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IIPEHI/I.CJIOBI/IE

Jdra KHATA CONEPKHUT OCHOBHBIE IOJOMCHHA TEOPHT imusu-
MATHYECKOTO LIPOTPAMMADOBAHHA H YHCAEHHE® METOREl pe-
IUeRAs COOTBETCTBYIOMIX SKCTPEMANLHHX 3afiad.

Haura mammcama Ha ocHOBe JeKI(nil, KOTOPHIE ABTOP Ta-
Tan B TeIGHHe PAfa JeT Ha MeXaHIIKO-MareMarHdeckKoMm da-
KynpTeTe ® HA (AaKyJAbTeTe BEITHCINTENLHON MATEMATHKH o
kn0epHeTEKA MOCKOBCKOTO rocyfapcTBenHOr0 yHEHBEpCHTETA.

EctecrBerEO, uTO B Kypce, mpefHAsdaueHHOM pAJad Uep-
BOTO 3HAKOMCTBA C NIpeIMETOM, NPEACTABJEHHI JHINH OCHOB-
HBIe YUCICHHE® METOfbl. B cBA3d ¢ 9THM HACTOAINAA KHOTa
HE MOOT CJAYMHTh CHPABOYHHKOM, B KOTODOM YHTATeNb
paccumTHIBAET HAHTH TOT caMblil aJropuTM, KOTODHIE eMmy
HeoOXoQmM MJA peImeHudA BO3HAKImeil mepes HOM peansHOL:
3alaud OMTUMA3AINH,

Tnaa 1 DocBamena npegMeTy MaTeMaTHIECKOTO LpPO-
TPaMMHEDOBAHNA, €TO MecTy B HAyKe 00 Hcciaef0OBAaHHE Ome-
panmit, npumepaM 3afad4 TeXHHKO-)KOHOMHAYECKOTO COAepika-
HOfA, MAaTeMATHYeCKUMA MOeNAMH KOTOPHIX SBIAIOTCA 3a-
7ladl MaTeMaTAIecKOro IPOrpaMMHApPOBAHMA.

B rnase 2 mamaraeTca MaTeMaTmdeckmii ammapar, Ha Ko-
TOPHIl OHAPAIOTCA MOCHEAYIOMINEe TIABH KHHTM.

B rmaBe 3 ocHOBHOE MecTO OTBOAUTCH YCIOBHAM ONTH-
MaJBHOCTH — HeOOXOAWMHIM YCAOBHAM JOKAJIBHOIO MUHAMY-
Ma B 3afaiax HejampeiiHoro mnporpaMmMmpoBaHms, Heo0Xojm-
MEIM H JIOCTRTONHBIM YCNOBHAM DA3DEMIAMOCTH 32fiaY BHI-
OYKJIOTY MPOrpaMMHpPOBAHMA.

B ruase 4 n:—maraerca TEOpPHA JEHEHHOTO IpPOrpaMMiu-
PpoBaHAA.

OcHoBHEIE MeTONH pemenna 3afag :mnennoro Oporpam-
MOPOBAHAA H3NQKENH B IJAaBe d.

Ionygmsmuit mupoxoe pacmpocrpamenmd meron mTpad-
HHX QyEKOuil paccMorpen B raase 6.

Bamxpoe nonsarme ycroiiumBocTm 3afad MaTeMATHTECKOro
OporpaMMApOBaHNA BBefeso B riase 7. OcHoBHOE MecTo B
heit oTBemeHO MeTony perynApu3anEd AAA pelleHAS He-
yCTOHYABEIX 9KCTpeMaNbHEIX 3afad.

Maorokparnoe pemenne 3ajau ONHOMEPHOH MEHEMHE3a-
nuy — AempeMeHBHil oran GOJLMINABCTBA YHCJEHHHX METONOB



6 TIPCIIICIOBIE

MATEeMaTHUeCKOrO IPOrpaMMIIPOBRHILI, B CBS3H ¢ 9eM I IO-
fABIJACh riasa 8.

Ha nepssiii Baryisy MeTodn pemenus 3ajiad 0e3ycIoBHOIT
ONTUMOBALIN OTHOCATCA h «MHCIEHHOMY aHalm3y», OJHAKO
OTI METOXLI CTAJI LEOTLEMJEMOIl JacTh0 MATeMaTHYeCKOTO
nporpamviupopaninsg. Tan, dnerpexasibnnie- 3a1aT0 C OrpaHil-
yeHuAMa (§CJI0BI0-DhCTPEMANIBIbLIE 320a491) METOXOM miTpad-
HBIX (DYHLIIII CBOTATCA K 3agavaM Oe3ycaoBIOM ONTINMIIZA-
LI, TO ;K6 CaMOe OTHOCHTCA K METOMy peryJapm3amum It
Merogy Mmomuguuuposannex ¢yarumi Jlarpamxka. Hpoue
TOro, HAEH MIOTOX METOAOB pEIIeHHA YCJIOBHO-IKCTPEMAITE-
HEIX 3a7ad cyuecTBenno GasmpyroTcs ma Meromax Oesycos-
1oif omToMO3anumi, ROTOPLIM mocssiiena raasa 9.

Tnasa 10 mocpamena MeroJaM pelieHHs ShCTPEMAILHEBIX
3a7a4 ¢ OrPAaHNYeINIAMII. METO[aM MPOeRIIH TPAfUeHTA,
YCIOBIIOTO TPATICITA, MCTOAY BO3MOMKILIX IIQOPaBICHII I
METOJaM CIAYYalnoro Coycha

B mocaegmie TORL BHIMAHIIE MHOPHX CHOELIAJICTGB
OpOBJEYeHO K METOIaM DelleHOd 3aJad MareMaTHYechoro
TPOTPAMMUPOBANIsL, OCHOBAHILIM 1A MOCTPOenuH Mogufu-
yuposauuplx Qyunuuil Jarpamsa 91O DOHPOCHI paccMoTpe-
uu B raase 11,

Ocuopmoe BUINMANIE NP HCCAEIOBANNII MCTOIOB, II37Ta-
TaeMBIX B HACTOMIIell LHure, yexseTcs BOOPOCAM CXOIHMO-
CTH II YCTOIUMBOCTIN, a Tahhe aUPHOPULIM OICAKAM ChOPOCTH
CAOJHMOCTI —OHOU 13 C}ILIECTBEHUEIX AAPARTEPICTIR ha-
YecTBa METOJI0B.

OTHOCIITEILIO MICICUNHIX METONOB CJICAYeT ¢le.IaTh OFHO
3aMevuaHle NpH pelielin pealbHOH 3afayd CaMbll Ha Iep-
BT B3rIA HEYIAuHLll MCTOJ MOMieT OhasaTheA BechMa
5 erTaBOLIM, B CBA3N ¢ OTUM ABTOP BO3Aep.Lajicsa OT 3a-
MAHYOLOU IEPCHeRTIBLI HUPISECTH LeLhOTOpLIe CPABHUTEIDh-
Bble XapPAhTePUCTILII METOI0B, BEINOJALNIE 32 PAMEN OLEHOK
CLOPOCTI CMOIMOCTIT

Kuura sasepmaerca jgofanienney; p meM N3J04CHEI He-
LOTOPEIE Pe3YILTATL, LOTOPLIE MOTYT OhA3ATLCS HOIE3HBIMI
YuTaTe AM, heJaomuM (odee ray0Oh0 03MAKROMITBCSI C BO-
TIPOCAMI MATCMATHUCCHOTO IPOrPaMMIIPOBAKLIT.

Artop menpenme Ciaromapen sa saMewaunusg, KpUTORY o
movowpb B A Depeauesy, I B Heuucosy u A, A, Tperw-
AROBY.

B I'. Kapuanoe



TIABA 1

BBE/IEHIE

I.1. TIpeamer marteMarnuecKoro HpoOrpaMMEpOBANAA

1.1.1. Copep:ranme mpegmera. Copepsamme maTeMmati-
YeCKOT0 NPOTPAMMHEDPOBANHA COCTABJIAIT TOOPHA H METOMNLI
pemleHEA 83J(aY 0 HAXOMKIGHEH SKCTPeMyMoR Qynmunumil ma
MHOKECTBAaX, OHpENeJAeMBIX /InHefiHpIME W HeJHHeiHBIMIL
orpaEmYeEEAMA (paBeHCTBAMO W HepaBeHcTBaMu). Marema-
TOIECKOe OPOrPaMMHPOBAHNE ABJAETCA OFHOM H3 pasfleson
HayKA 00 DCccaefoBaHEH omepammil.

1.1.2. OGnacrn npnMenennsa. 3afauym MAaTEeMATHYECKOTO
TIPOTPaMMHEPOBAHAA HAXOAAT NPAMeHEHNE B PASIATIHBIX 00-
lacTAX wexoBedecKoil AeATenbHOCTH, rie HeobxoamM BriGop
OIHOTO W3 BO3MOKHEIX 0o0pa3os peiicremit (mporpamy peficr-
BOil), HaupAMep, mpm pemennn npo6ieM yupasieHns A Iia-
HAPOBaHAA HPON3BOACTBEHHEIX MPONECCOB, B MPOEKTHPOBAHAN
¥ OePCOeKTHBHOM INIAHUPOBAHAW, B BOGHHOM fAele M T. A,

dBagnTeMBHOE 9HCNO 3alavY, BOSHHKAKINHX B ofmecTse,
CBA3QHO C YHOPABNAEMBIMA ABACHHAMH, T. €. ¢ ABICHEAMI,
PeryIApyeMBIMH HA OCHOBE CO3MATEALHO NPHHAMAEMHIX pe-
wennii. IIpn ToM orpammuensoM o6beMe nudopMammm, Ko-
TOPHI OB AOCTymEen Ha pamnnX STamaxX PasBATHA OOMIECTBA,
OPOHEMANOCh ONTAMAJIBIOE B HEKOTOPOM CMEICAE pelleHiie
Ha OCHOBAHHA NHTYHLAN H ONEITA, 4 3aTeM, ¢ BO3PacTaHIeM
obpeMa mrdopManam of HM3yYaeMoM ABIEHAN,— ¢ HOMOIIBI0
pAna npAMEIX pacdeToB. Tak mporcxo[niIo, RAIPHMEP, CO3NAHIIG
KaJIeHAAPHHX IUIAHOB PaGoTH NPOMEINIIENHKIX Ope/INpAATHITL,

CoBepmienno HHAsg KapTHAA BO3HOKAeT HA COBPEMEHHOM
IPOMHIOUIEHHOM NHPERUPUATHH ¢ MHOTOCePHIHEIM I MHOro-
HOMEHKJIATYPHEIM IIPOA3BOACTEOM, Korfa o0beM BXommoil mH-
JopManEn cTONB BelXmK, UTo ero ob6paboTka ¢ meabIo MpmHsA-
TAS ONpefeleHHOT0 pellleHHA HeBO3MOKHa 0e3 mpmMeHeHms
COBPEMEHHHKIX HJEKTPOHHBIX BHYNCAATENBHHMX Mammun, Eme
Génmpmme TPYAEOCTH BO3NHKAKWT B CBA3N ¢ 3apjadeil o mpu-
HATHH HAMJIYGINETrQ pelnerrns,

1.1.3. Ilpmaarne pememnnii, ITon npunmaTmem pemenmnit
B HCCIGMOBAHIE oOHepanmil NOHIMAIT CJIOMKHBIH mporecc,

,



————paMn-yupaBJieHAA-ABICHOEM.

8 Y1 { BBENZHHEE

B KOTOPOM MO:RHO BHIZENOTH caepyomme YeTRIPe ocnon—
HEIX 9TANa:

1- o Tan. IMocTpoenne KavecTBeHHOH MOJETH paccMaTpm-
paeMoil mpoOzneMH, T. e. BHjedcHEe (aKTOPOB, KOTOPLIO
ppefcTaBAAOTCA Hambosee BaKHLIMA, W YCTAHOBJIGHHE 3a-
KoHOMepHOCTEH, KOTODHIM OHA MOIEHANTCH.

O6er9E0 BTOT BTAND BHIXOAHT 8a NOpededsl MaTeMATHHH,

2-it sran, Ilocrpoemme maremaTmiecKoli Mopemm pac-
cMarpmBaeMoii mpoOnesmsl, T. e, BaOECh B MaTeMaTHYeCKIX
TepMEHAx KadecTsemmoit Mmopmenm. Takmm o6GpasoM, Marema-
THYecKas MOJelb— 9T0*3aNHCAHHASA B MATEMATHICCKHX CHM-~
pojiax abcTpaKnnsA peaabHOro ABJEBHA, TAK KOHCTPyHpyeMast,
4T00H AHAMA3 eée [aBall BO3MOMKHOCTb NPOHUKBYTH B CYII-
HOCTHL fABJleRHA. MaTtemaTnuecRag MoOJeNib YCTAHABJIHBAET CO-
OTHOINGHHSA MEKAY COBOKYOHOCTHI0O IE€PEMEHHHX — mapaMer-

JT1oT 9Tam BKIKNYAET TAKKe NOCTPOCEHE I(eJeBo i
¢ yHKNEO nepeMedHBIX, T. €, TAKOH uACIOBOH XapaKrepu-
cruxm, Gompmemy (NN MEHBUIEMY) SHA4YeHAID KOTOPOHl co-
OTBETCTBYET Jydllag CHTYanHud ¢ TOYKA 3PEHHA IPHHHMAI0-
L[eT0 peleHns.

Urak, B pesyastate oTHX ABYX dramos OPMHEpYeETCA Co-
OTBETCTBYIOIAA MaTeMaTHIeCKas “3a/1aqa,

Bropoii aTan y:xe Tpefyer npupieYeRNA MAaTEMAaTHYECKNX
spanmnil, .

3-it sTan. McenenoBanne BImANOA NEPEMEHNHIX Ha 3HA-
yenpne IejeBoil pynknoa

JTOT STAN MpeAyCMATPUBAET BAAJEHOE MATEMATHUECKOM
ammapaToM Jius pemieHOA MaTeMAaTHIeCKHX 3afad, BO3HIU-
KalomMnx Ha BTOPOM 3Tale npolecca NPHHATHA pellleHHs.

MIopokunifi kmacc safay ynpasBieHHA COCTABIAIT TaKme
DRCTpeMajbpHLle 3aladd, B MaTEMAaTHIYECKAX MOMAENAX KoTo-
PHIX yCHOBHs Ha OepeMeBHEe 3aal0TCA PaBEHCTBAMHO I He-
pasencrsamn. Teopusa n merofs pelmenmns sTHX 3afad Kak
pas ® COCTaBIAIT COJepKanile MAaTeMaTHIECKOIO
nporpaMmuposamma, °

Ha rtperpem sTame, moiab3yAch MaTeMaTHYECKAM ammapa-
TOM, HBXOAAT pEIIEHNE COOTBETCTBYIOIINX SKCTPEMAJBHLIX
safad. O0patum BHEMAaHOe Ha TO, 9TO 3&Ja4l MaTeMaTHIe-
CKOTO TPOrpaMMHDOBAHHSA, CBA3aHHBIE ¢ PEINeHAEM OpaKTH-
4eCKAX BOOPOCOB, KaK HOpaBHio, nMelT (ojibllloe YACHO ne-
pemenAsIx b orpanniennmil. O0beM BHINCAHTENABHBIX pabot
ANIA BaXOMK[ACHAS COOTBETCTBYIOINAX peIleHH{l CTONL BenmK,
9T0 Bech Ipoliecc He MEICAUTCA (es DpEMEHeHAsA COBPEMEH-



1

{1 HOPEAMET MATEMATHYECKOTO IIPOPAMMOPOBAHEA 9
HHIX 3JIEKTPOHEHX BHamcamTeabEnx mMammn (9BM), a sua-
gur, TpeGyer ambo cosmamma nporpamm ana 9BM, peanu-:
3YIOMHNX Te MIHN HHHI® AJArOPUTMBHI, JUGO0 ACHOIL30BAHMA YiKe
HMEIOIAXCA CTAHXAPTHRIX IPOTPaMM.

4-fi aran ComocTaBieHue pesyabTaTOB BHIYHCIOHMDI, MO~
Jy1eHHHX Ha 3-M dTame, ¢ MOJennpyeMHM OGBOKTOM, T. €.
BKCIEPTEAA OpPOBEPKA De3yJbTaToB (KpHTEpER npakTakn).

Takum oGpasoM, HA 9TOM 3Tame yCTAHABNHBAGTCA CTENENh
afEeKBATHOCTH MOJENH W MOfieAmpyeMoro ofLeKTa B mpejie-
7ax TOYHOCTH HCXOfHOI madopmarnmm,

3aech BO3MOMKHEL [[BA CJIyJas.

1-t caywaii. Ecnm .pesynsraTel comocraBiieHOs me-
y;OBIETBOPHTENLHE (0OHYHAA CHTyamns Ha Hadagbooil
CTajAN TMpoUecca MOAEIMPOBARUsA), TO HEPEXOAT KO BTOPO-
'My NDHRIYy mpornecca: yTouHAerca BxopHad madopManms
0 MofieampyeMoM o0be€KTe M B cayiae Heo0XOZAMOCTH yTOq-
HseTcd mocraHoBKa sapgaum (1-if oram), yroumserca min
CTPOHTCA SaHOBO MaTeMaTwdeckas Mopexasb (2-it eranm), pema-
eTCs COOTBETCTBYOINAaA MaTeMaTHiecKasa safata (3-if sTam)
1, HAKOHEN, CHOBa NpOBOAWTCA comocTaBieHme (4-if sram).

2-it canywail. Ecia pesyasTaThl cONOCTABJICHHA YAOB-
JeTBOPHTENBHEE, TO MOfeab npmammaercd. Korpa peun mper
0 HeOZHOKPATHOM HCIOJIH30BAHAH HA HPAaKTHKe pe3yJIbTaToD
pHYHECIenHil, BOSHAKAeT 3ajaiya IOORATOTOBKE MOJEJIM K BKC-
nnyarangna. IIpegmonoskmM, HampoMep, 9TO LEJBI0 MOJENH-
posands ABIAETCA CO3JAEAe KaJeHAAPHHX ILTAHOB MpON3-
BoAcTBeHHOH AeareabBocTH mpemupmAtuAa. Torma akcmayara-
mnA Mopean BKIoIaeT B ceGa cGop m 00paboTry undopMannm,
BBoj ofbpaGorammoit mEdopmammm B IBM, paczersr na
ocope paspaboTaHHLIX OPOrpaMM KaJeHAApHHX NJIAHOB N,
HaKOHEI, BEIAAYY peaynbTaTos BeIMCAeHDHE (B ymobmoM maA
noanaoBarTesiefi Bufe) MIA MX HCHOJNB3OBAHEA B cdepe npo-
HU3BOJICTBEHHOI [eATeJLHOCTH.

[ToAroToBKa' MOFENN K BKCIIyaTAlNH HpeXycMATPOBAET
paspaboTKy CHOENEAJBEOTO MATEMATHYECKOro obecmedenust,
Ge3 HKOTOPOTO HEBO3MOYKHO OPAKTHTIECKO® HCIOJB30BAHMC
Mmofend: RoMKHA OHITH co3fAama ru0Kag cmCTeMa mporpamy,
ofecneunBaloman OOJR30OBaTENAM yHoOHEIR Xomrakr ¢ 9BM
n me TpebyoOIas mpa ee SKCIIyaTald@m BEICOKOIl MaTeMariu-
yeckoil kBaanAKanud mOJb3oBaTeeil.

B 1o ke BpeMa Martemarmieckoe ofecmeuenme, BIpodew,
TAK e KaK I €aMa MOJENb, MOMKHH RONYCKATB MOJEpNil-
3allHI0 B CBASK C HOBHIMH TpeGOBABRMAMHE, KOTODHIE KHJIDL
DOCTOAEHO TPeBABAAET K npomsBofcTBY, Iloguepxmem, urto
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HMCHIIO MO;ICPHIIAINIO, & He CO3Jalme ha.iplit pas mopoil
cucreMpl nporpamM. ToOJLRO LPU BTUX YCIOBUAX BO3MOKHO
peryispHoe MCHONb30BaliNe MaTeMaTHIecKUX Mofexeii u IBA
B mpolecce YNpaBIIeHIsd,

1.2. 0 MoAeIax

ITochobhy RYpC MATEMATHYECKOTO INPOrPAMMIPOBANIA
BRJIIOYaer B ce0sa J0ha3aTeNIbCTBA 3HAYNTENLHOTO Hiciaa pas-
JINYHBIX TeopeMm it pa3bop pasmoofpasmbix MOETOZKOB PeLICHNS
SRCTPEMAJBHLIX 337a4, MOMET CIOAITLCA BIEYATJIEHIE, UTO
poNb MaTeMAaTHKAa B PEINEHHII OPORIATHEIX 3afad OTpamil-
YIIBAETCS €r0 yuacTleM B TPEThEeM DTAIle IIpolecca MOJei-
pOBauIifg, B TO BpaMs haK B OCTAJLIBIX JTAUAaX BAIATEL CIIe-
IIAMNCTE, 3Haole HeopuMalIn3oBaHHEie CTOPOHLI MOJEJII-
pyesmoro o0pexra [eucTsurennio, GpIBacT U TaK, 1O, RaR
HPABILIO, PE3YLTATLI TAROTO pasfiesdeHis TPYAQ B mpolecce
MOZEIPOBANIT OLA3LIBAIOTCSA HeyAOBleTBOpOTeAbEMMIL [le-
J0 B TOM, 9TO MOACIL JHIIb NPUGIILKCHIO O0TPA:kaeT pac-
CMATPIIBAEMLIE CBOMCTBA MOIEIUPYeMOTr0 00BEhTA I CTelenk
9TOr0 mpul lLhenud AOTAHa COIVIACOBLIBATLCI ¢ TOUHOCTLIO
BAOION Nu(OPMALLIL O SABJIGHIIII,

Uacto nossigercs ,heslalie HOCTPOUTL TARYIO MaTewas
THYECLYI0 MOACAb, B KOTOPOII YINTHIBAJIOCH OBI OrpoOMHOS
Ti1eJi0 BXOAULIX fanHpix  Ofnano mpun THATEJALHOM AaHAIN3S
ORA3EIBAETCA, YTO BIIMAHIICM MHOTHX 113 HOX Ha peIeHie
;00 He3sHAYLITEIbHO, JNI00 MPOCTO OTCYTCTBYET 113-3a HEBLI-
€OROIl TOMHOCTH B\OAHEIX JlannslX. I{poMe Toro, menn3sg me
YYUTLIBATL TO OOCTOATEJILCTBO, UTO MaTeMmaTideckas Mojeldb
¢ GOJBIIIM YICJOM IIAPAMETPOB NPUBOJAUT K 3afiade OITI-
MIBauun (PYHLLIE CTO.Ub OOJILLIOTO TIICJIA IEPEMEHHEBIX, UTO
HailT wicienioe ee pelueHie ¢ TOYHOCTHIO, COrJacoBaHHOI
€ TOYIOCTBIO BXOHOH HI(QOPMALII, ORA3BIBAETCA B peallbe
HLIX CHTYAI[IfX JeI10M 0e3Ha,[e HEIM

Tannv o0pasov, 1edpt P YCIOBIL, HPEIBABIACMLIX
h MaTeMaridechilM MO,[€JAM, Tpedyer yYacTIifi MATeMaTIhOB
B pemicHuIl NPUIIAMILIX 3427 y.A€ IIa BTOPOM 3Tale mpo-
Lecea Mo, e poBanId,

1.3. Bonpocnt raacenguramm i eneqndurm

13.4. Hanpapienng. B aarteMaindecroM IIporpaMMir-
POBANII MOALHO BHIENNTh JABa Hanpasienud. K mepsoy,
y/he BIOIIIe CJIO;KIBIIEMYCH HAIPABICHHI0 — COGCTBEHHO Mas
TEMATIIYECKOMY IIPOTDaMMEPOBAHII — QTHOCATCA AeTepMI~
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OApOBAHHBIe 3ajadd — KOrfla BCA uUcXofBas mudopmanusa
ABJIAETCA IONHOCTHIO OUIpefeJeHHOI.

Ko BTopoMy Hanpapiennio — TaK HA3ILIBaGMOMY CTOXACTH«
4eCKOMY “IPOTPaMMODOBAHHIO — OTHOCATCA 8afaid, B KOTO~
PHIX HCXOMHAA HHPODMANNA CONEP:KUT DIEMEHTH Heompese-
JCHHOCTH, JH00 KOTJia HEKOTODHIe HmAPAMETPH! 3aJaTl HOCAT
cirydaiiBplii XapakTep ¢ H3BEeCTHHIMI BePOATHOCTHHIMO Xa-
pakrepncrakami., Tak, nJi3Eaposande TPON3BOLCTBEHHON
7eATeJbHOCTHE 3a9aCTYI0 OIPOH3BOAATCA B YCIOBHAX HEmOIHOI
nEfopManuE 0 pealsHOll cuTyanmd, B KoTopoil Gymer BEI-
moNHATHCA miaan. Wim, cKakeM, KOTAa SKCTpeMajbHas 3afia-
9a Mofierupyer paboTy aBTOMaTHTECKHX ycrpoiicTB, Koropas
COIIPOBOKAIAETCA CIHYJAUHBIMO MOMeXaMH. 3aMermM, 49T0 OfI-
"Ha U3 TJIABHHIX TPYAHOCTEH CTOXACTHIECKOT0 HPOTPaMMHPO-~
BaHOA COCTOHT B CaMOii IIOCTaHOBKe 3ajad, IVIABOHIM 00pa-~
30M W3-33 CJOMKHOCTH AaHANA3a NCXOAHOH wmEopMmamnm.

1.3.2, OcroBunte paszneast. TpagummonHo B MareMarn-
9eCKOM NPOrpaMMUPOBAHAH BHIAEJNAIT CIEJYIOMIAEe OCHOB-
HHEIE Daajiesisl:

Jinpeiinoe mporpaMMupOBaHZe — Kexesas QyHK-
IAA JHHeiTHa, a MHOMKECTBO, HA KOTOPOM MINETCA HKCTPEMYM
neneBoll (byHKIUA, 337]aeTCA CHCTEMOH JWHEHHHX PABEHCTB
¥ HepaBeHCTB. B cBOIO ouepelr B JnHefilHOM HporpaMmupo-
BapNN CYIOIECTBYIOT KIAcCH 3a/(d9, CTPYKTYPa KOTOPHIX MO3BO~
Ifger cO3Rarh CIENMUANLHLIE METONLl HX peIleHAsA, BHTOTHO
0TIMYAMEECS OT MeTOJOB perieHHA 3amad obmero xapax-
repa, Taxr, B anHeiiHOM mpOrpaMMHUPOBAHWH HOABHJICA pPasfien
TPAaHCOOPTHHX 3ajatd,

HeamHelinoe mporpaMMOpPOBaHNe — HeIRHEHHH
nenesad ynkoaa o orpagmdeEnd. Henmmeiigoe mporpammum-
pOBaHHD® NDPHHATO HOAPA3TENATH CJIefylommMm o6pasoM:

« BHOyKIoe mporpaMMHUpOBAaHMeE— KOTJA BHIIYK-
‘na uenesaa QyHKOAA (ecaH paccMATDHBaercd 3ajada ee
MOHOMA3ANAN) 0 BEIIYKIO MHO}KECTBO, HA KOTOPOM pellaer-
cA DKcTpeMasdbHAs 3aj1aua. .

KBagparmuynoe DOpPpOTrpaMMHPOBAaHNeE— KOTAA
nmexesad (PYHKI(HA KBajJ(pATHYHE, & OrpaBENIeHHA — JHHeii-
HEle PaBEeHCTBA H HEPABEHCTBA.

MuoroskerpeMalbEHe 3ajgadnd 3aech ob6LIIHO
BEIJIEJAOT CHENAAMA3HPOBAHHLIe KIACCEL 3a7[a¥, JACTO BCTPO«
YalomAXCcsA B UPWIOHIENAAX, HANpAMep, 2a7a9d 0 MHUHAMA-
3amEH Ha BBHITYKIOM MHOKECTBE BOTHYTHIX (BYIKITHIf

BaskEBIM pa3fenoM MATEMAaTIYCCKOTO HDPOTPAMMHPOBANHAA
ABJAETCA L eMOYNCIEHHOe HPOTPAaMMUPOBAHIG—

~

{
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horla HA IIEPEeMCHHEI® HAKJIAABIBAIOTCA YCIOBHA NEJ0YHC-
JIEHHOCTH.

1.3.3. Cuenunra. B gem cmemudmxa sajas MarteMarm-
9eCKOro MporpaMMHpoBaHusm?

Bo-mepBrix, K 3ajadaM MaTeMATHIECKOT0 MPOrPaMMHPO-
BAaHHA HENPHMEHHMELI, KaK IPABIIO, METOAH KIACCHIECKOro
aHaJm3a JJA OTHICKAHUA YCAOBHEIX 3KCTPEMYMOB, TaK Kak
lla;e B HanmOojee OPOCTHIX 3ajladaX — JHHEHHBIX — DKCTpe-
MyM JIOCTHTaeTCH B YIVIOBHIX TOYKAX TpPaHHOLI MHOKECTBA
ycaoBmii, T. e. B TOUKax, rfe mnapymaerca nuddepenimu-
pyemocts. 1 HanGoxee cCuIBbHBIH METON peIEHHA DKCTpe-
MAJBHBIX 33aY B KIACCHYECKOM AHAIH3E — METOH MHOKHTe-
aeit Jlarpamxa — paspa0oTaH s ciaydas, KOrja MHOMKECTBO
ycaoBmi 3ajaercA cHCTeMoil ypapHeHHil, a He cHcTeMoOil He-
pPaBeHCTB.
—JHpyroit-cnenndnyeckoit-0coGeHHOCTLI0 - ABAAETCA TO; UTO
B OpaKTHUIEeCKNX 3afavyaX YHCJIO TEpPeMEHHHIX M orpaHudYe-
Huil cTOJXR BEJAIKO, 9TO €CIH UpocTo HmepebmpaTh BCE TOUKH,
«I10703peBAEMbIE B HhCTPEMAIBHOCTIY, HANpPHMEpP BCE YISIO-
BBIE TOYKH MHOMECTBA YCIOBIHI, TO HHUKAKasg COBpeMEHHaA
BHIYACIATENbHAR MAIUNHA He B COCTOABNN CHOPABATBCA C 3TOL
3ajjaueii B MaJ0-MaJbChH PasyMHEIE CPOKIM.

B cBA3H cO CKAasaHHEIM, IEJbI0 MaTEMATAYECKOTO IIPO-
rpaMMHAPOBAHNA fABJAETCA CO3JaHNIe, FAE 3TO BO3MOAKHO, aHA-
TUTHYECKAX METOJOB CHPE;ICIIEHNA peINeHns, a OPO OTCYT-
CTBOIH TAKOX MeToJ[0B — co3faHue 5P@EeKTHBHHIX BHIYHCIHII-
TeNBHHX Co0co00B NONYYeHHAA NPHOIMIKEHHOTO pEenIeHns.

Haxonen, sameruM, 470 HANMEHOBAHIE INIpeaMeTa — (Ma-
TeMaTHYeCKOe HpOrpaMMOpOBaHEE» — CBA3AHO ¢ TeM, dTo
Leabl0 pelleHnA 3a4a% ABAAETCA BHIOOP TPOTPAMMEI
neiicTBmil.

1.4, IlpuMepst maTeMaTHYECRIIX Mopjeneii

1.44. Teopna MaremaTHuecKOX Mojeseii ABIsAeTcA mpef-
METOM CcHemuagbHOro Kypca [ TpeGyeT OT 4UmTarelsn
B mEPBYIO odepejh 3HAKOMCTBA ¢ Toil o6jacrpio sHammil, Ko-
TOpOii IpHHAIE,KUT MOAEAUPYEMEIi 00BEKT.

B macrtosmell nEOre NpuUBOJATCA TPAafAUINOHOLIO MpIMe-
pHl, MIIIOCTPHPYIONE OPHMEHEHNe METONa MATeMATHUECKO-
ro MONEIHpOBAHUA B 3a[a4aX SKOHOMHIECKOTO COfepKaHMdA.

1.4.2. 3apmaqa o panmone. Io 3agaHHOMY accopTHMeH-
TY TPOJYKTOB, OPH H3BECTHOM CONEDKAHEX B KAKAOM H3
HHX IIHTATEIHHRIX BEMECTR M H3BECTHOH CTOEMMOCTH IO~

.
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fIYKTOB, COCTABATEL PANHOH, YAOBICTBOPAIOINNN HEOOXOMMMEBIM
HOTPe6HOCTAM, ¢ MUHHMAJLHHIMA JeHE/KHEIMA 3aTPaTaMM.

ycTs uMeeTcsas n pasnMYHBIX NPONYKTOB ¥ /M NATATENb-
HHIX BemecTs (Hanpmyep, KUpPOB, O€JKOB, YINIEBONOB, BH-
traMaHOB ® Ap.). OGozmaunm wepes ai cofep:xanme (B enm-
HANAX MAacCH) j-ro IHTATEALHOrO BEM[eCTBA B GRXMHALS
Maccel i-Po IIpoAyKTa; uepes b; o6o3maymM  MmpHEDN-
MaJbHYo (B e[HHANAX MAacChl) CYTOYHYIO MOTPeGHOCTE B j-M
nntateabuom Bemecrse. Haxomen, wepes z; oGosmaumm wmc-
KoMoe cyrouHoe wmotpebmenme t:-ro mpoaykra. Ogesmpmmo,
aro ;= 0,

n
Beamumma ) @,z, ectb ofmee cofepiKaEme j-ro mOoTa-
=1

TeILHOTO BEmecrsa B panmoHe, KOTOPOE HE KOMKHD OHTH
MeHbIIe MEHAMAIBHOR morpedmHoCcTH bjt :

> e,z =2by J= m'
=1

Ecan ¢; «— CTONMOCTh @QAHANE MACCH {-I0 OPOLYKTa, TO CTOM-
n

MOCTH BCETO pamuoHa onpefeiser jganeiimasa dopra Dz
=1

Wrar, marematmueckas ¢opMyanpoBKa 3ajja9@ Beibopa
panmoHa COCTOMT B CleRylomeM.
HaiiTn .

n
min 2 c.,
=1
IpH YCIOBHAX

‘ 2 a11x1>b1i j= 11 my

=1
xz>oi i=1,n,

dra sajaua gsaserca ofHoll W3 TANNMYHEIX 3a7aY JnHEiiHOrO
IpOrpaMMEPOBAHAA.

B nocramoske 3ajgaum BoBCe He 06A3aTenbHd OBLIO YKa-
8bIBaTh, UTO 9J0 3afaga o panmome. flOCTATOYHO ACHO, 9TO
TaKmM Ke o0pasoM MoryT GbITH chopMyIEpOBAHEl MHOTOYHC-
JeHmsle 3afadd 00 OUTAMANBELIX CMECAX (CIOBO <«CMECHY
ajech cJjefyer mofimMaTh B Q0OOMEHHOM CMBICJIE: 2TO I
cOOCTBEeHHO. CMECH, M CIIIAB, I PAIHOH, I T. 7 ).

1.4.3. Tpamcnopreas 3ajava. JpyroM TEOUYHRIM mpH-
MepOM 3aJaTH JHHEHHOr0 TpPOrPAMMEDOBABHS ABIAETCA
TPaHCHOPTHAA 3aja1a. Tpedyerca ,cocTasuTp MIad OEDEBO-
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50K OHOPOANUOro rpysa Takmu o0pasoy, 4T06H obmasn crom-
MOCTh HEPeBO30K OpIa MUHIMAIbHOIL,

Hexoagasa nudopyanasn:

@, — KOI19ecTBO eJUENN rpysa B I[-M NOYHhTe OTIpaB:IC-
maa (i=1, m); .

b, — motpeGuocTh B j-)M myHnTe Hazuauenus (j=1, n) n
e;IHINAX IPYy3a;

€, — CTOHMOCTh IeDeRosKO e JIHANE Ipy3a m3 {-ro mydh-
Ta B J-ii

OGosnaunv uepe3 zy NIaHHpyeMoe KOIMICCTDO EITHIN]
Ipy3a s OepeBO3hH 03 i-ro myHmTa B J-il.

B npunarsix ofosHavennax;

m n

> Eicux,, —obmana (cymMMmapHAasg) CTOODMOCTb Ii¢pe-

1=lj=
BO30k;

n
D! £, —hOIMECTBO IPy3a, BLIBO3MMOIO N3 {-TO NYHATA;
=1 :
21- Z, — ROINTeCTBO Tpysa, mocramasgeymoro B j-il mymut.
113 mpocTenuieM CcIaydae JOLKOH BHEIOINATECA CICY 0~
mue ovueBIilble YCIOBIA:

n

}:l:cu =a, [=1,m,

=

=11 ny

AT

m
Q!

>..‘ z,="0,

1=1

m n
2 a, = E bJ'
1= =1
Tanmy o6paszoM, mMaTemarnueckoil opmyanposrofi Tparc-
napthol sadauu Oymger.
Hailtu
m n
. Q] N
min X X ¢,%y
=1 =1
TP YCJIOBIAX

n
1
Z Ty =0ay
7=1
m
2 Ty = bh‘

=1
z,=0, 1=1,m, j=1,n.
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9T1a 3ajava nocAT HA3BaHEe SAMKHYTOW TPAHCNOPTHOU
Modeau.
3aMeTnyM, 9T0 yCI0BHO

m n
- 2 a,= Z b;
{==1 =1
»
ABJIAGTCA ECTeCTBEHHHIM YCIOBHEM PpAa3PemIAMOCTH 3aMKHY-
TOH TpPaHCHOPTHOI 3ajadum. ‘
Boxee o0meit Tpancmoprroit 3amadelt mBigercAa Tark ma-
sniBaeMasg OTEpuITas TPAHCROPTHAR MOdead: .

- Haiitm -
m n . -
- min 2 Z CuZy
¢ f=1 =1
TOpH yCIOBHAX
n
dgi Ty Gy
m
) 2 Iy = bn
i=1

34120, t=1,m,, j=1, .

flcao, uTo B 3T0il 3amave He mpeAmonaraercd, ITO BECh TPY3,
HAKOILIEHHEIT B {-M HYHKTe, JOJUKEH OHITHL BHIBE3eH.

B cxemy TpaHCHOPTHOR 8aJaul YKIAAHBAOTCA M HEKO-
TOPHIE [ipyTHe 3afail TeXHHKO-JKOHOMHYECKOTO COlep:Rands,
HampEMep, TaK Ha3kBaeMad «¢3afaua o Befope»: 3afada
o Hanbonee dKOHOMHOM (B CMEIC]Ie CYMMAapHLIX 3aTpaT Bpe-
MeHH) pacupefiereHan n PpaGoT MeKAY 7 HCHOTHATENIMA
IpH A3BECTHOM BPEMEHH, 3aTPAYHBAEMOM KayKALIM HCIIOJHM-
TeqeM HA RaKAoii padore. Jra 3amava gsiAeTcA YACTROIT
MOJIeNIbI0 3aMKHYTOIi TpaHCHOpPTHOLl 3afadm npa m=~n H
Beex a;=b;=1.

3ajeraM, 9TO pelmleHnA TPAHCHOPTHHX 3alad 061afaioT
cBoficTBaMH IIeJIOTHCIEHHOCTH, I IIO3TOMY STH 33JadYl OTmO-
CAT K 3a/ladaM JINMHEITHOr0 NPOTPaMMHPOBAHHA, B KOTODHIX
LeMOYNCIeHHOCT ABIACTCA HEOOXOMEMEHIM JONOIHHTENbLHBIA
YCIOBHEM.

+.4.4. 3agava o pexxmme paotrr SHeprocmereMsl. B Ka-_
4ecTBe NpHMeEpa 3aj{aid BEINYKIOr0 NPOrpaMMHPOBABHA pac-
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CMOTPHM MpoCTeliuyo cpelm 3amai o0 oNTHOMaJLIOM Deje-
HUII permiiMa paloTui 91eProcucTeMsl.

PaccmaTpuBaerca n3ojupoBamEas dHEProcHcTema, Co-
CTOANAA 03 TeMI03MEeKTPOCTAHNNIT, CBASARHLIX JHNHOAMO
nepefat ¢ ys3iaod, B hOTOPOM COCPeflOTOYeHA HArpyska. Cra-
BITCA 3aflada pacmpefielennsa aKTOBHLIX MOMHOCTell MeiRAy
nempocmnnnmm B safaBnuii moment spemenn. Pacrpe-
HelieHiue OCYLIECTBAACTCA OO KPHTEPHIO MUHHMI3AINH CyM-
MapHBX TONJIIBHBIX 3aTpPaT HA TeHEPANUI0 AKTHBHOI MOI-
HOCTIL.

Obo3raumM dYepes z; aKTIBEYD MOMHOCTb, TeHEpHApYe-
My1o ma i-it crannum. MomaocTn 7, 3aknioueHH B mpefieax
o, 1 P;, onpefenseMLIX TeXHOUECKOMHA YCAOBHAMH: < T <
< B.. Kpome Ttoro, poasxmo codawgateca yciaobme Oamadca
MouiHocTell, T. e, reHepapyenas o0mas MOIMHOCTL JAOJNIKHA
.COOTBeTCTBOBATL moTpebmsesoll »omuoctu P ¢ yuzerom 06-
WX H0Tephb 7l B JOHOAX Hepelad: -

2$,=P+ﬂ. '

=1

Tonnnsuele saTpaTHl Ha TeEepanmi0 MOUINOCTH Xy UPeX-
crasiamior coGoil ¢ynruuio 7i(x(), BHOYKIYIO ma 0Tpeano

[O‘iv Bf] ~
Tanny oGpasoy, sajaua ppunmvaer pog: °
nafito _
m
min 3 T, (z,)
=1
0pu yCJIOBUAX
m
* 2 z, = P+ T,
1=1

asn<sf, t=1m.

ITocTpoennas Mojeab ABIAETCA THOHIHON sadauel 6vt~
PYKA020 NPOZPAMMUPOGANUS ¢ AUNEUNBIMU 02PANUYEHUAMU,
P'elrenne orofi saagm naer Becbma rpyGoe wopunGiamskenune
h JAeliCTBUTEJbHO OOTLMAJLHOMY pe:snMy padoTuLl ameprocu-
creMbl. B peaapmoll curyamun Heis3s CYONTRTH BCIO HArpy.s-
hy cocpesoTodennoil B ogmou y3Je, a clejyeT paccMarpii-
BaTh n ysiaop. Hpose rtoro, morepu B cumerese, ecrecTtsenuo,
He SBIAIOTCA RONLCTAHTCIl, a 3apncsaAT OT BeaOYUH NEpeaa-
BaeMbLIX MoLImocTeil 1 mapaMerpoB aungnii nepesag,
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B kagecTBe cuefymomero npuOAmMKeHEA MOKHO pac-
cMaTpmpaTh 8ajavy, B KOTopoli N aABnserca Omammeiimoif
dyokumeit 2y (i=1,m, j=1,n), rae mapaMeTpw ympas-
nenusi Ty 03HAYANT KOAWYECTBO AKTHBHOL MOMEHOCTH, mne-
penasaeMoe u3 i-it cTanmmEn B J-it y3en,

OgaeBmpBo, 910 B 9T0it HOBOH Mopjerm ycroBEa Gyayr
conep:kaTh HenmmeiimocTE (m(zy) B ypasmenmm Gamamca),

dra sapada TawiKe mABIAeTCHA sadayedl 6LINYKAOZ0 nNPO-
epammuposarus, HO Gonee CIOIKHOrO THOZ, 4YeM NOPEHbLI-
ayuas.

HpnMepOM MHOTO3KCTPeMaNbHOIT 3anaqn ABJIAGTCA INPO-
creiilnas saflaga o pasMemendm.

1.4,5. 3agaua o pasmemennu. J[lagsi m NDYHKToB DOT-
pebnenma (1, 2, ..., J, «vs M) ¢ 3agaHEBEIM OOGBEMOM
unorpeGrenna by B KamygoM nymakre. Hsewnrca n BO3MOIK-
HBIX nyuxToB npomssopctBa (1, 2, vuy & eee 1), OpAIEM
anA KasKpaoro i-ro MyHKTa H3BECTHA
8aBECAMOCTE CTOMMOCTH pPOH3BOJ-
ctea fi or o0beMa OpPOWBBONCTEA Tt
([1pennonaraerca, 9T0 B CTOHMOCTH
nponasofictsa fi(r) BKIIOYEHH Ka- 2%
natanbAHe satpaThl.) Haxowmen, sa- 1
napa MaTpolla TPaHCUOPTHHIX pac- | |
a008 ay (ay— CTOUMOCTDH mepe-
BO3KH eJHHAILI OPOAYKIAN B3 i-ro
IyHKTA OPOM3BOficTBA B j-it OYHKT
norpebnenna)., Tpebyerca maiirn - " Pme. 11 .
Taxne 00beMBl TePeBO30K Zy H3 i-TO -

B J-ii OyEKTH  TaKme o6BEMH  Tpom3BOACTRA Z, = me

—

KOTODHIe MHOHMHBEPYIOT CYMMApHEI®@ pacxO[bI; unaqe ro-

BOpA, BIeTcs
ADIB SORIR TERMIZI7 NOV DAG]

mm[L (z) = 2 a,z,; + EW@J Rgx% ‘{{JIFI\.CPZZ‘AIPI/ Al(‘BOxOT

ppn yeaomax ol N"

' ;xu:bn zu?,O%}.?—-"

1

Hocrkonpky ceGecToEMOCTh eHHANN npofyKHEOD O0bITu0 °
yObipaer npm yBeandenmm obbema OpomssoAcTBa, TO (PyHK-
nma fi(z;), Kak ODpPaB@I0, MOHOTOHHO BO3PACcTAIOT B BHIIYHKJILI
BBepx. MmuoxecTBO 8Hazemmil Zy, yHOBNeTBOPAIOMHX Orpa-
novennaM 3ajaud, o6pasyer BRINYKALI MmororpadodK, Bep-

2 B I Kapva=on
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HIOHBL KOTOPOTO ABJIAIOTCA TOYKAMH JIOKUIBHBIS MOIHEIMYAMOB
¢ysruun L(z,) (pme. 1.1). Orcioga u nassanme momobHEX

3afaqd — MHO209KCTPEMALLHDIG,

1.5. OcuoBable 0003HAYEHHA

E,, — R-MCepuoe €BRIAUAOBO IIPOCTPABHCTBO.
x
1

Z,
x =| "2 | — BexTop-cTonGerm,

In
= (&1, T2y o+ ., Tn) — BEKTOP-CTPOKA,
xR osmagaer, 4To X npmHajaerur R.
X & R o3zmadaer, 970 X He upummagie;kut R.

R < S ozmauaer, uro R Briuwueno B S (TeopeTHRO-MHO-

:KeCTBeHHOR BKJIOYcHHE),

RS — TeopeTnKo-MHORECTBEHHO® IepeceYeHHAE MHO-

skeetB R w1 S.

N R,_—Teopemxo-mnomecmeunoe IepecedeHIe MHO-

AZA
shect Ry mo mHgekey A (A S A)

R U S — Teopernno-MHOMKECTBEHHOS O0LejlIHeHNe MHOa

swects R o S.

U R, — TeopeTHKO-MHOKECTBEHHO® 00LeHuHeHHe MHO-

ASA
srects R, mo mumexcy A.
— NYCTO® MHOKECTBO,
G(R) — rpaunna MuEoxectsa R,
{x: Q} — umomecTBO BCex BnemMenToB X< E,,
IpX csoucTBOM Q.

oGaajaro-

{xeY: Q} — MHOKECTBO BCeX biIeMentos XY, ofma-

pgapomux csoiictBoy Q.

R\S — reopeTnno-MHORECTBEHEA DPasHOCTh, T. €. MHO-

secto {z: tE R, x & Sh

int R = R\G (R) — Buyrpennocth MHOKecTBa R,
n

xy)= 21%!/1 ~—~CHAJIAPHOE NTPOH3BEREHHE
1= -

xXny.
Ixll = {(x, x>!/2 — eprammoBa HOpMa BEKTOpa X.
{x)} — mocmenoBaTEIEHOCTL TOYCK Xj.
{a s} — mocaeoBaTEABHOCTD UICET Gy
A =[a,] — marpuna pasmepmoctn m X n.

=1, n osmagaer, ¥4T0 i mpoberaer BCe IEIEIe
or 1 fo n,

BEKTODPOB

SHARYCHHA
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AT — matpuna TpamcmonmpoBammag Kk Marpmme Af -
A = [ah Az, o0y a"]! rjne

’ T
2, a4 .
a T
24 T a
af = . ’ i= 11 n, 4 = .2 ”
¢ .
Py a¥

n

AB — nponssefenne marpod 4 n B:
n
C=[cy] =A4B= [hglflzkbm]-

B-!'— martpnna, ofpatrEas K Ksajgparmofi marpmme B,

(Ax); —1-1 KOMOOHEHTA' BEKTOPa AX.

det B — oupepenuTens KpafparHoit MaTpanu B.

X =y — nonyyngpafodenne B E,, osmavaimee, 970
w=zy (i=1,n). . — *

X >y oamauaet, uto z,> U ({=1, n).

X ¥y o3pmagaer, 9T0 Z; ¥ Y; Xord Oul AuA OFBOro HO-
Mmepa i. ~

[x, Y] —oTpesor ¢ wkommamm X ©m y, T. e. MHOKECTBO
{z: 2=ax+ (1—a)y, 0<a<il.

(xy y) ={z: z2=0ax+ (1—a)y, 0<a <1} — nnrepsan.

(x, ¥Yl={z: z=oax+(1—a)y, 0<a<1}— noaymn-
TepBad. .
[x, y)={z: z=oax+ (1—a)y, 0<a<1}—noaynn-
TepBsad, . .

{al ectn o<, P,
min {o, B} = ‘(31 ectn o >f.

min(p(x)-; 3aIIHCh 3aaYN 0 MHAHAMA3ANAA CKAJAAPHOI
e X

$yurnur @(x) Ha MHOKectBe X.
A — couBon ompepenenns m oGo3mauenms. Hampmuep,

sanuch ¥ A f(x) + g(x) osmawaer, aTo uepes y o6osnavena
cymMa [(x)+g(x). |
¢’ (x) — rpagmenT ¢ynruum @(X) B Toure X: @’ (x)=
= grad ¢ (z) =V (x).
diamX & sup |x' —x'|.
- X’ x"eX
1, ecam a>=0,

sign < ={—- 1, ecim a<<O0,

2.
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P{Q} — BepoATHOCTHL TOTO, UTO BLIMOJHAETCA cBoiicTBO Q.

P{QIR} — BepoATHOCTH TOTO, ITO BHINONHAETCHA CBOINCTBO
Q npn ycaosuu A, -

A — CHMBOJ, 03HAYAIOm{l KOHEI| /0ha3aTeAbCTHA.

x* = arg min {¢(x): x = X} — 109na, B KoToOpoli mocTH-
raerca MuguMyM ¢yarmin ¢(x) Ha Muomecrse X.

X*=Arg min {p(x). x €X} — COBORYNHOCTH BCEX TOUEK,
B KOTOPHIX [OCTHTAETCA MHHOMYM (YHROED ¢@(X) Ha MHO-
sheerse X,

Ef ={x& En, x>0} — MHOALECTBO BCEX HEOTPHNATE.B-
HBIX TOUeh mpocTpaHcTsa En.

;= — cumBoax npucsausannsg. Hanpmuep, o :=p oszma-
Yaer, 9T0 o PICBANBAIOT 3HaueHnme §,



TJIABA 2

9JIEMEHTBI BBIIIYKJIOTO AHAJIN3A

2.1. Esranpono mpocrpascreo. Brinykasie MHOMKecTRa

24.4. Mu-6ynem mMers fiefio ¢ (PyHRI@AAMA, ompeelen-
HBHIME Ha MHOMKECTBAX KOHETHOMEDPHOTO eBKIMA0Ba*) mnpo-
crpanactsa E,. .

Cosorynmocts Bcex maGopos X” =(zy, 3, ..., Zs) N Be-
MEeCTBeHHHX YHCeN Iy, X3, ..., Tn HAILIBAIT €EKAUTOGHLIM
npOCTPAHCTEOM Pa3MEPHOCTH N, eCJIA BHINOJHAOTCA Clefyio-
mue ycaosEa., Hycts x=E, yeE, n o — Bemecrsennoe
uucao; Torga Ty,

x+ty=(z,%ty, 2.ty ...y 2ot Ya) (cnomenne),

ax =(az;, Lz, ..., CTs) (YMHONKEHHE Ha 9YHCIO), -

n

(x, ¥> = ) 7.4, (ckanaproe npomsBesienne).
=1

HaGopst XT =(zy, 23, ..., £,) DaswBaor™ TOuKaMU (6€KTO-
paxu), a 9acaAa xy, Is, ..., Tn— AX KOOPOUHATEMU,

B esxnmnoBoM mpocTpaHCTBE BBEEHO HOHATHE een./tuao—
60l Hopmul (AMEHH BeKTOpa)

! Ixlh = <x, x>'/2,
IIA KOTOpOli CpaBeANHBHE CAENYIONEE COOTHOMEHMA:
Ixll =0, .

npraem [xl =0 Torna n TOMBKO Torma, Korma x=20;
laxll = el ixl; .
. Ix + yll < Ixll + Uyll,
ErkamnoBa EOpMa m CRaJIApHOE NPOHW3BEfeHHME CBASAHE
MeRAY co6on gepasencTeoM HKomm — Bynsakosckoro:
x, y> < !Ixll Iyl

*) HonpoGHEIe CBEIERNA O eBKIMAOBOM NPOCTPAHCTBE KaR JMHCIE-
HOM OpocTpancTBe ¢ (EKCHPOBANHEEIM B HEM CKAJNAPHBIM DPOH3Beje-
HOeM ‘ATarelb uauner, nanpmuep, B [14, ra. 111, § 4].
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Esnanosa nopyMa moposkmaer B E, cxomuMocTh DBymex
YOBOPHTL, UTO nocacdosareavhocrts {X,} rouex us E, czo-

durca k Touke X mpU M — ©, T. Iim <, =, ecau
m->00

Lim [xpm —al=0,
M-
Touna x mnasvipaeTcs npefeavnoll ToOuROU mHeCIe]0BATEIDL-
HOoCTH
IIpuBeser ete Hecho.IbhO olipeesieHni.
2.1.2. Mnomectno
U.(x)={y ly—xill<e}

OyneM Has3bIBaTh £-OKPeCTNOCTHIO TOUKH X,

2.1.3. Muomectso X = E, naswBaoT 3aMRHYTBLY, eCII
OHO COJepAIT BCe CBOU mpeieslbHble TOURI, T € Takle TO'U-
Rl, 4TO 000U ORPCCTHOCTH hda/AJOU H3 HHX OPUHALIEHUT
GechoHeuo Muoro Touek s X.

2.1.4. Touka x = X uaswipaeTca GHYTPeHNeli TOuKOU MHO-
shecTBa X, C©CII  cymiecTpyeT Takasg ee ORPeCTHOCTL, BCe
TOULII LOTOPOLl IPHIAIC.LaT MuosecTny X.

2.1.5. Touna x € X nassiBactess epanuunol Toukoll MHO-
Aectsa X, ec.dul B 11050l ee OLPECTHOCTI COAEP-haTCAd hah
TOULY, [puHAjIe;hauize Mposectsy X, Tah U TOUYLO, OO
mpiuHagiesane aToMy Muosectsy Muosnectio G(X), co-
CTosilllee I3 BCeX TPANNUHLIX Toueh ‘MHoKeetsa X, massina-
eTcsa epanuyell muomectsa X

2.1.6. Muo.ectno X n-MEpHOro eBRIII0OBA HPOCTPAHCTBA
E, Ha3BIBAeTCA GLINYK.AbLM, eCJI BMCCTe ¢ JIOOBIMIL ABYyMA
rounaM XX n y< X emy npunafiehsdr o coepunsomuii
I OTpesok [X, ¥]

Beioyn10cTh MHOMiecTBa X o3HauaeT, 4To 13 X, yE X
creqyer z=oax+(l —a)yeX g secex 0<a<i B E,
HAmpuMep, BBIIYRIBL OTPE30k, MOJIyOpAMad, IpsaMag, hpyr,
TPEYToAblilk, MOTYHIOCKOCTL H BCA IIOCKOCTD

Jlerno pnpeTh, uTO ecau MuosecTBO X 337 aeTCA CHCTO-
MOH IITHELHBIN PABEHCTB I HEPABEHCTH:

X={x+ Ax>a, Bx=Dh},

rie A, B — MaTpniibl, TO ONO BHINYKIO0 O 3aMROVTO (mocmeT-
Hee BBOJY JNIEHHOCTH II, CJAe[OBATENBHO, HEIPepHIBHOCTH
npeobpasosaunu A u ).

UnTateJan NpeoCcTABIACTCA BO3MOKIOCTH CAMOCTOATEL=
1O yOequTECA B TOM, UTO Lepecevemne JOGOro THCIA BBHIOYK-
JBIX MHO/RECTB BELLIYKIO,
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2.1.7. Touka z masuBaeTCcA 6unykaol KombuHayueli To-
UK Xi Xz, ..oy Xm, €CHH Z=0,XF 00X+ .00 OnXn, @, =0
G=i,m)aa,ta,t+..tan=1

2.1.8. Buinyraoe muoacecreo X codepaur ece evinyravie
KOMOUHAYUL CEOUL TOUEK.

JorazarteanbcTBo (mo mEgyknmmn). B coorBercremn
¢ onpenexenmeM 2.1.6 muomecTBo X CONEP!KAT BHIOYKIYIO
KoMOmHan@o JO0HX NBYX cBomX Todex. [IpemmomomuM, dro
X comepmT BHIOyKIBeE KomOmmanmm Jdobwx m—1, m>1,
CBOMX TOYeR. PaccMOTpEM BHIOYKIYID XKoMOmmEamummo 2=
=0, X, + a.X;+ ... 0mXn J0661Xx M Tower m3-X. Ouenmp-
HO, 9TO CYIIeCTBYeT XOTa 6Bl OfuH HoMep i Takoii, gTO
o, <1. He ymanaa ofmuocTd, MOKHO IOJAraTh, ITo o, < 1.
%
Loy
nykaoi KomOmEanmeil TOYeR X, ..., Xm, H 00 HETYKTHBHOMY
npennonokennio Y= X, Ilockomsry z=oax,+(1—oa,)y =
a;=[0, 1], To mo 2.4.6 ms sunykmoctm X cmexyer, d4ro
ze X, A .-

Torpa y =P +...+ Buxn mpm B, = ABNAETCA BHI-

. 2.2, Ilpoermns, Teopemut oTaeammocTH

2.21. ITpoeryueti Touxm Vv Ha MHOMecTBo X HA3HIBAIOT
TaRy10 TOUKy p € X; uTo

[p—v]=inf]x—v]A p(v, X)=p, 21)
xeX

TIpm stoM p=p (v, X) Ha3HBAOT PaccTosHueM OT TOUKH V
o MHOMecrBa X.

2.2.2, Jas arobozo samrnyrozo muoxmcecrea X u amboii
TouKu v cyyecreyer touxa p <X, seafowasca npoekyueil
v na X. Ecau, kpome 1020, MModwecTéo X ewinyraoe, TO
‘TOYEQ p eQUHCTEEHHAA.

HoxasarenrvcrBo. Ecnim veX, 1o oueBmpHO, uTO
p=v u p=0. IIycts TO9Ka V — BHemHaa oTHOCATeNbHO X.
v& X, CornacHo oOmpefeNeHHI0 HWIKHEl Tpamm CyMECTBYeT
mocrenoBatensHocts (X4}, X, = X, Takas, uro

Iim||x;;—-vﬂ==p. . -
koo
Tax rak {x,} orpanmuena, T0 cymecTByeT MOAIMOCIENOBATEND-
HocTh {Xk,} Tarasm, aro
‘ lim x,, = p,

[ S TN
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Tochonbry MmomecTno X aamxuyroe, 1o p=X, U oxonya-
Te.1n10 noxydaenm lp — vl =

Jlaa A0Ka3aTe’rLeTRa eJIHHCTBeHHOCTH UPEANOJOMKEM, TITO
cymecTyOT Tounm P, p € X, p' ¥ p”, tanue, ur0

Ilp’ = vl =lp” — vl =p,
Hochoabhy MmosdiecTBo X anyx\noe,'m TOIRa = -%-p' +

1
+ - P’ oponagaesur X, Toukn v, p’, p” mn z aemar B on-

noii N;10CcKOCTR, B 03 papnodeNpennoCTR TPEYroNbLEIKA ¢ Bep-
munoii B Touke v, ocmosanumem [p’, p”] o mmicotoit [v, 2]
caeayer Iz — vl <p, yro mpormpopeuut ompepfeneBnmio p. A

223. Teopema. Jaa roe0 urobur Touka pE X Golaa
npoekyuell TOYKW V Ha eblnykaOe 3aMKNYTOe MHOxecTeo X,
neobzroduso u docrarouno, urober daz ecex XEX eunoa-
"HAI0CL HEpAGEHCTEO

{x—p, v—p> <0, (22)

NonasarteancTBo IIycTe P — Opoengua TOYRE V
na X. Boabdev nponssoinLuoyio Touky X € X ©m paccaorpns
z=qgx+(1 —a)p Beagy snoyknocra X pmaa awoboro o &
&[0, 1] Toura z npuuagiesur X. Tan nax

lz —vlI2 = g2lx — pliz+ 2a¢x —p, p—v> +lp ~vIZ
iz — iz = lip - vi?,
0
alix —ph*+ 2a0éx—p, p—v> 20,

Mocikonubry 9TO HEpapencTso CUPAaBefIuBO A BCeX o €
<0, 1], 7o
{(x—p,p—v =0,

othyiaa ctexyer (22).
Ilycte Ttemeps cupasenqmeo (22). Torga ana nwboio
A€ X 0yaer

Ix —vIP=lI(x—p)+(p—-v)I*=
=lx—plt+ 2z —p, p—W+ip-vl*F= =lp -2
T ¢ p spagetcd opoennueii v oa X. A
22.4. laa niobozo x= X
x=v, x—p>=<x—-p,x—p>+<p-v, x—p>=lx—plh

Ix — pl < Ix — vl,
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9To BHTeKaeT H3 TOrO, 4TO
Ix —vI2 =1 (x — p)+(p — v)I* =
=lx-plP+2¢x—p,p—v> +lp-vit=lx-pl: A

2.2.5, T'unepnaockoctvio 6 E, HA3HBAOT MHOKCCTEO

BOA
- I = {x:.{c, x> =1},

rne ¢70. B mpocTpanctse E. rEmepmiocKocTs ODpefe:IscT
ABa DOJYOpPOCTPAHCTBA: _

{x: ¢, ¥ <A}, {x: <e, x)=A)

2.2.6. Teopema otnenmmoctr. Jaa arbozo ebl-
nyk4020 u 3aMKHYTO20 MHOXcecTéa X u a1060i TOUKU V, Ne
npunadasescauyelt muoxcecrsy X, cywecreyer Taxas zunep-
naockocrs 11, uro , .

{e,. v> =) (2.3)

u dan stex x€ X
{e, x> <A, (2 4)

NorasateasctBo. IlycTs p— mpoeKnua TOUKR V

ma X. PaccmorpuM rEmepnaockocTh
IT={x: <, x> =A%, e=v—p, A={c, ¥},
nag Kotopoit Bmimonmsercss (2.3). Us mepasemcrBa (2 2)
caenyer
x,v—p <{p, v—p <
<Av,v=p), xeX,

ITpanoe nepaBencreo caeny-

er a3 (2.1) m ma Toro, utTO
p > 0. Il oxouuateabHo

(e, x)=(v—-p, x0<
<{v-p, v2={¢, V) =],

7. e. mMeer mMecto (24). A

\ pt
Bamevanmue. QOuenu- \
NleH TeoMeTpHIecKnil CMBICHK

TeopeMH: cylliecTByeT 0Opo- Puc 21
XofiAulas Iepes TOUIKY V ri-
nepnaockocts I1 Takas, aro X aemnt B OAUOM U3 HmONympo-
cTpancis, onpefensemux I1 (pnc. 2.1).

22.7. TeopemMa o6 onopnoii rOOEPOIAOCKOCT M,
B a1060i 2panuunoli Touke X° evinykaozo muoxecrea X cy-

A
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uecTéyer onopHAA eUNepRAOCKoCTb, T. e. cyujecreyior ¢7 0
u A rasue, uro Il ={x: <c, x> =24}, A={e, x> u daa scex
xeX {(,x)<h

HoxasateabcTno PaccMorpaM mocnefoBaTenbHOCTh
touek {v;}, Bmemnox oTHocuTenbHo X — 3aMbIKanoa X —

U TaKHX, YTO
lim v, =x°,
koo

o Teopeme 2.2.0 axa rasmmoil v, cymecTByer
I, = {x: <e), x> =01},

rae A, =<{cy, v 1 {C,, x> <A, mua scex x=X. He ymaana
obmuoctn, Moino nojarars lell=1. He Mmenaa o6oamaue-
unit, Gyaem cuirarh, UTO

lim ¢ = e. i

hoos
Ilepexoan K mpejlely B COOTHOLIENHAX, ompefeidstiomux II,,
HOTyIHEM

{e, 3% = lim {ep, VDA A
k>0 -

n<e, x> <)\ nim neex x= X,
ITaK, rEOepIJIocROCTh

II={x: <¢, x> =A}
— omopmad., A

3ameunanne., Jlerko ybeantncs, 9TO ecIm B TOUKe X'
CyILECTBYET hacaTelbHAA THIEPONOCKOCTb, TO OHAa COBHIAfaeT
¢ omopuoit (pmc. 22) m B 3TOM cayuae ONOpHaf THIEPILIO-
crocTh exgmucTeeEHA, ONalko NomsdgTHEe ONmOpHOIl Trmmepmiio-
CLOCTI 3UAUYNTETBLNIO INOpe MOHATHA hacaTedbHofi rmmeprLIo-
crocta, Ha puc. 23 msolGpasken caywaii, Korma B Todke X°
HG CYHICCTBYET hacaTelIbmoll II B TO e BpeMA B Heil
CYILICCTBYIOT OUOPHHE NPAMEle, IPHIEM B KAYeCTBe BEK-
Topa € 37ech MojEeT ObITh BEIOpanm Jio0oil, mesammil «yeK-
AYy» € U € -

2.28, Teopema o pasfensomell rumepmo-
croctu. Ecau nnomecreo X, GHYTPEHHUT TOYEK 6LInYK-
1020 MHOXMeCTE4 X HEnYCTo U He Nepecekaercs ¢ GbINYKAbIM
anoucecreon Y (X,NY=9), 710 8aa wuwuomecrs X u
cyujecreyer pasdeasiowyan sunepnaockocts II, 7. e. cyuye-
creyer eckrop ¢7=0 raxod, uro

e, y? <{e, x?
Ona ecex ysYu xeX,
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Hoxasarearnctno. MnomecTso _ .
~Z={z:z=y-x,ye¥, x=X,}
Bunykno, m z=0 He sABIseTcA ero BHYTpeHHeil TOUKOIL.

Torga m3 Teopem 226 u 227 caeayer cymecreosanmne ¢ 7~ 0

TAKOIO, YTO .
¢, 2=(e,y—x><<{c, 0> =0

nasa scex Y=Y m x= X,. 310 HepaBencTBo ocTaercs chpa-
BelUIMBHM u i BceX YEY m x = X, mockoabry mpepens-
HEIT DepexoJ He HApYyIaeT HeCTPOTHX HEPABEHCTB. A

\

.

m, n
z0
T —
V/4
/[ \
[~ X
E — /A
C — X
. —7 X
— AN
._'__J ~
Puc 22 Pac 23 ’

3aMeusanme. OGpaTuM BHEMaHEe HA TO, 4TO Tpebo-
BaHAe HeNyCToTH MHOecTBa X, CYMECTBeHHO, HDOCKOJBKY
B (opMyampoBKe TeOpeMH HMeeTCA B BAAY BHYTPEHHOCTH
MHO}KecTBa OTHOCHTelAbHO mpocTpaHcTBa E,. Tar, mampmmep,
ouYeBH[HO, 4T0 B TPEXMepHnoM IPOCTPAaHCTBE OCh 2 H MJIO-
cxocth z=0 He pa3slenmMbl B YKasaHHOM BHIIe CMEICIe,
XOTA M HE mMET o0mmX BHYTPEHHRX TOUEK

229, Onpenenenme Touxa X muokectBa X HA3HI-
BaeTcA Yyeaoeoll (mnm Kpaiinetl) Toukoil, ecim B X He cyme-
CTBYeT TAKmX ToYek X’ m x”, X' #x”, 4ro

x=aox' +(1—-a)x”

npn HexoropoM o (0, 1).

Hanpumep, paa xpyra mo6asd TouKa OrpaHEYHBAIOMElt
€ro OKPY’KHOCTH fABJfETCA YIJIOBOH. YTIOBHIMA TOYKAaMM SIB-
JIA0TCA BCe BEPIIMHEL BHIIYKIOr0 MHOTOrPanHHEKA.

2.210. Teopema (o mpeacrasnenmm). Jwbas Touxa
x° @LINYKA020, SAMKHYTO20, 02PAHUNENN020 MHOMecTea X
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MoxceT GulTob npedcTagieHa 8 eude evInyKAOl KOMOUHAYUU
KOHEUHO20 MUCAQ Y2108bIT TOYEK 3T020 MHONCECTEQ.

HoxasartenbcTBO (OO HHAYKUHU HamMeHbIIell pas-
MepHOCTH # NpocTpaBcTBa E,., comep:Rainero MHOKecTBo X).

Ecan n=1, 1o X spaserca oTpeskoM U yTBep:kJeE:ne
TEOPeMEl 04eBOIHO.

IIpennmono.koy, 910 A n=k — 1 Teopema cipaBejpin-
Ba Ilycte Temeps X < E, Paccmorpmym asa cayuas.

1) x’— rpannynas touga X. [ocTpous B »Toil Touke rm-
IePOJIOCROCTD, OLOPHYI0 h X:

a={x <e, x>={(e¢, xV}.

M=uosectso X,=XNn, Kak mepecedenme BBITYKIOrO,
3aMKHYTOTO, OrPAaHHYEHHOTO MHOMecTBA X C  BRIIYKIBIM,
3aMKHYTBIM MHOKECTBOM I, €CaM0 BBIIYKJIO, 3aMRHYTO H Of-
paunveno m, npome Toro, cymectsyer (k— 1)-mepuoe mox-
LpocTpancTno, cofep:kamee X, (mochoaeRy X,<m). Ilo
npefmonoNienno nuIykunun aasa X' € X, nafigyres X,, X, ...
...y Xy — YLVIOBBlE TOURI MHOKecTBa X, Tahme, YTO

N
A0 = El o.xX, o = Oz = 11. ‘/VI
—

N
N
2 OC; = 19
=1

Tlonasmey, WTO Xy, Xz .., Xy HBIAIOTCA YTAOBRIMH TOU-

rano o jgus X. Ilpeanmono.xnM npotosHOe, T. € 4T0 IUIA He-
o o ’ ” r ”
rotopoil Tounn x, naiigyrea X', x" € X, x" #x”, u a €(0, 1)
Tahme, 4TO
xi=ax'+(1—a)x”,
Tak ran x,= X, < n, 10
{e, x> = ¢, x,
O IOCKOJBKY THIEPINIOChOCTH 7t — omopHag K X, TO
{e, x") <<c, x%, <, x") <<, xV,

113 rtoro, aro 0 < a < 1, caexyer
7 1 /4
<c, K>=?[<c1 ) —(1—a){e,x">] =
> < e, X% (1 — &) (e, x%)] = e, x%.

[locnennme nBa ycaoBOA MORA3HIBAKT, 4T0 X €7 (Tak
!
Kagr <¢, x'? =<c, x); no x" € X, caeposatensno, x' € X, =
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=X . ApajormuHo NokasmiBaercs, uro X” € X,. A Torma
Hallle NpeAnoiodKeHne NPOTEBOPEUUT TOMY, 9TO X;~ YTIO-
Baa To9Ka X,.

.2) Tlycrs teneps X° — BHyTpeHEAA TOYKa MHOKecTBa X.
TIposenem wepes x’ mpamyio I IIepeceqerme INX apasercs

OTPE3KOM € KOHI|AME X W X, NpAHAJJERAIAMA TPaHHEIE MIO-
skectBa X, M IOCKONBKY X' — BHYTpeHHAA TOKa Aaf X, To
cymecTtsyeT a (0, 1) Taxroe, 910

-
x°=ox+(1—oa)x.
ITockonpky 74 rPaBAYHEIX TOYEK X ®H X TeopeMa BepHA, TO
oma BepHa B 1A X°. [lelictBaTennHo, [AIf IPAHAIHEIX TOYEK
HMeI0T MeCTO COOTHOMEHA

-

_ M Ny
X= glr’z)'u §1 Bi=1, B=0, 1= ml
. M Ng

. X='§1‘Y,Z" ‘=Zl‘h=11 71>O; l’=mt

Ife BCE Y: W Z; — ymonme Touxm muokecrea X. Torna

’ N2

= 2 oy + 2 (1 — ) pi24y

OTKYZa W CIeflyeT yTBeP:KAeHHe TeOPeME., A

2.3. Homye. Teopena ®aprama

B Teopmm MaTeMaTHYeCKOTO NPOTrPaMMHAPOBAHAA BAKHYIO
poas mrpaer TeopeMa ®aprama, Kotopaa GyXeT ROKasaHa
B KoHme 9Toro maparpadra. IlpemBapmTesnnbEo MBI YCTaHOBRM
HeKOTOPhIe BCIOMOraTe/IbHHE NOHATAA H (GaKTH, mMewmue,
BIPOYEM, H CaMOCTOATEJNbHOE 3HAYeHUe,

2.3.4. Muowecrro K HasuiBaetca xomycox, ecqu m3 x&€ K
crenyer AXE K pana Bcex A>0. Hanpmmep, Bce npocrpas-
c¢t80 E,, KarR m BcAKOe MOAUPOCTPAHCTBO, ABIAETCH KOHYCOM.
Heorpunareasnnii opranr {x: x = 0} — raxire xomyc, Que-
BAMHO, ITO KOHYCAMHA ABIAIOTCA MHOMKECTEA

. {x: Ax<0}, {y: y=4x,x=0}

Cnenyomuaii ¢axr Gymer mCmomb30BaH NpH [OKA3ATENB-
cTBe TeopeMu Paprama,
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2.3.2, Muosecreo -

Y={y. y=4x, x=0}
3AUEHYTO.

Jdoxasateavcerno Ilyetn 4 =]Ja, a; ..., a.] [o-
LameM yrsepsRIenne uuxykupeit no unmeny m Ilpnm m=1
Mito,KecTbo Y AIBIACTCS MOTY UpsAMoil U, €Ie0BATEILHO, ONO
saMnEyT0 Ilpeamonosiny, uto giaa m=Fk—1 xonyc Y, uo-
PO:LIeHABI BEKTOPAMM "y, 83, ..., d3-1, 3AMRHYT.

1) Ecao xouycy Y npumajieskat BeRTOpH —a,, —ay, ...
«., —8&, TO OH ABJMETCA HOANPOCTPAHCTEBOM PAasMepPHOCTH,
He UpeBblalouleu A, H, CIER0baTeNbIO, 3aMRHYTHIM MHO-
FheCTBOM.

2) Ilpenmoao:xuy, uro xorsi GBI OANH U3 BEeKTOPOB —a,
s+« —8, TO OH ABIICTCA HOAUPOCTPANCTEOM DA3MEpHOCTI,
~a, &Y Beannoii_y= Y mpeactasny b puge y=y+aa,
«a=0, rme y=Y. Pacemorpum mocnegosateasnocts {y.),
CXOMUIINYIOCS K Yy DB ciIy Dpembiayuiero ya == ¥a t Qads,
¢, =0, naa peex uovepon n Ecan mocaenonatensrocts {a,}
orpannvuena, TO, He ) MaTAs OOLIHOCTII, MOKHO CHOTATDh, 4TO
Ima, =0« u, cuaejosareasno, y— oa, = lm(y.— a,a,)=
n->00 Nn—>o0 _
= limy, Aye7 spuiy savMwmytocrn Y 3uawar, y=y+

n—r0
+oaa, e Y. Il1ar, ecam moCIeROBATENLIOCTL (G} orpaumye-
Ha, TO MHOKRCCTBO Y 3aMRHYTO

Hpenuonon\mx Tenephb, 9T0 ¢n— -+oo mpn n — oo, Torga
- yn = ———yn + az Tar nax Lim ;—yn =0, TO

n-»o00 n

yé lim —yn =—a; Ho yet BBOIY B3aMRUYTIOCTH [10-

n—>roo n
ciejmero m, ciaegoBaTeabno, —a, &Y. llpotusopeune A

2,3.3. Hycry sagaunr matpuna B pasyepuoctu mXn o
BELTOp VE I,

Teopema Qaprama Ilepasencreo <v, x)<0 qul-
noanaerca 0aa ecex x={x, Bx <0} 6 7ox u ToabEO TOM
cayuae, ecau cyujecrgyer rakoil eexrop uz=0, yro v= DBTu,

Hoxazarteabcrno HMocratounmocts Ilycrs phi-
noausTea cootHomrenmisi U= 0 o v=B"u Torma mgna mxo-
Goro x = {x Bx <0} Gyner ¢v, x> = (B, x> =<u, Bx> <0

HeoGxomumocth. Ilyern pmna ncex x={x Bx<0}
copaseoeo <V, X2 <0,

Paccyorpuoy nomye

={y. y=B"u, u=0},
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Ecxn ve Y, 1o Teopema fopasana. IIpernososam, uto v &7,
Mnuoxecteo Y Brimykno (cm. 2.4.6) m samxmyTo (eMm. 23 2),
moaToMy mo Teopeme 2,2.6 cymecrtayer sexrtop €7 0 Taxoii,

70
{e, y)<{(e, W (2.5)
ana peex ys=Y. -

Tax xak Ay < Y npum Bcex A=0, 1o n3 (2.5) momywaem,
gro Afe, y?> <<¢, v> mpm Bcex A =0, A smamnt, {c, Y0 <
< 0. Ho _

e, y> = {e, Bu) =<(u, Be> < 0.’

I tax rax aT0 EMeeT MecT0 AuAa Beex u=0, to

Be<0. (2.6)
Ho y=0<Y, nostomy ma (2.5) creayer
(e, V>0. t (2.7)

Bass x=¢, n3 (26) m (2.7) monysaem mpoTnsopeume yciuo-
BUAM TEOpPeMEH. A

Ilomesmo O6ymeT npHBeCTH TIeOMETPHYECKO@ HCTONROBA-
Bme TeopeMu Qapxama, _-

Mycts - b =Y =p,

ly

T
bl

1 K={x: Bx<0}.
Konyc K ectb cobo- X
KYHIHOCTh BCEX BEKTOPOB
X, KoTapele o0pa3yoT
C KaXIHM H3 BEKTOpPOB
b, b,, by meocrprie yr-
au (Ea pume. 2.4 xomyc
K 3amTpmxosam Beprd- " Pme. 24
KaNbHEIMH JIEARAMH, KO-
asyc Y ={y: y=B"u, u=>0} — ropasonransuEnMm AnEmAMD).
Tenepb oveBEAEH reOMETPHYECKMiT CMBICH TEOPeMH: 4TO-
6u pna mioboro X< K yrom MeAy V m X Ghlm HEOCTpHIM,
Heo6X0IAMO H JAOCTaTOYHO, uTOGH V mNpEEajIeRan Ko-
mycy Y.
23.4. Cnencreme. Jua aroboli marpuysr B u ao6ozo
éexTopa V useer MecTo caedyloujas asvrepHaruéa: aubo
uMeer pewienue cucremad

. Bx=0, (v, x><0, (2.8)
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Aub0 uMeerT pelienue cucTema
v=B"u, u=0, (2.9)

HoxasatenseTBo. Ecam cmpasemnmeo (292’ TO 03
teopemsr Paprama BrTekaer, 9ro KA aioboro x & {x: Bx =
= 0} 6yner <v, x> = 0 n, cregosateabno, cucteMa (28) ne-
paspemnna, IlpegmomoxnM Tenepn, 9ro cmerema (29) ne-
paspemimma, Torga mo Teopeme Daprama [aa BCex X &
& {x: Bx = 0} ne Gyner smmonaaTeca ycaosme (v, x> =0,
a ciefioaTenbHo, (v, x> <0 a1 meroroporo X & {x: Bx =
=0}, A

2.3.5. Jloxasanmoe cneficTBHe NONYCKAaeT MPOCTYIO MOIm-
daranNo, WOJE3HYIO A PANA IPHIOKeHuii.

Caencrene. Jas aoboil marpuyst B u arnbozo eck-
TOpA V UMEET MECTO CAedyrouas aibTepHATUGA: AUGO UMeeT
Pellenue cucTema

Bx=0, x>0, (v, <0, (2 10)
Aubo uMeerT peuleHue cucrema
v=B"u, u=0, (2.11)

NorasaTennctso. Janmmes cmeremy (210) B Bo-
ne (28): L
Bx=0, (v, x><0.

= B
3nech B=[ ], E — epnumunasg MmaTpoma. Y TBepiaenme

CAefCTBOA C OYEBUAHOCTBIO BHTekaeT m3 234 mpmymena-
TeJbHO K MaTpHOLe B. A

2.3.6. Teopema 0 npeACTaBIeHNIL Paccmotpnu
nonyc S = {x: Bx=0, x>0}, Bekrop x Konmyca S HazoBeM
pebpon, ecim B S me cymecTByeT Takmx X', x”, x'#x”,
UTO IpH HEKOTOPHIX A >0, A2>0 Gyner anonnmbca pa-
BEHCTBO X = M X’ + A.x".

Teneps paccMOTPHM FHOEPIIOCKOCTE

L={x: Sz, =1, 2,>0, i=i1—n}.

=1
Ouepngno, uro muoxectso Q=SNL sumykio m orpa-
HOYEeHo.
Ecan x,, ‘Iz, X8 Xp — YILJOBHIC TOTRN _MIO:keCTDa 0,
TO BEKTOPBL 04, X}, CyX3, o o5 CaXns 0 = 0 (i=1,k), ABIAIOTCA

peGpamm Komyca S. Jleuc'rnmenbno ecan z=a,X; He fiB-
nrerca peGpoy, T0 malifyrea Tarme ' €8, x“ €8, 4r0 2=
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=\,x"+A.Xx" npm mexoTopHX Ay, A,>0. HUa ompenerenns

MHOkecTBa @ ciemyer, uro Haitayrea Taxkame fy, §: >0, npo
’ + I ” ”

KotopHX ¥’ =B,x'=(Q, y” =pBx” Q. Ho

A

1 , A
X;=='7;z=’?1y +?2)’”, Yl:a;%;" ?ﬂ=gﬁ;i

k h

13
Xan=1 Ni=1,. Xyl =1;

=1 =1 =1

moaroMy 4, +Y.=1, UT0 IPOTHBOPETNT UPEANONOKEHHIO
0 TOM, UTO TouKa X, — yraoBas AJA MHOMecTBa Q.
JHlorazannoe yreepaenme u TeopeMa 2.2.10 mosponsor
cdhopMyaEpOBATL TeopeMy O TpENCTABJAeHAH.
Jlwboii eekTop X, npumadaexawuil xowycy S, mower
6uiTy npedcrasaen ¢ eude nNOAOWUTEALHOU KOMOUHAYUL €20
pebep, T. e. H'aﬁayriﬂ raxue uucaa A=0, =0, ...

e =0, uro X= X AXe
=1

2.4, Bunygane ¢ynxnum

2.41. Onpenenenne. Oynxknmw @(X), ompexeiaen-
HYI0 Ha BBIIYKJIOM MHOMecTBe X, Ha3HBAlT 6blnYKAol, ecln
naa mobex X, YEX m scex a<[0, 1] sunoanserca =He-
paBencrso

plax+(1 —a)y)<ap(x)+(1—a)e(y). (212)

Ha pmc. 2.5 nsobpamesa BmOykadaa ¢ymknma. OwuennpgHo,
9T0 KasK#aA Touka j06oii xopanl rpadmra PyHKmmu @ au-
6o mexxur Hapm rpadmkoM, 160 MpAHAIEKAT eMy.

2.4.2, Bozryroii ¢ynryuell HA3HBAOT TAKYD (YHKNAO
@(x), nna xoropoit dymkmma —@(X) Bunyxna. Taxmm 06-
pasomM, ecan

- ¢(ex+(1—a)y)= ag(xJ+(1—a)p(y) (2.13)

nan aobex X, ye X a scex a<[0, 1], To ¢(x) — sornyras
dyarOHA,
2.4.3. Ecnm gna moGoro o< (0; 1) mepasencrso (2.12)
cTporoe, To QyEKOmI @(X) HABEIBAIOT CTPOZ0 GHIRYK.AOL.
2.4.4. Tlpmmepom BHIyKIONT (QYEKOEA caymuT KBajfpa-
trHan QyBKO@AA ¢ DOJOMKUTEALHO OIpefleieHHOE Marpaneil,

3pr Hapuanoy
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HocxoneKy 9TEM C€BOIiCTBOM KBaJpaTHYHEIX (PyHKNuH MH
GyneM HOAB30BATHCA B NaNbHEHIINX pacCMOTPEHMAX, JOKa-
#eM ero Kak CaMOCTOATENbHEIH peayubrar,

#(z)
Py
P, ‘
|
[
| |
7 EL—z-aé"(/#)y"'_ ?#J)::; T
Puc, 2.5

Haa 1020 urobul xeadparuutas HynKyus
¢ (x)=<x, Bx> +<p, x>

Golia evinyk.aoli, Heobxodumo u docraroyno, urobvl cuier-
puueckas marpuya B 6blaa noaowureavno onpedeaennoi.
HorasaTeabcTno,

o(ox +(1 — a)y)=a*<x, Bx> + 2a(1 — a)<{x, By> +
F{l—a)Xy, By) talp, x>+ (1 —a)p, y> =
=ap(x)t(1-a)e(y)—a(l—a){x—y, B(x-y)?
o npr o (0, 1) Gyner .
a(l—a){x—y, B(x-y)>=0

B TOM H TOALKO B TOM Ciayuae, ecin B HONOKHTEJNBHO ompe-
nenena. Orciofa H B3 ompefeneHHs BHIIYKIOCTH claeAyer
YTIBEp:KAeHAe TeOpeMBl. A

damMevanme. QgeBHfRO, 9TO JuIsA CTPOroii BHINYKIO-
cru kpapparnunoii ¢ysrnum @ (X) meoOxommma H J0CTaTOd-
HA CTPOlajd IOJOMKHTENbHAS OHpEeNeHHOCTE MAaTpruu B,

PaccyorpaM AR CBOICTE BHOYKIHX QyHRUMAII.

2.4.5. Jlan woboli evinykaoli gyrwkyuu @(X), onpebeser-
Holl Ha evinykaor MHOwecT8e X, U 4106020 uucaa A MHOXMe-
creo Z={xe=X: @(x)<A} seinyr.o.

HoxasateabcTBo. B coorsercTBHm ¢ ompenenen:-
ey 21.6 pocraToumo mokasaTh, 9T0 W3 X, YEZ cuepyer
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z=ax+(1—-a)ysZ pas scex a=[0, 1] Uz srmyxroctn
MuoskectBa X caepyer, uro z < X, Bocnomanzopasnmch mepa-
BenctBoM (2 12), momygaem
o(z)=¢(ax+ (1 —-a)y)<
<ap(x)t(l—-a)p(y)<ar+(l—a)h=A. A
3amevanne, Ouesmpno, 410 ecau @(x) — Bormyraqa
¢dynxnna, 1o mookecrro Z = {x< X: @(x)=1} srmyxio.

2.46. Hepasescteo Uenacena. Ecau 9(x) svinyk-
Aa na evlnykaom muoxcecree X u

< 3
z= zatxn Za1=ir
i=1 i=1

=0, xeX, i=1m,

T0

q>(§a,x,) < Sam(x). (2 14)

1=1 i=1

HoxasarensctBo (o manykomm). Ilpm m =1 ne-
paserctso (2 14) ouesmpno. Ilpenmonoxms, uto (2 14)
cupasegauso aas m—1, m>1. W3 248 cuexyer, uro
z€X Feag an=1,T0 gy =a2=...=Cm_y =01 B (214)
Gymer pasenctBo. Ecnm 0 <am <1, To m3 BBRIODYKIOCTI
0 NHAYKTABHOIO NpeAno;IosKeHA:A claefyeT

m m-—1
9@)=¢ ( 2 alxt) ((1 — Cm) 2-! X,' + c‘mxm) <

1=1 i=1

m-—1
<( -am)fp( 2; 1_a ,) + %@ (xm) <
m—1
<(t—a) ;} T @ (%) + @n® (xm) = Zow (). A
=1 =1

2.4.7. TIpusenem (Ge3 fmoxazaTenncTBa) cnenymnee BAK-
HOe CBOIiCTBO BRINYKAEIX PyHKImIl.

Bunyraan gynkyus ¢(x), onpeae./zenua;z Ha GLINYKAOM
anoxecree X, Henpepviena @ Kawdoill 6eHYTpeHMell TOUKE
aT020 MHOJCECTEA U UMeeT ¢ Kaxdol eHyTpeHHel Touke npo-
u3eodnyi ne arobony nanpasaenuro s (Isll =1);

3(P(X) = lim q>(x+7ts)-—fp(x)
A *

| Y
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2.48. B smerone wrpadusix QyHKRODHE HaxoaAT mpomMeHe-
EHe cjefyiollie Ba CBOJCTBAa BBHIOIYRILX (ymROmii,

Ecau % (x) evinykaa Ha svinykaom muoxcecrée X, 10 obl-
nyraa Ha X v pynkyus

@(x)=max{x (x), 0},

B caaou pene, s anlpx x, ye X
plax+(1—a)y)=max{x(ax+(1 —a)y), 0} <
< max {ax (x)+ (1 — o) % (y), 0} < o max {x(x), 0} +
F(1=a)max{x(y), O} =ap(x)+(1—a)o(y). A

Ecau @(x) evinyraa u HeOTpuyareavHa Ha 6LINYKAOM
nuuoxcecree X, 7o 6yder evinyraa Ha X u fynryua g (x).

HeiicTeuTeabno, BBOAY BHITYRIOCTH ¢(X) I ee HmeoTpH~
NATEJBHOCTH HMeeMl
¢ lax+(1—a)y)<

<a’@’(x)+2a(l—a)e(x)p(y)+(1 —a)’¢*(y)=
=ag*(x)+ (1 —a)*(y)—a(l—a) (p(x)—o(y))* <
Sop*(x)+ (1 —a)pi(y). A

2.4.9, BaskHoe cBOfICTBO BBIDYRJIBIX Aud(epennupyemux
dyunuoii, hoTopeiM MEl OymeM €acTO NOJIL3OL. ILCHA, YyCTa-
papampaeT cjelyioLlee yTBepsaeHIe.

Dyuryua @ (x), dufpepenyupyersan Ha evINYRAOM MHO-
acectee X, golnykaa 8 TOM U TOALEO 6 TOM cayuae, ecau dasn
aobuz xe X 1 ye X 6yder

@' (x), y—x><o(y)— 9(x). (2 15y
Haa soznyroli Pynryuu
@' (x), y =% Z @(y) - 9(x).

Horasareanctno. Ilycts 9(x) semmynaa. Torma mis
mobux X, y€X, X7y, n Bcex & Takux, uro 0<a <1,
¢npaBefanBo HEPaBeHCTBO

o(x +aly —x))< ¢(x) T afp(y)- ¢(x)],
OTHYAR

x| LEER= 00 g ) — o),

ly —

- X=X =qally — x!
r7e 8 “)__x“,aﬂ ally — x|,
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Tlepexogs K mpefeny B IHocHeqHeM HepaBencrse IpH
B — 0, monyuam
s .
BRy —xl<oy) —o®);
T. e. ) L. . .
(@’ (x), oMy =xll = g’ (x), y = %> < p(y)— @(x).
IIycts Temeps Bumonmserca ycaosme (2.15). Paccmor-
peM Toury z=o0x+(1—a)y mopm O<a<1. Tarx xar
ze X, 10 ]
{9’ (z), x — 2> < @(x)— p(2),
@' (z), y—2> < p(¥)—9(2).

VMBOXRHMB mepBOe HepaBeHCTBO Ha o, BTopoe — Ha (1 —a) 7
CIIOKHB IIOJYYEeHHBIE HEPABEHCTBa, HMeeM

0=<¢'(z), W <agp(x)+(1—a)e(y)—o(z). A

2,410, Dxcrpemanpnnie cpoiicrea. PacemorpmM 3amauy
OTHICKAHAA TOYKA X* BHINyKI0ro MHOMKecTsa X, B KoTopok
BHOyKIaR ¢YHKOEA @(X), onpefeineHBasg Ha X, AOCTHUraer
MAHEMAJNLHOTO 3HAUEHAH,— 38724y OTHICKAHHEA ONTHMAaILHOIL
roukm ‘X* = arg min {p(x): x = X},

2.410. Teopema. Ecau evinykant dynxyus @(x) u
Mrooecreo X, 1o awbas Touka X* € X, seasowascs T04-
kol sokaavnoz0 Munumyma, 6yder onTumasvHoil Oas 3ada-
yu Munumusayuu @gyuryuu @(X) Ha snomecree X.

Hoxasarteabcrro. [Ipeqmonomnmy, uro X* me aBmA-
ercA ONTEMAJBHON TOUYKOH, T. e. Haiiferca ToUKa xeX

TaKag, 4TO
o(x') < @(x*).
Paccmorpmy Toukm BHEAA
x=ax'+(1-a)x*, a<=][0, 1]

Tax xark Muomectso X BHUOyKI0, T0 x = X. Jlastee, 3 BH-

nyriocTa @(X) H H3 mpeamoaoKeHHA o6 X’ caemyer

@(x)=o(ax't(1—-a)x*)< ap(x’)+(1 —a)p(x*)<
<op(x*)+(1—a)o(x*)=¢(x*),

o (x)<o(x*).

