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[Ipepucnosue K Tperbemy uanganuio

[epBble ABE r1aBbl KHHIH CHALHO NepepaGoTaHbl I 3HAYNTENLHO PACHIH-
pensl, JloGaBieHbl pa3fensl 06 3/7eMEHTAPHBIX METOAAX HHTErpIHpOBaHHS
{0 nnHeAHBIX OAHOPOAHLIX H HEONHOPOAHHLIX YPaBHCHHAX MEPBOro MOpsjka,
06 OAHOPOAHBLIX H KBA3HOAHOPOJHBIX YPaBHEHHSIX), O JIHHEHHbIX If KBa3MIH-
HeilHbIX YPaBHEHHAX C YACTHLIMH NPOH3BOAHEIMH NEpPBOro mopsaka, o6 ypas-
HeHHsIX, Hepa3peleHHbIX OTHOCHTeIbHO IIPOH3BOAHLIX, H 0 Teopemax Lrypma
0 HyJssix JHHefiubx ypasuenufi Broporo nopsiaka. Takum oGpa3som, B HoBOE
H3JAHHE KHHMH BKJIIOUEHH BCe BONMPOCH AeHCTBYIOLIEl IpOorpaMMel MO TEOPHH
OOLIKHOBEHHBIX AHddepenLHanbibX YpaBHeHH.

Hanaras cneunasbpuble TpHeMbl HHTErPHPOBAHHA, AaBTOP - CTapaacs
BCIOJlY BLIIBJISITb FEOMETPHUECKYIO CYLUIHOCTb pa3GupaeMblX METOAOB H MOKa-
3b1BaTh, KAK 3TH MeTOAH! paGoOTaloT B MPHJIOKEHHAX, OCOGEHII0 B MeXaHHKe.
Tak, n1a pewenus JHHEAHOrO HEOXHOPOAHOTO ypaBsHeHHA BBOAHTCH §-QyHK-
LHS W BbUNCAfeTcA 3anasasiBaoiian ¢ysxknua IpuHa, KBasHOAHOpPOAHLIE
ypaBHeHHS NPHBOAAT K TEOPHH MOAOGHSA M 3aKOHY BCEMHPHOTO THArOTeHIS,
" a TeopeMa o AnddepeHUHPYEMOCTH pellleHHs MO HauaJbHHIM YCIOBHAM — K
HCC/IE/IOBAHHIO OTHOCHTEJBHOrO ABHM(EHHsI KOCMHY2CKHX Tel Ha GJH3KHX
opOHTax. :

ApTop no3poaun ceGe BKAOYHTH B 3TO TNPEJHCIOBHE HECKOJbKO
HCTOpHUYeCKHX = oTctymuienuil. [Inddepenunanpupie . ypaBuenns H3o6pe-
TeHsl Hbiotonom (1642—1727). HbloToH cumran 3T0 cBoe n3oGperente
HACTONBLKO BAaXKHHIM, YTO 3alIKPPOBAJ - €r0 B BHIAE AHATPAMMBL, CMBICT -
KOTOpPOH B COBPEMEHHBHIX TepMHHAX MOXHO BOJABHO TepefaTbhb Tak:
«3aKOHB MPHPO/L BhIpaxkawoTcs AuddepeHHATLHEIMI YDPAaBHEHHAMID.

OcHOBHBIM aHaNHTHYECKHM JocTiXKeHHem HbioToHa GbliI0 pa3jiomkeHie
BCEBO3MOMKILIX (YHKIHIA B CTeneHHble PAAB (CMBICJA BTOpO#, ANnHHON aHa-
rpamMmul HbloTona B ToM, YTO Ai1A peuleHHst J1060ro ypasHeHHs . HYXKHO
NOACTAaBHTb B YypaBHEHHe PAMN H NPHPABHATH WIEHH OJNHAKOBO{ cTeneHn).
OcoG6ennoe 3naueHne HMeaa 3/1eCb OTKpbITas UM ¢opmyaa Gutoma Helotona
(pasyyeeTcs, He TOABKO € UEJIHMH NOKa3aTeIsIMH, A/ KOTOPHIX (opMyay
3Han, Hanpumep, Buera (1540—1603), 1o H, 4TO 0COGEHHO BAXKHO, ¢ APOGHLIMH
i OTpHUATE/NbHLIMH NoKasaTesnsiMH). Heloton pasaoxua B «psan Teiaopa»
BCe OCHOBHbIE 3MeMEHTapHHe (YHKUMH (palHOHAJIbHHIC, PANHKANBI, TPHTO-
HOMETPHYECKHE, IKCNOHEHTY H Jorapudm). 10, BMECTE C COCTABJACHHOI 1M
Tabauuel nepBooGpasHEIX (KOTOpasi mepewsia B MOYTH HCH3MEHHOM BHIC B
coBpeMenHble y4eGHHKH aHaiH3a), MO3BOJNANO eMy, 10 €ro cloBan, Cpab-
HHBATb IVIOIAAH JIIOOLIX (HTYp €32 NOJOBHHY YeTBEPTH uaca».
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Hbloton ykaseiBad, uto Ko3(¢QHUHEHTH €ro psijoB NPONOPIHOHAJLHBI
nocaeA0BaTeJIbHLIM NPOH3BOAHBIM (YHKUHH, HO HE OCTAHABJHBAJICA HA 3TOM
noapo6Ho, TaK KaK OH CNpPaBefJIHBO CYHTAJ, UTO BCE BbIUHCJEHHA B aHaJH3€
yao6Hee TNPOH3BOANHTbL He NPH MNOMOWH KpaTHHIX JaHddepeHuHpoBaHHH,
a myTeM BbIUHCJCHHA NEPBLIX wieHOB psaa. Jdas HeoTona cesiab Mexay koad-
$uuneHTamMHn psaaa 3 NPoOM3BOAHLIMH Oblia CKOpee CPEACTBOM BLIUHCJEHHSA
NPOI3BOAHBIX, YeM CPEACTBOM COCTaBJeHHS psiaa.

Oaunm 13 BaxHeHwnx poctixkennit Heblotona sisasiercss ero Teopus
CoONHeyHON CHCTeMb!, H3J0XeHHasn B «MaTreMaTiHuecKHX Hayajaax HaTypadb-
noit ¢uaocodpun» («Principia») 6e3 nomoulH MaTeMaTHYECKOro aHaausa.
O6biuno nosaraior, yro HbiOTOH OTKPLIA NIPH NOMOINH CBOErO aHatH3A
3aKkoH BceMHpHOTro TAroTcHiA. B pefictButensioctu Hporony (1680) npu-
HAJJIEKHT JIHIL JOKA3aTeJAbCTBO SIHNTHYHOCTH OPGHT B NOJE NPHTAKCHHS
NO 3aKoHy oOpaTHbIX KBaJApaTtoB: cam 3TOT 3akoH Obl1 ykasan Hbiotony
Fykom (1635—1703) (cM. § 8) u, no-BuaHMOMY, YrajniBaJjcsi elle HeCKO/b-
KiiMil_ YYEHBIMH,

- -——-———-C-«Principia»-HuloTona-naununaercs-coppenentas - puanka.-3apepLuesne —
dopMHpOBaHHSA aHaJI3a KaK CAMOCTOATEIbHON HayyHOl JHCUHIVIMHL CBA3AHO
¢ unenenm Jleii6uiua (1646 —1716). OrpomHoit 3acayroii Jleit6uiua ssaserca
TaKKe IIHPOKash nponarania auasansa (neppasi nyGJaHKalus -~ CTaTbs

684 r.) 1 aoBecuie ero aaropHTMOB *) 40 NOJHOrO aBTOMATH3MA: OH H306pen
TakiiM o0pa3oM cnocob HayunTbh N0Ab30BATLCA aHa30M (M npenoiaBatb
€ro) Juojeil, BoBce ero He MOHHMAaIOUUIX,— TCHACHLHSA, ¢ KOTOPOIl NPUXoAHTCS
GopoTbCR elie H CeroaHs.

M3 orpomnoro uneaa paGor XVIII seka no nuddepenunanbibim
ypasieuHaM Bbgeasiorcs pabotel Diliepa (1707—1783) u Jlarpanxa

1736—1813). B »mux paGorax Obl1a Npexje BCEro pa3BHTa TEOPHS
MaablX Kolebanuii, a owle1oBaTe1bHO — TEOPHA AHHellHIX cicTeM auddepen-
UHaJabHLIX ypaBHEeHHH; TNOMYTHO BO3HHKAH OCHOBHBIE MNOHSTHS JHHeilHOM
anre6pul (co6cTBEHHbIC UHCIa H BEKTOPH! B f1-MEPHOM cayuae). XapaKkTepucTH-
YecKOe ypaBHeHHe JHHellHOTO onepaTtopa J0Jr0 Ha3blBadH CEKYJsIPHBIM, TaK
KaK HMelHO I3 TaKoro ypaBHEHHS ONpeleasioTcsl CeKyJsipHble (BeKoBble,
T €. MeLJICHHbIe N0 CPaBHEHHIO ¢ FOJIOBLIM LBHXKeHleM) BO3MYIILeHHs [I1aHeT-
HbIX OPOHT cor.iacHo TeopHH Mankix koaeGannit Jlarpauxa. Beaea sa Heoro-
non Jlanmac n Jlarpanx, a mosxe [ayce (1777—1855) pazpuBaioT Takxe
MeTObl TEOPHH BO3MYIUEHHI,

Koraa Oniia poxkasaHa Hepa3apeulliMoOCTb aJjre6panueckix ypasueuuﬁ
B paankaiaax, Jlnysuiaap (1809—1882) nocTpona aHadOTHYHYIO TEOPHIO
A9 andbepeHunanbiblX ypaBHEHHH, YCTaHOBHB HEBO3MOXKHOCTb peIUEHHSA
psaa ypabuenuil (B TOM uycJe TAKHX KJAaCCHUECKHX, KaK JAHHCHNbIE YpaBiciis
BTOPOro NOpPsiAKa) B 3JMeMeHTapHEIX QYHKUMAX # KBanpatypax. [Tosxe C. Jln

(1842—1899), ananusupysa ponpoc 06 HHTErpHPOBAaHHI YPaBHeHHIl B KBaApa-

Typax, npHwWed K HEOGXOAWMOCTH MOAPOGHO HCC/IEA0BaTh rpynnsl aAnddeo-

*) Mexay npounm, JlefiGHuLY DPHHAAACKAT NOHATHA MATPHUH, 0GO3HAaYeRNE @j, @ TaKKe
Hayala TEOPUH OnpefeanTenefi H TEODHH CHCTEM JHHeAHHX YPaBHCHUH, OAlAa H3 NepPBHX
BHYHCAHTEIbHBIX Malluifi. :
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MOp(HIMOB (TO/yuHBLIHE BMOCAEACTBHH HMMA rpynn JIu) — Tak M3 Teopum
AuddepeHUHANbHBIX ypaBHeHHA BO3HHK/IA OfHA H3 HanGonee MIOAOTBOPHHX
obnacTeil’ coBpeMeHHON MaTeMaTHky, AajbHeliliee pa3BHTHe KOTOPOH GHJAO
TECHO CBsI3aHO . COBCeM ¢ Japyrumu Bonpocamu (aarebpst JIu ewe
pausite paccmatpusaan Ilyaccon (1781—1840) u, ocobenno, $lko6Gu
(1804—1851)). : ) '

Hopwiit  3Tanm " passutHs Teopun  AnddepeHuHaNbHBIX. ypaBHeHHR
Haunyaetca ¢ pabor [Tyankape (1854—1912), cozgannas UM «KauecTseunas
Teopus auddepeHuHaNbHBIX YpaBiielnil» BMecTe ¢ TeopHell QYHKI{HI KoMA-
JIEKCHBIX IepPeMEeHHBIX NpHBeNa K OCHOBAHHIO  COBPEMEHHON TOmoJoriu,
Kauecrsenias teopust AuddepeHuHanbblX ypaBHeHH, WaH, KaK Terepb ee
yaule Ha3LIBAIOT, TEOPHA JHHAMHUYECKHX CHCTeM, fiBafeTcs cefiuac HanGonee
axkTHBHO pasBusawulefici 1t nMeomell HanGosee BaKHBE NPHJIOKEHHA B
ecTecTBO3HAHHH 064acTHo Teopun nuddepeHuHa bubX ypasrennit. Hauunan
¢ kraccudeckux pabor A. M. Jlanynosa (1857—1918) no Teopuu ycrtoituu-
BOCTH [JBHXKEHMA B Da3BUTHH 5Toit obGiacTH Gosblioe yyacTie MPHHHMAIOT
pycckHe MaTeMaTHKH (ynmomsuy pabortet A. A. Augponosa (1901—1952) no
reopuu Gudyprauuii, A. A Axaponosa u JI. C, Ioutpsirnua no crpykTypioil
ycrofiunsocrn, H. M. Kpunosa (1879—1955) .u H. H. Boroawo6osa no
Teopun- ycpennenns, A, H. Konmoropoea no Teopun BoaMyiueHinil ycaosno-
nepHoanyueckux AsMxKeHuit. Paszfop cospeMeHHBIX HOCTHIKEHN(, KOHEUHO,
BLIXOJHT 32 PaMKH HacTOALWe KHUII (C HEKOTOPBHIMH K3 HUX MOXHO NO3Ha:
KOMHTBCS, HaNPHMep, Mo KuuraM astopa <JlomosHuTeNbHBIE FAaBHt TEOPHH
obbikHOBeHHbIX AHddepenunanbieix ypasnenniis, M., 1978; «MartemaTtnuec-
KHE METOAb KJAacCHueckodl mexamuku», M., 1974; «Teopus kartactpodn,
M., 1981). T

ApTop GnaronapeH BCceM YHTATeNsAM NPEABIYIIHUX H3LaHHH, COOGLNBIINM
CBON 3aMeyaHHsl, KOTOpHE aBTOp MOCTapajicd yuecTb OpH nepepaGoTke
Kaura, a Takxe JI. B. ArocoBy, MHorouncieHHsie 3aMedaHns KoTopore
€noco6CTBOBAJIH YAyUIIEeHHIO HACTOALIEro H3AaHHs.

B. H. Aproasd



[Ipeauciosue K neppomy H3AaHHIO

Ilpu oT6ope maTepnana AAA ITOM KHHIH aBIup CTPEMHJICA OMPAHHUHTLCA
CTPOTO HEOGXOAHMBIM MHHHMyMOM. lleHTpaanHoe MecTo B Kypce 3annMalor
ABa Kpyra BOTPOCOB: TeOpeMa O LblHPSAMJICHHH BCKTOPHOTO MNoAas (3KBHBa-
JleHTHas! OGHIYHLIM TeopeMaM CYLUecTBOBaHHA, eAHHCTBEHHOCTH 1 AHddepen-
LHPYeMOCTH pelleHHH) H TeOpHA OJHOMAPAMETPHYECKHX FPYNN JHHEHHLIX
npeofpazosanuii (1. e. TeOpHs JiHeliHLIX ABTOHOMHEIX CHCTeM ). ABTOpP N03BO-
Jua cebe He KacaTbeAd psija Gojee chelHaJbHBIX BOHPOCOB, OGLIMHO BKJIO-
yaeMp'x B Kypchl OOBIKHOBEHHHIX Au¢depeHUNaNbHBIX ypaBHeHHIT (3neMmeH-
TapHble NPHEeMbl HHTErPHPOBAHHS,; YPaBHEHHS, He pa3pelieHHble OTHOCHTEbHO
npou3sBoaHoil; ocolule pewenus; Teopua Lirypma — JInyBuang; ypasHenust
C YacTHLIMH MPOH3BOJHBIMH MNepBOro mopsaika). Yacrts n3 3TuX BOmpocoB
yaoGuee pa3oGpaTh Ha YIpaXKHeHHAX; NOCAeAHHE XKe IBe Tembl ecTecTeenlee
OTHOCHTb K KYPcaM ypaBHeHHIl ¢ YaCTHBLIMH NPOH3BOAHBLIMK HJIH BApPHAUHOH-
HOro HCUHCICHHA.

Bosee.noapo6HO, 4eM 3T0 OOLIYHO NPHHATO, Pa3GHPAIOTCS MPHJIOKEHHS
0ObIKHOBEHHEIX AHd epeHHaNbILIX ypaBHeHIl K MexaHkKe. Y paBHeHHe MasiT-
{HKa GOSIBASICTCS] HA OAHOMN M3 mepBbHIX CTPaHHL; B Aasjibhefiliem 3hpeKTHB-
HOCTb BBOAHMBIX TMOHATHIT H METOLOB KaKAblil pa3 NpoBepsieTCA HA 3TON NpH-

" mepe. Tak, B naparpade o nepaLIX HHTErpaaax MOsBAAETCA 3aKOH COXPaHCHHs

SHCPTHH, H3 TeopeMmbl 0 AnddepeHUHPOBaHHI NO NapaMeTpPy H3BJEKacTcs
«MeTOJ MaJoro napamerpas, a TEOpHf JHHEHHBIX YPaBHCHHII C nepHomHue-
CKUMII KoaddHUHeuTaMH eCTeCTBEHHO NPHBOAHT K HCC/AeA0BaHMIO Kauedeii
(«napameTpHueckitii pe3oHaHC»).

Manomeniie MHOTHX BOAPOCOB B Kypce CHJIBHO  OTJIHYacTcs  OT
TPaaAHUHOHHOIO. ABTOP CTPCMHJCA BCIOAY BBIABHTD TEOMETPHYCCKYIO,
K3YeCTBEHHYIO CTOPOHY H3yuyaeMEIX sABJaenl, B cOOTBETCTBHH ¢ 3THM B KHHIE
MHOrO YepTe:Kell H HET HH OJHOH CKOMbBKO-HHOYAL c10XION dopmyin. 3ato
NOABAACTCA LCALI P GyHAaMeHTa bHbIX IOHATHII, KOTOPLIC IPH TPALHIIOH-
1103, KOOPANIATION H3IOMCHIM OCTUOTSH B TenH (asosoe HpoCTPateTsO
H q>a3oBbIe NOTOKH, IaiKie MHOrooGpasngd Il pacc/OCHHS, BEKTOPHLIE NOJs
Il oanonapasertpuyeckiue rpynnbl augpgpeomopdnamo). Kype 3nauureabno
cokpaTmiaca Gul, ecal 6bl MOKHO ObLIO nmpeano/aaraTb 3TH MOHATHA H3BECT-
ubiMi, K coxaneunio, B nacrosillee BpeMs yKa3aHHBIC BONPOCH HC BKAIO-
YaloTCs HI B Kypebl aHaiusa, Hii B Kypchl reometpii. Ilostomy astopy
APHLIJIOCh H3J]araTh HX JOCTATOYHO NMOAPOGHO, He NPeAnojaras y HHTaTelIs
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HHKAKAX TNpeJBapHTENbHBIX 3HAHHH, BHIXOAALIMX 33 DaMKH CTAaHRAPTHBIX
aNeMeHTapHBIX KYpCOB aHasiu3a i JHHeHHo# anre6phl.

OcHOBY HacTOALEH KHHTH COCTABILI FOJAOBOH KYPC JICKILHI, KOTOpPEIE aBTOP
YHTaM CTYAeHTaM-MaTeMaTHKaM BTOPOro Kypca MOCKOBCKOro yHHBEpCHTeTa
B 1968—1970 rr.

TMpu noarotoBke Jekuuii K rneuaTd GoJabllyld noMoub OKasan
P. U. Boraanos. Astop Giarofapen eMy H BCeM CayllaTe[siM M KoJJjeraw,
COOGIHBUIMM CBOH 3aMeuaHus O POTaNPHUHTHOM TekcTe Jekuuit (MTY, 1969).
Aptop Gaarogaped peuenszentam . B. Anocosy n C. T'. Kpeiiny 3a BunimMaTten-
Hoe peleH3HpPOBaHHe: PYKOMHCH.

" B, Apuored

1971 e



HekoTopbie nocrosiHHo ynotpebJsiemMble 0603HAYEHHS

R — muoxecTso (rpynna, nosc) BewecTBCHHBIX Yiced.

C — muoxecTBo (rpynna, noJc) KOMILIEKCHUbIX YHCea.

Z — MuoxecTBO (rpynna, KOJAbUO) HEAHX YHCEN.

xeXc Y — saemeHr x noaMuoxecrsa X muoxectsa Y.
XNY, XYY — nepeceuenre u ob6veaunenue MHoxects X n Y.
f: X — Y — oroGpaenue [ muoixectsa X Bo Muoxectso ¥.
X > i — OTOGPAXKCHHE NEPEBOAHT TOUYKY X B TOUKY .

fog — npouszeneuue oTo6paxenHii (npxmexmcrcu cHavazaa g).
3 V — cyutecrsyeT; 449 BCAKOTO.

— He o0sizaTeabHan (GoJsee TpyaHas) 3ajaua lmu Teopema,
R — JmHeilloe MPOCTPAHCTBO Pa3MepHOCTH n# Haa nodem R,
Bo muoxectse R™ moryT paccMaTpHBaTLCA H Apyrie CTPYKTyprt (HanpuiMep, adpdunuasn,
€BKAHA0BA HAH CTPYKTypa NPSAMOro NPOH3BeAeHHs fi NpAMbIX). O6bi4io 370 Oyner cncunaibHO
orosapiBaTbhest («ad@uuioe npocTpauctso R™», «cBKAN108B0 npocTpanctso R”», «koopanuaruoe
npoctpauctso R u 1. 0.).

BexTopasu Mul Ha3biBacM 37eMeHTH JHHefilloro npoctpaxcTsa. Bektoput o6uiuno oGo3na-
yawoTca OyKBaMH noayxupHoro wpudra (v, E u T. n.). BeKTopH KOOPANHATHOrO NPOCTPAHCTBA
R" 0To:ACCTBAAIOTCA € HaGopamu n ukced. Mu Gylem nucath, Hanpumep, v= (U1, ., Us) =
=ye, ...+ Uses; 1a0Op N BCKTOPOD e; Ha3nIBACTCA koopdunatey Gasucos b R

Haus uacto GyayT BeTpeHaTtbhest (DYHKUHH BEILECTBEHHOTO TeEPeMEHHOro f, Ha3bBAEMOTO
epemenenm. IpoussonHas no ! HasuiBaeTCR CKOPOCTHIO M 0603HAuaeTCA yaule BCEro TOUKOI
nasepxy: £=dx/dt.




Faasa |/
OcHOBHbIE MOHATUA

§ 1. dasosnie npocTpancrsa

Teopust 06LIKHOBEHHBIX 11n¢>cpepeﬂunanbﬂblx ypaBHeHiHil — 0gHO H3 OCHOB-
HEIX ODYAMHl MaTeMaTHUECKOTO ecTeCTBO3HalHA. DTa TCOPHSA NO3BOJSET
H3y4yaTh BCEBO3MOXHbIE 5BONIOLHOHHbIE MpolUecel, 00/aaaloltiie cBoficTBaMi
OJeTepMUHUPOBAHHOCTY, KOHEUHOMEPHOCT 1 Ougighepernyupyesocru. Tlpexne
yeM JaThb TOYHBIE MaTeMaTHueCKHe OnpejeseHHA, PAcCMOTPHM HECKOJIbKO
npmuepon.

1. Tlpumepst 9sontounounsix npoueccos. [Ipouecc naswiBaercs aerep-
mmupoeannbm. €cH Bechb ero 6yayulHil XO4 H BCE €ro npousioe OAHO3HAUHO
onpenensoTes COCTOSHHEM B HacTodAllee BpeMsA. MHOXKeCTBO BCEBO3MOXNK HBIX
cocTosinuil npouecca HasulBaeTcsl (a3oeovis NPOCTPAHCTOOM.

Taxk, HanpuMep, KJ1aCCHYecKas MeXaHHKa pPacCMaTpHBAET JBHXKEHHE
cHecTeM, Oyayulee I Mpolsioe KOTOPHIX OJHO3HAUHO OMpEene1A10TCA Hadalb
HBIMH HOJIOXKEHHAME H Ha4aJIbHbIMIH CKOPOCTAMI BCeX TOUeK ciicTeMhl. Pa3osoe
NPOCTPAHCTBO  MEXaHHYECKONl CHCTeMBl — 3TO  MHOXECTBO, 3JeMCHTOM
KOToporo dBisieTcA HaGop mnoJoxeHHil H CKOpocTeii BCeX TOYEK JRaHHOM
CHCTEMBL.

IBuxkenne wactuy B KBaHTOBONl MeXaHHKE He ONMHCHIBACTCA AETEPMHHH
poBaHHbIM npotteccoM. Pacnpocrpaneniie Tem1a — HOJAYAeTEPMUHHPOBAHHbIRA
npouecc: Gyayltee onpefiensieTcsl HACTOSIUHM, a NMPOWLAOE — HET.

- Ipowtecc HasbiBaeTCa KOHeUHOMEPHBIM, €CH ero (ha3oBoe MPOCTPaHCTBO
KOHEUHOMEpHO, T. €. €CIH UHCJAO NapaMeTPoB, HYXKHBIX AJsl OMNHCAHHSI €ro
COCTOSIHHA, KOoHeuHo, Tak, HampuMep, HbIOTOHOBCKasli MexaliKa CHCTEM H3
KOHEYHOTO UHCJA MaTePHAJIbHLIX TOUEK /M TBEPAHIX TeJ OTHOCHTCS K 3TOMY
Kaaccy. PasmepHocTb $)a3080ro npocTpaHCTBa CHCTEMBI H3 71 MaTepHANbHLIX
Touek pasHa 6n, a cucrembl U3 nn TBepAbIX Tea — 12n. JBHKenns XKHAKOCTH,
H3iy4yaemple B THApPOAMHAMHKe, mpouecchl KoaeGaHRH CTPyHbI U MeMGpaHbl,
pacnpocTpaHeHse BOSH B ONTHKE ¥ aKyCTHKE — IIPHMEPL! NPOLECCOB, KOTOPhIe
HeNlb3sl onucaTbh C NOMOULBIO KOHeuHOMepHOro ¢a3oBOro NPOCTpaHCTBA.

IMponece nasniBaerca dudpepenyupyemstsn, ecan ero Gpas3osoe npocTpan-
CTBO HMeeT CTPYKTYpy AHddepenHunpyemoro MHorooGpasns, a H3MeHeHHe
COCTOSIHHA CO BpeMeHeM OmHChIBaeTCA AHGpepeHmHpyeMbIMil DYHKUHAMH

Tak, nanpuMep, KOOPAMHATH M CKOPOCTH TOUEK MeXaHHYeCKOR CHCTEMH
MEHAIOTCHA €0 BpeMeHeM AHddepeHUHpyeMbM 06pa3oM.
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I BHxenus, usyuaenssle B TCOPHH yAapa, CBOHCTBOM Al depeHIHPYEMOCTH

He 06/1a48I0T.

. Takism 06pa3oM, ABHIKEHHE CHCTEMBI B KJAACCHUECKOH MexaHiKe MOXeT
ObITb OMHCAHO NMPH NMOMOULH OGBIKHOBEHNBLIX Ai¢depeHuHaNbHEIX ypaBHeHUH,
TOrAa Kak KBaHTOBAs MeXaHHKa, TeOpHs TCIIONPOBOLHOCTH, THAPOAHHAMUKA,
TEOPHs YNPYFOCTH, ONTHKA, aKyCTHKA H TCOPHA YAapa TpeGyIoT HHbIX CPEACTB.

Ewe nBa npuMepa AeTePMHHHPOBAHHBIX KOHEUHOMEPHBIX # Anddepenit-
pyeMbIX MPOLECCOB: NPOLECC PaAliOaKTIBHOrO pacnasa i NpoLece pasMuoxke-
HHsi GakTepuit MpPH - OCTATOYHOM KOJHYECTBE NHTATEAbHOr0 BELLECTBA.
B ofoux cayuyaax (a3oBoe NPOCTPAHCTBO OAHNOMEPHO: COCTOsIHNE mpolecca
OnpeaesieTcsl KOJTHYECTBOM BellecTBa HJH KOAHYCCTBOM GakTepuii. B oGoux
clyyasX NPOLCCC ONHCHIBACTCH OOLIKNOBEHHBIM AHG(epeHUHa bHEIM ypaB-
HelHeM. _

3ameTiM, yto BHA AHddepeHLlilaibHOIO YpaBHEHHS Npolecca, a TakiKe
caMblil (pakT ACTEPMHHHPOBAHHOCTH, KOHCUHOMEpIIOCTH H IHddepeHuUHpYe-
MOCTI TOTIO HJH HHOTO NpPOoLecca MOXKHO YCTAHOBHTD JIHILb SKCNEPHMCHTAAbHO,

——CJICOBATCIbHO ——TOLKO ~C—HEKOTOPOH CTernetiblo ~TouHocTii— B -naavtieiiniem
Mbl HE §yaeM BCAKHI pa3 NOLYEPKHBAThL 3TO 0GCTOATENLCTRBO H GyAeM rOBOPHTL
0 peadblbIX Npoieccax Tak, KaK Ccall Gbl OHH TOYHO COBMAAaJH C HaLWHMH
HACAIH3HPOBAUHBLIMH MATCMATHUCCKHMHE MOICASAMH.

2. ®asosric NOTOKH. TouHas (OPMYINPOBKA H3JI0KEHHBIX Bbile O6UIMX
NPHHUIIOD TPeOyeT 10BOJLHO aGCTPAKTHLIX NOHATI: a308020 npocTpancTsa
i asogoco norora. YToObl OCBOHTLCA C ITHMH NOHATHAMI, PacCMOTPHM

npHMep, TJe YXKC OAHO BBeaeHie ¢a3oBoro npo-

L N CTpaHCTBa MO3BOJACT pelllTb TPYANYyIO 3aaauy.
%5 3anaua | (H. H. Koucrauruuos). U3 ro-
poia A B ropoa B (puc. 1) peayr aAsc e nepe-

A cekawoouluecst gopord. Yaeectno, uto ase mawn-

- {  Hbl, Bble3xawoulile no pasHbiM goporaM H3 A B
Puc. 1. Hasatsace  nosowense D3 H CDSI3ANNLIE BEPEBKOH HEKOTOPOH AJMHBI,
BG2UU. Meubluci 2/, cmoran npoexath u3 A B B, He no-
psan Bepeprit. MoryT Ju pasiuHHYTLCH, HC Koc-
HYBUIHCL, ABA KPYIJILIX BO3a paauyca /, NeHTpH
KOTOPBLIX ABIDKYTCS MO 3THM AOpOras HaBCTpedy

- Apyr Apyry?
Pewenue Pacemorpum xsaapat (puc. 2)

Mawusl

H035¢
M=x;, x: 001}

Puc 2. dasoroc  npocTpancrzo Moaoxchlie ABYX dKumaxcii (oaun ua nep-
UAPL ZRUNA el
BOH popore, Apyroit — Ha BTOpOit) MOMHO Xa-
paKTepH3oBaTh TOUKoil KBagpara M: pocraTouno ofo3HAUNTL uepes X; 401K
paccrosinna ot A 00 B no i-ii gopore, 3aKJIOMCHHYIO MeXAy A H Haxoad-
UHMCST Ha 3TOIl Aopore IKINaXKeM.
BceBo3MOXHBIM NONOXKEHHSIM JKiHNaXell COOTBETCTBYIOT BCCBO3MOMKHLIE
Touki KBaaparta M. DToT KBaApaT Ha3LIBAETCA (PA306biM NPOCTPAHCTGOM,
a ero TOYKH — ¢hasosbimu Touxamu. Takum o6pasom, Kaxaasi ¢asoBas
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_TOYKA COOTBETCTBYET ONpefeJieHHOMY MOJ0XKEHHIO Naphl 3KHMaXKed, a BCAKoe
ABHXKCHIE ammax\eu n3obpaxaetcs apiKeHneM ¢a3onoit TOUKH B Q)aaosou
npocTpaHcTne.

Hanpimep, Havanshoe nonoxkeine Mawud (B ropone A) coome'rcmyeT
JeBOMY Hi:KHeMy Yy kBagpata (xy=x,=0), a ABHXKeHie Mawun u3 A B B
H306pakaeTcl KPHBOI, Beayllleit B MPOTHBONOJONKHLIA YroJ.

Touno TaK Xe HauyaJbHOC MO.10KEHHEe BO30B COOTBETCTBYET MNPaBOMY
HiKHeMy yray ksaapara (x; =0, xo=1), a aBHKeHHe B0O30B H306paxkaerca
Kpnnoﬁ, Beayiell B NPOTHBOMOMOXKHLI yroJ Keagpara. '

" Ho Besikie ABe kpuBble B KBaapate, CoeHHsIOLIHE PA3HbIe Napbl IPOTHBO-
MONOXKILIX BeplHH, nepecekaioTcst. [TostoMy, Kak 6Hl HI ABHFAINCh BO3M,
HaCTYNHT MOMENT, KOrJa napa BO30B 3afiMeT MoJOXKeHHe, B KOTOPOM Gblia
B HECKOTOPLIl MOMEHT BpeMeHM Rapa mawnH. B 3ToT MOMeHT paccrosuie
Mexkiy uentpamMi Bo3os Oyaer meubiie 2/, HMrak, pasMunytecs He yaaercs.

B paccmorpenHoMm npHMmepe He ydactBoBaan auddepenumanbiuie ypas-
Hemusi, HO Xoj pacCyxXJeHHil 6JHZ0K K TOMY, ueM Mbl GyaeM 3aHHMaThbCst
fanbuie: OMHCalHe COCTOSIHMI Mpollecca Kak Touek moaxojsuicro ¢gasosoro
NPOCTPAHCTBA YaCTO OKA3LIBAETCS1 UPE3BLIUANHO MOJE3HLIM.

Hanpnmep, cocTosnine npotiecca ABHXEHHA CHCTEMHB 71 MATEPHAIBHBIX
TOYeK B KJIACCHUECKON MexaHHKe OMICHLIBAETCA 3HAUECHHSIMI KOOPAMHAT N
cxopocTeil Bcex matepHaabnbix ToucK. CaenopaTe1bio, dpasopoe npocTpancTBo
TaKoil CHCTEMbE HMeeT pasMeplocTs 672 (Mo TPH KOOPAUHATHL Hf TPH KOMIIOHS HTH
CKOPOCTH Ha KAXAYI0 MAaTEPHANBHYIO TOUKY ). Pa30Boe NPOCTPAHCTBO CHCTE MbI
tpex Touek (Coanue, IOmurep, Catypn) 18-mepuo. ®asosoe npocrpamrno
CHCTEMBl N TBEPABbIX Tes HMEeT pasMepHocTh 12n (nouemy?). .

Isixkenne Beell ciHereMbl ONHCHIBAETCS JBHXCHHEM TOUKH MO KPHBOii B
tasopoym npocrpanctee. CKOpocTb ABH KeHHus (pa30BOi TOYKH MO 3TOH KPIEON
onpenensiercst camofi Touxofl. Takum oGpasom, B Kaxaoii Touke $a3oEBOro -
NPOCTPAHCTBA 3aJaH BEKTOP — OH Ha3nlBaeTCs BeKTOpPoM dazosoil ckopocTH.
Bce BekTops (a308B0oii ckopocTH 06pa3yloT BeKTopHoe noJe $ha3osoii CKopocTh
B $a30BOM NPOCTPAHCTBE. ITO BEKTOPHOE noJe onpejensietr anddepenitni.ib.
HOC ypaBHeHHe npoiecca (3aBHCHMOCTb CKOPOCTH ABHKEHHA ¢asopoli TouKh
OT ee MOJIOKEHHs ),

OcHoBHas 3afaua TeopiH AH(depeHUHAIbHEIX YpaBHeHHHI cocTouT B
onpefesneli HJIH HCCAeLOBAHHH JBHXKEHHSI CHCTEMBI M0 BEKTOPHOMY NO.110
dazopoil ckopoctH. Clofa OTHOCATCS, HANPHMEpP, BOMNPOCH O Bijie (Pa30BLIX
KpuBbIX (TpaekTOpHil ABHKeHHs (Pa30BOH TOUKH): YXOMAT Ju, cKaxeMm, ¢a3o-
Bhle KpHBble AaHHOrO BeKTOpHOro nossi B $a3oBoM npoctpaHcTbe Ha Gecio-
HEuHOCTb IJIH OCTAalOTCH B OrpaHH4YeHHON obaacTu?

B ofuiem Buje 3Ta 3ajaua He.noAJaeTC CPefCTBAM COBpPEMEHHOH MaTe-
MaTHKH W, NMO-BHAMMOMY, B HCKOTOPOM CMbICJIe Hepaspemnma (B 4aCTHOCTH
3TO OTHOCHTCSl K ynoMHHaBuleiics npoGaeme Tpex Ttea). B mpocTeitmnx
YacTHBIX CJy4asX, ¢ KOTOPbIX MbI-H HauyieM, 3a1aua pellaeTcsl SABHO NpH
NOMOIIH ONepaliy HHTErpHPOBaHKsA. Brliuncantenbusie MauuHbl NO3BOISIOT
npu6aAnXKeHHO HAXOAUTH pelleHHs AHdQepeHnnaabbIX YpaBHenuil Ha Kolied-
HOM OTpe3ke BpeMeHH, HO He JaloT OTBEeTAa Ha KauecTBeHHble BONPOCH O
nosefenn (asoBHIX KPHBHIX B HeaoM. B paabHeftwem, Hapsimy ¢ MeTolaMn
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SIBHOTO PCLIEHHS CeunaabHbIX AnQpepeHUHANbHBIX YPAaBHCHHI, Mbl IPHBEAEM
TaK)e 1CKOTOPble METOAB KAYeCTBEHHOrO MCCJIEAOBAHUSA.

MMonatue ¢asoBoro npoCTPaucTsa  CBOAHT H3YUEHHC SBOJHOuHOHHbIX
ApPOLECCOB K FeOMETPHUSCKHM 3a4auaM 0 KPHBLIX, ONpeaensieMblX BeKTOPHBIMH
noaaMi. Mbl HauneMm HccaenoBanue auddepeHUHaNbHBIX ypaBHeHHIT CO
caenyiouleit reomerpHueckoil 3ajaun.

3. Huterpanbusie xpupbie noas Hanpasjenuii, [Ipeanonokum, uro B
Kax:a0il Touke HECKOTOpOIl ©0.1acTH Ha nIJAOCKOCTH BbiOpana npoxoasuiast
yepe3 3Ty TOUKy npsimasi. B Takom cayuyac roBopsT, 4TO B 06JacTH 3afaHo
noae nanpasiaexnit {puc. 3).

3ameyanue 1. [IBe rnaaxue KpHBble, NPOXOJsILLIIe yepe3 OLHY TOUKY,
3a.ai0T B Heil OAHHAKOBOE HanpaBJeHHe, ec/H oHH Kacatotcsi. TakuM o6pasom,”

npsiMble B oNpeaesieHHH MOJAs HanpasJeHHH
MOXKHO 3aMCHHTb MPOH3BOJIBHBLIMH TJIALKHMH
KPHBbINMH: BaXXHAa JIHIIb KacaTeabHas K KpHBOMH
B Touke. Ha puc. 3 nzoGpaxena Janub Ma-
JIeHbKasi 4yacTb NMPAMOIl OKOJIO KaKJA0H TOUKH.
T 3ameuvanne 27 3acch M B JanbHeii-
11eM Bce BCTpeyarolHec o6bekTbl ((hyHKUHH,
oToOpakenns,...) NpPeAnOJaraloTcsa rAajKHMH,

Pue. 3. Mose manpasacuniit w ero wn-  T. €. HENpepLIBHO J.lll(b(t)epClllal)'CMbIMH HYX-
TCrpa-iLHai Kpisas. HOE YHCJIO0 pa3, ecjH He OroBOopeHO NpPOTHB-
#oe. ITo. e Hanpapaeunii nHa3niBaeTCsi HENPCPLIBHBIM ([VIAJKHM), €CJi mps-

MBI MO HermpepuBHO (rI1aAKo) 3aBHCAT OT TOUKH MPHIOMKCHIST

3asmcuanne 3. Analor{udniM obpasom onpenensercs noJie Hanpas-
JeHuit (IpsAMBIX) B 72-MCPHOM MPOCTPAHCTBE (@ TakkKe Ha JIOGOM FAaLKOM
MHOrooGpasHH}).

Ounpenedenue, Jludua, kotopas B KaxKjaoifl cBoeii Touke Kacaetcs
HMCIOLLEroCst B 5Toii TOUKe HampaB/eHis NOJf, HA3bIBACTCA UNTE2PAAbHOU
Kpusodi NoJASA Hanpas/eil,

Haspanne «HuterpaJibHule KpHBBIE» OGBSICHACTCS TEM, YTO B HEKOTOPLIX
cAayuasix 9TH KpHBble MOXKHO HAliTH MPH MOMOLLH ONepalHil HHTCrpHPOBAHHS.

[Tpusmep. [Npeanonoxum, uTo HenpepLiBHOE IOJE HANpaBAeHHIl Ha
MJIOCKOCTH MepexoguT B ceGs Mpi BCeX CABHrax BAOJb HEKOTOPOH npsMoi

Il He COAEPIKHT nNapaiieibHbIX eil HanpasaenHil

z (puc. 4).
X o —o- O Teopewa. 3adaua oroiCKaHUA UHTE2PAAbLHBLY
N P - KpUBbLX TaKO20 NOAS €CTb 8 TOUHOCTU 3a0a4a uHTe-
2puposanusn danHoli HenpepslGHOL QyrKyuUL.
AN 4 HdoxasarteabcTBo. Bnibepem cucremy Ko-
T OpPAHHAT, B KOTOPOil AatiHasi NPsiMast — BCPTHRUL-

1Hag ocb opAaHHaTt, a 0oCb abeulce FrOpH30HTAJbHA.
Pue. 4. Tloae, uusapuantioe
OTHOCHTC IO  BEPTHKAABHUX ”HTerpaﬂbHaﬂ KpliBasi noJaf Ge3 BCPTHKaJbHLIX
capuros. nanpasaensit spasercsa rpapuxos ¢pyuxuuu. [Ipons-
BOAHas 3TOH (YHKUHH paBHa TaHreHcy yria HakaoHa rpadika ,K ocH
abcukce. I'paduk — uHTerpasbuas Kpupasi TOrAa H TOJbKO TOrAa, Koraa
3TOT TaHPeHC paBeH TAHTEHCY yraa HakJoHAa NpAMOil LaHHOro MoasA K ocH
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a6eunce. Ho stor nocnesnHil TaHreHc — H3BECTHasa GyHKUMA abcuicent
{rocKoJIbKY MoJe MNepexoauT B ce6f npu CABHrax BAOJb OCH OpAHHAT).
CnenosatensHo, ¢yHkuusg, rpaduxkoM KoTopo#t spasieTcd HHTerpaiabHas
KpHBas, HMeeT NPOH3BOAHON H3BECTHYIO (PYHKLHIO H, 3HAUHT, ABASCTCA ee
fiepBoo6pasHoil, 4uTo H TpeGoBaJOCh AGKA3aTh:

O6o3nauum abcunccy Gykpoii f{, opanHaty — GYKBOH X, TaHreHc yraa
HaksaoHa npaMoil noasa — usBectHas Gynkuna v (f), HHTCrpaabHAA KPUBAS «=
rpadgux HeussecTHoii ynxunu ¢. Kpusas x=¢ (/) nnrerpanpHas, ecanm H
TONbLKO €CJIH -Z—t=v(t). Mo TeopeMe Bappoy *) (p=S vdi+C.

B o6uiey ciyuae 3a1aua OTHICKAHNST HHTErPaJdbHLIX KPHBBIX HE CBOAHTCH
K OrepalMd MHTErPHPOBAHHSA: AaXKe MM OYEHb IPOCTO 3aaBaeMbIX noJjeil
HanpaBJeHi Ha TIOCKOCTH YPaBHEHHS] HHTErpafdbHblX KPHBHIX HeJb3sl Ipea
CTaBHTDb KOHEUHLIMH KOMGHHAIUAMH 3/1eMEHTaPHLIX QYHKLHil 1 HiTerpanos **)

4. Nuddepenunansioe ypaBHeHHe H ero pewenns. ['eomeTpHueckas
3a7aya OTLICKAHHA HHTErpaJibHbiX KPHBHIX aH2JHTHUECKH 3aMHChIBAETCA Kak
3aj1aua OTbICKAHUA pewenuit auddepeHUHanbHOro ypasrenud. [peanonoxum,
4yTO Mnose Ha MJIOCKOCTH (f, X) He COoAepXHT BEPTHKAJbHBIX HanpaBJeHHH
(e napangensHo ocu opauHart, x (puc. 5)). Torpa raurenc v(t, x) yraa
HakJoHa NpUIoXKeHHoll B Toure (£, x) npaMoil moas K ocH aGCUiCC KOHEUCH
H HHTerpaJjbible KpHUBble ABAAIOTCS rpadukami GyHk:
unit x=¢q ().

Mbl 6yjgem npeanosarath, uTo 061acTbIo onpe-
zenenuss dyuKunu ¢ sBagercd umepaan ! ocn .
‘OueBiana

T e opewa. [anroz20 uTo66r 2pauk ynxyuu ¢
6bin unreepaasnol Kpusotli, Heob6xodusmo u docra-
TOUHO, uTOObL npu ecex t us | sotnoanssocs COOTHO-
werue.

d . .
__q_)=v(t, @ (). ) (]) Pic.’s. Tpadux pewenns ud

dt GepPeHUNANLIOTO YPABICUYS.

Onpenenenne. PyHxunsa @ Ha3blBaeTCH peutedtesn Anddepennunann
HOro ypaBHeHHA

Jz=v(t, x), '2

€C/IH. OHa YHoBJeTBOpsieT cooTHouteHHio (1) (T. e. ecam «npH noicranoBke
€e B ypaBHeHHe BMECTO X ypaBHEHHE 0GPalUlaeTcs B TOXAECTBO»).
Onpenenenne. Pewenue ¢ ydoeﬂersopner HA4AAbHOMY  YCA0BUIO
(to, x0), ecan @ (to)=xo.
Takum oGpasom, pelleHHe — 3TO 3ajaHHas Ha uHTepBaJe QynKuug,
rpaduK KOTOpoi — HHTerpa/ibHast KPHBasi; pellleHHe YAOBJAETBOPSIET Haualb-

) H. Bappoy, 1630—1677, yuntenr HrioTona, nocsaTusiuni xunry BaauMHou oGpaTHoCTH
33Ja4 O KacCaTeAbHHX H O NIOWARAX.

#*) Tlpumep: TaKOBO NoJE, B KOTOPOM TAHIEHC Yria HAKAOHZ NpPAMONM, NPHICKCHHOA B
Touke (f, x), ¢ ocbio x paseH x*—{¢ (JlnyBuaab)
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HoMy ychioBiio (o, Xo), €CH HHTCTpaNbHAst KpHBas MPOXOANT Hepes JaHuyio
TOuky (puc. 5).
Mpuwsep. Pewenne npocreiiwero ypasHenns x=v(f) C HAYAALHBIM
ycaosiiem (lo, Xo) Raetcst popmyaoi bappoy:
M 1

p()=x0+{ v(x)dr.

to

Besikoe auiddepennnadanioe ypantcine (2) onpefessct noJe nanpasJeiiit
HA MJIOCKOCTH: MpHAOXKeHHas B Touke (f, x) npsAMas HMeeT TaHTeHC yrJia
Hakaona v (4, x). 310 noje Kopoue Ha3LIBACTCA 104Ei HANPABACHUN U WAl
noaexm Hanpasaenuld ypasuenuna (2). )

5. Jsoaousonnoe ypasienne C ORHOMEPHLIM (a30BLIM NPOCTPAHCTEOM.
Paccmorpnm ypashenue

i=v(x), zxeR

D10 ypaBHeHIE ONHCLIBAET IBONOUHONHLIT IPoUECe € 01HOMEPHBIM (a30oBLIM
npocTpanctoom. [Ipapasi wacTh 3amacT GexToproe noae asosoli ckopocTu:
B Touke x npujoxex pektop v (x) (puc. 6, caea). Takoe ypasHeltie, npaBas
4acTbL KOTOPOTO HE 3aBHCHT OT {, HA3bIBACTCS AGTOHOM-
#otm. CKOpPOCTb 3BOTIONII ABTOHOMION CHCTCMUI, T. €.
. CHCTEMUl, He. B3aHMOoAeACTBYIOWCH ¢ ApyrHMi, olpe-
JCSICTCA OAHIM JTHIL COCTOANHEM 3TOil CHCTCMLI: OT
BPEMCHI 33KOHSL! NPHPOIL! He 3aBHCAT.
Puc. 6. Bexropuoe ose n no- Touky, rae v ob6paulaerca B 0, nasuipawotes no-
Ac wanpapacwui LR ypawwe- AOXMCCHUAMU PABHOBECUA (TAKKC CTAYUOHAPHOLLIUL TOU-
HHR X220 (1) K@i wan ocoboimu Toukaxu) pektopuoro noas. Ecau
a — noJoxelue papiobecHs, To ¢(f)=a — pewenne ypasucuna (npo-
HECC, HAYaBUINCh B COCTOSIHHH @, BCeTAa B HeM octaerca). Ha puc. 6 sugno
OINO MNOJIoMCHHE paBHOBCCHS, @. Buano, uTo 3T0 noJioxeHHe paBHOBECHS
HCYCTOMYHBO: NPH MaNOM OTKJIOHEHHH HAYaAbHOrO yCIOBIS OT PABHOBCCHOrO
(pa3oBasi TOYKA € TeyeHHEM BpeMeHH YAAJAETCA OT NONOXKCHHA PABHOBECHS.

Ha puc. 6 un3olpakeno Takike moJe HanpasJaennil paccMaTpupacmoro
ypashetnst. [TockoabKy ¥ He 3aBHCHT OT £, n0J1c NEPEXOHT B ce0s NpH CABHraXx
B0.bL ocl £,

Coraacno Tcopeve M. 3, 327aua NOCTPOCHHS HHTErpajbliblX KPHBLIX
3TOro nojs peniacTcsi OAHHM HHTerpHpoBaHHem: (B oGJactH, rje noje He
napasLieabHO oCH f, T. e. rae Her pasHOBECHH, 0(x)z=0). Ilpeanonoxium,
uto (yuKuHs v HenpepLiBHa H HHMrie He obpauwtaercs B 0. BunuweM sBuyio
¢opMyay, OnpeacaNIOILYI0 HHTCrPaibHLIC KPHBbLIE.

Tanrenc yraa 1akaona nawero noas K ocu x pasen § /o (x). Cieaopareistio,
no.ae HanpaeacHul ypasenus dx/dt=v (x) cosnadaer ¢ noacn nanpas.acHull
ypasnenus dt/dx=1/v(x). 3nauut, connajaioT H HHTCIPajibHbIC KpPHBbLIE
5TX ypasuenuil. Ho muTerpaannas xpusas Broporo jaaetcs Gopmyaoit

Bappoy; B naHHOM cay4ae oHa HieeT BHJ
X

dg
.1—10=S m. . (3)

‘o
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Takum oGpasom noxaaana

Tedpema. Pewenue x=g(t) ypasuernua x=v(x) ¢ uenpepbmuod u He
obpawaroweiica 8 0 npasoil 4acTo10, YOOBAETGOPAIOULEE HALAALHOMY YCAOBUIO
(fo, xo0), Oaerca Gopryaocii (3). O6parno, ynkyus x=q (f), onpedernenan
gopmyaoi (3), asaseTca peutenuen u y0084€TEOPAET HAUANLHOMY YCAOBUIO.

3ameuanne «MueMoHHYecKHi» crnoco6 3anoMuHaHus ¢opmyant (3)
COCTONT B clefyioluteM. 3anHuieM HCXOAHOe ypaBHeHue B Buie dx/di=v (x).
Xora B Kypcax analusa npH BBEACHHH NPOH3BOHONA yuart, uTo dx/df ne npoGs,
a efuHbli cuMBoa, 6ymeM o0paulaThesl ¢ STHM CHMBOJIOM Kak C JpOGHIO i
nepenHiueM ypasHenue, coG6paB Bce X cieBa, a Bce f cnpaBa, B BHAe
dx/v(x)==dt. UHTerpupys NeByio M npasyio 4acTH, nojydaeM COOTHOUIEHHE

= {dx/v(x), 1. e. (3).
B aeficTBiTeABHOCTH 3TOT coco6, KOHeuHo, Gonble, 4eM MEEMOHHYECKOe npaBnito. JlefiGuuy
dx - "
He cTaa 6b ppoaNuThL CI0XKHoe ofo3Haueie @i’ ecan 6u He mMea B BHAy caMoil mactosuest

apo6u: dx deaennoe na di. Jleao B ToM, ut0o dx H df — BOBCE HE TanNCTBEHHLE «GECKOHEYHO-
Manbe» BEANUHHE, @ BrO.THE KOHCUHHE UHCAA, TOuHee — G YHKUNH BCKTOpa.

Paccmorpum (puic. 7) npuoxenunifi B Kakoi-1m60 TOUKe BeKTOP A cKOpOCTH JBMIKCAHA
Ha NJIOCKOCTH, HA KOTOPOR GHKCHPOBaHH KoopaArHaTH (f, x). CKOpOCTH H3MEHCHHA KOOpAN-
HaTht { NpH 3TOM AsHKenuu siBadercd dyskunedl 3toro BexTopa. Ona auuciina. Ita anneiinan
dyuxunn sexropa M oboanavaercs df. Hanpumep, snauenne 3TOfl ¢QyHKUHH HA BCKTOpE Ac
KOMIOHEHTAMH (IO 20) ects dt (A) = 10. Tourio TaK xe onpelensercs dx (A)=20 — ckopocTb
H3MeHeHUs hoopnuuam X TPH ABHXKEHHH C BEKTOPOM CKOpoCTH A, TaK uTO A HMeeT KOMNOHEeHTH
dt (A), dx(A). Ouesnano

Mpeanoxeune 1. Jan aoboeo eextopa A, xacarowezoca 2paduxa 2aadxod pynsyuu
x=¢ (), orrnowenue dx (A)/dt (A) pasno npoussoduoi dr/dt dynkyuu @ 8 cooraercrajwu(ea
TO4Ke,

Puc. 7. Yucautens # 3na- Puc. 8. Onpeacacinte wuterpa-
menateav  apobun  dx/df. aa 1-gopyud.

Taxuu o6pazoy, ypapuesue dx/v (x)=dl ectb cooTnowenue nexdy auneduosu pynkyuany
‘OT 80XTOPA, KACAIOULE20CA UHTEZPAALROL KPUBOLL

GyuKIHE NPHAOKEHHOTO BEKTOPa, JuHeiinLie npH (GHKCHPOBAHHOR TOUKE npunomenim.
naswsawnren duddepenyuarsnvinn -popranu.

Besikass anddepenunaannan 1-dopma Ha nnockoctn (f, x) MoxeT GblTb 3amncaita B.
Bnae w=adt+bdx, ric a # b — QyuKiin Ha ILI0CKOCTH.

Anddepenunansine GopMH MOKHO HHTCIPRPOBATL DIOJL OPHENTHPOBAHNLIX OTPEIKOB
KpupHX. Bufepem na orpeske T KpHBOfi HAa NIOCKOCTH opuenTHpylomHA mapaMeTp u, T. e.
npeactasiy- I B suae o6pasa rankoro ofobpguenus y: [ — R® (puc. 8) orpeska ocH u B nnoc-

koctb. Hurerpan dopmuut o B:Itf‘méli-oq CA _KaK uncao
- i3 G Y bh”"dﬂ T s 0wD —]
- AGl
$ 8%5“3*31( THOTER A 0} /da. oDl
< "

!._ fcfcrn‘2 . ““V A : AFXA7
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MHbIMH COBAaMH, HHTErpaj — 3TO NPEAEA HHTETPAAbHBIX CYMM Zm(A,-), rae A=y (w)A
34eCb u; — TOYKH RCJEHRs OTpe3Ka I na otpeskn AdMH A j=uip1— U;. Bemop A; kacaetea '
JHUWb MAABIMH BEICLICTO NOPALKA OTHOCHTEAbHO A; OTAHYAETCR OT BEKTOPaA Xopaul, cocanuaoumeh

nocaeloBaTeAbHBE TOUKH Aedenus Ha I' (puc. 8).
- M3 -TeopeMmbl 0 3aMeHe NepeMeliHoil B OnpeacienHoM wuuterpasnc ¥) surekacr

TMpeanoxenue 2. Hurezpasr 1-opmer no OpuenTUpOBAHHOMY OTPe3Ky Kpueoi e
3asucur or eubopa napmuerpa €024aC08AHHO20 ¢ opueHTayued (npu usMenenun opueHTayuu
uxnrezpan MeHaer 3HaK).

Ouesnano

MMpeaaomenne 3. Hurecpar l-gopus [(x)dx no orpessy kpugod, na Koropou x
MOXHO APUHATL 3a NAPAMETP, €08nadaer ¢ 00LI4RLIM OnpededeHRULM URTe2pa.tox ynryuu |,

Bepuemca K foxkasareabcTBy dopmyast (3).

3nauenun auddepenunaanunix Gpopm dx/v (x) 1t df na BexTOpaXx, KACaIOULIXCA UITCIPATLHOL
KpHBOIi, COBNaAai0T. 3HAUHT, HX HHTErpann! B10.1b OTPe3Ka kpHeof pasunl. Coraacuo npeado-
Keduo 3, unterpaa nepsoil ¢opmbl paBeH npasoii, a Bropoil — JaeBoil uyacTit dopuyan (3).

6. Tpumep: ypapHeune HopMaJibHOro pasmuoxenns. Ipeanosoucny, uro
BesinunHa GHosoruueckoii nonyJsiuun (HanpHsep, KoJuuecTso Gaktepuil B
vyawxe Ilerpu wan puib B npyAy) paBHa X M YTO CKOPOCTb NPHPOCTA NPONOD-

P NOJIOXCHHE NPHGIHKEHHO BBINOJINSETCS], HOKAa Ml A0-
CTaTO4YHO MHOTO.)
e aiiaiad Hame npeamonokeisic Bbipaikaetcst duggepentjuao-

—O‘—O’—O’,-O’t

HOLAM [JDABHEHUCA HOPMAAOHOCO PA3MHONICCHUS

Puc. 9. Ypaauecnue .
pasMHOKEHHA X=KRX. X= kx’ k > 0.

[To cmbieny 3azaun x > 0, Tak 4TO noJe nanpapJcHiil 3aZaio B NoJynaoc-
KOCTH; OHO H306paxeno Ha puc. 9. M3 Buna noans nanpapacHuii sicHo, 4TO x
pacTeT ¢ pocTOM £, Ho HeACHO, 6YAYT /i OeCKOHeuHble 3HaUeHHst X JOCTHTHYTHI
3a KoHeyHoe BpeMf (BepTHKa/AbHA acCHMNTOTA Y HHTErpaJibHON KpPHBOIi)
K. 2Ke pelleHiie ocTaeTesl KOHeUHbIM npH Beex {? Hapany ¢ 6ynywumM HesicHo
TaKiXe H mnpouljoe: 6y}1€‘l‘ JH HHTErpaJsbHas KpiHBas CTPEMHTbCA K OCH x=0
ApH CTPeMJEHHH { K KOHEYHOMY OTPHLATEJbHOMY Npelely HJH K GecKoHey-
Homy?

K cuacrbio, ypaBueHHe pa3MHOKeHIs pellaeTcsi IBHO NO Npeabiaylueii
Teopeme: corsaacho ¢dopmyae (3),

t—to=S T k(l‘—to):lﬂ (x/ x0), x=et =y,

%o

N
yrtigee

CnenoBaTenbHO, PellleHNs ypaBHEHH HOPMAMbHOTO Pa3MHOXKCHHS JKCIOHEH-
1HaJbHO pacTyT np { — - co H 3KCMOHeHUHaIbHO yOLIBAIOT NpH [ —— 00;
HU GeckoHeqnble, HU HYACBbLE 3HAMEHUS X NPU KOHeunolx | ne docTuzaoTcs.
Hasi yapoenisi KoJiM4eCTBA HaceJieHiHs COIJAcHO YPaBHEHHIO HOPMaJibHOTO
pasmuoxennss tpeGyercsi, TakuM o0pa3oM, Bceria OJHO H TO e BpeMs,
He3aBHCUMO OT €ro KoJHuecTBa (Mnepiiojl YABOeHHsS HaceaeHus 3eman cefuac

*} 3rta Teopema orkputa Bappoy MEHIO npn peuleniwINpoCcTeRWMX AHGdepenunanbHX
YPaBHEHNN, Tenepb Ha3HBaeMHX ypaBHEHHAMN C Pa3ACARICIIHMHCA NCPEMEHHBMH.

__lIIHOHaJIbHa_ HAJAHYHOMY KOJAHUecTBY—ocobeii—- (10 npea-— -
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nopsiaka 40 ner). Hayka 1o cepeanupt XX BeKa TaKKe pOCAA IKCHOHEH-
unaasio (puc. 10.

To ke camoe auddepeHunanbHOe ypasHenue ¢ OTPHLATENBHBIM £ ONHCHI-
BaeT paAHOAKTHBHLI{ pacnaa. Jas yMeHbuieHust KOMUUeCTBA paHOAKTUBHOIO
BewecTna BABoe TpeOyercs Bpems T=~A "' In 2, nesaBHCUMO OT HaAuaABLHOTO
KOMHUeCTBa BelecTBa. DTO BpeMa Ha3wiBaeTCl nepuodosm noaypacnada.
[Tepron noamypacnajga WHPOKO H3IBECTHOrO

nzorona panusa-226 — 1620 ner, a naubonee 000G
pacnpocTpaHeHHOro  H3oTona - ypana-238 —
4,5.10° ner. - 10000
To ke ypasHense perpedaeTcs i B GobUIOM S
yucae ApYyrHx 3ajad (B gajbHeiiiieM Mbl yBH- E/JM
JUIM, UTO 3TO He cayuailHocTb, a mpossjeHie %6900)
3aKOHa MPHPOAE, N0 KOTOPOMY «BCAKAA» & ..,
(YHKUHA JOKaJbHO MPHOAMXKEHHO JAHHEHHA). §
3angaua 1. lla kaxoll BuiCOTE IOTHOCTh .BO3- 7
AyXxa BABO€ MEHbIUe, Hem Ha NnoBepXHOCTH 3€M.)'IH? Tgmne-
paTypy cuuTath nocrosuHo#, kKyGomerp BO3ayxa Ha Mo-
pepxuocrit 3eman Becur 1250 r. 1
P Orger. 81in2 xm=5,6 kM — BbicoTa Davbpyca. ”55ﬂ/7ﬂ””fﬂ/i””/55”/«”0 1950

7. Mpumep: ypasHenue B3pwoiza. [Ipeamno- fo

JIOXKHM Tenepb, YTO CKOPOCTb NPHPOCTA MNpO- r?:dg'ep:!?ﬁﬁzlc; :a"yﬂfufp)ﬁ;f;:;’;'g;”"(ng
NOPUIOHAJBHA lie KOJIHUeCTBY ocobeil, @8 KOJH-  kuwure B. B. Haauvosa n 3. M. Myaw-
yenko <Haywomerpusa» (M.: Hayka.
4yecTBY mnap: 1969)). i
x=kx%. - (4 .

B stoMm cayuae npH GoNblUIMX X TPHPOCT HAET ropasfo OGLICTPee HOPMAIBLHOTO,
a mpH ManblX — ropasao MejneHHee (Ta CHTyauHst BCTpeuaercs CKopee B
(PU3HKO-XHMHUECKUX 3ajauax, TAE CKOPOCTb peakiii
NPONOpPUUOHAAbHA KOHUEHTpaunsiM oGOUX peareHToB;
BrpoueM, B HACToOsllllee BpeMs KHTAM HEKOTOPLIX BH-
JlOB .TaK TPyAHO HaiiTH ce6Ge napy, YTO pa3MHOXKEHHe
KHTOB MOJAYHHACTCA ypaBHeHH0 (4), npnueM x Maio).

[Mone’ nanpasaeuiii Ha BHA MaJ0 OTJAHYaercd OT ¢
TaKoBoro A171 c/yyas o6blYHOro pa3MHoxenus (puc. 9),
HO BLIMHC/EHNHA MOKA3LIBAIOT, UTO HHTErPAAbHbIE KPH-  Pic, 11, Ypasuesne sopu-
Bble BeayT ce6s cosepulenno no-apyromy. Ilpemmosno- 3 =+
XKHM st npoctotel, yto k=1. Tlo ¢opmyre Bappoy Haxoaum peuenue

dx 1
t=SF+C, T e x=——p

BHHLI tHnep6oa (puc. 11). T'nnepGosa HMeeT BePTHKANBLHYI0O ACHMNTOTY.

Hrtak, ecau npupoct naceaeHus nponopyuoHases 4ucay nap, 1o KoAu-
4eCT80 HACEREHUA CTAHOBUTCE OECKOHEUHO GOAbIUM 30 KOHEYHOe Bpems.
DusHuecKH 3TOT BHIBOA COOTBETCTBYET B3PHIBOOGPA3HOMY XapakTepy npo-
-necca. (Pasymeercs, npu £, canmwkos 6aH3kom K C, Hieaausauus, NpHHaTas
NpH onucaHuH npouecca AuddepenuHaJbHBIM YpaBHEHHEM, HenpHUMeHHMa,
TaK YTO peajbHOE KOJHUYECTBO HACeNeHHs 3a Koneqﬂoe BpeMsl GECKOHEUHBIX
3HAYCHHIA He AoCTHraer.)-’

z

npu (<< C. Vlurerpanbubie KpuBble — 10JI0-
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WuTepecHo OTMeTHTh, YTO BTOpas MOJOBHHA rimep6oau x=(C—1)"! Takxke sBaserca
MHTCrpaJbHOM KPHBOK Hawero ypasHEHHA (€CIH NPOZO/AXKHTB ero ¢ mnoayocn x>0 Ha
BCio ock x). Peuwcans, cooTBeTCTBYMOIHe 06EHM MOJOBHHAM FHIEpGOIW, RAOTCH OAHOH
H Tofl e GopMyJiofi, HO HHKAK He CBA3anB MexAy coboil. CeA3b MCXKIY FTHMH peliCHHAMH
BOCCTAallaBJaHBACTCHA, CCJAH CYHTATL BpCMA KOMILVIGKCHLIM Han eCad KOMHQKTHq}HuH-
posatb agduunyo ock X 10 npogkTusHO npamoit (cM. ra. 5).

) 3azaua* 1. Kaxue us pupdepenunanbuux ypasienuil £ =x" onpeieasor na a¢¢HHHOH
npaMoii moJae ¢asoeofl CKOPOCTH, NpoaoaKaiouwieeca Ged ocobennocreil Ha NPOEKTHBHYIO
npaMyo? .

Orger. n=0, 1 nau 2.

8. Mpumep: JorucTHYecKas Kpisan. YpasieHie O6LIMIOr0 pa3MHOXKCHIS
Xx=kx npuroauo, Jiib NOKa yHcJ0 ocobell He canuiKom Beanko. C yBeauue-
HHEM yHcaa ocobeit KOHKYDEHUHA 13-3a NHUIH NPHBOIHT K YMCHLUICHHIO
ckopocti npupocra. [Ipocreiliiee npeanoso:kelHe COCTONT B TOM, UTO KO3¢h-
GHUMCHT £ 3aBHCHT OT X Kak JHHcliHasi HeopHopoaHad (yukuusa (npH He
CJHWEKOM O0JBIINX X BCAKYIO IMaARYI0 (DYHKUHIO MOJKHO anNpOKCHMHPOBATh
JuHeitlilof ncopnoponHofl): k=a—bx.

Mul npuxoaHyM TaxHM OGpPasoM K [JPAGHEHWIO PASMHOMXCEHUA € y1eToM
Kouryperyun x=(a—bx)x. Kosahduuneurtsl a 1 b MOXKHO npeBpaTHTh B

“emunily BeiGopoyM MaciutaGos ! H x”Mul moayyaeMm-TaKk-Ha3bIBaEMOC 402U -
CTUdEeCKOE YpasHeHUE '

x=(1—x)x.

Bextopuoe noac ¢a3opoil CKOPocTH v H NoJC Hanpasaelnni Ha NJIOCKOCTH
(¢, x) nso6paxicun ua puc. 12,

z
z z -
q‘“o\ oL “o. .o N—
B[O o o = = N
-0 O —0:‘ -0

y \ == o e t
Pic. 12. Bewropiioe noae um roie Ha- Puc. 13 Hurcrpa'wub.c Kpusue ypas-
npasaciuit ypasueuns x={1—x) x. Hepua X =(1 —x) x.

Mur 3aks04aeM  OTCIONA, UYTO HHTErpajblble KPHBLIC BBIFJASAAT, Kak
n3o0pazkeno na piuc. 13. Tounee rosopd, Mbl BUIANM, HTO

1) mpouece miyeeT ABa noaoxenus pasHosecuA: x=0 v x=1;

2) mexay toukamd 0 u 1 noae nanpasacuo ot O K 1, a npn x> 1 —
K Touke I, '

Takum o0pasoy, nosoxenye pasHopechss 0 Heycroiluupo (paz nosiBup-
leecs nacesciie HauHHaeT pacTi), a nojoxKeuue pasiosecus | ycwouqnao.
(menbllee nacedcHHe pacTter, a GoJbliee — yOuipaer). :

Karus 6ot nu 6otao nauwaavuoe cocroanue x>0, ¢ rewcnuem speseru
APOKECC ELIXOOUT K YCTOHHUBOMY  COCTOANNIO pasHOsecuss x=1.

Hs 5Tux cooGpameHuil HEACHO, OANAKO, NPOHCXOANT JH 3TOT BLIXOZ 3a
KOHCHHOE H/H 3a GeCKOoHCYlioe BPeMS, T. €. HMCIOT Ji HHTCTPAJIbHBIC KPHBLIE,
Hadaswecst B ofaacti 0 <<x << 1, obute Touku ¢ npsinoil x=1?

MoK HO 110Ka3aTh, YTO. TAKHX OGUIHX TOHCK HET H YTO 3TH HUTErPaJbHbIE
KpHBLIe aCHMITOTHYECKH CTpeMATCH K npsiMoft x=1 npn f — - oo 1 K npsAMoOfi -
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x=0 npu { —— co. DTH KPHBHE. HA3HBAIOTCH A02UCTULECKUMU Kpusbimu,
Taxkum o6pazon norucTHuecKast KPUBast HMEET [BE FOPH3OHTAJLHBIE aCHMI-
ToTel (x=0 1 1) u onHceBaer nepexon ot oaHoro coctosuus (0) k zxpyromy
(1) 3a .Geckoneunoe Bpems.

3anaua |, Hafiru ypasueune Jorucruueckoii Kpusoil.

Pewenue. Mo dopuyne (3) I= de/(x (1 —x)=In{x/1 —x), wan x=e'/(14¢').

DTa popmyJa ACK23LBAET YKa3aHHOE Bbille ACHMITOTHUECKOE CBOICTEO JorTHCTHYECKOR
Kkpupoil, .

3anauwa 2. [Jokasath, UTO HaTerpajbibic KpHBHC ypasueins X==(l—x)x B oGiacTH
X>> | 2cHMNTOTHYECKN CTPEMATCR K HPAMOA x=1 npu { —-4 00 1t IIMCOT BePTHKAIbLEIE
acumnrorTsl £==const. .

Tpu maasix X JOTHCTHYCCKAST KPHBASL MPAKTHYECKH HEOTIHYHMA OT 3KCMOHEHUHAALHORM,
T. €, KOuKypeHUHS Mano BauseT Ha pocT. Oauaxko no Mepe YBCJHUCHIS X POCT CTAHOBHTCH
HEIKCTIONEHINAABHEM H BOAN3N x=1/2 3KCcnoHenumnanbHas Kpupas PC3KO YXOAHT BBCPX OT
"TOTHCTHYECKOH; B JaJdbHefileM JOTHCTHUECKHHA POCT OMHCHIBAET HACHILIEHHE CHCTEMH, T, €.
ycranospaenue B Hefl pasuoBecunoro pexuma (xr=1).

Ilo cepeanudt XX BeKa Hayka pociaa skcnoHenuuaasuo (cm. puc. 10). Ecan 'raxoﬂ poct
Gyaer npoaoaxarsea, 7o k XXI Beky Bce Hacenenue 3eman Gyjer 3anumarses Haykod, a ana
neuaTanus HayyHbIX CTaTeil He XBATHT BCex JecoB maaneTh. CinenoBaTeabiio, paKblue AOMKIO
HACTYNHTL HACHWIULCHHE: MH HaxofumcA BOJAM3H TOTO MeCTa, IAe JOrHuCTHYCCKaa KpuBas
HAauHHaeT OTCTaBaTh OT 3KCNOHeHuwatbhod. Hanpumep, uncio mMatematHyeckux crareil
B Hayunux Xypuanzax nocae BTopoit MHpoBcil Bofiust 20 70-X roaos yseaHUHBATOCH KaMALA
roa na 7%, a nocaeanne HECKOALKO JeT — MeAdeHiee.

9. MNpuwmep: KBOTH OT/0Ba. JlO CHX MOP MHl PaccMaTpHBaAH CBOGOAHYIO
nony.JsiuHIO, PA3BHLAIONLYIOCS IO CBOHM BHYTPEHHHM 32KOHaM. Hpelmo.'lox{mi
Tenepb, YTO Mbl OT/ABJAMBAEM YACTb NONYASUHH
(cxa<es, JoBHM pHOY B NpPyAy HAH B OKeaHe).
[TpeanonoxHM, 4TO CKOpOCTb BHLJIOBA NOCTOSH-
Ha. Mu - npuxomm K auddepenuHanpuoMy
YPABHEHHIO OTJAOBA D

x=(1=—x) x—c. Z,

BeanunHa ¢ XapakrepH3yeT CKOPOCTb BHUIOBA H A
HasuiBaetcsl xeorod. Bua BektopHoro nons u
noas ($a3oBoil CKOPOCTH MPH pa3JHUHHX 3HA-
YEHHSIX CKOPOCTH BHIOBA ¢ MOKasan na puc. 4. <

Mbt BHIHM, 4TO NIPH He CAHWKOM GOJbLIOI
ckopocTH Bh0Ba (0<<c<<1/4) cyulecTByioT ABa
nosioxenust pasuosecust (A u B Ha pHc. 14). 4
Huxnee nonoxenite pasnosecus (x =A) neycroii-
uuBo. Ecan no kakum-au60 npuunuam (nepenos, Prc.’ 14 Ypacuemne otsosa
GONe31H) B HEKOTOPHIIl MOMEHT BeJHUNHA nomy- #=(l=n s,
JASAUHKH X OMYCTHTCA HUXe A, TO B AajabHefllieM BCsl NONyAsSUHS 3a KOHed-
HOE BpeMsi BbIMpeET. '

Bepxnee nonoxenne paBuoBecHsi B ycTOR4HBO — 3TO CTalHOHAPHBII
pemnM, Ha KOTOPHIT BLIXOAHMT NMONYJAUHS NPH MOCTOSHHOM OTJIOBE C.

Ecaun ¢> 1/4, To pasnonectii HeT U BCst nonyasuHs GYACT OTJOBJeHA 3a
Komeuloe BpeMsa (cTejJiepoBa KOpoBa H T. M.).

Mpu c=1/4 umeercsi o0aHO HeycTOIiuHBOE COCTOAHHE pPaBHOBECHS
(A=B=1/2). Otz10B ¢ TaKOil CKOPOCTBLIO MPH KOCTATOHHO GOBIOIT HAYANL-

b4

B s eaggay. g’
/ -
3]
v
L
- .
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HOM YHCJNEHHOCTH NONYJSIHH MaTeMaTHYeTKH BO3MOXEH B TeueHHe CKOJb
YIOAHO MJIMTEJbHOTO BPEMeHH, ONHAKO CKOb YTONHO MaJjoe KoneGaHHe
YHCACHHOCTH YCTAHOBHBILEfiCA PaBHOBCCHON MONYJALHMH BHH3 NPHBOAHT K
flOJIHOMY BLIIOBY NONyJAslHH 32 KOHeyHoe BpeMmf.

Takum 0Gpa3oM, XOTsl TEOpPETHUECKH JAONYCTHMBI JIOGLIC KBOTHI, BIOTD
no Makcumanbhoil (¢c<<1/4), maxcumarenas keora ¢=1/4 npueodur K
HeycTolinusocTu u Hedonycrusa. Bollee TOro, npasKTudecki HeJOnYcTuMbL U
6.auskue k 1 /4 K80Tbl, TaK KaK npH Hix onacHulil nopor A 6AH30K K yCTaHOBHB-
weMycst pexumy B (neGoabline cayuaiiible OTKJIOHEHHR OTGpachiBaloT
nonyJasinHio Hixge nopora A, nocse uero ona noruGaer).

OkasniBaetcsl, OAMAKO, YTO MOXKHO OPraHH3OBaTbh OTJIOB TakK, uTo6bi
YCTO/4HBO NMOJIyyaTh YJ0B €O cKopocThio |/4 3a eannnuy spemenn (6osbuiero
NOJMY4HTD Heab3st, TaK Kak 1/4 — 310 mMaKcH-

v=pz = G < K MaubHAsi CKOPOCTL Pa3MHOMKCHHS neoGaas-
398 JHBAeMOoll nonyasuHi)., _

¢ T 10. IIpumep: OTAOB C OTHOCHTEABHOII KBO-

- N - L/—t- T0ii. PHKcHpyeM BMecTo aGcosmoTHOIl CkopocTH

OTJIOBA OTHOCHTC.BHYIO, T. €. (PHKCHPYEM OT/1aB-

Puc. 15 Ypaswcmie otaosa i=  JIHBAeMYIO 32 elHHHUY BpPeMCHH A0.JI0 laIH4-

=(1—x) x—px HOIl momyasLHiL: i:(l—x)x—px. Bua Bexrop-

Horo nois M HHTCrpaabnule Kpunuie (npn p<<1) n3o0paxenul 1a
puc. 15.

HxkHee, HeycToliullBoe MoJoXKeiiic paBHOBeciHsA Teneph B Touke x=0,
BTOpOC NoJOKelHe paBHOBecHs B ycroiiukpbo npu Jiobom p, 0<<p<<l.

ITocae nekoTOpOro nepHoAa ycTaHOBJIEHHA NONYAALMS BHIXOAHT HA CTALHO-
Hapuslit pexxum x=2B. AGcomoTHasi CKOPOCTb OTJ10Ba yCTallaBAHBACTCsl NP
3TOM paBnoil ¢=pB. 9To — opauHaTa Toukl Nepeceucuns rpaduxon Gynxumii
v=(l—x)x u v=px (puc. 15, cnesa). Hccienyen noseacuue 370il peiuinn
¢ np uaMenenuu p. IIpH MaablX OTHOCHTEbHEIX BELIOBaX (Maablx p) ycrano-
BHBLIAfICA CKOPOCTh OTJOBA TaKXe& MaJja; NpH p — | OHA ToXKe CTpPeMHTCA
K nyaio (nepeson). HauGonbwee 3navenne aGCo IOTHOH CKOPOCTH ¢ paBHO
nanGoanueil opaunare rpaduka dynkuun v=(l—x)x. Ouo mocruraercs,
KOrla npsiMas v = px NPOXOANT Hepes Bepulniy napaGont (T.c.mpup=1/2),
u pasio c=1/4,

BuiGepem p=1/2 (7. e. Ha3HauyHM OTHOCHTCAbHYIO KBOTY TaK, YTOOLL
yCTaHOBHBIUAACH NONMYASAUHST COCTABIAIA NOAOBHHY HeobaasanBacmoii). Mol
JOCTHIVIII MAKCHMaJBHO BO3MOXKHOI cTannoHapHoOi ckopocTH o6JaBaHBalsA
¢=1/4, npHueM CHCTEMA OCTaeTCA YCTOuMBOil (BO3BpaIlaeTcsl K yCTAHOBHB-
WEeMYCsT COCTOAHNIO NpIl ManbiX OTKIOHEHHSX uaqanbﬂoﬁ_ NonyAsiiH  OF
ycmnommmcncn)

. Ypasueuus ¢ mioromepusiM dazosmmM npoctpancrsom. B paccmatpu-
BaBUIUXCS1 BblLEe MpiMepax «(a3oBoe NPOCTPaAHCTBO Obl1o OAHOMCPHLIM,
B Gonee cnoxublx cayuasax (HanpHMep, NpH yueTe B3aHMOACHCTBHA MCXKAY
HECKOJILKHMH NONyJALNAMH) TOYyKa ()a3oBOro NpOCTPAHCTBA ONPCACIAETCH
HeCKOMLKIMH yncaaMit (AByMa AAS ABYX momyasuui u T. A.). Onpenenenns
AnddepenunanbHOro ypaBHeHHs, pelieHuit # T. . B 3TOM CJyyae aHaaoriuHLl
BBeJeHHLIM Bute. IlonTopiiM 3TH onpepenenns.
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IMycts  — Bekroptoe noixe B o6nacth U n-meproro dazoBoro mpocTpaH-
crBa. Asronomnoe dugepenyuanooe Ypasnerue, 3adarnoe noxzen . 370
ypasHenne

r=v(x), xesUcR

Petuenuem Takoro ypabHeHHR Ha3biBaeTcsl raagkoe otoGpaxenue ¢: [ — U
HHTepBaJia OCH BpeMeHH B (}a30BOE NMPOCTPaliCTBO, MIfA .KoTtoporo d¢fdi=
=v (¢p(f)) npu Bcex { u3 [.

O6pas3 oro6paxelns ¢ Ha3bIBaeTcA d)aaoaou kpusod, a rpacduk *) oro6pa-
JKeHHsI @ — uHTe2parsHoill Kpusod. VinTerpanbHan KPHBas JeXUT B IPAMOM
npou3BeZleHNH OCH BpeMelH Ha (a30Boe NPOCTPancTBO. ITO NpPsIMOe MPOH3-
Bé/leHHe HA3bLIBACTCA pacuiupennsiy dasossisn npocrparcreon. Paciunpennoe
¢asosoe npocTpaHCTBO HMeeT pasMepHocTh n--1.

ITycrb (4o, x0) — TOYKa pacmmpetiHoro pasoeoro npoctpancraa. Peutenne
@ ydosarergopser Hadasvromy ycaosuo (lo, xo), ecan @)= Xo, T. €. ecaH
HHTerpaJibHasi KpHBas NPOXOLAT uepe3 TOuKy (fo, Xo).

Kak u B cayuae oanomepHoro $Ha30BOro nmpocTpaHCTBa, HHTErpaJsbHbIe
KpUBLIE MOXXHO ONHCaTb MpH MOMOIH [OJsi HaflpaBJeHHil B PaclIHPEeHHOM
thasoBom npocrpancrBe. TaHreHC yria Hak/IOHA K OCH abCUMCC 3aMeHsieTcs
caefyioltelt KOHCTPyKumeit.

IMpeanonoxknm, 4TOo RaHo moJe nanpaBieHu#i B obaactH V npsmoro
mpoussegenns RXR' 1 uro manpasnenne nonst uHrae He BepPTHKAJILHO
(ne napaanensuo R"). IMyers # — koopaunata B R, x=(xy, ..., x;) —B R*,:
Torna B Kaxao#t Touke cywectByeT (H €IHHCTBEH) BEKTOP NPHNOXKEHHOIO
B 9TOHl TOuKe WHANDABJCHHH, HMEIOUIH TOPH3OHTAABHYIO KOODAHHATY
(f-kommnonenty), pasHyto 1. Takum o6pa3oM, yKa3aHHBI1 BEKTOP HMeeT BUJ
(1,v (¢ x)), rae v(f, xX) — sexrop 8 R?, saBucAwnii OT TOYKH pacmnpeHnOro
¢asosoro npocrpanctEa. HMubiMi cloBamu, HeBepTHKAJblice moNe Hanpas-
JeHHit B paciuupenHoM ¢(a3oBoM IPOCTPAHCTBE ONPCACASCT 3aBHCALUee OT
BpeMeHH BEKTOpHOE Noje B (pa30BOM NPOCTPAHCTBE.

Kamxpan uHrerpanbHas KpHBasi RAHHOrO MOJAS HanpasfeHHi OUYeBHIHO
yaosJeTBopseT AuddepeHuHasbHOMY YPaBHEHHIO

=v(t, x),

T. &. IBJIsIeTCA rpadHKoM oToGparkeHHst ¢ HHTepBaJa ocl BpeMelnt B ¢a3oBoe
NPOCTPaHCTBO, AAs Kotoporo d@/di=v (¢, ¢(¢)) npn Beex £. O6paTHo, rpacl)m(
BCAKOr0O peuieHHA — HHTerpajbHas KpHBas 3TOro NoJd.

Pemenne ynosserBopser HauajbHOMY ycJoBHIO (fo; Xo), €CIH H TOJBKO
€cJH HHTerpasbHasi KpHBas NPOXOAHT uepe3 3Ty TOUKY.

3ameuanne, B xoopausarHoll 3anuCH BeKTOpHOE NoJe B n-MEPHOM NPOCTPaHCTBe

3anaercs n QyuxunAMu n nepevennsix. Hawe anddepenunanbnoe ypasHeHHe NpHHRM2eT
NO3TOMY BHM CCHCTEMB 71 YPaBHeHHI NMepBOro mopsakas: -~ -

TRI=01(E X1y eeen Xn)eeres Xa=0a(l; X1, oo« Xa).

. *). pagux oroGpawenust [: X — Y ecThb NOAMHONKECTBO MpPSMOro fipoussefenus XXV,
cocTosulee i3 BeexX nap Buaa (¥, f(x), rae xX; npanoe npoussedenue X XY ects MHONKecTa0
BCeX YNopsmoueRHHX nap (X, y), rae xeX, yeV.
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Pewenre 3agactcs Bextop-¢yuxumed (@i, ..., @) mnepeMenunoit f, 218 kovopoit dgi/di=
=ve(l; Q1 (f), oo @a(f)), k=1, ..., n, npu Bcex f. Hauaabnoe ycnoBue 3azaercs n1
4yucaoM (fo; X1,0, « -y Xn0). :

12. Mpumep: nuddepenuansuoe yliasuelme CHCTEMbI XHIHHK — XKepPTBa.
Ipocrefias, camas rpy6ast Mofeab, onuchiBalowas Gopo6y ABYX BHIOB —
XHIIHHKA H JKePTBH — COCTOHT B cieayioutenm. Pacecmorpum npya, B KoTopom
’KHBYT PHIGHI IBYX BHJOB, CKaxeM, KapacH # wyku. Ecan 6wl wiyk He Guulo,
KapacH Pa3MHOXKaaHCh Gbl 3KCIIOHEHLHANBHO, CO CKOPOCTLIO X = kx, NpPONOp-
uHOHa.ﬂbllOﬁ HX KOJIHYECTBY X (Mbl npeanosaracM, 4To cymMMmaphasti macca
Kapaceit MHOrO MeHbwle Maccsl npyja). Ecam y — KoandecTso myk, TO
cJefyer yuecTb Kapaceii, CheleHHBIX IYKaMH. Mbl NpeANnooXuM, UTO HHCIO
BCTpeu kapaceil cO HIyKamil NPOMOPIHOHA/NBLHO KaK YHCAY KapaceH, Tak H
YHCJY WYK; TOrAA AJs CKOPOCTH H3MEHEHHst YHC/Ia Kapaceil mojyuynM ypas-
HeHHe x=Rkx—axy.

Uso xacaercs uiyk, To Ge3 Kapaceil OHH BHIMHPAIOT: y= —[y, B HpH-
CYTCTBHI K€ Kapacefl HAUNHAIOT Pa3MHOXAaTbCA CO CKOPOCTLIO, MPONOPLHO-
HaJbHOIl UHCNY CbeleHHBIX Kapaceii: y= —Iy+ bxy.

—— MBbI-IpHXOAHM-TaKHM 06pa3oM K cucTeMe AlidgepeHUHaIbHBIX-ypaBH el -
npocreiluiefi MoAeH -CHCTEMBl XHIMHHK — JKepTBa:
¢x= " kx—axy,
li=—ty+ 0.

Dra Mojdesb HasbiBaeTcs sodeavto Jlorka — Boasteppa no HMeHH aBTOPOB.
TpaBas yacTb onpejesisieT BEKTOPHOE M0.e HAa AJAOCKOCTI: NPHJIOKEHHLI B
TouKe (X, ) BEKTOD HMCET KOMIIOHCHTHI (kx—axy, —ly--bxy). 3to — no.1e
(}pa3oBoil cKOpOCTH. .

®a3oBbIM NPOCTPAHCTBOM fABAAETCSA yron x>=0, y=0.

Bektopuoe nose ¢a3oBoii CKOPOCTH HETPYAHO HapHCOBATh, NMpPOCJCHHB
3a M3MeHeHHeM 3HaKoB KoMmnoHeHT (puc. 16). Oco6as Touka noast (xe=

=1/b, yo=k/a) oTBcuact paBHOBECHOMY KOJHHCCT-
- By Kapaceil H 1yK, KOr4a NpHPOCT Kapaceil ypaBuo-
BCLUHBAETCSA AEATEbHOCTLIO YK, 4 NPHPOCT LYK —
HX eCTeCTBeHHO{l CMCPTHOCTBIO.

Ecau Hauaabhoe uncso 1yK Menblue Yo (Touka A
Ha pPHCYHKE), TO uic/ia Kapacefi M LLYK.pactyT,
noka pasMHOXusMIHecs LIYKH He HAYHYT Cbeiath
GoJablie Kapaceil, yem HX npupoct (Touka B), 3a-
TeM YHCJO Kapacef HauiieT YObIBATh, @ YHCJAO WIYK
Puc. 16. Toae ¢asomof cxo-  GyjeT pacTif, MOKAa HeXBATKA MHUIM He NpHBelerT H
POCTi MOACIH XHLLHKK-XKepTBa,

WyK K BeIMHpaHuio (Touka C); 3aTeM 4YHCJO LIYK

YMEHBIUHTCA HACTOJIbKO, YTO Kapaci CHOBA HAuHYT PasMHOXKaTbead (Tou-
Ka D); HayaBlueecs pa3sMHOXKCHHE Kapaceil IPHBEALT K TOMY, YTO CO BpeMeHeM
H LIYKH HQUHYT pas3Muo:Kartbed. Takim oGpason GyAyT NPOHCXOAHTL KoJscba-
HiS1 YHCIEHHOCTH Kapacell H myK BOJI3H DaBHOBECHOrO YHCIa TeX ¥ APYrix.

Bosmitkaer, oanaxko,. Bonpoc, GyAyT Ju 3TH KojeGaHHA TICPHOLAHUCCKHMI
uau ke Het. Hawa npn6mikenuasi KapTusa noJist ¢pa3oBo CKOPOCTH He NO3BO-
JfeT OTBETHTb Ha 3TOT BOMPOC, MOXHO BOOOpPa3HTh pasjHuHBIE CAyuaH,
Hanpumep, H3obpaxeHHue Ha puc. 17.
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Uro6bt pa3obpaTsest B 3THX CIy4asx, PACCMOTPHM OTPE30K, COenHHAIOMUINIT
ocofyio TOUKY ¢ ocklo x. Kaxnas Touxka A sToro orpeska (He Jnexauas Ha
OCHL x) onpenensieT ¢a30BYI0 KPHBYIO, KOTODAA CHOBA MEPECEKAET OTPE3OK B
nekotopoit Touke @ (A). Pyuxuuss @ HasbiBaetcst ynxyueli nocaedosarusn
(unn orobpaxcenten ITyanxape, a Taxkxe moHoOpomueli uan 2osoxomued).

A |¢(f4) A

. ) A
Puc. 17. ®ynxuns noc1e10sains.

Paccmotpum rpaduk ynxnun nocsenosauins. OH HasuBaerca duazpan-
‘nodi Jlamepes. Inarpammpl J]amepeﬂ IS deThipex caydaen puc. 17 usoGpa-
JKeHEl Ha puc. 18.

D(4) 1®() ®(A) . d(A)

A A A A

Puc. 18. Muarpanys Jlanmepen.

TMo anarpamme Jlamepes Jierko MoCTpPONTH 10C/I€10BATENLHOCTh 06Pa30B
TOUKH A npu nosTopennn npeobpasosauus @. [las storo caenyer nocrpowrb
‘Tak Hasbmaemylo aectauyy Jarepea (puc. 19), aGeuicest
H OpAMHATH BepliMH KOTOpOil ¢yTb A, ®(4), O?(A)=
=D (D (A)), ...

Toukn nepeceueHua rpaduxa QYHKIHH nocJejoBa-
uua ¢ puaronanvio (rpadukom @ = A) coorBercTByIOT
3aMKHYTBIM qmasoabm KpHBbIM (uutmau) na cpasonou
NAOCKOCTH. T T

[lukn 3aBefoMO  ycTORuMB  (HEYCTOHUHB), €CAH B  Pue. 19 Jlcerumua
coorseTcTBYlowell Touke A umeem @ (A)<<1 (> 1). dna  Jlaveper.

HawHx yerhipex anarpaMum Jlamepesi (puc. 18) B nepsoM cayuae hasoBble
KpHBLIE — CNHpanl, HaMmaTblBaiolnecsas Ha ocofyld TOYKY, BO BTOpPOM —
CMaTbIBAIOIHECS] C Hee, B TpeTheM — 3aMKnyThie. B yerpeprom cayuae da3so-
Bble KPHBLIC HAMATLIBAIOTC HA YCTOAYNBBIA LMKJA H3HYTPH H CHAPYKH.

COOTBQTCTBCHHO, B NIEPBOM Cay4ae € TeHeHHeM BpeMeHI yCTaHaBJIHBaeTCH (

paBHOBECHOE HaceJieHHe Npyna, KojeGaHHst 3aTyXaioT. Bo BTopom cayuae
paBHOBECHOE COCTOsIHHE - HeyCTOflunBO, KoseGaHust Hapacraior. [Ipn sTOM
HACTYNMHT MOMEHT BPeMeHH, KOTAa uHcJ0 Kapaceii (utyk) Oyner membiue 1;
K 3TOMy MOMENTY Haua MOJelb CTaHOBHTCSA Henpuemncmou H HaceaeHue
npyda ssisupaer. :
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B TpetbeM ciyuae HabalogaoTcs NepHOAHYECKHe KOe6aHusa YHCACHHOCTH
Kapaceif W UlyK BOKPYT PaBHOBECHOTO COCTOSIHHA; aMMAHTYAa KoicGaHH#
onpefensieTCsl HAYaJbHBIMH YCJIOBHAMH.

B uyerBeptoM ciyuae Toxke HabaiofaloTcs nepnonnqecxue KoJeGaHua
YHCNEHHOCTH Kapaceil H YK, HO amMnautyoa YCTaHosuswUXCA Kosebanult He
3asucur OoT HaYaabHbix Yycaosuld: mo6Gas ¢a3zoBas cnupa’ib’ HaMaTHBaeTcs
11a npenesbHbifl 1HKI. B TakoM ciyuae ropopsr, YTO B CHCTeME YCTaHaBJIHBA-
eTCA aB8TOK0Ae0aTenbHbLE peXcli.

Kaxoii e n3 cayuaes umeer mecto s cuctemst Jlotka — Boasteppa?
Mbl noka He MOXeM OTBEeTHTb Ha 3TOT Bonpoc (peuieHue ero cM. B § 2).

13. Mpumep: ceoGoanan vacTHua Ha npamoit. CornacHo «nepBoMy 3aKOHY»
Helotona, ycxkopeine MaTepuasnbHOH TOUKH, He MOABEPIKEHHOIH JeHCTBHIO
BHeWHRX cia, papHo O: X¥=0. Ecan Touka x NpHHaJJCKHT R, To roeopAr
0 cs80600HOl uacTuye Ha npasoli (MOXKHO NpeACTaBaATb cebGe OyCHHKY
Ha crnue).

QazeBoe MpoOCTPANCTBO HMeET PasMepHOCTb 2, Tak KaK Bce [ABH)KeHHe

— TTonpenc/sieTcA HauadblbIM MOJI0XKEHHEM H HauaabHO ckopocTbio, Ha ¢asosoit”
MJI0CKOCTH ¢ KOOPAMHATAMH Xj ==X, X2==X BO3HHKAeT BeKTOPHOE noJe (azoBoii
CKODOCTH: . ‘

X1 =Xy, )22=0.

cJle1oBaTe bHO, KOMIOHeNTH moas pashubl (x2, 0) (puc. 20).

Bce Toukn ocH x; fIBASAIOTCHA TMOJOXMEHHAMH pasHoBecHsl. PasloBeche
TAaKOro BHAA B (hH3UKEe Ha3blBaeTCA 6e3pasauuHbisi, a B MaTCMaTiKe neycTod-
uugoisn (NOAXOASIILLCE CKOJMb YTOJAHO Masioe H3MeHeilHe HauaabHoH (a30Boil

TOYKH BbI3BIBAET Yepe3 HOCTATOYHO GOJib-
. luoe BpeMsA He MaJjioe H3MeHeHHe COCTOsi-
> HUA).
henlbigiibent/ dazoBre  KpHBhIE — TOpE
pHB PH3OHTATLHbIE
npaAmble xp=const H Bce TOoUKH OCH X).

-0 =0 €0

e O G
pie. 20, 11 6 3anaua [. Haflth peweHle ¢ HavyaabHLIM
ue. 20. Tloae ¢asosoft ckopoctH ¢soboa- —
O 4aCTHLb, ycaosuem (a, b) npu fp=86.

Orger. @i (f)=a+0bf, q2(f)=b.

14. NMpunmep: ceoGoanoe napemie. Coraacuo laanaewo, yckopenie g
nagaiownx B6I3H nosepxuocti 3eman Tea nocrosnHo. Eeanm x — seicoTa,
T0 x=—g. Beoasa xoopannats! Ha (a30Boil MIOCKOCTH, KaK B MpeiblAyLieM
npuMepe, KoJdydaeMm clcTemMy

Xy=xy, Xo=—g.
Bekrtopuoe none, 3agasHOe MpaBoil uacTblo, nH3obpaxeno ua puc. 21
3anpaua |. Jokasars, yto ¢$asosble Kpussie — napaGo.isi.

15. Mpumep: manvie KoaeGauus. Bo mMHoOrHx ciyuasix cija, BO3Bpauialo-
1Last CHCTEMY B MOJIOiKEHHe paBHOBecHs, ¢ GOJbIEEH HAH MeHblleil TOUHOCTbIO
MPONOPLHOHANLHA OTKJIOHEHHIO OT MOJOXKeHH:A pasHoBecin (3akon I'yka
H T. I} CYLIHOCTb JeJa B TOM, YTO B NOJOXKEHHH paBuosecus cijia 0, a b Masiom
BCAIKan GyHKUHA npuGJHKeHHO JHHeliHa). Mbl NMpHXeOHM K YpasHeHu:o
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Maaolx Kosebanud

Xx=—kx.

Kosdduuunenr k> 0 Moxuo crenats pasibiM | Bhiopom Macwtada BpEMeHH.
YpasHenue npuHHMAET BUA :

X=X,

Broaa no-npexknemy KOOplIHHaTbI X1=x, X3=X Ha tasonoil nuockocTy,
TlepemniceiBaeM 3TO ypaBHEHHE B BHAE CHCTEMEL

X1 =X2, Xg= —Xi.

[lpaBas uacth 3anaeT BekTOpHOE noJse Ha $a30Boi TII0CKOCTH. 310 nonte
H306paxeHo Ha pHc. 22.
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Pue. 21. Tloae ¢asosoi ckopocTH na- .Puc622 IMore ¢aszosoii cxopoct Masux

3anaua 1. lokasars, 4TO (a3oBbie KPHBbE — OKPYKHOCTH M HX LEHTP.
Pewenne. Bekrop $asosofi ckopocTi nepnenaukyasipes paamyc-BeKTOpy.

3anaua 2. lokasath, 4T0 ¢$a30Basg TOYKa ABHXKETCHA MO OKPYXHOCTH ¢ NOCTORHHON
yraosofl ckopoctsio 1.

Pemenne. lnuna sektopa dasoBoit ckopocTH paBha ANHHE PaxHyC-BEKTOpa.
3anaua 3. Hafity peluenne ¢ Hauanbusim yenosuenm x(0)=a, x(0) =b.

Pewenne. Cornacuo npeariayuiny ABYyM 3a5auaM, HyKHO NOBEPHYTb BEKTOD HAYA/bHOTO
ycnosua Ha yroa {. IMoayuaem

xi(f)=a cos ¢4 b sin ¢, x2(f)=—asint4-bcos b

3ameuanne Takum o6pasoM, MH JOKa3aiaW, 4TO X COBEplIaeT rapMOHHYECKHe Koje-
Ganus, M yCTAaHOBHAM €33KOH COXpaHeHHA 9SHepruH»: Beanuuna x7/24-x3/2 mpoan dasosoit
KPHBOI nocrosuHa,

3anaua. 4. Jokasarb 3aKoH coxpanenus sneprun x3/2--kx}/2 naa CHCTEMB X=Xz,
X2= —Rx.

3ameuanne Beanunna x3/2 nasuBaérca KumeTHueckoil swepruedi, a kxi/2 — noren-
uHanbHOM,

3anaua 5. Joxa3sars, 4T0 HHTErpanblble Kpusbie cHeTeMy (€ 2=1) — BHHTOBNME NHRHH.

16. Tpumep: maremaTHuecknii masTHuk. PaccMOTpHM HeBecOMEIl cTep-
KeHb AJIHHB /, 3aKpenJeHHHH B 0OlHOM KOHIE H HECYIUHI Ha APYTOM TOUEUHYIO
maccy m. O6osnauum yepe3 6 yron OTKJAOHEHHs] MAATHHKA OT BEPTHKAMH.
CornacHo 3aKOHaM MeXaHMKH, YIJIOBOE YCKOpeHHE MasATHHKaA § nponopuso-
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Ha/JbHO MOMEHTY cuJjbl Beca (pHc. 23):
8= —mglsin 6,

rae [=ml® — MOMEeHT MHepUHH (3HAK MHHYC OGBACHAETCH TeM, YTO MOMEHT
CTPEMHTCSt YMEHBUIHTb OTKJIOHEHNE).

"HUrak, ypasnenne masTHuka nmeer pug (= —F sin 0, k=g/l. Koad-
HHUKHEHT £ MOXKHO caesaTh paBheiM 1 BhGopom Macwitaba Bpemenu. Ypao-
HeuHe npinuMaer sua 0= —sin 0
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Puc. 23. Maremamn- . Puc. 24, TMoae dasopoit cxopectit MaATULKA.

YOCKHIT  MasTHIK.

daszosoe NpPOCTPANCTBO HMEET pa3MepHocTh 2. 32 KOOPAHHATHL MOXKHO
[IPUHATb yroJ OTKAOHeHHA X1=0 i YIJI0BYI0 CKopoCTb X2=0. YpaBueune
NpHHHMAaeT BHA CHCTEMbl

xl =Xo, Xo= —siil x;.

INpapas uwacth 3anaeT BeKTOpHOE Mose hasoeoil ckopocti. Ono naobpa-
JKGHO Ha pHe. 24.

3apnaua L. Jloxazarn, uTo Haualao koopauHaT (x;=x,==0) u Touka (X1==zx, x2=0)
ABJARIOTCST (AB0BBIMIt KPHDLIMH.

Bua. octanbibelx (a30BBIX KPHBBIX Mb noapo6uo HCCACAYyEM. B LAjib-
Heitiem (§ 12).

- 3aMmeqaHHe, ITpy Maabx yraax OTKAOHeHHS sin 9 SKBHBAJICHTEH yray 0.
3anmenss sin 6 npuGIHKEHHLIM 3Ha4eHnes 6, Mbl CBOAHM ypableHie MasiTHHKa
K ypaBHEHHIO Maablx KoJeGanuil (n. 15). Bonpoc o ToM, HACKO.IbKO BLIBOARI,
cleJaHHble OPH HCCAEAOBAHHH 3TOrO NMPOCTeilliero ypaBHEHHs, NEPEHOCATCS
lia [oJiHoe YpaBHeHHe ManTHHKa, HyXKJaercs B cneuuanbuom HCC/IeJOBAHHH.
Mubr nposesieM ero B nansHefiem (§ 12).

17, Tlpumep: nepeBepHyTHIE MAATHHK. PaccMOTpuM NoBejleHHe MasaTHIKa,
nepesepuyToro Beepx Horamu. B stoM cayuae yroa © Gamsox K m, noaTouy
€CTCCTBEHHO BBECTH YrOJ OTKJAOHCIIS OT BCPXIUCTO MOJIOKCUis, p=0—
Toraa P==sin { H NPH MabiX |\ NPHOAHKEHHO

'\P'= B,

- D70 ypaBHeHHe HA3LIBACTCA YPABHEHUEH <MAAbLX KOACGAHUL» nepesepryTozo
#aATHUKG. Pa30Boe NMPOCTPAHCTBO Asymepso. Ilpumem 3a koopauuaTh
S xi=1, x2=1. [Toayuum cucreva

xl =X2, X2=JX].
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Bekrophoe noae ¢asosofl ckopocri nsobpaxeno Ha puc. 25. Ero ¢asosble
KpHBLIE Mbl NOApPOGHO nccaeayem B § 2.
18. Mpumep: mansie koneOauun cdepnueckoro maatauka. Ortrronenue
OT BepTHKAJI ‘XapPAKTCPH3YeTCAA ABYMS MHCAAMH, X H Y. )
Ypasueniss MaiblX KoJeGaHHIl HMEIOT, KaK H3BECTHO H3 MEXaHHKH, BHI

X=—x, f=-—y.

Pasmeprocth (asoBoro npoctpanctsBa pasna 4. 3a KOOPAHHATH B HeM

npsua

Puc. 25. Floae ¢azopoli cxopocTn nepe- Pue. 26. ®azosne kKpnsuie cdepHuUCCKOro
BCPHYTOrO MafTHHKA, MAATHHKA - H2 TIUACPHROBCPXNOCTH  NOCTONE-
. HOl 3Hepruy.

ApHHHMAEM X=X, X=X, X3=Y, X4 =jy.' Ypasuenuns 3anucLiBaloTca
B BlJE . . . . )
’ : X1=X3, Xg= —X|, X3==X4, X4= —X3.

Mpasas uactb onpexesser pexropuoe noac s R

3anaual. lokasath, uT0 (a3ooble KpPHDHIE 3TOr0 NOIR  Jd€kaT HA  TPEXMCPUHX
cdepax xi4 ... +xi=const. ’

3aaaya 2. loxasatb, uTo $a308bEe KPHBbIE — OKPYKHOCTH GOALLINX KPYTrOB YK23aRHEIX
chep. .

OanaKo OKPYXHOCTb He BCAKOro Goabuioro Kpyra cheput — $hasoBas kpupas.

3axaua®* 3. [okasath, uTo Bce a3oBHC KpHBHE HA KaXA0f Tpexmepuof -coepe
camu o6pasyot asymepnyio chepy. . T -

Tpexmepuyio coepy S® moxuo npeacrasaarh cebe Kak Tpexmephnoe npoctpancrso R,
nonoauennoe 0anoil «Geckoneuno yaatennoli» touxoit. Crezosateanno, pasGuenne S* na oxpyx-
HOCTH onpefensiér pasGuenne R® na okpyxHOCTH M 0aHYy HC3aMKNYTYIO KPHEYI (€yXOIAuLyio
0GouMK KoHUAMH. HA GecKORCUHOCTb>»). T0. pa3buenne uzobpaxeno Ha puc. 26.

3anaua* 4 Ilposeputs, uto nO6HE OBe H3 OKPYXHOCTER YKa3aHHOro pa3bueHus
3auenyensl MexAy cobofi ¢ Ko3(huuHEHTOM 3anensenus, PaBibiM eanunne (xoddponunent
3aleneHtsl yKaswBaeT, CKOAbKO pa3 OAHA N3 KDHBHIX NepecekacT MICHKY, 3aTATHBA0MWLYI0
ApYyryio, npHueM TOUKH HepeceyenHs YUHTHIBAIOTCS €O 3HaKaMmiu).
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OCHOBHBLIE MOHATHA [F:TI. {

§ 2. Bekropubie noas Ha npsMoii

B stoM naparpade uccneayercsi auddepennunansbioe ypapHenie, 3agaH-

HOE BEKTOPHLIM MOJieM

Ha WApAMOH, M CBOAAULIECS] K HeMy ypaBHCHHSA

€ pas’feNAoWHMHCA NCPEMCHHBIMH.
1. CymecTnoBaune M eAHHCTBEHHOCTb PewieHHil. IMyctb v — raagkas
(ucenpepuiBuo anddepenunpyemas) Qynxius, 3agannas na udrepsasie U Be-

LLICCTBEHHOH OCH,

Teopema. Pewcnue ¢ ypasHenun x=uv(x) C HAUAALHOLML YCAOBUEM

(lo, xo)

1) cywecreyer daa aobox hheR, s U;

2) eOuHCTBEHHO 8 TOM CMbiCAe, 4TO At0fsle dBa peweHus ¢ obugum
HAHAALHOLM YCA0BUEM €OBNACALOT 8 HEKOTOPOL OKPECTHOCTY TouKl fo;

3) Jdaerca ¢hopuyaoii Bappoy:

t—fp=

*{¢

'_U'@'-- LTC./U! UV (xo) ¢ (_),

o(f)=x0, - ecau v (x0)="0.

HoxasaTteabctBo. [IlycTe xp-— He mnoJosxele pasHoBecHs,
B § 1 mu Buaenn, uto: 1) peuweuine gacrest B OKPeCcTHOCTH TOUKN fo dopmy-
Joii Bappoy, 2) onpeaeaennas 31oil gopuysioil Gyukuusn ¢ sapanercsa peue-
HileM H YLOBJETBOPSICT Ha4yaJbHOMY YCJAOBHIO.

B cnyuae, koraa xo — nosokenie pasuosecsst, Gyuxunst ¢ (f)=xq Takxe
OUCBHAHO fIBJMETCA pelleHyeM, H TecopeMa [oKasaua,

3apgaua l. Ykasats mpoGe1 B foxkazaTenscrae.

2. Onposepraiownit npumep. Iyervp v=x** (puc. 27). Osa peuwe-
una @1 =0, ¢2=(1/3)® ynosersopsioT obiweMy HayaabhoMy ycaosuio (0, 0),
BOMPEKH YTBEPIKJACUHIO O eNHHCTBEHHOCTH.

Koneuwno, ¢pyuxuns v He puddgepenunpyema, nostoMy MpHMep e onpo-
Bepraer yTBepK AeHHe Teopembl. OAHaKO NpHBeAEHHOC A0KA3aTEJAbCTBO HE HC-

i /////// /!
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Puc. 27. [pivep HeeanHCTBCHHOCTH.

f10/1b30BaJM0 [1AAKOCTH U: OHO ,MPOXOAMT H B
TOM cayuae, Koraa ¢yuxkuus v JHIIb HEpe-
poisia. CrefAoBaTedblio, 5TO AOKA3ATCILCTBO HE
MoskeT GuiTh BephbiM. M pciicTBuTedbHO, YTBEp-
JKIACHHE O CAHHCTBCHHOCTH GbLAO AOKA3aHO JIHIIb
npyu ycaosui v (xo)5=0. Mst BuRHM, uTO ecnH
noae v Junuwb Henpepuisno (a He AugdepenuH-
pyeMO), TO CIHHCTBCHUOCTH peileiiil ¢ wavaib-
HLIM  YCJOBHEM B  NOJIOXKEHHH DaBHOBECHS
Mo)KeT M He ObiTb. OKasviBaeTcsi, 22adKocTs v
eapanTupyer eQUHCTEEHHOCTb W 8 3TOM Cay4dae
{cM. n. 3 Huee).

IlpuBenennblil npuMep MOXKHO omHcaTb elle TaK: NPH ABHXKEHHH
€0 cKopocThio v (x) = x** Moxuo nomactb B nosoxkenue pasnosecus (x=0)
H3 Jpyroil TOUKI 33 KOlicYHOe Bpems.
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B § 1 Mu paccMoTpeas ABHXKEHHE B JHHefiHOM moJe (CO - CKOPOCTBIO
v(x) =Fkx). B atom cayuae aas Toro, utoGbl NpHIITH B NOJOXKEHUE paBHO-
secusi, TpeGoBasoch GeckoHeuHoe BpeMs (Hanpumep, eciH o (x) = —x, TO
dasoBaa TOYKA - NPHEINIKAETCH K MOJOXKEHHIO PaBHOBECHS TaK MeNIEHHO,
4yTo eil B J1060f MOMeNnT ocTaBajochk GHl O HEro ABHraThbCA BpeMsd,. paB-
noe 1, ecan Gbl ce CKOPOCTb nepecrasia MeHSIThCS B 3TOT MOMEHT).

[puuuna HeeanHCTBeHHOCTH. B cayuae u(x) =x*/* coctrour B TOM, uTO
CKOPOCTb HEJOCTATOYHO GLICTPO YGHIBAET NPH NOAXOMAE K NOJOXKEHHIO PaBHO-
Becust. VI3-3a 3TOro peuleHue u ycrneBaet BOMTH B 0cO6YI0 TOUKY. 33 KOHeu-
HOe BpeMs. :

3. JlokasatenncTso emmcwelmocm. IIpennonosxium, uto ¢ — pemtenue
ypabHenns x=v{x) ¢ raagkoil mnpasoii wacTbio v. JlomycTuM, uTO
¢ (to) =xo — nooxKeHiie papHoBecHs, ¢ (f1) =x; — He NOJOXKeHHE paBHO-
secusi (puc. 28). Ha orpeake mexay fo u ¥ . paccmotpum Gmuskafimmii .
K f; MOMeHT BpeMeHH f2, B KoTOpHli v (¢ (f2)) =0. [aa moGoit Toukn #; MeX- -
oy {2 n {; HmMeem no q)opuy.ne Bappoy

X3 dE
t:;—t_l-———g -z%)-, X3=(p‘(13).

Xy
Ecau ¢ynkyua v eaalkas, 10 uHTeepanr CTpemMurcs K OECKOHEUHOCTU,
Koeda x3 crpemurcs K xs. JleficTBHTENBHO, TAaHrelC YrAa HaKAOHA XOpha

tg T2t %

Pue. 28. JokasatenscTso Pue. 29. VYcaosue Jinnmnua.
€IHHCTBEHHOCTH. '

rpaduxka rnagkod Ha orpeske yHKuuH orpanuued (puc. 29), no-
stoMy |v (B)I <<RIE—xql, rie mocTosiHHas & He 3aBMCHT OT TOYKH & OT-
peska [x), x2] (ycsoBHe orpaHnueHHOCTH HakJoHa XopA rpaduxa dyHKUHU
Ha3bIBAIOT ycaosuen Junwuya, a uieno k — nocroannoi Junwuya). Uraxk,
X2
lta—ti| = I S i—l .
| 2 k(E—x2)

IMocnennuil uurerpast Jerko BHIUHCJAHTh, OH CTPEMHTCH K GECKOHEUHOCTH,
KOria xs CTpeMHTCH X Xx2. B 3ToM Jerko yGeauTbcst M He BbIUHCAAA
MHTerpaja: Beib OH paBeH BpeMeHH JABHIKEHHH MeXJy ' JBYMS TOuKaMH
B JAMHEeHHOM noJe, @ 9TO BPeMs CTPEMHTCS K OeCKOHEYHOCTH, KOrja OAHa
H3 TOUEK CTPEMHTCST K MOJIOXEHHIO PaBHOBeCHS. )

Hrak, uncao |¢2—1t| Gonbuwe ao6oro sanepes 3aganxoro uncaa. Yucer,
Goablinx Jio6oro, He GuiBaer. CiefoBaTenbHO, pelieHHe ¢ HauyaJbHbIM YCJI0-
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BHEM B NOJOXKEHHH PABHOBECHS He MOZKeT,IPHHHMAaTh 3iaueunil, He ABASIOo-
LILHXCA NosoKenisMH papHopecks. CTasio OuiTh, ecilit @ (fo) — nosioxeune pas-
HosecHs, 10 v (@ (1))=0 npxu Bcex . Cacaopatensuo, ¢==0, T. e, @ — Kou-
cranta. EnnncrsenHocTb fokasaHa.

"3amMeruM, YTO OCHOBHHIM. B NMPHBEACHHOM JOKA3aTeAbcTBe GHIO CpaBile-
Hile JBHXKEHHA B IVIAAKOM NoJde v ¢ Gojee GLICTPLIM ABHIKEHHEM B NOAXOAA-
uten suuefinon nose. Jas nocnesHero ABHMKCHHS BpeMs BXOZa B NOJOMe-
HHE paBHOBCCHSI (ECKOHEUNOo, Clef0BaTeIbHO, OHO TeM Gosee GeCKOHCYHO
Anst Gosee MeIJICHHOrO ABHIKEHHsS B HCXOLHOM MoJe.

3aaaya 1. MoryTt aH uHTerpa/iblinie KpuBbe ITaAKOTO ypanucmm x=u (x) cGanxarben
npi { —» oo GulcTpee, ueM 3KCNOHEHUHAAbHO?

Orser. Her, ecan oana H3 HHX OTBCYAeT MOJIOXKEHWIO paBiloBecisfi; Aa — B BPOTHB-
HOM caydae.

3anaua 2. Bepua au Teopema eIMHCTBEMHOCTH B CJyvae, KOrla MpoH3BOAHaA
$yiKLil ¥ CynlecTBYeT, HO pPaspuiBra?

Orger. [la. .

3axauwa 3. TlokasaTs, 4TO 118 EAHHCTBCHHOCTH PCUWICHHA € HAYAIBULM  yCa0-

_ — x- I - 2

-

5
BlicM X AOCTATOYHA PacXOAMMOCTL B Xo HUTErpa’a S —(T)
v
Xo s
3axaua 4. [NTokasaTs, 4TO 113 eANHCTBCHHOCTH AGCTATOHHO, YTOOW (YHKUUA U y10D-
acTsopiia yeaosuw Jlunwdua @ (2)—~v (y)]l <k lx—y| ops BCex x, Y.
3aaauya 5 JokasaTs €IMICTBEHHOCTL YAOBACTBOPSIOWCIO HAYAJTLHOMY  YCJAOBHIO

¢ ({:)==xo peurcuust ypasnecuus f=rv(l,x), r1¢ v — raankas YK,

’ Yxaszauune. 3amcnol x Ha x—(l) CBCCTH peluciHe K HYJICBOMY H 3aTCM CPaBHiTb
foJe HAnPpapICHHHR C NOAXOAAULHM JAHHedNbM. DTO cpapHeNie AOKa3bliBaeT EIHHCTBCHHOCTH
npn Moboil pazmepHocTi ($a30BOro NpocTpancrsa.

3anava 6. Jloka3aTh, uto $a3oBuiC KPpUBLIC CHCTCMbBI XHWHHK — XepTpa (§ 1, n. 12)
HZ RCPECEKAIOT KOOpauHaTHHe OCH (HanpuMep, NEpBOHAYAALHO NOJOKHTEAbHOE uliCA0 Kapaced
HE MOXET CO BDeMEHEeM CTaTb OTPHUATEAbHBIM). )

3axava 7. Iloka3aTh, 4TO BCAKHE ABA PpelliCiita yPaBHEeHHR ).’=o(x) ¢ rjajkofi o,
YAOBJCTBOPAOLUIHE OGUIEMY HaUAIbHOMY YCA0BHIO, COBNALANT BCIOLY, rie o6Ga onpeieents.,

4. Nipamue bppouaepenenns. PaccmoTpuM  aBa  muddepeninaibHLX
ypaBheHnHs: fi=nin), neUsg (1)
,x;z =0v2(x2), xe=U> (2
Hpasun npoussedenues 3THX YpaBHeniil Ha3uiBaeTcs cHCTeMma
n=uv1(x1),

,\:2= vz (x2), @)

(azoBbiM npocTpaHCTBOM KOTopoﬁ sBAsieTest apsAMoe npoussedenne U ¢aso-
BBIX HPOCTPAHCTB ypauuemux (1) u (2). Ha onpeaesicuus nenocpeactpenio
BBLITCKACT

Teopewma. Pewenua ¢ dugdepenyuarvrozo ypasnenus (3), asaao-
wezoca npamoir npoussedenuen ypaguenuil (1) u (2), — aro orobpasxce-
nusg @ I-U suda o(f)=(¢:(f), ¢2(0)), 20e @ u @2 — pewenun ypas-
nenult (1) u (2), onpedesennvie Ha 0OHOM U TOM HC UHTEpOAAL.

B wuwacrnoctn, nycrs ¢azosnle npocTpanctsa U, n U; oauomephbl.
Torpa mur ymeeM pewath kaxkaoe n3 ypasdenuit (1) u (2). CaeazoBatean-
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. HO, MBI MOXEM SIBHO pelIHTb H CHCTEMY ABYX maq)q)epenuuanbﬂux ypas-
Heunit (3)- : -

A umeHHo, no teopeme M. 5 § 1 pewenne ¢ c ycJI0BHEM q)(to)=xo MOXHO HailiTn
B OKPeCTHOCTH TOUKH {=={y U3. COOTHOIWEHUA

N _ v;g(l) de , ’_trzg(l) £
ol W GRS

*1.0 X2.0

ecan vy (x1,0) 705502 (x20)

Ecan vi(x,0)=0, To nepsoe cooTHOMIERNE 3AMENACTCA HA (y==X|,0, 3 €CAH Uz(Xy,0)=0, TO
srOpOe — HA Q2=X3,0. Hakoueu, ecan vi(x1,0)==02(¥2,0)=0, TO Xxo— 0COGast TOMKA BeKTOP-
11070 NOAA U H MOJNOXKEHHe PaBHOBECHA cheTeMHbl (3): ¢(f)=sxo.

.

5. Mpumepw npameix nponasenemm. PaccmoTpuM  cucTeMy  ABYX
ypaBHeHHH

X1=x1, Xg==Rxs.

3aanaua t. Hapucoaarb COOTBeTCTBYyIOULHE ﬁeKTopHHe noaa Ha [MJOCKOCTH npu
k=0, 1, 172, 2. ’

Mul yxe pewnan xaxjpoe H3 JByxX ypaBHeHuil B oraeabHocTH, Hrax,
pelleHHe ¢ C HauaJbHBIM YCJOBHeM ¢ (fo)=1xo HMeeT BHA

(p|=x|'°e(‘—lo)' (p2=x2.oek(t—lo). 4)

CnenoBatensno, BHOJb Kaxknoit ¢asopofi kpusoi x=o¢(f) umeeMm auGo
p P

L2l =Clul®, : ©)

raie C — nocTosiHHAdA, He 3aBHCAWaA oT f, AH6o x=0.

3agaua 2. flsaserca an KpHBass Ha ¢a3oBofl naockocTH (X1, Xgz), 3ajKaHnHaA
ypasueuneM (5), ¢asorofl kpusoii?

Oraer. Her.

CemeiicrBo kpuBbix (5), rae C=R, umeer pasnniil Bua B 3aBHCHMOCTH
OoT 3HaueHnHsn napamerpa k. Ecau k>0, To 3T0 — ceMeiicTBOo «napaGoa*)

Z,

o >

Pue. 30, ¥Y3au: $pazoBbie KpHBLE CHCTEM Xy==x;, Xo==hr, ang k> 1, k=1 n O<<k<1

¢ nokasateneM k». Taxkne napaGoan KacaloTca OCH X;, ecau k> 1, uan
ocH xz, ecan k<<l (puc. 30; npn k=1 nomyuaerca cemeficTBO NpPAMBHIX,

*) Hacroaumue napaGoaul noaydanrcs anms npu k=2 u k=1/2.

2 B.Y, Apuona
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NPpOXOAALIHX Yepe3 Hauano Koopaunat). PacnosnoxkeHue (as’oBLIX KPHBHIX,
H3o0paxenHoe Ha puc. 30, HasuBaetcs y3aox. Ilpi k<0 kpussle (5) uMmelor
BHA runep6oa (puc. 31) *) u oGpasyioT B OKPECTHOCTH Hauana KOOpAHHAT
cedao. Tlpu k=0 kpusule (5) npespainaiorca B npsamue (pHc. 32).

N3 dopmya (4) BUAHO, uTO KaxK/as (pa30Basi KpHBASA JIEKHT LEJHKOM B O
'HOM KBajapaHnTe (WM Ha KOOpANHATHOM NOJYOCH, HJIK COBNAAaeT ¢ Ha4YaJIoM KO-
OpAHHAT, KOTOpOE NpPH Beex & siBasieTcs (a3oBoit KpHBoii). CTpesky Ha PHCYH-
Kax YKa3blBalOT HanpabieHHe JABHIKeHHS TOuKH ¢ (f) npu Bospacranuy £

Tz

IS A
BN *

Puc. 31 Ceang: ¢asosuic kpu- Puc. 32. Qazosuie kpibble Puc. 33. daszosue kpusne ncpe-
- :ueocnﬂeuu Xy=x;, x2=kxy, CHCTEMH X} = X1, X2=0. BCPIYTOTO MARTHHKA,
<0

3anaua 3. Jokaxurte, 4yT0 Kakaas M3 napa6oa x:=xi(k=2) COCTONT M3 Tpex
daszosbix KpuBHIX. Onmiiute BCC (asoBble KpuBbie OpH APYrHx 3nadcuuax k (k> 1,
k=1, O<k <], k=0, k<<O).

Hutepecho mpocaeaTs, Kak OAMH PHCYHOK NEPEXOAMT B APyroifi 1PH HelpEepuiBHOM
H3Menennn K.

3anaua 4. Hapucyiite ysea, coorserctayomnii £=0,01, u ceano, cootBercr-
pylowee k= —0,01. -

3anaua 5. Pewnrs ypabuciue NepeBepiyTOro MasTHHKA %=Xz, X2==x; H Hapuco-
BaTb (pasoBble KPHBHeE,

Pewenne. BpeacM Ha ¢as3oBofl NJOCKOCTH HOBbE KkKoopamnartel: X=xi-xg,
Y=xi—x;. CucTema pacnagactes B npsimoe mnpowsseicune: X=X, Y= -—Y. Ha mnaoc-
Kocth (X," Y) ¢asosme kpuBhie o6pasyor ceano, Kak Ha puc. 31. Cnexosaresbho, Ha
naocKoeTH (X1, x2) Takxe noayyaem ceano (puc. 33). Orciona, B 4aCTHOCTH, CJERYeET,
UTO 7Pl OGHHOM OTKAOHEHUU MAATHUKG OT GepTUKGAN CYUeCTYeT 00HA U TOALKO OOHA
HGYUAALHAR CKOPOCTb, nNpu KOTOPOU OR QCUMNTOTUMECKW npubAuXxcGerca K 6epXHEMy NOAOxe-
HUIO pagrogecus npu -~ oo (cooTpercTsyoinas ¢(a3onsas KpHBAA — NPAMOJLIHCHHI
ayy, Bxoaawnii B 0). Ilpu meHblell nam Goabilued HayanbHOH CKOPOCTH MaATHHK NalaeT
An60 He pofas N0 BepXHero. NONOMEeHRA paBHOBeCHs, An00 NepeBaIHBIINCL UYepe3 HEro
(coorBeTcrByiouiHe $a30BHE KPHBLIE — NONOBHHL THNIEPGO.).

Pewenun umeor Bua X=Xee!, Y=VYee™', orxkyaa xi=Ae'tBe '=acht+bsht,
xy=Ae'—Be '=ashi{tbcht.

6. YpasHeHus ¢ PasfeAfOLIHMHCA NEPEMEHHbIMM,
Onpeneaenue ¥Ypaeuenuesn ¢ pa30essaoujumMucs nepemeHnbimy Ha-
ablBaeTcs ypaBHeHie

dy _[(y)
Frarct ©)

Mu Gynem npeanonaraTth, uto f B g — raaakie QyHKuUHH, He obpauiaio-
mueca B 0 B paccmaTpuBaemoii oGnacTH.

*) Hactoaune runepGoabl MOAYHAIOTCA AHIIL NPH k= —~1.
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PaccMOTpuM Hapsily ¢ STHM ypaBlieHHEM CHCTeMy
i=g(, g=f@ = U

TeopewMma. daszossie xpussie cucremvt (7) ABAAOTCA UHTLEPAALHLIMIL
kpuseoimu ypasuenus (6), u, obparuno, untezparsroie Kpusoie ypasrenusn (6)
RBAAIOTCA (PA30BLIMIL KPUBLIMU CUCTEMBL.

HoxaaateancTso. Tadrenc yrna HakioHa BekTopa ¢rasosoil cko-
poctu K ocH x ecTb f(y)/g (x). 3naunt, dasosas Kpupas CHCTEMB! B KaX-
 poft croef TouKe KacaeTcs NOAA HaNpapjeHHA ypaBHeHHA.

O6partHo, mycTh faHa HHTerpaspHasi Kpupam ypasHeuua (6). Toma
Ha Heil MOXHO BbIGpaTb nMapametp [ Tak, 4TO MapaMeTpHYeCKOe ypaBHEHHE
Kpusoit Gyner x=¢(f), y=="7(/), npuuem ¢yHums @ — peireHue ypasHe-
Hus x=g(x) (3mecb ucnonbsyercs ycaosue gz=0). Bropasa koopau-
HaTa P TOUKH C mnapaMeTpoM { YAOBAETBOPSET TOMAa COOTHOIIEHIIO
(dy/dt)/(de/dty=[ (b ())/g(9(!)), T. e sBAsETCA pelleHHEM ypaBHe-
uus y=f(y). CrenoBatenntro, Hama KpHBasi — (a3oBas KPHBAA CHCTEMbL.

Teopewma. Pewenue ypasuenus (6) ¢ nauaroroin ycaosues (xo, Yo)
cywectayert, eduncreenno *) u daerca dopmyarod

x L4
[l
g® Jim.

Xn Yo
JokaszateabcTBoO. JT0 ClefyeT H3 npeabiayuieit Teopemst u dop-
Myn AAA peweHHst ypaBHeHHR Xx=g(x) ¥ y=[(y) ¢ HayaNbHBIMH YCJIO-

Busimu (fo, xo) 1 (fo, Yo) COOTBETCTBEHHO.
‘3 ameuanne «<MHeMOHHYECKOE» MPABUIO pellieHHT YPAaBHEHHS C Pa3-
IeAfIoUUMHCS ePEMEHHBIMH COCTOHT B TOM, YTOGH paccMaTpHBaTh il JIEBYIO,

H NMpPaBYIO YacTH YPABHEHHA KaK APOGH H NMepeHeCTH «BCe WIeHbl € X B onHy
CTOPOHY, @ BCE UACHE! C Y B APYryio»:

dx _ay ®
gx) Ty
[Tocne storo «lelpaBHHBaHHe HHTErpaJ/ios» Aaetr HCKoMoe COOTHOILEHHEe

.
g(x) f(y)

HJIH B yKa3aHHOM B TeopeMe BHAe -— [JI1 ONpelleJIEHHbIX HHTErpanos.

MeXLy X H y B BHAe pPaBeHCTBa S AN nepBooGpa3HbIX

Pasymeercs, 370 «MHEMOHHYECKOE» NPABHAO SIBARETCS, MPH €r0 MPaBHALHOM MOHHMAHHIL,
BNOSHE CTPOrUM BHBOAOM. GOPMYIH. AR pewenust. [defictButensno, cooTHowenue (8) o3wa-
uaeT pasencreo 3navenul dsyx Quddepenyuaronoix Gopu Ha A060M seKTOpE, KACAIOWEMCR
untezpaavroldl kpusoll ypasnenus (6) (u o6patio, KpHBas, BCE KacaTedbHbe BEKTOPH KOTO-
. poft yaosnersopsioT cooTHoweHuio (8), ABAAETCA HHTErpaibHOR aaA ypaswenua (6))

‘ Hnrerpansi Gopm- B neBoRt u B npasolt wactax ypasHenus (8) no OAHOMY OTpesKy
< MHTErpafbHOR KpHBON ypasHenua (6) pasHnt (Tak Kak B onpeleseHitH MHTEerpana BROJAb KPH-
BOf yUacTBYIOT /MH1b 3HaueHHA GOPMEl Ha KacaTeNbHbIX BEeKTOpPAaxX KPHBOM, a Ha STHX BeKTOpax
3HaueHua: ¢popm cosnaznaiot). Hakoweu, muterpan ¢opmul dx/g(x) Bioab OTpe3xa. KpHBOA

*) B ToM cMmHlcae, HTO BCAKHE ABA Takue PRUIHHA COBIAZAIOT TaM, rae 06a onpefeXeHb,

2*



36 OCHOBHbIE MOHATHS (rat

paBen o6uyHOMY HHTerpany GYHKUHR 1/g BROAL npoexUHu 3TOrO OTPe3Ka Ha OCb X, H aKHaJO0-
rauso pas gopmut dy/f (y).

Dopmyaa (8) HaskBaeTcs HHOILA CuMMeTpudnOd popmoi 3anucu ypasuenus (6). .

3apaua l. HapucobaTh HHTerpadbHme KpuBHe ypasHeuust dy/dx=y/x, x]y,
C=y/x, —x/y. ' :

3anaua 2. Hapucosath HTerpanbHbie KpHBHe ypasHenuil dy/dx=kx°y®, sin y/sin x,
‘sin x/sin y. : ’

3apnaua 3. HapucoBaTs $asoBhie KpHBHE YPaBHEHUS MAfiTHHKA X ==y, = — sin X.
Yxasaune. PaccmorpeTh ypaBHeHHE € PpasjeNsiollAMHCA mnepeMeHHuMu dy/dx=
= —(sin x)/y.

7. TNpumep: mopean Jlorka — Boabteppa. B n. 12 § 1 M paccmar-
pHBasK MpocTeHinyIo- MOle/Ib B3aHMOACHCTBHS Y XHLIHHKOB (LUYK) H X XepT8

(kapaceit): :
x=hkx—axy, y=—Ily+bxy. ©
Ho Mbl He cMoran HapucoBaTb (ha3oBHIE KpHBLIe.
Teopewma. Pasosve kpussie cucremot (9) samkuyroie (puc. 34).

_ P q p+q
. y
Fa Yo
z Ll K Yy oy z

Puc. 34, daszosbie KpHBHe Pisc. 35. Moctpoenne $a3osbix kpuskix mozcan Jlotka — Boavreppa.
-molean  JloTka — Boasreppa. .

HNokaaarteabcTso. Pasosbe KpiBble cucTeMbl (9) COBNALAKT C HH-

Terpa/ibHLIMH KPHBbIMH YPaBHeHHS  C Pa3fe/flOUIHMHC MepeMeHHbIMU

dy y(bx—1)
=22 uaM ¢ $a30BbIMH KPHBHIMH ypaBHEHHA-NPOU3BEIEHHS

dx T x(k—ay)

dx - x dy _y

. dv bx—1' di k—ay
(B o6nactn, raoe x, Y, bx—I u k—ay ornuunst or 0).

CnenoBareJibHo, S k_yaJd —-S br— dx+C unn p(x)4-q(y)=C, rae

p=bx—IlInx, g=ay—Fkiny. Fpaq)uxu GyHKUHA p H g MMEIOT BHI fAM.
ITostomy u rpaduk ¢ysxuuu p-+ g umeer Bupg ambl (puc. 35). Cuenosa-
TeNbHO, JIHHHH YPOBHA (YHKUMH p-} g — 3aMKHYTele Kpusbie. Jlerko
nposepHTh, 4TO (a3oBhle KpUBLle ypaBHeHHA (9) He TOJNbLKO NpHEaAfe-
JKaTt JHHHAM YPOBHA p--¢, HO H COBNAjJAIOT C HHMH; TeopeMa JOKa3aHa.

