEBHIHO, ONMHAKOBH [27], H MK MOWCM
CYUTaTh, YTO YMOMAHYTHIC MPCACTAaBJEHUsI CYTb YHHTApHBIC MPEACTABICHHA.
<PopMyIa OPTOrOHaALHOCTH NACT:

m
El {A(G)}ii {B (G lrr=0,
s=

oTKYyAa, cymmupya no { u uo k, noayyacm dopMyay opTOronaasHocTH Ala xa-
paKTeposn:

m
X (Gs) X' (Gs) =0. (163)
] :

S=

Touno tak we gopmyra (158) naer:
m

DA Gt TA @ =" b

11, CYMMIpYa no { .1t R, noayuny
m
D) X(G5) X (Gs) =m. 7 (164)
s=1

Toab3yach sTHMI (opMyaaMi, DOKaKEM HEKOTOPLIC TCOPEMEL

Teopema 1. fleobxodusoin 1 Jocmamodnols yca08ert IKGUBANEHIN-
HOCIU 08Yyx HENnpuUSOOUMBLX NPEOCMAsAeHUNl A8AfLmMCSl COBNAGeHNE BCex (X
xapaxmepos.

Mbl yxe ynoMiunaan o TOM, UTO XapaKTephl Y KBHBAZEHTHHLIX (MPHBOIHMBIX
I HeNPUBOINMBIX) MpeacTaBJIcHH{t OAHHAKOBH, I TeM CAMBIM HeOGXOAHMOCTb
ycaosus yctaHosaena. [Toaoxus Teneps Ha060pOT, UTO HAHO COBRATEHHE CHCTEMHB
XapaxTepoB ABYX HenpuBOMUMHIX npexcTaBiaennft, 1. e. X (@) =X (Gs) (s=1,
2, ..., m), H IOKa}xeM 9KBHBAIEHTHOCTL npexcTaBaenuii. B cnay (164) nmeem:

m
3 X (Gy) X (Gy) =m,

s=1

OTKYIa BHITCKAET SKBIBATEHTHOCTh npeacTasacHnfl, 6o ecan 6o onn GelIN He
SKBHBAJAEHTHB, TO Mbl JOMEHB OblIN UMeTb paseHcrso (163). OtmeriM, ytO NO-
PAOK MaTpHIL B 9KBHBAJEHTHHX NMpPEACTaBAEHHAX IomkeH OblTh, OYesNAHO, OIH-
HaKOBBLIM. B COOTBETCTBHU € KaXALIM HENMpHBOANMBIM MPEACTaBICHHEM BBEIEM
B m-MEpHOM KOMIIEKCHOM IIPOCTPancTBe R, BEKTODH € COCTaBAIOMWIIMIL

1 1 : 1
— X (G), —=X(G), ..., —=X(0p)
7= X(G), =X (@) 7z X (Gn)

B cnay (164) s1in BekTopnl HOpMupoBawml 11, B cuay (163), Bektopu, cooTBeT-
CTBYIOLHE HEIKBIBAJTEHTHEIM MpPEICTaBIEHIsIM, B3aHMHO OpToroHanbnst, OTcioaa
CIeNnyeT, YyTo He MOJcem CYu(ecmsosams 60ablie der M HEIKBUBBAEHMHBLX He-
npusodunwx npedemasaenuti zpynnot G nopsdxa m. B paasHeillzem M»l yTOy-
nuM ofmee 4YNCA0 HEIKBIBATCHTHHX HEMPHBOAMMHX NPCACTABACHN rPYNNHL.
O6o3naunm moka 910 uncao 6yxsow L Iyers o'f (i=1, 2, ..., [) — 311 ne-
SKBHBaJENTHHE HENPHBOMIIMBIE NpeACTaBIEHHA H -

X(b (Gl)v X(b (Gt)o seey X(i) (Gm) (i= ll 2’ veey ,)
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— XapaKTephH STHX HpCﬂCTaBHCHHn. ﬂycn, HMEETCA HEKOTOpOE NPEACTaABICHHE ©
C Xapakrtepamm: :
X(Gl)’ X(Gﬂ)r veey X(Gm)-

B pc3yasTate npusefeHHa NPCACTaBaeHls o OHO HIOODA3HTCA KBAa3MAHArOHAIb-
HBHIMH MaTPHUAME, COCTaBICHHBIMH N3 Marpiuy npeicraBaeHHil o'®. Iaa xapaxte-
poB MH OyleM uMeTb TakHM o6pasoM:

l .
X (Gs) = 3 a;i XV (Gy), (165)

i=1

rie a; —ueable YiCaa, HE MeHbMIHE HYJIA, KOTOphE NOKa3HBAaIOT, CKOILKO pa3
npenctaBaenne »¥) BXOANT B COCTaB NpeACTaBJEHHA o NOCIE €ro NpHBeZeHNd.

Moxno ykasath opmyan Iaa onpeleacHis KosdOHUHEHTOB @; M0 Xapax-
TepaM npexncrasaennua o. flycrs k—onno n3 uncen 1, 2, ..., I. Ymnoxusm obe

vactit (165) na X® (G;) u npocymmupyenm no s. TMoabayscs (163) u (164), no-
AyuIM:

m
3 X(G) X7 (Gy) = aymn,
=1

OTKYJa *

m

1\ e

= Zl X (G5) XF7(Gy). (166)
Se=

313 (opMyIa llaeT XA BCAKOTO @y OlIpeleseHHOe 3HayeHHE, OTKYNA BhLITEKaeT
caelylolas Teopema:

Teopexa 2. Beawoe npusodusioe npedemas.aenue pacnedaemcs Ha edun-
CINGEHHYI0 COBOKYNHUCING HeNPUSOOUMBX Nnpedcmas.leHuil.

IMoasayace Qopumyaofi (166), nerpyano oGobmurs Teopemy 1 u na cayuafi
a6LIX, @ He TOJbKO HEeNnpUBOANMKX, NpPeACTaB.IelHil.

Teopema 3. Heobxodumeis u 0ocmamodnsiit Yca08ueM IKGUSAAEHN-
Hocmu 86yx npedcinasaenuii sis.aslenics cosnadenue scex UX XapaKmepos.

Heo6xonanmocth ycaosus oTMeyasaCh W IPH J0Ka3aTeanCTBe Teopemst [,
Hao6opor, ecn xapaktepu X (Gs) AByx npenctaBlennil OINHAKOBH, TO, CO-
raacHo dopmyaam (166), Mu IOayunM OIIHAKOBHE 3HAYEHIN M1 ylicel dg, i
o0a npeicTaBienis NPHBONATCA, CIef0BaTe.IbHO, K KBA3ILINAroHabloll Marpiue,
cocTosuell H3 OMHHIKOBHX JICTPiBOIUMHI Npeacrastennii. [Ipu 310N, nepexoas,
€CaH HYXI0, K 3KBHBAICHTHLM NPeICTaBICHUAM, MOKEM CYHTATb, YTO YKA3aHHHIE
HCOPHBOANMBIE IIPEICTaBIeHHA PacnoJIOKCHN B KBa3iLlllaronaabhnofi Marpiiue
B OAHMNAKOBOM mnopaixe, #00 0aua M Ta XKe NEPCCTAHODKA CTPOK M CI0a6u0B
PaBHOCHJbHA NepeXORy K SKBIBAJIEHTHOMY NpelCTaBIEHHIO.

TeM caMuM npeicTaBachia ¢ OANIAKOBHME XapaKTepaMi NPUBOIATCA K OHIIM
M TeM XC KBa3sHNAroHa;jbHLIM MATPHUAM, T. €. OHIl SKBHBAICHTHHL.

Tepeitnem Temeps ¥ iiccacaosanyio uiicaa / BceX HENPHBOANMLIX, HE SKBI-
BAICHTHRIX wmexAy co6oit npeactasiennfi rpymoat G. Daementrr s1oft rpynnu
pacnpeiacamorca no kiaccam. B oannm u 70T e KJaCC BXOIAT TC 3IEMCHIH,
KOTOpHE MOJYuYaloTcA B3 olHOro m3 Hux G, upy novowH Qopmyr:

G,G,G5’ (s=1, 2, ..., m).

Bcem STHM sieMeNTaM COOTBETCTBYIOT B 11060M NPEICTaBIAEHHN NOXOOHHE
MaIphubl, HMCIOWNe OANHAKOBLII cael. T1ycTh r—unucio kaaccos B rpynme G.
B cnay cxasannoro Buillle, BeCsikoe aiHefiioe mpeicTasiaeHne rpynnu G mseer
He Gomble YyeM r PasINYHWX XapakTepos, npHueM Kawiulill Xapakrep CooTBeT-
CIBYET HC OTACIbHOMY 3J€MeNnTy, a BCEM 9IeMEHTaM, BXOAAIHN B HCKOTOPSI



77] § 6. TMHEMAHKE NPBACTABJAEHUS TPV . 279

kaacc, IMyets kaacc C; coctonT M3 g¢ saeMentos, kracc C, —H3 g, aeMentosn
H, naxoreu, xnacc C,——n3 g, sneMentos, Caaraemere cymmu (163) 6yayr oauna-
KOBBLIMH JfA 3MEMENTOB ONHOrO I TOro e Kiacca H, o6osnavan uepes X (Cp),
X' (Cp) —zapakrtephl, COOTBETCTBYIOLUIHE 3EMENTAM, BXOIAUHM B Kaace Cp, nan
ABYX HESKBHBANEHTHHX HENPHBONUMKIX MpeiacTaBaeHuit mMoxem fepenncars (163)
B BHIE:

r
Zl X Cr) X" (Cr) gr=0
k==
1 (164) B Bune:

3 XCXToa= m.

Taxnm ofpasom, f1s xapaktepos X'V (Cp) HeIKBUBANEHTHHWX, HEMPHBOAUMBIX
npencrasaennit o (i=1, 2, ..., /) GyZeM uMeTL:

r

2 X(")(Ck)Xa') (Cr)gr=0 npu I, £ 1,,
k=1

r

2 X (Cr) X (Ch) g = m.

k=l

(167)

Beesem B mpocTpaHcTBe R,, uHCTO H3MepeHH{i xoroporo pastio r, [ Bektopos
C COCTABAAOIHMI:

]/;g,,—‘ xh(cy, B2 x €y, ... ]f‘—’,f,x‘" € U=12..,10).

Ipeaniayuie paseHCTBA NOKa3HB2IOT, YTO 3TH BEKTOPH NONApHO OPTOrOHAALHE
! HOPMHPOBANH, a MOTOMY It aineltHo-ne3aslchMbl. OtTClORa BHITEKaeT, uTO ux
yncao I ne Goabuie yncra pavepenufi, 1. e. /=<<r. Mu noayyua 1eopemy:

Teopema 4. Yucao Hesxgusanenmuoix, nenpusodumux npedcmagireruli
apynns He 6Oablite RUCAB KABCCO8 2pynnyl. :

B caenymoutem HoMepe fokaxes, 4To Bcerma [==r. [TOCKOIbKY MW TOALKO
4YTO NOKa3aaH, yto /<< r, 113 A0Ka3aTeabCTBa PaBEHCTBa [ =r J0CTaTOYHO HOKa-
3aTb HepaseHCTBO /=r. [loka3aTehCTBO 3ITOrO HEPABEHCTBA CBA3aHO C BBeJC-
HHEM HEKOTOPHX HOBLIX MOHATH [ COOTHOUICHNHA MEXAY XapakrepaMH, KOTOPHC
TPEICTaBIAOT HHTCPEC n caMn no cebe.

YcTaHoBIM ele ONHO COOTHOLIeHNle MEXAY XapaKrepamil a060ro HenpHso-
mumoro npexcrasaenna. [lomowim, uro waacc Cp COCTOMT u3 srementos GiP,
G_gk), veey Gg”:‘ Ecmu Gs-—l(akon-:nmo 9MeMENT CPYNNL, TO 9TeMEHTH GSGE")GS_l
{i=1, 2, ..., gp) manyt onath Bce dreMenTH u3 kaacca Cp, HO yWe B JPYrom
nopanxe. Otciona crelyer, 4To ¢ca Mb BO3bMeM COBOKYMHOCTL BCEX NPOH3Be-
HeHHit a1emenToB, BXOAAIMHX B HekoTopuie Kiaccu Cp 1 Cg

GPGP (=12 ..,8; o=12..,8) (168)
TO COBOKYMHOCTb SAEMEHTOB
P GOG- PG—1 Q-1
GsGu G‘oq Gs “(GsGu GS )(GsG’u Gs )
6yaer Toft ke camofi. O1ciola caedyer, YTO COBOKYNHOCTL 3aeMenToB (168) o6aa-

RaeT TeM cBOHCTBOM, YTO eCIHU HEKOTOPHIl 9MeMeHT NPHHAANCKIT ITOf1 COBOKYNHO-
CTH, TO 9TO/ e COBOKYNMHOCTH NMPHHANMEKHT WEANKOM BeCh KAacC, CO}ICp)K&u{Hﬂ
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STOT 9JCMEHT, OpHYCM KadHil 3JICMEHT 3TOr0 KJacca BXOOHT B COBOKYM-
noctb vaemeHtTo (168) omunakosoe uncao pa3. Obosnatus 4depe3 Gp,p yesoe
4UCA0, He MeHbllee HYAR, KOMOpoe nokasnsaen, cKOAbKO pa3 34eMEHNbL
Kaaeca Cy 8x00am 8 cosoKynHocmb 3aesenmos (168). Hnaue 3ro sanucupaior,
YHCTO YCIOBHO, CIeayoLiM o6pa3om:

r
CpCy= 2. apekCh (169)
k=
HIH
(@GP GP ...+ GP) (G + P +-..+ Gy =
r
= k§. ot (GP4-GP ...+ ng). (170)

fycte A ((Gg) — Mmatpuubl NOpPSAKa 1 HEKOTOPOTO HENPHBOIMOro anncithoro
upedctasaenst rpyunpt G. OOpasyey cyMMy MaTpui, COOTBETCTBYIOILHX 3ICMCl~
TaM kaacca Cy, 1 o6ozuauny 31y matpuuy uepes A (Cp):

8y

ACY=Y] 4G,
j=1

Ry ~—1 .
Tpunisas so suuManne, yto saesmentsr GG.VGY npn i=1, 2, ..., g, u 2io~

6oM Gg w3 (G 1a10T BCIO COBOKYNHOCTb 3aeMmcHTOB KJacca Cp, M BIANM, YTO
matpina A (Cp) koMMyTHpPYeT co scemit Mmarpmsuasmn A (Gg). Orciona caeayer,
uyto 37a satpmia A (Gy) kKpata caunmunoil Matpmie [60], Tak uto MoOmeM

nanicaTo:
AC)=0bd (k=1,2,..., 1), (171)

ric bp,— uexoropsic yncaa. [Ipunnmas BO BHUManE ONPEICICHHC YHCCT Gpgp,
1. €. cHMBOIHYeckyio Qopmyay (170), noaywaes cacayiouice COOTHOMICHHC MCHIY
yicaaMn by

; .
bpbg =3 apgrbi. (172)
k=1

Caca matpnunt A (C,) pasci cyuMe caelop Matpuy A (Gi-'“) (=12 .., &),
T. ¢. pasen grX(Cp). C apyroit cropouu, u3 (171) caeayer, urto caca A (Cy)
pasent nby, 1. c. nb,=g,X (C;), o1KYaa

bk=%X(Ck),

3 cooTHomicHIe (172) NpUBOANT MAC K cIeRylouieil Tcopewe.
Teopema 3. Mexdy xapaxmepasu 2106020 Henpugo0uso020 npedcinagae~
HUSA, OUPAZOBAHHO20 MAMPULANE NOPAOKAE N, UMEIOM MCCHIO COOMHOUERUS:

gpX (Cp) £, X (Cp) =n Y} apqugrX (Ca)- (173)
k=1

OtmMetiy, yto cpens kaaccos Cp 1IMEETCH Kaacc, COCTOAINHIT TOALKO H3 e~
niynoro axceMenta E rpynnu G. B 1060M auHeiinOM NpeACTaBAEHI €My COOT~
BETCTBYCT CAMHIYIIAA MATpPHUA, CACA KOTOPOIl pascH ¢ MOPAAKY n. DTOT Kiace
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Mb GyaeM Bceraa oGosmnavars uepes Cj, Tak uto X (C,)=n, n npeamnymyio
dopMyay MOMHO mepenucars B BHIE:

gpx (Cp) qu (Cq) =X (Cl) Z] aqugkx (Ck) (174)
f N

Onpenemiy Tenepb 3HaueHHA NOCTOANHBIX @pq,. Kawmomy kaaccy Cp coorser-
cTByeT HeKOTOpHit kxace Cp, cOCTOAWNI H3 1€MENTOB, OGPATHHIX TEM, KOTOpHE
BXOMAT B kiacc Cp. ITO CIEAyeT ienocpeiCcTBenio 13 Onpelcaenid KIacCoB I
n3 roro, uro dQopumyaa GsGtGgl=Gu npusomnt k Qopuyre GGGt =Gl

Kaace Cp. Moxer i cosnagath ¢ Cp, T. €. MOMET CayuylThes, 4TO p'=p.
Bo BcakoM cayuae kaaceet C_n Cp, COIEPKAT OAMHAKOBOC YHCIO IIEMEHTOB,
T. e. g, =gp. Eca B gopmyxe (173) nam (174) s3ats g==p’, T0 B mMpaByo-
uacts _kaacc C, 6yxer BXoamth g, pa3s, a npu g £ p', NpaBas yacTh He coiep-

wxiur Cy, 1. €. 0 npu gy,
1pgy = e (175)
gp nput g=p.

78. PerynspHoe mnpeacTaBieHHe rpynnbl. Ms  yxe YKaswBain npuem
fIpeacraBIenin mo6oit  xoHeuHolt rpynnst nopi moMomH rpynn nepecrtasoBoK.
Besxyio rpynny nepecTaHoOBOK Mbl MOMeM H306pa3iTh Kak rpynny npeoGpaso-
Banuil.

HeficTeiTeabno, ecn NMeeTcs, HanpiMep, NepecTaHOBKA

1,234
2, 4,31,

TO ee MOXKHO 3amicaTh B BHje amueiinoro npeo6pasoBanms, MPH KOTOPOM Xy
TIEPEXOMNT B Yy, Xg B ¥y, X3 B ¥ H Xy B ¥,

¥1==0x; -} 0x, 4 0x;4-x,

Yo=x; - 0xy—+0x;-}-0x,

¥ =0x;-0xs+x;3 +0x,
. ¥y=0x, -+ x, 40x;40x,.

PaccmoTpiy caregyomee npeicrasienite rpynnst G rpyniofi  NepectanoBoOK.
Ymuoxaem saeMentst Gy, G, ..., G, cnpaBa na HekoTophifi 3aement Gy d10-
NPHBOIHT K HEKOTOPOIl nmepecTaHoOBKe 3.JeMeHTOB, T. €. B CiL1y CKa3aHioro Bhle,
K HexoTopoit MaTpnue Pg, KoTopasd I CuliTaeTcs cooTBeTCTBYIoNlelt saemMenty Gy,
dTo npeacTaBaenHe HAa3HBAETCA OGHYHO PEYAAPHOLAL npedcemas.acnitess ey .
Omun n3 sieMentoB (fp, €CTh eIHHHYHHIY 9J1eMEHT FpPYMnbl, KOTOPHII Mbi, KaK
Bcerga, 6yaeM oGosHauyath GykBOo E. 3TOMY 37eMEHTY COOTBCTCTBYCT €INHHY-
Has MaTtpHna Pg, 11, cieloBaTeabto, cael 3Toil MaTpHusl pasen m, 1. e. X (Ey=m.
Mpi ymuoxenun 3zementos G,, G, ..., G, #a a060it axement G un onun
sxemeHT Gy He oCTaeIcA Ha MecTe, T. €. B COOTBETCTBYIOillefi MaTpiue Bce ana-
ronaibHle 37€MeNTh PaBHH HYMO, I B peryiaphHoM npeicrasrennn X (Gg) =0
npu Gs%E.

