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NPEAUCIIOBHE KO BTOPOMY H311AHHIO

Hacromnee, BTOpOE usnaﬂue «Snememapﬂon MATEMaTHKH», Bbl-
.wenweii B 1967 r., ABASETCA pe3y/bTaTOM CyUleCTBEHHOH nepepa-
GOTKH KHHTH, -3aTPOHYyBUIefl BCio ee cTpyKTypy. B cooTserctBHH
C MPHHATHM HEHE JeNeHHeM KypCa  3/IeMeHTAapHON MaTeMaTHKH,
NpoH3BeAeHO OOBbeHHEHNe YacTH nepsoi (anreépa) u yacTH Tperbeil
(TpHrOHOMETPHA) NepBOrO H3AaHHA B OAHY 4acThb <«ApudmerHka,
‘aare6pa 1 3neMenTapHHe ¢yHxuuH». EctecTBeHHO, 4TO -Takoe 06b-
elHHeHle He MOTJO OhITh NPOH3BELEHO MeXaHHYeCKH, a MoTpeGoBaJio
CYLIeCTBEHHOrO MepecMoOTpa BCero Mmarepnana. B pesyabrare ns3wme-
HeHa NOoCJIefoBaTe/bHOCTh IJIAaB KHHFH H. NepepacnpefiesieH 3aHOBO
MaTepHaJ mMexny raaBami. OObefiHeH B OHYy Ff1aBy Bechb MaTepHal,
OTHOCAWMACA K QYHKUHAM (KpOMe TpHroHoMeTpuuecKhx). To e
OTHOCHTCSL K TeMaM «YpaBHemm» u «HepaBenctBa». 3a cyer ycrpa-
HeHHA JVIHHHOT 1 MOBTOPEHHIT BK/IOYEH Dfl HOBBIX BOMPOCOB (Ha-
ripumep, rpadHk ApoGHO-AHeliHOf GyHKUNI; NONAPHbIe KOOPAHHATH;
BO3BpaTHbIe ypaBHeHHA H pAx APyrux). [naBb, nmocBsiuieHHBle TPH-
TOHOMETPHH, TaKXe MOJABEPr/IHCH PpeAaKUHOHHOI. nepepaGoTKe, 4TO
MO3BOJIHIO HECKOMbKO COKpaTHTh HX oGbeM Ge3 yulep6a st comep-
kaHnA. CpaBHHTENbBHO MeHblHe H3MEHEHHS MNPON3OWJIH B YacTH
BTOpoit «['eoMeTpus». Kpome ycTpaHeHHA OTAENbHBLIX BbIABAEHHBIX
B NepBOM H3aHHH 1eheKTOB, 3[1eCh pasjesieHa Ha e riiaBH rnasa IV
nepsoro HsfaHus. Teopus nonoGus BhjleseHd B OTAeAbHYIO TJaBy.
Peluerite TpeyroJbHIKOB B HECKOTbKO COKPALIEHHOM ofneme mnepe-
HeCEHO M3 TPHTOHOMETPHH B rJaBy. ¢<MerpHuecKHe COOTHOLIEHHS
B TpeyroJbHHKe H Kpyre», B CBA3H C ueM H3MeHeHa. NOC/e/10Ba-
TEJBLHOCTD HM3J0XKeHHS MaTepHasa.

OCHOBHBIM TJ1aBaM -pejllieCTBYeT BBeleHHe, rie ocBelamoTcA He-
KOTOpble MPHHUHNHAIBLHLE BONPOCH Kypca MaTeMaTHKI, B TOM YHC.e
MeTOoj MaTeMaTHYeCKoil HHAYKIHH ¥ JOKa3aTeJbCTBO OT NPOTHBHOTO.

Kak 11 B mepsoM mn3jaHuH, COAepaHie OPHEHTHPOBAHO Ha Npo-
rpaMMbl BCTYNIITENbHBIX 3K3aMEHOB B TEXHHYeCKHe BY3sl H, B 0CO-
GeHHOCTH, Ha NPOrpaMmMbl MOXFOTOBHTENbHAIX OTAC/EHHI NPH BBICUIHX
yueOGHbIX 3aBeeHHAX, ANA y4yalulHXCA KOTOPHIX, KaK Mbl naueemcn,
KHHTA OKaXeTcsi MoJIe3Hoil. - :
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B HavaibHO# craguu paGoThl Haj BTOPHIM H3JaHHEM KHHIH aB-
TOPCKHII KOJJIEKTHB IIOHEC TAXENYi0 YTPaTy: Ge3BPEMEHHO CKOH-
yaJjcsi HHHUHMATOP M OAHH H3 aBTOopoB KHHr# Mapk HMsanosnu Cka-
Habu. OcyilecTBHTD 3aJyMaHHYIO HM HepepaboTKy IJaB, MOCBSALLEHHBIX
apupMerike 1 anrebpe, NpHUIIOCE €ro COaBTOpPaM, Ha KOTOPHIX
H JIOXHTCSl OTBETCTBEHHOCTb 32 KayecTBO BBINOJHEHHOH paGoThi.

IIpu noarotoBke Hactosllero H3jaHHusa 60JblyI0 paGoTy 1o npo-
BEpPKe OTBETOB K ympaxkHeHnsm nponenan Cepreii Bepkecos. Buipa-
JKaeM eMy 33 3TO cepeuHyio 6/1arogapHoCTb,

‘ Asmopts



0 TMOJIb30BAHHHM KHHIORA

Knura npeacrasaser co6ofi. NOBTOPUTE/BHEIN KypC 3JeMEeHTapHO
MaTeMaTHKH B TOM CMbIC/IE, UTO OHAa PACCYHTaHa Ha YHTaTend, yxe
H3y4aBLIEro MPEJMET, HO XKeJamero MONOJAHHTb, YKPENHTh H CH-
CTeMaTH3HPOBATb CBOH 3HAHHS (HANpHMep, C LEIbIO TNOATOTOBKH
B By3). IlosTomy. mpeanonaraercs, 4ro, H3naras TOT WJIH HHOIl
BOMPOC, MOXHO CCHIIATBCA AJIA TNOSCHEHHSA WIH JOCTHXKEHHS MOJ-
HOTHl OCBellleHHsl BOMPOCA H- HAa NOC/TEAYIOWNil MaTepHaJ, npegyc-
MaTpHBas, YTO 4HTaTe/1b HMeeT O HeM XOoTs Gbl ofulee mpejcTasJe-
HHe. TakHX CCHJIOK B TeKCTe ROBOJIbHO MHOTo; JIJs yaoGersa
NYHKTEl, Ha KOTODhIe Da3GHT MaTepHal, CHaGMeHH CIUIOMIHOMN HyMe-
pauneit. Ccbliki AawTcsa B BHAe (cM. m. 184) man mpocro (m. 55).
PHCYHKH TaKiXe HMEIOT CNJOIUHYI0 HyMepauuio; (GOpMyabl HMeIoT
IBOMHON HOMep (Hampumep, (4.5) uau (217.3), T. e. naTaa dopmyaa
nyHKTa 4 MJH TpeTbs ¢opMysa nyHkra 217).

UuraTesb, He CJHIIKOM NMO3aChIBUINIT MaTepHasj MIKOJBHOM npo-
rpaMMbl, MOXET H3yyaTb KHHTY TNOAPAA; ONHAKO OTHeceHHe Beeit
TeOMETPHH Ha KOHell Helenecoo6pasHo (reoMerpust OGBIYHO H3ydaercs
napaajenbHo € APYTHM MaTepnanoM). B kawectBe oamoro u3 Ba-
PHAHTOB MOXHO NPEJNOKHTh TAKYIO nocnez(osaTeanocn B H3Y4YeHHIl
MarephaJsa:

1) raaser I—VII; 2) raasm VIII, XVI u ra. XVII ao n. 216
BKJIOYHTENbLHO; 3) ocTaJbHEIE TJaBH MNepBoil yacti; 4) ocraanHoil
MaTepHaJ BTOPOH 4YacTH.

Ilpn ncrnonp3oBaHmi KHHTH yqammmca TMOATOTOBHTELHBIX OT-
IeJleHHl BY30B IIOCJEJOBaTesbHOCTb, €CTECTBEHHO, OMpefesserc
NOPSAAKOM NPOXOXKJEeHHs MaTepHasa Ha 3aHATHAX.

Menknit mpudr ynorpebneH AJs Bbifie/leHHsl MaTepliajia, He BXO-
IdAlero B MHHHMAJIbHYIO 06513aTesIbHYIO MpPOTpPaMMy.

Iaa untarens, »Kejaomero JjaJjee pacliHPHTb CBOH MaTeMmarTif-
yeCKHe MO3HAHHA (3TO BAXKHO JJ/A NOCTYMAOIIHX Ha CHeNHasNbHOCTII
C MOBBLILICHHBIMH TpeGOBaHHAMH K MaTeMaTHYeCKOll NOATOTOBKE),
MOXHO_PeKOMEHIOBATb CJ/IeLYIOULYIO JIHTepaTypy:

I) I. B. Jopodeen, M. K. IToranos, H. X. PosoB, TTo-
cofue MO MaTteMmaTiiKe AJA MOCTYMAlOWHX B By3bl, H3A-Bo ¢Haykan,
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2) B.T. Boaranckuii, I0. B. Cupopos, M. H. lla6y-
HiH, JleKunu 1 3ajayd no 3jeMeHTapHO]l MaTemartiike, H31-BO
«Haykan. :

‘

HeGonblioe KoJiuecTBO ynpa<HeHH{l B KHHTe HHKONM 0GpasoMm
He 3ameHsieT 3ajauHiKa. Ins npuoGpereHns HeOGXOANMBIX HABLIKOB
B pelieHlll 3alay 1l NPHMepOB MOXHO HCIOJb30BaTh caeayloulie
3aJaYHIKIL:

. 1) B. K..Erepen, B. B. 3aiines, b. A. Kopaemckiuij,
T. H. Macaospa, WU. T. Opnoscxaﬁ P. H. MosoiickIiii
I.C. PaxoBckas, M. WM. Ckanapu, H. M, denoposa,
Coopum\ 331a4. no \mTe\mTuhe ans KOHl\prHle 5K3aMEHOB BO
BTYy3bl, H31-BO «Bhicwas wxogaar.

2) B. B. Jluackuii, /. B. Oscanunkos, A. H. 'I'ynau~
kos, M. M. Wa6ynnu, 3azaun no 3.v1emeHTapuou MaTemaTilKe,
n3a-so «Hayka».

3) E. b. Baxosckuii, A. A. Puskuy, 3agaun no semelt- .
Taproil MaTeMaTiKe (HOBblllle}IHOH Tpyauocth), nsp-so «Hayxay.



BBEAEHHE

A. Onpenenenna. Axcuomnl. Teopemnt. CTporoe n3anoxeHnue Ji06oit
4acTH MaTeMAaTHKH OCHOBHIBA€TCA HA BBEAEHHH HEKOTOPHX HpOCTefi-
IUHX Heorpee/sieMblX MOHATHA (HanpHMep, JUIA TeOMETPHH: KTOYKay,
enpsiMasty, «iexKatb Hav, <MeXIY» H T. B.). OOHYHO 3THM NMOHATHAM
OTBeyaeT HEKOTOPHIi OYeBHAHLIA, HHTYHTHBHO ACHH#A cmuica. [anee
GopMyaHPYIOTCS HEKOTOPHe NepBHUHLIE, HeAOKa3yeMble (B MpHHIHNE
HJIH NpH AaHHOM (GOPMe H3JOXKeHHs) YTBEPKACHHSA; OHH Ha3biBAIOTCA
axcuomamyt Wi nocmyasamamu. Hanpumep:. ecan JiBe IJIOCKOCTH
HMeloT o0ulyi0 TOUKY, TO OHH HMMEIOT H OOLLYIO MPsIMYIO. DTO aKCHO-
 MATHYeCKH IPHHHMaeMOe [MOJIOXeHHe HCIO/b3yeT HeompejenseMue
MOHATHA: <MJOCKOCTb», ¢NpsMasi», <«TOYKa», <JekaTh Har (UTOGH
¢dakTHyecK! He ynoTpeGaAT, APYrHX NMOHATHH, mpHULIOCH Gbl cdop-
MYyJHPOBATb AKCHOMY HECKOJABKO AJHHHEE: eCH CYWIeCTBYeT TOYKa,
Jexatlian Ha ABYX INIOCKOCTAX, TO CYLIECTBYeT M npsAmas, Jexanias
Ha 3THX miIockocTAx). Kpome cneunduueckHx mMOHATHIT Kaxnof Ma-
TeMaTHYeCKOil TeopHH (apH(MeTHKH, TeOMeTpHH M T. I.), BO Bceli
MaTeMaTHKE HCMOJb3YIOTCA TaKiKe MOHATHA MHoxcecmeéa (KaK onpe-
AeNeHHOTO COOpaHHA JIOGHX 3/1eMeHTOB), coomsemcmets (B BHpaXe-
HHAX THNA CTYCTb KAXIOMY X COOTBETCTBYET ONpee/]erHoe y» i T. I.)
H ofuiite NpaBH/a JIOTHYECKOTrO BelleHHA paccyxaeHHit?!).

- HanpHeinuaM HCNOAb3yeMBIM MNOHATHAM JAIOTCA onpe,xenemm B
TePMHUHAX NePBOHAYANbHHX HJIH Ye BBEJeHHBIX MOHATHIL. Ipunep:
ompeskos AB npsaMoii HasLIBaeTCA MHOXECTBO TOUYEK, BKJIOYaiouiee
ToykH A, B u Bce TOUKH, JiexamiHe MEXAY HHMH. B 3TOM onpeje-
JIeHHH, HanpHMep, yIoTpe6IeHB MOHATHS CMHOXKECTBOY, KMEIKAY? U T. .

OTHOCHTEIBHO NEPBOHAYAJBbHLIX H BBEJEHHHIX € HX TMOMOIBIO
JanbHeHX MOHATHI NOKa3HBAlOTC (HAa OCHOBe aKCHOM H paHee
KOKa3aHHLIX YTBepHKIeHHil, ¢ IOMOIbI0 OOLIMHBIX MPaBHJ JIOTHKH)
HOBble YTBEDXKIeHHS, Ha3blBaeMble meopemamu, HHOTAA JfeMmamu
(oGbluHO JleMMOIi Ha3BIBAIOT YTBepXKAeHHe, He HMelomee BAaXHOTO
CaMOCTOATE/IbHOTO 3HayeHHs, HO HCNOJb3yeMoe HPH NOKa3aTenbCTBe
APYTHX Teopem).

'1) HckmodeHite cocTaBasiioT KHHTH MO OCHOBZHHAM MaTeMaTHKH, rie KPHTH-
YEeCKH HCCeRYHoT H CaMi Npasuna JOTHYECKOTO BHIBOJA H 060CHOBAHHOCTD HCTIOAb
30BaHUA MOHATHI, OTHOCAIHXCA K MHOXECTBAM:
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"' TIonHOCTBIO BBHUEPXKAHHOE MO YKa3aHHOH cXeMe H3JAOMeHNe ‘Na-
TEMATHYECKHX JMHCUHNJMH HAa3bIBAETCA AKCUOMAMUHECKUM ' (Toukee,
nojydopmanbHbiM). PakTHUeCKH OCYWeCTBHTb €ro B NOJHOH Mepe
B paMkax yyeOHHKA He yJaercfi, TaKk Kak o0beM ero noJyyHiacs
6Bl CAHIUKOM GOJIBLINM, @ H3JIOXKeHHe OueHb YTOMHTeJbHbIM, [ToaToMy
H B IIKOJbHHIX YyyeOHHKaxX M B JAHHOIl KHHME aKCHOMHl NPHBOASTCH
JHIIB YacTHYHO, YacTb TeopeM coobiuiaercsi 6e3 10OKa3aTenbCTBa,
a JI0Ka3aTe/bCTBA HEKOTOPHIX APYFHX MOCTPOEHBI € GOMBUIMM HIH
MeHbIUHM HpPHBJEYEHIEM HHTYHTHBHO fCHBIX coobpaxeHHii (KoTOphIe
B NpHHLMeE MOV GObl GbiTh AOKa3aHb! IICXOJ.U{ H3 TOJIHOI CHCTEeMH
aKCHoM). '

"~ Bb. Jloruuyeckoe caeaosanme. HeoOGxopumbie H nocrarounwe ycao-
BHs. YTBepixIeHHs (TeOpeMbl) B MaTeMaTiiKe, SABHO HJH HEsIBHO,
HMEIOT caepyomyo GopMy: «ecJH. . ., T0. . .». Hanpumep: «ecs ogxa
H3 MeJHaH TPeyrogabHHKa fBJSIETCS €ro BHICOTOIl, TO TPeyroJbHIK
paBHOGeApPEeHHELIT». yTBepmuemxe: «MeAHAHEl TPeyroJbHHKA JEMAT
JApYr Apyra B OTHowmeHHH 2:1»—MOXHO chHOPMYJIHPOBATh B CXOAHOMH
-¢dopne: «ecan otpe3kit AM u BN sBAsIOTCA MefHaHaMH TPeyroJb-
Hika ABC, 10 oHi 1eadaT ApPYyr APyra B OTHoweHHH 2:l»,

TakiM o6pa30.\1, AU [OKa3aTesbCTBA TeopeMbl HeoGX01IMO GLIR2eT
yCTaHOBHTb, YTO H3 HEKOTOPHIX [Ipeifo.0KeHHil (HOCBLIOK) € JOFH-
yecKOHl HeOOXOANMOCTBIO BbITEKAeT HeKOTOpblil pe3ynabTart (BbIBOA).

B norike TOT dakr, uto 13 mnoceiki A BuiTeKaeT BHIBOA B,
o6o3HayaT Tak: A=> B (111 KakuM-1160o CXOAHBIM 06pasom).
B st0M cayuae rosopsT, uto A siBAseTCs JocmamoyHbist YCJIOBHEM
st B; B cBoio ouepenb B sBAseTcs HeoGxo0usbis yciaoBieM aasn A.
310 03HayaeT, 4TO AJS CIpaBelJHBOCTHI B jpocratouHo (Ho, BooGie
roBopsi, He HeoOXOAHMO) BhiNONHeHHs A; AJs cnpasemjnBocTn A
HeobGxonuMo (Ho, Boofiue TroBopHd, Henoc'raToquo) BBINOJIHEHNe B.
Hanpunep, B yTBepxIeHHH: «ec/l (GUIYpPH PaBHH, TO OHH pPaBHO-
BeJIHKH» (T. €. HMEIOT paBHble IJoulajgd)— paBeHcTBa (uryp pocra-
TOYHO [Jfl paBeHcTBA HX mJoulajgeil. B To Xe BpeMsi paBeHCTBO
nJomaneii — Heo6xoniMoe ycjoBlie papeHcrsa ¢uryp. Ecan okasu-
Baercsi, yto He Toabko A=> B, Ho 1 B=> A, 10 oba yTBepKACHNS
A 1 B Ha3blBaWT 5KkgusateHmnbLiyu. B MaTeMaTHueCKUX TeKCTax
npH 5T0M ynotpe6afiOT BhipaxeHis Tina: «A Torza H TONBKO TOTAA,
Korna B», «A, ecan un Tonpko ecmt B». ToT ke cMbICA HMEIOT
I BblpaxeHHus: «A Heo6XOMIMO M AOCTaTOuHO anst B». Ilpumep:
IJs5i TOro ytoObI YeThipexXyroJbHHK Obl Hapas/iesorpaMmoM, Heol-
XOMIMO H JOCTaTOYHO, YToObl ero AHaroHasdH Ae/uJH APYT APyra
nononam. ['osopAar, uTo CBOICTBO JiaroHajeil AenHTb APYF Apyra
nonoJamM HpJASeTcH HeOGXOAMMBIM H [OCTATOYHBIM YCJIODHEM TOTO,
4yTOGbl YETHIPEXYTONBHHK OBl Mapasiesior paMMoM.

B. Mpsamasa, o0paTHasi, NPOTHRONOJOMKHAS TeopeMbl. JloKka3aTeds-
cTBa or mnporusuoro. Hapsiay c xaxkuMm-mn6o yrtBepxuenuem - A
{(npn sToM BoOOIe, NOA YyTBEp:KJAeHHEeM [OHHMaeTcs Jwboe 1OBe-
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CTBOBaTE/ILHOE MPEJIOKEHHE, O KOTOPOM BCAKNI Pa3 MOXKHO CKa3aTb,
YTO OHO HCTHHHO /GO JIOXKHO) MOMHO PaccMaTpHBAaTh €ro OTPHUA-

HHe, yTBepKaeHHe cHe Abv,
B TOM, - yT0 A J0XKHO.
yTBepxKJeHHH,

Ipusenem npumepwl.

A

1) Hauuste TPH TOUKH JleaT
Ha ofHOM mpsMOil.
. 2) Ksagpar Jo6oro neiicTBH-

oGosnauaeMoe kopoue A M cocToAulee

A un A Bcerga ofpasylor Takyw napy
uTO H3 HHX OJHO HCTHHHO, 2 JPYroe JIOXHO.

A
Hauneie Tpit TOUKH He Jexat
Ha OfHOil npsAMoii.
CyutectByeT x0T OB OIHO

TeJleOI‘O YyHCAa NOJIO2KHTEJIEH. JeflcTBHTEbHOE YHCIO, KBajapar

KOTOPOro OTpHLIATEJIEH HII paBeH

: : A HYJIO.
3) Uucno a MeHblue uHcaa b. Uneao a Gonblle HJIH paBHO
. ~uneay b.
4) Tlpn moGoM HaTypasbHOM CyulecTByeT XOTs 61 OJIHO Ha-
n>>3 cyumecTBYeT NpaBHJbHBIL TypanaeHoe n>>3 TakKoe, 4TO -
n-yrofbHHK He  CymecTByeT NpaBHJIbHOrO

n-yroJpHiiKa.

Slcho, wro B npmmepax 1) u 3) yreepxpenne A wan A oxa-
KeTCA HCTHHHBIM (VIOKHBIM) B 3aBHCHMOCTH OT 3aJaHHHX TOYEK HJI
uicen @, b. B npumepe 2) A Joxuo, A uctunno, TaK Kak 02=0;
B npumepe 4) A uctiuuo, a A JoXKHO.

ITpencrasiy ceGe Temepb HEKOTOpoe MaTeMaTHYECKOE yTBEpXKAe-
Hue (teopemy).Buia A=> B; HapA#Ly c HUM MOXHO paccMaTpuBaTh
caepylomie TpU Apyrie yTBepKAeHHs (Teopembl):

B=>A (oGpaTHoe yTBepKjeHue), n
A=>B - (npornBOmOJIOXHOE YyTBepXKICHIE), (2)
B=>A (yTBepxpenne, obpaTHOe NPOTHBO- ‘

NIOJIOXKHOMY HJIH, YTO TO e — ‘ (3)

NPOTHBONOJOXKHOE 06paTHOMY). '
Hx Ha3bLIBalOT COOTBETCTBEHHO 00pamHod meopemoli, npomusonoaosx-
"HOG- meopemott, meopemold, oOpamuoil npomusONOAONCHOU; CcleRyer
UMeTb NpH 3TOM B BHAY, YTO meopesoil Mbl OOBIYHO Ha3bIBaeM HcC-
_THHHOE YTBepKieHHe, BooOlle XXe AJ1A J1000ro yYTBEPXKJIEHHA 3TO
" 3apaHee He MpeAnosiaraercs.

" Vreepxaenus A=>B u (3) SKBHBAJICHTHBL: HMEHHO, ecJi BepHO
yrBepxxaente A = B, To BepHO H 06paTHOE NPOTHBONOIOKHOMY B = A
(1 _ob6patHo). Auanoruquo 9KBHBAJIEHTHbL o6pa'moe H , IPOTHEOIO-
JIOKHOE YTBepKAeHHA (1), (2). : .

HoxasarenbCTBO STOTO MpaBivia BHITEKART H3  YCJAOBHSA cunTaTh,
YTO M3 JABYX BeICKa3bBaHHii A u A Bceria ofHo HCTHHHO, a JApyroe
JIOXHO (B JIOTHKE 3TO Ha3bIBAIOT NPUHIUNOM UCKNOUEHHO20 MPembezo).
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Ilyets A=> B; ycraHoBuM, YTO TOrja H B:>A

B- caMoM fese, ecail IMeeT MecTo B, .To B. He Bunomme'rca.
Ho Torma mesepHo A (uHaue 6bao Gul BepHO H B) Caenosa-
TeJIbHO, BepHO 4,1 e. BA. ' -

IycTts B> 4; yCTaHOBNM, YTO TOrja I A:>B

Ileucmme.nbﬂo nycto A nctinno. Toraa A 210:HO, TeM CaMBIM
JdoxHO 1 B (unauwe A G6uL10 6b nctiHuO). CaenoBatedbHo, B ne-
THHHO; HTaK, A= B.

B cuay skBuBaJeHTHOCTH yTBepxueHuii A=>B n B=> A poka-
3aTe/1bCTBO NPSAMOA TeOpeMbl HHOTAA 3aMEHSIOT J0Ka3aTeJbCTBOM
TeopeMbl, NPOTIBONOI0KHOIT O6partHoil. Hanpisep, Joka3atelbcTBo
TEOPEeMBI: .

Ecan g—HaTypaibHOe 4HCI0, TO KopeHb ) @=b—.1m60 Hary-
pasibHoe, Jn00 HppalHOHAIbLHOE YHCIO, -

MOKeT ObITb 3aMeHEeHO JOKa3aTebCTBOM TeOpeMEl, I1POTIIBONOIOK-
Holt oOparHoii:- )

Ecan b—apofHoe pauiioHaJbHoe 4HCIO (T. e, He Le’doe i He
iIppallOHaJBHOE), TO ero KBaApaT He MOXKeT ObiTh HaTypalbHEIM
HHCTOM.

HoxasaTelbcTBO B 3TOil BTOPOil paBHOCH.bHOII (POPMY.IIIPOBKE
TITpOBECTH NpOole.

U710 Kacaercs TeopeMrl, obpatHoll 1aHHOJ, TO BO3MOMKHO, YTO
OHa Il HeBepHa (HeT MpsAMOl CBA3H Mexkly CNpaBeldHBOCTBIO YTBEp-
aieHult A=>B u B=> A). Hanpiumep, cnpaBel1iBo yTBepiieHie:
«eCJIIl OAHH YroJd TpeyroibHHKAa TyNof, TO ABa APYTHX—OCTphIey.
OueBHJAHO, YTO HeBepHO oOpaTHOe YTBEpXKIEHHe: -«eci .JBa YrJaa
TPeyroJbHHKa OCTphHe, TO TPeTHii— Tynoil».

OcraHoBHMCS ellie Ha MmpHeMe J0Ka3aTe.bCTBa «OT NPOTHBHOIO»
(no-aareun reductio ad absurdum—npusegeHue K abeypay). Jlorn-
yecKasn C)’I.U.HOCTI) +€[0 TAaKoBa (OHa 6.1H3Ka X 3aM¢CHE - JaHHOIro yT-
BepIKIeHIs NPOTHBONOJOKHBIM odpartHoMy). Ilycrs TpeGyercst j1oka-
3aTb npepnoxenne A => B. Jlonyckaem, uto A cnpaBeiIBo, HO TeM
He MeHee HMeeT MecTo B; ecail 3TO IpelnosoixKeHlle NpPHBEIET Hac
B pe3y.JbTaTe MPaBlJIbHBIX JOTHYECKIX YMO3aKIIOUeHHIl K KaKOMy-
71160 3aBefOMO JIOXKHOMY BBIBOLY, TO B caeiyeT NPH3HATb JOMKHLIM,
a B—ucTiuHHBIM (npH YCJI0BHi A). Teopema A:B culTaercs
B 3TOM CJy4ae JOKa3aHHOIL o

Ilpunep: AOKa3aTeJbCTBO TeOPeMbl INTAHNIMETPHH «ABe MpAMble,
HapanieabHble TpeTbei, lapajielbHbl Mexay coboiiy. Ero momHo
nposecti Tak. Ilycrs npsaMpe a i b napaaaeawbusl npasoit ¢. Tpe-
6yercs 10Ka3aTh, 410 ajb. JlonycTHM mpoTHBHOe, 4TO a i b nepe-
cexatorcs B touke M. Torna uepe3 Touky M npoiinyT ABe npsMble
a 1 b, napansieibHre nNpsMOIl ¢, YTO JIPOTHBODEYHT MOCTYJaTy
0 7apajJeapHbIX npameix (eM. n. 171).
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I'. MeTon MaTeMaTHUECKOR MHAYKIHH. IlycTe 11MeeTcss HeXOTOpPOE

TBep)Kﬂ.eHHe 0 HATypaJIbHOM YHCJe 1, A5 JA0Ka3aTeJbCTBa TAKOTO .

YTBEPIKIEHHS MOXKeT ObITb NpHMeHeH .uemoa MaAMeMamu4ecKoti. UH-
dykyuu, cocTosuwHi B caeaywouem. ITyers ycranosieHo, yrto

1) nannoe yTBep:KieHHe chpaBejiIHBO Mpu A=1;

2) .u3 MpPeNOJOXKeHHs, YTO OHO CNPaBe;THBO TNpH Hexoropou
3HAYeHIH n=R, CJelyeT, 4TO OHO CNPABEAIHBO i NpH cnenyxomem
3HAUEHUH N = k+l

Torna nanHoe yTBep2KjeHile cipaBelalBo 114 BCEX HATYPaIbHHIX 7.

STOT NPHHUNN MOXXHO paccMaTpHBATh KaK OJHY H3 aKCIOM,
OMUCHIBAIOWINX CBOACTBA HaTypaJbHOro psjaa. MHTyutHBHO ficeH ero
CMBIC/I: €C/Hl YTBepKJeHHe BepHO 1A n'=1, TO OHO BepHO AJIA
n=1+41=2; Ho Torga oHo BepHo u A1 n=24-1=3 n 1. 1.

I[Tpumep. Noxasats dopmyay

13+23+3=+...+ns=[’_’@]’, ©(4)
HokaszatennctBo. 1) Ilpn n=1 ¢opuysa CBOINTCS K
‘13=(¥)2, w o B=12,

1, OYeBHAHO, BepHa.
2) IIyete npn n=~k (popuyna (4) Bepha:

P42 ... = [—”—(kzi')]2
Moroxum n==~k-+ 1. Haxommm
o= ey
=(k+1) (!';—f-k—{-,l)=(k+l)2(k:+4k+4)= [(k-i—l)z(k-i-Q)]2
310 1 ectb- dopmyna (4), s‘zanuéaﬂﬁéa s A=k+1. Tenepsn
dopmyaa yxke ycTaHOBJEHA 1S BCeX HATYpasibHHIX n.

PexoMeHayeM 4HTaTeN0 CaMOCTOSITERHO AOKA3aTh q)OpMy'ly Ansa
CYMMBI KBajJpaTOB HATypa/bHLIX yHCeN: ,

12+22+  dnte n(n+1).(2n+l)

o BOTIPOCAM, sanouymM Ouelh KPaTKO BO BBEJEHII, MOXHO
' PEKOMEHJI0BATh fJIAi YTEHHA KHHTY:

P. Croana. Muoxectsa. Jlorika. AKcnomaTmecxue TEopiH,
H3xa-eo «Ilpocpewienne», 1968. ' Co :
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YacTs mepBas

APUPMETHKA, AJITEBPA
K SJIEMEHTAPHDIE GYHKUHH

FTnasa I

JEACTBUTEJIbHBIE H KOMIUJIEKCHBIE YHUCJIA

§ 1. NeiicteuTensHbie yncaa. KoopautHarn

1. Hatypaabubie uucna. Hamypasvubie ulicaa BbIPAXKAOT KOJIN-
YeCTBO - NOAJAeXKallHX CYeTy OIHOTHIHBIX HJH HEONLHOTHNHLIX  Mpea-
METOB; TAaKOBBl, HampuMep, 4YHcJa ORUH, IBa, JAECATh, ABAAAaTh,
CTO, ABECTH NATbAECAT IIECTb, THICAYA H T. X. o

IMonsTHe HaTypaJbHOrO uHCJIa OTHOCHTCS K NpoCTeliuiM, Inep-
BOHAYAJBHBEIM MOHATHAM MaTeMAaTHKH I He NMOLJIEXKHT ONpefeeHHIO
qyepes ppyrie, Gojee MpoCThle MOHATHSA.

‘Harypanpnble uyncaa MoryT ObITb ecTeCTBEHHbIM oGpasoM pac-
" IOJIOXKeHBI 110 HX BO3paCTaHHIO: Kaxjoe CJefyioliee HaTypajbHoe

YHCIO ToJyYaeTcs H3 NPeJbAyLIero npufasjeHueM eIUHHUE., 3anig- -
CaHHble B NOPsAIKe BO3pPaCTaHus: .

1, 2, 3,4,5,6, 7, 8,9, 10, 11, 12, ...,

HaTypaJibHEle 4icsa 06pa3yioT xHamypasensii pad. Maororoune mnoka-
36IBA€T BO3MOJXKHOCTb HEOrPaHHYEHHOrO NPOROJIKEHHS 3TOro phAaa.
B 3TOM CMBICJIE TOBOPSAT, YTO HMEETCA GEcKOHedHOe MHOXCECmoo
HaTypanpHBIX ulces. EuHHUIA— HauMeHbllee HATypaJbHOE HHCIO;
HaHOOJIBILETO 4licjla HATypaJbHEIH psj He HMeeT.

i HanoMHHM NpHHUMI 3anHCH HATypaJbHBIX ylcCeJl B HeCATHYHOL
CHCTEMe CUHCJIEHHS NPH NOMOULH ACCATH LUDp

0, 1,2 3,4,5,6, 7,8, 9.

udper, yuacTByiouHe B 3aMHCH YHCAA, NPH YTeHHH HX - CpaBa
HaJeBO YKasblBalOT IIOCJEN0BATENIbHO, CKOJLKO B JaHHOM YHCJE
COJEPKHTCA €IHHHIl, 3aTeM NeCATKOB, COTeH, THiCAY H T. 4. Boobuie,
uudpa, cTofllas Ha k-M MecTe, CUHTAs CIPaBa, NOKAMXeT, CKOJbKO
LaHHO@ YHCJIO COJCPHHT e:uumu paspana 10%-1, :
. Tak, Hampumep,
b 18=1.10438,

: 347=3.102+4-104-7, ‘

- 5096=5-10>40-1024-9.10-}-6
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n, B obueii popme, pas m;aﬂagnofo uHeaa G, - - e
Ap=0,-10""2 40, 1072 - s 4oy 10+c, (1L1)

TA€ €y, €y ++., Cp—MOHDPH, NPH TOMOIM KOTOPHX HHCIO @,
3aIHCHIBACTCA B BHJE C,C, ... C, (31€Ch yepTa CBepXy CTaBHTCH,
YTOOH He CMEIIHBAaTh YHCJIO a,, C IPOH3BCICHHEM YHCEJ €y Coy o - o,y C,,,).

3ameuanne. JlecATHUHAas CHCTeMa CYHCJIEHHA —HE EIMHCTBEHHO BO3MOX-
nast. B apesnoctu (8 Basusone) ncnonb3osanack CHCTEMA CUHC/EHHSI, B KOTOpOil,
Hapslly ¢ XeCATKOH, B OCHOBY OWJIO HoJoxeHo uyucio 60 (urecTnpecsatepnunan
cHcTeMa cuucienus). Ee BIuAHHe coxpaHHJoch [0 CHX MOp B JEJEHHH vaca Ha
60 MunyT, OKpyxHOCTH Ha 360 rpagycos H T. A. B Hacrosililee BpeMsl IPH HCIIOJ/b-,
30BaHHM SJEKTPOHHHX BHYHCJMTENLHHX ~MalliH, B Mpouecce NPOrpaMMHPOBaHHS
NPUMEHSIOTCH JBOHUHAS M BOChMepHUHas CHCTeMBl cuucaenus. IlpHsenem asst npm-
Mepa 3aluCh HEeCKOJbKHX uHces1 B TpoHuHoil cucreme. B 3roM cayuae ucnoabayem
ToabKo TpH muppH 0, 1, 2 B HX oOmuHOM cauicte. Uncsno 3 B TpoHuHOft CcHcTeme
Hrpaer poib ReCATKH B JIECATHYHON CHCTeMe CYHCJeHHS K JO/KHO 0603HayaThes
xak 10. Brvecro 32=9 Gyaem nucats 100 u 1. 1. Bor 3anmnck HeCKOMbKHX Yncea
B RECATHYHON# M TPOHYHON CHCTEMAX CUMCJEHHS: :

JlecaTnuHast chcTema Tpouunasa cucrema
17 122 (=324-2.342-1)
55 - 2001 (=2-3340-324-0.34- 1.1) ,
100 10201 (=1.344-0.3342-324-0.3 4 1-1)

B nanpnefimem Mbl GyReM IONb30BATHCA HCKJIOUHTEBHO NECATHYHOI CHCTEMOI
CUBCTICHHS, '

B apudpmernke u anrebpe paccMaTpHBAIOT Pa3/IHYHble RefcTBUA
Hal UHCJIaMH: CA0XCeHue, sbldumanue, YmHoweHue, OeaeHue, 6o3sede-
Hue @ cmenewb, usssedenue Kopus W T. A. IlepBrie uethipe M3 3THX
IefiCTBHIl HA3HIBAIOT apugmemuqeckumu WIH payuoxarbHuimu. - Ho
TONIBKO ABa H3 HHX—CJOXEHHE H yMHOXeHHe —O0e3yC/IOBHO BHINOJ-
HHMH B 0GJ1aCTH HATYypa/bHBIX YHCEN:. CymMma u npoussedenue Hamy-
PAAbHBIX HUCEA CYMb CHOBR HAMYPAAbHbIE HUCAA. , .

ChopmynupyeM 3aKOHB, KOTOPHIM MNONUHHAIOTCA NEACTBHA CJIO
MEHHs1 H YMHOMXEHHs; CTPOrHe ompejeNeHHS STHX JeHcTBHi H o6oc-
HOBaHHe HX CBOMCTB (BBHIBOAHMBIX H3 HeGOJBIIOIO YHCJIA aKCHOM)
paccMaTpHBAIOTCS B TEOPETHYECKOH apudMeTHKe H 37ech ONyCKaloTcs,

- Ilepemecmumendrbiii (HIH KOMMYMAMUGHLIL) 30KOH CAOMCEHUA:

atb=b+ta - (1.2)
— oT nep'eé’ranosxu craraeMBIX CyMMa He H3MeHdeTcs.
Ilepesecmumensvroul (M KOMMYmMAmugHoLl) - 3aKOH  YMHONCEHUA!
| ' a.b=b-a - . (L3)
—oT nepecraﬁosxn COMHOXHTeJIelt NpOH3BEJEHHe He H3MEHAeTcs.

B nanpneefitneMm, no Goabinel gacTH, B 3aMUCH NPOH3BeneHHA a-b
TOUKy onyckaeM H nuueM npocro ab.
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COQemame/szuu (nan accouuamuaﬂuu) 3AKOH CAONCEHUR: .
(w7®+0—a+¢+w) ) (L9

—CyMMa He 32aBHCHT OT TIPYNNHPOBKH cCJaraeMbpix.

- 10T 3aKOH II03BOJIAET 3alHCHIBATL CYMMY HECKOJBKHX cnarae-
MblX Ges ckoGok. Hanpumep:

(a+by+c=at(b+4c)=a+tb+-c.
Couemamenvroii (WIH QCCO4UAMUGHBLE) 3AKOK YMHONCEHUR! |
(ab)c=a(bc) (1.5)

— Npoli3BefieHHe He 3aBHCHT OT FPYNNHPOBKH COMHOXHTesell.
3T0T 3aKOH MO3BOJIseT MICATh NPOH3BeAeHHe HEeCKOJbKHX COMHO-
Kurteaeil 6e3 ckobok. Hanpunep:

(ab) c=a(bc) = abe.

Pacnpedeaumeavnout (1an ducmpubymugrstd) ‘BAKOK. YMHONCERUR
OMHOCUMEALHD CAOMCEHUS:

(a+b)c—ac-|-bc (1.6)
10T 33KOH JMEMNT B OCHOBE npasuia PacKkpuitifi CKOGOK, Ko-
TOPLIM YacTO NOJIbL3YVIOTCA B BHIYHCJAEHHAX H NpPeoGpa3oBaHIfX.

2, Mpoctwie M coctasHbie uncaa. lpusuaku aemumocti. Ecan
a i b—muarypaabuble yucaa, npryeM

a=1bg,

rle ¢—TaKxe HaTypajbHOE YICJO, TO TOBOPAT, YTO § —H4acmwoe
OT ZesieHNfl yHeaa-@ Ha yueao b, u nuwyt: g =a/b. Takxe roeopsr,
uTo a JAeaAMTCA Ha b mHayearo wau 6es ocmamsa. Beskoe uucso b,
Ha KOTopoe a JeauTtcs Ge3 oCTaTKa, Ha3blBaeTcst deaumeness 4icjaa a.
Can0 4HCIO @ N0 OTHOWEHHIO K CBOEMY~ AC/NTENI0 HasblBaercs
kpamsoey. Takum o6pasoM, uicaa, KpatHbie b, cyTb uncaa b, 2b, 30, ..
- Yueaa, xpatible yucay 2 (1. e. jeasutnecs Ha 2 Ge3 ocrarka),
HasbiBaloTCA “emuotuu. Hieaa, He Jerswitecs Ha 2 Hauesno, Hasbl-
BaloTcA Hewernuoisi. Kaxcioe HaTypanbHOe 4HCIO JIHGO YeTHO, 6o
HEYETHO.

Ecau kaxpoe u3 aByx uucea a;, a, fiBasercs KpaTHBIM 4ncaa b,
TO 1I CyMMa 4, + @, —KpaTHoe yHeaa b. 310 BHIHO H3 3amicH

ay=bq,, a,=bq,; a,+a,=bg, +bq2 =b(q,+¢.)-

O6patHo, ecan @, i a1+a2—Kpaerxe yicra b, 10 a,—7takie
KpaTHoe yucjaa b.

BCAKOE OT/HYHOE OT EAMHMIBL HaTypaanoe YHC/AO HMeeT no
MeHbluefl Mepe 1IBa AeanTeNs: efHHULY M camoé ce6s. Ecan gucao
He ineeT HUKaKHX APYrHX Jeqnteseil, KpoMe cebsi H eIMHHLUH, OHO
HaseiBaeTcA rpocmotsr. -Uncno, nmeiomee Kakoil-HHOYAb AeNHTENDb,
OT/MIHYHBI{I OT ceGA I eAUHIUb], HA3WBAIOT cocmasHom duciaoMm. Enu-
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HHIly NPHHATO-HE OTHOCHTb HH K .MPOCTHIM, HH K COCTaBHBIM UICJIaM.
Bor. .Hecko/1bKO mepBHIX npocn:lx yices, 3anHCAHHHX B NOpPsAKe

BO3pacTamis:
- 2,3,5,7,11, 13, 17,....

Uiicsio 2-—e;mHCTBeHHoe YeTHOe npocroe !mc.m' BCE oc7anbm>1e"
NPOCTHiE YHCJIA — HEYeTHHIE,
To, uTO MpocTHIX uHcen- uMeercs -GeCKOHEUHOe MHOMecCTBO, GHLTO
yctaHoBJieHo  eule B. apeBHocTH (EBkaua, 111 Bexk no uameii sphi).
Hresn Joxasatenbctsa Eskanna GecKOHEYHOCTH MHOXKECTBA NPOCTHIX gHCEJ]
BeCbMa .pOCTa. I.[Ol'ly(:TH\i, qTo npoéTHx YlHceS — KOHEUHOoe YHC,10; NMepeyutHc.InM HX
BCe, Hanplmep, _PacrnoioKuB. B. NOpAJKe. BO3paCcTaHiA;: L .
e 11 11 NNy A (2.1
Cocramm YHCJA0, PaBHOE HX NPOM3BEJEHINO' fIIOC eqMHHLAL A T
"a=2-3-5... p+L~

OueBngHO,- 4TO 3TO YHC0 He NeMHTCS.HH. HA OXHO H3 wucen (2.1). Cnexosaremo,
7160 'OHO CaMo sBaAETCs MPOCTHM, GO, €C/H OHO COCTAaBHOe, TO MiteeT MHPOCTOl
ZeauTeab, OTMHYHHA OT wicea (2.1), uTO NPOTHBOPEUHT JOMyWEHHIO O “TOM, 4TO
B.3anucn (2.1) mepeunciensl Bee TIPOCTHIE HHCAA.

‘310 NOKa3aTeqbCTBO MPENCTaBAAET GOMBIION HHTEPEC, TAK KaK JaeT MpHMep
JOKa3aTebCTRA meopeswt cljuecngosanus (6eCKOHEUHOro MHOXECTBA NMPOCTHIX uicen),
He CBSI3aHHOrO € q)ax'mqecxml o*rucxamle\x cGBemos, cymecmosamxe "KOTOPH X
JokasuiBaeTcs. : , . :

I\XO)KHO Jl0OKa3aTb, YTO BCAKOE cOCTaBHOE 'HICJIO Hpe,llCTaBllMO
B BIJAE NPOH3BEACHNA MNMPOCTHIX YHCCN. Tak, Hanplimep,

- 1176 =2-2.2.3.7-.7 . 1176 =23.3.72,

Kaxk BHZHO H3 3TOrO npnMepa, B Ppa3foMeHHH AAHHOTO 4YHCJIA Ha
” mpocTHe nmomne.)m HeKOTOpble H3 HHX' MOFYT. nomopmbca He-
CKOJbKO pas.’ .
B obmem cayyae B 3amici pas.nox(emm wicaa a Ha npocme
' MHOXHTEJH
. .
p’i'p'é’ oo P : (2.2)
nonpasymesaemn YTO BCe NPOCTBIE HHCAR Py, p,, v+ey Pp Pa3IHYHBI
MeXAy co6oil (npiyeMm p, NOBTOPSAETCS. MHOXKITENNeM k, pas, p, NOBTO-
pseTcst MHOXHTenem kR, pa3 u T. A.). Ilpy 3Tom yciaoBHII MOXKHO
IOKa3aTh, YTO ' Pa3OMEHHE €LNHCTBEHHO C- TOYHOCTBIO 1O MOPAAKA -
3anmicll COMHOXKHTeneld, ) :
‘Ipu pa3noKeHnn 4ica Ha NPOCTHE MHOMXITEIN NOJE3HO GHBaeT
ICNO0.1b30BATh NPU3HAKU OeAumocmu, TIO3BOJAIOUINE BHISICHHTB, Je-
JHTCA JII JaHHOEe YHCJIO HA HeKOTOopoe Apyroe uucjo Ge3 ocraTka, -
He MNpoH3BOAA _camoro. aeteHnsa. Mo BHBE}le\I NpH3HAKU ne,nxmocm :
Ha uncaa 2, 3, 4, 5, 9. ~
1. Hpnanax A€AHMOCTH Ha- 2. Ha 2 ae,mmc,q me -u
MOAbKO  me .qucaa, ¢ -3anucy xomopbcx noc,zeaum uucﬁpa ewpaomem_
wemnoe wucao (0, 2,-4, 6 usu 8). :
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~JoxasaTeabcTBO. [IpescTaBuM YMCAO C,Cy...C,. B. .BHAE

€1Cg++ +Cn=0C1C5. . .04 Cp.

I'IepBoe claraeMoe B NpaBoit uvactH fenures Ha 10 M- noromy—
yeTHoe; CyMMa OyneT 4eTHOH TOrka H TOJbKO TOTAAa, KOraa C, —
YyeTHO® YHCJIO.

2. [Tpusnaxk penumoctu Ha 4. Yucao c.c,...c, Oeaumca
#a 4 mozda u moavko moeda, Koeda 08Y3HAYHOE HUCAO, sbtpaofcaemoe
€20 .nocAeOHUMU Q8YMA qudeamu, deaumes Ha 4.

. MoxasareabctBo. TlpencraBuM uHEAO ¢,C,. .. c,,, B BHEe

C1Cy. v Cpp=0C;Cy...00 +c,,,_lc,,,.

ITepsoe crnaraemoe meantcss Ha 100 u TeM Gosee Ha 4. Cymma MMa Gyzer -

JIeJHTbCA HA 4 B TOM H TOJABKO B TOM ciayuae, eClH C,_,C, Ae-
JaiTes Ha 4. _

3. Mpusuaxk geauMoctd Ha 5. Ha 5 desamca me u
MOAbLKO me 4ucaa, 3anuco KoOmopolx 3saxardusaemcs yugpod 0 uau
qugpoi b,

PekomenpyeM unTaTtesio J0KasaTh 3TOT NMPH3HAK CaMOCTOSATE/bHO.

4, IIpusanaku geaumoctu #Ha 3 0 ua 9. Yucao deaumen
Ha 3 (coomeemcneeHHo Ha 9) 6 Mo 1 MoAbKO 8 mom cayuae, Kozda
cymma ceo yugpp deaumca na 3 (coomeememsexno Ha 9).

Joxka3aTeabCcTBO. 3amHiueM oyeBHAHbIE paBeHCTBA

R 10=9+1,
100 =991,
1000 =999 -1,

O Y

B, CHJIy KOTOPHIX MOMHO HHCJO C,C,...C, TPEACTaBHTb B BHJE

w=0(99... 94 Db oy O+ D Fcy
p =099, 0 e Oy O (0 Oyt ve s Cpmg G

Bmmo, uyTO BCE cJjaraeMele, KpoMe, ObITb MOXET, NOC/eqHe
cKoGKH, fenaTes Ha 9 (i TeM Gonee na 3). ITostoMy mammoe yucao
genntcst Ha 3 MM Ha 9 TOrga H TONLKO ToOrAa, KOTAA AeJHTCA
Ha 3 uan Ha 9 cymma ero uudp ¢, +c,+ ... 4-cj

. 3. HanGonbwiuit oGuKil RenuTe b W HaHMeHblee obllee KpaTHoe.
Ecau Kaxpoe H3 HaTypasbHLIX YHCEN @, b, ..., [ Ae/HTCA HALENo Ha
HaTypa/ibHOe 4HCJO R, TO TOBOPAT, UTO HYHCJIO £ SIBJAAETCA HX 00-
wust deaumesen. Tag, uncyaa 108 u 144 imeror ofuiue penuren 1, 2, -
3, 4, 6, 9, 12, 18, 36. Ecam ABAa MJIH HECKONBKO YHCEJ He HMEIoT
Qémux JenuTeseil, OTJIHYHBIX OT eNHHHIH, TO 5TH 4YHCJAa HasblBa-
IOTCA 63aumHO npocmoinu, Tak, uncna 49 u 121 B3auMHO NPOCTHIE.. .

Hﬂl{
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~Tak Kak jpaHHBle-yHcJaa a, b,” ..., [ MOTYT HMeTb JIHINL KOHEY-
HOe uyHCJI0 OOIHNX JiesHTeNell, To CPeflH HX OOUIHX JenuTesell uMmeeTcs
HaHOOJBIIHKH; B CJyyae B3aHMHO NPOCTHIX YHCEJ OH PaBeH eluHHue,
s HanGoNBIIEro ofero peautens (H.o. ;1) npuueﬂaerca 060-

3HaueHHe -
(@, b, ..., )=d.
Hanpmwep

(108, 144)=36; (49, 121)=1; (60, 36, 42)=6.

Hanéom;mun obmuii nennTenb JBYX HHCEN MOMHO HAXOJHTB,
NoJb3yACh HX PA3/IOKEHHeM Ha NPoCThe MHOXuTe N, [TycTh TpeGyerces,
Hanpumep, HaAtH H.0.1. uncen 504 u. 540. Pasmoxkum Kaxpoe 13
HHX Ha NPOCThle MHOXHTEJH:

504 =23.32.7,
540 =22.3%.5

Mul BHAMM, YTO, KpOME eAMHMUB!, OOUIHMH JeJHTEIAMH AaHHEIX
yHcea ABAAIOTCA

9, 23, 3, 3%, 2.3, 28.3, 2.32, 93.3%,
Taxum ofpasoM, o ;
B (504, 540) = 2*.3*=36.

B oﬁmeu ¢opme npouecc OTHICKAHHS H.O0.X. MOXHO onucath Ha
npuMepe ABYX uHCeJ CJeAylomnM o6pa3oM. 3anHmeM pasJoKeHne
JaHHBIX YHcea @ H b Ha monapHO pas/HyYHBlE NPOCTHIE MHOXHTENH:

k

a=pip .. pa

b=0lg? ... ¢
. MOXeT CJOYUHTBCS, YTO CPEAH UHCEN P;, Py, +.+y Pn HET HH OOHOTO, -
PaBHOTO KOMY-JIH60 H3 YHCEN Gy, Gqy ««+, §,,» 10TA3 @ H b—B3aHMHO
npocteie, (a, b)=1. Ecnu, Hanpumep, p,. cOBnagaer ¢ OAHHM H3
uucen ¢,, ¢, -.., Gn TO 002 uHcAa a H b jenATCHA Ha py, B3ATOE
B CTelleHH, MEHbIIEH M3 ABYX cTemeHefi, C KOTOPHLIMH 3TO HHCJIO Py
BXOIHT B Pas/ioxeHHe Kaxnoro u3 uucea a u b. Ilostomy ansa mo-
JIydeHHsI H.O.A. uHCes @ M b cienyer: 1) BHIGpaTh Bee oznmaxoaue
npocThie MHOXHTENMH, BXOAAWHE B Ppa3jioKeHHs a u b; 2) Kaxpui
M3 HHX B3fiThb B CTeNEHH, MeHblleil H3 ABYX cTenmeHeil, C KOTOPHIMH
3TOT MHOXHTeNb BXOOHT B YKa3aHHble pa3JjlokKeHus; 3) B3ATb INpo-
H3BeJleHHe HaffleHHBIX, TAKUM nyTeM oCmMX MHOXuTenell—OHO H

6yner H.0.. uHcesa a H b.
. TlonoGubiM xe- odpasoM HAXONMTCA M H.O.1. HECKOJIBKAX YHCEN.
Hmeerci n HHOM MeTOX OTHICKaHHA H.0.A. ABYX qHCes; 0 HeM
pacckasniBaeTcs B 1. 4.

Ecau -uncio m sBAsiercs KpAaTHRIM I8 KaXAoro M3 gucen

a, b, eeey [ (15 €, ne.rm'rca Ha- Jo6oe H3 3ITHX uHCeN Haueno) TO

G O TP 23
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‘m- Ha3blBAGTCA 00ufuM KpamHbm uuced a, b, ..., f. B-uactHoct,
* Mpoi3BejeHiie HeCKOJbKHX HaTypa/bHbIX yHCe/a BCeraa fBifercss HX
obuuM KpaTHbiM. Cpegs BceX OOHX KpaTHBIX JaHHWX 4ncels

a, b, ..., [ uMeeTcs HaHMeHbllee; OHO Ha3bIBAETCH HAUMEHOLIUUM
obuus kpamueis (H.0.K.) LaHHBIX 4ucea i 0GO3HAYaAeTCA Tak:
e, by il fl=m.

H.0.K. ABYX HJAH HeCKOMbKHX 4lCea TaKme YIOOGHO Haxozum,
Henonb3ys pasnomemxe 3mx qucen Ha' npocme MHOMHTELIL. Tak,

mm Yicel
7504=23-3’- 7, 540=2%.3% 5

MH HailleM H.0.K., B3fiB KaXIblil H3 MpPOCTBIX MHOXHTeNell B HX
pasnoxeHHaX B GoJbuieil H3 ABYX creneHeil, B KOTOPLIX OH BXOAUT
B 3Tl Pa3/IokeHHs:

[504, 540] = 2°.3%-5.7 — 7560.

[150 180, 240] =2*.3%.5t= 3600.

Hrak, nnd OTHICKaHHA H.0.K. HEeCKOJIBKHX uicen cjienyer: 1) Bbl-
MICaThb BCe MMPOCTLIE MHOXKHTEN, BXOZsme B pasJjoiKenue Xors OLt
OIHOTO H3 3THX YHCET; 2) B3ATb KaXAbIi H3 3THX MPOCTHIX MHOX-
Teqeit B Haubodabluell n3 cTenelieil, B KOTOPHX OH BXOIHT B pas.io-
JHCHIA JaHHDIX 4ilcest; 3) B3ATh NpousBeieHle HaflleHHLIX cTereneil
IPOCTBIX COMHOXKHTeNeil—OHO Il GyAeT H.0.K. JaHHBIX 4HCeJ.

Hetpyano sameriTs, 4T0 A1 ABYX B3alMHO NPOCTHIX 4icen a u b

[a, b} =ab

— H.0.K. 08Yyx 63AUMHO RPOCHBIX H4UCEN paso npousee&‘euufo Imux
qucea. OTmeTiM, 0e3 JOKa3aTeibCTBa, Gosee obluee COOTHOLUEHIE
.(oHO cBoaiitTCA K npejbiayuleMy B cryuae, ecii (a, b)=1):

[a, b] (a, D)=ab, )

HMEIOUee MECTO AJIS Jo6biX IBYX 4lCeNi: npoussederue HauboAbluezo
00ujceo Oeaumeass Ha HaumeHbuiee obujee kpamuoe Jsyx ducea pasHo
. npous@e@emuo amux qucea.

4. Heawne uucna. PanuonanpHble YHCaA. Ec.nu CJIOXKeHHe H YMHO-
“¥KeHIle HaTypaJsbHBIX Ylicel BCErja MpHBOAAT BHOBb K HATYPalbHOMY .
YHCAY, TO YiKe BbIYHTaHHe He BCerAa BBIMOJHHMO, eCJ/H. OCTaBaThCHA
B oOjactH apupMeTHKH HaTypaJbHBIX uucea. JJas BO3MOMKHOCTH
o0pa30BaHlsi pa3sHOCTH JOOBLIX ABYX HATYypaJbHbIX uiceJ BO3HHKaeT
HeobX0JHMOCTh pacUllpITh COBOKYIHOCTL Ylice/l, BBOAS HY4ab H teavie
ompuyamenvusle yucaa —1, —2, —3, ..., —n, ... HarypaiabHble
YiC/a HA3bIBAIOTCA TaKkKe yeavimu noaoxcumenvuomu quciamu. Ecmn
"-XOTAT NOAYEPKHYTb, YTO JaHHOEe YHCJIO MNOJOXHTeJbHOE, TO Mepes
HIM -CTaBHTCA 3HAK «-+»,  HO, KakK NpaBHI0, NHUIYT: He 4,
a -npocto' 4 U 'T. A., Nepel OTPHUATEJbHBIMH  }Ke YHCJAaMH 3HAK

AtnasnoruyHo,
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‘¢—» CTaBHTCA 00s3aTenpbHO. UHC/MO HYJb. HE OTHOCAT HH.K .OTPHUA-
TEbHBIM, HH K NOJOMKHTEAbLHBIM- YHCAAM. ‘lncna n_H-— n-Ha3bBIBAIOT
npomuaono/wwcnbmu _ ca

Bcﬂ conoxym{oc'rb Henbx wiicen.

ey = 150, 1,2, L

COCTOHT H3 HEeJHX IONOXKHTeNbHHX (Harvpanbuux) 4HCe.T, . He/TbiX
-OTPHUATEALHBIX YHCeN H HYJAA.

Tenepb YXe, . BO- MHOXeCTBe BCeX ue.nux !mce.n neucrnue BhIYH-
TaHHA (TaK Ke KaK H CJIOXeHHA) Bcera Bunoannmo. Ilpu.stom,
ReficTBHE BHIYHTAHHS - MOXKET GbITh CBECHO K CAONEHHIO C HHCJ/IOM,
ﬂpOﬂ‘[lBOHO.‘lO)KHblM Buqmaemomy

a—b—a+4(—b); a—(—b)=atb.

Mpt npexnmosaraeM H3BeCTHBIMH NpaBiia AefiCTBHIT € UeAbIMU (nono—
MHUTEbHBIMH H OTPHLATEJBHBIMH) YHCAAMH.,

Jna yMHOMKEHHS UelBX wYHCed BBOZHTCA 113BeCTHOE npaalmo
3HAKOB: ecAH a, b noJoxHTelbHBE, TO - .

(—a)-b=a-(—b)=—ab; (——a)( b) ab,

B YACTHOCTH, (-—l) a-—‘—a.
Takum o6pasom, npou3senense m;yx gncen: onﬂoro 3HaKa €CThb
© _MOJOKHTENBHOE YHCIIO, ABYX YHCEN HPOTHBOMOI0XKHOIO 3HAKA — OTPH-
uateabHoe YHea0. HHCI0, NPOTHBONOI0KHOE AAHHOMY, paBHO npous-
BEICHHIO AAHHOrO HHCJIA Ha MHHYC elHHHIY. i
[MpousseneHie Mo6oro yHucjia Ha HyJb paBHo HYJI0. :
MHoXecTBO wiices1, o6/ajatoliee TeM CBONCTBOM, YTO CyMma, pas:
HOCTb H TPOH3BeleHHE ABYX MoObLIX 4HCea 3TOr0 MHOXECTBa CHOBa
eMy MNpHHAAJeXar, HasblBACTCH HUCA06bIA Koabyom. B uuCIOBOM
KOJ/Iblie Heor paHHYEHHO BEITOJHHMBI Le/ble palHOHAJbLHbEe JeHCTBHA,
T. €. palHoHa/bHble JeiiCTBHS, KpoMe, ObTh MoxKer, AeieHus. Hary-
panbHble yHc/a He 06pasoBaji YHC/JAOBOrO KOJBUA, TAK KaK AeMCTBIHE
BLIUHTAHHA He BCErJa NPHBOAMJIO BHOBb K HAaTypaJbHOMY. YHCAY.
. Ilennle yicaa o6pa3yioT YHCI0BOE KOJBUO, KOAbYO Yeabix ducen.
MHOXKecTBO 4HCes, B KOTOPOM BBHINOJHHMB BCE pailHOHA/JbHHE
IeflCTBHA, BKJIIOYAA It JeseHHe (KpoMe- e/leHHS Ha HyJb, KOTOpoe
HEBO3MOXKHO), Ha3blBaercs wucaoevim nozesm. Llenple uncaa He obpa-
3YIOT moJf; TaK Kak B 06/aCTH UeJHX. lce. nenemle He Bcerna
BHIIOJIHHMO. :
. B cBa3n ¢ 3THM. MHOXECTBO. eMbIX dHCed BHOBb pacumpmm'
0 MHOXECTBAa PalHOHAIBHBLIX uHced. PayuonarbHoim 4ucaos Hasbl-
BaeTCs YHCJIO, NPEACTaBHMOE B Buje a/b, rae WHCANTENb a—1enoe,
. a 3aHameHaTtesb b— HatypaabHoe uncso. Ecan a gesnntcs Ha b Haueno,
'TO pausoHaJbHOE YHCJIO —LeJsI0e; B IPOTHBHOM C/ly4yae palHoHa/IbHOe
4ucao HasbiBaeTca GpoOubia., OHO CUNTaeTCA MOJIOKHTE/IbHBIM, €CH
a—TOMNOKHTE/IbHOR, . H OTPHUATE/IbHEIM, €C/H Q—OTpHUATeNbHOe,
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Jpo6b" a/b’-MOXHO COKpaTHTH, pasnemm YHCJIMTENb  H :-maueua-
TeJb Ha H.0.L. uucea @ u b.- B pambHefieMm, Kak mpaBmjo, npu
3anuCil PallHOHANLHOTO 4iCaa B BuAe a/b 1poGb a/b cuntaercs He-
COKpATHMOIl, T. €. ‘a H b mojaralTcsi B3aHMHO NMPOCTEIMH YHCJAAMH.

B o6nacTi panHOHaAbHBIX 4iHCEeJ HEOTPAHHYEHHO BHINOJIHHMbB BCE
pauHoHa/bHble AeficTBHSA (KpoMe JieJieHHs Ha HyJib): CyMMa, Pa3sHOCTb,
HpOH3BEJEHIe H YaCTHOE paNHOHAJBHHIX YHCEJ TaKke SBJSIOTCA
paluoHaJbHBIMH 4iicsiamu. [losToMy pamioHadbHBIE unHCAa 06pasyioT
YHCJIOBOE ‘TIOJIE-—104€¢ PAYUOHAAbHBLY HUCeA.

TlpakTnueckn npasusa AefCTBHI Haj PallOHAJbHBIMH YHCJAaMH
XOpowo H3BeCTHH H3 apudMeTHkH. JnA chaoxkenus u ymMHOXKeHHS
CNPaBEL/HBL Te e OCHOBHEIC 3aKOHBI, YTO il J7S HATYpajbHHX
ysicea (m. I). :

Kaxpgoe pauioHa/JbHOE YHCJIO X, €CJH OHO CaMO He SIBAsfieTcs
LeJbIM, 3aK/AIOUeHO MexAy ABYMA COCETHHMH LEJBIMH YHCAAMH:
n<x<n+1, Tak, sanpumep, ¥/, JEKHT Mex{nv 3 u 4, 13/54—
Mexny O un 1, — /3—Me>sz,y —3 u —2.

BeegeM cienyioulee onpegesieHie: ye.1ol 4acnoto 4ucia Ha3bBaeTcs
nauGobluee les0e HICI0, He npeBocxojsulee AaHHOTO.

Heaas wacTh uicia x obosnavaerca tak: [x]. Hanpimwep:

[77,] =3, [13/54]=0, [—%]=—38, [—3]=—

Pasnocte MeX1y XaHHEIM WICIOM I €ro Heloif 4acTbio Haskl-
Baetcst OpobHoi wacmoio qucaq. JIpoGHas 4acTb yicaa x paBHa x— [x]
M HHoraa obo3Hayaerca uepes (x). B Hawnx npiMepax apoGHan qacrb
yucea ?/,, 13/54, —8/,, —3 paBHa cooTBeTCTBEHHO 1/,, 13/54, 1/,, 0.
Jlpo6Has .yacTh LEJOro YHCJAA paBHa HYJIO, TaK Kak Iejoe YHCIOo
coBmagaeT co csoeil ueoii yactbio. [as mo6oro uicaa ero apoGxas-
4acTb HEOTPHILATeJbHA H CTPOrO MeHbIe eqyHHIILL:

0<x—=[x] < 1. _
Beaxoe payuonaisroe 4ucao 00KO3HAHKO pA3.1azaemcs Ha cy.nm 1y
yesol u OpobHod wacmed, Hanpumep
8
T=3+7, —g=—3+3.

" C pasjioxeHHeM paLOHAJbHOTO 4YHCAA Ha HeJAYi0 N JpoGHyl0
4acTil CBA3aHO NOHATHe OeseHus (HAaTyPajbHHX YIHCENT) C OCMAMKOAL.
Yncso a/b oxHO3HayHO NpeicTaBisiercs: B BHAE CYMMbl CBOeii Hesioil
yactii [a/b] =g n npoGHoit yacTi /i (He HCKJIIOYEHO, YTO LeJas HJIH
ApoGHasi yacTb paBHa HYJIIO):

—=q+h- 0<h<l,

O6Gosnaunm bh=r (ﬂCHO, yro 0<r <b). Torna
a=bg+4r. , 4.1
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3necs ¢ HA3HIBACTCH YACMHGIM, @ — OCIMAMKOM npy JmeseH’H
a Ha b. Ilpn sTom ocTaTok yjroBJerBopsier HepaseHcTBam 0<Cr < b.
PapenctBo (4.1) MOXHO HCIIONB30BATH AJISt TAKOTO GOJlee q)opmam,uoro
onpeaesieHHs MOHATHIH yacTHOro M ocratka. Ilycrs a, b—Hatypasnns-
Hple yHcaa. JIBa wesbIX HeOTPHLATeNbHBLIX YHCIA ¢, 7 HA3LIBAIOTCH
COOTBETCTBEHHO YacCTHHIM H OCTATKOM OT JieJleHus a Ha b, eciu Bbl-
nonusercA paseHcTBO (4.1) 1 HepasenctBo 0<Cr < b.

" Ha npouecce neneHnss ¢ OCTaTKOM OCHOBBIBaeTcsi ¢nocoG OTHICKa-
HUf H.0.K. ABYX UHCEJN; HCTOPHUECKH OH CBA3aH C TeopHell n3mepe-
HHA oTpeskoB y EBkanna (c. m. 163) 1 HoCHT HasBaHHe @r2opumma
Eexauoa.

ITyers nauel 1Ba HaTypaanux yicna a H b < a. Tlpoussenem
flefleHHe a Ha b; ecai @ pasjgenuTcs Ha b Haueno, TO b—H.0.1. 4Kcea
a, b. B npoTHBHOM cJyyae NOJYYHTCA HEKOTOPHI ocTatok r, < b:

a=>bq,tr,. : (4.2)

Tenepr Oyzem pmemutb b Ha ry; ecan b pasnenntcs Ha r, Haueno,
TO .r, OKaxeTcs oOOULHM [e/HTesNeM ulcel a H b; HefiCTBUTENBHO,
B 3TOM ciyuae o6a caaraeMblX NpaBoil yactH paBeHcTBa (4.2) neasres
Ha ry Haueno, 3HauHT, AEJAHTCA Ha r, HaueJO H ero JieBas 4acTb d.
To, uto r, ABHTCA HMEHHO HaH GOJbLUIHM OOWHM AemiTejeM a u b,
TaKKe BHIHO H3 (4.2): ecnmi d—KaKoi-HHOYIb OOWHI eqnTeab yucen
a, b, T0 oH GyzeT Takxke AeJHTeJeM YHCIA T,y.

Ecant b JeJHTCA Ha ry C OCTAaTKOM, TO NMPHAEM K PaBeHCTBY BHIA

b=rigy+ry - s (4.3)

rne yKe r, < ry. Hocne 3TOro pasjeiuM r, Ha ry. CHOBa mpescras-
JASMOTSA KBe BO3IMOMHOCTH: 7, JEJINTCA HA 7y HANENO, WIH 7, AEIUTCH
Ha r, ¢ octaTkoM. Ec/i ocyuiecTBHTES nepBast U3 STHX BO3MOXKHOCTeT,
TO r, GyaeT H.0.A. yncen a u b (3To JerKo AOKa3aTh, NOMbL3YSACHh pa-
sencrBamMit (4.2), (4.3); pexoMeHAyeM YHTAaTeNO NPOBECTH 3TO JOKA-
TenscTBO):. Ecan ke ocyuiectBiasiercs BTopan BO3MOXHOCTS, TO TIO-
JAydHM pesysbTaT Aeneniis

l—rz-q3+r3» f3<f2,‘

I BHOBb GyaeM’ nenilTb r, Ha r,. Ilpouecc 06s13aTeqbHO 3aKOHUHTCS
Ha HEKOTOpOM wiare: uncaa b, ry, 7, ... IOCJEIOBaTe/JbHO YMEHb-
waloTcd, H JAH60 OAHO N3 HIX, He PaBHOE eNHHHIE, OKAKETCH JeNH-
TesieM Mpefsiiylero (0Ho u 6y11eT H.0.A. yicen a, b), 11160 nenoyka
uncen b >'ry, > r, >... 3aKoHuHTCA efuHuueii. B aToM cnydae H.0.A.
uncen a, b paeeH eauHnue, uncaa a, b B3aMHO mpoCThbie. '

IMpumep. Hau-m H.0.1. uticen 162 1 42, nonp3ysach aaropuTMOM
EBkansa.

Pemenne. Heanm 162 na 42: .

162=42.3 1 36.
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-

OCTaTOK r,—36 RenuM b= 42 Ha r,=36:

- 42=:36- 1+6
Bropou OCTaToK r,—-6 Ile.;mm r,= 36 Ha r,——6
S . 36 6.6.. .
Ilenenne BolnOnHAETCH Ge3 OCTATKa; HOSTO\iy r,= 6 H 0.1. yncen
162 u 42. RS )

5. JlecaTHuHbie ]pOGH. np_encmmxeuue pauuonaabﬂux qicea
RecATHYHBIMH BpoGamu. [ecamuunold dpo6ero Ha3biBaeTca Apodb, y
KOTOpPOii 3HaMeHaTesb npeicras/sier co0oil HaTypasJbHYIO CTeneHb

. s 7823436 T o e -
uiicaa 10. Takoil, Hanpuyep, sBJserca ApoGk —poos-. STy 1pols. -
MOXKHO 3amicaTh B Caefyiowefi (opme: BHINCATh B CTPOKY Hidphl
YHCJHTEIs. H OTAeJHTh 3aNATOH CnpaBa CTOAbKO N3 HUX,’ CKOJBKO

H).'lell co;J.ep)mnca B 3HaMCHaTeJl¢E,: a HMEHHO?

7823436 - ~
W: /82,343b.

B Takoil samuci ungpr, crosumue ciesa oT 3anartoii, 06pasyior
Le1yio 4acTb, a Widpsl, Crosilllite CnpaBa of 3ansroil —;xpoﬁnyo
yacTb AaHHOIl AecATHYHOL npoon
. Tlyete p/q—Kakoe-1160 1010kHTebHOE PalliOHAIBHOE 4IC.IO0.
M3 apndaetiikit Xopowo n3BecteH NPOUECC AeseHiisl, NMO3BOSSIOULHI
NPeACTaBIATL YICI0 p/q B BHIe JecatiuHoil apo6u. CywmHocts npo-
Lecca aeJieHiist COCTOHT B.TOM, YTO CHadajla HaxoadaT, Kakoe Hanbob-
liee Legoe YicJIo pa3 ¢ COREPKHUTCA B p; €Cll p—KparHoe ¢, TO Ha
3TOM npouecc JeleHns H 3akaHunBaeTcsi. B mpotiBHOM ciydae, mo-
ABJiAeTCA 0cTaToK. Jlajdee HaxogfAT, CKOJABLKO B 3TOM OCTaTKe CoAep-
HHTCS JeCSTHIX A0.1eil ¢, It Ha 3TOM 11are MPOLeCC MOXKeT 3aKOHYNTbCH,
711160 NoABHTCS HOBBIIT OCTATOK. B nocaenHenm cnyqae HaXOMST, CKOIbKO
B HeM COIep:KITCA COThIX Jojeil ¢, H T. X.

Ecau snamenates b ¢ He HMeeT HUKAKHX IPYTHX NMPOCTBIX A€JI-
Teqieil, Kpome 2 uam 5, TO -yepe3 KOHEYHOe YIICJI0 1IAaTOB OCTAaTOK.
OKaXeTCs1 paBHLIM HYJIO, MpouecC AeleHls 3aKOHUHTCA i jJaHHasd
OObIKHOBEHHasi ;1po0b OOPAaTHTCA B KOHEYHVIO  JIeCATHUHYIO APOOb.
B camom jeqe, B yKa3aHHOM C.yyae BCETAa MOAHO MoAoGpaTh Takoe
nejq0e ‘4iC/io, YTO MOCIe YMHOMKEHIA HA HEro YUCJITeNst 1t 3HaMe-
HaTeld JaHuofi 1poOH noJayuuTcs paBHad eii Apobb, y KoTOpoil 3Ha-
MeHaTeab Gyaer MPeACTaBIATb HATypAIbHYIO CTeneHb aecaty. Taxoil,

HanpumMep, siBaserca Apolb
59 59

30 o3, 5!
KOTOPYIO MOXKHO NpeACTaBliThb Tak: l

59 5952 _ 59.25 1475
VTFEET @

= 1,475.
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Onnako, He mnpou3soas 3mx.'npe06pasosémm,” pasnenuB YHCJH- °
'renb Ha 3HaMeHaTe/b, YHTaTe b MOJYUHT TOT Ke pe3ysbTar: 59/40=
=1,475.

A .

Ecan 3namenarens HECOKpaTHMOH npo6u HMeeT 1O MeHbLLeil Mepe
OfHH NPOCTOil AeJNTeNb, OTJHYHBIA OT 2 HaH 5, TO Mpouecc AesNeHHs
" p Ha ¢ He 3aKOHUHTCA HHKOTAA. (mmaxou 3 O4YepefHbIX OCTATKOB
B HyJb -He oGpaTHTCA).

Hpumep:

Lo 965 ° 965
o . TRTEEIr
Buinoanns menenue, Hafinem

132_7 310606. ..

I1s 3anucH pesy/bTara, IN0Jy4aeMoro B 3TOM INpHMepe, fnepHo-
AHueckH noBTopsitouyecs uudpst 0 H 6 3aK/M0YAIOT B KPYTJble CKOOKH
M MHWYT: ‘

33 =731 06).

‘B 'stom npHMepe H B APYTHX nono6m>1x clyyasx JeficTeue je-
JeHHS] He NMPHBOJIHT K OKOHYAaTeJbHOMY pe3y/ibTaTy B BHIE A€CATHY-
HOii npo6u. MoxHo, o6obwas. NoHATHe AecsTHUHOH APOGH, Bce Ke
TOBOPHTb, YTO YaCTHOe 965/132 npeacrasneHo GeckoHeuHol nepuodu-
uecKoll apoébro 7,31(06). IMosropstoutiecs undpet 06 HaswBaIOT nepuo-
doat 3T0it. npodu, a HX YHC/J0, paBHOe B HauieM npiimepe 2, —Odaurodl
nepuoda.

Yro6ul yACHHTb NPHUHHY SIBJEHHSA nepnonmmoc‘m ApoGu, pasbepeM, Hanpu-
MeD, npouecc AeIEHHA Ha 7. Ecan neneHHe Haueno He BHINOIHAETCHA, TO MNOABIASETCS
OCTaTOK, KOTOPHiI MOMET HMeTb TO.IBKO OLHO M3 C/AefVIOMHX 3nadeHuit: I, 2, 3,
4,5, 6. M Ha Kama0M M3 CEIYOUIHX AroB OCTaToOK GYJeT HMeTb CHOBA OIHO W3
3THX WeCTH 3HaYCHHM. I'loarowy He Mo3/fHee YeM Ha CeAbMOM Iare MH HeH36eKHOo
BCTPETHMCS C OJHHM H3 3HAYeHH{l OCTaTKa, KOTOPLIE paHblle yxXe MNOABALINCH,
Haunnas ¢ 3storo Mecra, mpouecc fefeHHS NPHOGpeTeT MEPHOXMYECKHA XapaKTep.

ITeproanueckn GyayT MOBTOPATLCA M 3HAYEHHA OCTAaTKOB, M NHGPH YacTHOrO.
Takoe paccyxnenne NPHMEHHMO. W B CayHae mo6oro apyroro ReauTend. :

Takny 06pa3om; BCAKas OGHKHOBEHHAS ApoGh p/q npencTaBnaerca
KOHeuHOli HJAH OGecKOHeYHOil nepnozmqecxou lleCﬂTH‘lHOH IlpOﬁblO
3ameuatesqbHO, uTO M, 0GpaTHO, BCAKas. MepHOAHYECKas AECATHY-
Hasi 1po6b mpeacTaBuMa B BHAe OObIKHOBEHHOH apoGu. ITokaxewm,
KaK- BHIMoJIHAETCH . 310 AeiicTBue. Ilpn 3toM ncnom,syercﬂ ‘hopmyna
cyMgu 6GecKkoHeuHO yGbiBaloLLefl reouerpuqecxou nporpeccuu (n. 92).

aMmHCh ,

=173l (06)
MOZKHO NMOHHMATh TaK:

965 o 6 .6 ,6 " '
=83l ittt
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SlleCB tmeuu npanou yacry, ‘HaunHasm co BTOpOTO, oépasylo'r ﬁecxo-
HeNHYIO. FeOMETPHYECKYIO MPOrpeccHio co 3HameHareseM- 1/10*=0,01

H nepBbIM uneHoM 6/10*=10,0006. n0J1b3yﬂCb dopmyaoit (92.2): .

= l_q ,
HailzeM -1 | . 0
6100 73
731(06)“ 100 T T—17100 = 100 + 100.99 WG(731+§)= .
. __ 24125 --965
- 10033~ 132°
" SICHO, YTO 3TOT Ke Npolecc MO3BOJHT JOGYI 3ajaHHYyI0 OecKo- -
HeUHyl0 NepHOJHYECKYI0 APOGb NPEACTaBHTb B BHAE OGHIKHOBEHHOI
Apo6u (M, KaK MOXKHO NOKa3aTb, HMEHHO TOif, H3 KOTOpOil B HpoO-
necce JeJeHHST B CBOWO Ouepelb MNOJy4aeTcss IaHHas GecKOHeuHas
nepuoanyeckas Apo6b). Brpouem, 31ech HMeeTCSl ONHO HCKJIOYEHHE.
_Pacemotpum 1po6b
0,4999...=0,4(9)

H NpuMeHHM K Heil mponecc npeo6pa3oBaHNs B oéb.mﬂoaeuuyno npoﬁb'

0,4 (9):0,4+m+m+ vy

HaxXoguM

0,4(9)=0,4+ 19“1‘/)‘1’0 —=0,440,1=0,5

— MBHl NIPHIWIIH K uHcay 1/2, Kotopoe NpeiCTaB/isiercsl KOHEYHO fe-
caTHyHoil apo6eio 1/2=0,5.

CxonHBlil pe3ysbTaT NONYYHTCS BCAKHIT pa3, KOrja nepuog AaHHOl
GeckoneyHoit npobu umeer BHA (9). IlosToMy Mui oromxecmfmem
TaKlle Mapel 4HCEJ, KaK, HalnpHMep,

, 0,490 u 0,5

: 2,37(9) n 2,38
HT R '

Hnoraa nosesHo emie pornyckath 3amHCH BHAA

0,5=0,5000...=0,5(0),

npeicTaBasa (GopMaibHO KOHeYHble JecATHYHBlE APOCH KaK GeCKoHey-
Heie ¢ nepHonoM (0).

Bce ckasanHoe 06 ofpalneniit o6bIKHOBEHHOI 1pOOH B lleCﬂTHlIHle
NepPHOJAHYECKYI0 APO6b H OOpPaTHO OTHOCHJIOCH K TIOJIOAKHTEIbHBIM
palHOHalbHBIM YHclaM. B cayyae oTprIaTe’LbHOTO YHCAZ MOMKHO
NOCTYIIHTL JBOSIKHM 06pasoM.

1) Bsatb nNoJOXHTeJBHOE YHCJAO, IIPOTHBONOJOXKHOE ' na}momy
OTpHILATENLHOMY, oépa’ru'rb ero B JIECATHYHYIO Apobb, a 3aTeM No-
CTaBHTD - nepen Hejt -3Hak MuHyc, Hanpumep, zum-—5/3 no.rxquu

_=1 ,(6): __’_5_'=_1 (6) = —1,666. ..
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2) I[aunoe OTpHIUaTeJbHOR paunoﬂanbnoe QHCJIO HNPeACTaBHTH
B BAJle CYMMBI' €T0 leMOfi 4acTH (OTpHIATeNbHO) M ero: ApobHoi
yacTd (HEOTpHUATENbHOH), a 3aTeM 0OpaTHTh B ReCATHIHYIO npo6b
TOALKO 3Ty npo61iyxo yactb uHcsaa. Hanpumep:

—3= 2+—=—2+0 3,
. —3 = 145 =—1+0,%.

- Jdna sanucu uHcel, npencraB.neHme B BHIe CyMMH CBoei OTpH-
LATeJbHON LeOit YacTH H KOHEUHOH W/ GeCKOHeuHOH NecATHUHOf
ApoGH, NMpPHHATO Taxkoe obo3HayeHHe (HCKyCCTBeHHAs ¢opma 3amucu
OTPHLATENBHOIO YHCMA): -

—2+0,(3)=2,(3).

—1-+0,25 =1,25.

3recs 3HaK MHHYC CTaBHTCS He mepej Bcefl ApoGbio, 2 HAX ee Leoi
4acTbio, YTOGH! MOAYEPKHYTh, YTO TOJBKO leJad yacTh OTPHUATENBHA,
a cnenyxomaﬂ 3a 3andAToOH 1POGHAA HacCThb NOJNOXHTE/]NbHA.

- Tdxaa 3anuch CO3RaeT eAHHOOGpa3He B 3aNHCH TMOJOMXKHTEJbHBIX
H OTPHIATEJbHBIX JecATHUHBIX ApoOefi H OyXeT HCHO/JL30BaHA B Gy-
AYWEM B TEOPUH NECATHYHHIX JOrapHpmos (m. 28) Tlpeanaraem uu-
TATeNI0 ANA NPAaKTHKH IPOBEPHTH IepeXoi OT OAHOM 3aNHCH K APYroi
B npHMepax:

_1= —0,875=1,125,
965
—33=—T7,31 (06) =5,68(93).

“Téneps - yXKe MOXKHO cPOpPMyIHpOBaTh OKOHYATENbHHIA BHIBON:
BCAKOE pAyUOHAAbHOE 4uCcA0 Moscem Goime npedcmasaero OeckoreuHodd
decamuynoll nepuodudeckoii dpebvro, u, 06PaTHO, écakas maxas 0pobo
3adaem payuonarbHoe 1uc.o. Kouelmaa necATHYHasA Apobh JomycKaer
Takxke ABe (OPMBI 3aniCH B BHIAE GECKOHEYHO necsmltmou npo6u.
¢ nepuonoM (0) 1 c mepuopom (9).

6. Hppanuonaabnuie yncaa. JleficTeurenbuble yHcaa. He Bce neuc'r-
BHS, paccMaTpHBaeMble B ajre6pe, BHIMOJHUMBEl B MOJie PAUHOHANE-
HbIX uncel. Ilpumepom MoxeT cay:HTb onepaluiist M3BJe4YeHHs KBaj-
paTHoro KopHs. Tak, ecan paBeHCTBO x®=4 BHIOJHAETCA NpH
3HAYEHHAX x=2, x=—2, TO paBeHCTBO x*=2 He HMeeT MecTa HH
IPH .KAaKOM palUHOHAAbHOM 3Hauenun x. Jlokakem 3to. CHauana
3aMeTHM, YTO LeJoe X He MOXeT HMeTh KBajpara, paBHOro 2: npu

x=1 umeem x*=1, a npu x> 1 x® 3aBegomMo Gonbwe 2. IIpexmno-
JIOXKHM Telepb, ln'o x ApoGHoe: x=plq (npo6b CUHTAeTCH HeCcoKpa-
THMOU) H (p/q):=

- Orclona HMeeM p =2¢% p NOJIKHO GbITb YETHHIM YHCJIOM (mralle
KBa,mpar p He Obl1 On uetHoiM). Ilonoxum p =2k, p®=4k? Teneps
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4kt =2¢2, ¢*=2k% no:lyqaeTcn YTO H q—qemoe 4TO npo*rxmopeqm-

JONyIIeHHI0 O HeCOKpaTHMOCTH ApoGH p/q.

310 nokaspiBaeT, 4YTO B 00JacTH pauUHOHAJbHEIX uHCeJd 13
yHcia 2 Heab3A H3BJEYb KBaApaTHbII KCpeHb, CHMBOJ /2 ne nMmeeT
cMmbicia B o0.aacTi pauHoHaabHeIX uncea. Mexay Tem 3a1aua:
«HaliTH CTOPOHY X KBajpata, 3Hafd, YTO IJOW3b ero pasua Sy —
CTO.Ib e eCTecTBeHHAa npu S=2, kak u npu S=4. Beixox u3
3TOro M JpYrHX NOAOGHBLIX 3aTpyAHeHH{i COCTOMT B AajbHeilluem
pacmHpeHiill MOHATHA YHCAA, BO BBEJAEHHH HOBOrO BHJA -Ylices —
UPPaLUOHAIbHBIX qUCel. -

Iloxaxenm, KaK BBOLATCA HppaunOHaJbHbLlE YIHC1a Ha NpHMepe
33334l H3BJedYeHHsl KBalPaTHOrO KOPHA H3 YHCAa 2; 418 NPOCTOTHL
OTpP2HHYIMCS NOJOKHTEIbHBIM 3HAUYEHNHEM KOPHS.

Jas KaK10ro moJ0XHTeJbHOTO PallOHAJbHOIO yHCAa x 6yjier
HMeTh MeCTO OIHO 13 HépaBeHcTB x2<C 2 muau x* > 2. Ouesiuo,
yto 12 <2, 22> 2. Paccmatpusaem 3artem uncaa 1,0; 1,1; 12;
.. L9 2,0 1 HaxodHM ABa cocegHHX Cpelll HHX € TeM CBOIICTBOM,
YTO TiepBOe HMeeT KBajpar, MeHbulni jByX, a BTopce—O60abLuii
aByx. HMwenno, 1,42 <2 u 1,52 > 2. AnaJjoruuHo, npojposnkas stoT
npouecc, NOIYYHM PAx HepaBeHCTB (A48 NOAYUeHHS AECATHUHBIX
apodeil, HAMUCAHHBIX 371€Cb, MOXHO TaKkze ICNO0.1b30BaTb 113BeCTHBHIII
aaroputy npHOINAEHHOTO 13BJeYeHHs KBaIpaTHOro KopHsa, n. 13):

12<2<
1,42 < 2 < 1,52,
1,41 < 2 < 1,42,
1,414° < 2 < 1,4152, . .
1,4142: < 2 < 1,41432,
1,414212 < 2 < 1,414222,
1,4142132 < 2 < 1,4142142,
1,4142135: < 2 < 1,41421362,

Conocrap.ifisi- cHayaja leJdble ¥acTi, a. 3aTeM NepBLE, BTOpLE,
TpeTbl M T. A. wWudpH nocie 3anaToil y pauUHOHAJbHBIX ulicesd,
MeKAV KBagpaTaMi KOTOPHIX JIEKHT 2, MBI MOKeM HOC.1e10BaTe.TbHO
BBHINHCAThb 3TH JeCATHYHHE 3HAKH:

1,4142135... 6

ITpouece oThHICKaHHsi Nap PpallHOHANbHHIX uHCe (BbIPaKeHHBIX
honequu\m AeCATHYHBIMH JAPOGAMH), OT/IYAIOUINXCA APYF OT Apyra

Ha 10"“ co  Bee GOJBIIHM m MONET GHITb NPONOJKEH Heorpani-

yenHo. [To3ToMy MOXKHO paccMaTpHBaTh apo6b (6.1) Kax -Geckorney-
HYI0 JeCATHYHYIO :1po6b. (HeNepHOAHYECKYIO, TAK KaK B cavuae ne-
PHOAMYHOCTH OHA NpeACTaBjaAJa Obl pauuouanbﬂoe qucno) 3ra’
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GeckoHeynan HenepHopHueckas Apo6b, Jioboe UHCJAO0  IeCHTHYHEIX
3HAKOB KOTOPON MEI MOXeM BHIIHCaTb, HO AJ KOTOPOH HeJb3s
OCYIleCTBHTh 3amHCH ONHOBPEMEHHO “BCeX_ 3HAaKOB, H TNpPHHIMaeTcd
3a uncao, paBHoe }' 2 (T. e. 33 yHCJIO, KBaapaT KOTOPOro paseH 2).
OrpnuarenbHoe 3HayeHle KOpHA KBaApaTHOrO H3 ABYX MH npezx-
CTaBHM B BHpe »
—V2=—1,4142135. ..

117, NOJB3YysiCh HCKYCCTBEHHOI Qopmoil 3anucH uuces, B BHIE
—V2=2,5857864...

BeeaeM Temeph caenyomiee OnpeieseHle:  UPPAUOHANbHBIM
qucaom HasbBaeTC BCAKas GeCKOHeuHasl HenepHOANYecKas JecATHY-
Has Japobb

0 =0a,a,0,05...0,...,

rjie a—uenasi 4acTb uncaa (oHa Moer GHIThb IOJOXKITEIbHOIT, paB-
HOfl HyJI0O HJH OTpHUATeJbHOIll), a a,, a,, ..., 4, ... —JECATHY-
Hule 3Haki (undpe) ero apoGHO yacTi. ‘

3ananHoe GeCKOHEeyHOIl HemepHOAHYeCKoil Apobbio HppalloHab-
HOE 4HCJO OnpegpesseT IBe NMOCJAENOBATENbHOCTH KOHEYHHIX IecATHY-
HHX apoGed, HasbiBaeMbIX Oecamuunbismu npubauscenuasmu o 1O
HeAoCTaTKy 1 MO H3OHTKY:

a<la<la+tl,
: a.a, <o < a8+,

1
aaa, <o <La,a,4a,+ 00°
Hanpuwmep, nna a=) 2 sannmenm
1<V2<e,
L4<V2<1S,
1,41 <V 2< 1,42

n T. K. 3pech, Hanpumep,- 1,41 —jecatnunoe npubamsenye )2
¢ Tounoctbio g0 0,01 no meaccratky, a 1,42—no usbHTRY.

3anich HEpaBeHCTB MeX1y HPPAUHOHANbHBIM YHCJIOM H ero je-
CATHYHBLIMH NPHOMHKEHNAMH BXOIHT B CaMoe ONpenesieHHe NOHATHA
HPPaLIIOHANbHOTO YHCJAA W MOXeT ObTh MOJ0XKEHa B GCHOBY ompe-
IeNleHHs1 COOTHOLIEHHIT «0oJbiue» H «MeHbile» A1 uppaunonanbnux
uncel. -

Bo3moxKHOCTL TpeicTaBJeHHs] HPPaUHOHAJbHEIX “UHCeJT HX BCe
Gonee u Gosee TOUHHIMH JECATHUHBIMH NPHONIIKEHHAMH JIEXKHT
TaKxXe B OCHOBe omnpefesieHla apHMeTHYeCKHX = JeficTBRII Han
HPPAaUHOHAJLHEIMI  YHCJAAMH, KOTOpHe (AKTHYECKH NPOH3BOAATCA

2 B. B, 3afines n zp.
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Hal HX MPpPaUHOHAJbHEIMIU npuémmemmml no Henocrarxy IJIH 10
H36LITKY.

K uppamuoHasHeM giCiaM npusozmr MHOTHe JefiCTBHSA, KaK,
Hanpumep, fAeficTBHe H3BJeueHHS KOpPHsSI CTelleHH 7 H3 pPalHOHAJb-
HOTO 4HCJA (eCiH OHO He MpejAcTasisieT co0oif n-10 CTeNeHb APYroro
pauHOHANbHOTO yucaa), JorapudnmiiposaHue-u T. A. MppaunoHads-
HBIM fIBJIIETCS YHCJIO T, paBHOE OTHOLUEHHIO JJIHHBI OKPYXKHOCTH
K ee anamerpy (m. 229).

Bce pauHoHaJbHble H HppallOHAJbHbIE ulicja 00pa3yioT B CO-.
BOKYIHOCTII MHOKECTBO Oeidcmseumenbtoik (W GeLYECMBeHHbIX) Hucea.
Takum o6pasonm, BCAKaa xecsaTuyHas ApoOb, KoHeuHas Hau GeCKo-
HeyHas (nepiojiyeckas INid nenepuommecxan), Bceraa ompesaedser
ZefiCTBIITEIbHOE YICJ0.

Bcakoe oTaiiyHoe OT Hyds1 JeiicTBHTeNbHOE YNCJIO 16O TOJOXKH-
TelbHO, J1160 OTpHLATENbHO.

HanoMHIM B CBAI3N © STHM caetyoutee onpe;lenem[e. Abcoarom-
Hotl seausunolf 1AM sody.aea AeficTBUTEILHOTO YlC/J1a @ Ha3blBaercs
ICTO |af, onmpenessieMoe paBeHCTBaAMIL

- |_‘[ a, ecmn a>=0, 6.0
,al— 0. ( -~

| —a, ectt a<
Taxun o6pason, m00y.16 HeOMPULAMEILHO2O HUCAA PABCH  CAMOSY
smomy uucay (BepXHAs CTPOKa paBeHCTBA); 300yl OMPULAMECIvHOZ0

YUCAQ PABER SMOALY HUCAY, 63SHOMY C ILPOMUBONOA0ICHOLY 3HAKOA (K-
uss crpoka). Tax, nanpiimep,

|+8]|=+8=8, [0]=0, |—6]=—(—6)=+6=0.

M3 onpenesneniisi MO1yJ/isl CIeayeT, YTO MOAYJb JIOOOTrO Hic/ia ecTh
YHCJI0 HeOTPHIATebHOe; €CJii MOAYJb Hilcja PaBeH HYJ0, TO H CaMo
YHCJ0 PaBHO HYJIO, B OCTAJIbHBIX CJYYasx MOLYJb HOJOXKHTeJEH.

HeiictBuTe/IbHBlE Ylic/a 00pa3yloT Ylic,10BOe nose—rio0.ae delcmau-
MMeAbHbIX 4ucen. Pe3yJbTaT palHOHAaJbHBIX JelicTBHil Hax jaeilcTBH-
TeJbHBLIMH YHCJIAMH CHOBAa BbIpakaercsl NHefiCTBHTEIBHBIM YHCJIOM.
3aMeTHM, YTO B3siThle B OTAEJBHOCTH HppAUlOHAJbHBEE YHCJA He
06pasyioT HHl TMOJIsI, HI Jaxke KOJbla: Hampiumep, CyMMa ABYX Hppa-
LHOHaJbHBIX ulicea /2 u 3—}/2 paBHa paliOHAJIBHOMY HICTY 3.

Hawr xpaTkiuil ouepk pasBuTis NMOHATHSA O yHC/e, NOCTPOEHHBII
no cxeme

Harypaapuue (ueawe

TI0.10/K T IbHbIE) \
Hearsre Y
— —

+ +

Hyas un ueawie otpuua- JpoGhuie /
TeJibHEle

— PanuonaibHsie \ .
- [ — JleficTBHTEIbHBIC YHCIA,

Hppauonanbunie
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MBl 3aKJIOUNM yKa3aHieM Ha Handonee BazKHble CBOICTBA coaoxyn-
HOCTH JeiCTBHTeJbHBIX YHCEJ.-

1. HeiictBuTtenbpHble ulica obpa3syioT noJe.

2. HefictBusi HaA JefiCTBHTEABLHBIMH YHCJIAMI MOAYHHEHH! 06BIu-
. HBIM 3aKOHAM (HampHMep, CJOXKEHHe I YMHOMXKeHIle — 3aKOHaM KOM-
MYTaTHBHOCTH, acCOUHATIIBHOCTH, ANCTPUGYTHBHOCTH, m, 1).

3. Ona moblXx ABYX HefCTBHTEIBHBIX YHCen @ H b HMeeT MeCTO
ONHO H TOJNBKO OXHO H3 TpPeX cooTHoilennii: @ Gonswe b (a > b),
a MeHblue b (a < D), a paBuo b (a="b). lopopaT No3TOMY, YTO MHO-
JKeCTBO NefiCTBHTEJNBHBIX HHCA YrnopAdoteHo.

4. Tlpunsito, HakoHel, TOBOPHTb, YTO MHOXECTBO JeliCTBHTENb-
HBIX gHcesn o0JanaeT cBONCTBOM Henpepoisrocmu. CMBIC], KOTOpHIiL
NpujiaeTcs 3TOMYy BBIpaXKeHI0, nmosicHeH B.m. 8. MMeHHO 3TO cBoit-
CTBO CYWECTBEHHO OTJHYaeT nole AefiCTBHTENLHEIX 4Hliced
OT NHOJA pPaNllOHAJBHBIX YICEeJI,

7. HeitctBua ¢ npuGIHKEHHBIMH uHcaami. Mmeerea nedwti psan
NpHYHH, B CHJY KOTOPHIX NPAKTHYECKH MPHXOANTCSA HCIOJAb30BATh
He TOYHEIE, a NMPHOMIKeHHbIE YHCJ/OBBIE 3HAueHHA Pa3THUYHBIX Besi-
uiH (YCJOBHO HasblBaeMble ApubAudcerHusu quciamu), Bor Hexoro-
peie H3 3Tux npuunH. 1) Uncna, mosyyenHsle B pesyJibTaTe l3Me-
peHusl (3KCHepHMEHTa), €CTECTBEHHO IpeicTaBiafioT co6oii mpuoési-
JKeHHEIe 3HaueHHA H3MepseMBIX BeJIHYHH 10 NpHYINHEe HeCOBepIUeHCTBa
MHCTPYMEHTOB, NpHMeHFeMbIX A usMepenus. 2) Umncna, sHauvenus
KOTODHIX OIpeJe/eHbl TOYHO, BCe Ke NPHXOANTCSA 3aMeHATh HX Hpi-
GJIKEHHEIMII 3HAYEHHAMH. DT0 oOuYeBHAHO, Korjla pedb Hjer 06

HpPAUNOHANBHEX uHcaaX, Hanphmep %, V2 u 1. a. Ho u Taxoe,
HanpuMep, 4YHCJIO, Kak 73/254, mpn npoBeleHNN BEIYNCJAEHHHA npiu-
IeTcsl HCMOJB30BaTb B BHAE JeCsiTHYHONl apo6l, COXpaHHB JHIIb
HEKOTOPOE YHCAO ee NecATHYHHIX 3HaKos mocje sansroil. 3) Yacro
HeT HeOOXOZHMOCTH B IOJIYYEHHH TOUHOTO pe3yJbTaTa H €CTh CMHICJH
NpOBeCTHl pacyeT NpHOANKeHHO, yToOGHl COKpaTITh Bpems, 3aTpadH-
BaemoOe Ha BHUNCJEHIE.

Ilpn BHMosHeHIN nMpHOAHAKEHHBIX BBHIYNCJEHNIT NPUXONHTCS Py-
KOBOJCTBOBaTbCSl HEKOTOPHIMIL NPAaBIHJIaMil, NO3BOJAAOUINMII NOJYYHTD
pesyabtaT c TpeOyeMmoii cTemeHbl0 TOYHOCTH 1 Ge3 Ype3MEpHEIX
ycHjHil Ha mnpoBeienne BEIYHCJeHHil. 3T NpaBHJa OCHOBaHH Ha
HEKOTOPHX MNOHATHAX I ONpeAe/eHnsX, KOTOPHe MBI 31€Ch KpPaTKo
npHBeneM.

A. Ab6comomuasn noepewnocms yucaa. Ecan a,—HexoTopoe yneao
(13BecTHO® TOYHO HJIH HeET), a @-—YICJO, MPHHHMaeMoe 3a npu6an-
_JKeHHOe 3HayeHlle YHCJA 4,, TO abcoaomuoll noepeuirocmolo NpuoIi-
JKEHHOTO UlicJla @ HaspBaoT JIoGoe yncao A, Takoe, uTo

lap—a| <A,. (7.1)

3aMmeTnM, uTo 26COMIOTHAas NOTPEIIHOCTH 31eCh He ONpenensercs
OJTHO3HAYHO (TO, YTO MBI Ha3BAJH aGCOJIOTHOI IOTPeIHOCThIO, YacTo

2-
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Ha3bIBAIOT 11 pedesrod abcoommot nozpewnocmon). Tak, ecau a,=mx,
a=3,14, 1o, yuntniBag, yro n=3,14159..., MOXKHO 3anucarth

lay—a| < 0,002, |a,—a| <001, |g—a|<0,0016,

1 kaxpoe u3s uncera 0,002, 0,01, 0,0016 6y11er a6comomon norpeu-
HOCTBIO. :

Slcho, 9TO mpH NPON3BOACTBE BBIYNCJEHHH B KauyecTse A, GepyT
N0 BO3MOXKHOCTH HaHMCHbIUEEC H3 4YHCEJ, YIOB.JICTBOPSOULHX Hepa-
BeHcTBY (7.1).

Beduuina- A, OOHUHO . XapaKTepi3yercs He Gosee ueMm IBYMS
3HAYaLILHMI umbpamu (uawe Beero faie OLHOM), mpHYeM MPHHATO
BEJIYIHY A, OKPYIVIATb B CTOPOHY YyBeJIHUEHIIs.

Mpimep 1. Onpereants aGCOMOTHYO NOTPEIHOCTh, BO3HII-

. Kaollyo Npi 3aMeHe HppauHoHabHoro uncaa V3= 1,7320508.
ero npHO/IKeHHBIM 3HayeHHenm 1,73,

Pewmenue. Mnmeen a,=1,7320508..., a=1,73. 3amenas Tou-
" HO® 4HCJAO @, ero NpHOJIKEHHBIM 3HAyeHieM a, Mbl JOIYyCKaeM
CJIEe1YIOUWYVI0 OlIOKY: |l/3—1,73[:0,0020508. ..

$IcHO, 4TO B paccMaTpHBAGMOM CIyYae MOKHO N0I0KUTL A, = 0,003
(gncsio A, B COOTBETCTBIHH C NPHHSATHIM YCJIOBHEM 3allca’o ¢ Io-
MOWBIO OIHOH uudpbl It MOJAYYeHO NYyTeM OKDPyraAeHHsi OMHOKH
0,0020508... B cropoHy yBeaHueHHs).

[Tpunmep 2. HMzapectHo, wTo AJf HEKOTOPOro uicja ero mnpi-
GaikeHHoe 3HaveHue 647,35 HaiigeHo ¢ aOCOTIOTHOII NMOrpemHoCTbio,
pasuoii 0,17, Uto MOXKHO CKasaTh O TOYHOM 3HAueHHIl 3TOro yHcaa?

PemeH ne. Hepasenctro (7.1) paBHOCHJIbHO HepaBeHCTBaM

a-A < a, <La —|— A
B HauieM cJyyae 3TH HepaBCHCTBA 3anHUIyTcd TakK:
647,18 < a, < 647,52. .2)

[lo HCXOaHBIM AAHHBIM TOYHOE 3HayeHHe @, IICKOMOIO 4HCAa
HaflTll HeJIb3#— MOXHO TOJIbKO YKasaTh I'PAHHLBI, MeXAY KOTODBIMH
OHO HaXOJHTCH.

B. OmnocumeavHas noepewrocmo 4ucaa. AGCOMIOTHAs nOrpeul-
HOCTB YiCJIa @, MpHHHMaeMoro 3a npubiiKeHHoOe 3HayeHle yicaa a,,
He BCerfa sBJdercsi yIOOHOII XapaKTepHCTHKOIl cTeneHH TOYHOCTH @
B KauecTBe mnpubaHKeHHA K @, Tak, MorpeliHocTb B OXHH MeTp
Oyner oueHb rpy0oii ownGKofi npH H3MepeHHH IJIHHBI NMOMeIIeHH S,
HO OyzeT paccMaTpHBaTbCH Kak Majasi OmHOKa npH H3MepeHIH
PaccTOfHHSL MeXAY ABYMS YAAJeHHHIMH TOYKaMH 3eMHOIl moBepx-
HoctH. Jleslo B TOM, 4TO OOBIYHO Ba:kHa He caMa Be/HYHHA IOT peul-
HOCTH, a €€ OTHOIleHHe K H3MepsieMOH (HJH Bhbivilc/AAeMOR) Besl-
yHHe, YacTO BbIpaxKaeMoe B npouneHtax. B cBs3nm ¢ sTHM mazuMm
OMNpe/le/IeHHE:  OMHOCUMEAbHOL N02PeULlHOCTIbI0 HA3BIBAETCS OTHOLLe-
Hile 'aGCoJIIOTHOI ' MOrpelIHOCTH K MOAY/IIO HIIC/d @); OTHOCHTEeJbHAs
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NOTpeInHocTs 0603HauaeTc vepes §,:
~ B,
laol

: AHa NpaKTHKe TOYHOE 3HAYEHHe d, OGHIUHO HEH3BECTHO, H, YHHTHI-
Basg, YT0, KaK NpaBIJo, a6como'maﬂ RO PelIHOCTD GiBaeT Mana,
Haxonm 6 no dopmyJe

_ b=rE : 14
(3aMeHsis B 3HaMeHaTele g, ero NpHOJIKEHHHIM 3HaueHleM a).

IIpumep 3. 3a npubaAHKeHHoe 3HaueHHe YHCAA - X HHOTAA
npunKMaloT 22/7. KakoBa OTHOCHTE/NBH2s MOTPELIHOCTL 3TOTO 3HA-
YyeHHA?"

Pemenne. Haxonum ln-—22/7|—£3,14]59—3,14285|<0,0015;
npuuas 3a A uncao 0,0015, . naiinem 6=0,0015/3,14 u, cHoBa ok-
pyrassa 8 B cropony ysemnuenus, 6=0,0005, mmm 6=0,05%
Yucao 22/7 paer npnbaixeHHoe 3HaueHHe zt ¢ ToyHocTbio 10 0,05%.

B. 3uauawue yugper uucaa. Beprole u comHumeavHvie yugpot.
HanomuuM onpefenenne 3sravaweil undpw: awadawed yugpoid npu-
61HKEHHOTO YHCJa HasbiBaeTcs BCAKas ero IHugpa, HayHHas C nep-
BOil HeHyJeBoii UH]PL (CuHTan cseBa Hanpaeo). Hanpumep, B uncie
0,00030900 nepsble ueThipe HYJIA He ABAAIOTCA 3HAYaWMMH uHbpami
(OHH cayXaT TOJNIBKO A/l YKa3aHHA JeCATHYHBIX PaspsjioB APYrHX.
nudp). OcranbHele TPH HYJAR ABMAIOTCA 3HAYalHMMH Hupami.

T1pi samucn npuOAHKEHHBEIX ulcel BaXKHO HOFOBOPHTHCH O TOM,
KakHe HHQpH (3HaKN) B 3TOfl 3amHCH CJEAYyeT CYHTATh BEpPHHIMI,
a KakHe—COMHHTeJbHBIMH. B cBA3H ¢ 3THM npHMeM  clenyioiee
onpefielleHHe: NYCTb @ €CTb NPHGJIHIKEHHOe UYHCIO ¢  aGCOJMIOTHOIN
NOrpemHocTLIO A,y Torja mobas u3 3Havaumux undp uncaa a ua-
3bIBaeTcsl «BepHOii», ecil A, He TIPEBOCXOAMT MATH eQHHML pa3psaia,
Clenylomero 3a 3Toil uHQpPoii; ocTanbHble 3Hayamue uiQpH YHCaa a
Ha3BIBAIOTCS! «COMHHTeNbHHMH». Tak,- Hanpumep, NycTb sl NpH-
GamxeHHoro uncaa a=647,35 Gymzer A,=0,17 (cMm. npumep 2).
3ameyaeMm, uto 3nech 0,17<C0,5, u nostomy undpu 6, 4 u 7 sB-
AA10TCA BepHBIMH, a muppsl 3 H 5-—COMHHTENBHBIMH. 3TOT OTBET
npHoGperer GOJbLUIYI0O HATASAAHOCTb, €CAH €ro CONOCTABITL C Hepa-
peHcTBam (7.2).

Ilpn pacyerax, B KOTOPHIX Y4YacTBYIOT ]'lpHﬁJ]H}KeHHbIe uncaa,
TIPHHATO COXPaHATh B NPOMEXYTOUHBIX BHIKJaJKax ORHY (UM jBe)
COMHITENbHYIO Liipy. B KOHEYHOM pe3yJnTaTe COMHUTENbHEIE UH(PE
MOTYT GHITH OKpYIJIEHHL.

I'. Oxpyesenue wuucen. Tlpn 3ameHe umcna, Bbxpax(aemoro Jecs-
THYHOIl 1pO6blo, ApPo6BLIO € MEHBMIHM YHCJAOM JECATHYHBLIX 3HAKOB
JOTYCKAeTCs MOTPEUIHOCTD, HA3LIBAEMAA NOZPEULHOCTIbI0 OKpYeAeHUs.
IpunaTe caenywouHe npaBuia OKpPYIVIeHHs: ecH nepBbiil B3 oT6pa-
CHIBaeMBIX 3HAKOB JApoGH MeHblle MSTH, TO OCTaJIbHEIE 3HAKH IHPOCTO

(7.3)



38 rd, 1. AEACTBHTE/NBHHE Il KOMIZIEKCHBE YHCJIA [7

oT0pacelBalOT, a CTosUlHe Neped HHUMH coxpaHaor. Ecan nepsoi
H3 oT6pacLiBaeMbIX 3HaKOB GoJblle NATH, TO NpPefUeCTBYONHil 3HaK
yBeJHYHBAIOT Ha eauHuny, Ecan nepsblii 13 oT6packiBaeMBIX 3HAKOB
paBeH NSATH, TO NPHTOAHO /0Goe 13 YKA3aHHBIX NPaBHJ, HO OOBIYHO
OKpyIJIeHIie MNPOH3BOAAT TakK, 4TOOB! MOC/efHHIl COXPaHeHHHIl 3HaK
cran uerHbIM. [IpinMeprl OKpyrienus aecATHUHBIX ApoOeii:

© 3,14159... ~3,142; V2=1,41421...~1,41; 0,693...~0,7.

Takue xe Npasiaa OKPYIVICHHS NPHMEHSIOTCA I K LeJbIM YHeaaM.
Ecair, HanpuMep, ulcJ0 2KHTeJseil ropoja paBHO B JaHHBII MOMEHT
23542, 1o cnycTsl MecsL YiKe OecCMBICJEHHO YKa3blBaTh eJHHHUBL H
naxe JeCAATKH B 3TOM 4ulicie. MoxHO HamucaTb YHCIO JKHTedel
okpyraenno kak 23500, no npuusitro 3amucsiBath 235- 102, yroGwl
HO1YEepKHYTb, YTO YHCJIO eIHHHIL I} JIeCATKOB Hel3BeCTHO (a He
HMEeHHO PaBHO HYJI0, KaK MOMKET MOKa3athCA NPH NepBoii 3amicii).

Ilpu okpyraennu npudankeHHOT0 4lcjia BHOCHICS JOMOJHHTE/b-
Hafl 10T PeLIHOCTh ([OT PELIHOCTL OKPYTJICHIS), KOTOPas CK.1a/1bIBaeTcs
¢ ero abcommorHoli norpemoctbio. st Toro 4to6el yMEHBLIHTb
HaKOI/IeHile MNOrpellHocTell OKpYIJCHIsl, B NMPOMEXKYTOUYHLIX Pe3y.ib-
TataX OOLIYHO COXPAHSIOT OJHY-ABC COMINTE.IbHbIE WIDPLL

[Ipusep 4. Oxpyrauts npubmixensoe uucao a=967,338,
B3aToe ¢ adcotoTnoil norpewsoctelo A,=10,137, coxpauus B pe-
3yabTaTe OJIHY COMHIUTEIbHYIO WPy,

Pewenue. B uyucie a Bepubtayui sBiasiorces wiugps 9, 6 o 7,
a caedyiomasn ungpa 3 yke conmunteabHa.. OKpyTisieM 4icIo a no
NpaBiay JONOJHEHHS I MoJyyaeM HoBoe npHOAzeHoe YICIo
a’ =967,4. UroObl onpeieants ero alCOMOTHYIO NOrPEUIHOCTD, Mbi
HAXO M, YTO NOTPENIHOCTb OKPYT.leHlis cocTaB.asier 967,4 —967,358 =
.= 0,042, ckJazbiBaeM 3Ty NOCIeIHIO € aGCOMIOTHOIl MOrPeLHOCTbIO
A,=0,137 uncia a u noayyaem 0,179. B nonyuenuom umncie,
OKpyrasisi ero B GOJIbLIYI0 CTOPOHY, COXpaHfieM OIHy 3Hauaulyvio
HuPpy # HaxeIuUM AJs HOBOIi abco/iOTHOfl morpeniHocTH Ay, T. €.
Ias  aOcoAlOTHON [OrpellHocTi yic1a a’, cielyomuil pesy.brar:
Ag-=0,2. Hrak, BepuyBluHCb K OOBIYHBIM O00O3HAYEHISIM, 3aK.IlO-
uaeM, 4to npudTHKeHHoe Yic10 a=967,4, nojayyeHHOe NPH OKPYT-
Jetun yueaa 967,358, HaiizeHo ¢ aGcosoTHoil morpeuiHoctsio 0,2,
npHYeM OHO COAeP:KHT OAHY (MOCJEAHIO) COMHHTEJIbHYIO Unbpy 4.

IMpumep 5. Okpyrauts npubmizkerHoe unciao a-==967,358,
B3fiTOe ¢ a6COMOTHOI morpewiHocTsio A, =0,137, coxpaniB TOAbKO
‘BepHble WHPPH (CpaBHNTb ¢ NpiiMeponm 4).

Peweniie. Hiciao a oxpyrasiem go uncaa 967. Iocae caosice-
HuA norpewHocTH oxkpyrJenns 0,358 ¢ nanHoit aGeosmtoTHoll norpeur-
Hocteto 0,137 Haxoaum uncao 0,495, 3ameuaenm, uro 0,495 << 0,5,
a 310 H O3Hayaer, uyto B npuOalkeHHoM uHcae 967 Bce uuppnl
pepHue. [lostomy 3aech H B M0J00HBIX caydasx aGCOMIOTHYIO NO-
FPeuIHocTb MOXKHO SIBHO BOOOUie He YyKa3HBath.
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. IToepewnocme- peaysomama apugsemuyeckux dedcmeuti. T1ycth
JaHbl 1Ba uncaa @, b, paccmaTplBaemple KaK NpPHOJIMKEHHBIE 3Ha-
YeHHs YHcea a,, b, ¢ abCOMOTHEIMH IIOTpemHOCTAMHI Ay, A, COOTBET-
cTBeHHo. B aToM cayuae BHIOJHSIIOTCS HepaBeHCTBA

—VAa < a < a, +Aa)
by—h, <b < byA,

- CKanapulBag sTH HépaBei{CTBa IIOYJICHHO, HOJIy'HIM-
(ao +bo).—_(Aa +Ab) <a + b < (ao +b0) + (Aa + Ab)-

Orciona BuaHo, uto A,--A, siBaserca aGCOMIOTHON mOTpelHo-
CTBIO XJISI CYMMBI 4HcesJl @ W b: abcoawmuas noepelirocinb cysbt
pasHa cymae abcoromublx nozpeutHocmeri. 3T0 NPABIJO BEPHO IIA
ajreGpanyeckoit CyMMbl J0G0r0 yHCJIa CJaraeMbix.

Jas yMmMuOXKEHHS H JeJeHHA NPHHATO cjelyiollee NPaBHJIO: om-
HOCUMEAbHAR noepeuiHocms npousselenus (4acmuozo) pasHa cysre
OMHOCUMEAbHbLX - nozpetunocmell cosrnoxcumened (deausozo u Oeau-
mess). D10 NpaBHJO MBI OCTaBHM Ge3 OOOCHOBaHISI. '

Tipumep 6. CTOpOHH TpeyroJbHHKA H3MepeHHl C TOYHOCTBIO
no 1 mm w oxkasamuch pasuel 17,8 cat, 23,6 ca, 14,2 cu. Haittn ne-
puMeTp (T. €. CyMMy CTOPOH) TpPeyroJIbHHKA.

Pemenune. Haxonqum 17,84+23,64-14,2= 5560»; Tak kak
. abCoJIIOTHasl MOrPeIlHOCTh KayK[AOro CJaraeMoro 6bma pasna 0,1 ca,
TO TOTPeIIHOCTh pe3yabTaTa MoXker coctaButh 0,3 ca. Iloatomy
nepuMerp P ypoBJeTBopser HepaBeHcTBaMm 55,3 < P < 55,9. Orser
B TaKHX CJyyasiX YacTO 3aMHCHBAIOT, B BHAE 'P=55 6i0 3, yKa-
3BIBast TE€M CaMEIM BO3MOXHBle TPaHHUBI OIHGKIL.

IIpunmep 7. PeGpa npsmoyrosnHoro napasieneninena H3BecT-
HEl C abcoJoTHOI NOT PEIIHOCTBIO B len: a=43cm, b=16 cn,
¢=25cs. C Kakofi OTHOCHTe/JbHOfl H aGCOMOTHOI IOrpPeIHOCTHIO
MOXKeT GHITh HaiileH o6beM mapaJJenenimena?

Pemenne. O6beM npsaMOYyroJbHOro napa.nnenenunena Haxo-
IHTCS MO q)opmyne (. 168)

V =abc.

OTHOCIITe'IbeIe norpemuoc'ru pe6ep COCTaBAAT COOTBETCTBEHHO
(c oxpyrsennenm) 2,5%; 7%; 4%. Ilpn YMHOZXKEHHIl OTHOCHTe/IbHbIC
TOTPEIHOCTH CYMMHpYIOTCS: 6V—2 54-7+4=13,5%. O6vem moxeT
OuiTb ~HaififeH ¢ OTHOCHTeabHONI morpemnoctbio 13%. Unraremo
npejocTaBisercd HaiTH aGCoMOTHYIO NOTPelHOCTh 06beMa.
. TlpuBenennsle spech mpaBuJa NMO3BOJSIOT, B NpHHINNE, KOHTPO-
JINPOBaTh TOYHOCTb IPOH3BOAHMMEIX BHIYHCJEHHIT Il NIpeacKasaTh OTHO-
CHTEJNBHY0 H abCOMOTHYIO HOTPEIIHOCTH HX pe3yJbTaTta; NpH 3Ha-
UATENTHbHOM O0BeMe NpPOH3BOAHMEIX BBIYHCJAEHHIl TaKOfi KOHTPOJb
TOYHOCTH CTAHOBHTCHA NMPAKTHUYECKH CJAHIUIKOM TPYAOEMKHM H JaeT, KaKk
NpaBHJIO, 3aBLILICHHBE SHAaueHHs NOrpeHocTeil,
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8. Yucaoasa ockb. Koopaunatst Toukd Ha naockoctu. Ocsro Ha
3biBaeTcCsi NPsiMasi, Ha KOTOpOfl OJHO 13 ABYX BO3MOXHMBIX Hanpas
JieHuil BbIAEIEHO KaK foaoxcumensroe (poTHBONOI0XKHOe HalnpasJieHi
cunTaerc ompuyameavtvir). IlonoxureabHoe Hanpas/ieHue o6o3Ha
yaerct oOblYHO cTpenkoil. Yucaogod (itnn Koopduxamrod) ocero Ha
3blBAETCA OCb, Ha KOTOpOfl BHIGpaHa Haua/bHasi TOYKa (HJH Hayano)
i edunuya nacwmaba wian sacuwmabroui ompesok OE (puc. 1). Taku
1

D L G

Puc. 1.

obpasoy, uHCJOBass OCh 3a3jaeTcsi yKasaHHeM Ha NpsiIMOii Hanpas
JieHHs, Hayajda u Macwraba.

© C noMOWpbIO TOYEK HHCJAO0BOI OCH 1306paaloT AefiCTBHTEbHBI
yncaa. Heasle uiicna n3o0paxalotcs TOYKanil, KOTOpble NOMYYaIOTC
OTKJagbiBaHieM MaciuTaGHOro OTpe3ka Hy:KHOe YiCIO pa3 BIpaB
or Hayata O B ciyyae NOJOXKHTEIbHOrO LEAOrO 4HCAa H BJjeB
B c1yyae orpuuateasHoro. Hyab 13o0paxactcs HavaabHOIT TOUKOI
(cama Oyxksa O HalOMHHAeT O HyJe; OHa sIBJsieTCsi Neppoii GYyKBO
cJ0Ba Origo, O3HAYalOWEro <«Haua.a1o»). Jpobible (paliiona’ablbie
Yic1a TaKkiKe NPOCTO H306PazKaloTCsl TOYKAMH OCH; Hanplimep, 4Tob
AOCTPONTB TOUKY, COOTBETCTBYIOILYIO Ylicay —1%/, = —31/,, caenyer oT
JoxuTh Baeso or 0 Tpn MacwtaG

4 HLIX OTpe3Ka Il elle OIHY TpeTbl
&/ N yacTb MaclTaGHOro OTpesKa (Tou
A ka A na puc. 1). Kpove Toukn
-— ) na puc. 1 moOKasaMBl ewe TOUKI

g 1 Elr) A(Ye) z B, C, D, usobpaxaiwouiiie cooTser
' CTBeHHO uucaa —2; 3/, 4.

Puc. 2. Heanx uyucea umeercs Oecko
HeyHoe MHOXeCTBO, HO Ha YIICJIOBOI
OCit LleJIble YHeaa 11300 aKaloTcs TOUKaMl, PacnonoAKeHHLIMH «PeaKo»
LIe/IOYIIC/IEHHbIe TOYKH OCH OTCTOSIT OT COCeAHHX Ha elHHHUY Mac

witaGa. Paunonasblble TOYKH PACNOI0KEHLl HA OCH BCCbMa «T'yCTO»
HETPYAHO MNOKa3aTh, UYTO Ha JOGOM CKOJb YFOAHO MaJOM Y4YacTk
ocH HMeeTcs GeCKOHEYHO MHOTO ToyeK, H300paKalowliX pauloHalb
Hble uncaa. Tem He MeHee Ha YHCJIOBOfl OCH HMEIOTCS1 TOYKH, KOTOpPB
HE SIBAAIOTCS 1300paKeHHsSMH pauuoHa/bHBIX 4ncesa. Tak, ecan H
4ic/0BOIl ocH noctpolith oTrpe3ok OA, pasuwlii riunorenyse OC npsi
mMoyroJasnoro Tpeyroibiiuka OEC ¢ Kateramy OF = LC =1 (puc. 2)
TO Aama 31oro orpeska (no teopeme Iludaropa, n. 216) okaxkerce
paBHoil /2 1 Touka A He Oyner H306pax(eHieM pauilOHaJALHOT

yiicJaa. '

Hcropuyeckn 1MeHHO (aKT CylleCTBOBaHHS OTPe3KOB, MJIHH
KOTOPBIX He MOT'YT GBITb BBIpaeHhl Yic/10M (pauionaapibiM qicaom!)
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. NpHBEN K BBeNEHHIO HPPAaUHOHAJBHBIX ufcesa. B cBA3N ¢ 3THM peko-
MeHayeM mpounTaTe n. 163. :

BBemeHne  HppauiioHaNbHLIX Yliced, KOTOpHie B COBOKYNHOCTH
€ paunHoHaNbHBIMI 06Pa3ylOT MHOXKECTBO BCeX AeiiCTBHTEJNbHHBIX YHCes,
NPHBOAHT K TOMY, YTO KaK/0ifl TOUKe YHCJIOBOil OCH COOTBETCTBYET
eHHCTBEHHOe JeHCTBHTeNbHOe . 4HCA0, NM306paxeHHeM KOTOpOro OHa
cayxut.. Hanporus, kaxmoe peficTBHTe/NbHOE YIIC/O- H306pakaeTcs
BMOJHE ONpeleNieHHON Toukoil yncaoBoil ocn. Mexdy Odelicmsume.s-
HOIMU HUCAGMIL 1 MOMKAMU HUCA0BOL OCU YCMAHABAUBAEMCA 83AUMHO
00no3HauHOe coomgermcimsue.

TTocKoabKY MBI YWHC/IOBYIO OCh MBICAHM Kak Henpepbteuyfo /zumuo
a TOYKH ee HaxoisiTci BO B3aHMHO OJIHO3HAYHOM COOTBETCTBHH
¢ JeficTBHTEJbHBIMH YHCJAAMI, TO MBI FOBOPHM O cgolicmee Henpepols-
HOCMU MHOMKeCTBa jeficTBHTeNbHHIX uiicen (. 6).

3aMeTHM ellle, YTO B HEKOTOPOM CMbicJe (MbL €r0 He yTOuHseM)
HPPAaIHOHAMbHEIX YliCel HeCPaBHEHHO GOblle, ueM PalHOHAJIbHBIX.

Hucno, usobpameHieM KOTOPOTO C/YMHT JaHHas TOUKa A
4iIC/I0BOIt OCH, HAasbiBaeTcs hoopazmamou 3TOIt TOUKI; TOT ¢axkr, uro
a-—KoopAnHaTta Touku A, 3a-
micHBaloT Tak: A (a). Koop- I /g ) I
AuHaTa JoGoit Toykn A BHI-"
paxaerci Kak OTHOWIEHHe L ,
OA/OE otpeska OA k Mac- ] Myt =====9Mz,9)
wrabHoMy orpesky OE, koto- o
poMy A1f TOYEK, JexauiHx or . L. {
" Hayana O B oOTpPHUIATEIbHOM: , 1
HanpasJeHHH, [PHOHCHIBAIOT 1 &
3HaK MHHYC. . 0 £ M

Brenem Temeps  npsaso-
yeorbHole Oekapmoger Koopdu- I r
Hamyt Ha TaockoctH. Bosb-

MeM J(Be B3aHMHO TNepreHaH- : Puc. 3.

KyJasipHele uHcaoBHe oci Ox

i Oy, umeromue obmiee Hayano O M paBHHIE MaclUTaGHBIE OTPe3KMH
(Ha npakKTHKe 4acTo NMPHMEHSAIOT H-KOOPAHHATHHE OCH C Pa3/HYHBIMH
MacmtabHLIMH eauHnuami). CkaxeM, uto TH ocl {puc. 3) o6pasyioT
JeKapToBy MPSIMOYrOJIbHYIO CHCTEMY KOOPAHHAT Ha IIJIOCKOCTH.
Touka O HaswBaercsi Hauasom koopduram, ocu Ox.H Oy—ocasmu
koopduram (ock Ox Has3bIBAIOT ocbro abeyucc, ock Oy—ocbio opdunam).
Ha puc. 3, xak o6uuno, och abeuce PacroJioeHa ropH30HTAILHO,
oCb OpAHHAT— BepTiiKalbHo, [l1ocKkocTh, HA KOTOPOIl 3anaHa cCHCTEMA
KOODJAMHAT, HAa3bIBAIOT KOOPOUHAMHOL n/lécrcocmbro.

Kaxnofi TOyke nJOCKOCTH CTaBHTCH B COOTBETCTBHE Iapa 4H-
CeJ1—KOOPAHHAT 3TOH TOYKH OTHOCHTEJLHO JaHHOII KOOPAHHATHOM
cHcrembl. MIMeHHO, BO3bMeM NPSIMOYroJbHble NMpoeKiun ToukH M Ha
ocH Ox u Oy, coorBeTCTBYIOUHE - TOUKH Ha ocax Ox, Oy oGo3HaueH:!

)
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Ha puc. 3 uepes AM,, M, Touxa M, umeer, Kax TOYKa wuymc-’
Josoit ocit Qx, }\oop;umaTy (aﬁcuucc_/) X, Touka AM,, KaK Touka
yicaoBoii oci Oy, — Koopauuaty (opduramy) y. DT ABa YHCIA X, Y
(3amncandble B yKas’aHHOM nopsiake) I Ha3BIBATCS hoopaunamamu
moure M.

Ilpu srom nuwyt: M (x, ¥).

HMrtak, Kax10fl TOUKe NJIOCKOCTH CTABHTCS B COOTBETCTBHE yHO-
padouennas napa ACICTBHTENBHBLIX yncead (X, §)—/ACKapTOBLL HpsIMO-
" yroJibHbele KOOpPAHHATHL 3TOIl TOuKH. TepMHH «ymopsigouenHasi napa»
yKa3blBaeT Ha TO, HTO CJEAYeT pasJiyaTb NepBoe YICAQ Maph —
afcuuccy M BTOpoe —opAnHarty. Hanpoti, Kawmpas napa umucen
(x, y) onpenensier eAHHCTBEHHYIO TouKy Af, AJf KOTOPOI X CAYXKHT
aGeuuecoll, a y—opaunaroii. 3adanue ¢ N.I0CKOCMU NPAIMOY20ABHOL
dexapmocoll cucmestol KOOPAUHAN YCAHAB.IUEAEN 63AUMHO 0OHOZHAHOE

COOMBEMCMBUe Mexc0y MoUKamu nao-

]9 CKOCM U YnopAOOUCHHbLILE RAPaMU
_ dedicmaume.wHbLY quce.1.

-==-98(2,7) Koopannarnsle och AeJsiT Koop-

- ] .

AHHATHYIO TJIOCKOCTH HA yeThipe
) uacti, Yetuipe readpanma. Keag-
e _ panTtBl HYMEpVIOTCH, KaK NoKasaio

2, ! 3 )
?__.____... } Ha piuc. 3, pUMCKHMAL Huppamii.
I T 3HaKH KOOpAHHAT TOYKH 3aBl-
: Y @ cIT OT Toro, B KAaKOM KBajpaHTe
0 ’
ffdﬂ) T ! Al6%) ola JIEXKHT, KaK yKas3aHo B CJaexylo-
b ol l o : .
Se-9n weil Tabanue:
T | x|
1 |
[ D+ | +
e e 3=
L H(3-8) TR
r{M) 4
mj| — | —
Puc. 4.
| + | —

Touki, Jexauyie Ha ocu Ox, u\xexor OpANHATY Y, PaBHYIO HYJW,
Toykn Ha ocH Oy—abcuwicey X, paBHylO Hymo. O6e KOOPAHHATH
navasa O pasust nymo: O (0, 0).

ITpumep 1, TlocTpoute Ha MJIOCKOCTH TOYKII

A(6,0), B(2,7), C(,4), D(-5,2), E(=3,0),
F(—4’ —9)’ G(O, '—3)3 H(dr '—'8)°
PemeHie paercs na puc. 4.

Ecan u3BecTHH KOOpAHHATHL . HeKoTOopoit Toukh M (x, y), To
JIErKO yKasaTb KOODAMHATHl TOYEK, CHMMETPHYNBIX C Heil OTHOCH-
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- tenpHO oceff Ox, Oy W Hawama KOOpAHHAT: TOYKA, CHMMeTPHUHAs
¢ M otHocnTenbHo oct Ox, 6yAer HMeTb KoopAuHaThl (X, — y); TOUKa,
cumMeTpHyHas ¢ M oTHocutenpHo Oy,— xoopauHatel (— X, y); Ha-
KOHell, Y TOYKH, CHMMETPHUHOIi ¢ M oTHOCHTe/IbHO Hayanma, KOOp-
AuHATHL OyAyT (—x —).

MoxHO Takke yKasaTh CBfI3b MeXAY Koopmma'ram{ napu
TOUeK, CHMMETPHUYHBIX OTHOCHTesJbHO Guccektpichl [—II1 xoopaite
HaTHBIX YrJ0B (pHc. D); ecsl omHa H3 3THX ToueK M HMeeT KOOp-
AHMHATHl X H Y, TO Yy BTOpofi afcuicca paBHa OpAHHATe NepBOH

{ oWy

B | Mzyhzy)
802)! Hy,z) YhiZey ,

A e |zt ||F7=Y
Mzy) — A -

dlz g4 5
7 V7Y B 7 %
Puc. 5. Pitc. 6.

TOYKH, a opaunaTa—aGcuncce nepsoil Toukn. Vuaye rosops, Koop-
JHHATH TOukH N, clHMMeTpHuHOif ¢ A OTHOCHTeNbHO GHCCEKTPHCH
[—II1 koopauHaTHHIX YyrjoB, Gyayr (y, x). [naa nokasatelncrna
3TOro MOMOXEHHS PacCMOTPHM INPSMOYTo/bHble TpeyroabHukin OAM
it OBN. Ouit pacrnonox)eHs! CHMMETPHYHO OTHOCHTEIBHO GHCCEKTPHCHE
KOODAHHATHOTO yraa H motoMy pasHel. CpaBHHBasi HX COOTBETCTBEH-
Hble KaTeThl, yGemHMCH B NPaBHJILHOCTH HAILEro YTBepIKJIeHHH.

Crmemy IeKapTOBHIX MPSIMOYTOJbHBIX KOOPIIHAT MOMKHO Npeos-
pasoBarh € MOMOU(BIO MepeHOCa ee Hauana O B HOBYIO TOUKY 0’ Ges
I3MEeHeHHA HampasjeHHs oceil 1 BeJHYHHbBI MacIuTaGHOro OTpesKa.
Ha pic. 6 moxasaHb! OJHOBpEMEHHO IBe CHCTEMBI KOODRIHAT: «CTa-
pas» ¢ HauaaoM O 1t «HoBast» ¢ Hawaaom O’. IlpousBoabhast Touka M
HMeeT Tenepb JBe Mapk KOOPANHAT, OJHY OTHOCHTEJbHO CTapofi
KOOpAMHATHOI CHCTeMBI, APYryio OTHOCHTEIbHO HoBoil. Ecni koop-
ANHATH HOBOI'O Hayaja B cTapoii cHcTeme oGo3nauenwt uepes (e, ),
TO CBA3b MEXAY CTapbIMH KoopaiHartami (X, y) To4kH M H ee HOBBIMIH
KoopxuHarami (x’, y') Beipasntcsa Qopmysami

x;=x—oc, x=x'4a, 8.1
y =y—B | K g=y +B. 8.1

Orn GopMyabl Ha3LIBAIOT GopMyLAMU NePeHOCa CUCmeMbl Koopou-
Ham; TPH HX BHBOAe MO puc. 6 BHIOpaHO camoe yA00HOe NOJOKEHIE
ToukH M, nexauleit B neppoM KBajpaHTe KaK CTapoii, Tak 1 HOBO{l
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cicteMs. MoxHO y6emnThesi, 4TO (OPMYJbI (8.1) ocratorcs BepHH
npH J106oM pacnosoxeHHH Toukn M.

TMonoxenue ToykH M Ha NJOCKOCTH MOKeT OHTb 3aJaHO He
TOJILKO €e AeKapTOBLIMH MPAMOYTOJIbHBIMH KOOPAMHATAMH X, I, HO
It apyrunmn cnoco6amn. CoeaitHiin, Hanpumep, Touky M ¢ nagamom O

(puc. 7) H pacCMOTPHM Caefyio-

C(r'=3,5o=7 ) : 1ie JiBa 4Hcaa: JVIHHY OTpe3Ka
OM =r u yroa ¢ Hak1oHa 3T0-
- _ Mizy unufr,p) ~ TO OTPe3Ka K MOJOKUTEILHOMY
o HanpasjeHHio ocn Ox (3TOT

o y yroa1 onpejeasiercs Kak yrod,
9 z Ha KOTOpPHI Hajao TOBepHYTh
Bir=t,p=0) z ocb Ox 10 ee coBMmelieHusi ¢
OM, 1 culTaeTcs NOJOKHTEIb-

5 HBIM, €C.TH TIOBOPOT COBepliaeT-
- cfl MPOTHB YacOBON CTPeIKH, H

Alr=2, P=-7) OTPHUATEIbHBIN B MPOTHBHOM
9 cayyae, Kak 3TO IPHHSATO B TPHl-
Puc. 7. roHoMetpui (1. 96)). Orpesok

r=0M Ha3biBaeTCH NO.IIPHbIM

paduycosr Toukn M, VIOJd Q-—ee n0AApHBIM YeioM, Tapa. dicedl
(r, ¢)—noaapuotu koopdudamamu touxn M. Kak BugHo, nis on-
peneleHuss NOJIAPHBIX KOODAMHAT TOYKH TpefyeTcs 3aiaHie TOJNBKO
oaHoll KoopauHaTHoll oci Ox (Ha3nBaeMoil B 3TOM Cjayuyae noaapHol
ocbi0). Y 106HO, OIHAKO, pacCMaTpHBaTh OIHOBPEMEHHO H IOJNsPHbBIE H
LEeKapTOBLEl MPAMOYFOJbHLIE KOOPDAHHATH, KaK 3TO ¢leJaHo Ha puc. 7.

[MoaspHblli yroa1 TOUKH oONpejelsieTcsi 3ajiaHHeM TOUKH HEOIHO-
3HaYHO: eCJI (P, — OJIIH H3 [OJISAPHEIX YIJIOB TOYKH, TO H BCSKH yroa

Q=@ +2kn, k=0, 1, £2, ..., 8.2)

O6yneT ee NOJAAPHBIM YrJaoM. 3ajaHlie NOJAPHOro pajauyca H yraa
onpefieJisieT TOJOKEHIE TOYKH eIHHCTBeHHHM o6pasom. Hauano O
(naseiBaemoe f10410c0M NOJSPHOIT CHCTEMBI KOOPANHAT) HMeeT paanyc,
paBHbIil HYJI0, HHKaKOIO OINpeeNeHHOro no:11pHoro yraa Touke O
He NpHMHCHBaETCS.

Meskny ReKapTOBLIMH H 11035 PHBIMI Koopmmaramu TOUKH HIMeIoTCH
CJeyIolLe COOTHOLIEHA:

x=rcosQ, y=rsing, (8.3)
HENOCPEACTBEHHO BHITEKalolile H3 ONpelesentst TPHTOHOMETPHYECKHX

dyukunit (n. 97). Orit cooTHOIEHNS TI03BOISIIOT HAXOLNHTh JeKapTOBH
KOOpAHHATH NO 3aJaHHBIM noaspHuM. Cienyloutie cpopmynbl‘

r=V¥+y, cosg=I=—= £

)

, SiNg==2 ==
x4 .'/2 .(p sz‘f' y" (84)

tg(p=%,
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NO3BO/IAIOT pellaTs OGPaTHYI0 3ajauy: MO KAHHBIM AEKapTOBHIM KO-
OpHATAM TOYKH HAXOUTh ee MOAAPHBE KoopauHatel. [Ipu aTom
N0 3HAYeHHIO Sin @ (I COS() MOKHO HaifiTH JBa BO3MOMKHBIX 3Ha-
ueHHA YrJ1a ¢ B npejelax Nepsoro Kpyra; mo 3Haky cos@ (Han
sin @) BuOHpaercst 0AHO H3 HHX. MoXHO TaxkKe OnpenensTh yroa @
no ero TaHreHcy: tg ¢ =y/x, HO H B. 3TOM CJyyae yeTBepTh, B KO-
TOPOil JIEXKHT ¢, YTOYHAETCH MO 3HAKY COS¢ -HIH Sing. -

Touka, 3aJaHHasA CBOHMH MOJSPHBIMH KOODAHHATaMH, CTPOHTCA
(Ges BHuNCJEHHS JeKapTOBHIX KOOPAHHAT) MO CBOEMY MOJISIPHOMY
VIVIy H pagdycy.

[Mpumep 2. Haittn pexaprtoBbl KOOPAHMHATHL TOYEK A(2, n/4);
B(l, n). .

Pewenne. Ilo dopmynam (8.3) naxomum:

1) a1a Toukn A HaxoRHM x=2cos (n/4)=2. V2/2—V2
y=2sin (n/4) = =V A(V2 V'2);

2) ans Touku B: x=1.cosn=—1; y=1.sinn=0; B(—1, 0).

Ilpumep 3. HafiTn nonsipuble KOOpAHHATHL TOYeK (32RAHHLIX
aekaprosbiMit Koopannaramu) A (1, V'3); B(—I1, —1).

Pewenne. Haxomum no ¢opmynam (8.4):

1) pas tourn A: r=V1+3=2;tge=V3; p=x/3; A(2, n/3);

2) aas toukn B: r=V1+1=V2; tgo=1; 9=>5n/4 (c yuerom
-sHakoB x u g); B(V'2, 5m/4). ' : :
Mpumep 4. TIocTPOHTb TOUKH MO HX NONSAPHBLIM KOOPRHHATAM:

A2, —n/2);- B(1,0); C(3, 3n/4).
- Pewrenune moxaszaHo Ha puc. 7, '

YnpaxHeHHS

1. Hafitu H.0.1. uncen: a) 48 u 54; 6) 245, 105 u 441.

2. Hafitn H.0.x. uncen: a) 90 u 120 6) 363 440 u 198. :
3. JloxasaTh, 4TO H.0.K. HECKOJbKHMX UHCEJ JEJIHTCS Ha HX H.0.X

4. Tokasatb, uto ecn (a, b)==Fk, 10 (a/k, b/k)=1.

5. Yemy pannel Henble H JApOGHBIE HaCTH UHced:

a) 17/3; . 6) —22/5; B) 0,376; r) —2,158?

3anucats uncna —22/5 w —2,158 B McKyceTBeHHOR (opMe.
6. OGpaTutb B fecATHUHBE Ipo6H CrenylolllHe OGLIKHOBEHHbIE XPOGH: -

a) 473/32;  6) 2/%. =) 163/111.

7. O6patiTb B OGHKHOBENHbE IPOGH caeayiOLe AeCATHYHBIE ApOCU: a) l,(468)
6) 3,41(6). -
- 8., Hafitu aGco'noTnyo H OTHOCHTE/JLHYIO norpeumocm, nonycKaemsie mpi
3aueHe YHCaa V'_ 8,8317608... ero npu6mpKenHuM 2Havenuenm 8,84,
_-. 9. UTo MOXHO cKa3aTb O TOYHOM 3HAUCHHH @, HEKOTOPOTO 4uC/A, €CIH €ro
npubankernoe 3Hayenne a = 658,46 naiieno c a6co/MOTHOI NOrPEUIHOCTHIO Aa=0 18?2
10. Yxasatb BepHbie H COMHHTENbHbIC LHQPH NPHOIHKEHHOrO YNC/Ia @ == =6,9358,
ecan A,=0,0045.
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11, Oxpyrautb npubunkennoe uncio a=32,234 npu A,=0,463, coxpauus
OIHYy COMHHTCIbHYIO LHDpY.

12. 3anucath, npuMcliasg Hy.Jl, CIeAyioumHe npub/IzKeHHble uncaa: a) 0,58,
A,=0,000005; 6) a=781000, A;=>5; B) a=781000, A,=500. .

13. Mocrpoute na wyneaosoit ock Toukn A(8), B(—3), C (%/5), D(—"/3),
E(V3), F(—V5) _

Yrkasanue. Orpesok AIHHOI V'3 mowuo nafitn Kax THIOTCHY3Y TPAMO-

YIOALHOTO TPeyrodeHika ¢ katetamu | n J'2 (moctpocunce otpesxka gmmoit V2
PaccMaTpHBaJOCh B TEKCTC).

14. Tloctponte wna rutockocT Toukn A(—3, —4), B(0, 5), C(5, 0),
D(=2,6), E@, 3), F(—4, 3), G(—6, 6), H(6, —6).

15. Hana Touka A (2, —3). Yka3ath KOOpIHHATH TOYCK, CHMMCTPHUYHHX c A
oTHocuTebHO ocn Ox, ocn Oy, Havaaa Koopimuar, Guccexktpuecnt I—III koopan-
HATHLIX YTIJI0B.

16. Ilokasats, uto Toukn A (x, y) u B(— y, — X) CHMMCTPHYHB OTHOCHTEILHO
6uccextpichl 1I—IV KoopAUHATHLIX YI.I0B.

17. IlocTpouTh ToukH HO HX NoaspHuM Koopauuaram: A (2, 5x/6), B(l,— =),

c (3, 0}, D(VE_, — a/4). Haiitin JexaproBrl KoopannaTbl 3THX TOYEK.

18. HafiTt moasipuric KOOpANHATH TOYEK (3aXaHHLIX JCKapTOBHIMII KOOpAHHa-
tamu) A(2, 0),-B(— 1, 0), C(0, 2), D(—1, —1).

§ 2. CrencHn 1 Kopuu

9. Crenenn ¢ HarypanabHblMH nokasateaamu. [lyctb a—upons-
BO.IbHOe JeficTBHTENBIOE YlCI0, a n—uatypaibhoe wiciao. IIpous-
BejeHle

aq ... a
N————

n

1 COMHOXKITeJefl, paBHBIX @, HasLBaeTcst M-l Cmenewvio 4ucaa a
11 obo3Hauaercs uepe3 a”. [lpH sTOM @ Ha3BIBAeTCH OCHOGAHUEM,
a n—nokasameaes crenend. Ilpn n=1 npocto mnoaaraiwr a'=a.
Taxum obpasoM, cTeneHb a” onpenessieTcs NpH JIOOLX HATYpalbHEIX
aHaueHlsnX n. Ilockonbky neiicTBiie BO3BefleHHs B HaTypPalbHYIO
CTeneHb Onpele’eHo yepe3 JefiCTBIle YMHOXKEHHsS, TO OHO paccmar-
plBaeTcsl Kak pauiocHajbnoe (apugyeTiyecKoe) aelictBie. OTMeTHM
HeKOoTOpble CBOIICTBa 3TOro AeiicTBIifl,

1) Upu moOBIX HATYpPadbHHX 11, 1

ara™ = q*+ s, ' 6.1
D10 Caepyer H3 3arucH

aga®*=qa...a-aa...a=aa...a=a*"?,
| S

n lil Hti
Taxuwn obpasoy, npu ysnoxcenuu cmencned ¢ 0JUHAKOGUMY OCHOGA-
HUAMU_NOKA3AMeAU cmenertt cKaadebleaiomcs.
2) Ecmt n>m 1 a0, 10

& —grm, | (9.2)
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_ ﬂeﬁCTBHTeJIbHO, 3TO CJeAYyeT H3 paBeHCTBA

a*= qmtin—-m _ aman—m‘

’

3) Ilpn ‘moBbIX HaTypaabHBIX m, n
(@a™)*=a™". 9.3)
IeficTBuTe/IbHO, MO ONpelefieniio n-ii CTeNeHH YHCAA NMeeM

(@™)*=a™a™...a"
H__J

n
H no csoiictBy 1) .
(a™)* = amim+ .. +m—qgmn -

YTo U Tpe60BaJIOCb NOJYUYHTD. T
I’ITaK npu eoseeaenuu CIMenexut 8 CMeNenb noxKasameau cmeneHu
nepesroxcaiomes.,

4) (ab)* =a™b". - (9.49)
5) (%)":Z_j. (9.5)
Hoka3aTenscTBO CBONCTB 4) H 5) MpeoCTaBAseTCA UHTATEJIO.

10. Crenmenn ¢ ueamiMu mokasareasmu. CsoiictBo 2) m. 9:

n
. a . an—m

am
yCT2HOBTEHO NpH n> m. Tlpiu n=m un n < m ero npasas 4actb
He omnpefieneHa, HO JieBas 4acTb COXPaHfET CMBICJ. DTO JaeT MOBOL
BBECTH ONpejesJeHHe CTENEeHH C HYJEBBIM H LeJBbIMI OTPHLLATENbHBIAI
NoKasarensaMHi CTeleHH.
HyneByio cTenenb. yncaa a=~0 monaraioT no onpefeseHu0 pas-
HOH efHHILE: i
=1, (10.1)

Takum o6pasom, papencTso (9.2) CTaHOBHTCA Tenepb BEPHBIM H
fpH n=m.

Crenens uncsa a==0 ¢ OTpuuaTebeHuM noxasareneM —&£ omnpe-
IensieTcsl PaBeHCTBOM

- 1

HyneBas n orpnuarersHas crenern uncia 0 He onpefessiioTcs.

. Onpenenenne (10.2) nenaer papercTBO (9.2) BepHBIM H NpH 11 < M.,
Tak, ecan m=n+k, 10 HMeeM

n n )
ar __ ot _ a1l _ ek_gn-n
am ~— gntk T grgk T ak

Herpyano mnpoBepuTtbh, YTO BCE NpaBiyia RefiCTBHS BO3BElEHIIs
B HaTypaJbHYIO CTeNeHb, YKa3aHHbe B M. 9, COXpaHSIOT CIIy npH
BBEJICHHBIX ONpejleJIeHHsAX H IPI JIOGBIX HeMbIX NTOKa3aTe/ X CTeNeHH .
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- Tak; Hanpinep, IpoBepsieM, uTO
’ ) 11 .1

a”aqa "= —

el e g-m-B_ .
aman"am+n—a

T. €.} AJs OTPHUATeJbHHIX INOKa3sarejeil CTeneHi COXPaHseT Cuay
npasiao 1) ymHoXeHus cTeneHeii ¢ ONNHAKOBHIMH OCHOBaHHAMH.
9-3.35.64 :

2:39-6-2

Pewenune. Henoabsyem To, uto 6 = 2.3, 1 npimMeHsieM npasiia
JeficTBIii € LeJbIMH CTeIeHsMM:

2-3.35.6¢  2-3.35.24.31  2.39 2z

. 539.6-% — 239211 — o137 — 2 -3 T 36.

Npumep. Buuncants:

11. Kopuu. Ecan n > 1—mnarypanpHoe uucao, a a u b—pefi-
CTBHITEJIbHBIE YHCJA, NpHYeM ' :
n
::a’

TO uyHc/A0 b naswiBaeTcsi KopHes n-ii CTemeHH H3 unucia a. Takum
06pa3oM, KopHes n-ii cmenenu U3 4uCIQ @ Ha3pIBAETCSl Kaxaoe Ylcio
b Takoe, uTO €ro n-g creneHb paBHa 4.

HelicTBlie OTHICKaHUsE KOPHA H3 YHCJA @ HA3bIBAeTCsl JelicTBieM
usgaeMenus. KopHa n-it crenenn u3 a. IeiicTBiie n3sieveniisi KOpHs
CTENeHil n siBasiercsi jelicTslieM, OOpPaTHBHIM IO OTHOLLEHIIO K Jeil-
CTBHIO BO3BeJeHisl YilicJla B CTeneHb /1.

Ecan n—HeueTHoe 4HCAO0, TO, KaK MOKHO 10Ka3aTb, Al .1i060ro
AefiCTBHTEJNBHOrQ 4lCAAa @ CYUIeCTBYeT eAHHCTBeHHOe 3HayeHlle KOpHs
cTenenn n (B AeficTBuTeabHOI 06/acTH; H3BJaeyellie Kopueii B 06:;1acTh
KOMIIJIEKCHBIX uYices paccMaTpuBaercst B m. 18).

Ecait n — yernoe, To AeficTBHe H3BJCYeHHsT KOPHsI CTENEHH 1 H3
OTPHLATEIbHOTO HICJIa HeBO3MOXKHO, TAK Kak 4eTias cTeneHb JI060To
ylcaa HeoTpluaresbHa. MoxHO nokasartb, uTo AJAsi JMOGOro noJjo-
JKITENbHOrO YHCAA @ KOpeHb YeTHOIl CTeneHH 1 lIMeeT Ba 3HaYeHid,
paBlBIX MO aGCOMIOTHOH BeJlidiHe H MNPOTHBOMNOIOXKHLIX N0 3HAKY..
Hanpumep, uncaa 43, —3 cyTe KOpHH KBajpaThble H3 uiciaa 9.
TonoxiTenbHbIl KOpeHb YETHOIl cTeleHH 13 MOJ0XKHTENbHOrO Yiic/a
1a3LIBaeTcsl apugaemudeckus Kopres (AN apugsemuseckus 3nade-
Huem Kopua). Ero epiHCTBEHHOCThL BHAHA 113 TaKOro cooOpaKeHis.
Ecan 6u nMesoch 1Ba HOJOXKHTEJNbHHIX KOpHst b, u b,, T0 oaxo u3
yucen b,, b, 6u10 Gbl GoJbile apyroro, Hanpimep, b, > b,. Ho Toraa
u b} > b%, 1. e. o6a uncaa He morJm Obl ObITb KOPHSIMI CTeneHll 71
I3 ONOrO H TOTO 3Ke uicaa a. 3To paccy:ieHHe TMPHMEHIIMO
H K Cayyalo KopHeii HeYeTHOIl CTemeHil.

Havetit  ofocHoBaHHE YTBepHXJCHHS O CYWICCTBOBAHIN KOPHS I’V ‘a npous-
BOJIbNOI CTemeHH M3 JIOOOro NOJIOKHTCALNOFO ReiicTBHTCABbHOTO wyHeaa. Ilpexne
BCETO, MOXCT CAYYHTLCA, YTO KOPEHbL CYIReCTBYCT B OOAacTH HATypaibHHX YHCe..
Ecan 310 Tak, TO STHM 2ajlaua PCLIACTCSs; €CAH B 06JACTH HATYpaJbHHX YHCET
KOpHA Jie HMecTCSl, TO HAlIyTCAl ABA NOCJACAOBATCALHHIX UEAHX uncaa k u k-1
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Takue, w10 k" < a, (k4-1)7'> a. Tenepb Gyzem paCC\lanHBaTb HecATHYHLE apo6r
Bula k,ay, rre a,=0, I, ..., 9. JIn6o cpenn Hnx HMeeTC: HCKOMBIi KOpeHb,
nuﬁo CHOBA NOJYYRM 1R HEKOTOPOro a;

(k)" < a, (&, a1+0 e >a.

Ianee Gynmem HCKath npuGMIDKEHHE XOPHS B BHIE Ipo6H € ABYMA 3HAKaMH

nocae 3ansTofl ¥ T. 4. TakuM myTeM B NPHHUNNE MOXHO NOCTPORTH AN AECATHY-
HHIX TPHGTHKeHUIT TIO HeROCTATKY H MO H3GHTKY 171 HEKOTOpOro JefiCTBHTEbHOro
yncAa, KOTOpoe M CJeAyeT NPHHATb 33 3HAaueHHE HCKOMOrO KOpHS (aHaJOrH4HO

npamepy V' 2 B n. 6).

_Kopenp crenennn n o0603Hauaercsi ¢ TOMOILBIO 3HAKA paduxaia
; TpH 5TOM JJ7 NpHIAHHS CHMBONY 7/ @ BIOJHE ONpejeeH-
HOTO CMBICNA YCJIOBHMCS NOHHMATh nox 3/ a:

1) eguHCTBEHHOE 3HAayeHHe -KOPHS B Cyyae HeyeTHOro 71 (@ B 5TOM
cayyae—aio6oe feficTBHTeIbHOE HHEJIO).

2) apidpMeTHueCKHIl KOpeHb CTeNeHil n i3 a B clIyyae YeTHOTO 1
(B srom cayuae a > 0). :

KopeHb H3 -HyJs npH JI060M NMOKa3aTeae 1 paBeH HY.JIO.

B cnyvae, ecin MBI XOTHM paccMaTpiBaTh 00a‘3HayeHHS KOpHA -
YeTHOIl CTemeHN M3 NOJOXHTEIbHOTO YHCJIA, TO INHILEM +7/ a; ecan
nepel KOpPHEM UYEeTHOi CTelMeHH 3HaK He HamilcaH, TO Bceraa nMeloT
B By apHdMeTHUecKoe 3HaueHHe KOpPHf.

B cnyuae kophs cremenn 2 (ksadpammroz20 KOpHA) MHIIYT NPOCTO
V a; nanpumep, 1/ 9=23. Kopenb TpeTbeil. cTeneHn HasuiBaloT Ky6u-
HECKUM KODHEM.

Ecan a—npousaonbﬂoe IeficTBHTEbHOE YHCJIO, TO

C Var=a , :
Va*=|a| - .

NpH YeTHOM n (B YacTHOCTI, B CJyyae KBaapaTHOro Kopms). Tak,
Hanpumep, )
V{=3=—3 o V(=3F=|—3|=3

YKaxeM OCHOBHbE NpaBHja JeiiCTBHIl Haj KOPHAMH; AJs NpO-
CTOTHI NPEANOA0KHM, YTO YlcCJla HOJ 3HaKOM KOPHS — NOJOKHTeJIbHEE.

1) HaBaneuenne KopHa u3 npounssepenusn. Kopeuv us
npou3sederua. paser npoussederur0 KopHell U3 COMHoXcumeael:

Yab="7ayb. (11.1)
IlokxasateanscTBO: Jlag nokasateabCcTBa S5TOTO (I JaJibHeii-

1WHX) CBOfCTBA NOCTAaTOYHO 'NPOBEPHTH, YTO MpPH BO3BEAEHHUN O0enXx .
yacreii paBeHcTsa. (11.1) B CTeneHb m MOMYYHM OAHO M TO Ke YHCJO.

Tipn ‘3TOM~MHI NOMB3yemcs cootHomennen: (7 a)™=a, -Henocpenct--

n

_ TIpH HEUEeTHOM n M
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BCHHO BHITEKAIOLIUM 113 ONpeje’eHHss KOpHs m-ii crenedu. Mmeem
(Y ab)™=ab
(% % Bym = (% )T/ Ty =ab
OTKyRa Il BblTeKaeT TpebyeMoOe CBOJICTBO.
2) BosBegeHlle KOPHS B cTeneHdb. Jaa coseeaeuuﬂ KOpHA
8 cmenens OOCMAMONHO 6038eCU 8 MY CHieneHb NOOKOPEeHHOoe 6blpa-

HCEHUL, COXPAHAR NOKa3ameab KOpPHA. -
dro NpaBH/JIO 3aMHCLIBAETCA TaK:

(% 3) =/ 2k, (1L.9)

CnoiictBO 2) HemocpelCTBEHHO BLITeKaeT H3 cBoiicTBa 1), a Takke
MOKeT OHTh NpoBepeHo BO3BeJeHleM oleix yacTeil paseHcTBa (11.2)
B CTeNeHb Mm.

- 3) lsBaeuenne KopHus 13 yactHoro. Kopexv uswacm-
HO20 PaseH HACMHOMY onl .020eHUS KOPHA U3 YUCIUMEAR HQ KOPCHDb
U3 3HAMeHAmeLa:

A

n T _ Ve )
= T (11.3)

4) H3poaeuenne xopusa u3 creneny IlycTe nokasareas
CTCIICHII /1 SIBISICTCS KPaTHBIM NOKasartedst KOPHa n: m =nk. Torga
vV am =amin = g, (11.4)

T. €. HPU U3GICHCHUI KOPHA U3 CHIENCHI NOKA3AMEIb CIENCRI C.ae-
dyem paszdeaund HA HOKA3AIMEAL KOPHS.

INycts B ofwieM cayyae m He SIBAsieTCS KPATHLIM f; BBIMOJHHM
ZeJieHiie m HAa n € ocratkoM: m=ng-r. Torjaa

Vawir /ot (11.5)
HeiicTpuTeAbHO, MPHMEHSIST YXKe HaiiieHlble NpaBiJa, NOJTy4HM
Y i = Y@ = Y T =t @
Npusep 1. J/F8= /07832 —9s7/5i_ 956/4.

5) IIgB.nequue KOPDHSIN3 KOp HH Haa ussaeueHus KopHs
u3 xKopHa 0OoCMAMOYHO REPEMHONCUMD NOKAsameau KOpHeld, COXPAHUS

noOKopexoe BuipasceHue: ,
L m7— Im -
1/1/a= V a. (11.6)

6) CokpameHie NOKa3aTeJdss KOPHA H NoKasaTeasd
NOZKOPEHHOr O BHpPAXeHHSA Ha HX OoGmW Ml MHOXH-
Teasb. Ilycrb B BHIpameHHH '{’/a" H. 0. .. ToKasaTteyeili m il n
paseH k (n. 3). J710 3HAYUT, YTO M=Fkr u n=ks, npiuyeM r I s

u
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1esle B3alMHO mpocThie uncaa. Toraa 3/ a”= 1/ . J10 03Hauaer,
UTO 6CAUL NOKA3AMEAUu KOPHA U noOKOPEeHH020 ebzpaofcemm ureom
obwuti Oeaumenb, Mo HA He2O UX Moafcno cokpamumb, He MEHAA

seaudttot kopua. Hanpumep: 1f’/al’ /a“ 3= 51/a‘

O6paTHO, ecau nokasameau KOPHA U noahopeﬂnozo 6OIPAOILCEHUA
YMHOMCUMb HA OOHO 1L MO 2¢e 4uCA0, MO KOPEHb OM Mo20 He l3Ate-
numes. Hanpumep: '3/at="'"}/ a5 =4/

7) llpuBenenne KopHeil K oﬁmemy noxasa're.n 10,
Ionb3ysich TONBKO YTO YCTAHOBJIEHHBIM CBOIICTBOM, MOXKHO fiBa HJIH
HeCKOMbKO KOpHeil NpPHBOANTBL K oOflleMy IOKasaTeslio, KOTOpHIl
npeacTaBiasieT Co0oil H. 0. K. HOKasareseil Bcex AaHHBIX KOpDHeIi.

210 npeoGpasoBaHiie 110/1e3HO IPHMEHATD NIPH YMHOXEHHH KOpHell

'C PasHBIMH ITOKasaTeJsAMH,

Ipumep 2. Ynpoernuts npoussegedse V' 2.5/ 4.7/2.

Pemenue. V2 4}/ 2=/ )/ 8/ 2=1/=}/21=2}/2.
3nech H. 0. K. noxasateneii KopHeil pasHssock 6; B mpouecce npeoG-
Pa30BaHHA MH NPHMEHHIH TaKxKe npaBu/io 6) cOKpalleHHs NoKasa-
Tesleil cTermeHH H KOpHsA W mpasiio 1). .

Afanorinyseiy 06pasoM BHIIOJHSIETCS H JedeHie KOpHeil.

A AN A BYB e o
e =723 =32
V% /o8
12, Crenenn ¢ panHoHanbHBIMH nNokasateasmu. Crenenn c peii-

CTBHTENbHBHIMH MoKasateasmu. Byaem, kak u B m. 11, paccmarpu-

BaTb TOJIBKO KODHH H3 MNOJOXHTEJbHBIX 4IiCeJ. Mzt Bl A€, YTO
B cJay4ae, Korga m JAeauTCst HaueJdo Ha n,

v am=amin, A

OGo6mas 3To NpaBiio, MOXHO BBECTH Clelylowmee onpeaeeHHe
cTeneHH C MOJOXKITEJNbHBIM PalllOHaJbHBHIM NOKa3aTtesneM p/q:

arli = {/a”. (12.1)
B cayuae oTpHILaTeNBbHOTO PaLOHAJBHOrO I0KA3aTesl CTeneHu
—p/q monaraioT (MO aHaJoTiN CO CJy4yaeM LCJOro OTPHILATEIbHOrO
noKasaTess CTeNneHH)
1 1

a-P/"= -a—p/—q='ﬁ_;'. (12.2)

ITpumep 3.

Ha crenenn ¢ paiiiona/b HEIMII OKA3aTeAsIMH PACHPOCTPAHSIOTCS
BCe NMpaBHJaa JAefiCTBIil Haj CTeNeHAMH € HAaTypaJbHBIMI 1T BooOie
nessIMI MoKasaTedsiMi. Jlas X 0GOCHOBaHNsA OCTATONHO MPUMEHNTH
npaBina n. 11 pefictnii nan xopuamn. JlokaxeM, Hanpumep, CBOfi-

CTBO
apligr’le’ — gple+p’le,
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‘Hneen
. TPl = /ap W’/apq’

- Tak e noayunn a?/9' =99/qP4, Otciona

pg’+p'q  p p*
. -t
arligPl7 = ‘”l/apq q"/aﬂ 7= ‘”/a”q =g 9 =q9 7,

4TO 1L Tp&éOBaJIOCb J0Ka3aTth.

Paccma'rpusaxor TaKKe CTCNEeHH II0JIOXKHTEJLHOro 4HcJja @ npH
[ pOI3BOJbLHEIX JeficTBHTEAbHEIX IMOKa3aTeasx. B OCHOBY omnpeaene-
HHSL a* le[ HppallOHAJNbHOM X KJAZETCsA IM0CJAeJ0BaTeJIbHOe TpH-

O/KEHHEe X pauHOHaNbHbIMH uncaamu. Tak, Haunpumep, AAs 3T
c/je1yeT paccMOTpeTb NPHOMIKEHHS MO HEIO0CTaTKYy H HO H3GBITKY
ans V"2 1 BosBomuTh 3 B COOTBRTCTBYIOULHE palHOoHaJbHbBE, CTe- °
neiu, samiceias

3 <3 T3y,
3 <« 31"2— < 33,
it < 31T £ Buiaz

. . . . ;
e . . . ;

[To nepe mpozon:KeHust 3TOro MNpoliecca Jeas o IpaBas 4acTil
- iepaBeHCTB, BbIpaxetiibie GeCKOHEUHBIMH AECATHYHBIMH APOGAMI,
O6yAyT nMeTh Bece GoJbluee H GoJbliee YHCIO COBNANAIOMHX Jecs-
THYHBIX 3HAKOB, KOTOphle 1 OYAYT NPHHHMAThCS 3a JecATHUHhIE

3HAKI, Onpeessionie HppawioHaisHoe yicao 3V'2, Bonee noxpoGHo
paccMaTplBarb 3TOT BONPOC MBI HE MOXKEM, HO OTMETHM, 4TO a*
1MeeT aeficTBHTEIbHOE BIIOJIHE ONpejeseHHoe 3HaueHie npu a >0
11 J11000M: JeflCTBHTE/NbHOM X. '

3ameyaHire, }sBaeyeHlle KODHA HEUETHON CTEHEHU BO3MOXKHO
I 13 oTpuuarenbHoro uucaa. [lostomy Buipamenio a”/4 npu a <0

TaKMe - MOMKHO HpIHNICATh CMBIC/J C NOMOLIbIO paBeHCTBa aP/i= ,‘V ar
B CJay4ae, KOIJa HecoKpaTiiMasi panuoHaabHas Apobb p/g Hneer
HeueTHbIl 3HaMeHaTeNb. B cjyuae 4eTHOro ¢ H AJs MppauHOHalb-
HBIX 3HayeHH{l moKasartenas CTeNeHb OTPHUATENLHOIO OCHOBAHIS HeE
onpeaensercs. Hyap B fio6oft nONOXKHUTENbHON CTENEHH PABEH HYJIIO;
HyJaeBas 1 OTpHUATe]bHble CTENeHH HyJs He OnpejeseHbl. .
_ I'Ipxmep ITpoussectH peficTBHA, nonbsym:b OTpHUIATEABHBIMH
It IPOGHBIMH TOKA3aTesAMIl CTETeHH: TRV

PemeHue. ‘/ /9 l/é/n 2.3 ’/5-3'/7.2“/7:2'/:5-3"/:5-:_.—

=*/2/3.

13. Aaroputm H3BJEYEHUS KBaJpaTHOro KOpHs. HyCTb JlaHO Mpo-
H3BOJIbHOE MOJIOKHTEABHOE YHCJIO A;‘ TOrZA MOXKHO YKasaTh IoCJje-
JOBATE/IbHOCTb apHMETHYECKHX AefiCTBHI, MPHBONSAULYIO K BbIYHC/IE:
_ HHIO KBaJpaTHOTO KOPHS - H3 JAHHOTO YHCAA ¢ Ji060it 3afaHHOH
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CTENneHsl0 TOYHOCTH. DTa nocsefoBaTeNbHOCTb IeficTBHI, ONMHcaHHAs
HHUXe, 10Jy4aeT Ha3BaHHe anrOPHTMA U38.1e4eHIS K6AOPAMHO20 KOPHSA.

I'lpenno.no;mm ‘BHAayaje JAJA MNpOCTOThl, YTO JAAHHOE UIHCJO—
uenoe m-3HaYHoe; 3aNHCHBAEM €ro B BIE. €. . .Cp (CM. M. 1),
OtBeTHM Ha BONPOC, CKOJBKO uHdp Oyler coaepxaTh Ueaasi 4acTh
apugMeTHyecKoro Kpaaparnoro kopus n3 A. Otser noayuyaercs us
CNeyIONlero CpaBHeHHs HEPAaBEHCTB AJA YHCJA H KOPHA H3 3TOro
uicIa:

Ecan 1<4< 100, To 1< ﬁ< 10,
et 100K A< 10000, To 10V A< 100,
ecan 10000<< A < 1000000, To 100V A < 1000,

® o ¢ e e o e o e e e e s e e e e & 3 ® e+ e .

Taknum obpa3om, ecan A—oaHo- HIH ABY3HAYHOE YHCJO, TO Leiast
yacts }/ A—onHosHauHas; ecan A—Tpex- HIH ueTHpeX3HayHoe

ulicso, To uenas wactb ) A—nmyssaunas u T. A. Boobuwe, écan

A — m-3HayHOe uMCNO, TO uenas yactb V' A A Oyzner (m/2)-3nauHoii
npH yetHoM m H ((m -+ 1)/2)-3naunoii npn newerHom 'm. IlpakTiue-
CKil 5TO 4YHCJIO 3HAKOB OMpENeNsieTcss MeXaHHUYeCKH TaKiM o6pasom:
ysicsio A pasGHBAIOT HA «rpaHm» No ABe undpbl, HaunHas cripaBa;
NpH 3TOM NOCJEIHAA JieBaf TPaHb MOXKET COCTOATH H3 OAHOA NAH
IBYX uuq)p, HanpHMep:

28’83’67, 2'12'61'52.

Yucro epareil u Oaem. Ham uucro yugp yeaod wacmu V' A.
Crenymomsii war COCTOHT B onpenesleHHN NepsBoil uugpps yncaa

VA; sra undpa a; JErko HAXOAHTCA B yMe, TAK KaK A/1A ee OTHI-
CKaHHfl JOCTaTOYHO NOMHHTH KBajpaThl Leabix uncen oT | go 9.

B camom gene, mepmas -undppa /' A 3aBHCHT TONBKO OT NepBoii
(cuntas caesa) rpann uucna A. Hanpumep, V 28'cc,’c,c, conepxut

33BEJIOMO 5 COTeH He3aBHCHMO OT WHQP C;, G4 Cy, Cq V 3'Cycs'cil €y
COIEPAKHT ONHY THICAYY HE3aBHCHMO OT LHGp c,, C3y C4y Cyy Coy Cq
"u T. . MoxHo 3anucarp -

V 28'cic/cicy =5anay, . - - ]/ 3'c,cy’cicsce;, = lajaza,, ...

Hoxamem, H3 KaKHX cooépamemm MO2KHO HlaXOZlHTb' CJIEAYIOILYIO

undpy a, uncaa V A. Undpa a, onperenserca kak HanGoiblias
widpa, npH KOTOPOii ellie BHINOJHSETCA HEPaBeHCTBO (kR—uncio

rpaneit A)
V_>a1 10t g, 10%-1
i

A>a2-10% 4 2q,q,- 102~ 1-{-02 102k=2, (13.1)
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OTKyZAa, TeM Goiee,

A> a2 10% 4 2a,a,- 1021, (13.2)
HJIH ' 4 -
— .10%)2
az<'%l%—zk—-i)‘ . (13.3)

MoxHo Gblyio OB HAXOmNTb a, H3 nepaseticTBa (13.1), HO peuenie
KBajpaTHOTO HEPaBEHCTBA SIBJSIETCH TPYLOEMKHM; MO3TOMY Hepexo-
IAT K OpocToMy JHHefiHomy HepaseHcTBY (13.2), Ha kotoporo u
" moay4aercst ycaoshie (13.3) mis nomxbopa a,. Bepem wnanboaniuee
uenoe a,, yiosaeTBopsiomee ycaosiio (13.3). ;

Takoe @, MOXET eille OKa3aThCAA CJHIIKOM GOJIBUIIM: Haio mpo-
BepIiTh, BHINOJHAETCH Ji H HepasencTBo (13.1); ecan a, okasasoch
calwKoM GOAbLINHM, TO yMEHbLIaeM ero Ha eIHHHILY M CHOBa Npo-
BepsieM, yroierBopsiercs Jii Hepasenctso (13.1). Takum oGpasox
noibupaercs a,.

Ipun sToM a, ompelelsercss C HCHOJIL3OBAiHeM JHLIL TCPBBIX
ABYX JeBblx rpaneii A, ocraibhble rpaHii A Ha BHIGOP a, He BINSIOT.

Mpumep 1. V288367 =5a,a,, ...; AIs OTHICKAHHS d, HAeeM
Hepapenctso (13.3), Koropoe 3anmiuercst Tak:

288 367 — 250 000
2.5-10°

a,< — 3,8367.

HanGoaeitee anauenite a,=3. Ilposepsien, yIOBIeTBOpSICTCS it
HepasenictBo (13.1):

988 367 = (530): = 280 900.

Tak Kak HepaBeHCTBO BHINOJIHEHO, TO BTOpas Luppa KOPHS

pasua 3: .
V 288 367 =53a,, ...

IIpunmep 2. V21261562 = la,a.a,, ...; 114 a, umeeM

2126152 — 1000000
a, < 51105 =5,63...

HauGonbilee BO3MOXKHOe 3HAUCHIE @, =5; HO HEPIBEHCT3O
2126 152 > (1500)2 = 2250 000 '

HepepHo. HMcnmuithiBaem a,=4:

2126 152 > (1400)2 = 1960000.
HepasenctBo BuinosnHero. Hrak,

V2126152 = ldag,, ...
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3ameyaHne. 3aech npalmmecrm MOKHO 61:[110 ONPefenTh
nepBble 1Be LH(PH KOpHA cpasy, B yme TaK K4K OYeBHJIHO, YTO
Vor2=14, ...

Tlocne Toro kKak HaiileHel nepBrele jaBe HDPH KOpHS a1 H a,,
13 Tex e cooGpaKeHIii HaXOAsT cjelyloulle, B TOM YHCJC I HAY-
wue nocie sansroit uudpm VA, Hanpumep, 11 @, ‘HCXOZAT 13
HepaBeHCTBa

VA>=a, 10t +a,- 10k1 4 a,. 10%-2,
noJyuast 113 HEro OUEHKY JJIS '

A~—(a;-10k J-q,. 10k -1)2

0% <3 (@ 10k a,- [0k—1). [0k -2

HT. X

Ilpu npakTHYECKOM H3BJIEUEHHII KOPHS Bce BBIYHCJEHHSI paclo-
NaraioT B- HEKOTOPOIi OnpejesieHHoii cXeMe, KOTOPYIO Mbl HaNOMHIM -

Ha Tex xKe npuMepax /288367 ‘u / 2126152.

Ilepen pasBopom npuMepoB mnpuBeseM A yAOO6CTBa dopmyn-
pOBKY mnpaBiia H3Bieuennsi kopus (A. H. Bapcykos, Auxre6pa,
u3g-Bo «lIpocgeteHirey, 1967).

IlpaBuno. UroGel u3Bjeyb KBaxpaTHBII KOpeHb H3 JaHHOTO
eJIOT0  YHCTa, pa36ueaxoT ero CrpaBa HalleBO Ha IpaHi, 1O JBe
udpH B KaxnRoH, XpoMe nepaoii (KpauHeu J1eBofl), B KOTOpOii MOMXeT
BITb H OOHA umppa

Urobp HaiiTii mepByio umppy KOPHS, M3BJEKalOT KBaApaTHBLII
OpeHb 13 nepsoil rpaui,

Yro6bl HaliTii BTOpy OuGpY, H3 nepsoff TpaHH BHIYHTAIOT
Baapart nepsoil mudpH KOPHA, K OCTATKY CHOCAT BTOPYIO TpaHb
I YHCJO JeCATKOB MOJIyYaloUlerocs uic/ia AeJAT Ha YABOEHHYIO mep-
yio 1ndpy KOpH#; NOJyYeHHOe UeJOe YHCJIO IOABepraior HCnETa-
{H10.

Hcneitanne 310 npon3BOANTCH TaK: 3a BepTHKaJAbHOI deproli
OopHfl (HaJneBO OT OCTaTKa) MNNWIYT YABOEHHOE paHee HalieHHOe
HCJO KOPHA H K HEMY C NpaBofl CTOPOHE! NPHIHCHIBAIOT HCINBITYye-
1y uudpy; nosyuiBlleecsa Nocje 3TOfl MPHIHCKI YHCAO YMHOMKAIOT
ia ncnerryemyo undpy. Ecait mocse yMHOMEHHS nmosyuntcs WiCIO,
oJiblilee OCTaTKa, TO HCMBITyeMas widpa He TOXHTCH ‘1 HANO HCHBI-
BIBATh CJENYIONLYIO, MeHbUY HHpY.

Crepyromye nnbpel KOPHS HaXonsiT € MOMOILBIO TOTO XKe MmpleMa.

Ecau mocae checeHns rpaHil 4uc/o JEeCATKOB NOJYUHBLIErocs
licla OKaeTcsi MeHbUle JIeNNTeNsi, T. €. MeHblle YyABOEHHOIl Hail-
eHHOfi yacTH KOpHf, TO B KopHe craBsitT 0, CHOCAT claenylOmMylo
pPaHb H NPOAOJIKAIOT AeiiCTBHE RaJblie.

Mpumep 3. Bouncts: a) J/288367 ¢ TouHocThi0 fi0 0,01;
) V2126152 ¢ TounocTsiO g0 0,1,
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Pemenue. -
a) . . V 32’83’67 =536,99...
103 38’3
3 309
~ ) 1067 7467
7 7469
1066 7467
_ 6 6396
¥*) 10729 107100
9 9656 1
107389 1 053 90°0
966 50 1

Mpumeuanus *) Ludpa 7 ne Beliep:KHBaeT HCHBITAHIA,
nepexoqim K caeayioweii nugpe 6.**) MucnenHo aonoansenm noi-
KOpeHHOe YHCJIO HY/SAMH 32 3aNATON 1 CHOCHM CJeayioulyio HyJe-
BYIO Tpab.

G) V126152 = 1458,1...
1 _
25 1172
5 125
24 12
4 96
285 | 1661
5 1425
2908 23652
8 23 26 4
29161 38800
1 2916 1

- Ecin nojKkopeHHOe YHCJIO Bblpa)iaeTcsi AeCATHYHOI ApoObIo, TO
AeJIeHIle Ha TrpaHli NPOH3BOAHMTCA OT 3anfAToi: Jis uenoil yacti
BJeBO, A5 APOGHOil—BHpaso:

381,6428 =3'81,64'28; 25,741 =25,74'10;

B OCTaAbHOM IIpOIECC H3BJeUYEHHSA KOPH OCTACTCH TEM Ke.

Yunpaxnesing
2-2.53.10-4‘ p 3-3.42.7-4
2-3.52.10-%" ) 3-2.43.7-%

2. Ynpocturb: . a). f/’2187; 6) f/_2250 000.

- 1. Bouncaure: a)
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‘ - . 8 3/ 4 -
3. Ynpoctuts: a): % ;4/9 Vsl; 6) %}3—2;1/——:
9'/1.1.2.5-1 2
= g5 g5 3/5 L
s __9's.3Y 3/31 —
2'/s 2.3 4.2 /3; : 3‘/2.
2/r— 3/18—2.3's1.3.9'"

5. BuuncnuTs KBalpaTHble KOPHH H3 Uicea: a) V2753 ¢ TouHOCTBIO RO 0 o1;
6) ¥'2.858 ¢ tounoctsio mo 0,001; B) ¥0,0358 c rounoersio mo 0,001,

4. ¥Ynpoctuts: a) 3

§ 3. KoMnaexcunie uucia

14. OcHosupte mouarua u onpepenenns. B § 1 Mul npocremunn,
KaK MpH NOCTENCHHOM pacliHpeHHH paccMaTpHBaeMoil YHC/I0Boit 06.1a-
CTH HaTypadbHble uHCJIa —Ienble YHC1a— PalHOHa/bHBle YHCAa —
AefiCTBUTEbHBIE YHCJAA AOCTHIAETCA BO3MOXHOCTE BHIMOJHCHHA CHA-
yaja BCeX pauHOHAJbHHX JefiCTBHI Haj uYNCJaMH, a 3aTeM TaKoro,
HanpHMep, AeilcTBHA, KaK H3BJeueHlie KOPHSA H3 I0/0XHTEIbHOro
gncsa. TeM He MeHee M B 006JacTH JefiCTBHTENIbHLIX YIICEJ He BCe
omepaunn ocyuwecTBiMsl. Tak, Hanpumep, BO MHOXeCTEBe aeficTBIi-
TeJBHBIX 4YIlCeJ HEBO3MOXKHO MH3BJieueHlle KBaJpaTHbIX KOpHeil H3
oTpHuartebspx uncel. Ecan ypanhenue x¥*—1=0 pewaerca B o6ia~
CTH PallOHA/BbHBIX uncea: x= 1, a ypasHeHue x* —2 =035 obaa-

CTH JeliCTBHTeABHBIX uncel: x==+} 2, T0 ypaBHeHlie ¥*41=0 ne’
nMeer fAeficTBHTEeNBHBIX KOpHell., B camoMm gene, Kpaapar Jmoboro
NeifCTBHTeNIbHOrO YHCJAA HeoTpHUATeJeH I NpH J1000M X liMeeM
x*+1>0. Takum o0pasoM, BHelUHe BeCbMa CXOJHble, YDaBHEHHA
BTOpOIL cTenenn x*—1=0, x4 1 =0 oka3wlBalOTCs BecbMa pasany-
HLIMH 'TIO CBOHM 'CBOIiCTBAM: OJHO 113 HHX HMeeT JBa .pelleHiid,
apyroe—Hft oaHoro! Takoe mnosoxeHHe MOXeT OHThb YCTpPaHeHO
BBeJEHHEM HOBOT'O BHAA uHCeT (KOMIJIEKCHBIX UHCeI), paclinpsomux
MHOXXECTBO AeHCTBHTEJBHHIX uiced (Hogo6HO TOMY KaK MHOXeCTBO
pPalHOHANBHBIX YHCET PacIIHPHJIO MHOMECTBO HeJBIX uucel U T. 1.).
ITp 3TOM yKe OKasblBaeTcss BO3MOXKHBIM He TOJbHO IPHMNHCATh
CMBIC/T KOPHIO KBaJPATHOMY H3 OTPHIATENbHBIX UHCeJ, HO u BooOule
JOCTHYL TIOJIOXKEHHs, Korga Ool Bce anreépauqecxue ypaBHeHHA
nMent (B obnacTH KOMNJEKCHBIX 4HCeN) PellleHns.

Jaa onpepeneHsi KOMIIEKCHBIX 4liCEN CHayajsa BBEJeM HEKOTO-
PBlil CHMBO.1 [, KOTOpPBIl Ha30BeM MHUMOLU eQuHuyeli. DTOMY CHMBOJY
NPHIHCHIBaeTcs (MOCTYMIpyeTcs) CBOCTBO YA0BIeTBOPATE Y PaBHEHHIO

®¥*+1=0: :
i*+1=0, mm *=—1. ~(14.1)
Tenepb paccMOTPHM MHOMKECTBO BCeX JABYWY/IEHOB BH/Z.
. a-}-bi,
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rie a, b—npou3Bo/bHLE ReficTBHTeAbHbIE YICIa, 1T YCJAOBIMCA IPO-
H3BOAHTL Hal TaKHMH JBy4JeHaMH OeiiCTBHA CJOXKEH!S, BHMHTAHUA
H YMHOXeHHSI NO OObIYHBIM NpaBHAaM aiare6per (I, 19) C eIHHCT-
BEHHBLIM JOMOJHITE/bHBIM YCJIOBHEM:,

ivi=it=—1,

Tax onpenesenioe MHOMXKECTBO BbipameHnii a--bi 1a3bIBaeICA AMHO-
© 9KKecmBosL KoanaekcHblx wuces. CaMo BhlpaKeHiie 2 =a -+bi npi Jo6bX
a, b Ha3LIBAETCA KOMILACKCHBIM HUCAOM.

Ilpu s1oM @ HasbiBaercqd Oedicmsumesvnoll uacmoo uncaa a-tbi,
a b—ero smHuold yacmoero WAN Kosguyuenmos npu sMrusot edu-
Huye).

Ilanuoe ompezesiedie HEOGXOANMO JOMOJHITL YCJIOBIEM paBeH-
CTBa JBYX KOMILTEKCHBIX YliCes:

ea KOMNAGKCHbIX 4UCAQ CHUMAIOM PABHBIMU € MOM U MOALKO
8 HIOM CAy4ae,_ecal f0Po3Hb pasHel Opyz Opyey ux Ocilicmaumneabnsie
U MHUMble 4acmu; 3TO O3Hayaer, 4yro ecan a,-+bi=a,+b,,
a,=a, u b,=0=, u, obparno, ecmi a,=a, u by=>b,, 70 U a;+bi=
=a,+b.i.

BTtopoe Bax<ioe [ONOJHHTEJAbHOe COrJIAleHIie COCTOHT B TOM, YTO
OeticrneumenvHole YUCIA PACCMAMPUCAIOMCA KAK YACMIHbLL CAYyuall KoM~
AeKcHobtx. VMeHHO, ecqall MHHUMAsl YacTb KOMILIEKCHOTO YHCJa paBHa
HYJI0, TO BMeCcTo z2=a--0-{ NHWyT NPOCTO Z==a I He OTJIYaloT
TAaKOro KOMIIJIEKCHOIO ulicjia OT JeliCTBHTEJABHOrO uilcjaa d.

B uacTHOCTH, . KOMNACKCHOE HUCAD PABHO HYMO 8 mMOM U MOALKO
8 MoM caydae, Ko20a pagrer HYMO eeo OelCmseumenvHas u MHUMAS
qacmu; 310 o3Hayaer, yro ecau a--bi=0, o a=0 u b=0 un, -
o6patHo, ecn a=0 1 b=0, 10 1t a-}-bi=0. '

KomniexcHoe uiicso,” y KOTOPOro paBHa HYJO IefiCTBHTeabHast
4acTb, TaKkKe 3amiCHIBAOT KOPOTKO B BHje z=0b[ 1 HAa3BIBAIOT
HUCMO MHUMBIAL 4UCA0M. BripakeHie «MHHMOE 4YHCJO» OGHIYHO IpH-
MeHAIOT, YToGEl yKasaTh, 4YTO KOMILJIEKCHOe 4HcA0 Z2=a-+bi He
ABasgercad AefiCTBHTEABUELIM, T. €. HMeeT HEHYJEBYIO MHHMYIO YacTb:
b==0. :

JIBa KommJeKCHBIX uHcaa a--bi 1 a—bi, geficTBHTENbHBIE YaCTH
KOTODHIX PaBHBI, a MHHMBIE NPOTHBONOJAOXHB MO 3HaKY, Ha3bIBAIOT
KOMNAEKCHO CONPANXCHHOIMY HHCJIIAMIl, YHCJIO0, KOMIJIEKCHO COIpsXKeH-

HOEe ¢ 4HCJIOM 2, oGo3HauaerTcs yepes z:

z=a+tbi, z=a—bi. (14.2)

OueBnguo, 4ro z=2,

1) B nexoTophx yueGHHRAX MHUMON YacThio uncia a-}-bi Ha3HBaAIOT ne Koad-
¢unnenr b, a bi,
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Tep.\nm CMHHMOE YIICI0» CBHAETENbCTBYET O HENOBEpPHH, C KOTOpblM BHayaJe
BOCMPHHNMAJOCh BBEJAEHHE B MaTeMaTHKY 3TOro BHIa 4YHCeJ. B nanbueiimenm xowmi-
JICKCHBIE 4YHCJIA OKa3aJaHCb, OJHAKOo, qpeasbmaxmo MoJIe3HEIMH KaK B CaMoit Marte-
MaTiHkKe, TaK H, 6.7!3!'0}13})51 BaXXHBIM IIPHJOXKEHHAM, BO MHOIHX aneHepHux
AACHUIIIHHAX, -~

15. PanuoHajbHbie JEHCTBHUS € KOMNJCKCHHIMH 4YMCIaMH. ¥YKe
B Onpeje/eHHH KOMIJIEKCHEX uicea ObIo yKasaHo, 4TO AeACTBHSA
Haj HHMH ONpEAeNAIoTCA Kak JAeflCTBHA Haj aireGpaHuyeCKHMH JBY-
uneHami, PaccMOTpHM cHauasia JeficTBHA CJIO0KeHHA H BHIYHTAHHA:
non cysmmoti (pasHocmoio) KOMIIIEKCHBIX yHcen 2, =a—+bi, z,=c-+di
MOHHMAIOT TaKoe KOMILIEKCHOe 4YHCJO, JefcTBHTeJbHAss H MHHMas

YacTH KOTOPOT'G IpeICcTaBJsioT co0ofi COOTBETCTBEHHO CYMMHI (pa3- -

HOCTH) HeflCTBHTEJbHBIX I MHHMBIX vacreil naHHblX ulcea. O6o3Ha-
4alTCA CYMMa I Pa3HOCTb OOBIYHBIM 00pa3oM, KakK 2,42, H 2,—2,:

a+z=@+c)+(0+ad)i |
2y —2,=(a—c)+(b—d)i }

(B MOMHOM cOrJIacHH C TIpaBHJIaMi JefiCTBHII Haj ABywIeHamn).
Ananoriyno HaxoiuTcsl asreGpainyeckasi Cymma Jio60ro 4Hcaa caa-
raemsx.

3aMeTHM, YTO NpH BBejeHHH OGO3HAUEHHST KOMILJIEKCHOTO YHCAA
z=a-bi Mbl, CTPOTO TOBOpPSA, HCIOJb30BaJdH 3HAK CJOXKEHHS «-}-»
HE B CBOEM NPAMOM CMBICJIE: Belb CKJaAblBaTh 4 H O MBI B 3TOT
MOMeHT eme He ymeaH. Cefiuac, ogHaxo, BHIHO, YTO MOXHO MOHH-
MaTh KOMIIJIEKCHOE ‘YHCJo a-+bi KaK CyMMY JeifiCTBHTeJIbHOTO 4iC/a
a=a-40.{ u uncro MuuMoro bi=0-4bi:

(@+0-7) 4-{0+bi) = (a+0) 4 (0 -+ b) i =a4-bi.

[Mpumep 1, 2,=243i, 2,=—447i, 2,=5—11i; BrUHCAHTD
2,—2,7F 2. .

Pemenne, 2, —z,+2,=[2—(—4)+5]+[3—7+(—I11)]i=
= 11—15i.

3aMeTHM, YTO CYMMA JBYX CONpSKEHHHX uHcea z=a-}-bi n

z=a—>bi ecTb 4iiC.10 AE/ICTBUTENbHOE, a PA3HOCTh—UHCTO MHHMOE;
B CaMOM JieJe,

(15.1)

2+z=(a+a)+[b+(—b)]i=20a,
z—2z=(a—a)+ [b—(—b)] i = 2bi.
[Mpouspenenne 2,2, KOMIVIEKCHBIX uucea z, =a--bi 0 z,=c-di

onpenensieTcsi Kak IpoH3BeleHHe JBywieHoB (n. 19) ¢ npumMeHeHHnen
OGBIYHOrO TPaBHJAa PaCKPBLITHA CKOGOK:

2,2, =(a+bi)(c+di)=
= ac+ adi -} bic-1-bidi =
=ac+(ad 4 bc)i 4 bdiz =
=(ac—bd)+(ad+bc)i. . (15.2)
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Tlpumep 2. Buuncanre npousseseHne yucea z,= —2 +4i,,
=5—=3i.
P emieHue,

2,2, = (—2 4 4i) (5—3i) =
=[(—2)-5—4-(=3)] + [(—2)(—3) +5-4}i = 24-26i.

33.‘\[6’1‘]“\[, UTO IPOH3BEIEHHE HaBYyX conpﬂx{emmx KOMIVIEKCHBIX
yjiceJ1 €CTb HEOTPHLUATEIbHOE JeficTBHTEIBHOE YHCJI0; B CaMOM nheJe,

2z = (a-+ bi) (a—bi) =
= [aa—b (—b)] -+ [a (—b) +ab) i =a* - b*. (15.3)

Uneno V 2z=V a* £ b*=|z| nasviBaercs modyies wan abeoaom-
HO @eaudUNOlE KOMN.IeKCHO20 wucaa a-+-Di. B uactHocTH, Korna b=0,
ylicJI0 2 = a JeiicTBHTebHOe, T0 | 2| =}/ a*+ 0*=]|a|— Moayab geiict-
BHTEJIBHOTO 4liCJd, PACCMATPHBAEMOro KaK YacTHBIl cayyail Komil-
JIEKCHOTO 4licJjia,— €CTh TO JK€ CaMoe, 4TO MOAY.Ib AeliCTBUTEIBHOTO
qjic/a B npexien cMbicae caosa (. 6).

Ouesnauo, uro |z|=|z|. Pasencrso (15.3) osuauaer, yrto npo-
u3BeleHlle CONPsXKEeHHBIX YlceJd PaBHO KBaipaTy MOIV.IN Kamaoro
H3 HIX.

ITponspeienie HECKOILKIX COMHOXIITeTeli MOKeT GbTb HailgeHo
TOoC/Ie0BaTe IbHEIM yMHO:KeneM. Hatypaabuas creneHs KommJekc-
HOTO ulicaa, HanpuMsep (- bi)®, (a+bi)® 11 BooGuwie (a+ bi)*, MoxeT .
6Lrrb HalfigeHa npH nomomll GopMya KBaipara CyMMbl, KyGa CyMMbl
(n. 20) 1 BooGie q)opmy.nu 6unona Heiotona (mi. 21). Ilpn stom
yAo6HO 1CMONb30BaTh OOLiee MpPaBIO 45 BO3BEACHHA B Ji06YIO
HATYpaJNbHYIO cTelleHb MHHMOI elnHdusl {. Tak kak

=i, P==1, PF=—i, *=1, t=it.i=1.i=i, ...,

TO NpH BO3BEeHHH { B JIoOylo CTefeHb MOXKHO, HE MeHsis pe3yJb-
TaTa, OTOPOCHTb OT NIOKAa3aTe]d CTEeNeHI claraeMoe, KPaTHoe YeTkIpen.
TlosToMy njsi BO3BejeHHAl uHcaa § B JM00YI0 HATYPAJIbHYIO CTENEHb 1
Hajo HaiiTH OCTATOK Npi JAeJeHHH # Ha 4 U BO3BECTH [ B CTeNeHb,
PaBHYIO 3TOMY OCTATKY.

ITpumep 3. Haiitu: a) %%, 6) {239,

Pemwenue. a) Vmeem 98=4.2412; orciona ¥ =i*=—1I;
6) umeeM 259 =4.64-13; orcioga i?%9 = {? =i,

IMTpunmep 4. Brouncanrs (24 3i)°.

Pewenne. n0'1b3)C\XCS] dopuy.ioit Kyda cymaet (20.6):

(@4 3i)* = 2 4-3-22.3i -+ 3 2. (3i)? + (3i)* =
. =8+ 36 — 54— 27j = —46 + 9i.

Jlenenyie KOMIJIEKCHBIX YlcesJ ONpeAeaiM Kak peficrBue, ofpar-
HOe YMHOXEHHIO, pe3yJbTaT JeJeHHf Ha3oBeM #acmuuis. HacTHoe
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OT AefteHHA 2, Ha 2, (mpeano.maraercd, uTO 2,7=0) 0G03HayaeTcH,
KaK OOblYHO, 4epe3 z,/z, IJIH z,:z, W, NO ONpele/eHHIO, AB/AfETCA
- TAKHM YHCAOM 2, 4TO 2, =2,2.

Tlokaxem, uro npH 2,5~0 cyuwecTByer BhnoMHE Ofnpene/eHHOe
KOMIIJIEKCHOE YNCJIO Z=2,/2z,——HYACTHOE OT Je/eHHS 2z, Ha Z,. Dyaem
HCKaTb HEH3BECTHOE Z=X-+ [y H3 YCJOBHSA

z,=2,2.
O6o3naunB z; =a -+ bi, z,=c-+di, noayunm
atbi=(c+di)(x}yi)=cx—dy+ (dx+cy)i

H, NONL3YACH ONpEje/eHHeM pPaBeHCTBA KOMILIEKCHBIX 4HCe (n.14),
Haiiem
—dy=a,

dx+4cy=».
Jns UCKOMBIX uliced X, y MOAYYHAACh CHCTEMA ABYX YypasHeHwuil
nepsofl cTeneHH C ABYMs HensBeCTHHIMH (cM. nm. 66, 67). Pemasn
3Ty CHCTEMY, HaiileM (pekoMeH1yeTCsi NpOjenaTb BHIYNCJIEHHS NO-
Apo6HO, MOJB3ysCh, HANpIMep, METOIOM HCKJIOYEHHA HeH3BEeCTHLIX
IV OMPeeTHTe NI MH)

_ ac—}—bd bec—ad
)C——'- ct++qgz? y— ced? !
T. €. .
at-bi _ act+bd |, be—ad . .
c+di T c2d? + Cg—l-d_‘-' U (]54)

Tak xak 2,70, T0o 0 2+ d*=]|z,[*5=0, T. e. jefleHlle BHINOJI-
HHMO npH modoMm z,5~0.

[Mpakriueckn yaoGHeii He NOAL30BaThCS rpoMO3AKoil dopmydoii -
(15.4), a BHIMOJHATL [eJeHNe CICAYIOUNM MPHEMOM: A1 OTHICKAHHSA
YaCTHOTO Z,/z, YMHOXKAeM YHCJNTE]b H 3HameHaTeab APOGH Ha OAHO

Z
Il TO e 4HCJO Z, (COMPSIKEHHOe C YHC/IOM z,). [Toayuaem apo6s z‘z’
242 -
- 3HaMeHaTeTb KOTOpOil paBeH |z,[%, T. e. yxe sBJsercs AefiCTBHTeb-
. HBIM YHCJIOM.
IMpumep 5. Pasgeants 24 5i na 3—4i.

2+ 51 (@45 (3+4i)__ (6—20)4-(8F15)i 14_,_23
T@E—a)(3+4) T4 = 5t

B nanbﬂeumem HaM OKaXXyTca NOJIE3HLIMH cnenyloume COOTHO-
HIeHHs, noxasbma}om,ne qTo peayanaT an.HOHaJIbelX nencmxm
BLINOJHEHNBIX HAA YHCJ ax\m KOMITIJIEKCHO COHpﬂ}KEHHH\l" Cc ﬂaHHHM“,
CaM KOMIIJIEKCHO CONIPAKEH C Pe3yJibTAaTOM TeX e neuc*rmm BBINOJI-
‘HEHHBbIX Hajx AAaHHBIMH YHC/JIAMH:

Pemeﬂue

=C’:j  5.5)

NllNl
~

atn=(ta), zz=@w)
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Bripenes, nanpuMmep, BTOpYIO H3 3THX ‘(opMys  (IOKa3aTelbCTBO
nepBoit 1 TpeThell mpelocTaBUM yuTarea). IlycTh fanbl

z,=a-+tbi, z,=c+di.
Torna z,=a—bi, z,=c—di. Haxoqum

2,2, = (a—bi) (c—di) = ac—bd — (bc +ad) i
34

(2:2,) = ((ac—bd) + (bc -+ ad) i) = ac—bd — (bc +- ad) i.

M3 cpaBHeHHsl 3THX Pe3y/abTaToOB I C/lefyeT TpefyeMoe cOOTHOWEHIe,
B sakiioueHiie 3ameTHM, YTO HAJ KOMIJIEKCHBIMH 4HCJIaMH Bbl-
NOHIIMBL BCe pauioHaJgbHLe jeilcTBUust (KpoMe Je’1eHHs Ha HYJIb),
7 npIyex B pe3ysbTaTe CHOBA MOJYyYaloTcs
KOMMJieKCHble yncaa. Komnaekcusle yiicna
2 06pasyioT WYNCJI0BOE INOJE—M0.¢ KO-
NLAEKCHBLX Hucea.
- 16. leomeTpiyeckoe H300paKeHHe KOM-
T MJeKCHBIX YHCEJ. Tplil‘OquCTpH‘iCCK&ﬂ
tdopMa KoMMAeKcHOTO 4Hela. 3aflaHue
75, Z» KOMILIeKCHOro wincaa z=a-+bi pasuo-
i 2 CILIBHO 3aMaHHI0 ABYX JAeHCTBUTENbHBIX
! T yncea a, b—neiicTBUTeqbHOI M MHHMOIT
I s uacTeil MaHHOTO KOMIIEKCHOTO Wiicaa,
% Ho ynopspouennast mapa uicea (a, b)
1306paKaercs B 1eKapTOBOIl NPAMOYTOb-
HOIl clicTeMe KOOpAHHAT TOYKOil ¢ KOOpAH-
2, natamu (a, ). Takum oGpasom, sTa TouKa
Puc. 8. MOIKET CJY2KHTb 11306 parkeHeM 1 /15 KOM-
) I1TeKCHOTO YIlcJIa 2: MeKAY KOMIJIEKCHBIMH
quCAaMI H TOYKaMH KOODAHHATHOIl MJIOCKOCTH yCTaHasJ/liBaeTcsa B3a-
HMHO OflHO3HAyHOe cooTBeTCTBHe. IIpH lcrnonp30BaHHHi KOOPAHHATHOIL
NIOCKOCTH A/ H300paieHHs KOMIJIEKCHHX uicea och Ox OGBIYHO
HaswBaloT Oedcmaumensyot ocbro (TAK Kak JAeiiCTBUTeNbHas 4YacTb
yicaa MpHHHMaeTcs 3a abcmuccy TOukl), a och Oy —MHUMOU OCHIO
(Tak Kak MHHMas 4acTb 4HCJAa NpPHHIMaeTcd 3a OPAHHATY  TOYKMH).
KonmmniekcHoe yueso z, usobpaxaeMoe Toukoii M (a, D), HasuiBaetcs
aggurcoss s1oit Toyku. Ilpi 3ToM feiicTBHTENBHBlE YiiCaa i306pa-
JKAIOTCA TOYKAaMI, JeKAUMH Ha AefiCTBUTEJbHOI OCH, a BCE YINCTO
MHHMBle 9ncla bi (nmpu a=0)—Toykamu, JexallUMii Ha MHHMOI
ocit. Hucno Hyas nsobpaxaercs Toukoii O.
Ha puc. 8 nocrpoenst nszobpaxkenns yucen 2,=243i, z,=1,
2,=4i, zy=—4+i, zg=—2, 2,=—38—2i, z,=—0i, z,=2—3i.
JiBa KOMILJIEKCHO CONpsKEHHBIX YHCJIA H306pakalorcsi TOYKaMH,
. CHMMETPHUHBIMH OTHOCHTeJbHO ocH Ox (TOuKH 2z, W 2, Ha puc. 8).

Yacto ¢ KOMIVICKCHHM YHCAOM 2 CBS3HBAIOT He TOJIbKO TOuky M, H3o6pa-
—
KAIOYIO 8TO YHC/MO, HO H BekTop OM (cat. m. 93), peaymuit u3 O B M; nsobpa-

B
1

&

fom cy 26

L
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HEHHe YHCAa 2 BeKTopoM )’)106!!0 C TOYKH 3peHHS reoOMeTPHYECKOro HCTONKOBAHHS
ReilCTBHA CJIOXEHHST M BLIYMTAHHA KOMIJICKCHBIX uncen. Ha pHuc. 9 a noxasaHo,
4YTO BEKTOp, HSOGPG)KMOUXHH CYMMY KOMMJICKCHHIX yHCeA 23, Zy, NOJAY'UACTCA Kax

JA . A

Puc. 9.

—_— —

. AHaroHalb MapasJjesIorpaMMa, NOCTPoeHHoro Ha Bektopax OM,, OM,, nzoGpamxaioe
UHX cjaaraeMsle, 3TO NPaBHIO CIOXKEHHST BEKTOPOB H3BECTHO KaK npaguto napan-
aerozpanma (Hanpumep, AJs CIOMKEHHST CHJA HJIH CKOpPocTeif B Kypce (H3HKH).
Buqurgmte MOXET ObITh CBCICHO K CJOMXEHHIO C TPOTHBOMOJOMHBIM BEKTOPOM
(puc. 9, 6)

Kak uspectHo (II. 8), noJioxxeHe TOYKH Ha IJIOCKOCTH MOXKHO
3aAaBarb TakxKe €€ TOoJAAPHLIMH KoopAuHaTaMH r, . Tem carbim
H KOMIIJIEKCHOE qncno—-a(pquc TOYKH TaKKe ONnpelesIuTCa 3aia-

Huem r 1 . M3 puc. 10 sicwo, uto r=0M =V x2 - y* sBaserca

B TO XK€ BpeMs MOAYJEM KOMILIEKCHOTO YMCHA 2: Nn0AIpHbul paduyc

mouku, uzobpaxcaruiell wucio z, pagen Modyao amozo wucad.
I'Ionﬂpﬂbm yroa Touxku M HasHBAIOT apzyMeHmos uncaa z, 1130-

Gpaxaemoro 31ofl TOUKOi{l. APryMeHT KOMIIEKCHOTO uiicj1a (Kak H

NOMAPHEIY YrOJ TOYKH) onpese’neH He-

OJHO3HAUHO; eCIH @Q,—OIHO N3 .ero i/

3HayeHull, TO BCe ero 3HaueHHS BBIpa-
xKaiotest Gopmy.toi , o
P=q, 42k (k=0, =1, £2,...). g -
Bce 3Hauenns aprymMeHta B COBO- P >
KYMHOCTH 0GO3HAualoTCsl CHMBOJIOM J a P
Arga. J

Wtak, BCAKOMY =~ KOMIJIEKCHOMY . Pic. 10.

YHCAY MOXKeT OHThb IIOCTaBJeHa B

COOTBETCTBHE MNapa JeifiCTBHTENBHEIX UHCEJA: MOAYJb I apryMeHT
JNaHHOTO 4IC/Ia, TpPHYEM apryMeHT ONpeJessiercsi HeOoxHO3HAUHO.
Hanporne, 3aj1aHHBIM MOAYJIIO |2Z|=r H aprymMeHdTy ¢ OTBeyaer
eIUHCTBEHHOE WIICMO 2, HMeiolee JAHHEIE MOAYJb I  APLyMEeHT.
OcoGeiMi  cBoiicTBaMH 06;1aJa€T YHCJAO HYyJAb: ero MOAyJb paBeH
HYJI0, apryMeHTy He IpHNICHIBAETCS HHKAKOro ONpeje/leHHOTo 3Ha-
yeHIs.
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Jdns  ROCTIDKeHHS ORHO3HAYHOCTH B ONpefeseHHH - AapryMeHTa
KOMNJIEKCHOTO YHCJA MOXHO YCJOBHTBCA OAHO H3 3HAueHuii apry-
MeHTa HasmBaTh 21asHoiM. Ero o6osHauaior cumpogoM arg 2. O6uuHO
B KayecTBe IVIaBHOTO 3HaueHHs] aprymeHta BhIGHPaeTCs sHauyeHile,
YJ0BJeTBOpAIoliee HepaBeHCTBaM

0<Largz<2n

(B Apyrux cayuasx HepaBeHcTBaM — < arg 2z < m).
O6GpaTiM ellle BHIIMAHIE Ha 3HayeHUs apryMeHTa ‘AeiCTBHTeNb-
HBIX H YHCTO MHHMBIX YHCEI: i .
[0, ecim a>0, .
arga= '
g 1 n, ecan a<<0;
£24
) 5. €can b>0,
argbi= x :
5, eca b<O0.
HeiictButeapnast ¥ MHHMas 4YaCTH KOMIJIEKCHOro umcaa (kak
JIeKapToBHl KOODAHHATH TOYKI) BHIPAXKAWOTCSA Yepe3 ero MOAydb M
aprymMeHT (noJsipHbie KOOPANMHATH TOYKH) mo dopmyaam (8.3):

a=rcosp, b=rsing, (16.1)

I KOMIIIEKCKOe 4YNC/I0 MO)KGT. OLiThb 3anicalo B C.,'Ie,’lyl()lllel"l mpueo-

HOMEMPUUECKOL gopae:
=r (cos @ -ising) (16.2)

(3amicp uncaa B Bijje z2=a-bi Oyaen HasbIBaThb 3aMICBHIO & Q.12¢-
6pauueckoii Gopue).

YcsoBle paBeHcTBA ABYX UHCeJ, 3aJaHHBHIX B TPHTOHOMETpIiyec-
Koli ¢opMe, TaKOBO: 06a uucaa 2, U 2, PagHol 10208 U IMO.KO
moz0a, K020a ux Modyau pasHel, a ape J,uenmbz PAgHbL UAL OMAULAIOMCS
Ha yeaoe 4ucao nepuodos 2m.

Tlepexox or sancn yucaa B aiarebGpanyecKkoil popye K ero sanucu
B TpUroHomerpH4ecKoil- ¢opMe 1t 06paTHO COBeplIaeTCs MO (Gopry-
Jaay (8.4):

~VETh =2 __ % _ sing=l=_"C2 _
V@R cose=y g STy, (16.3)

n ¢opmyaam (16.1). Tlpu onpenesenin apryMenTa (cro raaonoro

3HavyeHiisa) MOXKHO IIOJb30BaThCS 3HayciyeM oiHoil 13 Tpllrououe’rpn-

yeCKHX QYHKLHI COS ¢ HAN SiN@Q H YYHTHIBATh 3HAK BTOPOIl.
Mpumep. 3amiucars B TPHIOHOMETPHYECKOI] (popme cllepyioumue

yueaa:. : o :

a) 6—6i; 6) 3i; B). —10.
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Peumenune. a) Hueenm

r=VEF (O =6V,

OTKyAa ¢ =T7xn/4, 1, cIegoBaTenbLHoO,
6—6i=6)72 (cos +zsng-),
6) r=3, cosp=0, sinp=1, ¢=mn/2;
- 3= (cos +-isin- )

B) r=10, cosp=—1, sinp=0, p=m;
. —10=10(cosm+i sinx).

17. JleACTEUA ¢ KOMMJEKCHBIMM 4YHCJAMH, 3ajJaHHBIMH B TPUTC-:
HoMeTpHYecKoi ¢iopme. Popmysa Myaspa. 3anaHlie KOMILIEKCHHX
ylices1 B 'rpnronoue-rpnqecxoﬁ cdopMe yno6HO NpH BLINOJHEHNH HajX
yncaamn feiicTBuii \'\momemm, JiesleHnsi, BO3BeJEHNS B CTelekb
1 M3BJeYeHHsT KOpHS.

Haiizem NponsBeieHite ABYX KOMIUIEKCHBIX WHCesI, 3alHCaHHBIX
B TPHTOHOMeTpHuecKoil ¢opMe; NYCThb :

2y =r,(COS P +ising,), 2,=r,(COSQP,+ising,).
Motyyaen
ZZy =100, [(COS(pl cos @, —sin@, sin@,) 4 )
i (sin @, cos ¢, + sin @, cos ¢,)].
Bripakenis, cTosmue B KPYIJHIX CKOGKAaX, MOXKHO YNPOCTHTH
¢ Nomolubo M3BeCTHHIX dopmyn (115.4), (116.1):
€0s @, COS P, — sin @, sin ¢, = os (¢, + P.),
sin@, cos @, 4 sin @, cos ¢, = sin (¢, + @,).
Taxna o6pason,

2,2, =147, [€OS (9 +@,) + i sin (g, +)]. (17.1)

Iloxka3ano nmpaBuao0: 041 YMHONEHUR Yucea, 3a0aHHBLY 6 mpit-
20HOMempuHeckoli ¢hopre, ux modyau Hado n‘epe.uHoafcumb a apéy-
MEHMbL CA0NHCUMD. :

ST0 NpaBIIO OCTAETCS BEPHLIM A1 /10600 KOJHYECTBA COMHO-
Kureseil.

ITpusmep 1. Haiitn npoussenenne unces

— /2 (c0s 25°4-i sin 25°),  z,= /% (cos 35° + i sin 35°).

3 B, B, 3afiues u 1p, : »
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Pemenne. zz,= /2 /% [cos (25° 4 35°) +i sin (25°-l—35°)] =
= 2(cos 60°4-i sin 60°) = l—I—tl/ ‘

Tak xaxk JeieHne—jeiicTsne, obpaTHoe YMHOXKeHHIO, TO nen\of
BoIBECTH cJelyiollee NpaBHJAO: 028 GoN0AHEHUS JeaeHul 0syx
KOMILAGKCHBIX Mucea, 3A0QHHOIX 6 MPUSOHOMemMpPuUdeckold gopae, cae-
Oyem ux Mo0yau pazdeaumvp, a APYMEHITbL GoIMECHTIL:

F4 £ . e
z_:= T [cos (@, —@.) +i sin (¢, —@.)]- «(17.2)
ITpumep 2. Haifitu yacTHOE  OT  JeJieHHsl  uHcJa.
2,=6/(cos 110° 4 i sin 110°) na yncno z,=2(cos80°4-i sin 80°).
Pewenne. Haxoaum no dopuyae (17.2):
3 ] 3
+ 3t

Hcnoabsyem Teneph pasencrno. (17.1) nas Bo3Bepenust npons-
BOJIbHOrO KOMILIEKCHOTO YNCIa Z =7 {C0SQ i Sin§) B HATYPAIbHYIO
crenenn n. - Jas storo mpujercsi MoLydb 7 3TOTO Ylicja B3ATb MHO-
KITEJACM /L Pa3 H apryMeHT ¢ B3siTh CJaraeMblM 71 pas. D10 npi-
BOANUT K paBelcTBy

-i—f = -g (cbs 30°+isin30°) =

g" =r"(cosnQ -+ i sinng). (17.3)

Papenctro (17.3) nasuipaetcst ghopaty.of Mjaepa H3 nee cae-
AVCT, UTO 0.9 C036CICHUL KOMILICKCHOCO HUC.2A G 1000 HAMYPAILILY0
cmenenb 2o M00Y.ab HYMCHO BG033CCMU 8 3Ny CMENeHb, a apeyseHi
YAHONCUND HQ NIOKQ3QMeAb CMCNCHU.

IMTpumep 3. Buuneanurs [3(cos43° 4 isin43°)]>.

Pewenne. B coorserctsin ¢ gopmyaoii Myaspa (17.3) THImeM:

[3 (cos43°+1i sin 43°)]2 = 243 (cos 215° +i sin 215°).

Ecan uicio z 3agano B aaredpandeckoii ¢opme a--bi, To a9
BO3BEICHNs Cro B CTeledb C IOMOWIBIO GOPMYJILI _Myaspa nazy
‘Npe1BapUTCILHO 3amiicaTh €ro B TPHTOHOMCTpIYCCKOL dopaie.

18. H3paeyeHue KOpHsA H3 KOMMOJEKCHOro uucaa. Paccmorpiin
3a%ayy I13BJedeHlls] KOPHs HaTypaJbHOfl cTeneui, s 13 HpPOI3BOIbL-
HOTO KOMILJICKCHOTO (B 4acCTHOCTII, AEHCTBHTCILHOrO) uicaa z; HpI
3TOM OyJeM 1ICKATDL GCe GO3MONCHBIC SHAYCHUS KOPHS, OeliCmaumeivHoi2
1 KoMitaencHole. 151 pelieHHsi 3afaun B oluweM Bilie HCNOJIB3YeTcs]
npejcTaB/ielie KOMINIGKCHOTO uicaa zw=(0 B TPHIOHOMETPHYECKOIl
. bopme: , .
z=r(cos (¢, - 2kn) 4 i sin (p, + 2km)). (18.1)
31eChb MBL YWIN, UTO apryMeHT KOMILIEKCHOro 4IC.1a onpelesacH
C TOYHOCTBIO IO LEJOro YHcJa MepHofoB 27, TaK YTO ¢,—OZHO N3
"3HayeHuil aprymenra (maupumep, 0@, < 2n), .a ¢,+42kn npu
k=0, =1, 2, ...—coBoKynHOCTb BCeX 3HaueHHil aprymeHra
qucaa z. :
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Ilo oGmemy onpenedennio nousTHs KopHs (n. 11) umcao w Ha-
3BIBACTCA KOPHEA CmenieHtt n u3 z, ecll w" =z, 3alHiieM  HeH3BecT-
HOE W TaKxe B TpHTFOHOMETpHYecKoil ¢opme:

w=p (cos 04 sin0). - (18.9)

Tornra, npxmeﬂﬂn ¢dopmyay Myaspa (17 3), mepemulIeM PaBEHCTBO

w”=2z B BHAE . _

~ p"(cosnO+i sin n0) = r (cos (9, -+ 2kxn) i sin (@, - 2kn)). (18.3)

OGe uactu paBenctBa (18.3) cyTh KoMmm/JIeKcHHe yiicja, 3ajaHHLIe

B TPHTOHOMeTpHYeCKOfl ¢opMe; ycnoBHs HX PaBeHCTBa, yxasaﬂnme
B n. 16, naioT aBa COOTHOLIEMHS:

pt=r, nb=e,42kn. (18.4)

IMepBoe u3 coornomennii (18.4) nokaswiBaer, uto ' '

. p=VT1 .

(rax kak p >0 n r >0, To KopeHb NOHIMaeTCs B apHPMETHYECKOM

Muicae). Bropoe paBsenctBo (18.4) BeIpaxKaeT TOT ¢aKT, 4TO apry-

1eHT nb uyucaa w" PaBeH OJHOMY H3 3HayeHHi apryMeHnTa uiicijaa z.
U3 srtoro PABeHCTBA HAXOJAHM

9=M, , o (18.5)

n

1 OKasbIBAeTCHA, 4TO NMPH Pa3HEIX 3HAUeHHSIX & MoJjydaloTcsl, BooOuIe
OBOps, pa3Hble 2HayeHHa KopHa w. OGo3naynum 3HayeHue 0, coOOT-
CTCTBYOLIEE Kaxmo‘uy BHOOpY uncaa k, uepes 0,: -
0, = ¢0+2k" -
- 2 n
yAeM naBatbh k 3navenns 0, 1, 2, ..., n—1. ITpu stoM moayunm
o» 04 «ovy 0,_; 1 BMECTE C TeM n 3HayeHHi KOpPHS

w, =1 (cos —————(P"tQk“—*- i sin q’———"t%n) . (18.6)

TTokaxey, uTOo BCce 3TH 3HAUeHNS pA3JHYHBL, a NIPH OCTAJbHBIX
O3MOKHBIX 3HAYeHHAX & HOBHIX 3HAueHHi KOPHA © yXKe He IO.1y-
utcs. I 3TOTO 3aMeTHM, YTO Pa3HCCTh apryMmeHToB 0 11 0, Oyaet
aBHa

9 —6 (p;,—i—-?k"t @ot2in =2n'k—~l.
n n n
HeJaa wy, H w; COBNAAYT B TOM I TOJHKO B TOM CJaydae, ecan k—/
eautcs Ha n naueso. Mas k=0, 1,2, ..., n—1 pa3HocTb .M0OGEIX
ByX 3HayeHunil Ha n He pa3neantcsa. Ecan ke tenepb Gparb k=rn,
1+1, ... wmm k=-—1, —2, ..., TO0.3Havenns KopHeil w, 6yayT
OBTOPSATHCS: ' ‘

w, =w,, Wypy =Wy =o-3
: Woy =Wpegy - Weg=Wpgy ens
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TaxnM obpa3oM, Bce- 3HaueHHUs] KODHS CTeNEHH 71 IOAYYAKOTCA I3
dopumyasr (18.6) npu k=0, 1, 2, ..., n—1. Kopenp cTenexu n us
JI050r0 uiicsa, OTJHYHOFO OT HYJ/f, HMeeT B KOMINeKcHoil obaacri
POBHO 71 pa3MHUYHBIX 3HayeHHii. ’

B cayuae z—0 elIHCTBEHHOE 3HAUeHHe 1/ 0 TAKKe PABHO HYJIO;
IS ACCTIDKEHHS oOIMHCCTH (POPMYUIPOBKH MOXKHO TOBOPHTL, YTO
KOpeHb CTEMeHH 72 13 HYJS TaKiKe HMeeT n 3HaueHIiil, KOTopule Bee

COBIIAJAIOT MeXK1y ccGoil (I paBHBI HY.IO).
I[Mpuaep 1. Haiitn Bce 3HaueHna kopHeii: a) 1/—16 0) /7.
Pemenune. a) 3anucuiBaeM —16 B TpHroHoMeTpHYecKOIl Q)op\xe

—16 =16 (cos (s +2km) + i sin (7 + 2kx)).
Tenepn
W= {‘/:ﬁ= f/ﬁ (cosn'%‘fkn—i-isin“—]’_fkn).
Ipu £=0,-1, 2, 3 noayuum
u0_2<co>-4——,—t sin < >=V§('1+i),

~—2KCO>-3——,—L 5111-%1-) =12 (—1+i),
2_2Kco=i——1—zsm ;—T>=—1/2—(1+z),

W, =2 (cosT ismli) =1"2(1—1i),

I, BooOE, _
w=V2 (£l %i).

6) 27 =27 (cos (0 + 2ka) +i sin (04 2k:));
wy =3/ 27= 3(003%——1—1 2h)
, 3

1 3 . 3
w, =3, w1_3<__?+171>a -+ l2
1 V3. 3 3V3
"3( 772 ‘)=—?_ 2

Mpunsep 2. Buuncmits: a) /—8—8V3i; 6) 3/ 271.
Pewenne. a) Haxcain

r=1 (=82 +(-813)* =16.

Hanee,

/3 /a -
sin ¢ = 8110 =_,,23’ ¢ =240”.

8 1
C3¢=—E="72"
Taxum oGpason, ' _ 4

—8—81/3i = 16 [cos (240° - 360° k) |- i sin (240°+ 360° £)].