M3 samkuyTocTH (Da30BHIX KPHBHIX ClefyeT, YTO KOJAHuecTBa Kapacefi
¥ wyK B Mofean Jlorka — Bosbreppa MeHslIOTCA €O BpeMeHeM NepHOAH-
yecku. Ilepnon KoneGaHuit 3aBHCUT OT HaYaJbLHOTO YCJIOBHS.

~3apaawa 1. Hokaxure, uTo nepuoa koxeGauuii B mopean Jlotka — Boanteppa (9)
CTpeMHUTC K. GeCKOHEUHOCTH, KOoraa HauanLHoe ycnosue npuGanmaercs K touke (0,0).
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3ameuanne. Marenarnueckoe CTpeMJeHHE K GeCKONEYHOCTH HY KO OTANYAThH OT
¢|13qucxoro Hanpumep, 1/e npn & = 0 ZefiCTBHTEISHO CTPEMHTCH K oo (nanpuwmep,
npit e=10"" seanunna 1/e neficTeuTenbHo Beauka). B To e mpema |Inel.. -npy ¢ .0
NPAKTHUECKH OCTaeTcs orpannuenunM (Hanpumep, npn e=10"% 310 Beanuuna nopsiaka 10).
_l'IpaKTu-lchn ¢ norapudMaMH B aCHMOTOTHKAX HACTO MOXKHO O6Pawlatbed KaK € KOHCTAHTAMH.

3aaaua 2. Kak crpemurcst K 6€CKOHEYHOCTH fepHOl KodeGaunfi B moaetn Jlotka —
BoasTteppa (9), Koria Hauaabkoe yc10BHE HMeeT BRI (xo, £), € — 0>

Orser. Jlorapupmuuecku.

PaccmoTpuM HekoTophle BHIBOABI M3 HALIHX BBIMHCAeHHL.

Hnsa cucremsl Jlotka — Boawteppa (9).

1) Cywectsyer (u emnnctsenHo npH x>0, y> 0) nonoxenne pas-
HoBecus (Xo, Yo)- ‘

2) KojHuectBa Kapacell H WIYK npu HEPaBHOBECHLIX 'HAUaAbHBIX YCJO-
BHAX MEHAIOTCA CO BpeMeHeM MePHOLHYECKH.

3) ®daszoBble KpHBHE cHCTeMBl (9) 3aMKHYTH,

3ameTuM, uTO Hama MofeNb BPAA JIH MOXET NpeTeHAoBaThb Ha BMOJ-
He TOYHOE OMiHcaHHe AcHCTBHTEBHOCTH, Aa’Ke €CJH OCTaBaThCi B PAMKAX
AByMepHoTo (ha3oBoro npocrpaHcTea. Hanpumep, AaXe B OTCyTCTBHE LYK IIPH
GosabUIOM uHCJIE Kapaced CKOPOCTh DPa3MHOMeHHSi NOJKHA YMeHbIaTbCs,
HHaue KapacAM He XBaTHT NpyAa, H T. A. Mbl MoxeM aymats mnoaromy,
yto GoJsee TOUHAdA MOJelbh HMeeT BHI

x=x(k—ay-+ef (x, y)), (9:)

y=y(—l+bx+eg(x, ),
rae xef H yeg — OTGpOLIEHHBE PH HIEaIH3aIHH MaJibie NONPaBKH K Halueit
Moienu (monpaBka B X AEJMTCA Ha X, TaK Kak _CKOPOETh Pa3MHONKeHHs
Kapaceii paBHa 0, ecan ux uncno pasHo Q; no 3Tofi Xe NpHYHHE MonpaBKa
B y geaurca Ha y). Mum Gynem cuntath [ H g ragkaMH  QYHKUHSMH
(cTporo roeops, 3jech H Jalee paccMATPHBACTCS OrpPaHHYEHHas! YacThb
(a30Boii MJIOCKOCTH, TaK KaK AJs MAJOCTH NMONPAaBOK NPH OYeHb GOJNBLIHX
3HaYeHHSIX KOOPAMHAT HET OCHOBaHHIG).

Mgl GyzneM HasbiBaTb cpoficTBO Mozean (9) epyboun, ecan oHo (uan aHa-
JIOTHYHOe eMy OJi3Koe CBOMCTBO) MMeeT MeCTO H IS BCAKOi cuctembl (9.),
NPH JOCTATOYHO MaJbIX €,

PaccmoTpum ¢ 3Tofi TOukH 3peHHsi CAeMaHHHE BHe BoBOAB: 1)—3).

Teopema. ¥ cucremst (9:) umeerca 2aadko 3asucaujee OT MAA020
e nosomernue pasnosecus x(g);, y(e) raxoe, uro x(0)=xo, y({0)=yo —
noaoxcente pasnosecus cuctesot (9). ’

ODokasateabctBo. Ilo 'reopewe 0 HesiBHOM (YHKUHH cHcreMa
YpaBHEHHl OTHOCHTENLHO X, y

F(x, y, €)=0, G(x, v, &) =0

HMeeT T[JaJKO 3aBHCAlLlee OT Maaoro &  pelucHHe (x(e) (a))

obpamaomweecss B (xq, yo) npu e==0, ecau OTIHUYEH OT HYJIA nxosnau
I=D(F, G)/D (x, )| (xpv0: 0),
B nawmeM cayuae F=k—ay+ef, G= —I[+4-bx+eg, caenoBarteabho,

a
= | b OI' 50, uto H TpeGoBaJIOCh IOKA3aTh.
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Hrak, suiBop 1) rpyG: nonoxenue paBHOBECHS HMeEETCS He TOJALKO
y cucreMul (9), 1o u y BeaKoll Gauskoil cucrembl (9:).

Hanporus, BoiBoabt 2) u 3) uerpy6ol. [leficTBuTeNbHO, QYHKUHA nocJte-
nposannsa aas chcrembt (9) nmeet sun @ (A)=A. Jas 6auskoit cucremn (9:)
rpaduk QyHKUUH NocjesoBaHus GyaeT GAH3KHM K AnaroHani, Ho He o6ssa-
TCABHO OyjeT coBnagaTth ¢ Hefl. B saBucHMOCTH OT Biiga Bo3MmylleHuii f 0 g
anarpamma Jlamepest MoO)KeT GbITh pacrofioxeHa Bblle HIH HHXKE AHaroHaJsH
HAH fNepecekaTh €¢ B OAHON MV HCCKOJNBKHX TOUYKAX, COOTBETCTBYIOLIHMX
YCTORUNBEIM H HEYCTOHYHBHIM LHKAM.

Chepoparenibio, 6618006l 0 3AMKHYTOCTH (PA308bIX KPUBLIX U Nepuo-
QuunocTy KoaeCanun 4UCACHHOCTU KApaced u Wyx € amnauryood, 3asuca-
ujeli or Ha4aAbHBLX YCA08LLL, He epyloL, XoTs Y 6.113K0il cucTeMbl (9) Kakawlil
BIHTOK (as3oBoil kpHBOIl 11 GJH30K K 3aMKHYTOMY WHKJAY, OH HE 3aMblkaercs
B TOYHOCTH, M uepe3 Gosbluoe BpeMs (nopsigka 1/e) ycranasauBaeTcs,
HanpHMep, aBTokoae6aTeabHulll pexinm (da3oBasi KpiBaa HamaThiBaeTcs Ha
npejeabHBI LHKI).

CBOiiCTBO CHCTCMLl HMETb NpeAebHblil LHKA yXe fBJAAETCA )CTOH‘{HBHM OTHOCHTCALHO
MaALX BO3MYyUIEHHH cHCTeMHl ypasuennuit. Touuce, NpeanoncxkuM, 4TO UHKJA COOTBETCTBYeT
nenodsiknoi Touke A=O (4) dyrkunu nocaenosanus @ u yro @ (A)¥= 1. B Takom cayuae
LUIKJ HA3BIBACTCR HEBLIPONOERHLIM.

Lcau cucrema, 3a0aHRAA BeKTOPHLIM HOACM Uy, UMECT Heuazpamaeuuuu npeamhumu
yuka, npoxodaujuil uepes Aq, 70 8cAKkan Giudkan cuctema (3adawHasn noaexn Ue, e saad)
uMeer Gauskud yuska (npoxodawud uepes Gauskyio £ A¢ Toury Aw).

Jan Z0Ka3aTeabcTBA HYKHO NPHMEHHTb TCOpeMy © HesiBHOR GYHKUHM K ypasneluio
DA, e)=A, A(0)=A.,.

C1e20BaTeABHO, 841800 O HAAUYNN 8 CUCTeME 08T0KOAeGAHuU, ONUCLIBACMBIX HEBEIPOM-
OeHHUIN npedeabHoiM {uKkaom, épyl: BO BCAKON Gauskoit cucreme OyayT Oai3kie abTo-
KoneGanns.

JaMEeTHUM, YTO BHPOKIACHHLIC NPCIEALNLIC UHKAN MOTYT HCuUe3aThb NPH MAJOM lLeBE/CHHH
clcTemu, OaHAKO OHH NOABARIOTCA HCYCTPAHHMLIM MaJABIM LICBelenneM 06pa3oM B ToM Cayuae,
KOFAa paccMaTpuBaeTcsi HE OTACAbHAA CHCTEMA, a ceMefiCTBO CHCTEM, 3aBHCALIHX OT mapa-
MmeTpa. B 3T0M Cayuae npH OTACABHUIX 3HAUEHHSIX NapaMeTPa MOrYT CAMBATbCA MEXRy coGoft
PasaMunLle UNKALI, NPHYEM aHAJOTHYHOC CAnaHie GyleT WMETb MeCTO NPH HEKOTOpoM 6amn3-
KOM 3Hauekid Napamerpa H B Ji06oM GaK3kom cemeficTe. B MOMEHT CAHAHHA RBYX HEBLIPOXK-
ACHHEIX LLHKJOB B BO3HUKACT B POKAciiHui unka. ITpi atom, BooGuie rosops, #3 ABYX CJaiBaio-
HNXCSl UMKAOB OAHH YCTOHYMBHIL, @ APYroil HeycTofiunsui. BupoxaeHnble UKL, BO3HHKAIO-
e NpH CIHAHHM ABYX HEBBHIPOXKAEHHLIX, MPCACTABAAIOT KHTEpeC NOTOMY, 4TO OHH BCeria
BCTPevaloTes ha rpaiinue o6nracTi CywecTsoBanis Koic6aTeanHoro peXxuMa B NPOCTpancTae
HapaMeTpOE. '

Hanpusep, na pitc. 36 nsobpaxennt anarpamms Jlamepes npu Tpex oueHb O6AHIKHX
3nayepnax napamerpa (kpusnie 1, 2 w 3)., Iluarpamma 1 nepecekaer GHCCEKTpHCY B ABYX
TOWKaX; B 3TOM Cayuae B CHCTEMC HMeeTC ABA NpeAeibHLIX WHKJAA, YCTOHUHBLIA BHYTpH
neyctroiyusoro {puc. 37). Iloaosxenine papnoBecHa HEyCTONHYHRBO; BCS 00AaCTh BHYTPH HEYCTOR-
UBBOTO UHKIA ABJASCTCA 06I3CTLIO NPpHTAKenua («GacceiHOMD) YCTOAYNBOrO LKKAA: npiu Ha-
YaALHUY YCAOBHAX B 3TOll 0633cTi (HCKAKHAA JiUib [OAQMCINIC PABUODBLCIHA) B CHCTCMS
YCTAHaBAKBAIOTCA aBTOKOAEGaNHA, H306PAXaeMbIC YCTORUHBHM HHKAOM.

KphBas 2 coOTBETCTBYET KPHTHYECKOMY 3HAYCHHIO NapaMeTpa: YCTONYHBLIL WHKA canBaes-
€A € HEYCTONMHBEIM H CTaNOBHTCS BHIPOXACHHWM. Pajosnle Kpubule, HauyHHAlOUlKCCS B Orpa-
unuennoll UNKIOM 06AacTH, CTPEMATCA K WHKAY Apu- Bo3pacTaHun Bpemeny. OnHaKo ycTanas-
JMBAOWRACA NPH 3TOM KOAEGATEAbHBA PeXHM HEYCTONUHB: CKOJb YTOAHO Majnoe caydaiiHoe
H3MEHEHHE CNOCOGHO BHGPOCHTL $330BYI0 TOUKY 33 Apeedn WHKAA.

Tipu pansHeiiwrcM mn3scuetttd napamerpa (kpusas 3) unka ucdeszaer Boce. Takum
00pa3oM, CAHAHHC WLKHKJOB NPHBOANT K CKAYKOOGPAa3HOMY M3IMEHCHHIO NOBCACHWA CHCTCMbE
YCTOMUMBLIT aBTOKONCGATCALHLIR PCAUM C KOHEUHONl 06GAACTLIO NPHTSKEHHS BHE3ANHO HCuC-
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3aer. JIsxeHia ¢ HauanbHLIM ycloBHeM B Gacceilie HCue3aouiero UHKAA YXOIAT mocie ero
HCueaHoueHus B Apyrue obaactu dasosoro npoctpaHctsa (pue. 37). B rawem npumepe nocae
nepexoia napaMeTpa Yeped KPHTHYECKOEe 3HAuYCHHE B NONYJAUHAX XHUIHHKOB M JKEepPTB. CKOAb
YroJHO Maloe OTK/MOHEHIe HAYAIBHEIX YCAOBU OT PABHOBECHHX NPUBOAHT K HEOrPAHHUEHHOMY
HapacTaHuo KoieGauuil u, clexoBaTenNbHO, K BHMHPAHUIO,

¥ - Y AY '
1 \—/; 2 z |3 z
2
3 t
Puc. 3(.;, Mepectpofixa Pue. 37. TlepeeTpoiika (a2080r0 MOPTPCTA N NOBCACHNUA PCLICH i

nuarpamsm Jlamepes.

TlepecTpofiki KaueCTBEHHOR KAPTHHM ABHKCHMA MPH H3MCHEHMIl NMAPAMETPOB H3yuaet
reopus 6ugyprayui (6udyprauns=paspsoente), a NPHIOKeHHA TcOPHH GdypKauni K necae-
JOBaHHIO CKAYKOOOPa3HBIX peakuHii Mexannuecknx, GUIHYECKHX, XHMHUECKNX, GHONOTHYECKHX,
SKOHOMHUYECKHX H HHHIX CHCTEM Ha MJIaBHOE H3MCHCHHE BHEHHX YCJOBHII MOJYUHAH B nocied-
Hee BpPeMA Ha3BaHHC TeopuU KATACTPOd.

. M3 pucynka 36 sugmo, 4To Koraa 3Hauenie NapaMeTPa OT.IHYAETCS OT KPHTHUYECKOro
3HAYEHHA HA MANyl0 BeAHYMHY A, PACCTOSIHHE MeXAY YCTOAYMBBIM M HCYCTOMYMBEHIM IIHK-
namu fopagka /A. CIefoBATEIbHO, CKOPOCTH COMMNEHNA LHKAOB NPH HIMEHCHHH napaMerTpa
GLicTPO pacTeT nO Mepe MpubJsiKeHHs MapaMeTpa K KPHTHYECKOMY 3RAUCHNIO: B CaMbIl MOMEHT
katacTpodrt 06a WHKAA ABHXKYTCA HaBCTpedy APYT APYry C GECKOHCUHOI CKOpocThIO. DTO
O6BscHRAET, MOUEMY TaK TPYAHO MPeAOTBPATHTH FPO3AMYI0 KaTacTpody motepi yc‘roﬁanocrﬂ
CHCTEMBbI, KOTAA YKe CAeJannch 3aMeTHHMH ee NpPH3HaKN.

3apnaua 3. Heenenosath Gudypkaunu UHKAOB NPH HIMEHCHHH napame-rpa ¢ B CHCTeMe,
3aaHHOA B MONAPHHX KOOPAHHATAX YPaBHEHHAMH

F=cr—r*4r%, ¢=1.

Orser. Tlpu ¢=0 3 nosoxxenus passoBecHs r=~0 poxIaeTcA yCTONYNBHIA UIKA pazmyca
nopsanka \e; npun c= 1/4 OH HcYe3aeT, CAHBINHCL C HEYCTOAYHBHIM.

3ameuaHne. MoXHO MNOKazaTb, 4TO PONKIEHHE HAH CMEPTb UHKNA B MOJOKEHHH
PaBHOBECHH, KaK I POXKACHHE HAH CMEPTb MapUW MHKJAOB — THAHYHOE ABJCHHC, BCTpeyalomeecs
NpH H3MEHeHHH MapaMerpa B OGUIHX onuonapauerp:mecm«x cemeitcTBAX mi(})(pepeﬂuuanbﬂux

. ypasueuuf.

Yerofiunseie npefleibHbie UHKAB ONHCHIBAIOT YCTAHOBHBIHCCA ncpuommecxne KosneGa-
HUA CHCTeMB, HAXOAAllefiCs B CTAUHOHAPHBLIX BHEIIHHX ycaosuax., KoneGawus, omicuBaemuie
YCTOAYUBLIMH UMKAAMH, HA3LIBANTCA ABTOKONEOAHNAMI, B OTANYNE OT BHAYHICHHHX KONEGas
HHH, BbI3BAHHBIX - NePHOAHUECKHMH BHELTHH M Bo:uleﬁcmnﬂ!\m‘ H 0T KoJaeGaunit THna ceoGoA-
HHX KoNeGanuii MasTHika. BosHukHOBeune apTOKOAEGAHN caMO N0 CcGe AOBOIBHO- YAHBH-
TeNbHO, HO OHH BCTPEYAKOTCA, HaNpuMep, B TaKHX CHCTEMAaX, KaK vyacu, Naposas MailuHa;
9/IeKTPHYECKHIT 3BOHOK, Cepaue, palHonepelaTUlK, nepeMeHHbe 3803n THNA Ucdeni — paGoTa
KaXXI0ro M3 >THX yCTpoiicTB omichHBaeTtcs npe}l("lebl“ LHKJIOM - 8 coornercn)mme‘a @aao-
BOM MNpPOCTPaHCTBE,

.Onnako He caefyeT XyMaTb, YTO BCE KOJeGaTCAbHEIG MPOLECCH OMHCHBAOTCH MPeReabs
HHMH UHKJAZMH: B MHOrOMepioM ¢a30BOM NPOCTPAHCTBE BO3MOXKHO® ropasno Gosee CI0XK-
Hoe nosesienne $asosux kpusuix. [IpHMEpPaMu MOryT CAYXKHTb NpEUECCHA CHPOCKONA, ABHMKE-
HHE NJAHeT M HX CNYTHHKOB H MX BpauleHIlc: BOKPYF CBOHX ocefl (HenepHOIMUNOCTH 3THX™
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ABHXKENHil OTBETCTBENNA 33 CJOXKHOCTb KaAeHAapa M TPYAHOCTh NPeABHYHCACHHSA MPHAHBOB),
a TaKxke ABHIKEHIE 3aPSUKCHHBIX YACTHU B MArHHTHEIX NOJAX (OTBETCTBEHHOE 3a BO3HUKHO-
Berite NOMADHEIX CHAHMA). Mb paccmoTpuM npocTefiiune IBHXKEHHA 3TOrO poma B § 24
H § 25 0. 6. B cucreMax ¢ MHoroMepHuM ¢a3oBHM NPOCTPAHCTBOM (a3oBule KPHBLIE MOFYT
N3xe BMCCTO UiKAA NPHOIHKATHCA K MHOXKECTBY, Ha KOTOpOM Bce GAH3KHe TPACKTOPiH OuCTPO

Puc. 38. Atipaxrtop ¢ pasGeramies $asonbiX KpUBHX H3 HEM.

pacxoaatcs apyr or apyra (puc. 38). TaKue npHTAFHBAIOWMHE MilO/KECTBA MOJYYMIH B 10-
cleanee BpeMsl MA3BaHHC CTPAHHLLX QTTPAKTOPOS: ORW CBA3ANL € SBJICHHAME THRA Typ-
GyJeHTHOCTH H  OTBETCTBCHHH, HalUpHMEp, 3a HEBO3MMKHOCTL AOJIFOCPOHHOrO  MpOrHo3a

norojnl.

§ 3. Jluneiinble ypaBHeHRHUs

JluHeiinble ypaBHEHHS OMHCLIBAIOT BJAMSIHNE MaJjbiX H3MeHEHHN Hauajb-
HBIX YCIOBHI WM NPABHIX yacTell MPOH3BOJIbHLIX YpaBHEHH HA HX pelieHHs.
31ech IBHO pelualoTest ¥ HCCJAeAYIOTCs JIHHEHEIE OANOPOAHbIE H HEOAHOPOA-
Hble ypaBHeHHS C OAHHM 3aBHCHMBIM MEPEMCHHbIM: MOSIBASIIOTCS ONCPaTop
MOHOADOMHHM, O-hyHKUNA, dynkuuss [pHHa M BhiBYXXIEHHBIC KOACGAHMA.

- 1. Jlunefinble oRHOPOAHLIE ypaBHEHHS.
Onpenecanenuc. Jluneinois 00HOPOOHBIM YpasHeHues nepsozo no-
pAdka HasplBaeTCs ypaBHeHHe

dy/dx=[(x)y, O]
npaBas 4acTh KOTOPOFo — JHHefiHasi (0AHOPOAHAs) (YHKIHS OXHOMCPHOrO
33aBHCHMOro nepemeHloro, y.

310 uacTHbIR Cﬂy'-lal.’.l YpaBHEHHs C Pa3lfeJAIOWHMUCA NepeMEeHHbIMH.

Pewran ero no obGwemy nApasuay, HaxeauMm dy/y=[(x)dx, In(y/yo)=

X
=S F(E)dE. 13 3710ro0 BHITeKaer
X
Teopewma. Benkoe pewenue ypasuenus (1) npodoascaerca na eece
untepeaa onpedesenun Gyukyuw [, peuteHue ¢ HAHAALHOIM YCAOBUEM

x
§ e
- (xo, yo) Oaerca gopmyroii y=yee™ - .
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3ameuanne L. Myctb y=q(x) — pemenne ypasuenns (1). Toraa nas
no6oil koHcTanTol ¢ yHkunsa y=ce (x) — Toxe pewenue. Cymma asyx (onpe-
. HeNleHHBIX Ha BCeM HHTepBaJie onpeaenenns f) pewennit ypasuenus (1) roxe
siBnsercst peienHeM. [TosToMy Bee Takue pelieHHst AHHEAHOTO OXHOPOAHOTO
ypaBHeHHA (1) o6pa3yioT sunedinoe npocTpancTeo. PaamMepHocTh 3TOr0 NUHed-
HOTro npoctpaHctTsa pasHa | (mouemy?).
 3ameuanue 2 Pacraxenuss pacmupensoro ¢$a3oBoro npo-
.cTpaHcTBa (x, y) BIOJb OCH y NMEPEeBOAAT IOJe HANpaBJeHUA JHHeHHOro on-
HoponHoro ypasHenua (1) B ceGa. Ilostomy unrezpaasuele xpusoie nod
QeiicTeuen . pacrascenull ocu y nepexo0ar dpyz 6 dpyza; Bce OHM MOCYT
- GHITb MOJTyueHbl M3 OfHOA M3 HUX TakMMH pacTsixkenusamu (puc. 39).
JInHeliHble ypaBHeHHs 3aHHMAIOT B Teopun AuddepeHIHANLHEX ypaBHe-
HHIl 0coGoe MecTo, MOTOMY YTO, COrIACHO ONHOMA M3 OCHOBHBIX Hiefi aHa-
JIK3a, BeSIKadg ragkas (QyHKUHA B T
OKPECTHOCTH KaXKIOi TOUKH XOpOUQ
annpokcHMHpyercst AHHefAHOR yHK-
uued. Bosnukamwoimas Takum o6pasom
onepauHa Auxeapu3ayuu 1 NPHBOAHT
K JHHelHbIM ypaBHEHHSM B KauecTse

Fi p/)

Nnepsoro anﬁ.ﬂH)KeHHﬁ npH Hceaeno- X

BaHHH MNPOU3BOJBHOTO YpaBHEHHA

BOJIH3H KAKOro-muGo pelueHHs. z
~ Paccmorpum, HanpuMep, aBTOHOMHYIO Prc. 39. Murerpans- Pre. 40, Cherena

cHcTeMy ¢ paBymepHOM (a3oBOfl NAOCKOCTHIO Hhe KpHBWE Auned- KoopaHHaT 863N

{x. y), uMelomyo npenenbutfi nika (pc. 40). HOTO ypaBHenus. umkra,

BsereM B OKPeCTHOCTH UHMKAZ  KOOPAH-

‘Hath (X mod T, Y) Tak, uro6u ypaBueHie uukAa npuHsno prA Y =0, a 06xoa uux1a B Ha-
npaenenun $as’osofi CKOPOCTH COOTBETCTBORAA GH yBeawdennio X ma T. Toraa ¢aszosue

KpHBHlE HeXOnHOR cHcTeMnl npi  oTobpaxenun (x, y)>(X,Y) mnepeiiayv B uurerpanbuue
KpPHBHE ypaBHEHHA BHIA

dY/dX=a (X, Y), roe a (X, 0)=0, a(X+7T, V)=a(X, V). 2)
Jlnweapusaunst storo ypasHenns no Y 8 rouke ¥Y=0 npuBoxHT K JHHCAHOMY ypaBHeHHIO
dY/dX=f(X)Y, rae [ (X)=0a/Y],_, :

35Meﬂm. uto dysKuma [ nmeet nepuon T.

Mut npuxonnm Takum o6pasoM K 3anaue o6 Hccnenosauun AnHeHOrO ypaBHeHus C nepmuo-
AHYECKHM Ko3bduuMenToMm f.

2. Jinneiiubie OAHOPOAHHIE YPABHEHHS NMEPBOTO NOPAAKA ¢ nepHoauye~
cKUMH koadduunentTamu, : -

Onpegeanenne. Juneinoimu oduopodubuzu ypasuenuamu nepao-

20 nopadka c¢ T-nepuoduuecxumu xosd;dmuueﬂra.uu Ha3LIBAOTCA  ypasB-
HEHHs .

dY/dX=[(X)Y, rne f(X+T)=[(X). 3)

Pemenns ypapneHus (3) Oupene.nmor JaunefiHoe oroGpaxenue ocu Y .
B ce6, conocrasasiotee snadennio ¢ (0) npu X =0 anauenne ¢ (T) Toro xe pe-
weuna npu X=T7T>>0. dro orobpaxenne A: R— R naamBaerca -momo-
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Aponueli (puc. 41) (Mbl coGHpaeMcs MCTOAL30BATh AHAMOTHUHBIH ONlepaTop
H B MHOTrOMepHOM cayuae.)
Teopema., Oneparop moHOOpOMUU A: R— R auneiinoco ypasnue-
Hua (3) Aunednoul U A6AACTCA ONEPATOPOM YMHONCEHUR HO NONONCUTEAbHOE
qucao h. Ecau aro uucao b (Hasoisaesoe myiso-
TUnauKaropos) .6oavwe 1, 10 gce Henyaesovle
pewenus CTpeMarca K GeCKOHCUHOCTUW —npu
X >+ o0, a ecau nenvute 1, 10 & HYal0; ecau
A==1, 10 8ce pewenua oeparnuyeno.
X HdokasaTeabeTBo. JIHHEHHOCTL A Bbi-
T 5T 37 TeKaeT H3 TOrO, 4TO PaCTAMEHHs NO ocH Y me-
PEBOAAT HHTErpa/bHble KPHBbie B HHTErpajbHbie
KpHBhle; A= 0, T. e. ocb X — HHTerpaJbliasg Kpi-
past, Casuru na T BooJb OocH X TaK:Ke NCPEBOAAT HHTCTPa/blbie KPHBLIC
B HHTerpaavilible Kpupule (BBHAY mnepuoanuuoct f). M3 artoro cneayer,
4TO 3HAuEHHs peLUEHHS ¢ HayasbHbIM yesosheM ¢ (0)=Y npu X=T, 2T, 3T7,...
pasunt AY, A%Y, A*Y, ... nostomy ¢ (NT)— oo npu N—+ oo, ccan A> 1,
“H (NT)>0 npu” N—+ oo, ecan A< 1. Kpome toro, cABHrasi paciuiHpeH-
Hoe ¢asosoe npoctpanctso Ha NT sroab ocu X, HaXORHM

¢ (NT+S)=20"¢(S),

OTKYZLa CJCAYIOT BCC JOKA3LIBAEMBLIC YTBCPXKACHHA (nouemy?).
3ameuanue M3 Teopemn n. 1 caeayer ¢opmydaa Ags MyJALTHIM-
Katopa .

Pac, 41, Oueparop mouoapomini o

T
InA=f f (&) d&.
) |

TakuM 06pa3oM, myasTunaukarop Goasute edunuyol AU MeHbule eQuHu-
1bi, 8 3ABUCUMOCTU OT TO20, NOAOKHCUTEALHO UAU OTPULATEALHO CpedHee 3HA-
qenue gynkyuu f.

B neppoM cayuae uyJsiesoc peurenne Jinheiinoro ypasnenns (3) Heycroit-
4HBO, A BO BTOPOM — yCcTOHuHBO (Gosee Toro, pewenus ¢ Oau3kuMu K 0 Ha-
YyaAbHBIMH YCJAOBHsIMH cTpeMmsitcss K 0); B caywae A=1 pewennsa ¢ HeHy-
JIEBLIMHM HayaJbHBIMH YCJIOBHSIMH MCPHOAHuHLL (pHC. 42).

AY A>1 Y A<l

Piic. 42. YcToilunBocTb HyACBOTO peucius.

BosHiKaeT ecTecTBeHNL BONPOC, KAKOE OTHOWCHHE HAWIA TEOPEMA O PCLICHUAX AHHCAPH-
soBanoro ypasHenusi (3) uMceT K HCXOMNOit 3aadc O NODEACHMH peilcHuil HCJAHUCHIOTO
ypasuenua (2), T. ¢ K 3anauc o $a30BHX KPHBLIX, GAH3KHX K UHKAY?

3anauva 1. lloxkasats, 4T0 ecan A>> |, TO WHKA HeycToiluns u ¢a3osuie l\pHBNQ Ha-
4aBwHeCA BOAK3N WHKJA, ABARIOTCH Pa3MaTLiBAIOUIHMHCH CIHPANAMY, YAAJAAIOWHMHCH OT HErO;
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ecant A< 1, TO UHKA yeTOAuHB H da3oBule KPHBHE, HAUABWHECA B €10 OKPECTHOCTH, SIBJASAIOTCA
HaMaTbIBAIOWMUMHCA HA LK CHHpaAAMU,

HuuiMi cnoBamy, B clyuasx, KOTAa MyAbTHNIHKATOP OT.aiuen ot 1, Anneapnsauus
NPUBOLUT K NPABHAbHOMY cysaeHiio 06 ycroftunsoctu unkna. C apyroit cropous, ecan A=1,
TO, XOTsl pelueHHA ypapHenuss (3) M nepHOAHYHH, OHJIO 6bl HEBEPHO PacCNpPOCTPaHATL 3TOT
BHBOA C JHHEAaPH30BaHHOTO ypasHenus (3) ua ucxoaunoe ypasuenune (2), ana kotoporo Gans-
kne K ¥Y=0 peulenus, BooGuwe rosops, He NEPHOAHYHE, H 06 YCTONUMBOCTH WItKJa HeAb3A CY-
AHTH N0 JHHEAPH30BAHHOMY ypPaBHeHHIO,

Ykaszanne. PaccMoTpers dyHKunio nocaerosanus @, 3aRanitylo peweHHAMH ¢ ypaB-
HeHHst  (2) M COMOCTABJAIOULYIO HayaabHOMY YCIoBHIO Y=¢(0) npy X=0 3nauenue
@ (Y)=¢ (T). Noxrasats, uto auueapusauua @ B Touke Y=0 ecTb onepaTop MOHORPOMHH.

3apnaua 2. Hceneaosats YCTORUHBOCTh NpeaeIbHOro Lnkaa r=1 aaa cicTeMu, 3anau-
HOM B NOAAPHLIX KOOPAHHATAX yPaBHEHHAMH

r=(r?—1)(@2x=1), =1 (rae x=r cos ).
3. Jluneiinble HEOAHOPOAHLIC yPABHEHHS.

Onpepeaenne. Juneinoinn HeoOHOPOOKLIM YPABHEHUEM NePBO2O
nopadka Ha3blBaeTCsl ypaBHeHHe

dy/dc=[f(x)y- g (x). @M

[Ton pelenseM noHHMaercsl pelleHue, onpeleleHHoe 11a BCeM HHTepBaJje
onpenenenns ¢pyukuuil f u g. _

Teopewma. Ecau ussecTHo odno 4acTHoe peiuedue Aurelinoz2o neod-
HOpOOHO20 ypasnenua, yYy=q@(x), TO 8Ce O0OCTAAbHbIE pEULEHUA UMEIOT
8ud y= ¢ (x)+ o (x), 20e @o — peluenue oGHopodroco ypasnenus (1); sca-
Kaa ¢ynkyua ykaszansozo suda ydoeaersopser HeoOHOPOOHOMY YypasHe-
Huo (4).

Horkasateabctso. Ilycte A: Ly— L, — nuuefinntii  oneparop
(puc. 43). Pewennsa ¢o oaxopoanoro ypaeHenna Aqo=0 oGpasyior auueii

Hoe npoctpaHctBo KerAc Ly, O6pas Kerh oy +HKer A

ImA=AL, ofpa3syer Jauueiinoe mnoanpo-

cTpanctBo B Ly, Ecoit ge=1m A, 10 pewse- 1 |- A P
HHSl HEORHOPOJZHOTro ypaBHeHua A¢p=g 0 YRR
obpasyior B L; adduutoe noanpocrpau- |, Ly

ctBo ¢+ Ker A, napaanenbnoe Ker A.

B Hnawem cayude A(p=d(p/dx—f(p. 310 Puc. 43. Tpoctpancteo pewennii AnHefinoro
- - % . HEOANOPOAHOro YpaBHCIKA

AHHEeRHb onepatop *), nMO3TOMY YTBEpK-

JeHHe Haluel Teopembl BHITEKaeT M3 ajreGpaHueckoil TeopeMbl O peluetuH

JINHEHHOro HEOJHOPOAHOrO yPaBHEHHUS.

. Jlns HaxoXAeHHs YacTHOI'0 PeileHHA MOXHO BOCMOJIb30BaThCA METOAOM

«BapHauyuH NoCTOSHHBIX». '

Metox BapHallHK NOCTORHHLIX YACTO YNOTPeGseTCst NPH H3YdeHUH BIAHSA
HHS BCEBO3MOXHBIX BO3Myutennit. PaccMoTpHM, HanpuMep, IBHXKeHHE NJjaHeT
Bokpyr CoaHua. B nepsom npu6anxenun, He yURTHBAA NPHTSIKEHHs MJaHeT
ApYr APYroM, Mbl NPHXOAMM K HE3aBUCHMOMY ABMIKCHHIO MJIaHET N0 Kef-
JICPOBLIM  3aAaHNCaM., ITO — pelrexne neBosmymeHHblx ypaBHeHu#l ABH
Kenus. :

*) l'lpoc-rpau'craa Ly n La moxuo BuGupath no-pasnomy, Hanpumep, moxuo cun-
TaTh, ut0 Ly — oArH pa3 HenpepuiBHO Anddepenunpyemue, a Ls  wenpepupunie ¢yHKuuu,
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Yuer BO3MYILAIOWEro BAHAHAS MJAHET APYF HAa APYTa MOYKHO MPOBCCTH
TaK: CYHTATb, YTO MAAHETH COBEPLIAIOT KEMJEPOBO JABHXKEHHE, HO napaMer-
Pbl KEMIEPOBLIX 3VIAHMCOB Cjerka MeHsoTes co Bpemeres *). Takum 06-
PasoM, BETHUHHBI, OHIBIUEE NOCTOAHHBLIME B HEBO3MYLUEHHOM JBH KEHUH, pac-
" CMATPHBAIOTCA Tenepb Kak (YHKLUHH BPeMeHH.

Ouddepennnanbible ypapueHHs, ONHCHIBAOLIHE H3MEHEHHA (BapHallHH)
3THX IOCTOSHHBIX, 4acTo.ObIBaeT MNpolle pewaTth HIH HCCAEAOBaTb, YeM
HCXOAHBE ypaBHeHHsl. B uacTHOCTH, B NPHMeHeHIH K JHHEHbBIM HeOAHOPOA-
HbIM YDaBHEHH:M, FAe PO/ib HEBOSMYLIEHHOH 3374yl MIpPacT ONHOPORHOE
YPABHEHHE, @ POJb BO3MYLIEHUf — HEOLHOPOAHOCTb, METOA BApPHAUMM TIO-
CTOSHHBIX IPHBOAMT K SIBHOM (popMyJie As pellieHHus. B 3TOM ciyuae HuKaKo#
MaJOCTH BO3MyUIenHsl He Tpebyercs.

Mbl yxe 3HaeMm, YTO BCSIKOE pelleHHe OJlHopOllHOI‘O ypasHeHus (1)
HMeeT BHA Y==C¢(x), e ¢ — NPOH3BOJIbHAA INOCTOSHHAA, a ¢ — Kakoe- -
au6o nenysesoe pewenue. Ilocrapaemes nmono6path QyHkuUHIO C=c (x) Tak,
uTobnl y=c (x) ¢ (x) OLiNO peielHeM HEOAHOPOAHOrO ypaBueuusa (4).

TeopewMa. Pewenue auneiinozo Heodnopodnozo-ypasHenua-{4)-c Ha-

“4QADHBLAM [CAOBILEM y(xo) 0 cyuiecrsyer, eduncrsenno u daerca gopmyaod

x fﬂ;)d; .
y=fe® g@a (5)

NowasaTeabctno IloxcTanoska y=c{x)p(x) 8 (4) naer

cCotcy’ =fco+g.
Ho ¢ - peluenne oaHOpOAHOTO ypaBHeHHH (1). 3uaunr, ¢"=fp n

d=gle, cl)= g(&)/cp(ﬁ dg.

[loacrasasia BMecTO @ H3BECTHOE pemeﬂue ORHOPOXHOrO ypaBHEHHsI, nojay-
yaem (nocie BHecerus ¢(x) nox uHterpan) opmyay (5), uro u TpeGopanoch
Jl0Ka3aThb.

4. dynkuns BanaHusa u 6-o6pasubie HeopHopoauocty. Popmyna (5) umeer
NpocToil «PH3HUECKHT CMbICA», KOTOPHIil BLISCHSIETCS CAELYIOULHM OGPasoM.
Ouesngen

MMpununn cynepnosuuuiu Ecau ¢ u @2 — pewenun aunednoix
neodunopoduety ypasuenuli Api=gi u Aga=gs, 170 @1-+ @2 — pewuerue ypas-
Herua Ag=gi+ ga.

- DTOT NPHHUHII NMO3BOJSCT TNpPH pacqe're BJ/IHSHHSE BCEBO3MOXHBIX BO3-
MYIIeHHi pa3ae/siTh pa3Hble BOSMYLIEHHS, BLIUHCIATL HX BJAHSAHHE 10 OLHOMY
H. ckaanuiBaTh 3¢ GheKTHl BO3MYIICHHA (Hanpusep, ecJH OPOCHTL B BOLY
JBa KaMH#, TO MOXHO HE3aBHCHMO PaCCHHTATb BOJHH OT Ka*KA0ro M3 HHX
M CJI0AKNTL BO3MYLULEHHS; NPH NOJETe CHapsina MOXHO He3aBHCHMO BHOCHTb
nonpaBKy Ha BeTeP W Ha OTKJOHEHHC ILIOTHOCTH BO3AYXa OT TaG/HYHORH,
HT. L.

*) Hanpusep, koaeGanus 3KcueHTpchreTa OPGHTH 3eman — OAHZ H3 NPUYHH HACTYTe-
HHA Je I HKOB.
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B npiMereHnH K HalleMy HeOZHOPOAHOMY ypaBHeHHo (4) poab BoamyLue-
unst urpaer dyskuusi g. IloctapaeMca NpeacTaBHTh QYHKUHIO g B BHAe
JuHeliHOM KOMOHHAUHH «3JeMeHTAPHBIX BO3MYUIeHH >, TorAa pewenne Gyner
Taxkofl e Juneiinoii KoMGuHauuell pelleHHil ypaBHeHHIl C SJeMeHTapHBIMH
BO3MYILEHHSIMH B KauecTBe HeOJIHOPOZHOCTH 4.

Onpenenenune. §-06pasuol nocaedogarensbHOCTbI0 HasbiBaeTCs
NOCJ/Ie0BATENBHOCTb /1y HEOTPHUATENbHLIX IMafkuX (Gynruuil, pasusix 0 sue
crpemAwnxca kK 0 npu N— oo oOkpecTHoctelt M
o6najaloluX Ka:KAas HHTerpajos, paBHBLIM efH-
HHue.

[Tpumep Takoit noc/1e0BaTeNBHOCTH JIEFKO 110-
crpouth (puc. 44). ®usnkn roopsit, 4To «npenea
nocsaenoBaTeabHoCcTH fiy ectb §-dynkuusa dupaka,
pasHas HyJI0 Bcloay, Kpome Touku 0, H HMeolias
uurerpan l». ‘ o

Koneuwno, ¢ynkunn § ¢ takumn cnoucmamu He Puc. 44, 8-06paswan nocae-

JA0BaTEILHOCTD.
CYUIECTBYET.

Tem He MeHee MHOrHe BeJIHUMHBI, B ONpeJeseHle KOTOPbIX BXOAAT (PYHK-
uud Ay, npu N — oo crpemsiTcss K onpelesefHbM  npejenas, KoTophie
M HA3bIBAIOTCS COOTBETCTBYIOWHMHU BeJIHUHHAMM, BLIYHCICHILIMA ANA §-QyHK-
uun. Hanpumep, nas mwo6oft HenpepsiBHOA GyHKHHH g

+ oo
Himl hy () g (1) dx=g(0)
N—+oo —
(noxaxxure!). [loatoMy no onpegeneHuio
+ o0

3, e de=g ()

TouHo Tak e, casuras Bce hy Ha § MO OCH X, HaXOAHM
. oo
S 3(x—HgWdr=g(®),

T. e. §(+ —E) ectb «3-dyuxumua, cocpenotoueHnas B Todke E».

IMocaennioo ¢popmyay MOXHO TakxKe BOCOPHHHMATb KaK NpejcrasileHne
Jo6o# raaakoit GyHKUHH g B BHAE «KOHTHHYAJbHOR JMtHeNOl KoMOuHA LU
S-OyHKUHE, COCPefOTOYEHHBIX B pa3HbIX TOUKAX X, ¢ Koddduunentamy,
PaBHLIMH 3HAUEHHAMH g B 3THX TOUKax.

Takum oépaaom NPOH3BOALHYI0 HEOJAHOPOAHOCTh g B YypasHennn (4)
MOXKHO PA3NOXHTb B KOHTHHYAJLHYIO JHHEHHYI0 KOMOHHALIIO «COCPenOTO-
YeHHBIX B TOYKe» HEOMHOPOAHOCTel BHAA cABHHYTHIX &-pynkuuii. Corracno
NPHHALKNY CYNEPNO3HUNH, IS HAXOXKAEHHS YaCTHOro pelleHns ypanuenus (4)
C NPOM3BOJLHOH HEOJHOPOAHOCTBIO AOCTATOMHO 3HATL 3TO pelleHHe A
8-06pa3Hoii HEeOAHOPOMHOCTH.

Onpenenenue. Pemenne ypaBHeHus

dy/dx=f(x)y+8(x—E), >0,

¢ HayanbHuM ycaoBHeM y(0)=0 naswiBaerca ¢yukyuell eAusHuUA B803AY-
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wienusn 8 moment § uma pewenue 8 moment x (Man gyurkyuel 'puna*}))
# obozHauaercst Tak: y=Gg(x).
Teopewma. Pynsyun Ipuna daerca Gopmyaod

. 0
G:0=\ {0
et apu x> E.

npu x <E, (6)

S3ameuanuc. Kak ofbacHeno pbiule, peyb HAET O Npejene focJe-
JLOBaTeNLHOCTH pelleHHil ypaBHeHIi

dy/dx=[(x)y+hy(x—8), . @

rae { hy ) ecTh 8-o6pasnas nocaefoBaTeibHOCTh, Npit N — oo.
DepHcTHUeCKOoe AoKaszaTeabcTso. Tlpu x<<E pelwetine
PAaBIlo HY.I0, TAaK KaK HeolnopoaHocTs ueyesaet, [lpu x> § pewenie conna-
LACT C HEKOTOPLIM perueHHeM OAHOPOANOrO YpaBHeHHsi, Tak Kak HeoaHo-
poanocth iicuesaer. [Ipn x, 6amskux & BTOpoe ciaaracmoe B npasoil

_._ yacTu_ypasHeHla (7) BEJIHKO N0 CpaBHEHHIO_C NCPRLIM, NO3TOMY HHTerpam
oT dy/dx no MaJjloii OKPecTHOCTH TOUKH § MOYTH paBeH uucay

+ co
_S hy(x—E)dx =1.

[lepexoas Kk npepeny mpu N — oo, BHAHM, YTO CKauoK pewenns y(x)
npH nepexofe X uepe3 Touky § pasen 1, T. €. npu x> £ dyukuua G nepe-
MCHHOIH X €CTb pelleHHe OAHOPOJAHOrO YPABHCHHA C HAYaJbibIM YCJIOBHEM
y(E)=1, uto u TpeGoBanoch AOKA3aTh.

D10 paccyxJeHile MOKHO CACJAATb BIOJHE CTPOrHM, HO HpOLLE [POBECTH
caeaywoiiee '

MaTemMaTH4YeCKOe A0Kas3aTedbcTBo. [loACTAaBARS BMe-
cTO g casHHYTY® Ha & ¢ynxumio fiy B dopamyay (5) pas pellenus
ypaBienHs (4) u nepexoas K npefeay npi N — oo, nodyuaem Tpefyemoe:

X X,
PR {1ST: , {Hods
G:(v)= lim { & Ihy(v—Edv=c®
N> x x
0

ecan xo<<E<ux.
! CnenctBue Pewenue Heodnopodno2o ypagrenus (4) ¢ neodnopod-
| HOCTLI0 § U € HYACBLIM HAMAADHOIM YCAOBLEM BOPANAETCA 4EPE3 PYHKLUIO
X

auanug no gopayae y(x)={ Gz:(x) g (&) dt npu x> 0.
4]

Koneuno, ata dopuyaa sksupaaeutua dopmyae (5) (senay (6)).

3aaayva L. Pewnts ypasucnne dy/dx=y+hy, rae hy (y=N mpu |lx~—1]1<<1/2N,
0 mpu lx—11ZZ1/2N, ¢ Hauaivnuy ycaosuem y(0)=0, it wality npened peuicHis ApH
N-— oo,

*) I71a dynxuns HaszuBaertca Takxe sanasdeisaowied gynxyued [puna, BO usbexaue
cmewennst ¢ ¢yuxunaMu puua KpaesulX 331ad AJR ypasuenuii bowe nepeOro NOPsIAKA,
KOTOPLIX MBI TYT HC KacaeMmcs. :
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5. JIunefiuste HeogHOpoOnHBIE YPABHEHHS1 C nepHOAHUCCKHMH KOIDPdy-
QHEeHTaMH.
Teopewma. Ecau 8 ypasrenuu

dy/dx=[(x)y+g(x)
¢ nepuoduueckod (nepuoda T=0 no x) npagol wacreio cpeduee no nepuody
3Hauenue [ oTAuuHO OT HYasn, TO YpagHe-

Hue umeer T-nepuoduueckoe peuwtenue, u M/ A>1 ’ L/

npuroxm pogno o0no " (ycrotiutisoe, ecau.

cpedree 3nadeHue OTPULATEALHO, (& Heyc- v

TOL41L80C, eCAl OHO NOAOKCUTEABHO, PHC. 45). s
JNokazateabcTBo. Paccvorpum i T I

oro6paxeiHe 3a nepHoi, COMNOCTaBAslo- v

uiee HauaabnoMy ycaoBHio @(0) pewenus A<i

¢ 3navennie ¢(T) Toro ke peilenus B Mo-

MeHT T. 3r0 oTO6paxkeHHe — JiHeiinoe =

HeOAHOpOAHOE  (MoueMy?); OHO  HMeEeT . 7

g ¢ (N=Ap(0)+C, rmne A— Myab- a7 T 2T 3T

THIVIHKATOP OAHOPOAHOrO  YPaBHEHHA. )

Jlorapnqm Y paBeH HHTerpany i no ne- f:;auﬁg Ycranosacnue Bunyxacuuoro ko

puopy. CurepoBateavHo, A=z=1, ecan

cpennce 3nauense f He 0, OTKyRa H BLITEKACT JOKA3LIBACMOE YTBEpiKAeHHe
Takum o6pasom npu A<<1 8 cucrese nocaé HEKOTOPO2O «nepexodHO20

npoyecca» YCTaHaAsAUBAETCA, He3ABUCUMO OT HAYLAALHOZO YCAOBUA, GNOAHE

onpedenennstii konebareavrsul pexcun. Bosnukalowne 3nech Kone6bans. na-

3LIBRIOTCS GulHiHOeHHbIMI, OHH BHI3BAHbI MEPHOAHUECKHM BHCUIHKM BO3AeiCT

BHEM Ha cHCTeMy, T. €. dyHKuuell g. '

3 anaua l. HailTh nepuoanyeckoe pelieHlie ypasHeHus

dyfdx=—y+sinx

H HCCNe10BaTb €ro yCTOﬁll HBOCTh.

3amevyande Jlnnefinble HEONHOPOAHBIE ypaBHeHsl CCTECTBRIINO BO3-
HHKAIOT B TeX CAy4asX, KOIJa MH HCCJELYEM BJAHSHHE MalblX BO3MYHlEHMl
HauaJbHOrO YCJOBHMSA H ONHOBPEMEHHO MaJsbX BO3MYuleHH{ npasoid uwacru
audQepeHunanbHOro ypaBHeHHsl Ha pewcHue (npeHeGperas BeqHuHHaMH
BHILIE NEpPBOro MOPSAkA MasJoCTH OTHOCHTeabHO Bo3myluehnil). Heonno
pOAHOCTb g B ypaBHennn (4) oTBeuaeT uMenHo 3a BO3MyLleHie ypas-
Herua. "
Hanpumep, npn ManoM BO3MYIUEHHH BEKTOPHOIO NOAA B OKPECTHOCTH
Npefe/bHOIO HUKAA € OTAHYHBIM OT | MYJLTHIINKATOPOM LHKJA He HCue3aerT,
HO JIHWBb HEMHOTo neopMHPYETCA; MepHOJHYECKOe pelieHle COOTBETCTBYIO-
11ero JIMHe HHOro HEONHOPOAHOFO ypaBHEHHA 1aeT NepBoe NPHOAHIKEHHE K 3TOH
nedopMalHH UHKAA,

3anaua 2. Ilyers rnankas oynkuus ¢ (!, &) — peuwenne yparHenus f=uv(l, x; t),
3aBHCAMEr0 OT fnapaMeTpa e, ofpamaoliéecs B pewende o (f) ypasuesns t==v(f, x; 0)
npu £=0. JlokaxHTe, YTO NpoM3BOAHa® peweHHa no napamerpy, ¢ (/)==d¢/dei, _, yao -
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NeTBOPAET AHHE/IHOMY HEONHOPOJHOMY ypaBHeHHIO $=f () g (f), rae [ u g — 3Haue-
tMA dv/dx u Jv/de npu =0, x=qo (f). D10 ypamHeHne Ha3biBaeTCA (HEOAHOPONLIN)
YpasHenues 8 sapuayuax, Tak Kak P ONHCHIBACT MaJyi0 BAPHAUHIO PelUBHHA NoA ACHCTBHEM
ManoOro HaMeHeHHA YpaBHeHHHA, oTBedawlnero € =0.

§ 4. da3oBble NOTOKH

MateMmartuueckasn Gopmaaizauns NOHATHSA JETCPMHHHPOBAHHOTO npollec-
€a NPHBOAHT K MOHATHIO OJHONMAapaMETPHUECKOl Fpynnbl npeoGpasoBaHiiii.

3nech ONpeaeaaoTCA H HCCAGAYIOTCA OJHONApaMeTPHUCCKHE IPYRNbl AHD-
¢deoMopduamMoB H HX CBA3M C BeKTOpHuIMH noaamu. Ham notpeGyeres uexo-
Topas anre6paHueckas TepMuHoJorHA. Bee TeopeMst sToro naparpaga B cyw-
HOCTH OUeBHIHHI.

1. JeiicTene rpynnbl Ha MuoxecTBe. [/peo6Gpasosanues MHOXKeCTBA Ha-
3bBaeTCA €ro B3aHMHO OAHO3HAayHoe oToGpakeHHe Ha cebs.

3aaaua I, Kaxne H3 Tpex cneayloUWHX oTto6paxeHnii — npeoGpa3oBaniis:

-R—+Rox 7 2) R R xaT  3)C>C zm 2

Oraer. Toasko BTOpOE.

Ipoussedenuen fg npeobpasoBanuil | H g OLHOTO MHOXKeCTBA Ha3bi-
gaeTcsa HPEOGPBSOBZ]HHQ, nonaydJampuieeca nocjaenoBatejJbHBIM NPHMEHCHHEM

cHayana g, notoM }, 7. e. (f@)(x)=f (g (x)).

3apaua 2, [Npuseaute npumep, Koraa fg ue cosnagaer ¢ gf.
‘>

Oéparnoe K | npeoépasoBaHHe §~! onpenensiercs ycnopnem: ecau f ne-
peBOAHT X B y, T0 [~' mepeBoaHT y B X.

Ha6op npeoGpasoBanuii MHOMKECTBA HA3HBaeTCAd epynnoil npeobpaso-
6GHUM, €CAH BMECTE € KaXKALIM Npeo6pa3opaHHeM B HEro BXOAHT ofpaTHoe
npeo6pasoBanHe H ¢ KaXKALIMH ABYMs Npeo6pasoBaHHAMH — MX NpOH3Be-
AeHHe.

3apnaua 3. Slsaserca JM rpynnoil npeoSpasoBauiii PaBHOCTOPOHHETO TPEYrO.JbHUHKA
HaGop M3 Tpex oTpa’keHHid B ero BHCOTax?

3anaua 4. CKoAbKO 31EMEHTOB B PYNNE H3OMETPHH *) PaBHOCTOPOHHErO TPeyro.an-
HHKa, B rpynne spamemm TeTpasapa?

Orser. 6, 12,

Tlonwsatue rpynnu npeo6pasopaHHii — ofHO H3 caMblX (YHZAMEHTab-
HBIX AJA Bcefi MaTeMaTHKH H OJHOBPEMEHHO OJHO H3 CaMbIX IPOCTHIX:
HeJI0BEYECKOMY MO3Ty CBOJICTBEHHO MbllljieHHe B TEpPMHUHAX HHBAPHAHTOB
rpynn npeo6pasoBaHifl (3TO CBfI3aHO KaK C YCTPOHCTBOM 3peHHs, TaK U ¢ Ha-
wefl criuco6HOCTbIO K aBCTpaKuHu).

Ilycts A — rpynna npeoGpasoBaHuil muoxectsa X. YMHOXeHHe H ofpa-
weiie onpeaeasiior orobpaxennss AXA -~ A u A — A (napa (f, g)
nepexoiHT B fg, saeMenT g B g~!). MuoxectBo A, cHaGMeHHOE STHMH
JABYMA OTOOpaKe€HHAMH, HasblBaercl abcrpakrtnol epynnod (MaH, Kopoue,
npocto rpynnofi). Takum o6pasom epynna noayuaercs u3 epynnsl npeobpa-
3068aHul NPocTO 3absi8arues Npeo6pa3yeMoro MHOMKECTBA.

*) Hsomerpus — 3to npeo6pa3oBaHne, COXPaHALOUIEE PacCTOAHHA (TaK 4TO PaccTofHMe
MexAy o6pasamu AOGHX ABYX TOUEK PABHO PACCTOAHHIO MEMKAY TOUKAME),
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3 aaaua 5 Jlokaxure, uto mHoxecTso. R Bcex BeulecTBEHHLIX UMCE] CTAHOBHTCH Fpyn-
noit, ccan cHaGAHTb ero onepauisaMy OGHUHOrO CAOXKEHMS UHCEN H H3MEHERHS 3HaKa. .

AareGpancTtl OOHUHO ONPEAEJAAT TPYANY KaK MHOXECTBO C - ABYMS ONEpallfAMH,
YROBACTBOPAIOUHMH Habopy akcuom ppoe [ (gh)=(fg) i It akciHoMbl aBTOMATHUECKH BHIOOJ-
HAIOTCS ARS rpynn npeoGpasoBaHuii. B REACTBHTEABLHOCTH 3TH aKCHOMH O03HAYAKOT NPOCTO,
410 rpynna o6pa3oBana H3 HEKOTOPOil rpynnt npeoGpasonaunit 3aGunansneM npeo6pasyemoro
MHOXecTBA, Takue aKCHOMB, HAPsSIAY € APYTHMH HEMOTHBRPOBAHHEIMH ONpeAe/eHHAMH, cyXKaT
MaTeMaTHKaM FAaBHMM 06pa3oM A TOro, yToGH 3aTPYIAHHTL HENOCBAMEHHHM OBJaNeHHe
cBOeil HayKOil 1 TeM MOBLICHTL €e aBTOPHTET.

Iyers G — rpynna, M — muoxecrso. osopar, uro 3agano Jdedcrsue
2pynnot G na mHoxcecTse M, eciiH KaxxaoMy 3eMeHTy g rpyansl G conocras-
neno npeoGpasosanne Tg: M — M mHOoXecTBa M, npuueM npoH3BeAeHHIO
MOGLIX ABYX JACMCHTOB TPYNMB CONOCTAB/JECHO NPOH3Be[eHHEe COOTBETCTRYIO-
IHX 3THM 3JeMeHTaM npeoGpa3oBaHuil, a B3aHMHO OGPaTHLIM 3JeMEeHTaM
COMoCTaBJeHH B3aHMHO o6paTuble npeoGpasopanisi: Try=TT,, T, =(T, P

Kaxpnas rpynna npeoGpasoBaHufi MHOMeCTBa, ecTec-rBeHHo. neucrayer
Ha 3TOM MHOXKecTBe (T ==g), 1O MOMXeT HeiicTBOBATL W HAa APYTHX MHO-
xkecreax. Hanpnuep, paccmoTpum pasHocTOpoHHH#A TpeyroabHHK. ['pynna ua
WECTH €rc H3OMETPHil JeficTByeT Ha MHOXeCTBe H3 ABYX €ro OpHeHTauuii:
BPAILCHHA HE MEPECTABMSIOT, a OTPAXKEHHA MEepecTaBASiOT OPHEHTAlMH.

3anaua 6. Kakne nepecTaHoBku Tpex ocefi KOOPAMHAT OCYIIeCTBAAIOTCA NPH ReficT-
BHH Ha HX MHOJKECTBO IPyNnH H3oMerphil KyGa max (lxl. Iyl, lzl)gl?
Oreser. Bcee 6.

3anauva 7. Kax neficreyer rpynna AsHeAnHX 3aMeH KOOPAHHAT HA MHOXECTBE MATPHLL
NyHeAHHX ONMepaTopoB H3 NPOCTPAHCTBA B ceba?
Orser, Tym=gmg~

lpeoGpasosanne T, HasbiBaeTcst Takke dedcTeuem ssesenta g rpyn-
net G wa M. [lefictBie rpynnat G na M onpemeasier eie oro6paxenue
T: GXM—M, conocrasagwouee nape g G, mes M touky Tom.

Ecau pefictsue T dukcHpoBano, To pedyasrar Tgm feficTBHA o/eMeHTa g
rpynnsl G Ha TOuky m MHOXecTBa M Kopoue 0603HAUAIOT NIPOCTO Yepes grh.
Takum obpasom, (fg) m=f(gm), nostoMy cKoGoK O6GLUHO HE NHLIYT BOBCeE.

3adukcupyeM TOUKy m MHoxKecTBa M 1 Gyaem AelicTBOBAaThb HA Hee BCEMH
snemeHTamMu rpynnel G. Mbl noayunm mnoamuroxecrtso {gm, ge<G) muo-
x)ecTBa M. 2TO NOJMHOXKECTBO Ha3biBaeTcs opburold Touxu m (npH NAHHOM
peficTBHH rpynnut) n oGosnawaerca Gm.

3anaua 8. Hafirn op6uTH rpynn SpautcHufl NAOGCKOCTH BOKPYF HYAR,

3anaua 9. HNoxaxnre, uro mobuie ase op6HTH oanoro pefictsus anGo He nepece-
Kalorea, Aubo cormnaaaooT.

3anawa 10 Ckonbko opsm HMeeT feficTBHE rpynnb HSOMETpmi TETpa3’aApa HA MHO-
wecTse HeyNnopAAOHEHHBIX Nap ero pefep?

3anaua 1l. Cxoabko packpacok wectH rpaneft ky6a mwecrnio kpackamu I, ..., 6 cy-,
1UeCTBEHHO Pa3audHH (He NEPEBOAATCA APYF B ApYFra BpauleHHAMH KyGa)?

Oreer. 61/24=30. .

Oro6pamenne @: G—>H rpynnu G B rpynny H wuasmiBaercsi eoso-
MOphu3MoM, €CTIH OHO NEPEeBOAHT NPOH3BeJeHHe B NPOU3BEAECHHE H B3aHMHO
o6paTHble 3JEeMEHTH BO B3aHMHO ofpaTHble:

o(fe)=0Ne@) o N=(@@@E)"
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Heficteue rpynnet G 1a MHo:KectBe M — 370 romomopdusm rpynnsl G
B Fpynimy Bcex npeoGpa3soBauuii muoxcectsa M.

2. Opnonapamerpuyeckie rpynnsl npeodpasosanuii. 'pynna HasniBaeTcs
KommyTarusnod (uau abeaesold), el NPOH3BEACHHE [le 3aBUCHT OT NOPALKA
coMmuoxuTenel: fg=gf ana Nio6blXx ABYX 3/€MEHTOB IPYIIILI.

[Tpumep 1. I'pynna pcex nzomeTpuit paBHOCTOPOHHCIO TPEYTOAbLHIKA
Hea6eaena.

[MTpusmep 2. I'pynna Bcex caBHroB BellecTBennoil ocu abenepa.

Onepaunns B aGesiesoil rpynne o6uiulo oGosHayaercs 3HAKOM .

Hanpusep, nocnepoBateabHoe BLINONMEHHE CABHIOB Ha ¢ H HA b B n1060M
nopsaaxe ectb cABHT Ha a-Fb. TMo3ToMy MHOXKECTBO BCEX BELLECTBCHHBIX
ylcesq C onepalueil cloXeHusi ABAACTCA aGeneBoil rpynmoii; ecTeCTBCHHOE
JeficTBHe 3TOM rpynmnbl Ha MPsiMOll COMOCTABJASICT YHCJY @ CIBHI Ha d.

Onpeneaenne. Odnonapaserputeckoid zpynnoi npeobpazosanud
MHOXcecTsa Hasbipaercs ACiicTBHE HA HCM TPYHNAl BCEX BCILIECTBEHHBIX HICEJ.

3ameuanne. [eificTBua rpynnul Beex meilx unced Z HHOCAA HA3bI- |
BAIOT «OAHOHapaMeTPHUECKHMII TPYRNaMit ¢ AHCKPETHLIM BpeMeHenm». Jlas
Takoro neictBust T=(T\)", N03TOMY BCA TpYyINIa COCTOHT H3 CTeneHeii OXHOro
npeaGpasoBaHus. '

OpnonapameTrpuueckast rpynna npcoGpa3opannil mHoxectsa M oGuiuno
oGosnauaetcss 3Hakom {g'}. 3mech @'t M—M — upcoGpasosaliie, COOTBET-
cTByowee Touke £ u3 R

Taxkum ofpasom, ojHonapaseTpHuccKkas rpynna npcoGpasopaHiuif siio-
xecTna M — 3To HaGop npeobpasopanuii g¢, 3anapaMeTpH30BaHHBIX BELLECT-
BEHHBIM NapaMeTpoM £, TaKoif, yTo A JMOOGLIX BEUIECTBOHHBIX HHCEd §
ut

1) g'¥'=g', 2) ¢7'=(e)".

[Mapamerp ¢ oOblunO HasbiBaeTca gpeseres, npeobpasoBanue g' Hasbl-
BaeTcs npeobpasosanuest 3a gpess t.

Npumep 1. M=R, g' — capur na 2f (1. e. g'x=x-+2¢). Cooiicrsa
1) u 2) oyemnnmuwbl.

MNpumep 2 M=R, g'—pacraxenne B ¢ pas (1. e. glr=e'x).
Csolicta 1) 1 2) oueBuanbl, OGosuavcnue g' — B NaMsiTh 00 3TOM NpiMEpR.

Mpumep 3. M=R, glx=x+sint. CpoitcToo 2) srimoaueno, a 1) —
net; {g‘} — He onHonapaMeTpuueckas rpynna.

3ameuaunne K3 ceofictea 1) ouesnano cieayer, uTo g° — TOXK-
JAecTBEHHOe NpcofpasoBaHHe, OCTaBJslollee KaXAylo TOuky Ha Mmecte, [lo-
sToMy cBoficTBo 2) BhiTekaer u3 !). CroiicTBo 1) HaswiBaeTcs epynnossis
CE0UCTEOM. ’

OnunonapaMerpuueckas rpynna npeoGpasopaniii MuoxecTsa — 370 Mare-
MaTHYeCKHi 5KBUBaJIeHT (H3HYECKOrO MOHATHH «ABYCTOPOHHE NEeTE€PMHHHPO-
panHblil npoueces. Ilycrb M — ¢dasosoe npocrpanctso npouecca. Touka 3to-
ro NPoCTPpaHCTBa — 3TO ONpejesieHHoe cocTosinne npouecca. Ilpeanonoxum,
1T0 B MOMeHT {==0 npouecc 6bl1 B cocTosHUN X, Torga B APYyroit MOMeHT i

" cocTosinHe npouecca Gyner HubM. OG03HAUHM 3TO HOBOE COCTOSIHHE MpO-
uecca uepes g'x. Mul onpeneanan Aast kaxunoro { otoGpaxenue g= M—M
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tdasosoro mpoctpaiteTsa mnpotiecca B ce6a. Oto6paxenue g' nepesoauT
coctosinne B MoMenT O B coctosinne B MoMeT £. OHO Ha3wiBaeTcs npeobpa-
3o08anuem 3a ape»w t. '

Oto6paskenne g’ peficTBHTeNBHO fIBASETCH MpeoGpa3oBaHHEM (B3anmuo
OHO3HAYHLIM OTOOpakeHHeM Ha), ITO CAeAyeT M3 TOro, 4YTo0, MO omnpefe-
JICHHIO JeTepPMUHHPOBAHHOCTH, KaXJAOC COCTOSIHHE OJHO3HAuHO onpenesisieT
Kak OGyayuiee, Tak H npouoe mpouecca. I'pynnosoe cBoficTBO TakXKe Bbl-
nosHeHo. [leificTBHTEIbHO, MYCTh NPOLECC B HAYaJbHLIA MOMEHT HaXOAMJCS
B coctosinun x. lepexos K cOCTOAHHIO B MOMEHT {-}S MOXHO OCYIIECTBHTH
aubo cpasy (x+-g'tx), an6o cHauana paccMOTpeTh MPOMEXYTOUHOE
* cocTosinMe g'x, B KOTOpOe MpoLecc NPHAET 32 BpeMsi £, a NOTOM [TOCMOTPETb,
Kyla 3TO NPOMEXKYTOYHOC COCTOIHHE CABHHETCH 33 BpeMs S. OBNAJeHHEe
pesyasratos (g'tSx=g°g'x) o3nauaer, uTo mepexox H3 HAYAJBLIUIO COCTOS-
HHA B KOHEYHOE 3a (PHKCHPOBAHHOE BpeMsl NPOHCXOAHT BCErAa OAHHAKOBO,
HE3aBHCHMO OT TOTO, B KaKoii MOMEHT BpeMeHH Mbl BBIXOAHMM H3 Haualb-
HOTO COCTORHHA.

OpHonapameTphueckas ‘rpynna npeoGpasoBaHuii MHoXecTBa M Ha3sbl-
BaeTCH TaKke ¢pazosetm notokom ¢ $Ha3osbiM npoctparcTeoM M (MoXHO
npeactasanTh cebe ¢pa3oroe NPOCTPAHCTBO 3aMOJHEHHBIM XKHAKOCTHIO, HACTH-
la x uepes BpeMs { NMEPEXOAHT B TOUKy g'x).

Op6uthl ($Ha30BOTO NMOTOKA HA3bIBAIOTCHA ero ¢pasosvimu kpusos (UAH
TPACKTOPUAML) .

Npumep. Iyerb g' — nosopoT nnockoctH Ha yroa ¢ sokpyr 0. Ovue- -
BHAHO, rpynnosoe cBoiicTBo BhimosaHero. Op6uTH Ha30BOro MOTOKA {g'}—
Toyka 0 1 oxpy:KHocTH ¢ uentpom 0.

Touku, siBasiouHecs (Ga30BLIMH KPUBLIMH, HA3HIBAIOTCH HEMOOBUNCHbIMU
TOuKAMU TIOTOKA.

3. Oaunonapamerpudeckue rpynnsl anddeomopdnamon, Ilpeamosioxrnm
Tenepb, 4TO paccMaTpHBaeMoe MHOXKecTBO M HajeneHo CTPYKTypoid rian-
Koro mHoroo6pasus. TIpumepamn rimagxnx MHorooGpasuit seasiorcs: 1) aro-
6as obiacTb B eBKAMAOBOM npocTpaHcTse; 2) cdepa; 3) Top. OGutee
onpesefexie AaHo B . 5, [loka MoxHO cuHTaTh, YTO peub HAeT 06 obaacTH
€BK/1A0Ba NPOCTPAHCTBA.

Hugppeonopdpusmom naasizaercs oroGpaxenue, riajKoe BMeCTe €O CBOUM
ob6patHbiM. (OTo6paxeHue Ha3bBaeTCA rJIaJKHM, €C/IM KOOPAHHATH TOUKH-
o6pa3sa — riagxkue ©YHKUHh KOOpPAHHAT TOukH mnpooGpasa, u 06paTHO.)

3axaua 1. Kakme n3 dyskunit ., —x, X3 X8, 'ai:ctgx 3agawor aupdeovopduam
npaAmoil na ce6a?

Oraer Tonbko nepse ane. .

‘on peneaenue. Oanonapamerpuqecxod epynnoil dutl)d)eomopd)uauoe
Ha3LIBaeTcs ofHOMapaMeTpuuecKasi rpynna fnpeo6pa3oBaRuil, ABAAIOLIUXCS
p.nqupeomopqmsmamu yAOBJeTBOpAlowas ewie cnenylomemy YCJIOBHIO:
g'x rMafko 3aBHCHT OT oﬁoux apryMmeHTos, { u x

Mpumep 1. M=R, g' — ynHOKeHne Ha e,

IMpumep 2. M=R? g'— nosopor sokpyr 0 ua yron £.-

3ameuvanne. Ycaosue raankoli 3anHcHMOCTH OT ch;ﬂﬂm-l HEOGXOMHMO AN TOTO
4706061 H30aBHTBCA OT NATONOrHYECKHX MPHMEPOB, BPOfe CAedyioutero: mycts {a}— Gasuc
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rpynnst R, T. e, Tako#t Ha6op BellecTBEHHLIX UHCEJ, YTO KAXAO0E BEUIECTBEHHOE- YHCJO OAHO-
3HAYHO NPEACTABHMO B BHAE KOHEUHOH JHHEHHOA KOMOHHAUMH uHCen HAG0pa C UEABIMH ~
kovpPunnentaMn. CONOCTaBHM KaXKAOMY HHCIAY o u3 6asuca cABHI NpAMOA Ha Kakoe-JaHGO
‘PacCTOANME, COBEPIIEHHO He 3a60TACh O APYTHX 3feMentax Gasuca. Iloaaras g% tor=
=g%l ... g%, Mul noAyUMM OHONAPaMETPHUECKYIO rpynny npeoGpasoBanuil, Ka)aoe H3 Ko-
TOpHIX — CABHF MPAMOA H, caeposaredbdo, Ruddeomopdusm, oasako g' s oSumes Cayyae
3aBHCHT OT ! HE IaJKO H AaXe pa3phBHO. ’

BmecTo rianxocTd no ¢ MOXHO 6bij0 6 TpeGoBaTh OAHOH JHIIL HENPEPHIBHOCTH (H3 uero
rMaJKOCTb YXKE BHITEKAET), HO HaM 3TO He HYXKHO.

Onpenenenune. Odnonapaserpuueckod 2pynnod aunerinwix npe-
o6pasosanuii Ha3biBaeTCs oJlHONapaMeTpHueckas rpynna gudgeomopdH3Mos,
ABASIOIHUXCA JIMHEAHBIMH NPe0Gpa3oBaHHAMHU. )

ITpumep. Paccmorpum Ha IJIOCKOCTH C KoopmuHatamu (x, y) npe-
o6pasoBaHue g‘(x y)=(e"x, eMy).

flewo, ‘{TO g' — nuneiluoe npeoGpazosanse (3a Bpema f oCb X pacm-
rupaercst B e* pas, a ocb y—n e‘“ paa)

Ipynnosoe ceoiictso, g't*=g'g’, BuiTekaer M3 cBONCTBA 3KCNOHEHTHI
(e“T?=¢"¢”), riamkast 3aBHCHMOCTb OT ¢ Takxe ouesnana. Hrak, {g/)——
ORHONApaMeTpHYeCKasi IPyNNa JHHefHbIX npeo6pa3oBanil NJIOCKOCTH.

Ilycts, B uacthoctd, a=1, p=2 (puc. 46). B stom cayuae ¢asoBhe
KpHBLIE — HeMOJBH>KHaA TOUKa HYJb, IIOJOBHHBI KOOPAHHATHLIX OCEH H NOJO-
BHHbI mapaboJ; jeficTBHe OfHOro -H3 mnpeoGpasoBahuii $aszoBOro MOTOKA

T2

gE.
Puc. 46. [efictene ¢aaoporo Pic. 47. TunepGoanucckuh
noToKa Ha 06JacTb. nosopor.

Ha o6aactb E uaoGpakeno Ha puc. 46. Tnowanu obaacteil ysesuuusaiorea
npu neiicteun g' B € pas.

Paccmotpum ewe cayuait a=1, p=—1 (puc. 47). B stom cayuae
npeoGpa3oBaHue g' COCTOMT H3 CXKaTHA B €' pa3 B HanpasJieHHH OCH Y U pacTsi-
KeHusi B ¢ pa3 B HanpasneHun ocH x. Takoe npeo6pasoBatHe HA3HIBAETCH
2unepboautecKUM NOBOPOTOM, TAaK Kak (ha3oBmle KpHBble MoTOKa {g'}— .
NOJIOBHHBL runep6oJ xy=const (KoHeyHo, mosoxkeHue paBHoBecust .0 u no-
JOBHILL OCeH KOOpAMHAT — TaKxKe ¢a3oBble kpuBule). [InunepGoanueckue
NOBOPOTHl COXPAHAT NJOWAAH, XOTSl M CHABHO HCKaxKaloT Qopmy duryp
(puc. 47).

3aMeruM, uTO Haua omlonapamerpuqecxaﬂ rpynna JHHefiHbiX npeo6-
pPa3oBaHHil NAOCKOCTH Pacnajnaercst B «NpAMOE MPOH3BEACHHE» JBYX OLLHO-
napaMeTpHUECKHX Ipynn JHHelHbIX npeoépasosaumt npAMbBIX (a HMEHHO
pacTsKeHuii oceit),
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3anaua 2. Beakan an oxsonapametpiiueckas rpynna Jniefiieix npeo6paszonaHuii nroc-
KOCTH pacnajaetcsl NOAOGHLIM o6pa3soM?
Yxkasaunne, PaccMoTpute nosopots uu casuru (x, y) — (x-+1y, y)

4. BekropHoe noje ¢asoBoii ckopocTH. PaccMOTpHM opHOMapaMeTpH-
ueckyio rpynny {g) anddpeomopduamos obnactu M,

Onpeneneunne. Bexropom gasosoil ckopocru noroka {g') 8 Touke
X u3 M naspiBaeTcsl. CKOPOCTb BHIXOZA TOUKH g'x M3 X, T. €.

dl (g'x)
v(x)= = g x)
( ) dt =0

Bekropol. (pasopoil cKopocTH MOTOKa BO Beex Toukax ob6nacti M o6pa-
3yiOT raajKoe -BeKTopHOe noje (Tak Kak g'x raagxo 3asHcHT oT f u x). OHo
_Ha3bLIBAETCA nosex (pa3osoil CKOpPoOCTH.
3n,maua 1, Hafiru noas c¢azoBmx ckopocreit noroxos Ha npamoi  glx=x+-1,

ey, e
Omcr v(x)=1, x, —2.
3anaua 2, HenoaeuxHue TOUKH NOTOKR ABAAIOTCA OCOGLIMM TOUKAMH moas ¢a3oBofi
CKODOCTH, T. €. BCKTOP (pa30Boft cxopocTH ofpauaercss B. HUX B Hyab. Bepno an oGparnoe?
Orger, da,cp.n. 3§ 2.

3adHKCHPYeM TOUKY Xo H paccmo-rpHM ee JiBHKeHe noa feficteuem daso-
.soro noroka g'. WUnbimu cnoaaMH, paccMoTpHM oTOGpakeHHe @: R—»M.
onpezeaennoe Tak: ¢ (f)=g'xo.

Teopema. Oro6paofceuue cp ABARETCA pewtenueM YpasHenus x=uv (x)
¢ HauanbHoty ycaosuen ¢(0)=

 Hnwivu ciopamu: nod 6eucreuef.z (paszoe020 noroka ¢azoeas Touka aau-
OMLETCA TAK, 4TO BEKTOP ee CKOPOCTU 6 KajxcObli MOMEHT @peMeHit pages
8exTopy azosol ckopoctu 8 Toll TOuKe hazogoeo npocTpancrea, ede Jsu-
HYUWARCa TORKA Haxoourca.

JokaszaTenbcTBO. ITO BhiTEKaeT H3 FPYNNOBOrO CBOHCTBA:

4
dt

t4e d
g T de

-
glr= del,

g (g'x)=v (g‘{c).

fm=T e=0

TakuMm ofpasom, ¢ kawdod o0Honapamerpudeckoil epynnoti Sugpgeo-
mopdusnos censzano dughpepenyuarsnoe ypasrerue (3agaHnoe BEKTOPHLIM
nosnem ¢a3oBoii CKOPOCTH); pPeulieHHsIMH 3TOr0 YpaBHECHHSA ABJAAIOTCA ABHXKe-
HuA ¢$a3oBHIX TOueK nojp jefictBHeM ¢a30BOro MOTOKa.

3anaua 3. Bepno am o6patnoe, T. €. BCAkoe JK peuledne pacTca  opMyaoii
@ (H=g'x0?

Orger. La, no teopeme enuuctsennocty (§ 2, n. 3).

Ecan $a3oBblii NOTOK ONKCHBAET X0 KaKOro-inGo mpoiiecca npH npoms-
BOJILHLIX HAYa/bHBIX YCAOBHAX, TO AHGdepenunanpioe ypaBHeHHe, safaHioe
€ro BCKTOPHBIM noJeM (a30BOfi CKOPOCTH, ONpeNeNsieT - A0KAAbHbLE 3aKOH
Jsoaoyuu -npoyecca; teopusn nudpdepeHuHanbHbIX YpaBHeHHI AOMKHA, 3HAA
ITOT -3aKOH 3BOJIOLHH, BOCCTAHOBHTbL NpOILJIOe -H MNpeacKa3aTth Oydyilee.
. $opMYIHPOBKA KAKOro-1HGO 3aKOHA Npupoabl B Buie AuddepeHnHaNb-
HOro ypapHeHHs CBOAHT JI06YI0 3a1auy 06 3BoJoLHH nporecca (¢pH3nueckoro,
XHMHUECKOTO, 3KOJOTHUCCKOTO H T. .} K eeomeTputeckoli 3aj1aue O MOBEACHHH
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¢$a30BEIX KPUBLIX AaHHOTO BEKTOPHOTO MOJS B COOTBETCTBYIOLleM (a30oBOM
POCTpPAHCTRE. ' :

Onpenenenne Pasoses noTokom uddepentiaibHo20 YpasHeHUus
x=1v (x) HasbIBaeTCs ofHONAapaMeTpuyeckan rpynna audgeomophu3mos, Aas
KOTOpOH ¥ fABJIsieTcA BeKTOPHLIM moJieM (pa3oBOil CKOPOCTH.

Yro6bl HafiTH ¢a30Bblft NOTOK YpaBHeHHs, JOCTATOUHO PEWIUTD NOCaefHee:
g'xo ecTb 3HaueHHe B MOMEHT { pelleHHs ¢ ¢ HauajbHeIM ycJoBreM @ (0)=xq.

Mpumepn. (PasoBil MOTOK ypaBHeHMA x=kx ecTb rpynna "
Da30BLI TOTOK ypaBHEHHST MalblX KosleGaHHH MasiITHHKA (X,==X;, X2== —X|)
COCTOMT H3 NOBOPOTOB ILIOCKOCTH Ha Yroa f. Pa3oBwlii NOTOK ypaBHEHUs
MajbIX KoJeGaHHii IepeBEPHYTOrO MasTHHKA (X)==Xs, X2==Xi) COCTOHT H3
runepGoNHYECKHX MOBOPOTOB.

3agaua 4. Hailtu ¢asoBbie NOTOKH AudQepeHnutasbHbIX ypaBHeRHi -

=0, 1, x—1; i=sinx, 0O<x<m.
Oreser. g'lx=x, x+1, (x—1)e'+1; 2 arectg (e~ ctg x/2).
3anava 5. Haifltu ¢asosble NOTOKH CHCTEM

{ =y, { i=y, x=siny,
§=0; g=1; §=0.

Oraer: (x+1y, y), (x+ty+£2/2, y+1), (x+tsiny, y).

Bossnlikaer Bonpoc, 8CAK0e au 24a0K0e 8EKTOPHOE NOAE ABAAETCA NOAeM
gasosoti ckopocTu noToka?

OtBet Ha 3TOT BONPOC — OTPULLATEbHLI,

IMpumep 1. Paccmorpium anddepenunansuoe ypasHenne x=1 ¢ da-
30BHIM mpacTpanctioM O0<<x<<l. flcno, uro npeoGpasosanue g' mvoxer
GbiTb TOJNbKO CABHrOM Ha f, HO npH {40 Tako# CABHI He mepeBOAHT (da3oBoe
NPOCTPAHCTBO B Celsi.

MMpumep 2. Pacemorpum cayuaii v(x)= x*, x=R. Pewmenne ypap-
HeHlsl x=uv (x) ¢ HAYaJbLHLIM YCJOBHEM Xo MPH t——O _HETPYIHO HalTH ABHO:

dx/x =dit, —1/x=t4 C_, C=—1/x,, x=xo0/(1 —xof).

Urak, g'x==x/(1—1tx). Herpyaso nposepurs, uto g'**=g'g®, TaKk uro na
nepsblit B3TVIAA Mbl HaUIH q)aaosbm HOTOK.

K coxanennio, oto6pakenne g' HH npu KakoM Z, Kpome HyJsl, He ABAReTCA
auddeomopdusmom npsamoii (OHO jaxe He Bciopy onpedeneno). [loatomy
nose v(x)=x He A6AAETCA noaem asoeol ckopocTu Hukakod oduonapa-
seTpuseckofl zpynnat Jupdreomopdusnos npamoll.

3 ameuanue. [lpuuuna, no Kotopoil 06a NpUBEAEHHLIX NOJST HE HMEIOT
(}a30BLIX NOTOKOB, 3aKJIOYaeTCA B HEKOMIIAKTHOCTH (pa30BOro NpOCTPAHCTBA.
B paavuciities mbl yBMIHM, YTO IJaflKoe BEKTOPHOE I10/Ie HA KOMHAKTHOM
MHOroo6pasHu Bcerja onpepensier ¢asoBuii notrok. B uacrsoctn, noae
v(x)=x* Ha adunHON NPAMOA MOXKHO NPOAOG/NIKHTL A0 TNIAJKOTO Ha Beell
NpOeKTHBHON npsiMoii (BKJlOuas GeCKOHEYHO YLaJeHHYI0 TOUKY) BEKTODHOTO
noas. I1poekTuBHan npsaMas KOMNaxkTHa (TOMONOrHYECKH 3TO OKPY’KHOCTb),
H raajfikoe BEKTOPHOE noJje Ha Heit onpene.rme-r ¢asosuii notok. Hafnennute
Hamn thopmyan mnn moﬁpamemm g' xax paa H OMHCHIBAIOT STOT NOTOK:
&' ectb nudpeomopduam npoexTHBHON NpaAMOi, a He aduHHO!
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3aagaua 6, Mlokaxure, uTO BCAKOC IIAAKOE BEKTOPHOE MOMe HA MpAMoil, pacTyulee

Ha GeckoueunocTd we Guictpee aunedinoro (lv(x)l <a-+blx|) ssaserca nonem dasosofi cxo-
pocTH OllHOnapaMeTplNECKOM rpynnu Auddeomopusmon npamoi.

VYrkaszanue, ~ CpaBuus sasukeHHe C Gosee OLICTPHIM JABUXKCHHEM B nononnmeM
AuHeiiHOM ToJe, A0KAa3aTh, 4YTO pelleHHe He MOXeT YHATH Ha GECKOHEYHOCTh 33 KOHEUHOE
BpeMst H, C1e/0BaTeAbHO, NPOJAOMIKACTCA Ha BCIO OCh £.

3anaua 7. Onpegeaser nu ¢p23opuft nOTOK HA npsAMoft ypasuenue X=e” sin x?

Oreer. Jla.

3amgaua 8 PacemoTpum suHefilioe MPOCTPAaHCTBO BCEX MHOTOUNEHOB p CTCMEHH MEHb.
we n or nepemecxHoi x. Onpexeanm npeoGpazopanne 3a Bpemsi { Kax CABHE aprymMeHta
wuorowrena na £ (1. e. (g'p) (x)=p (x+-1). Hoxaxure, uto (g')— onnonapamerpuueckasn
rpynna auHefiHHNX Npeo6pa3osanni, # HafAUTE ¢ BEKTOpHO® node ¢a30BOfH CKOPOCTH.

Orser. Bektop n0Ad B TOuUKe p ecTb MHOroYIcH dp/dx.

§ 5. Meiicreue puddeomopduamos
HA BEKTOpHBIE MOASA H HA MOJSI HANpaBJeHuil

OCHOBHO/ MeTOf pellleHHsl H uccaenoBaHus AHddepeHnHaNbHBX YypaB-
HeHuit — 3710 nop6op noaxoasulefi 3aMeHH NEepeMeHHLIX, T. €., B reoMeTpHyec-
KHX TEPMHHaX, noaxoasuiero audbeomopdhuama, ynpouaomero JaHHoe BeK-
TOpHOEe mnoJie HAH noJje HanpasJjeHuil. 3aeck Mbl NpHBOAHMM ¢dopMalbHbie
ofnpenesieHUst HEOGXOAHMBIX NOHATHA. MBI HAYHEM C HANOMHHAHHA HEKOTOPHIX
MpocTHIX cBefeHHi H3 anddepeHUHANLHOTO HCUHC/ICHHS.

1. Jeficreue raagkux otoGpamennit na sexktopnt. Ilpu paccMoTpenun
BCEBO3MOXHBIX MaTeMaTHUeCKHX OOBEKTOB MOJe3HO Hapsiny ¢ O6beKTaMu
paccMaTpHBaTh TakxKe otofpaxxeuus *). Hanomuio onpezesene AeficTBHSA
TVIagKuX oToGpakeHHil HAa BEKTOPBI,

Iycers i M —~N — raagkoe oroGpakenue obGaactn M snneefinoro
npocTpaHcTBa B o6nacth N JHHEHOrO NPOCTPAHCTBA, H MYCTb U — BEKTOP,
NPIVIOKEHHBIE B Touke x 06.1acTH-Npoob-
pasa M, T. e. cTpesqouka ¢ HadaioMm X
(puc. 48). Toraa B Touke-oGpase f(x) o6-
" sacti N TakxKe BO3HHKaeT Bekrop, ofo-
3HayaeMsuli, uepes f,,v W HasbiBaeMHH 06-
pasox seKtopa v npu orobpascenuw - f.
A numenno

On penedeHue. 06p1130)|t 8EKTO~ S:cu:fopﬂeumue F12RKOTO 0TOGPAMEHNHA
pa v napu oroGpaxcenuu [ . Ha3zbiBaercs
BEKTOP CKOPOCTH, ¢ KOTOpOH ABHKywascsi Touka [ (@ (f)) BHIXORHT H3 TOUKH
f(x), xorna pBmxyuwasica Touka ¢(f) BHIXOAMT H3 TOUKH X CO CKOpO-
CTBIO U: .

d - .
[uv= f((p(t)) rae. (p(O)— \ diu=oq’(t)="" (1)

Unbimu cnona’nm, cTpesioyka v cuuxkaerca B 1000 pas, sarem nox.
nmefictBHeM [ npeBpaulaeTcs B H30THYTYIO CTPEJIOUKY, 3aTeM NOCAEAHAA -

[}

- .

) B sTom coctont Tak HasbiBaeMas <xaTeropHas» TOuKa 3pemns. IpyGo rosops, Kare-
FOpHA — 5TO COBOKYMHOCTL OGBEKTOB H OTOOpPaKeHUA (NpHMEP: KAaTEropHa BCeX JMHEHHbIX
NpocTpancTs # KX AuHefiHHX oToGpaxenuil apyr 8 apyra).
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pactarupaercas B 1000 pas 'u uakoweu 1000 ycrpemnerca K GecKoHeu-
HOCTH.

3aaava | Hoxkaxure, yro o0pa3 BeKTOpPa T HC 3aBMCHT ©OT Bubopa ABHNEHNA @,
aHWbL GW TOuka ¢ (f) BLIXOINAA H3 X CO CKOPOCTHIO D.

Pcwewnue IMycts § — apyroe Asikenue, BHBORAUICE H3 X C TaKOA JKe CKOPOCTHIO.
Toraa paccroanue mexay toukamu @ (f) u ¢ (f) npn maamx [#] ects o(l?]). Tockoasky
otolpaxense f raaakoe, paccrosnne mMexny toukamu-o6pasamu f (9 (1) u [ (¢ (1)) 8 N Takxie
ects o (11), uto u TpeGoBanocy. )

3aaaua 2. llyctb v — MOJOKHTCAbHHA OPT NPAMOA, UPHIOKEHHHA B TOUKEe a, W
nyets f (x)=x* Haiitnt f..v.

Oraer. 2a - 0pT.

3anaua 3. MoryT au fBe TOUKH Ha NAOCKOCTH, ABHXKYIIHECH NO Pa3HbiM OcaM Koop-
ANHAT, BUIXOAHTH H3 HA4ala C OANH3KOBLIM BCKTOPOM CKOPOCTH?

Orser. la, ecait ckopoctb Myaesas. [pamep: @ (£)=(1%, 0), ¥ (¢)=(0, ).

MHoxKecTBO Bcex BEKTOPOB CKOPOCTeil ABHIKEHHT, BHXOAALIMX H3 TOUKH X
o6Gnactu M, siBsieTcs JHBeNbIM NPOCTPAHCTBOM: 3TO IPOCTO NMPOCTPAHCTEO
EM BEKTOPOB, NpHAOKeHHHX B Touke x. Ero pasmepuocts

2N pasna pasmeprocti oGjsactn M..3T10 npoctpaincTso -
: Ha3bIBAGTCA KACATCALHOLIM NPOCTPAHCTBOM 8 TOUKE X K
o6aactu M 1 o6oszunauaercs T.M.

Beaxomy, KTO cTaakHBaeTcsl ¢ 3THM BNEpBLIC, TPYAHO OTOPBATh

KacaTeabloe NPOCTPAHCTBO K JIHHEHNOMY NPOCTP3NCTBY OT CaMoro

anueitnoro npoctrpaucrsa. Cacayiowee o6oGUICHIE TPHIBAUC NOMOUL

Puc. 49, Kacatemwoe  cnpasiteen € 37ofl TpyaHocTbIo. PaCCMOTPHM KaKyio-aHGO LIaAKYI
npocTpancTRo. nosepxuocts M p RY, wnanpumep cdepy. BexTopw cxopoctedi, ¢
KOTOPLIMH ABIUKYLLAACS NO CPePe TOYKA MOKET BHXOAHTb H3 3a13HHOH TOUKH coeps!, ovye-
BiANO, OGpPa3yloT NAOCKOCTb (aBymepHoe KacaTe.abHOE NPOCTPAHCTBO cdepu B  331aHHOI
TOYKE X); 3Ta KacareapHas miockocth T.M (puc. 49) sBHo oraeneHa oT camoil ceph Al

OnpeseneHHoe Bblle OTOGPAKEHHE f+x MCPEBOIHT KACATEIbHOE NPOCTPAH-
CTBO K oGnacTH-npoo6pasy, M, B Touke x B KacaTelbHOE NPOCTPAHCTBO
K obnactH-o6pa3y B Touke f(x).

3aaaua 4. loxasats, ut0 otoGpamenie f.: T.M — TyyN anneiino.
Pewewnune. Mo ¢gopmyae Teltaopa

[ (evt)=F (x)+(9f/dx) vt 4o (I11),

CJICA0BATEAbNO, fes=3f/dx ~— anuefiunit oneparop.

Ecau B npocTpaicTpax — npooGpase i o6pase oToGpaskenus [ — puiGpa-
Hbl ICKAPTOBBl KOOPAHHATH (X1, ..., Xu) H (Y1, ..., Yn) COOTBCTCTBEHNHO, TAK
uto [ 3agaetcsi nabopom n ¢yHkuuil f; OT m nepeMeHHEIX Xj, TO KOMIMO-
HEHTBl BEKTOPA f+v BLIPAKAIOTCH Yepes KOMIOHeHTHl BeKTopa v no dopMyae

ok
.1'0 | =
dx,
Huaue roeops, marpuya oneparopa fsx COCTQBAGHQ U3 HACTHOLX npous-
800nbtx (0fi/dx)).

Onpenenenue. J'IHHequm onepatop fex HA3LIBACTCA NPOU3BOOHOU
otobpaxcenus | B TOUKE X, .
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3anaua 5 Paccmorpum otobpaxenue [ npamoli B8 nnockoeTs, f(x)==(sin x, cos x).
Haiitn 3naueHe ero NPOM3BOAHOR HA MOMOXKHTENLHO CPHEHTHDYIOWEM OChb X BEKTOpe v
et 10, NpHAOXKEHHOM B TOUKE .

Orger: f.v= (10cos &, —10sin &).

3agaua 6. Pacemorpnm. otrobpaxenne | N10CKOCTH B naockocts, [ (1, x2)= (i +x1x2,
x2) (pnc. 50). HafiTu muoXecTBO BCeX TOYEK X, B KOTOPHX AHHeMH omepatop ,‘., BH-

poxaaerca, H HaliTh o6pa3 3TOro MHOXeCTBa z v
npn ortoGpaxenun f (3T ABa MHOXKecTBAa Ha- 2 : f 2
3LIBAIOTC MHOXECTBAMH KpUTUHECKUX TOueK H L — )
KpuTudeckux 3Hawerull COOTBETCTBCHHO).

Pewenne. Marpuua onepatopa Hueer .
BHA _ Kerfyz

3xt+xz xi
0 1 s Pue. 50. Kputiudweckne TOUKH M KpHTHMCCKHE
3HAUEHHR OTOSPAKCHHT YHTHH,

N03TOMY NPOH3BOAHAA BLIPOXKJAEHA Ha napaso.ne xp=—3x}. Ee 06pa3 — noaykyGuueckas
napa6oaa (y;/2)*-+(y2/3)* =0.

Oto6paxenne 3TOA 3anauH HasuiBaeTcss orobpaxcenues yurnu (c6oprod). X. Yurun
20Ka3aJ, 4TO OCOGEHHOCTb COOPKH THMHYHA RAA TAAAKHX OTOGPaXKeHuit NIOCKOCTH B mioc-
KocTb (Hanpumep, Bcakoe Gamskoe K [ raaakoe oroGpaxenHe smeeT noGau3oCTH OT Hauasa .
KOOPAKNAT NOAOGHYI0 0COGEHHOCTH).

' 3ameuanne. Jluuneinan cTpykrypa (T. e. CJ0XelHe BEKTOPOB) 8 KacaTeAbHOM K 006-

" pacty M B TOUKE X NPOCTPAHCTEE oOnpenelena Buillle NPH MOMOIMH JAHHEHNOR CTPYKTYpH
ofbemalouero M npocTpaHcTBa, WIH MHHMH CIOBAMH — NPH NOMOUIH CHCTEMH AEKapPTOBHX
KOOpAHHAT, :

B neficTBHTeAnHOCTH KaK MHOXecTBO T,M, Tak #u CTPyKTypy AuHeAHOro NpoCTpaHcTBa
B HEM, MOXXHO ONpEeNeJHTb HE33aBHCHMO OT BHGOPA CHCTEMH KOOPAWHAT, AaXe KPHBOJAWHEH-
HLIX, Jdwb GH 3Ta CHCTEMa KOOPAHHAT OHJAa AOTNYCTHMA, T. €. CBA3aHA C CHCTEMO/i neKap-
TOBHIX KOOPAMHAT rafkoft 3ameoft nepemennulx (anddeomopdpusmom). Heszasncumocrs xa-
caTeNAbHOrO NMPOCTPAHCTBA OT CHCTEMB! KOODAHHAT He COBCEM OYeBIAHA, TaK KaK HapHco-
BanHan B o6ractn M crpenouka (npuaoxeHunit BekTop) npu gnddeomopduame nirubaercs.

He 3apucamee or cHcTeMH KOOPAHHAT oOnpejefeHHe BEKTOPa CKOPOCTH BHXORa H3
TOUKM X BHILJISHT HECKOJAbKO aB6CTPAKTHO:

Onpenenenne. Kacarervnoin sexropom B Touxke x obnactH M sasupaerca xaace
SKBHBAJNEHTHOCTH TNaikHX = ABukeruidl ~ ¢: R—M, nna  xotopux ¢ (0)=wx; SKBiBaJeHT-
HOCTb @~ ONpelessieTC YCNOBHEM: pacCTOSHHE MEXAY TOHKa-
M @) B P (f) 8 kakofi-nu6yab (¥ TOraa /MmoGoil) cHcTeMe KOOp-
auuat ects o ({2]) mpu t—0 (puc. 51).

flcio, 4TO STO JefCTBHTENLHO OTHOWEHHE SKBUBANEHTHOCTH
(p~¢, p~Y=bPp~ @, p~Pp~y=>p~y). Kaacc sxsuBasenTHOCTH ABH-
XeHua ¢ onpeleasiercs (npH duKcHpoBaHHOH CHCTeMe KOOPAH-
HaT) KOMMOHEHTAMH BEKTOPa CKOPOCTH Buixoaa ¢ (f) H3 TOYKH

(0)

Takum ofpasom, Haw 6ecxoopmmamo onpeaesieHHLR  BEKTOp
npespataercs B OGHUHYIO CTPEIOUKY, KAaK TOIbKO CHCTEMA KOOPAH-
uar ¢uxcuposana. ExuncTbeMHoe, HTO HYXHO /J0Ka3WBaTh —
STO HE3aBHCHMOCTb AMHefHnIX onepauuli Hag BekTOpoM (CAOKEHHS H YMHOMEHWA Ha uHCaa)
OT CHCTeMB KOODAHHAT, yuactsylowefi B ux onpefenennd. Ho 3ra HesamucHmocTn cpa3sy
BLITEKACT M3 JIHHEAHOCTH oncpatopa NpON3BOANHOI OTOGpa)eHHs B .ToYke (HYXuo paccMo-
TPETb B KauecTBe OTOGPaeHns <«3aMCHY - NepeMeHHHX», T. e. AuddeomopduaM, conocras-
nsowHil Habopy CTapWX KOOPAHHAT TOMKH HAa0Op ee HOBHX KOODAHHAT).

Xora Hawe onpefenenie He 3aBHCHT OT CHCTEMH KOODAKHAT, OCT2ETCA etle 3aBHCH-
MOCTB OT KJacca BeEX JONYCTHMBIX CHCTEM KOODAHHaT, CBA3AHHLIX l‘.'laZlKHMH 3aMeHaMH
nepeMeHHHX. ITOT KIaCC Ha3HBAETCR dudzdaepeuuupyeuod CTPpYKTYpold, H OT HEro BBeJEH-
Hible NOHATHA 32BHCAT CYLICCTBCHHLIM 06pa30M

Ilpoussonnan oroGpaienHs [ B TOuKe X €CTb He 3ABUCAWUI HU OT CUCTEMHL KOOPAU-
Har 8 npoobpase, Hu Or cucrems xoopdunar 8 obpaze JHHEAHHA omnepaTop
fox: TuM—>TyyN no camomy csoemy onpenenenmio (1) (puc. 52). :

Pue. 51. Knacc 3ksusa-
NEUTHHIX ABIKCHHTL
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3azaua 7. Myete [— nudpdeomopduam M na N. Jlokaxwure, ‘_41.'0 oToGpaKeHHe

for T:M — TyyN no camomy ceoemy onpeacaenuio (1) (puc. 52).
" 3angaua 8. Bepuo an obpatioe?

Oraer. Her, naxe ecan f.x — nsomopduam npe moGom x (cM. puc, 53).

*

M

Puc. 52. Tlpon3poauas oOTOGpaselin B TOHKE.

£

faz

Tem¥

K|

.f'

Puc. 53. Jlokanshwi auddeoMopdusm moxer
. e Gurb anddeomopdusmom B UCaOM.

2. Helicteie auddeomopdnsmos Ha BeKTOpHLIE NOAS.

Onpenenenne. B o6nacrn M 3anano raagkoe s8eKkTopHoe nose v,
CC/IH KaKJAOM TOUKC X COMOCTaB/eH NMPHJOXKEHHH B Hell Bektop v (x)e T M,
r1afKo 3aBHCSIMIT OT TOYKH X (€CaH CHCTEMa m KOOPAKHAT BHIGpaHa, TO

UHSAMH m nepeMeHHbIX).

TOUKE X,

[0.1e _3aJaeTCSl CBOHMH -/71 -KOMIIOHCHTAMII, - ABIAIOLIHMICA ™ TIaAKHME “DyIK- —
Bektop v(x) unasuviBaercs 3uauexruer noas v B

ITocmoTpuM, kak BeayT cefst pa3anuiblc OGBEKTL MNpPH FagKHX OTO-
Opaxkeunnax. Kacareaonvie gekroput npu orobGpaxennax g: M— N dsu-
syrca sneped (1. e. Nojx geficTBueM g KacateabHH BekTop v K M nepe-
XOAHT B KacaTeablblii BekTOp Zov K N). Dyukyuy npi oTOGpaXKEHHSIX
g: M — N Osuscyrca nazad, 7. e. ¢pyukuns [ nHa N nopoxaaer ¢GpyHKUHIO
Ha M (ec 3nadeHuce B Touke x H3 M paBHO 3HaucHHIO [ B ofpaze TOUKH X;
sTa ¢yHkuHA ofo3Hauaercst g¥f; 3Be3MOUKA C6epxy CHMBOJNHUIHPYET ABH-

KeHHe Haszad).

BextopHsle mosas e oto6pakaioTcs, BooGlle TOBOpS, HHl Bheped, HH
Ha3al. JleficTBHTeNbHO, NIPH OTOGpaskeHHH ABe TOYKH npoobpa3a MOryT ne-
pefiTH B OQHY M NPHHECTH TyAa pasHble BEKTOPHI, TNO3ITOMY MojJe B Mpo-
o6pase He mepeHocHTcs Ha o6pa3. Kpose Toro, MHOFHe KacaTeabHble Bek-
TOPHl B OZHOH TOuKe mpoofpasa MOryT HMETb OOLHH 06pa3, NO3TOMY HOJe
B o0pase He lepeHOCHTCH B mMpoobpas.

Onpenenenne O6pasosu eekTopHo2o noas npu Ouggeomoppuame
Ha Ha3bIBaeTCS BEKTOPHOE 110/1e, 3laueHie KOTOPOro B Kax A0l TOuke fBAseTcs

Puc. 54. [efictone nndoeomopduama Ha

BCKTOPHO® NOAE.

06pa3oM BeKTOpa HCXOAHOTO 1104151 B NPO0G-
pase gaunoi Touku. OGpas noas v npi Ano-
tdeomopdsme g obosnadacTes giv.
HMuaye rosops, oGpas g,v nois v 8 M
npu Guddeomoppusne g odnactn M Ha
N —31m0 mone w B N, onpegeienuoe
dopmyaoit  (puc. 54)  w(y)=(g.J)v (x),
rae x=g~'y. '

3apaua I, Haatn ofpas noas v(x)=1 Ha mpanoit nmox fAcfictaieM auddeopop-

¢usMa g (x)=2x.

Oraer. (g,v) (y)=2.
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BekTopHoe none Ha ocH X, €AHHCTBEHHAst KOMIOHEHTA KOTOPOTO paBHA v,
yacTo ofGo3nauaercs *) cumBosiom vd/dx. Yno6cTBO 3TOrO0 0603HAYEHHA CO-
CTOHT B TOM, UTO NPH pacTaKeHHAX ocH 8/dx sener ce6s Kak 1/x. Hanpumep,
peteHne mpeAnayulefi 3agaun MOXKHO 3amHCaTh TaK:

8 __ 0 _,0
ox a(y/2) "y’

B stux o6o3nauenusx ¢opmysa pefcreus ;ump(peomopdmama NpsIMOii Ha Bek-
TOpHOE MOJe NMPHHAMAET BHI caenyiomteit dbopMyanl 3aMeHbl TNepeMeHHOIl:

d i) 19
ecan y=g (x), T0 —=———= Takum o6pa3zom, o6o3Hauenne

dy d(g() g ox’
8/dx as’rouamsnpye‘r BHulc/eHne AeficTBHA Auddeomopdi3MoB Ha noasa.

3anaua 2. Haitn oGpa3s noas xd3/dx nox neuctauem auddeomopdusma y=e*.
Orger. yIn y 3/dy. .
Ecmu (x1, ..., Xa) — QuKcHpoBaHHasi cuctema koopannar B R®, To Gasuc-
HBle BekTopHble noisi (¢ komnonewramu (1,0, .., 0), .., (0,.., 0, 1))
oGosnaualorcs 8/0x1, ..., @/3x,. [lone c kommoneHtamu (vy, ..., Ua)0Go3na-
. yaercsl MO3TOMY 010 /3x1-+ ... +va0/0xn.

3anauwa 3. Hafirn olpa3zn «3fineposa nonsi» v=x,0/dxi+ x23/3x2 Ha naOCKOCTH
noa AeficTeHeM caenyoumux auddeomopduamon: 1) nosopor sokpyr 0; 2) runepﬁo:m-xecmm
nosopot; 3) awGoe annefinoe npeoGpa3soBanue.

Orger. v.

3apgaua 4. Noxaxure, uto auddeomopdH3M, MepeBoasUHil BEKTOPHOE NOAE ¥ B NOJeE W,
nepesoauT dasoBule KpuBLle noia v B (a3oBbie KPUBbIE no.vm w. Bepxo an o6patnoe?
Orger. Her, npumep: v=xd/0x, w=2x3/dx.

3. 3amena nepemenHnlX B ypaBHeHHH. [lycTb w — o6pa3 BeKTOpHOro
noas v 8 M npu auddeoMopdusme g o6racty M Ha ofnacth N, T. e

wW=gsv.
Teopewma. Hupgepenyuarsnsie ypasnenun
: x=v({x), xeM ()
u . . T
y=w(y),  y=N @

IKBUBAAEHTHOL 8 TOM cmbicae, 4T0 ecaw ¢ ] — M — pewenue nepsoeo,
10 gog: I — N — pewenue gropozo ypaenenus, u obparHo.

HupiMu cnoBamu: samena nepementotx y==g (x) npeepaujaer ypasuetie
(1) e ypasnenue (2). Wnu ewe: nodcranoska g(x) smecto y npespawaer
ypasuenue (2) 8 ypasuenue (1). :

HokasarteawcTBo. IT0 oueBnaHo. VHmMH cloBaMH, mocjenoBa-
TeNbHO NPUMeHan npaBuio pHGdepenuHpoBanus CT0XKHOR (yHKUMH, onpe-

NleNeHHE pELIEHHA ¢ M ONpeleleHHe nons g,u, HaXOLHM 7 80="
]

*) B cywmHocrn, vd/3x — 370 onepatop anddepexHuHpoBaHHS MO HaNpaBieHHIO NoAA ©
(em. § 10), Ho Tak kak onepatop vd/dx B NOJe T OAHO3HAUHO ONPEEAAIOT Apyr apyra,
HX 4acTO OTOXACCTBAAIOT MeXAy coGof.
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=gu@q)=guv(X)=w(y), raex=q¢(!), y=g(({)) 40 n TpeGosaioch
AOKa3aThb.

3anaua’l. Pewnth ypasneHde MaJHX KoJeGaHHit ManTHHKA
i|==x2. a?z'-= —X1,
nepefiis K NOAAPHLIM KOOPAHHATaM *) MOACTaHOBKOH Xi1==r ¢0s 0, x2=r sin 0.

Peuen ne BWIOAHHB noacTanonKy, naxoguu r=0, 6= —1, oTkyna x,=rq cos (Bo—{),
Xg==rg Sint (09-—/)

3anauya 2. Hceneaosars §asopsle KPHDHIE CHCTEMBI
{ xi=xz4x (1 —x}—x3),
Xo= —xi+4x2 (1 —x7—x3).
Pewenne.  MNepeiian x nonspubiM KoopauitataM, noayuaem
r=r(1—r?, 0=—1.

$a3osue KpHBLEC 3TOil CHCTCMB Ha maockocth (r, 0) coBnadaior € HHTErpaabHBIMR
kpusuimu ypasuenns dr/d0=r (r?—1). Hapucosas st kpusme (puc. 55) u BosBpawanch

K ACKApTOBWM _KoOpaunataMm, noaydaem puc._ 56, EanncTeenunasi_ocofas- To4Ka —-a4a10— —

.2,‘2 .

r

L2/
—~

g

)

Puc. 53, Huterpassubie Kpussie Puc. 56. dazosnie Kpusuie KA MIOCKOCTH
ta maockoctu (r, 0). (%1 x2)- '

KOOpARKaAT. Haanaxoumccn BOAH3H Hee q)asoaue KPHBHI€ HaMaTbiBalOTCsl ¢ POCTOM BpPCMEHH
H3HYTPH Ha OKPYKHOCTb X7-+x3=1. D7a okpyKHOCTb suBAsSCTCA 3aMKHyToil ($a308oil KpHBOQ
(mpeacabumy unkaonm). CHapyxH 1a Hee Takxe HaMaTHBaWTCA ¢a3oBue KpiBHC.

nepexou K MOJAPHLIM KOOpAHHATAM (03BOJACT H ABKO NPOHHTCrPHPOBATD HCX0AHVIO
cucTeMy, ’

4. Nleiicrene puddeomopdusmMa na noae wuanpasiemunii. [lyctb g
puddeomopdpuam obnacty M Ha obaactb N, n nyctb B obaactit M 3anano
noje uanpasieHuii. Toraa B ob6aactn N Takke BO3HHKaeT Nojae Hanpas-
nexuil. OHo HaswviBacTCsl 06pasos ucxo0H020 noas nod deiicteuesn dudgeo-
smopdussna g n onpeaensiercsl Tax.

Paccmorpum Kakyo-au6o touky y obaactH N (puc. 57). Oua umeer
B M enuncreeiulii npoo6pas, x= g~ 'M. PaccMOTpHM 1ANpaB.IcHile JanHOro
nonasi B Touke x. JT0 — mpsiMasi B KacatenbHoM npoctpaHcrse T,M. Bo3b-
MeM Juo6Goli HeHyaepoil BekTop 3TOo# mpsimoil. Ero oGpas non Aeiicteiem g

*) Pasysmeercst, ncoGX0xuMu OGWUHLIC OFOBOPKH, CBA3AUHLIC C HCOLIIO3HAYHOCTHIO nogsp-
HElX KOOPANWHAT: oToGpaxeuue (r, 0) b+ (x;, x2) He ABAACTCA AdPeoMOPPU3NOM NAOCKOCTH
Ha naockocts. Hampumep, MoxHO paceMoTpers 3agauumil 3THM oToGpaxceHneM HuddeoMop-
du3m obaact r> 0, 0<<0 <2 Ha ANOCKOCTb 603 NMOJOKHTEILHON MOJIYOCH X H OTACABHO ==~
obGaactit r>> 0, — s <<0<<a Ha NJOCKOCTb Ge3 oTpHuATeabHOR noayocH Xi.



§ 5] AEACTBHE AHOPEOMOPSHIMOB HA 11019 6_]

ecTb HeHyJeBOil BeKTOp B KacaTesnbHoM npocrpascrse T,N (Tak Kak g —
muddeomopdusnm). TIpsmas, onpeenciuas 3THM BEKTOPOM, HE 3aBHCHT
oT BbIGOpa BeKTOpa HCXOAHOI npAMof (Tak Kak g, — JIHHeilnbi onepartop).
Sra HoBas npAMas H ecTh NpsMas HOBOTO MOJIA HANpABJEHWH B TOUKe .
OueBnaHa

Teopema. Hurezparenole kpusste ucxodnozo noas nanpasaenud 6 M
nepexodar npu Juppeomoppusme g: M -~N 8 unrezparsuvte Kpusote
noas nanpaesenud 8 N, noayqenroeo delicreuen g Ha ucxodnoe nose.

Jns nokasarenbcTBa KOCTAaTOYHO AOCTPOHTHL JaHHOE MoOJie HanpabJeHH
(B OKpecTHOCTH KaXXJ0# ToukH obaacti M) no BEKTOPHOTO NOJIs, BEKTOPLI
KOTOpPOTo JieXKaT Ha NpAMBIX 32laHHOTO NOAs HanpaB/ieHHH H OTJHYHBI OT
HyJs, a 3aTeM NMPHMEHHTb Teopemy m. 3.

Pue. 57.7 Hehcrane. nud::bcouopdmama Ha noae Puc. 58. loae wnanpasne-
Hanpasaenufl. - HHfA, He NocTpansacMoe A0
BEKTOPHOTO NOIA.

3anaua |. Beakoe au raagkoe node HanpasJeHHRl B 061aCTH Ha NJIOCKOCTH MOXHO
JIOCTPOHTh fI0 TJAAKOrQ BEKTOPHOro no.js?
Orser. Her, ecan o6aacTh HeonHocBs3Ha (pHE. 58).

CdopmMyanpoBaHHas BhIILE TeopeMa MOKa3bIBaeT, UTO A7 pewtexs nud-
GbepeHUHaNbHOrO ypaBHEeHUS

dx/dt=v(t, x)

JOCTATOYHO MOCTPOMTH AHddeoMopdH3M, APHBOLAWLHA NoAe HaNpaBaeRHii
K NOJIO HanpaB/JeHH yDaBHEHHS, KOTOPOE MH! yXe yMeeM pellaTh — Ha-
npuMep, YpaBHEHHA C pa3jefsOIHMHCA fepeMennbivu, HMHbIMH cnoBamm,
AOCTaTOYHO HOAOGpaTb 3aMeHy NnepeMeHHbIX, CBOAALULYI0O YpaBHEHHE X YyXKe
pelueHHOMy,

‘3anava 2. NogoGpath 3aMeny nepeMeHHHX TaK, 4TOGH B YPaBHEHHH "1“ fzﬁ;
nepeMeHHble pa3aeananch.,

Orger. Tonaten noaspHue KoopauHaTH,

3anaua 3. Hafitn anddeomopduam, npespamaiomnit Bce UHTErpasbybie KPHBNE Ypas-
HeHHs dx/di=x-—1 8 napajaneabhule npsMue, : .

Pemeunune. Pemaem omiopop,aoe ypasnenue: x=Ce'. Haxoaum uactxoe pewenite He-
onxopoanoro: Ce'=—1, C=e"", x=1.

ChenoBatensto, Kaxnoe peLueHue HEONHOPORHOTO ypaBHenus umeer BHR x=1--ae’.
OroGpaxenue, . nepesoaamee (¢, x) 8 (f, @), — nckoMuii auddeomopduam (a=e~' (x—1))
TaK KaK BAOJb MRTErpasbHEIX KPHBHX @ — KOMCTAaHTa.

Dpyroe pemenne: Conocrasum rouke (f, x) TOUKY (¢, y), rae y— opannata

TOYKH MepeceyeHnn unrerpa.mon KpuBofi, mpoxoanutefi yepes TouKy (£, x) € OCbIO OpAHHAT
(puc. 59).



62 OCHOBHBIE NOUATHS ' ) {ra. 1.

3anaua 4. Beakoe A rAaakoe noae HanpaBAeHnfi, 3ajainoe Ha Beeil  MAOCKOCTH,
npespailaeTcs B noJje NapalieibHHX BPAMLIX ApH NOAXoAsieM audpeomopduame?
Oreger. Her, cu. pac. 60.

x I C C
] Gy

zz

t .
.
Puc. 59. Bunpamachne ui- Puc. 60. Hesuinpamasemoe nose wanpas-
TErpanbiblX KpHBHX. JCHKR HE TLIOCKOCTH.

3agaya 5. Moxuo au nnd)q)eomopq)uaMom NAOCKOCTH npeaparmb B_flodie_napaiiesib- — —
T HWX NPAMBX M0J€ Hanpas/eHHit AH( EPCHUHANLHOTO YPaBHEHHA X=X 22

Ot8er. MoXHO, x0T fBHYI0 ¢OPMYNy HANMHCATh HEAETKO.

5. Deiictene  auddeomoppuama Ha dasosmit  norok. Ilycrp
{g':! M — M} — opuonapamerpuueckas rpynna auddeomopdusmon, H
nyctb f: M — N — ewe oqut miq)QJeomop(bnw Ha.

Onpeneaeune OGpasom noroka {g'} nod deticreuen Adugpeo-
#opusna f naswisaercs notok [h': N— N}, rac h'=fg'[~'.

HubiMi cioBaMu, AHarpamma

M- M

P A 4’ -
N — N

KOMMYTaTHBHA npu Jio6om L. Slcno, uto f nepesoaut opGutel rpynnut {g'})
B opOuThl rpynnst {A'}).

Ecan paccmannBaTb auddeomoppu3M | Kak «3ameny nepemeﬂnux»
To mnpeoGpasopanue A’ — 3T0 mnpocTo npeoGpasopanue g', «3amucaunuoe
B HOBLIX KOOpAHHATAX».

Bameuanne, Ilorokn {g) u [A') nasuBaoTca HHOTAA JKBUAAACHT-
Hoimy (WA nodobneimu, wAu conpacennvimu), a AuddeomoppuaMm f—
3K8UBANEHTHOCTOI0 (WAH conpsaedioujun dudgpeomnoppusson).

3apaua 1. fJokaxure, uro [h'}— oxuonapaMcrpuueckas rpynna Audpdeomopdus.
MOB. . .
3anpaua 2. ConpsxeHu JH OAHONAPAMETPHUECKHE FPynnsi BPALWEHHE NAOCKOCTH

o ee rimep6OaHYCCKIIX MOBOPOTOB? ‘
Ilycts v — Bekrophoe moJe ¢(a30Boil CKOPOCTH OANOMAapaMeTPHUECKOH
rpynnut {g'), a w — rpynnet [A'), B KoTOpylO ee nepenop.nr Ampzpeomop-

¢usm f.
OuesnaHa
Teopewma. Jupgeonoppusn | nepesodur nose-v @ nose w; obparo,

ecau Ouppeomoppusm nepesodur v 8 w, T0 on nepeeodur {g'} e {h').
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3anaua 3. Ilepesoaarca xn npyr B apyra muddeoMopdHIMAMH BEKTOPHWE NOJAA
Ha npsMoll, 3anaoute caepyome nath  AngdepeutnasbHHX  ypasHeHWA: x=sin x,
2 sinx, sin’r, sin2x, 2 sin x4 sin?x.

Orser. Bropoe nepeBoanTcs B YETBEPTOE M B MSATOE.

§ 6. Cummerpuu

3nech pemaroTCsl OJAHOPOAHHIE H KBA3HOMHOPOAHHE AHddepeHUHalbHbIe
ypasHenusa. MIx peurenne ocHOBaHO Ha HCMOJBL30BAHHH OAHONApaMeTpHuec-
KHX TPYNN CHMMETPHH BEKTOPHBLIX HOJeii H noJefl HanpapJeHMH, KOTOpbie
MBI IIPEXJe BCEro W M3yuHM.

1. Fpynnu cumMerpuii.

Onpenenenue. ,U,mbd)eo'wop(bnsm g: M—>M naswiBaercsi cus-
MeTpuell BEKTOpPHOro mnoass v B M, eciqH OH nepeBoAHT noJje B ce6s:
“g.uv=v. [oBopAT Takxke, UTO noae V. UHBAPUAHTHO OTHO-

CuTeAbHO cumMieTpul g , \\ 1 /
[Tpumep. [oBopor niaocKOCTH BOKPYr HyJas fB- /
Asietcss  cumMmetpueli sfinepoBa mnoas x18/0xy -+ x20/dxs \\V/
(BexTOp KoTOpOro B TOuKe x ecTb v(x)=ux, puc. 61). - '}/‘;\\:’ -
dazopble KpHBblE NOJAA NEPEXOAAT IOA JeHCTBHCM / \
CHMMETpHH Moas ApYF B Apyra. / l \

3anava 1. [lyers zxmbcbeomopQ)us'M nepeBoAHT ¢Ha3oBHe KpHBLIC
BEKTOPHOrO mnoas Apyr B apyra. Slsasercss 2 OH cHMMeTpHeid noas?

Oreer. He o6saatenbno. s::c 61.  iinepono

Onpenenenne. Mubdeomopbuam g: M-~ M nasviBaerca cusser-
pueil noaa nanpagaenuti 8 M, echit OH MepeBOAHT 9TO NoOJe HAaNpapJeHH
B ce6s1; Moje TOrfa HasLBACTCA UHBAPUAHTHGLAM OTHOCHTENLHO CHMMETPHH.
Hurerpanbuple KpuBble n0As nepexoAT nop AeficTBHEM CHMMETpHH ApYr
B Apyra.

[Tpuwmep. [one nanpasnennfi ypabuexus £=v(l) B paciuypeHHOM
‘$a30BOM NpOCTPaHCTBE HHBAPHAHTHO OTHOCHTE/JLHO CABHIOB BAOJAb OCH X
(punc. 4 na crp. 14), a ypasHenus x—v(x)-—-szxonb oc ¢ (puc. 6 ua
crp. 16).

3apnaya 2. Tlyctb auddeomopdusM nepeBosHT nHTerpam:nue'xpnBue noas Hanpas-

nenuft Apyr B apyra. SIBnsieTcss A OH cHMMerpueft noas Hanpanneunu"
Oreger. Na.

TMone Ha3sblBaeTCst UHBAPUAHTHLIM OTHOCUTEAbHO 2pynnst auddeomop-
¢$H3MOB, ecaM OHO WHBAPHAHTHO OTHOCHTEJBLHO Ka)kaoro npeoGpazoBaHHA
rpynnel. B Takom cayuae rosopsrt, uto nojte donyckaer paHHylo rpynmy
CHMMeTpHIl.

[1pumep. DiinepoBo moje Ha IIOCKOCTH JAOHYCKaeT, cPeiH APYTHX,
cleaylole YeThipe rpynnsl CHMMeTpHii: OJlHOmapaMeTpuueckasi rpynna pa-
crsiennit (x > e'x), opHonapametpuuecKas rpynna BpalueHnit Ha yroa {,
OnHOnapamerpuueckasl rpynna runepGoJHYECKHX MOBOPOTOB, rpynna Bcex
JauHeRAHBIX npeoGpasosauuit naockoctd, GL (2, R).

Bce cummerpnn pansoro fions ofpasylor rpynny (noxaxure!l).

3anaua 3. Hailru rpynny Bcex cHmMeTpuii 3ilieposa nods Ha NAOCKOCTH.

Oreer. GL (2, R). '
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2. npumeuepne OAHONAPAMETPUUECKO TPYynMb CHMMETDHIl A5t HuTErpH-
‘poBaHKs ypaBHeHHS.

Teopewma ITycrs ussecTna odronapasneTpueckas epynna CUMMETpull
noan nanpasaenull ra naockocru. Toeda MOINCHO ABHO NPOUHTEZPUPOBATE
ypasuenue, 3adanHoe 3TUM NOJEM HANPABACHULl, 8 OKPeCTHOCTU Kascdod

. He crayuoHapHoll Touku epynnet cummerpull.

Touka HasbiBaeTCsl HECTAYUOHAPHOL ANsl TPYNIel npeoGpasoBaHul, ecan
tie Bce npeoGpa3oBaHHsA I'PYNNLl OCTaB/AIOT €e Ha MecTe.

Ecnu rpynma COCTOMT M3 CABMrOB BAOJb NpSMOH, TO YpaBHEHHE C
Takoii rpynnoit cummerpuit peweno B § I, crp. 16 (dopmyaa Bappoy).
Mul nokaxem, yto obuiHii cayuall CBOZHTCA K 3TOMY ROIZXOASWEM Augpdeo-
MopduaMoM (T. €. pasyMHbIM BHIGODOM .JIOKAALHBIX KOOPAHHAT Ha IJIO-
CKOCTH).

Jle MM a. Boxpecrrnoctu aoboil Hecrayuonaprod Touxy deldcreus odHo-
napamerputeckot epynnot QuPPeomopPUIMOE HA NAOCKOCTI MOMHO 6616pATE
rxoopdunarst (4, vy Tak, 4T0 OAHHAA 00HONAPAMETPULECKAS zpynna dugpgeo-

—MOphu3M08-3anuIueTCA_8_Bude_zpynnvl_c0suzos;

g (u, v)=(u-+ts, v) npu docrarouno sasvix lul, |vl, |s}.

Drta dopmyna o3HayaeT, YTO KOOPAHHATA v HyMmMepyeT OPOHTH JaHHOM
rpynnbl, & KOOPAHHATA u HA KaxKAoil OpOHTe €CTb NMPOCTO BPeMA JBHIKCHHS
(oTcuuTHIBaEMOE OT HEKOTOPOIl JHHHH Ha M.JOCKO-
T géyw ~ CTH).
i Hdokasarteancrso. [Iposenem uepes aan-
Hyo TouKy O aunmie I', nepecexaioulyio TpaHcaep-
g g°0 canbHO (MO HeHYJ/1eBbIM YIJOM) NPOXOASALLYIO Uepe3
. Hee ¢asopyio kpupyio {[g‘O) (puc. 62). Ilycts
Puc. 62. Bunpamaewne oawo- U — KOOPAHHATa TOYKH y(v) Ha 3TOfl JMHHH, OT-
oo, 7™ cunteiBaeMas ot Toukn O. Paccmorpum oto6pa-
xKeune @ naockocty (4, v) Ha HaWy MAOCKOCTb, Ne-
peBoasillee TOUKY ¢ KoopaHHaTtamu (u, v) B g"y (v). D10 OTOGpaXKeHHe —
zupgeonopdpusm oxpecroct touki (0,0) na okpectocTb TOuKH O.
IMostomy (u, v) — Jokanbuble KoopAHHaThl. B koopaunarax (u,v) neficr-
BHE g° NPHHUMAeT HY:KHBIA BILJ, NMOCKOAbKY g°g’==g°t* )
Teopema csenyer u3 JieMMbl, TaK Kak B CHCTeMe KOODAHHAT (¥, v) HAKIOH

JaHHOTO TIOJIsi HANPaBJSHHI Hie 3aBHCHUT OT U. '
3ameuanue. [IpuBeseHHoe JOKA3aTCABCTBO JACT TaKMie AeT00 AGHO-
20 UuHTeepupoBaHus ypaBHEHHsl; B KOODPAHHATAX JeMMbl OHO nNpHlKMaeT
B dv/du=w(v) (auuuio I' HY:KHO B3ATbH 1le KacaTebHOIl Hanpas/eHHIO
Aauiioro noasi B O). IIpaxTHyeckl He Bcerga yaoGHO NoJAb30BATLCS HMEHHO
3THMH KoopauHatamu. JlocTarouno, 4Tobnl aunny v=const 6ulan opOHTaMH
Aanuoi ojHonapaMeTpHueckod rpynnel AH(¢eoMophH3IMOB;, B KayecTse
Rpyroil KoopauMHaTbl BMeCTO & MOXKHO B3ATb Jwbyio ¢yHKUMIO OT 4,
cka)keM 2. BaxHo suwb, 4To6bl npeobpasopanua g° MCPEBOMMIH JIMHHU
z=const napyr B papyra. B cucreme xoopmuuat (2, v) HCXomHOe mnoJe
HanpapJcHHI onpefeqHT YPaBHCHHE C pasjeJfiOLUHMHCA NepeMeHHbIMH

dv/dz=w (v) f (2), rae f(z)=du/dz. "



6 : CHMMETPHH
§ 6l . 65

3anaua |. [ycrs u3BecTHA oAHONapaMETPHUECKAR TPYNNAa CUMMETpPHR noAR HAnNpas-.
Acunii B n-mepuoRi o6aacTH. CoecTH 32134y HHTErpHPOBAHHA COOTBETCTBYIOWEro Anddepen-
LHAALUHOTO YPABUCHUA K HAXOKACHUIO MHTCIPAALILX KPHBHX NOAS uanpasiewnit B obaacrn
pasmeproctd n—1. ) ’

Ykaszanue. [lpoctpancTso op6uT rpynnsl cHMMETPHIT HMeeT Pa3MEPHOCTL n—1,

3. OnxopoaHbie ypaBHEHHS.

‘Onpepenediue YpasHeHne nasmsaercsl 0OHOpodHobIM, €CaH 3a0a10-
.1lec ero noje HanpasieHHil Ha TJIOCKOCTH OXHOPOMIHO, T. €. HHBAPHAHTHO
OTHOCHTEJNbHO OfHONapameTpuyeckofl rpynnu pactaxennt, g°(x,y)=
=¢° (x, y) (puc. 63).

O6aacTb onpeneseHHA TAKoro noJs — He o6s13aTeNBbHO BCA HJIOCKOCTD:
LOCTaTOYHO, 4TOOBLI 3TO moje GblJIO 3alaHO B KakKOH-1H(GO obaacTtH, uupa-
PHAHTHOI OTHOCHTEJIBHO pacTsiXeHHi (Hanmpumep, B yrie).

3anaua l. Kakne u3 -ypasHeunil dy/dx=y/x, x/y, Inx=Iny (x>0, y>0) oano-
poanu?
Orger. Bee Tpu.

yV
24

1 z
/L e ]

T~

AN

"Pue. 63. Tote nanpasaennuii Puc. 64. Koopannaru Puc. 65. Huterpaanuue xpusue oamo-
0INOPOAHOrO YpaBMNeitHs., ANA  peweHns  oaxo- POAHOrO ypasHeuua,
. . poaHoro  ypasHenus.

Teopewma. Odnopodnoe ypasnenue. dy/dx=F(x, y) npusodurca
K ypasHenruo ¢ pasfesffoujumUCs nepemeHnbimy nOOCTAHOBKOU (= uvx
(7. e. nepexodom Kk rxoopdunaram (x, v)) 8 obaacru x> 0.

Hokasateanncrtso. Op6HTH rpynnsl pacTsiXenuit — 3TO AYUH Npo-
xoasmux uyepes 0 npambix (puc. 64). B kauecrse Auuun I' BosbMeM npamyio
x=1 ¢ ofbuibIM NapaMeTpoM y Ha Heil. YKasallHble B JleMME€ KOOPAHHATH
uHv—>3Tou=Inxuuv=y/x

 Tlo 3ameuannio n. 2 B KoopaHHaTax (X, v) mépeMeHHbe pasneasiortcs.

3anaua 2. Peunrs ypanuenue dy/dx=g/x+y?/x*, x> 0.

Pewenne. dy=vditrxdo, dy/dx=v+x dv/dx, xdv/dx=v?, —1jv=Inx+C,
y=—x/(In x+C). -

Ecan K — unrerpanbias KpuBasi OJHODONHOTO YypaBHeHHS, TO roMoTe-
:THyHaA efi kpusas €K Toxke wuHrerpasbmasi (puc. 65). Takum oGpasoM,
ANl HCCJIEIOBAHHSA BCEX HHTErpaibHHIX KPHBHIX ONHOPOAHOrO ypaBHeHHR AO-
CTAaTOUYNO HAPHCOBATL OANY KPUBYIO B KaXAOM CEKTOpE MAOCKOCTIL.

3anaua 3. HapucosaTs unterpaibHue KPHBLE ypaBHEHHA
—_ 2
Orser. Cwu. puc. 65. dy/dx=2y/x+y*/x]

3B.u Apuoasa
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Onpeacaenne ODynkuua [ HaspiBacTcsi 00HOpOdHOL cTenenu r,
€CJ11 OHQ YAOBJETBOPSET TOKAECTBEHHOMY COOTHOIICHHIO

F(ex)=e"f (x). (1)

UnwiMi cnosamu, odnopoduas yuryus crenedu r — 310 o6t cob-
CTBEHHBI BEKTOP Bcex JHHeitnbX oneparopos (€°) *, ¢ co6cTRennLIMu yscaa-
Mt ¢S,

Onepartop g* (meiictie auddeomoppuana g na ¢yHKuhn) onpepeich
B § 5, ctp. 58.

Ml puwmep. Hapucyem na naockoctnn p, g npsimyio p-4g==r. Muoro-
yiaen ) ap ¥’y OAHOPOAHHNT CTCMCHM r, CCJAM H TOJABKO €CJIl- NOKa3aTesaH
BCEX BXOASUIHX B HEro C HCHYACBbIMH KOS((IUUHCHTAMI OAHOUYCHOB JeXaT
na 371olt npamoit (HaspiBaemoit Suaepansod Howrona).

Teopema (3inepa). Yrobor ¢pynkyun | 6oiaa o0HOpodrod cTetieHu
r, Heobxodumo 1 JocTarouHo, 41066l OHA YO0BAETBOPALG COOTHOLWEHUIO
Diinepa Y xi0f/dxi=rf.

—— —— ——CooTnowuenHne Diliepa 03HauaeT, uTo f.-— COGCTBCHHLIN BCKTOp onepartopa_ _
anddepenunpoBanns BLOIb H3o6parkennoro Ha puc. 6l aitacposa noas
{noas $a3oeoil CKOPOCTH TPYNNLE PACTAKeHHH, €°) ¢ cOOCTBCHHLIN YIICAOM 7.

HoxasaTteancTtso. CoorHoterie Jitaepa noayuaercs anddepen-
unpoBanies onpeaenenus (1) oanopoanoli ¢pynkunu no s npu s=0. Coor-
nowenye (1) noayyaerca n3 coornouwlewin Qitaepa HHTErpHpoBauueM and-
tbepenilaIblOro YpaBHEHHsl C PAa3AcafIOULIMICA MePRMCHHbIMI, 3ajAaBac-
MOTO, COOTHOWIEHEM Ditlepa Ha Kaxaoil op6HTe TIPYNNH pacTsKenii:
dfjdx=rf/x.