HO.'IO)KHM, YTO MpH NPHBEAECHHH PEryaapnoro npejcrasacHia OO COAEPKIT
npeiacrasaeHite ¥, 0 KOTOpOM MH roBopuan Bhwute, hi, pa3. Mol nmeeM npn
9T0M, B CIL1Y CKa3anHoro BHIIE:

i_ hXP (G ={
t=1

0 npn Gs£E,

176
m npu Gg=E, (176}
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YmHoxan o6e wyacTH 3Toro paéeﬂcma Ha X'® (G;) u cyMMupyst no s, noayyum
B ciay (163) u (164):
hypm == mX* (B),

HO X'® (E) pasno nopsmky MaTpiu B npeicTaBreHun o'®, xoTophii Mu 0603Ha-

unM uepes g, 0 X% (E) = X% (E) == hy, 0T yA2 hpy == 1, 1 opMyaa (176) moxer
ObITh MepenuCcana B BHIE:

0 npu Gs£E.

m npu Gy=E. ()

1 i
Z X (E) X (G_,) = Z ,,txm (Gs)={
=1 =1

Mu npuxommM TakHM 06pa3oM K caelyiouleill Teopese:

Tecopema 6. Peayaspuoe npedcmasaenue codepicum Kaxicdoe Henpusg-
dusoe npedcmagaeHue o'f ducao pas, passoe nopsadKy Mampuy np s nped-
cmasaenuu o'k, 4 dan xapaxmepos npedcmagaeruii o% umeem mecmo gop-
smyaa (177),

Haunwem teneps gopmyay (174) aas upeacrasaennit ot

gpX" (Cp) ggX' (Cg) = X (Cy) k}:]l apgrX® (Ck) 8o
H npocyMMmipyes 1o ¢ or t=1 go t==»,
8p&q té]‘ X (Cp) X (Co) = é;l Apgr tg X (Cy Xt (Cp) g
Hpuunsan so snumanne (177), moayuss: '

l
8r&q 121 X (Cp) X (Cq) = apgym,

1. ¢. B cuay (175): . 0 npu gp

, _

Z XH € XD (C=14m (178)
gp’

) npu g=p'.

CocTaBuM [ AnHEHHX OIHOPOJIHBIX YPABHEHI! OTHOCHTEABHO X{, X3 ..y Xpi
r

2. XXHB (Cr=0 (k=1, 2 ..., D) (179)
g=

H MOKAXKEM, YTO MOJYYCHHAA CHCTEMA HMeeT TOJILKO HYJICBOE pelleHHe.
HetictButeasno, ymnoxan obe vactu (179) ma X® (Cp) m cymmupys no &,
HOMY YHM xp.=0, pHueM p’ Moxer ObiTh TOOLIM YHCAOM M3 psifa 1, 2, ..., r.

flockonbky cuctema (179) mmeer TOILKO HyneBoe peulieHHe, YHCIO ypaBHENHil
B 9TOfl CHCTeMe He MeHbllie YHCAQ HEM3BCCTHBIX, T. €. /==r. Panubwie Ml A0Ka-
3aau HepaBeHCTBO (<{r, oTKyla caelyer /=r, T. e.

Teopema 7. Ofujes 4uca0 HEIKEUBBACHMHBX, HENPUBOOUMUX npedcinas-
AeHUll KOHeqnol 2pynnot (G pASHO HUCAY KKAGCCO8 IMOL 2pynnul.

Botsicnum eue OAHO CJIeACTBHC TEOpeMbl 6. Pery.'mpuoe upeancrasJaculie
rpynnst G cocTont H3 MaTpHu nopaaka m. C apyrofi ctopouu, B CHay Teopess 6,
oh0 CONEPKHT Ny Pa3 Kawjoe NpPEACTaBieHHe o', cOCTOAEE U3 MaTpHiL MO-

panka nyg.
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O1ciona crenyer paBeHCTBO
r
> ng=m, (180)

ke=1

4yTo MOXHO (opMyIHpOBaTL CIeaylommuM o0pasoM:
Teopema 8. Cymsa Ksadpamos nopadxo8 HeIKBUSAACHMAHBLY, Henpuso-
dumpix npedcmasaenti o® pasna nopadxy epynno G.

79. HpuMepst npeacTaBieHns KoHeyHblx rpynn. 1. Paccmorpum aleireny
rpyany G, cCOCTOSMIYIO I3 3.7eMEHTOB A',’A{, rae =20, 1,2, ..., m—1; k=0,
1, 2, ..., n—1, npnueM sxeMentH A, H A; xoMmyTHpywt, Al=F; A} =E, u
npn i=k==0 nago cuntarb AJA{==E. Kawnuit orxexounit sxement G o6pa-
3YeT KJ4CC, H BCE HENPHBOANMbIE NPeACTaBJACHHs rPYNNH HMEIOT nepsuft mops-
nok. TIycrs a M B— Kakne-an6o 3HaueHua XopHeft CTeNneHH m ¥ n U3 eRHHHIBL

Anementy A¥A! M conocrasasem wncxo 8'a’ u takum obpasom, xak HeTpyaHo
npoBepiTh, N01yuaeM Npencrtasrenite rpynnu. TIpuRaBas a ¥ 3 BCeBO3MOMKHLIE
3HAYEHNsT YNOMAHYTHX KOpHefl M3 EOHMHNUM, NOIYYHM BCEr0 mn PA3THYHBIX
npexcrariennit mepsoro nopaika. O6wee yHCIO KIaCCOB (T. €. 37eMeHTOB)
TaK}xe PaBHO mn, H TeM CaMBIM NMOCTPOEHH BCE HEIKBHBAIEHTHHE, HEMPHBOIM-
Mble npencTaBIeHHA. AHATOrHYHO CTPOATCA NPEACTABICHHA H B TOM CJYYyae, Koris
YHCIO ,NPOH3BOJALINX IJEMEHTOB“ (T. €. 31eMeHTOB Ag) He IBa, a 6oabuie.

2. TMepefinem k rpynne xusapa nopsaika n. OHa COCTOMT W3 271 31€MENTOB:

E, A, T, TAl (=1, 2,..,n—1),
Ar=E; T'=E; TAT-'=A" (T'=T). (181)

Tlocnennite M3 HaMHCAHHHIX COOTHONIEHH{t HEMOCPEACTBEHHO OYEBHAHH 13 reome-
Tpnyeckoro cmbicia Bpamennft A u T. VI3 9Toro coOOTHOIEHNS HEMOCPCACTBEHHO
caeayer cootnomenne TAIT-!== A~ [Toaoxny cnayara, uro n==2m-}1 ecTs ne-
yeTnoe yncxo. I'pynna 6yxer npu sToM cocronts 13 (m—-2) kraccos. Ommy n3 Hux
coaepxur E, m K1accoB comepwar no asa saementa ASn A5 (s=1, 2, ..., m),
npuueM A~S=A*1-S 11 onun Kaacc comepwuT BCe 3ieMeHTH Buma T u TAL
Bce 310 rerxo npoBepseICs NMPH MOMOIM YKa3aHHHX COOTHONIERMIL.

HseoTca 1Ba npejcrasiaennna NepBOrO mopsgka. B omHos u3 Hux xamnomy
91eMeHTY conocrtaBasgerca uncao 1. B apyrom saementy A cqnocrasasercsa 1

npuyeM:

2 . o
1 saementy T wincro (—1). Hycms, nazee, e =cos —;:—-{—ism%l-. MoxHno no-

CTPOHTL m TMpeacTasiaenuil BTOporo nopanka, conocrasasa vdemcHraM A u T
caeaylouuye MaTpuub:

¢S 0 1
0 c‘sl

01

A—
10

i T— (s=1,2 ..., m). (182)

Hamncannbie Marpius yrosaersopsawor cooTnoumichisi (181) 1 1em cammym nawoy
npeicTabieHne rpynns, n6o BCAKOE COOTHowenue mexay szementamu A n T
ABIA€TCA caencTsueM coothomenuft (181). HenmpuBomuvocrs xawmoro u3 npen-
CTaBaenift BHTEKaeT 113 TOro, YTO B MPOTHBHOM CIYYyac RPEACTaBAENHE HPHBE-
soch 6B K IBYM DPCACTABACHHAM NCPBOTO MOPAAKA, I MaTPHUN HALUErO npel-
CTaBACHHA J0M¥Hb Obl11 Obl KOMMYTHPOBaTh, Yyero HeT Ha CaMOM ReTe HH NpH
KaKOM S, B YCM .Terko yGemnrncs.

HeskpusazentHocts npexacrasaennft (182) npu pasHeix § BhTexaer H3 TOrO,
YIO NPH Pa3iLIX $ MATPHUB, COOTBETCTIBYICME 31eMCNTY A, HMEIoT pasmuvunsle
nabopu xapakTepucTHyecknx uncex €5 n e”S, Takum o6pasoM nocTpoenw Bce
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{m—}-2) nesxpuBaTCHTHHX, HCAPHBOUMBEIX npeacTapaennit. Popuyra (180) s pac-
.CMATPHBACMOM NpHMEpPE CBOIHICH K Caexyiowieil:

2.124m-22=4m-}2=2n.

[Mpu yetnoM n=2m npejacrasicuue (182), cooTBercTByOLICE 3HAYCHHIO §==m,
‘HMeeT BILI:
—1 0 01 l

A— ; T —

0—l 10

‘M PACNAZACTCA 1A XBA MPEICTABICHUA NCPBOTO MOpPsKal
A— (=1 T—(H1) 1 A—(=1); T—(=D.

'Uro6pl MOIYUHTL 3TO, HOCTATOYHO NPHMEHHTb TaKYIO Marpuuy S, yro STS-!
MPHBOIHTCA K AHArOHaIbLHOMY BILYy, NpPHYEM XapakTepHCTHYeCKHE yHcaIa Mar-
puunt T pasHbl, oucuano, = l. TaknMm o6pasoM npi n==2m HMEIOTCA YCTHPC
NpPCACTABICHUA nepBoro nopanka i (m-—1) npeacrasIeHnit BTOPOro mopsaka.
‘Popmyaa (180) npnunmacr Bl

4-PF(m—1)2=4dm=2n.
3. Paccyorpuy npeactasieHna rpynasl TCTPasapa Hai, YTO TO e, H30MOpQ-
noit eit 3HaxonepemenHoil rpynns npu n==4 [59]. I'pynna cocTonut M3 yernpex

KJaCCOB W MOpajox ce pasen apcHaiuatil. OHA J0X&HA HMETL YCTHIPE HEIKBIBA-
JICHTHBIX, HCIPHBOJIHMLIX mpejxctasiedis. [Topaiki 3THX npeictas.ieniii poxxmst

YUOBICTBOPATEL DABCHCTBY
ni—n3—+nj-+ng=12

d10 ypapheHue HMCET € TOYHOCTLIO 10 HOPAIKA CIAracMuiXx B Jesoil yacti
-IHHCTBCHHOG DCICHHE B I(CILX MOTOKHICILULIX UHCIAX, 4 HMCHHO

nl=n;’.="3=l; ﬂ4=3,

‘T. €. IPYINTa HMECT TPH NPEACTaBICHHA MEPBOrO (IOPAAKA I OAHO — TPETLErO
nopaAnka. B mpeicTasBaeHHAX NepBOro HOPAIKA 3aeMeHTaM, BXOJALHM B OINH M
TOT e KaacC, COOTBETCTBYET OaHo H To xe yucao. Herpyamwo mokasats, uro
B TPeX NPCACTABICHHAX [CPBOTO MOPAAKA KJaCCaM COOTBCICTBYIOT caeayioule
yycaa:

=1 -1 N1 Vo1

[—1; ”—»l; ”[—-E; [V—e2

[—1; T—=1; Hl—e% IV—g,
e

e:cos%—{—isin —23—-

Henpusogumoe npeacTasieHne TPeTbero mopsaKka AaeT casMa rpynma TeTpasapa,
T. € TPYNa TeX BPaulenuii NPOCTPAHCTBA (MATPHIBI TPETLEr0 MOpanKa), Nmpu
KOTOPLIX TeTpasap nepexomnT B cebs. Ecan 6 310 npeicrasiaeniie oKasalioc
NpPIBOAHMBIM, TO OHO JO0.KHO 6510 GBI NMPUBECTH K TPEM NpPEACTaBACHIAM mep-
BOrO MOPALKA, YTO HCBO3MOKNO XOTA OBl MOTOMY, YTO FPYLIA TETPA3IPa HC CCTL
afexesa rpymia. Vazoxennas B nocIeAHHX HOMEpAaX TEOPHA KACAGTCHA KOHEYHHX
rpynn. Qas 10ro yro6bi nepCHECTH €€ Ha TPYNNY BPAileHHA, MH JOMKHH Gojee
noapoBHO OCTAHOBHTLCA HA PACCMOTPEHHH OGCCKOHEYHLIX TPYNIN, 3aBHCAUIHX OT
napamerpos. [IIpexae uem NCpexomHTs K oOLIEMY PACCMOTDEHHIO TakHX TpYynm,
MBI H3J0XKHM BONPOC O aHHElHLIX npeacTasaeHHAX rpynns Jlopenua. 1H npen-
CTaBICHIA, HADANY C MIPEACTABICHHAMH FPYNNBE Bpaulenna, GYAYT CAYEUTb Aad
HaC OCHOBHLIMH [pHMepaMu OeCKOHCYHBIX TDYNU, B3BHCAUHX OT HAapaMeTpon.
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80. NpexcraBaenus JauHeilHONM rpynne ¢ ABYMS NepeMeHHBIMH..
B [68]) Mp neocTtponan JnHeHHBIE NpeAcTaBAEnNs YHHTapHoit rpynnsi
C ABYMS MEPEMEHHBIMH, YTO NPHBEAO HAaC K JAHHElHHM NpeacTaBjennsm
rpynn ppamenns. AHAJIOMHYHO MOXIIO NMOCTPOUTh NpEACTasieHns Jansneti-
nof rpyansl ¢ AByMAa nepeMenHnMH H C onpeaeauTeacy, paBHbHIM €4H-
Hnuae: v

a=antbe e (183)
Xo ==Xy~ dx,,
B cuay ckasannoro B [64] sTO npuseJeT Hac K OAHO3HAYHHIM H IBY-
_3HAUHBIM  NPEACTABJEHNAM TPYNNH  NOJOXKHTEABHHX Npeo6Gpa3oBaHui
Jlopenua. P€3y.'IbTaTbl OKAaXyTCs CYUECTBEHHO OTJHYHBIMH OT pe3yJabTa-
ToB 13 [68].

OminM 13 BO3MOXKHBIX JuHefiHBIX NpeicTasJeHnit yHnrapHoH rpynnet
(93) sBasercs mpelcrasnenne 3ToH rpynnst camoft coGoft, T. e. aunefiHoe
npencrasjenne, NpH KOTOPOM KaxaoMy npeoGpasosanuto (93) coor-
BETCTBYET 3TO ke nmpeoGpasosanue. Jlerko BuAeTb, YTO APYruM JuHEHHBIM
NpeacTaB/JeHneM ABJfeTCs clelylowmee: Kaxaomy npeo6pasosanmio (93)
NPHBOANTCA B COOTBETCTBHE npeo6pa3oBaHie € KOMIIEKCHEIMH cCOnpA-
WEHHBIMI KO3 dnunenTaMu:

n=ay,-Fbyy yy=— by Fays

Ho 310 npeacTanienne SKBHBAJEHTHO NpPERBAYUIEMY, UTO HENOCPed-
CTBEHHO CJeAyeT M3 Jerko nposepseMoll GopMyJn:

—1 0]}j—2 6_—baﬂ—l 0]’
IOas rpynnu (183) conpsnkennoe npescrasJieHite
n=ay,+bys yi=cy+dy, (184)

He 3KBHBaJeHTHO cayofi rpymmne (183). YreOm yGeautbcs B 3TOM, AOCTa-
TOYHO paccMorpers caywalt b—c¢=0. IIpn stoMm marpnua mnpeoGpa-
sopanng (183) umeer xapaxkTepucTHueckwe uncAa a H 4, a MaTpHua

(184) — xapakrepncriueckre uncaa @ u d. OueBuaHO, MOXHO BLIGPaTh
KOMMJIEKCHHE uyncaa a n d, yaosaeTBopsiomue yciaosuio ad =1 Tak, uro

COBOKYNMHOCTh uncen d@ # d OydeT OTANUHZ OT COBOKYNHOCTH unCea
a u d, u, caexoBaTe]bHO, COOTBETCTBYlOUIUE Npeo6pa3oBanns He MOryTt
Onte monoOHmMi. Takum o0pa3soM B [aHHOM CaAyuae MHB YXKE IiMeeMm
ABAa HE3KBHBAJMEHTHHX MNPEACTaBJACHHA BTOPOro mnopsiika — caMy rpynny
(183) n rpynny (184). O wnempusoammoctn mnpencrapaennit OyAer cxa-
33HO HIKE, e i
Mp Moxem Jasee NOCTpOHTH nHpencrasaedus rpynnu (183) comep-
IIEHHO Tak e, Kak 910 Ouo caenano B [68). B dopmyaax (99) namo

TONBLKO 3avMeHnth @ Ha d # b Ha (—¢). D10 nNpuBEAET K CJAEAyloUleMY
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npeacrapiennio nopsaka (2/--1), rae j— uenoe HeoTpuuarenbHOS
YHCJA0 HA# NOAOBIHA HEUYETHOro uuc/aa:

a, b VUEDN G=DGF+ )T
D/’{ ¢, d}“m};;kl (—k—sN{JF+I—=R! (-Fs—D)] X

¢ a/+l—kbkck+s—ld/—k-s(/=0, %, 1, % ) (185)

3necy [ u s npoGera0r caedyOURH DAL 3HaueHuH:
lns=—j —j+41, ..., j—1, }
U CyMMUpOBaHile 1O £ ONpefenseTcs HEpaBeHCTBaMu:
k=0 h=l—s k<j—s k<j-t-L

B dopmynax (185) mamo cuurare Ol=1 un 00=1. Ilpu j==0 noay-
YaAeTCH TOWAECTBEHHOE NpeAcTasienue eaunnuelt. Kpose npeacrasaeuil
(185), mMbl MOKeM HamucaTb HEMOCPEACTBENNO -ApYrue NpeACTaBJeHMs,
saMelns B npapux vactax (18D) uucna @, b, ¢ u d conpsKEHHBIMU.
CoortpercTpyiouliie npeicrasienns o6o3HaunM caeAyiomuM 06paso:

5,028\ (r—p 3
D/'{c d} (;__o, &1 3, ) (186)

Mpr MoXeM COCTaBHTB TeNMePb KoMnosuuuio mpeicrasaéuuit (185) n (186)
[78], B pesyabrate uero mMNOAY4HICs HOBOE HpEACTABJCHHE [OPALKA
(2/+ 1) (2/' 4+ 1). O6o3snayum ero caeayouun 06pasoM:

a b
E;, /:{c d}' (187)

Moasayace dopyynamu (185), Aerko BHMMICATH 3JAEMEUTH MATPHU, COOT-

BETCTBYIOLLHX 3TOMY INpexacTasieniio. Bo3bMeMm apa pasanynelX npea-
crapaenna (187), no Ttax, 4yroGsl NOPANOK HX GHUI OMIUAKOBLIM:

b b
Ep,q{‘; d} u Epu-q:{z d}; @4+ 1) 2q4-D=(2p,+ 1) (2, 1 1).