.
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' CaenoBatesibHoO,
V— 8—8V/ 3i =2[cos (60° - 90° k) -} i sin (60° 4-90° R
~ Orciopa npu k=0, 1, 2, 3 naiinem Bce qempe' SHAYeHHs HCKO- -
MOrO KOpHS:
w, = 2(cos 60° +isin60°) =1-+/3i, ,
w, = 2(cos 150° 4 i sin 150°) = — }/ 3+ i,
w, = 2(cos 240° -+ i sin 240°) = — 1—V/3i,
w, = 2(c0s 330° +i sin 330°) =/ 3 —i.
6) AHanOTHYHO HaXOAUM
r=27, cosp=0, sing=1, ¢=90°
U, CJIe0BATEJbHO,
27i =27 [cos (90° 4 360° k) + i sin (90° -- 360° k)].
3Haunr, )
Y/ 27i=3 [cos (30° 4- 120° k) -} i sin (30° 4- 120° k)],
H npn k=0, 1, 2 noayunm

w, = 3 (cos 30° + i sin 30°) = V?’—}- 3
w, =3 (cos 150° -+ sin 150°) = ——‘T +34,
w; = 3(cos 270° + i sin 270°) = — 3i.
Ynpaxunenns
1. BuinoHHTb yKa3anHbe JeiicTBHSAS 440, 5—30

a) (2+31) (3 2i)+(2 3i)(3+2i); 6) 2 iT 3_’_‘ ) |+4L+4——l

PUES[CED IEIICRR
i 3+

2. HOCTDOHTb Ha NJOCKOCTH TOYKH, Haoﬁpa)xa}omne clenymouue KOMILIEKCHEIE
uneaa: 3+ 26 3; 2+4i; 3i; —14-2i; —4; —2—-3i; —40.

3. Sam{ca‘rb B rpurououerpnqecxoﬂ rpop'ue celyioutle KOMILIEKCHEIE Yicias

a) 24-2i; 6) 2—2i; B) 6i; 1) —5; &) — V3+i; e —2i; x) 1—V35is
3) sin 48°--i cos 48°% u) cos 111°—isin111°,

4. Bunonnute crepyiomie neficTBHSA:

7 \
a) 2(cos 12°-i sin 12°)-4 (cos 37°+isin37°); 6) 3 (cos%—}-isin g—)x

x5(cos%+isin;); B) 6 (cos 19°4-i sin 19)-8 (cos 31°~-i sin 31°) X

X élz(cos 40°--i sin 40°).

5. Buuncanrs:

a)[3(cos 11°4isin 119)7%:6)| ¥ 2(cos9°+-i sin9%)] ;)] '3/ 31 3(cos 6%+ sin6%) Joo;
r) (—2-+20% 1) (V30" ¢) (14 x) (V2 V6I)°.

6. Haiitn Bce 3HaueHnsi Kopueii: a) 1/:—1 6) 1/—2-{-2;, B) 1/-16
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TOXAECTBEHHBIE NPEOBPA3CBAHUS

§ 1. Paunonasbupie anre0pauveckHe Bbipamenus

19. AuareGpauueckue BbipaeH:ud. OpHOuACHBI H  MIIOTOM.ICHBI.
Bykbexible oGo3uaycHiis, npHACHsIebe B aredpe, 1ai0T BO3MOK-
HOCTb 3aMHCaTh OOUIEC MPABILIO PeuleHiis] MIOMKECTBa OIHOTHITHLIX
33324 B Bujie HekoTopeoil gopmyanl. Takas dopMy.a noxasbigaer,
Kakue JeficTBHA (M B KaKOfl NOCJICI0BATEILHOCTH) CJelyeT Npons:
BECTI! HAT ONPCICICIHLIIL BEINYmHaMi, YTodLl NOIYUNTL Iy HHbL
pesvabtar. Tak, cymala n wieyon reox.mpnuux.ou 1porpeccii (Ca.
(91.2)) 3axaercsa (;\op.u).mu |

—_—gnn
Sn:al-f_?(;—'

rae a,—nepsblil uIeH NPOTpecciiil, a ¢ — ¢e 3HaMeHaTeab; N10walb
Tpeyro.ibHilKa onpeletnercs Gopmy.oil

S=+hb,

rie 1—BbICOTAa TpeyroaeHliKa, a b—ero ociosauue (201.1), 1. 1.
3Hast uYHCJOBLIE 3iAYCHUS BeIHYHH (GYKG2HiHbLX napaienpos)
B NPaBol YacTit (OPMY.Ibl, MOXKNO, BHIIOINAS YKA3aHHbIE 1eflCTBH{,
HallTH YHCJI0BOE 3HAYCHLE HCKOMOIl Beanunnbl. [Ipabbie uacTH Ha-
MUCAHHLIX GOPMYJ1 AAI0T HAM MPUNEPL A.1220PAUHECKUX GbipaxceHUl;
np;rue NPHMEPBl a.1reSpanyecKux BEIpaxeHiii:
atb | B2ty xy f/a—l (19.1)
V2(@b—c) ' (ax4byp?’ 4ab? a1l )
Het HeoGXozumocTH B CTpOroM onpeieseHHH MOHSITHA anares-
panyecKoro BBIPAXKEHHS: 3STOT TEPMHH MOKHO NPHMEHATH BCSIKHIL
pas, KOrla jlaia 3amich, YKashlBaowas aJaredpailyeckue aeficTais,
HPOH3BOLHMbIC Hal HEKOTOPBIMII UHCHAMH Il Oy KBCHHLIMI BEAHYHHAMH,
Ecan B 3anuci a1re5panyeckoro BUPaKCH IS IICN0Ib3YIOT TOJAbKO
pautionaablisie (ueabi€ palloHa/bHble) AEHCTBHs HAL OYKBEHHBIMH
BEJIHYHHAMI, TO OHO HA3LIBAETCS PALUOHAILHOLIL ({jeablst PALUOHALb-
-Hoi) anreGpamueckHM BbipaxenneM. ITepsoie Tpit Buipamenus (19.1)
pauHoHaAbHBL ‘ ' '
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[Tpn noacranoske ByecTo GYyKB YKa3aHHEIX YHCJIOBBIX 3HAUeHMIl
"aHHOe a.1refpanyeckce BbIpazeillie NPIHIiaeT onpeieaeHnce uii-
J0BOC 3HaueHne (ec:iil pce JefiCTBHST BBIUTOJIHIIMEL).

Buipa:xenne (a-+b)/(@a—0>) nmeer cMbCT IpH BCeX 3HAUEHUAX a
1 b, He paBHLIX Mexay coboil, T. e. npu az=0b.

Bripaxenue V2a—5+a HMeeT cMmulca (pBe3ne, ecaH e OroBo-
€HO TNpOTHBHCE, MBI OTpPaHHYHBAEMCS TOJIbKO AENCTBHTEIbION 06--
1acThlo) NpH a = %/,.

IMpumep 1. Hafitn 3HayeHite anreGpaniecKkoro BHIpaX(eHIis
ax-+b)/(bx—a) npu caexyloulix 3HauYeHHAX 4, b, X

a)a=2, b=3, x=1;

., 0) a—,/z, b=—2, x=,/4;

B) a=3, - b=—3, x=—1.
Pemenne. . ' ’
ax-+b _ 2143 .
a) bx—ala=2 ~ 31 —-2_5’
b=3 !
x=1

actbl ¥ 2.8 42
el T
x=/4

B) BBIpAXKCHIIE HE IAeeT CMBbICIa, TaK Kak 3HameHare b o6pa-
2eTcs B HY.Jb.

MHosxecTBo Beex 1a60pPOB YICJIOBLIX 3HAaueHHil G6YKB, BXOISMIIX
“laHHoe ajaredpaliueckoe BrlpakeHlie, YacTO HA3HBAIOT 00.4acmoblo
onycmuabLY 3nauenudl (0.74.3.). B npivepe 1 oSmacTit gOMyCTIMBIX
HayeHHil MmpuHaLIekaT moﬁble Tpoiiku snauennii a, b, x npn yc.1o-
ni, uro bxs%a.

TIBa Pa3;INUHLIX N0 BILTY a:1re6panqecxm BHIpAXKEHHT MOTYT
€M He MeHee IMeTh DaBHBE UlCJOBHE 3HaueH!s npH ToGbIX J0-
YCTHMBIX 3HavennsX OyKBEeHHEIX NapameTpos (1i O1IIHAKOBHIE 0. 1. 3.).
OT NIpHMEPHl TAKoro poja:

6)

a’—b? n (a—b)(a*+ab+0%,
Vars2ab+0* n |a+bl,

1 ‘ Y x-L1
V- S

TarklX CJIyuasaX TrOBOpPAT, ‘uTO 3TH anre6panlxecmxe BLIDaKEeHHnd
ZO.?‘.”()UCIHGC’HHO pagnel 1 MHUWIVT!

@’—b*=(a—Db)(a*+ab+1?),
Va 12000 = |a+Db|,
1 Vx+l
Vi—1  x—1




72 £, I, TOXHIECTBEHHHE NPEOBPA30BAHHH i [19

(uacTO BMECTO 3HAKa == TOX/ECTBEHHOTO 'PABEHCTBA - YNOTPeOJISIOT
NpOCTO 3HAK PaBEHCTBA =).

B HekoTOpHIX cly4yasx o. /. 3. ABYX ajre6paHyeCKHX Bblpae-
HHII MOTYT pa3/HyaTbCsi, HO BHIPaXKGHHS BCE K€ PaBHBH MPH BCeX
3HayeHHAX OYKBEHHBHIX IIapaMeTpoB, NIPH KOTOPHIX OHHM 06a ompe-
JesieHbl. TaKoBbl BHIpaXKeHHS

az—1
=T H a+l, -
a(a+t1) at—1
St t y .
a a—1

B mnepBomM cjyuae Jesoe BbIpaxceHHe He onpejeJeHo npH a=1

(a mpaBoe onpezeseHo). Bo BTopoa ciryuae JieBoe BeIpaKeHiie He HMeeT

cmbicia npH a=0, a npagoe—npH a=1, B OCTaJbHBIX XK€ CJy-

YasiX OHH PAaBHHI. B Takux ciaydyasixX paBeHCTBA

- ,_1_a_*_l a(a+1) a*—1

a— a ~ a—!

TAKIKE YacTO HA3LIBAIOT TOXKAECTBEHHBIMH, 101Da3yMeBasi MPH 3ITOM,
yTo OyKBEeHHble napamerpsl NMPHHHMAIOT TOIbKO 3HAa4YeHHs, mpil Ko-
TOPHIX HMEIOT cMblca o0a BhlpakeHHsi. BooOuie, Bo n3bexanne He-
SICHOCTH JIyyllle TOBOPHTb TAK: «IaHHble BLIPA:KEHHS TOXKIECTBEHHO
PaBHE! NpH 3HaueHUAX OyKEeHHHIX MapaMeTpoB...», YKa3blBas 00-
JacTb H3MEHEHHS 3TIIX [apaMerpoB, B KOTOpofl o6Ga BHipakeHHs
NPHHHMAIOT paBHble 3HaueHlis. Tak, HanpHmep, MBI HasblBaeM pa-
EEHCTBO

Ia|2=az
TOMKIECTBOM, IOApa3ymMeBasi, uro a—jeiicTBuTensHoe yucyao. Ilpu
KOMIIJIEKCHOM @ 3TO DaBeHCTBO yxe He Oyner ToxiaectBoM. MoxHo
CKasaTb, YTO PaBEHCTBO

Vai=a

VA oxa.'xe'rsopﬁercn TOXAECTBEHHO AJIf BCEX HEOTPHUATETBHBIX @ (OHO
He OyleT TOXKIECTBOM, €CJH paccMaTpHBaTh Bce JeficTBHTEIbHEE
3HauyeHud a).

OaHHM 13 OCHOBHEIX HaBEIKOB B 06./1aCTH aJreGpH HO.XKHO GLis
yMeHIle NMEePeXoilTb OT OJHOrc ajre6paHdyecKoro BHIPaMeHHsS K ApYy-
roMy, eMy ToXJAecTBeHHOMYy, Gosee mpocTomMy HJH yaobHoMmy. Takoii
nepexoj OCYIUECTBJISETCH C NOMOIUBIO rmoxcdecmseHHo npeobpaszoea-
rut. TlpakTiyeckn npH BRIIOMIENHH STHX mpeofpa3lopanuil nerpe-
YAIOTCA M CJyuaH, KOrja NPOHCXOAAT HEKOTOPHE H3MEHeHHd 0. 1. 3.

Ha sT0 BCaguii pa3 HeobGxomiMo ofpaliaTh BHHMaHUe, TaK Kak

HHaye MOXkeT OHIThL JONMYylleHa oiuHOKa.
Hanpumep, npu pemleHHH ypaBHEHHA
x21 | x—1
S et WY

X X
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«TOXJECTBEHHOE» mpeo6pa3oBaHie JeBOH yacTH

x—1

x? 41 1 1

* gaJo GHl HaM «peméHue» x =(0—3HaueH1e, npH KOTOpPOM HCXOAHOE

ypaBHeHHe TepsieT cMblca. [lpeoOpasosanne (19.2) uamenser o. 1. 3.,

H, BHIIOJHAS ero, cJefyeT UCKJIIOUUTL 3HadeHue x=0.
[Tpocreiiunie asnre6panuecKiie BHpaXKeHHS CYThb OJHOYJEHLHI H

Muoroutenst, Creayiouye ajre6panyeckie BbIpaKeHHA:

3a%x, V 2abct, x2%,

Jal0T HaM NpHMepH ofgHOuwIeHOB. BooOuie, odHouseHom Ha3HIBAIOT
BhIpaxkeHHe, [OJyyaeMoe NPH YMHOXEHHH 4YHCJOBOTO MHOMHTENR
(roaghdbuyuernma) Ha OAIH HJIH HECKOJbKO OYKBEHHBIX COMHOXKHTeJeil.
O6biyHO mpH 5TOM OYKBEHHBIE COMHOXKIITENH Paclonaraior B nopsnke
aJ¢aBHTa, OAHHAKOBbIE COMHOXKITEH 0ObeAHIOT BMECTE, NOJb3YACh
3HAKOM BO3BEIEHHS B CTENECHb:

abaxbz = a*b*xz.

ITponssenenie HeCKOMbKHX OJHOUJIEHOB TaKXKe e€CThb ORHOUJEH.

Murozounenos (noaunosos) uHasbiBawT anrebpalyecKoe BhHipaxe-
HHE, MpeJCTaB/JEHHOE Kak aJjreGpaliuecKas CymMMa HeCKOJbKIX OfHO-
Y/IEHOB, Hampumep:

3ax—2by+-ax+cz®, ab*+a®h -+ be*4-b% -+ act - a’c. (19.3)

OzHOu/IeHB!, OT/HYAIOMIECS TOJBKO YHCJOBBIM KO3(pHUHEHTOM,
Ha3LIBAIOT M000OHOIMU; TaK, B 3aNHCH NepBoro MHorouseHa B (19.3)
HOZOGHE! OLHOYJIEHH Jax H ax; TAKHe OZHOUJIEHE MOXHO OOLEeNHHHTH
B ONHH ofHou’eH: 3ax-+ax=4ax. [Ipn 3anncn MHorousieHa caenyer
ApOH3BECTII 5To AeflicTBHE, HAa3LBaeMae npueederies nodoGHEIX 41eH08.

CyMMa IBYX MHOTOUJIEHOB CaMa HeloCPeICTBEHHO ABJSETCS MHOrO-
y/JeHoM (B .Hefl caielyer JHIIb NPHBECTH nofaoGHble wieHs). Chopmy-
JHPYEM TaKiKe H3BECTHBIE IPABHJIA YMHOKEHHS ONHOYJEHa Ha MHOro-
YleH H YMHOXEHHS JBYX MHOTOUJIEHOB.

Ymobot ymuoocumo O0OHOUAEH HA MHO204AeH, Caedyem YMHOXNCUMD
H@ 3mom 00HouAeH KaxcObill HaeH MHO04ACHA; 4mObbL YMHONCUNb MHO20-
UACH HA MHO204AEH, Caedyem ymuooxumb Kaxcdoul u3 00HOUAEHOB, 8XO-
0auux 6 2anucet 00HO20 MHO204AEHA, HA KaxcObll u3 00HOYAEHO8 6mo-
poeo MHo2ouAeHA (W 63amb CYMMY NOAYHEHHOIX OOHOUAEHO8 C YHermnom
npasuaa 3HaKos).

. Oba npasusia BEITEKAOT H3 INPHMEHEHUS pacnpefeiTeNLHOro
3aKOHA YMHOXEHHS OTHOCHTeNbHO cioxeHnus (1.6).

Ilpamep 2. 2ab(a®- ab-+b*) =2a%b -} 2a%b* - 2ab®.

MMpumep 3. (ab—2a—2b)(a+b)= a® +ab*—2a* —2ab—2ab—
— 2b* = a% -+ ab®*—2a® — 4ab—2b°.
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20. dPopryarl COKpaWCHHOrO y\momemm. B - HekoTOpHIX HYacTo
BCTPEHAIOWIXCA CAYYasaiX MPHMEHSIIOT hop.styabl CORPALSHHO20 YAHO-
diteria JBYX MHOTOYIEHOB; HAMOMHHM 3TH (HOPMY.IBL.

a) Ksagpar cyMMb u xBaapaT pasHocti. Ksagpar
IByujena (6uHoMa) a+-b MOXHO 3amicarth B Biije :

(@+b)*=(a+0b)(a+b).

Ha ccnopaHili NpaBiJa YMHOMKeHHA MHOrOYJCHOB MOXKHO pac-
KpPbiTb CTOALLNE CHpaBa CKOOKH, a IHMEeHHO KaImlil ujleH IepBoro
GiHOMA YMHOMNTL Ha KaXKIblil yden BTOPOro GuuoMa M pe3yJ/bTaThl
caoxkith. IToayunnm : .

(a+b)?=a*+ba+-ab+ b3,
I [oCle MpiBeaeHHA NOJOOHBIX YIEHOB

(a+0)* =a*+ 2ab+b*. (20.1)
Qopuyay (20.1) nnorza sanuceiBaloT B Buie B
(a4 b)* =a®+-0* 4 2ab. (20.2)

3aNMCHIB B @opnyne (20.1) (wur (20.2)) & na —0, noayuny,
COOTBETCTBEHHO, (DOPMYJIBL J1S KBajpaTa pPasHoCTi:
(a—=b)=a*—2ab+b*, (20.3)
1Ll _
(a—b): =a*-+b*—2ab. (20.4).

dopuyaa (20.2) pia kBaaparta AsyusdeHa (0iHoMa) pacnpocTpa-
HfieTcsl HA cJyyail, Koria B KBalpaTt BO3BOLUTCA 110005 MHOrouseH
(ne.aunoa). Tloxkames 370 a1a caydaa Tpexdiena. HMueem

(@a+b4cy=[(atb)y+cP=(@+bF+c*+2(a+b)ec=
=a* b+ 2ab - ¢* 4+ 2ac - 2bc =
=a*+b*-Lct - 2ab 4 2ac + e, (20.5)

Boodute, keadpam a.ee6pauicckof CYuol HECKOGKUX CIA2ALMELX
paceH cyatie K6adpamos Mux Caaeaeioly NS cysia yOGoeHHLIX No-
naprulx NPpousee0CHULl mux Cc.ia2aeyelx (C y4eTo npam Ja 31131\08!).

Tlpnymep. Packpuith cKOOKH B Bupazenin (2—3x—>5x% +x°)>%,

Pewenne. Maeen
(2—3x—5x% 4-x%)" = 2% 4~ (— 3x)* - (— 5x%) 2 - (x3)* +-

+2:2:(—3x) 22 (—0xF) +-2-2-0% - 2. (— 3u)- (—o\ )+
+2~(—- 34\.’)’&'3 : 2- ("‘O.» ) K? s -+ 9.'6‘\-;'- 2541 -}-.» — 12v— ’OA,‘
+4x3 4 3043 -——6.»*‘ — 1043,

Tloce npiBexeunss noJOOHBIX YICHOB 3aNIILEM OTBET:
(2—3x—5x + #*) =4 —12x— 11x® 4 3443 - 19x* — 1043 - x°,
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6) Ky6 cymMubnl n Ky6 pasnocts. UToOu . BbIBeCTH q)op-
Myay 1ag (a-+-b)°, 3ametitM, 4To

. @tbp=(@+bpath).
Ho Boipaenie b (@a+-b)* yxe naitnero—(20.2); mostomy
(@+b)® = (a* -+ b* + 2ab) (@ +b). '

[TepemHoxan mOYIEHHO MHOTOWIEHH, CTOfULHE B NMPABoil HaCTH
5TOrO0 PaBEHCTBA, MOJAYUHM

(a+b)? ——a3+b2a+2a’b+2ab2+a’b+b’
Tlocequnit pesysbTaT MOXHO Nepericath Tak:
(a+bpP=0a>+3a% -+ 3ab* +-6°, - (20.6)
3amenun B dopmyae Ky6a CyMMbl (20.6) b uepes —b, Hanume\t
topMyny xyba pasHocTil: ‘
(@—b)® = a®—3a%h 4 3ab? —b%. C(20.7)

B HeKOTOPHIX caydaax copmyiam (20.6) n (20. 7) ynoGHeii npite
JaTb caepyouyit BHI:

(a+b)*=a®+b*+3ab (a+D), (20.8)
(a—b)*=a*—b*—3ab(a—"b). (20.9)

B) PasnocTh kBaapatoB. Caeaywomas Gopmyna:
(a+b) (a—b)y=a*—0b*, . (20.10)

JIETKO MPOBepsIeTCs YMHOXEHHeM JBYY4/IeHOB B ee JIeBOil 9acTH.
r) Cymma u pasnoctr KyGoB. Taxie peKkomeHayercst
NIPOBEPHTL CaMOCTOATEIBHO CJaenytouie GopMy.Ibi:

(a+b)(a*—ab+b) =a*+ b, ©(20.11)
. (@a—=b)(@+ab+b)=a—b" (20.12)

Tpexunens. a*—ab-+b% u a®4-ab-4-b* B JNeBHIX YacCTAX PpaBeHCTB
(20.11), (20.12) vacto Ha3BIBAIOT «HENMOJHHIM KBaAPATOM» Pa3sHOCTH
HJIH CYMMBI COOTBETCTBEHHO.

21. Buron Heiotona. ITox 6unovoM HruloroHa noHumaor dopMyay, Aalomyo
Bhipaxenite crenenn (a--b)* asyunena a-+-b c moCHIM HATYpaIbHLM NOKa3aTe-
nem n. Mwm MoxeM 3amncaTh BeipaxeHus (a-b)" npr n=1, 2, 3 (scnoib3ys
¢dopuyan n. 20 313 KBazpaTa n Ky6a CyMMH):

(a-+b)' =a--b,
(a--b)% = a2+ 2ab }- b2,
-~ (a-f-bP=a’+3a%-| 3ab’+ 8.

Moxnro noxveTuTs nexompym 332KOHOMEPHOCTD: npu BO3BeleHHH GHHOMA B CTe-
nelb n B npaBoit uyactH GopuMyaH NoJy4aerca cymMa n+-1 caaraemux; kaxiaoe
CIar2eMoe COASPKUT MHOMMTEAH a 11-§ B CTENEHAX, CyMMAa noka3ateneil KOTOPHIX
paBHa cTenenn GuHoMa. Jl1s npon3BogbHOrO HATYPadbHOIO 1t Ml MOXKEM MOTY4YHTb
B NpaBOil YacTH paBeHCTBa, Bupaxaiowero (a--b)7, cuaraeMuie  BHAa a®, an=1b,
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a"=22, ..., b" ¢ HeKOTOPLIMHI uHCJOBHMH  Kosgduiuentamyu. Haiigem eme
(a-}-b)', npoEoas EHYHCIEHNE MO HEKOTopoll ynoGHoii cxeme. Maeuno, samiwen

(a+-b) = (a+b) (a-+6)° = (a-+ b) (-3’6 }-3ab* - &%) =
=a(a® 4 3a%b - 3ab?+ %) -
+ b (a®+3a%b - 3ab% - b3) = .
= q--4a%0 -+ 6a%0%}-4ab3 - bi, . (21.1)
" M npopean BHMHCACHHE TaKHM 06pPa30M, YTOGH NOAoSinie uleHH 0Xa3aiaHcs
sanncapHpMil OauH nol JApyriM. Tenepp BHIHO, HTO Ko3hOHUHEHTH (opMy.anl
. (21.1): 1, 4, 6, 4. | noayuarores u3 xoddduunentos QopuMyan Aaf Kyba cyMMBl
CJICAYIOUINM MYTeM: 3amichHBacy Koxppuuientsl Gopyyay 1a (a--5)? B ase cTpoku
€O CABUIOM HinxKlefl CTPOKH BNpaBo: .
1 331 —
— 1 3 3 1

H CKJajbiBaeM 4HCJA, MOANHCAHHLE OJHO MOT APYTiM:

1 4 6 41
npi stoM # noayuatcs koxfxprunentnt gopuyanr (21.1). Cobepienso aHaloriuHo,
anst noayueHHA kosdduuientos ¢opyyasl, Bupaxalouicl (a-b)3, nuwen

1 4 6 41 —
- 1 4 6 4 1

1 5 1010 5 1
Tenepp cava dopMyaa 14 natoli cTeneHH cyMMbl HalHISTCR B BHIeE

(a-{-6)° = a® -+ 5a?b+ 10a%6* - 10426 -+ 5ab -} b3. - (21.2)
Moixno Bech 3TOT nmpouece npeacTaBHTL € nOMoWbo mpeyeosbHuxa Iackaas:
Ko3phuunenTy
0 1
1 1 1 .
2 1 2 i
3 1 3 3 [
4 1 4 6 4 1
5 1 10 10 5 1
6 1 6 15 20 15 6 1
71 7 21 35 35 21 7 1

Kamxnas crtpora 3toil Taanusl (3a HCK/OYeHHeM NepBOil) HaYMHACTCA H 3aKaHuil.
BacTCsl equuiueit, J06oli Apyroit 37IeMCHT CTPOKH PaBeH CyMMe COCeHHX € HHM
3Ja€MCHTOB CTPOKH, pacnonoxeunoil naja neii. Takuy o6pa3oM, Tabauua 3anoausercs
ceepxy Buu3. Tak, Hanpumep, cTpoxa npn n=>5 NOAyYaeTcst M3 CTPOKH IpH
n=4 no cxeme: :

1 4 6 4 1

1 5 10 10 5 1
a cTpoKa npH n=06—H3 CTPOKI NpH n=25 aIATOTHYHO MO Cxeme

i 5 10 10 5 1
N e e e et e, sttt et !

1 6 15 20 15 6 1 -

K coxanennio, N0 yka3sanhoil cxeme HeyAoG6HO HaxoauTh Koshhuuuents B pop-
Myae aas (a-}b)® npu Goabwux 3uaweHHsiX 71, TaK KaK ROJyunTb, HanpHMep,
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JISCATYI0 CTPOKY MOZKHO, JHIIL TNPOROJKHB Tabanny KoabdHIHEHTOB A0 AecATOIl
crpoki. Moxno ykasars n ofbuylo ¢opmyay 2.aa .Jio6oro H3 ko3pdHuiteHToB B BH-
pa:kenun (a-+b)*. Iry ¢opmy.ay M cooburuM 3iech Ge3 BHBOAA, OHa MOXKET GHITb
‘ROKA3ana Mo HHAYKLNIM.
Mepsble apa kosdpuunenta npn a” u a”—1'H B pasioxennn (a--b)" cyrs 1
n on; caexyloutnit Kozgppuuuent npu a®-—2b% Momer GHTh MOJydYeH no ¢opmy.e
n{n—1 . n{n—1)(n—2
(11—22, caepyouii—npu a”-363—mno dopmy.e { T 5)—(31——)
me, Kospduunent npu g?-kb% B Bupawenun (a-+-b)" pasen
nin—1)...(n—k41)
1.2...k '

3geck B uicJNTENE NHILETCS TNpon3Bedenne R IMocae10BaTe bHLIX YHCEJ, HayHHag
OT 71, PACNOJIOKEHHBIX B mopsajke yObBanua. B anaMeHaTesle, HanpoTHB, COMHO-
xnrean 1, 2, ..., k pacno.araiores, HaYHHAaA OT €IHHILE, B NOpAZKe BO3pacra-
Hus. Haiizesm no stomy npasiay kosdduuments ais (a--b)s: _
: 65 G-5-4 6-5-4.3 6-5-4:3.2
8 =0b4-6a% -+ a'b? a’h’3- a3b? 5
(@40 =a?+6a% + 5 el 1o 0 g AV e s 0t
6-5-4-3-2-1 N o
—}-m b8 =qab--6a%b 4 15a*h? 4200353 - 152254 - 62b3 b8, (21.4)
Oruverny, uTo KO3huUHENTH CHMMCTPHYHO pacroJo:KeHHHX (OT KoHUA H Ha-
YaJ1a) 4JeHOB BCer]a OKAa3hIBAIOTCH PABHBIMH.
B ofmey Bije MoxHO 3amicatb GoOpMyJay Tax:
nin—1 aro
(a—[—b)"=a”+na"-1b—{—(—l2—)a"—~b~+...

n(n—1)...(n—k41)
+ 1.2...k

Sra dopmy.1a nasmBaetcs gopmyaol 6unoma Hewomona.

H T. A. Boo5-

(21.3)

an=kbk 4 .. J-bn. (21.5)

5
ITpumep 1. Packpurb Bopaxenue (2x‘-'+—)17)'.

. Pemenne. Ilo dopuy.ae 6unoma Hbetorona maxoznm

1\% 1 1 1
2 —_ —_— 10 | . — . 6. ___ . —_—
(2x + x) =32¢10+5-16+%. —4-10-8x8. — +-10-4x. -

, 11 10 , 1
+-5- 207~ - 5= 320104 80x7 4- 80k - 40x +—7 .

N\ 17

Mpumep 2. Haiith yien Gunoma ( ) , comepxawuii a B cre-

1
a-l——.—_
\  2Va
nenn 35/3. )

Pemenne. Yaen Guroma c noMepom k (cuntas or Haua’a) COAEPKHT Mpo-
H3BejeHne :

- 1
1 17-k+1-?(k—1).

1 \k—-1
17—k +1 —_ ;
o (m)

13 ycaoBHA 3azaun umeeM 17—k 1— % k—}-%- = % , otkyla k=>5. Tlosrouy

TpeGyeTcst Hamicath u.JeH Guiloma ¢ HoMepoMm 5:
$17.16-15-14

al3

/
/ —\= LIS
1-2.3-4 \\21/ a ) 1.2.3.4 16

1 4 17-16-15-14 1 — 5.7-17 —
5 \_ nii/a-z 7 a“i’/az.
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22, PaanoxeHie MHOrou/JcHA Ha MHOKHTeJH. B HekoTopuix chay-
yafX AaHHEI! MHOTOWIeH MoxKeT ObITb IIpejicTaB.lIel Kak npoli3Beje-
HHE OJHOWJIEHAa Ha MHOTOWJIeH IJIH KaK HpoH3BeleHHe ABYX MHOTO-
y1eHoB. B nepBoM cayuyae TOBOPSAT, YTO 3a 3HAK CKOGOK MOIKHO
BhIHECTHI OOWIHIl MHOZKIITeNb, BO BTOPOM,— YTO MHOrOY/JeH pasia-
raercs Ha MuoxuTeq. Ham 1i3BecTHBI HEKOTOpble NMpHEMBI pasiloiKe-
HUS MHOTOWIEHa Ha MHOMKITEIH, B TOM YlCJe MeTOX IpylNHpOBKH
i npiMeHeHHe (OPMYJ COKpauieHHOro yMmHoxkeHus. Orpannynmca
pa3GopoM HECKOJbKHX THIINYHBIX NpPHMepOB (OOlLero yHIBepCabHO-
FO Meroja, 4TOGHl y3HATh, pasiaraercs JiH MHOTOWIEH Ha MHOXKH-
TEAN W HaliTH HX, He HMeercs). .

IMMpumep 1. Pasnoxure Ha wsHoXutean x*-4 2xy--2yz— 2%

Peuenue. Ilpoussoaus rpynnipoBKY.cCJaaraeMbix:

(*—2%) 1 (235 1+ 292) = (x +2) (v —2) + 2y (¥ +-2) =
= (x+42) (x—2z+2y).
Myt npunmenuan sgecs (pOpM).'I) pasHoCTil KBajpaton (20.10) u
NpHeN BblHeceH s 06Ulero MHOMKITEIs! 38 CKOOKY.
ITpitnmep 2. Pazaomurb na MHOKUTCTIL
a) VxR, 6) @t b3 —3abe.
Pewenne. a) JoGaBum 1 BhYTesM BhlpaxicHiie x°y% TOria
MOy UM
NPy =0 2 — 2 =
= (& + 1)~ () = (4 4 —x0) (F* + 4* + 1Y)
(mpiyenenst dopyMyast ksagpata cyamel (20.1), a 3aten pasHocTi
kBaapator (20.10)). OkonuatebHO:

. B+ 1Y gt = (g —xy) (B Y+ xy).
6) MoGaBuam K Hauwemy BBIPAXKEHIIO I BbIYTEM BblpaKelle
3ab (a+b), uto6nt noayunts Ky§ cymmsl no gopmyse (20.8):
ad+ b3+ 3 —3abc =a® +b* - 3ab (a - b) -+ ¢ —3abe—3ab (a +-b) =
=(a+4bP+c*—3ab(c+a+b)=
= (@+b-+¢) [(a-+b)2— (a+b) c-+c*] —3ab (a+b-4-c) =
(a-+b-+4c) (@* -+ 2ab + b*—ac—bc -+ c*—3ab)
= (a-+b+¢) (@* + b+ c*—ab—ac—Dbc).
B HEKOTOpHIX C.Iyyasix pa3qoKeHlle Ha MHOKNTETH He yJaeTcs
B aelicTBHTE IbHON 006:1aCTH, HO MOXKeT OLITh OCVUIECTBJIEHO B KOMI-
aexcHoii obaactit. Tak, naupumep, o’ -~0° Helb3si PasiomiTbh Ha
JefiCTBUTCILIILIE MUEOKITSTH, HO
a® -+ 0% = a®*— (bi)* = (a -+ bi) (a—bi).
Cymma uerBepThIX cTeneHeil a*--b* Moxer OblTb pasinoikeHa Ha

MHOEHUTE I Tax:
at bt = (a® -+ b%) (a2 —b%),
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HO OHA e paajaraeTcsl I Ha JeHCTBHTEJIbHBIE MHOMNCHTEH:
at - bt = at L b* + 20%h% — 20%b° = (a® 4-b%):— () 2ab)* =
=(a*+0*+ab V 2) (a2 +0*—ab V' 2).
23. JlpoGubie anreGpanueckue BuipaxeHus. AareGpanyeckoe Bhi-
paxeHHe B 3amlicH KOTOPOro Hapsay C JelicTBHSIMH CJOXEHHS,
BHIYHTAHHSA I YMHOXKEHHSI HCIOJAL3YIOT TaKiKe JeJeHHe Ha GyKBeH-

-lble BHIPAXKEHHS, HA3bIBACTCA OpoGHbLAM a/zae6paut1ecrcuM gvtpadiceriet.
Taxkosbl, Hanpxmep, BHIPAXKEHISA

. x . ox? x24-ax-}-a? '
a+—a-_2’ 1 x—17 (x—a® °* . (23.1)
Anzebpauteckoti dpoGsro MEL HaspiBaeM anreGpaHyecKoe BHpaXeHIe,
1Melollee BHJ YAaCTHOTO OT JedeHHs JBYX HeJblx anrefpandeckix
BHIpaXEHI (HanmpiuMmep, OXHOUWIEHOB HJIH MHorowieHos). Takoswl,
HanpuMep, BbIpaxKeHHd
a?4-5? 6abx . ab
at—b3’ ab+ax+4-bx’ 4cd

(1 Tpetbe 13 BuipaxeHuit (23.1)).

TomxnecTBeHHblEe Npeo6pas3oBaHis JPOOHBIX anreOpanyecKHxX BhIpa-
XKeHHIl HMeloT no Gosblield wacTi CBoeil LeJbl0 NPeACTaBHTh HX B
BHAe aarefpanueckoii apo6H. ns OTHcKaHHsi OOMIEro 3HaMeHarTeas
HCOMB3yeTC Pa3foXKeHHe HAa MHOXKITENH 3HaMeHareseil Apobeil—
C/IaraeMblX—C LEJTbI0 OTHICKAHHs HX HaHMeHbLIEro ofulero Kpar-
Horo. Ilpu cokpauennu anreﬁpanqecxux npoGefi MOXKeET HapywiaTbest
CTpOrasi TOXIECTBEHHOCTh BhIpaxKeHHIi: HeOOXOAHMO HCKJIOYaTh 3Ha-
YeHHsi BEJNYHH, NPH KOTOPHIX MHOXITeJb, Ha KOTOPHII NpPON3BO-
IAMTCS COKpalneHiie, o6paiaercsa B HYb.

IpupeneM npuMepH TOXKAECTBEHHHIX MpeoOpa3oBaHuil npoﬁnmx
‘anreGpanyeckux BHIpaKeHHIl. '

ITpumep 1. Ynpocruts Bmpameﬂne

2 | a 1 x
x*—a% ' xtala—x’

Pemenne. Bce charaemble MOXKHO TpHBeCTH K oOmeMy 3HaMe-
HaTeql0 x*—a* (yAo0HO NpH 5TOM H3MEHHTh 3HaK B 3HaMeHaTe1e
MOCJ/IeIHETO C€JIaraenoro H 3HAK fepef HHM):

2¢ , a |, x — 2 afx—a) x(x+a)
¥—atl yx4ala—x x*—a? t e R :
- _ 2t ar—a®—x?— ax_x’—a2_]
x*—a Txoed
Hamte BuipaxceHne paBHO ellHILE [pH BCeX 3HAYEHHAX X, Kpome
x=a H x=—a (Opi 3THX 3HaYeHIAX OHO He ONpelesaeHO H COKpa-

2 —q2
LeHHe Apo6H ;—; He3aKOHHO).
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MMpusmep 2. IlpesctaButh B BuAe anre6pauyeckoil Apolu Bbipa-
JKelile
b . ab , bB*—a% J-a®
a(a-Lb) ' at—ab+8: ' @BLH5
PemeHne. 3a ofwiil 3HaMeHaTeJb MOXHO INDHHSTh BHpaie-
Hile a(a®+06°%. Haxoaunm nocnenosaresbHo:
b2 , ab +173—~a‘-’1) +a®
ala4-b) ' atf—ab-+b? as -3
__br(a2—ab+b%)f-aba(atb)ta (B3 —a2b4a%) _af 2% b3 _ (257
a (a3 +b3%) T a(@4b6) T a(edFbd)

YnpaxuchHus

1. Haiitit 3uaucuns anreGpaHyecKHX BbpaXellil OpH yKa3aHHBIX 3HaueHHusax
napaMeTpos;

1 \m 1 \n-m
2 =
(m .n?>,(n+,m)

" a) 1A‘n = P m=2, n=1
(e ()
m* n
1 1
P_g+r ‘r q%rz—p2 L p—q—r 3 a4 .3
6) i <l+ T pgr npu p=3/,, q=1, r=3,.

q +f
2. Pas10okuTb ua MHOKHTEIH:
a) x*4-xy+x—y—2; 6) a*b-}-ab*--a*c+- ac?+ b+ be* - 2abe.
3. Packputb ckoGxu B Bupamenni (5x°-4x —3)2.

5
4. Haiitn pa3joxenne creneni Gunoma a-+2a)

5. Buuncantes, noas3dysich ¢opmyJaoii Guuovma HeloTona, crenciyt KoMivick-
cHux uncex: a) (—1-2i)% 6) ( (——3 20)5.

4

R4
T 72 11 DTOT WICH.
7. YOpocTiTh Cleayioufiie pausoHaabibie aareGpanyecKue BLIPaKeHNs:

X A 6) (23— 2) @+ 2+ 1) — @148

x-+y B—xy-ly’
) (54 le—orra+ (5= ) 1R —sb

__bG aﬁ_'_b(i
D g PEREEY

(2m —3n) (2m +3n)-+ (3m— 2n) (3m +2n)
13 m—n)

T \"
6. B pasaoxenun ( Z ) nveeTea 4icH, MoXollbll pg; Hail-

2)

§ 2. MppaumoHansHpie anredpanyeckue BbipameHHs

24. Panukaan u3 anreGpaMuyeckux Buipa:xeHuii. AuareGpaiyeckie
BHIDaXKeHIi, B 3allCH KOTOPHX HCNOJb3YIOTCS He TOJbKO YeThipe
PALLIOHAMBHEIX RefiCTBHSA, HO TaKie SHaKN paguKaia (u3 Oyksen-
HBIX BBIPAXeHIil), Mbl HA3HIBAEM UPPAYUOHAILHOIMU AA2e0PAULCCRUML
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GOIPANCEHUAMU. TaKOBbI HanpHMep, BHpaXeHHd

VetV 5 it eV

TIpi ompexenennH oO.1.3. HPPAUHOHAJIBLHLIX anre6paHyecKHX BbIpa-
JKEHHIl clelyer YUNTHIBaThb, YTO BBHIPAXKEHHsA, HaXoisfluliecs MOJ 3Ha-
KOM pajyKaja yeTHOIl cremeHH, He ROJ/UKHBL OBITb OTPHIATENbHBIMI.
TIpi OTBICKaHHH YHCJIOBBHIX 3HAYeHHIl BBIPaKeHNS MpPH JaHHHIX OyK-
BEHHEIX 3HayeHHsIX NapaMeTPOB KODHH YeTHOIl CTemeHH MOHHMAoTCA
B apHPMETHYECKOM CMblCJIe. :

ITpumep 1. Haiitn o.1.3. BHpaxeria

V2x—a+Vx+4a

il ero 3HayeHue nmpH x=5, a=1.

Pemenne. O.nx.3. onpegeanseM u3 ycaosuii 2x—a>0,
x+4a>0. HaxomuMm, u4tO -0. . 3. ompenejsercs HepaBeHCTBaMI
x>=af2, x>=—4a. Tlpu BHUHCIEHHH 3HAUeHHS B 3ajaHHOIl TOuke -
x=05, a=1 nonyuaem

Vo —a+ V¥ ales =V T0—1 +V5+4=3+3=6'.

Hpu npeoGpa3oBaHHH HPPAUHOHATBHBIX aireGpanYecKux BHpa-
JKeHHil HCNOAb3YIOTCS BCe MpaBiJa jeficTBiii ¢ KopHsmu (ri. I, § 2).
PaccMOTpHM cHAvaJla BO3MOXKHBIE YIPOWIEHHs BHIPAXEHHA TINa
<KOpeHb H3 ORHOUJEHa» HJIH ¢KODEeHb 3 YaCTHOTO ABYX OIHOWIEHOBY.
DByaeM roBopute, 4T0o KOpEHb HpHBEAEH K mpocreiiwell popme, ec:
1) oH He comepXKHT HpPpPalUHOHAJLHOCTH B 3HAMeHaTese, 2) B HeM
HeJNb3sl COKPATHTb €ro mnokKasarteJb C NOKa3aTeleM [OJKOPeHHOTO
Bbipax<eHHs1 H, HaKOHel|, 3) BCce BO3MOXKHBIE MHOMKHTEJH BHIHECEHBLI
H3-noj KopHs. BCAKHI faHHBIH KOpeHb MoxeT OHLITh NPHBEIEH K NMPOC-
Tefmei cpop\re T. €. 3aMEHEeH TOKIECTBEHHO PaBHBIM €My, HO TaKIM,
KOTOPpHIT OTBewaeT BCeM TpeM NePEUHCACHHEIM YCIOBHAM.

IMpumep 2. Ilpusectn K npocreiiweii popae caeayoniie KOpHI
(>0, b>0): lo'___

— 16 e

a) V/a@b; 6) VY %5 8) Y/ ¥/ 256am

Pemenne. a) Cokpamaem Ha 3 nokasaTeslb KOpHSl 1 IOKa3a-
Tenb CTeNeHeil KaxKAOro H3 COMHOXHTeseil NOAKOPEHHOTO BHIpa-

KeHHd
Vasbls _.]/ a’hs.
BbIHOCHM H3-TMOJ 3HAKa KOpHﬂ 'MHOXHTeJH a 1 b%:
1/ a9b15 — abz ’/
10 / q18 S/ a8 5 SR a5

.6) _—_ = —_— = _ — 3h4 .
6) 2 b " 3 gV @bt;
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) Y 1/ 256070 = {/ T =}/ Tab =
‘ ) = /25 2ab°0 =2b* }/2ab .
KopHu, mpocrtefiiiie (opAbl KOTOPLIX OTIHYAIOTCS, OBITB, MOKET,

JIb hoa@qmuuemamu (qncnonbum HH 6yhsexmbmu) ), TPHHATO
8la%

HaseBaTh n0d0OHbIMU. Hanpmxep, xopunt 3/a%® 1 ] —— 10106-

b

- - — 4 /8lad A —
Hbl, "TaK Kak 3/ a®d® = f/alr‘ ) 1/,§Fa_: 3a ]/%—: -3—; f/ab“,

‘a .KOpHH I/'a‘*‘b 1 Va'h® ne nonobusl, Tak Kak V a%h =a)/ ab,

aVati=aVb.
TIpn caoxkenuu I BeIYHTaHIH NMOI00HBLIX KOpHell Bce OHH NPHBO
ASTCsl K mpocreifieil dopaye, a 3aTen KOpeHb BBIHOCHTCS 3a CKOGKII.
[MIpunmep 3. INpoussectii ykasaunble-jeiicTus:

v 81— /2562 — ' b ]/i, a>=0, b>0.

Pemenne. MNpupexem kamawlii 13 xopueft k npocteiieil Gopre:
/071 =1, 4 /5 8 = BRT ~ s "
V/81a%h = 3a1/ab, /256077 = 3/ T6abt =20 3/ ab,

1/ a‘b ]/%_‘= a ]/ Vab =a 3/ ab.

Teneps naxoann (Bce KODHH OKa3aTlCh MOIOGHLIMII)

1/ 8la% — /256271 — 1/a2b ]/ — =3a }/ab—2b}/ ab—ay/ ab=
= (3a—2b—a) }/ab=2(a—b) /ab.

Tlpn BblHeCeHIII COMHOMKITeJel 13-1I0J 3HaKa KOpiHs YeTHOIl cTe-
neHH HeOOXOZHUMO IOMHITBL, YTO KOpCHb NOHIMAaeTCs B apH(MeTi-
YeCKOM CMHICJIe, Tax\ €CJIII 3HaKH q, b ne VKasaHhl, T0 CJ1e1yeT mxcaTb

e V a%h® = ab? Vab a Va“b°—]a]b2 l/_b 31ech 0. A. 3. COCTONT e
TOJIb}\O 13 snavenuii a>=0, 6 >0, Ho 1 u3 3"avennit a <0, 6 <O,
Tloatony '

- ab*y ab az

Vabi=|a|b*V ab= — (@=0),
—ab*V ab (@ <0).
TMpunmep 4. Ynpoctuth BuipaxeHie
VE+axy+4 —V @ —dxy+4y*, x>0, y=0.
Haxomum ’
Vi+dxy+ 4y —V x*—4dxy +4y* =

= V(x+21)‘—l/(x—2J) —x-l-?J—Ix—?JI
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Bo3aMOXKHE caeayiolie caydan:
1) x>=2y; torna x4+ 2y—|x—2yl=x+2y—x+2y=4y,
2) x < 2y; Torna x+2y—[x—21[ =X+ 2y -+ x—2y=2x.
Hraxk,

N — {4y @=2>0),
X dxy 4y  —V ¥ —dxy -4 =
Vi +dxy+4y —V Y +4y { o (2> x>0).
Ecai ne npeanonarath 3apasee, uyto x>0, y >0, 1o pelwenie
TpiMepa ellle YCIOKHITCA, TAK KaK MPHAETCA 3aMKCaTh OTBET B 06-

weft opme:

Ve +dxy+4y—V 2 —4xJ+4y =|x+2y]|—]x—2y],

H 3areM pa30Hparb 4YeThlpe BO3MOXKHHIX cayuas: 1) x+2y>0
x—2=>0; 2) x+2y>0, x—2y<0; 3) x+2y<0, x—2y>0;
4) x+2y <0, x—2y < 0. TpenocrapiseM 3aBepIuiTb 3TOT pa3Gop
YHTATeIO. B

B mnpunepe, XoTopHT MHL ceffuac pemani, nNOAKOPEHHHE BHpaxe-
HHS NPEICTaBASVINCh KaK TOUHBIE KBAApaThl HEKOTOPHIX ABYXUJEHOB
OYEeBHAHBIM crocofoM. B HeKOTOpLIX ciayyafx Takoe IpejcTagieHue
NOJKOPEHHOTO BHIDAXKEHHS NPOH3BOAHTCSA HE CTOJb OYEBHIHLIM o6pa-
3oM. Tak, HHOTAA MOMKHO YNpPOCTHTh PaflKa/ibl BIAZ

V A+BVT,

samicaB A+ BV C. B Bije TOYHOTO KBajpara,
IIpumep 5. Ynpoctuts BHpaxeHHe

Vee—1t+uV@—T. -
Pemenne. TTonkopenHoe BLIpaKeHie NepemniileM B BHIE
90— 142V 1= —1+2%V e —1+x2={=1+x)
Tenepp mneenm
Y 214 2xVr—1; _|x+1/x2_1|

O. 1. 3. Halero BHIPaKEHHs COCTONT H3 HHTepBadoB | <KX < oo,
— co<x <—1. Herpyano 3axerts, uto x+V x*—1 >0 npu x> 1,
a npn x<—1 x4V x*—1<0. IlosToMy OKOHuaTeIBLHO HMeeM

— HVE=T (=1,
I —_1tox) el =
}/ B {——x—l/_x"—’-l' (x<<—1)..

IIpunep 6. YnpeetiTh ynciaopble BhIpaxeHis:

) Y/ 32VZ; 2y 1016V/3.
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Pemenne. 1) ]/3——21/2 —1/(1/2—1 =121
2) Y 1006V3 = (V3 +1° =V3 +1.

B noc1exses ciydae yiaercs 3anicarhb nom\openuoe BbIpazkeHiie
Kak TOYHBI KYO.

25. OcpoGoxIeHHE OT HPpPALMOHAJILHOCTH B 3HAMEHaTeJe APOGH.
Tlpn npeoGpasosatint 1pofuoro ajre0panyeckoro BLIpaeHis, B 3Ha-
peHaresle KOTOPOro 3ariicano MppaiioHalbHOe Bbipakehiue, OGBIYHO
CTPEMSATCS NpPeICTaBUTh Apo0b Tak, 4TOGHL ee 3HaMeHaTe b OLLT pauHo-
naaetbiy. Ecau A, B, C, D, ... —HeKoTOpbie aareGpalideckie Bepa-
JKeHlsl, TO MOXKHO VKa3aThb MpaBH/a, € MOMOUIbIO KOTOPLIX MOMKHO
ccBofoUTLCA OT 3HAKOB pailkaia B 3HamellaTe.e BbipakeHlil BiJa
A A A A LTon
/B' B+CVD' VB+CVD' }/Bx}/C I

Bo Bcex 3mix c1y4asix ocBoJoxIeHile OT HPpPaLOHAILHOCTH NPo-
H3BOUTCH YMHOMKEHHEM YNHCANTEIsl M 3HaMeliaTeass ApoGH Ha MHO-
JKHTeIb, BHIOpaHHLIT Tak, 4ToGbt ero mponspejele Ha 3laMeHaTesIb
;Lpoé'r GLLIO PAUHOHAILHBIN.

1y L5t ocBoGomkIctiig OT HPPAIHOHAIBHCCTH B 3Ha\1eHaTe.1e 21 Apod

BHa A/,/ B VMHOZAeM 4HCIITeIb H 3HaMeHaTedb Ha ,/ ‘B
A A {’/"B“—’ A {L/Bu—l .

VE PRy F
2a% _4(11'3 ?/411‘-‘0- 2ab 3/ oy
Ve 2 @

2) B cayuyae aposeii Bija 4 =, —= 4 =
B4-CVD VB+CVD
YHC/IHTEb H 3HaMeHaTes1b Ha HPPaUHOHAMLHBIL MHOKITEIb
B—CVD wm VB—CVD
COOTBCTCTBCHIO, T. €. HA CONPAMNEHHOe UPPALUOHAIbHOE BbIPANEHLE.
Camplca moc/e1Hero AeilcTBIs CCCTOHT B TOM, YTO B 3HaMeHaTeqe
1Ipoli3BeleHie CYMMbl Ha PasHCCTh npeodpa3dyercss B PasHoCTb KBaj-
partos, Kotopasi yie OyIeT PaulllOHAJBHBIM BhIPaZKEHHEM.
IIpumep 2. OccBoutbCs OT HPPAUHOHAILICCTI B 3HaMeHaTee
‘BblpaKeHH s
Xy
Q) ———; 0) —=——rx.
) Vi V5— )3
Pewene. a) YMHOKacM uucAnTeas M 3uaMCHATeIb ;xpoou na
pripamenie )/ x* -2 —x. Tloayuaen (npn ycsosim, uto y==0)
£y _w(Very—x)
) 21 (x- Y (l/ x +J )
Vetyitx TY)—x

O ey =Lt 2=V VA

Mpumep L.

yMHOXKAEM
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3) B cayuae Bmipaxennil Tuma
A A

3/ —? 3/ 3/
BxcV'D VBiCy/D
3HaMeHaTeJdb PaccMaTpUBaeTcd Kak CymMMa (pasHOETb) Il YMHOXKaAeTcs
Ha HEMOJIHHIT KBajapaT pa3HOCTH (CYMABI), UTOGH NMOJYUYHTb CYMMY
(pasnoctp) KyGoe ((20.11), (20.12)). Ha TOT e MHOXITElb YMHO-
JKaercst H YHC/AHTEb, )

ITpumep 3. Ocso6o;umca OT HPPAUHOHANbLHOCTH B 3HaMEHare e
g Bblpa)KEHHH

a) ; =
V1l i’/ a—2 / b
Pemeuue a) PaccuarpuBasi 3HaMeHaTe]b AaHHO APOOH Kak

cymMmy uncea 55 1 1, YMHOKHM HHCTHTEJL Il 3HAaMEHAaTeab HA He-
NOJIHBIL KBajpaT pasHOCTH 3THX 4HCeI:

3 s(WE—Vsy). 35—y 5+1)
Vit (s E-Ys) (V8
HJH OKOHYATesbHO: :
3 3B V41 _ VBV 541,
i/3+1 6 2 ! _
6y ! _ Vet Va4 f/ﬁzf/ﬁ+23l/ab+4?/'b'z
Va2V s (Va—@yor =%
B HeKOTOpHX caydasX TpeGyeTcss BHIOMHNT, NpeoOpasoBaHie
NPOTHBONOJOKHOIO XapakTepa: oCBOGOANTL APOOL OT HPpPalUHOHAlb-

HOCTH B yHecanTese. OHO NMPOBOAHTCA COBEPIIEHHO aHA/OTHYHO.
IMpu Mep 4. OcBoGoiHTECS OT nppauuouanbﬂocm B yHcaHTeNe

npo6n ¥-oE bV"_ ) .
Vatbo—Va—b _ _ (atb)—(a=b) _
Pewenie. 5 T e
1
T Vatb+Va—b

YnpaxHuenus

1. YnpocTiTh BHIpaXKeHHS:

2) x‘-‘—%—4

6)<x+l x—ll x+1 >:<x+lfx2—l x—sz—1>

x—1 1 VYT ) \x— V=1 xt+VeE—1

» paccMoTPeB xsa cayuan: 1) x>0 n 2) x<0;
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(,/8 3Vs—3V5Vs 8),/8+3y’5
2/_

vV o—V3 V20V
<?/3+1/2 1/2—?/81>

-2
2. Haftth suaveme pupamenna: 28—a~ 3=1(a* b2 z-+ b2 npu
2 -
zx=a/3b~1, rpea>0u b>0.
3. OcBoGo1uTh OT HPPAUUOHAILHOCTH B 3HAMEHATe]e CACYIOUHE BHIPaKCHIA:

8) 2a—1 . : l/—x'—l/y .
o O VRV —Vaw+V
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OTAPHO®MbI

1. JloraputMel MO NPOH3BOJLHOMY OCHOBAHHIO

26. OnpepeneHne H cpoiicTBa Jorapudmos. B cooTHOmEHHH:
a*=N

10XKeT OHITbL IIOCT4BJIeHa 3ajaya OTHICKAHUS J1060ro H3 Tpex uucenx
, N, x no mBym apyrum, 3aganusiM. Ecan paust @ H x, To N Ha-
‘01T NeACTBHe)N BosBefleHNa B crenedp. Ecan aanst N u X, T0O a
1aXofAT H3BJeYEHHEM KOPHS crTemeHH x (Ui BO3BeJeHHEM B cTe-
enb 1/x). Tenmepr paccMmorpum cayyaii, KOrja no 3ajaHieiM @ H N
pebyerca HafiTH x.

[ycte uncao N nonoxuresnbHo: N > 0, 4CI0 @ NOJOXKHTENbHO
1 He paBHO enuHuite: a >0, a==1.

Onpenenenne. Joeapugpmon uucra N no ocHosanuo a Hasb-
aercsl IOKasaTesJb CTeleHH, B KOTOPYIO - HY:KHO BO3BECTH @, YTOGHL
onyunTth uncjao N; jorapndm ofosHauaercs uepe3 log, N

a%%¥ =N. ’ ~  (26.1)

Taxum o6pasomM, B paeenctBe (26.1) mokasaresb CTenmeHH x Haxo-
AT Kak Jorapugm N mo ocHOBaHHIO @. 3amici

a*=N n x=log,N (26.2)

IMEIOT OINHHAKOBHII cmbic/. Pasenctso (26.1) HHOrJa HashIBAaIOT oc-
OBHBIM TOXKAGCTBOM TEOPHH JorapngMoB; B AefiCTBHTEIbHOCTH OHO
BlpaxkaeT omnpejeJeHHe nouarns gorapuduma. Ilo nanHomy onpe-
eJICHIIO OCHOBaHte Jceapugma a ecee0a NOJOHCUMEAbHO U OMAUMHO
m eounuyel; accapugmupyesoe uucao N nosoxcumesvto. Otpuna-
espHBIE uHC/a I Hyab Jorapudyos He HMeloT. MoXHO 10Kasath,
10 Besikoe wnesao N >0 nmpu jaunom ocHosauunt a(a >0, a%=1)
iMeeT BroJsiHe onpefesennblii jgorapudn. ITosromy panercTBo a* =o'
JeyeT 3a coGoil x=y. 3aMEeTIN,. UTO 31€eCh CYLIECTBEHHO YCJIOBHE
=1, B MPOTHBHOM Cayyae BHIBOJ X =y ObLT Gkl He 0OOCHOBAH, TakK
‘ak paBeHeTBO 1= 17 BepHO npi J0OLIX 3HAYeHHUAX X 1 .
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Mpumep 1. Haiitu log28

Pemwenue, Hast nonaydeHus uucaa !/, crenyer BO3BECTII OCHO-
1
BaHHe 2 B crenenp —3: 2~%=1/22=1/,. Tlostomy log,g=-—3.

MoXHO NpOBOANTL 3aniCH NPH PelleHHH TaKHX NPHMEPOB B CJieayio-
weil Qopue: 1o
—_— 1 —_— —_— -3 —
2,;_?_(?) =273, x=—3.
IMpumep 2. Haiitn logn,l 93/3.
Pemenne. Hueen

9/ 3=3.3Ys=3"=(1)"; logy, 9}/ 3T=—7,

B npuvcpax 1 # 2 Mbl JICTKO HaXOIIVIH IICKOMBIl Jorapids, npeicTaBass
JorapugMupyesMoe HICIO Kak CTelléHb OCHOBAHHS C PaUHOHAALHHM IOKa3aTeseM.
B oGwey c.iyuac, nanpuvep aas.log, 3, logs 5 u 1. 4., 3TOro clenath He yiacted,
Tak Kax u'lOI‘dY)qu)\l HMeeT HppallHOHadbHOe 3HauyeHie., OGPaTHM BHHMaHHe Ha OfHI
CBSI3aHHBIT C 3TiM  YTECPAKIeHHeM Bompoc. B m, 12 MB! 127t MOHATHE O BO3MOK-
HOCTH onpejesenisi JIc00il eiiCTBHTENBKOf CTeNeHH JaHHOTO NOIOXKHTEILHOTO YHcIa.
D10 GBII0 HEOGXOIUMO s BBCICHHA JoraphdMoB, KoTophie, BOOGie TOEOPSA, MOTYT
OLITL uppaunouanbuu.\m YHCTAMH.

Paccaorpiint HeKoTopele cBofictBa Jorapidsos.

Csoifictno 1. Eciu 4uc.ao u ocHosaHue pasHbt, Mo A02apugps
paser eQuxuye, 1, oDPATHO, ecau aocapughst paser eQurULe, MO YUC.I0
1L OCHOBAHUE PasHYL.

Hoxasareabctrso. Ilyctb N=a. Ilo onpexeneHuro Jora-
pu(bma 1nMeeM qlodad — g =g, OTKylla

log,a==1. ’ (26.3)

O6parro, nycte log, N =1. Toraa no onpezenennio N =qglo¢a N =
=a'=aq. ’

CeoiicTtBo 2. Jloeapupsm edunuybt no a1000MYy OCHOGARUI PABEH
HYA0.

HNokasatenscTBo. Ilo onpeseneniio gorapiudma alogel =1 = g°
(1yJieBas cTeneHb J11060ro HOJ0KIITeIbHOTO OCHOBAHHS paBHA ellHILe,
c. (10.1)). Orciozga

log,1=0, - (26.49)

4TO U Tpeﬁosano% JOKa3aTh. .

BepHo u obpaTHoe yTBEPIKIEHIe:  ecau log, N=0, mo N=1,
HefictButennHo, smMeeM N =aqlogeN =g%= |,

[Mpexnae uyem copMyaHpOBaTh Ciepyiouiee CBOHCTBO JIOrapHdMoB,
yCJI0BIMES] TOBOPHTB, YTO O0sa 4ucaa a u b aexcam no o0HY cmopory
om mpembe2o wucaa ¢, e€CJH OHH o6a 6o Goablle ¢, JHGO MeHbue C.
Ecan ogHO 13 3THX uuces GoJiblue ¢, 4 APyroe MeHblue ¢, TO Gyaenm
FOBOPHTb, YTO OHU A€XCAIM NO pasHble CMOPOHLL OM C.
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CeoitctBO 3. Ecau uucro u ocrosanue aexcam no o0HYy cmopory

‘om eauﬂuqu, mo /loeapudm noAoXHcuUmMeneR; ecau HUcA0 W OCHOBaHUe

Aexcan no pasHvie CIMOPOHLL OM eQuHULbL, MO A0capupm ompuyumenes.

JokasaTeabCTBO CBOACTBAa 3 OCHOBAaHO Ha TOM, YTO CTENeHb
a* GoJjibIle eIHHHIM, ecIH OCHOBaHUe GOJblue eMHUILI H NICKA3aTelb
NOJIOXKHTe/IEH HJIH OCHOBAaHHE -MEHblUe eHHHUL H NOKa3aTeJb OTpPH-
natened. Crenedp MeHsnlIe €IHHHILI, €CaH OCHOBaHHe GOJblile eHHHIL!
H NOKa3aTe/1b OTPHIUATENEH HJIH OCHOBAaHHE MeHbllle eHHHUBI U [I0Ka3a-
TeJb MOJIOXHTENECH. )

TpeGyerca paccMOTpeTh HeTHlpe CJyyas:

a>1, N>1, (log, N-> 0);
a>1, N<I, (log, N < 0);
all, N>1, (log,N<0);
~a<l, NI, (log, N > 0).

OrpannuinMca pa36opoM NEepBOro H3 HHX, OCTaJbHbIe quTaTleb pac-
CMOTPHT CaMOCTOSITENILHO.

IMyere a>1, N> 1; Ttorna B paBenciBe algsN = N noxasates
CTemeHH He MoxeT OLIThb HH OTPHUATENbHBIM, HH PaBHHIM HYJIO, CJe-
JoBaTe/NIbHO, OH TNOJIOXKHTeNeH, T. €. log, N >0, uto u TpeﬁOBﬂJIOCb
J0Ka3aTh.

[Tpumep 3. BusAcHHTb, KakHe H3 YKAa3aHHBIX HHKe JOrapHpMoB
TIOJIOKHTEbHB,’ xaxue oTpHuUaTesIbHB:  a) log,, 15; 6)~ 108,000 2

B) log, ,0,8; 1) log-,, ; 1) log, ,2,1.

Pemenune., a) logmlS > 0, TaKk Kak uncao 15 m ocHosanue 12
PacMoJIOKEHK! [0 OHY CTOPOHY OT eANHHLLI;

6) logp 2> 0, Tak kax 1000 # 2 pacno/ioMKeHH 110 OXHY CTOPOHY
OT eRUHHLBI, NPH STOM HeCYILIeCTBEHHO, YTO GCHOBaHue GoJblle Jo-
rapupmMHpyeMoro 4Hcia;

B) log,,0,8 <0, Tak xax 3,1 u 0,8 JnexaT mo pasHble CTOpPOHBL
OT €QHHHIIb;

r) logn,,—g-> 0; nouemy?

1) log, ,2,1 < 0; moyenmy?
Cneuyxomue coficTBa 4—6 YACTO Ha3LIBAIOT npaBuiaMH Jorapnd-
MIPOBAHHS:~ OHH TNO3BORIOT, 3HAS JIOTAPHPMBL HEKOTOPHIX HHCel,

. HaliTH .rxorapmprl HX HpOHSBeAEHHH YaCTHOI'o, CTeleHH xaxmoro

H3 HHX.
CeoficTBO 4 (npaBuJO norapnqmnposamm npous-

-penenun). Joeapupm npousseOeHus HeCKOAbKUX nOAOKCUMENbHbLX

qucen no OQHHOMY OCHOBAHUIO DABER CYMMe 02apupmos smux uucen
no moay e O0CHOBARUI0.

HoxaszarteabcTBo. Ilycrs fAaHbl " nomoxurensuuie uucaa N,
N, ..., Ny. das Jorapuma HX IIPOH3BENCHHS HANHILEM OIpeensiio-



90 T/, 1. JIOTAPHOMH : [26

uiee Jorapudy - pabenctso (26.1):
al%gaN\Ny...Ne =N N,...N,.
Orciopa HaiizeMm _
alogaNi Nyo o Nk — glogg Nigloga Ny, qloga Nk —
) = qloga Ny+logg Nat ... +logg Nk

Cpasnup noxasartesH CTeneHi NepBOro Il NOCIeAHEro Bupaxkeniii, no-
ayuiat Tpebyemoe papeHCTBO:

- log, N\N,...Ny=log,N,+log,N,+ ... 4-log,N,. (26.5)

3amerny, uto ycaosie N, >0, ..., N, > 0 cymectsenHo; Jora-
pudM npousBeieHHS ABYX OTpuuate]bHpiX yucer N, <0, N, <0
HIMEET CMBICJI, HO B 3TOM CJyyae NOJIydiiM
]oga (NlNz)zloga [(—‘Nl) —N )]_10&”\( l IN ]—‘

‘—'logaIN I+10galN l
B oGuten caayyae, ecau npoussedenue HeCKOAOKUX COMHOKCUMECLHE 10,100~
Me.loHO, MO €20 A02apuUpsL Pager Cysie A02apusiog Modyetl smux
cosHoxcumenetd.

Cpoifictoo 5 (mpaBmn.Jgo Jorapu@uMupoBaius yacrt-
HOT 0). Jloeapughat wacmroeo 100%CUMEILHBIN HUCe.l PACeH PASHOCTIN
weapugstos deaunozo w deaumeat, G3AMLY N0 MOMY % -OCHUCAHILO.

Hoxasareanctno. Ilocie10BaTebHO HAXOAHM

N
logg =+ N aloga N
N ._“1_________ log, N =lcgu N,
.8 ‘_Nz aloga N, G et 47
oTKyaa
N
loga‘ ‘—— log, N,—log,N,, "~ (26.6)

4yTo I TPeGOBaJOCh ].101\833’1’1).

CeoiicTBo 6 (npaBuao JorapupmMuHpoBaHuUA cTe-
ne ). Jozapugs cmenenu Karoeo-auGo n0.103CUMe.I6HO20 YUCIA PAGEH
A0eapuepsy 3Mmoeo  4uCAA, YMHONCCHHOMY HA NOKA3QMeb CHCneHu.

JoKkasaTeapbcTBo. 3anuwenM CHOBA OCHOBHOE TO#1eCTBO (26. 1)
A yncaa N

alegaN® — Ao (alcga,V)" =g logu¥;
oTCI01a
log, N*=n log,z N, (26.7)

yTo 1 TPeGoBAIOCh JOKA3aTh.
Caexnctsue. Jlocapups KOPHL U3 NOI0KCUIMEABHOZ0 HULAA PAGCH
a0eapugaty nodropertinoo wucau, UCICHHOAY Ka NOKASGNICAL KOPHA: |

log, /N = 17 log, N. (26.8)

Jokasare cnpaBeyINBOCTL 3TOrO CJIEICTBHA MOXKHO, MPEICTABHB
/N kax NV/# i BOCnoab30BaBLIICh CBONCTBOM 6.
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IMpn Mep 4. Tlpoaorapngamponate N0 OCHOBAHHIO 4t

a) ]/ Tigh (npeanonaraertcs, 4YTO BCE BETMUHHHL b, ¢, d, € MOJOXKII-

TeNa beI

6) GFo *"2)3 (npeanonaraercs, uto b-+c¢>0 u d—e > 0).
Peme H ne. a) YIo6HO nepeiiTH B JaHHOM BHIPAXKEHHH K JPOOHBIM
CTeNeHAM:

. V E b
d*-?_d‘/t e’/" ..

Ha ocroBanmu p’aBeHcm (26.5)+(26.7) 'renepb MOXHO 3aMHCATD? -

log, 'i/ﬁfi =log, b+ loga loga d—23 7 log, e

6) HMmeen ;

: b+c)yt 2 3
log, Ed—iZ—;, = ¢ log, (b +¢) — 5 log,(d—e).

Mel 3amedaen, uTo Hag JorapHdMaMu unces MPOH3BOAATCH leif-
“cTBHsl GOJlee IPOCTHIE, HeM Haj CaMHMH UYHCJIAMH: NPH YMHOMEHHH
YuCeJt HX JIorapHOMBI CKIaAbIBAIOTCS, PH AeNeHHH — BEIYHTAIOTCA H T. .

VIMeHHO mO3TOMY JIOTapHPMBL MOJYYHJIH NPHMEHEHHEe B BHIYICH-
TeJbHOH mpaxTHKe (cM. 1. 29).

IleficTBHe, o6paTHOe JorapudMHPOBAHHIO, HA3HIBAETCS IOTEHIHPO-
BaHIileM, a HMEHHO: nomeHyuposanues Ha3HBaeTCs NeHCTBHe, C INO-
MOILbI0 KOTOPOTO MO JaHHOMY JorapHgMy uHC/Ia HAXOAHTCA CaMmo
sTo uyncso. o cymectsy notenunposanne He fBJSeTCS KaKHM-J1iGo
ocofbIM JefiCTBIleM: OHO CBOAHTCS K BO3BEJEHHIO OCHOBAaHHS B CTe-
nenb (paBHYIO Jorapugmy uiciaa). TepMHH «OTEHILHPOBAHIE» MOMKHO
CUHTATh CHHOHHMOM TEepMIIHa «BO3BeJleHeHHEe B CTeNeHb».

Tlpn moTeBUHpPOBaHHH HALO NOJL30BAaThCS MPABHJIAMH, O6PATHBIMI
N0 OTHOWEHHIO K NpaBHJaM JorapupMHPOBaHHA: CYMMY Joraphpmon
3aMeHHTb JorapH®MOM npoH3BeleHHs, Pa3HOCTh JIOrapH¢MOB —.10ra-
pHdMOM yacTHOrO M T. A. B wacTHOCTH, €can nepes 3HaKOM Jorapida
HaXOIHTCA KakKoii-JHGO MHOXHTeJb, TO €ro NPH MOTEeHUHPOBaHitH
HYXKHO YIEDEHOCHTb B NOKasaTelb CTeNEHH NOA 3HaK Jorapugma.

[Tpumep 5. Haiitn N, ecan nsBecmo, 4710

log, N =— log‘l b— loga e

Pemenne. B cBA3M ¢ TOJMBKO YTO BHICKA3aHHBIM NPABHJIOM MO-
TeHUHPOBAHHA MHOXHTENN %/, M !/, cTOAIHe Nepe] 3HaKaMH Jora-
PpuMOB B NpaBoil YaCTH NaHHOrO PaBeHCTBA, NMEpeHeceM B NOKa3aTe.n
CTENMEHH MOJ 3HAaKaMH STHX JOrapHMOB; NOJAYYHM

log, N =log,b"/s —log,c*/s,
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Tenepp pasnocTb JOrapHGMOB 3aMeHHM JIOrapH(MOM YacTHOFO:

XA
logu N= loga_ll' ’
/s

oTcioa .
N b’/:_ 3/],2 f/bzcz L

AJst oJiydyeHHsi nocaeiHeil Apo6u B 3Toli HEMoyKe PaBeHCTB MBI Nnpe-
ublnym)io Apo0b ocBoboani Ot nppauuoﬂanbuocm B 3HaMeHareje
(m. 23).

CeoiictBo 7. Ecau ocnoaauue 6oabuie edunuybt, Mo 60/1buzee
qucao umeemm OGoavwiuid aceapum (@ Mewouiee — seHoluuil); cc.au oc-
HosarUue Merbule eOuHULbL, MO Goabllee HUCAO uMeem MEeHbLULl acea-
pugn (a mernvuiee—borouiuil).

310 CcBONCTBO GOPMYJHPYIOT TaKKe H KaK NPaBHJO JOrapugnui-.
POBaHlisl HEPABEHCTB, 00€ YaCTH KOTOPHIX IOJIOXKHTEAbHLL:

Tlpu accapumuposanuu  HepaseHcme no ocHo6aruo, 6oabLIEMY
eQUHUYbL, 3HAK HEPaseHCINGa COXPAHAEMCA, a NP A02apuUPMUPOCAHIL
110 OCHOBAHUIO, MeHbUleMy eOUHLLb, SHAK HePAseHCMBA MEHALMCA HA
npomueonoaoxcroui (CM. Takxe m. 74).

JlokasaTe bCTBO OCHOBaHO Ha cBofictBax 5 H 3. Paccuorpim
cayuyail, xoraa a > 1. Ecan N> M >0, 10 N/M > 1 u, Jaorapiig-
MIpPYf, NOJY4HM

log, %= log,N —log,M >0

(@ 1 N/M. nexar no oany cropony or emunnub). Otciona
log, N > log, M

Cayuaii a < 1, B kotopom 13 N > M > 0 caenyer log, N < log, M,
yHTaTeb pa36epeT CaMOCTOATEJIBHO.

27. JlorapudmMbl 10 PasAMYHBLIM OCHOBAHMAM. Mony.nb nepexona.
3aech MBI YCTaHOBHM HEKOTODHIE CBOIICTBa, OTHOCSILHECS K Jorapug-
MaM 10 PasiyHBIM OCHOBaulsaMm. Jlas y,uoécma NPOJOJIAKIN HyMe-
pauuio csoiicts m. 26.

CsoiictBo 8. Jlpu sossedenuu ocrosanus 6 Hekomopyio (Hewy-
AO6YI0) Crienenb aoeaputha Jeaumcs HQ 3mMont NOKA3AMEAb CHenexu:

loggn N =+ log, N. (27.1)

IlokasartenbcTso. Ilonb3ysice ocHoBHBIM TOXAecTBOM (26.1),
HaXOAUM IOCJEN0BATENbHO

N = (a")loga'; N ==

1 N
an ¢ n

log . N log, N
n oga" i N =a.og“ ,
oTKyAa

log, N
=a u nlog,nN=Ilog, N,

Y _
T. €. logguN = —-log, N, uto i TpeGosanoch NOJYUHTD.
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CnepnctBue. Ilpu go3sedeHun ocHoBaHUA U wUCAQ 8 OOHY u my
ofe (HEHYJEBYIO) CMeneHs n02apughst He USMEeHAeMCs.

HokasateabcTBo. [locienoBarensHo npiMeHsAs cBojictsa 8
i1 6, HaxonuM

- log,nN"= -,T log,N" = 7 nlog,N =log,N.
IMpumep 1. Bupasuth uepes morapudm no OCHOBaHMHIO 3:
logy, 7+ 2 log, 49—log,+ —;- .
Pewenne. Uneem
logy;, 7+ 2 log, 49 —log,~- —7~= og,-x 7+21og 37—l—log y, 1=
=—log; 742 log, 7+ 2log, 7 =3 log, 7=1log,; 343.

~1/s4log,, 27 +log,ss 81

1

"Tipnmep 2. Bouncaurs 29 /s :

Pemwenne. Ilepennmem jpaHHOe BbIpayeHiie, CBEAS OCHOBaHHS
Jnorapidmos K 5:

—*/a .

05 /1=logy 33 +4/5 logs 3¢ _ 25’/,+log‘ 3

~ . ' 3 /5
. =5l +log, 3_"’/’:5.3_10/,: _F’_:_z_s_lﬁ_ .
27/3 81

CsoiictBo 9. Ecau a, N noaoxumeavtiot u oba He paswor edu-

Hule, mo .
loga A’ logAra: 1. (27.2)

- Joka3zareabcTBo. Hannien OCHOBHOE TOXAECTBO
aloga N — N ‘
i nposorapudmipyeM ofe ero yactH no ockwosauno N (310 BO3-
MOXHO, Tak Kak N =1, N > 0), npunenns csoiictea 6 n 1:
log, N-logya=1logyN=1.

CBOHCTBO 9 noxasaHo.

Creayionlee BaxHeiilliee CBOIICTBO AaeT ofllee MPaBHJIO Iepexoia
OT J10rapH)MOB 'C CCHOBaHHEM a K JOrapugmaM C JPYTHM GCHOBA-
Huexm b:

CeoifictBo 10. H,ueem Mecmo caedy Jrozqee paseHcmao:

log N
log, N =524, (27.3)

log,

-

Komopoe maraie 6 cuay ceoticmea 9 nuwym 6 eude :
log, N =log, N -log,a _ (27.4)
1 =
Kosdphnunenr —— Tor,5 B dopmyae (27.3) uasbiBaloT Modyaes nepe-
xoda ot norapufb\fos Tio ocHoBaHMIO @ K norapudmaM no ocHOBaK!I b.
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JokasarenbcTBO. Hannmem cHOBa OCHOBHOE TOXKIECTBO
b]ogb N — N

1 nponorapudMupyen o6e ero YacTH IO OCHOBaHHIO a:
log, N-log, b=1log, N.

Orciona npamo BEITeKaeT TpeGyemoe pasenctso (27.3).
Mpumep 3. Ynpocruts Bhpaxenie log,a-log. b-log,c.
Pemenue. B cuay (27.4) u (27.2) unmeem

log,a-log,b-log,c=log.a-log,c=1.

Ynpaxuenus
1. Hafitu:
a) log; 25; 6) 'og, 5 64; B) log,, — 1/a; 1) logg 1/,

2. Haiitn aq, ecau:
a) logg 15=—1;  6) log,8=2; 1) legaq 12=1,; 1) 10g113/‘-z— 10=—1

2) logg-8l=—2.
3. Haiiti V, ccan: .
a) logg ¥=3; ©) legy, N=—4; 1)log, ,N=—2; 1) logy N=1/y;

8) log, .z N=4; ¢ log, NZ=—05.

4. BTHHCJIHTb:
og
a) 8 V2 :6) 799'/s+logn 4
5. Ilpoacrapudmuponatn:
a) 8 /4 1o oclopannio 2; 6) 3,/ a /ab* (a > 0, b > 0) no ocuosauo 3;

B) 'l/a l/a a: }/a no ocuosaniio a.
6. Horcuuuponaxmc\x naum N, ecaur: .
a) log, N =T log, m—§ log, n; 6) log, N=-§ log,8—21og, V3.
7. Bupasur, B Buice Jorapndma no ocHotanmio 2:
log, a-t logg 31/;—{—101;./’ a Va +1/log, 8. .
8. Buuncants: logy: b/log,— V.

2. RecsTHuHble Jorapidnbl
p

28. XapaxkTtepucTHKa M MaHTHcca aecstHuHoro Jorapsdma. [eca-
MuYHLIM 202 PUGMOL UIICIA HAJLIBAeTCsl ero J1orapudy no ccuosa-
nnio 10, Kpoae obuiero oGosnavenss log,, N 114 JeCATIUHLIX JoTa-
pithMOB OOBLIMHO IIPHMEHSIOT COKpalleHHOoe o0o3HauyeHHe [g NV,

HecaTiignple Jorapigael LIHPOKO NPHMEHAIOTCA B.NPHOIINKEHHBIX
BBIYHCJEHIIIX; B CBSA3I C 3THM lIMeloTcsl NojpoOHEle 1 BeChMa TOYHHE
Ta0aHLb AeCATHYNBIX JorapudyoB. UnTaTenio H3BECTHB! YeThipexsHay-
uple Tabauuel B. M. Bpapnca, npumensiemble npH H3yueHu Jora-
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prodMOB B’ IKOMBHOM Kypce MareMathkH, O6 HCMOAB30BaHHI TabMMIL
¢yHKUHA BOOGIE TOBOPHUTCS CHEUHANBHO B 1. 22G.

Hdas nonp3oBannsa TaGJHIAMH JeCATHYHBIX JOTapH@Mop M AJA
MX NPHMEHEHHs K NPHOIHMEHHBIM BLIYNCJEHHAM HaM noTpeGyroTcs
HEKOTOpHle CBOMCTBa H NMOHATHS, OTHOCAULIECA K AECATHYHBIM JIOTra-

- pugman,

Paccmo'rplm Bce uncaa Buaa 10%, rae n—nenoe uncao:
; 107%=0,001;- 10-2=0,01; 10~*=0,1; 10°=1; 10'=10;
. . 10*=100; 10°=1000;

‘ByneM roBopuTh, YTO 3TH YNCAa npedcmasasiomes eQunuyel ¢ HyAamy
(¢ nocredyouwusu nyaamu, ecnyw n >0, u ¢ npedwecmeyrowusu Hy-
aamu, ecan n < 0). M3 onpenenenns Jjorapndma-BHIHO, YTO 3TH
4liCc/aa HMEIoT Ilesble jecATHuHble Jorapugme: g 107 =n. Yaobho
:chOPMYIHPOBATL Clefyiomlee NPaBUJIO:

Hecamuunstti a02apudm uucsa, npedcmasasemozo eQunuyeld ¢ hy-
AAMU, - PAGEH YUCAY HYAeld 6 IMOM H4UCAe, eCAll OHO ecrmb eQUHULA C
nocAeOyOUME HYAIMU, U YUCAY HYAell ¢ NPOMUBONOAOICHEIM 3HAKOM,
ecau OHO ecrmb eQUHULA C npeauzecmyrougumu Hyaamu,

Hanpnaep:

1g0,0001 =—4, 1g0,01=—2, 1g1000=3, lg1000000=6.

HecaTiunslii Jorapnugm ao60oro uncja, He paBHOTO HEJIO CTeNMeHH
NeCsTH, AB/IAETCA YNCI0M 1POCHEIM (BooGlie rOBOPS, HPPALHOHAIbHBIM).

‘HanomuimM, uTo BesikOe YHCIO (palioHa/bHOE HJIH HppalHOoHAb-
HOE) 0JlHO3HAUHO pas/jaraeTcs Ha CyMMy cBoell 1es0fi uacTH H Jpo6HOI
yactt (cM. nn. 4, 6). ITpi 3ToM ues0ii yacThio AaHHOTO YHCJIA HA3BI-
BaeTcd HanboJbliee IeJoe YHCJO, He NpeBocxoisuliee AaHHOTO; APOG--
Hag wacTh J0GOro 4iC/aa 3aK/JouyeHa Mexay HyJeM H equHHIefl:

3,176=23-+0,176; —2,143=—3-0,857=23,857.

‘BeegeM Tenepb caenyioluee.

Onpeaenenne, Hdad mobGoro moJOKHTENbHOFO UICIA Ueaan
4aeTh JAECATHYHOTO .norapuqma Ha3bIBAETCH XAPaKMepucmuxol, a
npo6Has YacTb— MaHmuccoll 3TOro Jorapupma. -

XapakreplucTiky Jorapupma JoGoro InoJOXHTEIBHOrG YHC/A
MOXKHO HafiTIl TOYHO, H JeJaeTcsd 3TO C MOMOUIbI0 IPOCTOrO HMpaBHJA.
HefictsutenbHo, nycts paHo uHeao N > 0; Toria MOXKHO yKasath
Takie ABe crenmeHH uncaa 10 ¢ nocieqoBaTesIbHBIMH IEJBIMH 110Ka3a-

cTensaMH n W n-1, MEXIY KOTOpPHIMH HaXOAUTC AaHHOe uyucao N:

10" N < 107+,
Hponorapndnmpyem 3TH HepaBeHcma 1o ocHoBaHmo 10
<lghN <n+l

B COOTBETCTBHH CO CBOficTBOM D norapmpuos (m. 26). Otciona cae-
AyeT, 4YTO ue’as 4acTb, T. €, XapakrepucTHka Ig N, paBHa n:
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lgN=mn, ... MHorotounen oGo3HAYeHbHl Hel3BeCTHbHlE JECATHYHLIE
3HAKH MAaHTICCH, T.e. apo6Hoil wactn IgN. Tlpn sTOM B Cayuae
n < 0 npumeHsieTcsi uckyccrtBeHHas dopya sanncn IgN (. 4).

Jasi GopMyaHPOBKH COOTBETCTBYIOUIETO IIPaBH.Ja PacCMOTPHM JBa
cayuas: N>1u N<1.

Ilyets N > 1 (necATiyHbIl Jxorapud;)\x IgN B sTOM cayuae noso-
’KiTedeH). O6osnauny yepes & uncio unp B samicu ueaoil yacti N.
$IcHo, uTO B 3TOM Cayuae

10ATLI N < 105, (28.1)

Hanpumep, naa N =378,6 (TpexsaHauHasi Lenad 4acrh)

102 < 378,6 < 102,
* Jlorapudmupys Hepasenctsa (28.1), monyuaem
R—I1<IgN <k ©(28.2)
Il BHAHM, YTO Xapaktepuctiika g N pasHa k-—1 (Hanpunep, xapak-
TepucTuka Jorapupma 378,6 pasHa 2).

Itak, xapakmepucmura Jecamuuroveo aveapupma wucaa, 60aptueeo -
eQuHulbl, HO eQUAHULY MeHbule KOAUYeCMEa UUpp eeo yeaol uacmy.

Hanpinep:

Ig 3,524 =:0, ...; 1g47,01 =1; ..., 1g936,3=2,

Ilycte Temepnh nogoKiTEIbHOE unCaO N MeHbille  €TIHIHIBL:
0 <N <1. Toraa IgN no csoiictey 3 H3 n. 26 6yaer oTpiuate’b-
HLIM yncaoM: uync1a N 1 10 B paccumaTpuBaeMoM cayyae Jeikar No
pasHble CTOPOHBL OT €HHIILbI. .

3amich yicaa N HayllHaeTcst B 3TOM CJydae C HYJIs LeJHX; 3a
STIHM HYJeM MOXKeT CJe10BaTh elle HECKOJIbKO Hy.eill nepex neppoit
oranunoil ot Hyas ungpoil uicaa. Ecan uneno wyJell nepel neppof
HeHyJeBoit mugpoii (BKJwouasa I Hy b LeJblX) paBHo [, TO

107!CN < 10747, (28.3)

Hanpuxep: ’
10-10,32 < 10°=1,
10~2<C0,032 <1073,

10-3 <0,0032 <1072,
HepaBeHCTBa (28.3) moxaspiBawT, YTO

—l<lgN<—(l—1), (28.4)
T. €. XapaxTeplcTika sorapudma lg N pasHa —/.

Urak, xapakmepucmusa Oecamuutozo aoeapu@aa noaosxcume.16Ho20
qucar, MeHowies0 eQUHULDL, PAEHA 631MOMY CO 3HAKOM MURYC 4uCay
Hyaed -8 OQHHOM 4ucae, npeautecme YIoUUX nepeou sHauaueld yugpe,
BRAIONAA U HYAb UEblX.

Hanpunep:

1g0,3052=1, ...; 1g0,0587=2, ...; 1g0,0096=3, ...
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Mut BHIICHWIH, YTO XapaKTepHCTHKAa JeCATHYHOrO Jorapigpma
YHCJa ONpejessieTcsl HENoCPeICTBEHHO MO BHAY CaMOro 4YHCJa, €C/
OHO lIeJIOE HJIH MPEACTaBJEHO B BHjie AecATHUHOIN apo6u. Ilas onpe-
JeJIeHHS] XapaKTepHCTHKH, TAKHM o0pa30M, He HYXHbl HHKAaKIe BHI-
gicaenust (1 tabanuw). Urto e Kacaercss MaHTHCCHI, TO OHa, KakK
npasnJo, Geperca n3 tabuny (Hanpumep, us tabaun Bpanuca). Ipn
3TOM CJIeyeT NOJIb30BaThCH OJXHHM 3aMeYaTesbHbIM CBOMCTBOM MaH-
THCCLL: ec.aul 8 A02apusmupyesost wucae nepewecmy 3anamyo Ha awoboe
KOUYECNE0 3HAKO8 61060 WA 6NPAso, MO MaHmucca OecAmuiHozo
aozapugpma om Imozo He usmeHumcs (H3MEHHTCS TOJbKO. Xapakrtepi-
cTiika Jorapiidna). B camom pmene, mepeHecTH B yHCJe 3aNsTYIO —
5TO 3HAYHT YMHOXHTb €ro Ha HEKOTOPYIO Leylo (MOJOXHTEJbHYIO
IJH OoTpHUAaTesbHY0) crenenb uncsaa 10. Hanpumep, npu nepenoce
3anAToOi Ha 2 3HaKa BnpaBo uyHCJO YMHOXHTCA Ha 102=100, a npu
nepeHoce 3anAToii Ha 2 3HaKa BJIeBO OHO yMHOXKITcA Ha 107 =1/100.
Ilycrs : :
lgN=n+4m,

Tle n—XapaKTepHCTHKa, a m—MaHTHcca 3toro Jgorapudma, [locse
nepexoca 3ansAToil B yHche- N Ha &k 3HaKoB noayuurcs uncao N. 10+
(BepxHHil 3HAK OTHOCHTCH K CJydYaio NepeHoca 3ansToil BNpaso, a
HHXXHHA —K cJyy4aio nepeHoca 3amsitoit BJeBo). Ha ocroBannn mpa-
BHJI JiorapudmupoBarua (n. 26) umeeM

Ig(N-102%) =1gN = kIgl0=Ig N + k.

Ho k—unenoe umcno, T1ak uyro npuGasienne 4k x IgN mMoxer
OTPa3HThCS JIHIIb HA €r0 XapaKTepPHCTHKE:

Ig(N- 10ty =n+m +k=(n k) +m.

M3 paccMOTPEHHOTO MOXHO 3aKJIIOUHTb, YTO €C/IH YHCJA 3aMHCaHE!
C MOMOIIBIO OJHHX H TeX Xe Il ONHHAKOBO PacmoJIOXKEHHBIX UHbp
H OTVIHYAIOTCS OJHO OT JPYrOro TOJNBKO MECTONOJIOXKEHHEM B HHX
3anfATO#, TO AECATHYHHIE JOrapHMbI TaKHX 4HCEN HMEIOT OIHY H
Ty e MaHTHCCYy (HO, KOHEYHO, pa3Hble XapakTepHCTHKH!). Takosw,
Hanpumep, wHcena 42,59, 4,259, 0,4259, 0,04259 u 1. 1.

B xauvecrBe npumepa Haifinem Ge3 TaGanl pasHocTb lg 28,76 —
— 1g 0,002876. :

Jlorapnmel, H3 KOTOPHX COCTdBJEHA AaHHasg PasHOCTb, OTJIH-
YaoTCA JHIIb XapaKTepHCTHKAMH, a MAHTHCCHl Y HHX OJAHHAKOBHI If
NpH BHIYHTAHHH B3aNMHO YyHuuToxatoTcs. IlosTomy HckoMmasi pas-
HOCTb JIorapH(MOB paBHa pa3HOCTH HX XapaKTepHcTHk: 1g28,76 —
—1g0,002876 =1 —(—3) =143 =4. DroT npHMep MOXKHO PEUIHTh
H Tak:

g 28,76 —1g 0,002 876 = Ig 5as 0 = 1g 10000 = Ig 10* = 4.

4 B, B, 3afines n np.
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29, [pumeHeHMe HecsuTHUHHX norapHpMoB K BHUHCIeHHsIM. Kak
yKe OBJIO yKasaHO BhILe, Haj JorapumaMu YHCeJ IPOH3BORATCA
fosnee npocTHe AeficTBHS, yeM HaJ CAMHMH YHCJIaMH: YMHOXEHHE 3a-
MeHseTCsl CJIOXEHIeM, Jie/ieHHe— BHIYHTaHHEM, BO3BeJieHHe B CTeneHb—
yMHOJKeHHeM Ha MNOKa3artesib CTemeHH H T. 4. B coueranHH ¢ HajH-
yneM y100HH X TalJHIL KeCATHYHBIX JJOrapH(MOB 3TO NO3BOJISET LIHPOKO
_ ICMOJB30BaTh NECATHYHBE JOTapiHQMbl JJs1 YIPOUEHHS BEIYHCEHHIL.

ITpusmep 1. Buuncints ¢ nomoisio Tabauu: a) 0,37-43,2.0,94;
6) 1/3/0,38.

Pemwenue. a) OGo3naunnm HckoMoe yuciHo Yepes x. C momompio
nhasuaa JorapudymiuposaHia npoussegenns (26.5) Hafimenm

lgx=1g0,37 4-1g 43,2 4-1g 0,94,

Jloraputmet B npaBoil yacTH paBeHcTBa HaiieM 1O TabaHuaM, 3amu-
weM B CTOJ0CI H CVOMKHM: :
1g0,37=1,5682
+1g43,2=1,6355
1g0,94=1,9731
lgx=1,1768.

-

HazuM nosicHeHiHe K TOMY, KaK IHOJydYeHa XapaKTepHCTHKA:
B KOHUe MAEHCTBHA CJOXKEHHS MaHTHCC MOJAYyYaloTcs Ase UeJIblX o
o1Ha jecsitas. SICHO, 4TO OZHY JECATYIO Mbl OCTaBJS€M MAaHTHCCE —
TaK onpejensercs ee mepeasi uubpa, a ABe eTHHHIH OTJaeM Xapak-
tepuctire: 14-14+1+42=1. Teneps no naitnenHomy 1gx u3 Tabmui
noayyaem x==15,03. XapakrepucTHka lgx okasanach pasHofi 1,
a OHa, KaK H3BEeCTHO, Ha eJHHHIY MeHbIle yucaa mupp B wHeNoil
yacti Jorapugymupyemoro uncaa. Ilostomy B uncie 1603, B3sitoM u3
TabJiL, Mbl H OTAEMIJIH [Ba 3HAaKa UEJION HacTi.
6) Hcnonpsya npasuaa JsorapugMHpOBaHHs CTeNEHH M KOpHs
(n. 26), Haitmem . ~
1g0,34=1,5315
X3
2,694
15

1,7189.

Mot moayunan 1g 3/0,34%. Xapauxrepucruka 1 nafinena tak: B npo-
. MeXYTOUNOM pe3y;bTaTe XapakTeph(Tika 2 mOIyuniacbh oT CJoe-
Hua 3-1=3 1 1 (koTopas «HaGexaJa» OT. yMHOXKeHHs NepBoii WPl
5 mantnHccH Ha 3); nanee, uncao 2 Ha O He feaHTCA Ge3 oCTaTKa;
nosToMy K 2 Ml npuGaBuan 3=—3, a YToOHW He H3MEHHTb JIOra-
pudMa, TyT 3Ke npuGaBuJaH 3 K MaHTHCCe.
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Hanee,
1g 1=0,0000
—1,7189
lgx=0,2811,
“oTkyRza x= 10911,

IMonb3aysch pecaTHuHBIMH JorapudMaMH, MOXHO TaKiKe HaXOXHTh
JorapuMbi uncesl MO IPOH3BOILHOMY OCHOBaHHIO. Paccmatpusast
cBoiicTBa JorapHdMOB, MH BBeIH B II. 27 TNOHATHE MOAYJsS nepe-
xona. Mmenno, monyseM nepexona OT JiorapH(p)MOB TNO OCHOBAHHIO @

- K.JorapugmaMm no ocHosanHIo b Ha3Bano uncjo log, a= 1/log, b, sBas-
Iolleecsi MHOXKHTeJIeM NPONOPIHOHANBHOCTH MeXAy JorapHdmamu ¢
. OCHOBaHHAMH a o b: .

log., N
log,, N= Tog. b *

Ecian Teneps nosioxuth 3neck a= 10, to Jorapudm uncaa N mo
OCHOBAHHIO b BHpasHTCA uepe3 jecsiTHYHHe Jorapugmet uncen N u b:

(29.1)

‘ log,, N = lg b

Hrak, Me noayunan cienymoiee npaBn.no: 028 evbiuceHus
Hedecamuyrnozo aceapupma no mabauye Oecamudnvlx  ao2apughsos
HYHCHO Oecamuunuitl soccapugm Oarnroeo wucia pasdeaums Ha Oecs-
muunoul ac2apuds 0aHHO20 0CHOBAHUA.

Uncao 1/lga sBaserca modyses nepexoda. or norapHdmoB mno.
OCHOBaHHIO @ K JorapudmaMm mo ocnoBanHio 10 (K 1eCATHUHEIM JO-
rapudman).

Mpumep 2. Haiitn a) log,5,2; 6) log,, e 7,98.

Pemenne. a) B cooTseTcTBHH € cbopmy.nou (29. l) 3anHIIeM:

m&sz—@52
Haiinem 1g 5,2 1 Ig 3 u3 Tabmnn Bpagnca 1 noayunm

0,7160
]Oga 5,2= 0,4771°
Paspesnts y 3Toft 1po6H 4lcAHTenb HA 3HaMeHaTesab (YTOGH! NOJMYYHTD
OTBET B Bille NeCATHYHOII APpo6H) MOXKHO «BPYUHYIO®, & MOKHO ONATh-
TakH ¢ nomouiblo Tabuuu. O6o3HaunMm AJas 3T0ro
A= 0,7160
_ 0,4771°
Hanee HafineMm
1g0,7160 =1,8549
—1g0,4771 =1,6786
g A=0,1763.

Orciona A = log, 5,2=1,501.
4.
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6) Himeem
1g7,98  0,9020

10gy,505 7,98 = ig0,993 ™ 1,9939

[29

[TpencTaBiM 3HaMeHaTeIb 3TOf Apobi B ecTeCTBEHHOI QopMe:

1,9969 = —1 --0,9969 = —0,0031,

H, TakiM o6pa3oM, HaiigeM

10g5,4037,98=— 8,502

0,0031

(oTpuuaTeabHOCTs Jiorapudyma oObsicHsieTca TeM, yTo uncao 7,98 n
ocHosaHue 0,993 nexxaT no pasHpie CTOPOHBl OT EIHHHIL (CBOMCTBO
4 n.26)). YUToObl BEINOIHHTD I€€HHE C MOMOLLbIO TAa6/IHIL JIOrapHpMOB,

MOJIOKHM
0,9020

= l I0go.9937 98 ,—0 0031 *

Ortcioaa
10,9020 = 1,9552
—1g0,0031 = 3,4914
lg B = 2,4638.

Haiigesm Temepnb, uto B=290,9 1, caeiosareiniio,
log,, 495 7,98 = —290,9.

Ynpaxueuus

1. Boitcauts ¢ noMmolsio JorapuhMuyeckux tabuami:

_ 11,32 0,044 :
a) 0,734:0,0481-2,5¢;  6) g=r g3 B) gy
/58 Ty

;/063

. Hafiru:
a) logs 3; 6) logy5,2,7.

712,

1) 5,738:0,912;



Fanapa IV
OYHKIHUH H TPAGHKH

" § 1. O6wue ceeneHusi o yHKUUAX

30. Beanunna. Ymucaosbie mMHoxecTsa. IIpH n3yuennn npupoae it
B TPYAOBO{l NEeATEJbHOCTH YeJIOBEKY NPHUXOAHTCA HMETh JEJ0 ¢ MHO-
FUMH pa3HoOOpasKbLIMH seauuunamu. K HUM, B YaCTHOCTH, OTHOCATCH
JAJHHA, TUIOWaAb, TEMNEpaTypa, BpeMs, CHJa, CKopocTh I T. I. Bo-
ofue nox eeautunoll o6bIYHO MOHHMAIOT OGBEKT, KOTOPHIi MOXKeT GHITh
0XapaKTepH30BaH UYHCJIOM B pe3ysibTaTe H3MEpeHiis, T. €. B Pe3yis-
TaTe cpaBHeHHS C OOBEKTOM TON e (pH3HUeCcKoil MPHPORBI, MPHHATHIM
3a eIHHHILY H3MepeHHd.

B Tex uan HHEIX (QU3HYECKHX npoueccax MOTYT yuyacTBOBAaTh
HECKOJIbKO BeJHYHH, INpHYEM OAHH H3 HHX MOTYT H3MeHSTb CBOH
YHCJIOBLIE 3HaueHHs, a Apyrue Her. IlepBule u3 HuX GyneM HaskBaTh
nepeMenHbiMU, a - BTOPHle — NOCMOAHHbMI, XOTS TaKoe pasieleHie
BeJIMYHH GoJee HJIH MeHee YCJIOBHO.

Jlna matematHkH cBOHCTBeHHO abCTparHpoBaTbecsl OT (puanqecxon
OPHPOAH paccMaTpHBAeMBIX BEJHUHH; 6eAuHUHA XapaKTepHayercd
MHOKEeCTBOM NpPHHHMaEMBIX €l0 YHCJIOBHIX 3HaueHui. Ecan ato Mmuo-
2KeCTBO CBOAHTCH K OXHOMY-eJIHHCTBEHHOMY 3HAueHHIO, TO BeJHYHHa
Ha3BIBaeTC NOCMOAHMKOL;, eCJI MHOKECTBO ee 3HaueHHiT COCTOHT GoJree
yeM H3 OJHOrO 3JEeMEHTa, TO BEJHYHHA Ha3BIBACTCA NePeMeHHOM.
3nech H Aajblie Mbl OFpaHHUHM ce6sl AeACTBHTEJIbHEIMH BeIHYHHAMIL,
MHOECTBA 3HAuYeHHH KOTOPHIX COCTOAT HCKJIOUHTEJBHO H3 JeficTBH-
TeNbHBIX YHCeI.

MHoxecTBO 3HaueHHil, NPHHHMAEMBIX IepPeMeHHO BeJHYHHO,
HasHBaercs ee 0040CMbi0 UBMEHEHUSL.

INpuBeneM HeckonbKo mpuMepoB. UHCJO CTOPOH MHOrOYroibHHKA
MOXET HMerTb 3Hauennsa 3, 4, 5, ... YacrHoe oOT neneHHs uuc.aa,
He PaBHOTO HYJIO, HAa MOIYJb 5TOTC K€ uMCJIa MOXeT NPHHHMATh
TOJBKO ABa 3HaueHusa: +1 m —I1. Ksaapar nefictBuTenbHOro umnciaa
MoxeT OHITb paBeH JiloGOMY HEOTPHLATENbHOMY 4HCAY.

BooO6ie, o61acTb H3MeHeHHS! NepeMEeHHOH BeJIHYHHBI X MOMKeT OHThb
NPOH3BOJILHEIM 4UCA0BbIM MHOJMCecneos. Ecam BennunHa npHHHMaeT
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TOJILKO HATypaJbHble 3Havenus 1, 2, 3, ..., TO ee Ha3bBaIOT yeAo-
qucaennolt nepemenrol. Yacro npuxomurca paccMaTpHBaTh mnepeMeH-
Hble, MHOXKECTBO 2HayeHHil KOTOPHIX [ipeACTaBJseT COGOH HEKOTO-
prlit (KOHeyHbllt HJIH GeCKOHEWHLIH) uMmepean 4IHCJOBOI . OCH.

YTouHiM B CBSI3H C 3THM MOHATHE HHTePBaJa (HJIH MPOMEXKYTKA).

ITycts a, b—nea pefictButenpHHX uucaa, npuueM a <b. Toraa
MOXKHO pPacCMaTpHBATh CJEAYIOllHEe BHILI HHTEPBAJIOB.

Omxpouneis uHTepBasioM (a, b) Ha3biBaeTcs MHOXKECTBO AeiicTBH-
TeJbHLIX YlCes X, YNOBJETBOPSIOUMUX HepaBeHCTBaM a <x < b, T. e,
COBOKYMHOCTb BCEX TOYEK YHCJOBOH OCH, JeXKal[HX CTPOro Mexay
ToukamH @ # b (koHum Hckiouawotes). Murepsan (x,—h, x,+h)
AJHHBL 20t ¢ cepeAlNOil X, HA3LIBACTCS OKPECHHOCILIO (’l-OKpECTHOCTbiO)
TOYKH X,. .

3a,unnymbm HHTEPBaJOM HJH ceemenmon [a, b] nasbiBaeTcsi MHO-
KeCTBO NeHCTBHTeJbHEIX YHCEJ X, YIOBJETBOPSIOWHX HepaBeHCTBaM
a<x< b, T. e. COBOKYIHOCTL BCEX TOYEK, PaCMOJIOKEHHHLIX MeKLYy
aub, pkmouyast a H b,

Huoraa paccMaTpiBaioTCs NOJIYOTKPHITHE HHTepBab [a, b) 1 (a, b],
COOTBCTCTBCHHO OnpeaessieMule lepaneHeTsaMi a <L x < b, a < x<b.

Becroneuuntilt nurepasa (g, oo) OnpelelsieTcl KaK MHOKCCTBO
JeflcTBHTeILHBIX YHCeJ X, YAOBJACTBOPSIOUWHX IHepaBeHCTBY X > a;
B cJayyae HepaBeHCTBa ¥ _>>a OeckoHeuHull uHTepBasa o0003HaYaiOT
[a, o0). Best wiicnoBasi och TakiKe MOXKET pacCMATpHBATLCH Kak Gec-
KOHeuslfl HHTepBaJ. i 0603HauaTbCs yepe3d (— oo, o).

31. Onpegeacuue dyukuun. [eoneTpua, mexannka, dusuka, pas-
JHuHble 00J1aCTH HAYKH H TeXHHKH JAIOT HaM MHOKECTBO NDPUMepos,
KOTZa paccMaTpHBaeMble B TOM HJH HHOM BOIpOCE NepeMeHibie BeJu-
YUHbl HaXOLSITCA B 3aBHCHMOCTH, TaK YTO 3HaueHHe OLHOIl H3 BeJHUNH
onpenensier sxauexse gpyroit. Ilnowags Kpyra mnosiHOCTHbIO - onpefe-
asetcsi BeJHuiHOA ero paguyca: S=mnR? CKOpOCTb TOYKH, ABHKY-
Itefict paBHOYCKOPEHHO, 3aBHCHT OT BPEMEHH IO 3aKOHY U= U, --af.
HasneHue Hiea/bHOTO Ta3a Npd moCTOAHHOM oObeme V, namensiercs
B '3aBICHMOCTH OT TeMneparypol: P==RT/V,. Bo Bcex yKasaHHbIX
npHMepax, HeCMOTPS Ha pasJ/iiuHe CMbIC/JA BXOASMHUX B HHX Bemdi-
yiH, eCTb Heyto odulee: 3afaHue 3HAYEHHS OJHON M3 OBYX paccMar-
pHBaeMBIX MepeMeHHBIX BeJHUNH onpejesseT 3HayeHHe BTOPOil BesH-
yuHel. Takoro poaa 3aBHCHMOCTH MeXIY JABYMsi HepeMeHHBIMII .
Ha3BBAT YHKYUOHANGHOIMU 30BUCUMOCIAMIUL.

CtopmynupyeM omnpefesieHue MNOHATHS UHKyuu: TepeMeHHas Y
HaswlBaeTc (yHKyued nepemennod X, eCHH KaxiOMy 3HaueHHIO X
(43 HexoTopoii 06sacTH X H3MeHeHHS X) NOCTABJEHO B COOTBETCTEHE
Mo orpefe/ieHHOMY 3aKOHY 3HauyeHde y. [IpH 3TOM X HasmiBaeTcs
Hesasucumord nepesmetnol (HHOTAA apeymesmonm), a 00JacTh ee H3Me-
Henusi X —obaacmoro onpedesenus (MIH CYuyecmsceanus) Gyukyuu y.
MHoxecTBO 3HaYeHHIT, MPHHHMAEMBIX ¥ NIPH H3MEHEHUH X, Ha3plBaeTed,
‘KaK 0Obl4HO, 064acmoi0 uaMeReRUs Y.
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B npunstom onpeneiednn QYHKIHH CYIIECTBEHHH! JBa MOMEHTa:
BO-NePBHIX, B HEM yKasaHa o0nacTbh H3MeHeHns X He3aBHCHMO# fepe-
MeHHOIl X, H, BO-BTOPHIX, B neM TpebyeTcs Hasiune OIpeaeseHHOro .

npaBHJa COOTBETCTBHA MeXny Y ¥
Hox S h

Tor ¢akr, uto y ecTb Gynxuyg - = - 5‘
OT X, BLIPa)XKalOT B 3aMiCH TaK: £

y=Ff®

(MPOH3HOCHTCA: «HTpPEK €CTh 3¢ oT y=1iz) 7
HKc»). BykBoit f B 3ToMm paBencTse : _ :
0603HaueH HMEHHO S5aKOH COOmeem- Puc. 11.

cmeus Mexay X H Y.

CxeMaTHYeCKH MOXHO H206pa3suTbL 5TO Tak: GyneM paccMaTpHBATH!
ABe unchoBele ocH x u 'y (puc. 11); nycrts X —obaacTb onpesesnenus -
dynkunn y=f(x). Kaxnok Touke X H3 3710ff 061ACTH CTaBMTCS B
COOTBETCTBHE HEKOTOpas TOYKAa OCH y (3aKOH COOTBETCTBNA f YCJIOBHO.
n300pazkaeTcs CTPeJKOE).

3navedne QyHKUiH y=f(X), COOTBETCTBYIOUIEE ONPEENeHHOMY
3HAYeHHIO" ¥ =X, H3 06JacTH onpefeJeHus ¢QyHKunn, obo3Hayaercs,
TaK: : ' T

h=[(x) nm y1=y|x=x;-

Mpumep 1. dyHRWA 3anaHa paBeHCTBOM f(x)=}7_%1- (1 on-
peflelleHa NpH BCeX 3HAYEHHAX X). )

Haittn: a) f(1); 6) f(/2/2); 8) f(a); r{/ f@2/x).

1 1 2
Pemenune., a) f(1)=-5+ TIT=T 6) F (5=, __V

a N 2 2x
B) fl@) =77 1) f(?)—m—xz_}_,; .
ITpy OAHOBPEMEHHOM PACCMOTPEHIH HECKOJbKHX Pa3fNuHEIX (QYHK--
wiil HCAOMB3YIOT pasaiuHble OYKBHL JAJs1 00O3HAUEHHA KarKAoro us
3aKOHOB COOTBETCTBHA, HanmpHMep: ‘ ‘

y=Ff), y=F®, y=gl), y=0 ().

JIBe QYHKIHI CHHTAIOT pasHbrsil (COBIAfAIOMUMI), ecan uX obacTn
onpeje/eHHs COBMAjaloT H 3HayeHHS NpH JIOGBIX OAUHAKOBLIX 3HA-
YeHHAX apryMeHTa PaBHHIL,

IIpumep 2. Qyukunn f(x)=2 n @(x)=1-+sin’x4cosx
COBNAazaloT; HeT HeoOXOMHMOCTH 0603Ha‘laTb HX pasnbmu O6ykBaMu f
n Q.

Mpumep 3. dyuxuus f(x)=x n cpyHKunﬂ @ (x)= (V})" pas-
JIHYAIOTCA: NepBasi OnpeleieHa Ha Beefi ocH, BTOPas —TO/BKO NpH
x>>0, XOTS B 3TOM CAydae OHH paBHE: npH x>0 umeem () x)2=x.
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82, I'papux ¢ynkunu. Crnocobn sapauna ¢ynkuuf. Jasa rpapu-
yeCKOro npejctaBjeHus (yHKOHH y=f(x) HCnOJb3yeM NeKapToBy
NpAMOYrofbHYI0 cucreMy koopaunar (puc. 12). Kaxnofi Touke x
ock Ox u3 obsactH onpefeneHus GyHKuuM f(x) orTBeyaer sHaueHue
y==[(x) 4, BMecTe ¢ TeM, TOYKA INIOCKOCTH C KOOpAHHaTaMmu (¥, f(x));

. Ipd H3MEHEHHH X 9TH TOUKH

f/ o6pasyior rpadiKk ¢QyHKIHH.

Tounoe onpenesieHHe TAaKOBO:

apauxom @pynxkyuu (OTHOCH-

TeJbHO JaHHOR CHCTEMH KOOp-

JIHHAT) HA3blBaeTCs MHOIKECTBO

TOYeK MNJOCKOCTH, abcuuccami

- KOTOPHIX CJIyJKaT 3HaueHHsA ap-

7 TI'yMEHTa X, 8 OpAHHATAMH—

b COOTBETCTBYIOWHE HM 3HAYERIA

dynxuun y=f (x).

- IHns  rpapuka QyHKuHH

y=F(x), wuzobpaxeHHOro Ha

puc. 12, noKa3saHH TOYKH C

Puc. 12, abcuuccaM X, X, Xij HX op-

JUHHATH COOTBETCTBCHHO DPaBHLI

Y, Yo 0. I'padux nokaszan na unrepsane [a, b); To, 470 TOUKa

X=b HCKJIOUYEHA, YCJIOBHO NOKAa3aHO CTPe/IKOH B MPaBOM KOHUE KpPH-
BOH JIHHHH—rpapHKa QyHKUHH ¥ =f (x).

Ppapux ¢yHkunn naer ynoGHoe u HarjisiHoe NpeicTaBjeHHe o ee
CBOHCTBAX, H HHXe yJeJeHO MHOrO BHHMaHHS MeTORAaM NOCTPOEHHS
rpapukoB QYHKIHI.

Onpenenenne QYHKUHH He NaeT YKasaHHA Ha TO, B Kakof ¢opwme
33[8H' 38KOH COOTBETCTBHS MeXAY SHaueHUAMH apryMeHTa M 3aBHCH-
MOR mepeMeHHOIl; NpakTHuYecKH NpPHBhHIYHOA (OPMOH 3ajaHHA 9TOro
SaKOHA fABJAseTcA JJf Hac 3anuch (QYHKUHOHANLHON 3aBHCHMOCTH
B BH@ HEKOTOPOH MareMaTHYecKOR (GopMyJhl, HalNpHMEp:

y=4x y=V9—xb py=sinix; y==lgffj'x.-

&

S
P .

o=

7

—————ry
)

B stoM ciyqae roBopAT, 4TO GYHKUHSA SajaHa QHAAUMUHECKUM 66pa-
scersues. TIpy »TOM TepMHH ¢aHaAHTHYECKOE BhIpAXKEHHe» HMeeT NpH-
GJIHSHTEJIBHO TOT JKe CMBICA, YTO M «aireGpaduyeckoe BHpaxeHHe»,
¢ TOA pasHHuned, YTO NPH SaMHCH aHAJHTHYECKOTO BBIpAMKEHHA
He 'OrPAHHYMBAIOTCA TONBKO &AreGpaHyeCKHMH JCHCTBHAMH (T. e.
pauHOoHaJbHBIMH NEACTBHAMH M onepaunHeli H3BJeYEHHS KOPHs), HO
N0/b3YIOTCA, HalpHMmep, TAKHMH ReficTBHAMH, Kak JorapHdMupoBa-
HHe, OTHICKAHHWe CHHYCA H/IH TaHTeHCa JAHHOrO SHaYeHHs apryMeHTa
H T. . BooGilte, npu ompefle/leHHH HOBO MaTeMaTHYeCKOl onmepamui’
L4 Hee BBOJMTCS CHEHHANbHHA CHMBOJ, KOTOPHIZ B RajbHefilem
yiKe MOXKHO HCNOJIb3OBATh A/IA 3aNMHCH aHANHTHYECKOrO BHIPAKeHH.
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Ona dyHkuuH, 3a0aHHONA aHAJNHMTHYeCKHM BhIpaxceHHeM, 06JacTb
ONpejie/ieHAst MOMKET COCTOATh TOMbKO H3 3HAYEHHA X, BXORSIIHX
B 0. A.3. 3TOro BulpameHHsa. O6nacTb onpepeneHHs q)ym(mm OKa-
3nBaeTCsd B STOM CJyyae 4acTblo 06/IaCTH RONMYCTHMBIX 3HAueHuf aHa-
JIUTHYECKOTO BHIPAXKeHHs, 3ajaiolero GyHKIHIO, HJIH COBHAJAET C 9TOi
obnacteio. Hanpumep, nsomane S kpyra, kak ¢yHKUHA paanyca R,
3afaercs BoipakeHHeM S =nR?. O6nacts onpenenenus STofl PyHK-
uuy no cMplcay aena ectb 0 < R < oo; -B3siTOe ke caMo mo cebe
aHaJIUTHUECKOe BHIPAXKEHHe 7R3 ompeleneHO NMPH BceX 3HaueHHsX R.
Ecan ¢yHKnua 3ajaHa aHaJAHTHYECKHM BHIPaXX€HHEM OTHOCHTE/IbHO
apryMeHta x M o6JsacTb onpele/eHHS He YK&3aHa, TO NOJAPa3yMeBaioT,
4TO 06/1aCTh OIpPEREJIEHHS COBMajaer € O. 4. . 3aJlal0lLero ee BhIpa-
JKeHHUs. ‘

HHorna ¢yHKUHA 3aKaeTcsi pasHbIMH AHAJHTHYECKHMH BBIpaXce-
HHAMH B -pa3sHHX uacTAX o6GaacTH onpeleneHusi. Camuifi npoctoii
npumep: Gynem paccmaTpuBaTh |x| Kak ¢yHkumio ot x. Torma

{ x nmpn x>0,
|*]= —x npu x<O0.

Moxmo sanmcath |x| u B Buge |x|=) x*. BooGme, onra u Ta xe
¢dyHKIHUA MoxeT OHITb 3aaHa Pa3/JMYHBIMH CMOCOGAaMH H B Pa3HHX
BHAAX. ' _ X

Kpome anamuTHyeckoro cnoco6a 3afaHHus NpHMeHSIOT ‘Tpaduuec-
Koe H TaGnuuHoe 3ajsanne dyHkuuif, Ecau ¢dyHkuua sagana rpadu-
KOM, TO MOXHO [0 YepTeXy HAXOAHTb 3HAUEHHA Y, OTBEYAIOWIHE JaH-
HHM 3HAaYEHUAM X, pa3yMeeTcsl, NMPHOMHIKEHHO.

Tabanunuift cnoco6 3aganHns QYHKUMH 3aKaOuaeTcs B TOM, 4TO
N8 H36PaHHBIX 3HaueHHA aprymeHTa X, OGHLIYHO OTCTOSIIHX APYr
OT ApYyra Ha HEKOTOPYIO MOCTOSIHHYIO BeJHUHHY —LIar TabaHuH, yKa-
3LIBAIOTCA COOTBETCTBYIOUIHE 3HAUGHHA y (C OnNpejeneHHOA CTEMNeHbio
ToyHoCcTH). HeGonbliof dhparmeHT TaGauunl MOXKeT BHIVIANETb TaK:

0,10 | 34,21 | 0,16 | 13,37
012 | 36,43 ] 0,18 | 48.14
0.14 | 39,52 | 0,20 |54.62

B rannom npumepe war tabauust pased 0,02. :

I'paguueckoe u TabauuHoe. 3ajaHHe (YHKUHA 4acTO BO3HHUKAET
B pe3yabTate NPOBefeHHs H3MePEHHIl, OMBITOB, anMeHeHHﬂ CaMomu-
. InyniHx npuGopoB.

Jlns MHOrMX YHKUH{, SafaHHBIX ananmmecxu, TaKKe COoCTaB-
JieHb! Ta6.THLIbI, oé.nerqaromue npuMeHeHHe 3THX GYHKUMA (rabauilst
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KBaJPaTHEIX M KyGHuecKHX KopHeii, TaGjHUBl JOrapH($MOB, TpHIO-
" HOMeTPHYECKHX QyHKuHii H Ap.). HeoGxogumo npioGpecTH HaBLIKH
B No/b30BaHuH Tabauuamu ¢ynxkuuit (cM. nm. 220).

B BocemnazuaroM M B Hayade AeBATHAAUATOTO BEKa MaTeMaTHKH NpPeACTaBISIH
ce6e GYuKIHIO TOAbLKO € TOYKH 3peHHs eC aHaJHTHYECKOro BhIpaikeHus. Jlminp
B NepBOll NOJOBHHE NeBATHAAUATOr0 CTOJCTHSI HEKOTOPBIMH MaTeMaTHKaMH, B TOM
yuche BesnkuM pycckum yueumn H. .- JloGaueBckiy, 6buio chopmy.auposano
coBpeMCHHO® ompeicienitc YHKIHN: CYICCTBCHHBLIM SIBJAACTCA HanHyHe 3akona
COOTBCTCTBHS, a HE DBO3MOXKHOCTbL npeiacrapits ero «popmyaoii». B yactuocti,
ZonycKaercsi H CJOBCCHOC OMHCaHie 32KOHA COOTBRTCTBHA: HampuMmep, f(x)=[x] —
uegas 4acTb X onpejeasiercs Kak «HaHOOJIbLICE NEI0e YHCIO, HE NPEeBOCXOAsIee X2,

33. dnemeHTapHoe HccaefoBanHMe mogepenusi (ysxuup. Cucrema-
THYECKOe H MOJAHOe licc/lefoBaHHe (PYHKUHI COCTaBJseT OJHY U3 IJIaB-

HBIX 3ajay o0JacTi MaTeMaTHKH, Ha3blBaeMOH Mamemamu4ecKusm ana- .

ausom. B anementapHoil MaTeMaTHKe TakKe paccMaTpiHBalOT pocTeii-
e BOMNPOCHI, CBsi3aHHble C HccaenoBaHueM GyHkuuit. Ilpn srom
nox HccaefoBaHieM QYHKUNH MOHUMAIOT YCTaHOBJeHHe psifa ee
cpoiicts. Hrtorom Ttaxoro iuccaenoBannsi Moxer ObiThb HOCTpoetiie
rpaduka ¢yHKuHH. B cBA3H ¢ 9THM BCHOMHHM HEKOTOpHIE NOHATHS,
OTHOCALIHECSH K (hyHKLHAM.

a) Hyacy (umun sopres) ¢yHkunn [(x) HasblBaercs Takoe 3ia-
ueHHe apryMeHTa X, TpH KOTOpoM ¢yHkius ofpamaercs B Hyab.
Tpaduyecknn Hyann ¢GyHKUHIl CyTb TOYKH IepeceyeHist €e rpaduka
¢ ocbio Ox (umampuyep, Touka x; Ha puc. 12).

€Ly) zy)

*Vz

) -,

-q Y

Puc. 13. Puc. 14.

6) ®yuxuus f(x), obaacTe onpeie.icHisi KOTOPOIl- CHMMETpHYHA,

OTIHOCHITE/IbHO Hayaza orcyeta O (nanpiiMep, SIBJAETCA CerMEHTOM
[—a, a}), nasuBaerca «emuod, eca 11 AOOro x H3 ee 06.r|ac'm
onpefenelinsi BLINOJAHEHO PaBEHCTBO

Fl—x)=F ). (33-1)

Ipadik uerhoii ¢yHKUMH CcHMMeTpliyeH OTHocHTenbHO ocH Oy
(puc. 13), Tax Kax BMecTe ¢ TOuKoil (&, f(x)) emy Oynaer upuHazn-
JexaTbs ¥ CHMMeTpHuHas Touka (—wx, f(x)). ObpatHo, ecan rpaduk
cHMMeTpHYeH oTHOcuTensHO ocli Oy, TO ¢yHKUHS— YeTHas.

B) ®yHkuusa f(x), obaactb onpeneneHHs KOTopoil Ha ocit Ox CHM-
MeTpHYHa OTHOCHTeJbHO Havasna O, HA3BIBaeTCA Heqemrod, eca Af
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moBoro x u3 ee o6acTH OnpefeseHHsl BHIOJHEHO PaBEHCTBO .
f(—x)=—F () (33.2)

Ipapuk HewerHOT GYHKUIN CHMMeTPHUEH OTHOCHTENTLHO Hayasaa
KOODAHHAT, TAK Kak BMecTe ¢ Jo6oii ero Toukoit (x, f (x)) emy npu-
HalIeXXHT M cHMMeTpiyHas Touka (—x, — f (x)) (puc. 14). O6parHo,
ecaH rpadHK GYHKUHH CHMMETPHUYEH OTHOCHTENbHO O, TO QyHRUHA —
HeueTHasl.
~ TIpumeprl 4eTHBIX H HeueTHHX QYHKuu: '

y=x%, y=x', y=cosx, y=tgix (uetnble yHKIHR);

S y=x, y=x° y=sinx, y-’—-lg—l%’;- (neveTHble (yHKIUH).
Muorne ¢yHKRUMH, Hanpumep y=x'+4x, y=sinx--cosx

-~'He ABJAAIOTCA HH YETHBLIMH, HH HEYETHBIMH q:)}’HKU.HﬂMH.

_ ybuisarowjeld  HasbiBaeTCs  (PYHKILAS, 0

r) PyHKuHA HA3LIBaCTCH 6o3pacmaroujerl B HEKOTOPOM IPOMEKYTKe,
NexaieM B ee o6naCTH ONpefe/ieHHs, ec/H AN JIOOHX ABYX 3Ha-
yeHH#i X,, X, U3 3TOro IPOMEXKYT-
Ka H3 HepaBeHCTBa X, < X, CJenyeT /)
f () < F(x,) (66mbmmMm 3HaveHnAM )
aprymenTa orseuaiT 60/bliie 3Ha-
veHust QyHruun). Ecan u3 x, < 2t-
<x, clefyer JHIIL HEPaBEHCTBO yeldsz

f(x)<<f(x,), TO GYHKUHA Ha3H-
BaeTcsl Heybuisaroulei. AHanoruuto,

b § SRS

A8 KoTopoll H3 x, < X, Ciexyer
[ (x) > f(x,), a nesospacmaroyedi—. Puc. 15.

(yHKUHA, a8 KOTOPOR NpH x; < .

< x, BHIONHAETCH HepaBeHCTBO f(X,)>=>f(x,). MuTepBan, na Koro-
poM ¢yHKIHA yOLIBaeT HAH BO3PACTAeT, HA3BIBAETCHA UNMEPEAAOM
MoHomoxHocmu ¢YHKUHHM. Tak, Hanpumep, AN ¢yHKIwH, rpadHx

" KOTOpOR- H306paxKeH Ha pHC. 12, HHTepBasaMH MOHOTOHHOCTH CJyXKaT

HHTEpBaJW (a, X,) H (%, b) (Ha nepBoM H2 HHX QYHKIHA MOHOTOHHO
BO3pACTaeT, Ha BTOPOM —MOHOTOHHO YOHBaer).

“v: OyHKUHA y=|x|-+X, KOTOpas Takxe MOXeT ObiTh 3ajaHa napoi

PaBEHCTB , :
_ 0, x<0,
y= 2x, x>0,
fBAseTc HeyGhiBaomed ¢yukuuelt Ha Bcet wncsoBoR ocn. Oua
BO3pacTaeT Ha MOJOXKHTeJbHOHA noayocu (puc. 15).

z) Touka x, HasbiBaeTCR rmoukol maxcusysma (munumyma) ynk-
muH y=f(x), ecin ¢yHKuHa ompejeneHa B caMofi 9Toil Touke M
B HEKOTOPOH OKPECTHOCTH TOUKH X, BLINOJHSETCA HEePaBEHCTBO

fx)=f(0) (n1s Maxcumyma),
F) < f(x) (ana MuHHUMYyMa).



‘108 Fl. IV. OYHKUHH H TPAQHKH [33

Ha puc. 16 ToukM Xx,, Xx; CyTh TOYKH MAKCHMyMa, a TOUKH X,,
X,—TOYKH MHUHHMYyMa QyHkuuu. MakcumyMm QyHKUHH—ee HauGOMb-
llee 3HAUEHHE NO CPABHEHIUIO C «COCEAHHMU» TOUKAMi CJIEBa H Clpasa,
HO He 00A3aT€1bHO IO CPaBHEHMIO € OTAaJIeHHHIMH ToykKamu. Ilpak-
THYECKH, eC/M HaxOASATCsA HHTep-
g BaJibl MOHOTOHHOCTH, TO Ha HX

CTEIKE 4YacTo oOOHapyXuBaloOTCA

TOYKH MakKCHMYMa IJIH MHHIIMY-

Ma, Kak Ha puc. 16. TepauH «3k-

cTpeMyM» GYHKUHH O0beJHHseT

NOHSTHA MAKCHMYMa H MHHHMYMa:

TOUKH X,, X,, X3, X, CYTb TOUKH
T JKCTpemyMma OYHKHHH [ ().

e) IlpsiMast nuHNsT HasbiBaeTCs .
acumnmomoid rpaguka (yHKUIH,
Puc. 16. ecai rpaduk GyHKUHH HeorpaHi-
_ ; YeHHO cOJIHKAGTCA C 3Toil npAMOLl
npy yaanaennn ToukH rpadnka B GeckoHeunocte. Ha puce. 17, a nps-
Mole x=1 u y=0—acumnrorsl rpaduxa ¢ynkuun. Ha puc. 17,6
noxkasaH rpaguk c acumnroroii y=x (6ucceKTpHCAa NEepBOFO KOOPAH-
HATHOTO yrJja).

IIpn nccrenopannn ¢QyHKUHH HeoGXOAHMO OTBETHTb Ha Clelylo-
1L{1ie BOIPOCHL.

1) O6aacth onpegenenus ¢yHkuun; 2) objacts uaMeHeHHs ¢yHK-
uuH, T. e. o6JacTb ee 3HaueHHil; 3) HyJH QYHKUHH; HHTEPBAJHl 3Ha-
KONCCTOAAHCTBA (PYyHKUHH (T. €. 1HTEpPBa/Mel, B KOTOPHIX ¢YHKUUA

17 vy

_

=)

Iy

<D
—_——— e - -

&

N\

.

A

8

Pue. 17.

NOJOMKHTEIBHA N/ OTpHUATC/BbHA); TOuYKa MNepeceyeHns rpadilka
¢ oceio Qy (ecan ¢yHkuua onpenenena npu x=0); 4) csoiictsa cHM-
MeTpHH rpaduka GyHKUHH (YETHOCTb MJH HEYETHOCTh (YHKIHH);
5) uHTepBasbl Bo3pacTaHusi M yOuBaHHS GYHKIHH; 6) TOYKH MaKCH-
MyMa H MHHMMyMa QyHKuMH;.7) acCHMOTOTH rpaduka QyHKUHH,
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Pasymeercs, He Bcerga Mbl MOKEM 3/€MEHTAPHBIMH CPeJCTBaMH
NOJYYHTb TOUHHIT OTBeT Ha Bce Bompockl. HanpoTiB, uHOrna Bo3HH-
KaloT H JApyrue, NONOJHHTE/bHbIE BOMPOCH Pa3/HYHOTO CONEPIKAHHA.
31ech ykasaHa npHMepHas cXeMa, KOTOpPO Mbl B OOLUIMX Yeprax

NpHACPKHUBAEMCS MPH HCC/AELOBAHHA o -
$YHKUMH H IIOCTPOEHHH ee rpa- &
duxa.

34. Cnoxnas dynkuus. Ilons- >
THE CJIOXKHOI (QYHKIHH, HJIH QYHK- u
Iy OT GYHKIHH, OMNpeaesseTcs
ciepymomnn obpasom. Ilyere u = -
= @ (x) —Hexkotopast OYHKUMA OT  y=fru)=F(plz)=Flz) s

_ X; DacCMOTPHM JpYTyr (YyHKIHIO : »
y=[ (u) Takylo, uToGHl €e 06,acTb Prc. 18.

onpereNeHHs COBnajana HJIH XOTS , .
Obt HMesa ofIiyto - yacTh € 06JacTblo 3HAYEHHH (QYHKUHH u=¢ (X).
Toraa moxHO paccmatpuBath y=f (u)=f (¢ (x)) Kak dyHKuMO OT X:
3ajaHie x omnpegeaseT u=g (x), a 3HaueHHe U, eCJH OHO NONajeT
B ob6nacts onpemeneHusi ¢yHkunu y=f(u), onpemeant y. Taxum
o6pasoM, B KOHEYHOM CueTe 3afaHHeM X ONpejenseTcA 3HaueHHe y,
T. e. y craHoBHTCA (yHKuHelt x. 3agaHHafA TaKHM crnocoGoM QyHKIus

y=Ffw)=F(@x)=F(»

Ha3biBaeTCH CA0MCHOU (hynkyued or x (3ajaHHOR uepe3 IMOCPeaCTBO
NMPOMEKYTOUHOTO apryMeHTa u).

Mpumep. Pynkuna y=J} sinx ecrecTBeHHO mnpejcTaBAfeTCA

—_—

Kak cJoxHaa ¢yHKuns tak: y=V u, u=sinx.

CXxeMaTHYECKH CYIHOCTb MOHATHSA CJIOXKHOA (QyHKUMH noscHsercs
puc. 18. : '

Cheayer 3aMeTHTB, YTO TEPMHH «¢CAOXKHaA GYHKUHA® YKa3HBAaeT Ha cnocob

3amaHna 5toft GyHKIHMH, 3 He Ha KaKHe-IHGO ee ocofule cBofictBa. JIo6yio QyHk-
LHIO NPH JKeJTaHHH MOXHO NPEACTaBHTh KaK ClokHylo ¢ynkumio. Hanpumep, ana

GYHKIHH =X MOXKHO 33aNHCaTh y= i’/x3 HIH
3 /-
y= l/u' u=2x3,

T. €, MPEeACTaBHTh €e KaK CIOKHYI0 (yHKUUIO.

35. O6parnan dyukuus. Paccmorpum dynkuuio y = f (x), o6nactsio
onpeneneHHsi KOTOPOil CJYXKHT, HampHMep, cermeHt [a, b] (puc. 19),
a o0aacTei0 H3MeHeHHS—cerMeHT [c¢, d]. PyHkuusa y=f(x) craBur
. Kaxaoi TouKe cermMeHta [a, b] B COOTBETCTBHE HEKOTOPYIO TOUKY
cermenta [c, d]. Ilns n3oGpamenHoii Ha puc. 19 dynkumu (6aaro-
naps TOMYy, UTO OHa MOHOTOHHa) MOXHO YCTAaHOBHTb M 0OpaTHOe
COOTBETCTBHE: KaXKiOMy 3HAueHHIO Y, M3 CerMesTa [c, d] coorBercrt-
ByeT eIHHCTBEHHOE 3HAaueHHe X, H3 cermeHta [a, b] Takoe, uTO Y, =
=f(x;). TemM caMBIM X MOXKHO pacCMAaTPHBaThb KaK (YHKUHIO OT Y
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c ofnacTbio ompefetenis [c, d] u obaacteio u3MeHneHus [a, b].
Oyukuiio x=g(y) Ha3oBeM 06pamAol MO OTHOWEHHIO K QYHKUHU
y=1Ff(x) (MoxHO 3TH JaBe (QYHKUHH Ha3BaTh 63aUMHO oOpamubiMu)s
ITpn cxeMmaTHyecKOM H300pa)ieHHH B3aHMHO oOGpaTHHE QYHKUHH,

[ 1 g npeacraBsTca CTpeskami, Kak nokasaHo Ha puc. 20, Ipi’
5TOM, OXHAKO, CYLIECTBEHHO, YTOOL JaHHOMY y MOTJIO OTBEYaThb JI I I b
g _ ONHO 3HaYeHHE X Takoe, 4TO

y=71(x), TOrAa MBI} NHIEM: X=

d =g (y). 3amucuy=f(x) ux=g(y)

HMEIOT - 31eCb  paBHO3HAYHHIA

CMBICI: X=g (y) B TOM H TOJbKO

K/ B TOM CJayuae, ecan y=f(x).
A NG z-

A RN\
! -
a 7 Z - 4 )
Puc. 19. Puc. 20.

TlostoMy napwl uyucen (x, y), onpenensenble JIOOBIM H3 ABYX COOT-
HoweHnli y=f(x) 1 x=g(y), GyAyT ORHUMI H TeMH Ke. DTO 03Ha-
yaeT, uTo rpaduki QyHKUHA y=f(x) 1 x=g (y) coBnagaior. [lepsas
H3 9THX (QYHKIHI JIMEeT CBOMM apTyMEHTOM IIepeMEHHYI0 x, H3Me-
HSIOILYIOCA Ha cerMente [a, b], BTOpas—nepeMeHHYIO ¥ ¢ 06.1acTbi0
n3MeHenns aprymenra [¢, d]. CuenyeT 3aMmeTHTb, 4TO BO BTOPOM
caydae Mel 3HAYeHHS aprymenrta usobparxiaeM Ha OCH OpAHHAT, a
3HaueHHs QYHKUNH—HA oci abcuwnce. Takoe nsoGpakeHie sBagercs
HeNpHBBLIYHBIM H INOTOMy MeHee yaoGHbIM. [lpencraBum cebe, uto
npou3oiifieT, €CiH Tenepp H IJaA oGpaTHOH QYHKUHH X=g (y) MBI
CTaHeM 3Ha4YeHHS apryMenra oGo3HayaTh uepe3 x H H3o6paxkaTh Ha
ocit Ox, a 3HaueHHs QyHKuHi Oyzem ofo3HauyaTh yepes y 1 H3oGpa-
JKaTb HA OCH OpANHAT (HANOMHHM, YTO MBI YCJOBHJNCH 0G03HAyaTh
1151 pasHbIX. QyHKUHIT pasHblMi GYKBaMH 3aKOHBI COOTBETCTBIS, CHM-
BOJIH3HpYeMble 37ech GYKBaMmil f Il g; 3aBHCHMBIE Ke Il HE3aBHCIHMBIE
nepeMeHHbIe A5 pasHbIX GYHKIHIT 10N yCTHMO 0603RaYaTh OLIHAKOBO).
Ilpn TakoMm H3MeHeHHH 0603HaueHHil 3amHCh OGPATHOM IO OTHOLIEHIIO
K y=f(x) dynxunu Oyner yxe HMeTb BHE Y= g ().

Tenepp rpaduk ¢yHkunn y=g (x) 6yger nonyyarscs 13 rpadiuxa
y=f(x) (wm x=g(y)) c nomowyio npcobpazopaHus 3epKajaLHOll
CHMMETPHH OTHOCHTENbHO OHCCEKTPHCH TIepBOrO—TPETHEr0 KOOPAH-
HaTHBIX yryoB (puc. 21). B camom nene, mycTsb Touka (X,, Y,) ME€KHT
Ha rpapuke AaHHOR (QYHKIUH; TOrAa Touyka (Y,, X,) C NepecTaBJjeH-
HBIMH KOODAHHATaMH J0JI:KHA JiexKaTb Ha rpaduKe oOpaTHOIT (GyHKUHH,
Ho Takue naBe TOUKH pacnoJiokeHbl CHMMETPHYHO OTHOCHTEJIBHO
yKasaHHOH OucCeKTpHCH (m. 8), a orciofa H CJefyeT Halue yTBep-
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KIeHHe: epaguku Osyx esaumuo obpamusix GYHKYUL pacnosoKteHst
cummempuino omuocumeasro Guccexkmpucer 1—I11 xoopdunamrnerx
yeno8.

i ITpume p. Hafitn dbynxumo, o0paTHy0 mO OTHOIIEHHIO K QYHK-
‘mm y=4} x—1. '
K4

4
yo |

y,f(z)

B [ e e e e e e . e e
B e e e e e e e e e
Qi e o em o)

1
1
!
a

PNy . U
ay

Puc. 21. : : Puc. 22,

‘Pemenune. M3 paBencrsa, ompejensiomero faHHy (QyHKIUHIO,
BLIPasHM X Hepes y: :

- ' - 1)3
4Vx=y+1, f/x—-‘-yi'l, x-——(y_&)._

B mnocaenneM pPaBeHCTBE MNOMEHAEM. MECTaMH X H Y H NOJAYYHM-
BhHIpaxeHHe ‘AaA QyHKUHH 7 :
- ' 1y )
y - 64 °? .

o6paTHOH MO OTHOIIEHHIO K JAaHHOA (YHKLHH.

BHeceM HekoTOpble YyTOYUHeHHA B NOHATHE OOpaTHOM (YHKUMHI.
Mup nHavanu paccmaTpuBaTh Borpoc 06 oGpatHOit yHKUHH Ha npH-
Mepe ¢yHKIHH, 3amaHHON rpadukoM Ha puc. 19. Ora dyHxuus MoHo-
. TOHHa BCIOAY B o6Jjacti onpeneneHusi. Hmenno sTuM o6ycJsioBieH

TOT (akT, 4TO Kax/ofi TOYKe Yy, M3 cerMenTta [c, d] pyHkuusa x =
= g(y) CTaBHT B COOTBETCTBHE TOJBLKO ONHY TOUKY X, H3 CermeHra
[a, b]. Ho nns ¢ynkuun, He SABAfOMEHCS MOHOTOHHOM, 5TO MOXET
He BHnonHATbCA. B camoM gmene, Ha puc. 22 Ha cermenre [a, b]
NnoKa3aH rpaguk HeMOHOTOHHOH ¢yHkuuu y=/F(x). ITo 3toit npu-
4HHE HMEIOTCS 3HAYeHHs Y, KOTOPHIM COOTBETCTBYET HE EIHHCTBEH-
‘Has TOUKa cermeHTa [a, b]; Tak, TOUKe y, OTBEYAIOT TPH TOUKH X,,
X, X, Takue, uro y,=f(x,), Yo=F(x), Yo=7F(x,). B cuny sroro
" ¢ynkuua y=f(x), paccmarpuBaeMas Ha cerMeHte [a, b], He nmeer
o0paTHO# (QYHKUHH, ec/iH, KOHeuHO, He 06o6maTth noHaTHe GyHKuHH,
BBOAA «MHOrosHaunole (QyHkuun». Ecam napsapy ¢ dynkumeit f(x),
onpejiesieHHolt Ha cermente [a, b], paccMmarpuBath (yHKIHIO, Onpe-
JleJIeHHYI0 TOJIbKO Ha HHTepBaJe MOHOTOHHOCTH QyHKUHH [ (x) (Hanmph-
mep, [a, ¢}, [c, d] wm [d, b]) n coBnmapaomyio ¢ f(x) Ha 3TOM
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 MHTepBaJie, TO Y 3TOfi HOBON (QyHKUHH YxKe GyZeT CymecTBOBAaTb
obpatnast ¢yHkuna. C 3THM BONPOCOM MH BCTpeTHMCA. B 0. 41 npu

nsyserny gynkmnn y=J)x u B nn. 130—133 npu n3yyeniu oGpar-
HHIX TPHrOHOMeTpHuecKHX (yHKLML.

36. ®yHKHMH HeckOJbKHMX mnepemeHHbiX. Cxema mnpeicTaBJieHHs
3aBHCHMOCTel BeJIHYHH B MPUPOIE C MOMOWBIO GYHKIII oqHOll nepe-
MEHHOI SBJISIETCS OuYeHb YNpOIIEHHOI; B AefiCTBUTEALHOCTH 3HaYeH s
NaHHOI HHTepecyioueil HaC BEeJHYIHBI 3aBICAT OT MHOTHX ()aKTOpOB
(onpenensiiotca 3HavyeHNSAMY psila APYTHX BesluiiH). BosbMeM B Kaue-
CTBE NpHMEpA ypaBHellile COCTOSHIS HAeabHOIO rasa

PV =RT.

310 ypaBHeHHe cBA3biBaeT Tpn (BooGuie roBops, nepeMelHble) BeJll-
unyel: papiaenue P, temneparypy T, o6wem V. Ecan orpannuntbes
usyyenuem usotepymuuecknX npoueccos (7 =T,=const), TO MOKHO
6yzeT oO0Bem_cunTath QYHKUHEN AaBJeHHs:

vejp)=le.

Ecau paccmatpubath n3o0apuyeckie npoueccel (P = P, = const),
TO npujaeTcs yxe oObeM cuntath GyHKUlE TeMneparypbl:

V=9(T) ==,

i T. 1. B obwem ke cayuae oonen V Hano pacc“arpnnam KakK QyHK-
W0 JABYX nepemeHHnx P, T:

v=F(p, T)=5L.

IlannM onpenejenne QyHKUHH ABYX MepeMeHHBIX (caydail QyHk-
wHi 6oablUero Yuc/a nepeMeHHLIX TPaKTyeTcsl aHasornyHo). Benanunna
Z Ha3wBaeTCsl hyHkyueld 0syx nepemetnolx X, Y (IPHHHMAIOMIHX 3Ha-
yeHUA B HEKOTOpOil pomyctTimoil oGjaacTi 13MeHeHHsI, Ha3kBaeMoil
obaacmoto onpedesenus Gynkyuu z=f(x, y)), ecan Kaxnoii nape
sHaueHHil x, y (U3 3Toil 00JacTH) OTBEYAeT MO HEKOTOPOMY 3aKOHY
eHHCTBEHHOE 3HauyeHie z.

IlockoabKy napa 3HaueHnit apry\xemos X, Y MOXeT ObTb H30-
Opaxkena TOYKON IJIOCKOCTH, TO 06/1acTb onpeieseHus (QyHKUHH
yAo6HO 11306paxkaThb Ha IJIOCKOCTH.

IHpunmep. ynxuus 3agaHa aHAJHTHYECKHM BhIpaXkeHHEM:

a) z=Vx+V—y, 6)z=Ig(l—x*—y;
HaliTh ee o6Jactp onpefeseHis (T. e. 0. 1.3. COOTBCTCTBYIOUIEr0. Bhi-
paxeHHfl) H H306pa3uTh ee rpadiuecki.
Pewmenne. a) ®ynkuna onpefenena npu x>0, y<<0. Coot-
BETCTBYIOLAsl 006/1aCTh —ueTBEPTLI KBagpaHT (maoqaa orpaHiyHBa
[olie ero Jy4n KOOPAHHATHBIX oceil), pHc. 23,a.
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6) 3rece 1 —x*—y? >0, wn x*+4y* < 1. 310 ycnosne onpene-
JIsleT MHOXECTBO TOYeK, PacCTOsHIe KOTOPHIX OT Hawasia O MeHblle

Piic. 23.

€AHHHILBI. Takne TOYKH 3aNOJHSAIOT BHYTPEHHOCTb KpYyra C IEHTPOM
B O H pagnycoM, PpaBHBIM eHHHUE (TOUKH OKPYZKHOCTH B o6JaacTb
He BXO01AT), KakK NOKa3aHoO Ha puc. 23, 6.
YnpaxneHus

1. Hafitn o6nactb onpeleneHns ciepyiomux ¢yHkumui:

2¢+3 _ 4/ =7, —3/T10- = V9] —x2
a) y=5—57 6) y=y/¥*=36; ) y=}/x—10; 1) y= V121 —x2.
2. Hafitn ¢ynknuu, o6paTHHE IO OTHOUICHHIO K CJAeflylomuM QyHKums:

3 —
a) yY=m771’ 6) VY=373"
3. Ilokasars, uro dynkuss y=52i:i§

COBNanaeT co cBoed obparHoil ¢yHK-
nuen.

4. 3anucaTh B BANE CIOXKHHX (YHKIH (Baelm NPOMEIKYTOYHHA apryMeHt
u=@ (x)) caenywomue QyHKIHH:

a) y=tgV ax; 6) y={(log,x)>.
5. Hafitt o6aacrs onpeflesienns GyHxunil H H306pa3HTL e¢ rpaduuecku:

a) z= Vi F fi—4% 6) z=Ilgx+Ig(y—1)

§ 2. daemenTapubie QyHKUHH

37. 0Gaop anementapHbx yHKuMA. B s1emeHTapHON MaTeMaTiiKe
no GoJsbLiefi yacTH paccMaTpPHBAalOTCA QYHKIIH, KOTOPbie MOTYT GHITh
aHAJMTHYECKH 3aaHbi C NOMOIIBIO PaUHOHAJbHHX JAeACTBHI (CJ/103Ke-
HHe, BbIYHTaHHE, YMHOXKEHHE H JieJieHHe), BEINOMHAeMHX Haj YHC/IaMH
(KOHCTAaHTaMH) M TNepPeYHCJEHHBIMH HHXKe TaK Ha3biBaeMBIMH OCHOS-
HbLMU 3/eMEHMAPHIMU PYHKYUAMU, 3 TAKXKE C TIOMOLIBIO 06pa30BaHus
cnoxHEIX ynkiuil. OCHOBHBIMH 3J€MEHTapHBIMI @yﬂxmml\m ycao-
BHMCH CUHTAThb CJeAYIOULHE:

I) cmenennovie qbyurcuuu y=x* rae k—moﬁoe NefACTBHTE/IbHOE

411105
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I1) noxasamensnste yuryuu y=a*, rae a—ni06oe NOJOKITE/b-
HOE YlCJ0, OTJIHYHOE OT efHHHUE: @ > 0, az41;

IIT) noeapugpruueckue ynxyuu _/-—logax rje a—awboe noJuo-
KHTEALHOE YHCIO, OTJIHYHOE OT egHHHUH: a >0, as=1;

1V) mpueonosempuueckue pynryuu

y=sinx, y=cosx, y=tgx, y=ctgx;
V) o6pameze mpuzoHoMempuueckue QyrKyuu
y=arcsinx, Y= arccosx,
- y=arctgx, -y=arcctguzx. .
DYHRIUIH, TOIYHAIOMIHECT N3 OCHODHLIX 3eMENTAPHEIX (yHRIU
MepeunC/CHHBEIMIL Bhille OREPAUNAMI (113 KOTOPHIX 0cOGeHHO BakHa
onepauns o6pa3zoBaHus C10XHO YHKUHI), GyleM Ha3LIBATb 3ACMEH-
maprusu Gydryuasy. Tax, HanpiMep, 3JeMEHTAPHBIMH SIBJASIOTCS
(PyHKIUIK
REE
Y=o snx 24-sinx’? :
y=1log, (;/Tgx+ 5,
1
y=arctg? <;+ ctg Sx)
T I
Brige 111y HeKoTOpble 0COGCHHO Ba:KHBLIC BIALL dJeMeHTapHLIX PyHK-

llIIH

dyuxiui, obpasyemble NDHMEHEHIEM K apryMeHTy TO/MbKO Tpex
UenblX palHOHaJbHBIX JAeHCTBHIl, Ha3LIBAOT YeAbMi PAYUOHAAbHOIMIL
ynkyuamu (1. p.d.). X Takxke Ha3bIBAIOT MHO2044CHAMU WJIH NO-
AUHOMAMU OT TNepeMeHHOil x; Jobas H.p.¢. 3anuceiBaeTcs B Blje

y="P,(x)=ax*+ax"1+...-ta, 37.1)

Ecan g, 0, To OHa Ha3bBaeTcs L. P. (. HJH NOAUHOMOM CHIENeHu 1.
Jligelinyo u. p. .

y=ax+b (37.2)

Ha3bIBAIOT MPOCTO AuNCdHOU (IyrKyued; KBaRpaTHHYO H. p.d.
y=ax*+bx+c ’ (37.3)
— Keadpamubim (N K6aOpanmu4Hbis) mpexdienos.
Hpo6ro-payuonaronod gynkyued (A.p.¢.) HasuBaoT GyHKUHIO,
KoTopasi TpeGyeT A5l CBOero 0Gpa30BaHNsA BEUIOJIHEHIA PallHOHA/Ib-
HBIX JeiicTBiil (BKMouasi penenne). Takopbl, Haupumep, tpyHKumx

+ x3 —|—JL+ 1
. J - —6 t !/ _x+ l )
Boobiue, 1. p. ¢. npeacrasisieTcss KaK YacTHOE OT AeJIeHNs ABYX I p.d.:
Po(x) __ ayx®4aixn-14-...+a, (37_4)

b= Qm(x) b F b L b,
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B npocrefilieM caygae, Koraa YHCJAHTeNb H 3HaMeHaTeJb—JH-
HefiHE, QYHKUHSA IIMeeT BHA

) _ax+b

y= cx+d

H HasuiBaeTcsi dpobHO-AUHedHO ¢yﬂxuueu.

Ecan, xpome pauHoHaJBHBIX onepauuii, AJas o6pasonamm dyHK-
1HH NpUMeHAeTCA elle H3BJeyeHHe KOPHA Ienoii crenmeHH (T.e. BO3-
BelleHHe B palMOHAJILHYIO CTeleHb), TO TaKylo (YHKILHIO MHl Hasbl-
BaeM azzebpaudeckod uppayuoraivrol gyuxyued. Ilpumepu anreGpau-
_ YeCKHX HPPallHOHAJbHBEIX QYHKUMI:

y=V 2 y=x+2V/T=x% y=y1+V%.

Bce nepeyscJeHHbe N0 CHX NOP BHALL 3J€MEHTapHHX (yHKIui
Ha3HIBAIOTCH aa2ebpauteckumi QyHKyuIm,

Tlokasatensnad ¢yHKUHA, Jorapudmuyeckass GyHKUHA, cTeneHHasi
GYHKUHSA NPH MPPAUMOHAJILHOM TOKasaTelle CTENeHH Ha3HBAIOTCA
MPancyeHOeRMHoIMU PYHKYUAMU; TAKKe TPAaHCHEHIAEHTHHIMH CYMTAIOT
R TpHroHomerphueckne ¢GyHKunu. CaM TePMHH <«TPAHCUEHACHTHHIiI»
O3Ha4aeT <«MPEBOCXOAAMMIY (B CMBICJE IPeBOCXOARULHIA  CHJY aJre-
‘6paHyecKHX MeronoB). TpHroHoMeTpHuecKHe (PyHKIHH H3ydaloTCA B
raaBax VIII—XII; 3agech MBI paccMOTpPHM HeKOTOphie ajreGpaude-
CKHe H TpaHCUeHIeHTHHe GYHKUHH (JOrapHQMHUECKYyl0 M NOKasa-
TeJNBHYIO).

38. Jlunelinas dynxuus. JlnHefiHofl pyHKuMeR MEl Has3BaaH q»yﬂx-
umio Bupa (37.2):

(37.5)

y=ax+b. (38.1)
Ilpn b=0 ona npuHiIMaeT BUA _
' y=ax, ‘ (38.2)

B 3TOM Ciydae TOBOPAT, YTO Y npaAmo NPOHOPUUOHAALHO X (C K03g-
uyuenmom nponopyuonasrbrocmu a); paseRcTBo (38.2) sapaer nps-
MYIO NPONOPYUOHAALKYIO - 3A8UCUMOCTG MEXAY X H Y. ‘

OtmeTHM ' mpocTeiiine cBoficTBa ¢yHKuUMH y=ax: 1) ¢yHKuus
olIpefieIeHa NpH BceX 3HaueHHAX X; 2) rpadHKk (YHKUHH NPOXOAHT
yepe3 Hayano koopanHar (npH x=0 umeem y=0); 3) PyHKuUHA He-
yeTHad, rpaduk ee cHMMETpHYEH OTHOCHTEJbHO Hayaja KOOPAHHAT,
TaK Kak a.(— x) =— (ax).

Yro6sl noctponTh rpadik GYHKUHH Y ==ax, NPOBeIeM uepe3 Ha-
a0 KOODAHHAT NPAMYIO JHHHIO MOA YoM ¢ K oci Ox (yroa or-
_ CYHTBIBaeTCA ot ocH Ox NPOTHB YacoBOil CTPENKH; CM. II. 8) TakuM,
uyto-tg @ =a.

JlokaxeM, 4TO 3Ta mpsiMast H ABASETCS rpadHKOM ¢dyHKIHH, I[.rm
3TOr0 CJEAyeT YCTaHOBHTb JBa JOJOMeHHs: 1. JlioGast Touka 3TOH
npsaMmoft ecThb Touka rpaduxa q>ynxumx. 2. Jlio6aa Touka rpaduka
¢ynxuun JIEKHT Ha NOCTPOCHHOH HAaMH npsAMOii,
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Bosbyen io6ylo TOuKy npsMON, OT/INYHYIO OT Hauana KOOPAH-
Hat (Touka M, (x,, y,) Ha puc. 24, a). Uneem pas Hee

Yo __ — .__ -
z_tgcp—a, T. €. Y,=ax,

~—Touka NexuT Ha rpaduke dyukunu. O6parHo, ecan A8 HEko-
TOpoil TOYRH M, (X,, Y,) BHINOIHEHO PBBEHCTBO Y, = AXy, T. €. lfy/X,=
=1g @, TO npaAMas, COeJHHAOWAA 3Ty TOYKY C HAayaJOM KOOPAHHAT,

Y4 y
N
Y
SF(3,4) %
SN/ )/ Q“o
177 <)
p ] - N -Tg -
2% & g H T
.:ya *
%(fo'!/p)
a) J)
Puc. 24,

HakJoHeHa K oclt Ox moj yraos ¢, T. e, COBNaJaer ¢ MOCTpOeHHoil
HaMil nmpAMoil.

Takiunm ofpasoyM, rpaduk QyHKUHH §=ax eCcTb HpsaMas, OpOXo-
Iduas 4epe3 Haya/0 KOOPAHHAT mol yraoMm ¢ (rre tge=a) K ocu
Ox. B cBsa3n ¢ sTHM Ko3pdHUHEHT a npAMofl NponopLHOHANLHOCTI
Ha3bIBAIOT TaKIKE yea06blst Kodppuiuenmosr NPaAMoOil, cayxaueil rpa-
¢dukom Hawefi dyuxunn. [Ipy @ >0 npamas pacnonaraercs B I u
111 xBapgpaurax (yron ¢ ocrpwlil; puc. 24,a), npi a <0 oHa pac-
noaaraercsi Bo I1 1 IV kpaapantax (yroa ¢ tynoii; puc. 24,6), npu
a=0 npsMas cosnanaet ¢ Ox.

Ina noctpoennst rpaduka qineitHoll ¢ynkunit (38.1) cpaBHuM ee
"¢ dynxuueit (38.2) i 3ameriM, 4To nNpH J000M 3HAYCHHH X BEJi-
YyiHa Y, T.e. OpAHHAra rpa¢uka JnHeflHOH (yHKUNH y=ax-+b,
MOJNIYYHTCA H3 OpAHHATHE Tpaduka QyHKUHH Yy =ax npHOaB/eHIeNM
ofHOro H TOro ke cJjaraemoro b. Orcioza sicHo, uto rpapukoM ¢pyHK-
nun (38.1) 6ymer cayxuTe npAMad JAuHUA, MapaieabHad JHHHH
y=ax, cayxauefi rpapuxom ¢ynxunu (38.2). 1a npsivas noay-
yaercst 13 npsnMoil y=ax capuroym Ha |b} exunmy Boepx npu b >0
wan BHu3 npu b < 0. Ilpu x=0 umeem y=>; Beanunna b noxasw-
BaeT, B Kakofl TouyKe rpadHK nepecekaeT ocb opauuHat (puc. 25).

Hoxkasano, uro zpagpuros aunednol pyHKkyuu asagemcs npamasn
Aunug, nopecexaroujana oce Oy 8 moure ¢ opOunamoil b u HAKAOHEH-
Haf K ocu Ox 1ol Yeaos, mManeeHc KOmopoeo pasex a.
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CnpaBennnBo H o6paTHOE YTBepKIEeHHe: 6CAKas (He napairieavHasd
ocu OQy) npamas Ha NAOCKOCMUL A8ASCMCS 2PAPUKOM AUHEdROL PYyHK-
yuu (38.1). .

Bennuyunet @ u b Ha3wBawTCH, COOTBETCTBEHHO, Y2A086iM KO-
puyuenmorm 1 HauabHol opOuramoli Tipsmoli, ciay:xamefi rpadnkoM
anneiinoft ¢yukunn (38.1). pu a >0 ansefinaa dyHKuHs BO3pac-
Taer, npn a < 0-—yGripaer, npu a=10 sABJAsAETCA NOCTOSHHOII.

" Haa daxriueckoro mnoctpoenns rpaguka y=ax-+b ¢ ZaHHBIMH
YHCJAOBEIMII  3HauyeHHAMH Ko3(HUHEHTOB a H b ucnoab3yeMm TO, 4TO
npaMas JHHHA onpelessiercd JoOOBMH  IBYMS CBOHMH TOUKAMM.

IMTpumep 1. Tlocrponrs rpaguku caenyoumux JHHefHBIX QyHK-
oaii: a) y=2¢x—3; 6) y=—2x; '
B) y=—1. v

Pewenue. a) Iasa noctpoenuss \y=-22
npsaMoii JHHHH — rpaduka JaHHOH

¥ ly=22-3

] S
N\ /(30 %
Al%-2)

Puc. 5. -, Puc. 26.

¢yHKuMH HaiileM .ee TOUKH TlepeceuyeHHsi € OCAMH KOOpAMHAT.
UTto6el HafiTH TOuKy nepecedenns ¢ Oy, nmosjaraeM B ypaBHeHHH nps-
Moit x=0 u HaxonmuM y=2x—3|,_,=—3. AHanorHyHo, noJaras
- y=0, nonydyaem aGcumccy x= 3/, TOUKH, B KOTOPOii npsiMas nepe-
"cexaer ock Ox; uwepes noayuennwle Toukn (0, —3) u (*/,, 0) npoeo-
auM npsamyto (puc. 26).

6) B stoM cayuyae mnpsMas NPOXOANT uepe3 Hayasjo KOOPAHHAT
0(0, 0) u naa ee NMocTpoeHHs1 JOCTATOYHO HANTH elle OHY TOUKY.
INonoxkum, Hanpumep, x-==1, npH 3toM y=—2; 3HaYHUT TOUKA
A(l, —2) npunagnexur uckomomy rpaduxy. Iloctponm npsamyio,
npoxoasuyio yepe3 Toukn A n O, oHa 1 sBJfAeTcs rpadHKOM NaHHOI
¢yHxuuu (puc. 26). :

B) B stoM npumepe a=0. I'pajpukonm QyHKOHH CAYKHT npsamas,
napannenpHas ocu Ox. B naHHom cilyuae OHa ynaJjieHa OT 3TOH OCH
Ha OIHY efMHHIly Macurraba u JexuT nox Hefi (puc. 26). )

IlponsposibHass npsiMasi, He napaiienbHas ocH Oy, sBaserca
rpa¢ukoM HekoTopoil JuHeiiHoil ¢ynkumnn. Ecan npsmas napan-
aenpHa oc Oy n nepecekaer ocb Ox B Touke c abecuuccoii x=a,
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TO BCEe TOYKH NPSAMONl HMEIOT Takywo e alCHHCCY; NpAMas ompene-
AseTcA ypaBHEHHeEM _ :
x=a, (38.3)

He COJlepIKallHM y.
Moxno BooGule PacCMOTpPeTh NPOH3BOJBHOE YPaBHEHHe Mepsoil
crenens (JHHeffHOE ypaBHeHie) OTHOCHTEALHO X H Y

Ax 4By +C =0, (38.4)

Taxoe ypaBHeHHe Ha3HBaeTcs oOwjum AuHelHoim ypasHenues. Ilpu

B0 oHo, no cyulecTBy, onpeaensier y Kak JHHefiHyl0 QYHKUHIO X
A. C : A c

Yy=—Fr—g, T.C y=ax+b, rae a=—%, b=—3.

- Ecan ¢ynxuus y==f(x) 3azana ypasuenueM F (%, y)=0, caasuBaomuM %
B J, KOTOPOE He paspelleHo OTHOCHTEIbHO y, TO FOBOPAT, 4TO (QYHKUHMA sanaHa
B Heasnom eude; ypassenue (38.4) 3azaer nuHellHyH QYHKUHIO B HEABHOM BilJe.

Ecay B=0, 10 cuntaeM A=0 u HaxoluM
C
Ax -+ C= 0, X == =— i -

T. €. nmoaydaeM ypapHenuie npsasoil, napannenssol ocH Oy. Oxou-
yaTeNbHbI BHIBOA: o0uee auketinoe ypastenue (38.4) ececda onpede-
7h Aflem KA NAOCKOCIMU NPAMYIo Aunwo (nped-
+5=0 noiaraercs, yto A u B oaxonpemento
HYJIO He PaBHI).

‘%"b}v NMpumep 2. Tlocrpouth npsmbie,
2PN _ ' sajaHHBle CJEAYIONMMH YpPaBHEHHAMH:

02 a) 2x+3y—6=0; 6) 3x+ 15=0.
-— \ - Pemenue. a) OnpegesuMm TOUKH

5,01 0] « .0)\7 nepeceyeHHst NAHHOA NPAMOA € OCAMI

Koopnuuat. Ins sToro B ypaBHEHHH

NONIOXKHM CHayada x=0, a sateM y=0.-

* Pyc. 2 Hadngemtouku (0, 2)u (3, 0)u nposenem

ue. 27.

yepe3 STH ABe TOYKH npsamyio (puc. 27),

6) B ypaBueHnu- orcyTcTByeT uieH ¢ y. Ilostomy oHO sanaer

npAMyio, napajjienbhylo ocx opaunar. Haxonum x=—b5 H CTponM

npAMylo, HapajieJbHyl0 OCH OpJHHAT, PAaCHOJIOKEHHYIO CJieBa OT

ST OCH M OTCTOSINYI0 OT Hee Ha O enuunu macwraba (puc. 27).
39. Ksanpatnynan ¢yukuua y=ax*. PaccMoTpuM yHKUHIO

y=1, T89.)

YCTaHOBHM €€ MPOCTeiilliHe CBOHCTBA H IOCTPOHM I'padHK STOi GyHKIHH.

1. QyHKuus onpejefeHa npH Bcex 3HaYeHHUAX X; 3HAueHUs QYHK-
OHH HEOTpHUATEJIbHH: OHA PaBHAa HyM0 npH x=0 U noJOXHTeJIbHa
OpH JMOOHX APYrux sHaueHHsix x. CrenoBaresbHO, rpadHk ¢yHKUUH
NPOXOAHT Hepe3 HayaJo KOOPAHHAT W pacmojaraercst Bhiue ocH Ox
(umes ¢ Helt o6y Touky O (0, 0)).
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- 2. Dynxuus vetHas: (—x)®=x% rpaqu GYHKIHI CHMMeTpHYeH
otHocHTesbHO ocH Oy. [TosToMy AOCTaTOYHO MOCTPONTH €ro Aas x =0 -
H 3aTeM 3epKaJibHO OTpasHTh OTHOCHTeJbHO Oy.

3. Tlpn x>0 dyHKuua y=x*—Bospacraiomas; AeHCTBHTE/NBHO,
mpn 0<Cx, <x, HMeeM x<x% T. e y, <y, Haa orpuuarejbHBX
X, T. €. B HHTepBaje (— oo, 0], dynkuua yb6uiBaer. Bcero mnmeeM
JABa HHTepBa/ja MOHOTOHHOCTH:

1) nntepBan yGmiBanna (— oo, 0],

2) unrepsas Bospactanusa [0, -+ oo). :

Touka 0(0, 0)—Touka MuHiMyMa ¢yHKuHH. B Hedt (pyﬂxmm
NPUHUMAET CBOe HAWUMEHplIee 3HAUEHHE, PABHOE HYIIIO.

4. Ins npaBuabHOro H3obpaxenHs rpaduka QYHKUHH MNOJME3HO
paccmorpers Goslee noapoGHO XapaKTep ee H3MEHEHHS («110BeJieHHe»)
npH x, BecbMa OJIH3KHX K HYJIO, H NpH BecbMa GOJBIIHX X.

Ecan x npunnmaer, Hanpumep, GosbliHe HOJOXHTeJbHEIE 3Ha-
yeHus, ckaxem x= 10, x= 100, x= 1000 u T. 1., To y TaKxKe GHCTpPO
pacreT (MpH X — oo (YHKUHA y=x® TakKe CTPeMHTCH K GecKoHeu-
nocti). Ilp sToM y pacreT He TONBKO B aGCOMOTHOM CMBWKJ]E, HO H
no omuowernuro X x. VIMeHHO, HaxopnM |
H3 y=x° g

Yy __
f=x, (39.2)

OTKYAa BHIHO, 4TO C yBeJHYEHHEM X OT-
HOIlIEHHE y/X PacTeT HeorpaHHYEHHO, CTpe-
muTcss X Geckoneunoctd. Ilostomy rpa-
-@HK GYHKUHH MOAHHMAEETCS BBEpX (Bnpa-
BO) BecbMa KpyTo (puc. 28).

Tlpu oueHb MasbIx x, HalmpHMep NpH Pue. 28.
x=0,1, x=0,01, x=0,001, Yy TpHHH-
MaeT, COOTBETCTBEHHO, euie Gojiee GHICTPO YyObIBalolllie 3Haue- -
wug 0,01; 0,0001; 0,000001, masnbie He TOJIBLKO «aGCoOJIOTHO», HO
H N0 OTHONIEHHIO K X (YTO BHJHO H3 TOTO e paBeHctsa (39. 2))
FeoMeTpuueckH 5TO o3HauaeT, YTO HAK/JAOH XOPAH, COEAHHSIOLIEN
TOuKy (X, y) rpaduxa ¢ TOuKOfk (0, 0), npu mManmx x Gy@eT OueHb
~Man: rpadHK MOAXORHT K Hadajy KOOPAHHAT, TECHO cOJHKAsiCh C
ocbio Ox, «kacascp» ocH Ox (puc. 28).

Hans Gouee TouHOTO H306paeH s rpadrka cocTaBHM elle HeGoMb-
iy TabJHYKY 3HayeHH{i DyHKUHH, HanpiMep: :

x oyttt |2

y=22 [0 | vy, |1 ] 4
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[MonyyenHble 'Ha pHCYHKe TOUKH COEMHHHM IJIaBHOA JHHHel C yye-
TOM OOMIHX, YCTaHOBJEHHBIX BHIIE CBOHCTB (QYHKLHH. -

I'paduru GyHKunit y=ax® uMelOT Takoil xe xapaxkTep; nNpu a > 0
OpAHHATH TpagHka QYHKUHH y=ax® OT/IHYAIOTCA MHOMKHTEJeM & OT
opaxHar rpaduka ¢yHKuHH y=x%. Ilpu
a < 0 nmoayyaercsi rpadHk, CHMMETPHUHO
pacnosioxeHHulii ¢ rpadukoM y=|a]|x?
oTHocHTenbHO ocH Ox.

Ha piic. 29 nokasaus rpaduky QyHk-
UHH Yy =ax*npua=1,}/,,2,—1, -1/, —2. -

HanomuuM, uto rpadnk ¢yHKUHH BH-
Ja y=ax® HasblBaeTCR napaboaod; och
CHMMeTPHH rpadHKa Ha3LIBAETCH O0CHIO
napaboas (3fech OHA COBNAJAET C OCbIO
Oy), Touka mnepeceyeHHsi napaboJjibl CO
CcBOGH ocCblo —eepuiunold napaboabi (35eCh
BepIIHHA COBMajaeT C HavaJoM KOOp/H-
Har). :

Dynkuun Gosee obwero Bupa (37.3)
(kBagpaTHLle TpeXUJIeHB!) H3YYaOTCS B
n. 45,

40. Crenennast ¢yHkunsa y =x", Pac-
CMOTPHM Teneph GYHKIHIO

y=x" (40.1)

vk

Puc. 29,

npu JioboM HatypanbhoM n. B caywae n=1 u n=2 nonyuawtcsa
ykKe 3HaKomble QyHKuii: JIHHefiHAafA y=X M KBaqpaTHuHas y=x%,
rpadbukaMd KOTOpHX sBAsOTCS npaman (Ouccektpuca I—III koop-
INHHATHHIX YIVIOB) H mapa6oJa. .

MoxHO TaKmkKe paccMOTpeTh H HECKOJbKO Gosiee obmuft cayuvaf
¢yukuuit BHga y=ax". Hx rpaduku noayuyarcs H3 rpapukos ¢yHk-
uHfi y = x* aHAJOrHYHO TOMY, KaK Napabo/nl y = ax? nojayyajiucb
B N. 39 Hs napaboan y = x3. '

MosxHo ykasath Ha HeKOTopble oOuiHe CBOACTBA PacCMaTPHBAGMBIX
¢byHkunil. Bce oHH npHHHMAOT HyJaeBoe 3HayeHHe npH x=0 (ux
rpaduxke NpoxomsT yepes Hayano Koopauuat). Ilpu uetHom n=2%&
byHKUHS y = X" = x*4 yeTHas, TAK KaK (—x)**=x*, Tpaduk cummer-
pHueH oTHocHTelbHO ocH Oy. Ecam n—ueverHoe, n=2k+1, 10 1
OyHKuMsl HeyeTHasi, TaK KaK (—x)%¥*l=—x*+1 B groM ciyuae -
rpaduK CHMMETPHYEH OTHOCHTEJILHO Hayasa KOOPAHHAT.

Has x >0 dyukwin (40.1) Bce spasiores Bospactatouyinit. [Ipu
9TOM, ueM OGoJiblile MOKasarteib n, TeM GoJblle 3HAueHUA X7 pid
x> 1; nanporus, npu 0 < x<<1 dyHkuuu c GOAbIIKM MoOKasaTeseM
CTeNeHH f NMPHHHMAIOT MeHbluHe SRaveHus. Has x=1 Bce QyHKuUMH
Yy =X" NPHHHMAIOT SHaYeHHA, paBume [, -
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Bot TabaHuKa, NOACHSAIOWAA STO HA NpHMepe OTASHbHBEIX SHAYeHH:

-7 x
. v oy, 1 ]2

y=x o |y, |12

=2 1 0 Y11 |4

y'—'-‘-—x‘ 0 l]l‘ 1 16

Tpabukn ¢yuxuuii y=x" ma n=1, 2, 3, 4 nokasayH Ha
puc. 30. Ilpn n=3 u n—=4 OHH COOTBETCTBEHHO Ha3HBAlOTCA napa-
6oramu mpemoed v wemeepmoii cmeneny (napa6ona TpeThell CTENEHH
Ha3HBaeTCH TaKkxe Kybude-.
cxoll napa6oaod).

41. O6patras nponop-
IHOHANLHASL 3aBHCHMOCTD.
Crenennas d¢yHkuus ¢ pa-
IHOHANLHEIM  NOKa3aTeneMm
crenenn. HauneM c neeneno-
BaHHA CTeneHHO QYHKUHH
y=x* B cayqae k=~—1:

1

=3 (LD

WIH C HeCKOJbKO Gosree o6~
el GyHKUHH:

y== (ms0) (41.2)

(B. 5TOM cCiayuae TroBOpAT,
| YTO X M y HaxouATcs B 0f- Paa. 30.

pamuold nponopyuoHasbHol -

aasucuMocmy, a YMCIO /M HASHBAIOT xostquuuueumom oBpamnod npo-
nopuuouaﬂbnocmu) Pasencteo (41.2) SANHCHBAIOT TaKXKe B CHMMeT-.
pHuHOA OTHOCHTEJILHO X H ¥ dopme:

xy=m. ) (41 3)
Taxnm oépasou, npouseederue Geaudun, Raxodaujuxos 8 obpamnorl

nponopYUOHarbHoll 3asucuMocmu, NOCMORHKO 1 PAsHO KosHipuyuenmy
nponopyuoRassHocmu.
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‘TIpoBeneM nccaenobanne ¢yuxunu (41.2) B cayyae m > 0.

1) ObnacToio onpenenennst ¢pyukunn (41.2) cayxur Bea ock Ox,
Kpome TOukH x=0: 3Ta 06/1aCTb COCTOHT H3 JABYX GECKOHEYHHIX.
OTKPHITHIX HHTepBasoB (—oo, 0) u (0, - oo).

2) dynkuMa He obGpamaercs B HyJb. Ecan x>0, 7o (B cuay
m>0) u y> 0, naa orpHUaTeNbHBIX X (QYHKLHA TaKxKe NPHHIMaeT
orpiuarespible 3HadeHid. O6aacTbl0 H3MeHeHHs QYHKUHH SBJAAETCS
MHOKECTBO BCeX JefiCTBHTEJbHHIX YHCeJ, KpoMe HyJs.

3) ®yuruus (41.2) neversa (nokamxute); ee rpaduK CHMMETpHUeH
OTHOCHTEJILHO Hauasa KoopauHaTt. JlocTaToyHo mosToMy paccMOTpeTb

JHIIb Ty €ro 4YacThb, KOTOpasi cOOTBeTCTByeT HHTepBady (0, - oo).
' Ipapux ¢ynkuun (41.2) oGaapaer 1 ciMMerpiei OTHOCHTEJIbHO
GHCCEKTPMC KOOPAMHATHHIX yrioB. [lokaxeM, Hampumep, €ro CiM-
METPHIO OTHOCHTeqbHO OuccekTprct I—III yraoB. 3anuch (41.3)
CoBepIeHHO CHMMETPHYHA OTHOCHTENBbHO X M y; HO3TOMY, €CJH TOYKa
M,(x,, Y,) Jexur Ha rpaduxke GyHKUiN, TO W CHMMeTpHYHAs C Heil
Touka M, (x,, ¥,), HMeOUas KOOPAHHATH X,=1Y,, Y, =X,;, JEKHT Ha
TOM JKe rpa(pxme' H3 paBeHCTBa X,y, = m cJenyer

XYy =Y Xy =1m.

310 coofpazkeHle NPHMCHHMO BCAKN pa3, KOrZa COOTHOMWISHHE MEKIY X H ¥
MOKHO IPCACTaBHTBL B (OPMe, CHMMCTPHYHON OTHOCHTCIBHO X M ¥, T. €. B BHJ
F (x, y)=0, npuuem dynkunsa £ (x, y) yaosaersopser yciosuio F (y, x)=F (x, y).

4) Ilpn x >0 dynruna (41.2) y6usawomasn; aeiicTButesbHO, H
0 <x, < x, caepyer m/x, > m/x,, T. . Y, > Y,. DyHKLUHA ABIAsSETCH
yObiBatouieil H B HHTepBane (—oo, 0) (npoBepbTe CaMOCTQATENLHO)
Beio 6bl olIHGKO TeM He MeHee CUHTATh (GYHKUMIO yOLIBAIOWIE] B
Bceii obsacTH onpeneseHusi: B Touke x=0 oOHa He omnpefeneHa
liMeeTCH [Ba MHTepBana ee MOHOTOHHOCTH: (—oo, 0) n (0, 4o0)
B KaX[OM H3 KOTOPHX OHa yGLiBaeT. ’

5) Mayuunm "xapakTep naMeHeHHS Y NPH YCJOBHH, YTO X MpPHHH
MaeT Bee OOablile INONOXKHTENbHEIE 3HayeHus (cTpeMmutcs K Gecko
HeuHoctH). SIcHO, uT0 y=m/x npun 3TOM OyAeT NPHOMIKATbCS
HYJI0, OCTaBasiCb BCE JKe NOJOXHTeJbHEIM. [paduueckn 3To o3na
yaer, YT0 KpHBas npubaikaercs (Ipit ABHKEHHI TOYKH BNPaBoO) K OCl
abcusice, ocraBaschb Bhiwe ocH. abcuucc, Och OX sABAsAETCA ACHMNTO
_Toil rpaduka o6paTHOil MpPoONOPUHOHANBHOCTH.

Ecan, nanpotis, 3acTaBuTh X mpHGJIKATBCA K HYJIO, OCTABAAC
“TIOJIOKHTEJIBHEIM, TO Y GyeT HeorpaHiueHHO BO3pacTaTh (CTPEMHTBC,
K Geckoucynoct), I'paguk useer u Bropylo acumntory—och O
(nocnegnee sICHO Takke W3 HaJanyuA acHMOTOTH Ox H CHMMeTpH
- OTHOCHTEJIbHO mpaMoil y=x). Kpusas, COOTBRTCTBYIOIAs pasoGpan
Homy cayvaio m >0, mokasaia Ha puc. 31, a; cayyait m <0 pac
CManHBaETCH aHanoriuHo, rpaduk Hsoﬁpa}xeﬂ na puc. 31, 6.

= KpuBas, ' cayxamas rpadukoM oOpaTHOH NpONOpLHOHAABHO
3asucqmocm, HasniBaeTcs pasnobourol eunepbosoli. B oboux ca
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sagXx m>0 1 m<0 runep6ona cCoOCTONT H3 JABYX OTHAEJBHBEIX
qacTei, HasHBaeMbIX 6emgamu THnepGonn. [unep6ona uMeeT ocH

K7 . y
y-F :
o0 m<@ -
-z i 7
a) )
Puc. 31. ’

"CHMMETpHH (37eCh OHH COBMajpaloT C OGHCCEKTPHCAMH KOOPIHHATHBIX
yrioB), nABe acCHMOTOTH (OHH COBMNAJH C KOODAHHATHHIMH OCSIMH),
HEHTP CHMMeTpHH (mOMetlaouuite
csl B TOUKe mepeceyeHHA ocell cum-

f’ yj MeTPHH H ACHMNTOT).
X ‘T ',
. I
'N(S‘ ////l
\YA
/7 7
. //- // !
01/ :’,’\3' ! »
T = =,
/
i /
/
'|~// //
|// .
y= 1 . _ g
73 ' 77
- Puc. 32. Puc. 33.

Ha puc. 32 nokasaust rpabuxu byHrunit y=1/x* npu n=2,
n=23; nccaenoBaHie 3THX QYHKUMA NPEIOCTaBaseTcs YHTATeMO.

B xauectBe npHMepoB creneHHBIX (YHKUUHA C APOGHBLIMH MOKa-
. SaTe/IAIMU CTENeHH PACCMOTPHM Y= Viiny=Vx

OyRKUMO y==}/X MONKHO paccMaTpHBaTh Kak OGPaTHYHO .nO
OTHOLIEHHIO K y==2x% I03TOMYy MOXKHO MOCTPOHTb ee rpadHK Kax
KpHBYIO, CHMMETPHUHYI0 ¢ KyGieckofl napa6osoil y=x® OTHOCH-
renbHo -Ouccekrpuchl [—III koopaunathuix yrios (puc. 33). ScHo,
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4TO M He 3Has NpaBHJa, OTHOCSWEToCsA K rpaguKaM B3aHMHO o6par
HEIX OYHKUMH, Mbl MOMVIH Obl TepemicaTb ypaBHenne y=3/x
PaBHOCHJIbHOM BHAE X=y* M CTPOHTb TIpaduK PYHKUHH x=14® Ka
Ky6uueckod (QyHKIUHH OT y.
B cayuae dyukumu y=}x objacTs onpeeseHus — noJay
ocb x>>0. M 3pech MOXKHO NPHMEHHTb NPaABHJIO, OTHOCSALIEECS
rpapikam  B3aHMHO-  oGpaTHHI

/7 P 22 (z=0) ¢yHKUNIT; B CaMOM fesie, €eCJH M-
I "
Il g i
17 =
7/
7/
12
7/
e " Z
K4 ' .
Puc. 34. Puc. 35.

paccyoTpuM YHKUHIO gy=x*> Bo Bcell ee OOJacTH OllpeleJeHi
(—o0, +o0), TO OoHa He Oyner MOHOTOHHOH H He 6y11eT HMeT
obpartnofi $yHKuuu. Bosbnen, OLHaKO, GYyHKIUIO ¥ =X, orpaHiuu
00/1acTh H3MEHeHHUsl X IOJIOXKHTEeJbHOH _ozryocbio (puc. 34) Tenep
byukuuA y=x* MoHOTOHHa (ua Bceft momyocn xz>0) u 1uwme

obpatHyio GyHKuHIO y=} X, rpadHKk KOTOPOil NOKA3aH Ha TOM K
puc. 34.

ToxaxeM eme rpapuk ¢yskunn y= / x%, HasblBaeMblii yacT
noayky6useckol napaboaod.

IlpoBenem kpaTkoe HccseioBaHBe (GYHKIHH,

1) O6nactp onpepesienusi—BCcs YHCAOBas OCh.

2) Oyakuua HeoTpuliaTeNbHa H 06palllaeTcst B HYJb TOJbLKO NPl
x=0; rpaduk ¢GyHKUHH NpPOXOAMT uYepe3 HayaJo KOOPAHHAT H Je
XHT Bhllle ocn afcuucc. _

3) O®yHknHs vyerHas, ee rpadnk CHMMETPHYEH OTHOCHTeNbH
ocu Oy.

4) OyHKUHS MOHOTOHHO BO3DacTaeT NPH HOJOXKHUTENbHBIX
(1 MOHOTOHHO yObIBaeT NpH OTPHUATENBHBIX X, 4TO BHAHO, Ha
npHMep, H3 CHMMeTpHH TpadHka oTHocHTeabHO Oy).

5) Ilpn HeorpanudeHHO pacTywem X (GYHKUHA TaKKe pacre
(ctpeMHTC? K G(eCKOHEUHOCTH), HO MeJJeHHee, 4eM X; PaBeHCTB
y= ‘:’/x2 BJeyeT 3a coboii y/x:d/f/x, T. €. OpH X——-400 OTHO
LIeHHe y/X yMeHblllaeTcsl, NpHOANKAACh K HYJO. JTO O3Hayaer, Y
xopaa, coemuspomasn Touky (0, 0) ¢ moGoit Touxoit (x, 3/%%), na
KJoHeHa K ocH Ox 1o Mepe yIaNeHHS TOUKH B GeCKOHEYHOCTb IO
Bce GoJiee ocTpeM yrioM (puc. 35), rpaduk nogHUMaeTCs MOJOro
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Uccrenyem eme BHA KPHBOHA BOJM3H Hayana KOOPAHHAT. 3Jech
y

npH MaJblX 3HAYEHHAX X OTHOLUEeHHe y/x=l/f/x, noKasblBatouiee
HaKJIOH XOpIbl, BEChbMa BEJHKO, KPHBas BXOAHT B HAYyajl0 KOOpAH- .
HaT, TecHO npubGamxasch K ocH Oy (kacaack ocn Oy). I'paduk ma
puc. 35 mOCTpOeH € YYeTOM 3TOr0 MCCJEJOBaHUS H C HCHO/b30Ba-
HieM otaenbHuiXx Tovek (0, 0), (*/4, 1/,), (1, 1), (8, 4).
AHa/MOrHYHBIMH nNpHEMaMH MOTYT OHiTb HCCJI€I0BAaHH (QYHKUHH
y=x* c no6biMH paUHOHAJBHLIMH MOKA3aTeNsIMH CTENEeHH.
© 42, Nokasareabnas dynxuusa. OyHxkuus Buxa

y=a* (42.1)

npH a >0, as=1 HasmBaerca noxasamenstoll hynxyued.

Hccaenyen sty dynxumio.

1) OGaacrbio onpenenenuss ¢GyHkuHH (42.1) cayxur Bca ocb
aGcuce, T. e. GeCKOHeuHBIl HHTepBaJ (—oo, -}-oo).

" 2) dyukuns (42.1) ne sABAAETCA HH YeTHON, HH HeueTHOIl.

3) ®yHkuna y=a* nosoXKHTeJbHA MNpH BCeX 3HAUEHUAX apry-
MeHTa, Mo3ToMy ee rpapuk Bechb pacroJaraercss Bbiille ocH aGCiHcC.
Ecima>1, 10a*>1 npu x>0 1 a* <1 npu x < 0. Hanporus,
et a<<l, Toa*<1lnpu x>0 u a*>1 npu x<0. B aobom
cayuae a*|,_,=1. I'paduk npoxoaut yepes Touky (0, 1) Ha ocu Oy.

4) Ecmi a> 1, 70 GyHkuus y=a* MOHOTOHHO BO3pacTaeT; €C/aH
a <1, To oHa MOHOTOHHO yGniBaer. J[leficTBHTeNABHO, H)CTb Hanpu-
Mep, a > 1. Ilpu x; > x, nmeem

Y—y,=a" —af=a% (@~ H—1);

B 3TOM BHIpa:KEHHH 002 MHOXKHTeJl NOJIOXKHTENbHH H ¥, > Y,. AHa-
JIOTHYHO JNOKa3blBaeTcsl yOnBaHHe QYHKIHHM B cayvae a < 1.

. 5) Ilyetb @ > 1; kak Mbl Bugenau, QYHKLHA Y= a* BO3PacTaer;
MOXKHO TOKa3aTh, YTO NPH 3TOM ee 3HAYeHHS IO Mepe BO3PACTaHHA X
CTaHOBATCA CKOJb yroaHo Goablnmu. I'paduk ¢yHxunun Kpyrto nog-.
HHMaeTCst BBEPX INpH JBHXKEHHH TOUKH X MO OCH aGCLHCC Brpaso.

"Ecan TeNepb 3aCTaBHTb NeEPeMEHHYI0 TOUKY X ABHraThcs Ge3
orpanHyYeHHii mo och Ox BJEBO, TO NPH 3TOM 3HAYEHHA (YHKIHH
(42.1) 6ynyT CTaHOBHThLCS BCE MEHbIIE H MeHblLlIEe, 0CTAaBasCh, OJIHAKO,
noJIoXuTeAbHEIMH. [lo Mepe HeorpaHHYEHHOrO ABHXKEHHS TOYKH X
no ocH Ox BieBo rpaduk ¢ynxkuun (42.1) 6yaer cepxy Bce Gainke
n Oamxe nopxoauts X oci Ox. Ocb Ox sABAs€TCA 20puU30H-
maabrold acumnmomoii rpaduxka GyHKIHH (42 1), xak nokasaHo Ha
puc. 36,a.

B cayyae a <1 dyHkuna y=a*, xak yxe omequo, y6rIBaeT;
Mo Mepe BO3pacTaHHs x ee 3HAaueHHA OBICTPO NPHOJINIKAIOTCA K
Hymo—ocb Ox spasercs acumntoTod rpaduka  dynkunu. Otpuua-
TeJbHBIM 3HAYEHHSIM X Tenepb COOTBETCTBYIOT 3HAUCHHS ¢>yHKutm
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6oabliie eXHHHUBL, € YBEJHYEeHHeM MOAYAd x (X — —oo) pyHKUUA
pacteT, crpeMmuics K GeckoHeuyHocTH. ['paduk nokasareibHoil (yHK-
uun npu a < | nokasan Ha puc. 36, 6. _

Yem Gouabilie OCHOBaHHe @ > 1, TeM Kpyue mnogHumaercs rpadlk
¢yHKUHH y=a* BNpaBo u TeN ObicTpee npubiimKaercsi X acHMATOTe

y o\ A
2 i
%a ‘e
4 N2
0,1
0 5— g T
a) 1)
T Prc. 36"

npu asiskeHun ToukH Baeso. Ha puc. 37 nokasansl rpadiuks noka-
3aTeJbHBEIX (YHKUUII y=a* NpH 3HaueHHAX ocnopauus a=2, 3,
/4 3/;. 3aMernm, yto rpaguKn y=2* u y=(/,)* (wm y=3*n

Yy =(*/;)¥) - COOTBETCTBEHHO CHMMeT-

¥ pPHYHH OTHoCHTeabHO ocH Oy, eii-

b CTBHTeabHO, Y= (}/,)* MOXHO 3a-
N\ nHcath Kak y=2"%; ecaH ToYKa
= (%, y) npuHamaexut rpaduky ¢yHk-

1L Y = 2%, TO TOYKA (—X, Yf), CHMMeET-
piuHas efl orHocHTenbHO ocu Oy,
JexUT Ha rpadiike y=27%,

3ameyanne, Hekawouyenne us yue-
Ja 3HayeHuil ocHOBaHua a uucea a=0,
=1 u orTpuuarte.bHHX 3HaueHuil @ 0GB~
SICHAETCA  CIeAYIOWNME  06CTOATE1bCTBaMH,
Ilpu a=0 poipaxenue Buga 0% onpeaeae-
Puc. 37. HO mpH x > 0 H B 3TOM Cayuae TOXKICCT-
. . BeHHO paBHo myaw. [lpn a=1 Bupaxe-
uie 1% onpejeseHo mpH BCEX X, HO CHOBA
BMReT NOCTOSIHHOE 3HaYeHie (TOXKAECTBEHHO paBHO elnnuue). Jlas oTpuuaTeabHEIX
a BO3MOKHO BO3BeleHHe B 11eayl0 CTencHb X==1 LI B PallIOHAIBHYIO CTCIeHb
X=p/q C HEueTHHIM 3HaMEHaTe&lIeM ¢; a* HMeeT CMHCA B Cayuae a < 0 auws npn .
yK333HHLIX CPABHHTCABHO ¢peikux» 3Hauenusnx a. Ilostomy a=0 u a=1 uckmo-
9al0T B3 ONpeje]eHHs NOKa3areabHoll QYHKLHH B CH1y TOro, 4YTO 3TH Cayyan
HenHTepeCHH (NPHBOAAT X HOCTOAHHLIM), 8 @ < 0—B CHIY TOro, 4T0 06aacTh JO-
DYCTUMHX 3HaueHHli X He ABAACTCA <CILIOWHOMN®, a COCTOHMT H3 <«pa3’PO3HeHHHX?
goyex. Camo aHaquTHYeCKOe BHIpax(eHHe a* B YKa3aHHHX CJyyasax coXpaHser
CMHICJI B MOMET BCTpedaThCd B petweHns 3ajay, Hanpiuvep, @aa supaxenus x¥
T04ka ¥x=—1, y=—1 BXOZHT B 0.%.3.

0
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43. Jlorapn(bmnqecxan dynkuus. PyHkuua BuAa
y=log, x, (43.1)

roe a> 0 u a4 1, HasbiBaerca sceapugmudeckoil gynxyuell, .
Yro6u moctpouts rpaduk JorapudMuueckoll (PyHKUUH, Ipolle
BCEr0 3aMETHTh, UTO OHa fApjsercss obpaTHoR ynknme#t Ans noka-
saTenbHo#t ¢pynkuun. IefictBurenpHo, ecau y=log,x, 10 x=a?, n
o6patHo. PyHKuuH y=log,x H y=a"—B3aUMHO OOpaTHHE cbym(-
HHH, HX rpauKH pPACHOJIOMKEHH! 3eDKaJbHO-CHMMETPHUYHO OTHOCH-

TenbHO OuccekTpucn I—III xoopaHHAaTHHX yrios.

SruM MH H BOCHNOJIb30BaJIHCh NMPH NOCTPOeHHH Ha puc. 38 rpa-
¢duxa sorapudmnueckoit GpyHkuun y=log, x no u3sectHoMmy (m306pa-
JKXEHHOMY 34eCb NYHKTHPOM) TrpaduKy InoOKasaTeJbHOH (QYHKUMH

Puc. 38,

y=a* (prc. 38, a otHoCcHTCH K cayyao a > 1, a puc. 38, 6—k cay-
gaio 0 <a<1).

OrMetuM, - 9TO rpaduxH JOrapHPMHYECKHX q)ymmuu B 000HX
Clyyasx pacrno/IoXeHw npasee OcH opauHart Oy, NOCKOJBKY Jora-
_pHdMHUecKan GYHKUHA onpejeseHa JHWb JJs NOJOXKHTEIbHBIX
'3HaYeHH#i He3aBHCHMON nepeMeHHOR x. Ilpm BcsAkoM ocHOBaHHH @
(a>1 umn 0 <a< 1) rpapukn npoxonar yeped Touky (1, 0).
Uneno x=1 cay:kut Hysem Jorapubmuyeckoil GyHKIHH y—-log,x
npH JioboM a.

*  Tlpu a> 1 norapudmuueckas ¢yHxuua (43.1) sBasercs Bo3pas
crawoiesi pynkuuedt, npu 0 < a < 1 —y6uiBaiomei,

Yupaxunenusn
1. l'Ioc1-pourb rpaduxn byuxnui:
a) y=3x+6; 6) y=—2x—8; B) y=3x; r) y=—A4,
2. ITocTponTts npsiMele, 3afaHHEeE YPABHEHUAMH:
a) 4x+3y+12=0; 6) 2x—10=0; B) x+y=0; r) x—3y+9=0.
- 8. Tlocrpours rpatbuxn caenylomux $yHKuni:

a) y=1/V'x; 6) y=1% 8)y=2%;1) y=(s)%; 8) y=Ilog,, x; ¢) y=logs’s,
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<

§ 3. IlpeoGpasoBanne rpacduKoB

44, TNapaaneabHbiit casur rpaduka. Bo MmHOrux cayyaax rpa-
¢duku q)yﬂxmm MOryT OBITH NOCTPOEHH NYTeM HEKOTOPHIX npeolpa-
30BaHHIl yXKe H3BeCTHHIX IpaduKoB Apyrux QyHxuuil Gojee MPOCTOro
Buga. Tak, eciH ussecteH rpaduxk ¢yuxuun y=F(x), TO MOKHO
NOCTPONTH rpaquu Ppyukuunii Buaa

y=Ffx)+8 y=f(x+a).

1) Moctpoenne rpaduka pyukunn y=7F(x)+p (caBur .
rpaduka B HanpapjeHHd ocH opauuar). Bcnomaum, 4to rpaguk
" AnHeliHoil (byHKan y=ax-+b mnoayuancs u3 rpaduka ¢yHKUHH

\ y=ax caBuronm Ha |b| exnHuu (BBepx
4 =112)48 >0 HJH BHH3, CMOTpPA NO 3HaKy b) B

yh .
y=f(.i‘+d),(x>0 7 y=ﬁé+a), a<l

<D
Gy

Y=ra)1 <0

Puc. 39. Puc. 40,

HanpaBJeHHH ocu Oy (cM. puc. 25). ToyHo Tak Ke $ICHO, 4YTO
opauHatel rpaduka QyHKuMH y=f(x)+ P nosyvaorcs H3 opaHHAT
rpaduka PyHKuuY y= f (x) npubGaBJeHHEM NOCTOAHHOrO cJaraemoro fi,
T. €. LS Toaydenuss rpapuka y=f(x)+p Hago Becs rpadux
y=1{(x) nepemecTuts mnapaJseabHo ocH Oy Ha |f| exunul, BBEpX
HJIH BHH3, CMoOTpd no 3Haky P (puc. 39).

2) HOCTpoeHHe rpapuka QyHKUHH y= f(x+a) (caBur
rpaduka B HanpasjeHuu oci abeuncce). Ilyete no rpaduky ¢yHKIHH
y=1{(x) Hy>kHO nocTpontb rpaduk ¢yHkuHH y=/[(x+a). Iy 3a-
Jauy MOMKHO peLIHTb IepeHOCOM rpaduka QyHkuuH y=f(x) Ha |a|
enqnHHL Macwrtaba BJeBo, ecad a >0, u Bnpaso, ecau a <0
(puc. 40).

TlosichiM 3TO Ha CICAyIOWeM HpiMepe., PaccMOTpHM (YHKIHIO

=(x+1)*> u cpaBHHM ee rpapuk c¢ rpapukom OQYHKUHH Y= X%,
Ozun H Te xKe OpAMHATBL MBI TNOJYUYHM, €CJHH st (YHKIHH

= (x4 1)* Gynem Oparp aGcuucCH HA €NUHHIY MeHbIIHe, YeM AJs
y=x AGcuuccel Bcex ToyeK rpaduka y=x2 cleayer yMeHBLIHTh
Ha eJHHHUY, T. €. CABHHYTb IpapuK y= x* BJIEBO HA ONHY EHHHIY
macurraba (puc. 41, a).

\
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[To TakmM xe coofpaxeHHAM BHAHO, 4TO TpadHK YHKUHH
y=(x—2)* noayuntcss u3 rpapuka GyHKUMH y=x? CABHIOM Ha JBe
elHHuns Brpaso (puc. 41, 6).

O6a cisura—B HanpabieHun ocefi Ox u Oy—MOTYT NPHMEHATH-
ca onuospemeHHo. Tak, ana nocrpoenus rpaduka (yHKuun y =
= (x—2)*—1 caenayer rpaduk GYHKUHH y=x® CHECTH Ha JBe

.l/\y-(r’r/)’ Y} y=z? y=(z'—2)2 b y=2?

. =21 ={z'-2)l—l
Ted y-a 2ed. s g

1,0 0 7 z [7] (2,00 < g w z
2) .8 b (2,-1)
Puc. 41,

elHHHUH BAOMb OCH Ox BNpaBO M Ha OAHY EIMHHIY BJOJb
ocn Oy BHHU3 (pHC. 41, 6).
IMpumep. Iloctpouts rpaduxn o¢ynknuit: a) y=(x+2)?+41;

6) y=2+V 7—3.

INyetze2)®et y

§==. | ,Z-\-\/ﬁ

(4,3 Y
(3,2) éy/ﬁ/k
L0 —1TT3

v 3

1 0 '
a) d)

Prc. 42.

&Y
Q

- Pemwenne. a) I'padux dynruun y=(x-4-2)*+1 nonyuyurcs ns
m3BectHoro rpapuka ¢yskuun y=x?® (puc. 30) caABHroM Ha JBe
eMHHIK BJEBO H HAa ONHY eAWHHLY BBepX (puc. 42, a).

6) Pemenne nonsTHo u3 puc. 42, 6. O6nactb onpenenenns QyHk-
IHH 31eCh —O6eCKOHeUHHA HHTepBand [3, oo).

5 B, B, 3afines & pp,
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B HCKOTOPEIX CIyuasx EMCCTO. CADHra rpaduka noJIB3YIOTCSI MEePEHOCOM Ha-
yana koopauuaT (m. 8, pic. 6). IToxamen, Kak 3T0 geaactesi, Ha npHMepe (ylx-
unk y=(x—2)2—1, rpaduk KOTOpOii yixe Gul1 NoKasaH ua puc. 41, e,

Boabyem Touky O’ (Bepumny napaGoawt) ¢ Koopiusatamu (2, —1) (puc. 43)
K mepemcceM B Hee HAyado0 KOOPAHHAT; NPH STOM CBA3b MCXKAY CTapLIMH H HO-
. CHIMH KoOpAuuataMH 1o ¢opmydaaMm (8.1)
gy Jh Oyler Takas: x—2=x', y+l=y.

s , + VOBLIX KOODINHATHLIX OCAIX YPaBUCHHe na-
Y=z=2)'~} * paGoas y=(x—2)*—1 npuver npocteil-
y’-x’f wait BUY Yy =x'% napaGoaa CTpourcs
Yyxke mo ee 1oBOMy YpaBHEHHIO Henocped-

\ . CTBEHHO  OTHOCHTEJABbHO  HOBOII  CHCTEMB

\

KOOp. Lt ar,

45. Tpapix KEafparHoro Tpex-

\J/ - yaeHa. KpagpatHeIM TPEXUICHOM ML

o'(z,-j)l a! HaspaJil  LeJYyl  palHOHaNbHYIO
¢ynxuio propoit crenenu (37.3):

y=ax*+bx4c, (45.1)

rie a=s=0. JIoxameM, . uTo rpadHKOM KBajpaTHOrO Tpexy.leHa
sipasercss mapa6oaa, noJydaeMasi napajlulesbHBIMH CABHraMH (B Ha-
NpaBJIeHIAX KOODAHHATHHIX oceii) H3 mapaloam y=ax®. Jlas storo
npusegeM BuipazieHiie (45.1) myTeM NPCCTLIX TOKIACCTDEHHLIX mpe-

obpasopantit Kk BHAY
y=a(x-t+a)*4p. : (45.2)

COOTBCTCTByIOLU.He npeoGpaaonamm, 3anliCaHHLIe HIZe, 1I3BECTHHI
KaK «BblJIe/ICHHE TOYHOTO KBajpartax: i

2 3
y=ax”+bx+c=a(xﬁ-}-%x)—|—c=a(x’+%x+%;)——i—a+c=
b\* 02—dac ’
Mger npuBean kpaipaTHBll TpexuleH K Buay (45.2); npu sToM
b b*—4ac

)

Pic. 43.

(5T BEIpaKeHisl He cJelyeT 3anoMiuHaTh, yao0Heli Bcsaxnil pas Bbl-
noJHATL npeoGpa3oBaniie Tpexusena (45.1) k Buay (45.2) wueno-
CPeACTBEHHO).

Tenepp BHAHO, uTO rpaduK TpexuseHa (45.1)—mapaGona, pasHas
napaboJe y=ax? 1 nosayyaemas caBuramu napabonnt y=ax® B ua-
npaBAeHIAX oOcefl KooppuHar Ha o M [ (¢ yueToM 3HaKa o H P)
cootpercTBenno., Bepumna sToft napafoanl momemjaercd B TOUKE
(—a, P), ee ocbto cayxur npamaf x=—a. [Ipn a > 0 BepunHa—
HaHHH3Was Touka napaGoawl, npi @ < 0—HaHBeICWIAS, -

IMpumep. Iloctpoure rpaduky ¢yHruuit: a) y=2x*+4x—6;
0) y=—x*+4x.
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Pewenue, a) [TpeoGpasyem KpaapaTHwlil TpexuieHs
y=2x*+4+4x—6=2 (x4 1)*—8.

Bepumna napaGoasi—touka O (—I1, —8), ocb —npsivasg x=~—I1,
BepuiiHa 3jech—HauHH3INast TOUKa rpaduka (MUHIMYM H HaHMeHb-

mee 3HadeHne QYHKUHI noJyuarrcs npi x=-—1). Hameruy eme
TOYKH nepeceuenns rpaduka ¢ ocsaMu KoopiHHAT: npH x=0 umeem
y=—6. Ecmt y=0, 10 x,=—3, x,==1. Ilo yKa3aHHBHIM JaHHBIM
napaboJa nocTpoeHa Ha puc. 44, a.
K4
2.4
y=2x*+4z-6
\
30) (1)
(0-6)
a 9
. 09) )
Putc. 44.

6) Ha pruec. 44, 6 noxasan rpaguk Bropoil yHKIN y=wm=x?|-4x=
=—(x—2)2-}- 4, » :

IMpoBenem Tenepn 1ccienoBaHue KBaApaTHOTO TpexdwJeHa, T. €.
BBIICHHM €ro CBOMCTBA B 3aBHCHMOCTIH OT 4YlCJIOBHIX 3HaueHHIT KO3(-
¢uunenToB a, b, ¢ B ero Bripaxenui (45.1).

" OGosnaunM B papeHctBe (45.2°) BennuuHy b*—4ac yepes d:
b\z d

y=a(x+§5)~—‘ﬁ, (45.4)
d =b*—4ac nasmBaeTcs1 QuckpuMuHannmom KBaAPaTHOTO TpexujieHa.
Ceofictba Tpexunena (45.1) (1 pacnosoxenne ero rpadiika) ompe-
IeJIIOTCA 3HaKaMH ANCKpHMIHAHTa d u crapuiero KosddiuHeHTa a,

1) a>0, d<0. Bepwnua rpapnxa O’ (—b/(2a), —d/(4a))
Jexut puime ocu Ox, mockojbky —d/(4a) > 0; Tak kaxk a >0, To
rpaduk pacnosoxer Bolile pepuilisl O°; OH JIEXKIT B BepXHeil NOay-
njockoctn {y > 0; puc. 45, a). ]

2) a<0, d <0, Bepunua 0’ (—b/(2a), —d/(4a)) nexur Hike
oci Ox u aBjsiercs Haubbiculell Toukoil rpaduxka. INapaGoaa pacmo-
JoxeHa B HixXHeil moayniockocti (y < 0; puc. 45, 6).

3) a>0, d>0. Bepumina O’ nexur Huxe ocn Ox, napaGosaa
nepecekaer ocb Ox B ABYX TOYKaxX X, x, (puc. 495,6).

5%
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4) a<0, d>0. Bepunna O’ aexut Bhme ocH Ox, napaGona
CHOBa nepecekaeT ccb Ox R ABYX TOUKax x,, X, (puc. 45,2).

5) a> 0, d=0. BepmiiHa JaexuT Ha camoii ocu Ox, napaGona
pacnoJsioena B BepxHeil noJynmaockoct (puc. 45, d).

\5/ y-azzmx«»c &
a0 o<
> d<g a<0
7 - - /4 7 - Z

{ y=czlibzie Jf
\
a-a
w7 et
o
4)
\3/ ={7.2‘2+b.2'+&’ ‘i
a=0 ' g<f '
a=0 a=0
0 < w2

9) g

Puc. 45.

6) a <0, d=0. Bepunna crHoBa Jexut Ha oci Ox, HO mapaGona
pacnoJ/ioxkeHa B HUKHEH NOJynJockoCtH (pHc. 45, e). :

BrBoan. Ecan d <0, 10 rpapux QyHKUHH BeCb JIEKHT JIHGO
BHwe (mpu a > 0), aubo nuxe (npu a < 0) ccu abemuce. PyHKUHA
y=ax®+bx+c ¢ d <0 snakonocrosinHa. Ecau d =0, To nonoxeHue
OTJIHYAeTCH JIHUWb TeM, YTO BepluHHA NapaGoJsl JexHT Ha ocH Ox
(byHKUHA 3HAKOMOCTOAHHA, HO B ORHOIl TOuke obpallaeTcs B HYJb).
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Ecmi d> 0, 1o dynkuus 3HakonepemeHHast (rpauk 4acThio JexHT
HHxe, uvacrtbio Bomue ocn Ox). KeagpatHuit Tpexunenc d > 0 umeer
IBa KOpHR (Hyas) X,, x,. [Ipit a >0 on ortpunaresen B HHTEpBaje
MeXAy KopHamu (puc. 45, 6) H MOJOXHTeNeH BHE 3TOTO HHTepBaJa.
IMpy a<0 oH monoxuTeNeH B HHTEPBAaJe MeXLYy KOpHAMH
(puc. 45,’2)- n orpunaTesen BHE ITOrO MHTEpBaJa.

Bce 3TH cBeneHus GymyT HCNOJB30BAHEL B TEOPHH KBAJpaTHHIX
ypaBHEHHMH M NpH pelleHHH KBaApaTHHX HepaBeHCTB (nm. 61, 79).

46. Tpadux apobuo-mnefinoft dyuxunn, Tak ke Kak NocTpoeHHe rpaduka

KBaJIpaTHOrO TPeXyJeHa NMOJHOCTBIO CBOXHTCS K MOCTpOeHHIO rpaduka Kpaaparuy-
HOll QyHKUHMH y=ax?, HccaefoBanHe APoGHo-iuHeiinofi dynkuiy (37.5)

ax-}-b ~ 1y
y=cx+d (c#0, ad—bc#0) (46.1)
H nocrpoenne ee rpaguka cBOAATCA K NOCTpoeHHI0 rpa¢mka o6parHoll MPoNOpIHO-
HanpnocTA (pasrobouHofi runepGosnl). Vimenno Xokawmem, yro rpaduk $yHKiuH
(46.1) nomyvaetca napaanenbHHM cABHroM rpaduka ¢yHkuuH y==k/x BRoab oceil
Ox n Oy. [lns 31010 npHBefeM TOXACCTBEHHHMH NPeoGPa30BAHHAMH BHIPAXKEHHO
(46.1) x Buay N

- y=groth (46.2)

PaccmorpuM zBa cayuasn: a# 0 u a=0,
1) MNycts @ # 0. Torna

b d\,b d bc—ad
y_ax+b_ ¥t _a (x-}—?) Liraars _a c
TwxFd ¢_,d ¢ d cr d’
+ *+ G
T. €, Ml NPHBENH BHpakeHuwe y K BuRy (46.2) npu
d be—ad

a
o == T'_ ﬁz?, k:

(3anoMuHaTh STH GOPMYJH He HYKHO).
2) Ecan a=0, To npeo6pasoBaniie MpOBORHTCS ele NpoNe!
y= b b k& '
cx4+d - % x+a’
‘Tpumep. Toctponte rpadukn ¢ysknnit:

e k1, el
A y=gxat O ¥y=3z33 B Y=g

c?

1/2\‘
x+3°

. 1 :
I'paduk noayuaerca us rpaduxa dynkuuu y=7/2- CIBHTOM BJICBO Ha 3/, enu-

Pemenmne, a) IMepenuweys y B Buge y=

HHUE; €r0 2CHMNTOTaMH GYIyT NpaAMHe y==0 1 x=-—3/,; 1J% noCTpoeHus TIpa-
¢$HKa HCNOJb30BaHA TaKKe TOYKAa €ro nepeceueHHs ¢ ocklo Oy: x=0, y=2/4.
I'papuk nsobpamen Ha puc. 46, a.
x| _x—{-3—2_1 2
x4+3- x+3 = x+43°

Acumntotnl rpaduxa —JuHuH X=—3 u y=1; TOUKH NepeceueHus C OCSMH
xooprunar: (0, 1/3) u (—1, 0). T'padux nocrpoen na puc. 46, 6.

B) I'pa¢uk nokasan xa puc. 46.6, .

6) Mnmeem y=
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Sameuvanue., Ycaosue ad—bc# 0 (46.1) mvcer mnpocToll cMuICT: ecan
ad—be=0, TO YHCANTCIb W 3HaMeHareds B sanuch Qopmyasl (46.1), sazaioweft
yNKLHIO, TPONOPUROLATILHAL i NPH BCEX SHAUCHHAX X 7 —d/c QYNKLNA cBOZuTCS
K NOCTOSHuCH: y==a/c. DT0T cayyail ecTecTBeHHO LCKJIOUHTD, .

z=-F

\\_
W
&
<

P e s

Ay
2 L =
\% T 707//5,):;:';?-—-1—-—"

: 0 7 zZ - ‘{0)01 &
1
:
a) 6
g 1
N
“3[
v}
izl
_______ S SO

T~

\/
-0
Puc. 46.

P

47. TipeoGpasosanye cumyerpid. Cxarne o pacrsixenne rpagux
Ecan nneetca rpaduxk ¢ynxkuin y=f(x), To HETpyAHO NOCTPOH
rpaduxn QyHkuuil y=—f(x), y=Ff(—=x), y=—f(—x). Otu rp
¢huxi GyayT CHMMETPHYHH C TpaduKoM (YHKUHH Yy==f(x) OTHOCI
TeabHo ocn Ox, ccn Oy, Hayajla KOOPIAHMHAT COOTBETCTBeHHO. Pa
CMOTPHM KaxAulil chaydail oTelbHO.

1) y=—f(x); TougH storo rpaduka OyayT CHMMETPHUHH C TO
Kamu rpaduka ¢ynkuun y=f(x) orHccureabHo ccn Ox (xa:
noit Touke (x, f(x)) otbeyaer Touxa (x, —f(X)), CHMMETDHUYH
c Heil). :

2) y=[(—x); B sTOM cayyae o6naacTb onpeneieHHst GyHKil
y=f(—x) coctout 13 Touck ccu Ox, CHMMCTPHUHBIX C TOYKaM
o6aacTH onpefenexuss GyHKUHH y= f(x) OTHOCHTEJIBHO H2Ya:1a KOO
mpunar. Hanpiimep, yHKUHSA y=V x onpenenena npu x>0, by

us ke y=) —x onperenend npn x< 0. Tpapuxn dynxy
y=[(x) 1 y=Ff(—x) cocToAT H3 MNONAPHO CHMMETPHUYHKIX OTHCC
TeabHo ccl Oy Touek (x, f(x)) u (—x,_f(x)).
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3) y=—7F(—x); TouKkn sTOro rpaduka OGYyAYT COOTBETICTBEHHO
pacmoaoxeHbl CHMMETPHYHO ToukaM (x, f(x)) rpajuka y=f(x)
OTHOCHTE/IbHO Hauasa KOOPAHHAT.

Ha puc. 47 nokasaH rpaduk nexoropoit ¢ynkuun y=_Ff(x) u

_rpad)m{u Q)yuxumxj——-—f(x) y=f(—x), y=— f(—x).

-,

¥
| y=2te /]
U=z yd
y=5r0]
7 T
2 ’ ?
/@ \\\
\}’f/’%\ )%‘9
Pre. 47, ) Puc. 48.

.

[To rpadury dynxrwin y=f(x) MOXHO TaKie NCCTPOUTH Tpacix
GyHKIHH BlAa
Ty=oaf(x), a—_-const#o.

IMonoxin nast onpeaedenHocts o> 0 (cayuail o <0 csegercs
K C1y4al0 MOJOXKHTEJLHOTO o nocjae npeobpasoBanisd CHMMETpHH,
PACCMOTPEHHOFO TOJBKO 4TO).

SlcHo, uto rpaduk ¢ynkuuH y=o f(x) noayuntca u3 rpaduxa
dyHRUMH y=[(x) yMHOXeHHEM BceX OpAHHAT Ha ONHO N TO e
YHCJ0 o (TaK noJyuanuch, HanpHmep, rpagukH ¢QyHKIHiA y=ax?
no rpadury ¢yskun y=x?). Ecim o > 1 (nanpumep, a=2, Kak
Ha pHC. 48), TO MOXKHNO CKa3aTh, UTO rpaduK pacTAruBaercs B o pas
_B HanpapJeHun ocH Oy. Ilpu oc<1 (na puc. 48 nokasan cayuait

o =1/} «pacTszKeHHE» B o pa3 yRoOHeil Ha3BaTh CXKaTHeM (B 1/c pas).

Haxkonen, noxaxenm eme, Xak no rpapury oynxummi y=f(x)
Hafitn rpapuk OyHKuun y=f(ox). Ilycts cravana a > 1. Torpa
TouKaM rpaduxa y={(x) ¢ xoopamHaramMu (X, §) MOXHO IOCTaBHTb
B COOTBETCTBHE TOYKHM IpadHKa y=Ff(xx) ¢ TeMH e opAHHaTaMil Y
H acuiccaMH X/ot B o pa3 MeHbWMi, d4eM afcuuccsl ¥ rpaduka
y={(x). Tak, B ca1yyae oo=2 Ml OyleM nOJyyYaTb paBHbe sHaue-
HHA q)ym(umi y=f(x) 1 y=f(2x), Bui6upaa ansa BTOpOil BABOE
MeHbUIHe aCcuucchl, yeM Aas nepsofi. ITpu 0 < a < 1 nefictue pene-
HUuSA abCHuce X Ha o TPHBENET He K YMEHBbIIEHMIO (CXKaTHIO), a K yBe-
JHYeHHIO [(pacTaxkennwo) abcuice. Ha puc, 49 noxkasanm rpadur
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HexkoTopoll OYyHKINE y=f(x) (3ananHoil Ha cermente [a, b]) u rpa-
durn QyHkmuilt y={(2x), y=f(x/2). 3ameTmy, uTo cama ofaacTh
ocit Ox, B Kotopoil 3agaHa ¢yHKuuA y=f(x), COOTBETCTBEHHO pac-
TATHBAGTCH "HJIH CXKIMAeTCH,

PaccyoTpensble npeo6pa3soBanHs MOTYT CCYIUECTBJIATLCA OTHOBpE-
MEHHO B pa3HHIX CoyeTaHuax. Tak, UTOOH no TIpadHky QYyHKIUHH
y y=f(x) nocrponts rpaduk

y=Flzz) - _F/E Q))v’HKlUII{yz —3 f (2x), cne-

U= (2} AyeT BLINOJHHTR mNpeolpa-
3oBaHuA: 1) cxartns B Ha-
D npasjenii Ox B gBa pasa,

aenun ocd Oy B TpH pasa,
3) oTpakeHHSI OTHCCHTeJb-

s

I 0 (5] S
[ S
] I
sY

L1
Wt za Ho ocu Ox.
Z| . [lpeobpasoBanns  cxa-
THs (pacTsKeHHa) B Hal-
Puc. 49, pasienusx oceit Ox un Oy
BCTpETATCS, HanplMep, npi
EIOCTI[)l()Q(;HIIH rpagiKkoB HEKOTOPbIX TPHICHOMETPHYECKUX (YyHKIHIT
m. .

48. IMoctpoenne rpadukos dynxunii y =|Ff (), y=r(¢x).,
y=|f(x)l. Ecau nau rpadux dynxumy y=[.(x), T0 JErKO MOKHO
noayuntb H rpaduki QyHk-
mwiit y=|f )|, y=Ff(x),
y=|f(x)].

1) y=1|f(x)[; scHo, uro
o0Js1aCThL onpeaenexnd y 3Toi
GYyHKUHE Ta XKe, 4T0 H y
oyuRunn y = f (x). Ecan gast
JaHHOro x 3Hauenue f (x)=0,
TO OpAHHATH obonx rpadu- Puc. 50.

KOB COBMAjamoT, rpaduku

veloT obuyto Touky. Ipu f (x) < 0, B citsty onpenenenus moay.s (. 6),
[f(x)|=—F(x) n Toukn rpaduKOB CHMMETPHYHBEI OTHCCHTEJIbHO
ocit Ox. Takum o0pasom, Bce Toukn rpaduka ¢yHKunn y=7J(x),
Jexcautlie Bllie ocH abcuuce W Ha Heil, NPHHaRJIeXaT TaKiKe H rpa-
¢uxy dvakoun y=|f(x)]; Bce ToukH rpaduka dyHkuun y=f(x),
Jexallliie HHXKe ocll abeuice, HyKHO 3epKasibHO OTPAa3HTh OTHOCHTEJIbHO
310if OCH, YTOOLI noayunth TOUKN rpaduxa oynkumt y=|f(x)|,
COOTBeTCTBYIOLIHE TeM ke abcuuccaM (puc. 50).

2) Hasa noctpoenns rpaduka ¢yHkuuH y=f(|x) 3ametnm, yro
mpi- Becex x>0 Gymer |x|=x u, 3Hauut, f(lx[)=f(x). Takum
o6pasoM, BCe TOukH rpaduka OYHKUHH y==F(X), pacnooxeHHHe
B NPaBoii NOJYNJOCKOCTH, GYRYT NPHHAAMEKaTe Takxke H Tpaduky
bynkuun y=f(|x|). Hanee, dynkuua y=f( x|)—uetnas (m. 33).

¥

2) pacTsuKeHHsi B Halpas- -
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B camom. nene, |—x|=Ix]| u, 3naunr, f(|—x[)=f(x]). Tosrony.
Anf moctpoenus rpaguka ¢yskund y=f(]x[) no rpaduky ¢pyuxunn
y=F(x) HyxHO cOoXpaHNTb Ge3 H3MeHEHHA 4YacTb jaHHoro rpadika,
pacrno/io:eHHy10 B NPaBoil NOMYNJIOCKOCTH, H 3epKaJbHO OTpasiTh

g
i

. ! 4 flz)
\/i y=lraani
i 5%/
. | .
‘! >z 17] \ £

Pnc. 51. . Puc. 52.

2

gl /(10)
)
S )

Pic. 53.

ee OTHOCHTeJbHO OcHM opanHar (OpH 3TOM wacTb rpadnka y=f(x),
PacnooXeHHYIo B JIeBOil NMOAYNMJIOCKOCTH, HyxHO oT16pcenth). Coot-
BETCTBYWOWlaA HJ/IOCTpallHa jaeTcAd Ha puc. Sl.
~ 3) dna nocrpoenns rpaduka yHkuun y=|f (| x|)| crenyer nccie-
ZOBaTeqbHO NMepefiTH oT rpaduka GyHKUHH y= f (x) K rpaduky QyHK-
uH y=f(|x[), a sarem or Hero—k rpaduky y=|f(|x|)]. [Ipumep
NOKa3aH Ha puc. 52.

ITpumep 1. INoctpouts rpaduku crepyomux byuxunii: a) y=x—1;
6) y=|x—1[; B) y=|x|—1; 1) y=||x|—1].
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Pemenne. Kaxpnaa 13 sagaHHex GyHKuuil onpenenieHa Ha Beeli
cenr a€ennec. B KayectBe ccHOBHOrO Bo3bMeM rpadnk QyHKuME y=x—1
H 13 Hero NOAXOAAIMHM NpeoOpasoBaHueM NOJYyYHM ECe ApYrke Tpe-
Gyeumnle rpadiki. -

a) I'paduk annefinoi pynkunn y=x— 1 nsobpaxex Ha pHc. 53, a.

6) Hdas nocrpoenns rpaduka ¢yurunn y=|x—1| caenyer uacts
rpadnka QyHRuun y=x—1, Jemamylo Hike ccu Ox, 3epKaJbHO
orpasurb B ccu Ox (puc. 53,6).