Han 1020 urobu. noase nanpasaenutli ypasHenus dy/dx=F (x, y) Goa0
odHopodruis, Heobxoduso u docTtarouno, 4rTolut npaeas «acto 6elad o0HO-
podnoii ¢ynkyuel crenenu 0. HanpimMep, roAHTCA OTHOUICHHE A0GHX ABYX
OMHOPOAHBIX MHOIOUYJIEHOB OAHIIaKOBOI CTeneNH.

3ameuanne Ilepexoa of koopannar (£, y) k KoopAunataM (X, v=y/x) s oGracth x =0
1 K koopanuaTanm (W=x/y, y) B 0GiacTu y==0 NA3ILBACTCA CUZMA-NIPOLECCOM WAN PAITYTUCH
Touku 0.

OTa KOHCTPYKUHR HMCET NPOCTOIl TCOMETPHYECKWIl CMUICI: ONa 03HAyaeT nepexol oOF
AAOCKOCTH K NOBEPXHOCTH, NOJy4alolieiics H3 Hee BUIKHILIBANHCM 1a4ala KOOPARHAT M BK.JEH-
BANHCM  BMCCTO Hero  UEAON  MPOEKTHBHON  NpPsAMOiL.
Bor kak 3ro Jaevacrcea,  Paccmorpus  07r00pamcine
(paccaocnne) «: (R’\O)—» RP', onpcacasiowmce npo-
CKTHBHYIO mpasmyio *).

Oto6pamcune o CONOCTABAACT TOYKE MIOCKOCTH
npasylo, cocanssiomwyo ¢e ¢ uyaem. Fpaduxk oroGpa-
weping o (puc. 66) npeacrasascer cofoil NOBEPXHOCTH
S 8 npoctpanctse (R?\0)X RP'. Baowenne R°\0 B R
BKJAAMBACT Y10 IPagiln B HPOHIBCACHHE M= R Rp!
(Rupdcomopdnoe BryTpenHoctn Gapanks).

3aaaua 4. MokasaTb, yT0 3aMuKanue rpajuka
B M npeacrasaser coGoii TA3AKYI0 NOBEPXHOCTD. )

Yrasanue. Ypasueuna y=uvx, x=uy onpeaeis-
10T 1aaKue NOBCPXHOCTH.

Pué., 66 Curmanpoucce

*) TlpoexTugnod npamoii Ma3HBaeTCA MHOMECTBO BCEX MPOXOZAwMX ueped O npamux
- Ha naockoctn. BooGle, npoekTiBHOE npocTpancrBo RP™~' ecTb MHOXECTBO NPAMHX, Npo-
. Xoasumx gepes 0 8 R”

-
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Jra nosepxuocts I (3amuikaHHe rpagdnka) COCTOHT M3 camoro rpadiuka # JANIHH
OX RP' (andpdeomoppuoii okpyxuoctn), INpockruposamne M Ha nepeuii COMHOXKHTEAD,
R?, onpeseaner raaakoe oroGpaxenue nosepxrocTn I Ma NIOCKOCTs. IT0 oToGpaxensue
nasusaerca cdysanues. Ono nepeeonut scio okpyxuocts 0X RP' B touxy 0 n anddeomopduo
0TOGPAMKACT OCTANBLNYIO wacTh X (T. ¢. rpadHK) HA NIOCKOCTH §e3 TOYKH.

3anaua 5. lloxaszars, uto nosepxuocts = anddeovopdua amecry ME6uyea.

Bceso3moxuue reoMerTpiyeckne olvekTu, mMeouine ocobeHHOCTh B Touke 0, MOXHO
noanATL ¢ nAockoctit G6e3 Toukn na E, noaslysick yxaszanuun sume aupdeomopduivom.
Tlpu 3TOM oKa3weaertcs, uTO NP ncpexoace Hasepx (Ha ) ocoGERHOCTH YNPOWAOTCR,

[oeropan npoucaypy. pasayTua, MOXKHO, KaK TOBOPAT, paspewars ocoGennoctd. Hanpu-
MEp, MOXHO NPEBPATHTD MOCYI0 aareGpanvecKy0 KpUBYIO ¢ 0COGEHHOCTHIO B Touke 0 8 KpHBYIO,
- #e nyeoutylo ocofennoctedl, kpome Tovex obwMiOro ca-
MonepecedcHita,

3amgaua 6. Paspewnts ocoGennocts MoayKyGit- }_
ueckofi napaoast x*=y?, - > g
Oraer. Cwu. puc. 67. \ S

[pn nccaczosauitit  BEKTOPHHX noJed u  moned
HanpasJeHHl TaKXKe MOJE3NO PpalAYTHE C UENTPOM B Puc. 67. Paspemenne ocofemnocts.
‘ocoGoit Touke. Buwe wMum  Buacam, urto B caydac
OJHOPOZHOrO fOAR HANpasAeHHl nepsoe ke DAIRYTHE NPHBOAHT K YPABHGHHIN C paue.'mlo-
UWHMHCT TEPEMEIHUIMHU,

3anaua 7. [okannre, 4TO rnaakoe BEKTOPHOE MOJe Ha NAOCKOCTH, pasHoe 0 B Hawa-
Je KOOpANHAT, MOAHHMAETCA HA MOBEPXHOCTL I B BHAE NOJA, [M2AKO NPOACMKAIOUIETOCH
H3 BKACHBAEMYIO NPH CHIMA-NpouECcCe OKPYIKHOCTH.

4. KsaanoanopoaHsie ypaeHennsi. 3adHKCHPYEM Ha IJIOCKOCTH CHCTEMY
aunefinsix  koopanuart (x,y) H 3adHKCHpYeM ABa BelMeCcTBEHHLIX YHCAA
o H p. : ’

Onpenenenue. pynnoi KBA3UOOHOPOOHBIX PACTANEHUE NAOCKOCTLE
Ha3blBaETCA OAHOMNADAMETPHYECKAs! IPYNNa JHHENHbIX npeo6pa305amm
' g (x, y)=(e¥x, ePy).

Uucna o H P waswiBaotes gecasu nepemennsx x H y. (Hapaay c «Kpav
3HOAHOPOAHLI» YNOTPEGAAIOTCS TEPMHHBI 838e1UEHHO-00HOPOOHDLY, 0606 uieH-
Ho-09Hopodustd.) O6oanauenne: a=deg x, f=degy.

Ecnn o=p=1, to {g*} — ofrunas rpynna pactsixkeHui.

Onpencaenue, YpasHeune HabiBacTCA Icaaauoduopodﬂbm (¢ se-
camu a, B). ecnn 3ajaluiee ero noJse HanpapleHHil HA NJOCKOCTH HHBA-
PHAHTHO OTHOCHTEAbHO IPYNMLl KBA3HOXHOPOAHLIX PACTAMKEHHUH,

- 3anawua l. [Moxro6pats Beca Tak, uto6ul nose Hanpasaeunit ypasuenun dy/dy = —x/y?
GLlI0 KBA3HOAHOPOLHLIM,

Orser a=2, f=1.

Teopewma. Ksasuodnopodnoe ypasuenue dyfdx=F (x, y) ¢ secarmu
deg x =0, degy=p npusodurca K ypasHenuto ¢ PasleARIOWUMUCA nepe-
MenHoLmu nepexodos & koopdunaras (x, y*/x?) 6 obaactu x> 0.

HdaoxasartenbcTBo Op6GuTH rpynnbl KBa3HOAHOPOLHLIX pacTdxe-
HHI — noJ0BHIBL «napabon» y*==Cx® (puc. 30 ctp. 33). Buibepem B Ka-
yectoe annun I' (m. 2) npamyo x=1 c napamerpom y Ha Heil. Keasunon-

. HOpOANLIE pacCTSXeHN NepeBOASAT mapasnenbisie I' npaAmbie B nmapaanens-
Hute; TlosTomy Teopema BorTekaeT i3 JaeMMul 1. 2 0 3aMeuaHMA K Hefl.

© . Boiscunm Temeps, Kak yaHaTh N0 Mpapoil 4acTH YPaBHEHHS, KBadH-
ONHOPOAHO JIil OHO, ’ :

3%
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Onpeneneune Pyuxkuus f nasvipaercs Keasuodnopcduoid, crene-

_HU r, €CJIH OHA YAOBAETBOPSICT TOKACCTBY f(e™x, ey)=e"f (x, y).
HMupimn ciaosamu, f— o6t coGerBeHHblii BekTOp onepartopos (g%)*
(rae g° — KBa3HOAZHOPOAHOE pAacTsIMKCHHE) C COGCTBEHHHIMH uYHCAAMH &',
IMpumep. Muorouwlen KsasnogHopoAcH cTeflend r (npi Becax a, f),
eCNH i TOJBKO €Cl TOKa3aTelH BXOAAIUIHX B HEro MOHOMOB x°y? Jexar

Ha anarpamme HbioTona ap-+Bg=r (puc. 63).

KBa3snoaHopoaHast cTeneHb KBa3HOAIOPOAHOrO MHOrouseila Ha3blBaeTcs
Takxe gecosm. Hanpumep, Bec x paBen «, Bec y pasen B, sec x’y* pasen
2a4-3p u 1. o IlpunuceiBanne Becon nasbwae'rcn

tq - TakkKe 2padyuposanuest.
<
N 3aaaua 2. [oioGpats Beca nepeMeHHBIX TaK, YTOOL
h muorodwen x’y-Hy* 66 KBa3HOANOPOIMBIM CTemeH: 1.
™. Oreer. deg y=1/4, deg x=3/8.
TN LE 3apgaua 3. Jlokaxute, yro ¢yukuns [ nepementinix X;

BECOB @; KBA3HOMIOPOAHA CTCNEHH f, €CAH H TOJbKO ecay oia
Pic. 68. Hduarpamma Hbiotona YAOBIETBOPAET COoTHOWeHio Dfaepa ¥ wixidj/dxi=rf.
-kBasuoatopolnoRk _ ¢ysKusK._. 3 aseuanuc..Bexropuoe _nore Y au;0/0x; HasmBaercsa._.

KBG3UOOHOPOOHLIM 3ireposbis noses (510 — noae $asosoil CKo-
POCTH rpynnW  Keasuoanopojausix pacraxenuit), CoorHowenie iiacpa o3navaer, uto { —
co6CTBCHHLIE BeKTOP oneparopa anddepeHunpPoBaHHA BAOAbL 3il1¢pOB3 N04A, ¢ COGCTBCHHLM
qiicIoM 7.

Tecopema. Jaa 1020 urober noae nanpasaenuli ypasnenua dy/dx=
=F (x,y) 6vtr0 ksa3uodnopoduoism, Heobxodumo u Jdocrarouno, HTOOLL
npasas «acrto 6staa K6a3u0GHOPOOHOU 1t ee K8A3UOOHOPOOHAA CTeneHs
6btaa pasHa pasHocTu cTeneHell y 4 Xx:

deg F=degy—deg x=p—ac.

HdoxaszateancTBo. [loa mefictBieM KBa3HOINHOPOZHHIX pacrsiiKe-
HiiT g° BeaHunNA y i, GIefoBaTenbHO, dy yBeauuHBacTca B e pas, a x (u, cre-
AoBaTeabto, dx) — B e* pa3. Uro6ul nose HanpasJ/eHHil NepelIo NPH TaKOM
pactAxeHun B ce6f Hy:KHO, uToGbl 3HaueHue F B HOBOH TOuKe ObO BO
CTOJBbKO ke pa3 GoJbille, YeM B €Tapoil, BO CKOJLKO pa3 yBeJH4YHBaeTCH
oTHoleHHe dy/dx (uan y/x), 7. € B ¥~ pas, 4t0 U TpeGoBaioCh,

3amcyanne TaxkuM o6pa3oM, NPH BHIYHC/ICHHH BECOB MOXXHO ofpa-
watsed ¢ dy/dx, Kak € ApOObIo, cyuTas d «MHOXKHTeJeM» Beca HYJb.
Toraa Bec dx ecTb «, Bec dy ectb B, Bec dy/dx ecTh f—a.

YeaoBHe KBa3HOAHOPOAHOCTH YPABHEHUSI COCTOMT B TOM, YTO BeCa JieBoil
i npapoil yacTed oAHHAKOBHI,

3aaaua 4. Mozo6paTth Beca nepeMCHUNX TaK, 4ToOH AudepeHUBaNbHOe YPaBHEHHE
©$330BLIX KPHBHX ypaBHen:s HbioToHa Xx=Cx* GHIO KBa3HOAHOPOIHLIM,

Peweuue Ypasucnic Qaonux kpusuix dy/dx=Cx*/y. Caciosateasio, 2p= (k4 1) a.

5. CooGpaxenuna noaobun u pasmepuocteil. K8a3zuodHopodnoie ypasHenus
¢ (pa30BBIMH IPOCTPAHCTBAMH MI0G0IT pa3MepHOCTH ONPEeNeSIOTCsT aHaJ0OTHYHO
TOMY, Kak 5TO CHeJiaHO Bhllle jJsi AByMepHoro ciayuasi. KeazuodnopoOnbie
8eKTOpHLIe noAA onpeneasoTca ycioBiem deg 8/dx;= —deg x;,. Hanpumep,
siiaepoBo moJe HMmeeT cTeneHb 0.
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3anaua 1. [loxasate, 4TO ecan f — KBa3HOAHOPOAHAA PYHKUHSA CTENEeHH s, 3 U — KBa-
3noopoanoe flone CTenewl s, T0 npoM3soaHaa [ BAOAL v — KBasuoamopoanan dywxuus
crenenH r+s.

3anaua 2. Nycrs £=P, §=Q, rae P n Q — ONHOPOAHHE MHOrouneHu CTEMeHy m.
Jlokaxure, 4TO ecan Kakan-1HGO H3 $a30BHX KPHUBHX 3aMKHYTa H NPOXORHTCH 3a speMsa T,
TO fpH pacTAXeHHR B € Pa3 M3 Hee MOJAYYHTCH 3aMKHYTas (a3oBas KpHBam € NEPHOAOM
o6pawennus ' =T,

3anaua 3. Mycts =2 (x), r1e v — KBA3HOAHOPOAHOE MOJC CTEMEHH r. Iokaxure,
uto ecan T — nepron oGpaliennst no 3aMKHYTOR KPuBOAi y M g° — KBA3IHORHOPOIHOE PACTH-
Ketiie, To g'y — ToXe 3aMKHyTas dasosas KpHBas u nepuoa obpamenus — e—*T,

3 azaua 4. Kak 3aBHcHT OT aMmauTyas! Xx... nepuo:l KoeGanuni «MArkoro ManTHHKa»,
-x =Y, y—- —X

Orager. OﬁpaTHo NPONOpUHOHANeH aMIANTY Re.

ITpn npumeHeHHH coobpakeHHil NOAOGHS YacTO BCTPEUYAIOTCH HE TOJbKO
nepsbie, HO H BTOpble npou3soaHble. [TocMoTpnM, Kak oHH BexyT ceGa mpH
KBa3ioAHOPOAHLIX pacTsiKennsx, QueBuaHa

Teopema. ITpu reasuodrnopodnon pacraxcenuu (x,y)(e*x, ePy)
epaur pynxyun y=q(x) npeoépaayerc:z 8 epaduk pynxkyuu y=o (x),
048 xoropotl

k k .
%?(?- (8 noBOI TOUKE) = ¥ k)s %—;— (e crapoit Touxe).

HUnbiMn ciosamu, d*y/(dx)® npeo6pasyerca Kak y/x* (ueM u oGbacHseTCA
yao6cTBo 06o3naueHus Jlefi6unua). CienosaTesbHo, 4T066L Y3HATH, KEA3U-
O00HOpOOHO AU YypasHeHue, sxarovarouiee BbiCule npoussodnsie, docra-
TO4HO npunucats 6ykse d sec Hyadb u norpeGosare OOUHAKOBOCTU BeCOB
aesod u npagoil wacrell.

3anaua 5 JlokaxHuTe, 4TO €cAH HaCTHUZ B CHIOBOM NOJMEe € OAHOPORHOW CTe-
NeHy m CUOH NMPOXOAHT TPaeXTOpHIO y 3a Bpema T, TO Ta XXe 4acTHUA NPOANET rOMOTETHUHYIO
TPaekTopHio Ay 3a ppeMa T’/ =AU—mV2T, :

Pemenne: Ypasuenue Huotona d%x/dt?=F (x), 8 kotopom F oamnopomna creneus m,
nepexoiHT B cels NPH NOAXOAAWIHX KBA3HOAHOPOLHHX PACTAHEHHAX: HYXKHO B3ATbL Beca «&
(2as x) u B (aaa f) Tak, uto6ul a—2f==ma, Bepem a=2, f=1—m. Pactaxennw x'=1rx
cootpercreyer T/ =AUl —mV2T]

3ananua 6. JlokaxHTe, YTO KBaLPATH BPEeMEHH NPOXOMKAECHHA MOXOGHHX TPAECKTOPHIl
B NOJe TAroTEHHA OTHOCATCA Kaxk KyGu AHHeRHLIX pasMepos *).

Peweunne Hs npeanayweii sanaun npu m= -2 (3aKkoi BCEMHDHOrO TAroTeHH:)
noayuaem T’ ==A%°T, .

3anaua 7. BolfiCHHTe, KaK 3aBHCHT OT AMAJAMTYAR nepuoid KoaeGannil B caydae
BO3Bpattaioell CHAM, OpONOpUNOHAiLHON OTRACHeRNO («auueiiuutil ocuuaiarop») u KyOy
OTKJOHeHHA («MArKag» cHaa).

Orser. 1na aunyeitnoro MasTHHKA MEPHOA HE 3aBHCHT OF amn.'mrynu, a aan ‘MATKOro
o6paTHo nponopuxoHasaen efi.

ou Ou
3axava 8. ypanuenue TEMIONPOBORHOCTH HMeEeT BHA 73__“6 5
t

paccrosnue, u — reMnepatypa). Hasecrro, 410 BeneacTsue rosoBux koaeGaunii TeMnepatypul
3eMJR B HEKOTOPOH MeCTHOCTH npovepsaet ua merp. Ha xakywo raybuuy ona npomepsata Gul
BC/ICACTBHE CYTOUHHX KoseGauuii TeMnepaTypsl TaKoft KC aMILIHTYXH?

(1 — Bpems, x —

*) Sro yactuuit caydait 3-ro 32xona Kenaepa, B xoTopom nopo6ie Tpaektopuit He npes-
nosaraerca., 3aKoH BCEMHPHOro TAroTeHusi Gbla HafAen 13 ABYX NpeAbAyLUNX 32Ra4, 3aKOH
Kennepa 6ul1 u3BecteH paubiue,



70 : OCHOBHEIE MOHSATHSA - {ri,

Pewecune. Ypapueune nepexoaut B ceGst NpH KBA3HOAHOPOAHWX pacTsMeUUsIX
{1, %) = (€%, e'x). Cnes08aTCALHO, YMeHbLICHHE NepHoaa B 365 pa3 BaeueT yMenbileHHe IM1y-
Gwuu npomcpsanns B /365 pas

Orser Ha rayGuuy 5 oM

HcenoabsoBanue coobpaxenuil nofobusa BocxoauT K Faannero, kotopoiil
OGDLACHSIT 1HMH OFpauiyeniic pocTa 3eMHbIX KHBOTIBIX. BEC .pacTeT Npo-
nopunonaneno KyGy sauneilnoro pasmepa, a NpoyHOCTb KOCTeit — KBazpaTty
J1A1a BOMHLIX »KHBOTHEIX 3TOr0 OrpaHHueHust HeT, B KHTH AOCTHIAIOT TOpa3io
GOAbIINX Pa3MepPOB, ueM, CKameM, CIoHB. MHOroyncacHuble DPHMEHCHHA
3THX coolpaxienHii B pasHbx 0GJacTAX eCTeCTBO3HAHHSI HOCST HaA3BaHHS:
Teopus nodobus, TeOPUR passepHOCcTed, CKILAURE, ABTOMO0EABHOCTL H* AD.

6. Metoant unterpuposanus auddepenunannusx ypasuenuit. Ecto ewe
HECKOJILKO MPHeMOB, HHOrAa MO3BOAMIOLIHX SIBHO PeWinTh And¢epenunans-
1ioe ypasnenne. Hanpumep, paccMoTpHM ypaBHeHie

dy P(x, y)
—_— S _dx _Q(x, y) , R
IMepenniues ero B BHAe
Qdy— Pdx=0

(l1-bopma parua 0 na BCKTOpAX, KacaloOLLNXCsl HHTErpafibHbiX KPHBHIX).
Ecan dopma apasercs noanunM auddeperinianom Qyrkius,

Q dy— P dx=dF,

TO B1OJIb KaiKjoil HHTerpa’ibHOIi KpuBoi ¢yukuna F nocrosHHa.

3nas anunn yposusA ¢ynxuun F, MOAHO HANTH HHTErpasibHbie KpHBLIE.
Jocratouno maxe, urobul dopma Qdy — Pdx cranoBunacek noausm audde-
peluanon nocae yMHOMEHIA HA NOAXOAsulYyl0 $YHKuHIO (BeAb OAHOBpe-
MeHHOoe ymHOoKenue P n Q Ha oany M Ty e QYHKUHIO He MeHsieT HCXQIHOro
ypasHenus). Takaa ¢yHKUNA HA3BIBACTCA UHTE2PUPYIOUIUN MHONUTEAEM.,
Miuterpupytounii MHOMNTCIb BCCr1a CywecTByeT (B OKPECTHOCTH TOYKI,
rae Q OTYHO OT Hy.1s1), HO HaliTH €ro He Jeruye, YeM pCLINThL HCXOAIOE
ypasiieHe.

OcnoHoIl MeTo pewelis Il H3yyeHus g depeHunaablibiX YpaBuCHHIT —
noadop anddeomopduanon (3anch nepeneibix), NPUBOASAUIHX K Bpocreil-
ey By COOTBETCTBYlOULee fl0J1e HanpaBachiiil, BeKTOpHOE NoJjie Wil ¢paso-
Buiil notok. Hanpumep, ana oaHopoasbiX 1t KBa3HOKHODOAHBLIX YPABHEHMI]
TaKle 3aMeHbl MEPEMCHHLIX YKa3ahlul BhlLe.

CyutecTByeT P NPHEMOB OTHLICKAHUST 3aMeH MepeMeHiblX AIs HHTerpi-
poBanus AnQdepcHUBASbHLIX YpaBHeHHIl cnennanbhoro suaa. CUHCKH Takux
ypaBHEHHil H NMPREMOB HMCIOTCs B 3ajaubnkax (ca., nanpiusep, «C6opuuk
3ajiau no anddepenunanbibiM ypasuennsim> A. ©. duaunnosa, §§ 4, 5,
6, 8,9, 10} n B cnpaBousinkax (cM., HanpusMep, kuury 2. Kamke «Cnpasounnx
no aH¢QepeHUHaNbHEIM YPABHCUIAM>, COAEPKAWYW oKodo 1600 ypas-
uennii). Kaknwi ModKeT paciunpiTh 3TH CHHCKH CJeAYIOLIHM 06pasom:
B3Th Jll06oe yXKe pellcHHOe ypaBHeHue H CAeiaTh B HeM J106yI0 3aMeHy me-
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pemennbix. Macrepa uurterpuposanusi Auddepenunanpuex ypasnenusi (Ha-
npumep, Iko6u) JoCTHIAMN STHM CIIOCOGOM 3HAUHTEILHBIX YCIIEXOB B PeLIeHHH
KOHKPeTHBIX NMPUKAAAHLIX 3a1ay. B nociefHee decATHIETHE MEl sIBJSICMCH
CBHIETEJIAMH HEOXKUAAHHOrO BO3POXKAEHIS HHTEPECA K HeKOTOPHIM Clenuallb-
HbIM TOYHO HHTErPHPYEMbIM YPaBHEHHAM, KOTOPHIE OKA3aJHCh CBA3AHHBLIMH
C TOHKHMH BOTpOcaMH anreGpanuecKoil FeOMETPHH ¢ OQHOIT CTOPOHL! H DU3UKY
YacTUUEOBPA3HBIX PeweHNil ypaBHetHil B YaCTHBIX IPOH3BOAHBIX (COJHTOHOB,
HHCTAHTOHOB H T. I.) — ¢ Apyroil. .

OnHako Bce 3TH METOAB HMHTErPHPOBAHHA HMEOT ABa NMPUHUHIHAILHLIX
HegocTaTka. Bo-nepsbix, yiKe Takoe npoctoe ypasHeHue, Kak dx/di ==x*> —{, ue
pelaeTcs B KBaApaTypax, T. €. PelieHue He BHIpaxKaeTcs B BHAE KOHEUHON
KOMOHHALHH 3JeMEeHTapHbiX H ajsreGpanueckux GyHKUU H HHTErpasoB OT
HHX *), Bo-BTOpHIX, rpoMo3kas dopmyla, faloiias peluleHHe B ABHOM BHJE,
YacTo MeHee nosesua, ueM npocras npubanxeHHas ¢opmyaa. Hanpuwmep,
ypaslenne x°—3x=2a MOXHO SABHO pewuTb 1o Gopmyie Kapnaﬂo

-—\/a—l—\/a 1+-\/a Va®—1 . OfHaKo ecH MEl XOTHM PeLIHTb Ypas-

Henue npu a=0,01, To nose3Hee 3aMeTHTh, YTO OHO HMeET NPH MAaJbIX @ KO-
penb X~ —(2/3)a — OOCTOSITE/ILCTBO BOBCE HE OYEBHIHOE C TOUKH 3DEHUS -
dopmyasr Kapaano. Touno Tak e ypapHenHe MasTHHKA X-4-sinx=0 pe-
IIA€TCA B SIBHOM BHAE NPH MOMOIUH HHTerpanop (sanuntuueckux). Onnako
GONBLUIHHCTEO BONPOCOB O MOBEACHHH MAaATHHKA Tpoule PelIHThb, HCXOHAs H3
NPHOIHIKEHHOTO ypaBHEHHS Manbix KoseGanuit (X -} x=0) i U3 KayecTBeHHbIX
coobpax<eHHH, He HCMOJb3YIOUIHX ABHYIO dopmyay (cM. § 12).

Touno pemraemble ypaBHeHusi GLIBAIOT MOJIC3HBI B KauecTBe NPHMCPOB,
TaK KaK Ha HHX MOMHO HHOrAa 3aMeTHTb fABJEHHS, KOTOpble HMEOT MeCTO
H B Gonee cioxHbix cayuanax. Hanpumep, nccilenoBaHiue TOUHOro petuetins
ypaBHEHHs] x ==kx M03BOJsieT A0KA3aTb TEOPEMY €AHHCTBEHHOCTH MJISI CAMOrO
obutero ypaBHeHHA ¢ TMafKoil mpasoil uacteio (cM. § 2, m. 3). Hpyrue
NpUMEPH! JOCTABAAIOT TAaK Ha3biBaeMble aBTOMO/E/bHBIE PelleHIsl YpaBHeHuil
MareMaTHuecKoit GpHIHKH,

3aanaua |. Haitt pewenns ypasueuns Jlanaaca **) 8 R? u 5 R%, 3asucauiue Tonbko
OT PacCTOAHHMA TOYKH A0 HaYana KOOPAMHAT.

(Orser:' Clnl/r4-const, C/r+const (ublOTOHOBCKHE NOTEHUMANH; CTPOro [OBOPH,
A(In1/r)=—2a8 8 R%, A(1/r)= —4a6 B R® (nouemy?)). -

*) HoxasarteabcrTso 3rtofi Teopemtt JIuyBuaAA 6au3KO K [10KA3aTeAbLCTDY Hepaspewd-
MOCTH ypaBHenuid crenenu 5 B paaukanax (Pydduun — Abear — lanya): oo smsoInTest
H3 HepaspewHMOCTH HeKOTOPO# rpynnu. B oTanune ot obuiudoifi Teopun anya, peus nuer
31ech 11¢ O KOHeuHo# rpynne, a o Hepa3pewmumMoit rpyme Jlu. Hayka, sanumaipowancs 3THMH
BOnpocaMmu, Hasutsaetea aAnddepeHuHanbHoil aare6poil. i

**) Onepatopom Jlannaca B epkaugoso mnpoctpanctse R® nasuBaerca onepartop
A=divgrad=Y 0*/8x] (x;— mexapromut koopauuaTs), Ypasuewue Jlanaaca HMeeT Buj
A u=0. Pewenua 3Toro ypasHeHHS Ha3BIBAIOTCA 2apmoHudeckumu gyukyuanu. Hanpumep,
yCTaHOBHBIUCECA PacnpejeseHHe TeMMepaTyput 3ajaercs rapMoHnyeckoil dynxunefl. Oneparop
Jlannaca HamepseT oramuyHe CpelHero 3Haueuns (GYHKUMH B MAJOM LIape OT ee 3Hayelus
B uenrpe wapa. Cpemsee rapMoHuueckoit GpyHKIIH MO MoGOMY LIapy TOUHO PABHO €€ 3HA-
YEHHIO B UEHTpE Wwapa (onamure')
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Besikufi pas, xorjga HafileHa TOYHO pelnaemas 3axauya, OTKpPHIBaeTcsi
BO3MOXHOCTb NMPHGIHKEHHO HCCAEROBATL OH3KHE 3a]1aUH METONaMH TEOpHH
BO3MYLLEHHH.

OnHako ONnacHoO pacnpoCTPaHATb Pe3yAbTaTHl, NOJdYUeHHbe TPH H3YUEHHH
TOYHO pelaeMoil 3ajaull, Ha OJM3KHEe 3aiaud OGLIEro BHAA: HEPEJKO TOYHO
HHTETPHpPYeMOE YpPaBHeHHE MOTOMY H MHTErpHpPYeTCfl, uTO €ro peLleHRs
BeAyT ce6a npolle, yeMm y GJH3KHX HeHHTerpHpyemblx 3anau. Hanpumep,
ypaBHeHHe (asoBbix KPHBHIX Moiens JloTka — BoabTeppa yaaeTcs npouuTe-
rpuposatb (1. 7 § 2) ynwe 6aarofaps TOMY, UTO BCG 3TH KPHBLIE 3aMKHYTH
(B TO BpemMsl KaK Yy GosbLIHHCTBA GJAH3KHX HeHHTErpHpyeMblx Mogeneil 60Jb-
IIHHCTBO ()a30BbIX KPHBBIX ~— HE3aMKHYThIE CIIHPA/H). )




F'raea 2 o -

OcHoBHbIe TeOpeMbl

B aToft raaBe ¢opmyanpyloTCa TeOpeMbl O CYLIECTBOBAHHH H €LuH-
CTBEHHOCTH pemleHHH M NepBLIX HHTErpajoB, O 3aBHCHMOCTH pelleHHil OT
HauaJbHBIX AAHHBIX H OT mapamerpoB. JlokasaTeabCcTBa H3jOKenbl B T. 4,
3/ech JUIb 0GCYXKAAETCs CBA3b ITHX Pe3yAbLTaTOB APYT C  Apyrom.

§7. TeopeMbl 0 BBLINPSMJICHHN

3nech GopMyaHpyeTcss OCHOBHAS TeopeMa O BHIPAMJEHHH NOASA - Ha-
npaBJieHHii, H U3 Hee BLIBOAATCA TeOpeMbl CYUIECTBOBANHA, €AHHCTBEH!O-
CTH H mubtpepeﬂuupyeMoﬁ 33aBHCHMOCTH pellleHHs OT napaMeTpos H Ha-
YaJbHBIX YCJIOBHHA, TEOPEMEl O NMPOLO/KEHHH H O JOKAJIbHHIX (basoaux 1o-
TOKax,

I, Buinpamnenue nona wnanpaenenuit. PaccmoTpHM raanxoe nose mna-
npasaennit B o6nactn U n-mMepHoro npoctpaHcrsa,

Onpenenenune Bonpamsenues nons HanpapfeHuil Ha3LIBaeTCHA
aubpeomopdusM, nepesonslMil ero B nose napasaeabHHX HanpasJAeHH
(puc. 69). ITone HasbiBaeTCA sotNpAMAAEHbLA,
€CJIH CYleCcTBYeT ero BhINpAMJEHHe,

Teopewma 1 (ocHoBHan). Bcakoe eaadkoe
none HanpaeacHuli LINPAMAAEMO 8 OKpecT-
HOCTU KaxOoti Ttouku.” Ecau nozre r pas
Henpepoieno Juppepenyupyemo (karacca C',
IS r<o0), To u sounpanasowuns dupgeo-
Mopepusn moscno eelbpars kaacca C'.

I pumep. [Tone wanpapneHuii ypaBHe- Puc 69. Bunpauaense noss Hanpao-
Hua x=x (puc. 69) BHINpSAMAsieTcs  Aud- enkd
deomoppusmom (¢, x)+— (t, y=xe™"). IeficTBHTE/ILHO, 3TOT nm})d)eomopcbnam
NMepeBONHT MHTErpajbHbie KpUBble x== Ce' Ha n.nocxocm (tx)B napa.n.rle.nb-
Hole npsiMele y= C na niockocTH (£, y).

(=3

nppph

JIITINATTN
Z000ANNN

3apgaua 1. BunpaMmuté nons Hanpaeacunil ypaBmewud X=f u x=x%p OKPecTHOCTH
Havyana KOODAHHAT.

3anaua 2. Beakoe an raa2ikoe none Hanpasaexnii Ha MIOCKOCTH BHOPAMASEMO B Ile-
nom?

Orsger, Her, cM. pic. 60.
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3amaua* 3. Mycrs B R’ nano (raankoe) mose ABYMepHHX MAOCKOCTeR (B Kamaod
TOUKE MPHIOKEHA MJIOCKOCTb). Beerga M MOXKHO BHINPAMUTL €r0 (MNpPeBpaTUTL B nodae
f1lapasjacAbHHX AROCKOCTER noaxofdwns Riddeomoppussom)?

Ykaszauune Bunpamasemoe noje SBAAETCA NOJEM nnocxocnﬁ. KacaTeJbHHX K Ce-

MeficTBy NOBEPXHOCTE.

Oraer. Her, PaccmoTpin, nanpumep, NoJe AAOCKOCTE, 3afannoe ypasienneM y dx+dz=0 .
(BCKTOP MPHHAAMNCIKHT MAOCKOCTH NOJSA, ccam Ha Hem 3Ta l-popma obpamtaercA B Hyas).
He cymecrtsyer #u 00xod noBepxHOCTH, Kacalolefica NJAOCKOCTCH 3TOTO MOJA.

Joka3satesnbcTBo ocuoBHOl Teopembt | Gyzer nawo B § 32. Bor aBe ee
fepeopMyAHPOBKH.

Teopema 2. Bce zaadxue noas manpasienuii 6 064acTsax oduna-
K08020 4ucAQ ussepenui aokaavHo Ouppeosmophust (nepesodarca Opye
8 Opyea Ougpgpeosoppusson).

I = 2: no ocsosHOii TeopeMe BCe MOJA JIOKAJAbHO llucb(peouop(pnbl
OAHOMY cTangapTHoMy noJio. 2 =- 1: n3 sokaabHof auddeomopdHocTH Jio-
Gomy MoJO BLITEKaeT, B Y4aCTHOCTH, JoKanbHasA aAuddeomopduocTn cranapr-
HOMY, T. €. IOKaJbHasf BBHIPAMJAACMOCTD. :

. Teopema 3. [fuppepenyuarvroe ypasuenue x=v(l, x) ¢ zaadkod
Hpasol 4aCTbl0 U JAOKAABHO JKBUBAACHTHO NPOCTelitieMy YpasHEHUIO
dy/dt=0.

Wibisy ciosanu: B OKPeCTHOCTU Ka¥ 00 TOYKU PACUIUPEHHO20 (haso-
eo‘o npocrpadcrea (i, x) cyujectéyer Oonycrumaa cucrema KoopOuHar
(7, y) (nepexod & KoTOpOl — Juppeonoppran 3asena nepesennoLx), 8 KOTO-
poi ypasrenue 3anucoisaerca 6 npocreliues eude: dy/dr=0.

| = 3: cHauaaa BLINPAMIM [OAC HanpapaAcliti v, a 3areM paccMOTPHA
JleKapToBbl KOOPAHHATHI, B KOTOPHIX OCh BPEMEHH T MapajjesbHa MpsMblM
BHIIPAM/IEHHOro nosg Hanpasienuft, 3 = l: BcAkoe noae HanmpaBACHHI
JAOKaJbLHO 3aMUCLIBAETCS KaK moJe Hanpasaenuil moaxoaswero anddepe-
LuanbHOro ypasHenus. [Tepexox K noKanbHof cHCTeMe KOOPAHUAT, B KOTOPOH
ypasuenue uMeeT BHA dy/dv=0, BbINpAMAAET 3azaHHOe noJe.

3anaua* 4. MoxHo an BHIPAMHTE BO BCeM pacllupeniom (azosoM npocTpacTae
RXR* nose nanpansennit ypasueuus X=v (¢, x) ¢ MMaAKOHl npasoi uacTbio, 3aAanHoll 80
BCEM 3TOM MpocTpaHcTse?

3apgauva 5. JlokaxHure, 4TO CHCTEMY KOOPAHHAT Teopemsl 3 MOXHO BLI6paTh Tak,
47066 BpeMa He npeoGpasonusanocs (v=I).

3anava 6 BunpaMHTH MOJAC HAnpaBACHHA ypasHeuHs x=x--{ Ha Bceil MAOCKOCTH
coxpansioulum spemn Auddeonopdusmonm (¢, x) = (¢, y (£, x)).

3asaua 7. MoxHO Ju BHWAPAMHTL NOJe Hanpasaciull ypasicuust x=x% Ha BeeRt
fITOCKOCTH coxpaHAloWuM Bpema Axddeomopduamom?
Orser. Her!

OcuoBHas TeopeMa O BLIIPAMJACHUH OTKPLITA, B cyuiHocTH, HpioTonom.
B 3uamenutoM «BTOpoM nucbMe» HbiloTona Kk cekperapio Kopoaesckoro
obutectsa Oapaendypry (ot 24 oktalpsi 1676 roga) od sawndposai MeT0d
€C [0Ka3aTeALcTBa B BiLAE BTOpoil (aauuHoll) axarpaMmbl (mepemHeky
¢ JleiiGunues, »uswum B [epmauuy, HbloTon npeanountan BecTH uepes
O.1bneubypra). B cospemenunix TepmuHax MeToX HeloToHa cocTout B caenyo-
tiieM, ‘

Mycte gao ypasmenne x=v(f, x). Byzem uckatb BoIIpAMAAIOULHE
auddeomopdpuam y="hn({, x), n1a koroporo y=x npu {=0 (Bpemsa He npe-
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o6pasoBeiBaem) H3.yeaosus y=0 nosyuaem ans k ypaBHenne dh/ot-}
+(3h/3x) v=0. PasnoxuM v u i B pAAsl MO cTeneHaM f:

h=ho+ it +..., ~ v=vtotHlni+ .s
Toraa ho(x)=x, nostomy 0h/dx=E+th,,+.. TloncraBum psaasl aas h
H N8 v B ypaBHcHue ans A. Paspepuem jieByio uacts B psia no £. [Tpupasnsen
Hy/Mo KosthduiHenT np £, 1',...B sTOM psay (HAa OCHOBaHHMH eIMHCTBCH-
HocTH Koadduunentos paga Tefiaopa). Mbl noayunM nociesoBaTefblo

hi+vo=0, 2hy+ hyvo+vi=0, ..

B ypaBHeHue aaa A: BXOAAT, KPOME HEro, JHIUb NPOH3BOLHHE OT A, C MeHb-
-mHuMH HoMmepamu. ITosToMy MBI MOXKEM NOCACAOBATCALHO («PEKYPPEHTHOS)
HalTH cHauana /1y, MOTOM 12 1I* TaK BCE UJIEHBI HCKOMOTO psaa.

B stoM coctout smerod Herorona uureepuposanusn updepenyuiasvnelx
ypasHenui ¢ nosowjbro pados. UtoGrl NpHMEHATb 3TOT MeTol, HYXHO GuuIo
yMeTb passarath JaHHbie dynkunu B psasl. as storo HeloTony npuwiocs
OTKpLITh cBOIO dopmyay 6utvoma (1 +-1)°=14af+ ..

(0)3 aln'aqa 8. Petinth MetonoM HbIOTOHA ypaBicne ¥=x C HAYATLHLIM YCAOBNEM
@ (U)=1le .

Pewenne., ¢=ldigit+’prt.. = i+ 2t + 3l +..=1+ql+ @i’ +..., cne-
JAoBarteasHo, ¢i=1, Q2=qi/2, ¢3=¢2/3,..., 0TKyAa qa=1/k!l. Tax n Gu:1 snepnue suBenen
PAR ANA 3KCNOHEHTH.

Bce nanbHeiilree pasBHTHe aHann3a faxe H CCrORHSA CleayeT no name-
yennomy Hrotonom nytn.

JloKa3aTenbCTBOM CXOAMMOCTH NOCTpoennbx HbloToloM psanon MHoro 3a-
numanuch B XIX Beke. Cxoaumoctb psAfoB Ans A B aHAAHTHYECKOM cayuae
6na gokasana Koutn *). Teopema Kommm Gnina nepenecenta Ha cayuail. Ko-
HeuyHolt raaaxoctn IHKapoM, ero A0KasaTeabcTBO It H3JOXKeHO B § 32,

OcnoBras Tcopema 1 — yTBepkAeHHe TaKOro Xe XapakTepa, Kak TCOPEMH JAnHeRHOR
anreGpsl 0 NPUBEACHWN KBAAPATHUHHIX GOPM MAH MATPHU ANHENHMX ONEPaTOPOB K HOPMAnb.
Homy Buay, OHa faeT HCuepnHBaOmee ONHCAHHE NOKAAbLMOFO MOBERCHHA NOAA HanpaBAeHMi,
CBOAR BCE BONPOCH K TPHBHAJBLHOMY CAYYAl0 NapaifeabHOFO NOAA.

B anannse poAcTBeHHOA Teopemoii sBaseTca TeopeMa o nessuof ¢ynkuni. Faaakoe orto-
Gpaxenne [- R"— R' nasumaerca nestipoxdennoist 6 ftouke 0, €CIM panr npon3soauol
B 9TOMl TOUWE HMEET MAKCHMAJAbLHOC BO3MOXHOE 3HAueHHe (7. €. pPaBeH MeHbUEMY H3 uucen m
1 n). INycrs f(0)=0.

Ilsa Takux oTo6paenns f, g§ HA3LBAKNTCA AOKAALHO IKAUSANCHTHUMY 8. TOuke 0, ecan
0JIHO H3 HHX NEPEXOAMT B ApYroe mox aencrsieM And¢deomopdiaMOB NPOCTPAHCTB npoobpasa
H o6pasa, octasasiomnx 0 na mecre: iz R" — R™, k: R* — R, foh=rkeg.

Hunimn cnobamn, dea oTo6paxenus A0OKAABHO 3KGUBAAEHTHE, eCAU NPy NoOxodaujux Gbi-
6opax donycrumelx cucres Aoxasbrulx xoopdumnar 6 npoobpase u 8 obpaze (¢ nawarom 8 0)
OHIL 3anucHearoTcn 0dUHAKOBOIMU (opmyaML. -

Teopema o nesnsnoii dynkuun B OKPeCTHOCTU HeablpONICHHBIX TO4eK 8CaKUe

gaa esadlmx oTobpaxcenun (nPoCTPAnCT8 PUKCUPABARKLIX passepacTell m u nY axgusatentnot
Py dpyey.

*) Ha neoGxoIMMOCTD (0Ka3aTeAbCTBA CXORHMOCTH O6PaTHA BHHMaHNe cwe Jiinep, 3ame-
THBWMA, YTO PAAM, NOJyuYaeMHe aHAJOTHUHEIM NyTeM B APYrHX 3aJauax, HHOTAA pacxo-
RATcA. Dizep HCKal B BHAe DAAa no { pewmieHHe ypanHenns dt/dt—-(x—l)/l2 paBxoe O
npu {=0. Iloayunaca Beoay pacxoasuinfica pag x= Z(k—l)‘t'
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B 4aCTHOCTH, B8CAKOE OTOOPANEHUE IKBUBANEHTHO CO0EIl AUHEHHOS HACTY B8 HEBLIPONICH-
Hoi Touke. [Mostomy cq;opuyaupoaaunan TEOpeMa RBAALTCH OAHOA H3 MHOTOUHCAEHHHX TeopeM
0 JHHEAPR3LNH.

B kasectse JOKaabhOH HOpMaabHOR (GOpPMH, K KOTOPOH NPHBOAHTCS oroﬁpamcuue f
andpeomopdusmamn h u k, ecrectsenso BHOPATh CAEAYIOULYI0 NPOCTERLIYIO:

yi=x; npu i<r, y=0 nmpn i>r,

rae r=min (m, n) — paNr NpoH3BOAHOA [ B HyJe, X; — KOOPAHHATH TOYKH B NPOCTPAHCTBE-
npoodpase, y; — 8 npocTpaHcTse o6pase. MnnMmu caoBami, f — BJI0oXKeHHe, ecin Pa3sMepHOCTb
npooﬁpasa MeHbWwe, YeMm oﬁpaaa. H paccC.i0eRHe — B NPOTHBHOM Cayuae.

Yurareab, NpHBHKWEA K (o.ee CAOKHHM d)opmy:mpom\a\i TeopeMH O HeABHON (YHK-
UM, Jerko RPOBepHT MX 3IKBHBAJICHTHOCTHL anBeileHHOH npocToil reoMeTpuueckofi opMyaH-
poske.

Bee nepeunciennbe TeopeMbl O HOPMAJAbLHHX q>op.\mx OnUCHIBAIOT OPGHMTH AeficTBUi pa3-
JIHUHBIX TPYRn («3aMeH nepeMeHHbIX») Ha MHOXKecTBax (marpuu, ¢opm, mojeii, oToGpaxKe-
HHil, COOTBETCTBEHHO). )

2. Teopemnl CyulecTBOBauHA H eAnHCcTBeHHOCTH. VI3 ocHOBHOI Teopemul 1
O BBINPAMJCHHH BBITEKaeT '

Caenctraue 1. Yepes xancdywo Touky obaacru, 8 KoTopoid 3adano
2naadkoe noae HanpasaeHull, NPoxoduT UHTE2PasbHAs KPUeas.

JoxaszatTeabcTpo. PaccMOTpiM BolNpaMisiioullii~ faHHoe noJe

nnddeomopduss. BuinpsamiaeHHoe Moie cOCTONT U3 napasyiebHLIX HaupasJe-
-Hiil. B HeM uepes Kaxaylo TOUKY NPOXOAHT HHTETpaJbHas Kpusas (a HMEHHO
npanasn). duddeomopditam, o6paTHuiil K BRIPAMISIOLEMY, NEPEBOIHT 3Ty
NPAMYIO B HCKOMYIQ HHTerpajbHyio KpHBYIO, .

CaeactBue 2. [se unrezpassnsie Kpussie 24a0K020 noAs HANPasae-
Hutl, userowje obujyo TOUKY, €08nadatdT 6 OKPeCcTHOCTY ITOH TOHKI.

HokxasaTteabcTBO. [las BLINPAMIEHHOrO MNoJd 3TO O4EBHIHO,
a puinpaMasouii auddeomopd 3N NepeBoAUT HHTETPAIbHbIE KPHBLIE HCX0A-
"HOrO MNoJisi B HHTerpasjbHbie KPHBLiE BLIUIPAMJIEHHOrO.

CaeactBie 3. Pewenue dupdepenyuarsnozo ypasuenua x=uv(t, x)-
¢ HOUAALRBIM ycaosuest (Lo, Xo) U3 obaacru eaadkocTu npasot €acTu cy-
wecTeyer 1 eduncTeenno (6 TOM CaviCae, 4T0 6CAKuUe 084 pewenus ¢ 06-
UM HAYOAGHLLY YCAQ8UEM c08nadaroT 8 HEKOTOPOli OKPEeCTHOCTU ToH-
Ku to). ' '

HJdokxasaTteabcTBo. [IpuMenusm cieactsisi | u 2 K noawo Hanpas-
-JIeHHil AaHHOTO ypaBHEHHS B pacuIHpPeHHOM ¢asosom npocrpatctse. Iloay-
yaeM CJaeACTBHE 3.

Sameyanne. B crezcrsun 3 1 B fanbrefiiueM x — Touka ¢$asosoro

npocrpancTsa JioGoit (koHeunoi) pasmepHocTH m. IJTO CJIEACTBHE HAa3bl-
BAETCH TEOPeMOll CyujecT808AHUA U EO0UHCTBEHHOCTU pewienull CUCTesbl m
ypagrenull nepsozo nopadka.
" 3. Teopemnbl 0 HenpepbiBHOM H AU bepeRUpyeMOil 3aBHCHMOCTH pPeuleHu il
OT Ha4dibHOrO yCa0BHA. PaccaloTpum 3HaueHne pewenus ¢ andoepeuniann-
Horo ypasiemnsi x=v(f, x) ¢ HayaTbHBIM yCaA0BHEM ¢ (fo)==Yo B MOMEHT
BpeMeny ! Kak ¢yHKUHIO @ oT (£, Xo; t) €O 3HaueHHsAMH B (a30BOM HpO-
CTpaHCTBe. -

H3 ocHoBuoil Teopembl | 0 BLINpAMJeHHH BhITeKaer .

Cnenctnue 4. Pewenue ypasnenus ¢ 2aa0Kkoii npasol 4acreio 2aad-
KO 3a8UCUT OT HAUAALHOIX YCAOBUIL.
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dTo o3nawaeT, UTO yKasawnas selue pynkyus O onpedeaena, Henpe-
potsna u 2xadka 8 oxpectaoctu kaxdodr Touku (fo, xo; lo) (kaacca C',
ecau. v — kaacca C"). '

HoxaszaTteasbcTtso. [Has npocrefiero ypasuenus (v=0) 3To
ouepunno (M ==x¢). OGuiee ypaBHEHHe CBOLHTCSA K HEMY mupcpeomopq)usmou
(noaApoGHOCTH OCTABJSIIOTCA YHTATENIO).

3ameuanne. Teopemao m{cp¢>epeuuupyemocru no Haqa.nbuomy ‘yeno-
BHIO JIOCTaBJAE€T BecbMa 3¢GdeKTHBHBIH MeToA HCCASAOBAHHS BAHSHHSA
MaJIOr0 BO3MYULEHHSI HAYAJILHOTO YCJOBHA Ha peiwenue. Eciu nmpH Kakom-
/1160 HauaNbHOM YCJOBHH pelleHHe H3BECTHO, TO AAS OfipelesieHHsT OTKIAoHe-
HHA pellerus ¢ OJM3KMM Hauya/JbHbIM YCJOBMEM OT RAHHOrO <«HeBO3MYIlleH-
HOTO» peLIeHNA NoJyuyaeTcss B NepBOM MPHOMHKEHHH JHHEHHO OJHOpOLHOE
ypasHenHe (ypapHeHue B Bapuaunsax). Bosunkawouwas takum o6paszom «reo-
pHA BO3MYUIeHHH» —NIPOCTO OANH M3 BapHaHTOB Mertoja psaos HeloTona.

3anava . Haiitu nponssoanyio pewenuns ¢ ypanueHus £=x*4xsint no HA4YaabHOMY
3naveunio @ (0)=a npn a=0.

Peweunne Tlo creactsmo 4 pewmenue pasnaraerca no a no dopmyze Teiitopa,

"@=qo+tap +.. (MHOroToyHe — Manas nopaKa BHUle NEPBOTO OTHOCHTEILNO a). 3gech
(o — HeBO3MyLleHHOe pemenne (C HYJeBHM HaYaAbRHM. YCTOBHEM), ¢ — HCKOMasn npous-
soanas. [l1a nawero ypasuenus go=0. [loacrasanAs pAn 8 ypasHeHHE i NPIUPABHUBAR B J1€BOR
H NpaBOfi 4acTH YJCHH C ONMHAKOBHIMH CTEMEHAMH & (a2 OCHOBAHMU CAMHCTBEHHOCTH pnAa
Tefnopa), noayuaeMm AN @i ypaBHEHHE B BAPHAUMAX Q1= Sin ! € HAYaABHLIM YCAOBHEM
@i {0)=1 (nouemy?).

Orger. el —cost,

3agavya 2. Hafitn 6anskuil k' ocn x orpesok $a3oBoil KPHBOH 0606LUEHHO! CHCTEMK
Jlotka — Boabreppa x=x (1 —-_/a (x, y). y=y(x—1), npoxopsamei uepes TouKy x=1,

y==e (C NMOTpelHOCTLIO NopAnKa &7).

Pewenne Ypasueuue dazosux kpusnx: dy/dx=y (x—1)/(x (1 —ya)). Hesomymennoe
pewtenne: y==0. YpaBHeHHe B Bapuaunsax: dy/dx=y (x—1)/x.

Orger. y=-ee*™'/x, nezasucusro or euda pynxquu a.

3apaua 3. HafiTh npomsBoAHYl0 peileHHsi ypaBmeHHA MamTHHKa 0= —sin0 c ua-
uanbReIM ycaosueM 6 (0)=a, § (0)=0 no a npu a=0. -

Pewenue. J[ra npumeneHus CleACTBHA 4 ypaBHEHHE HYXKHO 3aMHCATh B BHAE CHCTEMBL.
MMonyuaoumancs cHCTEMA ypaBHEHH B BAapHAUMAX MOXKeT GWTb 3aMHCaHa B BHIE OQHOTO
ypaBHenHs BTOPOro NOPAAKA. ¥Y106HO BHMUCHBATL He CHCTEMH M HX PEIICHHS, A TOJAbKO IKBH-
BaNEHTHHE MM ypaBHeHHA BTODOro mnopsixa W ®x pemenus. Hesosmymennoe pewenne:
0==0. YpaBHeHHe B BapHauHsX — 9TO ypaBHEHHE MAJHX KoneGanuA MasTHUKA, §=—0.

Oreer. cos t.

[Tpenoctepexenue Iloabaysacs npuGaumenuniMu Qopmynaamn
A1 BO3MYIIEHHOTO DEIIeHHS, MOJYYeHHEIMH NPH TOMOUIH YpaBHCHHA B Ba-
pHauxax, He cJjeayeT 3abblBaTh, YTO OHH JAlOT Xopollee MNpuG/HXKeHie
npu ¢HUKCHPOBAHHOM { W MaJiOM OTKJIOHEHHH € HAYaJbHOIO YCJOBHA OT
HEBO3MYLIEHHOro: MOrPEINocTh NpH (pukcHposannom | ects O (22), Ho me-
paBHOMepHO 1o { — oo (kKoHcTaHTa B O pacrer BmecTe ¢ £).

Hanpuwmep, nonyuennas B 3anaue 2 ¢opmyna naia Gb HeBepHOC NMpef-
cTaBjeHHe o BulIe (ra30BBIX KPHBbIX oObuHOR Mopmean Jlorka — Boabreppa,.
ecan Gbl MBI CT@JH TPHUMEHATDb €€ AJISi ONUCAHHA BHJA 3THX KPHBHIX B LEJIOM
(xax mb! 3H2eM H3 § 2, 3TH KPUBLIE 3aMKHYTHI; JlaJieKasi OT OCH X 4acTb KpHBOIl-
OTHIOAb HE OMMUCHBAETCS1 OTBETOM 3ajauu 2).

Touno Taxk XKe peileHde MOJHOrO YpaBHEHMS MasTHHKA C HAYaJibHEIM
yeaosueMm (a, 0) 6JH3KO K PelIeHHIO ypaBHeHHsI MaJILIX KoJeGaHull (C TeM xe
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lauanbHBIM yCJAOBHEM) NpH (GUKCHPOBANHOM [: HX PasHOCTb MopAixa 0 (a%)
(nouemy?)}. Ogpuako npu Jwbom dukcupoBandoM a==0 norpelinocTs
pacrer ¢ pocTtoMm ! u npi gocTarodno GoabwHx ! npubanAcuioe pcuie-
HHe TepsieT CBA3b C BO3MYyLIEHHBIM (H3-32 pPa3gHuuf NepPHOAOB MasblxX
#  ucTuHunX KoaeGammit). [TlepectaBastb Mexay coGoit npeledbHble
nepexonul { — oo n a — 0 Heabss!

Banaqa ‘A Haftu nepouit (mueiunit no @) wacu pasioxemun B paa Tellaopa
pecunn ypamleuua MACKOTD MAATINKA X=—x° ¢ uawaabunly  ycdosues x (0)=0,
£ (0)=a, " :

Peureiner Hesosmywennoe peuenne: x=0. Ypapuenue B Bapuaunsx. ¢ =0. Havaap-
noe yeaosue: ¢ (0)=0, ¢, (0)=1 (nouesmy?).

Qrser. x = at.

Ha teopemus o anddepenunpyemoctit caeayer, uto ownbxa 3todl npuGaniKeutodr ¢ops
Myau ue opepocxoaut O (a¥) npu Kamdom Qukcuponauionm f. Oaziake opin J0GoM iKCu-
posaunoM g5= 0 npuGaiKenHe CTAHOBUTCH COBEPLICHHO HEYAOBACTBOPUTEABHLIM HPH A0CTATON-
1o Goabwux £, ITO BHANO, MANpPHMEDP, H3 TOrO, 4TO RPHGIHIKEHHOS PELICHHC HCOFPAHH-
YCHIIQ pacTeT, a HACTORULCE ONHCHBAET NEPHOAHYCCKHE KOoAeGanHA Manofl BMCCTE € 8 aMMIH-
T)Au (Bcanunsa avnanTyau nopsika /o, no coobpaennam noiabus).

—— —Ilaa onenrirobaactu npu\«cmmocm EpEGAKCHHOT GopuyIb MOKHO COCHHTATE c::cnylo-
wue npuGausenun: x=alta'¢2+a’gs+... Moacrapass & ypabuenne, noayuaem a* 22+
Fatt. .= —al ... 3naunt, ¢e=0, §3=~1 qv;=—t/4 Ga=—1%/20. x=at—
—a**/20+4... BTopoil uaen Maa MO CPaBHCHMIO ¢ MepBbIM, ecau a*f! /20K, 1. e ta™' 2,
Huuuy caosamu, 3nadeiine npub.likenioro _pewenus LoaKuo OuTh MajduM N0 CPABHEHHIO
€ aMBANTYAON HCTHILHOTO KO.IC6aMNS, at < fa.

3aaaua 5. [lokaszaTb, 4TO NpH YKA3aHHOM YC.JI0BHH OTHOCHTEJIbHAA MNOTPEUWNOCTH
LPHOAHKCHUOTO peulelta AeficTBHTEAbIO MaJa. ]

Pewenne. 1o caeayer u3 coobpaxkeni#h nolo6us. KBaiuoanopoikue pacTamciHa
X=c'z, T=e"" NCpeBOAAT ypaBHeuue == —x> B ceba. PelweHuc ¢ HAauaAbHbLIM yCAoBieM
(0, @) nepexoant B pewcnde ¢ HavagbhuM ycaosieM (0, A==c*a). TpuGaumentoe pewenne
x=zat nepexoaut 8 X~ AT. Bubepem s 1ak, utobu A=1. [Tpn A =1 pewenne X~ T umeer
MaJaylo OTUOCHTEILNYIO norpeitinocTb, noka T<C 1. Ho pactameunn ne MCHSIOT OTHOCHTCALUBIX
norpeuiitoctell, 3HauHY, H OTHOCHTEALHAA OOrPeWOCTh NPHOIHMKEHHA XA al Mata npH
T<!l. Ho T=e~%, a=e~%. 3uaunt, T npu {Ka~ "2 Taxum oGpasom, NpH Marux a
NPUGAHKEHHE KAET MATYIO OTHOCHTCABHY IO NOPPEIINOCTb, &XE IPH ONCHL GOALWNHYX {, anwb 6w
! Guizo M2J0 [0 cpaBiichiio ¢ Goabwim ducaom | /a.

B upuaokeHnuax Teopud And¢epelitHaabHEX ypaBIeHsll BCCT1a NPHXOANTCA HMETh ASA0
€ GOALMWIM UHCAOM BEANYHH, HCKOTODbie M3 KOTODBIX «O4CHbB Malki», a HCKOTOPLIE «OYENb
peauki», PasobpaTtubes, YTo BEIHKO 1O CPABHEHHIO € ueM (T. €. B KAKOM [OPRIKE ACAATH
npeacabiilic NEpexoan), #e BCCrAa Jerko; HCCICAOBAHME 3TOTO BOmpoca — HOPok noaieda.

4. fIpeoGpasonauue 3a speMa ot % A0 {. Pacemotpus anddepenusiainyoe
ypasuchue x =uv (¢, X) ¢ Npaboil 4acThIo, 3aa0lLei FAaaKoe NoJde HanpabJe-
Huft b obaacTH paciuupexiioro (asonoro npoctpancrea (Ji000il KoHeulioft
pasmepuoct -4 m),

Onpeancaeunne. ﬂpeoGpasonauue“ 3a ppemst oT fe AO ¢ 11A3LIBACTCR
O‘roopa,x\cmle oGsjact ¢asoporo npoctpaicroa b ¢$asosoc npocrpancrno
CONOCTARIMIOWCE HAUAABHOMY YCJIOBIO B MOMCHT o
3HauCcHHE PCeIUCHHA C 3THM HAYAIBHBIM )cnomxem B
momeHt ¢ (puc. 70).

I7o npeoGpasopatine oGosnauactes g .

B oGosnauenunax cjaeacteus 4

X =(I) H , Xod l X
Pue, 70. MpeoGpasoauue . g;o ¢ (1o, X0; 1)
33 spewn of b 20 L H3 ochosHolt Tcopembl 0 BLIMPAMASHHH BLITEKaeT
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Cnanepcreue 5. Ilpeobpasosanus 3a epema or ty do t das ypas-
HeHus ¢ 2radxkod npaeoli 4acto1o

1) onpedesenst 8 okpecTroctu kaxdold ¢asosol rouku xo daa t, docra-
TOUHO GAauskux K lo;

2) asaarorca AokassHeiMu Supdeonmoppusnanu (rmacca C’ ecau npaeaa
qacte kaacca C') u eaadko 3a8UCAT OT  « OT y;

3) 0ra s u 1, Oocrarodno 6Gauskux K 1o, umeer. .uecro ToXMBecTin
g,ox g,g,x (015 6cex x uz docrarod4no marofi orcpecmocm,ggo-mu Xa);

4) npu gurcuposannosn & pynkyua ¢ (f)=giLt ecto pewenue ypaguern:ia
x=0(t, X), y00GAETEOPAIOWECE HAYANOHOMY YCA08UIO  (fo)=E: nu

CaeactBe 5 ¢ OuUeBHAHOCTLIO BLITEKaeT H3 npenuxymnvcnencrmm
MoxHo Takke BOCRONB30BATLCA BLINPAMJEHHEM, He MensiouliM Bpemenit.
IOaa BEINPSAMJIEHHOrO YypaBHeHHS (y= 0) Bce npeoﬁpasonamm 3a BpeMms
OT fo A0 { TOMACCTBEHHL!, NO3TOMY CBoicTBa 1) — 4) BbINOJHEHH.

PaccMotpiim, B uactHocTH, cayuall aBTOHOMHOrO ypaanemm x=u(x).
B sTom caydae umeer mecto ouesnanas

Teopewma. Orobpascenue 3a spemsa or ly do t daa asroHomnozo
YpAsHEHUs 8ABUCUT TOALKO OT uHTepsara epemenu t—fy u He 3agucur
OT HA4aAbHO020 MOMeHTa lq.

Hdokasarteabcrtso. Capur pacuipentoro ¢a3oBoro npocTpancraa
ABTOHOMHOIG ypaBHEHHSl BAOJbL OCH { NMEPEBOMNT B ceGs moJe Hanmpas.aennil,
a 3HaAUMT, MEepPeBOANT APYr B Apyra MHHTerpaasuele kpusnte. Ilpn casure
Ha § pellieHHe ¢ ¢ HAvaJbHLIM ycJ0BHEM @ (fo)==xo MepexoauT B pewicHue ¢
€ HauyaJbHBIM YCJIOBHEM q;(to-i-s)—xd. Ilpu nwo6om { umeeM Y(/+s)=
=q(f). CnenosarensHo, gi, =g, uto u YTBEPKLANOC.

O6o3naunm orobpaxeHue gigt+ xopoue: g*. OtoGpaxenns g'

1) onpenesieHH NPH JOCTATOMHO MaJuX |T| B OKPECTHOCTH H3GpamHOi
TOYKH (pa3oBoro npocrpaHcrsa;

2) asasiores aHdbdeomopduaMaMH 3TON OKPECTHOCTH B ¢a3oBoe MpocT-
PaHCTBO M IJAIKO 3aBHCAT OT T;

3) npu Beex moctatouno Maawx |s| u [#] u npu Bcex x u3 neKompoﬁ
OKPeCTHOCTH M36paHHON TOUKH BHINOJIHAETCS TPYNMOBOE CBOMACTRO o g
== gs+1

4) npu (bHKCHpOBaHHOM t dynkuna @ (/)==g't ecTb pewenne ypamm-
HHA X=7v(x) C HauanbHLIM ycaoBHeM ¢ (0)=E.

CemelicTBO {g'} 1a3LIBACTCA AOKAALHBIM (AZ0BBIM. NOTOKOM BCKTOPHOTO

noaa v.

3aagaua 1 Tpeanonosxum, 4HTO ypaBHeHHe J?=v(l, x) nmeer | T-nepuoanueckue
koadpduumnentst (v ({+ T, x)=v ({, x)) n uTo Bce oTOGpaXKeHHA 33 Bpema OT fo A0 ! 175 HEro
onpeaeaenid Bcloay JloKaxnTe, uTo npeo6pa3oBaHHs 3a BpeMmena, KpaTunle T, oGpasywor

rpynny: gg =A* npu ao6om uenom k. Kakoe H3 IBYX CACAYOWHX CoOOTHOWeHRT Bepuo:
g57‘+s =A gﬁ ng+s__gM,?
Orger. Bropoe.

5. Teopemnl 0 HenpepwigHoil .1 AuddrepeHuURpyemMofi 3aBHCHMOCTH OT
napamerpa. ﬂpennonomxm YTO npasasd 4acTb JAHHOTO YpaBHEHHA JE"‘
=v(l, x; &) rIaAKO 3aBHCHT OT napaMerpa o, npoGeratoulero HEKOTOPYIO
o6nacts, A npocrpanctea R7.

PRIV
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Caenctsue 6. Snaucnue 6 MOMCHT | pewlenun & HAMAALHHIM YL AO-
suem @ (fo)=1xo 22adK0 3A6UCUT OT HA4AAbHOZO YCAOBUS, BPEMEHU U napa-
serpa a. '

OG6o3naunm 310 3HaucHHe yepes M (fo, Xo; «; f). Caencrsue yTBepikaaer,
uto Qyukyua @O (co 3nauenusmu 8 Hasosom npocTpancree) onpedesena,
HenpepuleHa. u 22a0Ka 8 okpecTHocTw Kaxcdotl Touku (to, Xo; oo, o) npousse-
OCruUR PAcuUpennoo $Hha3oaoeo NPoCTPAnHCTEA HA OCb BPeMeniL 1t HO 06.4aCTh
u3asmerenun naparerpa (kaacca C', ecau npasas vacre kaacca C').

HJokasaTeabcrTso. 3aech nojesHa manewbkas xurpocts. Pacesor-
pHM «pacliHpeHHoe ypaBHemte» x=uv(l, x; ), a=0 ¢ ¢a3osuM 1po-
CcTpaHCcTBoM pa3MeproctH m-4a (rae m=dim{x}), Pewenne stvoro ypasn-
HeHMA ¢ HayaJbHBIM ycJoBHeMm (fo, Xo, @) eCTb mapa (x=¢(l), a=a),

* epBas KOMIIOHEHTa KOTOPOfi ¢ — pelleHHe HCXOAHOTO YPaBHEHNA NPH o = U,
yAoBJAETBOPsIOLICe HavaNbHOMY ychaoBHIO ¢(fo)=xo. Ilo caencreuio 4 3ta
flapa raajko 3aBHCHT OT (fo, x0; 1; o). CnenoBaTesqbHO, H NepBasg KOMNO-

~—— —HEeHTa-T/a/KO 3aBHCHT-OT-3THX -@pryMCHTOB,-4TO-H TpeGoBajoch, — — —
3ameuanne TpOK c pacuinpenneM CBOAHT TCOPEMY O INIajlKoil 3aBH-
CHMOCTH OT napaMerpa K raafikoil 3aBHCHMOCTH OT Ha4aJbHLIX YCJOBHIL.
OGparHno, 13 raaskoil 3apucuMocTi oT napaMerpa (npu GHKCHPOBaHHOM Ha-
YaJbHOM YCJOBHH) JEMKO BLIBECTH TJAAKYIO 3aBHCHMOCTb OT HayajbHOro
ycaosHsi, JlocTaTouno cABHHYTHL ypaBlense, 4yTo6pl HadaJabHOE YCI0BHE Mpe-
BpPATHTL B napamMerp: va ({, X)=v ({,x —a).

Teopema o aHddepenunpyeMoil 3aBHCHMOCTH OT NapameTpa JocCTaBjser
pecbMa addexTBHLHT MeToL npHOAHKEHHOro pewelis ypaBHeunil, 6aH3KHX
K «HeBO3MYLIeHHbIM», NJ51 KOTOPHLIX peiueHie H3BecTHo. JoctaTouno npea-
CTaBHTL pelleHlie BO3MyLLEHHOro ypaBHends B BuAe psaja Teiinopa no cre-
neuaM BO3MYyLIEHHs, NOACTABHTb 3TOT PAL B BO3MYLIEHHOE YpaBHEHIHe H NpH-
PABHATL UJEHbl NPH OAHHAKOBBIX CTemeHsAiX Bo3MmyuleHisi. CBoGomHbiit uien
pRia AnA peweHus GyfeT H3BeCTHHLIM pewi€nneM HEBO3MYLIEHHOro ypasie-
uisi. Jlas onpenesenus cledyioulnx 4ieHOB NOAyYyaTCs PeKyppeuTHO paspe-
waemble ypasuenns. Hanbosnee BaxHoe 3 uux, ypabHeRue AJs uJIeHOB nep-
BOIl CTeleHH NO BO3MYIULCHIIO — 3TO HEOAHOpOJHOE ypPaBHeHie B BapHalHsiX
(cp. § 3). -

OnxcaHiuplil MeToA NOCTOANHO HCNOJB3YeTCsl BO BCEX NPHIIOKEHHAX TEOPHH
AuddepeHunalLiblXx ypasHeHH NMOA Ha3BaHHEM TeOpUU BO3MYLU{EHUL Wil
setod masoeo napanerpa. OH SBAACTCH OANOIl H3 pasnopuaHOCTEll MeTOAA
psros Heiotona.

3anxaua 1. HafiTn npouspoanyio PpeuleHHs JAOTHCTHYCCKOTO ypasheius x=x(a—x)
¢ HayaabiuuM ycaosued x (0)=1 nd mapamerpy a apu a=1.

Peweunne [Mycrs a=1-4¢, posuyuienitoe pewenne X=qo+eg+0 (e®). Tpu noacra-
HOBKE B BO3MYLWEIIHOe ypaBlicliie noaydyacM ypasHeuue

Goted o= (gotepi+..) (| +e—qgo—eqi—...).

HeposmyieHuoe ypasnenue f=x (1 —x) umeeT pewennem go==l. [Ipupasuusas kosdduuuen-
Tl NpH g, MOAYYaeM YPaBHCHHC B BapHauNaX Gy =1-—q, € Hauaibubim yciosiem ¢ {0)=0
(noyemy?).

Orger 1 —e™'.
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Banmeuanne Puiank NpunercHHHC BHYnCAenns odopmua 6t TaK. Scwo, 4TO npH
a==1+4¢ pewenie x==1-+y Mano oranuaercs ot 1. npeue6pe>|<c\1 oTanuneM x nepeg ckoGkoft
B ypasucnnu or I, ﬂmyuaeu npHOTIKCNHOE  ypaBnenne X a-—x, y~a~—_/, oTKyn2
y=e(l—e.

Tpaauuwitonnan maTcMaTHYeCKast «CTPOroCTb» 3ampeinaer npeneGperaTh OT/AHYHEM OT
eIHHHIE NepBoro x B ypasuenun, no #e groporo. Ha camom gese «dusnueckoe» paccyxne-

' HHE [P2BUJILHO — OHO MPOCTO ABASETCA YI06HOA CTCHOrpaMMOR NPHBELeHHHX BHWE BH-
YHCACH ML
3anaua 2. HallTh npoH3poaHY!O pelleHHA YPaBHENHS MasfTHHKA C NOCTOAHHBIM

KpyTAutit MoscHToM, U==g-—sin 0 no moMeHTy a npu a=0. B Hauaiteuuii MoMent Mant-
" #HK nokoutes (0=0=0}.

Pecwenne O=ay+t..aj=a—ay, y=1=—y, y—l=2z, z=—2z, 2 (0)=—1, 2 (0)=0,
2= —cosf, y=1—cos i,

Ortser. B nepson npuGainxennn 3¢ dext Manoro kpyTaulero MOMENTa COCTOHT B CABHre
MOJOYCHHA PABROBOCHA B TOUKY Q, NMPHYEM MAaRTHIIK COBEPIUAET Ma/ible KOJAeGaHHA C 4acTo-
TOii | BOKPYr 3TOit TOUKH; MOTOMY NPOH3BOAHAA PelueHHA no a pasua | —cos .

[Tpenoctepexennec. Crporo rosops, Bce HaW nNpuGAHKEHHbIE
pewenus oGocHOBaHbl TeopeMoil 0 AHbbEPEHUHPYEMOCTH TOMBKO NMpH Ma-
auix {f]. B geftcTBUTeAbHOCTH HETPYAHO 06OCHOBATH HX ANA JMOGOro KoHeu-
Horo nutepsaja Bpemenn |{] <7, ecan TONbKO BEAHUNNA BO3MYUIEHHS & He
NPEBOCXOAHT HeKOTOpoil, 3apucsaweii or T, Bealunnsl. Ha stom uutepsane
BpPEMEHH MOTPElHOCTb NepBoro NPHOMIKEHHs TCOPUH BO3MYyIleHHH OLEeHH-
O pacter c poctom 7.

Kpaiine puckoBaHO pacmpocTpaHATh NOAYyYEHHbIC
Takiim oGpasoM BbIBOAM HA GecKOoHeuHbll HHTepBAJ
{—> oo 1 eg~»0 Henb3n. e —~0 =

ITpnusep. Paccmorpum Beapo ¢ BOZON, B AHEe  Puc. 7). Acusnromuecxoe no-
KOTOPOrO HMEeTCsl MajeHbKas AMIPKA paanyca g DSACwMe pemichuii poswyuten-
J0¢ €, 4TO B Tedenne Goasmoro Bpemenn ({<C7T) Beapo noutH NOAHO.
Ho npu moGom dukcuposannom &> 0 Beapo cTaHoBHTCA _MYCTHIM, KOraa
BpeMsl CTPEMHTCA K 6ecxoneqﬂocm

paetca cBepxy Beanunnoit O(e®), HO KOHCTaHTa B

'BPEMEHH: NepecTapanTb npefeabHbie | Nepexoibl \.]
HOPO ypaBHCHHR,

(prtc. 71). Oaa awGoro T cyutecTByer CTONb Ma-

3anauwa 3. Haiitn npoussonnyio pewenus ypaBHEMHA MaauX koneGauni MaATHHKA
= — %0 ¢ HauaabuuM ycnonnen 0 (0)=1, 0 (0)=0 no napamerpy o npn w=1,

Pewenne Tounwoe peutenne paerca dopmyaoit O—cos ol. Caeaosateasno, npousnon-
uan pasua —!sinl.

Ecan 66t MW 3uaan Tounoe pewenne ToAbKO npn o=1 u ctaan 6u HcKaTb peniciue
. A7 o =1 -} £ METOZOM MaNOro NapaMeTpa, To Mid NOAYUHN Ot O 2 cos £ — ef sin £, Mut Moran 6u
noayMarb, 4TO HCTHHHOE pelIEHHe He OrpaHiuexHo, ecan 6w 3a6uan, 410 NpHEIHIKEHKEM
MOXHO MOAL3OBATLCA TOJLKO MPH MAJLIX &f. : -

6. Teopemni o npopomxenun. Paccmorpum nunddepenunansioe ypas-
Hemie x==1v(/,x), 3ajaHHOe TrJAAKHM [NOJeM- Hanpasjenuii B oGaact U
pacuipensoro ¢asosoro npoctpancrsa. Ilyets I' — noamnoxectso oGna-
ct U. .

Onpenenenne Pewenne ¢ c HauansHbM yenoBlieM ¢ (b)=xo npo-
doasxaerca eneped (Hazad) do T, ecan cyumiecTByeT pelieHHE € TeM e
HayaJbHBIM YCJI0BHeM, rpaduK Koroporo mnepecekaerca ¢ ' B Touke,
'I‘lle.t}io(gfo). :

.
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Pewenue npodosnaerca eneped (naszad) Heoepanienno, ecau CyllecT-
ByeT pelieHHe C TeM Ke HayajbHbiM yCAOBHEM, ONpeJe/cHHOE IPH BCeX
1=t (npu Bcex (< fo).

fIpuwmep. Hu onno pewenne ypabuenns x-x2+l He MpoJoasKaeTcs
'HeOrpaHH4YeHHO HH Blepel, Hil Hasal.

OnpenedeHne MHOKECTBO HA3LIBACTCS KOMNAKTOM, €CIH H3 JI060-
FO ero NOKPLITHA OTKPLITHIMH MHOZKECTBaMil MOXIHO BRIGpaTb KOHeuHOe [oi-
MOKpLITHE,

KoxnakTiibre mOAMHOMXKECTBA €BK.1J0Ba npOCTpa}xcma — 9TO €ro 3aMmk-
HYThle H OrpaHHYeHHbIE MHOXKeCTBa, g

Tpanuyeil MHOMXECTBA Ha3bIBAaeTCsl MHOXKECTBO TOYeK, B JI060i OKpecT-
HOCTH-KOTOPHIX €CTE KaK TOYRH, TIPIHALIC/KAIIE MHOMKECTBY, TaK H He npi-

: HaAACKAULHE €My TOUKH.
z H3 ocHoBHOIil Teopemul O BBIIPAMIEHHH OYEBIIHO

BEITEKACT,

Caecapctsue 7. Pewenue ¢ HAUAALHOLY YCA0BU-~
___eM_U3 _KOMNAKIA B8 PACUILPEHHOM-Pa30808-NPOCTPAH

CT8E MOWCHO NpodoaXcuTy giieped u #Ha3ad do epanutol
Puc. 72. Tipoaoamenne pe- 3T020 KOMIIAKTA.
e A0 Tpaniid xoM- © Hubivui caoBaMi, 4epe3 Aobyi0 8HYTPEHHIOWN TOURY
KOMNAKTa RpoxoQuT WHTeZpA.bHARL Kpusas, nepece-
KAowas 2panuyy KOMAGKTA KaK € o0xof, TaKk u ¢ dpyzoil CTOpOHuL OF
Hauaavnou Touku (puc. 72).
IIpodoascenue eunCTBEHHO 8 TOs CAabicAe, 4TO 6cakue dsa peuie-
HUA ¢ o0wum HAUAALHOLM Yycaosuen cosnadaor gcicdy, 20e oba onpe-
denenet.

3amauwa | Bepno.n, 4To BHTErpa.Ibllyio Kpiayio Ji060r0 r1aAKOr0 Noas nanpasaenuil
B 00.,1aCTH €BKJHAOBA NPOCTPAHCTBA, npoxo;mmyio yepe3 TOuKy KoMmnaxTta K, MOXKHO npo-
AOJAKKTD AO €ro rpaHnRm?

Orser. Her, npumep — noje nanpasienuii (asoBuHX KPHBHWX MaaTu#ka B o6aacTH
412> 0, K — koasuo I x4 xi<2.

Takum oGpa3som, 278 COPaBelNiBOCTH TCOPeMHl CYULCCTBEHHO, YTO NOJE Hanpas.dexni
B pacwipennom $a3osoM NPOCTPIUCTEE «HEBLPTHKAIDHOY,

HoxasaTteabcTBOo caeacrtaua 7. Buauané aoxakeMm e;1HHCT-
BeHHOCTb . PaccmoTpiM TOYHYyi0 BepXHIOO Tpanb 3HauveHiii. BpeMeHn, npH
KOTOpLIX ABa pelieHH ¢ OGLUIM HayajbHBIM YCIOBHeM coBnaiamT. Jleeee
3TOil TOYKM pewiehud coBnajalt. Ecaun B 3toil Touxke o6a onpegeneutl, 10
OHIH COBNAJAIOT U B Hell, Tak Kak onnl Henpepuisunl. Ho Toraa ovn cosnanaior
‘B TIpaBee (N0 JIOKAJALHOI TeopeMe eIHCTBCHHOCTH). 3HAUNT, yKa3anuas Tou-
Ka— KOHell OJHOTro N3 HUTepB2.1CB onpejcdcuust, IJTO J10KasbLiBaeT €.iiH-
CTBEHHOCTb NPOJOKEHHA BhepeA (AJdsl NPOJAOJKCHHA HA3aJ] PacCyXAeHHS
anajornynn). Tenepb 1OCTPOHM NPOAOJIKEHHE.

INo nokaabHOl Teopeme CYECTBOBaHHS Y KaXJAOH TOYKH PaCLUHpeHHOro
($a30Boro npocTpaHcTBa €CTh TaKasi GKPECTHOCTD, YTO pellieHHe ¢ HayasbHRIM
yciosHeM B moGoii M3 Touek 3TOH OKPeCTHOCTH NpOJO/AKAaeTCA Bnepen
H Ha3ax Ha oGuiMil N BCeX TOUEK 3TOH OKPECTHOCTH HHTEPBaJ BpeMeHH.
H3 NOKpLITHA KOMIAKTa TaKHMH OKPEeCTHOCTIMH BbIGHDaeM KOHeyHOe NOA-
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noxpuitie. M3 koncunoro HaGopa HHTepBa/OB BpeMeHl, COOTBETCTBYIOLLNX
BLIGpAHHBIM OKPECTHOCTAM, BHIGHpaeM camuiil koportkuil. OGosnaunm ero
yepes e. , )

Peutente ¢ #auanbHbIM  yCJIOBHEM B HCXOLHON TOUKE NPOAOJKaeTCH
Bnepest Ma € (TaK KaK 3Ta TOYKA NPHHAANENKNT KOMNAKTY 1, 3HAUHT, MOKPHI-
Ta OAlOIt H3 HALIHX OKpecTHocTell). Bo3bMeM 3naueHne 3TOro peuteniis yepes
Bpema &/2 nocae ucxomnoro Momenta. Ecan cooTseTcTByloWwas emy Touka
HIITErpanbloil KPHBOH ellle JeXUT B KOMNaKTe, TO peweliiHe ¢ HayaabHbIM
ycaontieM 8 leilt npojosKaercs Brepen eute Ha € (HToro Ha 3¢/2 ot Hcxon-
noro - Momenta). OnaTe caBHraeM ppemsa ua £/2 (T. €. paccMaTpuBacm
3[aUCIHE NPOAO/NIKCHHOrO pellieHHsi B MOMEHT uepe3 € MocJe HCXOAHOro)
H OnATb NPO10/JKaeM peulexne Ha ¢, #H T. A. Yepes koueuHoe uicsio
11aroB HUTErpaabHasi KPHBash NOKMHET KOMNAKT (TaK KaK €ro npoekuus Ha
ocb [ ne MoxeT ObiTh HeorpaHuuenHofl, a f{ Ha KamAOM lIary ypesJHuH-
BacTcsl Ha €/2). CnenopaTtenblo, HaCTYNHT MOMENHT, KOFAa HHTCrpa/ibHas
KpHBAR fepeceueT rpaiiily KoMnaxkTa, 4yto # Tpe6oBajoch.

3anaua 2. Joxaxure, uTO Aw06oe peusenne ypasuennn x==v (f, x), 32221HOr0 noAeM
nanpasaeunit B RXR", npoaoaxaercs seorpaunucuno, ecim v pacTer Ha GecKOHEYNOCTH
He 6GucTpee, 4eM Mepsas creneds x, T. e, ecan lv{f, <k (x] npr scex { u |xli=r,
rae r # kK — noctoAxyLIe,

Yxasaune. Cpasuusan ¢ AsixenineM B note x==kx, NOCTPONTL KOMNAKTH, A0
rpanuil KOTOPLIX NpHAETCA ROGHPAaTLCA CKOAb YTOAHO A0ArO.

ITpeanosioxkuM Tenepb, uTo 06AacTb OonpeiesieHusi npapoil wactH ypas-
HeHnsa x=v(f, x) coaepxur UHARHAD RXK rae K — xoMmnakr B ¢aszosom
npocTpaHCcTRe,

Onpenenenne Pemenne ¢ € HaYaJbHLIM YCJIOBHEM q;(to)=xo
npojoJxaercsl snepef (Hasaj) Ao rpaHuubl Komnakra K, ecan cyuectnyer
peueniie C TeM e HavaJbHBLIM YCJIOBHEM, NpPHHHMalOUlee 3ltaueHns H3
rpauiubl komMnaxkra K nps Hekotopom ¢ >=to (1< to).

H3 caeacTBusn 7 oueBHMAHO BHITEKaeT

Caencteue 8. Pewenue ¢ HawarbHbiM 3Haucrues U3 AaHHO20 KOM-~

‘naxkra K 8 ¢pasosom npocrpancree npodoaxaerca aneped (nHasad) aubo we-

opeanuuenno, aubo do zpanubt Kosnaxkra K.

[Tpuwmep. Peuene ypasHeHHST MaANTHHKA
X1 =Xz, Xg== == X| C HAYAJBHBIM yCJAOBHEM X, =1,
x2==0"1ec Npoao/1:KaeTcad [0 rPpaHHUBl KOMMAKTa
xH+ad<e.

IlokasaTenncTBO caeacTnHa & :
Paccmotpus otpesox A==[a, b] ocu I, conepxa- Z:?o 3. Mpoaoameune 20 rpamd
wui fo. Huanuap AX K B pacwipentiom da-
3onoM npoctpaticre {puc. 73) xomnakrten. [lo npeaviayuteli Teopeyme pee- -
Hie NpoiONXKAeTCA A0 €ro rpaHHubl. 3Ta rpaniua CocTONT H3 ABYX «TOp-
uos» (aXK u bXK) n «Gokopoit nosepxuoct» AX(IK) (no dopmyae

Jleiibunua, d(A X K)=(0A)X K-}-AX(0K)). Ecan npu awGom b>t, nnre-

rpanstian kpibpas nepeceuer Topeu b X K, To pewenne npoao/mxKaerca snepea
HEOrpanuueHNo; ecan Ke npn Kakom-anbo b ncpeceum‘ Goxosy1o nonep‘(-
HOCTb — TO A0 TPAHHLLLI KOMMAKTa. »
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Cnenctsue 9. Pewenue aBTOHOMHOZO YpaGHeHua X=v(x) ¢ Ha-
4aAbHOIM 3HA4eHueMm u3 a0bo20 KomnakTa (asosoeo npocTpancrea- npo-
Joascaerca eneped (naszad) aubo neozparnuyenHo, aubo G0 epanHuybl 3TCC0
Komnakra. - I : :

H6o unannap RX K npunannexxur pacuuipenHoMy ¢asoBomy npocrpan--
CTBY aBTOHOMNOro ypaBHEHHst JJs1 Jjio6oro komnakra K B ¢a3zoBom mpo-
CTpaHcTBe. : :

3aaava 3. Ilc_)xa)xure, 4YTO BEeKTOpHOe noJe v qi;i):qu,c;mer ¢asosuit noTok, ecai Bce
petenns ypasucnus x ==v (X) NPOAOJKAIOTCHA HEOrPAHHYCHHO.

7. BuinpsmaeHHe BKTOPHOro noas. PaccyoTpuMm rnaaxoe BeKTopHoe
nose v B obGaactu U. L

Buinpsimaenuen nonst HaseBaetcst aadGeonoppuas, npespawaloUwsii cro
B noJe fapaJjjeibHbHX BEKTOPOB OAUHAKOBOIl MJIHHBI B €BKJHAOBOM MNpo-
crpaictae (puc. 74). '

W3 ocnoBHOl TeopeMbl O BRINPSAMJEHHH JICFKO BLITCKAeT

Caepncteue 10. Bcsakoe enadkoe 8eKTOPHOE NOAC AOKAABHO BUINPAML-
A7eM0 -8 OKPECTHOCTU KadxcOoil Heocobod Tourkw (Touxku, ede 8eKTOp noas
OTAUUEH OT HYAs). ’

JokasaTteabcTso. Bekrops noas B okpecTHOCTH HeocoGoil ToUKI
OTJIHYHLL OT HYyJISl H, 3HAYHT, ONpPEASNsIOT Hoje HanpasJciuil B 370l ab6aactn

fu o
=T=I—=1— Z
i | i | o | i e S
o | g | = | cmndn
=il & =const
-> z;
e DI Sy
Puc. 74, BunpamJecude  BexTOpHOrO Pue. .75. [Moctpoente Bui-
noas. NPANIRIOULHX KOODAHUAT.

¢dasosoro mpoctpascTBa. 1o ocHoBHOH Teopeme 3T0 mose BHUIPAMJSCMO.
Buinonmim seinpamasiowsit Angpeormopduam. Mul nobbenicst napaiieabloctTH
BEKTOPOB NoJisl, HO HX AJHHL OyayT, BooGlle roBopsi, 3aBHCETb OT TOUKH.
B BLINpsAMJISIOUIHX KOOPAHNIATAX YPaBHeHHe, 3alaHHOC HALIHM 110JeM, NPIMET
BHA

X1=u(x), Xa= ... =x,==0, npiucy u(0)7=0.

Baezsem BMecTo x; HOBYIO Koopauuaty &, onpeaedns E(x) Kak BpeMs ABHKCHIA
ot naockoctH Xy ==0 10 Touku x (puc. 75). Pewast ypasuesHe, HaXOAHM 3TO

Xy
dy -
speMst o ¢opumyte Helotoua: E,(x)=S ————]-—— B koopaunartax
“('1» X2, ..., xn)
(€. x2, ..., xa) ypaBueune npuuumaer pug E=1I, X2=..=15,=0, 1. ¢. noae

BbUIPSAMJIEHO.

3ameuyanune Teopema o BLINPAMICHHH BEKTOPHOTO NOJS — €L OAHA
nepe)opMyNHPOBKA Teopembl O BHIOPAMJACHHH oA Hanpasienuit (utoGul
BLIBECTH BTOPYIO H3 NepBofl, K0CTAaTOUHO BHIGPATh NO BEKTOPY, IMIAZKO 3a-
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BUCSIILEMY OT TOUKH, HAa MPSIMbIX A3HHOrO MOJA HANPaBJEHHH, YTO JIOKAJAbHO
BCErja Jerko CAeNaTh).

Bor etie aBe oueBHpaHule mnepeOpMYJIHPOBKH  caencTBHa  10:

Cnepncteue 1. Jlobue dsa zradkux 8eKTopHblx noas 8 00AacCTAX
00unakoso20 wucaa usmepenuil nepesodarcsa opyz e dpyea Ougpeoroppus-
Mamu 8 OOCTATOUHO MAALLX OKPECTHOCTAX At06blX HeoCoBbLX ToUeK. _

Cnencteue .12. Beakoe dupdepenyuarsnoe ypasnernue x=v(x)
MoxceT GbiTo 3anucano 8 Hopsaasuod gopse xi=1, xa=...=x,=0 npu
nodxodawiem eovt6ope rcoprz{_;_'iar 8 docrarouHo maaoill okpecTHOCTU Atoboll
HeocoGoil Touku noas. ’

WHBIMH CJIOBaMH, 8CAKOE-ypasHerue xX=1(X) NOKAAbHO 3KBUBANEHTHO
‘npocreiiweny ypasueruio x=v (v£0 He 3a8uUCUT OT X) 8 OKpPECTHOCTU
at0boit neocoboti Touku. - ’

3anaua |. Bunpsimurs BeKTOopHOE none (a3oBof CKOPOCTH MAATHRKA X23/0x) — x18/3x2
B OKPeCTHOCTH TOUKR X1 =1, x2=0. .

Pemenune. Tloastca noaspuse koopauxatd. Ilycte xi=rcos0, x;=—rsin@
(r>0, 10 <n). B stux koopaunatax ypasmenne umeer pnx r=0, 0=1, nostomy moae
BHNIPAMJIEHO: OHO liMeeT BHA 3/30.

3anaua 2. Bunpamuts nois

1) x13/3x142x28/dx2 npn x,>0;

2) 9/0xi+sin x18/dxs;

3) x10/3x1+(1 =x}) §/0x2 npu xi<< 1.

§ 8. lNpuMeHeHHA K ypaBHEHHAM BbilHE NEPBOrO MOPAAKA

OcHoBuble TeopeMbl 0 cHcTeMax Jo0GOro uHcaa ypasHeHuil JoGoro no-
PANKa BBIBOAATCA 3€Ch H3 aHAJOTHYHBLIX TEOPEM IJs CHCTEM YpaBHeHHR
TIepBoOro mnopsiaKa. )

1. OKBHBAJMEHTHOCTb YPABHEHHH n-r0 MOPAAKA H CHCTEMB! 71 YPABHEHHI}
nepeoro nopsaka. T ’ : .

Onpenenenune [Juidepenyuareuoist ypasrenuesm n-zo nopaoka
Ha3bBaeTcs ypaBHeHHe :

s _p t dx’  d"!
dar ( e TA dt""f)' )

rae F — nuddepenunpyemas (kaacca C', r=>1) pynkuus, sanaunas B obaa-
ctit U npocrpancrea pasmepHocTd 1 +n (8pems { v npoH3BoAHBIE HEU3BECTHOMN
¢dynxuun nopsigkos ot 0 go n—1 BrIOUHTENBHO).
Pewenuen . ypaBnennss (1) nasbBaerca C"-otoGpaxenue ¢: /— R
HHTEpBaJa BellleCTBEHHON OCH B BelleCTBEHHYIO OCb, ISl KOTOPOro
1) Touka c xoopaunatramp (T, @(z), ..., ¢~ V(1)) npunamnexur o6-
nact U npun moGom t u3 [;
2) npu ao6om T n3 [
dn ~ . .
dt"n’ =F(t; (1), ... "~"(1).
t=1

Mpusmep. PeuenneM ypasHeHHst MaibX KoJeGaHHRl MasTHHKa,
= —x, aBasgerca ¢yukuna ¢(f)=sinf, a Takke dyHkuua @ (f)=cosi -
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. (puc. 76). CuenoBaTe/bHo, epaduku peuienuii ypasnexnus 6Topo2o ROPAOKA

MoeYT nepeceKarbCA (B OT/HYHE OT rpaduKoB pellleHHi ypaBHeHHs] MepBOro
HOPANKA, T €. HHTerpanbHbIX KPHBLIX, KOTOPLIE MO Teopeme €AHHCTBEHHOCTH
A160 He nepecekaloores, AH60 COBAAAAIOT Ha -LeJAOM

z o HHTepBaJe)
@$a3oBLIM  TPOCTPAHCTBOM yPaBHEHHA - MAATHHKA
cos sin ABJASAETCA IJIOCKOCTb € KOOPAHHATAMH (X, %) 3ada

HHe 3THX [IBYX uiCeJ B- Haua bHbIll MOMEHT oOnpeje
JfieT BCe ABMIKeHite MasTHHKA PaccMmoTpHM Bomrpoc 0
pasaMmepHOCTH (a30BOro--NpoCTpaHcTBa Aaf o6ulero
Puc 6. Tpaguin xoyx  ypaBiieHHS /1-T0 MOPAAKA.(]): CKOIBKO HHCEN HYIKHO 33~

\pewocnii  ypasnenna BTO-
poro nopsaxa JaTh B Ha_‘LaJ.LbeM—MOMQH?/‘iTOGbi’Oﬁ,H(BHH‘IHO—_OTIpC-

/4

ACJMHTb peUIeHHe BO BCC MOMEHTDI BpE\‘IEHHD
Teopewma. ¥pasnenue n-eo nopadka (1) aKeueaienTHO cucteme n
ypasuexuti nepsoco nopadka

X1=X2, wory Xnm1=Xn,  Fa=F(t; X1, .., Xaz1) @)

BTOM CHbICAC, 4TO ECAT @ — peliene ypagnenus (1), 70 6eKTOP U3 Npous-
60dnblx (@, @, ..., @) — pewenue cucresst (2), a ecau (Pi, ..o Ps) —
pewenue cucremst(2), TO ¢ — pewienue ypacHerusa 1)

JloKa3aTeabcTBO QUEBHIHO.

Hrak, dasoBoe npocrpancTso npouecca, onucuipaemoro anddepenunans-
HBIM ypaBHEHHeM TMOPAAKA 1, HMCET pPa3MepHOCTb 11: BCE Teuewie npo-
lecca () onucbiBaeTCA 3ajaHuUeM B HauaJbHbulil MOMeHT Bpemenn fo HaGopa
. YHCeJ ~— 3HaueHHil NPOH3BOLHLIX ¢ MOPSIAKA MeHbllle n B Touke fo.

3ameuaunune [Ipuunna, no xoropoii A1s 0AHO3HAUHOIO ONpeReaeliis
peuledus ypaBHeHHSI A-TO NOPRAKA HYMHO 323aTh B HAUAALHLIT MOMEHT I
HAYaJabHLIX YCAOBHIA, CTAHOBHTCA, ObITb MOXKET, IOHSITHEE, €CIH PACCMOTPETh
Luddeperinaabioe ypaBHeHle KaK Npeie] pasHOCTHBIX.

3adukcupyem uucao h>0 (nasmBaemoe wazoan). Ilepsoii pasnocroio
nauHoil GyHKUMH ¢ ¢ WaroM £ HasubiBaeTca (YHKUNA, 3BaueHHe KOTopoii
B TouKe { paBHO ¢ (¢t -+-h)— ¢ (f). Tlepsan pa3nocTs oGosnauaetest Ag. Bropas
pastocts A’ onpeneasiercs Kak A (Ag).

3aaaya 1| Jokasars, uro (A’q) ()=gq (t+2h)—2¢ {{+ h)+ ¢ (B.
AHaNOTHYHO ONpeseaneTea n-A PasnocTs A"g=A (A" '¢).

3aaavwa 2. [lokasars, uro A¢=0, ecan n toabko ecan ¢ ({-}kh) — muoroureu
cTeneny menpwe n or ke Z.
Hanpusmep, ecan BoIHCAaTh NOAPAA 3HauenHs k, CTPOUKOM HHME — HX PA3HGCTH, 3aTeM

Pa3uoCTH Pa3noCTeil, TO B TPeThell CTPoke GyJeT BCIOAY CTOATh YHCIO 2; ec/H Hauathb ¢ k°, TO
B ueTBepToll ¢Tpoke— BCioay 6, 1 T A

1 4 9 16 25
3 5 7 9
2 2
1 27 64 125
7 19 37 61
12 18 24
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PasnocTHoe ypasHenue nepsoco nopadka — 3TO  ypaBHeHHe BHZAA

t+h)—e(l
89 1 g 7. e, 2LEN=20

=v({, ¢(f). U3 raxkoro ypasHenusn, 3Has
oano uncao @{lp), MOXHO Haiith @{lo-+h), no uHemy ¢(fe+2h), . u T. &
[lpu i — 0 pasHocTHOe ypaBHeHse nepexoaHT B Anddepenunansroe. [TosTo-
MYy HeyAHBHTEJBHO, YTO H 1A AHb(epeHunanbHoro ypapHeHHsT Nepsoro
nopsiika peueHHe onpezxe:mercn 3HAYEHHEM B Hauya/bHbl MOMEHT OAHOTO
uucsa.

PasrnocTtHOE ypasHenue '8T0p020 nopsadka UMeeT BHA

(lit()’; (t; ® %q’)’

& ett2m—2 (40 +e0_r (44 q><t+h)—q><t>>
! ’ h .

"

3uas 3HaueHHA @ B A8a PasfeNeHHBIX HHTEDBA/TOM i MOMEHTA BPEMEHH,
Mbl MOMeM HallTH H3 3TOrO ypaBHEHMA 3HAYEHHC @ elle uepe3 ppema /1.
Hrak, Bce 3HaueHus ¢ (f-}-kh) onpesensiores AByMs nepBLIMH M3 HHX.
Ilpu i — 0 pasHocTHOE ypaBHEHHE BTODOIO NOPSAKA NEPeXOAMT B AH(-
tdepenunansuoe. [TosToMy HeyauBHTENBHO, UTO # AAR AubdepenuHaNbHOTO
ypaBHeHHA BTOPOTo NMOPAAKA PeuleHHe onpefendeTcH 3aJaHHeM B HauaabHbIA
MOMEHT AByX uncesn (n uicea ANA YpaBHEHHA n-ro nopsaaka). Teopema
Ha ctp. 86 Kak pa3 H oGOCHOBHBAET BO3MOKHOCTH nepexosa K mnpegeny
npu-h —0,
3anaua 3. Mokasars, uto ypasuenuio d"x/di*=0 ynoBAETBOPAIOT BCE MHOTOMNEHLI
CTENCHH MEHLIIS 1 B TONLKO OHH. . .
, 3a£aqa 4, Haarn pamepuocm MHOrooGpasia pewennit ypasuenus [leabmronsua
z‘:+o —+u=0 B’ obaactu 24 y?>0, 3apucAmMHX TOALXO OT paccToAnHA A0 Hayasia
KOOp AHHAT,

Pewewnne. HcxoMan dyHKUHA OT £ ROMKHA YROBAETBOPSATH YPaBHEHHI BTOPOrO MO-
pAAKa, CeA0BATEeNbHO, PElIeH A ONPeALANIOTCA ABYMA YHCAAMM. .

2. TeopeMb! CyluecTBOBanUs U eAMHCTBeHHOCTH. M3 Teopemnt n. 1 1 Teopem
CYyL1eCTBOBAHHS H €AHHCTBEHHOCTH VISl CHCTEMB YPaBHEHHIT NePBOro nopsuxa
(§ 7) BHiTeKaer

Cneacrsue IHycrs u=(upy, 4y, ..., Us) — TO4Kn ob62acru U onpe-
Oeaenun npasoil wacru ypasuenun (1). Pewenue ¢ ypasuenusa (1) ¢ naware-
HoLM yeaosUem ’

Q(uo)=1u1, @(uo)=us, , ¢ (Uo)=tln ®3)

cyuiecTsyer u eQUHCTBEHHO (8 TOM CMbICAL, 4TO BCAKUe O8a pewenus ¢ 0O
HAYQAbHBIM ycnoaue,u cognacarnT Ha nepecettenuu UHTEepBsanos onpede-
AeHun).

Ilpu 3amuci HawagbHOro ycaosist ypasHenus (1) o6biuHO BMECTO @ NH-
WyT X.
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I1 p u M e p. Pewennsn cos ¢ u sinf ypaBHeHUs: MaATHHKa 5_c'= —X yRosaer-
BOPSIOT NpH {=m/4 HauanbHLIM YCJIOBHAM x(n/4)=2/2, x (n/4)= —~/2/2
H x(n/4)=-\j§/2, i(n/4)=w/§/2 coorsercrseHHo (puc. 76). Otr HavaabHbe
YCIOBHSI Pa3jiHUHLL, NOSTOMY He YAMBHTENBLHO, YTO rPaduku peweHuil nepe-
cexkaloTcesi, He coBnagas. TeopeMa eIMHCTBEHHOCTH AAS yDPaBHeHHS] BTOPOro
nopsiika 3anpelllaeT HeCOBNAAAOIUM rpacdukaM JHIIL HMETb B TOYKE Tepe-
ceueHus 061Yi0 KacaTesbHyio. Fpaduku peuennil 0XHOro ypaBHeHHSs TPETLEr0
NOpsiAKA MOTYT KacaTbesl, HO TOrAa o0sA3aHbl HMETh B TOUKE KacaHusl pasHtle
KPHBH3HBl H T. .

3amgaua 1. Tlycrs u3sectno, uto ypaBHenue (1). HmeeT peweHnamu pyskuau ! u sin /.

Haiitu nopanox ypasHeHus n. '

Pewenne, ¥V dyskuuii ¢ usin{ B HyJe COBNaAAI0OT 3HAYSHUA NMPOUIBOIHHX NOPAAKOB 0,
6l MO TeopeMe EAHHCTBEHHOCTH. YpaBHGHHE NOPRAKA #:>4, KOTO- -
poMy YZOBRETBOPRIOT OGe yHKuuH, HPHAYMATb HECIOXHO, Ha-
npumep, x4 1= H=0, B

Orger. n>=4.

3anaua 2. Moryr an rpaduk# naByx peulenuit ypasHe-

o o e,

~ - .
o CPr = wmAa k+p()x+q()x=0 wuete usobpawennnil ua pac. 77 sia?
/ _ Pcuwenne Her, Tak Kak pewenns Cq1 U g HMEWOT ofwee
t HAYAbHOE YCAOBHE H HE COBNAZaioT. -
» 3anaua 3. Paccorpis ypassenne 2x={’X, Pcwenun x=0

Puc. 77. Hesosmomuoe x=={* 06a YIOBIeTBOPAOT HAYAALHOMY YC10BMI0 x=x==0 npu
pacnotoxenue rpaguxos. t=0. [Touemy ouH He coBNaf3OT?
Pewenne. Teopema eauHCTBEHHOCTH OTHOCHTCA K YpaBile-

nuaM Buga (1), T. €. YPaBHCHHAM, Pa3PIUICHHLIM OTHOCHTEIbHO CTapuicit NPOH3BOIHOI, a
paccMaTpHBaeMoe ypapHenHe Heas3fl 3aNHCaTb B TakoM Biuae (B OKPCCTHOCTH nyas).

3anaua 4. Pewntb passoctioe ypasienke A’g=0 ¢ nasaibitiM ycaosuem ¢(0)=0,
(Ag) (0)=0, (A’¢) (0)=2 npu ¢, kpaTuux wary h=1.

Pewenne. g=a-t+bt-tct®, Ap=>b-+2ct4c, A’¢=2c. H3 HauanbhuX YCAOBHIl
c=1, b=~1, a=0. _

Orser. g=1t*—1.

3. Teopemw auddepennupyemocth u npopomxeniis. [lockoneky yxe ycra-
HoBJIeHa 3KBHBAJNEHTHOCTb YPaBHEHHSA 1-T0 NOpsAAKa CHCTeMe ypaBHemn'i nep-
BOro MOpsiika, MBI 3aKJal04aeM, HTO peweHue ypaslieHHs n-ro nopaunka
ryiagko 3aBHCHT OT HadaJbHbLIX yc.nomli'{ H napameTpon (ec:m npasast 4acTb
rJ1aZKo 3aBHCHT OT NapaMeTPOB); UHTATENb JETKO CHOPMYAHPYET H TeopeMy
O NPOACJIKEHHH. ‘

3anaua 1. Hafitn B nepsoy nNpuGMIKEHHH MO € BAHAHHE MAJOFO CONPOTHBACHNA
cpeau eF (x, x) HA ABHIKCHHE N2ajai0LIero ¢ BLCOTH A TeJa.

Pewenue. Peub uger o6 ypasheuunt x=—g-eF (r, x) H HAYAABHHX YCIOBHAX
x (0)=h, x(0)=0.

Mo Teopeme o anddepeHtIpyeMoCTH IO NapaMeTpy, petuenne HMCeT BHA ¢=go-F£¢1 -+ w1,
rhe go ({)=h--gt*/2. Toacrasann x==¢ (f) B ypaBHenNe U NPUPABHHBAA YJEHW pAaa 1O &,

ts

naxoaws §i=F (ya go) oTkyAa Gi ()= F (o (¥), §u(¥) drds. Hampumep, coanm F=-—3%,
00

T0 ¢1=gt*/6. 3naunt, OTCTaBaHNE BO BPeMeuH HAACHHA B NCPBOM NPHOMHACHHI Nponop-
UHOHAJBHO BHCOTE: —eqi/qo=cl?/6=2l/3g.
" 3anaua 2. Jdokamute, 4T0 BCE pelueHns ypaBHeHMA-MarTHuKa, 0= —sin 0 nporoa-
3KaI0TCA HeorpaHHueHHo.
3anaua 3. llpu Kakux HaTypadbHHX k HEOrPAHMYCHHO NPOAC/KAKTCA BCE pelweHHA
ypabueuusn x=x*?
Orser, Toabvko npn k=1,
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4. Cucremn ypasuennil. [lon cucremoii duppepenyuaronotx ypasrerud
Mb GyfeM MOHHMATb CHCTEMY YPABHEHHHA OTHOCHTENLHO N HeH3BeCTHHIX
ynknui

d"“x,-__
de

rIe CpeAM APTYMeHTOB KaXnoil u3 Qyskuuit F; HaxXojATCA HesaBHCHMOE
nepeMeHHOe {, 3aBHCHMbIE NepeMeHHHle X; H HX NPOH3BOAHLIE NOPSIAKOB
Mmenswe n; (j=1, ..., n) coorBercTBeHHO.

Pewenue cucreMbl onpespeasercst, kak B 1. 1. Ciefyer noguepkuyTh, 4ro
pelleHHEM CHCTeMBl IBAAETCH BeKTOpHas (yHKnus, 3ajlaHHas Ha HHTepBaJe,
Takum o6pasoM, (@1, ..., Pa) — 3TO He n pellieHHit, a OHO pelIeHHe CHCTeMbL
n ypaBHeHuii — SaMeuanHe, PaBHO OTHOCAIIECECH K CHCTEMaM alreGpaHyecKux
1 auddepeHiHalbHBIX ypaBHEHHH.

Tpexne Bcero BHISICHHM, Kakoe ¢ra3oBoe NMPOCTPAHCTBO COOTBETCTBYET
cucreme (4).

S (4)

Teopema. Cucrema (4) axeusaaentna cucreme N Z n; ypasHenuii
1-—!
nepsoeo nopsadka.

Hubimu cnoBamu: pasameprocrs ¢hazosozo npocrpaucma cucremot (4)
pasua N.

[asi nokasaTeabCTBA HAjAO BBECTH B KauecTBe KOOpAHHAT B ¢(pa3obom
NpOCTPaHCTBe NMPOH3BOAHLIE X; MOPANAKA MeHbIUe nj.

Hanpnwmep, nycrb n=n1=n3=2. Toraa cucrema umeer BHR

=Fi(t; x1, X1, %2, X2, Xe=Fa(f; x1, X1, X2, X2)
H 3KBUBaNEHTHA CHCTEMe u3 ‘lETpreX ypaBHemu”{
X1=1x3, Xa=x3, Xs=F\(t; x), xa=Fy(t; x),

rae x=(xi, X3, X2, Xa).
"TIpuwmep. Cucrema n aucddepeHIHANbHEIX YPaBHEHHH BTOPOro NopAaKa
Mexaunki Helotona

n_t q,-——aq‘ i=1, ..., n, (5)
rae U — norenunanbHast sneprus,, m;> 0 — macchl, 5KBMBAJIEHTHA CHCTe-
Me 2n ypapHenuii Famuabrona

oH . __oH .
g Py =hoeam

rae pi=miqi, 8 H=T4U— noaunasn sueprust (I =Y mg?/2=7y p?/(2m;) —
KHHeTHueckan 3Heprus). TakuM o6pasoM, pa3MepHOCTh (a30BOTO NPOCTPaH-
crBa cHcTemn! (5) paBHa 2n.

Teopembl 0 cyluecTBOBaHHH, €XHHCTBEHHOCTH, u.mpq)epeﬂuupyemocrn 1o
HauaJbHbLIM YCIOBHAM H TNapaMmeTpaM, a TaKXKe TEOPeMEl O NMPOZOXKEHHH
NnepeHoCATCA Ha CHCTEMB! BHaa (4) aBTOMaTHUeCKH: AJA OJHO3HAYHOro onpe-
DeNeHnst peweHHs AOCTATOUlO B HAYa/bHBIE MOMEHT -3afaTh NpPOH3BOA-

=



- 3eMaut, -TOr a3 -te . OGLUCAPUHANHOrD.

90 OCHOBHbIE TEOPEMbI - [F1. 2

Hele x; mopsaaka MeHbwe n; Hanpumep, ans cucremu ypasaenuit HoioToHa
(B) mocTaTouHO 3adaTh n KOOPAMHAT H A CKOPOCTEfl 8 HayaubHbl MO-

" MEHT.

’

3apaua 1. Ha MaTepnaibHylo TOUKY Macchl M, ABHXYILYIOCA OTHOCHTEIbHO 3eman
co ckopocThid v, feficTByer (B cBA3auuoil ¢ 3emicit cucteme koopaunar) cuaa Kopuoauca
F=2m{v, Q), rae Q— sexrop yraosofi ckopoctn 3esnu. Kasmeus Gpowen (6e3 Hauajb-
roft ckopocT) B waxty ray6uuoft 10 m ma umwmpote Jlenuurpama (A=460°). Hackoasko
ciad KopHoAHCa OTKNOHHT €ro OT BeprHKaan?

Pewenue To ycaosuio x=g+2 [#,R]. Beanuusy ycnosuéi ckopocrs 3esas,
Qx73.10"%~", cuuraem - maium napamerpod. [lo reopeme o auddepenunpyenmocty,

T x=xFQu40{RY, x=gi/2. Moacrasasd x ‘B ypasﬂeﬂue. no:xyqaem Qj=2 (gt, 2.

y(0)=¢(0)=0. 3nanint, Q§= [¢, @] /3. Caenonarcabuo, [2g] =? E 1R o

Orser. Kaseub orkaouutca Ha pocTok na 0,3 mMM.

3ameuanue 3a1aua of OTKJIOHCHHH KAMUS CHIPanAa BHAOWLYIOCH POJSb B HCTOPHIt
QU3NKH. DPOCKT OTKAOHCHHA KaM#Hisi HA BOCTOK (a He ‘HAa 3a0a’, KaK 3TO KaXercs Ha
nepsuit Baraaa) Ouln mpeackasan Howorowom B nuchve k [yky or 28 wuos6ps 1679 rosa:
Hoioroir npocun Fyka mnpoacaars SKCACPHMEHT C KaMHEM 1A J0KA3aTCALCTBA Bpameuuﬂ

B orsernom nuchme. (or 6 susapa 1680 roma) I'yk czbopwymlposan 32KOH BCEMHPHOTO
taroreHud. Heloton B To Bpems neTouHo npeacTasaan ceGe opGuty Kamua. Boauukwas suc-
Kyccun 3actaswia Hbiotoila 0TkasaThes OT ero HaMePCHHA OCTABWTbL 3AHATHSA HAayKod M no-
CIyXHAa TROBOAOM Hanucauus «MartemaTHueckux Hayan HaTypanbHoii HuAOCODHH» —
aHaMeHHTLIX «Principia», ¢ KOTOPHIX HAYA1aCh COBpeMeHtan Pu3uka.

B nuesme Tyxka npanilibho yKasad nokalateds —2 B 3akowe TAroTeHuss (s Principia
Heloton nuwer, 4to Bpen, Iyx u [anneit Hesasucuymo Apyr OT Apyra HaUIM, 41O TPOTHil
sakon Kenaepa coortsercTsyer sumenuo stouy noxasareao). Kpome sakona Keaazpa, Fyk
cchitaetca Ha HaGawoaeuns Fanqed o6 oTcraBaHMd MARTHHKOBHX HaCOB npH NOOHATHH HA
ropy Cs. Enendt. B nucpme yka fBHO ckazaHo, 4TO KaMmeHb IBHMKET Ta e cuaa, KOTopas
3aCTaBJJAfALT NAAHOTHl ABHTATbCA MO KEMIECPOBHIM 3/AMHIICAM; KPHTHKYA HapHCOBaHHYIO Heio-
ToHOM cnupanb, Fyk yTBepxAan, uto opOHTOM Kamiial B OTCYTCTBHE COMPOTHBJCHHA BO3AyXa
OyAeT <3KCUCHTPHUECKHA AAHNTOHAY.

HpioTon 1CTONIKOBAA 3MAMNTOMX KaK 3/JHNC It 3auuTepecoBascd, Kak [yk nawesa opbury.
[Mocne Goabwmnx TpPya20B.eMy yAasoch A0KA3aTb, YTO OpGHTA ACHiCTBUTENBHO 3aHNC (Kak
npu nafesud Ha 3eMmdaio, Tak u BHyTpu waxTe). Jlokasarespcrso 6uso (i ocraercs) croas
TPyAHHM MaTeMaTH4eckH, 4T0 HeloTton npuwen K 3akaiovedun, uto I'yk ¢yTeep:aan Goasuue,
Hexean 3Hal». B paavhefiwleM oOH HHKOraa He ccblgancsi Ha nucbMo Iyka. B nuceme
k lanneo o csoeit auckyceny ¢ Iykom HbioTon fan onucaHue pasHHUM MEXKAY M0AXOIaMH
MaTeMaTHKa # GH3MKa K ECTECTBO3HANMIO, OCTAOUICECH AKTyadbHuM H ceroaus: «Mare-
MaTHKH, KOTODble BCC OTKPHLBAIOT H YCTAHABJAMBAOT H NPOAS/LIBAIOT BCK paGoTy, AO/KHH
BOBOABLCTBOBATLCA POJILIO CYXHX BBIYMCAHTENCH H ucpHopabouux; Apyroil, KoTopulll Bcero auwb
BCG CXBATBIBACT i Ha BCC NpPeTEHAyeT, npucsausaeT cele Bce H3OGPETEHHA KAK CBOHX MOC/e-
JIOBaTCﬂeﬁ, Tak H CBOUX MpEAlEeCTBEHHHKOBY,

[yk 6pocan craasuuie wapst ¢ Bucothl 10 M it yTeepxaan, ut0 Habaio1an cicresa-
THUECKOC OTKJIOHCHHC HA IOrO-BOCTOK (YTO MPAKTHUECKH HEBO3MOMKHO H3-3a Kpafieidl MajloCTH
5TOTO OTKJAOHEHHS MO CPABHCHKIO ¢ a’poiHuaMuHuecKHMit s dextamn). B orcyrcrsne compo-
THBJACHKHA KaMeHb BHYTPH WaxTH B OAHOPOANONl 3emae noguuuaics Oul sakosy [lyxa
(cma APUTAMCHIA 0PAMO  [PONORIION2ILYD paccroauiio a9 UEeHTp2 QQ\'.'U'), HO cax r)K
BPAL An MOr 06 »ToM 3HaTb. Op6uTa KaMHA B 3TOM caydae — 3AAHAC (B teppawiaomesics
¢ 3emaefi cHCTEME KOOPAMHAT), € UEHTPOM B LEHTPe 3CMAM H MaAd# NdAYOCLEO OKOJQ
400 xm (unouemy?); op6HTA NPOXOAMTCH 3a TO XKe BpeMs, 3a KOTopoe o06aeTaeT 3emano
6.4u3KHil COyTHHK, T. €. 3a noATOpa uaoa (mouyemy?).

3agxaua 2. H3 raser m3mecTHo, 4TO KOCMOHABT JleoHOB, BHIINA B OTKPHTHI
KocMoc, Gpocua k 3emae 3araymiky or knHoxasepu. Kyaa ona monerena?

Peweunne. D10 325342 0 BAUSHMH MGA0C0 BOSMYUICHHA HA4aNbHOrO YCJAOBHA Ha pe-
wenxe, YpapHeuue ABIIKEHHS 0O 3axXOHY BCEMHUDHOIO TArOTEHMA MOXKUO 32THCATL B BHAC
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= —<r/r’% JlBHXeune M KOCMOHNAaBT2, I 3arayllKH NPOHCXOAHT B MJAOCKOCTH KPYrosol
Op6HTH, MOITOMY MOXNHO CunTaTh, uTo re RS, 3amnuem ypasHeHne NBUKEHHS B NOAAPILIX
KoopanHaTax Jlan 3Toro BBCACM OPTH e =rfr U NEPnenANKYIApHuil emy e, Hanpas.icn.
HEIJI BrCpex BAOJL kpyrosoft op6uTh  flcno, uTO e,=(ge,, e.,=—¢e,. Nuddepentnipys
BEANURHY F==re,, MU HaXOAHM f==re,-}-reeg, F=re,+2rqe,+ rge,—ro’e, Cneaosatcan-
Ho, ypaouenue Howrona 8 noaaprvix xKoopduHaTax NPHHHMAET BHA CHCTEMLl ABYX ypas-
HEHIl BTOPOro nopaaxa

F—r@?=—9r 2, rop+4+2¢ =0
BubepeM 3a eammnuy AJAnHel pasuyc kpyromoii opGutet cranuni (06400 xm). Exmnuuny
BpeMenn phifepem Tak, uToGH YraoBasl CKOPOCTh ABHXMelind no opGuTte Ghlla paBHa eaunuue
Toraa neuxenne no opGure onnchizaeTes ¢opmyamn r=1, ¢=/{, u, 3nauur, y==L
Hayaasnue yenosna ans. cTanuns (i KocMoHnasta): r (0)=1, r(0) 0, ¢(0)=0, ¢(0)=1,
Hauyaapnule ycioBus a4s 3araylwiky OTAHYAOTCH AHWDL TeM, UYTO r (0)= — v — ckopocTh
6pocka, T €. Hawalbuas CKOPOCTb 3arAyWIKH OTHOCHTEAbHO KocmonasTa. [lpeanoaoxus,
YTO CKOpPOCTb Gpocka, ckaxeM, 10 m/c. Toraa v=r1/800 (Tak KaKk naura emnuua CKOPOCTH
6.113Ka K NepBoil KOCMHUECKOH CKOPOCTH, T €. COCTaBAaseT npumepHo 8 km/c),

Beasiunna 1/800 magsa no cpasHernio ¢ 1, mosToMy M A0JKHU HCCICAOBATHL BAHANNRE
MQAOZ0 N3IMEHEHUA HAYAALHO20 YCA08UA NA HCBO3MYyennoe pewenne r=1, p=1{, [lo Tcopeme
o -anddepeRuHpyeMOCTH 10 HAUATLHOMY YCJAOBHIO, peuleHie,
61H3KOE K HEBO3MYLICHHOMY, HuleM B BRae r==l-4ri+ ...,
¢={+¢ =+ .,, rie TO4KH O03HaYAOT Manbe nopaAlka uvl.
[Moacrasaas ati supaxenus 8 ypasHenua Heiotona ¢ y=1 u
oTGpacHBan Majnie nopsiaka vl, noayyaeM ypasHuenul 8 eapua-
yuax

H=3r+2¢, ¢ +2r=0.
: 1+2m o2 Pue. 78. [lestxeune aaraywksy

Peuienite ypasuenuii B BAPHAUHAX € HAYAJbHBIMHK yCAOBHA-  OTHOCHTEALNO CTANLMH.
MH  3araywkn (r} (0)——(p| (0= (0)=0, r. (0)= —v) aerxo
HafTH, 3aMeTHuB, UTO ¢.+2r. =0 M, 3HAYNT, 1= —ry. DTO pelenne HMeeT BHA fy= —uv sin{,
¢1=2v(l—cosf). Ilo Teopeme o AnddepenunpyemocTss, HCTHHIOE pewWenne ypasHenui
Helotona otanuaercs or nafiaensoro manumit nopsaka v’ (opu ne canwkoM 6oaswux f).
Crien0BaTenbo, 3araywKa ONNCLIBAET OTHOCHTEILHO KOCMOHABTa saaunc (pue. 78) ¢ no.ay-
ocAMH v # 2vu. Hawa eaunmnua namiw — paguyc opGurth, a wv=1/800. 3na-mr, L.ETHHY
noayoceRt 3MaHnca COCTaB.AT oKolo 8 W 16 Ku.

Bravane saraywka aBnxercs BHu3 (K 3emac), HO 33TeM HauuiiaeT o6ronsaTb KOCMOHABTA
1 yxoaut na 32 kM BRepeld no opGHTe: NaKoMeln, OHA BO3BPAUIACTCHA CBEPXY, ONUCaB npie-
MEPHO CTOKHJOMETPOBHI 31IHNC KaK P33 32 BPEMA 01HOro o6opoTa CTauuun no opGure.

PasymceTcst, B 3TOM pacueTe MW npeneGpergit DEIHUNHAMI ROPAANA 0%, M Ha CaMOM
Rene ABHKEHHE 3arayWKH OTHOCHTEIBNO KOCMORABT3 He GyleT NepHOAHYECKUM (BHTOK Ne
3aMKHeTCH, ‘MPHYEM NOrpewHocTs Gyner nopaaxka 1/800 or pasmepa saaunca, T €. 3araywka
nponeTHT Ha paccrosmin nopsaka 10 M oT crammmn) Mu npeneGperan TakKe MHOTMMN
s¢dextamn (CBETOBHM AaBJeHHeM, OTAHHHEM HAMPABJCHHA 6POCKA OT BEPTHKAIM, OTAHUHEM
OpGUTH CTAHUHH OT KPYFOBON K T. L), A2OMHUMH GOJblIHE NOTPEIINOCTH.

-B. B. Deneuxnil, #3 ysaekareabnoit Kuura KoToporo <«Oucpkit © JABIKCHHH KOCMH- -
ueckix neGecuux teas (M.: Hayka, 1972) saumcrBoBana 3aiaua o 3arayuike, 3ameuaer, 4to
aarﬂymxa BpAX JAH Guana BHaAHa Ha Pa3cCTOAHHUN - Goavuse K{aomerpa, a HEPDHM KHJIOMCTD

3A7MNCa ouenb GAMIOK K mpsmoil, nostoMy JleoHos yBiaes, Kak Gpomennasn um 3araywka
noaereaa npamo K 3emane.

5. TepmuHoaornueckne 3ameuvanitst. PaccmoTpennble BHINE YpaBHEHIs
H CHCTEeMBl HHOTAA HA3BIBAOT HOPMAALHGLMU WU PA3PEUIENNBIMIL OTHOCU-
TeAbHO cTapuiiy npou3soduetx. B 3ToM Kypce HHKakHe ApYyrHe ypaBHeHHS
H CHCTEMBI He paccMaTpPHBAIOTCH, TaK 4TO TepMUH ypaBHEHHE HJII CHCTEMA
BEerga O3HauaeT HOPMAJLHYIO CHCTEMY HJN CHCTEMY, SKBHBAJEHTHYIO HOp-
MaabHOR (Kaxk, Hanpumep, cucteMa ypasHennit Heotona (5)).
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@PyukunH, BXoAsillHe B MPABYIO YacTb CHCTEMBI, MOIYT 3ajlaBaThcs pas-
HbIMH crnocob6ami: sIBHO, Hemmo, napaMeTpHYecKH M T. I

Mpumep. 3anuch x?=x ecTb cOKpalieHHoe 0GO3HAYEHHE ABYX Pa3HbIX
RnddepeHUHaIbHBIX ypaBHenuil, X=+/x U x=—/x, ¢asoBbIM npocrpan-
CTBOM Ka)K[Or0 M3 KOTOpHLIX CAYMHT noaynpsamas x=0. 2tu’ ypasHeHus

ry - z » ‘ .
W////i\\\\\ Puc. 79. Hurerpaivuue xpu-
BLIC ABYX ypanucggn‘a. ofbean
3 -

HCHHMX-3AMICHIO X=X,

3aJal0TCst ABYMSi Pa3HLIMH BEKTOPHBLIMH MOJSIMH, TJAaikKuMu npy x>0
(puc. 79).
[py nesiBHOM 3aXaHil NpaBoil YacTH cAedyeT BHHMAaTeabHO OTHOCHTbCH
-~— TK BLIAICHEHHIO ~ee ~06JacTH onpeneseHisi H ™ OCTEPCraTbCsl  ABYCMbICACHIBIX
ofbo3HavueHuil. :
Mpusep. Ypasuenues Kaepo uaswiBaerca ypashenue x=xl—f(x).
Ypasuenune Kaepo

=xt—x%/2 (6)

€CTL KpaTKas 3anich ABYX pasblx AuddepenunaapiblX ypabueusii, 3ajian-
Hulx npu x<C £2/2. Kaxnaoe u3 HHX yKOBJCTBOpPSIET TeopeMe CyLleCTBOGAHHS

¢ z Pue. 80. Hurerpaasnue kpu-

BLIS ABYX YPaBHCHUL, 3anucan-

& / HLIX BMECTE B BMIC YPALuCHHA
Kaepo.

H e[HHCTBEHHOCTH B oGJacTi moj napaboJoit, x<<f2/2 (puc. 80). Uepes
KaXkaylo TOuKy 5Toil 06sacTH NpOXOAsAT ABe KacaTeabHbie K mapaboue.
Kaxknasn kacaTeabHas COCTOHT H3 ABYX noJyxacaTtesabHsiXx. Kaxas noaykaca-
Tebliash — HHTErpajlbHan KpuBast OJHOrO U3 ABYX ypaBHeHHIl, 0GbelHHCH-
uuix dopmynoit (6).

3agzaua 1. Hceaczosate ypasuenie Kicpo x=xf— x>

3ameuanune. [lpu ncenenopanun ypasHenuii, npasasi 4acTb KOTOPHIX
3ajaHa HesABHO, T. e. ypashennil suga F (¢, x, x)=0, yacTo GHBaeT NOJE3HO
paccMaTpHBaTh 3afaHHOE 3THM ypaBHEHHEM foJe HanpaBJeHHll He Ha mJjoc-
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KOCTH ¢ KoopauuaTaMmu (f, x), a Ha nosepxHocTH E B TpexMepHOM mpo-
cTpaHCTBE ¢ Koopanuartamu (f, x, p), saganuoit ypasnennem F(f, x, p)=0
(puc. 81). - ‘

Sto TpexMepHOe NPOCTPANCTBO HA3bLIRAETCA NMPOCTPAHCTEBOM l-cTpyii *)
dynkunit. Ero Touki — 3TO BCeBO3MOXKHEIE HEBepTHKaJdbHblEe (T. €. Hena-
panfejbHile OcH x) HanpasieHusi BO BCeX TOuKax mJaockocTH (£, x). Touxa
(t, x, p)— sTo uampaenaenue npsmoii dx=pdt B Touke (f{, x). l-dopmMa
a=dx—pdf 3anact . OMHCaHHUYIO
HHXXE KOHTAaKTHylo cTpykrypy B 1P Kosmoxmuaa
mHorooGpasuu 1-ctpyil. Bekroper,
NPHJIOXKEHHbIE B TOYKE TPEXMEpPHOro
- npocTpaHcTBa CTPYll, Ha KOTOpHIX
atra ¢opma ofpauiaeTcs B HyJb,
cocTaBasioT niaockocrb. Ona Haswl-
BaeTCA . KOHTAKTHOW  NAOCKOCTbIO.
KoHTaKTHas nJIocKoCTb BEPTHKaAbHA
(comep:XHT Hanpas/JeHHE OCH p).
Bce KoHTakTHble nIOCKOCTH 0o6GpasyloT
noae KOHTAKTHbLX NAOCKOCTed B mpo-
CTPAHCTBE CTPYil, OHO H Ha3sblBaeTcsl
KORTaKTHOU cTpyKTypOLl.

Ipeanonoxkum, 4To NMOBEPXHOCTH .
E, 3apalomas ypaBHeHHe,. MafKas :f.‘;éxosc:;aﬁ:ﬁfg."mb E w cacau  wouraxTiux
(370 yciosHe BBHINOMHEHO AJA Yypas-

Helufl F=0 ¢ F o6wero nonoxenusi}. Paccmorpum mnpoextHpoBaHHe mno-
BepxHocTH E Ha mAoOCKOCTh ¢ koopauHaramu (f, X) mapaniesisHo p-Hanpas-
nennio. Touka Ha NOBEePXHOCTH HasbiBaeTcAd pezyasnpuoli, ecan B Heil
KacaTenbras IJIOCKOCTh NOBEPXHOCTH HE BepTHKajabHa (T. €. He cojep-
KHT NPAMYIO p-Hanpasaequs). B OKpeCTHOCTH PEryJspHOi TOUKH NpOeK-
THpOBaHHe — JubdeomoppuamM (mo Teopeme o HesiBuoil ¢Qyuxumn), a
NoBepXHOCTL — rpatux ruaakoit ¢yukuun p=uv(f, x). Ira pynkuua sapnaer
nudoepennnanpioe ypapuenne x=uv(f,x) (B OKPECTHOCTH NPOEKUHH pac-
cMatpuBaeMofl perynsipHofi Toukn). B Ty ke TOUKY NJOCKOCTH MOLYT
NPOEKTHPOBAThCA APYrHe TOUKH MOBEPXHOCTH, peryasipubie win ner. Kax--
N0 peryssipHoit TOYKe COOTBETCTBYET CBOE MOJe HanpasjeHuit Ha IJIO-
cKkocTH M cBoe auddepeHuuancioe ypasHenue; B ypaBHeHun F=0 o6benn-
HEHbl BCe 3TH paanuunble AuddepeHunanbHble ypaBHeHHS. o

PaccMorpum B peryasipioil Touke noBepxXHOCTH E KOHTaKTHYIO MJOCKOCTD.
Ona mnepecekaeT KacaTeJbHyl0 MJOCKOCTb Mo mnpsmoii. Takum o6pasom,
B OKPECTHOCTH pery.sipHoil Touku Ha E BO3HHKaeT NIaAxkoe Noje Hanpas-
JieHH#i — nosie cJel0B KOHTaKTHBIX nJockocteft, OueBuaHa

Teopewma. [Tpu npoexruposanuu nosepxnoctu E, sadanrod ypaste-
Huesm p=u(t, x), Ha naockocTe (I, x) 80046 OCU P noae c2ed08 KOHTAKTHOLLX
nrockocred wa E nepexodur 6 noae nanpasaenudi ypasuenus dx/dt =uv (4, x)
HA naocKocru. :

*) k-crpyefi dyuxunn naswsaerca ee muoroune Tefnopa crenenn k.
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CaencrtBue JYxazannoe npoexruposanue nepesoduT UHTE2Pa.lbHbIE
Kpusole noan caedos Ha E 8 unrezpassmele Kpussle ypasHerHus Ha naoc-
KoCTU,
Kacarenbiiags niaockocTh nopepxuocTit £ B HepPeryAsipHEIX TOUKaX BEpTH-
kaavua. Ho oma Bee PaBHO MOXeT [lepeceKaTbCcd C KOHTAKTHON 1L.loC-
KOCTbIO 110 NpsiMoit (Ans nobepxuocTu E ofuiero nonoxenusn noatoe copnaie-
HIIC KacaTeJbHOIl NJOCKOCTH € KOHTAaKTHOH GyAeT JHlUlb B OTACABHLIX HCK/IIO
YITeABHBIX TOYKaX).
B oxpecTuocTH HEHCKAIOUHTEJLHOR HeperyApHOil TOYKH Ha nobepx-
noctu E caenbl KOHTZKTHBIX MJIOCKOCTeil 3apaloT rAalkoe roJe Hanpabie-
Huil. Taknm o6pa3oM, noje CJIeflOB KOHTAKTHBIX MJOCKOCTEH Ha 1OBEPXHOCTH
T~ ETIpOAOANACTCH B NEHCKADUNTE/IbHEE HEPEryasipHble ToukH. [lpogoaxentoe
noJie Ha3bIBAGTCR Ho4es Hanpasaenull ypasuenusa F=0 na E, ero unterpans-
Hbie KpHBBIC HA3blBAIOTCH UHTezpaabHoimu kpusbimy ypasHenus F=0 na E.
IMpoekuii KycKoB 3THX KPHBBIX MEX1y HeperyJApHbIMH TOYKaMH Ha nJjoc-
KOCTb (¢, X) IOKAAbHO ABJASIIOTCH HHTErPaJbHBIMH KPHBLIMH COOTBCTCTBYIOUWIHX
ypasHeHud dx/di=u(f,x) (B _LEiOM_3TO-HEBEPHO,-NAIKE-CCAH-HEPEryAnp-
HLIX TOYEK HeT!).
Ilepexoa ot anockocTH K noeepxHocTH E uacto OuiBaeT MoJe3eH Kak
-Aas Kecae40BalNst, TaK H s peiieHHsA ypaBHEHUSA.
3azaua 2. Hafivu wunterpasbuue wkpusHe ypamienua x'=! ua noBéproc‘rn
pP==f it X NPOCKUHH HA MIOCKOCTb (f, Xx).
-Pewenne. 3a roopauuarot na E npumem p u x. B 37THX Koopaunarax ypasicuue
CIeA08 XOUTAKTHWX mNiotkocTed (dx=p dI) npunnmaer Bua dx=2p'dp. Hurcrpaibuue
kpusuwe: x4+ C=2p'/3. }x npoesuni — noaykyGuyeckue
napaboau (x+C)’=4/'/9 (puc. 82). Heperyaspuue Touxu

ofpasywor Junuo p==0, Bce onH HeucKIOUHTEIbHLIC,
[Mpoexunst AMHUM  HEPEryJARPHLIX TOMCK NA NAOCKOCTH

”

s {f. x) wuazusacrcAa Juckpusunantnod Kpusod. B panuom
Pt CIyuac AHCKPHMHHAUTHAA KPHBAA ~— OCh X.