ITokaiey, uTO TEKHS ABa upeicTaBAeHud He sKsusadeuiupl. lloaoxcum
b=c=0. [Ipn stom marpuna (185) npusezerca x Auaronajviioft nar-
pPille ¢ JHarOHANAbHLIMU 3JeMeHTaMH:

0
D/{g d}uma/ﬂd/-‘ U=—) —J+L .0, j=L )

Tpsmoe npousseAcHHe [ABYX AuaroHalbHHX MATPHL, €CTb AHArOHa/AbHas
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MaTpuua, u, caenosatreabno, Marpuun E, o n Ep, g, mpn b=c=0
HMEIOT CJeAylomie XapaKTepHCTHUECKHe ahcna:

qu . ap+ldp—l(d)q+m(d)q—m( ="P» —P+1v .., p—1L p°
\Mm=—gq, —qg-}+1,..., g—1, g
Ep,, g2 aPr*hidps~h (g)artmy (dyam:

(ll=—pp —pn+L .., p—1, p.)

m=—qy, —qy+1, ..., ¢y — 1, ¢4
AN, NPNHAMAs BO BHAMaHue, uro ad=1:

2l . I
E, ,:a% @ E,, 4,:a% ()™

B KauecTBe @ MH MOXeM B3ATh JI000€ KOMIJEKCHOE HHCAO, OTJAIYHOE
OT HyJs, B MOXHO, OYEBHAHO, BHOPATL 3TO YHCIO T3aK, YTO COBOKYI-
BOCTb X3PaKTEPUCTHYECKHX wncen Marpuum £, , Oymer oramuHa or
COBOKYIMHOCTH XapaKTePHCTHYECKHX uucen Marpuuu Ep,, ¢» 4TO M noOKa-
3BIBAGT HEIKBHBANEHTHOCTL npexcrasaennit (187) npn pasauunmx BHGO-
pax j u j. Orverum, uro npu j'=0 npeacrasaenne (187) cosnamaer
¢ npencrasienuem (185), a npn j=0 oHO coBnagaer ¢ TeM npen-
CTaBjenueM, KoTopoe noayuaerca u3 (188) npn j=j u npn 3amene
a, b, ¢ nd conpaxennnmn peanuunamu. OTMETHM OIHY O0COGEHHOCTH
npeacrasaenuft (187). DrH npeACTaBAeHHa HE 3KBHBAAEHTHH YHUTAPHHM
npencrapaetnaM. Ecan G onu OBAH 9KBHBAJIEHTHH HEKOTOPHLIM YHH-
TapHHIM NPEACTABJAEHHAM, TO BCE XapaKTepucrHueckHe uucaa dio6oft
MaTpuUbl  NMPEOCTABICHHSE AOMKHBL  UMETb MOAYJTb, paBHHMt eduHHuE,
a BHlHIe MH BHIEAH, YTO Y npeucranneunﬂ E, , 3Tnn xapakTepucruueckne
uucaa npu b=c==0 papun a¥ (@)™ n Moryr GWIb 1O MOAYMO, OYe-
BHIHO, OT/JMYHHMH OT eauHnusl. Hck/aioueHueM sBiserca UMb nped-
crasiaenne F, o, KOTOPOE SBASETCS TPHBHAMBHHIM TOXAECTBEHHHM npel-
CTaB/EHHEM, NPH KOTOPOM KaxaoMy sJeMeHry rpynnw (183) coorser-
CTBYET eaHHIla.

B [66] M BuIemn, uTo ecan HEKOTOPOE mNpeacTaBaeHne, He 00s3a-
TEJALHO 3SKBUBAAEHTHOE YHHTAPHOMY, MNPHUBOAMMO, T. €. 3KBUBAJIEHTHO
HEKOTOPOMY TMpEACTABAEHHIO € KBa3UAHArOHAJAbHEIMH MaTPHLAMH OLHOMH
H TOfl e CTPYKTYPH, TO 0O0s3aTelbHO CYWIeCTBYET MAaTpHI, OTJIHYHASA
OT KparHoil emnHnuyHoll Marpuuel H KOMMYTHDPYIOULAd CO BCEMHB MarpH-
namn npeacrasaenus. Takum o6pasoMm, Aas Toro, uroOH JOKasars, UTO
amoGoe npeacrapiaeHne (187) ne ABASETCA NPHBOAUMEIM, IOOCT3TOUHO
NOKa3arh, YTO €C/H HEeKOTOPas MAarpHla KOMMYTHPYET CO BCeMH MarpH-
uamu npeacrasiaenns (187), To 3Ta MaTpHuAa KpaTHA eARHMYHOfl Marpile.
D10 MOXKHO CHENaTh COBEPHIEHHO Tak e, Kak n B [68]. Wrak, npen-
crasnedns (187) nomapHO HESKBUBAJGNTHH H Ka}AOE M3 LBX ABJASETCH
HENPUBOMMMHM nNpexcTapienneM. YacTo moan3yloTcs onpeaenenneMm npu-
BOIMMOCTH, ODTIMHLIN OT TOrO, KOTopoe Mu npusenn s [68], 2 umemio
NpeacTasaeHiie Ha3HLBAOT NPUBOAUMHM, €CAH  BCe €ro  Januelinne
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npeo6pasopauns (AyCTh HX MOPAAOK DaBell /1) OCTaBJAOT HHUBAPHAHTILIM
HEKOTOpoe MOANpoCcTpancTso Ly, npuuem 0<k<n

Mu pugean [68), uro ecanm npuBoAMMOe B 3TOM CMLIC/Ae Npencra-
BJEINIE€ COCTOMT H3 YHUTAPHLIX MaTpul, TO OHO MPHBOANMO K B CMEIC/AE
onpexenenna 13 [65], T. e. SKBUBaZEHTHO HEKOTOPOMY KuBa3HHAaroualib-
nomy npeacrasaeimo. Ecan npeacrasielie ne ynurapio, 1o 13 HIBa-
PUAHTHOCTH HEKOTOPOro NOANPOCTPALCTBA LE CJeayer HPUBOAUMOCTD
B cMpicne onpeaenenus u3 [66]. Moxno nokasate, Yro BCAKOE nNpen-
crasaetine (187) rpynnel He TOABKO HENPHBOAUMO B TOM CMBICHAE, Kak
9TO Mbl J0Ka3alil, 10 YTO OHO He OCTapAfeT HHBAPHAHTHEIM HIKakKoe
noAnpocTpancTeo. Kpome TOro, MOXKHO MOKasarTh, 4T0 BCsAKOE Juielinoe
npeacrapaeuiie rpynnst (183) nam sKBuBaleHTNO OAUOMY B3 NpeiCTan-
aetnii (187), nan skBHBAJENTHO NPEACTaBASHNIO, UMEOWEMY NPHBEACHNYIO
dopyyay u cocrosuemy n3 HeCKOJAbKHX npeacrapaeunii (187).

B {73} Mol pumens, ulo KoMuosuwus AsyX JupeiiusX npeacranaeHn
rpynnbl  pasHoCHAbHA  NepeMHOKeHnio o0LeKTos Tex Jnuelusix npen-
crapaennil, Koroprie BXoasaT B 3Ty Kounosuumo. [Ipuimimas 310 BO BHE-
Manie, MB MOMEM YTBEPaAaTh, ur0 Ads npeacrasaennit (187) obvek-
TaMll npeacrasaeunii sIBJASIOTCH BHPaMeHs:

et sl

VU+RIG—Rt ViR —F)

‘/k =, j~—1, ..., —j-L1, —j\

W=/, /=1 iy —j 1 —f)
npHuYeM Xy H X3 UCHHTHBAIOT npeoOpasosaune (183), a y;, y, — npe-
obpasosatine (184).

Mp rosopusan g0 CHX nop o JanneilllplX NpeiacTaBAeHHSX FPYMIH,
cocroautefl N3 NOKOKHTEAbNUHX npeoGpazosannti Jlopenuna [64]. Dt
NOJ0KNTEAbIEIE NpeobpasoBaliisi COCTAaBAsOT JHWDL HacTh npeoOpaso-
samfl Jlopeuua ¢ onpedeaiteaey, pasibiM eannuue. Kpose toro, mieorcs
npeoOpasopanus Jlopenua 1 ¢ onpeneantenem (— 1). Hccaenosanue
CTPYKTYDH 9Tux OGoJsee oOuLX MuoxecTs npeoGpasosamuil n pacuuipe-
Hile JauielinplX npeacraslienuft rpynnel MOJOMKHTEAbHBIX NpeodpascBamii
Jlopenna na cayuait noaso#t rpynns Jlopenua npeacrasiaser HEKOTOpble
ocobentocTi Mo CPaBHEHUIO C rpynnoft oprorona’dbviibiXx npeo6GpasoBannil
B TpexmepHoM npocTpanctee. OtmeriM, YTO MNP OnpeeneHns noJHoi
rpynnon Jlopenna MH MO#eM MOCTaBuTb Tpedopanie HensMeHnHocTH
B nanpapaeHun otcdera spemeui. [Ipu sTO0M K paccmorpenuofl rpynne
Jlopenua nago noGasuTh oTpaeie:

Tkl =

. ' ’ ’
Xi=— X Xs=-— Xy X3=— X3 X=X

Wccrenopane Bcex YKasaHHLX BONPOCOB MOXHO HalTH, Hanpuamep,
B Knure Kaprauna ,Teopus cnuuopos* (Mocksa, 1947 r.) u 8 Kuure
Baun-zep-Bapaeuna ,Meroa teopus rpynm B KBanToool mexainxe“.
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81. Teopema o mpocrore rpynnot Jlopenna. IToas3ysce meronom,
ananorHyHLM TOMY, KOTOpHi M npumennan B [70], moxaxkem celtuac,
uro rpynna Jlopenua ecrs npocras rpynma. Has storo pgocrarouuo
1I0Ka3aTh, uto y rpynnst G, cocrosuielt us npeoOGpasopanuit (183), Her
11OPMAZNbUBIX  AeAnTE e, OTAHYHBIX OT HOPMAJBHOrO JAeauTenas, COoCTof-
utero u3 Marpuu E u (— E). ITycts umeeM Takoft nopmajibunih genu-
Teas Hy, coaepxauiuii Marpuuy

Azl'a b

ormunyo or E n (— E). Hago nmoxasars, urto /) cosnagaer ¢ G. Ecan
H, comepxur HEKOTOpylo Marpuuy B, To mnoarpynna H, coaepxur
it Bce Marpuunt U7'BU, rme J— moGas matrpuna u3 G Ipunamas so
BHHMAHNE OCHOBHO pe3yabTaT O NpUBEJEHHH MATPHLL K KalOHHUECKOMY
BIAY, a Takxe TOT (akT, uTO onpeaeantens marpuust U, npupoasuiei
Kakyo-160 MaTtpuuy K KaHOHHUECKOMY BHAY, MOXUO BCera CHNTaThb
pasumM eausnue [27], MB BHANM, YTO JOCTAaTOYHO IOKa3arh, uto H)
COZePKHT, BO-NEPBBIX, MATPHUB C /MOOBIMU JONYCTHMBIMI Pa3AHUHBIMI
XapaKTepHCTHUeCKHMH wncaamu £ u ¢!, roe £ — moGoe Kommaekcuoe
4uca0, oTapynoe oT Hyas u (- 1). Otmerum, 4TO npoussesenne Xapax-
TEPUCTHUECKHX 4YHCeN MaTpul, rpynnst G MO/MKHO PaBHATBCS eIUHIUE.
Hanee, H, nonxuo cogepxars Marpuusl E n (— E), 1, xpome ToOro,
YUdTHBad c/ayyail paBlbIX XapaKTepuCTHYeCKHX uHcead H asolittoro 3sue-
MEHTApHOro JAeMHTE]d, MBI JO/MKHG €llle [oKasars, uro H, comepxut

MarpHms
1 0{ - =1
11 1 —1 (183)

Bosbyem nepesmennyo matpuny rpynnst G

Xy
z X

’ (ad —bc=1),

X=

H COCTapuMM MartpHuy:

(W —yz=1)

Y= AXA'X),

KoTopad, Kak it B [70}], nomxia BXOAUTH B H,. Ilaa caena s matpuusl Y
noJyyaeM BHIPaXEHIE:

s§=2-+4 b+ cy! — [(a —d)* - 2bc]yz.

TTockoneky A otanusa or E u (— E), Mp ne OyaeM uMeTb oaHoODpe-
menito: b=—=c=0 n a=d. Orciona scHo, 4TO S He eCTh MNOCTOsAHHaA,
W, MeHsia Z W ¥y, MBl MOXeM NpHAaBaTh $ JOOHE KOMIIEKCHHE 3Haue-
s, XapakTepucTHUeCKne yYucaa MaTpuuisl Y onpenensiorcd u3 Ksaapar-
Horo ypassenus '
M —sA +1=0.
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Taknm o6pa3om M MOxeM noOAydarb VA STHX Kopuell Jawobble 3Haue-
uua ¢ u £, cnenosarenviio, /) comepuur pce Marpuubl € PasAUYHHIMI
XaPAKTEPHCTHYECKHMH YUCJIaMH 1 onpeneanreseM €RanHHua. I[a.nee, Hl,
oueBHnHO, coacpxut £, a Ttakke (— E), KOTOpoe MOMXHO HpPEACTaBHTbL
B BHAC NpOH3BEACHHA:
—E=[t, t1).-[—1t, —1),

Kaxapth n3 mpoxurenelt xoroporo sxoaur B M. Marpuum (188) Jaerko
Npeacrasitb B BHAE INpou3peacHia ABYX MarpHl C onpeaeiauresem

CANIMLIA N C Pa3sANYHBIMH XapPaKTEePUCTHYECKHMI uyHncaaMp, OTKyda cuie-
ayert, uro H; comepxur n stu marpuusl. Helicrsureabno: ’

1 o |1 o]]B O
N= Pl
b io Bh Ve —E‘:I’
' o B#0n )
1 of [Lofj—B O
IR o LM :
o 0 ﬁl l? ——ﬁ—l

Taxnm o6pazom joKasawo, uro M, moaxuo copnaxars ¢ G, T. e. G ne
HMEET HOpPMadbHBIX neanredell, OTMMYHHEX OT HOPMaJbUOrO Je’anIens,
coctoamero u3 £ u (— E), u TeM CaMuM A0Ka3aio, Y10 rpynma no.1o-
KITEAbHHX npeolpasosannil Jlopenua ecrs npocras rpynna. Orcioaa
caedyer, Kak u B [70), uro 3ra rpynna e MOXeTr HMerb FOMOMOP(PHBIX
(ue nsomopdunx) npenctasiennt.

§ 7. HENPEPBIBHBIE IPYMNilbl

82. Henpepripnpie rpynnel. CTpYKTYpHBIe MOCTOsHHble, [pymnu
ppamennit TPeXMepHOro NPOCTPanciBa It rPynna MnoJ0KNTEAbHHX npe-
oGpasosannit  Jlopenna mnpeacrasisior coGowo npumepn GeCKOHEUHBIX
rpynmn, 3J€MEHTH KOTOPHX 3aBuCAT OT MapaMerpoB, KOTOPHE MOTYT
MeHsTLCsl nenpepupunM oOpasonm. Has rpynnm ppawenns podb napa-
METPOB MOIJIR Hrpath, Hanpismep, yram 3finepa. B paccmarpnpbaeMmx
CAyyasX Tpynnu COCTOAT H3 aAnnellHmX npeoGpasopandl, N 3aBUCHMOCTH
FPynnel OT NapaMeTpoB CBOANTCA K TOMY, YIO 3JeMeNTHl MaTpil, KOTo-
pHMI  ONpPEREAsIOTCH  YIoManyTHe Jaunelincle npeoGpasonanng, 3aBHcat
or 9THX napaverpos. B aaapneilwen Mu 6yaeM paccMaTpnparh rpyniel

antefinux npeoGpasosannii.

' Hoaoikuy, uro 3jemenTH @, Matpuwn Jauneflunx npecOGpasosauuii,
COCTap/sIONINX HeKoTopyio rpynny G, cyTb (YHKUHD r BelleCTBEHHRIX
napaMerpos @, 03, ..., @, IHPUYEM BHINOJMIENL YCAOBIA, KOTOpHE MH
cefiuac ykaxeym. Ilonoxnm, uro a;, cyrb oaHo3HauHbie (YUKUMU napa-
Meipon @ NpH BCeX 3uavenuax 3TiIX apaMerpon, AOCTATOUNO GAN3KIX
K NYMO, W UTO HYJEBLIM 3HIUEHHAM NAPAMETPOB o)== ==,.,=0, =
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COOTBETCTBYET €ANNnYHbLI anemenT rpynns (, KOTOpHIfl Xapakrepusyerca
yeaopuami: a;, =0 npu l £k u a;; = 1. Tlonoxum nanee, YTo BCAKOMY
aneMenTy rpynnst @, JOCTaTouHO O/H3KOMY K eINHHYHOMY 3JIeMeHTy,
COOTBETCTBYIOT ONpeie/eHHHle 3HAaueHHs NapaMerpoB %, AOCTATOUHO
_6an3kie K Hymo. Bans3ocTs sJeMeHra rpYNNH K €AHHHYHOMY SJ/IEMeHTY
onpeaenaercs TEM, Y4TO dJMeMeHTH &;, COOTBETCTBYIOUIUX MaTPHL 6Au3Ku
" K Hymo npu i~k un Kk eannuue npu i=—4%. Taxkum o6pasoM, npu cae-
JIAHHHX NpennoJoKeHnsax, M OydeM uMeTb OHOLHO3HAUHOE COOTBETCTBHE
Mexay 3JemenramMu rpynnsl @, HaXOASUIHMHCS B onpenenenHol oxpect-
HOCTH €AHMHUYHOrO 3AEMEHTa, I HEKOTOPOH OKPECTHOCTHIO 1awaia Koop-
JMHAT 7-MEPUOTO BEeIEeCTBeHHOTo npocTpadctsa 7,. B naabxefimem mot
O6yzeM HMETb HE TOJABKO TaKoe JOKa/JIbHOE OHONHO3HAYHOE COOTBETCTBHE,
_HO ONOAHO31AYNOE COOTBETCTBHE B LEJOM, IPH KOTOPOM KaXKAOMY Iae-
Meuty rpynnsl G COOTBETCTByer oONpemeneHHad TouKa npocrpaHcisa 7,
TpHHAAJexKamas HeKkoTopo# o6aacth V 3TOro NpoCTPaHcTea, COAEpa-
mefl navyano pHyTpnm cebGs, u, naoGopor, MmoGoii Touke M3 V orseuaer
onpenefenyuit saement rpymnet G IToka nam norpefyerca Jmmb yxa-
3auHOe BHIIE JokanpbHoe cootsercrue. Cumpomamn G, G, Gy u T. A
MR GyzeM o0o3Hauath Te 3d/MeMeNTH rpynnu (G, KOTOpbieé COOTBETCTBYIOT
3HaueHUAM mapamerpos o, B, T, (s=1, 2, ..., r). Tipu noxanshoH
TOYKE 3pelns HaZo CYHTaTh, YTO NAPAMETPH HOCTATOUHO OJAN3KH K HYJIO,
A 3JeMEHTH TpYNMe — K eXUHHYHOMY 3JeMEHTY.
PaccMotpnM npoussefelne Kakux-a160 2/eMeHTos rpymmst

G,0,= G,

TlapaMeTpl 7, XapakTepusywmne saement G, NOAYueHHHH B pesyabTare
YKAa3aHHOTO YMHOMEHHS, CYTh OAHO3HAuHHE (YHKLUHMH [apaMeTpoB g
n 8

Ts=c?s(gh Ba «vvs Bp oy a9y vvy ) (189)

Mu npeanonaraeM, YrO 3TO CyThb HeNpepuBHBE QYHKHUH, HMeOUIHe
HENpepHIBHBIE MNPOU3BOAHKE O YETBEPTOro MOPAAKA mpu BCEX % u f,
~—JIOCTATOYHO OAH3KHX K HYJIO. :
Us Toro, 4TO HYJEBHM 3HAUEHHAM MNapaMeTPOB COOTBEICTBYET enu-
HUYHRH 3J1eMeHT IPYMNb, HENOCPeICTBEHHO CAEAYIOT PaBEHCTBA

?S(pl’ p‘l’ v pr; 00, ..., 0)=Bs;

95(0, 0, aeey 0; Qg Tgy seey &) —=0¢

(s=1, 2, ..., r), (190)

OTKYyaa
%’—’:—B,k npu a,=0; :
ok- s=1,2..., 1) 191)
“i‘=8ik npu f;=0

Oayg,
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IMapaverpw &, cooTsercTeylomie obpatnoMy saemeury Gj!, onpene-
JSI0TCS, OUEBHANO, H3 COOTHOWEHNH:

P @ B wevs B Opy Gy eney 0)=0 (s=1, 2, ..., 1), (192)

NPHYEM DAnNCaHiible PaBeHCTBa HMEOT MEeCTo, eCHil MOJOKNTh BCe &g i
Bce d; pasuuMn nymo. Pynuxunonansneli onpenenntenb Or JaesnX uacrelt
ypasuennii (192) no & pasen, B cuay (191), eannnue npu a; u a,
paBunx nymo. Taxkny o6pas’oM, B Culy TeopeMn O HEfBHHX (PYHKLIAX,
ypasuenns (192) onpeaeasior & Kak enpepHBHHE QyHKIWN upu scex
o, NOCTaTOUHO OJAM3KUX K bymo, npuyem &, o0pawiaorcs B nyab npu
a,=0. Pasnomum ¢ynkunn (189) no cremensm a; u P, noab3yach
(popuynoit Makaopena, npiyeys nopeneM PasnoweHnie A0 YNeHOB TPETbero
nopsanka. Ilpunnvas so vuumanne ¢opuyaw (190) u (191), noayuus:

Is= s+ Bs -+
+ D alaBe 4 D aile man + X 00k BB+, (193)
ik

lkI i k1

rae a,‘;}, a, k, ] 1), £, — UHCACHILE  KO(HUnenTH, e — e ke

UeTBEpPTOro INOPSAKa Maaocin Ornocutenbno op b B, u cysuuposanne
no i, . w I upoussomunics or 1 ao r. Yucaa

Coh=uaiy —dai (s I, k=1,2,...,71) (194)

HA3bLIBAIOTCA  CMPYKIMYPHULMI ROCMOARKbMU 2pynnst G TIPK NPHHATOM
ppibope napaverpos a.
Ecan pMecto a; specTit apyrie nmapaMerpb og

ag==wg (2, a3 «.., 0) =12 ...,71)

~1ak, uro (0, 0, ..., 0)=0, nanucaminie papeHCTsa OAIIO3HAYHO
paspelnMBl OTHOCHTEABHO &g MPH BCEX Oy, AOCTATOUHO GANSKUX K HYMO,
1 QYHKIN g HMEoT [OCTaTOYHOe YiCJAO MPON3BOAHHWX, TO CTPYKTYD-
HHE MOCTOAHNHLIE B NOBLIX MapaMerpax ag OYLYT y:Ke APYruMil.