B) B coorBercTBHN C OOLHM TNpaBHJIOM NOCTPOCHHS rpadnka
¢yuxuun y=F(|x|) no rpaduky ¢yHxnuu y=f(x) nccrynaem Tak:

¥ -
Tatizd y=la*tad]

7 -2
2) g}
“:’/ -
) y,x?_.ﬁ:‘,ﬂ? y.lxidxwl
S\ T ; al
V7 2)
. Prc. 54.

b

Gepey rpadnk ¢ynkunn y=x—1; yactp ero, Jgexauylo Jesee ocit Oy,

oT6paceiBaeM, & uacTb, Jexallyio npasee ccH Oy, SepKajbHO OTpa-
xkaeM B oc Oy. B pesysbtate nonyyaem rpaduk QyHKuun y=|x|—1
(puc. 53, 8).

r) [loabsyach yie HMEKIHMCA rpadukoM QyHKWHH y=|x|—1I,
nonyyaem rpadux y=||x|—1|, Kax noxasaHo ua puc. 53,a.

ITpumep 2. Tloctpouts rpadukn caexyouux QyHKuufi:
a) y=x*—4x-43; 6) py=|x*—4x4-3| B) y=x*—4|x|+3;
r) y=|x*—4|x|+3|. ‘ .
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Pemenne., Kaxiaa us gannuix Qyuxuuil onpenesena na pceft
ocit aCcunce. B KauvecTce ccHoBHOro posbMeM rpadnk QYHKIHH
y=x*—4x-+3. a) Ilepemiuwes BuipaxkeHue, 3ajawoutee (QyHKIHIO,

Ik . Y

y lz=3
| ;

- )
y=logfe-3]} 1@’3\
!

L&

|
I
1
1
|
!

wa
Puc. 55.

B BHAE y=(¥—2)*—1; rpadux ¢yHxunn—napaGona ¢ sepuunoit
(2,—1) (puc. 54,a). _
6) 'paduk ¢yukuun y=|x2—4x+3| mnoxasan uHa puc. 54,6.
B) 3ameruM, uto QyHKUHIO y=Xx*—4 x|+ 3 MoxHO npepcTaBHTD
B BHIe y=|x|"—4]|x|+3 (Tak Kak x*=|x[?); rpaduk sToit yHK-
uuH H3o0paxeH Ha pHc. 54,6.
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r) Fpaduk dynkuwun y=|x2—4|x|43| nokasan Ha puc. 54,e.

I[Ipumep 3. Tlocrponts rpadukn caexyloulx  QyHKUHIL:
a) y=log,(x—3); 6) y=Ilog,(4x—12); B) y=2log,(x—3);
r) y= [ Ing (x—3)ln ) y= logz ,)C—-3 l’

Pewenne. a) Ipapuxk ¢yuxunn y=Ilog, (x—3) nonayuaercsa
Harpaguka y=log, x cABHroM Ha TpH elnHHUN BnpaBo. Ha puc. 55,4
nokasahul ofa yKasaHHbIX rpaguka.

6) 3anuchizaeM GYHKUHIO B BHAE

y=log, (4x—12) =log, 4 + log, (x—3) = 2-} log, (x—3). .

Ee rpajux noayuaercs u3 rpapuka y= log, (x—3) casirom Ha nse
eanHHNW BBepx (puc. 59, 6).

8) ['padpuk y=2log, (x—3) nonyuaerca pacTsKelHeMm B Hanpas-
Jennn ocu Oy B ABa pasa (puc. 55,6) u3 rpaduka y=log,(x—3).

T) y=|log,(x—3)|; nocrpoenne nousTHO u3 puc. 55,e. .

1) y=log,|x—3|. noctpoenne nowsiTHO #3 piic. 55,0,

-49. Caoxense -rpaguos. Maoraa ¢ynxuna, rpaduxk Kotopoii
JOJiKeH ObITh IOCTPOeH, (IpelCTaBJseIcss Kak cyMMa ABYX npocTeii-
wix QYHKIHHA, TPpagiKki KOTOPbIX HaM 3HAKOMBI MJH JerkKo MOFyT
OblTb NOCTpoeHBL. B 3TOM cayuae MOKHO NPHMEHHTb npHeM rpadu-
4eCKOro CJIoXKeHNsl OPANHAT 3THX IpaduKoB (A1 KPaTKOCTII roBopsiT
npocTo 0 caoxcenuu epaguxos). Ilokaxen 3TOT RpleM Ha NpHMepax.

[Tpumep [. [TocTpouts rpadux dynxumn y=x?—2x+42.

Pewenne. MoxHo nmpeacraBurs Jauiyio QyHKUHIO KaK CYMMy
dyukunll y=x* 1 y=-—2x--2, rpaduKH KOTOPLIX HaM XOpOLLIO
3HakoMul. OHH H300paKeHp! Ha pHC. D6 TOHKHMH JIHHHAMIU: 3TQ —
npsmas y=-—2x-+42 n gybuueckan napabona y=x3. Hanee npous-
BOAHTCS CyMMUpOBaHHe OPRHMHAT: K OpJAHHATAM TOueK KyOHueCKoil
napa6opl npuGapisloTes (C yueTonm 3Hakal) OpPAHHATHL TOYeX nps-
smofi. [Ipn BhimonHeHun sTofi onepauny yl0o0HO MOJABL3OBATLCA MEpH-
TeJAbHBIM LUHPKYJEM; CJAeAyeT lCN0JAb30BaTh Halfbosee Baiible H
XapakTepHee TOUYKH KaxKJoro H3 rpadukos (B HalleM RplMepe—
sepuniy O (0, 0) napaloapl, TOUKH nepecedyeHHs MPAMON € OCAMH
JHT. 4.

Hrtorom noctpoenust cayxurt rpaduk, nokasaHHsll xupHO{ JH-
Hitell, Mbl MOzeM MHOroe CKa3aTb O ()yHKILHH: OHA HMEET MAKCHMYM.
H MHHHMYM, ofpaliaercs B HyJb B OAHOIl Touke M T. 4. [Toaoxenue’
9THX XapaKTepHHX Touek ee rpadika Mpi MOrJd Gul HaiiTu mpu6/iy-
KEHHO 10 YepTexy.

Ilpumep 2. locTpouts rpaduik QyHKnHH y=2%—2x.

Pewenune. I'padbux nannofl Qpyuxumimni MOXKHO NOJYUHTb CJIOKE-
HEeMm rpapHKOB NOKasaTe bHOH QyHKUHMH y= 2% (n. 42) u auseiinofl
¢ynkune y=—2x (0. 38). D10 caenaHo Ha pue. 57.

" TI'paduk nepecekaetr ocb Ox B TOuKax x =1, x=2, aBJsowuxca
"HYAAMH QYHKUHH y= 2% —2x.

4
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OGpaTnM eie BHHMaHHE Ha TO, YTO TpsAMas y=—2x ABJIAETCA
acumnToToil rpaduka (Tak KaK IPH X, CTpeMslleMcs K MHHYC Gecko-
HEYHOCTH, PA3HOCTh MeX1y 3HaueHHAMH QyHRumui y=2—2xuy=—2x
cTpeMHTC K Hymo). M3 mocTpoeHus BHAHO, 4TO (YHKUHS HMeeT

Cg=-2r+2 7\

-

Pnc. 56. : Pue. 57.

TOYKY MHHHMYMa, HafiTH ee TOYHOE MOJIOXEHHE A/ Hac 3aTpyAHH-
TeJILHO.
Mpumep 3. INocrpouts rpaduk GyHKUHH y=x3—xt,
Pemenne, I'paduk Moxker GHITb MOCTPOEH BHIYHTAHHEM OpPAHHAT
rpaguka y==x* u3 opauuar rpaduka y=x* (puc. 58). B nanHOM

y

Prc. 58.

C/lydae MOJIe3HO NONMOJHHTL 5TO NCCTPOSHHE HEKOTOPHM OOLUIHM HC-
clefoBaHHeM CBOHCTB QYHKIHH y=x3—x'. flcHo, uT0 OGYHKUHA
ompefiesieHa /s BCeX 3HAueHHA x W aBaserca ueTHo#. Ona ofpa-
Jnaercs B HyJb npu x=0, x=-1. Kak BuaHo u3 nocrpoexus rpa-
¢HKa MEeTOofOM BHIYHTAHHSA, CJIEAYEeT OXKHAAThb Y OYHKUMH HaJHYUA
OBYX TOYEK MakCHMyma. B naHHOM cayuae HX HeTpyZHO HafTy;
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npeoBpasyeM Bripaxenue QyHKIHHS
1 1 1 1\2
=l e [ —_y2 ) oyl —
Yy=x*—x 3 (.4 x+x> y (x 2).

Tenepb puaHo, uro nauGonbluee 3HaueHne y=1/, GYHKUEA HMeeT

npi x=:|:1/l/2. Touxka x=0 sBasercs TOuKOil MIHHIMYyMa AaHHOIl
¢GbyHKuHH (HO sHaueHne QyHKUHN B 9Toil TOYKe, paBHOE HYJO, He
€CTb ee HaiMeHblIee 3HayeHle),

Ynpaxueuus

1. Tocrpoiite rpagurn Qyuxunil: y=x3-4+2; y=_(x—1)% p=2%4-1,

2. Tloctpouts rpaguki OyrKuMIl: a) y=x:—6x41; 6) y=x—4x%

3. HNoctpouts rpaduxi Qynxuuii:

a) y==x>+-5x+46; 6) y=|x2-45x161; B) y=x2+5|x|+86;
r)y=|+2+5|x|+6]. :

4, Ioctpoutb rpaiiki QyHKUNL:

a) y=logs (x—-2); 0) 1= logs (3x1-6); B) y=3 log; (x+2); r) y=|log; (x+2)I3
B) y=logy|x+2; e) y==iloggx4-2]]. -

‘5. Tloctpouts rpagitk ¢Qyuriun y=x3--3~%,

§ 4. Hexoroprie ceezernsg o paunoraibuLx GYUKLINX

50. Heanie i npoGubie pauuoHaibusie QyHKUuH. Jeaenne muoro-
useros. B m. 37 Ml ompele.iai NOHsiTHS 1ea0il i Apoduoil pauo-
Ha JbHOI (QYHRUIH OT X L. p.¢. cTeneHit n# 3ajlasalich B Bije

P (x)=ax"+ax*14...4a, (50.1)

a 1. p.b.— Kaxk yacTioe OT AeJCHUSA ABYX L. p.d.:
R(x)“-' Py (x) _ G taix" 14 4a, (50’2)

Sp(x)  bm oA b,

[I.p.®. onpegeneda npH BceX 3HaucHHAX aprymedTta, a i.p.q.
He onpejesieHa TOJbKO B HYJAX 3HaMeHaTeJsl.

[Ipu caokenuir, BBIMITAHIN, YMHOXEHHH U JeJeHIN palioOHajb-
HBIX QYHKUWil BliOBb IIOJy4alOTCs pauHoHasbHble dyHKUHN. 371ech
Mbl OCTAHOBIIMCSl Ha BONpOCE O JeJeHHH KBYX Ue/bX pPailllioHaJbHBEIX
GyHRuul (1 0 JeJqeHHH ABYX MHOTOYJEHOB OT X).

Hanomuunm cnavana onpeje/iexiie yacTHOrO H OCTaTKa NMpPH JeJseHIH
HaTypanbHBLIX 4HCea (I.4): ecli @ 4 b—jBa MmoObIX HATypaJbHBEIX
YlCJaa, TO BCETAd MOXHO HaliTH JABa ApPYLHX YHCJIA ¢ M I TakHe, 4To

=bg+-r

H r<b. UlcI0 g Ha3BIBAGTCS HACMHbLY, @ r=——O0CMAMKOM TIPU jene-
HHH a Ha b.

Becbma cxonHBIM 06p830M MEI OpeneJiM TeNepb 4acTHOE 1 OC-
TAaTOK NpH ACJIEHHH ABYX MHOI'OYJIEHOB. HYCTB :

P, (x) =aqx"+ax" " 4., +a,



50] § 4. HEKOTOPHE CBEZEHHS O PAIUIOHATBHHX OYHKIMAX 143

H '
Sm (X)—"-boxm—*—blx’”-l-l"... +bm -

— IBa TIPON3EOMBHEIX MHOTOusleHa, HasoseM jBa IpYLHX MHOrO-
gjaeHa Q (x) u R (x), yAoBaerBopsioulie YCAOBHAM!

1) Pp(x)=8,(x) Q (x)+R(x), }

2) cTeneHs R (x) menbure crenenn S, (x), (60.3)

COOTBETCTBEHHO HACMHbLM W OCmAamKos TPH AeNEHHH MHOTOY/IEHOB
P, (x) u S, (x). 3ameruy™, Yro, BMECTO YC/OBHS «OCTAaTOK MEHblie
JesnTe/s» B Clydae 4HCes, IJs MHOrOYJEHOB BBOZHTCH YCJIOBHE
¢CTeNeHb OCTaTKa MeHbIIe CTeNeHH JeJHTeNsy.
_ B astoM onpepenennu mnoapasymenaercsi, yTo paseHctBo (50.3)
HMEeT TOXIECTBEHHHIl XapaKrep: eC/H NMPOH3BECTH JefiCTBHA YMHO-
KEHHSI H CJOMKEHHA MHOTOYJIeHOB B ero npasofl wacTH, TO noOJy-
YUTCA MHOrOW/IeH C TeMH Xe Ko3(QHIHEHTaMH NIPH COOTBETCTBYIOLIHX
CTeneHsax x, yro u y P,(x).
ITpumep 1. B samucn

x’+3é FP—x+DEx+DI-2

x4 1—uacTHoe, a 2—ocTaTok OT feneHns x'-+3 Ha x*—x-1.
[Tpumep 2. B 3amucn

X —1=(x"—1)(x*+1)

x®-} 1 —uactHoe oT fenernss x*—1 Ha x*—1, a CCTaTOK paBeH HYJIO.
Onpenenenne, I'oBopar, uto MHorouneH P,(x) Oeaumcs ua
MHOTOuJIeH S, (x) Hayeso, ecnu cyulecTByeT MHoroujeH Q (x) Takoii,

410
P, (x)=S5,(x) Q (x) o

(unaue: ocmamox npu penenun P,(x) na S, (x) pasen nyao),

CiiefyeT 1moCTaBHTH BONpPOCHI: BCerha JH AJA JBYX MHOTOY/ICHOB
P,(x) # S,(x) cywecTByIOT YacTHOE H OCTaTOK, €IHHCTBEHHBIM
JIH o6pa3oM ompenesieHs! HacTHoe M ocTatok? He npuBoas aokasa-
TeNbCTBA, JaeM OTBET HA 3TH BONPOCH: KAaKOBHI Obl HH GEIIH ABa
MHOrouseHa P,(x) n S, (x) (S, (x) = 0), cywmecTBYIOT e{HHCTBEHHBIM
o6pasoM onpenelieHHble MHOroujaeHs Q (x), R (x), ABAsomueca-gacr-
HEIM H OCTarkoM npn jeaeHnu P, (x) Ha S, (x).

Taxk Kak, o4eBHAHBIM OOpa3’oM, CTeneHb MHOrOYJeHa-NpoH3BENe-
HHSl paBHA CyMMe CTeneHell MHOrouJeHOB-COMHOXHTeeli, TO HETPYRHO
cJeNlaTb BHIBOA: NpPH 7> m CreNeHb YacTHOrO OT AeneHud P,(x) na
S, (x) paBHa pasHocti crenenefi n—m; npu n < m 43acTHOe TOX-
JECTBEHHO DAaBHO HYJIO; B IOC/eqHeM c/ydae

P (x)=8,(x):0+P,(x), T.e R(x)=P,()
(aHa/OrHUHO TOMy, Kak IpH feeHHu 5 Ha 7 momyuum: 5=0.7 4-5),

~
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Ilpu n>m nawe ytsepxueniie o crenenn Q (x) BHIACHFeTCH H3
CpaBHEHUs CTereHeli MHOrOY/eHOB B 00eHX 4acTAX paBeHCTBa

P, (x)=35,(x)Q () +R(x).

Tax kak cremenb R (x) no onpeie/eHHI0 MeHblle n17, TO OHa TaKKe
meHblle creneHu S, (x) Q (x). Crenenb S, (x) Q (x) AOMKHA PaBHATHCH |
crenenu P, (x), otkyna creneds Q (x) paBna n—m.

HanomHuM Ha mpiuMepe MeTOX JejieHHs MHOrOW/IEHOB (fefeHue
CYTJIOMD).

Ilpumep 3. Haiitn yacTHoe M OCTAaTOK npH JieJeHHH
P (x)=2x*+11x346x2—21x—2 Ha S,(x)=x*-}3r—4.

Pewenne,
P, (x)= 24 - 11x® +62° —21x—2|4* 4-3x—4 =S5, (x)
2x' 4-6x3 —8x? |22 +5x—1=Q (x)

- bt 14f—21x—2
T 5x34- 15x2—20x

—_—xt—x —2
— —x*—3x1-4
2x—6=R (x).

OrpaunyiMecs MosiCHeHHeM MepPBIX MIAaroB: AeJIM CTaplunii ujeH
ZeNHMOTO Ha CTapwiil uieH XeauTesis; nodyuaem 2x%. YwmHoxaem
JeauTeb Ha 2x* M pesysbTaT NOANMCHIBAEM NOA AEAHMbHIM. BriunTtaenm
NOANHCAHHMI Pe3yabTaT H3 JEMHMOTO M CHOBA Je/HM CTapluHil yieH
pasHocTH Ha cTapumil wieH aeinteas ... Ilponece 3axkaHuiBaercd,
KOrJa ouepefnoil oCTaTOK NMpH BHIYHTAHHH HMEET CTelieHb, MEHBIIYIO
CTeneHH Jesuresa (HAH NPOCTO PaBeH HYJIO).

Taxgun obpa3son,

260+ 1163 4 64— 213 —2 = (x* + 3x —4) (2x* +5x—1) 4 2x—6.
N — N v St e’
P (x) Ss (x) Q{x) R (x)
Ecmu ofe wactin pasencrBa P (x)=S(x) Q (x)+ R (x), onpenens-
JOLIlero 4acTHoe H OCTaToK oT jenenus P (x) Ha S(x), pasmenutsb
nouJaeHHO Ha S(X), TO NOJYYHM paBeHCTBO '

P(x) _ R(x)
o Q (x)—!—g(—x) ,

P
npeacTapasiomee APoGHYKO pallloHaibHYo (QYHKIHIO 3—(%) B Buje

o X o
cymMMl 1eqolt yactd Q (X) H Apobu .—’;—8, Y KOTOpPOIi CTENeHb YHCIH-
TeJiA MeHbLUIE CTENEHH 3HAMEHATe.1s1 (npasuibHAR PAYUORAILHAS OPoBb).
DTOo CXOLHO C Pa3JIOKeHHeM uic/I0Bofl ApoGH (paLMOHAJBHOTO YHCHa)
Ha LeJaylo H APOGHYIO 4HacCTH. : ' '
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51. Cxema Fopnepa. Teopema Beay. Pacemorpny Gonee nofpoGuo npouecc ne-
JenHs MHorowlena Py (x) wa smmeiinblii asyunen Bhla x—o. B stoM cayuae ge-
JieHne ynpounaercst u "MoeT GHITH NPOBEJEHO IO CMEeNUaNIbHON cXeme, Ha3bIBaeMoil
obuiuno cxesod oprepa.

3anuwem oOcHOBHOE DABEHCTBO, ONpefe]AOMIEe YACTHOE H OCTATOK, B Cayuyae
JenHTeNs BHXA X—0; YacTHO® HMEeT cTenmeHp n—1, a OCTaTOK —HyJeBylo CTe-
NeHp, T. €, NPOCTO ABJAETCT YHCIOM:

apxt+axn=14 ,,  J-a,=(x—a) (box" =1+ byxn-24 .. . 4-b, 1) 7. (51.1)
Kak yxe yRaswBanoch, STO PaBeHCTBO — TOXAECTBEHHOE, MHOTOWIEHH B €ro Jesoft

H npaBoil YacTAX COBMAZAOT; PacKPHB CKOGKH, NOAYYHM PaBEHCTBa, BLPAMaiouine
coBnageniie ko3pduuneHTOB NPH OIMHAKOBHX CTEMEeHAX X!

.__bo,
aQy=-— Gbo+ bl)
' ay=— ab1+b2'
Cppry=—0bp ot byey,
a,,=——txb,,_1+r.
Orciofia NOCAEOBAaTeIbHO HAXOJHM
by=a,,
bl’=01+abo,
=ay+aby,

© % o 2 a 2 s o = s @

bpy=an_1+aby—y,
r=a,+aby.,.

Buiyncnenne xosbuuNEHTOB 9ACTHOrO H OCTATKa PacnonarsioT B Takofi
Tabanue:

<2 ay a, Tae Apey an

o | ay=by |  abyta abi4-ay |T... | @byt apoy || b1 az=r

Bepxnfs CTpOKa TaGlHUN 3aMOJIHACTCH CPa3y; B HIXHER CTPOKE MOMemawoTes Ko-
5GUIHEHTE Y2CTHOTO W OCTA4TOK; OHA SAlOJHAETCS MOCTENCHHO, CleBa Hampaso.
/ B raxnoft xnerke HuXHeft CTPOKH 3amuceBaercd cyMMa Ko3pEHIHEHTOB M3 BEpX-
Hefl CTPOXH H YMHOXXEHHOTO Ha O pesyabTara, 3amuCaHHOTO B cocefHell caeBa
KJeTKe HixHed crpoxm.

Mpumep 1. BUNOMHATL JeleHHe MHOrOdIEHa x3—|—4x2—3x+5 Ha x—2 no
cxeme I'opuepa. .

PeweHue, CocrapaseM rabauuy:

Yactnoe pasuo x%--6x--9, ocratox r=23.
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MMpusmep 2. Pasgeaurs, noassyncs cxeMolt Fopuepa, Muorounen x?4-6x —
—5x—3 na asyuaen x--1.
3aceh w=—1. B ocTainuom pewetue BUNOIUARTCH TAK el

li 0 6 | =5 | —3

-1 1 l —1 7 [ =12 9

YacTnoe pasno x3—x2-4-7x—12, ocratox pasen 9.’

SahleanC.’IbHO, YTO CCTATOK OT Je/IeHHSI MHOTQUJICHA Ha ABYY/IeH
X—o MOXeT OLITh uaﬁ;xe'u HC3aBIICIIMO OT BbLIIOJIHEHHSA Ae.JIeHld,
Gea otuicKanusi yactHoro. HeficTsiTesbHO, NOJOXKHM B paBeHCTBe

Py(x)=(x—a)Q (x)+r

x=oca. Tax KaK paBeHCTBO TOKIECTBEHHOE, TO OHO Y,I0BJICTBOPHICH
II Mbl HaiizeM
P.(a)=r.

Ocmamox om Ocacnus suoecuscha P, (%) wa Osyuaen cuda x—a
PACCH SHOHCHWIO MHUSULICHU NP K= ¢!

f== Pn (x)lx=a. .

Kaxk caeictie 0T1cioga BhiTeKaer

Teopema bBesy. Mnoeouwien P,(x) Oeaumca Ge3 ocmamsa Ha
JsyuaeH X—a 6 MOM U MOJbKO 8 MOM cayqae, Ko20a o — KOPEHb
MHO204.18HA,

IMpumep 3. Hailtn octaTok oT neenus MHcrounena x*--6x*—
—2x-+5 Ha aByuneH x—3 (He BHINOJHSA JeJaeHHS),

Pemenne. 3HayeHne ocTaTka HaXojlM TaK:

x4 6x?—2x 45 [e3 =274 54—64-5=80,
IMpu Me p 4. Ilpn xaxoMm sHaueHHH A MHOTOWICH
P(x)=x'4-6x*4+2x+6
pasjeantcs Ha x--2 naueso?
Pewetue. Jasa Toro utoGH JeieHie BHNOAHIJIOCH HaleI1o, B

.ciay Teopemsl Bedy HeoGxomsMo H jocTaTouo, YTOGH YHCI0 —2
6bl;10 HyJeM MHOrowleHa. Mmeem

16 4+24—A-24+6=46—2A,
OTKYMa HAaXONHM: MHOTOWIeH pasjlenutcd Ha x--2 naueto, eCaH
4=23 (4 TOJbKO NPH 3TOM YCJOBHH).
Ilone3aysach Teopemoil Besy, lerko -BRIAICHUTB, 0P KAKHX yCJo-
BHAX BupawKeHnst Buaa (@==0)
xn_an, xn_*_an
GynyT AeNuTBCH HA X—a, x-+a 6e3 ocrarka,
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1) x"—a" pennrcs Ha x—a npu Jmo0oMm n. HelicTBireasHo,
X" —a" |y=g=a"—a" =0,

TKyJa JAeJHMOCTh BHITEKaeT B CHJy Teopemul Beay, -
2) x"—a” - geautca Ha x-f-a OpH YETHOM # H He JeJHTCS NpH
€ueTHOM 1. Il.eucmme.nbuo HaXOJHM

0, ecqn n—vyeTHoe,

n___on = (— n__ A"
e l=-a=(—a)"—a {—Qa", eca  n—HeyeTHo.,
TKyJa N cjJenyer Haie yTBepxaeHHe.

3) x"4-a® peJuTCs Ha X--@ NPH HEYETHOM N H He ne.mrrca npH
€THOM n; Xx"-}-a" He JenuTCs Ha X—a HH NpPH KakKoM 1.

HokasaTeJrCTBO 8HANOTHYHO M NPENOCTAB/SCTCA YHTATENIO.

52. Hyan mHorounena. Pasnoxenue MHOrouseHa Ha MHOXHTENH.

.p-¢. HAM MHOTOWIEH MOXKHO pPacCMaTpPUBaThb He TOABKO npH Aeli-
TBHTEJIBHEIX BHAYEHHAX X, HO H NpH JOGHIX KOMIJIEKCHEHIX 3Haue-
HfX 2; B CaMOM JeJse, Bce aelicTBud, neoﬁ\:o;umbxe A5 MOJTyUeH st
HayeHHs . MHOrou/1eHa

P,@)=az"+az""'+... +a, (52. )

IMEIOT CMBICA NpH JI0GOM KOMILIEKCHOM 2 (Mbl cOXpaHHM 0603Ha-
eHHe x AJs JelicTBHTeIbHOH yactd z=x--{y). Pasymeercs, npn
TOM H SHAyeHHs, NPHHUMAEeMHe MHorousneHoy, OyAayT, BooOme ro-
0pf, KOMIJIEKCHHIMH uncjamd. OfHaxo BIOJHE BO3MOXHO, YTO NPH
EKOTOPEIX KOMIIEKCHHIX (MHHMEIX) SHAYEHHAX 2z MHOroY.eH He-
onbko O6yzeT HMeTh JefiCTBHTe/IbHEIE 3HAUeHHf, HO MOXKeT obpa-
aTtbC B HyJb. B nanbHeiimeM, B ra. V, usyuas aareGpanueckie
paBHEHH#, ME GyJeMm HCKaTb BCE HX KOPRIH, a He TOJbKO AeliCT-
ntenbHble. IlosToMy mose3Ho celfiyac paccMOTpeTh BONPOC O 3Haue-
HAX MHorowseHa P, (z) npH KOMNJEKCHHIX B3HAYEHHAX 2,
Jlanam6epom 6rpi1a cheslaHa MONBITKA JoKasaTh, a [ayccoMm OKOH-
aTeJbhHO JOKAa3aHO BaXHOE NpefJoKeHIHe:
Bearuii muozounen cmenenu nz 1 uneem 6 Ko. un/zefccuod obaacmu
oma 66l 00UH KOpeHb. :
210 npepsoxKeHIe, yCTaHABANBAIOUIES cyuLecTsosamxe KODHSL MHO-
rouseHa (ObITh MOXKeT, He AeHCTBHTENBHOro), HOCHT Ha3BaHHe OCHOg-
HoU meopet: a/teeépbz. Teopenma sta Bepra Jjaxe M A1 MHOrouje-
HOB C KOMIJIEKCHHIMH KO3(QdHIIeHTaMK, HO MHEl OrpaHHYHBaeMcs
OJIBKO CJyYyaeM MHOTOWIEHOB ¢ JefiCTBUTEeJbHHBIMHU KO03p-
.HuHenTamu. JlokasartenpcrBa Teopemel laycca Mbl NpHBeCTH He
103KEM,
B n. 15, roBops O KOMIIEKCHO COMPSAMKEHHHIX 4HCIAX, MHl OT-
METHJIH, YTO CYMMa, Pa3HOCTb, NpOH3BEJEHHE uHCe], KOMIJIEKCHO
"ONPSKEHHEIX C JAHHEIMH, KOMINIEKCHO CONPSXKEHH, COOTBETCTBEHHO,
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c HX CYMMOH, PasHOCTbIO, MPOH3BEACHHEM. Orcioga BHITEKaeT yTBep-
JKAEHHe:
Suauenus muoeodnena (52.1) npu KOMNAEKCHO CONPAJNCEHHbIX 3HA-
eHUAX 2, Z CONpANCeNbl MeHAY coGoil. -
HoxasarteascTso. 3Hauenus P, (2), P,(2), Bblpamaemue pa-
BeHCTBaMH
P,(2)=az2"ta2" ... +a,
P,(2) =az"+az"'+...+ta,

GyAyT conpsikeHb, TaK KaK- NOJy4alOTCA OXHHAKOBHIMH AEHCTBHSAMH
HaJl COMpSKEHHBIMH 4HCJaMmH. B camoMm pene, a,— JeficTBuTE IbHBIE
KOS(phULUMEHTE, H OHH, CJeJ0BaTe/]bHO, CaMH ceGe COMpsKEHEL:

a,=a,, @,=a, ..., a,=a,. [losToMy MOXHO HamucaTb
P,@) =az"+...+}a,

-H M3 cpapuenus P, (z) u P,(z) noayyum P, (2) =P, (2).
CaencrtBue. Ecau mnoeouren P, (2) umeem xomnaexcrolll Kopens
z=a+Bi (B%0), mo u conpsxennoe 4ucro o—Ppi sgraemea ezo
KOpPHEM.
B camoM pene, ecim P, (& - Bi)=0, 1o u P, (a—Pi)=P, (a+Pi)=
=0=0. Ilyctb Temeph o — JeliCTBUTE/NbHEII KOPeHb MHOTOU/eHa
(62.1). I'lo Teopeme Besy pasmeaum P, (2) Ha z—o H HanuueM

Py (2)=(2—0a) Py, (2).

Ecau n>2, To mMHorouseH P,.,(z) Takxe 0651324 HMETb KOPEHb.
MoxeT cayyuTbesl, UTO YHCJIO O CHOBA fBJSETCHA ero KopHeM. Toraa
NOBTOPHM jpejeHHe P,_,(2) Ha (2—a) H HOJyYHM

P, (Z)= (z—a)? Pn-a(z)'

ITycts, BOOOWIE roBOps, AefleHHE Ha (z—a) Halles0 YAAETCHA BHINOJ-
HHTb R pa3, Ho yxke He ypaercs B (k- 1)-ii pas. Toraa o Mbl Ha-
3biBaeM R-Kpamuels Kopres MHocodsexa P, (2) u miwen

P, (2)=(2—a)* Pyy(2).

Muorounen P,_,(2) 3nech yxe He pequtcss Ha (z—a) Haueso. Ecau
k=1, To KOpeHb o Ha3LIBAeTCS OOHOKPAMHbIM HIH npocmbm ecy
k> 1 KOpeHb Ha3bIBACTCA KPAMHoIM.,

Moser Ouith, MHOTOW/IEH P,_j(2) TakkKe HMeeT eHCTBUTENBHELI
koperp fB (kpatnoctu [). Toraa mul Hanuuiem

. P,(2)=(z—a) (z—P) Pyp-1(2)

4 MPOJOJIKHM STOT NPOUECC JO HCYepMaHHi BCeX AEHCTBHTENbHLIX
KopHeit P, (2). Ecin npu 310M B 3anucH

P,(2)=(z—a)* (z—f)".. X P.. @) (52.2)
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n, = 0 1, cJiefoBaTeIbHO, NOCAeHUI MHOXHTeAb P, (2) — KOHCTaHTa,
TO NpolleCC NPHBEJA HAc K OTHICKAHHIO BCeX KOPHel MHOTOUJeHa H
Pa3.OKEHHIO MHOTOY/IEHA HA JIHHEAHBIE MHOMHTETH, CpaBHe}me cTe-
neneil gact HaM IPH 3TOM

‘ n=k4+14...,

T. €. cymma kpamnocmetl KopHeil pasHa cmenequ MHozounena. FoBOpAT
MpoLle, YTO MHO204ACH UMeerm CMmOAbKG KOpPHell, KaKosa ez20 CrieleHs
(cuntan Kaxauil KpaTHBIl KODEHb CTOJBKO pa3, KakoBa ero kpar-
HOCTB). :

Moxer, oxanako cayunTecsl, 9TO Ha HEKOTOPOM IHAare B 3aNHCH
(52.2) MHOrouleH nOJOXKHTENbHOH cTeneHn P, (2) yxXe He HMeeT
HH OJHOro JeHCTBHTeJbHOrO KOpHs. Torma, B CHJAY OCHOBHOIl T€O-
pembl aare6pe!, OH liMeET KOMIJIEKCHHLT KopeHb O -+iT (T == 0). Bmecte
¢ TeM OH HMeeT H KopeHb o—it. HeTpynHo 6muio G pacnpocrpa-
HUTL Teopemy De3sy u Ha ciayuail nesenns Ha ABYyYJeH z—a C MHH-
MbIM .. MHOrouJeH JROJIKEH JREJIUTbCA INO3TOMY Ha z2—O—iT H Ha
z—0 4 iv. JIna Toro uro6nl He BBOAHTH STH MHHMHE COMHOXKHTENH
B pasJoxeHHe MHOTOY/JeHa Ha MHOXHTEJH, MOXHO, BMECTO nocJje-
JOBaTeJbHOIO BLUIOJHEHHS [JeJNEeHHsl Ha 2—O0—itT H 2—0C-}-itT, pas-
Aequtb P, (2) cpasy Ha npousBeneHie

(2—0—it) (2—0+iT) = (z2—0) -T2 = ) :
=22—20z+1*+o?=22+pz}-q,

KOTOpOe yXe OKa3HBaeTCi KBaAPATHHIM TPEXUJEHOM C HefiCTBHTE/b-
HBIMH  KO3¢(HUHeHTaMB (H OTpHUATeJbHBIM AHCKPHMHHaHTOM: d =
= p*—4g=40*—41*—40*=—41* < 0). B pesysbrare B 3anmicu
pa3noxeHua P,(z) Ha MHOXHTENH NOABATCA MHOXKNTENH BHAa 2% -}
+ pz-+¢ (cHOBa ONHOKPATHHE HJIH NOBTOPSAIOLLHECA):

P@)=(—aP c—B)...( 2+ pz+q"...P  (523)

rae nocnennee gacthoe Py,—uncio. CpaBHenne kosbdiuiyenra npu
2" B Jepoil W mpaBoii yacTax papeHcTBa (52.3') NOKaxeT, uTo Py=a,.
[TosToMy OKOHUATeJbLHO pa3JoKeHHe MHOTOWIeHa C JefiCTBHTe/bHBIMH
Kos(puuHenTaMn Ha JAeficTBHTEeJbHB € MHOXKUTENH HMEeT BHJ

P, (x)=a,(x—a). .. (x*+px+q)™... (52.4)

BriBon: sroezounen ¢ OelicmeumenvHsiMu Kosgpuyuenmanu pasia-
eaemcs 8 npouseederue (MOBTOPAIOLLUXCA MM HET) AuHelinolx Osy4ie-
Ho8 6uda X—o. u xeadpamuoix mpexdaeHoe euda x* -+ px--q. Yucao
8cexX KOPHEL MHOSOMAEHA C Ydemom ux Kpamuocmu pasHo ezo che-
nesu n. , ‘

IIpumep. Uncno x=1 sBasercd KopHeM MHOrouJeHa

P(x)=3x*—4x°+ 1. .
YKas3aTh KpaTHOCTL KOpHA, =1 H pasnoxuth P (x) Ha MHOXHTEMH.,
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Pemenne. Ilpuyenna cxemy [opHepa gas feleHus Muorou/jexa
Ha x— 1 (MoxHO oGoifiTiice 11 Ge3 cxensl ['oprepa, BLIIOJHIB je.ie-
Hie OOblyHBIM cnccofom, Kak B m. 50):

3 |4 0 0 1

1 3 —1 ‘ —1 | -1 0

Taxum ofpason, uacTHOe papHo 3x°—x*—x—1:
P(x)=(x—1)(Bx*—x*—x—1).

Mioroused, Haiizenunii KoK 4acTHoe OT AeJeHNs, CHOBA JeanM Ha
x—1:

3 ‘ -1 | -1 | =l

13|21i0

[Moyuaenm wactHoe 3x%+4-2v41 u ce pa3 geauy ero Ha x—1:

|
3|2 0

1 3 5 6

Tenepp OCTaTOK OT/IYCH OT HY.s, NMOSTOMY OXKOHYATENBHO

P (x)=(x—1) (3x*+-2v 4 1),
rae 3x*+2x+1 yxe ne jgeaurca Ha x—1 Ges octatka. Kopenb
x=1—aByKpaTHblii KopeHb MHOroujeHa., Tpexulen 3x*+42x+1
HMCET KOMIJIEKCHO CONpsixeHHBle KopHH (CM. m. 59), Tak Kak ero
XHCKPHMIIHAHT orpluartesen: d=22—4.3.1=—28 < 0. Pa3zaoueiiie
Ha MHOMXKNTEIH, 3anlcaHuoe B doprye (52.4), umeeT BHI

P(x)=3(x—1y (x2+§x+§).
Ynpaxuenus '

1.- Pazaeants- muorouden P (x)=x3—3x24-2¢x—1 na mHorowien S(x)=x2—
—4x--5, naittn wactroe Q (x) H ocratox R (x). -

2. IlposepuTsb, ReanTes IAH He fesurtcss Muorousen x3-4-2x% —3x3fx2--2x—3
na asyuren: a) x—2; 6) x—1; ) x4-3; r) x+2. .

3. Onpegennts KospdHUMEHTH a K b MuorouneHa x%-2x34-ax-b, ecan
H3BECTHO, YTO OH Ge3 oOCTAaTKa JeaMTCS Ha ABydwieH Xx—I, a OpH Jeaennn Ha
asywier x-+1 paer ocratok, paBkui 6.

4. Muorousen x*—2x3--2x—1 umeeT kopeup x==1, KakoBa kparHocTsb 3T0TG
KOpHs? Pasnomurb MHOrOYJIEH HA MHOXKHTEIH.

1
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§ 1. OGmne cegxenus o0 ypaBHeHHAX

53. Ypasuenne. Kopun ypassenns. Mmorne samaun npnpoisrcs
K pelueHIo caeayioiero Bompoca: IlaHo paBeHCTBO '

: f1 () =Fx (0), . (53.1)
JeBasi H NpaBasl YacTH KOTOPOTO SABJISIOTCS aJjrefGpanyecKiMH Bbpa-
WEHHSMH, COREpIKalUlHMH HEeH3BECTHYIO BeJMHUHHY X (maH yHrumsMI
or x). TpeGyerca HaliTH BCe Te 3HaYeHHSA X, KOTOPLIE yG08AemMeopsrom
pasercmsy (b3.1) (1. e. sHaueHns x, NOACTAHOBKAa KOTOPHIX B paBeH-
crBo (53.1) obpamaeT ero B BepHOe YHCJOBOE paBeHCTBO). PaBencTso
(53.1) HasHIBAIOT B STOM cJyuae ypasHenuem ¢ 0OHOL HeussecmHod X.
MHozkecTBO 3HayeHHIT X, NPH KOTOPHIX ONpeneseHH ofe yacTH ypaB-
Henna (53.1), HaswzaoTr obaacmero donyemumovix sratenuld (o. 1. 3.).
Kaxnoe sHauenne x, yaosJseTeopsiomee ypasHenio (53.1), HasbBaerca
€ro pewieHues HJIH KopHeam. $ICHO, 4TO BCAKMT KOpeHb YpaBHEHHSA
NPpUHAAJEKNT 0. X. 8., MHOXECTBO KOPHeH - ypaBHCHHSA COCTaBJsET
yacTb 0. X. 8. (ypaBHEHHE MOKeT H He HMeThb KopHefi, Toraa rosopeT,
YTO MHOXECTBO ero pemlenuit nycmo). OcHoBHast sajaya COCTOMT
B TOM, YTOOH! HafiTH BCe KOPHH JAHHOIO YPaBHEHHA, T. €. MHOXECTBO
ero peienufi.

Jas npupaHHs TOYHOTO CMEICIA safaue PelIeHHs ypaBHeHHs cJe-
LyeT eliie YKasaTh, B KaKofl yHCJI0BOM 061acTH (4HCIOBOM NOJIE) HILYTCS
ero pewenusi, Kax npaeuio, noapasymepaercsi, uto Tpefyercs HafTi
Bce AefiCTBHTE/IbHEIE pelleHHs ypaBHeHNs, HO AJIs BaxKHeRIIero KJaacca
ypaBHeHHH, HasblBaeMHX anreGpanueckumiu (m. b7), cTaBuTca 3ajaua
OTHICKAHHA BCeX HX KOMILIEKCHBIX pelueHnii, B TOM ylcJe, KOHEYHO,
H AefiCTBHTeNbHBIX, '

IlpuBeneM HeCKOJBKO NPHMEPOB, NOSCHAIOIMIX CKa3aHHoe.

I[Tpumep 1. ¥Ypapuenue x2—x =0 nmeeT B KauecTne 0. J. 3. BCIO
YlICJOBYIO OCb, MHOKECTBO €ro pelleHHii COCTOHT H3 JABYX Kopueii
x,=0H x,=1.

IIpumep 2. Ypasuenne x*-+4=0 B pefictBuTeIbHOIT 06J3CTH
He umeeT pemreHnii. B xommiekcHofi 06JaCTH OHO MMeeT JBa pelle-
HusA: x, =2i, xg=—2i, :
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. ’ 2 __
MMpumep 3. YpaBHeHHe x;_—ll— v— 1 =0 yznosJsieTBOpsIeTCSt NpH

BCEX [ONYCTIMBIX 3HAYEHHAX X, T. €. HpH x==1.

I[Ipumep 4. YpaBHenne x-45=x-}3 He yjnoB;eTBOpAEICA HU
npH KaxkoM 3HayeHHH x. MHOXeCTBO ero perleHHii nycro.

54. PasHocuabhble ypasHennsi. [lycTb namul gBa ypaBHeHis:

L) =F,(x), (54.1)
Py (¥) =9, (%). (54.2)

Ypasuenne (54.2) HasoeM caedcmsues ypagrenus (54.1), ecnn Kax-
Iblil KopeHb ypaBHeHHsi (54.1) sABJfeTCA TaKiKe KODHEM ypaBHEHHs
(64.2), unHaue roBopf, ecau MHoxcecmso KopHeldl ypastenus (54.1)
exodum 80 smHoxtecmeo Kopheill YypasHenus (54.2).

IIpumep 1. PaccmoTpuM ABa ypaBHeHHS:

x4+1=3, x»+2x41=9

(BTopoe KaK JIETKO 3aMeTHTh, NOJYYelo DBO3BCAcHHeM obelx yacTeil
nepBoro ypaBHEHHS B I\Ba,mpaT)

BTtopoe ypaBHeHHe siBJseTCSl CJIEACTBHEM NEPBOTO; B CAaMOM JeJe,
YICJO 2 eCTh eNHHCTBEHHLH! KODeHb NepBoro ypaBHeHHsl 1, Kak
JIETKO NpPOBEpHTh, ABJIAETCH KOPHEM Tak:Ke Il BTOPOTO YypaBHEHif;
MEeXLY TeM uHcJo (—4) CAyXXHT KOpHeM BTOPOro ypaBHeHIisl, HO He
fIB/IfIETCA KopHeM nepeoro ypasHenus. Mrak, no onpegedesitio, BTo-
poe ypaBHEHHe eCTb CJ/eACTBHEe MepBOro ypaBHEHHS.

Ilepexox oT onHOro ypaBHEHHS K ApPYroMy, fIBJAIOWEMYCS €ro
cjeAcTBieM, yAoGeH, eClll 3TO HOBOe YpaBHEHHe TMpolle peliTh.
B stoa ciyuae, Hafiis BCe ero KOPHH, MBI IIOACTAHOBKOH 3THX KOp-
Hell B HCXOAHOE ypaBHEHie NpOBepHM, KakHe M3 HHUX eMy YyROBJer-
BOPAIOT, H TeM CaMbIM HaiimeMm Bce ero pewenus. Ha stom mpuene
OCHOBANO, HampHMep, pelleHHe HEeKOTOPbIX HPPalHOHAJbHBIX ypaB-
Henuil (n. 70).

Eie GoJsee cyliecTBEHHBIM SIBJAETCA NOHATIE PaBHOCHJIBHOCTH
ABYX ypaBHEHHI.

JlBa ypaBHEHHS HAa3BIBAIOTCSl PABHOCUAbHbIMUL (HJH 5K8UBAACHNI-
HbiMu), eCJIH KaXkJoe H3 HHX sIBJseTCsl caefAcTBHeM apyroro. Mubiyi
CJI0BaMl, ypaBHEeHHS Ha3blBalOTCS PAaBHOCHJBHBIMH, €CJIl MHOXKECTBA
HX KODHefl B TOYHCCTH COBMNajaroT. SICHO, YTO ABa ypaBHeHHH, No-
PO3Hb paBHOCHJILHBIE TPeTbeMy, PaBHOCHJbHB! APYT Ipyry.

Ecau nBa ypaBHeHHS He HMeIOT KOpHefl (MHOXECTBA HX peIUEHHT
NYyCTbl), TO HX TAKXE eCTECTREHHO CYHTATh paBHOCHJBHBIMII: BCe
ypaBHeHiis, He HMeIOWHe pelleHHii, PaBHOCHJLHBL Mexay coGoil.

B npouecce peinednst ypaBHeHHI YacTo NPOH3BOAATCA AEHCTBIiS,
B pe3yJibTaTe KOTOPHIX AaHHOe YpaBHeHHe 3aMeHseTcs LPyriM (06bIYHO
GoJiee NpOCTBIM), €My PaBHOCHJBHHIM. TaKoOil mepexoX OT OJHOro
YPaBHEHHSI K JPYTOMYy MOXET BbINOJHATLCS Ha OCHOBE CJIEAYIOUIX
yTBePHKACHHH. -
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Teopema 1. Ecau & ofeusm uacman ypasHenus npubasums soi-
paccerue (ynxyuo), userouiee cMeica 60 sceii 0. 0. 3. 0AHHO20 Ypas-
HeHUsl, MO NOAYHUMCS YPasHeHUe, PABHOCUAbHOe OAHHOMY,

‘Mlnaue roBops, ec/aH JaHO ypaBHEHHe

Fo(9)=Fs (%), (54.3)
fl (x)-}—(p(x):fg (X)-}-Q)(X), . (54(4)

rle @ (x) HuMeeT CMHCA B O. A. 3. ypaBHeHus (54.3), paBHOCHJbHO
ypasHenuio (54.3).

HokasarteabcTBo. IIpn KaxKaoM 4HCJOBOM 3HAYEHHH X=X,
‘M3 0. . 3. PaBEHCTBO '

fl (xo) +o (xo) = fz (xn) +o (xo)

6yz(eT HMeTh MeCTO B TOM H TOJNLKO B TOM caydae, Korjga HMeEET
MeCTO paBE€HCTBO
Fa( 1 xo)=f (x0)s

MHOXECTBA pelleHHH A/ OGOHX ypaBHEeHHIt COBMAjaloT, ypPaBHEHHH .
PaBHOCHJIbHBL. B yacTHOCTH, ec/H He HMEeT peluenHil OfHO H3 HHX,
TO HE HMeeT pemeHHit ¥ opyroe.

M3 Teopemet 1 BHTeKaeT NpaBHJIO O BO3MOXKHOCTH TeEpPEHOCHTBb
4/IeHbl ypaBHEHHsA M3 OIHOH uacTH B Jpyryio (c Haanexauleil nepe-
MeHoit 3Haka). Tak, ypaBHenue (54.3) Bcerma MOXKHO 3amucaTh
B PaBHOCHJIbHOI eMy dopMe:

fr (x)—F. (¥)=0. (54.5)
PasnocuabHocTh ypaBhenwit (54.3) n (54.5) caeayer u3 Teopemsr |
(noctaTouHo K ofeuM yacTsAM ypaBHeHusi (54.3) npubaButs—f,(x)),
HO MOXHO OGOCHOBATh ee H MPAMO, HCXOAS H3 OnpeiesieHHs paBHO-
CHJABHOCTH ypaBHeHHii. Ecan x,—HekoTopoe 3HaueHHe x, BXxofsiiee
B 0. . 3. obonx Buipaxenuii [,(x) u f,(x), To paBeHCTBO f,(X,) =
= [,(x,) Oyzer BHIMONHATLCSH TOTAA H TOJABKO TOTAA, Koraa Gyner
BLUNOJIHATBCS PaBEHCTBO fy (%) —f,(%,)=0 (nBa uncna pasuul, ecau
HX Pa3sHOCTb paBHA HyJI0, W O0OpaTHO).
Ecau oGosnaunts f,(x)—f, (x) uepes f(x), To ypaBuenue (54.5)
cBefieTcA K BHRY .
N F(x)=0. (54.6)

B naabneilwieM, Kak mpaBHJO, MHI GyleM y:e pacCMaTpHBAaThb ypas-
HeHNe B 3Toil ¢opme, T. €. ¢ HYJeBOil NMPaBoOil wacThiO.

.TO ypaBHeHHe

B nopsaxe npelocTepeenuss NPOTHB HEOSTyMaHHOrO npHMeHeHHs Teopemn 1
npHBeAeM OAUH NPOCTONl mpHMep. YpaBHeHne

it - (64.7)

Moxker GuTh (nepeﬂoc 4TeHOB H3 OJHON YacTH Bzzpyryw) 3aMmCcaio B PABHOCHILHON |
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dopue:
P 1 1
x+——-—-=0.

Oaunako yxe «ecrecTBEHIOE? YIPOUIGHHE, COCTOALICE B IPHBEIEHHH NOJOGHEIX Hie-
HoB l/x B —1/x, aaer ypabHeuie
x=0,

He DABHOCHJIbHOS HCXOJHOMY: OHO HMeeT Kopedb x=0, KOTOpHIi He npnua:me/xur
0. 1. 3. ypapnenns (54.7) u He aBaserca ero xopHem. KoHeYHO, He3aKOHHEIM 3ech
6Ll He NepeHOC WieHa H3 MPaBoil YacTH B JeBYIO, a NPHBEIEHHE NOJ06HBIX ‘MEHOB,
B pesy/bTaTe KOTOPOrO H3MeHM.ach O.Z.3. ypaBHeHus.

Teopema 2. Om yamnoxcenus obeux uacmet ypaeﬂeuuﬂ Ha om-
AU4HOE OIM HYAR 4UCA0 Q@ UAU HA svipadcenue ¢ (X), Komopoe npu ecex
donycmustolx SHA4EHUAX X umeem CMbicA W He obpawjaemcs 6 Hyab, '
06pasyomea YpasHerus, PAsHOCUALKbIC OQHHOMY YPASHEHWIO,

Tak, ynmsoxun ofe yacti ypaBuenns (54.3) Ha @ waH Ha @(x),

NOJIYYHM yDPaBHeHIIS
| af, () =af,(x)

@ () (=9 () (x),

kaxcdoe 13 KOMOpeLX PAGHOCUALHO ypasHerto (54.3).

HoxasarTelbCTBO 9TOI TeopeMul CXOZHO € A0KA3aTe.IbCTBOM
TeopeMmel 1 11 mpegccrasaserca yutateqio. CleyeT Takike 3aMeTHTb,
YTO NpH NpoBeieHHH npeobpaszoBanuil yacTeil ypaBHeHIS NocCae yM-
HOKEHHA Ha MHOMXHTEJb @ (X) 4acTo NPOHCXOZUT H3MeHeHHe 0. [. 3.
H MOeT HapylHTbCS PaBHCCHIbHOCTL ypaBHeHHIl.

IlpakTiueckn B npolecce peilileHns ypapHeHnil HHOTAA NPHXOAUTCA
HNPOH3BOAHTL H YMHOIKeHHe Ha BHIpamens ¢ (x), Moryuiue obpanaTnes
B HyJib DPH HEKOTOPHIX 3HauyeHHAX x, Toraa ypasHeHue

@ () [y (x) =@ (x) f, (%) : (54.8)
6yaer nMeTh HyJan QYHKUHH @ (X) CBOHMH KOPHAMH (XOTA HCXOAHOe
ypaBHenue (54.3) MorJio H He lMeTb TakHX KopHeil). KopHu ypab-
Henus (54.8), e siBasoumtuecst Kopusami ypaBsenus (54.3), nasnaior
nocmopoxAuMy KODHSAMH, H NpPH SanlCH OTBETa OHH JOJKHHL GHITb
OTGpPOLIEHEL.

IlosBacHHe NOCTOPOHHHX KOpHeil BO3MOXKHO i NPH BO3BeJEHHH
yacTell ypaBHEHHSl B OAHY H Ty Xe CTeneHb, KaK STO CJAYYHJCCh
C paccMOTpeHHLIM BHILIE ypaBHeHHeM x+1=3 N0 BO3BCIEHIH €ro
B KBajpar obpasoBajoch ypaBHeHHe x*+2x+1=9, kopeup (—4)
KOTOPOrO OK@3a/Csl MOCTOPOHHHM /IS HCXOJHOTO YpaBHeHMs.

Boo6uie, B npolecce pelieHis yPaBHEHHS Y2CTO TPYAHO COGIOCTH
TpeGoBaHHE PEBHCCHILHOCTH; Hanfo/ce DBaxHO He TepATb KOpHell
ypaBHeHMA, T. €. OT JAHHOrO YPaBHEHHA NEpPeXONHTb K TAKHM YpaB-
HeHHAM, KOTODHE SBJSIOTCS €ro CJAeACTBHAMH. Bo3sMoxHBlE nocto-
POHHHE KOPHH MOryT ObIThb. OTGPOLLEHBI IIOCJE IIPOBEPKH HX MOACTa-
HOBKOIl B HCXOJHOE YpaBHEHHe,

H
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B cBA3i ¢ 5TiM o6pa'nm BHHMaHUe Ha MPHeM pelneHHst ypaBnemm
nyTeM pas3soxeHus HX Jepoil wactn Ha muoxutend. Ilycts B ypas-
HeHHH f(x)=0 jeBast yacTb mNpejcTaBJIfeTCs B BHAE NPOH3BEACHHA
f(x)=¢(x)Y(x) n ypasHenne npnuiMaer BHJ

? ()P (x)=0.
Mnomecrso KOpHefl STOro ypaBHeHHs ABJIAeTC oﬁ'bemmemxeu
MHOKeCTB KOpHeil ABYX OTAeJbHBIX YpaBHEHHii:

9(®M=0 n P=0
(aefictBnTenbHO, mpousseaenue @ (x) P (x) GyxeT obpamaTecs B HYJb
npH TexX H TOJAbKO TeX 3HAUeHHAX X, IPH KOTOpHIX o0pamiaercs B HYJb
XoTsl OB OIuH 13 comHoxmTenell @ (x), P (x)).. Ilostomy mHckAtoUH-
TeJbHO TpyGoil (XOTN1 uacTo fAomyckaeMmofi yuauiHMmHcs) omuOKoll sAB-
JfieTCs «CoKpallleHie» oGeHx dyacTeff ypaBHeHHA Ha HX oOwiuil MHO-
XKHTeas. B sanncu

9@ =9(x)f, (%) - (54.8)

HII B KOEM Cyuae HeJb3sl OTOpachBath @ (¥), a CAefyeT paccyiKiath
T4dK: TNEPeHCCHM YJEHH B JIEBYIO YacTh YPaBHEHHS H BHIHOCHM @ (x)

3a CKOOKH:
@ (%) [f1 () —F. (x)]=0.

Tenepp BHAHO, YTO peleHHAMH Haulero ypansHeHHs (54.8) 6yayT Kak
KOpHU ypaBHeRH: [, (¥)=/,(X), Tak H KOpHH ypaBHeHHH q>(x) =0,
ITpusmep 2. Pewmnts ypaBnenne x¥+ 1 =x3+4-x,
Pemenue, Pasnoxnm ofe yacTH ypasHeHHA HA MHOMKHTEJH:

+DEP—x+D=(x+1)x. -

Iepenecem BCe useHH B JIeBYIO 4acTh ypaBHemm H BHIHECEM 32
CKOGKH OOWHIT MHOXKHTE/Ib:

(x+1D(e2—2x-+1)=0
(x+ 1) (x—1p=0

SlcHo, uTO KOpHAMN cay:Kar 3HaueHHs ¥, =-—1 H x,=1,
55. CucreMbl ypapHeHmii. PaccMoTpuM napy paBseHcTs

HJIH

[, =0,
{ (x’ y) =0, (55.1)

JeBble YaCTH KOTOPHIX fBASIOTCH aJreGpaHYeCKHMH BEIPAKEHHUAMI
(byHKUNAMH) OTHOCHTEJBHO ABYX TNepeMeHHHX X, ¥. Mtu1 ckaxen, 4To
OHI COCTaBJISIIOT cucmemy 08Yx ypasHeHuii ¢ aeymz HeU36eCMHbIMU X, Y,
H 6yneM pewatsh 3anauy o6 OTHICKAHHH BCEX TaKHX nap sHaueHHit x, y,
KoTophie o6palnaor (0fHOBpeMeHHO) 06a ypaBHEHHS CHCTEMH! B Bep-
HBle yHC/IOBHIe paseHcTBAa. Kaswcdas maxas napa sHawerud X, y Ha-
3LIBAETCR petlenuem cucmerst. Pemuth cHCTeMy—S3HAuHT HafiTH BCe
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ee pemeHnsi. Tak Kak napa uucea (¥, y) H300pakaercsi TOYKOH Ha
KOODAHHATHOIl NJOCKOCTH, TO TOYKY C KOOpAHHaTaMu (X, y) Takxe
HasBIBAIOT pelueHHeM cucteMul (55.1).

AHaJIOTHYHO, MOMHO CHCTeMy TpeX ypaBHEHHIi C Tpema Hel3BecT-
HLIMH BaIICHBAaTh B BHAE

f(x, 9, 2)=0
(x,4,2)=0
Y (x, 4,2)=0

(B GOJIBLIINHCTEE 33ajay YHCJIO YpaBHeHHil ObIBaeT PaBHO YHCJY BXO-
IZAMHX B HHX HEH3BECTHBIX, XOTs B NPHHIHINE 3TO He 0653aTe/bHO).
Ee .peuieHusiMH CyxaT yxKe Tpolike diced (x, Y, 2).

YpaBHeHIs, COCTaBJsIIOULHE CHCTEMY, OOBIYHO OOBEAHHAIOT Guryp-
HO#H CKOOKOI1; 3THM BpipaXxaercs, UTo OHH PacCMaTPHBAIOTCH COBMECTHO.

Hekotopoe ypasnenue F(x,y)=0 HasuiBaeTca c.aedcmsues cu-
crmeset (55.1), €Ca OHO YAOBJIETBOPHETCS BCEMIt DELIEHIAMH CHCTEMBL
-(85.1). Ilpn peweHnH cucTeM M3 HHX, KaK NpPaBHJIO, NPHXOIHTCH
BEIBORNTb ypaBHeHHs, ABJAIOLIHECH HX cielcTBusAMH. Hanpuumep, ecan
Jausl ypaBrenus (55,1), To H ypaBHeHus, NOJYYEHHEIe IIX CJCKeHHEM:

fy+e y=0

f(x’ !/)""P(X: !/)=0.

OyayT ux caegcrsusmi. Ha stom ocHoBaH, B wacTHocTH, HauGo.ee
PacHpOCTPAHEHHBI METOX peleHHs CHCTeN YpaBHeHuil — yenod uck.aio-
derus HeussecmHoix. OH COCTOHT B TOM, YTOOHI NMOJNYUHTDH ypaBHeHHe,
ABJadiolieecss caeAcTeHeM cucTeMel (55.1), HO yKe He conepixalee
OJIHOH H3 HeN3BeCTHBIX, T. e. ypaBHeHHie € OJHoil Hel3BecTHoil x
(uan y). TloscHum cymHocTp mpouecca HCKINOYEHHS lNEH3BECTHOI
IPHMEpOM.
Ilyctb paHa cicrema

HJIH BhIUHTAHHEM:

xz12 20
{ v (55.2)

x—3y+3=0

C IBYMA Hen3BeCTHbIMH. Ecian nepBoe ypaBHeHIle YMHOXKLTB Ha 3,
a BTOpoe Ha 2 H CJOXHTb MNOJYYCHHEIC YDPABHEHUA, TO MOMYUHM .
ypaBHeHiie

3x24-2x=0, wm x@Bx4-2)=0, {55.3)

He conepxaulee y. Ono Gyner caexctsienm cucteMut (55.2); neficTBn-
TeJIbHO, €CJH TOYKA (X4, Y,) YAOBJETBOPsieT 000KM ypaBHeHuAM (55.2),
.TO OHa yNOBJICTBOPHT 1 y PaBHEHHIO (65.3). ®akTnuecku 310 O3HayaerT,
4To abeuncca 5TOf TOYKH X, YAOBJETBOPSET ypaBHEHHIO (55.3) ('raK
KaK ODAHHATH y YypaBHEHHeE He CONEePKHT).

B naHHOM mpocToMm MpHMepE BHAHO, 4TO ypasuenne (55.3) nmeer
ABa peweHHs: X, =0 u x,=—?/,. IIpu x=0 o6a ypasHenus (55.2)
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nawor y=1, a npn x=—7?/, nonyuaem y="7/,. Pemwenns cucremst
(65.2)—Toukn (0, 1) u (—*%,, 7/,).
56. I'paduyeckoe - pemenne ypasHennit. Ecan ypasHenue naHo

B dopme . _
f(x)=0, (56.1)

rae f(x)—dyHKUHS OT X, TO KOPHH YpPaBHEHHA X=X, X=1X, ...
O6ynyT abcuiccaMi Toyek nepeceyeHus rpaduxa GyHKuuH c ocbio Ox
(aynamu ¢ynkuun f(x)). Ecan asoGpaxen rpaduxk ¢ynxkuuu f(x),
TO KOPHH YpaBHEHHA HaXOAATCH M3 yepTerka (C H3BECTHOI CTENEHbHIO
tounoctH). Ilosromy B cayuae, ecau ypaBHerue (56.1) pewnTtsh an-
re6paHYeCKHMH METOAaMH TPYAHO, MOMHO NpPHOJIH3HTEJLHO ompene-
JIUTL €70 KOPHH, MOCTPOHB rpaduk dynkuuu y=Ff (x). Odbmﬂo yaobHeit,
OJHAaKO, NpeaCTaBHThb ypaBHeHHe (66.1) B BHAE

fr(¥)=F,(x), (58.2)

rre [, (x), f, (¥)—dyHkuun, rpaduku KOTOPHIX Mpotite rpadmxa f(x).

3HaueHHs JeACTBHTEJBHHIX KopHefl ypaBHeHHs (56.2) npubau-
JKEHHO MOXKHO NOJIYYHTb, B31B aGCIHCCH TOYeK nepeceyeHHs rpadHkos
¢GyHKUHA y=f (x) 1 y={[,(x). B camoM nene, ecrn rpadukiu QpyHK- -
ualt y=f,(x) u y=f,(x) nepecexarorca B TOYKe ¢ aGCUMCCON X,, TO
OpAHHATH f, (x,) H f,(X,) TOUKH mepeceyeHHA OGYAYT TaKKe PaBHHI,
T. €. OYIeT HMeTb MECTO PaBeHCTBO f,(X,)==f,(%,). 3T0 n o3Hauaer,
YTO YHCJO X, YAOBJETBOPsET ypaBHeHHio (56.2).

Ecan rpadukn oynukunit y=F£,(x) u y=F,(x) ne nepecexaorcs,
TO 3TO O3HawaeT, yTo ypaBHeHHe (56.2) neficTBHTE]bHBIX KOpHefl He
HMeeT.

IMMpumep 1. Pemmurs rpapuueckn ypasHenne x3-+x—1=0.

Pemenue. Moxno Ob0 Obl cTpoHTh TpaduK GyHKUHH
f(x)=x%+x—1 u nckath €ro TOYKH NepecedeHHs C Ocbl0 abCuuCe.

3HayHTeJbHO IIpolle, OXHAKO, MPEACTaBHTL YPaBHEHHE B BHAE

xX=—x-}1

B TMOCTPOHTH rpadHKH ABYX QYHKUHHA: y=x°n y=—x-+ 1 (puc. 59).
['padukn nepecekaioTcsi TOILKO B OfHOf TouKe, HaHHOe ypaBHeHHe
HMeeT eIHHCTBEHHHI peHcTBHTENbHHIAI Kopenb o, =~ 0,7.

Ipaduueckuit MeTox HCMOJB3yeTC TaKike H NPH PELIEHHH CHCTEM
IBYX ypaBHeHRH ¢ JByMA HEH3BeCTHHIMH. JIJI7 3TOTO NO KaXAOMY
H3 YDaBHEHHA CHCTEMBI CTPOSIT COOTBETCTBYIOUIYIO €My JIHHHIO H Ha-
XOMAT M0 yeprexky aGCLUUCCH M OPAHHATH TOYEK TMEPEeceyeHHs STHX
JIHHHUM.

ITpuMep 2. Pemnth rpadguyecku cucremy ypaBHeHHN

x’—'x'—y—2=0,
yr—4x=0.
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Peuleniie, YpaBHeHua CHCTEMB! TepefiimeM Tax:

Yy=x—x—2,
y2=4x.

ITepsoe u3 HUX ABIsleTC ypaBHEHNEM Napado.sl, 0Cb KOTOPOIi
napa’iedbHa ocH opiusar (m. 45). Moikho cooSpasntb, YyTo I BTO-

poe YypaBHeHlle onpele’seT napa- 7k :
601y, HO TaKylo, y KOTOpOil OCb

hz-2
y '}

Puc. 59. Ce Piic. 60,

COBN2aeT ¢ ccnid adcumce (puc. 60). 3TH mapafo.sl NepecexaioTcs
B 18yX Toukax: A u B. Otciona ciexyer, Uto 1ansast clcreMa lMeer
4Ba 1eHCTBHTEbHBIX pewenns. OIHo H3 HIX MOKHO HaiiTH, OTHICKAB
Koopanhatel x4 1 y4 Toukn A. M3 uyeptemsa maxoauM, uto x =1,
Ya=—2. 310 pemwenne (1, —2) Hafineno Touno. Haiitg KOOPUHATH
Yp W Yp TOUKH B, YNTATEIb OTHULET NPHOTHKEHHO elle I PeleHHe
(Xp, Yp) JAHHOI ClICTEMHI,

YhnpaxHenus
1. Pewnts rpaduyeckn ypapHeHus:

a) 2¥=x?; 0) £2—1=|log, (x--1)].
2. Pewnts rpaguuecku cucteMy ypasHeHHit

{ x24+y=4, -
xy=1

. § 2. Aaredpanueckie ypaBHeHHsi C OAHOIl HeH3BecTHOI
57. YHcao M KpaTHOCTb KopHell. A.aeedpauueckust ypasHerue .
cmenedu 1 ¢ 00HOU Heu3gectimoll X Ha3LIBAETCH YpaBHEHIEe Buja
. Po)=ax*+axtr+...+a,=0 (a,%0) (87.1) ¢

(r. e. ypaBuenue f(x)=0, B JeBoil yacTH KOTOPOTO CTOMT L. P. ¢. -
CTENEeHH N OT X).
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Hdas anreGpanyecKux ypaBHeHRT mpuuATo CTaBHTb 3ajayy OTHI-
CKaHusa BceX (BooOuwie roBoOps, KOMIJIEKCHEIX) KOpHeil ypaBHeHHs.
Tak xak xopHsmu ypaeHenus (57.1) apadiorcs HyJH (KOPHH) MHO-
royjieHa B ero Jepofl 4acTH, TO MOXHO HCNOJb30BaTh CBEJEHHSA
O UEeJBIX panHOHAJbLHHIX (PYHKHHAX H HX KOpHAX (m. 52). YTBepxk-
Zennsi, npuseJieHHble B m. 52, GopMyJaHpyloTCs NpHMEHUTeJbHO
K ypaBHenmio (57.1) ciexyomum o6pa3son: -

1) Kaxnoe ypaBsnenue crenenn 7 uMeeT IO MeHblIell Mepe OfnH
KOpeHb B KoMILIeKcHOII o6Jsactn. Ecan kaxnpiil Kopenb Y4MTHIBATH
C ero KpaTHOCTBbIO, T. €. CUHTATh 3@ CTOJBKO KOpHeil, KakoBa €ro
KPAaTHCCTh, TO YHCJO KOpHeil ypaBHeHHs PaBHO ero creneHu n. [Ipu
STOM TOBOPST, YTO X = Q. — KOpeHb KPaTHOCTH &, €C/H JjeBas YacTb
z'paBH?;TlH JeanTcs Ha (x—a)® naueno, HO He JeNHTCH Haumelo Ha
x—o) L,

2) Ecan ypasrenrie (57.1) nyeer koMieKcHBIT (MHHMEIT) KOpeHb
X=0-iT, TO H KOMILIEKCHO CONpSIXKeHHOe YHCJ0 X = 0—iT sBJsleTcsl
KOpHeM ypaBHeHHsi (KPATHOCTH OGOHX CONpS:KEHHHIX KODHeil OHli-
HaKOBHI). :

Ha nporsxenun cronerufi rnaenofi 3amavefi anre6prt Gb10 yKasaHue NPaBii
pemrenns ajre6pandeckux ypapHennit, C IPeBHOCTH H3BeCTHH (GOPMYJH RAA pelue-
HHA ypaBHeHHN mepBofl M Bropofl creneHn. HranbsaHCKHMH MaTeMaTHKaMH 3SNOXH
Bospoxaenns (Kapxano, Tapranns, ®eppapn) 6unn Hafitend ¢opMyan aas pe- -
IleHust ypaBHeHHA Tperpefl M uyeTBepTOfl CTemeHM (OHH TPOMO3KH H He HMEIOT
6OnBLIOTO NPAKTHYECKOrO 3HaueHnd). IloNWTKM pellleHHs «B paxukanaxs (T. e,
-C npHMeHeHHeM JeflcTBHSI H3BJeUeHHS KOPHA) ypaBHeHHH CTemeHH BHIe Yerseprofl
6blail B OfmeM cayyae Gesycrmemnn. Yxe B XIX peke B paGorax Pydduumn,
AGeas n lanya 6HA0 ycTaHOBIEHO, 4TO He TOJBKO ANA KopHeft ofulero ypaBHeHUs
CTeMeHN BHIe YeTBepTofl He Aoxker GuiTh RaHO GOpPMYJ, BHpaXaWOUWHX HX B pa-
IHKajnax, HO M YTO KOPHH MHOTHX KOHKPETHHIX YypaBHeHHfl ¢ yncjoBEIMH (HanpH-
Mep, uennMn) KodhdHIHEHTaMH HE MOCYT OHTb BHpPaXeHH Yepel pPajuKamsl H3
palioHaNbALIX YHCeN,

’

" Mol n3yuaem HHuXe ypaBHeHHs NepBoil H BTOpoll cTemeHu H He-
KOTOphI€ YaCTHHe BHAML ypaBHeHRMil CTeneHH BhIe BTOPOIl.

58. YpaBHeHusi mepmoii cTenenu (MuHeiiHsle ypaBHeHHs). Ypap-

leHne NepBoil CTeneHn (JHHeliHOoe YPaBHeHHe) ¢ OHOIl HeH3BECTHOIl X

HMeeT BHJ
ax4-b=0 (a==0). (38.1)

‘Ono moayuaercss” 13 oGuiero ypaBHenns (57.1) B cayuae, Korja
CTeneHb n=1; @ HA3HIBAIOT cMApWUM KOIPHUyLermos YDPaBHEHHS,
b—ero ceo6o0HbIM wreHOM,

HOna pemenns ypapueHns (58.1) mepeneceM cpoGoxuwil uien
ypaBHEHHs B €ro IpaByi0 4acTb € IIPOTHBOMNOJIOKHBIM 3HAKOM H IO-
JYy4YHM ypaBHEHHe _

ax=—2>, (58.2)

PaBHOCH/IbHO® HCXOHOMY. Pasfienus Ha kosdduuuent a=40, nonyanm
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e1HHCTBEHHBI KopeHh ypaBHenus (58.1)t
b . .
=—Z (58.3)

Kopenp nojoxireneH, ecan a4 u b uMeloT pasHbie 3HaKH, OTpHua-
TeJleH, €CJd a ¥ b o1HOro 3Haka, W paBeH HyJio npu b=0.

B cnyuae, Korpa kospduumentsr ypaBHenns (68.1) me mpocro
3ajaHHble 4HCJIa, a fABJANTCA ajreGpaHyeCKHMH BHIpaEHHSMH, 3a-
BHCAILNMH OT OJHOTO HJil HECKOJbKHX OYKBEHHBIX IlapaMeTpoB,
ypaBHeHHe peliaercs TeM K€ NyTeMm, HO INPH STOM HCKJIOUEHHBIMH.
OKa3bIBAIOTCA Te 3HaYeHHF HapaMeTpoB, MPH KOTOPHIX @ ofpaliaercd
B HyJb. EciH npu 3toM & He ofpamaercs B HyJb, TO ypaBHeHHE
He HMeeT pelleHHs; eCJH Ke a u b ofpawainTcd B HYJAb ORHOBpe-
MEHHO, TO ypaBHeHHe A TaKMX 3HAuGHHH napaMmeTpoB npespa-
aeTcsi B TOXKJIECTBO H YJIOBJIETBOPSeTCH NpH JIOOBIX 3HAYeHHAX X.

[Ipumep 1. Hccreforath ¥ pemiiTh ypaBHeHHe

e (PP—1)x1+p1=0

Pemenune, Eciu p?s41, 70 ypaBHeHie HMEET eINHCTBeHHOe

peileHue :
14 (e (pP—p+]) _p*—p+1
=T EII T (=p(n M FETTD

(s10 nMeer MecTo mpH ps=1, ps=—1). Ecumt p*=1, 10 umeeMm 1Be
BO3MOMKHOCTH: p=1 i p=—1. Ecan p=1, 10 ypaBHeHne npu-
HusMaer BHX 2==0 H He MOXET yIOBJICTBOPATLCA HH IPH KaKOM X.
Hakonen, ecin p=—1, 10 ypaBHenue ceogutcsa K papenctsy 0=10
H yJoBJleTBOpsieTcss npy Jioboym sxaueHun x. OrBer cielyer Aath
B Takoil ¢ophne:

1) Mpu p1, pa—1 x =211

) Hpu ps=1, p== T—p *

2) Ilpu p=1 peiuennii Her.

3) Ilpu p=-—1 pewenuen sBasercs moboe x.

IlpuseneM ellle npHMep YpaBHEHHS C KOMILIEKCHBIMH Ko3(ddu-
HEeHTaMH. '

IIpusep 2. Pemufb ypaBHeHHe (2—,—z)z—rl——31_.0

41 —14+D2—i) —143i

Pewmenue. 2= D =! IRIE 5

59. YpasHenuss BTOpPOH cTeneHH (KeaxpaTHble ypaBHeHEf). AJ-
rebpaHueckoe ypaBHeHHe BTOpPOil CTemeHH 3saMlLChBaeTcs B oflieM

BHJE TakK:
ax?-bx+c=0 (a=0), (69.1)

H OoOblYyHO HasblBaeTcss Keadpamuom ypasrerues. KoadduuneHTH
ypaBHEHHsSI Ha3LIBAIOT: @~—nepsbim HIH CMapuium Kos(duyuenmos,
b—emopess MNH cpedrus Kosguyuenmosm, ¢—ceo600HbIM HACHOM
(unu mpemoum Koahpuyuesmont).
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Tak kak uncao KopHeil aareGpanyeckoro ypaBHeHHA B KOM-
NIEKCHOIT 00J1acTi paBHO CTeNEeHH ypaBHeHHs, TO cJeAyeT OXIAaTh,
4yTO KBajpaTHoe ypasHenne (59.1) Oyzmer nmets aBa KopHsa. [lo-
CKOJIBKY MHHMBIE KODHH BCETAA NOSBJAIOTCA mnapaMH (KOMMJIEKCHO
COnpsisKeHHBle KOPHH), TO HMeeTCsl TPH BO3MOXHOCTH:

1) ypashenne (59.1) mMeeT gBa AeHCTBHTEJBHHIX (Pa3JHYHBIX)
KOpHS;

2) ypaBnenne (59.1) mmeer KpaTHHI (l[BOHHOH) JeficTpliTenbHELl
KOpeHb;

3) ypaBHeHHE HMCET napy KOMIIJIEKCHO CONpPSIKEHHHX KopHeil.
, O npenBapme:bubie 3aKJI0UeHHs NOATBepAATCA B Ipouecce:

OTHCKaHHA KOpHell ypaBHEHHS.

Jaa ynpomeHnst BuYHCIeHHI pasz[emm ofe yacTH ypapHeHHs

(59.1) Ha a5=0 u monyunM paBHOCHJBHOE ypaBHCHIHe Bija

x24+pxtq=0 . (59.2)

(3nece p=b/a, q=c/a). Ypasuenne (59.2) co crapumM Koappu-
UHEHTOM, pPaBHBLIM e€XHHHNE, Ha3LIBAIOT npueeaem-tbuu xeaapamnbm
ypasrenues.

HOas Toro uto6H pemuth ero, npHGaBHM K OOEHM €ro 4acTaM
yHcno p*/4 (c TeM, 9TOGH WieHH X2-{-px-}-p?/4 o6pasoBaiu TOUHBILT
KBagpaT AByuleHa X--p/2) M noJyuHM paBHOCHJbHOE ypaBHEHiHe

3 pz
(x+%) +‘7=—4‘»
OTKyZA Lo
. 8 _
(x‘+%)’—(-”——q) =0. (59.3)
HUneetca CYUICCTBEHHOE pastiyne Mexay CiayyasdaMH, Korja 4rc/o

p*/4—q, BXOxRAiee B JieBYIO uacTb pasenctBa (59.3), NonoxHTENbHO,
paBHO HyJiO HJH oTpHuareibHo. Ecan p?/4—q >0, To MOKHO

Hanucatb
—o=(V %),

wmes B BHTYy, uTo V p*/d—g—apudmeTiyeckoe SHauenHe KOpHS
KBanpaTHoro u3 p?/4—gq. Ecau pt4—qg=0, 10 TakKe MOXiO Ha-

nucarTb
2 ¥ 2
£ 0=(V ).

Ecmi  xe p’/4—q <0, To MoxHO mpeacraButh p*/4—q xKak
| p?/4—gq|-i®. Byzem u B 9STOM, NPHHIMIONAJBHO OTIHYHOM, Clyyae

mucate (V p¥d—q)?, noxpasymenas nox V p?/4—gq uucro MHuMOE
ancio V[pd—q|i. Tenepb Bo Bcex CIyuasx HmeeM .

S

6 B, B. 3afines u 1p.
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PasnoxuM JeByio yacTh papeHcTBa (59.4) ¢ momouwbio GopMyJIn:
XA pasHOCTH KBajpaTos:

(4= 23) 547/ F5) 0. o

2 .
PRI ]/_"4__(,20 (59.6)

OTKYy/a

J16o

' PRI ]/-{;1—-4==0. (59.7)

Pasencrpa (59.6), (59.7) i xalor HaM SHayeHHSl XBYX KOpHeil X, H
X, ypasuenus (569.4), a ciegoBaTebHO, M IPHBEIEHHOro KBajpaT-
Horo ypasHeHHs (59.2): ,

PRV el
PR R/ s}

O6riyHo 31H jaBe GOpPMY.IH OGBLERUHHAIOT B OJHYI

R -
toa=—axt Y E—q. (39.8)

3,1ccx: KaK yKa3amo B npouecce BLIBO1A, B caydae p~/4—-q <0
noa V p*/4—q nouunmaior V' [ p 4 —q]-i.

Ecii BepHYTbCA K HCXOJHOMY ypaBHeHmo (69.1) (6ygmex ero Ha-
3bIBaTh HenpueedenHbisM KBaADATHHIM ypaBHeHHeM), TO B ¢opyy.e
(69.8) npugercst 3aMeHHTb p uepe3 b/a M ¢ uepea c¢/a; mccjae He-
CJOXKHEIX TIpeoGpasoBanufi moayuum Gopmyny Aaf KOpheil Hempi-
BeJeHHOro KBagpatHoro ypaBHenHa (59.1):

—b & VY bi—dac
——y (69.9)
Ecau xosdduuiedt b B ypaBHeHun (59.1) ofosnauen uepes 2%k,
T, €, ypPaBHEHHEe 3allHCaHO B BHJE .
axt+2kx+c=0, | (69.10)
1o ¢opuyaa (59.9) npurinmaer Gosee mpccrolt BHAL
_ _ — .
gy =k E VE =G (59.11)

[#3
Mpumep 1. Pewnrs KsagpaTHele ypaBHeHus: a) x*+427x 4
4+ 140=0; 6) 3x*—10x—25=0; B) x*4-12x4+-9==0; r) 2¥3 s} 2x 4
+5=0; n) ¥*—18x+81=0.
Pemenne. a) Ilpmeuny cdopuyay (59.8) A NpHBEIEHHOTO
KBapaTHOro ypaanemm

729
~————-:}; ]/-—-— 140 = — 2L T L 2 .
Kopuu Ae_x'tcrnmenbnbxe H Pa3IHYHblE! Xy==e—T, X =2~—20,

X1, 3=
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6) Hpmtemm dopmyay (59. 11) (HCNOAB3Y ST, UTO — 10 =2 (-— 5)):

5+ V25+320 5:t10
L]

X1, 2= 3

-Kopui: x;=35, x,=-—%,.
B) Hmeem no q)opmy.ne (59.11)

Xy y=—6 V36— 36—9=—6=+£V27=—6x3V3

omyna % =—6+3V3, x,=—6—31/3; xopun aannoro ypane-
HHA OKasa/HChb HppalHOHAMbHEIMH HYHCJIaMH,
r) C nomombio dopmyart (69.11) nafizem -

-1+ ]/T:m__._lisl
1]

1,05 2 =32
I , L ’ o~ 1131
Kopnn  ypaBleHINR — KOMIVIEKCHO — CONpAMEHIHeEl Xy=——p—,

X, = .

2
1) Ilo dopmyane (59.11) mmeem
X .-=9i)f81—81=9 +0.

. YpaBueHnHe HMeET paBHble KOPHH: X, =x,=9 (mlaqe FoOBOpAT, UTO
OHO HMeeT KopeHb X =9 Kp4aTHOCTH [iBa). 310 MOXHO GHLIO Ol 3a- .-
MeTHTh Cpasy, SaNHCaB JeBYIO ¥acTh ypam{emm KaK'NOJAHHIT KBaj-
pat: (x—9)%
Dopmyan (59. 8), (59.9) n (59 11) npuromm pasynmeercst, H A
pellieHNsi KBaJpaTHHIX ypaBHeHHIl ¢ GyKBeHHBIMH Kod(dHIIeHTaMl,
[Tpumep 2. Peumntsh crenywomue ypapHeHHs:
a) x*4-8ax—20a*=0; 6) abx*—(a*—b%) x—ab=0 (ab==0).
Pemenne. a) Ilo ¢opmyse (59.11) mnneenm

Xy, ,=——4a ;tV 16a~+20a=_—4a 4V 360t =—4a & Ga.

" Orcioaa
x,=2a, x,=—10a,

6) IMoab3ysce q)opmy.noﬁ (59.9), mafinem
—8 s V@RI _

xl. 3 2ab
—82% V@FER o= & (@45
2ab - 2ab * -

Taxum o6pason, :
a’-—-—b2+a’+b’ 2¢® _a

f= 2ab =% =%
P s 2%t b
2 2ab =T em T T e

6‘
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 60. @opmyani Breta. Paanomenne KpaapaTHOro TpeXuieHa Ha
muoxnTenn, Haiinem cymmy H mpouspeneHue KopHeil KBazpatHoro
ypaeHenns. Hcnoabsysi dopmyast (59.8) aas KopHeli npHBefeHHOro

ypaBHeHHs!, MOJYYHM
{ ¥ty =—p, (60.1)
XXy =4 .
(nepBOe PaBeHCTBO OYEBHJIHO, BTOPCE MOJYYaeTCsl MCCJe HECJI0XKHOro
BLIUHCJEHIIl, KOTOpoe 4HTaTeJdb IpOBefeT CaMOCTOSTENbHO; YA06I0
ECMo/b30BaTh (GOpMyJy JJs DPOH3BeAeHNS CYMMbl ABYX yHCeJl Ha
HX PasHOCTh).
Jokasana cireiayiomast
Teopema Buera. Cysnna xopreld npus0estozo £eadpamHozo
YPasHeHuss pasHa 6mopoMy Kosduiuenmy ¢ npomueonoa0XCHLLAL 3HA-
KoM, @ UX npou3scOCHUC PAGHO CECHOOHOMY HAeHY.
B ‘cayuae HempuBeleHHOro KBaipaTiHOro YypaBHeHHs chenyer
B Qopayant (60.1) nmoiacrapute pupameuuna p=>bja, g=cla; ¢op-
My. e (60.1) mpuMyT BHA
b
Xt x,=—=
R =T (60.2)
x1x2=7.

3]

ITpusep 1. CocraBuTh KBanpatHoe ypapHenlie 1O €ro KODHSM:
a) x,=—29, X,=4; 6) %,,=2V3; B) x, ,=21i.

Pewenne. a) Haxommt X, Lx,=2, xX,=—8; ypaBHeHHe
mveer Bup x2—2x—8=0; 6) x*—4x-+1=0; B) x*—4x+5=0.

Ilpumep 2. Hafitu cymmy kBagpatoB KopHell ypaBHeHnA
x*4 px+4qg=0, He pewmas camMoro ypasHeHHs.

Peweunne. HspectHn cymma x,-x,=—p 1 IpOH3BEleHHE
X X,=q KopHeil. IlpeicTaBuM CyMMy KBajpaTcB KOpHeil xi-x3

B BHJIe
x%"i‘x% =(x1+xz)2—2x1xn‘ .
H moayyum x3 4 x3=p*—2¢.
M3 dopmys Buera gerko monyuute dopmyay
ax?+bx+ec=a(x—x) (x—x,), (60.3)
BHIPAKAIOULYI0 INPABHJO pasMOKCHUA KBAADPATHOTO TPEXY/JeHa Ha
MHOXKUTETH,
B canoum neae, nanumesm Qopmyaet (60.2) B Bige
=—a (X +x,),
C=axx,.
Terepn mieem ‘ ‘ -
ax* +bx4c=ax*—a(x+x)x+ax,x, = -
=a[—xx—xx+xx,)=a(x—x,) (x—xz),
4T0 H Tpe6GoBaJIOCh NOJYHHTD,
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Brimeykasaunuil Breox dopymyn Brera smakom wnraTemo H3 Xypea anareGper
cpenneft wkosu. MokHo HaTe gPyrofi BrBOX, HCmoab3ylouuil TeopeMy Beay u pas-
- MO’KeHHe MHOrodneHa Ha Muoxutean (mm. 51, 52),

ITycts ¥y, X,—KopHH ypaBHeHus x2+px+q=0' Torza mo ofmeMy npaBiHIy
(52.2) Tpexuner B neBofl MaCTH yDaBHeuHs Pasfaraerci Ha MHOMHTOJI:

Apxt-g=(x—x) (x—x5).
PackpriBast ¢KOGKH B IPaEOfi YacTH STOrO TONIECTBEHHOTO PAaBEHCTBA, MOAYHIM
opprtg= 2=ty 1) 12y,

R cpasHeHne KoO3p(HUHEHTOB NPH OXUHAKOBHX CTEMEHAX X AacT Hay dopuyni
BneTa (60.1).

- TIpenMyImecTBO STOro BEIBOJA COCTONT ‘B TOM, GTO efo MOXHO TIPHMEHHTh W
K ypaaﬂemmm BHICIOHX CTelleHell ¢ TeM, 9YTOGH MOJYYHTs BHPaKEHHS Kosddm-
HIEHTOB YPaBHEHHS Yepe3 ero KOPHH (He HaXoXa caMHX KopHefl). Hanpmxep,
€CIH KOPHH NpHBeJCHHOr0 KyGHYECKOro ypaBHEHHA

x3-}-px2tgx-f-r=0
CyTb X, X3, X3, TO COrMacHO paseHcTBY (52.2) HaxojaM

x4 pritgxtr=(x—x) (x—1;) (*—x5) - (60.4)

" (B HameM cayuae @y=1 u n=3). Packpup cKoOKM B MPaBoil WACTH paBeHCTIBa H
coGpaB Ko3(pHUIHEHTH NPH Pa3NHYHHX CTEMEHAX X, MOMYYHM

x34-pxP+qx -t r =x3—(x -} 2o+ x9) £2 4 (X1 X - Xy g |- XaXs) X — Xy Xpx5.  (60.5)
IpupasunBas KopdHIHEHTH NPH OJHHAKODHX CTENCHAX X B 00EHX YaCTAX paBeH-

crBa (60.5), maxogum
Xg-F Xt xg=—p,
nxy %3+ xaXs=¢q, (60.6)
X1XoXg®==—1T,
Mpumep 3. Pebpa a, b, ¢ npaMOyro/bHOr0 mapainefennnesa ABIAOTCE
KODHSIMH xyﬁuqecxoro ypaBHEHHSA
. x3—10x2-}-23x—15=<0.

Hafith ofzeM H NOTHYI0 NOBEPXHOCTh NMapajIeNennnesa.
Pemenwe. OGreM npaMOyroabHoro napaifeneniunela paBeH NPON3BEILHIO
Tpex ero pebep: V=abe, 1 B cuay dopmya Buera (60.6)

V=-=abc=15

ITonnas 6norzepxnocm paBHa 0= 2(ab+ac+bc), 1 no dopmynay (60. G) meen
0=2.23=4

61. Mccreposanne KBagpatHoro ypanHeHHd. B 8aBHCHMOCTH OT
KO3(p)HIHEHTOB KpajpaTHOro ypashenus (59.1) ero KopHu mnpex-
CTaBJAIOT CO60f1 unciaa JefiCTBUTeNpHBE HJAH ~MHHMBIE, Pas/HuHLIE
HJIHI paBHHE, NOJOXKUTEJNbHBHE WJIH OTpHIaTenbHue. Hccienosanne
YPaBHEHHSI COCTOHT B YCTAHOBJEHHH XapakTepa KOPHell ypaBHeHHH
B 8aBHCHMOCTH OT ero KosddruieHnTos. . -

JIHCKPHMHHAHT

d=0*—4ac (61.1)

KBaJApaTHOrO TpeXy/eHa, HCNOJb30BaHHHIT TIPH NMOCTPOEHHH ero rpa-
¢uxa M- 1CCaAeq0BaHHH CBONCTB TpeXuiaeHa (m. 45), OyaeM Takxe
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Ha3bBaTh OUCKpuMuHanmonr keadpamrozo ypasrenus (59.1). Or ero

3HaKa CYUIECTBEHHO 3aBHCHT XapakTep KOPHefl ypaBHeHId, TaK Kak
OH CTOHT NOJA 3HAKOM pajHKaia B dopmyre (59.9).

I. d >0; xopHH ypaBHeHHS JAeiCTBUTEJbHLIE, Pa3/HYHHE.

- B camoM peae, nox 3makos pagikana B dopmydae (59.9) maeen
NOJI0XKHTeAbHOE UHCAO H HAaXOQHM [BA PAa3JHYHBIX RefiCTBHTE/bHLIX
KOpHA Xy, X,. TOT e pe3yJbraT cieayer H3 puc. 49, 6, 2, nmoKashi-
BawUX, 970 rpaduK KeagpaTHoro TpexujeHa npu d > 0 mepecexaer
ock Ox B JByX TOUKax.

[Monarasa d > 0, uccnenyem 3Hak xopueﬁ Jas storo BocCno.b-
ayemcnn ¢opmyaamn Buera (60.2). Byrem ana ynoécma CUHTaTb,
yro a > 0. -

Ia. d>0, a>0, ¢>0. Kopuit ofHoro smaka, Tak Kak HX
npouspefenne mnoJoxureabHo. Ecan <0, 10 onn o6a mnonoxu-
TebHBI; ecai b >0 To oHN 062 OTPHUATEJBHHL. -

16. d>0, a>0, ¢<0. Kopuu pasHoro 3Haxa, OINH H3 HUX
H0.10;KHTeJIeH, APYroil oTpiuatelieH.

Is. d>0, a > 0, ¢=0 (ypaBHen1e cHeNoJIHOE» BHAA ax?4-bx=10).
Oann u3 kopHeil paBeH Hy/MIO, 3HAK JAPYroro MNpPOTHBOMO.0MEH
3naxy b. '

1. d=0. Kopui KBagpatHOro ypaBHeHHsl TeiiCTBHTEJbHLI® H COB-
nazatomne (rpapuueckn sTa CHTYaUust BLIpazkaeTrcs B TOM, HTO
napago.ia kacaercs ocn Ox, puc. 43, 0, e) 3HaK Kopueil npu a> 0
NPOTIBONOJI0KEH 3HaKy b.

1. ¢ < 0. Kopun koMIjIeKCHo conpsienHbie (mapa6o.aa. He me-
pecexaer ocit Ox, puc. 45, a, 6).

[ITpusep 1. Hccaexonarb ypaBHeHHa: a) Bx*—3v—10=0;
6) 2v*—bx+20=0; B) 9x*—6x+1=0; 1) 3x*+1lx4+10=0;
a) 163 4+24x+9=0; e) 7Tv*—12x4-4=0; x) 2x*+20x—3=0.

Pewenue. a) Bruncasem mxcxpmumam .4 ypasueHna mo
(I)Op\xy.rxe (61.1):

d=(—3)i—4.5.(—10) =209 > 0.

IuexkpunnnanT ypasHeHus nosoxntenen. Maecer mecto eayuwait [:
KOpHIl JIaHHOro ypaBHEHHS —4icaa AeiiCTBHTEIbHLIE H PasIHyHLI2,
3 1oro, uto ¢=—10<0, cieayer, uTO KOpHII HMEIOT pa3ume

snakit. Moo liccTe10BaMIe NPoBecTH M Aajblie: 31ech b=—3<0,’

Il NO3TOMY NOJIOKNTeABHBI KOpenb X, Coblie MORY1sl OTpHUATCTb-
HOro KODHA' Xy, T. €. X, > |x,|.

6) Kopuu nonMnjckcibie COnpsizeHHbe; B) hop“li paBibie 1o.10-
XKuTeabHEe; T) KODHU AeliCTENTEILNLIC, Pa3TIMHLIE, OTPUUATC.ib-
Hble; 1) KODHIH paBHBle OTPHLATEJbHBIE; €) KOPHH AeliCTBUTEbHLIE,
pasanyHble, NOJOXKHTEIbHBIE; ) KOPHHl JellCTBHTEIbHBIR, DPa3Tiy-
Hble, Pa3HBLIX 3HAKOB, MPHYEM MOAY/b OTPHIATEILHOTO KOPHA Go.iblue
MO0 HTEJIbHOIO KOpHA, '



621 § 2. ANTCGPAHYECKHE YPABHEHNS C OAHOHR HEHM3BECTHOf 167

CroxHeil pewraeTcsl sajava ncc/eJ0BaHHS KBajpaTHOro ypaBHe-
Hust ¢ GyKBeHHBIMH Kospduunentamd, OrpaHHuuMCA ORHHM NpHME-
poM Takoro poga (cM. Takxe npumep 4 m. 80).

- Ilpumep 2. HcenenoBats ypasrenie ax’+2x—l-a’=0 (a—peit-
CTBHTEJbHOE).

1. B cayuae a=0 ypabuenne npespamaerca B JHHE{iHoe 2 =0
H Hnmeer Kopedb x=0.

2, Ilycts a5=0. Haxoanym AHCKpHMHHAHT

d=92—4aa?=4 (1 —a?).

Hpnxonmca pasanuath TpH cayvasn: a<l,a=lna> 1L

1) a<l (as%=0). B stoM cniyvae ypaBHEeHHe HMEeT. ABa jefl-
CTBUTENBHBIX KOpHA, TaK Kak d > 0; ecan 0 <a <1, To KopHH -
oTplLaTesJbHHE: HX NpOH3BelleHHe X,X,=a*/a=a >0, cymma x, -+
+x,=—~—2/a < 0. Ecan a <0, To KOpHH pasHLIX 3HAKOB (UX NpO-
H3BejeHHe OTPHUATENbHO), =

2) a=1, d=0. Ypapneune Hmeer ABOftHON Kopens X, ,=—:I.

3) a>l d < 0. Kopun YPaBHEHN KOMILIEKCHO CONpSKCHHEIE.

62. VYpaBHeHus Beiciinx crenenefi, Heawe kopun. Aaredpanue-
CKHe ypaBHEHHS BHIIE BTOPOfi CTENEHH MHl Ha3EIBaeM YPaBHEHHAMH
BuicluX cTeneHefl. Mayuyenne nx B ofuieM BHAE BHIXOAHT 33 paMKH
nporpaMMul. cpenHeil mKoJb. B HameM Kypce paccMaTpHBRIOTCS
JHLUL HEKOTOPble YacTHhle BONPOCH, OTHOCALIHECS K YpaBHeHHsM
BHICIIMX CTenmeHeil. 31ech MBI MOKAMKEM, KaK MOKHO HAaXOAHTh LeJILle
KOPHH yDaBHEHH# C LEJOYHCJIeHHBIMH xoa(b<puuuemauu (ec.rm TaKue
KODHI HMeloTes).,

ITycts crapumit KosdduUkeHT ypaBHEHHs paBeH equHuue (nmpH-
BCIEHHOE YpaBHeHHe), a ocTanbHple KoabduuHueHTu—Iebe  uncaa.,
[lycts Takoe ypaBHeHIe

xtaxtl4 L +a,=0 -(62.1)
IIMECT KOpHeM 1e’Toe YiCa0 X=Fk; NnoAcTapais x=4Ek B ypaBHemle

IO.Ty4HM
kP4akr-14- ... +a,,_lk+a,,=0,

a,=—k(k"14ak 4., —l-a,,;l),

rae o6a COMHOXHTEJS B NPaBOfi 4acTH paBeHCTBA —ILEJHe; TAKHM
obpasoM, CBOGOAHBII uleH @, ypaBHEHHR JOJIKEH NeJINTbCs Ha K.
Bcee yeabte kopru npusedenrozo arzebpautieckozo YpasHeHUs ¢ yeabiMu
Koagpuyuenmany ssasromen Oeaumersmu ezo ceo600nozo tsena. Ort-
Ci0Aa CJeAyeT, YTO B KayecTBE HeJhX KOpPHEH HaJJIeXKHT ICHHTH-
BaTh HE KaKue-H00 Npon3BOJbHHIE lleJble Yiicya, a JHb JeIHTe
cBOGOIHOFO uJeHa YPaBHEHNA, KOTOPLIX HMEETCAA JIMLIb KOHeuHoe
'MHQIKECTBO.

MoKHO JI0Ka3aTh, YTO NpHBELeHHOE ypaBHeHHle ¢ NeJsiMH Kosd-
¢uunenTaMi He HMeeT JPYrHX panOHaJbHLIX KOPHell, Kpone

oTXYyJa
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1leJIBIX; MIO3TOMY Hall METOJ faeT BCe pallHOHAJbHEIE PeuleHHs ypas-
-HeHus (62.1).

Ilpumep 1. Pemuts ypasienne x*—4x*—27x+490=0,

Pemenue. BrmiceBaem (HoJoxHTENbHblE H OTpHIATeNbHbIE)
Jedntean csobognoro unena 90: 41, 42, 43, 45, +6, 49, ...

INoacrabass 3TH yucia B ypaBHeHHe, HAXOAUM, YTO KOpHEM JaH-
- HOro ypaBHEHUA CIYXHT 4YHCJIO X,=3, IOCKOJbKY 3*—4.3%—
—27-34+90=27—36—81490=0. MiorowieH, PpacnoJOKEHHEL
B JieBOil YaCTH ypaBHEHHs, 1o Teopeme DBesy (n. 51) nomxen Ges
ocTaTka JeJHTbCs Ha ABydJeH, x—3. IlponenaB nenenne, HafineM
B YaCTHOM KBajpartHhlil TpexujseH x*—x-—30. Ero aBa kopHs npu-
COelHHHM K paHee HailleHHOMY KOpHIO I, TaKHM oOpa3soy, Hafigem
BCe TPH KODHfi JAHHOrO ypaBHeHHA: X, =3, X,=—bH, x,=

[pumep 2. HUmeer su. ypapHenne x*—x®-}-x-4-2=0 uemnie
KOpHH?

Pewenne. Lleannu KopHAMI MOTYT OBITH JHIIB AEHTE/IH CBO0O-
HOro ujeHa 2, T. e. uHcna =4=1, =2. Henocpeacreennoii noxcranos-
KOil 3THX u4uceJl B ypaBHeHHe yGexJaeMcs, YTO HH OJHO M3 HHX
eMy He yjosjersopsier. JlaHHOe ypaBleHHe LeJILIX H Booflle pamio-
HaJAbHBIX KOPHell He JeeT.

Ecan crapwiit Koxphumiiedt g, ypasieuns ¢ uedsstn xosddumuentamu
agxt+axt=-14- ., . +a,_x+4a,=0 (62.2)
OTMYCH OT EIMHHUY, TO MOKHO BBECTH HOBYIO HCH3BECTHYIO ¥ C NOMOWBIO ¢op-,

MYJB X = J/ao, TOrga Aas y NOJNYYHTCS ypaBueHHe

yn-l

n
8 '!'/7'{‘ a S+ tas- i'—+an—0
Qg ay

HaH
- n—2 n-1
yrtayt-t4- ...t a0yt aza =0, ‘
KOTOpOE yze HMeeT cTapuii Ko3QHUNeHT, paBHHIl eliHiue, H K KOTOPOMY npif-
MCHHM CI0CO0 OTHICKAaHHA LEJIHX KOpHell, ykasanuwii soiwe, Lleawne xopuu a y

Aa1yT paulloHaJbHbe, BOOGLIC IoBOps, APOGHLIC KOpHH 111 x.
Hpusmep 3. Peumts ypaBucuue

2x% —bx2-}-8x—3=0.
Pewenne. [eiaeM noICTaHOBKY x= y/2 Ilocae oueBidibix npeoGpasosa-

HH{T nMees
—by2-}-16y —12=0.
Ho:u.’)upae\l He el KopeHb Aad Yf; HaXoguy .
y=I1.
Heanv aesyo yacTs ypazuenna ua y—1 i noayuaeM ypasseuie
yr—4y1-12=0

¢ xopusMn y=2+ 2 ¥'2i. Oxonvareabho BHITHCHBaEM «pelIcHHd  HCXOJZNOro
YpaBHCHHAL

1 _
x1=yl= ] x2,3=l;';]f2i.
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63." ipyunenneie ypaBHenusi. AJre0paiueckce ypaBHEHHe BIJa
 ax"-b=0 - (63.1)

HaswiBaeTC O08y4eHHbIAL ypaBHeHIeM. PelneHne Takoro ypaBHeHHA
NIPOCTO CBOANTCS K H3BJICUEHHIO KOPHf CTeNMeHH 7 M3 yucjaa —b/a:
) x"=_'_£. . )
a
(npH 3TOM nNoApas’ymeBaeTcd, YTO CJEAyeT HaliTH Bce 3HAYeHHA
KOpHS NO MNpaBH/y H3BJEYeHHA KOPHS H3 KOMIIIEKCHHIX - ullce.T,
n. 18).

ITpumep 1. Pemnre ypaBnenne x®+432=0.

Pemenne. IlepennmeM ypasHeHHe B BHge x®= —32; OyzeMm
paccmaTpuBaTh —32 KaK KOMILVIEKCHOe YHCJIO H NpHBEIEM ero
B TPHTOHOMETPHUECKYIO dopMmy: —32 = 32 (cos it i sin m). Teneps no
ripaBUJy H3BJEYEHHS KOPHA H3 KOMIIJIEKCHOrO yHCJIa HaiiieM

Xy=y 32h(cosn—|—isin m) = 2(¢os ‘1+2kn+ sin ~:+2k«z)’

5

rie k cnenyer npuparb 3uauenns 0, 1, 2, 3, 4. lloayuuMm nats
KOpHell Hallero ypaBHEHIs:

(005 ~+isin— ) —2 (cos -—+tsm—351) y  Xy=—2;
x3=2<cos-3-+tsm—5—>, X, =2 (cos —5-+zlsm—5-).

YpaBHeHHe HIMeeT OfHH JeliCTBHTEIbHEI KOpeHb H YeThipe MHHMBIX,

IIp HeKOTOpHIX 3HAYeHHAX n, Hanpumep npH n.=23, 4, 6, BMecTO
yKa3aHHOro oOllero MeTojia mpoiie HCNOJb30BaTh Pa3foXKeHHe JeBOil
Y3CTH Ha MHOXHTeJH (IpUMEHsASI, B YaCTHOCTH, (bop\iy.nbl COKpaileH-
Horo ymHoxeHHsa, m. 20).

Npumep 2. Pemnth ypashenne 8x3—27=0.

Pemenne. 3annueM ypaBHeHHe B BHJE

(2x)*—3*=0
H Hcnoab3yeM ¢opmyay aas passHoctH KyGos (20.12); momyums
(2¢x—3) (4x*+ 6x+9)=0. o

Takum 06pa30M x,=3/,, a x,, x, HalifeM, pelias KBajJpaTHoe ypaB-
HeHne )

4x2 +6x4-9=0.
Inteenm . .
' —34+ V9—36
Xy, 3= 4 3
1IH
-3+3V3i
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ITpumep 8. Pewmnts ypabnenue x*4-1=0,
Pemenite. PasnaraeM JeByio 4aCTh ypaBuenns na MHOMKHTETH
NpICMOM, C KOTOPHM- MBI YyiXe BCTpedalich (m, 22): -

x84 1=yt 2404 1 —2x7 -=z(x’—1—1)¥__(1/2x)2‘==
-=(x’+]/§x,+l)(x‘—— 2x4+1).

Takum oGpasoM, 8ajaua CBOAMTCH K PELICHNO ABYX KBaApaTHLIX
ypaBlieHfi:

x”+V§xA+l=0

: B} 2x+4+1=0
Hx xopan
2 2 ]
s = L2 M 2ie V20
2,
faom TR X=X

I SIBJISIOTCA KOPHSIMHI RaHHONG YypaBHEHIS.
IIpumep 4. Pemnrs ypasnenne x0—2=0, .
Pemenne, laa yaoSciBa BbejieM HOBYIO HCH3BECTHVIO MO GOp

Myde x=1/2y; ANl y NOAYYHM ypaBHeHiie
y—1=0.

Pasoaixnm JIEBYI0 4acCTh Ha MHOKHTEI:

P=l=E+DE—-D=u+DE—y+)e—1) P +y+1),
H CBeJeM pelleHHEe NaHHOTO ypPAaBHEHHSA K PEIUeHINO ABYX JIHHeHEL
H OByX KBafpaTHHX ypabHenull. YuTaTe/l0 pekoMeHAyeTCsl SaKoH
YiTh pelleHlie NpHMePa CaMOCTOATENbHO.

64, Ypacuenusi, CBOAMWINECH K KBAajpaTHBIM. YpaBHEHHe BHJ

axt4+-bxt+¢c=0 (64.1

HA3HIBAETC GUKCAOpamHLLY YpasKeHues W ToCTe BBelellsg HOBO
Hel3BecTHON x® =2 CBOJUTCA K KBaApaTHOMY ypaBHEHIO

az*+bz+c=0. _ (64.2
AnanorigHo, Boolle, ypapHeHHe Biia
axt4-bxr+-c=0 - 64.3

CBOANTCA K KB3aADAaTHOMY YPaBHEHHIO OTHOCHTEIbHO 2= x", Haiig

€ro KOpHH Z;, Z,, Mbl saTeM INOJYy4YHM KOpHU ypasueHus (64..

NyTeM pelleHHsl LBYYJNEHHHIX ypaBHeHuft x®*—z, =0, x"—z,=0.
ITpumep 1. Pemnrts ypasuenne 9x*—25x2+16=0.,
Pewenue, ITonoxum x2=z. Toraa ajs z NOMyuuM ypanHeHH

92— 2521 16 =0,
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H3 nero maiigem z; =1, z,==1¢/,. Orciona
: 16
x*—1=0, x'—7F=0,
H, CJIEIOBATENLHO, YeThipe KOPHA NAaHHOTO YPaBHeHHS TaKOBLI:
n=1 x=—I, x;=%, x=—4.
[Tpumep 2. Peuwnrs ypasuenne
8x¢+7x3—1=0.
Pemenne. [Monoxun x®=2; gag 2 noayuiM ypaBHeHHE

822 4+T7z—1=0,
U3 nero naxommnM.
' z2,=—1, /,.

210 mpHDeneT K cnenyxommr ABYM JIBY‘{JIGHHH‘\[ ypaBHeHHAM TpeThbell

CTereHI:
B+1= x®—1/,=0.

Pewms 571t nByq.*erHme ypaBHeHIIs- (cu. o, 63) Haillem -BCE

1eCTb KOpHEIX AAaHHOIo YpaBHCHHA:

Y 3. 1 y 3
x1=_1, x2=’§‘+_—l, . x3=_2__._‘_i'
1 V‘s. 1 V3
x‘_-ﬁ- »xs__—_T Xg= ._..Z._.T.l.

OCTaHOBHMCS  HCCKOIBKO no:xpodneu Ha c.'lyqae GHKBaIpaTHOrO ypaBHenns
(64.1). Ipun yxasamuom BHmeE cmoCOGe €ro pemleHHs B C/yuae, KOTAa COOTBETCT-
Byloulee KBajxpaTHOe ypanuenue (64.2) mmeer MHHMEIE KOPHH, OTBICKaHie 3Haue-
HRl X H3 papencTs x’=z;, x®=z, noTpe6yeT H3BIEYCHUs KOPHs KBajapaTHOro
H3 MHAMHX yHcen. Oxasmleaercst, 9TO STOTO MOXHO H36exath, pemras ypapHeHue
pyrayM  npuemoyM, [lyets d= bi—4ac < 0 (xopuu ypapHenna (64.2)  mHmMbe),

orja npeoGpasyeM eBylo uacTb ypasuenua (64.1) crexyiomury cnocoGom (cui-
TaeM a > 0; torza m ¢ > 0):

axi-lbxifc=ax34-2 Vacxt4-c+(6—2 Vac) x2
nech b—2 ¥V ac < 0; ofoanauns b—2 V ac wepes —p?; noaywm
Hbeto=(V ar+ Vel —(prr=
=(V axt+px4 Ve)(Var —px+ Vo).
Jlepast uzcTh ypapleHHSs Da3TOKNTCH Ha nelicCTBHTEIbHHE Kaa:lpaﬂwume MHOKIL
Team, M 3231a4a CBEJETCSl K PEelleHHIo 1BYX KBalPaTHHIX yPapHeHmil.
IMpnrep 3. Pemnrs ypaswenne x3-}2x24-9=0,

Pemwenne. Tak kax 3lech d=54%-—4gc=1--36 <0, T0 npmveust>» BTOPO
noco6 pemenns:

1424219 = x1 16249 — 4x2= (x2+3)2—— (2x)?=(x*>-}2x+3) (x> —2x+3).
aTaua cpenach K PCLICHNIO Napsl KBaJDaTHIX ypapHenuil: '

x24-2x1+3=0, x2—2x+4-3=0.
CKOMEIe pelnennsi:

ta=—1% V3, x5 ,=1% V2L

o =3
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65. Bosspatnme ypacnenns. BuxpaapaTunie ypapmentsi—wuacrHeil BHA ypaB-
pennil yeTBeDTON CTeNeHH, PeINCHHE KOTOPLIX CBOAMICA K PelLeHilio KBaApaTHHX
ypaprenuil, JIpyroil cayuafl, Korpa Takoe CBeieHHE TaKiKe BO3MOKHO, AT €03-
spamusie YpasHeHua uerseprofl ctenen: )

axt -} bx3--cx?Hbxt-a=0, as#0. (65.1)
Takoe ypapHCHNHE Ha3LIBAETCS €036PAMHLIAML TOTOMY, UYTO Y Hero KO3(PHIHEHTH!
DPH YICHAX, PACNONOMEHNEIX CHMMETPHYHO OTHOCHTCALHO CpegHEro 4ieHa, oJil-
HaKosLl (CTpoKa Kosrgmmneuroa a, b, ¢, b. a uRT2eTCA OUINAKOED C.1€Ba HaNPasBo
a

n cnpaBa uadeso)., Pasgeany ypapHCHHC NOUACHNO HA X% m cTPynnupyeM WieHu,
K3K yKa3auo Hume:

1 1 ) 3
oty )+ (xhg he=0 65.2)
DBdIeM HCN3LCCTUYIO § C NMOMOMMLIO PABCHCTDA

1
y=x+i-—.

Torma x241/x2=y?—2. Jaa y noayuaen u3 (65.2) kpaipatnoe ypashenie
a(y?*—2)-}-by +-c=0. (65.3)
[lycts ero KOpHH gy, Yps TOTAA X HAXOIHTCA H3 ypasHenuil

| 1
""}"x"—‘!/b x+‘;=!./z»

KOTOpLIC TaKike SaNHCHBAIOTCS KaK ypaBueuHs BTOPOil crencuim
=g 1=0, x2—yx-}-1=0.

I1puwep. Pewnts ypabuenie %8 —2x3-4-2¢?—2x-}-1=0.
Pewesnne, Jeius ypapHcHHe Ha X® H CPYRMIPYeM YJCHH

x2+%—2(x+%)+2=0-

Toaaras y=x--1/%, noayuum '
’ y2_2y=0_ .

Kopnn storo ypasuennn: gy =0, y;=2. Haxoxmm X u3 ypasnenuf
1 I
— —=2
x4 P 0, x+ =

min 24-1=0, x2—2r41=0. o
Pewenns ypapueuns TakOBEL x1’2=ix’, x3 3=1 (x=1-—7p0il0oll Kopeus)

Yunpaxuennsn

1. Hecaenopath AnHeilnple ypaBHeuis:

2) (a2 —bY) x4 b2 —a’=0; ©) (a*—a)x+a—1=0.

2. Pewutb ypasnenus:

a) x2--36x+68=0; 6) x>+ 22x-}-121=0; p) 2* - 15x+-7=0;
1) x*-L8x 441 =0; n) 4x2—Ex-+5=0,

3. Pouuth - ypabucHus: '
;) m:tz-—(m}-ign)x']-n:o; 6) 4x2—4ax+(a®—0%)=0; B) ax®—(2a--1) x

4+2=o; 1) (a+b) x24-2ax4-(a—b)=0; ) mnxt—(an-{-bm) x+ab=0,

4. Pewnth ypapsenns:
2) 2x34-5=0; 6) }6x4-7=0.
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B, PewnTts ypasucHHs:
a) ¥4 —~8x2—9=0; 6) xi-}-49x2=0; B) x4+13x’+36 0
1) 3xt—11x? —14=0.

6. Pewnrs ypasnenns: -
a) 18— 19x3—216==0; 6) x8—65x2—1296=0.

" 7. Petnts ypaenennsi (OTHCKaB IenHil KopeHb ypaaneﬂna)t
a) x3—6x24-3x4-10=0; 6) x*—5x3-4-28=0.
8. Pemmntbh ypasuenns:
a) x8—3x34-4x2—3x-}-1=0; 6) x‘—3x’+3x+ 1=

1
Yxasauue. B nocnenuey npuvepe BBECTH HOBYIO HEH3BECTHYIO §=X——-.

§ 3. Cucremsl anreGpanyeckHx ypaBHEHHH

66. Jlumeiinpie cucrempr, CicreMa ypaBHeHHit BHAA

f(x y, 2=0, ' -

Q(x; y, 2)=0, (66.1)

ip(xs Y 2)=0
Ha3bIBaeTCs cucmemosl arcebpausteckux ypasrenud, €ClH JeBHE YacTH
ypaBHEHH fBJAIOTCA UEALIMH palllOHaJIbHLIMH BBID2HEHHSMH OTHO-
CHTeJBbHO HEH3BeCTHHIX X, Y, 2. Ecam Bce JieBhle YaCTH JIMHeRHBI
OTHOCHTEJILHO HeH3BECTHBIX, TO CHCTEMA Ha3hIBaeTCs JuHelinod cucre-
Moft ypaBHenuil. OGHYHO JuHefiHYI0 CHCTEMY YPaBHEHHHA ¢ ABYMS
HJIH TpeMs HEeH3BECTHHIMH 3amMCHIBAIOT, COOTBETCTBEHHO, B BlJE

ax+by=c, . o
66.2
. {a,x—}-b,y::a, ( 52
I
ax+by+cz=dy
" ax+by+-cz=d,, 1(66.3)

a;x+ bsy +cy2= ds, ,
OCTaB/fil B JIEBRIX YaCTAX WY/eHH, COAEPXKAIIKE HEH3BECTHHE, a
B NpaBhIX — CBOGOAHbIE UJIEHBl CHCTEMBI,

PaccmoTpuM cucteMy aBYX ypaBHeHHAE ¢ ABYMA HEH3BECTHBIMH
(66.2) u Gynem pemath ee METOJOM HCKJIOYEHHS; HCKJIOUHTh Hens- '
BECTHYIO §—3TO 3HAYHT HailTH TaKoe CJEACTBHE Hamlel CHCTEMHI,
KOTopoe yiKe He cojepxano Owl y. JlJs nosyueHHs TaKoro ypas-
HEHHsl YMHOXKMM IepBoe ypaBHeHne cuctemu (66.2) na b,, a BTOpOE

Ha by; monyuHm
{ a,byx +bbyy = bycy,
a.byx-+b,by="bye,. .

Baiutenm 'renepb BTOpO@ ypaBHeHHe STofi cucTeMnl u3 mepgoro. Ilpn
STOM WJIEHE], COJEPMKAUNE y, YHHUTOKATCH, H MBI NOTYUHM

(ap,—ab,) x=b,c,—bc,. (66.4)
B 5TOM ypaBHeHHI HCK/IOueHA HEH3BECTHadA Y.
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O6patunzca cHopa K crctese (66.2) m yMHOXKHM ee nepsoe ypas-
HeHue Ha aq,, a BTopoe Ha a,; NOMy4YHM ' ’
a,a,x +aby=ac, -
a,a,% 4 a,b.y = a,c,.
" BriyTeM M3 BTOPOro ypapHeHHsl SToil CHCTEMH! NEpBoe!
(a,b,—aby) y=a,c,—ayg,. . (66.5)
TakuM obpasom, Mul u3 cucteMul (66.2) uck.awouim x.
3asery, uTo B ypabHeHun (66.4) kosdduunenr npir x Takoil
®e, Kak M KoadduuueHT npu y B ypaBHeHuit (66.5). Jas cokpa-
LeHNs 3anuceil BBejgeM CJeLyIomlle o6o3ayeHs:
a;b,—ab, = A, (66.6)
be,—bie,=4A,, (65.7)
ac,—acc, =4, (66.8)
(rpeyeckast 6ykBa A umreercss ¢leaptas). ¥ papHeHus (60.2) u (66.5)
NpH 35TOM NEpenHuyTCcs Tax:
Ax=A, - (65.9)
A.y=A,. {60.10)
Ilpeanoaoxnm Tenepn, uto As=0. Torza n3 ypasuennii (65.9)
1 (66.10) geaenrex na A naiizenm

1A,
F=T0 4
A, (65.11)
L=

Ypasuenns *(66.9) n (66.10) aBaIA0TCH CIEICTBHSIMI OCHOBHOI
ciucteMsl (66.2). Tax Kak Kaxk3oe peiueHie cncremul (66.2) m0.:k10
V0BJICTBOPATL H ypapHeHuam (66.9), (66.10), To cicresa He MoxeT
HMeTb HHKaKIX JAPYLHX DCIIenHil, KpoMe pellleHHsi, OlpelesisieMoro
pasencreanu (66.11). Dro paccykneHue emje He 0Ka3bIBaeT, UTO
(66.11) peiicTBuTebHO ABJIsETCA pelIcHHeM cucTeMbl. HTofkl B 3TOM
yv0eanTbes, caenyer BupaxkeHus X, y, 3afaHusle pasenctsamu (66.11),
NoJ1cTaBuTh B ypaBHeHus cucTeMmul (66.2) u npopephTh, YTO OHil
cOpawaiwrcss B ToaecTna. [Ipoilssezem o1y npoBepky, Hampiep, -
JJ1s1 1IepBoro YPABHEHMsI CHCTeMB! (/18 BTOPOro YiTaTe.b MOBTOPHT

A
aHanoruyHble BHIYNCJIEHHS caMocTofTenabHo), [lojcramasen x==%,
A .
Y o
Y=-x B JeBylo uacTb nepsoro n3 ypasueuuil (66.2) i npoussogin
TOMECTBEHHEIE Npeofpa3opanus: '
bycy —b16y + a6 —aaly _ bty —aib 1Cz+b1alcz—'b1azci

1 uxbg—uzbl 1 albg—azbl albz—azbl
‘ o —ab) o
albz—azbl 1
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PesynTaT NOACTAHOBKR X M y B ypaBHeHWe JaJ HaM, KaK H Tpe-
-6oBaJIoCh, NPABYIO HACTb Cq, YPaBHEHHE YJOBJETBOREHO. "
[Ipumep 1. Pemnts cHCTEMY ypaBHEHHi

" Bx—2y=T,
{ 10+ 7y =3. (66.12)
Pemrenue. YMHOKIHM NepBoe ypaBHeHHe Ha 7, a BTOpoe Ha
(—2) { 35x— 14y =49,
~20x— 14y =—86.
Briuten W3 mepBOTO ypaBHEHHA BTOPOE; MOJYUHM

- g 55x =55,
. OTKyAa x==1,

Tenepp mpomie BECETO NOACTABHTh HafileHHoe sHaveHue x=1"
B OQHO H3 YypaBHeHHil cHcreMbl. Torjga HailneM 3HaueHue BTOpOH
HeuspecTHolt y=—1, Cucrema umeer peiuenue x=1, y=—1, KoToO-
poe KOPOTKO 3amHCHIBAETCA TaK: (1 —1). :

Jas NCKJTIOYeHHS - KeH3BeCTHOI H3 ypamxermﬁ CHCTeMBbI IPHMEHSAIOT -
TaKXKe NpHeM, Ha3blBaeMblfi Memodom nodcmanoexu. OH  cocTout
B TOM, YTO C TOMOIIbIO OJHOTO M3 YDaBHEHHA CHCTEMHl OfHY HeH3-
BECTHYIO BBIPAXKAWOT uepe3 -APYrylo -H HalfileHHoe BHpa<eHHEe IoA-
CTAaBJNAIOT B OCTaBuleecsi ypaBHenue ciucreMsl. -Tak, B npumepe 1 us
BTOPOrO yPaBHEHHA HAaXOJHM '
x=3—7y

10 ¢

HOJCTaB.THH 5T0 Bblan(eHHe B IepBoe ypaBHEHHE CHCTEMEI, Ha“'{e‘\‘[
3—7y
=5 —2=T,

OTKyJa JErko HOJIyLIHTE; _I/=—l; JiaJjiee HaXOAHM X!
3—7y
x= lO y::—l - l,

1 cHoBa monyuaeM pewenue (1, —1) crcremnr (66.12).

s peweHusl CHCTEME! TPeX ypaBHEHHI ¢ TpeMsi HEH3BECTHBIMH
(66.3) -npuMeHIM TOT 2K€ NPHEM: MOXHO H3 OXHOrO ypaBHEHHs BhIpa-
3HTh, HAMpHMEp, HEH3BECTHYIO X uepe3 JIBeé CCTAJbHLIE HEH3BeCTHbIE
H NOACTaBHTH B [Ba APYrHX ypaBHeHus cucreMbl. ITomywin crcremy
ABYX YypaBHEHH{l ¢ JBYMA HEeH3BEeCTHHIMH. MOMXHO NGCTYNHTH H
NO-APYroMy: H3 JBYX YPaBHEHHIl CHCTEMbI BHIDA3HTb JBE HCH3BECT-
HEIE Yepe3 TPETbIO H NMOJCTABHTH STH BHPAXKEHHS B NOCJIEAHEE ypaB-
HEeHHe CEHCTeMb!, KOTOpOe NpeBpaTHTCS.B ypaBHeHHe ¢ OfHoit Heus-
eecTHoii. [Tokament NpHMED peuleHHs] CHCTEMBI BTOPHM H3 YKa3aHHLIX
NpHEMOB. .
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IMpumep 2, Pemmnrty cucteMy ypaBreHuii

o 2x—3y+ 6z= 17,
x+45y— z=—F6,
. 3x+Ty+10z2=16.

Pemenue, Ilepere 18a ypaBHeHHs IepenHiieM Tak:
2x—3y= 17—06z,
{ x+By=—6-+ 2.
MexmoynM n3 sroft cucTeMsl HenssectHyw gy. JLasd storo mepsoe

yPaBHEHHE YMHOXKHM Ha 5, BTOpoe Ha 3 H CJOKHM NOJyyeHHbIe
paBeHcTsa: :

10x—15y= 85—30z

+ gy t15y=—18+ 32
13r = 67—27z
67 —27z
* =13

2HAJOTHYHO HCKJIOUAeM X: .
_2x— 3y= 17—62
25+ 10y =—124-22

—13y = 29-—8z
—29--8

IogcTaBuM HallgeHHBIE BBIpameHHSA X U y yepes z B TPeThe ypas-
HeHHe JaHHOIl CHCTeMH:

67 27: — 29 —1- 8z ,

+7

Tonyynioce ypasHenne NepBoii CTeneny OTHocHTedbHo 2z, M3
Hero HaxoauM z=2, B Takom cayuae

410z = 16.

67 —272
=, =h
_ookel
I/ 13 z=2_ ‘

HTaK. A8HHasa CcHCTEMaA HMeeT cﬂe,ly}omee €IHHCTBEHHOE peu;eﬂ“e

Kopoue 570 pelueHpe samillen Tak: (1, -—1, 2).

67. Onpecgeanrtean proporo nopsjaka. HccrejgosaHmne HHeiHbIX
CHCTEM JBYX YypaBHeHHil ¢ pByMs HeusBecTHRIMH. B Teopuu cucrenm
JNHefiHHIX YypaBHeHHH ¥ B HEKOTOPHX ADYrHX BONpoCax YHOGHO
HCTO/Ib30OBATE ITOHSITHE ONpejeiTe I, I leTepMuHanTa, Paccmorpim
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ab
KaKy1o-11160 YeTBepKy uucen (c d)’ BANMHCAHMHIX B BHJE KBaxpar-

Hoit Tabmuusl (mampuyst) MO ABa B CTPOKAX H 1O ABAa B CTO.I6MAX.
Onpedeautnesesm UnN OemepMUHAHMOM, COCTABJEHHRIM H3 UnCe] 5TOM
TabJHLb, Ha3bBaeTcs yHeao ad—be, ofo3navaemoe Tak:

a b
¢c d

Taxofl onpenemnTens HasblBaeTCs onpedesumenest emopozo nopadxa,
NCCKOJIBKY AJf ero COoCTaBJeHHA B3ATa Tabaiua H3 ABYX CTPOK H
ABYX CTOJIﬁIlOB. qucna, H3 KOTOpLIX COCTaBJIeH onpeaesnTesb, Ha3ul-
BAlOTC €ro sjeMeHmarmu; NPH STOM TOBOPSAT, YTO dJEMeHTH a i d -
CCCTaBJAIOT 24a8HYHD OUA20HAAL ONpeNeNHTels, a SJEMEHTH b H ¢—
ero noGoinyo Ouazonass. BuAHO, YTO ONpene/NHTeNb PaBeH Pa3HOCTH .
npoH3BefieHHl nap 9JeMEHTOB, CTOSUIMX Ha ero raaBHofl H moGoyoi
JuaroHanax. _

ITpumep 1. BouucinTs clepyiomyie ONpegesHTeIH BTOPOTO
nopsipka:

= ad—bc. (67.1)

7 5] 10 0] —1 1} 5 15|,
Dlg " 9 |32 B | 2 ) 2 6
sine —cosa ’ '

N lcose - sinal®
75
Pemwenne. a) Ilo onpeseseniio HmeeM 9 3[=7-3—2-5==
=21—10=11; ‘
6) 20; B) —28; 1) 0;
A) uMeeM

sino —cosa

. ==slnasinoc—cosa(v—-cosoc)=sin2a+cos‘3c4=I.
cosa  sina

C nomomsio ompegmennTesefi MOXHO papeHcrBa (66.6), (66.7) n
(66.8) nepemicaTb, NOMeHAB MeCTaMH HX YacTi, Tak:

A=]% b (67.2)
Tlag by’ '
CAL = ¢ b i (67.3)
o C, bz ! ) e
A =™ (67.4)
v az C2 L[] . )

3amerny, uyro onpegesmutesn A, A, m A, BecbMa mnpocTo co-
CTaB/JATCA N0 Ko3pdHUHEHTaM cucre\xbr (66 2). IleiicTBuTeNBHO,
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onpeaeanTeas A cocrapisercd u3 Koapduiuentos npH Hel3BeCTHHIX
B otoil cucreme. OH Ha3HBAETCH 2AGGHOLAL ONPeCeAl MEAes CUCMEMBL
(66.2). Hazoem A, u A, onpejenuTensisMi JUis HEH3BECTHHX X H Y
COOTBeTCTBeHHO. MOKHO cq>opmymlposarb ciefyouiee npaBUIO HX
CCCTaBJICHISA: ONpeAeIUTeAb A KaXA0H H3 HeH3BeCTHHIX M0Jay4YaeTcs
H3 IVIaBHOI'O onpejenNTe/]ss, ecad B HeM crojbell KoshdHUHEeHTOB
NpH 3TONl HeH3BeCTHOIl SaMeHHTb CTOJ6LOM CBOGOAHBIX Y.JeHOB (B3s-
THIX U3 NpaBHIX 4YacTell ypaBHeHuil cucteMbl).

IMMpumep 2. Cucremy (66.12) pelints ¢ NOMOUILIO onpe:xemne.'leu.

PemweHnie. CocrasisieM H BHYHCJAfeM IJ2BHIT OmpefeJnTeb
AaHMoil CHCTEMbI:

A= ~354-20=55.

5 —
10 7
Teneps B wmeM 3ameHus croaGer xospouwienton npit x (mepsuill
croa0el) ceoGopuuizi uneHaru. [lomyunm onpejeantenb A4 x:

A 17 -2, 1+6=55
= 3 7 =49-1+6=>55,
TTozoSuune 1xe oSpason HafizeM

5 7 :

Orcioza no dopayaas (66.11) moayyaent

A,._-s—-zl y=:—_g;=-—-1.

Mer mpmwan K ymke H3BecTHoMy Ham peweHnio (1, —1).

Ilpopezem Temepb lcC.ejoBaHHe CHCTeMB! JHHE{HBHIX YpaBHe-
Hufi (66.2), Ias storo Bepuemcsi K pasenctBaM (66.9) u (066.10)
11 6yzeM pasmiyarte aBa ciayuas: A0 1 A=0.

1) Mycts A =40. Toraa, xak yxe oTmeuanocs, GOPMyJIE (66 11)
JawoT ejpuicTBeHHoe pelnenue cucremsl (66.2). Mrtak, ecau raasublit
OMNpeje Te,1b CHCTEMb! OTJIHYEH OT HYy.s1, TO CHCTEMA HMEeT eHHCT-
BeHHOe peweHHe, onpeieasiemoe dopyyJamu (66.11); Takas cucrema
Ha3blBaetTcsi onpede.tennod.

2) Ilycrp Tenepp . A'=0. B 3apucivocTn or 3Hauenuii A,, A,
Oynem pasaiiyaTh ABa Cayvas.

a) Xors Owl oxuH H3 ompexe.ute’eil A,, A, OTJHYeH OT HyJs;
Toraa cucreMa (66.2) me mmeer pewenuil. JleiicTBHTebHO, MYCTb,
nanpuyep, A, =0, Papedcrso (66.9) e MOXKeT ya0BJeTBOPATECS HH
NpPH KakoM 3HAUEHHI X; TaK KaK 3TO PABCHCTBO NOJYyUCHO KAK CJiclCT-
Bie cuctemn (66.2), To ciicTema He nmeer pewennfi. Taxas cucrema
Ha3bIBAETCS HECOBHECMHOL.

6) O6a onpeneantenst A,, A, paBHB HYJIO; PaEeHcTBa (66 9)
i (66.10) ynoBaersopsiOTCH TO}K,'LQCTBeHHO H JUid HCCJeJoBaHHS
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cicteMsl (66.2) ncnons3oBaHel GHITH He MoryT. [Hokamkes, 4To ecin
A=0, Ay=A,=0 u xorsa GH oauH H3 Ko3(bHIleHTOB NpH HEeH3-
BeCTHHIX B cHcreMe (66.2) oTsiiuen oT HyJs, TO cucreMa HumeeT 6ec-
KOHEYHOE MHOXKECTBO pemieHHi. YUToOHl yGefHThCH B 3TOM, JOMYCTHM,
Hanpmep, 4to a, =0. M3 cooTHowenit

A=ab,—ab,=0, A =be,—b,c,=0, A,=a,c,—a,c;=0 (67.5)

noAyUHM ' )

- by=a,2L, c,=a, = (67;6)-

H H3 3alHCH BTOPOTO ypaBHCHust cucTeMhl (66.2), noncrammsx B Hero
BRIpaxemna KosgduuieHToB b,, c,,
21
ax —l—a,—y a,— o
nan .
s as G, .
a, ax+ g, =g 0

HaiigeM, YTO OHO OTJHYAeTCH OT NEepDOro YPaBHCHHS JHIIb MHOMKHTE-
7€M a,/a,, T. €., N0 CYMECTBY, COBNAJAeT C HIM (PABHOCHIIBHO eMY).
' Cucre\fa (66.2) cponiTcss K OMHOMY JIHILIB EPBOMY YpaBHEHHIO H onpe-
neasiecr CecUnc/JICHHOE MHOXECTBO pelleHuii (Takas clcTeMa Hasbl-
Baercsl neonpedesernod). Bo3yoxkeH, B NpHHUKNE, It Taxoll kpaiiHuil
cryuaif, Kak paBeHCTBO HYJMIO BceX KOS(QDHUUEHTOB NMpH Hel3EecT-
HEIX (OH MOMKeT BCTPETHTBCA IpH HCCIEI0BaHMI CICTEM C:GyKBeH-
HeMH KoapduuuenTaMn), ¥ Taxoil cHCTeMb

0-x40-y=c,
07x+0-y=c,

BCE ONpefieTHTeN paBHBl Hymo: A=A,=4A, .—0 OllHaKo, OHa
fIBIAETCA HECOBMECTHOIl npH ¢, HJn c,#O

[TogeeneM wHrTOrm HCCIEAOBAHHA CHCTEMB! JnHefHBHIX YypaBHe-
Huii (66.2). Vmeercst Tpu BHAA TBKHX CHCTEM:

1) Ecim A=40, To cicrema onpenesenHasl, HyeeT eIHHCTBEHOe
pemenue (66.11).

2) Eemn A=0, no A, =0 (i A,==0), To clcTeMa HECOBMECT- -
Ha, pelleHHil He HMeeT. = -

3) Ecin A=A,=A,=0 (110 xots 6bl oaut n3 xospduurentos
NpH Heu3BeCTHHIX oT/MYel OT HYJ51), TO CHCTEMA HEONpeleeHHast,
1MeeT GeCKOHEYHOe MHOXKECTBO pelieHHil (CBOANTCA K OAHOMY ypaB-
HEeHIIO).

PaBeHCTBO HYJIIO ompejennTes,
. ,

b - .
c d =ad-—bc=0,
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03HAYaeT .NPONOPUHOHANBHOCTL 3J1EMEHTOB, CTOAUIHX B €ro CTPoKax
(u obparHo): .
a_ b
c d°
B cusly 3TOro NpH3HAaKH, OTJIHYAIOIHE JHHElHbe CHCTEMbI PasHBIX

THIOOB (OIpeAeneHHble, HeolpefesieHHble, HECOBMECTHEIE), MOTYT GHITh
copMy/THPOBaHEL B TepMHHAX IIPOMOPLHI MexAy KosthdHUHeHTaMH
cucteMel (6e3 TIpuBAeueHHS ONpenesHTeNefl).

" YeaoBue A=0(A5%0) sameHsiercsi mO3TOMy TpeGoBaHHeM Npo-
-TI0PUHOHAMBHOCTH (HEeNpONOPUHOHAIBHOCTH) KO3pdHIHEHTOB NpH He-
H3BECTHHIX:

a bl ’
EL=T' ecan A=0;

b
a, “bi
L1, ecnn - A0,
a, by
B cayuae A= A,=A,=0 oKa3pBaIOTCA NPONOPIUHOHAIBHBIMH HE
TOJILKO no;qbtbnunemm npu Hel3BeCTHEIX, HO H CBOOOAMBIE UYJjeHHI:

—_——— = e

(3T npomopuuM mnoayuaiworcs, Hanpuvep, u3 (67.6)). Ecmn e,
Hanpusep, A,s=0, 10 H3 (66.6) BugnM, uTO b,/b, 5%, /c,—CBOGOX-
Hble YJIEHHI He NPONOpPI{HOHAJBHH Ko3bduUleHTaM IpH HeH3BECTHHIX.
Hrak:

1) Ecant KoahgHUHEHTH IPH HeH3BECTHLIX HE NPONOPLHOHANBHEL
' 8 _, b
ag 8 bn ’
TO CHCTeMa Onpefe/ieHHas.
2) Ecit KospduuueHTH NPH HeH3BECTHHIX IIPONOPLIHOHAJBHE,
a cBo0ojHbIE WJEHH HM He nponopunouanbnbn
gy bl
. as ba Cz '
TC CICTeMa HEeCOBMECTHas.

3) Ecin nponopunoHaJbHBEI  KO3(M(HIUEHTH NpPH HEH3BECTHBIX
H cBOOOAHEIE Y/IEHEL

—_— e T

TO CHCTeMa HeonpejieleHHasl.

IposeneHHoe IicciiefoBaHue CHCTeM JUHEAHHIX ypaBHenuii ¢ Asyns
HEH3BECTHBIMH JIONTyCKAeT IPOCTOe TeoMeTPHYECKOe HCTONKOBaHHe.
Besikoe auHefiHoe ypaBHenHe Buaa (38.4) ompezessieT Ha KoOpAHHAT-
HOMl MJCCKOCTH NPSMyiO JHHKIO. YpaBHenus cucteMb! (66.2) moxHO
II03TOMY HCTOJIKOBAaTb- KaK YPaBHEHHf IBYX NMpPSIMBIX Ha NJOCKOCTH,
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.2 3ajavy peIueHHs CHCTeMH—KaK 3aja4yy o6 OTEHICKaHHH TOYKH Iepe-
ceueHnsl STHX NpAMHIX. flcHO, u4TO BO3MOXHMI TpH caydas: 1) nan-
Hble JBe mnpsMble nepecekatorca (puc. 61, a); stor caygafi orBeuaer
‘onpelesieHHoil  cucreMe; 2) JNaHHBle JBe IpSAMble NapalseabHb
(pnc. 61, 6); sTOT ChAyuail COOTBETCTBYET HECOBMECTHOH CHCTEME;

- ¥ g 4
= ¢ .
AR 2\ e
N ENA
R &

oy

N\ 40’

440 - 430(470) - dAzar0
2 g 9 9

‘ Puc. 61.

\

A\
A4
e
N

* 3) maHmbie npaAMbe coBnanawT (puc. 61, 6); stor cayuail coorser-
CTBYET  HeONpe/le/IeHHOM CHCTeMe: Kamuas TOUKA €ABAX/LI 3aaHHOI»
npsivoit Gyner .pelleHHeM CHCTeMH!,

IMpumep 3. HcenenosaTs JuHefiHble CHCTEMBI

bx— 2y=4, 0,2x4- 3,ly=— 2,3,
) 10,355—0,14y =2; x+15,5y=—11,5.

Pemenne. a) CocraBHM M BEMHC/IHM IVIaBHBII ONpejeauTe/b
JaHHOH CHCTEMHI:
5 —2

A=|0,35 —0,14[=-—0.7+0,7=o. 3

Hanee pouncasieM A
4 —2
2 —0,14

CucremMa He HMeeT pellleHH{T; OHa HeCOBMECTHA.

IroT XKe BHIBOX MOXHO ciesaTh He NpHberas K ONpeesInTesa.
3anmeuaeM, -9TO B JaHHOli cHereme KosdxpuumenTtsl mpu X 1 y mpo-
NOpUHOHAJNBHEL, a CBOGOAHEIE WJ/IEHH HE HAXOAATCS B TOM XK€ OTHO-
IICHHH, YTO H KO3h)HUNEHTEl NMPH HeH3EeCTHHIX:

5 —2 4 i
0,35 —o0,14 g

A=

6) Hieem . )
0,2 3,1
=1 155|= 3 1—-3,1=0.
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Jlanee, 1
3,
‘ 0,2 23

&, =11 115*—23““23:

Cucrema myeeT GeCKOHEYHO MHOTO pelleHnil.
~ MoxkHO mnpuiiTH K 5TOMy BHIBORY H Ge3 onpejeinTtenei, ec.an
3aMeTiiTh, 4YTO BCe KO3pduUHEHTb! CHCTEMH NPONOPLUHOHAbULI;
yMHOKeHIleM Ha 5 mepeoe ypaBHeHHe NPHBOJHTCS KO BTOPOMY — CH-
cTeMa (paKTHYECKH COCTOHT M3 OJHOTO YpaBHEHHS.
[Tpurep 4. Heenenosats cucremy

(@a—1)x+(2a—3)y=a +2,
{(a+l)x+(a +3)y=3%a+1. (67.7)

Pewenne. Koapopuunentsl cncTeMsl 3aBHCAT OT mapameTpa a;
HCCIe10BaTh CIICTEMY—3TO 3HAUHT YKa3aTh, NPH KAKHX JHAYCHHsX Q
cucreva OyJeT, CCOTBeTCTBEHHO, OIpeiesieHHoll, Heompeae.eniloii,
HECOBMECTHOI], :

Haysuaem ¢ BRIMHCISHHS IJIQBIOro OnpceiesnTe. s

a—1 2a—3

d=l,1 a+3

l=(a_1)<a+3)—<a+1) (2a—3)=

= (a*-}-20—3)— (2a*—a—3) =—a® 3a.

[aapueii onpegeanteds A= a(3—a) OTaliueH OT HYJs npi Lcex
3Hayenusx a, ke pabubix 0 1 3. CuenopatesnHo, cHcrema §yier
oilpele.JeHHOIT (T. e. MeThb eINECTEENHOe pellenie) npua =0 1 as=3.
Iecaeayem Tenepb ocolnie suaueHHs a; Nycrb cHadada a=0;
cHcTeMa MpH 3TOM NpHinMaer Buj (Mul nojcrtasaseM a=0 B ypab-

nenns (67.7))
: { —x—3y=2,

x4-3y=1
Il OKA3LIBAGTCA HECOBMECTHOI,
Ocraetest ewie paccyoTpers cyualt a=3; npi a=3 cuctema (67.7)

np“HI{MaeT BIIL .
4x+6y=10

1l CBOIUTCS, MO CYyWECIBY, K oxuovy ypasuemno. CucTema neonpe-
nedenuas, el yJOBJISTEOPMIOT BCC TOUKI Lipsiatoii 2x 4 3y = 5. Beipa-
3B orcioga y uepe3 x: y=(5—2x)/3, samuest £CC MHOIKCCTBO
pewennii B Buae (x, (5—2x)/3), rae X MOxeT NPHHHMATH MPON3-
BOJIbHOE 3HauYeHile. )

dopatyatpyen oreeT: npit a= 0 cicTeMa HeCOBMECTHas, NpHA=3—
Heonpejeennas, NpH BCeX OCTaJIbHBIX 3HAaueHisaX— ofpeeietHast.
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68. Cuctempl, cocrosuiie H3 ypapHeHHs BTOPOIl CTEREHH 1 JHHell~
Horo. ypaBHenusi. B ofimenm cayyae cHcTeMa ABYX ypaBHEHH(t ¢ ABYMSA
HEeH3DEeCTHHIMH NMPH YCJOBHH, YTO ONHO H3 ypaBHeHuil— BTOpOii cTe-
neuiy, a BTOpoe—JiIHeliHoe, HMeeT cJaeAylouit Bii:

ax* by + oyt +dix+ey+f,=0, ‘
dzx'lj‘ezy'l‘fz':o- (68.1)

Jas oteickanua pemenni cucremsl (68.1) MoxxHo 113 Broporo ee
ypaBHEHHS BBIPA3HTb OJHY HEH3BECTHYIO yepe3 Apyryio (Hampimep, X
yepe3 y) H STO BbIpaxKeHie NOACTaBHTb B NepBOoe ypaBHEHHE, KOTO-
poe mocJ/e STOro CeeAeTCsl K KBaJAPaTHOMY YPaBHCHHIO (B OTMEUEHHOM
c/y4Yae OTHOCHTeJbHO y). Pemms ero, HafineMm fBa 3HaueHus sTofi -
HEH3BeCTHON (y, H y,) I IO HHUM ONpeNeNiM ABa COOTBETCTBYIOUIIX
" sHayeHHsi (x; H X,) BTOpoil HeH3BECTHOM,
IIpumep 1. Pemnth cHcTeMy ypaBHeHMI

{5x’+ 2xy—y*+3x—2y—11 ;0

’

2x+3y+ 5=0. - -
Pemwenite. M3 proporo ypaBheHHA xauuoll CHCTEMEI HaXoaHM
x==—(3y+5)/2. HopcraBuM BMecTO X 3TO BHIparkeiile B NepBoe
ypanHeRHe:

3 5 5 3 5 -
5( -2k ) +2(—3—y—2—"'—)y—y2+3(——y;'—)—2y—-11=0.
[Tccne npocTeix npecGpasopaHiil NOJYYHTCS ypaBHEHne

2942 4104y +51=0
H3 KOTOpOro nai’uxe.\(
Yp==3, y,=—17/9.

To lIaﬁ}lEliHbll\l 3HayeHudaM y onpe,zxe'm\x COOTBETCTBVIOHLHG 3Ha-
gelua x:

3y-+5 e w . B8yt5 47
1 2 |y==s 2, T X= 2 ly==17/29 = 29°
Perenis cHCTeMB SamHIeM B .Blje
' 47
x1= 2, - xz=i_—§§ ?
Y= -—3; 17
! ’ ya'z""f'g'
' 47 17
1, Kopode, B Bige (2, — ),_( 350 29)

YKa3zauuHii MeToR -pelneHHs siBasiercs obuym. B uexo-ropbm yacr-
HHIX cayyasix yaoGHeli npHMeHATH Golee crelHaJbHble ITpHeMbl petie-
Hiig pacCMaTpHBaeMBIX  CHCTeEM ypaBHennii (xors oOmifi Meron
] ocrae'rca NPHMEHNMEIM).
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Paccyorpus cricteMy” Biga

{x+y=a,

y=b, - (68.2)

3peco Tpebyercst HailTH HEH3BECTHHIE MO 3aJaHHBIM HIX CYMMe If Ipo-
uspefeHno. CraHeM HCKAThb 3TH HelU3BeCTHEIE Kak KOPHU OJHOro
KBajpaTHoro ypasHeHns. B city Teopembl Buera (m. 60) Taxoe
KBaJpaTHoe ypaBHeHHe COCTaBJseIcsl B BHAe

_ eeaz+b=0 (68.3)
(cymma ero kopHeil paBHa a, npoHsBejeHue pasHo D). Ecant Tenepn

obo3uaunM KopHH ypaBueHus (68.3) uepe3 2,, 2,, TO pelleHis Cilc-
TeMbl (68.2) moJyysM B Bije

Jx=2 Xy =2y
Yh1=25 Yy =2;.
K sToMy ke Cayualo CBOAATCH H CHCTEMEI BlAa

{ax—{—by:c,

y—d. (68.4) -

HeflcTBITCILHO, NpHMEM 3a HOBble Hel3BeCTHbe u=ay H v=10y.
slenio, uto cucrema (68.4) pabmocHabHA CHCTeMe BHAA

ax+by=c,
_ ax - by=abd
1l CBOANTCA K cucTeMe Tuna (68.2)
u-tuv=c,
uv=abd

g u=ax, uv=by.
IMpumep. 2. Peumnts caenyiouie cucrenmbl ypaBHeHHIL:
([x+y=10, x—y=2, 2x—3y=—1,
a) \  xy=29; xy=2; xy=235.
Peuweirnne. a) Beegem Bcnomorareblylo Heli3BeCTHYIO 2 I I
Hee COCTaBHM KBaApaTHOe ypabichiie

22— 10z +29=0.
Kopuur sT10r0 ypaBHeHHs:
2,=5+42i, 2z,=5-2i.

(x, =542, [x,=5—2i,
h=5—2i; \y,=5+2i.
6) 3anx;CbIBaeax Hally cHCTeMy B Buie

{x+(—y)=2,
x(—y)=—2.

Taknm oGpasoM,
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Orcoaa )
- 22—2z—2=0.
Kopun storo ypasneuns: s

: z,=1+V3, .z,=1—V3.
Taxnm obpasoy,

x1='1+V§, Xy= I—V-B-,
{ yp=—1+V3; - { p=—1—V3.
8) TlépenniieM AaHHYIO CHCTEMY “TaK:
J 22+ (=3 =—1,
{ 2x « (—3y)=—210.
Orciona o
224-2—-210=0:.
Haiins 13 storo ypaBHeHus
z,=14, .z,=—15,

9v, = 14, 2x,=—15,
| —3y,=—15; —3y,= 14.

NOJIYYEM

PellleHHsl AaHHO[l CHCTEMEL

x=T7- e ="/,
{ 4:=5; { Yo =5
TIpumep 3. Pewnts cHcremy \
Byr=17,
{ x +y =5.

PemweHnne. Yno6Ho BO3BeCTH BTOpOe YpaBHEHNE CHCTEMBI
B KBajpaT i BBUECTb H3 HEro MOUJIEHHO NepBoe ypaBlieHue:

X4 2xy +yt=25
' 4yi=17
2xy=8.

(68.5)

Tenepp ncmosns3yenm Bropoe ypasHeHie cuctemsl (68.5) 1 noaywen-
HOe ypaBHeHHe, BhIpaxkaiomee xy:

x+y=>5 ‘
{ J=% (68.6)
xy=4.
D1y cncTeMy yme pelaeM, Kak Npefpliyllie, ¢ MOMOLWIBIO TeopeMbl
Buera: ' '

2524 4=0;
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mveeM 2, =1, z,=4. Pewennsa cucremn (68.5):
{ xlF:l, l xn=':4)
n=4 \ =1

(o6a omn ynoBJeTBOPSIOT M NepBoHayasbHOIl clcteMe (68.5)).
CocceM IIPOCTO pelniaeTcsi CHCTeMa BHIA

~x +y =a,
—y*=D.

HeiictouteanHo, npu a==0 pasieanun mopoe ypapleHle Ha meproe
NOY/IEHHO:

(68.7)

eyt b
Xty a’
Il IpHJEM K CHCTeMe ypaBHeEHIT nmepBoil cTemeHi

¥+y=a,

x—y—="bja.

69. Ipusepul cucTeM ABYX ypapHeHiii oTcpoii crenenn. Cucrems
ypaouenuft puewnx crenencdl. B osuencniapuoit MaTenaTiike pac-
CMaTpUB4lOT TOJILKO HCKOTOpLIE IPOCTBIC HacTHLIE CJIydal CHCTeM
ypapheHHIT BTOpoft Ml BhicWe(l cTeneur. TaxkoBa B YacTIHOCTI,
ciicTeMa Bilja

x:‘i"y::a,
xy=>.
Cucrema (69.1) pewaercst, Hanpivep, TaknM croccfoM: BTOpoe
ypaBHeHile YMHOXKAaeM Ha 2 I CKJaiulBaeM C NepPBLIM Y panuexmeu
NoJy4ysM ypaBHeHie
(x+gf=a+2b

1 cBereM pettienne cucteMul (69.1) k pemwenio napel clcreM:
l) x+y=l a+2b, 2) x+!l‘—"—1/a“r2b.
xy=b; ; xy=Db,
pelllaeMHIX C NpHMeHeHHesm TeopeMul Biera.
Huaue Moxuo pewntb cucteMy (69.1), BHpa3uB 13 BTOPOTo
ypaBHeHUsl y- yepes x: y==b/x. Ilocie NOACTaHOBKH STOrO Bblpae-
Hiifl B nepboe ypaBHeHHE Mo.ayuliTcA GHKBaApaTHOe ypaBHeHlie LA X:

(69.1)

bi
x‘—}—;;na, i xt—ax*4-02=0
Takuy 1Ke nyTeM npHBOIUTCA K GHUKBAAPaTHOMY YpPaBHEHHIO
clcreMa BHAA
‘ { Xt—yt=a,

xy=>
11 HEKOTOpHle ApYrie CHCTEMb! ypaBHeHH[l BTOpOfl cTenen,

(69.2)
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Mpumep 1. Pemnts cucreny ypanHeHH
’ Dyt =34,
{ xy=~—15. ?
Pemenne. Haxomuy, cxkaagsipas 'yp‘aoeHHoe BTOpOG ypaBHe-

HHE C NepBhIM: :
: (x+y)’=4
Tostygaem fmBe CHCTEMEIL:

) x+.l]=2- . x+y='_"29
2 {  wy=—I5; 2)'{ xy=r15,
PElIeHHSAMII KOTOPHX GYAYT cenyiolliie Mapsl 3HAUeHHil ¥ H' g
“(,=3); (=3,5); @G, —5); (—5,3).

TlokaxeM Tenmepb, KaK STy CHCTEMY MOHO . peurTh CBenenieM

ee X GHKBAjpaTHOMY ypastenno. Ina storo H3 BTOPOTO - ypapie-
HHA HalizeM :

y=—15/x.
Toma nepeoe ypaBHemIe CHCTEMBl 3amilleM TaK:

w42,

Orcioa
: x*—34x%4225=0.

Mz NIy 6ana;1pamoe ypacHenie OTHOCITEBHO X, H3 KO-
TOpOro Hau,::eu x*=25 1 x*=9, snauur, COOTRETCTBEHHO,

: x==45 n  x=:13.

Pasgenus wnciao (—15) nHa Kamxpce H3 HalAeHHHIX 3HauycHH X,
NOJIyulM COOTBETCTBYKOLLNE 3HAYeHHA .
[Ipumep 2. Peumthb cucTeMy

' x!_y’: 24’ . _
xy=35. '

Pewenne., BrepaxaesM gy H3 BTOPOro YPanHEHUS CHCTEMbI
'H TOICTaBJAfeM B HEpEoe:

OTKYya . .
x1—24x*—1225=0.
Haxomun 1Ba smavenna x% 49 u —25. Muveenm uwetsipe 3HageHns:
x=47, x=-5i. CooTBeTCTBYWOIIlIE Yy ONpeneJsaeM H3 paeeHCTBA
y=35/x. OKOHuaTe/NbHO peleHNa CHCTeMbl TaKOBBIL:

(7, 8); (=T7,-5); - (5i,—=Ti); (-5i, Ti).
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K cucreme Tnna (69.2) npupoaut 3aNaya H3BJEYEHHA KOPHS KB31paTioro u3
KOMIIEKCHOrO 9HCJa, eCill PeLIaTh ee YHCTO ajareGpamyeckHM MeTOI0M, He npule-
ras K TPHrOHOMETPHYCCKO[i  (opMe 3amMcH KOMIMEKCHBIX dmcen, [lyeto TpeGyerca
H3GICYL KOpeHb KBajpaTHHT u3 umcia a--bi. OGosnaunM HEH3BECTHLI] KOpeHb.
yepe3 2=Xx-}-iy H IO ONpeJeJeHHIO KBAJPaTHOrO KODHA SamHLlCM

(x+iy)t=a--bi,

- x—y?+ 2ixy=a--bi.

B ci1y ycrosnm  pancHCTBA ABYX KOMILIEKCHEIX wiHCeT NPHPaBHHBaeM OTICIBHO
SCliCTBUTCAbHLIE H MHHMBIC YIeHbl B o6eliX 4acTAX DaBeHCTBa:

{ R—yl=aq,
2xy=0b.

HIH

Ipn pewwenun stofi cucTeMsl cleAyeT YUYHTHIBATH, YTO NO CMBICAY 3334 & U § —
LeilCTEMTEIbHbIE YHCAa (MHHMBlE Dellenis Halo OTGDOCHTS).

Mpumep 8, Haittu ¥V 4--3L.
Pewe nue Obosuauny VY 4+ 3i=z=x-+1y. Torda

(x+ig)=4+3i,
£ g2 2ixy =4+ 3i,

. e yiedg,
2xy==3.
y=23/(2x), x2—9/(4x?)=4
4x3—16x%—9=0.

HcnoasayeM ToabKo NOAOKHTebLbll Koperb aasd x%
2=y 5=3V2 y=1/V2% x=-3VE p=-1/V2

Hrak, HCKOMLII KOpeHb HAMeeT 3nauenua = B+ V'3,

0TKYJa

HaxoziuM

H

IlpuBeseM euwe npHMepbl CHCTEM ypaBHeHHI BBICUIMX cTenexeil;
NpH 5TOM OTPAHHUHMCA 3ajauell OTLICKAHHA HX [AeCTBHTEIbHBIX
peLueHtit.

[Mpumep 4. Pemmntsb ciucreMy ypanHeHHi

{ B =T (e +0),
x4yt =10.

Pemenune. Ileppoe ypapHemne cuctemsl (69.3) sanmcuibaercst
B Blje , :

(69.3)

(x+y) (P —xy+y*—T7)=0,

I nandbHeillllee pellieHie CHCTeMBl paclajaercsl Ha jpa cayyas B 3a-
BHCHMOCTH OT TOro, Gyfer Jii X-y PaBHO HYJIO NJII HeT.
1) x+y=0; y=—x. H3 proporo ypasnenus ciucrems (69.3)

Haxomin 2x%= 10, x=4 /5. Tlonyunnn xpa pelieHHs CHCTEMBI:

V5 —VB) u (V5 V).
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' 2) x+y=0; Torna
? 2y —xy—T7=0,
Han '
xy=x>+y*—17.

3amenns x*-y® uepes 10 (no BTopoMy ypaBHeHmIo cicTemtl (69.3)),
npuaeM K CHCTeMe ypaBHEHHi

{ - xy=3,

®-yt=10,

: KOTOpYIO pellaeM yike n3pecTHHM cnocoboM. TTomyunm eme *peruenns
(3,1); (1,3); (—3,—1); (—1,—3).

Bcero paWnas cicreMa MMEeT WIECThb pellleHliil, Bce OHH JieiicTBi-
TeNbHbIE, :
I[Tpumep 5. Pemmnts cucreMy ypaBHeHHH

x¥P =8,
x}yt=4,
Pemenmne. IlepeMHOKHB TOYJIEHHO YpaBHeHNsl CHCTEMH!, Haft-
neM (xy)® =32, oTkyna xy=2 (MBI GepeM TOJIbKO ACHCTBHTENbHbI

KopeHb 5TOrO ypaBHEHHS). Pasn,emm NoOYEepeiHO Kaaoe H3 ypas-
HeHHIl JaHHO{l CHCTEMH Ha X'y*=4:

ﬂ_ =9 X9_

xzyz._‘.y—' T P =x=1,

- Urtak, naHHag cHcTeMa HMeeT clefyjolmee AeiHCTBHTENLHOe pe-
IIeHHe: )
x=1, y=2,

[Mpumep 6. Pemmntsh cicreMy ypasHeHHA
xtyt=x" 113,
{ x*+yt=xy+3.
Pemeﬂﬂe. Bo3gesieM BTopoe ypaBHeHHe B KBajpar:
x4y + 2% =%+ 6y +-9.

IoacrasuM B 3T0 ypaBHeHHe BMecTO X1y BhIpaxeHHE 5TOH CYMMH,
B3TO€ H3 NEPBOTO YPaBHEHHA CHCTEMEL Iomyunm

| Xy 13- 2% = 2%+ 6xy 49,
xy*—3xy +2=0.

ITonyunnocs KBappaTHOe ypaBHEHHE OTHOCHTENBHO xy. M3 He-
ro umeeM xy=2 nmu xy=1, Bropoe ypamHeHHe AaHHOfl CHCTeMH

OTKYAA
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COOTBETCTBEHHO MOXHO Iepenncars Tak: ¥+ y*=>5 mian ,x’-l- =4
Oro NPHBOANT K JABYM CJeXyIoLM CHCTeMaM Tina (69. l)

{xz—l'y =50 x"*'!/ _‘4)

1 xy=2 xy=1,

IMeppasi u3 9THX cHCTeM faeT caelyiouine uethipe pewenist: (2, 1)
(1, 2), (—1,~2), (—2, —1). IlpoBepka mnOKa3LIBaeT, YTO BCe OHI
YAOB/IETBOPSIOT HC)\O}IHOfl clicTene.

BTopzm CHCTeMa pemaeTCﬂ anajiornuyo. Ee peueHis uppauuo
- Ha/IbHbBI, YHTATeJb HalileT HX CaMOCTOATeNLHO,

-

VYnpamnenus

1. Pemnrs crereny ypapuennit
2,1x4-4,5y=13, 5
{ 3,7x~0,1y=—0,3.
2, Peuuts cucremy ypapienuit
f x4-2y+32=19,
x4 4y—22=0,
4x4-5y—3z=—38.

3. Hceaenopath anyefitble CHCTEMLI:

a) { Tx—1ly =35 ){ 12,3x—4,7y =50,
28,7x—43,1y =20,5; 36,9x—14,ly =106,1;
3x—-7y=2.
){u+w=—w.

4, Pewmnth cicteMy ypasHCHHIT
8t —xy+yi+x—y—6=0,
4x—y4-6=0.

5. Pewnts caeiyicluye CHCTEME ypaBueHuil

xy=15, x—y=5, 3x4-5y =30,
a) 6) B)
xy=—34%; xy=14 xy=15,

8. Pewars cucteny ypasueundt
13-y =35,
{ XY= 2.
7. Haiitn gefictauteabble pemenns CISIYIOMEX. ClCTeM ypasHenuil:
B4 B85 x4 yi=20,
e) 6) S 2
x3y--xy?=30; x4 y2=20;
2 { P x3p=12, n { x4 y3=9,
xR a8yt == 4; i x4y =3.
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§ 4. WppauHoHanbHHE, MOKa3aTeJbHBIE H norapudmrmecxue
ypaanemm

70. praunbnanbnue ypasuenus. Hppayuonasbroistt Ha3HBaloTCR
ypaBHeHIs, coleprKallHe HEeH3BeCTHYIO BeJIHYHHY TIOA 3HAKOM KOPHT.
TakosHl, nanpumep, ypaBHeHus

Vx+4+Vx+9=
7y 2x3+6 '—3,/—’— 11
x4 V x—1 —10x+|/x— +1

BO MHOMHX CJyuasiX, NIPHMEHSS < OTHOKPATHO HJH MHOTOKDATHO -
BO3BeJleHHe B CTelleHb OOeHX uacTefll ypaBHeHHS, YAaeTcsl CBECTH
MPpalHOHAZLHOE YPABHeHHE K anreGpanYecKoMy ypasHeHHIO Tofl
HJIH HMHOMt cTenmeHH (ABJAIOMEMYCH CJEICTBHEM HCXOIHOrO ypaBHe-
Husl). Tak Kak nmpH BO3BefieHHH YpPaBHEHHA B CTeNmeHb MOrYT Mnosi-
BHTHCSl MTOCTOPOHHHE pelleHHs, TO, peliMB anrefpaHueckoe ypasHe-
HHe, K KOTOPOMY Mbl NPHBEJH JaHHO@ HPPalHOHAJBHO® ypaBHeEHHe,
cleflyeT HailleHHble KODHH TIPOBEDHTb IOACTAHOBKOl B ICXONHOR
ypaBHeHHe H COXPaHHTb JHIIL Te, KOTOpHE eMy y;xoanemopmor,
a ocrajbHble —II0CTOPOHHHE — OTOPOCHTD.

Ilpu pelennn HppauHoOHa/NbHEIX yPaBHEHHR MH orpammxmaemcn
TOMbKO HX JeilCTBHTEJbHBIMH KOPHAMIH; BC@ KOPHH YeTHOM cTemeHH
B 3amHCH YpaBHeHNil NOHHMAIOTCA B apHOMETHUECKOM CMbIC.Te.

PaccMOTpM  HEKOTOPH@  THNHYHEIG NPHMEPH HppaIONANbHAIX
ypaBHeRHIl,

A. Ypasuenus, codepxcaujue Heussecmuyto nod 3naxom xeadpam-
Hoeo kopHA. Ecan nanHoe ypaBHeHHe COLNEPIKHT TOJNBKO OHH KBaj-
paTHEI KODeHb, 1OA 3HAKOM KOTOPOTO HMeeTcsl HeH3BecTHAas X, TO
CJIefyeT, 3TOT KOPeHb YeAHHHTb, T. €, IIOMECTHTb B OJHON YacTH
ypaBHeHHsl, & BCe Apyrie YJeHs NepeHecTH B APYryio uacts. Ilccae
BO3BeJeHH B KBajgpar ofeHX uacTefl ypaBHeHHS Mul yxe ocBoGo-

AHMCSl OT HPPAUMOHANBHCCTH H NOJYWHM aiareGpanuecKoe ypaBHe-
HHE I X.

Ipumep 1. Pemmntsh ypannenue x+l/m 3x—17.
Peménne, YexunseM KopeHb B JeBOIl 4acTH ypaBHeHIA:
» Vx+4=2x-17.
Bosponun modyueHnoe paBeHCTBO B KBajpaT!
x+4=4x*—-28x+49, uan. 4x’—29x+45 0.
Haxomiz\'z KOPHII 3TOr0 ypaBHEHHS:
‘ =5 x,=%,
ITposepka mokaswipaer, yTo JIHIIB x1=-5 yIOBJIeTBOpSET uc‘m:xnouv
ypaBHEHHIO,

Ecu B ypasrenne nxogut aBa H Gonee KOPHS, COAEPIAIIHX X,
TO BO3BeXEHHE B KBaJpPAT MNPHXOIHTCA NOBTOPATh HECKOJBKO pas.
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IIpumep 2. Pemurh chepyromie ypaBHeHH:
a) Vx+24+Vx—2=V3x=2; 6) Vox+1+V x—3=4.
Pemenue, a) Bossogum o6e wacTi ypaBHeHHsI B KBajipar:

$+242V x+2) (x—2) + x—2=23x—2.
Yenmunsaem KopeHbl

2V x*—4=x—2,

ITonvyenHoe ypaBHeHHE CHOBAa BO3BOANM B KBajpaTi
4(xP—4)=(x—2)

TTocnie mpeo6pasoBannit nosydaesm AJs X CAEAyIOUlee KBaipaTHoe
ypaBHeHHe:
, ' 3% 4 4x— 20 = 0
peiuaeM ero
x1=52, x2=—1°/3o

TloscTaHOBKOII B HCXOAHOE ypaBHeHle y6expaenca B TOM, UTO ¥, =2
€CTb €ro KOopeHb, a X,=—11/, sABIgeTcss AJ51 HEro IIOCTOPOHHIIM
KOpHeM.

6) [pumep V' 2x+14+)V x—3=4 MOKHO pelwmnTb TeM IKe MCTO-
foM, KakuMm Obit peileH npumep a). OjHaKo, BOCHOJb30BaBLUIChH
TEM, YTO IpaBas YacTh RAHHOIO ypaBHEHHS He COACPHUT HEH3BeCT-
HOI BeJIHYHHBI, NMOCTYMHM HHaue. YMHOMHM ypaBHelilie Ha Bblpae-
HHe, COMpsI’KeHHOE C €O JIEBOli YacThbio;, MOJYy4HM

(V2 FT=Vx=3)=(V2x+ T+Vx=3) (V2x+ I—Vx=3).

CrnpaBa CTONT NpOH3BEAElilie CYMMbl Ha Pa3sHOCTb, T. €. Pa3HOCTb
kBajpartoB. Otcioga

4 (Vo +1—V5—3)=2x+ )—(x—3), ‘

Hian

x-}-4
V2x+1—Vx—3= SRt
B nepofi wacTH NaHHOTO ypaBHEHHS CTOSIIA CYMMa KBajpaTHLIX
KOpHeil; B JIeBofi YaCTH NOJYYEHHOrO TENepb YPABHCHils CTONT pas-
HOCTh TeX 3Ke KopHeil. 3amilllex JaHHOE I TOJyYeHlOe yPaBHEHHS:

Vo F1+Vx—3=4,

VaFi1—Vz—3=11,
B3sip CymMMy STHX ypaBHeHHil, momyyaenm

2V T I=4 4512,
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HJH o
. 8V2x+1=x-120.
-BoseegeM B KBajpaT nociefHee ypaBHEHHe H TNOCJE YNpOUEHHI

NOJIYyYHM :

' x*—88x4336=0.
Orciona HaxommM x,=4, x,=84. IlpoBepkoil yGexnaaemca B TOM,
YTO KOPHEM AAHHOTO YpaBHEHHS CJHYMHT TOJABKO uuciao x=4,
ITpumep 3. Pemwmnts ypaBHeHHe
Vx24+3x—34V x2—2x4-2=2."

31ech yKe TOJ 3HAKOM PaAHKana MEI HMEeM KBaJPAaTHble TPeXUJEHEL.
Pemenne. YMHOXaeM ypaBHeHHe Ha BhHIpaXKeHHe, CONpPAMKEH-
HOe C ero JIeBOH 4acTbio:
2 (Ve +3x—3—Vx*—2x +2)=(x2+3x—3)—(x2—2x +2);
OTCI0fa : .
Vx4 3x—3—Vx2—2x—_F2

_8x—5
5

BriuteM nociesnee ypapHeHHe M3 JAHHOTO:

2V x2—2x_+2=2—5_x2_5. ‘

Orcrona

2V iE—2x+ 2= 9_25" .

HJH
4V x*—2x +2=9—5x,
Bo3BoaHM 3TO ypaBHeHHe B KBajgpar: . .
: 16 (x*—2x 4-2) =81 —90x -}- 2542, .
Orciozna : . : :
9x2—58x 1-49 =0.
Hs nocnexnero ypasnenns HaxommM x, = 1, x,=49/9. Hposepkoﬁ

y6exnaemMcst, 4TO KOpHEM JAaHHOrQ YPaBHEHHSI CJIYXHT TOJBKO
yucao x=1. .

B. ¥pasnenus, codepmausue xoprnu mpemoveii cmenenw. Cucmemor

uppayuonasvnolx ypasrenuti. OrpaHHUMMCH OTHENbHBIMH NPHMEpPaMH
TaKHX YPaBHEHHMHl H CHCTEM.

IIpumep 4. Peunts .ypaBHeHue

V15 2x+ 3/ 13—2x=4. (70.1)
Pemenue. Iloxaxem fBa cnoco6a pewenns ypasHenns (70.1).
Ilepebui cnocob. BosseneM o6e wacTH panHoro ypaBHeHHs1 B KyO
(cy. dopmyay (20.8)): ‘
15+ 2% +13—2x+3 /(15 + 2x) (13—2x) -4 = 64

7 B. B, 3afizes u ap,




194 - [/l V. YPABHEHHS * [70

(3mech MBI 3aMEHHJIH CYMMY xy6uqecxux KOpHeit 4HC/IOM 4, nonn-
3ysicb ypaBHenueM (70.1)). Hrak, uneem

3/ (154 2x) (13—2x) =3
(15 4 2x) (13—2x) =27,

T. €., Tocrie ynpoleHHii,

HIH

X2 x—42=0,
oTKyAa x,=6, x,=—7. O6a kopHs ynosnemopﬁm HCXoRHOMY
YPaBHEHHIO.
Bmopoii cnocob. Toaoxum .

u=y/15+2x +2x, v=1/13—2x.

Ypasuenue (70.1) 3anuwercs B Buge 4 -+-v=4. Kpome Toro, Buguo,
yto. #*+v*=28. Or ypaBHenus (70.1) ML mnepeluiH K CHCTeMe

’ us 3 =98,
{ utuv = 4.
PasgeniB nepsoe ypaBHeHHe CHCTeMbl NMOYJEHHO Ha BTOpoe, HaiigeM
' wr—uvtvt=
H yie JIerKO pellldM CHCTeMy BHAA
~ wr—uyt+ot=17, -
{ u-tov=4
Ee pewennsa: u, =3, vy,=1; u,=1, v,=3.
Us pasenctsa /156 +2x=u Haxogum mpit u=3 H u=1
_1=_6, X,=—T1. '
Paccyotpun Tenepb npHMephl PELICHHS CHCTEM YPaBHEHHIT C ABYMSA
HEH3BECTHBIMH, H3 KOTOPHIX MO KpaiiHeli Mepe OJHO YpaBHeHHe

HppalHOHAJbHOe. ,
HNpumep 5. Peuwnrs ccTemy ypaBHeHHI

(Vs

\ xy—x—y=0,

6x
Pewenue. ObosHauum ]/m
ypaBHeHHe CHCTeMBbl 3amHcaTb B BHJE

Z+—=

=2, 270 NO3BOJHT IiepBOe

w]cn
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OTKyAa z,=2, z,=1/,. Baas z=2, HafineM

= . _
l/ 3c_-]-—_1}=2’ x+y =4, 6x=4x+4y, x=2y.

Tenepb U3 BTOPOTO YpaBHEHHsA CHCTeMH Haxofum 2y*—3y=0.
I/Is KOpHeii 5TOTO HENOJHOro KBaJPaTHOTO ypaBHeHHs GepeM TOJbKO
=3/, (kopeHb y=0 orGpaceiBaem; mouemy?). Orciona x,=3.
Ech B3Tb 2=1/,, TO nNoayuuM x,=24/23, y,=24 (autatesb
npoBefieT BCe HeoGXONMMBbE JJIA 3TOTO BHIKJIAJKH CaMOCTOSITE/BHO).
Hrak, nanHas cucTeMa HMeeT CJIejyioutue pemenns: (3, */,); (24/23, 24).
I'Ipumep 6. Pewntb cxc'remy ypaBHemm

xty=2.
Pewenne. Bo3sens B KBagpaT NepBOe ypaBHeHMue, no.nyth

x+y+2V xy=4xy. ’
C NOMOMPBIO BTOPOTO ypaBHEHHS CHCTEMEI HaiifeM
242V xy=4xy, wnm 2xy—Vxy—1=0,

Tocsiennee ypaBHenne siBJA€TCH KBaJpaTHHM OTHOCHTENAbHO )/ Xy.

M3 Hero HaxoiHM TOJLKO TOJMOMHTeNBHOE 3Hauente ) xy=1, or-
Kyna xy=1, H JaHHYIO CHCTEMY TeM CaMBIM CBOZMM K CHCTeMe

x+y=2,
xy=1,
Pemus 3Ty cucremy, Hafinem, urto mapa umcea (1, 1) cayxur
e/[HHCTBEHHHIM ' pelleHHeM H €e, H HCXORHOH CHCTEMH.
- 71. TokasarenbHule ypasHeHus. [loxasameabHbiMy  Ha3BIBAIOT
ypaBHEHHs B cJyyae, ec/Ii HEH3BeCTHAs BeJIHYHHA HAXOAHTCA B IIOKa-

3aTene CcTeneHH (OCHOBaHME KOTOPOH He COREPIKHT HeH3BeCTHOIl
}BEJIW!PIHBI) K TOKAa3aTeJbHEIM MOXKHO OTHECTH YypaBHEHHS

—9x+1__8 — 0 gx +ax _ 33x+7,
HpOCTEﬁLUHM noxasaTeanmx YpaBHEHHEM f1BJIETCA YpaBHEHHE

BHIA .
i a*=b. (71.1)
Ono peluaeTcs ¢ noMowpbio JorapHQMHpoBaHHA!
x=log,b.
Bo wmHornx cayyasx peleHye MOKasaTeJbHOTO ypaBHemm nocJse
HajJexallHX Npeo6pa3oBaHMil CBOAHTCH K PElIEHHIO YDPaBHEHHH
npocrefiwero Buga (71.1). Kpome Toro, mpH pelleHHH NOKasaTe/b-

HBEIX ypaBHEHHﬂ YacTo HCIOJb3yeTCs CJeAylolee H3BeCTHOE IOJIo-
KeHHe. .

7‘
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Ecau paBHHI CTeneHH C OZHHM H TeM Ke OCHOBaHHEM, TO DaBHLI

noKasaresi crenenu (1n6o0 OCHOBaHHE PaBHO €IHHHLUE): M3 PABEHCTBA
. a*=q?

BHTEK2eT u=y (wiH a=1).

Pas6epen npuMepHl pelieHHst TNOKAa3aTe/IbHLIX ypaBHeHH#,

IMpumep g Pewnts ypapHenne 9% +4¥ =483,

Pemensue. Yno6Ho npencraBuTh ofe YacTH YpPaBHEHHS Kax
CTeneHH OXHOrO H TOTrO JKe yucJja, Hanmpumep 9:

95 +ex—48 — QuiB,

Teneps NpHpaBHHBaeM NOKA3aTeNH CTENEHH W MOAy4aeM ypaBHEHHS
- x*+4x—4,5=0,5,

U3 KOTOPOro HaXOAHM pellieHHsl AAHHOTO YpaBHEeHHS: xl»= 1, x,=~8,
IMpimep 2. Pewurs ypaBHeHHe 4¥—2%¥*1—8x=0.
Pewenune. U 3pneco yuoﬁﬂo CBECTH NOKasaTeJbHBE (QYHKUHH
K ORHOMYy OCHOBaHHIO 2!
’ 2% —2.2x_8=0.
IToayuuan KBagpatHoe ypaBHeHMe A/ HEH3BECTHON u = 2%
-2 —-8=0;

ero Kopuu u,=4, u,=+—2, TaK KaK ¢ =2* He MOXeT HMETb OTPH-
UaTeNbHHX 3HAuYeHiil, TO MMeeT CMBLICJ TOJILKO pellehne u,=4;
naxomm eHHCTBEHHBII KOpeHb x==2 YypaBHEHHS H3 paBEHCTBA
2x
I'Ipn Mep 3. PellnTh ypaBHeHHe 2% +3 - 2848 L 05+l 7% 4. T5-1,
Pewenne. IIpeoGpasyem ofe wacT ypaBHEHHS!

8.2% £ 4.254-2.2¢ = T5 {17,
1

8 1
14'2x==—7—'7x, '4—' x=4—9'7"

HJIH, HaKoHel
' 2¥=1=T*-3,
2 \x-12
Orciona (?) =1 nx—2=0,
Hrak, x=2—enuucTBeHHbl KOPeHb ypaBHEHHS,

Ipumep 4. Pewntp ypapHeHHe _
(3_2}/2—)x'_ex+o+(3+2V2~)x!-¢x+o___._5_ (71.2)
Pewenne. 3amerny, yro yncaa 3—2) 2 u 342V 2 obparau

o BeJH4YiHHE:
3— 21/_ 3+2 T TeE

Tlostomy, ofosnaun (3—2)/2 )= ~sx+s yepes U, TNepemHIeM
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ypaBHeHne (71.2) B Buze ' : :
. 1 . '

ut—=06. ;

HmeeM ana u kopun u,, =3 42} 2. Pasencrpa

(3—2 mx’-cx+9=3+2ﬁ’ (3—2V2_)x2-6x+9=3—2ﬁ

NPHBOAAT K ABYM KBaJApaTHHIM YPaBHEHHSAM OTHOCHTENBHO X:
x2—6x4-9=—1, x*—6x49=1.

Ilepsoe H3 HHX HMeeT MHHMBIE KOPHH, BTOpoe Ke JaeT pellieHus
ypasuenns (71.2): x,=4, x,=2.

72, Jlorapndgmuueckne ypasHenus. Jloeapugsudeckumu Ha3pBaoTCA
ypaBHeNHs, cofiepKalllie HEeH3BeCTHYIO HOA 3HaKOM Jorapugma Hau
B CCHOBaHMH JjorapudmMa (MaH H TO H JAPyroe OAHOBPEMEHHO).
Hanplmep, JorapupMHuYeCKHMH GyAyT ypaBHEHHA

log, x 4 log, (x+2)=2,
log,2-}1log,8=3,
log, (x+6)=2.

CrenyeT 3aMeTHTh, YTO IPH pelleHHH JorapuGMHYECKHX YpaB-
HeHHIT Heo6XOANMO YUHTHIBATH O. J.3.: IOJ 3HAKOM JorapHpma MOryT
HAaXONHTHCSI TOJBKO MOJOMKHTEJNbHLIE BeJHYHHH, B OCHOBAHHM JiOra-
pHOMOB —TOJNBKO NMOJOKHTENLHEE BEAHUHHH, OTJIHUHLIE OT €XHHHIILL.

IIpocrefiiunM JorapudMHYeCKHM ypaBHeHHeM Ha30BeM ypaBHeHHe

BHla

, log, x=0. : “(72.1)

Ono peiaeTcs NOTEHUHPOBaHHEM: ' S ‘
x=ab.

Pemenne apyrux JorapHpMHUecKHX ypaBHeHHH HHOTAA YAaeTcs
CBECTH K pellleHHIO ypaBHeHHil mpocrefiliero Buaa (72.1).

IIpn peierun .noraqu)anecxux ypaBHeHHH HCHOAbL3YIOTCA CBOMH-
‘cTBa Jiorapu@MOB U JefiCTBHe NMOTEHIHPOBAHHS. ITpuBeneM npuMepht
peiennst sorapudMHYECKHX YypaBHEHHIl.

IMpumep 1. Pemnts ypaBHeHHA: a) log,(l +%)=
6) logur-1)27=3; B) log, (x+6)=2.
Pemenne. a) Ilo onpenenennio norapupma HmeeM l+——2”
Orciona
1+1os,. L7 x=1,
x x 7 -
© 6) (x*—1)'=27. Orciona x*—1=3/27. Bepem TonbKO neiict-
BHTEJbHOE 3HAYeHHe f’/ 27, paBuoe 3. Takum o6pasom,
o x*—=1=3, x*=4, x,=2, x,=—2.
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B) x*=x-6. Ortciona x*—x—6=0; u3 aByx Kopueit x;=3 u
X,=—2 10/1y9eHHOT0 KBaJApaTHOro ypaBHEHHs GepeM TOJBKO 110J10-
wuTeabuuil. Mitak, efHHCTBEHHH{ KOPEeHb JAHHOrO ypaBHeHHs x=3.

OGpatuM BHHMaHie, 4TO, pellias ypaBHeHHA H3 Opumepa 1, MH
He CTaJH 3apaHee onpejesaTh O.A.3. BMeCTo 3T0ro Mbl BCAKHE pa3s
npoBepsieM, YAOBJETBOPSIIOT JIH MHafileHHHE 3HaUeHHS] X yPaBHEHHIO
(3TO HHOrJA 3aHiMaeT MeHblle BpeMeHH, YeM OTHICKaHHE 0. 1.3.).
- B caepylomiem nprMepe MBI BCTpeuyaeMcsi € Jorapu¢mamu no
PasaUYHBIM OCHOBAHHSAM.

IIpumep 2. Peumth ypaBuenus: a) log,x-log,(x+4-2)=2;
6) log,x+log,x=1. '

BemeHue., a) B cooTeeTcTBHH €O CJEACTBHEM H3 CBOiicTBa 8
n: 27 HmeeM

‘ log, x = log,: x* = log, x2.

Or10 JAaeT BO3MOMKHOCTB 3anHcaTh JaHHoe YpaBHeHHEe B BHJe

, ) log, x*--log, (x +2)=2.
3nech norapugMel GepyTCs yiKe II0 OFHOMY H TOMY 2Ke OCHOBaHHIO 4
(370 ke MOXKHO ObLIO NMOJNYYHTHL H C NOMOLIbIO MOAYJ/A Nepexoaa).
3aneHAA CYMMy JorapigroB, PpacnoJO:KeHHYIO B JEBOil yacTi
noc/’1elHero  ypaBHeHHs, JorapudMmon OpOH3BEIeMHf, IOJYHIIM
log,[+*(x+2)]=2.
OT1Clo1a HaxoauM
x2(x4-2)=4% x+2x2—16=0.

Jas ompenesenist x yMeeM ypaBHeHne Tpethbeil creneHd (i. 62).
HenwbitaB menntenn csoGopHoro uneHa (—16), Haxomun, 4TO OXHIIM
H3 KOpHeH 3TOr0 KyGHYeCKOTo ypaBHeHHs CJAyXKHT X, =2. JleneHiem
Cro JIeBofl YacTH Ha JByuJeH x—2 HojydaeM KBaJpaTHOe ypaBHe-
e x*+4-4x+8=0 c KopuaMmu x, ;=—2 = 2i{, KOTOpHle AJs IC-
XOJIHOro JIOrapH(PMHYeCKOro ypaBHeHIs He HMEIOT CMbICJa H MO 3TOi
IpHYHHE JOJKHBL ObITb OTOGPOLLEHBI. .

HMrak, xopHueM JaHHOTrO ypaBHEHIHS CJYXIT YHCAO x==2,

6) M sneco Jaorapudmbt GepyTcsi MO PasHbBIN  OCHOBAHHSIM.®
B kauecTBe HX 0OlIeTO OCHOBaHHf BbiGepeM, Hanmpumep, YHCIO 2.
HMcnoab3yst moayab nepexopa, nepenuwieM AaNHoe ypaBHEHHE TaK:

log, x
lOg2X +m= 1.
IIpeo6pa3syst 310 ypaBHeHue, Hafizem
log, (xlog: 3. x) = log, 3.
Hnmeen, noteHunpys,
. Alogsd.x =3, alos3+1=3,

1 .
B rtaxom ciyuae x=3logs3+1, Bojee npocTo 3TOT OTBET MOXKHO 3a-
nHCaTh, 3aMETHB, YTO

log, 34 1=1o0g, 3+log,2=log, 6.
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" Orciona
1
x=3logs 6 — 3Jlog, 2,

Ecan TpeGyercsa sanucaTh HpPHOJHKEHHOe 3HAYeHHE 3TOrO0 KOpHs
B ¢opme aecATHYHOH APOGH, TC 3TO MOKHO CAeJAThb C MOMOUIBIO
TaGaun JorapudMoB TaK: cHawyajna HaiTi

lg2 0,3010.0,4771

6 183~ ~5mai

Igx=1log,2-1g3 = =~ 0,1846,
a notom no Igx MaiitH x = 1,53. :

73. Pasupie ypapHennsi. CucreMbl ypaBHeHHH. 31ech MBI NpHBe-
AeM NpHMepHl YPaBHeHHil «CMEIIAHHOro THMA», B KOTOPHX HEH3BECT-
Has MOJKET OJHOBPEMEHHO BXOAHTb H MOR 3HAK KOpHSA, H MOA 3HAaK
morapuma, M B [OKa3aTeldp CTeNeHH, a TaKKe NPHMEPHl CHCTEM
ypaBHeHHil pacCMaTpHBaeMBIX THIOB.

H p " M ep 1. Peumts ypapuenna: a) log,(5-3*)=5;

6) 6 vy _1. 618 ¥ 46 =0; B) (x*+ 6)108s* = (5x)loes x,
Pemenne. a) Ilo onpenenennio sorapugma noaysaem

5435 =25, 543"=32.
_Orcmna #'=297. Ho 27=3. Iostomy 3+ —33, H, cnenonarenbno
x2=3, otkyaa x,=}'3, x,=—V 3. O6a stn uncna cayxar pelile-

HHSIMH JIaHHOrO ypaBHeHHS.
6) Ilo ceofictBy 8 n. 27 mumeeM

logys—x— log, x*=2 log, X,

CrnenoBarensHo, Jxam{oe ypaBHeHHe MOXHO' Nepenucats Tak:
62logsx_7.6logax L 6=,

OGo3HaunM 6% %=z § noIyunM Aas z.KBaJapaTHOe ypaBHeHIe
22—T72+6=0 c xopuamMn 2,=6 n z,=1. [ina onpeaerenus x no-
-JIYYHM JBa ypaBHEHHA:

Glog, x — 6, Glgsr—=],

W3 nepsoro Haxomum log,x=1, x=3, a us Broporo log,x=0,
x=1. Hrax, nanvoe ypaBHeHHe HMeeT IBa KOpPHA: X, =3 n Xx,=1.

B) Ecan paBHBH cTeneHH ¢ 01HHAKOBHIMH IIOKA3aTelsIMH, TO OTCIONA
MOZKHO .3aKJIIOYHTb, YTO OCHOBaHHA PaBHH APYr APYTy HJIH NOKa3a-
TeJH PaBHH HyJ0. M3 nepBoro npeanosnoxenns Haxoaum x*--6 =>5x,
a u3 Broporo log,x=0. Pemaa st nBa ypaBHeHus, onpegensen
Cleyiomue TpH xopxm na}moro ypaBHeHHsA:

=3, =2, x,=1,

I[Ipumep 2. Pemmb ypaBHe}me

s

[x—1|loEs *i=2loBe® (g q)2, (73.1)
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Pewenue. YpapHeHHe MOJKHO NEpPENHCAaTb B BHJE
Ix lllog,xa_alogxs lx__'llz
Oxo 6y11eT yAOBJIETBOPATECA B ABYX CayyasXx: NpPH paBeHCTBe noKa-
SaTeJIEH CTeneHH: :
log, x*—2log,9=2,
H NPH paBCHCTBE OCHOBAHHA CTEHEHH_ €AHHHIE:
[x—1]|=1.

I'IepBaﬁ H3 3THX BO3MOKHOCTEH IIPHBOAHT K ypaBHemno OTHOCH-
Te/IbHO HeH3BECTHOI u=log; x:

2u—7= , wm  w@—u—2=0,

HMelouleMy  pelleHnst 4, =2, u,=—1. Jas x 310 AaeT ABa KOpHA:
X, =9, x,=1/,.
~Bropas B0o3MOXKHOCTB ocywiecTBiasercs npyH x=2 uaH x=0.
3Hayedne x=0 He BXOAUT B O0.1.3. JAHHOI'O YypaBHEHHS, 3HayeHHe
e x =2 yjosieTsopsieT ypasHeHuio. Hrak, ypaBHenue (73.1) umeer
TPH KOpHA: x,=9, x,=1/,, X;=
IIpumep 3. Pemwnts crepgyiomiiie CHCTEMB! ypaBHeHii:

log, x—log, y =0, Peahd A A T

) { x=3y*+44=0; ) {2”:8-2"; .
5) { log, x+log, y =25, ) { ‘pler__3lev o,
xy=38; (3x)'e2—(5y)le*=0

Pemenne. a) Mmeeu log, x = log, x*. IloTenuupys nepsoe ypas-
HeHHe CHCTeMb!, HailgeM

xt=y.
Bropoe ypaBhenHe cHCTeMH 3amHIUETCS KAaK KBafpaTHOE ypaBHeHHE
OTHOCHTeJ/IBHO Y:
y—3y*+44=0.

Ero mo/soxuTtenbHblil KopeHb y =4 (oTpHUATE]bHHI] KOpeHb He BXo-
AHT B 0.4.3. JdaHHONl cucTeMb). Jas x nosyyaeM JBa 3HayeHHs:
X =42, U3 KOTOpPHX OTpHlATeNbHOe oTOpachiBaeM. EauHcTBenHOE
pelense cHCTeMbE: (2, 4).

6) BTopoe ypaBHeHHe CHCTeMbl MOKeT OHTb 3alHCAHO B BHJE

2y._2x+s

H Jaer y=x-43.

PaccmorpeHue nepsoro ypaBHEHHSI CHCTEMBI pacnagaetcsi Ha jBa

cayyas:
) x=1 un 2) x*—y2+8x+1=0

B neppoM cayuae mpuxoauM K pelueHHo chcteMsi (1, 4). Bo Bropom
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HMeeM, C yYeToM DaBeHCTBa y=x—|-3, ypaBHeHHe AJAA X:
—(x+32+8x+1=0, nm 2x—8=0.
Bropoe pelenne cHcTeMbl eCTb (4, 7)
B) 3amernM, uTO logyx——log—x;. l'[o:-n‘omy, MOJIOXKHB logy =z,

npuBefieM MepBoe YpaBHEHHE CHCTEMBl K YPaBHEHHIO z—l———2 5,

KOTOpO€ CBOAHTCA K KBaJApaTHOMY OTHOCHTeJbHO z. M3 Hero MOy HHM
2,=2 u z,=*/,. 3Haunrt, log,x=2 na log,x="/,, oTKyna x=y*
HIH x=y's. Bropoe ypaBHeHHE RAHHON CHCTEMH! Tenepb MOXKHO

sanucatp Tak: y®=8 uau yV y==_8. Ileppoe ypaBuenite HMEeT eiH-
CTBEHHH#t JleACTBHTEIbHE KopeHb» Y, =2; no Hemy HaXoauM x, =4.
Bropoe ypaBHeHue Bo3BefeM B KBaZpaT H MOJYYHM ypaBHeHHe y° =64
C eIHHCTBEHHbLIM JAeACTBHTENbHBIM KOpPHeM y,=4, OTKyaa x,=2,
Hrak, nanunas cucreMa uMeer aBa peweHns: (4, 2) n (2, 4)
r) IlepenuimemM ypaBHeHHUs CHCTEMbt B BHAE
blgx — 3lgy
(3x)'e2 = (Sy)'e®

H npoJorapudMHpyeM Kaxioe H3 HHX no ochosaumio 10:

(lgx--1g3)1g3=(1gy+1g5) Ig5. '
Us nepBoro YPaBHEHHS BLIPasHM lgy: »
g5
lgy=lgx 123 -

IMoncraBuM 3T0 BHipameHHe B npaBylo 4yacTb BTOPOTO H3 ypaBHeHuu
(73.2) u nocae HECJIOXHBIX npeo6Gpa3oBanHil nonyan

(Igx+1g3) lg3=(lgx+1g3) &2 ,g3
Orciona -
(g x+1g3) [1g3—ﬁ] —0,
H TaK KaK BTOPOfl COMHOXHTeJb JIEBOR YacTH, OYEBHIHO, OTJIHYEH
or uyjd, 10 lgx+1g3=0, oTkyna x=1/,; aasA y umeem lgy =
=—Ig3. _g_%_ lg5; y=1/,. Eanucreennoe pellieHIte CHCTeMbl—
TouKa (Y35, /).

Ynpakueununs

1. Pemmnts ypaBuenus:

a) Vox+6— Vx—1=¥3x—I11;6) V5x+6— ¥V x+42=2;
B) Vife+ Vx=V2 1) Ve&tat B—Vriuatb=];
H VE=Nx—2+ VG=3)c—9H=V2 '
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2. Pewnth ypaBHenus:

a) Va1V 2%—3=1"3c—2; 6) }/B—Txtx=2

3. Pemnts ypamHenus:

a) 4¥~2—17.25-441=0; 6) 9x 9% +Ms _o¥+7/2 __g2x-1;
B) 22%+2.10%+1— [0.23%.5¥ =1200. ’

4, Pewnts ypapHeHHd:

a) logie g logue--8) =5 . 6) loge(x-+2)Flogyssx=-r;

B) log; logs (Vx84 V%) =0; r) log, (9%-1+7)=2log, (3¥-14-1).

5. Pewnth cHcTeMmBl ypaBHCHHIT:

3 2 .
a) I 1/ = y+ ]/Bx—2y 2, 5).{ Vxt+y+Vaxty+2=7,
2—4dxy-6x=8; 3x42y=23;

5

Y2y gi-y—2

5y { Jogyx—logsy=0, Wit 2

210g,x—|—logzy =3; : 65
{

YL x~Y==s
X —}—,\ 8'

xY =2,
n){ @) =64 ©)

oy
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HEPABEHCTBA

§ 1. Yncnosrie n anreGpanveckHe HepaBeHCTBA

74. CeoiicTBa HepapeHCTB. [leficTBHA Haj| HepaBeHCTBAMH. Toge
IefiCTBUTe/IbHBIX  4HCesq o0G6GJaanaer CBONICTBOM YMOPSAOYEHHOCTH
(n. 6, crp. 35): ana mo6HX uncen a, b HMeeT MeCTO ORHO H TOJNBKO
OIHO H3 TpeX COOTHolleHHi: a>b, a=>b, nan a <b. Ilpu 3arom
3anHch @ > b 03Hayaer, uTo PasHOCTL a—b MOJNOXKHTENbHA, a 3aNHCh
a < b—uto pasHocTh a—b oTpHUaTenbHa. B oTanune or noas pefict-
BHTEJbHBIX YHCEJ, MoJie KOMIJIEKCHHIX YHCeJ He YMopSLOYHBAETCs:
IJ5 KOMIIJIEKCHEIX YHCeJ NOHATHSA «GoJblle» H «MeHbllle» He onpeje-
JSI0TCS; NO3TOMY B JaHHOH IVIaBe pacCMaTpHBAIOTCH TOJBKO AeHcCT-
BHTEJIbHbBIE HIIC/Ia.

Cootnomennsi a>b n a<b Ha30BeM HepaseHcmeamu, 4uciaa
a u b—unenamu (WM YACTAMH) HepaseHcmea, 3HaKH > (6oJblue)

< (MmeHbllle)—3nakasmu HepaseHcmea.

Hepagenctea a > b u ¢ > d Ha3uLBalOTCA HepaseHcmeamu o0una-
K06020 (UJH OJHOTO M TOTO Ke) CMbICAQ; HepaBeHCTBa a > b nc <d
Ha3BIBAIOTCA HEPAaseHCMBaMu npomusonoa0%Hoeo (HIH PasHoro) catbicaa.

M3 omnpenenenns HepaBeHCTBa cpasy CJenyeT, 4TO

1) noboe mosoxkHTeAbHOE YHCIO Gosbllle HyJad;

2) mo6oe oTpHUATeJIbHOE YHCJIO MeHbIUe HYJA;

3) mo6oe MoJOKHTENbHOE YHCJIO GoJblie Mo60ro OTPHILATEBHOTO
yHeaa;

4) u3 JABYX OTpUUATEILHEIX uHCen GoJsbllie To, abCOMIOTHAA Be-
JHYHHA KOTOPOro MeHblile.

Bee 5TH yTBepikieHns IOMYCKaIOT MPOCTOE reoMeTpHYECKOe HCTOJI-
KoBauHue. IlycTh nNoJIOXKHTENbHOE HaNpaBJeHHe YHCJIOBOH OCH HJAET
BIPaBO OT MHayaJpHON TOYKH; TOTJa, KaKOBH Obl HH OBLIM 3HAKH
unces, GoJblilee W3 HHX H306pakaeTcs TO4YKOM, Jexales npasee
TOUKH, H300paxkalomeil MeHblllee 4YHCJO.

Hepasencma 06/1afal0T  CJAeNYIONNMH OCHOBHHIMH CBOfiCTBaMI.

1." Hecummempuurocmo (HeoGpamusocms): ecaw a > b, mo b <a,
u obpam#o.
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.- JelicTBuTe]bHO, €CJH Pa3HOCTh @ —b NOJIOKHUTENbHA, TO PA3HOCTDL
-b—a otpuuaTtejbpHa. T'OBOpAT, YTO npu nepecmanoske 4aeHo8 Hepa-
6EHCMBA HAOO CMbICA HEPABEHCMEA USMEHUIMb HA NPOMUBONOAONCHBIL.

2. Tpansumustocms: ecaw a>b u b>c, mo a> c.

JeficTBHTEIbHO, H3 NOJIOKHUTEJBHOCTH pasHocTell a—b H b—c
clieiyeT H NOJOKHTeNBHOCTE @a—CcC = {a—b)+ (b—c).

KpoMme 3HaKOB HepaBeHCTBa > H < NPHMEHSIIOT TaKXKe 3HAKH
cHepaeeHCTBa > M <. OHHM onpefensiotcs CJeXyIOIHM 06pa3on:
sanuch a>b o3Hauaer, uyto Jaubo a> b, au6o a=>b. Ilostomy,
Hanpumep, MOxHO nucath 52>3, a Takxe 3>3. OO6biyHO Hepa-
BEHCTB&, 3aiHCaHHbie ¢ NMOMOIILIO0 3HAKOB >, <, HA3HBAWOT CMPO-
euMu HepaseHcmgaMu, a 3allHCAHHBIE C NOMOIIBID 3HAKOB <, > —
necmpoaunu Hepasercmgamu. COOTBETCTBEHHO H CaMH 3HAKH Ha3bIBAlOT
3HaKaMH CTPOroro HJH HecTpororo HepaeenctBa. CsoiictBa 1 1 2,
PacCMOTPEeHHBIC BLUC, BEPHLI H A HECTPOTHX HEepaBeHCTB.

PaccmoTpuM Tenepb felicTBHSA, KOTOpHE MOXHO nponaaomrrb Hax
OJHHM _HJIH HECKOJbKHMH HepaBeHCTBaMIl.

3. Om npubasgrenus K 4.1€HAM KePABEHCMABA 00H020 U M020 %ce YUCAd
CMbICA HepaBeHCMBA He U3MEHSemcs.

HoxasarteapcrtBo. [lycTe faHB HepaBeHCTBO @ > b W nmpons-
Bo.bHOE uncao m. Ilo onpeneneniio pasHocTs a—b MoJoXKHTENbHA.
ITpu6aBuM K 3ToMy 4HCJAY ABa NPOTHBOMOJOMKHBIX YHCJA m H (-—-m)
OT Yero OHO He H3MeHHTcd, T. e.

a—bt+m—m=a—0b.
3T0 paBeHCTBO MOJKHO Nepenucarb TaK:
(@a+m)— @+ m)=a—>.

U3 sroro c.ne,uyer yTO pasuocts (a+-m)— (b4 m) nonoxmrenbna,
T. €. 4TO
atm>b-+m,
a 370 ¥ Hajo OHIJIO HOKa3aTh.
Ha 3ToM oCHOBaHa BO3MOXHOCTB NepeHoca Ji0GOTO ujleHa Hepa-
BEHCTBA H3 OXHOIl €rC YacTH B APYTryi0 C HPOTHBOMNO/JOMKHBIM 3HAKOM.
Hanpumep, u3 nepasencTBa

. at+b>c
cJIelyer, HTO
a>c—b,
b>c—a,
at+tb—c>0 .

H T I

4. Ilpu ymHONMeHUL 4AeHO8 HePAGeHCMBa HA OOHO U MO e noao-
KHCUMEALHOE YUCAO CMbICA HEPABEHCMBA He UIMEHACMCS; NPU YMHONCEHUU
41EH08 HEPABEHCMBA HA O00KO W MO gice OMPULAMENbHOE HUCAO CMbICA
HepaseHCmea U3MENAEMCA HA NPOMUGONOAXCHBILL, - ,
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JoxkasareabctBo. Ilyctb a>b; torma -a—b>0. Ecau
m>0, To m(@a—>b)>0, Tak Kak npOU3BeJlCHHE MOJIOKHTENbHBIX
YHCeJ TOJIOKHTEJNbHO. PacKpslB CKOGKH B JIEBOH YaCTH NOC/eNHEro
HepaBeHCTBa, noayuuM am—bm >0, T. e. am > bm. AHaNOrHYHBIM
o6pa3oM paccMaTpHBaercst ciaydait m < 0.

TouHo TaKoil ke BHIBOA MOMHO CAeJaTh H OTHOCHTEJbHO ReNeHHS
yacTeil HepaBeHCTBA Ha Kakoe-JHGO OTJIHUHOE OT HyJS YHCIO, TaK
KaK JleJleHHe Ha YHCJ0 1 5= 0 paBHOCHJILHO YMHOXKEHHIO Ha 9ucio 1/n,
a yHcaa n U 1/n MMEIOT OAMHAKOBHIE 3HAKH.

5. ITycmo wrenvr Hepasetcmsa noaoxcumenstsl. Toz0a npu ossederiun
€20 4neHoe 8 O0HY U my owe nonoolcume/zbuylo cmeneHb CMoICA Hepa.
serHcmsa He U3MeHAemcs,

Hokasateabctpo. Ilycte a>b, b >0 (B 3TOM Ccaywae no
CBO{iCTBY TPAH3HTHBHOCTH M a > 0). Toraa B cuJay MOHOTOHHOTO BO3-
PacTaHHA CTeNeHHONH (QYHKUMH X” npH X > 0 H NOJNOKHTEILHOM m
6yaeM HMeTb a™ > b™.

B uacrnoctu, ecin m=1/k, rae k—mnarypanbHoe 4ucCiI0, TO NO-

JY4HM _ .
vVa> /b,

T. €. Npu ussnedeHun KopHA u3 obeux dacmeidl HepaseHCMSa ¢ NoAo-
HCUMEALHOIMU YACHAMU CMbICA HEPABEHCMBA He U3SMEHSemcs.

Ilyctb 9/ieHbl HepaBeHCTBAa OTPHUATENbHH. TOTAa HETPYAHO JO-
Ka3aTh, YTO TIPH BO3BEAEHHH €ro WJIEHOB B HEYETHYI0 HATYPaJIbHYIO
CTeNEHb CMBIC] HEpaBEHCTBA HE M3MEHHTCH, a [ipH BO3BeleHHH B yer-
HYI0 HaTypaJIbHYIO CTENEeHb M3MEHHTCH Ha IPOTHBONOJOXKHHMH. M3
HEPaBeHCTB C OTPHUATENBHEIMH WYJIEHAaMH MOXHO TaKXe H3BJIeKaTh
_KODeHb HEYeTHOMl CTeneHH. '

Ilyctb, Ranee, uJeHH HePABEHCTBA MMEIOT Pa3Hble 3HAKH. Toma‘
NpH BO3BEJEHHH €ro B HEYETHYIO CTENeHb CMLICA HEPABEHCTBA He
H3MEHHTCS, a NPH BO3BEJEHHH B UYeTHYIO CTENEHb O CMBICJE MOJY-
. HAIOIIEroCs HepaBeHCTBAa HHYEro onpejeJeHHoro B ofuieM ciaydae
cKas3aTh HeJb3d."B camMoM pesie, mpH BO3BEJEHHH YHC/IA B HEUETHYIO
CTeNeHb 3HAK YHCJA COXPaHAETCA M NOSTOMY CMEICA HEpaBEHCTBa He
usMensiercs. Ilpn Bo3BeleHHH »Ke HepaBEHCTBA B YETHYIO CTeNeHb
obpasyercsi HePaBEHCTBO € MOJIOXKHTEJIbHBIMH UJEHaMH, H €ro CMBICI
Oyler 3aBHCeTb OT a6COMIOTHHIX BeJHYHH WYJIEHOB MCXOJHOTO Hepa-
BEHCTBA—MOJXeT IOJyYHTbCS HEPABEHCTBO TOTO Ke CMbIC/Ia, 4YTO
H HCXOJHOe, HEepaBeHCTBO MPOTHBOMOJOMXKHOIO CMHIC/]A H Aaxe pa-
BEHCTBO!

Bce ckasanHoe O BO3BeICHHH HEPaBEHCTB B CTENEHb NOJE3HO
NPOBEPHTb Ha CJERYIOWIEM NMpHMepe.

pumep 1. Bo3sectt B yKa3aHHYIO CTeneHb CJeNYIOUiHEe Hepa-
BEHCTBA, H3MEHHB B CJyyae HeoGXONMMOCTH 3HaK HepaBeHCTBa Ha
NPOTHBOMOJOXKHEH HJIH Ha 3HAK PaBeHCTBa.

a) 3> 2 B creneus 4; 6) 3 <4 B crenenp 3;
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B) —3 <+—2 B creneb 3; ) —4 > —10 B cTenesn 2;

1) 2>—1Bcrenens 5; e) 2> ~—1 B crenens 4;

K) 2>-—3 B crenedb 2; 3) 2>—2 B creneHb 2.

6. Ot HepaBencTBa a > b MOXHO nepeiiTH K HepaBeHCTBY MEXAY
1/a u 1/b: ecau wienvr Hepasercmea 06a noaoxcumesoHol WAL 00a ompu-
yameabHol, Mo MexHc0y ux oOpaAMHbBIMU BEAUHUKAMI UMECMCS HepaseH-
Cmep npomusononoxHo20 cameicaa: 1/a << 1/6.

JokasateabcTBo. Ecii @ 4 b—opaHoro 3Haka, To HX Hpo-
H3BejeHHe ab noaoxureibHo. Paspennm Ha ab HepaBeHCTBO @ > b:
%>a%, HJH —;—>%—,

T. e. 1/a < 1/b, uto 1 TPeGOBANOCH NOJYUHTB,

Ecau 4aexbl HepaseHcmea UMelOm NPOMUGONOI0MCHbE 3HAKW, MO
Hepasencmso Mexc0y Ux 0OPamHoLIL 8CAULLLKAMIL UMEEN MO Jie CMbICA,
TAK KaK 3HaKH o6paTHHIX BeJHYHH Te Ke, YTO M 3HAKH CaMHX Be-
JIHYIH. -

IMpumep 2. Ilposepurs nocaeasee cpoficTBO 6 Ha cieayOLIHX
HepaBencTBax: a) 20>10; 6) 5<7; B) —2<3; 1) 2>—3;
ﬂ) -l/2<—1/4; e) 1/5>1/1a--

7. Jlozapupmuposanue HepaseHCcms MOXCHO npoussodume autib
8 cayuae, K020Q 4AEHbHI HEPABCHCMS NoJ0xcumeabHbl (OTPHLUATeIbHLIe
YHCIa M HYJb JlorapidMOB HE HMEIOT).

INyers 0> ¢, ¢ > 0. Torga npu a> 1 Oyner

log, b > log,c,
a npu 0 <a <1 6yger
log, b < log,c

ITpaBuibHOCTL 3THX YTBepiKAeHH{l OCHOBAHA HAa MOHOTOHHOCTH
JorapHpMHYecKoll (yHKIHH, KoTopas BO3pacTaeT, eCJ]H OCHOBaHlie
a> 1, u y6uBaer npu a <1 (m. 43).

Urak, npu aceapugmuposanuu Hepasercmsa, cocmoauie2o us 1no.o-
KHUMEALHOIX  4AEHO8, MO OCHOBAHUI0, Goavuemy eduHuybl, 00pasyemcs
Hepagencmeo Imoeo e CMbICAQ, 4mo W 0aHHOe, @ NPU A02apupMupo-
6AHUL €20 MO MNO.J0XCUMEIBHOMY OCHOBAHUIO, MEHbUIeMY e()zmuz;bz —
Hepasencmso npomuUBONOAOHCHOZ0 CMbICAA.

8. Ecau b>c ua>1, mo a®>ac; ecau b>¢, Ho 0 <a <1,
mo ab < af. o

D10 cpa3y cJenyeT H3 CBOfICTB MOHOTOHHOCTH IIOKa3aTe/bHOil
¢dyukuun a* (n. 42), xoTopast pozpacTaer B caydae a > 1 1t y6uipaer,
ecan 0 <a < 1.

9. IIpu nousenHoM CAOHCEHULL HEPOBEHCME 00K020 U MI020 JHe CMbICAQ
obpasyemesa HepageHCMEO mMO20 dice CMbicAQ, 4mo u OanHble.

HokasaTenbcTso. JokaxeM 3T0 yTBEpKIEHHE A1 ABYX He-
PaBEHCTB, XOTSI OHO BEpHO A JOGOro KOJHUECTBA CKJajAkBaeMEIX
HepapeHcTB. ITyctb AaHbl HepaBeHCTBa @ > b H ¢ > d. Ilo onpepene-
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HHIO 4yHCsMa @—b u c—d OyAyT NOJOXHTENbHBIMH; TOTJa II0JIO0KH-
TeJbHOl OKa3bIBaeTCst H HX CyMMa, T. €.

(a—b)+(c—d) >0.

[pynnupys HHave c/laraeMble, IMOJYYHM
(@+9—@+d)>0

a +c > b+d
a3moH Hago Gruto NOKa3aTh.

“Henb3s ckasaTh HHYETO OMNpefeJeHHOTO B o6umen cjydae o CMbIC]e
HepaBeHCTBa, NOJYYaIOUerocsi NpH CAOXKEHHH JBYX HJAH HEeCKOJbKHX
HEePaBEHCTB Pa3HOrO CMHICHA,

10. Ecau u3 00HO20 Hepasencmea NOYAEHHO GbiteCb Opyeoe Hepa-
BEHCMBO NPOMUBONONONCHOZ0 CMBICAQ, MO 00 pa3yemces HepaseHcmso mozo
e CMbICAQ, 4MO U nepeoe. -

HokxasaTteanctpo. Ilycts fAaHb 1Ba HepaBeHCTBa a> b n
¢ < d pasHoro cMeicia. Bropoe u3 HHX no CBOCTBY HeoOpaTHMOCTH
MOXHO mepenucatb Tak: d > c. CI0XKHM Teneph JBa HepaBEeHCTBA
a>b ¥ d>c OfHHAKOBOTO CMBICIA H NOJYYHM HEPaBeHCTBO

a+d>b+tc
Toro e cMmmicia. M3 mocnennero naxonnm

: a—c> b—d,

a 3T0 H Hajo OBUIO ROKa3aTh.

Henb3sa cka3ath HHUEro onpejpeneHHOro B oOueM caygae o CMuICe
HepaBeHCTBa, MOJYYaloUerocsi NMPH BHIYHTAHHH M3 OJHOTO HepaBeH-
CTBa JPYroro HepaBeHCTBA TOIO Ke CMBIC/A.

1. Ecau nourenno nepemuoscumo 0sa Hepaserncmea 00UHAK08020
CMBICAQ C NOAOKCUMENbHUIMU 4AeHamMu, mo obpasyemcs Hepasencmeo
mozo e cmoicaa. _

Hoxaszateascrso. Ilyctb a > b, ¢ > d, npruem b > 0,d > 0.
Haxomm YMHOKasi nepBOoe HepPaBeHCTBO Ha ¢, a BTOpoe Ha b:

ac>be, bc> bd

OTKy/Jla B CH/IY TPaH3HTHBHOCTH
ac> bd.

Orciona CcHOBa BHITEKAaeT NPABHJIO O BO3BEAGHHH HEPABEHCTBa
¢ NMOJOXHUTENbHHIMH YIEHAMH B HATYPaJbHYIO CTeNeHb.

12. Man ao06o20 wucra @ umeem mecmo HepaseHcmeo |a|=>

Iloxas arteabcrtBo. Ecnu a>0, To cnpaBepinBo paBeHCTBO

=a. Ecam a <0, 10 |a|> 0 u uMeerca crporoe HepaBeHCTBO

>a. B ofoux ciysasx MoxxHO mHcaTh |a|Z=a, uto u TpefoBa-
JIOCh TIOJIYYHTh, .

13. Modyas cymmot He npesocxodum cymmsr Modyned:

|la-+b]<|al+]o]. (74.1)

u, c.uenoaa're.nbuo,
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‘JNoxaszaTeabcTBO. Monyap cymmu |a+b| pasen aubo a--b,

_anbo—(a-+b). Io ceoiicrBy 12 nmeem : .
ca<]a], b<|b]

H, CKJajblBas 3TH HepaBeHCTBa NOYIeHHO (Mo CBOMCTBY 9), HaiigeM

a+b<[al+]o]. (74.2)
Touno Tak )e —a<l|a|, —b<|b] n
—(@+b)<]al+]b]. (74.3)

Hs nepasencts (74.2) u (74.3) Bugwo, uro |a+b|<|al|+|b].

B neficTBATENLHOCTH HETPYAHO BHIICHHTB, KOIJIa HMEET MeCTO
3HAK DaBeHCTBA H KOIJia 3HaK CTPOroro HepaBeHCTBa: [a--b|=
=lal+|b], ectn a u b omHoro 3Haka, |a+b| <|a|+]|b|, ecan
@ H b NPOTHBONCJOXHLIX 3HAKOB.

Hanpumep, |54 3] =|5]+]3|; B 10 e Bpems |5—3| <|5|+|—3).
. Ceoiicteo 13 BepHo u ansa qa:060ro yHcaa caaraeMbiX. bogee Toro,

OHO ofo6uiaeTcst U Ha KOMIIEKCHHIE yKcJa (peds HAET, KOHEeYHo, O
HEPaBEHCTBaX MeXLy MOAY/AAMH KOMIIEKCHBIX 4YHCeJ, KOTOophle SIB-
JAs1ioTCs LeflcTBuTedbHEIMu  uncaamu). Mumenno, ecam z,=aqa, -0/,
z,=a,+b,i, 10 |2,+2,|<<|2,]+]2,| (pexomengyeMm BO3BpaTHTLCS
K puc. 9, Iie CyMMa KOMINVIEKCHBEIX wYiHceJ 1H300pakela reoMeTp-
YeCKH, M HCTOJNKOBaThb HAMHCAHHOE Bhille HEPAaBEeHCTBO FeOMETpH-
YEeCKH). '

14. Pasnocme Modyaed. ne 6Goavuie smodyas paswocmu:

|la]—]b]<|a—b]. (74.4)
HokasaTeabCcTBoO. 3anuumeM OYEBHHOE PaBEHCTBO
lal=1b+ (@—b)]

H ApHMeHHM cBoiicTBO 13:
. |a|=[b+@—b)|<[b]+{a—b]. -
Honyuum |a|<|b|+[a—b|, nan |a|—|b| <L ]a—b].
"Hepasencteo (74.4) nonyckaer ciepylomee yCHJEHHe:
Hal—lb]l|<]a—bl,

H ocraercss BEPHHIM H B NMpHMEHEHHH K KOMIUIEKCHBIM uucaaMm (10-
Ka3aTb CaMOCTOSITEJbHO).

75. AuareGpanveckue HepaseHcTBa. HepabencTBa Mexay aBymst
anre6paHYecKHUMH BLIpaKEHHSAMH, TaKile, HalipHMep, Kak

@Fb>a+b, x—6x44>2x—5, log, (2x+1) <log,** ...,

MOT'YT HpH INOJCTAHOBKE BMeCTO GYKBEHHLIX HapaMeTpoB, BXOAALIHX
B JIEBYI0O M NPaBYIO YaCTH HEPAaBEHCTB, NEPeXOAuTb JuGO B BepHke,
J100 B HeBepHHE YHCJIOBHIE HepaBeHCTBAa. 1aK, HEPABEHCTBO

abc < a+b+c
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ylnoBJerBopsercs npH a=1, b=1 u ¢c=2 u He y,uos.nemopﬂerca-

‘npH a=2, b=2 u c=3.

Hmemca OJIHaKO, TaKHe HepaBeHCTBa, Kompbxe oxaamnalmca
CHpaBe/i/INBHMH JJAl BCeX JOMYCTHMBIX 3HAUeHHA BXOAAMHX B HHUX
OyKBeHHBIX mnapaMeTpoB. TaKOBb, HanpuMep, HepaBeHcTBa (Besje
MBI MMEeM B BHAY TOJbKO JEHCTBHTE/]bHBE 3HAUEHHs NapaMeTpoB)

@ +5°>0, |a+b|<|a|+]b], 2*+25+2>0.

Huorpa npuxoantcsi NpOBOAHTH AOKA3aTeJLCTBO HEPABEHCTB; NPH
9TOM ¢J0Ka3aThb HEPaBEHCTBO» —3HAYHT YCTAaHOBHTb, UTO OHO CIpa-
BeJIMBO AJIs1 JIOGHIX ROMYCTHMBIX 3HAuYeHHHl NapaMeTpoB.

ITpumep 1. JHoxasath, uTO cpeiunee apHpMeTHYECKOE XBYX
NOJOXUTENBHBIX YHCEJM He MeHbLIe HX CPEJHEero reoMeTpHyeckoro.

Pemenmue. [Ton cpenunm apudmerHyeckum ABYX uyncen a > 0
H b >0 noHHMAIOT YHCJIO (a+b)/2 a Moj HX CPEeXHHM TeOMEeTpH:
YECKHM —YHCJI0 ]/ab

TpeGyercst foKasaTh CNpaBEATHBOCTb HEPAaBEHCTBA
"+">v ab "(75.1)

. A BCEX NOJIOXKHTEJNbHBIX YHCEN @ H b. Hannoe HepaBeHCTBO paB-

HOCHJIbHO HepaBeHCTBY . _
atb Y=o L (1.9)
npeo6pa3syeM JeBylo uacTb HepaBeHcTBa (75.2):

a_—}—b_-l/'a—: a+b—2Vﬁ — (VE— ) .

Teneps BHJIHO, YTO HepaBeHCTBO (75. 2), a CJeNOBATeNBHO H He--
paBencTBo (75.1), BHNOJHSAETCS NpH JJIOGHX MOJOXHTEJbHEIX a H b;
€c/H a=£b, TO HEPaBEHCTBO CTpOroe; €C/AH Xe a=bh, TO cpesHee
apudMeTHIECKOE DABHO CpPefHEMY TeOMETPHUECKOMY.

JlanuM HepaBeHCTBY MEKAY CpeIHHM reOMeTPHUYECKHM H CPeIHHM
apudMeTHYECKHM TaKKe TeoMeTpHuecKoe HCToJMKoBaHHe (cM. pHe. 295,
n. 216). Cpemnee reoMerpHueckoe JBYX OTPe3KOB a M b, cyMma
KOTOPHIX NpHHSTA 33 JHAMETP OKPYXHOCTH, H300paxaercs moJy-
xopnoit MD, a cpenuee apupmernueckoe—paguycom OM, xotopwiii
He MeHblUe 3TOfl IOJYXOPAHL.

Hepagenctpo (75.1) Takxe oGobumaercs Ha cyuait 1 MOMOXKH-
TeJbHBIX YHCeJ @y, @, ..., O, H 3aNHCHBaeTca B ¢opme

Gttty Yot a, (75.9)

(noxaaawenbcmo MHl He TIPHBONHM).
Mpumep 2. Hokasat, uyTO NpH modom NOJIOKHTENEHOM &
CIpaBeiJIHBO HEepaBeHCTBO

Vat+Vare<oVarl. | (75.4)
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Pemenue. JlanHoe HepaBeHCTBO MOXKHO 3alHCaTb B PaBHO-
CHJIBHOH (opMe:

Vaf2z—Va+tli<Vati—Va. (75.5)
I'IepeﬂeceM praul{OHaanOC’I‘b H3 Y4HCAHTeJIs B 3HaAMEHaTe/b.

1 1
= — = 5.6
Vare+Varl ~Vatii Ve (75.8)
(o6e yacTH HepaBeHCTBa HpeoGpasyloTCst ToxaecTBeHHO). Ilosyuen-
HOe HepaBeHCTBO BEepHO: YHCJAHTENH jpobeii paBHH 1, a 3HameHa-
TeJb B npapBoit yacTH MeHblue. M3 HepaBeHcTBa (75.6) caexyer He-
paBeHcTBo (75.5), a 3 Hero— HepaBeHcTBO (75.4), Kotopoe TpeGo-
BaJioCh J0Ka3ath.
IMpumep 3. Hokasarb, 4TO BO.Bcell 06JaCTH JOMYCTHMBIX
sHaueHHil a, b, ¢ liMeeT MeCTO HepaBEHCTBO

Va+2+Vat+2c<2Va+bt-c. (75.7)

Pemenue. O6e wacTn HepaBeHCTBa (75.7) HeoTpllaTeNbLHLI,
NO3TOMY MBI MOXKEM BO3BEeCTH HEpaBeHCTBO B KBaApar:

a-t+204a4-2c+2V (a+2b) (a+2) <L 4(a+4-b+o), (75.8)
OTKyJa HoJyyaem
Via+2b)(a+20)<La+b+c. (75.9)

Beakuit pas, koraa a, b, ¢ JexaT B 0.1.3. HepaseHctpa (75.7) u
BHITOJIHEHO HepapeHcTBO (75.9), OymeT BHINOJIHEHO M HEpaBEHCTBO.
(75.7). Tlostomy noxkasaTesscTBO HepaseHcTBa (75.7) cpoanrces
K J0Ka3aTeJbCTBY HepaBeHcTBa (75.9). Ofe ero vacty Takike He-
oTpuuaTesabHbel. Bo3Boaum ero B kBaxpar. Ilojiydaem

a®+ 2ba + 2ca 4-4be < a* -+ 2ab + 2ac + b* -+ ¢ + ¢ (75.10)
0 < bt 4 —2be = (h—0c)? (75.11)

HJIH

—HepaBelCTBO, BepHOe INpH BcexX 3HaueHHaX a, b, c. B cuay ne-
pasencrtpa (75.11) ycranaBuBaeM IOCJ€I0BATENbHO CIIpaBelJIHBOCTD
npejllecTByOIHX HepaseHeTB (75.10), (75.9), (75.8), Bnaots 1o
HepaBencTBa (75.7), KoTopoe TpeGoBa/oCh AOKa3aTh.