Ho s10 mpoTmBOpeuRT yca0BHIO, YTO X¥* — TOYKA JIOKAJBLHOTO
MHEOMYM@, OOCKOJBKY DpPH MAJHX ¢ TOYKa X HAXORHTCH
B JIOCTATOYHO MaJIOii OKPECTHOCTA TOYKHE X*, A

T. €. N
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2.442. Ecau suinykavt gynryus ¢(xX) u sHoscecrso X,
TO JMHOYCECTE0 ONTUMALLHLIT TOYEK

X*={.\"‘ eX:p@x')=p= ’I‘nsi‘;l(p (x)}=Arg mn {p (x) : x= X}

6LIRYKAO.

Honasateancrno Iyers x', x” €X* Iochoiabny
X+*= X p X — poimynice MHOMRECTBO, TO N1 Jloforo ? €
«[0, 1] 6yner

z=)x'+(1-2)x" €X,

a BBUJIY BRIOYRJIOCTH @(X) mieeM
¢(z)=(x'+(1 -2)x")<Atp(x)F (1 -L)p(x")=
=it —=Np=npn

Rpoxe Toro, @(z)=p, mootomy ¢(z)=y, 1. e. z€X*, A
2.413. Ecau @(x) crpozo eunykaa 14 GLRYKAOM MHO-
mecree X u Tourka x* = X ontuvaavHa, T e.

p=¢ () =mng(x),
x=X

70 daa ecex x= X u X7 x* 6yder
¢(x)>(x")

u, aHauur, Touna a¥ eduncrsenna
Honaszateabctno. Ilpegmozoinmy, d9To Haligercs
Touna X' € X, x’ ¥ x*, Tanas, 410

. p(x') =@ (x*)=p.

Torga paa awobore a&(0, 1] towna x=oa'+ (1 —o)x*

LUPHHATIERIT MHOMKECTBY X I B CUay ¢Tporoil BRINYRIOCTH

¢yunuun @(x) Oymger

¢(x)=¢ax’ +{1l —a)x*)<
<ag(x)t(l-a)ex*)=apt(l—a)u=yp,

9TO NPOTHBOPEUOT ONTHMAIBLHOCTH TOURH X*, A
2.4.14. Ogno cpoiictso BornyTLix Qyuxuuit. Ecan ¢ (x) —
eociyias, Gynwyua u (z)>@(y), 70 daa awdoit 10uKu
ze(x, v] ranoti, uro ¢(x)>q(z)>¢(y), cnpagedweo He-
pageicreo
@ =) S e(x)—@(z)
lz—yl = (a—z] °
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Horasatenncrso. Ilpenmomormm, 4uro Balifercd
e =(0, 1) Taroe, a0 1A Z=ax+ (1 — )y Oyner
m(Z)—cp(y)<fp(x)—-q>(z)
lz—yl ix—z]

Tar Kar Jz—y|= 1?_ Ix—z], 10

o

cp(z)w(y):m(z)—wy>(1—a)<<p(x)—cp(z>

1z—yl Ix—z| o Ix—zj *

orkyma (1 —a)[o(z)—@(y)] <a[p(x)—@(z)] Taxmm obpa-
80M, OPEXONINM K HEPABEHCTBY

9 (z)<ap(x)+(1—a)o(y),

npoTmBopedameMy Borayrtoctu Qymrnma ¢(x). A

2.415. Teopema. Ecau mnoxcecreo X evinykao, 3armx-
HYTO U HeOspanuueno, To cyWjecréyer TaxKoe HanpaeicHue S,
flsh =1, uro x+As=X 6us ecex A=0 u scex x=X.

JlorasarenbcTBo. Tax Kak MHOKecTBO X Heorpa-
EHYeHO, TO HaiieTcA mocrefoBaTe’bEoCTh {Xi) < X, llx,JF—»
~— oo, k->-+oo, PaccmorpmM (HKCEPOBAHEYD TOUKYy X &
% ==] (xx — x). Ouenmgno
CylLICCTBOBAHEE TaKoii HORmoCAeNoBaTeAbHOCTH Sk}, uTo
lims,, = 8. Jlun aoGoro ¢uxcaposanmoro A >0 maiinerca

1>
raxoii HoMep ko, uTo aaa scex k. =k, Gyner 0< B k_ o <
i
<A1.
Tak Kak

A A
R e L Gl e DAL

e X\{x,} m manpasnenme 8; =

nas soex k=Ko, 7o lm(x +Asp)=x4As mpumapme-

1—» 00
#uT X B coIy BaMKRYTOCTH MHO&ecTsa X. .
Hanee, nycts Y — npom3BonbHEIT (HKCHPOBAHHEIT aide-
menT n3 X. Tag Kak Vi=X+MAsEX pua Bcex A=1,
Mm>1, 10 :

-}f—vh+(1-—-71—)y=}b—i-(x—y)+y+7vseX,;
R kR 3

m mpu A, —> °°, BBAAY 3aMKHYTOCTH MHOMeCTBa X, moIyTaeM
ytaseX, A
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2.4.16. Teopenma. Ecau dPyuryus f(x) ewvinyraa u
HenpepuleHa Ha 6LINYKAOM 3aMEHYTOM MHo¥cecTée X, TO 04s
02PAHUYEHHOCTI MHONCECTEA

X(p)={xeX: f(x)<p}

npu aro6oxm B Heo6zodumo u OOCTATOYHO CYULECTBOBAHUR
yucaa o, npu koropom muoxecréo X(a)={xeX: j(x)<a}
HENnYCTO U 02PAHULEHO. '
Horasarenncrno. Heobxonumocts oueBmmma.
HocraroursocTh., IlycTh AAA HEKOTOPOro O MHOM.e-
ctso X(a) orpammueno. Ecim B <ea, 1o X(B)=X (), cies
nosatensno, X (f) — orpaHHYeHHOE MHOMKECTBO.
Ilpeamono:xmM, 910 HaiifeTcs Takoe P> o, 9TO MHOMie-
crso X(B) meorpammueno Torga B ¢urcmposarmHOll TouKe
xe X(a)<=X(B) cymecrsyer Takoe Hampasienme 8, lsll=1,
yro x+Ase X (f) opu scex A=0. Ilockoanky muomecrso
X (o) orpammueno, TO Haiflercs Taxoe Ao, =>>diam X (&), uto
x+As & X(x) mpm Bcex A=A, Hrar, ama z=x-+A8 0Oy-
mer f(X)<a<f(z)<$B, a mia v=v(A)=x-+AAS mpm Bcex

A >0 Oypmer f(v)=<p. Tar xar z=x+Aos=-i—v+ (1—-

1
-—-T)X, To npr A=1 m3 sHnoykroctn ¢yuxmgm f(x) mHa
BHINYKJOM 3aMKHYTOM MHOKecTBe X (B) ciaeayeT HepaseH-

o0 f @A <A 1) + (1 — ) 1), omeyma 11> 2(7(2) -

— f(x))+f(x). Ho f(z)— f(x)— durcuposarnoe mONONKHK-~
TeJbHOE YHCHO, BCAeNCTBUe Yero f(V)— 4o mpm A —- oo,
uTo mporTHBopednr ycaosmw f(V)<XP mpm scex A>0. A

2,5, Cuasnaa BHIIYKAOCTh (PyuKiuil

2.5.1. Mu sopenm, urTo ecim s BLITyKAIol QyHROuE
@(X) cymecTByeT TOYKAa JOKAJABHOr0 MHHAMYMa Ha BHIIYK-
JIOM U 3aMKIYTOM MHO)KeCTBe X, TO OHA MBIAETCA ONTH-
MaJbHON, a I CTPOro BHIYKJIoll (YHKNEH BTa TOYKA
Brobasok u emmucTBeuna. IloguepnHeM, uTO 3TH yTBEpIHK-
JeHns COPABCHMIMBLI JIMIUL B LPeJUOI0MKEeHHH CYIIeCTBOBA-
HEA TOYKH] JIOKAJBHOIO MUHHMYMa. -

PacemoTpuMm Temeph Kiace (YHKOAL, ANA KOTOPEIX Ha
n060M HEeOYCTOM 3aMKHYTOM MHOKECTBE BCerfa CyINecTBYer
TOUKa MHOAMYMA, I eCAH BHOOABOK DTO MHOKECTBO BHIDYK-
JI0, TO 3Ta TOTKA eJHHCTBEHHA,
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25.2. Onpenenenne. @ymrmmo o(x), ompepenen-
Hyl0 Ha HeKoTOpoM MBO:ecTBe X, GymeM HaswIBaTh CUALHO_
evinykaoli, ecim CymecTByeT KoHcTadTa p>(0 Taras, uTo
s mobex X, Y< X rakmx, uroe [x, yl= X, m ana moGoro
a [0, 1] 6yner BhnONEATECA HEPABEHCTBO

plax+(1-a)y)< ap(x)+(1—a)p(y)—a(l- ajplx — yl?,

Beanunny p B AandbHeiimeM OyfeM Ha3bBaThb nAPaMeTPOM
CHIbHOH BHIYKIOCTH,

2.5.3. lIpnMep cmabHO BRINYKJIoil Qymrmum, Paccmorpmm
KBafpaTEYEYI0 (YHKOAI

o (x)=<x, Bx> +{p, x>,

rie B —crporo mOMOKHTeNBHO oupedeseHHAS MATPHNA.
CuibEAas BEIOYRIOCTH CJAEAYeT M3 COOTHONIEHHA

plax+(1—a)y)=
=qp(x)+(1-a)p(y)—a(l—-a)i{x-y, B(x—y),

TMOCKONBKY -
(x—-y, B(x—=y)>=Ax—yl?

rae ) — mamMenpimee coGCcTBeHHOE YHCTO MaTpuusl B.
VraseM Ha HEKOTOPH® CBOMCTBA CHJILHO BHIOYRJIHX
dyEKORA, ’
25.4. Ecau gynryus @(X) cuavHo evinykaa u Henpe-
DPUIBHA HG B8YINYKAOM U 30MERYTOM MHOWecTée X, TO 043
arboli Touxu ye X muoxecreo

X,={x=X: p(x)<o(y)}
02DARUNEHD U CYUECTEYET eOUHCTEEHHAS TOUKG
x*=argmin {p(x): x=X}, _

HorazaTeascTBoO. 3admrecapyeM TPOHZBONBLHYIO
toury y <& X. Beagy =BempepuBHocTE ¢QyREnEH @(X) MR
“p>0 maiigercs Taxoe e>0, uro lo(x)—gq(y)|<p mpm
scex xeU={xeX: Ix—yl<e}, Takam obpasom, @(x)=>
= p(y)—p npz Bcex x= U,

Hycrs x € X\U, Torna a=¢lx—yl-*<1. Us 2.5.2 no-
aygaeM a@(X)Z@(yta(x—y))-(1—-a)p(y)+a(l—a)X
Xollx —yl*, Ho z=y+a(x—y)=U, nockomry lz—yl<e
m, caegoBarenbHo, (Y +a(x—y))—@(y)=—p. IosTomy

ap(x)= ~pt+ap(y)+a(l—a)plx—yi2
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30918

eZoW) +(l—dpjx—yP—E£ =0 —

—o(e+ L) Ix—yl+pfx—yP.

TarmM o6pasoy, ecam MuoKectBo X HeoTPAHOUEHO, TO
npu Iixll = o Gymer @(x)— +oo, Tenepsr merpyfzo yGemmThb-
cf, uTO MHOKecTBO X, orpanmueHo. B camoum fene, ecam 3To
He TaK, To Halimerca mociepoBaTeabHOCTH {X,} < X, Tanasd,
yro lIx,ll - e npm k— ~ Ho rTorga maiimerca Homep Kk, =
=k,(y), maqugaa ¢ Kotoporo Oymer @ (x)>@(y), k= ki, &,
ClIe0BATeAbHO, X, & X, npm A == k.

CymecTsopadne X* oueBmjHo, TaK Kak #3 HeOpepLIBHO-
cT @(X) Ha OTrPAHHUEHHOM W SaMKHYTOM MHOMecTe X, H
s onpemgeennoa X, CaefyeT, YyTo

x* = arg min {¢(x): x = X,} = arg min {p(x): x = X},

EpuncrseHsocTs jhe TOYRD X¥ cJaegyeT N3 TOTO, 4TO
CILIBHO BBINYhJafd (YHRINA ABIAETCA B TO /e BPEMA CTPOTO
BRIOYRJIOI A

2.5.5. Ecau @(X) cuavho 6unykaa HA 6LIRYEAOM U
savMEnyTON MHoHecTee X, TO

a) Oun ecex x=X cnpaeea.ftueo HepageHcTeo

Ix —x*P<< (¢ (x) — ¢ (x*).

Ecau npu stom (p(x)EC‘(Xf, 70
6) 0an ecex X, y= X 6yder

(@' (x)— 9’ (y), x —y> = plx -yl
B) HX—X*K;W(X)H,

) 0<9 () — oM< 319 (WP

Honaszateasctno. a) 1z onpegenenusa cmiabmoii Bil-
OYRIOCTH CIEAyeT

1 1
(P(-2-x+—2-x) T + 5ok —Folx—x?
I B CILTYy HEpaBEHCTBA
‘ o) <o(+x+ Lxt)

COOTHOLUEHHE . ) CTAHOBHTCA COpaBefJmBEHIM,
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6) Tax xax ¢ymrnma @(X) BEOYKIA, TO
o(x)—o(y)<<p'(x), x—y>.
Orciofia m ma onpefelnennsa 2.5.2 morydaem

-Z—pllx—yllz<%[cp(X)—<p(%x +—%—y)]+
+i[<p(y)— (LX+%'y)]<
<<p (%), x—¥> + <<p (v y—x> =
= T (@' (x) — 9" (), x —¥.

B) B Toure x* mmummyma @(x) ma X BumomHsercs IiA

Bcex X & X mepasencrso (cM. o, 3.4.7)
(@' (x*), x—x*) =0,
moaToMy H3 1. 6) momygaem
plx —x*[I* < <@’ (x)— ¢’ (x*), x—x¥) <
<<’ (x), x—x*> < llp’(x) llx — x*I|,

T. € HepaBeHCTBO II. B). -

r) U3 pumyrnoctn @(X) 3 1. B) mMeeM

0< o) - X, x -3
‘ <ly @lix—[<<lo @PF. A
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OCHOBbI MATEMATIIYECKOI'O
ITPOTPAMMIIPOBAHHSA

B at0il raaBe GynyT pacCMOTPEHHI YCJIOBHS CYINeCTBOBA~
HASA JOKAJBHBIX dheTpeMymoB HuddepenippyeMux dyHKIAiL
Ha JONMyCTHMBIX MHOMKECTBAX BechbMa 0O0INero Bmma, a Tamike
YCHOBHA CYIOECTBOBAaHUA TIO0AJBHBIX DKCTPEMYMOB (MHHI-
MYMOB) B 3afla¥aX BBIOYKAOr0 OPOrpaMMEODOBAHEA,

3.1. 3agaun mareMaTHTIECKOr0 NPOrpaMMHPOBALIISA

3.1.4. OcuoBuas 3ajava MaTEMATIIIECKOr0 MPOTPaMMIIpo-
pauist, PaccMoTpuy MHOKeCTBO

X={x. f,(x)=0, 1=1, m), (3.1)

rae f(x) (z—l m) — 3aflaHHble ChaafgpHble (DYHRIHEM.
Ilyery chaaapmaa ¢ymernua ¢(X) ompejeleHa Ha MHQHe-
ctBe X.

3agauy uMmHmMmsaonD (yHrOEE @(X) Ha MuHoMmecTne X
GymeM Ha3BIBATL OCHOGHOU 3adauell MaTeMATUYECKOZO NPO-
2PAMMUPOBAHUS

3.1.2, @opya samncu, YcIaoBEMCA, 9TO 3aMICH

@(x)—> mm, xeX (3.2)
nym, eif 3KBOBAJIEHTHELE,
min {p 3)' x = X}, mng(x)
X
GyayT osHayaTh, UTO CTABUTCA 3amada‘
1) anGo maliTm omTHMAaIBLHYI TOURY X* & X
@ (3*) = min ¢ (x);
b =P:4
2) anbo, ecim He CymecTBYeT Taholi TOYRmM X¥, HaliTm
o> = 1nf ¢ (x);
aeX

3) an6o yGenurnesa, uro ¢(X) — HeorpaHmUYeHHAs CHHO3Y
Ha MHoxectse X Pyprumas,
_4) nmbo ybeputhea B ToM, uT0 X =2,
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3.1.3. Ecim mmosectso X BHIUYKIO @ BHINyKJIa (ymk-
nua @(x), 1o samawy (3.2) HasmBawT 3adauell bLINYKAOZO
npo2pamMMUpPOGAHUS,

3.1.4. OcnoBnas safava BHIMYKIOTO NPOrpaMMBPOBANHA,
3 2435 m 2.1.6 BHTexaeT, YTO AJA BHIIYKIOCTA MHOKe-
ctea X (ca. (3.1)) mocrartowno, uro6H gynxmam fi(x) (i=
=1, m) Gpan BorEyTEIMEH. Ecim B 3amave BBIDYRJIOTO mpo-
rpaMmupoBamns (3.2) Bce dymxmmm f;(X) BormyTH, a @ (X)
BRIOYKJIO, TO OymeM Ha3BBATL €€ OCHOGHOU aadaueli evinyk-
1020 NPOZPAMMUPOCAHUA, -

3.1.5. Tepmunoxorna. Muoskecrso X B zamawe (3.2) ma-
BHIBAIOT JONYCTUMBIM MHOXCECTEOM, TOUKH DTOTO MEHOKe-
crBa — JonycTuMbliMU Toukamu, a HepaseHcTBa fi(X)=>0,
onpefendIMAe OOMYCTEMOE MHOKECTBO,— 02PAHUYEHUAMU,
Toury x* = arg min {p(x): x < X} nasupawor peweruem nmm
ONTUMAALHOY TOYKOIU, a WHOTHA TOuKOU 2400aAbHO20 MUHU-
amyma. HaroHem, TOYRY X, B KOTOpOil BHINOIHAWTCA Henbxo-
JOEMbIe YCIOBHA JOKajgbHOTOo MmHEmMyMa ¢yERmEm @(X) ma
muokecrse X, OymeM Ha3LIBATH CTAYUOHAPHOIL,

3.2, Bo3MoKkHBIE HanpaBIeHNA

3.2.1. Boamoxnsle nanpasaenna. Ilomsarme Boamosxnoro
HANpaBleHdsA 3aEEMaeT BA)KHOE MECTO B MaTeMAaTAYeCKOM
nporpaMMapoBaEEd. B 3Toil raaBe BO3MOMKEEe HATIpaBICHUS
HIrpaiT BCOOMOTATeABHYIO POib, ONHAKO B AajbHeilmeM oHHE
npuoGpeTyT caMOCTOATENbHOE 3HAYEHHE,

Onpenenenne. Hanpasnemue —s+#* 0 B Toure x =X
Ha3HDAETCA 603MONCHbIM, €CIH CYIIECTBYeT TaKoe WACIO
B >0, aro x — s = X nna seex P < [0, Bl

Hanpnmep, ecmn X == {x: x =0}, To B Toure x =0 m;o-
Goit BekTop —s=>0, 87 0, 3ajgaer BO3MOKHOe HamUpapie- -
HEe, a B TOYKE

e, =0
x=|"2>0% |
e
BO3MOKHBIM fIBIAGTCA N000e HANpAaBTEHAS —8;
Ty <07
s=| %2 ”

~n —
THAE Sz, Ss, ++., Sn — OPOM3BOAbHEEIE YHCHa, S 7 0
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OuenmgHo, ecin X — BHYTPeRHAS TouKa MHokecTBa X,
1o :100oe HaupaeiaeHue —S B 2T0l TOUKe sBIAeTCA BO3-
MOKHBIM

B cremyromux pasgesnax 6yAyT BbIACHEHH YCIOBUA Cy-
IeCTBOBAHIA BO3MOAUDLIA HANPABIACHIIL.

3.2.2. Artusnpie orpamnyend, OdeBu;1110, MTO 1A JKCT-
peMdablble CBOMCTBA Liedenoll QYHnOum ¢(X) B HeroTopoil
70CTATOYHO MaJdoll ohpecTHOCTH (PHKCIPOBALUON TOULN X € X
BINAIOT nomb Te orpaumuenua f,(x)=0, AAs KoTODPHIX
B »70il TOume DpEImosmumioTesl pasencrsa fi(Xx)=0. B ecpgan
¢ 3THM BBOJMTCA CJCHYIOWIee OHpeieleHne:

Orpanuyenne f,(x)=> 0 paseipaercsa arTuUeHbIM B (PHKCH-
posamHoil Toure X € X, ecan f,(x)=10

3.23. B panepmenmenm maM mnouafo0norTesi COBORYINOCTH
OHACKCOB QKTUBUMIX OIPAHUYEHHNH B TOURe X = X:

IHx)y=1{i. f(x)=0}

3.2.4, Ipeanoaoskenus. Berogy B o1oil Faase Jy,eM npet-
morarate ¢yunmun ¢(x) n fi(x) (=1, m) ucnopepusuo
angdepenuupy eMbIMI

3.2.5. Ilycrth S — HenOTOPBII “n-Mepubli BEeKTOp, a O —
11eh0T0Pas ChaJAPHAA BEJNYIHA

HOan duncnpopanunoro X=X  paccMOTPOM  CACAYION[YIO
CUCTEMY HePaBeHCTR OTHOCHTEAbHO HePeMEHHLIX S u o

fr(x),8) + 00, 1=1(x) (33)

Tlpr onpefe;eHHHX YCHIOBOAX pemiennsa »Toll cucTeMbl ompe-
IeJAI0T BO3MOJKHEIC HANDABIEHOS B TOUKE X.

3.2.6. Ecau s (lsll#0) ydosaersopaer cucrexe (33)
npu MeroTopov ¢>>0, TO Hanpaesenue —S A64AETCS 603-
SIONEHBLY 6 TOUKe X € X,

Honasateabcrso EcrecToeHH0 npeAmonaratb, d4To
I(x)# 9, nochoabhy B OPOTHBHOM CAyTae TOUKa X ABIACT-
¢ BHYTpeHmeii Tounoil MHo&ectsa X, I moatoMy Jiofoe Ha-
upaBireHne —S sABLIeTCH BO3MOREHIM, Eean 1€ 7(x), 1o
71(x)>0 n Mazoe DnepeMelleHIe H3 TOURE X 10 JI000MYy
HaOpaBJIeHHIO, B YaCTHOCTH II0 HAUPABIEHHI0 —S, He IHapy-
HIRT 970r0 Hepapenctsa Ilyers 1€ 1(x). Ilpepnmomoimmy, uTo
Hi(x—Ps)<0 pmau mwloro crnoap yromumo mazoro B =0,
T e, HampaBjieHme —S He SBIACTCA DBOaMOAHBIM, Tak nLak
[i(x) =0, 1o gna moboro B> 0 Gyner

1@ — fi(x —Bs)1 >0,
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a sgavmT (cM. (2.4.7)),

lim [, () = £y (e — Bl = < (), 8) =0

uTo mpoTHBopeunT yeaosmo (33) mpr a>0. A

3.27. Ecau nanpassenue —s 8 roure X=X saesserca
B03MOMHVIM, TO cylyecTéyeT 1aKoe 6 = 0, lt'ro napa 8, ¢ Y006~
sergopaer cucteme (3.3),

HorasareascTso. Ilpegnonoxmm, 4TO HaiijteTca Xo-
771 6Bt omE TaKoil HoMep i< I(x), muana ROTOpOI‘O(ft(X), 8)>0,
Tak xax — f, (x — B8) = f; (x) — 7; (x — fs) = B <f, (%), 8) +
+ o(f), 10 fi(x— Ps) <0 npm mocTaTOUYHO MANHIX 3HATCHUAX
>0, . e. x—=ps & X, 970 OPOTHBOPEYAT MPEXUONONEHHIO
O TOM, 4T0 HAUOPABIEHH® —S8 — BO3MOXKHOE. A

3.2.8. Ecau mnosxcecrgo X sadaerca cucremoil auHelinviz
HepaseHc1e6:

X={x: fi(x)=<(a, x2—=0,=0, i=1, m},
70 YCAOBUR

{a, 83 <0, i=I(x),

aeasorea Heobrodumbimu u docraroureimi 04s TO20, UTOG
Hanpagaerue —8 6biA0 803MOYNCHEIM 8 TOUKe X=X,

Hdoxrasarenscrso. Hymmo BHACHETE yciloREs, npm
HKOTOPHIX TOYKA Y ==X-— PS8 x0T GH IIA KOCTATOYHO MAJEHIX
p > 0 Gygmer mpmuapxe:xaTs MHOMeCTBY Xi -

{ay, y? — b= (a;, x2 — by — p<a,, 9.

Ecarz !¢ I(x), To {a, x>~ 5>0 um mpm pmocraTouHoO
Mmanex P Oymer <a;, y> — b= 0.

Ecnn t=1(x), To <a;, y? — b;=—p{a;,, 8> m gun Bunoz-
Henns HepaBemcTBa @, Y?—b,20 npz p>0 meobxonmmo
¥ JOCTATOYHO, ¥ToGH Obuio €a;, 8> <0, A

~

3.3. Oxerpemaasmnie cBoiiersa

B mocmenymmmx maparpadax 5Tofi IIaBEI paccMaTpHBa-
I0TCA OCHOBEI TEODHEH MATEMATHYECKOrO IPOrpaMMHUDOBARHA:
JOKASBIBAITCA TEOPEeMHl CYMIECTBOBAHHUA JIOKAJBHEIX 3KCTpe-
MYMOB H TEOPEMEHI CYMEeCTBOBAHAA pPeINeHmii 3ajad MaTeMa-
TAYECKOr0 NPOrpaMMHAPOBANML,

B stom maparpade paccMarpmBalTCA YCIOBHA CYHIECTBO-
BaHHA CTAaQHOHAPHLIX TOYeK OCHOBHON 3ajaum MareMaTmye-
CKOro IpOrpaMMBDOBABRA, T. e, B COOTBETCTBEH C NPUEATON
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TepMEHOIorHell, HeoOXOFmMEIe YCA0BHA CYmeCTBOBAHES JIO-
HAJIbHBIX MUEEMYMOB

Eme pas noguepkHeM, YTO 0CTATCA B CIJe IpPeAOOI0-
sxeunsa 3 24 o menpepsisHoil AnddepennupyerocTn Gynnmuit
¢(x) n fi(x) (1=1, m).

3.3.1. Cnepyomas cucreva JaomeliHEIX HepaBEHCTB OTHO-
CUTeJLHO IICPEMEHHBIX S If ¢ HIpaeT BaHHYI0 POIb B Jalb-
HellIUX paccMOTPeUAx:

(filx), 8y +0<0, iel(x) (3.4)
. — <9’ (3), sy +0<0. (3.5)

332, Teopesma. Jua rozco urober rouka x =X seas-
A4Ch TOUKOU A0KAALHOZO MUHUMYMA yHkyuk ©(X) Ha MHO-
acectee X, Heobzraduno, urobul ¢ raxcdoll nape s, g, ybos-
aereoparowyeti cucreme (3 4), (3.5), 6utao

o<0. (36)

HornasaTteascrtro. llycts X — ToTha J0KAJBHOIO M-
muMyMa Ilpegmonoskmy, wro mafizerca Tanam mapa S, G,
yaoe1eTBopaowan cucreme (3.4), (3.5), aro ¢ > 0. Coraac-
Ho 320 manpapjienue —s ABISETCA BO3MOKHRIM B TOYKe X,
Bpogy wempepmiBmocTn ¢ (X) B OpeAmONOheHNsd, 9qTO
{@’(x), s> =>0>0, gua pocrarouno mamxoro P=>0 Oymer
{p'(x—Ps), s2>0 n x—Ps= X. Ho mo Teoperte o cpemnex

g(x)—g({x—Ps)=p<g (x—0ps), 8>>0, 0<O<1, -

Tanuy oOpasoyM, B JOKaIbHOl OKPECTHOCTH TOYKH JI0-
haJbLHOTO MEHHMyMAa X Hanulach TOYKa Y = X — BS Takad, 410
¢ (y)<@(x). Oporasopeune. A

3.3.3. Cxenysn mpuusaroii repsuuonoram (cM. 3 15), Teo-
pemy 3.32 momkHO mepedopMyampoBaTh CIepyomuv ofpa-
30M eCIII B KasKJA0il mape S, G, yIOBIeTBOPAIOLIEIl CICTeMe
(34), (35), Bumonusaerca ycaoene (3.6), To X ABagercs
cTanuoHapHoil TOUROIT OCHOBHOII Bajaylm MATEMATHTECKOTO
IpOrpaMMIpOBaHAA.

3.3.4 Caeacreme. Ecau rtoura x=X aonaavhozo
smununyma dynxyuu @(x) na mnomecree X tanoea, uro
I(x)=9, 10

¢’ (x)=0,

Horasareascrso. Ilpeamomo:xmy, uto @'(x)70.
aMeruy, YT0 X — BHYTpPeHHAA Togha MHoKecTBa X, Tak Kar
I(x)= 4, 10 B cucteme (3.4), (3.5) ocTaercs amme ofHO
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nepasencteo (3.5). Ilapa s=¢@"(x), 0=<(s, 8>>0 ynos-
nétsopaer ycaoemo (35), mo mpnm 9TOM BapymaeTtca ycao-
sre (3 6) reopemsr 33 2 IlpormeBopeunme. A

3.3.5. Teopema, Ecau ¢ roure x= X s0Ka1bHO20 MU~
numyma gyunryuu @(X) Ha muoxcecree X cucrema 8eKTOpo8
fi(x),iel (x), aunelino Hesasucuma, 70 HalidyTea raxue
yucaa u =0, 1= I(x), uro kS

v = 3wl )

Horasatenscrso. Cormacao Teopeme 33.2 Bmmoi-
mawrca yeaosus (3.4), (3.5), (3.6). Ycaosme (3.6) dop-
MaJbHO 3aIHmeM TaK:

G, s>+1.0<0, (3.8)

n npmMenmMm K cmcreme (3.4), (3.5), (38) reopemy Dap-
Kama: mafifyrea rarne v,=0, iel (x), " v, =0, aro

0= 3 vfl® =t (9, (3.9)
1= 3 v, + vy (3.10)
1€ 1(x)

Mocronsry npenuonomenne vo—O OpOTHBOPEYHT JUHeil-
HOli He3aBECHMOCTH BEKTODOB f; (x), i=I(x) (spmay (3.9)
m (3.10)), 1o v, >0 m, caemosaTemsEO, TmPH U, = — Uy,

0
i e I(x) n3 ycronua (39) momygaem (3.7). A

3.3.6. Bamevarme. Unorma TeopeMy 3.3.5 dopmynn-
pyloT ciregylommm ofpasoM: ecam HalifyTea Takme umcaa

=0 (i=1, m), a0

¢ W=D ufie 3wl =0

-

TO X fBIAETCA CTAIEOHAPHON TOYKOl OCHOBHOH B3agagm Ma-
. TeMATAYECKOT0 POTPAMMEDOBAHHL,

CopaBefiEBOCTS BTHX YCIOBHH OYeBHAHA: XOCTATOYHO IO-
TomATh U =0 npu i & I(x).

3.3.7. Teomerpnueckas nATepUperamusa. Ycaomaam (3.7)
MOKHO AaTh CIeAyIlee TeOMETPHIECKO® NCTONKOBaHEE. 3a-
MeTHB, 9T0 BeKTOpE — f3 (X), { & 1(X), ABIAWTCA BHEMIHOME
HODMAaJNfAMA B TOYKe X K TPAHEIHEIM IOBEPXHOCTAM f(X)=0,

H Iepenmcas yc*roane (3.7) B Bmpe . v

-9 (x)= ui[—f,(x)]z u, =0, %EI(X),
1E1(X)

4dpr Kapvasgos
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MOKEM Cchaz2arh: ycaoBue (3 7) osHawaeT, 4T0 AHTHIPAgHEHT
MOAHO IpefcTaBiiTh B Bufe Jgmnefigoil noMOmHamuu ¢ HeoT-
pHIATEIbHBIMI hod(duuueHTaMn BHELINRNX HOpMameil n or-
pannmyenusiMm B ToYhe X JIpyruami cloBami, anTOrpajueHT
upuHagjieAsIT RoUyCy, HATAHYTOMY HA BHEIIHUe HODMAIU
K OTPAHIYENONM B TOYLe X,

3.4, drerpeManbHble cBoiicTBa HA BEIDYKILIX MHOKECTBAX

3.4.1. Yecaonue peryaspuoctu. B cayuae sumykaocTn
MmHORecTBa X = {X: (x)=0, 1=1, m} ycropmsa nmHeiiHOIY
HE3aBICHMOCTH BenTopoB [, (X), COOTBETCTBYOIINX AaKTOB-
HBIM OrpalEuYeHHAM, B NpPeALIAymieil TeopeMe MOMKHO 3aMe-
unth Gojiee IPOCTO IpPOBEpAEMBIM, & IMEHNHO Tah Ha3bIBae-
MBIV ycaoguey peey.aproctu CyliecTBYIOT pasindHble §c-
JOBUST PeryJAApHOCTO OrpaHmveHuii, sgech OYAyT paccMorpe-
HEL CIeyION(He YCIOBIH,

3.4.2, Yeaopue peryasipuoern, Ecam gua nasjgoro [ <
< 1 < oc)yliilecTBY €T Tahad Touha X, € X, uT0

f(x)>0, (3 11)

TO TOLOPAT, YTO MIOLeCTBO X YIOBIeTBOPAET YCIOBUIO pe-
TyIIZPHOCTH

3.43. Yeaonne peryampuocrn Caeiitepa: cymectoyer Ta-
Lo TouRa X € X, uT0 gaa Beex (= 1, m Oyger

1 (X)> 0. (3.12)

Jlerno mORaskzaeTcs DhBOBAIEenTHOCTh yeaosmit (3 11) o
(3 12) Ouermano, uto ma (3 12) caexyer (3 11),
IIycrn Temeps peimosnsierca (3.11). BriGepex

m m
X =2 ax, 2 a, =1, «, =0, i=1,m,

-
v
-
|
K\

Torza (3 12) smreraer u3 nepaBenctea llemcema 24.6 pas
poruyTex QyHRmmi f,(x). )

3.4.4. Teopexma. Ecau gynwyuu f,(x) eoenyrer, suo-
acecreo X ={x: f(x)=0, {=1, m} peeyaapno no Caeiire-
DYy @ 104he AC X noddeicd 104ROE wWORLALHOCU wlHUMY WY
dynnyun ¢(x) na uuoxecree X, 1o nalidyrea rTawrue uucaa
u,=Z0,1€1(x), uro

¢ (x) = . > wf(x),

=1(x)
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Hoxasarenbcrno. IloBropas HoxasaTeabCTEO Teope-
MH 3.3.5, OpAXOAM K COOTHOIIEHHAM

v =0, isI(x), =0,

*

0= 23 vf(x) —ve® (%), (3.13)
1< I(x)
1= 2 v, + v, (3.14)
1€ I(x)

Hdna sapepmennsa JOKa3aTeNLCTBA 0CTaJ0Ch yOENATLCS B TOM,
ut0 vy > 0. Hpennonomuy, gato v,=0. HUs (314) B sTOM
clydae ciefyeT, 9T0 xotsa Om ommo v, >0, I I(x). Ua pe-
ryaapHocTn MHOMecTBa X BEITEKAeT CYMIECTBOBAHRE TaKoii
rouke z€ X, uro f(z)>0 (1=1, m). Torna Banpasnenne
—S=2z—X Oyner BosmommsiM. Tar Kar f(X) — sormyrasn
dynarnna, 1o n3 2 4.9 noayuaenm

—fit(x), 8y = fi (=) — f1(x) >0,
YuBosxaM paBeHcTBo (3.13) cranapro ma —s:

T 0= 3 v.{fi(x), 8. (3.15)

1€ I(x)

-

ITocronbRy —S — BO3MOIKIOe HAupaBleHue B TOUKe X, TO U3
teopemn 3.2.7 caemyer, uro {f,(x), 8) <0, i=I(x). Uraxg,
BCe cjaraeMble B Ipasoit gactm paseHcrBa (3 15) ommoro
8HAKa, & OlHO M3 HHX, a MMeHHO l-e, 3aBefloMO OTIAIHO OT
Y — Uy {f1 (%), S>>0, YTO NPOTHBOPEIAT PABEHCTBY HYJIIO
Beeil CYMMHL, A

Sdamewanne, B cayvae smnykiaoctn ¢ymrmmit fi(x)
(i =1, m) tpeGoanme PEryaAPHOCTH CTAHOBATCA MJNUIIHAM,

I[eucmn’renbno ecau Ppynryuu f;(x) evinyxawl, To pase-

cT80
(P' (x) = 2 u.f, (x)z u, = 01
1€ I(X)

f648€TCa Heo6TOOuUMBIM YcA08UEM TO20, UTO X ABAAETCH TOU-
Koll aokaavHo20 MuKUMYMa Pynkyuu @(X) Ha MHOHcecTee X.

CopasennBocTs BTOro yrBep:jenns OYAET CI6[{0BATDL H3
teopemsl (Papkama, ecam MBI moKaMKeM, 4TO I8 Ja06oro
u € E, raxoro, 4ro

SFrx), uy =0, iel(x),
HMeeT MecTo HepaBeHCTBO

' (x),w =0

»
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TlockombRy AMUbA BEKTOpPA U He BIHACT HA BHIIOTHEHIE
VKAa3aHHOrO HEPAaBEHCTBA, TO JOCTAaTOYHO YCTAHOBHETH CIpa-
Be/IINBOCTE 110CAEHEro HEePaBeHCTBA A BEKTOPOB IOCTATOU-
po Magon mamusl IlyeTh u =z — X © z JeKOT B Takoil Ho-
CTaTOUHO MaJjoil okpecTHOCTH TOYKH X, uT0 f,(2)>0, j=
e {1, ..., n}\I(x). Touna z npunajiesnt X, HOCKOIbLKY

ft(z):'_fl(z)_]‘i(")> <f: (x)zz—x>>o1 lEI(X).

Ecan <@’ (x), z—x> <0, To no gopayne Teitropa momyqmy
¢(z)— g (x)=<g"(x), z— x>+ o(llz = xll) <0,

TaKk Kak 1o npejmnoiosienmio peamunma lz—xl gocratoumo
mana, Iocaeduee mpornBopeduTr yCIOBHIO, 4TO X ABIAETCH
TOYKOIl JIORAJBHOTO MIHHMYMA

3.45. Teopexa Ecau dyniyuu fi(X) eoenyrel, aaux-
ryToe mhoxecreo X = {x- {(x)=0, 1 =1, m} peeyaapno no
Caetlirepy, a Toura x & X n6.19eTca TOUKOU J0KAAbHO20 Mt~
numyna gynryuw ¢(X) Ha xnoxecree X, 70

x=p(x—9¢'(x)).

3gechk p(v) osHAYaeT NPOCLUUIO TOYLI V Ha MHOLccTBo X.

Honasarteancrso Ilycts y — mpoussoibHasg TOYha
muosxectsa X. Hampasnenue —s =y — X ABAAETCA BO3MOMh-
HEIM B Touke X I3 Teopemul 3.4 4 mosydaen, 4To

(x=¢' () —x, y—r) =
= (@' (x),8) = 2 u,{f, (%), 8)<O.

1E1(X)

ITo Teopeme 2 2 3 o1cofa claeayer, 4To X ABIAETCA NPOEhII-
eit Tourn X — ¢’ (x) na mmomecto X, A

3.4.6, Cayuaii anneiinsix orpannyennii. Ecnmn orpanuue-
HHs, 33Ja0Ulile JOUYCTHMOe MHOMECTBO, JnHeilHE, To mpe-
ABITYLIas TeopeMa cupaseflnBa 0e3 NIPeJnOI0KeHHA pery-
JApHOCTH MHOMKecTBa X

Teopenma. Ecau gdynryun f,(x) (1=1, m) auneidnet,
a Touka

xeX={x"jf(x)=@, v—-0=201=1, m}

86.4AeTCa TOUKOU J0KAAbHO20 MunuvyMa @yuryuu ¢ (x) na
wmrHodxcecree X, 7o natidyres tarue uyucaa u, = 0, 1 € I{x), uro

(:0’(\)= 2 u,a,,

ielx)
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HorasareanscTro, Ilyers & > 0 — cTonp Mamoe mo-
J0KATENBHO® YHCIO, UTO /A BCEX TOUEK, HPUHAMIEMKAIIUX
OKPECTHOCTH

U(x)={y = X:.ly — x| < e}
TOgKE X, Oyner
?(¥)= o(x).

PaccMOTPEM IPOMSBONBEYIO TOUKRY Z ¥ X MHOKecrsa X. Bam-
ny seimykiaocrm mEOMecTsa X Oymer x — f(x —z)= U, (x)

s seex B = (0, B] mpm
a . [
ﬂ = Inin {1, l-l—z-:-;-n}.

TToaTomy
P(x) —@(x—f(x—12)
)

lim

B->+o
Ecim monoMATh 8 = X — Z, TO HANpaBIeHm® —S Gyxmer
BO3MOKHKIM B TOUKE X W IIOCIe[Hee HePaBEeHCTBO HPHMET BHJ

. <p’(x), £ <0. (3.16),

TockonbKy —s — 10606 BO3MOMEOP HANPABICHHE B TOTKe
X, To B3 TeopeMu 3 2 8 caenyerT, uto HepaBeHcTBO (3.16)
MOMKEO BHIMOAHATECA [IA BCeX S, YAOBIETBOPANIMEX Hepa-

BEHCTBAM -
{a, > <0, t=sl(x). (3.47)

Hpmyvensaa x yemosmam (3.46) m (3.17) reopemy 2.3.3, cpa-
3y e NMOJMydaeM YTBe[KIEHHE TeopeMHl. A

3.4.7. Nlocroasky npm priBope ycaoBua (3.16) MH moms-
30BAJIACH JHNIb CBOMCTBOM BHIMYKIOCTM MHOKectBa X, TO
MoHO cHOPMYIHPOBATH CIEAyIONee YCIOBHE CTaNAOHAPHO-
CTH TOYKHE X B 3aflade BHIOYKIOT0 HPOTPAMMHADOBAHEA: Jas
T020 4TO6bL TOUKA X GbINYKA020 MHOdJcecT8a X H64140CH TOU-
xoli sokaabho20 MuHuMyma dynryuu @(x) Ha mHomecree X,
Heob6zodumo, uToOvl @ aToll Touke npouseodHule no écem 603-
MOICHLIM HANPAGACHUAN GBlAU HENOAONUTEALHLIMIL,

99 (x)
oy <

= (9’ (%), x—2) <0,

3.5. locraTounsie YCIOBHA ONTHMAIBLHOCTH

3.51. Teopema. faa 7020 urober Touka x=X Gotaa
TOYKOU 2100a1bH020 MUHUMYMA- OCHOBHOI 3adayu ebinYKA020
npozpaxumupoeanus 3,14, doctarouno cywecreoeanus rakux
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uucea u; = 0, i € I(x), uro
7
’ -
¢ (5) = 2 ulfl (X).
1S 1(X)

AornaszarenscTBo BelecTome BHIYKIOCTH MHOMe-
cTBa X HaOpaBiIeHNE —S =y — X ABJISAETCHA BO3MORHEIM B
Touke X mpm axbom y = X. IIs Teopensr 327 caenyer, uto

’
{fi(x), 8> < 0,1 = I(x), n mochonshy pyunnma ¢ (x) BHIyK-
Jjia, T0, Honb3yAck (2 15), moaygaem cooTHomeHIe

P — ()< ), x—y) =<' (x),8) =
%ﬂmﬁ>= 2 u,<fh(x), 8 <0,
)

=/

N\EIG 1E1(x)
cripaBefanBoe jua awboro ye X, A

3.5.2. Teopema Hyma—Taxkepa (andpdepenna-
pyeuslii caygan) Teopemsr 344 1 35 1 Moano o6benuntsh
B OIHY TEOpeMy 0 hPUTepHI ONTHMAJIBHOCTH ecal yHEyuu
f.(x) eoenyrur, Pynryus @(x) ewinyraa, HoMeCTSO
X=1{x f(x)=0, 1=1, m) pecyaapno no C.eiire TO

b 1 5 1
das ontuyaavrocT Touku X = X 1Le06x00uMO U GOCTATOWHO
cywecrsoeartua Takuz yucea u,=0 (=1, m), uro
m R m
’ ‘e g - —_—
¥ (‘\) = 2 ulfl (3)1 2 ulfl (") = 0.
=1 =1

Has Toro waTofEl yOeIuTHCN B CIIPaBEINBOCTH 5T0i1 Teo-
PeMBI, [OCTATOYHO BCHOMHUTH, YTO TOYha JIOKAJILHOTO MH-
HUMYMa BRITYKJION (hYHKOHH ABAAETCA ONTHMANBHON (Teo-
pema 2411) A

3.5.3. Yacro B momyctmmoy MHO:ecTBe X BBIJIEJIAIOT Or-
PAHOYCHIA HEOTPHIATEIBHOCTH JOOYCTHMEIX TOUCH:

X={x f(x)=0,1=1, m, x=0}.
B a1oM caygae Teopemy Kyma — Tanrepa gopmynmpyior cae-
ayomny obpasoM’ ecau gynryun f,(x) 802HYTHL, PyHEYUS
@(x) svinykaa, muomecreo X pesyaspro no Caeiirepy, 7To
das onturaasvHocTu Towku X< X Heo6xodumo u docrarouro
cyuecreosanus rtarur uwucea u;=0 (i=1, m) u v,=0
(1=1, n), uro

T n

¥ )= 3 us @+ ve,

m n
2 uzf; <\) = OJ E V%, = 0,
1=1 =1
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3necs e; (j =1, n) —J-it KOOPAUHATHHIT BEKTOP: e,T = (0, ..,
veesly o0, 0), emmmmma cromT Ha j-M Mecre.

35.4. Cayvait anueiinsx orpammuenmii (xpnrepmii omrn-
mamsuocrn). Teopemsr 3.46 u 3.5.1 mommo Tamke obnepn-
HETE B OflHY T€0pPeMY O KPHTEepHH ONTEMAlbHO-
cTm Oaa 7020 uTO6LL TOUKA X 6blaa TOUKOU 2400a4bHO20
Murumyma evinyraoll Pynryuu @(x) Ha mHomecree X =

={x: <a;, x> —b;=0, i=1, m}, mHeobzodumo u docra-

TOuHO, 4T06bL cywyecreosaru Taxue yucaa u; =0 (1 =1, m),
uro

q:’, (X) = §1u1au 1§1 U, ((an X) — b1) =0,

355, Teopema. Jua 7020 urober Toura x= X Guaa
TOUKOU 2406a4bH020 MUHUMYMA OCHOBHOU 3adaul 6bINYKA020
npozpammupoearus 3.1.4, docrarouno, urober dan ecer s,
Y00 6AETBOPAIOWUT CUCTEME

<f’i x),8<0, ie=(x), (3.18)
6LLNOAHAAOCE YCaosUe o
(p’(x), 8> <0O. (319)

NoxasateanscrBo, puvensas k ycmopmam (318) m
(3.19) Teopemy 2 3.3 (Paprama), cpasy iKe OPEXOJAM K yC-
n0BIAM TeopeMH 3.53.1, A

‘

3.6. ®ynxnua Jlarpamka, YcaoBHA ONTAMAaAbHOCTH

3.6.1. CennoBas Toura. PaccMoTpEM n-MepHEII BEKTOP X,
NPHEAJICKAIAN HEKOTOPOMY BHITYKJIOMY MHO:ecTBY L', m
m-MepHEIX HeorpEnareasEst Bexkrop y = 0. Ilycte pymarnma
L(x, y) Bunykia mo X Ha MHO;kecTBe I' m BOTHYTA HO y Ha
HEOTpANATeIEHOM OPTaHTe,

Onpepgenenme. Ilapa x*, y* masmBaercs ced.n080il
rouroti ynrnEn L (X, y) ma MHO;mecTBe Bcex X' my = 0,
ecJIn

x*eT, y*=0,
L(x* y)< L(x*, y*)< L(x, y*) (3.20)
nrascex x=lPny=0.

Coorromernme (3.20) Mo/KHO 3ammCATh TaKAe CIELYIOMUM
o0pasoM;

L (x*, y*) = min max L (x, y) = max min L (x, y).
X&' yzo y»0 x&l
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3.6.2. VYcnosna cymecrsopamna cegaosoil Tourm. Jlis
RadbHENNUX Helell EAM [OCTATOYHO pACCMOTPeTh CIAydam,
korma I'=Ef = {xx>0 uT=E,.

JHyers dynnmua L(x, y) BeOyRIa mo X s Beex x == 0,
BOTHYTa 0O y JasA BceX y 2 0 n nenpepoizno anddepenmn-
pyeMa o X u 10 y.

Teopema Jlaa To20 utobur napa x*, y* (x* =0,
y* = 0) 6vraa cedaosoli Tournol Pynkyuu L(X, y) 6 obaacru
220, y=0, neobzodumo u docrarouno evinoanenus yc-
A08UL

OL*
=0, (3.21)
. OL*
< -5;> ~0, (3 22)
] ] Cx* >0, (3.23)
LY <0 (3.24
oy S0 )
, SL* -
gy > =0 (3 25)
y* =0, (3 26)
ede
AL* A aL (x, y) _ai": oL (x,y)
x =7 &x x=x#’  dy = dy [|x=xs'
y=y* y=y*

Horasarenscrso. anmmeym yerosaa (3.21)— (3 26)
L JRBOBaUIeHTHOI hopye:

%201 i=1,n, (321
2l =0, 1=T 7 (3.22)
z, >0, i=1,n, (3 23)
oL* — ,
'5;<Oz J=1,m, (324)
Y %j =0, j=1,m, (325
y;} 0, /= 1, m, (3 26')



$.6. DVYHKIUA JAMPAHIKA YGJIOBHUA OIITHMAJBHOCTHR 57

Heob6xonmmmoceTh, IlycTs BHINONHAIOTCA YCIOBAA
(3.20) opm I'={x: x> 0}. B wacrmocrm, oTciopa cieayer

L (xil y*) é L (‘T:l se ey x:— 13 T4y x:—l—li sy x:a y*)> L (X*9 y*)

naa seex x; = 0, T. e. TouKa x: ABIAETCA TOYKOH MAHAMYMA
BBIIyRA0# pyHKunmn, ofHoro nepemenHoro L(z, y*) ma mony-
npamoit z;=0. Yenosua (3.21)—(3.23") n apaaoTCH HEO6-
XO[AHMHIMHA YCJIOBHfMH MHHHMYMAa, B YACTHOCTH JOKAJILHOTO
MurEMyMa, npE &; =0 ana QYHKOEH OAHOrO IEPEeMEenHoro

(nmockonpry nmbo ¥, — BEyTDeHHAA TOUKAa monyocH ;=0 m
L* * aL*
. TOrfla 5~ = 0, aa6o z, =0 = Torma F>O)' Ananorng-
1 1
HO, TMONBL3YSACh BOTHYTOCTHIO (yHEOmm L(X, y) mo Yy, Jerko
ROKa3aTh copasegnmeBocTh ycemosmit (3 247)— (3 26°).
JocraTtourocth. IlycTh BHIDONHAITCA YCIOBAA
(3.21)—(3.26). Mockonsky L(x, y) BRHOyRIa @0 X 1pn
x = 0, To, monbayAcs HepaBeHCTBOM H3 24 9, momyuaem

L(x, y9) > L0y + (x—x 5o

Orcona u ms (3.21) — (3 23) momyzaem
L(x* y*)< L(x, y*), x=0.

AHaJIOTMUHO  [OKA3HIBAETCA N JIEBO®  HEPABEHCTBO B
(320). A /
3.6.3. Ecnm I'=FE,, T0 aHAJOTHYIHHIMHA PaCCY:KICHAAMEI
HeTpyAHO yOeruThbea, 4TO CefiioBas TOYKa Gyfer ompesenasnrsb-
¢ yCIOBHEM
aL*
Bx

u coormomenmaMa (3 24) — (3 26)._

3.6.4. ®ynxmua Jlarpamxa. llycrs f(x) — m-mepuBIil BOK-
rop {7 (x)={(fi(x), f2(X), ..., fm(x)). Paccmorpmm cienyio-
MY 33739y BHIYKIOr0 TPOrPAMMAPOBAHAMA:

min{p(x): xe X}, X={xeT:{(x)=0}. (3.27)

3necs T' — BRIDYKI0E B 3aMKHYTOe MHOKeCTBO, @(X)— BHI-
nykinaa $yuxnua, a sce QyHKROmE fi(X) — BorHyTHIe. 3ame-
raM, uro npe I' = E, sanasa (3.27) sBaserca, cormacHO mpu-
HATOH TePMMHOJIOrEY, OCHOBHOI Bajaveii BHIIYKIOro Wpo-
TpaMMHApPOBAHUS.
Oupenenenue, @yaxnuwn

L(x, y)=(x) = &, 1(x), (3.28)
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omnpefiesleHHyI0 Ipn Beex X € E, m y= 0, naswibaor @ywus-
yueti Jlazpansca paA 3afaum BHUIYKJIONO IPOTPAMMIpPOBAHHSA
(3.27).

3.6.5. B zajagax Kiaccuiechoro amadn3a o0 3 CIOBHOM
BhCTpeMyMe (3a7a4H, B KOTOPHIX JOILYCTHMOE MHOMECCTBO
3a7aeTCA CUCTEMOIl YPaBREHNI) BaLHYI0 POIb ITPAeT Me-
TO[ MHORITeNeil Jlarpamsna: pemielllie HLCXOAHOM 3agayn
HIMeTcA CpPeAnl CTAIMOHAPHBIX Todek (ymnmuu L(x, y) —
T0U€h, Y/I0BIETBOPAIIMIX CIICTeMe ypapuemmii

1

oL 6L
= =0 5 =0

B sanauax pemywmoro (u, B wacTHOCTH, ammeiimoro) mpo-
rpaMMuposanug  QymrIum Jlarpamia  Tanke  OTBOTHTCA
BaihIioe MECTO IIPH bechbMa OOLIIX NPeINnoac;heHNAX 3amaya
BBIDYKJIOTO IIPOTPAMMIPOBANN CBOAUTCA K OTLIChAHI Cei-
J0BHIX TOUCR QyHKUum Jlarpainna.

3.6.6. locTaTounsie yCa0BIST ONTHMAIBHOCTIL

Teopexa FEcaw napa z*, y* asaaerca cedaosoii rou-
rott gynwyun Jlaepanaca (328) na anomecrse x e T,
y=0, 70 x* — onrusasvnan rTouna sadauu evnyiiozo npo-
epavsuposanus (3 27).

Honasareavcrso. s (328) m ompexesenns ceso-
poit Tourn (3 20) moryvaem mepapencTna

§(x) =y, 1)) < @(xf)— 7, 1(30)) <
Se()—= <y 1(x)), (329)
cnpasex1npele i Beex x & TN, y = 0. 1I3 aesoro mepanen-
CTBa clefyer
Gy, T(x*)2 = Ky*, 1(a%)), (3 30)
a nochoabRy ¥* =0 11 970 mepaBencIBO COPALCHINEO [AA JI0-
Goroy = 0, 1o f(x*)= 0.
B uacrmoctm, (330) myeer mecto m g1z y =0, mo-
BTOMY
GF f(x¥%)> <0,
a ciaesoBatenpuo (Tah hak y* =0 n f(x*)= 0),
G T(x*)) =0. (3.31)

Eean x& X, 10 13 (3 27) caepyer, uto {(x)=0, n nosto-
My juig x € X Oyner
Gy, f(x)> =0, (3 32)

Tax nax wmepasencrso (8.29) BmmomHseTCH Mg Beex
€T n, b wacrnoctn, pua x € X, 10 03 HpaBOro HepaBeE-
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ctea (329) uw m3 (3.31) m (332) monygaem mas scex x € X
HepaBeHCTBA

o(x*) < @(x)— <y*, f(x)) < p(x).

Ho x*= X (rak gar x* € I' n [(x*)= 0) =, cnegosarenasHo,
X* — ourEMadbHAA TOUKA. A

3ameuanme. [Ipu porasaTenbcTee TeopeMEl  BHINE
He HMCOONB3OBAJNACH HU CBOICTBA BHIIYKAOCTH YHKIHE
¢(x) = wmpomecrsa I, Em Bormyrocts ¢ymrmmii f;(x)
(i=1, m), un Kaxme-nmGo cBoiicTea rnagkoctd. Tarum 06-
pasodM, HajJmuWe cejnoBoii Toukm Xx*, y* ¢dymxkumum Jlarpam-
JKa ompefeNsieT ONTHMAJLHOCTL TOuKm X* muia ofmeill 3a-
faum MaTeMarmuecKoro mporpamvuposarms. Cpasy ke IIog-
uepkHeM: 00paTHOEe YTBEpKAeHIE, YTO M3 ONTHMAJLHOCTI
TOYKH X* ClelyeT CymecTBOBAaHHE CEJJIOBOH TOUKE X*, y*
¢ynxuar Jlarpammka, cnpaBefmBO IAIIB MIA 3aKaYl BH-
TMYKJIOr0 IPOTrPaMMEPOBAHHA H BRO0ABOK IpPH YCJIOBHA pe-
TYIAPHOCTA [OOYCTAMOTO MHOKECTBA JTO W €CTh H3BECT-
Bag Teopema Hyma — Taxrepa. Hume sta Teopema Gymer
floKasaHa B TPeJNONOMEeHAH HenpepeiBRON  puddepennn-
pyemocta ¢ymknmit ¢(x) m fi(x) (i=1, m) kak ouesmj-
Hoe ciencrsume Teopem 352 m 3 6.2,

3.6.7, Teopema HKyna — Takkepa. Ilycrs pomycramoe
MHO;KECTBO 337a4dl BHINYKJIOT0 OPOrPAaMMHAPOBAHRA  HMeeT
BAJ

X=1{x:fi(x)=0,i=1, m, x=0}.
Bynem npepmomaraTh, 4TO BHINYKAag QyEKmAa ¢(X) @ BOr-
pythie Qyarnmm fi(x) (i =1, m) menpepmsuo nuddepen-
LUpPYeMEL
Teopema Hyra— Taxrepa. Ecau e sadaue gbi-
RYKAO20 RPOZPAMMUDPOCAHUS

min{p(x): xeX}, X={x: fi(x)=0, i=1, m, x=0}, '

muoxmecreo X obaadaer ceotictgom peeyaaproctu 342, 1O
Heo6rodumbiyy u GOCTATOUNBLY  YCAOSUEM  ORTUMAALHOCTU
rousu x* € X seaserca cywecreosanue rtakozo Yy* =0,
urobsl napa x*, y* aeasaacev cedaoeoli TouKOU GYHKEYUU

Jazpanoca ‘
L(x, y)=@(x)— <y, £(x)?

Ha muoxecree x =0, y =0,
HorasaTteaxnscrso. JocTATOYHOCTE CTEAyeT N3 Teo-
peumst 3,6.6 npu I' = {x; x =0}
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HeoGxopumocTh, [lokames OKBHBAJEHTHOCTL YCI0-
puil Teopemer 3 5.3:

m n
¢’ (a%)= 421 uif (x%) + ng vye; (3 33)
2 yif. (3F) =0, (3 34)

i=1
v >0, i=T,m, (3.35)
> vyz; =0, (3 36)
=1

v;>01 J=H, (3 37)

n yetopmit TeopeMrl 36 2, OnNpeAeTONUIN CEIOBYIO TOUKY
Gyunmuu L(x, y):
oL*

>0, (338)

oL*
R > =0, (3 39)
A >0, (3 40)
?a_Lyi <0, (3 41)

. OL*
v, 7)—> —0, (3 42)
y*>0. (3 43)

IRBUBATCHTHOCTD Gyer 0003HATATEH CIMBONOM ~,
& * *
113 CTL \T= (vlv Uay ey Uu) b fr(x)::(fl(x)) jZ(Y)7
avy fu(x)). SarmeTuv, uto

L* ) m , .
ey () — U A,
=1
aL* .
oy = f (x%),
Ouen11mo,

(338)~(337),
(3 39)~(3.36),
(342)~ (3 34),
(3.43) ~ (3.35),

Yeaosun (3.40) u (3.41) osmavawrt, uto x*=X, A
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. 3.6.8. ita ocmOBHOI BajavM . BEIIYKIOTO NPOrpaMMHEpPO-
samEa 3.1.4 Teopema Kyma — Tarkepa dopmyampyercs
caenyomuM ofpasoM: ecau 6 OCHOSHOU 3sadaue 6vINYKA020
npozpammuposanus  muomecreg X ={x: f(x)=0, i=
=1, m} obaadaer ceolicreom peeyaaprocru 3.4.2, 7o Heob-
zodumeim u OOCTATOUMBIM YCAOBUEM ONTUMAALHOCTU TOUKL
x*=X asaeanerca cywyecreoeanue Ttarozo y*=0, urobu
napa x*, y* aeassace cedaosoli Toukol ¢pynryuu Jazpan-
aca nHa muoxwecree x= E, uy=0.

CopasefnmBOCTh 3TOI Teopems! ciaenyer m3 35.2 m 3 6.3.
3.6.9. Cayuait anueiigsix orpanmvennii. Ecauw @Pynryus

@ (xX) evinykaa, ‘a- donycrumoe MHONMKeECTE0 3adaeTcs auHel-

HbIMUL 02DAHUYEHUAMU,

X=1{x:4<a,x>-5,=20, i=1, m, x>0},

10 das onTumasvrocTu Touku x* & X neobrodumo u docra-
Touno clyujecreosanue Taxozo y* =0, uro6ur napa x*, y*
aeaaaacet cedaosoii Touxoli pyuryuu Jazpania nHa mHONCE-
cree x=0,y=0.

Copape[yimBOCTh 9TOIT TeopeMel ciaegyer m3 3.54 m
363. A

3.6.10. CymectsyoT pazndAuHLie BapUanTH Teopemu Hy-
na — Taxxepa, pazanunble ee 0006menna n IpUMeHeHHUA B TEO-
pHA 3KCTPEMANLHLIX 3324, JTa TEOPEMA JIEKAT B OCHOBE TeO-
pEN ABOTICTBEHHOCTH MAaTEMATHYECKOI0 NPOTpaMMUpPOBaHUA.

Teopema Hymua -~ Taxkepa maxofmr Tax:Re HpPEMeHeHWe
B UNCAeHHBIX METOax peleHnsd 3afad MaTeMaTHYECKOro
nporpaMmmposBasnd. OHa N03BoiAeT HCXOAHYI 3afady 3a-
MeHATH 3aadeil OTHICKAHWA cemIoBoii Toukm Jyarmumm Jlar—
pama, T. e. 3ajadeil Baja

min max L (x, y). -

xsl' y>0 .
«ITpocreie» orpaHmdYeHms BTOfl 3aKavHm TO3BONAIOT IIpHEMe-
HATH [JiA ee peIlmeHus MEeTOfbl, BO MHOTOM CXOM{Me C YmC-
JeHRBIME MeTofaMH 0e3yCJIOBHOII ONTAMH3ANEN, JOCTATOY-
HO XOpPOINO M3yUYeHHbIE W anpoOHPOBAHHEE.

Bameuanme. Teopema Hyma — Taxrepa mepecraer
GLITH COMEPIKATENBHON B CIyYae BHPOXKAEHHOCTH, HANPH-
Mep, KOTJia .

9’ (x*)=0, f;(x*)=0, i=1, m.
B 10 ’Ke BpeMa cymecTsyeT IIApOKRmil Kiacc 3a7av TAaKOro

pona. B moGamwemmm 3 mpmBopaTca HeoOxoouMBle W JHOCTa-
1049HEEe YCJAOBHA ONTEMAJBLHOCTA B BLIPOMK/IEHHBIX 3afadax,
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3.6.11. JIsoiictsennoers. Bregen dymrumo g (x) =

= sup L (x, y). Ouernzno, 4TO OCHOBHAS 307aUa MaTeMATII-
=20
ECKOTO IPOrPaMMIPOBAHNA MOKeT OBIThL 3amICaHa B BHIE

g(x)—>mmn, xeX = {x. f(x) =0,

nocroabky g(x)=q(x), ecan x =X, 91y sajauy mpEuaATO
HAa3EIBATL nNpa Lol
Obosnauny A (y) = wmnf L(x, y). Bagauy
XeE,

I(y)—>max, ye Ef = {y: y>0},

HA3LIBAIOT 0GOHCT6eHHOl, a TCPEMEHHLIE Yy Yz, ..., Ym —
OsolicreenHLLMU nepeveHHbIML,
- 3.6.12, Teopema. 1) ¢(x)=h(y) das ecex xeX,
ye EL

2) Ecau ewmnoanaiorca yc.aosus teopesiys Kyna — Tak-
repa (m 367), a napa x*, y+* seagerca cebio8od rouroil
gyrryuu Jlaepanaca, To

yi=argmax (R (y): y= EL) u o) =1 ().

3) Ecau @(3*)=1h(y*) daa aoCuz vt <X, y*e< ET,

mo
W=argmin{¢ (x) x= X}, 3= argmav {& (y) ye ELL

=

OnasaTeancrso 1) Tar rak f(x)=0, y>0, 10
COZe() =) =L(x,y)> f LGoy) =R (y).
ASE,

2) Jlnsm Bcex y = 0 cmpaseq1mno cooTIOIICHI®
h(y*) = b L(x, y) = L(x* y) = L(v¥ y) >
=LEn

= inl L{x, y)=1(y),
x=E,

T03TOMY  y* — pemenne  JpolicThenHO samaum Ho
L(x* y*)=@(x*), tan nan (y~, f(x7)> =0 (ex m 331),
moaToMy @ (X¥)= I (y*).

3) B cuay 1) QP(x)ZL(y*)= Q(x*)= L (y) m1a mxcbex
xeX, ye Ef, C1eT0BaTeIbNO, X™ — pelledne mpaMoir za-
favd, a y* — npoficTBeHHOL.

Onpenmeaenne. Touny v* =(x* y*), yaoBrersopsio-
Y0 yCTORIIN

m

V(™) — glytsz(X"‘)= 0, 4:>0, yif,(x*)=0, i = T, m,

Oy/ieM HAa2BIBATL TOYkKOI K yna — Tarwepa,



TIABA 4

TEOPUA JUHEKHOIO NPOTPAMMHPOBAHIA

4.1. OcuoBubIe TOHATAA

~ 4.4.1. Ocuopwas samava. Caepyomylo SKCTPEMANbHYIO
zamady GymeM HasHBaTh OCHOGHOU 3adauell AUHelinoz2o0 npo-
2PaAMMUPOGAHUIL .

min {e¢, XD,
- xR,

. (4.1)
R, ={x: Ax=bh, x=0},

Heckonbko To3xKe GyfeT IOKasamo, 4ro Jiobaa 3amaia
J@HElHOTO TPOTPaMMEDOBAHHMA MOMeT OHTH NpHBEfleHA K
puny (4.1). HlosToMy ocHOBHEIE TeopeMHl JHHEHOTO IpO-
rpaMMmpoBaHms OYIyT PaccMOTPeHHl HPHMEBUTENbHO K~ 3a-
nate (4.1), uro HEKaK Ee cmmKaeT OOMHOCTE paccMOT-
penmit.

4.1.2. TpoiicreennocTs. 3anaveil, BoficTBENHOI K OCHOB-
Hoii 3ajagYe JNHeIlHOro nporpaMMnposanms, OyHAeM Hasbl-
BaTh 3aady

m b’ ¥
by (42)

Q.={y: A"y<¢c, y=0hL

4.4.3. OxsmBanenTHOCTB., J[{Be BKCTpeMalbEEIE 3afaud
GyneM HA3HBaTh 9KEUGAJeHTHBIMU, ecim nmbo  MHOIeCTBA
mx pemenmit cosnajaloT, Imfo ofe 3agaim He MMEIOT pe-
.meHmit.

Jlerko yGemnThesa, wro samaua (4 1) OGymer nmmoiictpen-
HoOit K sapave (4.2). Jlna sToro JocTaTOYHO  PAcCMOTPeTH
3ajjady, 9KBHBAJIEHTHYIO 3ajgade (4 2):

min {— b, y);
-EQl

Q:={y: —ATy=—c,y=0},

I I0CTPONTh, B COOTBETCTBUH C ompepenenmen, K Heij



' IVl 4 TEOPUs JUIHEMIIOTO [TPOIPAMMIPOBAIIISA
ZBOIICTBEHHYIO:
max (— ¢, X},
xER1
R, ={x: —Ax < ~b, z = 0},

A 9710 1 ecTh 3amaua (41).

Tarmy ofpasoy, sagaunm (41) m (4.2) Bsaumuo gpou-
CTBEHHLI, .

4.1.4. Teprunoaorus, Berony B macrosmeii kmore Oymen
TIPEAEP/KABATLCSL YiKe BBEJeHHOIl TePMUHOJIOrHH (mesesas
QYHKIHA, [OIYCTHMOE MHOKECTBO, NOMYCTHMAA TOUKA, OI-
TUMAQJIBHAA TOYKA B T. 7 ).

Onmano ciefyer cxasaTh, UTO TEPMHHONOTHA JHUEIIIOro
nporpaMMHEPOBANNA HeofHO3HaYHa. I3 BHAUNTEALHOIN CTClIe-
HH BTO CBA3AHO C SKOUOMHYECKHMH NPINIOKEHIAMI, TOp-
MIHBI KOTODBIX YaCTO COXPAHAIT I AAfA 3a1aY JAnnciiHoro
TIPOTPAMMIPOBAHH.

Marpuny A4 =[a,, a;, ..., a,] nasusaor marpuyet ye-
Jaoeutli aajaum (4 1).

Ee croaburt a; (i =1, n) masmBaior 8EKTOPAYY [JC.10~
eull samaun (41).

Bextop b maswmmmawor eextopon ozpanuuenud zamaun
(41).

Honyermmylo TouKy X € R, HasmBaoT Takke naaiiow.
Huorga yraonywo toury mmoskecta R, HaswBaioT OnRoOpHLIM
n.aanox, a pellenme 3ajaum JHHeHOI0 HPOrpaMMuponanmni
(onTUMANBIYIO TOUKY) HAB3BIBAIOT ONTUMAALHBLY RAAHON.

4.1.5. Teomerpnueckan nurepnperanrsa, B OPOCTPAIICTRE
L, muosecTso R, MOIHO paccMaTpumBaTh Kak Iepeceyciie
HOympocTpancTs (HpH n = 2 — moIymIocKoCTel ) :

(Ax)i= b, i=1, m,
Zj = 0, j = 1, n.
Paccyorpan
{e, x> =)

— CeMeliCTBO mapaIeqbHBIX TIHIOEPIIOCKOCTeL (opu n =
= 2 — napamienbHLIX npaMeIx). Bektop — ¢ nanpasien B
cropony yOmBaums neieson ¢ymnuun IHa puc 41 nso-
Opamen crywail, KOrjjla MHOKCCIDO  OrPALIYCHO — LIIOLO-
YTOJbHIK,

Pacemorpoym mekotopyro Toury x, € R, Eii COOTBCTCTBY-
CT B3HAaYeHHEe IeJaeBOIl (yHRIUN

)Vo = <c, X°>'
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Tereps 6ymem mepememats npamymo

- {e, x>=) .
B FANpaBleHH® —C, T. €. B HaNpaslennA yOHIBaHHA Bennm-
TMEL A, [0 Tex WOp, NOKA HO INPHAEM B TaKYI0 TOUKY

x* € Ry, nna Koropoil 3Ha4eHHe A MHEEAMAJHHO. Teomerpm-
Yyechmil CMBICT 3ajaudm sfech OTeBHfEH.

-

5 ,
: ~ @23,
A@E-
P h —7
'QI
g X-¢ ~
- (€, %)=, 2%
x*
¢ . 4
Pge. 4.1

Jerxo maoGpasmTs Ha uepreike, xorma R, meorpammwe-
HO, HO pelleHNe CYINECTBYeT; KOIJla PEemeHHe CYmECTBYET,
HO ne” eNMACTBEHHO; H, HaKOHeN, Korja R, HeorpaEmYeHo
m {¢, x> HeorpaHmueHa Ha R,.

4.2, OcHoBHBIE TeOpeMEI

42.1. Copmyanpyen, Bo-mepBHIX, TeopeMmy, KOTOpas #B-
JAETICA YacTHBRIM ciyiaeM Teopemsr 36.9 (korma ¢(x) am-
Heilia) M LOITOMY B OT/IEIbHOM JOKAa3aTeJbCIBE He HYH[a-
eTcs.

1ByneM obozravath Qymknuio Jlarpamka paa  sagaum
(4.1) rax: ’

Li(x, y)=<e, x>+ (y, b— A4x), (43)

Teopema. Jus 1020 urobwi Touka x* < R, 6viaa on-
TUMIALHOIL 045 OCHOGHOU 3adauu AUHEUHO020 NPOZPAMMUPO-
6amus, Heobrodumo u docrarouno cywecreosanus y* =0
TaK0z0, 4TOGbL napa X*, y* 6vira cedao060ii Toukoi PHyHK-
yuu Jazpansca Li(X, y) 6 obaactu x=0, y=0, 1. e.

L, (x*, y)< Ly (x*, y*)< Ly (x, y*). (4.4)
BT Hapvangp
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4.2.2, U3 coormomenna (3.33) ciemyer, uro meoOxoju-
MBIM M JOCTATOYHHM YCJIOBHEM OITHMAIbHOCTA X* I 3a-
naam (4.1) sBuAercs cilefyinee HPEACTABISHHS BEKTO-
pa ¢

$ * * L J
—Cc=— Z y.a, — 2 )vzen ¥ =0, v; =0, (4.5

1
1€ I(x¥) 1€ (x*

I(x*) = {i: (4x%), =b}, J(x*) = [j: z; = 0).

N3 reopem 362 m 4 21 caenyer, uto fnd x* m y* BuI-
TOAHAIOTCA ClelyKInue PaBeHCTBA:

z;, (e —ATy*); =0, i=1,n,
yy(b—Ax*), =0, 7=1,m,

rjne

Ilepsana TeopemMa nBoiicTBerRHOCTH Ilpanas
u Beolicreennan 3edaur aubo o6e UMEIOT ONTUMAALHBLE TOY-
Ku X* u y*, npuueu

(e, x*) = (b, y¥, (4.7)
aubo obe ur ne uMeror.

JToxasarexscrso. Paccmorpmm ¢ynrmmoe Jlarpam-
sa nas sajgagn (42). las storo samuineM 9Ty 3ajady B BH-
lle OCHOBHOIl 3afiaim JmHellHOr0 NIPOrpaMMHDOB3HEA, T. e.
e Bape (41).

flcmo, 9To sagaga -

max <b, y),

=Q,
={y: ATy <¢, y=0}
SKBHBAJICHTHA 32346
min {—Db, ¥,

yeQ,
Qi={y: —A"y = —¢, y= 0L
A pans sTolt 3ajaim, NOCKOILKY OHA B3aNHmCAaHA B BHAE OC-
HOBHOI sanaum, ymrneeir Jlarpamra Oyger
L,(y, x)=—<b, y> +<x, —c+ ATy, (48)

Cexnnosoit 'ro‘mon mia L. (y, x) B obnacta y =0, x>0 6y-
mer mapa y', x’ Takasd, 9TO

Lz(y 1 ).< L’-‘(y'w xl)< Lz()'i X'). - (4 9)

.-Teopemui ABoiicTBEHHOCT., - — - _—___ . _
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Cpaenmpas (48) n (4 3), monyamy )
La(y, x)=—[<¢c, x>+ <y, b—Axd] == L(x, y). (410)

Uz (410), (49) n (44) caemyer, uto ecin xX* y¥ —
cejionan rouxa A L,(X, y), To y* Xx* — cegmoBas Touxa
maa L.(y, x), a smaunt, an6o X* m y* OOTHMATBHB COOT-
BeTcTBenno i safav (4.1) m (42), anbo, korma cemmonas
Touha me cymectsyer, n sajata (4.1), m samaua (4.2) me
IMeT pemmenuii

Hakonen, pasemcteo (47) caeayer ms opmya
(46). A

Onpenenenns. Hazomem yeaonma safadax (4 1)
o (42) -

(AX)J = bn Y, = 01 ] = 17 m,

napoii deolicreennvly yeaosuil.
Ananoruuso yemxosnsa

=20, (A7y).<e¢, 1=1, n,

TAKRe ABJIAIOTCA MaPoil ABONCTBENNLIX YCIOBIIIt

JlioGoe u3 ycmonnit masbizaeTes c6o6odublat, ecnnm omo
BBITOMHAETCA hak CTPOrOe HEPABEHCTBO XOTA OB AIA OANO-
T0 ONTUMAJBLHOIO BEKTOpA.

YeioBre HaskIBaeTCH 3aKpendennbly, ecim ONO BHIION-
HACTCH LAk PaBeHCTBO /LA BCEX ONTHMAIBHEIX BEKTOPOB

Bropaa Teopema pgBoiicTnemmocti Ecau
nparas (sHauut, w deolicreéennas) sadaua paspewuna, 710
8 Kaxcdol nape dsolicTéennwr yaosuii odno sessercs ceo-
6o0nv12, Opyeoe sakpenaennwii.

HoxasaTteascrso. YrBepmmenne, uTO cBoGomHOMY
YCIOBIIO COOTBCTCTBYET JBOIICTBEHHOE 3aKpervIeHHOe, Cle-
nyer cpasy ns dopmyn (4 6). Iloramenm, uro 3aKpeILIe HHO-
My YCIOBHIO COOTBETCTBYeT jBoiicTBeHHOe cBOGOmmOe. ITycTh,
mampnsep, yciaonme z, = 0 sakpemtennoe’ z; =0 mia Beex
x* e X* rre X* — muomecTso peurennii zagaun (4 1)._ ITo-
cTpomy pemremne y samaun (42), gaa woroporo (ATy), <
=< ¢, Bocnomesyemcs mnpykumeit mo wmeay n.

Ilpa n =1 B npazoit sagaue:

mn {¢y, 2,7, ¢, %0,
Az, =b, z,=0
(A — opnocronbnoBas Marpmna),
5*
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ecan xf =0, 10 ¢, > 0 B ABOficTBeHHOII 3ajave"
max (b, ¥,
ATy =< ¢,
y=0,

y = 0 spinerca pemennem n (A7), = ATy =0<c,.
[peamoaommy, uto gas n — 1 Teopema sepua. ITocrpo-
IM .y An8 pasMepHOCTH 7. PaccMoTpmM  BCHOMOTATebHYIO
aagauy.
min (e, VD,
xE R, (e) (A)
Ri(e)={x' Ax=Db, x=0,z,=¢>0M

1 Fcan R,(e)=% npu scex £ >0, To ;=0 npn scex
z € R,, caefosatenbno, 3ajgata (4 1) mueer pasmepuocth
n — 1, 114 KOTOPOU TeopeMa BepHa N0 TPENNOIOHEHI0 Ui~
YR
2 IIyers R,(e)7# & mpu scea mocrarotno matnx e > 0.
Hocroabhy cmopue a;=>0 sanpemiennoe, a [f4,(e)S
=R ={x Ax=b, x=0} 1
min (e, \) = ¢} > ¢* = min e, x> (B)

XER,(e) SRy

* . « *
(ecTH MPEIMOIOANTD, UTO G == (¥, TO naiilercs 7, =€ > 0,
Y10 HPOTIBOPEUUT §C/AOBIK 33KPeNIeUHocTH),
HocTpouy 3ajauy, Asoiictsenmio n (A).

b m )
ny]éz (Kb, 3> + eYm) @)

M

Q=1{y. ATyt eynu<¢, ¥y 20, Yt = 0%
y (&)
Ilycte TOWKa |-
Ymyq (€
Hokra:ney, ato Touka y(e) Gynmer peumenmev 3agaun (4 2).

He orpannunsas 00LIHOCTH, CIIITaeM, IT0 ARTIBHEIMO OyayT
OTPaHHYeHIs

(A’?(e))t =c¢, 1=1,1L 1#1l, k<n,
(AT;’(S))I+!}:|4|(8)=C[,
7,(e)=0, 1=1,p, 1#m+1, p<m

] apiterca pememney 3aiaun (D).

TTo teopeme Kyma — Taxrepa (351) B pemennu [y—) (e)(e)]
my
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- 2 i)+ ai]- 23]

M20, i=1k t#+1, >0, u,=0, j=1, p
IHpm e -+ 0 6ymer A = + 0. IlosToMy mo Teopeme o 3aMK-
RyT0CTH KOHYyCA (2.3.2) cymecrrymor Takme HEOTPUTATENb-
Bme uncna A =0, (=1, %, By i), M, uy > =>0(=1 p

j#m+1), ato
a a e
Gl= 2xf]nfi]- 2l ©
N =1,k I=Lp

i#l

npruem A =0.B cpowo ouepens B Toukax y(e) Gymer
(A’i(s)),+y'm+,(e)=c,, & HOCKONBKY Fmii(e)>0, To
(A"y(2)): <c. Tloatomy pmua samaum (42) B Toukax y(e)
8KTABHBIME GyIyT TONBKO OrpaHuYeHms

A7y(e))i=c, i=TF i+l p(e)=0, |=T1,p.
Ilepenncar (C) B Bmme
b= Zi?»fat— Z__u;ej

1=1,k 1=1,p
{7l

B YUATHBAA OPEILIAYHIEe 3aMevaHme, MEI CPAsy IIONafaeM
B ycaosna TeopeMul (3 95.1), orxyna caeayer, uro y(s) —
pemenne sagaum (4.2) npam &> 0 MoCcTATOYHO MAaNHX. A
424, Teopema. Jaa aobuiz donycrumeir xR, u
Yy € Q, evinoinaerci HepadencTso
(¢, x> = <b, y>. (411)
HoxazateabcTBo. M3 HepamemcTB, ompefeaAoImux
R, u Q,, caenyer
e, x> = ATy, x> =(y, Ax> =y, > =<(b, y>. A
4.25. Teopema. Ecau x*e€R, u y*<Q,, a
(e, x*> = (b, y®,

70 X* u y* onTumaavner cooreercreerno daa sadau (4 1)
u (42), u obparno.

JloxazateancrBo. [ua noboro xR, B cmiy
(4 11) m ycaosua Teopemn Gymer

e, x> = ¢b, y*> = (e, x*,
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T e X* onTovajeH AHNAJOTHYHO [OKA3HBAeTCA ONTHMA/b-
HocTh y<. OOpaTHoe yTBep:KEeHHE TeopeMbl COED/RHETCA B
Teopere f(BoiicTBeHHOCTHE 423 A

4.2.6, Teopema. Ecau nf {(e,x) =M>—o00, 710

XER;
crjecTeyer TOUKa
2" =argmun {{e, x> x= R}
JoxasartenncTso IlpeAmoIomny, uT0 Tanoil TOULH
mer Torga cucreya HepPaBeHCTB
Ax = b,
(e, x> < 4, (412)
x=0

ne mieer pemenna Ilycrs

Crereay (4 12) mepenmimey B Brijie
Bx < d,
x 2= 0.

HocroaLhy 2Ta cmeTeMa He HMeeT DeHIeRNS, TO COriacHo
mopudunannn Tteopenst (aprama (e 235) Oymer pas-
pelunMon ¢IeIyIomasn cocTeMa

Bu=0, (4 13)
W, w <0, (4 14)
u=0 (4 15)

Ec B uepaeenctne (4 14):

m
- 2 biul + Alum-i-l <01

1=1

yeeInunTh uneao A/ Ha  FIOCTATOYRO Maidyl  BeINYOHy
e >0, 10 cucreMa

BTu = 0,

— 20bu, + (M + &) un, <0,

=1
u=0

Gyger paspemumoili, Beugy Mo udnnannn reopemn Daprama
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He OyJeT HMeTh peleHHA CICTeMA
Bx <d,,
x=0,

—b

e dg=[M +8]- B npesxmnx oGosmavennsax sta cmerema
FMeeT BHJ - -

Ax=b,

(e, x><< M +e,

x=0, -
Onmako yrtBepsyeHme, uTO BTa CHETeMa HepaspemmMa, Ipo-
THBOpEUAT ompefedennio ymena M kak TouHoli  HmKHeil
rpanm Qynkuum {c, X) Ha MHOEecTBe R;. A

4.2.7. Cnenyer obparnth BEHEMaHme HAa TO, 9T0 TeopeMa

cHpaseqiansa, BOOGIIIe TrOBOpA, JUIIb [IA 3afad J@HeHOTO
oporpaMMupoOBaHHII,

Paccmorpmy, HampmMep, CICAYIOLIYIO 3aflaTy: MIHHMHA-
3APOBATH I, HA MHOKECTBO »

. X={(z;): x1-$2>11 x1>01 x2>0}'

OueBupiHo, 4T0 X BHIOYKIO H 3aMKHYTO, -

inf z,=0, .
X=X

Ho B X HeT Toukm, rpe pecrmraercsa inf z, (pme. 4 2).
x

HAHAN \\ |
NN

0 Z
Poc. 42

4.28. Teopema. [Jaa cywyecreosanus peutenus o8-
Kol u3 OeolicTéennvix 3adaw (u, caedosareavho, obeur)
Heobzodumo u docrarouro, urobut

R+2 uQ +52,

N
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JloxasateancTno. HeobxommvocTs oueBHAHA.
Jloctratounocts Ilyers y< ¢y, Torpa aas awGoro
X € R, nueer mecro (4 11):

{e, x> = <b, y?,

a Torja mo TeopeMme 426 sanaua (41) mueer pemernme m,
3HaynT, NMeeT pewenue u 3alada  (42) (ssmay Teope-
Ml 423) A

4.2,9. Ecau*) <e, x> (<b, y>) Hecoepanuuena cnusy na
R, (ceepry na Q,), 10

Q=9 (R,=9). -

4240, Ecau Q=9 (R, =9), a Ri*9 (Q,+ ),
ro R, (Q,) Heoepanuueno u (¢, X> He02PAHUYCHA CHU3Y HA
R, (<b, y> neoepanuuena ceepry na Q).

4211, Teopena Ecan

(e, 3*) = min (e, X)
Rl

W eeall cywecTsyior Xy, Xay ..., Xu TAKUE, UTO

a) x€R, 1=1, 4, .
M M
6) 3= 2 ox, 2de ‘\:- a, =1 (€. >0, =1, M),
=1 1=1
mo
(e, a¥> ={c, x,2 =. .= (¢, Tu.
HNornasateansctno llpexrmonosxmy, 4T0
e, a¥) < (e, xp0 < .. =Kc, Xy, (4 16)
Toraa
M M M
. N
<cz ‘\>,<>__= ¢, 2 C"-131> = 24 @, <cl )‘1> > 2 a, <C, X1> =
=1 =1 =1
= (¢, XD,

Yuntmban (4 16), noayuaes
{e, x*> = (¢, X7,
CreraeM HUZYRTABHOC IPEIONOKENIE
(e, x*¥) = ¢, x) =,..={¢c, %, k<M,

*) B crofrax opusofuTcsi ABOHCTBEHHOE YTBePAhjcHIE



42 OCHOBHEIE TEOPEMBL 73

1 JORadieM, 4TO
(e, x*) ={e, Xy

JleiicTporenwno, -
<cz k*> =
M ‘M
11 (cx,)—Za(c Yz>+ %_OL(CX»
={c, z%) Z a, + <¢, Xa41> 2 Clye
1=1 1=k+1

OTtcroaa

k M
(1 - 2 az) <cl X*>>( 2 az) <C, Xl’~l-1> =

=1 1=k +1

k
= (1 - 2 az) <c1 xh+l>0

=1
R

I tax kar o, <1 (mockomxy k < AM), To
=1

(e, x*> = e, Xpp1?.
A Torga (ca. (4 16))
(e, x*> ={e, Xp417. A

4212, Teopema. Ecau sadaua (41) umeer pewenue

X*, TO cywjecTeyer yz408as TOuKA X TaKaL, 4TO
{c, x) = min e, x).
x=R,

NMoxasateabctso. 1) Eecam R, orpanmTeno, To
u3 teopemsr 2210 ciexyer, UTO CymecTBYIOT Takue yrio-
BEI® TOUKH X;, Xz, ... Xy MEOKecTBa I, 9r0 paaa mwoloro
X < R, m, B yactHocTH, A X* OyAer

AV

N
=2°‘¢‘(u‘ glaz‘:/lz o, =0, i=1, N.

1=1

BriueprHCM H3 CHCTEMH TOWEK Xy, Xz, ..., Xy T€, ROTOPLIM
coorBereTByOT o; = 0. He orpammunpas ofmmocTH, MOMeEM
[0JIATaTh, UTO 9TO TOULN Xiry1, Xarsz, -« Xy. LOTJA

M 1
=2azxu ZOL‘=11 O(,>Ol i=11‘/”1

=1 1=1
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T. e. BHIIOABATCA yciaopnsa TeopeMul 4.2.11, orkyma m cie-
IyeT yTBep:K[eHue TeopeMEl,

2) Hycrp R, meorpammiyeHo, a x* omrmmaneH. Ouepmz-
HO, YTO [IA AocTaTouno Goabmoro ymeaa p > 0 MHOKECTBO

n
Lefs Basp 20, 1=
=1
TakOBO, YUTO

x* R NL u x*gél={x. Dr,=p, =0, i=1,__n}.
1=1

Tax wkak mepeceuenme «opraurta» X =0 c¢ MHomecTBoM L
orpanmyeno, 10 u R, N L orpanddeEo @, CIeJ0BATEILHO
(2210 u 4 2.11), cymecTByloT YIJIOBHE TOUKH Xy, X3, ...
.. , X3 MHOsKECTBA R, I L Tarme, 910

<csfxf>_'ﬂcgf}(1> e e = (C,ly) -

Ecam xora 6 ofHa ToYKa X; He npmHAMIEXKHAT [, TO Teo-
peMa JoKaszama, IIOCKONbKY TOTAa X; OymeT yrioBoil Toukoil
muo.rectea R,. Ecnam nee x; onpmmagnemar [ (1=1, M), 10
M3 upejcTaBieHs

M M
M

A= i2|1 aXi, 12' a=1 a>0, i=1,M,
= =1

caenyer X¥* € I, yro nporusopeunt srGopy umcaa p >0 npm
mocTpocHER MHO:kecTBA L, A

4.3, AareGpanueckasa XapaKTepHCTHKA YIra0s80ff TOURK

4.3.1. Panee Onino BBejileHO TeOMeTPHYECKOE OOpeaene-
HOe yraosoit Touxm. OxHaro, mIg Toro 4tofE yMeTh Haxo-
nuth (BBITHCAATL) YINIOBYW TOYRY, HeoOxogmma ee aireb-
paumuechan xapakTtepmcruka, 1Iycth, Kak @ mpesfe,

I(x)={i: (Ax);=10b, J(x)={;: ;=0},
J={j=1,2, ... nh
Paccamorpay cucTeMy ypaBHeHOI
(Az)i=1by t=1I(x), z;=0, jel(x). (417).
He yyaans o6mmoCTI, MOKHO IOIATaTh
I(x)={i:i=1, 2, ..., 1},
Jx)=1{;. 1=k+ 1, k+2, .., n},
u Torga mpu r=Fk cucrema (4.17) Gymer KBapgpartHOitl.
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432, Teopema. [Jaa Toco uroOw Touka x+ 0 sera-
Aacy ya2a060i Tourkol muoxcectéa R, Heobrodumo u do-
crarouro, urobsl 6eKTOp X Yydoeaereopas Heocobernol xKead-
parhoti cucreme ypasnenuii (4.17).

MowxasaTteancTBo. JlocraTogdrHOCTh  lIlyers
X € R, m cymecTByeT MaTpmna

Yi %z ot i

B= an 022 cee azfl , detB7&0, (4 18)

* s e o s e 8 o

 Or1 G e I |

TaKasg, 4To o
. Bx=h. (4.19)
31ech
I i B b,
§= T s T)= bz s TRl = Tppa = 2. = Ip =V,
_Th _ by _
X
=1.%. (4.20)
0

[pepnonokmM, UTo X — He yrjoBag TOUKa, T. €. CY-
mectByloT-X’ € Ry, x” € R,, x’ #x" ¥ x, Taxme, uro

x=ox'+(1-a)x”, a=(0, 1).”

Jun j >k
z,=az,+ (1 —a)z; =0,
U rax xax 0>0, (1—a)>0,z,>0, z,>0, 10
5=a=0, j=k+1in,
Hanee, ’
Bx'>b, Bx">h, aBx’ + (1—o)Bx"=bh,
IOITOMY _ _
Bx’ = Bx"” =,

n mnockomeky detB#0, 1o x'=x"; caegoBaTeabHO,
x'=x", 9T0 OPOTABOPEIAT NPEANOJIOKEHHUIO,
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Heob6xomnmocTts IlyecTh X — yriaoBag TOURA MHOME-
croa 2. 1) Ilokamens, uro xora Gu mna ogmoro : Gymer

(4x), = b..
Hpnnnonolicnu UTO TAKOr0 ToMepa { me CyIecTByer.
Tan rnan x 7= 0, 1o vawieres raroe J, aro z, >0 Pacc MOTPIM

(X)T = (@1, T2y v0uy Tpmt, Ty F 8y Tpygy oo z,)= 0
b | -
(X”)T = (x“ xz’ LS | x]"h x} - 89 x.H'h A ] x") > 0'

IIs npegmonosnenns, garo Ax > b, nna ‘mocratounmo Mazoro
€ cuejyer
Ax’'=2b, Ax" =bh,

.¢c xR, x" R, Ho
X = -;— x4 —i— X',
UT0 HPOTHBOPEYHT IpeAnonodennio (TOYKa X IO IOpeuo:Io-
JMEHIO II0Bas).
2) Tlvers (Ax),=b, 11n i=-1_,—7 n =0 g1 ;=
=k+1, n Obosuaunmy

%p by
-— a. b‘ — — —_— —
ay=1 |, b'=| "z | A=]a, ay ..., ag.
_Trp. b _

B atux ofosmavenmix Ax=D>b' 1 x>0
HonaseMm, wro ay, 8, ..., a, JIOHEHHO He3aBUCHMEBI
(p atoM cayuae k <r). _
Hpepuomosminy npotusnoe, 1. €. yTo cymectsyer x + 0
Tanoit, ato Ax’ = 0 Boasiex

y - oev x—ex
— 0 . 0
Sl I L el R
0 0

Jderrno Bnaers, uto X, € Ry, x, =R, npu yaieix e. Ho

1
X=-75 X1+ 5 Xy

uT0 mportusopeuut mpeinonoskenmo lIltak, k<.
Brrueprnys 1 — A c1pok us A, momyuny Matpuny B, mua
nhoTopou BuimonugroTes (418)— (4 20), A
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4.3.3. Uncno yraoBeX TOYEK MHO3kecTBa R, KOHEYHO.