W3 onpenesenns (194) nenocpexncrsemio caepyer:

C) = — Ciy. (194)

Kpove Toro, noas3dysce (192) n 3akonoM accounaTHsHOCTH MpH nepe-
MIOMElN  3JeMentoB rpynnu G, MOKHO JOKA3aTh €lle CJAeayiouiee
COOTIOWIEHHE MEAAY CTPYKTYPHEIMH NOCTOSHHBIMU

?(C”‘ Ci) 4 CHRCA 4 ChCH=0 @, j, b t=1, 2, ..., ). (194y)

Mu He OyaeM HOJAL30OBATLCA STHM COOTHOWIEHHEM H He NPUBOLNM €ro
JI0Ka3aTeAbCTBA.

Bepuemca k dopmynan (193). Ilpn «f u f§,, mocratoyno OGAH3KHX
K nyao, n peanmnubn T, Oyayr Oauskumn K nymo. Ilpunumas o Buu-
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Manne ¢opmyant (191) n Teopemy o HeABHHX (YHKIUHAX, MOXHO yTBED-
%aars, yro ypasueHus (193) B HekoTOpoH OKpeCTHOCTH hadana KoOp-
AuHaT npocTpancrtsa 7, paspelinMsl OTHOCHTENbHO B

ps=q)s-(Tlr T?’ s TI‘; 7-1, azy ceny a-r) (S:I’ 2, DY r). (195)

Ormernm npn stoM, 4ro ycaosus: fo==0 (s=1, 2, ..., r) pasHo-
CHABHH YCAOBHAM: Te—=0a¢ (s==1, 2, ..., r). Iloavaysace dopmyaasmu
(193) u (195), cocrasnm mBe KBagpaTHeie Marpuuet S{a,) n T ()
nopsaka r ¢ saeMeHTamMu Sy, (a,) n Tip (), saBucammMn oT napamer-
pos ag

{9 ] __ (93
Sik (as)"—‘ (537:)3, 0 Tik (aS)—(—dT—’:)IS=aI
G b k=12 ..., 1) (196)

TpuiuMasn 8O BHUMaHHe npasuio AnddepeHinHpPoBaHta CIOXHNX QyHKuni
Il BHUACASH MPOH3BOMHYIO OT Y; IO Yp HAN NPON3BOAHYIO OT f; mo By,
MOMYYIM:

S(@) T(e)=E n T(a)S(2)=E, (197)

roe E— exgnununas marpuua nopsaka r. Ys dopmya (191) careayer, uro
S(z;) npn Hynesnx 3uauenusx a,==0 o6paumaerca B eANNHYHYyIO MaT-
puny. Hs (197) npu srom cuaeayer, uro u T (xg) o0nagaer 3THMH Ke

p)
cofictBayn, Herpyaso BmpasuTh CTpykTypume nocrosunne Ci; uepes
9JEMEHTH YMOMSHYTHIX MaTpHil, 8 HMEHHO:

0) __ [ OSpr (as) __ 0Spi (a)
Cik —( 0a; * _501,, * )a =0 (198) .
nan _
(o) __ [ 0Tp; (as) — 0Tpe (as) )
Cir —( dap 9a; Jam’ (199)
- Decreutensno, B cuay (193) n (196), noayun:
) ___ 0‘{2 ) — (aspk (ag) ) 0
@ik —( 02,03 Ja =3s=0 2 Jag=o’ (200)
U, nepecrapiss SHaukn i W k, MOMEM HanHCaTh:
af},”:(——l’—-‘)s ald) | (201)
k Jag=o

OTKYZa M caeayer HenocpeacTsenno dopmyna (198). Ilanee, npuuumas
po puumanne (197), nmeen:

~

r
21 Sp1 (@) Tpp (@) =13
=

IInddepenunpyes o6Ge wactn NO @; It nojaraeM 3areM BCe G5 PaBHEIMH
. 10 B. H. Cwmuptios, 1. 111
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dyao. [Tpunnvas Bo pHuMaHie, uro Marpuust S(a) n 7 (z;) ofpamantcs
B emunnydyto marpuny npn a,=—=0 (s=1, 2, ..., r), noayumm:

( aéﬁééﬁi“S) >“s=° + (2-7}:;7?51)“5 =0

T. e, B cuay (201):

ol =— (ank (“s))
tk dli a =0

OTKYy1a, Kak n Bellle, caenyer dopuyaa (199). dopumyan (193) onpe-
Je1910T OCHOBHYIO TDYNNOBYIO ONEpPalio, KOTOpad Mo mapaMmerpaM dg U
Bs snevenTOB G, 1 G rpynnst (I gaet napaMerpe T, coomercmyroume
poN3BeJeHHio G;G s opipawennit (193) suado, yto mpu g u B,
OANBKHX K HY/O, B NepsoM NPHOMIKEHHH FPYNNOBas ONEPailis CBOAHTCS
K creaymowet: y,=u;—+ 8, 7Tak 4YIo B nepsoy nupnéuIKeHnn rpynna
oxasnipaercs afesaesoll. Ecau rpynna B TOUHOCTH ectb abeJseBa, TO:

U PR A SO ¥ SIS
s=1,2 ..., 1

(§) — P
n B pasnowennsx (193) ay ==4j}, 1. e. y aGelesoii rpynmum BCce CIpyK-

TYpHbe NOCTOAHHHE PaBHH HyMo. s ofuinx Fpynn yike wielil BTOporo
nsMepenns B pasnoxenusx (193) AaoT ykJOHeHHE OT KOMMYTaTHBHOCTII,
YTO # XapaKTepH3YeTCH HajuumeM CTPYKTYPHHIX MHOCTOSHHHYX, OTIHYHEX
ot nyas. IToabayach pasnoxenneyM (193), nerpyaHo noAyuutb H pasio-
Aeune napamerpos &, coorBercTByOWNX aaeMenty Gi'. Ias aroro
B ¢opuyaax (193) namo nonownts 7,=0 u savennts J3; Ha &. Ilpu-
MeHsad oOblyHpie npasuda AuddepeHlnpoBanis HedpHHX (QyHKHNH, noay-
SHNH

riue si ), no kpaitHeit Mepe, TpeTbero nOpaAxa MaJoOCTH OTHOCHTEILHO

Oyy Og5 eevy &pe

83. BecroneyHo Maasle npeoGpa3oBaHus. [IycTh, Kak u BHIUE,
mieerTcs HenpepwBHas rpynna G anHelHBIX mpeobGpasoBaHnil nopsaka i,
onpegensevas mnapaveTpamit 2z (s=1, 2, ..., r). Byaey, Kak u BLlue,
obo3uauar, cuspoaoy (G, — MaTpuily npeo0pa3osaHis, COOTBETCTBYIO-
Iero napaverpam %, TaK uro Juneflnoe mnpeoGpasoBanie IMEET DI

x=Q,u, (202)

rae u# — moBoli BEKTOP £-MEPHOrO KOMIIEKCHOTO mnpocTpanctsa R, n
X — npeo6pasosaHHblit BekTop. Bsegem onepaumo muddepeHwiposausg
MaTpHIE, a HMEHHO: €CAN 3JeMeHTH HeKkoTopofi Marpuust A cyte aud-
depeHuupyemupe yHKUNN HEKOTOPOro mnapaMerpa f, 1O NPOH3BOAHON O
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Matpuusl A no mapaMerpy ! Ha3oBeM MaTpully, 3/JEMEHTH KOTOpoft noay-
vaorcs auddepeHunpoBanieM 3aeMeHToB Marpuitl A no f, T. e.
{ fﬂ} — 4 {A}ir
dtfie ™ dt
Echau 3seMeHTH A 3aBHCAT OT “HECKOJbKNX NEPEMEHHHX, TO MH Gyzem
HMeTh YacTHHE NPOH3BOIHHE.
Cosepuienio TaK 3Ke, €CJIH COCTaBJAOUlHE HEKOTOPOro BEKTIOpa
2(2y 29 ..., 2,) W3 mpocTpanctBa R, cyTb auddepenunpyemsie GyHK-
z dz,
uun £, TO BEKTOP — ONPEACJSerCs KaK BEKTOP C COCTaBAAIONLHMN 725‘,
T. e. auddepennnupoBaHHe BeKTopa cpoAntcs K anddepenunposannio
ero cocrasamomux [11, 119].
BeeaeM Teneps Tak HasHBAaeMHIE OECKOHEYHO janble npeofpas3osaHus
epynnot G: 3G :
1,,=( aa:)aﬁo k=1, 2 ..., 7). (203)

-CuvBoa [, o6o3nauaer, OYEBHAHO, HEKOTOPYIO MaTpilly nopsaaka n
.C YHMCJIEHHBIMH 3JeMEHTaMIH.

Odparumca teneps k dopmyae (202) u nonoxiy, uTo # ectbh QuKCH-
POBaHHKIl BEKTOp, T. €. €ro COCTasasomue He 3asucaT or a,. [Ipeo6-
Pa30BaHHLIH BEKTOD y)K€ 3aBHCHT, BOOOLLE roBops, OT 3THX MApaMerpos,
11 MH BeBeAeM cefiyac ocHosibe Auddepenunassusle  ypaBHeHua  nas
storo sexropa. Mag storo npumeHum K oOenm vactam (202) muueftnyio
onepatutio, onpenensemyio marpunett G

pr=01u,
i GI=GﬁGa, Il mapaMerpsl Y, ONpeleasioTc Yepes &, H B, COrJAacHo
ocuosHoHl rpynnopoit onepammn  (193). Huddepenunpyen obe wactn

nocaeaueft dopuyam no B, m noaaraem 3sarem B;=0, T. e f;=a,
[Toavayscs onpesenennem (203), noayuum:

lpe= jz=l [&g ]i)] Tg=a s(%ﬁ)ﬂ =0

IlepBuiit comHo:KHTENb NMOA 3HAKOM CYMMH paseHd, OYEBHANO, NPOU3-
Boauolt ot npasoft uactu (202) no a;, u, npuHEMas BO BHuMaHie 060-
anavenue (196), MoxeMm mnepenucarh nocaenor GopmMyay B BHAE:

M:ZS,,,@,)%% =12 ..., 1)

j=1
Ecnn Beect peKkToph:

ox 0x dx\ .
X(?a—l’ (T.,') seny T.f) 41 Y(le, ng, ceey le):

10
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TO npeasayntie (pOPMYJs MOMKHO 3amicarb B BiAe JauHeftnoro npeo-
pa3oBaHug Y= S* (as) X,

roe  S% (@) — obniuiioe  o6o3HaueHie - TPaHCMOHHPOBAHHON  MaTpHILIL
Yuuowas caesa na T#(qg) n npunuvas so pHuvanue (197), noayuns:

X=T*@y) ¥,
Al B PacCKPHTOM BiAE:

r

9
5:%22 T, Lx  (p=1,2 ..., 1) (204)
=

Jlan cocragamowiell x, wekTopa X, onpejeasemoro dopuyaofi (202),
MBI HMCEM:

\

n
0. k=1, 2, ..., n\

F}I;_E Tjp (“s)z I uexs ( |

| 203
=12, ..., 1/ (209)

2

j=1 =1

rae {I;};— cocrapasomue matpiust [ K ypasuemmio (204) a1 x mu
JO/KHBL J00aBHTH  UAYaJAbHOE YCJOBUE, NENOCPEICTBCHIIO BHTEKaWNee

n3 dopmyan (202): Xl —o=—u, (206)
=

rie o —npoussoableill sajanHsll BexkTop. OTMETHM, YTO  BEAUYNILL
Typ(a), vXOAsiutMe B Ko3(duusents ypapuenna (204), onpeieasiorcs
HenocpeacToenio no rpynnosolt onepawnn (193). Ypasuenue (204) npu-
BeJeT HaC K HEKOTOPHM cooTHowenuay Meiay /. Ilas storo mocra-
TOUYHO HAMICaTh, YTO BTOPas NPOH3BOANAZ OT X MO o, I X, HE 3aBUCHT
oT nopsaiaka auddepediniposats.

M3 (204) caenyer:

,

0% N (0T ;5 (a4) ox

2,07, =Z ("5’10 = 1= T p (%) E)
j=1

wan, 3amensas nemmuuy(—;)fi ee pupaxemten u3 (204) npun p=gq, no-
q

AY UM

r ror

2x N 0T (a5) ) .

dzpdzq ___‘.-‘l ._Jdpaq S/ le—l— Zl 2) ij (as) qu (7-3) Ijlk""
= ==

Ilepecrasnss cnpasa p w ¢ W npupasHNBas NOJYUEHHYIO DPABYI0 HacCThb
namicannoil prime, OyaeM UMETb cJaexyollee CAeACTBUE CHCTEMH (205):
r

D e e L

+ 2 2 (Typ (@) Tig (25) — T g (@) Typ (25) ljlk] x=0. (207)

=1 k=l
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IMonokny B 35TOM COOTHOLIEHRH BCe %y PaBHLMH Hymio. IIpnHnMas BO
BHuManue dopmyast (199) u toT dakt, yto T(z)=2F, ecan Bce a;
PaBHE HY/MO, MOJAYUNM:

r -
() .
[DiChal; - Ul — 11 )] a =0,
=1
OTKylIa CAeAyloT, B CHJay MpPOH3BOJBHOCTH BEKTOpa #, CaeAylouipne CcooT-
HOMWEHNS Mexay OeckoneyHo MaaeiMit npeoOpa3oBanuAMIL

r
: L, —1),= }_‘,Ic,‘,’;l, g=12 ..., 1) (208)
j=

Mp onpepennan [; 1 moxasamu cootHomenns (208), ucxoms or 3a-
DanHoft HenpepuiBHOH Tpynnst G # noas3yack ypashennem (204). [lo-
Ka}eM, UTO 3TO ypasHenne namn, uto 10 XKe, cucrema (205), uveer emnuct-
'BEHHOE pellieHile NpH 3aaiHOM HauaasnoM ycaoewu (206). Ilycrs umetot-
€% aBa Takux pemenns. B cuny munefinocru ypasuenns (204) nx pasHocTs
TAKKe J0/MKHA YIOBJETBODATL YPaBHEHHUIO 1t A0mkHa o0paulaTsca B Hyaepofl
Bektop npu a,=0. Taknym o6pa3oMm, H3IJ0 MOKa3aTh, UYTO pELICHHE X
ypaBuenus (204) npu HyJ€BOM HAYaJbHOM YCJIOBHH PaBHO TOMKAECTBEHHO
nyao. das npoctoTw nuceMa 6yaem cunrtate r=23. [lyctb x(ay, %, 23) —
ynoumanyroe peienne. Hanunmem ypasnenne (204) npy p=1 u B npa-
Boff wacTn noaowum a,—=0;="0. Hoayunrca o6uknoeennoe anddepen-
UNaTbHOe ypaBHEHHE C 1e3aBHCHMON mepeMeHHOH 2; ¥ HYJEeBHIM Hayals-
HHM ycnoBreM. B cnay ussectHol Teopewmn emmucrsennocth [I1,50], ono
TOXIECTBEHHO PaBHO HYJIO, T. €. X£(% 0, 0)=0. Hannmeym Teneps ypas-
Henpe (204) npn p=2 u B npasoit yacTn noaoxuM a3=—0. D10 O6HIK-
Hosentoe auddepeHunaIbE0e ypasHeHue C ueaasucuMofi nepementoll a,
HMEET, KaKk MB TOJLKO UTO IIOKa3aJH, HYJeBOe HauajJbHOE YCJOBHE:
X(ay, oy 0)=0 npu a,=0, a noromy, B cuay TeopeMH eAHHCTBEHHO-
¢t x (2, @, 0)=0. Hanuwewm tenepnr ypasuenne (204) npu p=3.
310 oOHKIOBeHHOe audihepeHmnanbHoe ypasueHHe wuMeeT nyJeBoe Ha-
yanabHoe ycaosue: x(n;, o3 %3)=0 npmr a3=0, n, caeaosarenbHo,
X (2, 23 03)==0, uTO MW U XOTEJN ROKa3aTh.

Takum ofpasom ypasuenne (204) moxker nmpusoIHTb TOJBKO K OdKO-
My koHeunoMy npeoGpazosatnio (202) npn samanHmx GeCKONEYHO ManRX
npeoGpasosanusix I; n samauubix 7T;,(a), KOTOphE ONMpexeafloTCs rpyn-
nosofi onepauneft (193). Hnave rosops, Geckoneulo Mansie npeoGpasoBaitis
onpeaeaqioT rpyniy. 1o 6yAeT HaM CYmECTBeHHO B danbnefiwen. Jlokasa-
TENbCTBO CYWECTBOBAaHNA pelienns ypasueuns (204) ocHoBaHO na oanof
ofuieft Teopeme H3 ypaBHeHnil C YaCTHHIMH NPOH3BOIHLIMH, KOTOpas npii-
MeHnTenpHo K ypaBueHnto (204) dopmyanpyerca caedywoutnMm o6Gpasom:
Aai TOro 4to6H ypasHeHne (204) umeno pemrenne npu J1060M Hayadb-
noM ycaoBnn (206), Heo6X0oMIMO B A0CTATOYHO, UTOGH KBaaparHad CKoG-
xa, Bxofsman B dopyyay (207), npn moGou BmGope p n ¢ Gmia pasua
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HYJI0 TOXIECTBEHHO OTHOCHTENbHO ag. Janslie MH He Oydem MoAb30-
BaTbCA 3TOH TEOPEMOH CyLIECTBOBaHUSA.