Ynpaxuenus

1. Hokazatu, yT10 npu p==| BHNOJHAETCS HepaBeHCTBO 5p2—] =4p.

2, Joxasatb, uto ecai a-+b > —b4c u a—b > b-4c;, 10 a>c.

3. Hdokasarb, YTO HAA JIOOGHX AC/CTBHTCALHBIX YHCOT X, §¥ M 2z BHIIOIHACTCH
HepaBeHCTBO X212} 2% = xy-|-yz+4-2x.

4. Jlokasats, uro ecau a®+b2-c=1, 10 at+b+c< V'3 (q, b, c—neor-
PHUATEJIbHEIE YHCIA), -
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§ 2. Pewenne: HePABEHCTB

-

76. MuoxecTBo pewenuii HepaBeHCTBAa. PaBHOCHJbHHE HepaseH-
cTBa. ByaeM paccMaTpHBaTh CTpOrHe HJIH HeCTporve nepaaeucma

BHOA . .
o (0) > fa(x) (76.1)
fr (%) = o (%) - (76.2)

COOTBETCTBeHHO. Bcesikoe uHc/a0BOe 3HayeHHe x=x, H3 ob6jacTH J0-
AYCTHMEIX 3HaueHuil HaspiBaeTcA pewenues Hepasencmsa (76.1) nan
(76.2), ecan- mpH NOACTAHOBKE 3TOrO 3HaYeHHA x, B o6e 4acTH He-
paBeHCTBa MOJydaeTcs BepHOe YHCJIOBOe HepaBeHcTBo. BooGuie ro-
BOpS, HEPaBEHCTBO MOXET HMeTb pasJIHUHHeE pelleHHsA (YacTo HX
OeiBaeT OGeckoHeuHO MHOro). Bce peluenns HepaBeHCTBa 0GpasyloT
MHOXCECMB0 eTo pewenuti (MHOTJa HasHIBaEMOe Takxke 064acmbl0 ero
pewenuil). Tak, HepaBeHCTBO x® < | HMeeT B KaueCTBe CBOEro MHO-
JKeCTBa pelleHHA OTKpPuTHil wuHTepBan (—1, 1), —1<x <1,
a HepaseHcTBO x®<Cl—orpesok [—1, 1], —1<<x<1. HHorna,
KPaTKOCTH paju, MHEl JONYCKaeM BOJILHOCTH pPeuH H TOBOPHM, UTO
pellleHneM HepaBeHcrBa x <1 cayxur murtepsana (—1, 1); B sTom
C/Jyyae CJIOBO «pelleHHe» HMeeT CMBICJ «MHOXXECTBO pelleHHIis.

B 3aBHCHMOCTH OT CBOEr0 KOHKPETHOrO BHJa HEPABEHCTBO MOXeET
BooOule Me HMeTb pememm (ero MHOXeCTBO pelieHiil MyCTO) HJH
HMEeTb MHOMXEeCTBO pellleHHiI caMoro pasjHuYHoro BuiAa (OTKPHITHIN
HHTepBaJ, OTPe30K, GecKoHeyHnll HHTepBal H T. A.). B Jo6om
Clyyae peHIHTb HEPABEHCTBO —3HAYHT YKAa3aTh BCe MHOXECTBO €ro
peurenuii. B yacTHOCTH, HepPABEHCTBO MOMKET BHINOJHATHCA AJSA BCEX
(momycTHMBIX) 3HaueHHil X,

H3 pByx HepapeHcTB
f1(0) > fa (%)

@, (¥) > @, (%)
BTODOE Ha3bIBaeTCA caedcmeuem NMepBOTO, €CJAH MHOMXKECTBO pelleHHil
BTOPOTO HepaBeHCTBa COfep:KHT B ceGe MHOMKECTBO pelleHiil mep- -
BOro HepaBeHCTBA. J{Ba HepaBeHCTBA HAa3LIBAIOTCA PASHOCUAbHLIMU,
eC/qH Kajkaoe H3 HHX sfBJAseTcA CJeiCTBHEM apyroro. MHaue srto
MOXHO copMYJIHPOBATh TaK: JBa HEPABEHCTBA CUHTAIOTCA PagHo-
CufbHbLMU, €CTH HX MHOXECTBA pellleHnii COBMajaior. OTH onpene-
JIeHHA aHAJOFHYHEI COOTBETCTBYIOUIHM OMpPENeNeHHAM 11 ypaBHeHHil
(n. 54). Kax u ans ypaBHeHHi, MOXHO ObIO 66 chopMY/IHPOBATH
YTBEPXKAeHHS O JeHcTBHAX, NpeofpasyiomHX JaHHOe HepaBeHCTBO -
B paBHOCHJbHOe eMy. Takumu meficTBHAMH MOryT ObIThb npHOaBJe-
HHe K ofeHM YaCTAM HepaBEHCTBa OJIHHAKOBOTO ciaraemoro (M, Kax
_C/IeCTBHE, NEePEeHOC CJIaraeMoro C IpPOTHBOMOJOXKHBIM 3HAKOM H3
o;mou 9aCTH HepaBeHCTBAa B APYI'YIO) H YyMHOXeHHE ofeux uvacreil

HJIH

H
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HepaBeHCTBA Ha MOJOKHTEJbHOE YHC/IO H/H MOJIOKHTE/NbHYIO (PyHK-
uuio. Bo3MOXKHO TakxKe jeJieHHe YIEHOB HepPaBeHCTBA Ha MOJOXH-
TeapHylo ¢yHruuio H T. A. Cnexyer, onuako, NpouHsBOAs 3TH Jefi-
CTBHS, CJIeAHTb, YTOOH He H3MEHHJacb 006/acTb ROMYCTHMBIX 3Ha-
uennil, TaK KaK WHaye paBHOCHJIbHOCTb HepaBeHCTB MoxeT OBITb
HapylleHa.

IIpumep. U3 gByx HepaBeHcTB

x> 1, x’>l.

BTOpOe $BJISIETCA CJEACTBHEeM IEePBOro, HO .OHI He PaBHOCHJBHEL
HepagsenctBa ke x> 1 # x> 1 paBHCCH/BHBI.

. CobmonteHne TpeGOBaHHA PaBHOCHJIbHOCTH npeo6pa303amm Hepa-
BeHCTBa, BHIMOJHSIEMHX B NpOlECCe €ro pelueHis, BaxMHeil co6O-
JleHns COOTBeTCTBYiollero TpeboBaHisf AJs YypaBHeHuil. [leiictsu-
TEJIbHO, MOXKHO He onacaThcsl MofBJeHHs NOCTOPOHHHX KOpHeil npH

. pelleHHH ypaBHeHull, TaK KaK noc/efyiollas NpoBepKa NONCTAHOB-
Koii B HCXOAHOe YypaBHeHHe IN0o3BoJfAeT HX oTtOpocuth.- Jlas uepa-
BEHCTBA XapaKTepHO HaJHyie CeCKOHEYHOTO MHOMKECTBA pellieHHH,
H TMO5TOMY NpOBEpPKa HX NOACTAHOBKOIl B HepaBeHCTBO NPAKTHYCCKI
neBo3MoxkHa. Ilo sToit e mpHuiHe 1 OTHICKaHHe 0.8.3, JJI peluae-
MOTO HepaBeHCTBa fIBJseTCs Heo6XOAHMOil CcCTaBHOIl 4acTbiO Ipo-
necca peteHHs.

77. I'paduyeckoe peweHse HepaseHCTB. Eci HepaBeHCTBO 3amH-
cavo B Buge f(x)>0, To, mocrpouB rpapuk ¢yHkuMH y=f(x),
MOXKHO HeNOoCpeJCTBEHHO N0 YepTeXy BHAETb, IS KaKHX 3HaueHHit X
HepaBeHCTBO YJAOBJeTBopsieTcsl (rpaduk Jexur Buile ocH ' Ox). Pe-
lienne OyAeT- TOYHBLIM HJH NPHOJHKEHHLIM B 3aBHCHMCCTH OT TOrO,
TOYHO MJH NPpHOJHKeHHO HafifeHBl TOYKH, Tje rpaduk nepexopHT
H3 HilKHeHl noJyniockoctH y < ( B BepXHIOI NOJYNJOCKOCTh y > Q.

Ecan HepaBenctBo 3asaHo B BuRe [, (x¥)> f.(x), TO MOXHO
nocTponTh rpacduky ABYX ¢pyurunit y=f, (x) 1 y={, (x) u no veptey
onpenesaTh, MAJs KaKHX 3HaYeHHH X nepBuiil rpaduk pacnioaraercs
Bhlllle BTOPOro. MHOXKeCTBO TaKHX % H JacT MHOMECTBO pelleHHit
HepaBeHCTBa.

OcHOBHAs ~LEHHCCTD rpaqmqecxoro NOAXO0AAa K pelleHHIO Hepa-
EE€HCTB COCTOHT B TOM, UTO yKe CXeMaTHUeCKoe n300pajkeHHe rpa-
¢ukoB GYHKUHI YacTo NMOKAa3blBaeT, YTO HePAaBeHCTBO BHUIOJHAETCH
B HHTepBa/jaX, OFPaHHYCHHLIX TAKHMH XapaKTCPHBHIMH TOYKaMH, KaK
TOYKHI nNepeceuenns rpapnkos y=f,(x}) u y=f,(x) mexay coboil
(uan Touku nepeceveHns rpaduka y=7j(x) c ocbio Ox). OtbickaHne
9THX TOYeK SIBJIAETCH YK€ HeCKOJbKO OoJee Jerkoil 3apaueii:
j0HO CBOJHTCA K pelleHHIO ypaBHeHHil, a He HePaBeHCTB.

IIpumep 1. Peumth HepaBeHCTBO -

V2—x<x.

]
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Pemenne. Crpoum. rpadurin ¢yHrusit y=x H y=l/,'2f':g
(puc. 62). IlepBuii H3 HHX HaM H3BeCTeH, BTOpOii NpeAacTaBAsieT
coboft wacts napaGonbl x=2—y? Jexailylo B BepXHell moaynJo-
ckocTH. M3 wueprexxa BHAHO, YTO HEpaBEHCTBO Y/OBJETBOPAETCS
B HHTepBase (a, 2), JeBbll KOHell KOTOPOTO-—KOpeHb ypaBHEMHsl

V2=x=x. PemaeM 5To ypaBHeHHe: 2—x=1x%, x,= 1, x,—=—2.
y 1 2

7 Ji
5 y-{log,1z]
sl LY N
oL/} : 3 z

e 2,0 % 'I
[
B o F

Puc. 62, ' Pnc. 63.

KopeHp X, =—2-—I0CTOpONKHUI1, HYXHOE HaM 3HaueHHe: a=x,= I,
Hrak, nepaBeHcTBO ynomiaertBopsierca B uutepsane (1, 2).
INpumep 2. Pemnuts HepaBencrso

llogs|x||< 1. LTy

Pemenne. Crpoum rpaduk ¢ynruun y=|log,|x||; ua puc. 63
NYHKTHPOM TNoKasaH rpapux ¢yukuun y= log, x, nocie vero rpa-
¢ux y=|log;| x|| monyuen no cmoco6y mn. 48 (oM moxkasau cnJaoI-
Hoit nuuuefi). Jlanee npoeegena npsMaa y=1. Cpasy Buawo, 4ToO
HepaBeHCTBY (77.1) OynyT ymoBNeTBOpSITh 3HAUEHH X M3 ABYX
CHMMETDHYHLIX HHTepBasoB: (—b, —a) u (a, b). 3pech uepe3 -ta,
= b oGo3HaueHbl aGCHHCCHI TOYeK nepeceueHHs npamoit y=1c rpa-
¢HKOM QYHKIHH, T. €. pellieHHsl ypaBHeHHS '

|log,|x]|=1. R (77.2)

B cuny cHMMeTpHH JOCTaTOYHO HafiTH pelleHHs ypaBHeHus (77.2)
npu x> 0. Ilostomy ypaBHenne (77.2) CBOAHTCH K .

|log, x| =1.
IMpu x> 1 nmeem |log, x|=1log,x u us log,x=1 Haxomum x=3."
IMpu x <1 nmeem |log,x|=—log,x u us log, x=—1 Haxomum

x=1,. SlcHo, uto @=1/,, b=23 W MHOXKECTBOM peweHHH JaHHOTO
HepaBeHCTBA CJIYIKHT Napa CHMMETPHUHHBIX HHTEpBaloB (— 3, —1/,)
n (Y, 3). i _

78, Jluneiinpie HepaBeHcTBA. CHMCTEMB JIHHEHHBIX HEPABEHCTB.

Hepasencrsa BHza
, ax-+-b>0 (a=%0) (78.1)
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(a Takxe ax-}-b <0, ax+b>0, ax+b<0) HasuBawTCH Auneli-
HbIMU KepaseHcmeamu WIH HepaseHcmeamu nepeod cmenenu.

s pewenisi HepaseHcrsa (78.1) nepedeceMm CBOGOMMBIA wJjeH ™
B IIpaByl0 YacTb HEPAaBEHCTBA C MPOTHBOMOJOKHLIM 3HAKOM:

ax>—b, (78.2)

IMpuxogutes pasanyate jAsa cayyas: a>0 n a <0. Ecmn a> 0,
TO pasfeqHM of0e wacTH HepaseHcTBa (7812) Ha @ M HOJyuyHM pas-
HOCH/IbHOE HEPaBEHCTBO X > —b/a, KoTopoe NOKa3biBaeT, YTO MHO-
KeCTBO peiuenuii HepaseHcTa (78.1) B panHoM ciyyae—Geckoney-
HBLil HHTepBas (—b/a, o). Ecin a <0, TO npH aeneunn obenx
yacteii HepaBencrsa (78.2) Ha a npujaeTcs H3MEHHThL CMBICA Hepa-
BeHCTB3, X < —b/a, n peleHHeM HepasBeHcTBa (78.1) B 3ToM ciyyae
6yzner GecKoHeuHbIil HHTepBal (— o0, —b/a).

3ameuanune. Ecan 6 a=0, To HepaBeHcTBO (78.1) He coxep-
’aJo Obl x H ObLio Obl JHOO BepHBIM, JHGO HEBEPHHIM YHCJIOBLIM
HePaBEHCTBOM.

IMTpumep 1. Pewnts HepaBenctsa: a) 3x-+4 > x+10; 6) 6x-}-1>
> 10x4-3.

Pecwenme. a) Ilepencces wuienbl, cojgepzalliie x, B JeBYIO
YaCThb HepaBeHCTBa, a CBOOOAHLIE YJeHbl—B NPaBYIO YacTb:

2x>6, x> 3.

PeleiieM HepaBeHCTBAa fiBAsercss nHTepBaji (3, oo).
6) Ilepenecem HeusBeCTHble YJeHLl B JIeBYiO qacrb, a H3BeCTHble —
B NpPaBy10 4acTb HepaBeHCTBA:

6x—10x>3—1, —4x>=2.

Tpi menennn HepaBeHCTBa Ha OTpHILATeNbHOE YHCJO (—4) H3MEHHM

CMBICJI HepaBeHCTBa Ha nponmononommﬁ NnoJyuuM x<g—1/,.
MuoxecTBoM peluennil AaHHOTO HEPABEHCTRBA CIYIKHT GecKoHeHHE

nurepsaia (— oo, —1/,].

" Ilpumep 2. Peumts (1 HCCJIC}IOBaTb) HEepaBeHCTBO

(@—1x>a—1.
Pemenne. Pa3nanuaem ciayyau:
Dax>l; 2a<l; 3J)a=1.

Ilpu a> 1 aemum oGe wacTit Ha a—1 K coXpausiea cMpicj Hepa-
BeHCTBa: x> a+-1. Tlpu a < 1 opHoBpeMeHHO ¢ peseHneM Ha a—1
H3MeHsieM cMmbicl HepaseHcTBa:*x < a- 1. Ilpin a=1 nepaBeHcTBO
He BHINOJIHAEICH HH OpH KaKOM X.

Omgem. Ecan a> 1, To MHOXECTBOM pellueHHil cnyxmr HHTepBaJ
(@a+1, o©); ecan a <1 TO MHOMKECTBO . pelleHHii—HHTepBaJl
(—oo, a+1); npu a=1 peweHnit He HMeeTCH,
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B cayuae, ecnn 3agaHa cucreMa JMHefHHX HEPaBEeHCTB ¢ OJHOI
HeH3BeCTHOIl X, HampHMep CHCTeMa JBYX HepaBeHCTB BHAA

ax+b>0,
cx4+d<<0,-

TO €¢ pelleHHE TNPOBOJHTCA TaK: peIlalOT KaXKA0e HepaBeHCTBO
B OTAeJbHOCTH, A 3aTéM HAXOAAT Te 3HAa4YeHHsA X, KOTOpble BXOAMAT
BO MHOXECTBa pelleHnii KaXJoro H3 HepaBeHCTB. B cayuae asyx
HEepaBeHCTB pelleHHeM KaK[IOro H3 HHX CJAYXKHT GECKOHEeuHHl HH-
Tepsanl BuAa [@, o) (W (—oo, a]. Moxuo npexcraButs ceGe
YyeTHpe OCHOBHHIE BO3MOXKHOCTH, TMOsiICHAeMble puc. 64, rne [ n II
 0603HayaloT 06JacTH pelleHHil NepBOro i BTOPOro HEPAaBEHCTB.

1) PemennsiMi. o60HX HepaBeHCTB CJyxaT GeCKOHEUHEHE HHTep-
BaJel BHAZ [a, o), [P, o) cooTBeTcTBeHHO, T. €. Jy4H NOJOXI:-
TENPHOTO HaNpaBJieHHf ¢ HAYaNbHLIMH Toukamu o, f. Ecan, nanpu-
Mep, < f, To peumreHueM cHCTeMbl HepaBeHCTB Oyaer o6ulas 4acTh
sTiX Jayuefi—ayu [B, oo). Sror cayuyaii mokasan Ha puc. 64, a.

o - ’ ﬁf——{— N -'-I\‘a ﬂ .
9 d)
o —— ! )3 r_.i.__.
________/I‘T .z' ———— z
/4 Z
/R 2)
Puc. 64. : A

2) Pewenna HepapeHCTB—GeCKOHEUHEIE MHTEPBaNH (yun) Buua
(— oo, a], (—oo, PB]. PellleHHenM CHCTEMB! CJYXKHT TOT H3 3THX
HHTEPBAJIOB, KOTOPHIl COAEPXKHTCA B ApyroM; npn a<_f Takum
ABasieTcsi nHTepBan (— oo, @] (puc. 64, 6).

3) Peinenne oanoro H3 HepaBeHCTB—Jiyd [a, co), APYroro — Jayd
(— oo, B], npuuem a <P (puc. 64, 6). OOLieli YaCTbI0 GECKOHEUYHBIX
HHTEPBAJIOB, INPEACTABAAOIMHX peLieHHA HepaBeHCTB CHCTEMBI NpH
a < B, aBaserca cermeHt [e, ], KOTOPHIT H CAYKHT MHOKECTBOM
pewenuii cucremsl. Ilpn o= f MHOKeCTBO pewieHiil cEefieTca K OfHOIl
Touke f.

4) Pemennsi HepapBeHCTB—JYuH [o,, oo) H (— oo, B], npruenm
B <a (puc. 64, 2). B stom ciayyae HH ofiHa TOYKAa YHCJOBOI OCH
He YAOBJeTBOPAeT oOGOMM HepaBeHCTBaM ofHoBpeMenno. Chcrema
‘HEPABEHCTB He HMeeT pemleHHi (MHOXECTBO €e pelleHHi mycCro).
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ITpumep 3. Pewnth cicTeMBl HepaBeHCTB: ,
: 2+ 1=x—1, - 1=2x<Cx 410,
) {3x+l>5x—-7; _ ) {Gx-l- 1>x+11;
10x—2 < 4x-- 10, Ix—4 < x, .
) { a3t 1 { X45> 2 4 4.
Pewenne. a) Pemsn nocaegoBatenbHo nepsoe it BTopoe He-
PaBEHCTBA CHCTEMBI:
—x=—1—1, x=—2
Ix—bx=—T7—1, —2x>=—8, x<4.

OGoum HepaBeHCTBaM OIZHOBPeMEHHO YHOBJETBOPSIOT BCe HICJIa,
GosbliHe HJAH paBHble (—2), HO MeHbluHe HJH paBHble 4. 3amucatb
pelueHHe JaHHOH CHCTEMBl HO3TOMY MOXHO Tak: —2<Cx< 4. Ee
MHOXKECTBO pewieHHii —cermeHt [—2, 4].

Ilpu oTeicKaHHH MHOKeCTBAa pelleHHil CHCTEMHI N0Je3HO noJb30-
BaThCsl HArJsiAHLIM NPHEMOM, KOTOPHIi B JaHHOM CJydae [pOBO-
AHTCH TaK: HHTEPBaJ, COfepHauluii pelueHHS OXHOIO HepaBeHCTBa,
HOKPbIBaeTCs WITPHXOBKOIl B OAHOM Manpasjedun (ua puc, 65, a

7 a) q )
;;4;;24;:1:;;21 5|¥2¢¥¥2 , 1 2
[ .
Puc. 65.

B HanpapJeHHH cJeBa BHH3 HanpaBo), a HHTepBaJ, CoAepKa-
LM pelleHHsl JPyroro HepaBeHCTBAa, —B APYFOM HampapjeHdH (Ha
puc. 65, a cneBa BBepX Hanpaso). MHOXKECTBOM peleHHIT CHCTeMH -
OyneT CJY:KHTb ABaXIbl 3alUTPHXOBAHHBIN HHTEPBaJ YHCJOBOI OCH.

6) MuoxecTBOM peuleHIil NepBOro HEPaBEHCTBA CIYKHT HHTEPBA
[—3, +o), a Broporo—uuteppaid (2, -+ o). Cnenopatensiio,
MHOXECTBA peIIeHHI CHCTeMbl—O6eCKoHeylblli nuTeppan (2, --oo);
Ha puc. 65, 6 3TO OTYUETJIHBO BHIHO.

B) IlepBOMy HepapeHCTBY YZOBJETBOPSIOT BCE UicCJja, MeHbiine 2,
a BTopoMy—BCe YHCJa, CoJbluie HJIH pasHble 3. MHoxecTBa peule-
HHIl HepaBeHCTB, COCTABJAWOUWIHX CHCTEMY, OOUX TOYeK He HMEIoT
(psic. 65, 6). HepasencTsa HecOBMeCTHbBI, CHCTEMa NPOTHBOPEYHBA.

r) MuoxecTBOM pelieHHi NEPBOr0 HepaBeHCTBA CJAYXKHT HHTep-
Baj (— oo, 2), a Broporo—nHTepBan (— oo, 1). Ilostomy MHOXe-
CTBOM peuleHHH cHCTeMb! siBAfeTCA GeCKOHeYHbIl HHTepBaa (— oo, 1);
3TO BHAHO H3 pHC. 65, e, -
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K cucremam HepaBeHCTB  NpPHBOAST HepaBEeHCTBA, COAepKallie
HEH3BeCTHYI0 TOX 3HaKOM aGcomioTHoil Beanuuubl. OrpaMuunmcs
pellleiHeM THIHYHOIO NpHMEpa.

Mpumep 4. Pemnts HepaBeHCTBO

x+2]x—2|<5. - (78.3)

Pemwenne. Jas Toro uro6s 3anmncaTh HepaBeHCTBO Ge3 3HaKa
MOAYJ/ifl, NpPHAETCA pacCMOTPeTb JBe BO3MOXHOCTH: 1) x>=2 m
2) x <. ‘

1) x> 2; Toraa uepapenctBo (78.3) npuHuMaeT BHA 3x—4 <5
H Mbl NPHXOAMM K CHCTEME HepaBeHCTB .

) x>=2,
3x—4 <5,

2) x <2; B 3TOM cayyae HepaBeHcTBO (78.3) cpoauTcs K BHAY
—x+44 <5 H nojyyaercs CHCTeMa

[ x < 2

| \ —x+4 < 5

MHuoxkecTpo pewenuit HepaBerctBa (78.3) Gymer oGbexiHeHHEM MHO-

ecTB peweHHi cHcrem (78.4) u (78.5). Ilepas cucreMa HMeer

CBOMM peiueHHem HHTepBan [2, 3), Bropas—nutepsan (—I, 2).
Hrak, pemenne nepapencrsa (78.3)—muurepBan (— 1, 3).

.79, KeajgpaTHoie HepaBencTsa. Keadpamueim HepaseHCmEOM HIH
HepaseHcmeom emopoll cmeneny HasblBaeTcsi HEPaBeHCTBO BHAA

axt+bxt+ec>0. (79.1)

Tak kak uccreoBaHMe 3HaKa KBajApaTHOro TpexueHa Mo cy-
IIECTBY NOJHOCTHIO NPOBEACHO B II. 45 B CBA3H € MOCTPOEHHEM
rpadpuka 3Tofi GYHKUHH H HarJsAJHO NpeACTaBJeHO Ha pHC. 45, To
MOXHO 37eChb BOCIIOJIb30BATHCH STHMH pe3yJbTaTaMu. B 3aBHCHMOCTH
OT 3HaKOB JUCKpHMHHaHTa d = b*—4ac u crapuiero Koaq)qmuneu'ra a
NPeACTaBASIOTCH CJAeAYIONKe BO3MOMKHOCTH:

1) d <0, a> 0. Hepapenctso (79.1) BeinoJHeHo npH BCEX 3Ha- -
YeHHsIX @ (TPeXwieH MOJIOKHTENEH JUIs BCeX 3HAUEHHIl apryMeHTa).
dror cayuait npeiacrasnen puc. 45, a (em. cTp. 132).

2) d <0, a < 0. HepaBeHcTBO He BHIMOJHSIETCS HH JJIi OLHOrO
3HAYEHHHA ¥, MHOXECTBO ero pelilenuit mycro (puc. 45, 6).

3) d=0, a>0. Takoiti Tpexuien usoGpaxeHn Ha pHC. 45, 6 )
HepaBeHCTBO (79.1) BHmoMHsETCA JJs BCEX X, Kpomg\x—-—b/(2a)
(nBONHOH KOpEHb Tpex4JjeHa).

4) d=0, a <0. HepaBeHCTBO He MOXET BHUIOJHATLCA HH NPH
OJHOM 3HaueHHH X (TpeXxu/ieH OTPHIaTeJeH BCIOAY, Kpome eIHHCT-
BEHHOl TCukH x=+—b/(2a), rie oH obpamaeTcs B HyJb; puc. 45, e).

5) d > 0, a > 0. I'padux .Tpexusena u3oGpaxeH Ha. pHc. 45 8.
HepaBeHcmo (79.1) BuImoJHsieTCs BCIOAY BHE HHTEpPBaJa MEXLY

*

(78.4)

(78.5)
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KopHsimH. Eci x,, x,—KopHH TpexuJieHa, npiyeM x; < X,, TO Hepa-
BencTBO (79.1) BhImoJHsieTcsi B GeCKOHEYHHIX NHTepBaJjax (— oo, X,)
i (X, o0).

6) d>0, a<0. I'papuk nokasaH Ha puc. 45, 2; HepaBeHCTBO
VIOBJIETBOPEHO B HHTEpBaje MexAy KODHAMH TpexuseHa (x;, x,).

B cxkartoil ¢opMe 5TH NOJOXEHHS O 3HaKE KBajpaTHOTC Tpex-
yjeHa GOpMYJHPYIOT TaK: Kea0pammuoill mpexdnen ¢ MHUMbLMU KoOp-
HAMU UMeem NOCHMOAHHGUL 3HAK, cosnadamouwjuti co 3HAKOM €20 cmap-
weao Koauyuenma; Keadpamuouli mpexuneH € pasaudnoimu deficmeu-
MeAbHOIMU  KOPHAMU  uMeem 6 uHmepsane Mex0y KOPHAMU BHAK,
NPOMUBONOACKHCHbIE 3HAKY €20 cmapuieo KoIppuyuenma, a 8He UH-
mepeara mexdy KOPHAMU—3HAR, cosnadarouyuli co 3HAKOM cmapuiezo
Koaghpuyuenma.

OTH pe3yabTaTH I TPexu/eHa ¢ AeilCTBHTE/LHBIMI KOPHSAMH X,
X, (%, <X;) MOXHO NOJKPENHTb CJAEIYIOIHMH THIIMYHBIMI paccyx-
IeHHAMH, KOTOpble OKakyTcsi jajee (B m. 80) mnose3nbiMi. npH
pellieHi HepaBEeHCTB BHICIUNX cTeneneil H HEPaBEHCTB, COAepKAUIX
ApoGHble _palHoHadbHble QYHKUIH. 3anuueM pasJoxkeHue Ksajipat-
HOro TpexuJeHa Ha MHOXHTean (m. 60):

ax? by Fe=a(x—x) (x—x,). (79.2)

Ouepngno, u4TOo B OBJacTsix x < X;, X, <x <X, X > X, Tpexu’ex
lIMeeT onpeJeseHHEl 3HAK, OANHAKOBHII JJs Kak0ii TOYKH AaH-
Hoit o6xaactu. Ilpu nepexoae :xe n3 obsaacTit B 006.acTb, T. €. npH
nepexojie X 4yepes OAHO H3 3HaueHHIl X, X,, 3HAK €ro usMeHsercs.
Tenepb nocTaToOYyHO YCTaHOBHTb 3HaK TPexuJeHa AAsA Kaxaoll u3
TpeX YKasaHHHIX ofJacreii.

1. x <x,. HUnmeem x—x; <0, x—x, <0; 3HaK Tpexuzesa cos-
najaer Co 3HaKoOM q.

2. x, <x<x,; B 3toM cayuyae x—x; >0, x—x,<0; 3HaK
TPexu/eHa NPOTHBONOJOXEH 3HAKY 4.

3. x> x,. Tenepp yxe x—x; >0, x—x,> 0, 1 3naK Tpe\q'leua
CHOBa COBMNAJ@ET CO 3HAKOM 4.

BeiBopul rpacdiiyeckoro H .rxreépanlxecxoro Hceae10Balls nod-
HOCTbIO COBHAJIH.

ITpumep 1. Pemutb cneﬂymmue HepaBeHCTBa:

a) x(2x—1)> (x—2)% 6) 2x(x+2) = x (Tx+10)-+ 1,

Pewenne. a) [IpeoGpasyem jaHHoe HEpaBeHCTBO:

2x2—x >x*—4x 14,
HJIH
x2+3x—4>0.

Ioayuujoce KBajpaTHOe HepaBeHCTBO, PaBHOCHJbHOE JaHHOMY.
3ameyaen, YTO XHCKPHMHHAHT TpexuneHa x4 3x—4 Goablue HyJds
H YTO ero KOpHaAMH cayxar uncaa (—4) n 1. Takum obpasoy,
x,=—4, x,= 1. MuoxecTBo pelleHiii JaHHOTO HepaBEHCTBA COCTONT
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13 IByX GeCKOHEeYHBIX HHTepBanoB: (— oo, —4), (1, +-oo). 3ror
omer PeKOMEHAYeTCs IPOBEPHTh, IOCTPOHB rpaqu Tpeaneua
=x2-}-3x—4. ,
6) Ilocae npocThix npeoGpa3oBaHuit nonyqaeM KBajpaTHOE Hepa-
BEHCTBO :

- 5x2+6x4-1<0, .
paBHocHNbHOE HmaHHOMY. JIHCKDHMHHAHT TpexwieHa 5x%-4+6x--1
MOZOKNTENeH, KOPHAMH TPeXu/leHa ABJSIOTCA uHCHA X, =1/,

X,=—1.

MHuoxecTBO pemenmr 3ajaerc HepaBeHCTBaMH —1 << x<—1/5,
OHH NpeICcTaBIAlOT coboit cerment [—1, —1/,]. -

IIpumep 2. Pemnrh HepaBeHCTBO

|2 —2x]| <%/ S (19.3)
Pemenn e. Uncna, Moxysnb KOTOPHIX MeHbllle @, 3amOJHSAIOT

HHTEpBa’ oT —a 10 a. ITostomy Hepasencrso (79.3) paanocnmmo
CJIE/YIOIIM HePaBEHCTBAM:

— < x2—2 <, 9 -

KOTOpBIe COCTAaBAT CHCTEMY Hepa-
BEHCTB BTOpOIl CTeNeHH IJd X:

I AL =
x:—2x <3/, -
)

IMepenumeM ux B _ CTaHAApTHOM ) i T
topme: e 2p—], <0, : (I_%@ 0 ‘(_ ) (30} /(2,0) (ﬂ-—-lﬂ

{ x2—2x+4+3/,>0. y-.z: -Zz'
[lepBoe HepaBeHCTBO (pewleHHe 4H- Pic. 66.
TaTe/b TPOBEJET CaMOCTOSITE/BHO)
. HMeeT MuoxecTso pemennii (1—1/7/2, 14 V7/2), Pemenns BTOpOl‘O
HEPaBeHCTBA 3aMOJHAIOT JBa OECKOHEUHHIX HHTEpBana: (— oo, 1/,)
" (*/;, 4 o0). MetonoM WITPHXOBKH- HETPYAHO YGeRHTbCS, HTO - MHO-
KECTBO pELIeHHIT 1aHHOTO HEPABEHCTBA COCTOMT H3 ABYX HHTEPBA/IOB:
(1—=V7/2,%,) u (3/,, 1 +V/7/2). Ha puc. 66 nokazana rpaduyeckas
HAJMIOCTPANHA K JaHHOMY HEPAaBEHCTBY. ' 3
80. Hepasencrsa Boicunx creneneil. Hepasencrsa, comepxauine

ApoGHble pauHoHaabHbie " GyHKUHH oT X. PaccMoTpuMm Terneph Hepa-
BEHCTBA BHAa

P,(x)=ax"+ax*"14...4a,>0 (80.1)
HJIH BHIA . Py . '
n (% apx®taxn-t4 . . Lta, - ;
R =350 = bt bm T b (80.2)

(B 7NeBOit WACTH 5THX HePABEHCTB TOMeMIAETCS, COOTBETCTBEHHO,
uerast Wam JpoGHas panHoHatbHas dyskuus or x (n. 50)). Takue
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HepaBeHCTBA .PEINAIOT NyTeM Pas3foKeHHSA BXOASIIMX B HHX MHOTO-
YJeHOB Ha MHOMHTENH, IIOC/IE UYero OKAashBaeTcs AOCTATOYHBIM
YCTaHOBHTb 3HAK JIEBOH YaCTH HEepPaBeHCTBA B KaAOM H3 HHTEpBa-
JOB, Ha KOTOpHle YHCJOBas OCb pasbuBaeTcs AEHCTBHTEJbHBIMH
KOpHAMH QYHRUMH P, (x) (KOPHAMH YHCIHTE A H 3HameHaTess
RpoGiof GynKuuE R ()= P, (£)/Q, (x)). | |

Mpumep 1. Pemwurs nepaBencra: a) x3—6x24-11x—6> 0;
0) x4+9x*—10<0; B) xt425x% > 0,

Pemenne., a) Jlaa pasnoxenus KyOHUeCKOro MHOToOdYJieHa Ha
MHOKHTEJM HaiiileM ero KopHH. Jlerko 3amMeTuTh, 4TO jAenauntenp 1
CBOGOIHOrO YJieHa SIBIAETCA ORHHM H3 KOPHeil MHorousleHa (cum. 1. 62);
Ipyrine KODHH paBHH 2 H 3, TaKk YTO HEPaBEHCTBO 3amHILeTCs
B BHJe

(x—1DN(x—2)(x—3)>0.

Tenepbp BHAHO, uTO AJs X << 1 BCe TpPH MHOKHTEJs OTPHUATEJbHBI,
__npoussefeHne otpuuarespto. Ilpn 1 < x <2 nepBrliii MHOMKHTEJND
NOJIOKNTEJIeH, ABa JPYTHX oOTpHUaTesbHu. Ilpojosxkasn Takue xe
paccykaeHHs, HaiifieM, YTO MHOTOYJeH HOJOXHTeJeH B WHTepBajax
(1, 2), (3, o0) u OTpHiaTe/ien B HHTepBajax (—oo, 1), (2, 3).
Muoxectpo pemenuil HepaBeHCTBa COCTOMT M3 uuTepsaos (1, 2),
@, ).

6) Haa pa3noxeHHs JeBOH 4YacTH HEepaBEHCTBA Ha MHOXKHTEJH
HaxolHM ee KOpDHH; HMeeM GHKBajpaTHOe ypaBHeHHe (nm. 64)

X492 —10=0,

Haxomum x*=1 u- x*=— 10. 3anuwem passoxeHue JeBoil yacTH
HepaBeHCTBA Ha MHOXHTNit:

(_nw+m<o
(x—1) (e 1) (2 10) <

Tax xak x*-10>0 npn J106BIX X, TO HepaBeHCTBO 3aMeHsercs

PaBHOCHJILHBIM:
x—NEx+1)<0

MuoxxecTBOM €ro pemeHwuii cayxurt cermeHt [—1, 1].
B) HepaBeHcTBO ynoBJeTBOpsieTCss NMPH BCex 3HaYeHHAX x50,
MHOJKECTBO €ro pelieHHi COCTONT H3 HHTepBaoB (— oo, 0) u (0, oo0).
CxonubiM 00pasoM’ peimaiorcss H AROGHHE HepaBEHCTBa.

ITpumep 2. Pewnth HepaBeHCTBO > 3.

Pemeunue. Haunem ¢ npenomepemeﬂuﬂ. He caeayer jeJath
«OYEBHJHOTO» YNPOIIEHHS, COCTOSIIEFO B TOM, YTOOh YMHOXKHTb
HEepaBeHCTBO Ha 3HaMeHaTedb x¥—4 ApoGH; 3HaMeHaTeJb MOKeT OhITh
KaK MNOJIOXKHTEJbHHM, TaK H OTPHLATEJNbHBIM, H B 3aBHCHMOCTH OT
€ro 3sHaKa IpH yMHOXEHHH HpHAETCS paccMaTpHBaTh ABa Chydas.

HIH
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Bmecto 3Toro nepeHeceM Bce 4JIeHH! HepaBeHCTBAa B - OJHY 4acTb,
[Tonyuaem
2x4-3
L X—

+—3>0, mm - "_x+15> 0.

V10640 H3MEHHTh 3HAK B UHCJAHTENE, OJIHOBPeMEHHO H3MEHHB H

3HaK HepaBeHCTBa:
—15

B wunTepBane x <4 neBas uacTh NOJIOKHTEeNbHa, B HHTEpBaJe
4 < x < 1b—orpHLuaTe/ibHA, B HHTepBaJe X > 15-—BHOBb MNOJOXKH-
TenpHa. O6GracTh pelueHuit —uHTepBan (4, 15).

[Ipumep 3. Haiitn Bce 3HaueHns x, AN KOTOPHIX

x24x—21  x2-fx—2
x+3 |~ x+3 °
Pemenune. M3 onpenerennss moaynas (m. 6) creayer, uro. pa-
BeHcTBO (80.3) paBHOCHIBHO HEpPaBEHCTBY

x4 x—2
—F3 =0

(80.3)

3anuueM ero B BHJE
(x+2)(x—l)>0

x+3
HeoTpuuarenpHrte 3Ha9eHH JIeBast YaCTh HepapBeHCTBAa NMpPHHAMaeT
B mutepBasax (—3, —2] u [1, +o0). Toukn x=—2 n x=1

BXOAAT B -o0nacTH pellleHHii. B HHX JeBas 4acTh HePaBeHCTBA
oGpamaercss B HyJb, a 3T0 uonycxae*rca 3HaKOM HeCTpororo Hepa-
BEHCTBA.

MMpumep 4. Ilpu 'KAKHX 3HAYEHHAX 4 KOpHH xBanpa'moro
ypaBHeHHA

xz

—prEta =0 (80.4)

RefiCTBHTE/IBHEE TOJIOXKHTENbHEE?.
Pemenue. Kopun Tpexunena Synyt HefCTBHTENbHBIME, OPH:
yc.nomm YTO €ro JAHCKPHMHHAHT -HeOTpHIIaTeseH:

1622
@ty

‘Tak Kak TIpou3BefieHHe KopHeii mo Teopeme Buera paBHo a?, To
NPH TNOJIOXHTENbHHX KOPHAX NOJIKHO Onith a+<0: B TO e Bpems

8a
M3 PaBeHCTBA X, X, = Z31 fcHo, uTO KOpHH OYAYT MOJIOXHTElb-
MBIMH IpH  BLINOJIHEHHE YCNOBHA

a
a1 >0

—a*>=0.
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(TaK Kax x1x2—a > 0, T0O 3HaKu xopneu OJHHAKOBH H COBNAZaloT

CO 3HAaKOM a+l

Urak, pelenne npumepa 4 CBeNoCh K PEIIEHHIO CHCTEMH Hepa-
BEHCTB

16a2
- (ﬁ)—z—a?&
a—H >0.

Bropoe HepaBeHCTBO lMeeT MHOMKECTBO pellleHHil, cocTosillee H3
HHTepBaaoB (—oo, — 1) 1 (0, o). [lepBoe HepaBeHCTBO nepeniIeN
B BHJE ‘

ey l6—@+1=>0

H Tak Xak Yy Hac a*>0, (a+1)?>0 (toukn.a=0 u a=—1 ue
BXOJMSAT yiKe BO MHOXKeCTBO pellleHiil BTOpPOro HepaBeHCTBA CIICTEMbI),
TO - OCTAHEeTCs “pelliiiTh HePaBeHCTBO :

16—(a+132>0

MHOeCTEOM €ro pemennii ¢1yXuT 3aMmkuyTHil HHtepBaa [—5, 3].
TouKl, OfHOBpeMEHHO YJOBJeTBopsioliHe o60lM HepaBeHCTBaM

CHCTeMBI, 3anoJHsioT nutepBaast [—5, — 1) u (0, 3]. Kopun aan-

Horo ypasrenus (80.4) AefiCTBHTENbHE! H MOJIOXKHTEIbHB, €C.Ti

” —bi<a<—1 mm 0<a<3.

81. HppauuoHanbHble, NokasatesbHble H JorapHMHuecKne Hepa-
peHcTBa. HepaseHcrBa, B JIeBble M NpPaBHe YacTH KOTOPBIX BXOAAT
ajarefpanyecKHe HppallHOHAJbHOCTH, MOKasaTedbHble WK Jdorapug-
MHUECKHE BbIpa:KeHHs, CoJepiaiuiie HeH3BeCTHYI0;- Ha3blBalorT,
COOTBETCTBEHHO, UPPALUOHAAbHbIAL, NOKA3AMebHOIMU 1 A02apupuu-
yeckumu Hepasencmeasmu. PellenHe TaKHX HepaBeHCTB MOXer TpeGo-
BaTh BHIIOJHEHUsI 1eliCTBHI BO3BEEHHS B CTENeHb, NOTEHUHPOBaHHA,
Jorapugmuposauua. Ilpn nposefeHHH npeobpasoBaHiuil, CBA3aHHBIX
C STHMH JelicTBHAMH, HeOOGXOAHMO YUHTHIBATb COOTBETCTBYIOULHE
NpaBHJa, OTHOCAUHecH K HepaBenctBaM (n. 74). Ilpuseaem Tunuy-
Hble NpHMepbl HA pellieHHe HepaBeHCTB Ha3BAaHHBIX THIIOB,

IMpumep 1. Peumnrts HepapeHCTBO

Vx+5>7—x. (81.1)

Pemenue, CHayana OTMETHM, YTO 0.1.3. 3a1aeTcsl YCJAOBHEM

x >—>5. Jlanee paccMaTpHuBaeM JBa BO3MOXKHBIX Clyyas: 1) mpaBas
4YacThb HepaBeHCTBA OTpHHATeJbHa, 2) npaBas YacTb HepaBeHCTBA
HeoTpHuareabna. Ecmu 7—x <0, x> 7, TO HepaBeHCTBO 3aBEAOMO
YAOBJIETBODACTCH: IO JIEBas YaCTb He MeHblUe HYJIfl, KaK apidMerH-
YyecKoe 3HaueHHe KBajparHoro kopHs. OcTaercs paccMoTpertsh cJlydafl
x<7. B sToM caydae ofe wacTH HepaBeHCTBa HeOTpuuaTeanu H
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HEPaBEeHCTBO MOJKHO, HE H3MEHSIsl €ro CMHIC/a, BO3BECTH B KBajpaT,
IMonyuaem , ‘
x45>49—14x 4 x2,
310 NPHBOAHT K KBanpa'momy HEepaBeHCTBY
- —15x 144 <0,

KOoTopoe ynoanemopnerca npn 4 <x <l Ho no npe,unonomenmo
x<7; nostomy umeeM 4 <x<7.

I/I'rak, HepaBencTBo (81. l) yIOBJETBOpsieTCT NPH X > 7 H NpH
4 <x<17, 1. e, BooOume, npu x> 4. MuoxecrBo peiieHuii Hepa-
BeHCTBa —Jyu (4, oo0).

Ilpumep 2. Penmts HepaBeHCTBO

Vx+14V x46<5. : ' (81.2)

Pemenne. B panHoM caydae '0.1.3. onpejensieTcsi yCJOBHEM
x >=—1. Tak Kak npH moOHX JONYCTHMHIX 3HAYEHHAX X 06e yacTH:
HepaBeHCTBA NOJIOXKHTeNbHH, TO BO3BOAHM HEPaBEHCTBO B.KBajpaT:

x+14+x+6+42)/ (x+1) (x+6) < 25,
Vet ix+6<9—x. _ (81.3)

Tak Kak CleBa HMeeM HEOTPHIATEJ]bHOE BHIPAXKEHHE, TO XOIKHO

BHIMOJIHATBCS YCIOBHE X <{9; B 3TOM C/ydyae MOXHO emle pas BO3-
BeCTH B KBajapaT o6e yacTH HOBOTo HepaBeHcTBa (81.3) M nmoJyuuTh

X2+ 7x-46<C81—18x4x2,

20x <75, x<3.

YunTuBas Bce HaiifieHHHE OTpaHHUeHHS Ha X:
x=—1, x<<9, x<3,

NPHXOAHM K CJERyiolleMy pelleHHIo: HepaBeHCTBO (81.2) ymoBier-
BOpserca s x, Jexamux B cermenrte [—1, 3].
[Tpumep 3. Pewnts HepaBeHCTBO
2x

) (0,25)* > 2%+1,

Pewenne. EcTecTBeHHO OTHECTH 3T0O HEPaBEHCTBO K MOKa3a-
TeAbHLIM HepaBeHCTBaM. [loce HeGospluMX npeoGpa3oBaHHil 3anmHILeM
HepaBeHCTBO B (hopme’

HJIH

0TKyaa

x
4= > 4 x4, (81.4)
Tenepb ocHOBaHHA paBubl 4> 1 M HepaBeHCTBO MEXAy CTeneHsiMu

BJICYET 3a coboit Hepaaeucmo TOro 2Ke CMBICJIa Memny IoKasare-
JAMH CTEeNEHH: .-

x+l < —x, m+x<0~
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Peiraem nonyuennoe aiareGpanueckoe HepaBeHCTBO OOLIYHBIM CNOCO-
6oM (MeTol, HHTepBalOB):
x(x+2) <0.
T
Hmeem uHTepBann
(—oo, —2); (—2, —1); (—1, 0); (0, o0).

Hepasenctpy (81.4) ynoBJIeTBOPSIOT TOYKH ;m’repsanon (— oo, »—2)
H(—1, 0).
INNpumep 4. Peumnts norapmpmuqecxue HepaBeHCTBa:
a) log,(x—|—7)>log2(x+l) 6) logos(x*+1)>—1. :
Pemenune. a) [lpuBegem Jsorapudmbl, BXoxsiiie B JaHHOE
HepaBeHCTBO, K oOOUleMy OCHOBAHHIO, HampHMep K OCHOBaHHIO 4.

Hmeenm
log, (x -+ 1) = log, (x+ 1)
Tenepp MoxHO JaHHOE HEPABEHCTBO NepelHcaTh TaK:
log, (x-+7) > log, (x-+ 1)2.
OcnoBaune GoJblie epnHuubt. Ilo sToii npuyuHe Jorapugmupye-

Mble BBHID2:KEHHS HOJHBI OGHTB CBs3aHbL HEPaBeHCTBOM TOTO IKe
CMBbIC/Ia, YTO caMH Jorapugmel. TakuM o6pason,

x+7>(x+1)?, nmm x*+4x—6<0.

PeinM 35T0 KBagpaTHOe HEpPaBEHCTBO H yYTeM YcjoBHe x > —1,
onpegeasiowee o.1.3. TToayunn —1 <x <2,

MuoxectBo peluennil naHHOro HepaBeHCTBa npeicrapiaser coGoii
uurtepean (— 1, 2).

6) 3aMeTHM, 4TO -—1=logo 52, NoCJie Yero nepenHuieM RaHHOE
HepaBeHCTBO TaK: logo,s (x241) > logo,s 2.

Orcrona x2 41 < 2. 310 HEPABEHCTBO H JAHHOE — Pa3HOTO CMHLICHA,
NocKoJbKY ocHoBanie 0,5 JorapndMoB MeHblle eqHHHUb. Pewns
noc/iefHee HepaBeHCTBO, HAXOAMM, 4YTO €ro pelleHHsi 3anoJaHSIOT
KoHeuHHlll HHTepBaa (—1, 1). ;

ITpumep 5. PelinTs HepaBeHCTBO

log,,, (2—x) < 1. (81.5)

Pemenue. B nanHom npiMepe HeH3BecTHasi BXOAHT Kak B oc-
HOBaHHe, TaK H NOA 3Hak Jorapugma; 3apanee HeH3EECTHO, Oyger
JI4 ocHOBaHHe Jorapu¢Mma 1--x Gosplue HJH MeHbIIE eXHHHLEL, NPH
pelleHHH TNPHIETCA YYHTHBATb o6e 3TH BO3MOxHOocTH. Haunem pe:
luenne npHMepa ¢ ykasauus 0.4.3. SICHO, YTO JO/AHO OblTh
— 1< x <2 u, KpoMe Toro, x=~0 (Tak Xax OCHOBaHue Jorapugma
He MOXeT GLITE paBHo 1). Takim 06pa3oM 0.4.3. COCTOHT H3 HHTEp-
BanoB (— 1, 0) u (0, 2). Tenepp nepenulleM HepaBeHCTBO B BHAE

logy +4 (2—x) <log, (1 4x)
H paCCMOTpHM ABa cayuas.
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1) —1<x<0. B 31oM cayuae ocHOBaHHe JIOTapH(MOB MeHbllle
eNHHHUE, H, TOTEHUHPYS, MBI H3MEHIM CMBICJ HepaBeHCTBa Ha
npomBono.nomem ' ’

2—x> 14+x  x<3Y,.

YuyuTtHBan Bce OrpaHHyYeHnAa Ha x, moayuaeM — 1 <x < 0.
2) 0 < x < 2. Tenepo ocHoBanHe Jorapugmos GoJblle eXHHHIL,
NpH MOTEHUHPOBAHHH CMBIC HEPaBEHCTBA COXpaHAETCs:

2—x < 1+4-x; x> 1Y,

H C yueToM o0.1.3. HMmeeM Y/, <<x <2, -
Hrak, MHOXecTBO pelleHHIl HepaBeHCTBa (81. 5) COCTOHT H3
nurepBanoB (— 1, 0) u (/,, 2).
82. HepapeHcrBa ¢ AByMA HECH3BECTHBIMH. HepaBeHCTBo C ABYMS
HEH3BECTHBIMH

F(x, ) >0 (82.1)

HMeeT CBOHMH pellleHHAMH napll uncex (X, y), XoToprle H300paxa-
I0TCSl TOYKaMH NJIOCKOCTH. HafTH MHOKECTBO BCex peluieHHi JaHHOTO
HepaBeHCTBa (HJH, B APYFrHX CJy4asiX, CHCTEMB HepaBeHCTB)— 3TO
3HAYHT yKa3aTb Ha IJIOCKOCTH MHOXKeCTBO TOYeK, B KOTOPHIX 3TO
HepaBeHCTBO (CHCTEMa HepaBeHCTB) yaoBJeTBopsiercs. Takasa HeoG-
XOQHMOCTb BO3HHKAaeT, Hanpumep, IPH OTHICKAHHH 0.1.3. anreGpan-
4eCKOTO BhIPaXKEHHUS, 3aBHCSUET0 OT ABYX OGYKBEHHBIX BeJIUHH.

I[Tpumep 1. Ykasate Ha IJIOCKCCTH MHOMKECTBO pellleHuil Hepa-
BeHCTBa: a) x(x—y) > 0; 6) |x|+|y|<< 1.

Pemwenune. a) HepapenctBo ynroBreTBOpsieTcs B ABYX Ciyyasx:

1) mpu x>0, x>y; 2) npu x <0, x<y.

g y
Y-
,Qo'& {.7:<0 §
\ NN 7z ANG
\ {z>0, v ' .2‘(.2'-_4'}>b
\ o Dy_ | /R

Pne. 67.

B cnyvae 1) moayuaercs wacts npasoii moaymiockoctn x> 0,
Jexanias HuXke npamoii y=x (puc. 67, a). Cnyqaro 2) oTBeuaer
4acThb JIEBOH NOJYMIJIOCKOCTH, JexKallas Bhlllle NPAMOi iy =X (puc. 67,6).
Bce MmHOXecTBO pewennii HepaBeHCTBa nokasaHo Ha puc. 67, 6.

8 B, B. 3aitues 1 ap.
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Jlunug x=0 u J X, OrpaHHYHBAOIIKE 3aUITPHXOBAHHYIO 06.1aCTh,
B Hee He BXOJAT (TaK Kak pellajoCb CTPOroe HePaBEeHCTBO).

6) ITycts cuavata x>0, y=>0. Torapa nosyyaeres cucrema

HEepaBeHCTB -

x2=0,

y=0,

r+y< L

Taxk Kak x-}y== 1-—)paBHemxe npaMoii, oTceKaomeft Ha ocsAx
KOOpAHMHAT OTpPe3KH, PaBHHE €eIHHHUE, TO HepaBeHCTBaM Oy1yT

J ) ¥ &
- o,
NS

/

el
/) 1,0 = (/0)

Q)
Puc. 68.

V0BJITBOPSATE TOYKH TPEYroJibHHKA, OPPAaHHUEHHOrO OTpe3KaMH
ocelt KOOpZHHAT H MpAMOILi X -y = 1 (B mepBoil yeTBepTH; puc. 68, a).
“Yact ob1acti, pacnoJsioKeHHBIe B APYTHX UeTBepTAX, GyAyT CHAMe-
TPHYHBI YKa3aHHOMY TPeyroJbHHKy (puc. 68, 6). B sTom Jerko
yOeqThCs, €CTi 3aMeTHThb, UTO BMecTe ¢ TouyKoil (¥, y) HepaBeHCTBY
O6yAYT YIOBJETBOPATH H CHMMETPHYHO pAaCHOJOKCHHHE TOUKH
(—x, ¥), (x, —y), (—x, —y). Jlunuu, orpanuyusaiouine o6racts,
B JannoM cayyae eil mpuHagIeKar (BcIeACTBHE TOrO, 4TO HEPABEH-
CTBO HECTPOroe).-
I[Tpusmep 2. Ha naockoctu Oxy mokasatb 006.JacTH, B KOTOPHX
¢yHRUUA oo
‘ z=(y—x7) (x—y")

NOJIOXKHTETbHA HAH OTPHUATENbHA.

Pemenne. Ha niockocr Oxy mn3obpasun napaGoael y=—x?
H X=y° OTAe’sIOWNe APYr OT jApyra objactH y>x* u y < x?
(puc. 69, a), a Takxke obiacti x > y* u x < y* (puc. 69, 6). O6nacry,
FJe YKa3aHHble BbIpaXKeHis IOJOXKHTeJbHbl, 2aLITPHXOBAHHI (pa3Hoil
WTPHXOBKON Ha pHc. 69, a u 69, 6). Oba yeprerka coBMeuieltl Ha
puc. 69, & u Tenepb BHAHO, YTO 00JaCTH, IOKPHITHE ABOIHOI



821 © § 2. PEIUEHHE HEPABEHCTB ' 227

l.UTpHXOBKOﬁ H COBCeM HE3ALITPHXOBAHHHE, SB/IAIOTCA o61acTAa-
MH HOJOXHTEALHOCTH (byHK[lllll, a - OJHOKPATHO 3alITPHXOBAHHBIC

gk
eg?
ges z-y’<0

Y-z 200 . gl

y-z*<0 IO
g z 0| z

e) )
Puc. 69

o6nacTH—OGMACTAMH ee oTpHuaTte’bHoctH. Beero noayuaercs
nsaTb obnacrefi, B ABYX H3 KOTOPHIX ¢yHKUNA OTpHUATENBHA I B TpeX
0JIOXKNTebHA,

Ynpaxuenus

1. Pemnts HepaBeHcTBA:
a) 2x—1/y > 5x+7/y; 6) x (x—1)4-2 < (x4-2) (x—3)+-4.

2. Pewnth cHCTeME! HepaBeHCTB:
{4x—l > 3x+45, {x+2<,2x—l,
x+2>—5x414; ) 2—x=1 =
8. Pemmntbh HepaBseHcTBa;
a) 3x2+4-5x4+2<0; 6) x(x41)+6<12—2x(x—2); B) x*—4x>}5 < 0;
r) x3+6x2-|-llx+6 < 0; a) x3—2x2-+4x—8<0.
4. Pemmth HepaBeHCTBA:
Ly X +T 4x—l . x—2 i x—x
a) 375 <0 6) 2>—5. B) P 9<0, r) ——e——==0.

FFxF87

5. Pemmb nepaseﬂcma

a) Vx+5=7—ux 6) Vx+414Vx+6<5.

6. Pewnth HepaBeicTsa:

a) 3¥+3 < 81%;, ©6) 2 FI"lgov—1)
-7. Pemnth HepaBeHcTBA:

a) logy 5 (x—1) < logg g9 (x—1); 6) log, (x-+6) > 2.

8. Tokasats Ha KOOPZHHATHOM INJIOCKOCTH MHOXKECTBA peLeHni ﬂepaaeﬂc-rB:
a) x2—3xy+24° < 0; 6) 1< a2 y2<<4;

8) (x—y)(x—4y*) > 0,

{ y=x2,




TF'nasa VII
NOCJIENOBATEJIbDHOCTH

§ 1. Ilpenen nocsenoBaTENbHOCTH

83. Yucsopas mnocnenoBaTebHOCTH. PacCMOTPHM — HEKOTOPYIO
3aHYMEPOBaHHYIO COBOKYNHOCTb, COCTOAMIYIO H3 1 YHCCI:

Uy Ugy saey Up, (83.1)

PacrnosoKeHHEIX B IOPATKe HX HyMepaulid. ByneMm roBopHTb, YT0 OHH
00pa3yioT KOHCUIYIO NOCICI0BATCILHOCTL, CCCTOSUWYIO H3 /71 WICeHOB
(i1 mocJiefoBaTteabtocTh AMMHBL m). TIpit sTOM wienamy nocaeno-
BaTeJBbHOCTH Ha3LIBAIOTCS YHCJAA U, U, ..., Uy H3 KOTOPHIX
COCTABJCHA 5T2 MOCIeA0BATEILIOCTD.

Taxg 2Ke MOKHO paccMOTpeThb 1i GeCKOHeuHYIO N0CAeA0BATe/IbHOCTD
yicea ,
Uy Ugy ouny Upy oo (83.2)

B 5Toit 3amicH MHOTOTOUME B KOHHE CTPOKH YKa3HBaeT Ha TO, YTO
32 MOCMeAHHM M3 BEUTHCAHHBIX WIEHOB cJeayer etie GecKOHeuHoe
MHOJKECTBO JaJibHeHlIHX YIeHOB IIOC 1ef0BaTesibHO TH.

Taxum 06pa3oM, KoHedro NN OecKoHedHOl nocaedosamenbHOCMbI0
Ha3bIBAeTCs, COOTBETCTBEHHO, KOHEYHOe H/H GeckoHeuHoe 3aHyme-
poBaHHOE MHOMKECTBO UHCeJ, PacHo/ioXKeHHLIX B HOpsjKe BO3pacra-
HHA HOMEpOB.

UsieH nocsenoBaTesIbHOCTH U, C HOMepoM, HpoQerarouiaM B cay-
yae KOHEeYHOIl nocJefoBaTeJbHOCTH 3Hauennd n=1, 2, ..., m,
a B cJ1yyae GecKOHeuHOl— Bechb HaTypaJbHBIl pax ynced n=1,2,...,
HasblBaeTCsl o0uyum 4aenom nocaedosameavrocmu. Ecau u,—obuuit
YJIeH JI0CeJI0BATENbHOCTH, TO KOHeyHas 0C1e0BaTeAbHOCTD AJIHHEL M
3amchiBaeTcA TaKke B BLJE

{u.b, n=1,2, c.com,  (83.3)
a GecKoHeynas—B BHAE ) .
{u,}, n=1,2, ... (83.4)

Tocnenosatensuocts (83.1) mam (83.2) cumraercst sapaHHoii,
ec/lil H3BECTHO INpPaBHJIO, MO KOTOPOMY MOXKHO ompeae/uTh Jioboit
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ee wieH u, (A1 KOHEYHOoil nocnenosaTeanocm TaKxe 3ajaercs
H YHCJIO tmeHos)

TlockosbRy 06muit uleH NoCAeN0BATEBHOCTH ONPEAETAETCS CBOHM
HOMEpOM, TO MOXKHO paccMaTpHBATh €ro Kak ¢yHKIHIO 3TOro HOMepa;
TOBOPAT, UYTO OH fABJSETCS (YHKYUEl HAMYPAALHO20 apeyMeHma:
u,=f (n). Hacto sra ¢ynkuus sapaerca gopmysofl, onpejaensomeil
obuHii 4JeH u, yepe3 ero HOMep n, HampHMep: u,=n?, u,=1/n?
Wi u, = (—1)" n. Toraa noc/jiefoBaTeIbHOCTL 3aNHCLIBAETCA B BHAE

{n*} nm 1,4,9,...,n% ... ‘ (83.5)
1 1 1
VT GorereagEe e (83.6)
{(—=Dra} nm—1, 2, —3, ..., (—1"n, ... (83.7)
COOTBETCTBEHHO.

IMocnenoBaTe/IbHOCTE MOKET TAKKE 3aNaBaThCsl MPABIIOM, O KOTOpOMYy Ha-
XORAT KaXK[HIl ee uieH, ecqn H3BECTHR! npelsigympe. [lpuMep: ykasamo, uto
TIepBEIe fBA UJIeHA MOCJGAOBATEJLHOCTH PABHHL eHHHLC, a KaXKABM clepyroumii
PaBeH CyMMe IBYX HemocpelCTBEHHO NpexuecTByioutnx emy. Haxoxns: mo ycuo-
BHIO Uy =1, uy=1. Tenepe u3=1+41=2, u4,=142=3, uy;=243=5 nur. n.
IMosyuaenm nocnenosarenbuocn qHCeNn

1,12 8,5, 8, 13, 21, ..

(naseiBaeMbx wucsamu Pubonaiau),

Eme oxun npumep 3aianus NOCACKOBATENbHOCTH, HpH KOTOPOM He yXaercs
3anucath (GOPMyJbl, BEIpaxaiomeil ee o6WHIT WIEH: NOC/IEIOBATEIbHOCTD Aecatiy.
HHX 3HaxKoB(uudp) B 3anucH 9HCAA T

3,,4145,9, ..

ITocenoBaTesIbHOCTL  Ha3HIBAETCA  MOHOMIOHHO  603pacmarouyer
(HeyGosaroueri), ecan Kaxiablii ee uJieH, HayHHasg Co BTOpOro,
GoJsibllle (He MeHble) HmpefLIyLIero. AHaJOTHYHO ONpefessieTcs Mo-
HomoHHo YObsarowasn (Hesoapacmarowas) mocjefoBaTeNbHCCTb. Takne
MOC/Iel0BaTeJNLHOCTH HA3HBAIOTCA IPOCTO MOHOMOKHbIMU (eClH  He
CyIeCcTBeHHO, YOHBaeT HJH BO3PACTAET WJeH NO0CIe0BATENbHOCTH).
-$IcHoO, 4TO MOHSITHEe MOHOTOHHOH IICC/IEZOBATEJBHOCTH €CTb TO Ke
MOHATHE MOHOTOHHO! (YHKIHH AJsi cJydyast aprymMeHnTa, NpHHIMaio-
ero mHaTypaiabHbie 3Hauenns. I3 Tpex nocaenomatenbHocTeil
(83.5)—(83.7) mneppas sBAsieTCA MOHOTOHHO Bo3pacraiouleii, BTO-
pas—MOHOTOHHO yG6HIBalomeii, a TpeTbs — HeMoHOTONHOIl. ITpose-
pPHTD STH YTBEepPKAGCHHA MOXHO, pacCMaTpHBasi 3HaK PasHOCTH
Uy —U,_; MEJKNY NOCHENYIOUUM H NPEABIAYILHM yIeHaMir Nnccaeno-
BaTeJbHOCTI.

Ecan MOXKIO yKasaTk Takoe uyuciao M, uto Bce uneHul 6ecko-
HeuHOll InccsenoBaTeabHocTH {u,} okasmBawTca He Goapue M, T. e.
eClH JJiA BCeX 7 BHIOJHHTCSA HepaBeHCTBO

u, <M,

TO Toc/]efoBaTesIbHOCTh {u,} HasbiBaeTcs ozpanuuenHoli ceepxy
yuciaom M. Ecian MOXHO yKa3aTh TaKoe 4HCJO m, YTO jJIS BCeX 1

{ l,,} g 1
e
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" BHIUTOJIHHTCS HePaBEHCTBO
m<u,,

TO NOCJEOBATENLHOCTb {4,} Ha3HBaeTCA 02PAHUYEHKOI CHU3Y diiCc-
aom m. locnepoBarebHocTe {u,} Ha3HIBAETCA ozpanuuenod, ecau
OHa OrpaHHyeHa H CHH3Y I} CBepXy, T. €. ec/il CYWECTBYIOT TakKiie
yicaa m u M, 4TO A1 BCeX /A BBLIUTOJIHSIETCS HEPaBEHCTBO

m<u, <M.

Tax, Hanpumep, TocaeRoBaTeabHoCTh (83.5) orpamnyena chusy
yicaoM m= 1,  HO He orpannyena csepXy. [locienoBaTenbocTb
(83.6) orpauryena: ceepxy uncios M=1, cunsy-—uncnom m=>0.
ITocienoBare pHOCTD

1, —4, 9, —16, ..., (—=1)**10%, ...
He orpaHiyesa uum cuusy, Hi cpepxy. IlocaezoBarenbHocTb
1+sina, 14+sin2aqa, ..., 1+sinne, ...

orpaniyeHa cuusy i cBepXy. 3a ee IpaHilbl MOXKHO IPHHATH, Ha-
npuvep, uncaa m=0 u M=2.

SlcHo, 4ro BCAKas Komeyuasi NOCICIOBATSILIOCTL OrpaHIyeHa.
[MocicoBarensHOCTh, BCE Y/eHBI KOTOPOIl PABHLI OTHOMY H TOMY iKe
unCTy €, HASLIBARTCA /0CMOSIHHON TIOCTeAOBATCIBHOCTBIO, B 3TOM
caygae u, =c. Jlroban nocTosHHan NOCJIEI0BATEIBHOCTD OrpaliyeHa.

Moo ompezneante apudaeriueckue ReflcTBHA Hajg ABYMS VI
HECKOIBKHMIL TIOC/IeoBaTenbHoCTAME. Tak, Hampinep, moJ CyMMoi
ABYX nocnefgoBatenbtoctelt {«,} 1 {v,} noHnmaor Tperbio mocsezo-
BaTeJbHOCTb {W,}, OOl YJeH KOTOpoii OmpeleiieH pPaBEHCTBOM

. W, =U, 1y,

T. €. NpeicTaBiseT Cofoil cymMMy OOIHX WYJEHOB IIOC.IE10BATEILHO-
creil-craraeMpix. AHAJOTHYHEIM 00pasoM ONpelessioTcs I ApyTie
apugyeTiiyeckiie AefiCTBHA Hal NOCAE10BATEIbHOCTAMIL. ‘
84. Mpegea uncaopoil mocaeqoraTeabLHOCTH,
ITpumep 1. PacemorpuM GeckolieyHyl MNOCASA0BATEIbHCCTD

1 2 3 n
TF L mTr e _ (84.1)
Ee obuiiil ymen
n 1
unz =1-—-—-

= ' . n--1 n-t-1

OTANYARTCS OT eAUHHILI Ha 1/(n - 1); no Mepe yBemdnyeHHs HoMepa #
pasHoCTb MeKAy enHHHLell 1 oOumiHM 4JeHOM NOC/TeZ0BaTe/IbHOCTH,
pasHaa 1/(n-1), Oyzer Bce Gonee npubanxarscs K Hymo. Ilpu
n>99 3sra pasnocts Gyzer Meubie 0,01, npu 1 > 999 —neHbiue
0,001 it o o
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Ipumep 2. TocrenosarTefLHOCTD

5 7 9 2n+4-3
T, '2—, ‘§', s ey n 3 oo

(84.9)

o6nazxae'r TeM CBOI"{CTBOM, YTO €€ YJIEHBH II0 Mepe BOo3pacTtaHnag n
npu6mixkaoTea K uncay 2. IleficTBHTebHO, €CJIH MBI COCTaBHM pas-
HOCTb MeXAY o6umm YJIEHOM HOCJIGZIOBaTeJIbHOCTH H YHCJIOM 2

‘ ' 2n-3

+3_o_3

n [n

u,,—2'=

TO YBHAHM, YTO C YBEJHYeHHeM 7t OHa GyJleT NMpHOAHIKATECS K HYJIO;
‘tak, oHa Gyzer MeHewe 0,01 npu n> 300, mewnwe 0,001 npu
n>3000 u 1. & '
[pu6nuxenne ujeHoB mnocaegosaTteapHoctH (84.1) x 1 wmuer
B IIpolecce MOHOTOHHOTO BO3pacTaHHsA 3Tux uJieHos. Hanpotus,
B npHMepe 2 mocaegoBatelbHocTh (84.2) yObIBaeT, €e UJEHbI, HpH-
6MHXKasAch K 2, ocralotcsi Bce ke Godiplie 2.
IIpumep 3. ¥ mocaenoBaTe bHOCTH
. —)n+1 - -
T TUUIN — i (84.3)
UJeHE TIOMEpEeMEHHO OTPHIATe/IbHBIE H NOJOXHTENTbHBIE, OHII BCe
Gonee npuOGMUIKAOTCA K HYJI0 NpPH BO3pacTaHHu 7, HO HX BeJH-
4HHH NIooYepefHO TO GoJblie, TO MeHblle HYJA,
Ilpumep 4. UneHH mnocieroBaTeabHOCTH

sin (ny2
{—‘n—”} (84.4)
KOTOpaH B HOﬂpOéHOﬁ saHHCH HMEEeT BH]
1 1
L0, —%, 0,5, 0, —1, ..,

nonepemMento GoJblue HyJs, PaBHH HyMO, Menblle Hyas. [lpn

3TOM TaK:ke NPOHCXOANT HeorpaHuyeHHOe COJIKeHNe WieHa rocse-
JOBaTebHOCTH s'—"(nﬂt/—%)} C HyJEM IO Mepe BO3pacTaHHA 7.

O6muM a1 BceX PacCMOTPEHHBIX NPHMEpPOB fBJAAETCS Heorpa-
HHYeHHOe MNpHOJHXeHHe BeJHUYHHE! YJ/eHa NOCJAe0BaTebHCCTH K He-
KOTOpOMy mnocTosiiHoMy uncay (1, 2, O u 0 coorsercrBenno). B Takux
cly4asx TOBOPSAT, YTO 3TO IOCTOSTHHOE.YHCJIO SABJSETCH NpelesoM
JaHHOM NOCJAeA0BaTe/IbHOCTH NpH 7, cTpeMAleMcs: K GeCKOHeUHOCTH
(n —»oo) .

[Mpuseneunsie npusMepsr 1—4 MOABOASAT HAC K NMOHATHIO Npelena;
HeoOXOAIIMO J1aTh eMy YeTKoe ornpejeseHie.

Uucao a ua3piBaeTcs npederom qucaosotl nocredosamebrocu
{u,} npu n, cmpenauenca x Geckoneynocmu, ecmi aas Jaw6oro mo-

JIOXXHTEJBHOIO 4YicAa & CYIUECTBYET Takoe qHCJO | N 10 AJa4a
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BCeX f1, YIOBJETBOPSIOUIX HepaBeHcTBY 7> N, BHINOJHSETCS He-
paBeHCTBO
|u,—al<e.
Ecan a sBisiercs npefesom nccieioBaTeabHOCTH {¢,}, TO IHIIYT:
lim u, =a,
n—>xn
rae lim (unraercs Kak «ipepesi») —iepBbie OYKBH JIaTHHCKOro €JoBa
«limes» (npezes).
B npumepax 1—4 cootsercTBEHIO

L .
fim 2o =15 lim 23 _9p pim GV _o; 1im $209D g,
n—>o - noo n-»>® n>® n

[IpuBeaeM lekoTopble nosicHenHuss K chopMy.aupoBalioMy ofpe-
JejieHHio Ipefieia nocJaef0BaTebHOCTIL.

1. PasHocTb MexIy 4/eHOM HOC/IeJOBATe/ILHOCTH H ee IpeiesoM
lu,—a| paccyiarpusaeTcs no MOAYJIIO, TaK Kak HeCyleCTBeHHO,
npudaiKaercs” Jil u, K @, OCTaBasCh Melblle a (Kak TOBOPAT
«CHH3Y»), OCoJblle a («cBepXy») INVIH CTAHOBSICh MNONEPEMEHHO TO
CoJaplliec, TO MeIblle, HCM &, I Jame MPIHIMAf 3ladenis, pabiole a.
B pazolpannpix npuaepax Mbl BUACIH 3TH caydai: n/(n—-1) crpe-
mitest K 1 cunsy, (2n+3)/n cipemutcst K 2 cpepxy, (—1)"*i/a
Kosed/1eTes, CTaHoBsicb TO Meublie, To 0o.Iblic CBOGrO INpeAc.ia,

sin (n/2)
pasnoro HyMio. Hakonelu, ujeHbl NoCJIef0BaTeIbHOCTH —n—}
HMEIOT 3HaueHHA TO OoJblife, TO MeHbIIHE, TO DaBHble CBOEMY
npegeny. Bo Bcex cayyasx BaxHoO JHLIb, YTOGB! PA3HOCTb MEXIY U,
i @ CTaHOBIJIach MeHblle JI000r0 I0JOXKHTEJILHOTO uYiicla € Mo
aGcomoTHoli BesnunHe, B uactHoct, npedea nocmosxHod nocaedo-
6AIMEABHOCINU PABEH ee HACHAML. ‘

2. B c¢opmyJipoBKe noHaTHs npejena, roeops o uucae £ >0,
HHOPJA NIIWYT: «CKOJb yrogHo Majaoe € > 0». B stoM ner neobxo-
LIUMOCTH, TaK KaK .0060¢ 4ucA0 O3HadaeT: B TOM YHCIC I CKOAL
yeodHo manoe.

3. Bosppamasce x npuMepy 1, 3aveTiM, 4To, Hanpumep, npH
e =0,01 nepapencreo

fl-i-l ll< €
BLINOJIHSIETCS, KaK yz<e oTMeuasiccs, npun > 99, a npy e=0,001—
JHUWb 0pn yesaoBun 21> 999, Taxkum ofpasoM, Korja Mbl 3ajacM

pasible 3HAyeHUs &: _
e =0,01, £=0,001, ...,

TO HM COOTBETCTBYIOT, BooOule ropopsi, pasusie N (N =99, N =999
i T. A.). Takum obpasoM, N B omnpegeienuu npefena, Kax 4iuc.o,
HaxoAuMOe NpH 3a4aHHOM €, MOXKeT 3aBiceTh OT &. [IoaToMy 06bIUNO
nuwyt N =N (g).



84) § 1. NPEAEN NOC/HEMOBATEIBHOCTH 233
4. Tlyete mnocnenoBatenbnocts {u,} cxomutcs X npeneny a:
lim u, =a. Byaem u3o6paxKarh 4JIeHB! MOCAEAOBATENLHOCTH TOUKAMH

no>xf .

YlCJA0BOA OCH; TyCTh Ha YHCJAOBOH OCH TaKme OTMEYeHa TouKa
¢ aGeunccot a (puc. 70). Ecan samano nexotopoe &> 0, To Hepa-
BEHCTBO |uU,—a | < & (BbmoaHstouteecs npu n > N, T. e. i Bcex
WICHOB INOC/]EA0BATENbHOCTH, HAYHHAsA C HEKOTOPOro) PaBHOCHJLHO
HepaBeHCTBAM

—e < U,~—a<<e WM Uy mpit >N
a—e<u,<<ate "

M 03HayaeT, YTO TOYKM U,
(npu n> N) orctoar ot u Uz a-¢ a g+ U, T
TOYKH @ MeHbllle YyeM Ha €.
Uneny ciioBamMi, OHH JiexKaT Pue, 70.
B HHTepBane (a—e, a--&), ,
KOTOPHl Ha3blBaeTcs &-okpecmruocmoio Toukuy a (m. 30). I
coo0paxkeHHsI TNO3BOJSIOT J[aTh PABHOCHABHYIO (QOPMYJIHPOBKY
NOHSATHS IIpejesia C TIOMOLIBIO TEPMHHA «OKPECTHOCTb»: YHCJIO
a HasblBaercsi npedesos nocaedosamessrocmu {u,}, ecmi, KaxoBa Obt
HH Obla 3ajaHHAsi OKPECTHOCTb TOYKH @, BCe WY/eHHl MocjenoBa-
TEJBHOCTH, HayHHAast C HEKOTOPOTo, JIeXaT B 3TOH OKpPeCTHOCTH.
«HaunHast C HEKOTOPOro» 3/eCh TO Xe camoe, YTO «npi 1> N».
Janeko He BCsikasdw I0C/AeNoBaTeabHOCTL IMeeT mpepen. Tak,
NOC/IeJOBATENILHOCTH | '

I, 409, ..., 1%

19 —19 ], "—l, -..t..(.—,'l)n-‘.l' "o

He IIMEIOT INpefena.

ITepBas 13 3THX noc/efoBaTeJbHOCTell HEOrpaHHuennas; MOXKHO
J0Ka3aTb, YTO HEOrpPaHHYEHHASA N0C/Ae10BaTeJbHOCTh HE HMeeT fpe-
lena: ee WIeHH He MOTYT BCe, Haulllas ¢ HEKOTOPOro, MOMemaThcs
B OKPECTHOCTH OJHOI TOYKH., BTopas mnocneoBaTesqLHOCTL OTpaHH-
yeHHas, HO TOXE He HMeeT npefiena. Bce ee wieHn HMmeoT Jai6o
3nauenne I, an6Go 3nayeHne —I1, npuyeM Tex nm Apyrux Gecko-
HeyHo MHOro. OHH ' TaKXKe HE MOTYT IOMEUIATbCA B OKPECTHOCTH,
IdJnHa KoTtopoit 2e < 2.

Ecau nocnenosarenbHocTh HMeeT npefea lim u, =a, To ee Ha-

)

swBaloT cxodawedica. Tosopat, uto nocaedosamesvrocms cxodumces
Kk a. Ecin nocnenoBaTe/bHOCTh He HMEET Npefiesia, TO ee Ha3biBaioT
pacxodaweiics. B 4acTHOCTH, BCe HeOrpaHHYEHHble INOC/IER0BATE/]b-
HOCTH CYTh PacXopsuliecs.

Ecan nocnegoBatenpHOCTh cxopsmiasicsi, T. €. HMeeT mpejel a,
TO 3TOT NpejeN eRHHCTBEHHBIIT: NOC/Ae10BaTe/bHOCTh HEe MO3KET CXO-
IMTBCA K JBYM pasanuHeiM npeilesam a u a’. [loscuum stor dakr,
obpamascs x puc. 71. Ecan Gut 1 a u o Gulin npejenamu MocJe-
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NOBaTeJbHOCTH {U,}, TO BCe ee WJeHbl, - HAUHHAs C HEKOTOPOIO, -
nonazaj 6el B 06 OKPeCTHOCTH, NOKa3saHHEIE HAa pHC. 71. Ecau
‘MBI B3fJJH OKPECTHOCTH TOYEK 4 H a’ JOCTaToOYHO MaJblMH, TaK YTO
OHH HE MePeKpHIBAIOTCA, TO UJEHBI I[10C/e/I0BATeJIbHOCTH He MOI'YT
OIHOBPEMEHHO MOMEWaThesl B o6eHX OKpecTHOCTHAX, T. €. TOYKH
a 1 a’ ne moryr obe OwiTh npenesaMH IOC.ICIOBaTeLHOCTH {u,}.
Hrak, nocsieoBaTeIbHOCTb MOXKET HMETb HJIH He HMETh npejeJa;
€CJIH OHA HMeeT fpejes, TO BHOJHE ONpeje/eHHbIll, €IHHCIBEHHEI.
. BeraT BOonpoce: Kak y3-
HaTb, MMEET JH JaHHas Ho-

- ! O 1 L O 1 .
a4 gt 7 CJEIOBATeJbHOCTD  npeer,
H, €CJI4 HMeeT, Kak ero Haii-
Puc. 71. T? Ha 3T BOnpoch Mut ga-

_ : JUM JIHIIb YaCTHYHBIIT OTBET.
JlocTatTouHoe YyCJAOBHE CYyUeEeCTBOBAaHHA mnpejeta
(reopema Beftepmrpacca). Ecau nocaedosameabHocno MOHO-
MOKHO 603pacmaem: U O2pAHuueHa ceepxy, mo oHa cxodumca. Ecau
noc.aedosame. b HoCHb  MOHOMOHRHO ybbisaem U 02PAHUYEHA CHU3Y, MO
oHa cxodumcs. )

JoxasateIncTBa 3TOro HPH3HAKA CYLIECTBOBAHHS Ipeleda Mul
He JaeM. 3asetuM, uto npumep 1 (u,=nj(n--1)) kak pa3 jaer
ofpasel] noc/e10BaTebHOCTH, MOHOTOHHO BO3pacrawileil H OrpaHi-
yeHHoll cBepxXy (BCe ee u’eHbl MeHblle eaunnubl). OHa nMeer mpe-
aei. IlocienoBatenbHocts u, =(2n-+3)/n MOHOTOHHO YOLIBaeT i
orpaHiyeHa CHHu3y (Bce ee u/ennl GoJblie HyJaR). OHa TakKe HMEET
npeles. 3aMeTiM, YTO CyllecTBOBaHHE mpeje.aa ofecneynBaercs
coyeTaHles cBOficTB MOHOTOHHOCTH 1 OFpaHIYEHHOCTH,

PaccyoTpun noc/ieoBaTebHOCTb

1, 4,9, 16, ..., n% ...;

3T4 NOC.IeJ0BaTeNbHOCTh He OrpaHHyeHa cBepXy. Do.iee Toro, oHa
06:1anaeT OCOGEIM CBOJICTBOM: KakoBo Obl HH OLLIO JaHHOe YHCI0
M >0, MoxHO yKasaTb Takoe yucao N, uro npu n> N Gyaer
HMEeTb MECTO HepaBeHCTBO

' u, > M.

JeiicTBuTeIbHO, XOCTATOYHO .ub B3ATh N =) M, kak 6ynem
HMeTb npH nn.> N
u,=n*>M.

B cBA3H C 3THM JajHM onpeje’eHHe TOJOKHTEIbHOI GeCKo-
Heuno GOJIBLION  MOCTENOBATEALHOCTH: NOC.ICIOBATCILHOCTL  {u,)
HA3LIBACTCA NOAONUMEHOT OeCKOHedHO 6GOA6WOA Apu n—s 00, eCAH
Jas moboro yueaa M >0 MOXKHO yKas3aTh TaKoe YHCJIO N 410
TpH BCeX /1, YAOBJICTBOPSIOUHX HepaBeHCTBY n > N, Gyaer BHIOJ-
HATECA HEPABEHCTBO

u,> M.
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Huaue 310 MOXHO CHOPMYAHPOBATE TAK: MOCJIENOBATELHOCTD {u,} Ha-
3LIBACTCH NOAOXCUMENbHOL OeckoHedHo 00abiiol, €CaH, KAKOBO OBl HI
6Ll10 Aannoe umciao M, BCe WIGHH! NOC/eJ0BaTe/]bHOCTH, HaunHas
C HeKoToporo, npeeocxonar M. -

Mumyt: lim 4, =+ 00, HO 3%ech 3HaK lim ynorpeGasercs

n-smo

YCJI0BHO, TaK KaK CHMBOJ GEeCKOHEYHOCTH (co) He SIBJIAETCS UNHCJOM,

GeckoHeyHO Goapllas MOC/IeI0BaTebHOCTD AOJIKHA PaccMaTpHBaThCs

KaK pacxojsiuascs. :

Tak MOXKHO OonpenennTb H OTPHUATEJTbHHE GECKOHEYHO GoJbliie
nocjenoBateIbHOCTH. B stoM caywae mumyt: lim u, = —o0.

n->wo
85. Beckoneuno maasie. Ipasuaa npepenbHoro mepexopa. Ecan
NOC/Ie0BaTebHOCTb {U,} CXONMTCA K HYJIIO:
lim u, =0,
n-—>»ow .
TO OHa Ha3wLIBaeTCsl DeckoHedHo saioil nocaedosamensvrocmeoto. Topo-
PAT Takxe, uTo ee oOmuil wieH u, ABJAAETCST NPH 11— oo GecKo-
HEYHO MaJoil BeqanuuHOIl. DeckoHeyHO MaJLIMH SBJISIOTCA NCC.Ie-
JopateapHocTH (84.3) u (84.4). - .

Ecan mpr npuserus ¢GopMyanpoBKY NOHATHA npejesa K ciayyao
6eCcKOHeYHO MaJs0il NOcAefoBaTeJbHOCTH, T. €. K CJy4aio, Korja
npeaesn paseH nyJio, TO TPHAEM K TAKOMY OnpeleeHio GeCKOHeYHO
Masoft mocseoBaTebHOCTH (PaBHOCHJLHOMY JIaHHOMY BHIIE): NO-
C/IENOBATEILHCCTb {i,} Ha3pIBaeTCs GecKOMeYHO masotl, €CAN 1St
Jmoboro 3ananeoro & >0 Haiizercs Takoii nomep N, uTo nmpH Becex
n> N Gyzer uMeTb MecTO HepapeHCTBO |u,|<<e.

CopmynnpyeM HeKoTOpHIE MOJe3lHe TeopeMbl O GeCKOHEHHO
MAJEIX M0C/Ie0BaTEIbHOCTAX (1 ana npuMepa JOKamKeM INEpBYIO
H3 HIX).

Teopema 1. Cymma Osyx UAL HECKOALKUX GECKONEUHO MAAbLX
nomeaoeame/zbuocmea' ecmb  GECKOHEHHO Aaaas NnocaedosamensHocie.

Hoxasartenncrso nposeseM A14 CIyuas CyMMHPOBaHNS ABYX T0C.1€10Da-
TenbHocTefi. IlyeTe mnocneioBaTensHoeTn {at,} u {B,} Geckomeuno manwe. Ecan
{a,,+[5,,}—noc1enoaa1enwoe-rb, nosiyueHHasa HX CJI0XKEHHEeM, TO oHa Takxke Gyier
CeCKOHEeYHO MaJloi, HEHCTEHTG.‘TbHO, nycTbh 3ajauo npOHBBO'XbHO& 10 TOXKHTEJIbHOE
yncno €. B cnay Toro, uto {a,,} GeckoHeuno Manasi, Hafizercs umcto N' TaKoe,
qTO |a,,| G)ZleT MeHbllle YyHCIa 8/2 npH n > N, AHa.‘lOl"H'{HO H 1a4a BTOPOH no-
C1e0BaTeILHOCTH B,,} MOXHO yKa3aTh (BooGiie rosops, apyroe) uncio N” rtaxoe,

4TO npH n > N7 Gynen mmers |f,] < /2. Temeps, ec1n n Goabe 6o1bmero u3
yucea N', N”, 10 01HOBpeMeHHO

Ianf<3/2 8] <e/2.

Ho rorza, ‘1o CBOICTBY «MOAY:Ib CYMMBI HE NPEBOCXOHT CYMMBI MoayJefis (.74,
CBOIICTBO 13) HafifeMm )

o +-Ba <l @nlF1Bal < g+g=¢ mpn  n>max(V, N,

uTO It JOKAXET TPeGyeMoe YTBepKAeHHe: MociesoBaTensHocTs {a,+-B,} Geckoneuno
Manas (max (N', N”) unraetcst kak «Goibiiee H3 ;Byx uHcea N’ u N™»).
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Teopema 2. [lpoussedenue oeparutiennod nocaedosamerbHocmu
HQ 10c2e008AMENbHOCL, CXO0Yoca K -HYao, ecmo nocaedosarmens-
HOCMb, CX00AAACA K HYAIO.

M3 svoii TeopeMH, B 4acTHOCTH, CJeAyeT, YTO NpOH3BEjeHiie
NOCTOSIHHON BeJHYIHEL HA GECKOHEYHO MaJylo, TaK Ke KaK MNpoH3-
pejleHNe HeCKoJbKHX GeCKOHeYHO MaJikiX™ ApYr Ha JApYyra, fBJAsETCst
GecKoHeyHO MaJoii BenuyuHoii. JleificTBHTE/NbHO, NOCTOAHHAST BEJH-
YilHa BCErga ecTb DeJHYiHa orpaHnueHHas. To Ke OTHOCHTCST M K

" 6eckoHeyHO MaJsoil. TlostoMy, Hanpumep, nponsseieHte IByX Gec-
KOHEYHO MaJIbIX MOKNO HCTOJIKOBaTh Kak IpoH3BefieHHe GeCKOHEYHO
MaJioii Ha orpaHHuellHyIo.

Teopema 3. Yacmnoe om Qdeaenus nocaedosameavtocmu, cxo-
dawielica K HYAo, HA nocie0o8amensHocs, UMeowyio npedes, om-
AUMHOUE OM HYAs, ecnie noCcAe008amersHOCMb, CX00AWascs K HYyao,

Crenyomas TeopesMa 1Mo3BoJiseT HCMOMb30BaTh GECKOHEYHO Malble
npH JoKa3aTeJsCTBAX TeopeM O npejgenax (Teopemsl 6—8).

Teopema 4. Qbuwjud wien nocaedosamesHocmu, umerouled npe-
Oea, MOJXCHO npedcmasume KAK cysmy smozo npedeaa u GECKOHEUHO
Maaol geaudusiol.

HoxasareabctBo. Ilycrs zama noci1ciocarelbhocTe {u,;} TaKas, 4rTo

lim u, =a.
n—-x0

H3 onpejeaenna npejeaa cieayer:
ju,—al<e

A5 BCexX 7, YAOBJeTBOpsiomMX HepasencTBy n > N (g). O0o3HayuM U, —a=0a,
TOrja NOJYYHM, YTO AJs YKa3aHHLIX sHaucuuil n Gyjer

foanl <,
T. €, YTO ¢, €CTb Geckoiicyio Masas seanunua. Ho
Up=a-apn,
a 3TO H JOKaspiBacT Hally TCopeMy.

Bepua 1 obpatHas .

Teopema 5. Ecau obujud waen nocac0osameibHocnu onau-
4aemes om Karoli-aubo nOCMOAHKOL 8LAUNUHbL HO OECKOHEYHO MA.1YI0
GeAUMURY, MO dMA MNOCMOAHHAR A8Afemces npedeaos 6aHHou noc.ie-
dosamenvHocmU,

PexoMenyes UHTATeNIO JOKA3aTh 5Ty TEOPEMY CAMOCTOSITEJbIIO.

Teneps Ml paccMOTpuM npasuia npedeasrozo nepexoda, chopay-
JHPOBaHHBIE B CJAEYIOWIX TpeX TeopeMax.

Teopesa 6. [Tpeden cymmer G8yx uau HECKOAbKUX NOCALG06a-
meapHocmetl, uMeouux npedea, paseH cymale smux rnpedenos:

lim (v, +v,) =limu,+limuv,.

ne—>w n—o>® n-»uo
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HdoxaszateascTBo. IlycTs JaHH NOC/AENOBATETbHOCTH {u,,'} " {v,,}
TaKHe, 4TO
lim u,=a, lim v,=b.
n—owo n—-o

Torxa Ha OCHOBaHHI{TTeOpeMH 4 MBI MOIKEM 3anncaTh:
up=a-+tay, Vp=b4Py,
Ihe O, H P, —HEKOTOpHE GeCcKOHEUHO MaJble nocaenosateasHocTH. CJoxmM Jpa

nocae HUX pPaBEHCTBA:
’ un“{‘vn:(a’_“b)‘,‘(an‘l‘ﬂn)-

Beanunna (a-}b), Kak cyMmMa JByX nNOCTOSHHBIX @ H b, mnocrosuna,
a (@, Pn). KaK cymma JABYX OGeCKOHEWHO MaJHX mocJeloBaTebHocTeff, no Teo-
peme 1 ecTb GeckoHeyHo Manasi mocsrelosatenbHoctb. OTciola H H3  TeopeMul 5

3akKJgaryaes, 41O .
lim (it +0z)=a-b,
n—»w .

it
lim (¢,}v,)= limu,4 lim v,,
n—>r® n—>®o

n—w

4 3TO ¥ HYXHO GHJIO JIOKa3aTh.
JokasatenbCrBo, XKOTOpoe MBI- ceffuac mpoBefif, MOXHo Ge3 TpyAa oGo6unTb
Ha cayuail aareGpanueckoll cyMMbl JI06oro 4HCIa 3afaHHBIX MOC/eA0BaTeIbHOCTEN.

Teopema 7. IIpeder npoussederus Ggyx WAl HECKOALKUX nocAe-
dosamensHocmell, umeoujux npedea, paseH npousgedeHuro npedenog
smux nocaedogamenbrocmed.:

lim (4,v,) =lim u,-limv,,.
n—>o n-—>wo n-»>m

HoxasateancTBo, Ilycrs limu,==a, limuv,=>b. Toraa meey

n>w n->m
un=a+an-> Uy =b-Pn,

rae o,, P,—06eckoneyHo manme nociefosatenssocrd. Haxomnm u,v,=(a+ o) X
X0+ Bnp)=ab-(af,+ ba,+a,p,). rie ckobrayu o6beanneHa cymMma Tpex 6ecko-
HEYHO MajHX IOCTeJOBaTeILHOCTEN, KOTOpass M caMa siBAseTcs GCCKOHEYHO MaJoil
nocJeoBaTe IbHOCTEIO. [IpoK3eetene wu,v, oTinyYaercs OT ab Ha GECKOHEYHO MAJIYIO
TIOCIe0BATEILHOCTD, H TIOTOMY

lim u,v,=ab,

n—o
410 H TpeGoBaJioCh JOKA3aTh.

JoxasatenscTBO B cayuae Coabluero uiucia cOMHOXTeRell npoBoaurest aHa-
JIOTHYHO. ' .

W3 teopemut 7 BHITEKaer _
Cnenctsue. Ilccmoannerii MHOMCUMEAb €bIHOCUMCA 34 3HAK
npedeaa: .
limeu, =climu, (c = const)

n->on n— w R A

(MOKHO pacCMaTpPHBATh MOCTOSIHHBII MHOXKHTENb KAaK UJEeH INMOCTOfH-
HOI TNOCJEROBaTeNBHOCTH H NPUMEHHTH TeopeMy 7 H IOJOXKe-
HIle O TOM, YTO npejesa NOCTOSIHHOIl MOCJIER0BAaTEILHOCTH paBeH ee
uJeHaM). ' .
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Teopema 8. Hpeae.z wacmuozo 0Osyx’ nocaedosameavrocmed,
usmeowjux npeden, pasen 4acmHomMy om OeAeHuS IMUX npedeiog npu
yc.ao6ut, 4mo npedes Oeaumens OmMAUdeH om HYaA.

SanncaTh yTBEpKACHHE 3TOH TeOopeMbl MOXKHO TaK: €C.au

limv, 540,
N> ®
mo _
lim u,
lim Yn—n>= |
neo Un lim v,
p-»w

§ 2. Apudmernueckas mporpeccHs

86. ApudmeTideckas nporpeccusi. PopMyaa oduero unesa. Apudg-
Memuueckoll npoepeccuell Ha3pBaeTCs Takas IOCJe10BaTeIbHOCTD,
Y KOTOpOil Kanblil ee uneH, HauHHas Co BTOPOro, paBeH Iipej-
LIECTBYIOLEMY YJeHy, CJI0XKEHHOMY C OXHIIM II TeM ke (onpeiesei-
HBIM - VIl JaHHO#l nocJenoBaTenbHOCTH) 4NCJaoM d, Ha3biBaeMBIM
pa3HoCcmbl0 npoepeccut.

Harypanpumil pang unces naer npundMep OGeCkoleyloii apupmerTi-
yeckofl nporpecciinn € passocteo d =1, a 10¢1e10BaTEILHOCTI He-
YeTHBIX I YeTHHIX Ylce]—IpHMepbl GeCKOHEeUHbIX apHgMeTHyecKix
nporpecciil, y KamxIoil 13 KOTODHIX pa3sHoCTb d =2,

Apudertiiueckasi nporpeccis npiu ds=0 ecTb MOHOTOMHas noC.le-
JoBaTelbHOCT: ecau d > 0, To nporpecciisi Bospacraer, ecaui d < 0,
To nporpeccHst yO6uBaeT; npu d=0 ouna nocrosiuna. Beckoneunwie
apudMeTHyecKiie nporpeccus, y xotopuX d=£0, Kak noclelosa-
TeJbHOCTH HEOTpPaHiYeHHEIe, Mpefe/a He HMEOT. O JAAIOT IpliMep
pacxogsfiixcs nocaegoBarelbHocTeil,

~ [lycth nociegoBaTebHOCTD

@y, Qy Qg gy onny Ay Quigy oo
npejacTaBaseT €o6oil apupMernyeckyl MNPOrpeccHio ¢ pasnocTsio d.
Brieegem Q)op\iy.ny, BHIpaXKaIoOIy10 oOLHIl YJieH a, Tporpecciiit yepes

ee nepselil uneH a,, pasuocth d u Homep 1. C 5T0ft Leblo 3aMeTIRM,
YTO N0 ONpelesJeHHI0 apHdseTHYeCcKol IIPOrpeccun

a,=a,+d

1 TaKme
s =0, d.

IMoacTaBuy B NpaBylo 4acTh NOCZeIHET0 PaBEHCTBA BMECTO @, €ro
BHIDAXKCHHC 4Yeped «; H d, B3ATOe 13 NpeIblAyllero pabBeHcTBa,
FIOJTYYHM '
a;=(,+d)+d=a,+2d.
TouHO Tak ke C NOMOLIbIO PaBeHCTBa
a,=a +dv
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HeNocpejACcTBeHHO CJefyIOIEro H3 onpeneeHHs nporpeccHH, noayunMm
a,=(a,+2d) +d=a,+3d. L

Buana 3aK0OHOMEpHOCTb, MO KOTOPOil OO6MIMit UJIeH mporpeccui
BHIpaKaeTcs qepe3 a, dun: _

a,=a,+(n—1)d. ) (86.1)

HoxazarTenbcTBO (GopMyJHl obuero usena (86.1) nposeneM

MeTOOM HHAYKHHH. - Mb1 - yxke Bugea, yto ¢opmyna (86.1) Bepua

a1a n=2, 3, 4 (snpoueM, XOCTAaTOYHO NPOBEPHTb ee CIpaBeA -

BOCTh X0Ts Obl AJas n=1). IlpexnosoxinM, uTo OHa BepHa Jas

HEKOTOpPOro n, W JOKaxeM, ¥TO B 3TOM cJyuae OHa BepHa H s -

caenyiouero HoMmepa n-+ 1. 3anmiueM BbIpaxeHie 4, ,, BhITeKaloLlee
H3 ompejeseHns apudmeTiiuecKoii mporpeccii:

Ay =a,+d.

[ToxcTamuy ciona BHpaKeHHe (86 1) past a, (and a, (bopl\().’la (86.1)
cunTaercsi BepHoIl):

apyy=a;+(n—1)d+d=a,4-nd,

Gy =a+[(n+-1)—1]4d,
HO 3T0 m ecTb c¢opmyna (86.1), sammcaHHas yxe AJAR HoOMepa
(14 1), xoTopyo H TpebGoBaJOCL JOKA3aTh.
IMpumep 1. Haiitn unexwr a,, ay,, a5y, apidveTiiueckoil npor-

HJIH

peccru, y kortopoit a,=—2 u d=>5.
Peweumne. Ilo ¢opmyne (86.1) Haxopnm
ag=a,+7d =-—2+47.5=33,

a5, =a,+50d =—2-+50.5=248,
Q1900 =4, +999d = —24-999.5 = 4993,
II'pumep 2. Hafitn unen a,, apudmeTnueckoil mporpeccui,
ecin y Hee q,=40, a a,,=—20.
-Pemenne. C nomowpio dopmyarr (86.1) samnmem:
{ a,=a, -} 7d=40.
Ay =ay -+ 19d = —20.
M3 nonyuennoit smineiinofi . cucremst (m.66) maiizeM a,=75 n

d=—5. Orcwoga ‘
¢=T10+15.(—5)=0

87. Ceoiictea apnd)ntemqecxou nporpeccun. PaccMoTpnn Heko-
TOpre CBOMiCTBa apiMeTHUECKOI NPOrpecciit.

Kancooui usen apugpmemuueckoii npoepeccutt pzweu cpedresty
apuzpuemuqecrcomy €20 COCeOHUX 4acH08 (HCKJIOUeHHe npencTasser
NepBHlit WIeH, a y KOHEYHOil NPOrpeccHi TAKxke MOCJEAHHIT YJIeH,
TaK KaK OHH HMEIOT TOJBKO IO OXHOMY COCERHEMY HJEHY).
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HoxasarteabcTBo. JIia uneHa a, ieHH a,_, U a,,, OyayT
cocennnmi. [lo onpenenennio mporpeccun Mbl MOXKEM HamicaTth

ar=a,_,-}d, Age1=0,+d,

OTKyza .
=y, +d, A= Apyy—d.
B3sp momycyMMy NOJy4YeHHBIX DaBEHCTB, HaiizeM
p—11-ap+q
- G="9

a 3T0 H Hajo ObIO J0Ka3aTh.
2. ¥ xonednoll apupsemuueckoli npoepeccuut

Qyy Gy Qgy v vy Qposy Apy,y 4,
CYMMbL YACHOB, DPABHOOMCIOAUYLX Om €e KOHI08, pagHbl medxcdy coboll
I pasHol cymme KpalHux 4AeHos.

. JdokazateabcTBo. Bulnullem HeCKOJbKO Map 4JIeHOB, paBHO-
OTCTOSIHX OT KOHUOB MpPOTpeccii:

a,, a,,
Qy Qu_ys
as' an—!’

3ameyaeM, UTO Yy KaxJM0il Takoil maphl Y.eHOB CyMMa HX HOMEpOB
Ha efHHHLy OoJblle 4uciaa 4YjaeHoB nporpecciit. Takum o6pasoy,
€CJH Ha k-M MecTe OT Hayalla NPOrpeccHH HaXOAHTCS WieH ag, TO
Ha k-M Mecre OT ee KOHUA HAaXOAHTCA WIEH a,_,,,. Haiigem cymmy
3THX YJIeHOB, BOCMNOJIb30BaBIIHCh ¢opumyJoii (86.1):

A+, g = [@ 4 (k—1)d] + [a 4 (n—k) d] = a, + [a, + (n— 1) d].
Ho a4 (n—1)d=a,, 1 nostomy
e i R
YTO 1 TpefoBaJMOCL NOKa3aTh. A
88. dopmysa pas cymMMul 72 WieHoB apH(MeTHYeCKoli mporpeccun.

BriBenem Tenepp GopMyJay Ads CyMMbl WieHOB KOHEUHOI apHdmern-
yeckoit mporpeccun. J{As nporpeccun, HMmewomeli n 4ienos, o6o3ua-
YHM 3Ty CyMMy uepe3 S,. 3anHlieM BbIpa:KeHHe CYyMMBbL S, JBa:KiHl,
OAHH pas pAacCnoJIOKHB YJEHH IPOTPECCHH MO BO3PACTaHHIO HX
HOMepoB, a Apyroil pa3—Tno yOLIBaHHIO:

S,=a,ta, +a, +...4a,_,+a,_,+a,

S,=a,+a, +a,.,+...ta; +a, +a.

Cl0oKHM 3TH IBa paBeHCTBa:

2S,=(a,+a,)+(a,+a,-)+
+(@;+a, )+ ... +(a,-.Fa))+(a,-;+a) +(an+al)-
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Bcero B npaBoil uactu umeercss n cko6ox. Ilo croiictBy 2 (m. 87)
CYMMBEI, 3aKJIOYeHHBe B 3THX CKoOKax, BC€ paBHBI MexAay co6oit u
. paBHBI CymMe, 3aKJoyeHHoli B mepsofi ckofke. Ilostomy o

-

. 2Sn= (a1+an) n,
oTKy7a

S, =%ty . (88.1)

Ecan Teneps MH BMecTO 4, moficTaBuM B dopmyay (88.1) ero
BHIpakeHHe uepe3 @; W d mo cdopmyae (86.1), To mocsae nmpocTHIX
npeoGpa3oBauili NOJYYHM CAeAYIOWYIO BTOPYIO QOPMYNy AJA CyMMDI
yJleHOB apH(QMeTHUYeCKOil NporpeccHH:

S =2“1_+(’2’_—1)_d n. - (88.2)

n

Mpumep. OnpemenuTh CyMMy 2 NepBbX HEYeTHBIX YHCeT,
HauyuHasag ¢ eXHHHUEI.

Pemeune. Ha kM MecTe B NOCIENOBATEJBHOCTH HEYETHBHIX
qHce] HAXOAUTCH 4HCJO a,=2k— 1. [locaenoBaTe bHOCTh HEYeTHBIX
yHceJ eCTh apuMeTHYeCKas NpOrpeccHs, y KoTopoil a,=1, d=2.
Ilo ¢opmyse (88.1) Haxonum

Sy= ik,

OTKYyAA |
Sk= 2.
Tak, Hanpumep,
pumep =12,
1}-3=4=2?
1+345=9=3%
143+54+7=16=4

YnpaxHeHnns

1. Cymma neproro m msiToro uacHos apudnertueckoii nporpeccun pasna 26,
a npoH3BejeHHE BTOPOro H ueTBepToro ee uyiaeHoB pasno 160. Haiiti cymmy wecri
YJIeHOB NpPOTPECcCHH.

2. Jlana neKoTopas moCNeAOBAaTENLHOCTh, Y KOTOpoll NpH JIOGOM m cyMMa
NepBHLIX m uJeHOB BHpaxaercs dopmyaoii S, =m?—5m. [lokasarb, yto 5Ta nocae-
' BOBAaTeJbHOCTh €CTh apHmeTHYecKas rlporpecc]nﬂ, H HaliTH ee naTHIii uneH.

3. Ilna Toro 4ToGH TpH YHCJIa

g+r' r+p’ p+g
UeCKylo NPOTpeccHio, NeoGXOXHMO H NOCTATOYHO, 4TOGHl yHcta p2, g2 H r2 Takxe
€OCTaBAANH apudMeTHUecKylo nporpecchio. JIokasats. ' )

4. [oxasaTb, uTO KaxIblif® uieH aproyeTHyeckofl mporpeccHs npeicTapaser
coboit cpegnee apHMeTHUECKOS YJICHOB, PaBHOYAAJNEHHHIX OT Hero.

COCTABISAAN  apHGMeTH-
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§ 3. I'eomerpuueckad mporpeccus

89. TIeomerpuyeckas nporpeccus. Popmysa odmero usieHa. [eo-
Mempuueckoll npozpeccuel. Ha3biBaeTCfl Takasl NOC/JAeJOBATeNbHOCTD,
y KOTOpoft Kaxiplll ee uJeH, HaulHasg CO BTOPOro, paBeH NPeaulecT-
BYWOIIEMY UJeHY, YMHOXEHHOMY Ha OJHO H TOo Xke (onpeieleHHOe
IJa LaHHOIl NOCJaeJOBaTeNILHOCTH) YICJAO ¢, Ha3hLIBaeMOe 3HAMEHA-
meaesm npoepeccuu. Ilpernonaraercs, uto q==0. ‘

Ecnu yncio 4JIeHOB NpOTpecCHH KOHEYHO, TO OHa HashlBaercs
KOHeqHOLI ecosempuneckoll npoepeccueld; B TIPOTHBHOM CJydae OHa
' HasbIBaeTCA OCCKOHCUHOU 2e0Mempuieckol npoepeccued.

[IpiiBeaem npHMeprl GeCKOHEUHBIX TEOMeTpHUYECKHX nporpeccuu.

a) a,=3; g=4:
3, 12, 48, 192, ...

2t1a nporpeccnﬂ 3HAKOMNOJ/JOXKHTE/AbHAS, MOHOTOHHO po3pacratlouias;
)31—48 q—"—llz .
48, —24, 12, —6, 3, —3/, ...

ITo npiuuliHe OTPHUATEILHOCTH ¢ 3Ta HPOTpeCCHs 3HaKONepeMeHHast.

AGco 110THAS BediYIHA Y/1eHOB 5TOil nporpecciil yObIBaeT B CILTY
Toro, 4yto |g{<1l. B cBsisi ¢ 3THM RpPHMEPOM BBE/leM olipeje.ie-
Hie: TeoMeTPHYECKasi uporpecciist HasnBaercst goomarouied, ecan
|g| <1 (r. e. ecanm ee wieHbt yOHBAIOT IO MOY.I0; 3aMETIM, YTO
npu ¢ <0, Kak B pa3o0panHOM IIpHMeEpPe, CaMH 4JeHbl NporpeccHit
fomnepeMeHnHo MEHAOT 3HaK I yObiBaiomeil noc’leloBaTeJ]bHOCTI lie
o0pa3yioT, XOTHA Mbl H Ha3bpIBaeM Iporpecchio yOniBatouieit).

[lycTh moc/e0BaTesbHOCTD

Qy, Ay Gy Qgy ooy Quy Quipgy oo o

npejcTaBAfeT co0oil reoMeTPpHUYECKYI0 NPOrPecCHIO CO 3HaMeHaTe-
Jex ¢. BeiBeies ¢opaydy, Boipaxmamoulyio obmuil 4YieH a, nporpec-
CHH yepe3 e¢ NepBHlil YieH a,, 3HameHateldb ¢ H HoMep n. C 310i
HeJbl0 3aMeTHM, YTO IO ONpeieseHHI0 reoMeTpHYecKoil mporpecciii
a,=a,q,
a TaKkxe
a,=ay . .
-TlogcTtaBHM B MNPaByi0 4acTh IOCJEIHETO PamelHCTBA BMECTO @, €ro
BBIpaxKeHiie yepe3 @, H ¢, B3sTO€ H3 HPebVIIEr0 PaBelCTB:

a;=(a,9) g =a,q°.
Toyno Taxk e c NOMOMBIO PaBEHCTBA
a,=asq,
NPSMO CJEAYIOMIEr0. H3 onpeesIeHHs NPOrpeccHH, NOJydHM
a,=(a,9%) ¢ =a,¢°
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Buana 3akoHoMepHOCTb, MO KOTOpOil OOuiHiI 4JIeH TIeoMeTpH-
4ecKoii NPOrpecCHH BHIPAXKAeTcs yepes a;, ¢ H n: :

a,=a,q"1, : (89.1)
Crporoe nokasaresneTBo ¢opmyart (89.1) obuiero wiena reomer-
PHYECKOll MPOrpeccHH NMPOBOAHTCA MeTOAOM HHIAYKUHH; OHO Npenoc-
TaBJAsETCS YATATENIO.
INpumep 1. Haiith a,, a, u a,; reomerpuueckoit mporpec-
CHH, y KOoTopoil a,=3 H g=2.
Pemeﬂue. Ilo dopmysne (89.1) umeem

a,—a,g®=3-2°=24,
Qg = alq"! ;3-2".' = 96,
ay, = agt =3-21°=3072.

TIpamep 2. HaiiTH @, reomerpHueckoit mnporpeccHi, CocTosi-
meill H3 JeiiCTBHTEIbHHIX 4HCeJ, el y Hee a,= 162, a,=4374.
Pewmenne. C nomomwsio ¢opmynst (89.1) 3amumenm:

o, =a,q* =162,
a, =a,q’ = 4374.
H3 noayuenHoii cHcTeMul ypaBHeHHI1 (neseHHeM) Haiizem

ayg? _ 4374 s

0t = 162 =27, ¢*=27.
[Tocaennee ypaBHeHHe HMeeT TpPH KOPHS: OAHH AefiCTBHTEJNbHBIIT,
paBHBIi 3, H 7Ba KOMIJIEKCHBIX CONPSMEHHBIX (cM. m. 18 mau n. 63).
OrpaHnuyHMCsl JIMIIb NEPBHIM H3 HHX, TaK Kaxk TpeGyerca HaliTH
NPOTPECCHIO, COCTOALLYI0 H3 JefCTBHTENbHLX unces. Hrak, ¢=3,
a 3HayHT, a;= 162/3* =2, u, caegoBaTesbHO,

a,=a,4°=2.3*=18.

Hs dopmyasr (89. 1) BeIpaatoleft oﬁunm useH TeOMeTPHYECKOIl
NIPOrPECCHH, MOXKHO CJeJaTh BLIBOABI O €r0 MOBElEHHH NPH 11— oo,
HMenno, B ciyyae ¢ > 1 ofuinil uneH sBasieTcsi GeCKOHeYHO 60Jb-
Iwoii BeJHYHHON, a B ciayuae 0 < g < 1—GecKoHeyHo MaJoii:

oo npu g>1 (a;>0),
0 mpu O0<qg<l,

Ecmu snamenatesr mporpeccun ¢ <0, TO ujieHnl NPOrpeccHH mone-
PeMEeHHO MeHSIOT 3HaK; BCe Xe H B 3ToM caydae lima,=0 npn

n—>w
|g] < 1. OcobeHHO BaxKHBIM SIBJSIETCS CJEAYIOUlEE YTBepIKIAeHHe.
Teopewma. Ob6wuii usen Geckoneuro yGoisarouweli eeomempuseckod
npozpeccutt cmpesumcs K Hyaro:
lima,=0 npu |q|<]1.

n—-w

lima, = limag®—t=

n—>w n—-o
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HdokxasaTtenbcTBO. YroOn He paccMaTpHBaTh OTAEJIbHO CHy-
yay ¢ >0 u g <0, Gynem npoBoguTh paccyxaenus mia |a,|. Tax
Kak [q| <1, To

Ian+1l=lan”ql<lanl ‘
— a6COMIOTHBE BEJHYHHB! Y/IEHOB NPOI'PeCCHH MOHOTOHHO YOHIBAIOT,
Tak KaK, kpome Toro, |a,|>0, To nocienoBatenbHOCTh {|a, |}
MOHOTOHHO YyOBIBaeT H orpanuueHa cHusy (HyJewm). Ilo Teopeme
Beliepwtpacca oHa mMeeT npejes; ofo3HaulM STOT npejena uepes [:

lim|a,|=1;
n—ro

TpeGyercst foKasaTb, yto [=0. Jas sToro samuiuems
[@ns1]=1as]lq]. (89.2)
[Tepefizem B pasenctee (89.2) K npexeny npu n— oot

lim|a,.,|=[lim |a, | |=]q|lim|a,|~|q| & !

Slcno, wro lim|a,,,| Taxxke pasen I. ITostomy
n=—rx
I=|q|l,

nat [[1—|g[]=0, otkyna /=0 (tak kak 1—[q]|=40).

90. CeoiicTsa reomerpityeckoil mporpeccun. Hanomuum, uto cped-
Hee eeoMempuveckoe 1 HOAONCUMEAbHOIX HUCEA Xy, Xg «.., X, ONpEC-.
JeasieTcss GopMyoft

x= 1/ XKy . Kpr

B uyacTHocTH, cpejnee reoOMETpPHYUECKOE JBYX MOJIOXHTEJbHEIX
yHcesJ paBHO apH}MeTHUeCKOMY SHAueHHI0 KBaJPaTHOI'O KOpHA H3

HX TPOH3BENEHHS. .
Paccyorpum Tenepb HeKoTOpHle cBoiicTBa reoMeTpHuecKoii npo-
rpeccHit.

1. KascOoul uaen 31axonoaoxumensHol eeosempuseckoll npoepeccu
npedcmasasem coboll cpedHee 2eOMEMPUHECKOE €20 COCEOHUX YAeHOB
(HckIoyeHnie NpefcTaBseT nepBblil wieH, a y KOHEYHoIl nporpeccui
TaKxe MNOCJeNHHIl YieH, TaK KaK OHH HMEIOT TOJbKO MO OIHOMY
COCeLHEMY YJICHY).

HoxkasateabcTBO. las uneHa a, 4iaeHsl a,_; ¥ a,,, OyAyr
coceauinmil, Ilo onpejesennio mporpeccun HmeeMm -

ap =Qp_, ’
: Q1 =4,
OTKyAa
Qr=0;_,q,

1
G =0g417
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l'IepeMHommu 5TH PABeHCTBAa, H3BJIEUECM KODEHb H3 pesynb'ra'ra (BO3B-
MeM ero apHgMeTHYeCKoe 3HayeHHe) H NOJAYUYHM

ak=Vak—1ak+n
a 3To H Hajfo GHJIO A0KA3aTh.

2. Y KoueuHo eeomempuHeckoll npozpeccult npoussedeHuUs «.1eHos,
PABHOOMCIMOALUX OM €e KOKYO8, PasHbL mesedy coboli u pasxer npo-
u36e0eHUI0 KPALIHUX YACHO8.

HoxasareabpcTBo. Tak e Kak H y apmpuemqecxou npo-
rpeccHH, Ha k-M MecTe OT Hayaja M OT KOHIA FeoMeTpHUYecKoii mpo-
TPECCHH, HMelollell 1 4JeHOB, HaXOAATCA YJEHH d; H a,_p., COOT-
BercTBeHHO, Haiinem nponsBeseHHe 3THX 4JIEHOB, BOCMOJIb30BaBIIKCh
dopny.toit (89.1):

Aplp- g1 = (3,9°77) (a,9" %) =a,a,9" %,
- Ho a,q*"t=a,, nostomy ,
A Qpep41= )y,
uTo H TpeGOBaJIOCh AOKA3aTh.

91. dopMyasl A CYMMBI 70 YJEHOB T'eOMETPHYECKON NPOrpecCHH. .
BriBeneMm Teneps (opMyJ1y A/ CYMMBI YJIEHOB IIPOH3BOJIBHOI KOHEY-
HO/t TeOMeTpHUYECKOR IIPOrpeccHH, cojepakalueil n uieloB. 0603Haqm1
3Ty cyMMmy uepe3 S,. HMmeem

. n=a1+a2+as+---+an—1+a-
YMHOXKHM 06e YacTH 3TOro paBeHCTBA Ha ¢:
Sig=aq+agtaq+...+a,-,g+a,q.
Ho a¢=a,, ag=a, ag9=aq,..., a,_,g=a,, nostoMy
S, g=a,+a;+a,-+...+a,ta,q.
BriyteM Tenepb H3 NMOJMYYEHHOTO PaBEHCTBA HCXOAHOE:
Si—Sp=09—a, S.(¢g—)=a,9—a.

Orciona HaxonHM
nq aj -
S,= 7T - 91.1)
3necb, KOHEUHo, Tpeanojaraercsi, 4to ¢ == l.

Haiinena nepsas dopmysa nJsi CyMMH 4JIEHOB TeOMETPHYECKOil
nporpeccui. BTopyio QopmMysy AnA CYyMMB Mbl HOJYYHM, €CJAH HC-
nosabsyem opmyay (89.1) ans obuwero usena nporpeccm{-

aq*-lg—a
Sn="0=7"1
Ham - :

_, =

S,,—alm. (91.2)

IMpumep 1. HaiiTh cymMMy cemi 4JeHOB reoMeTpuyeckoii mpo-
TpecCHH, y Kortopoii a,=—2, ¢g=—3.
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Pemenne. Io dopuyne (91.2) nmeenm
_q —1 oy (=37 —=1_ -, —2187—1__
S,_av1 —- =(—2) =T 2 31 =—1094.
Ipumep 2. IIJm reoMeTpHYECKONl NporpeccHH, COCTOSLILH H3
NeliCTBUTENbHHX WY/JIeHOB, Hafith S, ecam uspectHo, 410 S;=09,
Sg=—63."
Pewenue. IBaxiu ncnonbsye\x dopayay (91.2):
S;=a i —9
t q
s —1

Se=aqu—_—l'=—63.

PaszjesuM BTOpoe paBeHCTBO Ha NEPBOE; MO.IYUHM

g —1_

Aol 7.
3awmeTtnn™, yTo MO QopMye pasHOCTH KBagpatoB ¢°—1=(g*—1)X
X (q*+1). TosToMmy nocCIe CoKpallleHHa MOAHO HallTH

qs "i_ 1 = _71
orkvia ¢*=—=8. [lo vcaoBi mporpeccust COCTOHT H3 JeHCTBHTEIb-
HBIX 41eHoB. [TosToMy 6epcu To0Ibko g=—2. 13 nepsoro ncxoznoro

ypapuenus Tenepb uafiieM a;=3. Chosa uCHOIb30BaB Qopiy.Ty
(91.2), noayumy
—. 1°-—-I 1024 —1
S, =313 ——1023.
= =~ 10
92. beckoneuno bema}oman reoMerpnyeckasg nporpecciisi. Pac-
CMOTpIHM TeNepb BONPOC O CYMMHPOBaHHH OGeCKOHEYHOIl reoMerphye-
ckoil nporpeccuin. Hasosem n-fi wacmuynoti cysisoldl naHHoll Gecko-
HEYHOil Iporpecciii CyMMy 722 ee mepBbIX 4.acHoB. OGosHaumy n-1o
YaCTHUHYIO CYMMY CHMBO.IOM Sn.
Tal\,

S,=aq,

S,=a,+a,,

S;=a,+a,+a,,

S,=a,+a,+a,+...+a,
HOaa kaxnoil GecKoHeyHoil mporpeccHi

gy gy Qg ooy Ay o ee
MOMHO COCTaBHTHL (Takike GeCKOHEUHYIO) NOC.1e0BaTeIbHCCTh €e Ya-
cTHYHHIX cymM {S,}: : .

Si So Say vy Spy -e

[ycts mocsienoBaTeabHOCTD {S,} mpu HeOrpaHHYEHHOM BO3PACTAHIH 7

HMeeT npenena S:
lim §,=S. 92.1)

n—+»ow
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B sroM caywae umcso S, T. e. mpeien YAaCTHYHLIX CYMM Iporpec-
CHIH, Ha3BIBAIOT CyMmMoll OeckoHeurot npoepeccutt. Mul J0Kaes, 4TO
GeckoHeyHasi yOHIBAIOIAs TeOMETPHYECKAS NPOTPECCHs BCerja HMeeT
CyMMy, H BuiBeeM GopMyay AJs 3TOit CyMAMHI (MOXKHO TaKie IOKa-
3aThb, 4TO NpH |g|>1 OeckOHeuHas NpPOTPecCHs He HMEET CyMMBI,
lim S, ne cymectsyer).

n—+ow

3anumem BbLIDAXKEHHE '{aCTH'-IHOH CYMMBI KaK CYMMEBI 1 4/JIeHOB
NPOrpeccHH 1o dopmyne (91.1) u Gynpem paCC\IanHBaTb npezedn
YacTHYHOMI CyMMBY IIPH 71 — 0O

—a

S= lim §,= lin Znd 11‘

no>w n->o 94— )

M3 Tteopemu n. 89 wm3pecTHo, urto A4s YyOBIBalOWlell NPOrpeccHH

lim a,=0; nostomy, npuMeHsis TeopeMy O npejese pa3sHOCTH, HaliieM
n=>wn ’

i @ C e . a a

S = lim .Lq_la_l.__. lim 49 % im ._aL_z_—q_q_ lim g ——t — _—1

n—e>o 97 nowd—!l pieg—l R g—1 1—gq

(3116(:]: TaK¥Ke HCHOJIb3OBa'HO NnpaBHJIO: IIOCTOSTHHLI MHOXKHTE/Ib BbI-
HOCHTCA 3a 3HaK npefena). CywecteoBanue S= lim S, nokasawmo,

n-— o

H OJZHOBDEMEHHO MoayueHa (opMysa cyMybl GecKoneurno yOwiBatomell -
reoMeTpH4ECKOil NMpOorpeccHH:

=L (92.2)

PaBencTso (92.1) MoxHO TaKxKe micaTh B BHIE
atagtag+t. . fag 4= (9]1<D). - (92.3)

3nech MOMET Ka3aThCA napajgoKCaJbHHM, YTO CyMMe Geckoneu-
HOIO MHOXKECTBAa CJaraemMuiX NPHIHCBIBAETCSA BIIOJIHE OnpejejieHHoe

‘ ™

X

1 TN :
72 Yy e

Puc. 72.

KoleyHoe 3Haueline. * MoxHo NpPHBECTH HAMIFIHYIO HJUTIOCTDAIHIO
B MOSICHEHHE TAKOro 10J0)eHHs1. PaccMoTpiM KBaapaT co CTOPOHOI1,
pamiou enuHuue (puc. 72). Pasmenum 3ToT KBaApaT rOpH3OHTABHOI
JHHHell Ha JBe paBible YacTH H BePXHIOI 4acTb NPHJIONKHM K HHHK-
Heit Tak, 4ToGH o6paszoBaicsi MPSAMOYTOJLHHK CO cToponami 2 u !/,
[Nocie 3TOro MpaBylo NOJOBHHY 3TOr0 NpAMOYTOJIbHHKA CHOBA pas-
JeHM TOPH30HTAJLHOIl JIHHHel mnomoJiaM 1 BEPXHIOK 4acTh NPHJIO-
RKUM K HIDKHell (xak moxasano Ha puc. 72). Ilpornomkas 3ToT
npouecc, Mu Ece BpeMs npeoGpasyeM HCXOZHENT KBajpaT € IJI0LIAABIO,
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paBHoii 1, B paBHOBenukHe GHrypH (NpPHHHMAIOWIHE BHJ JIECTHHIBI
C yTOHbILIAOUHMHCSA cTyneHbkaMi). [Ipn 6eckoneuHOM MpoIO/KEHHH
3TOTO mpoliecca BCsl IVIOWAfb KBajpaTa pasJjaraercsi B GeCKoHeyHoe
YHCJIO CJaraeMblx —IJIomajeii NpsMOYTroJbHHKOB C OCHOBaHHSIMH,
paBHeIMH 1, H BeICOTAMH %/,, 3/,, /,, ... Ilnomanms npsAmoyroiae-
HHKOB KakK pa3 ofpasyior npH 3ToM OGeCKOHeuHYI0 YOLIBAIOmMYIO
Iporpecciio (a1=1/2, q=1/2); e¢ CyMMa

Yy
———I- + +---—-1—_—1/—2—-1,

T. €., KaKk H CJIef0BaJio OXHAATh, paBHA IJONANH KBajaparta.
Hp unmep. Haiitn CYMMBI CTEAYIOUYIX feckotedHLtX NporpeccHii:
a) 2, oy *lay Flaay oo ‘
o) 3, —I1, /,, —/,, ...
B} 1, l/w, 121/100 1331/1000
Peutete. a) 3ameuaeM, 4yTo y 3Toil mporpeccun a, =2, g=>3/,.
_ IToatomy no dopmyae (92.2) Haxoanm N

2

S = 1_—% = 8.
6) 3necs a; =3, ¢=—'/;; 3uauutT, no Toii ke Qopmyae (92.2)
HMeeM
3 9
. S=T—~ 7"

B) Haxoamnm, uto y 370l nmporpeccun g=14/,,> 1. IloatoMy nau-
Has NPOIpeccHs He HMeeT CYMMHL.

B n. 5 Gbli0 mokasaHo npHMeHeHHe (OPMyJBI CyMMBl YJIGHOB
GeckoHeyHO yOBIBawOUleli mporpeccHH K cOpaileHHIO NepHOIHYECKOL]
JecsITHYHOI Jpo6H B OGLIKHOBEHHYIO ApOGh.

YnpaxueHus

1. Cymma GecKoHeyHo yGniBaioieil reoMeTpHYECKO{l mporpeccHit pasHa 3/,
a CyMMa ee NePBHIX uyeTbipex usenoB pasHa 13/,,. HaliTn mepsulil wieH u auame-
HaTesb MPOrPecCHH.

2, Hafiti yeTwipe uncna, ofpasyiouiue 3HAKOYEPEIYIOULYIOCT T'COMETPHYECKYIO
NPorpeccuio, ¥ KOTOPOil BTOPOIl u/eH MeHble NMepBofo Ha 335, a Tperuil Gosbiue
yeTsepToro Ha 560. .

3. IloxasaTh, uTO eCIH NOC/]IE10BATEIBHOCTD

Qy, Qg4 A3y ooy Upyess

obpasyer Ceccxotieyno  yOLIBAIOMYIO TCOMCTPHUCCKYIO NPOTPCCCHIO, TO I IIOCICKO-
BaTeJIbHOCTD

af, af, aF, ...; a%, ...
npu mobom o > 0 obpasyer GecKOHEUHO YOLIBAOMYIO T€OMETPHUECKYI NIPOIPeCCHIO.

Coxpamn'cx JH 3TO yTBepHkAeHHe npn a < 0?
. Briectn hopayny A7 npOH3BEAEHHs 1 WiEHOB [EOMETPHYECKOi Mporpecca,
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* § 1. BekTopbl. OGofutenne noHATHIA yrja W Ayrd

93. Bexrtop, npoekuus Bekropa. Bexmopos Ha3pBaeTCss HAMpaB-
JIEHHLI OTpe3ok B maockocti (B npecrpancrse). Ilpu m3yueHni-
TPHTOHOMETPHUECKHX (YHKUMIT MbI GyAeM paccMaTpHBAaThb BEKTOPHE
B mockoeti. C KaMXIbM BeKTOPOM CBA3HLIBAIOT NOHSTHA Hanpasie-
Hus 1 Oauner (aCCOMOTHON BeMUHHBI, MOXYJISA).

Ionsi Bektopa (pne. 73) mnplinme-

N ' HAIOTCA craepywouine oBo3gaueyus;
" ‘ )
/ a
) ——
4 5
C——
Puc. 73. . Puc. 74.

AB= AB——a, rae A—nauano BeKTOpa, a B—ero xonen. Jauua
oTpeska. AB HasmBaercsi daunoii eexmopa AB (ero aGcoJOTHOI

BeHUHHON, MomyseM) M oGo3nauaercst Tak: | AB|, |a@] win |AB|

Jlas o6uHOCTH paccMaTpHBaeTC M Caydail Hy.ae6020 ompeska AA
HayaJlo KOTOPOro COBNaJaeT C €ro KOHUOM. Taxoil OTPe3oK Hasu-
BaeTCA Hynesois Gexkmopos 1 o6osnayvaercst yepes 0. Hyaepoil Bektop
IMeeT JJIHHY, PAaBHYIO HYJIO; €My He NpPHONCHBAaeTCs HHKAKOro
Hanpa.JeHH:. _

Crnenyer 3ameTuts, uto Bcerga |AB|>0, npuuem [AB|=0
TOTJa H TOJBLKO TOrjaa, korga AB—HyJeBoil BeKTOp.

JL7151 BEKTOPOB He HMEIOT CMBIC/IA MOHATHS «GOMbILEY HJIH «MEHBILEY,
Mo3xHO TOIBKO TOBOPHTb, UTO JAJHHA BekTopa AB Gosiblue ATIHEL
pextopa CD, u nucars: |AB|>|CD|.

JBa BekTOpa @ W b Ha3LIBAIOTCS PasHLIMU, €CJII OHH:

1) napannennHsl ofiHOft 1 TOi ke npsAMoIi,

2) onMHAKOBO HamnpaBJleHHl,

3) HMEIOT paBHule JVINHH, T. €. |@|=]|b| (pnc. 74).
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CoBOKYMHOCTb BEKTOPOB C YKa3aHHBIM BHILIE ONpeJe/eHleM pa-
BeHCTBA OOLIYHO HA3LIBAIOT cucmemol c80600Hbix eexmopos. TepMuH
«cBOOOJHEI BEKTOP» CBfi3aH C TeM, YTO Temepb OAHH H TOT Xe
BEKTOD MOKeT OHITb H306paKeH HanpaBJAeHHBIM OTPE3KOM C HayaJsoM
B ~1I000fi TOYKe: ero MOKHO CBOGOJHO IepeHOCHTb 13 TOYKH B TOUKY.

KaxjoMy BekTopy AB MOXHO NOCTaBHTb B COOTBETCTBHE Jl€Ka-

muii Ha 3apanHoii ocH OL Bektop A,B,, rae Touku A, u B, coot-
BETCTBEHHO —IpOeK 1l Ha ocb OL Touek A u B (puc. 75). Hpoe/»-

yueii eexmopa AB na ocv OL mnasmbaercs aamwa pektopa A,B,,

8
l 8
l |
A { | A
i | | {
i ; | }
(] L ! )L——)- . T !‘ ! P
9 1 4 8 L g 1§ 4 &
Puc. 75. Puc. 76.

B3siTast CO 3HAKOM IITIOC, €CTH HanpasJeHlie BCKTOpa AlBl coBna-
A2eT € IOJ0ZKHTEJILHBIM HaupaBieHuesm ocl, H CO 3HAKOM MHHYC

B npoTiBHOM cayyae. Mrak, npoexuuss sektopa AB Ha oCb eCTb
no OMpejesIeHilo 4icio (He BekTop!). YeaoBHMCsT POEKILIO BEKTO-

pa AB Ha ocb OL o6o3nauats Tak: npy AB. Bo3smoxHul caetyioutie

B
k4
1
40 .
1\
4 i
1 1 J :— L :
7 1 4.5 . a &
Pue. 77. ' Puc. 78.

cayyait: a) npg AB = 4]A,B,|>0 (puc. 75), 6) npy,, AB=—|A4,B,|<0
(puc. 76), B) npgAB=0 (puc. 77).

PaccyoTpuM Tenepb COBOKYMHOCTH BEKTOPOB, HCXOMSMIMX H3
oaHoii Toykn (Hadana). Takas COBOKYHHOCTb BeKTOPOB HasbIBaeTCs
yenmpuposanrod. Ilpumes 3Ty oburyio Touky 3a uavaaoc O pexapro-
BOIi npaMoOyroJieHOil cicreMsl KoopanHat Oxy (cm. u. 8).
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Onpenenenne. Bexrop OM, umeomuii CBOHM HayajJoM
Touky O (Hauano KOOPAWHAT) H CBOHM KOHIIOM IIPOH3BOJIBHYIO
TOYKy M NJIOCKOCTH, HasHBaeTcsl paduycom-gexmopor Touku M nau
nodsuscHeLs paduycos (puc. 78). Paauyc-sextop o603nauaeTcs H Tak:

r(M), t.e. OM=r(M). Uepes x u y o6o3HaYHM COOTBETCTBEHHO
- abcumccy o opanHaty Toukn M, a uepe3s r—panHy (MOAYJb) BeK-

Topa OM. Cnenosatensuo, r=|0M |=|r (M)]. 3ametny, uto Koop-
JUHATHL X H y TOUKH M ABASIOT-
Csl BMECTE C TeM NpPOEKUHAMH ee
paguyca-pexTopa r (M) Ha ocH KO-
OpANHAT.

94. HonoxHTeNbHBIE YIVIH M 1y-
rH, wmenbwune 360°. Ha xoopai- r
HaTHOil mJaockoctit Oxy paccmoT-
PHM OKPYKHOCTb pajiyca R ¢ LeHT-
POM B Hayale KoopAHHaT (puc. 79). ¢

Byaem cunrats, uTO Yyroa
a=/ AOE ofpa3oBai BpalllelH- T
€M HeKOTOPOro MOJABHIKHOTO pajny-
" ca-BeKTopa, afCosieTHAA BeJNHIHHA
KOToporo _ pasia R, B Hampamie- .
HHIl, MPOTHBONOJOXKHOM IBHIKEHHIO Prc. 79.
YacoBoil CTPeJKH, OT HAYAIBHOrO

NOJIOKeHH A OA coBnajaamulero ¢ HOJXO)KHTEJI.I-:HBIM HarnpagBJ/JI€eHHEM

ocH Ox, g0 KoHeuHoro noJgoxenuss OFE. Takofi yroq o CuHTaeTcq
nonoxuteApHbIM. IlpH Bpamennd (B nanpaBJeHHH NPOTHB [BH-
KEHUA YyacoBOil CTPeJKH) MOABHXKHEI pPamHyC-BEeKTOP OMHCHIBAET
yrast ot 0° go 360° (ompegesnenne rpaayca cMm. B I, 165). Ocsamu
KOOpAHHAT KPYr Ha pHC. 79 AEIHTCS Ha uYeThipe YETBEPTH: meppBasi
yetsepth AOB, BTOopas BOC, tpetbsa COD n uerpepras DOA. Ecau
cropoHa OFE yrna AOE pacnojioxeHa B nepsoii, . BTOpofi, Tperseil
HJIH YyeTBEepToii uerBepTH, To yroa AOE GymeM Ha3nBaTh COOTBET-
CTBEHHO YIJOM nepBoil, BTOpoii, TpeTheil HJH YeTBEpPTOH uYETBepTH.
B nepgoii yetBepTH yroll o H3MeHsercs B npegenax ot 0° go 90°
(0°<< << 90°), Bo Bropoii—oT 90°. mo 180° (90°<C o< 180°),
B tpetheit—ot 180° ;o 270° (180°<<a<{270°), B yersepTOii—OT
270° po 360° (270° << & << 360°). ' :

Eciu noasuxuwil .panuyc-Bekrop omucand yroa AOE, paBuwbiil

S’

o YIJIOBBIM TPajfycaM,.To ero KOHeIl ONHCaJ AYTY OKPYXKHOCTH AE,

paBHyl0 o JAyroeeiM rpagycam. Hawano sToit ayrn  naxogurcs

B Touke A, a xowen—B Touyke E. Bce ckasannoe Bbune o6 yraax
OTHOCHTCS H K Jyram.

95. Yrast 1 ayru, Gonpmmue 360°. B m. 94 mu orpammmannca

yraamu ot 0° no 360°. Mexny TeM B pasiHYHHX 3afauax MpHXO-

AY
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ZHTCST HMETh [0 C Bpamemxmm npH }\OTOprX coBepluaercsi Gonplue
NOJHOTO 0GOpOTa, HANMpHMEp C BpallleHHeM MaxOBHKa, C MOJETOM
COYTHHKA BOKPYr 3emian H T. A. DTH 3ajaull NPHBOAAT K Heo6Xo-
JAHMOCTH OO0OQGIUIEHHs NOHATHA Yraa (AyrH), K HeoGXOXHMOCTH BBeje-
HHA yraoB (ayr), 66abumx 360°. Paccmorpum yron AOE =a, rae
0°<Ca << 360° (puc. 79). StoT yroa MoxeT GuiTb 06pa30BaH CjeIYIO-
MM 00Pa30M: HOABHIKHEIT pPajfHyC-BEKTOpP H3 CBOETO NepBoHavalb-
Horo noJoxeuns OA cpesan cHavada fi NOJHBX 060POTOB B Hanpab-
JIeHHH MPOTHB JBHKEHIIs YacoBOIl CTPRJKH, a NIOTOM ellle NOBepHyJCA
Ha yTroJql & B TOM e uanpame}mu H MBI TIOAYYHJN HEKOTOPHIl
TNOJIOKHTENBHRI yrod P,, KOTOPHIl CBA3al C IIPeKHHM YIIOM o Cjhe-
apytoueil dopmyioii:

B,=360°n+a, 95.1)

rie 0°<Ca < 360° u n—moboe 1eJoe HeOTpHIATEIbIOE HYHCIO.
Yronfi (mp n>=1 u a>0°) OyaeM HA3bIBaTb HOJIOZKIITCABHBIAL
YIJIOM, "Goabuwin 360° (npt n=1 n a=0 noayyaem yro., pas-
bt 360°). CyuiectsyeT GeCKoeuHOe MHOXKECTBO yraos f3, ¢ nadaib-
Hoit cToponoit OA 1 xoneunoit cropotoit OE, KOTophie 3aMHCHIBANOTCS
npu nomoiui popmyart (95.1). Hanpumep:

Bo=a, P,=360°+c, B,=7204+a uT. I

Ecan noxsnaxublil pagnyc-ektop onmcax yroa PB,=360°1-+a, 10
€ro KOHCL onicad AYyry, paBHYIO CyAMe LeJOro 4iic1a 71 NOJHBIX
SN

okpyxHocrteil u ayru AE. CymecTsyeT GeCKOHEUHO® MHOXKECTBO IYT,
HMelouX Jannoe Hayalo A u JaHHbf Kowen E. Bcee 3tu ayrn
Take BblpaxkatoTcs Gopmynoil (95.1), Ho rpaaycel, BXoasiie B 3Ty
dopanyay, ciaefyeT NOHHMaTbh KaK AyroBhle.

96. OrpuuareabHble yrabol. ChloxeHue W BbiunTammie yrios. Haso-
BeM BpalieHHe NOJABHIKHOTO Pajilyca-BeKTOpa B HaNpaBJeHlN NPOTHB
JIBH2KEHIST YACOBOM CTPENKH M0A0JCUMCALHbIAL, @ B T POTHBOMNOJIOKHOM
HanpasJeHHH (B HanpaB/deHHH MO ABIIKEHHIO 4aCOBOfi CTPEJKH) —
ompuyameabHslal, YTOJ, OMHCAHHEIT MPH OTPHUATELHOM BPAICHIHI
NOJABILKHOTO paflyca-BekTopa, HasoBen OmpulameibHblil [jeaoM.

[Tpapuao. Yroa usMepsieTcsi NOJIOXKHTEILHBIM YHCIOM, €CJI
OH NOJIOKHTEJbHbI, 1 OTPHHATEJbHBLIM 4HCJIOM, €CJAH OH OTplla-
TeJIBHBDHT.

IIpumep 1. Ha puc. 80 nsoGpaenst ABa yrJaa ¢ oCueil na-
yaaphoil croponolt OA 1 ofmeii Komeunoii croponoii OD: ogun
pasen -+-270°, apyroii —90°.

Cymma aByx yrJaos. .Ha xoopauuarnoil miockoct Oxy
paccMOTPHM OKPYKHOCTh eAITHHYHOIO pajiyca ¢ UEHTpPOM B Hayagae
xoopauHar. (puc. 81). Ilycte npou3BoJbHBII yronl o (Ha 4YepTexe
NOJIOMKHTEJNLHEI) NOJyYeH B pe3yJabTaTe BpauleHHss HeKOTOpOTo
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MOJBHIKHOTO pajinyca-BeKTOpa OT €ro HadalpHoro noJoxeHds OA,
COBIAJAIOMEr0 C IOJIOXKHTEJbHEIM HanpaBjeHneM ocH Ox, 10 ero

KoHeuHoro moJioxxeHust OE. IlpumeM Tenepsr noJioxkeHue paguyca-
BeKTopa OL 3a Haua/AbHOE H OTJIOXKHM OT Hero NPOH3BOJILHHIR yroa f

y '. - "‘
| ‘ .7

=/

Puc. 80, - " Puc. 81.

(Ha uwepTexe MOJIOXKHTENBHHN), KOTOPH NOJNYYNM B pesyJbTaTe
BPaleHHs HEKOTOPOTo NOABHKHOIO PajHyCa-BeKTOpa OT ero Havaib-
Horo noJsioxeHuss OFE 1o ero xoHeyHoro moJjoxenuss OC. B pesyib-
TaTe STHX JEHCTBHIl MHI 10JYy- ,
YHM yroJ, KOTOpPbI 6yneM Hasbl- ' 4
Bath cymmol yraos a u B. (Ha- : A
98JIbHOE  TOJIOXKEeHHe  MOJBHK= . 1
Horo paauyca-sektopa O A, KoHeu- 0 : A
HOE TOJIOXKEHHE paaHyca-BeKTo-
pa OC.)

Pa3HoCTb ABYX YTJOB.
ITox pasHOCTBIO ABYX YIVIOB oo H = 7
B, xotopywo o6o3HaunM oo —f, MBE
6yIeM nNOHHMATb TaKOH TPeTHH
yroj Yy, KOTOPHIL B cymme cC
yrioM [ paer yron a, T. e.
vy=0—p, ecin PfJ-y=c. Pas- -/
HOCTh JABYX YIVIOB a H [ Mox- Prc. 82
HO TpPaKTOBaTh KaK CyMMy yr- - T
JoB o« H —f. B camom geie, ’
[+ (—PB)] + B =0a (puc. 82). Booﬁme, 028 am0bbix Y2108 UX CYMMA
usmepsemcs aseebpauuecxod cymzou aeucnwume/zbnbtx qucen, usme-
pﬂrou;ux amu ye/zbt.
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Ipumep 2. /AOB=-60°, a L/ BOC=-—90°, Toraa
Z AOB4- /. BOC= /AOC =604 (—90°) =—30° (puc. 83).
Mpumep 3. Yroa p=--780° a yron f’'=—1110°. Cymma ux
f+p" =780°4 (—1110°) =—330°.
B dopmyne (95.1) mpepmosaranock, uto n-—.ao0Goe uneaoe He-
OTpHLIaTesIbHOe 4YHcaA0o, ECAH 3Ke Npeanosoxutb, 4to n-—.oboe
Hejioe uncao (MOJOXKITEJLHOE, OT-

g pHUATENbHOE WM HYJb), TO HPH
A NOMOILH (POPMYJILL
8 B,=360°n+a,  (96.1)

rie °<Ca<360°, n=0, - I,
42, ..., MoxHO OyJIer s3amnucaTb

N J106011 yroJ, Kak ROJIOKHTENbHHII,
£ TaK H OTpHUATEAbHHII.
N ,
. IMpumep 4. ¥roa, paBumii
/s —1370°, MoxHO 3amucaTh Tak:

—1370° = 360° (—4) - 70",

3nece n=—4, a=-4+70°

3aMeTuM, yto BCe yraul f,, 3a-
NHCAaHHBIE NPH AOMOLUIN POPMY.TIB
(96.1), npi pa3HBIX 3HaueHHAX 1,
HO OJHOM M TOM e ¢, uMeloT o6mue uagamsuyo (OA) i KoHeu-
nywo (OE) cropoust (puc. 79). Ilostomy moctpoenne Jmio6oro yraa
B, CBOAMTICA K NOCTPOEHHIO COOTBETCTBYIOUErO0 HEOTPHUATENbHOrO
yraa o, mesbuwiero 360°. Ha puc. 79 yran f,=a 4 360°n mMexay
coboil -He OTJINYAIOTCHA, OHH Da3JHYAIOTCH JIHIb MNPOLECCOM Bpalue-
HHA Pajlyca-BeKTOPa, KOTOPHIl NpuBeJd K HX 06pa3oBaHHIO.

Piic. 83.

Ynpaxseuns
1. ¥YraoM Kaxoil ueTBepTH sBASETCSA YTod, paBHHIL:
a) 73% 6) 327°% =®) 151% 1) 190% &) 94° e) 286°% k) 359*?
2. ¥YrioM KaKoil uYeTBepTH fIBIACTCA Yro.d, paBubii:
a) —30°% 6) —260° B) —98°% r) —300° n) —89°% e¢) —272%
3. INpexacrasuts yroa f B puge P, =360°n--a, rie n—ucioce uncio, a &

yaosi1eTsopsieT yciaosiio 0°<Ca << 360°, ecnu:
a) f=—270° 6) P=405% B) f=—060" r) p=1800° 1) p=—1751%,

§ 2. TpuronoseTpuyeckiie QYHKLHH NPOH3BOJLHOrO yrja

97. OnpepencHHe  OCHOBHBIX  TPHFOHOMETPHUECKHMX (YHKIMIL,
Bra. IV 6b10 naHo ofuiee onpenedenie ¢yHKWOHAILHOI 3aBH-
cumocTH (oOltee onpeneseHlie (QYHKUHI) H H3yYaJHCh HEKOTOpbIE
sneMeHTapHele ¢yHKuui. Tenepb MLl BBeJeM OCHOBHBE TPHIOHO-
MeTpHYeckHe PyHKUHH.
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Iycts pazmyc BekTOp r=O0M Touku M oGpasyer yroa e ¢ ocbio

Ox (puc. 84), npuueM X M y COOTBETCTBEHHO albCIyiicCa M OpAHHATA
KoHua M BexTopa, r—ero MoayJb, a BelHYHHA yr.na o H3MepseTcst
B rpajycax Wi B paamaHax (cM. nm. 165,

166). P

1. Cunycom yriaa o (oﬁosnaqe}me sin a) A
Ha3pIBaeTCsi OTHOIIEHHE OpAHHATBL Y - (CM. .
pic. 84) k amHe r paanyca-Bektopa OM:

sina=2, 97.1)
' T

2. Kocurnycom yraa o (oc6o3HaueHIie: COS ) z »
Ha3bIBaeTcsl -OTHONIeHne a6cuicchl X K Aai- — g z-
e r pajpuyca-sextopa OM:

cosa=%, ©97.29) = Pue 84

Hixe (3ameuanne 1) MBI moKakeM; 4TO Sina I cOSa, onpejgeseHnbie
pasenctBamn (97.1) u (97.2), peiicTBluTeNBHO 3aBucm' JHIUb OT YT-
Ja o (HO He OT pajmyca OKpPYKHOCTH 7).

3. Taneencom yraa o (oGo3HaueHne: tg o) HasuBaeTcs oTHOleHie
CHHyca yrJa o K KOCHHYCY 3TOro yr.ja:

tge=ut S .013)

4. Komaneencos yrna o (0603Haqem{e' ctg o) Ha3uBaerca orHo-
IIeHHe KOCHHYyCa yrJja o K CHHyCYy 3TOro yraa:
cos.¢

Cctga =00, (97.4)

sina

5. Cexancos yraa o (o6o3HaucHie: sec o) Ha3HBAEGTCA Be/HUIIHA,
oGpaTHas cos !

secao =

(97.5)

cose *

6. Kocexancom yrna o (oGo3nauenie: coseca) HasplBaeTCsA BeJIH-
YKHHa, ofpaTHas sina:

cosee ot = ——. (97.6)

sina

3ameuanne . Tpuronoverpuueckue dynxunn (97.1)—(97. 6)

" nefiCTBHTE/NbHO SABJAIOTCA (QYHKUHAMH TOIBKO yraa o, T.e. He 3a-.

BHCAT OT JJHHBI NOJBHKHOTO paaHyca-pexktopa. s’ TOro 4roGhl
B 3TOM y0enuThCs, AOCTATOYHO JIOKa3aTb, UTO €CHH MOABIKHBI
pamnyc-BekTop r ofpasyeT C oCbi0 abCuucC AaHHHl yron o, TO

OTHOWIEHHSI X/r W y/r He 3aBHCST OT IJHHEL pajHyca-BeKTopa; uH- .

TaTelb JIETKO B 3TOM yGeaHTCs.
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3aMeuanue 2.' H3 onpepenenus tga u ctga creayer, uro
' =Y
tga==, (97.7)

aga=§. (97.8)

Cootuowenus (97.7) u (97.8) Moxuo Obio Gul HPHHATL ‘B KayecTse
onpenenenuii aaa tga u ctga.
3ameuanue 3. AuajoriuydHo noayyaem

sec o= % , 97.9)
cosec o =—, (97.10).
y

Cootvowennst (97.9) u (97.10) MoxkHO Oblio OHl TaKike NPHHATH B
KauecTBe onpefeseHuii AJs sece 1l coseca.

3ameyanite 4. Bo Bpcex onpepesennsx (97.1)—(97.6) mut
NpejnosiaraeM, 4To COOTBETCTBYIOUINE OTIIOUIEHHST CYLIeCTBYIOT (IIMEIoT
cnuics). Hanpumep, tgo nMeer emuics, ecan cosa =0, ctga meer
cuete1, ecnnt sina==0, u 7. g [lockoabky (3ameuaune 1) Tpirouo-
MeTpuyeckie ¢ynkuuu (97.1)—(97.6) yraa « ne 3aBuCAT OT ATiIHBL

g MOABIZKHOTO pajyca-BCKTOpa, TO B
A KayeCcTBe palnyCa-BeKTOpPa MOKHO

7 Opate BeKTOp C AJIHOIl, paBHOil
emnnue (| 7|=r=1). Takoii Bek-

y TOp Ha3bIBAT eGUHUYHBIN  paduy-

com-gexmopom. B cayvae ‘exnHuy-
HOTO  pajuyca-BeKTopa (opMyJLt
JJISi OCHOBHLIX TPHTOHOMETPIUECKIIX

/s

-1 < g 7% Gynxuwuil samuwyTen Tak (puc. 85):
sina =y, cos & =x,
. _x
tga=2,  ctga==, L7
-/ . seca=l, coseca:l—.I
x y
Puc. 85. . Gopuyan a1 tg auctg o ceranice

npexunmin  (em. (97.7) u (97.8)),
a (opMyJ/Ibl AJIA OCTAILHLIX OCHOBHBIX TPHFOHOMETPHYECKHX (QYHKUHI
npuusay Gosee npoctoii Bug (eM. (97.1), (97.2), (97.9) u (97.10)).
CaezoBaTteaplo, CHIIYC M KOCHHYC YIVIa & paBHbl COOTBETCTBEHHO
opautiate H afbcuicce KOHUA MOIBIIKHOIO €INNIYIONO pajiiyca-Bek-
Topa. KoHel 3Toro exnHmuyHOro pagiyca-BeKTopa INIPH H3MeHeHHI
yraa o ot 0° po 360° omiiuer okpyXHOCTb, Ha3blBaEMyIO eJuUHUMHOL
oxpyxcuocmeto  (puc. 85). I/ reomeTpliyeckoro HCTOJKOBAHHS TaM-
reHta H KOTaHreHCa BBOJAT MNOHATHS OCU MAHZEHCO8 l OCU KOMAH-
eencos. Ocblo maneencos HasblBaeTCs1 NeprneHiHKyasp, BOCCTaBJeHHbII

B Touke A K HemoABHKHOMY pagnycy-BeKTopy OA. Ilonoxutennhoe
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H OTpHNATeIbHOe HAanpaBjeHHs HAa OCH TaHreHCOB BHIGHPAIOT Tak,
yToGBt OHN COBMAjaNM C COOTBETCTBYIOUIHMH HaNpaBJeHHAMH CCH-
opaunat (piic. 86). Paccumplm yroa a= / AOM u BBegem nows-
THE€ COOTBETCTBYIOINE]i TOUKH OCH TaHTeHCOB.

a) Ecan Touka M - exunnumoii OKDYXKHOCTH JIGXHT ClpaBa oOT
OCH OpAHHAT, TO COOTBETCTBYIOIWIEH eii TOUKOH OCH TaHFeHCOB Ha30-

BeM TouKy M, (TOuKy nepeceqemm npononmemm OM ‘¢ ochlo TaH-,
rencos, puc. 86, a).

y . . y
\ A ) L
' !
wo
% S
&2 &
frg - \ It T
A S W AN
)
|51
% tZ
S . -
8 ige-y, -7 Mo
7) )
' Puc. 86.

6) Ecan Touka M exnmmyHoii OKPYIKHOCTH J€XHT CAeBa OT OCH
OpJNHHAT, TO COOTBeTCTBYIOWlEH €l TOYKOIl CCH TaHreHCOB Ha30BeM

Touky M,; (TOuKy nepeceyenns npopo/xkenna MO ¢ ccbio TaHren-
COB, pHC. '86 , 0). ’

3a\|enn\|, YTO TANIEHC yIrJa o 4YHCAEHHO pPaBeH OpAHHATE Y,
(pnc. 86) cooTBeTCTByIOLUlEA TOYKH OCH TaMreHCOB, T.e. ECerja, -
tg o=y, lokaxeM 3TO Anf yrJaoB NepBHIX ABYX !xenaepre:“x:

1) 0°< e < 90° (puc. 86, a)-tga=L=y, >0, rae y,—opmu-
HaTa TOYKH M,.

2) 90° < a < 180° (puc. 86, 6). tga=22<0, rze x, n y, —ate-

wmicca 1 opankara Toukn M. U3 nopoGua npmxoyronbxmx TpeyroiL-
HHIKOB OMM2 n OM;A umeenm ‘

1921 _ 1l

1x.1 ‘ ’

HIK

Y2 = — Y

# -
= L

C.nenoaa're:lbﬂo, tga= ?Z: =4, <0.
2 -

9 B. B. 3afiues n np,
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~ Pexonengyem uiratenmo CaMOCTOATENLHO paccMOTpeTh ClIydan:
3) 180° <L < 270° u 4) 270° < o< 360°,

3aneTnM elle clepymwouee:

a) ecau Touka M Jiexur una cci opaHHAT (Hanpnmep, a=270°)
TO COOTBETCTBYIOWLell efl TOYKH CCH TAHTEHCOB He CYLIeCTBYeT, H
npu 3ToM H g o TakKe He CyLIECTBYyerT;

6) B paccMOTPEHHBIX ciyuaaXx 1)—4) mur Gpaau yroa o B mpe
naenaax or 0° no 360°, HO B HawmX pacCy:KAGHHAX HHUYEro He H3Mme
HHTCH, eCAH Mbl OyaeM npeinonarate yroj o Jio0ObIM.

Ocvio- Komaneencog HasbIBaeTCA NEpNeHAHKYJsAP, BOCCTaBJEHHBL”

B Touke B (xowen paamnyca-sextopa OB, o6pa3sywouero ¢ ocbio O

¥ ¥ :
A 4 :

Ors 8 Z M, M x 8 Ocs
ﬂamv.evwi f KOMaH285720!
-~ —— - - M y

-ql =
" 74
g a1 ! RN/
-/ J - Z -/ Z
%2
M
! tlg &=z
a) J 7

Puc. 87.

yron, pasublii 90°) k ocu opaunar. IojoxuTeNbHoe 1 OTpiIUaTEdD-
Hoe Hanpas/eHNisA Ha OCH KOTaHreHCOB BHIGHPAIOT TaK, YTOGLI OM
CoBMajaqH C COOTBEeTCTBYWOUUIMH HanpasJeHHAMH oc aGemuce
(puc. 87). BBenem noHsTHE COOTBETCTBYIOLIEI TOUKH OCH KOTAHIEHCOB.

a) Ecan touka Al eluuiMHOII OKPYMHOCTH JEKHT Hak OCbIO
alcuuce, To cooTpeTcTBYIouleil eil TOUKOM OCH KOTAHIeHCOB Ha30BeM
TOYKY M; (TOuKy mnepeceueiiis npogojxkenidss OM ¢ ocbio KoTali-
reticos, puc. 87, a).

6) Ecau Touka M eqitHHYHOII OKPYXKHOCTH JIEXKHT HOJ OCHIO
afcuwice, TO COOTBETCTBYIOWCT Cif TOYKOH OCH KOTAHMeHCOB Ha30BeM
TOYKY M; (TOYKy mnepeceyeHus npo,r[omxemm MO ¢ ocbio KoTau-
reucos, puc. 87,6).

Ananoriuo npebiAyileMy MOMKHO MOJYYHTb, YTO KOTaHIeHC
yrJja o pased aGcuicee X, COOTBETCTBYIOHIeil TOUKII OCH KOTaHIEHCOB,
T.e. clga=x,. Ecau Touka M nexur ua ocu aGcuuce. (Hanpimep,
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a=180°), TO cooTBeTCTBylomeil eil TOYKH OCH KOTaHTEHCOB He Cy-
11eCTBYET, HO NpH 3TOM M cig @ Takike He cyuecTByer.

98, H3MeHeHiHE OCHOBHBIX TPHTOHOMETPHUECKHX yHKUMIT mnpH -
MaMeHeHHH yraa oT 0 jo 2m. B naabnefiem mer GyzeM HCMOJb30-
BaTb He TOJIBKO IPasyCcHylo, HO I pagliaHHYIO Mepy YIJoB (cM. 1. 166);
paanaHHoe H3MepeHHe YIJIOB cTaHeT ocoGeHHO BaXKHBIM NpH nepexoge
K TPHT'OHOMETPHYECKHM GYHKUHAM uicaoBoro apryMenra (n. 107).
B  cBA3H ¢ 3THM HamOMHHM lleKoTophie GaKTH H3 TreoMmeT-
DHH, OTHOCAL{ECH K rpagycHoif 1 pajgHaHHofl cHcTeMaM I3MepeHIs
YyIJIOB H AyT: '

1) npn usMepeHuH yIJIOB H YT B PajnaHHOil CHCTeMe HaliMeHO-
BaHHe eJMHHLLI H3MepeHHs — pafnana o6bYHO OMYyCKatoT i TOBOpPAT,
HafnpuMep, «yroJ paBeH mx/4» BMECTO «yros paseH m/4 pajgnanay;
«yron paBeH 1000» BMecTo, «yroa pasen 1000 panuans;

2) nmpu nepexoze OT rpagycHoil Mepht (o rpagycos) K pauuaﬁﬂou
Mepe (a panuan) noJb3ywores Gopmyaoii

o

oo | (98.1)

3) mpH nepexoge OT pajgHaHHOl Mepul (@ pazmaﬂ) K rpagycHoil
Mepe (a TpajycoB) NMOJL3YIOTCA GopMyoil

o a-180°
& =-7

a=

. - (98.2)

IMone3no 3anoMHHTL COOTBETCTBYIOUIHE 3HAYEHHS B rpanycHoil u
panuaHHofl Mepe HEKOTOPHIX HauboJlee YacTO BCTPEYAIOUIHXCA YIVIOB,
NpHUBeJeHHbIE B Cleayoueit Tadmnue. "

I'paxych 0 ‘ 30 45 €0 90 180 | 270 | 360

Panuann -0

n/6 | n/4d | a3 | n/2 n [33/2] 2n

PaccMoTpuM Tenepb, Kak H3MeHseTCst (1m0 aGCoJIOTHOM Beamnunhe
. M 3HaKy) Kaxpnafd H3 OCHOBHBIX TPHTOHOMETPHYECKHX (PYyHKUHil npH
HaMeHeHHH yraa o oT 0 o 27, 3a HX H3MEHEHHEM MNpOCJeiM,
NoJb3ysACh elHHHYHOIN OKpyxKHocThio (cM. m. 97).

- I. sine. Cornacio neppoii ¢opnyae (97.11) sina=y, rae y—
OpAMHATA KOHUA MNOABHIKHOrO eXHHHYHOTO paayyca-eKtopa (CM.
puc. 85).

"N O0ga<n/2 (nepBasg yeTBepTh). Ecan yraw a, 1 a,
YIOBJIETBOPSIOT HepaBeHc'rBaM <o, <o, < n/2 (prc. 88), TO
J1 < Y,, ClIe0BaTeIIBHO, H sin a, < sina,. I'Ipn BO3PacTaHuH yrjaa o

T 0 no /2 sin & MoHoTOHHO Bo3pactaer ot 0 no 1.
"2) n2<a<m (BTopas uerBepTh). Ecan yram a; u o,
ynosJIeTBopmoT HepaBeneTsaM /2, <o, KN (pnc 89), ToO

9*
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" Yy > Yy, CJIEIOBaATeNBHO, M sina, > sina,. Ilpu Bospacmum{ yrJa
oT @1/2 Ao 7 sineo MoHoTOHHO y6uiBaeT ot | g0 0.
3) n<a<L3n/2 (Tperbsn yeTBepTh). Ilpn Bo3pacranu
yrra o (a, > ;) oT @ j0.37m/2 sina MOHOTOHHO yGbiBaeT (y, <y
or 0 go —1 (puc. 90).

4

1 H,

Puc. 91.

4) n/2<a<{2n (ueTBepTas yetBepTh). Ilpu Bospacra-
Hu yraa o (o, > a,) or 3n/2 no 2n sino MOHOTOHHO ~BO3pacTaet
(y,>y,) ot —1 o 0 (puc. 91). :

Bupoa. Ilpi moGom yrie o aGeonioTHas BedHUYHHA Sino He
npeeocxo;xm 1, yto 3anucuiBaercsl Tak:

|sina|< 1, : - (98.3)
ua B pan{ocuanou dopme: . S
—l<<sina<l, . = (98.4)
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I1. cosa. Tlo Bropoii dopmyne (97.11) cose=x, rae x—aGe-
Hcca KOHUA NMOABHXKHOTO eRHHHYHOTO pajguyca-Bektopa (puc. 85).

1) 0<<a<{n/2 (nepBas uerBepTh). Jasa yraoB a, # o,,
yaosaersopaomnx HepaseHcTBad 0<C o, <o, <<7/2 (puc. 92,a),
BBHINOTHSAGTC HEPaBEHCTBO X, < X; (¥;=O0M; u x,=0M;), caeno-
BaTeabHO, COSQ, < CcOSca,. IIpy BO3pacTaHHK yma a oT 0 a0 m/2 -
COS ¢ MOHOTOHHO y6uBaer ot 1 a0 0 A

2) n/2<a<<n (BTOpas uerBepTh). Ilpn Bo3pacranin
yria o (a, > as) OT 7/2 10 T COSC MOHOTOHHO YOuIBaeT (v, < X,

rae x,= M| 1 x,=—]|OM;]) or 0 no —1 (pne. 92, a).
. vy ,
A
H, ”z
-7 i/
%4 4
AL YA
" H

a)

. Pm;. 92,

3) n<<a<<3n/2 (TpeTbs ueTBepTh). Jlid YriaoB o H a, -
VIOBJETBOPSIOIIHX HepaBeHCTBaM Tt < oy < o, < 37/2 -(puc. 92,6),
BHINOJMHSAETCA HEPABEHCTRO Xy < X, (¥, =—O0Mg n x,=—0My), ce-
LOBAaTeJbHO, COS e, < COSQ,. IIpH BO3pacTaHHH yria o OT %t Jo Jn/2
COS & MOHOTOHHO Bo3pactaer ot —1 g0 0.

4) 3n/2<<a<{2n (ueTBepTasn weTBepTh). IIpn BO3pacTa-
HuH yraa a (o, > o,) or 3m/2 10 27 COSC MOHOTOHHO BO3pacraer
(x> x., tae x;,=0M; u x,=0M;) or 0 no 1 (puc. 92, 6).

BuBoa. Ilpu mobom yrie o aGconioTHasi BETHUHHA COSa He
npenocxo;un' 1, uto 3amuchiBaeTca TaK:

|cosa|< 1, ) (98.5)
HJIH B paBHOCHJIbHOH cdopre: a - :
—1<Lcosa <1, oo (98.6)
111, tga. Taurenc yraa. o uncIeHHO PaBeH OpANHaTe COOTBET-
CTBylIOlWEll TOYKH OcH TaHreHcoB (cM. m. 97).

) 0<a<n/2 (neppas ueTBepTh). I yraoB a, H a,,
yaoBJAETBOpSAIOWHX HepaBencTBaM 0L a, <a, <a/2 (puc. 93), Bu-
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noJseTcsi HepaBeHcTBO y, >y, (y,= AM, u y,= AM,), crenosa-
Teabho, tga, >tge,. Ilpu Bospacramuu yraa a or 0 o /2 {ga
HeorpaHH4YeHHO Bo3pacTaeT. 3aMmeTHM, 4to ig (:/2) e cywecrsyer.
Ecan yron o« npubauxaerca K n/2, ocrasasch MeHblie /2, TO

. Y My '
/ 1
My ] s
/é ; 3z
14} 2 \ ' —
7 A 7 0 Az
_ ",
. My

Puc. 93: ’ Puc. 94.

tg o HeorpanuueHxo po3pacTtaer (g o crpemutcs K mmoc Geckoiey-
HOCTH).

Cxo/jHoe mnoJozKeHie BCTPeyadoch [PH  U3ydeHHH  (yHKILilit
y=1/x; ecotn x npuOIHNKaeTCs K HYJI0, ocraBasch GoJjblue HYJH,
To Y= l/x CTpPeMHTCA K IIoC GeCKOHEYHOCTI.

D10 iKe YCJIOBHO 3aMHCHLIBAIOT TaK:

tgoe—+4o00 npn a—xn)2, rae o <nf2.

2) af2<a<{m (BTOpasa ueTBepTh). Hias yraos o, u a,,
YIOBJETBOPAIOHX HepaBeHCTBaM /2 < a, < a, < n (puc. 94), bu-
NOJIMACTCA HEPaBeHCTBO ' Y, > Yy, (y,=—|AM,| u y,=—]|AM, |),
crenopate1bto, tga, > tge,. Ilpn Bospacraunn yraa a ot /2
-0 n tg . BO3pacTaeT A0 HV.Is.

Ecait a cTpemutess K 7/2, ocTaasch GoJblie 7t/2, TO tg a ieor-
paHHyeHilo Bo3pactaeT no a6CoMOTHOIT BeAuylHe, OCTABafCh OTPIl-
uareannbiM (tg o cTpemuTCsi K MHHYC GecKoHeyHocTi). 3710 3alli-
CLIBaeTCsl TaK:

tgae——o0 npu a—mn/2, rae a> 2.

3) an<{a <3n/2 (TpeTbf ueTBepTh). TaHrenc BejeT Celd
TaK XKe, Kak H B nepBoil ueTBepTH, T.e. Bozpacraer ot 0 no - .
Pehomeuzx)e\r YHTaTe/Jl0 CAeJaTb COOTBETCTBYIOWH{l DHCYHOK, aHa-
Joru4ublii puc. 93.

Ecan a crpemutcsi K 3m/2, ocraBasch Meublue 3n/2 TO trra
CTPeMHTCA K NJI0C 6eCKOeYHOCTH:

tga— o0 nmpu a—3w2, o< 3nf2,
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) 3n)2 <a<2n (yweTBepTad YEeTBEepPTHb). TaHTreHC Bejer
cebsi TaK e, Kak M BO BTOPOIi YeTBEPTH, T.e. BO3PACTaeT OT — oo
no 0.. PexoMenayem untaTesio CieslaTb COOTBETCTBYIOWHIT PHCYHOK,
anajnoruyHuifi puc. 94. '

Ecan o crpemires kK 3n/2, ocraBasch Goabute 3n/2, To tg a cTpe-

MHTCSI K MHHYC GECKOHEYHOCTH: '

tgo—s—o0 npn a—3n/2, o>3n/2.

1V. ctgee. Kortanrenc yraa a uncrensHo pasen afcumcce cooT-
BETCTBYIOUWIEH TOYKH OCH KOTaHTreHcoB (eMm. 1. 97).

) 0<a<mn/2 (nepBas verBepTh). Jlaa yraos a, u a,,
yaosJjerBopsomnx HepaseHctBaM 0 < a, < a,<n/2 (puc. 95), BH-
NOJIHAETCA HepaBeHCTBO X, <X, (¥,=BM, nu x,=BM,), cnenosa-
Teanlio, ctgoa, <ctga,. Ilpn Bozpacrannu yraa « or 0 jo =/2

9n . ' ]\

A . M M s

Cou P,

- '
B ! A z 0 Az

Puc. 95. Puc. 96.

ctge yGriBaer g0 Hyaa. Ecanm o cTpeMuTcss K HYJTIO, OCTaBasch
Goablie Hynad, To ctgo crpeMHTCA K NJIOC GeCKOHEYHCCTH:

ctga—4 o0 npu a—0, rre a>0.

2) n/2<a<n (BTopas ueTBepTh). Jaa yrioB a, u a,,
_yRoBJeTBOpAOWNX HepaBeHCTBaM T/2<La, < a, <m (puc. 96), Bhl-
NOJIHSAETC HepaBeHCTBO X, < X; (X, =—|BM,| n x,=—|BM,]),
cnenosatesbHo, ctge, < ctge,. Ilpu Bo3pacranui yraa o or m/2
A0 n ctga y6uBaer ot 0 g0 —oo. Ecait o crpemutcst K rr, ocTapasch
Menblle 7, TO ctg o cTpeMuTCAd K MHHYC 6eCKOHEUHOCTH:.

cigoe——o00 npu o—m, o <x:.

Pa3Gop mnosenenus ciga B ocradbHBIX yeTBepTAX NpefOCTaB-
asercs uyuraremo. [IpHBeseM TOJIbKO OKOHuaTe/bHBIE pe3yJIbTaTH:
3) n << 3n/2 (rpeTbs ueTBePTH). ctga ybuIBaeT OT - 0o
no 0; npu e«—»m, rae o>, ctga— -+ oo, ' :
4) 3n/2<< o < 27n (uerBepTas yeTBepTh). Cigc yGupaer
ot 0 10 —oo; npn a—2x, rie a <2z, ctgo——oo,
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3

YnpaxHeHus

1. Moxer au cunyc yria GHTb PaBHEM:.

a) 353 6) —¥s B) Vg 1) V 6/2 m) — V 3/2; ¢) a+l/a, ‘e a s 0?
2. Mo&eT JaKM KOCHHYC yri1a OuTb paBHLIM:

a) (V5— Vs)/(}fs—l) 6) 0,835; B) —1/sin10% 1) V8328
n Y ar

3. YrioM KaKoii ueTBepTH NBASETCS yTOI &, ¥ KOTOpOTrO:

a) sine <0, cosa >0; 6) sina >0, cosa<0 B) sina >0, cosa > 0;
rsina<0, cosa<0; n)tga<0, cosa<0;e)ctga >0, sine <02

42 I'Ipocnemnb 3a moBeJeHHeM seC & NMPH H3MEHEHHH YIJla o B Npejelax oT
0 no 2.

5. Ilpociiegute 3a NOBEJEHHEM €OSCC O NPH H3MEHEHHH YFI2 G B npejeTax
or 0 1o 2.

6. Moxer au cexanc yraa Outh papumnv: a) —0,989; 6) lg3:; B) Igda?

7. Momer MM KOCeKaHC yriaa Guth pashbiM: a) —l/sec 20 6) mi/4; B) /3?2

§ 3. CooTHoLIeHHST MEXAY TPHIOHOMETPHYECKHMHU q)yuxuumm
OHOrO i TOro e Yria.

99. OcHOBHBIE TPHFOHOMETPHYECKHE TOXKAECTBA. MeK1y OCHOBHLIMI
TPHIOHOMETPHYECKUAN (YHKUHAMIL [POH3BOILHOrO Yria o HMeTCH
CICIVIOMIIE TOXKIECTBRHHEIE COOTHOLIEHHSA:

1. sin*e 4-cos?e = 1. (99.1)

Hokasarteanctso. Ilpunumaa [rj=r=1, noayuun (1aa
NPOH3BOJMLHOTO yIvia &) Sina =y, cosa =X, rae x H Y —IpoeKin
eIHHHYHOrO pajuyca-BeKTopa Ha oci KoopanHar (c. puc. 85). Ilo
teopese [Ingaropa (ev. m. 216) |x|*+|y[*=1, 1axk Kak | ri=1,
OTKy A2 :

- sinfa+4-cosla=
2. . tga=0% (99.2)
rie as=n/24nn; n=0, =1, £2, ... _ '
3. ctga=5—, o (99.3)

rie az=arx;, =0, +1, +2,
Toxpectsa (99.2) 1 (99.3) caykaT cOOTBETCTBEHHO ONPele1eHHAMH
Gyukuuit tgo u ctga (on. dopmynni (97.3) u (97.4)).

1 .
4. seca = ——-, _ (99.4)
rae a=a/24an;, n=0, +1, £2,
5. cosee o = —— , {99.5)
sina )

rpe as=nn; n=0, &1, &2, ...
Toxpecrea (99.4) u (99.5) cayxaT COOTBETCTBEHHO onpejese-
HusMi QyHKuuii sece 1. coseca (cM. ¢opmy.st (97.5) u (97.6)):
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Toxaectsa (99.1)—(99.5) uasosem ocnosnorsu. TIpn nomowtn 3TiX
OCHOBHBIX TOXIECTB BBIBEIEM TaK Ha3niBaeMble O0NOARUMEAbHOIZ
TOXKAECTBA. ’

6. IlepevuoxkiuB nounenHo  Toxpectsa (99.2) u (99.3), moayumm
tgactga=1, o (99.6)

~r11eoc:,&2, n=90, +1, +2, ... .

7. Pazgenus toxzectso (99.1) nmounenno ua cos®a, npu yc1ositt,
410 cosa 7= 0, noayumm

14 tg%d =secta, - (99.7)

re ao=~=n/2+n1; n=0, 41, .
8. PasnesnuB TOXK1eCTBO (99 l) noweHHo Ha sm a, Mpit yCA0BIH, -
yto sino =0, noayunm ,
1 -}-ctg® o =cosec*a, (99.3)
rae as=na; n=0, +1, 2, ’

IMpu nomowtnt toxaects (99. 1)—(99 8) MOXKHO MPON3BOAUTHL Mpe-
o6pa3oBaMiisl pas3.THYHBIX BbIpaxKeHHi, cozepiKauHX TPHIOHOMETpH-
yeckie QYHKUHH, H [10JYyYaTb HOBbIE TOXIECTBa.

IMpumep 1. Iokasath TOXKIECTBO -

sin acos®*a (1 4 tg? a) 4-cos a sin*e (1 4-ctg*a) = sin & 4-cos .

Pewenne. 3avenuB B Jepoil yacti tga u ctga nx Boipame-
Husyi no dopayaam (99.2) n (99.3), noayunm :

smacosza(l-{—tg a)tcosasin®e (1 4 ctg o) =
=sinacos?a4sin®a 4cosa sin®*a +cosa = _
= sina(cos® a{-sin*a) - cos @ (sin® & + cos* @) = sin o 4-cos .

Tocte BHNOJAHEHHS TOMKAECTBEHHHIX MNpeoGpa3oBaHHil JieBasi 4acTh
paBeHCTBa coBmaja ¢ npasoii. McxoaHoe ToXaecTBO 3THM A0Ka3aHO.
ATo ke TOMKAECTBO MOXKHO J0Ka3aTh H NO-JPYroMy, BOCHOJIb30-
BaBLInuCh dopaynaMi (99 7) u (99.8), a 3atem (opuynamn (99 4) u
(99.5). PexomeHngyeMm 3To ciesaTh YHTaTesqio.
[MTpumep 2. YnpocTHTh BHIpaxeHHE

A =2(sin®*a+cos® o) —3 (sin’ & -|-cos*l ). T (%)
Pemenne. Hcnoassys toxaectso (99.1), moayuaen
(sin?a4-cos?a):=1,

‘oTkyma - : - o _
: - " sin*e 4-costa=1-—2sin*acos®e. (99.9)
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ANaJOrHYHO HaXOMHM

sinae4-costa=1—3sin*acos*a—3sin*acos’ a=

= 1—3sin*a cos® o (sin®* @ 4cos*a) = 1 —3 sin*a cos’ a, (99.10)
IoxctaBue (99.9) u (99.10) B (%), OyneMm uMeThb :
A=2—6sin*acos’a—34-6sinacos?a=—1.

100. BblyucaeHHe 3HA4YEHHI TpHroHoMeTpHuecKUX ¢hyHKUMiT no
3HayeHHo ofHoi U3 Hux. IIpn nomowu dopmya (99.1)—(99.8) moxuo
BLIPA3sHTh (C TOYHOCTBIO O 3Haka) yepe3 MioOyi0 H3 LIECTH TPHIO-
HoMerpHuecKuX GYHKUHI yria « ocrasibible naTh GyHRuMA., Mb
OTpaHHYHMCS TOJbKO (QYHKUusAMU sine, cosa H tgo- :

1. Boipaxenne uepes sina. M3 Toxaecrsa (99.1) Haxonum

cosa= 4}/ l-—sm a. (100.1)

ToacraBns uaunexmoe -3Havere €os o B TO&AeCTBO (99.2), noayunym
lga=——20% 100.2

£ Vl—sm2 ( )

e az=n/2-tnn; n=0, +1, 42,
2. Boipaxenue uepe3s cosa. I/I3 To:xaectBa (99.1) naxoxnm

sina= =}/ T—cos?a. ~{100.3)
IoxctaBnB HaififenHoe 3HaueHHe sina B ToxzAecTBo (99.2), mosyunm
' Y 1—cos?a

rae astn/2-tnn; n=0, £1, £2, ...
3. Brpaxenne yepes tga. M3 toxnaecrsa (99.7) naxominr
seca= =) 14 tg?a, [loacraBus 3HayeHie sec & B ToxAecTBO (99.4),

noJayyuM H3 Hero
1

COS Q@ = i?lﬁ_g——?; , (100.5)
rie a%=n/24nn; n=0, 41, +2, ...
Hanee naxonnm
- sine=tgacosa= iffl_ff-_%f;’ (100.6)

rie es=n/2-nn; n=0, +1, £2, ...
Ilpu uspseueniln KBaJpaTHOTO KOPHS 3HAK CiieayeT BHIGHPATh
B-3aBICHMOCTH OT TOTO, B KaKoil YeTBepTH HAXOAUTCH YIoa .
Hpumep 1. I/lsnecmo yto cosa=—3/, 1 180° <a < 270°
Brouncauts sine, tgo u ctgor.
. Pewenne. Yroa NPHHAAJERHT TpeTbeil YeTBepTH (piC. 97),
B Kotopoii tga >0, ctga >0, sina < 0.
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CnenoBaTtenbHo,

Vi—cos®a _ —*%s _ 4 1 3
lgo=— cos o =y, 3 Ctg“———?‘"

siha:—V 1l —cos*q=— ]/1‘_-9-,=-_.__5.,

B nanbHeiimeM Mbl GyjeM HCHOJB30BaTh CleAytomHil ¢axT:

Jrs moeo umobel s’ OeticmeUmensHelx 4UCAd X U Y MOXCHO 6biao
npunamoe 3a cosc u sina 00H020 u moz0 e yera o, HeobxoOumo
~u Oocmamouno, umober cymma ux xeadpamoe Ovira pasHa eOunuye:

4yi=1.

Iloxasare.nbc'rno Heobxo0umocms. Ecan x=cosa H J—
=sina, 10 no Toxzecty (99.1) sinfafcosta=1,T. e. ¥*+y*=1.

Hocmamounocms. PaccMoTpuM  paanyc-sektop OM  (puc. 85)
¢ mpoekuusiMd x H y. Tak Kak no ycaosuio x*4-y*=1, 10 amuuna
sToro BeKtopa paBHa 1. CurejoBa-
TenbHo, OM —enuHuUHEIL paguyc- t
BekTop. CorJlacHO mnepBBIM JBYM
dopmyaam  (97.11) sina=y =u clga-0
‘cosa=x, TAe o—yro.a, o6paso- P,
BaHHbll MOJBHNKHBIM _eAHHHUHBIM Mgas
pagHycoM-BeKTopoM OM 1 mo.o-
XKHTeJbHLIM HanpaejieHHeM ocH Ox. &

Mpumep 2. Moryr au sina i
H COSC. OJHOTO H TOTO XKe yIja o = \ =2

. 7
<

S

6uiTh  PaBHHIMH  COOTBETCTBEHHO: ?}
a) By u —P/yy; 6) Y5 u —¥/3? £

‘Pemenne, a) Uncra 1%/, u §
—3/,; 00J1afialoT TeM CBOIICTBOM, UTO M

(**/45)*+ (—°/15)* = 1. CuenoBaten- =7
HO, TO JOKa3aHHOMY CYIIECTBYeT / Puc. 97,

TaKkoil yrol @, [AJA KOTOpOTO .

sinoe =1/, u cosa=—",,.

6) Has uncen '/, u —2/, nmeeMm (Y/;)* 4 (—2/,)*=">/,5= 1. Cne-
JoBaTeJbHO, 4Hcaa Y/, M —?/, HeJb3d NpPHHATH 3a sSinla I cosa
OJHOTO H, TOTO XKe yIJa d. : ’

101. 3mavenus TpuroHoMeTpuueckux GyHKUHIl HeKOTOpLIX yrjos.
Bocrnonb3oBaBUIHCL CBEJEHHAMH 13 TEOMETPHH, HaiijieM 3HaucHMUA
TPHTOHOMETPHUCCKHX QYHKUUI YIJ/IOB 30°, 45° u 60° (man cootsercr-
BEHHO B pajHaHHOH Mepe yraoB n/6, m/4 u w/3).

1) a=m/6 (puc. 98). Ha ocHoBaHHM TeopeMBl O TOM, YTO B NpA-
MOYroJIbHOM TpeyroJibHHKe KaTeT, Jexawmuil npotus yraa B 30°,
PaBeH IOJIOBHHE THIOTEHY3H, 3aKJ0yaeM, 4To

1 .
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[101
(nockonpky r=1). Bocnosnbssosasuics Teneps ¢opmysaamu (100.1),
(99.2) n (99 6), J1erKo BLIYHCINM:

cos—_—{- ]/l—sm == ]/l

T
t _: sin{(a/6) 1 t a_ 1 - ,r—.
& cos(6) V3’ i tg (x1,6) l/ 3
2) a=um/4 (puc. 99). B nannon cyyae npoue HauHHaTh ¢ BHIYHC-
JIEHHsI TaHreHca:
aT i_
tg T % L
160 y=1x. Bocnoas3oBasunich Teneps ¢opmyaamu (100.5), (100.6)
g y y
\ A : A
1 1 M
M =
1y ) f t
Yo 5 | .z
7 z o4 ] < AT
Pnc. 98. Puc. 100

1 (99.6), nerko Hafizem:

COs

*’l-’

.o 1 a
_7— SIHI—-lf_E’ cthml.
100

3) a=a/3 (prc.

). Tlo onpejeJeniio Kocunyca cos (71/3) = x.
B nawewm cayuae x =

1/,, cIeloBaTelbHO,

Hdanee Bocnoabayemcs ¢opyy.aamn (100.3), (99.2) u (99.6):

sing-_ ]/l—co;z%=g,
to ™ SnGEB) _ 13

g3 cos (1/3) V3’
ctg 2 I !

g3

ICCENAR



.
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[Mpucoequussas K IOJy4YeHHHIM pe3y/abTatam pe3yabTatl’ m. 98,

COCTaBUM C.JIeAYIouLyIo Tab iy 3HaYeH it TPHrOHOMeTpHUeCK X GyHK-
ILHit HEeKOTOPHIX YacTO BCTPEUAIOM{MXCA YIJIOB.

0 il = x z 7t 3a 2
@ 6 3 2 o 2" e
©) 130 | (459 | 609 | (909 (1807 (270°) (3607
l _ -
sin o | 4 _V-2_2 in 1 0 —1 0
3| V2] 1 '
0 V3 | 3 e cyme 0 He cyle- 0
tza 3 cTyer crayer
ne cy- _t 3 He cylne- Hé cyine-
ctga ';l;eci V3l 1 | =5=| -0 J|cmayer | © |crayer

O nopesennn tgo B —oxpecmoc-r'u a=n/2, a=312 u ctga

B okpectHocti aa=0, a=a n a=2n cM. m. 98,

YnpaxueHns

Jloka3ath TOXKJecTBa:
1 9 I4ctga  tga-1
: coste secte” T I—ctga tga—1" _
“cos? & — sin? in? L 3/ 1 2 -
JLfosta—sinte SR 4 sind e cos“a———(—,,——l—l,,—) =_l._
Cctgfa—tgia  secta 4 \sec?a  ‘cosec @ 4
¥YnpocTHTh BBIPaKeHHA:

1. sinfa+4-tg2a=

(1 +ctg?a) (sec2 a—1)
(I+tg*a)cosecta

7. Hano: sin -+ cos o =1,4. Haiita' sin & cos a. .

8. Hano: sina-cos a=m. Haiith sin?a{-cos3a.
sinfa , cosfa

secZa —1 ' cosecZa—1 "

5. sinta+4-cost e+ 2sinacos?a. 6.

9, [lokasatb TOXASCTBA: a) I;
tgo cig?a—

6) l—tg2a ciga
10. MMoayuuts dopMynn, BbIpaxatoiue TpuroHoMerpuueckue dyHkwi sin e,

l:: 1; B) tg2a—sin2a=tg?asina.

cosa u tga uepes clg a.

11. Nano: sina=4%3 u /2 < a < 7. Buuncauts cos a, tga u clga.
12. Moryr JH CHHYC M KOCHHYC OHOrO H TOTO Xe Yraa o GuTb PaBHLIMM:

a) Yy, 1 =% 6) —4/ V65 u 7/ V 652
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§ 4. YerHocTb, HEUETHOCTH H NEPHOAHYHOCTL
TPUrOHOMETPHUECKHX GYHKUHIT -

102. YerxocTh M HewyeTHocTb. Hanomuum (em. m. 33), uro dynk-
uHa y=f(x) Ha3piBaeTcs yemwot, ecH LIS BCEX RONMYCTHMLIX 3Ha-
yeHuil apryMeHTa X HMeeT MeCTO TOXKIECTBO

f(—=x)={()

, Dynkuna y=f(x) Ha3plBaeTCA HewemHod, €CJM IJsl BCeX Rony-
CTHMBIX 3HaveHH{l apryMeHTa X_1IMeeT MeCTO TOXKJECTBO

f—x)=—F ().

Jlas TpuroHomeTpuueckuX (YHKUHII crnpaBeisHBa Cleayiomas
Teopema. Dynkyuu cosc u seca: 28A0MCA YeMHoLMUL, 1L, €.

Cos(—a)=cosa u sec(—a)=secaq,
a ¢ynkyuu sina, tga, ctga u coseca ssraromen Hewemnomit, n. e.
sin{(—a)=—sina, cosec(—a)=—cosecc, :
tg (—a)=—1tgc, cdg(—a)=—ctga. -

Hoxasateabcrtso. PaccyorpuM aBa YFRIa, 06pa3oBanibix
eIHHNYHLIM pagnycoM-BekTopoM 1 L AOE=a u L AOE, =—a
(puc. 101). Sanerun, uro abeuiicca Toyek E u E, oaHa H Ta xe (X).

y CoraacHo Btopoit dopmyae (97.11)
4 HMeeM cOSa=xX H COS(—a)=JX,
C/Ie0BaTE/bHO, )

cos (—a)=cosa. (102.1)

Tak Kak pasercrso (102.1) cmpa-
BEI1JIHBO AJd J060ro yria «, To
MbI I0Ka3aJli, YTo ¢0S (— ) ==cos «.

YetHocTh seca (CM. dopayay
(99.4)) noxasbiBaercst Tak:

1
cos(—a)  cosa

=8eCd,

sec (—a)=

Hraxk,
sec (— @) = seC «. (102.2)

Puc. 101,

3aneTiy, jajee, YTO opxunaTtel Touek E .M E; NpOTHBONOJOXKHEL
no suaky (BE=y, BE,=-y). Cornacho nepsoii ¢opmyae (97.11)
nMeeM sina =y u sin(—a)=—y, ciegosaTeabuo,

sin (—a)=-—sina. ' (102.3)
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:Hcnons3ysa q;op\iy.ny (99 2), a Takxe Toxaectsa (102.1) u (102.3),
NOJy4HM

__sin (—a)__—sma___
_ tg (_a)—cos (—a) cosa t.ga°
Hrak,
- tg(—a)=—1ga. . (102.4)

Jist oKa3aTesbCTBA HeUeTHOCTH Clg ol BOCMOJB3yeMCsl TOXKAEGCTBAMII
(99.6) u (102.4):

Ctg( a)———j—:_—-:'—'ctga.

Hrak, . . .
ctg (—a)=—ctga. (102.5)
Pexomelrayem uYHTaTemo 10Ka3aTh, YTO CNPaBeJHBO H TOMKIECTBO
-cosec (— &) = —cosec o. ‘ (102.6)

Mpunmep. Haiitn 3HaueHHs TpHrOHOMETPIUECKHX q)ynf(uuii
yraa o =—umx/3. ,
Pewenne. Hcnonbayst meyeTHocTb GymKiuit sine, cosecc,
tga n ctge, rnoayunm _
sin (— m/3) = — sin (n/3) =—V 3/2, _
cosec (— m/3) = — cosec (1t/3) = — 2/ V3,
g(—ad)=—tg(/3)=—V3, _
ctg (—n/3) = — ctg (n/3) = — 1/} 3.
Henosbayst yetnocts yHKUH coso i seco, momyumM
cos (—m/3)=cos (n/3)=1/,, sec(—m/3)=sec(m/3)=2

'103. TlonatHe mnepHoanueckoii thyHkuuu. TpHTOHOMETpIUECKIE
PyHKuHi 06/1aKa0T CBOIICTBOM NEPHOAHYHCCTI, KOTOPOE ONpeesieTCs
B o0uefi (opme caenytomim o6pasom.

Onpenenenne. Q@yHkuus f[(x) uaspBaercs nepuoauqecxou,
¢ -nepuodosm T (T #0), ecan aaa moGoro x BLUTOJNHEHO YCJAOBHE:
‘ec/t GYHKUHS ompesiesieHa B OAHON 113 Touek X mmt x+T, 10 OHa
‘ompefeseHa H BO BTOpOIi TOYKe, H ee 3HayeHHA B o0eHX -TouKax

paBHbl Me)xay C060H
FO)=F(x+T). (103.1y

Uneno T nasviBaeTcsa B 3TOM cayuwae nepuodos dynkuun f(x).
JlokaxeM cJeaylolee IpeasoKeHHe:

Ecau T —nepuod ¢ynxyuun f(x), mo u moboe uz wuucer nT,
n=-—1, &2, ..., makie s85emcs nepuodost [ (x). _

Lloxa3aTe.rIbCT Bo. IlpoBenem citauana noKasaTeJbLCTBO JJIf -
—T. Jas 3TOro paccMOTpHM Iapy 3HauyeHiii aprymMeHTa x H
X+ (—T)=x—T. U3 3zanmucu

x=x—="T)+T
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BHAHO (B Cilly onpeneneHiis nepHOIHYNOCTH), 4TO ecl (yHKuusA
onpeneneHa B OAHOil U3 Toyek x—T, X, TO OHa onpeneleHa H Bo
BTOpOil TOouke. [lasee ycramaBmuBaeM " paBeHctBo f(x—T)=f(x):

FX) = ((x—=T)+T)=f (x—T).
HokasatenpcTBo Toro, uto nT npH HaTypajbHOM -1 apasercs
nepiojoM Gyuxuun f(x), npoeeaeM no HHAYKWHH (CAyuail oF Tpiila-

TEJIbHOTO 11 CBOAMTCA K 3TOoMy 3aMehoil T ua —-T) Hrak, tpedyerca
YCTaHOBHTB, YTO ecai f(x) onpeieleHa B 0fHOIl H3 Touek x, x -+ nT,

y 4
. ={Z,
N otar
I —
yzfﬁ):a ’ ] i ) L 1 j I —
c 2 -] 0 7 2 3
—t
0}
J — L.»
Puc. 102. . Puc. 103.

TO OHa ompeje’eHa I Bo BTopoil Touxe, mpuyeM f(x)={f (x4 nT).
JonycCTitM, YTO yTBep:iellie TeOpPeMH Yie J0KasaHo As1 HeKOTo-
poro n=F (oHo, manpunep, ouesnauo npu n=1). Jokaxewm, yto
OO OCTaHeTCA BepublM I Aas n=k-}- 1. Ilpe:cne Bcero, B ciay
TOro, 4ro T —mnepnoi, 3amMeyaeM, uT0 eCIl OIHO 13 3HaYeHIli
aprymedta x4+ kT u x+(k+1)T =(x+4T)+ T npunaaaexut od-
J1acTH onpefeieHs GYHKUHH, TO el NpHHAalJIexHT H BTopoe 3Ha-
yenite. TaKk Kak, no npeanosoxeHuio MUAYKIHH, TaKoe e I0.10-
AeHie cnpaBelauBO M AJd Napwl Todek x 1 x-+RT, To BUIMO, uTO
Toukit ¥ H x-}(R-+1)T npunagaexar (uanm He mpuHaiziIexar) o0-
Jacty onpefejennss f(x) .oxHoBpemeniio. [la’ee ycranas.1iBaeM
paBelCTBO 3HaueHHil f(x) B Toukax x u x4 (k-+1)T:

fx+k+D)T)=Ff(x-+ET+T)=[(x+&T)=[(x)

(noc.ieee — no NpeAnoJIoKEHHIO HHIYKILIN).

Jloxasano, 4to nT —nepiox ¢yHKkwim npiu MoGoM ueloMm n.
Hanmenbwnii noJoxnTes1pHbil nepnoj ¢yHKuHH (ecan oH CyilecT-
ByeT) HaauBaercn OCHOBHbIN NEPUOOOAL.

.Hpumep 1. dynkuus f(x)=c (c—nocTosuHas BeluyiHa)
HIMEeT CBOMM nepuonou Ja6oe uncao. OCHOBHOTO nepioaa - azxer
ner. I'papuk 3rtoii pyuruun nsobpaxen na puc. 102, -



104) § 4. YETHOCTH; HEYETHOCTH It MEPTIOANYHOCTS : 273

HOpuvep 2. Hanowmuny, uto 1edoil yacteio wncaa x (oéosna-
menne: [x]) naspiBaeTcs HanGoJbluee Iiefoe WiHCAO, He IPEBOCXOAS-
mee x (n..4). Uenas yacth ¥ ecTh .QyHKIHA OT x; ee rpaduk . mo-,
Ka3aH Ha puc. 103.

Jlpo6uoit yacTbio 4HCIa X (oﬁosuaqenne .(x)) Mp1 mazpaan (n. 4)
PAsHOCTL Mexay X M ero 1e/10ii YacThio: .

_ () =x—[x].
Jlpo6nasa uacth X ABasercs nepnommecxou (pym(uneu c OCHOBHbIM :
nepiogoM T =1, [eiicTBHTeBHO,
' (x+1)=x—|—l—[x+l]

H TaK Kak oyeBHAHO, 4To [x+ 1]=.

=[«]+1, To
(x+ l)_ t—l- I—[x+1]=

=X+ 1—[s]—l=x—[s]=(x). -2 ~f ol

I'paduk apoGHOiT yacTH x moKasan . Puc. 104.
Ha puc. 104, .
ITpumep 3. a) Paccm'rplm caeayiomyio GyHKuwo f(x), ompe-
AeJEHHYIO AJs ¥, YAOBJIETBOPsiomHX HepaBeHcTBaM 0<Cx < 2:
mpn 0<<x <1, -
‘ Fx) = { 1, npu 1<x<2
I'padux q;ynxuxm nsoépamen Ha pHC 105.

s oy

A : -

| e

._I./—> ‘ i’__z_ e o

.2 1 L -2 . -1 Z ] v : o, e

K Z o 9 1 2 J 4
‘P1£d. 105, " Puc. 106.

. 6) C noxowslo 310l dyurmwun f(x), npmisB 3a oCHOBHOIT nepHoa -
uiic10 T =2, mocTpoum nepuoznueckyto dyukuio F (x):
F(x)={ x—l—[x] npn n<Lx<L22n+1, n=0. + 1

/s npu 2n+1<{x < 2n+2,
T'paduk dyskunu F (x) nzobpaxen na puc. 106.

104. TlepnopHyHOCTb TPHroHoMeTpHYecKHX ¢yHkumii. OxnuM 3
Ba)XXHBIX CBONICTB TPHIOHOMETPHYECKHX (YHKLUIl ABJAAETCA CBORCTBO
NePHOANYHOCTH, C KOTOPHIM Mbl B OGLIEM BH/1e NO3HAKOMIICH B 1I. 103.
Jokaxen cienyoouyo Teopeuy ) nepuommnocm Tpnrouo\xerpnqe-
CKUX. QyHKIHI, - _ :

L2, ..
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Teopema. Tpueonomempudeciue gynsyuu- sina, coso, iga,
ctga,.SeCa U COSeC o ABAAUOMCA NEPUOOULECKUMU PYHKLUAMU, NpLdes:
OCHO8HOL nepuod ynkyuld sina, COSC, SeCa U COSeCo pager 2
(360°), a ocroernod nepuod ¢ynsyuii tgo u ctga pasen = (180°)Y).

HdokasarteabctBo. B nmnm. 95 u 96 mMmt BBean yrasl Buga
B,=360°n+a, roe 0°<La <360° u n—ueroe unciao (10/10xu-
TesIbHOe, OTPHIATeJbHOE HJNl HYJb). B paamanuoil mepe 3Ti yraut
MOIKHO 3anucats B Buje f,=2wn 4, rae 0<{a < 2 u n—."moboe
ueJoe 4HcJO (MOJOXKHTeJbHOE, OTpHUATeJbHOoe HAH Hyhab). Hanow-
. HHM, 4TO BCE€ YrJmul f, MpH pasHbLIX 3HAYEHHAX f1, HO OLHOM H TOM

Ke o HMeloT ofune HauaibHylo (OA) H Komeunyio (OE) cropomut

(car. n. 96). Ecan Bocnonb3oBaThes nepBoit 13 dopayaa (97.11) aasi

onpeaeneHHA CHHYCa, TO TNOJYYHM
' sinf, =sin(2nn+a)=y=sina;

€CqIll BCCNOJIb30BaTLCA BTOpOil 13 Qopmya (97.11) pas onpezertens
KoCltilyca, TO MOJYYHM

cos B, =cos (2in+a)=x=cosa,

TaK KaK COOTBETCTBYIOWIME 3naueHus X I y 109 YIJIa o H yrios

v B, = 2nn 4o oaunakonw (puc. 107).
Anajormunpiit  pesyanTaT  noay-
yaercst U 181 JPYyTHX  TPHUILOI-
MeTpHYecKHX QyHKunil. Mur npuxo-
AHM K caenytoumunm (opayaas:

\.
m

sin (2nn +-a) =sina,
cos (2nn +a) =cos a,
tg Cant-o)=tga,
ctg 2an+a)=ctga, (104.1)
sec (2an4-a) =seca,
cosec (2mtn + &) = cosec &,

~/ : rre n=0, =1, +92, ...
Puc. 107. Stun yxe JoKasaHo, yro T =21
T ABJIAETCS MepiofoM AT BCeX oc-
HOBHBIX 'rpnrououerpuqecxm ¢dynxunit. [okaxkem, yto aas ‘Tau-
reica M KOTaHIeHCa CNpaBefHBBl TaKxke Cleayioillie (opMy.abi

tg (mn4a)y=tge, \ (104.2)

i ' ctg (i +a)=ctga, |
rre n=0, =1, +2, ...

1) Tloka MBI paccMaTPHBAEM TPUIOHOMETpHUECKMe dyHKuUHIt yeaa, w nepuog T
caefyeT paccMaTPHBATL KaK yrod; 3TO 3aMedalide CoXpaisieT CHAY BIIOTL 40
n, 107, rae BBOXATCHA TPHIOHOMETpHUCCKHE QYHKUHH YHCAOBOrO ApryMeHTa.

i
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Paccmorpum ABa cayuas. - ‘
a) n=2k, T.e. n—uernoe 4Hea0 (k=0, 3= 1, 4-2, ,..). B sroM

cayuae yMeeM '
tg(nnta)=1tg(Rknt+a)=tga,
ctg (mnt+a)=ctg 2knta)=ctga.

3nech Mbl HCMOJb30BAMH NOMYUEHHBIE paHee popMyatr (104.1).
0) n=2k+1, T.e. n—xeyernoe uncao (k=0, 41, +2, ...)
B stom cayuyae umeeM :

, tg(nnta)=ig(knt+n+o)=tg(n+a),
. ctg (in+a)=ctg (Zkn 41 4-a) = ctg (v +a).

3xecs MBI Hcrnogb3oBamH dopMyasr (104.1).

) N3 reomerpuuecknx cooGpaxennit (puc. 108) cnenyer, uro
Y= —y, H.X=—X,, TAE X H Y—KOODIHHATH KOHIA MOABHIKHOTO
€AHHHYHOrO- pajHyca-BeKTOpa r, OGpasyIollero c¢ ocbio a6CHHCe
yrol @, a X; H Y,—KOOpAHHA-
THl KOHIA MOJBHIKHOIO €IHHHYHOrO
pamfyca-BeKkropa r,, obpa3ywoile-
ro ¢ ocblo abcuucc yroa wn--a.
Mg nveem

Auanoruuxo nonyuaem ctg (n )=
=ctga. CrepobaTenbuo, npu Jio-
6oM n=0, 41, &2, ... nMeeM

tg (nn+a)=tga,
ctg (nn+a)=ciga.

Ias yraoB B rpaaycuoii Mepe Puc. 108,
aHQJIOTHYHBIE (POPMYJIBI  MOJYHHM,
3aMeHns B ¢gopMyaax (104.1) 2nn wa 360°n u B dopmynax (104.2)
an- Ha 180°2. 3tuM pokasano, uro n (wam 180°)—nepnox masa
dynkunit tgo u ctga. OcraeTcs nokasats, 4To 27 —OCHOBHOI ne-
pHop AnA sina, cosa, seco H cOsec e, a 7 —OCHOBHOH mepHop Aas
lga H ctgo. [okaxeM 370 TOJMBKO A4 sine, a A0a OCTaJbHHIX
CCHOBHBIX NMATH (PYHKUHII COBETyeM 3TO ClieJlaTh UHTATENTIO.

Takum o6pa3oMm, TpeGyercs mokasath, uYTo 7T = 27%—Hau-
MeNbUIHH MOJOXHTENbHbIT YTOJl TAKOIl, YTO /151 BCeX ¢ BBIMOJIHAETCS
pasencrBo sin(x+ T)=sina. [lpoBeneM poxka3aTenwcTBO OT Mpo-
TiBHOrO. [onycTuM, HanpuMep, YTO cymecTByeT yroa A Takoii, uto

sin(@}-A)=sina 1 0< A4 < 2xn.

Tak Kak B mocjepHeM paBeHCTBe o MOMeET ObITh JOGHM (Bemb 3TO
paBeHcTBO, NO NpeANoJIOKEHHIO, BLINOJAHAETCA TOXACCTBCHHO), TO
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JOJ/IKHO BBINOJNHATHCA, HanpiMep, paBeHCTBO
' . (= ) .o
sin <7—+ A) =sing = 1.

Ho sina=1 TosbKO ps191 aprymeutop o« BHia o« =m/2-2nn, rae
n=0, =1, 2, ... CieiosaTe/ b0, JODKHO BHMOTHATLCH paBeH-
CTBO :t/2+A=.-1/2+2nn, oTkyaa caeayer, yto A =2an. Mut npu-
ILTH K MpOTHBOpeYito, npeano.10xus, 4ro 0 < A < 2.

Ian sino Hawe yTBepIeHie ZOKa3aHo. AHalOrHYio OHO JOKa-
3pIBaeTCA H A APYTHX TPHTOHOMETPIHYeCKHX (PyHKIHIA.

YnpaKHeHHsn

1. ¥Yroa a=— zt/6. Haiitit 2naucHus OCHOBHBIX TPHTOHOMETPpHUECKHX PyHKLLIMI.
2. ¥roa a=— 45 Haiiti 3naycHia OCHOBHBIX TPHTOHOMCTPHYCCKHX Yy UKLl
3. Mokasats, uyto cieayoumie GyHKLH:

a) y=sintx; 6) y=x>Jtglx; B) y=

sin x—tax 3x+4-2sinx

N Y= giracast QY= mr
+ctgx ctgdx

10TCR  YOTHLIMH, .
4. Ilokazatw, 410 caeqviouine dyHKumm:

1+2cosx cos xsinx
X8 P D= tg,\-i—ugx

; ®) y=sin|x|; 3) y=|sinx|, aBia-

i cos! x4 1 -
a) y=cigdx; 0) y=x+ig X  B) 9:"_—;:3: i N y=—igix
1) y= —'t—— e) ¢ TSinx SADASIOTCA HOYCTHLIMIL
—secx’ Y tu ,\-' tgix’ " ’ -

5. \hBBaTb, Kakiie 13 CICIYIOWHX QYHKUNI SBIAITCA YCTHBIMIL, HCHCTHLIMI
H KaKHC HC SBIAITCH HH YeTHHIMH, HH HEYCTHBIMI:
l+sinx

=x!tsin?x1;
—sinx’ i)y E

a)y=sin xLctg x; 6) y =sin x4-cos x; B)J-—
R) y=x3Lsindx<4-1; e} y=Ig|sinx].

6. YkazaTb nepuogitucckiie GYHKUHIL CPeIH CIAYIOUHX OyHKLRIT

a) y=cos?x; 6) y=cosx* B) y=xtgx; r) y=cos(l/x);

n) y=sinx-cosx; e) y=2ctgx+3; x) y=—4; 3) y=Ilgcosx.

7. ¥raszatn ocuosioii nepuol {ecam o cyulecw)er) creayownx OyHKLI:
Sl;’\ ; 2 ; r) y=cos x-ctg x;

R y=2trx+3clgx; ¢) y=>5siax; k) y=sin (x—%); 3) y:sin(?x—%);

a) y= 6) y=sin2x; B) y=-sin =

o) y%sixlx+si11%‘—; K) y=sinx+sin%+sin.-g—'; a) y=7T; M) y=1c052ax.

§ 5. ®opMyabl npLBefeHHS

105. 3aBHCHMOCTh MeXAY TPUTOHUOMCTPHYCCKIMIL GYHUKUMAMH RO-
NOAHHTENbHBIX YIVIOB. YTVILL o 1 8 HasoseM donoanumesvroisn 00
n/2, ecmt a+B=mn/2. Cxo0xubeinu (M0 Ha3BaHHIO) TPHIOHOMETpIYe-
cKkuMH QyHKUHAME 6yAesl COOTBETCTBEHHO Ha3bIBaTh CHHYC H KOCH-
“HyC, TaHTeHC H KOTAHTeHC, CEKaHC H KOCeKaHC.

Teopema. Cxolnbie mpuzonosempuicciue @Gyrkyuu  0onoHu-
MeNbHLLX 12108 PASHLL MeXCOY co6ou.
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llbxasarenbcrso. Jlokaxen cHauana, 4To , )
sin (%—o’c) =cosa, , (105.1)

cos \——a) —sinc. (105.2)

ITpeanoaoxnM Aast  ONPENeJeHHOCTH, YTO n/2 <a < m; Toraa
yroa P=mx/2—a ypOBAETBOpsET HepaBeHCTBaM — /2 < p <o0.
IocTponM Tenmeph C MOMOLIBIO NOJ- '
BIDKHOTO  €JHHHYHOTO  pajguyca- - b
BekTopa r yrasl AOE=aun AOE, = \
=—f>0 (puc. 109). 3amernn, - ’
‘gro A B,OE,= A BEO (ouu nps- £
MOYTOJIbHEE, MMEIOT DaBHBIE THIIO- “N\r
renysst |OE|=|0E,| u paBHbe PN ' 1

: ) z W
octpie yraw: / BEO=a—n/2 = / g/,\
‘'=—f=/B,0E)). W3 pasencrBa 7 0
TPEYroJbHHKOB HMeeM —x =y, H :
=y. CaenosarenpHo, sin(—f) =

= sin(a—n/2) =, = —X=—C05¢,
OTKYyla sin (a—mn/2)=—cos 0,
HO B CHJIYy HEYEeTHOCTI CHHYyca
sin (x—m/2)=—sin (t/2—a), u
MEl  HMeeM  sin (n/2—a)=cosa. -

" Amnanoruuno J1OKasmiBaeTes, uTo _ Puc. 109.
€0s (n/2—a)=sina. -

Jlas ocTaibHBIX (QYHKWHI MOXHO  70Ka3aTeJbCTBO BECTH TaK:

) __sin(aj2—a) cosa
t_g (3—0&) Teos(m/2—a)  sina ctgo, - (105.3)
K __cos(x/2—a) sina _
ctg (-5-——05) T sin(y/2—a) cosa tga. A (105.4)

Ilpn BuiBoze ¢opmyn (105.3) u (105.4) ML nOAB30BAaJHCH TOJIBLKO
4TO JloKasaHHbIMH doprmyaamu (105.1) n (105.2).

3ameuanue 1. Ilpu nokasatelbCcTBe TeOpeMH MBI CUHTAH,
910 yroa o« 3ajai B panuanax. CooTBETCTBYiomHE (OPMY.JILI LIS
yria o, H3MepeHHOro B TpajycHoil Mepe, JIerKO NOJyuHTb H3- (op- .
nya (105 1)—(105.4), 3amennB m/2 Ha 90°, .

3ameuanne 2. Ilpn noKa3aTeNbCTBE TeOPeMH MBI NpEANO.l0-
XWIH 7S OnpeleNeHHOCTH, 4TO YroJ ¢ YHAOBJETBOPsIET HepaBeH-
erBam 7t/2 < a < m. MoXHO ToXasaTb, YTO TeOpEMa OCTaercsl B cijie
u B ciaydae JioGoro yria @ (Kak MOJOKITENBNOro, Tak 1 OTpHia-
TEJALHOTO).

Mpumep. 3aMennTb JaHHHE TPHFOHOMETPHUECKHE GYHKLIH TpH-
rououerpuqecmmu GYHKUHAME JONOMHHTEJAbHOTO Yria:

1 COS—= sm KL :sm_.=..!_
T8 \ 2 3 6 2°
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2. tg 18°=ctg (90°—18°) =ctg 72°. )

3. ctg 31°29°32" = tg (90° — 3l°29'32”)_tg58°30'28”

106. ®opmyan npuseaeHus. Popmuyramu npusedenus Ha3bIBAOTCA
¢opMyJIEl, BbpaxkaloliHe TPHTOHOMETPHYeCKHe GYHKUMH YIJIOB —a,
n2ta, nta, dn/2+a, 2nta yepes TPHIOHOMETpHuUecKie (bym(-
I yria o, A€ o.—INPOH3BOJbHHIL (fonycTHMbli) yroa. Camu Tpi-
TOHOMeTpHYecKHe QYHKUHH 3THX YIVIOB OylAeM Ha3bIBaThb HpUGOOU-
MoMW  mpuzorosempudeckumy  Gynkyusmy. ByneM rosopnTo ads
KpaTKOCTH, 4TO YIVIH —a, .t a, 2nt-a oépasoBam,x OTKJaJHBa-
HHeM yrJia o oT oci Ox (OT TrOpPH3OHTAaJbHOI OCH), a YIJIH 7/2 4 a.
H 3n/2+a o6paaosam>1 OTKJajzbiBaHHeM yraa o oT ocH Oy (or
BEPTHKAJbBHOH OCH). :

[Tonb3ysick BO3MOIKHOCTDLIO NPOH3BOJLHOrO BHGOpPa yria o B gop-
mynax (105.1)—(105.4), nosyuum noBHe BaHbie Qopmyaer (pbi
orpaHuuuMca GyHKUHAMH sina, cose, tga u ctga).

a) 3amenus B dopnyaax (105. l)—(105 4) a-Ha —a, no.nyrum

- sm( +a)——cos(—-a)_cosa
'cos (——{—a) =sin(—a) =—sina,
tg (5 +o)=clg(—a)=—clga,
- g( +a)=tg(-a)=-—tga )

G) 3amenus B ¢opmyaax-(106.1) « Ha /24, a c.ne,uoaare.nbuo
/2 fo Ha m 4o, TNOJYYHM

sm(n+a)-sm[ +( +a)]=cosj(i2t-+a)=——sinoc,
cos(n—{—a)—cos[ ( +a)]=—sin (%-{-a):—cowc
‘ (106.2)

(MBL CHOBaA BOCMO/IB30BAJIHCH TeM, uTo copumydnt (106.1) cnpasenaupnl
VIS MPOH3BOJILHOrO yrija «). Tak Kak fu fAB/AeTCH OCHOBHBIM NEPuo-
JoM ans tga u ctga (ca. m. 104), o

tg(nta)= tga,
ctg(n+oa)=ciga. )
B) AHAMOCHYHG MOJYUHM )
. 3 . a .
sin (-E-:rh{—a) = sin [—2——[—(u—|-a)] =05 (1 4 a)=—cosa, }

cos (i;’—u—l-a) = COS [%—}—(n-]—a)] = —sin(xn +a)=sina.
' (106.4)

(106.1)

(106.3)
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Pexomenpiyem uutatemo jokasath, 4TO

3n !
tg(;;+a) dga'} ’ (106.5)
ctg (—2—+‘a) =—tga.
r) 3amennB B dopmyaax (106.2) u (106.3) o Ha —a, TOJYYHM
sin(n—a) =sina, tg(n—a)=—1tga, \
cos(n—a)=—cosa, cig(n—a)=—clga.)

n) 3amenus B ¢opmynax (106.4) u (106.5) o« Ha —a, TIOAYYHM

. 3n . 3a \ : .
sin{ 5=—oa }j=—cosa, tg{5—aj=ciga,
(2 ) g(2 J }U%ﬂ.

(106.6)

€os (%l—a) =—sina, ctg (32‘1—&) =tiga.

e} B cuny Toro, uro 27 sBJsIETCH IepHOAOM JJsi BCeX OCHOBHBIX
TPHTOHOMETPHYECKHX (YHKUHHA, OyieM HMeThb

sin (2n—a) =sin(—a) =—sina,
cos (2n—a)=cos(—a)=cosa, )
tg @n—a)=tg(—0) =—tga, - (106.8)

ctg 2n—a)=ctg(—a)=—ciga.
k) AHaJornyHo é), GyzeM HMeTb
sin(2n4-o)=sina, tg@nta)=tga, } ‘ '10‘69
cos (2n +a)=cosa, ctg@nta)=ctga. } (106.9)

PekoMeHayeM, YHTATEN0 HaNHCaTh (OPMyabl, anatoruytsie $op-
mynam (106.1)—(106.9), ans yrioB B rpagycHoil Mepe, 3aMeHHB
B nocjaeanux /2 Ha 90° m Ha 180°, 3:/2 na 270° u 2x na 360°.

Mpumep 1. INoawnsyacy Qopmymamn npubejennsi, HafiTH 3Ha-
YeHHA CJeAYIOHX TPHroOHOMeTPpHYeCKHX DYHKUHIT (M1 BEHIPa3HTh HX
uepe3 3HAYEHHS TPHTONOMETPHUECKHX QYHKUHIT OCprIX yrJoB):

- a) sin{2n/3); 6) cos91°10°52"; B) ctg 182°12'46",

Pemenne. a) sin(2/3)=sin (/24 7/6)=cos(n/6)=13 /2;

6) cos 91°10°52" = cos(90° -+ 1°10°52") = — sin 1°10'52";

B) ctg 182°12°46" = ctg (180° +2°12'46") = clg 21246,

INIpumep 2. Haiitn tg (3n/2—a), ecan tga=0,9.

Pemenune. tg(3n/2—a)=ctga=1/tga=10/9.

Cdhopmysnpyem Tenepb obuiee MpaBHJAO NMPHBEJEHHSA:

1) ecau yeon o omxiradesaemcs om eepmukarvtoil ocu (yeaet
n/2 +a, 3n/2 ), mo Hazeanue npusoldumoti QyHKyuU MeHIemcs
Ha CXO0HOe; ecau. e -yeor 0. OmKAaGbisaemcs oM 20pU3OHMANbHOLL Ocl
(year —a, nd-a, 2n4-a), mo Haszeanue npuooumMol yHKyuL
COXPAnACMCA;
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2) ecau npugodusas GyHKyuUA umeent OMPUYAMeAbHoe 3HadeHue,
MO HYXCHO COOMBEMCMBYIOYI0 PYRKYUIO Yead C.. 63AMmb €O 3HAKOM
MURYC; eCAu die npusodumasn yHKYUS useent HeompPUYamerbroe 31a-
deHue, MO HYMHO COOMEEMCMSYIOWYI0 GYHKYUIO Yera o 633Mb €O
3HAKOM NAIOC. '

. TlponamocTpupyem 310 npaBhao Ha mnpHMmepe yraa -f=a+a.
3ameTiM eile pas, YTO NPaBHJIO NpHBeJeHHS CHPaBefJdHBO AJf
Jaio6oro yr.aa o, HO .A1A APOCTOTHl 3aNOMHHAHHA H WJIIOCTpalii
3TOTO MPaBHJA MBI CUHTAEGM O OCTPBIM MOJIOMKHTEJbHBIM YIVIOM.

Hrak, Ha puc. 110 yron p=n+4a=_ AOE. TpeGyercs Bblpa-
3HTb TPHTOHOMETPHUECKHe (DYHKUHH yrJia m-}-a uepe3 TPUTOHOMET-
putecke (yHKUHH OCTPOrO MOJIOXHTENBHOIO Yria o. 3aMerum, |

¥
ctg(m-2)-clga M,

\-_
-

£0s () =-L0s &

s\ 27 z

s’m(;.“».z)s-sin‘a tﬂ' 0 tsE 5[4 i

3

tgz-tg(=a)

-/
Puc. 110,

uto yron a =/ BOE= / AOE,. Coraacuo npasHJy RpHBEICHHS
HYXKHO BbLIACHHTB:* . :

1) cooTpercTByiOUIHE HA3BAHUS TPHrOHOMETPHYECKHX (yHKILHIT;
2) 3HaKH NPHBOAHMBIX TPHIOHOMETPHUECKHX (YHKILHIL.

1) Tak Kak yroa o OTKJajgbiBaercsi OT TrOpPH30HTAIbIOI OCH

(yro1 B umeer BHA 7--0), TO HasBamuA NPHBOAMMBIX (GYHKUMUIl
COXpPAaHSIOTCA. ' '

2) sinfl <0, cosff <O0.
YuntsiBas 1) n 2), nmeenm

sinf =sin (n—{-a):_siln a,
cosf}=cos(n+a)=—cosa;
tak Kak tgf >0 u cigf >0, 10
tgh= tg(n+a)= tga, - .
ctgp=ctg (n+a)=ctga.

Mut npuwan x gopmyaam (106.2) u (106.3). PexomeHnyeM uuTaTe/ 10
NPON/LIIOCTPHPOBATS Ha 4epTexe Tuma puc. 110 mpasuio mpisege-
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HHA - A7 OCTaJbHBHIX YIVIOB (—a, 7t/24+a, n—a, 3n/24+ 0 n.
2 4= a). Mut popmynHpoBani onpejesieHHst H NPaBHIO s ClydYaes,
KXoraa yTJaH H3MepsVINCh B pajHaHax, HO ECe OCTAeTCs B CHJE, ecait
chny 3ameHuTh /2 Ha 90°, nt Ha 180°, 3xt/2 ma 270°, 2n na 360°,
a yro.1 o CYHTaTh 3aJaHHBIM B rpaaycHoil mepe.
O6bezuHnM noJaydeHHule Anas QopMyJ npHBegeHHA pe3\’.’leaTbI
B CAEAVIOWYIO TaGIHuy.

- - s E} 3 3 3 g

4 o4 [ + L 8+ 1 +

8 8 + . 0 o | o4 + o - Ba Bo

t o] + @ 8o 8o g o B o 1o re-)

8 1= o | +® ~ =~ ] re

1 g2l rle2 | gz [ g2 | ol o] S | &2

sin - |—sinajcose) cos @ | sine | —sin a|—cos af]—cos o] —sina|sin &
cos cos asin & | —sin aj—cos aj—cosaf —sina| sina] cos el cosa
tg —~tgactga|—ctgal—tga| tga| ctgal—cigaj—tga|tge
ctg —cigoaitga |—tga (—cigal cizga tgo|—tga|—cigaiciga

- Jasa nponssoaphoro yraa f=f,=360° n+c, rae 0°<<a < 360°
(cM. dopmyay (96.1)), mm PB=P,=2anta, rie 0<<a < 2x;
n=0, =1, £2, ..., ecau yroJ jan B pajiaHax, 3aga4ya OTbiICKaH!A
sinB, cosP, tgh, ctgPp ¢ nomowpio dopmyn (104.1) u (104.2) cpo-
AHTCA K OTBHICKAHHIO TPHTOHOMETPHYECKHX (YHKUHA yraa o.