P4 :p Touxa so3ppata geanr noayky6iueckyo napaboay Ha
—=T ase  uacr, Kaxias H3  HHX — HHTErpPaabuaR  KpHBaA

L4 OJHOrO H3 ABYX Yypasucuali :=\/T (u.m—\ﬁ) 8 no-

Prc. 8. 11 aynaockoeri {3 0. Moo noxkaszate, uTO npoexkuluH Ha
. B2, OCKUIH &

Kpibiax, POBKUIM MUTETPATBHUX  ponokocTs  MHTErpAALHMX KPHBWX Ha £ Aas  ypanHesus

OGWero NOA0KEHUA WMCIOT B OOulell TOMKE AHCKPHMHNAHT-
HOt KpHDORA -ro«ncy po3spara (Goace TtOro, B oxpecruocru TAKOH TOUKM YypasHcHMe [pH-
BoanTCR K BHAYy «% ==/ AuddeoMopduimar naockocTH (L, x)). OAHAKG 370 BEpHO HE AR Beex
ypasucuni,

3anaua 3. Haith murerpaibuune kpusue ypasHenus Kiepo x=1x—f(x) ua nosepx-
woeT x=pf —f (p). ux npoexunu na naockocts (f, X) H AMCKPHMHHAHTHYIO KPHBYIO.

Peweunc. 3a koopanuare na E npunnmaem p i f. YpaBHeHHC €1e10B KOHTaKTHHX
niockoctell (dr=p df) npuunsacr suz tdp+pdl—{ dp=pdl nan ({—})Ydp=0. Hepe-
ryaspuue Touxn: {=f Bce oun uckuountelbuwe. Hurterpaisume kpuswe na E: p=const
(8 oGaactu, rac £]). D10 npassie. Jlx npoexuun #a nAockocTb (¢, X) — Takike npauue:
x=1C~f(C) ¥Ypasicie Kiepo — 310 npocto ypasHerue cexedcrsa npamelx, 3arxapm«erpu-
300AHHELY TAHSEHLOM Y2AQ KAKAOHZ K ofu abryuce

LuckpuMuuanTHad KpHBAR napaMeTpuuecki 3333CTCH ypapHeuuaMu {=J (0), x=I(C—
—[(C). B oxpectuocT# TOoukH, rae fYz%0, sti opuyan 33312107 raalKyi0 KpHBYK, R2I1Ri0-
wywocd rpadukoM  Qyukung x=g (). JeiicTeuTeabHO, BOAu3M Toukd, rae [’ 0, moxuo
swpasute C ucpes f u 3atem x uepes f. [Ipaman x=(C—f(C) xacaeTca AHCKpHMuuayuTHOM
Kpusoll B Takofi Touke (nouemy?) Hrak, JuckpumusanTHaR Kpusas ypasrenua KAepo a84R€TCA
ocubaioujedl CemcicToo NPAMBLX, ONUEKEOEHO20 ITUM YPABHEHUER. :
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Mepexoa or dynkuun [ K Oyuxuny g HasWBacTes npeobpasosasuen Jlemardpa.
-Tlpeo6pazosannen Jlexanapa dyixkunn g Oyaer cwoBa [ (mokamure). IMosromy dyuxuun f
1 g nasunasotcs dsoicTaennviamu Opyz dpyey.

3anaua 4. Buuncauts npeo6pasosaune Jlexanapa ¢ynkmm |pi®/a (> 1).

Oreer. 111%/B, rae a~ -4 p~'=1.

Tcomerpuuecknit emuic npeo6pasoBanun Jlexkannpa cocTonT B ¢1eayoueM. Pacemorpum
MHOJECTBO BCEX HCBEPTHRANBHHX (HE RIPaATeILHHX OCH X) RPAMBIX Ha [AOCKOCTI
(¢, x). Tpasan 3anaetca csonM ypamuenneM x=al—b. Takuu oGpasom, HCBEPTHKAJILHLIE
npAMUe MOXHO PaccMaTpPHBATh KaK TOUKN Ha MJIOCKOCTH ¢ koopaiaramu (a, b). Ira
NAOCKOCTH HA3bIBaeTea AB0UCTBEHRON K UCXOOHOM NAOCKOCTU. Koop:umaru a u b nasusawnTcs
TAHZEHYUAALHUIMY KOOPOUHATAQ ML NPAMOTL.

Maockoctb, ABolficTBennast K Miockocti (a, b) ecTb ncxoAnas miockocete (f, x), BBHAY
noauoll cuMMerpun ypasHennsi x-Fbd=af otnocureabno 3amenu (4, x) +> (a, b): npamaa ka
NAOCKOCTH NMPSIMBIX €CTh TOYKA HMCXOAHON NIOCKOCTH.

PaccMoTpum na naockoern (£, x) raaakyio kpusylo, x=g {f). Kacareabnan K 310it kpusoil
MCHFICTCA NPH ABILKCHHHM BROJAb KpuBoil. COOTBETCTBYIOWAA KACATEIbHON TOUKA ABORCTBEM-
HOfl MIOCKOCTH ONHCHLIBAET NPH 3TOM HEKOTOPYIO KPiBYI0. DTa KpHBas na3uBaercs dB0HCcTECHAOL
K ucxodnod xpusod. Kpusas, RBORCTBCHHAR K ROCTPOcHnoil,— ucxoanan xpusasa. Ecan ann
ucxomnofi Kpupoit g” =0, To nBoficTBeHnan kpusan ABAACTCH rpaduKoM (pyuxulm b={(a).
Oyukunn | u g — npeoGpasosanusa Jlexanapa apyr apyra.

Jloxasatennctao 3THX dakxTos (uMeowuX  MHOroyHcAClnte oGoGulenust M . mpiaoKe-
HHA BO BceX 061acTAX MaTeMaTHKi) OCTABAAETCA AI0G03HATEIBHOMY YHTATENO B BHAE
3afauit.

§ 9. dasoBbie KpHBLIE ABTOHOMHOIT CHCTEMbI

3aech paccMaTpHBAIOTCH NpoCTeliiuiie reoMeTpHuccKue cBofictsa ¢aso-
BHIX KPHBHIX ABTOHOMHHX CHCTEM, T. €. CHCTeM, FIPaBHLIC HACTil KOTOPHIX Iie
3aBHCAT OT BPEMEHH.

1. ABTOHOMHBIE CHCTEMBI,

Onpenenenne Cucrema anddepenunatbiubix ypasHennii nassi-
BaeTc Q8TOHOMHOU, e€cJit OHa TMepexoaHT B celGsi NpH NPOH3BOIBHBIX
CABHrax BAOJAL OCH BPeMeHH.

MubiMn cnoBamy, cucreMa Ha3biBaeTCsi aBTOHOMHOI, ecaM ee mnpasas
yacTb He 3aBHCHT OT Bpemenu. Hanmpumep, aBTonomHoe ypapuesne n-ro
nopsijka — 3T0 ypaBHeHue

A= F(x, ..., 527N : .

3ameuanne. [lpd omicannn 3BOMOLHOHHBIX npoueccoB Anddepen-
LHAJAbHBIMH YPaBHEHHAMH OObIUHO BO3HHKAIOT HMEHHO aBTOHOMHbIE CHCTEMbI:
HE3aBHCHMOCTb NpaBoii yacTH OT { OTpaaeT HE3aBHCIIMOCTb OT BPEeMEHH
3aKoHOB npupoaLl (6e3 uero HEBO3MOMHO HayuyHoe ee H3yuenne). TepMmun
«aBTOHOMHEI» 0313aYyaeT «CAMOCTOATENbHEII» 1l OTpakaeT He3aBHCHMOCTh
3BOJIOLHH COCTOSINHS pacCMaTpHBAEeMoil CHCTeMbl OT BceX apyrux. Heasro-
HOMHbBIe CHCTEMBbl BO3HHKAIOT NPH OMHCAaHHH NPHPOALI uallle BCEro Cheaylo-
wHM o6pasoM. [IpeanosoxiuM, 4TO ME paccMarpiBaeM uyactb | ¢uaHueckol
cucremut 411, Torpa, xoTd 3akoH 3BOMIOLHH BCefl CHCTEMBI CO BpeMCHEN
U He MenseTcs, Bansume uacth 11 Ha yacte 1 Moxer mnpuBecT# K ToMy,
4TO 3aKOH 3BOJIIOLHH yacTH | GyleT MeHATbcA CO BpeMeHeM.

Hanpumep, ansanue JIyne Ha 3eMam0 BLI3LIBAET NPHANBLL MaTeMaTiueckn
370 BAHAHHE BLIpAaXKaeTca TeM, UTO BeAHUHNA YCKOPEHMS CHJbl TAXECTH,
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BXOAAILAA B yPABHEHHE NBHIKEHHS 3EMUBX OGDLEKTOB, CTAHOBHTCH MCpe-
MEHHOH. ‘

B Takux cayuanx ropopsr, uto BeledenHas yactb | Heasronomna. [Tostomy
H BCe CHCTeMbl, NpaBasi HaCTb KOTOPhLIX ﬂ‘BHO 3aBHCHT OT BpEMeHH, Ha3bl-
BalOTCA HEaBTOHOMHbIMH. PasyMeeTcs, HeaBTOHOMHbBIE CHCTEMBI MOTYT MOJYy-
YyuTbCA H B APYTHX CJIyuasix, HampHMep, B npoilecce npeoGpasopauil
TpH pelleHHs aBTOHOMHBLIX cucreM. IIpuaep: mepexod K 1eaBTOHOMHOMY
YPaBHEHHIO C PA3ACAAIOUIHMHCS NEPEMCHUBIMI OPH HHTCTPHPOBAHHH CHCTEMbI
Jlorka — Boabreppa (n. 7 § 2).

3anaua |. ABTONOMHO Ji ypaBuenwe B BAPHAUHAX QA MaAOrO BO3MYWEHHF petle-
HHA aBTOHOMBOMN CHCTeMH npy MaloM H3MCHEHHH HauyaJdblUbIX yc!lOBHI'I?

Orser. Ecan HEBOIMYUICHNOE peuleHne —— COCTOANNE PaBHOBECHS, TO ABTOHOMHO, B obulen
caydae — HeT,

2. Caeur no Bpemend. HaumeM ¢ npumepa. Paccmotpum aBToHOMHOe
ypasiienle n-ro nopsika

=F(x, x, ..., s=N), (1)

Teopewma. lpednosoxun, uro x=sini — pewenue ypasuenusn (1),
To20a_(yHkyua x==cos { — TOXCe peuiexue.

D10 cpasy caelyeT H3 CaeAyIOUIero npeisoikeHisl.

Teopema. [Tycts ¢: R— U — pewenue aBTOHOMHO20 YpagHeHUR
x=v(x), 3a0aHHO20 6eKTOpHbLiL noiem v 8 ¢pasoson npocrpancrse U,
u nycre h*: R— R—cdsue ocu spemenu, h’(t)=s-+t. Tozda ¢oh*
npu A1060s S TOXMe peuleHue.

Hubimu  caosaun, ecan x=¢ () — pewenne, T0 x==¢({-}s)— TOKE
pellexHe. ’ - .

JoxkxasaTeabcTBso. 310 OUEeBHAHO: NOJe HANPABIACHU{ ABTOHOMHOrO
ypaBHeHHA nepexoiHT B ce6a nNpH CABHraxX BROJb OCH BpeMeHH, Cjielo-

. BaTelbHO, HHTErpa/bHble KPHBLIE NEPEXOAAT NPH TAKUX CABHTAX B HHTeEr-
panbible KpHBble.

Caencrosue Yepes kaxdyo Touky (asoB0zo npocTpancTea asToHOM-
HOU cuctenst npoxodur o0Ha u TOAbKO Oo0HA (a3zoean Kpusas.

Samevyanne 3iecb H HHXKe BCIOJY HAET peub O MaKCHMAJbHbLIX
(a30BLIX KpHUBLIX, T. €. 0 ()a30BLIX KPHBLIX, sIBAAOuUINXCS obGpa3ami pelie-
HH, HenpojosukaeMulx na Gosee AMuHHBIT HHTepBaa (peweHne ¢: [— U
MOJKET HC Npojoasarbc AHG0 notoMy, 4ro HHTepBaJ [ yxe Besd npanmas,
aubo notomy, 4ro ¢ () noaxoaut K rpaHuue oGiaacru U, korxa { noaxoanr
K KONUY HHTepBaJa). ' )

JdokxaszateabctBo caeacTBsusd [Ipexnonoxkum, yto yepes Toy-
Ky NPOXOAAT ABe (ra3oBbie KpiBbie — oGpasnl peiienuil ¢ U P, onpeaesensix
Ha Bceil npaMoil (cayyail, Koraa peuleHusi He IPOJOJKAIOTCH HEOTPaHHYEHHO,
ocrapadeTcs uutateaio). Torla cymecTByiOT MOMEHTHL BpeMeHH a H b,
Takne, uto ¢ (a)=y (&) (7. k. o06e KpHBble NPOXOAAT Hepe3 OAHY TOUKY).
CaBuras oauo H3 pelieHHil BAOJb OCH BpeMeHH, Mbl MOJAyd4acM HOBOE
peuenue, @oh®~%. D10 pelwenne HMeeT ¢ peuleHHeM P oGuiee HauyajbHOe
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_ycaosue npn {==>b. 3uaunt, onn cosnagaior. Caegosatenbto, | noayuaercs

3 ¢ CABHrOM BOJb Ocn BpemeHit. Hrak, o6pasnl oroGpaxetnil ¢ u ¢ coena-
ARI0T, 4TO H TPeGOBANOCh JI0KA3aTh. .
3ameuanne. Pa3zoBbic KpHBbIE HEABTOHOMHOU CUCTEMBI- (06pa3sm

‘pewennii B $a30BOM APOCTPAHCTBE) MOrYT NepeceKaTtbesi, He CoBnaias.

[osTomy 3a peienHsiMIl HEABTOHOMHBIX CHCTEM JIyUile CJIeAHTH 10 HHTErpab- -
HLIM KPHBLIM. N . )

3aaaua 1. INycrs yepe3s Kaxayio Touky (Ga30BOro MPOCTPAHCTSA CHCTEMEI x=o(f, x)
npoxoanT ojaHa M TOJILKO O1Ha q)a30985! Kpupan. C.-'lc,'xym' Al H3 3T0r0, HTO CHCTCMA
apToHoMia? .

Orcer. Her, npumep: x=1-4-1%.

3. 3amknyrtnie dasosnie kpustie. Mp yxe 3naeMm, uto pasuible (hasonuie
KPHBbHIC aBTOHOMHOI CHCTeMbl He nepecekaiotcs. [TocMOTpHM, MoOXKeT JH ne-
pecexarb ce6s oaHa dasosan kpnsas. UHbIMH ciaoBaMu, MOXET Au peuieHne
ABTOHOMHO{1 CHCTEMB! NEPBOrO MOPSJAKA HECKOJBLKO pa3 NpPHIHMATb OAHO
I TO e 3HaucHHe.

Teopewa. Makcunarsnan pazosan Kpusas asTOHOMHOIE CLCTeMbL ALLEO
He caxmonepecexkaercs, aAubo ceodurca Kk 00HOR Touke, AuGO A8AAETCA 3AMK-
nyrod ¢asosoi xkpusold (Jugpeosnophroti oxpyxcnocrit).

C npnMepaMu 3aMKHYTHIX (Pa30BBIX KPHMBBIX MBl YX€ CTA/JKHBAJMHCD (na-
npHMep, mpejc/bible LHKAB, cM. §2).

Joka3aTeabcTBO TeopeMsl OCHOBAHO Ha CJEAYIONLHX YeThpex JeMMax.

Jlemma 1. Pewtenue ¢ asronosnol cucremsr nepgoeo nopadra, dsaxcdot
npunsguee o0no 3naderue @ (a)=¢(b), b> a, moxno npodoaxcurs Ha
8010 oco apesenu, 8 sude nepuoduueckoeo orobpancenua M ¢ nepuodon
T=b—a. . .

JokasaTteancTBO, BcsKoe s 0O1HO3HAYHO NPEACTABHMO B BHE S=
=nT-o0, 0<<o<T. Tonoxuy <D(a+s)-—¢p(a+o) Torpa @ — pelenne
nepuopa T, copnajaminee ¢ @ Ha otpeske [a, b]. Meficteurtenvuo, @ comna-
JaeT €O CABHIOM pelleHis ¢ B OKPeCTHOCTH Kax\non TOUKH 1, 3HAYUT, CAMO
AipasieTcs pewteHneM (o Teopeme m. 2).

IMoayuenHoe pellleHHe MOXET HMETb, Kpowe T, npyrue nepuoas. Mayunm

 MHOXeCTBO BCEX Nneplonos oroﬁpamemm npfmou

Jemma 2. Muoxecréo ecex nepuodos ai06ozo oTobpaxenus
npsstofi agaaerca nodepynnoli epynnst R,

HoxasateabcTtso. Hucno T AeasieTcs nepHogon otoGpakeHus f,
ecast H TOAbKO ecan cABHr mpasmoii ua T nepesoant f B ce6a. Casurn,
nepesopsimie f B ce6st, o6pasyoT noarpynny rpynnet Bcex casuros. MGo
ecaH ABa casura nepesogdat [ B cebs, TO H HX npousseieHie, H obpart-
Hble HM CABHIH TepeBOAAT [ B cels.

3ameuyanne ITO pacCyKAeHHe MMOKA3bIBALT TaKMe, UTO eC.al KaKas
YrOAHO rpynna feflCTBYeT Ha KaKOM YFOJHO MHOXeCTBe, TO Bce mpeoGpa-
30BaHisA IPYNNb, OCTABJASIOLIHE Ha MecTe QHKCHPOBAHHBIl 3JeMEHT MHO-
ecTna, o6pa3yioT NOArpynny HCXoAHOI rpynnsl. 3Ta NOATpyNna Ha3blBaeTCa
crayuoHaprol epynnoti GHUKCHPOBAHHOrO 2JeMeHTa.

Jlemma 3. Muoxecreo scex nepuodos HenpepolgHoz0 0TOOpPaXCHUA
RPAMOL 3aMKHYTO. '

4 B. H. Apnonsa
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HoxasaTteabcTno. Ilyers nocaenosatenphoctb nepuoaos Ti oto-
Gpaxeunst f cxoputen K uucay 7T, Torpa f({+T)=lim[({+T)=limf({0)=
=[ () npn moGom .

Wrax, munooxecreo ecex nepuoéoa Henpepolérno2o orobpascenus npamol
A64ReTCA 3aMKRYTOL nodepynnod npamol.

Jlemna 4. Beakan samkuyras nodepynna G epynnot 6eujecT8CHNbIX
qucea R ectv aubo R, aubo apugpueruuecxan npoepeccusn, obpasosannasn
yeablaiu KpaTHoiMi HekoTopoeo uucaa, aubo {0}

JdoxasateabernBo. Ecm Gz£{0}, 10 B G eCTb NONOKUTEAbHLIE
sacementn (Bmecte ¢ ¢ B G Bxoant — /).

Boamoxubie-aBa-caysan:

I} B G ectb ckoab yroano Ganskie K 0 NONOMKHTE bl JICMCHTLI;

2) paccrosnrs oT 0 10 BceX MOJOKHTEABHLIX 3JEMCHTOB rpynnst Gosb-
llie HEKOTOPOro NOJOXKHTEABIOr0 MHCJA.

B nepsom cnyuae G copepixiiT apHdMeTHYECKHE NIPOFPECCHH €O CKOJb
_YroAno MajabiMil Da3HOCTAMH, CJCAOBATEIbHO, 3aeMelThl .G _ecTh B JioGoil -
OKDECTHOCTH J0Gof Toukn npsmoil. Ilockoasky G samkuyra, G=R. Bo
BTOPOM cCJyuae paccMOTpHM Ouxaiwnili K ¢ NOAOXKHTENABHDIT 37JeMeHT
‘T rpynnet (OH CyuiecTByeT, TaK Kak rpynna 3aMkuyra). Apudmernucckad
nporpeccHs HeaHX KpaTuulx azementa T npunapiexur rpynne. Jokases,
HTO HHKAKMX APYrux saemelToB B rpynme uer, Hellcrsuteanto, moGoe
Apyroe uncno { npeacraBiMo B Buae nl-471, rae 0<t<<7. Ecan (=G,

10 {—nT=1<T — N0J0:KHTEJbHLI 3/I€MEHT
&, FPynmbl, BONPeKH MHHHMaJAbHOCTH saementa T

3apaua L. Halitw Bce 3amknyTtue noarpynnul
1) naockoctu R, 2) npoctpanctsa R°, 3) oxpyxuoctis
S'={zeC: |zl=1)

Orger. 1) u 2) — mpAMble cyMMUI 3aMKHYTWX ROArpyan
npamoii (puc. 83); 3) npaBuabHLIC #-YrOAbHHKK, 06pa3Q-
BaHNLe KOpuaMM ctenend a 13 1, u S'

i | ay

Puc 83 3Jamkuytan noarpyana
NIOCKOCTH

O6veanusn nemmul 2, 3 1 4, MU 3akmaouaes,
YTO MHOXECTE0 BCeX NePUOdO8 HernpepoléHo20
nepuoduseckoeo orobpaxequn npanot aubo co-
CTOUT U3 BCeX 4eablx KPATHLIX O00HO20 HAUMEHbUIee0 nepuoda, auGo co-
crasaner ecio npasmyro (Toria oTolpaskcHue — KOHCTaHTa).

B uacrnocrn, pewrenne @ aemmbt 1 mi6o nocrosiHo (H TOraa coor-
BETCTBYIOUast asoBan KpHBast — fI0J10JKeHHe paBHOBecHs ), ANGO HMeeT HaH-
Menblnid nepnoa 0. Onpenennm otoGpaikene A OKPYKHOCTH HAa (a30Byio
Kkpusylo dopmynoit A: (cos «, sin a)> O (ad/2n). Iro orobpaxcuue A
onpeaeaeno, Tak kak @ umcer nepnoa 0. A auddepenwipyeMo, TakK
Kak @ — pewtenne. OrtoGpaxcn#e A B3aMMHO OZHO3HAUHO OTOGpPAaXKaer
OKPYHOCTh Ha ()a30BYI0 KPHBYIO, Tak KakK @ He MOKET ABAXALI MPHHATD
OJLHO 3HaueHie BHYTPH HauMeHbulero nepuoaa (no semme 1I).

Tponseonnan A no o BCIOAY OT/AHYHA OT HY/S, HHAYe PEHICHHE OPHHH-
Mano Ool 3HaveHue, sBJsIOLLECCA TNOMOKEHHEM paBHOBECHS, H TOFAa RO
TeopeMe eRHHCTBEHHOCTH Guiio Gt Koncrantoil. 1o Teopeme o HessBHOR DYHK-
un, A aokaabHo middeomopdno otoGpakaer och o Ha a6pas @ B dasosom
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npocTpancTse, T. e. Ha $Ha30Byio Kpusyio. 3naunT, oto6paxenne, o6pathoe A,
‘aupdepeiupyemo, 1. e. A — anddeomopdusm.
" Teopema nokasana.

HesamknyThie ¢aszonbie KpHBLIE, XOT H HE MOryT CaMONepeceKkarhcd,
MOTYT CROXHBIM 06pa3’oM HABHBATLCA CaMH Ha ce6A.

3anaqa 2. Haftn 3amukanus $a3osHx KPHBHX ABOfiHOro - ManATHUKA, x.——x,.
Xa== —2xs.
Orger. Touxa, oxpyxuocTn o Topsl. Cu. § 24 u § 25, n. 6.

§ 10. npousnonﬂaa no HanpasaeHuio Bemopuoro noas H nepsbie
HHTErpans

Milorie reoMeTpHuecKHe MOHATHA MOXKHO OMHCHIBATH ABYMS CrocoGaMu:
Ha f3blKe TO4eK MPOCTPAHCTBA HAM Ke C NOMOLLBIO "@yHKyud, 3afaHHBIX
#a nem. Takas ayaan3auus 4acTo OKa3biBaeTCHA NOJE3HOR B CaMbIX pa3HbiX
OTAe/aX MaTeMaTHKH.

B uacTHOCTH, BEeKTOpHbIE MOJA MOXHO ONUCHIBATH HE TOJLKO C MOMOLLBLIO
cxopocTefi ABIDKeHItI, HO 1 Kak Oudpepenyuposanun Gynkuni, a ocHOBHBIE
TeopeMbl TeopHH AHGbdCpeHUHANbHBX yPaBHEHRI MOXHO ccpopmynnponau
B TEPMHHAX NEPBHIX UHTEZPANAOS.

1. Hponzpoanas mno nanpasjennio Bektopa. [lycTs v — NpHIOKEHHBIH
B Touke x oGaactn U pektop, u nycts [: U— R— auddepenuipyemasn
¢yukunst. [lyers ¢: [I—U — kakas-1u60 napaMeTpuH3oBaHHAA KpHBaf,
BHIXOASILAS H3 X CO CKOPOCTbIO o, Tak uto @ (0)=x, ¢(0)=v. Bo3unkaer
cKkBo3noe orTofpaxeHve uHtepsana [ BellecTBeHHON

ocH B BeulecTsennyio ock, fop: [—R, (fep)(f)=f(p(f)), — R
T. €. pculecTBeHHan YHKUHA BEULECTBEHHOrO nepe-. e
meHnHoro ¢ (puc. 84).
Onpenenenne. Hpouaaoduou dyuryuu [ no v %
I 0

HAnNpasaenuIo 6eKTOpa v HA3bLIBAETCA NPOHM3BOAHAN
noctpoeHnoll GyHKUHH B HYyJE."

dro wicno obosnauaeres uepe3 Lyf (L —B 4eCTb  puc a5, mpoussosnan
Codyca JIu). Yro6ul onpappaTh 3TO onpejeneuue, fny'g":xm{n": uanpasae-
Hano MNpOBCPHTb, HTO MOAYYEHHOC YHCJO 3aBHCHT
TONBKO OT BEKTOpa ¥, & He OT CHEUHANLHOro BHGOpa KpHBOR . 31‘0
BHANO, HanpHMep, H3 BLIPAKCHHA NPOM3BOAHON NO HANpasJCHHIO uepes
KOOPAHHATH: MO npasuay AudepeHunpoBanna CA0KHOR GyHKiinH

N B ’ n
) d of
/ va—ﬁl ’=Di°?=z 5}" v,
- lend

rae NPOH3BOAHGIC GEPYTCA B TOUKE NMPHJIOKEHHS BEKTOPA: 3AeCh X; — KOOP-
QHHATHl B OKPECTHOCTH 3TOH TOYKH, U; — KOMMOHEHTHLl BEKTOPA CKOPOCTH
B 3TOM CHCTEME KOODAMHAT. '
To xe camoe MOXIO BHPAIHTH HHaye, CKa3as, lrro L.f ecTb 3uavenue
3-bopmut df Ha BekTope v,

4*
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3axaua 1. Buuncanth mpou3BOANYlO (YEKHMH H N0 HanpaBAeHHI BeKTopa

Z (oo o _oi o )-

Opi d¢; 9q: Op:

Orger. 0.

2. Mpousponnas no HanpapieHnio BekTopHoro moas. ITycTb Temepb v —
BeKTOpHOe noJje B obaactu U.

Onpeneaenne. Ifpoussodnod ¢ynkyuu f: U—~ R no nanpas-
ACHUIO noas v HasbiBaetcsl Hosasi ¢ynkuus L. f: U— R, 3nauenne Koto-
poil B KaXJofi Touke X PaBHO NpPOM3BOAHOH (YHKUMH [ MO HanpasjeHHIO
nplmomeuuoro B Touke x Bekropa mnoas: (L f)(x)=L,f. Pyuxuus

L,f nasuiBaercsa Takxke npoussoduoi JIu ¢yukuuu f.

[Tpusep. IlIycTh v=0/dx; — Ga3ucHoe BEKTOPHOE Noje, KOMIIOHEHTH
KOTOpOro B CHCTeMe KOOpAHHAT (X1, ..., X.) pasubl (1,0, ..., 0). Toraa
L f=40f/dxi — yacTHaa npousBonHas GpyHKUHH f.

*Tlpenocrtepexkenune. [Ilpn pabore ¢ yacTHBIMH MNPOH3BOLHBIMH
HYXHO TBEPJAO MNOHHMAaTb, YTO B CaMOM HX OGO3HayeHHH KpoeTcs ofac-
HOCTb: YacTHasi NPOH3BOAHAS-(PYHKUHH-f-BO-Xy-33BHCHT-HC -TOABKO-OT -TOr0,— -
Kakast (QyHRUHs B paccMaTpHBaeMoil 061acTH MpHHATA 3a -KOOpAHHATY
‘X1, HO B eme OCoabluefi Mepe OT TOro, Kak BHIOpaHbl Mpoulie KOOPAHHATHI.
Hanpumep, Ha naockoctu ¢ KoepauHatamut (x, y) 4HacTHAA NPOH3BOAHAsN
0f/0x ¢yHkuuH y paBHa HyJIO0, HO yacTHasi npou3soanas df/0x Toil xe
$YHKUHH TOUKH IUIOCKOCTH MO TOM ’ie mepeMeHHoll X B cHCTeMe KoopaHiar
(¥, 2), rae z=x+y, pasta —1. Caemosano 6u mnucatb 0f/9x|,_ consts
6f/axlz=const

IMponssoanas GyHKLHH MO HANPaBJEHHI0 BEKTOPHOIO MOJS JHLIEHA yKa-
3aHHOTO HEAO0CTaTKa YacTHOH NpOH3BOJAHOI: 3TO reoMeTpHUeCKHil 06beKT, Ho
CaMOMY CBOEMY OTpe/e/IeHHIO He 3aBHCAUIMH HH OT KaKoil CHCTeMbl KOOp-
auHat. EcaM raagkuwe dyHkuua [ m noae v 3apaHs, 10 L f — Bnoane
onpenenendas ¢yskuua (kaacca €', ecanm f u v knacca C). Hubinn
CJ10BaMH, ecau AudpeoMopdHaM NepeBONHT HA HOBOE MECTO BEKTOPHOE Toje

OYHKIHIO, TO TNPOH3BOAHAsl nepeHeceHHOH (YHKLUH NO Hanpab/leKHio
NepeHeceHHOro noJjs COBNAjAdeT C MepeHeceHHeM NPOH3BOAHOI HCXOMHOIM
GYHKLHI MO HanpabB/JeHHIO MCXOJHOTO IoJst. 3TO CBOIICTBO oncpauuu AHd-
depeHUNpOBaHHsA MO HalpaB/eHHIO Ha3blBaeTCs ecTecTseHHOCTor. Ilpyrie
npHMepEl eCTeCTBEHHLIX OlNepalliil — cjoKenHe H yMHOXXeHHe QyHKuui, ¢10-
JK€HHe moJeli H ymHOoxkeHHe (YHKHHI Ha noJe.

3. CpoiicTBa nponssBoaHOi HO HanpaBJjennlo. 31eCb Mbl ONATb 3aiiMeMcs
¢dopmanusaunueil oueBuaHHX (axros. O6o3HaunM yepes F MHOKECTBO BCEX
G6eckoHeyHo pHd¢epenuupyembix ¢ynkuuit f: U—~R. 310 mHOMNeCTBO
HMeeT €CTECTEBEHHYI0 CTPYKTYDY BCIICCTRCULOrO AticfiEoro HpocTpancisa
(rak kak caoxeHHe QyHKuHil coxpanseT aHddepeHUHPYEMOCTh), H Aaxe
Ko/bua (TaK Kak MpoH3BefeHHE GeCKOHeuHo RH(depeHUHpyeMbX (QyHKIHIT
anddepeHnnpyemo), uiM, aydiie ckazaTb, R-aare6pul (Koabua, Aasi sJeMeH-
“TOB KOTOPOTO ONpeAeNeHo YMHOKEHHE Ha YHeaa, ynomemopmomee OGLIYHBIM
TpeGoBaHHUsAM).

Tlycth v — Geckoneuso mudpepenunpyemoe Bemopﬂoe none 8 U. Ipons-
BoAHaA ¢yHKuWH 43 F 10 HanpaBAeHHIO MNOJIA ¥ CHOBA MPHHAAIEKHT
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F (3pecb cymectseHHa Geckoneunasi auddepennnpyemocts). Mrak, andode-
peHuypoBaHHe NO HanpasJeHHIo noJs v ectb oTtobpaxenue L,: F-—>F
anreGpel GeckoHeyHo Anddepenunpyemblx ¢yuxunit B cebsa. Paccumorpum
HEKOTOpbIE "CBOIICTBA 3TOro OTOOpaxKeHud:

I L(f+g)=Lf+L,g 2 L,(fe)=fL,g+gL.f:
3. Ly, ,=L,+L; 4 L,=fL; 5 L[L,=L,[L,

(F 1 g — raazkue GyHKINHA, 4 H U — IMAJAKHE BEKTOPHbLIC N0As),

3apnaua 1. Hokamxure ceofictBa 1~5, kpoMe TOro N3 HHX, KOTOpPOE HEBEPHO.

TepMunHoaoruuecxoe samevyanue Aare6pancTut HasbBaoT
oToGpaxeHHe (KOMMYTATHBHOrO) Kojblla B cebf OQuggepenyuposanues,
ecan oHo o6snapaer cpoiicTBamH | u 2 oro6pawxenna L,. Bce anddepen-
UHHPOBAHHA Koablua o6pas’yoT #00yab HaA 3THM KOJAbUOM (MOAYJIb HaX
KOJ/blOM — o6ollienne JuiHelinoro npocrpaHctea uaa R: sgemeutsl mo-
Oyas MOXKHO CKJIAAbBAThb MCXKAY €000 H  yMHOXKATh 12 3JIeMEHTDL!
KO.1b114).

Bekropuble monss B U ofpasyor Moayab Haa R-aareGpoit F ¢yHkiuil
B U. Cpoiictea 3 n 4 osnauaior, yto omepauus L, nepesoasiuasi noie v
B audipeperunposaune L,,— romomopdusm F-moayasn noaeft 8 F-moayib
seex aHpdepenunposannii aare6pnr F, CpoficTBo 5, €cin oHO HMeeT MeCTO,
o3nayaer, uto anddepeHunpopauna L, u L, KOMMyTHPYIOT.

3anaua* 2 fsaserca au romomopduam L usonopdusmom?

AHanHMTHKN Ha3biBaloT otobpaxenue L, auneiinsis 0duopodnsts dupgpe-
PEHLUAAbHOIM OnepaTopos nepeczo nopadka. DTO Ha3Bamie OGbsICHSeTCH
TeMm, urto, cornacio 1 u .2, omepatop L,: F->F R-anneen. B xoop-
IHnHatax 3TOT onepaTtop 3anHcelBaetcst Tak: Lo=vid/dx;| ...
<. +0.0/3x, Bblllle MBl H CaMO BeKTOpHOE NOMe ¥ 0GO3NAUMAN TAKHM JKe
cumMBo0oM (cTp. 59): moje uacTo OTOXAECTBJAIOT C ONCPAaTOPOM mupq»e-
PEHILUPOBAHHNS BIOJbL Hero.

Ananornunwniii L, onepatop npouapoaHoit JIi B0ab BEKTOPHOro mMoJs
U MOXHO OnpeleiTb He TOILKO AMa (yHKuuil, HO AI8 NPOH3BOJBLHLIX
AnddepenunanbHo-reoMeTPHYECKHX OO BEKTOR, nepenocHMbiX AHddeomopdtis-
Mami  (BexTopubX nojed,, ¢opM, TeH3ODOB) — RPOH3BOAHAS KaXKIOTO
o0bexta OyreT oGbeKToM TOil e npupoabl. ®paunyssl Ha3bBAWOT one-
‘patop L, mpoussopnoil prifaxa: pnlifak CHJIHT Ha MecTe H andepes-
UHpyeT O6BbeKTH, MPOHOCHMEIE MHMO Hero (ha3oBBIM NOTOKOM.

4. Anre6Gpa JIn pextopupix nogeli. CBoficTBO 5 17151 BeKTOPHBIX MOJICH
u H v sHnoJseHo He pceraa. Hanpiumep, ana noseil u=0/0dx n v=xd/dx
Ha OCH X lIMeeM .

LuL,=8/3x+x 8°/0x®, L.Lu=x %/axt.

3anava 1. Jdokaxute, uto andpepenunasbruit oneparop L L, —L,L, — ne sroporo
MOPAAKA, KaK 3TO KaXKeTcs Ha RNEPBHLIl D3rIA4, a NePEOro; LL,— LbLa=L‘, re ¢ —
HEKOTOpOe BCKTOpHOE 10.e, 3aBHcAlLee OT nonefi au b. -
. Onpeneancune. llone ¢ nazuBaerca Kommyraropos uan ckobroid IMyaccona none
an b u o6Go3navaerca (a, bl.
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3angaua 2. JlokaxinTe Tpi CBOMCTBA KOMMYTaTopa:

1. [a, b-+Ac] ={a, b] + 4 {a, ¢}, Ae=R (auueiinocts),

2. [a, b}4-[b, a}=0 (xocoCHMMCTPHUHOCTD).

3. {la, b}, c}+{[b. €}, a]-+{c, a), b]=0 (roxaecrso SHkobu).

Onpeaeactne. Jlngelinoe npoctpaHcTso ¢ GuHapHOi onepauiei, oé:la,:alomeu CBOICT-
samu 1, 2 u 3, nasusaerca aseebpoi Jlu.

Hrak, sextopeie noas ¢ onepayuell Konnyruposanus obpasyior arebepy Jlu. Iva onepa-
A cToan ke QyHiaMeHTaJbHa Ans BCell MaTeMaTHKH, KaK CJ0KCHHE H YMHUOXKEHHE.

3aaaua 3. HokaxuTe, YTO TPEXMEPLOC OPHCHTHPOBAHHOC CBKINAOEO RPOCTPANCTBO
cranosutcs aareGpoit JIn, ecan onpeiennTs ONEPANKIO KaK BEKTOPHOE NPOII3BCACHHE.

3apaua 4. Joxaxure, TO NPOCTPAHCTBO KBAaAPATHLIX MATpPiIl NOPSAKA R CTalo-
BHTCA aareGpoit JIu, ccau onpeaeantb onepaunio xkak AB— BA.

3anaua 5. OGpasylor an anre6py Jin CHMMCTPHUNHEC MaTpPHUB € TAaKoA ke onepa-
uici?” KococumMerpHucckuce?

3aagaua 6. 3Has KoMNOHEHTH NOaeit @ M & B HCKOTOpOil CHCTeME KQOpAHMHAT,
HANTH KOMDOHEHTH HX KOMMYTaTopa.

Orager. |a, b} .'=Z a; ab.-/ax,-—-bi 6{11/3X,~= Lab.-—Lba;.

3anaua 7. Ilycrs {g'|— ¢azonuit notok noas a, {'}— noas b. Hoxamxure, 4ro
ROTOKIH KOMMYTHDYIOT (g'h’=h°g") Toraa it TOAbKO TQrA3, KOTAQ KOMMYTATOpP moJcil pabeH
HYJO. i

N 3axaua 8. Ilyers a — noae u\opocreu “ToueK rena, BpaIlalouleroc ¢ YrJaoBOWi

CKOPOCTbIO @ BOKPYT TOYKH 0'p R3. Hafitu KOMMYTATOD ROJCH &, dp

Orger. |a, ag]l =a,, rae pextopuoe npousscaeune ¢ n f.

5. Tlepewe nuterpaast. IlycTb v — BekTOpioe mnoje B oGaactn U,
[: U-R — nupdepentpyeman pynxuis.

Onpeneaenne. Dyukuns [ HasbiBACTCA NEPEuIM UHTE2PAAOM YPaAB-
Henist x=v (x), ecal cC NPOH3BOAHAA NO HANPABIEHHIO N0 ¥ PABHA HY.IO:
L f=0.

CrpaHnoe HaiMeHOBaHHC nNepBulil HHTErpajd 0CTajoCh OT TeX BpeMeH,
KOTJAa ABlTafnCh PEIIHTL Bee And depenunaibibie ypapieHusa NyTeM HHTerpu-
posaunsi. B 1e Bpemena unrerpason (Mt HacTHLIM HITCrpasioM) Ha3LIBAAH
TaKXe TO, YTO MLl TCHepb HasLBaeM pelieHHeM.

Crenyuuie ABa CBOiCTBA NEPBOrO HHTETPana OYCBHANO 3KBHBAJCHTHH
cootnowennio L,f=0 u moran Gul OulTb NPHHATHL 32 €r0 ONIpeAcacHHE.

N2
ZINS

Puc. 85. ®g3opas kpunas UEAMKOM JIEHUT Ha Puc. Cucrema  Ges
CAidil NOBIPXHOCTH YPOosuA hulerpana, nepsmx umerpa 108

I. @yukyus | nocrosanna edoss kamdozo pewenua ¢ I-U, 1 e.
xao/cda}z ynryua f o ¢ nocroanna.

‘2. Kamdaa ¢asosan kpusas nois v npunadsexcur oduom Y U TOAbKO
00HoMY muoogectey ypoena gynxyuu f (puc. 85).

Mpumenp. Paccmorpnm cicreMy, (asoBHM NPOCTPAHCTBOM KOTOPOil
AIBNACTCA BCA NJIOCKOCTb, X)=X|, X2=2X2. Qa3zosbie Kpusble (ayud) Hao-
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_Gpaxensl na puc. 86. Ilokaxes, yTo 3Ta CHCTEMA HE HMEET HH OLHOrO
NEepPBOFO HHTErpaaa, OTJHYHOrO OT noctosiHHof. JleficrBuTeNbHO, NepBbI
HHTErpaj — HenmpepelBHasA Ha' Bcefi MJAOCKOCTH (yHKUHS, MOCTOANHAsA Ha
KaXAo0M Jayue, BHIXOAAUIEM H3 HAyala KOOpJAHHAT, cJAefoBaTe/lblo — Mo-
CTOAAHHAf, -

3apaua Hoxaxmre, 4TO B OKPCCTHOCTH NPEACIBHOTO LHKAZR BCAKIH I‘lepBHH
HHTErpan nocrosmeu

3anmaua 2. Mps kakux £ cuctemMa ypasueHui x,—x.. Xy=kxy wa BCeli MAOCKOCTR
MMEeT HeMOCTOSIHHM NepBHit nurerpan?

Orger. [Tpu £<KX0 (cm. puc. 30 na crp. 33).

3anaua 3. JokaxuTe, 4TO MHONKECTBO BCEX MEPBHX HHTErPANOB HAHHOTO NOAR
ofpasyer aareGpy: CyMma B HPOM3BEACHHE MEPBHX HHTErpanos — nepnuu HHTErpaJf.

. Henoctosanubie nepsuie HATErpa/ibli BCTPEUAIOTCS peako. 3aTo B TeX c.ny-
Yasix, KOTJa OHY eCTh H KOrJa HX yfaercs HaiiTy, Harpaga GbiBaeT BecbMa
3HAYHTEbLHOMH.

NMpuwmep. Iycrs H — m{q)(pepenunpyemaﬁ (r>=2 pa3s) oynkunsa 2n®
nepemMenusiX (py, ..., g.). Cucrema 2n ypasuennit py= —0H/0q;, gi=
=0H/dp:; na3mBaerc cucrTemoi kanowuueckux ypasreunuli IamuirsTona.
(FamuabroH moxasan, uto AuddepeHuHanbible ypaBueHust GoNbIIOro yucna
3afad MeXaHHKH, ONTHKH, BapHaUHMOHHOrO HCYHCJACHHA H APYrux obaacreit
. eCTeCTBO3HaHHSI MOXKHO 3amucatp B TakoM BHAe). Pyuxuns H naswipaetest
. pynxyueis Famussrona (B MexaHike 370 OGBIYHO NMONHANA SHCPTHA CHCTEMBI),

Teopema (3akon coxpaueinn sxneprunt). ynxyua Famusvrona agan-
erca. nepevlM UHTEZpaAOM CUCTembl KaHoHuweckux ypaswenui Famursrona.

,U.‘oxasa'renbcnzo. -

L= (M5 2 )= L[5 (5wl

4710 H TpeGoBa/OCh,

6. Jloxanbubte nepsbie uHTerpanst. OTCYTCTBHE HENOCTOSIHHBIX MEPBBIX
HHTErpanoB CBA3aHO C TOMOJOrHUCCKHM YCTpOIlCTBOM (Da30BLIX KPHBBIX.
B ofuem cayuae dasoBole KpHBHIE He YK/IAALIBAIOTCH B LEJOM HA NOBEpPX-
HOCTH YPOBHA HUKaKOIl (GyHKUHH, TOITOMY HCIOCTOAIHOrO NCPBOro HHTErpana
1 Het. OZHAKO JIOKAJIbHO, B OKPECTHOCTH HEOCOGOH TOUKH, ()a30BLI€ KPHBLIE,
YCTPOGHBI MPOCTO M HENOCTOSIHHLIC MepBble HHTErpasbl CYLEeCTBYIOT, ‘
, Hycts U — obnactb B n-mepuoM npoctpancrse, v — Anpdepenunpyemoe

BexropHoe nosie B U, xo — Heoco6as Touka noss (v (xe)#0). .

Teopewna Cywecrsyer Takas okpecTHocTd V TOouKu Xo, 4TO ypas-
Henue x=uv(x) 8 V umeer n—1 (ynkyuonasbHO He3aGUCUMBLE nepsbldl.
uureepan, fi, ..., fa—1, npuden atoboi nepsoill unteepar ypasrenusn e V ecto
dynrkyun or fr, ceer fr—to

[HaGop m cpymuum QPYHKYUOHANBHO He3asUCUM B OKPECTHOCTH TOUKIN
Xo, €CAH PaHr NPOM3BOMHOM B TOouke Xxo OToGpaxkenna [: U—R™ sazan-
HOPO STHMH (YHKUHSIMH, paBen m (cm., Hanpumep, T'. M. ®Puxrenroasu,
Kype andpdepenunansnoro u lmrerpanbﬂoro necuncrennsa.— M.: Havka, 1970,
T. I, ra. 6)]
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JokasaTeabcTso. Jlna craunapthoro ypasHenus B R* g =1,
ga= ... =f,=0, 3TO OUEBHAHO: MNepBble HHTErpaibl — JOGHE TNaAKHe
(YHKWIH OT Y2, ..., §a. TO e BEepHO AAA STOTO YPAaBHCHHA B JIIOGOIN BHIMYK-
J0it obdacti (06saacTb Ha3kBAeTCHA BLIMYKJOI, ecaH BMecTe ¢ JIOGHIMH
TOUKAMH OHA COJCPHT COCIHHSUOWHIl HX oTpe3ok). B Buinyknofi ob6aact
Mo6oil HHTErpas CTalgapTHOTO YpaBHEHHA CBOANTCA K GYHKIUHH OT Y2, ..., Ia.
Beskoe ypaphenne B noaxojsiieil OKPecTHOCTH HeocoGOil TOUKHM 3amiichl-
BacTCA B MOAXOAAWNX KOODAHHATax y B cTahAaptiHoM Buae. OKpecTiocTb
3TY MOXHO CYlTaTh BHNYK.I0H B KoopAHHaTax y (ecaH 3TO He TaK, 3aMeHHM
MeHblleil BLINYKJO(1).

Ocraetcss 3aMeTHTb, YTO KaK CBO/CTBO (YHKHHH ObITh NEpBBIM HHTEr-
paJjoM, Tak 1 (QyHKUHOHAJNBHAST HE3aBHCHMOCTb,  OT - CHCTEMbl—KOOpAHHAT ——
He 3aBHCAT.

3aaavya 1, TQpusemnte npuMep o6nacTH, B KOTOPOil CTaHAapTHOE YypaBHCHIE
HMeeT [epBLIT HUTErpPad, He csoAAlnica K QyWKWIM OT Y2, «.y Ya.

7. Tlepsrie HuTErpantl, 3aBuCAlLHE OT BPeMEHH. Iyers f — nuddepenun-

”p)e\xaﬂ GYHRLIS Ha  paciiHpesHHoM (a30BOM ™ NPOCTPAHCTBE ~ypaBHEHus ——

x==v{l, x), Boobiuie roBops, HeaBTOHOMHOTO,
Coc*ramm aBTOHOMHYIO cHCTeMy, (ha3oBble KpHBbLIE KOTOPOH OYIAYT HH-
TerpaJbHbIMi KPHBBIMI HCXOAHOTO ypaBienusa. Jlnst 3TOro pacuupum ypas-
liedie, 106aBHB K JaHHOMY YPaBHEHHIO TpH-
BHabHOE ypaBHeHHe f=1:
U X=V(X), X=(tx), V{ x)=(,0).
Onpenenenue Oyuxuus [ pasuipaercs
3agUCALUM  OT BPEeMEHI HepBblM UHTE2paA0M
ypapuenusi X=v(f, X), €A OHa ABARETCA NEp-
¢  BBIM HHTCIDAJIOM pacllifpeHHOr0  aBTOHOMHOrO
Puc. 87  Huterpaasusie Kpusue ypaBpueuisa (puc. 87).
Ha NOBepPXHOCTH YPOBKA RNEpPBOro Hubimnn caosamu:  kaxcdas uHTeepasbHan
ameTpaAs,  SBHCALIETO oT BPE  kpusas UCXOOHO20 YPAGHEHUS AEHUT 8 OCHOM
MHOXCECCTBC YPOBHA (DYHKL UL,

.BekTtopuoe noae V B uyab He oGpainaercs. ITo teopese n. 6 g okpecr-

noctu Kaxcdoil ToukW pacwiuperiozo (as’os020 NPOCTPAHCTEA YpasHeHUe

=v (!, X) UMEET CTOALKO (YHKIUOHAALIO HE3ABUCUMBLX NEPELIX UHTE2PANLOB
(3asucaujux oT GpeMeHlt), KaKoGa pasrepHoCTs asosoco MPocTPARCTSa
(411010 KOMNOHEHT BeKTopa X); npuuesn KawOuud (3asucsuyull or spement)
nepoull uHMTEEPAA BLIPANAETCA depe3 ISTU  CHeyuasvHole 8 YKA3AHHON
OKPCCTHOCTU.

B uacTHoCcTH, aBTOHOMHOE YypaBicHle C - mepubm ¢$a3oBLIM npOCTpal-
CTBOM HMeeT B OKpecTHoOCTH Jololt (He obs3aTeabHo Heocoboit) Touki
3aBHCALWMX OT BpeMell ¢GYHKUHONAILHO HC3ABHCHMLIX NCPBLIX HHTErpas’ios.

[Mepsbin nuTerpanon Axddepenunasbioro ypasHeHHs (Wl CHCTEMbi)
Ao6oro nopsaKa Ha3blBAaeTCs MepBblil HHTErpan SKBHBaNEHTHON CHCTEML!
nepBoro nopsjka.

Sazxaua 1. Jokamure, uto cucrema ypasHenni Heiotona r= —r/r® usmeer nepauil
nuTerpas, KoTopuiil B MOASPHLIX KOOPAHHATAX 3anuckBaeTca B BHAe r’g (r&R?)
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JtoT unTerpan, HasuBaeMull CeXTOPUAIHOL cKOPOCTH0, OTKPEA Kemnep w3 nabawaennh
3a psmxkenueM Mapca («sTopoil 3axon Kenaepa»)

3apaua 2. JloKaknTe, 4TO CEXTOPHAALHAA CKOPOCTH ABASETCA NEPBHM MHTErPaioM
ypaBseHHs r==ra(r) npn noGoM suae GYHKUHH a.

Cuaonoe nosie Buaa ra (r) nasuBaetcs yenrpassuoim. [lpeaviayumias 3axaua nokasuisaer,
noueMy W3 BTOPOro 3akoha Kensepa nenp3s u3Biedb 3aKOHA BCCMHPHOTO TATOTEHHA: HYXKeH
TpeTHil.

3anaua 3. Jlokaxure, uTO NnpH ZBHMKeHHN B J06OM UEHTPATbHOM MOJe B -TPexsep-
HOM MPOCTPAHCTBE KaXA27 H3 KOMNOHEHT BEKTODHOFO NpOM3BeAeHHs [r, F] ABJaseTcs mepaby
HHTEerpaJaoM (‘33KOH COXpaHeHHA MOMEHTA KOJAHYeCTBa JJ.BH)KQHHS!»)

3anaua 4. -Joxaxure, urto ccam Qynkuna FamnapTouna He 3aBHCHT OT qi, TO pr—
nepsulit uHTerpan ypasHenuii Famuantona.

3apaua 5. [lpeanonoxuM, yTo Kaxaoe pelueHHe ypaBHeHHS x=v(l, x)c n-MepHuy
(}a3oBbHIM NMPOCTPAHCTEOM MOXHO NPONGMANHTL Ha BCI och f. JloKaXHTe, uTo Takoe ypas.
HeHHe HMeeT BO BCeM pacuiupeHHoM ()230BOM NPOCTPAaHCTBE n (GYHKWHOHAJILHO He3aBHCH-
 MHIX NMEPBHX HHTErpanos (3aBHCAULIX OT BpeMeHH), 4Yepe3 KOTOpHe BCE €ro (3anucsulHe-
OT BpeMeHH) nepBHe HHTerpann (GyHKUHOHATLHO BHPaXKaloTCA.

§ 11. Jluneiinbie u KBa3uJAHHeiHBIE ypaBHeHUs
nepBoro nopsjaka € HacTHHIMH MPOH3BOAHLIMH

YpaBHeHHA € 4aCTHBLIMH NPOM3BOZHLIMH H3YdeHB! [Opa3fo Xy:Ke, HeM ¢
OGLIKHOBEHHHIMH. TeopHio ORHOrO YpPaBHEHHS C YaCTHHIMH NPOH3BOAHLIMH
MepBOTO NOPfAAKa yAaercs CBeCTH K HCCJACAOBAHHIO CMEUHAJIbHLIX OGBIKHO-
BeHHBIX AHddepeHuHabHEIX YPAaBHEHHI, TaK Ha3blBaeMbIX ypasHenud xapak.
Tepuctuk. CyUIHOCTb CBA3H MEXAY YPaBHeHHEM ¢ YaCTHHIMHM MPOH3BOAHLIMH
¥ ypaBHEHHEM XapaKTePHCTHK COCTOMT B TOM, HTO ABHJKeHHE CIJIOWHOMN Cpeatl
MOXKHO OMHICHLIBATH KaK ¢ NOMOLLBIO OGBIKHOBEHHBIX mup@epenuuanbﬂux ypas-
HeHnil ABHXKEIHA ee yacTHL, TaK H C MOMOILLLI0 YPABHEHHS C YacTHLIMH
NpoH3BOAHLIMH AJA noasn. Huxe noxpoGuo pasoGpanst npocreiilulie yacTHbIE
Cy4an NHHEHHbIX H TaK Ha3blBaeMbIX KBa3HAHHeHHX YpaBHEHNI € YacTHBIMI
NPOH3BONHLIMH MEPBOTO MOPAAKA W TaK:Ke MPHBEACH PEUENT PeuIeH!st obutero
ypaBHeHHs.

1. Jluneiinoe opnoponuoe ypasHeinue.

Onpeneaewnne. Junednoisn 00HOpoOHbIM YpasHeres nepaozo nopad-
ka o obaactn U uaswbiBaercss ypasHenne L,u=0, rae a — ussectnoe Bek-
TopHOe mnosie B obsnacth U, a u — HeuspectHast ¢yuxkuns. B xoopannarax

* OHO HIMeeT BHA a\ du/dxi+ ... 4+a,0u/dx,=0, ax=as(xy, ..., X.). Paso.
Bble KDHBble BEKTOPHOTO MOJISi @ HA3LIBAIOTCS XAPAKTepUCTUKAMIL yPaBHEHHs
L,u=0. YpaBnenne x=a (x) Ha3bIBACTCA YPABHEHUEM XAPAKTEPUCTUK.

3ameuanue [lpunaratenvioe «<xapaxTepHCTHYECKUii» B MaTeMaTHKe
BCEr/la 03HauYaeT «CBA3AHHLIH HHBAPHAHTHO» (B AaHHOM Cay4yae HHBApHAHT-
HO OTHOCHTeNbHO BbIGOpA cucreMbl koopaunat). Tax, xapakrepucTHyeckas
noArpynna rpynfist — 570 NOATpPYNNa, nepexoisinias B ceGst Npu Bcex aBTo-
MopdH3MaX rpynne, XapaKTepucTHUECKOe ypaBHEHHE MaTplubl onepaTopa
He 3aBHCHT OT BhlGopa Ga3uca, XapaKTepHCTHUECKHE KJAacChl B TOMOMOTHH
nepexoaat B ce6a npn anddeomophuamax u 1. A.

XapakrepucTHki ypaBHeHus L, u=0 cBs3aHb ¢ HHM MHBAPHAHTHO OTHO-
cutensto nuddeomopdramoB: ecau andheomMoppH3M NEpEBOAHT CTApoOE yPaB-
HEHHE B HOBOC, TO OH MEPEeBOAHT XapaKTEPHCTHKH CTAPOro ypasHEHHS B
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XapaKTepUCTHKH 1OBOTO. MoxHO naxe BHOGABOK YMHOXKHTb floJie a Ha
He obpalaoulyiocs B HYAb BYHKUHIO ~— 5TO HE H3IMEHHT HU pelliendil, nu
xapaKTepuch )’paBHeHHH.

3angaua I. Hauru XAPAKTCDUCTHKA yDaBHEHUA dufdx=y du/dy

Pewmenue i=1, y=—yiy=Ce "

Teopema. Pynkyua u aenaerca pewenuern ypasrenuna Lu=0,
€CAU U TOALKO CCAl OHQ ABAALTCA NeEPBbIM UATEPAAOM yYpasHeHUs Xapak-
TePUCTUR.

HJdokKkaszateabcTBo. 10 ONpeReNCHUE NepBOro HUTErpasna.

HCCMOTPH Ha OUEBHAHOCTD 3TOM TCOpEeMbl, OHA OYCHL MNOJC3Ud, TaK Kak
pewath OGLIKHOBEHHOS YPABHEHHE XAPAKTePHUCTHK Jierde, YeM pewats HCXOA-
HOE ypaBHefife ¢ YACTHBIMII NPOH3BOAHBIMIL —

Ragaya 2. Pewnrs ypasucuue sagauu {

Pewenne. wu=ye* — pewenne, Bce PEUICHHA HCYEPNLIBAIOTCA QYHKUHMAMH OT . 3TOrO.

3agaua 3. Pewuts ypanuenue y au/ax=x du/dy Ha Beell MIOCKOCTH.

Ortger. Pewenus — yukuny ot x>y

_3azava 4. Heucpnusaores AH pewsenys ypamicmm x 0ujox=y Bu/dy ua R? (pym('
unAMH ot xy? - — — —

Ortger. Her, cywecteyer pewenne, pas kotoporo u (I, )eu (—1, —1).

2. 3anauya Kowwn.

Onpeneacuue. 3adauweld Kown pias ypapueuna L,u=0 nasul-
Baercsl 3ajaya o6 onpefesieHun (GYHKUHH £ N0 ce 3HAYeHHsIM Ha AanHoil
riunepnosepxHoctyt  (runepnopepxuoctoio B RY naswiBaercsi (n— 1)-mephan
nosepxsocTs. Hanpiimep, 1 caydae n=2 runepnosepxuocTb €CThb KpiBag,
npH n=3 — oGuluHan MOBCPXHOCTL).

3ajgauuas runeprosepXHOCTb Ha3blBACTCH HAYAALHOL 2UNePo8ePXHOCTbIO,
a sajaune Ha Hell HCKOMOH OYHKUIK — HauaAbHOIM YCaosUueM, U], =g.
DYHKUHA @ HA3BIBACTCA HAHANGHOU HyHKYueld, OHa 3alaHa
Ha Ha4yaJbHOH THNCPNOBEPXHOCTH.

3azaua Kowu te Bcerga umeer pewenue. JeficTBUTCb-
HO, BAOJb KA A0l XapAKTEPHCTHKI 3HAYLHUL ¥ MOCTOANILO.
Ho xapakrepuctiika MoXeT nepecekarb HauasbHYIo oBepx-
HOCTb HCCKO/IBKO pa3 (puc. 88). Ecau siauenna Hauaasuoil
Puc. §5. Hepaspewn- (PYHKUHH B 3THX TOYKAX Pa3JUYHB, TO COOTBETCTBYOL(AA
man zasaa Koww. 3ajava Kowi me mmeer pemeunss HH B Kakoit oGaacrth,

cofepiaulell yKasaHuiyio xapakTepHCTHKY.

Onpenenenne Toyka Ha HauaJAbHON rHNEPNOBEPXHOCTH Ha3bLIBaETCA
HexapakTepucTu4eckoli, ecJai XapaKkTepHCTHKA, NPOXOAALLAR Yepe3 3TY TOUKY,
TpaHcBepcanbHa (He KacaTeabHa) K HayaJbHOR rHMepnoBepXiOCTH.

Teopewma. llycre x — HexapaxkTepucTu4ecKkas TOYKA HA HAYQAA6HOU
2unepnosepxuoctu. Toz0a cyujecTsyer Takasi OKPECTHOCT6L TOHKU X, 4TO
sadaua Kowu 8 9TOl OKPECTHOCTU UMECT pewlcHue, U NpuTosM TOALKO OOHO.

Hoxasarteanbctso. [lo Teopeme O BLIIPAMJIEHHH MOXHO BHOpaTh
KOOPAHHATH B OKPECTHOCTH TOYKH X TaK, YTO mojie @ Gyaer HMeTb KOMMo-
ueutst (1, 0, ..., 0), a HayanbHaA THNCPNOBEPXHOCTH NPHMET BHA X =0,
B stux koopanuarax sagaua Kown npunumaer sug 0ufdx; =0, ujsn-o=¢.
Eanncreennoc b spinykioil obnactu pewenne: u(xy, .., val=0¢ (X, ..., X3)
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3aaava | Pemnrs 3a2aqy Kowmt ul,.e=siny ana ypapHenus Oufdx=y Jdu/dy.

Pewenune. Ha xapaxtepucruxe y==Ce™*; cornacuo Ha‘laJleO\ly YCAOBHO, 4=Ssin C.

Orger. u=sin {e"y).

3aaauwa 2. Kakne Ttoukn mpavoil x=1 ABASIOTCH  HEXAPAKTEPHCTHYCCKHMH 117
ypasuéuna y du/dx=x du/dy?

Orsger. y==0.

Janaua 3. Hmeer au pewenne 3anaua Kouwm ul,_,=y
ra R u canmncrsenno an pewenne?

Otger Pewenne cymecTByeT, HO He eIRHCTBENNO.

? a1a 3toro ypasuenus

3ameuanne. Pewenns ofuikHOBeHHOro muddepennanbHOro ypasse-
HHSI 0GPa3yloT KOHEUHOMEePHoe MHOrooGpasie: Kaxioe peluesune 3aaaercs
KOHEUHBIM HaGopoM uncen (HavaabHBIX ycaoBHil). Mul BuanM, uTo y auuei~
HOTO OJHOPOAHOFO YpaBHEHHS1 C YaCTHBHIMM NPOH3BOJHBIMH NEpPBOro nopsiaka
oTHOCHTEeNbHO GYHKUIN OT 1 NepeMeHHLX <«CTOJbKO peilenui, CKOALKO
cyumecrsyer ¢pynkunii oT n— 1 nepemeHHbX». AHaJOTHUHOE fBAEHHE HMEET
MECTO H AJs oGLHX YpaBHeHUIT ¢ UaCTHBLIMII POH3BOAHBIMIL NEPBOro NOPANKA.

[Mpuunna - cranoBHuTCA sCHON, ecan paccmorperb anddepennnanbHoe
ypaBHeHHe KaK npejes pasHoCTHLIX. Te xe coobparkeHns NOACKa3LIBAIOT, YTO .
AAAl ypaBHEHHS! C YACTHLIMH NPOH3BOAMBIMI BTOPOro NOPAAKA HYXHO 3aja-
BaTb Ha HauaNbHOIl THNEPNOBEPXHOCTH ABe (YHKUHN (3HaueHHs pelleHNs
H ero nNpou3poiHOl MO TPaHCBEpCaAbHOMY HAYAJBHON THNEPNOBEPXHOCTH
Hanpasnenuwo), H T. A. PadyMeercs, 3TH cooGpakeHNsi He-3aMeHAIOT A0- -
Ka3aTenbCTB COOTBETCTBYIOUWIHX TEOPEeM CYIIECTBOBaHMsI H €IHHCTBEHHOCTH
pewennii, 3T A0Ka3aTenLCTBA MOMKHO HANTH B yyeGHHKAX MO TEOpMM ypaB-
HeHHAl € UACTHBIMM TDOM3BOAHBIMM, nanpumep, B knure P. Kypanra n
. TnasGepra, «MeToanl matemaTnyeckoil ¢uanku» (M.: Toctexusaar, 1951)

3. Jluneitnoe HeoRHOPOAHOE ypaBHEHME.

Onpenenenne. Jluseinsism HeoOHOPOOHbIM YypasHeHUEs NePBOZO
nopadka B ob6aactu U HasbiBaercsi ypaBHeHne L u=»5, rae @ — 3apaH-
Hoe BexTOpHOe mone, b — 3ajanHag OYHKUHA, o — HcKoMad  QYHKLHSA
B oGnacti U. B koopamnartnoii sanucn: a,0u/oxi+ .. +a.0u/dx,=b,
rae ar 1 b — u3BecThble HYHKUHH OT Xy, ..y Xno :

3apnaua Kown craButcsi Tak ke, KaK A% OAHOPOAHOrO YypaBHeHHsl.

Teopewma. B Jdocrarourno manoti okpecTHocT a060 Hexapaxkrepu-
CTUHecKOl TOUKI HAHAALHOU NOBEPXHOCTU pezuemze cyuiecroyer u eoun-
CTBEHHO.
~ HoxaszarteabcrtBo. [lpoussoanas nenspectaoll ¢ynxkuun no spe-

" MEHM JBHIKEHHA BAOAL XapaKTePUCTHXKM u3BecTHa (paBna b), nostomy ee
npHpaieiie BLOJb OTPE3Ka XAPaKTEPHCTHKH paBHO HHTerpanxy or b no
BpeMeHH ABHXKEHHHA BAOJL 3TOTC oTpe3ka. Hanpumep, ecau a; =0 8 uszyyae-
Moil Touke, TO yxaaaHHoe npupaulenue - paaHo {b/ai dxy Bponp oTpeska
XapaKTepHCTHKI. : R

3anaua [, Pewnrs 3anauy Kouwn ul,-o—-sm_/ NS ypasHenus 6u/ax-—J Oufdy +y.
Pewenmne, Ilpu usmenenun x co ckopocTeid 1 auawenmue u Ha xapamepucruke
y==Ce™* meHseTcs co ckopocTbio Ce *. CnenoaaTenbno. npupamtente u BAOAL 3TOf xapax
TepHCTHKI NPy maMenenunt x o7 0 o X pasHo C (l—e~*),
. Touxa (X, Y) aexnt na XapaKTepHCTIKe, rxe C=¢c*Y B srofi Touke u=sin C+C (1—e~
Orser. u—sm(e Nty —1) ’

N T ’
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4. Koasuauuciinoe ypapxenHe.

Onpeaeaneune Keasuiuneinon ypasHesues nepeozo Nnopaika
nassisdercst ypagienie L u={0 otHocuTeabHO (QYHRKUUN u, rae «(x)='
=a(x, u(x)), f(x)=0(x, u(x)). 3nccb @ — BekTOpPHOE NMOAC B X-NPOCTPAHCTRE,
3aBicsillee OT TOUKH OCH i, Kak oT napamerpa, b — QyHKLIA B X-IPOCTPaH-
CTBe, TAKAKe 3aBHCALIasi .OT TOUKH OTH u, Kak oOT mnapasmerpa. B koop-
JMEATHON 3aMHCH YPaBHEHHC HMeeT BIA

T Ou- g
a(x, u)-——a:: + ... Fa.(x,u) 0: =b(x, u).
A n

Otanune or auHefinoro ypaBHGHHSI TOJALKO B TOM, YTO KO3(puyuenrst
‘a 1 b MoeyT 3a6uCETL OT 3HQUEHUA HEU3BCCTHOU (PUYHKIUU.
ITpuaep. PaccMoTPUM OIHOMEPHYIO Cpeldy H3 4HacTHIU, ABHXKYLHX- -
Csl MO NpAMO{T MO HHEpPUHH, TaK YTO CKOPOCTb KamAoll yacTHLB ocTaercs
nenzyvennoil. OGo3HaunM CKOPOCTL YACTHUB!, HaxoALLeilca B MOMEHT ¢ B TOU-
ke x, ucpe3 u(f, x). 3amnwenm ypaBhenue HuoToua: yckopenne uactiubl
- paBuo  Hyawo, _Ecan__x=¢({) — ABiXeHIC dYacTHUB, TO q‘)=u (o)
du  Gu. dJdu ' TrommTTTT—
ol Tax T ar ,
nodedcreyiowgux  wactuy YOOEACTEOPSET  KOAZUAUHEUHOMY — YPABHEHUIO
U+ ulle= 0.

- du .
HEOES +ua. Hrax, noae cropocreld cpedot us ressau-

3aaaua 1. Tloctpouts rpaduk powenns B mouent f, ecam m=arcctg x
npu (=0,

Pewenue. Juddcovopdnsm niockoeru (x, #) + (x-+-uf, 1) capuraerT Kaxayio npsa-
My10 @ =const B10AL OCH x HA &l M OepeBoanT rpaduxk peuienits B Moveut 0 B rpadpux
peuweniis 8 momedr. § (sror auddeovopdriaym ecTb

u
” He YTO MHOe, Kak npcoGpalosanuc (a3oBoro nOTOKa
[ {3 .na
e aaa—— ypasueuust  Hoiotona aas  wacTiHy; NI0CKOCTH
t=0 (x, 1) — $a30Bank MIOCKOCTL HACTHUL).

Orger. Cu. puc. 89.
3ameuanue [pu (>=a/2 raaikore pe-
wennn ue cywecersyer. Haunuan ¢ IToro somes-
T3 4acTHULL CTAIKHL2OTCH, H  GPEANOIoRCHHE 06
7 . OTTYTCTBHIL  B3aNMOACHCTBUA  MCHAKY HHMH  CTaHO-
Puc. 89. paduk pcwenns noavuaercs na .
padika  WINIALKGIO yeicsiA  Aeficraucs  BUTCA  QH3NYECKN  HEPCAANCTHUSCKUM. B stux ye-
$a30BUro RGTOKA. JOBHAX JABHACHIC €DTIU OMICLBAOT T.” H. yJlaDiubie
BOIILI — PA3PLIBHULIC  PCIUCHMRA,  YAOBICTBOPSIOUIHE
YPaBHCHEIO .1eBeC i Npapee pa3puiBa’ M yL03J1CTSOPAOULHE HA Pa3pLBC AOIOIHHTEIbHBIM
YCAOBHAM  (DU3KMECKOro NPOHCXOMACHHA (3aBHCAMM OT XapakTepa L3aHMOJCHCTBHA  mpM
CTOIKHOBCHUN YacThu),
3aaaua 2. CocCtaBHTh ypaBHEHHE 3BOIOUMH NOAN CKOPOCTeil Cpelti M3 HEB3ZHMO-
ACHICTBYIOULHX 4aCTiiL B Ci10BOM node ¢ cwaoii F (x) 8 Touke .
Qiuer. tiri iiiix=1F.
3aaaua 3. Pcuurs 310 ypaBHeHHe € navaabuum ycaobuem ul,_o=0 a1 cuau
F(x)=—x. '
Pewenune Pa3obuii AOTOX COCTOHT W3 ROBOPOTOB, mo3tomy rpadux u(t, <) — npamas
¢ yrI0M HAKJAOKA ~—1.
Orger. u(t, x)= —xtgt, |1 <n/2.
3aaawuwa 4. Halitu makcusaabsyio wupuny nosocut 0<{{<<C, B KOTOpOil CyulecTByeT
. pelwicnie ypasHeuusn u,+uu,=sin x ¢ nadagpnuy yeaosnes ul,_,=0.
QOraer. C=n/2.

-
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5. XapakTtepucTnkn KBasuauuefinoro ypasuennsn. Pazo6pannnii npumep
noKasbiBaeT, KaK MOJe3HO MepeiiTH OT ypaBHEeHHSl C YACTHHIMH MPOH3BOA-
HBIM# JLIS1 NOAsT CKopocTelt K OGbIKHOBEHHBIM YPABHEHHSIM JIBHXKEHHST yacThl -
cpenst. Heuro ananornunoe MOXHO chenaTs M B ciaydae o6liero "KBasu-
JHHEHHOrO YpaBHEHHS MEpPBOro MOpsAKa.

Ypasueune L, , iyt =">0(x, u(x)) o3nauaer, 4To ec/n TOUKa ¥ BBIXOANT
H3 Xg CO CKOPOCTHIO @o=a (Xo, Uo), TAE to=u (Xo), TO 3Hauenue u(x) Hadil-
H3eT MEHATBCH €O  CKOPOCTHLIO - bo= b (xo, Uo)
(puc. 90). MiubiMi csoBaMH, NpHJIOMKEHHEIT B TOY-
ke (xo, uo) BekTOop Ao MPAMOro NPOH3BEAEHHA X-NPO-
CTPancTBa W OCH U, C KOMNOHEHTaMu ag H by,
kacaercst rpaduka pewenns. fyctb Ao=%0.

Onpeneaenne. Ilpaman HanpaBieHHs Bek-
Topa Ap Ha3blBaeTCd XAPAKTEPUCTUHUECKUM HA-
npagiedues KBAIUAHHEHHOTO ypaBHEHHS B Touke
(JCo, uo). Puc. 90. l‘co_merplmccxm’t

XapaKTepHCTHYECKHE HanpaBJeHHA BO Bcex Suwed Keastthucidoro ypas-
Toukax obsacTH onpejeaenns koadduuienTtos
ypasHeHus o6pasyioT noje HanpabsJeHHR. JTO noJje 1Ha3LBAETCs Xapaxre- .
pucTuueckum noaesn wuanpasasenuld ypasHeHHs. B koopansatHofl 3anmcu
XapaKTepHCTHUECKHE HANpaBJeHHst — 3TO HanpaBJieHHs BEKTOPOB MoJfA

a 7]
A=Zak (x, u) —é—;k-{- b(x, u)-a—

Nuddepenunansioe ypaBHeHHe, 3a1aHHOE MOJEM XapaKTePHCTHYCCKHX
HanpasJienuil, HA3LBAETCS YPAGHEHUEM XAPAKTEPUCTUK, a €r0 HHTerpadb-
Hble KpHuBbE — xapaxrepuctuiasu. Takum o6pa3oM, XapaKTCPHCTHKH $B-
JAs0TcA Pa3oBLIMH KPHBHEIMH BeKTOpHoro nona A. '

3anaua 1. Haara XapaKTePHCTHKY  ypastenis cpe,m 113 HeB32NMOeACTBYIOUNX
HaCTHIU, U~ Uily= 0.
P ¢menne x=u, I==1, u=0. Xapakrepucrukn — npm-me x—-xo+uot u-—uo

3ameuanue 1 Jlunelinoe ypasuenne — uacrHpil cayuait KBa3uJjn-
1el{HOro, HO XapaKTePHCTHKH JHHeITHOrO ypaBHeHHs, pacCMaTPHBAEMOro Kak
KBa3lJHHEIHOoe, OTJIHYAIOTCSl OT ero XapakTepuCTHK Kak JiHeiiHoro ypasiie-
Hisl: MepBble Jexar B (X, u)-nPOCTPAHCTBE, a BTOPble — HX MPOEKLLHH
B X-NPOCTPANCTBO. '

3ameuanue 2. Kaasummenubxe YPaABHCHHA COXPAHAIOT KBasilikeli-
nelit Bua npu auddeomopdusmax x-npocTpaHcTBa H Raxe npu Anddeomop-
¢H3MaxX NpocTpaHCTBa-NPOH3BEACHHSA, TAe onpejeseHsl ero Koy dHUuHeHTh
a it b. XapaKkTepHCTHKH HHBaplaHTHO CBA3aHbl C ypaBHeHHeM: ecaH Takoft
angpdeomopdbHaM nepesofHT CTapoe ypaBHEHHE B HOBOE, TO XapaKTePHCTHKH
CTapOro NepexoasiT B XapaKkTePHUCTHKH HoBoro. Bosee Toro, ypasHenne MOXHO
YMHOXHTD Ha He obpataouiyiocs B Hydb QYHKUHIO OT X H u — NpH 3TOM
HH pelleHHs, HH XapPAKTEPHCTHKH .HE MeHsoTes (xotsl Bekropuoe none A
MeHseTcs).
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7
3agawa 2. [Hokaxinre, uTo KBasuAuHeiHOE YPAaBHCIHT MNPHBOAHTCA NOAXOAMILNM
NoKaabHuM AnddeomopduiMon ApPOCTPAKCTBA-NPOKIBEACHHA K CTAILIAPTHOMY BULY Ou/dx. =0
B OKpCCTHOCTH J060H TOUKH (X, &k}, B KOTOPON 3Hauenye 4 Helydesoe.

6. Hurerpuposanue KBasuaHHefinoro ypasnenus.. YpapHchue Xapakre-
PHCTHK Aast ypaBhenusi ) ax Ou/O0xp==b npuHsaTO 3aMUCHLIBATL B TAK Ha3bi-

BACMOM CUMMETPUHHOM 8ule
dx, dx, du

a 7 oas b’

BbIPAKAOULEM KOMJIHHEAPHOCTb KacaTeAbHOR K XapaKTepHCTiiKe ¢ Xapak-
TEPHCTHYECKHM BEKTOPOM (3TH COOTHOWEHHA 0311avyaloT paBeHCTBO |-opm
112 BCKTOpaX, KacaloulixCs XapakTepHCTHKH, ecad 3HaMeHaTeAl OTJANYHBL
oT Hyas).

Onpepeaneunne. [loBepxHOCTb Ha3biBAETCS UMTezpaavHOll fogepx-
HOCTLI0 TMOASL HanpaBJCHHI, eC/H HanpaBsienne N0 B KaXA0ii TOUKE JeXHT
B €C KacaTe/bHOil MJOCKOCTH.

eee. Teopema. Yrobu 2aadkan nogepxnocrs 6oiaa UHTE2PAALHOG nogepx-
HOCTLIO eaadkoco noas Hanpasaenuti, HeobXo0IMO u docTarouno, arobet
KQICOGR UHTESPRALHAA KPUBAA, UMEIOWAd C NOBEPXHOCTLIO 000 TOUKY,
_yeAukom Ha Hell aexcaaq. i

HNorkasateabvctso. [lo Tcopeme o BLIIpsiMACHIL [0C MOMXHO
anddeomopdianom NPCBPATHTL B NOJe Napafleabblx npssbix. [Last Taroro,
7oJIsl TCOpeMa o4eBlAHA.

113 onpenencuisi xapaKTepucTHUCCKOro HANPagaciiig BLITCKACT

Teopena Dyusyua u 10208 U TOALKO TO20Q ABANCTCH PCUICHUCH
KGASUAUHCIIHO20 YPABHCHUA, KO20a ee epaur ABAACTCA UHTE2PUaAbHOLl
HOBCPXHOCTHIO NOAR XAPAKTEPUCTUYECKILX HANPABACHULL.

3 asyx mocaeaniix TeopeM HEMOCPEACTBCHHO BbITEKacT

Cncactpue Pyurkyua u 1020a 4 TOALKO To20a ABAACTCS PeillieHueM
KGAa3uAUHeliH020 YypasHenus, Koeda ee 2pagur codepxur asecre ¢ kaxdod
caocid TONKON URTEPBAA XaparkTepucTuxku, npoxodsujell wepe3 3Ty TOUKY.

Tarknm oOGpasom, unaxoxacHue pewlenuil KpasuasHefinoro ypasucnns
CBOJHTCA K HaxoxKiacuuio cro xapaxtepuctuk, Ecau xapaktepueruku ua-
BECTILl, TO OCTACTCs Jilllb COCTABHTL H3 HHX [OBCPXHOCTD, SBJSIOLLYIOCH
rpagukom (ynkunH: 3Ta ¢GpynxiHa O6yACT peuenieM Kpaduauselinoro ypas-
HCLUSA, I BCC PCUICHIS IOAYHAIOTCS 3THM CHOCO0OM.

3anpaua I. [lokasate, uto 3aaaua Kown aan kpasuaumeinoro ypabuciud ncpsoro
NOPAAKA HMCCT PCIICHHE W NPHTOM TOALKO OAHO B AOCTaTOMHO MaA0f OKPCCTIOCTH Takod
TONKH Xo Ha4aAbUOA FHOCPROBEPXHOCTH H IR TaKOrD HaYaAbHOIO YCJAOBHA, 4TO BEKTOP
@ (Xe, U {xa)) HC KACACTCA Ha4aJAbHOW FHNCPNOBECPXHOCTH

Jamcuauuce. B omamuue or anucitnoro ypasacittn, 4R Ksasuanuchuoro ypasucuus
#eAb3A  rOBOPIHTL O XaPAKTCPHCTHUHOCTH ~CaMHX  TOYCK  HAYAALHON  THNCPNOBCPXHOCTHE
GYACT Aaliiaf# TOMKA X3PAKTCPHCTHYCCKOR MAH NCT 3aBHCH? TAKKC W OT HAYAALHOrO 3ha-
NCHHA.

7. Heanueitnoe ypasnenyue ¢ HacTHLIMH IPOU3BOAHBLIMA NEPBOro NOPSAKaA.
Kak u aupefiniple #au KpasuauHefible ypaBucHHA, HeJHHeRILe ypaBHEHHS
camoro obutero BHaa, F(x, du/dx, u)y=0, HUTErpHPYIOTCH NPH NOMOLLH
xapakrepuctik. Ho ccamn xapaktepucTHkit snHefinoro ypasHeuHs OTHOCH-
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TeapHo Pynkuny B R" nexar 8 R®, a KBasunuHeiivoro — B (n-1)-mepHon
npoctpancTee R"X R, To xapaxrepucTuxi ofuiero Heauueiinoro ypaBHeHus
aBasiiotes] KpuBbIMu B (2n 4 1)-mepnom npoctpanctse l-cTpyfi ¢pyuxunii, na
KOTOpOM onpeseJsieHa 3ajalomas ypasuenne dyHxuns F.

Onpeneneniue. INpocrpancreom 1-crpyii Gynrwit ot x={(x1, «. <

., Xp). HasuiBaerca (2n-}-1)-MepuHoe RnpoOCTPancTBO ¢ KOOpANHATAMH
(*1, veey Xu3 P1y wewy Pl 4). l-cTpys GdYHKUHM 1 B TOUKC ¥ — 3TO TOUKA
ITOr0 NMpOCTPaHcTBa ¢ Koopauuatamu (x, p=3du/dx, y=u(x)). Miuoxeccrso
l-cTpyit dyHKUHH ¢ BO BCex TOUKax X ee 00s1aCTH onpeae el HA3bLIBaeTcsa
1-epacpuxon 3roft dyuxunn.

Ypapuenue F(x, du/dx, u)=0 onpenpeaser B npocrpauncrse l-cTpyil
runepnosepxiocts £, rae F(x, p, y)=0. Peweunc ypanuenns F=0—
310 pynkund, I-rpaduk Koropoli npuHaaaeKuT rinepnosepxuocti E.

Mpul 6yjeM npeanonarars, UTo BEKTOP MPOH3BOAHLIX F, (¢ KOMIDOHEHTAMIH
dF /dp;) otanuen or Hyaa: 6Ge3 3Toro TpeGopauns ypasHeHue Morjo 6bl BoBce
ne comepxatb du/dx U He 6b0 6bf AHbGepenunanbiuM. W3 yeaosua
Fp==0 BbiTeKaeT, uTo rinepnosepxHocTh E — raaaxas (no tcopeme o Hesin-
no#t ¢ynxuny). Camasi TPy/Hast 4acTb TEOPHH HeJAHHEHHOr0 ypaBnenns ¢ yact-
HLIMH TIPOH3BOAHLIMH NCPBOro NOPAAKa — NpHAyMaTh CAeAyiliee

Onpenenenne. Xapakrepuctukamu ypashenuss F=0 nasnpaiorca
dazoBble Kpusble ciepyiowell TPYAHO 3anoMunaemofl cHcremsl anddopen-
uHaAbHHIX ypaBHenull na runeprosepxyocTH E B npoctpancrse 1-ctpyiis

4’2=Fp» p=—F.—pF, !}=PFp-‘

3anava 1 Joxaxnre, uro dazosan Kkpusan STOM CHCTEMU, MAUMHIIGWASICA HA THICp-
nosepxHocTH E, uesnkom nexnt na E, .

Pewenne F=F,x+F,p+ Fuyp=0. .

3anavwa 2. Jlokaxure, 4to l-2pagux kamdoco pewenus ypasmenus F=0 codcp-
wur emecre ¢ kaxcdod ceoell TOYKON URTEPBAR XAPAKTEPUCTUKU, NPOXOOAed depe3 3Ty
rouky. O6parwno, ecaw l-epauk QynKkyuu cocrour u3 ue.aolx XAPAKTOPUCTUK, TO (PYHKLUA =~
peuteniue,

Pewenne. Baoas l-rpaduka pewenns dy=p de w dp=(0’u/ax®)dx. Ian xapaxte-
PHCTHUECKOrO BEKTOPA MEPBOE YCNOBHE OYCEHAHO BHNO.HEHO, 3 BTOPOE BHITCKACT H3 PABCNCTEA
‘Hyno cyxenns dF wa l-rpadux: cymewne F.dx+F,dp+F,dy wua I-rpadpnk mumeer ouz

(Fs+pF,) dx+F, 3%u/3x de

JlokasaTeabcTeo 06paTHOTO (2 TAKKE ICOMETPHYECKYID MOTHBHPOBKY CTPaHHOro onpesc-
JnenHst XapaKTepHCTHK) Moxnuo uafitk 8 kuure B, U Apnonvaa «Jlonoanutenvhue raasul
TEopHit OGHIKHOBCHNLIX Anddepennnansuux ypaswenuin» M., 1978, § 8, nau B xunre B. K. Ap-
HOAbLAA «MaTeMaTHYCCKHE METOAM KraccHueéckoit mexaimukus,. M., 1974, crp. 333—334:
OHI OCHOBAHY H2 reOMETPHH NOJA KOHTAKTHHIX MJIOCKOCTeR B NPOCTPAuHCTBE CTPYil.

Pesyabrar 3apadit 2 CBOAHT MHTErpHPOBAHHE HCJWHEAHOrO YPaBHEHHS NEPBOTO NOPAAKa
(nanpimep, oOTHiCKauue pewenns 3anaun Komm) K MHTETPHPOBAHHIO CHCTCME OGHLIKNOBCH -~
HHX AnddepeHunansiuX ypasHennit — ypasuennii xapakrephcruk. ITo nauanbhoMy ycaosuio
CTPOHTCA noAMHOrooGpasue npocTpanctsa I1-cTpyil, npoxoasliHe uepe3 HEro XapaxTepHCTHKH
00pa3yioT I-rpadmk HCKOMOro pewenns.

3anaua 3. [lokamure, WTO XapAKTEPHCTHKN MEAHHCAHOMO Ypapnemns, sBARlOUlCrocs
KBASWAHNEHANEIM, NPOEKTHPYIOTCST B X3paKTCPHCTHKY ITOr0 KBa3WAHHERANOro. ypaBHCHHS _npu
oraGpaxennis (¥, p, y) > (x, y). ’

"7 3aaava* 4. [oxazaTh, yTO XapaKTePHCTHKH HeMmciinoro ypasmenwa F=0 HHBa~

pranTno cBA3aHL-C ypaBucnueM: npu auddeomopduamax x-npocTpancTea MR J1axe RPOH3-

BEJICHRA X-MPOCTPANCTBA HA OCb 3uauennit dyHxumit npoH3BoAHLle NPeoGpa3ylOTCR TAK, YTO
.
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XapPaKTePHCTHKI CTAPOr0 YPaBHCHUA TCPCXOIAT B XaPaKTEPHCTHKH HOBOTO, NpH ywmomemm
F na He 06pallaiiuylocs B HY1b QYHKUMIO XAPAKTCPHCTHKH HE MEHAIOTCH.

3amevanune B aefictButeannoctn cpase mexay rinepnosepxuocttio £ xapak-
TEPUCTHKAMH U2 WeR HIBAPHANTNA OTHOCHTEAbNO ewe Golce WHPOKOR rpynnsl. Anddeosop-
¢i13M08 NPOCTPAHCTBA CTPYH, NCPENYTUBAIOWCH apPrymMeHTH HE TOJBKO €O 3HAYCHHAMH, HO
# C IPOM3BOAHHIMH: BAKHO AHWb, 4TOOH aAndpcoMopduaM NpocTpancTBa CTPYA coOXpauaa noae
niockocTedr  {3anannuix  ypasuenuem dy=pdx). Taxue nddeomopdnamu
HA3LBAIOTCA KOHTAKTHUIAK H O0PA3YIOT KOKTAKTRYO 2pynny, QYUIAMCUTIALHYIO 111 TCOpi

" KOHT3KTHHIX

u(x)

T

Pue. S Pewenne

ypasueuns

la-

MILILTOUD w=$110 K.

YPaABuEHHT € YAaCTHEIMH DDPON3BOJIHMMH NEPBOTO NOPAAXA H 18 reoMe-
TPHUCCKOR ONTHKH.

Onpeacaneune. Ypasueunesm Iaunavrona — §lko6sn nasuzacres
ypaBlCHHE C YACTHHMH MPON3BOAHBIMIL TCPBOrO RNOPRAKA, B  KOTOPOC
ABHO HE BXOAHT 3HAUCHHE NCH3BSCTUON (QYHKWIR, T. €. YpaBHEeHHe BHIA
H (x, 0u/dx)=0.

3agava 5 [okazarb, 4TO PaCCTOSHIC OT  TOYKH  {LAOCKOCTH

.40 raaakoi kpusoi ua anockoctd (puc. 91) yaosaerpopser ypamueuHio

Famuabtona — SIkoGu ¥ (Ju/dx=1 8 okpectioCTH 3TOH KpiBofl (HCK.TI0-
4am camy Kpusyio).

3aazaua 6. Jlokazars, uTO paccTosHue OT TOUKH €DBKANAOBA MPOCTPAHCTBA A0 raan-

~~KOTro - noAMHOTcobpasina (a1060{i pasMepuocTi) B-3TOM NPOCTPANCTBE.. yI0RICTBOPSCT _ypan-
uennio Tamuavrona — Ako6u ¥ (Gu/dx'=1 B okpecTHocTH moamiorooGpasus (HMcKIouas
camo noamHorooGpa3sue).

3apnaua 7. lokasats, 4TO BCHKOE pewenHe ypaBhenus [ amuabrona — $SIkoGu

T:0u/0x) =1 B AOCTATONHO MAJOR OKPECTHOCTH JIOGOR TOYKM CBKANAGBA MNPOCTPaICTHa
ABASETCA CYMMOMA PacCTORHKA KO HEKOTOPON FAALKOR FHOCPNOBEPXIOCTH H KOIHCTAHTLL

3aaaua 8 [loxazarb, 4ro xapaxktepuctiuru ypasuenuwsn Iampavrona — Slko6u H=0

NPOCKTHPYITCA Ha npoctpanctso (x, p) 8 euac ¢azosux Kpusux ypasuctitii Casuiprona
x==fl, p=~ 1. ACKaLHX U3 GOBEPXHOCTH HyAcporo ypooua Gyuxum asmuibrona.

§ 12. KoucepBaTiBHANA CHCTEMA C OJHOIL cTenenbido CBOOOABI

B kauectBe npHMEpa NPpHMEHCHHA [CPBOro HHTErpaJa K HCCICNOBaHHIO

AuddepeHUKaALHOrO YPaBHEHHA Mbl PACCMOTPHM 3ACCH MEXAHHYCCKYIO CH-
cTeMy ¢ OHOM cTencHbO cBoGoaH, Ge3 Tpeuns.

1. Onpepenennn. Koncepsarusnod cucrenoli ¢ 00xoil cTenexsio ¢80600bi

Ha3blBaeTCA CHCTeMa, onkcbiBaeMas AH(depeHUHAAbLIBLIM ypaBHenHeM

X=F(x), ()

rae F — guddepciunpyemast Ha HeKOTOpPOM HHTeppaje [/ BeULCCTBEHHOM
ocH X QyHKLHA.

Ypasuenue (l) sxpiBaredtHo cucreme

4€|=)-Cz, 4\;2=F(X|), (X1, l2)EIXR (2)

B mcxailHKe NpHIATA CACRYIOWLAS TCPMINIONOMHS:
I — xondurypaunonHoe npocTpancTso;

N

X=X — KOOpAHHATA;
X=X — CKOPOCTb;

X — yckopetue;
I'X R — ¢a3oBoe npocTpaHcTBo;

(1) — ypaBuenne HbioTona;

F — cunoBoe noJe;
F(x) — cuaa.
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Paccmotpun eute caeayiowue GyHKwin Ha $a3oBoM NPOCTPaHCTBE:

-2 2
X 5 . .
=5=5 KuneTu4eckana sHepaus; ,
X
U=~ S F (8) dt — norenyuaabnas nepaun;

*o

E = T+ U — noanan mexanutecxas sunepeus.

du ‘
Quesnnno, F(x)=-a, TaK 4TO NOTEH{UAALHAA JHepeua onpedeaser

cucreny.

Mpumep 1. Oaa maarunka § 1 z U
(puc. 92) x=—sinx, x —yroa or- "
kaoHehust, F(x)=-—sinx, U(x)= ~_ .
=—cosx. Jlan ypasHeHHs ManuX ‘ N x
Ko1e6annil MafATHHKA X= — X ‘

F (A)= — (A) =X Puc, ' 92, Tlorcnuianbian sHCPria ManRTHHKA.

Has ypaBhenusi manwx KoneGauuii = nepesepuyTOro MasTHHKA . X=x

F(X)=x, U= - -'f

N

{puc. 93).
1/

xr

Pue. 93. INorenunansnasn sHeprits MAATHHKZ BOIH3N MIKHErO H BOPXHCIO NOAOIKEHHR POBHUBECHS.

. 3aKOH COXPAHEHUA 3IHEPTHI.
T copewnma. Iloarnaa snepeun E ABAACTCA NEPEbLM UHTEZPAAOM CUCTE-
Mot (2).
JdokasateabcTso. Hmeem

dt(x‘,(t) +U(x (t))) "X2X2+U’M=x2F(’“) F(n)X2--0

4yTO It TpeOoBaNOCh AOKA3aTh.

Hoxasannasn TeopeMa no3BoJsIeT HCCJAENOBATb I IBHO «B KBAApATypax»
pewarth ypapHeHua Buaa (1), Hanpumep ypasleHHE MasTHHKA. '

3. Jiunun yposus sueprun. Mayuum ¢asoshie kpupsie cueremb (2).
Kaxnas H3 HAX UENHKOM JIeXKHT HA ORHOM MHOMECTBE YPOBHst SHEpIill.
Hccnenyem 3TH MHOMXECTBA YPOBHA.

Teopewma. Muosucecrso yposua nepauu

{(x., x): g U(x.)=E}
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ABARETCA 24A0KO0U KpuBol 8 OKpecTHOCTW Kaxdoll ceoed Touku, ucKkaiouas
AUUIL NOAOXHEHUA PABHOBECUSA, T. €. TOUKU (X1, X3), 20e

Flx))=0, x2=0.
HoxasaTteanbcTso. Bocronsayemcs Teopemoil 0 HeABHON GyHKIHH.
Hmeenm
JdE )
—=—F(x), —=ux2
dxy ! 0x2

Ecait opa u3 npou3BoAHLIX OT/HYna OT 0, TO B OKPeCTHOCTH paccMaTpH-
BacMOil TOUKH MIOXeCTBO ypoBHsa E siBasiercs rpaduxon auddepenunpycmoil
byukuHn BuAa xy= Xy (x2) HAH X2= X2 (x)). Teo-

N peMa aokasaua.
P N W 3aMeTHM, UTO HCK/AIOUCHHbIE BbIlE TOYKH
g | (%1, x2), rae F(x1)=0 H x2=0,— 3TO B TOUHOCTH
| : CTaliOHAapHbBIE TOYKH (MOJ0XKEHHS PaBHOBECHS)
! ~|- —cHcTeMsl (2) H-oco0Lle-TOUKHl BEKTOPHOra "NoJs™
£ { | ¢dazopoit ckopocTH. Hanee, ath He TOUKH ABAS-
i z :x I0TCA KPHTHUCCKHMH Toukamiu *) noamnoil 3muep-
N | “7 ruu E(xy, x2). Hakoneu, toukn x1, rae F(x;)=0,
Z m — 3TO KPHTHYECKHE TOYKHN NOTeHWUHAJbHOII IHep-
' ! rn U,
\/ z, HTo0bl 1HAapHCOBATh JANHHH YpPOBHSI 3HEprii,
No/Ae3HO NpeJCTaBaAaTh cefe WapHK, KaTauHiics

B «noTeHuHasabHoit ame» U (puc. 94).
Puc. O4. llapuk B RoTCHENATBROR 3acdukcupyeM 3paueHne noaHoil sueprun E.
Ave i pa3osaa kpuoaa. 3ameTiyM, uTO KHHETHuYecKas 3HCPris He-
orpHuareavna. Ilosromy noreHumaasnas suep-
FHA HE NPEBOCXOJMT NOJAHO{. 3HAUHT, JHHHA YPOBHA 3uepruw E npoekrn-
pyeTcs Ha KoHQHrypanHoHHoe IIPOCTPAHCTBO (HAa OCb X1) B MHOXECTBO
e npeBocxoAswux E snayennii notenunanbhoii sneprun (xiel: U (k)< E)
(lWwapHK He MOXeT NOAHAThCH Bhle YpoBHA E B noTcHUHAALHON sAme).

Hdance, ckopocth Tem Goablie (o aGcolOTHON BETHYNHHE), YeM Meiblle
noTcHUHanbuan sueprus: |xzl =+2(E—U (x))) (ckatuiBasich B sIMY, WapHK
HabupaeT CKOpoCTb, a NOAHMMMasich, TepsieT ee). B «Toukax noBopota»,
rae U(x))=E, cxopoctb paBua 0.

M3 yernoct sHepruy nmo OTHOLICHHIO K X2 CJeAyeT, YTO JHHHA YPOBHS
SHEPrHH CHMMCTPHUHA OTHOCHTEJbHO OCH x;  (WIAPHK NPOXOJAHT KaXAYIO0
TOUKY TyAa H o0parho ¢ OAHHAKOBO/ CKOPOCTLIO).

ITHX NPOCTHIX cOO6PaXKEeHN JOCTATOUHO, YTOOB PHCOBATDL JHIINI YPOBiS
JHEPrHH CHCTEM C pa3HooGpasHbiMu noTenunanamn U. Paccmorpum ciavana
npocreifunii cayyaii (GeckoHeyHo rayGokasi moTcHUMAJbHAsl AIMA € OAHIM
NpHTATHBAIOWMM nentpom E), Koraa F(x) monortonso yGmBaer, F (£)=0,
I=R (puc. 94). o

*)-Kpurudecxoit T0o4x0d GYHKHIMH Ha3WBAETCA TO4YKA, B KOTOpoH noanuil Auddepen-
unaa ¢yskunn pasen nyaw. 3naucHue ¢ynKumH B TaKOAd TOYKE HA3WBACTCA KPUTUYECKUM
3HA4EHUEH.
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Ecan 3nauenue nosnoit axeprun £; Meublue MunMyMa noTeHIHanbHOI
E;3, to muoskectBo ypomus-E==FE,; nycto (abmxcune wapuxa Quanueckn
HeBo3MoxkHuo). Muoxectso yposusn E=E, coctout u3 oauoii touxs (&, 0)
(wapHK NOKOHTCH HA AHE AMbL)..

Ecan 3nauenne E3 noawoit sueprun Gosnbwie KPHTHUCCKOTO 3Havenus
E;=U (), To muoxecrso yposiin E=—FEj; — rnagkas 3aMKHyTasi ClMMeT-
pHuHAn KpHBas, OKPY}KaowWasa nosoxetite pasiosecusn (8, 0) na ¢asoso
naockocTH (WapHK KaTtaeTcss B fAMe B3aj H BNCpPeA; OH MOAHMMACTCA J0
BbicOTHl E3, B 3TOT MOMEHT €ro CKopocTb 0G-
pawaercs B 0, H oH CKaTthiBaeTcst of6pariio B
fIMy, NpoxXoanT E, B ITOT MOMEHT €ro cKo-
POCTb MaKcHMa/bHa, NMOAHHMAETCSI € ApYroil
CTOopoNbLl # T. 4.). .

Ilpu wucenenosanun Gosee CAOKHBIX CAy-
yaes CJAEAYeT 110CTYnaTh nofobuuiM ke obpa-
30M, MOC/JAEZ0BATC]ALHO YBEAHUNBAS 3HAUYEHHS
noanoit sueprun £ M ocranmasnuBasick Ha
sHauennax E, paBubIX KpHTHYeCKHM 3maue-
HHSIM noTeHuuaabiost sueprun U(E) (rae
U’ (E)==0), crenn KaxAablit pa3 3a KpHBLIMH CO
3navednsaMi £, HeMHOrD MeEHbLIUHMH H He-
MHOrO CONBbUIMMH KPHTHYECKHX.

MNpumep 1. Tlyers nortenunanbuas
sueprusi U uMeer TpH KpHTHUecKHe TOM- ) )
kit &y (MuunMyM), &2 (aoxkanonwlit maxcnmym), Es  (AoKanbusili  mumi-
mym). Ha puc. 95 nokasauw aunun yposust E,=U (E)), U(E)<E2<U (&),
Ey=U() UEG)<E<U(E), Es=U () Ec> U(E2) -

3aanawa | HapucobaTs Juunm ypopns SHCPrHs A0S ypasucuua ManTuMKa xe= —sinx
W AN ypaBucHuil  ManTHHKA  BGAU3N  MHXKICFO M BCPXHETO  NOJ0KCuMit  pasnonccns
(X=wx it x=x)

174 - U;{/\/-l/ U
l\/\\x A\~ |

< Z

Puc. 95. Jlnnnn ypoans sncpr.uu.

Pue. 96. Hapucyiite anunn yposus sncprun.

3agava 2 Hapucopatn Aunut  yponun  sHcprum  aan  sadawn Kenacpa *)

I C
U= —~ 4= # 217 nOTCHUNANOB, NPEACTABICHHLIX 112 PHC 96.
x x .

4. Jluuun yposun ameprun B6anau ocoGoit Touxn. [lpu nccaesosanpu
nopeAeHHs AMHHI yPOBHA BOAH3N KPHTHUCCKOIO 3HAYCHUR SHEPrHN NOAEIHO
NOMINTDL O CACAYIOMHX OGCTOSITCALCTBAX.

*) Ypaoncunem HuoToHa ¢ TaKMM HOTCIMIMAION  ONBCLNACTCA  H3MCHCNHE  PACCTORHHA
ananet i kometr or Coanna. - :
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Bameuanue 1. Ecau norenyuasbnas 3sxepaus — K6adparudnas
¢op,ua U= k,\z/2 TO AUHUU YPOBHA 3Hepauu — Kpussie 6T0po2o nopﬂatca
2E—xz+kx1

B cayuae NPHTAKEHHS k>0 (1. e. Kpmuqecxaﬂ TOYKa O—MHHHMYM
notenuHanbHol sHeprun U (puc. 97)). B sToM cayuae JAHHHH YpOBHS
SHeprHH — roMOTeTHYHbIE 3AaunceH ¢ ueHtpom B 0.

B cayuyae orrankusaHHf k<<0 (7. e. kpuruueckas Ttouka 0 — MaKcHu-
MyM foTeHuManpHOH 3ueprun (puc. 97)). B sToM ciydae AHHHH YPOBHS

' SHEPrHH — roMoTeTHuHble rumepboasl ¢

weo M ueHTpoM B 0 M Ilapa HX acHMNTOT: Xo==

z = +/kx;. DTH ACHMNTOTH Ha3LIBAIOTCA

7"? TaK¥Ke cenaparpucamu, Tak Kak OHH OT-

2 AeJSIOT APYT OT Apyra runepéonu pasHLIX
\ THIOB.

/.z', 3aMmeuyaunune 2. B okpectHocTu He-

B86IPONIEHHOT KPUTUYECKOE TOYKW npu-

\ pawienue pyHKyLYL a8aseTca K6adparuiHol

\\

— ¢hopuoii;ecau 1026K0 HAONCHCQULUMN OOpA-
Puc. 97. Jlunnn ypomus sucprusm ana npu-  30M BblépaTb :coopdunary
T enliaton, L RARAIOICNO KDaLpa- Touxa 0 sBAAETCA KPHTHUECKOH TOUKOH
angdepenunupyeMoii  ¢yHkuuun f, ecau

P (0)=0. Kpuruueckass Touka 0 neseiposcdena, ecan [’ (0)7=0. Ilpeano-
JoxuM, yto f(0)=0.

Jlemma Mopca?*). B oxpecrHocTu nesolpondennol Kputuueckol
rouku O moocHo evibpars koopdunary y rax, wro f=Cy?, C=sgn [” (0).

Taxoit kooppuuatoll 6yner, KoHeuwo, y=sgn x~/If(x)[. VYrtBepxaeuune
COCTOHMT B TOM, YTO COOTBETCTBHE X k> Yy B OKPECTHOCTH ToukH O mudeo-
MopdHO.

Ilna noxkasaTeancTBa yAOGHO BOCNOABL30BATbCH CACLYIOWHM [IPEJio-
JKEHHeM:

Jlemma Anamapa®). Hycre | — Oupdepenyupyenan (kracca C)
Pynkyua, pasnasa 8 touke x=0 nyao. Toeda f(x)=xg (x), ede g — dugp-
tepenyupyenan (kaacca C~' g oxpecrnocru touku x=0) Pyukyua.

HokaszarteabcTBo. Hmeem

di(tx) . ' o .
f= SO = Sof(tx)xdt—xsoi(tx)dt,

1
GyHKUHS g(x)———s I/ (£x) dt xnacca C*~', u jgemma nokasaHa.
0
Tpumennm aenmy Apamapa k pyuxuun f aemmsl Mopca asaxan. Haxo-
M f=x% (x), rae 2¢ (0)=f" (0)0. Urak, y=1x~/l¢(¥)|. Jlemma Mopca

1OKa3aHa, TaK Kak ¢ynkuus /| (x)| B okpecrnoctH Touku x=0 nudge-
penuupyema (r—2 pasa, ecau | knacca C’).

*) OGe AeMMB MOXHO PacnpoCTPaHHTb HAa (YHKUHH MHOFMX NEPEMEHRHHIX.
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- TaknM 06pa3oM, JIHHHH YPOBHSI SHEPTHH B OKPECTHOCTH HEBbIPOXKIACHHOM
KPHTHUECKOI TOuKH MpeBpawalorea MH6o B aaanncel, au6o B rinepGonn
npu auddeomopdiom HIMEHEHHH CHCTEMB KOOPAMHAT (X, X2).

3apauva 1. Haitvtn kacateasnsie x cemapaTpucaM OTTadKHBalowedt- 0coGoli  Toukm
U" <0 :
Orger. xa= +~1U” (B)] (xs—T) (puc. 98).

2
Puc. 98. Kacareabuwe k cena. /f\

paTpucam oTT2IKHBalmedl
ocbSoit TouK.

——pan

7

5. Mpononxenue pewennit ypasuernns Hoiorona. Iyctb norenunansuasn
sHeprua onpeaereHa na Bcefi ocn x. M3 3akona coxpaneHHs 3Heprup ne-
nOCpeACTBEHHO BHITEKaeT

Teopema. Ecau norenyuarvnaa snepeuna U Baod ly nosoxcurensbrHa *),
T0 Kaxcdoe pewenue _/pasnenun

- du
X= ——&7 . (l ‘)
npodoaxcaeTca HeozPaHUYEHHO.

Mpuwmep 1. Myers U=—x'/2. Pewrenne x=1/(f—1) neap3n NPOAOAXKHTL RO =1,

YcranoBum CHauana clefyloulee yTBCpKAeHHe, Ha3biBaeMoe anpuoptoi
oljenKoii:
Jlemsma. Ecau pewenue cywectseyer npu [t] <7, 10 oOnO ydouemo—

paer nepasencrean | x () <~R2Eo, 1x () —x (0)f <+REol |, 20e Eo_x(O) +

+ U (x (0)) — HauaabHoe 3nauenie Inepauu.

HJokasaTeabcTso. CornaciO 3aKOHY COXPAHEHHS 3HEPrHH

.2 °
X () z,
24U (t)=Eo, 2\ ovez
S : - 2v2E,T
H nockonbky U>>0, mepsoe HepaBeHCTBO 1o- Vel o
kasano. - Bropoe HepaBeHCTBO BHITeKaeT u3 z,
t
nepBoro, Taxk Kak x(t)—x(0)=§)2(0) do. Jlewm- Puc. 99. Ipauoyroasnuk, or-
Ma 10Ka3aHa. 0 e a apenan Touka ue B

JHokxaszatTeabcTBO TeopeMb. Ilycth
T — npou3BoJIbHOE MOJOXKHTEJbHOE UHCIO. :
Paccmorpum NPIMOYrOMbHHK I (puc. 99) Ha dasoBoit npockocTH

le-—t| 0O < 2\/250 T, lxl < 2+/2E,.

*) Pasymeercs, n3MeHenne noTenuHanbHoft smepruu U Ha KOHCTAHTY He wmenqer ypas-
nenua (1;). CymecTeenso auwy, uro U orpanuuena cuusy.
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PaccmoTpuM B paclmiHpeHHoM ¢a3oBoM npocTpaHcTse (xp, X, {) napaa-
nenemnner 14| <7, (v, x)[l. Tlo Teopeme o npoiosxennn peueine
MOJKHO NPOAOJKHTb A0 FpaHhUb! napainenenunesa. M3 aemmul caeayer, uro
pellenne MOMKET BBUATH JHIUbL HA Te rpany napasjenenineaa, rae [¢l=T
Hrak, pewenye MOXHO NpPoAOMKaTh A0 Aloboro = T, caenoparenbro,—
HeorpaHluyeH o,

3anaua 1. JlokaiaTh HEOrpaHHUCHHYIO MPOAOIKACMOCTL PCICHHA CHCTEMB ypaBhe
auv N -
nufi Hsiotoua m,m.——a; i=1, .., N, m>0, x&R", B cayuae noaoxurtesshofi notei-
X ;

unaastol sneprmt (U> 0).

6. HekpHruueckne JauHHM ypoBHA aHepriu. Ilpeanonoskum, uTO noTeH-
uHanbHas axepria U onpenenena na sceil ocn x. [lycts E — HekpHTHYeckoe
3pauenue suepruy, T, e. E He paBuo 3Hauennio ¢ynkunn U Hi B oaHol 13 ee

KPUTHUECKHX TOUEK.
PaccMOTpHA MHOKECTBO TOYCK, rae 3navenne U Mensuie E, {x: U (x)<<E}.

“MuTeppanos, Tak Kak QyHKuus U nenpepbin-
Ha (ABAa M3 ITHX HHTErPaOB MOTYT IIPOCTH-
paTbesi B Geckoneunoctb)., Ha konuax umrep-
Banos U (x)=E, caenosateanbso, U’ (x)s£0

(rak kak £E — mexpHTiHyeckoe 3Hauemie).
U a2 5,
£ z
> 3 2
| a & \ =

Puc, 160. MiomecTso Touck X, rae Puc 101 dasosan wpupan, amd-
Ux)<E . ¢eomopdiuIR OKPYRHOCTH,

Ka:xpnas touka muoxecrtsa {x: U(x)<<E) apasercst no sToil npuuinne xou-
oM ponno ORHOro HHTepBaja MeHbWHX 3Havenui. IlosToMy Bce MHOXKeCTBO
{x: U(x)<<XE) ecTb ob6besunenne He Golee ueM CHETHOTO HICAa NOmapHo
HENePECEKAIOUUIXCA OTPE3KOB H, GHITb MOXET, OHOTO MiH ABYX yXoasuux
B GECKOHEYHOCTDb Jyueid, WIH XKe COBRNAaNaeT co BCell OChbio X. '
Paccmorpum (puc. 101) onun n3 takux orpeskos, a<{x < b,

U(@)=U(b)=E, U(x)<<E npu a<<x<b.
) . . 2 . . .
Teopema. Ypaeueuue x—2-+U(x.)=E, a{x, b, 3adaer na naoc-

Kocru (x1, X2) 2radkyo Kkpueywo, dupdeonopdryr oxpyxnocry. Ira Kpu-.
gasn aeanerca (asosol Kpusoli cucrenot (2)
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Ananocuunoin obpasom, syt aLx<<oo (uan —co <x b), ede
U (x)< E, asanerca npoexyueii ¢pasosoli kpusot, du¢¢eomop¢uou npamod
aunuu, na oce xy (puc. 102). Hakoney, 6 cayuae, ecan U (x)<E na eceg
npamoti, smroxcecrso yposua E cocrour u3 dsyx ¢asosbix Kpusotx

x2= =2 (E—U (1))

) v
HTak, MHOXKECTBO HEKPUTHYECKOTO YPOBHSA ET\

S5HEPrHA COCTOHT H3 KOHEYHOrO WJIH CYETHQro
yHcsa FAaikux a3oBeIX KPHBBIX. )
7. Jlokasateabctso reopemu m, 6. 3akon co- -Z}t

XpaHeHHs] SREPrHH IO3BOJSIET HBHO pEWHUThH /\—/ -
ypasueune Heiotona. Heiictaurensno, npu ¢ux- \/_\.z;
CHpPOBaHHOM 3HaueHHH mnoJHoi 3Heprun E Be-

AuuHHa (HO HE 3HAK) CKOPOCTH X ONPEACNH~  puc 102 @asosan P
€TCA MOJNOXECHHEM X1 tdeomopduan apsmod,

x=£V2(E-U(x) ©)

a 3T0 — ypaBHEHHE ¢ oJHOomepHoin (HA30BHIM NPOCTPAHCTBOM, KOTOPOE M
yxKe ymeeM peniartb. ‘

IMycrs (x5, Xx2) — TOuka Haulero MHOXECTBAa YPOBHHA, OpHYeM x> 0
(puc. 103). Pewenue @ ypastenns (1) ¢ nauanbusim yc.vlomieM @ (fo)=x,
@ (fo)=x2 HileM H3 cooTHouleHHa (3):

i) d§

t—tly= —— 4
5,, VZE=UE)
aas f, 6Au3Kux K fo. b
T ’ .
3ameTHM Temepb, YTO HHTErpan 5 =S -T(—Eig—u—-(g-)- CXOAHTCH, TaK Kak

U’ (a)+0, U’ (b)5=0. Orcioza creayer, uto dopmyna (4) 3anaer uwenpepnis-
HYIO Ha HeKoTopoM otpe3ke {|<{i<Cfl» ¢yHKuuio ¢, npuueMm o¢(f)=a,

o (t)=0. 3Ta dyHKUMA - BE3Je YIOBJAETBOpPAET ypasHeHHio HsioTona
(puc 104}).
z !
| 'R 7 7 z
, 7
Pue. 103. TMonosnuy casoeolt kpusoit (or Pue, 104, [Mpoaoamenns peiseHun ypasHeHHs
a ap b) azosan TouKa MPOXOAMT 33 KO- Helorona ¢ noMoutbio orpamennit.

Heunoe BpeMA 7/2={y—1y,

Hnrepsan (t, ) umeer nauny 7T/2. TlpomomxuM ¢ Ha caepyiomuil
Hutepsan Aaunsl T/2 u3 cooGpakenuit cummerpuu: @ (fztt)=o(2—1),
0<<v<<T/2, u panee NepHOLHHECKH: o ({+TN=o(f). Pyuxuna ¢, nocrpoex-
Has Tenepb Ha BCed NPAMON, BCIOAY YAOBAETBOPSAET ypPaBHEHHIO HblOTOHa
Kpowme Toro. g (foy=1x1, @ (fof=x2. -
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Hrak, mbl noctpouan peiieHHe cucTeMbl (2) ¢ HayaJbHHM YCAOBHEM
(x1, x2). Ono okasasoch mepHoauueckuM, ¢ nepiofom I. CooTsercTByioiLas
3amMkHytas ()a3oBasi KpHBasi €CTb B TOUHOCTH YacTh MHOXecTBa YpoBHsl, E
Haj oTpeskoM a<{x<b. Dta KpuBas AudppeoMopdHa OKPYIKHOCTH, KaK BCH-
Kasl 3amxuytas ¢asosas xpusas (cum. § 9). .

Caryuail, Kora uHTepBaJ npocTHpaeTcst A0 GeCKOHEUHOCTH (B OAHY CTOPOHY
Han B o6e), npoile PACCMOTPEHHOTO H MpPENOCTaBAsercsd YHTATeJIo.

8. Kpurnueckue anuuu yposus. KputHueckue JHHHH YPOBHS MOCyT 6HTh
ycTpoeHbl GoJiee CJI0KHO, 3aMeTHM, YTO TaKas JIMHUS COAEPIKHT HENOABHIKHEIE
ToukM (X1, x2) (rae U’ (x1)=0, x2=0), Ka)kaas H3 KOTOPHIX yXe siBJjsieTcs
¢asosoii kpusoii. Ecan Ha orpesdke asKx<{b Baoay U (x)<<E, kpome
U{@)=U (b)=E, n o6a kouua — gpurhueckue touru (U’ (a)=U’(b)=0)

174 /4 Uj
£ £ £
a . & A lz 5 e b
4 L % _ N e A
xz{* z Z
A O -] P -
S~ 5 Z .

Pic, 105, PasGuenne KprTiuuccroll annni yPOBNR SREpTin na $a30odHE KpHBLE.

10 ABC OTKpBIThie gyrH (puc. 103) xo= £~2(E—=U(x)), a<<xi<<b, aB-
as0Tcst  $asoBbIMI KpHBLIMH. Bpems, 3arpaukBaemoe asoBoll Toukoii
Ha [pPOXOXKIAeHHe Takoil Ayr#, OeckoHeuno (TeopeMma NpPOLOJIAKEHHT H3

0. 54 eAHHCTBEHHOCTD).
Ecan U'(a)=0, U’(b)=0 (puc. 105), 10 ypaBHenue

) .
£23+U(x.)=£, a<u<b,

onpeieaseT He3aMmkiyTyio ¢asoryio kpusyio. Hakoweu, ecan -U’(a)5£0,
U (b)#0 (puc. 105), TO uactb
MHOZKECTBA KDHTHYECKOrO  ypoBHf

/‘.\ 0 /\ naf orpesxoM <KX << b — 3amkny-

4 \/ T oz Tasi ¢basosaa KpHbasl,, K&K B cJyuae
HEKPHTHUCCKOFO yponus E.
Zz

9. Hpumep. TlpumeHHM Bce CKalauHOe K
yPaBHEHHIO MAATHHKA

¥=—sinx.

[lotennnanbnan sneprus paswa U (x)==
= —cos x (puc. 106). Kpuruueckne TOUKH:

L
j/ \* ‘2; x1=kxn, k=0, 21, ...
3aukuytole  Qazosne Kpussie  BOAH3H

Z x1=0, x2==0 ROXOXH Ha 3a8U0CH. IDTHM
$a30BHM KPHBHM COOTBETCTBYIOT Maabe Ka-
4dauus MmaATHHKA. Hx nepioa T mano 3asH-

A
6)
*/z

Puc. 106. ®a3oBbie KpHBHE ypaBHEHNA MasiTIHKa.
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CHT OT aMMJHTYAH, NOKa OHa Mana, Tlpn GOABMIMX 3HAYEHHAX MOCTOAHHOH SHEPIHH MOAY-
YaITeA - GOALIIME 3AMKHYTHE KDHBHE, fIOKQ SHEPrHR He ROCTHTHET KPHUTHYECKOTO 3Havenwus,
PaBHOrO NOTEHUMANBHOH SHEPFHN MAafATHHUKa, NepesepHyTOro BBepx Horamu. Ilepuoa koxe-
Gaunil npu sToM pacter (TaK KaK BpeMA ABHIKEHHS (0 CeNaparpHcaM, H3 KOTOPHX COCTOHT
KPHTHYECKOE MHOXeCTBO YpoBHA, GeckoHeuwnoe). '

BSALINNM 3HAYCHHSAM IHEPrHH COOTBETCTBYIOT He3aMKHyThe Kpibbie, Ha KOTOPHX X2 He
MeHfieT 3Haxa, T. €. MasATHHK. He KavaeTtca, a Bpautaercs. Ero ckopocTh AoctHraeT HanGo.b-
wero anayenuss B HUXKHEM, a8 HAHMEHbUIErO — B BEPXHEM TNOAOKEHHI. )

3amernm, NTO sSHaueHMs X, OTAHYAIOWMECH Ha 2k7, COOTBETCTBYIOT OAMHAKOBHM 110.10-
xennam maathuka. [lostomy ¢azoBuiM- NPOCTPAHCTBOM MAATHUKA €CTECTBEHHO CUHTATh He
naockocTs, a waannap { xy mod 2x, x,} (puc. 107).

HaBopaunBas Ha WMAMHAP HAPHCOBAHRYIO YXKe HA MAOCKOCTH KapTHHY, noayuuM dazosute
KpHBHIE MANTHAKA HAa NOBEPXHOCTH UMAuHApA. Bce OHM — 3aMKHYTHIE TMafKHE KpHBHE,

s
A T,
L._j 17
Z
Pue. 107. Llnaunapuueckoe Puc. 108. Yron OTknoHewna wmaATHHKA
$a3oBoe  NPOCTPAHCTBO M3AT- # CKOPOCTb €r0 M3IMEHEHHA NPH aMNINTYAe,
HHUKa, - 6au3xoit x .

HCKNIOYaA JABe cTausoHapusie Toukn A, B (HHXKHee H Bepxiee NONOXEHHS pPaBHOBeCHA)
u ase cenapatpuen C, D.

3anxnaua 1. Hapucosars rpaduxn dynkunit x; (f) u x2(f) amm pewenns c sneprued,
613KOM K KPUTHuUeCcKOfl SHepruy B BEPXHEM MOJIOKEHHH, HO HEMHOTO MeHbefi.”

Orser. Cy. puc. 108, dynkuun xy (f), x2 (f) BupaxkalorTes 4epe3s INATHUCCKAR CHHYC Sn
H saiunTHUeckHd kocuRyc cn. Korga E cTpeMHTCs K MeHbUIEMY KPHTHUCCKOMY 3fayeHHIO,
"KOJc6aHHA MaATHHKA TPHOAHKAIOTCA K IAaPMOHHYECKHM, 2 S| H €N MEpexoaaT B sin H cOS.

3anauwa 2. C Kakofl CKOpOCTbIO cTpeMHTCT K Geckowedunoctd nepnoid T KoaeGamuii
MaaTHiKa, KOraa sHeprun £ cTpeMiTCs K BepXHEMY KpHTHUECKOmy 3nauennio E.?

Orser. C norapupmuueckoil (~C In(E,—E)).

Yxaszauue. Cum. dopmyay (4).

3apnaua 3. Hapucosatb ¢a30BHe KpHBHE CHCTGM C NOTEHUHAABHOA  IHepried

. sin x .
U (x)= ==x sin x, o =——, 2=sin x%
x
3anaua 4. Hapucosars Qasossie KpiBtie ypasuenin HbioTOHa ¢ CHI0BRIM nojeM
. sin x N
F (X)= “+x sin X, 4= ——, Zsin x2,
x

10. Mansie poamyuennsi kouceppartupHoil cucremn. Mccaenosas asu-
JKCHIST KOHCEePBATHBHON CHCTEMbl, MBI MOXKEM H3yuaTh OJH3KIE CHCTEMb
oGuiero BHAA NPy rnomoiun Teopembl O AHddepeHunpyeMocTH no napa-
metpy (cp. § 7, 5). Ilpu 3T0OM MBI BCTPeTHM KauyecTBEHHO HOBLIC H BecbMa
BaKible B MPUJIOXKEHHsIX ABJEHHA — TaK Hasbipaemble agroko.1e0anus.,

3apaua 1. Hccreaosats Qasosble KpuBble cHCTems:, Oauskoil K ciucreMe ypaBHeHHi
MaALlX KoneGanuil ManTHiKa:

xi=xz+efi {x:, x2),
el GH3<R
);2= —X|+3f2 (xh Xz)o
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Peweunne. [lpu e=0 nonywaeMm ypasuenus maawix koneGanufl masaruuka. [To Teopeme
0 AntPepeHuUPYCMOCTH MO NapaMeTpy Npu ManuiXx € peileHne (Ha KOHEWHOM HHTepBaje
BPEMeHH) OT/HYAETCA NONPABKOH NOPAAKA & OT FapMOHHUYECKHX KoAeGanuil:

xi=Acos({—lo), xi=—Asin ({{—1).

Caeaosateasio, MpH A0CTAaTOuHO Maaom € <<eq(7) dasopas Touka OCTaeTCA BOAHIM OKPYX-
HOCTH paauyca A B TeucHue HHTEP-

| 22 ’ . pana spesend T,
- B otauuue or KOHCEepBaTHBHOTO
/-r F cayuan (e=0), napu e3£0 dazosan
KpPHBAs HE OGH3ATEALHO 3aMKHYTa: oua
/’g MOKCT HMCTb BuA cuupaau (puc. 109),
y KOTOPOH PacCTOAHUE MCXKAY COCCA-
x5 AN\ A uuM#  BUTKamu Mano (nopaaka &).
Yro6ul  y3unaTh, nNpHOGAHNKaETCA K
¢asosan kpuBas K Haualy Koopau-
HaT WIH YXOAMT OT Hero, pac-
CMOTPHM mpHpawienue sueprin EF=

Puc. 109. Pasosue kpusue ypasneuns Bau-gep-TToan 2 ¥
# BpHUpalLeHue 3HEPrHH 33 O1ni 0GOPOT. =_2_+? 33 OAuH OBOPOT BOKPYT Ua-

— -— -4asa—xoopauuar.- Hac Oyaer—ocOGeHHO - MiuTepecoBarh  3HAK ~3TOFO ~NpHpAlEHHA: "ua™ pacs
KpyuHBawlyelics COMPAAN NPHPALLCHHE NOJ0KHTENBHO, HA CHMAOUCHCT — OTPHUATEALHO,
a na uukie pasuo 0. Busenem npuGuuxemuyw ¢opmyay (5)  ans npupamienus suepruu,
npOll3BO".lllle 3ucprun oo uanpamcmuo HAWErG BCKTOPHOTIO fI0JIA JICFKO BOIYHCAKTDL:
oNa nponopuuokanbha ¢ i pasaa £ (aq x2)=¢ (x1fi + £2f2).
JAs BLUKCICHHRA NPitfAMWCHAA  JUSPIUH 32 O0GOPOT CAC10BAT0 Ol APOKHTErPHPOBATH
9TY (YHKUKIO BI0AL BHTKA (a30BOI TPACKTOPHH, KOTOPAsd, K COXKAJACIINIOG, 1AM NHCH3BCCTHA.
Ho mu YHE€ BULIACHHIH, 4TO 3TOT BHTOK GAH30K K OKPYHHOCTH. ﬂosromy HHTCIPAg MOXKHO
¢ Tounoctelo Ao O (e?) Gparty no oxpyxitoct S paauyca A:

2z
AE=¢ { E(Acost, —Asini)di+0 (e
o]
Moacrasanr suluncaennoe suavenue £, naxosus *)
AE=cF (A)+0 (&%), (5)

rae F(A)y=§fidxa—fsdt) (uuterpan Geperca no  OKPYMIUOCTH pasuyca A <«npoTHs
HacoBoH CTPCAKH»).

Buiuncans QyHkuimo F, Mbl CMOXEM HCCACA0BATL noBelcHMe ¢a3obuix kpussix. Ecaw
dyukuus F nojoxureabta, ro npupamenue 3iieprun AE 3a 0GOPOT TAKXKC MOJIOKNTEALHO
(npH MaabiXx mosOXKHTEALHLIX &). B sTOM cayvyae alzosad KpHBas — PaCKpyuHBAIOIAACA
Cnupanb; CHCTEMA copepiuaeT Hapactawoune xoaebauud. Ecaw F<<0, 10 AE<O 1 ¢a3osan
cnupads 3akpyyusactol. B 3Tom cayuae koaclanus 3aTyXawr.

Moxer cayuntsben, uto dynkumsi F mcuser 3uax (puc. 109). Ilycts Ag — npoctoil kopens
dyukuun F. Torma npu Manpix & ypasuenmio AE (x(, x2)=0 yROBACTBOPAET 3aMKHYTan
kpusan I’ na ¢dazoBofl maockoct, GaM3kas K OKPYKHOCTH paanyca Ao (3TO cacayer u3 teope-
Mbt O 1EeRABHOIT QyHKUMR).

Ouesinio, kpusan I' ABAAeTCA 3amkuyToil $a3080fi KPHBOIT — NPEACALHLIM UHKAOM Hawed

CHCTeMbL.
Bynyr an Gauszkue (ba.’!OBblE Kpipue HAMATLIBATLEA NHA UHRA KEAH CMATHIBATLER € ueto,
dF -
OnpeaensicTCA 3HAKOM NPOH3BOXHOR F'=Ea P Ecan e¢F’>0, TO uHKI HeycTO#uNUB,
=

a eccan eF’ <0 — yctoftuua. JeficTBUTCABHO, B CPBOM Clydac Bpupaulcsue 3uepruu 3a 06opor
6oabue uyasa, ccau ¢a3osaﬂ Kpupas HAaXOAUTCA BHE LHKJAA, H MCUbLLUC HYAA, €CAn BHYTDPH,
nostoMy ¢asosan Kpupas BCeraa yRaaactcA OT uukaa. Bo BsTopoM e cayuae asosue
KpHBbe NPUOANIKAIOTCA K UHKAY H M3HYTPH, H CHAPYX#, Kak #a puc. 109

*) Mu noas3yemca Teu, 4o dxy=xs d{ u dxy= --x, dt B S.



§12] KOHCEPBATHBHASI CHCTEMA C OAHORN CTENEHBIO CBOEOAbI S 123

Mpumep 1. Pacemorpum ypansuenne x = — x-ex (1 — x%) (n1a3niBaemoe
ypasnenuesn Ban-dep-floas). Bwuncaaa wunrerpan (5) npun  fi=0,

4
fo=x2(1 —xl) noayuaem F(A)= (AQ—%—) .

Dra ¢yukuns umeer npocroii Kopenb Ao=2 (puc. 109), npuuem npu
Menblwnx A oHa no’aoXnTEABHA, 2 Npn GOMpHX — orpiuareabia, Ilostomy
ypaBHenne Bau-pep-TIToass nmeer npH MajanX & YCTOHUMBHIT NpeaeabHbIl
WHKA, GaH3KHIT K okpyxHocTH x*+ x?=4 na ha3oBoii naocKocTH.

Cpasuny aBHXKeHHsi HeXoxnoil KoncepsaTHBHOI cicTembl (e=0) ¢ Tem,
4TO NpOHCXOAMT npu &= 0. B KonceppaTHBHOM CHCTeMe BO3MOXKHH KoJe-
Gauns ¢ mo6oit amnnutynoil (Bce has3oBLie KPHUBHE 3AMKHYTHI). Axvmmnyua
" onpenessieTcst 31eCh HaYANbHEIMH YCIOBHSIMH.

B nckoHcepBATHBHOH CHCTEMC BO3MOXKHBEI KAueCTBCHHO HHBIC $IBJEHHA,
HanpuMep ycToHuuswiii mpepeabHnil uuka. B 3Tom cayuae npu Becbma
Pas’HbIX NauaJbHBIX YCNOBHSIX YCTAHABAHBACTCA Nepioanueckoe KoseGaHne
OfHOI H TOil e, BIOJaHE onpefesienHofl aMmaHTYAb. DTOT ycraHoBHBIiCA
peXKUM NHA3bLIBACTCA PEXHMOM aBTOKOJacOGaHHil.

3anaua* 2. Hccnenosats aBTOKONCGATEbHBIE PEXHMBL ABHXKEHHA MAATHHKA C MaaLIM
TpeHHeM noA AefAcTBHEeM MOCTOSHHOTrO*Bpamalomero mMomenta M:
x4 sin x4 ex=M.
YKkasanue. I1a 3anaua noapoGro paszoGpana pns aw6ux e # M B xunre A. A, An-
zpounosa A A Butrra C I Xafixuna «Teopun KoneGannii» (M.: dusmarrna, 1959,
ra. 7)
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JIuHelnbie CHCTEMBI

.

Jluneiinsle ypanuenisi — eABa JH jie eAHHCTBEHHbI 60ablIOi Kaace and-
(pepeHUHANBHLIX YpaBlieHHI, AJIA KOTOPHX HMeeTCs JOCTATOYHO NOJAHAs
TeopHs. J1a TEOPHA, ABJIAOILAACA, B CYLULHOCTH, BCTBbIO Jiueiinoil aareGpu,

" MIO3BOJIAAET MOJIHOCTLIO PEUIHTb BCE JiiHeilble aBTOHOMHbBIE YPaBHEHNS.

Teopus JunefiHLIX ypaBHemiii noJc3Ha B KayecTse nepsoro npusixke-

HHfi H MPH HcCAeROBaHUH HedHHelinetx 3amay. Hanpumep, ona nossoasier
- — HECAeA0BaTL-YCTOHUHBOCTL OJIOKEHHIT PaBHOBECHS U TONOJOTHYCCKHIL THI
0COGLIX TOYCK BCKTOPHLIX moJeli B cayuanx OGULero f10J40KeHHS.