84. I'pynna BpameHus. PaccmMoTpuM B KayecTBe npuMepa rpynny
BpauleHns NPOCTPaHCTBa BOKPYr Hauana KoopAnHar, CooTbercrByoutne
MaTpulbl TPETLErO INOPAAKa 3aBHCAT OT Tpex napamerpos. Poub ar1HX
NapaMeTpoB MOIYT Hrparp, Hampumep, Tpu yraa Slisepa. Mu ppeaem
ceflyac Ipyrue napaMeTpsl ¢, oy 93 B KOTOPHX ¥ OYAeM §pOH3BOANTD
IJanblie BCe Bhuncaenus. Besikoe Bpawmenne M MOXEM pPaccMarpisaThk
KaK Bpaulelie NPOTHB 4acoBol CTPEJNKH BOKPYr HEKOTOpoOil Hanpapnaen-
HOH ocu /, BpIXOAsmlell H3 HauyaJa KOOPAMHAT, lla YroJ, He IMpeBLlIaio-
umid w Ilpn sTOM ABa BpaleHus Ha Yron = OTHOCHTENLHO HPOTHBONO-
JOXKHO HAanpapaeHHMX ocelfl NpHBOAAT K OAHOMY H TOMY K€ KOHEyHomy
noaoxenmo. Mpl MoxeM Takum oOpasoM n300pasutb BCSKOe Bpaulenne
BEKTOPOM H3 Haya/ja, HampasJelHHM 10 OCH BpalleHus ¥ Mo JJmHe pap-
HHM yray Bpaulenus. ITpoekuun sToro Bekropa (&g, d; «3) Ha KOOpAi-
natupe ocu 1 OyAyT CAYKUTH HaM llapaMeTpaMu.

Ecau M Bo3bMeM cfepy V € HEHNTpoM B navajae 1l paadycoMm =
I OTOXIECTBHM KOHIH moGoro u3 ee IHameTpoB, TO MEXAy TOUKaMi
(a;, @3 ¢3) cdepw V u ajeveHraMu Trpynnsl Bpauienns OyldeT ycTa-
nopaeHo OunodHO3HauHoe cooTsercTsne. B mannom cayvae ono Oynmer
MMETb MECTO He TOJAbKO B OKPECTHOCTH 11a4aJa KOODANHIAT W EANUHYHOrO
SJEMEHTA TPYNNH, HO W AJ% Beell TPynnbl, ecan B3sTe BCO cdepy V.
Moo BLIpa3uTL BCe MaTpHIL, BXOAALINE B IPYHNY BpauleHus, yepes
napaMeTpnl @;, @3 o3 0 yOednTsca B HENpepuiBHOCTH U CYLeCTBOBanun
NPON3BOAHEIX, O YeM MH rOBOPUJI Bbllle. ’

Mu ne 6yaem smsoants dopuyay (193) ans ocnobuoil rpynnonoit
onepaiMi B paccMaTpHBaeMOM CJywae, a oOnpeleaum CTPYKTypHHe
NOCTOSIIHEIE, BBIYNCASAA HENOCPEACTBEHNIO MaTpulel OeCKOHEUHO MajX
npeo6pa3oBaHiiil.

Hdast spluncaenns /; MB MOxeM CUHTaTL oy =uz3=0, npoauddepen-
LHpOBaThb Marpuuy npeobpasosauus MO &, H NOJA0XKMTh 3aTeM oy =0,
Ho mpn gy==03=0 »u umeem ppameune BOxpyr och X na yroa a;
YTO NPUBOAUT K (popMyaam:

x1=x1:

X, X3 COS 2y — X3 sin gy,

|

’

X,= X sin a; -4 x3C0Sa,.

Juddepennupys marpuuy sToro npeoGpasobanus No @ #u nojarag
sareM oy ==0, moayuymm:

00 O
]1= 0 0——1 . ) (209)
01 0
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CosepllenHo aHaaornyHo

001 0—10
L=| o0o00|; L=|1 0 of. (210)
—100 0 00

ITocne 3TOr0 MBI MOMEM HEMOCPEACTBEHHO BBHIMHCAHTL JeBHE HWACTH
cootHomenntt (208) 1 TeM caMBIM ONMpenennTh CTPYKTYpHHE MOCTOSHHBIE,
OT0 3JEMEHTapPHOE BHIYNUCACHNHE NPHBOANT K TPEM CJAEAYIOIMHM COOTHO-
LICHARM:

Ly— Lly=1Iy Lls—Lls=1I; Il — Ll;=1,. 21y

Ecan npasyio yacte Qopymyan (202) pasnoxkum no CremeHaM ag, Or-
PaHUUHBAACH YNEHAMH NEPBOrO0 MOPAAKA, TO MOAYUNM C 3TOHl TOUHOCTHIO:

. X == 1 - (ol - aply -} a3ly) .
TakuM 06pasoM BEKTOP # B pPe3yAbTaTe YKasauuoro npeoGpasosanmst uc-
NbITHBAET CACAYIOUIEE H3MEHEHHE:

S == ayu - aylor - aylyu,

Kaxnoe cnaraemoe cnpaBa AaeT u3MEHeHNE 4 NMPH MANOM BpamieHHH
BOKDYr ofHoH n3 oceft xoopannar. Tak, uanpumep, Myt moaywaem cre-
ILyIOlHe H3MEHEHNS COCTABJAIOMINX (Ify, My, Ug) BEKTOpA & NpH MOBOPOTE
Ha Ma’aefl yroa ay BOKPYr ocn X:

Siy== 0; O1y == — 132y5 Oity == 11y2,.

IIpn 5TOM, KaK H BHILIE, MEl OTPAHIYUBAEMCA JHUIL YIEHAaMH MEpPBOro
NOpSAKA OTHOCHTENBHO &

85. beckoneyno Mannie nMpeo0pa30BaAHMA U mpeicTaBieHus rpyn-
npl epapmedns, CeHyac BHISICHHM CBsI3b CK43aHHOrO BHIE O GECKOHEYHO
ManpX NpeoGpasoBaHHsSX € MPEACTaBACHHEM rpymisl Bpauiexns. Mer Gy-
JleM nojapasyMmesaTb OHOJZHO3HAYHOE NPEACTaBJEHHe B OKPECTHOCTH TOXKIE-
cTBeHHOro npeoGpasopaHna MaTpuuamn F(ay, %, o3) nopsika n, npnyem
SJIEMEHTH MaTPHUB CYHTAIOTCH HENpPEepHBHHIMH 1 audidepeHunpyeMbMi
QyHKLHAME MapaMETPOB &y, @y, 03 Kawaoe Bpautenue D MOxeT OHTHL MO-
JIyUeHO B BHJAE MPOM3BEAEHI KOHEUHOrO YHC/IA BpauleHuHl H3 ynoMsHyToft
OKpEeCTHOCTH, ¥ MPOU3BEEHNE COOTBETCTBYIOMINX MATPHIl NPEACTABACHHA
naer npexctasaenns n gaa D. Ho taknm o6pasom B 1eJOM MOXET mo-
JYUATBCS M MHOFO3HAaYHOE NpEJICTaBaCHHE TPYNNH BPAUIEHHS, MOCKOJBKY
ApH HENMpepHBHOM [I3MEHEHHH NMapaMeETPOB BPALIEHHS MOXXHO, BO3BPAINAfACh
K HCXOJHOMY BPAUIEHHIO, ITOAYYNTh 1JIsi HEFO HOBOE MpeacTaBjeHHe. Dro,
HanpuMep, ObiJI0 paHblle NMpH JBYSHAUHOM MPEACTaBJEHNd MOAHOH rpym-
ny Bpamenna {69).

Has matpun F(a;, @, o3) MB HMEEM Ty e IPYNIOBYIO ONepauuio,
4TO M JJR CaMuX BPAIEHHH, a CAeA0BATENbHO, W T€ K€ CTPYKTYpHHIE
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nocrosaunne. Ias rpymnsl G marpnu F(a;, a5, o3) MOXKHO. COCTaBHTbL Gec-
KOHEYHO Maubie mpeoOpasosanus I D10 GyAyT HEKOTOPHIE MATPHUH MO-
panKa n, cssa3atlile cooTHowenusmu (211). Ecan ynactes HafiTh MaTpHust
I, TO MOKHO HanucaTh AJA BEKTOpa X us R, anddepeHumansHee ypas-
nenusi (204), ubo 7j,(z,) onmpeseasiorcs anWwb rPynmosoit onepauueii.
OTn ypaBHEHNs MOLYT HUMETb NPH 3aXaHHOM NayaabHoM Yycaosun (206)
TOJbKO OJHO pelliellle; TOIbKO ITO PEUISHHE, OYRBUAHO, H MOMKET OHTb
TeM mpeobpasosalineM
';V:F(Cl‘, L3, 13) u,

KOTOPOE faeT MpeACTaBieHHe TpPymnst spawieHiad B OKPECTHOCTH TOmIe-
CTBEHHOrO T1peoGpasosaHis.

B paccmarpusaemom cayyae r=3, u ecan B ypasHenun (204) ne-
peiiTi K COCTaBJAiomuM BEKTOPa X, TO Noayuarcs 3n ypashenufi aas 2
COCTaBJRIOUIIX BEKTOpa

: X(Xy Xy eeny Xp)

B naapneiimem znq Hac Oyaer BamHO JmUb TO, uTOo YypasueHne (204)
He MOET uMeTh 007ee 02HOTO pelleHis Npi 33JaHHOM  HaYa/bLHOM - YC-
aosun (206). Kak ymke ropopiiaoch BHLIC, 3TO MOXKHO (OpPMYIHPOBATh
TaK: npeocniagaexue 2pynne 8paulerlls 8nOIHE Onpedestencsl 80Ul
Oecronetto maastna npeodpasosanussu Iy, I, I

Taxknm 00pasoy pce CBOANTCA K onpexeaeHino OGECKOHEUHO MaJHX
npeoOpasosanuii NpeACTaBaeHNsa, K yeMy MH 1 mepexoauy. Byecro ucke-
MBIX MaTpuu [y, f, I BBOZHM HOBHIE Marpuis:

A1= ‘—Il*'}—l[‘; A2=12+111; A3=113. (212)

Jlerko mnposepuTe, uTO A4 HHX, BMecTo (211), nmoayuaroTes cnieay-
HOLLHE COOTHOUIeS:
AAy — A 1Ay =4,
A3d; — A3 = — A, (213)
A AlAy — A4, =24,

B npeacrasieHun maTpuumamu F(z, o ¢3) JAGHKHO B33KAOUYATHCS, B
YaCTHOCTH, 1 npeacTapienne abeaesolt rpynnsl BpalleHns BOKPYr ocl Z,
saeMeHTaM Kotopoft coorserctBytor Matpuun F (0, 0, a). Ilpu mnoxomwu
cooTpeTCTRyIomerc pLbopa OpPTOL BCE 5TH MATPIHLL OXHOBPEMEHHO Npe-
00pasyo1Cs K Jital 0MaibHOH opye, HOO HENPUBOAMMBIE NPEACTaB/CHNA
gbexenoft rpynnst CyTb, npeacrasaenus nepsoro mopaixa. as pexropou,
KOTOPHIE IpH 3TOM HrpaloT pOab opros, npeoGpasosaHue F (0, 0, «;) Gy-
ner nMmeTs Bunx [69]

F(O, 0, a3)0=el"a‘v

ual, noaaras /== — im u o60o3nauas v uepes U,

F (0: 0) 7‘3) ‘Um : e—’mzi‘ Vrse
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TTockOMbKY MHE NMOCTaBHJAN  YCJAOBHE OAHO3HAYHOCTH MPENCTaBJAEHHA
TOMBKO B OKpeCTHOCTH a,==0 (s==1, 2, 3), MB HE MOMKHH CuUNTaTLb M
ueanM yncaoM. Orclofla moAyuaeM, OCHOBHBASCL HA OMpeaeneHun [y

T d _;
A, =ilp,=I [—65 F(0, 0, z3) fvm] =l (—51—'e Mag v,,,) = mo,,

Urak,
AgVpy == v, S (219

T. & 9, ecTb colcTpennuit BeKTOp onepatopa A, cooTBeTCTBYROULIHH
coGcTReHHOMY 3HaueHiio m. Ecan TaxiX COGCTBEHHBIX BEKTOPOB HECKOJb-
KO, TO yepe3 o, o0o3iiayaeM OZMH I3 HIX.

Jloxkaxem Tenepp CAEAYIOULYIO JeMMY:

Jesmysa. Ecau nexomopsili 6exmop © ecns co6cmsennslil sexnop
_onepamopa A, coomsemcemayowull cobcmeenroNy 3HAUEHNI0 a, MO
sexmop A0, ecal OH OmAuMer ONL HYA€8020, eCIMb maroce ¢o6cm-
sennbili sexmop A, coomsemcmeyroOuyull cOGCMBEHNONY  3HAYCHIUID
(a-+ 1), u ananrc2uino A0 ecms coGcnseHHbll 8exmop A;, coomsem-
cmeyiowui cobemeeRnoy 3naveruo (a—1). -

Mo ycaosmo neMMel Ay0 =a®, MH noayuaeM B cuay (213):

A (A0)= (A A+ A) o= A, (430) -} Ao =
= A‘ (a‘v)—{- AI‘Z’:((l + I) Ao

11 CopepuIeHHo aHaaornuio A; (4;0) = (e — 1) Ay,

Uncao pasanuHbix coOcTBeHHbX 3nauennft Ay ne Goaswe n. Cpenn
STNX 3HAUEHNHH HMEETCs OMIO IV NECKOJAbKO € HanOoabluell BellecTBeH-
Hoft uacTeio. O6o3HaunM 370 coOCTBENHOE 3HAueHHE HAN OAHO N3 HHX,
€ca HX HECKOMbKO, Hepes j, 1l NycTs ¥ — cooTseTcTaylomnit coGcTpeH-
HHH DeKTOP\ (OAMH N3 HHX, €CJAH HX HECKOABKO). B ciay aemMbl BexTOp
Aw; nonxen Ou1 Opl oTHOCHTHCE K COGCTBEHHOMY 3Hauennio (f 4- 1),
HO, COT/JIaCHO onpejeneHno j, Taxoro coGcTBeHHOro 3uauenns y Ay Her
U, CJELOBATEIbHO, Mbl JOJKHH HUMETH: .

Aw;=0. (219)
B cnay noxasanioft Brime JeMMBl BEKTOPHE
Vjg= Ag@j; Vy_9g== Agvj_,; csoy ' (2 16)

€C11 OHM OTJHYHBI OT HYJS, OTHOCSTCA K COOCTBeuHnM 3uayennay (f — 1),
(j —2), ... oneparopa A [ocaenosareaniocTs sekTOpos (216) noaxua,
KOHEWl0, MPHBECTH K HYJEBOMY BEKTOPY, MOCKOJBLKY 4HCJAO Pa3iiyHBIX
cOBCTBEHHHX 3HaueHnit y A; ne Goabiuie n. Joxaxem temepp (popMyay

A,0k=pk‘vk1_l (k=j, ]—], i——?, ...), (217)
rie p,— HEKOTOpHe meawe uncaa. B cuay (213) ona sepua mpn k=],

npnuem p;=0, a 33 ©;,; MOXHO B3ATb, HaNpuMeEp, HyAeBOH TEKTOP.
Tlonoxny Tenepn, uro dropmyna (217) sepua npi HEKOTOPOM H3 YKA3aNHHIX
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k, W IOOKaxeM ee JAns 3SHadenns (R—1), Ha enuHHLUY MeHbLUero,
Vimeenm B cuay (213), (216) u (217):

Ay = A (Ar0p) = (AA1 - 24)) 9, = :

== A (A10;) - 2430, = A; (p4Vp41) + 2k0, = (pp -+ 2k) 0,
OryeriiM, Yro npu Z==j Mb HE M0Jb3YyeMCs NpH 3TOM Gopmy.aol

AgUp =y,
160 p,=—=0 npn k=j. Taxkum o6pasom dopmyna (217) nokasaua, 4 uuc-
Ja p, ONPEReNAOTCA H3 COOTHOWIEHHH:
Pk—l=Pk+2k; Pj=0 (k-—_-'-j,j—l, ...).
Ilposoas nocaegoBaTe/bHEIE BHIYHCJAEHNS, MOJYYaeM:

pe=jU+ 1) —k(ET1)

A= (4D =k + Dty (k=j, j—1, ..). (218)

HO.’leyﬂCb 3STIIM PAaBEHCTBROM, ONpeaeniM 3Hauy0K § Nepsoro u3 pekTopoB
(216), pasHoro Hymo, T. & D3==0 I BEKTOpP Uz, OTJHYEN OT HYJIEBOrO.
Wz (217) mpn atom caenyer p,=0, T. e.

JU+D—s(s+1=0,

D10 KpagpaTinoe OTHOCHTEJAbHO § YpaBHEHHE HMEET KopMu S==j 1u

= — (j—1). 3uaueune s=j ue roanrcs, 160 BEKTOp ¥; OTJHYEH OT
1y/IBOTO H He BXOJZNT B nociegosaresnsHocre (216). Takuym obpasoyn B
nocaexosareabioctn (216) BekToph

T. €

vj) @j_l: seey ‘v_j+ly 'v-/ (219)

oTaHMuyHHl OT uyaesoro, H Ay ;=0. Yucno oTHX BEKTOPOB pPapHO
(2/-+ 1), orkysa BuZHO, YTO j €CTL HAN LEJAOE HEOTPHUATEJbHOE YHCIO,
HJAH T0JO0BIH2 HEUeTHOro nojoxurensioro uucaa. Ecan 2j-+1=n, 10
MBH MOmeM NpHHATH BEKTOpH (219) 33 ocuoBHEIE OPTH B INPOCTPAHCIBE
R,, ecan e 2j-+1<n, 10 oHn obpasywr B R, HEKOTOpOE NOANDPOCT-
panctoo Lgy,y. Tlonoxiy, uto Mu nyeem nocaeasee. Kaxawift BEKTOP T
u3 nocaegopareabtocTi (219) ynopaerBopsieT YpaBHEHMUIO:

A-ka:kvk (k=j’ j— 1) eve y '—j"r‘ 1) —])-

HNanee mp umeeM Ay0,==%,,, npuuem v, ,==0, u dopuyny (218). Tem
camuiM oneparoput A;, 4; n Aj nepesoasT NOANPOCTPAHCTBO Lgj,y B 04,
N JaHHele OPMYJH BNOJHE ONPENe/slOT YKa3aHHHE OnepaTopu B NOA-
npocTpaicTse Ly, Boaswie toro, ns dopmya (216) u (218) uemocpesn-
CTBEHHO CJEAYyeT, uTO HHKAKOe MOANpPOCTPAHCTBO L, newawee B Lgjy,y U
ans xoroporo (< k<2j--1, He ocraercs HHBAPHaHTUEIM NPH MpUME-
HeHuu oneparopos A, A A; Onpesenus A, Mbl MOXEM Aad NOANPOCT-



86] ' § 7. HETIPEPLIBHBIE TPYIIITH 303

panctBa Ly, mocTpouts ypasueHus (204), KOTOpHIM ROMKEH ymOBJE-
TBOPATb BEKTOP x=F]'(al! s, aa) u (220)

MICKOMOrO NpeACTaBNeHus B MOANpocTpancTse Ly;,. IDTO Npeacrasaeriie
He MOXET OCTaB/ATh HHBAPHAHTHHM HHKAKOE MOANPOCTPaHCTBO L, BXO-
asmee B Losiy, T. € NMPEACTaBICHHE HENPUBOAHMO B Ly;y,, u60 ecin Ow
3T0 OBIO TaK, TO M BCAKOE A, B CHAY HX.ONpeNeNeHns, JO/KHO GBLIO
65l OCTaBAATh MHBAPHAHTHEIM L, YTO, KaK MH TOJABKO 4TO BHIENH, HE
nmeer mecra. Ecan 2/ 1==p, TO npnsenenHoe pacCyxieHne OTHOCHT-
cs1'ko BeeMmy R, Tlpn 2j-+1<#n Mp ortaemumn or ofwero mnpeacTas-
nedns B R, HENDHBOANMOE B YKa3aHHOM CMEHICIE TMpeACTaBJeHHe To-
paaka (2/-1), T. e. OHO He OCTaBAfieT HHBAPHAHTHHIM HIAKAKOE MOAMPO-
crpanctBo L, npn 0<2<C2/-+ 1. Vi3 nammux paccyxnmesnti nemocpen-
CTBEHHO BHITEKaeT, YTO CYWECTBYET TOJbKO OQHO € TOYHOCTBIO OO TO-
NoGHEIX MpeacTaBieHnfl HEMPUBOAMMOE MNpeacTasjeHne IaHHOTO MOPAAKa,
Ho B [69] MH yxe MOCTPOMAH YHHTApHbHE HENPHBOAMMEE TPEACTaBJe-
Hus moboro nopaika.