H%n mep 3. Haun yroa B=13a/3. Haiirn sinf, cosP, tgp
u ctg

Pewenne. IpencraBum nauubit yron B suge f=pf,=2-2x 4
-+ nt/3. Tlpuvenus dopmynnr (104.1) u (104.2), nosmyunm

13z . LAY (.'t_ | 43
sin gt =sin (2.2 + ) =sin g =17,
13 a4 l

cos—s——cos(Q 2n-|-3)—cos =3

tgl—31= tg(4n—|— )=tg'?=V3.

ctg—:ctg(4n+ 3 )_ctg—-_-—-—

V3’
3aMeTHM, 4TO TaHTeHC H KOTaHTreHC MOMXKHO Gbl10 Gl Bbl'{HC.ﬂHTb H TaK:
. 133 sin (137/3) V3/2 13n T I
e 3 = s (Bap) — =V3, g == y5
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Ipumep 4. Haiitn smB cos B, th uctgP, ecm fp=— 1050°
Pemwenue. IlpencraBum AaHHBIE yroJa B BHAE

f = B-;=360°(—3)4-30°.
Hpumenns gopyyer (104.1), noayunm
sin (—1050°) = sin [360°-(—3) +-30°] =sin 30° =1/,
c0s (—1050°) = cos [360° - (—3) 4-30°] =cos 30° =)/3 /2,
Tanrenc u Koranreuc naiiiem cieayiourm o6pasom:
g (10507 = S L

enoy €0 (—10509) V32
otg (—1050°) = G =To500 = —17; =V3.

?

INpumep 5. Humeem yroa p=—960°. Haiitn sinf, cosf, tgh

H ctgP. -
Pewenune. ﬂpe,vj,cmmh\l Rauueti yroa B Bune fi=f_,=360°x

X(—=3)+120°. THpumenus d¢opamyant (104.1) u (106.1), nonyunnm
sin (—960°) = sin [360°-(—3) 4 120°] =sin 120° =
= sin (90° - 30°) =cos 30° = }/3 /2,
05 (—960°) = cos [360°-(—3) + 120°] =cos 120° =
==¢0s (90°-}- 30°) = — sin 30° = —1/,,

o Sin(—960% V312
tg (—960%) = cos (—960%) — — 1/, ~V3,

ctg (—960°) = I/tg (—960°) = —1/)/ 3.

IIpusmep 6. Haiitu tg (21n/4).

Pemenne. thH tg(5n+ \—tg—_l

Ilpumep 7. HauTn ctg 1020°.

Pemenne. ctg 1020° = ctg (180°. 5—;— 120°) = ctg 120° =

= ctg (90° 4 30°) = — tg (30°) = —1/}/'3.
ITpumep 8. HdokasaTh TOKAECTBO

cos2(n/2+a)+ cos*(2n—a) =]

sec2 (4 a)—1 ' cosec® Rut-a)—

Pewenne. IpuMenis ¢opyMy.Ibt npiseaetus, JJoayuns B Jesoi

9ACTH NIPEMTONArAENOr0 TOKIECTBA —r & cos*a 4. Nanee

penr A sec2a—1 ' cosecta—1 - A !
sin?a 2 coslc . 2g 2 -

A_ —osig O U+ g sinfa =cos’afsin*a =1, T. e. nepan

qacrb pasHa 1. Mul npuuvin K BepHoMy PaBeHCTBY, YTO M JOKas3hl-
BaeT Hallle TOXJECTEBO.
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' Ynpakuenusn

1. 3amenuts 3naveHus XaHHBIX TPHLOHOMETPIACCKIX QYHUKUHIT 3HaAYCHHAMIL TPH-
roHoMerpuuecKux QyHKUHil JONOJTHHTENbHLIX YIN0B:

a) sin 54°, 6) sin (/4—3a); B) cos 53° r) cos (3r/10); x) tg 51°%

e) cta(n/4 —a/2); x) ctg36°28°46".

2. HaliTH 3navenns CIe1ylOLHX TPHIOHOMETPHYeCKIX QYHKUHI (11 BHPAIUTL
HX Yepe3 3uayenuss TPHTOMOMETPHUECKHX (YUK OCTPHX YIVIOB):

a) cos (2n/3); 6) sin 92°31"; B) ctg (5m/4); r) tg 3307

3. Haiitu ctg (3n/24-@), ecan ctg e =10/11.

4, Boiuncantb:

a) 3sin (71/2)+ 4 cos (21/3) -} 6 sin (13x/6); .

6) 2tg lSO’—-—;—sin (— 270°)+ % cos 180°,

5. Y cos (& —m/4) cos (;1/4— a)
- 8. ¥Ynpoctuts BhIpaxkeHie st (@ /4 -

6. 3uauenus AaHHuIX TPHroHoMeTpuuecknX GYHKUHl NPHBECTH K 3HAUCHUAM
TPUTOHOMCTPHYECKHX (YHKUHIT HEOTPHUATETLHBIX OCTPMXQ}Q'SJQISB:

a) cos (321/3); 6) sin 2760°% B) tg(—1845°); 1) cig . e

7? Blil(qnc.-'m')rb )Bupaménue 2tg 1095°4-ctg 975°+1g (—195°), sHam, uyro
tg15°=2—V3.

8. Jloka3aTh TOXICCTBO . . M1

3 [sin® (31/2— &) |- sin® (3n 4 )] — 2 [sin® (/24 )+ sin® (Gr—a)]=1.




'aasa IX

TPUFOHOMETPHUECKHE ¢YHKIHH YHUCI0BOTIO
APTYMEHTA H HX FPA®HKH"

§ 1. TpuronomerphyeckHe QGyHKUHH YHCIOBOro apryMeHTa

107. Onpeaesenne. B macroseil riape Mul BBeieM /1npu2oHO-
MempudecKue  (hyHKyUL  4UC.106020  apayyedma. MHOTHe  BOIPOCLL
MATeMATHKH, MeXaHHKH, QH3IKU M APYTHX HAyK HPHBOJAT K TPH-
roloMerpiyeckuyM QyHKUHAM le TOJbKo Vraa (IyrH), HO H apry-
MEHTOB COBEPLIEHHO Pas.IHYHOiE NPHPOIEL (I11Ha, BpeMd, Temmnepa:
Typa # T. a.). Jlo cHX 1n0p nox aprymenToM TpPHIOHOMETPHYECKOI:
(GyHKLHHE NOHUMAJCH YroJa, H3MepenHull B rpazycax I paiuadax.
Teneps Mbl 0GOOWMM. NOHATHA CIiHYCA, KOCiHYyCa, TaHTENCa, KOTau-
renca, cexkajca M KOCEKaHca, BBelA uX Kak (yHKWI YHCIOBOXO
aprymeira.

Onpenenenne. TpueOHo,uempurzccnu,uu pyrryUINY  HUC.108020
apeysenma x HasblBalOTCs OJHOHMEHHbIE TPHIOHOMETPHYEeCKHe (yHK-
UHH yIJa, PaBHOTO X pajHaHaM. :

IlosicHuM 3TO omnpejeeHile HA KOHKPETHBHIX NMPHMEPAX.

ITpumep 1. Boiuncanm 3nauvenne sin (7/4) =sin 0,785... 3xech
nop =/4==0,785... Mb noOHIIMaeM OTBleyeHHOE IppaiHoHa’IbHoe
yncso. CorsiacHo onpefenenuio sin (st/4) = sin (/4 paznan) =} 2/2.
Hrak, sin(n/4)=sin0,785... =} 2/2.

Ipunep 2. BouucanMm suauedue sinl,b. 3xpecs noa 1,5 Mu
noHuMaeMm ortsJguennoe yucao. CoraacHo onpejieieHuio sinl,d =
=sin(1,5 paguana)=0,9975 (cM. npuaoxenue 11).

ITpumep 3. Bruncans snavenne tg 1,3. AHaJOTHYHO npeabl-
aymemy noayuaem tgl,3=tg(1,3 paanana)=3,6021 (cM. npuio-
xenune 11),

Hrak, B panbueiilieM noJ apryMeHTOM TpPHTOHOMETPHYECKHX
¢yukuuii Mp OyaeM 1OHMMaTh yroa (Ayry) HJAH NpoCcTO 4iCJI0
B 3aBHCHMOCTH OT TOii 3ajaauu, KoTopyio pewaem. A B psge cly-
yaeB apryMeHTOM MOKET CJAYXHTb BeJHuHHA, HMeoWas M JApyryio
. pasmepHocTb, Hanpumep BpeMms ¥ T. 4. HaspiBas apryment yriaom
(yroii), MBI MOXeM NOApa3yMeBaTb INOJA HMM YHCJO, C MOMOUIBIO
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KOTOpPOTO OH H3MepeH B paxHaHax. Hanpumep, BmecTo CJIOB «KO-
cunyc uucna 10» OyfeM FOBOPHTBL ¢KOCHHYC yria, pasHoro 10 pa-
JAHaHaMy.

108. OGaactH onpepeseHus: M o6JacTH H3MEHEHMS 3HaueHHIl
TpuroHoverpuueckux ¢Gynkuuit. YTouHum ofJaacTH orpeneneHus
(cymecTBoBaHHA) H 06J2CTH H3MEHEHHS 3HayeHHil TPHTOHOMETPH-
yeckuX QyHKuuil, paccMaTpHBaeMHX Kak (QYHKLHH YHCJOBOTO apry-
MeHTa (X—4ucia0). 3aech MbI CYLIeCTBEHHBIM 06Pa30M BOCMO/Ib3YyeMCs
pesysabtaramu nn, 97, 98.

1) y=sinx. Tak kak cooTBercTBymOlas GYHKUHUA yIaIa onpene-
JleHa IaA ECeX YIJIOB X, TO H HOBaf GYHKUUA onpejedeHa /s
Ecex JeficTBUTENbHBIX YHCEN X (— 00. <X < 4 o0). CHHYyC KaK {YVHK-
IHA yrya H3MeHsercs B npejenax or —1 jo + 1, clenoBarennHo,
H HoBasg GYHKUHA H3MeHsercA B npegesax oT —1| go -1, T. e.
OHa yjaosaerBopsier HepaseHCTBAM — | <Csinx << 1. (O6Gaactp n3me-
HeHHsl 3HaueHHi ¢yHkuuH sin x—otpesok [—1, 1} ocu Oy.)

Jns ocrtanpHbix ¢yHKUHI cooluaeM mnpocto pesyabTaTel. Pac-
CYXIEeHHs aHAJOTHYHH NpPEALIAYIEMY. _

2) y =cos x. O61acTb oripefeyenHs (CywecTBOBAHUA): —o0 < X<
< + oco. Obaacts uaMeHeHuss PyHKuUMH: — 1 <{cosx <+ 1. .

3) y=1tg x. OGnacto onpepeneHusa (CymecTBoBanius): x— noboe

JefiICTBITE/IbHOE YHC.JIO, KPOME 4HCea BHAA x=-';i(2k+l), rae

k=0, &1, x£2, ...

Ob6nacte u3MeHeHHST QYyHKUHH: —oo < tgx <+ o0.

4) y==ctg x. O6nactb onpenenenns (CyuecTBOBaHus): x—yioboe
neiicTBHUTE/IbHOE YHCJIO, KDOMe uHcesl BHma x=+kn, rae k=0, +1,
=42, ... O6nacts nsMeHeHus QyHKUHH: —oo < Cigx < L oo.

3ameTHM, 4TO ECe CBOICTBA TPHIOHOMETPHYECKHUX (YHKUHII yria
"(4eTHOCTb, HeYeTHOCTh, MEPHOAHYHOCTH) NEPeHOCATCS HA TPHTOHO-

MeTpHYecKHe (QYHKUHH YHCJIOBOTO apryMeHTa, \

109. Hexoropuie wepaBeHCTBa M HX CAGACTBHA. BhlBezeMm Teneph HeKOTOpbie
HEPaBEHCTBA H HMX CJEICTBHA. -
’ Hepaseuctso 1. Qs scex Oedemeumersuoix suauenuil x, ydosremeopsio-
ujux Hepagencmsam 0<Cx < /2, cnpasedausht caedywoujue HepaseHemaa:

siny<<x<Stgx. 09y

HOoxasateabcrso. [IlyeThb -uHCNO x YROBACTBOPSET  HEPABEHCTBAM

0 < x < 71/2. Toctpouym oKpy®nocTh paguyca OA=1 g B Hell OTJOXKHM OT OCH
Ox uentpaibumit yron AOM, paBubit ¥ pagdanam (pHc. 111). Ha wueprexa
BHAHO, yTo nuomalb A AOM mewswe nomazn cektopa AOM, Kotopast MeHbuie
naowmazn A AOM,. CooTpercTsyiomHe IIOWANH pPaBHH —;— 0A.BM, %OAz-x
H —:IZ-OA-AMI. CrrezoBateasHo, ' ) |
" Loasm <]

g YA B <5

,

OA*.x < - 0A-AMy. | 5(109.2)
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Tak xak |OA|=0A=1, 1o BM=sinx, AM,=tgx, n nepasencrsa (109.2)

NPHHHMAIOT BHJ
sinx < x < tgx. (169.3)

3ametus, yto sin0=tg 0=0, npuxoiuv Kk HepasencrsaM (109.1).
HepaBenctBo 2. Jua ecex Oelicmeumerbhoix 3HQ4ERul X cnpasedauso
HEPABeHCMso :
: |sinx|{<<|x]|. . (109.4)

(A6comothas BesHuHNA GYHKUHH Sinx 1te MPEBOCXOIMT aGCOMOTHON BEJHYHHEI ee
apryMeHTa.) .
HJdoxasareabctBo. 1) Ecan 0<<x < /2, To wepasencrso (109.4) cmpa- -
BenaHeo Ha ochoBanuu (109.1). .
-2) Ecan —nf2 < x<<0, 1o, cleaB 3aMeHy TepeseHHONl X HA ¥ no doparyae
y=—x, NOJyyuM siny==sin(—x)=-—sinx, [le y yxe yJI0BIeTBOPsieT Hepa-
peuctBaM O0<Cy < m/2, u 137 Hero cnpa-
Be BBl HepasencTBa 0<<Csin y<Cy. Bep-
M, HyBIIHCL K mcpevennofi x, noayunm 0<<
< sin(—x)<<—x, L 0<<—sin x << —x.
M Tocacaume HepaBencTsa PaBHOCH.IBHLI He-
papeHcTBy |sinx|<C|x|, n6o.x<<0.
3) Ecm xe x| > a/2, 10 1 noaae-
HO |sinx|<|x|, Tak kak |sinx|<1.
Htak, ™Mbl 10Ka3aad, yTo 108 BeeX

\\::,' ’ JCIICTBHTCILHLIX 3HauyeHHil X CRpapeisiiBo
A“r-z' uepaecuctso (109.4). :
) : 3axeTiy, 41O TOJIBKO mpn Xx=0 Mu

HyeeM papenctBo sin 0=0.

Hepaseuctso 3. Jaa ecex Oeii-
CIBUMELbHbIX 3HAYEHUIL X cnpacedausst  He-
pageHcmsa

=7 0<<l—cosxsx%2  (109.5)

Pue. 111,

u, caedoeameabHo, HEPaseHCmeo
1 —x%2< cos x. (109.6)
*+ -HorasateabcTBo. [lo dopuyae (121.3) (cm.- crp. 306) nmeem

0l —cosx=2 sinZ% .
Ha ocuosauun nepasetctsa (109.4) momenm nucats sinz.(x/2) << x2/4. Takum ofpa-
2 2

30M, O0sSl —cosx=2 sin2%< 2%—:

N3 (109.5) mosayuum

x
5, UTO M TpeGOBaiOCL JOKa3aTkb.

¥2
l——2—< COS X. (109.6)

~ C nomowWbi0 NOJYYeHHHX HEpPABEHCTB H3yUHM MOBegeHHe COS ¥, Sin X K tgx
NpH MaJelX X. ’
Caeacteue 1. Tpu sasx x

cosx ~ 1.

HoxasatenabctBo. Ha ocrosannn (109.5) mueem 0<<1-—cos x<<x%/2,
a 5TO M BHAYHT, YT0 COsX = | NpH MaaeiX X, npHyeM owH6Ka, KOTOPYIO MM
NONyCKaeM Npu 3aMeHe €os X Ha 1, He npesocxoaur x%/2. '
“ Tlpumsmep 1. cos0,1 = 1, npuuem 01 —cos 0,1 «<0,005.

NMpusmep 2. cos 0,4 =~ 1, npuuem 0<<1—cos 0,4=0,08.
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Cnencteue 2. llpu max x
' sin x
X

~1.

.'I[ oxasarteabcTBo. [lyete 0 < x < m/2; Ttorma na ocuosaumi (109.3)
HMeeM
: sinx < x < tgx

PasgenuM Temeps Sin ¥ HAa KaXIHA H3 Y/IeHOB NMOCACAHHX HEDABEHCTB; MOMYUHM
sin x

x
Yuuoxum pee unensl Hepabencrs (109.7) na —1; noayuus

1> > cos £, ' (109.7)

20X ¢ —cos x. _ (109.8)

— 1l <—

3ateM KO. BCeN WIEHaM NOCJAEIHHX HepaBeHCTB NMPHGABHM MO efHHKUE, TOMYYHM
sin x

0<1— < I —cos x. (109.9)
I'Iplmexms Terneps ORHO M3 HepaseucTs (109.5), noayuum
. sinx  x? 3
0<1— + <3 (109.10)

Mot puBenn (109.10) B npeanoioxernn, uro 0 < x < n/2. PekovennyeM unratento
Jioka3atb camoctoaTenbHo, yto (109.10) mveet mecto n npu —n/2 < x<0. Hrak,
npH X, YROBJETBOPAIOWMX YciaoBHIO 0 < le < ./2, CNPaBefJHBH HEPaBEHCTBA
(109.10). A 370 u 3uauur, uro (sinx)/x = |, T. e. sin x = x, npuueyM omubxa,
KOTOPYI0 MH JonyckKaeM INpH 3ameHe sinx Ha X, He npeBocxogut |x{%2. (Vs
(109.10) umeeym |x—sinx| < | x[3/2.)

Mpurmep 3. sin0,1 = 0,1, npuuem 0 < 0,1 —sin 0,1 < 0,0005.

MNMpumep 4. 51n0,2 = 0,2, puvem 0 < 0,2—sin 0,2 < 0,004.

Ynpaxkuenus

1. Yka3ats ofnacTH onpefeseHHS H 06JaCTH H3MEHeHHA ClefyOMMX TPHCO-

HOMETpHYECKHX (yHKLHIT: :
a) y=sec x; 6) y==cosec x. :
2. Ouenntb OMIHGKY, KOTOPYIO MB! NOMYCTHM, €C/AH NPHGJIHIKEHHO MOJOMHM:
..a) c0s 0,5 = 1; 6) cos0,6 ~'1; B) sin0,3 =~ 0,3; r) sin0,4 ~ 0,47

§ 2. l‘pa(iymm 'rpnronome'rpnqecxuk dynxnui

110. TlepsoHauaibHBie cBeAeHHsS O TaGaNIAX TPHTrOHOMETPHUECKNX
¢ynkunit. B Ilpuiokenusx K Hacrosimed kuure (ctp. 581—582)
NpHBejeHH TaGJHIbI, KOTOpHle AT BO3MOXKHOCTL NMOJIYYHTh 3HA-
YeHHs OCHOBHBIX TPHTOHOMETPHYECKHX (YHKIHI ¢ JeTHIPbMA 3HA-
YauuMy b pamu.

IIpunoxenue 1. Tabauua cocraBneHa mis 3HadeHwil apry-
MeHTa x B rpaaycHoii Mmepe. B rpade I naiorcs 3naveHus apry-
Menra x° ¢ marom B 1° ot 0° mo 45°. B rpage II gpatorcs cooTBer-
CTByOUME 3HA4YEHHs yrja B pajHaHHoii Mepe. Jrofi ke rpadoii
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MOZKHO NOJb30BaThCs AJIst OTHICKAHHA 3HAYEHHI TPHTOHOMETPHYECKHX
¢yHKuHil uucaoBoro aprymenrta (cM. n. 107). B rpadax III—VI
JIAI0TCS1 COOTBETCTBEHHO 3HAuEHMUS . TPHIOHOMETPHUECKHX $yHRILILI—
sHayenus sinx, tgx, clgx u cosx, ecan 0<Cx°<C45°, u paoren
3HayeHua cosx, ctgx, tgx u sinx, ecan 45°<A < 90° (uurail
BHH3Y!). TpuroHomerpiuecKHe (YHKUHH OCTa/bHBIX YIVIOB MOKHO
YK€ HCKaThb, HCNOJb3ysl BCEBO3MOXHBIE (PopMYJbl NpHBejeHus (CM.
n. 106). B rpage VIII parorcs 3uaueHus aprymesra x° ¢ warom B 1°
or 45° no 90° (uurait cuusy sBepx!). B rpage VII patorcs coorser-
CTBYIOUIHEe 3HAYyeHHs yraa B pajHaHHoil Mepe (WJIH NpoOCTO yucaal).

TNosicunM, Kak 'MOKHO TN0.b30BaThes Tabauueil. Mrak, cupraew,
9TO, HCIIOJIb30BAB COOTBETCTBYIOMHe (OPMYJE NPHBEIEHIS, Mbl
NPHLIAN K OTBICKAHIIO TPHTOHOMETPHYECKO! QYHKLHH HEOTPHLATe b=
HOTO yria,. He Goabluero 90°.

Ipumep 1. Haiitn tg39°

B rpage I naxomm wicio 39. B rpade IV (yroa Menbine 45°)
HaxXoJlM COOTBeTCTBYlOWiee eMy 3Hauenne {g39°, paence 0,8098.
Hrak, tg39°=0,8098. '

IMpumep 2. Haiitu tg62°,

B rpage VIII naxoxaum uncio 62. B rpage V (yro.1 Go.ble 45°)
HAXO01uM COOTBETCTBYIOUIEE €My 3HaueHHe tg 62°, paBhoe 1,881.
Hrar, tg62°=1,881. :

Hpunolxen ne II. Tabaunua coctapjieHa A1 3HAYeHHIT X
B paauanHoil Mepe. B rpade 1 aalorca 3naueHus aprymenta x
¢ warom 0,1 or 0 g0 1,6. B rpadax II—IV gaiorca COOTBeTCTBeHHO
3HayeHHs TPHIOHOMeTpHYecKHX (yHKIHI—3Hauenus . sinx, cosx
u tg x. D70it ke TabGauueii MOXKHO NOJb30BATbCA 1S OTblCKaHllﬂ
3HaueHHil TpuHroHoMeTpHuYecKnX ¢(yHKUIN YlCJIOBOTO apryMeHTa .
(em. n. 107). Tpuronomerpuyeckie GYHKUHI OCTAJbHBIX YIJI0B
MOKHO YK€ 1CKaTb, HCNOJAb3ys BCEBO3MOXKHBIE GOpMyJH npiiBeje-
Hus (cv. nm. 106).

Hrak, nomycrum, 4T0, KCNOJbL30BaB COOTBETCTBYIOULNE GOPMY.IH
NpHBEAEHHS, Mbl OPHULIH K OTHCKaHHIO TPHTOHOMETpPHYeCKoil hyHK-
LHH HEOTPHUATENBHOTO yIJa, He Goabuiero 1,6.

IMpumep 3. Haiitu cos0,7.

B rpade I naxomum uncao 0,7. B rpage 111 naxoaum coorser-
cTBylollee eMmy 3Hayenne ¢9s0,7, paBnoe 0,7648. Hrak, cos0,7=
=0,7648, -

I'Ipmuep 4. Haiitn tg1,4.

: B rpage | naxoanwm uuciao 1,4. B rpage IV HaxojHM COOTBeT-
crByloilee emy 3Hauenue igl,4, pasmoe 5,7979. Hrak, tgl,d =
=5,7979.

1. OcHoBupie rpadimukn.

l.Cunycouna (rpapur Gpynkunmuy=Ssinx). 1) O6azcts
onpeneaeHus (cymecmoaamm) PyHRIHH:

x—Jmo0oe peficTBHTe bHOE YHCIO (—oov<x<-+oo).
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2) Oénacn; H3MeHenus by HKUHH:
— 1<y,

3) IMepuoaiunocte GyHKUHN:

Sin x— nepHOJHYeCKast q)ynxmm € OCHOBHBIM nepuoﬂ,ou pas-
HBbIM 27T,

4) Yernoctp QyHKUMIH:

sin x— HeyeTHasa ¢yHkuug, nbo sin(— )———smx.

Ha_ ocnoBanu nm. 3) M 4) J0CTaTOYHO MIOCTPOHTH TpaduK
dynkun y=sinx na orpeske [0, 7], a 3aTeM NMPONOJIKHTEL €ro
HeyeTHO Ha oTpe3ok [—m, 0] H, HakoHel, TO, YTO NOJYYHTCS Ha
orpeske [—m, 7], NPORO/KHTL NEPHOAMYECKH HAa BCIO YHCJOBYIO
ocb. Hrak, B jajbuefilzeM OyjneM H3yuyaTth NOBejeHHe Halleii
¢ynkunn Ha ortpeske [0, ).

5) Touki nepeceueHHA ¢ OCAMH xoop;umar-

a) ¢ ocbio Oy (x=0): y(0) =sin0= rpaq)m{ q)yﬂxmm y=sinx
NIPOXOJMT Yepe3.HauaJo KOOPAHHAT;

6) c oceio Ox (y=0) (nyan q)ynxmm)

Haiinem Te x, npu koTophix y=sinx=0. TakuMH 3HayeHHAMH
Gynyr uHena x,=kn (k=0, &1, &2, ...). Hac nntepecyior x,
n3 orpeska [0, m]. Taknmu x, 6yRyr x, =0 (yxe HaiineHo) u x, =m,
a ocTal/lbHBIE HYJH YHKIHHR DAacrnosoeHH BHe OTpeska [0, =].
Crenosarennho, HyaH sinx Ha orpeske [0, m] coBmajaior ¢ Kou-
LlaMH 3TOr'0 OTpe3Ka.

6)]Hanmeﬂbmue i HauGoJsipliHe 3HaueHHs (QYHKLUHUH Ha OTpe3Ke
0, n
[ ®yukunsa y=sinx Ha orpeske [0, /2] MOHOTOHHO BO3pacraer
or 0 no —+1, a Ha orpe3ke [n/2, m} MoHOTOHHO yGhiBaer or - 1|
‘10 0 (cm. nm. 98). - CnenoBatesibHO, HaHMEHBIIHMH 3HAYEHHSAMH
6yayr y(0)=sin0=0 u y(sm)=sinn=0; Han6onbmee 3HaueHue
. JOCTHTaeTcsi B ONHOf Touke: y(n/2)= sin (5/2)=

7) VinTepBajibl 3HAKOMOCTOSHCTBA (YHKIHH.

Ha nccrenyemom orpeske [0, m] nama ¢yHKuHA BCIOAY HEOTpPH-
nareapHa, T. e. y=sinx>0.

8) Ha ocnoBanmu mepaBeHcTB O0<Ssinx<Cx masa 0<Cx<Cm/2
(n. 109) Mbl 3akJiouaeM, YTO Halla CHHYCOHNXA Ha OTpe3ke [0, 7]
JAOMKHA Pacnosaratbcsl HHXKe GHCCEKTPHCH y =X MEPBOrO KOOPAH-
HarHoro yraa. Tak kak npu stoM x—sin x<{x%/2, T. e. AsBagercs
npH MajdblX X BecbMa Majioil BeJHYHHOI, TO rpaduk y= sin x 6an-
30K K rpaq)uxy y=2x (Kacaercs 6nccempncm I koopaunarHoro
yraa).

Ilocne Toro kax q)ym(ulm HccTe0BaHa, MPHCTYIIaeM K mocrpoe-
Hmo ee rpadpuka. Jlas. sroro HafiieM HEKOTOpHE «OMOPHHIE» TOYKH
€ro, a 3areM COEAMHHM HX. NJaBHO{ JnHHEd ¢ YYeTOM CBOIHCTB
¢yurunn sin x. Jlas nocTpoeHN HEKOTOPHX «ONOPHBIX» TOUEK MOKHO,
HanpHMep, NPHMeHMTb ABa cnocoba.

10 B. B. 3afiuen n ap.
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ITepsHit cnoco6. CocraBuM Tabauuy 3HaueHHit s sinx
Ha orpeske [0, n/2] ¢ warom h=0,2 c Tounoctsio go 0,01. (dnuua
- nocnepnero otpeska [l1,4; n/2] mna oci Ox Hemuoro Mensue 0,2).

x 0 0,204 |06 08] 1,0 1,2{1,4(n/2

y=sinx; 0 [0,20(0,39 |0,56] 0,72 0,84 0,930,991,00

3HavyeHnd JAJ1s CHHyca B3ATH H3 TaGJHUH TPHIOHOMETPHYECKHX
dynxunit (npunoxenne 11). )

BTopoii cnoco6. Bocnoap3dyemMcsi reomMeTpHueckHMi €00Gpa-
KeHHAMH. PaccMOTpHM NepByIO uyeTBEPTb eIHHHYHOI OKPYXKHOCTH
(puc. 112). Pasaemn ee u coorserctByiomiil eif orpesok [0, 7/2]

y,\, | ‘3'&/ -

Z
L,
//

17955 .
/3‘2\‘
n
- 7 z N~

0 Preasé61s

&

Puc. 112,

oci Ox, nanpumep, Ha 8 paBuuX yacrefi. BemuunHa nepnenguky-
19pa, OMYIIGHHOr0 H3 TOUYKK JeJeHHS OKPYXHOCTH Ha och O,
YHC/IEHHO PAaBHA 3HAYEHHIO CHHYCa COOTBETCTBYIOWIErO yIva H 3Ha-
YEHHIO CHHYCA COOTBEICTBYIOIUIEro YICJOBOFO apryMeHTa H3 OTpe3Ka
[0, /2] oc Ox. Bo Bropoit uerBepTi (/2 < x< n) cuuyc yGulpaer
or 1. 1o 0. Ha ocHoBaiHH Hauwero reoMeTPHYECKOI'O0 ROCTPOESHHS
MOXHO 3aK/IOuHTh, 4YTO TrpadHK CHHyca BO BTOpOii HYeTBepTH
(7/2<C x<{7) cumMeTpuueH ero rpaduky B NepBOil YeTBepTH OTHO-
CHTeJIbHO NpPAMOH X =m/2,

CoealHHB TNOJyyeHHbe BTOPEHIM (HJH NepBLIM) CNOCOGOM «ONoOp-
Hble» TOMKH TNJ1aBHON JHHHeH, MH noay4nM rpapHk cuxyca (cuuy-
cougy) Ha orpeske [0, xm]. I[Ipi npoBefeHUM JHHUH (NOCTPOEHHIL -
rpapuka) ciepyer HMeTb B BHAY cBoiictBa 2), 6), 7) u 8). 3atem
npopo/kHM rpapHK cHHyca Ha orpesok [—ax, O], mcnoabsys
HEYeTHOCTb CHHyca, a HMEHHO nocTpouMm Ha orpeske [—mx, 0] rpa-
¢uK, cuMMeTpHYHBIT rpaduKy cHHyca Ha otpeske [0, xt] oTHocu-
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TeIbHO Hauajka Koopauhar. Mmes rpaduk cHHyca, HMOCTpPOeHHHI! Ha

orpeske [—, =], MBI, HCMOMB3yA €ro NMEPHORHYHOCTb, CMONKEM
NPOZOJIKHTL €r0 Ha BCIO YHCJI0BYIO och (pHc. 113).

N\

g 4z
! / y=shhz

I z\/m K7 3]
2
7 k1 .

Puc. 113

2. Tpapuxk dyukunn y = cosx., Ha ocHoBanmy qoopmy.nbx
TIpHBEAEHHA MHl HMeeM Y =co0s X =Ssin (n/2 + x).

¥ g

7 y- cos2

Puc. 114

CJIEJIOBaTeJIbHO, rpacpm( Kocxmyca—a'ro cm!yconna (:ZIBHHyTaﬂ
no ocu Ox BieBo Ha /2. I'padux kocuHyca mocTpoeH Ha puc. 114.

3. Tanrencouna (rpadpunk dyukunu y=tgx). 1) O6-
JacThb onpejesieHHs dbyHRIHH:

x+— Jio6oe neficTBHTENbHOE 4YHCIO, KPOME€ 4YHCed BHAA X, ==

=Z@n+1), tae n=0, £1, £2, ...
. 2) O6aactb n3meneHHns QyHKLHIL:

—oo < Y < -}oo,
3) INepuonnunocts Ppynkumm: )
tg x—nepuoauyeckas GyHKIHA C OCHOBHLIM NIEPHOZOM, PABHEIM I,
4) YerHocTb ¢yHKUIHN:
tg x—HeueTHasn ¢yHkuuga, Héo tg(—x)=—"1tgx.
-Ha ocHoBaunu 3) m 4) nocraTouHo nocTpouTth rpaduk q)ym{uml
y=1g x na otpeske [0, 7/2], a nanee NMpPOROMKHTL €ro HeyeTHO Ha
otpe3ok [—m/2, 0] u, HaxoHeW, TO, YTO MOJYYHTCS-Ha OTpe3Ke
[—m/2, 72], TIPOJIOJIKHTE NEPHONNYECKH HA BCIO YHC/IOBYIO OCh.
Hrak, B panbHefimem GyjeM H3y4yaTh noseyerie Haweii QyHKUHN
na orpeske [0, z/2].
5) Toukn nepeceueHnss ¢ ocsiMH Koopzuma'r'
a) ¢ ocsto Oy(x=0): y(0)=1tg0=0; rpaqu (bynxmm J——tgx
NPOXOAHT Yepe3 HauajJiO KOOPAHHAT;
-6) ¢ ocpio Ox (y=0).(ayan ¢ynkumin), - . -

#10°
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Hafinem Te 3uawenns x, npu koropuix tgx=0. Takumu 3Haue-
suAMd 6yayt x,=kn (=0, 1, 2, ...). Hac unrepecyior x,
u3 orpeska [0, n/2]: x,=0 (yxe Huafiteno), a ocrajbHble HYJIH
GyHKuMH pacnonoxennt BHe oTpeska [0, m/2]). ChnegosatenbHo,
eIHHCTBEHHbI Hyqb tgx, Haxomamuiica Ha orpeske [0, zi/2], coBna-
ZaeT C J/IEBBIM KOHLOM 3STOFO OTpe3Ka.

6) Bepruka/bHble aCHMNTOTHL: .

tg x onpenenen Bcioay Ha orpeske [0, /2], KpoMme TOUKH X = m/2.

Tak kak tgx-—-4-oo npu x—n/2, x <m/2, TO NpsMas X =m/2-
ABJAAETCA BEPTHKAJAbHOH aCHMNTOTON A4 rpaduka dyHKunH y=tg x.

7) Hanmenbune M Han6oJiblude 3HaueHHs1 (YHKUHH Ha OTpesKe
[0, 7/2].

Ha ocnopanun n. 98 ¢yukunsa tgx na orpeske [0, /2] moHo-
TOHHO Bo3spacraeT of 0 10 J-co. CaenoBaTensHO, HaHMeHbllee 3Ha-
yenne 6yner y(0)=1tg0=0, a HauGosbulero 3Hayenust He OyJerT,
160 tgx— 4o, Korpa x — /2, x <z/2.
___8) Uurepsalinl .3HAKONOCTOSHCTBA - GYyHKINH. : :

Ha nccnenyemom orpeske [0, n/2] dynxuus tgx Bciony HeoTpi-
nareqabHa, T. €. y=1tgx>=0. CaenosatednHo, rpapur GyHKUIN
JexuT Haja oceto Ox. Ha ocnoBanuu HepapeserB 0 sinx<Cx<{igx
(enm. (109.1)) mnsa 0<Cx <m/2 MBE 3aKJI04aeM, YTO TaHTeHCOHAa Ha
orpeske [0, 7/2] Ro/mKHa pacnojiaraThCa Bblllle GHCCEKTPHCH Y =X
NIepBOrO KOOPAHHATHOTO YTJaa. :

IMocne Toro Kak ¢QyHKLHs lcCClefoBaHa, NMPHCTynHaeM K IOCTpoe-
Huio ee rpagpuka. s storo Hafiiem HeKOTOpble «ONOPHBIE» TOUKH
€ro, a 3aTeM COeJHHHM HX NJIaBHOH JuHuell ¢ yueTOM CBOHACTB (hYHK-
uun tgx. a8 NoCTPOeHHSI «OMOPHBIX» TOUEK MOMKHO IIPHMEHSATb
ORHH N3 JBYX YyKe 3HaKOMBIX HaM Crnoco0oB.

Mepsuilt cnoco6. Cocrabum Tabauny 3HaueHHH gaa tgx Ha
orpeske [0, /2] ¢ waroM h=0,2 u ¢ TouHocThio o 0,01. (dauua
nocaeanero orpeska [1,4; n/2] Ha ocu Ox HemHoro mesbwe 0,2.)

x 0 [0.2]|o04 06|08 1,0]1,2](1,4 a2
. — he
y=tgx | 0 |0,20)0,42 0,68 1,03)1,56)2,57 580 | .ot

3HayeHHs JJIS1 TaHreHca B3ATHL H3 TaOJHIIBL TPHTOHOMETPHYECKHX
¢yHKunil (npunoxenue 11I).

Bropoit cnoco6. Bocmoab3yermcsi reoMeTpuuecKHMH coobpa-
AEHHSMH aHaJOTHYHO TOMY, KaK Mbl 3TO JeJalH B CJydae IOCTpoe-
Hust rpaduka ¢yukuuMu y=sinx. PasgeJum onsts nepByio ueTBepThb
eAHHHYHON OKPYXKHOCTH H COOTBeTCTByIolHi efi oTpesok [0, n/2]
ocy Ox, HanpuMep, Ha 8 paBHuiX vacteii. Ha ocu TaureHcos mnoJy-
YHM OTPE3KH, YHCJEHHO PaBHbIE TAHTEHCAM COOTBETCTBYIOWHX YIVIOB.
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Hanee, 5TH OTpe3Ki nepeHeceM B cooTBeTCTBYyIOULIE TOUKH ocn Ox.

Kouum X COETHHIM IIaBHOH JHHHelk no'xymm rpadiik byuKuin
y=tgx (puc. 115). Bcs TanreH-

conga nsobpaxena Ha puc. 116. Y

4. 'paduk dyHKOHH Y= ' \
=ctg x u3obpaxen Ha puc. 117, )
Pekonesiyem  uiTaTelo  caMocTOSl- A
TeJABLHO NMOCTPOHTb €ro ABYMSA CIIO-
cobanu:

1) cocraBuTh Ta6vmuy 3HaYyeHH
Ins ctg x ua orpeske [0, m/2] c wa- e
roM h=0,2 # tounocrbio go 0,01;

2) BOCMOMB30BATLCA q)opmynon
npuseleHus ctgx=—tg(x-+mn/2).

¥Ykasanus & cnocoby 1). Ilpu
cocraBJeHHH  TabGJHUBE 3HaYeHHH 3
ana  ctg tx BOCII0/1b30BAThCA - (Op- 2/
mysoit ctgx=1l/tgx u rabanuei
.'rguroxioueTplmecxux dyukunii (npu- 041254567 ’77
aoxeune II), wanpnvep: ctglO—— Puc. 115,

= 1/tg 1,0=1/1,557=0,64.

Yrasanus k crnocoby 2) l) [Mocrponts rpapuk dynkunn y = tg x;

2) cABMHYTHL NOCTpPOeHHHI! Tpapuk Baeso mo ocn Ox Ha w2
(nonyunm rpadux dyHKuHI y—tg(x+n/2))

Z

Y
‘ In y=tgz
=tqz '
. .‘é g
/
4
VAR 7] = z _Z 7 A
2| 4 2 2 2
/
_—.
v
Puc. 116. ’ Pxxc 117.

3) mocaenunit rpadik 3epKaJbHO OTpPa3HTh (nepeBepHyTb) OTHO-
cnTenbHo ocH Ox (mocsie BHIMOJHEHHS NMOCJeIHero AeficTBHS MOJyuHM
rpadpuk ¢yHruun y= ctgx).

112. Mpumepsl mocTpoeHusd rpad)m(oa HEXOTOPLIX JApPYTrHMX TpHTO-
HOMETpHUeCKHX (yHKuuii. B nanbHefimem Mu GyneM KOPOTKO TOBO-
PHTb: nocTpoutb rpadux GYHKUHH Y =f(X), a NOHHMATb NOX STHM
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caeqyroiee: NPOBECTH HccaenoBanue (yHKLHH y= f(x) H NOCTPOHTHL
ee rpaguk. PaccMOTpHM HeKOTOpbie MpHMepHL.

ITpumep 1. INoctpoute rpaduk GyHKUHH. y=2SInX.

Pemeuue. 3amerdM, 4To rpapuk ¢yHkuud y=2sinx nomay-
yaerca u3 rpaduka ¢yHKUHH y=sinx, HCC/efoBaHHe KOTOPOil Mpo-
BejeHO B Hawasae I, 111, yMmHOMkeHHeM KaxkIoil ero OpAHHaTh Ha 2.
Hyan xe ¢ynguun sinx coBmajaioT ¢ HyJasMu (QyHKUHH 2sinx.
I“paqu byukuun y=2sinx H3o0paxeH Ha puc. 118.

Y
K/ g
[ y=2sinz
nz
BN
\\”
o
Puc. 118,

[Mpumep 2. Iocrpoute rpaduxk GyHKUHH y=sin 2x.,

Pewenne. 3ameruM, uto rpaduk ¢yukuun y=sin2x noay-
yaercs i3 rpadHka ¢yHKUHH y=sinx cxaTieM no oci Ox B 1Ba
pasa (cM. m. 47). OcuoBubiM nepHoAOM i OYHKuMH y=sin2x
6yuerllyx<e qicao n. [papuk ¢QyHKUHH y=sin2x H300paxeH Ha
puc. 119

/)
J =S
lﬁ‘\
h A ]
/\ -2 1N \‘\
=3
- A L K 2 ,
J‘f\\ Z /,/ 2 7 5 3
A % )
J=sin2z
. Puc. 119,

Hpumep 3. TMocrpours rpadukn ¢yukuuii: a) y=sin|x|; "
6) y=|sinx]|.

Pewenne. a) Bocnonbayemes obuyn npasimton (n. 48) moctpoe-
HHs rpaduka ¢yHkuun y=f(|x|) no rpapuky ¢yHkuun y=f(x):
coxpaHsieM yacTb rpapuka y=sinx aaa x>0 H 3epKajbHO OTpa- |
XaemM ee OTHOoCcHTeNpHO ocH Oy (uactb rpaduka y=sinx nmas .
Jc<0l 2nopocro oropacuisaem). Ilonydaem rpaduk, NOKasaHHbIA Ha
puc {
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6) CHoBa ncnosb3yem pesyJbtaTst n. 48. CoxpaHseM d9acTh CH-
HYCOMABl y=sinx, pacno/joxeHHyO Bblle ocH 0X; 4acTb CHHYCOH/H,
nexamas Huxe ocH Ox, 3epkanbHO oTpaxaercs B ocH Ox. [loay-
yaeM rpa¢uk ¢yHKuHH y=|sinx|, nokasaunwii Ha puc. 121.

 Pue, 120,

y=lsinz]

l‘ﬁ\\ : /'lﬂ ,
\./ .
T Puc, 121.

NG e R

113. -JlanbHeAIIRe MPHMEPBI MOCTPOEHHUSI IPauKOB DyHKuMHA.
Mpumep 1. Ioctpouts rpadux dyuxkuun y=Ilgsinx.
.Pemenne. 1) Obnactb onpeneneHus cpynxmm.

dyHxuHA onpeflesieHa A/ TeX 3HayeHHl apryMeHTta x, AAS KO-
'ropmx sinx > 0. TakHe 3HayeHHs -apryMeHTa 3akKJIOUeHH B npeue-.
Jgax 2kn < x < (2k+4-1)=n, ree £=0, +1, ;1;2,

2) TleproaHYHOCT (YHKINIH. . ,

sinx—nepuognueckas q)yumum C OCHOBHBIM NIePHOLOM, PaBHHIM 27t.
CnepoBatenpho, AJs Tex X, I KOTOPHIX OnpefiesieHa (yHKUHS
y=Igsinx, mul GyaeM umeth Igsin(x4-2n)=Igsinx, T. e. Hcche-
ayemast ¢yHKIHA GyHeT HMeTb NEPHOJAOM TakkKe yucio 2x. Hcexons
H3 coobpakeHHil TNEPHOAMYHOCTH, JOCTATOYHO HCCJENOBaTh MHally
¢yHkuHIO Ha MmoboM OTpe3ke MJIHHBL 2w, HanpHMep Ha OTpe3Ke
[0, 2r]. Ho ua otpeske [0, 2n] mama ¢ynxkuns onpeneiesa He
BCIOJly —OHa onpefieieHa Toibko B murepsane (0, n), mostomy B
NanbHeiimen GyneM H3yyaTh HOBeAeHHe nam{ou byHKUMH B nmep-
Base (0, m).

3) O6nacth 13MeHeHNs (GYHKUHH.

B unrepsane (0, m) nanGoJsblllee 3uagenue,  KOTOpoe npummae'r
sinx, paBHo 1 (B Touke x==:1/2), a HaHMeHbIIETO 3HAYyeHHd HeT,
Ho npH x—0, x>0, u x—»n, x < n, sinx—0, ocraBasch MoJjo-
JKNUTEJbHBIM. QyHKmm Igsinx cuayana Bospacraer oT —oco A0 0
(npn. 0 < x <L n/2), a 3aTeM y6bisaet o1 0 o —oo (mpn M2 <<x < :rc)
Hrak, —oo < Igsinx <0,

4) YerHocTb q)y}muml.

dyukuua y=Igsinx HN yeTHas, HHM HeueTHas.
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5) Touxu mepeceuyeHHst ¢ OCAMH KOOpAHHAT:

a) ¢ ocei0 Oy (x=0); Hawa PyHKUHA ONpeiesieHa TOIbKO B liH-
Tepsale (0, m), a B Touke x=0 OHa He CyilieCTByeT, noaTouy TOUKH
nepeceuenis ¢ ocblo Jy He CyIUeCTBYeT;

6) c oceio Ox (y=0) (wyan ¢yHruun); rRama oyHxuus ofpa-
MlaeTCsi B HyJb B eJHHCTBeHHOH Touke uHTepBana (0, m)—B Touke

Xx=a/2, a B OCTAIbHBIX TOYKAX 9TOTO HHTEPBATA OHA OTif4HA OT
HyJad.

6) BepTHKajibHble aCHMITOTHI.

3ametiM, yTo npsAmele Xx=0 I X=7 ABJAAIOTCA BePTHKAIbHBIMI
acHMITOTaMH JJjaa Hawe# ¢yHkunn, u6o apu x—0, x>0,
y=Ilgsinx——o0 1 npu ¥ —m, x <<a, y=Igsinx —-—oo.

7) UnrepBaisl 3HAKONOCTOSHCTBA (PYHKLHH.

Ha nccaenyemon orpeske [0, ] Hawa ¢yHKUHs BCIOAY HeNo.Jao-
JKHTeJbHa, T.e. y=Igsinx <0, u60-0 <sinx< 1. Caenosate.1bHO,
rpadux, q)yHKum{ Jexut mox oceto Ox.

.. _8) Haumenpwne n HanGoJnlINE 3HAYEHHST (PYHKUHMI HA OTPe3Ke
[0, a.

Han6onblwero sHayenus GYHKUHA JOCTHTAaeT B. €IMHCTBEHHOf
TOYKe X =7/2, H 370 3HaueHHe pasHo 0 (y(/2)=Ilgsin(a/2)=0).
Hanyvedbllero sHayeHns QyHKuHs He umeeT, HGo npH x-—0, x>0,
o npu x—mn, x<amx, y;lgsinx—»—oo. Ipaduk  pyukuun
y=1gsinx usobpaxen Ha puc. 122,

Y
z 7 = 27 3z
H ] T T I
| 1 | H
| 1 } ]
| P i i
i | ! i
i ! [ |
! I 1 i
| | [ {
| I ) [

| i
y=lgsinz
-~ Puc. 122,

IIpunmep 2. HNoctpoute rpapuk dynkuun y=xsin2x.
Pemweunune. 1) OGaacTth onpesefieHHs QyHKIHH:

x— moboe peficTBHTEAbHOE YHCIO.

2) OGnacts pacnonomemm rpapuka QPyHKIHR. .
3anmeruy, uto [xsin2x|<{|x| (tak xak |sin2x|<C1), nostomy

—x<xsin2x<Cx.

leoMeTpuuecku 3To o3Hayaer, uyT0 rpaduk GyHKUHH Y= Xsin2x
3aK/NOueH MeXAy rpadukaMi QyHKUH y=—x H y=4x.
3) UerHocTb QyHKUMH.
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Iannas QyHKunA, Kak NpoH3BeNeHlle ABYX HeyeTHHIX QyHKIHI
{x 1 sin2x), ecTb (pyHKIHA ueTHas.

B nanbueiiwem Gyzem ncciegoBate ¢ynkumio npn x>0.

4) ToukH nepeceyeHHsI ¢ OCSIMH KOOPJAHHAT:

a) ¢ ocvio Oy (x=0); npu x =0 mbl ureeM y =0; cregoBatenbHoO,
rpaduK GYHKIHH TIPOXOIMT 4Yepes HAauaJo KOOPAHHAT;

6) ¢ ocbio Ox (y=0) (nyan odynkunn); bynkuns oépamaeTcsx
B HyJb B TouKax, rae sin2x=0, T. e. B Toykax BHIa Xx=rmn/2
(n=0, 1, 2, ...).

5) Toqxu, B KOTOPBHIX (yHKIHA NPHHHMAET 3Ha4YeH!s, paBHble X,
WIH —Xx. - '

a) xsin2x=x B TOukax, rae sin2x=1, T. e. B TOYyKax.

x=nn-}n/4 (n=0,1,2, ...%

6) xsin2x=—x B Toukax, riae sin2x=-—I1, T. e. B Toukax

x=nn -} 3n/4 (n=0,1, 2, ...).

INoctpoum rpaduxk ¢yukuun cHavana gaa x>0, a 3areM,
HCNOJIb3Yysl UEeTHOCTb Haulefi (YHKUIN, OTpPasHM €ro 3epKajbHo
BocH Oy.Tpapuk dynkuun y=
==xsin2x 11306pa>KeH Ha puc. 123. ' s

IIpumep 3. Ioctponts rpa- N h
duk GyHRmMH y=x -—>— ltg x|

tgx

Pewenune. 1) O6nacrs on-
penesieHH s QyHKIHH.

dyuKIHA onpefeneHa 14 Tex
3HaueHHH X, AJMA KOTOPHIX Cylle-
CTBYeT H OTJIHYHA OT HyJs GYHK-
unsa tgx, T. e. 1A Bcex X, Kpome

XxX=nm H x=%(2n+l),

rre n=0, 41, £2, ...
2) Onst Bcex x u3 obracTH onpefeleHust (YHKUHH  HMeeM
' ' el x, ecan tgx>0,
I = s —X, ecaH tgx<0
3) YertHocth DyHKIHH,
®yHkuusg —uetHan. CiaenoBaresbHO, nocu*arormo CHauana no-v

CTpOoHTh ee rpapuxk aasa x> 0. - _
4) 3amerum, uto tg x>0 npu x>0 B HHTepBanax

mlx<nf24+an, rae n=0,1,2,
T. e. B uurepsanax (0, n/2), (n, 3n/2) u T. A.; tgx <O nmpn x>0
B HHTepBaJax :
n24nmn<x<n(n41), roe n=0,1,2,...,
T. e. B untepBanax (n/2, m), (3n/2, 27) M T. KA.

Pue. 123.
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5) OKonaneJleo nMeeM (g x > 0)

T tgx
rae n=0,1,2,...

Itg x| { x A an<x<wn/24an,
—Xx nd n/2—]—:rm<x<n(n+l),

Hocrpomx rpaduK QyHKIUHH CHauana Aas x > 0, a 3aTeM, HCNOJb-

4\
N liga]
=z
\\u'\ ¥ tgl‘/
BN i
o [
b R
- Lz, AT
i AN !
1
!

\i;-
yd

\
/

Puc. 124.

3ys YETHOCTh - JaHHO <pym<mm oT-
pasiiM ero sepxanasHo B ocu Oy.

Ipaduk byHRUHH y=X —— “t:i\
H3o0paxkeH Ha puc. 124,

YnpaxHeHus

1, Haiitt no Tabauuay TpironoMerTpH-
qeCKHX zpym(mm CaenyolHe 3Hauenus:

a) sin 38%.6) cos 47%; B) tg0,5.

2. l'lpoaecm HCCIIeN0BaHKe I IOCTPOUTD
rpaduKy cAeAylOmHX GYHKI:

) y=secx; 2) y=cosecx; 3) y=
=3cosx; 4) y=cos3x; 5) ¢ J—cosltl,

6) y=|cosx|; 7)y=|cos|x]|; 8) y=1g cosx; 9) y= 05 (1/2); 10) y=x cos o3

11) y=sin (nx2); 12) y=2log1cosx.



Fnasa X

NPEOEPA30BAHME TPUrOHOMETPMYECKHX BHIPAKEHHM

§ 1. dopmynnt caomeHHS M BHIYHTAHHA

114. Paccrosnue mMexjay ABYMSA TOYKAMH Ha TJOCKOCTH.

3apnaya. Ha nnockoctn ganut ase Touku A(x,, y;) # B(x,, y,)-
Hafitn paccrosnne AB mexay HHAMH., .

Pewenne. Ha puc. 125 n3obpaeH ciyuai, koraa x, > x; > 0
HY,>y, >0 Mu xe GyaeM BeCTH pacCyxJeHHs, CHpaBelJIHBbIE
Aas -moGoro ciiyuasi pacroJioxkeHus ToueK A u B. 3ametHM, uTO
AC=DE=|x,—x,| n- BC=|y,—y,|. Ilo teopeme IIndaropa us

NPSMOYTo/LHOTO TpeyroJbHHKa - B
ACB unmeem gh .
AB®*= AC*+ BC?,
L AB*=|x,—x; |*+] ys—y, | : b
Tak Kak |[x,—x|*=(x,—x,)* H A cl[+2
42— 4, 1*= (9, —9,)*, 0 2 P
4 2 /4
ABZ=(xz—x1)z+(yz'—y1)2: A .
. [ Y £ <
. OTKyZa HMeeM » Zp .
AB=V (x,—x Y+ (g:—p)% (114.1) Pue. 125.

MMpumep 1. Hafitn paccrosune mexay toukamu A(7, —2) u .
B(4, —96). ‘
Pewenne, Io dopmyne (114.1) umeeM

AB=V(4—7)2+(—6+2)2=V%=5.

IMpumep 2. Haifitn paccrosune mexay toukamu C(2, —I) n
D(3, 1).
Pemeunne, [To dopmyne (114.1) umeem

CD=V(3—2)2+(1+1)2=V3. "
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115. Kocunyc cyMMbl H Pa3HOCTH ABYX apryMeHTOB.
a) Kocuuyc pasunoctu. [lpennonoxuym, 4to yriam o H
YAOBJETBOPSAIOT CJACAYIOMHM ABYM YCJIOBHSM:

D0<Ca<22r, 0P <2n; 2) a=p.

Ha puc. 126 nso6paxenst yrant o (/£ AOC) u B (£ AOB). Touxu

, Bu C rexar Ha exnHHYHOIl OK-

¥ pyxuoctii (QA=0B=0C=1). 3ane-
y r.c THM, ut0 / BOC =a—f.

z Kpome cucremst koopauHar Oxy 6y-

(i LeM paccMaTtpHBaTh eule HOBYWO CH-
7 creny koopauHat Ox'y’, nosayueHuyio
13 CcTapoil nMoBOPOTOM Ha yro.a f.

B nanbrefiiien 6ynem 1CNOJIb30BaTh
ToT thaxT, yro paccrosnne BC mexny
TouKaMH B i C, Bbluncaennoe B cTapoii
cucreme Koopaunar Oxy H. B HOBOIl
cictene koopanHat Ox'y’, 6yner onu-
HAKOBO.

Puc. 126. B cucreme koopanuat Oxy Touka
B useer koopaunuatt (cosf, sinf),
a Touka C—xoopaunatu (cosca, sina). Tlo ¢opayae (114.1) nveem

BC?==(cos & —cos f)* -} (sin &« —sin B)* =
=cos*a—2cosacosff +cos?*f4sinfa—2sinasinf +sin?p =
=2(l—cosacosPp—sinasinf). (115.1)
B cucreme koopamuar Ox'y’ Touka B mumeer koopauuats (I, 0),
a rtouka C—koopaunatel (cos(a—=B), sin(a—p)). o dopmyne
(114.1) Haiizem
BC? = [cos (w—f)— 112+ sin®* (@ —B) =
=cos?(a—f)—2cos (a—f)+ 1 +sin*(a—p) =
=2[l—cos(a—pf)]. (115.2)

Ipupasuas npaswte wactit dopayn (115.1) u (115.2), non)lum BbI-
pakenue AJs KOCHHYCa PasHOCTH ABYX YIJIOB:

cos (e—f}) = cosacos f 4 sin e sin f. (115.3)

Mpl nokasaan Teopemy:
Kocunyc pasnocmu 0syx yeaoe pasen npousseQeHulo Kocusyca nep-

6020 Yeaa HQ KOCUHYC 6MIOPO20 NAIOC NPOU3GCOCHUC CURYCA Nepeoeo
yeaa Ha CURyC emopozo.

3aMeTHM, YTO OrpaHiueHHs, HAJOMEHHHE Ha yrasl o u ﬁ ycaosuamu 1) u 2),
MOKHO cmm; B camoyM jese, monyctum, uro chaTo orpanHuenne 0<< o < 27;
0<<P < 27, nanaraevoe Ha yrasl & u P ycaosuamu 1), H MH ieen:

k<< <2n(k-+1) u 2am<P < 2a(m+1), rae k, m=0, 1, £2,
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wm 0<<oa—2tk < 21 1 0<<P—2am < 2a. [onoxus a—2nk=0y, f—2nm =
=By, noayuny 0<<t; <2n u  0=<P, < 27. Bes orpannuenns obmpoctn
6yaem cuutaTh, uYTO @) ==f,. (Hume GyJer nokaaaxo, uTO ycaosHe 2) me cyme-
CTBeHHO.)

HUraxk, yran oy 1t B; ynoBaeTtBopsatoT ycaoBHSM 1) u 2), npu KOTophX Obiia
Ioxkasana TeopeMa. CaeloBaTenibHo,

cos (&, — By) = cos oty cos B, -+ sin a, sin fi;.
Toncraeus BMecTo oy H ) HX 3HaueHHS, MOAYYHM
cos [a—~f+-2n(m—Ek) = :
_ = cos (@ — 2mtk) cos (B — 2nm) - sin (& —2nk) sin (B —2ntm). .
Bocno/ib30BaBWHCh MEPHOZHYHOCTBIO CHHYCA H KOCHHYCa, NpuieM K dopmyae (115.3).

Mu noxasanu, uto ycjoBHe 1) He 'CYIIECTBEHHO.

Honyctum Tenepb, uTo, BompekH ycjosuio 2), o < B, T. e. f > . Bocnoas-
30BaBIIHCh YETHOCTBIO KOCHHYCA, GyXeM HMeTh

cos (p— &)= cos [ — (¢ — B)] = cos (& —P).
Hrak, nokasana oSuHocts ¢opMmyan (115.3), 1. e. ee cnpaBefJIHBOCTL NPH JIOGHIX
yraax a u fi .

6) Kocnuyc cymmu. Tak kax dopmyaa (115.3) cnpaBegniuBa
15 mo6elX ABYX.YrJoB a H f, To, 3aMmenns B et p wa —f, no-
JYYHM '

cos (& -+ B) = cos [a —(— B)] = cos & cos (— )+ sin & sin (— P).

Bocnonp30BaBIIMCL YETHOCTBIO KOCHHYCA H HEUETHOCTBIO CHHyCa,
6yneM HMETh
cos (& -} B) = cos @ cos f-—sina sin f. (115.4)
Mu fokasann TeopeMmy: '
Kocunyc cymmor dsyx yeno8 paser npoussedenuro KocuHyca nepeozo

yera Ha KOCUHYC 6MOpP020 MUHYC npoussedenue CUHYCA NEPEO20 yaaa
Ha cunyc 6mopoz0. -

INpumep. Buancants cos (13n/12).
Pemenne. *
cos%n:cos(%u—}—%):cos%nrcos%—-sin%nsin_:’;.:-' _
2 1 2 3
- V;_ vs, V;=_V}_,(1+V§)z—o,966.

== —

®opmyant (115.3) u (115.4), Kak K Bce BHBOAHMBIE B JajbHei-
1ieM COOTHOWIEHHS JJIsi TPHIOHOMETPHUECKHX (YHKIMII, COXpPaHAIOT
CBOIO CHJIy H JJISl- TPHTOHOMETPUYECKHX (YHKUHMHA YHCJIOBOTO apry-
meHTa. BooGuie, B najbHefilleM MH yxe He GymeM BCAKHil pa3 yka-
3bIBaTbh, KaK NOHHMaeTCs apryMEHT TPHIOHOMETPHUECKOH (YHKUHH
(kaKk yrosJ HJIH Kak 4HCa0). ,

116. CHHyc CyMMBI H Da3HOCTH JBYX apryMeHTOB.

a) Cunyc cyMmmu. Bocnoabsopasuncs dopmysioil npuBeseHus
(105.2),. 6yneM nmethb - .

sin (a4 B) = cos [%—(oa +B)] =c0S [(%—a)-—ﬁ] .
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K npapoit wacTH nocsenuero pasenctsa npumeHuM ¢opmyay (115.3):

cos/[(—}—‘a)-—ﬂ] =co0s (-’%—a) cosp 4 sin'(—g-;a) sinf=
=sinacosf 4 cosa sin f.
Hrak, '
' sin (@ 4 f) =sina cos f - cos a sin f. (116.1)

Mul noxasanu teopeMmy:
Cunyc cymmbr 0syx apeymenmos paser npouseedenuro cumnyca nep-
, 6020 QpPZYMEHMA HQ KOCUHYC 6MOpPo20 nAC npoussederiue Kocunyca
nepeo2o apeyMenma Ha CUHYC 8mopo2o.
6) Cunyc pasn OCTH. Pexomenayem unTate/i0 BhiBeCTH ¢op-
MyJTy
sin (a—ﬁ):smoccosﬁ—cosasmﬁ (116.2)

H copMyTHPOBATL COOTBETCTBYIOILYIO Teopeuy
* ITpumep. Bruncauts sin 105°,
‘Pemen ne. sin 105° = sin (60° 4 45°) =sin 60° cos 45° 4~

+eos60°sindse = ¥E V2 L 1 VT _VT (/5 1) x0,960.

117. TaHrenc cyMMbl H Pa3HOCTH JBYX @pryMeHTOB.
a) Taurenc cymnme. Ilpu Beex AONYCTHMBIX 3HAYEHHHAX apry-
MEHTOB & H P HmeeT Mecto dopmyaa

tg (o +B) = Ept . (117.1)

HDoxasarteabctBo. Ha ocHoBanun dopmya (116.1) u (115.4)
1MeeM -

_ sin(e+P) sinacosP4-cosasinP
tg (a+6)— cos(a--p) ~ cosa cosPp—sinasinf” (117.2)
Pasne/iiB MOWIEHHO YHCAHTEJb H 3HaMeHaTeslb JIpo6GH, crosulel B
npaBoji 4acTH, Ha Npou3BeeHHe cOSa cosf (Mbl NpennoJaraeM, 4ro
OHO OTJIHYHO OT HyJs), noayumum (117.1).
6) TanreHc pasHocTH. AHAI0THYHO MOXHO BBIBECTH (pop-
MYyTy .
: _ tga—tgh
g @—P) =1trgaip (117.3)
Pekomennyem unTaTesio BHIBECTH €€ CaMOCTOATEIBHO,
Mpumep 1. Buuucants tg 105°. .
o 5 | gmey _ tg60°-Htgd5® V31
Pewenne. tgl105°=tg(60°4-45°)= T—g60°1g55°— |3

. .
_______(V’i+') = —(2+V3)~—3,732.
IMpumep 2. Buyucantb tg(l3n/l2)‘ i
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| tg (3n/4)-- tg (7/3
3:: (3_n+g) g @) +te (n/3)

1
- Pemenmne, tg I—tg (3n/4) tg Gv/3)

_ =14+ V3 _(V3-1)' 5 1/3~0.268
Ti+v3 2 V30,268,

118. O d)opmy.nax CRONENHS AAS HECKOALKHX aprymentoB. EciH Bo3HHKaer
HEOGXOIHMOCTh HANTH TPHIOHOMETPHYECKYIO GYHKUMIO Tpex (HAH GoJiee) crarae-
MHX, TO 3TO MOMHO CHIe/IaTh, NOCEN0BATEILHO NPHMEHHB BHBeIeHH e B n. 115—117

dopmy.aL. Hanpnmep
sin (@ B+v) = sin [(@+-p) +-y] = sin (2+-B) cos p+-cos (a-+B) sinp=

=(sm @ cos B-- cos a sin B)cos y4-(cos & cos f—sin a sin ) sin y=
= sin & cos f cos y-}- cos & sin § cos y-|-
' ~-cos a cos p sin y—sina sinfsiny.  (118.1)

IpexnaraeM yuTareq0 CaMOCTOATETHHO NOKa3aTh, HTO

cos (P y)=cos & cos f cos y—sm @ sin B cos y— sin e cos f§ sin y—
, —cos ¢ sin ﬁ siny (118.2)

H

tga+tgﬁ+tgv —igatgBtgy
“%"““‘“” I—tgalgp—tefilay—tevtea - o109
’anaumennn

1. Buqnc.nm'b

2)-cos 105% " 6) sin1am; B) tgl5° 1) tg o,
2. Bupectn cbopuy.nu.

—1 t t 1
a)-¢*£(¢+5)=%$—;;%{§; 6) ctg(a—ﬁ):%ﬁi—ft‘g—*—; .

§ 2. ¢opmy.nu ans nnounoro H MOJOBHHHOrO apryMeHTa.
Buipaxenne sinzo u cosno yepes cTeneHH sine u cosc

119. Tpuronome*rpnqecxne dynkunn psofinoro aprymenta. [loJo-
®us; B dopmynax (116.1), (115.4) u (117.1) e =p, Mu noryuaem
caeayiomue GopMyIbt:

. sin2a=2sina cosa. (119.1)

“Cunyc 080iiHO020 apeysmenma pasen ydeoeHHoMYy npoussedenur cu-
Hyca u Kocuyca Odarnoz0 apeymenma.
' cos2a—cos’a—-sm’ . (119.2)

Kocunyc 0dsoiitozo apeymenma pasen pasnocmu maapamos Kocu-
Hyca u cunyca OAHHO20 apeymenma.

_ 2ga ’ '

MMpumep 1. YnpocTtuts BrIpaxeHHe
A =2 (sin® & - c0s® &) — 3 (sin* & -}- cos* a). (119.4)
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Pewenne. Mu yke pewany stor npunmep B n. 99. Henoabsys
gopmyast (99.9), (99.10) u (119.1), nmeem :

«  sin*fa-costa= 1—%smz2a, ‘ (119.5)
sin® o+ cos® &= 1 — sin? 2. (119.6)

IoactaBup (119.5) u (119.6) B (119.4), noayuaenm
A=2——3—sin22a—3+-:;—sin22a=~—l.
3ameuanne. Popyyas (119.5) n (119.6) moxuo noayunts n
TaK:
sina 4 cos* & = (sin* & |- cos? a)? —2 sin? a cos?at = | —-%— sin? 2¢,
sin® a + cos® a = (sin® a - cos® «) (sin® @ 4- cos? a —sin® o cos® ¢) =
. | | - 3 .
P 2 — 29 — ) — 2 2
1 5 sin 2a 7 Sin* 2a 1 7 Sin*2a.

dopuyant (119.1)—(119.3) moxuo mncnoanb3oBath Adst 10Goro
aprymeHTa «, C4HTas €ro JBONHBIM A apry\xem-a «/2. Hanpumep:

sina=sin2(;> 2sin— cos,,, (119.7)
cosa=_c052(‘;)=cos‘1%———sin2-§f, (119.8)
2tgg- .
a 2
2

PO ¢ 2 . o PR 2 4 ¢4
sm—5~—,sxr12 (E) = 25m1—0cos E

T A
1}ig atyg %
Npumep 2. Ynpoctuth BrpaxkeHne A=—mr——0.
dg5tte
Pewenue., YMHONHM YHCIHTENb H 3HameHaTe.nb Ha tg(@/2) n
3aMeHHM ig o mo q>opmy.ne (119.9), Torza noayui

o 2tg® (2/2) o G
I+teiten) (I_ngﬁ)(l—tgzﬁ)_ 2
2

Mpumep 3 Hoxasats, 410 ctga—tga 2ig2a—4tgda=
=80tg8a
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R 1 — o2
Pemenne, 3ameTun, uTO, ctga—tga=—l-—tga=—lu=
tga tga
T tg 22

IpeoGpa3ys JeBylo 4acTb TeM e crocofoM M jajee, NOIy4HHM

.2 1
nocJae10BaTe1bHO @3—2 tg 20 —4tg do = T w4 tg 4a=m =

=8ctg8a, T. e. ctga—iga—2tg2a—4tg 40 =38ctg8a. Tomae-
CTBO J0Ka3aHO. o .

120. Buipaxenne sin rza u cos no yepe3 CTeneHH sin@ H cOS O NPH HATYpabe
HoM uncae n. Cayuafi, korna n=2, nan dopmynamn (119.1), (119.2). Bupasum
tenepp sin 3a, cos3a, sinda, cos4o H BoobGme sin o, COSne yepes sino H
cos o, Ykaxem Ha ABa cnocofa MoayueHHs cooTseTcTBylomux ¢opmya. Ilokamem,
HanpHMep, Kak noayuawortcs GopMyan aas sin e u cos 3.

Mepauilt cnoco6. [percramasem sin3c B Buge sin (2a--a) u ucnonwb-
ayem topmy.ay (116.1), a sarem HenossayeM dopmyant (119.1) u (119.2):

sin 3ot = sin (2a - &) = sin 2¢ cos & -} cos 2a sin a=
=2 sin & cos? & -cos? ¢ sin ¢ —sind =3 cos? & sin ¢ —sin? a,
Hrax,.
« Sin3oc=3 cos®a sin ¢ —sinda. (120.1)
B npasyio wacts ¢opmyant (120.1) Bxomar sina n cosa; 3aMeHHB cos®a Ha
1 —sin?a, npugeM K ciepyromeit Gopyy.re:
sin 3 =3 sin a—4sin’a, ’ (120.2)

KOTOpas COAEPXMT B NPABOl YaCTH TOJABKO CTENEHH sin ¢¢. AHanofHYHHe (opMyJnl
MOXHO NMOJYYHTH JaA €Os 3¢ (peKoMeHAyeM 3TO ceJaTh UHTaTenlo):

cos 3a=rcos3a—3 cos a sin? a, (120.3)
cos3=4 cos?a—3 cos a. (120.4)

3ametniny, uto dopmyan (120.1) n (120.2) sBasioTCA YacTHHM caydaem GopMyasl
(118.1), xorza B nocirenueit a=p=1y. Popuymt xe (120.3) u (120.4) —vacrulii
cayuail dopmyan (118.2).

Bropofi cnoco6. Bocnoabayemcss pesyJbTaTaMu, NOJYUeHHHMH B anreGpe
NpH H3yYeHHH KoMiJeKCHbix umcet. Ha ocHoBannn ¢opmyan Myaspa (n. 17)

(cos a-}i sin a)?=cos na i sin na;- (120.5)

48 cayyad, Korda n=3, HmeeM 4 '
‘ (cos a-}-i sin &t)%= cos 3z {-i sin 3a. (120.6)

JlBa KOMMJEKCHEIX yHCJa PaBHBL TOTAa H TONLKO TOTAa, KOTAA DaBHH COOTBETCT-
BEHHO HX feficTBuTe/IbHEIE M MHHMB uacTH. Temeps u3 paseHCTBa

cosd o3 cos? o sin @i —3 c0s o sin? e —sind at-i = cos I |- i sin 3ex, (120.7)

. oTAesss (H COOTBeTCTBEHHO NPHPaBHHBAafA) ACHCTBHTEIBHYIO H MHHMYKO 4acTn, no-
JyuHM GopMy.TIHl )
cos 3a=cos? @ —3 cos o sin® et (120.3)
i -
sin 3 =3 cos? @ sin 2 —sin? a, (120.1)

B ofwem cayuae 7151 noJyueHHs sin me M COS 0L MOXKHO NOCTYNATh TaKxke -
ABYMsl cnocoGAMH: NGO TPHMEHATH NOC/ELOBATEJNbHO TEOPEMB! CJIOKEHHS (nepBblil
enoco6), 6o nonvsosarses dopMysoit Myaspa (Bropoit enocoG).
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Mpusep. YNpocTHTb DHpaseuue
=%- cos? o sin 3a -[--:1?- sin3a cos 3a. -
 Pewmenne. Ilpuvenns gopmyms (120.1) u (120.3), moyuunm 3

% cos3 a sin 3 '+1§ sin® . cos 3o =

1 . . 1 . .
= cos3et (3 cos? a sin —sin? a)-{—i- sin3 & (cos3 & —3 cos & sin® ) =
= cos? & sin & — cos ¢ sind ¢ = sin @ cos & (cos? a —sint )=

=%- sin 2a (cos? @ —sin? a) (cos? @ -sin? c) =—l§- sin 2a cos 2a = sin 4o,
B Komue pemeHHs NpHMepa Mbl BOCHOAB30Bajuch ¢opmyaavu (119.2), (99.1) u

(119.1).

121. TpuroHoMeTpHyeckHe OYHKUHH NOJOBNHHOIO aprymemra.
Yacto 6ulBaeT HeOOXOAHMO, 3Has TPHroHOMeTpHYeCKHE (QYHKIHH ap-
ryMeHTa o, HaliTH TpHroHoMeTpHYecKHe (yHKuUMH aprymeHTa o/2.
Buisegem coorpercTBytoutiie GopMyssl. M nveem

. o . o
cos? 5 —sin®*z =cosa, (119.8)
Tpucoesnuun K o1oil Gopatyie ©CHOBHOE TPHTOHOMETPHYECKOE TOXK-
JeCTBQ; °

cos® 5+ sin’ 5= 1, (121.1)
Caoxus nousenso (119.8) u (121.1), noayunu
14cosa=2cos* o, (121.2)
Boypras (119.8) us (121.1), noayunm _
1—cosa=2sin* . A (121.3)
U3 toxzects (121.2) u (121.3) coOTBETCTBEHHO HMEEM )
- cos%;i 1/1"'_;03_“, | T (121.4)
’ sin &= )/ = e, (121.5)

Pa3nenus nounenso Tomzmectso (121.3) na (121.2), hpnxozum K-TOX-
LecTBY . .

tgr & l—cosa (121.6)

27 14cosa’

W3 mocnexuero ToxnecTsa HMeeM

a l—cosa :
tg.-f?::b l/ TFcosa® (121.7)
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Ipnmensa dopmyan (121.4), (121.5) n (121.7), crenyer Beaknii pas
3a60THTBCA O 3HAKE, KOTODHII HYXHO B3ATh nepel PaaHKajoM.

Hansa Beraucaenus tg (e/2) moryT GHTh HCNOMB30BAHEL H (GOPMY.JIH,
BHpazkaiomue tg (a/2) uepes cosa n sino pamnonanbHo. BriBeneM
3TH QOPMYJIBL:

. O . o
sin— 2sin — cos —

@ __ 2 2 2__ sina
a) tg?_cosg-_ 2 cos 2 T l-f-cosa®
: - ‘ 3 - COos -5-
Uraxk, ,
o sin )
tg'§'=l—{—cosct.' ' (121.8)

Tak kak Bcerna 1--coso >0 (dopmyaa (121.8) nmeeT cMEIC TO.ﬁbKO
npu 1-+4cosa > 0), 10 u3 .(121.8) MoxHO 3aKJIOUHTB, YTO 3HaK tg >
BO BCeX CJyvasx connauaer O 3HAaKOM sina.

) sin — 2sinz
6) o E—_ 2 2 " l—cosa
g2 c052—2cosﬁsin-(—z—_'- sina.
. 2 2 2
Hrak, _ . - )
a —cos o
tg?_—s-in—a—v' (121.9)

' . ' a
U3 nocnenneii GopMyJasl TakKe fCHO, 9TO 3HAK tg-— COBNANAET CO

3HakoM sinea, H60 Bcérga 1—cosa >0..
I[Ipumep 1. Haiitn sin 22°30’, cos 22°30’ u tg 22°30°.

Pemenune. MM 3HaeM, uTo c0s45°=sin45°= V 2/2. Cnenosa-
're.nbno, npumensa gopmyart (121.5), (121.4) u (121.9), noayunm

sin 22°30" = +]/‘—°°545° £5 V_~0383

c0s22°30" = + |/ TEEE B V24 V2 ~ 0,004:

tg 99°30" =‘—S—if]‘"§5475-=1/_—1 ~ 0,414.

: IMpumep 2. Hano: sina=—1*/, rie 3n2<a<< 2:1 Haiiti
sin («/2) n cos(e/2).
PeweHdue, CHavajsa HaxoaHM

cos = +V 1—sin?a = ]/1-___—_._
Tak xak 3n/4 <e/2 < :rr, .'rg sin (2¢/2) > 0, a cos (a_/2) <0.
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Ipumensina cdopmyast (121.5), (121.4) u Gepsa B HUX paguKaIbl
C COOTBETCTBYIOWIHMH 3HaKaMH, NOJYYHM )

sm____}_l/l—coscc 1/1— =l/‘5’
_c_L__ 1 +cosa VI+J/5_ 2}f_5
oS5 = I/_T’—_ g 5

(14 sina)tg (n/d—a/2)
IMMpumep 3. JloxasaTb TOXKIECTBO T =ctg o.

Pemenne., Tak kKak clga=cosa/sine, To RocTaTtoqyHo joKa-
3artb, 40 B = (1l +sina)tg(n/4—a/2)=cosa. Ha ocHoBaHuu ¢op-
MyJ npnBeneHua n (99.2) HMeeM

- (l +sina) tg ( ) (14 cos (/12— oc)] sin (/4 — a/2)

cos (n/4—a/2) :
[Mpumenss dopmyay (121.2), noayunm

2 cos? (/4 —a/2) sin (/4 —a/2) . T oa
B=—"""Grn—ap =2cos ( 172 ) sin (T_?) .

Hanee nosayuaenm
14 [#4 « 11 a a
B=2cos (71--—5) snn(—4-—-2—) =sin2 (—-7> =

11
=sin (-5—(1> =CosSa.

(Mot mprmenusn cHauana gopmyay (119.1), npumsp 3a zamnwit ap-
rymeHT (/4 —e/2), a 3a ynBOeHHHIl aprymeHT (m/2—ca), a 3aTem
¢dopmyay npusefenust (105.1).) CaienoBatenbHo, TOXKAECTBO J0Ka3aHO.

122. BbipamenHe OCHOBHBIX TPHTOHOMETpHUeCKHX (yHKuUuH apry-
menTa o yepe3 g («e/2). Muoraa Tpebyercs ocHOBHbIE TPHIOHOMETPHYE-
ckie ¢ynkuun (sine, cosa, tgo H ctgo) Bhpas3uthb pauHoHabHO
yepes tg(c/2). [Nokaxem, HanpuMep, Kak 3To JlejaeTcs s sina.
Hcnoabsya Toxnectsa sina=2sin(a/2)cos(a/2) n cos®(a/2)
+ sin? (@¢/2)=1, MOXHO micaTh
% os® = 2 sin (a/2) cos (oc/2)
2 2 7 .cos? (&t/2) 4 sin? (a/2)
Pazneaus yncanteJp H 3HaMeHaTelb JApo6H, crosuell B Npasoil ua-
CTH MOC/IeAHEero PaBeHCTBA, NOYJEHHO Ha cos? (&t/2), moayuHM

2 tg (a/2)

Tt /3" (122.1)
Hcnonb3yst TokAeCcTBO €0S & = cos? (/2) —sin® (a/2), yuTatenb MOXKeT
HOKasaTtb, 4TO

sinae =2sin
- sina=

_1—tg2(a/2)

' COS(Z——I—_i_—lg—zmr (1222)
CootsetctByloutas dopmyaa aas tg ¢ npusoguwsiack Hamp B n. 119:
21g (a/2) | (122.3)

0= igrar
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3uan tga, MoxHO noayuuts Gopmy.ay

: _ 1 —tg*(a/2)

3ameuanne. Gopmyas (122.1)—(122.3) umeroT cMbicT A5
ECeX 3HAaueHHil aprymenra o, Kpome a,=(2n-1)m, rie n-—uenoce
qHCJ0. . e

Mpumep 1. Hano tg(o/2)=7/,. Haiitu sina, cosa n tga.

Pemenue. Ha ocHoBaHnn ¢Gopmyant (122.1) umeem

0 2.7, 112
R B A TR
L1=CP_ 15
Ananornuyso coso = T 13
tg @ yxe Tpolle HcKat rax: tgo=Sne 112
g y>K pollle HCKaThb 3g e = 15" .
. 24-3cosa o _
I[Ipumep 2. Bouncants T—Bsma® SO tg5 = 5
Pemeunune. Ha ocnosauuu dopmyn (122.1) u (122.2) uaxop,mi'
__2(=%) _ 12~ _ 1= 5
sina = TR (=5, — 13 COS 0= T3~ =713~
24-3cosc  24-15/13 41
Hanee, 4—5grs =103 — 112*
anamnenns;~
‘ cos2  cosa—sina

1. HoxasaTb TOXAECTBO

T+sin2«¢ cosa-+sina’

2.. YHpocrmb BhipaxeHHe A=— 9 Cos* (12) 1+(5tg (x/2)+4)
' 3

3. lloxaaa'rb TOXJECTBO cos’a y — sin 2a.
A ctg (a/2)—tg (a/2) T .
4., Hony'm‘rb ¢opmyae, Brpaxasome sin 4ot u cos 4o uepe3s crenenn sina ¥ -
cos a.

5. ¥Ynpocturs cos? & cos 3 -|-sind sin 3a.
6. Hano: sina= —3f;, rae 3n < @ < 77/2. Buuncauts sin(«/2), cos (ct/2)
u tg(c/2).
7. VDocTHTS sin (x—zt/4) 31 —x)— 2 cos? (x —5/4)
- YTp sin(xF/3) 8 T—sinox
8. llokasats Toxzectso (cos & — cos B)2+-(sin @ —sin f)*=4sin? a—p .

Alﬁt"

in2c .
9. HokasaTb, uto sina (l—i—tgaig 5 )+l+sm2a =ig a-Hg (
© 10. Hamo: tg (a/2)="%/;. Hafith sina 1 cosa.
3sina—4tga
Sctga+6cosc
12, Monyuuts supaxenne aas tg 3a uepes t
13, Joxasarb Toxzectso tg a-2tg2a+t41tg 4a.+8 tg 8a+16 ctg 16 =ctg .

~a).

11. Bruncants , ecaH tg—O—L= —_—-

3

.
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§ 3. NpeoGpa3oBanne B CyMMy BBHIpaKEHHH BHAA
sinecosf, coscxcosP u sinasinf

123. OcHoBHBIE tbopmynu Bepueyca x tbopzuy.nam (116. l)
(116.2):
sin (a4 f) =sinacos B 4-cosa sin ﬁ,
sin (¢ —p) = sina cos f —cose sin fi.
ChoxHB 3TH TOXAeCTBa NMOWIEHHO H Pa3siesHB Ha 2, MOJYYHM
sin (& 4-B)-sin (¢ —B) (123.1
5 . .

sinocosf =

BHOHHB aHaNOTHYHBe NeiicTBus ¢ dopymyaamn (115.3) u (115.4):

cos(a—P)=cosa cos P +sinec sin p,
cos (o + ) =cosa cos p—sine sin f,

0OJTy4HM

cos e cos f = (“+ﬁ)_gcos (2—P) (123.2)

Bbiutem u3 (115.3) mounenno (115.4) u pasgeaum Ha 2; moayuyum
' cos(oc—B)-;cos(a.-{-ﬁ). (123.3)

sina sinf =

124, MNpumepnl. Muorpa npu peluedHH TNPHMepoB, HMes [POH3-
BeJleHHUS TPHTOHOMETPHYECKHX (byHKuHu HanpuMep ¢QyHkuuii apry-
MEHTOB & H P, OnBaer mosesHo nepefiTH K NMOJIYCYyMMaM IVIH K no-
JIypasHoOCTSIM COOTBETCTBYIOWHX TPHTOHOMeTPpHUeCKHX (QYHKUMIT.

IMpumep 1. VYnpocrute A =?cos"a sin 3a -+ sin® & cos 3a.

Pemenume. Mu pewanu atoT npumep B m. 120, mucnosib3ys
dopumyan (120.1) u (120.3) ana sin3x u cos3a. INokaxem Teneps,
KaK MOXHO 3TOT iK€ NPHMep peumuTh, HCHOJlb3yﬂ dopmyay (123.1).
3amMeTHM, 4TO !

sm4a-Lsm 20 . sin 4o —sin 2a
cosasin 3o = —2—- H sinacos3a =——2—— .

I/Icnonbsya TOJILKO 4TO MNOJy4eHHble COOTHOLIEHHS, 6y11e\1 HMeTh
A —-gcos“a sin 30&+—sm3a cos 3a =

2 sm4a+sm2a 1 . 2, _,m4a—-sm2a
cos®a - +gsinfe ——F——=

I

[
o) = c:l-—cnI.—

sin 4oc (cos*a - sin?a) +5 L sin 2« (cos*a—sinta) =
—sin 40!. +— sin 2a cos 20 = — Lsin 4o 4 L sin 4o =1 sin 4e.
6 12 4
(B xouue pewenns npumepa MBI BOCIIO/Ib30Ba/IHCh Q)Opmynanm n 119.)
IMMpumep 2. anoc*nm, A= sin (60°+ ) A
4sin (15°+ ) sin (75’--,1-)
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Pewenne. IlpeoGpasosas npousBeAeHne, crosilee. B 3HaMeHa-

Tese, moJyyaeM
' Ae —_ sin(60°4-a) _ sin(60°4-«)

2 [cos (60°—%)—cos90°] 2 cos (60°-—'-%)

3unaMeHaTens mpeoGpasyeM npH nomomu GopMyJIE NPHBENEHHS

- cos (60"—%).=sin [90°_——(60°—%)] =sin ‘(30° +%—)

Uncanrens ke npeo6pasyeM Tak:

sin (60°+a)=2sin (30°+ )cos (30°+ 5 )
Toraa ,
2sin  30°4—= ) cos ( 30°+-= :
A= ( 2) gx 2)=cos (30"-}-%).
© 2sin (30°+—)
ITpumep. 3. Bumucauts A=sin 20°sin40° sin80°.
Pemenne. 3amemM uTO

sin 20°sin 40° =5 (cos 20°—co0s60°) =5 L cos 20°—-;— .

,lié.nee
=2 (2 cos 20° 5in 80°— 5in 80°) = -

I3

-—-‘- (sin 100° 4+ sin 60°— sin 80°) =
TaK Kax sin 100°=sin80°, a sin60° =} 3/2.

YnpaxHenns

1. Brrmcruts sin 52°30° cos 7°30°.

2. Ionpayace dopaysaM# NpeoGpa3oBaHHIY HACTOSIIEr0 naparpada u TaGan-
UaMH TPHIQUOMETPHTCCKHX GyHKUH, HATH 3HAYEHHs CTE1yIOWHX BHPAKCHHI:

a) sin 3°30" cos 4°30’; 6) cos 5°30° cos 7°30"; ) sin 8°30’ sin 11°30";

r) sin 0,25 cos 0,35; 11) cos 0,45 cos 0,65; e) sin 0,45 sin 0,75.

3. He nosawayscs Q)opuy.uanm ans sin 3a 1 cos 3:2 YNPOCTHTh BHIpaXXeHHE
cos? & cos 3 -}-sin? & sin 3a.

. Ionaaa'rb gto cos 20°4-8 sin 70° sin 50° sin 10°= 2 sin? 80
. Bruncants 4 cos 10° cos 50° cos 70°.

- n 2
9. BLIIHCJAHTD oS 5 cos 5

10, -Buiuncants 16 sin 20° sin 40° sin 60° sin 80°,
11. Bruncmrs tg 20°tg 40° tg 60° tg 80° —

4, JlokasaTh ToxpecTso 4 sina sin (n/3+a) sin (71/3—a) = sin 3a.

5. Bruncauts A= cos 80° sin 50° cos 2

6 4 cos ﬂ—-‘i sin :—"-—.9_) M)_
. JloxasaTb TOXAecTBO 52 37 )= (a/2)

7

8
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§ 4. IpeoGpasosanne B npoussejcHHe CyMM BHAA
sine sinf, cosat-cosP u tgat-tgp

125. OctosHbe dopmyar. Ilpn BHUHCAEHHH pPa3THYHBIX BbIpa-
JKeHMIl, COaepyKauMX TPHFOHOMETpPHUeCKHe (YHKIHH, C TOMOIIBIO
TaGaun JorapupyMoB H JorapudmiyecKoil JHHeflKH yI06HO HMeTb
IeJio ¢ MpoH3BeIeHHAMIL, "a He ¢ cymmamu. BriBemem psin opayi,
KOTOpHEe MO3BOJSIOT OT CyMM HEPeXOiHTh K NPOH3BEIEHHAM.

a) Cymma cunycoB. 3amnumem ¢opmyay (123.1) B Buze

sin(x+y) +sin (x—y)=2sinxcosy

H MOJIOXKHM B Heit X = (ot+PB)/2 1 y=(oc— P)/2. 3amernn, uto x-+y=0ct
H x—y=P; cregoBarte/bHO,

sina +sinf =2 sin a;'ﬁ cos 2 E ﬁ | (125.1)

Cymma 06Yyx CuHYCO8 pasHQ YOBOEHHOMY npouseeaenuro cunyca
NOAYCYMMbL HA KOCUHYC NOAYPASHOCMUL UX QPRYMEHMOB.

IMpumep 1. sin14°+sin28°=2sin21°cos7°. .

[Mpumep 2. sin0,6+4sin3,2=2sin1,9cos 1,3.

6) Pasznocts cunycosn. 3avenns B ¢gopmyae (125.1) B ua
—B, noayuyiM, yyuThIBasi He4yeTHOCTb CiHHYCa,

ﬂ CoS —— a+ﬁ (125.2)

Pasnocms 08yx curnycos pasxa yaaoeuuo,uy npouseeaenuro cunyca
10AYPASHOCMU HA KOCUHYC NOAYCYMMBL UX QPEYMEHMOB. '
IMpumep 3. sin16°—sin 13°=2sin 1°30" cos 14°30",
Mpumep 4. sin%—sin —2sm48 %.
B) CymMMa KocuHycos. 3anumem dopmyay (123.2) B Bige
cos (x 4 y)+4-cos (x—y) =2cos xcos y
I nosoxuM B Hefl x=(a-+§)/2 u y=(a—Pp)/2. Mu yxe BHIeH,
410 ¥} y=0a " ¥x—y=0; clejoBaTeJbHO,
'HS oS 25 . (125.3),
Cymna O0syx Kocuuycos pasua y@eoeuuomy 1poussederui0 KOCURYCA
NOAYCYMMbL HOA KOCUHYC NOAYPAZHOCMU UX AP2YMEHIMO08.
[Mpumep 5. cos52°30" + cos 16°30" = 2 cos 34°30’ cos 18°,
Ipumep 6. cos0,84-c0s2,8=2cos1,8cos1.
r) Pasuocts kocunycos. HUs dopmyant (123.3), -anaso-
THYHO NpeablAylueMy, noJjyyaercsi GopmyJaa

cos a—cos B =2sin a+ﬁ sin ﬁ2a . (125.4)

Pasrnocmoe 08yx Kocumycos pasHa yaeoennomy npoussedeHur0 cunyca -

noAycYyMmsL Ha CUHYC oﬁpamuoﬁ noaypasHocmu ux. apeyntéumoe.
51 ELS
IIpumep 7. cosiz—cos 15 —-2sm 313 SiN 373 -

sina —sinf =2 sin 2~

cOs &t 4 cos = 2 cos

3
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Mpumep 8. cosl,6—cos1,4=—2sinl,5sin0,l.

n) CymMMa TaHTeHCOB. I'Iepeu)m K CHHycaM H Kocnﬂycau
NoMyunM

tga_!_tgﬁ=sma+smb_smacosﬁ—l—cosasml3___ sin (@)

cosa | cosp cos a cos cos a cos f§ 'A
e in (a+B) |
: - sin (o
tga-{-tgﬁ:m. _ (125.5)
Mpumep 9. tgl12° ftg18°= 'cB'sTT;—ig'sW —;—sec12°sec18°
n 14 sin (7t/3)
Mpumep 10. th+thi cos (7v/4) cos (n/12)

=Y/ 3
V¥ 2 cos (n/12) )

e) PasnocTb TAHTEHCOB. 3aMEHHB B (popmy.ne (1255)[3

Ha —f, GyneM HMeTb, yuTH YeTHOCTh KOCHHYCA It HEUeTHOCTb TaH-
relca, ,

tga—tgﬁ:%ﬁ‘:——o:%. (125.6)
ITpumep 11. Ilpeo6pasoBatb no‘q:opmy.ne (125.6) u BbluHC-
MHTb, HCMOJb3Ys 'raG.mmy TPHTOHOMETPHUECKHX (YHKUMA (npuio-

xkenne II),
tg 0,55——tg 0,15.

sin 0,40 o
Pewmenmne. tg0,55—-tg0,15=m. B nameit Taban-

ne HeT 3HaveHud Ppywkuuii ana aprymento 0,55 u 0,15, mostomy,
BOCNOAb30BaBWHCh dopmydoit (123.2), nepeiineM K mojycymMme KOCH-
HYCOB, HO yXe OT apryMeHTOB, KOTOphle HMeloTcA B TalJuue:

c0s 0,55 cos 0,15 = cos 0,70-2[- cog 0,40 — 0,7648-{2-0,9211 ~ 0,843, -
» N 1e o 0389
Teneps HMeeM tg 0,55—‘tg 0,15~ 05 NVQ:46.
5 2
Mpumep 12. tgpa—tgr= .
2 cos 6 576

16
3ameyanue. Ilocnennne nse CbOpMyJIbI (125 5) u (125.6) umetor
CMBICJT I/ aprFyMeHTOB & H f, OTJIHYHHIX OT 5 (2n+l),‘ rge n—
yenoé 4HCHI0.
126. Tpumepm,

IMpumep 1. IlpeoGpasoBarb B mnpoOH3BEJACHHE BhHIpaXKEHHE
cose-sinf. : ,
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‘Pemenune. 3ameHHB- sinf - no <¢opMyne npupejenns Ha
cos (n/2—p), mepefizeM K cyMMe KOCHHYCOB H BOCIHOJb3yeMcs ¢op-
myJoii (125.3): - )

cosa-tsinfi= . .
= 0S¢ -}-€0s (-’21—6) =2c0s (%4—3—;—5) cos (%-— a:,';ﬁ \} .
I[Tpumep 2. IIpeoGpasosats B mpoussenenne tga-}ciga.
Pemenne. Ilepeiind Kk sino H cOSa, NOMydHM

sina |, cosa _ sin*a--cos?a_ 2 '
tga+Ctga—cosa+sina_ sinzcosa  sin2a°’ (126.1)

. Ilpumep 3. Ilpusectn X BHAY, YROOHOMY AJs Jorapugmupo-
BaHuf, :

A = ctg 60° + tg 40° +ctg 40° -+ ctg 30°,

Pedienne. 3amenus ctg60° no popmyne npusetenus Ha tg 30°
M BOcnoJb3oBaBlHch GopumyJoir (126.1), noayunnm

. 2 2
A =tg 30° 4 ctg 30° -+ tg 40°+ ctg 40° = s+ g

Jasee, Oyaem nmeTsh
A— 2 (sin 80°+sin 60°) - "4sin70° cos 10°
T T sin60°sin80°  sin 60° sin 80° °

Tocnennee BuIpamKeHHe MOMKHO YNPOCTHTb, €CJHH 3aMeTHTb, YTO
sin60°=)/3/2, a sin 80°=cos 10°, Tenepp GyneM HMETH
in 70° 10° 8 .
A=8 sin 70° cos . sin 70°.

Vacoslo® V'3

Ipumep 4. IlpuBectd K BHAY, YROOHOMY AIa Jorapugmipo-
BaHud, -

A=coslla -3 cos9a -3 cos Ta -+ cos da.

Pemenue: Bocnoab3osabiunck ¢opmysoii (125.3), moayunm
A =2 cos 8a.cos 3a 46 cos 8z cos & =2 cos 8a (cos 3a+3cosa).  Co-
raacHo dopmyde (120.4) cos 3a=4cos®a—3cosa, 0TKyaa cos 3o
+-3cosa=4cos’c, 1 Mul umeeM A=8cos8acos’c,

- 1 +cos < cos 2z -L-cos 3o
INpumep 5. JlokasaTh TOKIAECTBO csatloosTa—l =
=2cosa. '

Pemenne. 3averuy, uto 2cos?a—1=cos2x (cm. (121.2)) n
cosa-tcosda =2cos 2ecose. [locne »sroro mpeobpasyem .JieByio
YacTe NPEANOoJaraeMoro TOiKiCCTBa: ’

1-+ces o cos 2a -} cos 3a 1-+cos 2a}-2cos & cos 200 -

cos a-2cos2 o —1 = cos & -} cos 2a

__2cos®a+t2cos & cos 2a _ 2cos'a(cos o cos 2a)
cos a+-cos 206 cos o~ cos 2¢ -

=2cosda,
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CnenoBaTe/bHO, Hallle TOXKAECTBO JOKa3aHo. MBI HCKMIOUHIH H3
paccMOTpeHHs Te 3HAYeHHs] apryMeHTa &, NPH KOTOPHIX BHIpaxieHue
cos a -+ 2co0s? ¢ — | HiH, 4TO TO 2Ke camoe, cOSa+-C€0S 200 paBHO HYJIIO,
Mpunsep 6. [Ipoeputs, uro tg 9°—tg 27°—tg 63° 4 tg 81°=4.
‘Pew en ne. 3amenus no popmyJie npusegeHusi tg 81° na ctg9°,
a tg63° na ctg27° u Bocnonn3oBaBHCh popMyoit (126.1), nonyunn

tg9°— tg 27°—tg 63°4-tg81°=1g 9 }-ctg 9° — (1g 27° +ctg 27°) =
2 - 2(sin54°—sin 18°) _ 4sin 18°cos 36° _ 4 cos 36°
= Sin 18° sin 54° sin 18°sin54°  sin 18°sin 54°  sin54° °

Bénxerus, yro c0s 36°=sin 54°, MH npnxomm K paBeHCTBY 4=4.
Urak, tg9°—tg27°—ig63°4-1g81°=

anaknénna

TpeoSpasosars CyMMH QYHKIHA B NPOH3BeJeRus: )

1. sin{7/30) 4 sin (7/40). 2. sin2,8 —sin1,2. 3. cos40® -}~ cos 10°,
4. cos (71/10)— cos (/20). 5. jg3 2+tg 10,4.6.tg 91°45' — —tg3°%1’. 7.tg2f-ctg 2.

8. Bruancaure: tg 75°—tgl )

Ipusectu K BHRY, Y. AOGHO‘\Iy oy norapndMupoBanns;

9. sin® (% ﬂ+% ) — cos? (—84:-]-—2-) .

10. sin 5 sin 4oc - sin 4e sin 3oc—sin 2a sin a.
1 2cos2a—1

* Ztg (njd—a) sin? (nfdt-a) '
" 12, ctg 80°4-1g 40°+ctg 40°-|-tg 80°.

13. sin 7a—sin Sa—% sin 9a+—%— sin3a, -

}-tg o}-cos x+-sin .

JHloxasate TOXKIECTBA: 3 o
14. sina—sin2a+sin3a=4cos?acosasin-;—‘.
1—sin2x , 3tga—tgda__ 2(_1}_ . )
I+sin2«¢ ' 1—3tg2a =tg*| 3 n+a J4-tg da.

16. cos & -J-cos 2c--cos 3+ cos 4 =4cos -023 €S & COS 5~ &

15.

ITposepurs pan;nc-raa 8 sin (7 118) .
T T :t sin(7Tn
17. tg e=+teg1te g3 St ==V

18. cos 80°-sin 20°4-cos 60'+ sin 40°4-cos 40°= cos 65° cos 60° sec 85°.
19. (sin 20° -+ sin 140°) (cos 50°+ cos 70°) -
- (sin 50°4- cos 160°) (cos 40°—sin 70°) = 1.
20. g 10°tg 20°4-tg 20° tg 60°}-tg 60°tg 10°=1.
21. sin 50° sm 24° (tg 40° | ctg 24°)+cos 16°=2 sin 74°,
_ 22, Bubectn $OPMyAH X751 CYMMH H PasHOCTH IBYX KOTaHIEHCOB!:

i si —a
ctg a—[—ctgﬁ::—;:%S—tI% ; ctga—ctg B=é%ﬁsin_ﬁ)"



316 rl. X. NPEOBPA3OBARHE TPHTOHOMETPHYECKHX BhpaxEHni  [127:

§ 5. MpeoGpasoaHue HEKOTOPHIX BHIPAKEHHII B NMpPOH3BERCHHS
€ NOMOWbIO BEeJCHHSI BCIOMOraTejbHOr0 aprymMeHra

Hexkotoprle cymmbl GbiBaeT BO3MOXKHO CBECTH K TIPOH3BEICHHSAM,
€C.1H COOTBETCTBYIOULHM 00pa3oM BBECTH BCNOMOraTeJbHBIT apryMeuT.
[pouamocTpupyeM 3TOT IpHEM HA OTAEJbLHBIX NpHMEpax.

127, I1IpeoGpa3oBaHue B NpoH3BeJeHHE BuIpaKeHHs asina 4 b cos «.
Mer mpeanonaraem, yro as=0 u bs%0. ITocrapaemcsi nozoGpats
&OCYMEHT @ H IOJIOXKHTEJbHBIH MHOXHTENb O TaK, 4TOOBl GblIO

a=pcosp H b=psing. (127.1)

Bosseas B kBajgpar ofe wacti pasencts (127.1) u cjoxuB noay-
yeHHbIE PABEHCTBa OWIEHHO, 6y,z1eM HMEeTb Q% - b2 = p? (cos*¢p - sin? @),
oTkyna p*=a*+b? u

p=Va*+be (127.2)

(B xawectBe p mur Gepem apudmernyeckoe 3nayenne Kopns.) Ilocie
3TOrO BCMOMOTATE/bHBI1 apryMent ¢ MOMKHO HafiTH M3 COOTHOLUEHHI
a a . b b

COS(pZ—::T—_____—' H SINQ = — = ———u, (127.3)
o Varfb? p at+b?
Tenepr Gyaem nMeThb
asina—+bcosa=pcossina-psingcosa=

=p (sin & cos ¢ 4~ cos a sin @) =p sin (& + @).

Hrak,
asina +bcosa = p sin (a4 ¢). - (127.9)
®opyyay (127.4) MoxKHO NMONYYHTB H TaK:
asina—}—bcosa:l/.a’—]—bz(V._sma—i-V__Jcésog).

Ilonoxus Tenepp
‘ at+bi= 0, ——2— =05 i —L—___=sin )
VatF=p>0, gomm=cosy n e —sing
Mbl npizeMm K gopmyae (127.4).
3ameuanune. Tor dakr, qro TaKoil aprymem ¢ CYLIECTBYET,
pokasan B m. 100 (a2+b’+ IR l)
INpumep 1. IlpeactaButh B BHJE NpPOH3BEREHHS Bblpamemxe
A=V 3sina 4cosa.
Pewenmnec. 3acch a—V'3, b=1uV a*F0*=2. Crenopareasio,

; . 3 . !
A=) 3sina4cose =2 (]—;—sma-}-%cosa) .
Tenepn nonaraem

vy !

—5-=C0s¢ u F=sing.
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B KkauecTBe aprymMeHTa ¢ MOXHO B3sTTh, Hanpumep, @ =i/6. OKOH-
yaTeJbHO HMeeM

A=V 3sina+coso=2 (sinacos %—}-cosasin%):

= 2sin (a-{——g-).

Hpnmep 2. IlpeacTaBHTe B BHAE NPOU3BEREHHUS Bbiparenue
A=sino+4cosca.
Pemweunne, B 3tom npxmepe a=1 u b=1, CJICIOBATeNbHO,

- l/az—i-b2 V2 Teneps nocrymaem, Kak B obwmeM cayvae:

-A=V2 (V—smoH—V—?cosa) Tonoxum —12—2——cosq> " ﬁ—sin P.

B xauectBe aprymeHta ¢ MOXHO B3fTb, Hanpumep, @ = n/4 Tocae
3TOTO MOJIYYHM

sina+cosa=_l/2sm (a-{—T)_. (127.5).

128, TpeoGpa3osanHHe B Npou3BEAeHHe BHIpaMeHHH asina+bwu
acosa+b npu 0 <|b|<|al.

1) PacemoTpum BEIpaxeHHe asina+b. 3anmueM €ro cjefyoium
o6pa3zoM: asine-+b=a(sin & +b/a). Tak Kak, no NpeanoJoKeHHio,
[b/a] <1, To MoxXHO noJoxHuThb b/a=sin@. Tenepp .6ynem umerb

asina+b=a(sin ¢+ sinp)=2asin #cos 5;—"’.

MMpumep 1. INpeoGpasoBate B npoussenenHne 2sina 1.
Pemwenne, 2sina-+1=2(sine+?/). Ilonoxum 1/,=sing,
B kauecTBe @ MOXKHO, HanpuMep, B3ATb /6, H MBI NOJYYHM

25iﬂa+1=2(sma+2) 2(sma+sm—6—)= .
, ' =4sin(~°2L—+—;f2—'>cos (%-—-%)

2) ‘PaccmoTpuM BhIpaxeHHe @ coso +b. 3anuuiem ero cienyoum

‘o6pasoM: acosa-+b=a(cosc-{-b/a). Tak Kak, no nmpeanosoxeHHIo,
|b/a}<<1, 1O MOXHO NOJOXKHTD b/a=cos¢p. Tenepp Gysem nMmerb

acosal|-b=a(cosa+cosq>)=2acos—ﬂcos—29."‘

Mpusep 2. IMpeoGpasoBats B NpoHssenenne 2cosc - 2.
Pemenne. 2cosa + V2 =2(cosa +V32/2).  TNomoxum

V 2/2=cos¢. B KauyecTBe @ MOXHO, Hanpumep, B3ATH n/4, # MBL
NOJYYHM .

2cosat+ V2= 2(cosa+ vz )
=2(cosa+cosz-)=2cos(%+%)cos (%—

~

B

).
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ITpumep 3. IlpeoGpazoBare B nponspeseHne 3—4cos’e.
Pemenne. 3—4cos?a=4(3/,—cos*a). Ionoxknm 3/,=cos*q.
B kauectBe @ MOKHO, Hanpumep, B3aTb 7/6, H Mbl O6yAeM HMETb

3—4costa =4 (cos’%—cosza) =4 (l+°°s (n/3) 1+ cos 2“) =

2 2

=2 (cos %-—cos 2a) =4sin (% +a) sin (a——’;—) .

129, IlpeoGpasoBaHne B npou3seacHue BbipaxeHHs atga -+ b.
Paccmotpum Bupaxenne atga--b, rae az<0. 3anuwem ero cie-
AyiomuM o6pasom: a tg e+ b=a (tg o |- b/a). Tak Kak TaHrenc usme-
HsleTcsi B IIpefeiax OT —oo J0 --oco, TO [pPH JIOGHX a H b MOXHO
nonoxkHTh bja=1g ¢, 1 Ml moMyuHM

b in (et
atgatb=a(tgats)=a(iga+ige) =t

Tpumep 1. Mpeo6pasosars B npouseerenne 3tga+) 3. :
Pemenne. 3tga+) 3=3(tga+}V 3/3). Honoxmum Y/ 3/3=1g .
B Kauectse ¢ MOXHO, Hampumep, B3ATb #/6, H MbI OyaeM HMeETb

x\ _ 3sin(a+a/6) 2 V3sin(a+a/6)
3tga_+V§=3(tga_l-tg.?i-)_cosacos(n/ﬁ)_ cosa *

Mpumep 2. Ilpeo6pasosare B mpomnsseienie 9—3 ig® da.
Pewenne. 9—3ig*da=3(3—tg?4a). Ilonoxum 3=1g*q.
B xauecTse ¢ MOXKHO, Hanpumep, B3fTh 7/3, H MBI MOJY4HM

9-3tg24<x=3(tgﬁ—;-—tg2 405) =3 (tg%——tg 4a) (tg%‘-—l—tg 4a) =
’ __ 3sin (/3 —4a) sin (n/3+4a) __ 12sin (a/3—4a) sin (/3 +4a)
= cos (a1/3) cos 4o cos (71/3) cos 4& co6Z da .

Ynpaxuenns

C noMouibio BBEJICHIlST BCNIOMOraTeIbHOTO AapryMeHTa MpejIcTaBuTt B BHJe
NPOH3BEICHUIT CeYIoMHe BHPaKCHHA:

1. siha— VY3 cosa. 2. sina—cosa. 3. V3—2sina. 4. 1=2cosa.
5. 3—4sin?a. 6. V3tg2e4-3. 7. 1—3tgia. 8. 3—9tg?da. 9. I'—cos &+
+ cos 2¢. 10, 14 Y 3sinda—2 cos?2a, 11, 2sin?a-- ¥V 3'sin 2a — 1,



l:' naBa 7 X1 . T
OBPATHbLIE TPUTOHOMETPHYECKHE ®VYHKIIHH
H UX FTPAOPHKH '

§ 1. dyukuun arcsinx, arccosx, arctgx u arcctgx

130. ®ynkuua y=arcsinx (apxcunyc). PaccMoTpuM ¢YHKIHIO
y==sinx. Tak Kax 06/1acTb onpegneJeHus 3TOf ¢yHKuun—BCsA OCh Ox
(—oo <x<+4o0), a o6racTb H3MEHEHH 3HAYeHHIl—OTpe3oK
[—1, 1] ocn Oy (—1<<y<{1), 10 06 obparnofi ¢ynkuun (no or-
HOUIEHHI0 K (QYHKUHH y=SinX) HMeeT CMbICH TOBOPHTH TOJBKO Ha
orpeske [—1, 1] ocu Oy. Ilycrs, HanmpuMep, H3BECTHO, 9TO
y=sinx=a, rie —l<<a<<1l. CKoabKO 3HauUeHH X MOXKHO HafTH
H3 ‘TIOCJIeTHEro ypasx—xenna’ Ha puc. 127 BunHo, uro cyiectByer .

4
o~ - yesinz
P —— 5 < o0
a4 49 & % /iR
_-..._7 ) \-/

Pue. 127. .

6eCKOHEYHO MAMOTrO 3HaueHUM apryMenra X (X4 X2y X3 »..), OOM2-
MAOMWHKX TeM cBoiicTBOM, uTo sinx;=a, rae i=1, 2, ...

Hnas toro uro6u noJydurb o6paTHYIO (ozu{osaaquylo) DyHKIHIO
K QYHKIUHH y=Sin X, IOCTAaTOYHO PaccMOTPeTh KaKoii-1i60 Hau6o/Ib-
i orpesok ocH Ox, HA KOTOpoM QYHKIUS y=Sinx HJAM MOHO-
TOHHO BO3DACTaeT, HJH MOHOTOHHO yOmiBaer (cM. m. 35). QyHKuuA
'y =sin x MOHOTOHHO Bo3pacraeT oT —I1 0 -1, HanpuMep, Ha OTpe3Kke
[—m/2, /2] u BooGwe Ha moGoM oTpeske BHAa [—mx/2 4 2km,
n/2+2kn], tae k=0, 41, 42,... Ona MoHOTOHHO Yy6HmBaer oT -1
j0 —1 na .mo60M OTpe3Ke BHJA [n/2+2k:n: 3n/2 +2kn], roe k=0,
1, £2,

Ha Bceu ocu Ox (pynmma y=sin x o6GparHoii (ozmosﬂatmou)
¢ynkuun He - umeer. Ha KaxaoM ke H3 OTpe3koB MOHOTOHHOCTH
¢yrkuus y=sinx umeer oGpartHyio ¢ynkuuio. Ocraercs Tenepsb
3a(HKCHPOBaTh KakoH-IHG0 H3 3THX OTpe3koB. B KauectBe oTpe3ka
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ocn Ox, Ha KOTOpoM paccMmartpuBaercsi QyHKUHA y=sinx 1 obpar-
Has K Hell ¢yHKUHs, o6biuHO OepyT oTpesok [— m/2, m/2]. Hrak,
paccmMoTpHM (QYHKUHIO y=sinx Ha oTpe3ke [— /2, x/2]. Ha srtom
oTpeske QyHKUHA y=SinX MOHOTOHHO BO3pacTaer, NpHHIMas Bce
snavenusi or —1 mo 1. CrenoBareabHo, ans Ja000ro y, 13 ot-
peska [—I1, 1]} ocu Oy Haiinercd, M INPHTOM TOJBKO OIHO, 3Haue-
Hite x, u3 oTpeska [—mn/2, /2] ocit Ox Takoe, 4T0 Yy,=sin x,, T.e.
Jag ¢yHKUHH y=sinx Ha yka-
y 3aHHOM OTpe3Ke CYLIeCTBYeT 00-
.721 ——————— paTHada (oaHO3HAyHasA) QyHKUNSA,

| KOTOpYIO YCJOBHJIHCh Ha3biBaTh
_____ 74 apkcunycosr 1 o6o3HayaTh TaK:
x=arcsin y. Menss, xaxK o0blyHoO,
o6o3HayeHusd, Ml Oyaem nHCATh

y=arcsinx. -(130.1)

Hpumep 1. Halitn a=
=arcsin (1/,). '

Iaunplii npHMep noapoGHO
MOKHO ChOpMY:IIpOBaTh  TaK:
HailTH Takoil apryMeHT «, Je:a-
1LHiT B npejenax or — /2 1o x/2,
7 CHHYC KOTOpOro paBeH 1/,.

Pewenne. Cymecrsyer Gec-

Pic. 128. YlICJIeHHOe MHOIKEETBO aprymeH-

TOB, CHHYC KOTOPHIX paBeH 1],, Hanpumep: n/6, 5x/6, 13n/6, —7x/6
1 T. . Ho Hac nuTepecyer TOJbKO TOT aprymeHT, KOTOPHIi HaXo-
AuTcaA Ha otpeske [—m/2, n/2]. Taknm aprymenTom 6yaer n/6. Hrak,

[ Y5 BUSEPEPEP |
el

arcsin4 =2
2 6 °
Mpumep 2. Haittu o = arcsin(—)/3/2).
Pemewnne. Paccyxknas Tak ke, Kak H B npuMepe 1, moayuum
. ( V":s‘) _o=n
-arcsin -5 JT=—7%-
IMo o6mweMmy mnpaBuay (cm. n. 35) rpaduk ob6parHoil ¢ynKuIm
CHMMETpPHYEH ¢ rpaduKOM OCHOBHOII (YHKUII OTHOCHTENbHO Oic-
cextpuchl I—III xoopaunatHeix yraos (puc. 21). :
CeoficTBa ¢yHKUHU y=arcsinx (puc. 128).
1) O6aactb onpefenenus: orpesok [—I, 1].
2) O6aacTb H3MeHeHMs: OTpe3ok [—mj2, x/2].
3) ®OyHkuust y=arcsinx HeyeTHas: arcsin(— x)=— arcsinx.
4) dyHKUHSA y=arcsinx MOHOTOHHO BO3pacTalLas.

5) I'paduk nepecexkaer ocn Ox, Oy B Hayaje KOOPRHHAT.
6) arcsin { >0npn  0<x<],
) arcsin x <0 npn —1< x <0, .. )

.
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Hepeqncneﬂﬂbre CBOHCTBA BHITEKAIOT H3 CBONCTB PyHKIHH y =sin X
Ha oTpeske [—x/2, m/2].

131. dynkuusa Y =arccos x (apxKocHHYC). (I)yﬂxmm y=cosx
onpezesena Ha Beeil ocu 0x (— oo < x <+ 00) M H3MEHSETCH B OT-
-peske [—I1, 1] ocr Oy (—1<<y<1). Ecan MBI nocTaBHM BONpOC
06 onpezesieHNN Tex X, NPH KOTOPHX Yy =cosx =a, e —l<a< 1,
TO YBHJHMM, YTO 3Ta 3ajaua pelmiaeTcs HeojHo3HauHo. Ha pmuc. 129

¥ y=cosz
!
a
z; .z;,w z, |0 @N}/ Ty IR Ty &
ARSI -f
Puc. 129
‘BHAHO, YTO CYIIeCTBYeT G0eCKOHEYHO MHOTO 3HAYeHHH apryMmeHTa x
(%, . Xy, X3y -..), OOJARAIOUINX TEM CBONCTBOM, YTO COSX;=a, TAE
i=l1, 2, Ilnﬂ TOr0 4TOGH MBI MOIVIH BBECTH q)ym{umo o6par-

HYIO TIO OTHOWIEHO K $YHKUHH y=cCOSX, HAM HYXHO B3fATb Hal-
- Goabunit oTpe3ok ocn Ox, HA KOTOPOM OHA HJIM MOHOTOHHO BO3-
pacTtaer, Wil MOHOTOHHO yﬁbmae'r (cm. m. 35). ®yHKuMA y=cosx
MOHOTOHHO Bo3pacTaer or —1 g0 41 Ha moGoM oTpeske Buaa
[(2c—1) =, 2kn], rne k=0, %1, 42, ...; oHA MOHOTOHHO yﬁunaer
ot +1 pgo —1 Ha mo6oM oTpe3ke mma [2kn, (2k+1) =],
k=0, +1, +2, ...

B KkauectBe orpeska ocu Ox, Ha KOTOPOM paccMarpHBaeTCs
¢byHkuus y=cosx u obpaTHag K Heli QyHkuus, o6blMHO OGepyT
otpesok [0, n]. Ha 3toM oTpe3ke ¢yHKUHA y=COSX MOHOTOHHO
y6riBaeT, npHHiMas Bce 3HaueHus ot +1 po —I1. CaepmoBarennno,
ana moGoro y, u3 orpeska [—1, 1] ocn Oy maiigercs, W nputoM
TONBKO ORHO, 3HaueHHe X, M3 orpeska [0, n] Takoe, uTo y, = cos x,,
T. €. 1n9 QYHKUHH y=COSX HAa YKa3aHHOM OTpe3Ke CYIEeCTBYeT
oGpartHas (ofHO3HAuYHAsA) QYHKIHS, KOTOPYIO YCJIOBHJMCH Ha3BIBATh
apRKOCUHYCOM ‘M 0CO3HAYATH TAK: X = arccosy. Menss, kak oﬁbmuo,'
0603HaueHHs, MBI GyAeM NHCaTh: -

y=arccosx. (131.1)

Mpumep 1. Hairrn @ = arccos(—V/3/2). A

Honpoﬁﬂo JaHHBIA NpHMEp MOJKHO cxpopmy.nnpona'rb TaK: HaiiTH
TAKON apryMeHT «, JieXaului B npenenax ot 0 110 7, Kocnnyc KO-
TOPOro paBeH’ —V3/2 :

Pemwenne. CymecrByer GECUHCJEHHOE MHOKECTBO apryMenTos,
KOCHHyC KOTOpHIX paseH —V/ 3[2, manpumep: 5:/6, 71/6, 531/6
—7xn/6 ¥ T. 8. Ho Hac nHTepecyer TOJIBLKO TOT. aprymem KOTOpHIil

11 B, B, 3afiner n &,
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Haxoautcsi B orpeske [0, ). Takum aprymen'roM 6yzer 5aj6. HUrak,
arccos (—V/'3/2) =5x/6.

Mpumep 2. Haitth @ =arccos (V—/2)
‘Pewenne. Paccyxnas Tak e, kak H B mpeanAyer cayuae,

MH noayaum arccos (/2 [2) = /4.

Ipadguk dynkunn y=arccosx cummerpnyed C rpapuxoM QyHk-
UHH y=C0Sx oTHocHTeJbHO OHccekTpuct I—IIl KoopauHaTHbiX
yraoB (cM.. puc. 21 B n. 35).

94 . CpoficTBa- (yHKIHH Y==arccosx BhiTe-
KaloT H3 COOTBETCTBYION{HX CBOMICTB (yHK-
unn y=cosx Ha otpeske [0, m] u BHAHBL
- n3 rpaduka Ha puc. 130.

Iepeuncnum 3TH CBOfiCTBa:

&\\% 1) O6aacte omnpexetenusi: OTpe3ok
7 —1,
Z|\&, [
&G 2) O6nacts usvenenus: orpesok [0, x].
3) ®yHKUHA y=arccosx HH yeTHad,
HH HeyeTHas, JlnA Hee BBHIMOJHAETCSH TOXK-
-7 J i o JNeCTBO
’ arccos (—x) =a—arccosx, (131.2)
Puc. 130, 4) OyHKUHA y=arccosX MOHOTOIIIO
yGbiBatoWast.

5) I‘pa(pm{ nepecekaeT ock Ox B Touke (I, 0), a ocb Oy ‘B Toyke
(0, a/2).

6) arccosx >0 na Bcem otpeake [—I, 1].

132. ¢ynxuuﬁ y=arctgx (apmanreuc) PaccMoTpuM dyHKui0
y=tgx. Ob6nacib onpenenemm atoit GyHKuHH—BCA och Ox, 3a

HCK/IIOUeHIeM TOYeK BHAA X, =% (2n+l) rnen=0,+1, £2,...,

H o6JacTb H3MeHeHus 3HayeHuil—BcA ock Oy. O6 oGparHoil GpyHk-
uny (no OTHOWeEHHIO K YHKUHN y={g X) MOXKHO yKe FOBOPHTb AJisi
Bceii ocit Oy. 3ajaua HaXOXKAEeHHA X N3 ypaBHeHHA g x=a u 3xech
nMeer GecuncseHHoe MHoxKecTBO pemenuii. Ha puc. 131 BugHo, yrto
cyulecTByeT GeCKOHEYHO MHOTO 3HayeHH[l apryMeHTa X (X;, X, «..)
TakHx, y1o tg x;=a, rnei=1,2, ...
Ias Toro 4yTo6H NOJY4YHTb OOpaTHYIO (OIIHOSHa‘-IHle) (yHKLHIO
K Qynkuui y=1gx, L0CTaTOYHO PacCMOTPeTb KaKoil-11G0 Hau6o/lb-
wnit uxtepBas ocu Ox, Ha KOTOPOM OHa MOHOTOHHO BO3PacTaer.
dyukuus y=tgx MOHOTOHHO BO3pacTaer oT ~— oo A0 - oo, HampH-
Mep, Ha HHTepBaje (— m/2, m/2) u BooGlle Ha JOOOM HHTepBale
.Bupa (—n/2+kn, n/2+kn), roe k=0, +1, &2,... B KayectBe
HHTepBasna ocH Ox, Ha KOTOPOM paccMarpiBaercd QyHKUHSA y=1tg x
H obpaTHas K Heii ¢pyHKuus, 6epyr obbiyHo HHTepBad (— m/2, 1/2).
Ha stom uuTepBane ¢yHkuust y=t{gx MOHOTOHHO BO3pacTaeT, NpH-
HHMasi BCe 3HAYeHHA OT. — o0 J0 -t oo. C/exoBaTenbHO, AJs Ji0-
]
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‘Goro_y,, -Nexamero Ha oci Oy, HafifeTcs, H IPHTOM TOJBKO onHo,
3HayeHue X, W3 WHTepBaja (— /2, n/2) Takoe, 4TO Yo=1tgx,, T. €.
Aaa GyHKUNH y= tg x Ha yKa3aHHOM HHTepBaJle CYIeCTBYeT o6paTHas

Ik
I~y
a
2 z, | Z /10 @ |Z I
i 21z VAR b
N
Puc. 131,

(ozmosuaquaa) ($YHKUMSA, KOTOPYIO YCJIOBHJINCh Ha3HBaTh @pK-
' maneencom u 0603HaYATh TaK: X = arctg y. Menss, Kak qGbiuno, 0603-
HayeHHd, Mul GyAeM IHCATb: ¥
7
Cy=arctgx. (132.1) _________Z| o ___
IMpumep 1. Halitn a=

= arctg (V'37/3). :
INoapo6Ho panHENT npHMep - 4l z
MOXKHO CHOpPMYJHPOBAaTh TaK:
HaHTH TAKOIl apryMmMenT ¢, Je- s=== - - — el -
XKaumuilt B npefenax or — m/2 -7 :
RO m/2, TAHTEHC KOTOpOTO pa- Prc. 132.
sen J/3/3. - .
Pewenne. CymecTyer GecurCleHHOe MHOXKECTHO apryMeHTOB,
TaHTeHC KOTOPHX pasen V 3/3, manpumep: w/6, 7n/6, — 5a/6 1 T. .
Ho mac uHTepecyeT TOJBKO TOT apryMeHT, KOTOPHII HaXOANTCA
B uH'repBaJxe (—x/2, n/2). Taknm aprymentom Oyaer m/6. Hrak,

arctg (V3/3) = 51/6.

Tpumep 2. Haum a=arctg (—1).

Pemenne. Paccyxkaad Tak ke, KaK W B NPeAbiAyLLieM c.nyqae,
Mbl mosyunnm arctg (— 1)=—mn/4.

T'papnx ¢ynkuni - y=arctgx cnmmerpnued ¢ rpaduxom ¢yHk-
nnn y=tgx oruocutenpno OGuccektpicsl 1—I11 Koopmma'mmx
yI-108B (cM. puc 21.B m. 35). .

1"*
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CBoucha dyHKuHH y=arctg X BHITEKAIOT #3 COOTBETCTBYIOMHX
cBoitctB $yHkuuu y=1tgx Ha HHTepBale (—n/2 n/2) u BHAHB
n3 rpadpuxa ua puc. 132. IlepeusicauM 3TH cBoficTBa:

1) OGnacte ompepesieHHs: x—Jo0oe JAEACTBHTENbHOE tmc.no

2) O6nactb H3MeHeHHsA: HHTepBal (—m/2, m/2).

3) ®yukuun y=—=arctgx Heuernaa: arctg(—x)=—arctgx.

4) Oyuxkuus y=arctg x MOHOTOHHO BO3pacTaioulas.

5) I'pajpuk nepecekaer ocu Ox, Oy B Hauyajle KOODAHHAT.

6) arctgx <0 npu — oo < x <0 u arctg x>0 npu 0 <x< 4 o0.

7) lpsambie y=n/2 " Y= —n/2—TrOPH30OHTAJIbHBIE ACHMMTOTHI
rpajpnka.

133. dynkuns y_arcctgx (apxkortanrenc). Oyukuusa y—ctgx
onpezenena Ha Bceft ocit Ox, 33 HCKJIOYEHHEM TOYEK BHAA X, = A,
raen=0, 31, +2, ... O6nactoio H3MEHEHHH €€ 3HAYCHHII ABJAETCA
Bcsi och Oy. Tak ke Kak H 1A QyHKOHil, paccMOTPEHHBIX
B nn. 130—132, cymecTByer GeCKOHEYHO MHOrO 3HayeHHil apry-

MeHTa X (X, X,, ...), AJA KOTO-
T ¥ ’ peix ctgx;=a, roe i=1, 2,
y.ctgx ~(pHc. 133)

B xauectse nHTepBana ocu Ox,
Ha KOTOpoM omnpejeJisieTcsi obpaTHas
GYHKUIA N0 OTHOLIEHHIO K QYHKIUH

- y=ctgx, GepyT OOBIYHO HHTEpBaJ

a5 - (0, ). Ha stoM untepBaje ¢yHK-

T R 73 z 777 LA y=ctgx MOHOTOHHO YOLIBaer,
4

NpHHIMAs Bce 3Hayelns OT —-oo
Jo —oo. CnenoBarenbtio, Hiasl Jio-
6oro y,, Jnexamero Ha ocu Oy,
Hajizercs, H INPHUTOM TOJbKO OIHO,
3HayeHue x, u3 HHTepBajaa -(0, m)
Takoe, uyro y,=ctgx,, a 310 W
3HAUNHT, YTO HAa YKAa3aHHOM HHTep-
‘ Baje cyllecTByeT ofpatHas (oaHo-
3HayHan) QYHKWHS, KOTOPYIO HasbIBAOT apKKOmMaxeencos 1 0603-
HauaioT Tak: X=arcctgy. Mensas oGosnavenne, OGyieM miucaTh:

y = arcctg x. : (133.1)

Mpumep 1. Haiit a=arcetg(— —V'3).

Honpo6xxo JIaHHbI{ mpIMEp MOXKHO cdopnryaHpoBaTh TaK: HaiiTH
Takoil apryment a, Jexauiii B npefenax or O 10 71, KOTaHIreHC
KOTOpOro paseH ——V§. -

‘Pewenie, CyuecTsyer GecuncIeHHOe MHOMECTBO apryMeHTOB,
KOTaHreHc KoTopbix pasen —)/ 3, nanpumep: —m/6, 5m1/6, —7n/6
i 1. & Ho nac unTepecyer TOJNBKO TOT apryMeHT, -KOTOPHIT Haxo-
mmﬂ B umepBa.ne (0, m). Taxum aprymentonm Oyaer 5m/6. HT&I\,

: o areelg(- V3 5a/6.

Puc. 133.
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"TipuMep- 2. Haiitn a=arcctg 1.

Pewenne. Paccyxnast Tak e, Kak H B NPEAbIAyIIEM c.nyqae,
MH noayuum arcctg 1=mn/4.

Ipapux dynkuun y=arcctgx cummerpuyed ¢ rpadpukoM QyHK-
uHH y=ctgx orHocutenpHo Onccektpucel 1—IIT  xoopaunaTnbx
yraos (cm. puc. 2! B m. 35). CsoiicTea quHKumx y=arcctgx BHI-
TEKAIOT H3 COOTBETCTBYIOLIHX : 7%

CBOMiCTB PyHKUHH iy =cigx Ha .

nurtepsane (0, ;) H BHAHB H3 ==~~~ "] Trmemmmm
‘rpaduka Ha puc. 134. '
IlepeuncainmM  3TH  CBOH-

r
2
cTBa: : :
1) O6nacts onpene.nemm _ . J=arcety
X — moboe  NefiCTBUTE/bHOE S
yHesa0. ’ ' 0 T
2) ObJsacTb H3MEHEHHA: HH- Puc. 134,

tepsaa (0, m).
3) dynxuua y=arcctg x HH ueTHaa H HH Hevernad. Hasa
1iee BHINOJIHAETCH TOXKIECTEO '

arcctg (— x) -n—arcctgx - (133.2)

4) fbym{uua y = arcctg x MoHOTOHHO yGbIBaoulasn,

5) I'papuk mepecekaer ocb Oy B Toyke (0, m/2). K ocn Ox npn
X—-+00 OH npné.nmxaemﬂ acumnToTHueckn (ocs Ox aBasercsa
AJA HEro TOPH30OHTAJNbHOI acuMmToTOfi mpH X—»-o0o). Ilpamas
y=m TaKxe CIYKHT acHMnTortoii rpajmuka (mpu x-— — oo).

6) arcctg x > 0 npn JqioGHX x.

134. Npumep. - IToctpoum rpaduk oyHkmun y= arccos (1/x?).

1) O6nacte onpepenenns: pyHkuusA onpepeseHa Ans x, yAOBJje-
TBOPAIOIMINX HEPaBEHCTBY '

1
ks

=-:7< I mwm x*>=L

Tlocneptee HepaBeHCTBO yAOBJeTBopsiercs npH x<{-—1 n x> 1.

2) OGnacte H3MeHeHHs! 3HAUECHHIT QYHKIHH: 0<y<:n/2 TaK Kak
1/x*> 0.

3) dynkuna verHas, Tak Kak y(—x)— y(x).

4) Toukn nepeceyeHHst C OCAMH KOODAHMHAT:

a) ¢ ockio Oy (x =0) GyHKUMA He MOMNET MMETh TOUEK Tepeceue-
HHA, TaK KaK OHA ompejelieHa TOJbKO nIpH [x]|>=1;

6) ¢ ocblo Ox (y=0) ona nepecekaercas B Toukax (—I1, 0) n
(1, 0) (ayan dynkuun), Tak xak l/x2=1 aumb npn x=-41.

5) Hanmenbiee u HanGonblllee 3HadeHus: QYHKUHH B 00JaCTH
onpefenenus. B cuay yernocTH GyHKHHHM JOCTATOYHO €€ HCCJeno-
Bath A x> 1. Ecan x =1, 10 y (1) =arccos 1 =0. Ecan x — - oo,
10 1/x*—.0 (1/x* > 0), cnepoBarennHo, arccos (l/x*)— /2, npnuem
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arccos (1/x*) < m/2. Hrak, npu x=1 (u npu x=—1) dyHKUHA
NpPHHHMAET HauMeHbllee 3Ha4yeHHe, PaBHOE HYJIIO, @ NIPH X — - 00
(i npH ¥ ——o0) cTpeMHTCH K 7i/2, ocTaBadch Meublie 1t/2, Hu npu
KakoM X He BHIIOJHAETCA paBeHCTBO arccos (1/x*)=mn/2, T. e.
HauGoJIbllero 3HaueHHA Hailla (QyHKUuS He HMeeT.

6) Hutepsann 3nakonocrosiHcTBa: "(yHKUHA BCIOZY B 00JaCTH
onpeaefeHHA HeOTpHUaATesbHa, T. €. arccos(l/x2)>0

HOas nocrpoenns rpaduka QyHKuui HailleM HeKOTOpHE ONOpHbIE
ero TOYKH, 2 3aTeM COSNHHHM JiX NJaBHOM JAHHHEll C yyeToM CBOIICTB
(pyHKUHH.

Taxk kak ¢yHKuua y= arccos (1/x*) uerHas, To HOCTaTOMHO IIO-
cTpouTh €e rpapux paa x>1 (1 <x<+o0), a 3aTeM npoaOJIKHTDb
- €ro CHMMETPHYHO OTHOCHTENbHO ocH Oy Ans x < —1 (— oo <x<L —1).
CocraBuM TAGAHLY 3HAYeHH{l ¢yHKIUH y_arccos(l/xz) (c TouHo-
ctbio o 0,01) nasa HekoTophIX «XOpOLIHX» 3HAa4YeHHI] X ¢ Henocro-
SAHHBIM tiaroM 4.

x 1,00

~107 VZIx1,19 V2 1.4 X —sf- 00

/_

0 | T~o052 | Zx0,79 ] L2x1,05 gy (y< )

1
y =arccos — 5 , 3 , 3

Coeannup noJiyyenHble Onopible TOYKH IIaBHofl JHHIe It yyrsI,
Y10 npAMafg y=mx/2 ABJAAETCH TrOPH3OHTAJLHO aCHUMNTOTOH NP

Pue. 135,

X400, MBIl MOJYyYHM rpaq;uh ¢yuxuun y=arccos (1/x%) na Gec-’
KOHeuHoM mnoJiynHTepBase [l, - o0). Ilpoo/xuB ero uetibiM o6pa-
30M Ha OeckoHeuHblil no.nyumepsa.n (— oo, —1], ™Mbl noayuHm
1('pa¢>m§3%>yﬂxuun _/_arccos(l/xz) Bo Beell 0GacTH ce onpejeseHus
puc. )

YnpakHeHnus
Haiitit alauchus o0PaTHWX TPHFOHOMETPHYECKHX q)yuxuuu
Laresin ( ¥'3/2). 2. arosin (—V/,). 3. arccos (—1/y). 4. arccos (¥'3/2).

5. arctg (— ¥'3). 6. arctg 1. 7. arcctg (—1). 8. arcctg V3.

Tocrpours rpaduxn dynxuui:

9. y=arcsin (1/x). 10. y==arccos (1/x). 1. y=arcsin (1/x2).
12, y==arcsin (14| x]). 13. y= larcsm (1/x)]. -
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§ 2. Onepanun Hap OGpaTHHMH TPHrOHOMETPHUECKUMM (GYHKUHAMH

.. 135. Tpuronomerpuyeckiie onepaunn. PaccMoTpHM RexoTopwe npocreiine
TPHTOHOMECTPHYECKME OMNePaiHH HaX OGPAaTHHMH TPHrOHOMETpHYECKHMH OYHKUHAMH
(nepsan rpynna dopmy.).

1) y=sin (aresin x). Ho onpeJeneHnIo

sin(aresinx)=x, |x|<1. T (185.0)
Mpumep 1. sin(arcsin0,93)=0,93.
2) y=cos (arccos x). Ilo onpenenexuio

cos (arccos x)=x, |x|<1. (135.2)

MNMpumep 2. cos[arccos (—0,79)] =—0,79.

Crenyer moguepkHyts, uTo Toxaectsa (135.1) n (135.2) cnpaaezumau TONbKO
B o6sacTi_onpepenenHs (CYMECTBOBAHHA) APKCHHyCa M apxXocuyca, T. €. NpH
|x]<1. Hanpumep, menpss mucats sin(arcsinl,2)=1,2, n6o Bupaxenue
arcsin 1,2 He HmeeT cMHCha.

Ha ocHoBanum npeguiayliero 3aMeTHM Taxxke, 910 (yHKUMH

y=x, y=sin (arcsin x), y = cos (arccos x)

COBNAA2I0T TONBKO B 00.1aCTH . ONPENEJEHHs] APKCHHYCA M apKKOCHHYCa, T. €. Ha'
orpesxe [—I, 1] ocu Ox. Bue storo orpe3ka mnocaefnxe Ape GyHKIOHH NPocTO He
CYIIeCTBYIOT.
3) y=tg (arctg x). Tlo onpenevxemuo ) )
tg (arctg x) =x, —oo<x<}»; (135.3)
Mpumep 3. tg(arctg 123)=123.
. 4) y==ctg (arcctg x). Ilo onpenenennio
ctg (arcctg x) =x, — o < x<tow, . (135.4)

IIpumep 4. ctglarcelg (— 987)] =—987.

-Oyugunn y=x, y=1g (arctg x), y=ctg (arcctg x) coenanaior na Beelt ocn Ox,
5) y=sin (arccos x). Ilonoxns arcecos x=c, NMOAYYHM COS &L=X.

Ha ocrosannn = ¢opmyast (100.3) Gyzem wuMmetb sin (arccos x)=sin o=

-—+V1—c052a +VIi—x3 e .
sm(arccosx)——i-Vl«—x2 jx] < 1. © . (135.p)

Mu B3a7H nepex xopHeM 3HAaK «-~» noTOMy, YTO GL=arccosX YJ0BJeTBOpSeT
HepaBeHcTBaM O<C <<,

“TMNpumep 5. sm(arccos—) l/l

6) y=cos (arcsin x). ITonoxus arcsin x= a, nony'nm sin ¢ =x.
Ha ocnoBaunu dopuyan (100.1) 6yzeM umers

cos (arcsinx)=cosa =+ }'1 sinfa=+ VI—5,

- cos (arcsin x)=-} V I—x, Jx|<l (135.6)

Mu B3san -nepep xopneM 3uaK «-+» norouy, YTO yroi a=arcsin X yxosaerso-
pseT nepaseHcTBaM — /2 << o <<Y/2.

Hpnmep_ 6.. cos (arcsm( )) + 1/—1
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N 7) Ha ocuoBanun toxaectsa {g a=1l/ctgo mumees .

1 l
tg (arcetg x) = m T X 0. (}35.7)

Npruep 7. tg(arcctg (1/9))=09.
8) Ha OCHOBAHHH TOXIeCTB2 ctg a==1/t§ & HMeeM

1 1 ' |
ctg (arctg x) = m — X#F 0f : (135.8)
10
Mpumep 8. cig (aretg —)=T‘

9 — sin &
) Ha ocuonanuﬂ dopmyan tg o= o5 O

YEM emwe Gopmyay

R TMpelHAYMUX Pe3yABTaTOB TOAY-

sin(arcsinx) =~ %*
tg (arcsin x)= cos (@arcsin 3) Vl =[x < I, (135.9)
" Mpumep 9. tglarcsin (—l/ V)= VII/V— -1

Ananoruyno mpeauayLieMy, peKoMeHayeM HHTATeli0 CaMOCTOATENbHO N0KAa3aTh
CleqyIoLES GOPMY It

sin (arctg x) = le?i — < x <+ oy (135.10)
sln (arcctgx)=—y.l_1—T_x.;, — <x<t o) (135.11)
tg (arccos x)==_.leE__;§, 0<[x|<<y (135.12)
cos (arctgx)=TVlT;,' -0 < X<} (135.13)
cos (arcctg x)=——w%;, — o < x <+ o) (135.14)
ctg (arcsin x)=@ . o0<|xj<) (135.15)
ctg (arccos x)=—w—".ﬁ, 1< L, . (135.16)

Mpuwvep 10. Buuncaurss
n, 1 Q n 1 a
A=tg‘(—4—+-2—arccos T)-{-tg (T—-2—arccos -b—) , Te- [a]<<|b].
Pewenune. Ha ocuopannu ¢opmyan (125.5) umeenm

sin il
2

4= €0s E—-l——‘—arccés—"— cos i‘-;--l—arccos-a—
\TTE b g gucsy ).
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3Hamenatens 3TOR APoGH MpeoGpasyeM mo ¢opmy.ie (123.2):‘

Yat e\ /n 1 ey s +cos (arccos %) a
cos(—+—arccos —b-)cos(T—-—z—arccos T)= B =35
Oxkonuarebso HafimeM: A ==2b/a. ' '

C novomsto dopmyn (135, l)—(l35 16) no'lyrmM PR HOBHX COOTHOWEHHUIT

(BTOpaﬂ rpynna cpopuyn)
“10) y=sin(2arcsin x).
O6o3nauuB arcsin x uepes o, 6y:xeu HMerh sin 20 =2 sin & cos &, OTKyAa

»

sin (2 aresin x) =2 sin (arcsin x) cos (arcsin x) = 2x Yi—+
Mu Bocno'xbsosanmb dopmynamu (135.1) n (135.6). Hrak, .
e ‘sin (2aresin ) =2V T1—=%, e [x|<<!. (135.17)

: . 1 1 T V3
. Hpumep 1L sm(2arcsm(—§-))=2-(j——2-) l/l—T——_z—'_

11) y=sin (2 arccos x). Haeem : _
sin (2 arccos x) =2 sin (arccos x) cos (arccos x) Y 1—22, |x|<<1. (135.18)

1
Ipamep 12. sin Qarccos—s-)=2-— —2—5—2—5]/75
12) y=cos (2arccos x). AHaJTOrHYHO MpexsIRymIeMy, CyAeM HMETD
cos (2 arccos x) = cos? (arccos x)— sin? (arccos x) == '
: —(l-—xz) xz—1, [x]<l. (135.19)

PexowengyeM UHTaTem0 paccMOTPeTh APYyrie BOMOXHHE C/Iyvall, aHAJOTHYHbLIE
. CIyqanM IO) —12), u soBecTH coorae‘rcmylomue ¢opmyant. Hanpitsep:

REIERE : (135.20)

sin (2 arctg x) = —w <x<+Ho. (135.21)

_’i_.
[

_ Mpumep 13, Ilposepurs paseHcTBO
cos (2arctg—l-) = sin(4arctg —]-) .

Pewenne. Buqnc.'mm JEBYI0 H TIPaBYIO 4aCTH IIPEANOIaraeMoro paBeHc*Ba

OGosnauny arctg (/) uepes o, toraa tg a=1/,. Hdaiee, Bocnons3oBaBwuch Gop-
My.oit (122.2), nmoayqum

. 1 1—tg2a 1-Y 24

2 _— = == 49 _
cos( arctg 7) cos 2o TTie%a 1+1/49 35 -
O6o3nagny arctg (1/3) uepea P, Torma tgﬁ—lla Hatee, na ocHoBaHHu (op-
mya (119.1), (122.1) = (122.2) nmeenm- )

2tgp  1-—tg®p _
I+ig%F " T+igB

1 1
_HepU—ted) 3 (1-3) - o4
(I-F gy T\ %5
1+5)

. sin4f =2 sin 2f cos 2p=2-
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- Caezobateavso, cos (2 arctg (1/;)) = sin (4 arclg (}/;)). Pewas npunep 13, mMu no-
nYTHO BHBEIN cuie Ase GopMyaHL; :

cos (2arctg x) = —o <x <005 (13‘5‘22j

1—x2
TF+=x3°
4x (I~—x?)
T
Bupégem Tenepb HekoTophie GOPMyJH A8 TPHIOHOMETPHHECKNX (GYHKUUR OT
TIOJIOBHHE OOPaTHOH TPHrOHOMETPHYECKOIl QyHKUHH (TPeThsl rpynma Gopmya).

sin (4 arctg x)= — o < x <40, (135.23)

© 13) y=-cos <?arccosx) . O6oanayu arccosx yepes a, OyaeMm uneTs

a l14cosa
cos 5 = + 1/-+—— Tak Xax a-=arccos X, 10 0 << a < 71, Ciea0BaTEALHO,

a/2 yaoBaeTBOpsieT HepaBeHcma\10<a[2<n/2 NO3TOMY Tepe]l KOPHEM MH
ROJUKHB OpaTh 3HaK «<-f-», H MH HMeeM .

cos (-;— arccos x): 'l/-l;—x' me |x|<l., (135.24)
R 1 1\ /157, V3
Mpumep 14 cos(—2-arccos§-)_ —g =
14) y=sin (-2— arccosx) . Auajoruyno npeauyuieMy, MOAKHO BHBECTH Ciles
aywoumylo qopyyay: .
sin (-é— arccos x)= 1%{ , T [x|<l, (135.25)

Pexouenayen 3T0 ceaath YHTaTeqlo.
. 1 1—1
Npumep 15. sin (—arccos ) 1/ /2=.é..

2
Henoanayst opyyisl ClloxeHHs i no1yquHHe BHIIE (GOPMY.IH, BHBEJEM el
paa cooTHowenuil (ueTBepTas rpynna ¢opmya), -
15) A=sin (arcsinx-arcsin y). Ha ocrosaunn ¢opmya (116.1), (135.1)
u (135 6) GyacM HMeTh )

A=ssin (aresin X J-arcsin y)=
= sin (arcsin x) cos (arcsm y)-}-cos (aresin x) sin (arcsin _/) =

=xV1I—y*+yV1—2.

Hrax,

sin (arcsin xFaresin p)=x V1—y2 4y ¥V 1—x3, e |x|<l u |y|<l,
| (135.26)
mp 16, sin (arcsin— 5+ ares ]/ Vi J
puxep 16, sin(arcsin— acm— =¥ _+5 —55=
9 16
_—__1-1-%_ . .

A=sin (arccos x-farccos y). Ha ocuosanuu q)'opmyn (11G6.1), (135.5)
u (135 2) Gynem nmerhb
. A = sin (arccos x-}arccos ¥) =
==sin (arccos x) c0s (arccos y) + cos (arccos x) sin (arccos y) =

__/Vl — VT
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Hrak, .
. sin(a_rccosx+arccosy)=xV1-——y2+yVl—x‘=, ree x|l . m |y|<1. :
b ' _ . (135.27)
Mpumep 17 sin(arccos-l-+arccosl =1 l/ l—L-[--l—- 1—1-—
‘ 2 3 2 g'3YF 4
=Q+—?zo,76.\ : : ) .- i

B aroft rpynme ¢opMysmT MOXKHO 00Pa3oBaTh OUEHb MHOTO PAa3MHUYHEIX COOTHO-
weHxi. 3anoMHHATL Bce 3TH GopMyJ s He HMeeT cMucaa. B ganshefitmem npu peute-
HHH TPHMEPOB MH B KaXKAOM KOHKPETHOM c/ydae GyleM BHBOAHTb Ty HJIH HHYIO
(opmyay. :

Mpumep 18, Buuncauts: sin [% arqcos%—2 arectg ( —2)] .

Pewenue., B ofmey Bue Hall mpHMep MOXKHO 3amHcaTh TaK:

A==sin (-;— arccos x — 2 arcclg y) .
Ha ocuosauur dopmya (116.2), (135.24), (135.25), (135.21) u (135.22) Gynem
HMeTb : :

A=sin (—l-arccos x—2arcctg y):

2
. ==sin (%arccos x) cos (2 arcctgy) —cos (-%- arccosx) sin (2 arcclg y) = h
Ve yz‘—l_']/i+x 2 . _
= = T T Pl rne |:|<l, a y—moGoe 4YHCNO..

(135.28)
B HaweM KoHKpeTHOM cIydae x =3[y  y=—2. CuenoBareasHo,

. T1 3 1 3 2 4
sin [-5- arccos 3—2 arcetg (—2)] —75_— . (3) —-l—fg_— . (-—-?)f

5V5 25
« - 1 2
Moumenp 19. Buyneaurn: 2 tg| arccos ——— — arccos———1, TAe
PEMEP | g[ Vita VT +a=]

a>0. .
Pewen'ne, B ofeM Bue Ham NpHMep MOXKHO 3alHCAaTbh TaK:

A =2tg (arccos x —arccos ).
Ha ocnosannn dopmy (117.3) u (135.12) Gynem mmers LF

tg (arccos x) —tg (arccos y)
1-f-tg (arccos x) tg (arccos y)

— x y Y Vi—xt—xVi—yt , (135.29) !
VTR V= wt VI iy
x y

tg (arccos x— arecos y) =

Crae |x|<<1, |yl<<1 nxy+ ¥V (1—x%) (1—y?) # 0. B nawex cryvae x=1/ ViFa _
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" y=a/V.l+l12-_ (L'lenosarem;_no," ) T -
—_— i a — 2 1
] —x2= - p l— 2= V] 5 .
4 ‘ I4+a* YT Vi—y / l4-a* yYT1a

OxonyateabHo noJayvaem:

a2 1 .
1 a T+a¢ T4+a& a2—1
21g | arccos ————— —arccos =2 = .
g[ '/]+a2 '/]_l_aﬁ] a + a a
14 a* " 14 a2

136. Onepaunu caoxenns (Bpluntanusi). BhiBefieM Tenepb Heko-
TOpble COOTHOWCHHS MeXAY 06paTHHIMII TPHIOHOMETPHYECKIMHI QYHK-
LHSIMIL
- Teopema 1. Jaa ecex x uz ompessa [—1, 1] umeem mecmo
1102i0eCImMEo

arcsin x - arccos x = /2. (136.1)

HoxasatenbctBo. Ilo onpenenennio
—af2<L arcsinay<C /2, O0Larccosx<a u sin(arcsinx)=ux.

3anmernM, yro — n/2<n/2— arccos x<n/2. [lo ¢opmyae npuee-
JEeHHA HMeeM

o L
sin (-—2-— arccos x) =COs (arccos x) = x.

Hrak, aprymenTbl arcsinx H m/2—arccosy 3aKJIOYeHH B OTpPe3Ke
[—a/2, w/2], B KOoTOpOM CHHyC MOHOTOHHO BO3pacraer oT —Il Jo
-+1, u HMeIOT OofHHAKOBBIT clHyc, paBHbll x. C/efoBaTebHO, CaMil
apryMeHThl TakiKe paBHBI, T. e. arcsinx=x/2—arccosx, OTKyja
n noJy4aem Toxzaecrso (136.1).
. Teopema 2. [aa ecex x (—oo <x<-00) useem mecmo
moocoectneo

arctg x+ arcctg x = /2. (136.2)

ToxnecTro (136.2) pokasniBaeTcsi TaK ke, KaK H TOKIECT-
Bo (136.1). Pexomenayem uHTaTeso npoBecTH 3TO J0Ka3aTelbCTBO
CaMOCTOSITEJILHO.

CoBeryeM uiTaTrelio B KayecTBeé YNpPaXKHEHHA IPOHJIIIOCTPHPO-
Batb ToxzaecrBa (136.1) u (136.2) na ueprexax, NMOCTPOHB HA OJHOM
H3 HHX rpadpukH QyHKUu# y=arcsinx H y=arccosx, a Ha Jpy-
rom—rpapuku ¢yuxnuii y=arctg x u y=arcctgx.

Au.anomqﬂo npebAyeMy MOTYT GBiTh nojyudenn Qopmyan aas arcsinx -
-} arcsin y, arccos x-}-arccos y, arctg x-}-arctgy u T. x. M He 6yaeM HX BHBO-
AuTh, a TNpHBeAeM PSR NPHMEPOB, Ha KOTOPHX MOKaKeM METOR PelleHHS TaKHX
3apau.

Hpumep 1. Ilposeputn, HMeeT i MecTO PaBEHCTBO

. 5 .12 n
arcsxn-l§+arcsxn-l-§—~§-.
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Pemeuue. OGosuaynm arcsin(5/13)=c un arosin (12/13)=. 3ame1‘ﬁm,
910 0 < @ < 71/2 B 0 < B < /2, crenosarensuo, 0 < a4 < n. Hafigem teneps
cos (e —+P). Cornacno popmyae (115.4) u popmynam n. 135 umeem -

cos{a+4P)= o
: =cos { aresin— | ¢ r sinl—2 —si in2 ) si in12)—
==C0sS{ a c 13 0S | arc 3 n arcsm_ﬁ Slp grcsnn E)_ ‘
25 1/ 144\ 5 12 12 5- 5 12
—(+ 1/‘—@) (+ ‘—r@)—ﬁ'ﬁ—rﬁ BB B

Hrax, cos (ax-f)=0, npuuem 0 < e+ f < n. CirenoBarensuo, o -p=m/2. Ecan
66l MH 3HATH Toabko, uTo cos(x-J-$)=0, To orciona eme Heab3s GHI0 GH
33K/MIOYATB, 4T0 &P =rn/2, n6o, Hanprmep, H cos (51/2) =0. 3neck cymecTBeHHO
To, YTO apryMeHT o - HaXoAHTCA B HHTepBa/je MOHOTOHHOCTH KOCHHYCa, a B HH-
TepBae MOHOTOHHOCTH . GYHKLHA He MOXET NPHHHMATh OJUHAKOBHE 3HAUCHUSA
B Da3MHYHBIX TOYKAX HHTepBana. T
Npunmep 2. IposepuTh, HMEET JH MECTO PaBEHCTBO

65 2

Peume une. O6o3naunm arcsin (4/5) = o, arcsin (5/13) = n arcsin (16/65)=\$.
3anmerny, uto 0 <@ <7/2, 0K B < /2 u 0< y< /2. CrefoBaresibHO,
0 < a--p+y < 3n/2. Mostomy a.+-P-y He moxer paHaTbCA 5mt/2. Hurepectio,

arcsin —g—+arcsin '123_‘_ arcsin §=£ T,

yTo Bee xe sin (@+P+7y)=1 u sin4 =1, IlposepnM HeoueBHAHOE PaBEHCTBO

2
sin (@+-p-+y)=1:
sin (@ 4P+ y)=sin c cos f cos y--cos a sin f cos -
-}-cos & cos P sin y—sina sin f sin y=
4 12 63,3 5 63,3 1216 4 5 16_
“F R ETs B eTs B e 5 B 6

HUrak, sin(a-{—ﬁ‘—{-.y):sins?n_—_-], HO a.’_f;_l_-\,#s_;l.

: . 4 ) L 16
PexoMeHJlyeM YHTATeJIAM R0Ka3aTh, YTO arcsin —5—+arcsm-l—§+arcsm B=7

1.

IMpumep 3. IlpoBepHTb, HMEET JH MECTO PaBEHCTBO

E14 . 17 . 8 3
‘ -§-+arcsm8—5_arcsml—7+arccos (-—-5—). ()

Pemenne. Ha ocuosanna dopmyan (131.2) arccos (—3/5)=n—arccos (3/s).
Ilpeanonaraeyoe papeHcTBo (#) mepeiifieT B PaBeHCTBO -

si n_ si ﬁ——f-—arccos-g- : (%)
arcsin gz —aresin z=-35— 5 7

" Bocnoab3osasunich popuyaofi (136.1), moayuns
inlf sin i-— arcsini : (k)
arcsin gz —arcsin iz = 5
OGo3nauum arcsin (77/85) =, arcsin (8/17)=f. 3amernm, uro
o o . 3 -.m
0<p <»a<?, 0< a—|3<—2- " 0<_arc.§ln-§-<§-.

Ecan Myl JloKaxeM Tenepb, 910 sin (arcsin (77/85) — arcsin (8/17)) =3/5, To Gyner

’
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A0Ka3aHo PaBEHCTBO (#3%), @ TeM CaMHM M NpejgnoiaraeMoe PaBeHCTBO (%)

85

K L TTY .8'_7_71/—WA81/'_'77—2_
—CO0S (arcsmﬁg) sin (arcsm-ﬁ)--85 1—(-17) Y l—(8—5) =

_77 15_8 36 1155—288 3

&1 178 17-8% 5"

Hrak, sin (arcsin (77/85)—arcsin (8/17))=3/5. CnepoBaTennHO, CHpaBeiIHBO
H PaBeHCTBO (%).
" Npumep 4. Iokasarb, urto

i .sih-7—7-— sin8 =Ssi si L inZ
sin { aresin gz —aresin = }=sin | arosingg | cos { arcsingz ) —

1 1 1 1. =n
arclg -3—+arctg -g-}-arctg 7+arctg =75 ()
Pewenne. OGosnaunm o,=arctg (/;), a,=arclg (If;), a;=arclg (1/;)

n a,=arctg (Y/s). 3aMetnm, uTo Kamuce M3 a;, i=1, 2, 3, 4, 3ak:0yeHo B npe-
nenax 0 < a; < m/4. CaegosatedbHo,

0<oytaztaz-ta, <. -

Ecau naM ynactcs Aokasath 'temepb, 4t0 g (a; - a,+az-+a,)=1, To npeano-
JaracMoc PancucTBo (%) OyaCT XOKasaino, GO eAUHCTBEHHHIL apryMeHT B MHTCD-

y sane (0, m), vanmresc xoroporo paseu I,
€CTb /4. 3aMeTu™, 4TO ) :
e tga,ftga, 4
7 tg (@ o) = B2
4 LT I tg oy tga, 7
“ n
: 3
"/: g & tz‘>’(“a‘f‘¢7‘4)=1—i'
: Hasee, .
\ Cotg(etagtoagtay)=
s _ lg(ata)Fte(@tay)
| T—ig(mta)ig(@+ta) =
Puc. 136. CrenoBaTebHO, PABEHCTEO () HMECT MecTo.
Npn Me'p 5. Hccaegosars dynkuuio y:arctgx+arctgi%’: I NOCTPONTH
ee rpadux. : .
. Pewenne, Oyuxuua onpegesena Bewody, xpove x=—I, O6o3nauum

a=arctgx u Pp=arctg ﬁ Saverny, 4T0 — /2 <a< N2 —2<P<
< 7/2; caegosateasio, — i < &P < n. Teneps naiizem '

x—l—l_x

teat-tgB 14x
= <de = = =
tey=te D)= ogaigp— 1o ="
- T 1

Hrak, mponvee —a<y< o u tgy=1, a s10 BO3MOXKIO, €cal y=1/4 uan
y=—3n/4. PaBenctpo y=—31/4 MOXCT HMETb MCCTO TOJBLKO TOIJa, KOrja
l—x
oiuospencHHo arctigx < 0 u arctg —— <0, a 3t mociegune Hepapencrsa

14-x



136] § 2. ONMEPAUMH HAX OBPATHHMH TPHIOH. OYHKUMSAMH 335

1—x
BHIMOMHAIOTCS, echit ofuoBPeMenHo ¥ < 0 B +——— < 0. Cucrema HepaBeHCTB

14-x

x <0,
1 —x
{ = <°
yrosretsopsiercs, ecnn x <—I, Ecnn xe x > —I1, To y=mx/4. Hrak,
: _ . 1—x_ n/4, ectn x> —I,
y=arctg x+ arctg m__{ —3n/4, r<—L.

Tpadux mccaeayemolt ynxuun nsoSpaxed na puc. 136,
YnpaxHeHHn

1. BruncanTts: a) sin{arccos (4/5)); 6) cos(arcsin(Y/,)); B) cos (arcsin (—?/y)); T)
'sinr(arctg (—=3)); n) tg(arccos(l/,)); e) cos (arctg (—1/)); x) ctg (arccos (Y/s)):
) 3) tg [—é—arccos —‘bi—{-aTn] —tg [—;— arccos —;:——3%] ,rne0 < Jal<c| 5]

2. BuucauTs: _ ’

a) sin (2arcsin (—V372)); 6) sin (2 arccos (1/,)); 8) cos (2 arccos (—/6));
1) tg (2 arctg (—%/5)); #) sin (2arctg ¥7); ) cos (2arctg (—V11))

3. IIpoBepHTb, MMEIOT JH MECTO paBeHCTBA:

a) sin (2 arctg (1/,))=cos (2 arctg (1/5)); 6) sin (4 arctg(Y/s))=sin (4 arctg (*/2)). -

4. Buupcants:

l l . 1 L C i
a) cos & arccos | —= ; 6) sin| arccos = |.

5. Jloxa3aTb TOXJECTBa:

* ° - -— —_—x2
a) sin l-arcsinx . 1—yi=x Vl_x—' e |x|<<! r x#0;
2 |x} 2 ]
1 . x i
6) t (—arcsinx)_:————-, rre |x|<< .
9tz 1+ V11— ! l»

6. Beluncauth:
in( 2arct 3 t L resi 51, )
2) sin (2aretg 7 ) +1g (garesing )
-~ 2\ °
6) sin [—’,;—-1-2 arclg (V2 —1)] +sin? (-é- arccos 3-) :

B) -%-'—cbs2 (ﬁ-—iarcsin %) .

2 2
- . 7. BuyncaHTh: .
i si si 12 ino): 6) sin| arccos -l—+arccos —l—>:
a) sin{ aresin Tg—[—arcsm 3t | ) 7 15
S| 5\. .,[ 9 _tarect —(__];
'n) tg (2 arcsin V% —arc cosﬁ) ; . r) sin?|arcig ‘arcctg 3
. .16, - . 63, ! 8 15
n) sin (arcsm 6—5+arcsm 6—5) ; e) cos (arccos l—’i+ arccos 17). .

8. [okasath ciefymomue TOXAECTBA:

a) cos (arccos x-arccos y) =xy— VI—x2 Y T— 47, e [x]|<<1 ® lyl<L;

6) tg (arctg x4 arctg y)=lxi'xyy , ecH xy # L,
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9, Tposeputb, BMEIOT AH MECTO P3BEHCTBA: =
. .3 . 4 = 1 1
- a) arosin -5-+arc~sm T=739° : 6) arccos —-—}-arccos — +
77
-} arccos (-— —;—2)=n; B) arcsin ——-]- arccos 5+ arccos 7+arcsm 5—5—:1,
. 3
r)arcctg 2-arctg l—}—arcct‘;,v—f——arcttr 5, 1) 2arctg (—74+5V 2 2)+arctg —=
= arctg-—l~ ; e) arcsin X2 V2 +-arcig V2 =arctg (14 V' 2)% x) arctg -

V—

S . X4 yi3e)
-} arctg 5_(_—]/‘3'_71— M; 3) arccos x-}-arccos ( 3 + 5 ¥V 3=3x2 ) 3+ €CaH
-—;— <xt<l
10. Hceneaosats GyHKUHH H BOCTPOHTH HX rpaduku:
a) y=arctgx——arcctg— i 6) y=aresin ¥ I—x-farcsin¥ x;

B) = ctg (arctg x- arctg (l —x))

§ 3. Odparnrie Tpuronomerpuqecxue onepauu
- Hal TPHIOHOMETPHYCCKHMH (QyHKUHAMH

137. dypxuns y=arcsin (sinx). Hecaenyem ¢yskumo y=arcsin(sinx) u
NOCTPOHM ee rpadikK.

1) OGaacTe onpejeaenns (CyllecTBOBanHA): (QYHKUHS onpelesena ;18 BCeX X
{—w < x < w). Hanomuum eme pas, 410 X—yjica0, a Sin X — TPHIOHOMET-
pHueckas QYHKLHA YHCIOBOrO apryMenTa.

2) OGaacte n3meHenHss (QYHKUHH: M3 ONpejeeHHsl apKCHHYca ClelyeT, yTo
-l y=<<m/2.

3) CdopuyaupyesM ca0BECHO nNpaBHJo, onpelensdiollee y¥ NO 33aJalHOMY X:
KazKJOMY 3HAYeHHI0 apryMeHTa X (— o < X < -} ¢0) CTABHTCS B COOTBETCTBHE 3HA-
yeHie QyHKUHH y u3 oTpe3ka [—m/2, 7/2], T. e. —/2<Ty<C m/2, TaKoe, urTO
sin y= sin x. . :

Mpumep 1. y=arcsin(sin (w/3))=3/3. 3peck x=a/3 n y==n/3, ubo
—a2<<y<n/2

NMpumep 2. y=arcsin(sin (2a/3))==n/3. 3aecr x=21/3, a y=n/3, 1ax
KaK sin (2/3)=sin (21/3) H —/2 < af3<< nf2. Qumbkoil ABAAIOCH GH YTBEpiK-
Jente, yTo arosin (sin 2n/3)=2n/3, nbo apryment 2:71/3 He NONajaeT B OTPE30K
[—=2, 2]

4) ®yukuna Heuersa. B camoM pese,

sin(—x)=-—sinx u arcsin (—u)__—arcsm u.
Chenosatesibho, ]
T ’ arcsin [sin (— x)] =— arcsin (sin x). _

5) ®yukuus nepuopHyeckas ¢ NEPHOZOM 27, TaK Kak sin x——-nepuoauqecxaa
($YHKIAS ¢ OCHOBHHIM NepHOAoM 2.

_6) Fpaduk ynkunn y=arcsin (sin x) na orpesxe {0, '1]

a) Ilpu 0=<Cx=<<7/2 Hmeenm

y=arcsin {sin x) X,
6o siny=sinx 1 —n/2<<y=<<7/2. :

-6) Ilpn nf2<Cx<<s modaywum - .

. y=arcsin (sin X)=arcsin [sin (n—-x)] n—x, .-
6o smy—sm (n—x)—smx H Oén—x<n/2
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HUrax, ‘ . :
X, ecan 0ty s /2,

y=arcsin (sin x) = {

‘ n—x, €M n/2<x<In.

Tloctpous rpaduk ¢ynkuun y=arcsin(sinx) na orpeske [0, n], MH ero
NPojO0IKaeM CHMMETPHYHO OTHOCHTENILHO Hauana KOOPAHHAT Ha oTpe3dok [—m, 0],
YUHTHBaA HedeTHOCTb JaHHofl ¢yHxkuun. [padux byskuun, nocrpoeHHHIl y:xe na
orpeske [—, m], MM, HCMOJb3yH NEPHOAHYHOCTb JAHHON GYHKUHH, NPONOJIIKAEM
Ha BCIO YHCTOBYI0 ocb, I'paduk ¢ynkuun y=arcsin (sin x) nsoGpaxen Ha puc. 137,

¥
o -
7 __ . _ymeesiising)
Tk 3r -nN\ T /10 & N\ &St L =T
2 | 2 ) .2
e —— ~= N e
4
Pue. 137.

ITpumep 3. Haitru a=arcsin (sin 2). - :

Pewenne, TpeGyerca HafiTn yron o, Jexamuil B npefenax or —i/2 .o
7;2, cHHYC KOTOpPOro paseH Sin 2, 3aMeTHM, YTO €CJH YroJg X YAOBJETBOpseT He-
paBeHcTBaM —m/2<Cx= 7/2, TO paBeHCTBO arcsin (sinx)=x cnpaBeAnnsBo.
B npotnsuoM xe cayuae nocsefHee PaBEHCTBO He HueeT mecta. B namewm xe cay-
vae 71/2 < 2 < m. Ilpuvenns dopMyny npusefenust, noayuuM sin2=sin (n—2).
Teneps yke -yron m—2 yHOBJETBOpsET HepameHcTBay — 2 < n—2<<n/2, N
NI09TOMY MOXXHO THCATh: .
’ arcsin [sin (n—2)]=n—2.

Cneﬁona'renbno, o —=arcsin (sin2)=n—2, _
ITpnmep 4. Buuncants: aresin {cos [2 arctg (V24 l)]}

]
. - —X
Pemenune, BocnonssopaBumcs dopmynofi cos (2 arctg x)=

P e X
. (;05 [2ardg(l/.‘2+l)]—_il+(V—2+l)zi ; 2. .

6yaenm

HMETDH

Tocne storo noayunyM

“aresin {cos[2arcte (V7 2+ 1)]} =arcsin (— Z—;z) = —%.

138. dymxnms y=arctg (g x). Hccrenyen ¢ynkumo y=—arctg (igx) W no-
cTponM ee rpadHk. ’ _
-+ 1)-O6aacts onpenenenmst (cywecTsoBanns): ¢yHKUH OnpesieleHa And BeexX X;

33 HCKJIOueHHeM x,,=,; (2n-4-1), rae n=0, +1, £2, ...

2) O6nacth n3venenus GYHKIUNH: H3 OMpelesicHHA apKTaHMeHCa Cheayer, 4To
—n/2< y< a2 T

3) Kaxpomy sSHaueHHIO X H3 o6GJacTH OnpefefeHHs RaHHON GYHKNMR CTapHTCA-
B COOTBETCTBHe 3HaueHHe OYHKUUH y, Haxojdueecsi B HHTepBaje (—ux/2,.:/2),
Takoe, uto tg y=tgx. o

Npumep-1. y=arcig (tg (n/6))=mn/6." 3pecb x=n/6 w1 y=m/6, nGo
—-n/2<y<:u/2. . . . , . - - P
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Mpumep 2. y=arotg (tg (7x/6))==n/6. 3gecs x==Tn/6, a y=n/6, uGo
tg (n/6)=1g (7n/6) 1 —n/2 < /6 < m/2. OwHOKoM siBAAIOCH G YTBEpMIEHHE,
En'o /aé'ctg/g)g (77/6)) =7x/6, Tax Kak aprymesT 7x/6 He momagaeT B HHTEPBad
—x/2, W2,

4) Oyuxkuus weuerHa, Tak Kak tg(—x)=—tgx u arctg (—u)=—arctgu.
Crenosateasho, arctg [tg (— x)]=— arctg (tg x).

5) dynkuns nepHoiHYHa C MePHOIOM X, TaK Kak tg x —nepHoJuueckad ¢yuk-
LUMA C NEPHOZOM 7., .

6) Tpaduk ¢ynxuun y=arctg (tg x) Ha uutepsane (0, 71/2). B nesom xouue
uutepsana (0, w/2), 1. e. npy ¥=0, ¢ynkuna onpejerena u pasua 0, Tak kKak
y(0)=arctg (tg 0)=arctg 0=0. B npasom e xonue uutepsana (0, n/2), T.e. npu
Xx==11/2, pyHKLHKA He onpejeena, H6o npn x==r/2 He cymecrsyer tg x. CregoBartennuo,
oyukuua y=arctg (tg x) onpeaeaeHa Ha noayorkpuroM orpeske [0, 71/2), 1. e. npu

Y y=urcty(tg2)

{

]
W4 AW KD
T2 70 2/ 7 Zu,

CZ™

Puc. 138.

N

N

0<<x < /2. Ha stom monyotkputoM oTpeske y=arctg (g x)=x. [pu x - /2
(x < a/2) tgxo>-d-0 u arctg (tgx) —a/2. Tpadpux ¢yuxuuu y=arctg (tgx)
H3oGpaxen ua pic. 138,

YnpaxHeHus

[Moctpouth rpadurn QynKuUmiL:

1. y=arccos (cos X). 2. y=arcctg (ctg x).

Haiira: ’ Lo ‘ '

3, arcsin(sin1). 4. arcsin(sin3). 5. arcsin(stnd). 6. arcsin(sin 5).
7. arcsin (sin 6). 8. arcsin (sin7).

Buyncaute: -

2a—b 2b—a

. tg ——=tarctg ——= )|, e a A0 b .
9 arctg[tg(arcgbV3+ gaVS)] fe a#£ #0

1 4
10. arctg [tg (arcctg -§-+arcctg —5—)] .
. - - _
11. arccos [sin (arccos ]/—E- — arccos 1/2—‘;7_'%-)]

12. arcsin| cos 2 arcsin -1—+arcsin' 1 ~+aresin 3 .
3 VI Vil
: 2—V'3 3 1
13, arcctg [ctg (arcsm 1/.—;L+.arcgos K2—+ arccos ) )]
14. arceos {cos[2arcctg (V' 2—~1)]}.




Fnasa XII ) .
TPHFOHOMETPH‘IECKHE YPABHEHHSA U HEPABEHCTBA

‘B or0ii rnage MBI PaCCMOTPHM HEKOTOpble ypaBHEHHS, a TaKike
npocTedinHe CHCTeMbl YDaBHEHHH, COfepKalue HEeH3BECTHYI0 FIOX
3HaKOM TPHronomerpnueckux ¢yunknuit. Takwe ypaBHeHHA Ha3H-
BAIOTCSl MPUZOHOMEMPUYECKUMU YPABHEHUMU.

IlpuBenemM Hexoropbie NMpHMEPH TPHTOHOMETPHUECKIX ypaBHemm
H HX CHCTeM:

1) 2sinx—1=0; 2) 5sin?x—3sinxcosx—2cos?x=0;

3) sin* x-}-cos* =%; 4) Jsinxsiny=a,
\ x+y=a;

3tgxtgy=1, . .

: — sinx+4siny=7%,, A
5) { tgx+igy+tgz=V3, 6){

Cedytz—m cosx+cosy_lf3/2 .

Pelenne pasiHUYHBEIX THIOB TPHT'OHOMETPHYECKHX ypaBHemm
Gospulefi 4acThi0 OCHOBAHO HA CBEACHHH HX K HEKOTOPHIM Ipocreii-
IIHM YDaBHEHHAM, KOTOpbIE MBI paccMorpuM HHxe. Ilpm sroM octa-
I0TCSl B cHJe ofiiHe NpaBH/Ia, OTHOCAUIHECS K PelIeHHI0 ypaBHeHHI.
B uactHOCTH, JaHHOe ypaBHeHHe He Bceria MPHBOAMTCA K npocreil-
nreil opMe ¢ MOMOIIBIO0 OHNX JHIIb PaBHOCHIBHLIX NpeoGpa3oBaHHuil.
TlosToMy cilenyer mpoBepuTh HaiileHHBE pelIeHHs, NOACTaBAAA HX
B HCXOIHOE ypaBHEHHe. '

TpurosomMerpHyecKie ypaBHeHHS CJIHIIKOM pa3H006pa3HbI s
TOro, 4ToGBl NHITATHCA Aatb MX obmyio KjaaccHHUKaHIO WIH oOmuii -
MeToJf pelleHHs, MBI MoxeM yKasath Jiib cnocolhl pelieHlis He-
KOTOPBIX THIIOB TaKHX YypaBHEHHIl.

e

§ 1. YpasHeHud, paspemieHHble OTHOCHTECAbHO OJHOI
H3 TpHroHOMEeTpHYEecKHX GyHKuUMIT .

Ilpn pemwennH pasynYHBIX TPHTOHOMETPHYECKHX YpaBHeHHI
M OyAeM 4YacTO MPHXOAHTb K HEKOTODPHIM IMPOCTEHIHM ypaBHe-
HIAM, pellleHHs KOTOPHIX Ciaefyer 3anoMunTb. IlpnsezeM st
ypaBHenHd. [as Toro uto6bl MOXHO OHIO JaTh IE€OMETPHYECKYIO
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IIMIOCTPAUMIO K STHM YPABHEHHAM, GyfeM CUMTaTh % yrioM B
paxuaunHoil Mepe.
- 139. Ypasueune sinx = a. Ypasuenie

. sinx=a ' (139.1)

uMeer pewenne npn |a|<C1. Jas BuiBoja oGueit dopMy s, Kotopas
3ak/ioyaeT B cefe BCe KODHH Halllero ypaBHEHHf, BOCMO/b3yeMCs
puc. 127. JdonmycTHMm, YTO MBI Haulli KaKoi-TO KOpeHb X, ypaBHe-
HHA sinx=a:

sinx, =a.

Toraa, B cu/ly mepHOIHYHOCTH QYHKUMH Sinx, HMeeM
sin(x, 4 2kn) =sin x, =a,

T.e. I yicAa BuAa X,+ 2km, rme k=0, X1, £2, ..., ynosierso-
pAIOT ypaBHEHIO (139 1). 3ametun eme, ¥TO H

sin (n—ux,)=sinx, =a,

T. e. n—x, TaKmke yAoBlernopser ypasHexito (139.1). Caenosa-

TENbHO, Il YHCJIA BIAA f—X, 4 2k% TaKKe YAOB/IETBOPSIOT JaHHOMY

/ vpasheHuto. CrejoBaTeabso, 3Has

1 OJHO KaKoe-TO 3Hauyenie X,, yJOB-

7 JeTBOpsAlolllee YPaBHEHHIO Sinx=a,

MBI MOXKeM. MOJYYHTh JABe CepHH

P z 8 3HaueHHil apryMmeHTa, YIOBJIeTBO-
Z . 1 PAIOIHX 35TOMY K€ yPaBHEHHIO:

a . 7 2kn + x,, (139.2)

e \ N[T Jgp T @kt ha—x, (1293
% rae k=0, =1, &2, ... '
. B kauyectBe x, GyieM, KaK mpa-

BHJIO, GpaTh arcsina.
Oo6beguuuB nase cepuu (139.2)
H (139.3) kopueil naHHOro -ypas-
Puc. 139. HeHnsg sinx=a OJHOii q)opu)::oﬁ
MBI OyjAeM 3amiCHIBaTe B JaJibHeil-
Ien “ero’ obuee pemenie (coBoKynHOCTB BCeX Kopueu) B BH,'Le

x=(—I)" arcsma—l—nn, 7 (139 4)

rne n=0, 1, 22, ... 1 —a/2<arcsina<<{n/2. :
Toscuum q)op-uy.ny (139.4) u ppyrum cnocofoM, . HOMOLLbIO
puc. 139. HspectHo, ut0 sinx =a (Ha puc. 139 OA_l B.C, =
=B,C,=a > 0).
¥ papHennio (139.1) leOBJIeTBOpﬂT YIJIBL
"'a)’ MOJ0KHTeJbHbBlE: X, + 2k u x,-+2kn (k=0, 41, +2, -...);
- 0) orpuuarensupe: x;--2kn w x,42kn (k= 0 —1, =2, vl

4




140]  § 1. VPABHEHHS OTHOCHTEJBHO 'onHOﬁ H3 OYHKIWA 341

Bee sth YIJIBE MOJKHO 3aaTh oanoii ¢opmyaoin (139.4), ‘u,
o6paTHo, Jo6oit yroJs, moayuenHulil no dopmyse (139.4), ectb yroa
anbo Bupa a), an6o Bupa G6). Ilposepum, wanpumep, obGparnoe
yTBEpXKAEHHE A/ TNOJIOXKHTENbHBIX YIJIOB. :

Ecan n=2k >0 (4uernoe uncno), to u3 (139.4) noayuaem

.x=arcsina+ 2kn =x, 1+ 2kn;
|

Xy . .
ecan ke n=2k-}+1>0 (neuetnoe uncno), o 3 (139.4) moayuaem
x =—arcsina+ (2k + 1) n =n—arcsin a 4 2kx = x, + 2k=n.
S—— R
. ) Xy )

Anasornynyio mpoBepKy peKoMeHAyeM YHTaTeJiO CAeNaTh CaMo-
CTOATENbHO H RJIA OTPHUATEJBHBIX YIVIOB.

IMpumep 1. sinx=1ty,.

Pewenne. x=nn-(—1)"arcsin(*/,). Tak kax arcsin ¢/, =m/6,
T0 X =nn-}(—1)" /6.

Ilpumep 2. sinx= 3/2.

Pemenne. x=nx + (—1)* arcsin (—V 3/2). Tak ‘kak
arcsin(— 1V 3/2) = —n/3, 10 x =nn4-(—1)"** 7/3.

3ameuanue. IIpu BuBOse Qopmyart .(139.4) M BOCMOJB30-
BaJHch pHc. 127, Ha xoropoMm 0 <a <1 n 0 < x, < n/2. OuesipHo,
YTO NpPH NOMOWM 5TO (OPMYJBI TNOJYYAIOTCS BCE KOPHH ypaBHe-
HHuea sinx =aqa. Popmyna (139.4) ocraercs B cuie H TOraa, Koraa
—1<a <0, a Takxe npn a=0; 1 umr —1. Oxnaxo aru nocuex-
Hye cayuan ypoGHeil paccMorpeTsh oco6o.

Honycrny, uto a=1 win a=—1. Kopmx ypaBHenns sinx =1
MOXKHO 3alucaTh TaK:

| =12t-+2mt=§(4n+l), : (139.5)
rae n=0, 1, 42, , a KopHH ypaBHeH-zm sin x =—1 MOXHO
3anHcaTh TakK: o

¥=—3+2n=3 (4n—1), (139.6)

rae n=0, +1, +2, .... Jlonyctum Temeps, uro a=0. Kopun
ypaBHeHHA sinx =0 MOXXHO 3amucartb Tak:

- X =nmn. - (139.7)

PeKOMeHnyeM yuTaTeal0 noayuurs cdopmyast (139.5), (139.6) n

(139.7), mosas3ysice oGuuM npasugaoM (139.4).

140. YpaBHeHHe cosX==¢. YpaBHEHHE

cosx=a , (140.1)

HMeeT pewenne npd |a|<< 1. Jas suiBoga obumefi ¢opMysn KopHeii

ypaBHeHusa (140.1) Bocnoabsyemca puc. 129. JomycTHM, 4TO MHI
HaUWIH KaKoe-HHOGYAb pelueHHe x, ypasnenua (140.1): cosx; =a.
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Torpa B CHAY NEPHOAHYHOCTH cOS (x;--2nm)=cosx,=a, T. e. H
yncaa. B X, -+2ax, rae n=0, &1, £2, ..., yposaersopsior
YPaBHEHHI0 COSX ==a@. B CHJy u4eTHOCTH KocHHYca CO0S(—x,) =
= €0S X; =a; TIPHMEHHB elll¢ CBOHCTBO NEPHOXHYHOCTH, MEL NOJYYHM,
YTo YHC/JAa BHA2 X, 217 TaKXKe YAOBJETBODPAIOT - yPaBHEHHIO .
cos x =a. (Ha puc. 129 Mu BuauMm, uro x,=—x,.) CregoBartennHo,-
3Has ORHO KaKoe-lHOO 3HaueHHe X,, YAOBJETBOPSIOLIEE YPABHEHHIO .
COS X =a, Mbl_ MOXeM IIOJIyUHTb [BE CEpPHH 3HAYECHHI apryMeHra,
YROBJIETBOPSAIOMHX 3TOMY XK€ yPaBHEHHIO: '

2nn+x,, : (140.2)
- 2nn—x,, . (140.3)
rae n=0, +1, +2, ...
B kauectBe x, OyneM, Kak npaBujo, 6paTh arccosd.
O6veannns ase cepun (140.2) u (140.3) kopueil ypasHeHHs
cosx=a oIHOH (popMyJOfi, Ml OyjAeM mHCaTb B JaJjbHeiillieM ero
ofiee pelwenne (COBOKYMHOCTb BCeX KopHefi) B Bijic

Xx=2nm 4 arccos a, (140.4)

rie n=0, =1, +2, ... u 0<Carccosa<C.

PexoxmenayeM untaremo noschute copmyay (140.4) ¢ nomoupio
pucyHKa, asajgormusoro puc. 139.

Mpumep 1. cosx=)3/2.

Pemenue, x:=2nxn 4 arccos (V 3/2) =2an 4 n/6.

Ilpumep 2. cosx=—1/,.

Pemenune. x=2nx 4 arccos (—*/,) =2nxn 4- 2rn/3.

ITpumep 3. cosx=0,995.

PemeHnune. x=2nmn 4 arccos0,995 ~+0,1 +2nn (cM. npuio-
xeHie - II). .

3dmeuanue. Ilpu BuBome dopmyas (140.4) ME BOCMO/IB30-
BanHChb pHC. 129, Ha koTopoM 0 < a <1 1 0 <x, < n/2. OueBHAHO,
YTO 'NIPH MOMOILH 3TOft OPMYJIHI NI0J1YYalOTCH BCe KOPHH YypaBHEeHHs
cos x =a. PekoMeHzyeM uHTaTeN O jOKa3ath, 4to dopmysoii (140.4)
MOZKHO II0.1b30BaThCi H BO BCeX OCTaJbHBIX cayuyasx (—1 <<a <0,

a=0, a=—1 n a=1), ecan yyecTp, uyT0o arccosl=0,
arccos (—1)=m u arccos0=mn/2. Ho Bce-TakH B 3THX YaCTHBIX
ciyqaix (@a=-—1I1, a=0 u a=1) npouwe noJL30BaTLCA APYTHMIL
(opatyTanmu. :

YpaBHeHHe COSX=-—1 HMEET KOPHH:

c=a-+2nmn=02n+4+1)n, e n=0, I, £2, ... (140.5)
YpaBHerne cosx=1 HMeeT KOpHH: '
. x=2am, rae n=0, x1, £2, ... (140.6)
Ypamaenne cosx =0 HMeeT KOpHH: j

x=-g-+nn=g-(2n+l), rpe n=0, 1, £2, ... (140.7)

i
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, 141; Ypaereune tgx=a. YpasHeHue ,
: tgx=a . (141.1)

nMeer pemem{e npu moboM a (— oo < a < o). Bocnonesyenmca
puc. 131 zas BeiBoja obuieil GopMyJIH, KOTOpas 3aKmouyaeT B ceGe
BCe KOpHHM ypaBHenus (141.1). JlomycTHM, YTO MBI HalLTH KaKoe-
HuGyAb pelleHue x; ypaeHenns (l41.1), 1. e. tgx;=a. Torna,
© B CHJy nepHojau4HoctH, tg (xl-l-nn)_tg X; =@, T. €. H uHCc]a BHJA
Xy+nxn, rae n=0, +1, 22, ., YJOBJETBOPSIOT YPaBHEHHIO
tg x=a. CJIE)IOBaTEJleO, 3Had ozmo KaKoe-TO 3HauyeHHe X,, YIOB-
JeTBOpsilollee ypaBHeHHlo tgx=a, MH MOXeM Noay4nTh ofllee
peleHHe (COBOKYIHOCTH BCeX KOpHei) B BHJe

_ X'=nn-4x;. _ (141.2)

. B xauecrse x, OyneM, xak npasujo, 6pate arctga. MHraxk,
ofee peme}me ypaBHEeHHA tg x =a Buipaxkaerca ¢opmy.oit

x=nn-+arctga, (141.3)

rie n=0, :!-_-l +2, ... 1 —n/2 <L arctga <772,
PeKOMeHnyeM YHTaTeJ i0 MosCHHTL dopmyay (141.3) ¢ nomompio

© yeprexa.

Mpumep L. tgx=V3.

PemeHune, x= nn+arctgl/_—nn+n/3

Npumep 2. tgx=—V3/3.

Pemenne. x=nn-arctg (—V 3/3) =nn—n/6.

INpumep 3. tgx=—1,9648.

Pemenue. x= nn-[-arctg(—l 9648)—nn—arctg(l 9648)~
~ nrn—1,1 (eM. npunoxenune II). -

142, Ypasnemle ctg x=a. YpasHeHHe

cdgx=a ’ (142.1)

‘WMeeT pelleHHe npu Jw06oM a (—oo <a <-+-o0). Jna BeBOAA
o6meii popMyJst KopHeit ypasHenus (142.1) Bocnoab3yemces puc. 133.
JlonycTAM, YTo MBl HAalIH Kakoe-HHOYAb pelleHHe X; ypaBHeHHs
(142.1), 1. e. ctgx, =a. Torpa, BCHJIy NEPHOAHYHOCTH, Ctg (xl-[—nn):
= ctgx,=a, T. e. H uHcIa BHAA X,-+nx, Tae n=0, %1, &2, .
YIOBJIETBOPAIOT ypaBHeHHIO Cigx =a. Cnenona'renbno, 3Hasn omm
KaKoe-TO 3HauyeHue x;, yAOBJeTBOpfiomee ypasHeHmo cigx=a, MH
MOXKeM NOJIYYHTh ofuiee peleHHe B BHJe

X =na+x,. ' - (142.2)

B xauectBe x; Gyaem, Kak mpasujo, Gparb arcctga. Hrax, obmee
péulenne ypaBHeHus ctg x =a BHpaxaercsi dopmyJoil

) x =nn+-arcciga, (142.3)
rle n=0, x£1, +£2; ... u 0 <arcctga <m.
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PeKomeHnyeM yiTaTe/al0 NMOSCHHTL dopmyay (142. 3) c HOMOLILHO
uepTexa. ‘ .

Mpumep 1. dgx=V3.

Pewenne. _-nn—l-arcctgl/-—nn—}-n/ﬁ

MNpumep 2. ctgx=—V 3/3.

Pemenne. x=nn+arcctg(—) .3 3/3) na+2m/3.

Mpumep 3. ctgx=—28,64.

Peurenne, x=nxn--arcctg (—28,64). Bocnonb3osasiics ¢op-
MyJsoit arcctg (— x) =n—arcctg x, OyneM HMerb arcctg (—28,64)=
= n—arcctg 28,64 ~ n—0,0349 (cm. npunoxenuwe I). Cuenosa-
TeabHo, x =~ hn-+n—0,0349 = (n -} 1) t—0,0349.

143. Hekotopnle pononHedusi. Ecim B ypaBHeHHsix sinx=a,
cosx=a, t{gx=a u ctgx=a H3BeCTHO, YTO x—YyroJ B rpajyc-
HOil_Mepe, TO oOwie peleHHst HYKHO 3aNHCHBATh NO-APYTOMY.

Ilns ypaBHeHus sinx=a, rie |a|<{1, HyxHO nucaThb:

. x=(—1)*arcsina 4 180°n, (143.1)

rie n=0, =1, 42, ... 1 —90°<C arcsina<C90°. -
Jast ypapHenus cos X =a, rie |a|<1, HyxHO nucatnb:

x = =arccos a -} 360° n, (143.2)

rae n=0, +£1, 42, ... u 0°<Carccos a<< 180°.
Ons ypaBHeHus tgx=a, rae a—moboe YHCJI0, HYXKHO MHCATh:
_ x==180°1 + arcig a, (143.3)
rie n=0, &1, +2, ... 1 —90° < arctga < 90°.
HOas ypasHehus ctg x =aq, rie a—mwoboe HHCIO0, HYKHO MICAThb:
x =180°n -+ arcctg a, - (143.9)
rre n=0, &1, +2, ... n 0° <arctg < 180°.

XoTesnoch Gbl npelynpeinTh O HeIOMYCTHMBIX 3amHCAX NPH pe-
LIeHHH TPHTOHOMETPHUECKHX YypaBHeHHf.

IIpusmep 1. Pewuts ypasHeHHe sinXx= ~-1/,. :

a) B n. 139 Met noayunau ofuiee pellleHHe JaHHOTO YypaBHEHHH
B Buje x=nn-+(—1)"x/6, rie mox x MOKHO NOHHMATb KaK OTB/e-
YeHHOE YHCJO, TaK H YHCJAO pajiaH. '

Ofee pellieHHe 3TOrO ypaBHeHHs, €C/H NOJ X MOHUMATh YHCJIO
rpagycoB, MOXKHO MHCaTb H TaK:

= 180°n - (——l)" 30°.
6) He/tb:m 00HaKo, nucamo
x=180°n+(—1)"n/6 wuaw x=nn-(—1)"30°

PasGepem npuMepr ypaBHeHiil, HENOCPEICTBEHHO CBOASAM{HXCH
K yXe pacCMOTpPeHHbIM. -
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lpumep 2. Pemmrs ypasrenne V2 sinx—1=0.
Pemenne. sinx=1///2, orkyma coraacko (143 1) rmeeM'
x=180°n+4(—1"45°, rne n =0, 1, +2,
Mpumep 3. Pemntn ypaBHeHue 2cosx -|—V_ 0.

PemeHue, cosx=—}) 3/2, o*rxyp,a cornacHo (140.4) umeem
x=2nn + 5n/6 rae n=0, 1, +2,
Mpumep 4. Pewnth ypasHenue 3sinx— 4 0.

‘Pewenne. U3 Hauwero YPABHEHHS NOJIyYaeM PaBHOCH/bHOE
ypaBHeHHe sin x =4*/;, KOTOpoe -pellleHuii He HMeeT, H6O He BHLINOJI-
HseTcst ycnoBHe |sinx|<{ 1. C.neuona'renbﬂo, nepsonaqa.nbﬂoe ypas-
HEHHe TaKe He HMeeT peueHHH.

- IMpumep 5. Peunts ypasnenune 3tgx+41=0.. 4

Pewenue. tgx=-—1/, oTKyla comacno (141 .3)  umMeeM
x=nn-+arctg(—/;), rae n=0, £1, +£2, ..., wm x=-
=nn—arctg (/,). :

3ameyanune. Orser MO}KHO 3anHcarth TaK:

x=180°n+arctg(—1/,) v x=180°n —arctg(l/,),

rne n=0, +1, +2, ...
HpHMCp 6. Peurnts ypaBHeHHE 3ctgx—|—2 =0. o
_Pemenune. ctgx=-—?%,, oTkyza coraacio (142.3) nmeem
x =nn+arcctg (—*%,), rae n=0, £1, 42, ..., wH x=
= (n-+1) m—arcctg (*/,).

[Mpumep 7. Pewmnts ypaBHenue 2 sin 5x+l—

Pewenue., 3anucas ypaBHeHue B BHLe sin 5x— —1/,, HaiigeMm
0TCIOfla CHauya/la MPOMEKYTOYHHA apryment Sx=snn-(—1)"*tn/6,
OTKyZAa .MNoJy4YdM oflee pelleHHe JAHHOTO YpaBHEHHs X=
= nn/5 4 (—1)"*17/30, roe n=0, 1, +2,... O

-ana'x(ueuun

~ Pemmuts ypapHenus:- .
1. sinx=V3/2. 2. sinx=—1/,. 8. cosx=1/,. 4 cosx=— ¥V 2/2.

5. tgx=V3/3. 6. tgx=—V3. 7. ctgx=V 3/3. 8. ctgx=— V3.
9. cos x=0,9801. 10. tgx=-—0,8423. 11. ctgx=-—2,904. 12, 2sin x-}-1=0.

13. 2cos x—1=0, 14, 2tg x—3=0.15. }J 3ctgx—2=0. 16. V—+2cos7x_0
17. 2 cos 6x-}1=0. 18. 2sm8x+l_

§ 2. Cnoco6 mpuBeaeHHd K OAHON (YHKLUHH
"OAHOrO H TOrO X€ apryMeHTa

144. CyuiHocTh crniocoba. B nm. 139—142 mut moayunan pere-
HHSl ypaBHeHuil Buja sinx=a, cosx=a, tgx=a u ctgx=a. Bo
MHOTHX CJ/lyyasfix pelieHHe TPHIOHOMETPHYECKHX ypaBﬂemu"t CBOANT-
CA K’ pelleHHI0 OCHOBHBIX 3/IeMEHTapHLIX ypaBHemm nocJse BhINoJI-
HeHHs psaja aiare6paHuecKHX AEHCTBHIL.
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~Tak, nycTe uMeeTcsi ypaBHeHHe, JieBas 4YacTb KOTOPOTO COAep-
XKHT X TOJNLKO NOJA 3HAKOM 00HOL TPHIOHOMETPHUECKOIl (pyHKLuH,
HanpuMep: _ '
asin*x—+bsinx}c=0
tgtxtatg?x+b=0,
acos®*x—bcosx=0 u T. 1.

Bo Bcex 3THX Cayuasx 3ajaua pelieHHs ypaBHEHHS pacnapaerca
Ha jBe:

1) Pewenne anre6panyeckoro ypaBHEHHs OTHOCHTEJbHO HOBOIi
HeHn3BecTHOR ¢ =sinx, t—tgx, t =cos x.

2) Pemenne ypasHeHHuil Buaa sinx=a, cos x=ga, tgx=a.

Ilpumep. Pemnts ypaBHeHHE

2sin*x-}-5sinx—3=0. ' C (%)

Pewenne. 1) Tonoxus sinx=¢, npuxoxuM K aireGpanuye-
CKOMY yPaBHEHHIO (B JaHHOM cJayyae K KBaJApaTHOMY YpaBHEHHIO)
OTHOCHTEJILHO "HOBOii HeH3BeCTHOIl f:

23-4-5t{—3=0. (2%)
PewnB ypaBHenne (:x), noayuus f,=-—3 u f,=13/,.
2) 3ajaya pelledHss ypaBHeHHs () cBeJaChb K pelleHHIO ABYX
TPHTOHOMETPHYECKHX ypaBHeHHil:

a) sinx=—3 u 6) sinx=?/,. (%x2)

Ypasuenne sinx=-—3 pewennii ne umeer. OOmee pelieHne
ypaBHeHHs sin x=1/, HMeeT BHJ

x=nmn+4(— 1)"n/6. (wsexw)

Tak Kax npu nepexoje OT TPHFOHOMETPHYECKOTO ypaBHeHHA ()
K JBYM TPHTOHOMETPHYECKHM yDAaBHEHHAM (##%) MBI HHIZE He TepsiIH
- H He MO0JyYyaJH NOCTOPOHHHX KOpHel, TO pelleHne (sxzx) ABIACTCA
pelieHleM NEPBOHAYAJLHOIO YpaBHEeHNs ().

B GoablunHCTBE C/yyaeB, OJHAKO, MPHXOAHTCS HCXOAHOE ypas-
- HeHlle elle Npec6pasoBLIBATh TaK, YTOCHl OHO NPHOGPENO HYMKHBNL
BHJ:

f(sinx¥)=0, [f(cosx)=0 wmwm f(tgx)=0

B n. 145 mokasaHEl npuembl TaKHX npeo6paaosamm

' 145. HexoTopsle THNB ypaBHeHHuil, NPHBOAAIHXCSA K yPaBHEHUAM
OTHOCHTEJbHO (yHKUHH OZHOTO aprymeHra.

1) PaccmoTpum ypaBHeHHe THIA

qsinzx—i—bsinxcosx+ccosz.r=0, A (145.1)

rle @, b 1 c—Kakue-To JeiicTBHTepHbe ‘uncaa, Msyuum caysail,
Korga’ a=%40. Paspenus oGe uacti ypaBuenus (145.1) ma cos®x,
NpIAEM K CleAyIOWEeMy ypaBHEHHIO, COjJeprsalleMy ToJbKO f=tg x:

at*4-bt 4-c¢=0. (145.2)
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3amernm, uto ypaeuenus (145.1) m (145.2) Gynyr paBHOCH/BHEL
0o MH mpepnonaraeM, uto cos x 0. (Te snavenus x, npu koto-
pHiX cos x-= 0, He ABAAOTCA KopHAMH ypaBHeHus (145.1) npu a=40.)
Haiee crepyer HaiiTH 3Havends !=tgx u3 ypaBHenns (145.2) wu,
€C/lH OHH OKaXyTCA NEHCTBHTEJNbHBIMH, OTHICKATh COOTBETCTBYIOLLHE
CepPHH peilleHui X. )

ITpumep 1. Pemmrs ypaBHenne 5sin®x—3sinxcosx—
—2cos?x=0. . ) '

Pemen ne. PasgennM obe gacTH ypaBHeHHA Ha cos®x £0. (Te
3HaUeHNs X, NPH KOTOPHIX €oSx=0, He SABAAIOTCA KOPHAMHM JAaH- -
HOTo ypaBHeHHs, HO0 npH 3toM sin®*x=%=0, crenoBaTenbHO, NOTEpH
KOpHeil He npoucxo;}x}al) [onyuum ypasuenue 5 tg2x—3tg x—2=0,

3+ V49 317 ) .

OTKyAa tgx=—pF—=—7" i

a) tgx, =1, x;=nn+na/4; ,

0) tgx,=—72/5, Xy=nn-arctg (—¥;).

Omeem. x;=nn-+4n/4 u x,=nn- arctg (—*/;) = nn—arctg (*/;),
rae n=07 =4 l) :':2) e

3ameuanne. YpapHeHue THma

asin*x-+bsin xcos x-f-ccostx =d, - (145.3)

rae as~d, CBofHTCA K ypaBueHuio THna (145.1), ecnn ero samncath
CHayaja Tak: :

a sin®x -+ b sin x cos x 4 ¢ cos? x =d (sin® x -}-cos? x),
1

' a noToM TaK: ' . _
{a-—d) sin® x-}-b sin xcos x }- (¢ —d) cos® x =0.

IIpumep 2, Pemnrs ypaBHenue 2sin®x—5sinxcosx—
—8cos*x=—2. _ . -
Pemen ne. 3anumem jaHHOe ypaBHeHHe TaK:

2 sin* x—>5 sin x cos x—8 cos® x = — 2 (sin® x -}- cos® x).
Tocne storo Gyaem uMers
4sin®* x—5 sin xcos x—6 cos? x=0.

Paspenum oGe uacTH Moc/iefHero ypaBHeHHA Ha cos®x =0, (Te sna-
YeHHS X, NI KOTOPHX cOsx =0, He ABAAIOTCA KOPHSAMH JAHHOTO -
ypasuenus.) [lonyunm ypaBHenue ’ '

. 4tg*x—5tgx—6=0,

otkyna tgx;=2 wu tgx,=~3/,. Pemns nocreaHne ypaBHeHus,
NOJNy4yHM pelleHHS NepBOHAYaJibHOro ypaBHEHHS:

x=nutarctg2 n x,=nn+arctg (=) =nn—arctg C))..
2) PaccmoTpuM ypaBHeHHe THma . ) .
asintx+bcosx4-c =0, . (145.4)
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rie a, ‘b W C—KaKue-To ‘neficTBiTeNbHBIE yncaa. IMycrs -a0. 3a-
MeHHB sin®*x uepe3 |—cos®x, Mbl mpHAaeM K ypaBHehuwio - ¢
) acos?x—bcosx—(c+a)=0 (145.5) -
HJIH : : ,
—bt—(c+a)=0, rne f=cosux. (145.6)
M3 ypasnenus (145.6) naxoguM BO3MOKHEIE 3HaYeHHs AJIS { = COS X;
CTECTBEHHO, YTO oHH GYAyT HMeTb CMbICJ Juills B cayuae |¢|<C1.

PaccxxOTpum HECKOJIbKO TPHMEpOB.

ITpumep 3. Pewnts ypapHeHle

2sin?x-4-cosx—1=0.

Pewenune, 3amenss sin®x vepes 1-—cos®x, nplmeu K ypaB-

HeHHIO 2c0s?x—cosx—1=0, orkyma cosx= 1 n cosx—— 1/,.
YpaBHeHne cosx=1 umeeT pellenne x,=2nm, a ypaBHeHue
cosx=—1/,—pewenue x,=2nn 4 2n/3. COBOKYNHOCTL 3HAueHHII

Xy M X, ABJSETCS pellleHieM AaHHOTO ypaBHeHHsI.
I'Ipu Mep 4. Pewnts ypaBHeHue

4sin*x—4cosx—1=0.

Peumenne. 3amenus sin®x 'qepes 1 —cos*x, npugem x ypas-
HEHUIO | .
4cos’x+4cosx—3=0,

OTKyza €0sx =1/, u cosx=—3/,. Tlociientee ypaBHeHHe He lMeeT
peiueHuii, H60 He BHMOJHeHO ycJoBHe |cosx|<C1l. Mbl noayuaem
OAHY CEpUI0 pelleHnil JaHHOTo ypaBHEHHS: X = 2nm /3.

3) PaccmoTpuM ypaBHeHHe THMA

acos”x—i—bsmx—l—é:O, ' (14_5.7)

rie a, b M c—Kaxue-10 xeiicTBHTesNbHHe uucia. B oGuem BHae
PEKOMEHJlyeM UYHTATeNIO0 PACcCMOTPETh €ro pelieHHe CaMOCTOSITENbHO.
Mbl e orpaHHYHMCA pacCMOTpEHHEM NpPHMEpOB.

INpumep 5. Pemnts ypaBHeHue

12cos*x4sinx—11=10. _
Pemenne. 3avenns cos’x yepes 1—sin®x, npuaeM K ypas-
HEHHIO .
12sin*x—sinx—1=0,
oTKyaa sinx =1/, u sinx=—1/,. O6a nociefHHX ypaBHEHHA HMEIOT
COOTBETCTBEHHO pelenus x,=mnn-(— 1)* arcsin(t/;) n x,=nn+
+ (— 1)+t arcsin (}/,). Conoxyxmocrb 3HAYEHHIl X, M X, ABAseTCA
MHOXKECTBOM BCEX pelleHHil XAHHOTO ypaBHeHls.
[Mpumep 6. Pemuts ypaBuenue ' g
6cos?x 4 5sinx—2=0.
Peurenne. 3amenus cos® x uepe3 1 —sin® x, npujieM K ypaBHeHHIO
6sin’>x—5sinx—4 =0,



145] . § 2. cnOCOB NMPHBENEHMA K OXHOR OYHKIUMH 349

TKnya sinx, =—1/, u sinx,="*/. Hoc.nezmee ypaBHeHHE HEe HMeeT
pewenns, 160 He BHNOMHeHO ycJioBHe |sinx,|<<1. Mu noJyaem
OIHY CEPHIO pellleHHii NepBOHAYaNLHOr0 ypaBHEHHS: ;

x=mnn-+(—1)"+ n/G,
* 4) PaccMoTpuM ypaBHEHHE THMA : .
B bsin x+4ccosx=0, (145.8)

rae bs40.
Hens o6e YacTH ypaBHeHHs Ha cos x =0, mojayunm
btgx+c=0 wm tgx=—c/b.
CnenosarednbHo, :
x=nn- arctg (— ¢/b) = nn—arctg (c/H),
rae n=0, +=1, 2, ... 3amerum, yrto, Npexno/oxuB cosxz=0,

Mbi He NOTepsJH KopHeil, u6o ecan cosx=0, 1o sinx5<0.
[Ipumep 7. Peurs ypaBHeHHE :

V35inx+cosx—0
Pewenne. Pasgennm obe wacTH ypaBHeHm na /3cosx, mo-
ayany tgx=— 1/V/'3, otkyna x= nn—au/6.
5) Eciu B ypaBHEHHe BXOAAT TPHTOHOMeTPHUYecKHe DYHKUHH OT
Pa3HUHbIX apPTYMEHTOB, TO H B 5TOM C/y4ae HHOTAA NPENCTAB/IACTCA
BO3MOXKHBIM BBIDa3HTh HX BCE UePe3 OJHY TPHIOHOMETPHUECKYIO

GOYHKLHIO OAHOTO H TOrO XKe apryMenTa.
[Tpumep 8. Pemnth ypaBHeHue

€0s 2x }-cos® x = 0.

Pewenue. 3amexmB cos? x uepe3 (1 4 cos 2x)/2, npuzeM K ypas-
HEHHIO ’

l+cos 2x

cos 2% + —0 i 3cos 2x=—1,

OTKyna COS o =— ;.
) Cneuoaa'renbuo 2x= 2nn:|:arccos (—1/,) "

x= nn:!:—arccos(—%) (n =0, ;|-_-l j;2, L)

. Mpumep 9. Peumnrs ypaBHeHne sin 2x tos®x.

Pemenne. 3amenns sin2x yepes 2sinxcosx, npuieM K ypas-’
HeHHIo 2sin x oS X = cos®x man cos x (2 sin x—cos x) =0. Ilocreanee
ypaBHeHHe pacnajaeTci Ha jpa:

a) cosx—=0 n 6) 2sinx—cosx=0.

Ilepsoe _ypapuemxé HMeer KOpHPVIV xl=%(2n_;l— 1) (n=0,
1, +£2, ...). o ' '
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 Bropoe ypaBHeHie nocse JesleHHA Ha sinxs=0 naer ctgx=2,
OTKyAa x,=an-+arcetg2 (n=0, +1, £2, ...). ' o

PemennsMi NepBOHAYaJbHOTO YypaBHEHHs H OyayT 3HayeHHs
X, N X, 3aMeTHM, YTO B HameM ciayyae JeseHue oGeHx yvacreil
ypaBHenus G) Ha sinx He mpHBEJO K noTepe KopHeii, n6o Te 3Ha-
yeHHs1 X, NPH KOTOPHX sinx o6pauaercas B HyJb, He ABJAIOTCA
KOpPHAMH NepBOHayaJbHOTO YypaBHEHMS.

ITpumep 10. Pewnts ypaBuenue

. 1
.sinxcosxcos2x=-g.

PeuweHnne, YMHOXKHM o6e 4acTH ypaBHeHHs Ha 2 1, 3aMEHHB

2sinxcosx Ha sin2x, noayunM sin 2xcos2x=1/,. C mnocaexHum
ypaBHeHHeM MOCTYIHM OMATb TaK Ke, NOJYUHM sindx=1/,, OTKyaa

dx=ann+(—1)" % . OxoHuaTesLHO IHMeeM
’ an F11 .
ITpumep 11, Pewnts ypaBHeHHe

_ 2 X '
. 1-*—cosx'-_c)‘g 2°
Pewenie, 3aMeruns, uro
" X 14-cosx
ct 2i—cos-§-_ 2 l4-cosx
g9= sin-”--i_ l—cosx l—cosx’
.2 2

o X
HOIICTaBHB HalJeHHOoe 3HauyeHlhe Aaaf Ctg?‘ 7 B HcxonHoe

, 1 14cosx
ypaBHeHHe, 1 no.rlyqulm 14 T = T—cosz’ Hanee iMeent
(I +cosx) (m ——m) =0. Tlocaennee ypasHenlie pacnagaercs

Ha zaBa:

1 1 '0.

cosx  l—cosx

IlepBoe ypaBnenie nMeeT KOpHH X = (2n+- 1) (=0, = 1, £ 2, ...).

1—2cosx
Bropoe ypaBHeniie 3anuueMm B Bujie m_o. IlpupaBusas

HyMo uucauTeab (1 —2cosx), mosyunM KOpHH BTOPOTO YpaBHEHIA:
X, =2nn 4= /3. ;

146. CnocoG pasmomenns Ha MHOHTCIH. , :

1) Ecau B ypaBuenm, npusegenHoM K Buay f(x) =0, ero nesas
uacTh f(x) pasiaraercst Ha MHOXKHTENH, TO, KaK yKas3aHo B . 54,
CleAyeT NPHUPABHATH KaXAMIl H3 3THX MHOKHTeJeil K Hymo. [Toay-
YUTCS HECKOJBKO OTAeJbHHIX ypaBHeHHil; KOPHH KaxIoro H3 HHX

a) 14cosx=0 u 6)
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GynyT Kopmmm OCHOBHOTO YDaBHeHHf, eClIH TOJbKO OHH BXORAT
B 0.J.3. KaXJ0ro M3 MHOXHTeNefl J1eBOii yacTH ypaBHeHHs.

Bce mosyuenHbre pererust OGBEHHSAIOTCA B OJHY COBOKYITHOCTB
pelleHHil nepBOHAYaNBLHOrO ypaBHeHHs. 3aMeTHM, YTO 3TOT Cmocod
MH yXKe (akTHYeCKH NpPHMEHAJH NpH pemweHHH npumepoB 9 u Il
H3 n. 145. . .

- PaccMmoTpHM eltie HECKOJIBKO MPHMEpOB.

IIpumep 1. Pemtntp ypasHeHue sinx ctg2x=0."

Pemenne. CornacHo mpeapiaymemy G6yieM HCKaTh OTAENbHO
peweHHs ABYX ypaBHeHH{l: a) sinx=0 u 6) ctg2x=0. Ilepsoe
ypaBHeHHe HMeeT KopHH x;==nn (n=0, +1, +2, ...). Bropoe -

. 11

ypaBHeHHe uMeeT KOpHH X,=(2n+1) (n=0, X1, +2, ...).

IpoBepka nokasbiBaer, 4TO PEMICHHSIMH NepBOHAYAJLHOrO ypaBHe-
o n 7

HHUA OyJeT JHWb COBOKYNHOCTb 3HaYeHHi x¥=7(2n--1), a 3Haue-

HHA X,=mnn He ynosaemopmor NAHHOMY YPABHEHHIO, 6o npu
X,=7in TepseT CMBHICJA BTOPOH MHOXHTeNb ctg 2x.
INpumep 2. Pemnth ypaBHeHHE |

sin7x—cos 4x = sin x.
Pemenne. 3ammmeMm 3T0 ypaBHeHHe Clexyomum oﬁpasot\l.
(sin 7x—sin x)—cos 4x=0,
IMpumenus dopmyay (125.2), moayunm
25sin 3xcos 4x—cos 4x =0,
OTKyJa
cos4x(2sin3x—1)=0.
Ilocennee ypaBHeHHe pacmajaeTcs Ha 1Ba ypPaBHeHHsA: -
a) cos4x=0 u 6) 2sin3x—1=0.
TlepBoe ypaBHeHHe HMEeT KOPHH %;=-tlm (n=0, 21, £2, ...):

Bropoe  ypaBHeHne  uMeeT  KOpHH  X,=nn/3+4(—1)"xn/18
(n=0, =1, +2, ...). Bce Haiiiennsle 3HageHNs x1 H X, ABJISIOTCAH
KOpHSIMH 33/laHHOTO ypaBHEeHHS.

2) PaccMOTpHM ypaBHeHHs THHA:

a) sinax=sinPfx; 6) cosax=cosfx; B) sinax=cos px,
rae o u. p—Jmobble AefCTBHTENbHHE UHCAA, OTJHYHBE OT HYJH,
npiueMm oc;eﬁ u o7=—f. IloxaxeM TIpHeM pellleHHs Takoro Tina
ypaBHeHHnil.

a) " sinox=sinpx. (146.1)
Banmmey 310 ypaBHerwe B Bume sinax—sinfx=0. ITpumenus
K JeBoil 4acTH dopmyay (126.2), Gynem umets

o ﬁ O‘_H;x=0;

2 sin ——= X €0S ——
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Ilocaiennee ypaBHeHHe pacrmajaercss Ha jBa:

sina;ﬁx=0 H cos"""ﬁ =0.
PewienHst 3THX ypaBHeHH{l HMEIOT BHJ
- 2n m(2n--1) _
xl-—a__ﬁn W Xy==—gTg (n=0, £1, ...).

O1H Ke pelleHHs GyAyT H pewleHHaMu ypasHeHusa (146.1).
6) cos ax =cos px. - (146.2)

Peuinte sTo ypaBHeHHe caMOCTOATENLHO ¢ IOMOLIBIO (hopmyasl (125.4)
il yGeguTech, YTO €ro pelleHus HMEIT BHJ

2n 2

I
x1=mn H x2=;:—ﬂn (n=0, ,il’ +2, ...).
PelnnTe caMOCTOSITENIbHO TaKXKe YpPaBHEHHE COS ax = — cOS fX.
B) - - sinax =cospx. (146.3)

3anuweM 3To ypaBHeHlie B BHfe sinax-—cos Px =0. OaHy u3 ¢GyHK-
uuil, Hanpumep cosfix, 3ameHunmM mno ¢opmyte NpuBCACHHS Ha
sin(n/2—Px). YpaBdeune (146.3) npumer -BuR sinax—
—sin(n/2—fx)=0, oTKyxa noJayuaem :

25in( +ﬂx—-‘-{) cos( ﬁx—}— )=
Iocnenunee ypapuenue pacmagaercs Ha JBa:
sin (a—“H)’J_c—-ﬂ) :9 H cos( t)’x—l— )
Peiennsi 3THX ypaBHeHHII HMEIOT COOTBETCTBEHHO BHJ
xl-2(a+m(4n+l)u Xy= 2(a ﬁ)(4n—l-l) (n=0, &1, =2, .‘)

3aMeTHM, YTO MosyyeHHhe OPMYJH pellieHHil 3anOMHHATL He cre-
AyeT (nymo TOJILKO TIOHATb CaM IpHEM).
INpumep 3. Pewnrb ypaBHenue sin7x=sin3x. .
Pemwenune. 3anumem paHHoe ypaBHeHlle B BHAe sin Tx—
—sin3x=0. IlpumenuB k Jesoil HacTH ¢opmyay (125.2), Gyaem
NMeThb

{

2sin2xcos5x =0.
Ilocnennee ypaBHeHne pacmajaeTcs Ha ABa: '
’ sin2x=0 u cos5x=0.
Pewennst 3THX ypaBHeHHii GyAyT HMETb BHJ

‘x,=-’—;-n' H x,=T“6-(2n-|-l) (n=0, £1, +2, ...

Bce atu pemwenNs SIBASIOTCH  PELUEHHSIMH -AaHHOTO ypaBHEHHS.
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147. PeiicHue panuHOHAJILHHIX TPHrOHOMETPHYECKHX YparHeHHI
C MNOMOILLI0 YHHBEPCAJLHONR  TPHTOHOMETPHUECKOH MOACTAHOBKH
tg (x/2)=¢. JonycTnM, uro QyHKHIH SinX H COSX BXONAT B TPH-
TOHOMETPHUECKOE YypaBHeHHe TOJbKO paunoHaabHo. Takue Tpuro-
HOMETPHYECKHe YPABHEHHT HA30BEM pAYUOHAALHOIMIL MPUOHOAem-
puveckumu ypasnenuamu (cM. n. 37). Ecan Bce uneHw Takoro ypas-
HeHHS NepeHeceHtl B ero JeByio qacrb, TO B OOLIEM BHe ero MOJKHO
.3anucarth TaK: _
R (sinx, cosx)= ) (147.1)

rie R—CHMBO.I COBOKYITHOCTH palHOHA/JBHBIX OMNepaunii, KOTophe
HY:KHO NMPOH3BECTH HaX Sinx 1 COS X,

IMpriBeaem mpuvepsl pauHOHANBHLIX TPHFOHOMETPHYECKHX . YypaB-
"HeHHi!, a TaKXe TPHIOHOMETPHYECKHX YpaBHEHHIl, KOTOpbe TaKo-
BEIMH He SIBJSIOTCA. ' '

1) Ypaeuenue -

tgx l—cosx
. clgx  1-+cosx
fBJIIETCA PAIlHOHAJABHEIM TPHFOHOMETPUYECKHM ypaBHEHHEM, TaK KaK

cos x
sinx °*

n clgx=
2) YpasHeHHe

Vo—igx+y/T+1igx=3

He sBJaseTcA paliOHaJIbHEIN TPHIOHOMETPHYECKHM ypaBHeHHeM, HEO
B YHCJO ONepalHii, KOTOpble NPOH3BOAATCS HAJ TPHIOHOMETpHYe-
CKHMH (YHKIHAMH, CONEpaUlUMH apryMeHT X, BXOAHT He pauHo-
HaJbHas onepalys —H3BJeyeHHe KyOHYecKoro Kopus.

3) YpaBHe}me

1—tg?x
TH1g?x—2tgx
AIBJIAETCS1 PALHMOHANBHHIM TPHIOHOMETPHYECKHM ypaBHeHHeM,

4) YpaBHeune

. cosx4-sinx=

sin (s cos x) =cos (n sin x)

He fABJIfETCA paHHOHaJlebXM TPHIOHOMETPHUECKHM YypaBHeHHeM, 1160
B 4HlCJIO onepauml KOTOpDLIE ﬂpOﬂSBOAﬂTCﬂ Haja TpHI‘OHO\leTque~
CKHMH (I)YHKHHS]MH conepx(auumn apryMeHT x, BXORAT HE pal:io-
. HaJIbHEIE ONlepalliii—onepauis B3ATHI CHHYCa OT mCOSX -H onepa-
1111 B3ATHSA KOCHHYyCa OT msinx. .

Teopema. Payuonarbnoe ypasrernue

R (sinx, cosx)=0- - (47

C NOMOWLI0 MPULOHOMEMPULECKO NODCMAN0EKY .
o FE ’ " (147.2
tg 5=t (147.2)

12 B. B, 3afner v p.
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npusodumca K PAYUOHAIbHOMY YyPABHEHUIO
R, (1)=0 (147.3)
OMHOCUMEAbHO HO80U HeussecnHol {. ‘
HokasateancTBo. lmeem ypasuedne R (sinx, cosx)=0.

Beenem HOBYIO HeH3BECTHYIO / C NOMOILbIO NOACTaHOBKH tg (x/2) ={,
Coraacno gopmyaam m. 122 uneem

X X
sinx= ik} 2w cosx= bl 2 1=
- G) - zl
l-Hg-— NEYE 1 tg _:2c_ 1+¢
IonctasuB 3TH Buipamennus B (147.1), moaydms
2t 1—12
R(ﬁ—ﬁ, l—;F)=o. (147.4)

OGo3HaunB 4yepe3 R; HOBYIO COBOKYMHOCTb BCeX PpalllOHAJbHbIX
onepauii, KOTOpble Hy:KHO npo:Le:iaTb Tenepb yXe Hal f, MBI Npi-
JIeM K ypaBHeHH0 R, ({)=0.

IoacraHoBKY tg(x/2)~t OOBbIYHO Ha3bIBAIOT YHUBZPCANGHOL MpU-
20HOMemputeckol no0cmanoeroil.

CaeayeT 3aMeTHTb, YTO YKalaHHbII Bbllle oOwWHil crnocol He
Bcerja sIBJSETCA CaMBIM JyulinM, 060 npH pelleHHH VpaBHEHIs
R,({)=0 otHOCHTeIbHO HOBOIl HEH3BECTHOI [ MOI'YT BCTPeTHTHCS
TeXHHYeCKHe TPYIHOCTH HUYYTh He MeHblIlle TeX, KOTOpbie CTOA.Ii
npu pelleHHu ypasheHusn (147.1) Pekomenayercs cHaya.la noHcKaTth
Kakoii- 160 cHelHa/jbHBI NpieM pelleHus, - KOTOPHLT MPHMEHHM
K JaHHOMY KOHKPeTHOMY YypaBHEHNIO, H €CJIH Takofi npieM He
yAaeTcst HaiiTH, TO cjelyeT npIMeHHTh OOLIHil cnocoG.

3ameTHM, YTO, IpHMeHss oOiHii CIOCO6—TOICTAHOBKY tg(x/2)=1t,
Mbl HCKJ/IIOY3eM H3 pACCMOTPeHHA Te 3HauyeHHs HEH3BeCTHOH x, HpH
KoTopeix 1g (x/2) He HMmeeT cupic1a, T. €. 3HAYEHHS X = (°tl+l)n
HO 3TH 3HaYeHHs MOTYT fAB.JIATHCA KOPHAMH MNepBOHAYalbHOro pa-
LHOHANLHOTO TPHIOHOMETpHYeckoro ypaBHeHus. Ilostomy npu pe-
WEHHH PaliOHAJbHLIX TPHUTOHOMETPHYECKHX YpaBHeHuil € MOMOMmbIO
yHIUBepcaJbHO{l TPHTOHOMETpHYecKoil NoACTaHOBKH tg (x/2) = HyxHO
00513aTeJIbHO MPOBEPHTh, He ABJAITCA JH 3HaveHus x=(2n-+1)=
KOpHsIMH [€PBOHAaYyaJbHOTO ypaBHeHusa (147.1).