§ 13. JluHeiluble 3apaun

Paccmorpusm BHayaae aea npHmepa cHTyaluil, ric BO3HHKAKT JAHHEN-
Hble YpaBHEHHSA.

1. Npumep: auneapnsaunsa. Paccmorpum anddepenunanbioe ypasuenne,
3ajlanioe BEKTOPHLIM nojeM v B (asoBom npocTpanctse. Mmu yixe 3naem,
YTO B OKPECTHOCTH Heoco6ofl Touk# (v==0) none ycTpoeno npocTo: oHO
BoinpaManercs anddeomopduamonm. PaccymoTpum Tenepb ycTpolcTBO noas
B OKPCCTHOCTH 0co00il TOUKH, T. €. TOYKH, e BeKTop noJs obpaiaercst B 0.
Takass Touka xo SIBASICTCSl CTALHOHAPHbIM pelleHHeM HaLero ypaBHemHs..
Ecan ypasuenne onucuiBaer Kakoii-an6o ¢pHusHueckiii npouece, To xo — CTa-
LIOHApPHOE COCTOsMIIHE pounecca, ero «noJjoXKeHHe pasiosechsi». [loatony ne-
cAefoBaHiie OKPeCTHOCTH Oco00ii TOYKH — 3TO H3YueuHe TOro, Kak Oynet
Pa3BHBATbCsl [IPOLCCC MPH MAJOM OTKAOHCHHMH HA4YalbHBIX YCJOBHil OT pap-
HOBCCHBIX (MpHMEp: BepxHee H HHXMCHEC MOJOMKCHUS PaBHOBCCHS MAasITHIKA).

IMpu nccaezosanny BCKTOPHOTO 10AS B OKPCCTHOCTH TOYKH Xg, TAe
BEKTOp noJisl papen 0, €CTECTBEHHO Pa3JOXHTbL [0JC B OKPECTHOCTH 3TOH
TOukH B pAX No ¢opmyae Teitnopa. Tepsriil unen psana Teitnopa — nuueii-
upiil. OT6pachiBaHilc OCTaNbHBIX YJCHOB Ha3biBaeTcst auneapusayuedd. Jlnkea-
pH30BaHHOE BEKTOPHOE MOJC MOXHO paccMaTpHBaThb KaK MPHMEpP BCKTOPHOTo
10431 ¢ ocoboil Toukoil xo. C APYIVH CTOPOIBL, MOXHO HAJNESTLCA, UTO MOBe-
Jenye pemetnii HCXOANOrO H Alileapu3oBaHHOro ypaBueuiil 6.Ju3ko (Tak Kak
npi JHHeapusauud orGpachlBalOTCA MaJable Boliculero nopsiaxa). Koueuno,
BONpPOC O CBA3H pelleHH HCXOAHOTO I JHHeapH30BaHHOTO YPaBHCHHIl Tpe-
OyeT cneulaiLHOrO HccaAefA0BaNIA. DTO HCC/eA0BaHHE OCHOBBIBAETCH HA NOA-
pobiuoM auaju3e JHHefiNoro ypaBHeHHs, KOTOpPHM Mul H Oyaem BHauaJje
. «. 3aHuMartbcsl. :
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3anaua 1. [lokaxure, uYTO JHieapu3auns — HHBADHAHTHAS, T, €. He 3aBHcAwWan
OT CHCTEMbl KOOPAKHKAT, onepausst. :

Tounce, nycTs nose v B obnactn U 3anmaetcst B cHCTEME KOODAMHAT Xx; KOMOOHCHTAMH
v; (x). Iyctb ocobas Towka umeer koopannarsl x;=0 (Tak uro ©v;(0)=0, i=]1, ..., n).
Toraa #cxoanoe ypasHeHHE 3AMHCHLIBACTCA B BHJAE CHCTEMu! :

H=v (), =1, .., A
Onpeneneune. Juneapusosannvis ypassenuesm Ha3HBaeTCs ypaBueHue

n
av,

El'——'z al-lgl- i=1, ., n, ay= 5; =0
=

PaccmoTpum xacareasnutit sexrop teToU ¢ xomnonentamn & (i=1, ..., n). JluneapusonaH- -
HOe ypaBHEHHe MOXHO 3anHcaTh B BHae
- E=4t,

rae A — aunefinoe oroGpaxenne A: ToU — Tol, 3ananunoce mMatpuuci a ;.

Yreepxnaercs, uto orobpasxexue A He 30GUCHT OT CUCTeMb KOOPAUMAT X; y4acCTEO-
saguwel 8 e2o0 onpedeasenuu.

3amawa 2. JluncapusopaTb ypaBHele ManTHHKA X=—Sin X BOAH3M noAOKenmil
pasHosecHs xo==kx, xo=0.

2. Tlpumep: oaHonapaMeTpuueckHe rpynnsl JnnefiHbix npeoGpasosanuii
R". Ipyraa sagaua, cpasy cpoisuiascs K JuHedHsM anddepenunans-
HbHIM YDaBHEHHsIM,— 3TO 3aJaua ONHCAHHA OAHOMapaMeTpPHYECKHX TIpymni
JIHHeHHBIX npeoGpa3osauuit *) aunefinoro npocrpancrtsa R™ -

3aMeTHM, UTO KACATEAbHOE NPOCTPAHCTE0 K AuHelnromy npocTpaxcrsy R"
8 M0G0l TOYKe ecTeCTBEHHO OTONOECTBAACTCA € CAMUM AUHELHLIAM NPOCT-
pancTeom. A HMeHHO, Ml OTOXJECTBASAEM 3/IEMEHT ( KacaTelbHOro NpocT-
paucrea T.R”, npexacraButesneM KoTOpOro sApasercst Kpusaa ¢: I— R",
¢ {0)=ux, c pekTopom

e()—=x e

v=1im =R"

t—0 ¢

camoro mpoctpancTBa. R (COOTBETCTBHE v<>( B3aHMHO OAHO3HAUHOE).

DTO OTOXAECTBJIEHHE 33aBHCHT OT CTPYKTYpPH AuMedro0z0 npocTpaHcTBa
R" u ne coxpauserca npu auddeomopdusmax. Oprnako B AnHefinLx 3aaa-
4ax, KOTOpPLIMH Mbl GyieM TeNepb 3aHUMaTbeA (Hanpumep, B 3aaade o6 04HO-
napaMeTpHUecKHX rpynnax JAuHedHbX npeoGpasoBanuii), CTpyKTypa JHsHeil-
Horo npoctpanctea B R” pa3s nascerpa ¢duxcupoBana. Ilostomy met renepe
anpedo 0o gosspawieHusn K HeauHeliHoim  3a0a4am  OTONDECTBAREM
T,.R"=R"

Myerb { g', =R} — onnonapamerpuueckas rpynna JHHEHAHHIX npeoGpa-
soBanufi. Pdcemorpum aBrxenne ¢: R— R” Toukn xo= R".

3anauwa 1. [loxaxure, 4to @ (f) — peluenne ypasiemns

o x=Ax . n

¢ HauanwuuyM ycnosuem @(0)=xo, rae A: R*-> R ~— guueiiumii oneparop (=R 3nzomop-

1=

d
¢$H3m), 3axaHHEE cooTHOmenneM Ax= n o (g'x) VxR,

Ykazanne Cm.§4, n 4.

*) HanomunM, uTO W BKNIOMaeM B ONpeleseHxe ofHonNapameTpudeckoit rpynns
('} anddepenunpyemocts g'x o x 4 .
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Ypasuemne (1) naautsacrca auneinorst. Takum o6pasoM, aast ofnHcauus
BCeX OAHOMAPaMETPHYCCKHX TPYNN JHHEHHBIX npeoc6pa3oBaHuil AOCTATOUHO
HceaenoBarth perienus jmelinux ypasuennit (1). ’

Mu ypuauM jgance, YTO COOTBCTCTBHE MCXKAY OLHONApaMeTPHUCCKHMH
rpynnami {g'} anneiinerx npeoépasonauuﬁ H JiHHCHHBIMH ypasueHusanmu (1)
B3aHMHO OAHO3HAYHO: Kamawlii onepatop A: R"— R" sapaer oauonapa-
Merpuucckyio rpynny {g'}.

Mpumep 1. Myctv n=1, A — ymuoxkenue ua wuncao k. Toraa g' -~ pactaxecuue
1% pas. .
3apaua 2. Haiith nore cxopocreil Touek TBCPAOro TeAa, BPaULAIOUWEroCA BOKPYT
OCH, NpoXoARuLel ucpes Touky 0, ¢ yriaosoil CKOPOCTLIO @
Orger: v{x)=lo, x]

3. Jluneiinoe ypasuenne. ITycts A: R*— R® — auneéiiuuii- oncpatop
B BEULCCTBEHHOM n-MepHOM npocrtpascree R,

Onpeneneunne. Junelnolm ypasuenues HA3BIBACTCS YypablieHHe
¢ dasopuiM npoctpancTeoM R, 3ajanuoe BeKTOPHBIM nosen v(x)—Ax

i=Ax. (1)

Moanwit Ttyn ypapuenns (1): cucresa n Aunelinvix 0dHopoOdrbix 06bIKHO-
ecHHblx Qudipepeniuanbiblx ypasHenui nepsozo nopadka ¢ NOCTOARHbLMU
Ko3ppuluentasru. 7

Ecan B R* ¢purcupoBana cicrema (qinefinnlx) Koopanuar x;, i=1,..., n,
TO )paBllClHlC (1) 3zanmmcuizactest B BHAE CHCTCML 7 ypasueuuii: x;=

Z agxj, i=1, ..., n, roe (ay) — maTpuua oncpatopa A B paccmat-
i=1
puBacMoil ciicre Me Koopannat. MaTtpuua 3ta naspiBaeTcs Marpuieti cucTeot.
Pewenne ypasuenna (1) c navansibim yenosues ¢ (0)=xo nacrcs  cay-
yae n=1 skcnouentoil ¢ (f)=e"x,.
Okasuipaercs, # b ofilem cayuae peilielne AaeTc Toil e ¢opmynoit:
HYXHO TONBKO OOGDLACHHTb, YTO HA3LIBAETCH IKCMOHEHTON Jnueiinoro ome-
partopa. JToil 3apaueil MUl Tenepb W 3afiMeNcsH.

§ 14. MokasarteabHas q)ym(ulm

Dyurumio e4, A R, MoX10 onpeacaTh MOGLM 13 ABYX 3KBHBaJEHTHLIX
cnoco0oB: .

e—E+A+4!+3| +"- (l)
= i e+ )

(rae E osnauact eautituy).

MMycrs Teneps A: R'— R* — situciinbiit oncpaTop UroGh! onpcncmnp
e’, npexac scero onpeacany noHSITHE NPEAeaa nomemaremuocm auieii-
HHX ofiepaTopoB.
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-1, Hopma oneparopa. 3aduxcupyem B R* craaspuoe npouspencHne
u Gynem o6osnauars uepes [lx]l=-/(x, %) (t&R") xopenb u3 cKanspHOTO
KBajpara x.
[yets A: R~ R” — mmuefinent onepatop.
Onpenenenne Hopaoii A HasHBaeTCad 4YHCIAO

A
. Al =sup o

Teomerpuueckt |JA]] o3nauaer nanGoabmni <«xosddiunent pacTameHus»
npeo6Gpasonanus A.

3anaua l. Hoxaxure, uto 0<< 1Al < 0. :
Yxasanne JAl= sup NAx|, chepa wxommaxrua, a dyukuna [Axf nenpepusua.

. xf = .
3apaua 2. Hokaxure, uto |AAll=IAl AL, 1A4-BI<< 1AL+ 1B, 14AB| <Al [B]
rae A u B: R —» R'— anneiinpte oneparopu, A< R — uncao.

3anava 3. Mycry (a;)— marpuna onepatopa A B opToHOpMHpoBanHoM Oasuce.
Tlokaxure, uto ’

max ), B} < A<, o
i ij
Ykasanue. Cu. I. E. Wlunos. Beexenne 8 Tteopmio aniefinbix npocrpancrs.— M.
"TUTTA, 1956, § 53.

2. Merpuueckoe npoctpaHcTso oneparopoB. MuoxecTBo L Bcex JH-
Hejinnix onepartopos A: R” — R" camo siBasieTcs anneiiHBIM NPOCTPAHCTBOM
Haj NoJeM BELECTBEHHHIX uicea (mo onpexaedenino, (A-+AB) x=Ax-}+ LBx).

3apaua ), Haiitn paameproctb 3Toro auneiinoro npocrpancrsa L,

Oreer. n’.

Yxa3anune, Onepatop 3agaercs cBoeil MaTpuueil.

OnpemenuM paccTOstHHE MEXAY ABYMA ONEpPaTopaMH KaK HOPMY HX
pasuocty p (4, B)=[A—B].

Teopewma. lpocrpancréo auneiinvtx oneparopoe L ¢ merpukoir p
RBAAETCA NOAHBLM METPUHECKUM NPOCTPAHCTEOM *). ’

IMposepnm, uto p — MeTpHKa.

Mo onpepenennio p=>0, ecan A==B, p(A4,A)=0, p(B, A)=p (4, B).
Hepasesncrteo Tpeyronbnura p (4, B)-}p (B, C)>p (4, C) BuTekaer H3 Hepa-
BerctBa [ X+ YI<<|X| 1Y)} sagaun 2 n. 1 (X=A—B, Y=B—C). Urak,
MeTpHKa p npeBpamaer L B MeTpuueckoe npocTpancTBo. Ero nosaxora
TOXKe OueBHAHA.

) *) Merpudeckus npocTpancraos- najusaetcs napa, cocrosmas 3 MHoxecrsa M u ¢yux-
nmn p: MX M->R, nasuBaeMofi MeTpukoii, ecat

n plx, 5)=0, (plx, y)=0) <> (x=y);
2) plx. Y)=p(y, x) Vx, y= M;
3) ple. 9)<plx, 2)+plz, y) Vx, y, zEM.

TlocaenoBaTENLHOCTE X; TOUEK METPHYECKOFO MpocTpaHcTea M naswBaetés noctedosareds-
rocrore Kowu; ecan Ve> 0 3IN: p(x;, x;)<<e Vi, j> N. Iocaenosateabhocts x;i cxodurca
K Touke x, ecin Ve>>0 IN: p(x, x)<<e Vi> N. TIpocTpancTeo na3tiBaetcs noAxbiM, €Chil
BCSIKan mociefoBaTeabHocTs Kown cxomures.
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3. Nokasateasctso nmoanotsl. Ilyers |A;} — nocacaosateasnocts Koui, 7. e pas mcsxoro
e> 0 naitierca N(g) Takoe, uto p(An., Ax)<<e npu m, &> N. [lyctb x=R". Coctasum nocae-
AopareIsHocTs Touck xieR*, xi=Awx. [MoxamewM, 410 [%:}— mocaerosateasnocts Kouin
8 npoctpanctse R", cnaGmennom epxangosoft merpukoil p(x, y)=lx—yl. Defcreurtennno,
0 OfpeACCHHIO HOPMBL oncpaTopa nph m, k> N

Ixm—xalf <p {Am, Ad) 2]l <e 151
Mockoabky [x]] — ¢ukcipoBaunoe (ue sapucswee OT /M, R) YHCIO, OTCWIa caeayer,
yto | % } — nocdeacsateasiocts Kewn. IMpoctpanctso R noawo. flostoMy cyutectsyer npeaea
y= lim xR,

i~ oo -

3anertus, uto . fixe—yl e lix} npu k> N (g), npuuenm N (e) TO e, uTO M Bulwe, He 3aBHCAlLee
OT X HHEAO. '

Touka y 3aBHCHT OT TOUKH X JHMHeRno (mpeled cyMmmbl pased cymse npeaeaos). Mu no-
fo1yyaeMm Jansefiunti onepatop A: R'—R", Ax=y, AeL. Mu Buaun, uro npu k> N(e)

s —
p (A )= A —All= sup ‘i—yn-gs.
x=0 Nl

3uaynt, A= _lim A, #_npoctpanctso_L _noano.

koo

3agaua 1. JloKamuTe, 4T0 [0CIeA0BATCABHOCTS ONepatopoR A; CXOAUTCA TOFI3
H TOJIbKO TOr1d, KOrAa CXOAMTCH NOC/ACAOBATCILHOCTL HX MaTrpuil B ¢UKCHpPOBaHHoM 6a3uce.

Buseaurte OTCI0AA JAPYIOoC A0Ka3aTCabCTBO HOJHOTH. .

4. Paaui. Ilyctb aano seutecTneHHOE JAnHeliHoe mpoctpanctso M, npe-
ppallentoe B METPHYECKOE MoJiioe [POCTPAHCTBO METPHKOIl p Takoii, yTo
paccrofHHe MexAy ABYMA ToukaMmu A 3aBHCHT AHuIb OT HX Pa3HOCTH, Npi-
uem p{dx, 0)=1A]lp(x, 0) (x&M, L=R). Takoe NPocTPaHCTBO Ha3blBaeTCH
Hopmuposannoiat, a QynruHa p{x, 0) nasniBaeTcsa HopMofi x u obosHaua-
ertes |lxi.

Mpumep 1. EBraiaoso npoctpancteo M= R" ¢ meTpitko#

pry=lx—yl=A(x—p) (x—y).

Mpunep 2. Npoctpancrso L auneitinx onepatopos R"—R" ¢ metpukoit p(A,B)=
={A-B].

Mupr 6ynem o0osnauath paccrosinHe MexAy 3aementamit A u B uz M
yepes {|A—BJ.

[Mockoabky saeMentsl Al MOKHO CKJAaAblBaTh H YMHOXKATL Ha yilcaa
n rociaefosaTesinHocTH Kown B Al uaelotr npefedibl, Teopus psiicB BuAa
Ai+Az4- ..., AieM, GykBaabHO MNOBTOPHET TEOPIIO HHCJIOBLIX PSAOB.

Teopus ¢GyHxUUOHANLHLIX PSiAOB TAKXKe HENOCPeACTBCHHO HepeHOCHTCA
na (byHKUHH €O 3HauyeHHAMH B M,

3apnaua I, Jlokamnre cacayllHe ABC Teopembl:

[Tpusnax Beilepwrpacca. Ecau psd Z fi @yaxyui f: X > M
NAJCOPUPYETCR CXOTAUUMC HUCAOBLIM padom; (=]

: - o .

l<a, =) a<ow, asR

70 OK cx00uTca abCOMIOTHO U PasHoMepHo Ha X.
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Oupdepenunponannc paia. Ecau pnd Y | dyuxunit fi: R— M
S R df;
 cxo0urcs u pad u3 npouaaodubzx i €xXo0UTC PABHOMEPHO, TO OH CXO0UTCS
d
K npousgodnoi ——Z f: (¢ — xoopmunarta na npamoit R).
i=1
Y« a3aunue. Jokasareancrso aia cayuas M =R uzecerca B kypce ananusa. Ha oGumni
cnyqau olio ncpenocu‘rca JAOCIOBHO.
5. Onpenenenne skcnonentn e, [ycrb A: R"-» R"— unefinniit oneparop.

Onpenenenne. dxcnonenroit e* onepatropa A HaswBaercss numeii-
&

- 2 o0
Holit omepatop #3 R"B R" e4=E-}+ A +§T+. .= Z W (rae E — roxae-
! =k

crpenublit oneparop, Ex=x).
Tcopema. Psd e* cxodurca npu no6os A PaBHOMEPHO HA KANCAOM
suoxcecree X={A: [|Al<a}, as R
HoxaszatenrcrBo. Ilyets All<<a. Toraa mam pan Maxkopu-
2

pyeTcsi UHCJIOBBIM PAIOM l+a+ + ..., cxoqsiuumen k e”. Ilo _npnéuaxy

Benepurrpacca pAA e paBHomepHo cxonutest npu fA| <a

3azaua . l. Buuncauts marpruy &V, ecan Marpnua A nmeer Bul
1 010
1) 3
(0 oa(el) a0 (o0 ).
000

¢ 0 ¢ cost sint Lt £/
oreer. 0 (¢ ez,). 2)(0 ) a)(_sint ) 4)(_0 v ),
, _ 00 _

6. MNpumep. PaccMoTpHM MHOXKECTBO MHOTOUJICHOB CTeNeHH MEHblle 1 OT
OJHOTO MEPEMEHHOr0 X C BEMECTBENHEIMH KO3hdHINEHTAMH, :

3TO MHOXKECTBO HMEET eCTECTBEHHYIO CTDYKTYPY BEIIECTBCHHOTO JH-
He{lHOr0 MPOCTPaHCTBA: MHOTOWJIEHBl MOXHO CKJaALBATL H YMHOXaTb Ha

- 4Heaa. )
3agaua 1. Hafit pasMepnocTh NPOCTPAHCTBA  MIOOYICHOB CTENEHI MeHblie .

Oroer. n; Gasuc, wanpumep, 1, x, x% .., x"~L

ByaeM o603Hauath NPOCTPAHCTBO MHOTOMJIGHOB CTEMEHH MeHblle n
uepes R"*). Tlpoussopgnas MmHorouysiena crenend McHbUIe n eCTb MHOTO-
wieH CTeneHn MeHbiue . Bo3nnkaeT 0TOGpANEHHe

- R R" dp
A: R"—R",. Ap o
3anaua 2. Jlokazars, uro A — sunciinuii oneparop; Hafité ero 81po u oGpas.

Orser. Ker A=R', ImA=R"". - .

C apyroit ¢ropount, oGo3snaunm ucpes H' (teR) ‘oneparop cABHra
Ha !, nepesoasiuuit MHOrowsed p(x) & p(x-+1).

S B. M. Aproasa
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3anaua 3. Dokasars, uto H": R"+R"— audeitnn neparop.” Hafitn ero sapo
# o6pas.
Oraer. Ker H'=0, ImH'= R

Haxoneu, cocraBum oneparop e, N

Teopema. eM=H

HdokxasareabctBO. B Kypce aHaaH3a 3Ta TEOpeMAa Ha3biBaeTCH
dopuyaoii Teiopa gas1 MHOrousieHoOB:

td t’ d’p
plx+ty=p)+—L4

1tdx 21 dx2+

7. Ixkcnoxenta AnaronaanHoro oneparopa. ITycte MaTpHua onepartopa A
JAHATOHAJbHA, C AHATOHAJLHEIMH 3JIeMEHTAMH A1, ..., Az Jlerko Bupers,
41O Marpuua onegaropa e’ Taxke AMArOHaAbHA, ¢ AWATOHAABHEIMH 3Je-
MEHTaMH € ', ey €0,

Onpepeaenue Onepatop A: R*— R* nasusaercn duaconarsueist,

—a3blBaeTCH COOCTBEHHOIM,

3anaua 1. [Ipusectst npumep HEAHArOHAILHOIO ONEPaTopa.
3anaya 2 [JokaxHre, 4To cOGCTBenHbe YICIA AHArOHaJAbHOro - fliepatopa A Be-

HICCTBEHHH.
3aaaua 3. Ecan Bee n coGersenunix uncea oneparopa A: R"»R” peutectBeHHn

H Pa3JjiHyHH, TO OH AHarouna’eH.
Tycro A — duazonaasneti oneparop. Toeda eseiuucienue e
8ceeo nposodurs 8 cobcreernon 6aauce. -
Mpumep 1. Mycts marpuua onepatopa A HMeeT BHA (I l) B Gasnce e, ez

A npowe

ITockoabKy co6cTBeHHMe uucaa 2y =2, A3 ==0 BewleCTBCHRH K Pa3anUKM, onepatop A Auaro-
Haaen. ColcTBenunit Gasuc: fi=e +e;, [r=e—e;. MaTpuua onepatopa A B cobcTeHHOM

20 .
6:231:;e ecth (0 0) . Tlostomy MaTpuua onepatopa el B coGcTBeHHOM Ga3uce uMeeT BHA
() |
Hraxk, B nexoanoM Gasuce maTpHua onepatopa ed umeer BHA
b 7e?41 21
2 (e’—i e’+1)‘
8. JKcnoHeHTa HUJALNOTEHTHOrO oneparTopa.
Onpeneaenue. Onepatop A: R"— R" Ha3HIBACTCSA HUAGNOTEHTHUIM,
ecJaH HeKoTopas ero crenedb pasua 0.
3apgava 1. Joxkaxure, uto oncparop ¢ MaTpHuei (0 0) HHABNOTEHTHA. Boobuwe,

€CCJaH BCe snememu MaTpiuuLl oneparopa Ha AHAroHaJ H.- H HHKE paBHbl 0 TO onepatop
HH.ILNOTEHTHUA.

Sanaua & Hoxaxnte, uto onepatop anddepenunpoBaNns % B RpocTpaHcTBE
MHOIrou o> .. B CTENEHH MeHblle 71 HHALNOTEHTHHIA.
"Ecau oneparop A ruabnorentuoll, 70 pad 0an et obpeisaerca, 1. e. €80-
ourca K KoHeunol cymse.

*) Tamm o6pa3oM, MH OTOXAECTBAREM NPOCTPAHCTBO MHOTOUNEHOB, B KOTOpoM BuIGpaH
'YKa3aRHHA Buule Ga3HC, C U3OMOPDUBIM €My XOOPAHHATHHM NpocTpaMcTsoM R%

€cJH ero MaTpHlla B KakoM-HHOyabh Ga3ice auaronaasha. Takoft Gasuc
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3aaaua 3. Buuncants e4(f =R), rae A: R*+R" — oneparop ¢ marpuiedt

01 0

01
0 "y
)

(1 ToALKO HaA raaBHON AHAroHaabio).
Ykasauue., Oaut n3 cnoco6os perueHus 37oil 3anaun — dopmyaa Teiisopa aaa muoro-

d
uneHos. Onepatop AnddepenuupoBania — HMeeT MaTPHRY YKA3aHHOTO BHAA B HEKOTOPOM
6Gasuce (kakom?). Pewrcuue cMm. B § 25. X

9. Ksasumuorounenst. Tlycts A — BeutecTBensoe umcno. Ksasumuozo-
“AeHOM C noxasarenes ). HasviBaeTcs npoussesenue eMp(x), rae p — MHo-
rousien. CTeneHb MHOTOWJIEHA p HA3BIBAETCSl CTENEHbIO KBA3HMHOrowieHa.
3adurcupyem 3HayeHHe NOKa3aTeas A.

3amaua 1. lokaxiuTe, YTO MHOXECTBO BCEX KBa3HMHOTOWJIEHOSB CTEMEHR MeHbUIE 1 —
Auneitnoe npocrpancrso. Hafiaure ero pasmepHocCTsb. :

Orser. n. Ba3suc, nanpumep, e**, xe*s, ..., x"~'e'~.

3ameuanune B nousitiu KBazMMHOTOWIEHA, KAK M B TIOHATHH MHO-
TOueHa, KPORTCH HEKOTOpad JABYCMBICJEHHOCTb. MoXKHO mnonumars (xBa-
3H-) MHOTOWIEH KaK @ttpaxcenue, COCTABJEHHOE H3 3HAKOB M OyKs; B TarOM
c/yuae pelende mpeasinyuledi 3anauu ouesuano. C Apyroft CTOPOHL!, MOXKHO
nouuMaTh noa {xBasn-)MHOTOUNEHOM pyHKYyLIO, T. €. oTOGpaxkenue f: R—R

B nefictaurenpHocT 06a MOHMMAaHUA PaBHOCHABHH {Koraa xoddhdumu-
€eHTHl MHOFOYJIEHOB BEUIECTBEHHLIE HJM KOMIVIEKCHBIE HHCIA; MBI cefiyac
paccmatpuBaeM (KBa3H-)MIOrOWIeHs € BeIleCTBeHHLIMH KosppHuunenTamu),

3agaua 2. Jokaxurte, uto Kaxaaa dyukuua f: R—+R, xoTopyw Moxuo 3anucarts
B BHAE KBa3MMHOTOU/JEHA, 3AMHCLIBACTCA B BHAE KBA3HMHOTOYAEHA ELMHCTBEHHBIM oCpaiowm,

Ykasaunue. Jocratouno pokasats, WTO cooTHowenne e*p(xy=0 BieueT pameHcTso
Hymo scex k0ddHUHCHTOB MuOTOUAcHa p(x).

.

OGo3HauuM n-MepHoe JIHHEefHOe MPOCTPAHCTBO KBA3MMHOrOUNEHOB CTe-

NeHH meHbUIe n C nokasateseM A uyepes R",
d .

Teopewma. Oneparop Jdupepenyuposanusn i runednsid onepa-

rop R*— R", u npu robom t=R
' d
‘ % {

. e=H, 3
20e H': R*— R* —opneparop cdsuza na t (1. e. (H'f)(x)=f(x4£). -

HoxaszarteabcTBo. Mol fo/xkubl [0Kas3aTb NpPeXAE BCEro, YTo

NponssofHas H CABHI KBA3HMHOrow/JeHa CTEMEHH MCHbIIE 71 C NMOKasaTe-
JeM A CyTh CHOBA KBA3HMHOTOWIEHB! CTEfIeHH MeHblue n ¢ nokasateqaeMm A,

Hefictaureasiio,

Ed;(e“p (N =2re*p(x) ¥ p’' {x), e“("*'")p (x+n= e (eMp (x4 1))

JluHéfinocTs AubhepeHUHpPOBAHHA # CABUIA COMHEHH He BLI3LBAET.
5* i
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Octaetcss 3aMeTHTb, uTo psia Teiliopa AAsA KBasuMHOrouneHa aGCOMIOTHO
cxoauTcsl Ha Bcell npsaMoft (Tak kak abconiotHO cxoaatcs paan Teitnopa
as e u aas p (x)),— 310 u Bhpaxaer ¢opmyaa (3).

3anaua 3. Buuncanrs MaTpiuy onepartopa e, ecan MmaTpuua A uMcer Buax

(#a muaronaan A, Haa Auarowaipw 1, octaasuue 0). Hanpusep, Buuucants

(o)
€Xp 01l

YKasanue. VMeHHO TakKofi Bua HMeeT MaTpulla oRnepatopa Auddepenrunpoaanin
B NPOCTPaHCTBe KBasHMHOTOWJeHOB (B Kakom Gasuce?). Pcweunne cu. B § 25.

_§ 15. CpoiicTBa aKcnomenTHl e -

VYcTanoBHM Tenepb paa cBoiictB onepatopa el: R*— R™ sti cpoii-
CTBA MO3BOJIAT HaM HCNOJB30BaTh e? 1A peweHus JAuueilnbix anddepen-
uHaJAbHLIX ypaBHeHHil.

I. Ipynnosoe cBoiictoo. Ilycte A: R®™— RY — nuueiinuiii oneparop.

Teopema. Cemelictéo auneiinolx oneparopos e'*: R*—»R*, (=R,
aganeTca cdnonaparerpuseckoll epynnoii aunelinowx npeobpasosanut R™,

ODokasaTeabcTso. [lockoabKy Mbl yxe 3HaeM, uTo e — nuneii-
HbIl onepaTop, HYXKHO TOJIbKO NPOBEPHTH, HTO

e(t-i-s)A____etAesA (])

H uto e pudpepenunpyemo 3aBHCHT OT f. Mbl 10KaXKeM, uTO

- d .
tA 1A
— =Ae y - 2)
dt (
Kaxk H MOJ0KCHO 3KCIOHEHTe.
Yrto6hl nokasaTb rpynnosoe csoiictso (1), mepemuo:xHM cHayaaa dop-
MaJbHble psabl N0 cTenmensaM A:

(E+tA +§A + ) <E+sA +%2-A2+ )=

t2

2\ 4o
_—_E+(t+s)A+(2 +ts+2—)/1~+

Koapduunent npn A* b npoussescuuu Gymer pasen (¢£-+s)f/(k!), tTak kak
¢dopmyaa (1) eepua B cayuae uncaoBuix psigoB (A< R). Octaerca oGocuo-
BaTb 3aKOHHOCTb MNOWIEHHOrO YMHOXeHHSl. 3TO MOXHO CAeath TaK Xe,
KaK JIOKa3blBaeTcsl 3aKOHHOCTb TOYJIEHHOr0 YMHOXKeHHst abCogoTHO CXO-
AAUHXCA YHC/OBHIX PAAOB (paas ans e u e cxomatcs a6coIoTHO,
TaKk Kak psiadl em“, e*'® rpe a=|lA|, cxomatca). Moxuo u npaMo
CBCCTH JOKa3aTesJbCTBO K UHCJAOBOMY cJayuvalo.
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Newuma. Mycro peR|z1, ..., 2a] — MHO20uACH € KEOTPUATEALHOIMU KOIGPuyueHTAMS
OT NEPEMEHNbIX Zi, ..y Zn. ITycTs Ar, ..o Ayt R"—>R" — aunednste oneparopet. Tozda

1p(Ar, .. AN p(EA]L oo 1A
HoxasaTeabcTBo. 370 BuTEKaeT H3 HEPABCHCTB

NA+BI< AL+ 1B, BABI ANIBY,  UAAR==[ATAL.

Jlemma jnoxa3zaxa. .
OGo3naunM uepes Sa{A) uacTuyio cymmy paaa aas ed:
! mo
Sa=) &,
k=0k'
S, — MiOrOWIeH € HeOTPHUATEALHHIMH Kosdduuuenramu orxocureasno A. Mo gomxnm
10K33aTh, YTO Pa3HOCTh Am=Sn(tA)Sn(sA)—Sn((t +5)A) crpemurca k 0 npu m—oo.
3aMeTHM, 4TO Ap — 3TO MHOTOU/EH € HEOTPHUATEAbHHIMH KO3 GHIUHEHTAMH OTHOCHTEIBLHO
. sA n tA. HdehicTBHTeabHO, ufeHW CTenmeHn He BHe m no A B nponsseleHud pajios ace
ROAYU2IOTCA NePeMHOMEHHEM UJEHOB CTENEHN He BHle m B pajax-coMuoxurensx. Hasee,
Sul(s +1)A) — wacTHan cymMMa psana-npoussenenus. ITostoMy An — 3T0 CyMMa BceX 4neHOB
cTeneHH Bue m no A B nponssefeHnun Sn(fA)S~{sA). Ho Bce xoadpduunentH nponssenenns
MHOrOYTEHOB € HCOTPHUATENLHHMH KO3 HIUHEHTAMI HeOTPHUATEALHEL.
Mo nemme [An(tA, sA) < A(I1A], lIsAll). O6o3naunm weorpuuartedbrue uucaa [{A[,
IsAj uepes 1, 0. Toraa An(t, 6)=Sa(t)Sa(c)—Sn(t+ o). Tlockoabky "e'e®=¢'t" npapan
4yacTh cTpeMutes K 0 npn m—oo. Urak, r:li_r.nwAm(lA. sA)=0 n cootsowenue (1) poxasamo.

Jas nokasateqbctsa cooTHowenua (2) npoanddepenunpyem pan e
no { ¢opManbuo; NOAYUHM PAX H3 NPOH3BOAHLIX

= d ot =
—_— A=A — Ak
L dtr! k!

DTOT psii cxoAHTC aGCOMOTHO H paBHOMepHo B JoGoit obaacth [|A] <a,
[{]<<T, Tak xe Kak H ucxoauuii psp. [TosToMy npoHsBoAHAsn CyMMEL
pAaa cylecTayeT H paBHa CyMMe pAaa H3 npon3poiHbX. Teopema goxasaua.
3anaua L. Bepuo my, uro '+ B=c4eBp
Orser, Her.

3anxaua 2. Hoxkaxure, uro det e";&o.
Ykasaune e =)l

3anaua 3. lokaxnte, uTo eccan onepatop A B eBKIHAOBOM fIPOCTPAHCTBE KOCO-
CHMMeTpPHUeCKH, TO onepaTop e — oproroHanbHMi. 7

2. OcHOBHas TeOpeMa TEOPHH JHHEAHBIX ypasHuenmuilt € NOCTORHNBIMH
ko3 duunenramu. M3 noxkazannofl TeopeMul HEMOCPCACTBCHNO BLITCKacT
dopmyaa ana pelieHHa JHHEHHOro ypaBHEHH:A ’

x=Ax, xeR 3)

Tcopewma. Pewenue ypasnenun (3) ¢ nasasvron ycaosuern ¢(0)=xo
ecre ’

¢()=e'*x, teR (4)
DokasateascTno. Coraacno dopmyae anddepenunposamusa (2)

de . i,
dt—-Ae xo=A(?).
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Hrax, ¢ — pemenne. Hockoabxy e’=E, @(0)=x,. Teopema pokasaua,
-TaK KaK NO TeopeMe eUIHCTBCHHOCTH BCAKOE peulcHHe B cBocil oGaacTH
onpejcacHiis copnajaetr ¢ peucuiem (4).

3. O6Gwmuil Bup ognONapamMeTpPHYCCKHX rpynn auneitnslx npeoGpasosa-
Huit npoctpanctea R°,

Teopema. [Hycre {g': "— R} — o@uonapa,uerpzwecxaﬂ epynna
aunetinetx npeo6pasosanuil. Toeda cyuiecrsyer aunednud oneparop A; Ri—
— R” raxod, uro g'=c"

? £ 4

NlokasaTeabcTBo. HO.'IO)KHMA—-d—g— =limg—_——€.

dt 1o 1

Mu yxe jnokasaap, uto aBmkenHe ¢(f)=g'xp — 310 pemrenie ypas-
HenHsl (3) ¢ HauaabHulM ycaoBueM ¢ (0)=xp. Coraacuo (4) gxo—eAxo.
4YTO H TpPefOBaJOCh.

Onepatop A Ha3bBAKT npoussodauus oneparopos rpynnsl {g').

3aaava l. JoxaxiTe, YT0 Npoi3b0AALLKIT_ONCPATOP Onpeleagil TPynnoil oAHO3HAYHO, ~

“ 3ameyanue Takum 0Gpa3oM, HMEETC B3aWMHO OJHO3HANHOE COOT-
BETCTBHE MEeXAY JHnelinbiMH anddepcnunaapipiMin ypaBHenusyn (3) o
ux ¢dasoBuiMi notokami (g}, npu 3ToM (ha3oBLIT NOTOK COCTOMT M3 aMNeii-
HbIX audrpeoMopdsmon,

4. Bropoe onpeneseHHe 9KCNOHCHTLL,

Teopena. Hycro A: R*— R — auneiinoui oneparop. Toeda

¢ = lim (E+§,’7)"', )

m-> o
HdoxkaszarteabeTso. Paccmmpum PasnocThb
o

(B =5 (h— G )

A

A \m
(me CXOAMTCH, TaK Kak (E—i——) — MIOroudeH, a psa e cxomncn,)
nt

3amMeTuM, uTo KO3GGMHUHCHTH PA3IOCTH HCOTPHUATCABIEL
1 >m (m—1)...im—k+1)1
k= meme...n k!

TosTomy, noaaras [|Aj =a, naxomnm

=(e+ ) N (i) =e~(43)

Tocacansan Beanunna crpemutcs kK 0 npu m— o0, H TeopeMa JoO-
Ka3aua. ‘

5. Mpumep: dopmyaa diinepa pas e°. ITyctb C — koMmnuiekcHas nps-
Mas. Mbl MOXeM paccMaTpHBaThb €C KaK BeWeCTBEeHHYIO miaockocTb R,
a yMHOXXeHHE Ha KOMNJCKCHOE YMCJO Z — KaK JuHeilnbiii onepatop A: R-»
— R% Onepatop A ecTb NOBOPOT Ha yroa arg z ¢ pactsenueM B |z| pas.
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Samaua 1. Haitrw wmartpuny ymnoxenus ua z=u-4iv 8 Gasnce e =1, ey=i

. 0« —
Oraer. ( U) .

v [
Ha#inem teneps . To ¢opmyne (5) namo BHavaje CoOCTaBHTL oOne-

A
patop E4—. 310 — yMHOXeEHHE HA HHCIO l+_, T. €. MOBOPOT HA yron
. n : n

arg(l-{—%) C. pacTAXKEHHEM B l l+%| pa3

iz
1c. 110).
(pre ) 0 )\ Az |ImE
3anaua 2. JokaxuTe, 4TO NpH A — o0 p= a
ReZ
2 z 1
a - = —_ —
rg<l+n )=1mZ +o(% ).
©) P 10. K ¢
l+_2_l =1+Rez+o(l) l)-;-c'z/n.l . Komnnekcuoe uncno
I n n nl/’

Oneparop (E-}—S—\)" €CTb MOBOPOT HA yroa n arg(l-l-;-) C pacrsixke-

z|n v .

HHeM B l I+—l pas. M3 dopmya (6) naxoiHM nmpegesul yria nosopora
n

11 'KoapduLHeHTa PACTAKEHHA:

n
lim narg(l—l—z—)r-lmz‘ lim ‘l—l_—z—| =
n-» o0 n n-» oo n
Tem camsim foKasaua

Teopewma. MMycre z=u-iv—  KOMIACKCHOE 4IC0, A: R R2
OREpaTop YMHOMEHUR HA 2. Tozda e ecto oneparop ymuoxenus Ha KoM-
naexcuoe ducao e (cos v-4isinv).

Onpepeanenne KomwrexcHoe uncno

e“ (cos v+1 sinv)= lim (l -}-% )"

n—» oo

Ha3bIBACTCS IKCMOHENTOH KOMIICKCHOTO uNcaAa z==u-}iv H oGo3HauaeTcs
e*=e"(cos v-}isinv). M

3ameuanuc. Ecan e otaHuaTh KOMIJIEKCHIOE YHCIO OT ofepaTopa
YMHOMKEHHSI NA 3TO YHCAO, TO ORPCAC/ICHHE NPEBPAULACTCHA B Teopemy,
MOCKONLKY SKCNOHEHTA ONepaTopa yike ONpeAcaena.

3anaua 3. Hafitn ¢° ¢, ¢, e, ™.

3agaua 4. Hdokaxure, uto e T =¢"¢*(2,C, 2,&C).

3ameuanne. ﬂocmm,xy JKCNOHEHTA ONPESeAsiCTCH TaKXe PAAOM,
HMeeM

& —l+z+-—+ v zeC S (8)

{pAn cxoaurcn aGeonioTHo M papHoMepuo B kaxgom kpyre [z|<Ca).
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3axaua b, Cpannﬁnan 3TOT paa ¢ ¢opmy.aoit Silnepa (7). BuiBecTH paam Teitnopa
aas sin v, cos v.

3ameuanune. Ob6parno, 3Has psaasl Teilnopa sin v, cos v, ¢* MOXKHO
6b10 6bl JOKA3aTh ¢dopmyay (7), npuuss ¢opmyay - (8) 3a onpeneaenne e,

6. Jlomannie diinepa. Coemuusas copmyast (4) u (5), Mbl noayuaem
MEeTOA NpPHGMIKEHHOTO peuicHns Aupdepenuyasbioro  ypasnenus  (3),
nasuBacMulil serodon aomanox 3iaepa.

Paccmorpum  auddepeniunaibioe  ypaBHeHHE € JIHHEHHLIM (a30BBIM
npoctpancTaoM R”, 3amaHnoe BeKTOpHLIM nojem v. UToGH HafiTH peiuenie ¢
ypasuenna x=0v(x), x&R", ¢ HauaabHLIM
yCJOBHEM Xo, NOCTYNHM cJaemyioutny oGpa-
soM (puc. [I1). Cxopoctb B TOuKe xo
Ham H3BecTHA: 370 v (xo). Byaem asurarte-
Cfl C MOCTOAHHOIN CKOPOCTBIO ¥{xo) H3 Xp B
TeucHite Bpemennt At=1({/N. [lonaiem B
TOYRY X} = Xo -+ © (x0) Af. B_Teueme caenyio-
Liero oTpeska ppemenn Af 6ypem  ABi-
rathecsi €O CKOpPOCThIO ¥ (x), H T. A.:

Xepr=xpt+v(xe) AL, k=0, 1,..., N—1.

e
I
ey
~

O6osuaunn yepes Xy () nocneaion Touky,
xy. 3ameTHM, urto rpaduk, nsoGpaxaio-
Wil ABHMKeHHEe ¢ KYCOUNO-TOCTOAHHOI  CKOPOCTLIO,— 3TO  JjioMaHas
qunnst 13 N 3pedveB B paciunpeHHoM ¢asopoM mpoctpanctse RX R Ora
Josaunast 1 uassipaerca joaanoii dilnepa. EctecTBenHo oxnnarb, yto npH
N — oo nocacpoBaTtesibHOCTh JOMaHBIX 3illepa CXOAHTCH K HHTCrpasbloli
KpHBOil, Tak uTto mocjegHsis Touka Xy Oyact npH Goabmnx N Gauska
K 3HauyeHHI0 pelicHHA ¢ C HavaabHbIM ycjaoBHeM ¢ (0) =xo B Touke ¢f.
Teopewa. lan auneiinozo ypasnenus (3) Nlim X =¢(0).
- 00

Puc. 1L Jlosanas 3iiaepa.

Hokasarteabcrtno. [To onpegescnuo Jovanoii 3iliepa npn v(x)=
ANN . A =
=AxHMeeM XNz(E-l—T{) xo. Hostomy lim Xy=e"xo (cm. (5)). Hrak,
N> o
lim Xy=¢(f) (e (4)).

N o

3anawa 1. JlokakuTe. uTO HE .TOILKO Koiel JOMaHol Diiiepa  crpemurea
K @(f), no u BCH [N0CACAOBATCILHOCTB  Kycouno-aiefnux  Qyuxuuit  ¢.: I — R",
IpapuKaMH  KOTOPLIX CAyKaT JoMmanuie DiAcpa, paBHOMEPHO CXOIMTCS K pelicHuio ¢ HA
oTpeske [0, ¢].

3ameuaunnc Jlomanas Diinepa B ofuieM cayuae (Koraa BeKTOp-
lioc moJie ¥ 3aBHCHT OT X HeJHHeilHo) Takike MoxeT GblTh 3amicaHa B BHAE

!

XN=(E+W) Xo, TAe A — Heaunefiuslit oncpatop, NepeBOASIHIl TOUKY X

B TOYRY v (x). B naabueiimem Mbl yBUANM, UTO H B 3TOM cJayuac HOCJAe10-
BATE/IBHOCTb JIOMaHBIX Jilziepa CXOAHTCA K pellendio, mo Kpaiimeit mepe
npu gocratouno Mmaawix [ (§ 31,9). Takum oGpasom, Buipaxenue (4),
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B KOTOPOM 3KCHOHEHTa onpeneneHna gopmynofi (5), maer peweHue ooGuie
Bcex anddepeHunaNbHBIX ypaBHeHH# *),

diinepoBa TeOpHA 3KCMOHEHTH, eIHHOOGpa3Hasi BO BCeX CBOHX Bapuau-
Tax OT ompejieneHnst uicaa e, dopmyas dinepa aas e°, dopmyan Tefinopa,
¢opmynb (4) AnA peweHHs JHHeHHBIX ypaBHeHHA H JO MeTOAA JIOMAHBLIX
Silnepa, MMeET MIOrO APYrHX NpUMEHEHHH, BLIXOAAULMX 32 paMKH Haulero

Kypca.

~ 16. Onpeneantens 3KCNOHEHTHI

Ecan onepatop A 3sapaum cpoeli Marpaueii, BHulic/eHHe MATpPHULL Ome-
patopa €* moxer TpeGoparb AmHHBX Bhixaagok. OnHako ompegeanTesb
matpuusl e MOXHO, Kak MH cefiuac yBHANM, BBLIUHCAHTH OYEHb JETKO.

1. Onpenenuteas oneparopa. [lycts A: R* > R* — auneiiuniii oneparop.

Onpegenenue. Onpedeaurenen oneparopa A HaspiBaercs onpene-
JauTesb MaTpuisl oneparopa A B KakoM-uuGynb Gasuce ey, ..., €, 0603Ha-
yenue: det A,

Onpepenureab MaTpuubl oneparopa A He 3aBucHT or Gasnca. [Heii-
cTBHTENbHO, ecad (A) — martpuua oneparopa A B Gasiice ey, ..., €p, TO
Matpuueil onepatopa A B apyrom 6as3snuce e
Gyzer (B)(A)(B™"), u 2

det (B) (A)(B~")=det (A). E

Onpedeautead MaTpUYbL — 3T0 OPUEH- T,
TUposanHubll obsenm naparrerenuneda **),
pebpa  kotopozo 3adarorca  croabyamu 17
Marpuot. z E,

Hanpumep, npu n=2 (puc. 112) on- :

xn X Puc. 112. Onpeacanrenb matpuuu pasen
. OPHEHTHPOBAHHOA MNAOWAAH WaPaNeIo-
i y2| €CThb njoiutaib na- rgauma. HATAHYTOrO HA €e CTOAGHLL.
paanesnorpaMma, HATAHYTOrO Ha BeKTOPH E;, &2 ¢ KOMMOHeHTaMH (X1, y) H
(x2, Y2), B3ATAsA CO 3HAKOM MJIOC, €CJIM YNOpsiAOuYeHHaA napa sektopos (Ey, &,)
3agaeT Ty xe opHeHtaumio R%, uro M GasucHasm mapa BekTOpOB (e, e2) H
CO 3H2KOM MHHYC B IPOTHBHOM cayuae.
Cron6eu ¢ momepom { B Marpuue onepatopa A B Gasuce ey, ..., €
COCTaBJIEH M3 KoopAuHAaT o6pasa Gasucuoro Bekropa Ae;. Ilostomy onpe-

pedenunTtenb l

*) FlpaxkTuueckn nNpUGAHKEHHO pellaTh YpaBHeHHe ¢ MOMOINLI0 JOMaHHX Jinepa
Heyno6HO, TaK KaK NPHXOAHTCA 6paTh OueHb MaanA war Af, uTOOW MOJAYUHTL 3aLAHHYIO
TouNOCTh. Yatlle nonb3ylOTCHA PasiMUHLIMH YCOBEpUIEHCTBOBAHHAMH 3TOT0 MeTOAa, B KOTOPHX
HHTerpanbian KpHBas aNNDOKCHMHPYETCH He OTDE3OM NPAMOAl, a OTpe3KoM napaboaun Toft
nan uioft crenenn. HanGonee wacro mcnoansyiorcs Meroaw Anamca, llltepmepa u Pynre.
C HHMH MOXXHO MO3HAKOMHTBLCA MO YueGHHKAM NPuOAHIKEHHHX BLIYHCACHHUI.

**) [lapannenenunex c pe6pamu &y, ..., E..ER" ectb noamioxecteo R, cocroamee
n3 Beex Touek BHA2 XiEi4...4X:E. 0<<u<<l. Tlpn n=2 napannenenunel HasuBaerca
napaanesorpaMmod. Ecanm Bu 3HaKOMH ¢ KakuM-an6o oupencaenuem o6GneMa, TO Jerxo
RoKaxeTe BhjenenHoe yTeepxaenne. Ecan xe mer, T0 MOXeTe NpHHATL €ro 32 ONMpejeleHHe
ofveMa mapannenenunena.
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deauteap oneparopa A — 310 opuentuposannviii o6ves obpasa edunuy-
Ho20 ky6a (napassesenuneda c pebpasu e, . .., €s) npu orobpaxenuu A.

3apaua 1. IMycrs I[1 — napannenenunen ¢ Aukeiiio ue3aBHCHMBIMH
peGpamu. [lokaxiute, uro orHowenue (OpHEHTHPOBAHHOro) o6bema o6Gpa3a
napaanesenunesa AIl k (opnentuposaunomy) oé-uemy IT e sasucur or [1
H pasto det A.

3ameuanne. Uuratenp, 3HAKOMBIA ¢ Teopicil H3MepeHusi o6nLeMoB
B R?, moxer samennts I1 m06oii Gurypoil, nmemolieil oGbem.

Urak, onpedeauresv oneparopa A — 310 KO3(uyuenr u3menenusn
OpUEHTUPOBAHH020 06BEMA: NpU NpUMeHenuu A OpPuUeHTUpOGanHuli 06Bem
a1060it pueypsr menserca 6 det A pas. I'eomeTpHyecKH BOBCE HE OYEBHHO,
4TOo pacTsieHHe obbeMma Jaa Bcex (HrYp OAHHAKOBO (Aaxe B caydac
naockocth), BeAb ¢dopma Qurypsl npu JuHeiloM npeoGpazoBaHUH CHABHO
MeHSICTCS, ’

2. Caen oneparopa. Caedosu marpuysr A nasblBaeTcsi cyMma ee Jiaro-
HanaeHbix 3JementoB. Chea oGosuauaercs ir (oT aurumiickoro <traces)

n
—— == —uau-Sp “(oT Hemeukoro «Spur»): tiA’:”Z_a;, -
i=1
Caex matpuust oneparopa A: R*— R" ne 3aBucur or 6asuca, Ho AHWL
oT caMoro oneparopa A.
3anauya |. JoxkaxuTe, yTo ¢Jel MaTpHLULI paBeH CyMMe Bcex n ee coGeroeu-

HBIX HiCC, & OonNpele HTe]b — HX NMPOH3BEACHHIO.
Y ka3 auue. [lpumennte ¢opmyny Bueta k aitorouseny

det |4—2El =(=AY +(=1""" ). ait ..
: i=1

Co6cTBeHHbIE YiHCAa YXKe He 3aBHCAT OT 6asnca. JTO NO3BoJAET LaTh
crenyiotee

Onpeneaeuue. Caedom oneparopa A Ha3LIBAGTCS CJeX ero MaTpH-
Il B KAKOM-HHOYAbL (M TOrZa B JI06oM) Gasmce.

3. Cosab onpeneanteas u caeaa. [lycte A: R*— R® — juneiuniit one-
patop, e = R. Jlerxo pokasmisaetcs

Teopewma. lTpu e—~0 det(E-cA)=1-+etr A+ 0(?).

HoxasaTtenbcTtBo. Onpegeanteas oneparopa E-+eA papen npo-
u3peaeHuio coGcrsenublx uucesa. ColcTbeHuble 4icaa omepatopa E-eA
(c yuetost kpatsocteii) paBubl 1-fei, rae A — coGerBerHble uncaa A.

MMostomy det (E+ed)= H (I4+er)=14¢ Z 2%+ 0(eh, uro u TpcGona-
N0Ch 0Ka3ath. =t =t

Bropoe nokasateanctso. Scio, uto ¢(e)=det (E 4 eA) — muorounent

ornocurensto g, npudem ¢{0)=1. Hyxuo rnokasats, yto ¢’ (0)=tr A. Onpeneau-
Teab Matpuunt ||lx,fl oGosuauum uepes A({x.;)). [Mo nmpasuay muddepenun-

OBAHHA CA0XKHOA (yHKuMH de i = Z OA | dxy rae  x;;(e) — saemenTl
P ¥ de - daxi Ve de’ “

l[=l JA
matpuunt E+ed. ‘Iannaﬁ npoussoaHan Jdx 3V £ PpaBHA N0 ONPEASAEHHIO
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_ddzlh‘ odet (E—I—ﬁe;,;), rae e,,,;nxarpnua, €IHCTBEHHMI HERYACDON  7EMENT  Ko-
Topoii — 910 1 B i-ii cTpoke, j-M cronbue. Ho det (E+hei)=1 mpu i==j n 144,
9A ' dg
ecau i=j. Urax, —I =0, ecau i*j, u 1, ecan i=j. Ilostomy — =
/ Todug lE it ¢ =i TOMY de | e=0
n n
= %_'_—: Za,-_.-=tr A, uTo 1 Tpe60BaJOChL JOKASATH.
€

i=1 i=1
Mexay npounM, Mb 3aHOBO JOKa3aaH HEIZBHCHMOCTb cleia ot 6asHca.
~ CuaepncrtsBue llpu masosn ussenenuu pebep napasrierenuneda Ha u3-
" MeHerue 06TeMA BAUAET AUWb USMEHEHUe Kaxcdo20 pebpa @ e20 coOCTaeN-
HOM HANpaeAeHuu; u3MeHenue osce 8 Hanpasaexutr Opyeux pebep daer
8 uamexernue ob6vema Aulllb s8xaad 8TOPO20 NOPAdKa
MANOCTU, .
Hanpumep, naowaap napaJnesnorpaMma, 6aH3Ko-
ro x kBazpary (puc. 113), maneimu Broporo nopsa-
Ka MaJoCTH OTJIHYAeTCs OT Mok 3alUTPHXOBaK-
HOro npsIMOYroJibHHKa,
Moxuo 6bi10 6B JOKasaTh 3T0 CACACTBHE H3
9JICMEHTAPHO-FEOMETPHUCCKHX COOGpaxKeHHl; 3To
" npuBeno 6b ¥ TEOMETPHYECKOMY JOKa3aTeNbCTBY
Npeabiny el TEOpeME, ]
4. Onpep¢nurtens oneparopa e, Prc. 113. MpuGanxennoe on-
Teopema.' [Iaa 2106020 AUHEIHOZO ONEPATO-  Horiauma ‘Gamskoro x  xBan
. n n pary. i
pa A: R">R det e’ =¢!"4,

\\\\\\\\\V

HdokxasateancTso. CoraacHo BTOPOMY OMNpeJe/IEHHIO IKCINOHEHTH
det e = det ( lim E+é—)m)= lim (det (E +%—)m) , HGo onpeneanTenn

mer o m m-» o
MaTpHLbl — MHOTOU/IEH (H CJIeJl0BaTENbHO, HenpephlBHAA (GYHKINA) OT 3Je-
meHtoB. [aJee, no mpeapiayulell Teopeme

det (E+%—)m=(det (E+’mi))“ =(1 +%1- tr A+0 (mlz,))”‘ m—> oo,

OcTaetcsa 3aMeTHTb, yTo lim (I+m£+0(alg))m=e° ana moboro as R,

m-— oo
B uacTHOCTH aast a=tr A. .
Cnenctaue l. Oneparop e nesvipoxcden.
CnencrtBue 2. Oneparop e* coxpanser opuenrayuwo R* (1. e.
det A> 0).
Cnencrsued (bopmyaa Jluysuansa). Pagossid norox {g')
AuHellHo20 ypasHeHus

=Ax, xR . C()
3a epema t menser o6ven awboil dueyps 6 e* pas, 2de a=tr A,
Heficenrensuo, det g'=det ¢’ =¢"# =¢'"4,
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B vacrtHocTH, oTcioAa BLITeKkaeT

Caencrouc 4. Ecau caed A pasen 0, 10 ¢hasoswii norox ypas-
nenus (1) coxpanser obvemst (1. e. g' nepesodur aoboii napasseae-
nuned 8 napa./me/zenuned TO20 sre obwesa).

Heficteutensho, e’ =1.

Mpumep 1. Paccymorpum ypapuenne MasiTHHKA ¢ KosdhdHUMCHTOM

Tpeuus —k&

X= —x4 k¥,
3KBHBAJEHTIHOE CHCTEME
X1=Xy, Xo==—X+kxs

¢ mMatpuuei (puc. 114) (—(l) ile)

Caen sroit ManHllbl pasen k. Hraxk, upi k<<Q npeoGpasopauue dazo- -
poro noroka g' (/> 0) nepcoomt Kamaywe odaacTb $asoboii MAOCKOCTH

a4

Pite. 114. TNoseaenne naowaaei npn npeo6pasosaniax $Galosoro NOTOKA YPIDUCHHR MARTHUKA.

8 o0JacTh Mennweil nromaau. B ciictese ¢ orpunaTteabHbiM Tpenuesm (k> 0),
Hao6opot, niowaias o6aactd g'lU, t> 0, Goavme naowanu U. Haxowen,
koraa Ttpeumst mer (k==0), ¢aszonumii notok g' coxpatsier nIoWAAN
(HeyAuBHTEABLHO: B 3TOM cCJydae, Kak Mbl yxe 3uaem g' ccts nosopor
na yroa f).

3aaaua |, Ilycrs peuecTBeMILIE “acTH BCEX COOCTBOHHBIX 4YHcea A OTPHUATEABLHEL.

Hoxaskure, uro dazosuil notok g' ypaswenun (1) ymentwaer obvemu S"> 0).
3anava 2. lokaxure, 4TO COGCTBCHHLIC YiCAQ oneparopa ¢ pasuwt ¢/, tac Ai—
- co6cToCUNbIC Yilc1a onepatopa A. Bupeante oTCi01a 10Ka3aHHYIO BLILC TEeOpeMy.

§ 17. Mpaxruucckoe BbIMMCACHIE MATPHUL SKCHOHEHTL] —
cayuall cewecTBeHHBIX H PasaNUHBLIX COOCTBEHHLIX YHCEA

Tlpn npakruueckom pewennn AHpQEPCHUNANBHEIX yPaBHEHHii onepa-
top A 3a1an cpocil martphueli B HekoTcpom Gasuce H TPeGyCTSH SBHO
BLIUHCITL MaTpuuy oncpatopa e? B Tom e Gasuce. Haumem ¢ npo-
creiiwero cayuasi.

Auaronaaeuunii oneparop. PaccmoTpum iHefinoe auddepesunans-
tioe ypaBHeuie
£=Ax, xR, (1

rae A: R"— R — puaronansublii oneparop. B 6Gasuce, B koTopom MarpHua
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onepatopa A anaroHaibHa, OHa HMeeT BHJ

M0
0 "/
At

rae A; — coGeTennble uucaa. Matpiina oneparopa e Mmeer Amaronadb-

HbI BHA
e}‘.‘
Mt

l/h-ax pelleHHe @ C HAYaJIbHBIM YCJOBHEM q)o(O) () ++- X,) umeer
B 3TOM Gasuce pua gr=e™* x,. K 3toMy 6asucy n Hago nepemn ecan
MarpHua oneparopa A nana B npyro.\i Ga3snce.

Eca Bce n coGeTBenHbix uncen onepatopa A BeuwlecTseHsibl B pas-
JHuHbl, TO OH Auaronanen (R" pacmapaerca B mpsmyio cymmy oanomep-
HbIX HHBAPHAHTHLEIX OTHOCHTELHO A NOANPOCTPAHCTB).

Hostomy pewath ypasHenne (1) B cayuae, xoraa coGeTBeHHBIE HIICJA
onepatopa A BelleCTBEHHH H PA3JHYHH, HYXHO CJCAYIOIHM OGpPa3oM:

1) cocranuTb 8eK080€ WAN XAPAKTEPUCTUHECKOE YPAaBHEHHE

det |A—AE| =0

2) HafiTH ero KOpHi Ay, ..., Aq; MBI NIpEJANOJAraeM, 4TO O BCUICCTBCHHbL
I Pa3aHYHBHL;

3) nafitu coGeTBenHble BekTopul By, ..., & H3 JHHelHbIX ypaBHCHHI]
ABr =&, Br=0;

4) pas3nokKuTb HauanbHOe yc.'loeue N0 COGCTBEHHBIM BEKTOpaM

.

Xo =Z C,,gk;'

k=1

5) nanucarts orBer @(f)== Z CreEs;
k=1
B uactsocti, nonyuyaem
Caencreue. ITycre A — duaconansnvii oneparop. Tozda 3aenentot
narpuyet e (teR) 8 a06om 6asuce A6410TCA AUREHHBLAL KOMOURAIILANI
akcnouent e, z0e Ay — cobcTeennvle yucaa marpuybt A
2. Mpumep. PaccMOTPHM MaATHHK C TPeHHEM

Xi=Xy, Xo=—X\—kxs.

Marpiina onepatopa A umeer BHi
0 I i
(_) _3) wa=—r deta=1.

MMosToMy XapakTepHcTHueckoe ypapHeHne nveer Bua A’+AA-1=0; xopun
BeuleCTBEHHB H PA3JHUHbL, KOTAA AHCKPHMHHAHT MOJOXKHTEJEH, T. €. KOraa
|ki>2. Wrak, npu nocratouno 6oabuwionm (mo aGCoIOTHOH “BeuiiHe)
KoadduunenTe TpeHns k onepatop A OuaroHaned.



142 JHHEAHLIE CHCTEMbI (1.3

Paccmotpum caydait k>>2. B stom cayuae o6a Kopua Ay, Ay oTpi-
uateabnul. B cobGcreensom GasHce ypasilieHHe 3anuuleTcd B BHAe

=My, M<<O, ga=loys, H<<O0.
Otcioga, kak § 2, moayuaenm peuterne yi{f)=¢"'y; (0), yz{f)=e*"'y2(0)

KapTiuky (ysed, puc. 113). Ipu ¢t — 3 co Bce peutenus cTpemarcs k 0,
HOYTH BCEC HHTCrpaJ/ibHbie KPHBLIC KacatloT-

Y2 csl ocH gy, ecau | L.} Goabwe {Ay| (Toraa
p y2 crpemutrca K 0 Guictpee y). Kapruu-
K2 Ha ILIOCKOCTH (X, X2) NOJyyaercsa Jui-

o HeiHbIM npeofpasoBaHeM.
4% Nycrb, nanpumep, k=23'/s Tak utoO

4 }.|=—1/3, ),2=—3.
CoGcrBeHHulit BeKTOp £ Haxoaum M3
YCIA0BHA X1 = —3%z; nojyuaem & =e;—
e LIS, Sooue soroue wasmurs  —3e,. Awazoritio Gr=e; —3ey. Mockoas-

Gasice.

_— Ky- 1M[-<|}el, ¢azopule - kpapLie nme0T” ~
pia, u3obpaxkeuusft Ha puc. 116. Pac-
cmatpusas  puc. 116, MBI mpuxoaum K

YA/ /4
CJACAYIOIEMY YAHBHTCALHOMY BBIBOAY: €cC-
A Ko3(pOHUHeHT Tpeuns & J0CTaTOUHO
& Beauk (B> 2), To MasTHHK HE coBCpuwaeT
. s3artyxawouux koaebauuii, a cpasy Hiet K
/?}%_ NOJIOKEHHIO PABHOBCCHA: €r0 CKOPOCTh X2
<</

MelfieT 3HaK He 60.e¢ 0AHOMO pa3sa.
3agaua 1. KakuM ABIOKCHUAM MamTHHKA CO-
OTBETCTBYOT  Qasosee  kpuswie [, I, [/l na
puc. 116? HapucosaTh npumepuntii rpapuk x (f).
3aaaua 2. Hccrezosarb ABKXKeHue mepesep-
HYTOTO MAMTHHKA C TPEHHEM, X = x — kX.

3. HuckpertHbiii cayuail. Bee ckazannoe
' 0 noxasartensuoit ¢yuxunn e HCMpepbIB-
Puc. 116, Gasosse xpuowe ypzncnga  HOTO  APTyMeHTa t omocxj'rca H K 1o-
MasiTHHKE € CHIBHLIM Tpewues B O0LIUHOM Ka3zaTteJabHOH Q)yHKLlHH A AUCKPETHOTrO
Casuce.

aprysenra n. B yacruocry, ecau A — gu-
aronaavubld onepatop, 10 AaA Bbluncdenus A” ynoGro nepefitw K auaro-
HaabuOoMy OasHcy,

I puwep. Mocaeaosarensuioers ®uboinauun 0, 1, 4, 2, 3, 5. 8, 13, ... onpeaeasceTca TeM,
HTO  KaMALH CICAYIOWNA ulen paseH CYMMe JABYX RPCALIAYUIHX, Qa=0s— 14 Oc—2, H
ABYMA HAUAJALHLIMH yacHamh, a,=0, a;=1. ’

Jaaava l. Hairtu dopmyay Aaa a.. [loxasaTh, uTo a. pacter, Kak reoMeTpuueckan
ina. '

nporpeccus, W HaitTH  lim

n-—»oo

=a,
Ykaszauue. 3ameruM, 4TO BEKTOP Ea (dn @n—)) BHPaXaACTCA auHERNO ueped Enwil

11
Ei=AEa.). A=(l 0), puuen §=(1, 0). HostoMy g, €cTo @CPBas KOMAOHCHTA BLKTOPA
4°~1g,,

Orser. a=In ({5 +1)/2), an=(a] —AD/45, tre AL z=(IVV:l:"15)/.2 — cobeTBeHube yncaa A.
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TaKOC me paccy)Knel-me CBOJHT HCCAeRoBaHHe N106oil peKyppeH‘rHOM ﬂOC-’lC,’lOBaTe.’IbHOCTH
ag nopaaxka k, 3apannoit NPaBHIOM -

An=Ci8n-yF...F C4Qn-i, n=1,2, ..,

# k nauaibnuiMu waenamu *J, K usywennio noxasatexsmoir dymkunn A, rpe A: RE—>RY—
aunefinuii oncparop. [Moatomy, Korma MH HAYYHMCA BHYHCAAThE MaTPHUY SKCMOHEHTH, MH
ONHOBPEMEHHO H3YYHM BCE DeNYPPEHTHHE NOCAEA0BATETLHOCTH.

Bo3spawasncs K o6Guieil 3asaye 0 BHYHCJACHHH e", 3aMeTHM, UYTO KOPHH
XapaxrepuctHueckoro ypassenus det (A —AE)=0 Moryr OblTb KOMILIEKC-
HBIMH. UYToOBL H3yunth 3TOT cAayuail, MH BHauajle paccMOTpuM JH-
HeflHoe ypaBHeHHe ¢ KOMITeKcHuiM ¢$a3oBHIM mpocTpanctsom C".

§ 18. Komnagkcudukauus u opeuecTsiaeHne

Mpexne ueM H3yuaTb KoMnJaekcHble AuddepeHnHaNbHBE YpasHelns,
BCMOMHHM, YTO TaKOe KOMIVIEKCH(HKALMS BEIUIeCTBEHHOrO MPOCTPAHCTBA
H OBELIECTBJEHHE KOMILIEKCHOTO.

1. Osemecrsaenne. Uepes C* mpl Gyaem o0603HauaThb n-MepHoe JHHE-
HOE NPOCTPAHCTBO HAM MOJNEM KOMILIEKCHBIX uncen C, ,

Osewjecterenuen npoctpancrsa C" Ha3biBaeTCst BEIUECTBeHHOe JHHell-
HOE MNpPOCTPaHCTBO, KoTopoe copnagaer ¢ C" Kak rpynna M B KOTOPOM
YMHOXKEHHE Ha BeulecTBeHHBIE yHcaa onpefeneno kak B C%, a ymHOXe- -
Hlle Ha KOMIJIEKCHBIe uicaa He onpeneneHo. (HHelMn cioBamu, osemiect-
BuTh C” — 370 3HAuuT 3aluTh 0 cTpykType C-monyas, coxpansa CTpyK-
Typy R-moayas.) 4

Jlerko BuZeTh, uTO OBeulecTBAeHHe mnpocTtpaHcrea C" Gyzer 2n-mep-
HBIM BEUIECTBEHHBIM JHHefiHblM npocTpanctBoM R, Ml 6y11eM o6o3na-
yaTh OBeluecTBienHe 3HakoM R cBepXy cnesa, nanpumep: FC=RZ

Ecan (ey, ..., e2) — 6asnc B C*, 10 (ey, ..., e, lel, .., ie;) — 6asuc

ch R2n :

Mycts A: C™ — C" — C-nunefinnlit oneBaTop QOgeujecrsaenue onepa-
ropa A'— 310 R-anuefinnifi onepatop RA: RC™ — RC*, cosnaparommii ¢ A
MIOTOUEYHO,

3apnaua 1. Tyers (e, ..., em) — Gasuc npocrpanersa €™, (fi,'v .., fa) —06asnc

mpocTpancTea C*, (A)— matpuua onepatopa A. Haitn MaTpuuy opewecTsneHHOro onepa-
Topa A.

Orcer. (rj Y e () =@+im)

3anaua 2 Joxaxure, uto NA+ B)=R4 4 RB, NAB)="4"8.

2. Komnaekcnduxauus, fycts R* — BeluecTsennoe anueiioe mpocTpan-
ctB0. Komnaexcudurayua npocrpancrea R"— 310 n-mepuoe KoMmIeKkcHoe

JHHEHHOE NPOCTPAHCTBN, 0603HATaEMOe Uepe3 R", KOTOPOE CTPOHTCA Cie-
AylOWHM o6pasoM.

*) Tor d¢akr, YTO AAA ONpeaeneHus PEKYPPEHTHOR NOCJACAOEATEALHOCTH k-FO NOpPSAKA:
HAAO 3HATb k €e NepBLIX UJEHOB, TECHO CBR3aR C TeM, YTO ¢a3oBoe NPOCTPAHCTBO And-
depenunatbHOro ypasHeHHs INOPAAKA &k MMeeT pa3MeprHocTs k. IDTa C¢BA3L CTaHOBHTCA
nonatuof, ecan 3anucath anddepenunanvioe ypannenue B BHAC NPCAENA’ Pa3NOCTHHIX.
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- Touku npoctpanctsa °R* — 310 napu (% 9), rae g=R", g R™ Taxan
napa oGo3navaercsi E+im,Onepauiit CAOKEHHS W YMHOMEHHS Ha KOM-
NJIeKCHbIe 4HCJa onpeneasaloTess oObldHbIM 006pa3son:

(i) (+in ={ug—ovn)+i(vEtuy),
(& +in)+H(e+in)=(B+E)+i(yw+n).

Jlerko npomeputb, uTo noaydeunblit C-MOy. b SIBIASCTCS  f-MCPHBIM
KOMILVICKCHBIM JIHHCHHBLIN MPOCTPaHCTBOM: CR*=C". Ecan (e1, ..., €1) —
Gaanc B R, 10 BekTopst ex-+i0 oGpasyior C-6asnc B C*=°R".

Bextopn §--i0 oGo3naualotcs kopoue uepes E. i

dlyetp A: R™— R" ectb R-quuefiunii oneparop. Komnaexcudurayus
oneparopa A — 310 C-nuueiiutii onepatop “A: °R™— “R", onpenenennuiit
coottotwenieM A (ttin=At+iAn

3aaaua 1. ROycte (e, ..., ex) — Gasuc 8 R™, {fi, ..., fu) — Gasuc 8 R [lycts (4) —
marpuua oncpatopa A. Hafivw  mavpnuy Kommaexcnduunposaunoro  onepatopa (CA),

Orger. (CA)=(A).

3aaaua 2; Hokaxure, 4yro C(A +B)=CA+CB. c(AB)=CA‘:B’.

TepmMuHnoaornuecxoe 3ameyanne OnepauHn KOMILIGKCH-
duKkawii 1 opeltecTBaCHIA OlpeAeJeHB KaK A5l NPOCTPAHCTE, TaK M A1
oto6Gpaxcenuil. AareGpancTul 1a3LIBAIOT TAKOTO POAA ONEpALUN PyHKTOpAML.

3. Komnaekcuoe conpsikeune. Paccmorpum peuwtectsentoe 2n-mepHoe
nuseitnoe npocrpanctpo R*=FCR* noayuennoe uz R* xommaexcudika-
uHeit, a 3areMm osellecTBacHHeM. B 3ToM mpocTpanctse JexuT n-mepHoe
NOANPOCTPAHCTRO BeKTOpoB piia E-4i0, §=R". Ono uasuiBaerca sewjecr-
sennold naocrocroro RT e R,

[Moanpoctpancreo sektopos pHaa 04-iE, E=R", nasuiBaetcs Muumod
naockocroio iR*<R™, Bce npoctpanctoo R® ectb npsamasi cymMma 3THX
ABYX fi-MEDPUBIX MOANPOCTPAHCTB.

iR”
: (R”
T 7 ' :
= V.
' . — v Rn
Puc. 117. Oncparop yMBOKCHUA HA i Puc. 118, Koxackenoe conpamenite.,

Onepatop iE ymuomenns ua i 8 C*=CR’ nocac opeieersacnns npespa-
waercs b R-amneitnwii oneparop N(iE)=1I: R*—R* (puc. 117). Onepa-
Top / H30M0ppHO 0TOGPAKAICT BEBICCTBEHHYIO IINOCKOCTL B MIHMYIO, a MHH-
Myi0 — B BewecTseuHyo. Ksaapat oncpatopa / pasen MIHYC eAHHHYHOMY.

3azaua 1. [Iycts (er, ..., €) — Gasnc R, (€1, .. .. €n i€r. ... ie)) — Gazuc R =RCR",

Haiitu matpuuy onepatopa / 8 3tom Gasuce.

Orger. (I)=(g _0)' .
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O6oanaunm uepes o: R™— R®® (puc. 118) onepatop KOMMAeKcHOTO
conpsixeunsi: o (E+in)=%F—in [efictBHe ¢ oGo3HauaeTcs 4acTo uepToil
cBepxy.

Onepatop o coBnapaer ¢ eAHHHYHBIM Ha nemecmelmou NJIOCKOCTH H
€ MHHYC eQMHHYHBIM — Ha MuHMofi, OH MHBOMWOTHBEH: 0°=E,

Mycts A: ©R™ —CR" — C-nuueiinniit onepartop. Komniexcro conps-
ocennbist & A oneparopon A nasmiBaercs oneparop A: °R™— °R", onpe-
ReneHHpli COOTHOLIEHHEM

Az=Az pans Bcakoro zeC°R™

3angaua 2. Moxaxure, uto A sBaserca C-amueiintm onepaTopoM.
3anauva 3. Jokaxure, uto MaTtpHua onepatopa A 8 sewecTeeHnon Gasuce
KOMNJIEKCHO conpsixena matpune A B Tom xe Ga3suce.

3apaua 4. Jloxasure, uto A+ B=A+B, AB=AEB, 1A=14.
3anaya 5 JlokaxHTe, 4TO KOMITEKCHBIT JIHHEAHLI onepartop A: CR™—CR" aranerca
KoMnaexcuKauHefl BeleCTBEHHOro TOrAa M TOABKO TOrAa, Korfa A=A,

4. JKcnoHeHTa, ONpejeaHTEeNL H Clefl, KOMMJIEKCHOro oneparopa. JKCHo-
HeHTa, ONPeAe/HTEND H CJe]l KOMIUIEKCHOTO OMepaTopa onpeiesisioTes B ToY-
HOCTH TaK e, KaK B BellecTBeHHOM cJjyuae. OHn o6najaloT TaKHMH Ke
CBOfiCTBAMH, YTO H B BELIECTBEHHOM CAyuYae, pasHHLA COCTOHT JIHIUbL B TOM,
YTO OfpeaeHTeNb, GYAydH KOMILTEKCHHIM YHCJOM, lie pasel o6bemy.

3anaua l. Jlokaxure CBOACTBAa SKCMOHEHTHI:

RieMy=e®, eA_eZ Yety=e®.
3 anaua 2. [okaxure cBoiicTBa ONpeReaHTEsS:

det "A=|det 4|2,  detA=det4 , det €A =det A.
3 apnaua 3. loxaxute cpoficTBa crena:
trfA=trA+trAd, trA=tr4d, trCA=trA.
3apgaua 4 JokamHTe, 4TO H B KOMMJIEKCHOM ciayuae
: det ef =" 4,
5. Mponsgonuan kpueoit ¢ KOMNAEKCHuMH 3uavennsmu. [lycts ¢ [ —
— C" — oroGpaxenne HHTepBana | BeulecTBEeHHON OcH f B KOMIIEKCHOE

auueiinoe npoctpancTeo C". Mml GyneMm HaswiBaTh ¢ Kpusoll.
IMpoussodnaa xpusoil ¢ B TouKe fo&/ onpeneiasieTcss oObLIYHBIM OGpa-

. 4w = qi Plto+h)—o(to)
3oM: at ’_’o-—— ’lll_[;g__,_l—_
crpaucrsa | 4

Mpumep L. Mycts n=1, g(f)=¢" (puc. 119).
- Torza —|
=0

. 310 BEKTOp npO-

PaccMorpum cnyuaii n==1 noapoGuee. [Tockoan-
Ky B C onpeneneHo yMHOXeHie, KPHBLIE €O 3Haue-
HHAMH B C MOXHO He TOJBKO CKIambIBAThb, HO H YMHO-
KaTthb: Puc. 119, nponsm;:maa

6 ¢
(Pt edO=e )+ (PR)O=q ), (] wwopmi
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3 amavua 1. Joxasure cuouc*rsa NPOHIBOAKOI:

d d dg d
((Pl-i- )— (pl b

den d oy =d® ool

B uacrhocTy, nponsaomxaﬂ MHOTOY/IeHa C KOMILIEKCHBIMH Ko3dduuneHTamy
Zaercst TOM e (GopMYIOH, HTO AJf cayuan BelUeCTBEHHBIX KO3((HIHEHTOD,

Ecait n> |, To nepeMHOKUTL ABE KPUGLIC €O 3navycHuaMi B C" Heabss.
Oxnako, nockonbky C" ectb C-MOAYy/b, MOKHO YMHOXKHTD KPHBYIO ¢ [ ~> C*

Ha ¢yskunw f: [ - C:
G )=Ff (f) @ ().
3anavya 2. JoxkaxHTe CBO/lCTBAZ NMpPOH3BOIHOIL:

dCq My 4o Sy 25 Ty

dt ~dt’ . o di’
d{gi+%2) _dei  dp d(fq) _df _’_jd_(p
L Ta Ta T g ——ama S g

Pasymeertcsl, snech npeanosaraeTcs, 470 NPOH3BOANLIE CYLLECTBYIOT.
Teopewma. flycro A: C"— C" — C-aunedineui oneparop. Tocda cy-
wiecrsyer npu aobost teR Coqunednoi oneparop us C* g C*
d
il (,’M=A(?1A.
dt
HNoxaszaTenbcTBO. DT0 MONHO AOKAa3aThb B TOUHOCTI TaK Xe,
KaKk B BCLLECTBEHHOM c¢jydae, HO MOXKHO H cociaathest Ha Hero. M6o ose-
wectens C", noayunm
R(i eM =_d_ R( M)
dt dt dt
§ 19. Jinnelinoe ypapHerHe ¢ KOMMJEKCHBIM (DA30BbLIM MIPOCTPAHCTBOM

o (R1) =(*4) o (R _ R(Ae'4).

KomnnekcHulil cayuail, Kak 3To uacto GLIBaeT, Mpolle BelleCTBEHHOrO.
On BaxkeH caM no ceGe; KpoMe TOro, H3ydcHHe KOMMJICKCHOTO - cayuast
MOMOXEeT HaM HCCJIeflOBaTh BeUleCTBEHHHIIL.

1. Onpepeacunsi. Ilycts A: C"— C" — C-nuneinniit oneparop. Jluxed-
Hou ypassenuem *) ¢ ¢asopbiy npoctpanctsom C' mpl GyAeMm Ha3blBaTh

aBHeHHe .
P : z2=Az, zeC @]

Pewenuen ¢ ypapnenns (1) c nauazbhbiv yenosled @(l)=z20, boE R,
20 C", nasuiBaetcst otobpamenne ¢: I — C* nnteppaina [/ beuiccTentol
ocu t B C*, ecan

d
1) aas Beskoro rel -‘1—;pl1=‘=A(P(T)2

2) el 1 (p(to)=20.

*) [Moaubtl THTYA: CHCTCMa R JAHCAMMX OXHOPOANMX AuddepeRunanbuuix ypaBHeHui
NepBoro NOPAAKa ¢ KOMMIEKCHLIMH NOCTORHHMMN KOI$ PHUHEHTAMN,
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Huotmi cnosamu, oto6paxenne ¢ [ — C" HasbiBaercsi pelieHHeM ypas-
uwenna (1), ecan nocne oseuwectsienuss npocrpancrsa C" u oneparopa A
oToGpaxeHie @ GyleT peweHHeM ypaBHeHHsi € 271-MepPHBIM BELIECTBEHHbIM
¢asossim npoctpanctsom z="Az, z=R*=RC",

2. OcnoBuas teopema. Cienyioue Teopembl JOKA3LIBAIOTCA TOYHO TaK
XKe, KAK B BetecTBeHHoM cayuyae (cm. § 15, 2, 3):

Teopema. Peuwenue ¢ ypasnenun (1) ¢ nauaronsis yc/zoaueM P0)=
=2y daerca gopmyrod ¢ ({)=e"'z,.

Teopema. Beakaa oduonapamerpuueckasn epynna {g (te R)} C-au-
Hetinolx npeoGpasosanuii npocrpancrea C" umeer sud g'=e™, 20e A: C" —
— C" — nekoropoti C-aunednotii oneparop.

Hawa ueab Tenepb — HCCAeA0BATh H SBHO BHYHCAHTD €',

3. Nuaronaasuuii cayuair. ITycts A: C"— C" ects C-aumueiinuiii one-
partop. PaccMoTpim xapakTepHCTHuecKoe ypaBHEHHE

det {A—AE] =0. (2

Teopema, Ecau n gopuedi Ay, ..., Ao XOPOAKTEPUCTUHECKO20 YPABHEHUS
nonapro pasauunst, To C" pasnrazaerca 8 npamyio Cymmy UHBAPUAHTHLLX OT-
Hocuteabro A u e odnomepnbLx nodnpocrpancre C"=Ci 4- ... 4-C}, npuqe/u
8 Ml?deOJu O0HOMEPHOM UHBAPUAHTHOM noanpocrpaucwe cxamen ¢ C|,
e ceodurca x ymmoocenuo na komnaexcroe wucao €.

Heficteirenbro, onepatop A nmeeT *) n JuHEfiHO HEe3aBHCHMBEIX COG-
crBeHHbIX npAmux: C"=C} 4 ... +Ci. Ha npamoit C} onepartop A neiictayer
KaK YMHOXeHHEe Ha A, No3TOMY onepatop &' neficTsyer kak ymHoXe-
Hie Ha e,

Paccmorpum teneps noapo6GHee oaHoMepHEIl cayuait, n=1,

4. Tlpumep: nuHeiiHoe ypaBuenue, ¢a3osoe NPOCTPAHCTBO KOTOPOro —
KOMnjiekcHan npamasi, Takoe ypaBHeHHe HMeeT BHA

dz

=M z=C, 1eC, IeR (3)

Mut y)Ke 3Haem ero peuwenus: @(f)=e"z,. Uccaeayem xommaexcuylo dbyHk-
‘UHIO €' BellecTBEHHOrO nepeMeHHOro i

eM: R—~C.
Ecau A peulectnenno, 10 ¢yHnkuust e pemecrsenna (puc. 120).

et\t

A>0 A0 A=0

Puc. 120. Tpadusit dyukunii € npn seutecrsennux A.

*) Dro — eAHHCTBEHHOE MECTO, e KOMILIEKCHH{E CAyuafl OTAHYAETCA OT BEULECTBEHHOTO,
{Ipmuuna Gonbumedl CADKHOCTH BEUIECTBEHHOTO TIyuas — anrefpaugeckass HE3aMKRYTOCTb
aona R.
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B sToM cayyae ¢asosuifi MOTOK ypaBHelisi (3) COCTOMT H3 pacTaKeHil
B € pas. Ecan A uncto MHEMO, A=iw, To no dbopmyae Diirepa
eM =g =cos wt-+i sin of.

B orom cayuae aszosuiii notox ypashenus (3) — 310 cemeiicteo {gf)
nosopoToB Ha yroa of (puc. 121). Hakonen, B obiwem caydae A=o+io

H
(Y :
F ﬂn 4 /\ (Lo B
\X/L R W
Puc. 121, ®azopan . unterpaan- Puc. 122. Qasosanw H uurerpanwLuan  wpik
©Ha®m  KPHBLE  YDPaBHCHHN Z=1Z ©CBMC  ypasucHilt =iz nph r=u+iw,
MPH HICTO MHHMOM L. » a<<0, w> 0. :

0 yMHOMeHile na e ecTb mponsseacHne yMHOMKCHHSI HA €™ M yMuoKeuns
na e (cM. § 15,5):
0“ =e(u+iw)l =c'1l'eiml' (4)

Taknm oGpasom, npcoGpasoBauie g ¢pa3oBoro notoka ypasuenns (3) —
9TO pacTsxehHe B €* pas ¢ ORHOBpEMEHHBIM MOBOPOTOM HA Yroa of.

Paccmotpum Teneps ¢asopwsie kpupuie. [Tyets, nanpumep, a<<0, 0> 0
(puc. 122).-B Ttakom caydae npu pocte ! pasopast Touxka ez, Gyaer
npHOAHKATBLCA K Havady KOOpDANHAT, 06X0Ast BOKPYT HeCro B HanpasJiciiil
«IIPOTHB yacoBoil cTpeaku» (T. e. oT | K i).

B noaspHbix KoopaHHATaX, HPH COOTBETCTBYyIOUEM BLIGOpe Hauajga '
oTcueTa yrJos, ¢asopasi KpHBAA 3ajaeTcsl ypaBHEHHEM

o
r=e’“"<k=—), wat ==k 'Inr.
[0}
Taxast xpuBas nasuBacTes 402APUOMULECKO CNUPaabio.
«<d (2297} >l >0 .
w>0 ﬁ w>0 w<o
& —@} @
Puc. 123. Yeroiuupue pokycul. Puc. 124. Hcycroﬁum;uc dorycu.

Tlpn apyrux koMGHHAUHAX 3HAKOB o H ® (a30Bble KPHBLIC TaKMKe
Gyayt aorapudmiueckumu cnupasasami (puc. 123, 124).
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Bo Bcex cayuaax (xpome A=0) Touka z=0 sBaseTcs eaHHCTBEHHOIl
HENoABHIKHOM Toukoil (a3oBoro notoka (u eAHHCTBEHHOM 0co6Ooil TOUKOIl
COOTBETCTBYIOLUETO YPABHEHHIO (3) BEKTOpHOTO noas).

drta oco6Gas TOUKAa Ha3blBaeTcR ¢poxycosm (MLl nNpeanoaaraeM, uTo
a0, o#0). Ecit a<<0, 10 @(f)—>0 npu f-> 4+ oo H ¢oKyc Ha3b-.
BaeTcA ycroiiuugels, a ecan a>> 0, To HeycToliuusoL.

IMpu =0, w0 dasonue KpHBbie — OKPYKHOCTH, a 0COGasi TOYKa —
ux nenrp (puc. 125).

BuiGepem B C' Koopamtaty: z=x-iy. Hccaeayem n3seHeHnue Beiect-
pentioll n MuHMoil uacteit x(f), y({) npu aeuxenun daszopoit Toukn. U3 (4)
Haxo1M ‘

x()=re* cos (p-+wl), y=re* sin(p+tol),

rAC MOCTOAHHBIE r M @ ONpeJessioTCA Ha4yaabHbIM ycjonreM (puc. 126).

. ot
x>0 xr 17 2 <0
I r eut
14 Zz
A 2
P 2

Puc. 125. Leurp. Pue. 126. Bewectoenuan uacts ¢ xak $yuxuna ppemenn.

Taxuy oGpasom, npu a>0 koopauHatel x(f) n y(f) ucneITHIBAOT <«rap-
MOHItueCKHe xone6amm C 4acToTOfl © H C 3KCMOHEHUNAbHO HapacTawuled
amMnanTynoit re®», a npu a<<0 — satyxamouue KoaeGanius.

HiameneHne x 1M y cO BpeMeHEM MOXHO 3anmHcaTb TaKKe B BHIE
Ae® cos ot Be” sin wf, rae nocrosuusie A n B onpefensloTcs Haualb-
HBIMH YCJIOBHSIMU. . . 4 ,

3ameuanne 1. Hceaenosas takuM obpasom ypasuenne (3), Mbl
OHOBpEMEHHO HCCJIeIOBaJH Bce opHonapaMerpudeckue rpynnsl C-anneii-
HBIX NpeoGpa30BaHUil KOMIIEKCHOH NpPAMOH.

3ameuanne 2. B 1o e BpeMa Mul H3YdHAH CHCTeMy JuHeNHbIX
ypasueHHil Ha BeulecTBEHHOH MJIOCKOCTH

r=ax—oy, Yy=ox-+oy,

B KOTOPYIO MepexoAHT ypaBHeHie (3) nocse OBEUIECTBJCHHSA.

Ha reopem nmn. 2, 3 u BbiuncaeHnit n. 4 HEMOCPeACTBEHHO BbiTeKaeT
fiBHasn Gopmyaa anaa pewennit ypastuenns (1).

5. Cnenpcrsue. [Tycte n Kopueit A, ..., M XapakTepuctuuecxkozo ypas-
Henua (2) nonapro paszauunst. Toeda ecaxoe pewenue ¢ ypasHenus (1)
umeer sud

o(t)= Z cie *’gk. - (5)

k=1
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20e Y, — He 3asuCsuyue OT HAHAALHOLX YCA0B8UL NOCTOAHHbIE BeKTOpa,
Cy — 3a8UCAWUE OT HAUAALHGLX YCA0BUL KOMNAeKCHble nocToaruoie. Ilpu
410604 8oL60pe ITUX NOCTOAHNKLIX hopuyaa (5) daer pewenue ypasnenusn (1).

Ecan 2y, ..., 2, — auiedinas cucreMa KoopauHat B C", TO BelllecTBeH-
Hasi (WA MHHMas) 4acTb KaXNof KoOpAHHATH 2y=x;-iy; OYAeT MeHsATbCA
€O BpeMcHeM, Kak Junefinas KoMOHHannsA OyHKUuil e*’ cos wyf, e sin wl:

x= Z re. € cos (e wrt)= Z Ar. ™ cos wpt -+ By e sin st (6)
k=1 k=1

e hy=oay+iw a r, ¢, A, B — BeliccTBeHHbe NOCTOAHHLIE, 3aBHCAULNE
OT HayajbHBIX YCJIOBHIL,

Jas fokasaTeabcTBa AOCTATOUHO Pas3noXHTb HayadbHOE YCJOBHE HO
coGetBeHHoMy Gasucy: ¢ (0) =c1& + ... +¢Caka.

- §-20.—KomaaekciguKauHsa —~BEULECTBEHHOrO JIHHEHHOrO ypaBHeHHs

Bocnoassyemca pe3y/asTarami HCCJAEA0BANHA KOMIIEKCHOTO ypaBHe-
HHS A58 n3ydeHus BeLIeCTBEHHOTO Cjayuas.

1. Komnaekcupuuuposannoe ypaphenne. Ilycts A: R'— R — qnneii-
Bbll oneparop, 3ajawuyiii JHHeilHoe ypaBHCHIe

£=Ax, xR, M

Koumnnexcupuxauus ypasuenus (1) — 370 ypaBHCHHC C KOMIIEKCHLIM
$a30BLIM MPOCTPAHCTBOM

:=%4z, zeC'=R". (2)

Jlemma 1. Pewenus ypasnenua (2) € KOMNAEKCHO CORPANCEHHLIML
HAUAAGHOIMIL YCAOBUAMU KOMNACKCHO CONPANCEHDL.
HOoxaszatTeabcTso. Ilycth ¢ — pemwenie ¢ HAUANBHEIM yCAOBHEM
0. @ (to))=20 (puc. 127). Torna ‘@ (to)=72o. Tlokaxem,
yrg ¢ — peuwerde. Torpa gemma Oyaer Aokasana
Z, (BBHAY €AHHCTBEHHOCTH).
[pi moGoM 3naueHHH { uMeeM

/ R} d5_dv
C Ty
=%Ap="A%,
qToar Ae=Ae=re
Z‘7 uro TpCﬁOE&.‘IOCb AOKa3atb.

) 3ameuanue. Bwmecro ypasueuna (2) Mol
) MoraH Gbl B3ATb Gosee obulee ypasnenue

Puc. 127. Komnaekeno conpﬁ-‘ ¢ C
WeHHbe POLICHHR, . . i z=F (2, t): e Rn'

npaaaﬂ yacTh xoroporo npmmmae'r KOMILIEKCHO COTPSIKEHHEIE 3HaueHHst
B KOMIIEKCHO CONpsixeHHbX Toukax: F (z, {)=F (2, ),
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Hanpumep, stomy ycnopHio yaopaetsopser JoGOf MHOroWwIeH oT KOOp-
AHHAT 2 sektopa 2z B BeltecTBeHHOM Gaszuce, Ko3$OHUNEHTH KOTOPOTo —
pelecTseHnsle GyuKkuuu ot £ _

Canencrtsue. Pewenue ypaswenuna (2) c eeujecTeHHbIM HOYAAbHLIM
yeaoguesn gewyectaenno u ydosaersopaer ypasuenuwio (1.

H6o ecnn 6t @£¢ (puc. 128), To mapywanach GH TeopeMma eguu-
CTBEHHOCTH.

B cnenyoueii nemme AuHefiHOCTh YpaBHEHHSI CyUECTBEHHA.

Jlemma 2. Pynkyua z=q ({j ro2da u rorvko To20a A6ARETCA peuie-
Huem Komnaexcuguyupogannozo ypasnenus (2), kKo20d ee seuiecTroeHHan
U MHUMGR 4ACTH y&oextereopmor ucxodnony ypasnenuro (1).

Heitcteurensno, €A (x4 iy)=Ax+iAy, nosromy oBemecTsaenne ypasHe-
Hua (2) pacnagaerca 8 npAMOE MPOH3BCAECHHE:

{JE.-——Ax, =R
y=Ay, yer,

H3 aemd | u 2 BuAaMo, KaK, 3HAaA KOMILIEKCHBIE peLIEHHS Yypas-
HeHHS  (2), MOMXHO HAXOAHTb BeuleCTBEHHHIE DeWeHust ypasie-
-nust (1), n o6parno. B uacruoctH, popmysst (6) n. 5 § 19 Baror asuovid
8ud peleHun 6 CAYuae HeKPATHOIX KOpHel XApaKTepucTU4ecKo20 ypas-
HeHUA.

2. HuBapuanTible MOANPOCTPAHCTBA BellleCTBEHHOro onepatopa. Iycts
- A R*— R* — pewecrpennnil aunefiuptft oneparop., Ilycts A — omun. n3
KOpHeH xapaxrepucTHueckoro ypasHenus det |A —AE| =0, Boo6ue rosops,
KoMmaeKcHbfl. OuesuaHa

Jemma 3. Ecau 5=C"=CR* — cobcrsennsul sexrop oneparopa €A
c coécrsenubm auauenuen A, To § — cO6CTEEHNbLI BEKTOP ¢ COGCTBEHHBIM
anauenuen N. Kparunocru cobcreennsix wucea h u % cognadaror.

IleiicTBHTEBIO, MOCKOABKY CA—CA ypasuenne CAE=A% 3KBHBasCUTHO

CAE=1% n xapaxTepucriueckoe ypaBHEHHE MMEET BelIeCTBEHHHIE ko3 du-
UHMEHTHL.

AR TR
L \‘\__/ S CR

\ p [
Puc, 128, Pewenne ¢ seu(ecTDEMHLM HAYANBHMM yCiO- Puc. 129. Cofcrsennubie 4HEAZ eetrecTscH-
BHEM HE MOXCT TNPHHAMATbL KOMIJNEKCHLIX 3uayenuil. HOTO oneparopa.
IIpednoaoxum Teneps, uro cobcrsennble uucrl Ay, ..., A=C onepa-

ropa A: R*— R nonapro pasauuner (puc. 129). Cpean uux umeercs
HEKOTOpOe YIC/IO v BeleCTBeHHBIX COGCTBEHHBIX HHCe/ H.HEeKOTOPOE HHCIO 1
KOMRJIEKCHO CcOnpAXeHHblx nap (npuueM v-+2p=np, Tak UYTO UETHOCTH
uHC/a BEUWECTBEHHBIX C05CTBeHHbe UHCEN PABHA HETHOCTH n}. Jlerxo noxa-
3biBaeTCA
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Teopewma. Tpoctpancreo R* pacnadaerca e npamyo cymmy v uxea-
PUAHTHBLX QTHOCUTEAbHO A OGHOMEPHOLIX UL |, UHBAPUAHTHOLIX OTHOCUTE A6HO A
dsymeprulx nOONPOCTPAHCTS.

JeficTBuTeNbHO, BEUIECTBEHHOMY cCOGCTBEHHOMY 4HCJAY OTBeyaet Be-
uecTBeHHHl COGCTBEHHLIA BEKTOP M, 3HAYHT, OXHOMEpHOEe HHBapHAHTHOE
nopnpoctpanctso B R"

flycts A, A — oaHAa H3 Nap KOMILIEKCHO COMPSIKEHHLX COGCTBEHHBIX
ycea. Co6CTBEHHOMY UHCJY A OTBeyaer COGCTBEHHBI BEKTOP tesC = =R
KOMIIEKCHHLHPOBAHHOTO Oneparopa a.

ConpsixxeHHHIt BEKTOp g no nemme 3 TaKiKe ABAAETCA COGCTBEHHLIM,
¢ COGCTBEHHLIM 3HayeHHeM A.

K mnaekcuas naockoctt C?, narainyras Ha coGerBenHble Bexropst E, €
HHBAapHaHTHA OT HTeJbHO O patopa °A. BeulecTsenHoe NOANPOCTpaH-
ctBo R*cCOR* takwke uupapuautro. [lostomy ux nepeceueHue TtakKe

HHBAPHAHTHO OTHOCHTEJbHO €A, IMokaxken,

4;55 NTO 3TO mepeceuenne ABAAETCA ABYMepHOR
o -C-————peutecrennoii naockoctbio ~ R2 7 (pite. ~130).
: 2 HeficTBuTeILHO, PACCMOTPHM BElUECTBEH-
A{” SLUJ 7 HYIO H MHHMYIO 4acTH cOGCTBEHHOTO BexTopa &
\~~ — l
s —5GHDeR,  y=o (- Der.

Puc, 130. BeutecTeenuas 42cTb KOMRA-

A€KCHOro  coGetnenHoro Bektopa mpH-  Bynyqy C-aHHeAHLIMH KOMOHHAUHAMH BEK-

H3LICHHT HHBapHaHTHOH BeLIeCTBCH- =

Hoft maockocTH. TOpPOB § M § BEKTOPH X H ¥ NPHHALIEKAET
nepeceyenmio C2(JR”. Bexropst x u y C-au-

HeliHO He3aBHCHMbL, TaK KaK yepe3 HHX NHHEHHO Bbipaxalotcs C-nesaBuCH-

Mule Bektopn E, E:
E=x+iy, E=x—iy.

Wrak, kamawii Bekrop niockocTH C? 04HO3HAYHO 3anHCHIBaeTCs B BHAE
KOMILIGKCHOM JinHeliHOfl KOMOHHALHH BelleCTBEHHBIX BEKTOPOB X H g:

n=ax+by, aeC, b=C.

Taxoii BexTOp BellecTBeH (n==1}), €CAH H TOJIbKO ecan ax-+by=ax- by,
T. ¢. @ U b pewectseunnl. Hraxk, nepecewenue C?(\R* — 310 Jeymepran
sewjecTeennas niockocte R, naranyras wa eextopsi x W Yy 6eujecreed-
HoU u MHuMoOU uvacTeii cobcTgennoeo sexropa E.

CoGcTBenHble uncaa cy:Kenusi omepatopa A Ha miockoets R — 310
Aou o ,

JeficTBHTeNbHO, KOMILIEKCH(HKALHSA He MeHsieT COGCTBEHHBIX YHCEN.
lMocae xommaexcubukaumu cyxemuna A Ha R noayuntca cyskenue CA
#a C% Ho niockocts C? HaTaAHyTa Ha COGCTBEHHBIE BEKTOpH oneparopa CA
€ COGCTBEHHBIMH uHcaaMH A, A. Mrtak, co6cTeennbte unicia A|R? CyTb X K A.

OcraeTcst nokasaTh, YTO NMOCTPOEHHbIE OLHOMEpHBIC i AByMEpHbIC HHBa-
pHaHTHBlE noanpocTpancTBa npoctpaHersa R* R-uueiino nesapucumbl 3710
Cpasy CaeAyeT H3 TOrO, 4TO 11 COGCTBEHHBHIX BEKTOpOB onepartopa °A
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" C-nnHeftHO He3aBHCHMBI H JIHHEeHO BBHIpaXKalOTCH Yepe3 HAWM BEKTOpH E
(k=1, ., VY H X2, 1 (R=1, ..., p).

Teopema nokasaHa.

Takum oGpasoM, 8 cayqae, Koz0a ece COGCTBeHHbIE uUCAQ Oneparo-
pa A: R*— R* npocrele, auneiinoe dugeperyuasvroe ypagreuue x=Ax,
x= R, pacnadaerca 8 npamoe npoussedenue ypasHenuli € 0OOHOMEPHBIMIU U
dsysepHoimy a3086IMU NPOCTPAHCTEAMU.

3ameTHM, 4TO MHOTOUJeH ofulero BHAA KpaTHBIX KOpHel He HMmeer.
Urak, ana necnenoBaHHA JAHHeAHbIX AnddepeHUHANbHBIX YpaBHeHHiT HeoG-
XOAHMO fIPEXK/E BCEro PaccCMOTpeThb JHHeflHble ypaBHeHHs Ha npaAMoil (YTo
Mbl Y:Ke H CAeJasH) M Ha MIOCKOCTH.

" 8. JlunefiHoe ypaBHeHHe HA MJIOCKOCTH.

Teopewma. Mycte A: RP—>R®*— qunetinoii oneparop ¢ neseujecraen-
HotMU COBCTEeHHbIMI wucaamu M, K.

Tozd0a A npedcrasaser coboli oseuwjecreacHue oneparopa A: C'—C!

YMHONCEHUR HA KOMNAEKCHOE HUCAO A.
' Tounee, maockocTb R® MOXHO cHaGauTDb CprKTypOH KOMIJeKcHoli nps-
moit C!, tak uto RB=RC! n A="RA.

HJokasar 2 bCTBO — HECKOJLKO TaMHCTBEHHAA  BHIKJAajxKa *),
Mycts x-4iye=CR® — koMnaekcnmii cobeTBeHHBIA BekTOp omepatopa °A
¢ coGcTBeHHBIM 3HaueHHeM A=a +}io. BeK'ropbx x H y o6pasywor Gasuc
B R®. Hwmeewm, ¢ onuoil cTopoHs,

CA (x+ig)=(a+iv) (t+iy)=ax—oy+i(0x+ay)

H, ¢ apyroi, €A (x+ig)=Ax-iAy, otkyna Ax=ax—oy, Ay=ox+4ay,T. €.
onepatop A: R — R’ B Gasuce x, y uMeeT Ty xe MaTpuity
a4 o
—0 a )’
4YTO oneparop RA yMmHoXeHua Ha A=a-}io B Gasnce 1, —i. HUrak, nucko-
Mas KOMIJIeKcHast cTpyktypa ua R® moayuntes, ecan npuuars x 3a |
HYy 3a —i,

Cnencteue. Iycro A: R?— R?— suneiinoe npeobpasosanue ea-
KAuJ0601i NACCKOCTU C HEBEU|CCTBEHHOIMU COGCTBEHHBIMU HUCAAMI A, A.
Tozda npeobpazosanue A adpunno axeusasenrno pacraxcenuro a8 |\l pas
¢ nosopotom HA Yyzon arg A.

Caencraue 2. Paszoged notox auneiinozo ypasuerus (1) na eskau-
dosoii naockocru R® ¢ nesewjecreennsinu cobersennvimu wucaamu A, h==
=q=i0 apPurno 3keusareHTen cemelicTey pacTascenuti 8 e pas ¢ oduo-
BPEMEHHbIN BPAWYCHUEMN HA Y20a wf.

B uacTtHocTH, ocoGas Touka O dApasieTcs ¢okycoM, a (da3oBble KPH-
Bble — apPHHHBIMH oOpasaMH JjorapudmHueckux cmnupaseft, npuGanKawo-

-

*) Bukiranky MOMHO 3aMeHHTb CReRylOIMM paccyxpenseM. IlycTb A=a4ie. Onpene-
anM onepatop I: R* - R? yenosem A=aE--ol. Takofi onepatop I cymectByer, Tak Kak
w=%0 no yenosuo. Torga /2= — E, TaK Kak onepatop A yI0B.JIeTBOPSET CBOEMY XapaKTepHCcTH-
HECKOMY YpaBHEHio. l'lpmmmaﬂ [ 32 yMHOXeHue Ha i, noflyqae\i B R? HYKHYI0 KOMIICKCHYIO
CTPYKTYPY.
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WHXCA K Hauyaly KOOPAHHAT mpit {— 4 co B cAydae, KOrja BeUICCTBOH-
Hafl 4acTb o COBCTBEHHBIX YHCEJ A, A OTPHUATENbHA, H YAAAAIOUIHXCA
B cayyae, koraa o> 0 (puc. 131).

Puc. 131. Adduunnii oGpa3 aorapudsuueckoi cmpaan. Puc. 132, daauatudecknil nosopor.

B cayuzae a=0 (pic. 132) d¢asoBbie KpuBLIC — CCMCHCTBO KOHUEH-
TPHUYECKHX AJHNCOB, a ocofas Toyka — ux yenrp. B 3710M cayuae
npeoGpaszoBauusi ($Ha3oBOro0 NOTOKA 11a3LIBAIOTCA  3AAUNTRYECKUMU  NO-

soporamu. .
4, Kaaccuduxaums ocoObix Todek Ha naockoct. [lycth Teneps

x=Ax, xR, A: R®?—>R?

— NpOH3BOALIOE JNHCiHOe ypapueuie Ha niaockocTH. [lycTe Kopuut Ay, Az
XapaKTCPHCTHYCCKOrO ypastieiitsi pasatunul. Ecanl ount pewlecTseHHU N

4 3

e S L
— Y/

A <AL0 A=A, <0 A<OCA,

Pue. 133, Yetofiuasuie yaau. Pire. 134. Ceano.

A <<MAs, TO ypaBiCHHE pacnajgacTca Ha ABA OAHOMEPHBIX H MBI NMOJAYYACM
OAMI H3 caywaen, yxe usyueunnix B . 1 (puc. 133, 134, 135).

3aech nponyiueHbl MOrpaHHuHble Clydad, KOraa A HaH Az pasio 0.
Oun npeactasasior ropas3fo MeHbWHI HHTEPCC, TaK Kak BCTpedaoTcs
PeAKO H HC COXPaHAIOTCA MNpH CKOJb YrogHo Masom po3myuwenuu. Hceae-
JoBaHHe HX HHKaKHX pr}lllOCTCl"( HC MpPCACTABAACT.

Ecan e Kopuu KoMmmaekcHbl, A, 2= - iw, TO B 3aBHCHMOCTH OT 3HaKa o
MOIKET NMOAYUHTCST OAHH H3 CJayuaes, npeacTaBAcHHLIX Ha puc, 136, 137, 138.

Cayuait ueHTpa ABASETCS HCK/IIOHHTCABILIM, HO OH BCTPEYAeTCs, HanpH-
Mep, B KoucepsaTuBHLIX cHcTemax (cm. § 12). Cayyan KpaTHBIX KopHeil
TaKke fABMAOTCA HCKmoyuTeabHbiMH. UHTaTeno npegocTapasercs mnpose-
PiTb, 4TO OPAAHOBOH KJETKC COOTBETCTBYET Cay4aH, H30GpaxceHHbI Ha
puc. 133 (M=% <<0; Tak Ha3zuBaeMblil BHpOXAeHHLIH y3ea). -
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5. l'lplmep MasTHHK ¢ Tpenuem, [Ipumennnm Bce ckasamnoe K~ ypas-
HEHHIO MaJblX KoAeGaHHii MasATHHKA C TPpeHHeM x= —x—kx (k — K030~
dunnent Tpenns). COCTaBUM 3KBHBAJERTHYIO CHCTEMY:

X1= X, Xo== — X — RXo.

Hccanenyem xapakrepHeTiiuetkoe ypaBHeHHe. Marpuua cicreMsl

(0 )
—1 -k

umeer ompeaeauteas 1 n caex ——k. Kopuu xapakrepHcTHUecKOro ypas-

5O @09 5

OLA <A,
Pnc. 135, Heycrofiunsui Puc. 136, Yeroiiunsne doxycs. - Puc, 137, Uenrpu.
y3ea. o
@>0 , | 224
g
Puc. 138. Heycrofiuussie dokych. Puc. 139. ®asosas nrockocTh MARTHHKE

€ ManbiM TPeHHEM,

nenna AZ4-£A+1=0 komnaekcun npu |kl <2, 1. e. npH ne caMLIKOM
Gonbuiom TpeHuH *).

BelllecTBEHHAA 4YacTb KaXKAOrO0 H3 KOMILIEKCHBIX KOpHeH Apo=a-tio
paeia —k/2. VHBIMH clOBaMH, npu noaoMUTeAbHOM HE CAuwuKkOsm 60ab-
won koappuyuente tpenus (0<<k<C2) nHusxcnee noaoxwcenue pasHogecusn
maarnuxa (xy =x,=0) 6yder ycroduussin Goxycom.

fpu k£ — 0 ¢okyc npespauiaercss B UEHTP; ueM MeHblie KO3 HUHEHT
TPeHHs, TeM MefjeHHee ¢a30Basi ToOuka NPHOJHKAETCH K NONOMKEHHIO PaB-
HoBecust npH { — -+ oo (puc. 139). fIBupe dopMyab Aa8 H3MEHEHHA X=X
€O BpeMeneM noayualorca M3 caeactsuss 2 m. 3 M dopmyn n. 4 § 19:

x(f)=re* cos (p— wf)=Ae* cos ot -+ Be sin o,

rae xospdpuuenTH 7 M @ . (Man An B) onpenenmorca 3 HAuANBHBIX
yCJIoBHi,

*) Cayuaii BemecTBeHHHX KOpHei péccuorpeﬂ B§ 17, n 2.
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Hraxk, xoacGanust masitTHHKa GyayT 3aTyXalowHMil, ¢ NCPCMCHHOI aMn-
TyRoit re* u ¢ nepuopom 2n/w. Uem Gonbuwe Ko3QQUUHCHT TpenHus, TCM
GbicTpee yMeHbuaercsi amnantyaa *). Yacrora o=+/1 —k*/4 ymeubuwaer-
ca ¢ yseanycnnem xodgduun-
enta tpeunsa k. Ilpn k— 2 ua-
crota ctpemurct kK 0, a ne-

x
puoa — K oo (puc. 140). Ilpu
2

re’gt O<k<2

BAVERLC

Magawix k wzl——8- (k—0), Tak

4YTO TPCHHE YBEJIHUHBACT MNCPHOR

i}rf OueHb HE3HAYHTeJbHO, H  ero
BJHAHHEM Ha 4acTOTY BO MHOPHX
\UF b Dkes pacuetax MOXHO mnpeneGperatsb.
- f .
Z
re k=2 3agaua 1. Hapucosare ¢a-
30BBIC KPHBLC HCAMHEADH30BAHHOrQ
g MasATHHKA C TPCHHeM, X == —sin x—kx
—____ Y. - —(puc. M4y -7

¥ kasaunne Cocynuralite npo-
H3pOAHYI0 no:quoii 3HeprHH BIOAL (a-
30BOH KpHBOH.

6. Ob6mee pewenne anneiino-
ro ypasuenus B cayiae npo-
CTHIX KOpHeil XxapaxrecpHCThue-

//'— z CKOro ypasuenusi. Mbl yixe 3uaem,

. 4TO BCAKOE pelLIeHHE ¢ KOM-
/ MAeKCH(HUHPOBAHIOTO YPABHEHHR
SIBARETCA  anHeilHOH  KOoMOGHHA-
uueit skcnomenr (cm. § 19, 5):

Puc. 110. Mlepexoa or 3aryxawouwuy KoacGauuh Kk we-

KOICOITCILIOMY ABHIKCHIIO MaATHHKA: (a3oBHe KpuBble i ot .
# rpaduki pewcnnii npu Tpex 3naucuuax kodddutuseuta (p(l): Z cre'* gk,
TPCHIUA. =

rae & — Kakoii-inGyab co6CTBeHbIT BEKTOP ¢ COGCTBEHHLIM 3HAYCHHEM g
Buibepest cobcTeennoie 8eKTOPbL ¢ 8eUIECTBEHHLIMU COOCTBEHHLIMU JHAUE-

Pue. H). TNMocae neckoasknx oGopoTos MAATHME HAYHNICT Kde
43TLCA BARIC HHMMNHCTO NOTOMCHHA PIBHUBCCHA.

HUAMI BEWECTBEHHLIMIL, @ € KOMIACKCHO CONPANCEHHLIMIL ~- KOMNAEKCHO
CONnPANCCeHHBIMU. '

*) H sce xe npr n1060M 3HaueHHH k<C2 MAATHHK JAedaCT OCCKOHEUHOC KOAHWeCTBO
passaxos. Ecan ke k> 2, MasTuMK MeHRET Hanpabaeine ABiKCHuA He 6ojee OAHOTO pasa.
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Mul yxke 3naeM, 4TO pemlenHsi BEILECTBEHHOTrO YpaBHEeHHS — 3TO pelue-
HHSL €ro KOMMJIEKCHGHKAIHI C BEMECTBeHHBIMH HAYaJbHLIMH YCJOBHAMH,
Uro6ul BexTop ¢ (0) GBIl BelleCTBEHHBIM, HEOGXOAHMO H JOCTATOUHO, HTOGH!

n n

Z Ck§k= Z EkEk

k=] k=1

Iasa 3Toro koa(puyuenTsl npu KOMNACKCHO CONPANCEHHBIX BEKTOPAX
00A%CHbL BbITb KOMNACKCHO CORPANCCHHbIMU, O NPU BEUECTEEHHbIX — BEU4eCT-
BEHHbLMUL.

3aMeTHM, YTO 71 KOMIIEKCHBIX NOCTOSIHHBIX Cp (NpH (DHKCHPOBAHHOM
BbiGOpe COOCTBEHHBIX BEKTOPOB) ONPEIeJSIOTCS peleHHEM KOMILIEKCHOrO
ypaBHeHHst oaHO3HauHo. Mrak, nokasana ‘ )

Teopewma. Kaxdoe pewenue sewjecreennozo ypasnenus eOuncrsen-
Holae 06pason (npu guxcuposanHos 8bl60pe COGCTBeHHbIX BeKTOPOS) 3ani-

" coleaerca @ sude

v v+p _
Q)= Z are™'Ee+ Z cre™ - Che™Ee, (n

k=1 k=v+41

2de ay — BeLieCTBeHHbIe, 4 Cy — KOMAACKCHbIE NOCTOAHHBIE.
Dopmyaa (1) uasmpaerest obwjus peuwenues ypasneuns. Ee MOKHO
nepenHcatb B BHAE

v vtp .
¢ ()= Z akel"gk-l- 2Re Z Cke""lgk.

k=1 b=y 1

3ameTHM, yTo oblee peuieHie 3aBHCHT OT v+4-2u=n BEIECTBEHHLIX MO~
CTOSIHHLIX @r, Recy, Imc¢y. DTH nOCTOSIHHBIE OJHO3HAYHO ONpeAesTCS
HayaabHBIMH YCJOBHAMH.

CnepcrBue l. Illycre o=(¢i, ..., 92) — pewenue cuctemst n Auneil-
HbLX sewjecTeennblx Judhhepenyuaroroix ypasrexuli nepsdbeo nopadka ¢ Ma-
rpuyeli A. Ilycre 8ce KOpHU XApAKTepUCTUYECKO20 ypasHenus marpuust A
npoctole. Toeda kaxdan us tpynmquu Pm ABAAETCA AUHEUHOL KOMOUHQ-
yued pynkyuil e Moy e cos oxt, €*'sin wrt, 20e hy — sewjecToeHnble, a
otk Hi0r — KOMNACKCHbLE KOPHI XAPAKTEPUCTUHECKOZ0 YPABHEHUA.

JdokasaTeabcrTso. Paznoxum ofuee pewenne (1) no xoopauHar-
HOMY 6a3ncy: @==qie|+ ... + Pnes. YUHTHBASR, uTO e(“*":‘“”')’—e“"'(cos ol =
=i sin wef), nonyunm Tpeﬁyemoe

Tlpn npakTiueckoM peiieHHH JiHeilHbBIX CHCTEM MOXHO, Ha#aa coGCTBeH-
Hble uHeJa, HCKaTh pelueHHs B BHAE JAuHeliHOM koMmGuHauud QyHKuni
M, ™ cos ot 1 e™'sin wkf METOZOM HeonpeaeneHHBX KO3 QHIUHEHTOB.

Caepncreue 2 [lycro A— gewecrsennasn keadparnan narpuya, cob-
creennste uucaa Koropoii npocrot. Toz0a kaxcdoui u3 9AEMEHTOS HATPULYL €
€CTb AUHEdHAR KOMGURAyUA PYHKYUIT e™, e cos wut, €™ sin wyl, 2de Ay —
B8euLieCTBeHHbIe, Q Op-d-inp — KOMNACKCHBIC KOPHU XAPAKTEPUCTUHECKO2O
ypasnenus. ‘
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Hokasateanctso. Kaxnuii cronben matpuubt ¢* cocrasaen us
KoopausaT o0pa3a Ha3sHCHOrO BEKTOpa noj jAeiicTBieM (ha30BOro noToka
cucTeMbl AuddepeHIHANLHLIX  ypaBHeHid ¢ MaTpuueil A.

3ameuanune. Bee ckasaunoe BLiWe HENOCPEACTBEHHO f1epEHOCHTCH
Ha ypaBuenust W ciucrembl ypasiienufl nopsaka Beiwle 1, Tak Kak oHH cBo-
IATCA K CHCTeMaMm nepsoro nopsaka -(cum. § 8).

3anaua 1. Hafitn Bce BeuecTsCHuBC peWCHHS  ypPaBHEHHA x'v+4x=0

W
X =x, x+4x=0

§ 21. Knaccudukanua ocoGbix TOMEK JAHHEHNBIX cHCTEM

Boime smul Bigean, yto B obulem cayuac (KOrma y xapakrepuctHue-
CKOTO ypaBHEHHSi HET KpaTHbIX KopHeil) BeilecTeeHHas JiieilHaa clcTeMa
pacnajaercst B npsiMoe npou3Bejeiiie ONHOMCPHBIX i ABymepubix. [lockoab:
Ky OLHOMEpILIE I JABYMEpHBIC CHCTEMbl Mbl YXKE H3YYiLlH, Mbl MOXKEM
Tenepb HCCIACAOBATH MIOrOMEPHBLIC CHCTEMbI.

__1._Hpumep: -ocolbie ~TOYKH - B —TPCXMEPHOM- NPOCTPAHCTBE. ~XapaKTepH-~
CTHYeCKOe YypaBHeHie — BeulecTneliioe kyGHueckoe. BewectsenHoe kyGu-
YeCKOe YypaBHeHHE MOMKEeT HMeTb TPH BCLIECTBCHILIX KOPHA JHGO OmiiH
BCULECTBCHHDIH 1 ABA KOMMJEKC-

,)_,__._,_g___ ,7_3_,_,_,_ uuix. B 3apicumocTit ot pac-
‘ noaoxceuita 3TiUX Kopueit 2y, Ao,

%3 Ha NAOCKOCTH KOMILIEKCIOrO
NePEeMEeHHOro A BO3MOXKHO MHOIO

0 , 0 pasnbix cayyaes.
% I +—0 J/—O_‘_{_— OGpaTM BHHMaHHE HA MO-
0 0 pPAJOK H 3HAKH BCIIECTBEHNLIX
4/'—“—1‘—0— 47—0—{—‘— yacteil. Boamoxub 10 «rpy0bixs
caydaes (puc. 142) u paAa
5}__1__&. 59,_g_E_ «BBIPOKAEHHLIX» caydaes (cM.,
nanpusep, puc. 143), xoraa me-

Puc. 142, CoTCTBCHNUE %MCAZ ELLICCTBLAROTD ontpa- LLLECTBFHH«'JH HaCTb OAhOro  u3
Topa A: R — R I'pyGue cayvas. KOpHel papHa HYJaK0 il BelllecT-

BeHuoll yacTH He CconpsxeH-
HOrO ¢ HHM KOpHA (Mbl Hie paccMaTpuBaeM celiyac cayuan KpaTiblX KopHeil).
Hecnenosauiie nopeaenus ¢a30BbIX KPHBBIX B KamAOM H3 3TUX cqayyaes

ue npeactasiarer TPyaa.

5)4—%”- 7)—5—3 8)-3—} g}a—g-e

Puc. 443, Hexoropsie abpORABHHME TRYREH,

0 g
2)———nO—s- 27—0—0———0—-0—

Yuursisas, uto & (ReA<<D) npu f— +4-oo crpemutes k 0, u TeMm
ObicTpee, deM MmeHbiue Red, bl foayyaeM M3o6parkeHHble Ha pﬂc. 144—148

" ¢pazoBbie KpHBLIE:

@ (O)=Re (ce"'8i 4 cae §z +03e‘°'§3)



Pic. 144. dasosoe wppocTpancTeo saunedioro ypas-
Hemnn B8 caywae Ay <Az<<A3<C0. Dasopuit norox —
©KaTHE 10 Tpes NanpaBICHUAM. -

&

Puc. 146, Cayuait Reh, 2<<A3<<0. Cxarse no wa.
npasacunio %, spautenne ¢ Goace GuicTphiM  cKa-
THeM 8 naockoetk (&, E2).

7
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Puc. 145. Cayuai L <hy <0< Cxatie no asym
HampaBACRNAM, p_aCTﬁ)KcH"e — no TPQTbeMy.

Puc. 147. Cayualt As<<Reky2<<0. Cxatie ro na.
npaBaciuo Ea, Bpautenue ¢ 60ACE MCAACHHLM CX3-
TieM 8 naockoetn (%, §:2).

Puc. 148, Cnyvah Rer2<O0<<As. Pactamenne no nanpapieHun B;, BpaluieHHe CO CKATHEM B NIOCKO-

o (3, %),

Cayuan 1’)—5') monyuaiorcs u3 ciiysaes 1) —5) n3meHennweM nanpas-
JeHHs ocH !, TaKk 4to Ha pHc. 144—148 najno aHwb 3aMEHHTH BCE CTPEJIKH

NPOTHBOIIONO X HBIMH.

3agaua I, Hapuéoaarb-d;aaoeué KpHsue B caydanx 6), 7): 8), 9) pue. 143.
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2. Jluneiinan, auddepenunpyemas s TONoJOrHYeCKas 3KBHUBAJEHTHOCTb.
Besikast kaaccnduxkauns oCHOBBIBACTCA HA KaKOM-HIGYAb OTHOLICHHH 3KBH-
panenTHocTH. CyllecTayloT no Kpaiineii Mepe TPH PasyMubIX OTHOLICHHS
SKBHBANCHTHOCTH IJI1 JIIHEHHbIX CHCTEM; OHH COOTBETCTBYIOT aarcOpaitue-

cKoMYy, AupdepeHuHpyeMOMY M TOMNOJOTHUYCCKOMY

NoAXOAAM. )
’f//f.‘x Myets {f'), {g') R"—»R"—q)a:'.onuc NOTOKII.
. Onpenecaecune. IMotoxu {f'} u [g') sxousa-

_— AGHTHOL ™), €CaN CYWECTBYCT B3aMMUO 0JHO3liay-
v soe ortoGpaxenne h: R® —R", nepesoasiwee no-

tok {['} B notok {g'), Tak uto hef'=g'eh pan
o '/”,_ aoGoro f<R (puc. 149). Met moxeM ckasarts,
hflz

y=hz yto_notok {f'} npespawaerca B {g'} npu sauene
- . Koopaunar A.
IMpa 3ToM noTOoxN na3uiBaloTcs:

Puc. 149. DxsuBaicuTHbE - .
notok. 1) aunelino 3K6UBAACHTHOIML, CCJH - CylLCCT-

Byer Takoe otofpaxenne h: R"—R", spasioue-
ecsl AUHCIRbIM uao,uopdma»iom, heGL (R"Y);

2) Quipepenyupyeso IK6UBAAEHTHUIMU, CCAH CYWICCTBYCT TaKOC OTO-
Gpawxenite i: R'— R*, apasioweecs dugpgpeossopgruasion;

3) TOnoso2UNeCKI IK6UBAACHTHOIMY, €CE CYWCCTBYCT Takoe oTolpaxe-
ue fi: R*— R, apasioweecst coseomopgpussos, T. ¢. B3AUMIO OaLo3HAY-
HBIM i D32HMHO HeMpepLIBHLIM OTOGPaXKelHeM. '

3aagaua l. Joxaxure, uto H3 miHciiHOM IKBUBAICHTHOCTH BLITCKAET
andgepennupyemas, a u3 auddepennipyeoil — Tonooruueckas,

3ameTuM, uto oToGpaXkenuc /i nepenoaHT ¢asopble Kpubbic notoxa (f)
B (basoBLle KpHBble notoka (g').

Sanauva 2. Beskuit an auneiinwit asromoppusm heGL (RY), nepe-
BoAsiit (asonslie Kpupbie noToKa (') B (asosuiec kpusbie notoxa (g'),
OCYIIECTBJISACT JAHHCHNYI0 3KBHBAACHTHOCTH NOTOKOB?

Orger. Her.

Ykasauune, Paccmorpers n=1, fx=c'x, g'x=e"x.

3anaua 3. Hokasatpb, uTo OTHowchHusi Jnueitnoft, mnddepenuiipye-
MOil H TOMOJIOTHUECKON 3KBHBAJCHTHOCTH FABIAIOTCH HACTOSILHMIH OTHOLue-
HHSIMH 3KBHBAJCHTHOCTH, T. €.

f~h  (~e=lg~D. (~g g~B)=(~k).

B uacruocTy, Bce ckasaiioe APHMEHHMO K (a30BLIM MOTOKAM JHHCHBIX
cicrem. Jias kpatkoctit mMbt GyAeM FOBOPHTL O0 3KBHBAJICHTHOCTH CaMMX
CHCTEM.

Hrak, Bee anueiinnie cueteMbl Mul TpeMs cnocobaMi pasGuIH HA Kaaccwl
skBHBagcHTHOCTH (Annclinoil, ,uuq)(bcpcmuxpye\:ou Tonoaornucckoit). HMay-
4HM 3TH KJaacchl noapoGuce.

') BBQ;[QHIIOC 32€Ch OTHOWICHHE 3SKBHBANEHTHOCTH HA3LIBAKT TAKIKE CONPANCHHOCTLIO
u nodoGuex. . : ’
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3. Jluneiinan kaaccnduxanns.

"Teopema. Mycto A, B: R*—>R"— Aunedinbe oneparopst, ace cober-
sennvte nucaa Koropolx npoctet. Tozda cucremot

x=Ax, x=R" u y=By, y=R"
AUHEEHO 3KBUBANCHTHBL TO2JA U TOAbKO To20a, Ko2da CO6CTB€HHble wucaa
" oneparopos A u B cognadaror.
HNokasareascTtso. Haa AMHEHON SKBHBAMCHTHOCTH JHMHENHBIX

CHCTEM HEOGXOAMMO H [OCTAaTOUHO, HTOGHI B=hAh""' nupn nexoTopoM
heGL (R") (puc. 150) (n6o y=hx=~hAx=HhAh™'y). CoGeTBennbe uuCcAa

onepatopos A u hAhR~' cosnanaior.
(3aecy npocToTa COGCTBEHHBIX YHCERA l
HeCyuleCTBeHHa. )

OGpaTtHo, nycTb coGcTBeHHbIE YHC-
na A npocthle M coBmajalr ¢ €o6-
CTBeHHbIMH uucaamun B. Torma A u

B pasnaraotea B mpamme mpows- oo
ue. 100, 4 R .
Be[IEHHS! ONMHAKOBHIX (AMHE/IHO JKBM- ICHHO SKBIDIIEHTILE CheTemLs,

BAJIEHTHLIX) ONHOMEDHHIX K zxsywepumx chacreM coraacHo § 20 NO3TOMY"
OHH JHieiino IKBHBANEHTHBI.

3anaua 1. MMoxamure, 4To cucTOMH K1=x1, Xe=x; H X =x14X1, X2=x2 JNHEAHO
HE IKBHBANEHTHL, XOTA MX COGCTBCHHHC WHCAA 1 OAHHAKOBM.

[

4. Duddepenunpyeman kraccudukauus. Ouesnana
Teopewma. e aunedinoie cucresst

x=Ax, x=Bx, xcR%,.

Juppepentupyesno 3K8UBANCHTHY To2da 1 Toabko To20a, koela OHu AuHel-
HO 3K6NBANEHTHOL ®). :

Noxasarteabctso. Ilyecrs 21 R — R" — nuddeomopdusm, mnepesoAstunii ¢a3oBmil
notok cuctemn A B ¢azoenift noTok cuctemn B. Touka x=0 HenoaBHXHA Aan bas3oBoro
notoxa cuctemst A. [lostomy A nepeeosur O B OAHY H3 HENOABHXKHHX TOHEK € MOTOKA
cuctemut B, Tak uro Bc=0, ,Ilud)cpeomop(pusm d: R"—R" casura Ha ¢ (dx=x—¢) nepesoaHT
dazonuit noTok B 8 ceba: ((x—cj=x= Bx__B(x—c)) Iuddeomopdnam h:-—-duh R*-R"
nepenoauT notok A 8 notok B # ocrasaser 0 ua mecre: iy (0)=0.

Oﬁoauawu yppes H: R®— R" npounasoanyio auddeomopdusma hy B 0. [uddeomop-
usMu foe’ =e oy cosnapaior npH mobux £ [Tosromy npu moGoM ¢ cosmagaloT H HX
npoH3BOAHLIE NpH x=0: ’

HEA’=EBIH,

yTo H Tpcéoaanocb LOKa3aTh.

§ 22. Tonosnoruueckas KaacCHOHKAUHUA 0COOLIX TOUEK

PaccMoTpHM nBe JHHeMHBIE CHCTEMBI: . -

x=Ax, x=Bx, x&R,

*) He cneayer nyuarb. oaHako, uto BeAKHA AnddeomopduaM, )’CTaHaBﬂHBaIOulHH HX
9KBHBAAGHTHOCTD, AnHeen, [Ipusep: A=B=0. -

6 B. H Apnoasx
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H TPEANONOXKHM, YTO BEUIECTBEHHbIE YACTH BCEX HX COGCTBEHHBIX YHCen
oranunpt o7 -0. OGo3HauuM Hepe3 m_ YHCAO COGCTBEHHBIX uHCen € OTpH-
uateabHoil BelleCTBEHHOH MYAacTblO H  uepe3 M.y UHCAO COGCTBEHHBIX
YHCEJN C TNOJIOKHTENbHOII BeUIeCTBEHHOH 4acTblo, TaK YTO MmM—_ -+ my==n.

1. Teopema. [Husn TOnoAczuueckol IK68UBANCHTHOCTU OB8YX AUHEUHbIX
CUCTeM, He UMEIOW|UX COBCTBEHHOLLX HUCeA € HYAEBOL BEWECTEEHHOL HACTLIO,
Heobxo0umo u ocTaroyHo, 4TOGbl KOAUYECTBO COOCTBEHHLIX 4UCeA C OTpU-
yareaovroii (noaosxcuteavnoll) eeujecTBeHHol wactelo 8 Toli u 8 Opyeod
cucteme 6ulA0 OOUHAKOBO:

—(A)=m_ (B my (A)=my (B).

Sra Tcopema yTBEPKAAET, HanpHMep, YTO YCTOMHUHBbBIE Y3Jbl H (HOKYCHI
(puc. 151) TomosoruyecKH 3KBHBAJCHTHE APYT APYry (m_ ==2), HO He 3KBH-
BaNEeNTHL CeTY (Mm-=my=1).

BN {/VNRN /o
NN

Puc. 151, TonoAOrHYCCKI KBHBANCHTHHE H HEIKBUBAICHTHUE CHOTCMLL,

[TonoGHo HHACKCY HHEPUHH HeBbIpOXKACHHONl KBaapaTtHuHuoit  ¢op-
Mbl, YHCJO m_ SIBARCTCA EAHHCTBEHHLIM TONONOMHYECKHM HHBAPHAHTOM
CHCTEMbL.

3 ameuaune. Ananoriunoe mnpepoNKeHHe COPABEAAHBO AOKAAbHO
(B OKpECTHOCTH HEMOABHMHON TOUKN) IS HeAuHedHolXx CHCTeM, JHHEiiHble

YacTH KOTOPHIX He HMEIOT YHCTO

’ MHUMBIX COGCTBCHHBIX uHcea, B
. ’ \ ‘ YacTHOCTH, Takast CHCTEMa B OK-
PECTHOCTH HCMIOABHIKHOH TOYKH

- TOHOJNOTHYECKH  3KBHBAJIEHTHA

' cBoeii auneiinoii yactu (puc. 152).