Ten caMbIM OHH HCYEpPNHIBAIOT BCEBO3MOJKHHE HEMPHUBOAMMHIE Mpen-
CTABJEHNS, I YKa3aHHHE BHIUIE NPEICTaBJeHNnsd, OCHOBAHHHE HAa MNOCTPO-
eHuHX B Ly, onepatopax A, LOomKHH GHTb HM NMOZOGHH.

Bektops (219) MOXHO yMHOXAThb HAa INPOU3BOJBHBIE HIICJAEHHEIE MHO-
KUTENN, OTAHYHHE OT Hyas. Ilpn atom B coornowennax (216) n (218)
TaKXe TMOABATCA YHCJAEHHLIE MHOXHTEM. YKa3aHHBIE MHOXNTENH MOX-
10 noao6parh TaK, 4TOGH MMETh OKOHYATENbHO CJeAYIOUIHEe COOTHOIUESHHS:

Ag,=Vj(+D—k(k+ )04,
A, =ViF ) —k(k— 1)y, (221)
Ay, = koy,

npuuen 9;,,=0n fa_j_,=0.

[Tpu TakoM sLOOpE MHOXHTENE! MONYUaTCa Te MPeACTABAeHIs, KOTOphHIe
MB nocrponau B [69], ucxoAs OT BEMUNHBL

o xit it
Yi+nlyg—nt

yKaBaHHoe BHILUE nOCTpOEHHe xaeT BO3MOXHOCT N3 -7“0601'0 rlpellcra-

BJEHUS BHIACAATDL €ro neanBOJIHMbIe yacri. Bce CBOANTCA K OTHICKAHUIIO

COGCTBEHHEIX BEKTOpOB ©; omepaTopa A ¢ nanGoapmmy COGCTBEHHBIM
3gayenneM u mocrpoennio (216).

m (222)

86, IlpexctaBaenus rpynnet Jlopenuna. Paccmorpum rpynny mnneh-
HEIX Npeofpa3oBaHmit ¢ onpenenuTeeM eXHHUUA:
x1=ax,-+ bx,
, 1 (ad — be==1) (223)
Xy=cx;+dxy -
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Marpuua mpeo6pasoBanis COLEPHUT YETHPE KOMIVIEKCHBIX Koddiduuu-
€HTa, MEXAY KOTOPHMH uMeercs oaHo cooTHouwienue. IIpon3soabubiMu
OCTalOTCR TPH KOMIIEKCHBIE BEJHYIHB, YTO CBOAMICA K IUECTH Bele-
CTBEHHBHIM napaverpay. Bsezem sTH mnapaserpsl, NpuHHMAd CAeayloulee
obo3HayeHne Ias marpuuwsl npeoGpazoBaniis:

Doy =iy oy~ ing

|
A=] ,
i oy iz, d(ay)

:(, (224)
{
raoe

d(as) — 1 4+ (a5 -+ 13y) (a5 -+ i) .

1+ a iz,

Mpt noayuaem miecTb Oeckoseuno maawix npeoOpasopannii I';, Koropue
Jerko nocrponts, Hanpuscp, aias noctpoenus Iy, nano B Mmarpuue A
TONOANTb BCE a, KpOME oy, paBHHMU HYMo0, HpoaugdepeHnpoBaThb
MaTpHuy mno «; u 3arem noroxurs o,=0. Taxkum oOpasoy, Oyaem
1MeTh: .

SN [0 0] o 1)
r=! i; =l B Iy==j :
Tio - 7 i:0—iL *“lo o]
r=2 % roeet® 0] P[00
=1 [ s == M e—1 .
ooy i1 0y i oo

CTpyKTYpHbE NOCTOSHIBIE C}l]f(;, Bxoasuie B cootrnowenns (208), mno

CaMoMYy HX OIIpeaeyICHuo JOJAKIHD OHTb BEILIECTBEUHBIMH H MOryT OHITh
HalaeHn 13 TuX COOTHOWEHHH:

L}
Flyg—1T,0,= E C;,{Z’I',-
i=,

rP<lgp g=1,2 .., 6)

Ilpn sTOM Hamo OTMETHTb, uTO Meway MmaTpuuamu ['; ue cymiecroyer
AUHEHHOrO  COOTHOILEH!R (KpOME TPIHBHaAbHOr0) € BEIECTBEHHLIMU
Ko3(QipuLpenTaMi, MO3TOMY MOXKHO NOJYYHTL C/leiyloulile NaTHaauaTb
paBeHcTs:

Ly — Il =21y,

LI, — LI =21, LIy — Ll =21,

Ll — Ll = — 2L, Ll —Iil==— 2L, Iy — KL= — 2I,
Ll — Ll =1, Ll — Il =1L, L — Ll =1,
LI — L =—2L, Il —I;l;=0,

Ll — Iily =21,
Ige— lily=—1,

Ll — Il =0,
Il — Ll =0,



86] § 7. HETIPEPHIBHHIE [PYTIIH 305

Ecom I, (=1, 2, ..., G) —OGeckoHeuHo Maapie npeoGpasopaniis
ans moeboro npeacraBacHns HCCACAyeMOft FPYNNH, TO MEXKIAY HUMH TaK:kKe
HMEIOT MeCTO NATHAAUATh COOTHOUIeHiH

6
Lly— L= jgl C,‘,’;’,

¢ Temu we KosdduuneHtamu C‘I{;. Ecan mp BBemem oGo3nauenua

L4ili=24A; L-ili=2Ay L +i=4A4A3
. (225)
13—-1./5:231; 15—116=28'2; 11*11.'..-.=4Ba,

TO YNOMAHYTLIE MNATHAALATH COOTHOLUEHH 3aMUCHBAIOTCA B caeaymooueM
BHae:

A,B,—B,A,=0 (5, g=1,2 3) (226)
I, KpoMe TOro,
AA — Aids= 4, BBy — BBy =B,
Ady — Ay =— Ay (227) B3By — ByBy == — B, (228)
AIA.z —A:;A1=~2A3, B1BQ—BQBI=283.

Otryeriy, uto coornowennst (226) u (227) BHNOAHSIOTC TPHBHAJBHO,
ecan B3aTb Marpuuu lp, 6o npn stoM Ar==0 (k=1, 2, 3). Cooruio-
menus (227) comnajatoT ¢ cooTHowenuamu (213) n paccyxaennus npeasi-
JyUulero HOMepa OCTaloTCA MO CyHmlecTsy B cuiae. Mul npumeusem Hann-
caliipe coorHouleHus ans GeckoHeuHo MAJARX npeoGpazoBannit JobOro
aunefioro mpexcrasienns rpynmns (223). Ecan ©; — coGeTpennbit BeK-
TOp omneparopa A, oTHOcAuuufics K nanbonpuieMy CcoOGCTBEHHOMY 3Ha-
yenitio, T0 1Meercs (2f 1) co6CcTBEHHHX BEKTOPOB T (R==j, j — 1,...
..., —j-F1, —j) onepatopa A,;, xoTophe mnpeoGpa3yiorcs oneparo-
amu A, Ay, A; coraacio dopmynan (221), npuuem 0;,=0no_; ,=0.
Iycts LY) —noxnpoctpanctso, 06pasoBaHiOe BCeMH  COGCTBENIHIMI -
BEKTOPaMH omnepaTopa Aj OTHOCAWHUMACA K COOCTBEHHOMY 3HayeHHIO j.
TTokaxeM, uTo ecal BEKTOD ¥ NPUHALJICKNT LY, 10 u BekTOpH B,o
(g=1, 2, 3) npunaanexar LVY). [lefictBurensno, B cuay (226):

A:} (qu) = Bq (A3v) = Bq (]"U) =quW,

OTKyZa 1 cjeayer, uto B,0 ecTb COOCTBEHHnfi BEeKTOp A,, cootser-
cTayioutnft cobcrsenHoMy 3Hauennio j (1AM nynesofi Bexrop), T. €. B0
pxomur B LY. B LY) mp momey NOBTOpHTH NMawm paccyxaenns H3 [Sgl.
samenss omeparopu A, omeparopamu B, CuenosareabHo, MOKHO MO-
crpouts B LY) pam sextopos vy (K =jj—1,...,—j41 —)),
KOTOpHE NpeofpasyioTca coraacto opmyaam (221) npu samene j Ha j
n A, na B, Kaxaufi Bexrtop oy NpH MOBTOPUOM NpHMEHCHNH ofe-
pawnin A, maer (2j - 1) pektopos Tgy (R=jj—L...,—j+1L—J).
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Takuy 06pa3oM OKOHYaTeMbHO noayuaercs (27 - 1)(2j° - 1) Bexropos
Dy’ AA3 KOTOPHIX HMEHT MECTO COOTHOMIEHHS:

A =1/ (A~ 1) — & (k- 1) rs1, 27
A =V (G 1) — k (B — 1) Tpt, 1
AUy = k‘bkk'y

By =V (1) — & (K - 1) U, &40
B =V G+ 1) —F F—1)% w-v
Byvpp = ko,

(229)

31 QOpPMYAH ONmpeJensioT B MPOCTPAHCTBE €  YHCJAOM  H3MEpPeHmi
(2/+1) (2/+1) onepatopu A, u B, u coraacuo Qopuyaan (223)
Qupele’soTes onepatopu I, mocae uero ypasueuie (204) Mower npu-
BOMUTH JHIUB K OAHOMY JHHEHHOMY NpEACTaBJeHHI0 TpPYAME. IJTO eCcTh
TO NpeicTapienile, koTopoe Mu cTpouan s [80].

B rnocneaHux HoMepax Mpl CAEROBAJI HM3IOKEHHIO, MPHBEIEHHOMY
B KHure Baw-nep-Bapaena ,Meron teopun rpynnm B KpauroBoil
MexaHnke“.

87. Bcnonmorateabublie ¢opayibl, Bepresca k dopyyaav u3 [82]. Mer nveewm:
G,G, =G, (230)

NpHYEM g BHPamaerca yepes ag 3 gg coraacHo dopmyaam (189) mam (192), xo-
TOpHle ONpeeIsl0T OCHOBHYIO IpynnoByio omepawio. COCTaBHM Marpmuy, 3aeil-
CRUIYI0 OT MEepeMeHHbX ag N g, T. €. 31eMeHTOB rpynnst G, n G;. OGosnayum
3Ty Marpuuy cumsoiom S (G, G,), M 3AeMEnTH ¢ ONPeleInM CIeAYIOomuMi Gop-
MyIaMH: ’ o
i .

Sie (an Ga)::.lm G k=12 ..,r). (231)
Mu vixe paccmartpnsaan 3ty Marpuuy B [82] mpn 3;,=0, 1. e. npu G,=E,
rie E — eanunuusiil 31ement rpynnel. M3yuny cBoficrea atoft MaTpuubl. M3 ee
OonpeneCHHs HCNOCPEACTBEHHO Cacayer:

S(G;, E)y=L1. (232)
Jokaxem eme dopmyay:
S(G;, G))-S(E, G) =S (€, G;G,). (233)
Hoaoxmy G, =G,..G,., Tak 410
G, =G,G,= (G,G,) G,=G,G,. (Gs = GG,

IMpusensen npasuio auddepeHUPOBAHNA CIOXRHHX yHRUHA
: r r
On _. o1 | 05 ,__2 .
03k E—3 : o_as . FS: = IS” (Ga, Ga.') Ssk (GﬁlGaN)y
S§= S==

- OTKYJa
S (Gy G,nG,) =S Gy G,) S (G Gy
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Nonowue 8 stom pasenctse Gy=E, G,n=Gy n G,=G,, noryunm pasen-
crso (233). Ilpn G,=(3' noayunym BupameHle Marplusl, o6paTHoli sarpuue
S (E, Ga): .

STHE, Gy) =S (G, G3Y)- (234)

Marpma S (E, G;) 8 o6o3nauennsax u3 [82] Gyner S (8;) n o6pathas marpiua
Oyzer T (3s). Cefiuac Mor nx Gymes oGosnauarb cumsoaasi S(G) n T (Gp):

S(E, G)=S Gy S (E G)=T (G, (235)
S(Gy) T(G)) =T (Gy) S (Gp) =E. (236)

Mbsbr Hyeem:

. bopumysaa (233) naer:
S (G,‘«,’ G) =S (E, G’{) St(E, Gﬁ) =S§ (GI) § (Gj)r 7 (237)

1 cootnomenye (231) moxer ObiTh 3anncaHo B Bife:

o _ Y
ai—;‘su Gy) Tss (Gy). @39)

Yauoman obe wactit Ha Ty (Gy) 11 cyMMupys mo i, noayuns, B cuay (236):

D T @) =T Gy (239)

i=1

ﬂxx@@epenunpyem (238) no B

r r
i 08;5 (Gy) 0 d G,
P = 3 BB 1 gy + Py @) Ll
s, p=1

03k 0} Grp O - 03
OTKYJa, BhIpamasn g—g‘l’l coraacHo dopmyse (238):
o U 0Si,(G : 0Ty (G)
i __ i ) sk
Tz = D e S0 (G) Tyt (G Tsx (Gp)+ 2,] Sis (G H ().
s, P, q=l §S=

Mepecrasaaa B npasofl yactH B M [, NOAL3YACH He3aBICHMOCTLIO NeBOll yacTH
ot nopsagka anddepeHnHpoBanna I NepecTaBIssa nepeMeHlbHe CyMMHPOBaHHA §
1 g, N0aIYuHM:

2 [%ﬁiﬁ Spq (Gy) —ﬂ'gY(TGﬂ Sps (G,)J Tyt (Gy) Tor (G;) =
s, Py q=1

4 OTsx(Gy)  0Ts;(Gy
=— X su@)[ TR -S40,

S=al
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Y{\xnomxxn' obe uactn Ha mpousBenenne Sy (G,) Ske (Gs) Ty (Gy) w mpocymun-
pyesm mo i, k u ! or 1 jo r. lipnunvas Bo BHuManue™ (236), noayyum pasho-
CHILHYIO CHCTEMY DPaBeHCTB: -

' [0S:c (Gy) 38y (Gy)
2 | |2 5G9 — 245, 6)] T (6=
L p=

r
—_ OThe (Go) __ 0Th (Gf)]
=7 2 5@ e @[ TR0 ~ S|

Ot 911X paBeHCIB Jerko nepeilTy K OpeibiIyL(uM, YMHO¥an o6e yacml Ha
npouasejenne Ty, (Gﬁ) Top, (Gb) Siyn (Gy) u cymMupya no f, g u A B nocaea-
HEM PABCHCTBE JeBaf YacTh 3aBHCHT TO,IbKO OT Yg, 4 NpaBasg-— T0Jbko 0T §g.
Takny o6pasos, BBuHRy nponssoasHoctii G, B ¢opumyae (230) 1 Tem cambim
HezapHCHMOCTH §g 1 §; 00e yacti mocaenueil GopMy Il JOIKHE PaBHATLCS 0110
1 TOfl € mocTOoAnNcil, H, B YacTHOCI:

,
0Thx (G:) 0T (Gy) .
817 (Gy) Sig (Ga)[ T ]=c<,;.
k, 1=1 '
Menas 3Haukl, MoEeM Hanicatb:
X pe(G) 2 G)]__ cip \
leu (@) Sau(G) |25 n|=—cl. co
S, {=

Ecan nosoxuwm B 910M 10:EMectBe G, =E, 1. & o;=0 (s=1, ..., r), n npu-
Mcy BO BHUMaHne, yro S (E) =E, to noayuns:

—cw —[9Tp2(Ga) _ OTpi (G,,)]
e = ()1,’ 01,2 *

" ( . -
Cpasunbas ¢ dopyyaoit (199) n3 [82), Mu suany, uto Cif' cy1b crpykrypnuie
NOCToAHHBIC, ONpe[eIeHHHE HaMi BHlle. YMHOwan 06en yactn (240) wma
Tjt(Gy) Trm (G,) n cysumpys no i u k, noayuus B cuzy (236):

r
0Tpm (G OTp (G,
o (G0, Tyt (Ge) ;lC‘ii”Tu @D Tem (G @41)
i, b=

Bepuemca k dopuyaam (207) n (208). Popuyaa (20S) noayuacics, Kak Mul
BINETH, yTeM OpHPABHHBAHUA Ny 0 KBaapatHoft ckobkn Qopmyawn (207) npn
ag=0 (s=1, ..., r). Hoavayscy, (241), Aerko nokasars, uto u3 (203) sumeraen,

umo xeadpamnas ckobra dopryan (207) pasia wyaio u npit K00kx ag
Bropoe caaraemoe stoii ckof6kn MPEACTaBIM B BIIE

r r
2 TipTrol ik — 2 Tig Trol tls
Jr k=1 Jy ksl
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NpHYEM MH He BHINHCHBAEM apryMeHTa G, y T. 3amensn y suyuraemoro j
Ha R n k Ha j, noayunm: .

r r
Y TpTagUls—ldy= Y T,Ty,Clls
fo k=1 I,k s=1

TlpeoGpasya nepsoe caaraemoe ckoGxn dopuynn (207):

r

Z(Qlf_p_ﬂ),
&\ 93, " Oa, 4
Jj=

coriacHo (241), moaywHM HENOCPCACTBEHHO TOT ke PE3yTbTar, 110 € OGPaTHHIN
3naxoM. Hapaay c smatpnuett S (G,;, G,) paccmorpum marpuuy S (Gp, G,), sxe-
MEHTH KOTOpO{l onpeneasioTcs GoOpMyIaMu:

N __ o
oT:,, =S (G,, G,). (242)

CosepiieHHo TaKk Ke, KaK i Gblie, MOKIO J0Ka3ath GopMYyAb:
S (&, Gy) =1,
S'(GyG,, E)=98"(G;, Gy §' (Gus E), (243)
$TH(G,, E)=§ (G, G,),

KOTOpHIE HaM MoHAZOG6ATCA B Maabheliinem.

§8. MMocTpoenve rpynnbl M0 CTPYKTYPHHIM NOCTOAHNBIM. B Hacroauem
fioMepe Mb B OGLIHX uepTax KOCHEMCs BONPOCa O MOCTPOoeHiH rpynmopofl one-
paumit 1 rpynnsl JInHeftnuix nmpeoGpa3sosannil €10 32IaHUBIM CTPYKTYPHHM flO-
crosunbny C{f), xotopme yaosrersopsior coornomemam (194,) n (194,). dro
NOCTPOCHIIE OCHOBAHO HA OFHOIl TCOpPEeMCE M3 TEOpHH Yypastienuit ¢ wacTubin
NPOH3BOIHEIMI, O KoTopoft Mu ynommnamt ssimte. ChopMymipyesm cefivac sty
TE0pEMY.

[lycts usmeetca crenyoman cucrema anddepenuuansuux ypanuenuit ¢ ya-
CTHHIMH TIDOH3BOANBIMIL

oz
dxk
i=12 ..., m; k=1, 2, ..., n).

=Xit (X1s ooy Xnl Zyy couy Zm) - (244

Hanumes, noas3ysch srofl cucremofi, ycaosne Toro, 4to

- 6221 - d’z,
dxk dx, - dx, dxg’

Ono uMeer, oyesHaAno, BHI:

m m
0Xir Y OXip Ozy _ 0Xy , §OXu 0z
ox; ] 9z, dx,  Oxy 0z  Oxg’

§= S=
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AN, 3aMensan g% " —372‘,5’; BpaBoil 4acTLio cHCTeMB (244), moayuu:
X . 10X 0Xy | \OX
ik ik — 94X it . =
= +21—025 Xa=G 2 +21 T Xop (kD @45)
§= §=

IT0 PaBCHCTBO ABIACTCH COOTHOUICHHEM MeXAy NCPEeMEHHHMH Xp, Z;.
Teopewma. Ecau gynnquu Xy, 8 okpecmuocmis 3uaienui x, = xy, z;=z

(1 Npu IMuUX 3HAYEHUSX) HeNPepLIGHBL It UMEION HenpepuleHbie HaCmHbe Npou3-
800Hbe, Komopue 6x008m 6 coomuouwenun (245), u sce 3mu nocaeddiue coom-
HOUIEHUSL BUNOARRIONICA MOHCOLCIIBEHHO OMHOCUMEAbHO Xy, Z;, MO cucniema (244)
npu HA1AALHHLX YCA0BUSX

. —_— 0
Zj xk:z;‘o,—z‘

useem peuenue u npumos eQUHcMseHHoe.