IHpusmep 1. Pemnts ypaBHeHue

cosx—|—tg—’i=_ 1. (147.5)

PewmeHie. ClxenaB YHHBEpCAJIbHYIO MOJACTAHOBKY tg (x/2) =t¢,
MOJIyYHM COSX=——"" ] T 12 . IlopctaBuB 3HayeHHe €OSX B YypaBHEHHe

(147.5), npugeM K paunuOHAJbHOMY OTHOCHTEJALHO { YpaBHEHHIO
3 —2t*+¢t=0. Pemns mnocsegnee ypaBHeﬂue 6ynem umeth f, =0
H il =1=1
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. IlpnxoznM K ABYM ypéBHéHﬂs{M:
X X
a) tg-2-=0 H 6) tgg=L
IlepBoe ypaBHeHHe HMeeT KOpHH o \
' Xy =2nn, rae n=0, &1, &2, ..J
Bropoe ypaBHeHHe HMEET KOpHH

x,=%+2gm, rre n=0, 4-1, 42, ...

3ameTnM, 4TO 3HaueHHsA x,=(2n-+1)% He ABAAIOTCA KopHAMH
JaHHoro ypaBHeHHA (147.5). Mrak, ypaenenue (147.5) umeer cie-
AyIolmHe CepHH peleHHi:

x,=2nn H x2=g-+2nn,. rre n=0, *1, £2,...
IIpumep 2. Peumts ypasHenue

V3sin3x—cos3x=1. - _°  (147.6)

Pemenue. Cnomompeto yunBepcasibHoil NojcTaHoBKH tg (3x/2)=¢
NOJYyYHM YPaBHEHHE, PAlHOHANbHOE OTHOCHTEJBHO f:

2V 3t—1+412=1+12,

OTKyJa
) 3x 1
gL
OGluee pellleHHe NMOCTENHEr0 ypaBHEHHsI HMEET BHX

2 - LI ]
n=gnn+g=yg6n+l).
_I'Ipqiaepnu Telepb, He ABJIAIOTCA JH 3HAUCHHA x,=-§(2n'—]— 1) xop-

HSIMH TNlepBOHAYaJbHOro ypasHenus- (147.6). (HanmomnuM, uro npu
STHX 3HayeHHAX TepsieT cmuic/ ¢ynkuna tg(3x/2)=t{.) Iloacrasus

x,=%(2n+ 1) B ypaBHenne (147.6), momyuum
V3sin(@n+ Iyn—cos@n+ =1, 1=1

0 -1

a
CrenoBaresbHO, 3HayeHHs x2=§(2n+ 1) aABIAIOTCA KODHAMHU ypas-

Henns (147.6). ,
Wrak, pewrennaMu ypapnenus (147.6) spiasiorcs

u=gO6n+1) B x,=F@n+1) (=0, I, £2, ...).

12¢*
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YnpaXKHeHHS
PeltTh ypaBHeHHA: i ‘
1..2 sin% x4 sin x cos x—3 cos?x=0. 2. 3sin?x—4 sinxcos x4-5 cos?x=2.

3.2sin?x —cos x—1=0. 4. 2sin2x+5cos x4 1=0. 5. 35 cos?x—sinx—29=0.

6. 30cos2x—29sinx—23=0. 7. 8cos?x-}-2sinx-7=0. 8. 6 V3sinx+t

J-4cosx=7. 9. 3sinx}cosx=0. 10. cos 2x—sin?x=0. I1. cos33x=cosx.

12. sin2=sin2%. 13. sinx--cosx=1-4sin2¢. 14, 2——2sin(—2—:t—x)=

4

= ﬁtg(%——;—)-{—cos 2¢+sin2xtgx—1. 15. sindrtgx=0. 16, sin9x—
— cos Sx=sin x.. 17, sin9x—sin 8x=0. 18. cos 10x—cos 7x=0. 19, sinbx =

== cos 3x.
’ PewiiTh ypaBHeHus C IOMOIIbIO YHHBEpCAsbHON TPHIOHOMETPHYCCKOf moicTa-

HOBKH tg (x/2)=1:
20. sin x--tg (x/2)=—2. 21. 2sinx—cosx=1. 22. Y 3sin x4-cos x=1.

§ 3. Hexkorophie uacTHbie TIpreMbl pelleHHs
TPHIOHOMETPHYECKHX YPABHEHHH H CHCTeM

. 148. Bsepeune scnosoratedbiore aprymenTta. PaccMmorpuM ypas-
HeHHe

. asinx—bcosx4+c=0, (148.1)
rie |a|+1b(=0. 3anuwey ero B BiLIe
Vs arant a i b - ,
@E+0 | ——=sinx+t-——=——=co3x}+c¢c=0,
VETT (e S5 e 0 4)
a 3ateM MOI0KHM
A=V@EFP, ——2—e=cos@ 1 —=o— —sin
VEIT, Jamm=cose 1 pommm=sing

(oM. m. 127). Ypasnensne (148.1) npumer Bug

Asin(x+¢)4-c=0, namn sin(x+q))=;%. (148.2)

IlocotenHee ypaBHenHe Hymeer pewteHne, ecid [—c¢/A|< 1, T. e. ecan
| el< A nan <L a® -0
HonyctiM, uTo ¢*<Ca®--b? Toraa ofuiee peweHue ypapHeHH:A
(148.2) usteer BHA
. X+ @ =an4(—1)*arcsin (~—c/4),

a obutee pewenne ypasHeuusi (148.1) 3anumercs Tak:
x=nn-(—1)*arcsin(—c/A)—¢@ (n=0, &1, £2, ...),
Tie ¢—aprymMeHT (BcnoMorarebHbll), KOTOPLLl HAXOQHTCS H3 YCAO-

Bilfl sing = YV aZ = u cos o=a/} a* 0.
I[Tpumep 1. Pewnts ypasnenue
2sinx—2cosx=1—}/3. (148.3)
Pewenne. 3anuuem ypasnenue (148.3) B Buge

L 1 —=
V 2 [ —— — )= 1—
2V <V‘fs‘"-* Ve Cos")'—l s
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Nonoxim 1///2=cosp u —1/V/2=sinp. Ypasuenne (148.3) npu-

MeT BHA - . \ . :
2V 2sin(x+)=1—V3,

sin (x +¢) = ‘2—1}’_27 . (148.4)

HJIN

[Tocaennee ypaBHeHHe IMeeT pellieHite, néo —1 <3—5_L_3 <0.

B xauectBe @ MOXHO, HanpiMep, B3ATb-—:t/4. YpabueHue (148.4)

. R 4
nMeer peweHie x -+ ¢ =mn - (—1)" arcsin 5 V; » OTKYJa NOTyyHM
clmee peuieHne Hallero ypaBHEHHS B BHJe

1-V3
2V‘2"+

ped
3

x=an-+(—1)*arcsin
Han A , ) :
x;f}(4n+l)+(—l)"arcsin15——l/—l/_3— T(n=0, x1, £2, ...).
IIpumep 2. Pemnuts ypasnenne , :
V 3sin3x—cos 3x =1. ' (148.5)
Pewenne. 3anumem ypasuenne (148.5) B Buge
2 (L2

. 1
—5—sin 3x—? cos Bx) =1,

TTonoxum V/3/2 =cosp n —y= sing. Y paBnenne (148.5) npHMeT BUR
. 1 '

sm(3x+q))=?. : (148.6)

[locnennee ypaBHenne mHmeer peuwledine, u6o 0 <1/, < 1. B xaue-

CTBE @ MOXKHO, HampuMmep, B3ATb —ui/6. VYpaeuenne (148.6) umeer
pelenne ‘ .

' 3xt@=an+ (—1) arcsin g =nn 4 (—1y L,
OTKyAa NoJyuyHM ofimee pewenue ypasHenus (148.5) B Bime '
x=F+ ) =15 [6n+ 1)+ (—1)].

Pewenne ypasuenus (148.5) npyrum cnocoGom npuseneno B 1. 147.
PekoyenpyeM untaTeno yGeAHTBCS B TOM, yTO MHOMKECTBA pelIeHHI
5TOr0 ypaBHEHHS, TOJyueHHble B nM. 147 n 148, cosmaparor.



358 T4, XII. TPHTOHOMETPHYECKHE YPABHEHHS H HEPABEHCTBA [149

149. ﬂpe06pasosaﬂue NPOH3BEALHHUN B cymmy HAH  pa3HOCTb.
PaccmotpuM ypaBHeHus:

sin ax sin Px = sin yx sin 6x, - (149.1)
€0s oux cos fix = cos yx cos dx, (149.2)
.sin ax sin fx =cos yx cos 6x, (149.3)
sin ax cos Bx = sin yx cos dx, (149 4)

‘ree o, B, v n 8 — Kakue-To nocTosiHHble Kosdxpuunentsl. Ecau uncaa
a, B, yu ynosneTBopmm OJHOMY H3 CJAEAYIOWHX YCJOBHIl:

= (p+9) (149.5)

o—p = (y—0), (149.6)

T0o ypaBHeHus (149.1), (149 2) MoryT OuiTh pemleHH ¢ nomomblo
npHeMa, OCHOBAHHOTO Ha Iepexoje OT NMPOH3BeJeHHil TPHrOHOMETp!-
yeCKHX QyHKUHA K noIycymMsaM WIH K noJaypasuoctsM. as ypas-
- Henun (149.3) ycaosusa (149.5), (149.6) samensiorcs ycJaobueMm

a—p=@+9). (149.7)
Jlaa ypabuenusi ke (149.4) 5T yc/aoBHSL 3aMEHSIOTCA YCJOBHSIMH

a+f=v+06, a+pf=y—08, a—f=y+d uwm aoa—B=y—3~.

T (149.8)
Paccmorpm\( nanpunmep, ypasuenne (149.1). Tlpumenun K .epoii u
npasoil yacTsIM 3TOro ypaBHeHHsl (opmyay (123.3), npuaem K ypas-
HEHHIO

HJIH

cos (a—ﬁ)x~cos(a—{—ﬁ)x_cos (y—68)x—cos (y48) x
_ 5 = 5 , (149.9)
I ‘ ' .
cos (e—B) x—cos (o + ) x =cos (y —8) x—cos (y 1 6) x. (149.10)
Ecnu, nanpumep, B ypasuennu (149.1) a-p=y+35, 10 (149.10)
npuobperaeT BHA :
cos (& —f3) x = cos (y—6) . ' (149.11)
Ypasuenns tima (149.11) pasobpaust B m. 146.
Npumep. Pewnurs ypasHeHite
sin 3x sin 9x =sin bx sin 7x. (149.12)

Pewenue. TlpuMeHHB K JeBOfl H NMPaBoOil YaCTAM ypaauemm
(149.12) ¢opamyay (123.3), nosayuim

cos bx—cos 12x _ cos 2x—cos 12x
2 S 2 1

HITH ,
€os 6x =cos 2x. (149.13)



'l~50] " § 3. YACTHHE NPHEMH PEMIERNS YPABHERHH 359

Tleperecst cos2x B JeByl0 UacTh ypaBHeHHS IPHMEHHB (bopuy.uy
AMsL pasHOCTH KOCHHYCOB, NOJYYiM ypaBHeHue

—2sin4x sin 2x =0, , 4 (149.14)

pacnajialomeecsi Ha JBa ypaBHeHHS:
a) sin4x=0 u 0) sin2x=0.

"O6uiee perieHHe NEPBOTO ypaBHEHHA: X, =nn/4 (n =0, =1, 42, ...).
OO6mee pemense BTOPOro ypaBHeHHA: X,==nn/2 (n =0, 4=1, 32, ...).
Tak kak npu n=2k Mol nmeeM x,=kn/2 (k=0, xI, ...) (como-
KYNHOCTb ~peUuIeHHil X, COJAEePHT COBOKYMHOCTb pelleHHil x,), To
obmee peurense ypasHeHus (149.12) MoxHO 3anucaThb B BHAE

x="7 (n=0 +1, 32, ...).

PexkomenpyeM 4uTaTesi0 CaMOCTOATENLHO paccmmperb ypaBHemm
(149.2), (149.3) u (149.4).

150. Mepexon K thyHKUHAM yABOeHHOro aprymeHnra. PaccMorpum
ypaBHeHus ,
sin? ax 4 sin® fx = sin® yx - sin? 6x (150.1)
H

cos?ax 4-cos® Px =cosyr4cos?dx, (150.2)

rae o, B, v u. 6 —Kkakue-To noctosHHble uncnaa. Ecanm uncaa «, f,

H 0 YNOBJIETBOPAIOT HEKOTOPHIM -yC/OBHAM, TO ypaBHenns (150.1)
n (150.2) Jserko moryr OHITH peuleHH! ¢ IOMOUIbIO HpPHEMa, OCHO-
BaHHOTO Ha BLIpaXXeHHH KBaJPaTOB TPHTOHOMETPHUYECKHX (yHKIMii
yepe3 TPHrOHOMeTpHYecKHe (YHKIHM YABOEHHOro aprymeHTa. Pac-
CMOTpPHM, Hanpumep, ypaBHeHue (150.1). IlpumenuB K ero seBoii
H npaBoii yactam dopmynay (121.3), npugeM K ypaBHEHHIO

1—cos2ax , 1—cos2Bx 1—cos2yx , 1 —cos 26x

2+_2,=2"§‘2'

HIH
© c0s 2aux -}-cos 2fx = cos 2yx -} cos 26x. (150.3)

CkasanHoe 06 ypaBHeHnu (150.1) oTHocutcs M K ypaBHEHBIO
(150.2), n6o ono ceopnTcd B TOYHOCTH K ypaBHeHuio (150. 3) B ca- -
MoM geJie, npuMeHns dopmyay (121.2), noayunm

1—|-c;s 2ax+ 1 +cc2>s ?ﬁx=l+c;s 2yx+ t +c<2)s ?6,{: ’
. HIH ‘ .
' "cos 2otx -} c0s 2Bx = cos 2yx - cos 28x. (150.3)

n p uMep 1. Peunts ypaBHeHUe
sin® x 4 sin® 2x = sin® 3x -} sin? 4x.
Pemenne. JleiicTBys aHaJIOTHYHO NpexbiayiieMy, NOJYYHM

l—cos2x , 1—cos4x 1—cosbx ., 1—cos 8x
2 + 2 - 2 + 2 ’
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Ban .
€0s 2x 4+ cos 4x = cos 6x -} cos 8x..

Ilepeiina B nocnenneM ypaBHeHHH K NPOH3BEJEHHSM 10 (opiyne
(125.3), nonyunm '
’ 2c0s 3x cos ¥ =2¢0s 7x cos X,
i
€os x (cos 3x —cos 7x) =0.

IMocneanee ypaBHeHHe pacmagaercsi Ha ABa:
a) cosx=0, '

X, =%(2n+l); rae n=0, +1, +2, ...;
6) cos3x—cos7x=0, mau 2sin5xsin 2x=0,

n na
Xp=% M X=-5, Il n=0, +1, +2, ...
Msul noayun.it TPH cepuit pellleH it NepBOHAYANLHOTO ypaBHeHus.
3ameTuM, YTO Cepis peleHHil, 3aniCAHHbLIX C NOMOWbIO GopMyJILL

N B on1 i o . na ,
xp=5 (211 4-1), BXOANT B cepmio peweniil ¥;= =~—0Ha nonyyaercs

n3  nocaeaHeil npH  HEYEeTHOM 1. Cﬂe,’lOBaTe.fleO, OKOHYaTeILHO
HMECHM

X, =na/2 u x,=nxa/d, rie n=0, &1, +2, ...

(MBI H3MEHHTII o003HAYeHHe X; Ha X).

Mel He fenaeM NpOBepKH NOJY4eHHBIX peleHuil, TAK Kak pas-
HOCHJLHOCTb COOTBETCTBYIOUINX YypaBHeHHil Hurge He Gbla Hapy-
meHa., .

Sameyanne. AHAJIOTHYHBIM IPHEMOM NOPH onpejeleHHbIX
YC/JOBHAX MOT'YT OBITh PellleHbl H CJeAyIOlllie YpaBHeHHs:

sin® ax 4 cos? fx =sin® yx +cos? Ox, (150.4)
sin®* ax—cos? fx =sin? yx—sin® dx, . ~ (150.5)
sin®ax +-sin® fx 4 sin? yx 4-sin? dx =2, (150.6)
c0s? aux +-€0s? Bx 4-€0s® yx --c0s? fx = 2 (150.7)

H T. I
IIpumep 2. Pewmntsh ypapHeHie

6 2

Pewenne. Ilepencen sin®(3x/2) B npa.nyxo 4acTb ypaBHeHus,
samenuy cos® (3x/2)—sin®(3x/2) na 1—2sin®(3x/2), a 2sin®(5x/6)
Ha 1—cos (5x/3). Tloce sTOro mpiaenM K ypaBHEHIIO

4 . 3 . : 5 3
cos gx-{—sm2 ?x-{-Qsm2 Ex=cos2~x.

4 5. . o 3
cos ?x—l—l‘—cm 3x_l—2sm 7%
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HJIH

. 9 3
x=2sin®5-x,

4 5 . .3 .3 1
€0S — X —-C0S =—— X = — 25sin 5% 2sm?xsm€ 5

3¥—C0S3
3 (.1 .3 ‘ .3 5 2
sm-é—x(sm -G'X—Sln—z—)C)=0, QS.IH-Q-XCOS() xsin = )C 0
Mocnennee ypaBHenne pacnajaercs na TPH:

.3 2
a) sm3x=0, Xy =g nm;

6) cos%x.—_—O, x,=%1(2n+ 1);

.2 3
B) sm§x=0, X3 =5 na.

Hrax, MBI noJayu4mId TpH CepHH pellleHHil NepBOHAYAIbHOTO
ypaBHeH1is:

x,=%nn, x2=%n-(2n+l) H x3=%nn (n=0, &1, &£2,...).

Mot ne nenaeM npoBepKH MOJYuEHHHIX pemleHuil, ‘TaK KaK Hure
He HapywaaH PaBHOCHJIBHOCTH ypaBHeHHIl.
PaccyoTpuM ypasHeHHe

sint x +-cost x =a, (150.8)

rie a—JeiiCTBHTEIbHOE YHCJIO.
BocnoaszoBasuince Gopayaoii

sint x 4-cos? x =1 —1/, sin®2x,
nepenmuwen ypapnenue (150.8) B Buge

l——;-sinz 2x=a, ' (150.9)
i
sin? 2x = 2(1 —a). (150.10)

- Tlocnepnee ypasnenne nmeer pewenne, ecan 0<<2(1—a) <1,
T. e. ecad Y/,<<a<l. B stom cayuae ypapuenne (150.10) pacna-
JaeTcst Ha NBa MPOCTeflliHX ypaBHEHHA:

sin2¢=V2(1—a) u sin2x=—V2(1—a).
IIpumep 3. Pewnts ypasuenne

'sin4x+cos4x=%. 7 ) (150.11) -

Pewenne. Bocnosnbsosaswiics dopmysoit (119.5), npuaem K
ypaBHEHHIO

1 . 96, 5
1—7sm 2,\——8—,
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OTKyAa mnoJyuum sin®2x=>3/,. Ilociennee ypaBHeHHe, a Cief0Ba-
TEJbHO H HCXOJHOE ypaBHeHHe, OyieT HMeTh o6liee pelieHHe B BHJE.

xz%n-;i: 5 arcsin ﬁ--’;—"-i— (n=0, £1, £2, ...).
I[Tpumep 4. Pemnts ypaBuenue ' :
sin‘x—l—cos‘x:i (150.12)

9°*

Perienue. BOCIIOJIbSOBaBuIlICb (popmynou (119.5), npupeMm K -
YPaBHEHHIO

1., 1

1—? sin 2x——§ ,

H3 KoToporo moJiy4yuM sin®2x=16/9. Ilociennee ypaBHeHue, a cie-

JoBaTeJibHO, H ypaBHeHHe (150.12), pewennsi He numeer, HOO HeE Bbi-

noJiHeHo ycaosue |sin2x|<C1l. B sToM cayuae a==1/, H He BHNOJ-

HeHo ycnoBue '/, <<a<C1, HeoO6XoauMoOe JJIsl CYHECTBOBaHHsA  pelle-

- Husl ypasueHus (150.12).

. 3ameuyanue. Ilpavepst 3 1 4 MOXKHO GbLIO peinarb, MCIOAb3ys ¢hOpMyaHl
(121.3) u (121.2). B 3ToM cayyae Mbl Gbl HMEIH
—_ 2 - cos22
sm‘x+cos4x=,(l c2052x) +(1+C205 x)2:1 ! cgs .

Bunecro ypasuenns (150.11) amt noyusan 6ut

1 cos?2x D 20, 1
5 -+ —5— =% um cos 2= T
Baecto ke ypasuenns (150.12) Mpt noayunan 6bl ypasuenue cos?2x= —7/,, KoTo-

poe pellleHHs] He HMeeT.

151. Pemenne ypasHenuss THna tgax--tgfx=1gyx41g ox.
PaccmoTtpum ypaBHenue :
tg x4 tg4x=1g 2x1-tg 3x. -(151.1)

Pewenue. [pumennn dopmyny (125.5) RS CYMMBS TAHTEHCOB,

NOJIyYHM HOBOE ypaBHEHHE:
sin bx sin 5x

Cos x cos4x  cos 2x C0S 3%
[Nepenecem Bce wieHbl ypaBHEHHS B JIEBYIO 4acCTb:
sin 5x (cos 2x cos 3x— cos X cos 4x) =0. (151.2).
Cos X cos 2% cos 3x cos 4x ‘

IlpeoGpasyeM wunc/aHTENb, BOCHOJb30BABUIHCH dopmyarofi  (123.2):

1 1 1
cos 5x+——2- €08 X — - COS 5x — 5 ¢os 3x 0

€Os X cos 2x cos 3x cos 4x

sin 5x (—;—

HIH
o sin 5x (cos x — cos 3x) _
€0s x €0s 2x cos 3x cos 4x
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3dMenus PasHOCTb KocHHycoB mo dopmyse (125.4), Gynem nmers
2 sin 5x sin 2¢ Sin x
cosxcos2xc_os3xcos,4x=0' (151‘3)

Mpupaeuss Hymo uncauTens Apo6GH B JeBOd wacTH ypaBHEHHA
(151.3), nonyuaem t ,
sinx sin 2xsin5x=0. - (151.4)

IMocnennee ypaBheHHe pacmajaeTcsi Ha TPH YpaBHEHHS, KOTOpHIe
AAOT cJAefyiolHe TPH CePHH pelleHHi:

1) sinx=0, x=nmn;

2) sin2x=0, x=nn/2;

3) sinbx =0, x=nx/5.

3amernM, uTO mepBasi CEPHA peWeHHii X = nx BXOAHT BO BTOPYIO
X=nm/2 Npu YeTHHIX n, T. e. npu_n=2m. [lostomy obuiee pemenne
ypaBHeHus (151.4) cocront H3 ABYX cepuii:

x=nn/2 u x=nn/b.

ITpoBepka. 3aveTum crejpyouiee:

1) ypaBuenus (151.1) u (151.3) 3KkBHBaJeHTHH, IO3TOMY MHbE
MOXeM JefaTh MPOBepKY NOJYYeHHHX pelleHHil, NOACTaBIAA HX
B ypanzeHue (151.3);

2) mpoBepKy pelileHHil MOXHO AelaTh B ofmeM BHIE, a MOXHO,
HCMOJb3Ys HEUETHOCTh H TNEePHOAMYHOCTD QYHKIHIH, BXOAAUMHX B
ypaBHenue (151.3), me1ath npoBepKy TOJBKO TeX pelleHHHd, KOTo-
pHle momagi B oTpe3oK ocH Ox, paBHblil MOJOBHHE NEpHOAA (B HalleM -
c/lyyae MepuOA paBeH 7 H B KayecTBe TaKOro OTpe3Ka MOXKHO,
HanpuMep, B3ATb orpe3ok [0, mt/2]). Ilponemoncrpupyem o6a cno-
co6a nposepkH. (ByneM nposepsaTb peuleHus, NOACTaBAAA HX B
ypasuenune (151.3), sxksuBasientHoe ypasnenmo (151.1).)

a) IIpoBepsiem pemeHisi B OOwWeM BHIE.

sin Snn sin nm sin —
2 2

.' Hpo6s He

1. x=nn/2. Bulunciunm
cos 2nx

dnn
€0S —5—COS 7L COS

uMeeT CMbIC/Ia pH HeyeTHOM 1 (n =2m--1), n6o Toraa cos (nn/2)=0.
Ilpn yetHOM Xe n(n 2m) ona oGpauiaerca B HyJb. CJefoBaTeNbHO,
B KaueCTBE PeICHHH ypaBHEHHSA (151.1) HyxHO oCT2BHTH Clefylo-
uyto cepmio pewenuit: x=ma (m=0, &1, 42, ...).

n ni
nn sin nx sin 3 sin - )
2. x=—. Briyncnnm — T T T I poGb of-
(e ) —5—- cos cos T cos -—5—

pamaercss B HyJb npH Jgio6oM n. (3HameHaTens APOGH HH INpH
KakoM n B HyJb He o6pailaercs.)

Hrak, oObeguHAs NOJy4yeHHLIE Pe3yJbTATH, MOJYIHM oKoHYa-
. TeJIbHO, 4YTO ypaBHeHue (151.3), a. cnenoBareqbHO H MMEepPBOHAYA/Ib-
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Hoe ypabsHenie (151.1), umeer naBe cepun pemeHuii: X;==mnx H
X, =mxa;/5, KOTopble MOKHO OGBEIHHHTb B ORHY cepHio x=ka/5
(=0, =1, 2, ...). (Ilpu k=5m neppas cepus peileHiii cocTas-
JsieT yacTb BTOpOIl cepiti.)

6) INpoBepsiem otaennHble pellenus, Jexautie B orpeske [0, i/2].

H3 cepuu x=na/2 B OTpe3oK {0, st/2] nonanaior caexyiowne
3navenna x: 0 u /2.

M3 cepun x=nn/5 B orpesok [0, zt/2] nonajawr cieiywoulne
sHayennsa x: 0, /5 u 2a/5.

IMepexoaunm k npoBepke 3THX 3HaueHiil. (Byaem nposepaTh pete-
HHS, NOACTaB]sAsf MX B vpaBHeHue (151.3), skBHBa.eHTHOE ypaBHe-
a0 (151.1).)

1) x=0. Toraa 0/1=0. CnenosaTerHO, JL-—O—I\OPEHb Hauero
ypaBHeHns.

2) x=mn/2. llpn sTOM 3HayeHuH . cosx (u cos3x) obpaulaercs
B HyJb, H JeBasi 4acTb YPaBHeHNs TepsieT cMmbic.1. CilenoBaTeabHo,
X=:/2 He sBAsieTcd KopHeM ypas(;xemm (151.1). ’

3) x=m/5. Hnmeenm = 2 31 = = 0. C1ejoBareanbHo,
cos 3‘ €08 ~—=— COS — COS T

X =7/5—KopeHb ypaBHeHisl (lol.l).

4) x==2. Tloayuaem

= = (. Caenosa-

2a 40 ba 5a
€GS — C0S — €05 ~—= C0S ——
) 3 o 3
TeJbHO, X =27/5—KopeHb ypaBHenus (151.1).

Hrak, us cepuil npeanoJaraeMbelx pewleHnii Xx=na/2 1 x=nx/d5

HCKJIOYaloTCesl 3HayeHns /2, —m/2 n BooOule 3HaueHHs Blja
o N
7 (@m+1), rae m=0, =1, 2, ... .

OO0tennuss NoJyyelHble pe3yJabTathl, Hailzem OKOHYaTelbHO, UTO
ypagBHenne (151.3), a cienoBartesibHo, H NEPBOHAYaJbHOE ypaBHEHNE
(151.1), nmeeT ABe cepuH pelleHHil: X;=ma W X,=mma/d, KOTopte
MOKHO OOBEINHHTBL B ojHy cepimo x =kn/d5 (k=0, =1, 2, ...).

3aMeTHM, YTO pelunTb 3TO ypaBHeHHe yAaJjocb 6G.aaroiaps onpe-
LeJeHHOMY COOTHOIUEHHIO MKy apryMeHTaMi TaHrencon (v 4x=
=2x - 3x). TloatoMy Gosibluoil OGLUIHOCTH Hall MpleM, KaKk H CXoi-
HEle NpHeMH, NMOKa3aHhble panee B nm. 149, 150, He nmeer.

152. Mpumenenue mnoacranoBok sinx fcosx==y. Ecau B Tpu-
TOHOMeTpHYECKOe YpaBHeHHe BXOXAT TOJbKO BblpameHHs sinx--
+cosx u sin2x uan sinx—cosx u sin2x, To, NpHMEHHB MNOACTa-
HOBKY Sinx--cosx=y uJan sinx—cosx=y, MOXHO TNOJYYHTb
ypaBHeHie OTHOCHTEJIbHO .

Ilpumeép. Pewnth ypaBneHue :

. cosx—sinx—sinxcosx =0, (152.1)

Pewenue. Bpeaem HOBYIO HeHN3BeCTHYIO y, MOJOXHB

cosx—sinx=y. (152.2)
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Bosseps o6e wacrn paseHcTBa (152.2) B KBagpar, moJyunM cos®x —
—2sinx cos x-sin®* x = y*, oTKyna GyneM HMeTb

sinxcosx=-;-(l— . . (152.3)
TNoncrasus (152, 2) n (152.3) B (152.1), nosTy M ypaBHeHIe OTHO-

CHTEJbHO Y:
4 +2y—1=0. (152.4)
Kopmx ypasuenns (152.4): .
h=—1+V2 u g=—1—VZ

Bosspamancs K TPHTOHOMTpHUECKUM pyHKuusM, no7ytaes  xsa
ypaBHEHHS:
cosx—sinx=}2—1, (102.5)

cos x—sinx=—}2—1, ~ (152.6)
KOTOpHIE DemaloTcs TaK:
1) cosx—-sinx—l/f—l

V2(V_ COS X —— V— smx) =V2-1,

Vi1 1
cos (45 ) === - (152.7)
Tax xax V— ]<1 To ypaBheHie (152.7) mveer pememie
Xy=2nm + ar‘ccos V;gl—% ,

rie n=0, +1, +2,
.2) cosx—sinx=—}2—1.
JlefcTBY aHAJOTHUHO NPeXBIYLIEMY, TPHAEM K YPABHEHHIO

V241 .
cos | x )-— . 152.8
(x+% o (152.8)
Ypapuenue (152.8) peweHHs He HMeeT, Tak Kak
_yY +1 —1
Ve
Hrak, ypasHenue (152.1) mmeer pemenue
: 21 =n o
X =2nmn -+ arccos VVz' —5, TIie n=0, 41, £2, ...
153. CucremMbl TpUroHOMETPH4YeCKHX ypasHeHnii. HamomHunmM, uto
peuierues CHCTEMBl N YPABHEHHI C 7 HEH3BECTHBIMH X;, Xy, .:., X,
HasnBaeTcst Takasg COBOKYIMHOCTb 11 4uHced (xj, x3, ..., x5}, KoTOpas

ofnajaer TeM CBOIiCTBOM, uTO, GYAyYH NOJACTaBIEHAa B KaXAoe N3
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ypaBHeHHil cHCTeMbl, O6paTHT ero B BepHOe YHCJOBOE PaBEHCTBO.
B 3ToM onpeigneHHH CJIOBO «pelleHHe» HYXKHO NOHHMaTb He Kak
CJI0BO, OMpejesisiomee npouecc AeHCTBHI, KOTOP © MBI IPOH3BOLHM
Haj cHCTeMoOil ypaBHEHMIl, a KaK CJI0BO, 3aMeHSIOEe CIOBO <KOpEHbY
(«oTBeT») B Ciaydyae OAHOTO ypaBHEHHS C OLHOI HeH3BeCTHOH. 3ame-
TIIM, YTO BO3MOXHBI CJefyIolllie CJayyair:

1) cicteMa He lMeeT pelueHHs,

2) cucTeMa HMeeT KOHEYHoe YHCJO pelueHHI],

3) cucrenma iMeeT 6eCKOHeUHOe MHOXKECTBO PpelleHHil.

IlepeiigeM Tenmepb K paccMOTPEHHIO CHCTeM TPHIOHOMETPHUYECKHX
ypaBHeHH{i, OrpaHH4lBasACh OTAEJBHBLIMH IpHMEpaMH,

ITpumep 1. Pemnth cricremy ypasHeHHii

sinx-+siny=1, (153.1)
x4y=mn3. .
- Pewenne, JleByio uacts nepeoro -u3 ypaBUeHHil CHCTEML!
npeo6pa3syeM B NpoH3BeneHHe:
xty x—y
9 9
Bocnosib3oBaBunich TeM, uTo X+ y=a/3, Mpl oT cucremsl (153.1)
nepeiiieM K 3KBHBaJeHTHOIl efi cHCTeMe

x_
2y_1’

x+y=n/3.
Ilepsoe 13 ypaBHennil cuctembt (1563.2) gaer x—y= 4nn Mu npu-
XOJHM K 0ECKOHEUHOMY MHOMECTBY CHCTEM

{ x—y=4an, (153.3)
x+y=a/3,

(153.2)

rie n=0, =1, +2, ...

3adukcupyem Kaxoe-1n6o n u pemnM chereMmy. (153.3). TToayunm
pewtenne x,=2nx -+ /6, y,= n/6—2nn. Tak Kak n MOKET MeHSIThCA
H TIpHHUMaTh OeCKOHeUHOe MHOXKeCTBO 3HaueHnii 0, 1, £2, ...,
To U cucTema (153.1) Hmeer GecKOHEUHOE MHOMKECTBO pelleHHil

(2nr 4-m/6, n/6—2nx).

[TpoBepka. IlpoBepuM, uTO pelleHleM JaHHON CHCTEME! sB-
Jsiercs Jilofas napa uucesa BHIa X,=2nn+n/6 1H y,=mn/6—2nxn.
IloscraBHB COOTBETCTBEHHO 3HAYEHHSI X, H ¥, BMECTO 3HAYCHHI X
I Y B Kaxjoe U3 ypasueuuil cucremsl (153.1), npujeM K oueBHIHBIM
paBeHcTBaM

sin (2tzn+%)+sm (——211n)—sm — --sin %:—;—-l——;—;'l; '

2nn -+ %—l—%—mm: 13‘- .



~
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Urak, cucrema (153.1)  umeeT GecKoHeuHOE MHOXKECTBO peLICHHIT
(X Y,), TRE X, =21+ 7/6 H Yy, =7n/6—2n5.
IIpumep 2. Pemnth cHcTeMy ypaBHEHHIl
sinx+siny=—1,2,
X+ y=mn/3.
Pemenne. JleiiCrByst aHANIOTHYHO TIPEALILYIEMY, MPH/EM K CH-
creMe, 3KBHBAJIEHTHOIT nam{ow

(153.4)

f——1,2
2 . (153.5)
x+y=mn/3. ,
dra cucreMa He HMeeT pemleHHil, TaK KakK lcos——i e MOXeT OblTb

Gonmpue 1. , |
Omgem. JlaHHast cHCTeMa ypaBHEHHIl He HMeeT pelteHmnil. -
3ameuanue 1. Ilpumepel 1 u 2 ABJAAIOTCA YACTHBIMH CJY-

YasMH CHCTEeMBI _ -

sinx +siny =a,
: x+y=>b.
Cucrema (153.6) cBOANTCA K 3KBHBAJICHTHOM CHCTeMe

(153.6)

cos ==
Pl

x+y=b.

[Mocnenuas cucrema (153.7) Mower HMeTh Gecync/eHuHOe MHOXKECTBO
pewreyuit, a MOXeT He HMeTb HH OJHOro. PexomeHnpyeM uuTareIo
B oflieM BHJE NPOBECTH CAMOCTOATENBHO HCC/IeNOBaHIe PasIHYHBIX
cayyaes.

3ameuanue 2. Cucremy (153.6) Moxno 6b10 OBl pewiats K
MeTolIOM INOACTAHOBKH, HANMpHMEp, TAK: a) y BHIPA3HTb yepe3 x H3
BTOPOro ypaBHeHHd, T. €. Hamucatbh y=>b—x; 6) y=">b—x nogcra-
BUTb B nepBoe ypaBHenue cHcrembt (153.6) u 3ammcath ero Tak:
(1 —cosb)sinx 4 sinbcosx=a. B s3rToM cayyae paHHas cucre-
_ma (153.6) 3ameHunach Gbl 3KBHBa/EHTHOIT eil cucTeMmoil

{(l—cosb)smx—{-smbcosx a,
x+y=b.

3aMeuanne 3. AHaJOrHuHO MNpexbIAyLieMy PeUIAOTCA M CH-
CTeMBL

. b
2sm—2- y=a,

(153.7)

© (153.8)

J sinx k& siny=a,
{ A (153.9)
HITH .
COSx =cosy=a, -
{ P C(153.10)
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3ameuyanne 4, Cucrema Buja
{ sinx+cosy =a,
X+y=>b -.
(1 aHanorHuHble efi) CBOANTCS K DaccMOTPEHHBIM BHIUE CiCTeMaM,
ec/i BOCMOJb30BaThCA (HOPMYJaMi NpHBejeHus, NOJOXKHB, Hanpi-
Mep, sin X =cos(n/2—x) nan cosy = sin (n/2—y).
[Ipumep 3. Pemuts cucreMmy ypaBHeHuit
{ sinxsiny =a,
x+y=b.

Pewenne. JleBylo yactb nepBoro ypaBHenus npeoGpasyeM no
tdopury.ie

(153.11)

(153.12)

e s !
sin x sin y =+ [cos (x—y)—cos (x+y)]
H HCnoJb3yeM BTopoe ypasuedne. Ilocie ykaszanuux npeoGpasona-
Huil cucrema (153.12) 3amenntcs 3xBHBaJjenTHoIl eft cHcTeMoil
' { 0s (x—y) =2a--cosb,
x+y=p

Ira cuCTeMa HMeeT pewenne, ecaH [2a+cosb|<1. B stom cayuae
HMeeM

(153.13)

| x—y=2nn % arccos (2a +cosb),
\x+y=h
OTKyZa Mno.ywaeM COBOKYMHOCTb pewenHit (x,, y,), TAe

X, =an-+ % =+ -;— arccos (2a--cos b)
H '
Yp= %——mz =F arccos (2a + cos b).

SaMeuyaHue 5. AuaJornyHo pelaloTCs CHCTEMEHI

{ COS X COS y =a,

b g—b (153.14)

HIR _
cosxsiny=a,
{ xxy=b.
Hpumep 4. Pewnts cucremy ypabiuemniit
{ cos? x - cos?y =a,
x+y=>.
Pewenue. Bocnoib3oBaBuinch GopMyaami

l4-cos2x - g, 1cos2y
—z - B csty=—p—

(153.15)

(153.16)

costx =
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(cp ¢ dopmyaoit (121.2)), noayunt cucre‘xy, 9KBHBAJCHTHYIO naﬂnou
{ cosQ\:—i—cos.‘Zy 2(a—-1),

Cucrema (153.17) pewaercs Tak xe, KaK CHCTeMa W3 NpHMepa 1.
~TIpumep 5. Pewnrsb chcremy ypaBHeHHil

_(153.17)

tgxcigy=2, Cn
{ i (153.18)
Pewenue. Ilepoe ypaBHexme 3anuWeM B BHAE NPONOPIIIH:
tg x_ 2 »
tgy L-

ITpeanoaaraenm noka, yro tgy=%0. OGpasyen Tenepb nponsBo,nHyro
NpONo PLHIO:
. tg x-tg y _2-—1
tgxt+tgy ~ 241"

Jlyers tg x+tg y++0. U3 nocnenneii nponopmm nojayuyaem

sin(x—y) 1
sin(x-++y) 3

TpeanonaraeM, uro cosxcosy=~0. Bocnoab3oBaBmCch BTOPHM
ypaBHeHHEeM JaHHOM CHCTEMBI, NMpHAeM K CHCTeMe

sin (x—y) =V/3/6,
{ xFy=m/3. (153.19)
Pewiast nepBoe ypaBHeHie, MOJyYHM
x—y=nn-+(—1)"aresin (}/3/6).
Mbr npuxofuM K GeCKOHEYHOMY MHOKECTBY CHCTeM
x—y=nn+ (—1)" arcsin (V'3/6), ;
{ xby=m3, (153.20)
rae n=0, =1, +2, ...
Pewas kaxaywo u3 cucrem (153.20), noayumum
{Y—G—l- +( I)n. larcsmlgs, .
. V_ _ (1563.21)
_/,,—-n——_———(—l)" —2—arcsm

IIpoBepum Teneps, ABATIOTCA JH pemenns (153. 21) peleHHaMH
nepBOHauajbLHOII cHcTeMbl. Bropoe ypaBHeHHe panHOil cHCTeMb 06pa-
MaeTca cpasy B CHpaBejIHBOe PaBeHCTBO X,-+y,=n/3, /3 =mn/3.
ToncTasum Teneppb x, H y, B Nnepepoe ypasHeHHe cucTembt (153.18),



370 [A. XIf, TPHFOHOMETPHMECKHME YPABHEMNA U uepaBedcTea  [153
noayYuM
tg [%—l——nzf- + (—-l)"—%— arcsin K:&_] X

X ctg[———— (—1)" arcsin -K:] =2.

PacemoTpunm gBa cayuas.
Cayuai I. n=2m—uernoe uucno. Heen

A—tg( —!—mn-{— arcsin V-é)_—_

6

V'3
1 . V3 +tg (—arcsm 5 )
=tg(l+7arcsm = )= : £,
0 l—ls-s—tg (éarcsin ‘23>

Odosunaynm a = arcsin (}/'3/6). Ciengosaresbho, -

sinoa=—1L3- n coso= 4 ]/1——l~= AL
. 6 12772 y3

o sina
Hanomuuy, uro tg—:m. B nawem cayuae ineca
t (__ in VS) V 3/6 _ ]/—3_ =921V 3 /11
E\g 28— T veh srym o oriTvi
Torzna

V3/3+2V3i—yIT _TV3=3yimr _ Vﬁ; V3
= Y3 @yg_ym VB3 2

B =ctg [——mn — & aresin —x— V3 ] =ctg <£—-;— arcsin Lg—3>

Ls_tg (-Earcsm VS) B l+—(2 Vi— V—)

ﬂ—'g(—-arcsm VS) h VB —(2 V3—V“)

2
_ 9—1/_ _VIT+V3
3VYII—5V3 2

Teneps umeem AB =2, 1. e. tgx, ctgy,=2.
Cayuait II. n= m-;—l—ueqemoe yicao. Hueen

tg (%—-.}—nm —i—%—% arcsin #) = ( + &5 — arcsin

=—ctg ( 2 arcsin E) =

A=

>=

6
n+v
2
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AnajoTHYHBIM NyTeM moOJyuHM

11—
ctg Yomsr = £2__V-_3.
~ CnepoBatennbro, tgx,,., cEg Yom+r = 2. HUrak, pewenus (153.21)
ABJASAIOTCA pelleHHsIMH AaHHON CHCTEMBI.

Hcenenyem Tenepn ocobbie ciyyan, KOTOpHE MBL BPEMEHHO HCKJIIO-

YHJIH H3 pacCMOTPeHHs.
. 1) Kopun, ypasnenns tgy=0, T. e. uncna Buaa y,=nxn, He
MOTYT BXOAHTb B pellleHHf Hameil cucremsl, n6o ctgnn He cyme-
ctByer. CiienoBaTensHo, NpeanosoxuBs, uto igy=%40, ME He moTe-
pPAJH pellleHHi AAaHHOIl CHCTEMBI.

2) Mu npeanonoxuan Takxke, uro tgx-4-tgy=%0. Ecim O
MOTJIO BHINIOJIHATbCS paBeHCTBO tg x + tg y =0, To MBI uMesH 6H i X =
=—1tgy, Ho tg x=2tg y. Mut npuwaH K npoTuBopeuiio, 6o y Hac
tg ys£0. CnenosarensHo, npeanonoxus, uro tgx+tgys40, ML
He NoTepsiH peuieHHii JAHHOM CHCTEMBI.

3) Mbl npeanosoXKHIH TaKxe, 4yTo cOSxcosyz=0. JonycTuMm Te-
nepb, uro cosxcosy==0. 3To BO3MOKHO, ecsiH, HanpHMep:

< a) cosx=0. Ho B stoM cayuae He umeer cMbicaa tgx, Bxoas-
IHIl B AEpPBOE ypaBHEHHe NAHHOM CHCTEMBL.

6) cosy=0. Ho 310 TOXKe HeBO3MOXHO, HOO B NMPOTHBHOM CJ]Yy-
yae Ml uMeau Gul ctgy=0, a Mut jpomxubl HMmeTh tgxctgy=2,

CrenoBaresnbHo, NPeLNoJIOKHB, YTO COSXCOSy=~0, MH He mno-
TepANK peureHHil NaHHOH CHCTEMBI.

A Hrak, cucrema (153.18) nmeer GeckoHeuHOe MHOXKECTBO pelleHH
(Xns Yn), THE '

o

x,,=%+—"2i+(—l)"-%arcsin—%§-
H
y,,=———-|— (——l)"“o—— aresin —Q
IIpumep 6. Pewnts cucreMy ypaBHeHHIT
Siﬂx+siﬂy=l—+2‘/—3, (153.22)
cos xcosy = izl/'_S_

JleBrie yacTH ypaBHeHHiIt npeoGpa3yeM B NMpPOH3BEAEHHS; no.ny-
YHM HOBYIO CHCTEMY, 3KBHBAJIEHTHYIO JaHHOIi:

coxty  x—y 1+ V3
2sin g COS—5==—7—,
4y o X—y_1+V3
g COS ="

-

(153.23)

2cos
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+y

ﬂpezmonomm 4TO C€O0S ~—5—~2 cos——#O HOJE/HM [0YTeHHO nep-
BO® yPaBHEHHE CHCTeMbI (153 23) Ha propoe. IToayyum ypaBHeHue
| tgthi—1, . (153.24)
13 KOTOPOTO HAaXONHM ‘

Xy b =

—2—=nn +T. (]5320)
[oacrasum (153.25) B nepsoe ypashenne cucteMbl (153.23):

. r—y__ l-l- V3
: 2sm(nn+4)cos 5 —-

3a\xeT'mt gto sin (nn-+:/4) = (—1)"sin (7/4) = (—1)"}2/2. Hocne
5T0r0 Oyjes HMeTh :

x—y__ o 1, 1V c2 o
3 =(—1) EY - - (153.26)
‘Pews ypaBHeHue (153.26), nmoayunm
x—y . L+ V3 e
5 = 2k arccos (—I) —2_'—][—.2- (103.27)’

JIAsl OTBICKAHHA X H y HYXKHO Tenepb pellnth OeCKOHEUHOE MiOzke-
CTBO CliCTeM
( n
x.-{—y=2:m+7,
. , ~ 53.98
x—y=4kn 4 2arccos (—1)"—+—]_— ,
2Y 2

KOTOpble _NOMyYaloTcsl NpPH Pa3jHUYHBIX KoMOuHanusax n 0 k (n u k
He3aBHCHMO JAPYT OT Jpyra Moryt npiHuMmatb sHaueuuns 0, 4=1, 42,
+3, ...). Cunras n H k ¢uxcHpoBaHHLIMIU, pelluM cHcTeMy (153.28).
Caoxus asa ypasHenus cucremel (153.28), nmoayunm

_ 2 e Y3
2x = 2an +4kn + 5 4= 2 arccos (—1) V5

OTKYAa
‘ x=nrzf2kn+’% == arccos (—_—l)"‘—l—;"—]}f:;’— .
Brluntas propoe ypaBheHie U3 lepBoro, OyAeM HMeTh
2y = 2nn—dkn +% =F 2arccos (—1)” - j}}?
oTKYyZa , - ~
' y=an—2kn -x—% F arccos (—1)7 l+}}23 .
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Urax, cucrema (153.22) nMeeT GecuHC/eHHOE MHOXECTBO pelleHH}
.,(Ymk yn.k) rne

X k'_ﬂn"l"' an + -+ arccos (__1)" 1;—1/]-/-53 ,
S (158.29)
yn.k;ﬂll—Qkﬂ—*—% =F arccos (—1)" _].V— .

- X X—1
3ameyanue 6. ITpeanosoxuB, 4TO COS —+—ycos 5 Y20, Mu
He moTepsiau pewennit cucremst (153.22), u6o Te x u y, npu KoToO-

X X—
pHIX cos—+—y=0 HaN COS —21 =0, He ABJAIOTCHA PellEHIAMII CliC-

TeMH (153. 23), a CJIefloBATeNbHO, H PeIIEHHAMI 5KBHBaJICHTHOIT eii
cucremnl (153.22).

3
3amMeuvanune 7. Moxno noxasaTb, 4TO arccos +Vl2/ _’fz

Toc1e sToro dopmy.sl (153.29) MOXHO HecKo.BKO ynpocTnTs. Hanpu:
Mep, A8 YeTHHIX n (n=2m) GyneM HMETb

Xom, k—2nm+2kn;+ == 12,
y2m.k=2nm;2kn+T:F 1—2',

(153.30)

rie m=0, +1, &2, ... u k=0, &1, £2, ...

3ameuanune 8. B 3akmoueHHe yKaxeM HeKOTOpble 4yacTHbie
pewmennsi cucremst (153.22). Hono;mm Hanpumep, B (153 30) m=90
n k=0, noayunm

4 4 11 11
Yoo=7 +12~'3‘» yo-o=7—.r2=€
"
X =22 ..
*0=TT BT 6 -’/0-0 T +12— 3"
3ameganue 9. CxlcTema (153.22) sBnsieTcss 4YaCTHHIM CayyaeM

cHCTEMBL
sinx+4siny=a,
cosx--cosy=b.

PexomenpyeM 49HTaTeNIO CaMOCTOAITENBHO pEWNTh M NPOBECTH
HCCAeOBaHHE pa3/HuHBIX ciyyaeB chcreMbl (153.31).

(153.31)

Y¥npaxuenusn

Pewmnts ypasuenns:
1. 2sinx+2cosx=1- V3. 2. V3sinx-+tcosx= }f2 3.sinx-fcosx=

=—1. 4. V3sinx-}-cosx=1. (CpaBuHTb C OTBETOM, -KOTOPHi NQIyWILICA TpH
PELIEHRH STOrO Xe ypaBHeHus (ynpaxuenne 22 k § 2) cnocofoM, yKasaHHHM

B § 2 nactosmeR raankl.) 5. sin3x— V3 cos 3x=1. 6. sin5xsin 11x=sin7xsin9x.
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7. sin 6x sin 2x = sin 13x sin 9x. 8. cos6x cos 12x = cos 8xcos 10x. 9. cas7xcos =
- — cos 14xcos 10x. 10. sin 8xsin4x = cos x cos 3x. 11. sin [2x¢sin7x = cos 10x cos 5x.
12, sin 9x cos 4x = sin 15x cos 2x. . 13. sin 10x cos 5x = sin 8x cos 7x.
14. sin 11x cos 6x = sin 9x cos 4x. 15. sind x4-cos$ x="7/;. 16. sinix{-costx="1/s.
17. cos? 2x+} cos? 3x = cos? x| cos? 4x.
18. sin? 2 sin?3x - sin?4x -+ sin?9r=2. .
19. stn® x4 cos®x=0,25. 20. sin*x+-cos*x= 5 sin 2x.

21, tg xtg 20 tg3x=0. 22. tgx+-tg 2x—tg 3x=0.

1 —cos¥x

2, OS L
23. tg%x g )
Pelsntsb cJacIyioLie CHCTeMB YpaBHeliit:

f sinxtsinyg=1, - 25 sin x4sin y=-—3,,

24 xLy=a/2. 2 xty=m/2.

cos x--cos y=3/, Cos X €Os i ==,
26. x—y=00° 2. x-Ly=b.
08 sin? x —sin? y=0,75, 99 tgxctgy=3, -

’ x—y=060° ’ x-y=n/6.

. 3(; .'sinx.—%.—sin y=(V34-2)2, 31 { sinx-f-siny=1/,,
* | cosx--cosy=1/, ’ cosx--cos y= V3 /2.

§ 4. Peutenne TPHroHOMETPHUCCKHX HCPADEHCTD

154. Hpocreiiwne TpurowoxeTpHyeckite nepasencrsa. Hpn peue-
HHII TpHI'OHOMETpINQCKHX HEPaBEeHCTB Mbl 6}',’10.\( HCII0/1b30BaTh CBOIi-
CTBA MOHOTOHHOCTH 1 TpadiKH COOTBETCTBYIOW{HX TPUTOHOMETpH-
yecKnx ¢yHKUuil, a TaKxke TOT (PaKT, YTO OCHOBHOI nepnox GyHKumHil
sinx 1 cos x pased 27, a ocHO3Hoil mepnoy ¢yHxkuny tgx pasen m.

I. HepaBsencTBo Buza

sinx >a. (154.1)

Ecant a > 1, 10 HepagenctBo (154.1) He umeer petueHuii, a ecJu
a<—1, 1o HepaseHctBy (154.1) y1oB.aersopsier JyioGoe x. Ilostomy
HHTepec NPeACTaBJASIOT CAyyaH, Koria

0<ag!l waw —1 <a<0,

PaccMoTpHM OZHH H3 cayyaes.
1) Peuturs nepabenctso

§inx>a, re 0<a<gl,

Pewenne. Pacemorpunm orpesok [0, 2n] ocu Ox. Ha puc. 127
(ctp. 319) BHAHO, yTO HepaBEHCTBY SinX >4 YAOBJETBOPAIOT BCe X,
nexamue B orpeske [x, x,). Tak kak x,=arcsing u x;=n—
—arcsina, TO pelleHHe JaHHOrO HepaBeHCTBA Ha orpeske {0, 2z
uMeeT BIJ -

arcsina < ¥ L n—arcsina.
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YuuthiBasi, 4T0 (yHKUHA y=Sin X NepHORMYecKasi, C TNePHOLOM,
paBHbIM 27, MBI MOJyuaeM, 4To, SinXx_>a BO BceX OTpPe3Kax BHAA
[2an4-arcsing, (2n+1)n—arcsina), rae n=0, &1, £2, ...

~ II. HepaBeHCTBO BHAA ' , )
sinx<<a. (154.2)

Ecau a>>1, To HepasenctBy (154.2) ynoBnerBopsier J060€ X, a €CJIH
a < —1, 1o HepaseHctBO (154.2) He uMeer pewenuii. [losTomy muuTe-
pec npeAcCTaBJAAIOT clydyaH, KOrja

0<a<l mm ~1<<a<O.
PaccMOTpHM OffiH H3 CJyYaeB. ‘
2) PemuTb HepaBeHCTBO
sinx<<a, rae 0<a<l.

Pemwenne. PaccmorpuM orpesok [x,, x;] annuu 2m (puc. 127
Ha crp. 319). BupHo, yto AaHHOMY HepaBeHCTBY sinx<{a YyAOB-
JETBOPSIIOT BCe X, JexauHe B OTpeske [x,, x,]. 3amerum, uTo
x, =arcsina, a x, = —n—arcsina. CrexoBaTe/IbHO, Ha OTPe3Ke [X,, X,]
pellleHHe JaHHOTO HEePaBEHCTBA HMeeT BMJ

—n-—arcsina << x<C arcsina.

YuuThBas, 4ro QYHKUHS y=sinx nepHogHuyeckas, ¢ NMepHOAOM,
paBHEIM 27, MBl [OJy4aeM, 4TO Sinx<{a BO BCEX OTPe3Kax Bujaa
[@n—1)n—arcsina, 2nn +>arcsir'x al, rae n=0, &1, 2, ...

III. HepaBencrBo Buaa
cosx=a. - (1564.3)

Ecan a> 1, 1o HepaBencrBo (154.3) He mMeeT pelueHHii, a ecau
a<<—1, To HepaBencTBy (154.3) yxnosaerBopsetr JoGoe x. [Tostomy
HHTepeC NPEeACTaBJAIOT CayyaH, Korpa
0<a] wm —1<a<0.
PaccMOTpHM OfHH H3 cayuaesn,
3) Pewnts HepaBeHCTBO
- cosx=a, tne 0<a<l.

Pemenue. PaccMorpum orpesok {— =z, =] ocu Ox. Ha puc. 129
(cTp. 321) BHAHO, YTO HEpPABEHCTBY COSX >a YAOBJIETBOPAIOT BCE X,
JexKaiue B oTpeske [x,, x,]. Tak Kak x, = arccos a u x,=-— arccos a,
TO pelleHHe NAHHOTO HepaBeHCTBA Ha oOTpe3Ke [—mx, m] HmeeT BuA

~— arccos a << X < arccos d.

YuuthiBasi, 4To (QyHKUHA y=COSXx nNepHOAHYECKas, C NepHOROM,
paBHBEIM 27, MH NOJyYaeM, YTO COS X >>a BO BCEeX OTpe3Kax BHAA

2nni—arccos a<{ x < 2nn -} arccosa, rae n=0, +1, &2, ...
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"1V. HepaBeHcTBO BHXA . ,
cosx<<a. (154.4)

Ecan a1, 1o HepasencTBy (154.4) yaoBnetsopsier Jiofoe x, a ecau
a < —1, 1o HepaBeHcTBO (154.4) He umeer pewenuil. [Tostomy mure-
pec npeicTaBJsIOT CJyYaH, Korja

0<a<!l wmn —1<<a<0.

PaccyoTpuM oguH M3 Caydaes.
4) PewnTh HepaBeHCTBO

cosx<<a, rae 0<a< 1.

Pemwenne. Pacemorpum orpesoxk [0, 2n] ocu Ox. Ha puc. 129
(ctp. 321) BHaHO, YTO JNAHHOMY HepaBEHCTBY COS X<l a YJOBJETBO-
pAIOT Bce X, Jerkauue B OTpe3ke [X,, x;]. Tak Kak x,=arccosa
I x,=2n—arccosa, TO pelieHHe JAHHOro HepPaBeHCTBAa HA OTpe3Ke

[0, 2n] umeeT BHA :
arccos a << x < 2n— arccos a.

Yuurnas, yto GyHKUNst y=cCOSX NepHojlyeckasi, C MEPHOJOM,
paBHBIM 27T, MBI §10jyyaes, YTO cOSx=l g BO BCeX OTPC3Kax Bija
[2nn--arccosa, 2(n+1)n—arccosa], rae n=0, I, *2,
V. HepapetictBo Blija
tgx>a. (154.5)
Tak kar QyHKuusg y=tgx NpHHHUMAaET 3HAYEHHS B HHTEpBaje
(—o0, +o0), TO HepapencTo (154.5) umeer peweHue npu moGoM a.

PaccaoTpust npuMep.
5) Pewntb HepaBeHCTBO

tgx>=a, rge a>0.

Pewenue. PaccmorpuMm orpesok [—m/2, m/2] ocu Ox. Ha
puc. 131 (ctp. 323) BHAHO, 4TO JaHHOMY IlepaBeHCTBY ig@x_>a
yJ0B/1eTBOPAIOT BCE X, 3aKJIOYEHHble B Ipefesiax

' < x<m/2.
(Ilpu x=mn/2 ue cymectsyer tgx.) Tax Xak x,= arciga, 10 peue-
HHe HepaBeHcTBa (1564.5) na orpeske [—mn/2, m/2] umeer Buf
arciga << x < o/2.
YuutwiBas, 4To ¢QynKuna y-=tgx ncpuoauycckas, € NepPHOLOM,
paBHBIM T, Mbl noayvaem, uto tgx>>a Bcioay, rae
nnd-arctga<<x < nn+4n/2,
rae n=0, +1, +2, ...

VI. HepaBenctBOo BHJAA )

’ tgx<a. (154.6)
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Tak kak ¢yuxuus y=tgx NpHHUMAET 3HaYeHHA B HHTEpBaJe
(—o0, +00), To Hepapenctso (154.6) uMeer pewenne npu moboM a.
” PaccMOTpHM npHMep.
6) PewmTb HepaBeHCTBO

tgx<<a, rpe a>0.

Pewenue, Paccmorpum orpesok [—m/2, m/2] oct Ox. Ha
puc. 131 (ctp. 323) BHAHO, 4TO JaHHOMY HepaEeHCTBY (lgx<Ca
VJOB/IETBOPSAIOT BCE X, 3aKJIOUeHHHE B npejenax — /2 <x<x1.
Tak xak x,= arctga, 10 peienne HepareHctsa (154.6) Ha orpeaxe
[— /2, @/2] umeer Bup—m/2 < x<L arctga. ‘

Takum ofpasom, HepaBeHCTBO tgx<Ca ynonnemopxerca BO BC6X
IiTepBasax BiAa

(kt—~/,, kn+t-arcigal.

155. Hpumepu TPHTOHOMETPHYECKHX HEPABEHCTB, CBOAALIHXCA
K MpocTefnm.
[Tpumep 1. Pewmnrts HepaBeHCTBO

4sin*x— 85mx+3

Pemeune O6o3nauuB sinx l1epe3 t NpHAEM K CleayomeMy
KBafpaTHOMY HEpPaBeHCTBY:
44*—8t+3>

310 HepaBeHCTBo YIOBJIETBOPAETCSL NpH t<1/2 n =3/, Ilostomy

BCe pelleHHs NepBOHAYaJbHOTO HEepaBeHCTBA JO/KHH YNOBJETBO-

pATb GO HepaBeHCTBY sinx<{!/,, JuGO HepaBeHCTBY sinx>3/,.
HepasencTBo sinx <1/, uMeer ciaexyiwomee pelieHHe:

2nn—%n x< 2%,

rae n=0, 1, +2, ... HepaBencrBo xe sinx>=3/, pememm He
lMeeT.
CJleloBaTe/IbHO, pellieHHe NepBOHAYaNbHOr0 HepaBeHCTBA coBma-
" €T ¢ pelleHHeM HepaBeHCTBa sin x <1/,
IIpumep 2. Pewnte HepaBeHCTBO
2c0s*2x—cos 2x—1 <0,
Pewenne. OGoznauns cos2x uepes f, mpujieM K CjeAyloleMy
KBanpamowy HepaBeHcmy
—t—l <0.
OT0 HepaBeHCTBO HMeeT MecTo npu —!/, <t < 1. Bosppawmascs
K COS2x, NOJYYHM HepaBEeHCTBA

—1/, <cos2x < 1.
0603Hath 2x uepes 2z, NOJIyYHM HePABEHCTBA
—1/, <cosz <1.
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Ha orpeske [—=x, n] mocjennue HepaBeHCTBAa HMEIOT CJAEAYHOILHE
pellleHnA:

. ——%n<z<0 H 0<z<%n.

- Ha Bceli me uncniosoii npsamoit Oz 3TH HepaBEHCTBAa HMEIOT pEILEHHsA
an—%n LzL2nn H 2n<z2< 2__nn+% T,

Bo3ppamasce K HeH3BeCTHOH X, MOJYYHM

nn—% <x<L<nw u nn< x <_nn+%, rie n=0, &1, +2, .-

PexomenayeM untatesio NOCTPONTb Tpaduk y=cOSX 1 PelINTb
rpaguyeckH HepapeHcTBa —1/, < cos x < 1.
Ilpumep 3. Pewnts HepaBeHCTBO
Jtg x| >4/,
- -Pemenune, PaccmorpiiM - oTpesok
[—mn/2, n/2)ocu Ox. Ha puc. 140 Bug-
HO, YTO JAaHHOMY HepaBeHCTBY [tg x| >4/,
YAODJIETBOPSIIOT BCE X, 3aK.TIOYElNLIC B

npejenax
_:yf-g. —a2 < x<l—x, H X, <x<72
1= ({g x HecyuecTByeT NpHx=—n/2 Hx=
: ==11/2). Tak KaxK x, = arctg (*/,), T0. pete-

HHE JAaHHOTO HepaBeHCTBA Ha OTpe3kKe
’725 Z  [—mn/2, 7/2) umeeT BUA

Puc. 140. —q/2 < x <—arctg (*/s)

H
arctg (*/;) < x < 7/2,

YuutbiBasg, uto ¢QyHKuua y=|tgx| nepuoanueckas, ¢ nepHOAOM,
paBHBEIM , MBI noayuaes, 4rto [tg x| > ¢/, BClOAY, rae

nn—%<x<rm——arctg-§— H nn+arctg—§—<x<rm+%,
rae n=0, =1, +2, ... -

YnpaxHeHuns

PelnTs HepaseHcTBa: _ ’
1. sinx>1, 2, sinx<< V3 /2. 3. cosx>-—1,. 4. cos x < V§/2.

5. tgx> V'3/3. 6. tgx <, 7. 6costx—11 4>
8. 6sin?2¢5sin2x+1<0. 9. ]tgx3|<1/5. 10. Jtg 4x| > 1/, cosx+r >0



Yacte BTOpasn

TEOMETPHS.

I'nasaXII
OCHOBHBIE MOHSATHS

§ 1. Touka, npamasi, miaockocTb. Purypsi u Teaa

156. Touka. Ipsmasi. Jlyu. Otpesok. Hexoropwle mpocTeituiie
HNOHATHA TeOMETPHH, TaKHe, KaK mMmoyka, npasaa W 140CcKocib,
He MOryT ObiThb Onpeze/ieHH C MOMOLIbIO HHBIX, Go.iee MpPOCTHIX NOHA-
THil; OHH SIBJSIOTCA OTNPABHBEIM NMYHKTOM INpH H3JIOXKEeHHI reoMer-
pui.

Ha nammx weprexax Toukn oG03HAYAIOTCA MPOMICHBIMI, 2 NPS-
Mble —CTPOYHBIMH OYKBaMH JIATHHCKOTro ajagdapura.

KpoMe npsAMBIX paccMaTpHBAIOTCA TakKXKe Kpuesie JHHN (HanpH-.
Mep, OKpyxHocTb). JInHWA (npAmas wWaH KpHBas) COCTOHT - M3
GecunC/JeHHOr0 MHOxKecTBa TouyeK. IloHATHB Bbipaxkenisi: «touka A
JeXHT Ha JIHHHM @». WIH GIHHIA @ NPOXOANT yepe3 TOuKY Ay,

‘Tlpsaimasa o6aapaer clegytouuymu cBoiictBamiu. Yepes 1se pas-
JUYHBlE TOYKH NPOXOANT eAHHCTBeHHasi mpamas. Kak caexcrsie,
ABe npAMble MOTYT HMeThb He O0oJjee oaHoil ofuweilt Touku. [dpe
pasiuyHble npsAMble, HMeolHe OCULYI0 TOYKYy, nepeceKaiorcs B
Heit. [lockoabKy JBe€ TOYKH ONpefensioT NPAMYIO, MPOXOAAILYIO
yepes HHX, TO NPSMYIO TaKKe MOXKHO

ofo3Hauath Tak: npamas. AB, npa- 2 # U4 q
mas PQ. a
Touka, M Jexauas ‘Ha npf- Puc. 141,

Moft a (pnc. 141), pas6uBaer ee Ha

aBe wactd., Kaxpas H3 3THX yacTeft HasbIBaeTC noaynpasold
HIH ayqosm. Touka M CAy:KHT HayajiOM KaxkJOro H3 3THX Jydeil.
HBe Touku M u N pa3GuBaOT nMpsMyI0 Ha TPH yacTH: ABa ayua MP
H NQ u orpesok MN. ChopmyaupyeMm onpejeseHusl MOHATHI Jay4a
M oTpes3ka. Jlyios HasbIBAETCA 4aCTb NPSMOIL, orpaHHyeHHas O/1HOH
u3 ee Toyek. Ompe3xkos HA3LIBAETCA YaCTh NPAMOf, 3aKJIoueHHAA
Mexny AByms ee Touykamu. Bes jnokasaresnbcTBa mpHHHMaercst CBOfi-
CTBO: ecau Ha npamod OaHbL mpU pasauyHvle MOUKU, MO U3 HUX
00HQ U MOAbKO OOHQ JAexcum Mexoy 08yma apyeumu, m. e. npu-
HAOAeHKUM OMPe3KYy, 02PAHULEHHOMY UMU.
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157. Iaockoctb. Purypsl u Tesa. Jlerko mnpeactaButb cebe
NOBEPXHOCTb KaK rpaHHily Tejla: MJ0CKash NOBEePXHOCTb €TO.Ja, ce-
pHYecKas NOBEPXHOCTb MAYa, UNJAHHIPHYECKAs: MOBEPXHOCTH TPYOHL.
Ho Takoe npexacraBieHne HenmoaHo. Bo3bMeM TOHRVIO 3aMKHYTYIO
NPOBOJIOKY H3O0THYTOHl (GOPMBHL H  ONYCTHM €€ B MELIbHYIO MeRy.
Ecan MBI ee OCTOPOKHO H3BJeyeM H3 IEHH, TO YBHIHM, YTO Npo-
CBET B NPOBOJIOYHOM «KOJIbLIE» 3aTSAHYT
ToHuaiwell MEALHOI IeHkoii. [IpaBuJb-
HO NPeACTaB/ATh cebe MOBepXHOCTh HMeH-
HO KaKk TaKyw IMJeHKY (HO JIIUEHHYIO
BCAKOIl TOJIULHHE).

1 rgsynz. : BaxHefiwias u npocrefiuias noeepx-
Puc. 142. HOCTh— rea0ckocme. HanoMuauM ocHoBHEe
cBoiicTBa maockocTH. I1psinvas, ase Touku
KOTOpOIT JIexKaT B IIOCKOCTH, BCSI JIEXKNHT B 3TON NJIOCKOCTH (T. €. Bce ee
TOYKH JiexaT B NnJocKocTH). CieloBaTesbHO, €CJIi NPAMas He JeKNT
B IJOCKOCTH, TO OHAa MOKeT HMeTh C Heii He 6o.lee ojHoil obuieil
TOUKH (TOYKa nepecedeHna npsaMoil M naockoctn). Yepes Tpu
TOYKH, He JIeXallHe Ha ojHoil NpsAMOil, BCErja MOXKHO IIPOBECTH
IJIOCKOCTh (M MPHTOM TOJbKO ofaHy). Uepe3 mpsAMyio I TGUKY, He
JeXKaulylo Ha 3TOil NpAMOIil, MOMKHO NPOBECTH IIOCKOCTb, H NMPHTOM
epnHcTBeHHy0. Uepes ABe nepecekaioulnecss NpsiMBIC MOJKHO TIpo-
BeCTH IJIOCKOCTb, H TNpPHTOM eJHHCTBeHHyio. Ec.iu xBe naocKocth
HMeIOT oflYI0 TOUKY, TO OHH HMEOT H OOLLYI0 NpAMYI0, HApOXos-
Y10 yepe3 3Ty TOUKY (JHHHSA NepeceueHHs ABYX I10cKoCTeil), JmGo
COBNANAIOT LEIHKOM.

Ilpamas m, Jexamas B JOCKOCTH, pa30uBaer ee Ha JBe
yacTH—nodaynaockoct (puc. 142); Touku 3Toft npAMON U TOJBKO
OHM ABJAMOTCA ODUHMH TOYKaMi obenx noaynJjockoctefi. Ecoin A —
TOYKa OJHOIl MOJYNJOCKOCTH, a B—npyroil, To orpesok AB nepe-
ceKaeT TIpaHHIUy m NoJAynJjocKccrell B HekoTopoii Touke C, Jexa-
meit Mmexny A u B. '

TlaocKocTH 3ajalorcst TpeMsa ToukaMmi H 0003HaualoTcs 4acro
TaK: mjaockocts ABC uan PQR u T. 1. Huoraa GniBaer yaoGHee
o003HayaTh INJIOCKGCTL ORHOI OYKBOIT rpeyeckoro anadasuta (Mul
HCROJIb3yeM Crpounble OYKBH BTOpOii NOJOBHHH aiddaBnrta: A,
Bk, v,. -2
~ Tlon dueypod OGHYHO MOHHMAIOT HEKOTOpOe COUETaHHEe Onpeje-
JieHHbIM 00pasoM pacnojloKeHHBIX B ORHOH NJIOCKOCTH (2 HHOrAa
1 B NpOCTPaAHCTBE) 3/J€MEHTOB: TOYeK, NPAMLIX, Jyyefi, OTpe3koB
(uHoraa H mJockKocreii).

Tlopg meaos nonumaloT OOLIYHO YaCTh NPOCTPAHCTBA, OTpami-
HYEeHRYI0O KaKoii-Jin6o 3amknyToii nobepxHocthio. Tak, konyc—relo,
orpaHHyYeHHOe KOHHYECKOii NOBepXHOCTbIO ¢ GOKOB II IIOCKIM Kpyr-
JbM ocHoBaHHeM cHH3y. Ky6-—Teso, orpaHnyeHHOe LIECTbIO KBaj-
PaTHHMH TpaHaMH, H T. 1. . :
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Kypc reomerpuu TpaiHMLHOHHO TNoApasfeserci Ha nnaumwe‘r-
PHIO H CTEpPEOMETPHIO; B ITAHHMETPHH DACCMaTPUBAIOTCA CBOMICTBA
pasAHYHBIX Quryp (TPeyro/bHHKOB, MHOTOYTONBHIHKOB, OKDYX-
Hoc1'eu), JexalHx B OJHOIl IJIOCKOCTH. B crepeo“erpxm H3y4awTes
CBOIiCTBA NPOCTPAHCTBEHHHIX HHUIYp H Tel.

158. VYroa. Paccmorpum B miockoctd -aBa Jysa OA u OB
(puc. 143), ucxopsmux n3 oaxofi Touku 0. 3TH ABa Jyya pas6u-
BAIOT NJIOCKOCTh Ha JBe 00JacTH-—OJHA M3 HHX. 3aLITPHXOBaHA
Ha puc. 143, npyrad ocrasjieHa csersioil. Kakias H3 HHX Ha3wl-
Baercsi yriaoM co ctopoHamn OA u OB n sepunHoit O; Takum ofpa-
30M, Y210 Ha3bIBaeTCs YacTh IIJIOCKO-

A CTH, OrpaHHuYeHHad [BYMA Jy4aMH C
P oOLIHN HAYaJJoM.
" He wckmoyeno, uro ofa Jyua
0 JieKaT Ha oxHoil npamoil, npojosKas
S

1.7 '\ @_____A_
A 8 - . a 4 ' 8

g% _

Puc. 143. Puc. 144, Puc. 145.

aApyr apyra (puc. '144) wuan canBasch (puc. 145). B mepsox
c/lydyae Kaxiblif M3 yryoB, ofpasyeMblii 1MH, COBMajaeT C MOJy-
IJIOCKCCTBIO 1 TNOJIyYaeT Ha3BaHHe pasgepHymozo yeaa. Bo BTOpoM
cay4yae OAHH M3 YTJIOB KCue3aeT (CBOANTCHA K Jyuy) H Ha3bIBaercs
B CHJY 3TOTO HyAe6mM YTJOM, BTOPOil Ke HMeeT Ha3BaHHe MOAHO020
yrjia—oH 3aHHMaeT BCIO MJIOCKOCTh.

W3 nByx yraoB Ha puc. 143 oani (3amrpuxoBaumuii) cogep-
JKHTCA B pasBepHYTOM yrje, oGpa3oBaHHOM OXHOIl H3 CTOPOH
(nanpumep, OA) u ee mpojosxenuem OA’. :

B nanbueiimes, eciai He OrOBOPEHO NPOTHBHOE, IOX YIJOM
mexay ayyamu OA u OB, ofosnauennsin / AOB nan, kopoue, / O,
NOHHMAIOT TOT H3 YIJIOB, KOTODHIft COREPKHTCA. B Pa3BepHYTOM yIJe,
T. €. HanpHMep, 3aIITPHXOBAHHBIT yroJ Ha N
puc. 143. Jio6olf otpesox PQ, coenHHso-
LA TOYKH Ha CTOPOHAX YIVa, LEJHKOM
NPHHALJIEKHT 3TOMY YTJy.

Jlyu, ucxomswuii u3 Toukn M Ha rpa- 7
HHUe noJynaockoctu (prc. 146) u aexamuii P " :
B 5TOf MOMYNJIOCKOCTIL, pa3GHBaeT eé Ha 1Ba Puc. 146.
yrna: / PMN w /QMN. Takue pBa
‘yria HasweBaiotes cmexcromu. OHH MMEIOT obutyio CTOpOHY MN
ApYTHE K€ HX CTOPOHB! NMPOROJIKAIOT APYT Apyra.

PacemoTpuM aBe nepecekatoutyecs npamsie AB n CD (puc. 147)
Onn pasGHBAalOT MNJIOCKOCTb HA wetwpe obnactw: I, II, 111, IV,
Kaxnas  n3 stnx ofJjactefli HasblBaeTcs YTIJIOM, o6paaoeauﬂbw
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npamenu AB u CD. T'osops Tousee, yron I o6pasosan nyuamu OB
u OD, yron IlI—nyyamu OA u OD, yron I1]—nyuame 04 u OC
u yroa IV—nyyamu OC n OB. Ipu srom yrawl [ u 111 (wan 11
u 1V), croponsl ROTOpHIX NpOZOMNKAKT APYr APYyra, HA3HIBAKTCHA
éepmuKanvroimu  yearamu. ViHaue MOXKHO CKasaTh, 4YTO BepTuKajb-
HBE YIJILi—3TO YIJIHl, CMEXHBIE C OXHHM H TeM XK€ YIJIOM.

Ilon yraom AOB mexny aByms otpeskamu OA u OB c¢ o6umyM
HauajoM O nonuMaercss yroJ, oGpasoBanHblii aydyamu OA u OB

8 )

0% A
‘lylll [
0

a

b
Puc. 147. Pue. 148,

¢ oxHOl H TOIl e BeplUNHON, cogepxauliMi [aHHHE OTPe3KH
(puc. 148). Mel ofosmayaes yr.bl yKasauueMm nx cropod: /AOB,
LLMN w 1. g., W, ecaH HCKJIOYeHbl Heaopa3yMeHHsi, ORHOI
6yKBOil —HanMeHOBaHHeM BepwnHel yrvia: /0, /M u 1. 1., mam
cneunansHoil OykBoli (rpedeckoil CTpoOYHOI H3 MNepBOil TOJOBHHH
aagasura): a, §, ¥y, ..., I, HaKoHel, KypcuBHoil widpoit: 1, 2,. ..
159. Jlomanas Jauuusa. MuoroyroasHuk. PaccMOTpHM HeCKOJBKO
oTpe3koB, HanpuMmep AB, BC, CD, DE, EF, pacnosioxeHHHX Tak,
YTO HAayaJo KaKAOro MNMOCJERYIOUEro OTpe3Ka MOoMeliaeTcst B KOHLE
NpeabnyIEero (puc. 149, a);
¢urypa, ob6pa3oBaHHass TaKHMI 8 g

Pue. 149. Puc. 150.

OTpe3KaMH, HasbIBaCTCA 10MAHOL AUHUell, OTPE3KH JKe—ee 36eHbAMU
wm  cmoporasu. OOHMIO INOApa3yMeBaeTcsi, YTO JBa COCELHHX
" OTpe3Ka He JiexaT Ha ofHoil npamoil. Ecii nauaso nepsoro orpes-
Ka COBNnajaer C KONIOM IOC/JEAHEro, TO JiOMaHas HasHBaercq
samxrymoii (puc. 149,6).
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3aMKHyTas JloMaHas, COCTOAllast 13 f 3BeHbeB, Ha3bIBAeTCHA
n-yeoaprukos. Ha puc. 150 npusemenst npumepst Tpeyro/bHika,
YeThIpeXyroJbiiKa, NATHYTOJLHHKA H WeCcTHYrobHUKa.

IlponaHM CTOpPOHBI.MHOTOYTOMbANKA. MHOTOYTOILHUK Ha3blBaeTCsH
65INYKAbIM, €CJIH OH IUEJIHKOM pacnoJo:keH MO OAHY CTOPOHY OT
M06oft H3 MPAMBIX, HA KOTOPHIX JeXaT €ro CTOpPOHBHI.

Ha puc. 150 TpeyroJpHHK H NMATHYTOJbHHK BBIMYKJble, a YeTh-
pexyro/bHHK H IIeCTHYTONBHHK HeT. §ICHO, 4TO BCSIKHII TpPEyroJb-
HUK BHOYKJb. B Kypce reo-
MeTpuM Mbl Oyaem H3yuaTs  Tp, Tpe
TPeyrolbHHKH H HeKOoTophle ro Y o sy
BHAbI YETBIPEXYTOJbHHKOB H " iy
MIHOTOYTOJIbHHKOB; INpH 3TOM
BCIOAY B JaJjbHeflllleM, ecJai ,
He OTOBOpDEHO MpPOTHBHOE, M0J g f)
MHOTOYrOJIbHHKOM NOHHMAeTCs Pue. 151,
BLINYKJBII ~ MHOTOYTOJIbHHK,
Besaknit  MHOroyroJbHHK pas6usaer ﬂ.’IOCI\OCTb Ha #ABe o0JacTH:
BHEWIHIOIO H BHYTPEHHIOI; YacTo TMOJ ~ C/JAOBOM «MHOTOYTOJLHHKY
OPHXOAHTCA IOHIMAaTh TaKMe YacTh IVIOCKOCTH, Ol PaHHYEHHYIO
Aauioil 3aMKHyTOll JHHmHeH, BKmoyasg H 3Ty rpanuuy. Tak, Tpe-
YroabHHKOM MOXHO Ha3BaTh M IPOBOJOUHYIO ¢urypy (pHe. 151 a),
It naacTHHKY (puc. 151, 6).

Hesamkuytyio nomanyio ABCD M HasoBeM 6binyKa0tl, eCtu npit

. JOTIOJIHEHHH ee 10 MHoroyroJpHika ABCD npucoexiHeHHeM 3aMbl-

Kaowero 3sena DA nonyuaercsa BBIMYKJBIT MHOTOYroJbHHK, Kak,

L/ o

o o e e e O g =0 = D

4

a)
Pic. 152.

.
Hanpusmep, AnaA JoMmaHoil Ha puc. 152, a. 3ro onpegeneHHe HCKJIO-
uaeT W3 YHC/AA BHIIYKJBIX JIOMAHBIX «CMNHPAJbHYIO» JIOMAHYl0 Ha
puc. 152,6.

Oraenbuble oTpe3kH (3BeHbS), 00pasyollHe MHOTOYToJbHHK, Ha-
3BLIBAIOTCA €r0 CMopoHamu, KOHUBL 3THX OTPE3KOB—6epuitHamu MHO-
FOYTOJbHHKA. BHYymMpeHHUMU Yeaamu MHOTOYTOJbHHKA HA3BIBAOTCS
yrae, o6pasoBaHHEE IMapaMH e€ro CTOPOH, HCXORAAMIUMH H3 ofueil
BepwiMHbl. BRIMYKABIH  MHOTOYrOMIbHHK — LEJMKOM NPHHANJIEKHT
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KakAOMy H3 CBOHX BHYTPEHHHX YIVIOB, KaK NOKa3aHo A4 yraa A
Ha puc. 163. flcHo, uTO #71-yroJbHHK HMeeT 1 CTOPOH H CTOJIbKO XKe
BepWHH. YTJH, CMeKHBE ¢ BHYTPEHHHMI yrJaMuy MHOTOYTOJbHHKA,
HA3bIBAIOTCSI €TO BHEIUHUMU Yeaamu.
A Ha puc. 153 nokasankl BHeluHie

YIUIBL YeThipexyroJbHHKa.

160. PaBsenctBo giuryp. JIBuixe-
Hue. B 3toM nyHKTe MBI He orpa-
HH4YHBaeMcs IIOCKOCTbIO, @ paccMa-
¢ Tpueaem mnpocrpanctBo. OcHoOB-

Puc. 153. HBle TIOHATHA TEOMETPUH HMEelT
a6CcTpakTHEIY,  111eaTH3IPOBAHHELY
XapaKkTep: TOYKa He HMeeT HIKaKOil NpPOTSKEHHOCTH, JHHNS Jlie-
Ha TOJMUIMHBL H T. A. 3TO He MelwaeT HaM INOHHMATb, YTO MaTtepH-
aJblBIMH npoo0pasaMui aGCTPAaKTHLIX MNOHATHII TEeOMETPHH  MOTYT
ABJATLCA TaKie OCf3aemble Bellll, KaKk MajeHbKHil CcTagbHOil ma-
PHK, TOHKHIl CTepxelb, WIIHGOBAHHAsE IOBEPXHOCTb CTeKJa I
T. . 3711 npeiMeThl MaTepHajbHOIl NMPUPOILI NpeBpawaOTCcs B Iie-
aJH3ipOBaHHbIE MOHATHSA FEOMETPHH NyTeM OTBJeYeHHH OT ¢U3H-
YeCKHX H XHMIHYECKHX CBOﬁCTB; HO eCJH 3TH CBOIICTBA He HMeIoT
3HayeHHa A1 reoMeTpIiH, nsyqaxomeﬁ, XO0TA H B 86CTan{THOM Ma-
TeMaTHUECKOM BlHJe, NPOCTPaHCTBEHHbIE (I)OprI MaTepHaJiLHoro Mu-
pa, TO 0aHO U3 CBOIICTB (H3UYeCKNX TeI1—HX TBEPIOCTb, CHOCO6-
HOCTb COXPalATb CBON pasMepel i (opMy, HAXOIHT OTpaikeHue B
reoMeTpHl, B Iijiee IBIKEHHS.

Teeproe ¢usHueckoe TeJao MOKHO nepeMematb B NPOCTPAHCTBE,
npHyeM HH pasMepbl, HH (opMa Teja He MNpeTePHEBalOT HHKAKOro
113MeHeHHd. JTy cnoco6HOCTb Ted ABHTaTbCH, T. €. 3aHiUMAaThb B
NPOCTPAHCTBE PasJyHLIE MOJOKEeHHs, B3ATYI0 OTBJEYEHHO OT IIO-
HATHH, OTHOCAWMXCA K BPeMEHHOMY TeUeHHIO Npouecca ABHIKEHHs
(CKopocTb, yCKOpeHHe), J[ONYCKAIOT B OTHOINEHHH TeoMETPHYECKHX
¢uryp u tea. ITostomy Takue BuipaxeHus,
KaK «repeMecTHM OTpe3ok AB B moJoxe-
Hie A’B’s, «coBMecTHM Yo a ¢ yraoMm fi»
0 T. A., CJeiyeT NOHHMATb, NpeACTaB.IsAs
ceGe OTPe30K Kak TBEpAHI, XOTA H He HMe-
1ouniii TOJM[HHBEL, CTepkKeHb, YToa — Kak
TBepAblil CEKTOP NJIOCKOCTH I T. A.

PaccmorpuM nBa otpeska AB un CD
(puc. 154). Ilepemectiim orpesok AB rak,
ytoGnl ero Koseu A coBman ¢ Konuom C oTpeska CD u uTtobwl
06a oTpesKa oOKasajliCb Ha OJHOM /Jyye C HayaJoM B Touke C.
Orpesok AB saiimer nojoxenne A’B’, Ecuau npH 3ToM OH COBna-
zet ¢ orpeskom CD, To roBopsaT, uto otpeski AB u CD pasHul.
Mrak, paBeHCTBO OTpPE3KOB OnpeiesisieTCs BO3MOXKHOCTBIO HX COBMe-
wenys. OyeBHAHBI CMBICT HMEIOT NHOHATHA GOJbWEro H MeHb-

Pue. 154,
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mmero oTpeska. Tak e onpepeasieTcsi H NpOBePseTCS DPaBeHCTBO
ABYX- YIJI0B: 4TOGH BHIAICHHTb, paBHH au yraw / DNC n / BOA
(puc. 155), cosmectum ctopony ND yraa DNC co croponoii OB
yraa BOA Ttax, urofut ofa yria pacnoJarajuch B ORHOM noaymnioc-
KOCTH OTHOCHTEJBHO cBoeii ofileil cTopoHbl. Ecau npu stoM BTOpEHIe
CTOPOHH! YIJIOB COBMAAYT, TO YIVIBI cuyTaorcs paBHuMH. Ha puc. 155

4
e’
ok .
‘J’
&
A
& 2
Puc. 155. Puc. 156.

ADNC okasmiBaercad Mewpmie / BOA, Tak Kak NpH HaJoXeHIH
ero Ha / BOA cropona N’'C’ npoxoaur BHyTpH yraa BOA.

JlBe nyockHe ¢UTypH, HanpHMEP JBa TPeYTOJbHHKa (puC. 156)
CUHTAIOTCA PAaBHBIMH, €CIM MX MOXKHO COBMECTHTH TaK, 4TO OHHU
copnanyr. Ha puc. 156 noxkasau . B
pAR noJsoxeHnit Tpeyronsunka ABC
_B IIpolecce €ro ABHXKEHHS C LEJbIo
COBMELIEHHA . €  TPeyroJbHHKOM 4
A'B'C’. : ' g

JBa TpeyronbHuka Ha puc. 157 L ; 54
PACMOJIOKEHEl TaK, YTO OAMH U3 o
HHX Kak Gbl sBJIS€TCH OTpake- ~
HHEM Jpyroro B «3epxane» LM: A
sepunnn A, A’; B, B’; C, C’ '
PacnoyioxeHbl CHMMETPHYIHO OTHOCH- )44
TeapHo LM, T. e. Tak, uTOo nps- Puc. 157.°
mMag LM nepneHaukyJspHa K OT- B
peskam AA’, BB’, CC’ n penut Kaxawil u3 HuX nononaM. Tpe-
YTO/ILHHKHU ABC 1 A’B'C’ Take MOXHO COBMECTHTb; AJAS1 3TOTO
c/lelyeT MeperHyTh MJIOCKOCTh 1o JuHHH LM (Kax CKaapwiBaloT no-
noJaam. jguct Gymarn). IlpH sToM BepiHHBL TPeyroJbHHKOB NONapHoO
cOBMecTsITCs, TpeyroiibHiukn ABC n A’B’C’ —paBHble. 3aMeTiM, 4TO
HX HeJb3s COBMECTHTb, NOJBL3YACh JHIIL JABHXEHHeM JoGoro M3
HHX B CaMofl IVIOCKOCTH uepTexa (Hanonoﬁue T0r0, KaK 970 clena-
HO Ha puc. 156).

13 B. B. 3afiner u pp.
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161, PasencTBo Ten. B nmpHHIMOE PaBeHCTBO NPOCTPAHCTBEHHBIX
¢uryp i Tea onpejeasercs TaK ke, KaKk H PaBeHCTBO IJIOCKHX (i-
ryp, T. €. IOCPeACTBOM HMX COBMELIEHlif, HO 3Jech HMEOTCA ABe
ocobennoctu. Ileppas coctonT B TOM, uTO JAAsi COBMEIIEHHS IHPO-
CTPaHCTBeHHBIX GHTYp (Tes) NPHXOIHTCA HX HpeACTaBAAThL cebe
npoHuiaeMena, Tak, aBa coBepiIeHHO OJHHAKOBHX JePeBAHHBIX
Ky6uka Ha puc. 158 Henb3si coBmecTHTb GH3HUECKH, OHII HE MOTYT
‘«BoliTH» ApPyr B Apyra. JiBa reomerpuueckHX Ky0a Ml Gecnpensit-
CTBEHHO coBMetlaeM (pic. 159). Beap reomerpuyecKuii KyG—/Huib npo-
crpaHcTBenHas ¢opMa Ky6a, «MecTo», 3aHi-

Maenoe (i3iyeckiM KyGoM B TPOCTPaHCTEE. /

|

i

T | NS
i 2

f :
/O} > 7 T
Vilk |

.

7

Puc. 158, Puc. 19, Puc; 160.

Btopasi oco6eHHOCTb CBA3aHA C CHMMETPHUHBIM PACMOJI0KEHHEM
TeJd. JIBa CHMMETPHYHO PACNOJIOKEHHBIX TPeyroJbHHKa Ha puc. 157
‘MBI COBMeCTH/I, BHBEIA OIHH H3 HHX H3 IIJIOCKOCTH, B KOTOPOil
oH GbLT PACNO/IOKeH; ABE CHMMETPHYHO PACMOJI0KEHHbE OTHOCHTEIbHO
HEKOTOPOIl II;IOCKOCTH HPOCTPAHCTBEHHBIE (PHTYPEl COBMECTHTb- JBI-
JKEHIeM yiKe He yJaercd, NoJ00HO TOMY KaK He yIaeTcsi COBMECTHTb
JIeByl0 H npaBylo nepuatku. Tak, Ha puc. 160 uzobpaxkena ¢urypa,
o0pasoBaHHas TpPeMf B3AHMHO NEPHIEHIHKYJIAPHBIMH OTpe3KaMi,
umerommy gauHsl 1oes, 2 cm, 3 cu, u durypa, cusmserpuynas eit
OTHOCHTEJbHO IJIOCKOCTH («3epKa.la»). CienaB mojel TakHx Quryp
H3 NPOBOJIOKH, YHTaTe/b JIETKO YOEIWMTCH, YTO COBMECTHTb IIX He-
BO3MOXKHO, HECMOTPSI Ha TO YTO OHH, B CYIIHOCTH, «ORHHAKOBbIe».
HBe Takne ¢urypsl, Kotopsle MOTyT GHITb MOJAYUEHBl APYT H3 Apyra
3eDKA/ILHBIM OTPa)KeHleM, B TeoMeTpHH TaKiKe CYHTAIOT DPAaBHBIMH,
Jaxe ecJH HX H HeJb3fl COBMECTHTE.

§ 2. HamepenHe reoMeTpHYeCKHX BeJHYHH

162. Cnoxenne orpeskos. JlnuHa oTpeska. Beexensoe B m. 160
JABHKeHHe QHTYD ITI03BOJINJIO HaM CPABHHBATH Mexay coloil oTpes-
:KH WJIH YyIJbl, YCTAHOBHTh MEXKAY JAHHHMH OTpe3KaMH OTHOLIeHHs
=, <,> (paBeHCTBO HJH HepaBeHCTBO). MOXKHO TaKkKe BBECTH
JefiCTBHA CJOXKEHHS U BHLIYHTAHHUA OTPe3koB. TaK, MyCTh XaHH OT-
pesxu AB u CD. Ilpunoxum CD k AB Tak, ut066i CD  COCTABHA
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npojomxkenne AB (puc. 161). Toraa orpesok AD’ uaut nwo6oit or-

pe3oX, paBHHIl eMy, MBI HasoBeM cyssof oTpesxos AB u CD.
Paznocme OTpe3KOB omnpejensieTcsl 'aHAJOTHYHBIM O6pasoM: Ha

6osbleM OTpe3Ke OT OJHOTO H3 ero KOHLOB OTKJIaAniBaeM MeHBUIHIl

A__ 8 Y Y SR S
o7 -D' 3 ] . .
[ CEE—— 1 3 [l ] 1 3
3 /] A 8 'y D £ F
Puc. 161. i Puc. 162, ) Puc. 163,

OTPe30K, OCTaBUIHACA omeaok HasuBaeTcs pasrocmero. Ha pnc' 162
oTpe3oK B’D (man moGoii paBHHII eMy) GyAeT pa3HOCTBIO OTPE3KOB
CD u AB.
Jaf CcyMMBl B PasHOCTH NpHMeHsIOTcS OGHuHBle 0GO3HAueHHs:
AB+-CD=AD" (puc. 161), CD—AB=B’D (puc. 162),
H crnpaBeianBHl OORYHEE 3aKOHH CJOXEHHS H BBIYATAHHA:
AB - CD=CD+AB, AB 4 (CD— EF)=(AB-+CD)—EF;

eciy AB>CD, 10 AB4+EF>CD+EF u 1. 1

Orpe3ku MOXKHO YMHOKaTh Ha ILleJible NOJIOKHTE bHbIE uncaa. Taxk,
CF=AB+ AB+ AB=3AB (puc. 163). TeM cambiM onpenensercs
H JleleHHe OTpe3Ka Ha HaTypadbHoe YHCMAO: —3—F=AB—3m oTpe-
sok AB Takoit, uto 3AB—=CF. IlouatHo H o6o3HaueHHe THIA
AK =3CF Aro OTpe3oK, KOTOPHIl NOJydaeTcs, ecaH pPasfelnThb
CF na 'rpu PaBHHE YacTH H B3ATb /B H3 HHX.

Onpene.neﬂne TMIOHATHA JJHHB OTpEe3Ka COCTOHT B yKasaHHH npo-
necca €e n3Mepennsa; NpH 3TOM H3MEpeHHE JJIHHBL OTpe3Ka OCHOBaHO

L; V % . v " g -p [] 1 ’-’nnn.‘”
et [SXITIIITLT)
o € . g €

Puc. 164, 7 Prc. 165.

Ha BHIGOpe HEeKOTOpOfl eaHHNHUB JJHHH: KaKoH-inGo orpesok OF
(puc. 164) npunnmaercs 3a macmra6, T. €. 32 eHHHIY H3MepeHHsl..
Ero amuna o6baBaserca pasHolt epunnne. Ilycre AB—moGoit apy-
roit orpesok. OTKJagbiBaeM eJHHHYHH OTpe30K Ha AB CTONBKO
pa3 (MoxeT OHTb, H HYJb pasl), cKOJIBKO OH NOMeCTHTCI Ha AB
ueankoM. Ha puc. 164 macmrabuuii OTpe3’ok yJaoxuica B AB posHo
6 pa3. Ilostomy anmuny AB cunraeM paBHoft 6 equnnuam annust OF.
B ‘orpeske CD (puc. 165) MaciutaGHENT OTPe30K YKJaapuBaercs . 3
pasa, Ho He MOXKeT GHITb yJoxeH 4 pasa. Jlaa nsmepeHHa ocraTka

13* -
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MD OGepeM OTpe3oK, COCTaBJsIOWHIl POBHO OJHY JECATYIO 4acTb
MacwtabHoro orpeska (T. €. YKJAaABIBaIOMWHIICS B HEM POBHO JECATh
pa3 Ge3 ocratka). Dtoil AecsToil foseil enMHHLBI JJHHBL H3MepsieM
octratok MD; B Haweum cayuae MD cocraBui 7 RecsiThIX eRHHHUBL
IJHHBL H 006pa3oBajics eule HEKOTOPHIl OCTATOK, KOTOpHIl NpHAETCs
yiKe H3MepATh OAHOI CcoTofi JAoneil MacwiTabHOro otpe3ka. Takoit
npouece H3MepeHHs NpojoJKaercst GeCKOHEeYHO, ecsiH TOJMBKO Ha
HekotopoM 3tane poss 107% macwrabGHoro orpe3ka He YJOKHTCSL B
ouepejHOM OCTAaTKe POBHO Hejoe yicao pa3. Takum oGpasoM, mno-
JiyyaeTcs HeKOTOpast KoHeuHast HaH OecKoHeuHast JecsiTHYHas JpoCb,
T. e. AeflcTBHTE/bHOE 4YHCIO, KOTOpOe H MPHHHMANOT 3a JAuHYy om-
pe3xa npu BHOpaHHOM MaciutabHos oTpeske. Ha mpakTike, KoHeuHo,
JUIHHB! 3aJ]aI0TCS1 € H3BECTHOM CTeneHbi0 TOYHOCTH.

OGpaTHO, ec/IH H3BeCTHa AJiHa OTpe3Ka, Hampumep AB=3,47,
TO, HMes MacluTabHBIl OTpe30K, MOXHO NOCTPOHTh Il OTPe30K 3a-
JaHHO{l JJIHHBI: CHayaja OTKJajblBaeM Ha HeKOTOpoil mnpsaMoil a
MacwiTaGHHIl OTpe3oK 3 pasa, 3aTeM €ro JecATylo XoJI0 4 pasa H
T. A. B cayyae GeckoHeuHoil jecsTHYHOIl APOGH MBI MOMeM Ipo-
BecTH IIOCTpPOEHHe C Toil MJH HHOIl CTefieHbi0 TOYHOCTH.

[13 anre0Opb! HaM H3BeCTHO, 4TO Bee AefiCTBHTEJbHbIE YHCIA MOJ-
pasfe/siioTcsi Ha paunHoHasibHble (BbipaKaesmble KOHCYHBLIMH L
nepHoAHYECKHMH ApoOsIMH) H HppauHoHalJbHbe, Beipaxaemble Oec-
KOHe4gHbIMH HemepHoaudecKuMH jgpolGamu (m. 6). CooTBETCTBEHHO H
AJHHA OTpe3Ka, NpeACTaBHMas J[eCATHYHOH Apob6blo, MoxeT ObiTh
(npu maHHOIT efHHIe LIHHB) paLHOHaIBHON HJH HPPAUHOHAIBHOII.

OnpegeseHHpie B reoMeTpuuyeckoil (opme AeiliCTBUA CHAOXKEHHS,
BBIYHTAHHA, YMHOXEHHS Ha YHCJIO HAXOAATCS B MOJHOM COFJIacHH
C apH(MeTHYCCKHMH AefiCTBHSIMM Haj AJHHaMH oTpe3koB. Tak,

anuia (AB+4CD)=pnuna AB +4-pauua CD

1. T. a. CioBo «uIHHA» B TAKHX CJY4Yasnx B JajbHeiillleM onycKaercs.
HeiictBiie yMHOXKEHHSI HAa YHCJO PaCNpOCTPaHSETCs H HA HPpAIHO-
nagbuble Muoxkuteau. Tak, J'2 AB—s10 oTpe3oK, AMHHA KOTOPOro
B J/ 2 pa3 Gosblie jJuHH oTpeska AB.

Omerowenttess IBYX OTPE3KOB Mbl Ha30BeM OTHOIUEHHE HX AJItl.
Tak kak mno onpegenennio gauna OFE =1, To ulcaeHHo

anuua AB

HJIH, KOpoue A—B"
mauwa OF ’ p

' OF _
— JUIIHA OTPe3Ka PaBHA €ro OTHOIIEHHIO K EIHHHYHOMY OTpesKy.
Ecas Bmecto namHoii emumuubt piuasl OE BHIGpaTh HOBYIO

OE’=AOE, 10 unciesHo AuHa Jioboro otpessa AB Gyaer puipa-

AB _ 4B " H
KaTbCsA OTHOLUEHHEM OFE = %W0E°® T. €. H3MEHHTCA B A pas. Hanpumep,

‘ect OE=1 &, OE’ =0,010E=1 c#, 10 otpesok AB=50E =5
Gynet Tenepb pased S000E' =500 ca. D

IuHa AB =
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Omuowenue 0Osyx ompe3koe He 3asucum om evibopa rac-
wmaba.

163. O6wasn mepa AByX orpe3koB. B apu¢meruxe M3yuawrcs ABa -
Buaa jpoleil: jgecaTHuHble H OOHIKHOBeHHHE. W3/I0KEHHBIA Bhlule
MeToj H3MepeHHS IJIHHbl OTpe3Ka NPHBOAMJ K BLHIPaKEHHIO 3TOIl
AIMHBl B BHfe JecATHYHOH ApoGhi. Ilpu 3TOM He npeAcraBiasercs
CYIIeCTBEHHEIM, BBIPAXaeTCs JH JIHHA H3MepsieMOro OTpe3Ka pauHo-
HaJbHHM HJIH HppauHOHAJbHEIM wHcaoM. JIpyroii noaxon K H3mepe-
HHIO OTPE3KOB OCHOBAaH Ha MOHSTHU.OOmMEHl Mepsl ABYX OTpPe3KOB H
HCTOPHYECKH CBf3aH C OTKPHITHEM CYIECTBOBaHHS HPPAlHOHAJLHBIX
yuces. ITpn sToM moHATHe o6wieil MepH ABYX OTPE3KOB 2HAJOTHYHO
NOHATHIO H. 0. 1. JBYX YHCeJ, a caM HpOIecc OTHICKAHHS oOfLei
Mepbl ecTb anroput™ EBKauaa (W3noxeHHHT B m. 4 mpHMEHHTe/IbHO
K 3ajaue OTHICKAHHSA H, O. J1.).

Chopmynnpyem onpenesenne: obuedl smepol 08yx (MU HECKOAbKUX)
ompe3xos HasblBaeTCs HaMGOJBUIAA W3 TAKHX OTPE3KOB; KOTOpbie
YKJaJbIBAlOTC B KaXAOM M3 AAHHHIX IlleJoe 4HCJIO pas.

‘ HYCTI: Hampumep, AaHul Ba otpeska AB un CD. Ecan HaiigeTcs
TaKofl OTPe3oK, KOTOpHf yJjoxurcs m pas B AB u n pa3 B CD,
TO, NPUHAB €ro 3a MacliTaOHLI OTPE30K, MBl BHIPA3UM JJIHHLL AB
u CD ueapiMu- uucaamu m Hu n. Ilpn moGoM apyroM MacuitaGe
anuHel AB u CD GynyT HaxXxOmMThCS B OTHOIIEHHH m:n, T. €. OTHO-
mieHne MX GyAer pauuoHadbHBIM. OGpaTHO, €CclH OTHOLIGHHEe IJIHH
JBYX OTDE3KOB palHOHAJbHO, TO OHO NPEACTABHMO HECOKpPaTHMOMH

ApobbIo ﬁz% . Torma orpesok, cocrasasiowmnii (1/m)-10 nomo AB

(uau (1/n)10 nomo CD), Gymer obweit Mepoit AB u CD. Urak,
OTPE3KH HMeloT ofllyl0 Mepy TOrjaa M TOJAbKO TOrAa, KOTAa OTHO-
lIeHHEe HX pauHOHaJbHO. TaKne OTpe3KH Ha3bIBAIOTCH COU3MEPUMBIMU,
OTPe3KH e C HppauHOHAJBHBIM OTHOLUEHHEM IJHH— Hecou3ae-
pusoimu, -

Ilpouecc oThicKaHKs 06lieil MepE ABYX orpeaxoa NPOBOANTCA TaK:
MeHBIUHI H3 JABYX OTPe3KOB YKJajibBaeTci Ha GOJblUEM CTOJNLKO
pas, CKOJIbKO OH B HeM IIOMECTHTCS; eCJIH OCTaTKa He 06pa3oBaock, TO
MEHBLIHI OTPE30K caM CayKHT obeil Mepoil AaHHOIl mapH OTpesKoB.
Ecan umeercs ocratok KD, To, Koab cKopo .obwWias Mepa JaHHBIX
OTPe3KOB CyLIECTBYeT, OHA GyneT ofueil mepoil oTpeska AB u sroro
ocraTtka. [losToMy ocratok ykJaanviBaeM B AB Bo3aMoxHO Gosbluee
YHCJIO pa3, HOBHII OCTATOK—B NpeXHeM H T. A. EcJH mocse xoHey-
HOTO UHC/a WATOB MPeIBIAYLHl OCTAaTOK Pa3fe]NTCA Ha NOC/AenyIo-*

. mnii, To 3TOT mocsepHHil ocTaToxk M GyneT obwelt mepoit AB n CD.

Hpn mep. Halith ofuiyio Mepy fAaHHHX ABYX oTpeskoB AB u
CD (puc. 166).

Pemenune. Orpesok AB yaoxmwics B CD pBa pasa. Ocra-
Tok MD ynoxuica B AB poBHO naTh pa3. Takum o6pasoM, 3TOT
octatox copmepxurct B AB nare pas, a B CD—oannHaguate.
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Jlauubie 182 OTpe3Ka COH3MEDPHMBbI, HX oOulefi Mepofi CayKHUT OT-
pesok MD, a nauHbl oTHocsTes, Kak 5:11. '

B cayuae HeCOH3MEPHMBIX OTpPe3KOB -IpoLeCC OThICKaHus ofuleit
MepBl He MOXET NPHBECTH K pe3y/bTaTy H MNPOAoJaercsi 6ecKo-
HEYHO.

[lpuBeaeM mnpuMep mnapul OTPe3KOB, A KOTOPHIX aJrOPHTM
EBkanga npofomxaercss 6eckoHeyHo. PaccMmMoTpuM hs 31Ol e/
paBHOGEADEHHHIl  TpeyroJibHHK
ABC (puc. 167) ¢ ocTpbIM yIVIONM

) A 8
¢ _ M-D
Puc. 166. Puc. 167.

NpH OCHOBAHHI, PaBHBM 36°, JOKa:KeM HEeCOH3MEPHMOCTb €ro OCHO-
BaHHA 1 GokoBoii croporbt. Tymoit yrosa npH BepuinHe OyAcT pa-
pen 108°, Tak KaK CyMMa YIVIOB BCAKOro TpeyroimHika pasua 180°
(cat. m. 184). Ero ocuopanne AC Goabite GoKoBoii ctopomsl AB,
HO Menblile yjaBoeHHoil GoxoBoil croponb: AB < AC <2AB (modas
CTOpOHA TPeyro.IbHIKA MeHbille CyMMbl ABYX JAPYTHX ero CTOpoH,
1. 184). Iostomy cropona AB yaoxurtes na AC oauu pa3s i octanercs
ocratok MC. 3amerunm, yto yrast AMB u ABM pabuut ———1802— 3 72°,
11 notomy yroa AMBC conepxut 108 —72=36°. 3Hauut, B Tpeyro/b-
ke CMB yrasl npi BepmiHax B u C pasubl 36° it TpeyroibHHK
CMB paBHoGenpeHHbI, B TOYHOCTH C TEMH 2Ke YFJaMH, YTO I HCXOA-
ublif. B coorBercTBun ¢ mopsAxkoM AeiicTBHil NpH onpene/eHii oGuLeit
Mephl IBYX OTPe3KOB Ham cjepnyeT Tenepb oTpesok MC oTKJagbBaTh
na AB=BC: Beugy Toro, uro K Tpeyroibunky CMB npineHumMbl
Te JKe paccyxieHliss, 4YTo H K HcXxomHomy, MC yaoxutca Ha BC
OIHH pa3 H BHOBb 0Opa3yercsl OCTAaTOK; TaK KaK MBI BCe BpeMs
OyAeM NMPHXOAHTb K TPEYroJIbHIKAM C TeMH e YIJaMmi (MoJOGHbIM
) pannoMmy, cM. 1. 207), To mpollecc GymeT mpo-
J0/1:KaTbCsl 6eCKOHEeYHO.
JIpyruM 13BecTHHIM NPHMEPOM Naphl Heco-
H3MePHMBIX OTPEe3KOB CJYKHT AHAroHajb KBaj-
pata I ero CTOpoHa.
N Vi 164. CpaBHuTeJbHasl JJAHHA OTpPE3KOB M
Puc. 168. JoMauniX. [Tycth nambt mse ToukH M n N
(puc. 168). Otpesox M N npsamoit, coeguHsomeil
3TH TOYKH, ABJfAETCA KpaTyaijpM nyTeM, BeZywuMm n3 M B N.
Besikuit uHoit myTh, Hanpiumep npexctaBieHHHE Jomanoit MABN,
HMeet 3aBegoMo 60abiyio aauay: MA -+ AB4 BN > MN. Csoitcrso
npaMoii OuTh KpaTvafiwefi H3 JIHHH{I, COENHHAIOWHX ABE TOUKH, MH
npuHiMaeM 6e3 LOKa3aTesbCTBa.
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PaccmorpiM Temepb fABe passHYHBE JIOMaHBIE, COEJHHSIOLIe
Toukn M u N (puc. 169). Ilycrs Jgomanas MABN —Bhnykaas
B TOM CMEIC/Ie, YTO OHa2 BMecTe ¢ oTpe3koM NM o6pasyeT BHNYKJbL
muoroyroibHHK MABN. Ilycts, nanee, somanas MCDN (ne o6s-
3aTeJbHO BHINYKJasi) OXBATHIBAET YKa3aHHHI MHOTOYTOJAbHUK. JIoMa-,
Hyio MCDN Mpl HaseiBaeM NO 95TOil NpHUHHE obwesmaouwedl, JoMma-
Hy1o MABN —ob6vemaenoii. Torga cnpasepnnsa

Teopema. Ob6semarouan aomanas MCDN daunnee ecaxoil
goinyKaoti 00veMAeMOLL NOMAHOIL.

Hoxasareabcrtno. [lycrs, Hanpumep, npamas AB npit cBoeM
NPOAOJKEHHH NepeceKaeT OOBLEMIIOULYIO JOMaHylo B Toukax K u L.

A

8
ar

y'
o’ 2

Puc. 169. ) Puc. 170.

HmeeM pan HepaBeHCTB, BHIPAXKAIOMHX TO MOJOKEHHE, YTO NpPSIMO-
JnHefiHbl nyTh Kopoue jJoManuoro: MA<MK4-KA, BN <BL--LN,
KL=KA+AB4BL < KC-+CD-+DL. CknanblBags HX I0YJEHHO
(n. 74) 1 yunthBan, uto MK+ KC=MC, DL+ LN = DN, kaxogum:
MA+AB+BN < MC4CD+ DN, uro u tpeGoBajioch JI0Ka3aTh.

165. U3mepenue yraoB. Ml BHAeAH, KaK MOXHO CPaBHNTb IO
BeJIHYHHe JBa YIJa,’'H NO3HAKOMHJIHCh C NOHATHEM paBeHCTBA ABYX
yraoB. B u4acTHOCTH, JIETKO 3aMeTHTb, UYTO

1) BCe moaHble yriH pPaBHH MeXxay coloii;

2) Bce pa3BepHYTHe YIJBI paBHH Mexny coboii;

3) BCe HyJeBHle YIAHLI paBHbH MexAy coGoil.

Jlanee, Hap yrjaMH, Tak 2Ke KaK W HaJl OTpe3KaMH, MOIKHO
NPOH3BOANTE HEACTBHA CJOXKEeHHs, BHUNTAHHA, YMHOXEHHS HA YHCJIO.
Tak, uTo6b ci0XHTB ABa yraa (MeHbmmx pasBepHyToro) / BMA
n / DNC (puc. 170), cieayer NpHJIOXKHTb OAMH YroJi K ApPYyromy
TaK, yToGH BepuUIHHBLI HX COBMeCTHJHCh H cTopoHH NC u MB cos-
na/mi, a CaMH YrJbl PACMoOJIOXHJINCH MO pasHHle CToponn ot MB.
Toraa yron D’MA Gymer paccMaTpHBarhCs Kak CyMMa ABYX AAQHHBIX
yraoB. Ecan nmeercst Gosbliee YHCJIO cIaraeMbiX YrJoB (MEHbIIHX
pasBepHyTOro), TO He HCKJIOYeHO, uTO HX cyMMa Oyzer GoJblue
nosioro yraa (o6 yriax, GoJblUHX MOJHOrO, H 00 OTpPHIATEJbHBIX
yraax cM. mm. 93, 96).

JleficTBHe BLIYHTAHMSA YIVIOB TaKXKe HMEET OUEBHAHBIT CMEICJL.
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Ha puc. 171 mnokasaHo yMHOXeHHE yrJa Ha YHCJIO: Yroa o,
CJIOMKEHHBI ¢ paBHHMH eMy yraamu P u y, xaer yroa AOD, pas-
uuiit 3a: / AOD=3a. B cBoio ouepexb -yrol o MOXHO CYHTaThb

oaHoit Tpetbio yrna AOD: a=%— / AOD.

s Takux JpeficTBHil HAJ YIJaMH OCTAOTCS CHpPaBeAiBLIMIE
3aKOHBl apHMETHKH: €CJAH K pPaBHLIM VIJaM npHGaBHTh paBHble
YIJbl, TO MOJYYaTCsl paBHBIE YIVIBI; €CJI H3 PABHBIX YIJIOB Bbl4eCThb
pasHble YIVbl, TO OCTAaHYTCsl PaBHBIE YIVBL, Il T. . :

B wacthoctn, orciona BhiTeKaeT CBOIICTBO BepTHKAJbHBIX YIJIOB: '
sepmuraaohoie yeasl pasxel. JleficTBHTeNbHO, 00a OHH MOJYYAlOTCA

.

¥/
B
an)
4’ a 4
g 4
& fp-LeAmm , g
Puc. 171. : - Puc. 172,

H3 pa3BepHYTOTO yIJa BHYHTaHHEM ORHOTO H TOTO e YrJa, CMex-
HOro C Ka)IbM H3 HHX.

IBa yraa, cocrasasiowilie B CyMMe pa3BepHYTHIl yroJ, HasbiBa-
10TCA 00nOoAHUMEesbHbIMY., SICHO, YTO CMeXHble. YIVibl sIBAsoTCs 00-
NOAHUMEAbHUMUL,

Yros, paBHHI CMEXKHOMY C HHM, COCTaBJSieT TEM CaMBIM I10JIO-
BIHY DPa3sBepHyTOro yrsa. Takoil yros HasblBaeTCs npaMbiM YTJIOM
H obosnavaercs yepe3 d (puc. 172).

Bee npsiMble yrabl paBHEL Mexay cooii.

PassepHyrsiit yroJ paBeH ABYM NPAMEM, T. e. 2d, a nosaustii —
yeThipeM NpsAMbiM: 4d.

IiBe npsamsle, o6pasyiouine npsmMoil yroJ. Ha3LIBAIOTCS G3ALMHO
nepnenouKyAaproMy NPSIMBIMH; OYEBHAHO, YTO BCe YeThipe YrIJa,
0o0pa30BaHHHE TaKHMH IPAMBIMH,— IpsiMble YrJbt (L0ApoGHEe O nep-
NeHJUKyJAapHHX npaMux cM. n. 169).

[lpamas, nepneHIMKyJAsipHass K Jpyroit npsiMoii, JeJaut passep-
HYTBIfl yroJ Ha ABe paBHHe uacTH. B Gosee ofuwem ciayuyae, Koria
JaH Hekortopuiit yroa COA (puc. 173), npsamas LK, peasiuas ero
Ha JBe paBHble 4YaCTH, Ha3plBaercs Ouccekmpucod 3TOrO yraa.
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Buccektpuca LK peant Ha nBe paBHBle yacTH Takxke H yronx DOB -
(yraet COA u DOB— BepriKanbHbe). '

3anaua. Jlokasarb, 4To GHCCEKTPHCH CMEXHEIX YIVIOB B3aHMHO
MepneHAHKYASAPHbI., ‘

Pemenue. Pacemorpum asa cmexuuix yria / BOC u /COA
(puc. 173) 1 ux Guccekrpucst OM u OK. Hmeem

L KOM= /£ KOC+ £/ COM =+ £ AOC++ / COB=d,

T. €. YroJ Mexay OHCCEeKTPHCAMH NpsMOil, 4To H Tpe6OBajoOCh JO-
Ka3aTb. ’ ' .

Kak n nsMepenne orpe3koB H JoGHIX APYTHX BeJHYHH, H3Mepe-
HHE YIJOB JAO/NXHO HAa4YHHATHCA C BHIGOPA ENHHHLLI H3MepeHHs;

M ¢ - K

N 4

Pue. 173. Puc. 174.
HMEETC HECKOJIbKO NMPHHSTHIX CMOCO60B H3MEPEHHS YIJIOB, OCHOBaH--
HBEIX H4 TOM HJIH HHOM BHIOOpe eqHHHUB! H3Mepenns. Haubosee pacnpo-
CTpaHeH B KayecTBe €IHHHILI H3MepeHHsS YIVIOB yroJ B OJHH Tpaagyc,
COCTaB/JAUHNI OXHY JeBAHOCTYIO JOJI0 NpPSAMOrO yrJaa, OyAyuH
npuoxeH Kk cefe MOCJeNOBaTeNbHO JAEBAHOCTO pa3, OH of6pasyer
npaMoi yrol. B CHJIY HCTOPHYECKH CJIOMHBLINXCS OOGCTOSITENBCTB
NPHHATO MOAPA3AENATH TpPajyC Ha IIECTHAECAT MHHYT, ORHY MH-
HYTY—Ha LIECThIECAT CeKYHA, & YyXe CeKYHAy JAeJHTb Ha jecATHle,
coThie H T. A. JOJH, ‘

Tenepb Bech mpoliecc H3MEPEHHS YIia NMPOTEKAeT TaK. YKJIagwi-
BaeM' yroJ B OJMH Ipaayc B AAHHLIA yros HauGoJiplliee BO3MOXHOE
unc10 pas. B ocratke, ecaH TakoBOH HMeercsl, yKJIaIbIBaeM yroJ
B ONHY MHHYTY, HOBHI! OCTaTOK H3MepfeM YIJOM B OJHY CEKYHAY
# 7. A. Ecan, nanpumep, yron o oxasaica pasuemM 30 rpagycam,
.18 MmuryTam, 23,6 cekynzael, To mHmyT o =30°18'23",6. ,

SlcHo, 4TO reomeTpHyecKoe CJOMKEHHe M BHIUHTAHHE YIJIOB COOT-
BETCTBYET apH(METHYECKOMY CJIOXKEHHIO H BHIUHTAHHIO HX MEp.

166. Pannannas Mepa yraa. PaccMoTpnM okpysxuocThb (pic. 174)
¢ meHTpoM O H pasjiHuHble YIJbl C BEpIIHHON B umeHtpel).

1) B nn. 166, 167 npexanonaraercsi, uTO uHTaTenb MMeeT NpeJCTABICHHE
0 CBOMCTBAX OKPYXHOCTH H ee A1HHe (cM. nm. 176,-229).
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Taxue 'yIiibl (10 OTHOIIGHHIO K OKPYXKHOCTH) Ha3LIBAIOTCS YeH-
mpaibHbimy. PaBHHIM HEHTPAJIbHEIM yIJiaM OJHOI H TOR 2Ke OKpYK-
HOCTH OTBEY4IOT M paBHHe AyrH, H Haobopor. HeilcTBuTelbHO, NpH
BpallleHHH BOKPYr lleHTpa O OKPYXKHOCTb «CKOJb3HT» cama Imo cebe,
n xorjga, Hanpumep, yrael AOB u COD (puc. 174) coBmecTsites,
TO COBMecTATCA H JAYrH, Ha KOTOpLIe OMPAIOTCH yKa3aHHbE YIJIHL.
J10 MO3BOJIAET MepeHecTH TPajycHyI0 Mepy YIJIOB Ha AyriH H ompe-
JIeTHTb TMOHSITHE AYroBOIO TIpaiyca, AYroBOil MHHYTH H T. X., 4TO,
HanpuMep, IWIHPOKO NPHMeHAETCA B reorpadui NpH onpejeseHHH
reorpaduyecKHX KOODXHHAT TOYKH 3€MHOIl IOBEePXHOCTH (LIHPOTA
H J0JIroTa). :

B n. 229 nokasniBaercsl, 4To AJAHHA C OKPYKHOCTH NpOMNOpliHO-
Ha/lbHa ee PajMycy H BHIpaxaercs uyepes Hero no ¢opmyJae C=2nR,
rae m—BRNOJIHE onpejelieHHOe (HPPaUNOHAJbHOE) YHCJO, BEIUHCJIEH-
HOe JOBOJIbHO TOYHO elle B JAPEBHOCTH, a Tenepb H3BECTHOE ¢ He-
CKOJBKHMH THCAYaMH JECATHUHHIX 3HaKoB: ft=3,14159...

OTo 3HAYUT, YTO €CJIH H3MEPHTb PaiHyC OKPYMHOCTH TOHKIIM
IIHypOM, a 3aTeM HaKJaJuBaTh 5TOT IUHYP HAa OKPYXHOCTb, KakK
Ha o6oj KoJeca, TO MWIHYp YMeCTHTCA Ha OKpy:KHocTiH 06013
6,28318... pasa. Ta w5acTb OKpYKHOCTH, KOTOpas mMeeT HJHHY,
paBuyio paguycy, T. €. Ta, KOTOpas NMOKphLIBaeTcsl HAWIM IIHYPOM,
HaJOXKEHHBIM OAMH pas, Oyler ayroli, oTBeyamomeil BIOJHE ompene-
JeHHOMY LeHTpajbHOMY YFJy, He 3aBHCHLUlEMY OT pajgiyca OKpyi-
HOCTH. OJTOT YroJ NDHHHMAeTCsi 3a eIHHHUY H3MepeHus YI.J0B
B pajHaHHOil Mepe H HashiBaeTcsi YIJIOM B ORHH paduaH.

Takum ofpasoM, yrjoMm B OfHH pajHaH HasblBaeTcd yroJ,
COOTBETCTBYIOWHIT Jyre OKPYKHOCTH, MHMelomeil AJHHY, PaBHYIO

. paauycy. »
Taxk Kak BCS OKPYXHOCTb HMeeT AJuHY 2nR, TO NOJHHII yroa
-cofiepxuT 2n7=06,283... panuaHa, H OJMH Tpajyc cocTabJaseT

n/180=0,0174... pannana. Ha nomo opHoro papiana npuxompnrcsd,
B CBOIO ouepenb, 57°17°44",8... Mexny rpaiaycHoii H paaHaHHOM
Mepoii yrJoB HMeercsl NpsiMasi NPONOPUHOHAJILHOCTL, YTO NO3BOJfAET
JIerKo NpOH3BOAHTb NepexoX OT OfHoil Mepbl K apyroii. Tak, mycts
a® 1 a 0603HAYalOT COOTBETCTBEHHO IpajyCHYIO H PaHaHHYI0 Mepy
ojHoro m Toro e yria. Toraa a® H @ OyAyT OTHoCHTbCA, Kak rpa-
JAyCHas H- pajHaHHas Mepbl pasBepHYTOro yr.ja, T. €. Kak 180° u mu:

a’:a=180%m,

OTKYyAa

no; o 180°a ’ 4
Q=er, &=——. (166.1)

- Tpumep 1. Bulpasurb B rpanycax, MHHYTax H CeKYHAAax yroi
o ==2d/7. Bblpasutb TOT XKe yroj B_pajHaHax. :
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-Pemenne. Tak xak d=90°, To rpanycHoe BHpaxeHHe yria
COACPKHT : _

o -—-7--90 —-25—7—-25 —T--—-25 42—7-
360"

. =25°42' =

=25°42'51"4... '
Beuay Toro, uro d coorBercTByeT )2 papHam, ﬁaxomm‘

3,14159
7

a= % d= -’7‘- ~ =~ 0,4488 panuana.
ITpumep 2. Buipasuts .yron 14°,3 B paananax.
Peumenue. Hmeem no gopmyne nepexona (166.1)

o ={g—0 - 14,3 ~2 0,249 papuana,

'167. Hamepenne nnowaneii. JIMnHa oTpeska CyKHT Mepoil 3TOTO
OTpe3Ka N0 OTHOMIEHHIO K HEKOTOPOMY CTaHAapTHOMY MAaclUTaGHOMY
oTpe3ky. [lJMHA OTpe3sKa—Mepa €ro «JIHHefHOM» MPOTAKEHHOCTH.
Jns nyocknx GUTyp CXOAHBIM NOHATHEM ABJISICTCA NOHATHE IO,
naowjads Guryppi—ee Mepa IO OTHOIICHHIO K CTAHIAPTHOM Qurype
(KBajpary co CTOpPOHOH, PaBHOA e/HHHLE), MEpa ee ¢IJIOCKOf» Mpo-
TSDKEHHOCTH. KaK M B ciydae JIMHB oTpeska, onpedesesues TJo-

. magu GyneT clAyXHTb npoyecc ee usmepenus. OGBSCHHM cHauana
 HEeKOTODHle OTIHYHS B MNOAXOAe K

TOHSITHIO IUTOW AR GHIYPH, AeJaio-
mue 370 NOHATHE Gojee CJOKHBIM,
yeM NMOHATHE JTHHHL OTpPe3Ka.

Papencrso aqHH JABYX OTpes-
KOB O3HayaeT. paBeHCTBO CaMHX Puc. 175.
OTPe3KOB; paBeHCTBO TPajyCHHX H .
PajMaHHNX Mep OBYyX YIJOB- paBeHCTBO yriios. C HaMmepeHnmHeM
- maowageft Guryp nenao o6CTOHT cJOXKHEl B TOM CMHCJE, YTO HEpas-
HHle H HENOXOXHe APYr Ha apyra GUrypH MOTYT MMETb PaBHYIO
mJomanb, WaH, KaK roBopAT, OHTb passosesuxumu. Tak, Ha pHC,
175 kBajipaT M TpPeyroJIbHHK PaBHOBEJHKH (mpolne BCEro 3aMeTHTb,
YTO OHH COCTaBJeHH H3 XBYX Iap ORHHAKOBHIX TPEYroJIbHHKOB,
- KaK TOBOPAT, «paBHOCOCTaBJeHH»)., Bonee Toro, Kpyr Moxer HMeTb
HJIOLa/b, PABHYIO IJIOLIANH KBajApaTa, Tpanenus — nJouaab, paBHylo
NJOWaH NPAMOYrOJbHHKA, H T. II. .

3a enuHuny uHaMepeHHs miromaneft BHGHpaercsa KBaApar ¢ KaKoii-
60 3anaHHOM AMHHON CTOPOHBI; €CTeCTBeHHO 6paTh JJISl 3TOi LeaH
KBaJipaT co CTOPOHOIT, PaBHOM eIHHHIHOMY OTPe3Ky. Ecai mpH 3ToM
JUTHHEE H3MEpAIOTCA B CaHTHMETPAax, TO IJIOMANU H3MEpAIOTCH ILIo-
1anplo KBajipata co cropoHoil 1 ca (coorBercTByIOIIAs eAHHHIA
uaMepenuss HaspiBaerca 1 ca?), u T. 1.
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INpouecc m3MmepeHnsi nJomafl (¢ NPHHIHNHAJILHON TOYKH 3pe-
HHS) H3JIOKEH HHKe, IJIOIAH 2Ke pPa3jHYHBIX (UTYp paccMarpH-
BAlOTCS TaM, A€ H3YYaloTcsl 3TH (QHIYPHL. '

M3 naraspsoro npeicrableHHs O IVIOLLAAH BHITEKAIOT HEKOTOpHE -
cBoiicTBa mJjowaneil, NpHHHMaeMble Ge3 IOKa3are/bCTBa.

1. Pasnoe ¢uzyper umeiom pastoie naowadu. O6paTHoe He Bceraa
BepHO: paBHble MJOWAAH MOTYT NPHHAJJIEXKATb HEPABHLIM (Hrypam.

2. Ecau cueypa pasdesena kaxoid-aubo aunued Ha OJse Opy-
eue ¢ueyper (puc. 176), mo naowjade eceil pueypol pasHa cymme
naowaded gueyp, ee cocMasAIOUX.

Caepcreue. Ecau odna cuzypa cocmasasem uacmo Opyeod,
MO OHA UMeem MeHbWYI0 naowads, 4esm sma dpyeas (ueypa.

Bo MHOTHX cjy4dasix 3TH CBOiCTBa NO3BOJIOT JIETKO ONpeAesith
.naouwaan ¢Guryp, ycTaHaB/HBasi, YTO OHH PaBHOBEJIHKH KaKHM-JHOO
-npocTeiiuM (urypaM ¢ H3BecTHOil nJowanso (Hixke, B mi. 200—202,
Ha 3TOM IOCTPOEHO BLIYHMCJIEHMe ILIollazeli TPeyroJbHHKOB, YeThl-

S5
Puc. 176.

PEXYroJbHHKOB H  MHOTOYTOJIbHHKOB).
3nech MBl JauiM KpaTkoe onlicaHue o6-
mero [oJxoja K ompejieseHiio MJIOWai
Jdi060it GuUrypel 1 paccMOTPHM ILIOMIAJL
HPSIMOYTOIEHIKA.

Ilyete F (puc. 177)—xkakas-an6o
npol3BoabHas ¢urypa ¢ jdamuoii rpami-
leil (KoHTYpOM).

Pazofben MJIOCKOCTb 1Ha KBaapaTsl
CO CTOpOHOIl, paBHOIl ecaHHHLE, ABYMS

CHiCTeMaMH NepleHAHKYJIADHBIX NPSMHX (efnHHuYHas peuwerka). Ec-
Jil BHYTPH JaHHOI (HLypbl HOMECTSITCSI II0JIHOCTBIO p, TaKHX
KBaJparToB, TO ee IJOWaAb 3aBefoMO OyAeT > p, KB. el. 3aremM N1

6oJee TOYHOI

MH cRenaeM pasbuenne OGoJiee JAPOOHEIM,

a 1MeHHO, COXpaHAs H cTapble JHHUH pa3bueHiis, pasobeeM ¢QUTYPY
HPSIMBIMH, napannenbnmmi: paHee NpOBeJeHHBIM, Ha KBajAparhl CO
cTopoHuoii, pamiou 0HOiT JecATOll (N/101WaAb KaKA0ro i3 HUX paBua,
oyeBHAHO, OHOIl coToil KB. ex.). IloxcumraeMm cymmy RJowaneit
BCeX KBaJpaToB 3TOrO BTOPOTO pa3bueHHs, NOMECTHBIIHXCA BHYTPH
Hauweli GHIYpH,—OHa HE MeHblle CyYMMbl IJomaneil KBaipaTtob
nepporo pas6uenns. Heaas pasGuenne emie GoJjee APOOHBIM, MOJy-
M psag ¢uryp c neyébmalomen nJ0aAb0, 06pa3oBaHHLIX KBajapa-

TaMH €O CTOPCHAMH

s Yios Yo W T. O. UeMm mesbue pasGueie,

Ter GOJbLIYIO nnouxam, HMeeT COBOKYNHOCTb KBajpaTOB, YMECTHB-
wixess B ¢urype F. B 1o ke Bpemsi sTa nuaowmagb HUKOrAA He
npeB3oiifeT nJomagH Kakoro-n6o Kpaapara, coiepiKallero AaHHYIO
durypy, 7. €. 6yaeT orpaHHyeHHOIl BEeJAHYHHOII.

Hapectho (n. 84, Teopema Beiiepwrpacca), YTo Takasi MOHOTOH-
nHas (BospacTawollas) N0Cef0BaTebHOCTh CTPEMHTCA K OrpeneseH-
"HOMY npejeny. DTOT npefel H NpHHHMaeTcs 3a NJowanb QHIypBE
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‘MoxHO N0Ka3aTb?), 4TO BeJMYHHA YKA3aHHOTO Tpefesa He 3a-
BHCHT OT KOHKDeTHHIX NOApoGHOCTeit cnocob6a pa3GueHusi ¢urypsr,
TaKHX, KaK, Hanpumep, HanpaBneHue CTOPOH KBaJ[paToB, Ha KOTOpbIe
Mbl IIPOM3BENH pa3sbHeHHe.

D 4
117TT T T
JANSSSUNASERNENSENENEEEANEREA]
NANSERENE] BAANSEEAREEENEERRS]
A:llllllll LAItLIELLlY 11128422 8
W
0'—_5' 0'1nnn E
Puc. 177. : Puc. 178.

168. IMaomans npsamoyrodbHuka. O6beM NpSIMOYroJbHOro napan-
Jenenunefa. Kak npuMep BHUHCAEHHA NJIOIAAH GHUrypHl PaccMOT-
pPHM 3ajayy OTHICKaHHA IJIOWAAH NpAMOYyroJbHHKA. Bo3bMeMm nps-
MOYrOoJBHHK CO CTOPOHAaMH, PpaBHbIMH a u b exnHun (puc. 178).
Ilycts cropoHa a Bblpaxaercd JApo6bl0 @ = pPg,pyPy ++., CTOPOHA
b=gq,,q,9,... (B 4aCTHOCTH, OHH MOTYT HMeTb M JIJHHH, BBIpa-
XKaeMble HenabIMH uyHcaamu), Bynmem mponsBoanth pas6ueHHe npsamMo-
yroJibHHKAa NPAMBIMH, NapaJiiesbHBIMH ero CTOpoHaM, B3fiB B yuCJe
STHX NpPAMBIX NpPSAMBIE, HA KOTOPHIX JeXKaT CTOPOHBI NPAMOYIOJb-
Huka AB u CD. Torpa ua cropone AB=a yMectHTCs p, €IHHHIL,
Ha cropoHe BC=») yMecTHTCA ¢, eIMHHI; YHCJIO KBajpaTOB NMEepBOro
pa3bueHns (ueabiX eJHHHYHEBIX KBaJpaToB), NMOMECTHBLIHXCH B NpSi-
MOYroJbHHKe, OYAeT paBHO p.q,. Ha puc. 178 p,=3, q,=2, uncio
KBajgpaTtoB paBHO 6. [Ipnm pasOueHnn Ha HecAThble JOJAH €XHHHYHOTO
OoTpe3ka (HOCTaTOYHO MNPOH3BOAHTL pa3GHEHHEe OCTATKOB CTOPOH!)
B cropoHe AB ymectntcs 10p,+p,, ‘B cropone BC 10g,+-¢, nmecsi-
THIX eguHHUBI. Uncio KBagparoB Broporo pasGHeHHs (C IVIOMAALIO,
paBHoit 1/100 exunnus nnomanu) 6yzner pasuo (10p,+ p,) (10g,44,),
a mowanb GUrype, 3aHATOR MMH, BHIPA3sHTCA OXHOI COTOI 3TOro
uncaa:

1 .
.m(lopo‘*‘lh) (10‘73 +41) = Po,Py" 90,9

l) Bo BeaxoM criyuae, o Bcex HrYp, paccMaTpHBAaeMEIX B- KyPCe dMeMeHTap-
HOIT reoMeTpuH.



398 - =% . . Xill, OCHOBHHE MOHATHS : [168

Iponos:kas npouecc, MH BCce BpeMst NOJyHaeM AJS IJIOWIaAH
NpsMOYroJbHIKa NpHGHKEHHOe 3HAayeHHe IO HejocTaTKy?!).

Szpo’px- coPs qody « G5

ITpn HeorpaHnyeHHOM NpPOROJKEHHH npouecca ApoGb Po,py...Ps. .. .
BhIpaxaeT AJHHY CTOPOHBI a, APOOb y,q;...Gs «..—UJHHY CTO-
POHE b, H NJIOIAJb OKOHYATE/bHO BHPAKaeTCs Kak NpoH3Bejlenie
CTOpPOH:

S=lm pg,p;...ps 4o,y - . §s=0b"

S=—>®
(MBI omupaencs 3iech 1la TEOpeMy O TOM, YTO Tipejeil NMpoH3BeAeHNs
paBeH NpoOH3BeJeHHIO npeaenaos; H. 85).
B yacthocrn, mJomaab KBazpaTta paBHa
KBaapary ero CTopoHbi: S=a?.

Ilpouecc BHuMCAEHHA o06beMma Tesaa
He OTJIIYACTCsl CYIICCTBCHIIO OT H3/0-
JKeHHOro. 3a efHHHLY H3MepeHHA 00b-
eMOoB npHHHMaeTca o0beM Kyba ¢ pe6-
POM, paBHEIM eauHuue . AanHL;  Jiedee
Tel0, 06beM KOTOPOro HajaJexuT Halith,
pa3buBaoT Tpems psiiaMil nepneniuky-
JAPHEIX Mexay cofoii nJockocTeli ma
KyGn ¢ peGpoM, pPaBHBIM eIHHILE, 3a-
TeM Ha KyOel ¢ peGpoM B OZHY JeCHATYIO
€lHHHUY, B OAHY COTYIO X T. 1.

Puc. 179. OGpeM  mpsAMOYroJbHOro mnapasle-

Jenunena c peGpamu a, b, ¢ okasbiBaer-

¢ paBHLIM NPOH3BEJEHHIO AJHH €ro Tpex B3aHMHO NepHeHAHKYJsap-
HBIX pebep (H3MepeHHii):

V = ébc.

Ha puc. 179 sto nokasaHo Ha npumMepe napaJienenuneia ¢ pe6-
pawmi, AJHHA KOTOPHIX BBIPAXKAeTCS LEJBIM YICJIOM eAHHULL:

a=2, b=4, ¢c=2,

Ha cucremariiueckoM pasBHTHH CXeMaTHYeCKH 13JI0XKEHHOTO 3JeCh
MeTO0/la OCHOBAHO BHIUMCJeHHE IIJIowazeil 11 06bEMOB B Kypce Bhlciiell
MaTeMaTHKH (HiTerpajbHoe HCUnCJ/eHHe). B sjnemenTapHom Kypce
FEOMETPHH, TJe paccMaTPUBAIOTCS JHIIL HEKOTOpLIC NpocTeiiliiie
durypel M TeJsia, AJs PeWweHHA STHX 32724 NPHMEHSIOTCA pasiiHble
YacTHEIE IPHEMbI.

1) Ilpu ctoponax NPAMOYTOAbHHKA, BHPAKACMHX KOHEYHBIMH JECATHYHHMH
JpoGsiMH, 3HayeHle, HAUHHASA C HEKOTOPOro S, GYACT TOYHLIM.
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YnpaxueHus

1. Bosemute gsa orpeska AB m CD. lloasaysce unpxy:xe\r, noctpoifite Ha
kaxoft-nu6yap npsamoit orpeskH, pasusie 2AB+CD u 5AB—2C

2. TIpn otwickanun ofmefi Meps oTpeskos AB u CD nepauu W3 HHX YAOKHIICSA
Bo BTOpoM 2 pasa, OcrtaTok ynoxunca B AB 4 pasa. . c
HoBuit octaTox B nmpexneM yaoxuicesd 5 pas, u, D
HaxoHell, TOCTeJHH{T OCTAaTOK B mpegwigymem—3 pa-
3a, Kak ornocaTcs AmuHnl orpeskoB AB u CD?

3. ITposeauTe 32HOBO paccy:KAeHHs, HeOGXOIUMbIE
A1SOKA3aTEBCTBA - TEODEMH O XIHHE oGbeMieMoft
H ofpemiomelt JJoMaHoll, mo puc. 180.

4, Passocts ABYX CMEXHEIX YIVIOB paBHa daire .
UeMmy paBeH Xamawit H3 HHX? 4 £

5, Kakoil yroa COCTaBASIOT 4acoBas H MHHYTHas Prc. 180.
crpeakn B 15 wac. 20 mun.?

6. 3a cxoapKO BpeMeHH 3eMHOfl IUap IOBOPayHBAETCA BOKPYT CBOEl oCH Ha
OJHY NyroByl0 MYHyTY?

7. Buipazuts yraw 30°, 75°, 1°20” B paguaunoii Mepe.

8. Iaa yraos B 1,86 paauana, 3,07 paguana mamicath BHIDaXeHHs B rpajyc-
HOIT Mepe.

9. CropoHBl MIPAMOYTOMBLHHKA HMEIOT HPpAlNOHAIbHBE XIHHEL MoxeT am ero
IVIOMa/b BHPAXaTbCA PaulioHaMbHEIM uHCIOM? IlpnBelnre mpissep.




Taasa XIV

NEPNEHAUKYJISAAPHBIE H HAPAJ]J]EJlBHblE MPSIMBIE.
3AJAYH HA NOCTPOEHHE

§ 1. IlepnenaMky.isapHble H NapajselbHble NpsMble

169. llepnenauxkyasp u HakaoHHble, PaccmoTpuM npsamyio AB u
touky M, He Jexautyro Ha Heii (puc. 181).

Teopena. Yepea mouxky M ModCHO nposectniie npamyIo, nepne-
Ouryaapuyio K OanHoU, U NPUMOM MOAbKO O0HY.

371ech CaenyeT passiHyaTh ABa OTAEJBHBIX yTBep:KieHHdA: 1) nep-
neHAHKyAsp (xXoTa Obl oxmul) cymectByer; 2) cyluecTByer He Gojee
OAHOro nepneujuky.Isapa.

JokasarteabctBo. 1. CyuwecTBoBaHHe NnepneHIn-
Kyaspa. Ilepernem puc. 181 mo npamoit AB Tak, uro0ul Toyka

oM M coMecTiiiack ¢ TouKkoit AM’, Je:xameit

no cpaBHeHHio ¢ M no Apyryio cTOpoHy oT

npamoii  AB. PacnosoxeHHble Tak TOYKI

M 1 M’ Ha3bLIBAIOTCS CUMMEMPUHHBIMUL
My omnocumeasto npasod AB. Coepnnnm M
Y 8 u cummerpuyHy0 ¢ Heit Touky M’. Or-
pesok MM’ mnepeceuer AB B HekoTOpoOIl
Touke M,. Ilokaxen, uyto mnpsimas AB
ur nepneHjiKyJaspHa K MM' ’. IeiicTBHTEIBHO,
Puc. 18, yeast MMB u BM M’ cvexusie 1 upu

HAJNOXKEHIH «BepXHeii» NOJYIUIOCKOCTH Ha
«HIDKHIOIO» IyTeM crufanus no npsiMoil COBMAAyT MO HOCTPOEHIl0
H, 3HAYNHT, PaBHE], T. €. KAXKAHIl 3 HHX NPsAMOIl.

2. ExnscrBednnocTs. Teneps nokaxeM eXUHCTBEHHOCTh Nep-
neHaukyJaspa. JIByx nepneHaHkyasipoB K AB u3 Toukn M mposecTi
neab3s. JeficrBitesabHo, nepnewgukyasp MM, k AB npu cruGe
nJaockocTH no AB coBMeCTHTCS1 €O CBONM MpoJOJKeHHeM BBHAY pa-
BeICTBA CMEXKHHX YrJA0B; ecyi Ol uepe3 M npoXoamio ABa TaklxX
nepneHAlKyaspa, 10 oun oba mpowau Ou yepes M’; no Toukn M
H M’ MoryT GbITb coefnHeHb! TOJbKO ofHoil npamoii. Hrak, npamas
MM’ —ennHCTBeHHBI NepneHAuKyJisip, KOTOPHIi MOXHO OMYCTHTb
u3 M na npamyio AB. Touka M, na3sbiBaeTcs OcHosawuess nepnes-
duryaapa.
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Yepes Touky, JeKalulyl0d Ha TNpPAMON, TaKXKe MOXKHO NpOBECTH
JHIIL ONMH NepHeHAHKYASApP K npsamoil. Jlis ero mocrpoeHus Aocta-
TOYHO NPWIOXKHTb K JaHHOM NpPsIMOfi OJHY CTOPOHY MpPSMOTO Yria,
TOTJa BTOpasi €T0 CTOpPOHA JaeT HCKOMbll nepneHAHKyJsp. Takum
o6pa3oM, J0Ka3aHO, UTO 4epe3 OQHHYI0 MOUKY NAOCKOCMU MOXNCHO
nposecmy 00UM U MOAbKO OOUH nepneHOuKyssp K OawHoil npamoi
(rOBOPAT: <«OMyCTHTh MeEPNEHAMKYJAP», €CAH TOYKA He JIeXKHT Ha
NpsAMOR, H «BOCCTaBHTb NEPNEHAHKYJ/AP», €CIH TOYKa npnuamemn‘
npsaMoil),

Iyers AB—npmwaﬂ M,—ocHoBaHHe NepHeHIuKyJsapa, Omy-
WEHHOrO Ha Hee H3 TOYKH M (puc. 182); Bosbmem Ha AB npoH3-
BOJBHYIO TOuky C, oTanyHylo ot M,, H coeaMHHM c Toukoit M.

M A
.
/
s
M, \¢ i M \e\2
2 8 Al &
M’ . M’
Puc. 182. Puc. 183, -

IMoayuennas npamas oﬁpasye’r ¢ AB yrawl, OTIHYHBIE OT NIPSMOTO,
H HasblBaeTcs HaxkAorHoi. YUepes Touky M MoxxHO npoBecTH Gecumc-
JEHHOEe MHOXECTBO HaKJIOHHHIX K AB; B Gosee y3KOM CMHCJIE Ha-
KJIOHHOIT Ha3biBaeTcst oTpe3ok MC; C HasbIBaeTCs OCHOBAHUEM HAKAOH-
Holi, a OTPE30K MeXAY OCHOBAHHSMH NepNeHJHKYJSpa H HAKJOHHOH,
NIPOBEJEHHBIX H3 OAHOH TOYKH M K npsamoit AB,— npoexyueil Ha- .
" KAOHHOU.

OTMeTHM HEKOTOpHE CBOHCTBA HaKJOHHBIX.

1. Ecau u3 Oamuoii mouxu M K odnod u moti me .npamoi AB

npogedenvl nepneNOUKYAAp U HAKAOHHAA, MO HAKAOHHAA OAUHHee
nepnenduxyaapa.
* JdokasaTteabcTBo. Ilepernem piuc. 182 no npamoit AB;
Toraa touka M 3aiimer noJoxkenne M’, cHMMeTpHYHOE HCXOJHOMY,
HakJoHHas MC nepefiter B mnonoxkenne M'C. Tenepp Jomanas
MCM' =2MC pnuHHee mnpsiMoJiHHefiHoro ortpeska MM’ = 2MM0,
otkyaa MC > MM,, uto u TpeGoBasoch JOKasaThb.

2. H3 0syx HaxioxHbIX, nposederHblx U3 00HOU mouky, 60aswe ma,
Komopas umeem Goabuiyio npoexyuro, T. €. OCHOBaHHe KOTOpoil Aaliblue
OTCTOHT OT OCHOBAHHS IepneHIHKYJspa.

HokasateabcTBo. Ilyetb MC u MD—pjBe Hak/IOHHBE
(puc. 183). Ileperu6as puc. 183 no npamofi AB, BuaumM, 4TO AJHHA

_obbemmomell Jomanoii MDM’ Goanire AAuHEL oOGbenM/eMOil Bblpyxnoﬁ
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JomaHoit MCM’, t.e. 2MD >2MC, wan MD > MC. Ecan
HAaKJOHHEIE PacHoJIOKeHH 0 pasHble CTOPOHH OT HepPHeHAHKYAspa
MM, (puc. 183), To MH NpPHASM K TOMY e pe3yJbTaTy, Nepersys
cHayasa puc. 183 mo JuHHH 3TOro mepneHAHKyJspa.

3. Ecau Odse pasauunvie HAKAOHHBe, nposedennvie K npamoii AB
u3 o0noti u moil axe mouku M, paeHst, mo UX OCHOBAHUS AeHANM 1O
Pa3Able CIMOPOKbL O OCHOBARUA nepnenQuryaapa, onyuennozo Ha AB
u3 mod e MouKu, HA DPABHBIX PACCMOAHUAX OM Heeo.

JdoxasaTteascrtBo. [o npegpsinyieMy npu soGoM HHOM pac-
MOJIOKEHHH OfHa H3 HAKJOHHLIX (JIMEHHO Ta, OCHOBaHHE KOTOPOil

M yaaneso GoJblie) 6Lina 6w IJIHHHee BTOPOIl.
: Orciona caenyer, yto M A =M B.

N 4. Tlyctb ZBe paBHBIE HaKJIOHHBIE NpoOBe-

JeHbl H3 Touki M K AB. IlpoBeas. npsaMylo

uepes M 1 cepefiHy OTPe3Ka MeXAy OCHOBa-

a ", ~F HHSIMH HAKJOHHHIX, MOJNYYHM MEpPNeHAHKY-
aap K npamoit AB.

Yy 170. CpoiicTBO mepneHAKyafipa, npone-

Puc. 184, AEHHOTO K OTpe3Ky B ero cepeanue, Paceyor-

piM oTpesok AB 1 nepneHAuKYJs1p, BOCCTaB-
Jenublil K uemy B ero cepeaune Al (puc. 184). Toraa (n. 169)
HakJoHHble, NpoBejenHble B Kouubl A 1 B orpe3ka H3 NPOH3BO.Ib-
noii toukit N nepnenaukyaspa M,M, 6yayT paBHH MexQy coOoil.
Ecan, obpaTtho, N —HeKoTopast TOYKa IIOCKOCTH TaKasi, YTO OTPe3KH
NA u NB paBubl MexAy coGoit: NA=NB, To Touka ‘N aewut na
nepreHKyaspe MM x npamoii -AB. Ileucrsmenbﬂo TorAa (m. 169,
cpoiicTo 4) npsiMas, nposedennas u3 N B cepexuny AB, nmepneu-
LukyJasapHa k AB, t.e. N aexur va MM.

Takum oGpa3soM, paBeHCTBO HakJOHHBIX NA =NB 1umeer mecro
75 ToyeK mepneniukyaspa M M u toapko jans Hiux. Hokasana

Teopema. [Ilepnenduryarap, nposedennsiii & ompesky 6 ezo .
cepedure, ABAACMICS 2e0MEMPUHECKUM MECMOM MOYeK ), pasHoomcmo-
AWUX OMm KOHYOS Ompeska.

Takxe MOXKHO CKa3aTh, YTO MNePHEHAMKYJAp, TNPoOBeleHHbll K
OTPE3Ky B €ro cepeiiune, sBJfeTcs OCbl0 CHMMeTpHH oTpeska. Heii-
CTBHTEJIBHO, crubas uyeprex N0 MHepNeNMKYAAPY, Mbl COBMECTIM
noJayorpesok AM, ¢ BM,.

171. Hapa.vme.ubnue napsmble. Jlpe mnpsMeie, Jexampe B O1HOM
TIJIOCKOCTH, Ha3blBAIOTCS NAPAAACNbHbIAL, €CTIH OHH He IepeceKaloTcs.
Ecan nmeercs Touka M 1 ne mpoxofsuasi yepe3 Hee mnpsimas AB
(puc. 185), To uepe3 _TOUKy M Bcerja MOXKHO IpPOBECTH MHpSAMYIO,
napanageapnyio aaunoit. Jlas storo omyctum u3 Al neprneHgHgyJasap
MM, ua npamyio AB, a 3aTeM BOCCTABHM YiKe K 3TOMY NeprieHil-

Kyaspy MM, nepneﬂmmy.nap MC; noaydyeHHasi mpsiMad He ‘nepes’

1) Io noBozy sToro nomatusa cM. m. 174,
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ceyeT JAHHOM, TaK KakK ecqd OH AB u MC nepecekannch, TO .yepes
TOUKY HX MepeceucHHs npoxoaund Ob- ase npamue AB n MC,
nepnesaukyaspusie X MM, yro (. 169) HeBo3MoOXHO. YKazauHoe
NOCTPOEHHE JOKA3LIBaeT CYyLlecTBOBaHHE Ina- M ’
panienbHHX NPAMbBIX. —

B kayecTBe onHO#l M3 NpPeANOCHUIOK, NpH-
HHMaeMblX 0e3 JOKa3aTeJbCTBa (AKCHOM HJH N
NOCTy/1aTOB), NPHHHMAETCA CJeayomasn: A #,

Yepes npoussosvHyo mouKy nAOCKOCMU, He
AeHauyyio Ha OAHHOL NPAMOL, MOXCHO nposecmu Prc. 185.
AULb 00HY NPAMYO, NAPANIEAbHYO OaHHOL.

CnencrBue. Ecau 0Ose npambvle 6 naoCKoCmu napannenbHbt
mpemoeii, MO OHU NAPAANEAbHOL MENOY COBOL.

Hokasareabcrtso. Eciau Gbl 5TH npamele nepecekanHch, TO
uepes TOYKY HX IIEDecEYeHHs NPOXOZHAH OH ABe npsMble, napai-
JeJbHbIE JaHHOH (Tperbeil) npsmoit. [TapananenbHocTh npAMHX 060-
3nayaercs Tak: AB|| CD.

BepHo Takxe cienyiouiee npepoxKeHne:

ITpanasn, nepnenOuKkyiapHas K OOHOU U3 NAPAAICAbHBIX NPAMOLIX,
nepneHOuKyAapHa u K apyeou (uru x Opyaun),

HoxasaTteanctBo. Eciu MN | AB u N—Touka. nepece-
yenuas M,N ¢ CD (CD|| AB, puc. 186), To npsmas, npoBepeHHas

M |
|
N ] X,
[ N D 14 : ”= Le——p
K 1 L
1
) A 1 B
a A B mlo o\
© ]
n P
Pue. 186. Pnuc. 187.

uepe3 N nepnenaukyaspio k M,N, Gymer napaanenssa AB. Ho
yepes N mnpoxoaumT JHmb opHa mpsMasa CD, napannensnaa AB;
oTcIofia clefyer nepneHAUKyaspHoctb M N u CD.

" . PaccMotpum 1aBe mnapannensepe mpsmbie (puc. 186) n nepnen-
aukyaap M N k HuM. YGenumcs, 4TO 3TOT NeprieHAHKYAsp ABJseTcs
OChIO cnmferpmx AN QUrypHI, oﬁpasoBaHHou STHMH' NPAMBIMIL
(«rtoJiocH»).

JleficTBHTENLHO, €c/IM TeperHeM pHC. 186 no MyN, 10 B ciay
paBeHCTBA NPAMHX YrJoB Mexay. coboit ayu M, A COBMecTHTCSA
c ayusom MyB u ayy NC—c ayuom ND. .

Hanee, nycts M\N, n M,N,—npa nepneHmukyaspa K napai-
JIEIbHEIM AB n CD (puc. 187) Toma M,N,=M,N,, 1. e. naunss
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BCEX OTPE3KOB, NEPNeHAUKYJAPHBIX K Nape NapaJijiebHBIX MPSMBIX
H 3aKJIOYEHHHX MEXAY HHMH, paBHBl Mexay coGofi (mapaJJefbHble
NpsAMble PaBHOOTCTOAT APYr OT APYyra Ha BCceM CBOeM NPOTSIHKEHHH),
- JIns pokasaTtenabcTBa BO3bMeM cepeguny otpeska M,M,—Touky
M 1 npoBeseM uepes Hee nepneHaukyasp MN kK pjaHHBIM napaJ-
JenbHbiM npaMbiM. Cru6as puc. 187 no suunn MN, y6epumcs, 4ro
M,N, u M,N, copnanyr, T.e. M\N,=M,N,.

Paccmorpum ewe npamyio KL, npoBegennyio napaijiesibHO ABYM
JAHHBIM NapaJJeibHbiM OpaMbIM (prc. 187) uepe3 cepeminy oTpe3ka
MN, nepnenpuxyiasipuoro k HuM. IlpenocraBum unTaTeNO NOKA3aTh,
yto, crubas puc. 187 no KL, mbl coBmectim AB u CD.

172, ¥Yran, obpasoBanHble ABYMSI MapajjeJbHLIMH TPAMBIMH H
cexymefi. PaccMorpiM napy mnapaajenphblx npambix AB u CD u
KaKylo-iu6o npsMylo m, He mapajieibHyio M (puc. 188). Ilpsimas

m n

. /III
A 21 g K , 4 a
. 37 B4
¢ 14 i .
2/ i
¢ </ ¥ 7 aém —

Piuc. 188. Puc. 189.

m o0pasyer ¢ Kaxzaofl U3 HapaaneibHbIX NPsAMBIX 4 yraa, oGo3ua-
yenHsle Ha pucyuke 1, 2, 8, 4 n I', 2, 8, 4'. Ilpu arom napam
YKa3aHHbX YIJOB JAOTCA CJCAYIOLiHe HaHMEHOBAHNS,

Yrool 1w I’, 202,38 u8,4u 4 uasnBaitcs coomeemcm-
gernoimu, 1 1 3', 2 0 4" —euympennumu Haxpecmn aexcaugumu; 3 u
'y, 4 u 2" —erewnumu Hakpecm aexcaujumu, Yrast [ u 4, 2 u 8
Ha3bIBAIOTCH GHYMpPeHHumu odHocmopornumu; 4 u 1', 8 u 2’ —enew-
HuMmi 00HOCMOPOHKUMY. Mexay 3THMH napaMH yrJoB HMEIOTCA cJe-
AYIOlLe COOTHOLLEHIS:

1. Coomsemcmeennoe yeaor pasuor: 1=1', 2=2" u 1. J.

2. Brympenrue Haxpecm aexcauue yeaer paguel: 1=3', 2=4.

3. Brewnue Hakpecn aexcaujue yeavt pastor: 3=1', 4=2".

4. Odnocmoponnue (sHympenxue WM GHEWHUE) yeabl 6 CyMMe
cocmasagiom 0sa npamoix: 14+4"=2d, 4+1'=2d n 1. 1.

M3 ykasaHHbIX COOTHOLIEHHII JOCTATOYHO j0Ka3aTh Kakoe-J1bo
010, TAK KaK OCTaJbHblC BbITeKaloT M3 Hero. Tak, HamplMmep, ecC/H.
I=1[", 10 nerko Buuerb, uro 4=4'. [eiictputennuo, u3 [ +4=24,
I' -4 =2d umeem 4=4". ) :

OcranoBHMCA Ha J0Ka3aTelbCTBE OLHOTO JIHLIb COOTHOLIEHHS
1=3" (paBeHCTBO BHYTPEHHHX HAKPeCT JEKAWMHX YIJOB).
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BosbnmeM cepeauny C orpe3ka AB cekymeilt m (puc. 189) u npo-
'BElEM uepe3 Hee MEPMEHAHKYJAp n K HAlIHM IapasJespHbM (MBI
3HaeM, 4TO NepPNeHZHKYJ AP K JoGoit U3 HHUX OyIeT W NepneHaHKy-
asipom K apyroii). Uepes Ty xe cepenuny C orpeska AB nposejeM.
NpAMYIO €, NapaJleNbHYIO TaHHBIM NIPSIMBIM a H b (U, 3HAUHT, TaKxe
neprieHAMKyaapHYIo K n). ITepernem puc. 189 no mepnenauxynspy n..
Torna HakjaoHHaa CB 3safiMer nosnoxeuue CB’, npuuem 1=3",
TaK Kak npsamas b, Oyiyyd NepneHAHKYyJSPHOH K JIHHHH CrHGa,
COBMECTHTCSI CO CBOHM mNpojo/xkeHHeM. EcaM e MH Tenepp BHOBb
NeperHeM yYepTex NO JHHHM ¢, TO TpeyroJsHHK CLB’' Bech coBMme-
cTTcs ¢ TpeyroabHukoM CKA. JlefictButenbno, CL noiiger mo CK
B CHJy NEpPNeHAHKYJIAPHOCTH ¢ U n,CB’
noiiner no CA B BHAY paBeHCTBa yIJIOB
BCL n ACK, touxu B’ A coBMmecTsiTes |
Bc/leicTBHE paBeHcTBa oTpe3koB CB' n
CA u npsiMas b coBnagaer c npsMoi a,
TaK Kak o6e NMepneHgHKYJAPHBI K n; Ta-
KHM obpasom, yron CB’L coBMectutcs ¢
yraoMm CAK u pasenctBa [ =3"u 3"=38'
NOKaXyT HaM, uto [ =5,

JIio6oe u3 yKa3aHHBIX PaBEHCTB MeXAY
yriamu, OGpa30BaHHBIMI CceKyIleil npH Puc. 190.

IBYX NPSMBIX, B CBOIO Ouepelb [I0BIeYeT 3a

co6ofi napaJnensHocTb npaAMuIX. IlycTh, Hanpumep, NpH nepecedeHun
IBYX NpAMBIX @ H b (Ha puc. 190 onn ycaoBHO 1306paxeHHl KaK Hena-
panJiesibHble) TpeTheil mpaMoit m yram I ® I1° NOJYYHJHCh pPaBHEHIE,

IlpoBenem uepe3 Toyky M nepeceuenusi HpsIMBIX 71 H @ NPAMYIO
a’, napaanenpuylo b. Oga jnosxua Takxe o6pa3oBarb ¢ m yroJ,
paBHBIH I, W NOTOMY COBNajer c g, T. e. NpsAMast @ napajjienabHa b.

OctanbHble cayqaH peKoMeHpyeTcsl pasoOparth 4HTaTeso.

173. ¥Yrapt ¢ napaateJbHbBIMH WIH TEPNEHAHKYJASPHLIMH CTOPO-
" HamMu. Jlist yrJoB ¢ COOTBETCTBEHHO 'MapaJ/iesibHBEIMH CTOPOHAMH
CIPABEJJIHBLL CJICAYIOHE NPENJIOKEHHS:

1. Ecau cmoponel a u b 00HO20 yeaa coomeemcmeeHHo napaiesotot
cmoponam o' u b’ 0Opyeoeo yera u 0OUHAKOBO C HUMU HANPOBAEHDL,
mo yeavt pasgHoL. ,

2. Ecau npu mom gge ycaosuu napasseibHoOCmu Cmopoust @ u b
HANPAsBAEHb! NPOMUBONOONCHO cmopoHaxr a’ u b', mo yeaer maxoce
pasHbt.

3. Ecau, naroney, cmoponst a u a' naparsesvher u 0duHaxogo
Hanpasienvt, a cmopoHst b u b’ napaasessusr U npPOMUBONOAONCHO
Hanpasaeret, mo yaavt donoansrom Opye dpyea 0o passepHymozo.

HokxasateanbcTBo. JloKkaxeM mepBoe H3 5THX INpPEATOKEHHI,
Iycrb croponst a 1 @', b u b’ yraos I u 1’ napanienpssl H OfH-
HakoBO HanpasJjienhl (puc. 191). CoexHHHM BepIUHHbE YIJIOB NPAMON
00'. Tlpu sToM BO3MOXKHH xABa cayyas: npsMas 0O’ npoxoguT

&
\\
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BryTpH yraoB I u 1’ (puc. 191, a) 1M BHe 3THX yrios (puc. 191, 6).
B o6oux ciayyasx ROKasaTeslbCTBO OYEBHAHO: TaK, B MEPBOM clyuae

I=/Lac+fcb, I'=Lact Lob,

Ho Lac=a'c u L cb= /cb’, otkyna noayyaem I=1'. Bo BTO-
poM cayuae HMeeM

1= /ac—Lbc, I'=La'c— /b,

I pe3yabTaT BHOBb BHITGKaeT H3 pasencts Jac=/a'cu Lbc=/b'c.

Pic. 191.

Hoxa3zarenbcTBa mpeqstoxeHHit 2 1 3 ocTaBiIsieM 4HTaTeIIO.

MoKHO CKa3aTb, YTO €CJIH CTOPOHBI YIJIOB COOTBETCTBEHHO NapaJ-
JieIbHE, TO YIVIB J100 paBHHl, JHGO Jal0T B CyMMe pa3BepHYTHI.
OueBHjHO, OHH paBHbI, ecii o6a 01-
HOBDEMEHHO OCTphle HJaH 00a Tymble,
H cyMMa HX paBHa 2d, ecjH OfZMH H3
HHX OCTpHIl, a ApYroil Tynoii.

Vet ¢ coomsemcmeeHHO nepnex-
OUKYAIPHOLMU  CIMOPOHAMU  PABHLL UL
donoansarom Opye Opyea 00 passepHy-
moao yeaq.

HoxasareanrcTBO. [lycth
. &— HekoTophlil yroa (puc. 192), a
O’ —BepiwnHa yrJaa, oGpa30BaHHOrO npaMbIME m’. u n’, cooTser-
CTBEHHO MNEPHNEeHAHKYJAPHBLIMH K m H n (yrJaoM m'n’ MOxer GbiTh
J1060il H3 yeTbIpex YIVIOB, 0GPa3sOBaHHBIX JABYMS STHMH HPSAMBIMH). |
ITosepuenm yron m’n’ (T.e. ofe ero cTopoHsl) BOKPYT cBoeil Bepiiibl O’
Ha npaMoil yroJ; noayuum yroJ, paBHblT eMy, HO TaKOi, CTOPOHEI
KOTOPOro MePNEeHINKYIAPHE K CTOporaM /m’ I n'; CTOPOHBI nopep-
HyTOro yrJa oGo3HaueHsl Ha pHc. 192 uepes m" u n”. OHH mapaJt-
NeJLHE NPAMBIM 71 U f1, 06pa3yIomuM JaHHbIH yro o. T1o3ToMy yriibl
mn u m'n" (a 3HauuT, # yrasl mn u m'n’) Au6o pasHel, auGo 06-
pasyioT B cyMmMe DasBepHYTHIl yroJ.
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- § 2, I'eomeTpHueckue MecTa ToueK. OKPYXHOCTb

174. TeomeTpHueckoe MecTo Touek. B m. 170 mbl yxe ymnorpe6-
JISJ11 BHIPAaXKEHHE «TeOMETpHYecKoe MecTo ToyeK». Hanomumm, wyro
NOJ CJOBAaMH «TedMETpHUeCKOe MeCTO TOYEK» IOHHMAeTcs BCSKoe
MHOXKeCTBO (COBOKYMHOCTb, COGpaHue) ToueK, 06aafalouiiXx KakHM-To
CBOHCTBOM, OOIIMM A/ HHX, HO HENPHCYIIHM OCTa/JbHEIM TOYKaM,
He NpHHaJJeXKauluM JaHHOMY coGpaHuio. Tak, Bce TOYKH, PaBHO-
yAaleHHHe OT JBYX JMaHHHX ToueK A u B, pacnosaraioresi Ha
nepneHAMKyJspe, BOCCTABJEHHOM B cepejiHe oTpe3ka AB; nmosromy
MBI TOBOPHM, YTO STOT NEPNEHAMKYJAD CIYXKHT 200MEMPUHECKUM
Mecmot Mmodex, PAaBHOYAAJIECHHBIX OT JABYX JAHHHIX TOYeK. ITpuBenem
ele OfHH NMpHMEp, NOACHAIOULNIT NOHATHE
TeOMEeTPHYECKOTO MeCra TOuYeK.

Pacemorpum mpamyio AB. Haiizem
reoMeTpuyeckoe MeCTO - TOYeK, Haxons-
IHXCA OT STOH NMpAMOl Ha pPacCTOHHM,
paBHOM jaHHOMY oTpe3ky d (puc. 193).

SIcHO, KaK MOJMy4YHTh TaKHe TOUKH:
B J0Goit Touke AaHHo#l mpsaMoit AB Boc- Puc. 193,

CTaBHM K Hefl MNepneHAHKyJsAp H OTJo-

JXHM Ha HeM B OGOHX HanpaB/IeHHfIX OTPe3KH, paBHble d. Tlposenen
uepe3 KOHIIHI 3THX OTPEe3KOB NpAMblE, NMapaJfieiabHble AaHHoll. MHo-
JKECTBO TOYEK, JEeXaUIHX HAa ITHX ABYX NMPAMHX, n OyleT HCKOMEIM
TeOMEeTPHYECKHM MECTOM TOueK.

I/ITax, 2eoMempuyeckoe Mecmo Mouex, yoarenHuvix om OGHHOU nps-

Mol Ha paccmosnue d, npeOcmasisem coboii napy npamelx, napai-
‘ AeAbHBIX OaHHOL u omcmoauwiux om

H , VI Hee Ha paccmosHue d.
g 1Y 175. CeoiicTBO 6uccex‘rpucu yr-
aa. Pacemorpum yroa AOC (puc. 194)
S \x y W ero Ouccextpucy ON; scHo, uTo
fHcCeKTpHca 3TOr0 yrJa Takxe
Oyner u OGucceKTpHCONl BepTHKAJb-
Horo yrna BOD. Ecaun nepernyrhb
J £ puc. 194 mo Guccektpuce ON, TO
: BCJIEACTBHE paBeHcTBa yraos CON
Puc. 194. - - 1 NOA ayu OC coBMecTHTCA C JYy-
uom OA. Hraxk, Guccekmpuca yesa
A6A%eMCS €20 0Cbio cummempuu (H Jake OCbI0 CHMMETPHH napbx Bep-

THKAJbHEIX YTJOB).

OnycruM u3 xaxoit-mu6o Toukn K Ouccektpucel ON . nepneHuu-
Kyaspui KQ u KP Ha CTOpOHHI YIJyia; MPH YKa3aHHOM Bhillle COB-
memennn OC u OA 3t nepnenpuxyJaspbl cosnafyr. Takum oGpa-
soM, Buano, uto KQ =KP: ece mouru Guccexmpucet pasHoyoaets
om Cmopox yeaa. .
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ToyHo TaK e H TOYKH GHcCeKTpHCH OM cmexuoro yraa COB
(u yrnia AOD) paBHOyAaJieHbI OT CTOPOH YIJIOB. JIerko BUAETh, YTO
TOYKa S, He Jiexauas HH Ha ojHoil M3 OuccekTpuc ON u OM, e
MoXeT ObITb paBHOyHa/JeHa OT CTOPOH YIJVIOB; IOSTOMY eeoMmempuue-
CKOe Mecrmo mo4ex, pasHoyoaieHHoLx om 08YX NePeceKkarouuxcsi nps-
Moix, obpasosano  Osyma  Guccekmpucamu  yeaok  MexcOy amusu
npanomu. HamoMHEM, 4TO 3TH GHCCEKTPHCH B3aHMHO MNepneHIHKY-
JIIPHBIL.

IMonesno Bepuythes K puc. 184, rae Mbl paccMaTpHBaJIH Naphl
PaBHBIX HAaKJOHHBIX H INepHeHJHKYJAsp, NPOBEAEHHBII K OTpe3Ky
B €ro cepeiiHe, H OTMETHTb, UYTO NepneHAuKyasp MM, ciayxur
GHCCEKTPHCOM yIJia MeXXy PaBHBLIMH HaKJOHHBIMH.

176. Oxpyxuoctb. [TycTh naHa npol3BodbHAas Touka C I OTPe30K
KL =R (puc. 195). I'eomerpnueckoe MecTo TOueK, HaXOZALIHXCH
OT RaHHOIl ToyKH C Ha NMOCTOSIHHOM pacCTOSHHUH, paBHOM R, na3bl-
BaeTcsl okpyxacHocmero ¢ ueHtpoM C 1 paguycom R. IlpoBopa uepes
C mobble Jyyl, Ml MOXEM NOCTPOHTH TOYKH OKPYMKHOCTH, OTKJa-
AbBafi Ha 3THX Jydax or Touku C orpe3ku CA, CA’, CA’, ...,
paBHble R. [lpaxTiluecKit OKPYKHOCTb CTPONTCA C MOMOHIBbIO HHp-
KyJas. OTMeTHM pAA NpoCTeillliX NOHATHII H CBOICTB, OTHOCAULIXCH
K OKPYIKHOCTH. '

A 7

A A' B

A” . ‘ BY
i A
AI”
R .
K L a7 " l
B
Puc. 195. s Piuc. 196.

1. Okpyscrocmoy, max oke KaK W NPasMas, Moxem CKOAb3UMb CaMQ
no cebe;, mobast ee uactb (ayra AB) MoxeT mnepemelaThCs IO OK-
PYXHOCTH (Bpamasicb BOKPYI ee UEHTp3a) B NPOH3BOJbLHblE HO-
Bpie nosoxkenus A'B’, ... (puc. 196). IBe OKpYKHOCTH OfHHAKO-
BOTO pajHyca COBMeCTSTCS BCEMH TOYKAaMH, €CJH COBMECTHTb HX
LeHTPHI.

2. Oxpyococmo pasbusaent naockocie Ha O0se 00AACMU: 6HYMPEH-
HIOW 1O OMHOWEHUIO K OKPYXCHOCMU U 6HeHiown, bGeckoxednyo.
Bryrpennsas o6iacTs - (BKJIOYaf H KOHTYp, ee OrpaHHYHBAIOMLHil,
T. €. OKPYXHOCTb) Ha3bIBAE€TCS KpPYyeos W COCTOHT H3 TOYEK, yJaJeH--
HBIX OT LEHTpa Ha paccTosiHie, He GoJibliee pajiHyca OKPYKHOCTH.
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Buemnsa 0o61acTh COCTOMT H3 TOYEK, YAaJEeHHHIX OT UEHTpPa Ha
paccrosiHHe, NpeBOCXofsllee pajfuyc.

177. B3aumHoe .pacnogoxkenue npsamofi u okpyxuoctH. Kacarean-
Hast u cekymas. IlycTb Ha IJIOCKOCTH JaHBI OKPYXKHOCTH H HEKO-
Topas npaMast. OnycTHM Ha 3Ty TIPSAMYIO MepHeHAHKYJAP H3 IEHTpa
OKpyxHOCTH C; o0603HayuM™ yepes M, OCHOBaHHE STOTO NepHeHIH-
xynspa. Touka M, MOXeT 3aHUMaTh OTHOCHTEJIBLHO OKDPYKHOCTH TPH
BO3MOKHBIX TOJIOKEHHSA: a) JlexKaTh BHE OKPYXKHOCTH, 6) Ha OKpYX-
HOCTH, B) BHYTPH OKPYXHOCTH. B 3aBHCHMOCTH OT 3TOro H npsamas
GyneT 3aHUMAaTh OTHOCHTEILHO OKPYXKHOCTH OJHO H3 TpPeX BO3MOXK-
HBIX Pa3/IMYHLIX IOJIOXKEHHI, ONMCHIBAEMBIX HHXKe.

a) Ilyects ocHoBarHe mnepneHaukyaspa CM,, ONyleHHOr0 H3
ueHTpa C OKpPYXHOCTH HA NpPAMYIO @, JIEXKHT BHE OKDYXKHOCTH
(puc. 197). Torna npsaMas He mepecekaeT OKPYIKHOCTH, BCe ee TOUKH
Jexar BO BHewHeil o6aacTH. IleficTBuTe/IbHO, B YKa3aHHOM cjyyae
CM, > R (touka. M, no ycnoBHiO yjaajeHa OT HEHTPa Ha paccTosi-
HHe, GoJbllee panuyca). Tem Gosee past moGoft Toukn M npsamoit a
uMeeM CM > CM, > R, 1. e. Kaxaaa To4Ka JAHHON NPAMOiil JexHuT
BHE Kpyra. . '

Puc. 197. " Puc. 198.

6) Ilycth ochoBanne M, nepnempukynspa CM, nonamer Ha
okpyxHocTh (puc. 198). Torza npsamMas a uMeeT ¢ OKPYKHOCTBIO
poBHO oauy ofutyto Touky M,. IleficrButesnno, ecin M—mobas
apyras Todyka npsamoi, To CM > CM,=R (HaK/IoHHBE AJHHHEe
nepneHAHKy/AApa) H Touka M nexur Bo BHewmweil o6nactu. Takas
npaMas, HMEKIlas ¢ OKPYXHOCTBIO €JHHCTBEHHYIO OGLLYI0 TOUKY,
HaspiBaeTcs KacameabHod K OKPYXXHOCTH B 3Toit Touke. [lokaxkem,
4YTO H 00paTHO, ecaM NPAMAs HMEeT ¢ OKPYKHOCTHIO €XHHCTBEHHYIO
o0myi0 TOYKY, TO paaHyc, NMPOBeAEHHBbIl B 3Ty TOYKY, NEprneHAUKY-
JaapeHn K AanHoil npsaMod. J[leficTBHTeNbHO, OMyCTHM H3 UeHTpa
NepneHaHKy/Map Ha JaHHylo qipsMmylo. Ecam 6 ero ocHoBanme
JIeKa/N0 BHYTPH OKPYIKHOCTH, TO npsMasd HMmena Obi ¢ Heil, Kak
noKasaHo B B), JBe oOllie TOYKH. Ec/in GBI OHO Jiexano BHe OKPyK-
HOCTH, TO B CHJIy a) nNpaMasi He HMeaa Gbl 'C OKPYXHOCTHIO OOUIHX
- Toyek. IlosToMy ocraeTcst fONMyCTHTH, YTO MEPNEHAUKYJAD MOMALAET
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B o0wWyl0 TOYKY NPAMOH H OKPYXKHOCTH—B TOYKY HX Kacaumus.
Jokasana Baxaas ' o

Teopema. Ilpamasa, npoxodsujas 4epes mouKy OKpyxcHocmu,
mozda w moabko moz0a Kacaemcs OKPYXCHOCMU, K0204 OHQ nepnex-
Oukyaapra K paduycy, nposedeHHOMY 6 ImyY MOKY. L

3aMeTHM, 4TO onpelesleHHE KacaTeJbHOl K OKPYMHOCTH, JaHHOE. 37eChb, He
NepeHOCHTCA Ha Apyrie kpusmue. Boaece ofiuee onpelesenne KacaTeabnoii npsMoil
K KpHBO{l JHHHH CBR33aHO € NOHATHAMH TCOPHH NPEAETOB H PacCMaTpHBaeTCs
noapo6Ho B Kypce BHICIIGN MaTeMaTHKH.
3gech MBI JaJHM O HeM TOJBKO ofwee
noustHe. IlycTs faHH oXpyxHOCTH M Ha
peit Touka A (puc. 199). ‘BoabMem ewe

T

Puc. 199. Puc. 200.

Touky A’ ma OKpyxuocTH M cocaunny obe Toukit npamoit AA’. Tlycts TOYKa /1’
. ZBHTAfiCh NO OKPYKHOCTH, 8allMaeT NOCICI0BATEAbHO PR HOBBIX Moaowennii A’
A’ ..., npubanixascs Bce 6oaswe K Touke A. Ipavas AA’, ppamasics sokpyr A,
npunuMaer pal noaomennii: AA’, AA", AA"', ...; npu s10M NO Mepe cOamHixe-
nusa  gsixyueficd TOYKH ¢ Toukofl A npamas
CTpeMHTCH K COBNAJICHHIO C KacarteiabHolt AT.
INosToMy MOMHO TOBOPHTH O KacaTe;abHON Kak
O TpeiebHOM NOJIONKEHHH Cekymiell, npoxo-
AAlWeil uepe3 JamHylo TOYKY H TOUKY KpHBoOil,
HeorpaHnuesHo ¢ Hell c6anxatomyiocs. B Ta-
Kot ¢opMe onpene’eHHe KacaTedbHOIi NMPHMe-
HHMO K KpHBRIM BEcbMa ofwero Bujia (puc. 200).

B) Ilycte, Haxonen, Toyka M,
JIEXKHT BHYTPH OKpyxHocTH (puc. 201).
Torga CM, < R. Bynem paccmatpii-
BaTh HAaK/IOHHLIE, NPOBEAEHHbIE K M-

. Moii a u3 uentpa C OKPYXHOCTH,
Puc. 201, c ocHoBanusMH (M,, M, M,, M, ...),
yaansolUHMEC OT ToukH M, B Jio-
6on H3 ABYX BO3MOXHEIX HanpabJienuil. /lnHHa nakJonHoil 6yaer
MOHOTOHHO  BO3pacTaTh @0 Mepe yAajeHHsl ee OCHOBaHHA OT
ToukH M,; 3TO BO3pacTaHHe AJHHBI HAKJOHHOIl IPOHCXOAHT INoCTe-
neHHo («HEMPEpHIBHO®) OT 3Ha4eHHI, GAH3KHX kK CM,, 10 3HaYeHwil,
CKOJMb YToAHO GOJbLIHX, NMO3TOMY KaKeTcs SICHHIM, YTO IPH HEKOo-
TOPOM MOJIOXKEHHM OCHOBaHHII HAKJOHHHX JAJAHHA HX GyAeT TOYHO
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paBHa R; cootBercTBylomue TO4KH K u L npsaMoi GyayT Jexarb
Ha OKpYxkHocTH. IIpsiMasi B 3TOM C/lyuyae HMEET C OKPYXKHOCTbIO
ABe OOUHE TOUKH W Ha3LIBAETCH CeKyujeli.

Hame paccyXIeHHe OCHOBAHO HAa HENMPEPHBHOM, NOCTENeHHOM XapaKTepe BO3-
pacranus HaKJOHHOII 1O Mepe yHAaneHHA €€ OCHOBAHHA OT OCHOBAaHHS NepneHgH-
Kyaapa. TouHoe ompejeiesne NOHATHA HENpPEPHBHOCTH 3JeCh He MOXET OHTb
ZaHo. Buecto 3TOro paccyxaenns MOXKHO NPHMeHHTh TeopeMy ITmdaropa (m. 216).

Tak, -ecat OTJOXKHTL HA TpsMoft @ B 06e CTOpoHH or Toukn M, otpeskn ML

1 MK, pasune ¥V R®—d? rpe d=CM,, 1o pacctosnua CL u CK Gyayr paBubt
panuycy oxkpyxuoctd R. Ilostomy monyueHHmte TakMM nyteM ToukH L M K npu-
HaAJeRKAT OKPYIKHOCTIL.

178. Xopna wu nmamerp. Cektop M cerment. Hrax, cexymas —
3TO0 MpAMas, HMEIoIAs ¢ OKPYXKHOCTBIO ABe ofumue ToukH. OTpe3okK
cexyieil, Jexamuil BHYTPH - OKPYXKHOCTH, Ha3mBaeTcAd ee xopdoil.
INepnenayukyasp, omymeHHHA Ha XOPAY H3 WEHTPAa OKDPYXHOCTH,
JeJIHT 3Ty XOpAy mnomoJaM (no CBONCTBY PaBHHX HAKJIOHHHIX H
nepneHauKy/aapa). B wactnocrn, ecnu xopaa npoxopuT uepes LEHTP
OKDYKHOCTH, TO OHa Ha3blBaercsl duamempom. Bece auamerpsl paBHEBI
MeXny cobofi, TaK KaK Kax-
Ibl 13 HHX PaBeH YABOCHHOMY
paguycy OKpYKHOCTH.

Xopna pas6uBaeT Kpyr Ha
aBe wacti ([ u I na puc, 202),
Ha3blBaeMble - cemenmamu. B
cllyyae, Korga xopja coBma-
JaeT C AHaMeTpoM, 3TH cer-
MEHTH. IPEBPALIAOTCA B 1104y-
kpyeu. Hanomunm ewe, uro
cekmopom. Kpyra HasbiBaercss YacTb Kpyra, OTpPaHHYeHHAs ABYMs
ero pagnycaMdu OA u OB u nyroi OKpPyXKHOCTH, COCRHHSAIOLIEH
KOHUBl 3THX pagnycoB; TaKuM o0Gpa3oM, MOXKHO paccMaTPHBATh ABa
-cektopa (I u II na puc. 203), Ha KOTOpHIE KPYr pa36uBaercs napoii
paauycos. .

CrpaBefi/INBH  CJEAYIOMHE COOTHOIIEHHS MEKAY AYraMH JaHHOI
- OKPYXHOCTH, CTATHBAIOWIMMH HX Xopjamu (xopaa, uMelomas
Te K€ KOHIeBbe TOYKH, YTO M AYra,\HasbiBaeTcsl Xopauoil, cmsazu-
earowerl 3Ty Nyry, NojoGHO TOMY KaK, Hamnpumep, TeTHBA CTAFHBAeT
JIYK), PacCTOSTHHAMH XOpA OT LEHTpa H T. XA.

1. Pagnole dyeu cmseusaromcs pagHotmu xopaa,uu

. 2. Pagnoie xopleL crszugarom napet COOMEEMCMOeRKO PABHOIX Y2,

3. Xopdet, pasroomcmosuyue om yenmpa, pasHbL.

4. Pagnbie xopdor pasHoomcmosm om yenmpa. -

5. Beaxkuid Ouasemp sgasemcs "ocero cummempuu kpyea (0Kpyxc-
nocmu). On Oeaum Kpye (oxpyofcuocmb) Ha aaa paenbtx nonyrcpyea
(noayok pyxcrocmu).

‘Puc. 202, Punc. 203.
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Jloka3aTearcTBO Ka)XZOro H3 3THX CBOMCTB OCHOBaHO Ha BO3-
MOXXHOCTH BpalleHHs Kpyra BOKPYF CBOero UEHTPa (CKOJbKeHHs
OKPYXXHOCTH 1O ce6Ge) H coobpaxeHHsX cHMMeTpHH. Jlokaxen,
HanpHMep, CBOfiCTBO 3.

JdokasarteabcrBo. Ilycrs xopast AB u CD pasnootctoAT
ot uenrpa O oKpyxHoctu (puc. 204). Ilycte OK u OL—nepnen-
AMKYJSpH, NpoBeieHHbie K 3THM xopaaMm u3 O. Bynem Bpamars

ayry ASB, 'xopny AB u nepnenpukyasp OK 10 coBMmemenus
nocaennero ¢ nepnenpukyaspom OL (t. e. Ha yroa KOL). Toraa
ne pneHAHKYJs1ppl COBMeCTATCS, 3HAYuT, Xopaa AB noiizer no xopae
CDu, nocKolbKy OKPYKHOCTH ApH Bpalle-
HHH CKOJb3HUT HO cebe, o6e Xopabl coBla-
AyT (mocJiefHee - TakKe BIJIHO H3 paBeHCTBa
HakJoHublx OA=0C=0B=0D, xak pa-
JIHYCOB OJHOII" OKPYHHOCTH).

OcrtanbHble CBOfiCTBA peKOMEHAYeTcd pa-
300paTth 4HTaTedIo,

179. BsaumHoe pacnoJjoxeniie JBYX
okpyxuocteil. IlycTb jaHBI OKpYKHOCTH H
To4Ka A, He coBmajawwasi ¢ ee LEeHTPOM

Pic. 204. C (puc. 203). BosMOoxubl TpH ciyyas:

Toyka M, JeXHT BHYTPH OKPYXKHOCTH

(puc. 205, a), na oxpyxuocti (puc. 205, 6), BHe OKpYMKHOCTH
(puc. 205, 6). Ilpoenenm mpsamyio CM,; ona nepeceyer OKPYIKIOCTh
B Toukax K u L (B cayuae 6) Touka K coBmaner ¢ M,), u3 KoTo-
pHX oaHa Oynxer Gmixaliweit Kk Touke Al, (mO cpaBHEHHIO cO BeeMu
JAPYTHMH TOYKaMmIl OKPYJKHOCTI), a Apyras—HanGoJee yJaJeHHO,

Puc. 203,

Tak, nanpumep, Ha puc. 205, a Touka K OKpyKHOCTH— GminKaii-
wast K M,. B camom nese, aas JoGoil APyrofl TOUKH OKPYHHOCTH
K’ nomanaa CM K’ namsinee otpeska CK': CM,+ MK’ > CK'=R,
o CM,=R—M/XK, u noromy MK > MK. Hanporus, aas
Touky L maiimes MK <M, C4CK' =M/C-+R (cuoba JoMaHas
AJHHee oTpe3ka NpsaMoii). Pas6op ocTajbHBLIX ABYX CaAyyaeB npejo-
CTaBJsieM yHTatesl0. 3aMeTHM, YTO HaHOOJbllee PacCTOsHHE PaBHO
CM,-+R, naumensiiee |[CM,—R|, T. e. CM;—R, ecan CM, > R,
wm R—CM,, ecmu CM, < R. o
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IMepeiineM K aHa/an3y BO3MOXKHBIX CJyYaeB PACHOJOKEHHS ABYX
OKpyKHocTeit (puc. 206).

a) Lenrput okpyxHocreil coBnanaot (puc. 206, a). Takne okpyx-
HOCTH Ha3bIBAIOTCA KoHyenmpudeckumu. Ecan paguycsl aTHX OKPYK-
HOCTefi He paBHbI, TO OfHA M3 HHX JIEXHT BHYTpH Apyrofi. B ciyuae
paBeHCTBAa PajXyCOB OHH COBNAAAIOT.

6) Ilycts Tenmepp LEHTPH OKPYKHOCTENl Pa3/IHYHBL, Coezmmm Hx
npsaMoil, oHa Ha3blBaeTcs AuHUell UYenmpos NARHOM Napbl OKPYX-
HocTell. B3aMMHOe pacnosioxkeHue OKpPYXXHOCTel OyleT 3aBHCETh
TOJILKO OT COOTHOILEHHS Mexk/y BeJHYHHON OTpe3Ka d, COeIHHAI0-
mero HX LEHTPHl, H BeJMHYHHAMH DPAJHYCOB OKpPyxHOcTeit R, r.
Bce BO3MOMKHBIE CYIIECTBEHHO pPa3jHYHBE CAy4au npeACTaBJIeHbI Ha
puc. 206 (cuutaem R >r).

1. Paccrosiune Mex1y HEHTPAaMH MeHbIIE Da3sHOCTH DajlycoB:’

d<R—r

(puc. 206, 6), Manas OKPYXHOCTb JEXHT BRYTPH Goabuoii. Ciona
3Ke MOXKHO OTHeCTH H ciyuail a) coBmnageHus uentpoB (d=0).

R-r<d<R+r
2)

2. Paccrosinie Mexjay HEHTPaMH pPaBHO pPa3HOCTH pPajHyCOB:
d=R—r

(puc. 206, ¢). Manasg OKpyXKHOCTb JIEXHT BHYTPH OOJBINOH, HO
HMeeT ¢ Hell OlHy o0mMYyI0 TOYKY HA JIHHHH LEHTPOB (IOBOPAT, 4TO
HMEET MECTO GHYMpPeHHee Kacarue).

3. Paccrosinne Mexay uentpamu Gojblie pasHOCTH PajuycoB,
HO MeHblle HX CYMMbI:
' R—r<d<R+r

(puc. 206, 2). Kaxnas u3 oOKpyxHOCTell JIEKHT YacTHYHO BHYTPH,
yacTHYHO BHe Apyrofi. OKPYKHOCTH HMeIOT ABe TOUKH MepecevyeHHs
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K u L, pacnonoeHHHE CHMMETPHYHO OTHOCHTENBHO JIHHHI LIEHT-
pos 00'Y). Orpesok KL—obmas Xxopia ABYX I€PeceKaounxcsa
oKpyxKHocTell. OH NepneHAHKYJSPeH K JIMHHHH LEHTPOB.

4. Paccrofinue MexXAy IEHTPaMH PaBHO CyMMe pajHycCOB:

d=R-+r

(puc. 206, 0). Kaxpas n3 OKpyxKHOcTeil JIeXXHT BHe Jpyroii, Ho
OHH HMeloT OOWYI0 TOUKY Ha JIHHHH UEHTPOB (6HeWHee KacaHue).

5. Paccrosinne Mexny UeHTpaMH OoJblle CYMMBI DajiycoB:
d>R+r (puc. 206, ¢). Kaxpasn M3 oKpyXKHOCTEI LEJIHKOM JEXKUT
BHe JAPYroji. Oxpyxmocm He HMeloT OOLIHX TOoYeK.

TIpHBejeHHasi KjaccHbHKANHA TOJHOCTHIO BHTEKaeT H3 pa3ob:
PaHHOrO Bhlllle BONpoca O HauGoJblueM H HaHMEHBIUEM PacCTOSHHH
OT TOYKH A0 okpy:xuocTH. Ciepyer JIHLIb PAaccMOTPETb Ha OXHOI
H3 OKPYZKHOCTeil XBe TOYKH: caMmyio OJIH3KYI0O H CaMylo jaleKyio oT
ueHTpa BTOpoil OKpyxHocTH. Hanpumep, pasGepeMm cayyair I:
00’ < R—r. Mo ycnoBuo R > 00’ +4r. Ho nanbonee orpanennas
or O Toyka MaJioil OKPYXKHOCTH HaXoAMTcA oT ueHTpa O Ha pac-
croauin 00" +r < R. TlostoMy BcA Malasg OKPYIKHOCTb JIEKHT
BHYTpH Goapwojl. Tak ke paccMaTpHBalOTC H ocTajJbiible Cjaydal.

B uyactHoCTH, ecal pajguychl OKPY:KHOCTECI paBHLI, TO BO3MOZKIbL
TOJBKO TPH MOCJCAHUX CJyyad: INepeceueHile, BHewlnee Kacauie,
BHELINEC pPaclonozKeHie,

§ 3. OcHoBHbIE 3ajaYil HA NOCTPOCHHE

180. Jluneiika H nupxyaL. B wepre:kHOll mpakTiKe NMPHMEHAIOTCH
pasiaHylble HHCTPYMEHTHI: JHHefikn (¢ JejeHHsIMH M 6e3 HIX),
IWHPKYAH PasHEX THOOB, YepTexHbIC TPeyroJbHuKH, JieKaja M T. I
Ilpu TeoperHueckKoM H3y4YeHHH - TeOMETPHYECKHX NOCTpoeHHii pac-
CMaTpHBAOTCs JIHIUL JBa OCHOBHBIX MHCTPYMeHTa; JilHeiika Ge3
AeJieHHil H HHPKYJib, KOTOpLIE HMEIOT B reoMeTpHH HAea/bHHl, aGCeT-
paKkTHblii Xapakrep. Tak, Bcsikast pealibHasi JiiHeilka HMeeT KoOHey-
HYIO0 JUIHY, JiHHE{Ka XXe B IeOMeTPHYECKHX NOCTPOEHHAX CuuTaer-
csl GeCKOHEUHOI; pacTBOp UHPKYJs B IeOMETPHH He OrpaHHYel,

[lpepnonaraercs, 4To JnHeiika M UHPKYJb MOTYT OHTH IpHMe-
HENbl JJis1 BHUIOJHEHHS CTPOTO ONPEAeNEeHHOro Habopa OCHOBHHEIX,
NEPBHYHEIX IIOCTPOEHHIT.

Jluneiika npeguasnayeHa s NPOBeleHHS NPAMBIX Juuuil Ges
orpaHHyeHds uX pausbl. Ecin paHa Touyka, TO C MOMOILBIO JIHHEKH
MOKIO NPOBECTH YCPC3 3Ty TOYKY OAHY MJIM HECKOJbKO NPAMBIX

1) CywecTBoBanne IBYX TOYEK NepeceYeHHs BHAHO H3 cooGpaxcHHil Hempe-
PLIBHOCTH JIHHHH; ToYKa JoGoil M3 XBYX OKpYXHOCTell, Nepemellascbh no BTopoil
W Tepexofs H3 BHyTPenneii o6JacTH nepBoil OKpPYKHOCTH BO BHeINHIOW B J0GoM
M3 IByX BOSMONHEX HanpasJieHiii, JOMKHA IBAXIH MONAcTh Ha NepBylO OKPYK-
soctb. Dodee pByx ofmux Touex xse oxpy}xuocm HMETh Me MOryT, .
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NpOH3BOJLHHIM 06pa3oM. JIuHefika NO3BOJSET TaKke NMPOBECTH Mps-
MyI0 uyepe3 Jobsle JBe 3ajaHHHE TOYKH. 3aMETHM, YTO B IJIOCKOCTH
HAH Ha YyXe NpoBeleHHOH B HeH NpsAMOH Bcerxa MOTYT OHITH npo-
H3BOJIbHEIM 00pa3oM B3ATH TOYKH B JoboMm uuciae. EcaH nocTpoeHnt
JABe TnepeceKaoouiyecsi NpsMble, TO CUHTAETCH H3BECTHON ToYKa HX
nepeceyeHus.

C noMompio LHPKYJS CUATAETCH BO3MOMKHBIM:

1) nposecTH OKPYXHOCTB C JIOGHM LEHTPOM H NPOH3BOJbLHBIM
panHycoM, B TOM YHCJIE OKPYIKHOCTb, MPOXOASLLYIO Yepe3 3afaHHYIO0
TOYKY;

2) OTJIOXHTL HA JaHHOR npmvrou oT JM0060i1 ee TOYKH 11 B JI0GOM
H3 JABYX BO3MOXHBIX HanpaBleHHA OTPe3oK (NPOH3BOMBHBIN HJIH
PaBHHI JIO6GOMY 33JaHHOMY OTPe3Ky).

Ecan n306paKeHl OKPYXKHOCTH H NPSIMHE, TO H BCE TOUKH HX
nepeceyeHHsi, €cJH TAKOBHIE HMEIOTCS, CUHTAIOTCS H3BECTHHIMI,
B cBsisn ¢ 3THM MOHATEH CMHCJ YacTO YNOTPEGAAEMBIX BHIPAXKEHHIT
BpOjie «clieslaeM Ha NPSIMOff a 3aceuKy» TeM
WIH HHBIM PagliycoM, C TeM HJIH HHHM IIeHT- ' %
POM. 3T0 3HAYHT, YTO MPOBOAHTCS HEKOTOPas &
OKDPYKHOCTb (4acTo H3oGpakaeMasi YCJIOBHO W
Jumbs HeGoJblioii Ayrofi, efl mpHHAmIeXKa- c{!
weit) pajH MOJTYYEHHS TOUKH ee [epeceyeHtst
¢ JaHHOH mpaAMofl a. G

181. Jlenenne orpeska nonosam. Mocr- 4
poeHHe NepneHAHKYJIRPOB.

3apgaua 1. [dan orpesok AB. Ilocr-
poHTL Touky C, jeisinylo 3TOT owpesox Ha
JlIB€ paBHLIE YacTH.

Pemenue, [lycrs gan orpesox AB (pnc. :
207). TpeGyercss pasfenuTbh €ro mnomoJaam, Pac. 207,

T. €. NMOCTPOMTb ero cepeauuHy. Mmt noss-

3yeMcsi JHHeiiKoil Ge3 JIeNleHHA H nOTOMy He MOXeM IPHMEHATH
cnocob, ¢BA3aHHHII C H3MepeHHeM JJIHHBL OTpe3Ka M JeJeHHeM ee
nonoaaM. Bmecro sToro mocrynaem Tak. M3 konma A orpeska AB,
K&K H3 LEHTpPA, OMICHLIBAEM OKDYKHOCTb NPOM3BOMBHLIM PagHycOM,
NPeBBIAIOMHM 'TOJIOBHHY JJIMHBL OTpe3Ka (mpolie BCero B3saTh pa-
IHyc, paBHHIt caMoMy oTpe3Ky AB). Tem xe paguycoM onuchiBaeM
" OKPYXKHOCTB ¢ LEHTPOM B. 3DTH OKpYXHOCTH PpaBHOro paguyca
nepecekyres B ABYX pas3/HUHBIX Toykax K H L, Tak KakK cymMMa HX
pazMycoB npeBocXoAuT (MO MOCTPOeHHIO) paccTostHHe AB Mexay Hx
nearpami. CoexnHHEM 3TH TOUKH oTpe3koM KL. OH mepeceuyer naH-
HbIii OTPE30K B ero cepefuHe, T. e. B HcKoMmoii Touke C. [lefictBi-
TeIbHO, Kaxnaas n3 Touek K H L paBHOOTCTOMT OT KoHuos A i B
JaHHOTO OTpe3Ka H NOTOMY (CBOICTBO NMepneHAHKYJspa, MNOCTpPOeH-
HOrO B CepefHHE OTpe3Ka) JIEXKHT Ha NepHeHAHKYJAspe, BOCCTaB/eH-
HOM H3 CepexHHE! oTpe3ka AB.

-
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IonyTHo pemena

3anaua 2, BoccraBuTb nepneﬂmmynﬁp K oTpe3ky AB B ero
cepepune.

3anaua 3. Onycrure nNepHeHAHKYJIAP H3 JA3HHOH Toukn M
Ha npaMyo a.

Pemenue. M3 pannoll ToukH M, Kak H3 UEHTpa, onumeM
AYCy OKPYXKHOCTH JOCTaTOYHO GOJBIINM pagHycoM (Hanpumep,
onbiwe MK, rage K—&kaxkas-i1u6o

M TOYKa npsAMOH a) TaK, 4To0u OHa
Tnepecek/a JaHHyIO NPAMYIO B JIBYX
TouKax A u B («clesaeM 3acedku Ha
a», puc. 208). Touku A u B mno
2 NIOCTPORHIIIO paBHOyJateHBl ot M,
H notoMy M JexuT Ha nepreHgH-
KyJsipe K a, JIOCTPOGHHOM B cepe-

niHe orpe3ka AB. Ji1s zaBeplueHHs

M’ - TIOCTpOCHHSI oOCTaeTcs H3~—Todek A
1 B, KaK 13 UEHTPOB, NPOBECTH AyTH
Puc. 208. OKpYXHOCTeil, HampHMep, TeM xKe

painycosM R 710 NX DepeccueHIst

B Toyke M’ (BTOpast TOUKa nepeceueHis, B JaHHOM cJayuae M, Ham

y:e n3BecTHa), JuHHg MM’ u GyZeT HCKOMBIM NepreHHKYJIsSPOM.

3anaua 4. B panuoli Touke A npsMOil BOcCTaBHTb K Heii
nepneHAHKYJIsAp.

Yxkazanue. M3 gauHoli Toyku M, Kak H3 LeHTpa, CielaeM
Ha npaAMOil 3acedkH IIPON3BOJBHBEIM pajHycoM (T. €. OTAQXKIM
or M B ofOoux HanpaB/JeHHsiX paBHbe orpeski MA u MB). Te-~
nepb HCKOMBIl mneprneHguKyasp Gyxer
NepHeHAHKYJSAPOM B CEpefHHe OT-
pe3ka AB.

182. Iloctpoerue yrJjos.

3apgaua l.Iloctponrs yrosa, pas-
HBIl JaHHOMY VIV o, HMEIOWHil 3a-
naHHyto BepiiiHy O u cropony OA.

Pewenue. Hycte gan yron «,
Tpebyercs nmocTpouth npi cropore 0A
yroJl ¢ BepiuuHoii O, paBHbI JaHHOMY
yray o (puc. 209). Ilposezem cHayana
Ayry OKDYKHOCTH C LEHTPOM B Bep-
1IHHe 3a/1aHOro yria o A0 NepeceyeH s
€e Co cTOpoHaMI yrJ1a B Toykax K 1 L. L
Iyry Toro e paanyca ONHLIEM M3 Pic. 209.
ueHTpa O — BepLIHHB! HCKOMOTO YrJa.
3areM H3 Toukn K' nepeceyeHns sTofl ayru c 0OA, xak us3
HEHTpa, caedaeM Ha 3Tou nyre 3aceyky (L') paguycom KL B3ATHIM
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H3 YepTeika, 1306 paikalomero 3ajaHKHil Yroa a; B JeficTBHTEILIOCTH
MOXKHO NOJYYNTh ABe TOYKH MNepeceyeHus Hawux aAyr: L' w L”, npu
'3TOM B O6ONX CHYYasiX TNOAY4aloTCs paBHble (HO CHMMETPHYHO pac-
I]OJID}KEHHBIE) yriiel. Teneps coennnuM HaiigeHHylo Touky L' ¢ Bep-
wnHoit O; yroa K'OL' pasen yray KCL, T. e. naer peuienne 3anaun.
Hns pokasaTeqbCTBa HANOXKHM HaHHBIL Yrol o Ha MOCTPOGHHDLIT
TaK, 4ToOH BepIUHHH HX COBMeCTHNCh, croponkt CK 1 OK' cosnaay,
a cropontl CL u OL' okasaance no OAHy CTOpPOHY OT HX o6uweii
croponsl CK. Torza oxpy:XHOCTH, NpOBEAEHHLIE H3 UEHTPOB C 1 0
OXHHM DajHYCOM, COBMALYT M AT 3a-
ceveK ¢ nentpamu K n K’, umeomue -
oOuLHit LeHTP i paBHHIE PaAHYCH, TaK-
xe copnanyt. [losTomy coBnanyr u Toy-
ki mepecedenns L u L’. Tem camuin
COBMECTATCA 1 YI.H, UTO JOKa3blBaeT
HX PaBeHCTBo. '
3anaya 2. Tloctpontn Giccek-
TPHCY ZaHHOrO yraa. ' -
Pemenne. Ilycts nau- yroa Pue. 210.
AOB (puc. 210). TpeGyercs no-
cTponTh ero Guccekrpucy. Bocnoab3yemcs CBORCTBOM GHCCEKTPHCH
ObITh OCBIO CHMMETPHH YIJIa HJAH, YTO TO JKe CaMOe, FreOMETpHYECKHM
MECTOM TOYeK, PaBHOYAAJEHHHIX OT cTopon yraa. Ilposerem ayry
OKDYKHOCTH ¢ HeHTpoM (), mepeceKaioulyio CTOPOHHl yrJaa B TOYKAX
K wu L; paxnyc ayri MoxeT OHTb B3AT npouspoasno. Ecan Tenepb
13 O onycTuth NepneHAHKYJasp Ha orpesok KL, To ou npoiiier
yepes cepeinHy orpeska KL, Tak kak Hakaonnmie OL n OK no
TNOCTPOEHHIO DPABHLL. STOT NEPNeHAuKyaAsdp GyAeT cCblO CuMMETPHI
Haweit Gurypet B Guccektpucoit yrna AOB. IlostoMy a1s 3aBep-
IIEHHA NOCTPOEHHSA ONMHCHIBaeM H3 leHTpoB / 1 L paBHbIMI paany-
caMi Ayry, nepecekaiouiecs B _Touke P, n coeinHseM O ¢ P.
[pamasn OP mo nocrpoennio 6yaer
M nepnengikyaspom K KL B ero ce-
pearHe H, 3HaYMT, HCKOMOIl Gic-
CeKTPHCOIl.
0 V2 3axaua 3. Uepes nannyw
N 1 TOYKYy NpPOBECTH TPAMYIO, napaJ-
JIeJbHYIO AaHHOH mpsamoil.
Pemenne. B npununune pete-
M (] HIle 9TOH 3a7ayll NaHo yxke B m. 171
g € NOMOIBIO NPOBENEHNS NepReHaH-
Puc. 211. KyJspoB—3ajauil, HaM ymke H3-
pectHoii. MoxHO pewnTh 327auy
n unage. IlpoBezeM OKpYKHOCTBH
¢ LEeHTpoM B nannou Touke O (pnc. 211), nepecekaiomyio 3a7aHNYI0
npaMyio B, iByX ToukaXx M 1 N. CoenuHHM 3TH TOUKH € JaHHOI

14 B. B. 3aiines n gp.
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toukoii mpaMentit MO 1 NO. Buccektpuca yrna M'ON Gygzer wuc-

* KOMoil mpaMmoii, mapaiajenpHoii aanuofi. [Jas aokasaresnncTBa npa-
BIWIBLHOCTH MNOCTPOeHHS onyctuM u3 O nepleHAukyasap Ha MN.
Tak Kak oH OyJeT OIHOBDEMEHHO nepneHAuKyaspeH K OK (Guc-
CeKTPHCH CMEKHBIX yraoB), to mnpamas OK napajasie/bHa paH-
Hoil.

183. Jpyrue 3ajauum Ha nocTpoeHue. 3ajaun Ha nocrpoemxe
paccmoTpenHkie B nm. 181 u 182, mbl MOXKeM Ha3BaTbh OCHOBHLIMH.
[Tpu pewennu apyrux, 6odee CJIOKHEIX 33Jay Ha NOCTpOEHHE HX
NpPUXOANTCA MCNO.Ib30BaTh KAaK BClOMOrarte/dbHble. IlpH 3ToM M
yKe He OOBSICHAEM KaxKiHIl pa3s, KaK OHH BBINOJHAIOTCH, a NPOCTO
TOBOPHM: «ONYCTHM H3 TOYKH MEpNeHJHKY/IADP Ha NDAMYIO» HJH
«ripoBegeM OHCCEKTpHCY YyTJaa» H T. A., CYHTas, 4TO HeeOXOIuMble

118 3TOTO NOCTPOGHHA YHTATEN0 H3BeCT-
Hbl.  TlpHBeneM HeCKOJIbKO IIpHMepoB
HeCJOXHBIX 33aja4 Ha NOCTpoeHHe,

3agaua 1. lar yroa. Buytpu yraa
HaflTH TOYKY, HaXojAlUYIOCH HA 3ajaH-
HBEIX PAacCTOAHHAX OT CTOPOH yria.

Pewenne., Ilycts AOB-—janumlil
yroa (puc. 212), orpesku d, u d, 1306-
PaKalOT PACCTOSHISL HCKOMOIl TOYKI OT
ctoport OA 11 OB coorBercTBeHo. B pe-
IIeHHH 3TOH 3aja4l, KaK i MHOTHX ApY-
FHX HCMOJb3yeTCs MeTox TreoMeTpHye-
CKHX MeCT. 3aMeTHM, 4YTO TreoMerpuye-
CKOe MeCTO TOHeK, OTCTOAulUX OT AaHHoit npsAmoit OA ua pac-
crosiiie d;, COCTOHT H3 [BYX NpPAMBIX, I3paJJelbHBIX NaHHON H
OTCTOSIIX OT Hee Ha paccTosHHe d.

B HaueM cCJayyae HCKOMas TOYKa JeXHT Ha TOH H3 yxasammm
npAMBIX, 4aCTb KOTOPOIi pacnosiokeHa BHYTPH yraa. Temnepb Jderko
YKa3aTh NJaH peileHns 3aJ1aul. B npouspoabnoil Touke croponst 0 A
BOCCTABHM K Heil NepneHIHKYJAp H OTJIOXKHM Ha HeM OTpesoK d,
B CTOpPOHY BHyTpeHHeil oG.1acTi yrJaa. Uepes KoHel, 5TOro ImepHeH-
AUKYJAApa TMpoBelen npaMyio, napaanensuyio OA. To ke npoge-
JbiBaeM ¢o croponoil OB, Ho Ha 3TOT pas JIHHY HepIeHgHKyIapa
Gepem- paBuoil d,. Mcromoift Toukofi Gymer Toyka K mnepeceyenist
[HOCTPOEHHBIX MPAMBIX, Napasies]bHBIX CTOPOHAM YIJa,

Yurates JOIKEH BHIOJAHHTE 37ech I B CIEIYIOULHX 3ajauax
BCe HEOOXOXNMBlE NOCTpPOeHNS LHPKYJeM I JlHelKoil,

3apgava 2. Ha nanyoii npamoil HaiiTil TOYKY, paBHOYAAJIEHHYIO
OT JIBYX JAaHHBIX TOYEK IIJIOCKOCTH.

Pemwenue, I'I)CTbAnB—namme TOUKH, @ —IpaMasn (puc. 213).
Ha npsasoii @ Mel 10KHBL HaliTH ToyKy D, Haxogsulyrocs Ha omi-
HAaKOBBIX paccTOAHHAX oT Towek A n B. I/Iasecmo YTO TeoMeTpi-
YeCKHM MeCTOM TO4YeK, PaBHOYZAJCHHHIX OT ABYX JaHHBIX TOUEK,
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CAYXHT TNEPHeHAuKYyAsAp K 0Tpe3Ky AB, BoccTaBjeHHBI! B e€ro
cepennne, Orciofa fCHO pelleHHe: HCKoMas Touka D JIeXHMT Ha
nepeceueHHH YKa3aHHOTO NeprneHJHKyapa ¢ npaAMoi a.
3ameuanue, 3amaza Gyaer HepaspewnMoii, eciH INepneHiH-
KyJAAp OKaxeTcs napaJjuieed a; 3TO nonquca ec/in oTpe3ok 'AB

MI

Puc. 213. . Puc. 214.

>

neprneHAuKy/Isiped K a. 3ajada cTaHeT HeonpejaeseHHOi (/oGas-
TOYKa NpsMOi a OyaeT peuieHHeM), ecaH AB mepneHAHKYJsIpeH K a
H, KpOMe TOTO, @ NPOXOAHUT yepe3 cepeauny AB.

Samaua 3. Ha nannoil npsaMofi @ HailTH TOYKH, PaBHOOTCTOS-
IHe OT AAHHBIX JBYX nepeceKalouHXcs NpsMHX b 1 c.

Ykaszanue, McroMble TOUKH JexkaT Ha nepeceueHHH JRaHHOI
npaMoit ¢ moGoii U3 GHCCEKTPHC YIJIOB, o6pasonam{mx NpAMBIMH
b 1 c (puc. 214).

Ynpaxueuus

1. Hafiti reoMeTpnueckoe MecTO TOYEK, YXaJEeHHBIX OT NaHHOH OKPYKHOCTH
Ha 3ajaHHoe paccrosinne (GepeTcst kpaTuaiimee paccrosHne), HMcenenoBars peinenne
3a7ayi B 3aBHCHMOCTH OT 33JaHHOIO DPacCTOSHHA H BeMHUHHH Pafiyca OKpYH-
" HocTHl.

2. Hentp oxHOit OKPYIKHOCTH JIeXHT Ha japyrofi oxpysxkuoct, ITpn kaxom
COOTHOMIEHHH MEXIY PajMycaMH OHH 6y11yT KacaTtbcsi? -

3. ITectponts yrou, paeubili OIHOf YeTBEPTH MPSIMOrO yria.

4, Bunoauutb NOJIHOCTHIO BCe mocTpoeHns 3azay 1—3 i, 183,

5. IlocTpouTh reoMeTpHuecKOe MeCTO TOYCK, PAaBHOYIAICHHHIX OT ABYX JaHHHIX
NapanaeJbHEX NPSMHX. .

6. Hafitu Toukn, oTcToAmNe oT AaHHON NMpPsMONl HAa 3ajaHHOe paccTosHlle a
H YXaJeHHBe OT HEKOTOpoil TOUKiHl Ha yKa3aHHOe paccTOsHile b Bcerna au pass
pewima3agaya? CKONbKO pellenNil OHAa MOXeT 1IMeTb?



F'nmasa XV
TPEYTOJIbHUKH, YETBIPEXYTOJIbHUKH

§ 1. TpeyroabHHKH"

184. CtopoHbn W yrasl TpeyroibHuKa. JJAHHBI CTOPOH TPeyro.b-
HilKa (Kopoue, CTOPOHBI TPEyroJbHIKa) He MOTYT ObiTh 33JaHL
npoussospHo. JeficTBHTeNbHO, AJ5 NPOH3BOJLHOIO TPeyroJbLHH-
Ka ABC cyMMma 1Byx JoObIX CTOPOH GOJbllle TpeTbeil CTOPOHMIL:
AB+BC > AC, TaK KaKk JoMaHas JAJiHHee OTpe3ka npsmoii. M3
3T0r0 Ke HepaseHcrtBa Haxomnm AC—AB < BC, T. e. pasHocTb
OBYX JOOBIX CTODOH TPEyroJbHIKA MeHblle ero TpeTheil CTODOHH.
Hanpivep, u3 orpeskoB a=95, b=8, ¢=14 meab3s nocrpouts
TpeyroJbHIK, TaK Kak 14 > 5+8 Ecan ke paunl Tpu orpeska a, b, ¢
TaKHe, YTo GOIBLLNI H3 HHX MeHbLUe CYMMBl IBYX APYTHX, TO MOXHO
NOCTPOUTH TPEYFOJbHHK, HMEIOWl NaHHble OTPE3KH CBOHMH CTO-
poxami (m. 189, sapaua 1). MtaK, ycaosue

c<Latb

(rae ¢—HanGoMbIINI H3 TPEX OTPE3KOB) Heobxoduso u GocmamodHo
0as CYWECME08anUA mMpey20ibHUKE €O cmoporasu a, b, c.

B 3aBHCHMOCTH OT cPaBHHTEJbHOIl BeJIHYHHBL CTODOH TpPeyroJb-
HHKH MOTYT ObITb pASHOCMOPOHHUMU, €CJH Bce CTOPOHbE pPaBHHI,
PasHoOeOPenHbIMLL, eCll Be CTOPOHH! PaBHBI, Il PA3HOCMOPOHHUMU,
ecilif Bce CTOPOHBI pasyHyHbl. ¥ paBHOGeIpPEHHOro TpPeyroAbHHKa
€ero paBHHIE CTOPOHB! OOBLIYHO HA3BIBAIOT OOKOSLIMU CHIOPOHAMU,
a TPETblo CTOPOHY — OCHOBAHUEM.

YraIel TpeyroJbHHKA TakiKe He MOryT GBIThb 3ajlaHbl HPOH3BOJBLHO,
TaK Kak cnpaBejJiBa ’ )

Teopenma 1. Cymua yeaos ao0020 mpeyeorbHURKa pusHa 0y
npaseLL. '

HdokasateabcTBO. PaccMOTpHM 11poH3BOJIBHEIT Tpeyrofh-
Hig ABC (puc. 215) u npoBegeM yepe3 ojHy H3 €ro BeplUHH, Ha- .
npiMep B, .npsamyio BD, mnapajienpHyio nporuaononoxﬂoﬁ cTO-
pore AC. Tenepb 13 ueprexa sAcHo, uro L 1'=/1Iwn /2'= /2
(HaKpecT JiexawHe Yriael), H TaK Kak ]'+2'+3 2d, 71O
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14 24-3=2d, uro n TpeGoBanock goka3ats. [Ipojoaxas cropony AC,
'HaXOANM Kak cJeICTBIE:

Brewnuii yeon mpeyeosvHuka pasen cysme eHympeHHUX 1y2.08,
C HUM HE CMENCHOIX.

"Tem caMmBlM, BHEUIHH{l YroJ TpeyroJbHHKa 60Jblue Kaxjaoro M3,
€ro BHYTPEHHHX YIJIOB, ¢ HHM He CMEXHbIX:

4=148; 4>1, 4> 3.

Taknm o6pasoM, 3Has JBa yria TPeyroibHHKA, MBI MOMKeEM
HailTH H TpeThil. SIcHO TakiKe, YTO ec/N OANH YroJl B TPEYro.bHHKE
HpAMOil WJIH Tynoil, TO ABa APYTHX €ro yraa octpele. Ecan oxud

Puc, 215, Pre. 216.

yroa TpeyroabHuKa Tymoi, TO TpeyroibHHK HA3HBAeTcs  mymno-’
Y20.1bHEIM; €CTTH OAHH YIOJ1 TPAMOI,. TO APRI0Y20.16HbLY; €CH Bee
TPH YIV1a OCTPHE, TO OCMPOY20AbHDLML.

W3 3anau Ha nocrpoenne TpeyroabHukes (n. 189) BuaHo, uro
npH JoGHX JaHHBIX MOJOXKHTEJNbHBIX Yyraax o, f, y, cocTaBasiomux
B CyMMe ABa NMpPAMBIX, CYUIECTBYIOT TPEYroJbHIKH, HNetoutie a, f§, ¢
cBONMH BHYTpeHHuMH yraamu. Hraxk, ycaosue

a-+B+y=2d

HeoOxo0uso u Gocmamouno OAR CYLIECMB0EAHUA NMIPEYeO.IbHUKA C Y2-
aanu o, B, y.

Tak Kak BHewmmil yroJ -rpeyronbx-nma JONO.HSEeT BHYTPeHHMIl
CMEXHblIT ¢ HHM yroj R0 pa3sBepHYTOro yria, TO CymMMa BHEIUHHX
yraoB TpeyroibHukKa (puc. 216) paBHa 1ByM pasBepHYTHIM, HJH
yeTHIpeM mpAMblM, yraasm: o -+ f’ 49" =4d.

‘ITpumep. Buemnnii yroa o’ paen 120°, yroa f cocrasaser
noloBHHY yraa y. Haiitn yrabt TpeyrosbHnka. - ,

Pemeﬂne BryTpenunii yroa a—180°—120°=60°. Tak kax
f+y=a’, To 3p=120°, p=40°, y=280°.

Cas3b Memzxy BeJHYHHAMH CTOPOH H YIJIOB Tpey roabHiKa yera-
HaBIHBaeT cjeiylomas .

Teopema-2. [Ipomus Goavuedl CmOpOHbl 8 Mmpeyzo.1bHLKe 2exum
Go.bwuit yeoa. Ilpomus paguvix cmopon aexcam paguvie ye.sl.

O6patHo: npomus G6oavuwezo yzaq rexum 60.6uias cmopona._
ITponius pagnerx yeroe AeHAM PaGHYIE CMOPOHLL.
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JokasaTteabctpo. IIpumenin cBofictBa HakaoHubIX. [lycts
B TpeyroJibHiike ABC (puic. 217, a) ctopona AC GoJibuie ctopount BC.
[IpoBegem Bbicory CM TpeyrosbHuka. Tak kak HakJounas CB
Menblie HakJgoHHOIT CA, To ee ocHoBaHHe B JexuT GJlXKe K OCHO-
Baniio Beicothl CM, ueM ocHoBanue A HakiJouuoit CA. ITostomy,
eciH mneperHyTb puc. 217,@ mo CM, To yroa npu BepuiiHe B
nepeiijer Bo BHewHuil yroa B’ TpeyroabHuka ACB' 1, chiejosa-
TelbHO, GyneT GoJblle yraa A, Kak BHYTPEHHEro, ¢ HHM He CMeK-
noro. Puc. 217,a noctpoeH ana cayyasi, KOrKa NPOTHB JNAHHBIX
cTopoH aexar octpute yrast, Ha puc, 217, 6 nokasau cayudaii, korga

Puc. 217,

TIPOTHB OJHOIl 113 ¢cTOpol JIe:KuT Tynoil yroa (pa3oGpaTh CaMOCTOsi-
teaplio). Mrak, eccam Memxay CTOpoHaMil TPEYrodbHHKA MMeIOTCsi
HepaseHcTBa a < b < ¢, TO COOTBETCTBEHHO H MPOTHBOJEKALIHE YT b
YAOBNETBOPSIOT HepaBeHcTBaM o < fi < y. Papencrso yrios, Jemxa-
INHX NPOTHB PaBHBIX CTOPOH, CPa3y NOJYYNTCS, ecal yuecTb, UTO
paBHble HAKJOHHBIC PacnosIQKeHbl OTHOCHTEIBHO MepHeHAHKYJsIPa
(T. e. BLICOTBHI TpPeyTOAbHIIKA) CHMMETPIYHO H COBMEUIAIOTCH MNpH
cribe nNJOCKOCTH IO nepneHAUKyAsApy. -IIpH 3ToM coBMeuaroTest
H YIJBI, PaBeHCTBO KOTOPHIX AQJKHO OHITh R0KA3aHO,

O6parHoe yTBepikjieHlie, TOBopsilee, UTO NPOTHB GOJIbLLero yria
Je:xxut OoJablllas cTopona, noJdydaercsl PacCyXAEHHEM OT HpOTHB-
uoro. Tak, nycte. o < f. Ecann 6ul Mbl lMenun a>=b, To 10mKHO
610 Obl OLITh o =, 4TO NpoTHBOPeYHT yc10BHI0. [TostoMy a < b, .
uyTo 11 TpefoBajock AoKa3ath. Tak :Ke JOKa3LIBAETCsl, YTO NPOTID
paBHHIX YIJIOB pAacro/10zeHEl PaBHbiE CTOpPOHLL. B wacTHocTH, pas-
HOCTOPOHHHII TpeyroJpHNK fABAAETCA H PaBHOYLOJbHBIM, Kamawiil
H3 ero Tpex yrjoB B 3TOM cjlyyae paBen 60°,

185. BuccexTpHchl TpeyroabHHka. Brincanuas oxpyxuocts. Jlodas -
13 Tpex OHCCEKTpIiC BHYTDEHINX YIVIOB TPCYIO.bHIIKA HA3EIBASTCS
Guccexmpucoti mpeyeosorura. Tloj GHCCEKTPHCON yIva TPEYTOJbHIKA
TaKe MOHHMAlOT OTPe30K Mexjly ero BepLiHHOIl H TOYKOoil mnepece-
YeHiisi OHCCEKTPHCH C IIPOTHBOJIEXalell cTOpoHONl TpeyroJnHHKa.