9To yTBepiK[AeHNe OYEBHJHO, MOCKOJIBKY YHCIO  HEOCO-
GeHHEIX KBAaJPATHHIX KICTOK (HDOAMATPHI) MATPANE YCiO-
BHil KOHETHO. A _
. 43.4. Basnc. Ecir Touka . xT =(x", 0, ..., 0), x>0,—
yIIoBag, TO CHCTEMY JMHEHHO HE3AaBHCHMBIX BEKTOPOB

lay, az ..., & B IpelcTaBleHAR
k
b= za, 2,>0, i=1k,
1=1

HA3HBAIOT 6Q3LCOM YTIOBOI TOUKH, a MATPHITY

B= [a;, By 400y ﬂh]
— Marpuyell 6asuca yriaoBoil TOYKH,

4.4, noiicTBeRnsle 3amadn
-0 CMCIIAHHBIMH OTPAaHHYCHHAMH

4.4.1. 3Banaun JmHeitHOTO WpoTpaMMEpoBammA HanGoxee
o6mero BEAA — TO 3a7aUA CO CMEINAHHBLIMA OrPARAYEHMsI-
MU, KOTZ{A JONYCTAMO® MHOMECTBO 3aflaeTCs CHCTeMOil pa-
BeHCTB M HEPABEHCTB, a YACTh NePeMeHHHX (mIH BCe Hepe-
MeHHBe) MoieT OHITh CBOGOJHA OT OrpaHMTEHMIL.

Beegem obo3naueBmsa: .

I={:i=12..,m,LI={i:j=12 .., nh

Mycts I, o3HavaeT 9acTh COBOKYIHOCTA HHIEKCOB 1,
e. I, =1, a I =I\I,. Aranormaro, /,=J, /, =J\J,.

Mapy samau
- min {c, x>,
(AX);? bit ie Ih
(4.21)
(Ax)¢=b, 1€,
z,=0 1€/,
.
max <b, y?,
(ATy);<ec, jel,
(ATy);=c, JE . (4 22) -

4 yt%O, iEIh
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HashIBAT JGOUCTEEHHBLIL 3a0auaMy co crewannLiy o2-
panuuenuanu Tanum me o6pasoyM, Kak 1 B crydae sanayq
(41) u (42), nerno yGemntbea Bo B3ammHOI ABoiicTBenno-
ctu samaq (421) n (422).

4.4.2. Tlpupeaeniie ¥ HLEIBATEHTHBIM 3a71a9aM  OCHOBHO-
ro mirta. 3ammmem 3sagtaun (421) u (4 22) B caeayomen
thopare

mn [<e,, x,0 + ey, x,7],

(4 23)
Aux, + A,x, = b,,
Apxy + Ayox, = b,,
x, =0,
max [<b,, y,> + <b,, y,01,
Allel + AZI)'z <cp (4 24)

T [
Ay, + Ay, =c,,
y. =0

OGosnatennsa x,, x,, ¢, e, by by, Ay, w1 €CTCCTBCHHRL;
HalpuMep, X;— BEKTOP, COCTABICHILII N3 TeN LOMIOLENT
%, BehTOpa X, A1 LOTOPHIX ] € J,; aroMy X, COOTBETCTBYeT
cQurT I

Houatne n ofo3uavenna nietox MAaTpOLbL

4 4
11 “12

21 22

Aan mpmeegenna 6yiem namoe papercTeo (manpmep
¢ ==0) saMeHaTL ABYMT mepabencTBaMu (p=20u —p=0
i @ <0 1 —9<0), a BMecTo nepevenioxn U, HA hLOTO-
PYIO He HAIO0MKEHE YCJIOBIs ueoTpunateasnocTy, Gynes bao-

AUTH HEOTPHUATEILHBIC HePeMenHble I o U CASLYIOmmY 0f-
PasoM’ 1= u — u, e
w=max{u, 0)>0 n "= max {—u, 0} =0,
Urax, caemaev cnenyommue 3avemns: IEPCMCHILIX;
X =;2 —-5:2, Yo = 3:2 - )—2,
Tp=max{z:, 0}, ;j€J, y,=max{y,, 0}, =1,

Ly = ma\ {—z,, 0}, 7€/, yp = max {=yee, 0}, 11,
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Beopst TH mepeMeHHbIE M 3aMeHsAd PaBEHCTBA COOTBET-
CTBYIOIUMA CHCTEMAaMHm HeDABEHCTB, INpPHBE/ieM  3a/add
(4.23) m (4.24) % cuepyomeMy BHAY:

min[Ce,, x>+ ey T2 — ez, X,
Ayx+ Apxo— A, = by,
Apxy + ApXy — AzX, = by, (4 25)
—AaXe — Apaxy + Ay =~y
x>0, =0, x,=0,
mas by, 30> + by, T> — <byy ¥
Aly, + A5y, — ALy < ey,
ALy, + ALy, — ALy, < ey
- Ag‘le - Ag‘2§2 + Afz;z <— Gy, (.20)
v.>0, >0, y,=0.

flero, aro (425) m (4.26) obpasywoT ABOiiCTBEHHYI0 Hapy
gafad J@He{lHOro HPOrpaMMEPOBAHHS OCHOBHOTO BHAR
4.4.3. Herpynuo ybemarnes, uro sajmaum (423) m (4 24)
oxBUBaJIeHTHH 3apmavaM (4.25) m (4.26), a mMeRHO:
1) Ecam

[XJ a |’ 1]
x, | [ ¥, ]
ontaMansHH mua (4.23) m (4 24), To
] [x] ‘
Ll 7 |
X, | ¥, ]

ontmMambEH Aaa (425) m (4 26), m oGpatro.

2) Ecam pomyctmMoe MHOeCTBO IS (423) mycto, TO
OycTo AOIyCTHMOE muokectso mas (4 23), m obparHo.

3) Ecam mexnesaa QyHKNHA 3aj21d (4 23) meorpammye-
Fa CHE3Y Ha JONYCTHMOM MHO<ecTBe, TO HEOrpaHHieHa
cHn3y m meiesag QYHKOUA 3a7ava (4 25), = obparHo.

Vreepspesna 1) —3) 000CHOBHBAKTCA 9IEMEHTADHEIMIE
paccyIeHnAMH, KOTODEI® (B cayuae HeoGXogmMocTH) dH-
TaTe]b MOMKET IPOBECTA CAMOCTOATENLHO,

&
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HMs okpmBanenTHOCTH 9THX 3aau BHITEKaeT, WTTO BCo
TEOPEMEl, OKasaHHBle [ia 3azax (4.25) m (4 26), ocrawot-
Cs1 COPABENHBEIMA M Ans 3afay (423) m (4.24),

4.5. Hanonnuecknii Bux sajaun
Juueiinoro MporpaMMIpOBAHIIA

4.5.1. 3agauy
min (e, x),
x=R,

Ry={x. Ax=Db, x>0}

OyneM HasweBaTh 3adauell AuHElHOzZo npoepaMMUPOSAHUs @
KanoHuueckoMm eude.

9Ta zagava mpejcTaBaseT coboit TaCTHRIK cayqail (wor-
fa l, =9 n J, =) sagaun co caemanueMm OrpaHmgeHus-~
ME—(4 23), 1, ClIeNeBAaTENLHO, BCE JIOKA3AHHEIE TEOPEMH I
YTBeD:RIeHIIA OCTAIOTCA B CHJIe T NS KAHNONIYECKOll 3ajadi.

4.5.2, Ilpusenenne ocHoBHOI 3ajaum K hAHOBAYECROMY
BOAY OCYMICCTBIACTCA IHyTeM BBEJGHHA [AOHOJHHTEILHBIX

IepeMeHHEIX,
JJIS1 OCHOBHOII 3ajaum
min {e, x?,
Ax = b,
x=0
SKLWBANEHTHOII eil KaHOHmYecKoil 3ajadeli Gymer
min <e¢, x?,
Ax ~u=h, .

x=20, uz=z0

(eHBHBANEHTHOCTE 3eCh IOHOMAeTCA TAK /Ke, KAK @ B 3a-
favax €O CMEINAaHHHIMH OrPAaHHYEHIIMH).
Ecano samMeTnTs, 4To JBOficTBEHHOI K ofeny sagauay Gy-
AeT 3ajaya
max <b, y>,

ATy <<e,
y=0,
T e 3aada (42), TO JOKa3aTeILCTBO IKBHBAIENTHOCTI CTA-
HOBHTCA TPHBHAIBHEIM,

4.5.3. B pmanbmeiimem OTHOCHTEIBHO KAHOHNUECKON 3a-
maunm Oyfem BCerfa mpeAmonarath m < n, 9To OpemoNOhe-

’
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HEe HECKONbKO ympomaer manoskenme. G fpyrofi CcTOpOHH,
B peanbHBIX CATYAIWAX BCErJa BBOJAT JONONHATEJbHEIE Ie-
peMeHHEIe — TaK  HA3HIBAEMBI  uUcKyccTéenmbll 6asuc —
YBeJMYABAA T€M CAMEIM HHCJIQ II€PeMEHHEIX 3374l € 1 70
n+m,

4.5.4, HepoiposknieHHAs yINIOBag TOYKA, YIJOBYI TOUKY
MHOMecTBa R, Oy/ieM HasHBATL HegblpoxcOeHHOU, eClIn MaT-
punma ee Oasmca mmeer paaMepuocts m X m. Taxam obpa-
30M, Y HEBHIDORIEHHON YINOBOH TOYKH X YHCAO HOJOMA-
TeNBHBIX KOMOOHEHT paBHO m. Ecim ana mpocrorsl Gymem
CYNTaTh, 9TO AJA YIIOBOl TOYRE X HOJOKHTEILHEMH Oy-
AyT DepBEle M KOMHUOHEHT, To MaTpmmeii Gasmca aToil HeBHI-
popennoil yraosoil Touxu OymeT

@y Gy eee

Bl %1 % - %nm

_am1 Cpg  eee Ay

Eeam, Kak ® Opesje, ME 3aOAMeEM YIJOBYH TOURY X
B ClIeIyomeM Baje:

X
_lo
soR ?
0
T7Ie . _
%
x=| 2 I>0,
J'm_
TO
n m _ —
Ax = X za, = 2 za,=Bx=D,
=1 =1

4.5.5. Mpumep. Iycrs muomecrso R, sagaerca B pume
X, + X, + Iy = 1,

xi—xz =0,
2,20, 2,=0, z,=0.

Taxam oGpazoMm, R, ecTh OTpe30K, COEAMOAONA TOIKH

1/2 0
x; =12 m x,=100L
0 1

O6e omm OynyT YIJIOBHIMHE, HO HEBHIPOK[IeHHON M3 HUX AB-
adeTcsa JAUINb Iepsasd, T, €. Xi. )

6B Kapvanos



TJIABAS

KOHEYHBIE METO/bI PEIIEHIISTI 3ATAY
JITHEAHOI'0 ITPOTPAMMITPOBAHIIA

B »sroit rmase GyayT manoskenH mied H OPHONUNNATE-
HEle coo0paikeHHs, Je/Kalllle B OCHOBE METOHOB pellleHHS
3afad JuHeliHoro nporpaMiupoBammfa. UnTartens me HalimeT
31ech moApobuoro pasbopa amropurmos. Ciemyomune coofpa-
AEHIsT CIIYMRAT 8TOMY OIpaBjalmeM, SHAHIE OCHOB MeTofa
I03BOJIAET YMTaTeN0 0e3 ocoforo Tpyaa CaMOCTOATENbLHO
pasofparth TOT miam uHoit amropurM. llompoGHoe mnamo.xeunme
QJTOPITMOB COREP!RITCA BO MHOIIX IINPOLO PACHPOCTPAHEH-
HBIX KHOTaX [0 JIMHEITHOMY HpOrpaMMIpoBaHnio. B mepsymwo
cuepeib 3jech MoxHO peromenpgosaTth [20] Haxomem, a ato
MosKer OBITH H €CTL caMoe INIaBloe, B THIATEIXBHOM pasbope
&J10DHTMOB HYJKIAIOTCA B IEPBYIO O4epehb Te, RTO MMeeT
OTHOIUEHIE X peajH3aliil QJITOPHTMOB B LpOrpaMMax Ha
IBM A B 5T0M cayyae caMBIM HOJe3HBIM OYJeT «HOROTATH-
csi» B CHENMUQIBHLIX CTATHAX H KHOTAX CAMOCTOATENILHO,

5.1. Coyniexcnsiii ymetoq *)

5.1.1. IInen nerona. Ilo cymiectsy, cuMnaercHull aerod
npeacrasiager cololi mociaefoBaTenbublil NepeGop yriaosbix
TOYEK, IpH KOTOPOM BHAUeHH® NeleBoil q)ynhrmu yOBIBaer
oT urepamun K nrepagod (oT ofHOI yraoBoll Toukm — K
Apyroit).

Bynmey paccmarpusarts ramommyeckyio 3ajauy JamopeiiHoro
LIPOTPaMMIPOBAHIA

min {c, X);
XER,

Ry={x: Ax=D>b, x=0}. (5.1y

TIpepmonaraercs, uto sadaua (5.1) — Heeviposcdennas,
T e HeBLIpo/hjleHAa hasKAad YIVIOBAA TOUKA MHOskecTna I,.
Ilrepenmonneiil 1mar aeroga coCTOUT B IEPEXOJe OT YEIo-
Boii TOYRH X K YIioBoii Touhe X', IPH KOTOPOM 3HAYEHHE

*}) CaMmOoneKcHBI METOJ YaCcTO HA3BIBAIOT «METOJOM IOCIe[oBa-
TEILHOIO YNYIUIeHUA OJIaHa»,
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nenepoit pynrnon yOriBaer:
- {e, x> < e, xD.

Tlycrs m3sectma yraosas Touka X. He orpamnmumsas o6m-
HOCTH, MOKHO CYATaTh, 4To Oasunc B sroit yriosoll Touk:
o0pasyioT mepssle m cronﬁuon marpuns A4, Bymenm sammck-
BaTh Marpmny A c.nenytonmu obpasom:

= [B1 D]a
rae
B= [al, Qzy ooy am], D= [a,,,.H, Amizy ooy an].

COOTBGTCTBYIOIHHM oﬁpaaom 3a0HITyTCA BEKTOPH X H C{
T T _T\' T T T
=_(XB7 xD)’; ¢ = (cB’. cD)z‘ |
T T
Xp = (xla Loy ooy xm)a Xp = (xm-l-l’ Tmi2y ooy xn)’

T
cg = (cl, Cay 0 uy cm)z Cp = (cm+11 Cm42y ooy cn)c

KoMuonenTs BexTOopa X HHOTAA HA3LIBAIOT 0a3ucHBIMU,
a BeKTOopa Xp — 6He0a3UCHBIMU,

3aMeTnM, YTO ecaAn XOTh OfHA KOMIOOHEHTA BEKTOpAa Xa —
HyleBas, TO YIIOBag TOoYKa X — BBIpOKIeHHas. 13 camon
nene, ecliH, BampAMep, Zm =0, TO, BEIYEPKUBAA H3 MATPHILL
B nocinenume crpory m croxbel, mosxydaeM, 4To X ynosier-
BOpsieT KpajpaTHoil HeocobGenHoil cmcTeMe ypaBHeHmil mopsf-
Ka m—1, 1. e. yrioBas Toura X OymeT BHIPOKIEHHOII,

5.1.2. Bubop croabna mas seoga B Oasuc. Urag, nsse-
cTHAa yriaoBasa Touwka X. Ilpum sTom

x>0, xp,=0, detB#0, Bxz=h
PaccyoTpmat BeKTQPH
[ xp—AB~1a, |

Xy =X, (M) = (71 , k=m+1,n, (5.2

. o |

rne A ssamercsa k-t KommomenToll BeKTopa X.
Bo-nepsuix, saMeTmM, 9TO IOCKOIBKY Xz >0, To npm
manex A >0 6ygper x, = 0. lanee, Tak Kax

Axk = 2 [.1,', — ).(B"a,‘),] a, + kak = ”
1 ‘

= Bxp — ABB'a, + Aay = Bxz=h, (5.3)
6*
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10 X, € R, mpu manwix A >0 Kpoae toro,
{c, x,) = {cp, xp> — A{cs, B~'a,? +he, =
= (¢, x> — A[{es, B 'a) — ¢l

Qbo3uaum
Ak = (Cp, B_‘a;) — Cp. (5 4)

Beanunma A, onpepmesdena jas awodoro A =1, n, upmuem
opu A =1, m, nocroashy B~ 'a,=e, (e, — h-I hoopguuat-
HBI BEnTOD), IIMeeM

Ak = <CB, B_ia;,) —Cp = <CB, Ch> = Cpr=Cy —Cp = 0
OnoHuaTeALHO DOJYUYAEM COOTHOUIEHHE
{e,x,>={e,x>—1\,, h=1,n, (55)

5.1.3. Bubop croafua paa punpoja 13 Oasuca. B sasucn-
MOCTI OT sHakvB peamvun A, 1 (B7'a,), sosnunawor TpU
CI3 uast

I Eeanr 1a amboio L=1,1 631er A, <0, To TounA
X — OUIHMadbHas

Hencrputeapiio, 0005HAMIM

S (R-1\T
y=(B"¢s

Torga yetonite A, <0 sannmercas Takn'

Ay =Les, B 'a,) — ¢y =<(B") e a2 — =

=<y,ak>“ck<0, IL= , 1t
1111, 4TO0 TO e caroe,

ATy <e.
Ilocroapry [BoiicTsenHon h 3agade (5 1) sBasercs sagawa
(T o
maQX <b1 y>z QO = [YZ 4 Y < C}, (0.6)
YEQ

10 y=Q, I Tar nax
Ce, x) = (Cg, x57 = <€z, B~b> = {(B~")7¢s, b = (y, b),
To n3 TeopevLl 425 c¢TejyeT ONTINATHHOCTH TOURI X
II Ecao maiigerea momep k= m+ 1 rtanon, uro
A>0 1 B 'a, <0,

TO MHOMmecTBO R, meorpaurdeHo u ¢yHEOua ¢, X) Heorpa-
HudeHa cHuay Ha R..
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Neficrentensao, u3 (5.2) caepyer, ato mpm mobom A >0
Oyner -
~ x=x,(A)=0.

Orcioma m m3 (5.3) momyuaem, uro X,(A)SR,. A m3 (5.5)
caenyer, 9T0 :
{e, x,(A) > = —oo
npu A — +oo,
II1. Iycts maiinyrea Taxkue k=m+1 n i<m, qro
A,>0m (B 'a)i>0%*).

B oroM cayuae menaercsa mrepanuonmsii mar. OGozmagnm

I,={1: (B 'a,):>0}
1 BrGepeM

B~ 1b), B~1b
i 7»=7»0=min(_] )‘=(_] )‘.
ien, (B7',), (B 7'),
JameTnM, 910 Ao = 0, IOCKOALKY
(B“‘b);=x.~>0, i=1,m.

Mpr takoM BBIGOpe BENMUOOE Ao TOUKA x, =X, {Ao) cra-
HOBATCH mONyCTHMOil Toukoii mmoskecrsa R, (cM. (5.2) m
(5.3)). Homep s, naa KoTeporo AoCTATAeTCH MOHEMYM B
(5.7), emmECTBEH BBHAY HEBBIPOK/IEHHOCTH B3ajaid (5.1).
B camom jere, ecam Gn MmmEmMyM mocTmranca Gonee wem
s opHOro HoMepa, To m3 (5.3) BUAHO, UTO BEKTOP b BuI-
paaics Gl IIHEHO ¢ IONOKHTENLHHIMA KodPdunmenTaMNU
MeHee YeM uepe3 M BeKTOpOB & Martpumsl 4, T. . TOUKa X
yhoslersopsita GBI cmcTeMe yPaBHEHHI pasMepPHOCTH, MeHb-
meit m, §, CIefOBATENBHO, TOUYKA X Gbura OB BHIPOKAEHHOM
yrioBoit TOuKoif. A 9TO TPOTHBODEUHT HPEAUOJIOKEHHI0 O
HeBbIporsaermocT®. To, 9TO X, — yriaosag ToUKa, TPOBEPHTH
geTpyxHo. 1A 9TOTO JOCTATOYHO MOKAa3aTh, 4TO CHCTEMA
BEKTODOB By, 83, o+ Aumiy Bsgsy ooy @m, 8y JHHEIIHO He3aBm-
cuma. IIpefmonosKuM OpPOTHBHOE, T. €. WTO HAlAyTCA Takme
qncaa Pi, Bz orey Ba—ty Botty ooy Pmy Pry HE BCE paBmble HYIIO,
410

G.7)

2 B.a, + Pray =0, (5.8)
{78

*) HamommmM, uro sanmch (B~'a;), o3mataer i-10 KOMIOHEHTY
pextopa B~ lay, . -~
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O6o3nauny
Zp=(B'ay)w (59)
Torga Toxmecrso BB~'a,— a, =0 samnmerca tax:

om
2 258, —a, =0,
1=1

YMBO3#ag 9T0 TOMAECTBO Ha Py m craagmsas ¢ (5.8), mo-
ayuaem

m
1§1 (61 + ﬁkzlh) a| + ﬁhzshas = 0-
iF#s

Tax xar det B+ 0, To 5To paBeHCTBO BO3MOMHO JEIIL IpRm
BCeX HYaeBBIX KoodduuueHntax:

. Bit Buzu=0, i=1,m, i%*s, B2,=0.

Ho
. za=(B"a;), >0,

N

nockoJibhy s €1, m, caefosatennso, B.=0, a Torma m BCe
po=0, u1T0 mpoTHBOpEUNT DpENUONONEHHI0 © WHCIAX P,
627 sy Bl-h BH—M sy Pmy phe
5.1.4. Koneunoers Merosa. Hrtak, X, — nosasg yriosas
TOUYKa, NpAUEM
e, x> = {e, x> — A A, < <e, X, (5.10)

W3 wnanoxsenHoro BhINIe ciefyeT, 9TO HTePANHOHHBI mar
CHMIUIEKCHOT'O MeTOJa COCTOHT B TAKOM Iepexofie oT Gaamca
a, A, .., A4y, &, 844y, ..., 8 K Oasucy a;, a,, ..., a,-y,
44y - .. 8m, 8, IDH KOTOpOM HexeBasd (PyBKOEA yOHBaeT,
a4 BHAYNT, CAMIVIEKCHHI MeTONX IpPHBOAAT K YIJIOBOH Touke
x*, B KOTOpOil /locTHraeTcA MEHHEMYM, 3a KOHEYHOE WHCIO
nTepanmil,

5.2. PekyppeHTHEIe COOTHOINEHHA AJTOPATMA
CHMIIEKCHOr0 MeTojla (CBA3b MEMAy NapaMeTpaMu
- noCaeAoBaTeabHLX nTepanuii)

5.2.1. Beenen caenyiomue o00o3HaueHHS:
8, =b, Z,h=(B_’ak){, i= 1, m, k=0, n,
2o = Ah = 11 R, Zyp= <c1 o

-

Taxmy oGpasoM, mapaMeTpPaVW, COOTBETCTBYIOIIMA yI-
J0BOH TOUKE X, ABIAKICA uHcAa 24 (i=0,m, j=0,n),
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a mapaMeTpaMm HoBoit yrmosoit TourmVAXx(Ao) Gyayr wuc-
73 vy CBf3h MeKIy O9TAMH HapaMeTpaMH yCTAaHABJINBAETCH
“caenyomamMa GopMyIaMu:

zs] . . a
Vy =2y — 2% i=0,m, iz s j=0,n,
8
. . (5.11)
3§ o o
Uy =5 j=0,n.
f1.3
HeiicTBrTenBHO,

m
a,=hb (B—lak) = 21 Z,5

7 TAaK KaK 1O YCJIOBHIO Z4 =(B~'a,),> 0, 10

rge

anee, TOCKOIBRY ~
m

1= 2 2,84, 1=0,n4
1=1

TO
r
a,= Z 2,8, + 25,85 =
3

’ 2z
1k
- Sat (=T a)
: ’ 4 4
8} 37
= 2 (ZU — 2 z—-) a, + z— Qpe
2 sk sk

CpaBHHBaH 9TO OpeJCcTaBlIeHUe BeRTopa a; ¢ cooTHOOIe~
HuAMU

14
a; = 2{ v, +U,ap;

OIpeNleAIOMIMA HapaMeTpsl Uy, IoxydaeM Qopiyibt (511
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mpa j=0,nui=1,m JQuai1=0uj 1nmxeeu
—'<CP,B a]>_.c] 2: Ci2y — Cpe

IToaToMy

14
Uy = 2 Cly + Coyy — ¢ =

’ Zs’ Zsj
= Z ¢, (zu— Z‘h;—)—CJ+Ck;—=

1 sk sk
z,,
= C zl] Zn z_. — ¢+ =
sk sh
m
N ) 57
=Zy— Zczzm e = Zg5 = Zyy z—;'
S, 8,

1=1
Haronen, 3 (5.10) u (57) moayuaewm

2.0

Voo = Zg9 — Yoy = 24 — ZoRe

Z5n

Tanuy ofpasov, gonasama cupapegimoocts dopyya (5 11),
5.3. Merojsr orsieramnss nexonuoii yraopoit Towrm

5.3.1. HauGonee pacupocTpanenHLIME ABIASIOTCA Tak Ha-
BEIBAEMEle MeTOdbl UCKYCClgeHHozo 6asuca, CyTb KOTOPLIX
COCTOHT B CIeAYIOUIEM, CTPONTCA TAahafd BCIOMOraTelLHASA
LhaHoHMYechasa 3ajada JUOReIIHOrO NpoTpaMMIIPOBAHUA C 3a-
paHee U3BeCTHOI YraoBoil Tounoil, II0 peIeHHI0 KOTOpoil
TPHBUATLHO CTPOUTCS JIHO0 YTI0Bafg TOYLA, JHG0 ONTHMATb-
Hasa Touna samaun (51) Tarmu obpasoy, mpomecc oTbicha-
noA JICXodHoll yruoBoil TOUKH cBsi3al ¢ pPelledneM HOBO{T
sajaun JHeliHOre HPOTPAMMIpPOBAHNI, I II03TOMY OH, BO-
o0Ime roBops, CTOJb he TPYMOEMOK, RAK I IPONECC CTLHIChA~
HusA pememusa sajaun (9.) opm nsBecTHON HCXOAHON yre
JI0BOi1 TOULE ~
"~ 5.3.2. Merog mexycerpemstoro Gasuca. Paccuarpmpaertcs
2371214 OTLICKRALL YIIOLOIl TOYLI MHOALECTBA

o={X. .1X=b, X;U}-

He yaanaa o6moimocTir, Mo¥kHo IIpegmo;aaraTs, dto b=0
IlocTpomy cunepyroIIyio BCIOMOraTedLHYH 3ajady B Opo-
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crparcTBe E,im:

., in 2 u,,
XOSW=1 (5.12)

W_—.{[fl]: Ax+u=b, x>0, u>0]

¢ 3apaHee H3BeCTHOIl yrioBoil Touxoil

g x| [0
ul |b
muoxectsa W. llpamensnsa CIZIMHJIBKGBBIH MeTof, HaxofiAT

L’::]-— pemenue 3apagn (5.12). O6osmaqnm

o *
p== 2 u,.
=1
5.3.3. Teopema. Ecau p=0, 7o x* — yeao6as rouka
muoxecréa Ro. Ecau n>0, o R, = 2.
IloxaszareixbcTBO. Bo—nemex, ACHO, 4YTO 3ajada
(5.12) paspemnma, nockoasxy W # &, a memesaa QyHKIHA
m

> u, orpaHmueHa CHE3y HyJIeM.
=1

Ecam pn=0, 10

x* x¥

- u*] |0
— onTMMalbHAA yriosag Touka sagaud (9.12), mockoabry
9Ta 3ajava peliaeTcs CHMILIEKCHEIM METOAOM, KOTOPHI ocy-
mectBnaer nepebop yrmoBHx Touek. OgeBunmo, uwro X* —

yrioBas Touka MHoxsectsa Ro. Ilycrs temeps p > 0. Ilpen-
monoskuM, uro R, 9, 1. e. maiigerca xR, Ho 7Torma

21-[i
uj 1|0
Gyner pemenmem sagaua (5.12), uro mpormBOpeumr Hpen-
MON0KEHAI0 O HONOKATEILHOCTA BeMIHUIHHL U, A

3aMmeTnM, UTo MeTol MCKyccTBeHHoro Oasmca ABiIfeTCS
COCTABHOI YacThI0 GOJBIIMHCTBA CTAHNAPTHHIX MPOTPaMM JiA
9BM cmMmiexcHoro MeTofa pelileHMs 3aja% JimHelHOro
IporpaMMEPOBAHAA.

IIpnmenenme MeToma WCKyccTBeHHoTo 6asmca NpHBOXAT
K ToMy, uTo 3aflavy (9.!) mpuxopmTcsa pemaTh B ABa 9TAUa;
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BHaYaTe pemlaTh BeHmoMorartenpHyI0 3amauy (5.12), a sarem
cobcrsenno sagmawy (5.1). Caepylommit MeTon mossodser
o6pennnuTs 06a aTama. .

5.3.4. M-merop. PaccMoTpuM CIeAyIOmyI0 BCIOMOraTeb-

HYI0 3a7auy:

min l:(c2 x> -+ MZ ul],
v i=1

x,ue

(5.13)
W={[§]: Ax +u=Dhb,x>0, u>0}.

5.3.5. Teopema. Ecau paspewuna sadava (51), ro
Halderca Takoe uucao M, uro das ecex M> M, e arobon

x* "
peleruu u*] sadauu (5 13) rouke x* 6yder onTuMmasvhol

Oua 3adawu (9 1).

Hoxazarenncrso. Ilo ycmobmo zagama (5 1) pas-
pemmMa, T. e. CyIlecTBYeT oNTHMadbHas Touna A*. Ho Torja
paspellnMa ¥ ABoificTBeHHas 3aaua

<b, y*) = max <b, y),
Qo={y: ATy <c}.
Ilo Teopeme 4.25 x* 1 y* 6yayT yaonaeTsopaTh clenyiomeit

CHOCTexMe:
Ax=Db, x=20, A'y<e, <{c,x>=<b,y>. (5.14)

Hocronrny 3amaua

max (b, Y, P= (y: ATy<c) <M, 1= —1—177'}
y<=P

ABiaAeTCa NBolicTBenHoll k (5 13), To HeolroamMelM ©w fO-
CTATOYHBIM YCJIOBIEM CyLIeCTBOBAHNIA pellleHOs 3ajaum
(5.13) (a caegomateabmo, n gBolicTBeHHOH K Heil) Oyner
CYLIECTBOBAHUE DEIIEHNH CIeAYIOIell CHCTEMBI HePaBeHCTE:
Ax+u=b, x=0 u=0,
ATy<e, y<M, i=1,m, (5.13)

m

<Cz X) + M 21 U, = <b1 y>'

Hochoaky »* m y* ynosiersopsior cmeteme (5 14), 7o
¥=3x% u=u*=0, y=y* Gyayr YHOBIETBOPATL CHCTEME
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(5.15) pgna mcex
. M>M,=max{y}, y3, .., yml-

Tor daxr, uro npn M > M, » moboMm pemenmm x*, u*
sagaum (5 13) Gymer u* =0 m, ciemosatenbno, X* gsnsercd
pemenmeM sagaum (5.1), ABIAeTcA CIefCTBHeM YCIOBHL
(46). A

5.3.6. Odcy:peune, Ouesnano, gro upx b = 0 Touxa

[:]= 1]
- uj |b
apageTcsa yraosoii Toukeil MuomecrBa W Humennmo sty Touxy
7 BHIOHpAIOT B KauecTBe HCXOMHOI /1A NpPUMeHEHAA CIMI-
JIeKCHOTO aJITOpPHTMA.

Ha mpaxtnke mer my:sa® onpefensarts gncio M, B ka-

gectee M oOpiuno BmIGmparor FocTaTouHo GonsINoce 4HCHIO,
HanpuMep

M>mg {laij l, lcq, |1 le I}'
~Tin

1,m

[y

Haxomen samermM, uro ecam M-zamaua (5.13) mmeer
pellleHHe, TO CYLIeCTByeT pellleHNe CHCTeMbHl HepaBeHCTB
(5.15), a cneposatensro, Q.7 2. Boumy aToro m3 Teopemst
4.2 8 nmomyqaem, uto ecim R, %2 n cymecTsyeT pemnlenne
M-3anaum, To cymecTByeT pellenme NCXoAHo# 3amaum (5.1).
ToaToMy Teopema 535 cupaseuimBa B YCJIOBHAX CYINECTRO-
panms pemienns M-3agaud m HemycToTH MHoMecTBa Ho.
Orciona NpHOXofUM K CAeAyouleMy BHBOMY: eCTH CYIIeCTBY-
10T CKOJb yrojiHo Gomnmme spavennsa M rtakme, 4To B pelle-

~

HOH [E:] 3agaun (5.13) Gymer

*
max u, >0,

1=1,m

To mcxonaHad 3agada (5.1) HepaspemmMma.

5.4. Buposxpennocts, Meton Bosmymenmii

5.4.1. 3anuraneanume. B cayuae, Korfga yriosaa ToUKa X
MHO;KeCcTBa R, BHIpOKIeHA, YACIO €e MOJOMHTEABHBIX KOM-
noenT Oyfer MemsmuM m. Torxa Moer oKasaTbCsA, ~4TO
Ao=0 (cu. (5.7)) m, cremoBaTedabHO, NPH Iepexofie B CHM-
ILIEKCHOM MeTofle 0T BHIDOJKAeHHOI yrioBoil TOUKH X K Cie-
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Rytouleil yriopoit Touke 3HadYeHNe HeaeBoil GyHROUD MoeT
ne yOoieate (cM. (5.10)). Kpome toro, mar Mer Bmgeam,
BLIPOKAEHHOCTL MOKET IIOBIeYh 3a Co0oli HeOTHO3HAYNOCTH
sbifopa BeKTopa, HCKIoYaeMoro na 6asmca, TMpH Hepesone
OT YNIOBOHM TOYRHI X K BBHIPOM{ICHNON YIVIOBOII ToUhe X, =
=Xk(7\~0)'

J1I 0GCTOSTENECTEA TCOPETHTECKI MOTYT NPHBECTH h Ab-
JIEHHIO 3aI[IKIIBAHOA, KOTAA 4Yepes HEKOTOpOe YICJI0 ITe-
panumii mponefypa CHMINIERCHOrO MeTONa HPHBORHT K Hpesk-
neil yrgosoii Toure. [usn mpeofonenna ABTEHNA BaIIEAN-
BaHIf CYIeCTBYyeT IPABIN0 BHIOOpA BEKTOPA, HCKIIOYAEMOTO
n3 Oasica, OCHOBAHHOe HA TAah HA3EIBAEMOM METOJE BO3-
Mymeniit —

5.4.2. Meron poamymenuii. Ipeamomossmy, 9to yraosoit
TOUKE X MIOKecTBa f{; COOTBETCTBYeT Tahaf INHe{THC Heaa-

BHCHMAA CHCTEMAa Nl BERTOPOB &y, 83, ..., dm, UTO Xz=
=B"'b>0 (B oraumune 0T HERHIPOSKIEHHOTO CIYYaf, ROLAA
x;>0), rae B=[a, a;,, , a.]

PaccMoTpIIM (BO2MYLIEHHBIY BERTOD
n

b =b+3 ¢a,
=1

Tje &-— OCTATOWIIO Manoe MHoJxoiknTenbuoe wmnciao (e > 0),
a ¢’ o3magaer j-10 crenens Tcta . OGo3nauNB, Kak 1 lpe k-
ae, z,=(B'a,), noayuacy

n m n m
b4 Déda,=Dra +3edz,8 =
=1 =1 =1 =1

Tar rar
Zin j= mv
2, =10, ]ﬁél’]’—‘l’—”{z
!11 j=14L]1=1,m,

TO

n n
z,(t) Az, + 321 2,8 =z, +&' + 2,8, 1=1,m.

I=m+1
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5.4.3. e-samausa. PaccmoTpmM mapspy ¢ 3agaveit
min (¢, x), (51)

X=R,
) R,={x: Ax=D0b, x>0},
TaK HA3LIBAEMYI0 €£-331aUy

. min (e, x(g)),
x(e)=Ry(e)

R,(e)=1{x(e): Ax(e)=Db(e), x(e)=0}

U TORakeM, 4TO JIIA BCeX fAocTarodHo Maabix € >> 0 sra 3a-
7aya HeBHIPOKMEHA, N

Ilycers a,, @, ..., &, — NpOM3BONbHAA JHHeliHO HE3aBN-
caMasa cmcTeMa BerTopos Matpmubl A, Tark xak Qymrgun

z.(e) (1=1,m) mpencrasaanT coboii MHOTOWIENH OTHOCH-
TeNBbHO €, He paBHHe ToMuecrsenno myawo (cm, (5.16)), To
Kassielii B3 HUX Hameer He Goxee n KOpHel H, CIe/lOBATENbHO,
He fosee n MONOMKHTENLHHIX KOpHeil.

Ilycte 1 — HanmMeHBINHI DOJIOMUTENLHBII KOPEHL cpenu
BCEX IIOJIOKATENHEHX KOpDHell m wMHorouremos z.(e) (1=

=1, m) (ecnn MONOKUTENALHBIX KOPHeil HeT HH y OIHOrO
H3 STHX MHOTOWIEHOB, TO mojJaraeM 1 =), Beamumma n
onpenenseTcs BHIOpamHOII crncTeMoil JHHEIHO He3aBHCHMEIX
BEKTOPOB &y, a3, .., dm, W IOCKOIBKY 9YHCJIO JHHeiIHO He3a-
BHCHMBIX CIICTEM BEKTOpoB MaTpunsl A KOHEYHO, TO KOHEYHO
A YACNO COOTBETCTBYIOINEX HAUMEHBINUX IOJQMKHTENIbHBIX
KopHeil 1
ITycrs &,> 0 — mamMenbmiee m3 Bcex dgmcex m (T e.
HAaOMeHBINNl HOJOMATeABHBIA KOpPeHb BCeX MHOTOWIEHOB
z,(e), MOCTPOGHHBIX NO BCEBO3MOKHLIM JiMHeiino He3apHCH-
MBIM cECTeMaM BeKTopoB Matprusl A). fleBo, ato npn e < g,
HO oAuMH W3 MHOorowiernos BuAa (5 16) me oGpamaerca B ByJIB
(e >0), a cnejjoBatenbuo, BCAKAA YII0Basg TOUKA €-3afa4M
COJEpsKAT M TOJOKATENbHHX KOMIOHEHT, T. €. HeBBIPOK-
flena. N
MoskHO MOKa3aTh, YTO JUIA MAJNBIX € YTJIOBEIM TOYKAM
xR, n x(e)e= R,(e) cootseTcTByer onmH H TOT e Ga-
smc *), HOITOMY [ OAHO3HaYHOro BEIOOpa mmercca( srfg,.,
B~™'b
Ha KOTODOM [IOCTHTAeTCA MEHAMYM OTHOINEHOS (—gzﬁ-
1

(5.17)

*) Crporoe ofocnopanme 3100 yTeep:taenua Mexmo maiita B [20].
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(cv. (5.7)) mpm cnvmiekcioil mpoueaype pellenns samatmd
(5 1), nemecoobpasno obpatntLest h e-3amave Takmiy obpa-
80M, B havecTse HOMepa § BenTOpPa a,, HCKIMYAEMOro H3
Gasnca, ciemyer BLIOpaTh TOT HoMep (eIHCTEEHHBII BBILY
HeBLIPO;KAGUNOCTH  €-3371a4ll), A KOTOPOTO  HOCTHTAGTCS
MIIHMYM OTHOLICIIIA

Z z z z
=min |~ fe-t 4222 L pent |
Zn Zik 2

€l | Za ik

5.44. Ha nmpanTnre mer my:RARI DCPENOMITL K e-2a7ate.
3 mpespiayienr Gopyyasl scHO, TTO BLIGOD HOMCPA S MO/h-
HO OCYHIECTBIITL CAEIYIOU{N [TYTCM

OdGosuaume uepes Iy (Sy) COBOLYIHOCTL mHIencOB s. €I,
B2 LOTOPBIX JOCTHTAETCSH \MIHUMYM OTHOMIEHILA

$ 1‘1
= min —
spk =1 Yk

1 Sy & IH) (SR)'

Ecan I (ss) coctont Gotee wes m3 o1HOIO 3NeMenta, To
BLIYIICISIIOT

21 2o
= mun —, s li,(s).

z vz, ol 1

sih SpE1Lo(sn) “suh

Ecan [, (s;) coctont 13 oxioro dJICMENTA, TO 8, H eCTh IIC-
noMutii novep Eetn 7y, (s)) cogep.ssut gpa u Gotee paevien-
TOB, TO BEIYLICJIOT
z
8.9 512
zsl)h 5151h1(5 l) “sih

n 1. p flemo, uto Tanoir mponmecc nomeven o mPHEOANT K
0/II03HAYHOMY BLIOPY IICKOMOTO IHOMepa

9.4.5. OnuT npmMeHenis CHMIVICKCHON0 MCTOZA MORA3al,
9TO IS HCEAIOYeRNA BOMOMIOCTI SRIIILIIBAILT 001dTOU-
1o peIOpath n1060f1 peryaspuunlii cHocol OMHOZHAMNOTO Bbhi-
J0pa HOMepa S, HAUPUMep, B hadyecTse S MO/KHO BHIGPATD
epsulii (B MODANLE YCTAUORNEHION HyMEPAmmn) HOMep, Ji 15
KOTOpOro pocruraercs MunoMyv oTHomenun (5.7), Ilpu
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DTOM €CTeCTBenHO, 9TO HOMep K TaK:Ke JoiKeH BHIGUpaTheA
(ecim oH He eHHCTBeN) PeryIAPHHIM crocofoM; mampmmep,
cpenn Beex k taxux, uto A, >0 m (B~'a,)¢> 0, Moo BH-
6mpaTh TOT, AAA KOTOPOro Bejnumaa A, — HamMeHbIIAdl.

5.5. 3aMevanme o MPIMEHEHNN CHMILIEKCHOTO METoAa
JUIf pemienns CNENMAaIBNHX KIACCOB 3aAad
aAnHefiHOro mMpOrpaMMHPOBAHNA

5.5.1. Hocronbrxy nmbas samaua JmHeIHOTO IporpamMi-
poBanmsa, B Kakoii Gs1 (popme oma Hm Obl1a sammcasa, Mo-
seT GBITH TpHBE[leHa K SKBHBAJeHTHOH KaHOHAMYECKOil 3aja-
Ye, TO CHMILIEKCHEIT M@TO fABIASTCA B ONpefeJeHHOM CMBIC-
e YHHBepCAJIbHBIM METOJOM B JHHEHOM NIpPOrpaMMHpO-
BAHMM.

OnHako, Kax Mbl BHfENN, OpUBe/leHNe K KaHOHAYECKOMY
BOY, KAK NpPaBHJIO, CONPAMKEHO C CHIJIBHBIM YBelOYeHHeM
pasMepoB Matpumsl ycaosmil. 3To B CBOIO ouepefsb Tpebyer,
BO-TIepBHIX, Goxpmioro ofmeMa omepaTHBHON MAMATH MAmIAH
(a 0H cymecTBeHHO OrpaHHmdYen) H, BO-BTODHIX, CHJIBHO yBe-
AHYNBaeT YHCIO HTeparuil A HoayueHHd penleHAs 3ajadm.

Bce aT0 mpuBeno K HeoGXOMAMOCTH BBIAENATH KJIACCH da-
CTO BCTPEUAIIAXCA THNMUHBIX 3afjad U pa3pabaTeIBaTh JIA
HAX cHeInajgbHble BapHAHTHI CHMIVIEKCHOTO METONA.

K rakmMm kaaccaM 3aad OTHOCATCA B IEpPBYi0 odepens
3a7a90 ¢ JBYCTODOHHHMI OIPAHHYCHASMH HA IepeMeHHbe,
Koria JODYVCTIMOE MHOKEeCTBO 3aJaeTCs YCHOBHAMH BAJA
Ax=Db, d;<x<d,.

BrlumcanTesbHble CXEMBI CAMIIEKCHOTO MeTofa MJA Ta-
Kux 3ajad mofapobuo pacemorpens B [21].

5.6. O MouNIIPOBAHNOM CHMILIEKCHOM MeTope *)

5.6.1. B o6bIamoM COMIUIEKCHOM MeTofe Ha KasKgoi mre-
panma Bce aneMenThl Marpmmsl A mpeoGpasyrooTesa 1o dop-
mynam (5.11). B moxmdummposamHOM MeTORe HA KaaoM
Irare BHIUHCIAIOT MaTpury B~' p saTeM, IOAB3YACH eI0, BEI-
YHCIAIOT

y=(B")Tes, Av=<y, > —c, B'b

*) VcramoBmBIIErocs massammsa MeTofa HeT Mmoraa ero HaseBa-
10T ¢METOHOM 00PATHON MATPHILIY, HHOTAA ¢BTOPHIM AJrOPHTMOM CHM-
JIEKCHOTO MeTojan,
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1 n Ilocne atoro, momsaysace mpocTMm PeKYyppeHTHBIMD
(opryTaML, IEPeXOAT OT MATPHLEL

B~'= [ai, A2y 400y Bsmgy Ay, Dspgy ouny am]—l
R Marpune
- - -1
B! =[a,, dzy o, A1, 8y, QAsity 1oy am] N

COOTBETCTRYIOWell HOBOM YrI0BOi TOYRe.

Tarnum o6pasoym, ma opmoit uTepauudm npeodpasyIoTCs I
Xpanarca B nmamaru IBM amme asnesenth MaTpmub B,
Hpu s10M o6merr rexymeit HHQPOPMAIIIN, 3aN0MIHAEMOII Ma-
unnofi, nak mpasmio, cokpamaerca, Kpoae TOI'O, eClim MaT-
puna A copep:xur Gonmbimoe umeso HYJIEBBIX 3IeMEUTOB, TO B
MOIUQIUIPOBAHHOM CHMILIEKCHOM MeTONe BBIYHCTHTEIbHAS
CieMa MO&eT OBITh €OCTaBIeHa TakK, YTOOH B BRIVHCIEHIAYX
Ha hamjoM 1HaTe CKaJAPHBIX NPOM3BEIEHNI YYacTBOBAJI

-~ JAUIIEL HeHyJessle diaeMentel Matpumel A Jro cymectsenmo
conpamaer o0beyM BEIYNCICHNI I HO3BOJAAET ROMIAKTHO pas-
MECTITL HeHyleBble 9JeMEHTH MaTpunel A B samoyimaw-
nieM vVCTpoiicTBe Malmmmer

9.6.2. Pexcyppentusle cooTmomenms MoAu(GIIUPoBaHIOTD
CHMILICRCIIOTO METONA MOKHO WOAYMUTh I3 (OPMYI Iepexo-
Aa or Matponsl B~ k marpume B,

OGoznmaunn dueMeHTs! MaTpunel B! wepes a,,', a war-
punst B~ — gepes a,":

B =[e7'], B'=[a;'].

Torma
-1
e | -1 as]
Gy =0ay,; — 2y P 155,
sk
-1
P B
8) T T e
Zsh

Copaseximsocets sTux QOpIMYT IPOBepAETCH YAHOMmenTeN
MaTpunel B ma matpuny B~ p pesyasrtare KOTOPOro Hoay-

JaeTcHad eJUHHHYHAA Marpona.

9.7, MyasTumingarisioce npeacTasieuie
obparroii marpuie

5.7.1. Myaprunancaropur. Haa yvenvinesns noamuectsa
nugopManu, mopTeskaweit SaOMHHAHNI, B MOAupHIEpo-
BAHHOM CIMIITEKCHOM METO/ie YaCTo IOJNb3YITCA CACRYOIIIM
MyJBTHIVINAATIBEBIM IpeJCTaBIeHIeM ofpatroit MaTpmmsI,



58 IBONCTBEHHBIN CHMITIEKCHEIZ METOI ‘ 97

Hazosem auemenraproli marpuny Bmpa

10 ... w,, 0 ... 0
01 ... wy, O ... 0
Go=lo o . w0 0} -
00 .. wpy 0.1
TIe -
w,h=—%:, =5, w5h=z—:h-

(mEmexc s osmavaer, 4T0 cTONGeN BIEMEHTOB W, CTOHT Ha
s-M Mecte). Jlerko nposepuTs, 4TO

: G.B~ =B, .

IIpomenypa MOIUPANAPOBARHEOr0 CHMILIEKCHOTO MeToga
HaUYAHAETCHA, KAaK NPABHIO, C/ ¢[HHAYHOTO 0asmca, KOTOPOMY
COOTBETCTBYeT. efmHanynEaa MaTpuna G. Ilycrs Ha nepBOM
mare B 6a3uc BMeCTO €s, BBOMUTCA BEKTOP a’H' Torma mart-

puneit By', ofpaTHoii K Marpune HOBOTo Oasmca, Gymer
Bt = G, G,
a Ha p-M mIare

B'=6,6 G,G. -

spy * e

ITockonpry kKampas Matpmna G, ompepmenserca (m -+ 1)
YACIOM BEJIHYRH S, Wik, Wik, +oey Wmp, TO MYIBTHIIAKATHB-
Hasg ¢opMa sammcm o0paTHOH MaTPHUIE! MEHBING 3Arpy’KaeT
TaMATH MaUIMHHL, 9eM o0Branasgd,

5.7.2. 3amevanmme. Tmarensmsii pasbop aaropmrMa
MOIU(PHIAPOBAHAOTO CHMILIEKCHOTO METOAR, a TaKKe MYJIb-
THINIAKATABHOII 3amucn 00paTHOR MATpPHIE! 9HTATeNb HaiineT
B kmure [20].

5.8. JIpoiicTBennsiii caMmmiaeKcHwIi MeTox *)

5.8.1. Mpesn meropa. Kax mm Bmmemn, coMmexcusniii Me-
TOX I03BONAET HAPAAY C IOJyYeHWEM DeIIeHHs OPAMON 3a-
[aY¥ NOAYYaTh W pelIeHHe

T Y =(B)es

L

*) Hapsany ¢ Ha3BaEMEM (BOHCTBEHHEHI{ CUMILICKCHBI METOE»
NPHHATO HA3BAHNG (METOR HOCTENOBATENHHOIO YTOUHEHN; ONEHOKY,
CMBICT KOTOpOTO OyZeT BHIACHEH B m. 5.9,

7 B. I Kapmanog -
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nsoficreenmolt 3ajaun (caydait I cmMmiencHoro meropa).
DTOT pe3yabTaT I JEKNT B OCHOBE NBONCTBEHHOrO CHMILIEh-
cHoro MeTofa peurenna sagauu (95 1).

CyTh MeTofla COCTONT B TahOM HOCHEN0BATEIbHOM Iepe-
ope YIIOBEIX TOUER JOHMYCTIMOIO MHoiiectBa (o fiBoiicTmem-
molt samaun (5 6), mpm KoTopoM 3HaueHHe HedeBoil QyHRIIU
<b, y> Bo3pacTaer, T e B IpPIMeHEHHI CHMIIERCHOIO MeTofa
h pemrenmio ApolicTeenHoil sagaunm Ilochoabhy pBoilcTBEH-
HBII CHMILIERCHBII MeTOJi HAac HHTepecyeT haK MeToj pelle-
noa sajayn (51), BRACHOM, YTO O03HAYAOT I8  3a/4avd
(51) mpeoGpasoBanilA Kasiforo NTEPamOHHOrO Iuara CHM-
IIenCLOro MeToja, IpHMeHeHHOro h 3afaue (O 6).

Bynmen mpeamosarath, 4to sapgada (5 6) mnesmipoipmena,
T. e. Ra/KIOH yIoBoil Toumre MHOMecTBa (Jo COOTBETCTBYeT
hBajpaTHas HeocobemHas (HeBBIDOhJIeHHAA) CICTeMa ypaB-
HeHIT pasMepHOCTH M, MAaTpuily hOTopoil HasbBAwT J60l-
creennpia 6asucor nparoi sadauw (5.1).

5.8.2. lrepanua merona. llycTs masectHa yriioBas TOYha
y MHOoAectBa Q. DTo 03HaTaeT, 4IO I3BeCTeH Tahoil ABOIi-
cTBeHHHIT 6asmc

B=]a, a, ..., an},

110 TouKa ¥ = (B~')7cs yroBieTEOPAET BEPRBEHCIBY
A=Ay —¢c<0
o 410

0 mpnoi=1,m,
A; = (Y, az> — 0= (ATy)l — 6= ’

A, <O opn i =m+1, n.
OGo3Hagnmy, hak I Tpede, .
Xg = B_ib, Z,h == (B_’ah),
1, hpoMe TOrO,
-1 -1 -1 -1
B —_%[alaa2)"'18m]1
-1 ~ ’ ~1
7. e "epe3 A, o6o3Hauena i~A CTPOha MarTpomsr B~
Paccaorpiy BenTopHI
Ys Ayi(0) =y—06a;!, s=1,m.
flocrhoabry

) 0 nmpu i=1,m, 1#£s,
(as_lz ay=141 npu i =S,
Zg, upn 1=m+1, n,
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TO 5 -
(ATYS)t = <YS1_ a;) =
& mpr i =T, m, iss,
=!c,—0 . OpH = s,
V8> =02, =AM, —0zy+¢;, mpn i=m + 1, n,
. - (5.18)

B saBmemMocTH 0T 3HAKOB BENMUNH Z, W Z,; BOBHHKAIT
TPHE caydad.
I. Ecim x5 = 0, 10 .

Xp
= 0 =R,

0

M, CNENOBATENLHO, TOYKA X — ONTHMAJBHAA (cM. caydait I
CHMIIEKCHOTO MeToja).

II. Ecnim maiifercs momep s<<m Taroii, g10 z,<0 n
24=>0 pna seex i=m+1,n, 10 y,=Q, g1 moboro 6> 0
H, ClIefl0BATeIbHO, MHOMECTBO (), HeOTrPAHHYEHO H

<bt Y = <b1 Y>_e<b1. as—1> = <b1 Y) —0x;—> + o0

mpa 8 - +oo, 1. 6. MHOKECTBO R, mycTo (C. 4.29),

I1I. IIycrs mafinyTca Tamme s<m n iZzm+1, gro
z,<0 m z,<0. B sroM cayuae pmemaercs ATepanuomHEIT
mar, OGosmaumy I, = {i: z,<<0} r BuGepen

A
0 = 0, = min—t >0,
i1, %
IIycrs -

A
eo = "—h,; k e I;e ~ (5,19)
Zen
Homep k, mna xoroporo mocrmraercs aror MOHEMYM, efdH-
CTBeH BBEJlY HEBHIPOMKAeHHoCTH safiadg (5.6)*),
ITorasken, uTo

. Y=Y (0) =y — Boa','i e Q.

.) JIORaBaTeJILCTBO aToro YTBEPKICHAA AHAJOTNIHO AOKAa3aTeNb-
CTBY IOZOGHOTO yTBEPMEHHA B cayiae 111 cHMmIeKCHOro MeToja.

7*



100 VI 5 KOHEYHBIE METOJB! PEIUEHIH ¢

Heiicrsurensuo, us (5.18) o (519) caexyer

c, npu i1=1,m, 15£s,

¢s TpH =3,
(ATys). <cs p S
<e¢, mpn i(=m+1,n, 1=k,
=¢;, Opn 1=Ah,
Haxoxmem,

b, yoy=<b, y> —8 <b, a7’y = (b, y> — 0z > <b, y).

TaxmM oGpasoM, mpm Iepexofe OT TOYRII Y K TOUKe-Y,
snaueHne nesepoit dysrnumn sagaqn (5 6) soapacraer.

5.8.3. OGcey:xpenue. Urak, nrepannonnniil mar neoiicTeen-
HOTO COMIITEKCHOTO MeTOfla COCTONT B TOM, WTO H3 ABOiiCcT-
BenHoro 6asmca BBIBOAIITCH BERTOp a, H BBOANTCH Ha ero
MECTO &, IOPU DTOM BUAUCHHC IeJsdenoil Gynnuun Bospactaer.
Ocranocs J0Rhas3aTh, 9T0 HOBAS CHCTEMA BELTOPOB &y, ..., Ay,
Ay, Agyqy o0., &n JINENIO HE3aBHCHMA, T. €. 00pasyeT HOBHII
nsoficTeenuslil Gasne, UYnratensb B atov Ge3d Tpyma ydeamres,
eCIN TPOBEJeT paccy.AJeHisl, aNAJIOINUHEIC TeM, hOTOpble
mirean Mmecto B cayuae 111 cmamiaencnoro Meronma

IHocroabhy uncao yraonblX ToUeR MHOA4eCTBa (Jy KOHmeuHo
o Opu ha&pmoil ntepanmn (OpH mepexojie 0T OXHOI YIIOBOiT
TOUYKHN h fpyroii) amaueHme menesoil QyHRIHO Bo3pacrtaer,
TO 3a hOHEYHOE 9ICJI0 HTepaliil MeToR NpHBEfeT K pemie-
HOIO y* gBolicTBenmoii sajaum, a 3HAYOT, O K peUIeHmI0 X*
npaMoil 3agavil.

Penyppentuble cooTHOmIeHnNnsa ajropurMa JBoiicTBEHHOro
CIMILIEKCHOTO MeTORa HeTPYAHO MmOIyynTh 3 opMya Oepe-
xoma ot MaTpmnbl B~' ® marpune B~' (¢ m 5 6).

Ecan sapmaya Bhlpo&fieHa, TO, TaK e KaK O B caydae
MPOCTOr0 CHMILUIEKCHOIO METOAa, AJA JBOICTBEHIION0 METOAA
Ha OCHOBE MeToda BosMymlennil Beipa0oTamEI OpaBmjIa ONHO-
apagHoro pelfopa nHoMepa K jaa seamnunsst O, T. e. mpasmaa
pubopa BenTOpa, BBOAUMOre B Apoiictnennsil Oasmc,

5.9. Pemenne asoiicTsennoii 3agaun
KaK OUEUKI BIIIHIS

5.9.1. Tloxraskes, 9TO IpPH HEKOTOPHIX M3MEHEHHAX KOM-
LoHeHT BexTopa orpaumvenuii b B sagaze (5.1) nommonments
peurenna npoiicTsenmoil samaun (5.6) Mmoryr OblTe HHTEP-
OpeTHPOBAHB! KAK OLEHKN BIUANNA STHX N3MeHeHnmil Ha Be-
AUYOBEY MHHOMYMA Heiesoil PyEEnon samaun (5.1),
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Paccmorpam sajauy .
min (e, x>,
XSR(2) ) (5-20)
R (z)={x: Ax =12z, x=0}

U JBOHCTBEHHYIO K Heii:
R max {z .
yso.,< » Ve . (5.21)
Q,={y: A’y <el.

B mpepmonosxenmn, uro sagaua (520) paspemmua mpm
HEKOTOpPOM Z, 06o3HaumM
u(z) = min {e, x).

X=R((z)

Ilycts npm z=1z* cymecrByer pemenme x* 3agaum
(5.20) m, cmemoBaTenpHO, cymectsyeT Y* — pemeHHme 3ajia-
un (5.21).

5.9.2. Teopema Ecau sadaua (5.20) Heswiposxcdena,
TO cyujecteyer Taxas okpectrhoctd U(z*) Touru z*, uro faa
acex z<= U (z*) 6yder

n(z) =<z, y*.

HorxazareanscrBo. Tak kak mpm z=1z* gajaua
(5.20) paspemmma, To cormacHo Teopeme 4.2.12 cymecTByer
onTEMaabHaA yriosasg Touxa X*. ITycts x* mMmeeT BmQ

zp
x* = 0

. ()

1

rue
x

z

.
M

>0.

*

Tm

Efi coorsercryer Gasmc B={[a,, a;, ..., an], det B#0, n
L] —_
xp = B7'z*. QGosmaumy

. *
o = mingz,,
i=1,m

Brifepem crelyoImyo oKpecTHOCTE:
UG ={z la—2I<

)

~
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Ionadey, UTO TOURA
T
T = (\37 01 “ o0y 0)1

rae xz=RB"'z, Gyger omrnMmanpuoil Aad 3a;1aqn (520) mpmn
a06oM Z S U( *), HelicTBireabno,

Iap—xpl =187 — )< B |z —zl<aq,
TJe IopMa BEIOpaHa CleyoLinM o0pasoM
\‘,x}}—xﬂl: max |xf—x1|.
1=1,m

Moayuaey, 4T0

* * *
5=z, —a=3z,—mnz; =0, ;=1 m.

=
1=1,1
Tanuv olpasoy, x>0 Ipowve Tore, mo moctpocmuo,
Ax=1z,17 ¢ xE€1,(2)
Joradev, 4To X ONTHMAJIeH jis 3ajaum (D 20) s ye-

*
aopunr (4 6) creayer, uto namgomy &, >0 (:=1,m) coor-
BeTCTBYET
(ATy*), =c,
Torza

m m m
(¢, X) = 2:1 CT, = 2 (ATy*)z T, = 21 {a,, y*> L, =
= = 1=

< ,Eaxl>=<>* Bxp) = (y*, z),

Il tar ran xR, (z), a y¥ =0, TO {13 TEOpEMLI 425 pu-
TeraeT ONTHMATLOOCTL TOUCK X H }* g

pz)=<G72. A

5.9.3. Quesnguo, 4To

op (z)
dzz = yn

OODTOMY YyReIOenne Z, OPOBOJIT L YREANMUEHIH) HTO YMCHDL-

*
meHnio BeimunEbl (z) B 3asncoMocTn or 3Hana Y,. lpn
9TOM ChOPOCTL H3MeHeHHA [L(Z) oupefeasdeTCsa BeINYNIHOLI

* -

Lyrl.
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JlBolicTBeHALIH CHMINIEKCHEIIL MeTol HA3LIBAIOT TaKme
METO0OM noc.aed08aTeabHO20 YTOUHEHUS OYEHOK, HOCKOJNBKY
yriroBrie ToukH 3ajaun (5 6), sosEnkaromne mpm mrepamusx,
MOKHO paccMaTpHBATh KaK TPHOIH;KeHHBe 3HAYSHUA TOU-
Hoii omeBKH Y*¥, T. e. Kak NpAGIMKeHHHE ONEHKE BIMAHIA
yenosmit samawm (5.1) ma BenmummEy MUHDMyMa nenesoit
dynram,

9.10. O npuMenennn ABOICTBEHHOro CHMILIEKCHOrO MeTONA
K 3a7a9aM C BO3PACTAIMHM KOJMYECTBOM YCIOBIIL

5.10.1. IIycrs maiimensl onTHMajnbHEIE VIJOBEE TOUKHN X*
n y* sapaz (5.4) m (5.6) coorserctBemmo. ITpexmomomn,
9TO K CHCTEMe YCJIOBHii, OIpefesA0IIaX NOTyCTHMOEe MHOMKE-
crBo Ry, nolasieHo eme oHO HEPaBEHCTBO .

n
21 o, = bm+1-‘ -
=
Ecnn

n
*

2 T, > bm+lf

1=1

To X* GyAer ONTHMANBHEIM I [ HOBOit 3a/laul, TOCKOIBKY
nobapienne YCNOBHIl MOMET TONLKO YBENOUYHTH BEIMYNHY
MHHEMYMa Heaesoii dymknun, B cayuae -

2 alxl’ < bm+

=1 _ ~ <
BBIACHOM, KaHK, 3HAA OUTHMAJbHEIE YIJIOBHIE TOUYRH x* g y*,
OOJIYYHTh pEIIeHHne HOBOII 3ajadn
Sannmem HOBYI0O 3aJlavy B HKaHOHNYECKOM BHIE, BBeS
AOIIOTHATENLRYI0O NEePeMEHHYI0 ZLnyy O6o03naunm

— A — x
ol = (a,, Qg ooy Bn)y, A= [GT]’ x= [.7: ]’;

e=loh Bl 7=}
C = 0 , = bm+1 , y= ym+l 1

enit — (m +1)-it egmEmumbii Koopammararii Bextop. Hosag
Baflaua DPHMET BHJ

min {e, x7, (5.22)
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Cornacuo npasmaaM (4.23)— (4 24) peoiicTBenmoili
(522) Gyner sapada

max [<b, ¥> + UmyiYmisls
ATy + Ay < ¢, (523)
Ymys = 0'

Tak nak Toha Y* — yriosaa ana sagaun (5.6), To

-— %*
% |Y
= [0]
GyneT yriosoii Touwoft mas sagaunm (523), moChOMBKY m3
anpeiinoii He3aBICIMOCTI CHOCTEMBI BEKTIOPOB 4y, 8z, + vy 8m —

Gasmca yraopoii Toukm Y* — cilefyeT JNHeilHaA He3aBICH-
MOCTBb CHCTEMBI BERTODOB

B Y R Y

Temeps ecTecTBeHHO, OPHHOMAfA Y* 3a HCXOAHYK YII0BYIO
Touky, pemath 3anady (5 22) ABOICTBEHHEIM CIMIISKCHEI
MetomoM Hax npaBnio, s NOXYYenNs peNIeHIA 3ajadi
(522) TpelGyercsa mebombiioe YmCa0 HTePanil.

" QueBngHO, 9TO BCe, CKasamHOE B DTOM HYHKTE, OCTAeTCH
B CHJle, eCIH K HEPaBeHCTBAM, OIPEReNAIONAM MHOMKEeCTBO
R,, nobapageTcs He 00, 2 HECROJALRO HOBHIX.

5.11. Meros ofioBpeMEHHOr0 PeLieHIA IPAMOi
n gBoiicTBenHoil 3agay *)

5.11.1. Paccmorpennble peIIIe MeTOAB! COCTOSNA 03 ABYX
stamoB. Ha mepsom srane TpedoBaloch ONpeNleNUTh YIVIOBYIO
TOUKY JMIOTIYCTHMOTO MHO/{eCTBa, Iocle Uero Ia BTOPOM 9Ta-
Ile, Hcxo[d 13 HaiifeHHO{l YTI0BOIl TOUKN, CTPOMJCA OpPOIece
OTHICKAHNA omTHMaixbnoil Tounu., O0a »THX 9Tama, Boobuie
rosops, ofmuanoso Tpypoemkn. Hrepaumomnmelii npomecc Me-
TOA OFHOBPEMEHHOTO peHIeHNA NpAMOI N JBoilCTBEHHOI
sajav HaumHaerca c¢ Joboii momycrmMmoii (He 00A3aTexbHO
yriaosoil) TOYRHm JBoiicTBeHHOIl 3ajadm, OTBICKATH KOTODYIO
B peaJbHEIX CIyyasxX uacTo He mpexcTasiser Ttpyha. Ha-
npamep, ecan ¢=>0, To y =0 mpumamie:nur: MEOKeCTBY (o.

*) 3TOT METOJ YacTO HA3LIBAIOT MeTodoM noc1ed0garetbHOZ0 COK-
pawyenua 1egason,
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I/ITaK, paccMOTpAM OPAMYI0O KAHOHHIYECKYIO 3afady

min {e, X},
xeRo
n 5.1
R,= {xz D za, =b x>0, b>0}
i=1
¥ JBOIICTBEHEYIO K Heii:
max <b
yeQo( ) Y01 5.6)

Q.={y: <a, Y <¢, j=1, nk
IpepumonoskuM, 4T0 M3BECTHA TOUKA Y. = @,. OGosunaunm
J={j: j=1,n}, I(y)=1{j: <a,y>=c¢; j=l}

I PacCcMOTPEM TaK HA3hIBaeMYIO PAaCIIMPEHHYIO 3afady
m

min X e,
1=1

dza,+e=Dh, " (5.24)

=1

x>0, 620,

e & =(€s, €2, -+ &m), A CYKOPOTHM» ee CIeyiommy 06-
pasoM: .

min D) &,
=1
> za,+e=h, (5.25)
jed(vg)

2,220, j=J(y), e=0.

Crefyomas TeopeMa JeKUT B OCHOBE PAcCMaTPHBAEMOro
MeTofia.

5.11.2. Teopema. Ecau 6 pewenuu z* e* zadauu
(5.25) &* =0, ro Toura x* Takaa, uro

x*___{Z;z jieJ(yo)s
N (VR F= N ANVECAR

6yder onrumasvholi das sadauu (5.1), @ Touka Y, Oyder
onrunaaviol dasn sadauu (5 6).

Norasatenscrso. Ouesmgmo, uro x*& R, Ms T0-
ro, 4To TOUKA Yo AomycrmMa mas sajaud (5.6), a e*=0,
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HoIygae -
* * *
(e, x*)= 2 ¢,z + Z 6, = 2 62y =
]EJ() 0) ed \J(yo) ;EJQO)
* * -
= 2 {a;, ¥o» 2, = /Ym 2 z aJ\ = (¥o b).
IEJ(3g) IEI(30) e

Beugy 1oro, uto x*e R, y,=Q, u (¢, x*>=<b,y,>, na
OCHOBAHUN TeopeMEl 425 ciedyeT ONTHMATBHOCTE X* m
Yoo A )
9.11.3. Hrepamua meroga. IToctpomy 3agagy, geosicTesn-
Hyo k(5 25)-
max <b, u>,

(a,, W <0, j€J(y,), (5 26)

w<l1, 1=1m, .
3azaun (525) m (526) paspemmysl  [leficTrute ThHO,
Tak hak b0, 10 z,=0, 1&J(y.) 1 ¢ =D momyermun pityt::
(525), a u=0— gomycrmvas toura TIm (526), u mo Teo-
peyMe 428 ofe samaun paspelmasr
Myets u* — pemenne sazavu (5 26) Odoanaumy

A=Ay —e, 8% = ATu*,

Bentoprr A° w 8* wacto masmIRaor GexTOpavNy HegA3o0n
* . *
B sapmcuvoct ot xapantepa semmunm g, (l =1, m) ub,,
] </, pasamgaror Tpu cayvas.
I, Ecan

TO Ha oCmOBaHIN TeopeMrl D 11 2 Touna x* geamercs peme-
mmey 3agaun (51).
II. Ilyern

N *

e/ >0

1=1
I Haizerca Taxoii Hovep € J\(y,), ma noroporo 6; >0
B otox caywae Gyaenm erpouts nonyio Toury y e @, noTopoii

CooTBeTCTBYeT Golbulee 3HAUEHNE LedeBoii (ByHRIND samawum
(5 6). Bribepext

- YA Y (W) =y, — pu*,



511 METOJl OJJHOBPEMEHHOTO PEIIEHNA 107

Toraa .
AD ATy —c= ATy, —pdATu* —c = A —pb*. (5.27)

3amerny, 4TO

A°= [O’ jEJ(yO)1
TN <0, jEIN\I (Yo)
5, jeIN\J (vo)
Bri6mpas
A? A°
o = 2k = max =3 <0, (3.29)

*
B3>0

nojydaeM, q9To
A® — p,b* <0,

a smaumr, sEAY (5.27), ¥ =¥ (1) € Qo. IlocKomsKy z*, ¥ —
pemrenme sajadd (5.25), a u* — pemenne ABoilcTBeHHON K
meit sajaun (5.26), To

¢b, u*y = ﬁ e

=1

(teopema 4.2.3). Benencrame aToro

b, y) = (b, yo> — po b, u*) =<b, ¥o> — 1o g; gy > (b, Yo)s

m
Tak Kak Mo <0, a Ser>0. -

=1
Ntax, HTepaldoHHBII [Ar MeTOla COCTOHT B TOM, 19TO
pemanT YKOPOUeHHYIO 3a1ady (5.25), BEIYHCAAIOT BEIHYHHY
[lo B CTPOAT HOBY® TOUKy Y =Y (Ho). IIpm aTom ma mepsoM
HTepanmOHHOM IIare B KauecTBe HCXOAHOII YIMOBOH TOUKHA
zagaun  (5.25) BHOmpaOT TOURY € KOMIOHEHTaMH 2;=0,
j€l(y,), m es=b;=0 (i=1,m) n sareM IPHIMEHAIOT CHM-
IJIeKCHBIH MeTOA.
5.41.4. Ha crnegymomeM ATepaiHOHHOM IIare CTPOAT HO-
BYI0 YKODOUeHHYIO 3ajiaty  --
m

min ) &,
=1

>, za,+e=h, (5.30)
EJ(Y)
5,20, jeJ(y), e=0;
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I fanee npomecc nostopsietcsa. Ilpm sTom B KawecTse mexop-
HOil yrioBoii Toukm sagaum (5 30) BeiGuparor TOYKY, Hemy-
JeBHIMH KOOPIOHHATAMH KOTOPOIl ABIAITCA HONOMATEIBLHBIS
KOMOOHEHTH ONTHMAJbHON yrioBoil Toukm z*, e* zapgaunm
(5.25), nockoapky

{j: 2 >0} = J (y). ‘

*
IdTo BKIIOYEHHe CHeJyer H3 TOro, 4TO BHATCHHMM 2, >0
COOTBETCTBYIOT 3HAUEHOA \

6;= {2, u*) =0

(a3 coorHOomenna smpa (4.6) B OpOMeHEeHON K PemieHmAM
salag (9.25) m (5.26)) m, caemoBaTembHO (cM. (5.27) m
(5.28)), . .

Ay=<a, y)—¢= Aj —ped; = 0.

Ho, no mocTpoernio,
J(y)= {] A= {a, y>— ¢ = 0},

910 H TpeboBaJIoch HOKalaTh
[ponecc pemernna sazaun (5 30) naznmaercs ¢ BBEIOHAs
B Gasnc pextopa a, (movep k sribmpawnor ma (5.29)). Baue-
TEM, 4T0 K < J(y), mockoxsry A,=0 (cM. (5.29)). B pe-
m

aynabTate aToit aponeayps! BeIIIYHEA 2 €; CTaHOBUTCA MeHb-
=1

. S
melf, e D &.. B canom fiesie, 3HAUEeHAS
i=1

—

-_[27, IS e T,
) ]

=00, eI\

06pa3yloT YIIOBYIO TOYLY [OMYCTHMOTO MHOMKECTBa samaun

(9.24). Bmemennio a, B 6asmc aamaun (5 30) COOTBETCTBYeT

O0bIYHBIT HTepPANUONHELI INar CHMIIEKCHOIO MeToMa peme-

s samaum (9 24) (cm (529)) Ho mpm kammom HTEpa-

HEOHHOM LIare CHMIUICKCHOIO METOAa, B Ciydae HEBEIPOS-

meEHOCTH 3ajavnm (5 24), amatenme memeBoii QyHKOER yOu1-
m m

*
BaeT, T. e. 2 €, CTAHOBHICH MeHBIIe el Orcrona
i=1 =1

ClIefyeT, 4TO H& KajsKIOM IIare Meroja ONHOBPEMEHHOTO pe-
IIeHnA np;moﬁ I jBoiicTBeHHOI dafial oOTHMAaJbHOE 3Ha-
m

YeHHe IeneBoil (GyEKOEE ) & yOBIBaeT HO CpaBHEHHIO ¢
- =l
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ONTHMANbHHIM ee SHAYeHHeM B IpeABIymeil yKOpPOUeHHOIl
samave. /13 9TOro BHITEKAeT KOHEYHOCTH METONa. 3aMeTHM
TagkyKe, 9TO HOCKOJbKY JJIfA KaiKIoil 3afavd BHMA (5.30)
IMeeTCH HMCXONHAs YIJIOBAA TOYKA, a MHOMECTBO HHJEKCOB
J(y) or mara K mary MeHfeTCA He3HAUATeJbHO, TO TACIO
ETepanuil CUMIJIEKCHOTO MeTO/la pelleHHA 3a/add (5.30)
HEeBEIuKO.

m
. IIL. Ecan iE ge>0 7 §*<0, 1o y=y(p)=Yo—
=1
—pu* e Q, paa aoboro p <0, Tar Kax

A=ATy—c=A"—pd* <A’ =A%y, —c<0.
Ho

b, yy = (b, yo>—u<b; u*) = (b, yo>—u§16?-—>+ oo

upr p - —oo, T. e. <b,y) meorpammieHa Ha Q., a cuenoBa-
rersHO, Ry =% (cM. 4.2.9).

Wrax, MeTof ONHOBPEMEHHOTO DeHIeHNS MPAMO B fBOii-
CTBeHHOII 3a7aY COCTOHT B IIOCTPOGHHH IOCIEN0BATEIbHOCTH
pemrenmil yKOpPOYeHHBIX 3afad O TeX IO, MOKA HO BOSHAK-
ger cayuait I m Oyper HaiiieHo pellenue, ambo cmyqair 111,
o6HapyxmBaomuii, aro R, = 2.

5.2, Merox pexoMmosnnum

5.12.1. Kag mpaBmio, NMpaKTHYeCKHe 3afavl JNHEIHOTO
IpOrpaMMHPOBAHET COREPIKAT Gonpimoe KOJAMYECTBO Hem3-
BECTHHIX W OrpaEHYeHmIl. C TOuUKM 3peHHA pealnm3anud Me-
TONOB pelleHHA TAKHX 3afad Ha 9BM npencraBngerca BH-
rofHBIM CBeCTH pemieHEe 3ajiadym GonbmIoro o6beMa K permie-
A0 HECKOJBKHOX 3anay MeRbmmero obbema. OgmmM m3 mpen-
cTaBETeNIel 9TOil IpYNOH METOAOB ABJAETCA METON MeKOMIO-
3UIHM. .

5.12.2. Brounaa sanaga. QOGo3HadeHnA:

BexTopsi:

e; = (C1: Cr2r + -» Cmy)»

X] = (%310 Zj2s + o1 Tomy )y
bg‘ = (bo1 bozr -+ - bom),
b] = (biy D2y - - - bam,)-
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Marpamer:
A;— nopagka mXn,,
B; — nopsagra my; X n,

3necs o gamee selony f=1, 2, ..., n.
Caegpylomyio sagavy mazoneM 6.404HOL:

Haiitn
minj_é1 {¢;, X,> (5 31)
TpI YCJIOBHAX
21 A4;x; = by, (5.32)
ﬂ Bx, =b;, (5.33)
x,2=0, (5.34)

9.12 3. Bxerpemaabnas sanava. Pacemorpnn caesyromme
MHOhecTBa:

S,={x, Bx,=b, x,>0}. (533)

Brawate 6yiev mpeimozarats, wro mce MEOALeCTBa S
OTPAaHIIYeHE!

OdGosznaunat uyepes W, muo.mectso VIIOBLIX TOTeK Xp B
UYRIOT0 MHOTOTpaHHIRa S,

1 .2 k
IV.7= {X.H Xy suay )\]]},

o ofosHaumM .
P? = AJ‘\.?l th = {¢;, X?>, k=1,k, {5 36)

Teneps cvexem szazauy (5 31)~(534) & ran massbacmoit
orCTpeMasbnol sadave Ha yetoevix Touraz. Coriacio Teo-
pexe 2 2 10 peanas Touna X, € S Mo.ker GHITS mpe;IcTaBIena
B BIfle BEIIYRJAOH ROMOUHAUII YIAOBEIX TOUEK:
Ey E
X, = 21 X)Un kzlv],,= 1, vp=0, L=14, (5.37)

b

B pesyabrate mogcramosnn x, m3 (537) B (531)—
(5.34) nm B cmay ofosmavenmii (536) nmomyuaercs oxcrpe-
MasvHas sadaua:

malitn

min 2 v (5.38)
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mpu YCJIOBHAX g

~

> 3 pivp = by, (5.39)
=1 k=1 , .
h} __
2 Uy = 11 j= 11 . (5.40)
=1
vp=0, j=1,n _k=1,k,. (5.41)

OweBngno, 9T0 ecam v, — pemenme sagaum (5.38) —

R
)
k
(5.41), To BexkTOPH X; = Zx,v,k SBIAIOTCA PpelleHHeM
k=1

samaum (5.31)— (534) (BemomumM ofosmavena (5.36) m
yclioBHE B]x51 = b,, mockonsry x;‘ e8S,).
n
Samerny, uTo B Gnogmoil 3ajade Optmo M + 2 m, ypae-
- ]=1

n

HeHEJ ¥ D) n, Hem3BecTHHX. B BKcTpeMmanbHoll 3agadze
=1
qHCI0 ypaBHEHMil COKpATIIOCh [0 M+ n, B T0o BpeMd Kak
n

YHCaI0 HEHM3BECTHHIX 3HAUHTEABHO BO3POCIO — HX CTAJO Xk,
~ =1
T. e. CTOJIEKO, CKONBLKO. BCETO YIVIOBEIX TOYEK y BCEX MHOTO-
TPAHHHUKOB S,
542.4. Aaroput™. AnrophTM pemeHHA JKCTPEMAIBHOMN

33/jagA I03BOJNAET HA AKTHBHOM -y4YacCTKe pa6on>1 HACHOJb-
n

~

30BaTh JAMIL He3HAUUTeNbHOE YHC/IO0 BeIHYAH H3 Zk],‘ HE

=1
BEIUMCIAA 3apaHee Bcex oneMentor 3ajawm (5 38)—(5.41).
Bagaay (538)—(5.41) Oymem pemars MOAHQUIEPOBAH-
HEIM CHMIUTeKC-MeTOROM. IlycTh Hm3BecTHa MaTpHOa Hadalb-
goro Gasmca P BK(l:TpeMaJII:HOfI 3ajagqy, cocToAmas 3 m+n

BEKTOPOB BUIA , H3BECTHEl COOTBETCTBYIOIIHE JTOMY 0a-

1
el
smey seamummml B yeaoBmax (5.39) —(5.40) m BexTopHI
— _ _ T—- N
(yTv yT)—(P 1) ¢, -
e e*=(... Ci ...).
OGHuHE HTepaNHOHHENT INAr CHMIVIEKC-METOfa pelme-
musx samaum (5.38)—(5.41) cocromT B OTHICKAHHH TaKHX
nnnexcor (f, k), ANA KOTOPHX BEHIOONHAETCS HEPABEHCTBO
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A]k = <Y7 p?> + <_).;7 e]> - c;r T y_] + <y1 p;{) - c§>01 BO BBe-

P
Aenmu B Gasnc P Bexropa e’ I B BHIBEJEHHH TAKOTO BEK-
< 7
TOpa, 4YTOGEI HOBAs CHCTEMA COCTABIAIA 6asume. IIpomece

SaKaHdImBaeTcH, Korma sce A, < 0. Ogmaxo, aas Toro 910011
BRLACHUTDL 3HAhIl BeJHYNH A, CTaHNapTHBIM coocoGonM, Ho-
rpeboBamocs Gl IepeGpaTh KOJOCCATLHOE HX KOMHYECTEO

n
R
(Zk]—(m+n) » OPH DTOM CiefyeT sHath Bce P; m,
=1

3HAYAT, BCE YIIOBble TOUKH X,

AnropuTas HpefiycMaTpueaer Takofi cmocoG BriGopa A,
OPO KOTOPOM HA Ka/KIOM MIare cilefyeT peruaTh n 3amaq
anHeiHOrO mporpaMMupoBanma HeGOIBLIOrG obbema. Cremysn
9TOMY HDe[UIOKEeHII0, CPeAll BCEeX BO3MOKHBIX Ay maxopar
HaumGoasiee A* _n-ecan-A* < 0,~To ~mponece “sakamunpaer=
€ — HalileHO ONTHOMadbEOe pemenne. Eeam A*>0, 10 ne-
Jaerca caegyIommil mar.

Hna toro utobm maiitm A*, caemyer B nasmon MIOLO-

o r o
rpasHuke S, Haiithm Ty YTIOBYIO TOURY X/, B hoTopoil

A;r, = max Ay,
W,

a 3aTeM Cpeam Bcex A]rJ BEIOpaTh HanGodbmee, T, e, A¥,
Ws mocrpoenns mmokects S, W, m ua Toro, urto

Ap = g] + <y, P?) — C? = -I_/-] + <AJTY“‘ 7 sz
clegyer
A,,] = max Ay = max (EJ + (A]Ty — ¢, X)),
W, s,

Wrak, nrepamuonnmii mar COCTOHT B CJEAVIOILIEM.

Hna kaskmoro HOMEpa ] pellaeTCa 6choOMO2ATeAbHAR
3adaua:

HaliTo

max {Aly — ¢ X (5.42)
UpPH YCAOBHAX
Bx,=bh, x,=20,

Uepes x;’ o0o3naunmy pemenne proii samaunm. Tarmy obpa-

T

o T 7
80M, OIyq_I0T Halop pewemmii X', X3%, ..., X"
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3arem pErumcnsioT Bee A (x;’) (j=1,n) m maxomar
TOT HOMEP i, INIA KOTOPOTO [OCTATAeTCs

max A,,, (x J) A,, (x 1) = A%,

7—1 n

Ecin A*< 0, To momck pemrennsa sakamumBaercs.

Ecmm A*>0, To BBOmaT B Gasme P sxrcTpemasnHOH 3a-
7.
1

AXx
Javd BEKTOp 'e' 7 BBIBOAAT CcTON0eN mO mpaBHiIaM MoO-
2

IndrOupOBaHHOrO CAMIIEKC-METofa. '

5.12.5. Hawano™ axiropurma. J[1a Toro 4rofm Hajitm Mar-
pany HadanpHOro Gasmca ana samaum (5.38)—(5.41), mpu-
MeHAETCA MeTOJl HCKycCTBeHHOro Gasmca (cu. 5.3.2). Beopar
m -+ n ACKyCCTBeHHMX nepemeHme u=0 (i= 1, m+n m+ n)
H pemaior sajadty: .

_ HafiTi
min ‘
min ) u;
=1
OpA yCIOBHAX .
n h]
2 ) UJk+2eu"‘bor
=1 h=1 1=1 )
By .
hgl Uk +Umiy =1, j=1,n, (5.43)

vp=0, wu=0, j=1,—n; k=1, k; l=1,m+n,

IIpr b, =0 (ar0 He orpanmumpaer oGIMHOCTH 3aKadd)
Mmarpaneii mcxopHoro 6asmca ABIAETCA eNUHEYHAA MaTpHIA
pasmeprOCTE M XN, Koropou COQTBETCTBYOT BHAYEHUs
(1, Uyy ooy Umin) —~(b 1,1, ..,,1) GasmcEmx mepemeH-
HEIX. i}

Hanee sagauy pemiaioT, mOAB3YsCh H3JIOKeHHOH B Hpe-
AbIymeM OYHKTe Ipomexypoil.

5.42.6. Pacnpocrpanenne meroga Ha ciaydaii HeorpaHm-
uenHoro Muoxcecrsa S;. B IpeANON0KEeENH, UTO S; — orpa-
HAYeHABle MHOKECTBA, H3NOMEHHHIH aJITODATM, KaK MBI BH-
Aend, NPUBOJAT K JBYM BO3MOKHBIM CATYaOdAM, a HMEHHO,
rorga A*=<0, 1. e, maliffeHo pemenme 3ajayd, WIH KOTHA
A*>0, m B 3TOM CIydae felalT OYepemHON HTePANAOHHBIL
mIar.

8 B I, Kapuauos
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Ecan oTnasatnest 0T IpeAUOMOIKCIIA  OTPAIIITCHIIOCTIL
MHOMECTB S, BO3MOJMKCN Ciiydal, KOTAA Ha oYepejoM IIare
CIDMINIEKCHOTO MeToRa o0HApYIKNBaeTcst, 4YTo Uenepas (Pynk-
IuA HeoTpaHIIyeHa CBEPXY HA HEOTPAHITUEHHOM JONYCTHMOM
MHOAecTBe (cM cayuait 118 o 51 3).

Ji1s1 BEIBOJA cooTHolIennir, LOTOpEE IIOLA3LIBAIOT Ha Iie-
OTPAaHIIYEHNOCTL CBePNy ILerenon Qymeiun sagaun (D 42),
BCIOMHIIM, YTO NTePANIOHELI IHAT CHAMIUIEKCHOTO MeToja
(B obosmavenusax nm 5121 513) cocronr B mepexose oT

y4e m3BecTHO{l yriopoil Touxum X ¢ Gasnmcom B n wmopoil X
oo dgopMyste X=X—Az, e °

B 1,

0
z= —1

k

0

Ecnu Bosunraer cayuau II (e, m 51 3), To npn -
Gox A >0 Touna X =x(7) Ovzer ronycrmyoil, i <e, x(h)> —
— oo mpu A — +oo,

IlochoabRY X — HONYCTHVAA TOURA, TO A\ = AX — ) Az =
=b, u tar nar Ax=Db, 10 lz=0n1z=>0

Hepe\o;m I oosnavemisM 3adaun (542), vnl moTywaesm
CIICTEMY COOTHOILIEHILI

Ba=0, 2>, (5 44)

(Afy —c¢y 2y >0, (5 43)

Hpone;z)pa HTepanuouuoro mara peinenis 9hCTpeMaIb-

HOIl 3aJauWil B JTOM CIydae COCTOUT B CJICIYIOMEM: B 0asic
A z

safayn (5 38) — (5 41) smojmTCA BERTOP U . Hogueprn:-

0
4z

J Az
nevt p Gasuc pRoquTCa _0. , & me [; }, I0CROTLRY B
- O ]
OTOM cJyYae He BHIIOJIAETCA COOTBETCTBYIOLICE YCIOBIe
(540), ran narn Mmuomectso {x. Bx=0, x>0} ssasercs
KOHYCOM, a1000ii 27TeMeHT ROTOPOTO NPEeACTABASCTCA B BH-
Ae LOJOANTENLHOHN RomOmmanun ero pefep (cx. m 2 3.6).
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METOJ INTPA®HBIX OYHKIIAN

6.1. Onncanme »Meropa’ g

6.1.1. Har npasmmo, umcienmmele MeTOAH pemIeHHA 3a-
nag GesycnoBmoii MHHAMH3aOUA M METOAL pemeHHA 3agad
MaTeMaTHYeCKOro NporpaMMApPOBAHEAA HMEIOT KAYeCTBEHHOO
pasnuyEe C TOUKH B3peHMA HX TpyAoeMmrocrnm. Taxk, mampm-
Mep, BRo0aBOK K TPYAHOCTAM, BOBHHKAIOMAM B METONe rpa-
IHmenTHOro cumycka (ra. 9, m. 9.5.1) pemremms samaud oTH-
ckagEA 06e3yClIOBHOTO MHHAMYMa, B METON@ YCIOBHOTO rpa-
pmenTa (ria. 10, m. 10.3.1) pemenns sagaum MaTeMAaTHYeCKOToO
IpOrpaMMHPOBAHEA, HA KaKAOM HTEPAIHOHHOM MNIATe NpH-
XOQUTCA eme pemarh 34jady JEHEHNOr0 MPOrpaMMHpPOBa-
BEA. B cBASE ¢ 3THM BechbMa IepCHEKTHBOBIMH MOTYT OKa-
BAaTHCA NONBITKA CBECTH 3afady MaTeMaTHIeCKOro IpOrpaM-
" MOPOBAEHA K HOCIEOBATEJALHOCTA 3a7jad 0(e3yCIOBHOH MHO-
HEMABANAH,

6.1.2. Unen meroda wrpadnvir gynkyuli cocTomT B cae-
aywomeM. Hcxommylo sagady MaTeMaTHYeCKOro OPOTPaMMEH-
poBanns

- min @ (x) = m , (6.1)
xs=X

3aMeHAKT B3agaveil o OesycaoBHOl MONOMHOZANEA ONHONA-
paMeTpHUccKoil QyHRIHH

Mx,B) = 9@+ b

ambo samaweit mmHmMmsamun Qymrummmr M(x, B) ma meroro-
pom MmuoskectBe [, Gosee mpocrtoii CTpYKTYpH ¢ TOUKH ape-
HAA YACACHHBIX METOJ0B MUNNMIBAIMAMN, YeM HCXOJHOE MHO-
mecrBo X. Ilpm srom dynxnmo ¢(x) Bmbmparor rakmm o6-
pason, 3TOOH peleHue 3agadd

min M (x, B) = m (B) . (62

x<I

cxopmiock npx p— 0 K pemennio wucxogmoir samaum mam,
ecqm 3To ofecmeunTh He ymaercd, TO HO Kpaiimeil Mepe
aro6r1 m (B) = m upm - 0, ‘

&* -
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Wrax, merom mrpadubix QyHKNmi cocTomT B mOCTpoe-
Hun Qymsnmn A (x, §), B Beibope mocienoBaTeabHOCTH {B,}
H B pellleHNH COOTBETCTBYIIIHX OTOH IOCIe0BaTe;ILHOCTH
3anmay suga (6.2).

6.1.3. PaccuorpusM caegyommii BOF 3aaHmg  MHOMe-
crBa X,

X={xeTI: i(x)=0},

1 (x)=(fi(x), f2(x), .., fm(x)),

a MHOiecTBO I' ofnajmaer, Kak o0 3TOM TOBOPHJIOCH BHIMIe,
opocroii crpyntypoii Kar npasmmo, '=E,, u Ttorga xam-
6o (62) aBaserca samaweli 6e3yciaoBHOI MHHAMHE3AIHH, NII-
6o I'={x x>0}, a6o IP={x a<x<b)l. B ofonx
IOCHEeHNX CIYy4YaaxX 3aflannd MHO:KeCTBa [ CJOMKHOCTH MHO-
FIX YOCAEHHBIX MeTORoB peienns sagaun (6.2) mpummepno

rze

6.1.4, Oopenenenne HenpepuBuyw ¢ynxIumo
1
'B' lp (X),

ompenesienEy0 maA Becex XTI m B> 0, 6ydeM HassBath
wrpagon, ecan P(X) TaxkoBa, 4TO

(6 3)

P(x)=0 pgas scex x= X,
P(x)>0 puasz scex x=TNX,

BecbMa Inpoxoe IpOMeHeHNE HAXOQHT CAENYIOMHiT BEI-
6op PymEmuI P(x):

bW =Sl 0P, >0 (64

VYeaosns (63) mpm Tarom BHOope ¢ymrmum P(x) ¢
OYEBNIHOCTHIO BBIHOIHAITCA
Mosxao caemyromin 00pasodM HArIsLHO -HPOMILIIOCTPHPO-
Barth meton mirpadyeix ¢yrxnuii Iycrs
X={z€E a<z<bdl
Torga
P(z)=[min {b — z, 0}]7 + [min {z — q, 0}}?, p=2.