Mul He MoXXeM OCTalapJIHBAThCA

Ha J0Ka3aTeJbCTBE 5TOr0 Npejio-
Puc. 152, Tononornueckas SHBUDAAEHTHOCTH CHCTEMM  jgej{Hsl, BECbMa Ba’>HOrO AAf HC-
K cCc AMHCAPH3AUKH. -
C/JIe0BaHHA HENMHEHHBIX CHCTEM.
Peaykuust K cayyao m_ =0, Tonosoruyeckass 3KBHBAJEHTHOCTb JH-
HCHHLIX CHCTEM C OJHHAKOBLIMH M1 M mi4 BbITEKAeT H3 CAEAYIOLIHX TPex
JCMM:
JTemwma 1. [Tpansie npousgederuss TonoA02uHECKY IKGUEBANCHTHLLY Cls
CTeM TONOAO2UHECKU 3KOUBAACHTHY!.

n
To ecth ecan cucTemul, 3aauusic oneparopamu Ai, Bi: R™'—»R™!; 4, B, R™-R™,

NepCBOAATCA ApYr B ApYra roMeomopdusmamiu f: R™ > R™, h;: R™ »R™, 10 cywecr-

pyeT romeomopduam h: R™M 4+ R™ —~ R™M+R™, nepesoanuui $asoswi noTox  CucTEMbi-

NpoH3 BEACHHA x1 =A%, X2== Asx2 B pasosuil nomx CHCTCMMW-NPOH3BEACHNA %)= Bx,, x2=Baxa.
: JI0Ka3aTenLCTBO O4EBHAHO: HANO NONOKHTL fi (x1,x2)=(Ny (%), h2 (x2)).
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W3 Kypca auueiinoil aareGpol. H3secTHa -

Jlemma 2. Ecau y oneparopa A: R”—>R" ner qucro muumslx co6-
creennsix uwucen; 7o npocrparncteo R" pacnadaerca e npamyw cymmy 0syx
unaapuantHeix ornocuressno A nodnpocrpancrs, R"=R"- 3 R™+, rax «ro
ace cobcraennsie yucaa cycenun A wa R™~ umeior otpuyaressroie seujecr-
sennvie wactu, a na R"* — noroscureasusie (puc. 153).

310 caeayer, HApUMep, H3 TEOPeMbl O XOPAAaHOBOH HOPMaJBHOH dopMe,

NS RN
f = N\ /]

Puc. 153. Husapumautnl noanpoct- Puc, 154. Bce ueycTORuMBHE Y3AK TONOAOTHUECKH
PaKCTBA Oneparopa, HE HMEOLWEro 3KBUBANCHTHLI.
YHCTO MHHMBIX COGCTBCHHBIX HHMCeR.

Jlemmbt 1 u 2 CBOAAT N0KA3aTe/IbCTBO TOMOJNOTHYECKOA 3SKBHBAJEHT-
HOCTH K CJEAyIouweMy YacTHOMY CAy4aio:

Jemma 3. MNycre A: R"®—R" — auneiinoti oneparop, ece cobcr-
BEHHbIE HUCAG KOTOPO2O UMEIOT NOAOHCUTEALHYIO BEUYECTEEHHYIO 4ACTb
(pue. 154). Tozda cuctema '

x=Ax, xR,
TON0.A02UHECKU IKBUBAAECHTHA cTanHéaprHol (pnc. 154)

xxxr—_'R"

~ Ota NeMMa nOYTH OYEBHAHA B OJHOMEDHOM cJyuae H B cayuae okyca
Ha MJIOCKOCTH, & 3HayHuT,— no Jemme | — u B mo6oii cHcreme 6e3 kpar-
HbIX KOpHef.

"Mbl nposeseM asnee AOKA3aTe/bCTBO JieMMBl 3 B ofuieM cayuae. 7

3. odyukuua Jlsnydora, [lokasatenbcTBO JeMMBl 3 OCHOBAHO Ha MO-
CTPOeHHH CcreunanbHoil KBaipaTHuHOfl ¢OpMBI — Tak Ha3wBaeMmMoil ¢yHK-
uun Jlanysosa.

Teopewma. ITycte A: R"—> R" — auneiinsii oneparop, sce coberaen-
Hble 4uUCAQ KOTOPO2O UMEIOT NOAOXUTEAbHYIO 8eu,ecT8eHHYIo wacts. Tozda
8 R" cyuecrayer Takan eskiudosa cTpykTypa, 4T0 6exTop Ax 8 Kaxdoi
Touke x0 obpaszyer ¢ paduyc- ~6EKTOPOM X OCTPbUL Yeon:

Hubimu caoBamu:

CyujecTsyer TaKaa NOAOKUTENbHO onpedeseHHan K8adparuuHas ¢Gop-
Ma r® 8 R", uro ee npousso0Has no Hanpagaenuto 8eKTOPHO20 noan Ax
NOAOKCUTENbHA:

Ly,*>0 npu x+0. : , (1)

Han ewe:

Cywecrsyer aaauncoud 8 R" ¢ yentpom 8 0 rtakod, uto 8 kaxooil
ez0 Touke x 8exTop Ax nanpasaen napyxcy (puc. 155).

6*
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Jlerko npopepuTb, yTo Bce TPH (OPMY/HPOBKH 3KBHBAJEHTHBIL.

Mu pokamem (M 6GyaeM MCHoJab30BaTh B jaJbHefiier) 3Ty Teopemy
BO BTOpOil dopmyaiipoBke. JloKasuiBaTh ee yioGHee B KOMILIEKCHOM CJyuae:

ycre ece cobersennvie uucaa b onepatopa A: C*— C" umeror noao-
KHeuTesvHble seujecTéennbie wactu. Joeda cyujecTsyer NOAONCUTEABHO Onpe-
deaennan keadparuunas gopsa r* RC'— R, npouszeodnas xotopoii no
HanpasAenuo 6exTOpHO20 noas “Az ecte nosoxcurersro onpedesennas
Ksadparuunas gopra:

Lp,r*>0 npu z#0. )

IMpumenas uepasenctBo (2) B cayuae, korga onepatop A fABAAET-
¢l KOMIJIEKCHGHKaUleli BeIECTBEHHOro0 oneparopa, a Z NPHHAMIEKHT

Puc. 155. TMosepxnocts ypoBus dynxuitn - Puc. 156. Mosepxuocts yposua dyukiun Jsny-
Janyudosa. uosa 8 C*

BelliecTBeHHOMY noampocTpanctBy (phc. 156), noayyaem BeLiCCTBEHHYIO
teopemy (1).
4. Nocrpoenue dynkuun Jlanyuwosa. B kauectse dyukuun Jisnywosa r
Mbl GyaeM GpaThb CYMMY KBaipaToB MOAyJeil KOOPAHHAT B MNOAXOASLIEM
n

2

KOMNAeKCHOM Gasuce: r’=(z,2)= ) 2:z:. Ilpn ¢mKchpoBanHoM Gasice
2 DAt
Mbl MOXKEM OTOXKACCTBHTb BEKTOp 2 ¢ HaGopom uucet 2, ..., 2, H onepa-
Top A: C"— C" ¢ marpuueil (az). Beluncaenne nokaseiBaer, uto npous-
sodnas aganercsa keadparuunod gopaoil:

Ly, (2,2)=(Az,2)+(z, Az)=2Re(A2,2). (3)

Ecau 6Gasuc co6crsennsili, T0 noayuennan gop-
Ma noaoxcuteabro onpedeaena (puc. 157). Heiter-
BUTEIbHO, B 3TOM Caydae

n

S A 2Re(d2, =2 5 Relslzl® )
caydae n=1|, k=1
[lo .ycioBHIO BCe BelicCTBEHHBIE HACTH COGCTBEHHBIX YMCEa Ag MNOJOKH-
Teqbhbl. IlosTomy dopma (4) nonoxxHTesbHo onpeaeneHa.

Ecan oneparop A ne umeerT coferBenHoro 6asuca, TO OH HMeeT NOYTH
cobcTeeHHbli . 6a3uc, - KOTOPBIM MOXHO € TaKHM K€ YCOexoMm BOCHOJb30-
BATbCs IS NOCTpoeHHsA ¢yHKUHH JlanyHosa,
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Tounee, cnpasepnisa
Jemma 4. MMyecre A: C'— C" — C-aunedinsii oneparop u &> 0.
Tozda 6 C* moxmno rak swvibpare 6asuc %, ..., &, 4ro smarpuya A 6Gyder
sepxHeTpey2oabroil U 8ce 3aementst evtuwe duazonaru Gydyr no modyato
MeHbue €

M <e
(A)= "
0 An
HokasarteabcTBo. Cywecrsosanne Gasu-
ca, B KOTOPOM MaTpHlia BepXHETPeyroJbHas, cJe- #
AyeT, HanpHMep, 3 TeopeMsl 0 mopnauonoﬁ Hop-~ Z .
ManbHo# dopwme. e
Takoil 6asuc JerKO NOCTPOMTb HUAYKUHER NO A, NOAb-  pu. 158 Mocrpoenne Gasnca,
3yACh AMUb CYUIECTBOBAKKEM Y BCAKOTO JMHERHOTO ONEPATO- B KOTOPOM MaTpHua onepatopa
pa A: C* — C" co6ereennoro sekropa. [lyets & — 3TOT BexkTop — TPeyroabuas.
(pie.  158). PaccMoTpuM  haKkTOp-npocTpaHCTBO c"/cg.zc"-', Onepatop A 3anact
Ha q>ax'rop npocTpaKcTse oneparop A: €7V €', TMyers %2, ..., M. —6aszuc 8 C*7F,
B KOTOpOM  Matpiiua oncpatopa A Bepxuetpeyroabhas, OGoamaunm uepes Bz, ..., ¥ Karux-
uubyas npeacTaBHTelefi kraccon W, ..., 1. B C". Toraa Gasuc §, %, ..., B — HcKOMBIL
[ycte Matpuua onepatopa A B 6asice §, ..., & BepxHCTpeyroabHas.

IMokaxeM, uTo nadduacoHaabHble uAeHbL MONHO C0eaaTb CKOAb Y200HO
MAABIMU, 3AMEHAR' BEKTOPbL OA3UCA HA NPONOPLUOHANbHbIE UM BEKTOPOL.
JeficTBHTENBHO, NYCTh Qg — 3JE€MEHTH Marpnuu onepatopa A B Ga3suce &,
Tak uto au=0 npu k>1[ B 6a3uce &i=~N* snementsnt MaTpHubl onepa-
topa A 6yayr air=auN'"* [lpu nocratouno manom N aan Bcex I>k
6ynet |akl <e. o '

Jlemma 4 nokasana.

CyMMy KBanpatop MoAYJell KOOPAHHAT B BLIOPAHHOM <«£-MOYTH COG-
CTBeHHOM>» -6asiice Mbl H BO3bMEM B KauccTBe QyNKiHH J]nnyHOBa (npu
NOCTATOUHO MaJOM &).

5. Ouenka npoussoaHoii. PaccMOTpHM MHOMECTBO BCex KBaApaTHUIbIX
(bopm B R™ D10 MHOXECTBO HMEET eCTECTBEHHYIO CTPYKTypy JiHeiinoro

m{m-+1)
npoctpanctea R 7 |
OuesHnaHa
Jlemara 5 Muoxecrao nosoxcureabroix onpedesesnsix waaparult-
. m{m4-1)
uotx popm 8 R™ orkpeiro s R 2

To ectb ecan Qopma a= Z Qux:¥; TOJOXKHTEABHO OMpejeieHa, TO
=1
cywectsyer €> 0 Takoe, uto Besakas dopma a--b, rae |bul<s (aas
scex &, [, 1<k, I m), TOXKe NON0MKHTEABNO ONpegeacHa.
Hdoxasarten bcThoO. Gopma @ nojOKHTeaAblla BO BCEX TOUKAX

eanHnunoit cdepur Z xi=1. Cdepa xomnakrua, a dopma nenpepriBHA.
E=1

[TostoMy minxnas rpaib J0CTUTACTCS i, 3NAYNT, BCIOAY Ha cpepe & (¥) = a> 0.
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Ecan |bul <e, 10 na cepe |6 (0)] <), lbul <

JIHHERHBIE CHCTEMBI [rn.3s

< mP.

Tostomy npn e<a/m? dopma a-tb nonoxutensya Ha cqaepe H, 3Ha-
YHT, NOJIOKHTEJLHO onpejesena. Jlemma poxkasana.

3 ameuanne HUs namero paccyxienus BblTeKaeT TakxKe, 4To JioGas
NOJIOXKHTEIbHO oOnpefeneHHas KBaapatHuHasd ¢opma yAOBJAETBOPAET Besxe

Puc,
dopm.

159. TIpocTpancTso KBAAPAaTHYHMX

HepaBeHCTBY

e’ <a()<p lx)? (5)

3anaua 1. JlokaxuTe, YTO MHOXECTBO HeBbI-
POMAEHHBHIX KBaapaTHuHLIX ¢opM ¢ Aauuon CHrHaTypoil
OTKpBITO.

Mpumep 1. ﬂpoc‘rpancwo Kaanpamquux bopm
OT AByX mnepeMennbtix ax’+42bxy-cy? — sto Tpex-
MEPHOC NpOCTPAHCTBO ¢ KOOPAHHATAMM a, b, ¢ (pHc.
159). Kouye b’=ac geautr sto NpoCTPancTBo Ha TPH
OTKPLITHIC 4aCTH COOTBETCTBENHO CHIHATYpaM.

O<a<p.

— — — Mup-ucnoab3yesm-JeMMy- 5, 4To6bl JOKa3aTb- ¢JAcAylolee: npH “40CTd- "~
TOYHO MaJOM & TNpPOM3BOAHAS MO HANPABJEHHIO BEKTOPHOro moas ‘Az ot
CYyMMBl KBaApaToB MOAYyJeH KOOPAHHAT B «&-NOYTH cOGCTBeHHOM» Gasice,
BLIOpANIOM TIO JeMMe 4, TOJI0XKHTEJAbHO onpejeseHa.

Cornacho dopmyae (3) srta npouspoguas fBASETCA KBaapaTtHunoll
¢opmoil BewlecTBEHHBIX H MHHMBIX yacrefl Koopmmaf Zh=Xp-+iYs-

Brigeanm B dopmyae (3) caaraemble ¢ LHaroHaJbHLIME H Haaanaro-
HAMbHLIMIL S/ementaMi MaTphupt (A):

Lg r-P—{—Q, rae

3ameTHM,

P=2Re Z anziz, Q=2Re Zauzkzl.
24

UTO AHAroHaJbHHIC q.neHbl TpeyroabHoil Matpuusl (A) — 310

coGeTBenHble uucaa A, onepatopa A. Ilostomy keadparuunaa ¢opua
n

P=) 2ReM (x2 - yi) nepemennoix Xi, Yr NOAONKUTEALHO OnpedeseHa u He

k=1

sasucut ot svbopa 6asuca *).

[Mo nemme 5 3akaouaem, YyTo MPH AOCTATOUHO MAajoM & ¢gopma P--Q
(6an3kass K P) Takxke noaoxuteabHo onpencsieHa. HGo koapduuneHTh
dopMbl @ MEPeMEHHBIX Xg, Yk NPl AOCTATOYHO MAJOM € CT@HOBATCS CKOJb
yrogHo MmaablMi (nockosbky {awm| <<e npu k<<l).

Hepasencrso (2), a ¢ unm u (1), nokasano.

3ameuanune. [ockoabky Ly,r? Abasercs NomoXHTENbIO Onpeaenen-
HOil KBaapaTHunoil GopMOH, HMEeT MeCTO HepaBeHCTBO Buiaa (5):

ar’<< Ly << pre, (5)

rae > a> 0 — nekoTopuie nOCTOsiINbIE.
Takum oGpasom, cdopmyanposaHuas B n. 3 Teopema 0 QyHKuHn

Jlanyunosa aokasana.

- . R
*) Caeayer ormetnts, wto 3anamsoe Qopyoit P oToGpawciue

Gopa Gasuca.

C* — R 3asucur oT BH-
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Crepylolias cepHsi 3a4ay MPHUBOAHT K APYTOMY [AOKa3aTeabCTBY 3ITOH
TeopeMBbl.

3axaua 2. Hoxaxute, uto mxcbzbepeuuuponauue 1o HanpaB.'leuulo BEKTOPHOIrO MOJR
Ax B R" 3agaer aunetunit oneparop 'Ly RHWZ R+ 3 ppoctpancTsa KBafpaTHUHHX
¢dopm Ha R* B ceba.

3anaua 3. 3naa cobcTBenuble uncaa A; oneparopa A, Hafith co6eTBenHne uyuena
oneparopa Ly.

Oreer. 44, 1<, j<n.

Ykaszaune [lycts A umeer cobcrsenunit 623uc. Torma coGCTBEHHHMH BEKTOPaMH
Ly Gynyr ksagpaTHuebie ¢OPMBI, paBHHE MON2PHBIM NDOH3BEACHHAM JHHelHHX dopM,
ABNAOIUXCA COGCTBEHHLIMI BEKTOPaMH oneparopa, AyanavHoro K A.

3aaaua 4. Jokaxure, uto oneparop L, asaserca usomopdusmMom, ecan A He umeer
NPOTHBONONOKHLIX COGCTBEHHBMX HHced. B qac-rnocm ec/n BelleCTBEHHLIC YacTH BCeEX
cofcTBenHbX 4ucea onepatopa A ofHoro 3maka, TO Kaxpnas KBaapatHunas ¢opma Ha R*
€CTb MPOH3BOAHAA HEKOTOPO#t KBaapaTHunoit GOPMH MO HAaNpaBJeHHIO BEKTOPHOIO noas Ax.

3apnaua 5. JlokaxuTte, YTO ecaM BeWECTBEHHHE HacTH BCeX COGCTBEHHHX uHcen
onepatopa A noOAOKHTeNbHH, TO (opMa, NPOH3IBOAHAN KOTOPOR MO HanmpasaeHuwo fnoas Ax
NONIOXHTENBHO onpefesedia, caMa MNOJOKHTEALHO OfpeaeseHa H, CNEA0BATeAbHO, YAOBNETBO-
preT BceM TpeﬁOBaHHﬁM JOKA3KBaEMOIT TCOPEMHL.

YKazaune. l'IpeJ:LCTaewrb dopmy B Biae uHTerpa'xa ee npouaaonnoﬂ BlOJAbL haszosuX
KPHBHIX.

6. Tloctpoenue romeomopdusma h. IlpucrynaeM K [AOKa3aTeNLCTBY
aemmbt 3. Fomeomopousm h: R*—> R*, nepesomsiunit ¢aszosuiit notok {f')
ypasuenuss x=Ax (Rer:>0) B
¢asosnit notoxk {g'} ypasnenus
x=2x, Gy/leM CTPOHTDb CJEAYIOLIHM
ob6paszoM. Paccmorpum cdepy *)

S={x=R: r}(x)=1},

rae  r’— oynkuua Jianyxosa
ns ().

Touku atoit cdepst romeomop- Puc. 160. IToctpoenne romeosropdusva h.
¢u3mM h Gymer octaBaATb Ha
mecre. [lyctb Xo — TOUKa cdeprr (puc. 160). Touky ['xo chazosoit Tpaek-
TOpHH ypaBHeHHSt x=Ax. oroGpameHne h Oyner nepeBOAHTb B TOUKY g'xo
¢$a30B0il TPaeKTOPHH ypaBHEHHA X==x: :

h(f'xo)-—g Xo VtER, xS, h(0)=0. (6)

Mbt fOMIKHBEL TPOBEPHTD:

1) uto ¢opmysa (6) onnoswauno onpesenser 3uauenne i B nto6oit
Touke x< R*;

'2) urto otoGpaxenue A': R” > R" B3aHMHO OIHO3HAYHO H B3aHMHO He-
npepLIBHo;

3) uro hof'=g'oh.

JokazaTtenbCTBa BCEX 3THX YTBEpPXAEHHI OUEBHAHSL

7. Nlokazareascrso aemmu 3,
Jlemma 6. Mycrs @: R—R" — xaxoe-nubyds orausnoe or 0 pewenue ypasrerus
x=Ax. CocTasum CywecTeennyio GYHKYIIO 8eULeCTEEHNOZ0 NEPEMEHHOZO L:

p(f)=Inr’(p ().

*) Ecau yroawro, snnuncoun.
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Toeda orobpasxenue p: R—~R asanerca dupgeomopuason, npuuesn
adp/di <B.

HNoxasatcabctso. Mo teopese eannctsennoeti r¥(g(f)#0 Vi eR. Coraacno (5),
HAXOANN RIS dp/dt=LMr’/r2 oueHky o< dp/dt< P, 4t0 U TpcGoBaioch A0Ka3aThb.

H3 aemuu 6 caeayerT, 4To:

1) Kaxdan touxa x7#0 npedcrasanerca 6 aude x=['xo, 2de xS, (=R, {['}j—
@asosuul noTox ypaswernus r=Ax.

JleiicTBUTE1bHO, PACCMOTPUM peluciiie @ C HAYaAbULIM YCAOBHEM ¢ (0)=x. o neuve 6
npu nckotopoM t Gyaer (@ (tr))=1. Touka Xo=g (1) npuuazsexur S. Moaaras (= —r,
noayunm x=f‘xo.

2) Taxoe npedcracaenue eduUncTeenHO.

Heficteuteabio, ¢azosas xpusas, puxoaawas ®3 x (puc. 160), eaunctsenna i nepe-
cexaer cdepy B 04Ol TOUKe Xo (mo JdeMme 6); eAHHCTBENHOCTB { TaKXKe CiaeayeT M3 MOHO-
TotKocTH p (acMma 6).

Hrak, Mu noctpostau B3aHMHO OANO3HAUHOC otobpaxeHnne MpAMOro  mponsseaeHns
npasMoil H chepu Ha eSKAHAOBO NPOCTPANCTBO 623 0AHON TOUKM

F: RXS"_'—»R"\O F (. Xo)=fIXo.

H3 Teopesui 0 3aBHCHMOCTY PellleHHA OT HAYAALULIX YCIOBHT BHTEKaeT, 4T0 KaK omﬁpamelme F
3ameruM Tenepb, HTO AIA CTaAHAIPTHOrO ypanuemm Xx==x useem dp/dt=2. Tlostomy

oto6paxenie G: RxS“"—»R"\O G(f, xo))=g'x; TaKiKe B33HMHO OINO3HAYHO } B3AIMHO

nenpepuisio. Oro6paxennc & no onpeieaenmo (6) cosnanzer ¢ oroépa»\cuueu GoF~1:

R™\0— R™\0 scioay, xpoye Toukn 0. Takim c6pasos, P

MU zekasaaw, uro h: R” — R" — maanmeo  oauo- L Rat™

3yaunoe orobpaskenue.

|

Puc. 161, Tosmcomopduam i spasercs pudpdeo- Puc. 162. Cranaaptuoe cexio.
uopdiamon oy, kpose 0.

Henpepusrocts ## u h~' pcioay, KpoMe Toukn O, cieayer H3 wenpepwisioctn F, F~!
v G, G~' (p neilcTBHTeAbHOCTH it — AuddeomopdusM Bewoay, KpoMe Touky 0; puc. 161).

.Henpepushocts £ 1 i~ B Touke O cieayeT M3 JeMMbl 6. DTa Jemma No3poAfneT 10ay-
YHTL 1a:Ke ABHYIO OUCHKY r7 (i (x)) uepes 72 (x), Jxl <<1:

{7 (e (B ()< ()P
Hefictauteasno, nycts x=F {t, %), ¢<0. Toraa pi<<In P (x)<<at 1t In r? (4 (x))=2¢. Hakoneu,
npy x =0 umeem x=["xo, nosromy
(hof) ()= 0 (' (' (o)) ) = (¥ (20)) = g+ (x0) = g (g (%)) = &' (1 () ) = (') (x).

Mpu x=0 tarxe (hof')(x)==(g'oh)(x). HMrax, yroepwacuna 1), 2), 3) m. 6 zcuasanu.
llUKa3aTE.’leTBO JCMMLL 3 32KOHNCHO.

8. Joxa3aTeabCcTnO TeOpeMB! O ToOnoJorHyeckoil kaaccuduxkauun, s
Jgemum 1, 2, 3 cieayer, yto BeAkasi JaHueitnaa cucreMa x=Ax, y KOTopoil
onepatop A: R'— R* ne myeer coGCTBeHHBIX HHCEJ C HyJieBOil BellecTBeH-
Hoit yacTbio, TOMOJOrH4EeCKH I3KBHBA/CHTHA CTAHAAPTHOMY MHOroOMepHOMY
ceany (puc. 162):

n=—x;, xXe=x;, xR, xpeR"™
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CurepoBaTentHo, fBe TaKie CHCTEMBl C OAHHAKOBLIMH UHCJAAMH M, M4
TOMOJIOTHYECKH SKBHBAJIEHTHH APYr APYry.

3ameruM, uyro moanpoctpaHctBa R"- u R™ nHBapHaHTHB OTHOCH.
TenbHO ¢asosoro motoka {gf). Ilpu yseanyenun ¢ mcsikas Touka R™-
npuGanxkaercs K 0. -

3anpaua . loxaxure, yto g'x—0 npH-{ — +oo TOrAa H TOJBKO
Toraa, Korgpa xeR™-.

IMostomy R™- HasbiBaercs exoOauwjusm ycom cepna. TouHo Tak ke
R™+ Ha3niBaeTcs sotxodauum ycom. Boixopdiuii yc onpeaeasercs yc.no-
BieM g'x — 0 npu { —> — oo,

JlokaxxeM Tenepb BTOPYI0 4acTh TeOpeMHl © TOTIONOTHUECKOM KAacCH-
dHRAUMN: Y TONOAOZUHECKU 3IKBUBAACHTHOIX CUCTEM OOUHAKOBO KOAUYECTSO
COOCTBEHHBIX 4UCEN C OTPULATEAbHOU 8eUeCTEeRHOL 4acTbio.

DT0 KOJAHYECTBO €cTb pa3MepHOCTh m_ Bxoasauero yca. Hrak, pocra- -
TOYHO JIOKA3aTh, YTO DPA3MEPHOCTU BXO0AULUX YCO8 Y TONOAOSUHECKU IKBU-
sanreHTHOIX cedesr OOUHAKOBSL.

3ameruM, uto BesAKHiE romeomopdusm h, nepeaonﬂmnﬁ ¢a3oBuiii NOTOK
oanoro ceiana s ¢a3oBHIl NOTOK Apyroro, 06s3aH NEpPeBOJHTb BXOASULHI
yC OAHOTC BO BXOAAWHMA yc APYroro (mockoabKy crtpemaense K O npn
{— -4 co coxpansercs npu romeomopdusme). [lostomy romeomopdusm #
OCYIIECTBASIET TaKKe romeomopdHoe oToGpaieHHe BXOASIUIErO yca OAHOTO -
ceina Ha BXOAAWMA yc apyroro.

Cosnazenne pasmepnocTeil ycoB BbiTeKaeT Tenepb i3 cAeAyOUIEro Torno-
JIOTHYECKOTO NpefsIozKeHHa:

Pasmeprocts npocrpancrea R® — tonosozuueckuid unsapuanr. Wxbimn
cinosaMi, eoseosoppuanm h: R™ — R" cywiecrsyer Torsko mewxdy npocrpan-
creamu  00UHAKOBOU pasmMepHOCTU.

Xorst 3TO mnpeasoXeHHE H Ka-

JKeTcs OYeBHAHLIM *), QoKasaTenb- j \
CTBO €ro He mnpocto n He G6yner \\ /

3€eCb NPOBOAHTLCA.

° :
3agaua 2. Hokaxure, uto 4 ceana - \ =7 N
¢ TpexmepibM (a3OBKM NPOCTPAHCTBOM H ¢ ) )
(m—, my)=(3,0), 2, 1), (1,2), (0,3) Tono- A :

JIOTHYECKH He sxausanemﬂu (ne NnoJL3yAcCh

HEJOK3a3aHHHM  TOMOJOrHUECKHM Npeanoxe- )
HHeM). . \ \ /

Yxasanne, Oauomepunii yc coCTOHY

i
3 Tpex ¢a3oBHX KpuBHX, a Goaee HCM \ \
onnHoMepHH — #3  GecKOHEYHOro yHcaa /4’ . / \
{puc. 163). ’ ‘
Taxim 06pa3zoM, TONOJOTHYECKAS Puc. 163. Yeu tpexmepuux cenen. -

Ki1accHdHKauusa JHHeAHBIX CHCTEM C
HeHy/NeBbIMH BELeCTBEHHBIMH YacTAMH cOGCTBeHHbIX unces B R!, R2
R® nposesena nosnHoctbio, Toraa kak B R" npu n>3 MBI BbIHYX/EHbI

*) CyuiectayioT, OANAKO, B3aHMHO OIHO3HAUNME oroﬁpamemm R™ - R% a Ttakwxe nenpe-
puiBHHe oTo6paxenua R™ ua R npu m<n (nanpumep, R'—R?),
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CCBIIATLCH HA HENOCKA3aHHOE yTBEPKAEHUC O Tononormxecxou HHBApHAHT-
HOCTH Pa3aMepHOCTH.

3anaua 3. [llposectd TONMONOTHYECKYID maccmpxmamm Juneiikbx  onepatopos  A:
R® - R, He uMeoLuIX cOBCTBEHHEX urce ¢ Mogyaes I.

§ 23. YcroituusocTe nonoxkennii pasHopecHs.

Bonpoc 06 ycToifluHBOCTH NOJOXKEHHS PaBHOBECHSI HEAHHC{IHON CHCTEMb
peliaeTcss Tak e, Kak AN JIMHCADH3OBAUHOH CHCTEMbl, CCJAH Y mocaed-
Heil HeT coGCTBEHHBIX YyHCea HAa MHHMOR OCH.

1. Ycroiiuusocrs ro Jlanyuosy. Paccmorpum ypanneuue
x=v(x), x=UcR", (n

riae v—r> 2 pa3 puddepenuupyemoe B oGnacti U sexkropuoe mose. [pen-
noJioxus, uro ypasHeune (1) mmeer nosoxkeuue pasuopecusi (puc. 164).
BriGepem koopaMHATH X; TaK, YTOGH MO/I0XKEHIE PABHOBECHA OLLIO HAYANOM
_ __ _koopauHativ(0)=0._ _ _ . - —— — _
Pewenne ¢ navanpueiM ycaosueM ¢ (lp)=0 ectb ¢=0. Hac HHTepe-
CyeT nopefeHHe pemeHHH ¢ OJH3KHMH HAYAJBHLIMH YCJOBHSAMHU.

Q

Puc. 164. Octanyres Jan BOAHIN  nOOXKENHA Puc. 165, Ycrofiuupoe ® neycrofiunsoe no-
pasiosecH 4)33081;1(3 KpHBHLe, HAYHHAKOUIHCCSA JIOMCHIA  PaBlHOBCCHA: paldidiikie B noae-
B CrQ AOCTATOYHO MaJgoit OKpCCTHOCTH" ACHHHE HHTCTPEIbHLX KPHBHIX,

Onpenenenune, [Nonoxenne pasnopecust x=90 ypasuenus (1) na-
3pipaeTc ycroluusoss (WK ycrotuusos no Jlanynosy), ccau pas awo6oro
e>> 0 cywectByer 6> 0 (3apucAlllee TOAbBKO OT & H He 3aBucslee oT f,
0 KOTOPOM HJeT peub HHXKe) Takoe, uTo OJA BCHKOTO X, ANSL KOTOPOTo ¥)
x5} <<8, pewwenne ¢ ypaBuenuss (1) ¢ HauyaienbiM ycaoskem @ (0)=uxo
nponosKaeTcsi Ha BCK noayoch (>0 i YAOBIETBOPSieT HepaBEHCTBY
lo (Ol <e mas mcex x>0 (puc. 165).

WnbiMu caosamu, yerodiuusocte noaoscenun pasuosecus no Jlanywo-
8y — 310 pasxomepHan Ha unrepsase [0, 4 oo} cxodumocre (x nocrosaun-
HOMY peulenuo) pewerull, Ha4aabHble 3HAYCHUS KOTOPbLX CTPEMATCR K pac-
cmarpusaemomy noroxcenuio pasnogecus. CXOQUMOCTb 3HAYCHHIT pelenHii
npu gio6oM ¢uUKCHPOBAHHOM { rapaHTHpyeTcsl Teopemoii o HenpepuIBHOM

*) Ecan x=(xy, ..., xs), 70 Jxf?=xid ... 42
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3aBHCHMOCTH PEUIHHS] OT HAYaJLHOTO YCJOBHA; BaXKHA MMEHHO DaBHOMep-
HaA CXOAHMOCTH, T. €. He3aBHCHMOCTb § ot /.

3anaya I Hccnenoaarb YCTONUNBOCTL NOMOKEHNIT PaBHOBECHS:

1 %=0; 3){ y =12, 4){ afn=x|: 5){ :fn=Xz.

2) x=x; == —X1; Xo= — %23 2= —sin xi.

3anaua 2. [loxaxure, uto NPHEEACHHOE ONPeASICHHE KOPPCKTHO, T. €. HYTO yctoit.
YHBOCTL MOJOMEHHS PaBHOBECHS He 3aBHCHT OT CHCTEMH KOODAHHAT, yua¢TBOBaBIUEH B onpe-
ReNeHHH.

3azaua 3. ITycrs usmecrio, uto aast moboro N> D, £ 0 cymecTsyeT Takoe pewenne ¢

ypasuenua (1), uro ans nexoroporo 20 (N> N [l¢(0)], npuues ]l(p(O)lI<B BuiTekaer an
OTCI0a HEYCTOHUMBOCTDL NMOJNOXKeHHA pasHosecua x=0?

2. AcHMnToTHUECKAS yCTOAYHBOCTD.

Onpenenenue INosoxenne pasrosecnst x=0 ypasuenus (1) nasni-
BAETCH ACUMNTOTUHECKI YCTOLHUBLIM, €CJIE OHO YcToilyHBo (no JlanyHosy) H
lim (=0

{4 o
AN BCAKOIO peuIeHHs @ ¢ HAuasJbHHIM YCJOBHEM ¢ (0) JeXauuM B aocra-
TOUHO MaJofi OKpecTHOCTH Hyasa (puc. 166).

3anauva l. Pémnts 3agaun 1), 2), 3) n. 1, samenns Besfe ycroﬁquaocn acuMnTo-
THYECKOH YCTORYHBOCTBIO.

3anaua 2. BuTekaer A yCTOAYMBOCTD NOJIOKEHHA PABHOBECHA MO J'lnnyﬂony u3 TO0TO,
4TO KaXA0€ pelielne CTPEMHTCA B 3TOMY NOJOXKEHHIO paBHoaecuﬂ npH f=» 00?

?{z) @F /\ . ¢

_— T R

Puc. 166. ACHMNTOTHYECKH YCTOAYHBOE MONOKCHHE PABHOBECHA: MHTErpaNbHEE KPHBHE.

/Q//(/) _»&/ ° |a
/{7\‘/\ NN\ -

Prc. 167, dasosuie kpresie ypasuennd (1) u (2). Pue. 168. CoGereenunie yncna oneparopa A. -

3. Teopema 06 ycrofiungocTH no nepsomy npuGmuxennto. Hapaay c (l)
paccMOTpHM JlHeapH3oBaniloe ypaBuenue (puc. 167)

x=Ax, A: R®"—>R~ - 2)

Torna v (x)=v, +vs, vi (x)=Ax, v2 (x)=0(||x]}?).

Teopewma. ITycro ece cobcreennvte wucaa A oneparopa A aexcar
8 xregoi noaynaockocru: ReA<<0 (puc. 168). Tozda nosoxcenue pasguo-
gecun x=0 ypasnenun (1) acumnrorudecku ycroi4uso.
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3aaaua 1. Mpuscaute npumcp HeycTolunsoro (no JianyHoBy) 1010XeHHR PABHOBECHA
ypasueuns (1), 113 xotoporo sce Re2<CO.

3ameuaHne. Moxno 10kasath, YTO ¢CIH BellecTBeHHas 4YacTh XoTa Ol oanoro
COGCTBCHIIOTO YHCAZ A MOACKUTEAbHA, TO NOAOKEHNC PaBHOBECHR HeycToiunso. B cayuae
HYJACBLIX BCLICCTBEHULIX 4acTeR YCTORUMBOCTH 3aBMCHT oOT uaenos puana Teillopa sbiuie
nepeoit cremens. )

3anavya 2. Ycrouqnno an (0o Jlsnywosy it acHMOTOTHUCCKH) HYJCBOE NOJONeie
PABHOBCCHS CHCTEMM Xy ==Xz, Xz== — X]?

Orser. Ecam n uerno, meyctoiunso (no JlanyHosy): ecan ieucTHo, T0 ycTofuHBO
(no JlanyuoBy), HO HE ACHMOTOTHYECKH.

4. Doxasareanctso Teopembl. Coraacno § 22, n. 3 cywecrsyer ¢yix-
wiA Jlanyuosa: nonoMHTEALHO ONpefedCHHARA KBaipaTHuuasi (opma r?,
TPOH3BOAIIAN KOTOPOil MO HanpaBJeHKIo JHIHEHOr0 NoAs Uy OTPHUATEIbHO

. onpejeJena:

L,r'< —2yr,

rA¢ y — noJ0xHTeAblas noctosunas (puc. 169).

— - -Jlemya.—B_docrarouno . kaiod ..okpecr-
HOCTU TOouku x =0 npouzsoduas ¢ynxyuu Jany-
HOBA NO HANPABACHUIO HEAUMEINO20 NnoAs U
YJ0BACTBOPACT HEPABCHCTEY

rZ const

Puc, 169, Toncpxnocts  ypoous 2 2
Qyusuin Jlsnynosa. L,v’ < —Yr. (3)

HOefictoutensno, L,ri==L,r*+ L, r% Tlokamem, 4TO NpH Maiblx r BTO-
poe caaraeMoe ropasio Melibluc epBOro:
2 3

Ler =0{r’). (4)

B casowm jaeae, aast awoGoro noas u u moﬁoii byHKuny f

Lif=

,\‘

B nawenm cayuae (u=vy, f=r") u;=O(r2) H
i BLITeKaeT cooTHolienie (4).

Urak, cyuectsyior C>0, o= 0 takue, uto 4751 BCceX ¥ ¢ |x|<<o
BbINOAHEHO Hepasenctso | L,,r?x<<C |r?(x)] 7 [papas vactb ne Goasue yr
NpH. JOCTATOYHO MaAbix |lx||, TAK 4TO B HEKOTOPOIl OKpecTHOCTH TOukH x=0

_(7[_ =0 (r) (nouemy?), oTkyaa
Xi R

L << =2y oyt = —yrt
JlemMma poxasaua.
Tlycts ¢ — peutenne ypapuenus (1), oTJAHUHOE OT HYJEBOro, € Haua/b-
HBIM YCJOBHEM B JOCTaTOYHO Majoif OKpecTHOCTH TOUkH x=0. Onpege-
JHM GYHKUHIO BPEMCHH P COOTHOLIHHEM

p (D=Inr*(¢(t), t>o.

Mo tcopeme eamucTeeHHOCTH 1% (P (£)7=0, Tak uto QyHKUHA p onpepeieHa
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u 4nliq)(1)epeuuupye.\xa. CoriracHo nepaneuchy 3)

. l d L.r

= .-—< -—
Orciona BbiTeKaeT, YTO 1 (q)(t)) MOHOTOHHO YGHIBaeT M cTpemutess K O
npi {— - o0o: ’

p(<pO)—vt, re()<r*(@O)e ™™ 0, ‘ )

410 H Tpe6oBaNOCh AOKA3aTb.

3anpaua l. Ykazats npoGea B npHBEJEHHOM [0Ka3aTesbCTRe, 7

Pewenne. Mbl He AoKkasaan, 4to peweHHe ¢ MpoaoJKaercsl Ble-
pé,tl 1eorpaHH4yeHHo. '

PaccmotpuM - Takoe c>0 yto npe |lx|| <o BLINOJHEHO HEPABCH-
ctBo (3). ' - '

PaccmorpuM  KOMmakr B paciuHpenHoM  ($asoBOM  npocTpaHcTse
(puc. 170) : :

F={x,t: r*(x)<o, 1HILT).

PaccmorpuM peuwtenne @ ¢ HauvaJbHLIM YCJO- £\ 1/
BieMm @ (0), rae r’(p(0))<<o. o Teopeme o o ]
NPOAO/IXKEHHH ¢ MOXKHO NPOROJDKHTb Brepen \

40 rpanuusl usansiapa F. Ho rnoka Touka ,
Puc. 170. Heorpzuuuern2a npo-

(¢, @ (£)) npuHamneRuT F, NpOH3BOAHAA (DYHKLUHH  noskaemocts peemts unepea.

r ((p()) oTpuuareasua. Ilostomy peuieHne He :

MOKET BHIITH HAa GOKOBYIO MOBepXHOCTb MHAHHApA F (rae r’=g’ ) 1, 3ua-

uiT, npoaoJKaercst o Topua f=T.

Hockonsky T npoussonbyo (M He 3asucu‘r OT ©), peleHie ¢ mnpo-

AOKAeTCA BNepes HeOrpanuueHHo, npuueM r’(g(f))<< o H HepaBencTno (3)
uMeeT mecto npu Beex {220,

3ameuanude l. Mb gokasann GoJsblue, YeM acHMNTOTHUYECKYIO YCTOli-
UHBOCTb MOJOXEHHA paBHoBecHs. V3 nepaBenctBa (5) BHAHO, UTO CXOAH-
mMocTh @ (f) = 0 paBHomepHasn (o'rnocme.ano HavaJabHLIX YCJOBUil Xp, AO-
¢TaToyHo G6aun3kux K 0).

Kpome Ttoro, nepaseuctso (5) yKasbmaeT CKOPOCTb CXOAHUMOCTH (sxc-
NOHEHUHANBHYIO) .

[To cyuwecrBy, Teopema yTBepKaaeT, UTO pPaBHOMEPHAs 3KCMOHCHIL-
ajabHas CXOAMMOCTb pelleHHR JHHeHHOro ypaBHeHHA (2) K Hy O He napy-
WaeTcs NPH HeJHHeilHoOM BoaMyulenuH vz (x)=0 (|ix||%) npaBoil uacti ypasb-
HeHua, AHasnoriuyHoe yTBepiKieHne CMPaBeHBO [ Pas3HUHBIX BO3MYLLC-
HHA Gosee oGuwefi npupoasl. Hanpumep, Moxno Goiio 6 paccMOTpeTh
HeaBTOHOMHOE BO3MYyLIeHHe vq(x, {), ana Kotoporo |wv: (x, f)] < cp(|x|) rae

¢ (Ixl)=o0(lx]) npu x-0.

3anaua 2. Jokaxure, YTO B YCJHOBHAX TEOPEMEl YPaBHEeH:s (l) B (2) Tonaioru-
YeCKH 3KBHBAJNCHTHLI B OKPCCTHOCTHX MOJTOXKEHHS pPaBHOBECHA.

3ameuanne 2. B cBA3n c n0Ka3zaHHON Boiule TEOpPeMON Mbl NpH-
XOMUM K caefyioueil anreGpanueckoil sajave (Tak nasniBaeMasl npo6.icma
Payca — I'ypshua):



174 . JIMHEFRHbBIE CUCTEMBbI

{rn.3

TpebGyetca y3uath, Aexar AU 6Ce KOPHU OQHHO20 MHOZOHAEHA 8 AEGOL

nOAYNAOCKOCTU.

DT0T BOMPOC peruaeTcsi KOHEYUHbIM 4YHCIOM apupmetnueckux aefcrTouil
Hag kosdpduuuentamu Miorowiena. COOTBETCTBYIOWIHC AJTOPHTMLI ONH-
caubl B Kypcax aare6psl (kpureputi l'ypsuya, mero0 Uitypaua) u xomnaekc-
HOro nepemenHoro (npunyun apeymenra, merodst Bouueespadckozo, Haiix-
gucta u Muxaiaosa). Cu., uanpumep, A. I. Kypouw, «Kypc sbicuseii
anre6pel» (M.: Hayka, 1968), r1. 9; M. A. JTaspeutoes, b. B. lllaGar,
«Metoaul Teopuu ¢yHKUHIT KOoMmIeKcHoro nepemetinoro» (M.: ®uamarrus,
1958), ra. V; eMm. Takike M. M. [T o ¢ T 1 u K 0 B, «YcTOoiluHBLIe MIOTOUJEHLI»
(M.: <Hayka», 1981). Mul BepHencs k npobaeme Payca —ypsuuta o § 36, 5.

§ 24. Cayuait 4MCTO MHHMBIX COOCTBEHHBIX HHCEN

JluHeiinble ypaBHenusi Ge3 4HCTO MHHMBIX COGCTBEHHLIX HHCEa AeTafb-
~-- - -yo-uccaegosauns- 8 §§ 21, 22. Mx dasosule -xpusuic peayr cebs jocra-

TouHo npocto (ceano, § 22, n. 8).

JInuefinsie ypasiieuysi ¢ 4HCTO MHHMbBIMH COGCTBCHHBIMH YHCJaMH f0-
CTaBAT HaM npuMepul Gojice CJI0KHOro nopefcHis (a3onbLiX KPHBBIX.

Takne ypasnenus pcrpeualorcst, HanpuMcp, B Teopu KoacGauuii kou-
ceppatiBhuix ciuctem {cm. § 25, n. 6).

1, Tonoaoruyeckan kaaccudukauns. Ilycts Bece colGeTBenubie uucaa

Aty vy My auHeiiHOTO YpaBHCHHA

1=Ax,

YHCTO MHHMBI,

x=R", A: R*—R", (1)

B kakux ciyuasix ABa ypapHenus Buaa (1) Tonosoriuecki sKBHBANEHTHbI?

3angauwa . Joxkaxurte, uto B caydae naockoctd (n1=2, A= iw0) ana Tonoa0-’
THUCCKON IKBHBANCHTHOCTH Abyx ypasueHuil suaa (1) uecobxoamma n foctatoyna aarcGpau-

Puc. 171, ®asosoe npoctpaicTso chHetemsl (2).

4eCKaA  3KBHUBANCHTHOCTb, T. €. OANHAKOBOCTb
COGCTBEHHBIX UHCRL
B uactosiwec ppeMs aHaJOrHuHLI pe3ydb-

TaT AOKa3aH W npH a> 2.

2. [Mpumep. Paccmotpum ypashe-
nue B R*
x:n=w|X2 .
. ’ A o= i),
Xo= —WwiXt, (2)
X3 = WXy, .
3 2 A3,4= Fima.
Xy = — W2X3,

Mpocrpancteo R* pacnajaercs b npsamylo CyMMy ABYX HHBAPHAHTHHIX NJO-

ckocteit (puc. 171):

R'=R; :+Ry..
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£
Cucrema (2) pacnazaercs Ha  ABe He3aBHCHMBbIE: 4
/é|=‘1)lx2)
{ . (x1, )Ry, :
Xo2= — WXy, i : 3)
.%3=mA2x4
{ . ’ (.\’3, X4)E R,}_q.
Xy = — W2X3,
B xaxaoil H3 nmaockocTeli (asoBble KpHBBIE — OKPY)KHOCTH
S'={xeR » +x3=C>0) ,
"uan Toukn (C=0), # a3oBLl NOTOK COCTOMT H3 Bpamemm (na yron

@1l H w2f COOTBETCTBEHHO). .
Kaxnas ¢asomas kpusas ypasuenus (2) npHHAAACKHT npmuomy npo-
H3BeAcHHIO (a3OBHIX KPHBBIX Ha maockocTsax Ria 1 Rss [lycTs atn ase
KPHBHIE — OKPYKHOCTH.
[Tpamoe npoussescHie fBYX OKpYyKiOCTell

9
?=S'XS'={xeR" $+18=C, ¥+ xi=D}
Ha3bBaeTcss JBYMEPHOLAM TOPOM. _
Yro6e ayuwe npeactaBHTh ceGe Top T?,  MOXKHO NMOCTYNHTH CaAenyiO-

mHM oGpasom. Paccmorpium B R® nosepxiocts Gapanki (puc. 172), noay-
Yyenlyl0 INIPH BPAUICHHI OKDPYXKHOCTH BOKPYr Jexaueill B ¢¢ MNJIOCKOCTH

@2
NN e
on| &= |28

L2 . V722X
ol O zz| TRy,

Pue. 172. Top. Puc. 173. Kapra ropa.

H He mepecekalouteii ee oci. Touka Takoil MOBEPXHOCTH 3ajaercs ABYMA
yraoBuiMH KoopaHHataMu @i, ¢@zmod 2n. Koopaunatel ¢y H @2 3anaor
anddpeomopdiamM noeepxuocTH Gapanki H npAMOro nponsseaennst T AByX
OKpYHOCTeil.

Koopzuma'rbl ¢1 H @2 MOXHO Ha3paTb doszotodf M wuportoid. Kaprty
topa T? (cm. puc. 173) MoxHo H306pasuTe Ha keaapare 0<C o <2,
0<< p2<< 20 naockoetH (@i, ¢2), «ckaeun» touxu (¢, 0) u (@1, 2n) n (0, ¢2)

(2n, @2). MoXHO TaKXe CUHMTaThb KapToii BCIO IJIOCKOCTB (@1, ¢2),
TOrfa Ka}jasa Touka Topa GyaeT HMeTb GecKOHeuHoe uHCJAO H306pa-
JKeHiit Ha kapre (momoGHO ABYM H3o6paxkenuam Yykorkn Ha kapre mo-
JAymapHi).

daszoBblii moTok ypaBhenus (2) ocrtasaseT TOp T‘C R' na mecre.
®dazonble xpisble ypastienuss (2) aexar ua nosepxmoctu I°. Ecan ¢ —
noAspHelit yron maockocTH Ry 2, OTCHHTHIBAEMBII OT opTa X2 K OPTY X1,
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T0 coraacho (3) @1=w;. AHANOTHYHO, OTCUHTHBAR G2 OT X4 K X3, NOAY-
yaeMm @p=wg. Hrak:

dazosvie TpaekTopuu noToxa (2) HA NOGEPXHOCTU T"' yodosaergopsaior
Oud)gbepemgua/lbuo,uy ypaauenwo

(Pl—wl. ¢2=w2. (4)
I.UnpOTa H jpoJrora t‘basosoﬁ TOYKH MEHSIIOTCA PaBHOMEDHO, H Ha KapTe

TOpa ABHMKEHHe H306paKaeTcsl NPAMOIl JlHHell, a HA NOBePXHOCTH GapaHkH
noayuaerca «obmoTka» (pic. 174).

43

/ \@'

A7
97’ 7

Puc. 174, O6uotxa Topa.

3. ¢aszosuie kpupnie ypasHcHua (4) Ha tope. Unena oy, w2 Ha3biBaoTCA
PANUOHAALHO He3asucumbimu, ecli H3 kwitkwe=0 ¢ ueavimit &y U ks

o L prle g
/ p ]
A pu ,

rg
A ' et

s +¢
7 G

Pre. 176. OGpasu TOYKH OK-
Puc. 175. Bcioay mniotsan  Kph- PYXNOCTH NPH NOBTOPCHRM nO-
83% Ha Tope. BOPOTa Ma yTO1 a@.

u ier.

Tecopema. Ecau o u w2 payuonasvno 3agucumsl, 10 8caxkas ¢aso-
eaa spugas ypasrenus (4) una rope samruyra. Ecau se oy u o2 payuo-
HQAbHO He3asucumsl, TO GCAKAR Pazosan Kpueas ypasuecuus (4) scrody
naorna *) na tope T (puc. 175).

cn_t;‘/zycr ky=ky;=0. Hanpumep, x/’2- n 8 palHOHANbHO 3aBHCHMBI, a 6
8 ,

Huuimu caosasm.
Eca B Kaxpoll Kictke GCCKOHCHHON WAXMATHON AOCKM CHANT OXHHAKOBLI (u o1nHa

K0BO pucnovomeﬂmm) 33AUL, H OXOTHMK CTPCINACT RO HIAIPABACHINO C HPPAUNOHAILLLIM Tdi-
TEHCOM Yraa HAKJAOHA K JAHHHAM AOCKH, TO OH MNonageT XoTh B OAHOrO 3aiiua. (;{CHO.
HYTO CCIP TAHLCHC YIVId HAKIOHA PAUHOHAACH, TO AOCTATOHHO Maabix 3aiucs MOKNO pac-
MO10KHTL TAK, YTO OXOTHHK ﬂpOMQXHCTCﬂ.)

N e nmsa. Paccsorpum nosopor okpyxcnocte S' na yeoa a, necous-
sepuntid ¢ 2 (puc. 176). Tozda o6paset 40604 TOUKU HA OKPYIHCHOCTU

*) MnoxectBo A BCloAy, njOTHO B MpOCTpasicTBe B, ecalt B CKOAb yroano maaoi
OKPCCTHOCTH NI0GOM TOUKH NMPOCTPaHCTBa B ecTh TOYKa MHOKecTsa A.
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npu nosTOpeNUL nosOPOTA-
¢ 9+a. 9+2, ¢+3a, .. (mod2n)

oﬁpaa _/ror MROXECTBO, BCI0dY na0THOE HA OKPYIHCHOCTLL.

Jloka3atenbcTBO MOXKHO H3BJEYbL M3 CTPOEHHA 3AMKHYTHIX noArpymn
npamofi {cMm. § 9). Mt npoeeneM ero 3anoBo.

Mpuuaunn swnkos Hupuxane. Ecau e k awuxax sexcur k41
npeduer, 0 xora 6ot 8.00HOM Auuke 6oavuwe 0dHOZO npedmera.

Pasgeanm OKPYXHOCTb Ha k paBHBLIX NONYHHTEDPBAJOB AAHHLI 2n/k
Ilo npusuuny suunkoB cpean nepsuhix k-1 Touex Hawed nocaenoBaTefb-
. HOCTH ecTb 2 TOuKH B OAHOM noayHuteppaie. [lyctb 310 TOUKH @+ pa
H @-ga, p>>q. PaccMoTpuM s=p-—gq. Yroa nosopora s« OTJAHuAETCA
OT KpaTHoro 2x Menbwe uYem ua 2n/k. B nocneaosatenbnocTH TOueK @,
9+sa, ¢+2se, 9+ 3sa, ... (mod 2n) (puc. 177) kKaxaule ABe coceaHue
TOUKH OTCTOAT Ha OAHNAKOBOE paccTosinHe, Menbuiee yeMm 2n/k. Ilyctb

2
|

oy /é
// V Zﬂai;{l{

Yool g

Znk g,

Pue. 177, Toukn o+ Nsea. - Puc. 178, Pc:xyxunn TCOPCMH K ACMMe.

naHo £ 0. Bui6pas k ZOCTATOUHO GOMBLINM, MBI MOXeM caenaTh 2m/k <e.
B noGo#t e-okpectHocTn M060fi Touki S' ecTh TOUKM nOC/IEA0BaTENbHOCTH

¢-+Nsa (mod2n)

Jlemma nokasana,

3ameuane Mol He HCMIOAB3OBAMN HecoH3MepHMocThb o ¢ 2. Mexay
TEeM OYEBHJHO, UTO MPH o, COH3MCPUMOM ¢ 27, JeMMa HeBepHa.

3agaua L. Haiitu 1 pocnosuuts npo6en-B A0Ka3aTenbeThe JEMMBL.

HoxasatenbcTBo Teopemu. Pewenue ~ ypasnenna (4)
HMCET B :

o (=@ (0)Fwit,  @2()=02(0)+ 0st. " (5)

[yctb ©; H ©2 paUHOHANLHO 3aBHCHMBL: k0 kawe=0, kI+ k3540,
Ypasuenns otnocutensuo T -

(D|T=2J'[k2, (;)2T=—2ﬂk|

cosmecTnti. Mx pewensie T M sBaAfCTCA NEPHOAOM 3aMKHYTO tdazopoit
kpuBoil (5). '

[ycth ©1 H 02 paunoHanbHO HezaBiclmbl, Toraa ©i/ws — HPpauHO-
HaJbHOE uHC/10. PaceMOTpiM nociaeRoBaTe/bHbIE TOUKH fepeceueHust ¢haso-
poii kpueoit (5) c mepnamanoM ¢=0 (mod2x) - (puc. 178). Wupotn



/

178 ' JIMHEAHBIE CUCTEMBI! o (r1.3

3THX TOueK GYAyT

G246 = 2.0+ 27 %3 £ (mod 2).
{

Mo nemMec MHOXECTBO TOUEK TepeceveHHA BCIOAY IJIOTHO Ha MepHAHaue,
3aMeTHM, UTO NpsiMble, MPOBEACHHEIC H3 TOUCK MHOMKECTBA, BCIOAY NIOT-
HOro Ha mpsimoil, Jexalleil B NJOCKOCTH, M0 HaNpaB/lIeHHIO, He COBAAAalo-
WeMy ¢ HanpasJcHiHeM 3Toil NpsMoil, 06pa3yloT BCIOAY NJOTHOE MIIOMKECTBO
Ha nuockocTH. [lostoMy H3oGpaikeitte

#=q -2 [T, <Ez<f>=@2<‘)42“[¢§—?]

¢asoBoit KpHBOIi (5) na ksagpate 0 i< 2m, 0< @2 << 20 BCIOly MJIOTHO.
Hrak, ¢asosasa xpupas ypasuenus (4) (u, 3aHaunr, ypabuenus (2)) cho,uy
NJIOTHA Ha TOpe.

4. CnencrBua. Psap npoctulXx caefcTsiil A0KA33HHOH TEOpeMBl BHIXOXMT _

—32°PaMKH TCODHH OGLIKHOBENHbIX AN EepeHUHAAbHbIX ypaBHEHH Il

3aaaua l. PaccMOTpiM NOCAC0BATeABHOCTD NepabiX UHP CTencun ABOfiKH:
1,2,48,1,3,6,1,2,5, 1,2 4,8, ...

Betperntes an B aToli nocaegosarteabnocT 7? BooGuie, ¢ a0Goit Mt komGunauns ungpp
naupHaertes 2"?
3anava 2. oxkamure, 41O sup cos £-}sin \/§l=2.
0<t<<oo
3apnaua 3, Paccmorpum rpynny S' komnaekcubix uucel, no moaymo pasubix 1. Haiiti
BCE €e 3aMKHYTLIC NOArpynntt.

Oreer. 1, S', {5\/;—}

5. Muoromepnniii cayuyai. [lyctb coGcTpennbie yncaa ypastenus (1)
B R npocTul u HMelOT BHA

A= Ztio, xivz, .., +iom.

Paccyxpas, kak B npumepe m. 2, Mbl NOKaxeM, 4To ¢(as3oBLie KpiBble
Jexar Ha m-MepHOM Tope

"’=3'X. . .XS'=
={(¢1,. .+ ¢m)mod 2 }=<R"/Z"

U YAOBACTBOPSIOT ypaBHEHHSM (p; =1, 2=y, ...
cen Pu=0m Yncaa @i, .., O palUHOHAILHO
O HEe3aBHCHMEBI, €C/H NMpH Ueanx k

(klﬁ)l"l“-- +kmwnx——0)=}(k|—...—km 0)

Puc. 179. daszopan xpusan cu-

cTemMul =1, ga=~2, q3=+
BCIO1Y NAOTHA BA TPCXMCPHOM 3anaua* 1. Jlokasars, 4TO ecAl YacTOTH ...
TOpEL. oo n@Wm PARHOHANBLHO HC3ABHCHMBL, TO KaldKApas Q)asonaﬂ KpH-

pas ypaBHeunus (1), nexamasn ua tope 7™, pciody niaotha na
HeM.

Cnepcrene. Mycro konv npuzaer cxauxas (VZ, 3) no noaro (puc. 179), zde
Keadparno-enesdoavin cnocobosx noceana kykypysa. Toeda on obazarescno cuwuber xoTo
9dun. pocToK.
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6. Pasnomepnoe pacnpeaenenne, Berogy nioTHble KpuBbie, pacCMOTPEH-
Hbe Bbime, o61afal0T 3aMeuartenbiibiM CBOICTBOM PaBHOMEpHO pacnpeae-
JNAThCA N0 NoBepxHOCTH TOpoB, ChopmyaupyeM COOTBETCTBYIOULYIO TeopeMy
B npocreiiueM cayuae, PaccMOTPHM ROC/IENOBATR/NLHOCTb TOUEK @y, P2, ... HA
okpyxuoctt S'={¢ mod 2n}. [locnenoBaTe LHOCTh HA3BLIBAETCH PABHO-
mepHo pacnpedecunofi, ecau ana 6ot ayru AcS' uncno N (A, k) Touek
JAMHHOTO OTPE3Ka noC/aeRoBaTeNbHOCTH. (1, .., ¢z) B A ACHMOTOTHYECKH
NPONOPUHOHAABLHO AJaHuE A:

. N(A KR 1A)
fim ——=—.
kv R 2n
3anauva* 1. Joka3ath, uTO nocnepoBaTensiiocts ¢, ¢+a, ¢-+2a, ..., rae « -—yrona,

HECOH3MEpHUMbIT C 211, paBHOMepHO pacnpegenena na S', -
Cnencteue Yucra 2% wawe wnauunawrca ¢ 7, wem ¢ 8. Ecau Ny (k) u Ng(k) —
koausecrea wucea (1, 2, 4, ..., 2%, nauunarowuxca ¢ 7 u 8 COOTEETCTBERHO, TO CYUieCTGYeT

\ tim (N7 (k)/Na (k).

3anauva 2 Haitru srot npenen u yGeantbes, uTo o Goabue 1.

3ameyaunue Hayanbuuill -0Tpe3oX NOCNEI0BATEILHOCTH (¢M. m. 4) ykalwtBaer, Xa-
JKETCsl, Ha TO, HTO CEeMEPOK MeHble. 3TO CBA3aHO € TeM, YTO MPPAUHOHAILHOE HHCIO
1g 2=0,3010 ... ouenb 6a13KO K pauuoHanbHomy uncay 3/10 *). -

§ 25. Cayuaii KpaTHbIX COGCTBEHHBIX YHCEJ

Pewenue JauueliHoro ypaBHeHust ¢ MOCTOSIHHBIMH KoddduuHenramu
cBOAMTCH K BbuncaeHmo Matpuust e*. Ecam  co6cTpeHHbie  uncna
MaTpuusl A NOMApHO pPasjHuHbl, TO SBHBLIA BMA MaTphunl e*' ykaszan B
§ 19, n. 5 1 § 20, n. 6. Uro6ul HaiiTu ABHBIA BHA MaTpHUbI Vs caydae
KpaTHBIX COGCTBEGHHBIX YHCEJ, MBI BOCHOJb3yeMCH JKOPAAHOBOI HOPMa/bHOI
dopmoi.

1. Bbumc.neuue e"l me A — oppanosa kuaerka. Oaux u3 cnocoéon
poluncrenns e, rae A — xopaanopa KJieTka:

Al
A .. 1 . R"'—’R".

.

* A
ykasan B § 14: A ecTb MaTpuua onepatopa auddepenunposanns B Gasuce
er=tte™/R),  O0<<k<n,

NPOCTPAaHCTBA KBA3HMHOTOY/NEHOB CTCMNEHH MeHblIe n C nokasaTeiem A.
Mo dopmyae Teittopa e ects maTprua onepatopa casura f(«)—=f(+ +5)
B TOM ke 6asmce.

Hpyroit cnoco6 ocHosan Ha caeayoluei aemme:

Jlemma. fTycte A u B — aunedinvie oneparopst us R* 8 R Ecau
onu kommyrupyior, to e +8=pheb,

*) Hepoble ungpst creneuefi 'rpom(u M hacenenuii CTpPaH MHpa pacnpenenenu no ToMmy
He 3axony.
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lloxasaTcn b¢TBO. Cpasuum ¢opmanbuble Pkl
e
(E+A+ AL (E+B+?+ )=
. 1 N
=E+(A+B) +3 (A*+24B+B%+ ...,

I

B E4(A+B)+y (A+BY+
=E4(A +B)+% (A*+AB4+BA+BY)+ ...

Ecau AB=BA, 10 paasl copnanaiot (rak Kak e*tY=e*e¥ nan uncesa).
ITockoabKy pagbl aGcosioTHO CXOAATCH, et =eAe, 4TO H TpPe6OBaNOCh.

Mpeacrasum A B Biuge A=AE+A, rae A — HUIBLIOTEHTHAs XOPAANOBA
KJIeTKa:

0 1
A=\ 0. ' J. - -

P o

TMockoabky AE KOMMYTHPYET ¢ MioGbiM onepatopod, 70 eV =g+ 3=

=¢"e, Boiuncanus Matpuuy

A2t- An_lt"—l
eM=E+Al+—t o ") (A"=0).

3asetuM, uto A geficTByeT Ha Gaznc e, ..., ¢, Kak capnr: 0 e —ies <. ..

. <ie.. [Mostomy A* neficTyeT Kak cOBHT Ha k MECT H HMeeT MaTpHuy

0...0.

Hrak, nokasana

Teopewna. | 12/2__'_ =" — 1)

(
vt :
M= v, ty2 ]
t
. Co

eu I tn-—l “/(ll—l)'
At 8“ . : ) (N
. .., Iei..'
e'ﬂ.l

Hawnr suyiiedenist npoxodsit Ges H3MeHeilnii B KOMILIEKCHOM cJayuac
(Lr=C, A: C"—=C").

2. MNpuaoxennna. U3 dopmyart (1) HenocpeacTBeHHO BLITEKAIOT:

Cnencreue L. Iycto A: C"— C" — auneiinoui oneparop, h,. . ., ha—
cobCTaeHHblE YUCAd, N, ..., Vi — WX KpaTHocTw, t< R Tozda kaxdeui 3ae-
nenT matpuyst €' (8 aobom uxcuposannom 6asuce) A64ReTCA CYMMOL
K8A3UMHO204AeHO8 OT | ¢ nokazareasmu M crenewell Menswie v; COOT-

sercreenno (=1, ..., k).
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NokazaTeabcTno. PaccMorpuM MaTpuuy oneparopa €' B Gasu-
ce, B kotopom Matpuua A uMeer xopaawosy ¢opmy. Hawe yrsepxae-
uie Toraa caeayer u3 (1). Daementsl MaTpHusl omepatopa eV B moGom
Japyrom Gasuce HABAAIOTCA JIHHEHHbIMH KOMGHHauuaAMH (C  NOCTOSIH-
HEIMH KO3 dHILHenTaMHi) 31eMeHTOB MaTpHubl onepartopa e’ B yKasanHoM
Ga3suce.

Caencrsue 2. ITycro @ — pewenue Oupppepenyuarsnoeo ypasue-
nua x=Ax, x=C", A: C'— C". Tozda xaxdas KOMNOHeHTA 8eKTOPA ¢
(8 a1060x ukcuposannos 6asuce) a847eTCA CYMMOL KBAZUMHOL04AEHOG
or t € nokasareaasmu A cTenewell Menbue v; coOT@ercTeeHHo: o (t)==

= Z e"‘ pi.1(t), ede p;1 — sHO20UAeH CTenenu <v.
=1

Hefictouteasno, @(f)=e"(0).

Cnencrtaue 3. MMycre A: R*=> R — aunedinoui oneparop, M (1<
<I<<k)—eco sewjecreennsie coBCTSeHHbIE HUCAQ, Vi — UX KPATHOCTU,
arion (1<<I<Km) — komnaexcnsie cobereennste wucaa, W — Ux Kparuo-
cru. Toeda kaxcOoui aaement marpuyet e’ u kawdan Komnowenra peuse-
nus ypasuenus x=Ax, x&R", gganerca cymmol KOMRAGKCHBIX KB8Q3U-
MHO204AEH08 € NOKA3ATEAAMU A, Gy=Eiw; CTeneHell mewnbuie vy, R COOTGET-
CTB8EHHO. :

Taxyio cyMMy MOKHO 3anmHCaTbh TaKie B Menee ynoGHOM BHAe:
m

s
()= Z e p, i+ Z e“gj.1(f)cos w4 rj.(f)sin md],
1=1
TAE p, g, r — MHOTOWIEHBl C eewjecTéenubimi KoddduuneuraMu crenexei
MeHbUIe vy, W, iy COOTBETCTBEHHO.
Heiicteureanio, ecan z=x-+iy, A=a-tiw, 10

Re ze” =Re e (x+iy) (cos of 4i sin wl)=e™ (x cos of —y sin wt).

Mexkpy npounm, u3 3tHX GHOPMYA BHIHO, YTO €CAH BELIECTECHIbIE HACTH
BCeX cOOGCTBEHHBIX 4ICEN OTPHUATEJNbHH, TO BCe pelueHHst crpeMarca K 0
npi { - 4 oo (Kak 3T0 M Ja0KHO GHITL cordacko §§ 22, 23).

3. Tpumenenua K cucremaM ypaBHEHHH Bbllle nepeoro nopsaka. 3anu-
CaB CcHCTeMY B BHJC CHcTEMB! YpaBHEHNI] MEPBOTO MOPSIAKA, MBI CBeReM
3ajadyy K DACCMOTPEHHOIl BbIIIE H MOXEM ee pelwnTb, NpiHBeis MaTpHUy
K xopaaHoBoH ¢opme. [lpaxkTHueckH wacTo yRoGuee nocTynaTth liHaue,
Ilpexae Bcero, cofcTpeHHble YHC/AA 3KBHBAJEHTHON CHCTEMbl NEpBOro Mmo-
pAfKa MOXHO HAafTH, HEe BHIMHCHIBASL C€ MaTPHILLL

JeiicTBHTE bHO, COGCTBEHHOMY HHCJIY A OTBEHaeT COGCTBEHHBI BEKTOP
H, 3naunt, pewenic @()=e*@(0) SxBUBANCHTHON €uCTeMbl NMEPBOro NHO-
psaaxa. Ho torza m ncxoxmas cicTema HveeT peiuesnc supa 1 (f)=-e"'y (0).
Moactasum B Hexoanyio- cueteMy Y=¢"5. CicTema A0NycKaeT Takoe peuie-
nie (uenysesoe), ecaH H TOJBKO €CH A YIOBJIETBOPAET aareGpauueckoMy
YPaBHEHHIO, H3 KOTOPOTO Mbl H MOXEM HaiiTit cOGCTBEHNbIC YHEMA Ay

CaMu peuleHHST MOXHO 3aTeM HCKaTb B BHI@ CYMM KBa3HMHOLOUWIEHOD
C 10oKa3zaTeJAMH A H C HeonpeAeJeHHbIMH KosdguuuenTtani.
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Mpumep L. x=x.
Moncrasasnem x=e"E. Haxoaum AeME=e*t, M'=1, hosa=1, —1,1, —i.
Beakoe peiwecine HAWCFO YPaBUeuns HMeer sid

' x=Ce'4+Cre~"'+C; cosi+C.sm {,
ﬂpuuep 2. xn—-xz, X2 =Xy.
Moacrasanen x=e“E. Haxoaum A%, =k, Agg_g. OJra cucTeMa anuefinkix ypasuenuit

oTHocHTenbHO &, &2 MMEeT HeTPHBHAJBHOC pelleHHe, €CaH B Toabko ecan A'=1. Bcakoe
pelienue Hamel CHCTEMb HMEET BUA

X1 ==Cre'4Cre" '+ Cscost-+Cysinit, xe=Die'+Dre~'+Dicos{+Dysint.
Moacranoska B cuctemy aaer Dy =C,, D2=C3, D3=—C3, Dy=—C,4.
Npumep 3. xV—2i4x=0.
Moacrasasem x=-e*E. Haxoaum
4 M—20241=0, A=1, haaa=11, —1, —L
‘Beakoe peuleHile MCXORKHOrO ypaBHEHHS HMEET BHA ’

(Cit +C2)eM - (C3t 4 Ca) e M,

_ 3apaua_ l,_Haiitn xopaaHOBY HOPMAJLHYIO- GOPMY ~MaTPHLM - YeTBEPTOrO  MopsaKa,
COOTBETCTBYIOMIel HaWieMy YPaBHEHHIO.

4, Cayuaii omHOro ypasHeHus n-r¢ nopsiaka. 3ameTHM, 4YTO KpaTHO-
CTH COGCTBEHHBIX YHCes, BoOGlle FroBOps, He ONpPeie/sioT Pa3MepoB JKopaa-
HoBBIX KaeToK. [ToJoxkeHne ynpouaercs, ecanl peub HAET O JlHeilHOM one-
patope A, COOTBETCTBYIOILEM OAHOMY AHP(EPEHUNANBHOMY YPABHEHNIO 1-TO
nopaaxa:

=gVt . tax, aeC. (2)

- H3 cneactsus 2 n. 2 puiTekaer
CaepctBHe 4. Beakoe pewenue ypasuenus (2) umeer sud

k
o ()= €'pi(t) ®)
X 1=
ede Ay, ..., A — KOpHU XAPAKTePUCTUHECKOZO YPABHEHUS
AM=g A ... an @

a  p;— MHO2O4NeH CcTenenu seuvute vy (ede v, — KparHocts  Kop-
HA M),
HefictBuTeabHo, ypaBuense (2) HMeeT pelenHe pupa €Y (®), ecan H
TOJbKO ecaH A — KopeHb ypaBHeHus (4). Cuexcteue (4) mokasamo.
INepeiigeM K 3KBHBadeHTHOH cHcTeMe ypaBHeHHil NepBOro nopsijka:

0 1
i=Ax, A=_ . (5)

aa e Q1
IMoayuaem

CaencrBueb. Ecau onepatop A: C* — C" umeer marpuyy euda (5)
10 Kaxcdomy e20 cob6CTenHOMYy 4ucay A oTeewaer pogno odna KopdaHosa
KAeTKa, pa3mep KOTOPoii pasel KparnHocTu A.



§ 25) - CJIY4AR KPATHbI.X-‘COBCTBEHHbIX YHCEN 183

DefictaitensHo, coraacHo dopmyne (3) kamaomMy coGCTBEHHOMY uH-
cny A oTseuaer 0/HO cofcTBenHOe uanpaeaexue. B camom jaese, nyers
& — cobereennuit ektop onepatopa A. Torpa cpean pewennit suga (3)
nMeeTcs nepsas koMmnouenta eMEy Bextopa et Ho Torma ocranblinie KoM-
" NOHEHTBHl — 3TO NpoH3BoAHbIE: Er=MA"Eq. IMosromy uticnio A onpeneaser
HanpassieHHe BEKTOpa § OQHO3HAYHO.

[ockonbKY KaX(IOii JKOPAAHOBOH KJETKE COOTBETCTBYET CBOE coGeTen-
HOe HanpasJeHue, cCleAcTBHe 5 nOKa3aHo.

3anaua 1. Beakana aa auneitnan koMOuHauua KeasumHorounewon (3) fsasercs peuwse-
HueM ypasueuus (2)?

5. O sosBparHbix nocaesosateannoctax. Hawe uccneposanme sxkcno-
HEHTHl C HenpepulBHLIM MOKasaTeseM e Jlerko mepenecTH Ha SKCROHEHTY
€ AMcKpeTHbIM noka3saresem A", Msbi MolkeMm, B 4acTHOCTH, HCCJIE0BaThb
Teneps JMoGYI0 BO3BPATHYIO (= PeKyPpPeHTHY) M0C/aAef0BaTENbHOCTD, Onpe-
Jle/IeHHYIO COOTHOLWEHHEeM

Xn=Q1Xp—t+t ... FaXn—-t - (6)

(sanpumep, nocaegosareasHoctb 0, 1, 2, 5, 12, 29, ..., 3anaHHYI0 COOTHO-
TEHHEM Xp=2Xn—_1+Xs—2 H HAUAJABHBIM YCJIOBHEM Xo=0, x;=1).
Caenctane 6. n-id uren 6038parHold nocaedoBaTeAbHOCTU 3ABUCUT

OT n KaK cymma Keas3umHo2c04AeHO8 OT n:

n
Xn= Z Api(n),
=1 .
20e M — cobcreenHole wucaa marpuyst A, cooreercraytoujeld nocaedosa-
TeAbHOCTI, G Py — MHO204AEH CTeneHu MeHbuwe vy (ede vy — KparHocts Ar).

BenomuitM, uto matpuna A — 310 martpuua onepatopa A: R*— R,
NepeBoAsUIerO OTPE30K IJHHLI R H3 Haleil MOoCJAef0BATEAbHOCTH, E,_ (==
=(Xa—k, .-y Xn—1), B CACAYOWHI OTPE3OK AMUHBL &, Ei=(Xn—k+1, «or Xn):

01 Xn—k Xnck+41
0.t
Ag’l-—l= .'0 "l 3 = E =§,.
[+ 73 a, a Xn—13 \ Xa

BaxHo 3ameTuTb, uro onepatop A He 3aBucut ot n. [lostomMy x, ecTh
oAHa H3 KoMmoHeHT Bekropa A", rae § — noctosiutblil BekTop. Martpiua A
umeer Bun (5). Tloabsysicy caeactBHeM 5 u npusoas A K >X0OpAaHoBOfi
¢dopme, nonyyaem creacteie 6.

[lpn pbluncneHHAX HeT HYXX/B! HH BHITHCHBATL MATPHLY, HH npnBo;um
ee Kk HopmaabHofl ¢opme. CobcerBennniil BexTop onepatopa A cooTBeT--
CTBYeT pelleHHIo ypaBHenus (6) supa x=A>". [loacrasassn B ypasuenue (6),
HAXOAHM Aasl A ypaBHeHue

M=ad* '+ .. +a

Jlerko y6eanTbesl, UTO 3TO M €CTb XapaKTePHCTHYECKOE YpaBHele ofe-
patopa A.
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n puMep L. las nocaegosateavhoctu 0, 1,2, 5, 12, 29, ... (X =2xa-1 + Xs—2) HAXOAUM

Al=2041, Mao=14+2. TTo3ToMy cooTHOWIEHHIO Xp=22Xnp—1+Xa—2 YAOBACTBOPAIOT NoCAaE-
/ nosateabHocTH Xo=(14++2), x.=(1—=+2)", a Takxe Aobue ux JAHNeiiHble KOMGHHAWIN
(¥ ToABLKO OHit) .
xa=ci(1 +2)4ca(l —2)-

Cpean sTux komGunaniii Jerko noao6path Takyw, Aas Kotopoil xo=0, ni=1: ¢i+¢2=0,
V2(er —ca)=1.

Otser. xa=[(14+V2)"—(1 —v2)/(2¥2).

3ameuannc. [Ipn n—>-4 co nepeoe caaraemoe ISKCNOHEHUHAALIO paCTeT, a BTOpoe
sKcmoHeHUKaabHO yGuBaeT. [lostoMy npu Goanwux n
xam(1+42)/(2V2)
H, B YaCTHOCTH, Xa41/Xa=0 1 ++/2. Otciona MH HaXOAHM LISt /2 ouenb xopouwse NPHOIHKEHHA:
VZ 2 {&n 1 — %0}/ Xn. Toacrasana xa=0, 1, 2,5, 12,29, ..., Haxoaum
V2=(1=0)/1=1; Z=(5—2)/2=1.5;
VZa(12-5)/5=1,4: \2x(290—12)/12=17/12=1417...
31‘0 TE CaMmbie np;16 JHKCHHS, € HOMOLLBIO KOTOPBIX BHRYHCJAAAH '\[é B ApPCBHOCTH; MX

MOXKHO MOAYYHTH TaKie pasnomenueM 2 B nennyo npobs. Hazee, (Xn 41 —xa)/xq_ABATETCH_
o HﬂH'l)‘iUJH\I CpeAll BCeX PAUHOBAALHBIX - anGJlHIKEHllH K \[2 co 3HaMCHZITC«'lﬁ\“l, He npepocxo-
ARWHMH Xa.
6. Maasie koneGanua. Mer paccmoTpesnl Bhile CJAy4af, KOTAa KaXaomy
© KODHIO XapaKTepHCTHYCCKOro ypasieHnis, Kakosa G HH Obli1a ero Kpat-
HOCTDb, COOTBETCTBYET OJHH COGCTBEHHBIIl BCKTOP: Cjydail OAHOro ypaBHEHHSA
n-ro nopagka. CyulecTByeT B HCKOTOPOM CMBICJAEC HPOTHBOMOMONHLIN Cay-
uail, KOraa Ka)aoMy KOPHIO COOTBETCTBYET CTOJBKO COGCTBEHHBIX YHCC,
KakoBa KpPaTHOCTb KOpPHsl. DTo — ciyyail Maabix KojaebaHilii KOHCepBaTHB-
HOIl MeXaHHYeCKOi CHCTEeMLL. :
Paccmotpum B eskaudososn npoctpancrse R® kpappatnunyio dopmy U,
3alalHYI0 CHMMETPHURCKIM onepatopom A:

U(x)=;_(Ax,x), xR, A: RR> R, A'=A.

Paccyorpun anddepenunansioe ypasHeHne *)
F=—gradU Q)

(U — notenumajbHasi 3Heprus).

Ipu necaenosanun ypapuenns (7) noaesuo- npeactapisth cebe wapik,
KaTapllLiiics no rpaduKy noTeHUHaaLHOT sHepruu (cp. § 12).

Ypapnenne (7) MOKHO 3amicaTb B BHAE X= —Ax HAH B KOOpAHHAT-
HOIl 3amHCH B BHAE CHCTCMEI 1 mmcuubx\ ypaBuelmu BTOpPOro MOpsilKa.
Ilo o6ulemy npasmay mmenm peweine p=eg 1 naxoaus

Me'E=—AeME, (A+AE)g=0, det|A422E|=

*) Bektopuoe nose gradU onpeacaserca ycaosuem «dU (E)=(gradU, ® ans scakoro
Bektopa E=TRI». 3zecs Kpyrame CKOGKH O3HAYAIOT €BKANAOBO CKaJAAPHOE NPOH3BCACHHE.
B nexaprosuix koopaunatax (op‘ronopuuponauuux) sextopuoe nose grad U sapaerca kouno-

HCHTA il i)
TaMH
o x dx
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Orciona HaxomuM. n BelecTBeHHBX (nouemy?) 3nauennit A® u 2n 3naue-
HHA A

Eca Bce ouu pasinumbl, TO Beskoe pewenue ypasnewus (7) ecTb
anHeiinas KOMGHHALHST SKCNOHeHT. EcM Ke uMeloTcs KpaTHble KopHi, BO3-
HHKAeT BOIIPOC O KOPJAAHOBHIX KIETKax.

Teopewna. Ecau keadparuunan gopsna U uesvipoxcdena, 1o kaxcdosy
COGCTBEHHOMY 3HAHEHUIO A COOTBETCTBYET CTOALKO AUHEIHO He3aBUCUMBIY
COOCTEEHHBLX BEKTOPOB, KAKOBA €20 KPATHOCTS, Tak uT0 Kaxdoe peuenue
ypasueuuﬂ (7) moxcno 3anucare 8 sude cy/.mbt Kcnonent *) - @(l)==

2t
}j e, B,
=1 .
I[ okaszaTeabcTBO, OprToroHaJbHbIM NpeoGpasoBaHHeM MOXKIO
npusectH ¢opmy U X 2aasHour ocam: cywecTByeT OPTOHOPMHPOBAHHEI
6asic ey, ..., e, B XoTopoM U 3anmucuiBaeTcss B BHAe

. n

U(x)=%z ah, x=xe1+ ... +xeen.
k=1 .

Hesbipoxaentocts ¢opmbt U o03HayaeT, 4To HH OAHO M3 uHcea a4, e

pasuo. 0. B BurIGpauHBIX KoOpAHHAaTax ypasHehue (7) NpPHHHMAaeT BHA

X1=="—1X1, X2=—02X2, eo., Xn=—0qnXa

HE33BHCHMO OT TOro, €CTb JM KpaTHule xopuu **). Hama cucrema pacna-
Jacb B NpsiMoe npoli3BejeHHe n «ypaBHEHHH Mammma» Ka)xnoe H3 'HHX
(¥= — ax) MrHOBEHHO peiaetca.

Ecan a>0, 10 a=w’ n

x=C; cos wt+ Cssin ol.
Ecmt a<0, 10 a=—a’u
" x=C;ch at4-Cosh at==De*'+ Do~

Ot GopMY.IBI COAEPIKAT, B YACTHOCTH, YTBEPKAEHHE TEOPCMLL

Ecan ¢opma U nosoxuTenpHo onpeseenuas, TO BCE @g MOJOMKHTEALHBI
H TOYKA X COBEpLAeT n HE3aBHCHMbIX KoJeGaHHil Nno n B3aHMHO NepneH-
AHKYJNSIDHLIM HANpPaBJeHMaM e, ..., ex (puc. 180). Otu KoneGanns Haaml-
BAIOTCA 24ABHBLMIL MM COOCTGEHHbIAMM, A UHCAA @g — COGCTGEHHbIMIL HACTO-
ranu. Oun ynosaerpopsiior ypasHenuio det |A — ’E] =0

TpaexTopnst Toukn x==¢(f) 8 R" (rae ¢ — peweune ypanuenus (7))
AeXHT B napasnenennnene |xil << Xy, rae Xy — amnaurypa k-ro co6ereeH-
HOTO KoscOannsi. B uacTHocTH npi n==2 — B NpPsSIMOYrOJbHIKE.

*) Hurepecuo ormertnts, uro Jlarpaux, Bnepphie HCCIefOBABWMIL ypaBHEeHMe ManWX
koaeGanuii (7), Bnauate ownbes. OH aymad, 4To B Cayuae KpaTHHX KopHefl moTpebyloTcs
«BEKOBHE» cAaraeMble BUAa fe*! (B BewlecTmenHoM caydae ! sin wf), Kak B nn. 2, 4, 5 Belwe,

**) 3ameTum, uYTO Mul CYUIECTBCHHO HCNOAB3YyeM OPTOHOPMHPOBAHHOCTh 6a3Mca ey €CIH

1
Out Gasuc He Gbl1 OPTOHOPMUPOBAHNLM, TO KOMNOHEHTH BCKTOpa gradE axi He Gotan Gor

PasKbl QpXy.
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Ecai 4acTOTH ®( H @ COH3MEPHMbI, TO TPAEGKTOPHA — 3aMKHYTas KpH-
Basti. Oua uasbiBaeTcsl B 3ToM cayuae kpusoil JJuccaxwy {puc. 181),

"Ecan xe o; H ®p HCCOH3MEPHMBI, TO TPAGKTOPHA 3anoalsficT NpaAMo-
'YrOMILHHK BCIOAY 0J0THO. DTO BLITCKAaeT u3 Teopemul § 24.

e, : A%z
2
&,
/4
0 "
Puc. 180. Hanpasaenus cobcrennnix KoneGa- Puc. 181. Oaua u3 spuesix Jluccaxy
HitR H AHHHE YDOBHA MOTEHUNAJbHOH SHEPriH. ¢ wr=2w.

3anaua L. Hapucosatb kpusue Jltccaxy i eor=1, ;=3 # 01 =2, w2=3.
3anaua 2. MokasaTs, 4TO cpedn Kpuseix JIHCCAKy € wz=rw, eCTb rpaduK MHuoro-
uneHa CTeneHd n. STOT MHOTOWCH HA3LIBACTCA MHO2O4ACHOM Yebuuiesa,

_ _TuX)=C0S.1_ATLEOS Ko o o o — —— — o = — = e —

3anaya 3. Kax surasaar tpaekropun x==¢({) 8 cayuae U=xj—x}?
Banaua 4. [pu kakux U nonoxenue panHoBecHA x=x==0 ypasuenus (7) ycrofuuno
a) no Jlanynosy? 6) aCHMNTOTHHECKH?

§ 26. O KpasumHorowJexax

Mpn peweniy Axdefiusix ypasuenni ¢ nocTosinibiMH koddduunentamu
HAM BCC BpeMsl BCTpeyasiMchb KBasuMHOrouseusl. Mbl BbsSICHHM Tenepb NpH-
YHHY 3TOro ABJE€HHA H JaaHM €My HCKOTOpbLIE HOBbLIC NMPHJIOMKECHHSA.

1. Jluneiinoe npoctpanctoo ynkuuii. Paccmorpum miuoxectso F peex
GeckoleuHo Audpeperuipyemslx GyHxuuil Ha Bewecrsennoil oct R ¢ kom-
MUIEKCHbIMIt 3HAUYCHHSMH. )

MuoskecTBo F HMECT eCTeCTBEHHYIO CTPYKTYpY KOMMAEKCHOro JHiieii-
HOrO NPOCTpaHCTBa: €cu fi M fy — dyHkunn U3 F, 10 QyHruna ¢ if) +czfq
(¢1, ¢2 — Konctantel 13 C) Taxyke npunagaexut F.

Onpeaenenune. Oyukuun fy, ..., [ F Ha3pBaoTcsa AuHeliHO He3A8U-
CuMbLatl, €C OHH JIHHCITHO HE3AaBHCHMBI KaK BEKTODBI JHHEIHOro npocTpail-
ctea F, T. ¢. ccau

(C|f|+ .. +Cnfn-=—='0)=>(0|= s =Cn=0), .

rae ¢, ..., cn=C.

3aaaua l. Mpu kakux a, B dyukwnu sin af ¥ sin Bt anseiino 3aBHCHME?

3aaxava 2. Hokasats, uto dyskumn ™, ..., & anuneiino Hezasmenam, ecau BCe Ae
[OHAPHO Pa3anyibl.

YKka3aHue DTo BHTEKaeT H3 CYWeCTBOBAHWA JHHEeRHOTO ypaBHeHus n-ro nopaika
¢ pewenuamn e, .., & (em. o 2).

Cpean saementos npocrpanctsa F HMeEIOTCS KBA3HMHOIOWIEHs! € MOKa-
v—1 .
satenem } f(f)=e Z c:l* n, Gomee o6GLIMM O6GPA3OM, KOHEUHHIE CYMMBI
&=0
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KBAa3UMHOTOWJICHOB C: pasubmn HOKa3aTeJlﬂMll . . . .
v—1- .
¥
f()= Z e Z crml™, A& A ) )
=1
3anaua 3. Joxkaxure, uto Kaxaas ¢yunxnus suia (1) sanucuiBaercs B BHAE CYyMMEl
(1) eanmucTBenHbiM o6paszoM. Hnaue rosopa:
Ecau cynma (1) pasua 0, 1o kamduiii xosppuyuent ¢ pasen 0.
Yxasanne. Oano H3 BO3MOXHHX pemenuit cM. B n. 2 (caeactere Ha crp. 187).

2, JluneitHoe NMPOCTPAHCTBO PenICHHIl JUHEHHOrO ypaBHEHHS.
Teopena. Muowecrso X ecex pewenuii aunelinozo ypagrenus

X ar N L Fax=0 _ 0)}

cocraganer @ F aunednoe nodnpoCTPAHCTBO KOHEHHOU pA3MEPHOCTU N,
HoxasateanbcTtso. Paccmorpum onepatop D: F— F, nepesons-
wHil Kaxkayo ¢GyHKUHIO B ee npoussoaHyo. Onepatop D nuneen:

D (cifv+ cofsy=1c1Dfy + c2Df».
Paccmorpum MHorounen ot oneparopa D:
A=a(D)=D"+a,D" '+ .. Ja.E.

Onepatop A ecTb auuefnviii onepatop A: F— F. Pemenusa *) ypasue-
-Hust (2) — 310 3nemeHTH aapa oneparopa A. Urax, X=Ker A.

Ho sinpo Ker A nuuefinoro oneparopa ssasercsl JHHeiiHHIM NpocTpan-
creoM. Tlostomy X — mmeuuoe npocrpatcrso. [Tokaxem, uto X usomopd-
Ho C".

Tlyetb @& X. ConmoctaBum ¢yHKuHH ¢ HaGop n uicen: Habop sitauetnit’
‘B Touke {=0 ¢yskunn ¢ H ee npoussomHbiX @o=({¢ (0), (D) (0),
cees (D"“(p) (0. Honyqaem omépa)xenue

dro oroﬁpax{elme-nuueﬁﬂo. 06pa3 oro6pakeHus B — 31O Bce NpOCTPaH-
ctBo C". U6o no Teopeme cyllecTBOBAHHS CYIIECTBYET pelieHite & X ¢ Jio-
GbIMH NAHHBIMH HAYaJIbLHHMH YCJIOBHAMM Q.

flapo oroGpaxenuss B muyaesoe. 6o mo Teopeme eAMHCTBEHHOCTH Ha-
yanbHble yClI0BHA =0 onpeneasior pewenie (p=0) OAHO3HAYHO. l/l‘rax,
B — nsomoppusm.

Teopema poxasana. _
~ Cnencrsue [ycrto M, ..., he — KOPHIL xapaKTepuCTWiecKo2o ypaa-
nenun a(M)=0 Jugpgepenyuarvnozo ypasnenusn (2) u vi, ..., Ve —Ux
kparnoctu. Tozda kaxcdoe pewenue ypasrenus (2) eGuncTeeHKbism 06pa3OM
sanuceteaerca 8 eude (1) u xaxdan cymma rkaasumuozousenos euda (1)
ydosaersopaer ypasuenuo (2).

Nokazareabctso. Dopuyna (1) s3anaer orobpaxenne @: C"—F,
conocrasJssiioutee Ha6opy n KO3QQGHUHENTOB ;. GynkuHio f. 1o oTobpa-

*) Mol 3apauee 3maem, uTo BCC peweHHAa ypasueHua (2) OGeckoneuno aunddepenun-
pyeMsl, T. e, npunaatexat F (cum. § 25, 4).
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®eune audeiino. Ero oGpa3 comepxut npoctpanctso X peuwieHHii ypaBHe-
uug (2). H6o coraacno § 25 xampoe peweunnce ypapucuua (2) sanicul-
Baercs B sHae (). [lo teopeme pasmepuocts npoctpaucrtsa X pasua n,

JInueiinoe otoGpakeune npocrpanctsa C" ua npocrpanctso X TakKoii
e pasmepHocTH ccTb H3omopoudm. [Tostomy @ ocyuiecTeascT H30MOp-
¢busm C" 1 X. 210 1 ecTb yTBEPIKIACHHE CJACACTBHS.

3. HuBapHaHTHOCTL OTHOCHTEJILHO CIABHIOB.

Teopewna. [Tpoctpancrso X pewenuid dugpepenyuasvtiozo ypagre-
HUust (2) UHBAPUAHTHO OTHOCUTEALHO COBUZ08, nepeGodauux yHKyLIO
@ (1) 8 g(t+s).

IleiicTBHTeAbHO, CABHT pewlcHHa OyaeT PpelUeHHeM, Kak #f A8 BCAKOro
asrouomuoro ypasueuna (cp. § 10).

Tpuseptl noanpocrpaucts npoctpancrsa F, HHBADHANTHLIX  OTHOCHTCALHO
CABHIOB:

Mpusep L. Onuowcpuoe npoctpaucteo { ce™ ).

Npumep 2. TNpoctpauctso ksasumuorouacuos {ep,(f)} pasuepuoctu n.

N pusep 3. [aockocts {¢;.cos wi4-c2sin wt )

N pumep 4. Tpoctpanctso {po,(f)cos wi+4q.,(f)sin !} pasmepuocts 2n.

MoskHo nokasaTtb, 4TO BCAKOE KOHEYHOMECpilOe¢ MOANPOCTPAHCTBO MNpo-
ctpauctsa F, HHBAPHAHTHOE OTHOCHTCALIO CABHFOB, €CTL NPOCTPAHCTBO
peusenuit Hexkotoporo gnddepedunaabtoro ypasuenun (2).

Husimi caoeamit, Takoe moANpOCTPaHCTBO BCCrAd Pacnalactes B npsi-
MYIO CyMMY TPOCTPAHCTB KBAa3MMHOrOWICHOB. DTUM I ofvAcHsACTCsA 3Haue-
Hie KBA3uMHOroy,cioB AASl TEOPHH JIHHCIHLIX YPaBHCHHII C MNOCTOAHHLIMH
Ko3pdiinnentai.

Ecan kakoe-anGo ypasuenue mmapuanmo OTHOCHTCALHO KAKOil-1160
rpyansl npcofpazoranuii, TO HPH PCUICHKH 3TOrO YPAaBHCHHS BAaXHUYIO POib
OyAyT Hrpath npocTpaHcTBa QyuKuuil, HHBAPHAHTHLIC OTHOCHTCILUO 3ITOM
rpynnut. Tawis nyrem B MaTeMaTHke BO3HHK3IOT PasjHMHbIC ClEWIaALHBIC
dyusunn., Hanpusmep, ¢ rpynnoii Bpamenuii cdeput cpsizanbt cihepuucckie
(YUKUHH — KOHeuHOMepHbIe npocTpascTBa ¢yHsuHil ua chepe, uuapuar-
Hble OTHOCHTE/TbHO BpalICHHIL.

3aaauva* L. Haiiru Bce KoledHoMepHBIE MOXNPOCTPAHCTBA HPOCTPAHCTBA IAALKHX
GynKunil Ka OKPYXHOCTH, HHB3APHANTHLC OTHOCHTEILHO BPALCHH OKPYKHOCTH.

4. Hcropnueckoe samevanne. Teopusi aunciinux auddepenunaasubix
ypasucnuii ¢ noctosinubiMH koaddnuncuramn 6uia cozaaua DiiepoM H
Jlarpamxen f0 Toro, kak GLL1a nOCTPOCHA KOPAAHOBA HOPMAabUAs dopMa
MaTpHIL.

Paceyxtaan oun cacayiowns ofpasonm. Ilycrs 24, h——;wa uopxm
XapakTepuctideckoro ypapueuns. Ma cootpercrsyior peiucuus eMf, e,
Ha KoTopele B mpocTtpaHcTse F uatarupacrcs JAByMcpiasl MJOCKOCTb
[eie' ¢ ) (puc. 182). Ilyctn Temeps ypasuertic meisetes Tax, uTo
A2 npubmxaercn K A Toraa e npubamxaercn k e w onpn ha=Ax
MWIOCKOCTh BLIPOJKAACTCA B NPSIMYIO.

Bosmkaer Bompoc: He CyWeCTBYCT JH MPEACILHOrO MoJ0MCHHA nJ0-
CKOCTH, KOTRA Az~ Aq?
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Bumecto €M u e B KauecTse Gasica MOXKHO B3ATb (np- Azwthi)
e o e — eh". Ho eM —eM x(ha—M) teM'. Basuc Haued n1ocKocTH
)
(™, ("' — M) /(ha — M) an A2 — A, nepexomnt B Gasuc (e, teM') mpe-

JebHOM MAOCKOCTH. TlosToMy ecTecTBEHHO 0XKHAATb, YTO PeLIeHHs Npejeb-
HOro ypaBHeHHsi (¢ KpaTHBIM KOpHeM Ao=XA;) OyayT Jexxatb B mnpeieib-
HOM MJOCKOCTH {cle“-i-cz»tel"} Korpa dopmyaa panicana, ee MOXKIHO
npoBepsATh NOACTaHOBKON B ypaBHeHue.

Taknm ke o6pa3oMm OGBACHACTCSA BO3NHKHOBEHHE pemcmm et (k<v)
B C/ayuae Vv-KPaTHOrO KOpHS.

Tpusenenusie paccyXieHHA MOXKHO CAe1aThb BMOJHE CTPOTHMH (HAnpH-
Mep, cocaaBlIiCh Ha TeOpeMy O miq)q)epenuupyewou 3aBHCHMOCTH pelueHil
OT napaMerpa). _

5. Heoanopoauwte ypasHenus. [lycts A: L,—+Lg—nm{ei’muﬁ onepa-
top. Pewenuem neogHopoauoro ypasnenuna Ax={ ¢ npasoii yacteio [ Ha3bl-
BaeTcs BCAKHIl npooépaa xel, sneMeHTa fe L2 (pue. 183)

erzt Ker4 A7p
1
.
¢ A o r ImA
—— . m
At Lloy
At At {:x, Ly
1
{e, e’ gy te™’} i
Puc. 182. MNpeaeabioe nOJOMEHHE MAOCKOCTH, ' Puc. 183. flapo u o6pa3 onepatopa A.

HaTAHYTOR Ma ABC IKCNOUEHTU,

Besikoe pewenne HeOAHOponHOI‘O ypaBHeHH eCTb CyMMa 4acTHOro pe-
IeHUS Xy H odmero pewenua opHopoaHoro ypasHenus Ax=:0:

A~ 'f=ux; 4 Ker A.

Heoanopognoe ypaphenne paspeuinnmo, ecan [ npHHaLIexXHT JnneiiHoMy
npoctpakctey Im A=A (L))=Lo.
PaccmorpuM, B uactuocTH, AHG¢epeHunanbioe ypaBHeHHe

A"V L daue=f (1) (3)

(auneiinoe neodHopodnoe ypasHenue n-zo nopadKka ¢ NOCTOAHHLIMU KOIG-
duyuenranu).

Teopema. Mycre npasasn wacrs [(f) ypasuenua (3) ecro cymana
Ksususmnozousenos. Toeda ecakoe pewenue ypasuenua (3) sasanerca cys-
MCLL KBA3UMHO204ACHOS.

Paccmorpum npoc*rpaucrao C™ BCceX KBa3HMHOTOUMEHO -

=(e.p<m(t)

CTECNMEeHH MeHblle m ¢ nokasaTeleMm A. JiuHeilublii onepatop D (nepepo-
AAWHI BeAKylo (YHKUHIO B ee NpoH3BoaHyw) nepesoant C™ B cebd,
[MosTomy onepaTtop ~

A=a(D)=D"+aiD""i + ... +-a,E: C"—C™
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TakxKe fIBJAACTCS JiuHeHHbiM omepatopom H3 C” B ce6a. Mbt MoxeM Tenepb
sanucath ypasuenue (3) B Buse Ax==[. [ns unccnenosasus ero paspe-
WHMOCTH HYXHO HaiitH o6pa3 Im A=A (C") oroGpaxenus A.

Jlemuma 1. [lycte A — He KopeHb XapaKkTepucTu4eckoz0 Ypasrenus,
7. e. a(A)s=0. Tozda A: C" — C™ — usonopdusm.

Hokasateasbcrtso. Marpiua oneparopa D: C”— C™ B noaxons-
wem 6asnce — KOpAAHOBA KJAeTka ¢ A Ha jguaronann. B Tom ke Gasice
onepatop A umeer TpeyroasHyio matpuuy ¢ a(i) Ha auarosasau. Hrak,
det A=(a(A)" 0 u A — uzomopdusm.

CaenctBue. Ecau M — ne KopeHb XapaKrepucTuveckoz0 YpasHenus,
T0 ypasuernue (3) ¢ npasod 4acroi0 8 gude KBA3UMHO204NEHA CTenexu
MEHbUWIE m C nokazareaem ) umeer 4QCTHOe peuwienue 68 éude K8A3UMHOZ0-
HYACHQ CTENEHU MeHbwle M C HOKA3ATEAEM M.

Jdemma 2, [Tycto M — KopeHb xapPAKTEepUCTUHECKO20 YPABHEHUR KPaT-
HOCTU v, T. €. a(z)=(z—7»)”b(z) b(A)==0. Tozda AC™"=C" ",

ﬂoxaa-aTéanTBO A=a(D)=(D—2rE)'b(D). Mo nemme 1|

— — —b(D): C"‘—» C” = usomopduaM. Ocraercs mokasatb, uto (D—AE)’ C"=
= C"~". Ho matpuua onepatopa D—AE B Ga3uce
tt '
e*—kTe 0<k<<m,
SIBJASICTCA HHJBMNOTCHTHON KOPAAHOBOI KJAETKOI, T. €. 3TOT onepaTtop ne-
cTBYET Ha 6a3uc Kak cABHI: O «Aep<«e) <. «Aen—1. Oneparop (D —AE)
neficTByeT KaK cABHI Ha v MmecT H otobpaxaer C™ wa C™",

CaenctBue [Tycte A — Kopenb KPATHOCTU vV XAPaKTepUCTUHECKO20
ypasnenus, a(A)=0. [lycto feC* — keasumnozouren crenenu menvuie k
¢ noxasaresesm . Toeda ypasnenue (3) umeer pewenue ¢=C't" g sude
KBA3UMHO204ACHA C NOKA3aTeAesn ) CTenexy meHouie kR-+v.

Ina nokasaTenbcTBa Hy»XKHO NONOXHT m=k-+v B semMme 2.

JdokxaszateabcTBo TeopeMbl. PaccMoTpum muoxectso X pce-
BO3MOXHBIX CYMM KBasHMHOTOWIEHOB. DTO — JiHEHHOe GecKOHeuHOMepHOoe
noanpocTpaHcTeo npocrpanctsa F. [lo npeablaywemy caeactsuio oGpas
A (Z) onepatopa A=a(D): £ — £ colepHT BCe KBasHMHorouaeHsl. Byxyuu
JuHeRHbIM npocTpaHcTBoM, A (Z) cosnagaer ¢ 2. [lostomy ypasueuue (3)
HMeeT YacTHOe pelleHle, siBasouleecs cyMmoil kBasumHorowaenon. Ocraerca
no6asuTth obluee peweHne ogHoponHoro ypasHeHus. Ono siBasieTca cyMmmoft
KBa3HMHOTOUJ/IEHOB corqacHo § 25.

Teopema pokasana.

3ameuanue l. Ecau f=e"p_,(f), To cywectayer uacrroe pewenue
ypasnenus (3) suda e==te"q (1)

JleficTBHTEIbHO, MO JeMMe 2 CyUICCTBYCT HACTHOE pelleHHe B BHAE
KBA3HMHOro4JieHa CTeleHH MeHblue k2-;v; HO cjaraemble CTeNeHH MEHblue v
YOOB/NETBOPAIOT OJHOPOAHOMY YPaBHEHHIO (cM. cieicTBue n. 2), nostomy
HX MOXHO OTKHHYTb.

3ameuvanue 2. Ecau ypasuenue (3) u b seujecteennst, 70 pewerue
MOXCHO UCKAT6 8 8UOE 8EWECTEERR020 KBA3UMHOZ0UAeNA. Ecau xe h=a +iw,
10 8 sude e* (p (f) cos wt—+ g (f) sin wt). [1pu aTOM Cunyc 8 pewenuu moxcer
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nossurecn Oasxe u 8 TOM Ccayuae, kKozda e npasod 4acru Obta TOALKO
Kocunyec. .

3apnaua 1.'B xaxoM BHIe MOXHO 3anHCaTb HacTHHE PElUCHHA CICAYIOWHX
13 ypasHenuii: : :

1, 2) ¥xxx=1% 3, 4) §+x—-e”; 5, 6) x;tx—te"

7, 8) xkx=£sint; 9, 10) X==x=te' cost;

11, 12) ¥-=2x=12"sin {; 13) £V +4x=1%" cos 1?

6. MeTtoa KOMNJEKCHHIX aMmMnautyns. B cayuae koMmaexkcHbix Kopre#t
o6bIuHO Npole NMPOBOAHTHL BHIYHC/ICHHS CJAEAYIOIHM 06pasoM.

Ilyets ypaBHenue (3) BemecrseHno M GYHKuHA f(f) mpeacTaBieHa Kak
BeLleCTBEHHA uacTb KOMMJekcHoil ¢dyukuun, f{{)=Re F(f). ITycts @ —
. KomniexcHoe pewenue ypaBHenus a(D)®D=F, Torna, B3AB BellleCTBEHHYIO
yacTh, ybexnaaemes, uto a(D)p=f, rne ¢=Re®d (nockoabky a=Rea)

Hrak, urobor nadry pewenus aunelinozo HeoOHOPOOH020 YpasHerUs
¢ npasoil 4acrero f, docrarouno paccmorpers [ karx sewecrsennyio uwacre
komunaekcnold pynxyuu F, pewuts ypasuenue ¢ npaaou qacroto F u 63AT6
8eUECTBEHHYIO HACTE PeLleHUs.

Mpumep 1. IMyers f(f)=rcos wf=Re &'*!. Crenenb Ksazumuorounena
F()=¢"' pasua 0, nostomy pemenue @ MOMHO uckath B Bhge Cf'e'™,
rae C -— KOoMIeKkcHas rnoctosiinas  (ko- ;

/
TOpast U Ha3bIBAETCH KOMMACKCHOU amnau-
rydod), v — KpaTHOCTh KopHa .
OxonuarteabHo 7
)=Re (Ct'e™".
¢ ()=Re (Ct7e™) »
Ecan C=re'®, To
r f
¢ ()=r?" cos (ot +8). . —
Taxum oGpasoM, KOMIZIEKCHAS aAMIIMTYAA . 2
C comepxut HupopMauHio n 06 amnautyae L5—| -

(r), ¥ o daze (0) BewlecTBEHHOIO peLICHHA.

Mpumep 2. PacemoTpim nosefenne  rie 184 KoreGorerwucs  cucrews nox
MaatHuka (puc. 184) (man uHOR JAnHeft-
Hoil KoseGaTesbHOl CHCTEME!, HANPHMeEp rpy3a Ha NpYXHHE HAH 3JeKTpHYe-
CKOro. XoJe6GaTeJbHOro KOHTYpa) npH Bo3aelicTBUM BHewHeill nepuoaM-
HeCKOM CHJIbI: ‘

¥tolx=f(f), f(f)=cosvi=Ree".

Xapamepncmqecxoe ypasnenne A’+w’=0 umecer xopuHH A= iw.
Ecan v?s£ 0% T0 uacTHOe petuenne caeayeT Hckath B Buae @ =Ce"',
[Moncrapnas B ypaBHeHHe, HAXOAHM

1

= O

Benuuiiny C MOXHO 3anucaTh B TPHrOHOMETpHUeckoM Bue: C==r (v) e
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Coraaciio dopmyae (4), amnauryaa r u ¢a3za 0 HMeIOT ykasauubie Ha
puc. 185 3nadenud *). Bemecrsennan uacte O pasna rcos(vi40). Uraxk,
obuiee peiuexie HEOZHOPOAHOrO YpaBHEHHSI HMeeT BHI

c=1r cos (v} 0)+ C, cos (wf40y),
rae C, n ¢, — NpoH3BOJLHLIC MOCTOAHHLIC.
Caenonateablio, Koaebanue MaaTHUKA nod 8030eliCToUCM GHewuHed cuast

cocTouT U3 «guinyIcOenno2o Koaebanua» rcos (vi+0) ¢ wacroroid grew-
Hell cuabt u «c60000H020 KoacGanua» ¢ cobcrTaennol wacToTol .

-8

LN -

| @ v

o — — -Puc-185.-AMnanTyaa 1 $ala MOATHHRA GE3 TPEHMA KAK PYNKUMA NACTOTH BIEWNCH CHAM.

3aBHCHMOCTb aMILTHTYAbLl r BLIHYXKIEHHOrO KoJe0aHHsi OT YacToThi
BHELIHCH CHJALL Vv IIMCCT XapaKTeplblit pe3oHaucHbll BHA: ueM GaHXKe YacToTa
BHEIIHCH CHJABL K COOCTBEHHOI 4YacToTe ®, TEM CHJbLHEC OHA pPAacKauyWBacT
CHCTEMY. .

Jto fABJeHNe pesonanca, HaG10AaeMOro npH  COBHAJCHHI 4HACTOTLI
BHEWHCH CHAN ¢ coOcTBenHoil yacToToil KoseGareabHoil CHCTEMBI, HMeeT
oueHp Gosblioe 3nadeHHe B npuaoxenusax. Hanmpumep, npu pacderax Bes-
KOrO pOJa COOPY:KEHHI NPHXOAHTCA CAGAHTL 3a TeM, 4TOGHl cOGCTREHHLIe
4acTOTbl COOpPYyKeHHA He OblIM OJAHM3KH K YacTOTaM BHEllHHX CHJA, KOTophle
oo OyjeTr HcnbiThIBaTh. B npoTruBHOM cayuae naxce maJdas cuiaa, Aeii-
.CTBYfi B TedeHHe JJHTeJbLHOTO BpPEMEHH, CMOXKCT packadaTb COOpYXKeHHe
H paspyLliTb ero.

Vs
V=a
(2
Puc. 186. Cymma geyx rapsouuii ¢ Gauskumy uactotami (GHenus) # ¢ npelcl B CIy¥ae pelonanca

{packauxa).

Gdasza poilyKaeHHHIX KosieOauuii 0 craukOM H3MCHSICTCA HA — @ NPH
nepexoje v uepe3 pe3oHaHcHoe 3uaueHHe . [IpH v, 6au3KHX K ©, Habao-
paloTes «Ouenust» (puc. 186): amnantyaa koseGaunil MasTHHKA TO pacteT
(noka cooTHoweHne Gpa3 MasATHHKA H BHelWwHeil CHABLL TAKOBO, YTO BHEIHAA
CHJI2 pacKayHBaeT MasiTHHK, coobwas eMy 3HCpruio), To yGuiBaer (Koraa
cooTHollenHe $a3 MeHseTCA TaK, YTO BHEWHAA CHAA TOPMO3HT MAaRATHHK).

*) Bubop 0= —n=a (a ne 4n) npr v> o onpasaan npuvepom 3 nuxe.
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LIeM 6HKe 4acTOTHl v H ©, TeM MelleHHee MeHsieTCA  COOTHOLeHHe
a3 u Tem Goabwe nepuoa OGuennit. Tlpy v—>w mnepuoA 6uemm cTpe-
MHTCAl K OCCKOHEUHOCTH.

[lpu pesonance (v=w) coorTHoweHne a3 MOCTOSIHHO M BHIHYXKJEHHHIE
KosleGaHHsl MOTYT HapacTaTh Heorpanuuenuo (puc. 186).

Heficteutespio, no o6uleMy npaBuay NpH v==w UYacCTHOe pelleHHe
niwem B Buae x=Re Cle’’. Tloacraniss B-ypasHeHHe, Haxoaum C=

t
=1/(2iw), oTkyaa x=-2—msin ol (puc. 186). BuHy)KneHHble KoJieOaHHA He-

OrpaHyuyeHHO HapacTaloT.
Mpunsep 3. PaccMoTpiyM MaATHHK c TpeHueMm x4 kr-4-w’x=f(/).

XapaxkTepHCTHYECKO® YpaBHeHHE A?-+EA+ 0?=0 umeer kopHu (puc. 187)

lw
(2
r -0
A 7
-0y ~
-i2 .
~w @ v w v
Puc. 187. Co6ctBennne uncaa Puc. 188. Amnautyna wn dasa uunyxuemmro xcmeGamm MaATHHKA ¢ TPCs
ypasuenns MHTHHKE. ¢ Tpe- HHCM K3k (tl)HKllllll YacTOTW BHEWNCH CHAM.
fieM.
k
Moo= —aiQ, rae a—.2— ="\ / @? ——. Mpeanoaoxum, uto Kodd-

¢uunenT Tpeuna k MONGKHTENEeH H HEBEAHK (k’< 40?). PaccMorpum rapmo-
HHUEeCKYI0 BHelwHiol cuny f(f)=cos vi=Re ¢™. Ecan kosdpduumnent Tpe-
uns k orauuen ot 0, To iv He MOXKeT GHITb KOpHeM XapaKTepHCTHUECKOro
ypaBlicHus (Tak KaK Aj,2 HMEIOT HeHyJIeBHeE BellecTBeHHbe uacTH). TlosTomy
peulenne caeayer HCKaTh B BHAE X== Re Cée™'. Tloacrapasis B ypaBHeHHe,

HanaeM .
: 1 : Imp
C;ﬁ- (5) -
L0 D (A .
PEY 3 v=w\a et
3annwem C B TpHrOHOMeTpHUecKOli dopme: _REP
w2 ) .

C=re®. Tpadukit 3aBHCHMOCTH aMIIMTYAB r n <0 \\
¢a3pt 0 pbHyXKAEHHOrO KOJyieGaHus OT 4YacTOTH
BHeuwlefl cuab UMeloT, coryiacHo (5), Bua, H306- pliv)=w?- viekiv
paxenHulit Ha puc. 188. :

I1H rpadiKH NOCTPOCHH CJCAYIOWHM OGpa- fe"ccléo:fg’»ﬁing;g:axa::n;‘-:'-’«i:c;‘;
3oMm. Pdccmorpum 3namenatens apo6u (5), t.e. o™
" 3HayYeHHE XaPaKTePHCTHYECKOrO MHOrouieHa p Ha MHHmoNl ocu. OG6pas

OTOGPaXKeHHa v p(iv)=w’—v’+4-kiv HasviBaetca kpusod Muxaiiosa

U3 dopmyabt (5) BHAHO, YTO 3Ta KpHBAaRA (AAA HAIIErO ypaBHEHHs) ABJS-
erca napaGonoii. Ona wusoGpaxena na puc. 189, Ecan kosdpduunent

7 B. H. Apuoasa
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TpeHns k man, napa6oaa <GAH3Ka» K ABa)KAbl HPOIiIEHHOMY Jydy BelleCT-
BEHHOIT OCH. .

Tenepb JieTKO MOCTPOHTL 00pa3 oTobGpakenns vi—>-C(v)==1/p(iv) — 3ta
KpHBas Ha3blBaeTCa aAMr.uTYORO-(ha306808k xapakTepuctukoti. Jasa ee no-
CTPOEHIIA 1OCTaTO4lo npoieaath ¢ Kpupoit Muxailsoa nHsepeHio u orpa-
XKeHue B BellectseHNoit ocn. Yacth' kpusoil Muxaiinoa, Gaunskas k 0,
NOYTH HEOTAHUHMA OT NAPbl OTPE3KOB NPAMLIX I COOTBETCTBYET OKPCCTHO-

CTAM paanyca mopsfka k Touck © H —o ocit v. Ilpn unpepcun npsvble
NepexoiAT B OKPYIKHOCTH, NOSTOMY aMMOJIHTYRHO-
Iné (dasoBasi xaparTEpHCTHKA COAGPAKHT ABa y4acTka,.

OaH3KnXx K OONbUIHM  OKPYIKHOGTAM  (AHameTpa
1/(kw)) (puc. 190). Ha ocu v 3TH OKpYy»KHOCTH OTBe-
4aloT MajbiM (MOpAAKA k) OKPECTHOCTAM pe3OHaHC-
HLIX 3HaueHHil, ® H — ! BCA OCTalbHAasl 4acTh
Rel OCH v COOTBETCTBYET COCHMHSIOULEH OKpPYKIOCTH
nepeMbluke H KOHUCBLIM Ayram.
— — - —-—-H3yuus Taxum oGpasom otoGpaxeinne vi> C {v),
Mbl yxe 6e3 TpyAa HccJexyeM 3aBHCHMOCTb OT v
MOAYJISl 1 apryMmMeHTa KOMILIeKCHoll ammantyam C:
Hx rpaduki H npuseieHsl Ha puc. 188,

O6ee peuieHne HEOZHOPOAHOrO YpaBHEHHS

Puc. 190. 33BHCHMOCTB KOM-

IS T gt cos (vl 40) Cie™* cos (Q140)
noayyaetcs fobaBjeHueM K YAaCTHOMY pelieHHIO oOulero pelieHis OLHO-
poanoro ypasHenus Cie™* cos (Qf+0i).

Mpu ¢t - 4 oo 37O caaraemoe cTpemutest K 0, Tak 4TO OCTaeTcsl TOJbKO
OAHO BbIHY)XAeHHOe KoJeGaHue x=r cos (v 0).

CpaBHiiM TOBeAeHiie MasiTHHKa npu HysesoM (puc. 185) u npu noJjo-
skuteabiom (pHc. 188) snauennsax Ko3bQHUHEHTA TpeHHS.

MbI BilIHM, YTO 8AUAHUE MAA020 TPEHUA HA PE30HAHC NPUBOCUT K TOMY,
uro amnauryoa Koaebawuli npu pesonance pacrer He Oeckowedro, a Jo
onpedeaeHnoli KOHeUHOU 6eAu4UHbl, 06pATHO NPONOPLUOHAALHOL KO3Pu-
LUEHTY TPeHUs. .

Hefictsuresnsto, ¢Qynxuna r(v), BLIPAXKaOWash 3aBHCHMOCTb aMIIHTYAE!
YCTaHOBHBIUNXCA KoseGaHHil OT uacTOThl BHelllHeill CHABL, HMeeT BOJAN3N
V= pe3Ko Bhlpa:eHublii makcumym (puc. 188). M3 dopmyant (5) suauo,
YTO BLICOTA 3TOr0 MakCHMyMa pacTeT npH ymeHbwieHnil k&, kak 1/(ko).

C «odusnueckoil» TOUKH 3pelHA KOHEYHOCTb aMILIHTYAbl YCTaHOBHB-
INIXCS BLIHYXKJAEHHBIX KoseGannil Npi LcHyIesoM 3uaucHui KosdiduLenra
TpeHHs Jerko npeABuAeTb, noacuutaB Gamanc sHeprun. [Tpn Goabumx
aMIAHTYAAX NOTepsl SHCPrHH Ha TPeHHe GoJiblue, Yes 3Heprus, coobulaemast
MasiTHHKY BHemlIHeil cuyiofi. TloaTomy amMnanTyna Oyner yMeHbLIAaTbCd, NOKa
lle YCTAHOBHTCSA peXHM, B KOTOPOM flofepH sHepPriid Ha TpeHnue YpaBHO-
BewBaloTed paboToll BHewHeil cunbl. Beauunna aMOHTYABEL yCTaHOBHB-
wiuxca KosneGaHuR pacTeT o6paTHO NpoNHoOpuHOHAJABLHO Ko3gduuueHry Tpe-
iHA, KOrAa OH CTPEMHTCS K HYJIO.
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Caeur daset 0 Bcerna orpuuareneH: selnyicdennge Kosebanue orcraer
OT suiHyscCaroueli cuaot,

3apaua l. JlokazaTh, 4TO BCsIKoe pelueHHe JHHefiHON HEOAHOPOLHON CHCTEMH ypaB-
HeHuit ¢ nocTosHHLMH KOShduuMenTaM 1 NpaBoft YACTHIO B BIIAE CYMMH KBA3UMHOTOWIEHOB

¢ BEKTOPHLIMH Koadduunentamu
L%
f=z e Z ettt
! k

ABJACTCA CYMMON KB23HMHOIOMAEHOB € BEKTOPHLIMH KO3ddiunentamn,
3anaua 2. Jlokasath, YTO BCAKOE pelIeHHe JHUERNOTO HEOAHOPOAHOr® BO3BPATHOTO
ypaBHeHisl ¢ NPaBOfl YaCThIO B BHAE CYMMHB KBa3HMHOTOUJENOB

Xntaixar4 o Farxaoe=f(n)

sBaseTcs cyMmofl keasumuorounenos. Hafitn dopuyny aan oGutero uneHa mocrefosatenb-
Hoctu 0, 2, 7, 18, 41, 88, ... (xa=2xa_1+4n).

7. TipumeHneHne K pacuery caabo ueanseiinsix xone6amnii. Ilpn nccie-
JIOBAHNH 3aBHCHMOCTH peLIeHHs ypaBHeHHS OT NapaMeTpoB NPHXOAHTCS
pewath JitHeiiHble HEOXHOPOLHBIE YPaBHEHHS — ypaBHEHHS B BapHaUHAX
(cM. § 3). B uacrtHocTH, ecan <«HEBO3MYylMeHHaA» cCHCTeMa JliHeflHa, TO
3a7.aua 4acTO CBOJAMTCS K PelleHHIO JiiHedHbX ypaBHeHH ¢ NPaBoil YyacTbio
B BHJIe CYMMBI 3KCHOHEHT (HJH TPHrOHOMeTpHUeCKHX (YHKUHiT) HAH KBa3l-
MHOTI'OY/ICHOB. '

3anzayva 1. UcenenosaTs 3aBHCHMOCTD Mepiofa KoseSaHull MaATHHKA, OMHCHIBAEMOro
ypasHenneM ¥== —sin x, oT aMIIHTYAN A, cuiTan nocjefHIO0 Maaofl.

Orger. T=2a(14A4%/16+0 (A")).

Hanpumep, npu yrae otkaoneHua 30° nepugn Gorvue nepuona Maaux koxeGauuii.na 2 9.

Peuwenne. PaccMoTpuM peluenxe ypaBHEHHf MAsTHHKA € HaYaibHBIM ycnonﬂew
x(0)=A4, £(0)=0 xax ¢pyukumo ot A.

Tlo Teopeme o auddepeHiHPYEMOil 3aBHCHMOCTH OT HAYAABHHX ycnoauu 3Ta :bymuum
radakas. Pasnoxum ee B paj Teitopa no A n6ansy A=0:

x=Ax (£)+ A% (£)+ A3 ()40 (A*).

Toraa
$=Af FA R+ A%+ 0 (4Y),
X=AL + A%+ A +0 (A%,
sin x=Axn + A%+ A% (xa—x1/6)4- O (A‘
Ypasuenie = —sin x sunonueno npi 1o6om A, OTCIONa HAXOAHM YPABHEHHA IS X1, X2, X3l

Fl=—xi, Xe=—Xs, X3=—x3-x1/6. Q)]

Hauanbioe yeaosue “x (0)= =4, £(0)=0 Bunonﬂeuo npi Jio6oM A. Ortcioaa Haxoany
HauanbHble YCAOBHA AAA ypasHennit (6):

x(@=1, x3(0)=x;Q)=% (0)=4% (0)=1%: (0)=0. Q)
Pewas ypasHenus (6) npu ycaosuax (7), Haxomum xy=cos f, xo=0, a aan x; noxydaeM
ypaseHue
Fatra=(cos® £)/6,  x3 (0)=4: (0)=0,
Pewas 3to ypasneuue (xo:ra 661 METOAOM KOMILIEKCHBIX anmeTyn), HaxoanM

x3=a (cos {—cos 3f)-}- P sin ¢,
rie a=1/192, p=1/16.

7*
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Hraxk, saugune neanneinocti {(sin X = x) Ha KoJebauna MasTHHka cBOAMTCA *) K aobas-

aennio caaraemoro Adxy 40 (AY):
x=4 cos t +A%[a (cos { —cas )+ Bt sin t}+ O (A%).

Mepuoa koaeGannit T naxoauten Kak TOUKA MaKcHmyma x (¢), 6au3kan K 2 npi Maabx A.

Jra Touka HaxoAWTca u3 ycaosus % (T)=0, T. e.
Al ~sint+A*|[(B—a)sin T+3a sin 3T+ BT cos T]+ 0 (4%) }=0.
Pewum 370 ypaBHeune npubamxetnno npiu Maaux A. Toaowum T=2a-u. HAasa u noayuum
ypasheuue - "
sin u=A?{2ap+ 0 (u)]4+ O(A%).

flo Teopese o messtior  dyuxunn u=21BA+0(4%, 1. e T=2a(l+A%Y1640(4})
Baouay uetnoctin 7 no A, o (A%)=0 (4%). )

3aaaya 2. HccaeaoBaTh 3aBHCHMOCTb Nepnoga koaebammuii or aMpautyaw A ais
ypasuenus

it oirtax® +blP=0.

2a 5a? 3b) 2 2]
L T=T — A“) 1.
Orger. T= ['+(l2 s v Alto(A?)

3a :1 awa3. I ﬂouq;m, Te xe pe33.1b1'aru i3 smuou (pop.\t).m aan neproaa (§ 12, 0. 7)

§ 27. Jluneitnple HeaBTOHOMHbIC YPaBHEHUs

Ta uactb Teopuun aAuHcitibIX ypaBHeHHil, KOTOpas He 3aBHCHT OT HHBa-
PHAHTHOCTH OTHOCHTE/bLHO CABHIOB, JIETKO NepelocHTCst Ha JiHefiHbe ypas-
HCHHSL H CHCTEMBl C [lepeMeHHbIMIT KO3 ¢uuHenTami.

1. Onpepeneune. Juneinoin (0OHOPOOHBIM) YypasHeruem ¢ nepemes-
HolMu KoagpduyuenTamu **) mbl Gyaem HasblBaTbh ypasHeHHe

i=A(x, x=R, A(): R"—~RY, (1)

rac ¢ NpHHAZAEKHT HHTepBaay / BculecTBeHHOIl ocH. DTOT HHTEpPBAJ MOXET
€OCTaBAATh BCIO Och R.

Feomerpiuyecknn pewenuna ypasBHeHus (1) un3o6paKaioTcs HUTerpafb-
HbIMIt KpusbiMp B nodoce /X R® pacwipennoro ¢asoBoro npocrpaHcTBa
(puc. 191). Kak o6GuiuHo, Mul Gyaem npeanosarath ¢yuxkuuio A(f) raaz-
KOii ¥¥%),

IMpumep l. PaccmoTpum ypabHenie MasTHHKA X = — w’x. YacToTa o
onpeaeasercs aAiunoi mastunka. Kosebannus ManTHilKa nepeMeHHOIl JAHHBI
ONNCHIBAIOTCA aHANOTHYHLIM ypaBHeHneM: x= —oZ?(f)x.- 310 ypasuemle

*)} 3acch N01€3HO BCMOMHUTL O AnipsiBoM Beape (cM. mpeaocTepexenue B § 7, n. 5):
#3 NORBJICHUA «BCKO3Oro» CJaraeMoro fsin{ o dopMylc 4718 X3 HCIB3A ACIATH HHKAKWX
BLIBOOB O nomejeliit ManTHUKa npu { — oo. Hawe npuG.’lu‘A\'cHue CNpaBeAaHBO JHWb HA KO-
HCUHOM HUTCpPBAJIC BPEMENH; Npu Goabwux { caaraesmoe O (A') cranosntes 6oasunia. M aeiicten:
TCAbHO, HacTosllleC PeWleHHe YpaBHEHHA KOae6aHHR MamTHHKA OCTaeTcn OF paHHNCHIDIN
(Beanunuoii A) npu Beex !, KAK 3TO BHAHO H3 33KOHA COXPAHEHHS JUEPrHH.

**) Mu ppeanoaaraey, 4To Kospuumueutis pewecrsennsl. KoManekcuuii caydai pnoame
aHANOTHYEH.

***) JlocTatouHo 6u.,1o 6w mpeanoaarats ¢yukunio A (f) uenpepusHoii (oM. mike § 32,
n. 6, cTp. 23).
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MOXHO 3anucaTth B Buzae (1):

' «‘é|=x2,
{f\:2=—(’32(t)xh A= ( (f) 0 )

[TpuMepoM MasiTHHKA NMepeMeHHOH JJIHHBI ABJASIOTCA KaueaH: H3MEHAA noJjo-
JKEHHEe CBOEro ueHTpa TSXECTH, YeJOBeK HA KayeasX MepHOAHYEeCKH H3Me-
HsleT BeAHuUnHy napamertpa o (puc. 192).

| : 2. Cymecrsopanne pewesnii. Onno pewenne y
ypasuenua (1) Buano cpasy: Hynaesoe. [Hasa
JMOGLIX HauadbHBIX yca0BHE (fo, xo) u3 I XR® no
v
’
]
z [}
]
1
i
‘ :
* :
| % P
T ]
I e 7 ¢
Puc. 191, Hurerpatehue Puc. 192, Kaueau. Puc. 193 Henpono;m(acwoe
KpHBLIC husenoro ypas- pelucuHe \pauucuuﬂ x=x

Heusst.

‘o0lHM TeopeMaM . 2 CyuleCTBYeT peluenie, ofpefeteHiioe B HEKOTOPOk
OKPECTHOCTH TOUKH fp. JIJAg HeAHHENHOro ypamHeHHA 3TO pelieHHe MOXKeT
He NpoaoaKaThes Ha Bech HHTepBan [/ (puc. 193). Oco6eHHOCTbIO JHHERHBIX
ypaBHeHHil sBAseTCA TO, 4TO AJIA HHX yX04 B GEeCKOHEYHOCTb 33 KOHEUHOE
BpEMA HEBOBMO)KEH

Teopema. chcoe pewenue ypaenenus (1) moixrHo npodo/w/curb Ha
eeco unrepsan I.

Tpnunna sakaioyaeTcss B TOM, 4TO RS JHHEHHOrO ypaBHeHNs

lx} < C =],
U nosToMy pemenne pacter e Guicrpee e

AxkypaTHOe A0Ka3aTeibCTBO NMpoBopuTCA, Hanpumep, Tak. [lycTv [a, b) — xoMnakTHuil
orpesok B /. Toraa Ha orpeake [a, b] nopma *) oneparopa A (f) orpamuuena:

1A <C=C(a,b).
JlokaxeMm caeayomyo anpuophnyio omenk y: -
Ecau® pewenue @ onpedeseno ua orpesse [lo, 1] (a<Ltb<<IKSH) (puc. 194), 10

Te@ni<et ="

Il @(to)ll. 2
Dan uyaesoro pemenis st0 ouesnano. Ecan ¢ (f0)70, To ¢(t) He o6pamaerca s 0 no treopeie
eanucreennoctu. IMoaoxkum 7 (t)= [ @(r)]. ®ynkuus L (r)=1Inr? onpeneaena npu fo <1<t

Mo yecaosuio, L<2rr/r*<<2C. Mostony L ()<L (fo)42C (t~to), uTO n ROKa3LIBAET
anpHopHyio onesky (2).

*) Mu npeanonaraen, uto B R" BuGpana kakas-unbyib €BKIHIOBA METPUKA.
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Myctt Teneps- lixe)’=B> 0. Paccumorpunm  xoMnmakt B paciunpciHom ¢a3oBoM  Mpo-
cTpauctse (pic 193) .

F={t,x: a<<i<b, [xi?<2B2C@ 9

Tlo Teopeme npoioamenns, peuwenne ¢ Hauadbhum ycaoBueM g (fo)=xo nporo1xaercs
Bnepea o rpamaust unannapa F Fpannua wuassapa F coctont u3 Topuos (I=a, t=0)

i 3
< T R < 1 -
a 1, t b z
Pucl Ig; Anpnopnas OUCHKA POCTA  pcuichns Pitc. 195. Tpoioakenne pewennst po I=b
na la, N

S

T T T pp 2C(b—8)y T T e e o

n Gokoscii nosepxmoctn (i|x||2=2Be ( )). Ha Goxobyio nopepxnoctt peurcline BuliliTH

- . 2 —a

He MOIKeT, Tak Kak, COraacio anpuopunoii ouenke, {¢(¢)i< Be ce ). Hrax, peutenue

NPOXONIKAETCA BNPAaBO A0 I=b. AHANOrH4NO AOKA3LIBACTCA NPOAOIKCINE BAEBO A0 d.
Beuay npou3ssoaviocT @ u b, Teopema Aokasama.

3. Jluneiinoe npocTpancTeo pewennii. PaccMoTpuM MiioskecTBo X BCex
pewicunii ypasuenus (1), onpenedenunx na Bcem uutepsade /. Ilockonbky
pewcuust — 370 otobpaxenus ¢ / — R* co anavednsivu B anneiiom ¢aso-
BoM npocTpatcTee R", TO MX MOXHO CKAaabiBaTh H YMHOXATb Ha uHcaAa:
O q+aq))=ciq )+ 22 (7).

Teopema Muowecreo X gcex pewenud ypasnenus (1), onpedeaen-
HblY Ha uRTepsate 1, ABARETCA AuHelinblM NPOCTPAHCTEOM.

JokaszaTeabcTBso. JTO OUeBHAHO!

d . .
-d—t(fttpa +eogp)=cqtop=cAq+oAp=A{aqtcq).

T eopewma. Jluneinoe npocrpancrao X pewenuii Auneiinoco ypasHe-
Hua usomopgro pasosomy npocrpancrey R"™ aroeo ypagrenus.
Hoxasateabctso. [lycte t</. PacemoTpunm otobpameiie

B X—R',  Big=¢(),

COMOCTABASIOWIEE KaKA0OMY DPELIeHHIO ¢ €ro 3HaueHHe B MOMent f.