Tpu OuccexkTplcet TpeyroJbHiKa nepecekaioTcs B OJHOIl Touke.
HeiicTBuTe/ILHO, PacCMOTPHM cHAYada TOUKYy P NepeceyeHus ABYX
Ouccektpuc, uanpumep AK; nu BK, (puc. 218). 2ra Touka opuxa-
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KOBO_yjaanena or cropoH AB n AC, Tak Kak OHa JexHT Ha Oic-
CeKTpHce yraa- A, H OAHHAKOBO yhajeHa ot cropoH AB u BC, xak
npHHagnexamas OGHcceKTpHce yraa B. 3HauHT, oHa OJHHAKOBO
ynanena n or cropou AC n BC % TeM caMbiM NPHHAJIEHHT TPeTbeil
Gnecékrpuce CK,, 1. €. B TOUKe P
nepecexaiorcsi Bce TpH GHCCeK-
TPHCHL. .

- Touka P nepeceueHns GHcCeK-
TPHC OJHIAKOBO yJalleHa OT CTOPOH

Puc. 218. . Puc. 219.

TPEyroJibHIIKa; 3TO 3HAYNT, YTO H3o0GpaxeHHble HA pHe. 218 Tpn
nepnenauxkyanpa PP,, PP,, PP,, onywenHbe H3 3TOf TOYKH la
CTOPOHBl TPEYTOJNbHHEKA, PaBHBE MeX1y coboii. OnuumeM pagHycoMm r,
. PaBHEIM JJIHHE STHX NEpNeHAHKYJIAPOB, OKPYKHOCTh C LEHTPOM
B Touke P. Torza sTa OKpPYXHOCTb OyJAeT KacaTbCcfl Kaxpuoft H3
TPeX CTOPOH TpeyroJbHHKa COOTBETCTBEHHO B TouKax P, P, n P,
Takaa oOKpy:KHOCTb Ha3shBaeTcs 6nucaHHoll B Tpeyroabuuk. Hrax,
‘B KaxXJ®li TpeyroJbHHK MOXHO BNHCaTb OKpyxHOCTh. Llentp ee
JIEXHT B TOUKe INepeceyeHHs GHCCEKTPHC TpeyroabHHKa. flcHo, yro,
1 o6paTHO, eciH KakKas-TO OKDPYXKHOCTh JEXHT BHYTPH TpeyroJb-
. HHKa, Kacasch ero CTOpOH, TO LEHTP ee OAHHAKOBO YJaJeH OT CTO-
POH TPEYro/IbHHKA H TMOTOMY JIEKHT B TOUKE NMepeceuelns GHCCEKTPHE
TpeyroJibHHKa. OT0 O3HAyaeT, YTO B JaHHHIl TPEyroJbHHK MOXHO
BIIHCAThb €UHCTBEHHYIO OKPYXHOCTb. CyliecTBYIOT, O1aKo elie TpH
OKPY2KHOCTH, Kacamomuecs BceX TPeX NPAMBIX, Ha KOTOPHIX Jexar
CTOPOHEL TpeyroibHnka. Tax, paccmorpis (pHc. 219) Tpeyroab-
HHK ABC 1 GuCCeKTpHCH €ro BHyTpeHHero yraa A H JAByX BHell-
HUX yrjoB B u C; Touka INepeceyeHHs ABYX NOCIEAHHX ‘GHCCEKTpHC
OLHMHAKOBO yjaleHa oT Bcex TpeX npamuix AB, BC u AC u notomy
JIeXXHT Ha OHcceKTpHce yraa A; oHa fBJfieTcA LEeHTPOM OKPYIKHOCTH,
Kacatomeficss croponst BC TpeyroJbHHKA 1+ NPOJOJKEHHIT ABYX
ApYrux ero cropoH. Takas Opr)KHOCTb Ha3niBaeTcs BHeuiHe enu-
caHHol B TPeyroJpHHK,

186. Ocu cuMMeTpPHH CTOpOH Tpeyronbuuxa. OnucaHHaa OKpyX-
HocTb. PaccmoTpuM Temeps Ocii CHMMETDHH CTOPOH TpPEYToJblHKA,
HanoMunM, 4To ocbio CHMMETPHI OTPe3Ka AB/IAETCS NepNeHIHKYIap,
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- -BOCCTABJICHHBIT K OTpe3Ky B ero cepexune. Jliofas Touka Takoro
NepneHANKyJfipa OIHMHAaKOBO YAAjeHa OT KOHUoB orpe3ka. Ilycts
teneps M;Q u AM,Q —nepneHgHKyJIApH, HPOBeJeHHHeE Yepe3 cepe- -
auHpl cropon BC u. AC Ttpeyroabuinka ABC (puc. 220) K 3THuM
. CTOPOHAM, T. €. OCH CHMMETPHH 3THX ABYX CTO-
poH. Touka uX nepeceveHiiss @ OXHHAKOBO
yialeHa oT BepnH B u C TpeyroibHuKa,
TaK KaK JIeXKHT Ha OCH CHMMETPHH CTOPO-
Het BC; TOYHO TaK ke OHa I OAHHAKOBO yAa-
jgena ot Bepuiin A u C. CiejoBateiabHO, OHA
ONMHAKOBO yJaleHa OT BceX TpexX BeplliH
TpeyroibHHKa, B TOM uuc/Ae OT BepuliH A u
B. 3naunt, OHA JIeXHT HA OCH CHMMETpHH
Tperbeil cropoHnt AB Tpeyroannuka. Hrak,

Puc. 220. ocH CHMMETPHU Tpex CTIOPOH TpeyroJdbHUKa
. nepeceKalTcss B OJHOT TOuKe. 3Jra TOYKa
OAMHAKOBO VyJaJjella oOT BepWHH Tpeyrodabhuka. C/ejoBaTelbHo,
€C.HL TPOBECTHl OKPYKHOCTh PajHYCOM, PaBHBIM PACCTORAHNID 3TOil
TOYKH OT BEPWHH TpPeyroJbHHKA, C UEHTPOM B HalifeHHOll TOukKe,
TO OHa ApoiideT uepe3 Bce TPH BeplulHH TpeyroabHuka. Takas on-
py:RHOCTH (pic. 220) HasbiBAETCHA ONUCAHHOG OKPYKHOCTBI0. OGpaTHO,
ecsl NpelcTaBUTh cefe OKPYMKHOCTh, MPOXOASUIYI0 uyepe3 TpH Bep-
IUHHB! TPEYroJbHIKA, TO €8 HeHTpP 00f3aH HAXOIHTECH N2 PaBHLIX
PaccTOSHHAX OT BepLIMH TPeyroJbHHKAa H NOTOMY NPHHALICHKHT

8 8 B
¢
. Vi '
A ° A

Puc. 221.

KaxI0fl M3 oceil CHMMETPHI CTOpPOH TpeyroJbHuka. [TosToMy y Tpe-
‘YroJpHHKa HMEETCH TOJbLKO OJHA ONMHCAHHAA OKPYIKHOCTb: BOKDYT
JAaHHOTO TPEYTOJbHHKAa MOXKHO ONHCAaTb OKPYXKHOCTb, H IIPHTOM
TOJIKO OJHY; LIEHTP ee JIeXKHT B TOYKe fepeceyeHHsi TPex mepheH-
RHKYJ/ISIPOB, BOCCTaBJEHHBIX K CTODOHAM TpeyroJbHHKA B HX cepe-
AHHaX. :

Ha puc. 221 nokasaHbl OKpy:KHOCTH, OMICAHHBIE BOKPYT OCTPO-
yroO1bHOIO, TPSIMOYTOJLHOTO H TYNOYIOJbHOTO TpPEYroJbHHKOB;
UEHTD OMHCAHHOI OKPYXHOCTH JIEXKHT B NEPBOM cJydae BHYTpH
Tpeyro/ibHHKa, BO BTOPOM—Ha CepelHHe HNOTeHY3Hl TpeyroJbHHKa,
B TPeTbeM — BHE TPeyroabHHKa. 370 NpPOIIe BCEro c.ledyer i3 CBOIiCTB
yIJIOB, ONMHPAIUIHXCA Ha AYry OKpyxHocTH (cM. m. 210).
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Tak Kak moOble TPI TOUKH, - He JieKamHe HAa OXHOIl NpsMoil,
MOXKHO CYHTATh BepIUHHAMH TPeyroJbHHKA, TO MOXKHO YTBEDXKAATh,
4TO uepe3 TPH JIOOHie TOYKH, HE MpPHHaA exaule npaMoi, NpoXoaHuT
€MHCTBEHHAS OKPYKHOCTh. [103TOMY /iBe OKPY3KHOCTH HMEIOT He GoJieé
ABYX OOUIHX TOUeK.

187. MeauaHB! M BHICOTH TpPEyrojbHHKA. OTpe3ox (a HHOTAA W
BCA MpAMas, Ha KOTOPOil OH JIEKHT), COEIHHAIWINS BepUINHY Tpe-
YroJgbHIKA C cepeaiHOil NMPOTHBOJEXaulell CTOPOHBI, Ha3HBaeTc
Meduarod TpeyroJbHHUKA. TpeyI‘OJIbHPlK HMeeT TPH MeJAHaHBl, Bce
OHH MEepeceKanTcs B OJHON TOYKe H AEMAT APYr ApYra B OTHOLIe-
HHH 2:1, cuWTras OT BepllHHB (Q0Ka3aTelbCTBO cM. B m. 207).
Touka nepeceyeHusi MeiHaH TPEYTOJbHHKA ABIAETCA €ro UEHTPOM
" TAMECTH. 3TO 3HAYlT, YTO HMEHHO B TOUKe nepeceyeHUst MelHaH

MOMelIlaeTcsl WeHTP TAKEeCTH TOHKOi o;mopozmou NAaCTHHKH Tpe-
yrosapHoit $opMuL.
Boicomodi TpeyropHHIKA Ha3blBaeTCA NepneHAHKYJAP, ONyIIeHHbI
H3 ero BepUIHHH Ha TNPOTHBOJEXKAIUIYID CTOPOHY (BHICOTOH TaKXke
HasblBaeTcs JIHHA 3TOTO NePHNeHAHKYJAApa).
TpeyronpHHK HMEET TPH BLICOTHL. B c/yuae ocTpoyrosisHoro Tpe-
yroJibHHKa BHCOTH pacrnoJiarailorcs BHYTPH ero (puc. 222, a); ocHo-
. BaHu# BbicoT H,, H,, H, nexar Ha CTOpOHaX TpeyroibHHKa. ¥ mps-
MOYTOJILHOTO TPeyro/JbHHKA JiBeé BLICOTHI COBMAjfaloT C ero Kareramiu

(puc. 222, 6), TpeThs .JKe BHICOTA, onymeHHaa H3 BepUIHHbI MPAMOro
yrfla Ha THMOTeHY3y, JEXHT BHYTpH Tpeyroabinka. Hakonew, y Ty-
NOYroNLHOTO TpeyroJbHHKA (puc. 222, 8) nBe ero BuicoTH h, M h,
npoBejieHHble. H3 BepIUNH OCTPHX YIJOB, JIeXaT BHe 'rpeyro.nbmma
HX OCHOBAHHf NOMEI[AIOTCA Ha MPOAOJINKEHHSAX CTOPOH. ‘
Tpu evicombr 2106020 mpeyzorbHUKa nepecekaromest 8 00HOE mouke
{mokasarenbcTBo cM. B m. 197).
188. PaBeHcTBO - TPeyroAbHHKOB. HepBuu npu3Haxk (oaua
. mapa paBHHX ctopoH). Ilycme. 8 dsyx mpeyzoasnuxax ABC u KLM
cmoporst AB u KL .u npusexcawjue & nusm yeaot-A, K u B, L coom-
eemcmeento pasnot. Toz0a mpeyeoabHUKy pasHel.
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Heiicteutenpno, HamoxuM Tpeyroiabiik ABC Ha TpeyrojbHHK
KLM rak, uro6sl ctopona AB cosnaja co cropoHoit KL, acropona AC
nomna no cropone KM, uT0 BO3MOXKHO B CHJIy PaBeHCTBA YI.IOB
Au K (puc 223) Torga u cropoua BC nofiger no cropoue LM

H TeM CaMbIM COBNAAyT Bep-
£ M muael C 1 M, Kak TOouKH
nepeceueilHss - COBMNABIIMX
CTOPOH.
3 — yA SlcHo, 4TO B  VCJOBHI
MOXKHO TPELNOJOXKHTb pa-
Pue. 223, BEHCTBO JpYyrofi mapu co-
OTBETCTBYIOUIX YIJIOB, Tak
KaK 13 DPaBeHCTBA JByX Tap yIJIOB CJeAYeT Ii PaBelcTBO TpeTbeil
napu! .yIJI0B TpeyroJbHHKOB.

Bropoii mpusHak (aBe napbsl paBHBIX cropou) Ecau cmo-
poret AB, KL u AC, KM 6 0syx mpeyeoabHuKax COOmMSeNcmezHHo
PQoHbL U Y2aul, - BAKAIOHEHHLIE MEXNCOY -HUMU, PAasHbL, N0 MPEYeOIbHUKL
pasHot.

JloKka3aTenLCTBO TIPefOCTaBJIsIeTCs] YHTATeNO.

Tpernil npusnax {(Tp naput pasuiix cropon). Ecau mpu
CINOPOHLL 00H020 MPEY20.16HUKA COOMECNCINECHHO PUBHYLL HLPCAL CHIOPOHAM
opyeoeo: AB=KL, BC=
LM, AC=KM, mo mpc- ¢ Mg
yeoasHURY pasHot (puc. 224). g

Jlnsi fO0Ka3aTenbCTBa Ha- !
JOXKHM cTopony AB Tpe-
yroabuiika ABC na cTopony
KL taK, 4106 coBRaJI TOUKH A t 5 Y t
Au K,B ulL,asepunnn C
i1 M oKasaJjlich 110 OHY CTO- Puc. 224.
POHY OT COBMEIEHHHX CTO- -
por AB, KL. Octaercs nokasarb, yro 1 sepuinnt C n M coBnaayr.
HonyctuM nporiBHOe, a HMeHHo yto C u M 1e COBMEeCTHJICh.
IMycte O—cepeanna oTpeska Mexjy sTuMH Bepwnmamu. Torja,
B ClJy paBeHCTBa HakJoHuwx KM 1 KC' x npsmoit MC’, orpe-
30Kk KO Oyaer nepnennuxyaspoM K MC’. Takxe jo/xen ObiTh nep-
nenpukyasapom K MC’' u otpesok LO, T.e. B Touke O Mbl HMmeeM
1Ba nepneHpukyaspa k MC’, uro Hepo3moxHo. Hrak, nonyuenne yro
M 1 C’ He coBnajgaloT, JOKHO.

Iast AByX NpsiMOYTOJBHBIX TPEYrOAbHHKOB JOCTATOUHO JIONMYCTHTD
paBeHCTBO IBYX Nap CTOPOH: 06 NPAMOYS0AbHbLX NPEljeOAbHUKA DABHL,
ecau “0sa Kamema 00H020 pasHbl 08ym kamemast 0pyeoeo uAu ecau
Kamem W 2unomeny3d 00HO20 PAGHbL COOMECMCMEEHHO Kamemy u 2u-
nomenyse 0pyzoeo,

Paccyorpum - BTOpoil H3 yKas3aHHBIX caydyaeB: NycTh kartetni AB
1 KL noamoyrodsHelx TpeyroaeHukos ABC uw KLM (puc. 225),

4
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a takxe H ux runorenysst AC u KM paBHbl. COBMeCTHM KaTeThl .
AB u KL Tak, uro6ut Touka A cosnmajaa ¢ K 1t B ¢ L, a runore-
Hy3bl OKas3ajiCh MO OIHY CTO-’ ¢ M
pouy OT COBMNABIIHX KareToB.

Torpma xatetet CB u ML pac-

NoNoXKaTesl N0 OfHOH mnpsMoil. .

nnorenyssl 6yAyT HAKJIOHHBIMY, . \
npoBegeHHHMH uepe3 K K Juunn A ' 8 K '

BTOpHIX KaTeToB, M, GyIyunl pas- . Puc. 295.

HBIMII H_  PacnoJOKeHHBIMI [0

OJHY CTOPOHY OT MepmeHAHKyJspa, COBMaAyT, OTKYJa CJAeAyeT COB-
Mell[eHHe TPeyroJbHHKOB.

Tak Kak y AByX NpAMOYFOJbHHIX TpeyroJbHHKOB. Bcerga €ecThb
napa paBHHIX YIJIOB (OPSIMBIX), TO AJS PaBeHCTBA TAKHX TPeyroJib-
HHKOB JOCTaTOYHBl TaKike CJeJYIOUIHe YCAOBHA: NPAMOY20AbHbIe mpe-
- Y2ONbHUKU DABHBL, €CAL OHIL UMEIOM Napy pasHblX oCImpbix Y20 U napy
pasHolx Kamemog (Wi 2unomenys).

189. MocTpoenue TpeyroabHHkos. TpH jJ0KasanHbe B 1. 188 Teo-
PeMEl O pPaBEHCTBE TPEYroJIbHHKOB MOKAa3biBalOT, YTO TPEYrOJbHIIK
BNOJIHE ONpeiesieH, eC/t JaHbl TPH IO CTOPOHHL, ABE CTOPOHH! H Yrod,
3aKJIIOYeHHBIT. MeXAy HHMI, CTOPOHA W JABa npujeraiomux K meit
yraa (uan BooGuie nBa KakHX-HHOYAb yrJa).

CyuecTBoBaHNe TPEYroJbHHKA, ONpese]eHOTO 3ajaHHeM TeX M
HHBIX KOHKPETHBIX BeJHYNH CTOPOH HJIH YI7I0B, OGHapyXKipaetcs -
NpH peWweHWH 33jaYd HA TOCTpPOeHHe TPeyroJbHIKA M0 NaHHBIM
sfeMelTaM: OXHO3HAYHOCTH pellleHus 3afaul Ha MOCTPOEHHe elne pa3
JIOKa3blBaeT MNPH3HAKH PaBeHCTBA 13
n. 188. CoofpasHo Tpem mpusnakam pa-
il BeHCTBA BO3HHKAlOT N TPH OCHOBHbBIE |
. 18 3a7ayd HA IOCTPOEHHE TPEyroJbHHKOB.

: 3anaua 1. Hauw TpH oTpe3ka a,
b, c. IlocTpolth TpeyrosibHHK, NMEOULHIT
e o 3TH OTPe3KH CBOHMH CTOPOHAMH.

Pemenmne. Ilycth c—nanGoapumii
b . H3 TpexX OTpe3KoB: c_>=a, c¢>=b; naa
TOrO yTOOHl 33a7aya MOTJIa HMeTh pelic-
5 Hie, Heo6XORHMO, H4TOOB BHHIOJIHAJOCH
yeaoBe ¢ <a-+b. ByaeM cunrtath, uto
3TO yc/0Ble BuinosHerHo. Ha nponspo.ib-
o HOIit npsiMoit (puc. 226) oTaokuM B mpo-
H3BOJBLHOM MecTe oTpe3oK AB =c. Konust
Puc. 226. - ero mpiMeM 32 JiBe BEpUIHHBI HCKOMOTO
TpeyroJbiiKa. Tpethl BepiuyHa JX0MKHa

Jexarb Ha paccTosaHrH b or Toukn A (WIH OT TOYKH - B)
Ha pacctosiHui a ot B (nan A). Jlast nocTpoenusi Hepocramwoueil pep-
INIHBL TPOBOUM OKPYXHOCTB paanyca b ¢ ueHTpoM A It OKpyXHOCTh
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pannyca a ¢ neHTpoM B. ITH 1Be OKPYXKHOCTH NepeceKyIcs, TaK Kak
10 YCIOBHIO paccTOfiHlie MeXAY HX LEeHTPpaMH MeHbllle CYMMH
pannycos- a+b u 6oapwe HX PasHOCTH, NOCKO.bKY ¢— HanGojb-
il oTpe3ok cpeal AaHHbIX. [lodyuwaiotrcss naBe TOuKH nepeceyeHis
C n C’, T. e. ABa BO3MOXKHHX TOJOXKeHHs Bepunbl C; coOTBeT-
CTBEHHbIE JIBA TpPEYro/NbHHKA, OJHAKO, PaBHH, KaK CHMMETPHYHO
pacrnioioxkeHHbie oTHocutedbHO AB. Ha puc. 226 Ttakxe nokasano,
KaK NOJYYHTb elle JBa NOJIOXKeHHS TpeTbell BepINNHH, eclll TNoMe-
HATb MECTaMH PajHyChl OKpy:xHOCTeil.

3anaua 2. [locrpours TpeyroJbHIK NO ABYM CTOPOHAM It yray,
3aKJIIOYEHHOMY MEXIy HHMH,

3aaaua 3. [TocTpont, TPeyroanbHilK NO CTOPOHE H NPHJICHKALNM
K Heil yraam, cymMMa KOTODHX MeHblile 2d.

Pelienne oGenx 3ajau peKoMeHAyeTCsi BBHIUIOJHITL YITaTEioO.

Ipit amajanse npH3HAKOB paBeHCTBA TPCYTC.ILHIKOB 00PallaloT
Ha ce0s BHHMAaHNE 1Ba 06CTOATEAbCTBA:

1) Her npusnakos, B KOTOpPLIX paBEeHCTEO TPeyroJsHHKOB ofec-
NeYynBa’ioch Obl TO1bKO PAaBEHCTEOM TpeX YT.10B. DTO OGBACHSACTCS TEM,
“YTO ABa TPeyroJbHHKa, HAMeioulle paB-
Hble VIJBI, ellle He 00A3aTe.1bHO PaBHBL
(no1001bIe TPEYTOILHIKH, CM, NOAPOG-
nee 1. XVI).

2) Ilpu3nak paBeHCTBa TPeYTOJL-
HIIKOB N0 2BYM cTopoxaM TpeGyer pa-
BEHCTBA He INPOH3BO.JIbHBIX YTIJOB, HO
HenpeMeHHO 3aK.JIOYeHHBIX Mex1y paB-
HbIMH - cTopoHami, YrtoOel BLIACHITB
NPHYHHY 3TOr0, NOCTABHM CJeAYIOUYI0
3ajnauy. -

3apgaua 4. [locTpouts Tpeyroib-
HHK 1o ABYM CTOPOHaM H yray, Jeka-
1ieMy TPOTHB OJHOI 13. HIIX.

Pewenne. [lycts, nanpinep,
IaHEl CTOPOHH @ H b 1 yroa «,
JNexawnii nporus a (pue. 227). J1s nocTpoeHHs TPeyroJsHiKa
OT.I0xHM OTpe3ok b na mpousBoasHoil npamoii AC 1t u3 oauoii ero
BepLUHEL, HanpiMep A, nposeteM ayu AM noza yriaom « k orpesky AC.
HeirasecTnas Tperssl CTOpoHa TPeVIOJbHHKA 10KHA JI€KATh Ha 3TOM
Jyde; ee KOHell H €CTb HeJOCTaloulasl BepllHHA Tpeyroabhpka. Ha-
E€CTHO, ONHAKO, YTO 3Ta TPeThbsl BeplUHHA JeXHT Ha PacCTOAHUN a
or C 11, 3HauuT, NOMEUIAeTCs Ha OKPYIKHOCTH ¢ LeHTpoM C pamiyca a.
Hposeaem Takylo okpy:kuocTh. Toukn ee nepecevenus c ayyom AM
JanyT BO3MOXKHHIE NOJOKEHHs TpeTbeil BeplnHbl. Tak Kak OKpyK-
HOCTb M JIyY MOTYT He HMeTb OOUWMX TO4eK, IMeTb OAHYy M ABe
ofuiie TOUKH, TO 3ajaya MOKET He HMeTb peleHHil, HMeTb OAlO
uin-asa pewennd. Ha pue. 227 npeacrabieH cayvaii, Koraa yroa o

Puc. 227.
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OCTPHIH, H uyeThHpe BapHaHTa JJs CTOPOHH a(a,, a,, 4, a,), 1A
KOTOPHIX 3ajaud, COOTBETCTBEHHO, He HMeeT. PelUeHHil, HMeeT OHO
pelueHue, ABa pelleHis H CHOBa oaHo peluenne. Ilokasauel o6a pe-
e ANA a=a, [lonuwil aHanu3 3Toil 3agauy jgaercs B m. 223
B CBA3H, C 32jayaMii Ha pelLIeHHe TPeyroJbHHKOB.

'MOXHO CTaBHTB H Jpyrie Pa3HOoOGpa3Hble 3a1aull HA NMOCTPOEHIE
TPeyroibHHKOB MO TeM HJH HMHbIM JaHHHM. Bo Bcex caywaax ajs
BO3MOXXHOCTH NMOCTPOEHHS TPEYroJbHHKA JOJIKHBL ObiTh 3aJaHbl JIHGO
TPH KaKHe-HUGYAb ero JumefiHHX 3jeMeHTa (T. €. TpPH OTpeska:
CTOPOMSI, MeaHaHbl, BHICOTH H T. M.), 1460 ABa 0Tpe3Ka H omm yroda,
au60 OAHH OTPe3oK W jBa yrJja.

3axaua 5. [laHbl 1Be CTOPOHH 4, C TPEYTOJIbHHKA 1t MeAHaHa m,.
[locTponTts TpeyroasHHK.

Pewenne. Haunem pemenne 3ajaun c aHanansza. Tak Ha3bl-
BaeTcA 3Tam pelUeHHs, KOrja Mbl YCJIOBHO AOMYyCKaeM, 4TO 3ajgada
yXKe pelleHa, H BHIACHSEM Takue ee 0COOEHHOCTH, KOTOPHIE H B CAMOM
Jesle MOMOT'YT HaM ee pewnTb. Mrak, JOMyCTHM, 4TO TPeyrojbHHK
ABC (puc. 228, a)—wuckomplit. Toraa B HemM BC=a, CM.=m,,

¢ ~—g

t ~C

B
[ ¢

Puc. 228.

AB =c. 3amernMm, 4710 OTpe3ok BM mno omnpegesieHHi0 MeIHaHB
COCTaBJseT MOJIOBHHY C, T. €. MOXeT CUHTaTbCsl H3BecTHHM. Ho Te-
nepb B TPeyroJbHHKE BMC w3secTn Bee TPH CTOPOHH! 37ech K.1104
K pellieHHI0 330auH, OCTaJIbHOe yike npocro. Met cTponm (puc. 228, 6)
TpeyroabHiK BMC no tpem croponam BM =c¢/2, BC=a, CM =m,
Il npojo/ukaeM 3aTem ctropoHy BM mna paccrosnmne, paBHoe. c/2
noJiy4ast TeM CambiM TpeThio BepiiHy A 'rpevroanuKa. Mpasnn-
HOCTb BBINOJIHEHHOTO INOCTPOEHHs ACHA:

YcnoBuHe pa3spemuMOCTH 3aa4 COCTOHT B BO3MOMHOCTH nocrpo-
HTb <YaCTHYHHII» Tpey TOJILHHK O CTOpOME @, MeiaHe I [OJOBHHE
Apyroii CTOPOHLL.
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180, PaBHoOGenpeHHble TpeyroabHHKH. [lo omnpegeneHnio pasuo-
Oedpentoisn Ha3blBaeTCsl BCAKHH TPEYroJbHHK, JBE CTOPOHBI KOTOPOro
PaBHBL (€CTIH ¥ TPeTbAl CTOPOHA: paBHA HM, TO TaKOii PaBHOCTOPOHHHUIT
TPeyroJbHHK fBJISIeTCS YaCTHHIM BHAOM paBHOOEIDEHHOTO TPEyroJib-
Hiika). JIBe paBHBIC CTOPOHHl Mbl Ha3blBaeM G60K06bMU, TPETBIO —
OCHOBaH M. '

OnycTuM BBICOTY Ha OCHOBaHHE PaBHOOEIPEHHOro TpeyroJbHiuKa,
- Bupy paBeHCTBa GOKOBHIX CTOPOH—HAKJ/OHHBIX K OCHOBaHIIO —

8 ~ BBICOTA pAa3fesINT OCHOBaHHe nonoJaM H OyJer
OCbI0 CHMMeTpHH Bceil paccMarpiiBaeMoil ¢uryput
(puc. 229). Iosromy eeicoma pastHobedpernnozo mpe-
Y20abHUKQ, ONYWEHRAS HA 0CHO6ARUE, 00HOBpEMeH-
HO A87AeMCA BUCCEKmpPUcoti yeaa Meofcdy pasHbimu
CIMOPOHaMU, MeOUAHOL U OCol0 CUMMEMPUL OCHO-
saHus.

A H OépaTﬂo, MOKHO ]10Ka3aTb, YTO €CJH JBE li3
=" puc. 299. YKa3saHHEIX 4eTHpeX JuHlil coBnajyr, To Tpe-
’ yrolbHHK OyfeT paBHOGeXpeHHbIM (a 3HayuT,
COBTIAAyT H BCE YeThipe mmmx) LleHTp THAXKECTI, LEHTPHI ONHCAHHOI
Il BHiCanHOIl OKpVIKHOCTEl I TOYKA nepeceyeHHs BHICOT paBHoOex-
PEeHHOTO TpeyroJbHIKa—BCe J1eKaT Ha ero OCH CIHMMCTPHIH, T. €. Ha
BLICOTE (pHc. 229).

Pasuocmponmm TPeyTOJbHIIK fIBJASIETCS pamxo6e;npemxbx\1 Ast
Kaxaoil napel CBOHX CTOPOH. BBHAY paBeHcTBa BCeX ero CTopoi
paBubl TakKiKe H Bce TPH YrJa TaKOro TPeyrojibHUKa, YUuHTbIBas,
4YTO CyMMa YIVIOB JiI00OrO TpeyroJbHHKA paBHAa JABYM IPSAMBIM, Mb
BHJHM, YTO Kaxnblii H3 YIVIOB pPaBHOCTOPOHHEro TpeyroJpHHKA CO-
JepxuT st/3 pamuad, mau 60°. OdpatHo, yTOGH yGepHTLCA B paBeH-
CTBE BCEX CTOPOH TpeyroJlbHHKa, KOCTAaTOUHO NIPOBEPHTb, YTO ABa K3
Tpex ero yrJios pasHH 60°.

B paBHOcTOpOHHEM TpeyroJibHHKe: COBNAJalOT BCE PACCMOTpEHHbiE
HaMH 3aMeyaTeJIbHbIe TOYKH: LEHTP THAMKECTH, HEeHTPB! BMICAHHOI
H ONHCAHHOI OKpy»XHOCTeil, TOUKa nepeceyeHHsl BLICOT (Ha3biBaemasi
opmotyenmpor TpeyroapHuka). OGpatHO, ec/l JBe 113 YKa3aHHLIX
YeTHpeX TOYEK COBNANYT, TO TPEYFOJBbHHK OYJeT PaBHOCTOPOHUIM H,
KaK cJeJCTBHe, COBHAAYT BCe YeThipe Ha3BaHHBE TOYKII,

JleficTBHTe/NBbHO, TaKOil TPEYroJbHHK OKAKeTCs, N0 MpeablayleMy,
paBHOGEAPEHHHIM [0 OTHOWIEHIIO K- /1060l nape cTOpoH, T. €. paBHO-
CTOPOHHIIM.

191. IlpamoyroasHpie TpeyroabHuku. IIpasoyroabuulilt Tpeyro.is-
HHK lMeeT JiBeé B3aHMHO TepHeHAHKYJAspHble CTOPOHBI, Ha3blBaeMmble
rKamemany; TpeThfl €ro CTOPOHA Ha3sblBaeTcsl eunomenysodi. [o cpoiict-
BaM MephneHAHKYJspa H HAKJOHHEIX T'HNOTEHY3a JJHHHEe Kaxaoro
H3 KaTeToB (HO MeHblue HX cyMMbl). CymMMa ABYX OCTPBIX YFJIOB NPSiMO-
yroJbHOro TPeyroJpHHKa paBHa npsmoMmy yriy. IlBe BHCOTH npsno-
yroJbHOro TPeyroJbHHKA cOBHajaloT ¢ ero karetail. Ilostomy ogia
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H3 yeTbipex 3aMeyaTe/bHBIX TOYeK NOMajaeT B BepUIHHY MPAMOro yrJa
TPeyroJbuuKa.

Hpyras 0coGeHHOCTb NPAMOYIOJBHOTO TpPEyroJibHHKa COCTOUT
B TOM, HYTO LEHTP €ro ONHCAaHHOMl OKPYXXHOCTH JIEKNT B CepefuHe
runoteHyssl. JleficTBHTENBHO, PacCMOTPHM NPAMOYTOJBHBIN TPEyrob-
unk ABC (puc. 230) u npo-
BefleM ero MexmnaHy BM wu3 A B
pepuiHLt  npsmoro yria. ITo-
Kaxem, 4YTO JJHHA 3TOH MefxHa-
HH PaBHA NOJIOBHHE T'HIOTEHY- M
3H, T. e. BM=AM=CM.
Torpa Touka M Gyzer oanHa-

- KOBO y/iajleHa OT BceX BepuiliH
TPeyrojibHHKA H MOTOMY Gyzer 8 ¢
HEHTPOM OINCAHHONI OKpyX-

HOCTg. s noxasaremﬁ:);aa Pue. 230. Puc. 231.
pasenctsa BM =AM nocra-
Touo oOHapyXnTh paBenctso yriaoB MAB n ABM. JonycTim
NPOTHBHOE, T. €. YTO YIJILI 3TH He PaBHbl, Hanpumep, / MAB> / ABM
(uny L/ MAB < / ABM). Toraa coorsetcteento / MBC > / BCM
(mmw / MBC < /BCM). Tlo cBofictBy «npoTHB GoJbilero yria
JeXHT GoJbllIag cTOpoHa» HMeeM B A BMA MA <BM ns A BCM
BM < MC (w1, naoGopor, BM < MA u MC < BM). B KaxnoMm
H3 STHX CJAy4aeB NpHXoAuM K npotHeopeumo: AM < MC (uau

- AM > MC), B To BpeMsl KaK jaoxHO Ohith AM = MC.

Urak, ocraercs ponyctuts, uto J/ MAB=,/MBA, otKkyaa
BM =MA, uro u TpeGoBanoch fAokazath. OtTciofa H CJeQyer, 4To
IeHTP OMHCAHHOI! OKPYKHOCTH NPAMOYrOJbHOTO TPEYTOMbHIKA JIEXKHT
Ha CepefHHe ero THIOTeHY3HI,

OtMeTHM eme ABa CrelHaJbHBIX BHAA NPSMOYToJIbHBIX TPEYroJb-
HUKOB: paBHoGeapeHHblT 1 ¢ yriaamu B 30° 1 60°. PaBnoGeapenustit
IIPSAIMOYTOJIbHBIT TPEYrOJNBHHK HMeeT paBHBElE YIJIBL IPH OCHOBaHHIH
(retmoTenyse), Kaxawlii H3 3THX yryoB comepxutr 45°, Takoil Tpe-
YrOJBHUK MOJyyaeTcs, ecJH pacceyb KBajgpaTr ero janaronainio. Brr-
coTa papuobepeHHoro NpsSIMOYTo/bHOTO TPpeyrodbHIiKa, NpoBeJeHHasn
H3 BepIIHHBl NPSMOro Yrjia, JeNHT €ro Ha JBa paBHoOeIpeHHBIX
NPSIMOYTOJBHBIX TPEYroJdbHIKA. ,

IMpsivoyroabuuit Tpeyroapunk ¢ yraami 30° u 60° noayunres,
€cIH B PaBHOCTOPOHHEM TpPeyroJbHIKe MPOBECTH OJAHY H3 €ro BBICOT
1l B3ATb KaKOi{-1H60 H3 ABYX PaBHHIX MPAMOYTOJbHBIX TPEYrOAbHIKOB,
Ha KOTOpHle oHAa pa36iBaeT JaHHBII PABHOCTOPOHHHH TpPEYroJbHHK
(puc. 231). OGparHo, ecan B3sATh NPAMOYrOJBHLI TpPeyroJabHHK
¢ yraami 60° 1 30°, To, DPIVIOXKHB K HEMy elle OAHH TaKOH e Tpe-
yroJIpHHK, HMEIOMWHIT ¢ HHM o6l KaTeT, npHiaexaumui K yray B 30°,
NoJyuHM pPaBHOCTOPOHHHIT TpeyroapHHK. M3 Takoro cnocoGa mosy-
YeHHA YKa3aHHOTO TpeyroJbHHKa BHAHO, 4TO 8 HPAMOY20N6HOM
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mpeyeo.zbuuhe ¢ yeaanu 6 60° u 30° xamem, aexcawyuil npomus yeia
6 30°, pasen no.aosure 2unomeHyssl.

Pancxlo'rpxm 2 3ajmauyH Ha NOCTPOEHIE paBHoﬁenpeHHblx H nps-
MOYTOJILHBIX TPeyroJlbHHKOB.

3anaua 1. IHocTpouth paBHOOEAPEHHEIT TPEYTOJABHHK MO OCHO-
BaHHIO H YIJIy NpH BeplUlHe.

PemeHne. 3Has yroj mpH BepliHHe, HaiileM CMEKHHIl ¢ HHM
VIoJ; pasjesHB €ro INONoJaM, NOJYYlM yreid, PaBHBII yray npH
OCHOBaHHH MCKOMOTO TPeyroJibHHKa, I0CJe Hero OH CTPOHTCS yiKe
H3BECTHLIM CIIOCOGOM (MO CTOpOHE H ABYM ymam)

3agaya 2. IlocTpoutb npsMOYyTOJILHBLI “TPEYTOABHIK 1o Karery.
Il THIOTEHY3E.

Pewenue. TlocTponMm otpe3ox AB, paBHbii jaHHOMY KateTy,
I B OJHOM 13 KOHIOB ero A BoccTaBUM K HeMy NeprneHAHKyaap;
Ha 3TOM NepneHalKkyJsape OyaeT Je:xaTb Bropoil Karter. Ocraercs
clle1aTh Ha NOCTPOGHHOM NEPNeHIHKY/IAPE 3aceuxy ¢ ue}rrpou B Bep-
wiiHe- B 11 paiycoM, paBHEIM RaHHOIT rHNoTeHyse.

YnpaxHeHHA

1. HocTponth Tpeyroabhik no croponav AB, AC n Bucore BH.
2, TocTponTs Tpeyrobink no cropoiie A8, meamane BAM i yray A. Cxoabko

élilennil HMeeT 3ajaua?
3. Boccranosute Tpeyroasunk ABC, ccain Ha uyopTeme Moxasalil iBe ero
eepunnbl A 1 B U ToYyKa nepecedeHHs BLICOT (HAH TOYKA NEPeCeYeHHs GHCCEKTPHC).
4. Noctpouts pasHOGeApeHNLIl TPEYTOILHUK 110 0CHOBAMNO b U no BucoTe f,.
5. Iloctpouts npmxoyronbubm TPEYroIbHHK IO KaleTy H Melnane, zeasumeii
€ro nonoia.

§ 2. Mapasenorpamsl

192. YernipexyronbHHKH. PaccMOTpHM TPOH3BOJBHEIT BbHINYKJBLT
veTeipexyronbuik ABCD (puc. 232). Jlis noacyeta CyMMbl BHYT-
2 PEeHHHX YIJIOB YETBIPEXYrOJIbHHKA COSRHHHM JBe
€ro NPOTHBONOJOXKHbBE BEpPUINHEL, Hanpinep A
4 1 C.Toraa uetsipexyroibHHK pa3oSbeTcst Ha ABa
tpeyroabnika CAD n CAB, npuueM cymMa ero
yIJ0B GyZeT paBHA CyMMe YrJaoB oGOHX Tpe-
I4 B yroibHHKOB, T.e. paBHa 4d. Hrak, cymma yrios
Puc. 232. BBIYKJIOTO YeTHIDEXYrodbHIKAa paBHA u4eTHIpe)
NPSIMBIM,

Orpesknn AC u BD, coefuHsiouyie TPOTHBONOIOKHbE BEPIIHHEL
UETHIPEXYro/bHHKA, Has3biBalOTCA ero JuazoHaismu (IHArOHAJIAMH
IJIH, TOYHEe, JHATOHAJbLHBEIMH TNPAMBIMH Ha3bBAalOT H  OpsMble
AC u BD, Ha KOTOpBIX JieXXaT 3TH oTpe3kH). Jluarosasu BHIYKAOTO
UETBIPEXYTOILHIKA NIePeceKaloTcsl B TOUKe, Jexatieit Bny'rpu YeThipex-
yroJbliHKa.
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B sieMeHTapHOIl TeoMeTpuH OrpaHHUHBAIOTCA N3YYeHHeM ABYX
BaXHHIX HYacTHHIX BHROB WYETHIPEXYrOJLHHKOB: NapajliesiorpaMMoB
H Tpaneuuii.

. 193. MapaanenorpaMM H ero CBOJ#CTBA, Hapa,ue,wepa)n,uom Ha3bI-
BaeTCs YeTHPeXYrosibHHK, NPOTHBONOJOXKHbBIE Cl‘OpOHbl koToporo no-
NapHo napajJjencHu (puc. 233).

Ja8 npoH3BOJbHOTO napan.nenorpazwa nmem MeCTo c:rezzyzomue '
cBojicTBa: .

1. IIpomiugono.10xcHele cmopots: napasieaozpassa PasHoL.

IloxasarteabcTBo. B napainenorpamme ABCD nposenem
anaronaibs AC. Tpeyrombuukn ACD n ACB paBHbl, KaK HMEOUIHE
oburyio cropony AC u aBe napel paBHbIX
yIVIOB, NIpHJIEKAMUX K Hefi: 8___ H

/CAB=/ ACD, 4 ACB=/DAC

(KaK HakpecT JejKal(He yrJbl pH napaJ-
JeapHHX npameix AD n BC). 3naunr, 4 2
AB=CD u BC= AD, Kak cTOpPOHLI paB- 033,
HEIX TPEYTObHHKOB, JIeXKalllHe IPOTHB PaB- Puc. 233,
HEIX YIVIOB, YTO H Tpe60BaJoch J0Ka3arb.

2. ITpomusonoaoxHeie yeast NAPA11EI0EPANMA PASHDL: LA=/C,
LB=/D.

3. CocedHue yeawsi napaaseroepamma, m. e. ya.awl, npu. rexcague
K o0Hoil cmopone, cocmagasiom ¢ cymme 2d: /L A+ / B=2d u T. 1.

JlokasareanctBo cBoOficTB 2 H 3 cpasy HOJI)‘laETCH H3 CBOIlCTB
yrJI0B NPH NapalulefibHLX NPSMBIX.

4. Nuaeconaau naparsenozpamma deasm Opye ap yea 6 mouke ux
nepecesenus nonoras. Unaue roeopsi, AO=0C, BO =0D (puc. 233).

JdoxasareabcTBo. TpeyroabHukH AOD u BOC paBHEbI, Tak
Kak paBHH 1X ctopornt AD n BC (cBoiictBo 1) H yrabl, K HHM
npuJexamue (Kak HaKpecT JeXaume Yl Npil NapaleibHblX
npampix). OTciofa cJenyer H PaBEHCTBO COOTBETCTBYIOUUIX CTOPOH
3THX TpeyroabHikos: AOQ=0C, BO=0D, yro 1t TpeﬁoBaJIOCb Io-
Ka3aTb.

Kaxzoe 13 HasBaHHBIX YETHPEX CBOMICTB XapaKkTepHayeT napaj-
JIeJI0TPaMM, IJIH, KaK TOBODPAT, ABISETCA €T0 XQPAKMEePUCHIUNECKIMN
ceolicmgom, T.e. BCAKHI YETHPEXYTOJbHHK, obvapawouliil Xora Oul
OJHHM N3 3THX CBOICTB, SIB/fIETCS mapajsieaorpaMmoM (i, 3Haumr,
o61ajaeT N BCEMH OCTaJbHBIMH TPEMs CBOfCTBAMH).

ITpoBenenM 10Ka3aTenbeTBO AJs1 KAXKAOIO CBOMCTBA OTIAEILHO,

1'. Ecau npomusonososxcrsie crmoporst 4ermbipexyy20.6HUKA NONAPHO
pasHol, MO OH ABASEMCS NAPANIEA0ZPBMMOM.

JoxasarteabcTso. [lycrs y uernipexyroasuuka ABCD cro-
pourt AD n BC, AB u CD coorBercTBeHHO paBHb! (puc. 233). ITpo-
seneM auaronanb AC. Tpeyroavunkin ABC w CDA 6yayT pasHHl,
KaK HMeloulHe TPH Napel paBHHIX cTopod. Ho TOrza yrast BACuDCA
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-pasust ® AB || CD. Hapannenbnocrb cropou BC u AD cnepyer u3
pasetictBa yrios CAD u ACB.:

2'. Ecau y uemoipexyeossruxa 0ge napol npomusonos0iCHuLX Y2aoe
POaBHbL, MO OH SBAAEMCA NAPAANEA0ZPAMMOM.

Hokasateanctso. Ilyete L A=/C u /B=/D. Tak
Kak LA+ /B+LC+ /D=4, 10 LA+ /B=2d u cropo-
usl AD g BC napaianesibhibi (M0 npH3HAKy NapaaenbHOCTH
APAMBIX)., ¥~ %

3’. Ilpenoctasiasem GOpMyJHPOBKY H JAOKAa3aTeJbCTBO YHTATETIO.

4'. Ecau Quaconaaru dempipexye0ibHUKA 63aUMHO Geasncs @ modKe
nepecedeHus noNoAam, mo HembipexyeoabHUK — NapalIes0epam.
~ Hoxkasateascrno. Ecan A0=0C, BO=0D (puc. 233), 10
TpeyroapHikn AOD 1 BOC paBHp, KaK lHMelomHe paBHble YIJIL!
(BeprukaspHble!) mpi BepmnHe O, 3akJIOYeHHBE MEXAy HapaMil pap-
uux cropon A0 n CO, BO u DO. M3 papencrBa TpeyroabiuKkoB
3akJoyaeM, 4to cropoust AD u BC paBHbl. Takxke paBHbl CTOPOHB
AB n CD H 4eTblpeXyroJIbHHK OKa3blBAeTCsl MapaJiiieorpaMMol
N0 XapaKTepHCTHUeCKOMY cBoiicray 1’.

Takum o6pasomM, i1d TOro 4To0bI A0Ka3aTh, UTO AAHHBI YeThpex-
YIOALHHK  SIBJSICTCS * N1Aapasiesior PaMMoM, JOCTaTouyHO  yOealThbest

B CNPABGATHBOCTH JIOGOr0 M3 YeTHIpeX
8 4 cBoiictB. YUnrartemo mnpeinaraercs camo-
CTOSAITEbHO JOKa3aTh eille 0110 XapaKkTepii-

by CTHYecKoe CBOIICTBO IapasJiesorpamma.
h 5'. Ecau uembipexyeoabnur useem napy
Aer A pasuoix, napasiessholx mexcdy coboil cno-
A _ F) POH, MO OH ABAREMCS NAPAANLAOZDAMMOML.
— Muoraa kakaf-uuGyie mnapa napat-
JeJIbHEIX CTOPOH papajiesorpamma Ha-
3LIBACTCH €r0 OCHOSQHUAMWU, TOTAA ABE APYrHe HasbpiBaOTCS (0K0-
ot cropoHami, OTpesoK 1npaAMoil, NepReHAMKYAApHON K JABYyM
CTOPOHAM Mapa/ile/orpanMMa, 3aKJoueH bl Mexy HHMH, Ha3blBaeTcs
euicomori mapaJdesaorpamsma. IlapansenorpamM Ha pHC. 234 nmeer
BLICOTY /i, mpoBegeHHY0 K cropoHam AD H BC; BTopasi ero BLICOTA

npeicTaBieHa orpesKoM /1.

194. Ipsimoyroabuuk. I1pasoyeossruxos HasplBaeTcst Takoil na-
Padseor PaMM, CMEXKHBIE CTOPOHBI KOTOPOro B3aHMHO MeprneHIiKy-
JsipHpl. SlcHO, uTO mapajJenorpaMM GyJXeT NPSMOYTOJBHIKOM YiKe
B TOM CJydae, KOraa XoTs OBl OJAHH H3 €ro yIJoB NpsiMofi, Tak Kak
torza OyAyT MpPAMBIMI H ocTasjbHble ero yriel, Ecan ke sapaiice
1IeH3BECTHO, ABJAETCA JI JaHHbIT YeTHIPeXyroJbHIK NapaJiesorpan-
MOM, TO MpHAeTcA IpOBepHTb, YTO TpPH yrja ero mpsMble, TOTAa,
KOHeYHO, M 4eTBepTHIil yroa Oyjer mpaMmoii, TaK KaK cyMMa yrJion
M000r0 4eThipexyro/bHilKa paBHa 4eThIpeM NpAMblM, BamkHO Takxe
c/aexyoee OTJHYHTEIbHOE CBOIICTBO MPAMOYTOAbHIKA:

Luazonasu npasoyeosbHuKa pasHol,
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HokasateascTtso. Paccmotpum Tpeyroawuuku ABD u ACD
" (puc. 235). 3Otu TpeyroibHHKH npsMOyrojbHbe, KateT AD y Hux
obwuit 1 xaterel AB n CD paBHH, cJIef0BaTe/LHO, paBHH H THIIO-
Tenyssl: BD = AC, uto u Tpe6oBanoCh N0Ka3aTs, .

Ecnyn ussecTHo, 9T0 A8HHHI YeTHpeX yTrOIbHUK — [1aPaANeSNor paMm,
TO JIaHHOe CBOACTBO GyAeT AJIA NPAMOYTONbHHKA XapaKTePHCTHYECKHM:

Ecau Ouazonaru napasnesozpasma pastot, mo oH A6ASEMCSA NPAMO-
Y20NbHUKOM, ‘ S

HoxasateancTBo. M3 paBenctsa anarosaneft ‘BD n AC
(puc. 235) B cBOl0 oOuepesb CheiyeT PaBEHCTBO TPEYroJbHHKOB
ABDu DCA u, 3sHauur, paBeHcTBO yrioB BAD u ADC; Ho, cocraBass
B CyMMe XBa NPsAMBIX H GYAy4H DaBHBIMH, STH YIVIBl JO/IKHBL ObITh
NPsAMBIMH; SHAYHT, NapajsielorpaMyM— NpsMOYToJAbHHK,

8 ¢. 8 f
7 ‘A@c ,

4 K4 D
Puc. 235, - Puc. 236,

195. Pom6. Ksappar. Ilapannenorpams, y KoToporo Bce CTOPOHBL
paBHEI, HaswBaeTcH poMbosm. st TOro YToGH NPOBEPHTH, YTO AAHHMIH
napajsiesiorpaMM ssJisieTcss poMOOM, JOCTaTOYHO MOKa3aTh, YTO ABE
ero CMeXXHble CTOPOHBI PaBHH; TOrAa PaBEHCTBO BCeX. CTOPOH Gyger
BuITeKaTh M3 cBoiictBa 1 m. 193. Ecau 3apanee HenspecTHO, siBJasercs
JH J@HHHA YeTHIPeXYTONbHHK Napajjie/orpaMMoM, TO AOCTATOYHO
NpOBEpUTh PaBEHCTBO BCeX CTOPOH, YTOOH! yGeaHThCs, YTO MBI HMeeM
pom6: '

Hemvipexyeononur, Y KOmopo2o 6ceé CMOpPOoKsl DPagHel, A6A%emcs
POMOOM.. -

(3ameTnM, uTO STO yxe€ yTBEepXKAeHHe, TpeGywliee AOKa3aTellb-
CTBA, & He ompejeneHue!l) '

HokasatenbcTBO. EcIH y YeTHIpeXyroibHHKA BCE CTOPOHH!
" paBHHI, TO, B YacCTHOCTH, NONAPHO PaBHH H NpPOTHBONOJIOXHLIE CTO-

POHBI H YeTHIPEXYTOJBHHK fBJAETCH NapajesnorpaMMoM (cBoficTeo 1
n. 193). Ho napannenorpamm ¢ paBHBIMH CTOpoHamu GyneT poMGoM
(B cuay onpexesennss pom6a). YKaxeM elle ORHO CBOHCTBO pomba:

Hapanseroepann, duazonasu Komopozo 83auUMHO nepneHOUKYIAPHYL,
aeanemcs pombot.

IoxasareabcTBO. PacCMOTPHM npAMOYro/pHHE Tpeyrob-
uuky, AOB u COB (puc.-236); OHM pPaBHH B CHJY TOTO, YTO Karer
OB y nux ofunii, a karett AO n CO paBHH nO CBOfICTBY AHAro-

. Haseil mapaasiesiorpamMma. 3Haunut, AB = BC, u noroMy Bce 4eTHpe
CTOPOHHI NapaJijie/iorpaMMa paBHHI, T. €. OH._Oyaer poMGoM.
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- TlpegnaraeTcsi yHTaTe/[q10 A0Ka3ath -reopemy
Huazonaru aobozo pomba esaumHo nepnenduryaspol.
[1pAMOYTO/IBHIIK, CTOPOHBI KOTOPOTO PaBHBI, Ha3blBaeTCs wa@pa-
mos. TakuM 00pa3oy, KBagpar sIBAfeTcA TaKike H PoMGOM (CTOPOHBI
paBHb!) ¢ npaAMbIMI yraami. MoXHO HHaYe CKa3aTbh: KBaJpaT— 3TO
YeTHIPEXYTOMbHIK, OJHOBPEMEHHO ABIAOUINACH pPoMGOM H npsao-
yroibHikoM. Ksaiapar o6aagaet Bcemi CBOCTBaMH NapaJ.ieo-
rpasya, poMba I NpsINMOYrOJbHHKA.
3apgaua 1. Jlokasarb, uto Auaronany pombéa cayar Guccek-
TPHCAMH €r0 YIJIOB.
Pewe nie. Bo3Bpawasich K puc. 236, HanoMHiM, YTO Mbl OGHa-
PYIKILTH PaBEeHCTBO. TPeyTOMILHIKOB AOB COB, caenoBatelsHO,
yraut ABO u OBC pasHb, T. e. Aua-
g roiais -BD—O6uccekTpica yraa B.

///'/\ Jlnst Bropoil AHaroHadn npuMeHsieM
4\i/¢‘ T e paccyxAeHHs,
, > 3apgaua 2. Buicora pomba co-

#p CTaBJseT BOCbMYIO 4acTh ero mne-

Puc. 237. puverpa. Onpezenuts yraol pomba.

Pewenune. Ecan Bricora pow-

0a coctaBjasieT BOCbMYIO YacTh ero

nepuMeTpa, TO OHa PABHA NoJoBiNe cTopoHbl pomba. Takin oGpason,

B Tpeyro.bHilKe ABAM (puc. 237), orceuenHoM OT pomba ero BBHICO-

Toit BAM, nposesennoil yepes BepwiHy Tynoro yraa, karer BM pasen

noaosune runotenyssl 'AB 1t yroa A cogepxut 30°, Tynoit yroa
Oyner pasen 150°.

Ynpaxuenns

1. I'Iocrpoxm. napaJaiesorpamm no cropone AB, octpoMy yray A u esicote BH,
nepnesanKyasproil K cropone CD.

2, Ioxka3aTb, YT0 NapaieaorpaMs, HMEIW il paBHbE BHICOTH — PoMO.

3. locTpouth nPAMOYIOALHHK MO JHArOHAAH H CTOpOHE.

4, Tloctpoitts poMG NO MaJofl AMarcHa M M OCTpoMy YTJay.

5. lloxasaTh, 4TO CepeluHbl CTOPOH PoMGA CAYIKaT BCPIIHHAMIL NPAMOYroib-
HiiKa, 2 CepeUMHBI CTOPOH NPAMOYTOAbHHKA — BepLiiay pomOa.

§ 3. Tpaneuus

196. Tpaneuun. T paneyuel Ha3HBaeTCA YETLIPEXYTOAbHIK, ¥ KO-
TOPOro HMeeTCs TOJAbKO OAHA napa napajjenbhblx ctopoH. Tak,
vethlpexyroapuk ABCD, nsoGpaxennblit na puc. 238,— Tpaneus.
Cropoust AD u BC 3pech napaanenpbHbi. [lapajsenbuble CTOPOHBL
TPalleuli Ha3blBAIOTCA €€ UCHUBUNUAMU, HellapajljleibHble CTOPOHB —
Ookosoistu cmoponamu. Tlapannenbhbie CTOPOHH He MOTYT ObITb paB-
HBIMI, TaK KaK B IPOTHBHOM CJjiyyae MbI HMeJii Obl HapasiJienorpamMm
(cx. ceoiictBo 1 m. 193). ITostomy oaHy H3 HHX MBI HasoBeM 60.6-
muM, BTOPYIO—Maasis ocHosarues Tpaneui. Ilo cpoiicTBam napan-

-
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JeJbHHIX NPAMEX BIJAHO, YTO CyMMa YIVIOB, IPHJEXAIMHUX K Kamaoil
13 OGOKOBHIX. CTOPOH, paBHa ABYM NpPSIMHM (y napaijenorpaMma
ABYM MpsAMHM pPaBHA CyMMa yIJoB, NpHJEXaIHX K Jio6oil cropone).
Yro6it NOJy4YNnTL Tpanemuio, MOXKHO nepeceus TpeyroybHHK ABC
(puc. 239) npamoit MN, napanneapHoil ofHoii u3 ero cropon AB.
STy TpaneuHio MOXHO Ha3BaTb YCEYEHHBIM TPEYroJbHHKOM.
Orpesok h mnpsimoil, nepneHANKYJsPHOII K OCHOBAHHAM Tparme-
IHH, 3aKJIOHEHHEH! MeXny HIHMH, Ha3blBaeTcsl 6uiComod TpaneuMH
(puc. 238). Ha pnc. 240 uszo6pakena Tpanenus, OaHa H3 GOKOBLIX

&

Puc. 238. Pac. 239 . Pac. 240.

CTOPOH KOTOpPOil nNepneHAHKyJsipHa K ee ocHoBauusM. Takas Tpa-
neuHsa HaswiBaercs npasoyzoavtor. O6paTHO, BCAKIIT YETHIPEX yroJib-

K, y KOTOPOTO JBA YIJia, NpAJIEXKallle K OJHON CTOpOHE, NpAMbie,
aBaseTcs JHOO NMpPAMOYroJbHOIl Tpanenueii (OueBHAHO, NO Menbmeu-

MEpe JiBe CTOPOHEI NMapaJlie/ibHLE), JHGO NPAMOYrOJbHIKOM. o

Tpaneuns, y KoTopoii GOKOBLE CTOPOHHI paBHH, Ha3biBAeTCs .

pasrobounoil 'rpanexmeu Uuraremo chexyer o6paTHTh BHMMaHHE Ha
TO, YTO Yy TAKOH TpaneuHH ecTb Napa pPaBHHX CTOPOH H ecThb napa

napa/JIebHBIX CTOpPOH, H TEM HE MeHee OHa He fAB.JAETCA NnapaJJje-

JIOT PAMMOM. -

OT™eTHM HeKOTOpHIe CBOfiCTBa paB- 5___ e
Ho6oyHoil Tpaneunn.

1. Yeaot, npusrexauue x xaxcdomy
u3 ocrosanull pasrobo4Holl mpaneyuu, i y7 >
PasHel, , .

HdokaszaTteabcTBo. Jlokaxey, p,,c_ 241, )
HanpuMep, paseHcTBO yrioB A n.D
(puc. 241) npu Goabiem ocHoBanuH AD paBHoﬁquou Tpane-
uu ABCD. Jins- sroil uenn npoBeaeM 4epe3 BepitnHy C npsmMyio,
napaJieannyio GoKopoii croporne AB. Ona nepeceuer GoApmoOe OCHO-
BaHue B Touke M. Uerhipexyroabnnk ABCM, oTceueHnwii npobe-
JeHHOl mpAMOil OT TpamemsiH, ABJseTcA NapaaielorpaMMoM, TaK
KaK 10 NOCTPOEHHIO OH HMeeT JiBe Maphl Napaslie/bHLIX CTOPOH.

CaenoBatensHo, oTpesok CM cekymeill npaMmoil, sakaioueHHBIR

BHYTPH Tpaneuus, paeeH ee GokoBoii cropoHe: CM = AB. Orciona
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sicHo, yro: CM =CD, . Tpeyroasunk CMD —pasuoGeapenHsiii,
£ CMD= /CDM, u, 3uaunr, /A= /D. ¥Yran, npuiexauue
K Ma/JIOMy OCHOBaHHIO, PaBHH, TaK KaK KaxAblii 13 HHX B CyMmMe
¢ paBHbIMH yraamu A H D cocTasiseT ABa NPSIMBIX.
2. [uazonaau pasnoGodnoid mpaneyuu pagHol.
HokaszatenbctBo. PaccMorpuM TpeyroinHuky ABD u ACD
(puc. 242). HMx paBeHCTBO cpa3y cJjeiyeT H3 BTOPOrO MNpH3HAKa
paBeHcTBa TpeyroJbHUKOB (cTopoHa AD obmas, cropoust AB u CD
pasuel, yrael BAD u ADC, 3akqioueHHble MeXKAY PaBHBIMH CTOpPO-
HaMu, paBHBI no cBoiictBy 1). M3 paBencTBa TpeyrolbHHKOB 3aKJi0-
yaeM, ytro AC =BD. . ’

A

Pug. 242, Puc. 243.

3. Ecau npoQuaxcume Crmoporsl pasHoOoqHoll mpaneyuu Jo ux
nepeceuenuq, mo esecme ¢ 00.6LUM OCHOGAH UM mpaneluu oxu o6pa-
syiom  pacrcOcdpennoii mpeyeoaonur. Iiaye rosopst, papuoGouiiast
Tpanewia noJyvyaercs yceueHleM paBHOOeIpeHHOr0 TPeyroJbHHKA
npsMoil, mapasiebHOll ero OCHOBAHMIO.

CpoiicTBO 3 cJ/exyeT H3 paBeHCTBAa YIJIOB NPH GOJLLIOM OCHOBa-
Hint. Breicora EN nocTpoennoro pasHoGe1peHHOro Tpeyrojsuuka AED
(puc.’ 243) sBIseTCST OCHIO CHMMETPIHH TpeyroJIbHHKA I BMECTe C TeM
Tpaneunn: JuHua MN, coeiunsiomas cepeaunsl ocHoBamuii BC n
AD pasnobouHoil Tpaneuui, nepneHAHKYJAsipHA K ee OCHOBAHHAM
H CAYXKUT OCbIO CHMMETPIlI TPArewuiL.

Bee mepeuiicientsle cBoficTBa ABAAIOTCS \apax\'repucmtxecxmuu.
Kaxoe 13 HUX Bbme:mer paBHOGOYHYIO TpamenHio cpean BceX Tpa-
neuuii,

1. Ecau yeast, npuiesicauje & 00HOMY U3 0CHOBaHull mpaneyuu,
PagHbL, MO mpaneyus pasHoO0UHAA.

2, Ecau QuaeoHaau mpaneyuu pagrel, mo mpaneyus pasHoGounas.

3'. Ecau npodoancertste 00 nepecederus OOKOGble CHIOPOHBL MpPA-
nequu obpasyrom guecme ¢ ee GOALUIUM OCHOBAHUeM pasHobedpertoiti
mpeyeoasrux (30ccy pasuut rzpoaom/ceuﬂble Oorogble CMOPOHBL), MO
mpaneyus pagrobouHas.

Orpaunyincs ykasamueM, 4to cBoiicTBO 1’ poxasbiBaercs ¢ rmo-
MOUIBIO TOTO e TMOCTPOeHUs], KOTOpOe mpHBeaeHo Ha pHC. 241;
J0Ka3aTe/IbCTBO OCTAJbHBIX CBOIICTB IpeJocTaB/ifeM HIiiTaTelio.

3anaua 1. Ilocrtpouth Tpameumio mo ABYM ee OCHOBAHIISM
H JlHaroHaJsM.
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- Pemenne. HonycTuMm cHauana, yto Mckomas Tpaneuus ABCD,
HMelollas JaHHBE oCHOBaHHsA 4, b W AHaroHanu d,, d,, yxe mo-
crpoena (puc. 244). Ilpox- . :
M cropory AD (6oabmoe i L e
OCHOBaHHe TpameuuH) 1o
nepeceyeHds ¢ npsamoii CL, g
TPOBEICHHOR M3  BepuH- r; ) 'L\
HH C mapaiajenbHo Juaro-

Hamu BD. Torpa B Tpe- Puc, 244.
yronpuuke ACL ocHoBa- - : :
Hue AL paBHo cymme ocHoBaumii Tpamemun. [losTomy MoxHO
HayaTb pelleHNe 32/a4H ¢ mocTpoeHus TpeyroasHHKa ACL no Tpem
€ro H3BeCTHHIM cTOopoHaM. JanpHefilee .pefoCTaBHM YHTATEMIO, -
3anaua 2. ITokasaTe, yro Tpamnewis, AHaroHaJaH KOTopoii o6pa- -
3yl0T ¢ GOJIbIINM OCHOBaHHeM paBHHie YIJbl,— paBHOOOYHas Tpa-
neuus.

Permenne. M3 pasencrea yrjoe npH GoJbuioM OCHOBaHHH
BEITeKaeT H PaBEHCTBO YIJIOB, KOTOpHE AHAroHaau oGpasyioT ¢ Ma-
JHM ocHoBanueMm. B cHay STOro TpeyroJpHHKH, CTOPOHAMII KOTOPHIX
COOTBETCTBEHHO CJ1YIKAT OCHOBAHMSA H OTPe3KH JHaronaJseil 10 Touku O
HX niepeceueHHs, PaBHOOE/PeHHBIE, OTKYJA Y2Ke BbITEKaeT PaBEHCTRO
QHaroHameii H 1O paHee YKa3aHHBIM

A CBOCTBAaM — PaBeHCTBO OGOKOBHIX CTOPOH

) Tpameuti. ’
197. Cpeansis JHMHHA TpeyroJbHHKa.
s Cpedneil aunueil Tpeyro.JbHHKa HasblBa-
13 M eTcl OTpPe30K, COedHHSIIOWHIl cepeanHbl

ABYX CTOpPOH TpeyrodbHika, Kaxnauit

TPeyroJabHHK HMeeT TpH cpeiHHe JHHHH.

Camu cpeaHie .JIHHHH TpeyroJbHHKa 06-

A I3 PasyloT HOBBII TPeyroJbHIK, BEpLINHBI

Puc. 245, KOTOpOro IOMEHIaoTCa B cepeaHHax Cro-

POH JaHHOro TpeyroJsHnka (pic. 245).

Kaxaaa ¥3 cpenHuX /HHHI TPEYroJbHIKA, HanpuMep JiHusd, coe-

aunswomas cepemnnsl cropon AC u- BC, ofnapaer ciaenyomuMH
CBOHCTBaMH:

1) napasressna mpemeoeill e2o cmopone,

2) pasna noiocsuHe mpemoeil CMOPOHDLL,

HoxkaszaTtenbcrBo. Paccmorpum Tpeyromennk ABC  (na
puc. 246, a u3o6pakeH OCTPOYrOJIbHBII TPEYrobHIK; AJda clydast
TYNOYTOJMILHOTO TpeyroibHHKa Ha piic. 246, 6 paccyxieHHs H3me-
HATCA HesHayHTeNbHO). OnycruM BbicoTy CH Ha cropony AB. Ona
paso6berT TpeyroJIbHHK Ha jiBa NpPsMOYTOJBHEIX Tpeyro.abHika ACH
n BCH. llo cBolictBy MeauaHul NPAMOYIOJNLHOTO TpeyroJibHHKA,
nposefeHHoli W3 BepwnHel H npamoro yraa (m. 191), Hailgesm
HM,=M,C u rakxe HM,=MC. Teneps toukn M, u M,, Kax

0y
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pasHoyaaienusie ot Touek H u C, nexaT Ha NepneHAHKyJspe,
NpOBENEHHOM K BHICOTE B €€ CepefilHe, a MOTOMY OTPe30K, COeqHHM0-
uuit ux, napaageneH cropoie AB TtpeyroapHnka. Tem camuM nep-
BOE CBOIICTBO J0KAa3aHO. 7

PaccyotpuMm Tenepb ¢urypy (puc. 245), Ha KOTOpOH mNpoBeleilnt
Bce TpH cpeisue JHHHH TpeyroasHuka ABC. Tpeyroabunk ABC

4
c

ML I

o=
e

A H 8 4 8 A
a) )

Puc. 246.

pasbiT Ha yeThlpe paBHHIX TpeyroJibHikKa. B camom aese, paseHcTBO
YIJI0OB TPEYroJibHHKOB 00ecneyeHo mnapasiiejbHOCTbI0O MX CTOpOH,
Kamjable 1Ba H3 HHX HMEWT JuG0 napy PpaBHbBIX N0 NOCTPOEHIIO
cropon (uanpumep, CL u LA), nu6o obwyio cropony. B wactHocT,

I3 paBeHCTBa TPeyroJbHHKOB C/AEAYeT, YTO LM:KC=lBC, 4yTo
P y y 5

H JOKasbiBaeT BTOpoe CBOMCTBO.

3apaua. BoccTaHOBHTb TPeyroJIbHHK MO AaHHBIM CepPefHHAM ero
‘CTOPOH.’

Pewenue. Ilycte Toukn K, L, M (puc. 245)—cepexuusl c10-
pon tpeyrosasHika. [lo ceoiicTBy cpepHeil nuHHH OBITb Napanies-
HOMl CTOpOHE TPeyroJbHHKA 3aKJIOUaeM, 4YTO CTOPOHBI HCKOMOTO
TPEYrOJIbHHKA MOJKHO NPOBECTH Yyepe3 JaHHble TOYKH MapasjielbHO
CTOpOHAM TpeyroJbHuka KLM, o0pa3oBaHHOTO CPeRHHMH JTHHHAMI.

Peientie nocnenneil 3agayil nojcKasnlBaeT HaM IPOCTOE JOKasa-
TeJdbcTBO ynoMAHYTolf B n. 187 TeopeMb! 0 TOM, YTO TPH BHICOTH
TpeyroJbHHKA nepecekalorcs B onHoil Touke. lmeHHo, HMesi Tpe-
yroabHuk KLM, nocrpouM japyroit TpeyroibHuk - ABC Tak, uto
CTOPOHBI JAHHOTO TpeyroNbHHKa OYAYT ero Cpe[HHMH JHHHSIMH, Kak
5T0 TOJLKO 4YTO MOKa3aHo (pHc. 245). BricoTH NepBOHaYaNbLHOFO
TPeyroJbHHKA fABJAIOTCA OCAMH CHMMETPHH CTODOH. BHOBBb IOCTpOEH-
HOTO TpEYTroJIbHHKa H NOTOMY BCe NepecexaloTcss B OJIHOH TOYKe
(ueHTp ONHCAHHOI OKPYXHOCTH GO/IbUIOFO TPEyTroJibHHKA).

198. Cpeansasa auuus Tpanenud. Ilposeaem auaronans AC Tpa-
- metnn ABCD. (puc. 247) n nocrpouMm cpeauue Jjuuun PL u PAl
TpeyroasiHkoB ABC u ACD, Ha KoTtopbie 3Ta AHaroHaab pasGuBaer
Tpaneuuo. ISTH CpeiHHe JHHHH GyAyT JiexaTb HA OJNHON NpPAMOI.
HeiicTBuTeNIbHO, O0e OHH, NO ONpPEAE/]eHHI0 CpPeAHell JUHHH Tpe-
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yroJbHHKa, NPOXOAAT uepe3 cepeanny cropoHst AC, ofweft muas
Tpeyroasuikos ABC u ACD. Kpome Toro, Kaxuas M3 cpepHux
-quHuit PL n PM mnapannenbHa ojHOMY M3 OCHOBAHHIl TpanemuH,
a 3Ha4HT, 0GONM OCHOBAHISM OJHOBpeMeHHO. TaK KaK yepe3 Touky P
NpPOXOANT eINHCTBEHHAs NpsMasi, napaJ/uiesqbHasl OCHOBaHHAM, TO
ofe cpeanne JHHHH JexaT Ha Hell. OHI NpojoJKalOT APYT Apyra
n obpasyior otpe3sok LM, coemunstownii cepeanHbnl GOKOBBIX CTOPOH
TpaneuHH; TaKOfl OTPe30K Ha3HBaeTcA CpedHed Aunued TpameLHi
H napajjieieH ee OCHOBAHHSAM.

CsoficTBo cpeameil JHHHH Tpanemui: -

Hauna cpedned aunun mpaneyuie pagna nosycymme ee ocHosanLi.

HokasarteanctBo. Ilo csoiictay cpeleeu JMHHH TPEyroJb-
HHKa (pnc 247) HMeeM

LP=1BC u PM=yAD,
OTKyAa HAaXoQHM
LM =4 (BC+ AD),
qT0 H- Tpe6OBaJlOCb JO0Ka3aTh. ' .
33113‘[3. Boabuiee ocHoBanue TpaneuHH paBHO a, MEHbLLUCE
paBHO b. Ham‘u AJHHY O‘rpe3xa COeAHHAIoIEro cepemmbl mxarona-
Jeft Tpamneund.

- Pewenune. Hckomutit otpesok PQ (puc. 247) aexur Ha cpe,rl-
Hell uHuN Tpaneuun (oGbsAcHHTe, mouemy). Haxomim

LP=b/2, MQ=b/2, PQ=LM—LP— MQ—‘i”—i—i
otkyaa PQ =(a—b)/2. |

B 4 a3 d¢

. U T
[y z/‘s/ M hs

L/ ;; \M .
- P 0 BIB
2 53 545
A 7 d

Puc. 247. — Puc. 248.

199. JlencHue oTpe3ka Ha paBHBIE HACTH.

Teopewna. Ecau napanrseasHotz npasos ay, Q,, Gy, ... OMCEKAOM
Ha Kaxol-HubyOe npAMod pasHele ompesKu, MO OHU Omcexawom pas-
Hble ompe3Ku U Ha nPoussoAbHOL Opy2oti nPpaMOtl, He NAPAALeAbHOL UM.

HokasarennctBo. O6Gparmmca K pHc. 248, Tlycts oTpeskH
AA,, AA, AA,, AA, paBub Mexny coGoft. Ilycte [—HekoTo-
pas npsiMas, mepecekawomas a,, a,, a,, ... B Toukax B,, B,, B,, ...
PaccmoTpum  Tpamewmo A, A,B,B,; npaMas a, peaut GOKOBYIO
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cropony A,A, mononaM H napanjennHa ocHoBaHuaMm A,B; u AB,;
3HayuT, OTpe3ok A,B, sABAseTcs cpepHeit JuiHHEfi H NOTOMY
B,B,= B,B,; Takoe e paccyieHue IPHMEHHMO 114 KaXkAoil TPOiKH
NOCJefoBaTeIbHO B3fATHIX NapannensHuXx npsasmuix.. Ha pue. 248
npsMbe [ H m He napaJuleJibHH MeXAY co6oil, it Mbl TOBOPHM O Tpa-
neunsax. B cayyae mx mnapasienbHOCTH s JfoKasaTtedbcTBa MpiH-
JeTCsl PaccMaTpHBaTh TapaJJiesior paMbl.

JlokasaHHOe cBOIICTEBO yacTo GOPMYJIHPYIOT elle Tak:

Ecau pad napansessolx npambix omcexaem HG 00HOL U3 CMOPOH
) yeaa paguble OMpesKu, Mo OH onice-
Kaem pagHule ompesku U Ha O0pyeoll
CIMOPOHE Y2ad. :

Ha To/1bKO y4TO f0Ka3aHHOIl Teo-
peMe OCHOBaHO peleliie chaelyrowmeil
3aJay4yi Ha INOCTPOCHHE:

Han ompesox; paszdeaums e2o Ha
3adanHoe HUcao pasHolx wacnell.

Peweunne. Ilycte pan, Ha-
nipusep, otpesok AB (puc. 249)
u Tpebyercst pasnelnTb ero Ha naTL pasuulx yacteii. Hepes woneu A
orpe3ka AB 1poBOANM NPOH3BOJBHENI JYyY IOJ HEKOTOPBIM YIVIOM
K orpesky AB. Ha stoM Jyue oTKJajpiBaeM MoclIci1oBaTelbo, la-
ypgas oT ToukH A, natb pasBHuX oTpeskon: AA,, A,4,, A,A,, ...
eooy AjAg moGoit annnbt. CoennusieM kKoneun A, jocaeanero u3 HuX
¢ KoHuoM B pannoro orpeska, a yepe3 Touku A,, A,, A, A, npo-
BOAHM NpsIMble, mapaJiiesibhbie A B; 5TH npsiMbie I paccekyT OTpe-
30k AB 1a paBHHe 4acTll B TpeGyeMoM 4ucle,

Puc. 249.

Ynpaxuenus

1. TlocTpouth papHOGOYHYIO TPaIELHIO 10 IBYM OCHOBAHUAM H YI.1y IpH GOb-
1OM OCHOBaHHH. .

2, Cropona AB Tpeyroavunka ABC pasna 10 cu. Cropoust AC n BC pa3sze-
JeHH Ha ceMb PaBHHX YacTell pagoM NpAMHX, Mapaaneibhbix AB. Hafitn paunnu
OTpe3KOB 3THX NPAMHX Memly ToykaMmu HX mepeceyenusi co croponamu AC u BC.

Ykasanne., CiclyeT npuusrb BO BHUMaulle, YTO STH OTPe3Ki 0Gpasyior
apHMETHYCCKYIO NPOrpeccHio.

3. Bokosas cTopona paBHOGOHOI Tpameunu pasHa 5 ca, cpeaHsis JHig —
7 cm. Uemy pasen mepHMCTp Tpameuunn?

4. Pa3leantb NanHbIi OTPC30K HA WKCTH PaBHBIX YacTelt. -

§ 4. Maowanu TPCYroJbHHKOS It YETHIPEXYTOALIHKOB

200. Maowann napaanenorpamma, OOl METOX, ¢ NMOMOUILIO KO-
TOpOro Mul Hawan B m. 168 BulpaxkeHHe A5 IVIOMAAH NMPSIMOYIoOJb-
HHKa B BHJe NPOH3BEJCHHs €ro CTOPOH, B NpPHHIUINE NPHMEHHM
K Juo6ofl miockoil ¢urype, HO ropasio yaoGHee BOCMOJb30BaThCA
yxe HMeromeiics ¢opmyJoil, 3ameHllB JaHHYIO (HFYPY-——B HaileM
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c/lyqae TNapajienorpaMM— PaBHOBENTHKHM e INpAMOYroJbHHKOM,
€C/IH, KOHEe4YHo, Mbl cymeeM 3TOo caenarb. OGparumcs k puc. 250,
‘rie H300paxKeH NpPOU3BOJBHHI mnapannenorpamm ABCD. Ilposenem.
ero BeicoTH BK M CL u3 BepiuH onHoro u3 ocHoBanuil. OGpasyerca
" HeKOTOpH#A npsmoyroneHHK BCLK. StorT npsaMo- c.__X

YrONBHHK DAaBHOBEJHK HalleMy .napaJjuie/orpam-
My, 9TO BHAHO H3 paBeHCTBA NPSMOYrOJbHBIX

8 : e 8 D

A K D L. : . A Z
Puc. 250. ) Puc. 251,

_ tpeyrombuukos ABK u DCL (nokasare!). OGe ¢uryps, mpsa-
MOYTOJIBHHK H . NAapajJeNorpaMM, COCTOAT H3 of6mell mIsA HHX
yactt KBCD (tpaneuuu) u paBHBIX TpeyroabHnkos (ABK pas na-
pamemorpamma H DCL jas npsMOyrolbHHKa), T. €. OHH paBHO-
COCTaBJeHH! H TeM G6ojee paBHOBEMHKH. [JOCKONBKY BHICOTH H
OCHOBaHHfl y napajjenorpaMMa H NpAMOYTOJbHHKA OXHHAKOBH, TO
nojydaercs OKOHYATE/bHHIl pe3ysbTar: .

S =bh, . (200.1)
rae b—ocnosa}me nmapannenorpaMma, i—ero BLICOTA.

ITaowads napasrescepamma passa npoussedenuro e20 OCHOBAHUS
Ha sbicomy.

IMpumep. Haiitn nrowans napan/esorpammMa co cTOpOHaMH 14
u 6 u ocTphiM yriom 30°.

Pemenne. Boicora, onymenHas H3 EepWIMHK Ha GOJblIyio
CTOPOHY, GyJeT KaTeToM NpPAMOYrOMbHOTO TPeyroJbHHKa C THIOTe-
Hy3off, paBHoil 6, W mnpoTHBoJexaumuM ocTphM yriom 30°. Taxoft
KaTeT paBeH NOJIOBHHE T'HMOTeHY3H, T. e. 3. Orcioaa S bh=3.14=
== 42 KB. eJ.

B yactHOoCcTH, Aas poMm6a MOXHO yKasaTh H APYryio ¢opmysay
naa ‘maouani. Mmenno, paccmarpusas pomM6 ABCD (puc. 251), Mt
Jerko y0exJaeMcs B TOM, 4TO OH pPaBHOCOCT&BJEH C IPSMOYrOJb-
HuxkoM ACKL, noctpoeHHe KOTOpOro JOCTATOYHO SICHO H3 pHe. 251.
~ Orciona oueBHAHO, YTO
ITaoujade pomba pasna n0A0BUHe npoussedenus e2o duazonareil:

- S -==——d 'y, (200.2)

rae d; u d,—pnaroHann pomfa.

201. TMnowaps TpeyronbHHKA. PaccMOTpHM Temepp Tpeyrofn-
HHK ABC, nsobpaxenustit Ha puc. 252. Ilposepem ero Megnany AM
H NPOJOKIM ee Ha BennunHy MD, paBuyio camoft meanane AM,
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Konen D noayueHHOro oTpeska COEZHHHM- C BepLIHHAMH TPeyrob-
nika B u C. YetnpexyroapHuk ABDC —napanjenorpamMMm, Tak Kak
€ro AHAroHalH JeJATCS NO NOCTPOoeHHI0 nonojaM. Bricora u ocHo-
BaHle JaHHOro TPEeyroJibHHKa CJyKaT OHOBpEMeHHO BHICOTOI 11 OCHO-
BaHHeM [apajijieJorpamMMa; B TO JKe BpeMs TPeyroJbHHK HMeeT
IJIOIa/lb, PaBHYIO NOJOBHHE IJIOWAZH MapaJjjesiorpamMma, Tak Kak
noc/eAHuii pasGuBaercsi Auaronanbio BC na nea PaBHBIX TPeyroib-
HIKa, ¢ ONHHM H3 KOTOPHIX COBNANAeT 3alaHHbl TPeyTrobHIK.
Hrak, nocKkoibKy mjomaib napaJjesorpamMma BbIpa)KkaeTcsi Npoispe-
JleHiieM OCHOBAaHHfl Ha BHICOTYy, TO A/ TPeyroJLHHKa HMeeM cJe-
Ayiolliee NMPaBHJIO.

111014006 mpeyeo0AbHUKG PASHA NOA0BUHE ~NPOU3BEIEHUS €20 OCHO-

éanus Ha evicomy (ONYLIEHHYIO HA 3TO OCHOBaHle):

S=-—bhy, (201.1)

B cayuae npsMoyrosbHoro TpeyronbHHKA MOXHO HATH IJIOWAADL
KaK TNI0JI0BHHY NPOH3BEACHIs KaTeTOB TpeyroabHuKa:

S=1ab. (201.2)

3anaua. Hnomanb Tpevroawniuka ABC pamia S. Cropona
ero AB pa3sniesena Toukoii P B otuowenitn AP:PB=1/,, cropona BC
paszenena Toukoit @ B ornowennn BQ:QC =1,. Haiirn moma;xb
TpeyroabHiKa BPQ, oTceyeHHOro ot
JaHHOTO TpPEeYroJbHHKa OTpe3KoM
PQ (puc. 253).

Pewewnune. IlpoBegeM npsa-
Mylo, COefHHAIOWYI0 BepwnHy C .

8 D

A 4 A
Puc. 252. . . Puc. 233.

¢ Toukoii P. Tpeyroasuuxi CAB u CPB umelor odutyio Buicory CH,
H TIOTOMY MJOUIAAI HX OTHOCATCS, Kak ocHoBaHus AB u PB, T.e.
nJaowane TpeyroasHika CPB cocwamn‘ JBe TpeTH IJIoianl ncwn-

HOI'0 TpeyroJbHHKa: Scp3=—S CpaBHHM Tenepb TPeYTOJLHHKH

PBQ u CPB. Tlpunas orpeskd BQ un BC 3a HX OCHOBaHlfl, Mbl
YBHAHM, 4TO OHH HMeloT oluwylo BbicoTy PH,, H MNOTOMYy HX MJo-

] 1
1Az OTHOCATCSl, KAK OCHOBaHHS; NMOCKOJBKY BQ =71-BC, 70 nJjo-

maae /A PBQ pasna !/, naowmaau A PBC, niu '/, niomaan Hexon-
HOT'O TpeyroJbHHKa.
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202. Tlmowaps Ttpamenuu. PaccmorpuM Tenmeph KaKyio-HHGYIH
Tpaneuio ABCD (puc. 254). Ilposenem eme cpejgHiol JiiHno MN
i yepe3 KoHubl ee—zasa nepneHaukyadapa K'K u L’L K ocHOBaHHAM
Tpaneiu. OUeBHAHO pPaBEHCTEO TPEYroJAbHHKOB MK'B Hn MKA n
tpeyroabunkos NL’C -n NLD. Ta- , ,
KUM 0GpasoM, Tpaneuus paBHOBe- K B e L
JAHKa NpAMOYroJbHHKY C TOI XKe Bbi- ' :
COTOH 1 C OCHOBaHHEM, PaBHBIM cpel- 1) ' N
Heft munun tpaneuny, Hrak, '

Maowade mpaneyuic pasna npous- ra 70
8eQeHUr0 ee Cpedneli AUHUU Ha ebicomy: . .
s=2%°n. (202.1) Pue. 254,

Mot yumis, uTO CpefHsst NHHHSA Tpanewuun paBHA MOJYCYMME OCHO-
BaHM{i, BBHAY 4ero

H/zou;aab mpaneyul pasHa nos0sUHe NpPOoU3GeOeHUs ee BbICOMSL HA
cymmy OCHOBaHULL.

3apnaya. CpeaHas JHHHA TpanenmHH pa30HBaeT e¢ Ha JBe Tpa-
neunH, niomwajid KOTOpblX oTHocATcs, Kak 2:1. Uemy paBHo oTHO-
UIeHHe OCHOBAHH{ Tpaneuuu? :

Pewmenue. Ilycrs ocHoBanus Tpaneuun a (Goabuiee) u b (MeHb-
uiee). Tax Kak BuLicoTi ofenx Tpanewuii, Ha KOTOPHIE CPEAHAsA JH-
HHA pa30HBaeT JaHHYIO TPaneuuio, PaBHH, TO OTHOLIEHHE MJowaneit
STHX TpanelHii pPaBHO OTHOLIEHHIO HX cpeRHHX JuHuitl. Cpexnsas
JHHHA JaHHOH Tpanewnn [ = (a-}b)/2, cpegHAs JHHHA ee MeHblueil
yacri ;= (I-{-b)/2=(a-+3b)/4, Gonbuwei yactu [,=(a-{-1)/2=(3a--b)/4;
no ycnosuio [:l,=2, T. e. (3a+b)/(a+3b) =2; O0ICI0fa JIeTKO
HaxoauM a:b=>5.

OtM™eTiiM B 3aKJIOueHHe, YTO IJIOUaAH APYTHX t:empexyronbm{-
KOB MOryT GbiTh HailleHbl myTeM HX pasGHeHHs Ha TPeyro/ibHHKH.




Faasa XVI
NNOJOBUE TEOMETPHUYECKHX OHIYP

§ 1. MponopuioHanbible OTPe3KH

203. MponopuHonaabHbie oTpeakd. B n. 162 Guiio noxasano, uro,
BbiGiipast onpefeseHHblil MacwiTab n3Mepenls, T.e. efUHHIY AJIHHH,
MBI CMOXKCM JII00OMY OTpPE3KY NpHIICaTh BHOJHE ONpefeneHnuylo
AJHHY, BEIPAzKAaeMylO HEKOTODBIM UHCJIOM, PaliOHA/bHBIN I Mppa-
mionanbheiM. Muaue roeops, maina orpesha N0 OTHOMIEHHIO K He-
'KOTOPOI} eIMIIIEC LTUHLL, BLODai-
5"'HOil 332 OCHOBHYIO, MOXKET OLITh
BBIDAKEHA ecsITHYHOM ApolbIo,
roueuloit nan Geckouewnoil, ne-
ploJiyeckoil I Hemepioaiye-
ckoil. JlauHa orpeska sp.1fercs
BMeCTe ¢ TeM BhlparxeHHeM OTHO-
LIeHUS 5TOTO OTPE3Ka K eANHiu-
HoMy. OrtHOWeHHe ABYX INpPOH3-
| 5 BOJIbHBIX OTPE3KOB MOXKHO Ompe-
A, Az W MV * JIeJITb KaK OTHOIEeHHe HX JJHH.
) Tax, ecau npu U3MepeHiy oAHHM

. ‘ H TeM ke MaclTaGHLIM OTpe3-

Puc. 255. KOM OJHH H3 JaHHLIX OTPE3KOB

HMeeT pauHy a, a zpyroit b,

TO OTHOIUEHIIC OTPE3KOB paBHO a/b. Tlpu stom oTHOWeHIE OTpe3-
KOB He 3aBHCHT OT BEOOpa MacwraGHOrO OTpe3xa, OHO IOJICETHIO -
onpejesifeTcA caMHMH oTpesKai. Mmenno, npir nsMeHeHHI MacuiTal-
HOTO OTpe3ka B A Pas AJiHBI JAHHBIX ABYX OTpPe3KOB, BLIparKaBlIilecs
panee uHeJaaMu @ M b, BhIpassaTes Tenepb uncaamu a/A u b/A, otno-

a b
HICHII€ JKe HX COXPAaHHTCsi: T:—}—=a:b.

B n. 199 Mmul nokasaJsu, yTo psj napajiiejbHHX NpPSMBIX, OTCe-
KalouHx Ha JaHHOJ! MPSAMOIi paBHbIe OTPE3KH, OTCEKaeT paBHbIE OTpe3Kil
H Ha npouspojbHoil Apyrofi npamoii, ue nmapajaaeabHoll uM. QG6o6-
IIHM 3TO CBOfCTBO: pacCMOTPUM PSIA NapajjefbHBIX TPSIMBIX If
IBe npoH3BoJibHble npsivble AB 11 A’B’, nepecexaenste HMH (pic. 255).
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Teopema. Ompesku, omcexaesste pAOOM NAPANAEALHOLX NPAMBLX
Ha 0BYX NpOU3BONLHBIX HE NAPAANCALHBIX UM NPAMbIX, NPONOPYUO-
HAAbHbL. : .

Ionyckas, 4To faHHElE MPAMble 06Pa3yloT yrol, 5TO YTBEpPKAEHHEe
GopMyJHPYIOT TaK:

Pad napasnenoroix npaselx Oesum CMOPOHGI Yeaa HA nponop--
YUOHANbHbIE OMPe3KU.

Ha puc. 255, caenosatesibHO,. JOMTKHO GHITH

Ay Ay Ay, (203.1)
AiAy  AjA; AsA,

HoxkasateiabcTBo. Jas f0oKasaTenbCcTBa TeOPeMbl JOCTATOYHO
NOKa3sath, 4TO Kaxjoe u3 oTHoumenn#i (203.1) paBHo onHOMy H TOMY xke
qucay. UToOu BBECTH B PacCMOTPeHHe STO YHCJIO, OTJIOKHUM. Ha OAHOM
H3 NpAMHX, Hanpumep Ha AB, macwraGHbiit otpesok MN u mnpo-
BeJleM .uepe3 ero KOHIBI NIPSIMBIE TOTO JKe HampaBJeHHA, 4TO W HamH
cexymue napaJesbnsie npsiMpie. IIpH aToM Ha BTOpO# npsMoit A’B’
Gymer ortceyeH Hekorophl otpesok M'N’. Otuomenne MN/M'N’
6yrieT HEKOTOPHIM BIOJHE ONpeleseHHbIM YHCJOM, TaK KaK BeJIHYHHA
€ro He 3aBHCHT OT TOro, B KakoM Mecte Ha AB B3aT MacliTaGHbA
OTpe3oK.

Ilokaxkem Tenmepb, uto JiOGHe OTpe3KH, oTceueHHwe HAa AB u
A'B’ pagoM napa/jie/IbHHX NpPAMBIX, OTHOCATCA OAMH K APYyromy,

Kak MN x M’'N’, nanpumep: Mf——%. C sroft neasio Gyaem
AiA, MW

H3MepATh AJMHHY oTpe3ka A, A, macmrabom MN, a anmny orpeska
AjA;—wacwrabon M'N’. Ilyets orpezox MN yknanmBaercs Ha
orpeske A,A, p, pa3 (Ho He yKaanwBaercss p,-+1 pas). Ilposens
yepes KOHIUH yJI0XeHHuX Ha A, A, oTpe3kos, paBHrX MN, npamsre,
napajje/pHule OCTAJbHLIM CeKYIHM, yGexuMcs, uto oTpe3ok M'N’
yJnoXHTC Ha oTpeske A;A; cTOMBKO Xe pa3, CKOJNbKO OTpe3ok MN
Ha oTpeske M’N’. Ocratkn otpe3koB A, A, u A;A; GyneMm H3MepsATh
IecITHIMH J0AMH oTpeskoB MN uH M’'N’ cooTBeTcTBeHHO H T. I.
(3ToT W nocnefyomue maru Ha piuc. 255 He mokasanwl). Buawo, yto
nipouecc uHaMepeHHs npusener miaa A;A, 1 AjA; K OIHOMY H ToMy
XKe qHCAY A==p,,p,P,... ToOraa

A A, =AMN, AjA,=AM'N’,

© A4, MN
H, CJe10BaTeqbHO, T N const, uto 1{ TpeGoBaNOCh NOKA3ATh.
1413

JloxasanHas TeopeMa BepHa Kak B CJAy4ae nepeceKalomuxcs, Tak
‘M B cJlyuae mapajnenbHHX npsaMux AB u A'B'. :
ITycts Tenmepp nBe mepeceKawomuecs NpsMBE paccedeHHl NMapoil

napajuie/IbHHX npamux (puc. 256); Torza mo Hamed TeopeMe

m;- m; . Brtsichum Tenepb, KaK OTHOCATCS CAMU OTPE3KH CEKYUHX
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NPAMLIX, 3aKJIOYeHHbe Mexzy ctopoHamu yraa A,08,. Iaas srtoro
nposeiem npamyio By K, napanneisnyo Bropoii cropoHe yraa 0A,.
Torpa napaaneabhble npamee B,K n OA, orcekaior Ha CTOpo-
Hax yraa OB,A, nponopuHOHa/JbHblE OTPE3KI %:%. I'o
CBOJICTBAM NPOH3BOIHLIX Nporopuiil HAXOIHM, YUHTbIBasi PaBeHCTBO
KA,=B,A,: .
KA,+~B,K _B,0+B,B,
K4,  BoO °
Jloxasano npejaoxenue:
Ompe3su napa.1.1e.16Kolx NPAMGIX, 3AK.MI0HeHNble MeX Y CMOPoRam
ye.1a, nPonopPyiUoHA.16HbL OMPESKAM, OMCEKACMbIM IMUMIL NPIMBMU HA
CIOPOHAX Y2ad, CHUmAs Om €20 €ePUILHbL.
3anaua 1. Pasieants nannbil OTpe3oK Ha uacTi, NpONOPLHO-
HQBHEIE HECKCIBKHM APYTHM JAHHBIM OTpe3kam.
-Pewenue. Iycrb AB-—1anusiil oTPe3soK, KOTOPEIT Mbl AOAAKHBL
. pasje;iThb HA yacTi, -Nponopuiolabiibic oTpe3xam a, b, ¢, d. Ilpo-
BezeM IOCTPOEHHE, CXOTHOE C TeM, , 5
KOTOpoe  mpexiara’lock 114 % :

. a b 4 .d

1,8, _ 0B,

HJIH TB], = OB, *

J /A, [Az
Puc. 236. Puc. 257.

pelieHHs 3ajayH o JeJeHHH oOoTpe3ka Ha paBuabie wacTd. HMenno,
yepe3 TOuxky 4 NpOBeAEM NPON3BOIBHLI JYY @ M0 HEKOTOPHIM YIJIOM
K OTpe3ky AB H OTJ0&KHM Ha 5TOM JIyue NOC/IEeJOBATENLHO OTPE3KH
AA,, A,4,, A, A, A,A,, paBHble 3a1auHbIM. COeMIHHM KOHeL IOo-
CJeHero H3 3THX OTPe3KoB ¢ KonuoM B orpeska AB u uepes
OCTa/bHbIE TOYKH JejeHHs MNpoBejeM NpsMble, napaaiesibHue A,B.
Otu npAMble 1 paccesyT AB Ha uacTH, NPOTOPIHOHAALHBIE OTpE3-
KaM a, b, ¢, d (puc. 207) B cuay TOJBKO YTO 10KA32HHON TEOPEMHI.
3anava 2. Haiitu orpesok, olpasymlomuilt ¢ TpeM AaHHBIMI
OTpe3KaMH IPONOPUHIO. '
Pewenue. Ilyctb 2anel Tpu ortpeska q, b, ¢ (pic. 2538); Tpe-
6yercAd HafiTH OTPe30K X Taxoif, 4TOOLl BLINGHAJIOCH COOTHOLIEHMHe
x:a=b:c. Jlns OTHLICKaHHS TAKOrO OTPE3KA BO3bLMEM NPOH3BOJbHHIY
yrosa u oTJ0xHM HA ero cropoHe OA otpeskun OK=c u KL=b; na
Bropoii cTopoHe OB yraa oriokiM orpesok OM=a. Coegunium
Toukn M n K, a uepes L npoBeaeM npsmyio, napa.iiesbHyio 3TOMy
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‘orpesky MK, no TiepeceyeH s ee Co BTOpPOil CTOpOHOI1 yraa B Touke N,
‘Otpe3ok MN, saxnoueHHBIT MeXAy NPOBEJEHHbIMH NapaJliesbHBIMK
npaMuIMH, H Gyrer nHckoMmbiM. JlanHa -
ero Bhpakaercs ¢opmyJoi x = abjc.

I/ —q M\ JC D
Puc. 258. Puc. 259.

204. CeoiicTBa GHCCEXTPHC BHYTPEHHEr0 W BHELIHEro YIJIOB Tpe-
yroibHHKa.

Teopema: Buccekmpuca snympennezo yena mpeyeoipruxa Geaum
NPOMUBONEHAYIO CMOPORY HA HACMU, NPONOPYUOHAALHbIE NPUIEKH Q-
UM CIMOPOHAM.

HoxasartenbcTso. Paccmorpum tpeyroabunx ABC (puc. 259)
H OuccekTpucy ero yraa B. Ilposenem uepes pepuinHy C npsMyio
CM, napannenpnyio GHccektprce BK, no nepeceueHusi B Touke M
. ¢ nponoaxenueM ctopoHsl AB. Tak kak BK— 6ucceKTpnca yrJa
ABC, 1o L/ ABK =/ KBC. Nanee, / ABK= / BMC, Kak coor-
. BeTCTBeHHHie YIVIH NIPH mapajjensHux npsameix, H / KBC =/ BCM,

KaK HaKpecT Jiexamue Yrasl npH napajienbHux npsameix. Orciona
/£ BCM =/ BMC, u nostomy A BMC— paBnoGenpeHHblii, OTKyAQ
BC=BM. Tlo TeopeMe O mnapanielbHHIX NPAMBIX, nepecexalom.ﬂx
cToponsl yria, umeeMm AK:KC=
.= AB:BM, a:Beuay BM = BC no-
ayunm AK :KC = AB:BC, uto u Tpe-
. foBajloch N0Ka3aTb.

Buccexrpuca BuemHero yria B
TpeyroapHuka ABC (puc. 260) o6- o
" JlajaeT  aHAJOTMYHHIM CBOHCTBOM: 4 ¢ A
-.orpeskd AL n CL or.Bepmuun A u Puc. 260.

C no Touru L mnepeceyenust GHc-
* CBKTPHCEI ¢ NpojoJxKeHHeM cTopoHst AC nponopuuonanbﬂm cTOpo-
HaM TpeyroJbHHKa:

AL:CL = AB:BcC.

310 CBOACTBO HOKasblBaeTcsl TaK e, KAK H mnpefbiayuiee: Ha
puc. 260 npoBeneHa BcrmoMorarteibHas npsaMmas CM, napaanenbHas
ouccektpuce BL. Uuratens cam yGexutcss B paBeHcTBe yrios BMC
-u BCM, a 3naunr, n cropod BM u BC tpeyroasiuka BMC, nocne
4ero 'rpe6yemaﬂ NpONOpUHA MONYYHTCA CPasy.

MOXHO -TOBOPHTb, YTO H OHCCEKTPHCA BHEIUHETo YIJia JEJIHT
NPOTHBOJIEXKAINYI0 CTOPOHY HA YacTH, NPONOPUHHOHAJLHHE INPH/exa-

15 B. B. 3afines n zp.
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IHM CTOPOHAM; HYKHO JHIUb YCJOBHTBCA JAONYCKATh ¢BHeILHee Je- .
aeHues orpeska. Touxka L, Jexaman BHe orpeska AC (ua ero npo-
IOJIKEeHHH), AEJAHT ero BHelIHHM 00pas3oM B OTHOUIEHHH m:in, eci
AL:CL =m:n. Urax, GiicceKTpHCHl yrJia TPeyro/JbHHKa (BHYTPEHHEro
H BHEIIHero) AeJAT IPOTHBOJEKALLYIO CTOPOHY (BHYTPEHHHM H.BHELL-

M HHM 06pa3oM) Ha yacTi, npo-
HOPUIOHA/bHBIE NPILIEKALLIM
T a6 _¢ CTOPOHAM.

Z, ‘ 3apaua 1. BokoBee cTO-
X L POHEI Tpanewsu paBHbl 12 n
y) o 15, ocnosannsa paBHb 24 K
/g 16. Hafitn ctopOHBI TpeyroJb-
HIIKa, 06pa30BaHHOI0 GOJIBbLIHM
.4 A 4 15 J OCHOBaHlieM Tpaneunn H ee
" Puc. 261. Puc. 262. NPOAOZKEHHBIMII  GOKOBBIMH

: CTOPOHAMIL.

Pewmenie, B oGosnaueHuax puc. 261 maeeM A0 OTpe3ka x,
cayzauero npojoJikeHileM OokoBoil cropount AB =15, nponopuiio
x1(x418) = 16:24, o1kyaa Jerko Haxogum x =30, AM =45. Aua-
JIOTHYHBIM crocofoM onpelesasieM BTOPYIO GOKOBYIO CTOpOHY TpC-
yrosibHiika DM = 36. TpeTbs cropona cobnajacet ¢ Go.bLIHM OCHO-
paunesM: AD =24,

Sapgaua 2. OcuoBauns Tpaneunn pasuut 6 u 15, Uemy papia
113 OTpe3Ka, mapaJliedbHOro OCHOBAHMSIM H Jeldsiilero GOKoBule
CTOPOHB! B OTHOWeEHHH 1:2, cunTas OT BepUINH MajJoro OCHOBAHHS?

Pewenne, Ofparinica K puc. 262, u3oGpaxaoiieMy Tpaneuuio,
Uepes pepuwny € MajJoro oOCHOBaHHA NpoBeleM JHHIO, Iapaj-
Jeabnyio 6okoBpoil cropone AB, oTcexaouiylo OT TpaneuHH mapa-
JgejgorpamM. Tak kak CL:LD=1:2, 1o CL:CD=1:3 u ML:ND=
=CL:CD =1:3, orcioia naxoaum ML = 3. IlostoMy Becb Hell3BeCTHBIIT
orpesok KL paen 6-}3=9, 3ameriy, 4To A/Nd pelieHHS 3TOil
3a1adil HaM lie HYXHO 3HaThb GOKOBHIX CTOPOH TpameLiil.

3anaua3. Buccektpuca BHyTpeHHero yrJia B tpeyroasHika ABC
paccekaer cropony AC Ha orpesku AK =5, KC=7; na kaxkoum
paccrosaumi oT pepunii A 1 C mepecever npopo.kenne AC 6ic-
CeKTpHca BHewHero yriaa B?

Pemwenne. Kaxpasa usz 6uccextpuc yraa B geaur AC B oanom -
I TOM ’Ke OTHOILeHHH, HO OJHAa BHYTPCHHUM, a APYyras BHeLIHHM
oGpasom. OGosHauum wuepes L TOUKYy nepeceyeHuss NpPOAOIKe-
mm AC u Ouccektpucht BHewrnero yraa B. Tak kak AK < KC, 1o

- AL < LC. OGosnaunM nenuspectHoe paccrositie AL uepes x,
'ror,la LC=AL+4+ AC=x+412, u ™Mbl OyAeM HMeTb IPONOPIUIO

5
- +12 =, pelllenue KoTopof x=230 § XaeT HaM HCKOMOE paccTosi-
Hie AL=30; CL =42,
Pucynok BemosHHTE CaMOCTOATENbHO.
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YnpaXxHeHua

1. Tpameuus c ocHoBanHAMH 8 M 18 pa3éuTa NpPAMHMH, NMapajJjeJbHHMH OC-
HOBaHHAM, Ha IIECTh MOROC pPaBHON WHPHHH. HafiTH JQJMHBI OTPE3KOB NPAMHX,
pa3bHBaOMHAX TPANenHIo Ha NOJOCH,

- 2. Ilepumerp TpeyroasHHKa papen 32, Brccektpuca yraa A pemmr cropony BC
Ha 7acTH, paBHue 5 m 3. HafiTH AJMHH CTOPOH TpeyroJbHHKa.

3. OcHoBanne paBHOGeIPEHHOrO TPeyroAbHHKAa paBHO @, GoKoBas CTopoHa b,
Hafitn aiuHy OTpe3xa, COeRHHSIOLIEI0 TOMKH nepeceqeﬂml GHCCEKTpHC YIVIOB OC-
HOBaHHA C GOKOBHIMH CTOPOHAMH. .

§ 2. Hon06noe npeoﬁpaaosauue duryp (romorenm)b

$205. Onpene.nelme romoreTuuHuX uryp. Jas TIPOH3BOJILHOTO
nJaHa Tofi MJIH MHOH MeCTHOCTH, AJa dororpaduu, caenanHod c
gepTexka, JIA PENpOnyKUHH C. KAPTHHHI XYJIOKHHKA, A/ MOJEJH
Kopabia W T. II. XapaKTepHO, UYTO OHH NIOXOXKH HA OpPHTHHAJ B
TOM CMBICJIe, 9TO BepHO nepepaior ¢opMy mnpepMeTa, HO C- H3MEHe-
HHEM ero pasMepoB B omnpejeNeH- -
Hoe uncio pa3. Ilo TakoMy H3o-
_6paKeHHIO MHl JIETKO CYJAHM O Ha-
Type: NOAJHHHBIE pa3MepH BOC-
CTaHaBINBAOTCA  YMHOXEHHEM Ha
HEeKOTOPHIH OnpejiesIeHHH NOCTOAH-
HHI MHOXHTeNb k (MacuITab H30-
OpaxeHus), yrJHl MOryT GHTb H3-
MepeHbl HEMOCPeJCTBEHHO, OHM He
NpeTepneBaloT H3MeHeHHS IO CpaB-
HEHHIO C HaTYpoOi.

B reomerpnu npeoGpa3zoBaHHe
¢uryp Takoro xapakrepa Ha3nBaeTcs
npeobpasogaruem nodobus. TouHoe®
onpezeneHHe MBI JafHM HECKOJbKO
HIDKe.

PaccMOTPHM  KaKylo-jii6o qm-
Typy, PpacnoloXKeHHYI0 B JaHHOMN
nJocKocTH (Ha puc. 263  B3AT TPEYrOJBHHK ABC ¢ ﬂpOBE,lIeHHOH
B HeM MejHaHoii CM), 1 npou3BojbHyi0 TOuKy O, Nexauiyio B TOil
ke nuockocTH. Ilposemem u3 Toukn O Jyuli, COERHHSIOUINE ee CO
BeeMil .TOuKaMil fannoii qurypui. BriGepeM 3ateM HekoTopoe moJio-
XKHTEJILHOE WHCJIO &k M KaXJOfi ToYKe JAaHHOfi (UIYPH NMOCTaBHM B
COOTBETCTBHE HOBYIO TOUKY 110 ciieftylomeMy metoay. Ilycrs A — onna
u3 ToueK AaHHOf ¢urypul. Ha nyse OA ctpoum Touky A’ Takyio,
uto QA’:0A =k, T. e. oTcTOANLYIO OT Hayaja Ayya B k pa3 Aanbuue,
gem A («nanbme» NIPeBpaTHTCA, N0 CYHIECTBY, B «OJHKes, ecqi kB < 1)
Ha puc. 263 mut p3smit k=2. Tlpogesas sty onepaunio ¢ Kamaoii
TOYKOfl, noJyuuMm HOBylo ¢urypy. Iloka Mbl usoGpasman pan
€e TOYeK, OTBEYAIOIHX BEPUIHAM TPEYroJibHHKA H cepefilHe ero

15*

Puc. 263.
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ctopouni AB. CTporo rOBOpH, MHL emie He 3HaeM, OyAyT JIH TOYKH,
Jexaique A0 npeoGpa3oBaHHs Ha oxHol npamoil (Hampumep, B, M,
A), nexaTb -Ha oAHON NpsiMOil nocsie npeolGpasoBanusA. Ha stor H
Apyrue CXOfHHeE BONpocH MH BCKOpe JajHM OTBET, a MNOKa BBelle\l
HeoOXoAHMBIE ONpejesieHHs. :

Onpeneaenne. IlpeoGpasosantie Gurypsl, npi xompom Kax-
Joii ee Touke A CTaBHTCSI B COOTBETCTBHE TOuKa A’, Jexamas Ha
Jaydye, coepHHsiouieM A ¢ HeKoOTOpoil BHIGpPaHHON (HKCHPOBAHHOI
Toukoil O, u Takasi, uyto OA’ u OA HaxoAATcA B 3a7aHHOM IOCTO-
SAIHHOM OTHOUIEHHH R:

04’:0A=k,

Ha3wlBaerc npeobpazosaruesn nodobus (eozuomemueu) nepeozo poaa
¢ yenmpom O.u xoagppuyuernmon nodobus k.

Ecmu & <1, T0 ToukH QHIypH HpHOAHIKAOTCH K UEHTPY; €CHH
k> 1, 1o ypansworcs or vero. Ecan k=1, 1o ¢urypa cosepiueHHo .
He H3MeHfeTCs, Bce ee TOYKH OCTaloTcs Ha MecTe: GOpMabHO MOXKHO
CYHTaTh, YTO OHa NPETEPNEBACT modcdecmserHoe npeobpasosanue. -

Mo:KHO TaK:Ke CTPONTL TOUKH npeoGpa3oBaHHOIl (QHILYpHLt He Ha
Jyyax, BeAyHX B HHX H3 0, a Ha NPOAOIKEHHNX 3STHX Jyueil
(puc. 264). Taxoe npeoGpasosanne, B OT/HYLE OT ONMICAHHOrO pauee,

A

3
bz .
Puc. 264. . Puc. 263.

Ha3blBaIOT npeobpasosarues nodobus emopozo poda. ¥ ROGHO cYHTaTh,
YyTO B 3TOM cJjaydae Ko3(duuueHT noZo6HA pPaBEeH OTPHLATENbHOMY
uicay: k& < 0; Takoe ycJaOBHe BHITIAANHT €CTeCTBEHHO, TaK KaK Mbl
NpHBBIKJM, YTO H3MeHeHHe 3HAKa CBSA3aHO C H3MeHEHHeM Hanpas-
JeHus Ha TnipaMOil, H INO3BOJASET He pasjnuarh Mpeodpas3oBaHHIl
nogodiisl MepBoro i BTOPOro poja, FOBOPS MNpocTo o mpeoGpasosa-
HUAX N07061s ¢ Koa(;xpuunemow k (NONOKNTENBLHBIM HJH OTPHUATE/b-
Helv). He nckmovaercs ciyyafi, Korga LeHTP HOAOOHS caM NpHHaA-
JeXHT JaHHOf ¢urype, Kak ojHA H3 ee TOYeK (pnc. 265); B aToM
cayyae go onpeieneHHo IoJarair, yro o6pas O' Toukw O cosna-
paet ¢ O. -



-206] * § 2. NOJOBHOE MPEOBPA3OBAHHE QHUTIYP 453

206. CmojicTBa mpeoGpasosanusa nopo6us. Ilycrb paccMarpusaercs
HekoTtopaa ¢urypa u ¢urypa, nojayyeHHas H3 Hee npeoGpazoBaHHeM
noao6us (ueHTp 0, kosdduuMedHT £, cM. pHc. 263). YCTaHomm
OCHOBHHIE CBOMCTBa npeo6pa303amm nono6xm

1. l1peobpasosanue nodobus ycmarasaugaem Meomay mouxanu du-
2yp 63aUMHO OOHO3HAUHOE coomsemcmeue.

dro 3HayMT, YTO NpH 3agaHHOM ueHTpe O H Kosbduunenre no-
noGus Rk BeAKoOll TOyKe nepBoil (burypu OTBEYAET eNNHCTBEHHbIM
ofpa3oM onpejesieHHas TOYKa BTOpOil ¢u-
rypsl u uto, o6patHo, BcAKas TOUKa BTO-
poii GHrypH nonyueHa npeoGpasoBaHHeM 5
€NHHCTBEHHOMl TOYKH nepeoii ¢urypw. - 8"

Hokasarteasncrso. To, uto mio- p
Goii Touke A ncxonHofi. Gpuryps oTBeyaer
-onpefenenHas Touka A’ npeoGpasoBaH- -
HOH ¢urypsl, cJexyer H3 omnpejese-
HHdA, YKasHBalOWero TOYHHIL cnoco6 npe-
o6pa3oBannd. Jlerko BHIETb,  4TO, H
obpaTHo, npeoGpasoBaHHas Touka A’
onpenensieT HCXOLHYIO TOUKY A oaHO3HAyU-
Ho: oGe TOYKH JOJIKHBI JeXaTb Ha ojpHoMm Jayue npu 2>0 u nHa
NPOTHBOMOJOXHLIX JyyaX NpH R < 0, H oTHOMIEHHe HX PacCTOSTHUA
A0 Hauana Jyua O wusectHo: OA’:0A=Fk (0A':0A=|k|npu
k < 0). INostomy Touka A, nexamasi Ha U3BECTHOM HaM PacCTOAHHH
or Hauaza O, onpejeseHa eXUHCTBEHHBIM 06GPa3oM.

Chnenyiouiee cBoiicTBO MOXKHO Ha3BaTh CBOHCTBOM B3auM-
HOCTH.

2. Ecau nexomopas ¢ueypa noayuena u3z dpyeoti duzypor npeo6-
pasoearuem nodobus ¢ yenmpom O u Koapguyuenmonm nodobus k,
mo, u obpamno, ucxo0nasn pueypa mosxcem 6Goimp noyieHa npeo6pa-
306anuem nodobus u3 emopoil Quaypst ¢ mem xe yermpom nodobusn
u xoaghuyuenmoss nodobusa k,=1/k.

JT0 CBOHCTBO, OYEBHJAHO, CJIEAYET XOTS1 OBl H3 paccyXAeHHi,
TIpHBEAEHHBIX NPH JiOKasaredbcrBe cBoficrBa 1. -Uuraresio ocraercs
NPOBEPHTb, YTO COOTHOmeHHE k,= 1/k BepHO AN o6GONX caywaeB:
R<O0nk>0.

“ duryps, nosyyaemhie ofHa H3 Apyroil npeoGpazoBaHileM mnojo-
Ousl, HA3BLIBAIOT 20MOMEMUUHLIMIL HIH NO000OHO PacnofoHCeHHbIMUL.

3. Jlwoboie mouku, sescaujue Ha 00HOL npamod, npeoGpasyomes
npu 2omomemuu 8 -mouKu, Aexausue Ha oJHoL npamoti, naparresbHoll
ucxodnoli (cosnadarowieii ¢ ueii, ecau ona npoxodum uepes O).

HoxkasarenbcTtso. Ciayuail, korga npsmast npoxoaur yepes O,
siceH; J100ble TOYKH 3TOil NpAMOil MepeXoAfiT B TOYKH 3TOll e nps-
Moit. Pacesorpny o6wnit cayuaii: nycers (puc. 266) A, B, C—1pu
TOYKH OCHOBHOfI (HIypHI, Jlexauie Ha oAHO mpsaMoil; nycth A’ —
o6pa3 Toukn A npu npeodpasosanun nogo6us. Ilposenen A'K||AC;

l{c’

Puc. 266.
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nokaxeM, uro o6paswl B u C Takxke Jexar Ha A’K. HefictBuTelbHo,
npopefeHHas npaMas W npsMas AC orcekaior wa OA, 0B, OC
[pONOPLUHOHAJIbHblE YaCTH: 3ﬁ _gB gg Taknum obpasom, BHAHO,
uro ToykH B', C’', nexamue Ha Jydax OB u OC u Ha npamoit A’K
(ananoruyHo moayuutrcsd H npu & < 0), ABAAIOTCA COOTBETCTBEHHBIMH
mas B u C. MoxHo cKasaTh, 4To npH npeo6pasoBaHHM TnonoGus
BCAKan npsiMas, He NPOXOAAWIast Yepe3 LEHTP Noxobus, npeobpa-
3yercsl B MPsIMYIO, Napajie/IbHyIo cebe. i

3 ckasanHOro yxe BHJHO, YTO BCAKHH OTpPe3oK npeoGpasyerca
TaKxe B OTPe3OK.

4. Ilpu npeobpasogaruu nodobus omuowenue aoboli napet coom-
GEIMCINBYIOUUX OINPE3K08 PAGHO OOHOMY U MOMY e HUCAY— Kophpu-
yuenmy nodo6us.

Hoxasatenncrso. Cieryer pasnudars ABa cayyvas.

1) Ilycts pauubii otpesok AB He JiexHT Ha Jyde, NPOXOAsLIEM
" Yepe3 UeHTpP mopoGus (pHc. 266). B sToM cayuae pmaHHBle JABa OT-
peska-—ncxoaHbiii AB 1 emy nojgo0Ho cooTBercTBylowuit A'B'—
cyrb OTPe3KH Napal/ebHBIX NPAMBIX, 3aKJIOYEHHBE MEXAY CTOPO-

Hamu yriaa AOB. Tlpnmenssi ‘cBoi-

0’ 8 5’ ’ A'B’ OA'
g _ 4 4. cTB0 M. 203, HAXOAUM — 5 == =&,

YTO H TpeGoBaoCh nonasarb

2) Ilycts pannblit orpe3ok, a
. 3HAYNT, I eMy noZoGHO COOTBeT-
CTBYIOWMA JiexkaT Ha OXHON npsAMOil, NpoxXojsmeil uepes UEHTP
nopo6ua (orpeski AB u A'B’ Ha pic. 267). Ws onpeneneHus

TNOR0GHOro NpeoGpa3oBaHiis HMeeM 5 gg =k, oTKyna, obpasys
“ouLop . A'B
OA—O0OB — AB

Puc. 267.

TPOH3BOHYI0 TPONOPLMIO, HaXOM =k, uto nu

Tpe6OBaJOCh J0Ka3aThb.

5. Yeaor mexcdy coomsemcmeyrowgumu npamewsu ompeaaantu) no-
Jo6HO pacnoaodscentolx Queyp pagHol.

Hoxasateanctso.llycre /BCA—panusiiyronu /B'C'A'—
yroJ, COOTBETCTBYIOWIHIT eMy npH npeoOpa3’oBaHHU NOJOOHS C LEHT-
poMm O 1 HexoTopblM Kosdduuuentom k. Ha puc. 263, 264 npez-
cTaBJeHbl apa BapuanTa: £> 0 u & < 0. B m060oM H3 3THX clyuaes
10 cBOICTBY 3 CTOPOHHl YIVIOB NONApHO TNapaJjiesibHbl. [IpH 3ToM
B OJHOM cJyyae o0e Iaphl CTOPOH OAHHAKOBO HanpabJ/eHbl, BO BTO-
pos—o0e NPOTHBONOJIOXKHO HampasJseHBl. Takim o0pasoM, Ho cBOIi-
CTBY VIIOB C NapajiiicibHbIMIL CTOPOHAMIH YTJIbL PABHEL,

Hrak, nokasana

Teopema 1. ¥ nodobuo pacnoaoscennsix gueyp awboie coomaem-
cmsyioyue napsl OMPe3Kos HAX00AMCA 8 OOHOM U MOM e NOCMOAH-
HOM OMHOWeEHUU, pasHoM Kod(puyuenmy nodobus; awbeie napot
COOMBEMCMBYIOUUX Yea08 PABHBL.
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Taxnm o6pa3oM, M3 ABYX NOROGHO pacnoJoXeHHHX QHTYp J06an
MOXET CUHTaTbCsl H300pakeHHeM ApPYroii B HEKOTOPOM BLIOpaHHOM
Maclurage. . )

Npumep 1. Tlccrponts ¢urypy, nogoGHO paCHONOKEHHYIO C
kBagpatom ABCD (puc. 268) npu panHOM ueHTpe mnopoGus O H
KosdpunueHte nopobus k==2/,. - .

Peme nue. CoenunsieM O7IHy H3 BepIIHH KBaapara (Hanpumep, A)
c neitpoM O u crpouM Touky A’ Ttakyio, uto 0A’:0A=3%/,. Dra
TOYKa M GyfeT cooTBeTCTBOBaTh A B npeoGpasoBaHuu noaoGus. Hanp-
Heffluee NMOCTPOeHHe YAOOHO MNPOBECTH TaK: COEIHHHM OCTaJbHBIE
BeplIHHE KBaapaTta ¢ O u wepes A’ npoBenem npsimsie, napajseib-
Hble COOTBETCTBYIOIHM cropoHaM AB u AD. B Toukax HX mnepece-
uyenna ¢ OB u OD u Gyayt nomeumatsca Bepwnnut B u D’. Tak
ke nposopum B’C’ mapannensHo BC u HaxoguM uYeTBepTylo Bep-
wnHy C’. Tlouemy A’B’C’'D’ Takxe sBaserca KBagpaTtoM? OGoCHO-
BaThb CaMOCTOATEJLHO! '

A B
Al -
q .
/4 \C’
D 2. C
) ~
Puc. 268. * - Pic. 269.

IMpumep 2. Ha puc. 269 noxasama mapa nomoGHO pacnoJio-
JKEHHEIX TPEYroJIbHBLIX mJacTiHoK. Ha oamoit n3 -nux msobpaxena
Touka K. IlocTpoHTH COOTBETCTBYIOUIYIO TOYKY Ha BTOPOIi.-

Pewenne. Coennanm K c oaHofi H3 BeplinH TpeyrolbHHKa,
-Hanpumep - ¢ A. Tlonyyennas npsmasi nepeceyer cropony BC B TOU-
ke L. Haxoaum cootserctBytomylo Touky L' Kak nepeceuenne OL
n B’C’ u ctponM ncxomywo Touky K’ Ha orpeske A’L’, nepecekas
ero npsamoii OK.. : '

Teopema 2. Dueypa, e2omomemuunas oxpyxnocmu (Kpyey),
ecmb cHOBA oK pyxHocmy (kpye). Llenmper kpyzoe nodobHo coomeem-
cmeyront. , ,

Hdoxasateabctso. Ilycte C—uentp okpyxHoct @ paany-
ca R (puc. 270), O—uentp nomobusi. Kosdduuuenr mnoxobus oGo-
aHauynM wuepes k. Ilycte C'—Touka, nojo6HO COOTBETCTBYIOLIAS
ueHTpy C okpyxHoctn @. (Mu eme He 3HaeMm, Gyser Ji oHa CO-
XpanaTb poib uentpal) PaceMoTpnM EceBo3MOXKHBIE pafHyChl OKPYXK-
noctn ®: CA, CB, ...; Bce omn npu npeoGpa3oBaHun noaoGus
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nepeuny'r B OTPe3KH, MapaJJiesbHble ceGe H HMelouHe PABHEE AMHHbL
“R"=FkR. Taxkum oOGpa3soM, Bce KOHUH NpeoGpa3soBaHHHIX PagHycoB

pa3sMecTaTcs BHOBb Ha ofHOit okKpyxHocTH @’ ¢ ueHtpom C’ H pamu- -
ycoM R’, uto i TpeGoBa-
JIOCh JOKa3aTb.

QG6parHo, a00bie Ose oK-
PYdCHOCIMY HAX00AMCA 8 20-
MOMEMUYHOA COOMBENCMBUL
(B oOwemM cayyae Jaxe ABOs-
KOM, C ABYMfi PpasHBIMU

uem‘parsm) ,
DeitcTBuTeNbHO, TpOBe-
. Puc. 270. aeM JoGoit pagmnyc mep-

BOil  OKDYIKHOCTH - (pajmyc
CM wua puc. 271) u 06a napajjefibHeIX eMy pajiyca Bropoit
okpyxHocTH. Touku nepeceueHnsi JuHHH uentpos CC’ u npa-
MBIX, COefHHSION{IX Kouel, paanyca CM c KoHuaMmi pajHycos,
napaJijenbHelx emy, T. €. Toukn O’ u 0" na puc. 271, Moryr ObiTh
NPHHATHL 32 LEHTPbI FOMOTETHH (mepBoro H BToporo poaa). B cay-
Yyae KOHLUEHTPHYECKHX OKPYIKHOCTE[l HMeeTcsl €IHMHCTBEHHBIl LEHTp

Puc. 271,

roMOTeTHH — o0l UEHTP OKpYXKHOCTell; paBHBIE OKPYMHOCTH
UaXOLSTCA B COOTBETCTBHII FOMOTETHH C UEHTPOM B CepepiHe OTpes-
ka CC’', k=—1.

§ 3. OGwee nogoGHoe coOTBETCTBHE (HTYD

207. TlopoGuble dmrypel. PaccmorpiM jaBe ¢uTypnl (JoMaHble
Junun) ABCD w A’B'C’D’ (puc. 272), moJsyueHHble ofHa H3 ApY-
rofi npecOpasoBaHHeM IoAoGHA (rOMOTETHH) C LEHTPOM Npeo6paso-
Bauiss O u KoapduuneHToM nogobusa k. B m. 206 Mpl ormeTin
OCHOBHBIE CBOJiCTBA, TakHX (UIYP: COOTBETCTBYIONLIE OTPe3Kl y HHX
HaXOAATCH B TOCTOSHHOM OTHOUEHHH K, @ COOTBETCTBEHHBIE YIJIbl
PaBHHI.

IlpencraBum ceGe Temepb, YTO MBI NMOMECTHJ/IN OAHY H3 HALIHX
¢uryp, nanpumep A'B’C’D’, B HoBoe noJoxenie A"B"C"D". MoxHo
NO-NPEKHEMY PaccMaTpPHBaTL COOTBETCTBHE MEKAY TOUKaMi (OTpes-
Kami, yraami) 3toit ¢urypsl u ‘¢urypet - ABCD, octaBlueiics B
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HCXOAHOM moJioxeHHH. Tak Kak mpH nepeMeleHHH pasMepsl GHIYypLt
He H3MeHAI0TCA, TO H Tenepb oTpe3kun A'B" n AB, B'C"u BC u . A.
NpONOPUHOHAJBHEL: : . :
o AB"_BCT_CD

AB~ BC — CD ™
a COOTBETCTBEHHBIe yIMn paBHH: / A"B’C" =/ ABC, /B'C’D"=
= / BCD. Onnako apyrue cBoiicTBa, TakHe, KaK NPHHaJIeKHOCTb
COOTBETCTBEHHHX TOYEK JyuaM, NPOXOAANNMM yepe3 HEHTp noaoOus,
HJIH ' NapaJyIeIbHOCTh COOTBETCTBYIOUIHX OTPEe3KOB (Hryp, yxe He

Puc. 273.

HMEIOT MecTa; OHH HapyieHu! nepemeuteHdeM A’B’C’D’ B nopoe mo-
noxenue. Ecin, onHako, Bepuyts ¢urypy A"B'C’D" B ee ucxon-
roe nosoxenne A’B’C’D’, To Bce 3TH CBOMCTBA BHOBB 6y11y'r BEPHH;
3TO MOABOAHT HAc K CJelylouleMy OmnpesieIeHHIO.

Onpenenenune. JIge GUrypH Ha3HBaIOTCA noaoéﬂo coomsem- -
cmeyrowumu, eclii Mexay HX TouKaMH (H, cJefoBaTejbHO, OTPe3-
KaMH, yrJaMH) YCTaHOBJEHO TaKOe B34HMHO ONHO3HAYHOE COOTBET-
CTBHE, KOTOpOE NpH HaAJIeXKalleM NepeMelleHHH -0ZHOi H3 ¢uryp
NPeBPaTHTCA B COOTBETCTBHE TOMOTETIH.

OkasblBaeTcsl, YTO CBOMCTBA NMOAOGHHIX GUTYp, BHIAETEHHBIE HAMH
KaK OCHOBHBEE, ONpeleNdAlOT NOHATHe INOXOGHSA; OHH MOryT OHTh
NPHHATH 3a onpejelleHHe NOJOGHA, PaBHOCHJbHOE JaHHOMY, Kak
5T0 NPHHATO B HeKOTOpHIX yueGHHKax. MMenno, crnpasennnBa

Teopema. Ecau mexdy mouxkamu Osyx ueyp ycmarosreHo
coomeemcmeue, npu KOmMopom Ompesxu, COeGUHAIOUUE COOMEemCmeeH-:
Hble MOuKU, HAXO0OAMCA 8 NOCMOAHNOM OMHOWEHUL U COOMBeMCMBeH =
Hble yenvt pasuut, mo maxue hueypsl nodobHsL.

IHokxasateabcTBo. JlocTaTouHo nepeMecTHTb oOiHY QHULYypYy
B TOJIOKEeHHe, TOMOTETHYHOe npyroi’i ITycts, HanpHMep, y YeThipex-
YTOJbHHKOB ABCD A'B’C'D’ (puc. 273) cxoxHO 06G03HayeHHHIE
CTOPOHB! NPOMOPIHOHAJBHEL:

AB _BC_CD _DA_,
AB T~ BC CD DA™
It COOTBETCTBEHHHE YIibi PaBHEL. ‘
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IepemecTuM weTwpexyroaphuk A’B’C’D’ B HOBOe NOJIOMeHHE .
A"B"C’D" Tak, uto6n BepliuHa ero A” coBmecTHjach ¢ A, CTOpOHa
A"B" 6nu1a HanpasJeHa BLoJb CTOpOHbl AB 1i cTopoHa A'D"— BAOJIb
cTopoHsl AD, 410 BO3MOXKHO B .CHJY PaBeHCTBA COOTBETCTBEHHHX -
yIJI0B. - '

Mu yrBepknaeM, YTO JaHHBIE YeTHPEXYTOJbHHKH HaXoAsTCA
Tenepb B COOTBETCTBHII ToMoTeTHH. B camoMm gene, aasa Bepumin Bj;

"B”" u D, D" ux roMoTeTHYHOE COOTBETCTBHE O4eBHAHO. PaccMOTpHM.

napy BepwHi C ¥ C” U moKameM, 4TO "OMH JieXKaT Ha OJHOM Jyue
.AC u npuroM TaK, yto AC"/AC =k. B caMoM fiesie, ecau NpoBecTH
ayy AC, To oH nepeceuer npamyw D’C” B HeKkoTopoil Touke M
(Ha camom gene B C"!), npuyem Gynem nmetb D"M/DC =k; tak Kak
B CHJy TNpPONOpPUHOHaNbHOCTH cropoH D’C"/DC =F, TO TOukH M
H C” coBnanawT, YTo H TpeGoBajJOCh NOKAa3aTh.

Ilpu3Haki noao6Hsa TPeyroJdbHUKOB

1. Ecau 0Ose napst CmopoH mpeyeorvbHUK08 NPONOPYUOHAILHY, @ -
Yeavt, BAKAOHEHHbE MEXCOY amumu CMOPOHAMU, PaSHLL, MO mpeyeob-
HURL N0J00HbL.

HoxkasarteabcrtBo. IlycTs cToponst a, b Tpeyroasuuka ABC
nponopuitoHaabHLL cTOpoHaM a’, b’ Tpeyroabnuxa A’B’C’. Ilpe-
obpasyem TpeyrosbHHK ABC mnopo6Ho ¢ koaddiuneHToN 10106151
k=a'lfa="b'/b. Torpga y BHOBb nojyuenHOro rtpeyroJoHuka A"B"C"
11 TpeyroipHiKka A’B’C’' GyRyT ABe napbl paBHBIX CTOPOH H DaBHbIE
YTJIBl, 32KJUOUEHHBC Mexgly PABHLIMH CTOPOHAMH. TpeyroabHuKH
A'B'C’ u A"B"C" paBHH TO NpH3HaKy paBeHcma TPeyroNbHHKOB,
NCXOJHbBIE JKe TPEYroJbHHKH HOAOGHH.

2. Ecau mpu cmopoHsi 00HO020 MPeYyeoibHUKA NPONOPYUOHAAbHE
mpen cmoponam Gpyao20, Mo MpPeysoibHUKU NOCOGHbL.

JokazareabcTBo. Ol 13 TPeyroNLHHKOB npeoGpasyem
nojpo6HO Tak, -yToObl OJHA H3 €r0 CTOPOH CTaJa pPaBHA COOTBETCT-
Bylomeil CTOpPOHe APYroro XaHHOIO TpeyroJbHuka. ‘Torza ypasHH-
BalOTCSi ECE TPH NAapEl CTOPOH, Il BTOPOil TpeyroJbHHK GYREeT paBeH
npeobpa3oBaHHOMY; HCXOJHBIE K€ TPEYrOJibHHKH I10J00HEL.

3. Ecau dea yeaa 00HO20 mpeyeoabHuUKa pasus: 0sym yeaas Opy-
- 2020, MO mpeyeoabHuKU n0000HEL (KOHEuHo, Npu 5MOM OKAXCYMCS
PasHbLML U MpPemblt Yyeavl mpeyeorbRUK0S). -

JoxasarteanctBo. [lpeofpasyeM oiiH H3 TpeyroJbHHKOB
nofo6HO TaK, YToObl OJHA €ro CTOpoHa CTaja paBHa COOTBETCTBYIO-
leii CTOpOHe BTOPOro TpeyroJbHuKa. [anee paccymae\x aHaJio-
THIYHO TPEeIbLIYLICMY.

3amevyanue. Han NPSIMOYFOJILHEIX TPEYro/bHHKOB JOCTATOYHO
yxe Ji060ro M3 CJIeAYIOUHX YCJOBHii: 1) pabeHcTBa OAHOI NMaphl
OCTDHIX YIi0B, 2) NpPONOPUHOHANLHOCTH KaTeros, 3) nponopuno-
HaJIBHOCTH OJHOIl Taphl KaTeToB H THOOTEHY3.
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PaccMOTpiM HeKoTOphle NpPHJIOKEHHS NOHATHA mnoaoOus. Panee
yKaspiBasnoch (1.187), uTo TPH MeaHaHBl TPEYroJbHHKA INEPECeKaloT-
cAd B OAHON TouKe H JeadT JpYyr Apyra B OTHoweHHH 2:1, cyHTas
" OT BepHHHL. PaccMoTpuM puc. 274, rie H306pakeHH JBe MeIHAHBI
CM, u AM, Tpeyroanbunka ABC u cpenuss aunua M,;M,, coenu-
HAm AT KOHllb[ sTHX MenuaH. Tpeyroapunku AOC u M,0M, no-
JOOH®I, 'raK KaK HMeloT paBHbe yriaol, KoaddHuuenT nozloéxm

b MM, oston MIO 1, M0 1

k=—F= Y 56 =3% o4 =7 T € Meauauo Jeii-
CTBHTEJbHO ne.rmrca B omomemm 2:1. Orciona crneayer, 4T0 H
TPeTbl MeJHaHa, KOTOpass JO/KHA JeJHTb JBe JPYrHe MeJHaHbE
B TOM e OTHOWEHHH, NPOXOAHT Yepe3 Ty e Touky O,

Puc. 274. _ Puc. 275. Pic. 2706.

3anaua 1. B rtpeyroasHuke ABC yron B Coabme yraa C.

Jlunuss BD mnpoBeieHa OT BEPUIHHBL B k cropoue AC Tak, yro
o6pasyer co cropoHoii AB yrox, pasuwii / C. Haiirn orpesok BD,
3Hasi CTOPOHBI TpeyroibHHKa a, b, ¢ (puc. 275).
- Pemenne. Bech TpeyroabHuk ABC nonoGen Tpeyronbﬂnxy
ABD, otceuenHoMy oT Hero npsmoit BD, Tak Kak yroa A y HHX
o6unit, a yrast ACB u ABD pasubt no nocrpoentio. Tenepb muiem
nponopuio- X:c=a:b, otkyaa x=ac/b.

3anaua 2. B tpeyrospHHK BnHcaH pom6 Tak, KakK NOKasaHO
Ha puc. 276. Jaust croponn TpeyroibHika AB=c u BC=a,
" HafAiTH CTOpPOHY pom6a.

Pemenne. Hs nono6us tpeyronsaikos ABC 11 MLC nHaxogum
x:c=(a—x):a, OTKYJA2 HeH3BECTHas CTOPOHA X pouéa onpenenﬂeTcn
no gopmyJae x=ac/(a-c).

208. Hepnmerpmt ¥ maowaau NoaoGHbIX TpeyroabuukoB. Ecan nsa
TPEYro/bHiKa NOJOGHEL ¢ KOI(HUMEHTOM NOROGHs k, TO cTOpOHKL

a b
HX HaxojaTcs B OTHOWIEHHH K, T.e. ?=T=?=k' Orciona. no-
a'+4-b' ¢
JAy4aercs ——-}-b-{-_c—k T. €. nepusempsl nodoGHbIX MPEYz0AbHUKOS

OMHOCAMCAR, KK COOMBEMCMEYoule CMopPoHbL.

Tlpn nonoénou npeo6pa3oBaHHH QHrypHl BCe YIaH coxpanmoTcﬂ
OTpPe3KH H3MEHAOTCA B ONHO H TO ke uHca0 pa3. [loatomy Beicota
h, Tpeyronnnnka -npH npeoGpazoBaHHH TOMOTETHH C KoddduiueH-



460 I, XVI. NOJOBHE TEOMETPHYECKHX &HIYP [209

ToM k mepeiizer B BLICOTY TpeyroJbHHKa hg.. Haa ILIOWAZH  5TOO
TPeyroiibHHKa OyaeMm umerb

s=1 7 haa' = khaka=sz, (208.1)

T. €. IpH npeoGpasoBaxmn HOAOGHH NJI0MAbL ymuomaerca Ha KBajg-
paTt xoapduuuenta nopobusi. Mluaue ropops:

Iliowadu nodobrox mpeyzoabruxos (1 BooGuwe wioboix ghuzyp)
OMHOCAMCA, KAK K8adpamol UX AUHEUHbIX pasmepos.

3roT tpax'r MOXKHO Obli0 Ob npeipHierh ¢ GoJee obuwell TOYKH
apenns. MmMenno, enuunua HaMepeHHs mJjowajeii—KBaapaT €O CTO-
poOHOIl elHHNNA —INEepeXoAUT B KBajpaT coO .CTOPOHOIli k& H nJjo-
Uaabio k%, B KOHEYHOM cueTe oAk J1060it ¢Gurypul (3T0 Bepo
Jaxe H JNJs QULYp C KPHBOJHHEHHHIM KOHTYpOM) H3Mepsiercs ¢
HOMOUILIO pPa3foMKeHHs ee Ha KBajpaTel (MepBOTO H IOC/EAYIOUIHX
pa3Guennil), H Tak Kak Bce 3TH KBaapaThl MeHSIOT BEJHUYMHY ILIO-
wann B&? pas, To 370 Ke BepHO M LJist QUI'YpHl MPOH3BOJILHOTO BHAA.

209. . [pnmvenennc noRoGusl K PpClICHHI0 3aAay Ha NOCTpoeHHe.

3axzaua 1. Iloctpouts Tpeyro/ibHHK, 3Hasd JABa €ro yrJa H
nepHMeTp.

Pemenne. 3HaHHe YrJoB TPeyroJbHHIKA YiKe ONPCAC/ISCT Cro
C TOYHOCTLIO ;A0 mnpeoOpaszopanuf nopobusi. IMTostomy nas pewenus
3aiayl CTPOHM JI0Ooii Tpeyroin-
Huk A,R,C, ¢ ZaHHLIMU YIJaMi
(puc. 277). Ocraercss nojo6HO npe-
o0pasoBaTb TpeyroabhHuk - A,B,C,

g
- Pue. 277. Puc. 278.

TaK, yToGHl NepHMeTp ero cTaj papeH AahHoil Beaunuune. Jas sroro
OTJIOXKHM cTopolbl ero A,B, n C,B, Ha npojomeHHsX CTOpOHbI
AC OTpe3ok KlL 6y11eT paced NepHMETPy Tpeyro/ibHilka AB
Bosbyen Jioboit orpesok KL, napanienbnrii orpesky K,L,, uo
paBublii 3ajanHoMmy nepuserpy. CoeluHHM KOHUB 0GOMX mapaj-
JIEJbHBIX OTPE3KOB H npHMeM TouKy O nepeceuenns Janumii KK, n
LL, 3a uentp nogotus. ITocrpoenne Bepumun A u C HCKOMOTO Tpe-
yroJsHiKa BHIHO 113 puc. 277, cropousl ero AB u CB napansens-
#Bl COOTBETCTBYIOULIM CTOpOHaM TpeyroibHHKa A,B,C,.
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B cayvae KK, || LL; TpeyronbHuk A,B,C,—YyXe HCKOMBIH. ,
3agaua 2. Hau yroa, obpasosanumlfi Jyyami OA u OB, u
touka N BHyTpH 31Oro yria. IocTpoHTh OKPYKHOCTB, Kacawollylocs
CTOPOH YyIVla M NpPOXOAfulyIo- uepe3 JAaHHylo TOuky N-(puc. 278).

Pemenne. OkpyxHOCTb, Kacawlafcs CTOPOH yrja, AOJNKHA
HMeTh IEHTD Ha GlcceKTpHce 3Toro yria. BoabmeM Ha stofi GHccek-
TpHCe IPOH3BOJIBHYIO TOUKY C; H NOCTPOHM OKPYXKHOCTb C LEHTPOM
B C,, Kacaoulylocs CTOPOH yrJsa (ee paguyc NpOCTO PaBeH paccros-
Hio TOYyKH C; OT cropoH yraa). Ecau Tenepr mpeoGpasoBaTh 3Ty
OKPYXXHOCTb MOJOGHO C LEHTpoM mnoao6us B BepuiHe yraa-0, To
BHOBb INOJYYHTCA OKDYKHOCTb C LEHTpOM Ha OHcCeKTpHce; TaKas
OKPYKHOCTb CHOBa OyJeT KacaTbCsl CTOPOH YrJia, TaK KaK ee paJuyc,
BeymHi B TOYKY KacaHuf, nepefiler B CHJIY COXpaHeHHd YIJOB
B pajuyc, TepneHAUKYASpHEIT K cropone yria. Ocraercsi oGecne-
YHTb BHINOJHEHHE BTOPOTO YC/IOBHS: NPeoGPa3sOBaHHAA OKPYKHOCTb
JoMKHA MpOATH yepe3 Touky N. Orcioia BhITEKaeT pelueHHe 3ajauH.
TIposepem ayu ON [0 nepeceueHHs ¢ OKPYKHOCTBIO B TouKax N, H
N{ u nmocrpouM ee paanycet C,N, n C,N,;, Benymme B 3TH TOUKH.
Yepes maunyio Touky N nposenem npsmee NC u NC’, napaniefs-
Hble 3THM pajnycaM; TOYKH HX nepeceueHuss C, C’ c GHCCEKTPHCOMH
H JaloT BO3MOXHBIE IIOJIOKEHHSI [EHTPa HCKOMOH OKPYXKHOCTH.
3agaua nMeer ABa pewreHns. Kak H3MEeHHTCS peienne, ecan Touka N
JIeXHT Ha GHCCEKTpHce yria?

YnpaxHeHnus

1. Ilepumetp Tpeyroanbunka pasen 10 ca, a ero nomans 3 cm?. Uemy pasen
nepHMeTp NOAOGHOTO TPeyrojlbHHKA, €C/IH ero miomags 12 cm??

2. Hokasatb, 9TO paBHOGeIDEHHHE TPEYTOJAbHHKH, HMEIOWHe paBHHeE YW
NpH BeplUHHE, NMOXOGHHL ’

3. ITocTpouTb TPeyroMbHHK, NMOROGHHEIT JAHHOMY H BNHCAHHHWIT B OKPYKHOCTH
NaHHOTO panuyca. .

B pmauumii Tpeyromshuk ABC Brmcath KBaapaT TaK, YTOGH OXHa €ro CTo-
" poHa nexana Ha cropode BC TpeyroibHHKa, a JBe BepIUHHH HaXOIWIHCH Ha JBYX
APYTHX CTOPOHAX TPEYroNbHHKA. '



Faas a XVIl
METPHYECKHE COOTHOLIEHHS B TPEYTOJbHHKE H KPYTE

§ 1. ¥Yras M nponopuuoHaJbHble OTPe3KH B Kpyre

210. Yrapl ¢ BepuiHHON HA OKDPYXHOCTH. PaccMoTpim yroJ, BiH-
CaHHHIl B OKPYIKHOCTL, T. €. yroJ, oOpa3opaHHuli AByMA ee XOp-
JaMi,  MCXOAAUMMH M3 OJHOIl TOYKH OKpyxKHOCTH (puc. 279).

ul o _N\g H % 8
‘)’ B @
A ) N . 1

) 9 8

a
Puc. 279.

O TakoM yrne AMB c BepwnHoit M Ha OKDY:KHOCTH TOBOPAT, UTO

OH onupaemcs Ha Ayry AB (He copepxawy:o BepWIHHLL yraal),
CnpaBepanBa ciefyomas

TeopeMa. ¥Yeoa, enucanubil 8 oxpyxcHocmb, U3MepAemcs 1040-
GUHOI Qyeu, .HA KOMOPYI0 OH Onupaemcs.

HoxasaTeabcTBO YyA00HO NPOBECTH OTAEABHO AJS CIC1yIO-
UIHX Tpex CJyvaes:

1) Opmna u3 Xopx—cCTOpoHa Yria—HNpOXOAHT uepe3 LeHTp
okpyxuoctit (puc. - 279, a). Ilposeps pamuyc OB, yBHANM, uTO
uentpaaphpit yron AOB, omipalouguiicst Ha Ty Xe ayry AB, uro
Il 3a]aHHbll, ABJAETCH BHEUIHHM YIVIOM pPapHoOCAPEHHOTO TPCYTOiib-
Huka BOM u notoMy papen yapoennomy yray AMB: / AOB =
=2/ ilMB; orcioga BuaHo, uto / AMB n3mepsieTcs NONOBUHHOIY
ayrit AB. '

2) Ilyctb Tenepb HEHTP OKPYXKHOCTH JIEXKHT BHYTPH 3afaHHOrO
yraa, Kak Ha puc. 279, 6. IuameTp, nposefelublil uepes.BeplUHHY
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JAHHOTO 'yma, pa3obpeT ero Ha ae yacTH. J{1S Kaxknofi H3 HHX B
OTJe/IbHOCTH HAaXOxuM (cM. cayvai 1)): L AMN JismepsieTcs noJo-

BHHOI ayrn AN, yron NM B —nosoBHHO{ 1yru NB. -Hdannwtit yroa,

paBHBlt HX cyMMe, GyneT H3MepSITbCS NONOBHHOM Beelt AyrH AB.

3) Ilyctb, HakoHell, LEHTP OKPYMKHOCTH JexuT BHe yria AMB
(puc. 279;6). B sToM ciayuae TaKKe IPOBOAMM AHaMeTp 4epe3 Bep-
LIHHY yrJa; OTJi4ile OT cJy4as 2) COCTOHT JUIIb B TOM, YTO JaH-
HHI1 yroJ mpujetrca paccMaTpPHBaTh He KaK CyMMY, a KaK pa3HOCTb
IBYX YTJIOB.

Oco6o BaxHBI c.nyqaﬁ JOKa3aHHoI TEOPeMBI:

Yeon ¢ eeptuuuou Ha orcpyo/mocmu onuparozquuc;z na duamemp,—
npamod.

JIleficTBHTENbHO, OH OMHpaeTcs Ha NMOJNYOKPYKHOCTb H H3Mepser-
csl ee IIOJIOBHHOM, T. €. paBeH 90°.

PaccmorpuM eme yroa Mexay KacaTeJIbHOH K OKDYXKHOCTH B He-
KOTOpoii ee TOUKe H ceKylleii, NPoBeleHHOfi uepe3 Ty e TOUKY
(puc. 280). 3nech cnpaBeasiHBO MOAOGHOE Ke YTBEpiKAEHHe:

- Yeon mexmdy xacamenvHoll u cexyweil, npoxodaueld depes mouxy
Kacanus, usmepaemcs noaogUHOL Oyeu oKpyscHocmu, Aexcauiel 6Hympu
usmepaemozo yeaa. i

JokasaTenbcTBO NPefOCTaBJAEM YHTATeNIo,

8

A
Puc. 280. Pnc. 281,

211. Yr.nu € BepUIHHOM BHYTPH H BHe Kpyra, Hycrb Tenepb
yroa o6pasoBaH ABYMS XOpAaMH, NepeceKalomHMICS BHYTPH Kpyra
(yron AMB na pHc. 281). Torpa crnpaBeg/IMBO YTBEpKAeHHE:

Yeor ¢ eepuwunol enympu Kpyea usmepsemcs noaycymmoi Oye

~— S
"AB u A'B’, aemaujux coomeemcmseHHO eHympu OaHHO20 yera U
yaaa, ¢ HUM 6epmMUKANbHOZO.

JokasatreabcTBo. CoelHHEM Toukl A R B’ xopnoit AB’;
yron AB'B 6Gymer H3MepATHCA nosioBuHOl Ayrn AB, yron A’'AB'—
nosoBHHOlt nayru A'B’, a JaHHHIl .yros, paBHBIi, KaK BHell-
HHil yroa Tpeyronbﬂuxa AMB’, cymmMe BHYTPEHHIX, C HHM He
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cMexHEIX yrioB AB'B w A’AB’, Gyaer H3MepATbCS NOJTYCYMMOIl Ayr

-~ ~— -
AB yw A’B’, uto u TpeGoBalioch J0Ka3arh.

JloKkaxeM, HaKoHell, 4TO

- Yeon, 0bpasosannbil 0ByYMA cexyuyumu, npoeeaennbmu u3 sHewHell
mouxku (yron A'MB’ na puc. 282), uamepsemcs noaypassocmoio Oye

~ ~—
A’B" u AB, zexcaujux enympu ¢20.

Ina storo nposefieM xopay AB’ u paccMOTpHM JaHHBl yroa
Kak pasHocts yraos A’AB’ u AB’B (cHoBa npuMeHseM cBOICTBO
BHeUIHero yria TpeyroanHuka). OcTaibHoe OYEeBHAHO.

MoxHOo g0onmycTHTHL Takxke, YTO OfHA WJAH ofe ceKyiiyue npeppa-
WATCA B KacareJbHbie (pHuc. 283) Teopema ocTaercst B cijie i B
3TOM Ccayuae.

A’

74
Pyc. 282, Puc. 283. Puc. 284,

212. ¥Yroa, non KOTOpHIM BHAEH AaHHBIA oTpe3ok. Ilycte AB —
HEKOTOpHIl OTpe3ok, Jexauuii Ha npsmoii m, Touxa M—npous-
' BOJIbHAs TOYKa, He mMpHHaajexawmas npamoit m (puc. 284). ¥Yroa w
npu pepwnne M rTpeyronbuika AMB HasuiBaeTcsi yeaos, nod Ko-
mopom ompesok AB euden u3 mouxku M. HalineM reoMerpuueckoe
MECTO TOYeK, H3 KOTOPHIX JJHHbBII OTPE30K BHAEH INOJ ORHHM H
TEM e MOCTOAHHBIM yraoM co. Jlas 3IToro omuuieM BOKPYr Tpe-

N

yroabuuka AMB okpyxHocTb H paccMoTpHM ee ayry AMB,
comepxamyio Touky M. Ilo npeabinymemy n3 J060il  TOUKH
NOCTPOEHHOIT - AYTH OTPe3oK AB 6yger BHJICH NnoA OXHHM H

_TeM K€ YIJIOM, H3MepAeMBIM NOJOBHHON Ayrn ASB (na puc. 284
olla noKasasa nysKTHpHoOii Junueii). Kpome Toro, mox TeMm ke

. S
© yrioM Oymer BHReH OTpe3oK H H3 ToueK ayru AM’B, pac-
TI0JIOKEHHOI CHMMETPHYHO ¢ AMB OTHOCHTEJBHO npAMOi i AB. Hu

u3 Kaxoii leYI'OH TO‘IKII IVIOCKOCTH, HE Jexamel Ha 0" oft 13 nail-
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" IEHHHX AYyr, OTPEe30K-He MOXKeT ‘GHTb BHIEH NOJA TEM XK€ YIJIOM d.
B camom ‘nene, u3 Toukn P, Jexameil BHyTpH ¢UrypHl, OrpaHHYeH-

N S~—~7 .
Hoii ayramun AMB u AM'B, ortpesok Gyaer BHEeH noj yrJiomM APB
GoMbIUHM, YeM o, NOCKOJAbKY yron APB Gyaer H3MepaTbcs NONYCyM-
S~—

Mol a1yru ASB u eme mnHekoTopoii ayru KL, T. e. GyJeT 3aBEZOMO -

‘Gonbwe yraa «. Takxke BUAHO, 4TO AAA yrja ¢ BeplunHoii Q Bue

stoii ¢urypst Gyzem wumers / AQB < a. IlostoMy ToukH ayr
S~

S—
AMB n AM’'B u TonbKO OHH 06J1ajaioT TpeGyeMEIM CBONCTBOM:
Teomempuueckoe mecmo mouex, u3 Komopoix 0anNbll ompe3ok eudex
nod nocmosHHbiM yesos, cocrnoum u3 dsyx Oye OKPYXMCHOCMEld, CUM-
MEMPUHHO DACNONONCEHHbIX OMHOCUMEAbHO OAHHO20 Ompe3Ka.
3apaua 1. Jlan orpesok AB u yroa c. IlocTpouth cermesr,
BMEWAIOmHMi - JaHKbIT Yroll o H ONHPAUIHiiCA Ha oTpesok AB.
3aech MOA: CErMEHTOM, BMEINAIOUIMM XAHHBIA yros, MOHHMAIOT cer-’
MEHT, orpammeHHblﬁ JaHHBIM OTpe3KoM M Jioboil H3 JABYX AYr
OKPYXKHOCTe!, H3 TOYeK KOTOPHX OTPe30K BHAEH MOX YIJIOM .
Pemenne. Ilposenem nepnenaukyasp k orpesky AB B ero
cepeanne (puc. 285). Ha srom nepresuKkyaspe 6yjer noMemaThcA
HEHTP OKPYXHOCTH, cerMeHT Koropoii Tpebyerca nocrpontb. M3
xonua B .orpeska AB nposemeM Jiyd, o6pasyiomuii ¢ HHM yroJ
d—a; OH nepeceyer NEPNEHAHKYAD

B LeHTPe HeKomoii 1yru O (nokasats!).
Al A
- a
8 a M / 4
A | | VAR
Puc. 285. . Puc. 286.

Bapnaua 2. TlocrpouTb TpeyroAbHHK no yray A CTOpOHe
BC=a u meauane m,.

Pemenne. Ha npousBoanoﬁ NpsAMONl  OTKJaAbIBaeM OTpe-
30K BC, paBHHIl ctopoHe a TpeyroisHuka (puc. 286). Bepummnna
TPeyroJbHHKA JOJXKHA NOMEIIAaThCsi Ha Ayre. cerMeHTa, H3 TOYeK
KOTOpOIi NaHHHIl OTpPe30K BHJAEH NOA yrJoM o (npouecc NOCTPOEHHS
Ha puc. 286 He nokasan). 3areM u3 cepenunHst M croponel BC, Kak
M3 LEHTpA, NPOBEIEM OKPYMHOCTb. PAIMYCOM, DPaBHBIM M. ToukH
ee TepeceyeHHsA C AYrofl cerMeHTa H AafyT BO3MOKHHE MOJOXKEHH
BepuIHHH A HCKOMOTO TpeyroibHHKa. WccnenoBath umicsio pemeHit!

3agaua 3. V3 BHewHeli TOYKH mpoBefeHH! KacaTelbHHE

' K OKpyxHOCTH. TOUKH XacaHHf JENAT OKPYXKHOCTb Ha W9acTH,
. .;:,‘-&
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OTHOLICHHE KOTOpHX paBHO 1:7. Halitit yroa Mexay Kacartesib-
HEBIMHL.

Pewenue. [enss noaHyo AYry OKPYIKHOCTH Ha 4HacT, Ipo-
NOPUHOHA/IbHBLIE YKA3aHHBIM, HAaXOXHM 06C AYrH MeXKAY TOYKaMmH
Kacauus: a=45°, f=2315° UHckoMmuiil yroa uamepsercia Hx noxay-

Pa3HOCTHIO:
315—45

Q= '—2—= 1350.

3agaya 4. Ha oguoit H3 CTOPOH PaBHOCTOPOHHETO TPEYro.lb-
HUKa, KaK Ha JHaMerpe, NOCTPOEHa OKpYy»xHOCTb. CKOJBLKO Irpagy-
COB cONepiKiT ee Ayra, Jexaulas BHYTPH TPEYTOJLHHKA?

Pemwenue. Yroa B 60° npi sepluHHe TpeyroJbpHHKa, Jexa-
wuii BHe KPYyra, H3MePseTcs ‘NONYPa3HOCTLIO NOJIYOKPYXKHOCTH I

HCKOMOfT JyTH: 60°————1802 -Orciofa HaxoAHM
o =60°.

213. YeTpipexyroibHHuKu, BNHCAHHLIE B OK-
py*KHOCTb. BOKPYT BCAKOFO TPCYFOJbHHKA MOXKHO
Onicarb OKDPYXKHOCTb, HHaue FOBOpS, BCAKHIl Tpe-
YLOMBHUK MOXeT CUNTATBCA BIHCAHHBIM B ife-
KOTOpYIO OKpYymHOCTb. Vnaue oGcront gerno ¢

Puc. 287. YeTLIPEeXYTOIBLHIIKOM: ONICaTh OKPYIKHOCTL BOK-

, PYr 4eThIpeXyroJbHUKA MOXKHO, JINIUL ecTii Oif
yJ0BJIETBOPACT HEKOTOPOMY JOMOJIHHTe/JBbHOMY. YCJIOBHIO, KOTOpoe
Mbl cefiuac H HafigeMm. Ilyctb ABCD-—HekoTophlil YeTHIPeXyTobHIIK,
BlCcaHHbIl B OKpyxHOCTh (pic. 287). Toraa ero nporHBONO/IOMKHbBIE
yraol, Hanpiymep / A 1 / C, onupaiorcs Ha AYyrH, COCTaBJjsiougie
B CyMMe BCIO OKPYIKHOCTb. 3HAYHT, CYMMa S5THX YIJIOB H3MepsieTcsi
N0JJOBHHOIT OKPY2KHOCTH, H MOTOMY 5TH ABa yIJIa COCTaBJSIOT B CyM-
Me aBa npAMbiX. CTONBKO Ke NPHXOANTCA U Ha 1010 BTOpOH napH
NPOTHBONOMOXKHLIX yrios /B u / D. Hraxk, :

Y 06020 1emobipexyeoNbHUKA, BNUCAHHOZ0 8 OKPYICHOCIMb, CYILIbL
1ap NPoNLUBOILONONCHLIX Y2A08 PasHbl 08YAM NPAMBLA.

IloxkaxeM, 4To It OGPaTHO, BOKPYT 4eTHIpeXyroJpHiKa, 06.1a1ai0-
IIero 3THM CBOfiCTBOM, MOXHO oOniicaTb OKpy:kHOCTh. Ilycts mau
deTbipexyroapHuk ABCD (puc. 287), y kotoporo /S A+ /C=2d
(a smaynr, H B+ /D=2d). IlpoBegem OKpy:KHOCTb uepe3s
Kakue-J1100 TPH BeplUliHb YeTHpexyroabluka, nanpumep A, B, D.
Torxa W uyerBepras BeplilHAa JOJAXKHA MOMECTHTbCA Ha- TOIl e
okpyxuocTH. Tak, ecam Own uwerBepras BepmHa (Touka C' Ha
puc. 287) oxkasajach BHYTPH OKPYKHOCTH, NMPOBEIEHHONl yepe3 TpH
OCTAJILHLIC DBCPLINHBE, TO YroX B Heil HMes O Mepy, O0J1bHIyIO

S~ ‘

nonoBHHel ayru BAD, M cymma ero c yryioM, H3MepsieMbIM XYToff

.
BCD, npes3oua Gel ABa. NPsMBIX, YTO NPOTHBOPEYHT YCJIOBHIO.
Tak ke onposepraercs i npexnooxenne, 6yAT0 Touka C MOKeET Je-
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KaTb BHE OKPYXHOCTH, MNpPOBEJICHHON uepes Bepumnnt A, B, D,
Ocraetcs JMIb BO3MOXHOCTb, YTO TOYKA C JIEXHT Ha CaMoil
OKDYXHOCTH, YTO MBI H XOT€JH YCTaHOBHTE. -

IlpumennM 3TOT - MPH3HAK K pelIGHUIO BOMpOca: NPH KaKUX
' YCTIOBHAX BOKPYr AAHHOTO - MapallenorpaMMa HJH IaHHOR TpamnemuH
MOXXHO ONHCATh OKpPyxKHOCTh? EciM jaH napasasesnorpaMs, To mpo-
THBOJIEXalllHie YIVILL €r0 PABHEL H NOTOMY MOLYT COCTaBAATH B CyMMe
ABa NpAMBIX JIHIIL TOrAa, KOTAa Kaxuulii 3 HHX npsmoil. Hrak,

H3 ecex Naparnea0zpanmos npAMOYSONHUKIL &t MOALKO OHY o6.1a-
darom mext cOUCIMBOM, 4IMO GOKPY2 HUX MONCHO ONUCAMSE OKPYICHOCMb,

Ynrareab RoKaxeT, uTO LEHTP OMHCAHHOI OKPYXKHOCTH MPSIMO-
YroJbHHKA JIeXKHT B TOUKe IlepecedeHHs ero jauaroHatefi. Ecan
OKPYXHOCTh ONHCaH2 OKOJIO TpaNelHH, TO CHOBa CyMMa NPOTHBO-
NOJIOXHHX YIJIOB JIONXKHA PaBHATbCA ABYM npambiM. Ho-y Tpane-
MK paBHa JBYM NPAMBIM CYMMa YIJIOB,
obpasyeMurIX GOKOBOHl CTOpPOHOi ¢ ABY-
M ee ocHoBanusamu. Orciofa BHAHO,
YTO JOJKHBI GHITb PaBHHl YTJH, NpHJeE-
JKampe K OAHOMy ocHoBauHio., Takas
Tpameuus OGyfer PaBHOGOWHON Tpane-
nuen: -

H3 ecex mpaneyuii enucannod 6 ok-
pydcHocms  Moocem  Obimo MOALKO PABHO-
Oounas mpaneyus.

214. [IponopuuoHaJbLHBIE OTPE3KH B Puc. 288.
kpyre. PaccmorpnM  cHayasa _CeKymyio
AC, npoBefieHHyl0 H3 BHelllHeli NO OTHOWIEHMIO K JAHHOR OKpPyX-
HoctH Touk# A (puc. 288). ls Toit ke TOUKM npoBeleM Ka-
cateabHylo AT. DByzeM HasbBaTh OTpe3OK MexAy Toukoid A
GnuxafimeRd K Hefi TOYKO NepecevyeHHss C OKDYMKHOCTBIO HeluHell
wacmoto cexyuefi (otpesok AB mna puc. 288), orpesok xe AC 1o
GoJsee Aasiekoil M3 JBYX TOUEK NepeceyeHHus —npocto cexyuwed. Otpe-
30K KacaTelpHOii OT A JfO TOUKH KacaHls TaKxe KOPOTKO Ha3bl-
BaeM xacameneroii. Torna CNpaBejTiBa

Teopema, Hpouaeeaeﬂue Cexyuell Ha ee BHEIUHIO HaCb paeuo
ksadpamy KacameibHoil.

HdokaszareabctBo. Coennnum touky 7 ¢ B 1 C. Tpeyronb-
Hukn ACT u BTA 1nofo6Hbl, Tak Kak yrosa npm BepuiHe Ay HHX
obmuit, a yrast ACT u BTA paBubl, nockoJbKy 06a OHU Ii3Me-
pAwOTCA NOJOBHHOIT oxHoil M Toil ke ayru TB. CrneaposarenbHo,
AC:AT = AT:AB. Orciona noayuaem TpeGyeMuli pesyJbTar:

AC‘AB =AT2-

Kacamensuan pasua cpeduesy eeosemputeckomy mendy cexyuged,
npoeedeHHOl U3 Moii Jice MOUKU, U ee GHeWIHE HaCmbIo.
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CrnepncrBue. [Jaa noboi cexyuwied, nposedentol uepe3 dannyio
modry A, npouaeeaeuue ee OMUHbBL HO GHEUIHION 4OCMb NOCHIOAHHO:

AC-AB = AC,- AB,.

PaccMoTtpuM: Tenmepb XOPAH, nepecexaxomnecn BO Bny'rpem{en
Touke. CnpaBeMJIHBO yTBepKIACHHUE:

Ecau Ose xopdot nepecexatomcs, mo npoussedetue ompesxos 00HoL
X0pOs: pasHo npouseeOenuto ompesxos Opyzod (MMelOTCs B BHAY
OTPE3KH, Ha KOTOpHE XOpja pa3bHBaercst TOUKOil nepeceyeHHs).

Tak, na puc. 289 xopau AB u CD nepecekarotrcs B Touke M,
H Mbl umeeM AM-MB=CM-MD. HUnaue rosops,

Zas Oannod mouxu M npoussedernue ompeskos, H@ Komopoe OHa
pasbusgaem a106Yt0 npoxodsiyyio yepe3 Hee xopdy, NOCMOAHHO.

s noxasatelbcTBa 3ameTHM, YTo TpeyroapHukn MBC u MAD
nofto6unl: yrast CMB u DMA peptikanbune, yrant MAD u MCB

p  OUHPATCA Ha ONHY H 'ry ke nyry OTcxo,aa Ha-
XOJHM

B MD:BM = AM:MC,
I
“AM-MB = CM-MD,

yto H TpeGOBaJOCh JOKA3aTh.
4 Ecnn panHas toyka M Jexur Ha p--crvon
Piuc. 289. i ! or LeHTpa, To, NpOBeAs uyepe3 Hee KHua-
MEeTP Il paccMaTpHBas ero KakK OIHY H3 XOpJ,
HaiieMm, 4TO TNpOH3BejeHHe OTPe3KOB JAHAMETpPa, a 3HAYHT, H JIO-
Goit - apyroft xopnel, -paBHO R*—I*. Ouo e paBHO KBajpary
MHHHMA/IBHON 1107y XOPALL (nepreHgMKyJaApHON K yKasanHoMy mla-
MeTpy), mpoxoasuweii yepes M.

TeopeMa o0 NOCTOAHCTBE IPOH3BEJCHHS OTPE3KOB XOPALL H TEO-
peMa o MOCTOSIHCTBEe NpOH3BEJEHHs ceKyuleil Ha ee BHELIHIO YacTh
CYTb 7Ba cayyasl OJHOTO If TOTO :Ke YTBEepMKICHIsI, Pa3jiyHe COCTOHT
JHIL B TOM, NPOBOAATCH JH CeKyilHe 4epe3 BHELIHIOW HAH BHYT-
peHHIOI ToyKy Kpyra. Temepb MOKHO yKa3aTh elle OAHH MpH3H2K,
OT/IHYAIOWHl BMICAHHEIE YeTHIPEXYrOJbHHKH:

Bo ecakom enucanHom uemsipexyzoibruKe npouaeeaeuuﬁ ompeskos,
Ha Komopole pa3buearomcs OUA2OHAAU MOYKOLU UX nepecedeHus, PagHoL.

Heo6xonuMocTs YCJIOBHA OYeBHAHA, -TAK KaK RHaroHaai 6yayr
XOpAaMH onicaHHoil oKpy:xHOCTH. MoxHo nokasarb, 4T0 3TO YycCio-
Blie TaKxKe I JOCTaToyHO.

215. 3agaun Ha MOCTpoeHHe.

Bagaua 1. Ilposectn KacareJbHyi0 K OKPYXKHOCTH H3 JaHHOI

TOYKH, Jexkauleli BHe ee. 7
Peuienue. ¥Yroa Mexay KacaTeJbHOIH H PagycoM, IPOBEXEHHBIA
BTOYKY KacaHHs, IpAMOIl. DTOT NpsMOil yroJ omypaercs Ha OTPE3OK,
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COCNMHAIONNA JAHHYI0 TOYKY M LEHTp O OKPYXKHOCTH (puc 290).
Orciona Buaen cnoco6 nocTpoeHHs: Ha orpe3ke OM, Kak Ha Aua-
MeTpe, CTPOHM OKPYKHOCTh; TOYKH A, H
A, ee mepeceueHHsl ¢- AAHHOl OKPYKHO-
’ CTblO H OyRYT TOUKaMH KacaHHs HCKOMBIX
KacaTeJbHEX ¢ OKpyzHOCThIO. CoeluHss
Toukn A, n A, ¢ fnaHHOH TOuKOit M,
NONYUHM 06e Kacate/bHble, nponeneuuble
n3 M.

310 pemenne npocrefilee, HO MOXHO
pemnTs 3ajauy M no-apyromy. Hanpumep, :
npoBecTH JIO0YI0 cexyulylo dvepes M n Puc. 290.

HaliTi Cpejiiee TEOMETPHYECKOe - MEXAY

cekyuiell M ee BHEIUHell wyacTei0. 3TO 6y11eT JJIMHA KacaTeJbHOil.
PanuycoM, paBHHM eff, clesaeM Ha JaHHOI OKPYKHOCTH 3aCeyKH,
l'lp(quG}lﬂ Ayry u3 M, Kak u3 LIeHTpa, M CHOBa HaiiieM TOuKH A,
n 4,

3a11aua 2. TlocTponTs ofuiHe KacaTe/bHLe ABYX OKPYXHOCTeIl.

Pemenne. PaccMorpum aBe okpyxHoctn na puc. 291. B nan-
HIOM c/yyae OHH PAcnosioXeHbl OfiHA BHe Apyroil H He MMET ToueK

A

Pue. 291.

nepeceueHns. 10 —cayuaf, KOrAa K HHM MOXHO NPOBECTH HauGoJb-
Iee YyHCJI0 OOUIMX KacaTeJIbHBIX —/iBe «BHEIIHHX» H_JiBeé «BHYTpeH-
HuX». TOUKH nepeceyeHHs 3THX JABYX Nap KacaTeJbHBIX JIEKAT Ha
JHHHH LEHTPOB H MOTyT GHITh HafiieHbl, KaK NEeHTPH TIOMOTETHH
JNaHHEIX ABYX OKpY:Hocteit. IlpoBoauM, Hanpumep, Jio6oil H3 -pa-
auycoB OA onHol oKpyxHoctH (pHc. 291) W mapasnyenbHBHE ‘eMy
panuycht 0,4, 1 0,A, Bropoii. CoeliHHM KOHIEBLIE TOYKH PaaHyCOB
0;A, n 0,4, c xouuom panuyca OA. Jlunnn AA, u AA, (nocien-
HAA He napaJnensHa 00,, ecan R =%=r) mepeceKyT JAHHHIO LEHTPOB
B HCKOMBIX UeHTpax roMoretun C, 1 C,. KacarennHue, NpoBeJieHHbLe
u3 C, uC, K moboit u3 ABYX OKpy:KHOCTeil, 6)11y1' Kacarbcsl Apyroil.

Hanommin 1 apyroft cnoco6 peiwenHs stoii 3agaun. ITocTpoum
IBE OKDYXHOCTH C IEHTPOM B LeHTpe GoJblueit H3 ABYX JAaHHBIX
OKPYKHOCTe[l 11 PajuycaMi, PaBiLIMI CYMME H PasHOCTH PajiycoB
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NaHHBIX OKpy:xHocTeil. IlpoBeseM K HHM KacaTelbHble H3 LEHTpa
Maqoil OKpY2KHOCTH (puc 292). Hckoxble kacatenbHble GyAyT cOOTBET-
CTBEHHO MapaJijie/bHLl: BHell-
Hife —KacaTeJbHBIM K MaJoii,
BHYTpPEHHHE —KacaTeJbHbhIM K
6o/blI0f,  BCHOMOrAaTE1bHOIL
. OKPY}KHOCTH.

YnpakHeHus

1. Hyra cozepxur 40°. IMox ka-
KHM YIJI0M BHIH2Z H3 ee TOYeK CIsi-
THBAIOUIAR ee XopRa?

2. Yrasl TpeyrojibHHKa COOTBET-
CTBRHHO paBum 50°, 60°, 70°. Ha
CTOpOHe, J1exkalleil npoTus yraa B 50°,
KaK Ha guaMeTpe IOCTpPOEHA moay- -
OKpYHOCTb, Nepecekaicmiast ipe Ipyrue cropounl. Ha kakie Jyru moJyoxpyk-
HOCTb PasGMB4CTCH TOYKAMH Nepeceuenus? :

3. Ms Buemmeil ToukH nposejed KacaTeJbHas H CEKyMas K OKPYXHOCTH.
Kacateabnas menviie cekymefi Ha m n Go.'xbme ee BHewmneil yacti Ha n. Hafitu
x.‘xm) KacarejabHoil.

4. OnpeleanTp yrol npu BepLUiilie PaBHOGEIPEHHOTO TPEYTOAbHHKA, ¥ KOTO-
poro C) MMa OCHOBAHHS M BHCOTHl, NPOSCIEHHOIl K OCHOBaHHIO, PaBHa JHaMeTpy
OMHCaKKOro Kpyra. .

5. Hlokasath, 410 MpoH3BeJeHHe OTPe3KoB .moGoil kacaTe.1bHO{l K OKPYIKHOCTII,
33K I0YEHHBIX MEXIy TO4YKofl Kacanlsi H JBYMA .NapadedbHBIMH - MeX3y coboil
KacaTe.lbHBIMH K TOfl e OKDYKHOCTH, PaBHO KBaJpaTy pPalHyCa OKPYIKHOCTH.

6. OnHcath BOKPYr JaHHON OXPYIKHOCTH PoMG6 ¢ ocTphiM yraoM B 30°.

7. M3 BHeweil TOYKH NPOBECTH CEKYUYI0 K OKPYKHOCTH TaK, 4To0bl ee BHYT-
Peuiisnia yacTb HMeda 3aJaHHuYI0 JUIMHY.

" Puc. 292

§ 2. MerTpnueckne COOTHOLICHHS B TPEyroJbHHKE

216. INponopunoHaablnie OTPE3KH B NPAMOYTOJIbHOM TP2yroJbHHKE,
Teopema Mudaropa. PaccMoTpunM NpoH3BobHB NPSIMOYFOAbHEI Tpe-
yroasuuk ABC (puc. 293) u npoeeieM Brucory CH = A, u3 Bepinus C
ero npsimoro yriia. Oxa pa3oGbeT AaHHBI TpeyroJbHHK Ha 1Ba mps-
MoyraasHuX Tpeyroasunka ACH st BCH; xamxsabifi H3 3THX TpPeyroiib-
HIKOB 1IMeeT C TpeyroibHHKOM ABC o6unit ocTpslil yroa 1 nortomy
nojoben Tpeyroannuky ABC. Bce Tpn tpeyroasunka ABC, ACH,
BCH noaoGunt Mexzay coGoil.

AH H
, BIH

W3 nojobus TpeyrolbHUKOB dBC u ACH nveeM g = g”
CH*= AH .BH, otkyna CH=V AH-BH, 1. e. evicoma npasoyzo.1s-
HO020 Mpeyz0AbHUKA, ONYWEHHAR U3 6CPLIUHLL NPAMO20 YeAd Ha 2Uno-

mery3y, pasHa cpedHesy 2e0MEmpUuecKosy ompeaxoe 01 u Cz. Ha Ko-
mopoie OKa pasbucaern aunomeuyay -

=Vee. - . (216.1)
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- Jlanee, n3 mono6ua Tpeyroasuukos. ABC u ACH naiizem

A =2, wmn AC'=AH-BA, orkya AC=VAB-4H. Auaso-

rHYHBIM oOpa3om Haifinem BC =V} AB-BH. TakuM o6pasoyM,
a=V c, b=Vcc,, - (216.2)

T. €. Kamem npPAMOY201bH020 MPeYeorbHUKA PABeH CpedHemy eeomem-
PUMECKOMY 2UnOMmeRY3ot U NPOeKYUL 3moz0 Kamema Ha SUNOMmeHysy.

B . 2 b b @ i
. b 7 |0
4
¢
4 5 —
lb . a
Pne. 293. ) __ Pue. 294,

Teopema IIndaropa. Cyuma xeadpamos xamemoe npaso-
Y20AbHO20 MPeYye01bHUKA PAasHA Keadpamy e20 2unomery3si:

a?4-b=c. (216.3)

HoxasaTenbcTBO. 3anumeM BHPaXEHHS KBAaJpaToB KaTe-
TOB @ H b TpeyronbHnka no dopmyae (216.2): :

a*=cc,, b*=cc,,
H CJOXKIM 3TH paBeHCTBa nowiexno. ITomyuum
at+-bt=cec,tcc,=c(c,+¢,)=c?,
YTo M Tpe6OBaJOCh NOKA3aTh.

IlpuBenennoe noxasarte bCTBO HMeeT anreGpanueckHil XapaxTep: BHUYHCJACHHE
NOKa3LIBaeT, YTO CymMMa KBaApaToB JJHH KaTeToB paBHA KBajpaTy JUTHHEI THIOTe-
. nyspt.- [lockobKY KBazpaT J/HMHBI OTpe3Ka MOXKHO TeOMeTpPHYeCKH HCTO.JIKOBATH KaK
Nn7oWanb KBalpaTa, NOCTPOSHHOrO Ha 3TOM OTPe3Ke, KAK Ha CTOPOHE, TO TeOpeMy
Iadaropa Moxuo cdopryaHpoBaTh B UHCTO TeOMETPHYECKHX TepPMHHAX: CyMMa
njomajeil KBaapaTos, NOCTPOSHHBIX HA KaTeTaX, PapHa IOMAJH KBalpaTa, NocCT-
poennoro na ranotenyse. B cBasu ¢ stuy ma puc. 294 nano reoMerphueckoe o6o-
cHopanue TeopeMbl Ilngaropa. OxuH M TOT Xe KBagpar co cTopouoil a-}-b pasios
JKeil B OJHOM CJyuae Ma YeThipe PaBHHX OpPAMOYTOJbHBIX TPeyroJbHHKa C Kare-
TaMi @, b M KBaJpaT co CTOPOHOI ¢, @ B JAPYroM CjJyuyae—Ha TaKHe IKe 4eThipe.
NpsAMOYTOJILHLHX TPEYroJbHHKA H Ha JBa KBajpaTa co cropouami a u b cooreeT-
cteenno. Mla sToro menocpejacTBeHHO BHJHO, YTO KBaJpaT, NOCTPOGHHSI na runore-.
Hy3e, PaBHOEEJINK CyMMe KBajpaToB, IIOCTPOEHHHIX Ha Karetax a u b.

TToJb3ysich CBOICTBAMH NPSIMOYTOMBHEIX TPEYTOJBHHKOB, JErkKo
PelUNTh 3aJaYl Ha NOCTpOeHNe OTPE3KOB, onpenenseMbiX GopMyTaMi

r=Va+v, x=Va—b, x=Vab

(nonpasymeBaercs, uTo @ H b-—HEKOTOpHE JaHHbE OTPE3KH).
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Tak; nocrpoenne orpeska x=J} a*+b* ceonutcs K NOCTPOCHHIO
NpAMOYTOJbHOTO TPEYroJIbHHKA MO ABYM ero KareraM, paBHBIM a H b.
Torga rinorenysa noc'rpoeﬂﬂoro TPeyrosbHHKa H GyAeT HCKOMBIM -
OTPE3KOM.

Orpesok, Bblpa)KaEMblH dopmynoit x=Va*—b% rae a>b,
CTPOHTCA KAK KarteT NPSMOYToJIbHOTO TPEyrofibHHKa CO BTOPLIM Ka-
TETOM, paBHbIM b, H rumoreHysoii a (cM. m.9l). ~°

Orpesok x =}/ ab, paBHBIil CpeHeMy TeOMETPHUECKOMY ABYX JIaH-
HbIX OTPE3KOB, MOXHO NOCTPOHTb TaK. Ha npoussoabHOil npsmoit
(puc. 295) oTaOXKHM mOCJAEAOBa-
TeJIbHO OTPE3KH, paBHBIE JAHHBIM

4

z K g 2 :
Puc. 295, Puc. ?96.

(AK =a, KB =b). B Touke K, rae oHN NpuMBIKaIlOT ApyT K Ipyry,
BOCCTA@BHM K HHM NEpHeHAHKYJAP; ec/H Ha 3ToM NepHeHIHKY.1spe
HaiiTi TouKy C Taky1, utoGu yroa ACB Geul npsiMuiM, TO Beicota CIK
N0JyYEHHOrO NPAMOYTONLHOIO TPeYroJbHHKa H OyJeT CpeqHHM reo-
MeTpHYeCKHM JaHHbIX oTpe3koB. ITostomy Gepem cepeniny O gaHHoro
orpe3ka AB un H3 Hee, KaK H3 LEHTpa, NMPOBOAHM OKPYXKHOCTb pa-
AHYcOM, paBHBIM moJsioBiHe AB (CTpouM OKpYKHOCTb Ha OTpeske AB,
Kak Ha jguamerpe). Touka mepeceueHHsi ee ¢ mepneHgukyJaspom KC
H Oyzaer HcKomoil Toukoii C (yronm ACB mnpamoil, Tak KaK OH OMil-
paerca Ha jpuamerp, cM. m. 210). HMrak, orpe3ok x=CK=Vab no-
CTPOEH.

- VMnaue MOXHO pelINTb Ty e 3ajayy TaK. 3aMeTHM, YTO HMeer

MECTO PaBeHCTBO
2 p  [atb\? a—b\2
X —ab—( 3 )—(—2 .

Crponm orpesxku (a+0)/2 u (a—0b)/2, n 3agaua CBOANTCHA K NOCT-
POEHII0 MPSMOYrOJIBHOTO TPEYroJbHHKA IO THIOTEHY3e H OXHOMY
13 KaTeToB.

IMpumep. ITocrpoutsh orpesok, pasmwiit V7.

Pewenne. HMcnoansyey, cootnowenne 7 =16—9=4*—32, Ha
OfIHOIl H3 CTOpoH mpsaMoro yraa (puc. 296) oT/I0KHM OT BepLUHHH
orpesok OA, paBHHIi 3, 1 H3 KOHIA ero Ha RPyroit CTOpOHe Cjie-
JaeM 3aceyKy pajmycod, paBubM 4. OTpe3ok, orcedeHHHlii Ha BTO-

*poil cTOpoHe npAMOro yraa, i Gynet uckomin: 0B = V7.
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3amenanue. 3anauy MOXHO PELHTH HHAue, NOJB3YSCh COOT-

-HowenneM V7 =V 7-1, BupaxatomnM HCKOMBIl OTpPE30K KakK cpefn-
Hee reomerpuueckoe orpeskoB 7 H l. '

3anaua 1. Ilocrpoutbh KBajgpar, paBHOBeJmmm JaHHOMY Tpe-
. yroapHuky ABC.

Yxaszanue. CTpouM NpsIMOYro.JbHHK, PaBHOBEJHKHI JAHHOMY
TPeyroJpHHKY (Hanpumep, NPAMOYroNbHHK C TeM Ke OCHOBaHHEM,
4YTO y [JaHHOTO TPeyroJbHHKa, HO C MOJOBHHHOII- BLICOTOM). CTOpOHa
HCKOMOr0O KBajgpaTa CTPOMTCA KaK CpefiHee reOMeTpHYeCKOe CTOPOH
NpAMOYroJbHHKA, T. €. a H h/2.

3anaua 2. B npaMoyrosibHOM TPEyroJbHHKe OTpe3KH, Ha KO-
TOpbE BHICOTA, OMylleHHast H3 BeplIHHB NPSAMOro yrja, AEIHT rH-
noreny3y, paeunl 6 u 18. Hailtu karernl H nomans TpeyroibHuKa.

Pewenune. Funorenysa Tpeyronbnuka ¢ =06 18=24. Kareru
HAXOAATCA KaK CPEIHHE. FeOMETPHUECKHE MEX(y FHIOTeHY30d u OT-

peakaMH, Ha KoTOpsie OHA pa3Gura Bhicortoil: a=)6-24=12,
=)18-24 =12}/ 3. Tlnomans paBHa Séé-ab =72V 3.

JIlo cux nop:npH H3JOXKEHUH TeOMETPHH MBI HHIAE He MOJb30-
Ba/liCb TPHTOHOMETPHYECKHMH GyHKUHAMH. [leslo B TOM, UTO BBejxe-
HHEe TPHTOHOMETPHYECKHX (YHKIHIl yria OoCHOBaHO Ha CBEJEHHAX H3
TeoOpHH- nogoGHs (HampuMmep, Ha TOM, YTO OTHOLICHHS CTOPOH Tpe-
yro/lbHHKAa He H3MEHSAIOTCA NMPH nonofHOM npeo6Gpa3oBaHHH); - KpoMe
TOTO, OCHOBHOE€ TOXKIECTBO

cos’a+sinfa=1, (216.4)

IIHPOKO HCMOJb3yeMoe B TPHIOHOMETPHH, €CTh He YTo HHOoe, KakK
sanucb Teopembl ITndaropa pisi mpsimo-
YTOILHOTO TPEYTo/IbHHKA € THNOTeHY3Oif,
paBHOIl efHHHIE.

IToce HM3yueHHA 3TOrO nyHK'ra YHTaTENh
fMeeT BCe CBEJeHHA M3 KypCa TreoMerpHH,
HeoOxoxuMbEle 117 yreHHA ria. VIII—XII
nepBofi 4acTH KHHTH. B CBAA3H ¢ 3THM B
ocraBIIefics YacTH JAaHHOil I[VIaBBl H B TO-
CIeAYIOIIHX FJIaBaX MBI yKe CUHTaeM, 4To
YHTaTeJb 3HAKOM C OCHOBHBEIMH (paKTaMH,
OTHOCHUIHMHCH K TPHTOHOMETPHUECKRM QYHK-
nusM, xots Get B o6peme ri. VIII. B uacrHoctu, npexnonaraiorcs
H3BECTHBIMH CJ/IeyION{He COOTHOIUEHHA MEXIy CTOpPOHaMH M YIJIaMH
NpsAMOYroJ/ibHOro TpeyroabHuka (puc. 297):

afc=sina; bJc=cosa; a/b=tga; bjla=ctgea. (216.5)

217. Keajpar CTOPOHM, JeKallefi NPOTHB OCTPOro HJAM TYMOTo
yrna n TpeyroabHuke. Teopema kochuycos. PaccmoTpuM CTOpoHy b
Tpeyronbuika® ABC, nexauwyio mnporus yraa B (puc. 298).

Ve

Puc. 297.
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BryucieHHe AJIHHBL 3TOi CTOPOHEI TPOBeAEM OTASJNbHO B IBYX CaIydasx,
Korza yroa f ocrpuiit (puc. 298, a) 1 xoraa yroa § Tynoit (puc. 298, 6).

1) B—ocrpwit yroa (puc. 298, a). Ilposesem B Tpeyroabiike ABC
suicory CH =h. Orpesok BH, xoTopulii siBlsieTrcs npoexuueil cro-
ponst BC Ha cropoiy AB, oGosHaunm yepes I. Torma orpesox AH
Bripasutca Kak c¢—/[. Ilpumennm Teopemy Ilndaropa k xaxapomy n3
aByx tpeyronshukos AHC u BHC, na xoTopsie XaHHbI TPeyroJib-
HHK pa36uBaercsi Bhicoroit CH. IMoayunm ‘

P=R4e—lp, R=d-—PB

Ioncrasnas h* u3 BTOpOro paBeHcTsa B nepsoe, HaiizeM
b*=a*4-c*—2lc. (217.1)
Keadpam cmopono: mpeyeoronusa, sexcauizd npomug ocmpoo yeaa,
paser cymme Keaopamoe 08Yyx Opyaux CHOPOH MPeYeosbHUKA MURYC
y0soenroe npousscdcrue 00KHOL U3 HUX HA NPOEKYUIO HA Hee Opyeod
CIMOPOHbL.
2) B—rynoii yroan (puc. 298, 6). IlpoBoaum TO e nocTpoeHHe:
onyckaeM BbICOTY CH =/ u3 BepuHb C; o003HayaeM, Kak i B nep-
BOM Cjayuae, npoexunio BH croponst BC Ha cropony AB uepes l.

Puc. 298.

Orpesok AH Teneps BeIpaxaercsi Kak cymMa ¢ u [: AH=c41(
(B 3TOM COCTOHT OTJ/IHYHe OT NEepBOro pacCMOTPEHHOro cavyas). U3
NpsAMOYroabHLIX Tpeyroabhukos AHC u BHC, ncnoas3sysi Teopemy
Tngaropa, Haxomum .
PF=h*4+(c340): R=ad-=I

W, NOACTAaBJsA A* 13 BTOPOrO pAaBeHCTBa B NEpBOe, OKOHUAaTEIbHO
noJay4aem -
br*=a*+c*4 2. (217.2)

Keadpam cmoporb: mpeyeoavHuka, aexawied npomus mynozo yeaa,
paser cysme reeOpamos dsyx Opyeux eeo cmopor naoc ydsoexHoe
npouseedertie 00HON U3 HUX HA NPOCKYWIO na Hee OpYyeoli CHoPoHbL.

CrnencrBue. Keadpam cmoponet, sexcauwjeli npomus ocmpozo
(mynoeo) yesa, menowe (0oavuie) cysatol Keadpamos dsyx dpyeux cmo-
por mpeyeoavrura. Pasercmeo useem mecmo 049 CoOpoHst, Jexcauiel
npomue npamoeo yead.
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I[Mpumep 1. CropoHun Ttpeyronbuuka pasun 8, 10 u 13. fs-
MIACTCA JIH TPEYTOMLHHK OCTPOYTONBLHLIM, NPAMOYIOMLHEM HIIH Tyrno-
YrONbHBIM?

Pemenne. Haxoanm KBamparthl CTOpOH M 3ameuaeM, 4TO KBaj-
pat Gosbuiedi CTOpoHBL Gobllle CYMME! KBAajpaTOB ABYX APYrHX CTO-
pou: 169> 1004-64. TpeyrosapHuK 'rynoyrommuu (rynoii yroa
JIEKHT NPOTHB HanGoJibiuefi H3 CTOpPOH).

Papencraam (217.1) u (217.2) MoxHo mnpupars emmooﬁpasﬂyro
dopmy, uenoJb3ysi BeIpaxeHnue npoekunH ! uepes kocuHyc yraa f.
HMmenno, B ciyuae ocrporo yraa f HenocpeactTBeHHO uMeeM [ =acos 3.
B cnyuae Tynoro yria f npoekuus [ Bhipakaercst M3 TPeYroJibHH-
Ka BCH na puc. 298, 6 kak ! =acos(n—f) (yron HBC==n-—B) ‘
Hapecrna ¢opmysa npusesenus (cM: m. 106), no Kotopoii cos (n—f)=
= —cos B. IlostoMy B paccMarpuBaemom ciayyae [=—acosfp. Te-
neps BHAHO, uto, 3aMeHfAd [ uepes acosf B dopmyne (217.1) n ve- -

" pes —acosP B popmyae (217.2), npugeM K omxomy H TOMY XKe pa-

'BEHCTBY:
b*=a+c¢*—2accos B, (217.3)
H3BECTHOMY Kak ' ’ oo

Teopema KocuuycoB. Keadpam cmoponst mpeyzonrstiuxa
pasen cymme xsadpamos 0syx Opysux ez0 CMOPOR MUHYC YOBOeHHOe
npousedenue amux CMoOpoR HG KOCUNYC Yeaa Mexdy Humu.

B Takofi ¢opMyanpoBKe TeopemMa NPHMEHHMa K OCTPOYTOJILHBIM,
NPAMOYTOJBHEIM H TYNOYIOJIbHBIM TPeyroJbHHKaM. EcTecTBeHHO, 4TO
paBeHcTBa BHAa (217.3) MoryT GHITB _3alHCaHBEl H A OCTaJbHBIX
CTOPOH TpeyroJbHuKa:

at=b*+c*—2ccosa, c*=a*+b*—2abcosy. (217.4)

Tipumep 2. Haiitn puaromanm napannenorpaMma, CTOPOHHL
Koroporo paBHel 12 u 8, a Tymo#t yron pasen 135°.

Pemenne. Kampana u3 nuaroHajefl siBJsieTCS COOTBETCTBEHHO
CTOPOHOH B TPeyro/bHHKe, JBe Apyrie CTOPOHH KOTOPOTrO PaBHH 12
1 8 Ogna u3 panaronaneil Jexur npotHs yraa B 135°, apyras—
nporuB yrja B 45°. Haxoxum

s = 144464 F 2.12. 8V—=208:F96V2

Manasa puaronann d,~8 5, 6oabmasn d, ~ 18,5.

C novoupio Gopmy.et (217 3) moxer 6uiTs JOKa3aHa

Teopema 1. Ecau 8 dsyx mpeyeosrbruxax umewomcs Ose napet
pasHeLx CMOPoR, mo mpemos CopoHa 6oasUle 8 MOM MpeYyeorbHUKe,
efe ona sexcum npomus Goasulezo yeaa.

HoxkasarenbcrBo. K3 paeencrBa (217.3) BuaHo, yto npH
NOCTOAHHEIX AJIMHAaX CTOPOH @, ¢ cTopoHa b Gyner TeM Goablue,
yeM MeHblUe coS f; TAK KaK NPH BO3pacTaHHH yrjia P ero Kocitye
MOHOTOHHO YyOmIBaeT (cM, 1. 98), TO CHPaBeNJHBOCTb ° HAIIETo
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yTBepikAeHHs1 jokasana. C nomowblo ¢opmyast (217.3) aerko go-
KaseBaeTcsi clepyiouas »
Teopema 2. Cymma keadpamos duazonarel napasrerozpamma
PaBHA CyMMe Keadpamos Hembipex €20 CITOpPoH.
JokasateabcTBo. O603HAauHM CTOPOHBI napaJijejiorpamMma
uepes a u b, puaronann—uepe3 d, u d,, OfHH M3 YIVIOB napaJuie-
JorpaMMa—uepe3 a (puc. 299). JlnaroHann MOXHO paccMaTpHBaTh
KaKcropohbl BD n ACtpeyroJib-
B ¢ HuxkoB ABD u ABC, nexauue
NpPOTHB YIJOB @ H JT—a; IO
TeopeMe KOCHHYCOB HaXOpHM
di=a*+b*—2abcosa,
d; =a*+ b*—2abcos (n—a) =
=q*+4b*+2abcos a,

OTKyJa
‘Puc. 299. di - d} == 2 (a® + b°).

218. Teopema cunycos. Popmyaa Iepona. Paccenorpun Tpeyrosb-

mnk ABC c¢ pucotoii CH = h,, onywennoii u3 sepuinnl C (puc. 300).
[Tnomans Tpeyroabuika paena (m. 201) nojosiHe npoH3BeReHNs

1
BEICOTEI Ha OCHOBaHHe: S =--cli,. BbicoTy MOXHO DHIPasnTb u3 nps-

MoyrosibHoro TpeyronbHiika AHC Kak h.==bsina B cayuae ocrporo
yraa o (puc. 300, a) unu xak h,=0bsin(n—a) B cayuae Tynoro

Puc. 300.

yraa a (puc. 300, 6). B cuay pasencrsa sin(n—a)=sina (1. 106)
B o0oux cayuyaax umeeMm h,=bsina. ®opmyra 118 niowmain Tpe-
yroJlbHHKa NpHMET Bl

. 1, '
_ S=gbesina. - - : (218.1)

Irowade mpeyeoabruka pasHa noaosuHe npoussederus dsyx ezo
CMOPOK HA CUHYC Yeaa Mesxcdy Humu.
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Bmecre ¢ dopmysoit (218.1) BepHH, KOHeuHo, H ananornqubte
dopMy.JIbL:
- S=absiny, S=%manﬁ ,(m&w

‘M3 pasencrs (218.1) u (218.2) BHTeKaloT npomopuHH

SR TR S (218.3)

sina “sinf siny 28 °

BHIpaxKaloue c.nezly}om.y}o TeopeMy.

Teopema cHHYycoB. CmopoHs mpeyzorbHUKA NPONOPYUOHANL-
Hbl CURYCAM NPOMUBOAEHAUUX Y2ro8.

Buisegem Tenepb gopmyay [epoHa, Aaioutyto BHpaXxKeHHe NJIOMANHT
TPeyro/bHHKa yepe3 JMHHb ero CTOpoH. s 3Toro BEIpasmM cOS'e
H3 opMyJIBl - (217 4):

_ bdct—a?
COSG-————2bc—',
H sina H3 dopmyast (218.1):
a2
sina=-=-.

Bo3Boast 06a NMOCTeNHHX paBeHCTBA B KBapaT M cxnanbmaﬂ HX
MOY/CHHO, NOMy4aeM '

l— 482 (b2+c2,_a2)2

IR 4(bo

OTKyZa
1652 = 4b%* — (b* + c*—a?)? =
=+ (2bc—b®*—c*}-a?) (2bc - b* + 2 —a®) =
= [a*—(b—0)] [(b+op—a?] =
=(a—b+c)(a—c+b)(c+b—a) (a+b-|—c),
HJIH, BBOAA n.rm nepuMerpa oGo3Hauenne 2p =a-b4-c, -
165* =16p (p—a) (p—b) (p—¢)-

OxomaTeano HMeeM crenyiouyo q)opmy.ny aa S (popmyana

Tepona):
S=V p(p—a) (p—b) (p—c). (218.4)
Orciona nonywaroTcs Tak:ke GopMyJBl A5 BHICOT TPEYro/bHHKA:

.;,a_._.&?___:? VY p(p—a)(p—b)(p—c) | (218.5)

a a

H T. A. JlocTaToyHO, KOHEHO, 3HATh Ha MaMATh dopmyny Tepona,
TaK KaK BHIPaxKeHHS BBICOT MOJYYaloTCAd H3 HEE HEMEIJIEHHO.

ITpumep. Haiiti niomanes TpeyroibHHKA I AMTHHEL €r0 BHICOT,
eCcJIH CTOPOHE! COOTBETCTBEHHO PaBHH a=25, b=7, ¢=8.
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-Pewenne. Ilonynepumerp p=10; noxcraBnsis p H CTOPOHH
B (opMyay I'epoHa, HaXOAHM IJIOW[Afb TPeyroJpHHKA:

S=)10.5-3-2=10)'3.

BricoTH nosyualorcsi Teneph NPOCTO:

ho=aV3 =212, -

ol

5

.

3apaua. Haiirn BricoTy TpanemuH, OCHOBaHis KOTOPOH a M ¢
paBux 26 u 11, a Gokoshe cTopoHH b=13, d=15.
Pemenne. IlposeneM uepe3 BepuniHy B BepXHEro OCHOBaHHs
rtpaneuun mpaMyio BM, napaaneabnyio GokoBoii cTopone CD
: (puc. 301). B Ttpeyroawunke ABM us-
BECTHHl Bce TpH cropoHu. ITo dopmyse
Fepona naxopnm nJowagb 3TOrO Tpe-
yrojoHika (p=21):

S=V21-7-8-6=84.
Orciofa BHAHO, YTO BHCOTA paBua h =

4 7 A4

2.81
Pic. 301 =11 =12, UYeMmy pabue anarona;an
Tpanewun?

219. Pagiycul BmiucaHHoil il omicaunoli okpyxuocteii. Pacemor-
PHM OKPYKHOCTh, BIHCaHBYIO B TPeyroJbHHK (pic. 302). Hanoaunm,
yto ee ueHTp O nomemiaercs Ha nepe-
CeYeHHH  OHCCEKTPHC  BHYTPEHHHX
yrjoB TpeyroabHuka. Otpeskn OA,
OB, OC, coeannsiomye O c Bepuin-
HaMH TpeyroabHuka ABC, pazofbior
TPeyroJbHHK Ha TpH TPeyroJbHHKa:
AOB, BOC, COA. Bnicota Kaxioro
U3 3THX TPeyroJLHHKOB pPaBHa paniy-
Cy r, 1 MOTOMY HX HJIOLIAJHN BHIPA3sSITCS
KaK

1 .
S,==%re, S,==ra, S,==rb. Puc. 302.

Tl;iomazb BCEro TPeyrojbHIKA S paBHAa CyMMe STHX Tpex mJomrajeii:.
1 , 1 b | 9.1
S—gratrbtgre=rp, (219.1)
[Ze p—TnojaynepuMerp TpeyroabHika. Orcioza

_S_1/=ap=bp—c) .
r=3=71 S (219.2)
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Paduyc enucannoll oKpyicHoCmU paser OMHOUlERU niowadu mpe-
Y2ONbHUKG K €20 noaynepumempy.

Jns nonyueHust GOpMyJaH AJIS1 pagHyca OMHCAHHON OKPY:KHOCTH
TPeYroJbHHKA JOKAXKeM cJelyiollee NpeasioxKerne.

’l‘eopeMa B ar06om mpeyzonsruke cmopona pasna ouastempy onu-
CAaHNOL OKPYNCHOCIUL, YMHONCEHHOMY HA CUHYC NPOMUBONeHAUL20 Y2ad.

HdokasareabcTBo. PaccMOTPHM NPOH3BOJBHEIL TpPeyroJb-
HHK ABC 1 onicaHHYIO BOKPYT Hero OKpyXHOCTb, paauyc KOTOPOii
o6o3naunm yepes R (puc. 303). Ilycrp A—
OCTPHIil yroJa TpeyrojbHHKa. [1poBenem pamuy-
coi -OB, OC OKpy»XKHOCTH H ONYCTHM H3 ee
ueHtpa O mepnenaukyasp OK Ha cropony BC
TPeyroJbHHKa. 3aMeTHM, YTO YTOJl o TPeyroib-
HHKA mH3MepsieTcst MOJOBHHON ayrH BC, mas
Kotopoit -yron BOC saBAeTc LEeHTPaJbHBIM
yraoM. Orciopa BumHo, uto / BOC=2a, a
Z COK=a. TlosToMy H3 npsMOyroJbLHOro
TpeyroJbHIKa COK mnaxognm a/2= Rsinc, Puc. 303,
uIi @ = 2R sin &, uTo HTpe6oBasoch J0KA3aTh.

I'IpnBeueHHuu puc. 303 u paccyxaeHne - OTHOCATCHA K c.nyqam
OCTPOro yrsa Tpeyro/ibHHKa; HeTpyaHo Osilo OH NposecTH JoKa3a-
TeJbCTBO H AJIS CHAYdYaeB NPSAMOrO M TYNOro yrja (4Hrarenb 310
npojesaeT CaMOCTOATENbHO), HO MOXKHO HCMOJNL30BAaTh TeOpeMy CH-

'Hycos (218.3). Tax kax g—z——2R TO JOKHO GHITh K m=2R,

=2R, OTKyZAa _
a=2Rsina, b= 2R sinf}, ¢=2Rsiny. (219.3)

mny

TeopeMy CHHYCOB '3anHCBHIBAIOT TakKXe B BiAC

@ _ b _ ¢ _op (219.4)

sinae sinf siny

u:cpaBHem{e ¢ dopmoit 3ammcn (218.3) naei‘ ansa R
R=%. : (219.5)

Paduyc onucanHoi -0KpYyxCHOCMIIL PABEH OMHOWEHUI0 NPOU3seOeHU
mpex CMOpPOH MpeyeoAbHUKA K e20 ydemsepeHHol naowadu.

3anavya. Haiitn croponst paBHOGeApeHHOTO TPeyroNbHHKa, ecJit
ero BNNCAHHaf H ONHCAHHAS OKPYXKHOCTH - HMEIOT COOTBETCTBEHHO
paauycel r =3 H R=8.

Pemenne. Hamnwem dopmyasl, Bblpaalouie pagHycst BOH-
CaHHOMl H OMICAHHOIl oxpyxmocTei’i Tpeyronbmma:

f'—.? R_
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Ilas paBHOOeApeHHOTo TpeyrojbHuKa ¢ GoKoBOil CTOpPOHOI m - H
OCHOBaHHEM 71 IVIOLIAAb BhIpaKaercs GopmyJioil

o1 -,/ . Nt
S——2—n m'——.

Hanee, p=m-n/2, abc=m?n, n paseHcrBa ana r u R npu-
MYT BHJ

P V 4m* —n? R= m? ) L_ (4m*—n?)n
. 2@m+n) T Vami—pr' R 2m*Q2m+-n)’

HJIH, COKparTuB ApoGb HA OTJAMYHHEI OT HyJAf MHOXHTeMb 2m--1,
O6ynem HMeTh
r (2m—n)n

R= ome ?

YTO NPHBOAHT K KBaAPaTHOMY YypaBHEHHIO OTHOCHTEJIbLHO n/m:
n

2 n r
(F) _2?’*‘27{:0‘
Ono nMeer ABa pelleHns:

n 2r 1 3 1
;l—=1i]/l—-?:1;t?; ==y, H=-<m,

[Toxcrapup BMecTo 1 ero BhIpamenns 3m/2 u m/2 B moGoe n3 ypab-
HeHMIl ansa r wan R, HaiigeM oOKoHYareJbLHO JBa OTBeTA K Haiueil

sajave: 1) my=4V'7, n,=6V7;, 2) my=4V15, n,=2VT6.
anazxueuua

1. Bucota npanOYrosbHOTO TpeyroJbHHKZ, NPOBEIEHHAst M3 BCPLIMHH NpS-
MOTO YIja, ReANT TinoveHy3y p ortnowennu 2:3. Haiiti oTHowmenne Kampaoro ma
KaTeToB K rHnoTtenyae. o . :

2. Ocnopanusi pabBHOGCAPEHHOl Tpaneuiy, ONHMCAHHON OKOJO OKPYXXHOCTH,
paBun a B b. Hailth painyc OKpy:KuOCT.

3. Ilpe oOXpyxuOCTH KacaloTcs BHewHHM o6pasoM. Hx ofume Kacareabnnie
HaKJ/IOHeHBl K JIMHHH ueHTpoB moj yraox 30° Jlamma oTpeska kKacaTeabloii Mexay
TOYKaMH xacaHus pasua 108 cy. Hafiti paanycu okpyxuocreii.

4. KateT npasoyroabhoro Tpeyroavkuka pashm a H b, Haiith niowage
TPEYroJbHHKa, CTOPOHAMH KOTOPOIO CJYXKAT BLICOTA M MeAlaHa JaHHOrO TPeyrolib-
HHKa, TNPOBEACHHLIE H3 BEePUIHHH- NPSMOIO Yraa, H OTPE30K THOOTeHY3bl MEXAY

. TOYKAMH HX repecedyeHHs € FHIOTeHy3oil. .

5. Cropounl Tpeyroabhuka passm 13, 14, 15. Haiite npoermmo xamzoit na
HHX Ha JBC OCTaJbHBIE, .

6. B TpeyronbHuKe H3BecTHH cTopoia 4=05 M pucott fiy,=4 1 hp=20.
Haiiti croponn & u c.

7. Haecetun ape ctopoumt Tpeyroabuuka a=10, ¢=0 u meauana my=7.
Haiitit Tpetbio cTopoHy TpeyroabHHKa. :

8. Jlantt pBe cropoun Tpeyroabhuka b=5, ¢=4 H Yroa o MexRy uuMi:
a=30° Haiirn paguycs BnHcauHOii H omHcansoll OKpyxuocreii.

9. HspecTHH cTOpOHMH TpeyroabHHka 4a, b, ¢. Hemy paBubl OTDe3KH, Ha KO-
TOpHE OHH Pa3GHBAlOTCH TOYKAMH Kacalug BIHCAHHON OKDPYXKHOCTH €O CTOPOHAMH
TPeyroJabHHKa? -
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§ 3. Pemenne Tpeyronbﬂnkon

-220. TaGauum ¢ynxuuii. B stom naparpade paccmarpuBaiorcs
3371auH BBIYHCANTENbHOTO XapakTepa Ha OTHICKaHHE OJHHX 3/eMeH-

TOB TPeYyroJbHHKAa N0 APYrHM, 3ajaHHbiM. [Ipu ux pemenin npu-
" XOAHTCA WCMOJB30BAaTh TaGMHUBLL TPUTOHOMETPHUECKNX ~ (YHKumil
(Takye Tabanubl jAanel B npuaoxennax I m II, n o HHX KpaTKo
ropopuioch B 1. 110), a Takke TaGmuupt HX .norapmpuos 3nechb
Jaorcst - GoJiee - TOJIHEIE - CBEAEHHH O TOJb3OBAaHUH KaK 3THMH
TabaHnaMy, Tak H Tabanuamn ¢yHxkuui BooGuwe. TIpn npueenenun
NPHMEpPOB HCHOJB3YIOTCA CJAENYIOUHE TaGMHIH:

1. B. M. Bpaane, qerupexsnaqﬂue MareMaTHYeCK e TaGaubt,
Yunenrus, 1964.

2. B. U. Ceraa u K. A. CemeHnaeB IlsTn3HayHLte Mare-
MatHyecKHe Tabaumubt, Pusmarrus, 1959 u noc.nezxyxoume roaut
H3JaHHA., . , )

3amerHM, uTO Ta6AHULI COCTaBJAIOTCA I10-Pa3sHOMY, IO3TOMY
PEKOMEHAyeTCA, NPEeXae yeM NPHCTYNAaTh K BHUNC/ACHHAM C HOMOMILIO
TabnKH, BHHMATEJbHO NPOYHTATh yKa3aHHA (OOBACHEHHs) AJA NOJb-
30BaHHA, KOTOpHE BCETJa MpHJArailoTca K Tabanuam.

Coofmaemble 37iechb NpaBHJa NOJb30BaHHA TabGMHLUAMYM OTHOCHT-
¢d K JoGbIM ynO'rpe6u'reJlebu~1 Tabaunam ¢yHKumnii (KBagparoB H
KB3JIpaTHHIX KOpHeil, - JorapupmMoB ‘M T. A.), HO HAJIOCTPHpYyeM
MH HX B OCHOBHOM Ha mpHMepe 'raGJmu Tp!lI’OHO\IeTpH'!e(:KHX
dyHxuui.

A) VerpoficTBo ,'ra6.nnu. Ta6Jmua Q)ym(uun y=Ff(x)
OCLIYHO CONEPIKHT 3HaYeHns y,==f(x,) GYHKUHI 119 PABHOOTCTOSA-
UIMX 3HAYEHHil apTyMeHTa Xx,=X,--nh,rae n=0, 1, 2 3, ...1h—
ITOCTOSIHHOE NOJIOKHTENBHOE YHCJIO.

X -y
T X o : Yo=1(x,)
xn==xg+h : y1=_f(x1),
Xp=x+h .’/2?“4"5)
Xn —xn-l+h Yn=1(xy) N .
I'Ionommenbﬂoe aneno - h=x;—x;_, (pa3Hoc1‘b ABYX COCeRHIX

TaGAMYHBIX 3HaueHUil aprymema) _Ha3bIBaeTcs wWazoM - TaGauIml.
HUnorpa Tabauupt paséHBAIOTCA HA YYacTKH, KaXIHiA H3 KOTOPHIX
nMeeT cBoft mar.  TounocTs TaGaHLB OMpENEJIAETCH  KOJIHYeCTBOM
BEPHBIX -3HAKOB (UH(P) TaCTHUHBIX 3HAYCHHH GyHKIHH. OGHyHO BCe
3HaueHNIA ¢GyHKUHH B TAOAIUE (nJm B’ OTARJIBbHOI €e YacTH) OKpyr-

16 B. B. 3aftues n ap.



482 [N, XVil. METPHYECKHE COOTHOLIEHHH B TPEYTONbHHKE [220

JSI0TCA A0 OBHOTO H TOTO e pa3psga. DTOT pPa3pai HasbiBAIOT
araaduun paspador TaGANUHEIX 3HaveHHd ¢yHKuun. AOcomoTHas
NorpelHocTh TabHYHLIX 3HaYeHHfl OOBIYHO He NpeBLIaeT MOJOBUHL
eMHULBL MI3fero paspsja.

IlpusemeM pas npumepa ABa yyacTka 'raé.rmuu Bpaguca pas
¢ynkuun tg x.

40°]0,8391 60° {1,732
41°]0,8693 61° | 1,804
42°10,9004 62° | 1,881

3nece mar h=1° Bce uvernipe 3HaKa (undpbl) B 3HAUEHHAX
GyHkwi BepHble. MaaliuM paspAnoM TalOJHYHBIX 3HayeHHIl QyHK-
UK ABJIAETCA uYeTBepTHiil jecATHuHblii pa3spax (107%) Ha nepsoM
y4acTKe H TpeTuii JecaTHuHH1 paspsg (10-3) na BTOpOM.

B) Ta6auunse pasnoctH. Ilpy pabore ¢ rabanuamu
HCNOIB3YIOTCA  TabJHYHBE Pa3HOCTH; OrpPAHHUYHMCH 3]ech TOJIbKO
pa3HOCTAMH NEpBOro nOpfaIka, KOTOpLIC Ompegeasorcs i oJ03Ha-
yalTes caelyrouiM o6pa3on:

Apy=y—Yo D=1 —t DH=Y—U oo
H BooOue
AYn=Ynt1—Yp ' - (220.1)

Kaxnasn pasHocTh OOHMHO 3amichiBaeTcs MeJKHM WpH(TOM cnpasa
Mex1y CTPOKAMH, B KOTOPEIX YKa3aHHl COCEAHHE Tab/auyHble 3Ha-
ueHHss QYHKUHUIL. . .

x ¥ Ay v
Xq Yo
Ay -
1 0 )
Ay! -
X Y2
Ay,
X3 Y3
Ay,
X Ys

Bce TabauyHble pasHOCTHM BBIPAXKAIOT UEALIMH YHC/IAMH B -eUHH-
"ax MJiajllero paspsga tabauyHelx 3HadeHuit GyHkuud. Tabauynasn
Pa3HOCTb MOXET ObITb HYJIEM, MOJOXKUTEJNbHBLIM HJH OTPHUATENbHBIM
yiicioM. B KauecrBe nmpumepa npuBegeM TaGJHuYHBle pa3HOCTH Nep-
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BOTO TNOpAAKA K AJas GYHKUHH y=sinx Ha pasmmm:tx yuacTKax
T86J1Hl.lbl XII (B. M. Bpanauc).

x y Ay x y Ay
1,40 0,9854 17 2,90 0,2392 —07
1,41 9871 16 2,91 2295 —97 ,
1,42 9887 14 2,92 2198 —98
1,43 9901 1 , 2,93 2100 _98
1,44 9915 2,94 2002

B ta6aunax Bpaguca paanocm fIBHO He BBHIMHC@HEI, a B. TaGJH- -
nax Cerana n CemeHAseBa BBINHCAHEL.

B) Jlunefitaa nHTepnoasuusa. B mobux Tabauuax
¢GyHKUHI npHBeJeHH JMIIL HeKOoTOpHe (OOHIYHO PaBHOOTCTOSIIHE,
c maroM h) 3HaueHHs aprymenra. IlosToMy HemocpeAcTBEHHO IO
Tab/lHlle MOXKHO HaiiTH TOJBKO 3HayeHHA QYHKUHH NS 3THX Tal-
JHYHBIX 3HaueHHii aprymeHra. Tak, HanpHmep, mo Tabjuue B NpH-
JoxkeHHH I, rie aprymeHTOM fAB/ISeTCs yroJ, H3MEpeHHBI B rpagyc-
HOH Mepe, MBI MOXKEM HaHTH TOJILKO TPHTOHOMeTpHYecKHe (PYHKUHH
yria, H3MEepPeHHOTO LeJHM YHCJAOM rpagycoB. OcTaeTcsi moOKa OTKPHI-
THIM BONpOC: KaK HcKaTh, Hanpumep, sin2°15 man tg 39°45°? Ilo
Tabanne xe (npmioxenne 1I), rae aprymenTtoM siBasiercs yncao (Man
panMaHHas Mepa yrJa), MOxeM HafTH TPHTOHOMeTpHUecKHe GYHKHHUH
apryMeHTa, BhIpakeHHoro ¢ TtounocTeio Ao O,1. Ocraerca noka
OTKPHITHIM BONpOC: Kak HCKaTh, Hampumep, cos 0,25 uau tg 1,425?
B cBfi3H ¢ atHM OyAeM HasblBaTh 3ajady O BBHIUHC/AEHHH 3HAYeHMSA
TaGINYHO 337aHHOH QYHKUHH A/ NPOMEXKYTOUHOTO 3HAYeHUs-apry-
MeHTa (He HMeromerocs. B Tabanue) wacmrol 3adavel unmepnossyuu.

Mpumep 1. B rabmune XII (Bpapnuc) Haxoaum

x sin x

0,45 10,4350
0,46 10,4439

T. €. s$in0,45=0,4350 u sin 0,46 ==0,4439. UacrHoil 3agaueit nuTep-
NONALUHH fABJsAETCS, HampuMep, 3agada o HaxoxpaeHuu 5in 0,452,
TlpocTefimym MeTomoM pelleHHsi Takoil 3afauH SBJAsSETCS Mmoo

‘AuHellnol unmepnoaqyuu. JliHeAHas MHTEPNOJAALNA COCTOHT B TOM,

4TO (pyHKLum y=[(x); 3ananHas Ha orpeske [X,, X,], 3aMeHsercs
JuHedHoft ¢ynruneit y=P (x)=a,-}ax, Kotopas yaosnemopﬂeT

.P(xo)=./o=f(xo) u Px)=y=F(x). (220-2)

16*
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FeomeTpuyeckil 3TO O3HayaeT, 4YTO0 JAYry KpHBOil y= f(x) MEXAy
Toukam M, (x,, y,) B M,(x;, y,) MB 3ameHseM Xxopmoit MM,
(puc. 304).

Kos(pqmuuenm a,, a, ypaBHe}um y =a,-}-a,x npamMoi, OTPe3KOM
KoTopoii aBaserca xopaa M M,, HeTpyAHO NONY4HTb H3 YCJAOBHIl

7 { Yo =4, +a1xol ‘ (220_3)
h=a,+ax,

(BBIpAXKAOUHX, YTO NPAMAsi NPOXOANT uepe3 «TaGJHYHBIE» TOUKH
M, (x,, y,) 1 M,(x,, y,)). Bouutaa Bepxnee ypasuenue (220.3)
, . H3 HIZKHETO, HAXONHM,

h—Y=q (xl"—xo)»
% _ Ay,

a, =
17 x—x, h

H JUIS1 @, HMeeM g, = y,— y <2 X,.

Tlocne mpocthix npeo6paaona-

HHil npejocTaBJsIeMBIX YUTa-
> Teaio, MBI CBEAEM ypaBHCHIE

y=a,+a,x (c HaiaeHHbIMI
Puc. 304. ' 3HaYeHHsAMH q,, @,) K BHAY

y=y,+ 52 Ay, (220.4)

Mocaenusss  dopmyna (220.4) masniBaercst gopmyaod  Aunednod
unmepnosayuu. toft GOPMyJNOit  NONBL3YWOTCH M  OTHICKaHHA
NPOMEXYTOUHBIX  (NPHOMHKEHHBIX)  3HayeHHil ¢yHKUHH, T. e.
TeX 3HaueHHMi KOTOPHX .HeT B Tabnuue. Tak KakK oObluHO
x 6eper¢ﬂ BHYTPH OTpe3ka [X,, %;], TO BHIMOJHAIOTCA Hepa-

Bencrea 0 < 22X x ® <1, TaK 4TO K y, NpHGaBMseTcH KaKasA-TO YacTb

Ay,. Yscno 2= . "Ayo, KOTOpO@ Hajo NpHOABHTL K Y, YTOOHL NOMY-

YuTh 3HayeHue JuHefiHofi ¢yHkuun (220.4) B TOUKe X, Ha3blBaercs
nonpaskod. Dry MONPaBKY ' NMPHHATO 3aMHCHIBATH LEJLIM HHCJIOM
eIHHHL TOro e pas3psna, uTO I Ay, T. €. MJIajulero paspsia
TabJHUYHBIX 3HayeHuil ¢yHkuun y. Ha npakrtixe ¢opmyaa (220.4)
NpHMEHsEeTCss B BHAE ,

" y=y,-nonpaska.

I'IonpaBKu MOTYT 6blTb XaHb B Talauue, @ MOTYT H He 6bn'b ILaHLI,
Bo BTopoM cayuyae npHXOZNTCS HX BBIYHCAATE CaMOCTOSTEBHO.
IlpuBeneM HekoTOphie mMpHMEpH. ~
I[Tpumep 2. Haiitn tg41°2’ no tabauuam Bpagwea.
Pemwenne. B TaGnuume umeioTcA CJAERyIOUHE  3HAYEHHS:
tg 41°0’ =0,8693 u nonpaska Ha 2‘, pasHas 10.
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“ CrepobatennHo, - 7
‘ : : 0,8693
+ 7 0

tg 41°2’ = 0,8703.

Monpaeka na 2’ MOSeT GhITb nonyqeﬂa TaK, B Tabanue nMeloTCs
cJaeayoUlHe 3HaYCHHA:
tg 41°0" =0,8693,
tg 41°6’ =0,8724.

_ Ayo='3l . x—hxo=4l 2;41 o1
xo X}
Ay,=7=10. 3amenm 4To0 Ay,=

B nawem cayyae h=6’,

X—
ChnepoBaresbHO, nonpasKa

=31.10-*% u nonpasKa paBHa 3-31-10-', no,, COI‘JlaC_HO JOTOBO-

peHHoctH, Ay, U nonpasky “(KoTopasi OKpyrieHa) 3amHCHIBAeM lie-
JbIM_UHCJAOM eNHHHI, MJIAjWero paspsaa TaGaHuHBIX "3HAYEHHil.
IIpumep 3. _Haiirn sin3, 0052 no Tabanuam Cera.na " Ce\xeﬂ-

Jdaesa.

Pemenue B TabGanne umetorcs c.nenylouwe 3HauYeHHA:

T x sin x
3,005| 0,13617 0
3,006 0,13518
. B namem cayyae h=0,001, Ay, =— 99 (sTa TaGHUNASA PA3HOCTH
yKasana B TafaHUE Mex1y CTPOK) H x_ilx"= 3’905(’)20_0?'005 =0,2.