Ha pnc 6.1 mnaobpaskena (I)yHI\HHH%‘lI)(x) A OBYX pas-
AuqHEX 3HaveHmit f¢ B, > P. > 0. ‘



61 OIHICAHUE METOIA U7

Mycts ¢dymroua ¢(x) mammeiitra. Ha pme. 6.2 msobpa-
wensl ¢pyurnun M (z, B:) m M(x, B.). Tourm yg, m yp, sB-
JAI0TCA pemeHEAMH COOTBETCTBYIOmHAx 3amau Bmaa (6 2),
T. e. TOYKaMd aGcomoTHEX MEEAMyMoB Qyuxnmit M (z, B,)
n M(x, B.). Yepes y obo3maueno pemenme HCXOJHOI 3a-
naam (6.1), T. e. Touka MuAEMyMa JuHefinol dyEKnEN @ (T)
Ha orpeske [a, b]. Ua pmc. 6.2 Bmmmo, wro mpm B, 0

h COOTBETCTBYIOI[HE TOYKH yﬁh CTPEMATCA K TOYKe VY.

N

79@ |

Opyrom mpamepoM BrGopa Y(X) sapiagerca dynxnas
P (x) = exp { 21 | min {f, (x), 0} lp} —1, p>0,
=
6.1.5. Ecan_sagaza (6.1) sABrgeTca safadeil BBRINYKIOTO

OpOTPaMMEpOBRHEA, T. €. (QYHKOUA @(X) BRIyKna, QYyHK-
naz f,(X) BOTHYTH, a MHOMecTBO I' BEIOYKIO,” TO (PYyHKIHs
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P(x), onpenenennasa gopuyaoit (6 4), Oyner BRInyKIoil mpn
p =1 na mHomecrBe I' 11 3ajava (6 2) cramoburzcsa samaden
0 IOIChe MIHNIMyMa BBRIOYRIOH Qymanun M (X, §) Ha BH-
myriaoy Muoskectse [

6.1.6. Ilnorna sagauy

min @ (x),
AsX

X={xeE, [(x)=0},

3aMeHSIOT DHKBUBANENTHOI 3ajadeil 0 MIHOME3anum ¢(x)
npu yeaosusax f(x)—u=0 u u=0, a B rnavectBe mrpada
BHIOIIPAIOT KBaAPATIIHYI (YHRIIII0

50 W) = () —ul?

rne

Torga (6.2) cramopmics sajaucil O MIHINMIBANND QY HRINI
M(%, 0, 8) = 0(9) + 51w

uHa MHOMec1Be xEL,, u=0

6.1.7. Bribop Tpada cleyer corracopaTh € MeTOZaMIf
mummnsannn ¢yoeoun A (x, P), a 3maunT, nakn MH VBI-
QUM I3 JIQJLHCHUIX TIaB, CIelyeT YIUTHBATE [I4TROCTH
mrpada, IPOCTOTY BhIYICACHI 3Havemin gyunnmn M (x, §)
I ee TPOI3BOIBIY, CBOHCTBA BBIIYRTOCTIL II T [

3ameruy, uro upit p=1 y (QyHROUL, olipeieieHHol
dopayaon (64), MoKeT HDpONBOUTI IOTEPH IJ8TROCTH HO
cpaBHennio co cayuaedM, noraa p=2 Tan, misa npusegen-
moro B m. 6 1 4 upusepa Herpyano yOCIUTLCA, YTO (DY HRINA

{(z)=|min {b —z, 0} + lmin {zx —a, 0}
negng@epeHITIpyeMa B TOURAX ¢ I D
6.1.8. Hanowen, o maspamin ametoja Tepuum «yetog
mrpadHEIX QYHRIOUIY ABIACTCA BeChMa eCTeCTBENHEIM, IO-

ChOJBRY OI 1I0sICUsIET CYTh METOJa 3a HapyUIenle OrpaHI-
genmit, 7. ¢. norga x € P\X, ¢yunnua ¢(x) «mrpadyercay

1
Ha BeJNTHHY —ﬁ—ip(\‘).

6.2, TcopesLl 0 CAOZUMOCTa
6.2.1. Oynnmuio
W (x, B)=pp(x)+ 1y (»),
ompejenennyi0 a1 Beex B =>0 ma MmMuosectse I, Gyzeym na-
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3RIBATE  wWrpagrol gﬁynnuueﬁ. samaum (6.1}, ecam P(x)
ynosiaersopsaer yciaosmam (6.3). Owesnpguo, uro
W (x, B)=pM(x, ).

3aMernM, uro Takoil BuA mTpadHON (QYHKOUH HECKOIBKO
saTymeBHBaeT ee (uanyecKmil cmbica — mrpadoBaHme 3a
HapylmmeHAe OrpPaHUYEHNi, ONHAKO N3 [ajbHeiilero craHer
AICHO, YTO HPH YHCIEHHONI peajm3amuum MeTOA0B MWHHIMH3a-
nun ¢ysrnar ¥ (x, B) Taxoit ee Buj obiragaer B pAfe CIy-
7aeB IPEHMYINECTBOM IO cpaBHeHmO ¢ M(x, B).
Ilyets
ye=argmin {¥ (x, B)IxeT}, Y,={yd,

y = arg min {¢(x) Ix = X}, Y ={y}

Vrisepmnenume. Ecir yz€X, 10 7. Jlenc'rm—
TeJIbHO, TAK Kak ¥; € X, TO

mlnM(xl B)=M(yp B)=0(vs) <o)+
+ T P =oM< (V)

_ caenosatensno, @(y)=o¢(ys), a smaumr, y;Y. A
2.2, Teopema. Ecau cywyecreyior y u ys 70

‘13131 $(v) =0 (6.6)

HoxasartenscrtBo. 1. IToxaxem, aro mpm B, = f.>
> 0 copaBeyIHBO HEPARBEHCTBO

—‘P(Ysp Bi) < ‘F(yaz, By)- (6.7)
W3 Toro, a0

¥ (¥, B1) = min ¥ (x, B2) S ¥ (e, Bu)s
¥ 13 HEePAaBEeICTBA

Fil-ib(m)< —;;xb(m_)

claenyeT
1 1
B ¥ (ypy By)<eo(¥s,) + [N Y (¥e,) <

<o (¥,) + 50 () = 5 ¥ (3800 ).
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Mainee, Tar xar P(y)=0, 10

W (ye, B)<< W (y, B)=Bo(y) T ¢(y)=Bo(y),
T €.

%‘I’(ya, <oy

Orcropa m 13 (67) (1. e m3 MOHOTOHHOCTH 0O B (YHKIUI
1 . .
ﬁ—‘P (yg, B)) cuenyer cymectBoBaime Komeunoit BeMNYIHLI

1
¥* = Iim = ¥ (yg, B),
bim = ¥ (v, B),

a BHAYIT, I COpPAaBe/IHBOCTL yTBepikuenusa (6 5).
2. Iloraswem cumauana, uto opu B; >, >0

@ (¥p,) < ¢ (¥8y) (68)
113 HepaBeHCTB
W(ye, B,) <Y (ysy Bi)s
Y (ysy B:) <V (yey Be)
crefiyer
B.o (v6,) + ¥ (ve,) < B0 (¥8,) + ¥ (¥8,):
Bop (v8,) + b (ve,) <Baw (¥e,) + ¥ (¥s,)-
CHJI&J.II:IB&H 9TH HEePaBeHCTBAa, IIOoJIyYaeM
(B, — B2 [@(v8,) — 2 (v8,)] <O,
U Tar rak Py — >0, 10
?(ys,) — @(vs,) <O,

7. e. mmeet mecto (6 8).
Hanee, tar var P(x)=0, 10

9 (ve) <0 (ve) + 5 ¥ (ve) = 5 ¥ (vp, B) < W,

Orcroga o u3 (68) (1. e. u3 MomoTommocTH @(Yys)) cie-
AyeT CYINecTBOBAEIE KOHEYHOIl BEIUYHHEL

¢* = Lim @ (yg).
B-o
A smauzur (cMm., (65)),
Hm 4 (yg) = %5133 (¥ (ye; B) —Bo(ye)l = 0. A
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Temeps fACHO, UTO AAf BHIIHCACHHS 3HaYeHnmit mTpag-
Hoft ymRImun ypoben BHJ .

¥ (x, B)=Bo(x)F (%), _

nocxoabky Po(ys)— 0 m ¢(ys) >0 m mpu BHIYACIEHAW 3HA-
gennmit W (ys, ) cyMmmmpyloTcAa GIM3KHe BeJIMYHHEL

IIpn umcnemmofi peaimsammu MeTofla mrpadHBIX (YHK-
naii Bo3AMKAT TpoGaeMEl BHIGOpAa HaYaJIbHOrO 3HAYEHHEA {o
mapaMerpa P m cmocoGa mamememms [, GnoEOCTH 3[1eCh
COCTONT B Clefylomem. BuGop pocTaTtouso Maioro f, maeT
BO3MOYKHOCTb HAJEATHCHA, 9T0 Yp, Gymer Gmmsxmm k y. On-
HAKO CKOPOCTH CXONUMOCTH TPaJHeHTHHIX METOJ0B BEITHCIE-
AEAg Touexk MmHmMyMa ¢ymxmmm W (x, 8), Kax -mpasmio,
majjaer ¢ y6pBanmem BeamgmEH . BriGop ke Gombmoro B,
BefleT K oOparHoit KapTHEHe.

6.2.3, B nanpmeiimeM Mpl OygeM npefyCMaTpHBATh BO3-
MOKHOCTH LPROJIMKEHHOTO BhIuucHeHHNs Touk: Ys. OGosma-
aam ¥ (ys, B)= ¥*(B) m Oynmem mnpepmmomararh, 4UTO IIA
KayK/IOT0  3HAYEHHA IIapameTpa p >0 ompepmeneHa TOYKA
ys € I' Taras, aro

W (ys, B)< W*(B)+C(B), &(B)>0.

6.2.4. Teopema. Ecau cywyecrsyior y, ys u §(B)—~0
npu p—0, To

lim ¥ (55, B) = 0. (6.9)
-0

Ecau, xpone 1020, pynryus @(x) ozpaHuueHa cHusy Ha
nuoxecrae {ys} daa ecex docrarouno mastiz §>0,; 10

lim  (yg) = O. (6.10)
B-o

JNoxasatenbcTBo. Ilepsoe yTBep:KAeHHE TEOPEMEI,
0UEeBH(HO, CIe/lyeT I3 HePaBEeHCTBA

W (yp B)< W (¥, B)< W (3, B)FL(B)

n coorromenaa (6.5).
Tlockonsxry

0 < (Fs)= ¥ (¥, B) — B (¥s),

1o m3 (6.9) m M3 OrpaHAmIEHHOCTA CHU3Y QYHKOIHH cp(§g)
crenyer (610). A
6.2.5. Teopema. Ecau

a) @(x), fi(x) (i=1, m) u {(x) nenpeprienul Ha T’
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6) cywyecreyor y u ys dasn ecex >0,
B) CcywyecTeéyer 3aMKEHYTOE U 0zPAHUNEHHOE MHOMCECTEO
G =T rakoe, uro ys &= G dan ecex docrarouno maviy p=>0;

r) Iim £B) _ 0,
oo P )

Lin ¢ (yg) = ¢ (y), lim p (¥, ¥) = O.
B0 f-o

3pecs, nar 1 pamee, Y = Arg mm {¢p(x): x= X},

Horasarenscrso Ilpeamomo.xin, wuto TEOpEMA He-
BEpHA, T. € CYIIECTBYIOT Takoe unciao 8>0 u Ttaxag mo-
cregosarensnocts {B,} — 0 mpn & — ©, YT0 JiA Bcex A =
=0, 1, ... 6yaeT BHIOOAHATLCH HEPaBEHCTEO

lo (¥8,) — e ()| >,
Tan ran Y(x)> 0 maa seex x, a ¢(y)=0, 1o
B (30,) < Bup (¥6u) + ¥ (30,) = ¥ (o0 1) <
SV (Vo Ba) + B <Yy, Ba) + S(B) = Bag (3) + Z(Bw).
6 11)

Iocronery yp, =G, 710, He m3MeHAR mysepanni, Gymes
mnonararh, IT0

Lim yg, =y.
R
Torga 3 (6 11) u us ycaonus r) moaywaey, uto

P < @(y).

Ho nempepsiBuan ¢yunmit ¢(x) orpanmuena CHI3y HA MHOO-
skectBe G (CM  ycioBLie B)) I8 JIOCTATOMHO MAJbIX B> 0,
nostoMy, BBHaY 6.2 4,

5 (y) = him P (v, ) = 0
P (y) h—»coll (36;;)
H, CIegoBaTeJLIIo, ;E X, ornyma mpoxoamy = paBeHCTBY

o())=0(0),

TIPOTOBOPEUAICMY TPEIII0I0LCIIII0
4§ OPeABIYIEero OIeBUALO, IT0 Ja00asn npefcablas TOY-

®a us cemefictna {ys} OpPUHALIEAUT MHOMKECTBY Y,
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TpeanonoxnM, 4T0 yTBEp:K[CHHE p(ys, Y)=>0 (B —0)
nesepro. Torpa maiifyrcsa TaKoe WHCIO € >0 nm Takad Imo:
cJIe/[0BaTeILHOCTh [;’gh} c:{yg}_, ato p(Vp, Y)>€ paa
Bcex k=0, 1, ... Beugy ycnosma B), He yMamaa oOmHo-
CTH, MOKHO CUHTATH IOCIEI0BATeIBHOCTE {;’ﬁk] cxopamen-

ca K HexoTopoii Touxke y. Ho, xak Mm Bmpenn, y€Y g,
3HAYAT, . COPABEJJIABO  COOTHOMIEHWE limp(yﬂh, Y)=
h=o0

= lhim p (§gh, ;) = 0, nporuBOpeuamee NPeJIONOKEeRNI0. A

Cregcteme 1. Ecau {y =T\X, 10 arobaa npeders-

HAA TOUKA Y NPUHAOAEHUT nepeceieHulo eparuybl G(Y)
mnomecrea Y u epanuyst G(X) mnoxecrea X.

JeficTBATENBHO, MOCKOMBLKY p(;'gf Y)—0, p—0, To mro-
Gas mpeflelbHAS_TOYKA Y ceMeiicTsa {ys} mpumapme:sur MHO-
mectsy Y. Ho {ys} €Y, cieposarensuo, y me mpuHAIEHAT
BHYTPEHHOCTE MHOMecTBa Y, . mO03TOMY yeG(Y). Ana-

JOTHYHO TOKasbIBaered, uto y € G(X). A

Crencreme 2. Ecau Y cintX, 7o Haiiderca Taroi
nomep I, uro yp, €Y,

JleficTBOTenbHO, ecam 370 He Tag, To (cm._im. 6 2.1)
{vg,) = T\X, = uobas npefenrmas ToTKA Y& G(Y)n
N G(X); smaumr, G(Y)N G(X)+ 2. Tlpotmeopeyme. A

Bamewanme. Ecm ¢(x) m §(x) memyrais 1 Y <
cint X, To npm mobom B >0 Gymer ys €Y, HOCKOIBKY H3
sunyknoctn M (x, B) ® m3 ycrous Y cint X cmepyer, 4TO
Y = Arg min {M (x, B): x=T}

6.2.6. O cropoecrn cxojmmocTn Merofa mTpadmEX
Pynrnmit. O6ozrauny f(x) = min f, (x). IIycrs

1=1,m

a) ¢(x) n fi(x) (i=1, m) nempepsIBHEE Ha BHIIYKIOM
n 3aMKEYTOM MHOKecTBe I';

6) cymecTByIOT Y I Yp il Beex > 0;

B) CyINeCTBYeT TaKoii KOMNAKT GeT, aro yp=G paa

JIOCTATOYHO MAJBIX spaveHnil [5>O;
r i m

1) $(x) =2 min{f,(0), OF, p>0;

1) lo(x)— @(x)] <Lp(xy, x;) mus moGsx Xy, X ST

e) cymecrByor uncia 6>0 m &>0_ rtakme, 4TO mIA
seex x& Uy(X)\X 6yper lf(x)| =ap(x, X), rae Us(X)=
={xeT: p(x, X)<6kh )
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1

O6ozmaanm A (B) = ¢ (y) -5 Y (yp, B).

6.2.7. Teopena. Ecau suinoanaiorea yciosus a)—e),
70 npu p <1 naiderca rakoe JocTaTouKO Maioe sHaueHue
B =B, uro dua ecex (0, p] 6yder A(B)=0, a npu p>1
byder cnpased.ausa oyernra

- L \1/(p~1) 1
0<A (B) << CBYEY, C=L(pap) g (1—;)

npu écex docrarouno maviz p >0,

Aorasateanvctso. Ecam ys= X, 10 (e n 621)
ys €Y, sBugy uero A(B)=10

Hyers ys&IN\X Tak nark y; G 1n G — xoMIamT, 10
13 Teopemst 625 caeayer p(ys, X)—0, p—~0 (cam. m 625,
crefersue 1). Ilostomy mas gocratouno Mmaabix snawemmi B
Oyner ys = Us(X)\X. Ilo upenmonosenio s sTOX 3Ha-
YeHUIl ys BBIIOINACTCS YCJAODHC €).

OGosHawimy yepes v; HPOCRIUIO TOTRE Y3 HA VHOAKECTEO
X: o(ye, X)=p(ys, vs) 3Bavetuy, uto

{1

Z [ (7,00, O =) mn £, ()| = 11(09) "
Hazee, e
Y08 B = (ve) + 5 Xlmn {7, (vp), 0} >
— ¢ (ye)l +%If(m)l">¢(y)—
— Lo (g )+ G o (50 X = 0 (x) — Lo + % .

=9 (vp) — | @ (vp)

T aP -
Brecs 0L p(ve, X) limaw, AB)<p (L— % 7).
Ipu 0 <p <1, mocroapny p~ 0 mpm p—0 (e 62 5),
10 pP~! > oo 11, caemoBaTelbIo, Haijietca Tanoe, BooGme
rOBOPs, JOCTATOMLO MAJT0oe 3HAYEHUEe [, 4TO [IA JI00LIX

B =(0, B] Gymer A(B)<0 u, smaunur, A(B)=0.

Ecam p=1, 70 A(f)<<p (L—% » I opn B<<a/L Gy-

per A(P)=0 Hanomen, upn p>1 Brmoansercs mepapen-
CTZO
P
A(B) <max (Lp - pp) - Cﬁll(p_l)i
P20 p

L 1/(p~1)
TaK hak MAahCIMYM JOCTHraerca OpH P = —p[ﬂ .
PA
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3amevwanne. Ecan B razectse (x) prfpama sKcuo-
HeHO@WaabHag (PYHKOHAA

09 = exp {3 [min (1,9, 0 P,

To m3 HEepaBeHcTBa eV =1 -y creayer cupaBeJIIBOCTE TEO-
pemsr 6.2.7 m B 3TOM clyvae. :

6.2.8. IIpakTAKa mOKasHBaeT, 4TO B ClIyvae NPHMeHEHHS
BeckMa pacmpocrpamennsix mrpados Bupa .(6.4), ¢ yMeHs-
nieHdeM BeJMYHHE! P CXOMUMOCTH CYINECTBEHNO 3aMe/iaer-
cA W, KpoMe TOTO, YCILIMBAETCA BINAHHE OmMAOOK OKpyriIe-
EASA Ha KaKAOM Imare GesycioBHOII MAHEMH3AIHIL

Ilogo6rag cHTyamsa BO3HAKAET B CITy IEJOro pafga
NpUYEH, HampUMep, H3-3a TOro, iuro mrpad BHARA (6.4)
He YYHTHIBAET OCOOEHHOCTH CTPYKTYPHl AONYCTEMOIO MHOMKe-
crBa, m3-3a oppaxkmoro nHpa dymkomm M(x, B) um ap.

Kak mpasmio, mpreMsl, B Kakoii-To CTeleHH HCIpaBisd-
omue MoJIoMeHne, T. €. NO3BOJAIOIMEE YCKOPHUTL Hponece
HOJyYeHHS TOYKH Y C 3aJ[aHHO CTENEHBI0 TOYHOCTH, HOCAT
DBDHCTAYECKHIl XapakTep H ONHPATCA HA ONHT H NHTYH-
[0 cmenuanncToB. [{eJaloTcs TaKie NOMBITKE IPENIOKATH
CTAaHJZApPTHHle INPHEMBH], yIyummaoiige HEKOTOpHle Xapakre-
PHCTHKE METOHA.

Caepyromuit BeiGop mrpadnofi (YHKIAH rapaHTHpyer
KOHEYHOCTh MeTofa mpH nobonm p > 0:

Fx,P)=0x) +

+ 3 D imin {1, P + § 2 I min (7, (3, 17, (6.12)

1=1 1==1

3 mokasaTenbcTBa TeopeMsr 6.2.7 caenyer, 4T0
0<AB) =0 (y)—F(ys B

oo b g )

Ipn p=1 Gyner AB)<p (L — %) H, CIe0BATENLHO,

A(B)=0 maa HocTATGIHO MANBIX anaveHuil P.
Quesmnro, uTo mpa p # 1 Gyxmer

- %(a”p”‘ + q!/?p'/?-') > +oo mpm 0.
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IT mocnoavny p = 0 mpu § -0, To mpu Massx B o1 omars
npuxoany 1 curyanun A(B)=0.
Urax, nns moboro p>0 maugercs Takoe smavenme B,

uto npu seex P (0, B] Gyrer A(B)=0. IIpu srom caemyer
O-hILIATh, MTO WEM Jlaabiie otcrout p or 1 (aubo B cTopomy
ny:d, aubo B cropony +e0), TeM panblie HACTYNHT CHTYa-
i A (p)==0.

Onnano ju1s TOro, 4T0GH ICCIELOBATD riaydiiie 5TOT BO-
mpoc, 1eo0XoAnmMpl 6olee TOHKIIE ONEHAI, JIIA BLIBOAA KO-
TOPBIX TpeSyerca yuutTeIBATL Bif Qynimum fi(x) u IpIHaj-
AeRUO0CTH  TOURI Vg  COOTBETCTBYIOIINM  OTPAHLYEHITAM
fi(x)=0.

6.2.9. y-maswopupyemoers, I[{ak GLiio crnazano B m. 6 2.7,
Ha CXOANMOCTB MeToja MTpadubIx (YURIIIT CyIlecTBeHHOR
LIANIe OKAsLBaioT ceofictna (pyuniunr fi(x). Ipu srBoge
ofenni eanynunt A(3) B m 627 cymecroenuno meHoib-
802Q;10Ch CBOLCTBO e) (CTaT0Ch NeMACHLIM, KAK HPOBEPHTE,
BEIOJNNACTCS 1L YCIAOBIC €) MJUI KOULDPETHOF0 MIO,LecTBa
X Tloramev, uro © psge cayuacs oTo ycronme 3aBEI0MO
BEIITO 1USICTCH

Ecau gynunyuu fi(x) (1=1, m) 80CHYTULL U MNenpepuig-
Nl HA SUNYH.03, SANARNYTOW U 02PDAHUMENHON MHOICECT8e
I, a mnomecreo X={xeI': [((x)=0, i=1, m} pezyaapuo
no Caetitepy, 70 naiidyrea raxue wucaa §, a>0, yro dua
¢cex x = U, (X)\X Gyzer

[E() | =] min L(X)I>a.0(xl X).

=1,m

Horaszarexnctro. Ilockomsky MHOMecTBO X pery-
agpao no Caeutepy (cx m 3.43), To cymecTsyior Tanasm

T0uha X € X 1 Tanoe wueao A >0, wro fi(x)=A (i= 1, m).
Hyers xeT\X, 1. e f(x)= min f.(x) <0. Ha oTpeshe
~ 1=1,m

[x, 1] maiiteTes Tourna z tanas, uTo f(z)=0. daa pormytomn
¢yunnun f(3) copabemimeo mepaseHcTBo (CM, I, 2.4.14)

[@=fx S F®—f(r)

lz—xf; = Jx—z| *

H Tak Rah Iz — X S r=diam] < +oo’ TO

f<— =M< —La—xig— 2 p(x, %),

lx—z]
Taxuy ofpasoy, ycmopme e) BBIDOTHAETCA DPH & == A/T.

Y
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Herpyamo “Takske Jl0Ka3aTh, 9TO YCIOBHE e) BHIOONHA-
erca B caywae, xorma fi(x) — nmmeiinsle QyHKmum, 3xecs
yiKe peryasprocTbh MHOecrBa X He tpefyercs.

Hepenxm crywuad, Korfa HepasencTso | &) =ap(x, X)
He BHITONHAETCH, HO COpaBefimso coorTHomemme [f(x)|=
= afp(x, X)]' opu mexoropom Y= 0.

Onpenenenme. Mnomecrso X={xeT: fi(x)=0,
{=1, m} GymeM Ha3HIBATh Y-MAXWOPUPYEMLIM, €CIIH BEIION-
HAETCH YCJIOBHO

) =oo(x, )T, «>0, y>0 -

maa Beex x € Us (X)\X.

Hanpamep, ectn n=1, m=2, fi(z)=-2 f(z)=
=(z+1)% To pmomycrmmoe muoecrso X =[-1, 0] Oynmer
y-Maopupyemo mpm Y =3.

Ecan jyid KOHKPeTHOTO MHOMecTBAa X HM3BeCTHA BeqMIH-
ma ¥, To upn BEGope mrpada Bmma (6.4) omemka morpem-
mocre A(p) Oymer, oueBHAHO, BHINIANETh CleAyHomaM o06-
pasom: :

— (Cgl/(vr—1)
?)1 (ﬁ) - Cﬁ I[pK 'YP > 1.7‘ (6.13)

0<A(ﬁ)<{ npr yp<<1,

npmieM B caydae Yp<<1 cymecTBeHHO YCIOBHe KOMIAKT-
Hoctm MposxectBa I'. flcmo, gto, mampmMep, mpm Y=2, p =
=1 npmmemenme mrpada Buma (6.4) He rapaHTHpYeT Ko-
neunocTE mpomecca. Jlmmpb npm 0<p<1/2, 1. e. npa uc-
moxb3oBaEAE mrpadia ¢ ApOOHEIM HOKAa3aTesNeM, YACIO IIa-
roB o B GyAer KOHEYHEIM.

Ecam Mp nmpmvenum mTpad ¢ ApoOHBIM IIOKAa3aTeleMm
1/p, p>1, 1o pman Beamumuel A(f) Oyaer cmpasemimBa
OIleHKA

8,(B)=CBP"™ P mpn y>p>1,
A 2 )
o<ap<{i® 1>
3ameTuM, 910 6, 6, CBABLIBAET CIEAYIOHIEe COOTHOIEHHE:
8, = 6117(1’p—1)/(v—p)$

A Opu | > p> 1 Bennumna
r=2E op—1)
Y—rp
Gynmer Gonpme emmrmnel. Taxmm o6pasoM, 3aBHCEMOCTH O, =
=&, ;>1, XapaKTepH3yeT CKOPOCTh yOLIBAHEA BEeANYHHE
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A(B) mpu y>p>1 B nomsay mrGopa mtpada c ApoGHEBIM
noxaszateneM B To e Bpems mpmmemenme Tanoro mrpada
OpUBOANT K Hotepe BhlnyraocTi ¢ynnmmn W (x, B) 1 ao-
JKeT IPOTHBOPEYITL IPEeANON0KEeHH O CYIIeCTBOBAHNI TO-
dek yp. Hanpuyep, opu y =1, p = 1/2 oneuxa

A(ﬁ)<sup(Lp—i Voza) ~+ oo
P B
e Jaer cofcp.RaTelbHOI uHQOpMAIUE, I, B YacTHOCTI,

eCIII_pelIaeTcsA ofiHOMepHAA 3afjava min(—x) mpm yciosum
—-z=0, 10

M@ @)=—z+zVImn{=20] n if M, B)=—oo.

3

Mst Bnamy, urto mpuvenenme miTpada Bmja (64) naw
opu p>1, tan u npn 0 <p <1 B obuey ciytae Y-Mako-
pupyemoctir wacto GbiBaeT HeompaBIammeM. BBy ortoro
HMEET CMBICT NPUMEINATh hOMOHHANUIO DTHY mTpad)oB BHAA
(6 12), obaamanomyio B ONpeseNCHLOM CMBICAe CBOIICTBOM
VHIBEPCATLHOCTH, & IIMeHHO, COMPAISIIOICS JOCTOUHCTBA
oGonx mTpad)oB I YCTPAISIOTCS HEROTOPHIe IIX HETOCTATRII
Mo.xuo Jonasath, €I0 HpHm OCTATOMHO GO npejnoIo-
JRCHIAX (Y-MashOPHPYCMOCTB, BOTHYTOCTD f,{X) u z1p ) $byHan-
mus F(x, B) opr Mansix B ymimnroganbua

Caenyer cnasath, uTo HAllTI BEANMHHY Y B 0Gme: cIy-
Uac MPAnTHYECKI Ile YyJAeTcs, BBIAY Yero gahe mpiaMeme-
nie wrpada (6 12) me rapamrupyer nomewnocT: aetoma mo
B, 110 BUAHO 13 mepaBencTna

0KAB<o[L— F (@™ + a1 p
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TIABA 7

BOIIPOCHI YCTONYIHNBOCTH :
B MATEMATNYECKOM IIPOrPAMMHPOBAHNI

~

7.1. RoppekTHble I HEKOPPEKTHBIE 3a7aTH

7.1.1, YV 3maunTensHOro TumcIa TPAKTHYECKNX 3ajad,
MAaTeMATHYECKIMI MOREIAMII KOTOPHIX ABIAKTCA 3a7aud
MaTeMaTAYeCKOT0 NPOTPAMMIIDOBAHNA, HCXOAHAd wuH OpMa-
OHA HoCHT NpuOAIKeHHEIT Xapaxrep. B c¢pasu ¢ aTtuM Bo3-
nEKaer npo0JieMa BLUIENOHHS TAKHX KAACCOB 3a7aq X HIC~
JIEHHKIX METONOB MHHEHMHBZAINE, AJIA KOTOPHIX MaJble BO3-
MYIeHHA HCXORHOI mHQOPMANUE HECYINECTBOHHH, T, e. He
OKa3bIBAKT CHABHOTO BIHAHON HA DeIleHne.

74.2, Tounaa samaya. PaccMorpum 3ajaqy oTHICKAaHOA
TAKHX QIEMEHTOB Y e X, 4910

- ¢ (y) = min ¢ (x)s
xs=X

’

e )
X={xeT: {(x)=0},

f(x) — Bexroprag Qymknns,

1 (x)=(fi(x), f2(x), ..y fn (%)),

a ¢(x) n fi(x) (i=1, m) — 3ajannble HeNpEpPhIBHLIE CKA+
nApHBle QYHKOHN.

7.4.3. Uexopnana nudopmamua. Ha mpaxkroke mudopma-
mus o @(x) m f(x) mocur mpnOmmxenmsli xapakrep, T. e.
BMecto @(x) m f(x) msBectmrt Takme ¢yHrnmma @.(x) =
f.(x), ompenenennsie ma muosxectse I, uro ;

9. (x), f: (x)= P (g, f)=
={p. (x), L(x): lp(x)—q.(x)] <e,
If(x)—f.(x)I <e, x=T),
Hpn stom BriGop ¢ymrnmit ¢, u f, ms mMmomecrsa P,
He 3aBHCHT oT Hamero jxeiamfis. TakmM oGpasod, o pemre-

HIN y HCXORHOI 3ajaum CYAAT 110 PEIUeHNI0 Yy, NpROImKeH-
Hoil 3ajaud. .

9 B. I, Kapmason
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7.1.4. Ilpnbaixennan 3apava. Q¢ (y) = min Pe(x), TAE
- xEX,

X, ={x&T: §,(x)= 0L
Ilyers

Y={yeX: oly)=minpx) + o,
Y= {YE: & Xgi Qe(ye) = min ¢ (")} 7& D
xeXg

7.1.5. Roppexrnocts. Hasosem sagauy 7.1.2 caabo xop-
PERTHOU, ecan

lim sup inf \y.—y]=0. (7.1)
€20 Y EY yEY
3anauy 7.1.2 GyneM HasHIBaTH KOPPEKTHOU, €CiIn
Lm sup |2/ —2|=0,  (1.2)

T T T T em0 227EZ

me Z=Y,UY.

Moacaum st onpepenenus, Ilpefensnoe cooTHomEHTE
(7.1) osmagaer, YTO ceMENCTBO MHOMECTB Y, CIATHBacICA
npu e -0 x MuoskectBy, mpuuagiemameMmy Y. Ha sasnke
«g, O» 910 BmagmT, aTto mia aioboro 6 >0 malimerca Tawroe
g, >0, aro musa mobGoro & (0, €] u moboro y, =Y, Haii-
percsa taxoit yE€ Y, uro ly,—yll < 8. Orciopa cruemyer,” uro
naa mqoboro 6 > 0 maififerca tanoe €,>>0, 9T0 gaA a00HX
e (0, g] m 9. =P, Gyner

. l@e(ye)— o(y) ] <6.

(YuraTeasm OpegocTaBIfgeTCA BO3MOMKIOCTH CAMOCTOATENb-
HO y0enuThCA B CNpaBeIABOCTH 3TOro yrBepiknienus ) Ta-
KuM o6pasoM, cnabasd KOPPERTHOCTb IO CYTH [ieJa 03HAadaer
KODPEKTHOCTh 110 (hyHKIOIOHATY:

lei:g Pe (¥e) = @ (y).

Veaosne (7.2) osmagaer, uTo ceMeiicTBo MmoikecTB Y,
crarmpaerca mpu & — 0 K MHokecTBy Y, COCTOAIeMy H3
eMHCTECHHOro0 3jeMenra y. Tarmm ofpasoM, mia moGoro
8> 0 mafinerca rtaxoe & >0, uaro paa awboro & <(0, &
1 awdoro y, € Y, Gyner

ly, -yl <.

OueBIiHO, YTO KOpPpEehTHAA 3a/1a4a BCETAA ABIACTCH Cla-
6o KoppekTHoil, HO He HaoGopoT,



71, KOPPEKTHHIE H HEKOPPEKTHBIE 3AAUH 131

Bynem rosopnth, uro samava 7.1.2 wmeropperrna, eciam
mnapyiuaercs yciosne (7 2).

B cayuae nexoppexrnoctn safmaum 7.1.2 mpm safamuoM
£¢>0 Bcerga HaiigyTca Takme mapu @., f, m @, f.,, Opn-
Hapneyxamue MuokectBy P.(, f), m1a xotopmix pemreHus
Y. H Y. cooTBeTCTBYOIMHX 3apmau Buga 7.1.4 cymecrseHHo
pasinuHEL H [O3TOMY He HecyT B cefe jocraTroumoit madop-
MAIHI 0 PeMIeHnN HCXOANOoil 3ajavm.

7.1.6. IIpumepu. Il pumep 1. Paccyorpam B E, mapy
aajad;

min(—z, — z,),
- ztz, <1, ' (7.3)
/ z,=0, z2,=0

min(—z, — x,),
(A+lel ¥e)z, +(1+ el —e)z. <1,
.’t,?O, xz>0.

OueBmpiro, uto 3agada (7 3) sBmserca caabo KoppexT-
Hoil U B TO e BPEMA HEKOPPEKTHOII,

Mpumep 2
min z,,
- Az‘+xz=i, )
(1+lel +e)o+(1+ el —e)z, =1, (7.4)

z, =0, z2.=0.

Ouepnpuo, 9to 3amava (7.4) npn e =0 GymeTr HEKOppERT-
Hoit ®, Ooiee TOro, oma me Oymer cimabo KOppPeKTHOIL.
OcHOBHEIE METO[B! pEIIEHAA 33a4aY MATEMATHYECKOTO

OPOTPaMMHAPOBAHASA CO3[ABANACH TIPH MOMYAIHBOM IIPEALIO-
JIO’KEHUH, YTO 3afava Koppertaa. Hampmmep, npomeaypy
CHMINVIEKCHOTO ME€TOfia pellleRHfd 33Jadd JHHEIHOro mporpam-
MAPOBAHHASA

min {e, x), -

XERO

R,={x: Ax=Db, x=0}

MO’KHO HHTEDIPETHDPOBATH claeAylommM ofpasoM: Ha Kam-
FOM NOTePAmEOHHOM INare MeTOfa 9JAeMEHTH MaTtpumsl A =m
KOMIIOHEHTHI BEKTOpoB b m ¢ mpeoGpasyiorea 8 A’, b’ =
¢’ mo ¢gopmynaM ToRiecTBeHHBIX mpeoGpasosaHmit (mo gop-
MyjaMm monHoro mckiiogenus Hopmama — Iaycca) m B pe-
gt A8 1

. .
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3yAbTATE NTEPAINOHHOr0 MLIATa, €¢Il BCe IpeodpasoBaiila
OCYI[CCTBIAIOTCA TOUIO, LO3HUIACT HOBAA 3ajava

min {e’, x),
aer)

R, = {x> A'x=10" x>0},

oRBUB&JeHTHAA Iicxonioi. Ha mpanrtine npi BeIMHCICHIIAX
MIPOU3BOMAT OKPYIVICHIIA, HOJTOMY B PEJILIIBIX CJIYUasx HTe-
pauunonusli Imar OpHBOAUT Le &L ODKBUBAJTEITHON 3ajgave,
a 1 nosoii mpubmukennoir sagave IlomsTno, wro mpn me-
ROPPEKTHOCTH  pelIeHne HpuOJULLeINoil 3aXavll  MOAET
CYLIECTBEHIIO OTJIMYATHCH OT PelleHiss HCAOXHOI  3akavll,
B 1ocrexmme roAsr mMateMaTInIT o0paTILICh K paspadoThe
METO0B pellelus HeKOppeKTEBIX sanaw. OmumM 13 ocHOB-
IIBIX TIpejiCTaBOTesell HTHX METOZOB SIB.JaAETCSA Tah HA3hIBae-
MBI MeTOd peeyaapus3ayuu, B OCHOBE ROTOPOTO JERIT Ijes
aIIMPORCHMALIII HCLOPPERTHEIX 33724 hOPpPERTHHNMI B cpi-
3 C BTHM BO3HHRACT HeOONOMIIMOCTDL BLITENCHIS NJIACCOB
KOPpPeLTHLIX 3a7ad.

7.2, Ogun raace LOPPERTULIX 3ajad

7.2.1, Pacexorpoy sagauy 7.1 2 n 3agauy

min ge (x),
xeX

Ofparmy BHIMAHIE Ha To, YI0, B OTJIIYIE OT 327ATIl
7.1 4, B paccMaTpuBaemoil 3ajadge JOHYCTIMOE MIHOIKECTBO
TO jKe, YI0 II B TOTHO} 3a7adye, MOXTOMY 34CCh

Ye= {ys e @lye) = in @ (X)}.

7.2.2, EctecTbenuno, d4YTo TOYHOCTL BHIUMNCICHOA TOYRIIL
y. =argmin {p,(x): x =X} ciemyer cornacobsBaTh ¢ TOU-
HOCThIO 3aJlaHnsa IexeBoil yexuumn ¢(x), 7. €. ¢ Beamym-
Hoil &. Mnbt 6yneax~upeunonarau, 9TO0 IS Kaskgoro g >0

ompe/eleHa TOIKA Y, = X Tanai, Y10

P (Y) < @u(ye) T (e), T(e)>0.

7.23. Teopema. Ecau
a) dyuryus Q(X) cusbHO euwnyr.aa U HEnpepLisHa HA
GLINYKI0M U SAMENYTOM MitodcecTee X
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6) @.(x) nenpeprisna na X u
@ (x)€ Pu(9)={g:(x): lpe(x)—@(x)| <e, x =X}
B) lim { (e) = O,
-0
T0 - ) 5 -
limy, =y,
e—~>0
a caedosareavro, sadava 7.1 2 roppekrna.
Noxaszarteascrso Tark xak @.(x)Z@(x)—e =
mpa Ixll > e, x=X mmeem @(x) -+, 10 @.(X)—> +oo;
nosromy mHafinerca takoe C = const, 4ro HemycToe MHO:Ke-
crBo  {x=X: q.(x)<C} orpaEnuero, BCIefACTBHE Ye-
ro Y, #49,
Hockoasky @.(¥.) < ¢.(y), T0

(¥ — o) =[p(¥.)— (¥ )]+ . (¥.) — 9 (y)]<
<[p(y3— 9 (¥) ]+ [g: () — o) H L(e) <
< [p(y.)— e (¥:) ] +[@e(¥)— @ () ]+ T e) < 2e + L (e).

Ho mBmay cmabmoit BHmykIocTH PYHKOEH ¢(X) cIpaBefam-
Bo HepaBeHCTBO (cM. 2.5.5)

B “g"e - YHZ <'2‘; (o Ge) — (Nl

caeoBaTelILHO,

5. — s <BERO, 4

7.3. 3agaun ¢ TOUHMBIMH OrpaHNYCHHAM,
Meron peryaapusaunm

7.3.1. Jlna pemreHHA HEKOPPEeKTHHX 3ajiad (B TOM uHC-
ne m sajau nnHeiimoro mporpammupoBammsa) A. H. Trxo-
HOBEIM OHI Tpe[IoceH MeTOX peryispnsannd. B Hacros-
meM pasfele 3TOT METOJ PAacCMaTpHBAeTCs HPHMEHNTENbHO
K 3a7aYaM HeJHHe{IHOT0 IPOrPaMMHDOBAHAA.

BoasmaraeTBO peanbHEIX 3afad, KOTopele (OPMaaH3yIOT-
¢A Kak 3a%aYd MAaTEeMaTHYECKOr0 NIPOrPaMMHPOBAHHAA, CO-
Aep:KaT JIONOTHATEILHYI0 MHEPOPMANMIO, IO3BOIAIOLIYIO - BBI-
6upars m3 MHOMecTBa pemenmit Y sagawm 7.1.2 Ttor aie-
MEHT, KOTODHI YNOBIeTBOPSI O eINe “HEKOTOPHIM JOIIOJ-
HHTEILEEIM YCAOBHAM; HampoMep, Ge1 Oml Onmwaiimum X
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nexoropofi QmncupoBanuoii Toune x°. B sazauax omeparns-
HOTO INTANUPOBANNA, TAE Y ABIACTCH OUTUMAIBULIM ILIANOM,
aaeMenT X’ o0LIYIIO XapakTepuayer IIAN IPeLLIECTBYIOLIEro
Lepuofa, CyU|eCTBEHHOE OTKJOHEHIE OT KOTOPOTO MOMKET
OLITH €BA3AHO € OPraHH3AMIOENBIMI II TEXHOJOTHTECKIMII
IIePECTPONKAMIL I, CJICAOBATEBIIO, CONDALENO € JOLOJHI-
TCJADUEIMIT 3aTPATAMIL .

7.3.2. Hopumaabnoe pemenne. Bosumkaer ecTecTnennmasn
HOCTANOBRA 3ajaun: a1 3agaunoro x°€ T maimn y'e Y
Ta&KOIl, uTO

2 =3
.

79)

[y — x°{2 = minjy — x0
y=Y

JieMeBT Y° Ha3BIBAKT HOPMAALHBLM peuleHuey 3amadm
712, a camy sagauy (75) — sajgaven o nopiasvnoy pe-
wenuu.

7.3.3. Peryuspusauns, IIpone;ypa peryIsIpu3ani OTLI-
CRaNUs HOPMAJBLOrO pellenus sajaur 7 12 pis wacTHoro
cayuas, hOria BOSMYWiEHa JINHIL Hedesas Pymrnms (mm-
¢opyaumus o Muosectse X mpequoiaraetcs To4Ynoit), co-
CTONT B CJeYIOImeM.

Beojures peryaspnsyoman $yunmms

No(\)=q(x)+aQ(r), >0,
£ae
Q(x)=lx —x°l?,
II pacCMATPHBACTCA 3aJaUa OTLICLAMI DIeMeNTa
Yo =arg min {N,(x) xeX}.

7.34. B naavuenmrev it Gymew HpeycuaTpIIBaTh BO3-
MOMRHOCTE  TIPUGIILKEHIIOT0 BEITICIACHIA TOTRI Y,

Otosuaumy Ny = No(ye) 1 Gymem HpPeAnoIaraTh, 9To
A1 ha&JI0T0 3HAueHNA mapaMerpa o >0 ompejelena Touha
Yo € X raras, uto

N (Vo) SN+ 8(a), E()>0

7.4, Cxoxmyoctn

741, Teopeva. Ecau dynryua @ (x) wnenpepriena
Ha sayMrnyrow Muoxcecree X, a MHoxeCTeo Y Henyero, 7o

)
npu-ycaosuu, yro lim E;a =0, 6ydem
[e 2 di]

hm ¢ (Ye) = ¢ (v) © Lm p (Fe, ¥) = 0,
Q-0 «=>0
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Ecau, kpome toz20, @(x) u muoxecrso X evinykavl, 10

lim §a =y’
a-0

HoraszsareascTBo. Tak xak @(x)= @(y) mia Bcex
xe X, 1o npu lxll > o (x=X) 6yner N,(x)—> +x, a cie-
JOBATENbHO, HENYCTOE  3aMKHYTO®  MHOMKECTBO {XE
e X: N,(x)<C} orpanmyeno mu BBAAY HEOPEPHIBHOCTH
¢yaruur N.(xX) cymecrsyer Y.. Tar rax

(<O F) <O Fa) + 2R Fo) < No + E(0) =
= @ (Ya) + 2R (Yo) + E(A) << @ (¥) + aQ(¥) + () <
< 9(Ya) + 2Q(¥) + & (@),
TO
QF)<e() + 29, (7.6)
P(¥)< 9(¥a) < 9 (¥) + aQ(y") + E ().

Ilepexons B mociefHeM HepaBeHCTBe K mpefieny mpm ¢ — 0,
monyJaeM

lim ¢ (Ya) = @ (¥?).
o0

Hockonpxy ma (7.6) caeayer, urto {ys} — KommakT mpm ,
BCEX [OCTATOYHO MaJbIX ¢, TO

" hm p Fay ¥) =0.
o0

Haxkonen mpennmonomuM, uto BHIOyKaet ¢(x) n X; Tor-
na BHOyKAo u Muokectso Y Ilyeth y — mpomasonbHaA
npefenbHas TouKa ceMeficTBa {ya}:

; =-llm .;raho

R=->o0

Ilo morazamEOMYy .

lim ?(Yep) = 2(¥°) = 9 (¥);
nostony y € Y. Ya (7.6) crmenyer

lim Q@ (y2,) = 2N <A
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T. €.

. — 0 — bt
minQ(y) = Q(y°) = Q (y).
yEY
Ho cnavmo smnynnas Qymnmmn Q(x) ma BemywiIon n
BaMRHYTOM MIHOAiCCTBE Y jJlocTHraet MHHHMYMa B eXIi-
cTBeHIOil TOULe, a suaunt, y =1y’ Tanuu obpasoy, rona-
sano, uto {y.} mpu o« — 0 umeer ejmmcTBemnyio mpeedn-
HYIO TOURY:
limy, =3°% A
a—=0

7.4.2. 3amewanne, Iloayunts anpuoprpie omemnm
CKOPOCTH NpHOMmhenns y, & y° B oluleM cilyuae HEIhL3m
IpocTbie mpIMeps! NOKA3BIBAIOT, WTO CLOPOCTL PG de-
Hut y. K y° mpim o =0 wmosher Guth Bechua Maton Tan,
I OIHOMEPHOI 3[aiX

h
min z**, k>1,
rEE,

pebnpan 2° 40, a Q(z)=(z —z")% motywacy, wto y, cTpe-
1
antea K y° =0 npu ¢~ 0 co cnopoctuio O | g2h—1 )

B roume macrosmeir rmanni MBI yBIANM, YTO DTO 00-
CTOSITESILCTBO  MOAET OLA3aThL CYH[ECTBEHLOC BJANANNC 1A
CMAOJIMOCTh IIpoOLiecca Pery/sapu3ailitil B 3aJavaX, LOrCAa
BO3MYMICHIIO IIOABEPraercs I JOIYCTHMOC MHOMKECTEHO.

743, Teopema. Ecau mnoaecreo X 8bINYEI0 U
sanEnyTo, fiynnyua @ (X) suwnyria u Henpepwvlénd, (yHk-
yuu @ (x) nenpepoienu,

P (x)S Pe(@)={g.(x): lo(x)—:(x)| <e, x= X},

aHoscecteo Y nenycro, 1o sadaua mununusayuu @ynryuu
No(x) na mioacecrée X Koppekria npu aio6ox durcupo-
eannoxn o> 0.

HoxaszarcancTno. OBoamaums

N (x) = o (x) + aQ(x).

Tax xar @.(x)=q(x)—e>q(y)—c=const 111 BCOX
X=X, 10 3aMEHyTOe MUOKECTBO {XE X: N, (x)< const}
Orpauiveno, Hochoabhy Ne.(x)= const+ aQ(x)—> 4o npn
Ixll ~ o (x = X) n, caemopareasuo, CYLIECTBYCT

Yes = arg min {N,. (x): x = X},
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Jerko yGeputses, uro dynkunn Ne(x) n Na.(x) yRosirer-
BOpAIOT YCJAOBOAM TeopeMbl 7.2.3, OTKYyAa H ClefyeT Kop-
PeKTHOCTh, A

7.5. Me'r'on peryaapmaanun (o6nuii cayuaii)

7.5.4. B npeneigymeM pasgene OblI paccMOTPEH MeTOR
perynspmsanum [aA 3aad € TOUNBIMH OrpaHEYeHHAMH,
KOT7la. BO3MYIIEHRO. IOIBEPranach JHIb Neiesas yHKOms.
Hum:xe paccmaTpmpatotcs sajasn paga 7.1.4, 1. e. tor 06-
muit caywail, Korga o sapave 7.1 2 m3BeCTHA JHIUb €-UH-
dopmanusa, a NMeHHO H3BeCTHH QyNKNEA @.(X) u f.(x)
na mmomecrsa P,(, f). Jlna monywenus mprOamseHHEBIX
sHaueHmii HopMajbHOro pemendsa 3afaun 7.1.2 umcnoxsay-
eTCA CIefyomas MeTOXHKA.

7.5.2. Peryaspusamusa, DBpopAT — mapaMeTPaIECcKyIo

¢pyEKOHIO R
¥ ape (x) = Ble (x) + aQ(x)] + e (%),
e f>0n

Ve (%) = Ell min {fe; (x), 0}|°, p>0,

B BEITHCISIOT
Yoo =arg min {¥qp(x): x= T}

OGparmM BHEManme nHa TO, 410 W (X) sABAAETCH
mrpadHoit pyHExnmeil - ANA safaun MHOAMH3ANUE peryis-
puayiomeil ¢yHROON .

’ Na.(x) = . (x)+ aQ(x)

na muoEecTBe X!

7.6. Cxonumocrs MeTopa peryaspmsammn (o6mumii cryuait)

7.6.1. Ilpegnonoskenna:

a) MHOMecTBO I' BEIDYKIIO M 3aMKHYTO;

6) ¢ymknus ¢(x) BEOYKTa m menmpepwmsEa Ha I

B)P $yuxnmn fi(x) (i=1, m) BOrmyTsl X HENPepHIBHEI
ga I

r) menpepwBEete Ha I' Qymrmum ¢.(x) m f.(x) mpm-
pajge;kaT MuokecTBy P, (o, f);

1) Y=Argmin{p(x): xe X}+J;
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m -
e) ‘q’ (X) = le min {f: (x)z 0} I;‘

1=

$e() = 35 | min {fes(x), 0}

76.2. Yreepmpuenne 1. Jua awbozo x<=T cnpased-
AUB0 HePAGeHCTE0

[P(x)— e (x) | < em.
HoxasarearbcTBO. dmeMenTapHO JI0Ka3BIBAETCA, 4TO
[min {fi(x), OH — Imin {fu(x), OMI<Ifi(x) = fu(x)]

(n1s aTOro mocTaTOWHO paccMOTpeTH Crydam, Korda fi(x)
* I fu(X) oxmmoro sEaxa um Korga pasmeix). [aiee,

TR S i ), 01—

~Imin (e, (9 1< 3 17,09 — for W | <om.

763. VrBepmpaenne 2. Jua aobuz x= I, 0<
SP<SP<eo, 0<e<e <o u das awbozo gurcuposan-
Hozo o > 0 cywyecrayer

IF* = il’lf lp‘qﬁg (X) > -0,
x=I

HJoxazarteascrso Taxk rar GyERIuA
. No(x)=q@(x)+aQ(x), a>0,
CIUIBHO BHIOYKIa Ha I', 10 cymecTsyer
N** = mirlz Ng (x) > — oo,
Xz '

YunTHBaA HEPABEHCTBO (ci. yeaosme (r))
P:(x) =@ (x)— e,
nosxydaeM COOTHOMEHHE
Wape (x) = Bl (x) — e] + paQ (x) = BN (x)— pe >
’ =BN** —fe >—00, A

7.6.4. IlpenmonowmM, 910 Yepe &I YHOBAETBOPAET YC-
J0BHIO

Weape (Yare) < W*+1(e), n(e)>0,
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Kak n mpesxpe, o603HaTuM
Y’ =argmin {Q (y) yeY),
yo = arg min {N.(x): x =X}, N.(y.) = N*,

7.6.5. Teopema. Eciu 66In0AHAIOTCA npednosowerus
7.6.1 u ecau

I - - 1 (&)
limB()=0, limpey=0, limgry=0,
T0 -

lim lim yope = ¥°

a—>0 -0

IoxasaTeabcTBo. M3 ycmosmit
\pG(x)>09
P(x)<q.(x)te, .

P (x)<o@(x)te,
CIpaBefJIHBEIX 1A BCeX X € I, a Take H3 YyCIOBHA
W ape (Yope) < T* + 1 (e)

nojgydaeM
N** < Ngy (Yaﬂz) < Na (Yaﬂe) + = ‘Le (YaBe) =

= Q (yaﬁe) + oQ (yaﬁs) + Tj Pe (Yaﬁe) <
< Qe G’aﬂe) + aQ (~yaﬁe) + % Pe (?aﬁz) +e=

A Wope (Fape) + e < (FF (o) + o<

<% ‘I’am(ya)+ﬂ§—’+s= -

=
= e (¥a) + 0Q(¥o) + 5 we (vo) + T2 (‘” +e.
Tak kak Y. € X, 1o m3 7.6.2 caenyer
Pe(¥a) < &M
m09TOMY, YUHTHBafA, 410 @s(Ya) S cp(ya)+ e, HOaydYaeM
N** < N (Fape) < (Ya) + 0Q(¥a) + 5 =+ "é"‘) + 2e =

n(e)

— N*
N*+ 4 T

+ 2e,
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- Tar wrax em/B<const m n(e)/p < const, To Beamumma

No(Yase) = @ (Yape) T aQ(Yage) «
Orpanmdena, I MOCKOAbKY QYHKOUA N, (X) CIIBHO BHIYK-
ma Ha ' mpm mobom & >0, 10 {Yus.} — Kommaxr, Hycts
Y — OpefieibHAA TOYKA:
y = lim yaﬁhgkl
k>
U3 mepasencTsa

~ ~ 1 ~
N¥ L Ny (Yape) < No (Yape) + B Pe (Yape) <

<+ 41242 ()

_ClefyeT, 410 _ _ - __
}llm \lwsh (yaﬂhsk) = 0.
U3 7.6.2 moxyuaem
Y (y) = ;im (Yas,e,) <;1¢Lm [V, (Yasye,) + €sm] =0,

BCIECTBHE Yero §EX. Hepexonsa x mpemeay B (7.7) npn
e = ¢, — 0, moayuaem

No(y) < N* = min Ne (x) = No (Ya)s

a 3HAYHT,

No(y)= Na(ya).
W3 eamHCTBEHHOCTH TOURD MUNIOMYMa Yo CIVIBHO BEINYKJIIOI1

$ysrmur N.(x) nma semykiom muomectBe X cruepyer y=
= Ya, Wrak, mobaa npepeasuan mpm e~ 0 Touka koMmak-

18 {yos.) €CTH y m, 3maunr,
lim Yape = Yas
e-0

U3 reopemnr 7.4 1 caexyer, aro
lim yo = y%
x-3Q
HOdTOMY
limlim yop, = y° A .

aA=>0 -0
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76.6. 3amegsanue. Ilpeamaymas TeopeMa ocraercs
CIpaBeIABolf, eciim BHICAPAeTCA TIaKHil mrpad-

909 = 3 min (1,09, )P
40 = 3} (min (s (), O

upa 5STOM yCiaoBuUe lim — ﬂ( ) =0 saMensgerca ycnosneu
e~>0

2
lim —— Ch 0. JarasaTtenncTB0 TPOBOJHTCA IO TOH 3Ke CXe-
£-0
Me. OTImune COCTONT B TOM, UTO H3MEHAETCS yTBEpIKACHHe
76.2, a mmenno, pis moboro x & T oyner |p(x)— . (x)] <
< ma’-}- e¥m(1+ P.(x)).

7.6.7. Tax wark B peanbmEIX CHTYamaAX BeANUHNA € dYa-
cro OmBaer meymywTmaeMoii (me yMmemplmaemoii), ToO oHa
onpefileAeT W Ty TOYHOCTH, BHINE KOTOPOl BHYACIATEH
TOYKY MHHIMYMAa He mMeeT cMeicia (cM. m. 7.6.4 m ycaopme

e
EES;—>O npr &~ 0). Benmumnga & JEMETHpDYeT TaKKe H

BrIGop mapamerpa B = p(e). Ycaosme -

=———>0 upu £—>0

ﬁ()

FOBOPHT O 3aBECHMOCTH BhiGopa peamamnsl B(e) oT m3Be-
CTHOIl BEIHYHHH €.

B npomecce peryaspmsan®y BO3HHKAET IENHIT pAL TPyA-
Hoctell. PaccMOTpHM JAME OfHY W3 IHX, a EMEHHO, BONpPOC
o Beifope o, ¥ f, — HAUAJNFHEIX 3HAYCHOII HapaMeTpoB pe-
ryaspusanuE. Bynem mpennosarare € JOCTATOYHO MAaJOit
permunnoit. ILocKoabRY Hpomecc peryiaApH3amum MOKET CXO0-
RETBCA OUEHh MeJIeHno (cM. saMedaunme 7.4.2), To BEIGOD
CPaBHATENBHO GONBIION BETWYHHBI ¢, MOMKET OKa3aThCA
pecbMa HEBHITOAUMLIM C TOYKH 3peHmsA o0mux 3arTpar Bpe-
MeAH Ha I[Ollydende JOCTATOYHO XOPOmero HpuOAMKenms
K HOPMAIBHOMY peIeHHIO.

C--mpyroif cropomsl, muA HAXOMACHEA TOUKH  Ya,Byer
Kax NOPaBMIO, HCIONB3YIOTCA PEJAKCAUOHHEIE METON&l MI-
HOMO3AIEHE, Ha CKOPOCTH CXOAUMOCTH KOTOPHIX CYINECTBEH-
HOe BINANNG OKA3LIBAET BeAWYANA MAPAMETPA CHALNOIl BbHI-
nyxiaocTn MuEnMmsnpyeMoii ¢yskmmn Fope(X)y T. e. Be-

ANYAHA OPOM3BENEHHA O, VI3BecTHO, 3yTO mpm yORIBaEAN
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af ChOPOCTH CMOIMOCTII PeJARCAMIONHLIX HPONECCOB Io-
niLkaercg Denepcrpne aToro BHOOpP MaAbX 3HaMYeHNn o,
1, OHATH-TAKH MOMET YBEINUNTH OOH{Ie 3aTpParbl BpeMe-
HI ©a fosyyeinle ieo0XomiMoro npnbiRenna K HOPMAaib-
HOMY peIileniio 1, hpoMe TOro, Mo&eT ObITH He oIpaBian
€ TOYRII 3PEHIIA COTJIACOBANIA ¢ BENIIUNIOH €.

B sanaouenie OTMETIM, YTO B 3T0il IVMIaBe paccMaTpi-
BaJIICL BOOPOCH! YCTOIMIIBOCTH 3a7ad MaTeMAaTIIeCKOro upo-
rpamMyuposannsg  Byecre ¢ TeM BUKHEIM ARAAETCA Tarkme
BOOPOC YCTOIYHBOCTH WHCIEHHBIX METOHAOB MUNIIMIBAIMH K
BO3MOMKHEIM omrnKaM, BO3BHUKAIGEM B Hpoiecce cuera,
Ananns 3T0ro uliTaTeNb MOKET HAUTH B IOCGIEIYIOM(UX I.1a-
BaX HACTOAMIEN KHITL,



TJIABA 8 .

METOJIbI O HHOMEPHOU MUHIMHA3AIIVINA

8.1. 0 zajagax OJHOMEPHOii MNHIMI3ANITA

8.1.1. MpmmMmsargs (YHKOEE ORHOTO HNEPeMeHHOTO AB-
AfeTcd, Kak IpaBMJI0, HeOOXONWMEIM 2JIeMEHTOM MHOTHX
METOOB MEHHME3AIHY MHOTOMEDHBIX (PYEKImIL.

Ha mepssil B3MIAA KaskeTcd, 4TO 3ajiada MEHHMH3ANAN
QyHKOER OJHEOTO NEPEeMeHHOro ABIAETCA [AOBOJILHO 3IMEMEH-
rapuoit. Tlo-BAAEMOMY, 3TO MHeHHE CO3[aeTCA IOCIe IEpBO-
ro 3HAKOMCIBA ¢ HadajaMm MaTeMaTHJeCKOTo aHalHsa.
B camoMm fere, ecim (QYEKOEA (), KOTOPY HY/KHO MH-
BEAMA3APOBATH HA OTpesKe [a, b}, nmddepenmmpyema, TO
0CTAaTOYHO HANTH HyJH TPOH3BOAHOLN, NPHCOEANHUTE K HAM
KOHI[BI OTPe3Ka, BHJLENATh M3 ITHX TOYEK JOKATbHEI® MHHH-
MYMH W, HAaKOHEN, CPeAH MOCIefnnx HaiiTR Ty TOUKY, B KO-
Topoil focTHraeTcs aGCoMIOTHEIIT MAHAMYM. .

Onpaxo i MAPOKOTo Kjaacca $yekunit sTa 3afada He
rax ys mpocra. Bo-mepsHX, 3ajaua pelieHdA yPABHEHMA
@’ (z)= 0 Moser 0Ka3aTLCA, KAK 2TO W GhBaeT B peaNbHBIX
cmryanmsas, seckma ciaoxuoil. G npyroii- cTOpoHBI, B IPaK-
THYeCKHX 3afajaX dYacTo Hem3BeCTHO, ABJIAETCA JIH ¢(x)
maddepernupyemoit PyHKRIHEL

Bepay aToro CymiecTBeHHOE 3HATEHHE npmoGpeTanT
MeTogsl MEHEME3AIlNA, He Tpefymomue BHYHCIEHHA IPO-
H3BORHOIL.

8.1.2. Ecim o Mupmmmanpyemoii pyHRIAR cp(x} H3BECT-
HO NHOTh, UTO OHA HempepblIBHA Ha OTpeske [a, b}, 0 maa
olpeflefieRAA TOTKM MEHEMYMa MO CyTH [eiad Tpebyercsa
pcelefoBande mopeeHnsa QYHKIMHE BO BCeX TOYKAX OTPe3Ka.
TlockonbKy Hac WMEHTepecyeT NpHOImKeHHOe ONpefieenne
TOYKD MEEEMYyMa, TO FAA 3TOTO HCCAefyIT TIIOBeJleHne
QYEKOIAE B KOHETHOM 4HCIe TOIEK, cnocobanmu BHIGOpA KO-
TOPHIX DA3MTAYATCHA MeTObI OIHOMEpHOIT MHHHMH3ANHNM.
BoJILINMHECTBO [eT€PMAHAPOBAHHBIX METONOB COCTOAT B IIO-
CTpOEHHAn NOCIEJOBATENbHOCTH OTPE3KOB [as, ba), crarmsato-
maxcs K Touke x* = argmmn{g(z): zela, b]}. Opmaxro
Bcerja MO/KHO YKas3aTk TaKylo HeIPepHBHYIO $yHERIAIO



144 T 8 METOJBI ONHOMEPHON MITHHMII3ALLIIIL

¢ (), uro pum m0Goro noueuloro Homepa >0 orpesor
@y, b,.], HOCTPOCHHEII JIIOOBIM DeTePMUHHPOBAIINLIN MeTO-
AOM, e OyfeT comep:kaTh TOURY Z*, HasKe ecjn HapecTem
OTPe3oK [as, by], hoTopory mpunmagsexur z*, B cnasm ¢ BTHM
TaPAETIPOBATE NPUHAMMIEAHIOCTD TOYRI I* OTPE3RY [a,, b.]
MOJhHO JNINB IS ONPeHEIeHNBIX hIACCOB MHOIMI3HpYe-
MBIX Qynnumi B paabneiimes Mot OTPANNYIMCA hJACCOM
CTDOTO yHUMORAILIBIX (DYHRINNL, a B LIEhOTOPLIX CIydasx
o Golee YanIIM KIaCCOM,

8.1.3. Crporo ymumopaabusie ¢ynxmmr.  Henpeprisiyio
Gyunquio @(x) Oygem HaswBaTh CTPO20 YnuM0daiviol,
ECJILI CYIeCTBYT CIUHCIBEUNAA TOUKA ee MIOHIMyMa Z* I

¢(2:)> ¢ () ana a00px 2, < z, < x¥
Q@) <) maa A106EIX < <z,

Taxny ofpasoy, ¢ mospactammey z bynrnua ¢(z) caesa
OT TOTRI MOHNIMyMa MOHOTONHO yGLIBaeT, a cHpasa OT 3TOil
TOURI MOHOTOHHO BO3pacTaer

8.1.4. Tpemge wenm HPOCTYIITE K HPOLEAYPC MIHIMII-
SaIm, CICAYeT yCTANOBNTL NPANALIeAN0CTh HedeB0i (ylth-
LIIT «DONNOASIIEMY» RIaccy, T ¢ IKiaccy, s KOTOPOTO
Tapaltuposana CXORLMOCTEL Iponecca DTO BOBCE e 03Ha-
UaeT, uTO IONUBITRI NPHMEHENNs AeTePMONOPOBAHHEIX Me-
TOMOB 11 MOnnMusaumn yHnhUul, NPHHALICKHOCTE hOTO-
PRIX clomsofawmeMy» Iilacey auGo me yeramosiema, auGo
OTCYTCTBYeT, 3anefloMo o0pevens! na meymavy. OjHaxo bo
MIOTUX CAYIasX CYIIeCTBYeT NOMOJIITeNbLIan oadopManus,
HTO3BO0IAOWMAN ) CTANOBUTE HEeOONOAUMYIO IPHHANCIKHOCTD.
YacTo Tanas nndopmanua cpsmsama c «usntechunmy copep-
shaHueM Toli peaanmoir 3ajaud, a4 hOTOpoil mocTpoena
HceJiedyeMan MaTeMaTndueckas MOJedb. 3aMeTuy, WIo mpe-
II0JIOACHIG 0 CTPOroff yumMogaasmocTn (yHRIOD B okpect-
HOCTT T09RE z*¥, BoobIe ropops, pechia €CTeCTBEHHO, BeJefi-
CIBIIE €ero moayvenne nndopManum o TahoM IPOMeXyThe
FABJLAICTCA  BAIRNLIM NPEIBAPHTENLHEIM 9TANOM IIPOMENypPLI
MO IMI3AIII,

B nanpmeitmes  maa monajoduress NOHATHE YyAadmoil
TPOIIRI 4IIced,

8.1.5, ¥Ynauuasn Tpoiika umcex. Byxex o6osmavars
ex)=0 (1=1,2,...).

T'poiiny wuncen z, <z,<z; mazopex yOaunoli, ecan

¢: < min {g,, @},
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n
@: < max {g,, @s}.

Iocnennee ycnosme o3mawaer, 4T0 TOURE (i, ¢1), (Zz, @2),
(zs, @s) He JgemaT Ha npamoil, mapamrensEONl ocm abGcnuee
(ecTecTBeHHO, WTO A CTPOTO YHHMOAaJbHOI (PyHKOHE 9Ta
caTyanua mnckgiodeHa). Takmm ofpasoM, yRadEaa Tpoiika
unces TaKoBa, UTO OTPe3Ky [z, Zs] 3aBejoMO NpPEHANIEKHAT
BHYTpEHHSIsI €r0 TOUKA Z* MEHEMYMa CTPOTQ YHHMOMAJIBHOIl
dynrnnn. .

8.1.6. O BmbGope ymawnoii Tpoiikm wumcex. B merepmmrH-
POBaHHEIX METOAX ~MUHOMA3anum OOKYHO B pes3yibTaTe
RaKAOr0 ILHKIA WOABAATCA TOUIKA (Zy, 1), (%2 @),
(s, ®s), (i @:) TarEE, UTO . -

z,<xz<x3<x‘,
¢: < min {p, ¢}, @ <min {q,, .

Bosnmraer Bompoc o BHGope ynmagHoil Tpoiikm. Bupy ctpo-
roii yHEMORANBHOCTE MHHEME3UpyeMoil (YHRNAH oueBHf-
HO, 4TO OpH P < ¢, yAauHoil Gymer Tpoiika Iy, T, T3, a OpH
@:>> s yHaugyo TpoiiKy ofpasylor uymcaa I, Zs,-Z:. Ecam
me Q= Qs, T0 Z*&[x,, z,] m m06ass @3 TPOEKR Ty, T», Ts
B I, Ts, &, 6yaer ymasnoii. IleaecooGpasno m3 uax BHOpaTh
Ty, KOTOPOil COOTBETCTBYeT HAWMEHBINHII W3 [BYX OTPe3KOB
[z, 2] m [2;, z.]. Ho moxmo mocrymuts m wmnade: ofHEM
73 MeTONoB ONHOMEPHONl MOHEMA3AIAW, BaNpEMep Jele-
HmeM OTpesKa HOIOJaM, BHYHCAHTH Ha oTpeske [z, 73] Tou-
Ky zs. Tpoiika x,, &5, T, Oyfer saBefoMo yAadHOIL. -

Tak 'Kak Ipm YACIEHHOIl peaNnsaNuy DHYACICHHA JHMH-
THPYIOTCA OOPeJeieHHOil TOYHOCTHIO, TO MBI MO}ieM JOIOb
yTBep:KAaTh, YTO PABeHCTBO 3BadYeHmil @, W @; OCyIleCTBIA-
eTca ¢ e-TOYHOCTBIO, T. e. |Q.— sl <e. B srom caywae
KasKgasg O3 TPOER Zy, Tz, Ty B Tz, Ts, Ti MOMET OKA3aThCH
ynausoii. Tora [JA COOTBETCTBYIOINEro BEIGOpa Iejecood-
pPasHO BHIYHCANTL B TOUKe Zs=(Z.+ x;)/2 3@aueHme Qs
Ecna @5 coBmafiaer ¢ @, M Qs C TOYHOCTHIO JIO &, TO HOHCK
3aKAHYOBAIOT, Oojiaras z* ~ z; B mpoTmBHOM ciydae ygad-
‘moit Oymer Tpoiika Za, Zs, Ts.

8.2, ITonck OTpe3Ka, COMEPRAMIETO TOUKY MHHIMYMA

8.2.1. Ilomck saxmiuaeTca B TOM, 4TO OCYIECTBIAIOTCA
BO3pACcTAOIfe IO BeiMuYAHe IIard A0 TeX IOp, NIOKA He
Gyner mpoiifeHa To4Ka MmEEMyMa QyHROZHE @(I),

10 B. I, Kapuanos
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8.22. lMar 1 (mecranmaprosii). DBefopaloT TOIRY 2,
1 oupeJeasIoT Halpapilenue yOosanus Qymniun  ¢(xr),
Jaa sroro BeGmpalor umcio kb m eMuuncaaor (T, + k).
Ecan ¢(z,+ h)<e@(z,), To momaraor z,=2,+h B nepe-
xogar K wary 2 mpa k=1, Ecam ¢ (z,+ k)= g (z,), 10
mozaraloT k= —h 1 perancasnT @ (z,+ k), Ecan ¢ (z,Hh) <
< @(x;), TO WoIATAT Ty ==, + I m HepexofAT K Miary 2
npa k=1, Ecin ¢{z,+h)=¢(z,), 10 nomaraior h=~h/2
1 NOBTOPAIOT HpOLELypy NOpeABapHTelbHoro mara. B pe-
3yabTaTe lrara 1 HOAy4arT YHCIO A U TOURH Xy, =2, T A
1anue, 4to @ () < @(x,).

Hlar 2 VasaupaloT k O BBIYOCIAANT Zipq = ZTn+ .

IIar 3. Beuncamior ¢, Ecnn ¢y <@y, To monaraior
kE=~A-+1 o nepexogar x wary 2 Ecax ¢uyq 2 ¢, TO moHCR
OCTAHABINBAKOT H B hauecTBe OTPE3ha, COJePrRAIIETO TOYRY
MEHHMYMAa, BBIGHPAOT [They, Thsr).

8.3. Metoast Pudonaudn 11 30101010 ceveHis *)

8.3.1. YacTo B BLIMHCINTCILILIX IPOIIEeIy pax CyLUIeCcTBem-
HEIe TPYAHOCTH BOBHIKAKT B CBASH ¢ BBIYUCICHHAMHI 3HAa-
wenuit yungui ¢ (r), sanpudep, ecaa 3unadenus ¢ (x) mo-
JIyYaloT B peayldbTaTe TOTO MJIH ULOT0 DhRCIepiMeHTa amnbo
ecan ¢ (x) sagaeTcs amAIHTHYECKH, HO JOCTATOTHO CI0.hHOI
g BRIUICTenut opyyToir R oMeTojaM, B ROTODEIN IIpH
OrpaHI¥eHHsAX Ha KOJNYECTBO BeIUNCIelm 3Havennil ¢(x)
JAOCTHTAETCH B ONpPeeseHHOM CMBICTe HAMIYYINAA TOTHOCTS,
oTHOCATCA MeTo1sl (Dubonauynm m 30710TOTO CedeHH,

ITII METOAbl COCTOHMT B HOCTPOEHUD IIOCIET0BATEJLHOCTH
oTpeanon [ax, b)), cTAruBaOMIINCA R TOYRe Z* MIHIMYMa
dyvuROmn @ () Ha HC\OIHOM oTpe3dke (15, b,

8.3.2. Cxema meroga, OGa MerToga CTPOATCA IO €JHMHOII
caeve m pasTmvaioresa cnocoboy Buibopa mapamerpa A.

IMar 1 (uecraujaptuniu) Bnfupaior orpesor [as, b.],
coZep/Kauluil Touhy ¥ MumuMmyuva QyHhOux ¢(z); sagawor
TOYHOCTL €, C hOTOPOIl (heIaI0T OIIpelesINTL TOURY Z*, BBHI-
et Ay=0b,—a, A;=2A, 1/2<A<1, A,=A,— A,
Yo=ay+ A, 2,=0,— A, ¢(y.), ©(2) u nmomararor A =1,

*) lljgew npegraraeMoro Huhe H310hennsa Beckazaxr A I' Terte-
pes B Johaale Ila cevumape hadeIpsl lccledopanig ouepauuil da-
LyTIbTeTa BLITICTHTETLHON MaTeMATHRI T hIGepueTHRI MOCROBCROID
yHHBEPCHTETA
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Hlar 2. a) Ecaa @(ys-1)< @(2:-1), TO momarawor a,=
=y, by=12)-y, 2x\=Ys-1, BHURCIAOT Apa= Ap— Apyy,
Ys =ay+ Ayys, ¢(¥x) ® mepexomar x mary 3.

6) Ecan @(yi-1)> @(2x-1), TO HONATAIOT @)= Y-y, D)=
=byoy, Yn=1Zp-y, BHUACIAT Aprz=Ay—Apyy, Z=Dby—
“= Apy2, 9(2:) = mepexofar x mary 3.

IMar 3. Ecam A,<e, T0 nomarair a*~gz,=
=arg min{g(y,), @(z)}. Ecam A,>e, To nomarawor k==
= k+ 1 u nepexogar K mary 2. .

8.3.3. OGparaM BHEMaHZe Ha TO, YTO Ha KajK[XOM IUare,
3a HCKJIIOUEHHEEM IIepBOTO, IPOM3BOAHTCA TOJBKO OfHO BBI-
uncienne 3uavtends Gyornoa ¢ (z).

8.3.4. Anaansz merona. BrisicnnoyM, KakoM yCIoBAAM [OMK-
HO Y/OBJIETBOPATEL MHCAO A, uTO0H Kaublii orpe3ok [ax, bi]
cofiepiKas TOUKY z*, uto0Hl [ay, b.)<[aw-y, br-,] m, Baxo-
Hell, 4To0H ¢ BO3pacTaHHeM YECAa £ 9TA OTPE3KH CTATHBA-
InCh K TOTKe Z*,

. Ha yenopmii

Ao, A1=A.Ao, Ak+2=Ak—Ak+h k=0, 1., ooy (8.1)

a '
H H3 A3T0KEHHOII CXEMH CileflyeT, 9To
. 8.3.5. Ecau Ay >0 das scex k=0, 1, ..., 70

Ah= bk— Qay.

Heiicteatensmo, maa k=0 210 caefyer m3 onpefeleHns
ancaa A, CreraeM wWRAYKTEBNOE OpeANOIOKeHAe, YUTO
Ap-y=byy—ay—;, Tlo 1mocTpoeHH0 Apgy=bpey— 2,y =
= Y-y — Op=1. HO Ap=As_y — A}y, CHEIOBATENLEHO,

A= (bh—l - Q) — (bh—i - Zk-:) = Zp—t — Ap—1,
Tl el
A= (bh-i — Q1) = (Yot = Apmy) = bpy — Yr—1.

Ecam nmMeer MecTo m. a) mara 2, 10 by =12,y B @y = 04~}
1oaToMy Ay=1b,—a, Ecam e mnmeer mecto m 6), TO
by="b,—y, ay= Y-y, BCIeficTBHE UeT0 Ay =0Db,—a, A
8.3.6. Ecim An=0, T0 An—yvAm-, @, clIEIOBATENLHO,
Ym—-s = Zm-s, BCICACTBHE T€ro ITPONECC MOCTPOEHHA OTPE3KOB
Lax, by] ocranasnmparor npm k=m — 2, )
8.3.7. Uz (8.1) mo muAyKOuUY JErKo MOIYIHATH

Av=MA)=(—D""(FA—-F))A, £=2,3,... (8.2)
- F;=Fz=1, F',*.1=Fh+FhL’, k=2, 3, tee (8.3)

8.3.8. Umena F,, ynosnersopsawomue ycaosaam (8 3), ma-
sbiBaloTes wucaamu Pubonayuu, TlpusesieM nepsble H3 HEX:

10+
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F,=2 F,=3, Fy=5, Fe=38, F;=13, Fy=21, F,=34,
Fu=055, F;,=89, Fi,=144 n r. 1 [laa paapmeifmmux pac-
CMOTpeHAil maM HoHAfo0ATCA HEROTOPHIC CBEJEEHA O CBOII-
ctBax uncen Pubonavdm

8.3.9. Uxeet mecto gopmyaa Buna

Po- e [(H5) (1)) v
R \— _1/-5— 2 \ P ' = 1y &4y s
CopaBeIOBOCTL €€ MOJRNO IPOBEPHTD IONICTAHOBLOIL B yC-
gopusi (8 3), yudThIBas LPH DTOM, UTO UHACHA F, nas nam-
7oTo moMepa K ompenesaiorces ofHO3MAMHO.
8.3.10. CumpasennBo COOTHOINCHNE

Fio=FFu, + (=1 k=12, ..., (8.4)

ROTOPOE JTerho JOoKa3biBaerca HHIYRImeil 1o k.

8.3.41. Iyetn M =F/Fuys (=1, 2, ...). lcoo.ansya
dopuyny Brma, moayuaes
B 3—-V5 )h
N 2
2!

e PRI (3 - 1/5’)"“ :
1

14 (—1)F

00

5 —
OTKy[{a cleffyer, 4I0 him 2, = —a
k>

8.3.12. 113 ompepmesenns umcaa Ay m dopyyan (8 4)
nMeeM

FyoiFry —F2 (=
?\rh'—;\zhi'—_" h—1" R+1 h=‘ ) k-’=23 e
* Fpfpiq FpFpt v

8.3.13. Bsugy sroro
hampz <Aamy Mm=1, 2, «.0y T Azmpy > hamyy m=1, 2, ...
8.3.14. Hycre k< n. Tozda [ay, b)<[ar-1, bs-i], ecau
=i/ Fo, 1
A <A <<Xnyy, €CIU N — HeEUeTHOE,

(85)
Aapt <A<A,  ecau n—uerwnoe,

JlefictBuTenbHO, m3 cxeMBl MeTofa' m m3 835 caeayer,
410 ycaonme |aa, bx] =[da-i, bi-i] onBOCaTenmTmO YyeTOBIIO
0 <Ax(2)<Au-i(?). (86)

Ecian k — meuernoe, To n3 (8 2) moaydgaeMmc IAS TOTOo UTO-
6p1 Ax(A)>0, ROWKHO BBHINONHATECA HEPABEHCTBO A > A

’
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a masa toro To6H Ax{A) < Ap-((A), momrHO GHITH A < Apyy.
Iipm uwetnmoM k& aHanormumo modydaeM Axsy <A <A, Hrak,
cle/lyiomae HEPABeHCTBA TapaHETAPYKT CUPaBeNIABOCTH YC-
aosms (8.6):

A <A <Ay, ecam k-— mevernoe, k<n,
(8.7)

Apt <A<Ay  ecam k—gernoe, k<n.
I3 83.13 m 8341 cuenyer, 94T0 IpH M=> lAymyy 1,

ey 5 —1
Aom | M A= 5 T0OTOMY, €CIHE BHIOIHAIOTCA YCIOBHA

(8.5), 10 BEIMONHAIOTCA M yeaorHa (8 7), a smaumt, m (8.6).
13 cxeMBI MeTofa BHIHO, UTO KasKABA m3 oTpeskos [a,, b.]
COMep/KuT TOUKY Z*. A

8.3.15. Copasepiuso cjefyiomee yTBeP:KAeHHe: npu
A=) u3aoxeHHbIl MeT0d nopoxcdaer Geckomeunylio nocte-
fogareabHOCTY, 640 EHHVIZ 0TPe3K08 [ay, b,l, crazusaroujuzx-
¢ K Touke x*, .

IeficTBRTONBHO, TaK Kak A*=1—A, To mapyknueii mo n
n3 (8.1) moxyyaem ,

An() = R"A, = (l/_éz_—_i)" A, < 0,7"A,.

Tlootomy A.(A)— O mpm 7 —~ oo,
Haxoner, n3 npmHANIe;KHOCTH TOUYKH Z* nceM OTpeskaM
[a., b.] BEITeKaeT 3akMOYATENBHASA TACTH YTBEPKAEHHA. A
8.3.16. Meron somororo ceuemma. Maromennbiit BrIIG
MeToR OpH A=A HASHIBAGICA METOJOM 8040T020 CeUeHUR,
TloaceuM massanme, T'OBOPAT, YTO TOYHA Y, OCYMMECTBIAET
BOJIOTOE CEUeHHe OTpe3Ka [ay, bi), ecam
bp—ay  by—Up

. b= Yp—0
Herpynmo moxasats (nposepbTe), uTo mpm A=A Kampaas
H3 TOUEK Y, H Z,, IOCTPOEHHLIX IO CXeMe MeToja, ocyile-
CTBIAET 30JI0TOE CedYeHHe: :
Cobh—a by by—ay H—a 1475

by —yp Yyp—ay z, —ag by — zp 2 ‘

8.3.17. TlocraBmM Temeps caepylomuii Bompoc: nIpm Ka-
KEX 3HA9eHUAX HapaMeTpa A depe3 KOHeYHOe UHCIO INATOB
MH IIOIYTIEM OTPe3ok [a,, b,] manmenbwieil paamunr?
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YrBepmaenne. Ecau A=»~A,, 70 daa aio6uix ), ydos-
dersopaowux ycaosuarn (83), evinoanAlOTCS HepaGeHCTEA

0<Au2(Mn)<Aaoa(M).
I[CIICTBIITeJiLHo, u3 (82) momywaem
An—z (}\,n) - An-—z ()v) = (—1) n—.'iFn_z (}\'n - }v) Ao.

Ecar n newerno, To n3 (85) cuenyer, uto A, <A, T. e.
An-z(An)— An—2(A)<0. A Tak Kak mpm YeTHOM I B CcHIY
(85) oymetT An=A, 10 Auz(Xa)— A2 (M) <0. A

8.3.18. [lenats Goabuie wem n— 2 mwarop opm A=A, He
uveeT cupicaa Iochonmbhy An(Aa)=0, Anei(An)=An=2(rs),
TO ln—t = Zn—y, BCJIEJCTBHE UEr0 HPOLECC OCTANABIHBAIOT HA
(n—2)-m mware

8.3.19. Onmrumaanuoers meroga ®uboHadun. ITOT METOR,
KOTAQa A=A,, masoisaior serodom QDubomauuu. B cMmbiciae
yipepskfenns 1. 8 3 17 on ABjsieTCA ONTHMAIbIBIM

8.3.20, UYymerpureanuoers Meroja 1 oumdram. Yieaen-
naf peaiansannst o0oHN MeTOJ0B O00J3HACT CYLLeCTBEHIBIM
negoctathoM. Jledo B ToM, uro UpHOIMheNHble 3HAUEHHA
neeT A U A, HOPO/A{AIOT TalLoe HNakomicnne ommboK, LoTo-
poe JI0BoILLO OLICTPO MOKeT HPHBECTH K HAPYLIENHIO YCJIO-
BINI BJIOACHIIOCTH OTpe3ron [a, b,] m Tem CaMBIM K pacxo-
suntocTn mporecca B camon seite, myetn A ynopaersopser

yeaoouam (85). Pacemorpny A=A-+06. Us (82) mymecy
M) =(—D"HFA=TF)) A=
=8, () F(—1)*'6F A, (838)

Hocroapry srimomnstiotes mepasenctsa 0 <A, (1)< Aw-y(R),
10 mociefonateasuocts {A,(A)} cxonmrea mpun k- o, B 10
e Bpema I, — +oo, mootoMy A, (3) | —o0,

Hspecrmo, uto wnciaa @PnGomawinm pacTyT €O CKOPOCTLIO
reoMeTpuUeckoii Iporpeccmi, 3HaMeHaTejeM KOTOPOH fABaA-
eTcs 1111c:101—+2‘l/—5 ~ 1,618. Beuaeacrsue atoro mpm ¢punci-
POBaHHOIl TOUHNOCTH «pachauhay Mpolecca HacTylaeT Jo-
BOJILIO GLICTPO

8.3.21, BuGop uncta n, OmnpemennM Mo 3afaHEOMY &
unciao n, neoOXxogmMoe AnA TOTO, UTOGE! rapaHTHPOBATL Ie-
paBeHCTBO A,-; < €,



8 3, METONEI ®HEOHATYN H 30JI0TOTO CEYEHNA 151
Insa osToro BHaUale AOKa)KeM CHpaBeAimBoCTh (HOPMyJIHI

Ak (}Vn = ;_h

w k=T, n—1. (8.9)

-

Iycrs k=n-~1 (I=1, n—1). Iloxkamenm, gro0
F —

An—i (M) =;,LA0, l=1,n—1. - (8.10)

n -

N3 (8.2), mocmombsoBaBmmch coorHomenmeM (8.4), moity-
qaeM
2 PRy — FoFn 1 F
Anei (M) = (— 1)1; 2_"‘1Fn_—non = F_nA° = F—:"Ao'
Mockonery A (),,.)—0 o m3 (8.1) caenyer An—z(A;) =
=N, (7»,,)— Ap=% 2A(,. Na Toit me dopmynnt (8.1)

uMeeM A, = An—l+i + A,.—m. Orcoma mERyknmeit mo I

yGesxnaemcsa B cupasefnusocta (8.10), a 3pagar, 1 (8.9). A

Tarmm o0pasoM, IiA MOCTHIKEHAS €-TOUHOCTH pPesyib-
TaTa wMCI0 N cleyeT BHIGHEPATH M3 COOTHOLIEHHSA

1 .
Ang (An) = F. Ag<e,
8.3.22. O coraacosarnn Tounoctit B Merone DPnGomawum.
Tenepr ofpaTHMCA K €CTECTBeHHOIl CATyamd®, KOTAA WHCIO

A, ompefiesiseTcA npnbam:xenHo: A = A, 1+ 4.-
Mz (8.8) m (8.9) monyuaem

F
Ap (M) = ;,;'* Ay + (— 1)*18F,A,. (8.11)

OT1cofa fCHO, YTO [ JIOCTHMKEHHA KEJaeMOT0 pe3yibTaTa
TOYHOCTDH § BHIYHCIIEHNSA BeIWIHHBI 7\,,. claeAyeT CcorjlacoBbI-
BATh C 33JaHHOH TOYHOCTBIO & OHpefleleHAA [IAHEL OTpPe3-
Ka [@n-2, ba-2]. A mMemHO, ecam 1 BHIOHpaeTca TaKEM 06-
pason, 4ToGH Obli0
1 e
I
0= 92
F, 2 .
TO 1A TAPARTHPOBAHHOCTH HepaseHCTBA A,-.(A)<<e pomx-
HO OBITH

~ e
BlI<z 5

2%



152 1Y 8 METOABI OZHOMEPHOII MITHIIMIIBAILIIN

8.3.23. O coraacopaunn TOYHOCTII B MeToje 301010i0 ce-

- T 5 —1
yennsd. PaceMoTpuy cayuail, norga A =21+8, A= JLZ—_'
113 8.3.15 mmeen Y

—_ 5 —1 3
AT = (Z_T) A, 8.12)

Orcroga nm u3 (8 8) cuemyer
= \R _
803 = (B2) a0 + (= 1)t om,,  @.13)

o upn

e

/5 —1\*
(L—) A< 5 1 lal<m

2

Bymer A (M) <e.

8.3.24. Eute pas o meycroiiunsoern. Ogesnamo, uro opo
OTPAHUYCHOBIX BO3MOKHOCTAX TOUHOCTI —DBRIYHCAEHNIT Ha
9BM umemo n meselmNO m OANaeMan €-TOTHOCTL pesyiTh-
aTa MOACT Ie OLITL T0CTHTUYTA, €CJIN HOIL30BATLCA Lpei-
JoaeHHOI caeMoli B oToM caiiene ofa seroda ne se.aa-
0TCA YCTOUHUGHIMU N0 OTHOWEHUID K owubkaM 6 onpede-
AeHUU JORYCTUMBLE 3HaYeHul napaxerpa A.

8.3.25. Mojuguranua meroga. B cayuae, ecanm peamum-
Ha O, ONpEREANIIAs TOYHOCTL BEIYHCJAEHHA An, 3afaHa It
IPI 9TOM YCJIOBHA COIVIacOBaHHOCTH € m & (cy. mm 8322
n 8323) ue BHIIOIHAITCSH, MOKHO TahOM 06pasoM MoMI-
(puHupoBaTh MeTOJl, 4TOOBI NPOLECC CTAT YCTOMYHBEIM.

Han mp1 ywe pmmean (cv. m 83.14), ycmobma 0<
< Akes (M) <Ay(A) TapanTEPYIOT COOTHOWIEHTE [@pysy, bpis] <
<[a,, 0] Iz (8.11) caeagyer

Fn— - -
Ap (M) — D (B) = —# A + (— 1) 8F 400,

u upn h=n-—3 moaysaes, 910 An-;(A)<A.-s(A), ecim

18] < p—. (8.14)

e n—1

Taxmnm obpasos, ycmosme (8.14) ofecmeumBaeT cooTHO-
mennsn
[@ussy Dapi] = [an, ], k=0, n—3,
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BriGepen

n = arg max {k 18] < (8.15)

77—
b
¥ OCYHIECTBHM 72— 2 MIAroB N0 CXeMe MeTOMa. 3aTeM I0:I0-
maM n—2=0 m mepeiifem k mary 4. Taxmm oGpason,
nocie n— 2 mAaros MHl ocymiecTiaseM o0HOBIeHme mporec-
ca, T. €. NONATACM dn—p=0a,, b,_,=Db, BEUHCITEM A,=
=by—ay, Ay=2AAy, Bo=Ac— Ay, Yo, 20, 9(¥s), ¢(20) 1 me-
pexogmm k mary 2. Iociae Kamaoro Takoro IHKIA, COCTOMA-

mero ®W3 n—2 ‘maroB, Mbl mnoxydYaeM, Yyumreisan (8.11)
n (815),

F e - )
Ay (M) = F_‘~’A0 + (—1) 36F,,-2A0<
+[6|F_2A < +Fn;;21Ao—
) ‘ 4, Fp_, 2 .
=p(te )<

mocxe p nukiaos Gyner
2
Apin-ny (M) < (I,T)p Ag.

Ouesmnmo, 910 Ap(n-2(A)—0 mpm p— o, ecan n=3.

3aMeTaM, UTO Ha KajKAOM IEKIe BEIYACHAKNT N — 1 2Ha-
qeHnit Mnnnnmmpyenoﬁ ¢dyuruun; mosToMy ofmiee dmciao
TaKOX BEITHCIEHHUIT COCTABAT pr—p, B TO BPeMA Kak B
«ufleannuoit» cxeme Meroma 8.32 ma p(rn—2) marax mpo-
mexoant pn — 2p — 1 BEMECcAeHnil.