. Tomaectaennoe Bunoanesne BCeX cooTHouicHnil (245) mpH HAIMYIH YKa3au-
HbIX YCIOBHIl MENpPepuIBNOCTH Ha3blBacTcs o0bIYHO YCIOBHCM IIOJHO MHTErpH-
pyemocTi cucteMbl (244). Onniuem Temeph cXeMy NMOCTpoeHHil rpynmosofi one-
.PaulH N rPpynHE  JHHCIHLIX nNpeo6pa3oBanifii 110 3a1aHHBIM CTPYKTYpHbLIM
NOCTOSHHbBIM.

Wrak, nycts 3anaibl nocrosuibe Cﬁ,‘z”, rne i, k, p=1, 2,...,r,npuuen 311

T0CTOsHRLIC yA0BICTBOPsOT cooTHomennsm (194,) 1 (194,).

Ecan pemntn cicreny (241) oTHOEHTCALHO YaCTHBIX IPOH3BOMIBIX, TO MOKHO
1IIPOBCPIHTH, UTO YHOMAHYTHE COOTHOIICHHS ABIMOTCH YCIOBHMMI HOIHOI HHTCC-
pupyemoctil cuetemsr (241). Takny o6pazoy, cyliecTeyer cJuiCTBCIfHAY MaTpHLa
T (Gy) ¢ saenentavu Tp0(G,) (P, g=1,2, ..., r), KoTopana ofpawmactcs B €=
HIYHYIO Martpiny npu &a=l:‘, 1. ¢ npu ay=0 (s=1, 2, ..., r), n ynosie-
TBOpsieT cuctenme (241). Muea T (G,), MBl MOKeM HOCTPOHTL I O6GPAaTHYIO Marphily
S (G) =T (G,). Las nocrpoecHus rpyniosoil onepauun obpalaemMcst K CHCTe-
me (238). Ilpasuie yacTH 3THX ypasHeHIHIl — n3Becthble GyHkN B o y5 (s=1,
2, ..., r). Moxno npoBepurb, 4To cHcTemMa (241) Bbipamaer YCJI0BIUs MOIHOI
mnterpupyesoctit cucremsr (238). Caemomareanho, CyuwlecTByer  CIUHCTBEHHOE
peuicniie cucreMb (238), Koropoe YIOBIETBOPSIET HayaabHBIM YCIOBHAM

11 fp=0 =a;

MlocTpoennoce pcuwenne i aaer rpynnosyio oncpawino. Havaasuuie yciosnsa sbi-
pamaor ToT akT, yro daevent Gy, onpeacasemsift popuy.oit (230), o6pauactes
B G, npn f;=0 (s=1, ..., r). Ilepexoaum Tenepp K NOCTPOCHHIO [PYMNIIbl
anneiinpix npeoGpasosannii, T. €. FPYNNH MATPHU 33JaHHOrO NMOPAAKA M0 CTPYK-
TYPHLIM TIOCTOMHNBIN, MpHUCM, KaK YKa3aHo BBIIUC, MLl HMEEM Yke MaTpHUy
7(G,). Kak st noxkasam & [€3], ycaosud noanoil nmrcrpupyesmocty (204) nan
cuctembl (205) CBOAATCA K TOMWIACCILCHUONY PABCHCTBY HYJI0 KBAAPATHOI CKOOKH
ypasnenna (207) npn aio6oM BuiGope 3HauKOB, a 3TH MOCIEAHHE YCIAOBHs BLI-
noanensl, Kak Mbl nokasamt B [87], ecan marpnuw /g yIOBICTBOPAIT COOTHO-
wennsy (208). Taxuy o6pasoy, peuieniie 3agayi IOJAHO HaulHATLCH C NOCTpoe-
Hia Matpuy /g 3amanioro Nopsika, yAoBIETBODAIOIIIX COOTHOMWEHHAM (208). 310
caoxuas aare6panyeckan safaua. Mses marpnub [g, Mbl MOXEM YK€ YTBEDKIATb,
yto cucreMa (205) nMeeT eanHCTBEHNOE pellenie, YA0BACTBOPAIOLLEE HAYAIbHBIM
ycaosiuam (206). 310 pewenie 1 AA€T rpynmy MaTpiu ¢ 3aAaHHBIMH CTPYKTYPHbIMI

noctommnimn Cf),



89] ’ § 7. HETIPEPHIBHBIR TPYIIIIHI 311

MoxHO NoKa3aTh, YTO HHTErpHpoBanHe cHcremu! (241) mpn HavaALHBIX yCAO-
eitax T (E) =/ cBomnTcs K HHTErpHPOBAHMIO CHCTEMb OGHKHOBEHHHX XHHEHHBIX
AnddepeniianbHpX YpaBHe Nt ¢ NOCTOARHMIME Kodpdrmuentamn. Chopmyanpyem
cootseTcTBYlOLHit pe3yastar. [MocTponm cicremy minefiHsiX 06HKHOBEHHBIX And)-
depenunabunx ypasHeHiH{l ¢ MOCTOAHHBIMH KOd({HuUHERTaMU:

r
dwip () _ (o
D)y, - 2 Cla,w,4(0),
p. g=!

riae 3, =0 npn iz£k, ¥yy=1 1 ay, a5, ..., @, CYNTAOTCA 3aMAHHLIMH NOCTOAH-
atevi. TIpir stoM oynrumn  Typ (ag) = wyp (£) yaosaerBopsior cucieme (241) n
HayaasHoMYy ycrosno T (E)==1/ TlonpoGHoe paccMoTpeHHE BONpPOCa O MOCTpoe-
HIH HENPepLIBHO!N IPYNNH NO 3aXaHHHIM CTPYKTYPHBIM MOCTOSHHBIM TaK e, KaK
I HCCIeNOBAHNE JPYrHX BOINPOCOB TEOPHH HENPEPLIBHHIX TPYMM, MOXHO HAHTH
B knure JI. C. Moutparnna ,Henpepususie rpynnst“. ' :

89. UnterpupoBanne Ha rpynne. B [76, 77] mu goxaswiBamr psAX COOTHO-
HIeHHIt, KOTOPHE COZEPIAT CYMMbl HEKOTOPHIX BEAHYHH, 3aBHUCSUIHX OT 31eMCHTOB
rPYNNel, OPHYEM CYMMHPOBaHHC pacmpOCTPAHsTOCH Ha BCE 3JEMCHTBI [PYMIHLL
B cayyae HenpephiBHO{I rpynmsl CYMMHpPOBaHIe 3aMeHSETCA UHTErPHPOBAaHHEM
Mo napaMeTpaM, ONpexeImoulM 1eMenTs rpynnsl. [loxoxuM, yTo HenpepsiBHas
rpynna G TakoBa, YTO NpH HEKOTOPOM BLIGOpE mapamerpos, 3Toft rpynne B Be-
IECTBEHHOM r-MCDHOM IpocTpancTse T, onpexenseMofl MapaMeTpaMi a;; g, ...,
a,, COOTBETCTBYET OrpaHiyeHHast 3amkHyTas o6racts V (o6aacth BMecTe ¢ ee
rpaumueii), Tak YTO BCAKOMY 31eMeHTy M3 (F COOTBETCTBYCT onpelenennas Toy-
ka V u nao6opor. Buytpn obaactu V dynkusn ¢;(3y, ..., B 2y ..., ), onpe-
aerqouHe TPYNNOBYI0 ONepauilio, CYNITAIOTCA HENPEPHBHBIME M JOCTaTOYHOE
uncro pas Inddeperunpyemsimn. KpoMe Toro, 3Tn QyHKUHH M MX NPOH3BOAHLIE
CUNTAIOTCA HENPEPLIBHHMII BIIOTH A0 rpaHunsl V. 3asucitMocTh mapaMmerTpoB &g,
COOTBETCTBYIOIMHX 371eMenTy (7!, OT NapaMeTpoB ag TAKKE CYMTAETCA HEmpe-
puiBHOft. T'Pynnsl C TakKHMH CBOMCTBaMI Ha3biBAIOTCA OGLIYHO KOMNAKMHLAMU.
Axs _onpelesenns HHTErpHpoBaHHA Ha TPYNNE PACCMOTPHM ONpeXeaHTeNb MaTpi-
un 8’ (G, G,) [87] n BreNeM M1st nero crenyiowee 0Go3Havenwue:

. Oyi | A
A (Gy G)=]|FE) . 246
@y G =|F| @46)
113 (243) HenocpencTBeHHO caexyer: .
A (E, G)) =1, (2479
A" (G4l E)=1' (G, Go) - &' (G E). (@41,)
O6o3navan & (Gp)=A' (Gﬁ' E), momem nanicars:
, ¥ (GoG, ;
& (G, o,)=Tf(g;-)-?. 248)
a.
Orciona, npunusas Bo BunManne, uro ¥ (E) =4’ (E, E) =1, noayuaem:
1
& (G, G) = . 249
G @) =¥y A

Beenem eile oAHO o6o3nayexue:
u (G) =& (G, G). , (250)
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B cuny caesanumx Buie npeanosoxenstit o' (G,) ccTn nenpepusnas Hynkuna
B 3amKknyTOh o6aactn V. Ona ne o6pawmaeics B nyab, u6o

1 r r
u' (Ga) =1 (Ga) - A (Gal E)

eCTb Takke HenpepuBnas ¢yuxuns. [Tlpunumas so sBnumaune, uto ' (E)=1,
MOXEM yTBCDXAaTh, uT0 4 (G,) n ¥ (G,) — noaoxuteasnuie Gynxuim. To we
MO¥(HO YTBCPHKJIaTh, B ciay (248), n otHocnteawno A' (G, G,).

Mycte f(G)=Ff (ay, ..., a,) — n106an HenpepsiBuas B 3aMKHYTOH 067acTi
V dynknns.

Ounpeacanm unterpax or s1olf dyukuun na rpynne G dopmy.oi:

{f(G)dG, = &f (@1 +oes 2,) 0 (G,) da, ... da,, (251)
J \

rAc HHTCrpas, Croxwnil cnpaea, ecTh 06wyl nuterpaa no o6aactu V. [Hoka-
HCM, YTO TaKoli unTerpan o6aanact cAeAYIOUIHM CBOIICTBOM J1eBOI HHBAPHAHTHOCTIN

(};f (G,) dG, = 5) £(G,G,)dG,, (232)

HAN B KOOpAHHATaXx

VA vy a) w (G dada, =\ F (3 ooy 1) 0 (G doy .o dzy,  (233)
14 1%

rac Gg— mioGoi Quicnposannpii saement rpynnst G. Jlis 10ka3arcancrsa 3a-
MCHUM B HHTCTPaxe, CTOMWCM B aCBOI yacT, nepesentuii saement G, uepe-
Menppm  aaementoy @y, noaaran G, =G G;, upnyeM o6racts U3MCHCHHA
napasmcipos &y, ..., ¥, no-npesneny V. Onpercautean npeoSpazosanis 6yI1eT
Oa; v A (G, Gy = ¥ (G;G:) _ fl' {Ga) — U: (Gy) ,

Oay |y k V(G  w(GG) (G
W Mbl TIOAYYIIM:

gf(a,, veey ) (G day ... da, —
v

f @y s e w G gg; &y s, =

e Ly

ESS A f(GﬁGZ) (166'

[}

310 u copnanaer ¢ (253). 3amena B npasoil yactu G, na G, HecywecTBeHHa.
Ananornyno CTpONTCH IpasonHBAPHAaHTHENT unTerpai. Bsexes onpeneantens
Matpunb S (G, Go): :

2@, Gy =) (2549)
v B. 1
Kak o suwe, nMeesm:
A (G, E)=], '
) (E: Gﬁca) =4 (G";r G,)A (Ea G@): (.)_q:.))
4(G,, G =2Gr. Go) i -
é L (Gf-,) ! J
re 3 (G,)=A (E, G,). Beonutcs noaoxnteavhan (pynxuis
— 1 — —1 (3 2N
4 (G =75y =4 (G G2, (236)
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1 puTerpan onpefenserca ¢popmyaoft: .
§f @1y woes ) 4 (G,) day ... da,= (£ (G,) G, (257)
4 Q

Boana cBepxy 3Haka Ingdepenunana oTanyaeT STOT HHTCrpaa oT uHrerpana (251).
[Tpyn 9ToM nMeeT MeCTO CBOfCTBO mMpaBofi HHBapHaNTHOCTH:

{7035, = y (G.G,) TG, @58

Hokaxem Teneps, yto 3aMcHa G, wa (7' noa 3HaKOM NOAHNTErpaibHoit

GyHKUMH Biaeyer npeoGpa3oBaHlC N€BOMHBAPHAHTHOIO HHTErpajla B NPaBOMHBA-
puantinii 1 obparno. dnubdepenunpyem pasencrso G, = U,Gy, 3anncannoe B
napaMeTpax, no ag, NPHYEM BO BCEX AaabHeliluux dopmysax Mu cuntaeM Gy=G'

o
day

r

N . WO 63

OAy Obs 07\, \"
6lk BE ) 01k
s=1 .

=0, otkyna ‘(‘%:I’—_—(_—l)r\éé;
1

’
1 1

B, npHHEMan BO BHHMaHne (246) n (245), noayuaem:

B |7 _ 4G, G2 1 (Gy)
o | =TV TE e =T wEn @9
Moxuo aatb npyroe mpeicTaBicnne storo onpeneanteas, M3 paBeHcrsa
98 |7 | 9o l'_1
af‘kx O 1
cieayet G
Oa; |7 u (G
k| = (=1 — 2 260
ol =V TG (260)
uau, menas mectamu G, n G7%;
03 ) u' (G,)
o | =V oGy G (261)

O6pawaemca temeps k uHrerpasad. Cosepiuas oGeiyHHM 06pasomM 3ameny
nepeMenHbIX HHTCIPHPOBAHNA, NOJYYHM, nOab3yach (260):

gf(an_ ey 0 ) (@) day ... da, = ‘S/‘f(gu vy .§r) u (G,
1%

dai 4 o
o | =

= gf(ﬁl, veer B) 0 (G) %Sda,...dp,.

Vv -

Coxpawas na u' (G,) W samenss nepeMerublil snement G, MCPEMCHHBIM SICMEH-
T0M (,, NOaYyYHM:

§f G ooes 8) 2 (G,) day ...da, = S/f(a,, ey 0,) U (G,) day ...da,. (262)
) :

CoBepuleHHo TaK Xe, NpuHHMan Bo BuuManpe dopMyay (261), monyunm:
$f @ oy ) 0 (Gy) dog o da, = éf(al, ver; 9,) 1 (G,) day ... da,. (263)
v .
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Mo cux mop Mbl HC HCMOXb30BAAH KOMNAKTHOCTH rpynmsl. O6xacts V smoxer
OuiTh H Geckoneunofi. Ho npu stoM HaZo npeamoaarath QYHKUHIO f (g -.u, @)
TaKoit, YTo BCE HANHCAHHBIC HHTErpamsl HMET cMuct. Ceflyac, MoXb3yaAch KoM-
N2KTHOCTbIO, Ml JOKaxeM, uto u (G,)=u'(G,). Hra storo paccMoTpiM onpe-
Jdeanteas

D (G, o,)=\‘;—*§i g (264)
rae G, = G;'GyG,, n nokamenm dopmyay
D (G, G,.G,.) =D(G;1GyG,., G,) D (G, G,r). (265)
Mbl MOMeM Hamicaro:
G, = (G,.G,)!' & (G,.G,) = GGG,
rie G, =G G,G, ., a notomy
.\ e e
OTKyRa u caelyer (265). [Toxoxus B atoit dopmyse Gy=E, noayuuu
DE, G,.G,)=D (L, G,)D(E, G,). (266)
Ecair Mu BBCZeM uicacunyio ¢yUKUHIO 3aemenTa:
' 7 (G)=D (E, Gy, (267
T0, B citay (266), MoxeM Hanucat:
(G, G,) =7 (Gpe) % (G), (268)

T. . HCPEMHOMKENHE 3IeMEHTOB 03Ua4acT yMuomele COOTBCTCTBYIOLIHUX 3HAUC-
Hitft dynxunn v (G). Mo uMmeem, oyeBuauo:

T (E)=1un % (G,) % (G =1, (269)

u Qywkuua v (G,) nenpephHBHA M NOIOKHTCIBHA B 3aMKHYTON oGxactu V.
Hcnoan3ys KOMNAkTHOCTL FPYNNBl, J0oKaxieM ceiiyac, uto v (G,) =1 Zaa ao-

6oro sacmenta G,. IMoroxnM, YTO Aas HCKOTOPOre 3saeMenta G, MBI HMeeM

% (G,) # 1. Ecaw, nanpumep, 4 (G,) < 1,108 cuay (269): 7 (GY) >0, 11 Mbl MOseNM

cyiiTaTe Beeraa, uro v (G,) > 1. Tlpu stom
(G =[5 (G))" — o npit n— co.

10 MPOTHBOPEYHT TOMY, YTO HeNIpepuBlAA B 3aMkuyTofi obaactu V dyukuus
1(G,) noakuna GuTs orpanusennofi. [lepexolim Teneps K YCTaHOBICHHIO CBA3M
sexny u (G, w o (G). Nycrs

G,= G‘;Ga= art (GIGB) G = G;l(l‘,Ga (Gp = GaGp).
Mur mucea: s
: oulr

Ho, c apyrofi cropous:

‘1‘_‘= o
O3k 1 i 0pp

r

0p;.
g3

,
[=0@, 6y @.ap,
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T, €
A (Gﬁl Ga.) =D (Gaaﬂt Gu) iy (Ga» Gﬁ)'
Nonaras Gz= G;', noayuum:
A (G;l’ Ga) =D (E, Ga) A (Gar G;l)l
T, €.
u(G;)=1(G) v (G;") wm u(G)=uw (G

npu mo6om G,, 160 1 (G,)=1. Taknm 06pazoM nIn KOMNAKTHHX T[PYNN XeBO-
uHBapHanTHHI HHTerpas (251) coBnanaeT ¢ NPasoOHHBAapHaNTHLIM HHTErpanoM (257).
Kpome Toro, n3 (262) nan (263) caeayer, 4To 5TOT HMHTerpan COBNalaeT TaKHKe

C HHTErpaaoM R
Q}f(au vee s &) U (Gy) day ... da,.

Jlaa HeKOMNAKTHHX rPYNN JAeBOMHBAPHAHTHBIA HHTErpan MoOeT GLITh OTIHUYHHM
OT npaBoMHBapHaHTHOTO. B KavecTBe npumepa paccMoTpnM rpynmy auuefinbix
npeo6pasoBannit BuAa:

ot
Z=etiz-fay,

rae a; ¥ a, MenfATcA oT (—oo) a0 (-oo). B nannoM cayuae r=2u.Vecrn
BCA naockocTb, KoMmosnuua aByx npeoGpasosannit naer:

2 = g™z ag z"=e'e’z’-—]—ﬁ,; 11=9 By, Bos a5, ag) =Ph; -+ a,;
T. €.
2" =ePrtez L (P10, - py), Ta==¢s By Bes @y, @) = €13, -0,
Eanniunomy saeMeHTY COOTBETCTBYIOT napaMeTpu a, =— ay=—"0. Daemenr G;1

HMEeT NapaMeTpH &, = —a;, d,=—a,¢ 1. BuyncanemM ¢QyHKUHOHAIbLHHE ON-
pereauTems:

1, 0
¥ (Gy, G = | o' |6 Y Go = G =75

ag
A(Gﬂ, Gu)———- :)’j a!

=1;3(G)=u(G,)=1

J]eaommapnaumun HHTerpan meer BRI

“+ o o0
§ § 7@, a)e™1dayda,

~= 00 == 00
-

H NPAaBOHHBAPHAHTHLIN HHTErpam::

+-00 -} o0
S S f (a4, a5} da, da,,

— 0 —ow

OTMeTnM, yTO NpH J0OKa3aTeabCTBe PaBEHCTBA NPAaBOHHBAPHAHTHOIC W JEBO-~
HHBAPHAHTHOrO MHTErpanos, 1. €. paseHcrsa u (G,) =u’ (G,), Moxxno TpeGoBanne
XOMNAaKTHOCTH IPYNNH 3aMEBHTb APYrHM TpeGoBanmen.

llycrs G’ — noarpynna, cocrogmas us saeMenToB (5, KUTOpbie NMEIOT BHI:

GaGpGa "Gt . (270)



316 T/, Ill. OCHOBA TEOPUH TPYIIIT {90

HAK 00IY4aoTCa M3 TAKUX 33CMCHTOB HyTeM HX NCPCMHOWCHUA, npliveM Ga 14
Ga—mo6uc aaemente G

Herpyano sumets, uto ecam HCKOTOpPuit 3xement @G, coaepiiics cpem
‘sacmenton (270), To i oGpaTHbIl 3TEMEHT G;‘ COACPKHICA cpeant daeMentos (270).