OroGpaxkenne By anneflHO (Tak Kak 3naueHie CyMMblI DeLlenHil paBHO
cymme nX 3Hauennii). Ero o6pas — Bce (hasosoe npoctpanctso R", Tak
KaK 10 Teopeme CyLLCCTBOBaNa Aas moforo xo & R cywecTsyer peiwechie @
€ HAYaAbLHBIN YCA0BHEM @ (o)== x. Slapo oTo6pakenns By pasuo 0, Tak Kak
peulenne ¢ HyJIEBBIM Hayaablbln ycaobieM @(fo)=0 paBHO HyJIO TOXKAECT-
BCHHO 1O TEOpeMe eRHHCTBEHHOCTH.

Wrak, B, — usomopuam X na R*. 310 — ocHOBHOII pe3ynbTaTt Teopiu
JunefinbX ypaBueHuil, s

Onpeneaeune. Pyndamenrassvuoii cucremol peutenuti ypasne-
Husn (1) HaswBaetcs Gasuc JuHeiiHOro mpoctpancTBa peueHnii X.
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3anaua I, Haittu dynaamentansuyio cucremy pewennd ypasuenus (1) rae
01
/'l:(‘ ) .
-1 0
13 pokasauuoil TeopeMbl BHITEKAlOT:
Canenctoue l. Bcakoe ypasuwenue (1) umecer @yndamentarsuyio
cucremy u3 n pewenuld @, ..., Po.
Cnencrpue 2. Beskoe pewenue ypasuenun (1) asaaerca auned-
Holl kosbunayuel peuenuil pyndagentassnoll cucremsl.
Caneacrtpue 3. chme n+1 pewenuti ypasnenus (1) auneiino 3a-

sucumol. :
Cneacrtoue 4. Coome*cmyrou;ue n” R"

ypasnenuto (1) orobpasxcenun 3a epexs p: )
ot to do ty (puc. 196) /M ZV

g;,:':BhBlu l: Rl’l - R"

AGAAOTCA  AUHEHNbIMIL  U30MOpPUINANL. 4 ‘ z
4. Onpeneauteas Bpoucxoro. Ilycts 4

€1y «eoy Op — HeKOTOpblﬁ 6a3uc B (ba30Bofﬂ Puc. 196, Jnirefinoe npeofpaszosanne da

) 3080r0 MPOCTPANCTBR, OCYILCCTBAACMOC pe-

NPOCTpanHcTse R". Bblﬁop Gasnca Q)HKCH- MICHHRMI  AMIUCHHOTO yPaBHCHNA 33 BpeMA

pyeT eMHHily 06bEMa u opHenTanuio B R?, Ol 20l

ITostomy kamawifi mapasienenunen B $Ga3oBOM NPOCTPAHCTBE HMEET onpe-

JeneHHbll 0GbeM. .
Paccsorpum n Bektop-bynxuuit ¢ [ — R* (k=1, ..., n).
Onpenenedue Onpederureses Bponcroeo cucTeMmbl BEKTOP-PyHK

unit ¢, nasplpaerca uncaosan gpyukuns W: / — R, snaudeune xoropoit n tou-

Ke -f .panHo (opuemuposaﬂnouy) ofLeMy mnapajjeleninesa, namnyroro

na sekropst ¢ (f), ..., ¢ () =R",

DIt a1 (¢
W ()= wutl) o om0

(Pl.ﬂ(l) (Pnn(”

(=01 () er+ ... +Prn(l)en

B wacrioctH, myctb ¢y — pewenns ypasnenns (1), HMx o6pasut npi
TOCTPOEHHOM BhIUIe I3oMopdusMe B, — 3T0 BexkTOpe (Ba30BOro mpoctpaH-
ctBa qx ({)=R" Oun Jauseiino 3aBnCcHMBI, CCJAH I TOJbKO ecan _ompeean-
Tesib Bponckoro paBeH 0 B Touke f. Qrcioaa:

Caneactsue d Cucresa pewienull @, ..., @ ypasuenua (1) scaserca
dyndanentarvroli To20a u TOABKO TO20A, Ko20a ee onpedeaurens Bpow-
cKkoeo orauten ot 0 8 Kaxoi-nubydo ToOuxe f.

CanenctBue 6. Ecau onpedeauress Bponckoeo cuctemot pezueuuu
ypasuenus (1) pasen 0 8 odnod rouxe, 10 oH pasen 0 TOWOECTEEHHO
_npu ecex [.

3apaua 1. Mower au onpemeantens BpoHCKOro cuCTeMH AuHeAHO mHe3aBHCH.
MHX BeKTOD-DYHKUHA G TQXKIAECTBEUHO PABHATHLCHA HYNIO?



200 JIMHEAHLIE CHCTEMBI [ra.3

3anauwa 2. [Hokaxkurte, uto onpeacauteib Bponckoro d¢yuaamentaabuon cits
CTeMBl pelucHiil  NPoNnopUHOHAAEH ORPCACANTEAI0 npeo6pa3oBalinss 3a BPEMA 0T {g
no i’

4 (!)=(dct g}u) W (o).

Ykasaune., Pewenpe ¢cm. 8 1. 6.

5. Cayuail oxuoro ypasHesusi. PaccMoTpuM OfHO ypaBHEHse 1-TO no-
pAika

x(")+a|x(""')+ v Faux=0 (3)
¢ rnepemeHHbIMH, BooGlue rosops, kKosdouuwieHtaMn ar=ax(t), 1.

Hekotopble ypaBHesua BTOPOrO MOPAAKA ¢ MepPeMenHbIMH KO3 QUUHEHTaMH CTO1b
4acTo BCTPeYaloTCA B NPHJONKCHHAX, YTO HMCIOT COGCTBEHHHE HMCHA, @ KX PElIeHN H3yueHW
H 3aTalyaiposaikl He Meuee noapoGuo, HeM CcHuyc M KocHuyc (cM., ianpumep, E. ﬂuKe.
®. D mae, Tabanuw oynkuni— M.: Hayka, 1977).

2
Npusep 1, ¥pannenie Becceas: ;+t_ ).:-}-(l —:—-) x=0.

Mpisep 2 Tunepreonerpuueckoe ypasneune Taycca:
' @+pt+Di—y. _ ap

ti—n  “tgonr= '

Mpuwsep 3. Ypapueuwe Matve: x4(a4-b cos ) x=0.

Mul moran Gbl 3anicats ypasnenuc (3) B BHae CHCTCMBI 1 ypaBHEHHil
NepBoro NMopsiika ¥ NpHMEHITL APCALIAYUHE PacCyXACHHS,

MoiHo, 0HaKo, paccMOTPeTb HENOCPeACTBEeHHO npocTpaHcTBo X pelue-
uuit ypassenus (3). Oro — auneiinoe npocrtpanctso ¢ynxumuit ¢ I = R
OHO ¢CTeCTBCHHO H30MOPGHO MPOCTPAHCTBY pCLUeHHit SKBHBAJCHTHON CH-
cTembi n ypasuenuii. Msomoppusm 3anaercs conocrasiennem Gyuxkuui @
pektop-pyukuin ¢=(¢, ¢, ..., ¢~ ") u3 nponssoannx ¢ HUrak:

Caencrsuel’. [lpoctpancrso X pewenuii ypasnenus (3) uso,uopdmo
¢pasosomy npocrpancrey R* ypasnenun (3), npuuen usosopgusm aoxcuo
3adare, condcrasans kaxoony peuwenuro ¢ <X nabop 3navenuli npoussod-
HOIX 8 Kakoli-rubyde Touke io:

s ((P (to), ([.) (10)’ oy (P("-_” (to))

Onpcacacune. Basuc anueitnoro mpocrpanctea X HasuBaetes
dyndasienrarvnoll cucresold pewenuil ypapueuus (3).

3aaaua L. ¥Ykazats dynaamenTadbnyio cictemy peienuit ypannenus (3) B cayuae,
Koraa kosdduunenty a; noctrosuns. Hanpumep, nas x+ ax=0.

Orger {fe”] rae O0<<r<Cv, ecill ) — KOPEHb XapAKTCPHUCTHYECKOrO YpaBHCHid Kpav-
noctt v. B c1)qac KOMRACKCHUX Kopucii (A=a +iw) sywuo samemuts e Ha €' cos of
u €* sin of. B wacthoctH, 218 ¥4 ax=0

cos wf u sin of, - . ecan a=u0">0;
~chat u shat wan e u e~ ccan a= —al<0;
1 n o, ccaun a=0.

Onpeneaeunne. Onpedeauresesr Bponckozo cucremvt ¢yninuii
¢ I > R 1<Ck<(n, wuaspipaerca uyucnosas ¢yukuna W: /> R
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3HayeHHe KOTOPOil B TOUKE { paBHO

q',l (l) ees P (()
V)=o) .. ¢l0)

(ﬁ"‘”(l) {u—l)(l)
HubiMu  caoBami, 3To — onpepenntenb Bpolickoro cucteMsl BexTop-
byurunit @ [ — R?, nonydeHHbIX N3 @ OGLIUHLIM 06pa3omM:

Pr (t)=((Pk (t)v ‘(I.)k (t)v .eey &n_l)(t)), k=l, eeey N1,

Bce ckaszannoe o6 onpegesurteie BpoHCKoro cucremsl BeKTOPOB-pelue-
Huit ypasHenusi (1) neperocurtcst Ge3 u3MeHeHHil wa onmpenenntean Bpou-
CKOro cuctembl pewleHHit ypasHeHus (3). B uacruocru:

Caencteue 8. Ecau onpedeaureas Bponckozo cucremol peuteHiiii
ypasrenun (3) obpawaerca 8 0 xore 8 00HOL TouKe, TO OH TOXCOeCTBeHHO
pasen nyato npu scex f.

3anauva 2. Ilycte onpeaeintenn Bponckoro asyx ¢ynxkumnit pasen O B Touke fo.
Craeayet a1 0TCIOA2, YTO OH TOXKJAecTBenno pasen 0?

Canencreue 9. Ecau onpedeaureav Bponckozo cucremor pewenuil
ypasrenus (3) obpauwjaerca 8 0 xoTe 8 00HOH Touke, TO 3ITU peweHUs
AUHELIHO 3a8UCUMbL. ¢

3anaua 3. Mycte onpeneantenns Bpouckoro asyx ¢yHkumit Toxaecrsennto paseu 0,
CaenyeT M 0TCIOA2, YTO 3TH GYHKULHH JHHEAHO 3aBHCHMB?

CaeactBue 10. Cucresma n pewenuii ypassuenusn (3) ¢yndasen-
TAAbHA, eCau U TOAbKO ecan onpedeauteass Bpouckoeo oraunen or 0 xore
8 oduoil Touke. |

MDpunmep 4. Paccmotpum cuctemy dyukunii e, ..., e*. Dt dynxe
1 06pa3yioT ¢yHAaMeHTANBHYIO CHCTEMY pememu”t AuHEiHOro ypasHeHHs
puaa (3) (xaxoro?). INo3ToMy oHuH JIHHERHO He3aBHCHMBL, 3HauuT, WX
onpeaeantend Bpouckoro oranuen or 0. Ho 3tor onpesenurenn. pasen

et ..Mt X 1 R |
W= AeM! coohae™t | atamtry (M R
Aj=leht g e Sl

CanenctrBue 1l. Onpedeasureas Bandepuonda
1 w1
M e Aa

ln—l l"_l
orauuer or 0, ecau Ay NONAPHO pasautHbL.
IMIpumep 5 Paccmorpum ypabBhenne MmasmTHnKa X-+o?x=0. ®yuaa-
MeHTajJbRas cHCTeMa peweHnii: (cos of, sin of). Onpeaenutens Bponckoro
0s i
W= (< S of sin of
—onsinael o coswl
Kak (a30Bblit NOTOX ypaBHeHUS] MasiTHHKa coxpausieT miowann (cm. § 16, 4),

=@ MOCTOAHHHI. 3TO HeyAHBHTENbHO, TakK
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[Mocmorpum Temeps, Kak MeHAeTcs ofbeM ¢uryp $aspBoro npocTpad-
cTBa noj AeficTieM npeoBpasosanuil g; 3a Bpems oT fo A0 B ofuewm
clayuae. )

6. Teopema Jluysunan. Onpedeaureav BpoucKkozo cucTemsl pewenud
ypasnenun (1) nsaserca pewenuen Qupgepenyuarvnozo YpasHeHus

W=aW, ede a(t)=trA(l) (caed A(}). (4)

Caenctoue.

i t
§ o ar Jaas
W (f)=e" W (), delg| =e" . (5)

LeiicTButeasHo, ypasieHue (4) Jerko peiunte:

N {
%/.—_—a df, InW—in W0=S a(x) dr.

s

Mewway npounm, u3 dopmyasl (d) cHOBa BHAHO, YTO ONpeAeJHTeNb
Bpoucrkoro cictembl pewiennit sin6a pasen 0 ToxzecTBeHHo, anGo He obpa-
waetcst B 0 HH B OLHOI TOUKe.

3 anava l. Haflth oGren ofpasa caunuyroro ky6a 0<C << noa aeficteuen npeoGpa-

30patiia 3a BpeMA | $a3oBoro noToxa CHCTEMb
5i=2% —x—X3, G=x b4, is=x;—x2—xs-

Pewmenue. ir A=2, nostomy W(f)=e*'W (0)=¢*’.

Unes fokaszaTteabcTsa Teopems Jhuysuais. .

Ecan ko3t ouuuedTs noctosiiel, To ypapuenne (4) — 310 Qopyyda
Jliuysuana u3s § 16. «3Bamopamnsas» xos$uuientsl A (f) (nonoxkus nx
PaBHBIMH SHAYEHHSAM B HEKOTOPLII MOMEHT BpeMeHHn t), yGedimcs B cnpa-
BEJUIHBOCTH pasenctBa (4) npu nio6oM T,

HokaszatTeanctro. Pacevorpuy anieinoe npeoGpa3oBawne ©a3osoro npo-
crpanctsa g T+ R*— R* (puc. 197) 3a mazoe ppexs or T go T+A. 310 npeo6pasoBanne
NepCBOLHT 3HauenHe aoloro pewenns ¢ ypasuends (1)
© B MOMEHT 1 B €ro 3uayeuue 8 moMent 14+ A. Coraacno
ypasreuno (1),

¢ +8) =¢ (A @ ¢ (I A+o(a),

1. e gi 3= EL AL ()40 (A)
Caegosareabno, coriaacHo § 16, koadduuient
A pacTsikerns o6beMOB npH  NpeoGpa3oBaHHK g}‘*‘A
pasen det g HA=14Ad+to0(d), r1e a=tir A
74 i 3 ,
Ho W(r)— 370 o6vem mnapatricrenrncia I, na-
Puc. 197. Jleiictaie ¢a3030ro noroxa TAHYTOrO Ha 3HAYEHHA Hauiedl cHCTeMB pemweHHil B
Ha napaaeremunel, WATEuyTWi w3 moxment 1. TlpcoGpasosaine gi NepeBoIMT 3ITH 3HA-
PyuaINCHTIILUYO | CUCTEMY  PEGICHNR oy § cncreny 3mademuii TOR e CHCTOMM pelueHnit

8 MoMmeHT T4 A. [NMapanrenenunex H,+A, HATAHYTHIA Ha 3TH HOBHE 3HayeHHA, HMeeT O6beM
W (v} A). HMraxk,

W (e +a)=(det &7 %) W () =[1 +a (1) A0 (8)] W (3),
otkyaa W=aW, uto n 1peGoaioch.
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Caencrsue. Onpedeiureas Bpoutrozo cutremsr pewedull ypasne-
H
—{amdr -
nua (3) pasen W(f)y=e b W (to). _
- 3HaK MIHYC nosiBasieTcs H3-3a TOTO, YTO MpH 3anicu ypaBHenusd (3)
B Buge cuctemsl (1) npuxoantcs nepenect @ xX"~'") B npasyo uacTb.
Ha puaronanan martpuubl noayuuplueilcs CHCTEMbI

01
1

—aq —ai

CTOHT TOJBKO — @j.
[Tpumep 1. PaccmoTpum ypaBHeHue Kaqeneu X+ x=0.
Teopema. [Tosoxenue pasnosecus x=x=0 nu npu kaxom [ He

MooceT ObiTo ACUMNTOTUHECKI YCTOUUUBBIM,

HokazaTteascrso. PaccMorpum Kaxoii-unbyab 6asuc §, n B nJo-
CKOCTH HayalbHbIX yeaosuit R? (puc. 198). yCTOlNHBOCTb o3Hauana GHl,
yro gik—0 n g,m-»() Torga gmas
coorneTc-rBy}omeu (py}mameﬂ'ranb-
noit cucreme W (1)—0.

Hawe ypasHenne 5KBHBaJEHTHO
cHcreme

X1=Xa, Xo=—[(xs
. 0t
¢ Marpuueit A =( 0) . Tlo-
CHOMBKY trA =O' 0 W (1)=con5t Puc. 198. Pasosuit notok acHMATOTHYCCKH YCTOl-
BOMpeKi W 0. . unpofi annefitoii clicreMul.

‘.

3anauwa 2. PaccMoTpiTe Kawean ¢  TpeHHem Yta()x+o? (()x=0. Toxa-
KuTe, 4YTG acHMOTOTHUECKAS yCcTOMUHMBOCTD HEBO3MOXHA, e€cait k03D HUMRHT TpeHus
orpunatenen (« (£)<<0 Vi).

Bepno am, uro npu norokutensHoM koddduumente Tpeums nosoxenue " pasHoO-
secns (0, 0) Bcerfa ycroituuso?

3ameuyanne. Jueepeényueii BEKTOPHOLG TOASI ¥ B €BKANLOBOM
npoctpanerse R* ¢ pekaproBhiMn hoopmmaranm X; HasbiBaetrca (yHKIHSA

ov; : :

n
div v=i=l ?—'.

B uacrtHocTH, 42 auneiHo2o geKTopHo20 noasl v(x)=Ax dueepeetyusn —
aro caed oneparopa A: 7 :

divAx=1r A.

JuBeprenuus BeKTOPHOro mois onpeéaedser CKOPOCTb pacTsKeHHa 00b-
€MOB COOTBETCTBYIOHIHM (i)?lélOBblM NMOTOKOM. .

Mycts D — 06nacTh B €BK/ARAOBOM NPOCTPAHCTBE ypaBHeHHA x=1U ()
(11e oOsizaTenpno anueiinoro). OGosmauum uepes D (f) o6pas o6nactu D
nox neiicteueM asoBoro motoka u uepes V(f) o6nvem o6aactu D (f).
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3 anaua* 3. Jlokaxure CleAyiOUYIO TeopeMmy.
Teopema Jinysuaaa

ﬂ= S divvdx

dt 50 {pnc. 199).

Cacacraue L. Ecau divvu=0, 10 ¢asosbii norox coxpanser o6svesm
n0boii odaacru. ‘
Takeoit ¢asobulil NOTOK MOXKHO NPeACTaBHTb cefe KaK TeuyeHHE HEeCKH-
MaceMoil «(a3oBoil KHAKOCTH» B (Aa30BOM NPOCTPAHCTBE.
" Caenctoue 2. Dasosnui norok ypasuenuit F'anuarbTona

. dH . O0H

pk::—--—- =

v s k:l, ey 1,
aqe q* 0pe

coxpanaer obveant. R
H oH
opr  9prdge
Sror ¢arr urpact ¢yuaaMeuTanAbLHYI0 POab B CTarHCTHYecKoil - dpHaHKe.
7. Teopemn Iltypma o Hyasx pellieHuii ypaBHeHHii BTOPOTo NOpSAKa.
Pewenns anueiinux ypasueuull sroporo nopsiaka of.iagaioT cBoeoGpas-
upvy cpoiictBami kotebaemocti. HTypy
FOBOPIT O <«TCOpPCMAxX, HMA KOTOPLIX
ST HMEIO 4eCTb HOCHTDLX.

Puc. 199, da30umii noTCk BEKTOPHOLO RO Pic. 200. Pewenns ypasneuuit Sr£¥ =0,
Aupeprerns O COXpPaNReT NIoKLaI.

0.

Il

a2
. 0°

JdoKkasaTteabcTnbo. dlvv=z
qu

Paccyorpuy ypabucans ¢ nocrosnubiMi kosbduunenramu (puc. 200):
it o?x=0, x—Fkx=0.

Peuctiis nepsoro ypapucHust uMeloT §eckoiledto Muoro uyaeii. Paccrosiiue
MCIKAY ABYMSI NOCICAOBATC/IbHBIMH HYJSIMH Ji06GOro €ro HeHyJ1€BOTO petle-
nust pasio n/w. Kaxpoe pewenne BTOPOro ypaBHCHIA, He paBHOe HYJIO
TOAJACCTBEHHO, HMCCT He Godec oauoro uyasa. B oloux caydasax Mexiy
KaXALIMI ABYMSL HYISIMI T1060ro He paBHOrO TOKAECCTBEHHO HYJIO peule-
HHSl YPABHEHHA €CTbL HYJb J10G0ro ApPYroro peuieHus.

Teopembr HITypma nokaselBaloT, YTO aHaJorHylisle fIBJAEGHHA HMEOT
MCCTO H 119 ypaBHeHUil ¢ nepemcHubIMI KO3ddHIHCHTaMH

x+q(f)x=0 (6)

(6ostee oGuee ypaBHeHHE 5c'+p({),\:+t](t)x=0 JCrKO TNpPHBOAHTCH 'K
sugy (6)).
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Paccmorpis ana ypaesenns (6) ¢asoBylo nocKoCTb € KoOpAHHaTaMu
(x,y==x). da3opule KpuBble HEABTOHOMHOTO YPaBHeHHs MOryT mnepece-
KaTbcsl. TeM He MeHee HeKoTopylo HHdoOpMauuio 06 3THX KDHBHIX AJf
ypaBHeHHsl BTOPOro MOpPsAKa MOJY4HTb MOXHO. ITa uuq)opmauxm H JEKHT
B ocnose Teopemsl HItypma.

Mpenaoxeunune 1. Pazosuie kpusvie ypasHenus (6) nepecexaror
ayt x=0, y= 0 8 cropony so3pacranus x, a ay4 x=0, y<<0 — 8 cropoHy
yboisanusn x.

INokasarenbcTso. 3anuweM ypasHeHue (6) B suae CHCTE\lbl

i=y, y=-—q(f)x. 1‘

Ha np;mou x=0 Bextop ¢as3oBoil cKopocTH ApH Ji0GOM y HMeeT Koo~
nentol (y, 0) (puc. 201), uro u foKasblBaeT npentoxetne 1.

¥

SURN

-

i, t; L,
Puc.  201._ <®a3zosaq  niockocTs Puc. 202, Jlokasateancrso
ypasienunt x4 g (/) x=0. TeopeMu O hyasx. -

3ameTuM, uto npu y=0 BEKTop ¢$a3oBoit ckopocTH Ha ocn x=0 oTanucn
ot Hyas. [Tostomy Hyan aoGoro (ne paBHOroO HyJAIO TOMACCTBEHHO) peite-
HHs ypaBHeHus (1) n3onnpoBaHb! H Ha /MOGOM OTpe3ke OCH { HX KOoHlUHOe
YHCJO, :

M3 npeanoxenns 1 HenocpeACTBEHHO BHITEKaeT

IMpeanoxenue 2. H3 aoborx deyx ‘nocaedosaressmvix nepecede-
nuti npanoti x=0 ¢a3sosoi kpusoil odno npoucxodur npu y= 0, a dpyece
npu y<0.

OGo3HaulM yepe3 ¢ NOAAPHLIN YroJ, OTCUHTHIBAEMLIT OT MONOXKHTCb-
HOrO HanpaBJ/ICHHSI OCH Yy B CTOPOHY MOJIOXKHTEJbHOTO HANPaBAEHHA OCH X.
U3 mpeanoxewnus 2 seiTekaer

[Mpennoxenne 3. Mexdy dsyma nocaedosaresvusimu nepeceue-
Huanu ocu x=0 ¢azosod kpusoi eeauuuna ¢ 6doas ¢aaoeou Kpueoti
yseaunusaeTCcAa Ha .

V3 3T0ro npeanoiKeHusi o4eBHIHO BLITEKaeT

Teopema. Ha orpeske mesndy Osyma nocaeGo8aTesvHoIMU HYAAMU
swobozo pewenusn ypasnenusn (1) ecrs uyav a106020 dpyzoco pewienus.

HefictBuTenbio, 3aMeTalomtitil NOJYMIOCKOCTb Jy4 AOJKEH B npouecce
ABHKeHHa oborxarb MoGofl Jayd, octaowuiica B 3TOH NONYMIOCKOCTH.

HokasatenbcTBoO. PaccmoTpuM NOAApHBIT Yroa ¢ BROAL nepBoro 1 BTOPOro
pewenna (puc. 202), ¢=c (t), @=P(f). MycTs HyIH nNepBOro peuweHuna COOTBETCTBYIOT
t=1{, n {p llpeanonoxum, uTo AAn nepsoro peweHus npu /={, y>0 (ecan 37O He TaK,
H3MEHHM 3HaK mepsoro pewennsa). Torxa mut MoxeMm cuntath & ({1)=0. Mo npepnroxennw 3
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o (t2)=m. Mu moxewm cuntate, uto 0P (1)< (ecanm 3TO He Tak, HIMEHHM 3HaK BTOpOro
pewenys).

Ecau pewcHua JupeliHo 3agHCHMu, TQ HYJIH HX COBNAJatoT H Bece AOKa3aHo, Ecau xe
pewenua nuneituo He3aBHTHML, TO COOTDCTCTBYIOUIHE M BERTORPLI HaA @aaospﬁ NJAOCKOCTH
B 060l MOMCHT BpeMeHn TOxKe Jauucino nesasucumpl. CaelosateibHo, B 3TOM CJayuae
opit aoGux P ()=« (I).

Hrak, B()<nm=oa ({2)<P(f2). CremomaTeapuo, wHa orpeake [{, 4] cymecT-
BYET {3, 4151 KoTOoporo P (fa3)==a; 3TQ M €CTb HyJdb BTOPOFO peuIeHHA.

Bropoe cooGpaenne, aexaluee B octiose Teopem llrypma, cocrout
B TOM, uUTO YyrjoBasi CKOPOCTb JBiIXKCHilst (asosoil Touku ypasHeuus (6)
BOKPYT Hauasa KOOPAUHAT MOKeT OuiThb SBHO BbluHC/IeHa.

IMpeanoxenue 4. O603Hauur yepes ¢ CKOPOCT6 U3MEHEHUA NO-
Aapnozo yeaa @ npu deuxcenun pasosoli Touxu (x(f), y(1)) ypasrerus (1).

. Tozda auadeHue @ 0GUHAK0BG 0Aan 8Cex BeKTOPOS (X,Y), KOANUHEAPHOIX
OanHoMY, U PAGHO

. g+
,x2+y"' '

" NloxasateabcTso. Ecam r— pamx)c Be}\TOp (basosou TOUKH, TO
YABOEHIAR CCKTOPHAABLHAR CKOPOCTb papua [r,7] u B To ke BpeMs —rlg
(ocKkoCTb OpPHeHTHPOBAHA KoopauHataMil (X, y), a Yroa ¢ OTCYNTLIBaeTCs
oT ocit y K ocu x). ITostomy

) N DAY
oty —erl
¢ rt 4y

4yTo o TpeboBajocL A0Ka3aTh.

H3 npepaoxenns 4 caenyer, UTO Npu PABHLIX IHAUCHUAX N0AAPHO2O
yeaa @=%=ki paduyc-eexTop haiocoll ToUKU TO20 YPABHCHUA GPAAETCA
6uictpee, y KoTopo2a Ko3gduyuenr g Goasuue,

Otcrona Jerko BHITCKAeT

Teopema cpasuenus.  Paccmorpus O0sa ypasrenusa osuda (6)

Fqx=0, F4+Q()x=0

u npedno.aoxcus, uro Q2= q. To20a wna otpeske mexcdy awoGoiauyu 0syns nocae-
dosarersnptat KYAaMu 106020 peutenus nepsoo ypasuenun (€ rnerouius
. KOS(PUUUCHTO M, () €CTb HYAL M0G0e0 PeltcHis B8TOPO20 YPAGHEHUA.

Hokasateascrtso. [Ipeanodoxns Buauase, uto Q crporo Gosbiie g mpu beex £,
OGo3nauuym yepesd ¢=g ({) MOAFPHEII Yroa BA0Ap NCPBOTrQ pemieHua u yeped =A (1) —
BlOaL BToporo. Kak Butie, MM MOXCM cuntath, uto o (f)=0, «(f)=a, 0<A(l)j<a.
B nauaasumii moment £, mveem A (L)> a (). B natvuciiwes, npu f<<i<<f:, A(f) Gyaer
octapatecst 6oasme o (1) HeitcTButennio, ccan 66l ¢GyHKUHS o B HCKOTOPHI MOMENT BPCMeUn ¥
Brepsne oborfata Gul A, TO B 3TOT MOMCHT BpeMeitd 3Hadeuns a it A cosnaay 6w Guan Gu
orauuns ot kx. Ho Torna B mosent o6roxa paanyc-BeKTop foronsiouedl Touks Bpauwiancs 6u
¢rporo meaaeinee (A (r)> o (t) coraacHo npeanoxenito 4, Tak Kak Q= g) u obroua ye nponso-
wio Oul. Hrak, A()>«(fz)==n. Ho A(h)<<n. 3uauur, c;mecrn)er MoMmenr L, b))
rge A (f3)=xn. DTO # eCTb HyAb BTOPOro YpaBHEHHSA.

Hoka3satenscTBo B cayuae Q2>q moayuaerca npefeibliiM NEPeXofOM OT cayuad Q> q.
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Crnencrteue Paccroanue mewdy awobonu doyms nocredosaretd
Homu Hyaamu ypasnenus (6)

a) ue Goavue nj/o, ecan g(H)>=w0’ Vi,

6) ne menswe a/Q, ecau q ()L Q* Vt. B uacrnoctu, ecau q()<0O Vi,
TO HuKaKoe pewierue ypasHenus (6), Kpome TOHAECTOCHHO PAGHOCO H J/l'o
He obpauiaerca 8 Hyrs 0saxdel.

HJorasaTteabctBo. a) Tlycts cTporo mexay nOC.’IC,lOBaTt'.Ibel\m
HYJSAMH MOKHO BCTaBHTH OTPE30K AIMHbI n/o. Das M1060ro OTpe3Ka AMIHb
. 7i/® MOXHO noao6path peulenne ypapHenus X+ o’r=0 TaK, uto 3TOT OTpe-
30Kk OyzieT orpaHiueH [OCJeAOBaTeabHbIMII Hyaamu pewennda. Ha stom
oTpeske ypasuenue (6) ¢ He Memwbwinm ueM »® kosdditunentom g e Haeer
Hynefl.

ST0 npoTIBOpEUHT TEOpeMe cpaBHeHNs. 3HAunT, OTpe3ka AMdiib 1/
BCTaBITh MEXAY HYJSMH ypaBHeHus (6) Hesb3s.

6) [loxasbiBaeTcs aHaJIOTHMHBLIM CPaBHENHEM C ypabieliem ¥ -+ Qv =0.

UccsegoBanne coGcTBeHHbIX KojeGannil crulomnptx cpea (3akpefnaenHoil
CTpyHbl) npusoant K caeayouweil sanaue Wrypma—Juysnansa.

Haiitu pewenun ypasnenin

e+ (q()+1) x=0, (7
obpawamniuecs 8 HYyab Ha Konyax danHozo oTpeska 0<ICH.
3HayeHun CNeKTPaAbHo20 napaserpd A, IPH KOTOPHIX Takie (He ToMIe-
CTBEHHO paBHBIE HYJIO) PelleHHs CYLECTBYIOT, HA3LIBAIOTCS COGCTEEHHbIMLL
3HaueHuAMU, A CAMH DELICHH — COBCTBEHHBIMU PYHKYUAMIL |
3apnayua l. Haiitu coGersennue dynkuns 1 uncaa » cayuae g=90. ’
Orser, Cobcraetnpie  yukiini ¢yts sin vAg ¢ (pe. 203), a colcrsentble unéna
i =k M, —(!I/I)z

Puc. 203. CoGcrsehnue koae- @z > -

Ganun CTpyHML. g 3

«

PLT e

Pemcwue X+Axr=0,x (0)=x(/)=0=> 2> 0=> x=a cos L+ b sin /Al ° .\(0)—3=> a=
= 0= yAl=ha=shy=K (/) ,

Teopewma. Haa awboii enadkoi Ha orpeske [0,!] dynrnun g sadana
Wrypsa — Jluyguaan umeer GECKOHEUHDE KOAULECTEO COOCTBEHHOLLY HUCCA:
cooTgeTcTayouiue CoOCTBCHNHbIE (DUHKIUL UMEIOT HO 3ITOM OTpe3ke Kak
Y2o0HO MHOZO nYyaell.

NokaszarteabcTso. PaccMorpuM peuteHue ypasuenisi (7) ¢ ua-
yaabieM ycaosiem x(0)=0, x (0)==1. OGo3uaunm sepes ¢=a (f, A) 3nave-
HHe NOJSPHOrO yraa BAoAb (a3oBoii KPHBOH ANA 3Toro pelienst; nycts
a (0,A)=0. Pynkunsa o HenpepuBHa. Pacc¢morpum 3snauenne a(l,}) rax
ynkumo ot A. Ilpn A — 4 oo Beanunna & (/,A) ctpemitcesi K Geckoneu-
nocti. JefictBuTenbno, nycts ¢4 A> o’ Ecalt & aoctatdéutio BeJHKD, To
orpe3ok n/w Oyaer yxmaamBaThei Ha orTpedke [0, /] xax yroano Goabiuoe
yieJo pas k. 3HaudT, UHCO Hyaell ypaBHeHHUH €O cToab GoJbWIMM X Ha
3TOM OTpe3Ke He McHblie 2 (Teopema cpasuenun). Caepoparensito, a(l, 1) =
=nk (npepnoxenne “3). Hrak, a(l,A)—> o0 npis A-—> 4 co. 3Hauut
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cywecTayer Geckoneunniii HaGop COGCTBEHHBIX 4YHCEA Ay AASE KOTOPLIX
a (I, M)=nk. Tcopema pokasana.

3anaua 2. Mlokasare, 410 lim M/ =(a/l)%
kw00

3anaaua 3. leperecTn peayanTaTel Ha ypapHeHHA BilAa
(psj+gx=0, p()>0 Vi,

YKasanune PaccMoTECTh §a3opyio NI0CKOCTDb (X, ), rac y=px.

§ 28. Jluneiinnie ypaBHeHHs ¢ nepHOAHUEeCKUMM KoadduuneHTaMu

Teopus JauHeiiHLIX ypaBHeHHII € MEPHOLHYECKHMH KO3pdHUHEHTaMH
o6DbACHAET, KaKk Halo pacKkauHBaTbLCA Ha KaueJAaX H NOYeMY BepxHee, OGbIYHO
HCYCTO4HBOC, TIOJIOKCHHE PAaBHOBCCHA MasATHHKA CTalOBHTCSl YCTOHUINBLIM,
eC/lii TOYKA NMOABECA MAATHHKA COBEpUIaCT AOCTATO4HO ObicTphie KoAebaHus
110 BCPTHKAJH.

1. OtoGpaxcciue 3a nepHoa. PaccyoTpuym Anddepenunanvioe ypapheusye

x=v(,x), v{+T,x)=v(,x) xR, (1)
C NepHOAMYECKH 3aBHCAlleil OT BpeMeny npasoft uactuio (puc. 204).
Mpumep 1. [dsHxeHe MaATHHKA € NCPHOAHUECKH MCHAIOUIMMHCA

napaMerpamu {(HanpuMmep, ABIDKCHHC Kaueseil) OMHCLIBACTCA CHCTEMOI
ypapueuuit spaa (1):

z . ; 2
Xi=X3 Xo=—0" (f)x 9
o+ T)=o (1), 2
z=pft) Mul GyneM npepmonarath, uto BCe

pewenus ypasueuna (1) npoponikalorca
HEeOTPaHHUYCHHO: 3TO 3aBEAOMO TaK A
JAUHEHHBIX ypaBuenuil; KOTOpHe nHac 0co-
6GeHio HUTEepeCYIoT.
7 7 T ] [lepuoanunocTtb npaeoil yacti ypapHe-
HHS MpOfABAACTCA B CNEUMAJBHBIX CBOIl-
SEHLICITaNMI, _ Jlemma 1. [Ipeo6pasosanue ¢paso-
6020 npocTpancreéa 3a epems or [y 0o
lz:ngR"—» R" ne menserca npu odnospemennom yseauuenuu fy u iy
Ha geauuuny nepuoda T npasod wacru ypasuenus (1).
Jdokasarenvctoo. Hyxuo noxasarh, uro casur ¢ (f)=¢ ({+7)
pewrciiia @(f) na spems T sizasiercst pewenuem. Ho casur pacmupennoro
(basoBoro npoctpauctsa na T BAosb OCH BpeMcHi NepeBOANT MoJc Hanpap-
acuuit ypasucuust (1) B ceGa (puc. 205). [lostomy casnuyras ua T
uutTerpanbuan kpupas ypasueuns (l) eesae Kacaercss moasi HanpasicHH
H, C1CA0BATENLHO, OCTACTCH HHTCrPaALNON KpHBOil.
_ Hrak, gt l=gl, uto u tpeGopanocs nokasath.
Paccmotpum, B uactHocTH, nbeoGpaaonaunc gg, ocyuiecTasiemoe ¢a-
30BLIM NOTOKOM 3a Bpemsi oaHoro nepuoga T. 3ro mnpeoGpasoBaie
Oynet urparb Baxcnylo poJib B AajbHelilieM; Mbl OyjseM Ha3bplBaThb €ro

3
il llj_g.\llllllll

>
NI




§ 28) © YPABHEHNS C NEPHOHUECKHUMH KOIOOIHUIIENTAM 209

Qro6pay;ceuuem 3a spema T 1 oGoanauars (pnc. 205)
A=gl: R'— R
Mpumep 2. Nna cicrem

X17=X2, Xa=—Xy X1=Xi, Xo==-—X3,

KOTOpSIC MOXHO CYHTRTH NEPHOAHMECKHMH C JIIOGHIM r 14
nepuogoM T, oToGpaxenie A ecTb NOBOPOT H runep- ";";‘ .ﬁ?i OroGpaxetite wmono-
6onsueckuii NOBOPOT COOTBETCTREHNO. F

Jlemma 2. Hpeo6paaoeanuﬂ goT obpasyior 2pynny giT=A" Kpome
1020, g V' =gigs T :

HoxasateasctTso. Coraacuo Jaemme 1 g:”" ==g}.- osromy
gaT+s —g;’T+‘g3T=g5g3r. Monaraa s=T, naxomun g§* "7 =Agf’, orkyna
no nuayxumin g§l = A"

Jlemma fokasaHa.

BceposmoxnniM cpoficTBaM peluennit ypasuennsi (1) coorseTcTByOT
aHaJoruunbie csoiicTsa otoGpaxeHus A 3a nepuon.

Teopema. 1) Touka xo ecro Henodsuxnan TO4Ka oroGpaxcenus A
(Axy=xo) T020a 1 TOAbKO TO20a@, KO20Q peuteHue C HOYAALHbIAL YCAOBUEM
x(0)=xo ecTo nepuoduueckoe, ¢ nepuodost T. :

2) Iepuoduueckoe pewenue x({) ycroduuso no Jlanynosy (acuunto-
TUNecku ycTohduneo) tozda u Toavko To2da, Ko20a HenodEUICHAA TOUKA Xo
orobparxcenun A ycroduusa no Jlanynosy (acumntoruuecku ycroduuea) *).

3) Ecau cucrema (1) auneidna, 1. e. v(t, x)=V ({) x — aunednas pynx-
yua x, To orobpaxcerue A aunedno.

4) Ecau, kpone rozo, caed auneiinozo onepatopa V (¢) pagen nyawo, 10
orobpaxcenue A coxpanser o6vem: det A=1.

HokasaTeabcTBo. YrBepxieHus 1) H 2) BHITEKAOT H3 COOTHO-
WeHNA glts=giA u u3 HenpepuBHOI 3aBHCHMOCTH pelUeHHs OT Hauafib-
HHIX ycioBuit Ha otpeske [0, 7).

YTeepaenue 3) BuITeKkaeT H3 TOro, 4YTO CymMa DpeiieHuf mmeﬁnoﬁ
CHCTEMB! €CTh CHOBA pEIICHHE.,

YrTeepxacHHe 4) BhITEKaeT 13 TeOpeMbl Jluysmmﬂ

2. Ycaosua yctofiunsoctd. [IpHMeHHM fokasaHuylo TeopeMmy K otolpa-
xKenuio A $a3oBoii NJOCKOCTH X;, X2 HA celd, COOTBETCTBYIOLIEMY CHCTe-
me (2). Tak kak cucrema (2) JIHHe}'iHa " caen ManHU.bl npasoit yactH
paeen 0, nonydaem

Caencrene. Orofpaxenue A auHeiiHo u Ccoxpanaer naowadu
(det A=1). [laa ycTofiuusocTi HyAe8020 pewenus cuctesst ypasHenuld (2)
#eoGxoduma u Joctarouna ycroiuugocte orobpancenus A. -

3anava 1. JokasaTs, ur0 MOBOPOT NJAOCKOCTH — YyCTORYHBOR OTOGpaMeHue,
a runepGoainyeckuil NOBOPOT — HeycTORYNBOE,

*) Henoaenxnas TOuKa xp oro6paxenna A wassieaercn ycroduusod no Jlanyrosy
(cooTserctsento acusmnroruvecku ycroduusod), ectu Ye> 0 38> 0 takoe, 4To us [ —xol <<§
suirekaer |4%x—A4 xo|<e a1a scex O0<<n<l oo cpasy (coorsercrsenno eme Ax—A"xg — 0
nps n -+ o).
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Hayunm teneps noapoGuee sunefinpie oToGpaelia IJI0CKOCTH Ha cebs,
coxpansiomue niaoLiaib. ’

Teopewma. ITycre A — marpuya coxpansioujeeo naoujado AUHEIHO020
orobpascerus naockoctu Ha ceba (det A=1). Toeda orobparxcenue A ycrod-
uugo, ecau |ir A} <<2, u ueycrodiuueo, ecau |tr Al> 2.

HDoxaszateancteo. [lyerb Ay, 22 — coberbenusie uincaa A. Onn
YAOBJIETBOPRIOT XAPAKTCPHCTHUCCKOMY YPaBHEHHIO 12 —1rA2-+1=0 c Be-

LLCCTBEHHBIMH KO3((QHLLHeNTaMI
Trd>2 LAre=tr A,
Moo= detA=1.
7 A
Kopuu &1, Xp 3TOro BelECTBCHNOrO - KBa-
APATHOrO  ypaeHEHHA  BCLUCCTBEHIEI  NpH
[tr Al>2 u Kommackcuo conpskenut npH
1tr Al <2 (psc. 206). B nepson cayuae oo
13 coGCTBCHHLIX uHce/_. Goablie,—a -aApyroe
“meribine 1 no moayaio; oroGpakenie A ecTb
riunepGonnyecknil NOBOPOT M HEYCTOHYHBO,
Bo Bropoa ciyuae coGCTBEHHBIC YHCAA JeKAaT
Ha CAHHHYHOII OKPYXKHOCTH:

1 :7.;)»2=;.|—}-»1 == “»] |2.

Puc. 206. CoG i YHCAa  MOHO-
Apo ) CoocTIcte Hieaa wovo - ()rgGpaskeniie A SKBHBAJCHTHO NOBOPOTY Ha

yro1 o« (rae A, s=eE®), 1. e. cTano-
BHTCSl NIOBOPOTOM IpH COOTBETCTBYIOLEM BHIGOPC €BKAHAOBON CTPYKTYpHI
na nsockoctH (mouemy?). Mrak, ono ycrowmno

Teopema pokasana.

Takum ofpasom, Bech Bonmpoc 00 YCTOHUUBOCTH HYJCBOrO peilieHust
cucteMbl (2) -cBesicst K BhYHCJAeHnio ciena matpuusl A. K coxageuso,
BLIYHC/ANTD 3TOT CJel ABHO yjaaeTcd JHUWbL B CHeuHadbHbx caydasx. Ero
BCEFAd MOKHO HalTH NpHOIHMCEHHO, YHCJAEHHO HHTErpHPYsl ypaBHeHHe Ha
orpeske 0<{{<CT. B Baxuom cayuae, xoraa o (f) 64u3Kka K noCcTosiHEOI,
nomoraloT npocTble obulHe coobpazkeHus.

3. Cuabno ycroilumebie cHcTembl. PaccMmoTpuM Jauueiinyio cucremy (1)
¢ asyMepubin da3oBuim npoctpanctsoM (T, e. ¢ n=2). Takaa cucrema
HA3LIBACTCH 2AMUALTORO80, ec/lii ANBePreHUNA v paBHa Hyno. s raMuab-
TOHOBRIX CHCTEM, KaK yKa3ano Bbluie, ()a30Bbl1 MOTOK COXpaHACT IJIOWLAZH:
detA=1.

Onpeacacnie. Hynesoe pewenue JHHeilHOl  raMHIbLTOHOBOI
CHCTEMBl CHABHO YCTOHUUGO, €CAH OHO YCTOYMBO H Yy BCAKOH Gans-
KOit JHHefHON raMHJABTOHOBOII CHCTGMLI -HY/JeBOe pelleHie ToXe Yyc-
TOi1uMHBO,

H3a npeasigyuinx AByX Teopem BbiTEKaeT

Cacpcreue. Ecau Jtr Al <<2, 10 Hysesoe pewenue cuarono yc-
TOliMu8o0.

H6o ecan |tr A] <2, 10 nas oto6paxeHuss A’, COOTBETCTBYOLIETO J0-
cTaTouHo .Gau3Koil cHcTeMe, TOXKE BHINOAHEHO ycaoBHe |ir A') << 2.
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Ilpumennm 3TO K cHCTeMe ¢ IOYTH NOCTOSHHBIMH KoadduUHeHTaMIL
Paccmorpuy, nanpuwmep, ypasuenie :

r=—0o*(l4+ea(®))x, eI, (3)

roe a{t+2a)=a(f), nanpumep, a(f)=cosi (MaaATHUK, YaCTOTa KOTOPOrO
" Kose6aeTc OKONI0 @ € Majofl aMmAauTyAoll H ¢ nepuoaoM 2m)*).

Kaxnaywo cucremy (3) Gyaem nsobpaxarh TOYKOIl Ha NJIOCKOCTH napa-
MeTpoB &, o (puc. 207). OyemupgHo, ycrofiumsnie cuctemsl ¢ |[ir A} <2
oGpasyioT Ha MIOCKOCTH (0, &) QTKpPHITOR
MHOXECTBO, TaK e KaK Ui HeyCcToiun-
Bule cuctemul ¢ {{rA|> 2.

Ipaunuga ycrofiunBocTn  faercd
ypaBuenuem {tr A} =2. .

Teopema. Bce rourku ocu w,
UCKAI04AA eable 1L NOAYIeAble TOMKU
w=~k/2, k=0, 1, 2, ..., cooTeercTsyior
cursno ycrotivusos cucremar (3).

Taknm o6Gpasom, MHOXKECTBO Heyc-
TOMUMBLIX CHCTEM MOXKET MOAXOANTD K Puc. 207. O61actb NEYCTONUNBOCTI NP nap-a~
OocH @ TOJbKO B TOYKax (0=k/2. MCTPHUCCKOM pe3onance.

HMubiMy  croBamu, packayaTh Kayeau

MajblM NepHoAHUeCKHM H3MEHeHHeM JUINHBI MOXIO JHIIb B TOM cjyuae,
KOTJa OfIMH TepHoA H3IMeHEHHS AMHHB 6AH30K K 1leJAOMY UHCJAY. moaymne-
pHoaoB coGeTBeHHBIX KoneGaHuil,— pe3yabTaT, BceM H3BECTHHI M3 3KCre-
pumeHTa. _

HoxasaTenbcTBO CHOPMYIHPOBAHHON TEOpeMbl OCHOBANO Ha TOM, HUTO
npu &=0 ypam{euue (3) nmeer noctosHHbIe KO3 OHUNEHTH H ABHO pe-
wmaetes.

toj
~
NI

€

3anaual. Betuncauts ana cucremut (3) ¢ e=0 matpuny npeo6pasopanus A 3a neprox
T'=2x B 6asuce (x, £):
Pewenne. Ob6umee pewenne;
x=C) cos ol +Cz sin ol.

.
Yacrtuoe pewrenste ¢ HauadbHBIM ycnoBueM x=1, x=0:

x=cos of, x=—o sin ol.
YacTHoe pewlenne ¢ HaYaIbHLM ycaoBueM x=0, x=1:
x=(sin of)/0 x=cos of.

cos 2w sin 210 /0
Orser. A= ( ) - )
—o sin 21 ¢os 2nw °

Tostomy Itr Al =12 cos 20} <2, ecan os=k/2, k=0, 1, ..., u T00-
peMa BbITeKaeT H3 NpeiblAyLIero CAeACTBHS, ’
Boaee suuMaTte bublil ananni **) noxasbiBaer, uro, -BoobGule rosops (m,
B 4aCTHOCTH, NPH @ (f)=c0os f), B6ausn ToueK 0=Fk/2, k=1, 2, .., obnactp

*) B cayuae a (f)=cos { ypasHeune (3) Ha3blBaETCﬂ ypasHeruem Marbe.
**) Cm., Hanpunep, pa3o6paHHylo HHKe 3afauy .l o
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Heycroltunpocti (3awTpuxoBannas na puc. 207) ACHCTBHTEALHO MOAXOANT
K ocH . .

Taxum oGpasoy, NpH HEKOTOPLIX COOTHOLICHHAX MCXKAY 4acToTOHl H3Me-
HEHHA napameTpos i coGeTBeliHol yacToroll Kawendclt (e k/2, k=1, 2, ..)
HIDKIIEC MOJIOXKCHHE PABHOBECHS lizeadn3upopaniuiXx Kauedcii (3) neycroil-
4iBO M Olill PACcKauHDaOTCsi NPH CKOJAb YFOAHO MaJoN IIEPHORHYECKOM
H3MCHCHHN JUTHHLL .

370, ABeHHe HA3LIBACTCS NAPAMETPUYECKUM PE3IOHAHCOM. XapaKTepHOl
0COGEHHOCTBIO MapaMeTPHUECKOro pes3oHauca ssiseTcss TO, YTO OH CHJlb-
Hee BCEro NPOABJAAETCA B CAyyae, KOrAa 4acToTa H3MEeHeullsl napaMeTpoB v
(8 ypasueunu (3) uactota v pasHa 1) BaBoc Oosblie cobeTpeHnoil ua-
CTOTH . .

3ameuannc. TeopeTudueckn napamerpuucckit pesouanc wHabiio-
paerca npu Occkotleunonm uaGope cootnoweHuii o/vxek/2, k=1, 2,

[pakTiuecky nabal0gaeMbl OGLINHO ABWD CAYYaH,

£ _ Korpa k uepeanxo (k=1, 2, pexe 3). Ieao B

\’<// \ 7/, TOM, YTO

/If a) npu GoabwHx £ 06A3CTh HEYCTONUHBOCTH

: NOAXOANT K OCH O Y3KHM SI3BLIKOM il 451 pe3o-

HaHCHOIl YacTOTLl @ MOJYHYAIOTCS OUCHDL JKECTKHE
npeaeasl (~¢* pas a(f)=cosi B (3));

G) cama wueycroituupocts caaGo BuLIpaXKCHA

Y A 7N npi GoAuplMX £, Tak Kak seanunna jtrAj—2
nepeanka n coGernennsie uncaa 6auskn k 1 npu
Piie. 208. Baususe maaocro tpenus Goabuix k;
Ha 06.33¢Tb HEYCTOHUHBOCTI, B) CKOJIL YroAHRO MaJjoe TpeCHHC APHBOAHT K
TOMY, 4TO J[Jst BO3HHKHOBEHHS fapaMerphuc-
CKOro pesouaiica k-ro fopsaxa HMECTCS MHHHMAALUOC 3HAYEHHC aMIIH-
TYAL € NPH MCHbLWNHX & KoaeGanust 3atyxator. C poctom k €, GHICTPO
pacter (puc. 208).

3anmerum Take, uTo AAs ypasienun (3) B HeyCTONUHBOM cayyae BeAH-
4YHia X pacteT utcorpaniiyenuo. B peanbubix cneremax koacGanis jgocti-
TaloT JHlUib KOlCUioll aMINNTYAL, Tak Kak npit Goabliix X camo Juicapil-
30Bannoe ypaphuehue (3) TepseT CHIy H HYXKHO YYHTBIBATH HeJHHeiilule
3¢ deKThL.

L
Z 7

@

4. Buuncacuun.
3anaua 1. Haiith Bua oGaacteit yCTONMHBOCTH Ha NAOCKOCTH £, @ AdA CHCTEMLI,

onucLBaeMoil ypanueuiem
x=—f)x, [U+20)=F() )
ot-& npn 0<l<<c,
fo={ , e<l.
w—g npn n<gl{<2n,

Pemwenune. H3 pewennn npeawayweit samaun (1 n. 3) cacayer, uto A=A2A, rae

c  Spfon .
Ap= , Ce==COS Zlwe, S¢=SiN 7w, O 2=0ke.
C— WSk Ce
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Mostomy rpannua 30uH yCTOUHBOCTH HMeeT ypaBueHue

“!’Al=l2€|62—(0)|/(1)2+(v)z/(|)|)Slszl=2. (5)
Tar kak e 1, nmeem o)/wr=(0+4¢)/(0—e)x1.
_ Btzaez.lezu 0Go3HauesHe i/wr+@z/wy=2(14+A). Torra, Kak Jerko COCUHTATS,
A=2¢%/0* -0 (e*)« 1. Tloabsysck cooTHOmWeHHSMH 2¢iC2 =COS 2net-cos 21@, 25153 =
=¢0s 2ne — oS 2nw, nepentwen ypasHewne (5) B BHIE

—A cos 2ag 4+ (24 A) cos 2a = +2
Al ’ 3 :
cos 210 =(2- A cos 2ne)/(2+A), (61)
€0s 210 =(—2+A cos 2ae)/(2+A). ' (62)
B nepsom cayuae cos 2no=1. l’Ioa"romy noaoxum e=~k-4a, lal €1; cos 2nro=cos 2na=
=1—2a’a’+0(a"). Mepemimenm
ypasuenne (6,) B Buge ’
£

€os 2nm=l—2AA(l—cos 2ne)

HAY
20?0 (a*)==An?e? + 0 (¢').

Hoacrasans 3HayeHHe A=

2
=(2e’/0?)+ 0 ('), HAXO0AMM : A % :

a= +e?/0’+o (e?), T. e.
o=k+e’/k? 4o (%) (puc.. 209).

AuanorHuHo pelaeTca ypas-
nenne (62); B pesyasTate noay-
yaeM :

“Puc. 209, O67acth HEYCTOAYMSOCTH AAR  ypasuemn  (4),
o=xte/(m)+to(e), x=k+1/2.

3anaua 2, Moxer amM Bepxnee, OOGLUHO HEycTONiynBoe, MOJAONKEIHE paBHO-
BECHA MaATHHKA CTaTh YCTOAYHBHM, €CAH TOYKa MnoAseca Kojebjerca B Bep‘l‘ll-
KaJabHOM HanpaBAeRHH? '

Pewenue. lNycts anuna masthuka [, amnautyza koncGanmii Touxks noaseca a<l,
nepHoa KoJaeGauiii TOuKH moaeeca 2T, MpHYEM B TeueHHE KAXROro MolynepHoga yckopenue
TOYKH MOXBECA NOCTOSHHO N paBHO ¢ (TorAa ¢=8a/7?). Oka3usaercr, OPH AOCTATOMHO -
GblcTphix KosneSauuax noaseca (1< 1) Bepxiee nonaoxeuie paauoaeclm CTAHOBHTCA YCTOIi-
yuBuM. YpaBHeHHe nBH)KeHHﬁ MO)KHO sanucath B Bime x=(o’xa’)x (3nak Meusercs
uepes Bpema 7), rie o’=g/l, a’®=c/l. Ecan kone6anus noaseca aocratoutio OuCcTpH,
10 &’> o* (@ =8a/(/7%)).

Ananornuno npexsiaywefi sazave, A=A24,, rae

chkr k™ 'shkr A cos @t Q@ 'sinQr
A= k sh kt ch kt ) =\ —Qsinor cos Qr
' B =a? e, ‘el
Yeaosite ycroiiunsocth ir A} <2 umeer nostomy Bua ' N
12 ch bt cos Q- (k/Q—Q/k) sh kr sin Q] < 2. (N

Mokasxkes, 4TO yc/i0BHE 3TO BHNOTHEHO NMPH A0CTATOUHO GHCTPHX KOAeGaHUAX TOYKH Moxseca,
T. e. Koraa ¢>g. Bpenem GeapasmepHue nepeMeHHue €,

afl=82«l, gle=p*<l.
Toraa kr=3 2 e VIt 2 Q=22 e~T—p% £/Q—Q/k=24"-+0 (u").

IMostoMy npH Maabx e p CHpaBeATHBH  PA3NONKEHHst €  TOYHOCTHIO ole't 1):
chkr=144e? (1+p?)42* /34 ..., cos Qr=1—4e2(1—p )+Sa‘/3+
(£/Q —Q/k) sh kt sin Qu=16e’u>+- ...
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Hrak, yeaosne ycroitunsoctu (7) npuunmaer BHZ

2 (1—16e" 166" /34 862>+ ..)+ 16:2p% < 2.

[Mpene6peras  MaibiMu  BHICHICFO  nopaaka, HaxoiuM (2/3) 16e* >32u%? wan p<
<e/y3, uwan ewe g/c<<a/(3l) 1o ycaoBHe MOKHO nmepenmucate B Bnae N>

3/32 vlfax=0,3 wlfa, rae N=1/(21) — uucno koJebaHuit TOYUKH nOlBeca B €AH-
Hiny spesenn. Hanpumep, ecan aaumua maarnuka [=20 cMm, a amnauryaa xosaeGaHui
TOuKM noaseca a=1.cM, To N> 0,31 1/980/20-20~43 (koacGanuii B cexyuay) B uacrio-
CTi, BEPXIICC 10,i0/4CIHE PABHOBCCHS yCTONYIBO, €CIH 4NC10 KOIeGanuil noaseca B CEKYHAY
Goablue 50.

§ 29. Bapuauusi nocToaHHbIX

[pit uccsepoBanui ypaBHeHitll, OJH3KHX K yiKe HCCJEJOBaiHbIM, «He-
BO3MYILEHHEIM» YPaBHEHHAM, 4YacTO IHoJje3eH cJedylouwnil npuem. [TycTh
€ — NepBhIli HHTErpaJ «HCBO3MYlLeHHOro» ypaBHeHHsl. Torpa aast GIH3KHX
«BO3MYIleHHbIX» ypaBhenHit GyHKUHA ¢ y:Ke He OyneT NMepBbIM HHTErpanoM,
_ Onuako yacro.yaetcst y3uaTh -(TOYHO MM~ NPHOJHIKEHHO), KaK MeHAITCS
co ppeMedeMm 3uauenns ¢ (g(f)), rae ¢ -— pelieHie <BO3MYIIEHHOrO» YpaB-
HeHHsl. B uacTHOCTH, ecH HCXOAHOE ypaBHeHHe — JiHeliHoe oaHoponHoe,
a BO3MyLUECHHOE — HEOAHOPOALOe, TO ITOT NpHEM NPHBOAHT K siBHOil ¢op-
MyJe L4151 pelueiisl, IPHYEM B CIJy JIHERHOCTH ypaBHeHHsl HHKaKoii «MaJo-
CTH» BO3MYyLUEHHS He TpebyeTcs.

1. Tpocteiimnit cayuait. PaccmoTpum npocTteiiliee JauHeiiHoe ieojio-
poaloe ypaBHenHe

i=f(1), zx=R, tel, ' (1)
COOTBETCTBYIOLLee NpocTelilieMy 0AHOPOAHOMY YpaBHCHIIO
x=0. ®)
Ypapuenue (1) peumraerca Kaaparypoii:
m_<m+www. (3)

2, O6wui cayuail. PaccmoTpmx .mmemloe HEOILHOPOJ.IHOG ypaBHeHiie
ADx+h(l), x=RY, tel, 4

COOTBETCTBYIOLIUEE OJHOpPOAHOMY YpaBHEHHIO
x=A()x. (5)

[lpeanogoxua, YTO MBI yMceM pellaTb OAHO-

7 Ppoanoe ypasueuse (5) u x=¢(f) —ero pe-
uienie. BriGepeM Hauanblble ycsaoBus ¢= ¢(fy) B

Jllj::)-'r?ﬁlOr.xc};:t?xl:ﬁx"]:ﬁrtbér;::;?;g: on. KauecTse BHUIPSMAAIOWHX HHTErpaibHble KpH-
HOPOANOFO YPaBHCHIA. Bule ypasuenusa (5) koopauuar (e, f) B.pac-
wHpeHnoM ¢ascsoM npoctpaHctse (pue. 210).

B HoBBIX Koopmmamx ypaBiense (5) npumer npocreuumu BHA (2).
TMepexon K BHIIPAMAAIOUIIM KOOPAHHATAM OCYLUECTBJSETCH JHHENHLIM N0 X
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npeoGpasosanneM. IlosTomMy B HOBLIX KOODANHATAX HEOAHOPOXHOE YpaBHe-
uue (4) npumetr npocrenmuu g (1), 0 Mbl €ro cMOXKEM DellHTh.

3. Buiuncaenmus. Byzem nckaTh peurenie HeOLHOPOLHOrO ypaBuemm (4)
B BHAe

o(h=g'c() o I-R", (6)
rae g% R*— R" — uneiiuniii onepatop npeoGpazosanus 3a BpeMms oT fo

o ! ans1 opHOpOANOro ypaBHennst (D).

Hubdepennupya no ¢, HaxoxHM

¢=g'ctgle=Ag'ctg'c=Aqtg'e.

IToacrasnnas B ypasHenue (4), HaxoaHM gle=h(). Hrax, noxazana

Teopema. Popuyra (6) OJaer pewetne ypasHenus (4), ecan u
TOA6KO ecau ¢ ydosaersopser ypasuenuwro c=f(f), 20e F(H=(g")"' h(?).

Tocnennee ypaeHenue umeer npocrteiiuit Buf (1). Ilpnmeuss- dop-
myay (3), moayuaem

CaenctsHe Peuwenue neodnopodnozo ypasuenua (4) ¢ HauarsHolA
ycaosuem @(l)=c uneer eud

¢<t)=g'(c+§ @) 4 () dr) .

3ameuanue B koopmunatHoli ¢opMe AOKA3aHyl0 TEOpeMY MOXKHO
chopMyaHUpoBaTh Tak:

Yro6et pewurs auneiinoe Heodnopoduoe ypasHenne (4), 3unasn dJyHaa-
MeHTAAOHYO CucTemy pewenuti oOHopodsozo ypasHetus (5), AoCTATOUHO
nodcrasuTs 8 HeOOHOPOOHOe YPAGBHEHUue AUHelHYI0 KoMbunayuo peuterull
PyHOAMeHTARbHOL CUCTEMbI, CHUTAR KOIPPUUUEHTOL Heu3BeCTHoLMU (DYHK-
yusamu spemenu. JIrsa onpedesenun 3Tux Koapdhuyuentos noaywurca ro2da
npocrediuee ypasnenue (1).

3anaua l. Peuruts ypasuenne x4-x=Ff (2).
Pewenue. CocraBuM OXHOPORHYIO CHCTEMY ABYX )pannelmu

Xl—Xz, Xz—-—x..
Ee ¢ynunamentanvuan CHCTEMa pellennit u3pecTna:
(ry=cosf, x2= —sin t); (x) =sin ¥, .xa=cos {).
"o ofieMy npasiay MuleM pemieHHe B BHAE
xi=c (t)cos tca(t)sint, xy=—¢ (f)sint+tce(f)cost.
Ilnn onpegefeHus ¢ # €z MOAY4aeM CHCTEMY
é1cos {Cosint=0, —¢ sinf+éqcos f=f (£}
Creposarensuo,
Gi=—f(l)sint, éx=f(f)cost,

t - !
Oreer. x (I)=[x O~ f @) sin< dt] cos t+[;2 O+{ rmcos dt] sin b,
.0 Y ‘
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,U,oxasaTe.n bCTBa OCHOBHLIX TEOpeEM

B 570l raase [OKA3LIBAIOTCSi TEOPEMbl O CYIECTBOBAHHH, €AHHCTBEH-
HOCTH, HENpPepHBHOCTH H Ju(pdepeHUHPYEMOCTH pelleHHH OGLIKHOBEHHBIX
AnddepeHUNANBHEX YpaBHEHRH, a TaKXe TCOpPeMbl O BhHINPAMJACHIH BeK-
TOPHOTO NOJS H NOJAA HanpasJeHHil. '

Jloka3areanCTBa cofepaT Takike Cnocol NpuGAHIKEHHOro NOCTPOeHHs
peluenni. ) ’

§ 30. Cxarnie otggggfggggiﬂr’ggkrfgﬁ_________ﬂ___4214*———~ﬁ

Paccuorpenuniii HaXxe MeTOA OTHICKAHMS HEMOABHXKHON TOYKH OTO-
OpajkeHusl MeTPHUECKOro MNpOCTPAaHCTBA B ce6a MpHMCHAETCA jAajtee Aas
NOCTPOeHnsA peuweHull AnddepeHUHaALULIX YPaBHeHNI,

1. Onpeneaenne. [lyctr A: M — M — oro6paskeHiie METPHUIECKOTO Npo-
ctpaicTBa Al (¢ MeTpukoit p) B ce6a. Orobpaxenne M naspiBaercs caca-
TolM, €CJ CyleCcTBYeT nocroanHasn A, 0<<A<C1, takas, uto

p(Ar, Ap)<hp(xy) Vi, yesM. (N

Mpumep 1. MNyets A: R— R— pewectsennan ¢yHkuus BeulecTBEHHOTO mncpe-
meHuoro (puc. 211). Ecan nponasoasas A no molyaio Bcioly meuble l, 1o oroGpaxenue A
MOKeT H He Ourtb oxateim. Ho omo Gyaer cxaruy, ccan

Az Iri<a<i.

Mpumep 20 Mycrs A: R — R — auneinuii  onepa-
top. Ecam Bce coGcreesusle uicaa A aexar CTporo BHYTPH
©HHYHOrO Kpyra, T0 B R' cyulecTsyer Takaa CBK30BA
smeTpika (pyukuya Jlanyuosa, cm. § 22), uro .4 — ckatoe
oToGpaxeHue.

z 3aaaua . Kakne w3 caecaywownx orobpaxenni npa-
moii (¢ 0GmuHON MeTpHKON) B ce6a cxaTh?

1) y=sinx;  2) W*+1,  3) y=arcigx.

3anaua 2. MoxHO aH 3aMeHHTb 3HAK < B HCPABCHCTBE
(1) na <? .

2. Teopema o cxkaTHx oToOpaxenusx. Touka x& M HasbiBaeTcs wero-
O8usitHoli To4kol otobpaxenusi A: M — M, ccau Ax=x.

Tycre A: M > M — cocaroe orobparcenue no.11o2o ieTputecko2o npo-
crpanctsa M 8 ceba. Toeda A umeer wHenodsusxcnyrd TOUKY, & NpuTOM
T0abK0 oduy. [as woboi touku x uz M nocaedosareavnocts obpazos
TOuKW X npu npusenenun A (puc. 212)

x, Ax, A%, A, ..

"

Puc. 211 Heroasu®Rraa T0Uka
CKATOro 6To6pazeHHA,

CXO0UTCA K HenoOdBuicHoU Touke.
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Iloxaaé'rénbcrso. Mycts p(x, Ax)=d. Toraa

p(A"x, A"Hx) < A,

o

Pag Z A" cxoputes. TostoMy nocnen0BaTebHOCTS A, n=0,1,2,.. “
n=0

aBaserca nocneaosatenasHoctsio Komm. IMpoctpanctso M noano. TMoatomy
cymectsyet npenea X= lim A"x.

R+

ITokaxenM, uto X — HenoaBHKHasA Touka A. 3aMeTHM, UTO BCSIKOE CXKaToe
oro0pazeHie HenpepuiBHO (MOXKHO B3siTh §==¢). [TosTomy

AX=AlimA%= limA*t'x=X.

ll-»oo n~>oo

TlokasxeM, uTO BCfiKash HenmoJABHXHas Toyka Y cobnagaer ¢ X. Ileu-
CTBHTENBHO,

o(X, N=p(AX, A< (X, V), A< l=p(X, 1)=0.

3. 3ameuanne. Toukn x, Ax, A%, ... nassiBaiotrca nocaedosarenbnsimu
npubauncernuamu x X. Tlyctb x — npubminkenne K HeNnoABHXKHOA Touke X

X i A%
d
Ad Yy
z .

7 L)
A% Ax x & X
Puc. 212. [Mocaezosatenphocts o6pa- Pue. 213. Ouenxa TouHOCTH npn6w

30B TOYKR X TDH NOBTOPEHHH CXaToro HeHus x K uenc.-xaun(nou touxe X.

otoGpaxenns A.

| cKaToro oroGpaxenus A. TouHocTb 3Toro npuUGAMIKEHHA JETKO OLUEHHTb
yepes paccTosiHHe d MeXAY TOuUKamu x H Ax:
d
=3’
. d
u6o d+rd4-xd+ =17 (puc. 213).

p(x, X) <<

§ 31. Joxa3aTeabCcTBO TeopeM CYUIECTBOBAHHSA
" H HenpepsIBHOil 3aBHCHMMOCTH OT HAYaJbHBIX YCJAOBHI

3nech CTpouTCA TaKOe CXKaToe OTOGpaxeHie MOJAHOTO MeTPHUECKOro
NPOCTPaHCTBA, 4YTO €ro HeNOABHXKHAA TOYKa ONpeeisieT pellieHHe aaH-
noro nuddepeHnHadbHOrO ypaBHeHHs. i
. Mocneposareanusie npuGauxenns [ukapa. Pacemorpum  andde-
peuunanbnoe ypapHenne x=1v(f,x), 3aDaNHOE BEKTOPHHIM MNOJACM T
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B HEKOTOPOH 0G64acTH pacluipeHHoro asosoro mpocTpaHctsa R™T!
(puc. 214).

Hasoses oro6paxcenues ITukapa orobpaxenie A, nepepoasiitee GyHk-
nuo ¢ f-x B ysrkumio A@ H-x, rae

4
A O=x+ v (. ¢()dr,
[eoseTpryeckn nepexoq oT ¢ K Ag¢ (puc. 215) osnauaer noctpoerue
no kpusoii (¢) HoBoil kpuBoil (A¢), KacaTcabHas KOTOpOil mpH KamAOM ¢

X -
ba o
=
gw 2, sy
\ J\ z
e Zy t [ SV
Pic. 214. Hutcrpaivuas  wphsasn Pic. 215. OroGpaenie Muxapa A.

ypaBHeHHA X=v (f, x).

napasie/bHa AAHHOMY MOJIO HampaBJeHuil, 1o ne Ha camoit kpnsoi (A(p)—-
Toraa A Obl10 6bl peleneM,— a B cooTBeTcTRylomeil Touke Kpusoil (¢).
Hmeenm
. § — peuicrue
€ Hauaaonoln ycaosuer < (g=Aq).
@(to)=x0 :

BaoxHosAssAACh TeopeMoil O C:KAaTHLIX OTOOpakeHHsIX, pacCMOTPHM mnocJae-
LOBATCALHOCTD npubauscenuid [MMurkapa ¢ A¢ A’q, .. (HayaB, cKamew,
¢ @=1x0).

x| el A% Ap
= >~
Z =33 11111
AN )
=N 3 LI A7 77777
BEE I z,
¥ = X S 49
¢ 12
Puc. 216. MpuGuokenua TMexapa aam ypas- Puc. 217, Mpudmuwenne Tluxapa &R
ueina x=f (£). ypasucuus x=x,

1

Mpumep L. x=f (/) (puc. 216). (A¢Q)()=2+ Sf(f)dt B stom caywae yxe nepsuit
War APUSORKT K TOWKOMY peuienio. 1,

fpumep 2 x=z, ty=0 (puc. 217). CxOANMOCTp NPHOAKMCHHA B STOM CAydae
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MOXHO YCMOTPETb HCNOCPEACTBEHHO; B TOuKe {
=1
Ag=14 \dr=1+{,

=14\ (1 +1)dr=1+1-F£/2,

O e O

L R R I 4 .
Ao =1-Fi41224. 4 "/n),
lim A%¢=¢

n—» oo

Bameyauue 1. Takam oﬁpasovﬂ zBa onpeuenemm 9KCMOHEHTH
1) e'= lim (14— ), -2) e—l-l-t-l— 5t -
_n->o0
COOTBETCTBYIOT JABYM criocoGaMm anGnH)KEHHOI‘O pememm npocrefinero
anddepennanbLHOro ypaBHenns X=x: crnocoGy JoManmx Dillepa M mocie-
JloBaTtenbHLIM mpuGaKennsam Ilukapa. I/Icmpuqecxu HCXOAHOE Onpenede-
. HHE 3Kcnouemu 6b10 MpoCTO: - .

3) €' ecTb pemenne ypaBHeHHs X==X ¢ HadaJbHHIM ycjosheM x(0)=1.

dameuanue 2. AsajornuHeiM o6Gpa3oM MOXKHO JOKa3aThb CXOAH-
MOCTb MpPHGAHKeHHil JNst ypapHenns x=kx. [IpHuMHAa CXOMIMOCTH mocJe-
JOBaTeNbHbLIX npubmmkenuil B ofuleM chdyuae 3aKiiouaeTcss B TOM, YTO
ypaBlienfie x==kx «caMoe MJIOX0€»: MOCAenoBaTeabHble MPUGIHKEHHT Aas
N1060r0 ypaBHeHHT CXOAATCSl He MejyleHHee, 4YeM AAA HEKOTOPOro ypas-
HeHua BuAa x=Fkx,

Hns nokasaTedseTBa CXOAHMOCTH NOCJEAOBATEABHEIX NPHOAMMKEHHI MBI
NOCTPOUM NOJNHOE METPHYECKOe NPOCTPAHCTBO, B KOTOPOM OTOGpaKeHue
Iluxkapo cxaro. Buauade HanomMHio HekoTOopble dakthl M3 Kypca anaansa.

2. MpeasapurenbHsie. OLUEHKH,

1) Hopna. Bynem 0603kauats HOPMY BEKTOPa X €BK/INIOBA NPOCTPaH-
crea R" uepes |xl =-~/(x,x). Tlpocrpancteo R* ¢ merpukoit p(x, yj=
=|x—yl| — nonHoe MeTpHUECKOE MPOCTPANCTHO,

OTtmeTuM JBa BaXXHLIX HEePABEHCTBA: HEPABEHCTBO TpeyrojibHHKa

(x+yl <ixl+1yl

o )l <Ll gl *).
2) - Bexropuod unreepaa. Ilyers f: la, b]— R* — Bekrop-dynxuus co
snauenuamn B R, nenpepuisnas Ha (a, b]. Bexktop-unrerpan

Sf(t)dteR"

onpezensercss oGuiuHbIM 06pa3oM (c NOMOWILIO MHTErpadbHLIX cyMM)

1 nepaeenctpo llsapua

*) Hanomnum nokasatensctBo sTuX nepapexcrs. [Iposesem uepes BekTopH % H ¥
eBKTHAO0BA MPOCTPAHCTBEA ABYMEPHYIO MAGCKOCTH. DTa naocKocTs sacaeayer u3 R” eskangosy
cTpykTypy. Ha eBxanaosoit mnockocTH o6a HepaBencTBA MIBECTHH W3 3JeMCHTapHOR reo-
metpun. TeM CAMEIM 3Tt HepaBeHCTBA AOKa3dlitt H B JI0GOM EBKINACHON NpPOCTPAHCTBE,
Hanpumep B R®, B dactioctn, Mb floka3ani 663 BCAKMX BL{UHCACHHH, uTO

7 n - n b b [ .
| Z w:‘k Y Zy?. |Sigdl‘2<s i’dtsg’dt-
i=1 i=1  I=1 a a a
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Jlemma.

l (t)dt[ i lf(t)ldtl M

HdokrkasateabctBo. CpaBHuM umerpanbﬂue CYMMBl ¢ NMOMOMILIO He-
pasenctea Tpeyroabuuka: 1Y F(L) Al <) F(E) 1Ail, uto u TpeGoBasoch
[OKa3aThb.’ : o

3) Hopma oneparopa. Tlyctb A: R™ — R" — nuneiiublii onepatop u3
OZHOrO €BKAHAOBA NpoCTpaHcTsa B Apyroe. Mot Gymem o6o3nauatbh ero

HopMy uepe3 |A]l = sup | Ax] . Toraa
xeR"\le|
|A+4+BI<I|Al4-18], |AB|<IAl IBI. @

MuoxecTBo aunefinpix oneparopos #3 R™ B R" cranoBurcs nodubim
METPHYECKHM IPOCTPAHCTBOM, ecaH NoaoxHuTh p(A, By=|A—B].
3.~ Ycaosne - Jlunwnua.- [ycte - A:-M;—- Mz — oTo6parkeHne - MeTpHUe- ~ -
ckoro npocrpaHctBa M; {C MeTpHKOH p;) B MeTpHUYeCKOE NPOCTPaHCTBO
Mz (c meTpHKOH p2) M L — noJjoKHTE/IBHOE BElIECTBEHHOE YHCJIO.

A_ — LT
& — 2 ~o%] e~ O )
P = =L 7\
4 Ay *Z (= _
Pue. 218. Yeaosue Jlununma p2<<Lpi. Puc. 219. Ipoussoanan oroSparenna f.

Onpenenenne. Orobpaxenne A ydosaersopser ycrosuwo Jlun-
wuya ¢ nocroannod L (mmmetca: A<Lip L), ecan oHo yBeanuupaer pac-
CTOsIHHE MeXXAy JIoGbIMH ABYMS ToukaMmu M, He Goaee uem B L pas (puc. 218):

p2(Ax, AY)<Lpi (x,5) Vi, y&M.

Oro6paxcenne A ydosaersopser ycaosuio Jlunwuya, ecain CylecTByer
nocrosinnasa L Ttakas, uro A< Lip L.

3aaaua l. Yaosaersopsior Jn ycaosuio Jinnwsiuna caeayoune otobpaxenna (MeTpura
BE31C CBKIH1083)? .

1) y=1x*, x=R; 2) y=+x., x>0; 3) y=vri++, (x, x)=R%

[TF a2 v Inx, <l
4) y=\:,\;;.—x§, 3;2_{5; 5) y____{ X 3) 0<x\(;
- - N x=0;

3aaxaya 2. Hokaxure, yto

6) y=ix?, x=C, lalLl.

£HaTocTd = Ycarogue Jhmwuua = HENPePOuLBHOCTD.

4. Duddepenunpyemocts @ ycnosie Jlunwuua. [ycts f: U— R* —
raagkoe (knacca C', r>>1) oroGpaxenne o6nactu U eBkauaosa npocrpan-
crsa R™ B esknuposo mpoctpaucteo R (puc. 219). KacartennHoe npo-
CTPaIICTBO K €BK/JHACGBY NPOCTPAHCTBY B Kaxaoil TOYKE caMO HMeer
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ecTeCTBeHHYI0 eBKAHAOBY CTpPykTypy. [loatomy nponssozman f B Touxe
xelUcR"

fox: TxR —>T,(x)R

€CTh JHIHe bl ONepaTop H3 OLHOTO €BK/AHROBA HpOCTpaHCTBa B ApYyroe.
Quesnaia

Teopema. Henpepwsrno OJugp-
eperyupyesoe orobpasncenue f na eca- -
KOM  @LINYKAOM KOMNAKTHOM NOOMHO-
‘acecrge V obaactu U ydosaeraopaer
yeaosuro Jlunwuya ¢ nocroawutol L,
pasnoil gepxHeil epaHu npoussooHod
fraV:

Rm

Pue. 220. Ha uenpepusnoli auddepenunpyemo-
L= SU% Ii.xl . CTH BULITEKAGT BHLINOJAMCHHC YCI0BHR Jinnwnua,

INokasaTteanscreo. Coepunnm Toukn x, y=V orpeskom (puc. 220).
z()=x+1t@y—x) 0<<I< 1. Tlo ¢popmyae Heorona—JleitGuuua

1 1
10 —1@= TN d=| foi @ dr .
[ 0 .

Us ¢opmyn (1), (2) n. 2 u u3 t0ro, 4TO Z=y—X, HMEEM

1 1 N
_ Hf.,mz.(t)dtl < Lig—xldi=L1y—=I,
0 0
4YTO U TpeGoBanoCh AOKA3aTh.

3ameuasnue Bepxuas rpaib Hopmbl npoudsonHoit |f«| na V pocrtu-
raercs. JleficTBHTe/IbHO, N0 NpeAnOJOXKeHHIO f& C', #, 3HauHT, NPOH3BOAHAS
f+ nenpepniBua. Cneposatennsno, |f«| nocturaer na komnakrte V Makcu-
Myma L. ’

[TpucTtynas Kk noKasaTeNbCTBY CXOAHMOCTH MHMKAPOBRCKHX MPHGAMKEHHH,
Mbl PAacCMOTPHM HX B MaJsioii OKDECTHOCTH OJHOA TOoukH. Jlas onucanus
9TOI OKPECTHOCTH MbI HCNOJb3yeM CJeAylollle ueThipe dHcaa.

5. Beanuunwt C, L, a’, b’. Tlyctb npaBas uacTb v auddepeHUHANbHOTO |
ypaBHeHHSA

=v(t, x) (3)

enpenenena u anddgepenuupyema (knacca C°, r=1) B obaactu U pac-
wipenHoro . pazosoro npoctpaucrsa: U R X R'. Met ¢ukcHpyem eBkJjH-
J0BY cTpykTypy B R* u tem camum B T,R" . ‘

Paccmorpum alo6yio Touky (fo, xo)e U (puc. 221). Lnanuap

U={tx: l{—hi<a, [x—x|<b)

RpH AOCTATOYHO MaJjLIX @ U b Jexut B obaactn U. O6osnauum uepes C



222 ROKAIATENLCTBA OCHOBHBIX TEOPEM [ra. 4

n L sepxuue rpaun peanuun vl u jvel *) na stom wunnuape. Oun KocTi-
raioTcsi, Tak Kak IHARHAP koMmnakreH: |v] << C, |v.] L.
Paccmorpum kouyce Ko ¢ Bepmunoii (fo, o), pactsopoy C 1 BricoToli a’:

Ko={tx: [t—tl< a’, Jx—xl< Cli- b))

Ecas uic10 @’ KOCTAaTOMHO Mano, TO 3T0T konyc Ko J€XHT BHYTPH HMJHIA-
pa LL. Ecmt uncna a’, 8°>0 pocratouno Maaw, To Buytpu LI aexut

b
. /(x
g rr Rz 5
1 1
Y, t
Pue. 221, Huaunap U u konye Ko. Puc. 222. Onpeacacuue k& (I, x).

Takxke Beskuil Kowye K, moaywenuwtii us Ko nmapasiiensiblM nepeHecenneM
BepLIHNbl B TOUKY (fo, &), The |x— x| <O,

Mu Gyaesm cuiitath, uto @’ 11 b’ BuGpatint cTosb Maavimi, uro K1l
Pewcnue ¢ ypasueunss (3) ¢ HavyagblbIM ycaosieMm G(lo)=x mul Oynem
HcKkaTth B BHIE @ (f)=x-+h({ %) (puc. 222),

CooTBeTcTByIOUAA HHTErpaibHas Kpupasi JAexnT BHYTpH kKoHyca K.

6. Merpuyeckoe npoctpancrtso M. PaccMoTpus BCeBO3MOKHble Henpe-
puiBHBIe oToOpamenns ki umanuapa |lx—xo| <O, |t —fl <<a’ B corangoso
npoOCTpakcTBo R™. Hepes M mbl oGo3nayaem MllO)l\C‘CTBO TakHx oTeGpaxce-
Huit, YAOBACTBOPSOUNK €llie YCAOBHIO

[A(t, %) <Clt—1ol C))

(B uactnocTH, h{{, x,)=0).
Boeaem B M mMeTpuky o, noJgaraf
p (fl|, Ilz)= llh[—hz[[ = max | Ay (t, x)——’lz (t, x)l.
EEENEY M
lt—tol <a’

Teopexna. Muowecrso M, cHabicennoe merpuroii p, A8aAeTCA NOA-
HBLY METPUHECKUM NPOCTDAHCTEOM.

HdoxasaTtcabcTbo. PapuoMmepHo cxopdwasicg nociaeaoBarelib-
HOCTL Hempepuiubix QyHKUHI cxoautes 1 ucnpepusioil ¢ymswint. Ecau
Jonpenesiplibic (YHKUHH YIAOBJETBOPAAU HepaBeucTBy (4), TO H mpejesb-
Has QyHxkuHs yaoBieTBopsieT HepaselcTBY (4) ¢ Tolf e nocrosuuoi C.

3ameTHM, YTO MNPOCTPaHCTBO A 3aBHCHT OT TPCX NOJNOXKHTEJLHBIX
yucen: a’, b’, C.

¥) 3mesnoukoil 3pech u Aaaee ofo3nauaeTeh Npowssonyas (N0 x) npH PuKCHpOBaHHOM f.
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7. Cmartoe oroGpamenne A: M- M. Onpepennm ortoGpaxenne A:

M—M, nonarasa*)
t

An)(t, )= vz, x+h(x, x)dv. : )
to
Baaronaps uepasenctsy (4) Ttouka (r,x-+h(x, 7)) npuHAANEKHUT KO-
Hycy K: n, creposarensto, o6aacTd onpejesieHns noas v.
Teopenma Ecau snauenue a’ docrarouso sdao, 10 opayra (5)
aadaer caaroe orobpaxcenue npocrpancrea M 8 ceba.
HJoxaszarteascrro. 1. IlokaxeMm, uro A nepesodur M 8 ce6s.
@dynkuua Al HenpepsiBHA, TaK Kak HHTerpas’ HenpephiBHO 3apucsiieli or
napaMetrpa HenpephlBHOH (QYHKUHH HeNpepHBHO 3aBHCHT OT napamerpa H
- or BepxHero npejgena. Oyuknus Ah ynosiaeTBopser

HepaBeHCTBY (4), Tak Kak _ jﬁgg
t . ,
lan < |{ocya| <] {car| <cli—nl. = -
lo fo .
Urak, AMc M. = 1
2. Iloxaxem, uro oro6paxenue A cxaro: p” s con
W AR —Ahe | <A —holl, O0<<A<I. uv%. . Cpaslicune o,

Ias atoro oueHum sHauenne Ahy—Ahs; B touke (f, x). Umeem (puc. 223)

: 1
(Al — Ahg) (1; %) = (01 —v2) d,

rae v; (t‘)=v(r.,x+h,- (z, %)), i=1, 2 '

Cornacuo Tteopeme n. 4 ¢ynxkuna v (t, x) npy GHUKCHPOBAHHOM T YAOB-
JIeTBOpAieT ycJoBHIO Jlunmxua ¢ nocrosinnoit L (no BropoMy aprymenty).
[ToaTomy

oy (B)—v2 (DI <L |y (3, x)— 2 (@ N <L N — Rl

Coryacto Jemme mn, 2

4
(Al — Aly)(t, )1 < | § LIk —holl dt| < La’ o — ).
ty . .

ITpu La’ <1 oTo6Gpaxkenue cxaro.

Teopema poxasana.

8. Teopema CyleCTBOBAHHSI H €UHCTBEHHOCTH.

Cnenctaue. Iycte npasan uwacre v dutpdyepem;ua/zbnoeo ypasgre-
nus (3) nenpepoisno dupgepenyupyesa e oxkpecrroctu ‘rouku (o, Xo) pac-
wuperno2o pazosozo npocrpancrea. Toeda y Touku o ecte TAKAA OKPECT-
HOCT®, 4TO 8 3TOl OKpecTHOCTU onpedeeno pewenue ypaswenus (3) ¢ nHa-
yarvnotm ycaosuer ¢(l)==X, 20e x — awbaa docrarouno Gauskan K Xo
TO4KQ, NpUdem 3TO PelueHue Henpepul8HO 3A6UCUT OT HAYAALHO TOUKIU X.

*) Tlpn cpaenennn ¢ otoGpaxennen Ilnkapa n. 1 caeayer uMérb B EiAY, 4TO MH Temeps
HUlEM pelieHiie B BHAE XA
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HoxaszateanbcTtno. Cxaroe oroGpaxenne A, no teopeme § 30,
uMmeer Henoasmxkuyio touky A M. MNoaowum g(f, x)=x-+h{t, x). Toraa

9=+ 0 g, Do, 0)

lo

Mer BHAHM, yTO g npn (UKCMPOBAHHOM X VAOBIeTBOpsieT ypassenno {3),
a npn == fo — HauaaLUOMy YCAOBHIO g (I, Xo)=x. Dynkuus g wenpepsisua,
TaKk Kak hes M.

Crencreie goxasauo. :

Hrak, Mbl 1OKa3aA:1 TeopeMy CyllecTBOBaHHSA AAs ypapeuia (3) u npeanb-
AIBIAH pellenne, HenpepelBHO 3aBHCAUICE OT HAYAJBUBIX YCAOBHIL.

3

3anaua l. JokaszaTh TCOpEeMY EAMHCTBEHHOCTH.

Pewenune 1. MMoaoxum &’ =0 8 onpeaeacunit M. Ua CABHCTBEHHOCTH HEeNOABKIKHOM
TOYKIt cxaToro oroGpaxenns A: M— M caenyer CAMHCTBEHHOCTD pewenHa (C HaYaAbHLIM
ymonueu G(to) == xq). L _

-Pewenune 2.-Tlyetb @i H @2 —aBa pewenuss ¢ o6WHMM  HAYAILHUM  YCIOBHCM
o (10)=¢2 (to), onpeacaennue mpi  f—fol<<a. Myctb O<a’<a. [lotoxum [gf=
= max |¢@(f}l. Hreen

=1 <a’
| ol ‘

1 ()— 200 =Y V(.0 (8) — 2z, §2(1)) dr.
te

[Tpn nocratouno madzom o’ Touxkmu (1, @i(v)) n (v, @2v) acxar B umanmuape, rae veLip L.
Mostomy g —qii<<Lla’llqi —qull, otkyaa npu La’<<! swmrexactr | qi—gq:l=0. Hrax,
peLICHUS @i, @2 B HCKOTOPOI OKPECTHOCTH TOMKH fo COBDAAAIOT.

ﬂOKaﬂbllaﬂ TeopeMa eJHHCTBCHHOCTH AOKA3aHa.

9. Jpyriic npuMeHCcHis CXKATuIX OTOOpaXKEHHI,

3axaga 1. Jokasate Teopemy 06 06patiofN GYHKIUHH,

Ykasaune Jocratouuo obpatuts C'-otobpaxenne ¢ eIHMHHYHON  AHHEAHORM
yacTblo, y=x-+g(x), rae ¢ (0)=0, B oxpecrnoctit Toukn OeR® ~(obwnii cayuan
CBOANTCA K 3ToMy Jumchuofl 3ameuofl Koopanuar).

Huwes pewcune B Buae x=y+4+y(y). Toraa noaywaem aim ¢ ypasmenne ¢ (y)=
=—¢y+v ) : .

Cieposateanuo, HckoMas  ¢Qyukuus < ABIACTCA  HENOIBIIKHOM  TOUKOA oTobpa-
HEHHA A, 0BpOICACHBHOrO OPMYaOi

(AP)Y) = —¢ v+ vW)).

OtoGpamenne A (B noaxoasuleli MCTPHKE) €XaTo, NOTOMY uTO NPOM3BOAHAA (yHK-
Wik @ B OKkpecTHOCTH Toukn O Maaa (BBBAY ycaosHS

7 (0)==0).
Z’[‘z;t} 3anaua 2. Ilm\a:;aTb uTo JoMaHaa Ditiepa
T . CTPEMHTC K peWICHHIO, KOrAa €€ war CTpeMuT-
a’ € K nyaio.
a4 A4 . Pewenne Iyers g,=x+4h, — romanan
T - Ddiiiepa ¢ waroM A H  navanoM  g,(f, xo)=x
Z.a tl S(t} z 4 (puc. 224). Hubivmu crosamu, npu {556+ LA
Puc. 224, Jlonanas diiacpa. ag\(t, x)/t=u (s (), &y(s(D), x)),

rae s(h=fo+kA, k— uenan uacte (I—I)/A. Ormmune aomamnoli Diincpa or pemcmm g
MOMKHO OUCHHTL NO q)op\xy.ne n. 3 § 30:

—gll=1lh—h) <A —2)"" uAhrhAu ’ ‘
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{ 1
Ayt n=fo(c g @) mEH={r (0 L EED)4
to te

Ipn A — 0 pa3nocTs NOAKHTEr padbHHUX BHpaXKenKii pasHoMepHo no T, 1] << a’, cTpemurcs k 0
(BcnencTBue pasHocTeneHnoft nenpepusnoctn v). [lostomy (|Ahy~hall >0 npu A -0
H JoMmaHas Jilfiepa CTPEMHUTCA K PelUeHuIo.

3anaua* 3. Paccmorpum anddeomopduam A oxpectHoctn Touxu 0 B R® ma
okpectHocTb Toukn 0 B R”, nepesoastuii 0 B 0. IMpeanonoxum, uro Jnneinan uactb A 8 0
(. e. onuneiinuf omepatop A, R'— R') ne m -
uMeeT coGcTBeHHBIX uucen ¢ moayaem 1. Ilyers R M
YHCAO cobcTBeHHHX uncen ¢ |A)l<<1 parno m_, 3 -

AAl>1 pasno my. TorAa A,o uMeeT uUHBApH- R
aHTHOE MOANPOCTPAHCTBO R™- (BxonswHA  yc)
H HHBApPHAHTHOE TMOAMPOCTPAHCTBO R™+ (suxops-
WHA  yc), TOUKH KOTOPHX CTpeMATCs K 0 npn . ”’”f
npumenennn Aw, rie N-»+oo (ann R™-) umn Asg ’ A
N> —co (aan R'+) (puc. 225).

Doxasars, uto ucxodwoe weAunednOe OTO-  py. 295 Yeu oroSpaxenns H ero aned-
Gpaxenue A TOXE uMEET 8 OKPECTHOCTH TOuRH 0 non uacth,
unegpuantuste nodxnozoo6pasus M- u M 4

(sxonsmmi u Buxopmmuid ycw), xacaowuecs & O noanpocrpancrs R™ u R™+ (4 N0
npa N>+ oo na M"—, npu N> — oo pan x& M +).

N\‘\‘e,

Ykasauue. B3arbh karoe-mu6o noamuorooGpasne Ip pa3MepHocTH my  (ckaxem,
Kacawoueecs R ' B 0) W npuMeHsTh Kk Hemy crenenn A, MerofoM cCXaThX OTOGpaXeHui
A0Ka3aTh CXORHMOCTb NOAYYeHHHX nmpubammenuit T'y=A"To, N-» + 00, K MT,

3anaua* 4. Jlokasarb CymecTBOB2HME BXORAUErO W BHXOAALIEro YCOB Y Heauued-
Horo ceana x¥=v (x), » (0)=0 (npeAnocAaraeTcn, YTO HE OQHO M3 COGCTBEHHHX YHCE one-
patopa A=uv. (0) He JeXHT HA MHUMOH oCn).

§ 32. Teopema o auddepeHunpyeMocTn

B stom naparpade aokasbiBaeTcs TeOopeMa O BHIIPSIMJEHHH.

1. ¥YpaBnenune B sapHauusax. C anddepenunupyeMblM oToGpakeHueMm
[: U=V cBazano nuneilHoe oToGpakeHHe KacaTeJbHHX NPOCTPAHCTB B
KaXJ0M TOuKe .

for TxU~ Ty V.

Touno Tak xe c¢ aHdGepeHIHANLHHIM
ypaBHeHHeM

x=v(,x), xeUcPR, (1)
CBA3aHa cHcTeMa nmb(pepeﬂunanbnux ypas-
HEHHH : '
M n
X=v (tv x)’ xelc R » (2) Pue. 226. Pruenne ypassenua 8 sapua
!;= - (t, x) v, ye TxU, uHAX © nauaf:bnum ycaosues (x, g).

HasbiBaeMmas cucremold ypasuenuit 6 eapuayuax Ana ypasHenus (1) u
AuHelinana OTHOCHTEJIBHO KacaTenbHOro Bekropa y (puc. 226). _

3ee3nouka B cdopmyste (2) (# B AanbHefimux ¢opmysnax) o3Hayaer
npoussonnyio .no x npu ¢ukcupopannoM f. Tak, v.(t,x) ecTb JNHHeAHbIA
oneparop 3 R*s R” :

8 B, U. Apuoasa
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Hapany c cucremoii (2) yao6uo paccMaTpusaTe CHCTEMY
x=v(t,x), xeUcR, z=v(,x2 22 R">R. (3)

Cucrema (3) noayueHa H3 cucTeMbl (2) 3aMeHOd HeH3BECTHOIO BEKTOpa ¥

HEeH3BECTHHIM JIHHEAHBIM fpeoGpa3oBaHHem 2. Mul GyaeM ymoTpebasiTh

Ha3BaHHe ypaeHerue 8 6apuayuax Takike H MPUMEHHTENbHO K cHcTeMe (3).
3 ameuanue Boobule, ecan AaHo JAuHeiiHoe ypaBHeHHe

g=A(y, y=R" (2"
TO MOJIE3HO PACCMOTPETh aCCOUMHPOBAHHOE YypaBHeHHe
' z=A()z, 22 R"—>R" (3)

OTHOCHTENBHO JiHHefiHOro omepatopa 2.
3Han peuleHHs oAHOTO 3 ypasHeuuit (27), (3'), Aérxo uaijith peleHHsn
Apyroro (Kak?).

2. Teopema o nuqupepeﬂunpyemocm. ITlycte npasas wacre v ypasue-

Hus—(1)— dsancdvi™ Henpepoisno ~Oudepenijipyena 8 HeKOTOPOIL OKpPecTHO-
cru todku (fo, Xo). Tozda pewenue g(t,x) ypasnenun (1) ¢ Hauaronovim
ycaosuesm g(fo, X)=x 3a8UCUT OT HAUGALHO20 YCAOBUR X HEnpepuisHO Oug-
depenyupyemo, K020a x u t meHRIOTCA 8 HeKOTOPol (ObiTo MOXCET, MeRbuleli) |
okpectrocTu Touku (fo, Xo):

vel’=>geCl

(kracca C' no x).

Hokasateabctso. veC?=v,e&C'. Mostony cuctema ypasHennuit
B BapHauHax (3) ynoeaerBopseT ycaoBuAM u3 § 31 u nochenoBaTenbHOCTDb
MHKaPOBCKHX NPHOAHKeHUT PaBHOMEPHO CXOAMTCA K €€ pellleHHIo B JoCTa-
TOYHO MaJIoil OKPeCTHOCTH TOUKH fo. BoibepeM HayadbHble YCJIOBHA =X
(noctarouso 6Au3KO K Xg), Yo=E. O603HaUHM NHKAPOBCKHE MPUOTHIKEHHUR
yepe3 @, (AN X) u Y. (17 2), T. €. MOJMONKHM

(p,.+.(t'x) =x+S U(T. ‘Pn(fr x))dr, (4)

[

4
Yar1 (6 2)=E+] v.(x, @a (1, ) ¥ (3, ¥) dr. (5)
t
3aMeTHM, 4TO o, =VYo. H3 onpenenesnii (4) u (5) unaykuueidi mo n
33KMOYAEM, YTO Qaiie=1Pa41. T103TOMY NOCAENOBATENABHOCTD {1, }— 3TO
MOCJ/IeIOBaTE/IbHOCTL MPOH3BOAHBIX MOCJef0BaTeAbHOCTH { ¢, ). OGe mocse-
nosateavuoet (4), (5) pabHOMepHO CXOAATCHA (KAaK NOCAEAOBaTEIbHOCTH
NHKapOBCKHX TpuGAHKeHHH cuctempl (3)) nNpH  [AOCTATOYHO MajloM
{t—tol. Hrak, nocnenosatensHocTs {¢n} CXOAMTCS PaBHOMEPHO BMecTe
C npoH3BoAHbIMH 10 x. [TosToMy npenensHasn QyHKunA g (4, x)= lim, qu (¢, %)
HenpepwiBHO AuddepenuupyeMa no X, yto H Tpe6OBANOCL AOKA3aTh.
3ameuanue OqHoBpeMeHHO AOKa3aHa
Teopewma. lpoussodnan g, pewenun ypasuenus (1) no nauasvno-
MY Yycaoguro x YyOosAeTEBOPAET YPABHERU!O G 6apUAHUAX (3) ¢ nauarbuo
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ycaosuen 2 (t))=E:

227

-;7 gt,x)=v(t g(t,x)) -(-;zt- g.(t,x)=v,(t, g(t, x))g.(t, x),

g(fo, x)=x, g.(t, x)=E,

3t1a teopema OOBACHAET CMBICA YPaBHEHH{I B BapHaWHUAX: OHH ONH-
cbiBalOT AeficTBHE mpeoGpa3oBaHHA 3a BpeMs OT fp R0 { Ha KacaTejabHble

BEKTOPH K (a30BOMY NPOCTPaHCTBY
(puc. 227).

3. Buicume npoussosmne mo  x. Y alztly
Ilycrb r2>2 — nenoe uucno. x oty
Teopema T, [Iycre npaeas
uvacte v ypasuenun (1) r pas Henpe- % ¢

poigro Quppepenyupyemna 8 nexoropoi

¢

OKpeCTHOCTU TOMKU (10, xo)_ Toeoa pe- Piic. 227. Hefictene npeoGpajonsanns 3a spems
OT {y 20 ¢ Ha KkpHBYIO B a3oBOM NPOCTPaH-

wenue g (t, x) ypasnenun (1) ¢ HAUANb-  croe u ua ee xacatensnuih sexrop.
Hotm ycaosuem g(lo, x)=x 3asucur or

Ha4aabHo20 ycaosus x r—1 pas Henpepoleno a"'u¢¢epenqupye)uo ‘Ko20a
x u ! menalorca 8 nexkoropoid (06iTo mMoxeT, MeHbuel) OKPECTHOCTU TOMKH

(fo, xo): ,
veC'>geCi™'.

HoxasateabcTBO veEC'=v,&C ", 3nauur, cucrema ypas-
HenHH B Bapuauuax (3) yaoBAeTBopseT ycnosusMm TeopeMut T,_i. I'loaTomy

Teopema T,, r> 2, BhiTeKaet u3 TeopeMbl Tr_;:
veC'z>nel 'mgeCi~?=geCi™.

Ho teopema T: mokasana B n. 2. Hrak, teopema 7, nokasaHa.
4, Mpoussonunie no x u . [lycts r >2 — uenoe unucno.

Teopema T,. B ycaosusx teopemtt T, pewenue g(i,x) asrserca
p y p

Sugppepenyupyenoit pynryueld kaacca C*~' no nepemennom x u t

velC'=>g=C"\.

emecre:

Sra Teopema— oueBHAHOe c.nencraue npeasiayieii. Bor dopmanshoe

JAOKa3aTeabCTBO.

Jlemma. Mycrs f~— Pynxyua (co 3snavenusamu 8 R"), onpedesennan Ha npaxom

npou3ssedenuu obaacru G eaxaudosa npocrpancrea R™ u orpeaka I na ocu t:

f: GXI—+R"
Cocrasus unrezpas

4
Fe 0=l fx.0)de. 226, [t 111
to

Ecau feClu feC™', ro FaC".

Hefictaureasko, mMoBas r-n uwacTHas npoussoanan oyuxkuun F -no  nepemexHnM i -
H {, conepxauan audpdepennuposaHue no f, sxpaxaerca yeped f H YacTHHE NPOHIBOAHBIE

dbynkunn f nopagxa Menbwe r, a NOTOMY HenpepLHBHA; BCAKAA KE r-A 4acTHan
Haf N0 NepeMeHHHM X; HEempephBHA MO yCJAOBHIO.

8*

npouspoa-
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HokasateabcTno TeopeMu. Mueen
t

gt D=2+ v(r, g (v, 1)) ax
ls
O6osunauum f (v, x)=v{t, g(v,x)) 1 Gynem npuMeHATH aemmy. Haxoaum npu I<p<r

geC ' NCL = g=Cv.
Coraacho Teopeme 7., umeem ge C% npu p<<r. [ocaerosateasho nodyyaem
gelC’=>gel's> .. .= gaeC. -
Ho, coraacno § 31, g=C° (pewenne HenpepuBHO 3aBHCHT OT (X, ¢)).
Teopema T; nokasaua. )
3anaua l. Hoxkaxute, uro ecin npasas yacTs AH(deperuHaNLHOrO
ypaBuenus (1) Oeckoneuno AauddepeHunpyeMa, To H pelleHHE 3aBHCHT
OT HavaJbHHIX YCJOBHIl GeckoHeuno AHbdepenLHpyeMO:

1eC®=>g=C™,

3am eyaunue. MOX\HO TAKXC A0Ka3atb, lITO €CJIH npanaﬂ HJacTp ‘UF )

aHannThHuna (pasnaraercst B cxoaswuiica K v pan Teiinopa B OKPeCTHOCTH
KaXX A0l TOYKH), TO H pelieHHe g aHAJHTHYECKH 3aBHCHT OT X u .

Huddepenunanbisie ypaBHeHHsl ¢ aHAJIHTHYECKHMH NPaBbIMH 4acTAMI
€CTECTBEHHO pPacCMaTPHBATh KaK MPH KOMIIEKCHBIX 3HAYEHHAX HeEH3Be-
CTHBIX, TaK H (4TO OCOGEHHO BaXKHO) NPI KOMILEKCHBLIX 3HAUeHHAX BpeMeHi.
06 3toit Teopuu cM., Hanpumep, kuiry B. B. I'onyGesa «Jlekunu no anaju-
THYecKol TeopuH nuddeperunanbibix ypanennii» (M.: Toctexusaar, 1950).

5. Teopema o BLIAPAMJEHHH. DTa TeopeMa — OYEBHAHOE CJEACTBHE Teo-
pemul T7. Ilepes noKasaTeqbCTBOM BCIIOMHHM JBa NMPOCTHIX FEOMETPHUECKHX

L npeanoxenns. Ilycts Ly uw Ly — ABa JAHHEHHBIX
4 NOAMPOCTpPaHCTBA TPETbero. JiHelHOro npocTpaH-
/ L, crea L (puc. 228). Iloanpocrpaucrsa Ly u Ly ua-
. 3bIBAIOTCSl  TPAHCBEPCAAbHLIMU, €CAH  HX CcymMMa
ecTb Bce npocrpanctso L: L+ Lo=L. Hanpumep,
npsmas B R® TpauceepcanbHa MJI0OCKOCTH, €C/H
Puc. 228. Mpamaz L tpanc- NEPECEKAET ec MOA HEHYJEBHIM YIVIOM.
sepcadsua RAGCKOCTH Lz B Mpennoxenne 1. Jas kaxdozo k-mep-
npoctpauctse R°, i
Hoeo nodnpocrpancréa R* 6 R' naiiderca tpanc-
sepcassroe emy (n—k)-meproe (npurosn daxce cpedu Ch koopduxarHolx
naockocreti npocrpancrea R').

Joka3aTeqbeTBO €M. B Kypcax JuHeidHOH aareOpui (Teopema o panze
Mmarpuiot) .

[Tpeannoxeuue 2. Ecau auneiinoe orobpaxcenue A: L—» M orobpa-
amaer Kakue-aubo dsa TpanceepcaabHelx NOONPOCTPAHCTBA HA TPAHCEep-
CaabHbLE, TO OHO — HA B8Ce NPOCcTPAaHcTeo M.

HokasaTteabcrtBo AL=AL +AL =M.

JokazaTenbCcTBO TeopeMb O BHOPAMJIEHHN: HcCaBb-
TOHOMHBHE cayua#l (cm. ra. 2, § 8 n. 1). Paccmorpum otobpake-
uue G o6aacti npsamoro npousseaenns RX R' B pacunpennoe dasosoe npo-

CTPAHCTBO ypaBHEHHA .
xX=0 (t’ x)’ (l)
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3a]aHHOe qpopmy.nou G(t, x)=(t, g(t x)), roe g(¢, x)—pemeuue ypasue-
HHA (1) ¢ HauanbHBIM ycnosueM g (£, X)=x.

[MokakeM, 4T0 G B GKPeCTHOCTH TOUKH (fo,Xp) — BHITPAMASIOWHA AHD-
¢eomoppuaM.

a) Orobpasxenue G duqbc;bepeuuupye»to (knacca C™™', ecnu veC')
no teopeme T7.

6)- Orobpasenue G ocrasaser t Ha mecte: G (I, x)==(t, g(I, x)).

8) Orobpaxcenue G, nepesodur crandapruoe sexToproe noie e (x=0,
t=1) 8 Oannoe nose: G.e=(l,v) (tak kak g(f, x) — pellenHe ypasHe-
uus (1

r)( ()))ro6pawcenue G 6 oxpecrnoctu Touru (lo, Xo) — Ouggpeomoppuss.
JeficTBHTeNIBHO, COCUHTaeM CyXeHus aunefioro omeparopa G.l, . Ha
TpaHcBepcatbHbie miaockocTH R™ u R! (puc. 229). Haxomm-

G"R":1=lo_E' G‘IR':x=xae_‘v+e‘

[Mrockocts R M npAMas ¢ HanpaBAfIOUWIHM BEKTOpOM v-}e TpaHc-
sepcanbhbl. Hrtak, G, ecrb auuefinoe orto6paskenue R"T' ma R"H!

[ :

Pue. 229. TIpoussoanan oroSpaxeins G 8 Touke. Puc. 230. Tlocrpoenue anddeomopdns-
(to. xo)- M2, BHNPAMIAOUWIETO BEKTOpHOE fOAE,

cleaosaTenbHo, H3oMoppH3M (fikoGuan G, B Touke (fo, xo) ornnuen or 0).
Mo Teopeme o6 oGpaTHoit ¢pyHKUHH G — NoKaabHbIA AHGdeoMopdHaM.
Teopema poxa3sana.
Hoxa3aTeabcTBO TeoOpeMH O BHODPSIMNEHHH aBTO-
HOMHHA cayuailt (§ 7, n. 1). PaccmorpuM aBTOHOMHOE YpaBHeHHe

x=v(x), xeUcR~ (6)

ITycTb BeKTOp Uo $a30BOH CKOPOCTH B TOUKe Xo OTAHueH ot 0 (puc. 230).
Torpa cymecreyeT (n— 1)-mepnas runepmaockocts R*~'—R” npoxonamasn
yepe3 Xo H TPaHCBEPCaJbHARA Vo (TOUHee, COOTBETCTBYIOWLAs IIOCKOCTD B Ka-
careabHoM npocrpancrbe T, U Tpancsepcansna npsivoii R' nanpapiienus vo).

Onpeaennm omﬁpaxceime G ob6nactu RXR*™!, rre R*™'=(g}, R=
={f}, B obaacts R' dopmynoit G({,H=g({, B, rae T sexur ua rR!
B6au3u xp, a g(f, B ecTb 3HaueHHe pemeHHs ypaBHeHHA (6) c Haya/bHBIM
yenosnem @(0)=F% B MomeHT {. [TokaxeM, 4To B JOCTaTOYHO ManOH OKpecT-
HOCTH TOUKH (B=xo, {==0) oroGpaxenne G~' — Bunpﬁunmomuu angpdeo-
MOpdH3M.
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a) Orobpasxcenue G Quggpepenyupyeno (Ge=C ™", ecan ve=C") no Teo- .
peme T7.

6) Orobpaxcesnue G™! soinpamafowiee, Tak Kak G, NepeBOLHT CTaH-
AapTHOE BeKTOpHoe noie e (E=0, t—-l) B G.,e=v, nockoabky g(f, &) yno-
BJeTBOpPAeT ypaBHeHHIO (6).

B) Orobpadcenue G ecTo aokarsubil duppeomoppusn. IlefcTBUTENBHO,
cocyHtaeM JauHefinbifi omepatop G,l,, ,, Ha TPAHCBEPCAJbHBIX MJIOCKOCTSX
R*~! u R'. Haxoaum G,|p-1=E, G,|ge=1v,.

Hrak, oneparop G,l,,, NepeBoaHT Napy TPaHCBEPCAJbHbLIX NOANPO-
crpancte R"™' u R'cR" B mapy TpaHceepcasibHbIX MOANPOCTPAHCTB.
Mostomy G,l,, ., — AHHeliHoe oToGparkenne R" ua R", caeposatenvuo,—
n3omopdusm. Ilo Teopeme 06 o6paTtHoH ¢yHKUHH G — JoKaJabHbIE Audeo-
Moptusm. Teopema mokasaua.

3ameuanue [lockoabky Teopema o auddepeHmHpPyeMOCTH HoKa-
3ana ¢ norvepefi ogHoll npoussopHoll (veEC = geC™™"), 10 1 y Bunpam-
asomux auddeoMopduaMOB MBI TaKXKe TapaHTHPyeM JHillb Kiace Iiaf-

kocTH C"~'. B 1efCTBHTeJbHOCTH NOCTPOEHHbI BHNpAMAsoWuil Anddeo-

MoppuaM-uMeeT kaacc C’; 10Ka3aTeqbCTBO NPHBEAEHO HIKE,

6. Tocaenunas nponasoanas. B Teopeme o anddepenunpyemoctn (n. 2)
Mbl NpeAANo/araji noJjie.v ABa)kAbl HeflpepuBHO AHddepeHuHpyeMuM. B neii-
CTBHTE/ILHOCTH JOCTATOYHO OAHOKpaTHOH HenpepbiBHOl aH¢depenuupye-
MOCTH.

Teopema. Ecau npasasa wacrd vu(t,x) Quppepenyuaasnoeo ypas-
Henua X==v ({, X) Henpepoiero Qupdepenyupyexa, 10 pewenue g (i, x) ¢ Ha-
ugavhbiM ycarosuen g (to, X)=2X 3a8UCUT OT HAHAALLHHIX yc,wauu HenpepoLerO

duppepenyupyeno:
vel'=»geCl )

CaencreHa

1) vel =gl npu rz=1.

2) Hoctpoennvie 8 n. 5 sunpansarowue Jupdeomopgpuasst r pas He-
npepotsro dupdepenyupyemst, ecau veC’,

CrnencTsus BBIBOLATCA H3 COOTHOWeHHS (7) OOCTOBHHIM TOBTOPEHHEM
paccyxjenuit nn. 3, 4, 5. JlokasartenbcTBo ke caMmoit TeopeMbl (7) TpeGyeT
HEKOTOPbIX YXHLULPEeHHH.

HBoxasateancteo Teopenmu. Haudes co caelymimux samedanus.

Jeumma 1. Pewenue auneinozo ypassenus y=A(1)y ¢ Henpepwano 3sasucauied
OT { npasod 4aCTLIO CYWECTBYET, HenpepuleHo, onpedeAReTCA HAHAALROIMU YCAOBUAKU
@ (fo)=Yyo OOHO3RGUKO 1 3a8UCUT OT Yo & ! HenpepuiBHO.

JleficTBHTEIbHO, AOKAa3aTe1bCTBO TEOPEM CYLLECTBOBAHHS, €XHHCTBEHHOCTH H Hempe-
puBrocTH (§ 31) HCMOAB30BaI0 TObKO AHGOEPEHUHPYEMOCTb MO X NPH QHKCHPOBAHHOM
! (dakTHueckd Aaxce ToAbKO ycaoene Jlunwuua no x). IToaromy nokasarteabctso coxpa-
HAET CHAY, ecAH 3ABHCHMOCTL OT { Npeinoaararts Julb Henpepusnoff. JlemMa aokasana.

3ameTHM, 4YTO OT Yo pelleHHe 33BHCHT JHHeAHO, a OT ! — HenpepuBHO nmpcpepenuu-
pYeMo, no3ToMy NMpHH2ZAEKHT Kaaccy C' no go u { BMecTe.

Jemma 2. Ecau aunednud oneparop A & semme 1 3asucur ewje or napauerpa o TaK,
uto dynkyua A(t, o) nenpepoiana, 70 u pewenue 6yder nenpepusnod pyskyued or yo, { U d.

HeficTauTeabko, pelleHHEe MOXKHO NOCTPOHTbL KaK Opefea NocAeAQBaTEALHOCTH NHKa-
posckux mpnOammenufi. Kaxkioe npubaumenne HenpepHBHO 3aBHCHT OT Yo, ¢ H . [locte-
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- AOBATENBHOCTb NPHOAWMEHRA CXOAHTCA PABHOMEPHO OTHOCHTEIbHO Yo, ! H &, MEHAWLIHXCH
B NOCTATOMHO MaJOft OKPECTHOCTH M0G0 TOUKH (Yo,0, o, o). [NosTOMy npenen — Henmpe-
puiBHaA GYHKUHA OT Yo, ! K @.

Jlemma 2 noxasana.

IMpuMenuM nemMy 2 K ypaBHeHHIO B BapHalUHAX.

Jlemma 3. Cucrema ypasHenuid 8 6apualuax

t=v(l,x), y=v,(Lx)y
umeer peutenue, kotopoe onpedeaseTCa CGOUML HAYAALHbMU OGHHOLMYU OOHOIHAHKO U 3ABUCUT
OT HUX HenpepolBrHO, eCAU TOALKO noae v Kaacca Cl.

JeficTBuTenbHO, NepBOe ypaBHeHHe CHCTEMH HMEET pelleHHe NO TeopeMe CyLlecTBOBaA-
uua § 31. 3ro peweHue onpeleseHO CBOHMH HaYaJNbHHMH YCNOBHAMK (fo, Xo) OAHO3HAUHO
H 3aBHCHT OT HuX HempepnBHo. [loacTaBHM 3To pelleHne BO BTopoe ypamueHue. [loayuum
JuHefiHOe ypaBHeHRe OTHOCHTEIbHO y. Ero npasas 4yacTb HeMpepLIBHO 3ABHCHT OT ! H—
Kak OT fapaMeTpa — OT HauyaJbHOTO YCIOBHA Xo PacCMaTPHBAEMOrO pPeIUEHHs NepBOro
ypasuenus. [lo nemme 2 370 JuHeiinoe ypaBHeHHe HMeeT pellleHHe, KOTOpOe onpejrensercs
CBOHMH HAYaAbHBIMH AAHHBIMH Yo H ABJIRETCA Henpepusrof QynKunell 0T ¢, Yo H napameTpa Xg.

Jlemma 3 nokasana. i

TaxkuM 06pa3oM, ypasueMus @ 6apuayuax paapewumsl u & caysae v&C'. 3aMetum,
yTo B caydae veC? MR 10Ka3aaM, YTO NPOH3IBOAHAA PElICHHA NO HAYANLHMM HaHHHM
yAoB/aeTBOPAET ypaBueHHio B papuanuax (3). Tenepp e MH He MOXeM 3TOrO y'raep)lea-rb'
Beib MH elle He 3HaeM, CYLLeCTBYeT JH TaKas NPOHIBOJHas.

Yro6u nokasarh AupQepeHUHPYEeMOCTL peleHHA N0 HayaJbHHM  YCJIOBHAM, pac-
CMOTPHM CNIePBA YacTHHA caydaR.

Nemma 4. Ecau eexropnoe noae v(t, x) kaacca C' pagno 0 @ rouke x=0 npu acex
amecre co ceoed npousgodnod v., TO peulenue ypaskenun X=v(l, x) Ouddepenyupyeso
no HAYQAGHOIM YCAOBUAM 8 TouKe x=0.

~ Reficteuteasno, no ycnoewio |v{f, x)l =o(lx[) B okpecrnoctn Toukn x=0. Ouenum
NOTPEIHOCTb NPHOAHIKEHHA X=Xy K pelIeHHI0 X=g(I) ¢ Havanbiikim "yeaoBHeM @ (fo)==Xo
no dgopmyae n. 3 § 30. ITpu nocrarouno manux lxol u 1t —1ol naxoanm

? .
|.p—x..|<(|—x)-'| Su(t,xo)dtl <K max 9(z, %)
s teSt<t

rae KoHctauta K He 3aBHCHT OT Xo.

Hrak, |@—xol=0(Ixsl), orkyna cienyer, uto ¢ anddepenunpyeMo no xo B. Hyae,
4TO # TPeGOBaNOCHL IOKA3aTh.

A Tenepb Mn cBeaeM ofmuA cAyYaR K CNEUHANLHOR CHTYyaUHH JeMMH 4: RAA 3TOro
AOCTATOYHO BHGpaTh B pacuwiHpeHHOM ¢(a30BOM NPOCTPAHCTBE NOAXORAILYIO CHCTEMY KOOp-
auuar. [lpexne scero, MH BCerna MoXKeM CYHTaTb PacCMaTPHBaEMOe DPelIeHHE HyAeBHIM:

Jlemma 5. Mycro x=q(f)— peuwenue ypasHewus X=v (l,x) ¢ npasod «actoio
xaacca C', 3adannod 8 obaacru pacwupennozo ¢asosozo npocrpascréa RXR'. Tocda
cywecreyer C' — dugpdeosmopgusn  pacuupennozo daseaozo apocrpancrsa, coxpanoujud
epexn ((t, ¥}~ (¢, x1 (2, x))) u nepesodaujust pewenue @ 6 x,==0.

JleficTBHTeAbHO, AOCTATOYHO CREAATH CABHI Xy =X — @ (f), nockoavxy g C';

Jlemma 5 nokasana.

B cuctreme koopamuar (4, x;) - npaBas  4acTb Haulero ypaBHeHMsa paBHa 0 B Touke
x,=0. Iokaxem, 4To NPON3BOAHYIO NPaBOR YacTH NO %) MOXHO TaKXe OGPaTHTL B HYAb
ApK NOMOUIK NOAXONALER AHHERHOH MO X 3aMeH KOOpAHMHAT.

Jlemma 6. B npednosoxenunx semmvi 5 koopdumaret (I, X\) MOXHO ewibpars Tax,
w10 ypasnenue X—v(f,x) OydeT IKEUSAAEHTHO ypasHenuwo X =wu, (I, X)), 20 nose v,
pasno 0 & Touxe xy=0 emecte co ceoed npousgodunod dvi/0xi. Mputom Pynxyuio x; (I, x)
MOXCHO 8UI6PATS Aunednol (He 0683aTeAbHO OOHOPOOHOM) OTHOCUTEALHO X.

CornacHo neMme 5 MOXHO cuMTars, 4T0 ¥ (¢, 0)=0.

Uro6u flokasath Jemmy 6, paccMOTpHM cnepBa ee MacTHHR cAydai:

Jlemma 7. Yraepudenue aemmvt 6 cnpasedauso 0aa Aunedno2o ypasnenun x=A (1) x.

JeficTBUTE/ibHO, NOCTATOUHO NPHHATHL 32 X; 3HAYEHHE DPEWEHHA € HAMANBHWM yCAO-
BieM @(f}=X% B ¢uKcHpoBaHHWA MoMenT fo. Coraacuo aemme 1| x=B(f)», rae B(t):

-
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R"— R” — nunefinbiit onepatop kaacca C' no f. B koopaunatax (f, x) uawe JnxedHoe
ypaBHeHHe MPHHHMaeT BHI £, =0.

Jlemma 7 nokasawa. .

NokaszateabctBo Jaemmb 6. Jluneapuayem ypaBHenue x=v({,x) B Hy’e,
T. C. COCTABHM YDaBHEHHE B BAPHAUMAX £=A (B x, rtae A (O)=v, (£, 0).

Mo ycaosuo, veC', nostomy A=C’. Mo nemme 7 Momuo BuGpath C'-KoOpAHHATHL
x; =B (t) x Tak, 4TO 8 HOBBIX KOOPAHHATAX JHHEaPH30BAHHOE ypaBHeHHe NPHUMeT BHA X =0.
Jlerko mpoBepHTb, 4UTO B 3TOH CHCTEM@ KOOPAHHAT NPaBasA 4acTb HMCXOAHOTO HeJHHEHHOro
ypaBHenusa OyleT HMETb HYJEBYIO JHHCAHYIO 4acCTb. .

HeiicteHTe1bHO, BBeleM o6o3HaueHna V=Ax+R (toraa R=o(lxl)) u x=Cx
(torna C=B""). Nuddepenunaasoe ypasueune Aas x, NOJAYHACTCR H3 X¥=1y NOACTAHOBKOM
x==Cx,. INoayyaem

Cx(4Cxi=ACxi +R.
Ho, no onpeaenendio C, nepsbie (AuHefiHsle MO x)) cJaaracmbieé €1eBa M COpasa pasHul
Hrak, .
£1=C~'R(t, Cxi)=o0(Ix\]).
Jlemma 6 fokasaHa. |
Coeannas aeMMmbl 6 H 4, NPHXOAHM K CEAYIOWEMY 3aKAOHEHHIO:
Jemma 8. Pewenue Odupdepenyuarsnozo ypasuenur _x=2v(f, X}__C _npason. «acTsia_.

TTTTKiacéd CU dudpepenyupyeso 3asucuT OT Haarsnozo ycaoeusa. l1poussodnas z peuwenus

nO HA4AABHOMY YCAO8UO yGOBAETEOPALT CUCTeMe YPAaHeHUd 8 BapUALUAX

,é:u(f' x), é=u.(t, x)z, 2([0)=E: R -~ R

Hlas nokasateabcTsa JAeMMbi 8 AOCTaTOMHO 3aMHCaThb ypaBHEHHE B CHCTEME KOOPAHHAT
JemMMbl 6 B MPHMEHHTDb JCMMY 4.
- 139 10Ka3aTe1bCTBA TCOPEMB OCTAN0Ch yGeaHTbCA B HEMPEePHIBHOCTH (POH3BOAHON
pelleHsa no HauaJsloMy ycaosko. CoraacHo aemme 8 3710 NpOH3BOAHAR CYWLECTBYET W yNOBJET-
BOpRET CHCTeMe ypasuenuil B sapuawiax. H3 nemmst 3 caeayer HenpepuiBsas 3aBucHMOCTb
pellcHHH 3TOlH CHCTeMBbl OT Xo H .

Hrax, Teopema nokasaua.



Farasad

Hnddepenunannubie ypasBHeHHA HA MHOrooGpasusx

B s3Toit rnase onpepeasioress AuddepeHuupyemble MHOrooGpasus H
1OKa3blBAeTCA TEOpeMa O CyLeCTBOBaHHH ($as30BOro MOTOKA, 3aJaHHOTO
BEKTOPHBIM TOJIEM Ha MHOroo6pa3s’HH.

B rteopun aud¢epeHuHanbHBIX ypaBHeHHH Ha MHOrooGpasHsX MOJY-
UEHO MHOTO HHTEPeCHbIX H FyOOKHX pe3ysbTaToB, 0 KOTODHIX Hesb3sl GHJ0
ycneTb paccKkasaTh B HACTOfULeH riaBe, SIBASIOLUEHCS JAHLIL KPATKHM BBe-
leHHeM B 3Ty o6n1acTe HA CTBIKE aHaqH3a H TOMOMOrHH.

§ 33. duddepenuupyembie MHorooGpasus

[Mouarue puddepenunpyeroro, M rJIajKoro, MHOrooGpasHa Hrpaet
B reoMeTpPHH M B aHAJH3Ee CTONb e (YHIAaMEHTAJbHYIO PoJb, KaK B anare-
6pe MOHATHA rpymnnbl U JHHEAHOTO NMPOCTPAHCTBA.

1. Tpumepst muorooGpasuit. Koraa uuxe Oyser AaHo onpeneseHHe
MHOroo6pasus, TO MHOTrOOGpasHSIMH OKAXYTCSl, HanpHMep, CleAyOIUHe
_ o6bekTsl (puc. 231):

1. Jinneiinoe npocrpauctso R* uau mo6ast ero o6aacTs (OTKPHTOS MOA-
Muoxectso) U.

2. Chepa S”, 3anauuan 8 eBKIHAOBOM npoctpaHctTee R*T! ypasnenuem

X%-I- vos +x,’,+|= {.

- Rn
B uacrtuocTH, oxpyxkuocts S'.
3. Top T*=8"'XS"' (cp.§ 24).
4. TpoekTHBHOE NMPOCTPAHCTBO
RP” ={(x0:%(:...:xa)}. Bcnowm-
HUM, UYTO TOYKAMH 3TOrO MpPO- 72
CTpPaHCTBa FABASIOTCA  TpAMbiE,
NpOXOAsIUIE YEPE3 HAYANO KOOp-
aunar B R**!. Takaa npsmasn 3a

Sf

Aaercst JoGoit cBoeit (oTaAHuHOMR Puc. 23). Tpumept muorooGpasni.
ot 0) Toukoit. Koopauuats 310
TOUKH (Xo, . ... %) B R"Y! HasuBaloTCA OAHOPOAHBIMH KOOPAHHATAMH

COOTBETCTBYIOLIEH TOUMKH MPOEKTHBHOIO NMPOCTPAHCTBA.

Hocneanuit npumep ocoberHo noyuuresnes. [pu paccMmorpenun caenyo-
WX onpejenennii NO/ME3HO uMeTh B BHAY addHHHBE KOOPAHHATH B MpO-
eKTHBHOM npocTpaHcTee (cM. npumep 3 n. 3 HHXKe).
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2. Onpeaeaenusi. Huddepenunpyemoe muoroobpasne M — 310 MHOXKe-
cTBo M BMecTe cO CTPYKTYpOil AuddepeHuHpyeMOro MHOroo6pasHs B HeM.

B muoxectse M BBeleHa CTpYKTypa mHo2006pasus, ecay 3anaH araac,
COCTOAILLUI U3 KapT, KOTOPHIE CO2AGC08aHbL.

Onpeneanenne 1. Kaproi Hasmpaercs obaacte UcR® Bmecte ¢
B3aHMHO OZHO3HAuHHM oTo6paxkenneM ¢: W — U noamuoxecrsa W mHo-
xmectea M ua U (puc. 232). Mu uasoseMm ¢(x) usobpaxcenues TOUKH
xe WaeM ua kapre U.

Paccmorpum kapral (puc. 233)

Pi: W,-—> Ui n @;: Wi_' U,’.

Ecau muoxectsa W; u W; ne-

Puc. 232. Kapra. Puc. 233. Coraacosasbie KapTi.

pecekalored, TO ux nepecedenne Wi} W; umeer nsoGpaxenna Ha ofenx
Kaprax:

Ui=q(WinW)), Ui=g¢;(W;NWi).

Mepexoa ¢ omuoii KapTsl Ha APYryld 3afaertcsi orobpaxenueM nodmHo-
JeCT8 AUHEUHLIX NPOCTPAHCTE
@it Uij~ Ui, qii() =1 (¢ (%)

Onpepnenenne 2. Hdee kaptol qi: W;— Ui, ¢;2 W;— U; uassisaior-
CA €02AACO8AHHBIMU, CCIH

1) mHoxecrBa Uij, Uji oTKpuiTEl (GBITL MOMeT, NyCTH);

2) oroGpaxenun ¢; u @; (onpenenenuvie, ecan Wiy W; uenycro) ss-
asiorea anddeomopdusmami obaacreii R'.

3 amMmeyanne. B 3aBucumocTi OT Kiacca raaikocTs orobpaxennil ¢
f0yyaloTCA pasHble KIacchl MHOroo6pasuil.

Ecan nop auddeomopdusmom nounmars auddeomopdusm knacca C',
1<{r< oo, T0 MHOrOOGpa3te (KOTOpoe M ONpejesuM HHxe) OyjaeT Hasbl-
BaTbcst dupdreperyupyemoist mrozoobpasues xaacca C’. Ecan noaoxuth
r=0, T. c. TpcGoBaTh JAHWDb, 4TOOH @ Obuin roMeomopduamMamiy, noJay-
YHTCS oOnpeiefeHHe TONOAO2UHECKO20 MHOzoo6pasus. Ecam TpeGopaTh,
4yTOGH ;j ObLIM AHAAHTHUECKHMH *), TO MONYUHM aHaauTudecKue mHo20006-
pasus.

*) DyHKuMA aHAAUTHYHA, echH ce pAA Tellaopa CXOAHTCA K Hell B OKPeCTHOCTH KaxkAod
TOYKH.
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Ectb u apyrue Bosmoxuoctd. Hanpumep, ecan ¢ukcuposats B R*
OpHeHTANHIO H TpeGoBaTb, uTOGH AubGEOMOPPHIMBL @i ee COXPaHANH
(fAko6HaH ¢; B KaxAOH TOUKe MOMOMHTENeH), TGO MOJIYYHTCA onpeue.nerme
OpUEHTUPOBAHHO20 MHO2000pa3UA.

Onpenenenne 3. Araacom Ha M Ha3niBaeTcs COBOXYMHOCTh KapT
¢ Wi— Ui, ecan

1) moGule ABe KApTH COrJiacOBaHHl;

2) nobas Touka xeM- mMeer H3o6paKeHHe XOTh Ha OJHOH KapTe,

Onpenenenne 4. Jina atnaca Ha M 3keusasentHol, eciin ux o6b-
elMHeHHe ecTb CHOBa amnac (T. €. ecau JioGas KapTa nepBoro artJaca
corjacoBaHa ¢ JioGofi KapToit BTOpPOro).

Jlerko BHAeTb, 4TO onpelieAcHne 4 NefiCTBHTENBHO 3alaeT OTHolUeHHe
SKBHBAJIEHTHOCTH.

Onpeneneunne 5 Crpykrypoit duppepenyupyemozo mrozoobpasua
Ha M Ha3blBaeTcsl Kiacc 3KBHBaJeHTHLIX aT/1acos. .

OrMeTHM 31ech XKe ABa YC/NOBHA, 4acTO HaKhaZblBaeMble Ha MHorooGpa-
311, 4ToGHl H3GeXaThb MaTONOTHIT.

1. Ordeaunocre: y moGrx NBYX TOUeK X, Y& M ecTb Henmepecekaounecs
okpecrioctH (puc. 234). To ectb anGo cyuwectsyior ase Kaptel ¢i: Wi— Ui,

#(z) vy
(& O
Puc. 234. Otreanmocts.

¢jt Wi— U; c Henepecekaomumucs Wi, Wj, comepaulMMH X H Y COOTBET-
CTBEHHO, JIH0O CYLIECTBYET KapTa, Ha KOTopofl H306paeHbl ofe TOUKH X, Y.

Ecan ne 'rpeﬁoaarb OTACAHMOCTH, TO MHOFOOGPBSHEM 6y11e'r MHOXeCTBO, [O0AYyUYeHHOe
#3 asyx npamux R=={r], R={y} oToXAecTBACHHEM TOUEK € PaBHHIMH OTPHUATE/NLHBIMH
KOOPAHHATAMH X, V. Ha Taxom MHOr006p33H" HeBEPHA TeopeMa EAHHCTBEHHOCTH nboxoAa-

MEHHR peleHui AuddEPeHRHaAbHOrO ypPaBHeHHS, XOTA JOKaAbHas TeopeMa €IHHCTBEH-
HOCTH H BepHa.