8.3.26. [lnnn meronma BzomoToro cevemms mpm A=A+ 6
moxygaeM u3 (8.13)

= __q\ht2 _
) = Bua ) = (=™ Ay o (— 11830,

" npm > Ve .
% 2
5 (=) 8.16
81<7— (¥ .16)
GyIIET [a{.H, b{.H]C[a{, ‘] (l=0, k).
BriGepenm

T g \k+
n=argmax{k:|6|<17’};(v52 1) 2} (8.17)
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H OCYINECTBHAM 7 HIArOB IO CXeMe MeTOfia. 3aTeM IOJIOMKEM
n=0 u nepeiinem k mary 1. Ouepngno, 9TO aHATOIOIHO
opensinymeMy OYHKTY Gymer Ap.(A)— 0 mpm p — oo,

8.3.27. Opmako makomiemme omm0OK MOKeT IPHBECTH
K OYeHb MeJJIeHHOMY YOMBaEmIO Bermumnl A, Hade mpm
BoiGope uncia n u3 yeaosuit (8 15) m (8 17). Iloatomy mo-
JKeT HACTYIHTL MOMEHT, ROTJ@ HPOROJIKeHHe IPOIEecca CTa-
HOBHTCA «HepeHTaleIbHEIMY .,

BriacaEM cKopocTh yObIBamms BeIRYAHH A, B Hleaib-
Holl cxeme. U3 (8.9) cuenpyer, utO

Aris (M) = Mn—aBa(An).
An-a(hn) =0,58n-3(2s),
An-s(An) ~ 0,6TA i (An),
An (}‘:n) .=,0,6,An-:5 (}m) y _
An—s(Mn) ~ 0,62A,-6(As),
Ane(A) ~ 0,628, (An), ..
Ha (8.12) cnenyer

Bnaa (B = 2= 8, (B) ~ 0,628, ().

B gactHOCTH,

B cpasn ¢ artam menecooGpasmo peibpats unciao 0,62 <
<A <1, nampamep @ = 0,8, n 10 Tex mop, moKa Ay < al,,

- iipomecc npopmom:kaTh. Ilpa A,y > oA, IUKI 3aKOHYATH U

npomsBecTn oOHOBJIenme, 1. e. HoiokuTh k=0 ® mDepeiitu
h mary 1. .

8.3.28. Mopudnguposanusiii anxropiuTM 30I0TOro cevyeHns.

IMar 1. Bubpats otpesor [a,, b,], s3amats TotHOCTL €
ompefenennst Touxu z¥, puGpars umeno a€[0,7; 0,9].

Ilar 2. Boumeants A, = b, —a,, A, = V52 1 Agy Ay =
=Ay~ Ay Yo=0aot Ay 2;=0— Ay, @(y0), ¢(2) ® moo-
swars k= 1.

HIar 3. a) Ecam @(yi-1)< @ (2x-1), NONOKHUTE @y == Gy,
by=2,—1, 2, =Yr-1, BHEUAGIATD Ao =As— Ay, r=a,+
+ Ay Tlpmr ¥y, < 2, BBlumcIETs ¢ (Y,) ® mepeiiTm K mary 4.
[Ipu y,= 2, 10A0HATD Qo= d;, by = b, U nmepeitte K mary 2,

6) Ecan @ (¥u-1)>> ¢ (2—1), HONOKATL Gy =Yr-y, bp=
= bh—h Yn = Zy-4, BEIYHCIRATD AH.z = Ah -_ ARH, Zy = bh - Ah+z.
Ilpn z,>y, peiamcaats ¢(2) m mepeiitn x mary 4. Ilpm
%, < Y DOJIOMATE 4y = @, by =Db, u mepeiita & mary 2,
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IIar 4. a) Ecim A, < ¢, 3aKon4mTh MOHCK, MOIOMHB

i z* ~ 7, =arg min {g(y,), ¢ (z:.) }.

6) Ectm e <A, <aA;-y, mepeiira ® mary 3 1pnm
E=Fk+1.

B) Ecim Ay>e n Ay > aly—y, monosats a,=a,, b,=2b,
u nepeiitlH K wary 2, -

v

8.4, Meron napaGon

8.4.1. Mpmen Meroma BecbMa mpo3padyHA: eciim Ha OTpesKe
[a, b] ¢ BHyTpenmeit Toukoil z* = arg min{gq(z): x <[a, b]}
$yaxnma @(r) mOCTaTOYHO XOPOMIO AaNNPOKCHMADPYeTCA MHO-
TOWIEHOM BTOPOil cTemeHW, TO 3a NpHEOAMKEHHoe 3HAUeHHE
z* menecoofpasHo B3ATH TOUKY MEHHMYMa 3TOTO MHOTOUIe-
Ba. EcTecTBeHHO, YT0 BHICKasaHHOE NPEANOJIOKEHHE O~
HO HOAKPEeINATHCA PasyMHBIME JloBofaMA. B ciyuae, Korua
(YEKOMA IIafKad M CTPOTO YHHEMOJAAbHAS, MOKHO Tpef-
mojaraTh, 4TO B OKDPeCTHOCTH TOUKEm Z¥* oma, BooGmie ropo-
p#a, BecbMa Oam3ka K mapaGoxne. Beuay atoro Meton mapaGon
nenecooGpa3Ho HPAMEHATH HOCHE TOrO, KaK HaiifleH OTPe3oK
MOCTATOYHO MAJoil JINHBI, Cofepskaiumil z*, mHampmmep, Io-
cie Toro, Kak Haiifenst [a, by] m 2, = arg min {q(y.), @ (z)}
B pe3yasTaTe Kk Haros mo MeTOAY 30J0TOTO CEYEHHS.

8.4.2. Ilycts m3BecTHa ynauHmas TpoiiKa umcen (B CMEIC-
ae ompefenerma 8.195) z,, Z,, .. Muorowiem BTOpOro mo-
paAnka, rpadEK KOTOPOrC IPOXOAAT dYepes TOUKRA . (&, @),
(%2, @2)y (%3, Ps), HNOCTAraeT MHHEMAJBHOTO 3HAYCHHA B
TOUKE

1 (%~ 2,)? (Po.— o) — (23— 2,)* (P, — 9,) (8.18)
2 (2= 2) (P — Ps) — (25— %) (P, — @)
B sroMm MomHO 9JIEMEeHTapHO Y6enHTLCH, nocTpouB OO yno-

MAHYTHIM TpPEM TOYKAaM HHTEPOONANUOHEEIT MHOTOWIEH H
Halifasa ero Tourky MmummyMa Tax e me mpepcraBismer Tpy-

fa moOKasaTh, 4T0 Z € [y, Z;], npoBepuB cooTHOmeHHMe

x=x2‘—'

~ 1
|:c—x2|<-2-max {zy — x,, 23— z,}.

8.4.3. Cxema wmerona. Ilpesmonmaraercd, 4T0o HM3BeCTHH!
yAadHas Tpoilka wmcenr &, Z,, s, COOTBETCTBYIOmHe eif
3HAYEHEA @, ¢z, §s H 3afaHA TOYHOCTH € ONpEAeNeHNA HH-
TepBaia, COfieprKamero ToYKy z*,
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Ilar 4. Berancants % no dopmyne (8 18).

Har 2 Ecan |% —x,| <e, sakonunTs momck, monoxnn
z* ~ % Ecn % — 2, > ¢, 1o sriuncants ¢ (%).

WMar 3 Iloaesysacy cmocoGoy nm 816, ua umcen i, s,
x; u & BHOpaTh ymaunyio Tpoilhy I mepeiitm ® mary 1,

8.5, Merog xy6uuccroii annponemyarms

85.4. Metox wucmoubayeres st MunmMmsammm nudde-
pennupyemoir pynrinuy @(z), LOrga ecTh OCHOBANHA I0Ja-
raTh, 970 @ (&) AOCTATOUHO XOPOLIO ANNPORCEMIDPYETCS Ha
8ajamHoM oOTpeske [a, b] MuorounenmoM TpeThen cTemer.
B otoM caywae mpoumssopmas annponcmMmpyoIien (yHhI
ABNIAETCA MHOTOWICHOM BTOPOTO LIOPAAKA M, CJIE0BaTelbHO,
Bajiava CBOAHMTCA K HaMOHKACHHIO KOPIT KBAADPATHOTO Tpei-
wiena, npnHajesamero orpesky [a, b]

8.5.2. Ilycts mspecten orpesor [a, b], cogepsxammmit Tou-
Ry MuuooMyma @(z), mpmueM ¢(z)~ P;(z) ua [a, b] Ilpexn-
nonosmy, uro Ps(z) = P, (2) ~ ¢’ (z) na paccMaTpIBaeModM
orpesre Jlerno mposepurn, uro P,(x) ofpamaercs B HYIL
B TOThO

(z4 ¢ (b)) —w) i
b~ o ®)+ 2+ ¢ (a) (6.19)

X =
The

A=b—a, z=3ﬂﬁ%ﬂﬂm+@%@+¢%%

w="7z'— ¢ (a)p’ (D). -

8.5.3. Cxexma meroza. ITpegmonaraertes, UTO M3BeCTHLI
sHavenna ¢ (a), ¢(b), ¢'(a) u ¢'(d), mpmaen ’(a)<O0,
o’ (b)>0. %ycn, TaKkhe 3ajaHbpl uncaa e, >0 o e, > 0.

Ilfar 4. Ecan A<e,, To monaraor z* ~ b §m sakamam-
BaiOT nomck. B mpormsuom caywae seumcasior £ no gop-
Mmyae (8.19).

Ilar 2. Berwmensor ¢(3) n ¢/ (¥). Eenn lg ()] <e,,
TO WOJAraloT z* ~ & § 3aKaHUNBAIOT IONCh B IPOTHBHOM
CIyUac MEpeXoaT k Imary 3. )

Hlar 3 Ecmm ¢’ (%)<—e., 10 monarawr a =%, ¢(a)=
= ¢(%), ¢’(a)= @’ (Z) u nepexoast x mary 4. Ecax ¢’ (&
= &, T0 nonarar b==7%, ¢(b)=¢(%), ¢’ (b)=9¢ (%) n ne-
pexogar x mary 1,
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8.6. Merox racareabHbIX

8.6.1. Hnea merona. 3tor MeTOR MOKET OKA3aThCHA BeChMa
P PeKTABHBIM JiA MUHAMHASANWHE BEIDYKIHX Qymromii,

Bynem mnpegnonarats, 9ro (yEKmEA ¢(z) BHIOYKIA B
HenpepsisHo guddepennupyema na orpesxe [a, b]. O6osma-
unM gepe3 ¢(z, y) CaexyoImylo JHHEHy0 00 2 QyHEKRHAI,
olipefleIeHHYI0 B TOUKE J:

oz, y) =0+ o (y) (z—1y).

MeTox cocronT B cienyomen. BriGupaloT npou3BoiLHEYIO
TOUKRy Z, <[a, b] n crpoar ¢ymxuuo ¢ (z, x,). laa seramc-
JIeHAS TOUKH ¥; PeINaloT CAeAYIOUYIo 3a/1aqy:

min §
pn YCAOBHAX
g = @ (xi xo) 1
a<z<b,
O6o3ravam uwepes §;, z; pemennme sToii 3ajaum. [l1a oTHCKa-
HOA TOYKH Z, CTPOAT (DYHKNEIO ¢@(r, Z;) W BHYHCIALT &,
Z, — pellleEAe 3a7a4d
min § -
1P yCaOBUAX i
g = P: (.’C, '7"0) ’
:&2(])((35, Zl)1 ‘
a<zr<b.
IlycTs BEIYACIEHBI TOYKHA Loy Tty +4sy Tp—y. JLIA TOTO TTOOHL
HaliTh I, pemaloT 3a7agdy
min § (8.20)
Opa yCIOBHAX }
g = © (xi 10) ’
£=qu(z, z1),
- e e e e (8.21)
£=qu(z, 74-4),
a<z<b,
Iycrs -
‘bh—l(x)=max {q)'(xv xﬂ)v (Pl(xr xi)’ e (Pl(xs xh‘i)}: (822)
HIH, 9T0 TO 3Ke caMoe,
\Pg-; (xl=max {1[93-2(3:), cp,(x, xg-g)}. (8.23)

.
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Herpynuo yGenurnea, uro mpm @' (z,-,)% 0 samaua (8 20),
(821) sxpmpaienTHa sajaue OTHICKANMS TaKOil TOUKH X, S
€ [a, b], uro

Paoa (22) = Min s (2) (8.24)

x<[a,b]

M3 puc 81 Bumuo, 4TO ANA BHYECHEHHS RAKAON TOULI Ty
[OCTATOUIO HANTH HA KaK/0M MIare jiBe HOBBIE BepUIHHDLI
aoMmanoit Yx-,(z) (ua pu-

PR cyure aomamaa ACB uso-
Opamxaer rpadux Qyuriuy
P, (z), a nomanaag ADEB —

rpadux Qysroun | (z))
A 6.2, Cmoiicrsa ¢yux-
7 o m Y-{(z), Hs pony-
oY wuoct  Qyurguo  @(z)

7 ‘le .lr, > cienyer, 4ro
=
Pirc. 84 (=)

= oWt o' (y)(z-y).
BCJeJCTBIIe Yero moiyyaeM HepaBeHCTBO
G (2, 2) < ¢ ()
pas Beex 1=0, 1, ..., k—1 u moGoro z<€[a, b] Iostouy
(P(x)>max {(}31(1’, ‘7"0)1 (Pl(l', xl)7 ooy ¢1(x’ xh—i)}

m, smaunt, BBHAY (822) mas Bcex x<[a, b] copasemiuso

11ePABeHCTEO \
a1 () < @(2). (8 25)

Orcroaa, a tanke n3 ompegenenns Qyunnun @z, y) u co-
ornowenus (8 22) caenyer, 9T0

Q@)= (2, T:) < Pomi () < @ (24),
T e.

Pr-t(z) = @(20), 1=0,A—1. (8 26)

8.6.3. Odocuopanue cxomumocrn merojga. Bypmea mpemmo-
maraTh, 4to @' (2:)70 mpm Becex k=0, 1, ..., TOCROILKY
B NPOTHBHOM CIyYae &, ABIAETCA TOUROI MHHOMyMa I IIpO-
Iecc Ha DTOM IIAare OKAHYABAETCH,

Teopema. Jaa evinyraoti u Henpeprieno dudfepen-
yupyemoll na orpesne [a, U] dynryuu ¢(z) xerod naca-
TeAbHbIZ cxrodurca:

lm gy (zp41) = @ (z*) = min @ ().
kv x&(a,b]

-
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Ecau Touka Munumyma x* eduncreenna, 7o
lim z, = z*,
'k-»oo
Hoxasareancrno. Mz (8.23)—(8.25) mmeenm
Pa—g (z2) = min Pp—g (2) < Pr1 (Tns1) < Yo (Zn41) =
x&[a,b]

= min P, (2) < Pu(=*) < 9 (2*).
x€[a,b]

TaxkaM 06pasoM, mocaefoBATeNBHOCTE {(Zx41)} — MOHOTOR-
HO BO3PACTAONIAA H OTPAHAYEHHAR CBEPXY, BCIE[CTBHE IEr0
CYIIECTBYET
P* = lim P, (Tr+1)-
Rooo

Ws npenpigyniero EepaBeHCTBa ClIeNyeT, 910
P* < @ (2*). (8.27)
Noxamem, uto P* =@ (z*). Ilycrs
L= max |¢'(2)].
xE[a,bl
BameTnM, 9TO BBEAY BHOyKiIocTr ¢ymknum ¢ (z) Gyger
L=max{l¢'(a)l, l@"(b) 1}

z aomaBasa $.(z) Gyaer ymonmersopaTh ycjoBmo Jlmmmmna
Ha oTpeske [a, b] ¢ xoncranToit Jlunmmuna L.
Tax xak x,<[e, b} (=0, 1, ...), To cymecTByer cxo-
[ALAACH MOANOCe/OBATENbHOCTh (Tk;):
o

z=lim Tp,
1>

Ha toro, uTo
Yo, -1 (Z,) = m[ilt] Pr,-1 (@) < Pr,-1 (2r,-1)s
x&E a,

BBEAY ycaoBmA JlnnmmEna s QyHKNEA Pr,—1 (x), monyzaenm
0 i1 (Br,—1) — Va,-1 (%0,) < L| Znym1 — 2y |-

Moo cumtath, ut0 Ky <k <...<k;<,..; Torga ki, <
< k;— 1 n, 3gaunr (cM. (8.26)),

Yr-1 (2k, ) = @ (2 )
TToaTomy
0 (ok,L;) = r,ma () S L ok — |
Tlepexopa k mpeflery upm i -> %, UIPEXOAEM K HEpPaBeHCTBY
0<g¢(E)-p*<0,

.
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othymia m caenyer @(Z)=1vy* Ho ¢(z*)<o@(x), moartomy
@(z*)<¢*, Tanmm ofpasom, BBHRY Hepasenctsa (8.27)
‘ P*=g(z*).
Ilepsasg wacTb TeopeMbl [Oha3aHa. Bropoe yTBepijenie
TeopeMB! fABIAETCA OUEBHNAHBIM CIeJCTBHEM TOro, 4To Jiolas
LpefeIbnas TOURAa I mociaefosaTexabmocTn {2} Tanosa, UTO
¢ (x) = ¢ (z*) = min ¢(z). A
ae(a,b)

8.6.4. Heraagruii cayvaii, Mertom KacatedbHEIX npmye-
HOM O 1A OJHOMEPIOil MEHIMHU3ANONH BBIDYRJIBIX (yHROHIT,
cBoBoambx oT TpeGopanmit HempephBHONI nngg@epernupye-
smoctn IHocnoapky peinyhias QyEKNOa @(r) mMeeT B Kak
noit pmyTpemHeit Touke y oTpeska [a, b] mesocTopommiOIO
nponspoauyio ¢ (y —0) 1 IpaBOCTOPOHNION HPOH3BOAHYIO
¢’ (y+0), To METOX RacATEJIBLHBIX MOMheT OBITh CJAeAYIOMmIM
oGpasoM mnpmcmocodjen o s dTOro ciaydasg. DB kadectse
anmreiinofi Qyurmon ¢ (2, x;) Gymes BHIOHpATHL CJIeNyONIYIO
QyHROOO;

@z, 2) =0 (z.)F 1. (z = 2),
rIe ¥, — moboe uncio us orpesna [¢ (z—0), ¢ (z+0)]
B uwacTHOCTH, Y: MO/LIO BEIGHPATE U3 YCIOBIA
lv,) =min{l¢’(z.— 0) I, 9" (2. + 0)I}.

JanpHenmas KOHCTPYRLILT MeTOfa octac1cd npesHeilt Teope-
3Ma 0 CXOIHMOCTII OCTAETCA CHOPABEJUINBOM I B 3TOM CIyvUae,

8.6.5. Cyeya MeToma. AJropoTM IO3BOIACT maiitiH TOU-
hy MHOHOMyMa BEIOYKJIO m Auepenimpyenoil ¢y mnmmn
¢ (z) ma orpesxe [a, ] c¢ sapamee 3ajgamHOIl TOYHOCTLIO E.

IMar 1 (mecrampaprusti) Ilonomure ay=a, b, =1, BbI-
aneants ¢(a,), ¢ (b)), ¢ (a:), ¢ (b)) n mepefitn k wary 2
opo k= 1.

Ilar 2. Ecan (0,—a,)/2<g, To NOHCK OKOHYATH O IO-
q040Th T¥ ~ arg mun {¢ (a,), ¢ (bs)}.

Ecau (b, — a,)/2 > ¢, To BBHIULCINTH ¥)

_ (9 (r) b — @' (3) 4] — [@ () — @ (%)
P (ba) — @' () *

Th

®(z). ¢ (m). Eern @' (::)=0, 10 z*¥ =z, Iloncx oron-
yey Ecan ¢ (2;)<<0, 10 OONGKOTE Qpyy = Tny, bpyy = by,
Ecan ¢ (2:)> 0, T0 HOMOMITD Agys = Ay, biyy = T

*) Jlerno BIJIETh, UTO Zx SABISIETCA TOYLOIl mepeceuenns MPAMEX
y=0(a) + ¢ (a)(c=ar) u y=q(bs) + ¢ (ba) (z = ). -



I'TABA 9

PEJJAKCAITNOHHBIE METOIbI PEIIEHUA
9RCTPEMAJIbHBIX 3ATAY.

METO/Ibl BE3YCJOBHOII MIHIMN3AIININ
A

9.1. Bompocht cxomamocrn ; yeroifumBocTi.
Penaxcanuonnbie nporecest

9.1.1. TIpessme weM UpHCTYNATH K pemIeHHI0 KOHKPETHOM
dKCTpeMalbHOI 3ajiaul, clefyeT BHICHATH BOIPOC, KAKOMY
M3 MeTOR0B MOHHMH3AaOUH OTAaTh NpPeAIoYTeRHe B [AHHOM
cryuae. Jlna aroro HeoOXOXMMO yMeTh CPaBHEBATH METOMNEL.
Ogme nyTs — cpaBHEBATH Ha OCHOBAHOE ONHITA W AOCTATOY-
HOTO YHCIA SKCIePAMEHTOB — IIyTh, Ges KoToporo He o6xo-
AATCA HAa OAHMH CHENHAJHCT, HCIOJBL3YIOMmuil COBpEMEHHYIO
BHYHCIATEIbHYIO TeXHHKY JUIA pPelleHHs NpPAKIAJHBIX 3a-
na4. [lpyroil nyTh, HAKAK He WMCKAOUYAIOMuil mepswil,— cpae-
HABATH KAaUeCTBO METOAOE HA ONpe[leJeHHEIX KjaaccaX sajad.
WU specs ofmapyskmBaeTcd BasKHAaA poib  ANPHOPHEIX
XapaKTepACTAK METOJ0B OJTH XapaKTePHCTHKH JOIKHHI ydd-
THIBATh MHOrHe (DAKTOPHL, B TOM YHCIE TPYHOEMKOCTh BHI-
qpcaeHnil, CKOPOCTh CXOAAMOCTH, YCTOITYMBOCTE MeETOofa K
omnbKaM B BHYACIHEHAAX, BpeMA (OPONOMKHTEILHOCTD)
caera m pan apyrux. [foka eme me mocrtamieHa samaua o0
AcYepubIBalomieil XapaKTepHCTHKe MeTofa, HO SACHO, 4TO Ofi-
HOIl M3 Ba’KHBIX ee KOMIIOHEHT fABHTCA BOHPOC O CXOXMMOCTH.

9.1.2. O cropocrir. cxomaMoeTn. TepMuUH «CKOPOCTH CX0<
EEMOCTH» BCIOJY B 9TOH KHHNre IOHUMAETCH B KIACCHYECKOM
CMBICTE, T. €. Kak CpaBHEHHe OTKIAOHeHHA m-ro mpubimsKe-
HHA OT TOYHOrO pelleHHs ¢ HEKOTOPOIl QyHKNHeil dmcia m.
IlpennonoxmM, 9T0 AJIA ONpPENEIeHHOrO Kiacca 3aiaY HeKo-
Topelit Mero A ofecmeumpaer Goiiee OBICTPYI0 CXOIEMOCTD
mocaeoBaTeNbuEX npnOamxenuii, vem Metox B Torma mis
Toro, 4T00H! -yOenuThes, UTO 9TO MMeeT MeCTO H JAJAA KOH-
¥perHoil SKCTpeManbHOIl 337241, HeoOXONUMO YCTAHOBHTH €6
NPAUHA/IEKHOCTh COOTBETCTBYIOmMeMy kiaccy. Ho m 910 B
pealbHBIX COTYaOAsaX — Jelao BechbMa HempocTtoe. [lemo B
TOM, YTO JKCTpeMajbHble 3aladd HMEIOT CBOeil IeJbl0 1aTh
BO3MOIRHOCTb NPOHAKHYTH B CYI[HOCTH TOrO0 HJIA WHOTO SfB-
JieHWsA W TOPHHATH B ONPeNileIeHHOM CMBICIAe Hamiaydillee pe-
IleHde JJIA yNpaBleHHA caMaM asienmedM, OfHaKo, Kak mpa-

11 B r HKapmauog
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gmo, nudopyannsg o0 mayJaeMoM ABIEHON HemodHa ., Cle-
soBaTeabHo, Henoana uH@opMamua 00 HCXONHBIX BeJHYI-
Hax — HapaMeTpax COOTBeTCTBYIOLIeii MaTeMaTIucchoil ao-
nemn 11 Bee-ranm, po-mepBBIX, ompejedeHHAs HHOOPMAINS
0 3ajaue COMEP/KIITCA B CaMOll ee IOCTaHOBRe B CIUIY Ha-
mnx snamiis o «QUIMTeChol» CTOPOHE I3YUaeMOro fABICHINI
1 6:;1aroJapsa OMCIOIIMCS cpefennsM o0 OINCInaX TOYHOCTI
BAOAULIX MaHHEIX DBo-BTOpBIX, B Ipollecce pelleNIA dnCTpe-
MaJblIoll 3afaum Haiud CBefeHns o Heil Bce 0olee MOIOI-
0T, TakuM 00pasoM, Bce Gonee mpoAcHAETCA ee Ipl-
HaAJeRHoCTh onpefeientony wiaccy Crato GbITh, HARAILIN-
BaeMas nuQopMalisg I anpHopHble XapahTePHOCTIRII IIO3BO-
AAIOT CBOEBPEMEHHO OIEHITH [OCTOHHCTBA II HEJCCTATLII
onpeseJeHiloro MeToa B IIPHMeHeHHn kh hOHLperTHoil sagave
U, CIef0BATEJILIIO, BHECTH 3JIeMEeHTH YUparBIcHilsl B IIpPO-
UeAypY HOICKLA PCIICHI

3areTmas, UTO OICHLII CROPOCTH CXOAIMOCTI, hakh HpaBI-
70, yAaeTca NOAYUYUThL UMb JUIA  BIOOTHE ONpeTeTertHsIx
raacecon munnMmasupyesmeprx @ynnnmn  Ojmako dTH oIenLl
mecyT B cede cymectreHnyo nH@OPMAIIND O MeToAaY I sin-
JBHIO1CH MY 1eBOJJH1eeNM Lifd OhCHepHIMCUTATLHOM IIA nposep-
RI B NIPOMCHCHII K APYTHM Riaaccas (Y HhIII

9.1.3. Ipeanoao.menuna. Hinhe paccyarpuBanores pasiini-
LI METOABI Pellienisl DLCTPEeMANbLUBIX 3279 II RCCICAYWI-
CA BOUPOCBL UX CXNOALMOULM M )b]()ﬁ‘“.lli()(,lll Hodd OCTATOUHY
rIafkax Qynnnm, npuuagtemsamux niaacey CHH(X), 1. e
dyunigrir, rpajments! KOTOPHIX YIOBIETBOPHIOT  YCIOBIIO
Jinnmmna  Omenku ChopocTH CAOTEMOCTH H3YUAEMLIX METO-
708 YCTAHABINBAIOTCA TP JONOTHAOTEILHOM IPCITIOIOMliC-
HOO, a OMEeNHO LPeJNoI0AhCHNI O BBIMYRJIOCTI MIEIMIIO-
pyexoi QYIRIUI U JOHYCTHMOI0 MIO0ALCCIBA

9.4 4, 00 ycrouumpocTu MeTORCB MuHmMnzavi.  Ecan
IJs HEROTOPOrO METOId C)IHEeCTBYIOT AQllpIOpPHLIE OHEHRII,
VCTANABIIBADIINe MOPATOR CROPOCTI CXOAIIMOCTI, HAIpI-
Mep, CpapHnBalollie BCINTHNY OThIOMeNNg M-To npndiu-
swenma oT Toumoro peutennsa ¢ seamunmon O(1/m®) (3mecsh
U[eI0 o OTIPEMieNsieT OPANGR CAOIIMMOCTH), TO MCTOT Hazo-
BeM JCTOUHUGBIN MO OTHOULEHUIO K 6bl00pY HANPA6.IEHUS
CRYCha U 6elUMUHLL Wded B TOM CIyiae, eCIIl METOX Jo-
nychaeT UpHOLNLeHHOe ollpelelenne OTHN TIapaMeTpoB, IC
Memsiolee MOpAIRa cxoqmvoctn B cayuae, ccan yeranon-
nen (DAaRT CAOQINMOCTO MCTOJa8, HO ONENLI CLOPOCTH OICYT-
CTBYIOT, VCTOIMNBEIM II0 OTHOLIEHNIO L. BHOOpY HaIpae’e-
HOA COYChA § BeJUYmHN mara Oygexn HasblBaThb METOX, J0-
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myckaiommii mpnfim:KeHHOoe ompefeleHHe DTHX napaMeTpos,
He Hapymamomiee CXONMAMOCTA HpOIecCa MHEHUMH3amA®. U3
RanbHeiimero OyaeT ACHO, YTO METOMBI CKopeiillero cmycka,
TPoeKNnA IPajineHTa, YCIOBHOIO TPAMEHTa, BO3MOMKHEIX Ha-
NpaBJiennii ABIAITCA YCTOHIABRIMA.

9.0.5. ITonsitne o pesakcamuonmoM nponecce. Paccmar-
pHBaeTCA 3ajiava MEHEMu3anam PYEKOu#E @(X) Ha HEKOTO-
pom mmuoskectse X. Ilpomecc mocTpoemms mocienmoBaTenbHO-
cta touek {x,} Gymem HaseBaTh PerarCcayuonHbIM, ecna

%EX 1 o(Xn)<g(xy), k=01, ..,

Berony nansme Gymem IpeAmoIaraTs, 4T0 MHOMKECTBO pe-
IieHnii @CXOAHOIl 3ajadm HemycTo. IIpm mcenemosarmm cxo-
AHNMOCTH pEJNaKCAUHOHHBIX IIPOLECCOB OyieM Takike mpef-
monaraTb, 4TO IIOCAEAOBATENBbHOCTE 1{X,} GecromedHa n,
CJIeloBaTeNbHO, BCE ee TOUKN JeKaT BHE MHOKECTBA pe-
menni,

9.2. BenmoMorareabnstit anmapar

9.2.1. PaccMoTpEM HECKONBKO BCIOMOTATENBHEIX YTBEepIR-
feHnii B KadecTBe HeoGXOQEMOTO ammapaTa A HCCIETOBA-
HHH CXOANMOCTH PeaKCaNEOHHHX IPOLECCOB MUNHMM3AIHI.
Jlemma 9.2 3 B HacTosmem Kypce sBIAeTCA OCHOBHOM npm
BCeX HCCIeIOBARMAX CXOAWMOCTH IPOLECCOB MAHAME3ALMH
Qyuxnuii, npuEagterkamux kmaccy C"*(X). Marepnai, n3-
maraemsiii B nn 9 24—92 10, morpeGyerca mas ycTaHoBIe-
HAA (aKTa CXONUMOCTH pPeNaKCANUOHHBIX HOCTeOBATEIbHO-
cTeil K MHOMKECTBY TOUEK, B KOTOPHIX BHIIOJHAIOTCA HE0GXO-
AHMEI® YCNIOBIA MOHOMyMa, a Ha IOCIEXYINmi MaTepma
(memser 9.2 14 m 9.2.15) ommpatoTca BEIBONEI omEROK CKOpO-
CTH CXOEMOCTH.

3aMeTHM, 9TO CoflepsKaEme HACTOAIIETO naparpaga B pas-
Hoil CTemeHH OTHOCHTCA K H3YYeHHIO KAk’ METOHOB 0eayciios-
HOll MUHNMHBaIEE, TAK I METOX0B MEHEMH3ANUE (DyHKmi
€ OTpAHAYeHHAMA. .

9.2.2. Oupepenenne rnacca Qynxmmii C"'(X). ®dynrnaa
@(x), onpenmenemsas m Arddepennmpyemas ma HEKOTOPOM
MHOkeCTBe X, TPHHANEKAT KIaccy C"*'(X), ecnim cyme-
CTByeT Takas KomcramTa L >0, wro mas mobmx x, ye X
TaKmX, 410 [X, y] < X, eminonnsercs mepasencrso

||(p' (x)~o (y)I<Lix - vyl
11*
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9.23. lemma. Ecuw ¢(x)eC"'(X), 10 0daa_ aobuz
x, yeX rakuz, uro [x, y]<= X, cnpasedauéo nepasencrso

P(x)— () =< (%), x—y) —%ux—yu?.

JHorxasarenscTBo  Hcmomsays yemosme ¢@(x)&
e C"!'(X) u uncpaseucrso Homm — Byusnorchoro, mosmy4am

1
?x)—o(y)= §<¢’(&'+T(V—Y)),X—s'>dr=

1
= (), K=Y + [ @y + T (x— ) —
1]
— ¢ (x), x— Y dr =<(¢ (x), x —y) —

— e +rx—)—o Wiz —yldi >

0

14

i
> () x—y—Lis—3ypf(t—mydr=
[¢]

’ L’ 5
=<(P (5)1X—)'>—'7‘1‘.X—‘}[1|‘- A

9.2.4. PaccaroTpnyM B R-\epHOM eBRTHIOBOM TPOCTpAH-
cTBe *) HehoTopsie MuomecTBa X u Y takue, uto Yo X u
X\Y # &,

yeres @yurmma f(X), onpemelesHas Ha MHOMKECTBEe X,
TAROBA, UTO

f(3)=0 pmas scex yeYv, 91

PaccuoTpny a100yio mocaefosaTensuocth {v,) <X Ta-
hY10, UTO
J(x))=>0, k- oo, (92)
s menoToporo umeia € >0 ompefeany \HO&ECTDO
U={xesX o(x, Y)<el,
rae p(x, Y)— paccroamne or TOukm X [0 MIO.KecTBa Y
px, ¥) =l (3, ¥), p(x, 1) =lx~yl

9.25. Teopema Ecau euinoanaiores yeaoeus (9 1),
(92) u, kpome T020, 0as ecakoeo & >0 Haliderca Takroe

*) Bce chasamHOe HHKE CHDABEATNBO X1A OPOU3ROILEOTO METPH-
4EChOI0 OPOCTPANCTBA,
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6=20(e)>0, ur0o -

J(x)=8 0as’ecexr x,=X\U., (9 3)
TO
p(xs Y)>0, k—>oo, (9.4)

Aoxasareancrro. Ilpegnonosxnm, uto maiimyrea Ta-
Koe ¢ >0 um Taras mopmOCTENOBATENBHOCT Xk} — (Xx}, Bce

BJIEMEHTHl KoTopoii JeskaT BHe MHOmectBa Ue: {X,} C

< X\Ue. Torma cormacmo yciosmio (93) Gymer BEITIOJI-
HATHCA HepasenctBo f(Xx,)2=8 (1=0, 4, ...), nmpormso-
peudamee yeaosuo (9.2). A
. O6cymnuenme. OGparmMca K Bompocy 0 NpEMeHeHHH
TeopeMul 9.25 nnA mCCIENMOBAHAA CXORHEMOCTH peTAKCAIEOH-
HHX TpPONeccOB MMHAMHZANMA (YHKOMA G(X) HA HEKOTO-
poM MHOMKectRe X. .
Pacemorpnm mmomecto X, ={xeX: ¢o(x)<¢(x,)} =
MHOecTBO X* < X, ToueK, B KOTOPHIX BHINONHAKTCA Heol-
XONUMEIe YCIOBES JOKAIbHOTO MHHEMYMa QYHROEE @ (X).
Hpepanonommy, uro masectna '¢ymkmmsa f(x) Taxas, 910

f(x)>0 paa Bcex xeX\X*
f(x*)=0 paa Bcex x* = X*,

B OyCTh A BCeX TodeKk X, & X,\X* BHmonEsercs HepabeH-
CTBO

. P (%) — @ (Xn41) = f(X4).

Torga m3 MOHOTOHHOCTE H OTDAaHHYEHHOCTH MOCTEXOBATENh-
nocra {@(x:)} cremyer, ato @(X,)— @ (Xpys)—> 0 mpm k — oo;
sHaumT, f(X)—>0, k— oo, Ecam mua f(x) sumonmsmwores
yemosma (9.3): pas Besroro €>0 maiimercs Tamoe ==
=6(s?> 0, aro mna scex x& X,\U. Gyner f(x)=0 (amecs
U.=ixe X\X*: p(x, X*)<e}), To Ha ocoBaEmm Teope-
MBl 9.2.5 TpEXOUM K COOTHOMIEHHIO iim p(xr, X*)=0.

B Meronax Gesycnopmoii MmEEmMmsanmm riagkmx Qyak-
Iuii OOHIMHO BHIIOJNAAETCA HEPABEHCTBO @ (X,)— @ (Xuyy)=>
= Clg’ (x,)I°, Beibupas f(x)=lg’(x)I* u mpmmensa Teope-
My 9 2.5, monyTaeM CXOANMOCTb LOCJeHOBATENLHEIX NpHGIH-
#HeHmil K MHOKecTBy X*.

9.26. Teopema Ecau
c ‘1) e)bmyrmaﬂ dynkyus  @(X) npunadaescur waaccy

HE.);
2) X*={x* o' (x*)=0}+# g,
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3) daa aobozo € >0 naiiderca rarxce 6=0(e)>0, uro
lo"(x)l =6 duan scex x raruz, uro

p(x, X*)=Ilx — p*ll =>e¢,
70 Qusa 10608 nocaedosare.1vitocTu
xJeX,=1{x o)< g(x)}
Oyder
p(xi, X¥) =[x —pil<n<oo, k=01, ...

Honazarensctno Obosmauny ¢F =ming(x), €=
=¢(x)—@* Torma @(x)—¢*<C<we (k=0 1, ..).
Jlan mpoussoabnoto € >0 m Anst BCeXx HOMEPOB A’ TAanmX,

. *
uto O (X, X¥) = “xk — P “> €, PACCMOTPLIM

Vi = —— %+ (1 — ] Pi.
h\h — ph\l\ L X~ Py u

* “
Tar nah Dg ABIACTCA TpOEKHIeil TOYRI X, Na BLIYRTIOE II
3aMRIYTOEe MHOAecTBO0 X* Touer Mummpma Qyuruum @(x),
* . y . | * g
a Yr& [P/u J\k]a 10 O(yr X ) = [])k —Prj=¢ 1§, BBULY
3), e’ (y )l =6
npepnoiomenus 3), g’ (y)ll =
Toapay sach aeanou 92 3, moaydaes

5 @
A) ¢ly) —¢* =0y — o yf.—%.,—,—’*).)>
1 Gah
5 / ey & () 1,68 1§
>T<(P ()k)vm>—7L‘Zj>7L >0,

TIpeanoto.sma, dTO TeopeMa Hepepna, T e maiigerca
Taras MoCIeqoBaTeIbHOCTL {X,}, [ noTopoil 03 et

B) \“.M—Pz’:“**OO, L — oo,

I3 ppmrynaocTo yERIUO @(X) o paBemcIBa (p*=cp(}):)
caesyer :

< —— ¢ (xp 1——2 ) g*=
¢ (¥r) nxk__pk“@(fH( “Ak_pku)cp
—8_. ”"H—*<1‘JT‘ CS‘
p— (¢ () — ¢%) < ey

B | X, — Pyl

L

Yuuteisasg npefnodosenne 1), OPIX0OAUM I COOTHOUIEHIIO
Iim @ (yi) = ¢* . A

. P Y ¢*, mpoTuBOpEyallleMy HepareHCIBy A), A

- 20
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Hoxazammas TeopeMa HrpaeT BajkHYIO POIb OPHE 060CHO-
BAHAH OLEHOK CKOPOCTH CXOZEMOCTH METO0B MHHEME3Afud
BHIOYKIBIX (OYHKIOWIi, IOCKOIBKY 5TH ONEHKA CYI[eCTBEHHO
OUHpaTCA Ha YCIOBHE OTPAHHYCHHOCTH |X; — Pi ﬂ

_9.2.7. Viccnenyem Temepn csoiictBa Mmoects X, Y m
¢yaxmun f(X), KOTOpHe rapaHTEDYIOT BHINOJNHEHHE YCJIO-
saa (9.3).

Teopema. Ecau mnoxecreo X ozpanuueno u samrmny-
70,” & HenpepbieHas Ha mHoxecTée X Pynryus f(x) raro-
ea, 4To .
f(¥)=0 0uaa scex yeV,

‘ f(X)>O”6./m ecer x=X\Y+#9, .-

" 10 evlnoansercs ycaosue (9.3).
Aoxaszarensctso. Ilpeqmonoxnm, aro maiigyTcs Ta-

koe &€>0 m rakas mociaegosatensnocTh {x,} < X\U,; 4ro
/(xx)—~ 0, k— . Beany orpammueEHOCTH MHOecTBa X W3
nocienosaresbEOCTR {X,} MOHO BHOPATH CXONAMYOCA HOM-
TOCJIe0BATEIBHOCTD {xk;]; opu aroM lim Xp, =X& X\Y.

100

~ Ho f(x)=0, cnenosatennno, x < Y. IIpotmBopegme. A
3damMeuzaHme. B ciyuae HeorpaEmUEHHOCTH MHOKe-
crea X ycnosme (93) momer mapymarses. Ha pme. 9.1
n3o0paxen rpadnk OXHOMepHOii (YHKOAH, ompejeNeHHOIT
na moayocm z =0 (mmoxectso X), o6pamaromeiica B Hynn
na orpeake [0, 1] (MmomectBo Y), ;ma KoTopoii ycioBme

(9.3) mapymaercs.

1/ 1 T
Puec 9.4

1)

9.2.8. Haromenm, yra:xeM eme OJHO CBOIICTBO, KOTO-
poe B fadbHelimmeM OyJeT HCHOMB30BATBCA KAK A HCCIEN0~
BAaHHES CYOIeCTBOBAHOS TOUEK IJN0GaJbHOTO MOHEMYMa, TaK
i ans nposepkn yeaosea (9 3).

Ilyete 2z — mpomsBonpHAg TOUKA ™ HEKOTOPOTO MHOMe-
crea X. h "

Ecau dynryusa f(x); onpedesennan na neozpanuvenHon
nnoxcecree X, obaadaer ceolicreon f(x,)— toe, k= oo, dun
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aroboti nocaedosareavrocru {x,} < X rarod, uro lIxl, — eo,
Lo, 10 Muoxecréo X(z)={xeX: f(x)<f(z)} ozpa-
nuueno.

9.2.9. B zanIouenme BBSICHOM YCJIOBHA, NPH KOTOPHIX
3 CXO;UIMOCTH DOCTeIOBAaTeILHOCTH {X;} K HEKOTOpOMY MHO-
KeCTBY cJAeflyeT ee CXOMNMOCTH K HehoTopoil TOouKe 2TOTO
MHO/KECTBA

Teopenma. Ecau mnowecréo Y (Y < X) npedesvrviz
rouer  nacaedosareavrnoctu (X} =X  koneuno (¥ =
={¥ys cver Ym}), IM|Xp —Xpp; =0 u limp (x5, Y)=0,

h—co R0

TO 3Ta N0CAed08aTEALHOCTL CLOOUTCS.
JJonasaTeabCTBO OGosHaunM Us(y)={xeX:
p(x, y)<8}. Ecnm m =1, 10 yrBep:kJieHAe TPHBHAIBHO
Hycts m > 1. Obosmaumy 6 =mnfy, —y,[>0 (1, j =

1757

=1, .., m) Ila ycaonuil Teopeysl ciefiyeT, UTo Halljercs
m
raxoe k,=>0, wtoxp = U Uspn (Vo) n Uxy— 30,1 < 8/4 poin

=1
Beex k =k, Ecan Xp, & Usu(y:y) npn menotopom ki =k, 10
pas moboro 132 Oymetr  ||¥i — M = [ (ya — ¥1) + (¥y1—
- , - | - -
- xhl) + (}\kz - xkl+1)” > ”}’ _ )111 - ( h Yi— kkl ” + Ill’\k1._'
— Xk, H ) =0—2(84)=29812,1.¢ Xp,+1 He nponagie-
SKAT HO OXHOIL 13 ORPecTHOCTEN TOTCK ¥z - , Ym
a suauut, Xx,+1 € Uess (¥y). Ilo mmaynnum cieiyer, 410
x, e Us,(y,) mpn Becex A=k, Tax nar p(%, Y)—>0, T0

klm Xp = ¥;. TanuM o6pasoy, BeA MOCIE0BATEAbLHOCTH (X}
00 .

CXORNTCA K ONHOI 13 TOUeh hOHEUYHOro MuoMecTsa Y. A

9.2.10. Teopema. Ecau ¢ynryua f[(x) swvinyraa u
dupcbepenyupyena Ha evinykaoym MHoxecrée X, a MHodice-
créo Y = Argmn {f(x) x <= X} oepanuueno, 1o

Ve>0 38=06()>0: VxeX\U:)|v/M[=6,
2de U, (Y)y=1{x" p(x, Y)<el. '
Honasateabctso Ofosmayum wepes G rpamnny
muoshectsa U.(Y). Mnosectso G, =G NX orpanmueso
samnuyTo  Ouenmamo, urto masa a06oro QERCHPOBAHHOIO
yeY Oyger §= uéxcn (f(z)—f(3))>0. Oyerr »— mobasn
z

toura mmuo:kectsa X\U.(Y), a y=Y. Ouenmmno, uto mna
otpeske [y, x] maujerca Touna z€ G u mpu stom lz—yl =
=1 < o, nockhoapKy Muoikectso X N U.(Y) orpammyeno,



92 BCIOMOTATE/IBHBIfI ATIIIAPAT A 169

Jng Beinykaofi Qynknem opmoii mepemennolt F(A)=
= f(z+ A(z—Yy)) cupasennneo cootnowenne F’ (0)<<F’(}A)
aig Beex A =0, mn, cunegopareasmo, <Vf(z), z—y> =<
< (Vf(x), z— y>. Tar rar RO

E<f(@)—1(y)<Vf(z), 2y < Vf(x), z—-y0 <
’ < IVf(x)lllz — yl < V()1

ma awoboro x=X\U.(Y), 10 mnpm 8=1U0/n mnoayuaem
VIBepHieHne TeopeMEl, A
O6cymxmpenne. IlpenmonoxmMm, 4UTO0 HAIA HEKOTOPOTO
penaKcamumoHHOTO mpomecca MummMmmsanmum (eM. 92 6) pmo-
Ka3aHO, UTO iim 0(xp, X*)=0. Ecam mmomxectBo X* Touer
- 00

JOKANBHBIX MHEHAMYMOB (YHKOEE ¢(X) KOHEYHO A BBHIHOJ-
nretcs yeaopmeim | Xy — x344]l=0, 10 m3 Teopemsr 9.2.9
k-

clelyeT, YTO BCA _IOCIEHOBATEALHOCTh CXOAHTCI K He-
KoTOpOiT TouKe X* jJoxampmoro mMmEmMyMa. EcrecTsenHo, 4TO
oTa NpedeibHAA TOYKA MEHHMH3HpYIOMIE TOCIEOBATEIBHO-
cm {x,;} sasmcur or Bnifopa HagaNBHOII TOUYKI X, Jame-
TIM, 9T0 cooTHomerme lIx, — Xl = 0, k = oo, pumonnserca
[1A MHOTAX pellaKCaO@oHHHIX mpomeccos MuaEmMm3ananm. Hn-
e PacCMATPHBAIOTCA YCIOBHAS, TapaHTUDPYOUIAe BHINOIHE-
HEe 3TOr0 COOTHOLIEHHS,

9.241. JIunmeiino Henocroanmsie ¢yurmmm, @DyKIAI
¢(x) GyaeM Ha3LIBaTL AUHEUHO HENOCTOAHHOU Ha MHOMe-
ctBe X, ecinm He CYIECTBYIOT [BYX TAKHX PA3IMYHHIX TOUEK
x, yeX, uaro [x, yYI=X n 9(z)=¢(x) Vze(x, y].

B kauvecTBe mpmMepa JImHeiiHO HeMOCTOAHHBIX QYHKOUIL
M0RHO IIPDEBECTH CTPOTO BEIOYKIBe (YHKOOA, a TaKKe
dyerOnn, yNOBIETBOPAIIAE YCIOBHIO

¢(z) <max{g(x), o(y)}. Vze(x,v],
— TaK HA3EIBAEMEIE CTP020 KEa3usvinykavle QyHKINA
9.2.12. CuanHo moHIKAKOINUE IOCAef0BaTeNbHOCTH. [lnA
dyesrumm @ (x), ompefenenHoii Ha MuOMecTBe X, IOCIERO-
BatenbHOGTE {X,) © X OymeM HasLIBaTh CUABHO NOHUINAIO-
wet, ecnn :
[Xp, Xepal € X 1 @ (%) 2= 0(2) = @ (Rn41) Vz & [Xpy Xl

BoabmmACTBO METON0B MMHUMHABZALAA, KOTOPEIM NOCBA-
1eHBl IocaeAyomue maparpadsl, CTPOAT IoCTe0BAaTeNLHO-
cm, ofiafaomye YKa3aHHEIM CBOIICTBOM.

9.2.13. Teopema. Ecau Ppyrnryus §(x) nHenpepvléna u
AUHEUHO HeNOCTOAHHA HA 3AMEHRYTOM U 02DARUYEHHOM MHO-
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acecree X, 1O 410618 cuavio nonuscarouyas nocaedosa-
TeabrocTs {X,} ydossereopaer yeaosuio

}ilm " Xp — xh+1 " = O.

v

Horazarenscrso Hpeanmonosmy, uto maiigerca Ta-
hadg ODoANCCIe0BATEILHOCTL {x’%}, 970

kaz"'l - Xhzl!>8> 0 V. =0,

Iocroabry {Xx,} orpammiena, 1o, me Memas obo3navenmit,
OyZeM canrTaTs, 9TO

lim Xp, =X, U lim Xk, 41 =Y

12 100
Torga Ix—yl=e>0 1r s 3aMKHYTOCTH MHOKeCTBa X 1
yeaosust [Xs, Xep] =X caexyer [x, y]< X, Ha monotonnocri
U OTPAHHYEHHOCTH UOcHefoBaTedbHocT {(X,)} momyuaes

}(lm (@ (1) — @ (Xp11)) = 0,
CIe;I0BATEIBHO, ¢ (X)= ¢(y), OThyAa BBUIY yCIoBIA ¢ (x,) =
2 @ (2) = @ (X4y1) DPINOINM h COOTHOLICHIIO

e(x)=@(z)=q(y) Vze[xy]

IPOTHBOpEHalieMy NDEANOIONenNtio 0 TOM, YTO (IYHRIusA
¢ (X) anmeiino HemocrosHEas A :

Hokrasanmnas TeopeMa, eCIm yuecTh CKAa3aHIoOe B npepLi-
AyileM IynhTe, YTBePIKAAET, UTO MHOTHE METONBI MITHHMII-
SALUII IOPOhAANT I0CIEI0BATEIBHOCTH CTATHBAIOIIXCH OT-
PE€3ROB [xh, Xy r1 ,

9.2.44. JJemva. Eeaww wyucaoeas nocaejosare.1vuocTs
{w} rarosa, uro

He — Hpra == Tall, >0, 7%>0, k= 014, ...,
TO

m—1 -1
p'm<”0 [1+l‘0k20 Tk] 1 M= 112: o e

HorasateancrBo. I3 yeaosuir meMyer CIeAyeT, UTO

Iy My
— =141 =1,
. Bpip . Bat
Benay storo .
By = Bypq B
S R il L .

R
ph+1 pl’t ”h“k-{-l = _ p’k+l
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CyMMEpysa 5T0 HepaBemCTBO WO K, momydums

S 1 P LN
—_ = ——> T
hgo L"kﬂ ”k] Mmoo By = 2 ke

k=0

OTKYZa | CJAeRYeT MCKOMag OmeHKa. A
092.15. Jlenma. Ecau uucnogas nocaedosaresviocts,
{1} Taroea, uto

p.h-—plh.;.i?’rkpk, ph>0: - T);?O, ‘k=g, 1, ..:,

70
m—1

pm<uoexp {— 2 Tk}’) m=1121°-0
k=0

JloKa3aTenbCTBO C OUEBMIHOCTHIO CleAyeT H3 YCIOBNA
x>0, mockoapky 0 <1—7,<1 &, ciegoBaTelbHo,
m=1

P < (1 — Trey) P < poklzlo (1—1) =

~

m—1 ;n-i
= [y exp {g__]o In({— Th)} < poexp [— hgo 1:;,}. A

9.2.16. Teopema. Iycre gynryua f(x) ewinyria u
dupdepenyupyema Ha 6bLINYKAOM MHOKECTEE X, a mHoxce-
creo Y = Argmin {f(x): x= X} oepanuueno. Ecau nocaedo-
eareasnocTs (X} =X raroea, uro WVf(x,)l >0 (k ), 70
lim p(xx, Y) = 0.

k-

JlokaszaTeabcTBO. BHajame JOKaiKeM, UTO IOCIEJO-
BaTeAbHOCTh {X,} orpammuena. ITpermonoxmy, uto lx,l — oo,
Torna Haiiferca Taxoe &>>0, YTO MHOMKECTBO X\U(Y)
menycro, m Takoii HoMep Ko, TTO x, € X\U.(Y) nas Bcex
k =k, Ilo tTeopeme 9.2 10 B aTOM cirygae CYIECTBYET TaKoe
§=2>0(e)>0, aro IVf(x,)| =0 mpu Bcex k=K, Ilpmoum
K IPOTHBOPEYHIO. .

OGozmaumM wepe3 P, OPOEKOAI TOYKA X, Ha MHONKe-
¢tso Y. BemAy orpaHmueHHOCTH MHOMKeCTBa Y m moclefoBa-
TenpHOCTH {X,} cymectByer Takoe umcio m>0, uTO
lix, — pull < < oo, Tar Kak f(X) BHIOYKIa, TO

0< f(x) = F(¥) =1 () = F(P) < <V (xi), 3 — P> <

< IVi(x,) I Ix, — pall < 9lVF () e
N3 coormomennsa f(x.)— f(y) (k— ) m orpaHmYeHHOCTH
TOCITeNIOBATeNbHOCTH {X,} ciefyer ;m p(xs, Y)=0. A

X, —_

-
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9.3. TeopeMsr 00 oreHrax

9.3.1. B stoM maparpade paccMaTpmBAIOTCS OIEHKH ChO-
POCTH CMOAIMOCTH pPeJahCALIOHHBEIX NPOI[ECCOB MIHIMII3a-
unn olmlero BHJA HE3aBIICHMO OT KOHKPETHHX peajmsammil
oTax mponeccos CyUlecTBEeHHO, WT0 9TH OUEHRH CIPABE/TI-
BB JINIIL JVIA 33844 BEINYLJIOrO MPOTPaMMIpPOBAHIA.

Urar, Bcogy B oToM mnaparpade 6GymeM Ipefmosarato,
49rTo MuHnMnanpyemas (QyHrOuA @(X) @ JONyCTHMOE MHO-
iRecTBO0 X BEITYKIEL .

Ofosuauny

x*=argmin{p(x): xeX), X*={x*eX),
O* = (), 1= @ (xa)— 9%, p(xp X*) =]x, —pi],

* ,
Pk — IPOELIA TOYRO X; 1A MHO/ALECTBO X7
I3 Betmynsoetnn hyunnnu @ (X) cJelyer HepaBeHCTBO

0 < pp <P (Xn)y \h — PRy (9 5)
cnpane;x'mBoe A1 BCeX TOTCh Xﬁ, BBO1Y Hpe;LHOTOd\CIImI
¢ (%) 7 g,

B ocuope Goapiumnerna macbHENIION HCCIeTOBAHII ChO-
POCTI C\OAINMOCTH PeTarCalIOHHbIN MeTOI0B MITHOMII3AIN
IeAHT CleNyolas TeopeMa ol oIeHEKe,

9.3.2. Teopema Ecau

1) dynryus @ (x) ewnyraa v Jupgdepenyupyena na
GLINYE.L0M 1L 3AMERYTON MHOXecTee X

2) mmoaecreo X* Henycro;

3) nocaedoeareavroctdy {X,} peaakcayuonna,

TO UMEET MeCTO OYeHEA
m—1 -1
AV el VO AN

@ () = 0F | 1 1tp 3y ) T Q) | g g

im0 P (M) Ap —Py)°

Honaszatearcrno Tak nan (cx (95))
B — Prgr= ¢ (Xp) — ¢ (Xpq4) =

?(2) = 9 (*pqq) p ¥ 2
; P (), — P =
<(P (xh), Xk—‘ p;>2 P ( 1) =

(%)= ¢ (Shaq) o
(¥ () xy—ppyt

>
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70, IpUMEHsAA K 9T0MY HEPaBeHCTBY JIeMMY 9.2.14, npnxogum
k omesre (9.6). A

Bpocaetca B r1a3a HEeKOHCTPYKTHBHHIE XapaKTep ONEHKH
(9.6), mockonbKy B TIepBOil ee HaCTH IPHCYTCTBYIOT HEM3-

BeCTHLIE BEXUMHN Phr. ONHAKO YCTaHOBIEHHS OMEHOK CKO-
POCTH CXONEMOCTH KOHKPETHHIX METO0B PelleHns 3ajat BEI-
HyKJIOT0 IPOrPaMMIPOBABHA CYINECT¥eHHO ONEPAETCA HA JO-
Ka3aHHYIO TeopeMy.

OueBHIHO, 9T0 ©CJH OpH m —> o PaAf, croamuil B npasoil
gactm mepaseHctsa’ (9.6), pacxopurcs, TO EMeeT MeCTO cla-
Gasz cxommMocTh (T. €. @(Xm)—> @* — cxomumocTs mo PyHK-
NEOHANY) pelaKcammoHHOro mpomecca. CmibHas e BBIMYK-
siocts pymEKOAE @(X) TAapaETEPYeT B 9TOM CIydae (em. 25.5)
CHIBHYI0 CXONMMOCTEH Ipomecca (T. € CXOAMMOCTH MOCHeJ0Ba-
TeqbHOCTE {X,} kK pemenmio x*)., Taxmm ofpasoy, mux
HCCNe0BAHAA CXOIMOCTH DEJIAKCANHOHHLIX IPONECCOB UpH
nomomu copmyan (9.6) caepyer yMerh ONEHHBATE CHA3Y
BeJIETHRY

9 (%) = P (Xp41)
(' (%5)r X — PR

Bamerny, ato <P’ (Xr), Xp — pry— 0 npu @ (xp)—>o*.

910 06cToATerbCTBO IS OIpeJeeHHEIX KJIacCOB penaK-
CAIMOHHBIX METORl0B- MO3BOJIAET HAXORAHTE TAKYI0 BEIMIHBY
C >0, re 3aBECAmMYTO OT Ymcaa mTepanuil k, 4TO

Q(x,) — ¢ (x :
s r) — % h+:)2 >,
<9 (xp)r X~ Pw>
n, CIeNOBAaTeNbHO, IIONYIdTh OHNEHKH BHZA Q(Xm)— @* X
= 0(1/m). A

9.3.3. Teopenm a. Ecaw g

1) X=E,; i .

2) evinykaas yHKyus @(x) uddeperyupyena;

3) mmomecreo X, ={x: Q(X)<@(X)} oepanuueno:
diam X, = 1(X,)=m < =}

4) nocaedosarenvrocte {x,} pesarcayuonua,

TO cnpagediusa oyeHkKa

N ) =05 |
—_ % AN VR A R
Q(xm) — ¥ < po| 1 + Mo ,qz kzo 1o () [F ] %

m=1,2 ..., (97)

ode o= @(Xo) —¢*. -
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JorasateancTEo ecTh oueBnpHOe cieAcrne omenkn (9.0),
OOCLOILEY

7 (xx)y s — Py <0 o9’ (xi) 2.

Sameuvanne Ecan cymectsyer Taroit moMep m,, uTO
@ (Xny) > @ (Xmy+1), 10 13 (9.7) caefyer nepanencrso

@ (xn) — @F < 1 [2 P (x “(P (XCP(XhH):, .

h=0

m=m0+1, mo+2, v s (98)

Jaa pooykasis pyoronoit o3 naacea C*(E,) tpe6osanme
OTPAaNNYEeHHOCTI MHO&LecTBA X, MO/KHO ocaaluTh, 3aMeHLB
ero yc1osusaMir TeopeMrr 9 26,

934 Teopema. Ecau

1) X
2) ebmjma;z Pynryua npunadaexcur waaccy C'(E,);
3) Xr#0J
4) daa 4106020 &> 0 naiiderca ranoe d=108(e)>0, uro
bo” ()1 =6 daa ecex x raruz, uro

p(x, X*¥)=lx —p*l > ¢;

5) roc1edosareavhocrs {x,} peaarcayuonna,
To0 cnpagedauea oyenra (9.7).

HoxasareancTBo. Ycuosua 1)—4) cyTs ycropus
Teopemsl 9 26, 13 KoTopoil ciaenyer HepaBencTno | X; — py [ <
< M < oo, Ha KOTOpoe ommpaerca ouenra (9.7). A

9.3.5. Teopema Ecau X=FE,, dyuryua ¢(x) curvno
swinyria u Jugfepenyupyexa, a nocaedosareawviocrs {x,}
Peaakcayuorna, 7o cnpaged.augsl HepadeHCT6a

¢ (Xm) — ¢* < g ekp[ e xﬁ’&i’i,ﬁ;: “)]l
m=1,2 .., (99
m=1
ey d I‘ K2 P (x,) — (P(xh+1)]
I.km N “0 eap [ Y = (P (Xk) “2 .
m=1,2,..,, (910)

ede ©— naparerp cU.bHOL GLINYKAOCTU,
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JokasaTenbcTBO ¢ OYEBHALHOCTBIO ClIefyeT H3 CBOHCTB
CUIbHOH BHOYKIOCTH (cM. 2.5.9):

< 1o )1

2
, xk—X*H2<—;[q>(xk)—cp(X*)l
u u3 deMMmH 9.2.15:
Q(X3) — P (Xp41)

’ 2 >
“q)'(xk) /2 “ P (xk)ﬂ

Pr — M1 =
- 0 P (Xx) — @ (Xpt1)
: - e (x2) I

-7 9.3.6. Onenxn (9 8)—(9.10) tiosBomAIOT B mIpomecce BhI-
Ymcenmii HAKAIVIMBATL MHQOPMAIHEI0 O CKOpOCTH NpEOIH-
meHEA @(X») K 9% a B ciaylae CHIBHON BHIYKIOCTE —
0 CKOpOCTE mpuOImKeHAA X, K X*. 3aMeTHM, TO [I0 TeX IIOp,
IOKa mOPANOK BeJHINHLI -

@ (Xp) = P (Xpt1).
. 17 GOl

\Y

Pre

me mmxe, gem O(1/k), perakcan@moEEHIl Nporece MUHAMA3A-
IUH OCTaeTcA cxopAmuMceA. B pPealbHBIX caTyanmuAaXx HMCIIOIb-
sylor caefiylommit mpueM. 3ajaoTca penmummofi & >0, Ha--
npaMep BH6paHHOﬁ Ha JaHHOM dTale TOYHOCTLIO BBIYHCJIE-
HEi, ¥ IPOJOMAKAIOT IPOIece JI0 TeX Mop, MoKa HE HAPYMHTCH
HEPABEHCTBO

(%) = P (%x+1) >e,
o =ol*

Ho Kar TOMBKO HAUNHAET YCTAHABIMBATHCA CATYaIUs
Q (x5) — @ (Sp+1)
9 (%) I

B fanbHeiillee OpPEMeHeHWe BHGPAHHOrO AaJaropaTMa MHHH-
MHE3aIMd He CYJHT ee M3MeHEHH#, HTePAlil OCTAHABIABAIOT.
IposomKende npomecca MAHEMASAIUHA CBA3AHO 6o ¢ n3-
MeHeHHEeM IApaMeTPOB airoparMa (Hampmmep, ¢ MOBHIIe-
HEeM TOYHOCTH BLIUHCIEHHit), 1E00 ¢ mepexofoM K JPYTOMY,
Gonee > deKTHBHOMY B JAHHOM CIyIae METOAY.

<&
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9.4. Merogm cnycka

9.4.1. O6man cxema. Bce meromm COyCKAa Pellenms 3a-
natn GesycIoBHoll MIHIME3AMIN PasimuaoTes 6o BEIOOpOM
HanpasieHug cmycka, anbo crocoGoyM ABIKeHIST BOJIbL Ha-
IIpaBJeHtil coycha. JT0 NMO3BOIseT BHIONCATEH OG0 cxeMy
METOJIOB CIIyCKa I HCCAeJ0BATh A Hee BONPOCH CXOMMMOCTII
I yCTOUYUBOCTIE

Urax, pemaerca samaua mMummmmmsammm dyaroqon  @(x)
Ha BceM mpocrtpancrse [, Metogsl cuycka coctoaT B cie-
Aywolleil mpoleAype NOCTPOEHIA IIOCJAEH{0BATENLHOCTI {x.}.
B rawectse mavaabnoro npubiaILEe s BLIOpaerca, Boobuie
roops, dwbag 10uKa X, € E,. IlocnegosaTennuble npnéane-
HOA Xy, Xz, . CTPOATCA IO CAEAYIONIET cxevie*

1) B Toure x, BLIGHpalOT manpasaenue COyCKA —§,;

2) maxoaar (A+1)-e mpnbamrenie mo dopuyne

Xp41 = Xz — i8Sy (9.11)

9.4.2. Buigop nanparaenna. Ran yae TOBOPILIOCEH, METOALI
PasTMAIoOTC, B NEPLYI0  04Yepejib, BLIGOPOM uanpasIens
ClLlyCha, HO BCEIAa B PelancamIioHHbIy METOIaX HanpanJIemnme
—S$, BHIOHpAIOT TahuM 00pa3oM, uTOGH obecHewnTh HepaBeH-
CTBO @ (Xuy1) < @(X,) IO hpaiiHen Mepe s MAJLIX 3HAYEHIII
BeamunHL §,. Ifochonshy B peambubix sapauax, nak IIPaBILIo,
oMeeTcA HHQOPMANUA JHIIL O NOBEZEHIN Gymrnun ¢ (x)
B JOKAIBIOI OLPECTHOCTI TOUKH X,, TO FapaHTHpyer yOniBa-
HOe (DYNRLIN OPH mepeMeWeHNN U3 TOURU X, BIOID HaIpas-
JIeHOA —S, COOTHOIIeHIe

(@’ (xy), s> >0.

B GoasmmucTse MeTomon cmycka BEGOp BampaBmenus
CBA3AH € BLIMHCIEHNeM FPajlleHTa MIHIMIBHPYeMoil (yHE-
LUK B TOWhe X, (HCRJIIOUEHHE COCTABIAIOT, HANDIMED, METOLL
TIOhOOPJIIHATHOTO COYCha M MHOTHE METOABI CIydYaitHoro
cuycka). Iponeaypa surancaenna ¢’(x,) secnuva TPpYyHOeMKa
Ha mpantine rpagmenr o6nrdmo OPHXOAUTCA OHpPEReiaTh
NpUGIIKen RO, HANPHMED, MOMb3YACh PasHOCTHEBINMIT cxeMaMII,
uTO TpebyeT BLIUNCICHUI 3uaveHns (yHRLIIN @(x) no rpafi-
neil Mepe B n-+1 Toukax ma Kamkgonm mTepammi. 3aneruy,
41TO BHIMICIEHHUA 3HaYeHuil ¢pynnnun @(x) B GoapmmmeTse
ClAydaes COLUPHeNO CO BHAYUTEJNBHBIMI TPYAHOCTAMI, 0CO-
Oenmno ecam oTn 3HAYCUIA ONPEHEIAIOTCA B pesyiabTare ue-
KOTOPOTO SKCHEPIMEHTA.

Ha pompoc, nanomy ms cmocoGon BEI0Opa HampabieHns
COyCka CIefyeT oTAATh UpeAIOYTeHUE OpPH pPeNIeHHD KOH-

.
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KpeTHOIl 3ajaul, OJHO3HAYHOTO OTBETA HET, eCIN TOILKO OHA
He ABJAETCA XOPOIIO M3BECTHON TecToBoil 3afjadeii. [leso B
TOM, UTO «HJeaJHHBIM» HAMpPABIGHHEM B TOUKe X, ABIAETCH
HampaBjeBHe B TOUKY X*: s =X, —Xx*. I B sToM cMbicie, Bce
ApyTHe HampaBileHdsa Xy:ke. IlpennonoxnM, uTo MBI oGnagaem
ompefenenHoii naopManueil o puie MEEAMA3ApYeMoii QyHK-
OUH; CKaMeM, HAM HM3BECTHO, YTO »Ta (YHKIOA BHIOYKIAA
m focraToyHo raajxasg. Ho m B aToM ciyuae oTBeT Ha IOCTaB-
JIEHHBIH BOOpOC BechMa sarpypemTesieH. [leno B ToM, IT0 ¥y
MHOTHX METONOE CIyCKa anpHOpPHBEIE OIEHKHA CKOPOCTH CXOAH-
MOCTH HMMeT BAX @(Xm)— @* X O0(1/m), BciemcTBEmE dero
STH ONEHKH He IO3BOJMIOT OTAATH LPEJNOYTEHHE TOMY HJIH
mHOMY MeTofty. Hmenno ma orom orame mnpmoGperaeT BaK-
HOe 3HAYeHAe HAKOIIEHHEIH onblr. Tak, HAa HaJaJbHON CTa-
7N MOHEMO3AIWA OTHAIOT OpeANouTeHHe MeTORXaM, CBA3aH-
HEIM ¢ HE3HAYATEALHLIME 3aTPATAMH yCHIMIl HA BEITHCIEHAA
HAOpaBJIeHHIl CIyCcKa, HAIPAMEP METOAAM IIOKOOPAMHATHOTO
cuycka. Horma npomecce Mmumnmmmsanma ¢(X) CYIMIeCTBEHHO
3aMeIAeTCA, NePeXofAT K MeTOaM, CBA3AHHEIM C BEIYHCIE-
HHAMO TpajilieHTa, TAaK HA3bIBAEMBIM METOHAaM IpajHeHTHOTO
cuycka. B pmanpmeiimeM, ecim mocaepoBaTelbHEle mpuOamice-
HAS OPHEENH HAC B OKPECTHOCTH TOUKA MHHOMYMa, HO TOY-
HOCTHL 'HAC ele He yCTpamBaeT, BCTYNAlT B CHIY MOIOIHM-
TeabHBle coolOpamennsa. Tak, ecam mMOBeleHHe BBIMYKJIOI
¢ynKOAR B OKPECTHOCTH TOYKHM MHHAMYMAa HOCHT XapakTep
IoBefleHHA KBaApaTAYHON (PYHKIHH, TO IPEANOIHTAIOT BHI-
6upaTh ONEH W3 METOXOB CONDAKEHHHIX HaNpaBjeHmil, no-
CKOJNBKY H3BECTHO, 9TO BTH METOAH MHHAMH3HPYIOT KBajpa-
TAYHBE (DYHKNAH 3a KOHEYHOe YHCJIO HTepanmii.

CxaszamHOe BHIIE CJEAYyeT paccMaTpHUBaTh JHOINb KAaK IPH-
Mep, He4TO BPOfe mepeflaul ONBITa, HO He B KAYECTBe «PYKo-
BOIAIIETO yKasaHAA» fAiaa cmocoba Brifopa Hampapaesmii.
Iloxa eme ONHIT, MATYHNHA, HCKYCCTBO HPH YHCIeHHOM pe-
UIeHWH PeasbHBIX 3aJlad MTPAT BeChMa CYINECTBEHHYI POJb.
OTcyTcrBme peryaspnoro cmocoba BHGopa HampapjieHmit Gea-
YCIOBHO 3aTPYAHsET HPONERYPY PpelleHns JKCTPeMabHBIX
samad. YTeImenmeM MOMKeT CAYKATH JHIIb TO, 9T 3T0 Gexoe
IATHO OCTABIAeT IIMPOKOe IoJle [As [ajbHelimax wuccremo-
BaHIII. !

9.4.3. BuiGop gamasr mara. Yncno B, ¢ TOTHOCTRIO 0 MHO-
sorenn s, onpemenser paccroamme OT TOYKH X, IO TOUKE
Xs11. MBI GylieM 37ech NpHAEPIKABATHCA OPHHATOH TePMHHO-
JIOTHR W HA3HBATL OTO YACHO JAUHOL Wwa2e HIB OPOCTO
wazon.

128 1 KapuaHos
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Ocnobnas sapmava npn phiGope Beauunnm B, B pelanca-
LIOUHBIX Ipolleccax MIHAMH3AMII ~— 3T0 00eClIeYUTh BLIIOI-
lieuHe HEPABEHCTBA ¢ (Xp11) < @ (Xx).

EcrectBenno, uTo TPYMOEMKOCTH BBIUICIGHIII BENITIIIEI
Bxr caedyer corIacoBBIBATL C TPYAOEMKOCTBI0 BBIYHACJIEHHIT
Hampasjeunsa -s, Ecan ma neifop maopasiemus saTpaulba-
eTCa Maublil TPyHA, TO, hak IPABIIO, DTO he HOILHO OTHO-
cuTcsa U h 3ajave BoiGopa B, OFEOM I3 DJIeMEHTAPHBIX CHO-
co00B, PeaNN30BAHHBIX B BHAYHTEIBLHOM YICIe CTAHZAPTHEIX
TIPOTpaMM METOHXOB MIIHIMIISAIIH, ABIAETCA CI0cO0 yABOeHOsA,

9.4.4. Criocof yaBoeumms i BoiGopa jaumel mara .
BoiGupaor §r=8x-+ Ecan mpu stom @ (X)) <@(x), 1O
aubo mepexopAar k ciaepyroweli (k -+ 2)-ii urepamum, ambo
seibupaor B, =28,~; FEcan smauenme ¢(x) Mempme ero
npefbIyNlero 3HA4YeHHS, TO IPONECC YABOCHIS MOKHO IpoO-
HOaTh [0 TeX Iop, IoKa yObIBamle Il Npenpararcd,

1
Ecam @ (X.,)= @(x,), t0 nuibmpaor P = 5 Pr-1.  Ecam
1 . .
ik — 5 B-sk [ <@(M), 10 momaranr X, =X, —
1
——Tﬁh_lsku nepexodst koclefyiowen (A -+ 2)-1r ureparum.
1 -~
Ecan me @ (\ - ﬁ,___lsh) > o(x;), 7o sulepoior By =

=f.-J/Aur

9.4.5. BerGop mammpr mara §, MCTOAMI OJHOMEpPHON M-
mmusauu. Eean na Boiwmcaeniie s, 3aTpadliBaloTea 3magil-
TeJABIEIe YCILTIA, TO Py OOBIUNO BHIYNCIAIOT OIHIM U3 METOJOB
opmoMepuoil MunnMmsannn  Qymnmun  P{f) = @ (x, — Ps,)
{cx ra 8). Ilpo 8ToM TOYHOCTH BLIUNCIEHNA TOURI MITHII-
MyMa Qyurmun Pp(p) cleayer COINIACOBLIBATL C TOTHOCTLIO
BLIVIICIenn 3nadenmilt PyErnun ¢ (x) Hpoare Toro, TOUHOCTE
BBIYICTCHIT OJTHOMEPHOr0 MIHIMYMA ONPeSeIAeTCA WICIOM
BLIUICTennil sHavenumit @ynnuimm ¢ () BIoL HANpABIeHIA
—$;, T € WICI0M, BBIOOpP ROTOPOTO CBASAI €O CIIOCOGOM BHI-
Gopa HampaBienns coycha Tak, IpexcTapiIAeTCAa MaXo OOpaB-
FaHHEBIM, YTOOBI 11a ONpefes]elle BEINYOHLI S, 3aTPAYHBaIOCh
rn+1 peruncxentnr 3navenmit GyHRIn @{x), a TOYhRa OTHO-
MEpIOro MIHIMYMa OIpefie/if;1ach B PesyZIbTaTe BLITHCIEHITIT
3HaveHmil ¢(X), YNCIO KOTOPLIX HA MOPHAIOK OTJAHYAIOCH OH
ot uncia n-+ 1. Xota oTo yIsephgeulie ue Geccuopio, He-
TPYANO MOCTPONTL IPIMED € «ITealbHBIM» crocoGoM BhGopa
1Iara, HIhAK 1€ CONIACYIOIIIMCH C TOYHOCTLIO OIpeeeHHd
TOUKID OAHOMEpPIOrQ MuHHIMyMa. Bo BcakoMmM cayuae, B pe-
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synpTaTe NPOMEAyPH ONHOMEpPHOl MHOHAMA3ZANNA BEeNHINOA
Px momwkHa OHTH oIpefeNeHa TaK, 4TO0H 3aBefOMO BHINOIHA-
Jloch HEpaBeHCTBO ¢ (Xp4+1) < @(X;). BeimmmeM ocHOBHOE c€O-
oTHOIIENWe, rapagTupyouiee yOsipanme ¢yuknmm ¢(x), Ko-
TOPOMY MO/IKHA YHOBJIETBOPHTH BeanudHa f,, BHIUNCICHHAS
B pe3yibTaTe NPONEAYPH OfHOMEpHOil MIHAMHA3ANMM:

@ (xx — BaSi) < (1 — A) @ (x,)+ A (9.12)
31ech

o1 = inf @ (xx — Bsy),
p=o

a wmeto A< P (%p) — P (Xp+1)

@ (X))o,
HOCTH BBIYHACJIENUA TOUKN OJ{HOMEPHOr0 MHHAMYMa (QYHKIII
P(B)= @ (xx— Pss). Us (9.12) caenyer, uTo

@ (%) = @ (Xnr1) = Aa (@ (1) — @)«

Orcrona o w3 onmenkxn (9.7) momyvacm

e (0,1] xapartepmayer TOU-

m—1 —1
B ? (Xr) — @ (Yry1)

eEm) — o< P |1+ F 22— | <

I R ; [ (xa)* =

B Q (%) —@

Spoll + = » A L

= 7 hé'(‘) lo (xk)2"

OTH ONEHKHM NOKA3HIBAIOT, YTO O TeX Mop, HOKA OTHO-
menne

-1

P (Xp) — @y

o' (x|

0CTaeTCHA CPAaBHATENbHO GONLIIAM, WACHO BEITACICHAI 3mavYe-
Buii @ (X) MOYKHO COKDATHTh, HOHH3HB TOYHOCTH OJHOMEPHOIT
MOHEMO3aOHH, T. €. YMeHbIIAB JHONYCTAMYIO BeJHWUHUHY A,.

YacTo B mpomecce cuera, HECMOTPA HA TO, 9TO ANPHOPHEIE
OIeEKH CBHAETEILCTBYIOT 0 CXOIIMOCTH MeTOHa CO CKOPOCTHIO,
cxaskeM, O(1/m), oGrapy:ruBaeTcs, 4TO ¢ yBeAHICHAEM TACIA
ATepandii CKOpOCTH cxopmMocTm JanGo ymerbmaercs, aubo
BooOme mpomecc mepectaer cxopuThea. Onuoii W3 npmumn
BTOTO MOMKET OKa3aThCA INOTEps TOYHOCTH HPH BRIYHCICHOH
O(HOMepHOT0 MHHAMYMa. I3 OpHBefleNHHLIX BHINEe ONEHOK
BHJHO, YTO HeOIArompuaTHASA CHTYanns, KOrfa

@ (Xp) — P (Xp41)

lo (=) f?

<e,
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MOMAET HHOTOa OBITh HCIIpaBjieHa 3a CYeT IOBBIIICHISA TOY-
HOCTH OJHOMEPHOII MHHIIMH3alun, T €. 3a CYeT TaKoro Jo-
IIyCTHMOrO YyBeJUTeHNsd ImapaMeTpa }\h: npo hOTOpOM 6yne1‘
BBIOJIHATLCA HEPABCHCTBO

P (%s) — P (Xp41)
l o' (x4) I°

Heo6xopuMocTs MOBBINIEHNS TOYHOCTH ONHOMEDHOIT MEHNMH-
san@n oOBIMHO BOSHMRAET B ORPECTHOCTH TOTRI MHHIMYyMa
H OpH IONaJaHHH TOYRI X, B TaK HA3blBACMEIT 06paz, T. e
KOIJ[a OO0 HEehOTOPHIM HANpaBIeHIAM IPON3BOAHAS OaO3KA K
HYJTI0

9.4.6. Uncaeunno pea:insdyceMble YCIOBHA BHGOpPA BEMIIYHIILL
8. Ges nponexypsl ognoMepHoii Muunmusauun. B Kauectse
Bx>>0 Gymem prGupath Pp = Br — nanboasiee n3 wmces B,
VYAOBIETBOPSIOLUIIX HEPABEHCTBY

G0 =9 (=B Saplsl T, >0 (.19)

B 1o Bpevs nax yeaosne (9 12) ne spasiercs ROHCTPYRTHB-
HBIM [UJ1s1 oIpefejeHHsa JUINHH 11ara, Hepasenctso (9 13)
1103BOIAICT BOCIIOAB30BATLCA ONUHM M3 DIEMCHTAPULIX METO-
[OB JJsi BHIVNCIEHHA BeJIUNHBI [, HaIOpHMep, MeETOOM
vasoennsa (cy m 944) 3avernM, uTO IOCKOAbRY BHIGOp
§, TapaHTupyer JohaibHoe yOpBamie (Qynnmun ¢(x) npo
IepeMeIe NI 03 TOYRI X, BJ0JAb HAampaBIeHOA —S;, TO

25D _ G )3 >0

TlonaskeM, 4TO CYINECTBYCT NOMOKOTEJNBHOC UICIO Py, YHOB-
aersopsawoniee HepaBenctsy (9 13). J[leficteuntensno, ecan

BEIODATh T (5 5
— P (Xp)s Sp
=2(1 — g — 10 AL
P ( ) Lis, |}

TO, MOAL3YACE demMoil 9 2 3, momyuaem

¢ () — @ (% — Brsr) = Br <07 (xa), s1) — 'g'B-Izz fsu P =

= BI« (<(P’ (xff)z Su) — éﬁh H Sy ”2) = QEk " (\i), 8y =

= ap X,
~ sl T @19
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npn 0<q <1 Gymer Bx>>0. IlockoneKky 3ama7a 0 HaxOne-
A0 HA;mOONBIIEro YHCARA, YHOBIETBOPAIOMEro HEPABEHCTBY
(9.13), pemaerca mpubIMKeHHO, TO MOKHO BEIIUCATEH COOT-
HOIIEHWe, KOTOPOMY YAOBIeTBOpAeT HaiiemHoe 3Hadenwe [,
B KauecTBe Hambonbuieil BeIWYHHH OPH HEKOTOPOM 3HAYCHOH
napamerpa ¢, (0, 1),

@(x)— @ (% — BiS) = a:Bal@’ (x), 87 (9.15)

BaMeuwanne. Bnobapnennn 1 goxassiBaercs, 9TO INCIO
ynBoenmit s BHGOpa Ha KaskNoll mTepanwd BeamudAHH P, u3
yenosas (9.15) romeumo. '

9,4,7. O6o3maunyM dWepes o, BeIMIAHY KOCHHyCa Yriaa
MeKy HampasieHmeM anTArpajuenta —@’ (x,) (T. e. Ha-
npaBlenMeM HaHCKopefimero yOmBamma (yHEKDEE @(X) B
TOYKe X;) W HalpaBIeHEeM CIOYyCKa —S, H3 JTOH Ke TOUKH:

> /

IRCAC LY
%= T E ol (9.16)

Ovuesnnmo, at0 0 >0, TaK Kak 5TO ABIAETCH HENPEMEHHEIM
yerosmem Bhifopa Hanpasienmsa. TeopeMsl o ckopocT: cXo-
IEMOCTE MeTOfoB OeaycioBHOl MmERMm3amum Gymem foxa-
3BT, B NPEANOIOMKEHHAX, UT0 HOCAEH0BATeNBROCTH (X}
crpontess mo gopmyre (9.41), ax>0, a B, ymosmerBopser
au6o yenosmo (9.12), ambo ycmosmmo (9.15).

9.4.8. Jlemma. Ecau ozpanuuennas ‘cHusy @Gynryus
@(x) npuradaesur Kaaccy C*(E.), a nocaedosareavrocrs
{x,} crpourca no gopmuyae (9.41) u ydossersopaer ycaosuio
(9.12), To cnpaeediuso HepaseHCTE0

(X)) —@(xnt1) = 57 Mok 1 @' (x) [

ODoxasartenscrso. Ms (9.12) pia mobmx sHavenmil
nmapamerpa P = 0 copasennso

(@ (Xn) — @ (Xnt1) = M (P (Xp) — ©) = Mn (P(x)— @ (X — Bsr) ).«

Orcrofa, monsayach demmoit 9.2.3 m ompe/iesieHHEeM BeIRIHHb]
013, IPEXO/IEM K HEPaBeHCTBY

@ (%) — @ (Xt1) 2 M (ﬁ (@’ (x1), 81> — % Lg*{sy H2) =

— ta(Boale’ sl = LB Isu ),

13
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cupaseauBoMy Ansa aodbix suauennii § IIpasam wacrn aroro
HePaReHCTRA ABIAETCH kBaipaTnuHoil yunmmeil napaserpa
B, mocTurawomeil cBOEro ManCUMyMa UpU

_ % (2
b= T

Tanmoy oﬁpaso\r, IoACTaBIsIA 9T0 3Haucune, MBI HOOJIYYaeM

1
¢ (X)) — @ (Xn+1) = g Macal @' (%)% A

9.4.9. leaya. Ecau oepanuvennas cHusy ~Pynryus
@(x) npunadaescur waaccy C“'(E,), a nocaedosareivrocts
{x,} crpourca no gopmyae (9 11) u ydosaereopaer ycaosuio
(915), 10 cnpaeez?,zueo HepageIcTeo

(P(\n)_(P(\kH)> P @ ()P ve =20, (L —gx).

Hornazateanctno Ilochotbhy B, -~ nandoapuice 113
yuces, yionlersopalonnx uepasenctsy (9 15), a

B = 2(1—q) SR
Ly sh\

hah nmosotean (e (9 14)), yiosiersopser sroMy nepaben-
c1BY, To Pa =P, u m3 (9 15), yunteidan omnpefetenme aj,
MeeM

P (%) — @ (Xt 1) = @ (Xa) — @ (Xp — Pasp) >
== quBr Q" (x4), S0 = q,egh Q' (xp), 83> = -

\

=20 (1 —a) T ! M___

Isel®
9.4.10. Hume OyayT monasambl TeOPEMBE 0 CXORHMOCTH
PeNancamoONHBEIX IpolleccoB Munmwvmsanuun IIpempge wen
IPHCTYIHTD K (JOPMAIBUBIM OKABATENbCTBAM, CAEyeT BLICKa-
3ath paAg coobpaskenuit [Insa raafknx HeBLIDYKABIX (yismui
OyjeT M0Ka3aHO, UTO peJNAKCANIIOHHBIE MOCIE0BATENbHOCTI
cxoaarea &k muoskecty {x* e X: @' (x*)=0}. Tockoabhy
mocienosateabuocts {Q(x,)} MoHoTonno yOwBaomas, ToO
PCIALCANUONTLIT HPOLLCC HUKOLAA e LPHBEAeT Hac h TOUhe
JORAJBHOTO MAKCHMYMa (eCTeCTBEHIO NpeAnosiaraTh, 4O
o’ (%,) 7 0). Jdanee, mpencTasiseTCs Malo BEPOATHLIM, YTOGHI
Ipollecc OPHBEJ I h TOYRAM CEJIOBOTO THIIZ, YTO MOJNTBEpH-
JaeTcd HAKOIIEHHBIM OIBITOM UPHMEHCHNsA pelaKCARNOHHEIX
Merofiop MuBOoMm3anun Taxma o0pasoM, B pealbHLIX COTYa-

= Lokl o' ()|
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nmAx HMeeT MeCTO CXOMHMOCTh K MHOMKeCTBY JIOKQJbHEIX
MHEHEMYMOB, a B GONBIIMHCTBe cIyYaeB — K HEKOTOPOIl TOYKe
JIOKAJbHOTO MEAHAMYMA, TeM 0ollee 4TO TpH pelleRMA KOHKpeT-
HEIX TPUKIAAHBIX 3ajlad OOHYHO M3 TeX WM HMHLIX «pusn-
TecKEX» coobpakenmii OhIBaeT M3BECTHA HEKOTOpasg OKpecT-
HOCTH HCKOMOfi TOUKHA X*, rfie O BHIOHPAIOT HCXORHYIO TOYKY
X,. Y xoTs mpu Hamnx (OPMaIbHEIX PACCMOTPEHAAX N3 MHO-
JKECTBA CTALHOHADHEIX TOUeK MBI HE MOKeM HCKIIYHTL 3TH
TOUKN, CKasaHHOe BHINe CIefiyeT YYHTEIBATh, AHANM3EPYA
TEOpeMbl O CXOEMOCTH. .
9.4.11. MnuoskecTso crammoHapnsIx Touek. [lia 3amax Qea-
yCTOBHOH MEHAMH3ANAN IIafAKOX QYHKIOIT MHOKECTBO

X* = {x*: ¢’ (x*)=0}

GyneM HA3HIBATB MHONCECTEOM CTayloHaprblr Touek. Ompe-
nenmm Tax:ke MHOmecTBa Xo={x: @(X)<o(x,)} =m
X, =X*n X,

9.4.12. Ycnosne, rapanrnpyiomee cxofnMocrb. Jlaa Be-
(Horoporb ymena & > 0 onpefeanM MHOMKECTBO

i Ua={X: p(xz X:)<8}1:
re
p(x, Xg) = inf |x—x*[2,
*

x*=X -

Yenosme, TapanTHpYIOIlee CXOXHMOCTH pPelaKcalHoHHOIl II0-
clefoBaTeILHOCTH, COCTOHNT B CJIeAylomeM: das ecakozo
£ >0 natiderca ravoe §=38(e)>0, uro Odus ecexr XxE

= XN\U, 6yder Iy’ (x,)11= 6,

9.4.13. lna dyurnuii, orpaHNYeHHHX CHA3Y HA MHOMeCT-
se X,, a OMeHHO AAA TaKkux QyHKOmiT 1 OyAer mCCIeOBATHCH
CXOIMMOCTB, JIETKO IOCTPOATL HpHMep, KOIJa OTCYTCTBHE
yeaoua 9.4.12 HCKIIOYAT 3aBEfOMYI0 CXOANMOCTb pelakKca-
NmOHHO{i  IOCTIefoBATENBHOCT K MHOKecTBY X* (M.
puc, 9.2),

a
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Yenopue 94 12 seimoansetes T JIOCTATOMIIO IMHPOLOFO
naacca gyurnun Tak, ecan @(x)=C''(E.), a muokecTBo
X, orpanirdeno, To CIPaBEINEOCT yeaosna 9.4 12 pritenaer
u3 teopemsr 92 7.

9.4.14. Ipexnonoswenna. Otmocutenbuo $yurmon @(x)
OyfeMm mpepmonaraTth, uTO

1) g(x)=C"Y(E.),

2) Xy + &

3) @(x) orpamudena cHN3Y Ha MHOAeECTBe X..

OtHocnTeaLHO IOCTefoBaTeabLHOCTH {X,} OyaeM mpepmo-
JlaraThb, 4To

4) x,— n0ban ToURa;

5) X1 =X — Pusy, k=0, 1, .. ; (9 11)
6) on=2a>0, k=0,1,. ;
7) Bbmo,:nmerc;I anbo yc;robne

(X = Busi) < (1 — M) @ (x,) + 2.0, (9 12)

mpn 0<A<), <1, L=0,1,...,
nubo ycmosme
P(X:)— @ (x,— Busy) = 2:Bal’ (x4), 8.0 (9 1'5)
mpu0<es<g<1-e k=0, 1, ven 851/2,

9.415. Teopema. Ecau eunoinsiores npcdnoaoxenus
94 14 u yeaosue 9412, 70

Iim o (x, X3) =0. (9.17)
koo

Horasareabcrso I3 mnpegmonomenus 7) u zeMm
948 w949 caexyer, uto O0<y=2&!<y,<1/2n

@ (Xn) — @ (Xp41) = C”(p’(xk) iz

npu € =L a2 min -.1—}», v{ Iocmegosatensnocts {g(x,)}
L 2 ¢

MOHOTOHHA U OTpaHHYeHA CHH3Y, HOITOMY
?(%) = ¢(Xae) >0 mpu Ao,
f(x)=lg’(x,)* >0 npu & — o,

B cnpasepupoctn cootmomiennsa (9 17) yGeatnaemes ma

> *
ocmoBaHm TeopeMst 925 mpn X=X, u Y=X; A
9.4.16. OGcy:kmenne. Ms pmorazanmoii TEOPeMBI BIHHA
BarhHag poab BLIopa HavanbHOll Toukn X, Eeau 9Ta TOYhA
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Br6pana ynauHo, HANPHEMep TaK, UTo MHOKecTBo X, COmep-
JKAT CIEHCTBEHHY CTANMOHAPHYI TOYKY — TOUKY Iiobaib-
moro MuEEMyMa ¢yEknmm ¢(x), To m3 coormomenms (9.17)
caeayer, 9To X, — X* mpm k — . Jlaa Bemyrnsix GyHKmmit
OYeBHAHA CXONMOCTb HociefoBaTensHocTH {X;} K MHOMeECTBY
ToueKk TI00aJTbHOTO MUHHMYMa, a JUIA CTPOTO BBINYKIBIX
QynKnuil — CXOIAMOCTh K e[lHHCTBEHHOI TOUKe x*. Ipmuem
B 00omx »THX caydaax (AT CXOAHMOCTH He 3aBACHT OT BHI-
Gopa TOUKHA X,, X0TA HEyAauHHI ee BHIOODP MOKeT CymlecTBeH-
HO 3aMeJJIOTh BeCch MPOIece MAHAMH3ATIAM.

9.4.17. O mapymennax peraxcamuonnocTn. Ha mparruke
B IpoIjecce MOHMMHU3AINH JacTO BOSHAKAET CATYamud Hapy-
INeHHs PeNaKCAliOHHOCTH, T. e. MOHOTOHHOTO yOHBamHA HO-
caeporatensnoctn {@(x,)}. Mnorna Takme HapylIeHAs Je-
JAI0T COZHATENBHO, ¢ Medbio m30exKaTh 3aMelJleHAA Hpomecca
mpaoMazannn. O6BUHO B TaKmX ciytasx npuberaloT K TeM
WA WHHEIM DBPHCTHYECKMM IpHeMaM, KOTOpHe IO3BONANT
yepe3 KOHEUHOE THCIO DTATOB BOCCTAHOBHTH pPelaKCaNHom-
pocts QdUeBHHO, YTO TeopeMa O CXOMMMOCTH OCTaeTcs cipa-
BeINBO, OfHAKO y:Ke He JUIA Bceil mocief0BaTeNbHOCTH,
a [1s Toil ee YACTH, KOTOPAsA OCTaeTCs MOCIEe BHTePKHBAHNA
BCeX TOYEK HApYIIEHHs PeJaKCanaOHHOCTH.