Toyno Tak we u saemenr Gji@ G,, npin awbom subope G, s G, coxep-

®HuTCa cpean 3aesmentos (270). Muadve rosopar, yro noarpynna G’ nopoxiaercs
sacMentamu (270). M3 cxkasannoro Bshwuie caeayer, yto G' ABIACTCA HOPMAABHBIM
AeautcaeM G. Tloarpynna G upHBOMMICA K CAHHHYHOMY 916MEHTY B TOM H TOIbKO
B TOM cayuae, ecau Bce 3aemeutst (270) CYyTh eAUHIYHLIE 2I8MENTH, T. €. B TOM
It TOALKO B TOM cayuae, korda (G ccTb aGeacsa rpynna. [loarpynna G’ moswxer
i cosnagats ¢ (. B uwactuocti, sro Gyzer umers Mecro, ecanw G ecth ue
alGeacesa, npocran rpynna. [Moarpynna G' Ha3wBAaCTCA OOLIYHO  KOMMYMAHMOM
rpynnu G.

W3 onpeneaenna  (268) u (269) caeayer, uro (GG G;‘Gg‘):l, 41O
1 (G ) =1 nas scex G, u3 G' u y10 4 (@,) sMeeT OJUHAKOBOE 3HavenHe Aaa
BCEX 3JAeMCHTOB, NPHHALICKAUIX OAHOI ¥ TOH ke COBOKYNHOCTH mo rpynne G',
T. ¢. 4T0 QYHKIWA 1 ((7,) HMEeT OnpeacacHIOe HANCHIIE I BCAKOrO 3;ICMCHTA
nonoanuteabuoit  G' rpynnel. Ecauw @ cosmajaetr ¢ G, 1o % (G,) =1 npu
ao6om G, 13 G. To we HMCET MECTO, eCait YHOMAHYTAA BMUIC AONOAMMICALUAA
rpynna xomuaxtua. Ho pas

7 (G)=1, 10 u(G)=u (G).

60, CnoiictBo oproronanannoctu. NMpusmepsl. Cooiictso wnpasofi i aeBoil
HIBAPHAKTHOCTH HHTEIPATA ANAJTOCHUHO B CIyYae KOHEYHLIX FPYNIl TOMY CBOil-
Cipy, uTO Npu nepeMeHuom saemente Gy M QukcHposannow dxesente G, upon3s-
seacine GGy iy Gu(g upoGeraer 1O OJNOMY Pa3y BCE SJEMCNTL TPYOILL
JruM CBOMCTBOM Mui TOIL3OBATNCL NPH JI0KA3ATEILCIBE TOTO, HT0 DBLAKO®
HPCACTABACHHE [PYNUL IKBIBAICHTHO YHUTAPHOMY [PCACTABACHHIO M UPH AUKa-
3aTCALCTBC CBOKCTB oprorouaibHocTi. [10aL3YACH HHBAPIAHTHLIM HHICTPAIOM,
MOXHO JOKa3aTh aHAAOTHYHBIC [IPENIOKCHHA H AIA KOMIAKTHWX rpynn. Ecan
A (G,) — yuutapisic MaTpHUb!, ZOULHE HCMPHUBOINMOE AHKelinoe npeicTaBienue
koMnaxTnolt rpynnut G, 1t B (G,) — yunrapibte MaTpHIlH, JAIOUIHE HEIKBIBAICHTHOC
HENPHBOANMOE NpeacTaBIenle, 10, 06003Ha an, KaK BCErJA, ABYMA 3HAYKAMI CHU3Y
3JACMCHTBI MATPHIL, Mbl 6YACM HMCTb Caeayouiite GopMy.Is, BHpPAkaOUe OPTOro-
HAJILHOCTL HE3KBHBAJICHTHHLIX HEMPIBONMMBIX YHHTAPHLIX NPCICTABICHHULL

{14@)ij (B @ Tu 1w (G da .. dz, =0, - en)
) :

Haa 0211000 HEAPHBOIUMOTO NPCACTABICHIUA [IOIYYIM

| 44 (@1 (AT 0 (G 3, . da, =" 5 4(G) doy .. dz,  (72)

14
rie p— nopagox Matpui. Touyno Tak e 474 XapakIcpos:
p 9
X(@)= ¥ {A G X(G)= D {B@G)hn
i=1 i=\

rae p i g —nopaaok matpun A (G,) u B (G,), umeioT MecTo caeaymougie csoﬁc'raa:
§ X(G) X(G) u (Gy) da, .. d2, =0, (273)
V

[ X (G Ko Gy oy oy =] (G dy @14)
17
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1. Tlepeiinem x paccmorpennio npumepoB. Ilyers G—abeacsa rpynna
BpaWenns NA0CKOCTH BOKpYr Havaaa. Jte Heer==1 1 eanncTBeHHLIt napaMeTp a
JaeT BEINYHBY yria nosopota, ByaeM cyntarth, TO a NPHHAAZCKHT NPOMENY-
Tok (0, 2%), NpHYEM KOHUEI 3TOrO NpPOMEXKYTKAa OTOMnecTBAsloTCAa. [locaenosa-
TeabHbl€ BPAMIEHHA HA YIAW a il f NPHBORAT K Bpamchmo Ha yroa B a, npuyem,
BHIUNTaA, CCHH HaNo, 27, MbH JOMKHK NPUBECTH STH CYMMBI K YKa3aHHOMY npo-
MexyTKy. B paccmarpitBacmom cryyae dynkunonaasiue onpefeantean A (Gg, G,)
n A" (G, G,) csopatca x npoussoanofi o1 B~-« no B mam «, pasHoit emuhime,
Tax y10 u (G,)=u'(G,)=1. Mu 3naeM, uto rpynna G HMCET HCNPHBOANMEIC
YHUTapHHE NpelCTaBaenyus Nepsoro nopsamka €™ (m=0, =1, +2,...), u dop-
Myan (357) u (338) nawor nasecrnnie HOpMYan:

2z 2z
Q eim;ueim:;a da = (S ei(m, —mg) 8 g — {0 npu m, # mg' (275)
A 2% npu m;=m,.

0

OTMeTIM, YTO B CIIY 1HCOGXOAMMOCTH NPHBCACHHA CYMMb B-}-a K NpOMEXYTKY
(0, 2z), MuI 3MEEM HCKOTOPYIO OCOOENHOCTbL B HENPEPHBHOCTH M ONMpeaeaCHIN
IIPON3BOJHKX 9TOfl CYMMB B TE€X CayyaaX, KOFla Iis a W B, Jexawmx BHYTPH
npomemyTtka (0, 2n), cyMMa oxasbiBaeTca paBHofi 2=, :

2. PaccMOTpHM rpynny BpameHHA TPEXMEPHOro MPOCTPAaHCTBA 1 NPHUMCHIM
napaMeTphl, HECKOIbKO OTAMUHBIE OT T€X, O KOTOPHX Mbl rosopuan B [84].
TycTts NpocTpancTBO MOBEPHYIOCh HA Yrol ® BOKPYr OCH, KoTcpas ofpasyer
Yran a, 8 0 ¢ ¢ ocamyu xoopamnar X, ¥ u Z

Beenem uetbipe napaMerTpa:

w; @3 =cos 1 sin L8 o, (276)

1 .1 1
a,= €08 5 ©; @y == COs a §in 5 ©; @, ==cos f sin 3

2 2 2
OHH CBA33aHH COOTHOLIENNEM

a3ai-}-a3taj=1. @17)
ExunignoMy npeo6pa3oBaHuio COOTRETCTBYIOT 3naychusaay=1,a,=a,=a;=0.
Mar MOMeEM DPHHATH 4, 0y, a, 32 napaMeTpy. [1pi 910M @, cuntacrea ux Gynknueii.
Ecxait npon3secTH NOCAERAOBATEALHO BPALICHHA, ONpeRe’ieMue NMapaMeTpaMi
(aq, ay, oy az) U (by, by, by, b;), TO NapaMeTphl pe3yabTHPYIOWIEro Bpamenus

(¢oy €1, €2, €3) ONPCACAATCA, KAK HETPYAHO NpoBEpPUTH, GopmyTamit
€= ayby — a,b, — asby— a b, s == a,b, —~ a,b; 4 asby - a,0,,
¢, = aob; - 8,0y -} a.b; — a;b, €3 = agby + a,by — a5, }- s,

Cunras a, dbyexunefi g,, a,, g, noayunm, B ciay (277):

da .
00'07;‘*‘0/:0' =127,

(278)

day . :
otkyna -—"=0 naa E. Iloab3yscy STHM, MH MOMEM 4€rKo COCTaBHTL QynKnno-
Oai - . .
HaIbHHIl onpenemnreas npH by=1, b, =b,=b,=0:
a, —a as
D (¢y, €5y €5)
— = 0 == a. a, —a,|=a,(a2}a?t+al-t+adH)=
D(b“ b,, bs) 3 0 1 0( -l+ |+ 2+ s)

|—a e a

=”o="/l—-0f—a§——a§.
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Wupapuantueifi HHTerpans uMcer BHI

gf(au as, a,)

1

Vi da, da, da,. (279)
AR ot i TR 4

O6aacte V ectb cepa © ueHTpoM B Hayaie KOOPAHMHAT M DPAaJHYyCOM eINHHHUA.
OtmernM, YTo Gopmyan (278) HenoCpedCTBEHHO NOAYYAIOTCA 13 NPABHAA YMHO-
KEeHHHA KBaTepHHOHOB

o~ el -] - ek = (8, + a1i - a5j - ayR) (by-1-0,i - b,/ -1 B,%),
npuyeM CAMHIUBL {, j 11 2 MOAYIHAIOTICA CACAYIOWEMY 3aKOHY YMHOMEHIA:
B=p=kt=—1; ij=—ji=bt jh=—kji=l ki=—ik=].

Herpyauo ycrauosits csa3b MexAy napamerpaMmut (6,, 4,, 8, 4;) I yraamu
dfiaepa a, B, 1. Mpusenem coorsercrsyouye GopMmyab:

1 1 N TP | X
ao==cosiacos72-(a+x); a,=sm§-ﬁsm?(1—a);
L1 i . IR P |
a,=sm?flcos—2- y—e) a;.—c03,—2—55m 7(1—]—1),
Hupapuantustii uurerpat B napaMerpax (x, 3, 1) 3aMUCHIBACTCA NP STOM B BILIe:

{7 b singsi  a—p daazay, (280)

npiuues 0o <27, 0<<B<x, 0=<y<<2z OrMeruM, uro B nuterpaze (279)
dynxuma i 1

4 VYl-—ai—ai—a}

ofpaigacrca B GecKOHEUHOCTb, €CIH w==. JTO CBA3AHO C TCM, YTO B dopMy-
1
aax (276) naa ay, a;, @, BMECTO ® CTOHT Sin - . OrMeTHM B CBA3M C 3THM, YTO

1e CBOfiCTBA, O KOTOPHX roBopiioch B [89] B cBA3N C onpede’eHiueM KOMMakT-
HOCTH, HOMiHBl ObITL BHIMOIHCHB! JTHIUBL NPH HEKOTOPOM BuiGope napaverpos. Tpu
nepeMeHc 11apaMeTpoB 3TH CBOICTBA MOLYT yae moreparbca. Kpose Toro, a1
rPynnsl BPAU\CHUA TPEXMEPHOro MPOCIPaHcTBA GYAET JMeTh MECTO 0COGEHHOCTH
B enpepuBHOCTH H onpelelcHiH IPOH3BOIHLIX, O KOTODBIX Mbl yuie YIOMUHAMI B
KOHIe NEPBOro NpHMepa B CBA3N C TPYNAOiT Bpal(eHHA IIOCKOCTH BOKPYT Hayaia.

OTMmeTny  ewge, 4TO COBHAXEHHE WUBAPHAHTHHMX IHTErPATOB XXA rPymNnbi
BPAWEHHA MPOCTPAHCTBA MOMXET GbITh HCIIOCPEACTBEHHO CBA3aHO C TeM, YTO 3TO —
npocran He abesnesa rpynna.

3. Jlerko HEMOCPEXCTBEHHBIM BOHIYICIEHHEM IPOBCDITL COBNAJEHHE .I€BO-
HHBApHAHTHOrO M MPaBOMHBAPHAHTHOrO HHTErpara 11arpynnu Jlopenua, koropas,
KaK MBl Bufead, romomopdua rpynne amnefinux npcobpasonaunii ¢ oupeaeai-

1edeM erHnyua: . .
X=Xy 4 a, Xy,

e T} @a—am =0, (@s1)
27— oAy 32

EHHIYUOMY 3JZCMEHTY COOTBEICTBYIOT 3HaueHua ag,=da;=1, g, =a,=0.
Moxuo cunrarh @, dynxusefi a,, 4;, a; ¥ NPHHATL 32 NapaMeTPhl BELLCCTBCH-
HbHE H MHHMBlE YacTH BeaHylH 4y, g; u a,— 1. Tpynnosas onepausa coautca
K YMHOXEHHIO MATpHI{l BTOPOrO IODAAKA, I Mbl IIMEeM:

Co==boty+010s, €, =000, 4-bay C3==0,a,-}- 0485 cy=0;0,4-bea,.  (282)
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Ecan nonowntb ap=q,--la; (=0, 1, 2, 3), ro napamerpamu rpynnsl 6ynyt

P e s ’ P ety
a’, a;, a, af, e, ar. Monaran naxee by, ==B, iy 1 ¢, =1, ~{- iy}, Mot Ras onpe-
Jlelenns HHBaDPH2HTHOIO HHTErpaza JMOMKHH BHIYHCIHTH QYHKuNOHANLHHE onpe-

JEeAHTE.IH:

D(T;:Té»?:;:'”a 7;)75) r__‘r___ ,_._ o7 __ N A —
D@, B b By B, 5 T RSB =R =R =B =0 p=1

181}

D (11 Y20 Tos 10> 125 75)
N D (ax': a;: ag, ai’, a;, ay)
npHyeM Hecyuecrsed TOT GaKkT, 4TOo @;==1, 2 He HYMO A1a TOXIECTBEHHOro

npeo6pa3oBanua rpynnul. B 060HX €IY4aAX MH NOIYuaeM ONMH H TOT Xe HHBa-
pHaHTHH{ HHTErpa:: .

’ ’ . » » 1 ’ * ’ » ” ”
Sf(au o @ oL, o, o) grae A 4o daj, do] dof du. (289)

npH @y=ay==of =af =af =0; ¢;=1,

O6aactb Vectb noaHoe umiecTHMEPHOE NpocTpancTso. CoBmalenye HHBapPHAHTHBIX
HHIErpaIoB CBA3aHO C TeM, uto AadA rpynnel (281) moxrpynma G, o6pasomannas
NPOH3BOAAILHMH 9JIEMEHTaMH GaG G;‘Ggl, 0 Kotopoii Mu rosopuau B [89], cos-
nafaer ¢ camoft rpynnoil. Herpyano nokasarb, neficreureabHo, uto G He cBo-
ZNTCH K TOMIECTBEHHOMY Tpeo6pasoBaHHI0 HIM K HOPMalbHOMY AeanTtemo, o6pa-
3oBannoMy 3xementaMu E n (— E). Pakruyeckoe suyHcIeHNe NIOTHOCTH B HHBaA-
puanTHOM mHTerpane (283) MOXHO NPOCTO NPOBECTH HAa OCHOBAHMUIl JCMMBI, B
KOTOPOIl HCMOIb3YEeTCR NMOHATHE aHAANTHYECKO! (YHKLIH HECKOJIbKHX KOMnjexc-
HuX nepeMenHnX (cM. raapy IV Bropoft yacTH 9TOrO TOMA).

Jdemma Iyems wy=u;-tivg (x=1, 2, ..., k) cymbv aHarumuyecxue
PYHKYUN KOMNALKCHBLY NepeMEHHNX Zg= X} iys (=1, 2, ... ,R). [Ipu smoxm
PYHKYUOHANbHOG onpedeaumend @ynrnud (1,0, ..., UpUy) NO nePesMennbmn
(X0Y1y <eo s X5,Yk) Dasen kgadpamy MoO0yast GYHKLUOHAALHOZ0 onpedesumeanst
dynrgui no (0, ..., Wg) N0 NEPEMEHHUM (21, «..y 2Zp).

Mu nmeeMm (cM. raasut | 111V Bropolt wacti storo toMa)

011,' _0’0,’ . 0‘0; — au;
0xp~ Oyp’ Odxp oy’
11 MOXeM Hanucarb:
G by 8 by .. ar by

D (1, D4y env s g, Up) —by 8y —by; 5 . — by A

e ® ¢ o 4 s 0 2 o s e s e e s e e o s

D X ey X, ) - ’
(X3 Y1s 000y Xp:¥0) apy bpy  Gps bps ... app by

—bpy Gy —bre Gpy..c —bpp app
a _0u,~ . _@&
ik"“axk, zk—dxk.
Jo6arasna k KWNOMY HeyeTHOMY croabuy uernmil, yMHOXeHHH{1 Ha l,noxy-
UM Onpe.ue.'nne:lb:

rie

€11 by €1z bys oo Cp by

icyy ayy U6y ays oo ey, agp :
cecerinnenenaeene | (cr=ap-tiby).
Cky br1 Cha Dps oo Cpp brp

iChy Gpy iChs Org veu iCky app
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Haxee, oTHHMAA OT KaXAOH YCTHON CTOPOHB CTPOKH HEUETHYIO, YMHOMKCHHYIO
Ha {, noayuus:

e by € by e 0p b

0 ¢y 0 ¢ 000 O 4p

et bryi Crs Dpg oo Crp bie
0 ¢kt 0 Chyove 0 Cap

Buttoca #aieso Bce HeueTHele CTOAGUW M HABEPX BCC HCYETHBIE CTPOKH,
Gynem HMCTb: :
€y Cya een Cip by bie ol b
Cop Cog eos Cop by Doy oo bap

Chi Cha oev Chi bpyp Dpsooo Dpa

0 0 ... 0 ¢ €pgeee € I?

L R R R R S S S S Y

0 0 ... O Cpy Chgoeee Cap

OTKYAa B CIeaycr

cll eae Oopp C“ By cxk

RIS I T

D (ugy, vy oy Uy Uky) -
D (xll Yiyeees Xk,_)'k)

A D@y ) P
- U(Z‘, veey zk) '

.

Cly ooe Chk Chy «e- Ckk‘

Mepexozus & suyucacuun Ppyukuun ¢ (G,) 8 uNBapHanTioM unTerpaic.
Jan 31010, COrdacko aeMse, Halo0 BHIMUCINTL QYHKUUOHAILHWIT ONpeleaHTCIn:

D (e,, €5, ¢3)

_—_— = == 1, =, = 284

D, b, by npu by==0,=1, b,=0b,=0 (284)
nau

Dy, e c) npu ay=a,=1; a,=a,=0. (285)

D (a4, a;, a,)

W3 cootnowenuna a0, —a,a, =0 cacayer:
da, da, da,
—aytay—=0, —a,-}a;,5-=0, a,-4a,-~=0.
2+ ’()(ll ’ l+ 3 daz 4 0+ 3()03

Haace mmeeMm:

de, doy de,
A T %, =

Ocy _, da,, dey, _, O3y dey _, da,
Ez‘,"”*oT,' duﬁ_‘b’da;*—b” day,  “*da,’
dey, _ ., dey dey
da,—bz’ da, o da =bs,

oTKyMa 1 caeayer (283). Tor #e pe3yanbTar Mel HOIyyuMm H Ha ocHoBanun dop-
myaw (284).
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