2. Cuernocte: cyulectByeT atiac M u3 He GoJjee yeM CUETHOro 4Hesa
Kaprt.

Hanee cnoBo «MHoroo6pasne» o3nauaeT AuddepeHUHpyeMoe MHOroo6-
pasue, ya0BJeTBOpsiOlllee YCIOBHAM OTAENHMOCTH M CYETHOCTH.

3 Tipumepw aTaacos. )

. Coepy S% 3apaunyio ypasuenuem xi-+xi+x3=1 B R®, MmoxHO cHaG-

lIHTb aTtjacoM H3 JBYX KapT, HanpuMep — B cTepeorpaduueckol TNpoeK-
uuH (pHuc. 235). 3pech

=S"\N, U =R}
W,=S8%\S, U,=Ri



Puc. 235. Ataac cdepu. CemefictBo Kacaio-
WHXCA B TONKe N OKDYKHOCTEH, JAeKaLHX
Ha cdepe, w306paxKaerca Ha HHXKHeA
KapTe CeMCACTBOM NHapaseibHHX NPAMMX,
a4 Ha BepXHel — CeMeACTBOM KacAOULKXCS
OKPYKHOCTEH.

A%

©

Puc. 236. Ataac topa. Puc. 237, Adpunusta Kaptul npoexkTHSHOA
TLI0CKOCTH.

Puc, 238, CoraacoBannocTb KapT NPOEKTHBHOMN ILIOCKOCTH.

§7

Pac 239, Orxpmoé VOANKOKELTDO Puc. 240. KoMMaKTHO® ROAMROKECTBO.
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3anavwa I, Hanncatp Qopuyant aaa. otobpakednit ¢;,2 1 npoBepuTb, 4TO Wawu e
KAPTH COrIaCOBaHHL

5 AHasoruunbiM  06pa3on, aHpgepeHRHpyeMylo CTPYKTYpY S" MOXHO
3ajaTh ataacoM H3 ABYX KapT.

2. Atnac Topa T? CTPOMTCA C NOMOILBIO YIJIOBHIX KOOPAMHAT: WIHPOTH @
n joarotsl Y (puc. 236). Hanpumep, MoxXKHO paccMoTperTb 4 KapThi, COOT-
BETCTBYIOILLHE H3MEHEHHIO @ M Y B HHTepBajax '

I<9<2n, —n<o<n,
0<P<<2n, —mn<Pp<m.

3. Arnac npoextusHoii miockoctH RP? MoxHno coctaBuTh M3 Tpex
«apdUHHBIX KapT» (puc. 237):

Xy X2
Y=, y2=';‘, ecn  xo=0,

L) X9 0
Xo Xo
xotxiixs __ % 21=-=, Z=—, ecan X1 5£0,
1 1
92
. Xo Xy
u.=x—, u2=x—, ecan  xo#0.

Sty KkapTh cornacoBaHel. Hanpumep, cOrnacoBaHHOCTL (o H @y O3HAuaeT,
uto oroGpaxenne o1 o6aact Uo1={y1, y2: 150} nnockoctn (y1, y2)
Ha oﬁnacrb Uie: 2150 nanockoctu (21, 22), 3amanHoe dopMyaamn zy=yi ',
Z2=yoyi ', sBaserca muddeomopduamom (puc. 238). :

HokxasaTeabcTBO yy=2i", yo=2027"".

AnanoruuneiM o6pasoM, AuddepenuupyemMass CTPYKTYpa B MPOSKTHBHOM
npoctpaHctBe RP" 3anaercst atnacom us n+41 adpdunnoit KapTol,

4, KoMnakTHOCTS,

Onpenenenne. INoamsoxkectso G mHuorooGpasua M nasmBaeTca
OTKpoLToLM, ecan ero usobpaxetne @(W()G) Ha raxpoii kapre ¢: W—U
fB/AETCA OTKPHITHIM. IOAMHOXECTBOM o6nacTi U JuueiiHoro mpocTpancrsa
{puc. 239). '

3anaua l. Jokaxure, uto nepeceueHne AsyX H obneaxtexue N0GOro unCIa orxp'bu‘ux
MOAMHOMECTB MHOrooGpasn] OTKpHITO.

Onpenenenune. INoamHoxectso K Muoroo6pasua M uasslBaeTcst
KOMNOKTHLIM, €CTH H3 BCAKOrO MOKPHITHS MHOXecTBa K OTKPBHITHIMH MHOXKE-
CTBaMH MOXKHO BbIGpATb KOHeuHoe NOANOKPHITHE.

3anaua 2. Hoxaxnte, uto chepa S" KomnaktHa. KOMMAKTHO JM NPOEKTHBHOE

npocTpancTso RP"?
Yxaszanne. 1 pewenns MOXKHO BOCNOJB3OBATLCA cienyouled Teopemon

Teopewma. IMycre nodmnomecreo F muozoobpasua M (puc. 240) sas-
anerca o6veduneHues Koxneunozo wucaa nodmnoxcecrs Fi, kaxcdoe u3 koro-
polx umeer KomnaxTroe usobpascenue Ha oOnol u3 kapt Fic Wi, iz Wi —»U,,
@i (Fi) — komnaxr ¢ R

Toeda F komnakrHo.
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Hokasateabctno. Ilycts {G;}— OTKpHITOE NOKpHITHE MHOMKe-
ctea F. Torma {q:i(GiNWi)} npH Kampmom { ecTb OTKPbITOE NOKPHITHE
KomnakTa ¢:(Fi). BoibupaeM H3 Hero xoHeuHoe MOAMOKPHITHE. 3acTaBAAf |
npoberarh NOMy4YeHHOE KOHEYHOE MHOMECTBO 3HAuEHHit, nojayyaeM KoHeu-
Hoe unceao Gy, nokpoiBalownx F.

5. CeR3HOCTL M Pa3MEPHOCTD.

Onpeneaenue. Muorcobpasie M nasuiBaetcs ceasubiy (puc. 241),
ecau aast AlObIX ABYX €ro TOHeK X, Y cyluecTsyeT KOHeUHaA uenoyka
kapr ¢ Wi — U;Takux, uto Wy conepxur x, W, co-
nepKHT Yy H Wi\ Wip Vi nenycro, a U; ceasno *).

Ecan muorooGpasne M He cBA3HO, TO OHO ecTe-
CTBEHHBLIM oﬁpasom pacnanaercss Ha KOMIIOHEHTHI
cessHocTH M.

3apgaua 1. Ceaszunl an MHOrOOGpA3dR, 3ajanubie Ypas-
nennam B R? (8 RPY)

..,- . @ Pgyt=2'=C, C#0?

3anaya 2. MhoxecTBo BCEX MaTpHU NOPRAKA A € OT-
aMdieiM 0T O onpeaesnTeseM HMCET eCTECTBEHHYI CTPYyK-
Typy Aauddepenunpyemoro MHoroo6pasua (oGaacts 8 R™),
CKOIbKO KOMNOHEHT CBRIHOCTIH HMCET 3T0 MHOrooGpasue?

Puc. 241, Casanoe muorooGpa-
sne M B uecsasnoe M UM

Teopema. ITycto M — csasnoe muozoobpasue, ¢i: Wi— U; — ezo
kaprot, Toz0a pasmeproctu ecex aunednsix npocrpaucrs R, obracramu
8 KoTopuix asaswrea U, odunaxose.

JdokazaTeabcTBo. JT0 ciefyeT M3 TOro, uto anpdeoMopdusm
Mexay obaacTAMH JHHEHHBIX NPOCTPAHCTB BO3MOXMEH JAHWDL NPH PaBHHIX
Pa3MEPHOCTAX NPOCTPAHCTB, H H3 TOro, yto Besikue aAse obaactu Wi u W;
CBA3HOTO MHorooGpasust M MoxHuo coemmmb KOHeyHO# HenouKoli nonapHo
nepecexanuuxcs odaacre,

OnpenenenHoe B TeopeMe YHCAO A HASHIBACTCS PAIMEPHOCTH/0 MHOIO-
ofpasun M u ob6osunayaercs dimM (or anri. «dimension»).

Hanpusmep, dim R*=dim S"=dim I"=dim RP"=n.

HecpaaHoe MHOrooGpasHe Ha3biBAaeTCA n-MePHLIM, €Cad BCe ero KOM-
NOHEHTHl CBA3HOCTH HMEIOT OJHHAKOBYIO Pa3MepHOCTDb 1.

3anaua 3. Cuabauts MHoxecTBo O (n) BCEX OPTOrOHAALHBIX MATPHI RNOPAAKA A
CTPYKTYpOii Anddepenunpyemors MuorooGpasus. Haiitn ero xomnoneHTH CBA3HOCTH H HX
Pa3MepHOCTb.

Orser. O ()=S0 (n)X Z,, dim O (n)=n (n—1)/2.

6. Duddepenunpyemsie orobpaxenns.

Onpenenenne. OroSpaxenne [: M;— M. oxtoro C’-muorooGpa-
3HH B Apyroe Ha3biBaetcs dudpepenyupyemviss (kaacca C’), ecan p A0Kanb-
HBIX Koopanuatax na M, u M. oHo 3amaercsa nuq)q)epeuuupyemmm PpyHK-
uuaMi (kaacca C'). .

- *) To ecvb n06hie aBe ToukH U; MOXKHO COeRHHHTHL Jomanoil B U;c R
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WnuiMu cnosamu, nycts @i W, - U} — kapra M,;, usobpaxanoman touky xe& Wi,
@2t Wo— Uy — xapra Mz, H3oGpaxatoman touxky [ (x)< W2 (puc. 242). Toraa sanawuoe
B OKPEeCTHOCTH TOWKH @i(¥) oTOGpaxcenue obnacTefl eBKAHAOBHIX NPOCTPAHCTB oo fo @i’
ROMKHO OuiTh anddepenunpyembiM kiacca C'.

"

Puc. 242, Iuddepenunpyemoe otobparenne.

Puc. 243. Tlpn npoeKTHPOBAHKK c@epu
HA NAOCKOCT MOAYHACTCR 3AMKHYTHI
Kpyr.

Mpumep L. Tpoekunn chepet Ha mrockocTb (puc. 243) ecrb Aud-
depenunpyemoe oro6paxenue f: S — RZ

Mn BuauM, uto o6pa3 auddepeHunpyemMoro otroGpaxeHus — ue obasa-
TeabHo AHddepeHupyemMoe MHOroobpasue.

Mpumep 2. Kpusoi*) Ha muorooGpasuu M, puixoaslleit B MOMeHT &y
u3 ToukH xeM, uasbiBaercs nuddepeHunupyemoe orobpaxenue fi [ M

cofepxauero fp uuteppana [ sewectBeHHoll ocH { B MHorooGpasue M,
npuueM f(fo)=x.

*) Wau napamerpuzosansod Kpusod, Tak KaK KpHBHMH Ha M wunoraa wasuBaor
TaK}Ke OLHOMepHHE NOAMHOrooGpa3ua MHOroo6pasus M (onpefeneHHe CM. HHXe, B 0. 8)

M

: r
_ %
e A
7/

Pac. 244, Kpusan ua muorooSpasun M.

Y mapamerpu3oBaHHON KPHBOA MOrYT OblTh TOYKHM CAMONepeceyeHHA, TOYKH BOIBPATa H T. H.
(puc. 244)
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Npumep 3. Quppeosoppuzmon f. My — Mz muorooGpasus M, Ha
muoroo6pa3sne M, naswiBaercsi augogepennupyemoe orobpaskenne f, o6par-
Hoe K KoTopoMmy f~': Mz— M, cymectsyer H auddepeHunpyeno.

MtHorooGpasus M, n My dupdeomnoppnor, ecan cyuwecrsyer nuddeo-

" MopdH3M oaHoro Ha apyroe. Hanpumep, cdepa 1 anauncona angdgeomopdunl
© 7. 3ameuanne. Jlerko BHIAETb, YTO BCAKOE CBA3HOE OJHOMEPHOE MHO-
roobpasue audpbdeomopPHO OKpYKHOCTH (€CJIH OHO KOMIAKTHO) HIAH npsi-
Mol (ec/AM OHO He KOMIMaKTHO). ' »

Tlpumepamn nByMepHbix MHOrooGpasnil sBasiorca cbepa, Top (Anddeo-
‘MoppHHil «cdepe ¢ onHOil pyukoii») M «chepa ¢ n pyukamu» (puc. 245).

OO G Gr

Pac. 245. Heanddeovopdnue apymepine muoroobpasua.

opHeHTHpYyeMoe MHorooGpasne anddeomopdro chepe ¢ n=20 pyskamn. O TpexmepHHX
MHOrooGpasusax HiapecTHo wMaxo. Hanpumep, HenapeCTHO, BCAKOE JIH KOMN3KTHOE OAHO-
¢BA3NOR *) Tpexmepuoe MuorooGpasne anddeomopduo cdepe S'(eunoresa Hyanxape)
Has Xors 6b romeoMopduo eii.

B 6Goabwnx pasmepHocTAX mupdepenunpyemas H TONOJOTHYeCKas KiaccHiKauus
MHOTOOGpasuit He cosnaaalot. Hanpusep, cyuwectsyeT pobko 28 raalkux MHOrooGpasmi,
roMeoMOpduNX cdepe S’, Ho ue puddeomopuux Apyr Apyry.
Our nazusawics cpepany Muanopa.

Coepy Muanopa moxHO 333a1b B C° ¢ KOOPAHHATAMK 21, ...
..., 25 CACAYIOLINME ABYMS YPaBHEHHAMK:

b Afd+d+2d=0, |z2l®+ .. +luli=1.

Mpu k=1, 2, ..., 28 noayusaem 28 cdep Minopa **). Oano
13 31X 28 muoroobpasuii Auddeonopdho cdepe S

8. Moamunoroo6pasus. Chepa B R}, 3anaunan
ypapienuem x°-}-y’4-2%=1, nocramasmer npumep
Pc. 246, MoamworooGpame, MOAMIOXECTBA €BKANAOBA NPOCTPAHCTBA, HaCJAeAYyIO-

WEero OT HEro CeCTECTBEHRYI CTPYKTYpY aHdbde-
pEeHUHPYeMOro MHOrooGpasus — CTPYKTYPy nodmuozoobpasus RS, OGuee
onpejescHie NOAMHOrooGpasHs ciaeayiollee:

Onpeneanenne. INonmuoxectso V muorooGpasua M (puc. 246)
HasbiBaeTcAa nodsuocoobpasuen, ecan Kaxaas Touka xe V. nmeeT Takyio
okpecthoct W B M u Takywo kapry ¢: W— U, uto ¢(WNV) apaserca
06,1aCTbIO HEKOTOPOro adgpHHHOTO NOANPOCTPAHCTBA TOro a(pHHHOrO Ipo-
crpatictea R*, B kotopom aexur U.

Moamuoroo6pasue V camo HMEeT eCTCCTBCHHYIO CTPYKTypy MHorooGpa-
3t (W=WNV, U =¢(W)).

*) MHoroo6pasie OAHOCBA3HO, €CAH BCAKHA 3aMKHYTHIA nyTb B HeM MOXHO Henpe-
PLBHO CTHHYTb B TOHMKY.

**) Cum. E. Bpuckopun, INpuvep H3 auddepenunanbioii Tonogorsn 0cobCHHOCTER. —
¢6. nep. «Maremarixas, 1967, 11,6, ctp. 132143,
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Caenyouwuit dynaaMentaapiuiit $GaktT npusoautcs 6e3 AOKa3aTenbCTsa
i He OyleT HCNOJb30BAaTbCsl B AajbHeilweM.

Teopewma. Beakoe muozoobpazue M" Quddeomopdhro nodmnozo06-
paswo egkaudosa npocTpancTéa AocTarouno 60Abiuoil - pasmepHOCTY RY
(nanpunsep, docrarourno N> 2n, 20e n=dim M").

) Taxknm o6pasom, abcTpakTHOe MOHATIE MHOroo6paslf B neﬁcrmrre.nbuo-
CTH oxBaThiBaeT He GoJblil XKpyr oGBEKTOB, YeM «n-MepHble NOBEPXHO-
ctit B N-mepHom npocTpaictse». IlpenMyuwectso a6CTPakTHOrO NOAXOAA
COCTOHT B TOM, YTO OH Cpa3y OXBaTbiBaeT H Te C.Jyuall, Korja 3apaHee He
IaHO HHKAKOrO BJOMCHUS B €BKJNIAOBO MPOCTPAHCTBO, 2 €ro npHBJjeueHne
npupesio Gbl JHWDb K HEHYXKHBIM YCJHOXKHEHNAM (NMpHMEP: MpPOeKTHBHOE Npo-
crpaiicteo RP"). Tlosoxenne 3fech Takoe e, KaK ¢ KOHEUHOMEPHBIMI
AuHeiinbIMi npocTpaHcTBaMit (OHH Bce H3OMOPGOHLI KOOPAMHATHOMY NpO-
crpancTBy {(x, ..., Xa)}, HO npuBIeueHne KOOPAHHAT vacTo THIB - YCA0XK-
HsAeT aeno).

9. Npumep. PaccmoTpim B 3aKkaiouenne natb NATEpeCHHX MNOTOOGpasnii (puc. 247) ,
Mi=S80 (3) cctb epynna oprozomarsbubix saTpuy TpPeTbero MOPSAKa € OnpeaeniTe-
nem + 1. TTockoabKy maTptua udeeT 9 31ementos, My ecTb noamnoxectso npocrpancrsa R’ .
Jlerko BHIeTH, YTO 3TO MOAMHOXKCCTBO RBARCTCA B ACHCTDHTENBHOCTH NOAMHOrOOGpasies .

M,=50(3)

Pue. 247, Mpuscput TpexMepunx Muoréodpaauﬂ.

M2=TS? cctb mHOXecTBO 8cex Kacareavnoix @exTopos daunut | & ciepe S* 8 Tpex-
MEPHOM €BKJAHAOBOM NpocTpatcTee. Beectn cTpyKTypy anddepenunpyemoro MmHorcoGpasns
B 3TOM MHOXeCTBE NpelOCTaBARETCA unratemo (cp. § 34).

Mz =RP? — 370 Tpexmeproe npoexrusroe npocTpPaHCTEO.

M — xoncpueypayuonnoe npoctpancrso rteepdozo Tead, 3aKPenICHHOTO B HEMOABIHNK-
noft Touke O. . ‘ . .
Ms — nodstnozooGpasie npocTpancrea R’=RC’. 3adanxoe ypasHenuamu 2i4-234-23=0

ENEE S FALEN PR L

3anaua* l. Kakne u3 muorooGpasnit My, — Ms anddeonopdhun?

§ 34. Kacateabnoe paccioenie. BekTopHble noas Ha MHorooGpasui

C xaxabiM riaaakuM MHorooGpasmem M cBfsaHo apyroe Muoroo6pa-
3ue (BABOe Goablieii pasMepHOCTH), HA3bIBAEMOE KACATCALHOIM paccaoe-
nuem *) M u oGosnauaemoe TM. KacaresbHoe paccioelie NMO3BOJMHT HaM
cpa3y MnepeHecTH Ha MHOFOOGpa3Hs BCIO TEOPHIO OOBIKHOBEHHBIX JJ.mpq)e-
peHuHanbHBIX ypaBHeHnuil.

*) Kacareasnoe paccroenne — yacTuulii cayuali . Bektopuoro pacceaoenus; ewe Gosace
ofiee MONATIIC — PACCAOCHHOE MPOCTPAHCTBO. BEE 3TH NOHATHA OTHOCATCA K YHCJYy OCHOB-
HWX B TOMOJOTHM H B ananx3e, MO MH OFPANHYHMCHA JHWL KACATEIbHLIM pPaceoeHieM,
KOTOpO€ OCOGeHNO BAaXKHO A1sl TeOPHH obbikHOBeRHbtX AnddepeHuUHaabHHX ypaBHeHH,

9 B.H, Aprost
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1. Kacareavuoe mnpocrpanctso. Ilycte M — rnagkoe MHorooGpasme.
Kacareavnuin &£ M 8 Touke x 6ekropos & Ha3plBaeTCsl KJIACC SKBHBAJIEHT-
HOCTH BBIXOAAWMHX M3 X KPHBBIX; ABe KpHBHe (puc. 248)

vil->M  yui->M

IKBUBAJEHTHH, €M MX H306paxKeHHA Ha Kakoi-aHOo kapte oyi: [— U,
¢v2: I - U sKkBHBaJIeHTHLL

7

Puc. 248. Kacareabnuii Bextop.
_ 3aMeTiM,-YTO NOHATHE SKBHBANEHTHOCTH KPHBHIX HE 3aBHCHMT OT BHGopa
KapTu atsaca (cM. § 5): H3 3KBHBaNEHTHOCTH Ha KapTe ¢ CACAyeT 3KBH-
" BaJIEHTHOCTb Ha Jio6oil Apyroit ¢, Tak Kak nepexof ¢ ofHoli KapThl Ha Apy-
ryio, ¢ij, €cTh auddeomopdusmM.

MHOKECTBO BEKTOPOB, KacaTeabHuiX K M B X, HMeeT CTPYKTYpY JmHeil-
HOTO TPOCTPAHCTBA, He 3aBHCSILYK0 OT BeIGopa Kaptel {(cm. § 5). Dvo
JnHelfHOe NPOCTPAHCTBO HA3LIBAETCHA KACATEAbHbLY NPOCTPANCTEOM K M 8 X
i o6osnauaerca T,M. Ero pasmepuoctb paBHa pasmephHoctd M.

Mpumep 1. Mycts M” — noamuorooGpasne ag¢puuHOoro npocrpan-
ctea RY (puc. 249). Toraa 7,M" moxno npeacTaBHTb ceGe B BHie n-Mep-
Hoit maockoctH B RY, mpoxoasuweii ‘uepes x. [lpu 3ToM, opmako, cieayet
NOMHUTh, UTO Kacareasusvie npocTpancrea K M e pasuvix Toukax x, y ue
nepecerarorca: TMNT M= 5.

",

=4 =)

n
U
RrRY Z
Puc. 249. Kacateabnoe npocTpancso. Pitc. 250. KoopanHary KacaTeabHOro BEKTOPa.

2. Kacareabnoe paccinoenne. PaccmoTpum o0befHenne KacatedabHblX
ApOCTPaHCTB K MHOrooGpasuio M BO Bcex ero Toukax TM= U T.M.

. ) reM »

Muoxectso TM umeeT €CTECTBEHHYIO CTPYKTYPY TaAKOro MHOrooG-
pa3us, .

JHeficTBHTEIbHO, PACCMOTPHM KaKylo- HHGYAb KaDPTY Ha MHOrooGpasun M, n nycrs (X, ..., Xa):

‘W UcR* (puc 250) —- noxanbuute KOOpPAHHATH B OKpecTHOCTH W .TOUK: X, 3ajalouiue
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51y Kapty. Beskuit sektop §, Kacartensmmit k M B Touke x< W, 3amaerca HaGopoM CBOMX
_gommonent (Er, ..., E.) B ykasauuo#i cucreme koopanuat. Mmeuno, ecau y: [ - M — xpusas,

BHIXOAAUAA M3 X MO wanpasiexuo &8 moment f, 10 L=—

T, l=t°x,(v (#)). Takurt obpaszou,

BcAKUR BeKTOp § kacaTeabkuft K M B oauoil i3 Touex obaacru W, zamaerca Habopom 21
uuced (X1, vy £n)y (E1s wry Ea) — £ KOODAMHAT «TOUKH NPHIONKEHHA® X H fi CKOMIMOHEHT» §p
Msl mosyuuan Kapry wacTH MHoxecrsa T M:

P TW — R™, 9 (B=(x1, v Xns &ty e Ea)o

Pasanunbie kaprtst TM, COOTBeTCTBYMUIME PadmbiM Kapram artnaca M, coraacosasbl
(knacca C"~', ecntu M kaacca C'). JeACTBHTEABHO, MYCTB (Yi, vy Ya) — APYras AOKadbs
Has cucTeMa xoopAusat ua M u (ni, ., Ns) — KOMIOHEHTH BEKTOPA B STOH CHCTEME; TOrAa

n
g=gilen e 5 m= ) @U/OR)E . (=1, eeus m)
]=l .

— raaakue GyHKUHH oT x; u E;.

Hrak, muoxecrso TM Bcex xacateanHux K M nexropoa MOAYYHAO CTPYKTYPY rJaAKOrO
nmoroospasun pasmepuocTH 2n.

Onpenednenue MHoroobpasne TM na3biBaeTcsi KacareabHsls pac~
caoeruen *) Muoroo6pasua M.

CylIecTBYIOT eCTeCTBEHHbIE 0To6pa>xemm i: M—>TM (nyaesoe ceue-
tue) u ps TM—>M (npoexyua): i(x) ectb Hy/ieBo#t BEKTOp. T,M ap(g)
ecTb Ta TOYKA X, B KoTopoil § kacaercs M (puc. 251).

3anaua 1. Jokaxure, uTo oroGpawenus i, p AuddepeHuupyemu, uro { apaserca
zupeomoppusmor M wa (M) # uto'p o it M -~ M — tommecrsensoe otobpakeie.

M,
‘ !
—z L INeZ;
}\ e g U 4
€z
Puc. 251, Kacareabioe, paccaoerue Puc. 252. [Mapaanennsosannoe H HeMapannetiayeMoe

MuorooSpasus.

[Tpoo6pa3sl Touex x=M npu orobpaskenun p: TM—> M nasmsawotcs
caoanu pacenoenuna TM. Kampwil cioft umeer crpykrypy JuHefiHoro mpo-
crpaicTBa. MHorooGpasue M nassipaercsi 6asoid paccnoenus TM.

3. 3ameuanne o napananeausyemocti. Kacatenohnoe paccnoense adhuu-
Horo npoctpauctea R® uan ero obsactn U umeeT ente nonoAHHTENBHYIO
CTPYKTYpY npsimoro npouseegenusi: TU=UX R",

Neficreutensro, Kacatenbuwii pektop kK U Moxuo 3apats napoit (x, &,
rae xs U, a §— sektop Juneiinoro npocrpanctsa. R’, ans kotoporo ykasau
Auueiinui usomopdusm ¢ T,U (puc. 252).

- *) Mu 6ynem ucnonn3osath 970 KpaTkoe  HaiBdHue BMecTo Gogee NeaaHTHYHOTO Tepmma
npocrpaucreo KacareapbHoz2o pacmoenuﬂ - -

g*
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MoXKHO BbIpa3HTb 3TO HHAYe, CKa3aB, 4TO adpduiHOe NpOCTPAHCTBO
napasseaus3osano: IAA KacaTeNbHBIX BekTopoB K ofmactu U npocTpan-
ctea R" B pa3sHbIX TOUKax x u y onpe/leJieHo paBeHCTBO.

KacaTteabHoe paccnoenune MHOroo6pa3ns BoBce He ' 0683aHO OblTh
npAMbIM  fIpoH3BeAcHHeM, M, BoOGMiEe FOBOPA, HeAb3sl pasyMHo onpe-
Jle/HTb  PaBEHCTBO BeKTOPOB, MPHJOXKEHHbLIX B PasHbIX TOYKax MHOro-
obpasua M,

[Nonoxenne 3acch Takoe ke, Kak ¢ Juctom MéGuyca (puc. 253), Koto-
petil siBAsieTcs paccioeHHeM ¢ 0a30d OKPYKHOCTb H CJI0€M MpAMas, HO He
SIBIACTCSH NPAMLIM NPOH3BeJeHHeM OKPYXKHOCTH Ha NPAMYIO.

Onpeaeanenne. Muoroobpassie M HasbiBaeTcs napaaseau3osas-
Hbli, €CIH B €ro KacaTeJbHOM pacC/OeHHM BBEACHA CTPYKTypa HPsIMOTO

Puc. 233, Paccaoenne, He fBAACHIEECH Puc: 254. Teopema o eace.
npAMBIM OPOH3BCACHHEM.

npoussedeHns, T. e, 3agad aupdeomopduzn TM'=M" X R*, auneiio nepe-
poasawnit T:M B xX R". MuorooGpasie napaasesusyemno, eciu ono Moxer
GbiTh NMapaJsieny3oBaHo.

Mpumep 1. Jlio6an 061acTe B €BKIHAOBOM MPOCTPAHCTBE ECTCCTBEHHO Mapaieni-
30BaHa.
danaua l. Ilokaxute, uto Top T" napannennsyem, a Juct MeGuyca HeT

Teopema* Hz chpep S" naparseausyemsr ToAbKO caedyoujue Tpu:
S', 8% S'. B uactHoctu, deymepran cgepa Henapasresusyema:

TS*£8?% R

(Orcioaa BuiTekaeT, HanpuMep, 4TO €XKa Hedb3f NPHYECaTb: XOTh OAHA
Hraa Gyner nepneuauKyaapHa nosepxuoctu (puc. 254).)

Uutatens, pewnBWmil 3agady B Konue § 33, Jerko RokaxeT Henapan-
aenusyemoctb S? (ykasaume: RPP£S?X S'), [Mapanaeansannus oxpyHHOCTH
S' oyepuana. INapanaeansopats S® — noyyuTenbHoe ynpaueHue (ykasa-
nie: S° — 3To rpynna, a MMEHHO TIPyMNa KBAaTEPHHOHOB ¢ MoayaeM 1).
Moatoe A0Ka3aTCALCTBO CopMyaHpoBaHHOi TeopeMmul TpeGyeT AOBOALHO
rAyGOKOro NpOHHKHOBEHHSI B TOMOJOLHIO; OHO GBLUIO MO/NYYEHO OTHOCHTEJIbHO
HellaBHO. . i

AHaMUTHKH CKIOHHBH CYHTaTb BCE paccIOCHHA NPSMbIMH NpoH3Beje-
HHAMH H BCe MHOroo6pasusi napajiesnayeMmbiMH. DTOA olwHMbKH caeayeT
ocTeperarbcs.
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4. Kacareasuoe oto6paxenne, Ilycts f: M — N — rnagkoe otoGpaxe-
Hite. MHoroo6pasuss M B muoroo6pasue N (pirc. 255). OGoznautim uepes
f.xr mHAyHMpOBaliHOE OTOGpaMeHHe KacaTeJbHHIX npoctpaHcTs. Oxo onpeje-
Asietcs, Kak B § 6, n sBjasnercA JuHefHnIM OToGparkeHueM OQHOro JuHei-
HOr'0 MPOCTPAHCTBA B Npyroe:

f.xt TxA” - 'T[(X)N.

Ilyctb x npoGeraer M.
Mpenviaymwasn ¢opmyna onpene-
Jsiet orobpaxenne

f.: TM — TN, f.l TxM=i.x» Puec. 255, Tiponasoauan oroGpamenns f 8 Touke x. -~

KacaTensHoro paccioennst M B kacatenbuoe paccioenne N. Jto otoGpaxe-
Hue auddepenunpyemo (nouemy?) H JHHeiiHO o-roﬁpamacr crou TA B caon

TN (puc. 256).

Pl /72

/°\
“”"f’/??zv\/v

Pac. 256. Kacateabnoe otoGpaente.

Oto6paxenne [, HazuBaetcs KacareasHoin otobpaxcensuem - K [ (ynorpeGaserca
Takxe oGosuauguue Tf: TAl - TN).

3anaua L MNyers J: M—> N u g: N> K — rnaakue oroGpaxcenns, gof: M —» K —
nx cynepnoaunus. Jlokasars, uro (g o fl.=(g.) ¢ (f.). 7. e. ur0

/N - /W\‘
M—~+K

TepMunonaornueckoe 3ameuahne B amaause sta ¢opmyra naswmsacred
npasnaoMm andoepeHinpoBanna CAOKHOR Gynxumn 8 aare6pe — QYHKTOPUAILHOCTHIO
(xoBapuanTiofi) nepexoxa K KacaTeNbHOMy OToGpaKeHuio,

A )

5. Bexropupte noas. Ilycts M — rnanxoe (kaacca cth Mnorooépa-
ane, TM — ero xacarteanhoe paccaoetine (puc. 257).

Onpenenenue Bekroproe nose *) (xaacca C') v Ha M ecTb raaa-
koe (kaacca C') orto6pamxenne v: M — TM rakoe, uTO OTOGpaxeHie

*}) YnotpeGasetcs TakxKe TEPMHH Cevenue KQcCareAbHO20 pacCAocHUs.
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pov, M — M — ToxaecTBEeHHOE: AHArpasmma

L TM
u

{ p
KOMMYTaTHBHA, T. €. p (v (x))==x.

3amevanue. Ecam M — oGnacte npoctpaHctsa R” ¢ koopannataMu
X1, .., Xu), TO 3TO onpejeqenue cosnafaer co crapeuin (§ 5).

N

U(z)

M \P
z M S
Puc 237, Bektopuee noae. Puic. 238. Moae cropocted.

OnHako B HOBOM onpejejeHHH HHKaKasi cnelUHaJibHai CHCTEMa KOOpAH-
1aT He yyacTByer.

MMpuwmep. Paccmorpum cemeiicrso g' ppamemuit cdepnt S Bokpyr
ocit SN na yron ¢ (puc. 258). Kamaas Touka cdephl x& S® onuchBaer
NpH BpallleHHH KpHBYIO {napaJjuicjb) B HMEeT CKOpPOCTb

d
v (x) i g'xeT S

Mpt noayuaem orobpawenne v: S?— TS?; ouesnamo, pv=E, 1. e. v —
BekTOpHOC node na S2

Boo6we, ecan g': M — M — oanonapamerpuucckas rpynna auddeo-
mMop¢usnos muorooOpasisa M, To Bo3HHKaeT BeKTOpHOC noJse ¢a3oBoli CKo-
pocTi Ha Al, Toyb-B-Toub Kak B § 5.

Bea aokanbnan Teopusa (HeaHHefHBIX) OOBIKHOBEHHLIX auddepennuann-
IbX ypaBHEeHHIl HeMelJIeHHO NePeHOCHTCST Ha MHOroo6pasus, Tak Kak Mbl
n03aGoTHANCL cBOCBPeMeHHO (B § 5) 0 HC3aBICHMOCTH OCHOBHBLIX NOHSTHIL
OT CHCTEMB! KOOPJHIIAT.

B uactHocTH, Ha MHOroo6pasHs nepeHOCHTCS! OCHOBHAS JIOKAJbHasl, TEO-
pemMa O BBINPAMJEHHH BCKTOPHOrQ MOJAsi H JIOKaJIbHbie TeOpeMbl CyLlecT-
BOBaHIA, €IHHCTBEHHOCTH, HCTPEPLIBHOCTH H AHbdepeHUHpyeMOCTH MO Ha-
yanbHbiM ycoBuaMm. Cneunduka MHOroo6pasHa NpoABAfeTCA JHWbL MPH
pPaccMOTpeHHlt HeJOKaJbHBIX  BonpocoB. IlpocTeRitnmMH H3 HHX siBAAOTCA
BOMPOCH O NPOROAXICIN PCLUCHI{l It 0 CYUICCTBOBAHHI cpasoaoro noroka
¢ pannbiM nosesm dasopoit CKOpoCTH.
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§ 35. ®a30Bblii NOTOK, 3aAaHHbIl BEKTOPHLIM NOJeM

HokaszaHHaa mnuxke Teopema gfBAfeTCst npoctefimwefl TcopeMo#t KauecT-
BeHHONl Teopun anddepeHUHANBHBIX YpaBHEeHHl: OHA AaeT yCJOBHS, npi
KOTODLIX HMeEeT CMBICJ CTaBHMTh BONMPOC O nosBeaeHuu pewienuit auddepeu-
LHAJBbHOTO YPaBHEHHA Ha GCCKOHEUHOM HHTEpBaJse BPEMECHH.

- U3 oToil TeopeMul BLITEKAEeT, B UACTHOCTH, HENPEpPHIBHOCTH H nuq)cbe-
pPEeHUHPYEMOCTb pellleHHsT MO0 HAaYa/AbHBIM JAHHBIM B UelOoM (T. e. Ha J06GOM
KOHEUHOM HMHTepBaJse’ BpeMeHH), DTa TeopeMa noJe3Ha TaKKe KaK TeXHH-
4YeCKHIl METOR AR KOHCTpyHpoBaHus auddeomopdusmos. Hanpumep, ¢ ee
TOMOULBI0O MOXKHO [0Ka3aTb, YTO BCAKOE 3aMKHYTOe MHOroofpasiue, HMelo-
umee raafakyio GyHKOHIO JHWb € JABYMS KDHTHYECKHMH TOYKaMH, TOMEO-
mopodHo chepe.

1. Teopema. Ilyctre M — eaadkoe (rkracca C', rz=2) smnozoobpaste
(puc. 259), v M—>TM — gexktoproe nose. Ilycto cextop v (x) orAutex

viz)
7™
v ¥
—_— v
ol

Puc. 259. Bexropuoe nose, pasnoe 0 sue komnakra K.

oT nysresozo sexropa T M toasko auwe 8 komnaxruoli wactu K amuoeo-
obpasun M. Toz0a cywecrsyer odnonapamerpuueckas zpynna ugpgeonop-
usmos g's M- M, Oan KoTopod noae v s8asercs nosem azosoil CKo-
pocrtu: .

d
EQ?=v(g'x)- (13

Caencrtsne 1. Bcakoe 8ekTopHOe nose v HQ KOMNAKTHOM MHO20-
obpaszuu M neaserca noaem azosoi cKopocTIL. HeKoTopol oanorzap«a,uer-'
puueckoli epynnet Qupgpeonopuanos.

B uacruoctn, B ycnommx TEOpeMbl HJIH B yc.nommx cJacACTBHA | 1MeeT
MecTo ,
Cae Actsie 2. chcoe pewenue audrd;epenuua/zbuoeo ypasHenus

r=v(x), x&M, . A2

MOIHCHO npodo/zo/carb eneped u nazad HEOZPanuUeRHo. IIpu sTom 3nauenue
peutenusn g'x 8 soment t 3asucur OT | U OT HAYAALHOZO YCAOBUR X 2AGOKO.
3ameuaHue. Yca0BHe KOMNAKTHOCTH HeJib3si OTGPOCHTD. .
TMpumep |. M=R, x=x* (cm. § 1, 0. 7): pemmerun Henb3A NPOAOAKATEL HEOFpA-
HHYCHHO. . - PN
Hpumep 2. M={nx: 0<x<| ), x=1
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TlpucTynaea x N0Ka3aTenbCTBY TeOpeMbl.

2. Moctpoenne anddeomopdusmos g' npu maawx f. [as kamdod rouru
xeM cywecrsyer oripetras okpecthocte UM u uucao £ 0 rakue,
ur0 0aa a06oti Touku y u3 U u 8aa 406020 t ¢ |t} <<e pewenue g'y ypas-
Henua (2) ¢ nauaaonom ycaosuen y (npu t=0) cyujecrsyer, eduncrsenno,
du(p(pepemmpyww 3agucur or { 1 or y-u ydos.aeTeopAeT YCA0BUIO

g'ty=g'g’y, (3)

ecau |s| <e, || <e, s+t <e.

HelicTBHTeLHO, TOYka x H306pakaeTcs Ha HEKOTOPOil Kapre, a Ans
ypabHenuil B o6jactH ad¢HIIHOrO NPOCTPAHCTBA Halle YTBepKAeHHe .0-
KazaHo (cM. Fia. 2 H ra. 4) *).

Hrax, KomnaktHoe muoxectBo K mokpwuito okpectHoctamu U, Mul mo-
}em BoIGpaTh KoHeuhoe mnoxpbitie {U;).

IlycTb & — COOTBeTCTBYIOLUME HHCIA & BO3bMeM go= Min a,> 0.

Toraa npu |¢] <eo onpeaeneuul 6 ue,w)u nnddeomoppuaMbl g M_>M
gt =g'g®, ccan |sl,_ll, s+l <e, glax= x-mpu-x-pue K. — —

HeiicTiTeabHo, XOTs onpejeseliusie ¢ NMOMOUILIO Pa3sHBIX KapT peiue-
Husi ypaBuenusi (2) ¢ HauaabHbIM ycaosueM x (npu £=0) a priori pasauyusl,
oun coenajaioT npu. {f| <<eo BBHAY BLIGOpa E¢ H JOKAJIbHOIl TeopeMbl
CHHCTEEHHOCTH.

Haiee, no aoka.asuoi teopese anddepeHunpyemocti Touka g'x zapu-
cuT Audppepenunpyemo ot { u x, a MockoAbky g'gT!=E, To oro6paxe-
une g M — M — nuddeomopduan. 3aMeTHM, uto d_dt gx v (x).

3. Mocrpoenne g' npu Jwobeix £ Tlpeacrapum ¢ B Bume ngy/2--r, rae
n —ueaoe u 0<{r<Ceo/2. Taxkoc npexpcTapJchiic CYyWECTBYCT H €XHHCT-
BenHo. Juddeomoppusmnl g yiKe oInpefeeHbl.

Moaoxkum g'=(g"/*)" g". 310 anddeovopdusm M ua M. Mpu |¢] <eo/2
HOBOE OnpejeJeHHe COrjaacyeTcsl ¢ NMpeAblAYItHM {(cM, M. 2) onpeleneHien.

d
MoaTtomy — glx=v(x).
dt V=0
Jlerxo BHAeTb, YTO MpH JIOGHIX S,
gs+I=gsgl. . (4)
JeiicTBiTeIbHO, NYCTD

s=(meo/2)+p, t=(neo/2)+tq, s+i=(keo/2+r

*) [oka3aTedbcTBO eQHHCTBEHHOCTH TpebyeT He6O0.JbWOro AOMONHHTEILHOrO Paccyx*
JeHHA: HYXHO MAPOBCPHTb, HTO N3 E€IMHCTBEHHOCTH pCWICHNS € MQHHEMH HauaJbHLIMM
YCOBHAMH Ha KaXa0it QHKCHPOBAHHON KApPTe BLITEKaCT elHHCTBCHHOCTb HAa MHOrooGpasHi.
Ha neotaeanmon MuOrooGpa3uH CAMHCTBCHHOCTH MOXeT M He GulTb (mpimep: ypascue
x=1, y=1 Ha MuOrooGpa3ii, noayucHHoM H3 ABYX npaMux {x}, [y} oToxaecTBacHuem
TOueK C PaBHLIMH OTPHUATCALHHIMI Koopamuatamu). Ecanm e MHorcoGpasie M oTaeano,
TO NPOXOAMT 10KA3aTeIbLCTBO eIMHCTBCHHOCTH u3 § 7, m. 6, (OTAcanmocTh HCMOAB3YCTCA
npd 10KasaTeabCTBe COBNajfcHHA 3Havennit pewenuht ¢ (T) u ¢2 (T) B nepsoil Touke T
HauiHAst ¢ KOTOPON OHH HE COBNAAAIOT.)
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Toraa JeBan # npasaf yacTH paBeHcTsa (4) NPHHHMAIOT BHA

(gen/?.)k gr - tu/2)m g (gzo/Z N

BO3MO)KHH ABa caydan:

1) m4-n=k, pt+g=r, 2y m+n=k—=1, p+g=r-(eo/2).
3ameTnM, uTo nockoabRy Ipl<<eo/2, lgl<<eo/2, 10 hud)cbeonmpxpuamu gt"/z. g’ g
KoMMmyTHpyloT. OTciona soiTekaer ¢opmysa (4) Kak 8 nepsoM cayuae, TaK i B8O BTOPOM
(g!°/2g'=g’g‘. Tak Kak 1pl, lql, Iri <ea/2, p+qg=¢co/2+ 1)

OcTaeTcs NpoBepHTb, 4TO Touka g'x 3asheut ot { U x auddepenun-
pyemo. J16 crenyer, Hanpumep, u3 Toro, uto g'=(g"’"¥, a g'/¥x upn
Aoctatouno Gombwux N 3aBucHT anddeperunpyemo ot £ B x (cM. m. 2)

Hrak, g' ects onnonapamerpiueckas rpynmna auddeoMopdHIMOB MHO-
rooGpasua M; cooTBeTcTByIOlIee nojse (pa30BOH CKOPOCTH €CThb ¥, H Teo-
pema pnokasaHa.

4. 3ameuanue. M3 poxasauHoil TeopeMmbl Jlerko BhIBecTH, UTO Kaxcdoe
peulerue HeABTOHOMHO20 YPABHEHUSN

r=v(,x), xeM, teR,.

3a0aHHO20 3a8UCAYUN OT 6pement | BEKTOPHOIM NOAEM U HA KOMAAKTHOM
mrozoo6pasun M, MOHHO npodoasare HeOZPAHUUEHHO. ,

ITHM OOBACHAETCA, B YAaCTHOCTH, BO3MOMKHOCTb HeEOrpaHH4yeHHOro Impo-
JOMKeHHsT pelleHNn# JMHeAHOrO ypaBHeHHsA

r=v(t,x), v(,x)=Ax, (=R x=R. 7(5)

B camom gene, Gyaem paccmatpuBaTh R" kak adduHHylo yacTh NpOeKTHB-
Horo npoctpauctea RP” Tlpoctpancrso RP" nosyuaerca u3 ceoeil addun-
Hoit yacTit foGaBicunen GeckoHeuHo yaanennoi miockoet: RP*==R"Y Rp*—!

Puc. 260. TIpoaoaxkenue
AHHERHOTO BEXTOPHOro no-
8 Ha DPOEKTHBHOC MApPO-
C€TpancTao.

Mycts v — muneiinoe BeK'ropHoe none B R"(v(x)=Ax). Jlerko npoge-
pAercs.

Jl e m ma. Bekropuoe nose v na R® moxcno eduncreennvim o6pason
npodoascure do 2aadkozo noas v’ na RP". [Mose v’ na 6eckoneuno ydarennoil
naockoctu RP"~* kacaerca RP"='. .

" B uacrnocrty, nponomKuM (npu kaxaom f) none v(f), 3anacumee ypaB-
uenne (5), no nmoas v’ (f) na RP” Paccmorpum ypasueHue

x=v(t,x), x=RP", t=R (6)

- [poekTyBHOE NpOCTPaHCTBO KoMnakTHO. CJlefl0BaTeqbHO, Kaxioe: peleHue
ypasHenHa (6) MoXXHO MpojonkKartb HeorpaHuueHHo {puc. 260).
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Pewenne ¢ navanbubiM ycsosuem B RP?~! Bcerma ocraercs B RP*™I,
TaK Kak moje v’ kacaercd RP?~!,

[To Teopeme eAHHCTBEHHOCTH PEIUEHHST YDPABHEHMA C HAYAJBLHLIMH YCJIO-
BuAMH B R" ocrawrcsn B npesenax R* npu Beex ¢ Ho B npeaenax R*
ypasuenne (6) umeer Bun (5). Wrak, kakpoe peweHne ypaBHenus (5)
NPOJOJKAETCA HEOrPaHHUEHHO,

3anaua l. [lokasats aemmy.

Pewenne 1. Iyets (xi, ..., ¥a) — adPuunsie koopaunatsl B RP", (y1, .y Ya) —
Apyrue adguuHbiC KOODAHHATH:

ni=xi', ge=xexi' (k=2 ..., 0}
Ypasueune RP*~! g HosHx koopauxatax: g, =0.
Ouddepenuuanshoe ypapuenue (5)

dx_z aixpn i=1 n
dt— N B R PR Rid)

Puc, 261 Moseacnue npo- dy Jdt =— .

A0AKCHUOIG ROASR 56.1)?31_1 i/ Y1 (@t as ga), k=1

Drocron,  yadewol dyn/dt =@ +ILaniyi—ye (@ +Z vy,
k>1, I1>1.

Hs s1ux Qopmy., sepuibix npi yi 0, BiAno, Kak poonpeaeauts noae npu yi=0. [lpn y; =0
Haxo1uM dy;/di =0, 4TO Il AOKA3WBAET JeMMY.

Pewenune 2. Adpdunnoe npeoSpa3oBaiHe MONKHO pacCcMaTpHsaTh KaK NPOEKTHBHOE,
OCTaBIAlOUIEC Ha MCCTe GECKOHEYNO yAaJeHHYK MJOCKOCTb, HO He ee TO4KM.B yacTHOCTH,

" At
JAHHCHHLIC fpeoGpas3oBanua ¢ ApodoAXKaTCA [0 AudPeoMopdUIMOB NPOCKTHBHOIO
NPOCTPAHCTBA, OCTAaBAAWUIHX Ha MecTe GECKOHEYHO YAANEHHYK MJIOCKOCTb. DTi Anddeo-
Mopdu3ML 0fpasyioT OnHOMapaMeTPHUECKYO Ipynny; ec nogac $a3oBoil CKOPOCTH H ecTh ¥,

§ 36. Huaekchl 0coGbIX TOYEK BEKTOPHOTO MOJS

3Acch paccMOTPeHb! MPOCThie MPHMEHEHHS TOMOJOTHH K HCCAeR0BAHHIO
IuddepeHUHANLHBIX ypaBHeuii.

1. Hnpexkc kpupoil. HaunieM ¢ HarasguulX paccy:KaeHHil; HHXKE OHH

GyayT NOAKpENICHbI TOUHLIMII O PEAe/IeHHAMH I J0KA3aTCALCTBAMH (CM. 1. 7).

Paccmorpim BekTopHoe mnoJie, 3afaH-

HOEG Ha OPHEHTHPOBAHHOH eBKJH0BOH MmI0-

7 ckocTH. TlycTb Ha IWIOCKOCTH AaHa 3aM-

KHyTasi OpHEHTHDOBAHHAf KpHBafd, He

g ApOXOAsiliafn uepe3 ocobble TOUKH MO

«" - (puc. 262). Ilycrn Touxa OGXOAMT KpH-

BYIO B TMOJIOXHTEJNbHOM HanpasJCHHM,

Bektop nons B paccmaTpuBaemoll Toyke

Puc. 262 Kpusan nnaeca | NpH JBHXKEHHH TOYKH OyIeT HenpepbiBHO

. nosopaunBatbesl ¥). Korma Touka, o6oil-

. *) Yrobu caeants 33 NOBOPOTOM BekTppa, YROGHO CHECTH BCe BEKTOPH B OAHY TOuky O,
CJIEAYS €CTECTBCHHON NapaNjeaH3auuy ILIOCKOCTH,

B HOBHX KOOPAHHATAX 3anNCWBACTCA B BiAe (puc. 261)
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At KPHBYIO, BEPHETCA Ha MECTO, BEKTOP TOKe BEPHETCST K HCXOLHOMY
noJioxennio. Ho npu 370M oH MOXKeET nesiaTh HECKONLKO 0GOPOTOB B TY H/H
JApYryio cTopony.

Yucao o6opoTOB BeKTopa nojs npH o6xozae KPHBO# Ha3spiBaeTcs undex-
con kpusoil. Ilpn atom uucao oGoporos Gepercs CO 3HAKOM NAIOC, €CIH
"BEKTOP BpalllaeTcsl B CTOPOHY, 3aJaHHYIO OpHeHTalHell IuocKocTH (OT mep-
BOI'O OPTa KO BTOPOMY), H CO 3HaKOM MHMHYC B NPOTHBHOM cJyuae.

Npumep 1. Hunexent xpustX a, B, y, 6 na puc, 263 pasum 1, 0, 2, u —1 coorser-
CTBEHHO. ’

Puc. 263. Kpupwe ¢ panuMH HHAGKCAMH.

Mpuwmep 2. Iycrs O — neocoBan Touka moast. Toraa wnaeke Besikoil Kpueoi, aexa- -
el B ROCTaTOMHO Manofl oKpecTHocTh Toukn O, pasen O.

HefictuTensho, Hanpasiaenue mnons B Touke O HenpepHBHO. M B AOCTAaTOMHO Manof
€¢ OKPEeCTHOCTH MEHSETCH MeHblle 4YeM, CKaxeMm, Ha /2. R

3agaua l. 3axanum sekTopuoe mose Ha MAocKocTH RP= "G Ges Touxu O dopmyaoit
v(2)=2" (n — UEJI0e YHCJI0, He O6A3aTeNbHO NOAOXKHTeabiioe). COCUNTATB HMHAEKC OKPYXK-
HOCTH z=e¢'®, OpHEHTHpOBaHHO B CTOPOHY BO3pacTania @ (OACCKOETH OPHEHTHDOBaHA
penepom f{, 1) - :

Orser. n.

2. CeoiicTBa HHaeKca.

CsoiictBo 1. [Ipu Henpepoignoi dedpopmayutr 3amxnyroii Kpueoii
ee unOeKC He MEHAETCA, NOKA KPUBAA He npoxodur depe3 ocobble ToUKL.

HeitcTBUTeIbHO, HampagJj¢HHe BeKTOpa M[0JA BHE 0COGBIX TOYEK Me--
HAICTCS HEMPEPLIBHO; MOSTOMY YHCIO 000pOTOB TaKKe HefpepLHBHO 3aBHCHT
OT KpuBofl. Byayun uesnM 4uC/IOM, OHO HOCTOSIHHO,

CBoicTBO 2. HHOeKC KpuBOLl He MeHAETCA Npu HenpepbLleHoL aeqbop~
MAYQUU BEKTOPHO20 NOAA, €CAlL TOABKO Npu 3TOM HA KPUsoli 80 ece 8pems
degopmayuu Het ocobox ToteK noaR. .

H3 3Tux ABYX cBOACTB, MHTYHTHBHO AOCTATOYHO O4eBHAHLIX *), BHITE- -
KaeT MHOXEeCTBO riyGOKHX TeopeM. ’

3. Mpumepnr.

I[Tpumep 1. PaccMoTpuM BekTOpHOe mosiie Ha miockocTd. [lyets D —
Kpyr, a S — ero oKpyxHOCTb **).

*) AkkypaTHas QopMyAHPOBKA. # JOKQ3aTeabcTBO CHOPMYNHPOBAHHHX. YTBEPIKACHHI
TPeGYIOT HEKOTODOfi TOMOAOTHYECKOR TEXHUKM: roMoTonufi, romoiorufi uam vero-unGyab
B 3TOM poje (fajee MH BOCNOAb3yeMcR ¢ 3Toii ueasio dopmynoit Ipuna). Cm., nanpumep,
kunry H. Ctunupona n Y. Uuna, «llepeuie nonarus tononorum» (M. Mup, 1967),

**) MoXno TaKxe paccMOTpeTs Gonee oGwwii cnywafl, korga D — awGas mrackasn
06nacTb, OrpanHUCHHAs NPOCTON 3aMKHYTOR KpHBOR S.
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Teopema. Ecau undexc kpusoii S orauuen or 0, To 8HYTpu ozpanu-
yennoli ero o6aactu D ecto xoTs 0dna ocobas Touka. :

B camoMm jene, ecan ocobuiX Touek HeT, To S moxHo BHYyTpH D gmedop-
MHPOBATh HEMPEPHBHO H NC TPOXOAA uepe3 ocobble TOUKH, TAaK YTO NocJe je-
¢opMauHi ANOAYYHTCS CKoAb yroaHo 6JH3Kas K ojaHoii Touke O Kpusas
(MoxkHO maxe npocto nedopyupoBaTh S B Touky O). Huuekc nosyueH-
Hoil maaenbkoil Kpusoil pasen 0. Ho npu nedopmauun HHICKC He MeHsAeTcs:
3HaYKHT, i BHavaJe oH Onla pasen 0. .

3aaaual Jokaxnre, uto cucrema anddepeRuHalbRHX ypaBHenuii

f=x+P(x.y) §=y+Q(x, y)

rac P u Q — orpaunuenssie Ha Beefi MAOCKOCTH GYHKUHH, HMeeT NO MCHbWEN Mepe O1HO
no.10XeHHe paBHOBCCHSL.

Iipumep 2. JlokaxkeM OCHOBHYIO TeopeMy anreGphi:

Bcsakoe ypasnenue 2" -+ai2' "' ... +a,=0 uneer no menoweil mepe
O0UH KOMNAEKCHbIE KOpeHb.
_ Paccaorpuy-Bexropiioe nosie-v Ha MJIOCKOCTH ™ KOMILIEKCHOTO fepeMel-
uoro 2, sananuoe dQopmynoil v(2)=z2"+4+a2""'4- ... +-a,. OcoGule TOuKH
Noisfi ¥ — 3TO KOPHH Halllero ypasHeuud. -

JleMma. Hudexc oxpyscnoctu docrarouno Goabvwoco paduyca 8 no-
cTpocnnos noae pagen n (OpHeHTalliH — Kak B 3afauve n. ).

B canoyM nmeae, ¢opmysa

v(2)=2"Ft(a2" "4 ... Fa.), 0<IL],

onpejensieT HenpepuBHYIO AedOpMalHiO HCXOAHOro nojsi B noae 2°. Ilycts
r>14lajl 4 ... +laul. Toraa r*>|a;| r*~'+ ... 4|a.l. Tostomy Ha
OKPYXKHOCTH paAHyca r Bo Bce Bpemsi JedopMauHH HeT OCOGBIX TOYeK.
TMo ceoiictBy 2 uHAeKc 3TOH OKPYXKHOCTH B HCXOAHOM NoJe H B nojae 2"
oanuakos. Ho B none 2" ou pasen n.

Jlemma noxasana.

[To npeauiayuieii Teopeme BHYTPH Kpyra pajaiyca r ecTh ocobble TOUKH
BEKTOPHOrO MOJA, T. €. KOPHH Hallero ypaBHEHHS.

Teopema noxasaua.

MMpumep 3. HoxkaxeM creayouwyio TeOpeMy O HenoABHKHOIl TOMKE:

Tcopewma. Bearoe zaadkoe*) orobGpascenue f: D— D 3amknyroeo
Kpyea 8 cebs umeeT XxoTv OOHY HENoOBUICHYIO TOUKY.

Bynes cunrtath, uTO Ha mJockocTH Kpyra D BBeneHa CTpykTypa JiHHeil-
HOrO0 MNpOCTPaHCTBA € HaualoM B LeHTpe Kpyra (puc. 264). Hemompux-
Hble TOUKH OTOOpaxeHust f — 370 ocofLie TOYKH BEKTOPHOro noJs v (x)=
=f{x)—x.

IMpeanonoxiM, uto ocobuix Touek B D ner. Toraa HX HeT It Ha OKPYyX-
HOCTH. .

Jlem ma. Hudekc okpysxcnocru kpyea D 8 noae v pasen 1.

. *) dta Tcopema CMpaBeAANBA - AR JIOGOro HCMPepHBROra OTOGpaxenus, HO MH. 3/1€Chb
CuHTaeM Bce OTOOpaXKEHHA [A3aAKHMH M JOKakeM TeopeMy (cM. m, 7) TOABKO B 3TOM
NPCANOJOK CHIH.
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JleficTBUTE/LHO, CYLIeCTBYET Takaf HenpepuiBHasA Aedopmauua nons v
B nojne — X, YTO BO Bce BpeMsi feOpMallHH Ha OKPYXKHOCTH HeT 0COGbIX
Touek (ManpHUMep, INOCTATOUHO MNONOKHTL v (x)=If(x)—x, 0<Lt<]I).
[TosToMy HHIAEKCHl OKPYKHOCTH B MONAX To= —X H V=0T OJAHHAKOBHI
Ho ungeKc OKPYXHOCTH | x| =r B mose — X JIerko COCYHTAThb HENOCPEACTBEH-
Ho: o pasen l. '

Jlemma LOKasaua. -

[To Teopeme npumepa | BHYTPH Kpyra ectb ocoGan Touka mojs v, T. €.
HemoJABHXKHAs TOUKa oTobpakeHus f[. _

4. Unpekc ocoboii Touku sektopHoro moast. Ilyctb O — usoaupoBanuas
oco6asi TOYKa BEKTOPHOTO MOJAA HAa MJIOCKOCTH, T. €. MYyCTb B HEKOTOPOH

7

Puc.6264. Orobpaketue Kpyra Pisc. 265. Muacxctt mpoctux ocoGux vouex pasuu =+ 1
8 ceGs.

OKpecTHOCTH TOUKH O HeT Apyrux ocolGeix ToueK. PaccMOTpHM OKPYXHOCTb
JOCTAaTOYHO MAaJOro pajaHyca ¢ UeHTpoM B Touke O; NpeanonoxuM, HTO
M/I0CKOCTb OPHEHTHPOBAHA H HTO OpHEHTauUMs Ha OKPY2K11OCTH BbIGpaHa
nosoxuTenbiofl (kaxk B n. 1).

Teopema. Hudekc okpysxcrocTu aocrarouuo Mmaaoeo paduyca ¢ yed-
Tpos @ usoauposanHoli ocobol touxe O He 3asucur or paduyca OKPYX-
HOCTU, Auwle Gbt oH Goia docTarouno maa.

B camoM neste, ABe Takne OKPYMKHOCTH MOXHO HENMpEPBIBHO nponecpop-
MHPOBaTb OAHY B ADYryio, He NPOXoAs uepe3 ocobble TOUKH.

3aMeTHM TaKXKe, YTO BMECTO OKPYXKHOCTH MOXKHO Gblo Gbl B3ATh Ji06yi0
ApYryIo KpHBYlO, 06xoasauyio Bokpyr O ofuH pa3 B NoJoKHTEJALHOM Hanpas-
JIeHun. '

Onpenenenue. Unpekc kako-uubyap (M Toraa Jiobofl) nocra-
TOUHO MaJofl TMOJOXKHTENLHO OPHEHTHPOBAHHOH OKPYKHOCTH C UEHTPOM
B HM30/1POBAHHO{ 0COGOIl TOUKe BEKTOPHOrO MOJA HA3bIBACTCA UHOCKCOM
ocoboil Touku. -

l'lpu'mepu. Hunexct ocoGuiX  Touek Tuna yser, ceano M dorye (uan  uentp)
pasutt +1, 1, -1 coorsetcrBenuo (punc. 265). o

Oco6asi TOuKa BEKTOPHOTO MOJAS Ha3blBaeTcsA APOCTOL, €ClH oneparop
JNuHefiHOR 4acTH nonsa B 3TON TOuKe HeBulpoxAeH. IlpocThie ocoGbie TOUKH
HAa MJIOCKOCTH — 3TO y3nel, ceana, ¢oxych H ueHtpol. Taxum obpasom,
HHAEKC mpocTofl ocoGoil TOUKH paBeH Bceraa ==l
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3anaua 1. INoctpouts BexTOpHOE NoC ¢ 0coGOil TOUKOI HHACKCA n.

Ykasaune. Cu., nanpamep, sagauy n. 1.

3anavua 2. [lokaxure, 410 HHAeKC 0cofoil TOUKI He 3aBHCHT OT Bubopa opueuTa-
UHH MMAOCKOCTH.

Yikasauue. INpn u3mMenenun OPHEHTAUHH OAHOBPEMEHHO H3IMEHAIOTCA H NOJOKH-
TeAbHOE® HanpaBiAeHHCc O0GX0Aa OKPYKHOCTH, H TNOAOXKHTEALHOE HaNpaBjleHHE CHETa HHCAA
oGoporos,

5. Teopema o cymme mupekcos. Ilycte D — rkomnakrHas oGaacTb Ha
OpHEeHTHPOBaHHOil NMJIOCKOCTH, orpaHuvenHasi npocroit kpusoit S. Opuen-
TUpyeM KpHBYIO S, Kak nojaraeTcst opueHTHpoBarth rpaunny D (1. e. Tak,
uyro6sl o6aacte D ocraBanace npu oGxome ciesa). ITo 3HAYAT, UTO penep,
o6pa3oBaHHblil BEKTOPOM CKOPOCTH 06Xofa H BeKTOpOM HOPMAaJH, Hampas-
JeHHLIM BHYTPb D, RoMKeH 3amaBaTh MNOJOMHTEIbHYIO opuemaumo nio-
CKOCTH.

IMycTb Ha nJOCKOCTH 3agaHO BeKTOpHOe MoJe, He HMeloulee 0COBbIX
TOYeK Ha KpHBOH S H HMelowee JHIIL KOHEYHOe YHC/I0 OCOOLIX TOoHeK
B oGpactw .

-Teopewa, Hndekc kpusoii S pasen cymme uHOCKCOG 0cobbix ToUeK
noasn, aexcawyux euyrpu D.

HOast pokasaresbcTBa 3aMeTUM, UTO HHAGKC KPHBOM oénanaer cienyio-
LM CBOIICTBOM aJJHTHBHOCTH.

Paccmorpnm ABE OpHEHTHPOBAHHBIC KPHBLIC Vi, Y2, NPOXOLsilLHE Hepe3
oany Touky. MosHo oO6pa3oBaTh HOBYIO OPHCHTHPOBAHHYIO KPUBYIO Y-+ Y2,
ApPOiIAs cHayaja yi, a NOTOM Ya.

JI e M M a. Hulexc kpusoli yi +y; pasen cysse undekcos Kpusoix 1 U ya.

HeiicTBuTenbno, BekTop noas cgenaer #; o6opoTop npu o6Xxofe Kpi-
BO#l y1 ¥ emie n; 06opoTOB Npu OOXORE KPUBOIL Y2, HTOrO 1) -} 12 06OPOTOB.
Jlexma poxasaua,

Tenepy paso6eem D ua uacti D; Tax, yToObl BHYTPH KaMmoil u3 HHX
6bi0 He Ooablue oAkofl ocoGoil Touxky noas (puc. 266), a ma rpaununax
4TOGBl 0COBBIX TOUCK tie Guio. OpHEHTHPYeM KpHBBE Yi, OrpalHudBaouiite

ITH YacTH, KaK NoJaraercsl OpHeHTHPOBATL rpa-
s uuust (puc. 266); Toraa no Jemme

indz y.-=ind(8+z ind 6,) ,
i i

vae §; — 3aMKHyTasi KpHBas, NpeACTaBjsonlasn
yacTb rpauuusl obaactu Dy, Haxogsylocst
puytpd D u npoitpenuylo ABa pasa B pasurle
Puc. 266. Huacke kpusoit S pasen CTOpOHEL " N
CYMMC HHACRCOB KpUELX i H Yo Hugexe xaxuoil kpupoii 6; pasen 0, Tak Kak
5Ta KpHBast CTATHBACTCSl B TOUKY, MHIYsI OCOBLIC,
TOUKH nojst (cm. nm. 8). HMupekc KpHBOi y; paBeH Huiekcy TOH o0coGoi
TOYKH, KOTOPYIO 3Ta KpHBasi oxBatbiBaeT (Hau.0, ecan B obaactb D;, oxBa-
Toipaemoil aToll Kpupoil, ocobLix Touek Her). Teopema nokasanua.

3anmaua . Ilycte p— muorouieH cTemeH# n OT KOMIJEKCHOTO MEPEMEHHOTO 2,
D — 06s1acTh Ha NAOCKOCTH NCPEMCHIOrO 2, OrpalliyeHHan KPUBOH S.
'
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Tpeanonoxnm, uTo na KPHBOA S WeT Kopuel Muorounena. JlokamuTe, UTO uUnCAO Kop-
HeAA MHorounesa BHYTpH D (C yueTOM KpaTHOCTeil) paBHO HHAGKCY KpHBOA S B noae
v=p (z), T. e. uncay o6opoToB Bokpyr 0 kpusoit p(S).

3ameuaune. Mu noaysaeM TeM cambm crnoco6 pewenns npoGiemn Payca—
Fypsuua (cm. § 23): '

Hadira wucao n. Kopreid OaHHO20 MHO20YACHA 8 AEBOU NOAYNAOCKOCTU.

C 3TOR LeALIO pacCMOTPUM TNOAYKPYr AOCTaTOuHO GOIBWIOro PagHyca B JeBoit noay-
NJACCKOCTH € LEHTPOM B TOuKe z=0 H ¢ AMaMeTpPOM na MHHMOR ocu, Uncno Kopueit B nesoit
NOAYNAOCKOCTH PABHO MHAEGKCY TPaHMUM 3TOrO Noaykpyra {(ecau ero pagnyc AOCTATOYHO
BeMHK H Y MHOTouleHa Her YHCTO MHHMBIX xopuef). Jlna BuiuncTeHHA NHAEKCA KpHBOA S
JOCTaTOMHO COCHHTATL YHCAO v 060poTOB 00pa3a MHHMMONA OCH, OPHEHTHPOBAHHON OT —
K -i BOKPYr Hauala KOOpAHHAT. [eACTBHTENLHO, JCFKO DNPOBCPHTH, UTO

n_=ind S=v+4n/2,

Tak Kak 06pa3 MNONYOKPYXHOCTH JOCTAaTOYHO GOJLWIOTG pPalHyca NpH OTOGpa)keHHN P
nenaer npubansuteabHo n/2 o6OpPOTOB BOKPYr Hauana koopaAnHaTt (TeM Toumee n/2, uem
Gonbule paanyc).

B uacTHOCTH, 8Ce KOpHU MHO204AeHA CTenenu n Aexar 8 Aesoil NOAYRAOCKOCTH, ecAn
u ToNbKO ecau Touka p (it) npu uamenenuu { 0T — oo do - oo 06x00ur HAwaAG Koopduwar
n/2 paz (e cropouy or ! & ).

6. CymMMa nHaeKcOB ocoGuiX Touek Ha cdepe.

3anaua* 1. Jlokaxure, 4T0 UHAEKS 0Co60il TOUKH BEKTOPHOFO NOANA
Ha MJIOCKOCTH coxpausetcst npi auddeomopduane.

Taxum oGpasoM, HHIEKC — MOHATHE TeOMETPHYUECKOe, He 3aBiCALEE OT
CHCTEMEl KOODAHHAT. IDTO OGCTOATEJbLCTBO MO3BOJSET ONPENEANTh NNAEKC
0c060ii TOUKH He TONLKO HA IVIOCKOCTH, HO H Ha M0GOM ABYMEPHOM MHOrO-
obpasuu. JleficTBHTENbHO, JOCTATOYHO PACCMOTPETh HHACKC 0CcoGOii TOuKH
Ha Kakoil-HHOYAb KapTe: Ha JAPYTHX KapTax 'oH GYNET TCM e CaMbiM. -

IMTpumep 1. Paccmorpum chepy ¥*+y°+2°=1 B erkannosod Tpex-
MepHOM npocTpahctBe. BexropHoe moJsie ckopocTh Bpawenns BOprl‘ ocH 2
(t*=y, y= —x, 2=0) HMeeT ABe ocobHE TOUKN:
ceBepHBI H 10XKHWIA momiocw (puc. 267). Hu-
JIeKC Kaxjoit H3 Hux pasen 1.

Ipennonoxum, uto Ha cdepe aaHo BeKTOP-
HOE TMoJie, HMelollee JIHMb H30JHPOBAHIblE
ocoGble TOuKH. TOoraa HX KoHEUHoe 4HCJIO, TakK
KaK cdepa KoMnakrha.

Teopema*. Cymma undexcos scex ocobotx
TO4eK noAs HA Chepe He 3asucur OT 66160pa noas.

Hsa npeumnymero npuMepa BHAHO, YTO 37a
cysmma pasna 2.

Hpea pokasateabctsa. Paccmorpum
KapTy c¢epbl, NOKPLIBAIOWYIO €€ BCIO,  KPO-  puc. 267. Bextopioe noic na cde-
Me omHOil  TOUKM, KOTOPYIO Mbi HasoBem P& wveouce ase ocofue Toukn
nonocoMm. B eBKIHAOBON nIOCKOCTH 3TOH KapThl
pPaccMOTpPHM KOOpAHHATHOE BeKTopHoe none e;. [lepenecem 3to none na
cepy. Torna monyuum none na chepe (ie onpeneneHHoe B OAKOM JAHUIBL
NoJoce), KoTopoe MH no-npexiieMy Gyaem oGospauath uepes ey.

PaccmoTpuM Tenepb KapTy okpecTihocTH nomoca. Ha naockoctu 3stoi
KapThl Mbl TaKXe MOXEM HApHCOBaThb BEKTOpHOE mnoje na cdepe e mue
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onpenencHHoe AHWb B oauoi Touke O. Kak oHo Gyner BLIMIANETD, MOKa3a-
HO Ha puc. 268.

Jlem ma. Hulexc 3amknyrol xpueoﬁ, obxodaweil odur pas touky O
8 NOCTPOEHHOM NOse HA NAOCKOCTU, pasen 2.

Jlnas nokasaTesscTBa JieMMbi AOCTATOMHO SBHO NpPOACAATH OMiCaHHBE
‘Bolllie onepalHH, B3fiB B KauecTBe ABYX KapT, Hanphmep, Kaptul cdepol
B CTepeorpa(puqecxoii npoexkunu (puc. 235). Hapaanenbuuic npsiMble nep-
BOH KapThl mepeiigyT Ha BTOpO#l B oxpyxmocm pHc. 268, U3 KOTOpPOro fcHO,
4TO HHAEKC paBen 2.

Paccmorpum Tenepb BekTophoe nojse v ua. cdepe. Buibepem 3a modmoc
HeocoGyi0 Touky noas. Toraa Bce ocobble TOYKH MoJs H306pakaloTcs Ha

o
KX ’///mmlmnllllnnlmumlul\l\\ == =
'//"’lllulmlmllIlunnnuu\l\\“\\“\ -

"IIH”HIMIlllllll||lll' A -

Pug .268. Bexropuoe noae, napanieib- Puc. 269. Ha kaxiom octpose cymMma unc-
HOE HA O0JAHOA KapTte cdepu, HO Ha A3 BCPIINN € UHCAOM KOTJIOBHH Ha | Goabwe
picoBannoe Ha APYro. uHCIa NEPeBancs.

Kapte gonoJHeHHst K nojiocy. CyMMa HHIEKCOB BCeX OCOGHX TO4eK Mnonas
paBHa MHAEKCY OKPYXKHOCTH JOCTATOHHO GO/LUIOr0 PajHyca Ha IJOCKOCTH
stoil Kapthl (no Teopeme mn. 5). IlepeHecem 3Ty OKpyXHOCTL Ha cdepy,
a co cepsl Ha KapTy OKpecTHocTH nosioca. Ha atoil kKapre nHaekce nonyden-
HOfl OKPYXHOCTH B HcojeayeMOM fone paseH 0, Tak Kak MOJ0C — Heoco-
6as Touka noas. OcTaBasfchk Ha 3Toft HOBOII KapTe, Mbl MO}K€M HCTOJKO-
BaTb HHAEKC OKPYXXHOCTH HA NepBOH KapTe Kak <uic/j0 o60poTOB noast v or-
HOCUTEAbHO NOAR €)» TIpH ODXOAe OKPYXKHOCTH.

370 uncao paBHO 2, Tak Kaxk Ha HOBOIi KapTe NpH obxozne 1o OKPY K-
HOCTH BOKPYT TOYKH O B INOJIOKHTENbHYIO AJf NMepPBOH KapThl CTOPOHY H30-
6GpakeHHOe Ha HOBOH Kaprte noje ey copepuwaer 2 o6opoTa, a nosie o —
0 o6opotos.

3anaua* 2 Myers f: S — R'—~raaakan Qyuxuna ua cdepe, BCe Kputityeckue
TOUKH XOTOpoii mpocTel (T. e. BTopoil AuddepeHlilHan B KaxKA0A KPHTHHCCKOR TOYKe HeBH-
poxaen) Jloxaxute, WTo mo—m, -} ma=2, rae Mm; — UNCAO KPHTHYECKHX TOUEK, Y KOTOPHIX
OTPHLATEAbLHEH HHACKC HHEPUHH BTOpOro AHddepenunana paseH i.

Hubimu CAOBaAMH, €LAU OT HLULAQ MUNUMYMOS OTHATL 4uca0 cedeA u npuéasurb qucao
Makcumymos, 10 scecda noaywurca 2. Hanpumep, umcao Bcex ropHuHx Bepwun ita 3eMae
fAI0C YHCAO BCEX KOTAOBHM Ha 2 Goablue, ueMm uHcAo nepeanos. Ecan orpasuunrscs oaxum
OCTPOBOM HJAM M3aTCPHKOM, T €. paccMarpHBaTe QYHKUHM HAa Kpyre Ge3 KPHTHUECKHX TOuEK
#a Kpaw, 10 mg—mi+ my=1 (pic. 269).

Yk a3aune. Paccmorpure rpansent dyuxuuu f.

3aaaua* 3. lokaxnte Teopemy Diljiepa 0 MHOTOTPAHHHKAX:

4R 6CAKOZ0 6bINYKAOZO O2PURUKEHNOZO MHOPOZPANHUKG C Go GePULUHAMY, 0\ pebpasu
U @y 2pAHAMU Qo —Cy a2 =2.

Yka3zaune.3Ty 3aaauy MOXHO CBCCTH K Npeabilyuled.
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3aaaua* 4. Jokaure, uro cymma undexcos 7y, 0cobGblx TOHEK GEKTOPHO20 noat
Ha 210608 OBYMEPHOM KOMRAKTHOM MHOZ0OGpasun He 3agucur or noas.

Yucno y maswBaevcs adacposod xapaxtepucruxod MuorooGpasus. Hanpusmep, suitue
MH Bliflenill, 4TO 3(1epOBa XapakTepucTika chepui-y, (S?) pasna 2. -

3anaya 5 Hajlante 3iieposy XapakTepHcTHKY Topa, Kpeuseas u cbheput ¢ n pyu-
kamu (puc. 245).

Orger. 0, —2, 2—2n.

3aaaua* 6. [llepenecure peay.'ibra'm 3agay 2, 3 co chepu ma awoGoe AByMephoe
KOMNAKTHOE MHorooGpasue M:

- . mo—m.+mz=ao-—m+az=x(M)

7. OGocnosanue. Jdamnm Tenepb TOUHOE onpenenexme yucra oboporos
BEKTOPHOrO MNOJR.

IMycts v — rnaakoe BeKTopHoe nose, 3anaHHoe B o6racti U niaockocTH
¢ KoopauHaTaMu (X1, ¥s) CBOMMH - KOMMOHeHTaMu vy (X1, X2), vz2(x, Xg).
CucremMa XOOpPAMHAT (X3, X2) 3ajaeT Ha TIJIOCKOCTH OpHEHTAIIO H eBKIH-
ROBY CTPYKTYpY.

Buikunenm u3 obaactu U oco6Gble TOYKH nojs u 0603HAauUHM OCTaBIIYIOCH
o6aacts uepes U’. 3amaaum o(1‘c)>6pa}Ke1me obnactn U’ na OKPYXHOCTB

e . v (x
dopmyaoit f: U'— 8!, f(x)= =TeeN”

Jto orobpaxkenne raagkoe (TaK KaK Mbl HCKJIIOYHAH oOCOOble TOYKH
noas). Paccmorpum Kakylo-uubyap Touky x o6aactu U’. Ha okpyxuocti
B OKpeCTHOCTH o6pa3a [(X) TOUKH X MOXHO BBECTH YIJIOBYIO KOODAHHATY .
Mt nonyuaeMm Torja onpeieseHHyi0 B OKPECTHOCTH TOHKH X [VIafIKYl0 Bele-
ctBennyio ¢yuxuno ¢ (xi, x2).

Cocuntaem ee noauniii auddeperunan. Vimeem npu vy5=0

dp=darctg =200 —vidvs (1
- n vi+t-vs-
JleBas uacTh paBHa nmpaBofi H npn v =0, v25~0. Hrak, xora cama dyHk-
Wisl @ Onpeie/eHa TOMbKO JNOKAJAbHO H TOJABKO ¢ TOYHOCTbIO Ao npubabie-
HHAi KpaTHoro 2n, ee auddepenunan ecTb BnojiHe onpejleleHHasi riafkaa
- anddepenunansiiast ¢opma B0 Bceil obsactu U'. Mol 6y11eM 0o6o3HauaTh
sty dopmy uepe3 dg.

Onpeneneunne. Hudekcon opueurupoeauuou 3amMKRYTON Kpusolk

v: S'— U’ nasuBaerca uuterpan ¢opmbl (1) mo kpusoil y, noAeNeHHbI

Ha 2m: 1 .
indy=%®d¢. , (2

Ty _
Tenmepp Mbl MOXeM aKKypaTHO NOKa3bIBaTh npuBeneHHue BHlIE TEO-
pembl. Jlokaxkem, HampuMep, TeopeMy O CyMMe HHAeKcoB (cM. @ 5).
Hoxasarteabcrso. INycrb D — o6aacts ¢ rpannueit S, BHYyTpH
KOTOpOil faHHOe MoJe ¥ HMEEeT KOHeuHOe HHC/0 ocobuix ToueK., O603HauHM
yepe3 D’ o6sacTb, nonyueHHyioo n3 D BHIKHABBaHHEM MafNbiX KpYroBblx
OKpecTHOCTe! OCOOHIX TOueK. 'l_'or:(a rpaiiina D’ ¢ yueroM opHeHTaumi

ecTh OD’=S—Z Si, rae Si; — oxkpyxHOCTb, ob6xoasnwas BOKbyr i-fi ocoBo#
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TOYKH B NOJIOXKHTEJAbHYIO ctopony (puc. 270). Ipumenum K obaacru D’ u
uuterpaay (2) dopmyay Ipuna. Hoayunm

o= do—T § de

R D
Cnesa crtont 0, Tak Kak ¢opma (1) J0KaJbHO SABASCTCS NOJHLIM Hid-
depenunanon. Bpngy onpeacienust (2) noayyaem ind S=) indS; uro
1 TpeGOBaNOCh [OKa3aTh.
3aaaya* . lokaxure, YTO MHAGKC 3aMKHYTOR KPHBOH — Lej0e YHCHO.
3apmaua* 2. FNposecTd NOJHOCTBIO JAOK333TeAbCTBO YTBepxaeHuwi nn. 1, 2, 3, 4.
. 8. Muoromepuniii caydait. Muoromeptoe oGoGuienne NORATUS 4ucA0 o6o-

pPOTO8 HA3BIBAETCA CTEMEHbIO 0TOGpaXKeHHs.
Crenenb 0TOGpaKeHUs — 3TO 4YHCNO NPooGpPa3oB TOUKM € .yueToM 3Ha-
KoB, omnpejeasieMblx opHentaunami. Hanpumep, crenenn otoGpakenus

4
¥y gy
Puc. 270. O6aacts, k kOTOpOR NpH- Puc. 271, OroGpaxenie
meHnercsa ¢opmyaa [pina. creneny 2.

OpHEHTHPOBaHHON OKPYXKHOCTH Ha OPHEHTHPOBAHHYIO OKPYMNOCTL, HapH-
coBaHHoro na puc. 271, paBHa 2, Tak Kak uHCJAO nNpooGpa3oB TOUKH Yy,
yunTbiBaf 3HaKkH, pasio 14+1—141=2.

Yro6rl aaTh oflice onpeleieHHe, HOCTYHaeM CJACAYIOLUM 0GpasoM.
Tycets f: MI— M3 — raankoe oto0paKenue OJZHOTO 71-MEPHOro OpHCHTH-
poBaHHOro MHOrooGpasusi Ha Apyroe Takoe xe. Touka xeMT MmHorooGpa-
3us-npoo6pasa iHa3LIBAETCSl pecysAapuoll Toukod, ecil TPOH3BOAHASL OTO-
Gpaskenns [ B TOUKE X €CTb HEBLIPOKACHHLIA NHHENHDT onepaTop fax: T MT —
— T1gMs3.

Hanpumep, Touka x na puc. 271 peryasipua, a Touka x’ uer.

Onpenenenne. Crenenvio orobpascenus [ 8 pecyraprol TO4Ke x
HasbiBaercs uncao deg.f, paBuoe +1 wam —1 B 3aBHCHMOCTH OT TOro,
nepeBoAMT AW f.r 3aKaHHYI0 opueHTauHIO npoctpanctsa T,MI B 3ananuyio
opHenrauwHio npocrpanctsa TjM3 HAH B NPOTHBONOJOKHYIO.

3apaua 1. [Jlokaxute, uTO cTemeHb JuHefmoro astomopdusma A: R*— R*
BO BCEX TOYKaX OAMNAKOBA H paBHa deg,A=sgn det A=(—1Y"", rae m. — KoAHYECTBO
COGCTBEHHbIX uKHcea onepatopa A ¢ OTPHUATEAbHOIl BeUuleCTBEHHOM YacTLIO.



§ 306} : HHAEKCH! OCOBBIX TOYEK BEKTOPHOT'O NOJIR 259

3anaua 2. Mycrs A: R® - R* — nuneiinsiil aBToMOpdH3M B eBKIHMZOBOM NPOCTPaH:
cTee. OnpesenuM otofpareHue eluHHuHOR chepul Ha ce6a dopmynon [ (x)=A (x)/1Axl.
Haiitn crenenb otoGpaxenus [ 8 roqne X,

Orser, deg, [f=deg A.

3agaua 3. Mycts f: $"' — §7~' — oTo6parkenue, nepesoAAwEee KaXAY TOUKY
cdepy B AvamMeTpanbHo npoTHBONOJOKHYIO. KaKOBa ero crenenb B Touke x?

Orser. deg, f=(—1)"

3anaua 4. Tlyers A: C"—>C" — C-mnefuntit asromopdusm. Hafitn crenens ero
osewectsaenust, A.

Orqer. 41,

PaccmoTpuM Tenmepbr Kakywo-HHOYAbL TOUKY y MHorooGpasnsa-o6pasa M7
Touka ye=M$ nasviBaetTcil pezyaaphoim 3nauenuem orobpascenus f, ecau
BCE€ TOUKH. ee nommoro npoo6pasa f~'y peryasipuwt. Hanpumep, na puc. 271
TOUKA Y SIBJAETCH pery/isipHbiM 3HaueHHeM, a TOYKa y' HeT.

IlpepnonoxuM Tenepb ROMOJHHTEJIBHO, UYTO HAaLIH MHor006pa3na mt
H M} komnakTHb H cBA3HLL Torma nmeer. MecTo

Teopewma,

1. Pecyarapusie 3HAUEHUA CYuiecT8YOT.

2. Jucao Touex npoobpasa pezysapHO20 3HAYCHUA KOHEUHO.

3. Cymasa crenenell oTOb6paNeHUR 80 BCex TOUKAX NPOOGPA3A PeSYAAPHO-
20 3HAHEeHUA HE 3A8UCUT OT TO20, KAKOE UMEHHO pe2yrapHOe 3HaHeHue bl
paccxarpusae.

Joka3zatenbcTBO ITOH TeopeMbl AOBONBHO CJOXKHO H He GyAeT 3jech
TIPHBOJHTLCS; OHO HMeeTcsl B yueGHHKAX Tomosoriun *).

3ameuanne 1. B feficTBUTENIBHOCTH PpeEryJspHBIMH 3HAYCHHAMH
AIBASIIOTCST NMOYTH BCE TOUKH MHOrooGpasus M3z: HeperyJasipHble 3HadeHus
0Gpa3yioT. MHOXeCcTBO Mepnl 0.

SamMeuanue 2. YcaoBHe KOMMAKTHOCTH CYIIECTBCHHO HE TOJIbKO
I/l BTOPOTO, HO H JUI1 TPETLEro YTBEPXKIEHHA TEeOpeMbl. (Paccmorpme,
HanpHMep, BJIOMKeiHe OTPHUATENbHON MONYOCH B YHC/IOBYIO MPAMYIO.)

~ 3ameuamnne 3. Uucao touek mpooGpasa (6e3 yyera 3HAKOB) ANs
Pa3HLIX peryJasApHLIX 3HAYEHHA MOXKET GbITh Pa3HBIM (Hanpumep, Ha puc. 271
Y 3HaueHHS y WX 4eTHpe, a y 3HaueHHs y” BCEro asa).

Onpeaenenne. Cyuma creneneii otoGpaxennss f BO BCex TOYKax

npoofpasa peryaspHOro 3HAYEHHS HA3LIBAETCH CTENeHbl0 OTOOPAXsceHu:

deg f=), deg:f.

. xesf 'y

3anaua 5 Haiitn crenens otoGpamenns oxpymnocm {zl =1 mna ce6a, 3azaHHOTO
dopuynoit f(z)=2", n=0, =1, 2, ...

Orser. n.

3angaua 6. Hafitu crenens moﬁpamemm eAuHHYHOMN chepH B eBKIHAOBOM NPOCTPaH-
cree R™ ma ce6a, 3apandoro ¢opmynoii f(2)=Az/|Az|, rae A: R* - R" — ueBnipoxaeH-
HBlA anxefinuifi oneparop.

Orser. deg [=sgn det A.

3anaua 7. Halitn crenenb otoGpaxeHnst KoMIeKcHof npoemuaﬂoﬁ npamofy CP!
Ha ce6s, 3afanHoro dopmyaoii a) f(z)=2z"; 6) f(z)—-z

Orger. a) n; 6) —n.

*) Cm., Hanpumep, cOcoﬁeHHocTu nutb(bepeuunpyemux oroﬁpamermu» (M.: Mup,- 1968,
crp. 38—40).
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3aaava 8 Hafitu cremenb oroGpamenns KoMmniekchoii npsmoli CP' ha cebs,
321an10T0 MHOTOYAEHOM CTeRenH .

Orger. n.

3amgaua* 9. Jlokaxnre, 4TO MHIZEKC 3aMKuyTOd Kpusoii y: S'—» UV, onpexenenuuil
B n. 7, COBN2AaeT CO CTENCHBIO CACAYIOLLEro OTOODaXKeHHS /i OKPYKHOCTH HA OKPYIKHOCTb.

Mycts f: U'—S' — noctpoennoe B n. 7 ¢ nomowsio BeKTOpHOro noas ¢ B o6aactn U’
oroGpaxente. Monoxus A=foy: S'—> S'. Toraa

ind y=deg h.

Onpeaeaenne. Hudexcom usoauposannoii ocoboii Touku 0 BeKiop-
Horo noas v, 3ajanuoro B coaepaaiueit 0 obaacty eBkAHAOBA NPOCTPAHCTBA
R", nasuiBaeTcs cTeneHb COOTBETCTBYIOLIErO NOJK OTOGpakenust i cepbt
mMaJsoro paauyca r ¢ ueHTpoM B Touke 0 ua ce6s. Orobpakenne h:
rv (x)
lv(x)|°

3apnauva 10. [lycth onepatop v,0 AnmeiHOR YacTH foAS v B Touke O HEBHIPOXNKIEH.
Toraa nraexc ocoGoit Toukn O paBen cTClicHH 3TOrO onepaTopa.
3aaaua ll. Halitu uugeke 0co6oi Toukn O noas 8 R”, COOTBCTCTBylOULIEro ypasHe-
HHIO Xx== —X. T e
- — — —— —Orger.(—1)
[TonsaiTHe cTenenn no3BoJfieT -CPOPMYJIHPOBATL MHOLOMEpPHBIE aHAJOTH
paccMOTPEHHLIX Bbille AByMepHbix TeopeM. JlokasaTeabcTBa MOXHO HaiTH
B yueGHHKAX MO TOMNOJOTHH.
B uacThocTH, cymma uHOeKco8 0COBbIX TO4eK BEKTOPHO2O N04st HQA
KOMNAKTHOM MHO2006pasuu A10606 pasmepHocTU He 3asucur OT ouibopa
noas u onpedeanercs CEOHCTEAMU €AMO20
MHO2000pa3UA. DTO 4YUCJIO Ha3bIBACTCA 3dae-
pogoii xapakrepucTurol MuoroolGpasisi.

UTo6ul BbIUHCAHTB 3il1epoBy Xapakre-
pPHCTHKY MHOrooGpasusi, AOCCTATOYIIO HCCAae-
10BaTh ocofule TOUKH Kakoro-Hitbyab OZHOTO
an¢epeHHanbHOrO YypaBleHHs, 3alaHHOrO
Ha HCM.

' 3azawa 12, Haiitu silicpopy XapakTepHCTHKY
chepat S”, mpocktupHoro mnpoctpanctsa RP?, Ttopa T".

Orger. 7 (S")=2% (RP")=1-+4(—1)", % (T")=0.

Pewcnue. Ha rtope /1060l pa3MepHOCTH ecTb
anddeperunanbioe ypasucHile 6e3 ocofuXx TOUCK (CM.,

S$"=' > 8""!, §"~'={x&R" lxl=r) 3anacres Qopmyoit k()=

Puc. 272, Jluncapusauns nmpq»cgcu- uanpiusep, § 24, 0. 5), nostomy % (7")=0.
uiaawitoro ypaosuacenig pa cdepe sban- n -
3H ero ocoa,’,‘; TOueK. bep flenwo, uro  x (S")=2y (RP"). [eificTBuTCaABLHO,

paccMmoTphm oTobpaxenine p: S"— RP", nepesoasulee
Kaxiayio Touky cdeput §"c R"*'p npamyio, cocasusiowyio ee ¢ hauaiom koopaunar. Oro-
Gpameniie p JA0Kaawho auddeomopdno; npi 370M npoobpas Kamaoli TOUKH NPOCKTHBHOIO
MPOCTPAUCTRA ~— 370 OBC ;AMAMCTPaAbHO NPOTHBONOAONHWE TOMkH cdopul. Caelosateasuo,
BCAIKOC BeKTOpHOC noie na RP® onpescant ua 8" noae ¢ sasoe GOIbUINHM YHCAOM 0COGHX
TOUCK, MPHUCM HHACKCH Ka)KaAofi H3 ABYX NPOTHBONOIOXILX 0COGBIX Toyck Ha cdepe GyayTt
TaKHe e, KAK HHACKC COOTBETCTBYIOWELI HM TOYKH B MPOEKTHBHOM MpPOCTPAHCTBE.
HroGet cocuntats y (S"), sanaauM cepy ypasuenuem xj- .. +xZ=1 B eBKANA0BOM
npoctpanctee R u pacemorpum Qynxunio xo: S~ R.
CocrasuM anddeperunansuoe yYpapHeHie na cdepe

x'=grad Xo
W uccacayeM ero ocofue Touku (puc. 272). BektopHoe mnoae grad xo ofpawaetca B 0
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B AByX Toukax: B ceBepHoM mosioce N (xo=1) u B 1oxHOM S (xo=—1). Jluneapusya nud-
¢depeHnHanbHOe YDAaBHEHHE B OKDPECTHOCTH CEBEPHOTO M I0XKHOTO 7ONIOCA COOTBETCTBEHNO,

ﬂO.’ly‘lHM ypaBHeHHﬂ
f=—% 1=R'=TyS%  q=19 n=R'=TsS"

CnesoBaTenbio, HHAEKC ceBepHoro moaioca pasen (—1)', a toxuoro pasen (1)
anaunt, 1 (S")=14(—1)% '
B uactuocTH, OTCIONA BLITEKAET, UTO B8CAKOE BEKTOPHOE noae KA HeTHOMepHOi Ciepe

useer xoTo 00HY 0COGYIO TOHKY.
3anaua 13. Mocrpouts na neuetromepnuoft chepe S?"~' mektopnoe note Ges ocobuix

TOYEK.
Yka3auue. PaccMorpers Auddeperunalbuoe ypaBHeHHE BTOPOro NOPAAKAE X= —X,

x= R, -



Mporpamma sk3amena

1. Teopema o Bunpamaennn (§ 7, nm. 1, 7) u ee nokasateanctso (§ 32, n. 5).

2. TeopeMHl O CylL1eCTBOBAHKH, CAMHCTBERHOCTH n juddepenunpyemoctu (§ 7, nm. 2—5
H § 3I, no. 1—8; § 32, nn. 1—4). Cxartnle oro6paxenusn (§ 30).

3. Teopema o npogoaxennn (§ 7, n. 6) n Teopema 0 TOM, 4TO BEKTODHOE INOJE HA KOM-
NaKTHOM MHOroo6pasuu 3ajaer ¢asosnii notok (§ 35, nn. 1—3).

4. Qa3zopble KpHBLle aBTOHOMHON cucTeMH. TeopeMa 0 3aMKHYTHX q)aaonux KpMBHX
¢ 9. - S T

- —— — —— —5-TIpoU3BOAHAA N0 HANDABACHHIO Bexropuoro noas n TiepBLie HHTErpaan (§ 10, § 12).

6. dxcnoHenTa JRHeHHOro onepaTopa. JKCMONCHTA KOMILIEKCHOTO YHCAAa M IKCIOHEHTA
#opraHosoH kietku (§ 14; § 15, nn. 4, 5; § 25, n. 1),

7. Teopembl O CBA3H (a30BLIX MOTOKOB, JHHENHHX YDPaBHCHHT, OLHONMAPAMETPHUECKHX
rpynn AxueiiHelX npeo6pasoBaHuil U sxcnoHedT (§ 4, nn. 2—4; § 13, no. 1—3; § 15, nn. 1—3).

8. CBA3b onpeaennTens, 3KCNOHEHTH M cAeaa. Teopema JinyBuaast o6 onpeieantene
Bponcxoro (§ 16; § 18, n. 4; § 27, n. 6).

9. Knaccuprranua ocoObIX TOueK JAHHeMHWX ciicTeM Ha miockoctH (§ 2, nu. 4, 5;
§ 17, n. 2; § 19, n. 4; § 20, nn. 3—35).

10. Pewenne AnHeAbIX OAHOPOAHBIX ABTOHOMHHIX CHCTEM B KOMMAEKCHOR H BelLlCCTBEM-
Hol 06/1aCTH B CAyuae NPOCTHIX KOPHEM XapaxrepucTHueckoro ypasueuunn (§ 17, n. 1, § 18, n. 5;
§ 19; § 20).

11. PeweHite nuHeHNX OAHOPOAHLIX ABTOHOMHEIX YpaBHERH{ H CHCTEM B Cyyae KPaTHHIX
KOpHeil XapaKTepHCTHYECKOTO ypaBHeHHa (§ 25)

12. Pelenne auHeAHHX HeOAHOPOAHEIX aBTOHOMHHEIX ypaBHeltitii ¢ NPaBoil 4acTblo B BHAE
CyMMBbl KBa3HMHoOrouaexos (§ 26).

13. JluneiiHnie OAZHODOAHLIE HEaBTOHOMHLIE YpaBHeHHA W cucTeMu. Onpeacanteas
Bponckoro. Cayuaii nepHoanuecknx koagouuunentos (§ 27 u § 28, n. 1).

14. PeweHne JHHCHHMX HEOAHOPOAHBIX YpaBHCHNI ¢ NOMOULLI0 BAPHAUMK NOCTOAH-
HEIX (§ 29).

15. Teopema 06 YCTOHYMBOCTH 1O AHHeiHOMY npubiixennio (§ 22, nm. 3—5; § 23).

16. ©a3oBble KpHBLIE JAHHENHOrO YPABHCHHA C YHCTO MHHMBIMIE KOPHAMN XapaKTepucri-
ueCKOro ypasHeHusl. Manbte KoneGanua xoHcepsaTuBumx cuctem (§ 24 n § 25, n. 6).




OGpa3np 3K3aMEHAUUOHHBIX 3a7ay ¥*)

“ 1. Jns oCTaHOBKH PeyHHX CyJO0B Y MPHCTAaHH ¢ HHX c6pacHBaiOT KaHAT, KOTOPLIft Hama-
THBAOT Ha CTOA6, cToAwWHit Ha npuctann. Kakasa cuna GyaeT TOPMO3NTH CYAHO, €C/H KaHAT
penaet 3 BUTKa BOKPYr cToa6a, kosdduunenr TpeHns Kauata o ctonb pasen 1/3 u pabouni
Ha NpHCTaHM TAHET 32 CBOGOAHHA KOHeW KaHaTa ¢ cuaodt 10 xre?

2. HapucosaTh Ha mnosepxnocTH nuAuHApa ¢as’osme KPUBHE MAATHHKA, Ha KOTOPHII
JAe#CTBYET MOCTOAHHHIA KPYTAUHI MOMEHT:
=142sinx,
Kakne RBHXeHHA M2ATHHKA OTBEHaT KPHBHM PAa3sHMX THNos?

3. BuuHCANTE MATPHUY €, TAe A — JaHHAS MaTpHa BTOPOTO WIM TPETHETd MOPAAKA.
4. HapucosaTs o6pas xBagpata lxl<l nmpu npeoSpasosannn a3soBoro mnoroxa
CHCTEMB

§|=2x2, 'J;2=»\'|+X2
3a spems f=I,

5. CKOJAbKHMH HEeCATHYHHIMH 3HAaKAMM 3aNHCHBAETCA COTHH uJeH NOC/JCHOBATENBHOCTH
1, 1, 6,12, 29, 59, ... (xn=xn—1+20:204n, x1=x2=1)
6. Hapucosarh ¢a308yio KPHBYIO CHCTeMN :
X=x—y—2, y=x4y, z=3x+42z,
npoxogsawyioe uepes touky (1,0, 0).

7. Hafitw Bee «, B, v, npn xotopux TpH ¢ynxuun sin af, sin pf, sin y# mmefino sapucuMHL.
8. HapucosaTb Ha mockoCTH (X1, ¥2) TPAeKTOPHIO TOUKH, COBepIaomedi MaaLe KoneGauus:

X==—=98U/ox;, U= (5x|—8xxXz+5xz)/2
Havansuute yenopus: xi==1, x2 =0, £ =x, =0.
9. Ha nepsonaua/nbHG MOKOWBUWHACA MAaTEMATHYCCKHA MASTHHK ATHUM l M o BecoM | kre
B Teuenne | c pmeflcToBasa ropusoHTadbHas cuna 100 r. Hafitu amnantyay xoaeGauwuit,
KOTOpbie YCTAHOBATCA noC/e TNPeKpalieHu AeACTBUA cuasl (B cM).
10. Hccnenosats, ycTORYHBO VI NQ JianyHoBY HyJjeBOe pewenne CHCTEMH
X1 =x2, 0,4 npr
{ n= m<1)={ A npr 2kn < I<(@ht1),
Xy = —0°x|, 0,6 npu (2k—1) nt < 2kn,
k=0, =1, £2, ..
11. HafiTn Bce 0COGHE TOYKH CHCTEMB
f=xy+12, g=x*+4y*—25. .

HcenenoBaTs BX YCTOAYMBOCTH, ONpedesuTb THAH OCOGHX TOUSK W HApHCOBATh ()asoBLie
KpusHe.
12. Hafita Bce ocoGuie Touxn cucremut va tope {(x, y) modd 2x )

x=—siny, g=sinx}sing,

*) Bo Bcex YHCIOBWX 3aJ42Yax OMYCKaeTcA norpewHocts B 10—20 9 orsera.
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Hccaenosath HX YCTORUHBOCTb, OMPERCAHTb THAW OCOBHIX TOUeK H Hapucogath ¢a3oskie
KpHBHIE.

13. M3 skcnepnsenTa n3BeCcTHO, UTO MpH MPeOMJEHIH CBeTa HA rpaHKue Pasfeaa asyx
Cpel CHHyCW YrJ0B, 00pa3oBaHHHIX NaAAOUM H NPCAOMAEHHWM JydaMH C HOPM2.TbIo
K NOBEPXHOCTH pa3lena, OOGpaTHO NPONOPUMOHAALHH MOKa3aTeNAM MNpeJOMJAeNNA Cpei:
ny sin ay =n; sin a;.

Hafitu ¢opmy cpetoBmx ayueit Ha niockoctit (x, y) ¢ noxkasateaem npenoMmacuus n (y).
Paccmorpetb cayuait a(y)=1/y (B noaynnockocth y>> 0 ¢ TakuM noKasaTeaeym fapeoM-
nenna peaansycrca rcomerpss JloGauenckoro).

14. Hapucosatb Jayun, BHXOAsiuie 0O pas.nuquu\l Hanpae/jeHHSAIM H3 HAYala KoOOpaH-
HaT Ha NJOCKOCTH C moKasaTeiaem mpeaomaenun y' —y’ 1.

Pewenne a70fi 3a1aun o6bsicHseT ssaenue mupaxa. IMokasatear npeiomaenus Bo3ayxa
HaA nycThHel HMEeT MaKCHMYM Ha HCKOTOPO#l BLICOTE, TaK Kak B GoJlee BLICOKHX H B Gonaec
HU3KHX TOPAYHX CJOSIX BO3AyX O§oJee paspexeH, a nokasatelb NpeJoMicHisi o6paTio
nponopunoraien ckopoctH. KoaeGawus Jyda BOAHIH CAOA € MAKCHMANLHHM 3HAYCHHCOM
ROKA3aTeNAR NPCAOMICHHA 1§ BOCOPHUNUMAICTCA KaK MHPaX. '

Ilpyroe sBaenue, 06bACHAEMOR TEMH XK€ KOAeGaHHAMN Jyya,— 3BYKOBOR Kauad B oKeale,
N0 KOTOPOMY 3BYK pacnpocTpaHseTcs Ha COTiH KuaoMmerpos. [IpuuuHa 3Toro fABACHHA —
HIpa TeMNCpaTypll H AaB/jeHHA, NPHBOAAWAA K O6Da30BAHHIO CA0R C MAKCHMAAbHHM 0K+
3aTeleM NpeJOMAEHHA (T. €. MUHHMAJbHOI CKOpPOCThIO 3Byka) Ha_rayGuhe 500—1000 M.
38YKOBOIl.KaHAA-MOKIO HCROAL30BATH, HAMPUMEP, LA NPCAYOPOKACHHA O UyHAMH.

15. Hapucosath reogeswueckie Ha TOpe, noabayscs Teopemoii Kacpo: npomsseaenue
PACCTOAHUA RO OCH BpaWENHA HA CHUYC YINa FeOAE3HYECKON ¢ MEPHAHANOM BAOAL KaXAoi
FCOAC3HUCCKON Ha MOBCPXHOCTH BPALLCHHS NOCTOAHHO. )

16. Bunpamute (asosbie KpHBLiC ypaslichuad X=x—x° OXPCCTHOCTH TOYKkH x=0, x=1.

17. BunpsiMiTh uuterpaabiele Kphsble ypasneius x=x-4cos L.

18. BulnpasmiTs nose HanpasJCHu ypabicius ,\—x+te

19. Bunpasuti noae ¢asosoil ckopocTH ypapueuss X==x BGaH3K TOuKH x==0.

20. B Kakux KOODAHHATAX Pa3lCAMIOTCHA NEPEMEHHLIE B YpPaBHEHHH

dy/dx =x* 4 y¥%

21. Pewnte ypasueme f=x-+08({—2

22. Hafitn npoussoanylo pewecitus ypauucmm ¥=x4Ax® c nasasLubM  ycaopaeM
x(0)=1, £ (0)=0 no A npu A=0.

23. Haiity coGcTBennsle 4HC/1a W BCKTOPH ONepaTopa MOHOAPOMMN  2:7-MepHOAMYCCKOTO
pewcHua ypapHenua X — x=sin f.

24. Pewuts ypasuenue x=Alx+x, rae A: R* - R® — aunehuntit oneparop.

25. Moryt au oncparoput A # B e KOMMYTHPOBaTb, €CJi

=P = "tB=E? -

26. Haiitt Bce He 3apucsilliie OT BpeMeHH HENpepuiBHlWe Ha Beeit $a3oBoil MIocKoCTH
nepoue MHTErpaLl CHCTEMM X=y, y=x-}y.

27. Yucaa | u i— coberpennne m1a A: R*->-R%. Hmeer au ypasueme x=Ax nenpe-
puiBittie 8 R® HemocTosHubIC NEpBHE HUTErpaAL?

28. Yucaa | u —1 — cobcrpennne pa8 A: R*—R%. Hucer am ypabuchne X=Ax menpe-
pususte 8 R? nenoctosinne nepsue HHTErpaan? -

29. Pewurs 3apauy Kowmn

xustuy=0, ulyao=sinux.

30. Ypasiemte ¥ =F(t, x, .., A""") umeer pewciitz f u sin £. Onpeaeauts n.

31 TlpoaoaaloTea an pewicnss ypasiuenns x= x> sin x na scio ocb BpeMenn?

32. Nposoamawiea Aan  Bee powenns  ypabuenna Hbiotona I=—grad U, U=xi{4}
+ xixg+ x5, neorpanienno?

33. Ilpoaoaxalorcs Ax HEOFpaniCIo BCe peueHts ypaBuenus

x=1+2 sin x?

34, MoxeT au noaoxeuse pasHopecus ypasuenuft Hborona GuTh ycTOfuHMpHM 0O J'lﬁny-
HOBY, e 6y11y-m TOUKO{i JIOK3ABIOrO MHRHMYMA MOTEHUHM2JALHOH JHCPrHH?
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35. Moxer &H MepHOAHYECKOe peleHHe ABTOHOMHOR cHcTeMy, u3obpaxaemoe Ha ¢a-
30BOM NIOCKOCTH MpPeJebHEM LHKAOM, GHTH ACHMITOTHYECKH YCTORUHBHIM?

36. Moxer JAH nepuoanueckoe peuleHHe AaBTOHOMHOM CHCTEMH OHTb HEYCTOMYHBHIM RO
Jlanynosy, ecan nHa ¢a3oBOil NJOCKOCTH OHO H306PaXKaeTCA NPERCAbHHIM UMKAOM, Ha KOTO-
PHii CHAPYXXM R H3NYTPH HAMATHBAIOTCA CNHPAABHO NPHOAMKAOMHECT K UHKAY NpH ABHKe-
HHH B Hanpasfienui BoapacTanus ppemeny ¢asoshe Kpupbie?

37. Moxer au ueycroftungoe mno JIAnynoBy MNOJOMEHHEe PABHOBECHS CAENATLCA nocae
NMHEAPH3AUHH YCTONYHBREIM? ACHMNTOTHYECKH YCTORUMBHIM?

38. MoeT JIH acHMNTOTHYECKH YCTOAYHBOE TOJOMXEHHE pABHOBECHA CTAaTh HEYCTOIl-
4YHBLM NO JInyHOBY nocle JuHeapH3auUuu? ’ '

BononHuTenbHle 3aaa4n

1. Umeer an orpaHnuenHsle Ha BCed OCH BPEMEHH HeHyJeBMe pemicHHs ypaBHeHHe
B BapHAWHAX [AAA YPADHEHHA X= —sin X BAOAL PpEIUeHHS € HAYaJbHLIM YCIOBHEM Xo=0,
Xo=2?

2. UMeeT AN HEOrpaHHUEHHHE PEWICHHR YDAaBHEHHE B BapHAUHAX BAOJb PCWIEHHA C Has
YaIbHLM yeJoBHeM xo=0, Xo==1 TOro e ypaBHEHHA?

3. Pewntb ypasuense B Bapuauuax 3anaud 1.

4. Haiitn co6cTeenunie uMcIa H BEKTOPH OMNCPATOP3 MOHOAPOMHN AISL YPaBileHHS B
BapHaunax 3agzaun 2. :

5. Haiith npou3Boanyio 2m-NepHONHYECKOTO DeLIeHH ypaBHeHHi X--sin x=¢ cos {, 06-
pamaiotierocst npH £==0 B x==n, no € npn £¢=0.

6. Haiitn nauGoabmee 3nauenue £, IpH koTopoM peurenire 3apaun Koum

uf = —sin ¥, tliap=0

npononxkaerca Ha [0, f).

7. HaiflTy BCce KOHEUHOMEDHHE TMNOANMPOCTPAHCTBA IIpocTpancTBa Geckoneuno-audpdepen-
unpyemblx GYHKWIA HA npsimoll, HHBAPHAHTHEIE OTHOCHTENbNO BCCX CABHIOB MpAMOI,

8. MNyets ¢yukuua v mmeer B HyJse 2-KpaTHwi kopeHb. JlOkaxute, 4TO ypaBHe-
Hie f=v (x) anddeomopdHIMOM OKPECTHOCTH HyAs npHsogntea K suay y=y?+Cy® (no-
crosnnan C onpejensetcst noaem), .

9. JoxaxHTre, uTO HyaH JaHHefiHOR KOMGHHAUMH nepsux 1 cOGCTBEHHBIX YyHKUMA 3a-
naun llrypMa — Jinysnans

Ueet-q(x)u=2u, u(0)=u()=0, >0

nenar orpesok [0, {] ne Goaee uem na n uacreit.

Ykaszaune (M. M. Teavdann). IMepeitn k Pepmu-uactiuam, T. €. K KOCOCHMMETpH-
YeCKHM peweHMaM ypaBuenn ¥ dy.+) g(x)u=>»Au, Hu BOCMOALIOBATHCA TEM, HTO €rO-
nepsas coOcTBeHHast QyHKUMA fe  HMeeT HyJaeil BHYTPH (YHAAMEHTAAbHOTO CHMMJAEKCA
O<<i<< ... <xa<<l.

10. (H. H. Bayran). Jdokaxnte, uro o6o6uennan cucrema Jlotka — Boavreppa

x=x(at+kxtly).  g=yb+mx+ny)

HE HMEET npenebMEIX LHKJIOB: ee 3aMKUYyThe HeToueuHsle (asobbie x-puﬁue. KOLAa OHH €CTS,
3aN0MHAT UEAHKOM KoabueoGpasuwle o6aacTH. ’

11, PaccMOTpHM [ABHXKCHHE MaTepHH [0 OKPYXHOCTH nof AeficTBHEM nepexoca NOaEM
ckopocteii # Mmauaoit anddysun. Jokaxiurte, yTO e€cAH none cKOpocTell HMEET CTaUHOHApHHE
TOYKH M OGWErc MOMOXKCHHA, TO NOYTH BCA Macca cobepercs B KOHUE KOMUOB B OKpecT-
HOCTH OZHOIl N3 NPHTATHBIIOWHX TOUEK.

[Ypasnenne spoaowin naoTnocT: u=euy—(uv), rae vd/dx — nose ckopocrell. Ha na-
KpHIBAIOIER ' OKPYKHOCTL NpAMONA none mnoTeHunanvo: v=—U, Ecau noae cxopocreii no-
TeHunaabno, T. €. ¢yuxunn U nepnoamuna, TO CTaUHOHapHOE pelleHne AAaeTca pacnpene-
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enuesm ['HGGea
nenH ()= Com Ve

Tlps Manblx € 3TO pacmpeaeenHe cocpefoToUeHo BOANIH MUHHMYMA NOTeHUHana.
Ecau ¢yuxuuss U CTPEMHTCA K — 00 HA — 00, TO CTALHOHAPHOE pELICHHE HMEET BHA,
X

u(x)=C S dUR=V@We g

-_00

Ouo cocpenoToyeno BOAH3H TAKOTO JOKaJABHOTO MHUHHMYMA [OTCHUHANAA, IAA KOTOPOro
NpeBLUlCHHE MAKCUMAALHOTO 3HAUCHU NOTERUHARAa HA MOAYOCH JeBEe STOTO  MHHHMY-
Ma HaZX 3THM MHHHMA3JbHBIM 3Ha4YEHHEM MaKCHMaJleO.]

12 (A. A. Hasuinos). Hwusoawyued HasuHpaetcf AndpeomopdusM, KBalpaT KOTOPOrO —
TOXAECTBeHHOE npeoGpasobanHe. HuBolouMs RAOCKOCTH HasmBaeTcis donycTumod  OTHO-
CHTE/LHO BEKTODHOrO MOAfA, €CAH HCMOABHXKHBE TOYKM HUBOAIUMH OOPa3yioT KpHBYIO H
NOA AeiicTBHEM HHBOJIOUHH BEKTOPH MOJS B TOYKAX 3TOR KPiBOil MEHAIOT 3HaK.

Hokaxute, 4TO B OKPECTHOCTH HEOCOGOH TOYKH MOAAl BCE AONYCTHMBHE HHBOMOWHH OG-
LIEr0 MONOXKeHHA SKBHBAJNCHTHH (MepeBOAATCS JPYr B APYra COXPAHAIOUIMMH Kaxayo da-
30BYI0 KpHBYIO noja auddeomopdusMamu).

(Pewenne 3TOA 3anauil ZOCTABARET HOPMAJBLHYI0 GOPMY p’=x ypaBHGHHA, HC paspe-
WGHHOTO OTHOCHTENBIIO MNPOH3BOAHON, B _OKDECTHOCTH - HEPCTYAAPHOH —TOUKH ~ O6Wero noJo-

--weuus ~(ona~wahinesa JI Hdapa u 10. Bpoackum). Ypasueune F(x,y, p)=0 onpeaensier mo-
BEpXHOCTbL B TpCXMepHOM mnpoctpauctse. B  ueperyaspHofi Touke ee KacaTeabHasm [MIO-
CKOCTb BepTHKanbha (Kacaercss ocn p). B okpecTHocT HeperyaspHOil TOMKH OGWEro no-
JIOKEHHT  BO3HHKAET HMHBOJAOUAA  (OHA mnecpectaBaserT OGJH3KHE TOYKH NEPCCEYCHHS
NOBEPXHOCTH € BEPTHKAAbHON NpAMOH). ITa HHBOAIOUHA AOMNYCTHMA OTHOCHTEIbHO DBCKTOP-
HOTO nOJf, KacaTreabloro K HHTerpa/jibHeIM KpPHBHIM YpaBHENHA Ha NOBEPXHOCTH. anBC}.'LC-
HHE HHBOJMIOUHH K HOPMAJbHOH (opMe IKBHBAKEHTHO HOPMAIHIALUMH YDPABHCHMA JOKAAbHAIM
AHGDeoMOpHIMOM MAOCKOCTH (X, y)].

13 (npomoaxenne). IlycTb HenodsuikHas KpHBAS MHBOJIONHH, ACMYCTHMON OTHOCHTCIb-
HO BEKTOPHOrO N0Js € OCOGOH TOUKO# THNAa (OKYC, CEII0 HAH Y3ed, MPOXOAHT yepes oco-
Oyi0 TOuKY, MpHUEM MOAYAH COGCTBEHHHIX MHCEA CCATa HJH Y34 pas/HuHH.

Hokawxure, uto joGHE OBE Takue HHBONIOUMH OKBUBAJCHTHH B OKPECTHOCTH ©COGO{
TOUYKH, €C/AH KacaTenbHble K HX HENOABHXKHBIM KDPHBLIM B Oco0ON TOuKe He pasieiacHbl ccf-
CTBCHHBIMH HANpaBJIeHHUAMH,

[91a Tcopema [lasbigosa goctanasier HOpmanmbiyio dopmy (p—kx)=y ypasienns oGuuero
TIONIOMKERHA, He PpAa3pCIUCHHOTO OTHOCHTENBHO NPOH3BOLHOH, B OKPECTHOCTH HEPEeryaspHoil
TOUKH, B KOTOPOA mnJ0cKOCTh dy=p dx Kacaerci mnosepxHocTH F=0; &k — eauHCTBeHHMI
MOAY/1b (HHBApHAHT OTHOCHTEIBHO Aed¢PpeoMOPPH3MOB) BO3HUKAIOWICTO «CAOKEHHOTO (O-
Kyca, ceana  HIH  y3jaa», oﬁpaaonaﬂuoro NPOECKUHAMH HHTETPaJbHHX KPHBWX HA ILIO-
ckocTh (¥, y)]-

Pewenua 3agau 12—13 A0CTaBAAKT Takxke HOpMaabHule (GOpMH CceMeficTB TpaekTopHil
MELIEHHOTO JBHKEHHA B TEOPHHM pEeJAKCAUHOHHHX KoJeGaHufi obulero nNOJAOCKenus npu
ABYX MeATEHHBIX [epeMeHuubX. B 3TOf TeopuM B TPEXMESPHOM TPOCTPAHCTBC, PACCIOCHHOM
Ha BCPTHKAJbHLIE NpAMbBIE HAA <IMJOCKOCTBIO MEAJCHHHX MNepeMeHHLIX» 3alaHo JAapa BCK-
TOPHHX MOJA:! OAHO (<GHICTPOE») BEPTHKANLHO, a JAPYro¢ («DO3MYILAOUiCe») NPOHIBOABHO.
Hyan Guctporo moas ofpasyloT <«MejJieHHYl0 nopepxnocTb». [lnockoctu, Hatawythe Ha
BEKTOPH OGOHX TOJeH, BLICEKAT HAa MEAJNIEHHOR WOBEDXHOCTH NOAE BanpaBAeHHA «MeMIeH-
HOro ABHMKEHHA». Peub Hzer o0 cemeficTBe NPOCKUMH HHTCIPAJBLHHX KpuBHX 3TOrO0 noaA
C MEA/ICHHOA MOBEPXHOCTH HA MJOCKOCTb MEAJEHHLIX MCPCMEHHHX.

KpHTH‘iCCKHC 3HautHud [POCKTHPOBAHHA MCMEHHQI"-I NOBEePXHOCTH Ha NJAOCKOCTH Mei-
JNEHHHX MepeMeHHHX 00pasyioT (B cHucTeMC OGUIErO NOJOKECHHA) JMCKPUMHHAHTHYIO KPHBYIO
C OTAGAbHHMH TOUKaMu BO3Bpata. B oOKpecTHOCTH OGwefl TOYKH 3TOH -KPHBOA cemeACTBO
npoexunit auddeomopdHo cemeACTBY NOAYKyGHYECKHX napagon —cP=x" (310 caenyer
H3 HOpMajbHOR ¢opMb 3ajaud  12). B OTAGABHHX TOYKAX CNAAKOCTH AHCKPUMUHAUT-
HOfi KpHBO#t cemeficTBo npoexuuii AuddeomoppHo caomenHoMy GoKycy, CeAAy HAM y3ay
(3amaua 13). Kpome Toro, B cucTeme oOOuIEro NOJOKEHAA BCTPEYAIOTCH OTACAbHHE TOYKH
FaAKOCTH AHCKPHMHHAHTHOR KDHBOH, B OKPECTHOCTH KOTOPHX CeMeACTBO MOXHO OmHcaTh
caenyownM o6pasoM. 3aHymepyeM HMHTEIPaAbHHE KPHBHC [13PaMCTPOM € H PaccMOTPHM
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ceMeficTBO HMX TpPOEKuM HAa MIOCKOCTb (X, y) KaK MNOBEPXHOCTbH B TPEXMepHOM NPOCTPaH-
CTBE € KOOpAMHATaMH (X, ¥, ¢), pa36GuTyio #Ha naumum c=const. Sta mnoBepxHoCcTb AHG-
deomopdHa  (JIOKaAbLHO)  NOBEPXHOCTH  «CAOMEHHOro 30HTHKAa» u’=vw?, paaburoi
na aunuy u--v-w=const. Haxoneu, B OKpPEeCTHOCTH TOUKM BO3BpPaTa AHCKPHMHHAHTHOM
KPUBO#i CEMEHCTBO MPOEKUHT ONHUCHBAEeTCA aHANOrMUHHM 06pasoM - NMpH NOMOIM pa3Gue-
HUSL  NOBEPXHOCTH  «NACTOUKMHOTO XBOCTa» {u, v, w: A'4-ur’4vA-+w nmeer kparuuil
Kopenb} Ha kpuBHe u=const. ITocnennee cemeficTBO npoekuwil, B OTAMYME OT OMHUCAHHBIX
" pamblle, MMeeT GecKOHeUHO® UHCNO MOAYJel AaMe OTHOCHTENLHO TOMeoMOpP(dH3MOB TLIO-
ckOeTH (x, y) (B caydae CNOXKEHHOTO 30HTHKA MOAYAeH HET C TOYHOCTHIO KO GecxoueuHo-
nuddepenunpyemux auddeoMopduIMOB, HO B AHANHTHYECKOM C€yuae MOABAACTCA GeCKoHey-
HOE YHCIO HEe3aBHCHMBIX MoayJsefl).

Pewenna 3apau 12 # 13 OnNHCHBAOT TaKxe OCOGEHHOCTH CEMERCTB ACHMNTOTHYECKHX
NHHML HAa MOBEPXHOCTH - TPeXMEDHOro ‘mpoctpanctsa (cemeilcTBO noaykyGuueckHx napa-
Gosl B o6uleit Touke napaGonHueckoR JAHHHE M cJOXeHHBIA ¢GoKyc, y3enr HAH ceano B OT-
ReNbHEX TOUKax KacaHHA acHMATOTHUEEKOTO Hanpap/enuus napaGoanueckoft aunuu).
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NPEAMETHDBIH YKASATEJIb

Astoxoae6anus 39, 121 Duddeomopdusy conparawwni 62
AnreGpa Jlu 102 Huddepesinnpyesocts 14
Araacu 234, 235 ' — MuorooGpasus 233
Atrpaktop 40 Auddysus 267
Baaa paccaoenna 243 3aBUCHMOCTb aHnednan  paunonaabuas 176,
B 77, 226 e
apuauny 77, 3aaaua Kenaepa 115
1T — noctoannuix 44, 214 — Kown lgﬁ
Bextop, kacateauhtiii B Touke 57, 242 — Utypma — Jlynsuaan 207, 265
— exopocti dasosoit 53 3akon Tarotvenus 90
Beca nepemennsix 67 = noKaabloil 3so.oUHH 54

Boawmywenns maase 44, 77, 80, 121, 193, 214 3oHTHK CAOXCHILT 266
Bunpssacise noaa Bektopuworo 84, 246

— ~ Hanpap.aeunft 73
- Haoserpua 48

Husomowa 266
Tunepnosepxiioctb 106 Huacxe xpusoi 250 ]
— HayalbHan 106 — ocoGoi Toukn 253
I'unotesa [lyankape 240 Huverpaa nepouit 102
— —, 3apicsumnil or spemcun 104

Fnaaxoctb 14 "
— MuorooGpasia 233 — — AoKaabibi 103

Tononomia 25

Feoaesiyeckan 264,

Fomecovopuan 167 Kauaa asyxosoit 264
Fomomopusm 14, 167 Kaptu 234 .
Fpaaynposanne 68 Ksasumuorouzenu 131, 186
Ipanuua muoxecrsa 82 Koota otaopa 21
pynna abcrpakrhasa 48 KoacGannn puuymieunue 39, 47, 192
— angpeomopduamos 51 — faasuute (coGersennue) 185
— KBa3HOAHOPOAHHIX pacTmxcHuit 67 — peaakcauunonuiie 268
— womMyTaTusnan (aGeacsa) SO — ¢3a6o uneauneiume 193
— Koutakrian 112 Kosmmyrarop 101
— oaHonapameTpnucckan 50 Kosmnaxr 82
— npcobpasopannii 48 . Komnackeudurawnn 143
— — aunennnx 52, 125 — auucioro ypasnenna 150
— cHMMeTPIS-H3 Koopanuarul adppuunue 233

-— JoKaabLkuie 212
— oanopoanuie 233
— Tayreuuiaabiue 95
Kpusan asoiicrseuuas 95
~— AMCKpitmuinanTnas 94
- = niterpaabuan 14, 23

-~ craunouapnan 97

Herakenns merrennue 266
HeficTaue rpynnu 49
Huarpanma Jlasepen 25

~— Heotona 66
Oupepreiinua 203 — Jluccaxy 186
DOudpdpeomopdusm 51 — noructuyeckan 20

— Muxailiosa 193

— KOHTaKTHuT 112 .
— papaserpuaosannas 240

— Muoroobpasus 240
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Kpusaa ¢asopasn 23, 51
— — 3amkHyTas 97

Jlemma Anamapa 116
—~ Mopca 116
Jlecrunua Jlamepes 25
Jluneapusauns 41, 124
JInnuu acumntoriueckune 267
— reoaeanueckie 264
— napaGoanyeckie 267
— ypoBHusa 3ueprun [13
Jluer MéGuyca 67, 244
Jlomauwe Diinepa 136, 224

Masaruuxk 27, 78, 85, 113, 120, 141, 155,
195, 201, 208
MeTon KomnaekcHelx amnantya 191
— Manoro napamerpa 80
Mupax 264
Muoroo6pasua ananntiueckue 234
— anddepenunpyemste (rnankue) 234
— OpHeNTHpOBaHHLe 235 '
— cpaA3nue 238
— tonoJoriyeckie 234
Muoxurean unterpupyowmnit 70
Mozens Jlotka — Bonbreppa 24, 36, 265
Monoapomns 25, 42, 264 h ‘
Myastunaiikatop 42, 47

Hopua 128, 219 -
— oneparopa 127

OGpa3s sekropa 55
— BekTOpHOro nons 58
— thasosoro noroka 62
Osewectanctie 143
Onepatop anaronaasuntii 130
— KOMMACKCHO COMpSKeHHBR 145
— Jlannaca 71 .
— HHALNOTeHTHH 130
— npouzsoaswiii 134
Onpeneanrtens 137
- Baunepmonna 201
— Bpouckoro 199
Op6ura 49
Oro6paxeime anddepenunpyemoe (raanxoe)
55, 238
— 3a nepitoa 209
— Kacareabhoe 75
— JOKAa.1b10 3IKBHBAJCHTHOE 75
— HesuipoXKAeHHOR 75
— IMukapa 218
— Iyankope 25
— cxaTtoe 216
— ¥Yunti (cGopka) 57
Ouenxa anpuopuasa 117

Mapaaneanzauna 244
TlnockocTb apoiicteennan 95

InockocTs KonTakTHas 93
Tlosopot runcpGoanueckuit 52
— saanntinuecknii 154
TloamuorooGpazus 240
Floamnoxectso uusapuanthoe 151
-~ KoMnaktHoe 237
— OTKpuiToe 237
Moae Bexktopnoe 16
— — Ha muorooGpazun 241
— ~ ¢a3sosoii ckopocTi 53
— nanpagsennii 16, 94
— — KBassoauopoatoe ditreposo 68
— —- KOHTAKTHHIX mJockoctedl 93
— — 3itneposo 63, 66
Moaoxenne pasnosecun 16
Mocaenosareastocts BozspaTuas 182
— Koumt 128
— QuGonavun 142
Mocroannan Junmuua 31
Motok ¢asoswii 51
— — ypasucuns 54
ITpeo6pasopansne Jlexauapa 95
— Muoxecrnsa 48
TpuGnmwxkennn IMikapa 217
— nocaeposarensioe 217
IMpusnax Behepwrpacca 128
Mpo6rema Payca — Iypeuna 173

" MNMpogomxkenne pewennii 81, 88, 117

Mpousseacnue npamoe 32
IMpoussoanas Jin 100

— oto6paxenun 56

~— 110 HanpasJeunio BeKTopa 99

— =~ noan 100
[Mpocrpanctso apdunuoe 10

— esxainoso 10

— Kacarteastoe 56, 242

— Koopauuarsoe 10

— Juneiinoe 10

-~ Matpiunoe 127

— HopMipoBanuoe 128

~— noanoe 127 .

— npoexTHsHoe 60, 233

— paccaoenna 243

- paccaoentoe 241

— cTpyit 93

— ¢azosoe 11

— — pacunpennoe 23
TMpoueces: sponounonnste {1
Ipamaa npoektusnan 66

Pasnogecite Gespazanynoe 26
— ycroiiyupoe 170
PaamepHocts MHorooGpasus 238
Pacnpeaencue [n66ca 265
Paccaoenite Kacarensitoe 241
— BekToproe 241
PexxuM astokoneGareashuil 26, 123
— KoacGareasuntii 35 )
— craunoHapusiii 21
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Pesonant 193 Ypasuenue Kaepo 92, 94
— napamerpuueckuii 212 © —Jlanaaca 71
Peurenue ypasHenus 15 — JnuHeapusoBantoe 125
— — obuee 157 — miefinoe neogHopoxnoe 43, 47, 189
— — nepuoguyeckoe 47 214 .
— — n-ro nopaaka 85 ’ ~— — —C YacTHLIM4 npoH3BOAHBIMK 107
— — oaxopoauoe 40, 126, 133, 146, 179,
Csoifictso rpynnosoe 50, 132 196, 200, 208
Ceano 34 — — —C YacTHHIMH npouspoAliLiMd 105
Ceueniic paccaocHus 243 — — C NEPHOIHYECKHMIl KO3DOUUHEHTaMH
CHMMeTpHA BEKTOPHOFO noJaa 63 . 41, 47, 208
Cucrema Mexanudeckasa KoHceppaTuBHasa |12 — Joructudeckoe 20
— peiucuuii Gpyniamentanssar 119 — Jlotka — Boasteppa 24, 36, 265
—_ ypaBHeH”ﬁ aBToHOMHadA 95 — MaAblX KoJeGanuit 27, 78, 85. 113, 120,
— — B BapHauuax 225 141, 155, 184
— — lamuabToHa Kauonyueckas 89, 103 — Marse 200, 211
— — HeaBToHOMHaA 96 — HeaBTOHOMHOE 196
— — Hpiotona 89 — deanxefinoe 124, 162, 170, 195

CroGxut Iyaccona 10} — — ¢ YacTHLMH NpOH3BOAHBIMH 110
Caen onepatopa 138 — HepPa3peweHHoe OTHOCHTEAbHO MPOH3-

Choit paceaoesns 243 Boauo# 91, 266
.. Cnupaas aorapudmudeckan 148. -———- —— ——Hoorona 69, 75,.89, 117-  ——-
Crenenb oroGpaxenua 259 — oauopoaHoe 65

CrpykTypa Anddepenunpyeman 57 — pasuHoxens 18
. KoutakTHas 93 — — ¢ KOHKypeuuuet 20

— audeiinan 57 — pasHocrtHoe 87
— MHorooGpasua 234 — C pPa3ACAGIOUUMMHCA MepeMeHHbIME 34
Cdepa Muauwepa 240 — TenaonposoatocTH 69
' — xapaxtepuctuxk 105, 109, 111
Teopesa ezusicrsennocru 30, 76, 87, 223 — 380aWIoIoe 16
— Kaepo 264 — n-ro nopsiaka 85, 189, 200
— Jluysuaan 71, 202 Ycaosue Jinnwuua 31, 220 -
— o sutApaMaeHun 73, 229 — HavaabHoe 15, 87
— — anddepenunpyesocrn 76, 88, 226, — ycroityusoctn 209
230 Ycroitunsocth  acumaToTHYecKas 171, 209,
— — nesiBHO#l Qyuxuun 75 265
— — npoaoaxenun 81, 88, 117 — no Jianyuosy 170, 209, 265
Teopema cpasuenns 205 : — cuasian 210
— cyuwecrsosanns 30, 76, 87, 223 Ycut cenaa 169
— Ilrypma 204
— Jilacpa 66, 68 ®cpuu-vactHua 265
Teopua 6udypraunii 39 Pokyc 149
~— poaMyulenHit 80 — CIOXKeHHbIH 266
— wraracrpod 39 Qopya andoepennaasuan 17, 35
Tpaekropun 51 — HopMaJbuan mopaanosa 163
— cHMMeTpH4YHaR 36
Yaea 34 — ypaBHeHNs, HEPa3pelleHHOro OTHOCH-
— CAOMEHHBT 268 TeAbHO NPOH3BOAHOH 266
Ypasucuue astoHoMuoe 16, 23, 79 ®opuyaa Bappoy 30
— Becceas 200 — Kapnano 71

— Jyusuaan 130

— p sapuauaax 77, 226 H 16
_ e — Hblotona 16
Bau-siep-Tloan 123 — Hootona — JfeiiGunua 221

— BeKOOE I'g‘“ — Teitaopa 130
— B3puisa — dhnepa 134
— Famuantona — Sko6u 112 ® 144
— runepreomerpuueckae Faycea 201 YHKTOpBI

PyHKuHR BAUAHHA 45

— AuddepeHunasbroe 15
@ — lamuabrona 103

— kxBasuaudelidoe 108
~- KBa3HOAHOpOAHOE 67 — rapuouiueckan 72



NMPEAMETHBIA YKA3ATEJb 271

Oynkuua Cpuna 45 Hukn 25, 265

— Hlnpaka 44 . — HEBHIPOXKJAEHHHIR 38
— KBa3nojaHopoauas 68 — npeaensuuii 26

— Jlanynosa 163 — ycToitunsmii 38

— oaxopoaunan 66 Uynamu 264

— nocnenosanus 25
— co6cTBennan 207 '
Yacrora coGerennas 185
XapakrepHcTHKA  aMIIHTYRHO-ba3oBas 194

— sfineposa 260
XapakrepucTuky ypasuenus 105, 109, 111 IKkBHBANEHTHOCTb NOTOKOB 62, 160
XBocT slacTouknu 267 Sueprus 113, 184
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