9.4.18, IlepefiteM X BHIBOTY OIGHOK CKOPOCTH CXOJH-
MOCTH METONOB CINYCKa JiisA pelmeHas 3afad GesyciaoBHoil
MEHIMH3ROAH BHIIVKJIHX H CHNBHO BEIOYKIBX (Qymkmmit. I1o
ONeHKH I BHINYKABIX (QYHKIH{ ylaeTcA IOCTPOMTH INpH
JIOBONBHO JKECTKOM YCJIOBHH OTPAaHHUEHHOCTH MHOKecTBa Xo.
BaMeTHM, UTO B DTOM Cjydae BHIIONHAIOTCA NPEATIONOMKEeHAR
2) m 3) m3 n. 9414 n ycmosme 9 4 12, xoTopsle mrpamm cy-
IeCTBEHHYI0 POIb IPH /[OKa3aTeJsCTBe MpeJBIyImeil Teo-
PeMBL.

9.4.19. Teopema. Ilycro

1) emnyrsas Pyuryus @(x) npunadiexur Kiaccy
CH' (En);

2) diam X, =1 < o0}

3) nocaedosareavnocrs {x,} crpourcano gopuyae (9.11);

4) ap>0,k=0,1,... .

Ecau svinoanaercs ycaosue (9.12), to

>

m—1 -1
<P(Xm)—<1>(x*)<uo[1 + Cpyo goxhai] , o m=1,2, ...
B (9.18)
1
Paa ar060eo 0<C<§L—n—2.
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Ecau sce evinoansercs ycaosue (9 15), 1o
m—1 -1
P (xm) — @ (3*) < o [1 + Cig k%wﬁ] o m=1,2, ..,

(9.19)
1

Oaa mobozo 0<<C < T

Honaszarearctso ¢ ouesmmnoCTHIO cienyer m3 mema 94.8
m 949 mTeopemsr 933 A

9.4.20. 3amewanme. Yenosue 2) Teopemst 9419 mosi-
HO 3aMeHHTDL ycaoBuAMU 3) n 4) Teopemsr 934 X% &
n jua awboro &>0 mafigetca Taxoe 6 =38(e)>0, ugro0
llp"(x)I =6 maa Beex x Tanmx, uro p(x, X*)=¢ Tlpu stoy
TeopeMa 9419 ocraerca cnpasepmmsoii JlonasatensctBo ee
omupaetca ma deMybl 948, 94.9 u teopemy 9 3 4.

9.4.21, Teopema Ilycro

1) cuavho evinyraas fynryua ¢ (x) npunad.excur waac-
cy CH(E,);

2) nocacdosarevnocrs  {x,} crpourca  no  diopayaas
(9.11),

3) w>0,L=0,1, .

Ecau evinoanaerea yeiocue (9 12), 7o

m—1
. ~ 0 Y. o
Q(Xm) —ﬁp('\%)<“0 CAp {—TL— A A;lcckj, m = 1, 2, teey
k=0

(9.20)
m—1

' k] 2 A 2
=[xy —ar h-ngo exp {— ‘szf 120 /.hak}, m=1,2 ..

9.21)
Ecau ace gvinoanaerca ycaosue (9 15), 7o
m—1
¢ (%) — @ (x*) < pyexp {— —% Z Vi, me=1,2, ..
k=0
(9.22)
Y m-1
[xm — 2+ 2 L % Ity exp {— —% Z \’haﬁ}, m=1,2,..,
h=y
(9 23)

Ho1a3aTe:IneTB0 ¢ ouenmAMOCTDLIO ciegyer n3 gemv 948
n 9.4.9 u teopenst 9.3.5. A
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9.4.22. O6cysknenne. OgeBnHO, 9TO B CMBIC]I® COOTHOIIE-
mmii (9 18) —(9.23) nanGonee GnaroupHATHOEE ONECHKH BO3-
HEKAIOT IPH o 0 A, OAH3KHX K eJHAAIE, T Ys OIH3KOM K
1/2 Opmako sTo TpeGyeT BHICOKOIl TOYHOCTE BEIYHCIEHHSA
rpagmenTa QYHROOH @(X) B TOYKAX Xy, BHICOKO{l TOYHOCTH
OfHOMEPHO{i MEHNIMHBAIMM, a TAKKe BEICOKOIl TOTHOCTH B OII-
pejenenAn HauGonpmero 3navenns {, A3 COOTHOIIEHUS (913),
Yyro uwacTo cHmKAaeT a(PQeKTHBHOCTH BHOpaHHOTO Iporecca
MHANMASANWH. -

[Ipenmonommym Temeph, 4To Upm Bhifope HampaBICHISA
cIycKa BHITIONHAETCA ycaoBHe o,=>ca >0, a TOYHOCTL BHI-
uncaerna P, Takosa, uro 0 <A <A, <1 nmbo 0<esgq<
<1—e¢. B prom ciydae ma coormourenmit (918) m (9.19)
caefyer OINeHKa BHAR

Pxm) =@ (M) <Cey m=1,2 ..y
am3 (9.20)— (923) —
@ (Xm) — @ (x*) < poexp {—Cm}, m=1,2, ...
“xm—x*ﬁzg%poexp{—Cm}, m=1,2, ...,

rme B Kazectse C (PUTYpHpPYIOT KOUCTAHTHl, He 3ABACAMIG
OT HOMepa M B BeIOTIHHE L. .

9.4.23. Bonpocr knacendnranun. BriGop cmocofa moct-
pOeHAA mOCIeX0BaTeNbHOCTH {X,} CYINeCTpeHHO 3aBHCAT OT
¢BoiicTB MEUHAMH3UpyeMoil yHKIAH, OoT mH(OpManmy, KOTO-
poit TONB3YIOTCA HAa KaykAoff WTepanmmm, a TaKKe OT Tex
TeXHITYEeCKIX CPeJCTB, KOTOPHIMH MBI pacmonaraeM Jisd ocy-
[IECTBIEHHA BHYMCIATEIBHBIX MPOUENYD.

MeToIs! MOKHO IOXPA3HENNTh HA TPH TPYIIIEL:

— MeT0dwl HYae60z0 nOpadka, HCIOIL3YHINAE TONBKO
3HaueHAsa MEHEMH3IAPYeMOoil QYHKOnH;

— MeT0odbl nepeozo nopsadka, MCOOIL3YMHIeE, KPOME TOTO,
peperie MPOH3BOAHHEIE,;

— MeToObl 6TOpO20 nopadka, BCIONb3YIOIHE TaKKe H
BTOpEle TPOH3BOJHbIE,

. 9.5. Meroan1 nepBoOro m BTOPOro MOPSJKOB

9.5.1. Merox rpaamentHoro cnycka. OqamM #3 Hambonee
PACTIPOCTPAHEHHBIX PEeNAKCANMORHEIX METONOB MAHNMA3ANHH,
CBASAHMHBIX C BHIUACHeHHeM TPaj@eHTa, ABJIAETCA METOR
COycKa OO HANPABICHHI AHTHrPA/IUeHTa MEBAMA3HPYeMOi

’
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dyminnn B momnsy Tanoro mmiGopa HRTIPABJICHIA CHYCKa
MO0 DPUBECTH caeAyomue coobpaxenin I[lockoabLy auTi-
TPajlenT, T. e. —@'(X,), B TOUhe X, yhasbpaer namnpapiaenue
Hauckopeiimero yonBanig (QyHKIIN, To ecTeCTBEHHENL opeg-
CTABJIACTCA CMECTHTLCA M3 TOYRH X, 110 BTOMY HANpaBiemHio.

Merog cmycra, B KoTopoM s, = @’ (xx), HasLIBAIOT MeTodoN
epaduenTHozo cnycra.

Beamwmna B, 3 Merofe rpagmentnoro CIyCKa TPaANIIIoHHO
BLIUIICAAETCHA HyTCM NPUMEHEHHA OfUOL0 13 METOXOB Of[HO-
MepHOil  MumMnsamumn Qyurmm P(B) = (xs— B’ (xx)).

Bamuuin cpoitetson o0nayaer rpajUeHTHBIT MeToh mpH
cocofe BeIfopa mara ms  ycaosiii (915). Bemmunma B,
YAoBIeTBOpAKIIan yeaosuio (915), rapauntipyer CIVILHYIO
H MOUOTOHHYIO CXOAIMOCTB HOCACAOBATENLHOCTH {X,), X,,, =
=2 — B’ (x:), & TouRe x* & X% ROTOpas omnpejeaseTcs
BBIOODOM HAYAIBLHON TOYRI X,

HeucToureanno, nyers Qyunmus ¢p(x)= CY(E,) Bunyk-
na, X*# 9, y — qo6oit (IUKCIIPOBAHALIT BIEMCHT MHO.e-
ctea X*. I3 Brmyhiaoctn ¢(x) m yemorus (9 15) caegyer

@), %=V Zox)-q()=q(r) - ¢ (Xpyg) =
>Qh?’k”¢,(kk)”2:

LO2TOMY
=200 (" (%) X — 9> + B o (m) P <P (L — 290" (xa))5
u npn 1/2 < g, <1 moxy vaew
”xh+1 '—yﬁﬁ = “ Xp —3% [I: - 2[3”& <(P’ (X;{), Xhp— }> +

B () P <] xs —
Tanmy o6pasoy, mocaenoparexnrocTs {Ix,— 3y} sowmoTonna

u orpanuvena. BeiGepew nz {x,} CX0AAIYIoCA NOAIocHeqoBa-

TeJLHOCTh {xk]], I OyeTh A% == [1m Xp. Torna x*EX*, o-
- 00

7
Chobhy @' (x*)=0n lim|x, — x*[=0 5 cnay mowmoron-
h—o

12
]

nocrir nocteosateavuoctn {lix, —x*1} 1z npomssoanmoro
QuncupoBannolo aieMenta x-, Ouesnnno, uto siement x*
MHO/KecTBa X*, K LOTOPOMY MoHOTOHHO CAOIUTCA IOCJeno-
pareannocts {x,}, oupegensercs BBIOOPOM HAYAILHOI TOULMI
X, Ouesujmo Tanke, uTo TeopeMma o0 ouenxax 94 19 npu
TaroM crnocoGe nriGopa BeTnunNLI wIara octaeTcs CLPABe il
poll, ecan ycaopue diam X, =1 <o 3aveunrs yeaoBment
X* 4,

B yacrumom cayuvae, xorga X* ABIAETCS JNHeHbIM MHOOrg-
obpasmey, »TOT Meroq HPUBOAUT K cuwIbmoil cxoxmMocTH K
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TPOEKTAN TOYKH X, Ha MHOKecTBo X*. Taxmm o6pasoM, BHI-
“Gop P rapaHTHDPYET CXOAMMOCTh PAJHEHTHOr0 METOa K HOP-
magpHOMY (cM. m. 7.3.2) OTHOCHTEJILHO X, PernleEWi0 HCXOMA-
Hoil 3ajauu. JloKasaTenbCTBO BTOrO CBOMCTBA, & TAKKE TOTO,
uTo aTOT MeToX ofIagaer CBOICTBOM CaMOpery/IApA3anny,
cM. B fobasinennn 6.

9.5.2. 0Gobmennsiii MeTon rpagneHTHoro cmycka. JacTo
GeiBaer menecooGpasHbIM BEIGEpaTh B KadecTBe HAUpaBIeHNA
cIycka He aHTHrpajnent Qyskmmm ¢(X), a

—sy = —A4,0" (x4),

rie MaTpHOn A, — CHMMeTpHYecKHe H MOJOATENILHO Ompe-
nexennsle maa seex k=0, 1, ... CymecTsyioT pasiuvsbIe
croco6er BeiGopa marpum A, Hmxe Gyayr HalnoKeHBI HeKO-
TOpHe #3 HEX, HO BHAaYaJe HCCIelyeM CXOJEMOCTH IpoIecca.

Wrax, mocmegosatensrocts {x,} Gymem crpouts mo dop-
Myie

=X — Bdsg (), k=0,1,..,

a 4mcna B, BHGEparsh Takmym o6pa3oM, YTOOH OHE YAOBIETBO-
paan auGo yeroeno (9.42), anbo (915).

9.5.3. Cxoxnmocts. IIpennonosnm, ato HopMa Matpum A,
PAaBHOMEPHO OTPaHHYEHa CBEpPXY: A<t (=0, 1, ...,
a Bce coOGCTBeHHBle uHmCia OTHX MATPHI[ OTPaHMYEHE! CHH3Y
gmeaom v >0 Torma maa nobeix x Gymer

A,x, x> =vlx, x> =vixl, k=0, 1, ..,

IZle v» — HamMeHbIIee cofcTBeHHOe wmcao Marpums A, Bem-
[y 2TOrO

o = <O (%) Ar® (X)) V] (<)
1o E) 114297 (x0)]. = 19" (xu) 1 4] @ ()]

s Teopemnt 94.15 ¢ oveBmgHOCTBIO CleAyeT CXOAHMOCTE
mpomecca, a u3 Teopem 9.4.19 m 9.4.21 — omenrm cropocTH
CXOIEMOCTH

9.5.4. Merop manckopeiimero cnycka. Ilpan A, =E, 1. e.
Korma A, sABifeTcs eIWHHYHOI MaTpmneil, a B Kadecrse P,
BHIONDAIOT TOYKY OfHoMepHOoro mmmmMyma (ymrmmm P(B)=
=@ (X, — Psy), penaxcanHmOHHENI mponecc HA3HIBAKT MeETO-
dom Hauckopeliuteeo cnycka:

Xpt =Xp— th), (xx),

By = arg min {{(B)= @ (x, — Bs,): p =0k

>%>q
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9:5.5. Merox mamenenns macmrabos. Paccyorpmy mpo-
cToii npmyep, Iycrs

n
P(x) = > az? a,>0, i=1, n.
1=1

Ecan wncna o, cymectsenno Pa3Inaibl, TO IOBEPXHOCTH
ypoBHs ynrmum @(x) BRITAAYTLI 110 TeM KOOPHHATHBIM
HAUPABICHLAM €, KOTODHIM COOTBETCTBYIOT Majble SHAYeHHs
. B srnx cayuasx o6sramo TOBOPAT, UT0 (yHKNNA @(x)
HMeeT OBPAasKHBII BHJ ¢ IOJOTHMI CKJIOHAMI, COOTBETCTBYIO-
IHMI MAJlbIM SHATEHHAM G, I C KPYTHIMIO CKJIOHAMH, COOT-
BETCTBYIOIIIMA GOMLINNM 3HAYCHHAM ¢, Eeam TOYKA X, pac-
II0JI07KeHa HA KPYTOM CRJIOHE BOAIam «qHa 0Bpara», To COycw
BIOAL aHTHOrpajiieHTa 4acTo NPHOBONAT K TOMY, YTO TOUKa
Xp+1 DOLANAET HA NPOTHBONONOMKOLIT chmom U HOCKOJILKY
AUTHIPAJUCHT NOYTH HePHeNANKYIAPeH AHy 0Bpara, To cio-
JIIMOCTL NPOMecca MONIMH3AINI Oyner cymecTBeHno 3ame;-
JATECA  3aMEHOI IepeMenHBIX MOAHO HoGuTLCA TOro, UTO6LI
TIOBEPXLOCTH YPOBHA CTanm chepuyecKoro pmaa, rapasTHpyIo-
1€ BLICOKYIO ChOPOCTD CXOTIIMOCTII TPAINeHTEOrO, HadpmAep,
_Hauchepelinmero cirycka B mamien OpuMepe JIA 3T0r0 Hy.K10
B3ATL ¥ = A7X, rIe

A= O Ve, .0 |
0 0 .Va—nJ

Locroashy @' (y) = A’ (Ay) = A¢’(x), 10, ecrn COyck pamee
LPOUCXOAIIA O (POPMYIIe Xup4 = X, — Bx@” (x:), Tenmeps om 6y-
ACT OCYIIECTBIATECA 10 poparyse

Yirs = ¥u — Bud ¢’ (y4).

B cayuae, ectn ¢(x) — ragras BEINIYLIast  (hynnmms,
BLI0HpaloT

8% (x)
&= ox2
1
B TOUKC X OZWOMCPHOTO MOHUMYMa BIOIDL HaUpanJIeHNs ey,
I XO0TA 9T0 npeoBpazoBanme He UPeBPATHT II0BEPXHOCTIL
YPOBHA B cepE, HO YMEHBLIIAT Ux BBITAHYTOCTL I TEM Ca-
MBIM 00JerYuT mpmMeHenme TPaJleHTHBIX METOJOB MO HIMI -
sanam, -
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8’9 (%)
\9z2
AX KoHeYHO-pa3HoctHoil ammpokcmManmeii. IlocienoBaTensabie
npufanKeHNA BeNNINH MacmTaGmsIX MHEOEHATENel o; 00BIIHO
MONy4aoT B pesylbTaTe NPAMEHEHHs MeTOla IWKJIATECKOTO
HOKOOPAMHATHOIO CIycKa (CM. I 9.7.8). -

Vtak, MeTOf H3MeHEHHs MacmTalOB B COYETAHAH C Me-
TOFOM CIYCKA BJOAb AHTATPAAHNeATa MOMHO HHETepPIpeTApO-
paTh Kak 0600meHHEII MeTO[ IpajlMeHTHOIO CIyCKa, Ile B
kagecTse A, BHOHpaeTca fAUaroHaibHAS MaTpEHa A "BTOPBIX
TIPOM3BOAHEIX.

9.5.6. Meron Naennona — ®aergepa — Ilaysmna. B arom

MeTole mTepanun OCYyINeCTBAAIOTCA IO CJIGIIYIO[[(Eﬁ cxeMmel

Bennuman BHUACAAIOT OPAOAMMKENHo, HONB3YACH

Xppy = Xp — Brdre’ (xx),

Ty (49 (49)" A =E
(To G (A Gy 0 !
Th=Xpy1 — Xny  Qn =@ (Xnt1) — @' (Xa)>
By, = arg min (i (B) = 9 (X — BAxe’ (x1)): P=0};

E=0,1, ...

Appr =4 +

DrHM METOTOM 3ajlada MOHAMO3ANAN CTPOTO BHIYRION
KBajparHunoli (YNKHUE perjaeTcs 3a KOHETHOe WHCIO0 HTe-
panmii, He NpeBOCXORAIiee THCIA 72— PA3MEPHOCTH MPOCT-
panctsa E, Ilockompky JacTo ObiBaeT eCTECTBCHHEIM UDEJ-
HOJI0jKeHTe, ITO B OKPECTHOCTI TOUKH MHHAMYyMa IOBeJleHHe
¢$yuxnma @(x) GIH3KO K HOBE/IEHNIO CTPOro BHIYKJIOH KBaJ-
parmuEoii (YHKOAN, TO MpPHEMeHenwe METOJA Hasnnona —
(aervepa — Ilayanna, Kak m JAPYTHX METOJOB, obmapaomux
VKA3aHHEIM CBO{iCTBOM KOHEUHOCTH, OKA3hHIBAETCA YAATHBIM
Ila moclefHeM sTale Impolecca MOEHMI3ANUI.

Kar upasmmo, B MeTOfe OCYINECTBIAIOT oGHOBIEHII®
"(mmorzna TOBOPAT BOCCTAHOBJIeHHe) MAarpmnul A, depe3 KoHed-
H0e UmCI0 MTePANmii: [iA HEKOTOPOTO HoMepa Ko HOJNAraioT
Apy = A,

Meron Jlasmmoma — @aergepa — Ilaysnna mommo pac-
cMaTpUBATh haK OUH M3 BAPUANTOB METOMA CONPSKENHBIX
HanpapJieHull. N

9.5.7. Cxomumocth, BysieM upemumonarats, qrto Qymrmms
¢ (x) u3 rmacca C'(E,) obmajiaer CICAYIOUIIM CBOICTBOM:

A) <'(x)—9'(y), x—y>>0 Vx,y=E, x#Yy,
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3aMeTHM, UTO yRaszammsa CBOIICTEOM 06:1a7al0T cmibmo
BBHINYK.IblE (PYHROODI

Ouesuano, wro Marpmmer Ay — emnrerpoueckme (merno
AOha3biBaeTcst mo nHAywnnn) lokasey, 1to Marpnna A,,, —
TIOTOARNUTENLHO oNpeflesleHHAR, Npi UIIYRTIBHOM NPeANno:Io-
JReHII CHMMETPUYHOCTH U IOJ0AITeIbHON OTNpeeIeHHOCT
Marpnme A,

BriGepers miofon x40 I, VUOTBIBAA CYIIeCTBOBAHme
coMMerTpmiechoil Matpunsl 43, ofGozmaumas Y = AL/ZXI Z =
= A}%q,. Torna

A, x5 = (AP, x5 = A, Ay = (y, vy,
s > = <A qr, 412q0) = ¢z, 2,
(A, x> = CAYqu, AYPx) = (2, 3.
Hazee,

sy T 4, a2
R R o g

O Y G VI G S LR S T SR
=&w o Ty <z, 7y

1

-+

. (Tye a)2

~ 27
Lo

U3 mepasencrsa Romm — Byusnosenoro

<z, 33| < izillyl
caetyer .
9324z, 2> — (g, y)2 =0,

IIpOoveM DaBeHCTBO JocTaraercsa JRIIB,  ecn Y=az Ho s

. AI/Z_ A]/Z
OTOM CIyd4ae r X = (C R Qr 1 BBOTY HeBLIpOrI-;IEHHOCTH

Matprnnr A2 Oyrer x = aq, davetny, uto @+ 0, Tan Kag
x#0 I3 ycrosng A) moryuyaew (g, r,> >0, BcaencTrme
yero <ry, x> = alr,, G.> >0, u mag LOCIeTHETO0  CJaraeMoro
HOpaBoil 4acTo CooTHOMICHNg B) myeen

<rk' X>2
<fy 4,y

I ononwarearmo ma B) moayuacw, gro {Ainrx, x>>0 npo
xF0, 1 ¢ [10-T0ANTEALHYIO OlpeleleHHOCTD MATPHIBT Apys.

Ecan nrepanmonnsrit LPOIeCC OCYIIECTBAACICA ¢ 0OHOB.Ie-
HIEM, TO 11 CIIBHO BBHITYRJIOLN ABaA o] anq)d)epenunpyeuoﬁ

> 0.
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PYHKUMY MOKHO [OKA3aTh, UTO
140 <§ m <4wx, x>=wIxl%, v>0, k=0, 1, ...

IToatomy m3 Teopemer 9.4.21 (cm. Taxkswe m. 9.5.3) caemyer,
40

[xm —x*P << -% exp {— Cm}.
" 9.5.8. Meron Hsworona. Ecim ¢ymrnma ¢(x) crporo BhI-

OyRJIag W FOCTATéYHO IIafikad B OKpecTRocTd U Tourm x¥,
T0 1A X, € U pynxrnua

P> =@ (x) + (CP (X8), X — Xp) +
((P (%p) (x — Xp), X —Xp)

Gymer ¢ OCTATOYHO BHICOKON CTENEHBI0 TOTHOCTH AIIIPOKCH-
mEpoBaTth @(x). MmanmyMm ¢yuaxnmm P(x) (peus mper o Jo-
RaJIbHOM MHHEMYyMe B OKpecTHocTH U) JHocTHraeTcs B TouKe

x=x—(9" (%)) "9’ (x:), :

mocKoABKY P’ (X) =0 (x:)+ 9" (x,) (x —x4).
Taxmm o6pasoM, B KadecTBe HANpaBICBHA COyCKa Iele-
cooGpa3so BHIOMpaTh

—si=— (9" (%)) '@  (x:).

Ilo cyrm gena, B MeToJe TPafiHeHTHOTO CI[yCKa MBI OTpa-
HUYMBAJIACH JAHHeHHON ammpokcmManuwendn QyHKOEM @(X) H B
KauecTBe HANPABIEHNs CIYCKa BEIOEpann HATIPABIeHMAe yOs1-
BaHEAA nuHeiHoi cbymcuma P(X)=g(x,) T <@"(x:), x—x7,
T. e. —V (X)=—¢' (xk)——sk. B metome HwioToHa ME mpn-
Geraem K KBaJipaTH4HON ammpoKcuManum ¢@yExomm @ (X),
H 1m03TOMY MOMHO HafleAAThCA, 9TO B CIyYae, €CIH TOUKa X,
pacmosio¥ena B JIOCTATOYHO MAJNOH OKPECTHOCTH TOUKH x*,
HanpasieHde —S,=—(@” (x)))'¢’(x.) o6ecmeunr Goneo
BBICOKYIO CKOPOCTh CXOMUMOGTA HTEpAallHOHHOTO mpoxecca.

s BBIBOJIa OLIEHKHM CKOpOCTH cXofmMocTH OymeM momos-
HATEABHO IIPEfNoNiarath, 4T0 MaTpuma ¢” (X) HeBHIDOIKAEHA
g scex x= U,

O6osnaumm F (x)= ¢’ (x). B merone Heorona ansa peme-
nma ypasHeRnA F(x)=(0 pexyppenTHOe COOTHOLIEHHE 3aIH-
CHIBaeTCH ciaexylommM obpasom:

Xppt =Xy —(F, (%) ) —lF(x") .
13 B. r Kapmauop
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CnemaeM mpeo6pasoBanus:
Xppy — X¥ =x, —x¥ — (F’ (x1) ) ~'F (%) =
=(F"(x)) ™ (F" (%) (30— x*) = F(x,) ) =
= (F(x:)) 7 (F7 (3) (30— X*) = (F (x,) — F (x%)) ).

Hocroasny F'(x) n F”(x) HeNPepBIBOL B  OKPeCTHOCTH
TOYKI ¥, 11, 3UAYNT, OTPAHNYEIHEI, TO

F/(x)=F'(x*)+ o(x,, x¥), lo(x, x*)I<C,lx, — x*[l;
F(xa) = F(x*)=F’ (x*) (x0 — x*)+ £ (x4, x*),

le (xy, x*)1I < C,lix, — x*I12,
IMostomy
WF (x5) — F (x*) — F" (x,) (x, — x*) [l =

=7’ (x*) (x — x*) + & (x;, x*)~ F’ (x*) (x— x%) —
T — 0 (X X*) (x5 — xH) i< le (x;‘, )+
+lo(x,, x*)lix, — x=ll < Cslx, — x*ll2,

Onomvateanno momywaen

Ixpy — x* < Clix, — x*12,

9.5.9. Moupuranus neroqa Huorona. Mocrosmsry mpo-
HECC BhIIHCIEHNA HAa KON OTepanmnm Matpunmsl Decce
¢” (%) u ee oOpamenis TpebyeT BHAUUTETBHEIX BLITNCII-
TEABHBIX 3aTPAT, OGBIYHO IOMBYIOTCA PAsTIMUHEIMI  MOTI-
$uranumym meroxa Tlpocrefimmasn ns nmx sanmouaercs B cie-
AyoleM 3ajaior umciao m =1, ounpegersoniee IR, CO-
croAmuii 13 m nrepanmii Ha rammom I-M mukte pee HTepa-
I OCYW[ECTBAAIOT ¢ HmoCToAmHON MaTpuuefi (¢~ (x))=!:

xlm+1+i = le-{-i - Blm-(»z ((P i (xlm) ) _1CP' (xlm+i) 3

1=0,m—1,

ToCTe \Wero HEePeXOoaT L CAEAYOIleMy LORIY ¢ Marphmeii
(¢” (Xim+1)) ) ", ChopocTs cXOROMOCTT TpI 5TOM CHIRaeTed,
HO O0m[me BENNC/ANTeNbHble 3aTPATEl HA LAMKMIOM nTepamun
CYMIECTBEHHO COKPAINAIOTCS

9.5.10. Yeropeunniii meron Helorona. B Mertone HrroToma
10 TOYhe X H3 [[OCTATOYHO Maoii okpecTHocTnm U Tounm x*
CTPONTCs TOTRa Y =X —(¢” (x)) '@’ (x), mia KOTOpoOII cmpa-
BeJVIIBO COOTHOILEHIIE

ly —»*ll < Clix — x*l2,
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ke paccaaTpuBaeTcst MeTOT MOIYTENiIA TOURI ¥, {p= 1),
VIS KOTOPOU BEILOJINAETCH COOTIOUICHTIe
Iy, — x*[ << Cllx — x*ll»+1, (9.24)
Rax m B 958, Gymem npegmonarats, uro QyHKOHA ¢(X)
CTPOT0 BHIYKIAS M [JOCTATOYHO TIJIaKaf B OKpectHocTm U
TOYRI X*,
[IpomuarocTpipyes. MeTof ma IpuMepe caydag p=2,
PaccMoTpnM ypasmenme
F(x)=¢'(x)=0. (9 25)

Bocnonnsosapmues gopyyoii Teiinopa
’ 1 ”
F)=Fx)+F ®ly—x1+5FX[y—x+okYy),

re lao (x, y)I = o(lx — yl*), Gymem pribupars B KauecTme y
npubamykeHnoe pellleHNe CHCTeMBl HelmDeiiHbIX ypaBHeHIi

F(x) + F () [y —x] + -5 F' () [y —x]* = 0. (9 26)

Jlna oTHCRaHNmA dieMmenTta y ammeapmayeMm cucremy (9 26)
cefylommi o0pazoM.-B TpeThe CIaracMoe BMECTO HEN3BecT-
HOIl BeJINYNHLI Yy — X mojicTaBnm Bekrop — (F'(x))~'F(x) us
ritaccmdeckoro metona Huloroma Tawrmm ob6pasoy, momydgaem
AMHelHYI0 CHCTEMY ypanpHeHNI OTHOCHTEILHO Y:

F() 4+ F (3)[y —x] — 5 F' () [(F () F(®)} [y —x] =0,
pelneHmey KOTOpOil ABIsIeTCA

y=x—{F =5 F@IE ] P,

Bosspamasics ¥ dynrnnn ¢(x), nmoaydaeMm GopMyry RIsa BH-
YECIeHAA 0YepPeAHOT0 HMpuOIHKenns

s = 5 {8 () — 5 97 (@ )19 Gl oo,

(9.27)
B astom clIyiyae TaK#Ae OKa3bIBaeTCs CHpaBen.ﬂHBOﬁ OIlEHKA
”xh-;-i - X*“ = C”Xk - X*”a.

Tlepeiimes ® ommcammio MeToma AitA  ofmero caydas
p = 2. Paccmorpuym Marpunst  P,(X) m omementHl g, (xX),
13*



196 I 9 METOIBI BE3YCJIOBHOIT MUHIMII3AITIIN

YAOBIETBOPAWILIE PELYPPEHTHLIM COOTHIOMIEHIISIM
Pix)=1"(x), & ()= (Pi()"1F (),
m
N 1
P, (x) = Z i F® (x) [gm—1 (x)1%=1,
k=1
Em (X) =— (Pu \)"1F(x), m=1, p.
Byney mpepmonarars, uto B orpectuoctn U Toakm x* npo-

assofupte F¥(x) (k=1, m) orpammuens s COBOKYITHOCTII,
a martpuona F'(x*) mesnpoaijena
Teopema. Jan scex Touen X, docraTouno 6auskuz k
X*, marpuyer Py (X) Hesvlpowdens: u gwnoangercs yeaosue
x*=x+g,(x)+ 0, (x*, x), (9 28)

ede llo, (x*, x)ll <Clx* —xlF+t (F =1, D) -
oOnasareabctso llpomerem mumyknmo mo wmety k

Hpu k=1, seoefcrsne meBhIposmIeHHOCTI Matpunn F'(x),
yeaosue (9 28) ectn omenmma CLOPOCTH C\OAUMOCTH MeToja
Hrorona

Ilpeanmoaontny, uto a1s Beex A<m—1 MaTpuner P, (x)
HEBBIPOAJEHb W BBIIOTHAETCA coormomentte (9 28) IIyerw
h=m<p Iz dopmyan Teittopa u oupejesienns P, (x)
IMee

O0=F@E")=F(x)+ P,(z) [x* —x] +

+2 _AiTF(h) () *—=x]* v (x*, ) =F(a) + P, (x)[x* —x]+
IS

+ 2 FPE) — X — FP(x) [y ()P [x* —x]) +
+ v(x*, x), (9.29)

. 1 . ;
. . - @+ (EVIN v % — +
e | v (x¥, ")E<—(m+ o gér[lf:;] [F@+D @) x* — x[m+,
ITo npepmotosentmo ITH Y RO
In=t (X) = X¥ ~X ~ 0y (x7, %), Nop- (x7, x) 1< Clix* — xlIn
D03TOMY
F® (%) [gm-1 ()11 [x* — x] =
k=1
= 2 ChaF (%) [x* — X~ [0, (3%, X)]1 =
1=0

4

k—1
— F(k) (X) [X*—X]‘* + 2 C}{_lF(A) (x)[_\*_‘\]h—l[o_)m_i(x*l x)]l.
. =1
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3iaumnr,
m

= (F® (x) (x* — ]t — F® (x) [gm—s ()]+1 [x* — x])| <

k=2

m h—1
< kgz-;ll— 2 C};_IF(k) (%) [x* — X'~ [0y (x*, X)I*]. (9.30)

1=1

Tax Kar B cnny NpeANoJoKeHH{l TeopeMH ITPOH3BOJHEIE
F™ (X) penpepHBHEI B OKPECTHOCTH TOYKH X*, TO
’

IF® (x) [z]-?[v]?lh < Nlizli*=2livie, N>,

mia mobiix z, v a p =0, k. IloaToMy npasas uacTs HepaBeH-
crea (930) me mpesocxoant Beamumarr Clix* —xI™+ rpe
C > 0 — HeroTOpas OTpaHHYeHHAs KOHCTAHTA.

Taxmm obpazoyM, coorHomernme (929) sanmcnBaeTca B

e F(x)+ P, (x)[x* —x] + 8 (x*, x)=0,

rge 18 (x*, x)Il<Clx*—xI"*; xpome Toro, mocrombky
P,(x*)=F'(x*), a @O0 NPeANONOMERNI0 HHAYKNAN
lgm—y (x) Il = llx* — xll + o (Ix* — xI™=*), 10 m3 onpenenenna
P.(x) cnenyer, utro Pn(X) ¢ TOYHOCTBIO HO BeAMYMHH IO-
pagka Ilx* —x|l cosmagaer ¢ F’(x*). 3maunt, mpm Becex X,
rocraTouHo Onmskmx K X*, mMarpunul P, (X) HeBHIDOMIeHH I
ycaosue (9.29) Bireuer paBeHCTBO

X* — x = gm (x) — P5" (x) § (x*, x),

KOTOpOe m foKa3kiBaeT yreep:xaenne Iomaras y, =x+ g,(x),
noxydaeM HepaBeHCTBO lly, — x*|| << Clix — x*l»+1,

3ametnd, u4TO IpH p =1 MeTOJ IOCTPOEHHA TOUKH Y, COB-
nafaer ¢ oOMYHEEIM MeTomoM Hniotoma .

PaccmoTpennriii Meton mMeer npn p>>1 B pame cayuaes
olpefleJIeHALIe NIPeNMYIIECTBA IO CPABHEHNIO ¢ OGBIIHBIM Me-
togomM Holoroma: B wacrmoctm, ecam npomssommere F™ (x)
NMEIOT Majloe IICI0 HeHyJeBHX 3JeMEeHTOB, TO TPYN0EMKOCThb
NIpefiJIo;KeHHOTO MEeTOMla — TOrQ sKe IMOPANKA, UTO H B METONe
Hetorona. Kpome Toro, cymecTyior 3agaum, B KOTOPEIX CTap-
mue Opom3BofEbe (QyRKOUN F(X) BHYNCAAOTCA CYIMIeCTBEH-
JHO mpomte, Heeam 3HadveHna F(x) m F’(x). Tak ofcromt
felo, HaUpHUMep, B TPaJHIHOHEHOI 3ajade aiareGpb — HAXOM-
NeHHN KOpHeil MHOTOWIEHOB BHICOKHUX CTeleHeil.

9.5.11. B BHICOKOIl CKOpPOCTH CXOAUMOCTH 3aKII0YaeTcH
BEAUMOEe UpemMymecTBo MeTofa Hrioroma wmepen apyrmmm
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HTePANmouusII MeTojlasar OQnuarko TpymoeMROCTL ool 1rTe-
pauun ameroga Ilnlotona, mepeaota of X, K Xpyy, CBi3AHA €
BBIYICACHIICM I o0pauleiIies Marpulsl BTOPBIX NPOM3BOLLLIA
@” (X)) 1 MOKET ORa3aTLCH CTOTL BLICOKOI, UTO HIRAK HC
Oymer nOMIIENCHPOBATL HOCTILAREHIA SHAUeHIs @(X,.;) Ie-
CROJLRIIMII IITCPAIILI I IPYTOro, MeHee TPYA0SMLOTO \CTOIA
Tanmit oGpasoy, Bompoc o ueIecoo0pasnocTit NpHMeHEHIsI
zeroia Hptotona uepasprisiio csasan ¢ npoGiaeson sdenTin-
HOCTI BCCTO NTEPAIIONIIOro Mponecca, T. ¢. ¢ O0IIM hoJiyce-
CTBOM BBIVIICJACUINI, 3aTPAUNBACMLIX HAa PeUHCHIe 3aMadl ¢
ompefeiennon tounocrolo Ilmenno 3 cmay arTix msBecTHLIV
co00paiKenIr BOSHIRJIA 1COGNOIIIMOCTL COBJANNS METOIOR,
MeHee TPY/IOeMRIX, 110 00JafQIoNIIY CKOPOCTLIO CMOJINIOCTIL,
Omrskoif 1. ckopoctm Metona Huroroma Tak BosIumnam MeTomnt
KBasnuniotononchoro tuna  Metoson Hooroma samava -
HIMIBAMINT CTPOIO BLIIYLTON LBATPATINHON  (PYULIUNI pe-
LIAETCST 38 OANY HTCpaummo B aeTogaX KBaslUILIOTOLOBCROTO
THHA MATPHILL A, CTPOAT MO PIRYPPEUTULIM COOTHOLICIIN
TakiM o0pasoM, uTofLl Il0caeloBATeABLULIC  IPROIN eI
Xppr = X — By’ (X)) MIHINMIIBIPOBATII €TPOr0 BLITVEIY 10
LBATPATHUNYI0 (VULIUIO 3& I0LeToe uncio nrteparmir Il.-
domenusur n o 956 AeToT mepeMeniion MeTpIL — TIIIIY-
HBII HPEJACTaBUTENL METO,(0B LBA3LULIOTOIOBCI.OTO TIIIA.

B caepyomes maparpade paccuaTtpubaoTes  MeTOID,
Talshe 00Ta7aloliile CBOUCTBOM LOUEUHOCTI JLISI 8aAT LBAaj-
PATHYHOL MUMIMIISALI, 1T ¢ DTOIL TOMLII BPClIA UX CTICAyeT
OTHECTH h METOJaM hBA3HHLIOTOIOBCHOTO THIA,

9.6. Metoy compsirennnix manpas:acHnii

9.6.1. Cxexa meroga.
X=X Bis, A=0 1 , (911)
So=@ (x), =@ (%) —&say, A=1,2,.., (92%)
fp=argmn{p(x,—Ps,) : 3 =0}, k=0, 1, ... (925)

Pasanunrre sapmanTel MeTOa CONPAKENIBIX HAIPABACHIIT
ULALYATCH CLOCOUaMU BLIGUPA LAPAMETPA & SaMETIM, UTO
npn &, =0 MeTOT BHIPOIRJIACTCA B METOX naucnopeiiurero
cIycha.

Ycmosme (925) pmbopa meamummir B, ompegenser cie-
Aywouue Ase 0co0eHIOCTH 110C/Ie/0BATEILHOCTI (X},
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9.6.2. JTeum a. Jas dufbepenyupyenoti gynryun ¢(x)
nocaedosareatiocts {xX,}, nocrpoennas no czeme (911),
(9 24), (9.25), Takoea, uro ewinoansalOTCa caedyowue co-
OTHOWEHU:

<@ (Xisd), 80 =0, k=0,1,..., (9.26) -

@'(xx), s> =llg" (x) I, k=0, 1,... (927)

HorazaresmbcTBo. Us ycaosus (9.25) cumemyer, uro
npur B, >0 Gyger

T;é‘- @ (X —Psk) [s=p,, = O;

a upm B, =0 Gyner
35 ® (56— Bsi) Jo— > 0.

Ecan B, >0, 1o

0= %q) (x2 — Bsw) |p=p, = — <@ (xp — Buss), s> =

= — {9 (Xp+1), Sk)- _

. HorasaTemseTBO TOro, uT0 coorHomenne (9 26) cmpasen-
muBo A gas By= 0, Gymem mposonmrs mo mnayknna. Ecan
0=0, To 03 X, =X, 1 5, =’ (X,) pomyvaem

0<‘%’(p (%o — Bso) p=0 = — <@’ (%), 50> = —[ 9’ (x0) 2,

OTKYZA CIefiyer PaBEHCTEO
(@' (x4), 80> =0.

Hycrs copasepimno coormomenme {Q’(Xx), 8-> =0. Jloka-

HeM, 4910
<(p' (xh.‘.i) ’ Shy = 0

opn B, =0. Tar KaK Xp41 =Xy, T0 03 (9.24) momysaem
0 <§% @ (xx —PBse) [p=o = — {0 (Xp41), s> =
= — Q" (%), Sp> = — (P’ (%), ¢’ (xx) — EaSp—1) = )
= —| o’ (xx) [*s
otryna # cimenyer (9.26).

Haxonen;, coormomenne (927) ssigerct OYeBHIHEIM
crepcTmeM paseHcTB (9.24) m (9.26). A -

- ‘

\
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9.6.3. lenna. Ecau
"(x
<2 OOl g0, (9.28)

Ise—all
Oaa neroropozo C >0, 70

oS (%h)s S 1
T E R ST (9.29)

g

JoxazareabcTBo, O4YCBIHO, CJAEAyeT 03 COOTHOLIGHHE
(924) o (9.28). A

9.6.4. Cxonumocrs. I13 Teopemnt 9.4 15 ¢ ogeBmaHOCTBIO
cllelyeT CXOMHMOCTh Iiporiecca, a u3 Teopem 9449 n
9421 — omenKa CKOpOCTH CXOXIIMOCTII.

B mauecTBe mpIAMEpPOR PeaNH3alll MeToJa COMP/KeHHBIX
HAIpaBJeHdil paccMOTpPNM fpa crmocofa Bhbopa mapaMeTpos
E:., o0ecoeunBaioux hOHEUHOCTH METOZA B KBAJAPATHYHOM

caydae.
9.6.5, Crtoco6 1.
Bom — 0 (30)s @ (5 — @ (3
1o (a1 |

Tlorasiceyn, yTo A CIIBHO BHINYKI0I QyEKmnn ¢(x) n3
wiaacca C“'(FE.) smnomnuserca yciosue (928). s mpeano-
JOKe A 0 CIIBHOU BHINYKJI0CTH mveeM (em. 1 2 25)

Q" (%)= @' (Xa=1), X — X1 = pllx, — x4 I,

otkyma, yunteisaa (9.11), (926) n (927), caegyer uepa-
BEHCTBO
952—1 Il 821 IF K — Pr-1€0" (\0) — @ (Xp-1)y Sp-1) =
= Bre1 (0" (%k=1) Sx—1> = Brm1] @ (xa—1) IP.
Tax nar MH BCerjga npejamosaraeM, uYTo Mg Becex k=
=0, 1, ... Gymer ¢ (x:)7 0, To 13 JAOha3aATEILCTBA JIEMMEI

96 2 Bureraer, uro B, >0, nochoabhy n3 Py =0 caeagyer
llp” (xp—i) I = 0. IITax,

o’ (x4=1) 112 = pBr-illspey i

Y9IuTHIBaA 9T0 U YCAOBIE
g (x4) — @ (Xa-1) I < Lix, — x3-4l,
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.

ONECHAM BeJIHYHHY Ej:

=—‘_1—_ ! p () — 9’ :-1 <
| & | T; (xk_])“zl«p (x1), @ (%0) — @ (xp-1)) |

1 r r —_ ’
<mﬂ¢ () 1" (xx) — @ (xr—1) [ <<

1 ’ —
<rrapl? W EIm =

L ’ .

T W el
L i ALY
= foar ¢ OBl =

TaruM o6pasom, pamonnserca yenosze (9.28), m moatomy
u3 9 4 21 moryvsaeM ONEHKH . -

@ (Xn) — @(x*) < poexp {~Cym},

[ — x* P < 2 pg exp{— Cymy

3
rge 0<Cl<mf—w- .

9.6.6. Conoco0 2.
_ £97(xp) Sp—1 ¥ (%))
§h - " »
9" (X&) Sp—1r Sp—1)

Xora B sToM cmocoGe BEIGopa mapaMeTpa E; OPAXORETCH
Ha Kasx[ofl ATEPANEd BHYHCIATL MATPENY BTOPHIX IPOU3BOJ-
HHX, HO B orimame oT Mmerofa Hrioroma He Tpebyercs obpa-
maTh 8Ty MATPHIOY. 3aMeTAM, UTO UYHCI0 YMHOMKeHHW{ mpu
ofpameHrn MaTPHIE! 72-T0 MOPARAKA HPONOPNMHMOHANBHO NP,

DieMeHTADHEIT aHAIN3 CXONUMOCTH IQJe3eH CBoeit MeTo-
AUYecKOH CTOpOHOH, WOCKONBKY AHAJOTMYHAsg METOAHKA
npreMieMa AJA ONEeHOK CKOPOCTH CXOAHMOCTH METOXOB KBa3H-
HBIOTOHOBCKOI'Q THIA, MHOTOUYHECIEHHEE BAPHAHTH KOTOPHIX
COflepsKaTCA B DPAsNAAYHLIX CTATHAX H He IEPecTaloT IOAB-
NATHCA B MaTeMaTHUeCKOl jJHTeparype A0 HOCHe[{HETO Bpe-
MEHH.

Ilpenmono:kuM, yTo CHABEO BHINYRIAaA (PYEKOEA @(X)
JIBaKIEI HenpepuBHO AndthepeHnmpyeMa ¢ paBHOMEPHO Orpa-
HOYeHHOH HOPMON MaTpuust ¢ (X) Ha OrpaHHIEHHOM

i
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muoshectne Xy = {x ¢ (x)< @(x)}:
lp” (x)I <V < oo,
Tar rar
(p'(x+tey)—q'(x), y>=¢elo” (x +ely)y, ¥, 0<0 <1,
TO, YUUTLIBASL CBOMCTBO cuiblioM poimyhioctu (25 5), moay-

vaey, uto {¢” (x +¢e0y)y, y> = pllyli%, ITepexoas B aroM 1e-
papeHcTBe K npemery unpu ¢ — 0, IPIAOIIM h COOTHOLIEHIIO

@" (x)y, y>=opliyll, (9 30)

cupasefuIpovy st awboro y € E, Beaegctnue storo mieer
MECTO IHePABCHCTBO

|<O70) Simo 9 (5D 1 NI Sna (i) |

|§A I = l " (\h) & 1 Sk-1>l == PlUs,_y “: -
Il p”
Yo P (‘R)
< K [Sh-1)’

11 odToMy 113 Teopevil 94 21 moTytac:! ouennI

¢(vu)— ¢ (z) < exp {—Com},

. (9 2
I — 3% 2L — Ho AP {— C,m},
e
0<cC o’
< ——.
<6, TATERSE

9.6.7. OGey.maemie. XoTs mpupejicHnLIe ONENKI COPABC/-
TIBBL 10 Beey mo=1, 2, I rapanTupyioT onpeIedeny
CROPOCTH CXOJINMOCTII METOJa CONIpSLACUIBIX HaNpaBIeHmil,
0THAKO, hah Yy/he TOBOPIITOCH, OHII 1Ie BEIABTIAIOT CICAYIOI|ErO
OPeuMy eCTBa METOAa 1A CTPOTO BHIIYKRTOH RBAaApATIYHOI
QyHRII @ (X) RasKIBII 13 IPIBETeHHEBIX clloco0oB OIpefie-
JEUI BCUIMINLI £, NPHBOINT kL TOMY, 4TO METOR faeT pe-
LHeHIe 3a7a4ll 33 hOHEUYNoe WIICI0 INaroB, He HPeBOCXOMAILes
BOJIHYUILL 72 — PasMepHocTI mpocTpanersa E,. 9ToT (akt
ITpacT CYMCCTLCIIIYI0 POl L MCHOJLIULAINLE MCiOdd  doul
PEUIeHIIT 3aJaY MIHIVIIZAUII HeLBAAPATIUULYX (DYHRIIIL
A IMeHHNO, M0 MeTOAy COUpsKEeHNbIN HanpaBielili Jega0T n
HTepauill, MocIe HYeTro HpPOI3BOJAT Tah HAaLIBaeMoe 06HO6-
seHle Merofa, nmotaras E, =0, T e oCyIIeCTBAAIOT rpafucHT-
uply cuych Tanua ofpason, cieva MeToJa B 9TOM ClIydae
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Oyner BRINIARETH TaK:

Xpy1 = Xp — BuSns 81 = @' (xXn) — ExSh—1,

E _ {ght keI, -

g =0, kel,={0,n,2n,3n,...},
LyI,={01,...} (P(xh+1)=€;ion @ (xx — Psp),

a BeiwupmHa £, ompefielsercA H3 coo0paskeHHWil KOHeYHOCTH
MeTofla B KBAJIDATHYHOM CIydae, HAUIpPHMED, OJHEM H3 IPH-
BeleHHBIX BEIe CIoco06oB. 3T0 TaK HasbiBaeMas n-Wazo6as
cxena.

Haxomen, ciefyeT OTMeTHTb, UTO MeTO[] COUPAMEHHEIX
HanOpapleHHil BecbMa JYBCTBHTeJeH K omm0kaM, BO3HHKa-
JOIEM B Iporecce ¢IeTa, MOCKOIBKY mpu A, ¥ 1 B (9.12) ma-
pymaercs cpoiictBo oproromampHocTn (9.26) m TeM camBM
HApyMAeTCsA CBOHCTBO KOHEYHOCTH MCTOXA B KBAJPATHIHOM
caydae.

9.6.8. O conpmxennbix Hanpaelenmax. Pacemorpum cmM-
MeTPUUECKYI0 MHOJIOKATENbHO OmpelieleEHylo Martpuny A.
BeKTOpH Sp, Si, +. . Sn-y HASHIBAOTCH COMPANECHHLIMU OTHO-
cureavHo marpuyst A, ecin -

{8y, Asp =0, i+].

Mo:kxBO fmOKa3aTh, UTO /A 3afaddl MOIHAMH3ANNN KBafpa-
tousoit Ppymrman @(Xx)=<{4x, x> +<b, x> ¢ cHEmMmerpuue-
CKOIf I IOJIOMKHTEJbHO onpemeienHoil marpunmeii A BeKTODEHI
S0, Si, evs Sp-y, IOCTPOGHHBIE METOJOM CONpPSKEHHHX Ha-
OpaBJenmnii, ABIAITCA CONPAMKEHHBIMI OTHOCHTEJLHO MATpH-
mer A. To e camoe KacaeTcd W BEKTOPOB Sy, Sy, «vsy Sp—g,
BrIpaGaTEHBaeMEIX B METOfe NepeMeHHOIi MeTPHKH, H B 5TOM
CMEICII® er0 MORHO PacCMaTPHBATH KaK METOJ, CONpAKEeHHBIX
HanmpapJIeHWUil. -

9.7. MeToan HyaZeBoro mopApgxa

9.7.1. TlorooppaunaTHbIii cnyck. Ilo-BoamMomy, manGonee
OpOCTHM H3 [IeTepMHHHPOBAHEEIX CIIOCOGOB ompe/lelleHHA Ha-
IpapieHNA COyCKA mABIgeTca BHOOp B KadecTBe S, ORHOIO
U3 KOOPAUHATHHIX BEKTOPOB zke€,, =€, ..., e, BCIeNCTBUE
gero y X, Ha Kam/oil HTepaman M3MeHAeTCsa JHHIb OfHA H3
KOMIIOHENHT.

CymecTByI0T MHOTOUNCJIeHHbIE BAapHAHTH IIOKOODAHHAT-
HOTO CIYCKA, W3 KOTOPHIX JHINE HEKOTOPHe OYAYT paccMoT-
pers B orom maparpade. Cpasy oTmermm, 4TO B J1000M H3
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O9THX MeETO/0B BH(’JHpaIOT B hadecrpe -—S§, TO I3 JABYX Ha-

npasieHuii e, —e, KOTOPOMY COOTBETCTBYET HEPAaBEHCTBO
(o' (x:), 8.2 > 0.
O(F (Ak) O .
B cayuae, ectn —-— =0, mozaraot X, =x, m mepexo-

oz

J
OAT h caeAylomen ntepanun  Jds OPOCTOTH H3I0.heHIA
BTOT CJy4all Mbl HCKJIIOUHM U3 PACCMOTPEHIS, HOCROABRY
cyLlecTBa fela OH He MeHseT, TeM 0olee UTO MBI Ipefmo-
naraeM ¢ (x,)¥0 (h=0, 1, ...).

9.7.2. Ionoopaunaruniii cnycr ¢ yasoemteym mara (mep-
Bolii Bapnant). OuliileM epsBlii LURJI MeTO4a, COCTOALIN
U3 7 ITeparir.

B mpomnspoabuon Ttoune X, BEIGHpaoT S, ==e, 1 ompe-
AeIAI0T Beamunny P, cnocobom yasoemms (eM 944) rax,
4T00Bl 6110 @ (X1) = @ (X0 — Boss) < @(X,) 3Barem BRGmpaT
§;==e, m, morarag =0, y[ABoeHIeM BLIUICIAT B,
nm ot g IIpm otov ma naspmoit mrTepamun cTpeMsTes ompee-
JeHNIe BeJNUHDEl NIATa METOI0M VABOSHHST OCYIICCTBIATHL ©
HaNMEHBIINM YIHCTOM BLIMNCICHII 3Havcmiy §yunun ¢ (x)
HHuk1 sananuncaeres upi A =n — |, 10cIe UYero HAYHHAWT
CIeIYIOHUNL HIKI, 10Tarad S, == e, I T. T

9.7.3. Ilo1 copaumarueil cnyck ¢ yapoenueM mara (pTo-
poii Bapnanr). Rasaent qunt Metoza XapanTepmsfercs Teu,
YTO BCIIYHIA INAra B Teuele BCeX 7 HTEPANnmil  IiThiaa
ocraerca nocrtoanuon IIka CoCTONT B BEIUICIEHNIN TOUEH

Xy, Xntty o+ 5 Xapney  Ilpeamonaraercss, uto B pesyabra-
Té 3aBepllelsa UpPeABAYLIETro IRJAa TMOJAYyYeHa BelmumHa
[3 = Br—t

(t+1)-a nrepanusa nnnaa (0<i1<n— 1):

Ecan

A) P (Xaps — Beiry) < @(Xipa),

TO MOTATAKT Xpyiss = Xpv, — P€uyy I IEPEXOTAT h CIEYIOMeil
HTepamnm <

Ecan .

B) P (Xere — Beirt) = @ (Xira),s
TO BBRUHCAAT @ (Xz4it+ Pe.yy).

Ecan o )

C) @ (Xpps T By ) <@ (Xnit),
TO HOJATAIOT Xppip1 == Xpq, -+ €y I HEPENOIAT K caeyromieit
Hurepammn

Ecan sne

D) @ (Xnps T Peiy 1) = @ (Xups),
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TO MONATAXOT Xppi44 = Xpy¢ B IEPEXOAAT K chefylomeid mre-
panamn.

B cayuae, ecim mepaseHcTBa B) m D) AMEIOT MecTo AIA
Beex 0<i <n-—1, To yMeRbHral0T BeJIWYAHY [, Kaxk mpa-
BHUJO, monarag §= Bh_1/2, U OEPexXofifiT K cIeAyomeMy InK-
oy, T. e. TOBTOPHIOT BCE OpoNeypH HpPefHIAYIIEro INKJIA,
HO y’Ke ¢ BIBO€ MEHBIIAM IIArOM.

9.7.4. Ilpennoaoskenus. [Ipn HCCIE0BAHHE  CXONEMOCTI
Meroma 9.73 Oymem mpepamomaraTh, YTO

1) 9(x)=CH(E.);

2) X, —orpannueHHOE MHOKECTBO.

9.7.5. Cxopumocrs. Bravane dorascem, uto B0 npu
k — o, Ecom ato HE Tax, To Haliferca momep k, Takoil, 4To
nia Beex k=k, Oymer P,=p>0 mn, cuemoBarexsHo,
(p(x,,+,)< @(x) Vk =k, Ilocrombry lx, —xl=p>

>0 = k,, TO UACIO TOUEK, MOMAJAIONIEX B OTpaHmIeH-
HOe wMHomcecTB0 X,, KOHEUHO H HAlileTcA TaKoil HoMep
k> k, ©HaumHag ¢ KOTOpOr0 HACTYONHT CHTyanusa
x, & X, VA= k,, npormBopeyamas onpejeleHAN MHOKe-
ctBa X,. A

PaccMoTpuM BCe IRKIBI, IS KOTOPHX OJ{HOBPEMEHHO BHI-
monHsanTCA Hepasenctsa B) m D) mpn Beex 0<i<n—1.
Tak Kak JIMHA IDara CTPeMHTCA K Hyaw upn k — e, TO
YACJIO TAKEX NRKI0B GeckomeuHo. IlepemymepyeM aTm HUK-
K TakaM obpasom, uToOHI OBLI0

(p(xM+ﬁmel+1)>(p(x’")1 i=03 n—i; m=0) 11 ey '
(p(xm_ﬁmei+i)>(p(xmy, i=0, n—i; m=0, 1, cee

<

Torma .
Q(Xmt Brtiys) — @ (Xn) = B <Q” (X + B:Br€ir1), €11 =0, °
i=0,n—1 m=01,..., o
P (Xm =~ Brmtist) — P (Xm) = B <P’ (X — B:Bm€is1), —€0p1> =0,
‘ i=0,n—1;, m=0,1,...

W3 mocremosatensroctr {X,.} (BcmommEmM, uTo oHa mpEHAJ-

Je;KAT OTpaHmueHHOMY MHOskecrsy X,) BoiGepeM cxous-

myloca TofmocaenosaTenbrocTs lim X, = x.  Ilockoabky
1>

limBn = 0, a ¢ymrnus ¢'(x) mempepsidEa, TO N3 MOCIEH-
i

-
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HIIX HEPaBEHCTB B DPe3yJibTaTe HmpeieibHOI0 oepeioia moxy-
JaeM COOTHOIIEHIIsI

(p'(x), €2 =0, <@p(x), —€,;) =0, i=0, n— 1.

Tanmy o6pazov, @’ (x) =0 B mo6oi1 mpeseIbEON ToUKe MOCTe-
HoBaTeadbHOCTH {X,}, 0OTRyna ciexyer

him p(x,, X5)=0. A
h—>oo

9.7.6. Kracciueckan cxema. B atom paspene HNPUBOANTCA
CXCMa MeTo/{a MOKOOPANHATIOL0 CHYCKa, He ofnagaomasn
MOCTOIHCTBOM HE3aBUCIMOCTI BLIOOpAa HANPABIeHOs CHYCha
OT TpajueHra (PyHKLIN, IO 3aT0 IIMEIOLIas OLEHLI, rapai-
TOPYIOIUE /LA BRIOYWIKX (ynmIpmii cxoauMocTs mpornecca
MIIHIMIBAIII €0 ChopocThio mopaana O(1/m). 3tn onennu
HOTCPECIILI TCM, YTO OHI CYHIGCTBEHHO 3aBICAT OT YICHA
n — pasMeprocTn mpocTpanctia E,.

IIycrs ¥, ya0 mssecren, oGosuauny

dg (x 0@ (v,
S
=1,2, | 9% )
Mo.,nHO cunraTe, 4To
99 (x,)
—6‘57_ >0,

TaK kak B mporupHoM caydae ¢'(X,)=0 o npomecc MmHm-
MH3aLI Oky HYUBAETCH
B Qopuyse Xpypq=X,— PiS, B KauecTBe HAIPABJICHI
cuycka —s, Bulupaercss To 113 pampapiienuii e;, anto —e,,
BI0Jb hOTOPOTO QYHRIUA ¢ (X) J0Kaaso yOoIBaer.
OTnocuTes1bno Beamunnnl P, Oyaeu Opeguosarath, 4To
pemonusiercs  anbo yemosme (9.12) mpn 0<A <A<,
h=0, 1, .., anbo ycronme (915) mpm 0<e<q <1—c¢,
2
k=0, 1, . . Ouenuy peauunny oj:
2 2
(f’@ (xh)> ( ad (Xh))
. B .Y R .
{9’ (xh)’ S o 61:] 0}:] _ _1.
TSR 9 ()T 9 (x)\: »
LR ) e R (N N A /))
N

1=1,2, (9.2‘1

2
Qp =

9.7.7. Cyommvocts, Ecnu srinormsores yeaosua 1) — 4)
pasmena 414 (ycaosust 5)—7) Taro e pasmena BHIIO-
HAOTCA B (Iy npeipiaymiero) m yeaosme 9.4.12, 1o ua
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reopemn 9.4.15 enepyer, gto .
lim p(xk1 X;) = 0.

h-»0

Ilan smmyxmoit ¢pyrknme ¢(x) ms xkracca_C“'(E,) npm
yenosmn, uro diam Xo=mn<co, m3 rteopemsr 9.4:19 (cm.
(918) m (9.19)) cnenyroT omeHKm:

ecnu poimostnseres (9.12), o

m—1

-1
1
w(xm)—(P(X*)<po(1 + Cpo— > ?»k) <

k=0
- 1
<P«o(1+CPoYm) l<a"’";_v m=1721 i3s3

ecnn ke srmonnmercd ycaosue (9.15), To
—1

m—1
1 .
@ (Xm) —(P(X*)<uo(1 + Cio— 2 vk) <
k=0

~1 1 2
<po(1 + Cpo%m) <gmm=12...,0<C<;5

Ocraeregs B cmme n 3amedandme 9.4.20, ocrabasiomee
ycIoBHEe OrpaHHYeHHOCTH MEOECTBA Xo.

O6patumM BHEMa®He Ha TO, YTO MOCTOAHHBIH MHOMHTEND
npm Benmunnme 1/m B ONMEHKAX CKOPOCTH CXOAUMOCTH 3TOTO
MeTola B n pa3 0oxblie COOTBETCTBYIOUIETO MHOMHTENSA B
ONeHKAX METO/la TPafHeHTHOrO COyCKa.

B caywae cmibmoil BHOykmocTd QyHKROuD ¢(x) ms 9 4.21
CleyIOT ONEHKH BHAA ° .

@ (Xm) — @ (x*) o exP {—- c %}
2
ﬂxm—x"‘uﬁ<5‘uoexp{—;€—'}%}

IIPH COOTBETCTBYII[EM BhHGOpe KOHCTAHTH C B 3aBHCHMOCTH
or yeaosmit (9.12) m (9.15).

9.7.8. Ilnkanmyecknit noxKoopAMHATHHIT cmyck, B arom
MeTofle BHIOOD HaIpaBJeHAA CIIyCKA OCYIIECTBIAETCA TaK e,
Kak O B IOKOOPANHATHOM CIyCKe C y/[BOEHHeM Imara:

Sh=ie‘,(k), j(k)_—‘—k(mod n)+ 1, k=0, 1, YR

BriGop Besamuman- B, ocymecTBiasgerca aubo myTeM OXHOMEp-
HOM MuUHAMHSAIUH H B 3TOM cjaydae Opefunonaraercd, 4To
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spinonHseTca uHepapencteo (9 12), anGo emocoGoar, mamo-
setnsM B 1 946, n Torga mpepmonaraerca cmpapefn-
BoCTh cootHomenus (9 15).

9.7.9. Ilpeanoao:kenns *). CxofgmMocTh METOZA MEKIOYe-
CROT0 MHOROOPANHATHOIO CHyCKa OyAeM MHOhasblBaTh, Hpef-
nomarag OTHOCHTEIbHO ¢yHKONI @(X), uTO

1) ¢(x)sCY(E.),

2) X5 & (em. (9.16));

3) @(x) orpammuena cuusy Ha MHO.ZKeCTBe X,.

OtmocnrensHo mociemoBatenbHocTn {X,} Gymem mpexmo-
Jarathk, 4TO

4) x,— nwbaa Touka;

5) Xy =X, — ﬁhsk, Sy — :te,(k), ](k) = k (mod n) + 1
(=0,1, ),

6) soimoamserca anGo yerosme (9 12) mpn 1=2, =4 > 0,
mbo yeaosue (9 15) mpu 1/2= g, = ¢ >0,

7) glmﬁ Xpp1— X[ =0,

Teopema Ecau eunoanaiorca npednoaoxcenus 9.79
u yeaosue 94 12, 1o

lim p (x;, XJ) = 0. (9.17)
P

Horasareabcrno Ilonbaysacs memmoit 923 n ompe-
derenmeM P.. modyyaeMm (aHATOTHIHO TOMY, KaR 970 fela-
doch B 0. 9 70)

o) — 90 > (L) 0 g ), e

Beaenersie MOHOTOHHOCTH O OrpaHHYEHHQCTH HOCTEROBa-
teapHocTH {(x,)} mieen

}qlm @' (xn), €xm) = 0.
Aas sazansoro € >0 pnibepey movep k, Tar, aTo6LI
’ - € a
[€@" (x), e | << Le 1 X — x| w Viz=k,
Torza
PNty = 2 M = Npbam1 [ T oen e T 10— X <S

£
<-I—L-L<8 opHu < n,

¥) Cp. ¢ opegmoTosennavn 94 14.
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U3 ycnoena ¢(x)= CH (E.) monygaem

"(p’ (Xh,‘_‘)_ q), (xh) " = Lg, i= 1, 2, ooy 2,
Haaee,

|<‘P’ (x4), e l=
= <" (%) — @" (Xas0), €rse>  <P"(Xnss), em?| <
<lg’(x) — 9’ (’Eh“) I+ 14" (Xaes), ers?|<2Le,
i=1,2,..,n

U, CIef0oBaTeIbHO, .
max | <@’ (xx), ety | << 2Le,

1=1,2,,,,,7
IHoaTomy

1o IS Vi “max K9 (), e ) [ <2 VinlLe, .

.
=Ly s

OTKyJa H BHITeKaer, aro lim ¢’ (x,) = 0.
R=00

B cnpasemmmeocra cootHomenas (9 17) yGexpmaemca Ha

ocHoBammm TeopeMsr 9.25 mpm X=X, = YéX;._A

QO6cympaenne. 37ech YMECTHO BCOOMHHATH TEOPEMY
9.2.13 06 ycnoBHAX, rapaHTEPYIOMEX BHIOJIHEEWe IpeRIo-
NoskeHHEA 7), a UMEHHO YCIOBHE JMHEilHOTO HEIOCTOAHCTBA
¢ymknun @(x) Ha orpaHEmueHHOM MHO;kecTBe X, (3aMKHY-
TOCTh €0 OUEBH[IHA) H YCJIOBHE, UYTO IOCHEHOBATEIbLHOCTH
{x,} sBasercA cmabHO NOEmKalomeil. 3aMeTHM, UTO0 INpH
3THX YCJOBHAX HpEfbIAyMmas TeopeMa OCTAeTCA CIpaBejId-
Boit, HO yiKe Ges mpepmmonoskernit 2), 3), 7) m 9.4.12. Haxo-
HeX{ yKayKeM, 9TO €CIH MHOMKeCTBO X, COCTOHT W3 KOHed-
HOTO YHECJIA CTAlMOHAPHHIX ToYeK, To Teopema 9.2.9 obocHo-
BEIBAET CXOAEMOCTH HoCIefioBarenbEocTH (X))} K TOoUKe
MHOKecTBa Xo.

Samevanme. B moGasmennnm 2 JoKasBIBaeTCA, ITO Me-
TOX IEKJIMIECKOTO MOKCOPAMHATHOTO cOycKa ¢ BeIGopoM ma-
ra ms ycaosma (9.15) obxapaer ammeiinofl mo QyHKRIEmOEATY
CKOPOCTHI0 CXORHMOCTH: '

? (xn) — @ (x*) << 7”;-

rne C>0 3aBECHT OT X, W OT PA3MEPHOCTH I WpPOCTPaH-
ctea E,.

14 B r Kapumanos



TJTABA 10

PEJARCANIIOHHDLIE METOJibI PENIEHIIS
IJRCTPEMAJIBHBIX 3AJAY C OTPAHIIYEHITAMII

10.1, Xaparrepucrnka meropon

10.1.1. B otoit raBe paccMaTpuBAIOTCT METONBI CIycKa
AT PEUIHIA 3a/ayl MUHUMUBALID ITagron GyHROnm ¢(x)
Ha MHOkecTBe X, .

Ieposie fpa MeToza, METOX HPOSRINI XI METOX YCIOBHOIO
FpajnenTa, MPOMENUMBl JHINb [IA 3a7ad MIHIOMUBALMUII Ha
BBIMYhJBIX MHOAECTBAX, IpUYEM DL CIyYac NeBHIOYRIoLt
QYHRIUI IeJI CXOMIMOCTh IOCIeJ0BateqLHBIX npubamre-
HIIT MO/WHO TapamTHPORATL JHIUL K MHOMKECTBY CTanmoHap-
HBEIX TOYCK — TOUEK, B ROTOPHIX BLINOJIHAIOTCA HeOGXOTmALIE
YCI0BIA I0RATIBHOTO MHHIMYMa B cayuae, ecam unciogmas
sajaua ABIAETCA 3a7a9el BLUIYRJIOrO HPOTPAMMIpPOBAHIS,
1A 00OHX METOJ0B CYIECTBYIOT ANPHOpHLIE OMemKH CROpO-
CTIl CXOJIAMOCTH, T € OlIpeleJeNUAT XAPALTEPHCTIRA hade-
CTBa METOJ0B

B metozax 0esyCa0oBHON MINNMUBAIGNT MBI He BCTpEUA-
JIICh ¢ DPHHOUNNAJIBHBIMII TPYZHOCTAMI B OTBICKAHIN Ha-
npasaenns cnoycka HamGoaee tpymoeMhoit wacTbio  Gbo
EBIYOCIEHIE TpanmeHTa IeleBoll ¢yurmnm B samawax c
OTPAHINYEHMAMI IPI BLIOOPe HAIPABIEHIA CIYCKA LPHIXO-
AHTCS YUITHIBATE JIBA 00CTOATETHCTBA: HANpABIIENNe JI0J:i-
HO OBITH BO3MOMHBEIM II JOKAO TapaHTIPORATH y0OerBanme
simivasapyeyoft yurmun Ipn srom srifop mampasterms
CIryCha CBA3aH ¢ BhIYHCIenueM ¢'(X), a B pAfe METONOB o
fi(x), me PELUCHIEM Ha Ra4/I0M IIare HenOTOpoit aKcTpe-
yaibuoil 3ataun Ilociaenmee ofcroarenncTso mpmeomnT &
TOMYy, 9UTO METOJX YCIOBHOTO TPafileHTA OPHMEHAIOT IIHIND
AL MOOHECTB, 3aaBaeMBIX JHHeliHBIMI orpaHmueHmAM,
II0CKOIBRY B OTHX CIYUasx A1f BHOOpa HANPABIEHNs CIycha
AOCTATOYHO PEIMITL 3ajaYV IMHENOT0 IPOrpaMAMITponanms,
& MeTOT NPOeRIIN IpafleHTa NPUMEHAOT NIA MHORECTE X
TahOro BIJA, 4TO 33ja4a OTLICRAHIA NPOEKNUI HEROTOPOIL
TOURII HA 9TO MHOKECTBO ABIAETCA JOCTATOUNO TPOCTOlt ¢
TOTRII 3PEHI ee YICTeHHON PEeall3all, Tak haK pelleHHe
OTOIl 3a7aul H ompejeider HANpPADICHIe CIYCAQ,
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Tpernit MeTOX, MeTOJ BO3MOKHEIX HAHDABJIEHMII, xapaKTe-

peR TeM, 4ro fus BhGopa HallpaBJeHHS COYCKAa pemaior 3a-
nady amEeitgoro am6o mpOCTYIO 3afady KBafpaTHIHOrO IpO-
rpaMMHEpPOBAEHA ¢ HeGoapummM, BooOme rosops, YHCIOM Orpa-
HOYeBRE ® ¢ 5TOli TOUKH 3PEHHA METOLY MOMKHO OBII0 GBI
OTHATH HpefmouTeHme, OXHAKO OTCYTCTBHE- alpHOPHEIX ole-
<HOK CKOPOCTH CXOAEMOCTH [l BRIOYRJILIX 33721 3aTPYAHACT
CpaBHEHHE MeTOJla C paHee YUIOMAHYTHIMH.

10.1.2. Ycaosna skerpemannnocri, Manoxnm specs yemro-
BUS ONTHEMAJBHOCTH B BHJAE, YROOHOM JJIA PAaCCMOTPEHNS Me-
TONOB YCJOBHOTO TpajEeHTa I IPOEKNHI IPajmeHTa. -

Bynem mpefmonaraTh, 4T0 MHOeCTBO X ABIAETCS BHI-
nykasIM B saMiEyTEIM. M3 m. 3.4.7 cienyer, 4ro yciosme

@'(x*), x—x*>=0 VxeX, -~ (104)
sBIIseTCH HeoOXOMUMEIM 1A Toro, uToGH ToUka X* OrLIa JIO-
KaJpHEIM MEEOMyMoM Gynrnmn ¢@(x) Ha MHEOMecTBe X.

Ecau gynryus @(x) eunyraa, to ycaosue (10.1) se-
asercs Heobrodumeim u 0ocTaTouHblM Oas TO20, UTOOLL
x* = arg min {p(x): x = X}

JeficTeuTeNbHO, HEOGXONEMOCTE CIGAYET N3 HPEALIAYMmEro,
a JOCTATOYHOCTh BHITGKaeT N3 YCHOBAA  BHINYKIOCTH:
p(x)—@(x*) =< (x*), x—x*>=0 A

Jamee, mycts p* sABIsSeTcA UpoeKImeil TOYKA v¥ == x¥
—vg’ (x*), v>0, ma wumnomecrso X. VYciosme

x*¥*=p* (10.2)
apiseTcss HeoOXoamMeIM s Toro, 4To0e TouKa X* Gplma Jo-
KaTbHEIM. MOEOMYyMOM Oynxmmm ¢(X) Ha MHOMecTBe X.
Heiicrearensro, u3 (10.1) cienyer —v g’ (x*), x —x*) < 0.
Ho —v¢’(x*)=v*—x* cuefoparenpro, <{v*—x* x—
—x*)<<0, 1. e. X* B cuay TeopeMH 223 ecThb IPOEKIHA
rourn v* ma X: x* =p*. A

Ecau gynryus @(x) evinyraa, 7o ycrosue (10.2) seaser-
cs Heobxodunvian u GocTarounbvly das T020, UTO6LL

x* = argmin {p(x): x= X}

Heo6Xx0ANMOCTD ClIeAyeT N3 IPEABIAYHIEro.
NocraTourocTh. llycts x* =p* Us Teopemn 2.2.3
monysaeM
(x—x* v —x*» <0 VxeX.

M tak rar v¥=x* —vo’(x*) m v>0, 10, caenosarensHo,
(@' (x*), x—x*>=0, 1. e. x*— TOUKA MHEOMYMA. A
14»

4
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10.2. Merox mpoexmnm rpanmenta

10.2.1. Mpes merona. Kax ysme -roBopmiocs, B ciydae
3aj1aq 6e3yC0BHO# MAHHMH3aNUH BechMa pacHpOCTPaHEHHEIM
PeMaKCAaMUOHHEIM METOAOM ABISAETCA METO[ TDaAHeHTHOTO
coycka OpEako AnA 3afad ¢ OrpaHNYeHNAMNI HaOpaBIeHHe
BJIONIb QHTHTPafiuedTa He 0693aTeNbHO ABIACTCA BO3MOKHEIM.
B cayuae, ecim muomectso X BBRIIYKIO, TO JUIA OTHICKAHHS
HampaBleHHA B TOYKe X, HAUPAUINBAETCA MBICTb CIPOEKTH-
POBaTh TOUKY V, =X, — V3@ (X;) (vi— HexoTopoe ¢uxcapo-
BaHHOE IOJOMRHTEIbHOe UACIO) Ha MHOMECTBO X H B Kaue-
CTBE HANPABJICHUA CHYCKA B3ATb —S§; =P, —Xs, IAC Ps—
NPOeKIusA Vv, Ha X, IOCle ¥ero OCymeCTBJIATh COYCK BOTb
aroro Haupasiennsa IIpm sToM BEIDyKIOCTL MHOMecTBA X
TapaHTHPYeT, 4TO HANpaBileHHe P, — X, Gy/NeT BO3MOKHEIM.

Urtak, MeTos OpOEKNHE TpafimeHTa COCTONT B BRIMICIE-

HON OPOERILHNI P, TOUKH V, =X, — V;p (X;) Ha MHOEKecTBo X
o B Bpifope umciaa P, TannMm o0pasoM, 9TOOH B TOUKe Xpyy =
=X — Bu(Xa — Pa) Ob110 @ (X441) < @(x,)

HAna oTbICKAaBNA HanpaBieHHEA S, =X, — P, ciregyer pe-
ATk  3ajady  MUHUMI3ANNN  KBAApaTuyHoii  (PyHKmmn
v, — xII* ma wmmpomectse X. B o6mem crIyvae 9Ta 3afaua
TOTO ke HOPAJKA CIOKHOCTH, YTO H HCXOQHAA, OTHAKO IJIf
3anad, KOIZla NOMYCTHMOe MHOKECTBO HMEeT IIPOCTYI0 Teo-
MeTPHUECKYI0 CIPYRTYDY, HaUPHMED, HBIAETCA MHOTOMEp-
HBIM MapailTeJIennile/ioM, OTEHCKABNe P; OCYI|ECTBIAGTCH IIy-
TeM CpaBHEHHHS n gHCel.

B Metone mpoeknmm rpajmenTa TOUKY P, MOMKHO BEIYHC-
AATh NpunlAMKeHHO, T. € BMECTO P, HAXOINUTH HEKOTOPYIO
TOYKY Y, O CTPOUTH X,,; 10 (hopayie

Xppt = X — Pr(x, — Yi), (10 3)
HO IpH 3TOM HOJMRHBElI BBIIOJHATHCA caeaymooine yciaoBnsa:
“WwEX, (10.4)
Q(x, — f}k(xk—y,;))<(1—Xh)q>(xh)+7»hmk, (10.5)
O0<i<, <1, 0<p.<1, (10 6)

rae .
op = min @ (X, — B (x; — ps)). (107)

B=lo,1]

llonuepkmes, 9T0 UPH HOCTPOEHHN MOCTEIOBATENbLHOCTH
{x,} BBIGOp B, W y, mocratoumo IIPOU3BOJIEH, NHINE OBl BEHI-
nosnaAInCh Tpebosanua (10.4) —(10.6),
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10.2.2. MHoskecTBO CTANIOHAPHBIX TOYEK. PaccMOTPIM
MHOKEeCTBO -7
CX*={x*=X: Ix*— p*l =0}

cranmoHapHHIX Touex (ymrnmm @(x) Ha MHOMecTBe X, T. €.
TOUEK, B KOTODHIX BHIIONHAIOTCA HEOOXOAHNMEIE YCIOBHA JIO-
KampHOro MumHEMyMa. OmpefielmM Takie MHOMeCTBa X, =
=xeX: p(x)<q(x)} 1 Xo=X*{ X,

10.2.3. Ycaosue, rapaHTHpyiOllee CXOXMMOCT. KT
merotoporo unmcia &>0 onmpegennm MHOMmecTBO Ue ==
={xe=X: p(x, X5)<el, e

p(x X;)= inf Jx*—x|f,

x*c X

1

Venosne, rapaHTEpyiomee CXOAMMOCTb PelaKCaNAOHHON
HOCTe[0BATENLHOCTH, COCTOHT B CileylomeM: 044 6caxodo
& >0 naiiderca Taroe 8 =08(e)>0, uro das ecex x < X,\U,
6yder Ix — pl =8 npu v=>0.

© 10.2.4. Tpepnonoxerna, Ormocnrenbro QyEKumE @ (X)
GymeM mpefmoaaraTh, 4TO

1) p(x)=C"(X);

2) X0 &

3) @(x) orpammuena cmm3y Ha MHOMKecTBe X,.

OTHOCHTENBHO INOCHefoBaTeNbHOCTH {X,} OGymem mpepmo-
aarath, 9710

4) x, — mobas TouKa m3 X;

5) smmonmmotcs yenosna (10.3)— (10.6) mpm 0<v’'<
<y, <v <o,

10.2.5. Teopema. Ecau evinoanaiorcs npednoioxeHus
102.4 u ycacsue 1023, 70 lkim o (xs, X5) =0.

Norasatennctro. Vs aemmu 9.2 3 m yenosna (10.5)
noxygaem nia moboro B [0, 1].

P (X1) — @ (Xa41) =
=M@ () — @) =M@ (X)— @(xx — B (X —Ps))) =
=M (B <9’ (%), X — P> — LB x, — p,l7/2).

U m. 2.2.4 cnenyer, uro pas dwboro v,>0 cmpasemnu-
BO HEpaBeHCTBO :

Vi <@ (%), Xp— Po = lIx, — pyl2. (10 8)

4

{IoaToMy
@ (X1) — @ (Xup1) = M (B/va — LP*/2) I xy — pal®. (10.9)
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Bubupan § = min {1, 1/v,L}, noxyuaev npn p=1 (¢ yuerom
TOrO, 4YT0 B 2T0M ciaytae L <<4/v,)

1 TR N S
7;5_7”3 _—vh—ZL>2vh>ZT”‘

|

Ecrn me p=1/v,L<1, 10

1 1 N 1 1
P b=

wILT 2(v)3 L

I onomvateIhbHO NPIIAQIIM h HEPAaBEHCTBY

@ (3) = ¢ (¥n41) = MAIX, — p, 2, (10 10)

e A= %, min {1,

VoL -

Iocacrosareapuocts  {@(x,)} “onotowman m orpann-
UeHnas CHH3Y, 1OITOMY ¢ (M) — ¢ (%) >0 npu % — oo,
F(x)= 1% —plt~0 mpn - oo

B cipapetusocti Teopemer y0c,Laaeyes Ha OCHOLAMN
Teopevel 925 mpu X=X, 1 Y =X, A

10.26. Teopewva Ecuwu

a) dynryua ¢(x) cunyaia u Ouffepenyupyeia Ha
GVINYK 10 U 3AMANYTON MloicccTée X

6) diam X; = 1 < o,

B) nocaedosareavnocty {x,} peaancayuonnua,

TO UMeerT MECTO OYeHKa

-1

m—1
Q (Xm) _ (pw < I 1+ C‘Llo 2 ¢ (\k) —¢ (\k-Hr

k=0 [ xe—py f!z
m=1,2 ... (1011)

Honasarteabcrno Buawaze cxeraev  caedyiomue
TOh€CTBEHHbIe NPeodpasoBaHIsd. :

Q" (X1), Xz —x%) =
=@’ (%x), Xp — P> + @' (), pp —3*) =

L

v Ve — Py 3 — ppy —
A

= LG (n), Xy — Pu) +

1 ,
-, CXp — Pry N — i)
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Orcioa W W3 yeaoBHA, 910 {Vy— Py, X* — P> <0, momy-
yaeM

<(P' (xk)’ Xp — X*> <
’ 1
<P (%), Xp— Pr> — ’;,; {Xp— Pr X¥F — P> <<
<

.

< (u @)1+ - 1x* ~ ol ) bos — pul
< (\\‘P' (=) + va "’I‘k';X*ﬂ + %k-ﬂxh — Ph“) I %z —Px .

Ho n3- (10 8) caenyer mepasenctso i x, — p /v <l g’ (xi) L.
Vumrssas, uro Ix* —x,l<n m ¢ (%)l <y <oo, momy-
7aeM OKOHYATEILHO HEPABEHCTBA

0<<q’ (%), X — x*> < (2y + n/v) l x — pill,

copasemBHe A doboit Toukn x* & X*, B wacTHOCTH A
x* = p*(X,) — IpoeKONH TOYKH X, HA MHOMeCTBO X*. OTcio-
ma m n3 omenkm (e 932)

m—1

- —CP (%1) — @ (Xp41) ]—1
m} * < 1 P}
Pln) — @ Po[ o hgo {9 (%)s X — P* (Xp))

cnenyer (1011) mpr 0<C<(2y+n/v')"% A

10.2.7. Onenra CKOpOCTH CXOJNMOCTH B BRINYKJIOM clydac.

TeopeMma. Ecau Ha 6bMINYKAOM U 3AMEHYTOM MHONE-
crge X

a) ewnykaas Pynkyusa @(X) npuHadaercur Kaaccy
Cl,l(X); -~

6) diam X, =1 < o;

B) nocaedosareaviocrs {x,} onpedeaserca ycaosusmu
(10 3) — (10 8) npu 0 <v' <wv,<v",
TO cnpaeedausa oyeHka

PxXn)—* <p [1+plm]*, m=1,2, .., (10.12)
npu arwbom -
o<c<t(2y+ 1) mimfs,
<bsgga |4y + 5 minyl, 7oy
" 2de y= sup | ¢’ (%)|.
x=Xg

Tlorasatenscreo cnexyer wu3 mepasemcts (10.10) =n
(10.11), A
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10.2.8. O cmocodax rmbopa maumer mara. Mporoe ms
TOro, UTO CKaszamo o nsibope manubel wara B nm. 943, 944
un 945, ocraerca B cimte, Ho ¢ yueroym Toro, uto B, =[0, 1].
Irag, paa BeIYOCHeHNS BeXHUNHEL B, OGEITHO MOJB3YIOTCA
ONIHIM I3 MeTOXOB ofgHoMepHoii mupnyusanun. CyliecTBeHHO
YHOPOCTHTL NPOLEAYypy BBIGOpa B, MOMLET 3HAHIE BeIHTMHEI
L — wnoncrantsr Jlummnna s mepasenctse I g’ (x) — ¢/ (y)Il <
<Llx—yl. B atom cnysae B nhavecTBe P, MO:KeT GHITH
Beifpano goboe N3 UmCea, YNOBACTBOPAIIIX YCIOBLIO

0<PB<Pu<1, Ho mpu TOM BenUUNHA Vv, AOMKHA Y/OBIET-
BOopATh HepaBencTeaM O0<v' <<v,<v''<2/L. Torma mna

(10.9) monysacst @ (%) — @ (%uss) B — AL ) 30— pu 2
n cxoguMocth (B cuny m 102 35), m omenra cropocTH cxo-
amyoctn (B cry m. 10 20) coxpamsiiores. CymecTByoT o
Apyrue cnocolsl ompefeseliss BEINUHIBL By, NCHOILIYIOMIE
suanne nouctamTel L Hampumep, §,=mmn{1, p./v.), rme
0<e,<=p<(2—¢e)/L 1 0<v' <v,<v'' <oo. Jlerno Bu-
JeTh, YTO I B DTOM CJIyTac I CXOJUMOCTh, II OLlEHRA ee CHO-
POCTII COMPAHSIOICH

10.2.9. Uncacuno peasindyeMple yCIOBHA BBIGOpA Be:Ti-
ynnm $, 0e3 mpouexyps! ofuoMepHOil MuHIMu3amimm, B na-

- *
gectBe P, OydeMm unoibupars By = By — manGoabuwee o3 qmce.T,

ey e

YACICTOODAIINE HEPABE HULBAM
1 2
P (xx) — @ (Xx — Bu (. — pu)) = 5, Ballxp — pal?, (10.13)
0<B.<1.

Iloxases, uto cymecTByer B,<[0, 1], YHOBIETBOPAKIIEe
nepasenctsy (10 13) [lefictenTenrso, ecam Bribpath B =
=mn {1, 1/v.L}, 10 (cx BHBog cootmomenus (10 10))

@ (Xh) — @ (xn — Bk (Xx — pu) =
=B (5~ 7 Bl — >

> pymn {4 g s — pul = g Bl —

ITockonbhy 3ajava 0 HaXOKAEHHN HanboibBIIEr0 dJHCIA,
yAouiaersopsaiomero Hepaseuersy (10.13), pemaercs npu-
OMIAReHH0, TO MOAHO BBIOICATH COOTHOIUEHIS, KOTODBIM
yHoBJIeTBOpseT HalijeHHOe 3HaueHme [, B KadecTBe Hanboixn-
well BeQNYHHBl IPU HehROTOPOM BHAYEHUN LapaMeTpa



10 3 METOJ VCJIOBHOT'O I'PAOHNEHTA 247

o =0, 1/2]:

.

P (xx) — @ (X — Br (xx — P1)) = qv'; Brlxy— pr % (10.14)

0<p.<1.

OueBHAHO, UTO CXONEMOCTh H OIEHKA ee CKODOCTH U B
9TOM cllydae COXPaHAITCA.

10.2.10. O wontpoxe. [{nsa Toro 4TO0H B mpoilecce cueTa
0 MeTONy HPOeKNAH TIpajmenTta KOHTPOIHPOBATH CXONHA-
MOCTB, Iexecoo6pa3Eo Ha KajIoll WTepanum BBHIINCAATL Be-
aaunnry  (Q(Xn) — @ (Xxp1) )/ X — P2, Omenxa (10 11)
NIOKA3HIBAET, U4TO 10 TeX IIOp, IOKa COXPAHAETCA COTyalHs
(@ (%) — @ (Xp41) )/ Xy — P P =&, rme Bemmumma e ompepe-
ngerca NPHHATON TOYHOCTHI0 BHIYMCIeHHil, mpomecc B BHI-
NYKIOM CJIyYae CXOAHTCH CO CKOPOCTBIO, MOPAMOK KOTOPOil
e mwre O(1/m).

10.3. Metox ycaosmoro rpapuenta

— 10.3.1. Unea meropa. B sTom Merofie BEIGOp Hampasie-
HHA CHyCKA COCTOHT B CIEAyIOIMEeM: B TOUKe X, JHHeapuay-
T ¢ynrmmo @(x), crpoa amHeiiHylo (yBEEmEI0 @ (Xx)=
= ¢(x,)+ <@’ (x:), X —X,>, I 3aTeM, MHEAME3APYA Qr(X)
na MHo)KecTBe X, HaXOMAT TOYKY ¥, llocie storo momaraior
—Sy=7Y,— X, O famee BIOJb DTOr0 HANPaBIeHAA OCYyINe-
creasior cuyck. Takmm o6pas3oM, AiaA OTHICKAHMA Hampasie-
HAA ~—S, Cle[yeT PemHTh 3afady MAHAMHA3ANAN JIHHEHHOI
¢yErnan Ba MHOkectse X. B oOmem ciaysae sTo 3amada
TOTO K€ IOPAMKA CIO0KHOCTH, YTO M MCXONHAA, O{HAKO, KOTAA
MOImycTHMOe MHOKECTBO 3alaeTcA JHHEHHEIME OTPAaHNYEeHVIA-
MH, OHA CTAHOBHTCA 3afadeil JHHEIiROro MporpaMMOpPOBAHIA,
KOHETHOMEDHHE METO[B peIleHHsA KOTOpoii paccMarphsa-
amEc, B I O

HarmoMEnM, 49T0 MHOMeCTBO X TpPEANONATaeTCA BHIIYH-
AHIM B 3aMKBYTHIM, a ¢ymnroua @ (x)eCH(X).

10.3.2. Cxema merofta. B kauecrse X, BHIOHpaeTcs J0-
Gas Toura n3 muomecrea X. Toury xpyy (E=1, 2, ...)
crpoar mo (opmyie

Xppt == X — Pi(Xn — YAj- (10 35
Tipn orom Y. BHOmpalorca TakmM o6pasoM, d9TO
P’ (Xr), Xp — yr) Z=>m1n {0/‘ sup <o’ (Xn), X5 — %), ah}, (10.15)
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TAe oy — 3aJjanHble 4NCHa Takme, 9T0 o, == o>, a uncaa (o)

i

YAOBACTBOPAT cooTHOmenno | < 0<< 6, < 1. U, nporte Toro,

Ix, —y, 1< % < o, (10 16)

Unena P, BrGupamT, MUHIMIBIDYS bymrnmo  P(B) =
=Q(x— (X —Y:)) Ha oTpesne [0, 1

Bynem upepmoaarats, uro B, YAOBIETBOPAET COOTHOIIC-

HISM
@ (X — Ba (X — ¥4) ) <(1 — M) @ (%) + Aacon, (10 3)
O<A<h <1, 0<B,<1{, (106)
e ‘
0p = min @ (xp— B(xp — yz)). (10 17)
B=(lo,11

10.3.3. O6cy:xpenne. Veiopms BLIGOPA ¥, I3 COOTHOLIC-
moa (10 15) mommo mpommaiocrpmposath CIEIYIOmMEM HplI-
mepor  Ecan mmosrectso X samaercs MuHenHIMI orpari-
UEHIAMU, TO 3ajla¥a OTHICK&HHA Y, CTAHOBUTCSH 3ajateif
SIMHEITHOr0 IPOTPAMMUDPOBAHIA — 3a7atveil MaRCHMIBAIHI JIm-
ueiinofi ¢gymnmmu <{@’(x;), X, — x> ma MHOTIOTPAHHOM MHO-
aectse X Ilpu peuwrennn aroit sagaum yetoeus (10 15) no-
IyCKAT BO3MOMKNOCTL OTPAHNYIITLCA HECROJABRIIMII  CIIMII-
JERCHENMII  IIaTaMI B CTOPOHY BO3PAcTanlA  (PyHRIUM
(@' (xx), x5 — x>

Hpoye Toro, mmomectso X Mosmer onasathes Heorpanui-
dennsiy Ipm aTovM, mecMoTps ma To, wTo mexonHasm 3ataya
HMeeT peurenie, 3a7ava BHIOOpA HAUPABJICGHIA MOLeT It He
HMETh pemenls, T € BO3MOMHA CUTyalus, KOrga IS Heho-
TOpOro HoMepa k 6ymert sug(cp’ (Xp)y Xp— x> = + o0 Veiao-

A=

sie (10 15) 1 B vroM enrywae mo3BoImeT HAXOIITH TOUKY Y.
3aMeTIM, YTO BHBOD WHCEN ¢, I TOABJICHIe THCEN 0y JIMO-
Tupyorca yenosiem (10 16) Vemosne, rapamrnpyromee cxo-
AUMOCTE, 0CTAeTCA TeM ’he, YTO I B MeTofie HpOeRIHI Ipa-
mmenta (em m. 102 3).

10.3.4. Hpepnoao:xemsa. Otnocnreanno Qyuniun ¢ (x)
GymeM mpepmosarath, 9TO

1) p(x)=Chi(X);

2) X5+ O

3) ¢(x) orpammdena cmmay ma mmo.sectse X,.

Otmocnrerbmo mocieqonatesmoctu {a,) OyazeM upepuo-
Jaratb, 4TO h

4) X, —nobas Touka ms X;

) BEUIOJHAIOTCA  YCIAOBHSA (103), (105), (10 6),
(10.15), (10 16),
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10.3.5. Teopema. Ecau evinoanaworca npednosoxeHis
10.3.4 u ycaosue 1023, 7o
}tim o(x,, X3)=0.
Norkasareancrso. W3 memmu 9 2.3 r yerorna (10.5)
monygaeM s ao6oro p [0, 1]
@ (%) — @ (Xn41) =
=M (@ (%) — @) Z (X)) — (X —B(xx—¥a)))=
ZM(B L’ (xa), Xpx—Vw> — L I x, — v, 112/2).
Bribmpas

B = min {1 €9 (%) %2~ yk>}
A
P (Xp)s X — ¥
Lix,—y, |
Mo (xk)’2 Xp — Vi

poxygaeM, uro mpr P=1<

@ (Xi) — @ (Xn41) =

{9 (%) Xp— ¥u>
Lix, =y |?

P (Xp) — @ (Xpt1) =

A Y (%) *n — Yip?

2L. “ X, — Vs “2

. (10.18)

a opu B =

> = 2_[%2 <9’ (x4), Xp — yu>%  (10.19)

IIycTh p, O3HAWAET MPOERIMIO TOYKH V, =Xz — ¢’ (X,) Ha
muoskectBo + X. Torma BeEgy (108) <o’ (x:), X —pw =
=l x, — p, I® m, yuntusas, wro 6,=0>0 1 o, = a >0, mo-
ayzaem (cM. (10.15))

{9’ (%), Xx — ¥x) == min {Uh flcl)lg {9’ (xz), Xp — XD, ah} =

>min {0, {9’ (Xx), Xx — Pr)» %ay == min {0, | x, — Pr |%, %)=
> min {o]x, — px|?, a}. (10.20)

Tlockonexy mocmenoBarenbrocTh {@(X,)} MomoromHasm n
orpaRmueHHAA CHH3Y, TO Q(X3)— @ (Xass)— 0 mpm £k — o m,
cnenosarensno, a3 (10.418), (10 19) m mociemmero HepaBeH-
crBa monydaeM, uto I x,—p,ll =0 mpm k- co. 3mawmr,
paiineTca Takoit momep Ko, 4ro aan Bcex k=k, Oymer
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olx, — pl* <mn {1, &}, u wosromy ma (10 18) — (10 20)
OPHXOMIM K LiCPaBenciBy

Q%) — @ (Xp41) S Clx, — pul* VE= ks,

rae C = % 0 min {1, L—Gﬁ}

B copasemamnoct Teopembt  yGesnacycesa HA OCHOBAHEH
reopeMsl 925 mpu X=X, Y=X;. A

10.3.6. Ouwmenxa cropocTn cxommMoeTH B BBLIYRI0M
cayuvae.

Teopema. Ecau na euinyriom u samknyroy muoxce-
cree X

a) euwnyraas Pymkyus npunadaexnur radccy (X)),

6) diam X, =n < o,

B) nocaedosareavnocty {x,} onpedeiserca yeaosuamu
(103), (105), (106), (1015), (1016),

T0 cnpasedausa oyenka
PXm)—@* S [l +plm]™, m=1,2 .., (1021)
npu aipbon
2
o<cademanlt, Hfmaf 2]

HoraszareabcTso Tan Kar @' (x4), X, —7¥ >0
(ecim <@’ (X)), X, —¥> =0, 10 X, = Px 11 X, SBIsSAETCA TOY-
hoit amEmMyMa) 1 <@ (X), X, —y,) <l (x,)llx, — y,ll <

< yx, rge 7= sup [@(®)[l, 1o ma (1018) moxyuaey,
X& S 0

410
A , -
¢ (X)) — ¢(Xpp1) = N @’ (xx), xp — yro3,

o seuly (1019) mpuoxomny ® mepapencrey
P (X0) — @ (x141) = C1 <@ (%), X — yi)* (10 22)
mpu C, = 37:—, min {Yi’ Li/}
Ecan okxsgg 9" (1), x5 —x) < ay, 10 13 (10 15) cue-
IyeT HEepPaBEHCTRO
(P (X)), X, —y0 =
= 0:Q" (Xa), X — x*) = 0<@" (X,), X, — X*).
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Ecan e oy fgg Q' (Xp), Xp— x.) > o, TO
Q' (Xp), Xp — Yk> =0y ==
m —E L@’ (Xn), X — X*) > = 5 <@’ (X1), Xp — x*)

HycTL C,=min{o, a/(yn)}, Torma (q) (Xh), Xo—y> =
=C, <9’ (1), X, —x*>. Oxonvarensno orcona o m3 (10.22)
N0JIy4aeM HePaBEHCTBO

P (Xp) — @ (Xx41) = C (P’ (%), X —x*)2, C =C,C;, (10.23)

-
cupasefnuBoe A Moboil Toukn x* & X* B "acrtHOCTH ANA
x* = p*(x,) — mpoeknaN TOYKH X, Ha MHomecTeo X*, Ha
(10.23) m m3 omemru (cm. 9.32)

m—1 -1

P (Xp) = @ (%p41)
P{Xn) — * < 1+ 3% 2
(X ) (P po 0 kzo <(P, (xh)7 xh p* (xk)>

caegyer (1021). A

10.3.7. OGeympenne. fleno, 9To ¢ yMeHBIIeREEM BeXmdn-
uw C yxXynamaerca anpoopHas oleHKA CXOMHMOCTH 3TOTO Me-
toga Jlasg Ttoro uwroOm BBIACHOTHL BOTpoC BHOOpa o, oOIe-
uoM BenmunEy C: IPH HEKOTOPHIX eCTeCTBeHHHX IpPeANolo-
KeHHAX copaBefanBo HepaseHcTBo C <Ca?/x%," tme C ==
=const >0 Ilockonsxy seanmumma lx,—y,! zaBmcar or
poifopa @ H, Cle[OBATENbHO, % 3aBHCOT OT &, TO COOTHOIIE-
HIfA, ONeHNBalmMue Benumuy C, NOKA3EIBAIOT, 4TO Q) Iieie-
coofpa3no BHOGHpATH TAaKmM, YTOGH oTHOmeHme O4/]X), — Yzl
He yOmBamo ¢ yBeamdYemmeM gqmciaa k.

10.4. Meropn BO3MOKHHX HaNpaBIennii

10.4.1. Unea meroma. [lnsa OTHCKAHHA TOUEK JOKATBHBIX
MIOHHMYMOB 00meil 3agadu HeamHe{IHOTO IPOrpaMMIpPOBAHHS
peanrbHO TPHMEHOMBI Teé H3 pPEJaKCAaNHORHBEIX METON0B, B
KOTODHIX IIPH BBHIYACJAGHHA HANPABICHNA CIOYCKA M3 HEKOTO-
poil TOYKD X YUHTHIBAIOTCA JOKAaJLHEIE CBOIICTBA MOHOMHO3M-
pyemoii $yEKOHA U JOKaXbHEIE CBOIiCTBAa MHOKecTBAa X B
OKPeCTHOCTH TOYKH X. VI3 N3BeCTHEIX METONOB TAKHM YCJO-
BHAM Y/JOBJETBOPAET MeTOA BO3MOKHBIX Hampasiernmir. Ha-
mpaBjieHHe COYCKa B 3TOM MeTOfle HAXONAT CJeRYIOImMM
oGpaaoM' CTPOAT B TOUKe X KOHYC BOSMOKHEIX HaIpaBTeHmIt,
KOTOpHIi 3ajjaeTcss CHCTeMOii JHHe{lHBIX HepPaBeHCTB, W BHI-
OmpaloT B 3TOM KOHyce BEKTOD KOHEUHOI JJIMHEI, COCTABIA-
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Iomuii OCTPBIL YroJI, ¢ auTHTPaJNenToM Nelepoit (hyHRIHII.
Taknm o6pasoM, METOH BC3MOKHLIX HANDABICHINI  MOAHO
paccMarpuBaTh KaK eCTeCTBEHHOE PACHpPOCTPAHEHIe MeTOHa
TpagHeHTHOTO CIYCKA Ha 3a[aid MOHNMII3ANHN ¢ OrpaHHYe-
AuAMa B orimume oT BYX HpeABIAYIINX METOHOB, METON
BO3MOJKHBIX HaupasjieHIiT o0lajfaeT TeM IIPEHMYIECTBOM,
TO [NA OTLICKAHAA HANPABIEHHA CIOycKa JIOCTATOYHO pe-
IATH 3afavy JHHEIIHOTO HPOTPAaMMUPOBAHHA ¢ HeOOIbIIIM
upcaoM orpanmyenmii aufo mpocreiimnyio 3ajady KeBaapaTHu-
HOTO IpOTPaMMIPOBAHIA.
Urax, paccmarpmpaetca 3ajaua .

@ (x)~ min

Ha MHOmecTne X ={x: [,(x)=0, 1=1, m}.
Penakcanuormyio mociegosarenbnocts {x,) =X Gymem
.CTpOHTS 1m0 (hopmyne B

Xpt1 = X, — BuSs, 7l;=0, 1, ... (10 24)

10.4.2. 3agava sriGopa nanpasnemna enycra. Paccamor-
PIM 33[[aYy OTHIChAHHA TAKOTO YIICJIAa O I TAKOI0 BEKTOPA
S, 4TO

¢ — max,

i@, sy +0<0, 1=,
. — (9’ (x), s> + 00, (10 25)
(s, sy < 1.

Hocnenuee menmmeiiHoe orpammuenme mabapisger oT He-
orpammyerHocTH pemenust sagaun (10 25). Huorna ato orpa- -
HoYeHHme 3aMeusaloT ciaefyiommy: —1<s, <1, j=1, a, &
Torfia saftava (10 25) cramoBntca samaueii mmmeiinoro mpo-
rpaxyuposannss B naapuefimmx paccayorpenmax aur orpa-
noynmed 3agaueil (10 25), ojpmako Bce ckasanHOe BRIIIe
ocraerca B cmte n aaa safaun (10 25) ¢ ammefimenMm orpa-
HITYCHHAMII, _ _ N

OGozmaumy wepe3 o(x, &), s(X, €) pemennme 3amawm
(1025) mpn I=1I(x, &) = {1 0</(x)<e}, rne & — mexo-
10poe IoJoKNTeNbHOe dncao, a o(x, 0) m s(x, 0) — pemre-
mna sagaun (1025) opu I=1(x, 0)={i f;ﬁx)=0}.

HAas Tozo urobur nanpasaenue —s, sl =1, ¢ rouxe
xeX 6biio eosmoxnviM, focTarouno, urober ¢>0 u s

ydosaereopaau  mepaseHcTeaM (f’, (x),8) +0<0 daa
ecex 1=1(x, &) u zora 6w das 00Ho20 &> 0,
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JlokasarensCTBO HTOTO yTBEp:K[AEHMAs AaHAJIOIMIHO NOKA3a-
tensctBy TeopeMer 3.2 6. Takam ofpasoM, mepshle OrpanH-
venns B sagave (10.25) rapamTEpyoT, YTO HampaBieHHmE -8
ABIAeTCA BO3MOMKHEIM B TOYKe X, a BTOpoe ofecmeumBaeT
y6risanme @ (X) BHOIL BTOTO HampaBJICHHS. }

10.4.3. Paccroanne mo rpanunmpl. OnpefienaM BelmdnAy
t — paccToanne OT TOYKH X Mo Oamkaiimeil mo Hampasie-
HOI —S$ IPaENYHOIl Toukn MuoskectBa X. Ecam mampasienme
—S BOSMOKHOE B TOUKe X, To cymecrsyer umcio B>0 ra-
Koe, uT0 Touka X — Ps=X nmix Beex pe[0, B]. Bearmumma
{=supp (ecim oHa KoHeUHA) O3HAYaeT JUIMAY Haunboxbime-
ro orpeska [x, x — &s], mennkom npuHamIemxamero MHOMe-
crsy X. Ilpm atom y =x— s sBasercsa rpaHmuHOil TouKoit
muoMecTBa X. B cayuae, ecam § = +oo, Mmomectsy X mpm-
Hagiesxnt ayd x—Bs, p=0 Ilpn x=x, m s=s, Gygem
o6o3ragath = §,.

10.4.4. Cxema meroma. B KauectBe HaJalbEOro Ipmbiam-
JKEeHAS X, MOKeT OHTH BHOpana no6as Touka MHOKecTBa X,
a €, peiompaor w3 monynmtepsana (0, 1]. IIycrs B pesyas-
tate k-it mTepanmm BEIYACTEHH! X B €. Ommmem (k+1)-i0
ATEpANHIO. -

IMar A. Pemasa samauy (10.25) mpm I=1I(x,, &),
BEIYHCIAIT JOOYCTOMBE G, H S, ls,/l =1, Takme, aro o, =
=80 (X, &), Te 0<E<E. <.

Ilar B. Ecin  0,=&,, TO NepexXofAT K BHIYACIEHHIO
peanunnn B, OObHO [, BHUNCAAIOT, pemias 3aAa¥y OXHO-
MepHOii MummmMmsanun Qymkuma  P(B)= @(x, — Bs,) npm
0<p <t Bemmumma P, mpm aToM [OJKHA Y/OBJIETBOPATH
ycaoBuAM

@ (xs — Brs) < (1 — Aa) @ (%) + Anony
0<A< <1, wp= inf @{x—Psy). (10.26)
0<B<ly

_ Yncna B, MOEBO BHIONpAaTh TaKKe CIeNYIOIMEM 00pa3oM.

Mycrs B, — nanbonbmee N3 unces, YAOBISTBOPAINUX COOT-
HOLIeHEAM -

Q%) — @ (% —Bis) >3 Bion, 0<Br<lu (10.27)

B kawectse f, MOKHO B3ATH A000e WHCIO, YIOBISTBOPAIOIIEE

mepaBenctBaM (1027) um ycmosmio B.=>af, mpm moGom
aes (0, 1].
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Haxronen, soumensmor X,,, = X, — BiSk, moOMararoT €, =-¢,
I TepexoqAT h mary A

IMar B Ecan 0<o0,<eg, 1TO mOTAramoT Xprt = X,
€r11 = Yi€s, TJIE O<yh<y§ 1, m mepexogar mary A.
Ecan 0, =0, 1o Brmeasor o(x,, 0), pemas sagazy (10 25)
npu [=I(x;, 0). Ecan o(xs, 0)=0, To mpomecc ocramas-
ausaloT. B mpormsmoM caygae momaranot Xy, = X, Ehp1 =
="x&x, Iie 0 <y, <Y<, m nepexomar K mary A.

10.4.5. Odcy:ruenne. Illar A mospomser sagagy (10 25)
upn I=1I(x,, e) pemars upubamsEeHHo, Or'PaHITUBAACH
HECROJIBLKIMII NTEPANIONHBIMA IaraMn B CTOPOHY BO3pacTa-
Hog  Bermuumel 6 Yeaosna (10 27) mosBomsoT  Bocmodn-
0BATLCA WA BHITUCICHHA [, H3BCCTHHM CHOCOGOM Y-
BOEHIA

CxomuMocTh MeToma 6yfeM InceaeqoBaTh JIINLIL oI cay-
uaj, noraa By yrosaersopser yeaosnanm (10 26). Oamanosme-
UIICh € [0ha3aTeNbCTBOM CXOANMOCTH, UNTATEIb B CIyuae
HE0OXOAmMOCTII Ge3 TPYAa CMOMRET NCCIeN0BATD CXO0IOMOCTD
mas cayuas (10 27)

10.4.6. Mpennoaosenns:

1) gymrumn ¢(x) n fi(x) (=1, m) OpuBajIesaT
ntaccy CH' (X),

2) cymecrsyer Tanoe wuicao M >0, wro IIf; (.\‘)Hgﬂl
nra Beex XX, =h eV o(x)<olx,)):

3) Xi={x*=X o(x’, 0)=0}+ &,

4) 1nf @ (x) > — oo;

XX

9) IOCIeI0BAaTeILHOCTE {X,} OTpaHIYeHA.

10.4.7. Yeaonun snerpemaasuocrn. osemma ycaosne 3).
B cuay reopearr 332 yeaosue, uto B RaJo0it mape ¢ @ s,
YHAOBIETBOPAIOIIEII CIICTEME

f(9), 85 + 00, 1T (x, 0), — (¢’ (), 8) + 0 <0,
Oymer 6 <<0, sBaAETCA HEOGNOATIMBIA YCIOBIEM TOTO, 4TO X
€CTH TOURA JIOKAMBHOrO MUHHMyMa (ysrumm ¢(x) mHa Mmo-
wectpe X

Ecan ke ¢ynnnma ¢(x) BOIOYh1a, QyrROmn f,(x) (1=
=1, m) rormyrii, a amomectso X BAOGAbOR PeryIsipHo 110
Cneiitepy (cM m 343), 10 cOpMYINPOBAHIBIE BEIMIE YCI0-
BUA ABIAIOTCA NOCTATOUHBIMI NA ONTIMATBHOCTH TOUKH X

JlonasaTeNbeTno BTOTO yTBEpHJIEHNSA COCTONT B caeny-
towen Iloropsas BuKIagnI mokasarenbcrsa TeopeMEl 3 4.4



104 METOJI BOSMOKHEIX HAITPABJIEHIN 225

(cm. Taxwe m. 3.3 5), mepexonuM K COOTHOmEHHmIO
i

¢®= 3 wfix), u>0, icl(x0),
ieI(x,0) -

KoTopoe no Teopeme 3.51 @ onpemesNsieT ONTHMAIBLHEOCTD
TOUKH X.

O6parmmca Temeps k yciaosmio X* = &, ITockomsry mapa
6=0, s=0 asaserca Aomycrmmoii ;A samaunm (10.25), 10
B ee pemieHNR BenmimHa 0(X, 0) = 0 m, cnemoBarennno; X* —
9TO MHOKECTBO TOYWEK, B KOTOPHIX BBHINOMHAIOTCA He06Xomm-
MEIe YCJIOBHSA JOKATLHOTO MEHEMYMA. SaMeTHM, UTO K DTHM
TOYKaM [io6aBngeTcA W pAN ApYTHX, HAUpHMED TOTKH, B
KOTODHIX He CYIIeCTBYeT BO3MOKHEIX HANpABIEHIII.

10.4.8. JTemma. Juaa ecex o u s, ydosaersoparowyur
yeaosuam

’
{fi (%), 8) +0<0,
isl(x, e), x=X, (5,89<1, 6=e=0, (10.28)
Cnpagediuso Hepasencrao

. t=Cee, (10.29)
rre C, = min {1/M, 1/L}.

Hoxasarteasctno. OueBmARO, 9TO MOCTATONHO pac-
cMoTpers caydail § <+ oo, Tar Kak Touka y=x— s sp-
jIAeTcA TPaEmIHON (CormacHo ompenenemmio wmera &), To
naiiercs Taxoii Homep i, uto f,(y) =0. Ecim B Toure X Gyner
i(x)>e, 10 e<fi(x)=Ifi(x)—f(y)ISMIx—yl=mMg,

OTKy[a
t>e/M. (10.30)

Ilycts B Touke X Gymer 0<fi(x)<e, T e. i=I(x, e).
OGoznaumm P(B)= fi(x — Bs) m sametmM, uTO Y(B)=0 npn
p=[0, ¢] m v (§)=0. Jerxo Bugers, uTo

ay (B) ‘
ag ‘ﬁ=c<0" R
a smawmrt, <{f, (x), 8>>0. Hs yeaosma i< I(x, &) m yeno-

BHA, 4TO 0 U S yAosixersopsanr cucreme (10.28), mmeem
’
{f.(x), 8> < — 0, noatomy

e<<o< — <fr (%), 8) < K (), 8) — <fi (%), 8) <
o <lr@-rwlisi<Liy—x|=L,
€=>e/L, (10.31)

OTKYyNa

15 B r. Kapmanop
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M3 (1030) o (10 31) momyuaem §=emn{1/M, 1/L}, 1. o
mepasencteo (1029). A

10.4.9. JTemma Ecau TOUKa X,,1 NOCTPOEHA nNO cXede
Jeroda u npu sToM O, = €, =0, 70 cnpaged.eo HepageHcTEo

@ (x) — @ (xp41) = Ce, C,=rC /2. (10 32)

Hox\asa'renbcmzo 3 nemuer 923, ycaosua (10 26)
n pepaBercTBa (' (X}, S =0y (nocne;mee HMeeT MecTo,
IIOCROIBRY Oy T S momyeTuMel gas dagagn (10.25)) moxyuaem
nas moboro p e [0, Cul:

@ (xp) — @ (Xp41) =
= i (@ (x) —op) = 7% (@ (%) — @ (xn — Bsp) >

> (B (), 86 — = LB U ) > (Bow — r 162,

IIpr § = min {Z,, 0,/L} orcro1a moIyTaes mepancHCTBO

Q (xz) — (Xk+l)

> ;,Ghnnn{'gh L} éhehmm{gh, L} (10.33)

“

11 pemay seavmr 1048 nmpuyogny n coormomenmio (10.32)
npn C,=1C/2 A
10.4.10, JTeaxna Jasa aoboi Touruy xeX HalidyTcs
Takue uuc.a E—S(A)>0 u 5=258(e)>0, uro npu ecex
ecl0, ] u xeU(x)={&xeX: Ix—xI<6 6yder
I(x, e)<=I(x, 0).

Jonasarteanctso Ofosmauny J={i=1, 2, . ., m}
o seifepen €= mnun {f, (x)}/2. 3Basermy, uto >0,
EINIGR0)

mocroapky mag 1€ J\I(x, 0) Gyaer f(x)>0

B cuay nenpepsisnoctn QyHRuui f.(x) 1 nomedmoctn
qrcsia HOMEpOB I, §=Cm, HalljjeTcs Tahoe UYICJIO 8(e)>0,
uTO 1A BCeX X &€ Ub(;) u seex 1= J Gyger |f.(x)— fi(x)]<
<e¢ Tan nar fi(X)= 2e, LEJ\I(\ 0), 10 f,(x)=e paa
Beex x & Us(x) 1 Beex lEJ\l(x 0). Tarnma oGpasoy, npu
& = [0, E] 4151 11000T0 lEJ\I(X 0) 6ymer t=J\I(x, &),
a caegonartearuo, cmpasedinpo  nrawtemme  I(x, e)<
<I(x, 0). A

IIycrs o =0(x, 0), s=s(x, 0) — pemierme  3amaun
(10.25) mpu. x=x n [= 1( 0).
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10441, Jenma. Ecau I(x, g_)cl(x—, 0) u 0>0, 70
cyyecrsyer raroe uucao 8 =38(0)>0, uro Gan ecer x=
€ U,s(x) 6yder o(x, £)=a/2.

Howrasatreanctso. Tak wak @'(x) m /i (x) (i=
=1, 2, ., m) nempepmBHH, To CYINeCTBYeT TaKOe YICJIQ
6(0)> 0, ato mam Bcex x = Uy (x) Gymer e’ (x)— ¢’ (x)Il <
<o/2 1 |f,(0)—f®I<o2, 1=1(x 0). Jlzx mooro
x & U,s(x) 1 amo6oro iel(x, e)<= I(x, 0)

0=<(f,(x),s) + 0=
= {f1(x), 8> + 0 + (1 (D) — £1 (x), s>
>, (x),8) + 0= £,® — 7. () 15] = <F. (%), 5 + 072

n, amagornano, 0= —{g’(x), s> +o/2. _

Taxmm ofpasoyM, 6=0/2 1 s=s mag moboro x = U, (x)
yRoBnersopsor orpaunndenuaM sagaum (1025) mpn [=
=1(x, &) Ho rtar xax o(x, &) u s(x, &) sBisoTCA pete-
HHOeM 3aJ{aUN MAKCHMI3ANNN BEeJYNHLI ¢ IIPH TexX ke orpa-
HAYeHNAX, To O(X, €)=o/2. A

10.412. Teopema. Ecau evnoanens: npednoaodenus
1)—5), 7o

lim p (x4, X*) =lim inf |x, —x*|=0.
k>0 koo X*kc (%

Aoxraszareancrro OGosmaumym wepes K cosokymmocts
BCeX HHEKCoB mocaenoBartembrocTH {X,}: K={k=0,1,...}.
IIpepmonozxny, uro e, =& >0 mia HeKoToporo & >0 1§ mum
peex k=K. Torma B coorsetcTenm co cxeMoif Metoma
Haiifercs Takoit Homep Kk, = K, uto 6, =¢,=¢ >0 mua Bcex
k=k, Us (10.29) nmeen [, =Cie,=Ce 1 TOTHA B CHIY
(10 32) momywaeM @(X,)— @(Xup) = Coe® mua neex k= F,.
Ho mocnemosarensrocrs {p(x,)} exomamasncsa (sBumy Momo-
TOHHOCTH I OrPAaHNYeHHOCTH), UMY IPOTHBOPEYNT IPefbIAy-
mee nepaBencTeo rag, e, > 0, £ = . CoracHo cxeime Me-
Topa_ Haiimercss HaGop mmgexcoB K, < K takoii, uro 0,0,
k€K, k-«

Temepr noxasmes, 9To Bce mpefelbHBIE TOTKM mocaesio-
BateabHoCTH {X,} IpmEAmIe:knT MHOKecTBy X*. PaceMorpmm
IBa caydgast.

Cayw=ait 1. Ilycts X — enmmcTBeHHAg mpefeaLHAS TO'-

Ka, 7. e. limx, =x=X. Ilpegmonomnym, uro x < X\X*.
ko

15*
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Torma o(x O)—0>0 1, CIe/l0BaTeInlo, 0 JeMMe 104 10

HaiigyTea Takme gucaa € > 0 o 6(e)> 0, uto I(x, e)<= I(x, 0)
opn peex e < [0, €] 1 x= Us(x). Tak nax e, 0 n X, > X,
k= oo, 1O HmHailgercsa Ta}\OII noMep Ag, UTO Xy € Ub(x) I
e, <g @i Beex k= o, smaunt, I(x, e)<I(x, 0).
Ho torga, coriaceo ne\me 104 11, maa k>k0 CTaHOBITCA

COpABeIJIIBEIM HEPABEHCTBO 6(Xs, €)= 0/2, mpoTmBOpEHUa-
mee ToMy, uro Gy—>0, ke K, k- oo,

Cayuait 2 Ilyern cymersyer npefeiabnas rodka xeX
TI0CTe[0BATeIBHOCTI {X,}, OTINYHAs OT X: X %X, Byzem mo-
IpeiHeMy HNpefmoJdarars, 410 X € X\X*, Torga Haiifercs

raxoe 6 >0, uro xEX\Uo(x) B cuay Toro, 4to X m X —
IBe pasINdHBle OpejedbHLIe TOYRI Hamleil mocaegoBaTelb-
HocTH, Iag JioGoro narypanbuoro N Haiifercss Tanolt HOMe]D

k=2 N n tanoe wmcao m = 1, ut0 X, S Usn(X). Xpps & Us(x),
1=0, 1, .., m—1, Xp1nE X\Us(x)
Temeps Bocmoabsyemcs HepasencrooM (10 33):
@ (xx) — ¢ (Npgm) =
h+m—1 1 k4 mj—i .
— 3 eI —ek >4 3 omin{t, 2,
==k =k

O DOCROJALKY X, & Us(x), t=h, b+l .., k+tm—1, 10
o,=20/2, i=k k+1, .., L+ m—1. Kpoxe Ttoro, &.=p;
I/ BCEX HOMEPOB I, MO3TOMY

R+m~1 -
P(x) — @ (\um)}—- aho " min {[3“ %}
1—-h
BayeTuy, 4710
k4 m—1 - k+m—1 -
g ag
24 Y mafp,o)> mm[ > b -ﬁ}
1—k 1=h
_ rfm—1
HeficTeoTensno, ecan Bee B.<d/(2L), To 2= > B..
1=h
Ecan e xora Gsr aas ommoro momepa J Gymer B;> o/ (2L),
0 X2>0/(2L). Hochoasry | XH,,,—-xh I=6/2, 10

R+m—1
> B.>=6/2, u mostony @ (xx) — @ (Rptm)=— 7 a)omln{ 3 N

1=R

o
TE} = const >0,
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Ilocnennee HepaBeHCTBO NIPOTHBOPEYAT CXOMANMOCTH HO-
caefopareabaocTn {((X,)}.

Urak, mobasn mpegensnas To9ka NOCTEHOBATEILHOCTH {x,}
OpHHAANERHT MHOKecTBY X*. Beupy rommarrsOCTH {X,} 0T~
ciofia ciefyer gim p(Xp, X¥)=0, A

00

S

10.4.13. Cayuait npmeyrersns anmeiimpix orpaEmyennii.
Ecan mexoropsie orpammuenms, ompefensiomme MHOMECTBO
X, nmmeitEwl, To mhenecoobpasmo pasGuTH orpaHmYeHHa Ha
EBe TpPyOnkl — JNHeHLIe I HelmHelinnIe:

X={: f(x)=0, ie], <, x)=b, i),

Lur,={, 2, ..., m). (1034)
B aroM cayuae samava Bmfopa manpabmemms cmycka mpu-
oOperaer caenyomuii BuA:

max @,

<.f; (xh)7 S> + 0<01 A= I1 (ka eh)z
(2, 8) <0, i, (xp, &), (10.35)
. —{p (x4, 8)>+0<0,
(s, s» <1,

rae :
I,(xk, Sk)—_-{lEIi' 0<ff(xh)<8k},

L(xy, e))=0tel: 0<<a;, x,)— b;<e,).

Ecrectpennmo, uto cxema Metoma B BTOM ciydae ocTaercs
npeskEeli. OCTaloTCA MPeMENMH I BCe DACCYMNeHHA IpH
AOKa3aTeNLCTBE CXOAUMOCTH MeToma Ilpnm stoMm TpeGoBaHme
PeryIAPHOCTH B HAIEM CIyTae MOKHO 0ciaabuTh mo cpasHe-
HHIO ¢ TeM, KOTOpoe OBUIO BBefleHO pamHbme. A WMeHHO,
MHOeCTBO X, ompefiefleHHOe cooTHOmeHmaMa (10 34), Gy-
fieM Ha3HBATH DPETYJADHBIM, eClH [IA Beex t< I, maiifercs
raxoii XX, uro fi(x)>0 (1=1,). Tarum obpasom, cBoit-
CTBO PETYIAPHOCTH OTHOCHTCA JONIP K HEIMHENHBIM orpa-
HITIeHAAM.

10.4.14. O pemrennn 3anaun smGopa manpasienna. B ciry-
uae, KoOIa mocnefHee orpammdenme 3agaum (1035) mmeer
B —1<s,<1, j=1, n, sagaua BHGopa HAIPaBICHAA
ABIAETCA 3ajiaveil JNHEIIHOr0 IIPOrpaMMUPOBAHAA H, CJIEHO-
BATeIBHO, [UIA ee PelleHAA OPEMEHHMBI KOHEYHHE AJITOpHT-
MiL. Ecim e <s, 8> <1, 1o samawa (10.25) mmeer menmmeii-
Hoe orpammvenme. [lorasxem, uTo ora sajaga B ompefeneH-
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HOM CMLICJC DRBHBAJICHTIA 3ajiave KBajpaTIdHOro IIporpaM-
MHIPOBAHILA CIENIAILHOTO BIAA.
3anmmres sagauy (10.25) caemyrommy oGpasor:
max o,
Qs +ol<0, (10 36)

<s, s» <1,

3nech @ — MaTpuia, CTPORAMO KOTODPOIi ABIAIOTCA BEKTOPEHI
l7. (x)]"mpn 1=1I(x, &) 1 [—¢'(x)]* Bo nsbemarme rpo-
MO3JKOCTH HHAEKC A — IOMep ITepaHiil — 37ech OIYIIeH.
Yepes I oGosmawen mextop 1= (1, 1, . , 1).

3amermy, uto mocnoabky 0=0, s =0 ssasorca mony-
cToMoii mapomu, a pgomycTimoe MHOsRectBo 3amaum (10 36)
OTPAHNYEHO I 3aMRHYTO, TO 3Ta 3afada BCEeTJa paspellna.

Paccrorpmy 3ajauy

min ¢s, s>,
QOs+1<0,.
Ouenurmo, 110 ccan Mmodcerco {8 Os -+ I<< 0} nemycro, 10
pemtenite dToll sagaun cymecreyer OJo3HauIIM ero depes s,.
3ayermy, ato s, 75 0, Tan nar s = 0 He ABIAgeTCA JOUYCTH-
MOII TOYROIT 3ajavn
10.415. Teopexa 1) IHapa o*=1/ls[l, s*=s./ls,l
neanerca pewenuexn sadauu (10 36)
2) Ecau mnoxcecréo {s Qs+ 1< 0} nycro, 70 ontuma.s-
Hoe 3Mauenue ¢ e 3sadaye (1036) pasno nywo.
HornasareancTso. Tar rar
Qs*+ o*I =(Qs, + D) /lIs,I <0 1 (s*, s> =1,
To mapa 0%, s* gomycruma mas sagaum (10 36). TIpemmoso-
SEOM, UTO Halijerca mapa o, S, V/AOBIeTBOPAWINAA Orpaum-
wennay sagaun (10 36), tanas, uro 0 >6*>0. Torga Tou-
rKa s/o Oyger momycrtmoin mias sagaunm (10 37):

Q%—§+I=%—(Q§+BI)<0

(10 37)

- 1 \ 1 - -

I TO3TOM (s s)< —8,—=5 \ = — (8, s) <<
L Yy 10 517 X \ 5 o/ ) <8, 8
<(—5;-) (s, 8> = (s, 5,7 €8, 8), OTKyAa mOTyuaeM HEpaBe.-
cto <8, 8> > 1, mpornBopevalnee HOMYCTHMOCTH TOYKN S A
(10 36) Bropas 9acTh TeopeMsl ABIACTCA OUEBHIHEBIM CJEM-

CTBIEM ee IepBoii wacto. A
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10.4.16. JTna pemernma samaun (10.37) yno6mo Bocmomn-
80BaTBCA ClefylomuMa coobpaxennmamu. Oyuxnusa

L(s, u)=lsl*+<u, Qs+I>, s<€E, u=0,

Asngerca Qymknmeit Jlarpamsa mua samawn (10 37). Ee cen-
JoBag TodKa s*, u* ompemenseTcs COOTHOmEHHEM
L (s*, u*) = minmax L (s, u).
-] uz=o

Hocronbxy mo s ¢ymxmus L(s, u) crTporo BHmOyRma n
KBafipaTH9Ha, TO €€ MIHAMYM N0 S JOCTATAETCA B TOUKe
s(u)=—Q"u/2. Torma L(s(u), u) mpamer sux L(s(u), u)=
= — 1Q"u /4 + (I, u>. Taxkmm o0pasoM, 1A oTHCKamog -8*
HaJlo PElINTH 3ajauy i

max L (8 (u), u).
u>o

JT0 — 3aa¥a MEENMH3ANAN KBAAPATHYHOH (yHKOEE Ha
MHO;KeCTBe mpocToit cTpykTyps1, u = 0. Xopomne pe3yasTaTs
IpH PeINeHHN 3TOif 3a/lauNM JaeT METOJ IPOEKTHPOBAHIA CO-
OPAMKEHHEIX TPajNeHTOB. JTOT- METON OTAMYAeTCH OT HAaNo-
JHEHHOTO paHee MeToJa NPOEKOUH TpajueHTta TeM, YTO Ha
MHOKeCTBO U=>( IPOeKTHPYIOT He TIpajmeHTH MHHOMII3H-
pyeMoit ¢pyHKRIHN, 8 CONPsIKeHHH® IPaHeHTH,

10.5. Cnocofsr orpicKanns fomyeTnMoii TOYKH

10.5.1. Bo Bcex paccMOTPEHHBIX peNaKCANMOHHBIX METO-
flax pemieHOA 3aflal MAaTeMaTHIECKOTO IPOrPaMMIIPOBAHMS
npeqmoJarajiack H3BeCTHOII HavadbHAg Touka X, < X. Hmme
H3IaTalOTCA TPH cmocoba OTHICKAHAA TOUKA X, OPHEAMJIEKa-
mieifi MHOMKECTBY

X={x: fi(x)=0, iel, <a, x>=b, iel,).

JlnAg OTHICKAHAA TOYKA X, YAOBJIETBOPAIOMEll JHHEIHEIM
orpaEmueRuaM <a, X>=b, 1€l,, mpmmermM moGoit n3
METO/I0B, PACCMOTPEHHEIX B JIMHEHHOM- IPOrpaMMHUPOBAHIIT
(cM. MeTONBI OTHICKAHHA HCXOREON YIVIOBOiT TOUKm). Sane-
THM, YTO 9STH METOAH KOHEJHEI.

Urax, Oymem mnpenmonarats, UTO HAM H3BECTHA TOUYKA
x, € E, taras, uto <a;, X,) = b, i< .. O603nagnm

—jl(x)r LEIU
b (x) = {b, —Lay xpy, =1,
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10,5.2. Conoco6 1. Ilycts
0, ecant b, (x0) <0, 11,
o= {1 ecant i, (x0) >0, 1=1,.

JIns OTEICRAEN MOIMYCTLMOI TOURI MHOALeCTBA X 6ydey pe-
WaTh CJAEYIINYIO 3aJaty:

g — 1nf,
fx)+pE=0, 11, (10.38)
(a., X = B;, e Iz.

Hcxomnoit momyermioli mapou X,, & fua oToil 3agaun 6yner

x, 1 &= max h,(x,) Obozuaunm gepes x*, £* pemenue
i€1,,p,=1

sagaun (10 38). 3amermy, uro Tar nak §¥ =1nf§, 10 Tance

ofosnauenme npegycMaTplBaer, Boollle 10BOpA, I Caydall,

norga E¥ = —oo,

10.5.3. Ec.w 919 sadauuw (10 38) naiiderca raras Gony-
crumas napa X, &, uro £<<0, ro roura x oyder npunad.e-
scarv mnoacecigy X Lealt we 6 pewenuw x , E* sadawu
(10 38) 6yder §==>0, 70 Muoscecréo X nycro B cayou
pede, ccan X =&, To cyilecTByeT Takas TOTRA X, UTO

h(x)<<0 gaa peex t=1, U1, Torga, B3as §=max#, (x)<0
=y 8

nojdydacy, uTo mapa X, £ JIOTYCTIMMA I B BTOM CIIpaBe-
amso mepasencrso § << E¥, mpoTnsopevamice NpPejIoIoLeHII0
0 MOHDM&IBHOCTI BEJUUIHLI ¥ A

Pemats samauy (10 38) ao.mmo, npmvenas mioboil cxo-
TALIILCA PeTahCaliiloNHEBII HPOLEce

10.5.4. Teopexna FEcau xnoscecrso X Henycro u 06-
aadaer cgolicTeon peeyaaploCTiL OTHOCUTCALHO HEeAUHEUHBI Y
oepanuyenuil, o 11060l c.aabo cxodawjulica perarcayuornbll
npoyecc npugodur k donycrunoil nape x, £<0 sadauu
(10 38) sa moneunoe uucio urepayuil

Honasareavcrso Lemr § =<0, to x,=X Ilpeamo-
ao4my, uto § >0 Tan nan amomectco X peryiaspuo, To
nairfieress Touna A € X Ttanas, uro ki, (x)< 0 nas Beex i I,
u {a, x> =D, am Beex LEIZ Beaenersire storo mapa

x, Zf,: nax Ll(‘) Gy e VAOLJCIBUPATE  OFPaHIYE HIIAM
1EIl,pl=1

samaun (1038) m, smawnr, him§, =E*<<E <0. Ho mc-

nm-—->o0

aofuoe 3mauenune &, mouo:knrtensuo (E,>0), mosromy n3
cBoficts  cxofnmeiica mocaepopatenproctn {En} BEITERaeT
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CyINecTBOBaHWE TAKOTO HOMEpa M, HAYWHASA ¢ KOTOPOro BCe
E.<0, m=m, m,+1, ...

TaxmM o6pasoM, mo0oit ciabo cxomsmmiica perakcannoH-
HHI Iponecc 3a KOHEYHOe YHCJIO M, HTepanmil HPHBOJHT K
mape Xmg, &m<K0. A

-10.55. Cnoco6 2. Hycrs X, — durcupoBaHHEAA ToUKA
n3 E,. OOosmaunMm

{0,, ecan b, (x0) <<O0, i1, | I,
P = ;, ecin b, (x0) >0, iel; | I,

Jlna oTeicKaHAS ROmycTHMOl TOYRE MHO:KecTBa X Oymem
pemaTh CIefyOMY0 3aady:

& — min,
Ex)+p&=0, is], © (10.39)
(ai, X) + p;g = b{, = Iz-

Ycxonmoit momycrnMoit mapoit x,, & pmua srtoit 3agaum
Gymer X, m §, = max bk, (X,).
1,0,=1

flcno, uro ecnm Halifjerca Takas AONyCTHMas mapa X, E,
gro £=0, To Touka X OyHeTr mpEHANJIEKATL MHOMKECTBY X,
Ecnm sxe B pemermmm x*, E* sagaum (10.39) Oymer £*>0,
TO MHOMKeCTBO X _IIyCTO.

B oramume oT mpeamgymero cmocofa, 87ech OTHICKAHN®
ZOmyCcTEMONl TOYKH MHOKeCTBAa X IPOHCXONNT B ONHH BTAN
(Ee HAfO OTHENLHO pemaTh 3a7laYy OTHICKAHHA TOYKH, YHOB-
JeTBOpAomell AEHENHHIM OrpaHEYeHHAM), TapaHTHPOBATH
sKe KOHEYHOCTh peNaKCA[MOHHOTO mpomecca B crmocofe 2
MO}RHO JHIOB B caydae £* <0, mampumep, ecia MEO:RecTBO X
PeryiIapHO OTHOCHTEJNBHO JHHEHHHX W HeJIMHEHHBIX orpa-
HEYeHUH.

10.5.6. CrnocoG 3. PaccmoTpuM OCHOBHYI0 3afady BEHI-
IYKIOTO0 IIPOTPaMMUpOBAEHmA @ (X)— min IpE ycIoBHAX

X={&xel: fi(x)=0,i=1,m}, I'=1{x:x=0},

Tpermit cmoco6 mpepctasaser coboit oGobGmenne M-Mmero-
Ha pelleHAA 3afavd JAHEIiHOT0 HpOrpaMMAPOBAHAA HA He-
auHeHAN (BHIOYRJABHI) cayuail.

OnpenesnyM a1 QHKCHPOBAHHON TOYKE X, = 0 Benmumny

-~

[ol ectn 1, (x) >0,
=, ecnm 1, (x0) <O,
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I paccMOTPOM 3afauy
¢ (x)+ Mg — min,

Lx)+pi=0, 1=1, m, (10.40)
x=0, £=20

3mecs M — meroTopoe wmcao, o BeIfope KoToporo peus
moiifier HIKe. .
ITapa x;, §, = max (— f,(xy)) 6yaer momyctmmoit Aas
=1
samaun (10 40). Msr norasen, 4TO mpH OHpeleIeHHEIX YCIO0-
poax pemenne x*, §* arof 3agawn TanoBo, ¥ro ToYna Xx*
ABJIAETCS ONTHMAaNbHOII TOTKONl OCHOBHOI 3agadyim.

Ilycrs BRImOMHAKTCSA BCe YCIOBIA, TIPH ROTOPHX clpaBen-
amBa Teopema 3 6 7, a mverno Muomectso X OCHOBHOI 3apa-
401 BEUIYRJIOTO TPOTPAMMIIPOBAENs 00JajaeT CBOIICTBOM pery-
aspHoeTH 3 4 2, a ¢yurmun ¢ (x) u fi(x) (1=1, m) mempe-
peieHO Auddepennupyemsl Ha MHoxectse I'. B atmx mpen-
DOJOEHIAX CUPABCINBA CIEIYIOIIAA TeopeMa.

10.5.7. Teopeya Ecwu paspewuva ocnosHas zadaua
ELINYK.1020 RPOZPAMMUPOSIHUS, TO Haliderca TAKoe Yucao
My, uro das scex M= D, 8 awborn pewenuw x*, * zadauu
(10 40) Touma x* 6yder onrurasvHol dis ocHo8HOU 3adauu.

Horasarteascrtro. Ilo ycrosuw cymectsyer Touna

“x* = arg min {g(x): x= X},

Oymrmua L(x, y)=o¢(x)=- <y, 1(x)?, rme {7 (xj=
= (f,(x)}, ..., fu(X)), ABaseTca Ppyurnueil Jlarpanxa ocHon-
HOIl 3a7aull BEIIYKJIOr0 IpPOrpavMIpoBanug. Bsuiy TeopeMs:
367 mapa x*, y* saBisercs cexioBoil TouRoil yRRITmI
L(x, y) ma muomectee X2 0, y 20 n L(x* y*)=o* rar
nak (e, (334) B m 367) (y* f(x*)>=0. OGosmaunx
of ={p,, , Pm) U BRIDOmeM ¢yBRUmIo Jlarpamsa giaa 3a-
nagn (10 40)-

Li(x, & y)=¢(x)+ Mg — <y, I(x)+p8,
inf L (x, & y) =
x20,820
= i (e)—{y,f(x) + @B —(y, P))) =

x20,520

nf (@ (x) — <y, F(x))) mpit M — <y, p) =0,

= (3=

— 00 B HPOTIBHOM CIy4dae,
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m
Crenopatensmo, ecnix M << ) s = M,, 10
=1
inf L, (x, &, y*) = inf L (x, y¥)=L (x*, y*) = ¢%,
o (56 ¥ =ML (x, y)=L{x* y) = o
G nmpyroii cTopoHH,
inf supL,(x, & y)=sup inf L, (x,§, ¥y)>
x20,550 y2>0 ¥20 x20,5>0
> inf L, (x,§, x*) = ¢*,
- x20,8>0
O6oamaunm Z = {x, &: f(x)+pE=0, x=0, § = 0}. Hockons-
Ky L,(x,§,y) ssaaerca ¢ymsxnmeit Jlarpamsa jua samaqd
(10.40), o
inf supL,(x,§ y)= inf (p(x)+ ME)<o*
20,820 y>20 x,p) ez
npnyeM IpaBoe Hepa;encmo BHIIOJHAIGTCA BBHAY TOTO, YTO
13 Beakoro X € X Oymer (%, 0)= Z. Taxkmm obpasom,
inf supL,(x,§ y)=sup inf L (x,§ y)=

x220,520 v20 y=0x>0,5>0

=L, (x*, 0, y*) = L (x*, y*) = o*,

OTKy/Ja H CiIefyeT COPaBeJJINBOCTL TEOPeMEL. A

10.58. Cnencteme. Ecau naidderca taroe Goavuwioe
M, uro ¢ pewenuw Xx* E* M-sadauu (1040) 6yder
E*>0, 70 ocHosHan 3adaua LINYKA020 NPOZPAMMUDPOSAHUS
Hepaspewuma.
" JeitcTBUTENbHO, €CAA OCHOBHAS 3ajadya paspemuMa, TO
ot M>M, B mobom pemenun M-zamaum Gynmer E*=0.
IlpornBopeure U [OKa3HIBAaeT yTBepsiAeHHe CIefACTBAA. A

10.5.9. O6cysxnenue. 1, Ecrecrsenno, uto Bemmumma M,
OpaKTHIeCKH HaM HeH3BeCTHa. BBupmy sroro B Kadecrse M
BHGHpPAOT HeKoTOpoe ocTaTogHo Gonpmoe wmeno. Ilpm atom
clefiyeT WMeTh B BHLY, 4To BHOOp cammiroM Gomemoro M
MOKeT HPHBECTH K IOTepe TOYHOCTH BEIYACIeHHIL.

2. Ecnim B MuomectBe X BHeJIeHH JuHeIiHHE OrpaHAYe-
HEA, T. ©.

X={x: i(x)=0; i, <a, x>=b, icl, x=0},

10 Teopema 105.7 coxpamseT cmly m HIpH YCIOBHE DEryJisp-
HOCTH MHOMecrBa X OTHOCHTENBHO JHOING HeMHHEHHIX Orpa-
"HUYeHHIT,

3. Haxonen, yraskeM Ha OfHY BO3MOYKHOCTL NpHAMEHEHHS
M-meroga, IlpemmomoxuM, dTo B PpesysabTaTe HEKOTOPOTO
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ponecca MAHUMUSALHI NOJIyYeHA TOTKA X,, GAN3Kam k X,
HO He mpunajzemaman Muosectsy X. B sTon eryuae mpu-
MeHeHIe cmocofa 3 MOKET Oha3aTheA BechMa OepCOeRTIB-
HBIM I8 YTOYHEHHA OPHOIIKEHHOTO pelIeHHA X,.

10.6. Mertoant cayuaiinoro cmycxa

10.6.1. 9t Meronmt XapanTepusyoTca TeM, YT0 B hate-
CTBe HANPABICHNA S, B QopMylNe Xppq =X,— B,s, (k=0,
1, .. ) Bmbupaerca menoTopas pearmsanms n-MepHOH ¢iy-
9ailHOIl BEAMUIHBL § ¢ H3BECTHHIM 3aKOHOM pacopefiesenms.
Tpynuo crasats wro-mnGygs ompepetenmoe 06 spentnrHO-
CTI METOJIOB CIy4ailHOro cmycha, oquaro 61arolaps mcmomn-
soBauuo Onicrpomenctnyromux IBM st MeTOJB! OKa3hIpa-
0TCA TPakTIIYeChI TIOJIC3HBIMIT

10.6.2, OGosnavennsa 1 onpeeeHsL.

P{Altsy, . , E} — yetonman BePOATHOCTD OCYILIECTBIe-
HOs1 cobnitna A OTHOCUTeILHO Cay4YaiiHBIX Deamunn Bty .o

»
<

g
9 =u

M (ElE .-y, » S))— YCIOBIOC MaTevaTmuechoe o.amRa-
HIE CIy9aiinoil BeJNunBEL £, OTHOCHTEILHO CTyTaiinbIx Be-
amuanm §,y, &,

Sanncr & — &, k— oo, 03HaYaeT, 4YI0 IOC/Ie0BATeIh-
P

HOCTH cayvanmpix Betudnn {} cxoqures mo meposTmoeri
k cayvaiimoii peamimme §, T e gua  awoboro & > ()
Pllg, — gl >e} — 0, L — o,
3amncs & — §, &k~ o0, 03nauaer, uro TIOCAe0BaTebHOCTD
IIH

cayuaiineix pemunn (€.} cxoputes moutn maBepHOe (¢ Be-
poarrocteIo 1) R cayualimon Beamummbe E, 1. e. mas moboro
e>0 P{sup] E,—E >8}—>0;, h— oo,

mzhk

10.6.3. Ipouexy pa cayuaiinoro mouera 0P peliennI sa-
nay Gesyeaonuoil munmvsamiin, B nauecTse s, BEIOIPAOT
CIy4ailHBII BERTOD eNUHIYHON JANNBI I 3aTem IPOBEPAIT,
Aeas Majblil AT 10 HAIPAaBICHNIO —S,, GyReT Jm OyrRIIA
@(x) yOHBATL B ORPECTHOCTII TOURI X, BJIOJE BTOTO Hampas-
aenns. Ilo cyTn pema oTmM caMEIM IpoBepmioT 3HAK Bei-
anAsl o, = <’ (x,), s>/Mq () (mamoammy, wio Bspll = 1),

Ecam e, >0, ro ocymectsagor cuyer mo dopryne

Xh+1=xk—'ﬁhsk, (10 41y

B ROTOpOil f, BHIGIPAIOT TAakIM 05DPa30M, YT0GEH BEINOIHAIOCE
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Q (Xh -— §hsh)'< (1 —_ }'k) P (Xk) + Mmk,
0<AS K, o= ;lsnf @ (x5 — Psg).
>0

ycJoBHES

(10.42)

Ecom ¢,<0, TO HOMATalOT Xpp1=Xp, —Sp41 =85, B OCyIe-
crBialoT coyck. Ipn o, =0 momaraioT X4y =X, H BEITHCIAA-
10T HOBOG CIydaiHOe HamnpapieHHe. ’

10.6.4. Ipexgnonoskemnsa. OTHOCHTENBHO CIyYalHLIX BeK-
TOPOB So, Si, ... IPEANONATAEM, UTO OHA HE3ABHCHME! M Ta-
KOFbI, UYTO BHIIONHIETCA YCJIOBHE

Plal > 0| Xpy 0eey Xl =p>0, k=0,1,..., (10.43)
mis mexoroporo o < (0, 1).

3aMeTrnM, UTO CaydYaiiHble BeJHINHEL i, BooGImIe roBops,
33 BECHMEL

[IprMeps pealusanid CIYyYailHEIX BEKTOPOB 8;, YXOBIET-
popromux yciaosmio (10.43), paccmoTpemH! B L 10.6.10.

OTHOCHTeNbHO MUHAMHSHpyemoit dymknmn ¢(X) mpeqmo-
jaraeM, UTO MHOMKeCTBO ee CTAaIMOHApHHX TOUeK HEemyCTo:
X*e={x*: ¢’ (x*)=0}+ 2,

10.6.5. Teopema. Ecau

a) @(x)sC"(E.);

6) inf @ (x)> —oo;

B) Oaa ecaxozo €% 0 walidercs Taroe 6=8(e)>0, uro
lg'(x)lI =8 04a ecez x rakuz, uro p(x,X*)=e, 70
p (Xpy X*)—>0, Ek—-o0,

5 0

NokasaTenscrno. B cmay yemmr 9.4 8 copasemineo
epaBencTso P (Xx)— @ (Xp41) = hox | @ (x4) P (=0, 1, ...)
npa h =A/(2L). HockonbKy NpE QHKCHPOBAHHBIX Xj ... Xo
permunaa g’ (x;)I* sBnsercs KoHCTAaHTOIl, KOTOPYHO MOMKHO
BHHECTH 33 3HAK YCJIOBHOTO MAaTeMaTHIeCKOTo OKHaHHA, TO
¢ yuerom yciosua (10.43) w3 mpepsinymero HepaBeHCTBA
TorygaeM

M (P (Xk) — @ (Xnt1) | Xny o0y Xo) 2=
=hle (Xk)lle(aiIXm -°~rxo)>
=h|¢ (x)|Ppe?, k=0,1;...

W3 xypca Teopm: BeposTHOCTeil *) cirexyer, dro Mg =
=M(M(&/v)), tme M(E/n) sABIAeTcA YCIOBHBIM MaTeMa-

*) Cv Boposxos A A Kypc reopun seposrrocTeii— M : Ha-
Yra, 1976,— c. 89.
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THYEChUM O/AKUJaBIeM c1y4vaiinoil Beauunnsl § oTHOCHTENBHEO
CIy9ailioll pesmuuEb! 1 YuNTHIBAA THoCIeHee HepaBeHCTBo,

moayvaeM A J =1,
M (9 (%) — @ (%,41) | xo) =
=M (M (¢(x)— @ (x,41)| X, X) [ x) = ..,
oo =M. MO (¢x,) —
= (X | X o Xg) [Nogy ey X)Ll Xo) =
= hpot M« M QL ()P Smts oo X0) | Xy .

venXo) von | Xo) = hpatM ([ (x,) 2] x,).
Ilostomy

M (o (x5) — ¢ (Xn41) l 3) =
Y ( S o6) — (x| ) = 3 A ((5) = §lrer) | 59) =

7==0 =90

k
=M (¢ (xo) — 9 (\)1 %) + El (@ () = ¢ (\4) | xp) =

P
an ] ~2 n Tl Y 2] v —_—
>7lP5¢' Y (\o) vt fpa 2 My (“]) " l‘\o)’ b= 1, 21 sy
7=1
II Tah hah X, — (MIKCUPOBANIAS TOYha, TO BCE YCIORHBIO
MaTeMaTINCChIIC OAIIanid, (QUIYPHPYIONEe 310Cb, COBHA-
GaT ¢ 0esyClopHEAI II, cresioBareanso, A1a M (x,,,)
chopaBeIalBa OIeHRa

R
M@ (%p11) < @ (o) — hpazigo Mle" ()P k=01, ..,

Beuxy yeaosna (6) mocieposareanmocts {Mg(x,)) orpaum-
UeHa CHN3Y, I IMOCKOJIbhY TpeAbIAYINAs ONeHRA CIpPABEIIBa
A1 Beex nomepos h, 1o Mg (x,)I* -0 mpu k- o, a zpa-
9UT, BCJICJICTBIE YCIOBNA B) I BCAROrO &> () Oyner
hm P {p (x;, X*) =t =0. A

h—oo

10.6.6. Crencrsue. Ecau dyuryus ¢(x) y0dossereo-
paer ycaosuay npeivtiyueli Teopenrl u, pose 7020, A6~
erca 6LINYKAOU, TO

p(xp, &) >0, k- oo.
OH

HeitctnnTensno, nak 65110 IoKa3amo, MOCIEIOBATENBHOCTD
{p(xx, A+)} cxomuten mo Beposrmoern K HYJI0, a CiaeloBa-
TeIblo, I mocaegosareannocts {[,), rie = @ (x,)— @ (x%).
Hochonbhy cyijecTsyer HEnOTOPafg NOANOCIENOBATETHHOCTD
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{#s,}; cxomamasmcs K HyNAI0 MOYTH HABEDPHOe, TO B CHIY

MOHOTOHHOTO HeBo3pacTaHms mociemopareasroctn {p.} Gymer
cupaseqImBo cooTmomerne Wi 7 0, k— oo, m, cuegoBaTenn-
HO, BBAy YCIOBHA B) H TEOPEMH 925 monyzaeM
p(Xpy X*)gn0, k- o, rge X* — MHOMKECTBO MAHEMYMOB
dymrmmm @(x). A

10.6.7. Jlasx Toro 4roGHI OIEHHTE CKOPOCTH CXONOMOCTH
Hamero mpolecca MIHAMI3ANuyW, IIOHAKOOHTCA Clexyrmas

JMemma, Jaa nocaedo8areabHOCTU CAYLAUHBIZ GEAUHUH

2
{ah} 8bINOAHAETCS COOTHOULEHUE
k=1

2 _1_ 9 ’ . 4 —
P\Zoa,>2apk]>1 o F 1,2, 00

JoxaszareabcTBo. PaccMoTpamM BCHOMOTATENBHYIO
HOCTel0BATebHOCT ~ HE3aBUCHMBIX  CAYYAHEIX  BelNYdH
{&,} Tammx, uro Plt=o’l=p n P{g, =0} =1—p. 3necs
® ® p— KOHCTAaHTH, (HTypHpyIOmEZe B COOTHOIIEHAN
(10.43). TlokasseM, 9TO [/ BCEX HOMEPOB k=1, 2, ... m
zas mwoGoro C &(—, to) Gyger

k-1 r—1
P{E af?Ck}}P{ZE,}Ck}. (10 44)
. 7=0 7=0
HOycrs k= 1. Uz (10.43) momygaem
0 mpn C>o?
Plel>Cl={p mpm 0<C<’,
1 mpn C<K0O,
cregosatensro, P le2>=C} =P &, =>C).

CreaeM HHYKTHBHOe HpPEANONOeHHe, YTO (10.44)
cupapefanBo AIA Beex k< m.

R=1
Y 2
Tycrs k=m+ 1. Obosnaumy Sp= o). Mo dopmymre
7=0
TONHO BEPOATHOCTH HMeeM

P{Sms1=C(m+ 1)} =P e+ Sm=C(m + D} =
= P{Smi1=C (m + 1)|Sn=C(m+ D)} P{Sn=C(m + 1)} +
4 P{Smp=Cm+1)|C(m+1) -2 <Sn<C(m+1}X
XxP{Cm+1)—a2<Sm<<C(m+ 1)} +
+ P{Sup=C(m+ )| Sm<<C(m + 1) — a?} X
T X P{Sa<<C(m+1)—o?}
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Taxk Kax cayvaiigre BenmqERE! Ob HEOTPHUNATeNbHLI, TO
P(Sppn=C(m+1)IS,= C(m+1)}=1,

Kpome roro, yenosme (10.43) 03HAYaeT, 9T0

P{SnZCm+1)|Cm+1) — 2 < S <<C (m + 10} =

TSPl Cm A ) — R < Sn<<C(m + 1)) > p,

IosTomy

P{Sni1 = C(m+ 1)}P(S,, = Cim+1)} =
+pPIC(m+1)—a*<S. <C(m+ 1)},

Hockonbky ma opmynst cromenma BepoATHOCTell caefyer

PC(m+1)—a*<S,<C(m+ 1)} =

=P{Sn=C(m+1)~a®} - P{S, = C(m + 1)},
TO
“‘”“P{S-?,.T? ('("2 -+ 1)}} T )

<(1-p)P(S.=C(m+ 1)} +pP{Sn = C(m+ 1) — o} =
=(1—p)P{Sn=Cim} + pP{Sn = Cum}, (10.45)

—a?,
e €, = C2EL ¢, m 4 o

m
Ana HesaBHCHMEIX CHydYailHEIX BeJmqmE & oosmaumu
&

-1
R, =3 £,. Torpma

=0
PRy =C(m+1)) =
=P{En=0, Ru=>C(m+1)} +P(kn=of, Rn>
=C(m+1)— o =(1 = p)P{Rn=C(m+ 1)} +
+pP{Rn = C(m+ 1)~ o} = (1 — p) PAR, = C,m} -+
“+ pP{Rn = Cym). (10.46)

Ho mEpykTEBHOMY NpexmonoienmIo ycnosme (10.44) pr-
noaaaeTca maA k=m n ngoboro C=(~», +») 1, B vacr-
mocty, A C=C, u C=C,. [loatomy nus (10.45) monywaex

P{Spy = C(m+1)} = (1 - p) PR, = Cym} + pP(R, = C,m),

Orciona m m3 (10.46) crenmyer copasegaunsocts (10.44),
Hna R, ogeBHgHO paBEHCTRO

k=1
P{R.<+aphf=p LZ ¢ —otp) < —+ azpk}.
=0
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ITo mepaBencrsy Houmoroposa mocnegmsas BepoATHOCTH He
npesocxogar peamumEnl 4/ (a'p’k). Ocraerca B ycaonnm
(10.44) monosmuts C = o’p/2, wro6b MONY4NTH YTBepPsifAeHHE
JeMMH. A

10.6.8. Ogenra cropoeTH CXOAMMOCTIL.

Teopesa. Ecau dan evinykaoli Pynryuu @(x) ebinos-
HII0TCA YCA08UA:

a) @(x)= 4 (E.);

6) X*+d; :

B) Ouasn ecakozo & >0 Haliderca takoe 8 =258(e)>0, uro
o’ (x)!| = § Gua ecex x raruz, uro p(x, X*)= e,
70 .

Plp(x)— @(x*)<C/k = 1—C/k, k=12, .., (1047}

gle C,>0 u C,>0— Heroroptle nNOAOKHUTeAbLHLIE KOH~
CTaHTEL,

Hoxasateabcrso. W3 reopemm 9.3.4 ciemyer omenka

T 2@ =0 (%) |7
— *® 2 ] 7+1 —_
() — o (*) <7 (; T ) =120y
a Ea ocHoBaEHmE JeMMH 9.4.8 mMmeem

(X)) — @ (x;41) = hoj | ¢’ (x)) 2, h=M(Q@2L).

o kR—1 -1
TloaTomy m(xk)—cp(X*)<nT(2a?) s k=1,2,,..

=0
Jemma 10.6.7 mpopomar K COOTHOIHEHHIO -

2 h—1 _ -1 2
2 4
P [«p(xh)—cp(x*)<-"h— (g a?) <,;%ﬁ]>1—mf
(10.48)
4 9TO0 B CBOIO o4epen b NOXKa3bIBaeT CHPaBeJIUBOCTE TEOPEMBI
mpr C, =2n*/ (ha!p) u C; =4/(a'D?). A

10.6.9. Cnencrrue. Ecau dynryus ¢(X) cuavHo evi-
nykaas, npuHadaexcayast kaaccy C*(E,), o

C
Pllnn—=p< L pep (—CH)=1-2, >0,
(10.49)

:0e P — KOHCTAQHTA CUAbHOUL 8LINYKA0CTU.
16 B, r, Kapuauos
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HeirctBurennuo, nodbsyscs Teopemoit 935 m mpepsiny-
meil omeHkoil pasmocrm ¢(X;)~ ¢ (X,+:1), OPIX0AOM K Hepa-
BEHCTBY

h—1

- 2
I —x*P< Spoexpi—ph X @l k=12, ...

7=0

Bocnoassopapmires aexyoli 10 6 7, mpmaogua w (10 48)
upn Cs = phap/2. A

10.6.10. IIpmytepsr  peaamsargmm  CTydaiiBHIX  BeKTOpoB Sp (A ==
= 07 17

1.Cayvaiiguii ODOROOPAODHATHHI cOych Myers
Sy == €,(x), I7le €,(x) — J-ii KoopgnHaTHbIl BehTop HoyMep j = j(k) BH-
Gupaerca caydaiiueid oGpaszoy m3 n umcea {1, 2, . , n} TarmM o6pa-
30M, uto P{j(h) =1} =1/n (1 =1, n) B aToM cTy4ae, han HETPY]-
HO BHeTh,

AT RN I S
P{ah}T}—-P L'(p' (xh)hzil Shh2 = (e

Vanruea, uto (@'(X;), p};>2=((p;(k)(xh))2, Nsell = 1, aosmesr samacats

n -1
’ ? 1
L {a§ = %} =P (0 (W) Z (o.(xn)) | =—1 =
i=1

> 2 {(@tea > L0 5

= P{((p.?,(k) (%)) = :i_'«ll_in((p; (xk))Z} - _%_

Ha opakTmhe MeToJ CIy4ailHOTO TOROOPIHNHATHOTO CHOYCha mpH-
MEHSIEICH B COBORYHHOCTI ¢ HEROTODBIMI 9BDHCTUYECRIME IpHeMaMi
¢ IeIbI0 YCROPeHUs nporgcca MIHmMI3anun Tan, npm srifope Hanmpas-
TeHIA COYChA HCRJINYANT H3 PACCMOTDEHHS ¢HENePCIERTHBHBIE) Ha-
UpaBIeHIA, HApIMep NIl BmOope HoMepa ] (k) HampapieHme —8§j ==
= —8§;.; ce0a y,ne mcuepaaTo HA HpeIrIIymeM mare Tarmy o8pazoy,
poxep j(h) Beibupator m3 (n—1) wmcet {1, 2, ., j(A—1) —1,
jlk—1)+1, ., n}

B pesyTbTare pAda IcHHTAHOI HEROTODEIE HAaNPABIeNNA MOIYT
GBITH OTBEPUHYTHL, 10 hpaiiteil vMepe BpeMeHEO, hah HeNepCIeKTIBHEIE,
BBILTY 1ero BsiGop Hovepa j(A) mpom3BOJAT m3 Menbillero Habopa 9m-
cel.

Hanouel, MeTo CIy4dlHOTO HOROODINHATHOIO CI)ChA $A4CTO HC-
NOJB3YIT B COYETAHIN ¢ JPYIIMI IpireMaMMir, o0pasyd Tak HasblBae-
yple rnOpHTHEE MeToJ sl Hampnmep, 3ajaB 13 Tex LI HMHBIX cooGpa-
ACHII, NOABTANOINXCA B pe3)ThTaTe HahalulmBawmeiics B mpomecce
cieTa mm(opvan, HEROTOPOe YHCTO0 p < 7, IOCIe HOCTPOEHIA TOUYER
Xy, «. , Xp B haUeCTBe HAUPABIEHIA COyCha —Sp4; BRIOIpaOT Hampas-
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NeHAe Xp — X, DOCTE ero MOBTOPAIT Iporecc CAyIaiimoro mMOKOOPHH-
HaTHOrO CIYyCKa.

2. MeTton caywaitmoro comycka. Ilycrs sp— cayvaitnas
TouKa, nogumHEAKMancH Ha cpepe S = {8 = En: |s]| = 1} pasnomep-
HOMY pacupefieleHHIo.

Onpepnenenue. Crywaiinan Touka s = E, maspisaerca paeno-
Mepro pacnpedesennoli Ha KBaApHpyeMoil nosegxnoc'm S, ecim ana
BCAKOrO  H3MepHMOro  mopMHOmecTBa  S'( '=S) Ps=S}=
== mes §’/mes S 3xech cHMBOJ mes 03HaYaeT MJIOMALL

W3 dtoro oOmpefeNeHAs CIeNyeT, 9TO MIOTHOCTE pacupeeleRns
BeKTopa S Gyger BeamumHOfl nocromEmofi m pasuofi 1/mesS.

TIOCKOJBKY Sy ~— HE3aBHCHMEI® CHy9aifHpe BEKTOPH], DPaBHOMEPHO
pacmpesenennsie ga cdepe S B, cIefoBaTelbRO, 06XaAA0MES OOCTOAH-
HOH IJIOTHOCTBIO pacHpefielleHHs, TO Jiad HexoToporo p > 0, sasmes-
IMero.oT n-pasMepHOCTA OpocTpancTBa Ea, 6ymer

¥’ (%4) R .
P{“s"‘llw'(xh)l|u< 2}>P>°'
Ho ecam
@ (%x) 1
ﬂsk—“q,, (x‘h)n”< z
T0 -

2 (‘;"(xk)v 5’ @ (%x) (=) N\ o
TR ‘(“ n<v'(xk)u"sﬁuw'(xk)||>) g

? (%) L
2(1_“5"—\(#(&)"") >
5 VMrax, P {(1_“ 9’ (x)

LA TN

4 x 2
p {az > (1 —ﬂ M—ﬂ) : =1, caemopatenpuno, P {aﬁ >

2
1
) 2-4—}>p>0, HO

o (%)

Xpy eony xo}>p>0.

1
=7

Takmum obpasoM, sumonagercs ycaosue (1043) gna a = 1/2 n me-
roroporo p > 0. .

3. B kauecTBe NpEMepa HCUOIL30BaHHA 3AaBHCUMHX CIyYaiHBIX
BEKTOPOB pACCMOTPHM TAK Ha3HBaeMEHIl Merod cayuailnozo noucka c
o6yuenuen. Hanpasinenne S Ha Kamjoll mrepanad OynmeM ompenelATE
dopuynoii _

1
§, = v, -+ w w <C<1, k=0s11"'1
=TV, (e

rae {vi} — OOCTeT0BATETBHOCTh HE3ABHCAMEIX CAyJailHBX BEKTODOB,
PABHOMEDHO pacUpejeleHHHX HAa eJmE@uHofl cPepe ¢ MeHTpoM B Ha-

16*
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Yale ROOPIMHAT, W — 06yJaiomuii BenTOp, B5I60P ROTOPOrO MpON3EO-
ZuTCA ¢ yueToM HEQOPMANII O MIHIMH3HDYeMOll DYHRINN I MEOAe-
cree X, HAhOIIIEHHON B pe3yJbTaTe NpeABIyMIX UTepammit.
Monamey, ato A7 1060ro Guncnposannoro s([s] = 1) 1 a1060-
ro o & (0, 1) Oyner P{<sp, s) 2 cx[Xp oo X} =p >0, k=0,1,..,
T. € BEIDOTHAIOTCA ycaosna (1043) mpm s = @' (xa)/llq’ (xu) ]
B nathuefiminx paccyoTpeHnaxX mElenc h Bo HalesaHie TPOMO3IRO-

¢TIl onvideH Paccworping BenTop y = —w - (8 -+ ¢, w))s, rie 6 =
= Vi + ¢, W —w® Jlerio ybemmteen, wro yl=1 & & +

+ ¢, wy > Viz2 +¢s, w)2 4 (8, w> >0 Tloatony (y + W, 5) =
=0+ (s, w) = [ly + wil. Bubepenr & = (1 — @)2(1 —¢)%8 n npen-

HOJIOALM, 9TO OCYINECTBIIOCh cobmrme (v, ¥) =>1—¢ 3ayeTmy,
410

v — 3l = 2(1 — (v, ¥)) < 2,

- 1 - -
s, 8 =m (<Y+ w, 8 +<V'—'y: S)) >

1 - -~ 1’
w3 i=v =D > sy v+ v - VZ) >0

Tan nan VWl <<y + 9w+ — 3 < Iy + w[ +¥2¢, 10

-y wl— 2% 2% 2V2
i :1__ — —_ >
G N Vs s I VE T T
272
21—1_1_{?:&.

Hocho1bhy {Va} — HOCTEIOBATEILEOCTD HE3aBHCHMELX, paBHO\Iep-
HO DaCOpe;IeleHEBIX CIyJauNbIX BERTOPOB JUHNYHON MINHEL, TO A8
sodoro efuHuYHOro BehTopa a (lla = 1) 1 awboro umcaa e
& (0, 1) cymectsyer Tanoe wmciao p = p(e) e (0, 1), me 3aBHCAIIES
HII OT HOMepa A, HI OT BekTofa &, 4ro P{(Vs, ayz=l—egl=p
Bsuay atoro

P{Csh 8> = al%h %} ZP{(v, W =1—e) =p, h=0,1,..,

10.6.11, Merop cayuaiiioro cmycka A:Is OTHiCKAHI CTa-
uuoHapubIX Touek obuwjeil 3ajaun neaumeiinoro mporpasmin-
posamuis. Jlast sazaun Mmmmvirsamm Gysrnom ¢(x) Ha MHo-
mecree X ={x. f,(x)=0, 1=1, m} meron cayuaiinoro cmyc-
Ka mpejcrasisier cofoll mporfecc HOCTPOEHOS IOCJAeROBA-
TeTLHOCTH (X4}, BIEMEHTHl KOTOPON YNOBIETBOPAIOT CaeRyIo-
IIOM COOTHOINEHIAM: Xpyy =Xp —BiSy, Pr=0, [X4y, x,]= X,
¢ (Xart) <@ (). 371CCL S, — HeLOTOPLIL CLyYalHBII BEKTOP
eaunnunoil jmumnr Pasnmumsle papmanTE MeToa oTamua-
10TCs crocofaMn BEIGOpA HATpABIEHNS 8, I mara B

C BEIMICIOTENBHON CTOPOHEL METOJ BEChMa IIPOCT, MO-
CROIBRY BJIEMENTaPHO HAXOAUTCH HAUPABIEHNE S; ¢ HOMOIIBIO
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TOTO OJIN WHOTO [aTIdKa ciyudaiigsix gmcen. Opmako, B oT-
JHUAe OT COOTBETCTBYIOLIEro MeTofa B 3ajadax GeaycaoBHoi
MOHOMO3aIAH, 37eCh OPHXONATCA SATPAYMBATH YCHIHA Ha
NpPOBEPKY TOr0, ABJAAETCA JU HAUpPaBIeHH® —S, BO3MOKHEIM
B TOYH® X, JAA Yero BHIACHAIOT, NPWHAJJIEKAT JHU HPH J0-
CTATOYHO MaloM P Touka X;— Ps, MuoKecrsy X, m JAmsb
3aTeM, eCIH —S;— BO3MOJKHOe HANpaBJIeHNe, IPOBEPAIOT,
yonBaer am Qymroma @(X) BRoab STOr0 HampaBleHHd.
U Tonpko HoCAe IONOMKATENIBHOTO OTBETA OCYINECTBIACTCS
CITYCK.

Kax m 8 n. 10.4.3, oGosmaunM uepes §. paccTosHHe OT
TOURH X, 0 Onmmaiimell oo HAOpABIGHAIO —S, TPaHEYHON
TouKm MHOKecTBa X.

10.6.12. Cxema meroja. B kavecTse madaibHOrO mpmOIN-
seHHA MosKeT GHITH BHIOpama Jofag ToIKa X, MHOMECTBA
X. Iycre B pesynbraTe k-ii mrepammm BHUMCIeH X< X,
Onnmem (k+1)-10 mrepanumio.

1. Haxopmar cayuaiilHoe HAmpaBjieEde S, H HPOBEPAIOT,
ABNAETCA JN HAUpaBjleHHe —S, BO3SMOMKHEIM B TOUKe Xi.

’2. Ecim mampasienme —S, He ABIAETCA BO3MOKHHEIM, TO
IIOJIATAI0T X ==X; 1 mepexoiaT K m. 1 mpm k=Fk+1.

3. Ecnm —s, — Bo3MoiKHOe HAIpaBlIeHMe, TO B Ka4YeCTBO
B, BHI6mpator io0oe umcimo f, NpHHANIENAMEe OTPE3KY
{0, ¢:] ® ynmosaerBopsIOmEe ycaoBmI0

@ (xp— Basi) < (1 — M) @ (%n) + My

0<A<M<t o= inf @(xu—psy). (1020
0<B<ly

Haxkomerm moTaraloT Xayi = X;— PySy B mepexofar k m. 1 mpm

k=k+1.

Bameganume. B m 3 mpegycMoTrpem m TOT caydwai,
xorna @ (X,)< @(x,— Bsy) mpm Beex Pp=[0,%:]. B atom cay-
gae Br=0 ¥ Xp41 = Xs.

~ 10.6.13. MuoxecrBo cTanMOHAPAKIX TOYEK. Paccmorpam
pemoMoraTeabEyo sajauy (em. m. 10.4.2) oTBICKaEHMA Takoro
wyuexa 0 W TAKOTO BEKTOpa S, UTO

¢ — max,
Si(x), ) +0<0, iel,

(10 25)
—(o’'(x),8>+0<0,
<1

(s, 87 .
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Kan n B m. 10.4.2, BBefien caexyiomue oGosnavenms. IIyers
e>0,

I(x,e)=10 0<f(x)<e}l; I(x,0)={ f(x)=0};

c(x e), (x &)~ pemenne sajaun (10 25) npm 7 =I(x, e);
(x 0), s(x 0) — peurenne sagaunr (10 25) npu I=1I(x,0),
={xeX. g()<gpx)}; X*={x*= X, o(x* , 0)=0}.
B COOTBETCTBUL ¢ II 10 47 muomecroo X* }IBJI}IOTC}I MIIOjKe-
CTBOM CTAUUOLADHBIX TOYEK — TOUEK, B ROTOPHX BLIIOMHSA-
I0TCH Heo0NOINMbIe YCIOBI JORAJbHOTO MITHITMY Ma.
Hpeanoaosnema. CxoqmiocTs MeToga GyeM 060CHOBLI-
BaTh NP CACAYIOLIX NPeAH0I0AheHIAX:
1) BenTOpEI S, ABAAIOTCA CAyUAlHBIMII, He3aBIICIMBIMI I
pasnoymepuo pacupeerenusiyu na cdepe S={s, Usl =1},
2) ¢ynaruun @(x) u f,(x) (z-1 m) mpUHANTCAHAT KIac-

f’i(/v'

cy v Ay

3) Mnomecmo X, orpanmueno

3ajMeTIM, UTO HPH LCCICAOBAUIIL CMOTIMOCTI MBI Gy1eM
cymecTBenno rnecmnotb3onarh Matepnax § 104 Ilpn stox ma
NpeInoT04CHILT 00 OrpPauITCHIOCTII MI0SLCCTBA X, CIeyCT,

UTO BBINOTHAIOTCA yeiaonus 2)—4) mw 1046: |f,(x)|<<M
FmoeexyEX, X» =8 mfp(h)>— co.
=Y .

OGo3nauiss tepes o, s pemenue sagaun (10.25) mpu
x=xul=I(,0).

10.6.14. JIexya Ecau o>0 TO CYWECTSYIOT HUCAG
e>0, 6>0, as(0, 1) rakue, uro dus wobuiz &[0, ],
xelU(x)={xeX hx—-x”<6} u 106020 nanpasaenus s
(sl = 1), ydos.aersopaiowezo yeaosuw <s, s> =1 —a, 6yoyr
bINOAHATYCH O2panuvenus sadavu (1025) npu o6=o0/4 u
I=1I(x,¢). _

HonasartearbcTno Hycrb € 1 8 TanoBHI, uTO BBILOI-
AAoTCH nepasenctsa o' (x)— ¢’ (x)1 <'6/2 if () — £ (DI
<9/2 (1=1, m m)., Haa awoboro x= Uo(k) a Jdoro 1S
eI(x,e)<I(x,0) dyzer

0= () 8> +0=Cfi(\, 8 + 0+ < (8) — 11(x), 8 >
=<fi(x), 8 + 0 — | £, 8) = fo (V= (2), B + 672 (10 50)
I, aHaJIoruvuuo,

0= —<g’(x),s> +o/2. (10.51),
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IIycrs
o= 0°/(32M}), M, = max {max o’ (%) ]lI]..
XEX

Bamermy, wto 0/2 < <@’ (x),s> < lp’ (x)I < M,. Hazee,

(f‘t (X), S> = <f1. (X)’ S> + <f1 (X), 8§ — S). Ho )
Gox), s =8y < My|s —s | <M1X

xVIsE—=2¢s,5 +[sP<M, V2 —2(T—a) =0/4

Orcrofa, yunTHIBAA (10 50) n_mpensiaymee HepaBeHCTBO,
noxyaaey {f; (x), 8) < —0/2 + 0/b'= — 0/4 I, aHAJIOTHIHO,
(@' (x), 8> =<9’ (x), Y+’ (x), s=8) <0/2— Mls—sl =
= 0/4. A

10.6.15. Temma. Laa awboeo ¥ =0 cywyecrsyor uucia
o¢>0 u &, >0 rakue, uro daa ecex xeX\U;(X*) upes
[0, t,] 6yder 6>0,>0 u x—ps=X. 3decy Uy(X*)=

= {x e X,lp(x, X*)<qh

JoxasateascTro. Cmavama [oKakeM CymMeCTBOBa-
Ame penmunns 0y > 0 maa moGoro Y > 0. Ipexnomomay mpo-
TOBHOE: IYCTh o~ 0, k — oo, maa meroTopoil mocienosa-
rerpEocT {y:}, TOe mapa O S, — pemenme sagaun (10 25)
npn 0x =y, [ =1(y,0) 1 y,EX\Uy(X*) maa meroroporo

>

! Tak KagR MHOKeCTBO X, OTPaHHYeHo, TO, He yMaaAd o0m-
HOCTH, MOMKHO CUITaTh, YTO hm Yr =Y, npngenm p(y, X*¥)=

=v. Iyers G, s——-pemeHne sagaun (1025) mpm x=Y =
I1=1(y, 0). Iockoabry y¥&X*, T0_ 0>0. B cmny memmel
10 6 14 cymecTByOT TaKme_drcia e>0 r §>0, uro maa
Bcex X Uz (y) mapa c=0/4, s=s Gyzer YIIOBIIETBOPATE

orparmuenmay 3agaun (1025) mpm I=1I(x, e) Tarx war
y«—~y mpm k- o, To JIA BCeX MOCTATOYHO GOIBIINX HO-
MepoB K BeKTODH Y = Uz (y), a smaumr, B cuiy Toii sxe

JIeMMBI B IIape O, S 6y11eT 0= 0/4 >0, TOCKOTBRY 0, KAk
KoMuoHeHTa penrenns sagaun (10 25) ecth Benmunma MakcH-
ManbpEasg, llodyTenHoe MpOTHBOpedHe NOKA3blBAeT CYMIECTBO-
panme peamumust 0y >0 guaa aodoro 7> 0.

JlokaseM Temephb CymIeCTBOBaHe Beamumasl Cy>0.
IlpepnonosKuyM HpPOTHBHOE. JJA HEKOTOPO mHocIejoBareib-
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soctnr {y}, yi€ X \Uy(X*), Gyger Ty—0, k — oo, 3necn
1 >0, & — paccroaume ot Tourm ¥» Ao TPAHHOBI MIIOJKECTBA

X Bpmonb manpapnenus —s,, mapa oy, S, — pelleHNe 3aagn

(1025) mpu x =y, I=1(y, 0). Kax 1 Brrme, Oynmes npen-

nojararh, uro limy, =y o p(y, X*)Zy. B cuny aemys
h—o oo

104 10 cymectnyror Tanme umera e >0 o 6> 0, 4ro mpn
BeeX Yx <€ Us(y) mmeer Mectro mraouenne I(y,, e)<I(y,0).
Torna ms amemaur 106 14 ClegyeT, UTO OrPaHIYeHNA 3ajayuil

(10 25) 6yayr BeImommsarbes apn 0 =—- UN,, §= S, rge mapa

O, s—pemenne samazn (1025) mpu x=y, I= l(y,le_).
Ho xemye 1048 ma (1030) m (10 31) oaydaeM, 410 G, =
= mn{e/p, 0/L} > 0. Honyzennoe OPOTHBOpEUNe HOKA3LI-
BaeT jeMyy. A ) :

10.6.16. Teopexa. MHocaedosareaviiocrs CAYHalHbLT
rouer {x,} czodurca no eepoarmocru MHodcecTay X%,

Honasatenscrso 3Bapuncupyem mponssompHoe wmc-
70 Y>>0 m pmonaskes, uto Plp(x, X¥)=y} =0, k> oo,
Hpeanotosmsy, uto x, & X, \U; (X*). Torja mo zeane 106.15
HAIAYTCST Tande uyncaa 6y >0 o §>0, ana KOTOPLIX O, =
=0y 1 =L 3xecs g, S, — pemerne 3agaan (10 25) npn
x=x, u I=1(x,0). Tar nar 0,>0, 10 mo zernre 10.6.14
CymecTByeT wuneao e,>0 T1anoe, 9To BCARNU BeRTOp S,
YROBIETBOPAIOMIII YCAOBHIO (S, S;> = 1 — a, Gymer YAOBIET~
BOPATH orpanmuenmaM samaun (10 25) opn 0 =—- oxm I=

=I(xh,a). B cuny priGopa uncaa Bx (cM ycmobma (10 28))
mueey ans Beex Bef0,0]. x,—fs,e=X, 1 (cv. m 1049)

@ () = 0 (35 (9 (%) —0) 32 (9 (53) — ¢ (4 — Psy)) >
> 2@ (), 50 B =+ LB L) 32 (po — 4 i),

- (o]
BriGupas ﬁ =min {Ck; T}l nojaydaeM C y4eTOoM TOro, 4To

T=tino> =~ Oy IIPH BCeX S, TaKHX, 4TO <s,§h> Z1l—aqa,
COOTHOLIEHUO
@ (%)~ @ (% — Basy) = %, - (10,52)

. 1 0,
rjae x = min QWT—L— .
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Iyers Ex — caygaiinbie BendYnHE Takde, 9TO
t — 1, ecnn x, = X\ Us (X*),
_P 0, ecnm x, = Us (X*).

TocKoTBKY TOUKM S, PaBHOMEPHO pacmpesielieR:l ma cdepe
S = {s: lsl =1}, To ma (10.52) cuenyer

Plo(x)— ¢ (Xns1) = %18 =1} = Pl<s,, 50 =1 —a) =
= P{”Sh —-ghuz = Za} = p > 0.

L
Otcrona M (@ (x:)— @ (Xps1) [Xsy ...y Xo) == %pEs. Us d1Oro HE-
PaBeHCTBA, AHAJOTHYHO TOMY, Kak aTo fAedanock B m. 10.6 5,
ZerKo0 HOJYIHTH YCIOBHE

k
Mo (Xpt1) < @ (%) — %P 2}) ME,.

Mockonpry MBOsecTBo X, IO NIpPEIHONOMKEHAI0 OTPAHHYEHO,
T0 orpaEEueHa @ (yEKnEA @(x) Ha X, W, CIeTOBATENbHO,
Mg, — 0, k> o, a smaunt, Plp (X, X*)= 7} >0, b~ o, A

10.6.17. O cxomuMocTn MerToga B CIy4Yae 3aa4 BHITYKIO-
ro nporpaMmuposanng. B 3agatax GesycnoHOil MHHEMH3a-
MU A3 CXONHMOCTA II0 BEPOATHOCTH HOCIEA0BATENbHOCTH
{x,} x MHOMecTBY CTamEOHApHHIX TOYEeK CJIEN0OBajJa B BbI-
TYKIOM CIy44e CXONHMOCTb TOYTH HABEPHOE IOCIe0BATEIb-
nocta {@(x;)} x ¢* =min@(x), a 3HaumT, ¥ CXOIEMOCTH
04T HaBepEOe IOCTeToBaTeNbHOCTH {X,} K MmoskecTsy pe-
pmlenmil. B 3ajagax ¢ orpaH@YeHEAMH YCIOBHA BBIIYKIOCTH
¢yEKnEm @(x) # MHOMecTBa X emle He TapaHTAPYIT aHAa-
OTMYHOTO yTBep:KmendA. Jnsa JoKasaTenkcTBa TOTO, 9TO

@ (Xp)—> @*, k— 00, p (X, X*) — 0, k — o, meobxonmmo
o H. nTH

fAonmoiHATeNRHOE Tpelosamme peryiaapuoctda mo Cuelirepy
MuoKecTBa X.

10.6.18. IIpeanoaoskenis:

1) BexTODHI S, ABAAOTCA CIYyIAHHBIMH, He3aBHCHMBIMHA K
paBHOMepHO pacnpenienennbiva Ha cdepe S={s: [sll =1};

2) BHIyKIOe W 3aMKHyTOe MHOMKecTBO X peryiasapHo, T e.
cymectByer map R papguyca r ¢ HeETpOM B HEKOTOpOil TodU-
Ke W, IeJHKOM NpHBAIeRamuii MHOmectsy X: R =
= {x: p(x,W)<r}cX;

3) Benyknaa ¢ymsknnma  @(X) UOpEBAfIEKAT KIAcCy
ch(X);

4) muOmecTBO X, OTrpaBHUEHO,
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3ameganune Herpynmo y0eantbes, 4to ycaosme pery-
IIPHOCTH 2) BRBUBAJCHTHO YCIOBLIO pery;IsipHOCTI, BREAEH-
HoMy B om. 3.42 1 343.

Has oBocuobanna cxoxiocTm OpONeAypPHl  CIy4alimoro
CIycha HEOGNOJUMO PACCMOTPETh PAY CBOLCTB

10.6.19. CnoitctBo A FEcau roura x= X He seaserca

onTuMa.ablol, To Halderca Tarol gektop yE X, 0.4 Koro-
D020 cnpagedaugo Hepaserncrao

(@ (x), x—y>=1n>0. .

Hoxasare abcrBo. Ilyets y apasmeres TIpOeRIIel
TOURD z=X— ¢’ (X) pa muosectso X B CII'TY CBOICTB Ipo-
ERTHPOBALI IIMECT MCCTO COOTHONICTITIE (.Q—z, X — §> =
=lx—yl?, 1. e @' (x),x=y>=1Ix—3I" Orci01a u cac-
AyeT CBOICTBO A, NOCKROILRY PABeHCTBO X =1y ABIALTCS
1e00X0INMBIM 1 ;I0CTATOMIBIM YCIOBLEM ONTHMATLHOCTI %

(. 1012) A

Bewoay uiuke wepes x 11y oGo3nauent TOTULII, Y00 IeT-
BOPAIOLIE CBOUCTBY A

10.6.20. Csouctno B. Huliderca ranoe yucao 6> 0,
YTO MHOXECTEA

Us(x)={xeX Ix—il<s}, Us(y )= eX ly—yl<eo}

He nepecekanTes, U CYwecreylor Takue n-uepuvie cepsy
Ry u R, paduycoe r, u Iy, uTO R,CUG(;) u HZCU°(§).
HlorasaTearncrso BoiTenaer m3 cpoucTa A (Tak nan x #
#=3) 1 upepnogohenist 2)) A
10.6.21. Csouctso C Jua n= ((p'i?),?——?’) Haii-

derca raroe 8§ >0, uro daa ecex x = Us(x) u y=U()
6yder 6LINO.NATVLCA 1epasencTso

@ () x—yy =4,

*) Jerro monasath, 4T0 ecIn TOILA v — OCHTP CQipI R (paduy-
ca r), OpouaITCAAMmen pery THpHOY MHOAKECTBY X, TO MO,LHO B3ATh
rS

X —wj+4r

(W —x) Apatornuno u 11a R
A 2

r= Epmuey mentpoM cgepul Ry 6y1er Touna w, =
r

-1
r
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JoxasareanncTpo. Obozmaumm Y= max [’ (x)].
o xeUg(x)
Mpenmonosenme 3) rapamTupyer, 4ro Y << +o. Brfepem

8 T .
T2(Lx—ylI+2v)

IIycrs u=x—x 1 v=y—§, TorTga
{g’(x), x-jy>=(cp'(‘;+u), X—y> +<¢' (x+u), u—v:=
= (g’ (x+u), x—y> — K¢'(x +u), u—v>I.

Hanee,
Ko’ (x+u), u— v <lg’x+u)llu—vl<
< y(llall + vl < 2v8.
Ho sBmmy npefmoioskeHdsa 3) W cBoiicTBa A monydaeM
@ (x+u), x—y>=(p'(x), x —y>+
+<¢'(xtu) —¢'(x), x—y> =
> (g’ (x), x—y> — o’ (x +u) — ¢’ x) N Ix — yll =
> 1 — Lllull ix —yll = Lélix —yl.

Tpn mociefHAxX COOTHOMEHAA M BhIGOp BeNHUAHH § HoKa-
BEIBAIOT cmpaBeamBocTh cBoiicTBa C. A

10.6.22. Onpemenenne. Mn crameMm, 4r0 ocyyyecr-
euaocy cobrirue M= M(x, s), ecan Haiigercsa Taroe § >0,
qro y=x — ps &€ Us(y), rae x & Us(x), a —s — BO3MOK-~
Hoe HampaBjienne, BEIODAHHOE METOROM CIYYailHOro HOHCKA.

10.6.23. CsoiictrBo D  Ecau Hactynaer cobuitue
M, = M(x,, ), 70 cyyecreyer Taxoe % >0, uro

@ (%) — @ (Xnt1) = .
JHoxasareancrBo. Ilycte x: < Us(x), a y»— aio0-
Gas TOYKa H3 IepeceYeHdsa Jyda X, — BS, C MHOMECTBOM
Us(y). Tak xag o, = inf @(x, —Psk), To maa Beex p=
0<B<t,
[0, 1] cupasefnmBo HEPABEHCTBO @ < @ (Xx— B (Xa—¥a))-
Orciona r u3 demMul 9 2 3 nomyuaem HepaBeHCTBO

@ (Xx) — @ (Xn2) = Mn (P (Xp) — @ (X — B (x2 — ¥8))) =
= b (B o 3w~ 34> — < I o —nlP)
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Ho Ixp—yll <25+ lix —yl =08, HODTOMY H3 CROIICTBA
C monyuaey, uto s seex B [0, 1] 6yrer

@6 = @ (5n) 1 [ o — - 1670

HyCTLﬁ =— min{il %%{;2]. EC'III [5= 11 O L62<—;—‘q a
1
¢ (Xp) — @ (\p1) = - ram.
L . . 1 2 7>
Ecin f = Tt 0 P o) =gk T
M rak nag 2, =1 >0, o opm =-Z—),nmm {1, %%}

cBouctBo D cramoButes cmpase ImBEIM A
10.6.24, Csoificteo L Ecaw nocaiedosare.iviocts

{xi} 7arosa, uro x, & Us(x), 10 P {hgo mk} = 1.

Hornasarearcroo Ils csuicts A u B CICAyeT, uTO
mmf P {¥|x}=p>0.

r&Ug(x)
Ipn ¢nrcopoBaunmx x,, X, .. COOTBETCTBYIONIIIE COOBITI
Ty, Ty, .. BIAHVMHO HE3ABICUNBL, Tah hak B3AIMUO He3d-
BICUMBL CIydalilible BOIIUNHL S, 8, . CaeJoRaTelsnlio,
m __ r -
P{ﬂ D | x4, %y, ...lxm}=HP{9J?k|xk}=
k=0 k=0
m
=L (=P o)< (U —p)" >0, m-> co,
k=0

31eck W, osmadaeT coOwITIE, TONOMHITEIbHOE K COOLITIIO

M, T e M, o3uavaer, YT0 COOLITIA M, e mpoucxoznr Ilo-
BTOMY COUIACHO 3AhOUY «HYIA ILSUI eHIIINLI

PR Tln x, cof=0r e P T s x, =t
k=0 k=0

JT0 I 03HAYAET, 4TO P{U0 M =1 A
he=
10.6.25. Teopexa P{lnn ¢ (xy) = q.*}: 1.
k-

Honaszarteascrso B cmiy npextotenmii nponey-
PEI TIOCIE0BATEILHOCTD Cydalilex Beamynn {Q(x;)} Momo-
TOHHA: @(Xs) < @(x) (A =0, {, ...), 1 orpanmuena:
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p(x)=o* (k=0, 1, ...), o, crefoBaTeNbHO, CYNICCTBYET
¢ = limg(x;). A 3HaumT, ¢ BEPOATHOCTHIO,, DABHOI efH-

ko0
HAme, maiiercs Taxoit momep ko, uto mus meex k=1F,+1,
ko+ 2, ... GymeT BHIOOMHATECA HEPAaBEHCTBO

C () — () < % (10 53)
Ecmm mna ao6oro ckoas yrogmo manoro §; > 0 maiigerca
TaKasA HOCHe0BaTeABHOCTE {Xz |, UTO

x5, & Us (X¥) = {x= X: p(x, X¥) <8},
TO ¢ BEpPOATHOCTHIO, PaBHOIl efnHHIE, ilm @ (xz) = @*.

Tpegmonomy, IT0 CcymecTByeT Taroe umemao §, > 0, 1aro
B oxpecrmocrn Us (X*) mnomamaer ammb KoHeYHOe HUHCIO

Touek mocaegoBarenbrocTa {x,} He orpammumsas obmiEOCTH,
MOJKHO monarath, uro Bee Xy ¢ Us (X*). Torma c meposr-

HOCTBIO, PaBHOIl exnHEOe, HaiifeTcA TaKoil caydaiiHBIN HO-
Mep k= k,, uro ocymecrsnoTca cobnitme I, a cieqoBaTenb-
HO, Oymer

@ (Xa) — @ (Xns1) > %.

910 mnpormeopeunt ycaosmio (10 53). Teopema moxa-
3aga. A
Canegcrme. p(Xp, X*)— 0, k — o,
OH

9To COOTHONIEHHE € OUEBHHOCTHIO cilejfyeT I3 Helpe-
psiBEOCTH (YHKOHE ¢(X), OrpanmmIeHHOCTH MHOecTBa X,
u yreepsgennsa teopemsr 106 25. A

10.6.26. Meron npoextnposBannA caydaifHoro Rampas-
aemnd. Vanosmennpiii B IpebiAyIIHX Pasfenax MeTof, M-
HAMHA3SIHN MOMeT oKasarbea HeaddexrasrsiM. [lero B cire-
nyomem. C pocToM UhcIa 7 — PasMepPHOCTH HPOCTPAHCTBA
E, — yGriBaeT BEpOATHOCTb TOTO, ITO HANPABJIEHNE SBJIAET-
ca BoaMoKEEIM. CKOpocTh 5TOro yOBIBAHAA XapaKTepH3yeT
mpocroit mpmMep, kKorfa X ={x: 0<az: <1, 1=1, n},
a touka X, = 0. B sT0oM ci1yuae BepoATHOCTH TOTO, 4TO CIY-
gaiiHoe HampaBlleHHe —S, Oy[eT BO3MOJKHEIM, OYEBHIHO,
pasea 2", IloaToMy pnA DoNMyIeHHA BO3MOKHOTO HANpab-
nennAa Tpebyerca mpu Goabmmx r HA KaKpoll mTepanmm,
Boo6uie roBopA, GoabImOe YHCIO HCOEITAHMIN, NpHIEM KaK-
I0e WCOBITAHHE CBA3AHO ¢ IpOBepKoif, Oyxer am puA mocra-
TOYHO MAJIOro P TOUKA X, — PS, IpUHANIEKaTh MHOMECTBY X.

B MeToxme, KOTOpOMYy IOCBAIMMEH HACTOAIMMWII pasger, ciIy-
"ajtHoe HampaBjieHde CTAHOBHTCA BOBMOJKHEIM B DE3yIbTaTe
OPOEKTOPOBAHAA HA JONYCTEMOE, MHOYKECTBO.
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O6o3uaumy uepes z, OPOEKINI0 TOUKH X — A,r, 1a MIo-
mectso X 3aech A, =sign @' (%), 1, a ry— cayvaiinein
BEKTOD, pAaBHOMEDHO pacHpefeldeHHENT Ha n-Mepmoit cepe
eJIHOYHOTO pajmyca.

10.6.27. Cxena meropa.

Xpp1 =X — B8y, S =X, — Z

B nauectse B, smlmparor m;oGoe m3 qncest, YAOBIAETBOPAIQ-
INHX YCIOBHAM

@(Xh - Bhsh) = (1 - )"k) cP(Xh) + lhmh,
0<5k<1, O<Ah<lk<1,
THE Wy == r_nin ¢ (xx — fisy).

B=lo,

10.6.28. CxopmmmocTs meTona Oymey [ona3EBATDL B upes-
nonosrennax n 10 6 18, mo mpm oToM TpeGosamme peryasp-
HocTH maammure [{1a 060CHOBAHUA CAOANMOCTH MeTOTa upo-
CKTHPOBAHLA DDPHMEHIMA Ta K€ METOIHKA, 4T0 I B
uon 106 19—106 26

Pacesorpuy wmomectso *) Vi(y) = {3 = E,.: ly —yll <
<0} Bavermy, uro Us(y) ={ye X ly —yll < 8} = Vi(y).

Byneym rosopurs, uTO OCYIICCTRILIOCE coOpITHE 5 ==
=R(x, r), ecan maiigetcs Tanoe g > 0, at0 x — ar € V,(y),
rae x & Us(x), a r — manpasierue, BRIODPANNIIGE 3eToJoM
cayuaitnoro momcna Onpefetenne cofntos W — M(x, s)
OCTAETCA TPEIRHNM, HO NPH 3ToM 8 =(x — y)/lx — yll

10.6.29. CroitctBo F. Ecau ocyuwecTeuaocy cobui-
Tue M =N(x,, 1,), 70 ocywecreurca u cobuirue M, =
= M(x5 ) -

HorazaTeascTno Hycern =Xy — ar, € Vo (y),
4 ¥» — NPOCKOUA TOYRI V, Ha MHOAecTBo X II3 cponcrs mpo-
entun crenyer, 910 lly, — xIl < v, —xll npn a060y x € X o,
B gacrroctd, Iy, —yl<lv,—yl, 1 e y, & Us(y). A

Haxonen ouesmamo, ures gasm peex x e Us(x) Oymer

PINZPR]|2}= inf_P{R|x}=p>0.
XEUb(;)

Odocuosats cxoguMocTs mpomecca MIHIMIO3AOON Temeps
He HpPefCTaBIsier TPYAa, eCIm HOBTOPUTH DACCYALEHHS, Ho-
TOpbie HCIIOMB30BATICE IPU XOKa3aTeabcTBe TeopeMsl 10 6 25.

*) Baech Y, Us(x) 1 Us(y) Te e, uto n 5 1 106 20,



FJIABA 11

METOJ MOAMOHITHPOBAHHBIX OYHRIA
JATPAHIKA

11.1. Merox Mnuosxmreieii Jlarpamka

~ 11.1.1. Merton cocTomT B IpoNeAype OTHICKAHHA CEII0-
Bolt TouRE (x*, y*) dymxnmm Jlarpamxa L(x, y) Ha E. X

4
X Ef (cm n. 36) Tlocrpoenme HTepamHOHHHIX IPONECCOB
CyImecTBeHHO ONMIpaeTcA Ia COOTHONIEHIN®

L(x*, y*) = max min L (x, y) = min max L(x,Y).
ySE}, 15E, x€E, yEET,

11.1.2. Mepsriii BapmanT MeTofa. JTOT METON, DPEN0NCH-
o .
muii 9ppoy m IypsmmeMm, COCTOMT B HOCTPOGHHH IIOCHENO-
patenbHOCTH { (X, ¥r)} mo dopmymam

a
Xp+1 = Xp — f’%‘ L (xz, ya)s
3
V=P 4 (Yh + B 55 L (xe, Yk))t

me P o (V) osnagaer mpoexnmio Toukn v ma Ef, Taxam
m

06pa3oM, TOUKH X, CTPOATCA METOOM TPaAMEHTHOTO CIyCKa
JIA pemeHAs 3agadn 0eayCJAOBHON MUHAMHA3ANNI $yarnan
L(x, y) mo mepeMeHHO{T X, a TOUKH Y, CTPOATCA BapHaHTOM
MeTojla IpPOeKIHH TpajienTa MjA pEIeHNs 3afavl MaKcH-
mmsanun ¢ymExnuna L(x, y) m0o mepeMeHHO Yy HA MHOMKECTBO
Eh={ye Em: y=0)}.

Vkasammbli mpomecc NpEBIEKaeT CBoeil IPocTOTON, IIo-
CKONIBKY

2 - s
L) =0 &= =),
8
Ty'L(xuy): —f(X), fT (x)=(f1(x),_ eovy fm(x))z
a HpOGR’I‘HpOBaHHe HA -~ E; ocymecmnﬂercﬁ 3.71enem'apno

K coskanennio, 3TOT MeTof He ofecmeumBaeT 3aBe/oMOil
CXOJEMOCTH Jaike B TeX CIydasax, KOI/[a FapanTOpPOBaHA ¢XQ-
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AOMOCTE hah METOXA TIPAjNeNTHOr0 CIYCKA, Tak o MeToza
Ipoernun rpaguenta VapecTHEI OJIEMEHTapHBIIT IpnMep
Baflatil  ONHOMEDHOLl MIHAMHBALNI X HA NOJOMKATENLHOMN
moayoetr X = 0 cayiuT ToMy HONTBEpIRIeHIIeM

11.1.3. Bropoii papuanr meropa. Dror BapuaHT oOTIMIA-
CTCA OT UPCABIAYINEIO TeM, UTO Ha hadifoir HTepannu ove-
PEAHYIO  TOURY X4y HpPeAIaracicsi NOAYYATL B peayabTate
IOJHOI MHOIMIO3ALON (yIhmm L(x, y:) mo mepexensofi x:

Xp41 = arg min L(x, y,),
xeL,

Yoy = PE,T (yr — pf (xz)).

B 10\ mapmamre cxommvocts micer aecto s yeaoBmsax,
IPI ROTOPBIX NOKRasbibamich 1eopever 1025, 1026 o cyo.
AHMOCTI TPOERIIII IPajIenTa

11.2, Meton MOAU(HHHPOBAHHLIA $yuraguii Jdarpaussa

11.2.1. 3a mocacanee ACCATILIETIC LOABINIOCH 00TbINOC
ROJIHYCCTBO PadoT, IOCBAUICUBBIX MICAeHIDI MeTOaM pe-
HICHIST 327aY MATeMATIYCChOro HPOTPaMMUDOBANNY, 0CHO-
BaHUBN 1A TOCTPOCNII MOIU(UMIPOBAHILIX $ysarnmn Jlar-
pansa DMerox MOAUGIUINIPOBA LI $yurmur Jlarpanma
0BT PACIINPHTD 06TaCTh IPUMCHCIILT MCTOA MHOMI-
reacn Jlarpamma 1 mveer cpoenr IeIALI0 HOBHICHTE 3didhek-
THBHOCTE BRI'MICANTCABLULIX HPOLECCOB OTHICKAILI CeLIIOBBIX
TOYeh

Hoctpoenie MOZRQUIIPOBARIION  yHmIT Jlarpamma
OCHOBLIBACTCH Ha CJACAYIOWINX C€O0Gpa Kemsnx It zagaun
MIHINMIBALUI QYUK ¢(x) ua HeKOTOPOM MIO.kecTBe X
nocTponyM  QyunImmo

N y)=o(x)—1(x,3), -
OIPEIeNCHNYIO B POCTPALCTRE [y,
Yemosns, KoropoiM  momama YHOBAETBOPATL  (hyHKIs

1(X, ¥), onpeneasores caexyomennr TeopeMoii
11.22. Teopesa Ecau cyuyjecreyor x* € X y yr e g,
TaKue, uToO

1) x* e X(y*)= Argmin {N(x, y*): xe E,},
2) (x, ¥y)SY(x¥, y¥) Vxex,
0

a¥ e X* = Arg mm {lp(r) reX) =XNX(y*).

T
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HorazateanctBo. Tak nar x*€XNX(y*), 10
masa Beex x € E, Oyner

N(x*, y*)=(x*)— Y (x* y*) < @(x) — Y(x, ¥*).

B wactnoctn, npun x € X moxyuaey, spuny yeaosna (2), uto
o(x*)< (x) Vxe X, caegonarensno, x* e X* Tlooromy

X nx (y*) c X*

Teneps moxagzey, aro X*\(X N X (y*))= 4, wcy n 3a-
BepIMNM JO0KA3aTEIBCTBO TCOPCMBL

Hpenmonoskny, 1ro naiigerca x € X* raxoif, 110 XEXN
NX(y* _)_ Tlockoabry xe X*< X, 1o mBUAY npe;mom,}\emm
Gyzer x = X(y*), m, caejosateasmo, N(x*%, y’ )—(p(x*)—-
= (x*, ¥ < @) —1(X, ¥)<oX) —7(x*, y*) Tasmx
o6pasoy, momywTaeM mepamenctso ¢(x*)< ¢(x), mporuBope-
qamiee MPEANoIOennn A

11.2.3. Momndnunponannaa Qyusruna Jlarpamrka. Pac-

CMOTPHIM OCHOBHYI) 3aTady MATEeMATHYECKOTO MPOTPAMMI-
poBaunsa

@(x) > min, xeX={x f(x)=0, i=1, m} (11

Kax nssectno, Qyurmnus

(‘ ))"‘CP ZJlf‘l (11 2)

onpexenenmas 111 Bcex x€E, 1 ye Eh={y: y>0},
apasgercs ¢ynrmueli Jlarpamza goa samazm (11 1)
Pacemorpuy ynnmiro

m

N(x,y) =0¢(x)— g‘l YL (), b)) (11.3)

1 ofGo3naum
'\—;(Y, y) = §1 v (1. (%), 1)

Ecan y(f.(x), y.) (=1, m) nono6pana ran, 9r06H BHI-
monHannchk ycaonsa teopemsl 1122, 1o dymrmmio N(x, y)
Gymem massiBaTh MoanunmposanHoil $ymrnmeit Jlarpamka

m

Wrax, ecam ¢ymumua 7(%, ¥) = 2 v(f(x), y) rakona,
=1

17 B r Kapwasop .
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YT0 CYWECTBYIOT X¥ 11 ¥, Y/IOBICTBOPANUIE YCIOBIIAM
xt e XN X(Y), ‘
_ _ (11 4)
1(x, Y )<1(x* y*) VxeX

ro x*€ X, 1 N(x, y) Gymer momudnnnposannoit Qynxumeit
Jlarpanma pasg sagaun (111

11.2.4, Tlocrpoenne moxnduunpopaunoii Gyurmun Jla-
rpansa. Han ussecrio, cooruomenue,

m

el N

wLEN=VeM— Zuvi®=0 (115
1=1

onpejeaseT TOTRY X, B KOTOPOIl BLIDOAHIIOTCS HeoOxolmible

yutosist muznuyya no X gyuxnnu L(x, y) Jaa N(x, y)

HCOONOJUMBIM  YCIOBICM MHELHMYMA 10 Z OyEeT COOTHO-

mweune

NI

[ a
SN ) = Vi) — 2

7 V() y) V() = 0. (11.6)

Cpannenne ({15) ¢ ({16) matoinmyao ma MbICIL BLhecTn
Fy - v
CHCTCMY VPaLIeHni

Z/z=;(77\’(f1(\): .’/1)3 l=1’_m’ (11‘7)

n morpeGepaTh ee  pAaspPCIUIMOCTH NPH  JONOJLETEIbHEIX
1peluba sy

f&x)y =0, 1=1, m, VxieX (118)

11.2.5. Yeaosna cymeereopama gyurgun N(x, y) Pac-
CMOTPIM YCIOBISL, TOSGOIAIILE IIOCTPONTH  MOANGUIIIPO-
pannyo Qynknnn Jlarpamsa upu gocratounio ofmux npet-
HOTOKCHISIX OTHOCHTeALNO BuXa Qynnnmit f(x) (=1, m).

A) Eean f(x)<0 mas wuenortoporo moyepa i, TO 1-e
ypapneune cucteMsl (11 7) me mveer pewenus, m, clexosa-
TCIbII0, MHOOKecTBO pemenuit cucremnt (117) mycro,

— ecan f,(x)>0 pun nekotoporo mouepa i, To equn-
CTBCHIILIM peiuelmeM i-ro ypapuernus cmetembl (117) Oymer
v, =0,

— ecm fi(x)=0 man menoTcporo HodMepa i, To m1060e
Y= 0 Oymer pemenmev 10 ypavmemns cuctemsr (11 7).

B) Deau misi menoiopon uapbl A%, y* 2 0 BEOoxusoIca

veaonns (11 8), 1o

31 (), 01) > 5 v(f.6%, 1) Vx=X,

i
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11.26. Teopema. Ecau dynryuu y(fi(x), ) (i=
=1, m) raroewl, uro -

— evlnoanaroTca ycaosus A);

— cywyecreytor x* =x(y*)=X(y*) u y*=0 raxue,
uro

i} .
'aTY(fz(x*)1 y:)=y:’ ci=1,m;

— evinoanalores Oas x* =x(y*) u y* =0 ycaosus B}

70 X* = X*, - )
Ecau, kpoxe roeo, gynryus N(x, y*) Ouddepenyupye-

Ma ¢ Touke X*, u Ous arobviz f,(x) u

\Y
=)
=
<
S
(1)
~3

m, (11 9)

[

70,0, 1) <0, 1=

70 napa x*, y* aeaaerca rouroii Kyna — Taxkepa.
HoxasarenncTno I3 ycaoBuii Teopemm mnomyuaewm,
9o HaiigyTca raxme x¥, y*, uro

HGEM>=0, 17>0 n f(x*)yl =0, .i=1,m,

n pumoxHAerca Hepasenctso (114). Caemosarennmo, BBHI-
noJanAeTcA Bee ycaoBus Teopemsl 11 2 2, u, smaunr, x* & X*,
Yunrmsaa (117), (11.9), noayvaem, uto mapa x*, y* —
rogyka I{yna — Takxepa.
11.2.7. [isa npmuepa Qymxmun y(fi(x), y:):

(7, (%), 4) = — 5 [min {f, (x) — y,, O)F%,
12 (1 (%), ¥) =+ ¥} — = [min{f,(x) — ,, O}I2.

Jlerko mpoBepurh, YTO PYHKOAS —¢%, BHIYKIA IO X, eCId
fi(x) Boruyra m Beimykna mo y (eM m 248). Dymrgua
—7Y, BRHINYKaa mo X u Bormyra mo y. Ilocnegmee caemyer us
TOro, 410 npn f‘(x)— ¥ <0 oma ammeiira mo y: — v, (f, (x),

¥) = — 5 ¥+ 3 (h (D=0 = [, (®) vt o 12 (2, 2

fi(x) — y«= 0 — crporo Borayra: — v, (f,(x), ) = — & .
HocraToyro nOpoBepATh  BHIOIHeHHe  CBOMCTB A),

B) masa y:(fi(x), yi):
8 Yo —f.(2), ecam y = fi(x),
'67;72 (fz (x)z v) = { 01 ecia ¥, <f, (X).
17+
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A) Eemn f(x)<0 n y.=f(x), To m3 (117) mueeu
¥ — fi(x)=y. u, caegosareavuo, f,(x)=0 IIpotueope-
Uie yhaseipaeT Ha HepaspemmnvocTs cmerever (117) Econ

7]
fi(x)>y, 10 3, <0, 1o or Ve (1.(%), ) =0,  moorovy us
1

(117) norywacew, uto y, =0 IIpotusopeuue

Ecan f,(x) >0 1 y, = f,(x), onarh upusoiim n IpOTIILO-

d
peumo Eeawr fi(x)>y., 10 57 12 (i (%), 4:) = 0 n, cacona-
1
TEIbHO, eINHCTBEHHBIM pEIIenneM (-f0 YpaBHenma Gyaer
Y=0 Ecm f(x)=0 o y=2f(x), 10 3=0 u
4 -
3 Y2 (7.(3), ) =y, wootony -y ypacnmennmo cucrevr (117)
1

yaostersopier awboe y, = 0 Ciyuail y, < [(x)=0 opoTI-
Bopedus, Tah kak w3 (11 7) eaemver, wro y, =0

. * * 1

B) Eem f.(\)—yi =0, 10 v, (£,(x), 47) = () >
=17, 0)97) Eem j,(0)—yl<0,\eX, 10 pi>

gl * )

>0 1 £, ()=0 Ton tan —2077,(8) + (1 (V) <
<0u y77,(v)=0, 10
[ 7,0 = o7 O = (7. 8) = ) = (51 — 2077, () +
+ (fl (\'))2 < (yj‘)2 = (y;k - fl (\yp))? = [mln {fz (X}:) - Uf, O}]z

sk ¥
I, CTICI0BATC 1610, (fz (\)v Uz)> Y2 (fz (\ )7 yl)‘

11.2 8. O8eyavienue. B ycaosuax teopeysr 112 2 mapa
(x*, ¥") womer ne ssaatnca Tounon Kyna — Tarnepa Tar,
Hanpmvep, pewenite zajaun (1 1) merozom mrpadmbix
¢ynnuin co urtpado

1 m
1 N
T Y(x) = n :);] m1n {f, (x), 0}
1=1
npn 3 =(0, B,] 1octatounio vatow Jaet cooTHomenme

(90 + 50 ),

ecail @(\) cmabHo BMMyRTIa, a f,(\) l-vamopupyeus (y=
= 1) u wenpepusno guddepenuupyevs (evm 627) Ecmn

min @ (x) = min
VEN a=L,

noroants yo=1/ (1=1, m), a y(x,y) = ——é—qa (x), 10

B TOUhe pemrennsd A* ppmotmennt yeaosus 1), 2) teopesut
1122 mpn y==(1/8*, . , 1/8*), rae p* = (0, B,]. Onmano
B ofuen cayuae sajanus $ynnuuu f,(x) paBemcIso Beex
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KoMToHeRT BekTopa y* muas touexk Hyma — Takrepa 3asejo-
MO He BBHINMOTHAETCH

Tapantno Toro, uto mapa (x*, y*) sapagerca TouKoOIl
Kyna — Tauxepa, paor yeaosnsi teopeMsl 11.26. B 10 ixe
speMsa cama yuxmus N (X, y) Mo&Ker U Ile mMeTh CeIJI0BHIX
TOYeK, HECMOTpPS HA TO, YTO NCXOJHAA OCHOBHAA 3aJada Ma-
TEeMATHYECKOT0 IMPOTPAMMHEDOBAHMIS  SABIAETCA  BBEIIYKJIOI
Tax, ¢ymsrmua N(X, y)=@(x)— 1i(x, y) ynosiersopsier
peey yeaonuay Teopemsl 11 2 6, HO cemrnopoil TOTRN He HMe-
er EcTecTBenmmBIM yciosieM, o0ecHednBalomimn CYHiecTBO-
Banme CeIOBOIl TOUKI (PYHKININ N(x, y), ABagerca Hepa-

pencTso v (x*, ¥)= y(x* y*) aaa scex y € E,. Itm cBoii-

m
cTBOM obIajaer, HAOpOMep, QYHKIIA 2 v (F (%), ¥0)-
=1

Upcnernans peaamszannsa Ilyrs mnepsmii — mc-
KaTh TOUKY X* pemas cncreuwy ypasmemmun (116), (117),
HAIpHMEp, CIAeIYOIIV NTePAHOHHBIM IIPOIECcCoM:

xpe X (y) = Argmin{N (x, y1) x E\},
6 -—
Yetr = 57 ¥ (%h Yok

Ilpmuenenne rpajleHTHHIX METOJOB JJif PEUICHHS CICTEMEHI
(116), (117) cpasano ¢ BUNCACHHEM BTOPHIX IIPON3BOI-
peix gyurmmn ¥ (x, y). Oamaxo pase B yCIOBHAX MBAIKIBI
nugdepenmupyenmocrn pyuxnuii ¢(x) o f,(x) BTOpHIE IpO-
H3BOJHEIE JUIA  MHOTIX H3BECTHHIX MOIN(HIIPOBAHHBIX
$ynrmuit Jlarpamka He ompefielNensl RCIOiY, Kak 5To Tpedy-
eT IpHMEeHEeHH® TIPAJIIeBTHRIX METOJ0B [ pellenus ypas-
mernit (117) B ofomx paccMOTpPeHHEIX BEIIE IPAMEpPax
coTyamus mvenHo Takosa I 37ech y:xe caegyer mpmberath
K MeTojaM MREHOvO3anun HegnddepennupyemMslX QyHR-
it *).

IMyrs Bropoit Brrumeaare Touxky X* MerogaMm OTHICKA-
o celaoBeXx Touek (ymHrmam N (X, y) eCTeCTBEHHO @pil
YCAOBHI CYLIECTBOBAHHA TAKOBBIX

B aToM caydae CTAHOBATCA NPHMEHOMEBIMH METORB Hep-
BOTO HOPAMKa, HAIpmMep amajnor meroga Jppoy — Lypsuna:

4
Xt1=Xp— P37 N (<k, ya)s

[i]
Yas1 = Yr -+ ﬁ-a-y— N (Xz, Y&)-

*) Cum, manpumep, Monorpadmio® Jeusanos B @, Bacnas-
e JI. B. Hegudppepennnpyerman ontivuzanud,— M Hayna, 1931
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11.3. Bsamoceazn MeTonos mMuoxnrexeii Jlarpamka*
I mwrpadpuux Gyurimi

11.3.1. Kar sn BIZeIN, ocHoBHasd mied Metoda moxndm-
OUPOBAHHBIX  (YHRIIIT Jlarpamiha 1 Mmerona mrpadueix
dynnmumr cocronut B crenernm 337131 ONTHMIUBANUN ¢ orpa-
HuuennmaMi g 3aniavay Gea orpaumuenniy B TeopeyMe 1126
01 yeTanommens YCIOBISA, HPI KOTOPLIX pelieHHe 3agaqu
METO/IOM MOANDINIIPOBAHHEBIX Gynnmuit Jarpamza ABIAeTCH
rouroii I{yna — Tannepa. OnasniBaetes, merog mITpaguex
OysRImI ob1amaer Tarne OTUM CBOIICTBOM, €CIH B havyecr-
BC MBOICTBENNLIX MEpeMeNuLX BT YaCTHLIE NPON3BOHEIG
wipada no QY URIIAM-0TpaHII TR TMz

Buiacumy yenosng, DIl KOTOPLIN METOT MITPAQHLIX PHyii-
IIil OPUBOANT TaniKe K Touhe Kyna — Tannepa Tex cavuiv
Oy1er ycranonaena cpssp METOT2 MOTNQIUIEPOBAHHLIX (Y Hn-
wnr Jlarpamza ¢ yertozou WTPpauBIN (yaRITIT

11.3.2, Pacemorpny OCHOBHYIO 33JaYy MATCMATHYEChOTO
oporpamviporanng,

¢(x) >mn, xeX = {x f(x)= 0}, (11 10)

ge TN =(/(x), f(x), , fu(x))
[Itpauyio Gynnmuo saunmew p CIeTyIomeM Biile:
1

A[(l’, [3) = (P(\) + —ﬁ— llr’(f (\))1 ﬁ>0y
rIe
P(I(x))=0, ecan fi(x)=0 nan peex 1&] — 1,2, .., m)
Y (f(x))>0, ecan fi(x)<0 xorn Gur p1 ommoro ;& J

Ob6osnavenns

L(x, u)=g(x)+ <u, (x)>, u™ =(uy, u, . |, Un) < 0 —
dynnmua - Jarpawra  as sajaum  (111), Y =
=Aigmmn {g(x): xe X},

Yo={s 2 3(x,p) =
= Vo) + 5 X v =0, p>0)

— VNO..eCTBO CTaIMUOHADHLIX TOYeK mrpadiaolt by,

K = {(‘(z u): ",%‘L (v, u) =

= Vo¢(x) gu,v/“(x) =0; uf (x) =0, u<0]
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— muoKecTBo Touek Kyma — Taxxepa;
u (B) =50 U o i =T m, Yo Yoo v (B)= (v, u (B
W)= (1, B ws B -y um @)y T =i i) =0}

1133. llpeanonomenns.

1) ¢(x)— sumyxanaa ¢ynrnms, fi(x), i=1, m,— Bormy-
Toie pynrnan, $(f(x))-— semykiaa yHKDAN;

2) muomecteo X peryasapHo mo Cieiirepy;

3) MuomecTBO Y HemycTo W OrpaHHYEHO;

5 pUGNSCHE);
5) 77 b <0, i =T m;

6) 7 b ) =0, eemn 0</,(N<p< oo,

11.3.4 Teopeuna. Ecau ewnoansiorcs ycaosus 1)—
6), 7o

ym p(v(B), K) =0. /

HNorxasareasctBo. Ilycts yp € ¥y, Torma
m
Vo (Yg) = El— u, (B) vft(Yﬂ):

Ecan Gypmer moxasaHa paBHOMEDHAs OTpaHNYeHHOCTh HO P

cemeiictea {v(p)}, To naa moGoil npemenbHONl TOUKH

v¥ =(y*, u*) copasequmBo  cooTHomeHme V@ (y*) +
m

+ Julvf, (y*)=0, m, xpome Toro, B cmry ycmosua 6)
1

=1
u:f; (y*¥) = 0. Tarknm ofpasoM, mio0aa npejlerbHas TOUKA
v* Gymer npuHajmie;kaTh MHOKecTBY K, H, CIeNOBATeIBHO,
p(v(B), K)~0 (8~ 0).

Ipeamomo:knM, ato cemeficrso {u(p)} me spasercs pas-
HoMepHO orpaHmyeEsnM mo P. Torma Haiifercst Takasa mocie-
nosaTeabEOCTb {By}, 110 —ui(Br) = +o0, B > 0 xoma GH
1 oxmoro HoMepa i. M3 mpemmososkeRHma orpaHAYeHHOCTH
MHOKeCTBA Y clef[yeT OrpaHEYeHHOCT B COBOKYIHOCTH MHO-
mects Yy maa scex B (cm. Teopemy 1 ms J1.4). U3 aroit Teo-
peMsI crexyeT, 94To aio0as mpefenbHAA ToUKa Y¥ cemeiicTBa
{ys} npmmapmemnT MEOKECTBY ¥, - -
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He yyanna ofmmocrn, aosney npeinosararb, 4To
Lim Yp, = y®. Ilo ycaosmio 2) malimerca Touka ze X, 4r0

koo
1(z)>0 (=1, m). Us emnyxiocrn dyEROID @ (x)
cregyer

¢(2) = ¢(¥p) = (Ve (vp) 2 — ¥ =
= g —u, (ﬁ) <vf1 (.‘,’ﬁ), z— yg>'

Tar nran f,(x)— BormyTsie Oymrnmm, 10 f,(2)— f(ve) <
< (V/fi(¥e), z— ys?, 1, yunTHIBasK, 9TO —u(B)=0 (1=1, m),

IoIy"aes
m

([‘(Z) — (}'ﬁ) > gll —Uu, (5) (/1 (Z) - fl (yﬁ))'

Hi)egno;iofﬁzif, 110 I(y*)# 2 Torna maiizercs Ttanoii mo-
Mep j€I(y*), uro £,(y*)=0 n g11 nocratouo Madblx
1 1
ps>0 Gynerf, (yﬁk) <7f1 (z) lltan, f, (z)—/, ()'G;)gﬂz'b (2)
a1y € 1(3*) n ogocTaTouHo Go0apumy novepos L I3 yeao-
Bl 9), 6) momydaew, urto maitteTes Tanoii HoMep L, 4To
i Beex A =k, Oyxer w,(8,)=0 vesI\I(y*) Hocaca-
Hee caeayer ua Toro, uro f,(y*)>0 s ve I\ I(yv), n,
HOCROIBLY ¥y =37, 10 fi(3p,)> 0 pant > h >k,

Haee
m

00 =0 (¥0,)> D10, (B0 () — 1, (39,)) =
= Z — U ('31-1) (fl (Z) - ]’t(yﬁh)) => '3_ Z — U, (ﬁh) A (Z),

1EI(y*) 1EI() ¥)
103TOMY ( )
® () — 9 (vp,) ¢ —q(vp
AN Br R, .
A{' —u:(ﬁl)<2 -Tmsz< pron. fl (z) =const.
=I0%) 1€1(y¥) 1S 1(y %)

Ipasoe mepasemctBo caesyer ma TOTO, UTO IIOCHeI0BATEIE-
HOCTE {(p(yﬁh)] MOHOTOHNO Bo3pactalowjas {cy. (68)

m 622),

Tanuy oGpasoy, s mpomin & COOTHOINEHNI), IPOTHBO-
petamiesy npeiioI0;Kenno 0 HeolPaHOIeHHOCT nociefoBa-
TeasrocTH {—u,(B,)).

Haxowen, caywaii, rorma 7 (y*)=9, BBAMlYy ycaoBusa 6)
TPUBHATEH,



JOBABJIEHUSA

JI.1. O KoHeYHOCTH YHCAEHHO PEATNIYEMOTO METORA
peiGopa mara, u3 yeaosus (9.15)

Mosxno yTeepsKmaTh, uro Aus pymERmuit m3 knacca CV'(E,) Bu-
Gop koaddunuenta B n3 ycnosma (9 15) ocymecTBaseTca 3a KOHETs
HOe 9HCJI0 YABOeHHI (nnuanp(oﬁnenuﬁ) BEJIAYUHEL IIAra,

P (X
Urax, monaraey f, = —---—)--2i (i=0, x1, 2, ...}, Isll =1,

O npoBepsAeM BHIIOTHEHHAE coomomemm (9 15). Benrmunna : H3MEHS~
eTcA 0 TeX IOp, mMOKa He Oymer BHmoanmemo Hepasenctso (915).
Ilyers (915) munomnserca BmepBoe npm @ = ig(k), Torma monaraem
9 (Xn) pi)

Br =5, T

Horasmes, 9r0 Benmauna (k) orpaHmYeHa B COBOKYHNHOCTH, T €.
[io(k)|l<M (k=0,1, ). [eficteurennHo, npn i<N=
= [—logs L] —1 6y}1er (1 —L2%-') = 1/2 (3mech [a] o3mawaer ue«
JIYI0 9acTh 9HCIA a), OTKYAA

P(xp) @ (xh—zi ghk) ) >
= (%a)s 2KV (30)s %) %) —
i X 2
- %_1“ (¥ (%), spyf = (@F— L221—1)u aq)aghk) “ >

1 9p(x )2i dp (x
= z as’; “ 03, h) ﬂ'

krel={0,1,2 .. %

9710 B CBOW ouepenhb o3mauaer, 4T0 AaA Pr = 2¥"1{@’(xx), Si) Hepas
nsencteo (945) rame myeer decro 3HAUHT, TOT HoMmep I(k), mpm
KOTOpOM BHIDOMHHTCA nepanencmo (915), me mpesocxommt M =

= |N—1{, a xospunment P, =2 fol®) (9’ (%) 8,) ymoBzersopser
c

(9 15), BaMeTnM, 91O Bx MOKHO OpPeACTARNTE KAk 63 = -Ijk' {9 (X)s

5,3, TAe L2—h-NM < €, < L2N=1, Mosromy mepasencrso (915) Gys
fieT BEIDONHEHO He Golee eM 3a KOHewHOe WHCIO YIBOEHEIT PABHOMep-<
HO IO BCeM HTepammaM.

Jina cHIBHO BEINYKIOIR (bynmum @(x) Bmlop Koaq)cbnnnema B
H3 yCIOBHA

B, = argmin ¢ (x — fis
k B0 ( »)

MOREO 3aMEHNTH CJIeRylmell oneHKoil sToro Kodddunmenrta cHm3y a
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cBepxy:
@' (%n), sid/L << Br << Q' (%), S2D/p, (1
TAe p — KhoHCTauTa CILTbHOL BHOyKIOCTH [eficTBHTEIBHO, R

PBL <O (%u)r Bysid = By, (@' (X,), 8,
H, cTe0BaTexbpHo, 3 << (§'(Xx), sxd/p C apyroit CTODOHHL,
$F (%), 81> = (@ (xx) — ¢’ (3 — Pas), 81D <<
< g7 (x0) — @7 (%2 — Basi) | << L3
m, 3Ha9nT, fi = (¢'(x4), sx)/L, @10 BMecTe ¢ OpeJLITyINuM Hepageds
CTBOM Jaer cooTHOImemue (1),

H.2. Onenna cnopoetn exoxmyoeri LUKIHYEChOr0 METo3a
DORGOPAMHATION0 CI)Cha ¢ yAROEHIEM Iuara

B ar0x MeTome maupastemie coycwa Tahoe A€, haK O B CTy3ae
878, a permuuny mara P Gyment BHIOUpaTh cmocoGoM YABOEHNA no
cxexe, onucannoil B 946, T e u3 yCTOBNA BRINOTHEHIH HEDABeuCTBA

(%) = @ (Xh — Brsp) > %h‘ % (%)

'y

6.:h

ToraseyM, uto g18 3TOTO MeTOza 6 'ACT COpaBeiiusa JuHelinag
H

CROPOCIb CXOINMOCTH [0 ()Y LRIIORA Ty
desrva Jia wobozo senropa he En, [hil=1, cyyecreyer

rarodl undesc 1= {A; , L—n—1}, uro
[<b, s> =1hn, k=01, .., (1)

HAonasarerscreo Ia (1) CTe1yer, 4ro Huillerca xoTa 6w
OfHA KOMIOHeHTAa Benropa h Tamas, uro |k, = 1/)n, a 3HAYUT, A
BenTopa §; = e, Gy/fer BRINONHEHO HEPABEHCTERO (1). &

Caepcraume. Jus awbozo he E, u [hj = 1 cyuyjecreyer ok
pectHocry Us(h) = {x:p(x, h) << 8} raras, uro (x, s;) < 1/(2Yn)
0wa ecex xe= Us(h), 6§ < 1/(2}n) u nexoropozo tex{k, ,.., b +n—
—1}, = Yoo

Hoxaa_a’Tem:cho Myers x e Uy(h), Torma x=h<y, rge
Iyl < 1/(2)r), m, smawnt, (x, 5> = (h, 8;) + (Y, 8;) > 1/(2)n) &

Teopena 1, fIycre nociedosareavnocrs {s} crpourcs no cxe-
Me 978 u Bp = (@'(X4), Su)/L Tozda das awbozo HOMEpA D U ZOTA
6e daa odnozo nosepa i {0, 1,,,, n—1} 6yder enpased 1ueo nes
paeencrao

Gptt = (@ (Xpte), Sp4ed/l@’ (Xpra)ll 3= 1/(4nY7). ()

MNoraszatetscrno Il CTeACTRISL MOJXYy4aeM, 4T0 [1a Jrsoro
p =090, 1,,,, cymecTayer SJ+£O Tanoil, 410

o S0 = 12V, xe Us (9" (x)1 @ (=)D

tae § =1/(2¥n), fi<n, Jaz moboro le {0, .., n—1} 6yayr
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CNpaBeITuBN COOTHOMICHNA

nq’,(xp) _ @ (Xp14) "zﬂ @ (%) _ ? (Xp41)

19" (=2 “’(p' (Zp+a) 1 [o" (xp)] (9 (%p41) |

¥ (%p1) 9 (Xp42) Y (fptiz1) P (%pyi)

Y (®pa)l T 1Y (p42) | Foeet 19" (Xp+i-2)] 19 ("z>+i)ﬂﬂ<
“ 9 (xp) _ ¥ (Xp41) i +" ? (Xpyi-1) _ ¥ (Xp+4) “
197G 19 Goa) 17 Tl Bpai-)] 19 (Ko I

3

Onenmy j-e ciaraeMoe B OpPaBoil yacT® Hepasencrsa (3):
“ \d (xp+:) _ (p’(po_H) “=
e Gl 19 Eprr)l
ﬂ 19" (p404 )19 (Fpis) — [ ¢ (%o 19 (Kpis41)
= 19" Fpa) 1 9 (242 ]

HNobapuM B uHCANTEND TpaBoif YacTm ROCHERHEr0 PaBeHCTBA
U9 (Xp+541) 197 (Xp4541) 5 mOMYTHM

““ o (Xp1,+ )| ¥ (Xp+s) — | @ (%p4541) | 9 (Xps341) T
@ (Xp4) 1P (Fpts 42}
N + 19 (Rpage) 19 (Xpagrn) — 19 (Kpa)] @ (Xp1i41)
19 (Xp) 119 (Xpts40) |
19 (Xp4s11) 1@ (Xp1)) = ¥ (Xp4541)) +
"‘p' (x{'ﬂ) ““ ¥ (xp+1+1) “
+ (19 (<pr540 | =19 Zp) D & (Xp+y41) “
[9-(xpe) 9 Fp40)| ’
O1crona, rcnons3ya yeaosnme ¢(x) & Cv1(Eq), nonyiaeMm
“ ® ((p1) ¥ (%ps11) L9 (Xpish Spas) -+
19| 19 Forird)] 19" (Xp+ ) &
L0 (Xp4)) Spsp) (P (Xp4)) Sp+1)
ﬂ ¥ (xp+1) “ L = “ v (xp+1) “

Ipenmoo:KuM, 70 TeopeMa HEBEPHA, T. € JUIA BCEX i={0,1, ...
e #n— 1} Gynmer

2¢9"(Xp+1), 8p1) /19" (Xp43) 1 < 1/(20Y7).
Torga, Bosspamasch K (3), morydaem

() V(e |t
T 19 Gl 22 Ve 2VR°

<

<
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Ilostonmy mpu Beex 1 = {0, , n—1} Gyger
9 (Xpea)/lig” (Xpia)ll & Us (9 (xp) g’ (xp) 1),
§=1/@n), pel={01,..},
I, 3HAYIT,
W (Spaag) |7 (Sire) | S Vo (O G ()

T ¢ COr1acio CJACACTBIIO COPAaBEINBO HePaBCICTBO
<(p/ (xp+10)/u (p’ (xp+10) “, Sp+i0> > 1/(2 V;;) > 1/(4” _1/7—7,)

Mol ppunnim R IPOTHBOPEUHIO C HPEMUOTOACHHEM O HOBHIIOMHEHIIN
HepasencTsa (2) A

Teopexa 2 Iycre mnowecreo Xo = {x (x) < @(20)} oepa-
nuueno, ¢(X) e C' 1(E,), nociedosareavrocrs {X:f crpourca no gop-
nyaan (979), (913) Tozda umeer recro ciedywujas oyenra chopo-
cru cxodunocry

P(xXn) —g* < n¥m, mel,

2de 6>0——H8}:0T0[)(lﬂ KOHCTAHTA, He SGGMC}ZW(I.‘Z or paa.uepuocru
npocrpancrea E,
Horasateasctso Hs Teopems 1 CAeTyeT, 4TO IPH J11060M

P e Lpeli NocaeAoBaTeALHOCTI BE TIITHIL aih(z =0,1, ..., n—1),

’ e ’ 2
G =V (Kp)s Sp D] 0 (51 )
naiijerca x0T OBl OAUL TakoOU, YTO a2p+l> 1/(16n%). IMoatomy

P(Xptd) = € (Xpyyu1) =

> Sl () > 5 151 (500
I, 3HATAT, .
@ (Xpia) — T (Xpsat1) 1
J o (xpi)]? 16Ln® "
Tanmy o6pasoM, 13 Teopemsl 93 3 mycen
_ U R U PR
¢ (m)— e <n| N ——| <n1—==,

1=0
OcTanoch 3aMETHTH, IT0 BCTUTUHA i, COTTACHO HOGABICHIIO 1, mMeer

i ~
B B, =7~ (9(x;), 8,), e L27WW-N << ) < L2IN=N] 910 oGecnen
9HBACT ROHEYHOCTh ee BHIGOpa MeTomoMm yaBoenmmll Ecan BCIOAY BHI-

~ h ’
me peanwry P saMenuts ma f, = T {9 (Xp): 8>, To pesyabTaTH
TeopeMel | I TeopeMsI 2 COXPAHARICA, A
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B cayuae cmapmofi unykiaoctn GyEknmE @(X) m BEIGopa koad-
dunmenra Pr m3 yeaoBmA

B, = argmn ¢ (x, — Ps
n = aTgm (xx — Bsy)
6yAeT COPABEIJIHBO COOTHOLICHIO

- <P (Xr), Sa)/L < Br <@ (%), Sk2/p,

03TOMY IPERBLYMHe Pe3yJIbTaTH COPABE[IMBE A [UIA 3TOTO cnocoda
BrIGopa mara OueHKa B DTOM Caylae HMECT BIR

m
‘P(xm)-—-(p*< EX})[—palzf]r m=01 11 eea g

m .
uxm—x*l‘z<%exp[—962;;], m=0,1, ...

rge 8y, 62 > 0 ~— HEKOTOpHIe KOHCTAHTEI, HO 3aBOCAMMe OT n U m,

J1.3. BHpo:KRenHOCTH B 9RCTPEMATHHBIX 3ajtayax

WsnoenHEt B T 3 Marepmal AapaicsA B NpPefNOJNOREHHN, ITO
orpanmaerua fi(x) (=1, m) m neuesas 1 ynxnua @(X) He BHPO-
memsy, T. 8. @'(x*) 20, I; (x*)==0 (i = 1, m). B cay1ae BEpoEAIed-
goctr Teopema Hyma — Taxkepa cTaHOBATCA Hecojep;KaTeabHod, Tax
Rar -

fix =0, t= 1, m, )
¢ (x%) =0. @

B ‘macTosmeM RobGaBieHAR f3X0keHH! KPHTEPHA ONTHMAIBLAOCTH
IId BHPOMKIEHHHX 3afiad MareMar@weecroro nporpaMMupoBaBRsa. Uro-
651 He YCAORHATH M3JOKEHHA, PACCMOTPHM TOIBKO cirydyafi aKTHBHBIX
orpaHuYeHmi, T. @ fi(x) =0 (i =1, m) CumraeM, Kaxk H paHbIIe,
Fex) = (H(X)y .o fm(x)) m QopManmsyeM HAIy 3afavy C BEIPOH-
HeHmeM cleAylomuM oGpasoM:

¢(x) —rn}l{iu, X={xeEy f(x) =0} 3)
NpH YCIOBHAX

(P(q) (X*) = 01 q’= 1, p— 1,

I pp— 4
9 @z =0, ¢g=1,p—1, t=1m *

Uepes @(P)(Xo) 0G03Hagmy IPOH3BOAHYI p-TO HOPAAKA dysrIHEA
@(x) B TouKe Xo Hampmmep, ¢’ (Xo) — 910 Tpafiment (yERIUH @(x)
B TouKe Xp, O (Xo) = @''(Xo) —MaTpHIA BTOPLIX npPOM3BOAEBIX
m v nm Jefctsme npomssofHoil @®)(Xp) ompexeseHo Ha LpON3-
pefeEmd TpocTpaEcTB E X . . X E,, caepyommM o6pazom Ilycth

= —_—

4
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Yy, ¥ — s1eventy o3 E, Torga

o® (%,) [)(1), L, yPlA

a3 [i] 8 17}
Al_Z (1) — — A — ) A
=(011 byl - oz, ¥h ) ( oz, y{p -+ "‘+0xn yﬁf’ )q(x0)=

€(p”’) (o)

!
A y 4 (1) (1) (D) (P}
=3 TR S /N 7S
el ot 1 i 71 11 1 in
y+ tTip=p 1 n 511 v a'tn.
)
Hanpnvep, B c1yuae y) = ) = h Gypger
o (xo) [hy ., by A (%) (h? 4
by
(p)
N r! o (‘0) i i
A Ry ()

! 1y in
1t Higp=p 1 n (711 ...ﬁrn

Baegey creaywomue ofospavenna:

(P s =y & En 1P ()P =y, 1=T 7, x=E,),

Ker fP(xy={ser, [/» (o) 317 =0, 1 =T ).

I ¥Yciosue p-peryaapnoern orpanuvennii

Ompeaeaenue Byieu TOBOpuUTL, uTo oTofpaenme | E,-»
— L, p-pezyispno e roune 2o, €0 ATA WOy h e Ker f(x) u
h % 0 Bemodncnu cootnomene

o hjemin, = £,

-
(31eck sanucs £ (x,) [h]PE, 03LAYaET, YT0 onepatop f(#) (x,) [h]»-1
HPINENACTCA RO BCeM 3TeMenTaV Z H3 OpocTpaHcTRa E,)
B pamvuefimev, ne orpasmumpan ofmuocty, cunTaem x, = 0,

f(x) =0 (1= 1, m)

Hyers M — penoTopoe noavuonectso E, Bertop x = E, masnpa-
CTCA hacaTCALHLIM h MBOhecTsY J/ B Touwe \o e ., econ CYmMecTByeT
Tahoe TuCT10 € > 0 1 otobpamenue ¢ — r(t) otpelna [0, €] B En, 910
Xo - IX+r{t)e M npu peey te [0, el, Ir()lijt=0, t—0 Cogo-
NI IHOCTE BERhTOPOB, hACATE (LHBIA L MUOAECTHY M § Todne Xy, Ma3hl~
BABTICA hACATCTHUBIM KOUYCOM K MHOALCCTBY M B Towne Xy I 0060304~
uwaerea T'H (n)

I1. Ocuosupie Teopeyn H1a jonasateancrsa yerosmf OOTOMAIL-
HOCTH IOHAZOOUTCH HECKhOILLO RIACCHYECRIL PeaypTaTos u3 nypca
MATEMATHYECKOTO auainaa

Teopexma (oGoGwenunii UDHHIWTL  CIRHMAIOIIXCA  0To6pate-
i)  Hyers ¢ nexoropon wape U(zs, r) = {z|p(z, Zy) < ry}
(1> 0) onpederena orobpawenue @ Uz, 1) —Lp, npaness smoe
wecteo D(z) ne nycro 918 ecarozo z e U(zy, 1) Ipedno wxcun, da-
|ee, uTo cyuecrayer vucao 0 (0 << 0 << 1) Tahve, 470

a) H(®(z,), O(z)) < Op(z, L) 01a awodnz z,, zye Uz, r);

0) p(2o, D(20)) < (1 —8)1,
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To20a 0Oas 6caxoz0 Hucaa ry Ydo0sieT8OpRWWeEZ0 HEPAsEHCTEY
p(zy, D(2)) <r2 << (1 —0)r, cywyecreyer Takol daenenT L&
e U(zo, 12/ (1 —0)), uro 2= ©(z) Boaee 1020, cpedu rtouer z, ydos-
AeTEOPANWUL STUM YCAOEUAM, natiderca Takas, 4ro

(2 7)< g P (0 @ (%)

(3aecs k{4, B)= max{sugl p(z, B), sug p(z, A)} — xaycnopdoso
} 1= =

paccTosHTe MeKIy MIoecTsaMu A u B)

Teopema bamaxa o0 OTKPHTOM TEHOWHOM O0TO-
6paxenmu. Hycre A — auneinnid oneparop, deticreyoujull Ha
Eqn~»Ep Ioaoxcun

CA) = ys_ué) (hyirtinf {ixllx = E,, Ax= -
=tm

Toz0a ecau Im A = En, 70 C(A) << oo.

Teopema o cpefmeM amagsenun Iycrs U — orkpuiroe
mnoxecrso 6 En u orobpawenue F: U—>En dufdepenyupyeno &
xaxdot Touxe orpeaxa [x, x + h] = U. Tozda

IF (x+h)—F (@< sup 17 (x+@){IbI™. =~
0<i<l

I11. OBo6mennaa Teopema JlocTepHIRA.

TeopeMa 1 (oGodmemmaa TeopeMa Jhocrepunra)**) Iycrs
U — oxpecrnocrs Touxu 0, f — dupepenyupyemnoe do p-zo nopadra
eraloNuTeabro orobpaxcenue muoxecrsa U 6 E.,, ydosaersopaioujee
yeaosuro (4). IIpednoacoum, uro t seanerca p-peLysApPHLIM 8 TOUKE
0 u ezo p-a npouseodnHaR HenpepsiéHa. To2da xacareabrbili KOHYC K
mnowecrey M(0) = {x e Ulf(x) = 0} & roure 0 cosnadaer ¢ adpou
oneparopa [P (0)2

TM(0) = Ker ) (0). ()

Boaes r020, ecau l‘lflll 1“ {f(p) 0 [h]p—l}_1“<k, 70- CYUJECTEYIOT OK-=
=

pecrnoers U’ U rouxu 0, uucao 8> 0 u orobpaxenue y-—-Xx(Yy)
wnoxecrea U o En Taxue, uwro  E(y+ x(¥)) =f0) u IxWI<
< olt(y) —fO)li? VyeU'.

NorxasarenscThbo IlycTh BeRTOp X npuraguesnt T3 (0)
JlorameM, HuT0 X& Ker j® (0) [leficrsmrensao, (X ity e
e M(0), Ur()ijft—+0 mnpmi-— 0,

1(tx +r(t)) = 1(0), 8

“{ Yprateas MoseT Halitm 5TH TEOpeMSI B KHUTE A T Hodde
g B M. Texoumposa «Teopma SKCTpeMalbEEIX 33/latT» (M, Hayxa,
4973).

*%) Teopema BHepBEE CQODPMYINPOBAHA I [IOKA3AHA B HIIR AH
CCCP A. A TpeTHAKOBHM,
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C Apyroit cropons, )
L) =100)+ ... +ﬂ;‘lﬂux+r(mp+ 0@, ©
llo () ll/t» - 0

Hpupasausas npassie wactn (8) m (9), mreenm

[0 =10+ 2O 0P,

1 -
%’;f’“ (0) [x + '—(t"}’# o (f) =0. (10)
Conpamasn (10) na z2, DOAYUaCM
1 . r(Hf? | e
Ef (U)[x—{— t—-] —t;- =0 (11)

Ho 1esan wacts Bupasenns (11) papna

=1
PN
T e

170 [x]P 4 ¢34 () ['T(” X e X

v Y
...+f<1’>(0>[rt—m]+”t#m=o (12

Hexoaa n3 nenpepusnoctn f(®) (0) u yeaosna (4), no1yuacy u3 (12)
npa ¢t — 0, uto 2 (0)[x]? =0, T ¢ x e Ko P20) wmm TUE) o
< Ker f(2) (0)

Iyers 1enepn b e Ker f@ (0), T e f20)[h]jP =0 I orpanirs
quBag o0LIHOCTI, cyuraey, uto [[hff = 1 Hoaomny x4 = ah, o > 0,
Oboanauas yepes Uy(x) = {y = Eallix — yll << d} onpectuoets Touny
X pagoyca d PaccaoTpuM Mmoroaadmoe orobpadcensne

Py, (0 =X = (0 = L[/ O [, 2 E (x,, + ),

rae f®)(0) [Xa]?=' — nenpepupmmit ammefinmoig ONepaTop OPH hadJioM
(URCIPORBAHHOM ¢ >

Ionasev, 910 mpm RaAJOM FOCTATOUHO Maom a >0 g1a omes
paTopa CDX“ (%) BBHINOHCNE! CCIYIOMNE COOTHOMWEHIS,

B (P (3, P (3)) S V5~ 3,
X X & Usey(0), yve (0, 1);
p (0, Dy, (0)) <d(@){1—17). (136)
B cson ouepian, ato Gyger 03HaYarb, IT0 AiA oueparopa(Dxa (r)

BLINOTHEHL! YCTOBNST 0600ILeHNoro NpuHnina CAUMAIOIIX 0ToGpames
HIil 1, 3HAYNT, CYMCCTBYET Tahad TOTRA z(u), 110

20) = O (2 (), 02 (), <20 (0, By (0)) /(1 7).

(13a)
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HoxaskeM cmazana, 4to
P (0 Px, () =0(@) (14

mpn gocratouno ManoM o >0 CormacHo Teopeme Bamaxa 06 oTKpEH-
TOM JHMHEHHOM OTOGpasKeHHn

m= sup (ly[~'wi{ix|[xeE, 7P ©)h]"lx= v} <o,
YEEn,

I 009TOMY

me= sup (Iyl™ mf 1x]]x e £, /P ©) [@h]P~1x = y]) = —=
YEE,

-2

;'Jée f®1(0) [ch]P-1x =g?~1f2)(0) [h]P~'x Tar xar h < Ker f» (0),

PO g, @) =lp— DH{FP (0) [ah]®~1} 7 £ () | <
<(p—Dimll @)]a? = (p — 1 mat=2| 1)) 4-

1
+1 O [ah] + ..+ =33/ (0) [ah]P + @ (ah) “ -

= (p— D a'"Pm | o (ah)],
rae llo(ah)]l = o(a?) 3naunr,
p (0, Dy, (0)) <(p—Nal"Plo(eh) = (p—f)Imo(z) (15)

¥ BHINOJHEHO cooTmomenme (14).
JoxaxeM Temepb cnpapefiInmBocTh ycrosus (13a), T e uro npm
moboM focTaTouHO MasoM o > 0 omeparop (Dxa (x) Oyger c:kmmamo-

muM B Imape ¢ NeRTpoM B_Touke 0 m ¢ panmycoM d(e) (mpmuem HmKe
Oyner moxasaHo, uTo d{(a) = a/R, R > 1 — HeroTOpan WKOHCTaHTa,
MOCTOAHHAA AJA BCEX A0CTAaTo¥HO Madmx o« > 0). B cBolo ouepenb,
B copokynHocTH C_(15) aTo Gymer 03HauaThH CHPABEJNNEOCTH YCAOBUA
(136) Hmeem ,

b (Pan (%,)r Pon (X,)) =
=wmf{z — 2]z, Py (x,), 1 =1, 2} =

. 1 _ N
= Inf {H 2Bl e=m 19 (0) [ch]P~1 2, =
= (—p_i_—“f(p) (0) [xh]?~1x, — f(eh+x), 1=1, 2} <
<5t n) ~ ey -

1
(p—

—

7j /¥ (0) [ah}P~ (x,, ~ xl)ﬂ.
18 B, I. Kapuanos
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TIo TeopeMe O CpefHEM 3HAYCHHIU
JE(ah+x) — 1t (°‘h +x)l<
< pop 77 (@h 2y + 8 (x, = x ) [x, — X,
Hostomy
uf(ah 4+x)—f(eh+x,)— 1), ® (0) (@h]P~1 (x, — x )u<

<a;t'£nﬂf’<“h+x Fota =

o P O lehlP | 5, —x,. ()

Cunraey, aro lelﬂgalﬂ, %l < /R, R > 1, rie Beamumma R Bu-
GnpaeTcsi N3 YcJOBHA BHINOJHEHNA cooTHomeRnus (13a) ogHospesenno
Iasa Becex pocratoduno Madweix o > 0 Hmrke Gymer monasano, uto 3To
clenaTh MO.AHO, H 8Hauemne R Gyger ompefeneno Packiapnipag
! (ah-{-x, -+ B(X2—X1)) no gopmyae Teiinopa B Byse, mMeen

(@b +x,+0(x,—x))) =
= j’ ©)+ /2 0) [ah + 2, + 0 (x, —x )]+ ...

+(p 5 /P Ofab+x, +0(x,—x)P T He@, (D
rae le(a)ll = o(a?~'), Tar krak llah 4 X+ 0(x;—x)[| < 4a Tlep
prie p — 1 caaraeyux B (17) paBHH HyII0, HO3TOMY
r'(eh+x+08(x,—x))=

1
==/ Oeh+x +0(x,— =) +e (0=

1
== /PO bl +
p-1

e &, G O R 0 =) e @
(18)

Temeps omenmy smavenme peamumanl R>1 (Ixll < /R,
{ixall <a/R) TarmM 06pasoM, 9T00H H Eua BTOPOId CJIATaeMoro B
npasoit yacta (18) Onuia aembme «?~!/(4m), D10 cAedaTh BO3MOKHO,
TaKk Kak

p—1

o D Gt O [l x4 0 (x, — x| <
=1

p-1

< — (P G=T 172 )] gx c —1°‘p-1_iuxx +8(x;—x)) ﬂ‘ <



IOOBABJIEHNIA 275

Pl -1t
4 (» (o Cp1®
SpoplfPol Y <

1=1

p—1
1 p—11 (D) Y Cp1
<piperioolY G

=1
Monaraa R = 27+ {®) (0)lm/(p — 1)|, moxywaem
p—1
: ~1— p—1
[I‘P— T 2 Chal” O (b7 0, - x1>1‘ﬂ< T

(19

Onenny, ocmopmsanck ma (18) m (19), npamyro wacts no dopuy-
ae (16): B

sup ﬂf’ (¢h + X, +6(x2—x1))-—

€.0,1]

1 ,
— = P O e s, - 2 )<

p-1
— _ N ~1i
<eesflor,)ﬂ” (— 1) pg‘lcp—lf(p (O) [hP=H% [x, 40 (x, — x)))"+

1 gr-1
Te@ipfr, -0 <77 Ix;— x| +le@]x,—x|<

§ P Hx —x
<4 12— x|

(20)

A1A BCeX NOCTAaTOTHO MAaHX @ >0 Iro, B CBOIO OYepels, o3mauaer,
9710

h ((Dah (x1)’ (Dah (xz)) <
<%uf(ah +x,)—f(ah + x,) —

1 _ 1
—~ o= [P © [«hP~ (x,— xl)“< Zh%—x]
Xnx, = Ud(a) (0),
T e Brmoanecno ycxosme (13a) cy=1/2n
R = 2p33)|f®) (0) I m/{p — 1)1,

Tarmm o6pasoM, cupareanamsocTs yciaosmit (13) JIOKasama, NOO3ITOMY
A 1106000 0CTaTo9HO Mamoro ¢ > 0 cymecTsyeT Touxa

Z(n) = (le& (z (@) (21)
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TaKasd, 9To
Pz (@), 0) =1z (@< (0, D, () =0 (@), (22

u us (21) caegyer, uro f(oh - z(x)) =0, uwan oh + z(a) = H(0).
B cosonyunoctu ¢ (19) ato osmauaer, uro h & T (0), u Tex camux
nokasano, aro Ker f(7(0) < T.M (0).

Horasney Teneph mociaennee yTBepiiAenme TeopeMmsr U3 Teopersl
Banaxa u yciaosus o0 orpanuuennoctn onepatopa {f(P)(0)[h]»=1}-1
ciaenyer
sup sup (n Yyt ) xulx ek, P (0) [h)P1x = y])_—_M<oo.
fhl=1 YEE,,

Baurcnpyem nponssoasmoe h, [hll =1 Torpa pns mwoboro otoGpa-
shenua @y (X) nMeeT MeCTO COOTHOLICHIE

b (®gy (5,) Pon (X5)) =
= 1nf {|[21 —1z, "I z, & Dy (x), =1, 2} =

=i {jz, —z,|[fP O [@h)Pz=

= {®) (0) [xh}P! x,—f(ah+x), =12}

M
. <F“f (ah+x1)—-—f(ah+x2)—-

1
— =1 7 O [=h]P~! (x, — Xl)ﬂ'

}3 mociefiHero HepaBeHCTBA ABTOMATHYECKH IIOJyYaeM alaJIOTHYIo
(16)—(20), 410 AMA BLeX X, Xz, NPEHAJNICKANINX OKPECTHOCTH M)A
u’ MOCTATOTHO MA.010 paguyca r, o JA1000r0 ¥y e u’ HMeeT MeCTO COOT-
HOIIeHIE

B (@y (%) Py (%)) <[ %, — %, /2 23)
Hauee, B cuay (15)

p(0, @, () < MW7 2. (24)
Cootuomennsa (23) u (24) moxassiBaloT, 9To AIA Jd1060ro y = u’ oto-
6pamenua @y (X) YAOBAETBOPAIOT YCHOBIAM 0606menHOro OpUAILINA
croManmpx otopasenuii IToaToMy cymecTByer Takoii BERTOp X =

= x(y), 4910 X (y) = CDy (x (y)), m, caegosartensso, f(y -+ x(y)) = 0.
C npyroit cTOpOHBHI,

Ix(m 1< 6,0 (0, @, () <8)i(yIL?,

e 6;, 6 — moxosnTe bHEE, HE 3aBICALIE OT Y KROHCTAaHTH Teopema
JioKazaHa

IV Heo0xopuMble I JOCTATOYHBI® YCIOBHA ONTHMAJILHOCTH p-rO
HopAAKa,

Teopema 2 Hyere U— orxpuroe muoxecreo 6 En, fynryus
¢ U—R u orobpascenue f E,—E, cTpoeo Ouffepenyupyenst e
rouke X¥* & U do p-eo nopsdra exawuureavho, Ecau x* docrasaser
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A0KAAbHBIE Mununym 6 3adaue (3)—(4) u ecau [ — pezyaapuoe oro-
6paxerue p-z0 nopadka 6 roure X*, 70

¢® (x*) [R]P =0 Vh < Ker ) (x*). (25)
Ecau e IVfup Ki® (x*) h)P~ Y <k u 642 nexoropozo o> 0
=1

6yder @LLILOIHEHO HePAGEHCTEO
¢! (x*) [h]? = alihllr, h e Ker /@ (x#)\{0}, (26)

10 X* — TOUKAQ N0KAABHO20 MUHUMYNA R

HoxaszareabcTBo HeoGxoaumocTs IHyers x* — pemwe-
nize sagaqsd (3) u h = Ker f(») (x*; Coraacuo teopere 1 h e TH(x%),
rae M(x*) = {x= E,}ji(x) =0}, T e cymectsyer orofpa,xenme
r( ) [—e, €] =M (x*) Taroe, aTO

f(x* 4 th+r(t)) =0, (r@)ll/t>0, t->0

3naunr, Xx* 4 th4-r() —pmonycruneii  aaeMeHT B 3ajave npn
t = [—e¢, ], m, c1ejoBaTesbuo,

P (x*) < @(x* + th +r(1)).
TloaToMYy

@ (x*) K P (x* -+ th + r (1) = @ (x*) =
=9 () + ¢ () [th+r (O] + ...

1
oo 7 0P () [th £ (D17 + 0 (7) =

P -
= ¢ () + 57 ¢ (%) [h]? + 0 (17).

Orcofa menocpefcTBeHHO cTefyeT (25)

HocraTtounocTsr CanraeM, uro @(x*) =0 OGosnazum ge-
pes B(hy, . . ., hy) momunmnefinyo gopmy (p!)"lo®) (x*)[h;, , hy)
Ouesnpno, wro B(hy, . ., hp) —nenpepsisnaa cuMMeTpiunasg modu-
nuneiinas opma BriGepeym & > 0 Tak, 9T0o65I

?(ﬁ)=(%(i—e)”—c:,1\3uu+e)P-la—...
"'_Cg“B“(i‘l‘s)p_hEk—...—CgﬂB“sp)——%>0

(HOCKO.‘IB}?’ Y(0) = e/(2p') >0, BTO 8aBEIOMO MOKHO CICTATH )
Oyprnun f(X) 1 @(X) D0 YyCIOBHIO NMEIOT B TOYKe X* IPON3BOTHLIO
p-ro nopsaaka mo x Iloassyack ¢opmynoit Teifiropa m yaurtoiBasg ycio-
Bue (3), moaywaeM, wto @'(x*) =0 (1=1, p—1), mu,snaunr, Hai-
Rercst Taroe uncao § > 0, wro opu [thf << 6

lo @) — B[h]?| < gy 10,

Teneps myctb hhil << 8 m x*-} h — gomryermamuiii aaevenTt B sagaue,
T e [x*+h)=0 Torpa, npumensaa K ¢yuknuonanry F(x) =
= f(P)(x*}[h 4 x]? oGobmennyo Teopemy JlocTepunka npm p = I,
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- no:xyqaeu cymecrsosanue JJedenra ﬁ Tanoro, 410
7P (%) [h+ TP =0,
~ | ) (x*) (h)P
s n LEU gy, @)

Buaunr, h+ e Ker f(2) (x+), upmaes |h — (h + )l = [y < ellhl),

hak at1o cieayer 3 (27) Orcrofa (I —e)llhll < b+ bl < (14 e) lhlf,
H B HTOle NOaygacy

P (x* 4 h)— § (x*) >
>B[h19—%uhuv=B[h+E—F1—2;;f,nhllp>
=>Bh+h1P— Bl h+ R §] - -,

=B EP — e P

1
> (H(a (1—8)P — CLUBY(L+ &P e —...—|B| s”—f,)ﬂ b ii”)>0.

Vv

T e x¥— pemenie sagaun (3)— (4) Teopesta gonasana

A 4. O vetoe wrpaduibia (ytkumii (BpruICINTC THHDL acrnenr)

Teopexa ! Lcau gynnyuu Q(x) u Y(xX) eunyxaw na acex
npocrpanciée Ly, a mnoxecrso } = Argnun {¢(x) xe&X} nenycro
U ozpaHuyeno, TO CYUecTeyer ranoe HoCTATOUHO Md1o0e Bo >0, xro
Muoxecrso Yy = Argmmn {¥(x, ): s e En} ospanuvenc ¢ cosoryn-
Hocru npu scex § e (0, Bo)

lornazaTteabcrTeo PaccsyoTpmsr menotopyio T09RY YV n
[OTPYauM MHO.LeCTBO Y B wap /I nomeduoro pamnyca r ¢ LeHTPOM
B TOUhe Yy TaK, uTo6ml Y < int M, Ofosmaumns gepes G rpanuny Msuo-
sectpa H

Ecan mur ponamev, uro M(z, By > M(y, B) = ¢(y) mna mcex
ze G, B (0, fo], To 13 BEIIyKIOCTH dynxunn M(x, B) caenyer mes
pasenctso M (x, B) > A (y, B) n1a scex x & H, mocrhoabhy ecai npeg-
HO-I0,LITL ¢y ICCTBOBANNE Tanoro X & I, uro M(x, B) < M(y, B), 10
orpeany [x, )] Oyier npunamiciarts LCHhOTOPasA ToYha Z = AX -

(1—yeG (0O<A<{), u Mu n INOAHNM K COOTHOINEHHIO
M(z, B) < 2U(x, B) + (1 —A)M(y, B) < M(y, B), IPOTHBOpEYaImeMy
yewosmio Az, B) > M(y, p) Ha toro, uro M(x, B) > M(y, B)
Vxe£ I, cieayer shawodenne Ygo I, Tak nah M(ye B) << My, B)
(¢ n 622) Cymecroopanne y; a1a Beex B = (0, Bo] owenmnuo, no-
chotbhy dyuxiua M(x, B) moctmraer MUINMYM3 B HEROTOPOH ToYke
Yp 1A BaMAIYTOM W OTPAaHHYCHNOM MuO.ecTBe H, a BHO BTOr0 Muge
JLCCTBA  BHINOTHACTCA uepasenctso M (X, B) > g(y) = M(y, =
= M(yp, B) Irak, caeayer Ronasats, uto d(z, B) > M(y, ) Ve G,

(= 0. (0
P 1( H%)gunono,mm, 970 MII0AhecTBO X OTpamIveno, a BeqmYNHA pa-
nuyca 7 cdepel G 1anosBa, uto X —int H, OBosnagms p=mlg @ (z)
zE

uv=miny (z) Tan kar v > 0, To naiierca Takoe Po >0, 310 gan
236

-
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Beex ze G n B (0, B} Oyner
1 1 1
— — >— _— ,
ﬁ‘l’(”? ﬁo"p(z) ﬁov>q’(Y) I

A 3HAYNT,
1
M (z, ﬁ)=¢(2)+3¢(Z)>u+¢(w—u=M(y, B).

2 Ilycts muoxectBo X HeorpammueHo }I3 orpaamyeHHOCTH MHO-

swecTBa Y caexyer, 9to ¢(z) = @(y) + A VieGN X, rae 0 <
<A< mmgiz)— @ (y).
z=GNX
OGozraguM

Us(X) = {x: p(x, X) <6}, Gi=GNU(X), G;= G\U;(X),
Toria G == G; | G; BunGepem 8§ = §{A) > 0 rarmyM, urobumt @ (z) >
> o(y) +-§A Vze Gl. 3TO BO3MO.KHO BEBNAY HENPEPHIBHOCTH BEI~
uykiaocit dyaknun ¢(x) Ha E.. Takma oGpasoM, mia scex z = Gy Gyner

1 t, 1
Mz p=02@+tFgr@=0M+zA+gP @ >0 =My, B)-

Haxee, ofozgaume p = mig p(z) @ v =mig P (z) >0 m moeTopmB
z= z=
N =2
paccyxaeHEs m. 1, moayumu

M@ B>My, B VzeG, Be(0, Bl A

Teopewma 2 Ecau gynryuu @(x) u $(X) sunyravt u dugpdbe-
penyupyexvt Ha 6cex  npocrpancrée En, a nmuowmecreo Y =
= Argmin {¢(Xx): X & X} nenycro u ozpanuueno, ro naiidercs rakoe
docrarouno masoe Bp > 0, uro

Ye>0 Bﬁo=ﬁo(e)>0, 6=6()>0
vigu (¥), Be(0, B IM (x, BI>8.

NlokxasaTenscTBo IlockoubKy MHOMKeCTBA Yp OrpaBHYEHH B
cosokynEOCTH mpu Be (0, Bol, TO yTBep.sfenne TEOPEMHI CIefyeT H3
TeopeMn 1 mm 927. A

Teopema 3 Ecau

1) dynnyuu q)(X}) u $(x) eutnyrant v dufepenyupyemer na E,,

2) xHoxcecTeo == Argmin {¢(X): X X} nenycro u ozpanu-
WeHO, E
3) nocaedosareavnocrs {Xx=xx(B)} raxoea, wro VM (x,B)ll < &,
o p(Xp, Y) >0 npuex—0, k> oo u §—

HNoxazaTearcTBo Bravane JokameM OrPaENIEHHOCTE NOCJIE-
nosarexprocTa {xx}. ITo Teopeme 1 cymecrsyer Taroe Po > 0, ato
MHOMteCTBA Yp OrpaEmYeHB! B COBOKymHocTH npm Beex P e (0, §o]. Ilo
TeopeMe 2, ecan B KawectBe U.(Y) BaaTs map H ¢ rpaEnneit G Tako-
ro papayca g, 9o Yp < nt H aaa seex P (0, P}, 70 36=56(e) >0
Vx & H || VM (x, é) > 8. Ecam npeanonoskuTs HeOTpaHIIEHHOCTH
{xx}, 10 lIXall > 0, k— o, m, cregoBaTennmo, maliferca Taxoil HoMep
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ko, ato mna peex A 3= ko Oymer xp 2 H u VM (x, B)ll =8 Iporuso-
peuue ycnosio 3)

[TpepanomosuM Temepb, 4T0 TEOPEMA HEBEPHA, T € CYMECTBYIOT
rakoe uncao A >0 u Takaa nocaefopareasuoctb {Bx} -0, k- oo,
910 s Beex k =0, 1, 6yler BLIDOJHATHCA HEPABEHCTBO

[o(xx) — @(y)| = A paa awodore y= Y.

Tan rar §(x) = 0 pag pcex x, a P(¥y) = 0, To BBUAY orpaHnyeH-
HOCTH mociaedopareabuoctT {Xx} Gyager [xp — yﬁhll <1 < 0o, U, O0Jb~

8ysCch BHOYKA0CTEI0 Pynrnuu M (x, B), nomygaenm
P (5) <P (5) + ¥ (50) = M (50 B) <
<M (yﬁk, ﬁk) +LVM (%, By), X, — yﬂh> <
<M (¥p,» ﬁk) + e, <M (y, B)+me, = @ (y) +9e,.
Hocroaphy {xx} — orpanmuennan mociel0BaTeAbNOCTh, TO, He U3«

_ _MCUAA - HyMepPauulr, 6yueu noJarath, 4T0 Iim Xk= X. Ho:nomy*
R=> 00

o(X) < (y) Man 624 cacayery(x) = }zxm V(%) =0, T e mucer

MecTo  BhnTIodennme X e Y, mporupopedamiee  OPeANOJIOMKCHHI0

lotm) —o) =4 A
Teopema 4 Ecau eunocansiorcs credywuyue ycaosui:
a) @(x) — eunykaas u dufpepenyupyenas ynryus na Eg;

6) fi(x) (1=1, m) — eoenyrvie u JupPepenyupyemtie Fyuss

yuu na E,,
B) mnomecrgo Y = Argmin {g(x). xe X} wmenycro u ozpanu-
Yyeno,
m
H Y@= 3 |min{f, (x), |, p> 1
i=l1

B) l¢(u) —@(v)| < Lp(u, v) 18 a06uz u u v us Eq
e) >0, a>0 VxaeUsg(X\X: |f(x)]| = ap(x, X), ede f(x)==
min_f, (x), Us(X) = {x: p(x, X) < 6};

i=1,m
&) IVU(xs, Bl <<ex (A=0,1,..) dasn docrarouno maanz

)
TO

[@(y) — M(xs, )| < 1(BY/ P~V + &), y = const>0,

MoxaaaTeabcTBo U3 Teopemul 1 caegyer, 49To A AocTa-
TOUHO MaJLIX § > 0 cymecTBYIOT TOUKH -

Ye =Yg = Argmin {M(x, B): x = Ey},
Hocxomery @(y) = M(ys, B) =0 (ecm m 622) m M(x;, B) —



OOBABJIEHIII 281

— M(ys, B) =0, 10
[p(y) —M(x, B)| <
< lo(y) — M (ys, B + 1M (¥e, B) — M (xn, B)| =
= (@(¥) — 2 (ys, b)) -+ (M (xx, B) — M (¥p, ).

U3 TOr0, 9TO BLINOANAIOTCA YCIOBINA TeopeMer 627, cmpabeftusa

olenkKa
o(y) — M(ys, B) < CpY/lr-),
A II3 YCIOBNA ) NONYIAcM HepaBEHCTBO
M{xn, B) — M (yp, B) < (VU(Xp, By X — ¥ <
<< VA (xp, BYIH lIxn — yell << mes,

OTKYJla I CJefyeT yTBepAhJenne Teopemu mpm 7 = max {C, n} A

Brancaurteasnwili acmexr Ilocamexonarcavioctn  {en},
{Br} n {xn} Gymem cTpouts cacayrmoumm ofpazon

ITycTs 13BeCTIB! WHCAA €4, Pr M TOTRA Xp—; SAMETIM, YTO B Ka=
YecTEC £q, Po I Xo MOryT OBITH BLIGpanbl, BooGLie ToBOPsA, IPON3BO Th-
HEBIe BEAIYIIHBL, AOTA NPEeAHoUTHTeaLUuCe BHIGIPATh HX, YUHNTHIBAA U3-
BecTHy!0 undopmammo o ¢Gyuknnax ¢(x) m P(x) Touny X, moctpoma
TakAM o0pa3oM, 4ToOB BRIDOJHINIOCH ycraoBie (V.M (X, Br)ll << en 3a-
TeM BHOEpeM Eryy << € I Bayr << Pr TaRIMH, wTOOBI oOeCHeqnTh Y~
Jopug ep >0 1 Pp—>0npa A — o0

Has maxomsgenusa TOYKH Xx OyJeM CTPOUTH peTaKCaNNONAYI0 Mo-
caenosaTenbHocTs {y: ()}, maunmas ¢ TOYRN Yo = Xu_1, AO TCX TOP,
noxa ne GymeT BBINICIEHA TaKasg Touka Y, = Yy;{(k), uro [[VM(y,,
o)l <en, v e j=mmn{o. 1M (y:, Bu)l <<e&n, 1=1,2,..} Iocae
9TO10 HOTOIRIM Xp =Y,

3ayeTIM, 4TO OpPH HOCTPOCHIIN DPETAKCAIMOMHOI MOCICROBATOIE=
nocti {Y,} MeToJoM rpamuentnoro cuycka (e nuo 951, 952) semn-
gy VU (y., Br) BHITHCIAIOT HA KajkAoil UTepanuy, BROAY WETO OIEH-
xa pexmunmsr [VA(y;, Br)ll ne morpefyer rpoMO3AKNX FOIIOJHITEIB-
HBIX BBIUICJEN

CxoanmocTh YKa3aHNOro METofia 0na3ama B Teopeve 4

JlocTaTouHo WINPOKOe NPHMENCHIEC TaXOoAUT ureparuéeHuiii nerod
wrpagnvir Gynryud OcnopHAA NfesT DTOrO METOHA COCTONT B TAKOM
COTJaCOBANNI MAPAMETPOB Cn I Pe, UTOGBI LPH KanJA0M 3HATCHUI By,
Jleaas TOJBKO OfNH LIAT IPAfHCHTHOIO METOXA

Xpyr == Xp — oM (X, Br)y, x>0,

IOJYINTh CXOAUMOCTh HOCTENOBATeILHOCTH {Xx} K pememio sagaum,
Ctenyromue ycJIoBUA TapaHTHPYIOT YKA3AHHYIO CXOAIMOCTS:
¢(x) — cuasno sunyknas u andgdepennnpyevas na E, Gynxmomsa;
fi(x) (1=1, m)-—sornyriie n punddepenuupyersrle Ha En
¢ymxmy,

¥ (x) = D) [mn {f, (x), 0}}%

1=1
Xo — J100as TOUKa,

1B 41— 1/Bg ay
Iim a, =0, lim =0, lim —————=0, Iim — —.
k> 00 k ko0 5k h~> 00 &y kgnw ﬁﬁ 0

AloKa3aTebCTBO 2TOT0 YIBEPAIGHIA MOMKEO Hafitm B [4].
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5 Cradnansnpyoune csoiicTsa rpajfiieHTHOrO MeTOAA

Hycts ¢ (x) BHITYKJIA H nuddepenuupyea, Y =
= Argmin {q;(x) x e E,}. PaccyoTpuy mocaeoBaTeabHoCcTh
b =X — @ (3r), k=01, .., (1)

rae seandnHa Pfr > 0 ridupaeTcs m3 ycaosus
o (xp) — g (% — Bap (%)) = ellp’(x)1?, e (1/2, 1]. 2)

BelmucauTesabnas NPoOUEAYPA OTHICKAnNIA CKaasapa fx > 0, ymos-
aeTBopaiomero (2), onucama p jgomonmennu 1, rae Takae mOKasaHo,
9T0 BHIOOP Ficaa Pr METOROM YABOGHNII OCYMICCTIBTIACTCHA 32 KOLOYHOS
YICJaA0 HI1aros M Ipu aToM P =B >0

B nacTosuie™M AONOJIIEHIUI PAccMATPHBAeTCA cayvail, Korxa MHO-
AectBo Y smBaserca anpeiimsiM Muoroofpasmem Buavane noxasew,
9TO BLIGOP Xe TAPAMTHPYCT CXORIMOCTH TIPAJICHTHOrO METOZa K Hop-
MaJbHOMY OTHOCITCTBHO X, pelucHHIO0 g HCXOJHON 3agadl *)

Teopema 1 Hycre Y — auneiinoe mnozoobpasue, py— oprozos
HatbHaa npoenyus Tounu Xq Ha Y, {Xz} crpourca no czene (1), (2),
Tozda

=5 (s.)=7, = lhm
P=Y (S)=¥ ¥ o Xhe
Honasare1ncrno Cy LIECTBOBANNC  TOTRI y JiorLazano m
n 951 Pacewmorpuy  TOuRy v(a) =1y %(Po— y) Y, a>0
Tah nhak lpo— V2 =<y —Po, ¥—Xo> 1 Iv{a) — 3l < fiv(e) — xall
s 00BN 1. = O {, v« TO
fivia) =312 =
= lIv(@) — Xoll2 — X (&) — %o, ¥ — Xo¥ + lly — xolf? >

> v (@) — ¥II2— Kv(@) — Xo, ¥ — x> + Iy — xal?,
T e
¥ — %ol < Xv(@) — %o, y ~ XD =

=%y — %+ a(po—73), ¥ —Xo> =

e= 20 — XolI? — 20y — Po, ¥ — %o,
nian

(Y — Do ¥ — %0 < Iy — %0122

Otcioia caenyer, 470 lpo — Y12 < Iy — %,li%/(22) Az modoro
a>0,1e po=7y) A .

PaccMOTpHM DA3PEMINMYI0 CHCTCMY JNHeHNHX adrefpamtechux
ypaprennili AXx =u, 17e 4 — Marpuua pasMepos (m X n), X< En,
uesE,, n ce npuilLrennoc 3ajamie Ax = npn yexonmm, w0
14— Al < 8, lhu—ull <6 _

Hozosany g (x) = [Ax —ull2,

*) B obosnatennax 11 7 po=1}° Xp=x%",
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Cxema meronal

X=X — B (x), k=0, 1, ..; (1)
Q(xr) — @(x — B’ (x1)) = efallg’ (xa)I%, e= (12, 1];  (2)
ecad g(xn) > §, To BHIIACAACTCA TOTKA Xpyp} 3)

ecam @(xx) << 6§, To mponecc MEEEME3AlLEA 3aKaHIMEBaeTCH. (4)

VYrazannuii npomecc MoKIO0 3aMUCATH B CASAYIOMEM BHfe" HAIiTH
TOURY eV = Argmin ($(x) —0)4, rae z, oO3nauaerT MONOKHUTENb-
HYX 7acTb BEKTOPA Z, T. € (24); = max {z¢, 0}, i =1, n_

JIe')\.g Ma 1 Cywyecreyer rtakoe 8 >0, uro poes Y das ecex
8§ = (0, §8]. ‘

Noxasareascrro Iomommu & = (lIpell + 1)~2 Torma mas
Bcex § = (0, GN] cOpaBeJIABL COOTHOMENNA
lApo —ul? = [IApo — Apo+ u — iz <<

< (14— 4) poll + 7l —UlN)? < (1A — Allipoll + fu — V)2 <

<< (Ollpoll + 8)2 = 82(lipell -+ 1)2 <6 A-

Oycrn {ey, .., €n} — Oasuc B npocrpancrse En, L(ey, .. , e,_,) —

HOANPOCTPAHCTBO, NOPOKAECHHOS BEKTODAMH €, ., €,_;

Jemma 2 Mycts App=1u, 4 —AN <8, llu—ull<budin
arwbozo veL(e, .., e_y), r>1, ewnoinserce HepasencT8o
AVl = xlvll, 2de % > 0 — neroropan wkoncranra Tozda daz docra-
royno maaviz 6 >0

diam My < C 8%, C; >0, C, = const,
ede
Me={x|x=p+v, velle,..,e_). l4dx—ul?<8s).

HorasarteascTBo. JeficTBurentro, s awboro v e Le, ...
#+4 €r-1) TAKOTO, UTO X & Ms, COpaBEIHBEl COOTHOIIEHI

V8= Amo+v) —ull = (A =A)po+u -0+ AV >

= 1AV — (A — A)po -+ u — all = 1AV — C;5 = %lvll — €.,
CQ = ”Po” + 1.

1 -
Creponatensro, [v]<5 (61/ 24 Cy8), T e diam My < C,6"

Ilyers {er, ..., en} — Gasnc nopmpocTpancTea Ker 4 = {x|x = En,,
Ax=10}, a {e,, . , ¢,_,} — Gaanc (Ker A)L — oproroma;nroro fomon-
HeHAA K APy MaTpunH A,

zeopeua 2 Jas docrarouno maswz 8§ > QO cnpasedausa oyen-
xa [Ix — poll << Csb'™.

Hoxasareanctro [iaa moboro x < (KerA)L cmpaseganmeo
HepaBeHCTBO [IAX( = xfixll, rxe % — HeKOTOpan MOMOMHTENLHAA KOH-
CTaHT3, He 32aBHCAOIAA OT z TOrXa mpE JOSTATOYHO MAJHX & > O
Aaa BosMymensoll matpanu A 6yAeT BRINOAHATECA HEPABEHCTBO

1Zx1> F1x1 @)

&z moGoro x e (Ker 4)4,
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3aMeTHy, 9T0 OPE MaTblx BOJMYIIEHHAX & X1a Bcex e, (1 == 1,
, r—1) n3 (4) cieayer HepaBeHCTBO lIAe,[I =xr2>0,1 e Ga

sucHele Behtopul (Ker A)L ocraores B (I\erA)-'- OTHOCUTEILHO Beh~
TOPOB {€r, ., €;} BO3MO/LHBI [IBE CHTYAI[HI

a) Ae;yy =0 112 Beex 1= {0, 1, ,n—r});

6) de,yq 540 q1s  Herotopuix 1= {0, 4, .., n—r}

B cayuae a) xeﬂlu._{\:[x=po+‘ velL(e, .., e.—),
[IAx —uj2 =<6} Ilo memue 2 diam s < Ci8, Caegopatensuo,
X — poll << €8

B ctygae 6) nyirs A1A_ONpeAeIeHIOCTH de, =0 g Ae,H =0
aid 1= 1 ., n—r Torga erIﬁ—— {X|[x=p;+ o, esL(e, ..

e,), lldx —u)z < 8},

Hycn, q — OPTOTOHAZLEAA NpPOCKONA TOTLH X  Ha MPANY 10
Pr={x|x=po+ ver, Yy £} Torza ¢ =po+ 'yqer IIy cu, a1 ompe-
AEJEHHOCTH Yo 22 0 Paccuorpmx 109ny z = py— C87'%¢, Tarn Kaxr
Ide,l = (4 — A)e,ll < 8, 10

“Apg —1 —Ap;+u —046‘11‘40,{1 <
< 1A —ANpd + llu —u)| + C,6% < 8(llpall + 1)+ €6,
CaeposareasHo, J1z — ull 8% npn  jgocratomuo Malimv 8 u
0gli< 1/{,Y Teze¥l
Bewtop (v —y) LpIHALIEAAT Mg 1 OPTOrONATICH € IlochOMBRY
o 1ewve 2 diam Wy < C10'y, 1o
IX—qll < €,8% (5)

B CIHTYy ANOHNOTOHNOCTH MHIIHMHSHI)}IOUIGfI OOCALJCBATEILHOCTH
AT Z COPALETHBO HEPaBCHCTLO

lIxo— zlf > IX — zl] (6)
Tan hah BERTODP (P; — Xo) OPTOrOHAlNeH e, TO
Is,— =] =|xg = '+ 2(xg— 1y p,— 2y +
P —z |t =]x,— B, +p,— 2z},
T e
1Yo — 2] =[P, —z]=

I Yo Py \\2 <! 1% — Py \\ 51/2
= T - g
||Y0—Zl]+dpo—21| []po——Z“

113 OIpefieIeNUA TOYILE ( O T0r0, 4TO Z & Py, crefyer, uto | — zl| <<
< X —1z{ Tanma odpasoy, yunteBag (8) m (7), moaywaey

lq—zll < lIxo— 2]l < lipo — zll + €58, (8)

HOChonL}\y TOYLH (, Po O Z Je.L.aT Ha OFHOI mpsoii Pr, T0 B ch-
Jy BIGOpa z cHpaBejITHEO0 PABEHCTDO

llg —zll = llq — pll + llz — pll,
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M0ITOMY
lq— poll + 1z — poll < po — zll + Cs6'%,
T e g —poll < Cs6™ C yueronm (5) momywaenm

%X — poll < IX'— ql + llg — poll << C:8™,
C,=C+C, A .

B zarai0UeHme 3aMETHM, 9TO IIOCAEROBATETLIOCTH {ri), MHOEMAT-
BUpyIomas rPAIEHTHBIM METONOM 110 opejiiosennoil cxeve (QyHKOHIO
P(x) = l[4x —ull?, IpUAAIIELAT MHOAECTEY M = xo + (Ker A7)+,
ApTAOmMEMyCa cAsurov mopmpocrpancrea (Ker ATA)J- Ha BEKTOP Xo,
rjie hBafpaTHIHAA dynrmusa cp(\:)— 1A% — ufl? cnasno penykaa Ilo-
8TOMY [Aad cp(x) CHDAaBeNINBA ONEHKA CKOPOCTH cxodmMoctn (¢ 95 3)
[lxx — X|2 << A1 exp (—CEk), C=const >0, rge A — MUHDMaNBIOE
N3 OTAMYHLIX OT HYIA coOCTBOHHEIX 3HAYeHHl MaTpHIBI ATZ, a
X — argmin (p(x) CnenosaTensio,

lixs — Poll << lIxs — Xl + X — poll << A~ exp (—Ck/2) - C58'.

TakmoM 06pa3sod, TPagUeRTHBIl METOJ €O CHENHAJbHLIM CHOCOGOM
BHIGOpa mara o6xagaeT caMOPEeryIapuayomuM croiictBoM Ouenmamo,
Y10 9HCJIO HIaros k, HeoOXOROmMOe AJIA AOCTH,MKEHEA TOYHOCTH 0(6"2),
JAoLhBEO OBITH mopaaka |Ind|.
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