CrenoBateqbHo, MOMpaBKa ——

JsieM 110 eJHX enmmu) 3Ha‘lllT, :

% Ay,=0,2-(—99) —'—20 (oxpyr-

__0,13617
20

sin 3,0052=0,13597.

TMpumep 4. Han-m sin 0,452 no Ta6auuam Bpanmca.
Pemeu He. B Tabanue X1 MMEIOTCA Ceaylolne 3HaueHna:

csinx

0,4350
0,4439
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Hii TabauyHsie pasHOCTH, HH MONPAaBKN B 3T0d TaGaiue He Bhl-
nucatbl.” Beluncanm ux. B nawem cayyae nmeem

h=0,01, Ay,=89 u x_x°=0'452‘0’450=0,2. [Tostomy nonpas-

h 0,1

Ka x;x" Ay, =0,2-89 =18 (okpyriseMm nonpasBKy AO LE/IOro Yiucia
enutnn). CaeposatensHo,
0,4350
T 18

sin 0,452=0,4368.

B narnsnaunpix Tabmuuax Cerana n CesenpgsieBa HaxXoquM cpasy
sin 0,452 =0,43677.

) O6paTtuas auneiinas uutepnoasauus. IlocraBum
Tenepb oOpaTHYW0 3ajauy: NO AaHIOMY 3HAaueHHIO (YHKUHH, A1
KOTOpOofi IiMeeTcsl TabauLa, HafTH cCOOTBETCTBYIOWlee 3HaueHe apry-
senta. Ecan aannoe 3Hauenne ¢yuxumy Imeercs b TabaHUe, TO
Mbl [IPOCTO THILEM COOTBETCTBYIOWlee 3HaueHie apryMmedrta. Hampu-
mep, no tabauue VIII Bpanuca arcsin0,5934 =36°24" 1 no Tatdau-
e XII Bpaauca arccos0,5978 =0,93. Ecau ke paHHOro 3Hayelllis
$yHKUHH B Tabaiie Her, TO OvieM 10,1b30BaTbCs 00PaAmKoL unel-
Hol uHmepnoasyued, Haxols NPHOGTIKEHHO COOTBETCTBYIOULee MpPo-
Me:KYTOYHOE 3HaueHHe aprymeHTa, T. ¢. akTuyeckn NpuoJinrKeHHoe
NpOMeXyTOUHOe 3HayeHlle olpartuoii ¢yuxkuun. Ecan mna HekoToponm
ydacTke Tabauusl ¢yHKuUMs ye==f(x) mveer o6paTHyi0 QYHKLIO
Xx=g(y) (Ras 3TOTO CYLICCTBEHHO YC.10BHE MOHOTOHHOCTH (QYHKIHH
y=Ff(x), cm. m. 35), TO 3navenusi 31oit oOpatHOil Ppynkunyu (T. e.
3HauyelHs X NPH 3aJaHHBIX 3HAYCHHAX Y) MOXKHO HAXOQHTb MpPHOGJIH-
XKeHHo Ino Tofi ke gopmysae (220.4). Jas storo paspeulnM pased-
ctBo (220.4) oTuoCHTEILHO X:

x=xo+ L0, (220.5)
Yo
Qopmydaa (220.5) nassiBaetcs gopriyaod 06 pamnoil Auneldnod unmep-
noasyuu.

ITpuBeaeM HEKOTOpHIE MPHMEpHI.

ITpumep 5. Haittu arctg0,2108 no ra6nuue IX Bpapnuca.

Pewenue OGo3znayum uckomoe sHayeuue arctg 0,2108 yepes x
u tgx yepes y. STHM caMblM CBOAMM 3alayy K HaxOXKAGHHIO apry-
MEHTAa X N0 H3BECTHOMY 3HaueHHo OYHKUHH y=tgx=0,2108.
3anannoe 3HaueHue y=tgx=0,2108 3aKII04eHO MEXAYy HHCIAMI
0,2107 10,2126, umeronumucsa B Tadanue: 0,2107 < 0,2108 < 0,2126.
OGbiano H3 AByX TaGaIuuHLIX 3HAYEHHIT QYHKWII, MEXKIY KOTOPLIMI
33K/I0YEHO 3ajaHHOe 3HaueHHe GyHKIHH y, B KadectBe y, GepyT TO,
KOTOpOE COOTBETCTBYET MEHbIUEeMY 3HAUeHHI0 apryMeHTa.

B naweum cayuae nmeem y, =0,2107; y,=0,2126; Ay, =y,—y,=
=0,0019; x,=11°54" u h=6’'. [TonpaBka X—x,, BbIYHCIEHHaA
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no- opmyae (220.5), paBHa
y—po , _ 0,2108—0,2107
Ay ' T 0,0009

Hpu6aBuB 3Ty NONpaBKy K TabIHYHOMY 3HAYeHHIO AapryMeHTa
x,=arctg y,=11°54’, nonyunm x = arctg 0,2108 =11°54"19".
INpumep 6. Haiin octpuiiit yroa x no tabamnue XVI Bpaxuca,

€c/IH u3BecTHO, uto Ig'cos x=1,8815.

Pemenne. Paccmorpum ¢yHKumio y=Igcosx. 3anaHHoe 3Ha-
yeHHe y=Ig cosx=1,8815 3aknioueHo Mexay 3HaueHuamu 1,8810
n 1,8817, wumeomumuca B Tabaume: 1,8810 < 1,8815 < 1,8817.
B namem cnyvae B KauectBe y, BosbMeM 1,8817. Urak, y, =1,8817;
y,=1,8810; Ay, =y,—y,=—0,0007; x,=40°24' 1 h=6".

IonpaBka x—x,, BHuncieHHas mo dopmyne (220.5), paBua’

Y—1, 1,8815—1,8817 ., — 2 "~ 1743

A h= —0,0007 6" ==-6"~143".
l'Ipnﬁamm 3Ty mNONpaBKy K 'ra6nnqno\1y 3HAYEHHIO aprymem'a Xos
noayunm x =40°24" -{-1'43" = 40°25'43".

221. Pemenue TpeyronbnnkoB. Csopxa ocHosHbx dopmyn. Ha
HPOTAXKEHHH 3TOro H caexyiomwux nm. 222 u 223 G6yzeM npnaepxu-
BaTbCsl CJEAYIOILUX CTaHAAPTHHIX 0GO3HAYEHHIT 3JIEMEHTOB TPeyroJb-
HHUKa: CTOpPOHM O0GO3HayaloTcst uyepes a, b, ¢; NpoTHBOJMEXKALIHE HM
yras yepes A, B, C (T. e. TeMi e GYKBaMH, YTO COOTBETCTBYIO-
mMe BEpINHHH); BLICOTH uepe3 h,, h,, h.; paanycH BHHCAHHOH H
ONMHCAHHON OKpYXHocTeli yepe3 r M R COOTBETCTBEHHO; ILIOMIANB
TPeyro/bHUKa 0Go3HayaeM, Kak OGbYHO S. OCHOBHBIMI 3/1€MEHTaMH
TPeyro/bHHKa HasblBaeM ero CTOPOHBl M YIVIHL. -

-3anaHne HeKOTOPHIX H3 OCHOBHHIX 3/1EMEHTOB Tpeyronbmma onpe-
JeNsieT BCE OCTaNbHBIE €ro 3JeMeHThl (B TOM YHC/Je H OCHOBHEIE).
ITon pemwenveM TpeyrofbHHKa NOHHMAIOT OTHICKAHHE €r0 3/IEMEHTOB
(o6bluHO JIHIIB OCHOBHBIX) NO 3afaHHBIM, [/ KOCOYroJBHHIX Tpe-
"YrOJIbHHKOB  OCHOBHEIMH ' SIBJISIOTCA  CJeAYIOllie ueThipe 3ajayH:
1) nauel cTtopona u xBa yraa; II) gaHe aBe CTOpOHBI H yroa, 3a-
KmoueHHEt Mexny HuMi; I11) nauet e cTOPOHHI it yrod, Jexamuii
nporus onHofi u3 HuX; IV) jaHb Tpu cTOpoHHl; TpeGyercs OmpeseHTh
OCTaJIbHBlE OCHOBHBIE 3/IEMEHTH! TPeyroJIbHHKA,

B mpocreitinem cnyyae npsMOyronbHOTO. TPEYToJbHHKA 3ajjaHHe
OJHOro ocTporo yrJaa onpegeaser u propoii. ITostomy past npsmo-
YIOJIBHEIX TPEYTOJIbHHKOB YA0GHO K1acCHHIIHPOBATL OCHOBHEIE 3a/1a4H
HecKopKO HHauwe: 1) nanmet runoreHysa n ocrpeil yrod; II) nanwmt
KaTeT H OCTpHII YTOJ; III) Janbl runmoteHysa i karter; IV) gambt
JBa Karera; TpeGyeTcsi HaiiTH OCTaJIbHEIE OCHOBHLIE /IEMEHTHI 'rpe-
YroJIbHHKA.

- Tlpn peweHHH TPeyroNLHUKOB HCIOJb3YIOTCA PaIHYHBIE COOTHO-
WeHHs MEXNY SJeMEeHTaMH TPeyrolbHHKa, MoJjy4eHuuie B nm. 216—

. 6’——6' ~19",
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—219 (B nepByio ouepeas TeopeMa KOCHHYCOB I TeopeMma CHHYCOB),
H HEKOTOpHEe JApyrue, KOTOphie JieTKO H3 HHX mnoaydaiotes. I{as
ynoGctsa uuMTaTess JALUM 3/16Ch CBOAKY (OpMYJI, NPHMEHSEMbX
HHMKE MPif PellieHHH TPeyroJbHHKOB.

I Teopena xocuuycoa ((217.3), (217.4)): -

=b*4-c*—2bccos A,
bz—az—{-c’—QaccosB, (221.1)
_ ¢® =a*4b*—2abcosC. ‘
II. Teopesma cuuycos ((218 3), (219.4)):
a b abc ) . .
sin 4 '?sinB smC —2R (221.2)

Teopeuy CHHYCOB TaKke TMOJIE3HO 3anHCHBaTh B TAKOil dopme:
) a sinA a sinA_ b sinB - .
7_smB’ T =saC’ ¢ osnC - (221.3)
(CTOpOHbI OTHOCHTCﬂ KaK CHHYCbl NPOTHBOJIEKAIHX }l‘ﬂOB)
III. TeopeMa TaHTeHCOB:

- g ALB
. : A
Latb —F (ab). (221.4)
2.

Dpusoauyt mesog ¢opmyam (221.4). Ha (221.2) mvweem a= 2R sin A, b=
='2R sin B, otxyaa
. A+B A—B

- a4-b=2R (sin A}sin B)=4R sin ¥ €08 —5—

H

a—b 2R(smA—smB) 4Rsm 2Bcus_A_l2-B.

Pasaeaun normem{o NOC/I€HHG DAaPEHCTBa, no1y1m\(

A4-B
tg —— .
z'—i:;__AE_B" e a#b.
H —2 :

IV: (bopmy.nbx AJS naomann Tpeyronbﬂuxa ((201 1),
(218.1), (218. 4), (219. 1) (219 5))

S = ah,, - _ (221.5)

8= Vp(p—a p—b(p—0), (2216

: S=pr . (221.7)
((bopmyna (221 .7) vame ucno'xbsyercsl it ¥t BbIl{IICJIEHHﬂ r),

§=% S (2218)

- . 4R
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(ara q)opuy.na yaire. npumenne‘rca AN OTHICKaHHA R),
S=-—bcsmA - (221.9)

Kpome Toro, GhBaeT noseska (opmya

. o_atsinBsinC . )

Jas ee BHBOJA 3aMETHM, 4TO NO TeOpeMe CHHYCOB
p.asin B c_a'siri c
T sinAd.’ 77 sind " .

Moncrasus 31# Bupamenua B (221.9), noayunm dopmyay (221.10).

Jns npsAMOYroJibHHX TPeyroJbHHKOB NOMHMO COOTHOUIEHHH MeKAY
3/leMEeHTaMH, YKa3aHHHIX Bbillle, HMEIOTCH H3BecTHHe HaM Gosee mpo-
CTHE COOTHOMIEHHS, KOTOpHE OOBIYHO H HCMOJB3YIOTCA NPH PelleHHH
NPSIMOYrOJIbHBIX TpeyroibHHKoB. HanoMruM nx (mnmeﬂysa 0603Ha-
YyeHa uyepes ¢):

a=csinA=ccosB, 221' "

b=csin B =ccos A; (221.11)

a=btg A=b.clgB,

b=atgB=actg A, (221.12)
a +b2—c’ (221 13)

992, Pemeﬂue npamoyronbﬂux 'rpeyronbﬂuxon PaCCMOTpHM ye-
ThHIPE OCHOBHHIE 33Ja4H Ha pellieHHe NMPSAMOYTO/bHHIX TpPeyroJbHUKOB
Il yKaxeM (B obweM BHZE) OAHH H3 BO3MOXHHX CNOCOGOB pewenus

KaX0fi M3 HHX.

3apgaua [.-JlaHet THNOTEHY3a ¢ U OAMH H3 OCTPHX YIJOB, Ha-
npuMep yron A. BblyuC/AHTL OCTa/ibHEIE OCHOBHBIE 3/EMEHTHI.

Pewesnne. Mckomute ssiementst B, a ¥ b HaxopuM H3 paBeHCTB

B=90"—A4, a—csinA-n b=ccos A.

Mpumep 1. ﬂaHbI c_O 555 n A= 77° Hafitu a, b 1 B ¢ mo-
MOUIbIo TaGJHLL! TPHrOHOMETpHUecKHX GyHKuNA (npuioxenne I), '
Pewenne.. 11) - B=90°—77"=13% 2) a=csin A =0,555x%
% 0,9744 =~ 0,541; 3) b=ccos A =0,555.0,2250 ~ 0,125 . (peaynbTar
BHIYHC/IEHHS 3anmHCHIBAaeM ¢ TpeMs 3HaKaMH noc.ne-sanm‘ou)
" Jlna mpoBepKH NO/IyYEHHHX Pe3yJbTaTOB MOXHO HCTO/IB30BATH
JoGoe u3 coornomeHnit (221.11)—(221.13), He Hcnonb3oBaHHHX NpH
pewrenuy, Hanpumep a=>btg A. Hmeem a=0,125-tg77°=0,125%
% 4,331 ~ 0,541. Vmeer Mecto coBnajgenue- peaynb'ra'roa, ecaH mo-
clefHHe OKDYTJEeHBl 10 TpeX 3HaKOB.
. 3apgaya II. [laut KaTer a H OAHH H3 oc'rpux yr.noa, Hanpu-
Mep yron A. BhHCAHTD OCTa/fbHBIE OCHOBHHIE 3JIEMEHTHL.
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. Pewenue. Cornacio dopMynam m. 221
—=90°— = _-2
B=90°—A4, b—ath C=zr7-
Banaqa III. Jdanbt KateT @ M THOOTeHy3a c. Boyucanrby  06-
TadbHble OCHOBHBIE 3JIEMEHTHI.
Pewenue. INpumenas dopmyast m. 221 OyneMm uMeTb

smA=—c—, b=ccosA u B=90"—A,

ITpumep 2. Nanu a=181,2 u ¢=262,6. Hafitu b, A u B.
Pewenue, ItoT npuvep 6y11e\| pelaTh C NOMOIIBIO JOrapHPMHUeCKHX Tal-
sun. Haiigem A. Hueem sin A=ajc, Igsin A=Iga—Igc. Haxoqum

_lga=2,2582
~lgc=2,4196

1g sin A=1,8386.

Orcio5a 1o Taauue XVI Bpaguca vaxomum A =43°36"; B= 90"——43"36’——46‘24'
Karter b nafigem, ucnoabsys coomuowenns b=atgB u lgb=Iga-|lgtg B.
- B -nawem cayvae ) '
- + lga=2,2582
Ig tg B=0,0212
Ig b =2,2794.

Qrcoza uaxoauM b, npumedss TaGanny XIV: 6=190,3.

Hrax, b—-1903 A=43°36" u B=4624".

Kak BHHO M3 NpPHBEICHHOTO TNpHMEpa, NpPH BHIYICIEHHSX C TOMOLUIBIO JIOTa-
pHMHUECKHX TaO.IHUl JeJalT cJaeayiouee:

1) mHWYT COOTBETCTBYIOWYIO GOPMYIY,

2) aorapudmupyior 31y dopmyay,

3) NoICTaBHB B NMOCIEIHION (OPMY.1y YHCIOBHE NaHHEE, HAXOAAT JOrapHM
HCKOMOTO 3uieMenTa (1M JorapudM TpHrohoMeTpHueckoii GyHXUHH 3TOrO a.1e\xema),

4) 3uan Jxorapmim HCKOMOTO 3J€MEHTa, HAXOJAT CaM 3deMEHT.

" Bagaua IV. Jaunl KateTol @ H b. BERIYHC/AHTL :OCTa/JBHHE OC-
HOBHBIE 3JIEMEHTHL. . ,
Pewenue. Cornacio ¢opmyaam (221.12) mmeem™ tg A =a/b,
otkyna A-==arctg(a/b), ganee Haxoaum B=90°—A, a nortom Hail-
JeM I THnorteHy3y ¢ no dopmysae c¢=a/sin A.
223. PeumeHue KOCOYTOJbHBIX TpeyroJbHHKOB.
3agaya I. HJauw cropoHa ¢ n aBa yraa A u B; npeanoaa-
raercd, uro A-+B < 180°. _
Yroa C HaxoauMm cpaszy xe:
‘ C =180°—(A + B).
OcTanbHble OCHOBHBIE 3/IEMEHTHI TPEYFOJALHHKA (CTOPOHEL b 11 ¢) MOKHO
naiiTn, HanpuMep, no Teopeme chHycos (221.3):
b:asinB n ‘ _asmC
sin A sind *
3anava Bcerja HMeeT pellfeHie, M NPHTOM eAHHCTBEHHOE, .
b Hpnmep 1. Hano: a=40,0, A=28 u B=3l°. Haiitu. C,-
e o ' o
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Pemenne. C = 180°—(28°4-31°) = 121°. Cropoust b n ¢ HaiizeMm
ABYMA crnoco6GaMH: NPH NOMOLUH TaGANY HATYPAJbHBIX 3HAYEHHI TPH-
ronoMeTpuueckHX ¢yHkunii (npuioxenne I) H npH noMowu Jora-
_pupmuyeckux tabanu (bpanuc).

a) Ilpn nomoii TaGanu HaTypaJibHBIX 3HaueHHI 'rpurououeTpu-
gecknx QyHKuuii (npuioxenne I):

sin A =sin28°=0, 4695 sin B'=sin 31°=0,5150
i
. sinC=sin 121°— sin (90°4-31°) =cos 31° =0 8572

I[anee HMeeM

simtA = sin 28° T 10,4695
asmC 40sin 121° _ 40.0,8572-
T sinA  sin28° 70,4695 0,46

IMpu Bbmucnemm b u ¢ penenne Ha sin A MOXHO 3aMeHHTD yM-
HOXKeHHeM Ha ofpaTHoe eMy yHcao 1/sin A, KOTOpoe MOXKHO HailTH,

nanpumep, no Ttabanue II (Bpamc): EEI_2'8—° 04695 =2,130. Jlas
KOHTPOJS HCHOAb3yeM, Hanpumep, nepsyio n3 gopmya (221.1):; -

1600 ~ 43,9*+73,0°—2.43,9-73,0-0,883 =~
~ 1927 + 5329 — 5659 = 1597.
HeGoaboe pacxoxnaeHue pesy.ibratoB (menee 0,2%) 1600 ~ 1597

MOXHO  OTHECTH 334 CUET NOTPEIHOCTH TabJanI ¥ BHIYHCACHNI, Pe3y.nb-
TaThl MOXKHO NPH3HATH COBINAAZIOUIHMH.

asinB_ 40sin31° _ 40.0,5150 — ~
b= 40 0,5150+ ~—o 51695 4695 = 43,89 ~2 43,9,

=40-0,8572- 9~,\,7303,\,730

- 6) Ilpm non{omu Jorapudrmyveckux ra6my (Bpamic): mweewm b=%:l££, .
orkyna lgb=Iga--lgsin B—Igsin A. B nawewn ciyuae

lga=1,6021
Ig sin B=1,7118
—Ilgsin A=0,3284
1g 6—1,6423.

Mo raGanue Bpaguca: b=43,88 = 43,9. AnanornuHo BHYHCJAAETCA CTOPOHA C:

_asinC . .
=<na " Igc=Ilga-}lgsinCT—Ig sn? A,
B Hamem cayuae .
lga =1,6021
T Ig sin C=1,9331
— 1g sin A=0,3284
Igc—1,8636.

TTo Ta6anue Bpajmca ¢~ 73,060 = 73,0.
M BmauM, uto pe3y.bTaTH, nonyquHue crocoGavn a) u 6), coanagafor .}
TOYHOCTBIO 0 TPeX 3HAKOB.
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.3agaua II. Jlans npe CTOPOHH @ H b u yron C Memny HUMH,
.a) Pewenne npu mnomown Tabauy mnpuioxenusa. 1. Cropony ¢
MOXKHO HaiiTH o TeopeMe KocHHycoB (221.1): '

c=Va*+b*—2abcosC.
3Hasi TPH CTOPOHEI, MOXHO, CHOBA NPHMEHHB Teopeuy xocxmycos,

2 2
Haiith cos A ~b—_%c——a. Tak kak 0°< A < 180°, T
B bRLct—q?
A= arccos —g—-.

‘Hakoneu, B=180°—(4A40C).

6) Pewenne npu nosoutn Jorapudmuyecknx Tabanu. Ecan npu pewennn Tpey-
roabiiMka Ml GyjeM NoJL30BAaTLCsl JOrapHGMHUECKHMH TaGaHUAMH, TO (OPMY.H,
HCNOL30BANHLE B NCPBOM ClocoGe pelicHHs, HeyAoGHEL. Yrau A H B B sToM
caydac Jyulic HaXOIMTh NPH TOMOII TecopeMul Tanrencon (221.4). '

3anetus, yto A4-B=180°—C, Mmu MOZKCM THC2Th

A-LB C A-+-B ( c

N o — c
-—2——:90 —-E- H tg———_t 90 —?)—Ctg?.

Tlocae storo dopyyaa (221.4) npnver BuI
A—B a—0 ,  C
tg —— T =a¥b cg— 5. (223.1)

Tax xak 0°< | A—B| < 180° 10 0° < _l_;_Bl

H B cBoiuTea K PCUICHMIO CHCTEMBI YpaBHEHHI

< 90° 1 naxowacnue yrios A

A+B_ .o C
—z =03
A—B—arct . a;bct 2)
g —are\ o8 )
asinC
CTOpOlly ¢ MOXKHO onpcne.'m'rb no TCOPC\IC cxmycoa = sin a .

lel Mep 2. llano. a=2.21, b=2,86, C=65°20". Haiiru ¢,
Amn

a) Pememle npi noMoUlH Ta6aHm uaTypanbumx 3Hauennit Tpu-
ronoMerpHyeckux ¢pynxunii (bpanuc). I'lo 'reopeme Kocmlycon B Haiem
ciyuae HMeeM

¢t =a*+b*—2abcos C =2,21* +2,86*—2.2,21.- 2,86 c0s 65°20" &
=~ 4,884 - 8,180—5,276 = 7,788.

A(ﬂo Tabanue VIII Bpaauca cos65°20' =0,4174). Ilo TaGanue 1V

Bpanuca (Kpajpatiuic xopun) HaxoauMm ¢ & 2,79. IlpimeHiB cHoBa

TeopeMy KOCHHYCOB, HO Telepb yxKe AJs Haxoxpenus yraa A, Gynem

HUMeTh : :
024 c*—a?  8,180)-7,788—4,884 11,084

C S A= — ¥ T e YT, 955 " ¥ 0 6945
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‘A 7 arccos 0,6945 2 46°01". Hékowew, B =180°—(A4+C) ~ 180°—
— (46°01’' 4-65°20') = 68°39’, 1a KOHTpOJm ncno.nbayeM, Hanpit-

Mep, TeopeMy CHHYCOB: -‘bi= s::‘; B namem cayuae
a 2,2 _ sind _ sin46°01" _ 0,7195 _
BT 2,867 0,770 u sin B~ sin68°%9 "~ 0,9314 0,772.

HmeeTca ynoBneTBOpHTENbHOR COBNAjeHHE PE3yAbTATOB. -

6) Pewenne npu mnomomu norapn(p\mqecxux TaGJlHll (Bpaxnc). Hcnoansys
TeOpeMy TaHreHcoB, GYAEM HMeTh

B—A" C

L b +a tg— (223.2)

—A

(bopmyay (223.1) mur nuwem B BHze (223.2), n6o y nac b > a). Haiinem th

npH moMoulH JIorapHMHUCCKHX Tab/HU, Hponorapmpuuponas (223.2), nomywms
B—A
lgtg ——-_]g (b—a)+lgctg ——lg (a+b).

B uamem caygae
lg(b—a)=1g0,65 =1,8129

Igctg % =1g ctg 32°40' =0,1931
—1g(at+b)=—1g5,07 =1,2950

, 1gtg3‘2'A=T,3010 " 3—2’4 IO
Yraw A # B HaxXOAMM H3 CHCTEMH ypasHeHuit - .

B;zA=1 1°18'34",

A+B

57020,

A=46°1"26" n B=68°38’34". Ecau nocreqnme pesyisTaTH MH OKPYIJIHM: JIO
MHHYT, TO nonyunM A=46°l' n B= 68°39' CTopoxxy € MOXHO, uanpm(ep, onpe-
ReJHTH MO TeopeMe CHHYCOB: - o

asinC
=Sma’ lgc lga—{-lgsmC-—]gsmA
lga= 03444
lg sin C=1,9584
—lg sin A=0,1430, n6o lgsin A=1,8570

1g c=0,4458, ¢=2,791.

Mu BHEHMM; YTO pe3y.IsTaThl, NOJyueHHH2 crocoSavm a) W 6) ans yrios,
connanaxor C TOYHOCTHIO 1O Mnﬂym, a ast CTOPOHH ¢ coBRanaoT 'rpn 3HaKa.

3apmaua II1. Jausl gse c'ropoxm TpeyrosibHiKa (a u b n yron
.nex(auum npomB ORHOII H3 HUX,' HanpHMep yroJ ‘A '

' Sra 3ajnaua Ule—lLlHﬂllaJleO OTJIH‘laETCﬂ oT llByX npenbmymnx.
TaK Kak: 3a11amle ,uByx CTOpOH . yma Jexamero npoTHB 011HOH H3
HHX, MOXeT OnpenetaTh TPEYroAbHHK HeoaHosHadHo (B m. 189 yxe
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GblJIO OTMEYEHO, UTO . [IOCTPOEHHE TPEyroJbHHKA MO 3TUM JAHHHIM
MOKeT - NPHBECTH JIHOO K ABYM PasJHYHEIM TpeyroJbHHKaMm, JHOO
K OfHOMY, JHO0 3azada Boolule MoxeT He MMeThb peweHHii). Ilpo-
BeAeM INOJHOe HccAefoBaHule 3amayd., PaccMOTpHM TpH c.nyqaﬂ:
1) a>b; 2) a<b; 3) a=b.

1) a>b (naunwiii yron A JIeXKHT NPOTHB Gonblueit H3 )myx DaH-
HBIX CTODOH).

CooTBeTCTBYIOIAA 33aya HAa MOCTPOeHHe BCerja HMeeT pellleHue,
H nputoM enmnHctBenHoe. Ha puc. 305 nokasaHo, Kak CTpoutcs

Puc. 305. Puc. 306.

TPeyroJpHHK, eciu: a) yroa A tynoii (CA=b, CB=R=a>0b).
PexoMeHpyeM UHTaTEeNIO NMOCTPOHTL TPeyrobHHKH, PaccMOTpeB Oc-
Ta/lbHBIE XBE BO3MOXHOcTH: 6) A—npsasoil yroa; B) A—ocTphiii
yroit.

Octprifi yroa1 B, KOTOpPHII JIeKHT NPOTHB MeHblIefl CTOPOHLL b,

o . b .
MOAHO HafiTH, HamphMep, MO TeopeMe cHHYcOB: sinB=-—sin4,

OTKyZa B =arcsin (% sin A_) . Tperuit yron C HaxogHrcs H3 paBeH-
crBa C = 180°—(A 4 B). Tperbio CTOPOHY ¢ MOXKHO HaiiTH, HanpumMep,

asinC
o TeopeMe CHHYCOB: € =-———r. Hrak, ecan a>b u pgau yroa A,

Jexaunit npoTHB QoJblueil CTOPOHBL @, TO 3ajaya lMeeT pelleHie,
I 'TIPHTOM TOJIBKO OJHO.

2) a < b (nanublil yron A JeXHT NpOTHB MeHblIell H3 ABYX JaH-
HHX cTOpoH). 3ameTuM, uto ecan yroai A>=90° (A4 Tynmoii man
~ npsMoit), To 3ajzaya He IiMeeT pelueHlsi, HOO HH TyNoii, HH nNpsaMoil
yroji He MOMKET JIeXKaTh NPOTHB MeHbluefi cTopouul. Ocraercsi pac-
cMoTperh caydaii, korga A < 90° (A —octprii yro.). Mayuus nawy
337auy H COOTBETCTBYIOUIYIO 3ajauy Ha nocrpoe}me Hpn 3TOM IIpH-
JleTcsl pasjuyarth TPH BO3MOXKHOCTH:

a) OkpyxHocTe pannyca R=a c UeHTpoM B Touke C nepeceyer
Apyryio cropoHy yraa A B AByx Touykax B, u B, (puc. 306). 3ro
6yneT HMeTb MeCTO NpH YcaOBHH, uTo @ > CD, rape CD—nepnen-
JAHKYJAp, onyuieHHuIl H3 C Ha BTOPYIO CTOPOHY yriaa A. YuuThsad,

L~
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wre CD =bsin A (13 ‘npamoyrosbHoro Tpeyroabanxa ADC), nocnex-
Hee HEPaBeHCTBO MOXHO 3aMEHMTb HepaBeHcTBOM a >.bsin A uau

b . .
HepasencTBoM —sin A < 1.

b ) -
Urak, ecan - sm A <1, To coOTBeTCTBYIOIMAA 32/1a9a HA NOCTPOe-

HHe, a cJAefoBaTenbHO M Hama 3aAaya, GyAeT HMeTb JBa- pelICHHS.
B kavectBe yrsia B MOXHO B35Th OCTpHIl yroa B, wiau Tynoii yroa B,.

OGa sHauenuss yrna B maxomsTcs M3 ypaBHeHHA sinB=—sin A

(reopema cuHycoB): B, = arcsin _—Z— sin A) uB,=180°—B,.¥YroaC,=
= 180°—(A+B,) n yron C,=180°—(A -+ B,)=B,—~A. Croponnt
¢, H ¢, HAXOAATCA MO TeopeMe CHHYCOB: cl=%‘— I ,=%.

6) OxpyxHocTh pamnyca R=a c UEHTpOM B Touke C He mepe-
ceuer apyroit cropount yraa A (puc. 307). drot cayuaii Gyaer umers

Puc. 307. . Puc. 308.

MeCTo NpH YCAOBHH, uTO a < CD. Yuntesad, wro CD=0bsin A (u3
npaAMOYroJbHOro TpeyroabHuka ADC), nocrentee HepaBeHCTBO MOXKHO

. b .
3aMEHHTb HepaBeHCTBOM a < bsin A uian HepaBeHCTBOM - sinA> 1.

b . .
Hrak, ecin FSmA > 1, TO cooTBeTcTByOllas 3ajaya Ha NoCTpoe-

HHe, a CMef0BATebHO N Hamia 3ajaya, pelleHHs He HMeeT.

B) OkpyxHocTh pagnyca R =a c UeHTpOM B Todke C KOCHeTCSst
apyroft cropoust yraa A (puc. 308). Yuurwisasi, uro CB=bsin A
(3 npamoyroibHoro tpeyroibHiKa ABC), mocnenHee papeHCTBO

. . b .
MOXHO 3aMeHHTh paBeHCTBOM a=bsin A. Vrak, ecau - sin A=1,

. TO COOTBETCTBYIOWAas 32/laua Ha MOCTPOEHHe, a CJeNOBATEJNbHO If
Hala 3afaya, HMeeT pelleHHe, H NPHTOM €IHHCTBEHHOe.

3) a=b (puc. 309). Hckompiii TpeyrojbHHK paBHOGEIPEHHELIT.
PelenHe cBOAHTCS K NOCTPOCHHIO MPSMOYToibHOTO TpeyronbHika ADC
¢ runoredysoii b u ocrpuim yriaom A. Hckommit Tpeyronbunk ABC.
GyZeT cOCTOATh H3 JABYX TAKHX PaBHBEIX NPSMOYFOJbHBIX TPEYrofb-
HukoBs (ADC u BDC). Ecan a=»b u yron A ocrpeii, T0 3ajaua-
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" HMeeT pelleHie, H .NPHTOM eauHcTBeHHoe. OcTajbHble OCHOBHBIE
- 3JIeMEHTH TpeyroJbHHKa HaxoasTcs no ¢opmynam B=A, C = 180°
—2A, ¢=2AD =2acos A.

Pesynb'ra'rbl No.lyYelHble NpH pememm 3agayn III MOZKHO npezx-
CTaBuTb B BHje O1HOIl TabJuLLbI-CXeMBbl.

a=b a>b ) a<b

A > 90° 0<A<LI0°I0<AKIBO] A> 90° ) A< 90°

a<bsinA|a=bsinAla>
. >bsin A

HeT " 01HO OJHO HET et 0JHO JBa
pewenna pelueHie pewsenlie pelwenna pewenug pewenne f pelICHUsA

-TIpusmep 3. Janw Jape cropounl a=:25,4, b= 56 6 u yroa
'A—70°30’ Haiitn B, C u c.
- Pewenne. B nawem cayuae a<<b u yroxa A,< 90°. Yrobu
y3HaTh, CKOJbKO EO3MOKHO pewenifi, HafigeM bsinA. Hueenm
bsin A=56,6-sin 70°30" = 56,6 <
% 0,9426 = 53,35, oTkyia  BIIuM,
yrto a < bsin A, T.e. TpeyroJbHilka
€ laHHBIMH Haweill 3ajiaull He cyiue-
CTBYET. '
IMpu Mep 4. llaHbl aABe CTO-
pount a=68,5, 5=99,2 u yroa
A =2820". Hai’mi'B, Cuec.
- Pewenme. B 'nHawem chiyyae
Puc, 309, ‘ onsatb a<b u yroa A<90°.
‘ Cuopa mue\x TIponsBeeHe “bsin A,

Ha stor pas
" bsin A =99,2-sin 28°20' =99,2. 0 4746 — 47,08 < 68,5,

T.e. bsin A <a, u 3apaya HMeeT 1Ba pellienns (cym. puc. 306). Ilo
TeopeMe CIIHYCOB

bsinA 47,08

smB=“a 685

——=0,687,

Hmeem aBa pemnenns: -
1. B,=arcsin0, 687—-13“’1' C,=180°— (28°20’+43°24)
= 108°16'. ITo Toii e TeopemMe CHHYCOB
__asinCy _ 68,5-0,9496 __ 137.1.
1= "sinA - 0,746 VTt
2. B,=180°— B, = 136°36';.C, = 180°—(28°20' 4 136°36") = 15°¢’;
s asmCz 68502599 17, 803 375'-' R
3= SinA4 00,4746 0,476 e




223] § 3. PEmIEMHE TPEYTONBHIKOR - 497

-3anaga 1V. Hdannt Tpu CTOpOHH TpeyroibHHKa. Bes orpamu-
geHHA oOOmHOCTH OynaeM. cumtarth, uto a< b<Cc. Ilo TpeM gannmM
CTOPOHaM MOXXHO TIOCTPOHTH EJMHCTBEHHHIl TPeyroJibHHK, ecJH
¢ <a--b, T.e. 601bl1aA CTOPOHA MeHbLle CYMMH JABYX JAPYTHX CTO- .
poH. .Ecau xe a+b<c, TO TpeyroinHiKa cO CTOpPOHaMM a, b u ¢
He cymecrByer. B panpheiimem Gymem cuutarth, 4ro ¢ < a-}b.

a) Pemenne npu nomouid TaGJHIL HATYPaAbHHIX 3HAYEHHil TPH-
ronoMerpuueckux ¢ynkuuii. JIsa yraa TpeyrolbHHKa MOMKHO HaiiTH
N0 TeopeMe KOCHHYCOB:

b4 c?—a? _ __az—l-'cz-—b’
COSA—T, COSB——T,
otkyaa (tak kak 0° <A <180° n 0° < B < 180°%

_ b2--ct—a? _ a?-}-c*—p?
A=arccos——5— B = arccos —o——.  (223.3)

Yron C moxHO yme!nai’n‘u npouwe: C =180°—(A-B).

G6) Pewenne npn movomn sorapudMmyecknx Ttaéamn. Ecam npn pemenun
TPeyroAbHHKa MH OyzieM NMO;1b30BaThCs JOrapHGMHUCKHMM TaGaHUaMy, TO Teopema
. KOCHHYCOB AAs 3TOrO HeynoGHa. Moxwo, nanpumep, noctymuth Tak. Chyauana

nafite naomans S TpeyronbHnka no dopmyae Tepona (221.6):
- S=Vpp—a)(p—b)(p—c), e 2p=a-b-tc.
g X . “be sin .
" - 3dreM, Bocnonb3osaBimuch dopmyaoii  (221.9): S=bc ) A, Hafitu sin A=—b%:-.
TaK KaK MH NPERNONOXHIH, YTO @—He HaHGOMBWAA CTOPOHA, TO yroa A ocTphii

u A=arcsln—52§ . Ananornuno nonynaem B=arcsin = YI_:OJii ‘C=180°—
_ —({4+B)-,' o :

Mpumep 5. Nano: a=28, b=35 u ¢=42. Haiitn A, B-u C.
B nannom cayuae ¢ <a-b (42 < 63) 1 npumep uMeer peluenue.

- a) Pemenne npu- nomomu TaGauI HaTypa/ibHHIX 3HaYeHHA TpH-
ronomerpuuecknx ¢yukuni. Cornacno gopmynam (223.3) nmeem

_ 352 422282 2205 . atoar
A = 8recos —-—z-—5— = areeos g = arccos 0,7500 = _41 24',
A 2824420352 1323  RROAR’
B = arccos —ompgag = @rCCOS 53z == arccos 0,5625 = 55_ 46°.

Yroa C naxonmm Tak: C = 180°—(41°24" --55°46") = 82°50". '

6) Pewenne npu nomowmu norapudMHuecKHX TabanLl. Comacgo npeAHAyIEmy
HMeEEM _ T S
o sin Ai%:_'.‘ lgsin A=1g25—Igb—Ige,
oTRYRA L B . .

ig25=1g2 ¥ p(p—a)(p—b) (p—c)= , _
=lg2+5lgpt5lglp—a)+5lg(p=b)+5l2(p—0)
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B nawey cayuae p=>52,5, p—a=24p5, \p—b=l7,5 " p-—c=——10,5;'
lg2=0,3010 »
% g p—0,8601 Ig p=1,7202

SlE(r—a)=0,6916 | Ig(p—a)=1,3892

5l (p—)=06215 | Ig(p—)=12430

—é—lg(p-’—c)=0,5106 lg(p—c)=1,0212
Ig 2S—2,0878. '

IponoakaeM paGoTy ¢ Jorapugpyamu, 6o cama nJiowafs (S) B 310y npimepe
ne nurepecyer, HMraxk,

1g 25 =2,9878

— g 6=2,4559 | lgb=1,5441

—lgc=2,3768 | 1gc=1,6232

- T T lgsin A=1,8205; A==41°25",

Aunazoruuno onpegensem yroa B. Hmeem Igsin B=1g2S—Iga—Igc;

Jg 25 =2,9878
—lga=2,5528 || lga=1,4472
—lgc=2,3768

lgsin B=1,9174; B=-55°47", .

Teneps naxoguy C=180°—(41°25" -1- 55°47") = 82°48’,

YnpaxHeunus

1. Haiiti no rtaGauuam Bpagica:
a) tg 22°9’; 6) sin 0,884; B) sin 1,973.
2. Haiity ¢ nomowpio obpatHoil auuefinoli uaTepnoasuud no Talbauuam

Bpaauca:

a) arcctg 0,8018; 6) arcsin 0,6485..

3. Haittu octpetil yroa x no Tta6anuam Bpaxuca, ecan nspectho, uto:

a) lg sinx=1,5430; 6) lgctg x=0,1020.

4, Peuntts npAMOYroibHEE TPeYroJAbHHKU NO YKasauibeM JaHupiMm (@, b—

KaTeTbl, € — CUNOTeHY3a):

a) a=19,7, A=52 ucno1b30BaTh TaGMUULI TPHTOHOMETPHUCCKHX QyHEIL

(npuromenne I);

6) a=2953, b=2978; ucnoab308aTh Jorapupuyeckue Tafamubl;
8) ¢=21,3, B=237° wucnoab3oparh Tabiuun NpHaOseHHs I;

r) ¢=735,2, a=246,1; ucnons3oBath JorapubmiyiecKie TabIHULL
5. PewsTh TPeyro/bHHKK N0 YKA3aHHHIM JanHbIM 1)

a) a=230; =18° n B=46" e) a=3l; b=22; A=93%
6) a=2.4; A=70"36' n B=104°12; x) a=154; b=30,8; A=I15"24";
B) a=40,6; b=75,0; C=232% 3) a=1,45; b=234; A=72°45",

r) a=51,3; b=21,2; C=13°30"; H) a=20; b=235; ¢=150;

-pn) a=3l; b=3l; A=52% k) a=0,618; b=1,173; c¢=1,728.

.1) PexomeHayercst pelaTh NPHMEPH ABYMA cHocoGaMH: a) MPH MOMOWIH Tal-

Jiny

_HaTYPaJLHBIX 3HAvYeHHil TpHroyoverpuyeckMx OyHxuufi m 6) npu moMolux

JorapuhyMHIeCKHX Tabaull—u Pe3y/bTaTH CPaBHHBATb.



F'aasa XVII

PABHJIbHBIE MHOFOYTOJIbHHKH. JJIHHA OKPY)KHOCTH
H MUIOMAAb KPYTA

§ 1. I'Ipanu.nbﬂue MHOI‘OerJleHKH

224, Boinykabie MHOl'oyl‘OJleHKH. Bbmnc.nmi CYMMY BHYTpeHHHX
YTJIOB NPOH3BOJBHOTO BHIMYKJOTO n-yroibHuka. Ilas storo shGepem
Kakyw-a160 Touky O BHYTPH JaHHOTO n-yroJbpHHKa (pHC. 310)
H COeJHHHM -ee €O BCeMH BepuIHHaMu A,
B, C, ... mHoroyroapHnka. OH paso6be1'ca
Ha 7 TPeyroJbHHKOB, KamIblii H3 KOTOPBIX
HMeeT CyMMY BHYTPEHHHX YIVIOB, PaBHYIO
180°. Ho cymMma yroioB Bcex n TpeyrojibHH-
KOB C/laTaeTC M3 CyMMB! BHYTPEHHHX YIJVIOB
MHOFOYTOJIbHHKa H NoJHoro yrJa B 360° npu
obmeft BepmuHe O TpeyronpHHKOB. Taxum
o6pasoM, CyMMa BHYTPEHHHX YTJIOB MHOTrO- = -
yroJbHHKa paBHa

- 180°—360° = (n—2) 180°.

CyMMa BHEIUHHX YIJIOB N-YrOJbHHKAa He
3aBHCHT  OT YHMCJAa €ro CTOPOH 1 BCerja paBHA YETHIPEM MPSAMBIM. °
HeficTBUTebHO, RaXKAHl BHEWHHI yroJd paBeH JABYM NPAMBIM MH-
HYC CMeXHB ¢ HHM BHyTpeHHHuit yroa (puc. 310). Orcrona
CyMMa BHEWHHX yrjoB=n-180°—cymMMa BHYTpPeHHNX YIVIOB =

=n-180°—(n—2)-180° = 360°,

Puc. 310,

yTo M TpeboBaJjoch JOKa3aTh.

Ecan y aByx MHoroyroabHikoB ABCDE u A’B’C’'D'E’ cro-
pont AB n A’B’, BC u B'C’ u T. X. COOTBETCTBEHHO pPaBHH
H YIJIbi MEXAY COOTBETCTBEHHBIMH CTOPOHaMIl DaBHbi, TO I MHOrO-
YrOJILHIKI DABHL.

JeficrBuTennHo, coBMectuM croponsl AB 1 A’B’ mHaumx muoro-
YFONLHHKOB TaK, uto6ut Toukn A u A’, B nu B’ coorBercTBeHHO
coBmanl H 06a MHOrOYroJbHHKA OKa3alMCh MO OJHY CTOPOHY OT
npAMofi, Ha KOTOPOii JIe)XaT COBMelIeHHBIe CTOPOHHL. 3T0 " Beerja
BO3MOXHO: 00a MHOFOYrOJBHHKA CYHTAIOTCS Y HAc BHITYK/BIMIL,
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3HAYHT, ‘KAXKALIH H3 HUX BeCb PAacMoOJOXKHICA NO OAHY CTOPOHY OT
yKasaHHoil npaMoii. Ecan MHoroyronpHuku GyAyT pacnosONKeHH! Io
pasHbe CTOPOHbI OT OGIueil CTOPOHH, TO ORHH H3 HHX MOXKHO OTpa-
3HTb OTHOCHTE/IBHO 3TOH NPSIMOil (nepemyrb no Heit yeprexk). Tenepb
B CHJYy paBeHcTBa yrJjos B u B’ cropoun BC u B’C’ monaayr Ha
OAHH JIy4 H BC/IEICTBHE PaBEHCTBA CTOPOH coBmapyT Touku C u C’.
Taxxe coBnagytr ToukH D u D’ u 1. A. O6Ga MHOroyre/dbHHKA
NOJIHOCTBIO COBMECTATCH.

Ecin y IBYX MHOTOYTONBHHKOB CTOPOHHI npOHOpuHOHaJIbeI
a YIVIBL MEXAY COOTBETCTBEHHBIMIH CTOPOHAMH PaBHH, TO TaKHe MHO-
rOyro/IbHHKH MONOGHH.

.;JdeficTBUTENIbHO, npeoOpasyeM NepBHIl MHOTOYTOJALHHK MOAOGHO
¢ KoapiuuentoM nonobus, pasubiM k= A’B‘/AB. Toraa croponnl
€ro BCE CTAHYT PaBHBHI CTOPOHaM BTOPOTO MHOFOYroJIbHHKA, a YIJbi
He usMeHsatca. Ilo mpH3Haky paBeHCTBAa MHOrOYrOJBHHKOB MNOJY-
YEHHBbIl MHOrOyroabHHK 6yjer Tenmepb paBeH BTOPOMY JaHHOMY MHO-
FOYTrOJAbHHKY, @ TeM caMbiM HCXOAHBIE MHOFOYTOJABHHKH NOZOGHLI.

Eme pa3 ofparnM BHuMaHHe HA CBS3b  MEXKAY IVIOMAfAMH M
nepHMeTpanMi NoJOSHBIX MHOroyrobhukos. Obmee NpaBiIo, H3BeCT-
nce n3 m. 208,— ornowenie JHHEHHHX pa3MepoB (B TOM 4HCle H
NepiMeTPoB) PaBHO KO3pQHIUHEHTY NOJ0-
61, OTHOLIEHHe mJoulajeli — KBaapary
3TOr0 KO3(pHIHEHTa,— OCTaeTCsi, KOHey-
HO, cnpaBefauBbIM. Beeraa. Tak, us

A'B'" _ B'C’ - E'A —p
ABTBC T T EA T
MOJTYYHM ' '

AB+BC . L EX
AB+BC+F...+FEA
T. . nepusemps. noOOGHbIX MHO020Y201b-
HUKO8 OMHOCAMCA, KAK COOMBEMCMEYIOUUe CmopoHbL. :
Hanee, pacno/ioxHM MHOTOYTOJNbHHKH TakK, 4ToObl OHH GBI
rOMOTETHYHBl C IEHTPOM TrOMOTETHH B OJHON H3 BepuIHH, Hanpu-
mep A (puc. 311). Huaronanu AC, AD, ..., HcxoasuiHe M3 Bep-
wHHel A—LeHTpa nogo0isi, pasobplOT HX Ha TPeYroJbHHKH, 10A00-
Hbe, KaK TPeyTOAbHUKH C. NapajjenbHuIMH - cTOpoHamu. Iliomaznn
TPeyroJbHHKOB HMEIOT OTHOLIEHHf, PaBHHe KBaapaty KoxhdHLHeHTa
nozo6us (WK, YTO -TO XKe caMoe, KBajpaTy OTHOLEHHS CTOpOH)

SA:Bvcf . SAICIDP ’ —-k3 :
Sasc  Sacp

Puc. 311,

OTKYAa Hailzenm
SAIBICI FI —k2
’
Sasc...r

TV e naoadu” nodobHbIx MHOBO_I}&O/IbH&hOB OmHOCAMCA, -KAK heaa-
pamot ux coomsemcmeymu;ux CMOpPoH. _ RIS
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* 225. -llpaBuabHbLIE MHOIOYroJMbHHKH. ‘MHOTOYroJIbHHK - Ha3hIBaeTcs
npasunbAbla, €cAH PaBHbBI BCe €ro CTOPOHH! 1 Bce Yrael. Cpean
TPeyroJibHHKOB TIPAaBHJIbHLIM GyfieT PaBHOCTOPOHHHII TPeYroJbHHK
It ToAbKo oH. KBajpat (i1 Toiabko KBajpar) sIBIsieTcS! TPaBHJIbHBIM
yeTHipexyronbHiKoM. TlokaxeM, 9TO CyMIeCTBYIOT NpaBWJIbHbIE MHO--
FTOYTONBHHKH ¢ JIOOBLIM YHCJAOM CTOPOH n, rae n_>=3. Ilna sroro
NpHBEJEM 1Ba Crnoco6a NOCTPOSHHS TaKHX MHOTOYIOMBHHKOB.

Cnoco6 1. BosbMeM npoH3BOJIBLHYI0O OKPYKHOCTh H pa3iesHM
ee Ha n paBHHIX yacTeil. Takoe nocrpoenHe fajeKo He NMPH BCAKOM
n OCYIIeCTBHMO IHpPKYJMeM 1 JHHefAKOH, HO Mbl OyleM 3Jecb CUH-
TaTh, YTO TaKOe NOCTpPOeHHe cienaHo. IIpHMeM TOUKH . jesieHHS B HX
10C/1€/l0BATE/IbHOM TOJIOHEHIN HA OKPYKHOCTH 33 BEPIHHBI f1-YIOMb-
HIK2, BIHCAHHOTO B 3Ty OKpYXKHOCTh. I[0KaxeM, 4TO NOCTPOEHHBI’
n-yrolbHHK — NPaBUIbHBIL. - JIeficTBHTENIbHO, CTOPOHH HAIUEr0 MHO--
royroJsHiKa (puc. 312) cyTb xopaH, CTATHBaeMHE paBHBIMH JyramH,

Puc. 312. - ] ) - Puc. 3!3.

1 TIOTOMY OHH, PaBHBI Mexay coCoifi. Bce yram onmpatotes Ha paB-
HHe LyIH H nO'romy TaKxKe paanm HraK, MHOrOYroJIbHHK npammb-
HHI.
Cnoco6 2. CHOBa pa3jelHM OKPYXKHOCTb Ha 1 PaBHBIX yacreil;
1 TmpoBeNeM B TOYKAX- JleJieHisl KacaTeJbHEIE K OKPYKHOCTH; Orpa-
HHUMM Ka)Ayl0 H3 KacaTelbHHIX TOYKaMH €€ TepeceyeHHst ¢ -Kaca-
TeJIbHBIMH, . NPOBEJEHHEIMH B COCEAHHX ToyKax jenenns. Ilony-
YHM TNPaBWIbHHI MHOTOYIONbLHHK, ONHCAHHEI OKOJO OKpYKHOCTH
(puc. 313). B caMoM gnene, yriel ero Bce PaBHHI, TaK KaK KaXAawblil
13 HHX, KaK YroJ Mexxay KacaTeJbHBIMH, H3MepsieTcsl MOJyPa3HOCThIO
. AyT, M3 KOTOPBIX MeHbluasi Beerja- paBHa (1/n)-fi yacTH OKPYXKHOCTH,
.a 60nblass— noJHoOi OKpyxHOCTH MuHYC (l1/n)-a uacts. Pasencrso
CTOPOH BHJHO XOTsl Gbl H3 PaBEHCTBA TPeyToJbHHKOB, 06paBOBaHHbIX
‘mapami NoJyKacaTeNlbHHX H XOpAaMH (HanpuMep, TPeyroiAbHHKH
1A2, 2B3 w T. 3.). Bce oHu paBHOGeApeHHEE, MMEIOT paBHble yrJiht
mpH_BEpUINHAX H PaBHbE OCHOBAHMHS.

- Tea - npaeu/tbnux n-yeoanuxa c oauuaxoebm uucxxom cmopon‘
nodoGuot. -
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JIeficTBHTENIbHO, CTOPOHBI HX 32BeOMO HAXOASATCS B IIOCTOSHHOM
OTHOLLEHHH, PaBHOM OTHOLIEHHMIO JI0Go# napel cropod. Kpome Toro,
1O TeopeMe O CcyMMe YIVIOB A-YroJbHHKa. BCAKI I1DABH/IbLHbI
n-yroJAbHHK HMeeT OJHH H Te K€ YIJbl, paBHbIE Qﬁ%@ . Ycao-
BHfl TNpH3HAKa 0. 224 BHINOJHEHB, H N-YTOJbHHKH NOAOGHEL

Hrak, 0as 6caxoeo n npasuissHole ti-y -Y20abHUKL nodo6ueL. Orcma
HENnoCpeJCTBEHHO TOJy4aeM psI CAeACTBHIl:

1. Hea npasusoroix n-y20abHUKQ C PAGHBIMU CHIOPOHAMIL paBHbl

2. Bokpye 6cAaK020 NPABUALHOZO 1-YeOAbHUKA MOXCHO OnuUCame
OKPYICHOCTY.

HoxasaTteabcTso. Bo3bMeM kakoil-u6o HpaBHJIbem MHOTO-
VIOJALHUK C TeM 2Ke UHCIAOM CTOPOH, 4TO* AaHHb, [OCTpPOeiiiblil
NO nepBoMY CrocoGy, T. €. BIHCAHHLIL B OKpYKHOCTh. [IpeoGpasyenm
ero nogoGHO Tak, YTOOBl OH CTaJ paBeH AaHHOMy. Torma OKpyx-
HOCTb, OMICaHHas BOKPYI' Hero, mojo0HO npeobpa3yercs B OKPYK-
_HOCTb, . ONHCAHHYIO. BOKPYT MHOrOYrOJdLHUKA, PABHOTO AAHHOMY.

3. B KaxcOotii npaguabHbill MHOL0YSOABHUK MOXCHO BNUCAIY UKPYXC-
HOoCcm.

IHokasatessbetBo anasorinyHo. [lonesHo, oimaxo, npobecTi pac-
CYXKJeHHA I HeCKOJbKO Huaue. Mel yie 3HaeM, UTO BOKPYT A3HUO-
rO MHOTOYTOJbHHKA MOXKHO OIUCATL OK-
pyxuocte. Bo3bMenm ee ugentp. Cropo-
HbHl MHOTOYTOJIbHHKA CJYXKaT ee Xop-
Jami; 6yayuii DaBHBl MexAy codoil, ouir
JOJIKHBEI OJHHAKOBO OTCTOSITb OT UEHTPA.
[TosTOMYy OKpYMKHOCTb € TeM JK€ LIEHTPOM
H PpaguycoM, paBHbLIM PacCTOSHNIO OT
IeHTpa [0 CTOPOH  MHOTOYTOJIbHHKA,
Oyner KacaTbCs BceX CTOPOH MHOTOYro/Ib-
HHKa, T. e. Oyjaer BHHCaHHOII ox\py"
HOCTBIO.

Hrak, énucannasn -u onucaHnas oKpyxcHOCMU NPAGUALHO20 MHOZ0-
yeorsnuka umerom obugud yenmp. OH HA3BIBAETCA YEHMPOI LAHHOTO
NpaBHILHOrO MHOroyroJpHuka. Paauyc oOnMcaHHOil  OKpY#HHO-
CTH Ha3blBaeTC paduycos MHOTOYTOJbHHKA, pajuyC BIHCaHHOI
OKPYXKHOCTH—ero anogemoii. $lcHo, uto anodema Bceraa MeHblue
panmyca.

226. CooTHOMEHHS Mexy CTOPOHOIA, paanycoM H anoq)emou.
Ilpu paHHOM # MpaBHJABHBLIT MHOTOYTOABHHK ¢ A BepiliHHAMH ofnpe-
IeJileH ¢ TOYHOCTBIO RO noaobus. [lostoMy OTHOLIEHHS MEXZY CTO-
pouoii, anopeMOii M pagHycOM HOJKHHI 3aBHCETb TONBLKO oOT n. Ux
JETKO BbIPa3HThb, NOJb3Ysich TpAroHoMerpuei. O6paTumcs K pHe. 314,
rae a,> R, u r, 00603Ha4alOT COOTBETCTBEHHO CTOPOHY, pajguyc H
anodeMy NMpaBHJIBLHOTO f-YroJibHHKa. YTOJ MexAy pagHycaMH, mpo-
BEJIeHHHIMH H3 LEHTPa B COCEJHHE BEPUIHHbI MHOrOYroJbHHKA, paBeH

Puc. 314.
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360°/n. Jlerko BHAETb, YTO HMEIOT MECTO COOTHOIIEHHA

=R, cosﬂ, a,=2R, sm1—89— (226.1)

a Takxe

2 -

a
.2"__}.,": Rz, (226.2)
no KOTOpHM, 3Hasa Jo6yil0 H3 TpeX BeJHdUH a,, R,, r,, MOXKHO
HaATH JBe Apyrue.

B wacrnoctH, aas npaBuanoro TpeyrosibHHKa, BIHCAHHOIO
B OKPYXKHOCTb pagHyca R, HMeeM

a,=2Rsin60°=RV/3, ry=Rcos60°=—R; (226.3)
IJd, KBajapara IpH TeX ¥XKe yCJIOBHﬂX
a,=2Rsin45°=RV3, r,=Rcos4®=RYZ; (226.4)
/i NPaBHJABHOIO l.Uec’I'Her]leHKa L

g,=2Rsin3F=R, r,=Rcos3°=RY3. (226.5)

B yKa3zaHHBIX YacTHHX CIy4asX Jerko MOJMYYHTb Te Ke pe3yJib-
TAaTH M He MCIo/b3yA oOmHX (OpMYJ; peKoMeHAYyeM BBINOJIHHTL 3ITO
yHTaresio.

[Mpumep. CropoHa npaBU/JLHOTO TPEYroNbHHKA, BIHCAHHOIO
B OKPY2KHOCTb, PaBHa @; HaliTH JJHHY CTOPOHLI MPABHABHOrO LIECTH-
YroNbHHKA, ONMHCAHHOTO OKOJIO 3TOH e OKDPYXHOCTH.

Pemenue. CropoHa Tpeyro/lbHHKa paBHa @, 3HAuHT, PajiHycC
cnucannofl okpyxHoctH R=a/)/3; om caymur anobemod mwecTH-
yrOJbHHKA, H TOTOMY CTOpoHa mocaennero b=2R/V 3 =24/3.

227. TlepuMeTp M NACWAxb NPABHALHOrO 72-yroabHHKa. Bripasum
nepHMETP M MJOWAAL NPaBHJBHOIO N-YroJbHHKA uepe3 €ro pamuyc.
Coxpansa c6o3HaueHHd n. 226 H jaonosHuTeNbHO of03Hauas mepu-
Metp uepes P,, Gyaem uMeTb
P,=na,=2nR, smlgo
Ilna BBIYHCJIEHHSA NJIOWAAH 3aMETHM, YTO IJIOUIaAb OAHOTO TPeyroJb-
HHKA H3 YHCIA TeX, HAa KOTOPHE N-YTOJbHHK pasbuBaercs pajHy-
CaMH, NPOBEICHHbIMH M3 ueHTpa B BepLIHHH, paBHa

360°

Sp= 5 R,l sin

OTKYyJa 1oJHas nJomank n-yFOJIbHHKa NOJY4aeTCsa YMHOXKEHHEM
HA n:
360° \

S, ———nR,, sin 7 (227.1)

-
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-.B HaCTHOCTH, A/ TPEyroJibHHKa HMEEM

Ps= 3R Vs-: Oy = 31/.3 R (2272)
AndA KBajpara '- oo ’ ’ K .
; P,=4RV2, S,=2R% (227.3)
ANfL MPABUABHOTO LUECTHYTOMbHIKA
p,=6R, S§=2V% (221.4)

228. YasoeHHe 4HCJA CTOPOH NPABHJABHOTO MHOrOYrOJIbHHKA.
Bulle yxke oTMeuasochb, YTO He NpH BCAKOM YHCJIE CTOPOH 71 MOXHO
BRINOJTHHTH NMOCTPOGHHe NPaBHJbHOIO MHOrOYroJbHHKZ 1o cnocofy |
HIH 2, OrpaHHYHBAasCch JIHUIL LHPKYyJeM H JHHeHKkoH. JI1R Heko-
TOPRIX n 3Ta 3ajaya. peliaercs cosBceM npocto (n=23, 4, 6; yuratean
J0JIXKeH pasobpatb 3TH cayuaH caMocroareqabno). Jias ppyrux n,
Hanpumep n=5,— HECKOJbKO CJOxKHee (cM. Hinke, 3agayH). [aycc
Hawies cnocof NOCTpoeHHA NPaBHAbHOTO 17-yrojpHHKa (XOTA, HAnpH-

Mep, TMPaBIIbHLIL 7- 1 9-YroJbHHK Hejb3s
NIOCTPOHTb € IOMOUWLBIO LHPKYJASi H JHHEKH).
Faycc nokasana Takxe BO3MOXHOCTb HOCTpOe-
HHA npaBuybHOro 257-yroJbHHKa ¢ MOMOLLBIO
LWPKYAA H JuHelikd. Jlerko, o1HaKo, NOCTPOHTH
" BcE MpaBH/bHLIE MHOTOYTOJNBHHKH C UYHCJOM
CTOPOH 7, MOC/EJ0BaTe/IbHO BO3PacTalOUIHM B
ABa pa3a, HayHHasg ¢ HEKOTOPOro HCXOLHOTO
yicaa, Hanpumep ¢ n=3, 6, 12,,24,-:.. uan
n=4,8, 16, 32, ...
- Tak, nycts Ha puc. 315 H3o6paxen npa-
Puc. 315. BU/IbHHA N-yroAbuuk (bakTHYeCKW noKasan
6-yro/ibHHK), BNHCAHHHIA B. OKPYXHOCTb pa-
anyeca R, Pasgeniv nonosnam Ka¥yio H3 AYr Mex1y COCeRHHMil
BeplUMHAMH MHoroyroabHuka. [Ipoule Bcero pasaesnTb mnonosam
OOBLIYHEIM CNIOCOGOM OJHY i3 3THX AYr, @ 3aTeM pajHyCOM, PaBHLIM
CTOpPOHe MHOTOYroJbHIKa, CAe/aThb H3 3TOH TOYKH JeJIeHHs, KaK H3-
UEHTPA, 3ACEUKY HA OKPYXKHOCTH; H3 NOJYUYEHHOH TOYKH TeM e
PajHycOM Cle/laeM HOBYIO 3acedky H T. I. B pesyabrare okpyx-
HOCTb OKaeTcsi pasje/eHHOH Ha 2n paBHBIX yacTeil cTapblMH Bep-
IHHAMH  MHOTOYTOJbHHKa M HOBBIMH TOUKAMH JeJeHHA, KOTophie
H NOCHYXaT BepIWHHAMH NPaBHALHOIO 2n-YroJbHIKA, DNHCAHHOTO
B OKPYKHOCTb.

HenocpescTBeHHO BHAHO, UTO NEPHMETP I MIOWALb N-YFONbHHKE
‘MeHbllle NepHMETPAa H IVIOWANH 2n-YTOJbHHKA, BIHCAHHOTO B Ty e
OKPY2KHOCTb: NPH YJBOGHHH YHC/a CTOPOH NPABHILHOTO MHOFOYTO/b-
HHKa ‘(papHyc coxpausercsl) nepHMerp H mioulaab €ro BO3PACTAIOT.
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[Ipusegem eme q;opMy.nbt ANS - CTOPOHHL: . M- anodeMsl’ 2n-yrosib-

HHKa. l/lmeeM :

]
= 2R sml—si

80° 180°~ -
o, Uepes clmyc nBomloro yraa sin — 1o ¢op-

. 180° o ’l—cos-(180°/n)
sin-=V —
C y4eTOM paBeHCTBa. S
: 180°_-l/ . _f]/ S
€0Ss —— l—sm —_ 4R=’
. 1so° : / ]/’ 4R= f
sm = '

.1
Boipasum  sin
MyJe

Haiiaem

OTKyna

HIH npouwe:

~

= R]/ 2—_2 ]/.1_—%. - - (228.1)
-LlJm anotbeMu MeeM BhIpaXKeHHE s .

wn V_]/1+]/1 - U ema

Jlerko nposecm 'H_TIpotecc y;usoemm YHesMa CTOPOH MHOI"0yI‘OJIb-'
HHKa, HCXOAS He "H3 MHOrOYroJbHHKA, BIIHCAHHOrO B OKPYXHOCTb,
a us3 MHoroyroannxa, ONHCAHHOT'O OKOJIO OKPYXHOCTH. B 3roM
cllydaeé MEl’ Ie/IHM TIONOJaM AYTH OKPYMKHOCTH MexIy TOYKaMH Kaca:
HUA H nponomm B HHX HOBHE KacaTe/bHHIE, MOJydas 21-yrofbHHK,
OnMHcaHHEIA OKOJO TOll ke oxpyxmocm Ha puc. 316, Hcxons u3
KBajJipata, Mbl MOCTPOHIH NMPAaBH/bHEI BOCBMHYFOJILHHK, OMHCAHHGIA
OKOJIO OKDYXHOCTH. Pa3HHIA COCTOMT B TOM, YTO NpeXKAe MbL CO-
XPaHSTH PagHyC MHOTOYTOJbHHKA: M-yrOABLHUK U 2n-YTOMBbHUK BMH-
CHIBAJIHCh B OXHY M TY € OKPYKHOCTb H HMEJH paBHble PajHycHl,
Tenepb e Mbl COXPaHAEM anogeMy: n-YLONLHHK M 2n-YTONbHIK
OIHCHIBAIOTCSA BOprl‘ OJIHOM H TOMN 1K€ OKPYKHOCTH H HMEIOT paBHBIe
anogemsl. SlcHo HerOCPeNCTBEHHO, YTO NpPH yABOGHHH YHC/Ia CTOPOH
NpaBHJIBHOTO MHOTOYFOJLHHKA C COXpaHEHHEM ero anopembl nepn-
MeTp H nJoinagb ero yGHIBAIOT. |
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3afaya 1. Haiitn orHoleHue mrowaneli ABYX NPAaBHIbHEIX
BOCbMHYTO/IbHHKOB, OJHH H3 KOTOPHIX BNHCAH B HEKOTOPYIO OKPYK:
HOCTb, a JPYrOH OmicaH BOKPYr Hee. - '

Pewenne. Papiyc BnicaHHOrO BOCBMHYTOJBHHKA, KOTOPHIT MBI
0Go3HaYHM yYepes R, caykHT anodeMofl ONHCAHHOTO BOCHMHYIOJb-

v Puc. 316. Puc. 317.

nika. Ecan mpt mafizem pafinyc ONHCAHHOTO BOCbMHYTOJLHIKA, TO
oTHoOleHHe mowageil- 6yAeT paBHO KBaipaTy OTHOLLUEHHSI pajiycoB
R:R, u 3apaua Oyzer pewena. Ha puc. 317 BuiHo, yto R/R, =
= c0s 22°,5. Orcioga S/S,=c0s%*22°,5. L1 oTbicKauns mnoc.aeaHero
BHIDAXKEHHS He HYXKHO TOAb30BaThesl Tabanuamu. B camom pexe,

=]
cos? 22",5:1'“;S 457 2+4V2 , - OTKyZa %zﬁz&%&%&
1
3amgaua 2. Bouncauts zmmiy CTOPOHBI MpPAaBHJIBHOIQ JECATH-
yroJbHHKa, BIIHCAHHOrO B OKPY2KHOCTb pajinyca R. .
Pemenne. IlycTb a—cTOpOHa NpPaBHJILHOTO AECATHYTOJBHHKA,
BIIHCAHHOT'O B OKPYKHOCTh paguyca R (pic. 318). Tpeyroaeuux AOB

Puc. 318, Puc. 319.

PaBHOGEJPEHHBII C OCTPBIM YIJIOM NpH Beplunre O, paBHBIM 36°.
MoxHa cpasy nanHcat @=2Rsin18°, HO Mbl BEIYHCIMM CTOPOHY
.AB=a ne npuberasi x TpuroHomeTpuin. JJs 5TOro mpoBeseM M3
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sepmuHn B Guccektpucy BC. B tpeyronbhuke ABC yroa C pa-
e 72°. Tpeyronvuukn AOB u ABC nopoGHHL. OTClglla, 3aMeyqasn,
-_—q

yto OC=CB=AB=a, HaXogHM mpONOPUHIO L= ——3 H3 Hee'

o _ R~
nojyyaeM ypaBHeHHe IJifl ONpefeleHHA HeH3BEeCTHOM CTOPOHH: a® -
+ Ra—Rz 0. Mmeer CMHCI TOJNLKO NOJOXHTENbHOE pellieHHe

a="— Vs I R~0,61R (npu sToM BHAHO, uTO sin 18° = (V5 —1)/4).

Haxmemxoe BHpaXkeHHe JJIi CTODOHH a TNO3BOJISET PEWHTh 3agauy
0 NOCTPOEHHH NPABHIBHOrO JECATHYrONbHHUKA, BIHCAHHOTO B AaHHYIO
OKpyxHocTb. Jliia 3TOro no pamiycy OKPYXHOCTH R NOCTPOHM
a ——V%_—IR C 370t Nexbio BO3bMEM MPAMOYTONBHHIA TPEYroAbHHK
AOM (puc. 319), xaTeraMH KOTOPOrO C/yXaT PajHyc OKPYKHOCTH R
‘M NOJIOBHHA pajuyca, . NePOeHRUKYJAAPHOro K Hemy [o Teopeme

[Mugaropa runorenyza AM 3Toro TpeyroibHHKa paBHa +RV5. Bu- _

yutasd H3 Hee orpe3ok OM, paBHHA NOJOBHHE pazmyca, nonyuuM
.B OCTaTKe OTpe30K @, KOTOPHil M GyleT CTOPOHOIl MPaBHJILHOTO

necamyronbuuxa Cnenas pAn 3acedek, HayHHadA H3 HPOH3BOJII>HOH>

TOYKH OKPY2KHOCTH, IIOJYYHM BepIUHHH fecATHyroabHHKa. Ha puc. 319
BHIHO, KaK, COCJHHAA 3TH BEpUIHHE! yepe3 OAHY, M Brmcam{
B OKDYKHOCTb TIPABHJILHEIA NATHYTONbHHK.

YnpaxHneunus

- 1. MocTponts npaBuabHEe 12-yro/bHHEA, BNHCAHHKE B NAaHHYIO OKDYKHOCTb
H ONMHCAHHBIE BOKPYI Hee.
. 2. Bouneante oTHOWIGHMe MUIOMAXH BIHCAHHOTO A-YrOJbHHKA K IJIOWARH
OMHCaHHOro n-yroibHHKa npi n=3, 4, 6.
3. BuuHC/AUTD CTOPOHY NpPaBHJABLHOTO lﬁ-yrom;ﬂnxa. nonb3ysacs GopayJoit
yABOEHHS.

§ 2. JAauna oxpyxuoctH. Ilmomaxs kpyra u ero wacredi

229. Jlnuna -okpyxnocrn. HarasagHoe npeicrasieHHe 0 AJHHe
KPHBOI JIMHHH, B YaCTHOCTH OKDYXHOCTH, KaK O AJHHe HUTH, Ha-
BepHyTOfi HA 3Ty JIHMHHIO, a 3aTeM pacnpsiMIECHHOH, He MO3BOJSET
MaTeMaTHYeCKH OGOCHOBAHHO BLIYHCJHTB NJIHHY KpuBoii. Cienyiomee
onpesie/ieHHe JIJTHHH OKPYXXHOCTH MO3BOJNSET BHUMCIHTD 3Ty AIHHY
H NpUHUUNHANBHO 06JA3KO K OOLIeMy ONpeAe/eHHIO -AJHHKH KpPHBOI,
KOTOpOe paccMaTpHBaeTcsi B KypcaX Bhicluefl MaTeMaTHKH.

Onpeneaenne. Jaunod okpyxcrocmu HazeiBaerca ofmui mpe-
nes, K KOTOPOMY CTPEMATCH NEepPHMeTPH BNHCAHHBIX M OMHCAHHKIX
NpaBH/IbHELX MHOTOYTO/IBHHKOB IIPH HEOrPaHHYEHHOM yNABOGHHH YHCIa
HX CTOPOH.

3To 3HAUHT, 9TO B OKPYXKHOCTH BrRCHBaloTes (1 BOKPYT Hee OMH-

"CHIBAIOTCH) NPABH/IBHBIE MHOTOYTO/IbHUKH, HaPHMEpP LIECTAYTOJBHHK
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(HaynHaeM - ‘¢ 'Hero,” Kak ¢ TipocTeiiliero), a 3aTeM-JlBeHajauarti- -
yroJbHHK, ABaAUATHYETHPeXyroJpHHK I T. A. Kak -noxasnBaercs,.
-TepHMeTpbl BNHCAHHLIX M OMHCAHHBIX MHOTOYTOJbHHKOB CTPEMATCA
OpH 5TOM K OJHOMY H TOMY K€ mpejeJy; 5TOT npefes H NpHHHMAeTcs
no onpejielleHHI0 32 AJHHY OKpy:KHOCTH. MOxXHO 6blio Obl B ompeje-
JIeHHH FOBOPHTb He 06 yABOeHHH, a 00 yTpOeHHH, ynsTepeHHI il
006 yBeJINYeHHH 4iCJa CTOPOH Ha ENHHHIlY; HO YyIBOoeHHe yiaobnee
TE€M, YTO NPH 3TOM PacCy:KAeHHsl 3HAUHTEIBbHO ynpomwaorcs. MoxHo
JI0Ka3aTb, 4YTO, BOOOLHE, NEPHMETP NPaBHJIbHOrO MHOTOYTOJIbHIIKA NIPH
HEOTpPaHHYEHHOM YBEJHYEHHH YHCJIa €ro CTOPOH CTPeMHTCS K TOMY
JKe npejesy — JJIHe OKPYXKHOCTH, B KOTOPYIO MHOTOYTOJIbHHK BNHCaH
(BOKpyr Kotopoil on omican). BoJee Toro, BaXKHO JiHllb, 4TO AJIHB
CTOPOH MHOTOYFOJIbHHKA CTpPeMATcs K HYJIO; npi co6/ioeHin 310ro
YCJIOBHSI MOXKHO JaxKe XOMYCTHTb H IPOH3BOJBbHLIE, He 0043aTelbHO
NpaBivIbHEIC MHOTOYFOIbHHKI (UEHTP OKPYXKHOCTH JOJKEN JexaTb
BHYTPH MHOTOYTOJBbHUKOB).

Jl1a onpaBraHus JaHHOTO BLILIE ONpECAeHHS AAHHB OKPYKHOCTH
HaM IpeACTOHT J[oKa3arb TpH yrtBepxkaeHus: 1°. Ilepumerpui Bnn-
CaHHBIX MHOTOYTOJBHHKOB NpH HeOrpPaHHYEHHOM VABOEHHH YHCAa HX
CTOPOH CTpeMfATCA K onpeferensomy npexeay P’.2°. Tlepuserput
OMICAHIILIX MIUOTOYTOJILHIKOB NpH TOM € YCJOBHH TaK:ke HMEIOT
onpeje/eHHbII npenen P". 3°. O6a yKasanmbix npeiesa  papuLl:
P =P

1°. Ilepusempor 6nucantolx MHO20Y20A6HUKOS NPU HEO2PAHULEHHOM
Yy0B0EHUW HUCAQ UX CMOPOH CMPEMAMCA- K OnpedeieHHOMY npede.y:

JeiicTBHTEJbHO, -NIPH YABOEHHH WYiHCJIA CTOPOH NEPHMETp BO3pa-
craet: Py, > P;. B To ke BpeMs BeJHUHHA 3TOro NepHMeTpa ocTaercs
OrpaHHYeHHOIl; OHa 3aBeJOMO He MPEBHILAET NMepHMETPa INeCTHYI0Mib-
HHKa, OMHCaHHOro BOKPYT JaHHOIl okpyxHocti. Ilo npn3Haky cyme-
CTBOBAHHSA nNpefieia MOHOTOHHO BO3pacTalollleil, orpaHH4eHHON CBepXy
nocyegosatebHocTH (M. 84) mpenen NIEPHMETPOB BINCAHHLIX MHOrO-
YIOJILHHKOB CYLIECTBYET:

lim P, = p' (n=86, 12, 24, ...).
n->w

2°. Ilepusempol ONUCAHHBIX MHO20Y2006HUKO8 NPU HEO2PAHUMEHHOM
YO080EHUL HUCAQ UX CIMOPOH CMPEMAMCA K onpedeseHHomy npedeay.

JleficTBHTENIBHO, NEPHMETP NPH 5THX YCJ0BHAX YOBIBAeT, HO OTpa:
HHUeH CHH3Y (noapoGHOCTH ocTaBjasfeM wyurateao). [losaraea-
lim P, = P". ’ )
n—w
3°. Il pedervt nepuzuempoe BNUCAHHLIX U onucauﬂbzx MHO20Y20AbHU*
Koe pagroi: P"=P’,

3aMeTHM CHayana, YTo cmpona BNKCAHHOTO NPaBHJIBHOTO /1-YTOb-
HHKA CTPEMHTCA K HYJIO NMpPH yBEJHYEHHH yHCaa ero cTopoH. B camom-
Jene, nepHMeTp OFpPaHHYeH, YHCJIO 2Ke CTOPOH CTPEMHTCA K Gecko-
HEYHOCTH; JINHa OAHOI CTOPOHH a,=P,/n Oyrer GeCKOHEUHO MaJoil

’
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BeJIHYHHOM TIpH n— co. [lanee, anodema BnHCAHHOTO MHOIOYIroJib-
HHKa MpH TeX Ke YCJOBHAX HMEET CBOMM MNpefe/oM PagHYC OKPYX-
HOCTH. ITO BHIHO M3 Hepaeeacma, CBA3HIBAIOIETrO pagHyc, ano@emy :

H cropony (cM. pHc. 314) R— <r,<R.

" Orcioga 0 K R~—r, <—2-, I Tak kKak a,—0, 10 H r,—R.

BcroMHHM Tenepb, UTO MepHMETPH ABYX MPaBHJIBHHX N-Yrolb-
HHKOB OTHOCATCH, KaK HMX anoq)e\m. Hmeem i BNHCAHHOTO H ONH-

P r
CaHHOTO 7-YrOJILHHKOB -P—’,’=—"- H npu n-oo (HanpHMep, InpH
- -

R
HEOTPaHHYEHHOM YABOEHHH YHCJIA CTOPOH)
P,
lim =2 = lim ._-=_._1

n—->o Pn n-—->o R
[To TeopeMe o mpenene uacrsoro (m. 85) orciona nony!im\(

P %—-:l’, .

lim ==&
n-+ o Pn

T. e. oba npenena, Kak ¥ TpeboBajoch noxasarb COBIIafaloT.
Teneps moJsyuaercs 7
OcHoBHAs TeopeMa O NJHHe OKpPyxRHocTH. Omuo-

wenue OAUHbBL OKDYNCHOCIMU K ee Ouamempy ecmo NOCMOAHHAA GeAU-,

4uHa, He 3asucaujan om duamempa.
Heucrsmenbuo, HMEeM =
i__ lim Pp — lim 2nR sm (180°In) llm nsmi80_°
2R 2 T hew X
U3 3roro paBeHc‘rBa BHAHO, 4YTO OTHOLIGHHE IJIHHBI OKDYXHOCTH
K ee nuamepr, BBIpaXKeHHOe B BHJe mpejena hmnsm(180°/n), He

3aBHCHT OT CaMOro JHaMETpa; OHO 0603HaYaeTcst :rt H paBHO 3,14159 ... ;-
TOSTOMY Mbl H NHILEM BHpaKeHHe A/ JJIMHB OKPYIKHOCTH B' BHIE
C=2nR. (229.1)

3nasn ANMHY OKDYKHOCTH, HETPYAHO BHIYHCIHTDH IJHAHE JTI06BIX
Ryr okpyxkHoctu. Ilyctb TpeGyercs, HanpHMep, onpejenuTs JIHHY [
BYrH OKPYXKHOCTH pajyca R, oTBewaiomeii. UEHTpa/IbHOMY YRy &
(o papuan). Tak Kak® paBHBIM LEHTPAJbHBIM YrjaM OTBEYaioT pas-
HBle JYTH, TO Besikas AYra COCTAaBAsieT TAKYI0 JIONO OT MOJHOf-
OKPY2KHOCTH, KaKyI0 ee UeHTpPaJbHbIil yroa af (¢ paanaH) cocTaBaser
OT TOJIHOTO yria 360° (2n pagnan). Orcioaa ToJTyyaeTcst nponopius

30° =35 = ¢» W A YIJa, BHPAKEHHOTO B rpanycHou (panuan-
HOI) Mepe,’ HMeeM - COOTBETCTEEHHO '_ i o ‘
ST =igia l_Ra S (22959)

180° *
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Iocaennns dopmyna npoue:

Jauna ayeu OKPYXCHOCMIL PABHA npoussedenuio ee pa&u yCca - Ha
YEHMPaAbHbId Y20, 6uipadceHHblll 8 paduaHax. ;

B stoM nposBasiercd OZHO H3 NpeHMYINECTB pajlaHHON MepH
nepep rpajaycHoii.

3anava 1. Haiitu aauHy Ayri B oflHy CeKyHIy Ha 3KBaTope
3eMHOTO 1Lapa. '

Pemwenne. Tlpumem skBaTopHaabHBEII pagHyc 3eMHOro wapa
3a 6300 xm. Torpa mumeem

' | = Ra =6300 - ~31 M.

360-60-60 60 60

3anaua 2. Haiith g/1iHY OKpPYyXKHOCTH, BIHCAHHO! B paBHOGeX-
peHHplil NpPSIMOYro/ibHBIT TPEYrOJNIbHHK C THNOTEHY30fi, paBHOIl c.
Pewenue. Mmeem ana nepumerpa TpeyroibHuKa BHpa:kenie

2p=(1+V2)ec.

Tnomans Tpeyronphika pasHa S=c%*4. Ho ana pamuyca Bmu-
caHHoil oxp)muocm H3BECTHO cooTHoleHHe (1. 219) r=S/p. Orciona

10
2(1+V2) Il ucKkoMmas AJdHHa paBHa C= Vs

3anaua 3. Haiitn qmuy ayru OKpYKHOCTH paznyca R, orce-
Kaemoil OT nee npsMoil, NpoXxojsueil Ha pacctosiiiil d OT LeHTpa
oxpy=xuoct (d < R).

Pewenne. Jlna KocHHyca NOJOBHHB UEHTPAILHOIO yria Ha-
XOHM

cos %:%; otciola o =2 arccos% n I=2R arccos%.

3anauva 4. Haiitd nepuMerp nymoukl, oGpa3oBauHON Kyramu
IBYX pPaBHHIX OKpYKHOCTell pajaHyca R, pacno.oKeHHBIX TakK, 4TO
' Kaxass H3 HHX IPOXOJMT uepe3 LEHTP BTO-
poit.

Pemenne. Hmeem no puc. 320 0M =
=0,M =00, =R, 7. e. Tpeyroibuk 00O,M
paBHocropouusil. [losToMy uenTpaibHbIi
yron MOM'’ copepxur 120°. Kaxpas u3
JyF, OTpaHHYHBAIOLIIIX JIYHOUKY, COCTaBJseT
Oy TpeTb HOJIHOIl OKPYIKHOCTH, a Bech ne-
pHMETP paBeH

Puc. 320, 2 _An
) l——i'QnR—TR.

230. Maowans kpyra i ero yacteil. O6iee onpexeneH’e mIoman,
BaHHoe B n. 167, npHroaHo H JJIst KPyra, Ho OHO NPHBOAMT K CJOXK-
HuIM BHYHcaeHHAM. [TostoMmy Gynemonuparbcs Ha Gosiee cnennanbHoe,
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Onpepenenue. Ilaowadsro kpyza cuutaror oOGWWA -mpegen -
oW azieil BINHCAHHBLIX H OMHCAHHBIX NPaBHJbHBLIX MHOTOYTOJbHUKOB
‘[IPH ‘HEOTPAHHYEHHOM YJBOEHHH YHCJA HX CTOPOH.

U 3xech cnpaBe//IHBH Te 2Ke COOOpaMEHHS, YTO I NIPH BEIYHCAEHRH
JJIUHL OKPYXKHOCTH: YIBOEHHE YHCJA CTOPOH MOXKHO Oblno OBl 3ame-
HUTh TNPOM3BOJBHBIM MPOLECCOM YBeAHUEHHSA HX YHCAA, H MOXKHO
Jlaxe .0TKa3aThCAd OT NPaBHJIBHOCTH -MHOTOYFOJILHHKOB, JHIIb Obl
CTOPOHB! HX HEOrPAHHYEHHO YMEHbIIAMHCh, TaK YTOGH MHOTOYIOJb-
HMKH BCe TecHee NMPHMBIKAIH K OKPYXKHOCTH. '

OcHoBHOM pe3y.ibTaT GOpPMYJIHPYeTCA Tak:

Teopewma. ITaowade kpyea pasrwa noarosute npoussedenus Oaust
€20 oKpyxcHocmu Ha paduyc.

HMnave rosops, Mbl noayuuMm dopmysny BHAA

—%R-:‘ZnR=nR’.

" Maowads kpyea pagHa keadpamy paduyca, ymnoofceuﬂomy Ha T

HokasateabcTso. Iokaxem cdopmyay S=nR% Hanuumem
Bbrpamexmﬂ miomanefl BOHCAHHOrO M OMHCAHHOTO N-YTOJbHHKOB:
‘S,,— riPn, ——RP,,.
3Haa yxe, 4To0 mpH A—oo (n=3, 6, 12, 24, ...) anopema r,

.CTPEMHTCH K DajHyCy R: r,— R, HaxojuM mnpejeasl yKa3aHHBIX
nnomaneu npH Bospam‘anuu n:

lim S’=—RC lim S, ——RC

n—>x n-»o
(npexes npOM3BENCHHA pPaBeH NPOHSBENCHHIO NPEAENOB, CHH OHH
CYLIECTBYIOT, MOCTOAIHHHI MHOXHTe/b BBLIHOCHTCA; 32 3HAK npefena
(m; -85)). Hrak, o6Ga npezesa pasHH  OJHOMY ‘H TOMY IKe YHCAY:

S=4 RC=aR?, (230.1)

NPHHUMaeMOMy 3a miomans Kpyra. TeopeMa nokasama.

B Texnuke uame npumensior ¢popmyay (230.1), samenss B ueit R
uepes noayauamerp D/2.

Torna S=nD?4.

Tlnowann KpyroB, cOTr/acHo nonyqennbm ¢dopmynam, otHoCATCH,
KaK KBaJpaThl HX pPaXuyCoOB (WJIH AHAMETPOB). ITO BIOJIHE €CTeCT-
BeHHO, TaK KaK Bce KPYrH cyTb nopoGunle (HrypH, .a miomanu
nofo6HbLIX QUIryp ROJMKHLL OTHOCUTBCH, KaK KBaApaTH HX JIHHEHRHBIX

- pa3Mepos.

JBa ceKTOpa OIHOrO Kpyra, HMeIolHe paBHbe uempanbﬂue yrJaHL,
paBHBl MeXRy coboii. lons obwed miomanu Kpyra, IpHXOAAMAACH
Ha CEKTOp C LEeHTPAJbHLIM YIJIOM ¢, MPONOPUHOHAIBHA YIJY pacTBopa
cexTopa. llml CEKTOpa C YIiIOM o, BHIP2MEHHHM B rpajycax HiH
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B PajHaHax, uMeeM COOTBETCTBEHHO
R’ 1 _ .
St‘.em‘= 360° * Sccx'::?Rza' (230.2)
Hraxk, n.aou;aab CeXmopa pasHa noaosure npousgedenus xeadpama
paouyca Ha yeHmpaabHold Y204, 6uiPAXCeHKbIE 6 paduanax.
PaccMmoTpinM Tenepb cerMent Kpyra pajnyca R, COOTBETCTBYIOMHIT
UeHTpaJbHOMY yIay & (B PapHaHHOil Mepe). Ecan yroj o Mesblie
paspepryToro, Kak Ha puc. 321, To naowanb cermenta (o6aacTh

Puc. 321, Puc. 322,

MCK1y XOPjoifi i Ayroii OKPYyXKHOCTH, KOTOPYIO 3Ta XOpAa CTArnBaer)
paBia pasHocTH nJowageii cektopa W Tpeyroabnnka AO0B; npume-
HAeM GOpMYyAy, BHPAKAIOMYIO NJIOWAAb TPEYTOAbHIKA KAk NON0BHIY
NPOU3BENCHHA €r0 CTOPON HA CIHYC YIAa MEAAY HUMM, 1 HaXOM
Asl TAOWANH cerMenTa

Sean= Ria—5 Risina=1 R¥(a—sina).  (230.3)

Ora ¢opMyJia oCTaeTc BepHa I AJ1s. CeIMEHTa, COOTBETCTBYIOULETO
yriy «, 6oJblieMy pasBepHYTOro (cerMeHT, AONOJHAWHIT TOALKO
YTO paccMOTPeHHHI! N0 MOJHOTO Kpyra). ,I[ex"xcmmenbno, B 3TOM
cayuae caenosano 6bl 6parbh CyMMY IIOWafeil cerMenta H TPeyroJb-
HHKa, HO TaK KaK B 3TOM cJayyae yroa a Goablie pa3BepHYTOro,
TO CHHYC ero oTpHuarteqen H ¢opmyaa (230.3) BHOBb JaeT HCKOMYIO
BeJIHYHHY IJIOWAAH cerMeHTa.

3anaua 1. Tpu paBHble OKPYKHOCTH pamnyca R KacaioTcs
Apyr npyra nonapuo (pec. 322). Haittn nuowajb 3aliTpHX0oBaHHOl
Gurypel.

Pewenne. Ilaomans Qurypsl, KOTOpYIo HaZO ONpEESHTb, PaBHA
PasHOCTH NJIOUIanH PaBHOCTOPOHHEro TpeyroMibHHKA II Iolajell Tpex
cekropoB. Tak kak cropoHa TtpeyroabHuka 0,0,0; pasua 2R, T0-

" IVIOaNb ero JIerko BLIYHCAACTCA; OHA paBHa R*)/ 3. CeKTopsl HMEKOT

- UeHTpasbHEe yriam 1o 60°, Kaxmbu'd H3 HHX cocTapasier Oy LecTyo

“ ‘qach Kpyra, Hux cywmapuaa II03/h PABHA NIOTOMY 3.._R..‘=-.-nR’
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“Ta_K_, nJjoans 1161(0;10& cbﬁrypu
S=‘R’V§—-’~nR’=(V3_—3'—) R*~0,161R?.

Bapaua 2. Haitrn ornowenne naowazeii Kpyros, orpaHiyeH-
HbIX BMNCAHHOI M ONMHCAHHOI OKPYHHOCTAMH pannoﬁenpeuﬂoro nps-
MO)’PO‘]bHO]‘O 'rpeyronbmu\a

Pemenne. [laomanp paBHOGeIpeHHOro NpPAMOYTOJAbHOTO. Tpe-

1
YroJAbHHKA C KaTeToM 4 PaBHA --a®, MEpHMeTp COCTaBjfer 2p =

=a(2+V'2), crenopatenbno, Ans1 paanyca BNHCAHHON OKPYXHOCTH
mveeM r =S/p=a/(2 +1'2 ). Pannyc onicaHHOil OKPYXKHOCTH paBeH
NO;I0BHHE THNOTEHY3b, T.e. R= aVap. Haxoanm - otHowenne

.1omal1eu COOTBETCTBYIOLIHX prrmr

S,:Szz_rzzR-— 3 2V 2 ~ 0,173,

+°V 2
3aagaua 3. Haiiru Bepaxenne niolaul cerMenTa uepes paaunyc
Kpyra.ll CTPelIKy cermenra (cmpe.xoil ceemenma Ha3bBACTCS OTPE3OK
€ro ocl CHMMeTPHH, JeKaulnit BHyTpH cerMéHTa, puc. 321).
Pemenne. Uro6u' Bocnoib3oBarbes (opMY.10fl, BIpaxaiomen
naowanb cermenTa, HaiizeM uenTpaibHwil yroa « (puc. 321). Jlerko
HaXOoAHM KOCHHYC NOJIOBHHbI uempanbuoro yraa:
: R—n
Ccos -2— = T N
OTKyJa )
. R— h ’
R

‘W NJI0ULaJb CerMenTa Bupaamcﬂ dopmyoii
‘ .R—h__ (R—Fh) V2Rh _‘-m}
R R? )

o =2 arccos ——

\ arccos

" Ynpamuenuns

" 1. Xopaa oxpg,xnoc-m JeJIMT TepneHAMKyJapHHl K ueli paanyc nonoaam.
- Jlanna ee pasua 10 cu. Haiitn pannn nyr H TLI0WAAH CETMEHTOB, HA horopue oHa
:pasﬁusaer OKPY>XHOCTb M KDYT. I
2. Haiith nnomanaby Jynoukn 3ajaun 4 . 229 (cm. pnc 320)
3. Jlee xacaTenbHHE K OKPYXKHOCTH pamiyca R nepecekaiores 103 YrIoM. 45°.
 Haiitn naomaae ¢urypu, orpannqennou HMH H MeHblueli zxyrou oxpymuoe‘m, coe-
;mnmouxeu TOYKH KacaHMd.

L

17 B. B. 3afues n AP.



Frnasa XIX .
MPAMBIE U NMJIOCKOCTH B [POCTPAHCIBE

§ 1. B3aumHoe pacnojoxeHue NPAMBIX H ILIOCKOCTEIl

231. B3aumHoe pacnofioXeHHEe JABYX NPAMLIX B NPOCTPAHCTBE,
JBe npsMble B IPOCTPAHCTBE MOTYT OLIThb PacnoJioxeHbl Pa3JHuHbIM
o6pasoy. Ilpexae Bcero, MomeT C.Iy4HTbCH, YTO JBe NPSMLIC HMEOT
obuyio Toyky. Torza oHH 3aBegoMO JeaT B OIHOINl IJIOCKOCTH.
HeiictBiTebHo, ytoGbl NOCTPONTH TaKYlO MJOCKOCTb, JOCTATOYHO
NpOBeCTHI e uepe3 TPH TOYKH: TOUKY A mepeceueHHs yKa3aHHLIX
npsimbix (puc. 323) urtouxku C u B, B3sThle
COOTBETCTBEHHO Ha NpaMuiX m 1 1. Maes ¢
KaxJA0il H3 MNpsAMBIX no JaBe oblLile TOYKII,
nJockocTh GyReT cojep:kaTtbh obe npsiMble.

Ilycte Tenepn nanubie npsiMble He HMEIOT

Puc. 323. ofuIHX TOUeK. ITO elle He 03HAYaeT, 4TO OHH
napajienbHel, TaK Kak ompejeleHie napaJ-

Je/IbHOCTH NIPEAyCMATPHBaeT, YTO NpsMbie NPHHALIEKAT OXHOIH MJIOo-
ckoctH. YToObI peuwinTe BONPOC O pACMOJOMKEHHH HAUIMX IPSMBIX,
NpoBeAeM uepe3.0AHY H3 HIX, HanpHMmep m, H NPOH3BOJBLHO B3ATYIO
TOuKy A Ha jpyroii npsamoii miockocts A. Bo3MoxHB ABa Cayuast:

1) IlocTpoeHHas IJIOCKOCTb COAEPXKHT BCIO BTOPYIO INPSIMYIO
(pic. 324). B::3toM cayyae npsiMbie m W . NPHHALJIEKAT OZHOM
IVIOCKOCTH i He MNEPeCceKaloTcsi M NOTOMY NapaljielibHbl,

2) Inockocts A mepecekaer npsamyio "B ‘Touke A, Toraa o6e
npsinple He JeXaT B OZHON IJIOcKOCcTH. TakHe mpsiMble HasblBalOT
ckpewguearowgusucs (puc. 325).

Hrak, Bo3MOKHBI TPH OCHOBHBLIX C/1yYas B3alUMHOTO PaCHOJIOKEHIIs
ABYX NpSIMBIX, .

1. IlpsaiMple JexKat B OHOfl IJIOCKOCTH H NEpeceKaloTcs.

2. Ilpsimple JledaT B OJHONl IIOCKOCTH H ‘NapaJljebHbL )

3. TlpsiMble CKpeILIBAIOTCS, T. €. He Jexar B0AHOH IVIOCKOCTII.

ITpumep. U3 12 peep xyba moxkHo o6pasoBatsh 12-11/2 =66 nap
npsmbiX. M3 Hux 24 mapsl ckpemBamomuxcsi, 24 nepecekarouixcst
i 18 nap nmapannennbHbx npsmoix. Unratens yGeaurcsi B npasuib- .
HOCTH 3TOT'C MO MOASIH IIH YepTeKY. )
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3amMeTnM, 4To B NMPOCTPAHCTBE COXPaHseT CHJY NOCTYJAT O napaj-
JIEIbHBIX NPAMBIX:

Yepes MOUKY 6He 1p AMol npoxodum eQuUHCMBEHHAS NPAMAS, NAPAA-
neavHasn eld.

B camoMm jaene, npsiMas H 33JdaHHAas BHe €€ TOYKa ONpenesiorT
NJIOCKOCTb, B KOTOpoil o0sA3aHa Jexarb HCKOMas NpaMas, mapaJ-
JenpHaf JaHHOil, ee eNHHCTBEHHOCTb BHITEKaeT H3 ITOCTyJIaTa 0
napajeNbHbIX.

OTMeTHM, YTO ABAa H3BECTHBHIX NPEIIOKEHHS IVIaHHMETPHH, OTHO-
calHecsd K ¢BOffcTBaM nmapanaesIbHLX IPAMBIX, NOTPeGYIOT A4 caydas
NpOCTpPaHCTBa ocoforo oGocHoBaHHSA (cM. 1. 232).

Ecau Ose npamvie napasiessnsl mpemoeti, mo ORU NApansesbHel
mexcly coboll; 0sa yaaa ¢ COOMBEMCMEEHHO NAPANACAGHBIMU U oauna-
KOB0  HANPABACHHBIMI — CMOPOHAMU
pasHbt. ‘ ”

ITo noBoxy BTOPOrO M3 yKasaH- :

HBIX TIpeAsOXeHH{l 3aMeTHM, 4TO

: A
7
n o A
Puc. 324, ] Puc. 325.

Ha HEM OCHOBaHO ompejelleHHe YIVIa MKy CKpellHBalomiMHCs
NPAMBIMH:  yeaoMm MewOy O0BYMSA CKPELUBAOMUMUCA NPAMBIMUL HASHI-
BaeTC YIrol MeXAy ABYMA NPSMBIMH, NapaJjJeJbHbIMH HM H IIpo-
BeJIEHHEIMH yepe3 NpPOH3BOAbHYIO Touky M. OueBnaHo, Takoe ompe-
JeJIeHHE ONHpAeTCs Ha TNPEANoJIOKEHHe HEe3aBHCHMOCTH yria -oT
BriGopa ToukH M (cm. m. 232).

Tlon nepnenduxyasapom, onymeHHBIM H3 AaHHONl TOYKH HA Nps-
MYIO, NIOHHMaeTcsl psAMasi, NPOBe/ieHHAs U3 JaHHOH TOUKH MOX NPSAMbIM
YIJI0M K JaHHoOft npmuoﬁ H nepecekaiomas ee. Yepea mouxy, He se-
HAWYI0 HA NPAMOLL, MOMCHO npogecmu eOUHCMIBEHHbIL nepnenouxyaap
K Hed. )

JeficTBHTENIbHO, HCKOMBIN NEpNeHAUKYJIAp. NOJXKEH Jiexath B
NJIOCKOCTH, onpejensieMOll NaHHOM NPsMOR H TOYKOH, H NMOTOMY K
HEMY TNpPHMEHHMHB INOJNOXEHHA mIaHnMeTpHH. OIHAKO H3 TOYKH,
Jexailefi Ha NpAMOIl, MOXXHO NPOBECTH K Hefl Gecunc/JeHHoe MHOMXKe-
CTBO NEPNEHANKYJAPOB: IO OXHOMY B KaX0f1 IIOCKOCTH, npoaenexmon
yepe3 3Ty NpAMYIO.

232. B3auMHoe pacnofoMeRHe NMPSMOil JHHHH H MJIOCKOCTH. Ilpsa-
Masi MOXKeT 3aHHMAaTh IO OTHOUIEHHIO K IIJIOCKOCTH OJIHO H3 CJeAYIOUNX
noJI0KenH#: 1) JexaTh B IJIOCKOCTH, 2) HMEThb C IJIOCKOCTBIO OIHY
o0u1ylo TOYKY, T. €. mepeceKaTh 3Ty IUIOCKOCTh, 3) He HMeTh C MJIO- -

17*
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CKOCTHIO 001X ToueK. B mocienteM cayuae roBopsr, uto MIOCKOCTD
W npaMan napataeasel. CyluecTBOBaHIe napaijiedbHbiX MexAy coboil
OpAMBIX I IJOCKOCTell c/aefyeT H3 TaKuX paccyxaeHuit. Bosbmenm
MJAOCKOCTE A H Kakylo-nuGo npaMyio a, nexautyio B Heil (pue. 326).
Yepe3 npou3BoAbHYI0 TOUKy A, He NpHHAJIeXaulyr MJIOCKOCTH A,
B NJOCKOCTH, cojepiamefi Touky A ¥ npsiMyio a, TpoBefem nps-
Myio a’, mapanjeibHyo npsamoit a. Ilnockoctb, nmpoxoaswas uepes
napaJjfiesabHbie npsiMble ¢ M a’, Ha puCyHKe ofo3HayeHa yepes p.
Tenepb BHAHO, 4TO mpsAMas @’ He NepecekaeT NJOCKOCTH A, Tak Kak

Puc. 326. . Puc. 327.

B NPOTHBHOM CJAYyuae TOYKa nepeceyeHus Jexana Obl B MJIOCKOCTH [
1, 3HaunT, Ha npavoil a. Ilpsamble a 1t o' nepeceka/uch Gbl B 37T0ii
TOYKC, YTO HEBO3MOX{HO, TaK KaK MpsMble @ H a’ 1O NOCTpoello
napaJjieablbl. HawH paccyxieHus I0Kas3LBaoT cJjeayioulee npei-

T JIoMeHe,

Teopewna l. fipavas, ne aexcawyas 6 Hexomopoil nAaockocmu u
napaate vHas 00HOU U3 NPAMLIX, PACNOAONCEHHOIX 6 IMOL naockocmu,
casa ‘napa.eabHa Imod NAoCKocmu.

Bepna u obparunas

Teopema 2. Ecau npamaa naparneavHa Hekomopod naockocmu,
MO 8 NAOCKOCMU CYWECNayom npassie, NAPAIIeAbHbE OQHHOT NPAMOL.

JokasatennctBo. Ilycre npAmas m napallie’bHa IJIOCKO-
ctit A (puc. 327). Bo3sbmeM B miaockocTit A Npou3sodbHyio Touky A
Il npoBejeM IVIOCKOCTL | yepe3 NpAMYyio m I TOUKY A. 3ra nao-
CKOCTh flepecedeT JaHHyIo MJI0CKOCTb A no npsimoit m’, U, KaK Jerxko
BHAETb, npAMbe m W m’ GYAYT napajie/ibHel. Ileucmmenbno OHH
Jexar B O0JHOIl MJIOCKOCTH {t H He MOTyT nepecekatbefl, TaK Kak
0 yCIOBHIO MpAMAi m He HMeeT OBWHX TOYEK C MIOCKOCTHIO M.
Hrak,

Hpﬂ,ua,q AUHUA NApartesbHa naockocmy mo2da u mo.asKo mozoa,
Koeda OHQ He Aexcum 6 3mod NAoCKOCMU U RAPaIeIbHa 00HOU u3
NPAMbLX, AeHCAUUX 6 Mol naocKocmu.

3aMeTuM ele, 4TO CCJAH HpsiMas. @ napaZi;e;ibHa MJ0CKOCTH 2
Il yepe3 5Ty MpAMYIO NPOBOAATCA MIOCKOCTH », u, ..., nepece-
Kaiougue A, To JIMHHH NepeceueHus a’,’a’, ... Bce napayieibHH
JaHHoil npaMoit a. OHH napaJJienbHbl’ " Mexny cofoii: eciiy Obl 1Be
I3 HUX nepecexamicb TO TOYKa HX NepeceyeHss npHHaAexKaRa Ol
nJoCKocTH p' 1t 1”, a 3HAYMT, H NPAMOIT @, YTO HeBO3MOKHO (pHc. 328).
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Teneps yxe HerpynHO OGOCHOBaTh W Npeptoxenue (n. 231):
Teopenma 3. [se. npauve, naparresvuvie mpemeell, napa.z-,
Ae.6HbL MeHdy coBoil. .
JdokasaTeancTBO. l'lycrb alle, bjlc (puc. 329). Tpeéyerc;i
Aoka3atb, uto a||b. TIposeaenm naockoctn A, A’ yepes npaMbie @ I ¢;
b u c¢. HNpavas b napanieiavna '
IJIOCKOCTH A, TAK KaK OHa. napasn-

Puc. 328, * Pnc. 329

JeibHa OAHON N3 npaMmuIX “3Toii maockocti. [locTponm sarem muo-.
CKOCTb |1, NMPOXOASILYIO Yepe3 npAMylo b H Kakylo 10-160 Touky ‘M,
JNexailylo Ha npaAMoil ‘a. 3Ta MAOCKOCTb TepeceyeT MIIOCKOCTh A 1o
npaMoii, mapajiJenbHoit ¢ 1, 3HauHT, coBnagawoueil ¢ a. M3 xoka-.
3aHHOTO BHIUE NPEAJOMEHHs1 cJeAyeT, YTO
npaMaa a GyzeT napajajenpHa M npamoii b.
Bephnemca Teneph KO BTOpPOMY mnpepJoKe-
HH0, cGOpPMyYaHpOBaHHOMY B m. 231:
Teopema 4. [Jea yeaa ¢ coomsemcm-
BEHHO NAPAANCALHBIMU U 0OUHAKOBO _Hanpasaen-
HOLMU CMOPOHAMU PABHYL.
~ lokasateabcTBo. IlycTb CTOpOHHI
yr.ioB AOB u A’0O’B’ na puc. 330 mapan-
JeJbHH I OXHHAKOBO HanpabieHbl. CoeflHHHM
BepwiHBl YroB O .1 O’ orpeskom 00'; Ha
croponax OA n 0'A’, OB u 0'B’ oraoxuM
COOTBETCTBEHHO paBHue orpesk 0A=0'4A’,
OB =0'B’; B uethipexyroabunke 00'A’A cro- :
ponpt OA 1 Q’ A’ paBHHI 110 OCTPOEHHIO H NIapaJ- " Pue. 330.
Jeabh, nosroMy (00’A’A—napannenorpamm .
(cymwecrBenHo, uto OA u O'A’. oxnHakoBO Hanpameﬂm T. . OA
n O’A’ nexar no oauny cropony or 00’). 3naunt, orpesox AA’
pasen n napaanened 0O’. Orpesok BB’ Takxe paBeH H.napanJe-
aed 00'. Tlostomy AA’-u BB’ —pamme H napaafenbHble MeXRY
coGoii orpe3kn. Yernipexyronshuk AA’'B’B npencrasaser co6oii na-
pa:ie;10rpasm. Tostomy- AB=A'B’.- B tpeyroasnnkax OAB, 1
0’ A’B’. Tpu napul paBHHIX CTOPOH,. U TIO3TOMY TPEYrOJbHHKH PaBHH..
3naunr, pamm i yrat 0.1 .0’, uTo H TpeGOBaNOCh JAOKa3aTh.
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233. B3aumHoe pacmoJiomeHye AByX muockocreit. B criay akcnoms:
dee naockocmu, umeoujue obuy0 MOUKY, UMEOM 00WYI0 npasmyo —
BO3MOXKHBL JIHLIb ABA C.Iy4asl pacinosloxeHus miaockocreii: 1) naocko-
CTIl HMEIOT OOWY MNpsAMyl0, T. €. nepecekaioTcs; 2) MJIOCKOCTH He
HMEIOT HH OAHOil obuleil TOYKH, TaKiie IVIOCKOCTH HasblBaloT napai-
aeasnemu. CylecTBOBaHIe MapamiebibiX MJIOCKOCTell BhiTeKaer H3
cleaylomero nocrpoerist. Boabmem ’
B mJjockoctH A (puc. 331) xakue-

D
Pue, 331, Puc. 335.

audo ape nepecexaouitiecst npamue a 1w b, Yepes Touky M, me
NPHHATIEKAMYIO ILIOCKOCTH 2, NpoBegeM npssute a’ u b’, cooreer-
CTBCHHO napa.aeashble JaHHbiM, TToxaxes, yto niockoctb A, co-
Repicawas 5TH NIpsivpie, napaclielbia naockocti A, MeficTpiteasHo,
ecait Obf 3TH ILIOCKOCTH Nepecekaich Nno HEKOTOpoit mpsivoil ¢, To
3Ta npsMasi, InpHHallexa ILIOCKOCTH A/, nepecekatach Gbl HO
Kpaiineii Mepe c oaHoil 13 npsaMblXx &' u b'; Takasi Touka nepeceye-
HHs Obls1a Obl TOYKOIl NepeceueHUs! ORHOIl 13 3THX HPAMBIX C IJO-
ckoctbio A. Mexay Tem o0c mpsMble 1O NMOCTPOEHHIO MapaslJIeNbHbL
naockocTH A. Taxuy oGpasoM, npeano.io:kenie o nepeceyeHHH IJO-
ckocTtelt A 1 A’ Beger k npornBopeuito. ClefoBaTedbHO, MIOCKOCTH
napaJsaeasbl. OTcioa caenyeT

[Ipusuax napaa.aeldbHOCTH nJockocTeil. Ecau dge
nepecexaiouuect npaable 00HOW NAOCKOCU COOMEEMCGeHHO napaa-
ACADHOL DBYM NEPECORQIOUYLMCT TLPAMbIM OPY20Ll 1.10CKOCHU, MO NA0C-
KOCHLL NApPAIeAbHBL.

234. CroiicTBa napa’nelnbHbLIX NPAMBIX H TOCKOCTell.

1. Ecau dse napatieisubtz n.10ckocmu nepecewerst mpemoeti, mo
AUHUL WX nepecedeHusd Napa.lie.lbHel.

" JdoxaszateasnctBo. [lycTh jaBe napa/iienabuble MJOCKCCTH A
H [ IepeceyeHb! IVIOCKOCTBIO v; TOTAd JHHIIN 1IX NMepecedeHust a 1 b
(puc. 332) snexaT B NJIOCKOCTH v H IOTOMY MOTYT OblTh JHOO mepe-
cekaoumMicst, Jnbo mnapadaenbHbIMi npaMbiMi. Ho, nphraznexa
ABYM MapaJielbHBM IIOCKCCTAM, Ol HE MOLYT HMETh OOUIHX TOYeK.
ChegoBaresabHo, OHH apaJiedbHbI.

2. Yepes moury, sexcauyyto eHe OAHHOL 1AOCKOCIMU A, MONCHO 1 pO-
gecmu  eOUHCMBEHHYI0 1.20CKOCMb, naparteavhyio Oandod (To, 4TO
TaKyi0 IVIOCKOCTb MOXHO IPOBECTH, HaM YKe H3BeCTHO). C
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HDoxaszareabctBo. Ilyerb @ u b—pBe kakue-n1116o nepece-
Kaluecsi npsiMble B IVIOCKOCTH A; NJOCKOCTH, IpOBeJleHHble yepes
Kaxayio H3 HHX I TOUKY M, JOJIKHH :-nepeceub MJI0CKOCTb, MpOBe-
JeHHy10 yepe3 Touky M mnapaJjiiiesibHO AQHHOI ITOCKOCTH, 1O TPSIMBIM,
napannenbunim a ub. Ho aBe Taxne npamse a’ || a 1 b’ || b onpenensiior
€JIHHCTBEHHYIO IVIOCKOCTh, NPOXOASAIYIO Yepes HIX, OTKYJa i creayer
Hallle yTBepiKJeHIe.

3. Ecau Ose naockocmit noposte napa/me/zbnw mpembeti, mo oHU
napaaseavtor mexcdy coboii.

4. B Osyx naockocmax A u ., nepeceKatomyuxc no npasMoil a
npamvle, napanresvtivie npasoll a, w Moabko OHU NAPANLEALHbL ap 2
dpyzy.

CeoiicTBa 3 1 4 upTaTesib JOKAXKET CaMOCTOSTENbHO.

5. Ecau naockocmu A u p, nepecexaijuecs 1o npamoil a, coorn-
6emcmeenHo napaaneabrol naockocman ' u n', mo naocKocmu A u p.

nepecexaromcs no npamoi a’, naparreabroti
npamoi a.

ar

Pue. 333. . Piuc, 334. Puc. 335.

Hna nokasaTenbCTB2 JOCTATOYHO PAcCMOTPeTh NpsAMyw a’, mo-
Jydaiomlyiocs TpH nepeceyeHHH IIOCKOCTH R € IJIOCKOCTbIO A'
(puc. 333); ona oxaxercs napamxenbﬂou Kak JIHHIH @ nepeceye-
HusT A M p, Tak W JHHUH @’ nepeceyennst A’ it p’.

6. Hpanas, naparressvras xaxdoll u3 08yx nepecexaroujuxcs. nao-
cKocmetl, napasterbHa AURHU UX nepecetenus.

HokxaszateanbcrTBo. [IposereM mIOCKOCTE uepe3 npaAMyo b
n Jo6ylo Touky M JHHHH a DlepecedeHHA JAHHBIX IJIOCKOCTel:
(pHc. 334); ona mepeceyeT KaxkAyi0 H3 IIOCKOCTeil A H @ IO mpaMof,
napajjenbHoil b, a 3HauMT, OHa nepeceKaer HX 1O OXHOM H TOfl XKe
npsiMoil; sTa npsMmas, TMpHHANTEKA Kaxuoli H3 ruiockKocTelt A 1 p,
COBNajiaeT ¢ MX JAHHHefi nepeceueHns a.

7. Ecau m u n—ckpeiyusarouyuecs npambie, mo cyuwecmeyrom
naockocmu A u A, napaasensnvie mexcdy coboil u codepxcauyue coom-
6EMCMBEHHO npamsle m U n.

IlokasartenbcTBO. BuiGepeM Ha Kaxaoil H3 ABYX CKpelf-
BAIOWHXCA NPAMHX m H n no onuoit Touke M n N (puc. 335).m
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nposejemM duepe3 Touky M mpamyio n', napanelibHYI0 npaMoit n,
a yepes Touky N npamyio m’, napamnenbnyio m. Ilepecekatouuecs
npaMble /m’ i 71 COOTBETCTBEHHO Mapasijie/IbHEl INepeceKarol{iMest
npsasMem m 1 n’. TlostoMy miockocTb A, mpoxojasiiast uepes m u n’',
napajiesbHa ILIOCKOCTH A’, mpoxoasieil yepe3 m' .1, T..e. cyule-
CTBYIOT NnapaJie/ibHble [IOCKOCTH, COAePIKallllie COOTBETCTBEHHO Npsi-
.MblE 1M H n. . ,

235, IMocTpoeHus B cTepeoMerpui, B cTepeoMeTpull, Kak # B nJja-
HHMETPIIH, 4acTO TOBOPAT O NOCTPOEHHH TeX H/H HHBIX TOYeK, IJIO-
ckocreii, npameix JuHuil. Ho 3feck yxe He uMeoT B BHLy (akTH-
YECKOrO MOCTPOEHHS C MOMOLIbIO TIeOoMeTPHYECKHX HHCTPYMEHTOB.
Ipocto mpexnoaaraioT BO3MOMKHBIM TOBOPHTb O NOCTPOEHHI MPSIMOI,
npoxojsuleil yepes 1Be JaHHbE TOYKH; IIIOCKOCTH, .Mpoxoasueit
uyepe3 TPpH AaHHble TOYKH; TOYKH nepeceyeHHs JaHHBIX NpAMOil H
IVIOCKOCTH; mpsaAMofi, N0 KOTOPOii nepeceKaloTcs ABE MJOCKOCTI;
ILTOCKOCTH, npoxojsaueil yepes AAHHYIO TOYKY NapalfesbHO AaHHO{T
IJI0CKOCTH, I T. 4. Peluexiie Mernee oueBHAHBIX 3a/la4 Ha «MIOCTPOEHIEy -
B CTEPeOMETPIH COCTOHT B aHadlu3e 3THX 331ay, BHUCHeHHH CY-
lecTBoBaHua (i yucJa) peilieHHil M pasnoxeHHH 6oJee cA0XKHOIT
KOHCTPYKUIH N2 pfx npocTeiiix onepausii, Bpole NepevncIenHbIX
BLILUC. :

3anaua 1. TMoctpouTb ToYKY mnepeceyeiust TpeX ILTIOCKOCTeil.

Pewenue. Ecan cpemsi paHHBIX TpexX INIOCKOCTeil ecTb XoTs
Obl npe mnapaj.deqbHble, TO 3a4aya 3aBEJOMO He HMEET peleHuii.
[TycTe nosToMy Kasizas napa IIOCKOCTeil H3 yHC/Ia AAHHBIX Tpex

. HMeeT npsmyio mepecedetiisi. PaccMoTpIM JlHIIO TniepeceueHist ABYX

Puc. 336.

miockocteii, Hanpumep A H p (pHc. 336). dra npAMas @ no OTHO-
LIeHHI0 K TpeTbell IVIOCKOCTH v MOXEeT 3aHHMarh J000e H3 Tpex
nosoxeuuit: 1) ecau af|v, To npsAMas 1 MIOCKOCTL He HMEIOT OGLLHX
TOYEK I, TAKHM 00pa3’oM, TPH IJIOCKOCTH He MEpPeceKkalorcsi; uynraresib
MOKaXeT, YTO BCE TPH JIHHHH. HX INONApHOrO nepeceyeHHsi napas-
JeabHbl (pHe. 336, a); 2) npAMaA a JeXHT B IVIOCKOCTH.v; Toria
BCe TPH.M/I0CKOCTH .iMeiloT ofuiyio npsamyio. a.(puc. 336, 6), 3ataua
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uMeeT GeCYHC/ICHHOE MHOMKECTBO pelleHHi, TaK KaK Kaxnaad TouKa
npsaMolt @ fBAfeTCA OAHOM H3 TOUEK NepeceyeHHs TPeX NMJIOCKOCTei;
3) npsaMast @ HMeeT ¢ IVIOCKOCTbIO v eIHHCTBeHHYIO obuyio Touky M;
B STOM C/lydYae, KOTOPHi c/ejyeT paccMaTpHBaThb Kak HauGouee
obuuii, TPH NJIOCKOCTH HMEIOT emmcheHnyo TOUKY nepeceqemm M
(puc. '336, 8).

3a11aqa 2. ]_Iaﬂbr HpﬂMbIe a, b, c. Tlposecti npsmyto, nmapan-
Je/IbHYI0 MpsAMolt a W nepecexkaomyto Apyrue aaHHble npsiMule b o c.

Pemenne. YKaxeM niaaH noCTPOGHHSA, -HCCAEAOBAHHE e pas-
JAHYHHIX C/y4aeB OCTaBHM unrtaTenio. Uepes npsmMble b H ¢ npoBeneM
NI0CKOCTH, NapajjiefbHbie NpsAMOii a (3TO NOCTPOEHHE OJHO3HAYHO
BBHIMOJIHHMO, €C/IH NMPAMBE a M b, a Takxe @ U ¢ cKpemuBalouiHecs),
JhiiHua ux nepeceueHus (BCerpa Jin OHa cyuy.ec'rsyeT?) H MOMKET JaTh
pelienye 3aaun (ec/n He OKaxercs NapalieJbHOH ORHON M3 nps-
MHX b, c).

§ 2. TMepreHaUKyAAPHOCTH MPSIMBIX M MIOCKOCTE

-236. IMepnenpnkyasp K IJOcKocTH. B mjanuMeTpHH NOCTpPOCHHe
nepneHaHKy/Aspa OCHOBAaHO Ha TOM, YTO OH COERHHSET JAaHHYIO TOUKY
Il TOUKY, CHMMETDHUHYIO C Heil OTHOCHTE/NBHO PaCCMATPHBAEMOIT
npsvoil. EciH MBI XOTHM COCTaBHTb NOHATHE O HepPHeHAHKYasipe
K NJIOCKOCTH, TO MOXHO B3AThb JIOGYI0 TOUKY, J€Kallylo BHe 3TOif -
MJIOCKOCTH, OTPa3uTb 3Ty TOUKY B JAaHHOM IJIOCKOCTH, KaK B 3ep-
Kaje, H COeAHHUTb JAHHYIO TOYKY C €e OTpaKeHneM; TOrja MOoJyuHM
NepneHANK YA K naockocTH. Cienyer, ORHaKO, 3aMeTHTb, YTO B CJy-
yae OTPaKeHHS OTHOCHTEJHHO NPAMOil BCe AeJO0 CBOAWIOCH K CrHOY
IVIOCKOCTH BAO/b NaHHOH NPsMOM, T. €. K ABHIKEHIO0, X0Td H npo-
H3BOZAHMOMY B npocTpaHcrBe. OtpaxeHHE e B IVIOCKOCTH YyXKe He
CBOAHTCA K ABHxKeHHI0. ITosTOoMy m3/10XeHHe Bonpoca O mepreHfi-
KyJspe K-NJIOCKOCTH CJ/IOXKHee COOTBETCTBYIOIETO H3/IOXEHHS BOM-
poca o nepneHAHKyJspe K npaMmoii B nJja-
HIIMETpHH, OHO OMHpaeTcd Ha c.ne.uyxomee
H3BECTHOE YHTaTeNio

Onpenenenne. [lpamas HasbiBaercs
nepneHouKyAApoM K naockocmu, eciu OHa
nepneHANKyNApHa K J10GoA npAMoii, Je-
)Kauleif B 3TOH MJIOCKOCTH.

Tak Kak yroa Mexay ABYMs CKpeulnBaio-
UIMHCA MPSIMBMH PaBEH IO OMpeNeNeHHio . Pnc 337

CYIAY MeXAy NepeceKalOmEMHCS TNPAMBIMH, '

napajn/e/bHBMH JIRHHBIM, TO TIpAMast a (puc. 337), nepneummy:mpnaﬁ
KO BCeM NMpsMbM m, m’, m”, ... IJOCKOCTH A, NPOXOAAIIHM Yepe3
TO'll\y M, ‘nepeceuenust TPAMOil @ ¢ MJIOCKOCTBIO A, Oyzer nepne-
mmynﬂpﬂa H K IJI0CKOCTH A. JleficTBUTENbHO, OHA o6pa3ye'r npAMoit
yroa' ¢ moGoit mpamoii- B miiockoctH A, TaK Kak oHa nepneHauKy-
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JipHa K npsmoii b’, npoBeleHHoll B 3TOl MJIOCKOCTH yepe3 Touky M,
napaJjjeibno b. B JeficTBHTEJBbHOCTH HMEET Mecto ropasgo Oodee
npocToil _

ITpusumak nmepneHJHKYJASAPHOCTH NpsaMoil H nJao-
cKocTH. Ilpamasa, nepnendunyiapuas- K 08ys nepecerqioljimcs
nPAMOLM 1LAOCKOCTU, NePReHOURYAAPHA K 5MOll NAOCKOCTU.

HdoxasatennctBo. [lycts Ha pic. 338 mpsimas a nepnel-
JHKYJpHa K JBYM IepeceKkalou(HMCsl NPAMBIM m 1 71, JIeZKauliM

M B mjaockoctii A. B cuay cpenau-
\ HOTO BblIIE 3aMeyaHUs MhI MOKEM,
He Hapywas oOLlHOCTH, NpeAno-
JIOKIiTb, YTO NpAMaA @ NPOXOANUT
yepe3 Touky M, mepeceyeHus nps-
MbIX m u n. Tpebyercs nokasarth,
YTO MNpsMas @ NepneHInKy’Isapua
K J000il npsaMoil p IJOCKOCTH A;
B CILJIy TOTO ke 3aMeyaHHSl MOXKHO
Mpeano.10;KHTb, 4TO IPsiMasi p 1po-
_ xoput uepes Touky M,. Caeaaem
clefyolte BCIOMOrarelbHble fio-
CTpOEHIIA: Ha UPAMOIl @ BO3bMeM
NIPOU3BOIbHYI0 TOYKY M M TOYKY
Puc. 338. M’ wua npopoxxennn MM, no
APYTYIO CTOPOHY ILIOCKOCTH A na paccrosunl MAM, oT Toukn M,.
Tpu npamvle m, n, p B IVIOCKOCTH A nepeceyeM KaKoll-1uGo npsiMoil
¢, He npoxoxsueil yepes M,, ToukH nepeceyeHisi 0GO3HAYHM COOT-
BerctBeHHo P, @, R. Coepunum Touku M u M’ ¢ Toykamu P,
Q, R. Tpeyronpunku MM,P u M'M P paBHbl, TaK Kak OHI nps-
MoyroJibHbie, Katetel MM, 1 M'M, paBHB IO NOCTPOEHHIO, a KaTeTr
M,P obwuil; sHauur, paBHEl H HX THOOTeHY3bl: MP=M'P (mMOx-
HO ellie npoule 3aMeTiTh, yTo M’'P = MP, KaK HaK/JOHHLIE C paB-
HbiMH npoekunsaMu). Orpesku MQ, M’'Q Taxxe paBHbl. 3Haumr,
.pabubl Tpeyroabiukin MPQ u M’'PQ (no Tpem ctopoHam). Orcioaa
3aKJI0uaeM, 4To pasHbl Tpeyroapuukd MQR 1 M'QR: y nux Mexay
paBubiMi cropodaMi MQ 1 M’'Q u ofueit cTopouoit QR 3ax/wueHsl
pasuble yrab: £/ MQR =/ M’QR (cooTBercTBeHHble YIJIbl B PaBHLIX
TpeyroJbHikax). Tenepp yxe BHAHO, YTO PaBHbl Il TPEYTOJbHHKI
MMR u MM R (no Tpem croponam). Takum o06pasoM, yribi
MMR u MM R paBHbl, H TaK KaK OHH CMeKHble, TO KamAbll H3
HHX NpAMOfl. YTBepxleHHe LOKa3aHo.
K 000 npanod soxcno nposecmu nepnenoUKYAAPHYO NAOCKOCb.
-~ B camom necte, Bo3bMeM NpPOH3BOLIYIO OPSMYIO # B J0Goil ee
TOYKe HpoBeJeM K Heil ABa Kakux-i1HOO NMepneHmuKy./spa (Jexauine
B KakHX-AHOO ABYX NJIOCKOCTSX, NPOBEJEHHLIX uepe3 3Ty NPsIMYIO).
Yepes nuxX, Kak uepe3s XnBe mnepeceKalouyiecsi npsiMble, NPOXOAHT
naockocte. Ilo npeawaymenmy, aannas npsmasi CAyXHT NEpHeHAUKY-

-
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ASPOM K 3TOil miockocTH. M3 npoBepemHLIX paccyKIeHHIT Takke
C/IeflyeT BBHIBOL: 6Ce npamvie, nepneHOUKYyaapHole Kk OaHHOL npamod
e 00HQU u3 ee mouex, aexcam 6 OOHOLL naocKocmu, nepneHoUKyasproil
K amoi npamoi.

B moboii mouke naockocmu maxyce MOXCHO G0CCMAsUMb nepher-
dukyaap K Heil.

Ina sToro pOCTaTOYHO MNpPOBECTI! 4Yepe3 AaHHYI0 B HJIOCKOCTH
TOYKY JiBe TpsMble, Jexauliie B 3Toil MJI0CKOCTH, & 3areM. INOCTPOHTH
B ToOil e TOUKe J[Be IVIOCKOCTH, MepNeHAHKYJSAPHbe K NPOBeieHHbIM
npaMu. MiMest o6uyio TOYKy, 3TH ABe IIOCKOCTH INepeceKyTcsl Mo
npaMoii, Kotopas GyAeT OJHOBPeMENHO NepNeHAHKYJspHa K JBYM
NepeceKalouMC NPAMLIM B MJIOCKOCTH H, C/IeJloBaTelIbHO, TepreH-
AUKYJAApHZ K €aMoil MJOCKOCTH.

237. Mepnenaukyasp M HakJoHHble. BospmeM Kakyio-anbo mio-
cKocTh A it Touky M, He npuHapiexamyio et (puc. 339). Ilycrs
MM ,—nepueHANKYAAP K NJOCKOCTH A, NpoBeJeHHblil yepe3 Touky M.,

4

M

Pnc. 339. Puc. 340.

3nech MHl yrotpeb/aseM CJIOBO «neprneHaHKyaAsap», HMes B BHAY TaKIKe
orpezok MM, npsaMoil, nepneHgHKYJASIPHON K IVIOCKOCTH, MeXAY
Toukoit M u Toukoii M, ee nepeceyeHHs C IJIOCKOCTbIO (OCHOBaHHEM
nepnenaukysapa). Coeguusis gpyrue toukn A, B, ... maockocti A
¢ Toukoit M, moayunm otpesku MA, MB, ..., Ha3bBaeMble Ha-
Kaonnomu, Kamxpaas H3 HAKIOHHBIX JJIHHHee NepHeHAHKYyJspa.
Orpeskn M A, M,B, ... Mexny OCHOBAaHHAMH HaKJOHHBIX It
OCHOBAHHEM TNepHeHANKYJAfpa Ha3bIBAIOTCS 1POCKYUAMU HAKAOHHOIX.
H3 deyx nHarxaonnoix Goastue ma, y xomopotl 00abwas npoexyus
(cpaBHHBaIOTCA HAKJOHHBIE, NMpOBeleHHbe H3 OAHO{T Toukm). Bepuo
H ofparHoe: 60abwan u3 08YX HAKAOHHBIX, NPOGEOEHHBIX U3 OOHOL
mouku, usmeem u Goavuiy Npoexyuio.
Cq)opmympyem H JIOKaXeM TeopeMy «O TPeX MepneHAHKYIspax».
Teopema IIpamas, npogedennas Ha naockocmu 4eped OCHOGA-
HUe HAKAOHHOL, neplenOUKYAAPHA K ee Npoekyul mozda u moasko
moaaa K020 OHA NnepneHOUKYAAPHA U K CAMOU HAKAOHHOL.
lloxasaTebeCTBo. Ilycre npsmast a (puc. 340) nposenena
B mIockocTH A nepneHaukyasipuo x M,A (wau MA); Torna omna
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nepneHaukyaspHa n k MM, (kak Bcakasi npsmas B A) #, 3HaunT,
neprneHAHKY/JApHa OJHOBPEMEHHO K JBYM HemapajJeJbHLIM nps-
MeIM MM, u M A (uan MM, 1 MA) naockoctt MM, A. Tostomy
oHa nepneﬂmmynﬁpﬂa KO BceM NpSMbIM mjockoctin M M A (uKca-
Moil 3TOI mJockocTH). Mbl pokasanH, yTo npsimasi, NpoBeaeHHas
B HEKOTOPOI IJOCKOCTH uYepe3 OCHOBaHHe HAKJOHHOH nepneHpuKy-
A[pHO K ee NPOEKUHH HA STY NLIOCKOCTb, NEPNeHAMKYJIApHA I K ca-
Moil HaK/IOHHOI (i o6paTHO).

o cymecTBy, noHsTIle HaKJIOHHOIT He HIPaeT BaxHOI poJH B 3Toil
Teopeme. [1si Hac BaxHO, 4TO Muockoctb MM A conep:kut nepne-
AMKyaap K Aapyroii miockoet A (puc. 340). Teopema e Hawa
JOKasblBaeT, 4TO I BTOPas ILTOCKCCTb A COJCPIKHT NEpneHauKkyJaap
K .neppoil naockoctd. Mrak: _

Ecau o0dna us dsyx nepecexaiouyuxca n.aockocmed codepycum nep-
neHouKyap K Gp yeoti, Mo W mopas NAoCKocHb codepxcun nepnendi-
Ky.a4p K nepsod.

- 238. Yroa Mexay NpaMoil H ILIGCKOCTbIO. Ha noustin ITPOCKINH
HaKJ/IOHHO!l OCHOBaHO ONpeseseHile yIJa Me:x 1y NpAMoil H JI0CKOCTbIO.

Onpepneaenne. Yeaosm mexdy npavod aurued u n.ioc-
KOCrilbi0 Ha3plBaeTcst yroad Mexay 3Toil nps-
MOl 1 ee npockuneil na JaHHYIO M.10-
CKOCTb.

Ha puc. 341 n3oGpaxeH yroa a Meix-
1y HakJounoit AM u ee npoexueit Ar,
1a NJ0CKOCTb A,

‘HMpumevyanne. Ecan npsmas napaa-

Puc. 341. © JIe1bHa IJIOCKOCTH 1i1H JI€KHT B Heil, TO yro:l
€e C ILIOCKOCTbI0 CYHTAETCs PaBHBIM HYJIIO.
Ecan ona nepneHaHKyaspHa K IJIOCKOCTH, TO Yro oGbsB.sercs
NIPSIMBIM (npeubmymee onpenedenlie 3jiecb B OYKBAJIbHOM CMbICAE He-
npumennymo!). B ocraibHuix CIy4anx NoApasyMeBaercs OCTPEHIl yro.
MexKAy npamoii H ee npoekuneii. [Tostomy yeo.r sexdy npasod u nao-
crocmbio Huro2da He npegouuaem npamozo. Ewe 3avernm, yro 3iech
BepHee TOBOPHTbL O Mepe yria, a He o0 yrue (nencumrenbno, peub
HIeT 0 Mepe Harjona NpSAMOil K MJICCKOCTH, NOHATHE e yria Kak
n;ockoil ¢urypsl, orpasiyeHHoii ABYMs JyyaMH, He HMeeT cioJa npsi-
MOTO OTHOLLeHH ).

Y6eaumes eue B OJHOM CBOJCTBe oc1poro yma Me,x,ly npmtou
Jinneil H NJI0CKOCTHIO.

H3 ¢cex yaaoe, o6paaoeaunwc JauNHOl nPaMoii U 6Ce803MONCHELMIL
RPIMBIMU 8 NAOCKOCMIU, Y20.1 € npoesyuels OaHHOL NPAMOL HaUMeHbWILE .
- JNoxkasateabcTBo. Obparumesi- K puc. 342. Ilycte a— nan-
Haa npsAMas, /m—ee NPoCKuHs Ha NJIOCKOCTb A, n—MNpPOH3BOAbHag
Apyras npAMas B NJIOCKOCTH A (Mbl nposesn ee st yaoGCTBa yepe3
TOUKY ' A nepeceueHHs  MPSIMOAl @ C MIOCKOCTbIO A). OTjoxkuM Ha
‘npasoii -n- orpesok AN, = AM,, T. e. paBHuIl -OCHOBaHHIO -HaKJO0H-
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Hoft MA, rae M,—npoekuus ogHoOit u3 TOYeK HakJoOHHOI a. Toraa
B Tpeyroabuukax AM,M u AN,M g8e ctopounl paBHH: cropona AM
obwmas, AM, u AN, paBHbI no nocrpoennio. Ho Tpetss cropona MN,
B TpeyroabHuke AN M Goablue Tperbeit croponst MM, B Tpeyrosib-
Huke AM M (HaKJIOHHaH Gosblue nepneHanKyaspa). 3Ha'-lHT H npo-
Tusoexamuii yroa f B AAN,M Gonblue cOOTBETCTBYIIIETO YIVa &
BAAM M (cm. n. 217) p > a, 4to n TpeGosanoch AOKa3aTh.

.Yem MEHOY NPAMOL U NAOCKOCMBIO —3MO HAUMEHbUIUL U3 Y2103
- MexOy OaHHOL NPAMOL U 6CE803MONMCHBIMU NPAMBIMU 8 NAOCKOCHIU.

CnpasepiuBa u Takas

Teopema. Ocmpbtu yeon mexcOy npamoil, sexaweli 8 naockocmu,
u npoekyuel RAKAOKKOL HA 3MY NAOCKOCMIb MeHblie Yena Mescdy smod
npamol u camoli HAKAOHHOL.
~ JokasarteabcTBo. [lycrs n—npﬂMaﬂ Jexaumas B mIocKo-
cTH A (puc. 342), a—HakAOHHAA X MJIOCKOCTH, M — ee TNPOEKILHS
Ha naockocTb. Byxem paccmatpiBate mpsiMylo n Kak HAKJIOHHYO
K IIOCKOCTH, AM M torna m 6y11eT ee npoexuueu Ha YKa3aHHYIO I1/10-
CKOCTb H IO npe:lbmymemy cBoficTBy HaitgeM: /N AM > /N, AM,,
yTo i TpeGoBaoch foka3darhb. ITo Teopeme o Tpex nepmeHmnKy.asipax
BHJHO, YTO B C/yyae, KOTJa MpAMas n B MJOCKOCTH A nepneHauky-
JAfpHAa K NpOeKUHH HAKJIOHHOM (cjayuaii He OCTPOro, a NpsAMOro yria),
NpfAMas TaKKe MepreHAHKYAAPHA
H K C¢aMof HaK/JIOHHOH; B 3TOM
ciyuyae ob6a. yria, o KOTOPHX Mbl

///
FOBOPHM, NPAMble I NMOTOMY PaBHH \i\\ // /

MeXAy coBoi.
N\
\\/ 7

Puc. 342, '  Pue. 343.

_\ |

239, Csasp Mekay NepresAMKYJAAPHOCTHIO H NapanIenbHOCTHIO
npaMulX H IocKocTed. Cnpape/iuBEL cleayiolue YTBEPKACHNHSA, yCTa-
HAaB.1HBAIOLIHE CBA3b Memy napamenbﬂocrmo H. nepneﬂnuxy:mp-
HOCThIO:

1. Hee n/zocfcocmu, nepneﬂauxy/zﬂpﬂbte P oauou 1 moti e npﬂ-
MO, napanieasbyel. -

-JoxasateabcTBoO. llepes naHnyo npmuylo a (puc 343) npo-
.Benem CEeKYILYIO IJIOCKOCTb [1; B NMEPECeyeHHH C IJIOCKCCTAMH A u- A/,
no yCNOBHIO MEPNEHAHKYJIAPHBIMH K NPAMOH @, MOJYYHM ABe JHHUH
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b u b'. Kak aBa nepneHauKy/asapa K ofHoil npsamoil, Jexarie B 01HOIl
H TOil XKe IVIOCKOCTH W, OHH OyAyT mnapajsieibHbl MexAy coboil.
Hrak, B niaockoctsax A 1 A’. Mbl MOJNy4HJIH JiBe NMapaJjliebHble npsi-
Mole b n b’. IlpoBeas Apyryio CeKyuylo IJIOCKOCTb R/, NOJYyYHM
B IJIOCKOCTAX A H A’ mapbl nepecekaomuxcsa npsmsix b, ¢ u b, ¢
COOTBETCTBEHHO Napalle/ibHbIX APYT APYTY, 4TO I AoKasblBaeT HapaJI-
AeJbHOCTL naockocTelt A u A,

2. Ilpanas, nepnenOuryafipnas K 0OHOU U3 0BYX NApaIIeAbHbIX
naockocmet, nepneHoUKyAnpHa u K 0pyeod.

3. llepnenduryaspol, nposederiste K 1NAPALIEAbHBIM NAOCKOCTIAM,
napaasesvuvt. Iaockocmu, nepneniurkyrapuvie K napasiesvrols npa-
MbLAL, napasnesvtot.

Jloka3aTesnbcTBO cBOiCTB 2 1 3 mpeJocTaB/isieM YHTaTel1o0.

4. Ilpoekyuu napainesbHbix npasbly HA NAPAIIEAbHbIE NAOCKOCMU
napaaneaprol. '

IHoxasateabctBo. Ilyctb mpsiMple a M o’ mnapasieibHBl
1 miockoeTit A 1 A’ Takke mapaaaenbunt (puc. 344). Jlas nocrpoe-
HHsl NPOEKLHH NPAMOIl @ Ha IJIOCKOCTb A ONYCTHM 113 J110GoIl ToukH M
npaMofi a neprneHIHKyJAp Ha IIOCKoCTb A, IIpoekinio MOXHO onpe-
JeJHTb KaK Nepecedenne IVIOCKOCTH, coiepiauleii npaMYIo a H 5TOT
HepneHAHKyasip, ¢ AaHHoii nJjockocteio A. Ilpn analoriyxoM no-
CTPOCHHH BTOPOIl MPOEKUHH ILIOCKOCTb, COjepiKawiasi npsamyno a’
Il NeprneHAHKy.asp, ONyuleHHbi H3 OJHON H3 ee ToueK Ha A', Gyxer
napajyiesibHa TaKoOil XKe ILIOCKOCTH B IOCTPOEHIH NepBoil HPOeKLHH.
O6e npoekuuu OyayT napaiieldbHbl, KaK JUHII NepeceyeHns nap
COOTBETCTBEHHO NapajJesbHbIX NJAOCKOCTEH.

Puc. 344. . Puc. 345.

240. O6muil NEPNeHAMKYJASP ABYX CKPEUHBAIOMHXCS NPAMBIX.
TMokaskeM, yTO HJis ABYX JaHHHIX CKDELWMBAIOWHXCS NPAMBIX CYyile-
CTBYeT CIHHCTBeNHLIT o0uinil nepneHAHKYJAp, T. €. elHHCTBeHHas
npsiMas, Koropasi He TOJNbKO 06pasyeT ¢ AQHHBLIMil IPAMBIMH NIPsIMbIE
YIabl, HO H MepecekaeT Kaxayio H3 Hux. IlpexcraBum ceGe, uto
yepes CKpeu(HBalolHecsi TNpsiMble M I 11 NpPOBeJeHbl NapaJljiebHHE
naockoeTH A u A’ (puc. 345). Beskas npswmas, nanpumep AA’,
nepnenjHKyasipHas K STHM IUIOCKOCTAM, OyHeT YiKe, NepreHAuKy-
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JAfpHA K JaHHBIM TPSMBIM, HO, BooOWie roBops, He Mepeceyer HX.
Ecai, ogHako, mpoBecTH uepe3 MPSIMYIO # IJIOCKOCTb WU, Napasiesib-
Hyo npamoit AA’, To oHa nepeceyeT BTOPYIO H3 CKpeLIHMBaIOUHXCSA
npsaMblX n B Touke C’. IlepneHaukyasp K IJIocKocTsM A H A’, mpo-
' BEIEHHBI Yepe3 3Ty TOUKY, H OYZeT HCKOMBIM: OH He TOJIbKO o6pa-
3yeT ¢ m H n NpsIMBle YIbl, HO M NepecekaeT oGe 3TH npsmele. Ero
MOXHO TaKiKe TOJYUHTb KaK JHHHIO NepeceyeH s ITocKocTelt p 1 n',
NPOXOAAWMHX COOTBETCTBEHHO Yepe3 JRaHHBIE NPAMBIE m H n napaj-
aenbHo npamoit AA’. Haiigenueiii nepnenanky.asp aaet Kpatyafimii
NyThb OT OZHOIl mNpsAMOil K Apyrofi. AroT Kpatyaifwili NyTe paBeH
PaccTOAHHIO MEXAY Napaies]bHbIMH MJIOCKOCTAMH, 3aKJIOYaloLuMH
JaHHbE JBE TNpsiMble. ’

3anaua 1. IBa paBHoGeIpeHHBIX MPAMOYTOJbHHX TPEYTOJbHUKA
ABC n AB’C umeior ofuyio runotenydy AC=a, NJIOCKOCTH ¥Ke
TPEYrOALHHKOB B3aMHO NEpeHAHKY/IAPHbI. Haitru xparuaifiuee pac-
CTosfiHHE MexAy HX ofuleii runotenysoit u auuneii BB’, coepunsio-
mefi BepIIHB NPSIMBIX YII0B. :

Pewenwue. Ilposenem Bhicot BH u B'H JAHHEIX TPEYroib-
Hukon (pHc. 346). Tpeyroabuuk BHB' pasHoGeapenHblil H mpsiMo-
yroabuuiit  (o6ocHoBath!). Ero Beicora HH, nepneHmnkyJsipHa

y A

" Puc. 346, ' Puc. 347.

onHoBpeMeHHO K oGenm npamem AC u BB’ u nostomy siBasercs
o611 HM MEPIeHAHKYAAPOM STHX NPAMHIX. Paccromme HH,—uckomoe.
Jlerxo HaXOAHM -

—AC
a

V 3 V“z T ey’

3apaua 2. Cropona BC TpeyroanuKa ABC nexur B mio-
ckoctH A, BeicoTa AH =N TpeyroJbHHKa HAKJOHEeHa K IUIOCKOCTH A
noga yriaoMm o. Haiitin yrael Hak/ioHa ero cTopdH AB—-c Ly AC=b
K NJAOCKOCTH A.

Pewenne. Onyctum u3 Bepumnnl A Tpeyroapuuxa ABC nep-
nenaukynap AM Ha niockoctb A (puc. 347). B Tpeyrosnbnuke npo-

BejieHa Boicora AH =h, npuuem mo yenosmo ZAHM = a. Haxogum
AM =hsina. Tenepp H3 NPAMOYTOMbHBIX TpeyroibHukoB AMC

HH,=
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n AMB onpenensieM CHHYChl HCKOMBIX YIVIOB:

h . h .
smﬂ—-Fsma, siny=-—-sina.

b

3anaqa 3. JBe HaxkJOHHbE, NPOBEJEHHLIE K IJIOCKOCTH A H3
oanoii i Toit xe Toukn M (puc. 348), HakJoHeHB! K Heil moa yraa-
M o i . OnpezeanTb yroa MemxRy
NpoeKUHsAMH HaKJIOHHHX, €CIH Ha-
KJoHHbBle 00pasyrT Mexay coboil
yroa ¢ (c BepuwnHoil B M).

Peweunue. Ilycts TOuka M,
I3 KOTOpOil MpoBejeHbl HaKJOH-
Hble, OTCTOMT OT NJOCKOCTH A Ha
paccrosune h. Torza piaunbl Ha-
KJ]OHHle COOTBETCTBEHHO PaBH&l

Puc. 248. MA=—""— el HB— fi , @ ILIIHE

hx npoesunii Myd=hctgen M,B=hctgp. B Tpeyrmbmme MAB
cropona AB onpejesieTcsi no TeopeyMe KOCIHYCOD:
AB =" + ."i Y P cos e,

sin? ¢ sin® sin @ sin B

. . ho, 0 . ho . )
Tamm oGpaaom p = arcsin (—smq.), = arcsin (_—c-sma).

2 3aTeM MO TOil e TeopeMe HAXOANTCA KOCHHYC HCKOMOTO yriaa ¢
u3 Tpeyroibuuka M,AB:

— AB*4 M A2+ M B* _ cos @ —sin a sinf

cosp= 2MyA-MyB T cosacosp

Ynpamuenns

1. Hakaounas pomuu 10 o6pasyer ¢ naockoctbio yroa 30°, Kakoit yroa obpa-
- 3yet (:2 TI0CKOCTBIO HAK;OUHas, RpoBEjennas H3 TOM e TOMKM, €CMl e AnMna
pasHna 20?

2, M3 nekoropoil "TOYKH II0CKOCTH nposelesl Asa Jlyua, 06pa3syIoIHX - ¢ 11710

CKOCTLIO yri, pashsie 30°, a Mexay coboit yroa » 60°. Haiita )rm MEAAY RX
NPOeKUHAMH Ha I110CKOCTD,

3. Ilsa paptoCTOpOHIIX 'rpeyronmmxa HMeIT oﬁulylo cropony' paccrosnue
MEKIY HX BEPLINHAMH, HE AeK3UWMMH na olwell CTOpOie, COCTABIAET OANY TPETb
croponnl. Halith kpartuaiiilee ‘paccrosune Mexay X ofuteit croponou H annneil,
CoeqHHAIOWeli TPETLH BepuIHIlKL.

§ 3. llsyrpaﬁnbie H- Mnororpanuue yran

241. JisyrpanHmiii yro.n. ‘Jise nepecenaxomnecn II0CKOCTH paaﬁu-
"BAIOT NPOCTPAHCTBO Ha yeThlpe uacTu. Kaxaas M3 sTHX yacreii HOCHT
Ha3BaHHe JABYTPAHHOTO YFJa, OOPa3’0BaHHOTO.3THMH IOCKOCTAMI.
-~ Tounee, OsyepanHbism y2a0m HA3HBaeTCA YaCTh npocrpauc'rsa, orpa-
HuyenHas AByMs NOJYNJOCKOCTAMM, TPaHHLUell. KaKA0i 13 KOTOpHIX



242] " -§ 3. ABYIPAHHHE 11 MHOTOTPAHHHE YI.1H -529

CIYKHT HX obuwas npsiMasi. TITocKocTH (MOAyMI0CKOCTH) HA3BIBAlOTCA
zpanamu, JHHHA HX nepecedenns — pebpos ABYrpaHtHoro yraa. Jlis
JABYTPaHHHIX YIJIOB OGHLIYHEIM 06pPa30M ONpelesioTCA NIOHATHSA PaBeH-
cTBa, HepaBeHcTBa (6o/bile, MeHblle), CJIOXEHHS H BHIYHTaHNA.
ToBOpAT O cMeXKHBIX M BePTHKaJbHHIX YIJAax, NOJHOM, Pa3sBepHyTOM
H TNpAMOM JABYFPAHHBIX YIJlax; NOHATHIO GHCCEKTPHCHI YIia Mexay
NpsAMBIMH  @HAJOTHYHO MOHATHE OUCCeKMOpPHOL :
naockocmu, pasbHBawowled Kaxabld H3 ABYX
BepTHKAJbHBIX JBYrpaHHLIX YIJIOB Ha JBe
paBHble yacTH. [IpHHSB NOMHHI ABYrpaHHHI
yroa 3a 360°, sHerpyaHo 6yJieT OCylIeCTBHTD H3-
MepeHHe JABYI'PAHHEIX yIJ0B B TpaaycHoil Mepe.
Ya1o6nee, ojHako, BBecTH A/ KaXAOro Asy-
TPaHHOTO YIi1a HEKOTOpHIT MIOCKHIT yroJ, ciy-
xawit smepod aByrpanHoro yraa. ITokaskew,
KaK 3T0 JejaeTcs. _

PaccMorpuM aByrpanHblit yros Ha puc. 349,
00pa30BaHHEIl NOJAYNJAOCKOCTAMH A H B H Pue. 349.
nMetowHil . pe6po a. Bo3sbmem Ha peGpe mpo- :
H3BOABHYIO TOUKY M, H npoBeaeM uepe3 Hee B KayKjaOi NIOCKOCTH
A n p npampie M,A u M,B, nepneHauky.JspHue K peGpy yraa.
I1i npaMele 06pasyloT ILTOCKHA YroJ, NpHHHMaeMelii 3a Mepy ABY-
rpanHoro yrna. Tak Kak ofe mpsAMEle NepneHAHKYJIAPHH K peGpy
_*yrJaa, TO H TIJIOCKOCThb, B KOTOPOil OHH JieXaT, mepneHanKy;asipHa
"k nemy. ITostoMy naockuit yron AM,B MOXHO mo;1yunth, paccekas
ABYrpaHHbI yroJ NJIOCKOCTBIO v, MEPNeHAHKYIAPHOIl K ero peGpy a.
Urak, 3a Mepy aByrpanHoro yr;ia npHHHMaeTtcs MJIOCKHil yroJa, nosy-
yaemHil B INlepeceuyeHHH ABYIPaHHOrO YrJa ¢ MJOCKOCTbIO, nepnen-
JHKYJAPHON K ero pe6Gpy (Hopmaavroe Cederue RBYTPAHHOTQ YIJaa).
Tak obpasoBaHHblii maockuit yron AM,B MoxeT cCayxutb Mepoii

ABYTpaHHOTO Yrja, HOO BeJHUYHHA IVIOCKOro Yria He 3aBHCHT OT
* noaoxeHus Toukn M,. JleficTBUTEIbHO, CTOPOHBI ABYX MJIOCKHX .YTJIOB
A'M;B’ 1 AM B, noctpoeHHbIX yKa3aHHBIM BHILIE COCOGOM, NONapHO
-napanaensus: - A'Mg|| AM,, B’ M,|| BM,, 1t notoMy yrasl STH paBHbI
(yunTbIBaéM H OIHHAKOBYIO HanpaBjeHHOCTb CTOpOH). PaBHble aBy-
TPaHHEIE YIVIBl H3MepSIOTCA TaKiKe PaBHBIMH IUIOCKHMH YrJaMmil.

- B cuny npuHsaTtoro .onpejejeHHss NOJHBIA -ABYFPaHHHl yroa no-
JyuaeT B XauyecTBe MepHl TaKe IOJHBIN MIOCKH{ yroJ, pa3BepHy-
THIl H NpAMON AByrpaHuele yriasl H3MepSlOTCA COOTBETCTBEHHO pas-
BEPHYTHIM H NPSAMBIM [IOCKHMH yIjiaMu; BooGile, ecTecTBeHHast Mepa
ABYTpPaHHOro yrJjia B eHHHUAX 13MepeHHs ABYTPAHHHIX YIaOB (rpa-
‘Aycax) MONHOCTLIO COBNAJAET ¢ €ro MepoH B eaHHHUAX-H3MepeHus
MJOCKHX YraoB (rpagycax). - o D L

-242. B3aumHo nepneHauKyaspHsie miockocTh. JlBe mnaockocrn,
oGpasyiouiHe -ipAMOil  ABYTPanblil | yroJ1, Ha3blBaloTCs - 83AUMHO nep-
© nenduxkyaaprenviu. * B ‘cuiy © ckasanHoro B 1. 241 npsMoil aByrpau-
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HBIfl YTOJ paBeH CMEKHOMY C HHM Il H3MepsieTCst IIPSIMBIM IJIOCKHM
YIJ0M. ' '

[Ipusnak mepneHZUKYJASAPHOCTH nmAockocTell. [se
1NLAOCKOCMIU 83QUMHO NEPNEHOURKYAAPHEL Mo20a W 10AbKo moeda, Koeda
00Ha 13 Hux colepoicunt nepnenduryasp K& opyeotl rnaockocmu.

HokasarteabctBo. Hocmamounocms. IlycTs A—I10CKOCTD
(puc. 350), a—nmpsinasi, nepneHgUKyasipiasi K Heii, )L —IIJI0CKOCTD,
npoxoaswas uyepe3 npsaMmyio a. TpeGyercss A0KasaTb, 4TO IIOCKOCTH
A 1 | nepneHAHKYJAspHbl. JI15s1 3TOro mocTpoHM ILIOCKHIl yroa, cly-
Kalil Mepoli ABYrpaHHOTO YI.1a MeAY mockocTsz A it . BuiGupas

& F
M o
4 A
Puc. 350, Puc. 351.

ero pepiiiHy B Touke A, 3aMeTHM, 4TO OJua U3 €rO CTopoll (B
IJIOCKOCTH W) yiKe 1IpoBeelia H COBMajaeT C JAAHHBIM RepHeHmiKy-
asipos a. Tlposeaem BTopyio cTOopony m B njockocth A. [Ipunagiexa
IJ0CKOCTH A, oHa 3aBe/OMO NePNeHAHKYJASPHA K @, H NOTOMY MJIOCKHI
yyroa aM m, a Baecte ¢ TeM H JaHHbIT ABYrpaHHBll Yrosa HpsMbiC.
- Heobxodusocme. Tlyers miockoctit A 1 p (pitc. 351) nepneriau-

KyJspibl. [lokaxeM, uTo B IJOCKOCTH A COAEPIKITCA NepHeHAHKYIsIP
K niockocti p. Tlyers AMyB—nsockuii yroa AByrpaHHoro yria
MeKAy mIockKocTasy, Ilo yc/0BHIO OH JOMKEH ObIThb FPSIMBIM:
Z AM B =d. Ho no nocrpoenimo miockoro yraa AM,B uveem
takme AM, | c. Tpamas AM,, GyayuH neprneHIHKy/IspHOIl oamo-
BpeMeHio K ABYM MNpsiMbiM ILTOCKOCTH [, MNepHeHIIKYJAApHAa K 3Toit
MJIOCKOCTH, 4YTO W Tpe(oBajgoch J0KasaTh. SICHO Takike, 4TO I1o-
CKOCTb ¢ B CBOIO OYepeiAb COIEPKUT mepneHaukyasp BM, x mio-
ckoctd A. CBOilcTBO OJHOIl NJOCKOCTH COAEP:KATh NepneHAHKYJsp
K JApYyrofi MJOCKOCTHl CHMMETPHYHO—C 5THM Mbl BCTpeTIVIICh eue
B TeOpEMe O Tpex nepleHAHKYIApax.

YacTo icnodpayercst cieayioliee NpeToxKene:

Junua  nepecewenus deyx  naockocmedl,  NEPHEHOURYAAPHLIX
K mpemeetl, cana nepneHOUKYAAPHA K HEL.

JloxkazaTenbcTBO mpefocTaB/isieM YHTATeIo.

243. Tpexrpanusie yrasl. diurypa, o6pasoBanHas TPeMs Jyyai,
HCXORAULIMI H3 OHOI Touki O I He JeXal(UMH B OAHO{I IVIOCKOCTH, -
fIL TPEMA YaCTAMI{ MJIOCKOCTefi, 3aK/IOYEHMLIX MEXKAY STHMIL Jyuami,
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HaspiBaercst mpexepannoin yeros (puc. 352). Touka O HasmBaercs
écpiuunoli yrna, ayun a, b, c—ero pe6pamu, uactH TJIOCKOCTell -
(a, b), (b,c), (a,c)—epanamu. Tpann cyTb IWIOCKIE YTJIbl, HA3H-
BaeMble TaKXKe NAOCKUMU YyeAaMmu JAHHOTO TPEXTPAHHOTO yrvia. YTJIbl
MeKAY NJIOCKHMH TPaHAMH Ha3BIBAIOTCA 08Y2PAHHbIMU Y2AaMl JaHHOTO
TPeXTpaHHOro yrJia. .

Teopema 1. B mpexepannon . yeae raxcdoul naockuii yaoa Mewouie CyMmst
Jdsyx Opyeux. : . o
HdoxaszateancTBo. JlocTaTouHOo J0oKa3aTe TeopeMy JAAa HauGoMbiiero H3
niaockux yraos. Ilycts / ab—nanGoabuii niockHil yrosa TPexrpaHHOro yraa Ha
pue. 353. TIloctponm B mJiockoctH (a, b)
yrox bb’, pasumil yray be; ero ctopona b’

4
0%
b 4

/4

Pue, 352, . Puc. 353.

npoiizer BHYTpH yraa ab (n6o yrot ab HanGo.bwHii U3 MIOCKHX yraos!), OTroxHM
HA DPAMHX ¢ M b’ Kaxue-1HGo pasusie oTpeskn OM;= OM,. IMposegem uepes
TOYkH M; B M, npoH3BOJBHYIO MIOCKOCTb, NMEpeceKaloylo JyuH @ H b B Toukax
N n_ M cootBercTBenHo. -

Tpeyrombnukn OMM, u OMM, paBHH, Kak HMeIOUlHE PaBHLIE YIVIH, 3aKJI0-
uyeHHHE MeXAy PpaBHLIMH cTopoHamu. [Tokamenm, uTo yroax ¢ BepwsHoit O B
A NOM; Gonbwe yraa c¢ roit e BepwHHoit B A NOM,. JleiicTsuTenbHo, 9TH
YTJH 3aKJIIOYEHBl MEXKLY NapaMi PaBHEIX CTOPOH, TPeThsl XKe CTOPOHA 6oblie B Tpe-
yroasuuke NOM;: )

NM; > NM—MM,=NM,.

Orcrona BHJIHO, YTO CyMMa IBYX MJOCKHX YIN0B be H ac 6oablue TPEThEro NJIOCKOro
yraa ab, uTo H TPe6OBaNOCL NOKAa3aTh.

Teopema 2. Cymma niocKux yz2108 MpexepanHroc0 yeaa MeHblle Hemolpex
npamsix. O

JdokasarenbcTro. Bo3bMem Tpr Toukn A, B n C Ha pebpax Tpexrpan-
HOTO YIJ1a H NMpoBeJeM uepe3 HHX CEKYLIYK IIOCKOCTb, KaK NMOKa3aHo Ha puc. 354.
CymMa yrioB TpeyroabHuka ABC pasna 2d. CieloBatesbHo, CyMMa WIECTH YIJIOB
0AC, 0AB, OCA, OCB, OBC, OBA 6onbuwe, ueM 2d (Tak Kak no npeawayuneit
Tcopeme [/ OAC_*_(,‘ 0AB > / BAC, /[ OCA+ / OCB > / BCA, [/ OBC--
+ £ OBA > / ABC). Ho cymma yraos 1pex Tpeyroaeuukos OAB, OBC, OCA
B TpaHAX TpexrpanHoro yraa pasHa 6d. Takuu o6pa3oMm, Ha ROJIO INIOCKHX YIJIOB
. TPeXTPaHHOTO YIJa OCTaeTcs MeHpile UeThipeX npawux: / AOB-+ / BOC 4-
+ £ COA < 4d. 3ta cymma. MOXeT 6HTb CKOJb YTFOXHO Manoil («TpexXrpanuuii
WAHALY) HAH CKOAb YropHo Gausxoit X 4d: e¢ciM yMeHbUIATh BHICOTY NMHPaMBIH
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SABC na puc. 355, coxpanaa ee ocioBaHiie, TO CyMMa MJOCKHX YIJI0B NpH Bep-
utne S 6yaer ctpemutbes k 4d. ' '

CyMMa AByFrpauiibiX yIJ0B TPEXTPAHHOTO yIfa TaKkme HMeeT rpahunu. $cuo;
YTO KamIuil M3 asyrpausbx yrios < 2d M notomy cymma ux Menee 6d. Haa
TOil e nupavMuIsl Ha puc. 355 3Ta cyMMa 1o Mepe yMeubuleuns BLCOTHI MHPaMIAb
upub.utkactes K cpoefl rpannue 64, Moxno Takie nokasaTb, uTO Cymma 37a

R [} .

!
Is

l

A

Puc. 334. Puc. 355.

gceraa > 2d, xoTa MoweT oramsarses of 24 ckoab yroiuo Mado. Takus oGpasow,
237 ILIOCKEHX N IBYTPAlLIX YIG0B TPOXTPALHOIO yT.1d HMCIOT MCCIO HePaBCeHCILL

0< Lab+Lbet+ea<dd,
2 < fatgb+/c<6bd

Hyeetcs cywecTpenoe CX0JCTBO MexAy reoMeTpiell TpeyroabHika Ha nuo-
CKOCTH H recoMeTpueft Tpexrpaiuoro yraa. IIpi 5TOM MOXHO NPOBOIHTL aHAJOTHIO
MEXY YIJaMil TPeyroJabHUKa H IBYTPANHBIMH YIIaMH TPeXTPaHHOrO YIi1a, C 0ol
- CTOPOHLL, H MEKAY CTOPOHAMU TPEYTOAbHHKA M IVIOCKHMH YIJaMi TPCXIPaHHOro
yraa—c zapyroit. Hanpusep, npu ykasauuofi 3avene NMOHATHR COXPaHSIOT CHIY
TeopeMLl O paBeHCTBE TpeyroabhiKoB. [Tpisedes cooTseTcTByHOMME  POPMYIHPOBKH
napaJ.ieILHo; - :

Tpeyroasunuku

Ecair cTOpOHLL AByX TpeyrosuuKkoB
COOTBCTCTECHIO PABMEl, TO TPLYTOALHHKH
PaBHbL. ;

Ect B Tpeyroashukax pasHH no
HBE CTOPOHB H YIVIH, 3aKTIOYCHHLE
MEAAY HHMH, TO TPEyTOJILHHKH PaBibl.

Ecau B ABYX Tpeyroishikax pasis
N0 ABa Yraa H NPHJIEKAUHE K HHM
CTOPOUB, TO TPEYFO/bHHKH PABHH,

Tpexrpautsie yras

Ec.it nilockie yrasl ABYX Tpexrpau-
HBIX YIJI0B COOTBCTCTBCHHO paBbhbl, TO
YTl PaBHbl. . ’

Ecau. B TpCXl‘leHHb(X yr.1ax paBHul -
no 7xpa ILIOCKHX YI1a H ABYTpaHHBIC
YIasl MCAKJY HX FPAHAMI, TO TPexrpau-
Hble YIVIN paBHHL.

Ecan B apyx Tpexrpanubix yriax
paBHb MO XBa ABYTPaHHHX yraa M ILI0-
CKHe YIVIN B npHaeNaweil K HHM rpauH,
TO TpexrpauHbe YIJH paBHbl.

Ozxuako asa TPEXTPaHHBIX YIJ1d, Y KOTOpLIX DaBHH COOTBETCTBEHHBIE AByTpal-

HWE Yrau, pashu Mexy cooil. Mcomay Tem aBa TpeyroabHiuka, Ikl KOTOPbIX
COOTBRTCTBEHHO PAaBHBI, NMOZOOHM, HO HE 06:3aTebHO PaBHH. JIAs TPeXTpaHHHIX
yFI08, KaKk H A4S TPeyroabHHKOB, CTaBHTCH 3ajaya pelieHHs TpexrpaHxoro yraa,
T. €. 321aya OTHCKAHHA OJHHX ero 3JeMeHTon N[O APYFMM 3afanum, [Tpusegem
npusep nojo6Hol 3afauH. o : : o
. .3anavya. [aubl njocKHe YIVIW Tpexrpankoro yraa. Haifitu ero asyrpauuse
yrau. - v d : : :
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Pemeuune. Ornoxum na pebpe a orpezok OA=1 (puc. 356) n nporezen
HopMaabHoe ceuchlie ABC asyrpansoro yraa a. M3 npamoyroabhoro tpeyro.s-
nuka OAB naxopuM AB=tg / ab; OB='sec / ab. Taxxe nmeem AC=tg / cc,
0C =sec / ac. - . . , o _

. Ilas BC naxoamm no teopeMe Kocuhycos (n. 217), npumeHenHOll K Tpeyro.ib-
unky BAC (219 KpaTKOCTH NJoCKHe Yrau -ofo3nauaeM npocro ab, ac, be, aBy-
rpasHbie-—a, b, ¢): - . ' ‘ v
BC?=1{g?ab--tg?ac—21g abtg accos a.

Teneps npiveHHM TeopeMy KOCHHYCOB K TpeyroieHnxky BOC: -
BC?==sec? ab-}- sec? ac — 2 sec ab sec'ac cos be. -
-Moxyuny . 7 o T S
sec? ab -} sec? ac — 2 sec ab sec ac cos be=1g® ab-+tg?ac—2tg ab g ac cos g,
HIH . . . .
- 1--tg ab tg ac cos a=sec ab sec ac cos bc.
Orciona naxoany o
. cos be = cos ab cos ac--sin ab sin ac cos'a . (243.1)

H aHAJOTHYHO . ’ : L :
cos ac = cos ab cos bc-}-sinab sin bc cosb n T, 1.

IMo stiaM dopmyaaM MoOXHO HaliTH ABYrpaHyHe YIJbl, 3Had MIOCKHE YIabL

OtnveTny eme 6e3 J0Ka3aTeIbCTBA 3aMeyaTeIbHOE COOTHOLIEHHE
) sina__'sinb _ sinc
o sinbc - sinac  sinab’
Ha3LEIBaeMOe rmeopeMotl CUHYCo8. . e

O6Gbacuenne ray60Koll aHAJTOrHH MeEXKAy TeoverpHeil TpexrpaHnoro yraa u
reoMeTpHeil TPeYroJbHHKA HETPYIHO TMOJAYUHTb, €CH MPOBECTH CleAYIoLlee NocTpoe-
nue, TlovecTHM B BepuunHy Tpe XTpaHHOro
yraa O uenTp chep eAMHHYHOIO papnyca

(243.9)

Puc. 356. - . R Puc. 357.

(puc. ~ 357). ~Torma peGpa nepeceKyT NOBEPXHOCTb CchepH B_Tpex._Toukax A,
B, C, rpann yrna BuceKyT Ha cpepe xyru Goabwux kpyros AC, AB, BC. Ha
chepe obpasyerca durypa ABC, nasumBaeman cgepureckuss mpeyeoasruxosm, Jyra
(«<CTOPOHH» TPEYTOJMbHHKA) H3MEPAIOTCA ILIOCKHMH YIVIAaMH TPeXrpaHHOro " Yr.a,
yraH NpH BEpINHAX, CYTb NJOCKHE YIIH ABYrpaHHHX yrioB. Ilostomy pewenne
TPEeXTPAHHHIX YIVIOB €CTh HE YTO HHOe, KaK pemreHHe chepPHYECKAX TPeyroqbHHKOB,
KOTOPOe . cocTaBaser npeamer cdepHyeckoii TpuroHomerpuu. Coothowenns (243,1).
H (243.2) 4THOCATCA K YHC1Y OCHOBHMX COOTHOUIEHHH cePHYECKOIl TPHIrOHOMETPHH.
Coepnueckas TPHIOHOMETPHS HMeeT Baloe 3uaueHne Ias acrponomunt., Takma
06pa3oM, TeopHS TPEXTPAHHBIX YIJOB €CThb TEOPHS ChHepHYECKHX TPEYroAbHRKOB
H NOTQMY BO MHOIOM CXOAHA € TeOpHefl TpeyroiIbHHKAa Ha Naockoctd. Pasanwue’
STHX TEOpHil COCTOMT B TOM, uTO: 1) y CpepHUECKOro TPeyroabHmxa i yraw n
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CTOPOHH! H3MEPHIOTCA B YIVIOBOA Mepe, [03TOMY, HAalDHMep, B TeopeMe Cuilycon
¢UrypHpPYIOT He CTOPOHH, a cuHych ctopoH AB, AC, BC; 2) cymma yrios che-
PHYECKOTO TPeyroabiuka ue pasua 2d, oma Bcerga Goabiue 2d, manpumep, y
TpeyroibHHKa (pHC. 358), BbIpe3aHHOTO H3 CpepH TpeMsl B3aHMHO neprenauKy-
JAPUHMH TIOCKOCTAMH, OHa paBHa 3d.

:IIpumep. Yro1 a TpexrpaHHoro yria—npsiMoil, Mpuexamiye K HCMY TO-
ckie yran ab=-60°, ac=30°, HaiiTn ocTa;bHEIe 3JEMEHTH TPEXFPAHIOrQ yraa.

Puc. 338. Puc. 359.

Peuwenue Orioxin ua pe6pe npsMoro AByrpaHHOTO YIia 0Tpesok OA, pasimit
eXHHIIE, H NPOBEACM ucpe3 Hero HopMadbhoe ceuenne ABC. Cpasuny pupawenns
kBafipata croponst BC 53 Tpeyroipnnka OBC U nPAMOYTOIBHOLO TPRyrobHIKA
ABC (puc. 359): -

BC2=( V?)2+('-V—‘_5)“=(7_23—)“+(2>2_—2-2- V%

Haxomum cos be= V3 /4, sinbe= Y 13/4. Temepb, 3uas pce TPH MAOCKUX'
yraa, uMeeMm AAS ABYTPAHHRIX YIJIOB ) '

cos bc.

sinb_ sin¢ _ sina__ 4
sinac” sinab ™ sinbc Y13 °

HAN

o . . sinb__ sine 4
Yy V32 yi’
OTKYJIQ .
' sin b:—i__—,, . sin c=2_V_:?_; .
; Vi3 Vi3

- Brauesns caMHX Yra08 Moryt GuITh HafiAeHH! N0 TaGauuaM TPHrouoMeTpiuc.
CkHX ¢QyHKLHI.

244. Muororpaunsie yrast, Heckoabko Miockocreil, nepecexarn-
IHXCA B OJHOH TOYKe, pasGHBAIOT IPOCTPAHCTBO HA YacTH, Kamjaas
I3 KOTOPBLIX MOIKET GbiTh HasBaHa MHO202paMHbIM yzaom. Mul coxpa-
HHM Ha3BaHHe MHOTOTrpaHHOro yrJia JHlbk 33 Takoil ¢Hrypoil, orpa-
HHYEHHOMl, HECKO/IbKHMH TrpaHaMH (IJIOCKHME yraamu) ¢ ofueft
BepunHod (puc. 360), a1 KoTopoll KamABIT H3 MVIOCKHX YIVOB,'
ABIAOUUXCA TPAHAMH yrJa, MeHblle passepHytoro, Ecan eme mo-
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TpeGoBaThb, YTOOH Bech MHOTOIPAHHHI Yro.T Jiexasa 1o OZHY CTOPOHY
OT IJIOCKOCTH KaJofl 13 CBOIX TpaHeil, TO Ha30BeM €T0 BbINYKAbIM
MHOrOrpaHHbIM yrsioM. Bce TO HeMHoroe, yTo MBI 37€Chb COOGILaeM
O MHOTOTPAHHHIX yTJaX, OTHOCHTCA K BLIIYKJBIM yT.IaM. :

Mexay MHOTOrpaHHBIMII YIJIaMH H MHOIOYTOJLHHKAMH MOXKHO
HaiiTH H3BECTHBHIE AHANOTHH, KaK 3TO CAeJaHO JJ1s TpPeXrpaHHHIX
yIJIOB M TpeyroibHHKoB. Ilpu atoMm cro-
pOHaM H Yyri1aM MHOTOYTOJbHHKa OTBe-
YaI0T COOTBETCTBEHHO IJIOCKUE M ABYTpaH-
Hble yINVIBE MHOTOT'PaHHOTO yrJa.

Tem ke cnocofoM, Kak 37O ObLIO cle-
JIAHO VI8 TPeXrpaHHOro yrJa, NoKasbl-
BaeTcd, uTO CyMMa IJIOCKUX YIJIOB NPH
BeplHHEe MHOrorpaHHoro yrJa (BHIYK-
JIOTO) Bcerjia MeHblle YeTHIpeX NpAMbIX.
CymMa IBYTpaHHBIX VIVIOB H-TPaHHOrO
yrja 3akJjioyeHa Mexay 2ndu2(n—2)d. :
K nepBoMmy 3HaueHHi0 OHa IpHOJIKaer- Prc. 360.
csl AJs O4eHb CILVTIOWEHHBIX «TYMbIX» Y-

JIOB, KO BTOPOMY:— JJIfl OYEHb «OCTPHIX», HIVIOOOPA3HBIX YIJIOB.
- IlpaBubHBIL A-rPaHHbIR yroa onpegenserca TpeGoBaHHEM paBeH-
¢TBa BceX IVIOCKHX H BceX JABYrpaHHBIX yrioB. IlpaBuibHBIM BCeraa
ABJISETCA Yroa npH BepuiHHe J060i1 NpaBU/bHON AHpaMuast (n. 252)

HerpyaHo nokasaTb, 4TO y BCSIKOTO NPaBHJIBHOTO #-T'PaHHOTO
yria GHCCEKTOPHbI@ IVIOCKOCTH €ro ABYTPAaHHHIX .YIJIOB IePeceKaloTcs
no oAHoil npsMoii—ocH cHMMeTpHH yrJia. CeyeHue NPaBHILHOrO
N-rpaHHOTO yria IJI0CKOCTbIO, NEPNEHHKYASAPHOI K 91Ol ocH, OGyAer
NPaBUIbHLIM N-YIOJbLHHKOM.

§ 4. MuororpaHHHKH

245. Muororpanuuku, MHozozpanHux onpepessieTci Kak 4acTb
NpoCTpaHcTBa, OrpaHiiyeHHasAs €O BceX CTOPOH IVIOCKHMH TpaHAMH.
I[Mpeanonaraercst, YTO MHOTOTPAHHHK OrPaHHUEH 3aMKHYTOH NOBEPX-
HOCTbIO, COCTaBJEHHOi H3 MHOTOYrOJBLHHKOB, TakK, 4TO Jw0as Cro-
POHa KaXJ0ro MHOTOYTOJbHHKA fBJAETCHA TaKKe CTOPOHOIT ellle 0KHOro
H TOJBLKO OJHOTO MHOTOYTOJbHHKA H Jio0ble JBa MHOrOYIOJbHHKa
_ JIM60 HMEIOT OOLLYI0 CTOPOHY, JHGO ofulylo BepuisHy, JHGO He Hwme-
10T of6uHx ToueK. MHOTOYroJIbHHKH, COCTaBJsIIOLIHE IIOBEpXHOCTh
MHOrOrpaHHHKa, Ha3blBAIOTCA €r0 2paHAMU; CTOPOHBL MHOTOYTOJb-
HHKOB, OrPaHHYNBAIOIHX MHOIOrPaHHHK (IO YCJIOBHIO Ka)kjas H3 HHX
NPHHAAMNEKHT OJHOBPEeMEHHO ABYM TIpaHfM),— peOpaMy MHOTOTPAH-
HHKa; BepPLUHHBI STHX MHOIOYTOJIbHHKOB — 8¢ pIU L HAMU MHOTOTpaHHHKaA,
Jaa Tpex MHOrorpaHHHKOB Ha puc. 361, a, 6, 6 ymncia BeplinH,
peGep 1 rpaneii COOTBETCTBEHHO paBHu 7, 11, 6; 8, 12, 6; 11, 20, 11.
Ecan oGosHauuTb 3TH TpH 4YHCAAa uepe3 o,, ©,, &, TO BO BCEX
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cay4asx o,—o, o, =2. 10 COOTHOLIeHIe COXPAHAETCA AMS JIOObIX
muororpamumos (meopesa Sdaepa).

" Muororpankuki KJaccuHUUPYOT Ho uicay rpaueii. Ipu stom

4acTO ICNOJIb3YIOT IpeyecKHe HaHMEHOBAHIIA: YeThlpeXIpaHHHK Hasbl-

BaloT mempasdpost, NATHIPAHHHK —neH-

v /N DN\ masdpos,  MIeCTHIPAHHHK — 2excasdpom
HT I R

MHororpaHHHK Ha3blBaeTCA GbLLYKABIM,

€C/IH OH JIeXKHT 10 OfHY CTOPOHY. OT 1J10-

ckocTH Ji060it H3 cBOHMX rpaseii. Mul pac-

a _ 4 ' cMarpHBaeM HCKJIOYHTEJNbHO BHINYK/ble

MHororpawnuku. Bce MHoOrorpaHumkn Ha

© puc. 361 BHIYK/IBIE,
s B xaxpoit H3 BepuH MHororpaHmma
m €ro rpaHu (ToyHee, NJOCKOCTH 3THX rpa-
Heii) 00pa3yloT MHOTOTPaHHblE YIVIHL.

246. MTpaBuabKbie MHOrOrpansuki. Muororpan-
HHK HA3LIBACTCST NPABUALHLAL, €CTH BCC €TI0 rPaHi

D) CyTL paBHBIC [IPaBH.ILHBIC MHOFOYIObHHKH H BCe
MHOTOrpanuble Yrasl npy BCPUINHAX PABIHLI MCALLY
Puc. 361, © codoil.

[Mpapuabnbie  MHOTOFPAHHMKH  H3BCCTHH C
r.ayGokoil apenHocTH. 3aMCHaTCILHO, YTO HMceT-
A DCero NATbH BII0B NPasIbHBIX MHOrorpausimkos. Ha nepswil B3rasgy sro
KUAETCS  HEOAIIAHHBIM, HO K STOMY BbIBO1Y MOAKHO NPHIITH IyTeM Hec.a10MHBLIX
paccyssaenitil. B cavowm aee, pulACHHM, M3 KAKHX MHOTOYTOJIbHHKOB MOMKHO COCTa-
DHTL MOBEPXHOCTL NPABIILHOTO MiororpanHika. B kaioil mepunnic 10.1wio CXo-
JAHTLCA, OueBIL1HO, He MeHee Tpex rpaueil. Ho cymMa nJIockHX yrios npH pepuiine
MHOTOrPAKHOrO yraa He Godee uertnpex npssux. CaelopaTeabHo, yrod upu. Bep-
LLiHe MPaBHJILHOrO MHOMOYTOJAbHHKA, C1yXallero Fpalblo MHOTOTpaHHHKA, AOAEH
ObiTh He Goabwe 4d/3. TakuM cBoiicTBOM 00131ai0T NPAaBHILHEIL TPEyroabuik,
KB31paT H NPaBHJIbHBII NSITHYTOAbUHK. TOIBKO M3 3THX TPex BHAOB MHOrOYrOABHIKOB
MOXHO 00pa30BaThb NOBEPXHOCTH MPapUAbHLX MHOTOrpaunukos. B To e mpeva
OrpaiiuyHcaeTcst H YHCTO rpaueil, CXOASWHXCA B OINO{ BepLUHHE: CHOBA YYHTH-
DaeM CyMMY MI0CKHX YI.108. B cayuyae tpeyroabublx rpatieil B pepuiiie MOryT
cxouTLea:
3 rpans—cyMma MIOCKHX yraos 180°,
4 rpany—cymMa IJI0CKHX yraos 240°,

5 rpaneii —cyMua niockux yraos 3002,

B cAyYae 4CTHIPEXYrOJbHHX rpaeil (KDaipaTos)— TOILKO
3 rpanm—cymMMa MAoCKHX yriaos 270°,

B Ciyyac NATHYTOJLHLIX TpaHeil —
3 rpamm—cysmMa MIockNX yriaos 324°.

¢ Kai1ast i3 nsamil BO3MOANOCTCIl ACHCTBHICALHO PCAIH3YCTCA, MMECTCH CO0OT-
BETCTBYIOLMIT THN NPaBHIBHOTO MHOFOFPAHHHKA H € TOYHOCTHIO A0 NOJOGHS TOJLKO
oany. Mo orpannunMcs TeM, YTO npuBeleM H300parieHHe .M KpaTkoe oOfHCaHHe
hamnoro H3 NATH THNOB IPABHJbHLIX MHOrOrpaHHHKOB. .
L. Ipasusonst mempasOp (puc. 362). On npercrasiser coboit npaaunbuylo
Tpeyro.'le)lO nupaMuay, GOKOBhe Ipan KOTOpoii paBHbl OCHOBaHHIO. rloaepxuocm»
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€ro '06pa3oBana NPAaBUABHMIL TPEYTOJbHUKAMI, B KaK0ll Bepunie CXOAATEA TpH
TaKHX TPeVIOJbHIKA. : S

2. Hpasuashbii 0xmasdp (BOCHMHTIPAHHHK). [ panit — npaBHALHBIE TPEYTOALHHKH,
YHCT0 rpaHeil, cxoxduuxes B OIHON Bepwune, pasHo uerhipem (puc. 363),. Ilpa-
BHJBHBII OKTa31p MOXKHO MOCTPOHTh TakK:
clelyeT CHayala NOCTPOHTL NPaBHABHYIO

Puc. 362, - Puc. 363. ' ngc.l364_. -

YeTHpPeXyroabpHy NupaMuay (cM. f. 252) ¢ rpauaMm B BHAE PaBIIOCTOPORHUX Tpe-
YTONBHUKOB, 33aTeM OTPa3nTh €e B M/IOCKOCTH OCHOBAHHA M MI0CKOCTh * OCHOBAHHSA
(neperopoaky Mexiy ABYMA MHpamHaami) y6patb. Toraa H MOIYYHTCA NpaBH/b-
Hbll OKTa31p. :

3. I'pann Tpeyroabube, B BepUIHHE CXOIATCA MATb rpadeit (puc. 364). Moxuo
ROKa3aTh, YTO M TaKOl THN MPABHJALHOTO MHOrorpaHHuKa cyuiecrsyeT. OH uueeT
RBaquUaTh TpaHeil M Ha3LIBaeTCA UKOCAIOPOAt. ’

4, Tpann—KaajpaTH, B BeplHHe cxoxarca no Tpu rpaui. Ipasniaouutil auo-
TOrpaHHKK Ha3niaeTca Kybosm (puc. 365). :

Puc. 365. i Pic. 366. Puc. 367.

5. T'panu—npasuabhbe NATHYTOIbLHEKH (pHe. 366). B Bepumme cxoastcs no
Tpi_rpand. OGuee uHcao rpadefi — aBeHanuats. MuororpaHuuk Hasupaercs 0ode-
£a30pos (ABeHAIUATHI PAHHHKOM), o ' L

) 3apava. Hailtta gsyrpannsie yram npH pe6pax. NPaBHILHLIX MHOrorpas-
HHIKOB,

"Pewenne. Pewenne oveBHIHO ANA Ky6a —yrasl npH pe6pax npasue, Pas.
GepeM B2 Cayyas: NPaBHIbHBEII OKTa9AP M NPaBHALHEI  HKOCAIAP. ;

1) Haunex co ciyuasn okrasgpa (puc. 367). ITposegen - cevenne uepes. nmpoTit-
BOMOAOXKHbIE Bepuriint A u F, nepneHaukyaspHoe K pe6pam BC n DE, Ilpw sep-.
wnre M cedernst mo.yyHM HCKOMHI yroa ¢ npn peGpe DE. Ecan pe6po oktaszpa

paBHo a, To nymeeM OM =a/2, AM=a¥ 3/2 n 115 KOCHHYCA MOIDBHHH HCKOMOTO
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yraa HMeeM C€OS ((p/2)=1/]/3—. Orcioza sin ((p/2)=]/2/3 H, HaKoHel, KOCHIHYC
JICKOMOTO yrJa cos 9= —1/;, @=arccos(—1/;) (3HaK MillyC NOKa3LlBaCT, YTO
yroa @ Tynoii).

2) Paccmorpum cayyaii HKocasapa. IlaTe npaBHABHBIX TPCYTOALUHKOB, NpH-
MBIKAIOUIHX K OiHOH BepluiHHe, OGPa3ylT NpPaBHIbHYI0 NATHYTOJbUYI NHPaMHAY
¢ GOKOBHMH IpaifMH B (opMe NPAaBHIBHEIX TPCYTOJbHHKOB (cM. n. 252). Pac-
CMOTPHM 3Ty NHpaMuly Ha oTjAcabHoM ueprexe (puc. 368) m mpobemem uepes
Bepunnbl ocroaiiia A H C CeKyilylo NJOCKOCTb
nepHenHKYAApIo K Goxoboyy pe6py BAl.

B ceyennn moayuusm  tpeyrosbuix  AKC,
yroa ¢=/AKC 1 OGyzer Hckombli. Ha npa-
BHUJBHOTO MATHYTOAbHNKA B OCHOBAHHH DHpa-
MHAH HaxoauM (a—pe6po  Hauwero MHKocasapa)
AC =2a cos 36°, B papnoGecApelLOM TPEYroJabHi-
ke ACK iveeM

1
. (p__?Ac~2c0536°
SMYTTAK T Ty !

Puc. 368. AK = a ];3 "

Q

i " . 2cos o i
OTKyla (= 2arcsin —F—=—; 3uaucnne cos36° MOKHO B3ATbL N3 Taauy MM

HCMO0JL30BaTL Buipazcline sin 18° (n. 228).
JBa oCTaGiUMXCs CIy4as YHTATCIL PasGepeT CaMOCTOATC.ILHO.

Yunpaxucuus

1. Mposcputn dopuyay oo—oy-fa,=2 (1. 245) A1 BCCX NPABHALILIX
MHOTOrpaHHHKOB.

2, BepunuaMu- Kakoro NpapiibHOTO MHOTOTPaHHHKA CIYKaT UEeHTPH rpaleii
Ky6a? Terpasapa? Okrasipa?

3. Haiitn yroa nakaona peGpa npapi/ibHOTO TeTpasapa K IJIOCKOCTH TFpaHy,
Jie cozepakauleil sToro pe6pa. :



Tn ama XX
MHOFOI‘PAHHHK“ | KPyl'Jlbl_E TEJIA

§ 1. Mpusma. Mapannesenunen. naunmp

247. naneapet 1 npusmel. PaccMotpuM kakyio-miGo Jmuuio [,
Jexamylo B TJockocTH A (puc. 369), H HeKoropywo mpsaMyio s, ne-
pecekaromyio 3Ty mIockocTb. Uepes Bce TOUKH AaHHO{l JHHHH [ IpO-
BefeM NpsMBle, NapajienbHee NPsMOf S; o6pa3oBaHHAsA STHMI Nps-
MBIMH ITIOBEDXHOCTb O HA3bIBAGTCA YUAUHOPUYECKOL N08EPXHOCMIbIO.
' Jlnnua | HasbBaeTCA  Hanpagasro-
weld TOM MOBEPXHOCTH, MPSMbIE S,

N

Puc. 369. Puc. 370.

S5 « « .—ce o0pasyroumgurnu. Ha puc. 370 npencraBiena Takast UHIHH-
JApHyeckasi MOBEPXHOCTb, HANPABAAILAA KOTOPOi SABJAETCH JIOMAHOM -
aunueii ABCDEF; Takafd WHJIHHAPHYECKas MOBEPXHOCTb COCTOHT H3
pAfa IJIOCKHX I10J10C, 3aKJIOYEHHBIX MEXAY NapaMil napasiielbHbIX
NpAMbIX, H Ha3bIBaeTCA npussamuveckol nosepxrocmero. O6pasymwone,
NpOXOAAILHe yepe3 BepuIHHL HanpaBiasmoolwell JoMaHoil, Ha3LBAKTCA
pebpamu nNPH3MATHUECKON NOBEPXHOCTH, ILTOCKHE IOJOCH MEXAY
HHMH—ee 2paHaAMIL.

Ecnu pacceub /106yi0 WILTITHAPHYECKYIO TOBEPXHOCTD NPOH3BOADL-
HOIl MJIOCKOCTBbIO, HE MNapaslieTbHOfl ee o6GpasyloulnM, TO MOJAYYHM

v
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JIHNIO, KOTOPas TaKKe MOXKeT GHTb TNPHHATA 3a HaNpasasoilylo
ZanHoil nosepxyocti. Cpexs HanpasJfIOIHX BbIIEJSCTCS Ta, KOTO-
paﬂ nonyyaeTcss OT CeyeHus NOBEPXHOCTH INIOCKOCTbIO, Neprienyi-
KyJfIpHOIT K o6paaylouum nosepxuocTi. Takoe ceueHle Ha3blBaercs
HOPMQAbHBIAL . CeyeHueM, @ COOT-:

BETCTBYIOLAsl HaNmpasJsAloulas — -
uop,ua,wuozi Hanpagagiowed.

Ecan nanpapasioimas — 3aMk-

HyTaa (BbiNyKJas). JnHHA (JO-

MaHasl 11 KpHBas), TO M COOT-
BETCTBYIOULaA NMOBEPXHOCTb HA3bI-
paetcl  3amrHymoll  (BbIIYK0I})
Puc. 371. - NPH3MATIYECKON I UMIHADH-

yecKoii TNOBEPXHOCTHIO (puc 371).

H3 LILTIHPHYCCKIX nonep\uocreu npocreiimas 1MeeT CBoeil . HOp-
MaIbHOll Hanpabasiouleii okpy:xkHocTb (prc. 372). Ee yno6no obpa-
30BaTh, Bpaltas MNpsIMYI0 & BOKPYr ocif, napasieibnoii eil (ocob
00’ nepnenaukyaspia K MJIOCKOCTH Hanpasisiomeil OKpy:KHOCTI).
PacceyesM 3aMKHYTYIO BHIOYKJIYI0 NPH3MAaTHYECKYIO IOBEpXHOCTL

o ~‘

N /
g.%,
Pue. 372. Puec. 373.

(puc. 373) aByms mjaockoctaMi A 1 A’, napaiiejbHBIMH MEKAY €O-
0oii, 1o ne napaajenbnbiMi ofpasyiomuM. B ceuennax noayunm
BhINYK.able MHoroyroabunkin ABCD w A'B'C'D’. Tenepb yactb npus-
MaTHuecKoii MOBEePXHOCTH, 3aK/I0YeHHasd MexKAy IJIOCKOCTAMH A HA',

H _ase o0pasoBaBliHecsl NPH 3TOM MHOFOYTOJIbHBIE NJACTHHKH B 3THX
NJIOCKOCTAX OrpaHHYHBAIOT TeJNO0, HAa3bIBAEMOE NPUIMAMU4CCKUM. me-
A0M: -HaM, Kopoue, npussmod. Hrak, npusmoii HaswBaercs Tejo, Orpa-
HHYeHHoe ¢ O0KOB BLINMYKJOH 3aMKHYTOH npu3MariyecKoii NoBepXHO--
CTblO H C TOPUOB NapaJeabHBIMI MHOTOYTOJdbHLIMI ‘OCHOBAHMANM, .



247] § 1. NPH3MA, MAPAAJNEJNEMMNEL. IWHAMHIAP ' 541

“Yactp GOKOBOiT NOBEPXHOCTH MNPH3MBI MEXAY ABYMS COCEAHHMH
peGpaMi, T. €. 60KOBas rpaHb NPI3MLL,- ABAAECTCA NAPAAILAOZPAMMOM -
(NMPOTHBOMOJIOKHBIE CTOPOHA! O NOCTPOCHHIO NONAPHO NapaJliiesIbHbI);
OCHOBaHHA (YCJAOBHO MOXXHO Ha3blBaTb HX BEPXHHM H HHXKHHM OCHO-
BaHHAMH) CyThb PaBHbIE MHOTOYFOJbHHKH. JIefCTBHTe/NBHO, CTOPOHbI
HX MONapHO paBHH H MapajJje/bHBl, YIVH, 3aK/IIOYeHHBIE MeX1y
napajjielIbHBIMH "CTOPOHAMH, . paBHHI. $ICHO Takxke, uTo Bce GOKOBLIE
pebpa npusMsl pabHbl. Boicomod npH3Mbl Ha3blBaeTcst PacCTOSIHHE MO
NEPNEHNKYAAPY MEXAY IJIOCKOCTAMH OCHOBaHH{t NPH3MH (OTpe30K /i
Ha prc. 373). :

B npH3ame TaKKe NPHXOAHTCA paccMaTPHBaThb HEKOTOpPbie YIMbl,
" HA3BaHHA KOTOPHIX MOHATHHI caMH co00#i. 3TO MJOCKHE YIJH OCHO-
BaHHf, NJIOCKHE YIVIM B GOKOBBIX TpaHAX, ABYrpaHHHE YIJB NPH
OCHOBaHHH (T. €. JBYIpaHHble YIVb, 00pa30BaHHbE NJIOCKOCTHIO
OCHOBAaHHSl H IJIOCKOCTAMH GOKOBLIX IpaHeii), ABYrpaHHble YIJbI NPpu
GoxoBelX peGpax (T. e. ABYrpaHHble Yribl Mexay GOKOBLIMH rpa-’
HAMH).

Ecait- GoKoBBIE IpaHH NPH3MBI NEPNEHAHKYJASPHH K MJIOCKOCTAM
ee OCHOBaHHil, T. €. ec/lH OCHOBAHHA CJAYXKaT HOPMAJbHBLIMH CEeueHH-
AMH OOKOBOf NMOBEPXHOCTH, TO MPH3MA HA3BIBAETCH NPAMOL NPU3MOIL.
Y npssoii npusMel GokoBoe peGpo cryKHT Beicotoii. [Tnockue yrasi
OCHOBaHHS SIBJSIIOTCA TJOCKHMH YIJ1aMH JABYTPaHHBLIX YIVIOB Mexay
6OKOBLIMH TDaHAMH. . -

[IpsiMast ‘mpu3Ma, OCHOBaHHSI KOTOPOH CyTh NMpPaBILILHBIE MHOTO-
YTO/IBHIIKH, HA3HIBAETCR NPasuAbHOi npussmoll; caepyer 3aMeTHTb,
YTO NpaBHJbHAg NpH3Ma, BooOile rosopa (za - . ’
HCKMoueHHeM Ky6a), He MOXeT CYHTaTbCA
NpaBILTbHEIM MHOTOT'PaHHHKOM, HGO OCHOBA-
HH ee CYTb’ IpanH,. ¢opMa H pasMeprl KOTO-
peIX OTAHYHBL OT GOPMH H pasMepoB OGOKO-
BbIX rpaHeifi. .

LlH1nHApHYECKOe TeN0, KOpoue HLIHHAP,
onpege/seTcsl aHaJOTHYHO NPH3MeE: yuUAUHO-
pomM Ha3bIBaeTcsd TeN0, OrpaHuYeHHOe ¢ GOKOB
3aMKHYTOH (BBIMYKJOf) UHIHHAPHYECKOIT No-
BEPXHOCThIO, aC TOPLOB ABYMS NJIOCKHMH na- Prc. 374.

p aJaaeabHeIME ocHOBaHHAMI. O6a ocHOBaHHSA

LUIHHApPA paBHbl MexAy coGoil, Takike paBHBI Mexay coGoil u Bee
ofpasyoulie UHJIHHAPA (T. €. oTPe3KH 0Gpa3yiolHX HHAHHAPHYECKOH
NIOBEPXHOCTH MEXZAY IVIOCKOCTSAIMH ccHoBaHuil). Llnnuap waswiBaercst
npamots, €cJH NJOCKOCTH €ro OCHOBAaHHM NepHeHHKyspHEI K o6pa-
3yfoumuM. Mpl H3YYHM TOJIBKO NpAMOf Kpyrosoil uuanuap (puc. 374),
" Ha3bBaeMul{l Takke yuaundpom epaujenus. OH Moxer GbiTh 06paso-
BAH BpalleHHEM MNPsMOYroJbHHKA  BOKPYr OAHOIl H3 CBOHX CTOPOH.
Paauyc - ocHOBaHMA Ha3blBaeTca paduycos -UIIHHAPA, o6pasyoias
OJHOBPEMEIHO CJOYXHT BHICOTO. - - - -~~~ . o . .
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-248., Napamnenenunensi. Ilapasrsesenunedosm HasbiBaeTcsl NMpH3Ma,
OCHOBaHHS KOTOPOIl CyTb Napail/ie/ 10T pamMbl (puc. 375). B atoM cay-
yae Jio6y10 U3 rpaﬂeu MOXKHO NpPHHATb 32 OCHOBaHie (ToyHee, ABe

. napajjesbHble TpaHH—3a Napy
ocHoBauuil). [lapamienenunex se-
JsieTcsl «TPHIKABL NPU3MOIiy. |
Kak n Bcakas npusma, napai-
JejelHNe] Has3blBaeTCA  NPAMbIM,

-
>
-

l’ K’
Puc. 375. - Puc. 376.

€c/IH ero 60KoBLIe peGpa NepneHAHKY.ISPHLI K OCHOBaHAAM (pHc. 376).
— Bokoppie rpanH NpsMOro Hapaijielentiiesa CyTb IPIMOYTOJbLHHKM,
OCHOBaHHsA —IIapaJjeorpaMMsl npou3Bo.bHOro Buia. Ecan y npsa-
MOro napajjiesieninesa H B OCHOBAaHHAX JeXaT NpAiMOYTrOJbHHKH,
TO TaKoil napaiielenine] Ha3LIBacTCsi npasoyeoasioim. Bee ero
AByTpanHpie yrasl npassie. On ABIAeTCA NPSIMBIM MO OTHOLIEHHIO
K Kaxaoli Iape NpOTHBOMOJIOMKHHIX Fpaneil, HPHHATHIX 3@ OCHOBA-
HHSA, T. €. «TPIKIbl N PAMBIMY,
JuHbEl Tpex B3aHMHO NMepNeHAUKYISPHbIX pedep Np SAMOYToJbHOro
napajieneninesa HasbplBaloOT HHOTAA ero ussepenuasu. IlpaMoyroan-

HBll TmapanJesieninen, BCe H3MEPEeHHs KOTOPOTO PaBHbl, Ha3blBaeTcs
Kyboa.

CnpasegiBa ciaeayiomas
Teopema, o6obwawmasa Teopemy [ludaropa. Kead-

pam O0uaeonaiu npamoyz0abHOEO Napariesenuneda pageH cymme Keao-
pamos mpex ezo0 usmepexuil.

0 | ya ?
/
] /
d [
' « 1 7/
c \ "Z\ 4 / A
/. d 44 & S
7§ - ) & (4
a 4 g a=00s&
Puc. 377, Puc. 378. '

JokasaTeabcTBO. PaccMorpus npsMOYroJibHEI napanje-
Jdenunex Ha puc. 377 u ero guaronans AC’=d. Ilposerem Takxe
auaroHanab ocHoBauus AC =d’. Ksaapar 3Toil ;HaroHalH no Teopeme
INucparopa paBeH CcyMMe KBajpaToB JBYX CTOPOH OCHOBaHHS:

*=q?--b%, Janee sameruM, uto B Tpeyroibuike ACC’-yron C
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npm\{ou. 3naunr, d’ —c--{—d’ ; TIOZICTaBASIA CIOAA BrIpaxenue a1 d’°,
HaiizeM :
d=a*+ b+,

yTo It TPeGOBaNOCh [OKa3aTh. B 4YacTHOCTH, AHATOHAMb Ky6a ¢ peG-

POM, DAaBHBIM eUHHLE, pPaBHa Vs.

3apaua. JlokasaTh, 4TO cyMMa KBafpaToB CHHYCOB TpeX YIJOB,
o6pa3yeMbIX MPOH3BOIBHLIM JyYOM ¢ peGpaMi NMPSIMOTO TPeXTpaHioro
yraa, paBHa ABYM.

-Pemenmne. Ilyets O—npsvoil Tpexrpanusli yroa (puc. 378),
l—nanueit nyu, OTaoxHM Ha JTyue OTpe3oK, paBHBII eguHHue, M
NpHMeM ero 3a AHaroHaJ b MPSAMOYroJbHOrO napajijenenunena, TPH
TPaHH KOTODOTO JeXaT B TpaHAX JaHHOTO TPeXTPaHHOTO yrJa.
Toraa peGpa mapanjenenineia, Kak BHAHO H3 puc. 378, GYAYT BhI-
pazkaTbcs KOCHHYcaMIl yI10B, 00 pa3yeMbIX J1yYoM ¢ peGpaMu: a=cos e,
b=cosf, c=cosy. Ilo Teoperme o KBajgpare aHAroHaJIN HAXOIHM

a* b+ c*=cos?a+cos?f+costy=1 (248.1)

H, 3aMeHAfl BbIpaxeHua cos®a, cos?f, cos®y uepe3 1 —sin*e H T. A.,
HafzeMm
sin®a - sin®*f - sin®*y = 2.(248.2)

249. 06'peMBb IPH3M H IIHJIHH -
poB. Bynem cuntate Qopmyay
n. 168, Bripaxaiouyio oGben nps-
MOYTOJBHOTO  mapaJ.ie’enunesa
KaK Npou3BefileHHe TPeX ero pe-
Gep, yCTaHOBJIEHHOII: - ~ -

. .V=abec. (249.1) S8 s 578 S5

R . .
OGBeMb! Bcex HHBIX IPH3MATIH- Puc. 379.

YEeCKHX WM UMIHHADHYECKHX Teal  °

HeMeJJIEHHO 'BHUHCIAIOTCA MyTeM 3aMeHB! 3THX TeJ NPAMOYTOMbHBIMIL
napaJjse/ienunesaMy, PaBHOBeJIHKHMH IiM, Ha OCHOBe CJEAYIOMIEra
NpaBHJa, NMPHHAMAEMOTO HaMH aKCHOMaTHYECKH H H3BECTHOTO moj
Ha3BaHHeM npunyuna Kasaarvepu. - .

Npunuun KaBaabepu. Ecau 6ea mena saKnouens. Mencoy
dsyms napaasrersHomu naockocmamu (puc. 379) u cedenus ux aobod
1LAOCKOCIbI0, NAPAAneIsHOU OanHblAl JGYM OCHOSBAHUAM, PABHOBEAUKLL
{,,teo/c?/g coboi: - S, =S;, S So, S;=38;, mo 05”6e.Mbl mea paeHot:

Tenepb Mul B COCTORHII TBHULCANTE 06beM Jdr06oft npns\m i
J1060r0 UHIHHAPA, NPSAMOrO HJI HAKJIOHHOTO. _ *

, [Ilycte naHo HeKoTopoe UHJIHHAPHYECKOE Tesao BHCOTH i ¢
MJIoWaas6i0 OCHOBAHHA (a 3HAYNT, H ILIOWIAAbIO JIOGOTO ceueHns,
napasselbHOro NJI0CKOCTH ocHoBanHa!), paBHoit S. IToctponMm npsimo-
YrOJBHBI NMapassiesenHne] ¢ Toil e BBICOTOIl H TAKOH Ke MJIomAanbio

v
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ocHoBaunua S (puc. 380). O6wvem jaanHHOro Tena u o6wveM napaiie-
Jenunesa GyayT paBHbi Ha ocHoBaHui npunuuna Kasaavepu. Ho
oOBbeM napaiJjeneninesa paBeH MPOH3BEACHHIO IJIOUAAH OCHOBAHMSA
-Ha Bbicoty: V =_Sh. Taknun xe Oyzer, CJ1e0BATeIbHO, I 06'beu -
JHHApa (HpHS\lbI)
O6ves: 406020 yuaundpa (npussel) paser.npousee0eruro n,wtqaau
OCHCEAHUS HA GbICOMY:
V =Sh. (249.2)

B wacrnocti, A mpsMoOro KpyrJoro uHJHHApa nilo-
aAb OCHOBaHHs paBHa nR?, rae R—paauyc un.mumpa, H 061>em
NoJdyyaeTcs pPaBHHEM

V==aR*. (249.3)
3anayva. TpeyroibHas NpH3-
Ma OmicaHa O0KOJ0  IULTHHApA

Puc. 380. ) Puc. 381.

BpalleHusA pa,myca R u Bucorbt i, Tlepumerp ochoBanus pa-
eed P. Hafitu o6wes npusMbL '

Pemenmne,. Pajuyc mnanHapa ectb B TO ke BpeMs N paguyc
OKDYXKHOCTH, BIICaHHOii B ocHoBanHe npidmel (puc. 381). tot pa-
auyc paseH R'=2S/P (cM. n. 219). O'rcxo:xa IJI0113lb OCHOBAHNA
S=PR/2 u uckomuii o6rvem V=PRHh/2. - .

250. Tiaowanp GOKOBOI NOBEPXHOCTH MPH3Mb. BoKoBwe rpami
NPOH3BOIbHOII NPH3MBI CYTh NAapaIe]orpaMMbl, I NMOTOMY MJIOHAAb
3THX TpaHeil BLIYHCASETCHS MO H3BeCTHHIM NpasuwiaaM. [lioujadbro 6o-
K060l nosepxHOcMU npu3mbl HasbiBaeTCsl CyMMa NJouiafeil Bcex ee
60KOBBIX rpaeii. Jas Toro ytoGhl HamucaTh GOPMy.y, BHPAKAOWYIO
naowa;ib 60KoBOIl NMOBCPXHOCTH NPH3Mbl. (BOOOLIE TOBOps, HAKJAOH- -
HO#i), PacCMOTPHM HOPMaJibHOE ceyenHe NPH3Mb (pHc.-382). Tak Kak
NJI0CKOCTL HOPMaJBHOTO CeyeHHs N0 OnpefeIeHio NepreHalky.aapia
K peOpaM Ipi3Mbl, TO OTPe3KH, IO KOTOPBIM OHAa nepeceKkaer GOKO-
Bble TPaHH APH3MBI, CAYKaT BHCOTaMH 3THX TpaHeil, €cjH 3a OCHO-
BaHIIA HX npuuHATH peGpa npusmul. [liowag oTAeIbHHX rpaHeli
6YAYT BLIDAXXaTbCsl PaBEHCTBAMH

S,=AB,-l, S,=BC,l, S,=CD,l, $u= DAyl

H
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CxnageiBast Bce S3TH PaBEHCTBA NOWIEHHO H BHIHOCH 3a CcKOGKn 1,

nalmem
S=(A,B, +B.C,+CoDs + DA,

" WJIH, YYHTHIBaA, YTO CymMMa B CKOOKax ecTb nepnuerp HOpMaJIbHOl'O
ceyennsa, OKOHYATe/NbHO MOJTYUYHM

Seox = Propu l- (250 1)

Boxosas noeepmocmb npusmel pasya npouaeeaeuuro ee 00K08020
pebpa Ha nepusemp HOPMAABHOZ0 CedeHUS.

B cayuae npsMoii npu3Mul 3Ta GOPMYJIHPOBKA YNPOULAETCH.

Boxosas nosepxrnocme npamoii npussor pasna npoussederuio 6oKo-
- 6020 pebpa Ha nepumemp OCHOBAKUS NPUSMYL.

3agaua. [IlpaBuibHas npsMas TpexrpaHHasi npH3Ma ¢ peGpoM
OCHOBaHHA, PaBHLIM '@, .yceueHa HaKJOHHOA mnaockocTbio. Jlaumn
GOKOBLIX peGep yceYeHHOH MpPH3MEI CYTb p, § W r. Hamu nJomanb
GOKOBOI1 NMOBEPXHOCTH YCEUEHHOMA TNPH3MBI.

Peuwenne. DBokoBbie rpaHn yceuyeHHOA NPH3MBI CYTh Tpaneuin
- (npsmoyroabubie). [TpumennM K Kaxaoit H3 Hux dopmyay ansa naio-
- maan Tpaneund. Haxoxum

r

S,=2tia, 5,=234, 5=,

’ b4 ’

H nJowaib GOKOBOil nMoBepXHOCTH paBHa S=(p4-¢-+7r)a.

8
Puc. 382. o Puc. 383.

251. Tlaomapb NOBEPXHOCTH . UHAHHADA. PaccMoTpuM uuanHap
Bpaimenus paxguyca R u Bbicotsl /i (pric. 383). "B . ocHoBanne sroro
“MIWIHHAPA BMHWEM NPaBHIbHBIT MHOrOYroJbHHK (Ha puc. = 383 —
WeCTHYTOJAbHHK) H C €ro NOMOIUbIO MOCTPOHM HPABHJIBHYIO NPH3MY,
BMHCAHHYIO B UMANHAD. TaKHM 2Ke MyTeM MOXHO ONMCHIBATH BOKPYF

18 B. B. 3afines u ip.
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QUJIHEAPA NPABUJbHLIE NPH3MBI C HPOH3BOJBLHO GOMBLIHM YHCJIOM

GOKOBBIX Tpaneil.
3a naowanb 6GOKOBOil NOBEpXHOCTH IWIHHAPA NPHHHMAETCA NO
onpesesieHHI0 mpejed, K KOTOPOMY CTPeMATC mJowanH GOKOBLIX
NOBEPXHOCTeH BIHCAHHBIX H ONHCAHHBIX BOKPYI HEro NpaBHJIbHBIX
8 NpH3M MO Mepe HeorpaHH4YeHHOro YA-

BoeHHs - (M BooGule YBeJHueHHs)
» ¢

\
\
?.-_..----_--_
L

[

Puc. 334. Puc. 385.

yicna Ux Gokoeuix rpaueil. To, 4TO Takoii npeien cyuecTsyer,
Mul ceffuac 1 gokamem. Ecait BosbMeM BIHCaHHYIO NPaBHJbHYIO
IIPH3MY, IOCTPOSHHYIO Ha MPaBHJABHOM 7-YroJbHHKE, KakK Ha ocHo-
BaHNH, TO AJ51 ee OOKOBOIl NOBEpPXHOCTH OyJeM HMETh BHIpameHie
S, = PLh, rae P, —nepuMerp npaBHIbHOIO n-YTONbHIKA, BIHCAHHOTO
B KpyT ocHoBauus wiauugpa. Ilpu n— o0 P, —21R u S,— 2nRA.
TouHo Taxoe e BHUHCJAEHHE A OMHCAHHON MPH3MB J4eT TOT e
camblit pesyabrar. Mrak, nyomane GokoBoil NOBepXHOCTH WHAHHApA
BpalleHns BbIpakaerca dopmMyJioii
S=2xRAh. (251.1)

Boxosas nosepxrocme yuarunopa pasia npoussedenuro 0aunel 00-
pasyrouielt Ha nepusemp (T. €. JVIHHY OKPYKHOCTH) OCHOGQHUA.

3apaua 1. Otpesok, coepuHsoUil AHAMETPaIbHO NPOTHBONO-
JoxHbIe TOYKH A H B’ BepxHero H Hi)KHero OCHOBaHMIl LHJIHHADA
(puc. 384), paBen 10 ¢4 H HaKJOHEH K MJOCKOCTH OCHOBAaHHA NOJ
yrioMm B 60°. Haiirit niowans GokoBoft MOBEpXHOCTH UHIHHAPA.

Pewemnue. IIpoBeasem uepes orpe3ok AB’ ceuenue NIOCKOCTHIO,
nepneHaAuKyJspHOi K ocHoBaHHIo uinnApa. W3 tpeyroabHuka ABB'
HMeeM

2R = AB’ c0s60° =5 cs, h=BB'= AB’sin60°=5}3,
OTKyJa HaxoJnM A/1s 6oxoBoit NoBEPXUOCTH UHAHHAPA
S=2xRIi=25V 3n ~ 136 ca?.

3apaua 2. Tpeyroapuuk ABC’, Bepuiint A H B Koroporo
CyTb KOHIBI JHAMETPa HHIKHErO OCHOBaHHJ WHJIHHADA, a BepLUIHHA
C’ —KoHel NepneHAHKY/AAPHOTO K HEMy. JHAMeTPa BEPXHEro OCHO-
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BaHHA, paBHOCTOPOHHHH €O ‘CTOpOHOit a. Haiitn nJomanH 6OKOBOH
H NOJHOA moBepXHocTefl LMJIHHZpA.
Pewenne. Paguyc ocHoOBaHHA uMIHHApA paBeH a/2. BbICOTa

Tpeyroasunka ABC’ (puc. 385) pasua a}/ 32, a obpasyiomas uwu-
JIHH}lpa BBIYHCJISIETCA KaK o ’ : .

he 1/'3113 @ _ _a
. - T=73 "
Orciona GOKOBas NOBepPXHOCTh WHAMHAPA NOAyuaeTcs PaBHON -
' ng? '
SG°K=2:tRh =V—2 N

a monuasi TNOBePXHOCTh  (PaBHAs cymMMe NomwanH GOKOBOM MOBEpX- i
HOCTH M TIJIOMAAH ABYX OCHOBaHMII UW/IMHADA) pPaBHA

Sno,m V——+2 ( )=ﬂa.2_V;22+_l_

.

.
YnpaxHeHus

.1, JInaroHann GOXOBHX TpaHeil NPsSMOYroJbHOTO NapaJJjeneniunesa HakJAOHEHH
K TNJO0CKOCTH OCHOBAHHA NOXA YrJjaamMy, COOTBCTCTBCHHO PaBHBIMH O H ﬁ. Hairm
yrosl HakJOHAa K TOf Xe IJOCKOCTH AMATOHA/H NapaJfienenumena.

2. B npsAMOM napaJsiencnunele OCprIH Yrojl OCHOBAaHHSA paBeH «@, a ozxna
H3 CTOpPOH OCHOBaHHsI paBHa a. CeueHHe, NMpOBeJEeHHOe depe3 3Ty CTOPOHY M Ipo-
THBOTIOJIOXKHOe Pefipo BePXHErQ OCHOBAHHA, HMEeT Niaomans @, H IJIOCKOCTH €ro -
HaKJOHEHAa K IJIOCKOCTH OCHOBAaHHA MoX yraou f. Hau'm o0beM H MOJHYIO OBepX-
HOCTh napaJiiesenunena.

3. OcHOBaHHEM HAaKJIOHHON TPEYroabHOt MPH3MHE CAYKHT paBHoﬁenpeHHuu
NPSIMOYTONBHHI TPEYToNbHHK, @ TIPOEKUHS OAHOro H3 GOKOBHIX peGep Ha maoC-
KOCTh OCHOB2HHSI COBMafiaeT- C MeNHAHONl m - OJHOrO H3 KaTeToB TPeyroJbHHKA.
Hafitn yroa HaxksoHa GOKOBBIX peGep K ITOCKOCTH OCHOBaHHSA, eC.TH 0GBbeM NPH3MH
aBeH V.
p- 4. B npaBuJbHOIl WeCTHYTONBHON NpH3ME yepes cTOpoHy ocHoBanns AB=a
npoBeJleHtl ABa cedyeHusa: 1) copepikailiee npPOTHBOMOJIOXKHYIO CTOPOHY BEPXHEro
OCHOBaHHsA, 2) cofiepXallee UEHTP BEPXHETo OCHOBaHMA. ITpn xakoh BriCOTE MPU3MH
YroJ MexARy NJIOCKOCTAMH CCUCHHHA HMeeT HaHGOJIbm)’lO BEJAMYHHY H UeMy OH pasen
B 3TOM cayuae?

§ 2. Mupamupa. Konyc

- 252. CpodictBa mupaMuam H Konyca. PaceMmoTpuM Kaxkyio-anGo
Junuio ! (KpHBYIO HAH JIOMaHy0), JeXaulylo B HeKOTOpoil nJjoc-
‘KoctH A (puc. 386, a, 6), U NPOH3BOJBHYIO TOUKY M, He Jexalulyio
B 3T0i1 NMJOCKOCTH. BceBO3MOXKHBIE NpsIMBle, COeAHHSIOME TOUKY M
€O BCEMH TOUKAMH JuHHH [, 06pa3yloT MOBepXHOCTh G; TAKasd NOBepX-
HOCTb HA3BIBaeTCSl KOHUYECKOU nosepxwocmoero, Touka M—ee eepuiu-
noi, nunns |—Hanpagrsowed, npample MA,, MA,, ...—ee 06pa-
ayrougumiL. ‘Ha puc. 386 MbI He- orpannduBaeM TNOBEPXHOCTE @ €e
BEPIIHHO, -HO INpeAcTaBsieM cebe ee npocmparom,euca Heorpai-
YeHHO B 00e CTOPOHEI OT BepII.meI.

18*
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Ecni KOHHYeCKYI0 MOBepXHOCTh pacceub KaKoii-JIHG0 INIOCKOCThIO,
napajise/lbHOH IVIOCKOCTH Hanpasasiouieil A, TO B CeYeHHH MOJYYHM
JuHHIO !" (KpHBYIO HJIH JIOMaHyI0, B 3aBHCHMOCTH OT TOro, Obiia
JII KPUBOH HJIH JIOMaHOIl JIHHHUS [), TOMOTETHUYHYIO JIMHHH [, ¢ LEHT-
pPOM rOMOTETHH B BeplllHe KOHHUYECKOH MOBepXHOCTH. JIeACTBHTE/NbHO,
OTHOLIEHHE JIIOOLIX COOTBETCTBYIOUIHX OTPEe3KOB 00pasyiomux OyZer

NN

.\\.\\‘\R

S

Pue. 386. : ’

. MAT M4, .
MOCTOAHHBIM: = === . .. Hrak, ceueHus KOHHYECKO nosepx-
HOCTH', IVIOCKOCTSAIMH, TNapaJ/e/bHLIMH IIJIOCKOCTH - HanpasJsIomeit,
noJ00HH - H NOA0GHO pacno/IoKeHbl, C LUEeHTPOM NMOAOOHA B BeplUHHE
KOHHYECKOH NMOBEPXHOCTH; 3TO K€ BEPHO NJIA JI0OLIX MapafeibHbIX
HJIOCKOCTeH, He NPOXOAAIHX Yepe3 BepIIHHY MOBEPXHOCTH 1).

IMycts Tenmepp HanpasJ/sioUlas—3aMKHyTash BHIYK/JAasa JHHHS
(xpuBas Ha puc. 387, a, somaHag Ha puc. 387, 6). Teno, orpanu-
yeHHOe ¢ GOKOB KOHHYECKO{l NMOBepXHOCTblo, B3ATOf MeXay ee Bep-
IIHHOR I NJIOCKOCTBIO HanpasJsiouieil, H MJI0CKHM OCHOBaHHEM B [110C-
KOCTH HanpabJasiwouleil, HasbiBaeTca Kouycos (eciu [—KpHBas JHHHA)
WIH nupamudod (ecay {—nomaHas). .

Hupamunpr kJAaccHpHUHPYIOTCS 1O YHCJAY .CTOPOH . MHOTOYrOJb- *
HHKa, Jiexailero B HX ocHoBaHHH. ['OBOpAT O TpeyroibHof, YerH-
pexyroJpHoii H BooOGIue £-YroJbHON mnupaMu1ax. 3aMeTHM, 4TO
n-yrojpHas nHpaMHga umeeT 2+ 1 rpaHb: 11 GOKOBEIX I'paHeii If ocHo-
BaHue. [lpu_ BepiunHe mupamuibl MBI HMeeM f1-TpaHHbL YIoJ ¢ # 1Joc-
KHMH H 1 AByrpaHHeiMH yraanmH. OHH COOTBETCTBEHHO HasLIBAIOTCH

. .. 1) Ilpeo6pasopanue TOMOTETHH B MPOCTPAHCTBE HMEET -Te Ke OCHOBHHE CBOil:
CTBa, YTO M Ha IJIOCKOCTH. ) : :
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nAoCKUMU YTAaMH OpR Bepuume " dsyepannbimu ymamu npu Goxo-
BoIX peGpax. IlpH BepuniHax OCHOBaHHS MbI HMeEM A TPeXrpaHHBIX
YIJ10B; HX MJAOCKHE YIabl, 06pasoBannble GOKOBbIMI peGpaMil i CTO-
ponaMil OCHOBAaHHA, Ha3LIBAKOTCA NAOCKUMU YeAaMU NPU OCHOBAHUU,

‘Puc. 387. :

nByrpafmbxe YrAB MeXAy GOKOBBLIMI TPaHsAMH " n.nocxoch!o ocHO-
Bamm—-aeyepanubt.uu yeaamu npu ocHosaHuu.

Tpeyronbuan nupaMiifa itHaye HaspBaercs mempaaapo,u (T. e. ve-
THIPEXI'PaHHHKOM). Jhoﬁaﬂ n3 ee rpameii MoxeT OHTb NpHUHATA
33 OcHOBaHHe,

[Mipamuza HasbiBaeTcst npPaguAbHOU NTPH BHI-

" TIOJIHEHHH ABYX ycuaosnii: 1) B .ocHoBaHuM nn-
PaMHEBl JIEKHT MPaBHJbHBIT MHOTQYTOJNBHHK,
2) BhicOTa, .ONyIleHHAs H3 BePIIHHBI MHPaMH- -
Abl Ha OCHOBaHHe, mepeceKaeT ero B LEHTpe
3TOTO " MHOTOYroJbHHKA (HHaue roBOps, Bep-
uiHa nHpami ALl npoemupyewca B uemp OCHO-
BaHNsA).

3aMerHM, YTO NpaBHJbHasA nnpax\mna He
ABJisiercst, - BOoGie roaopﬂ npaerbem MHO-"
rorparmnxom'

OTMeTHM HeKoTOphle CBOCTBA npammbﬂou
n-yroavHoil nupamuasl. [IpoBenenm uepes Bepin-
HY Takoil nuHpamumel Buicoty SO (puc. - 388). C
HOEiepHEM BCIO MHPaMHAY KakK leJ0e BOKPYT Prc. 388.°
3TOH BHICOTH Ha yroJa 2m/n. Ilpu Takom moBo- = - Co
poTe MHOrOyroJbHHK OCHOBAHHA nepeiifer caM . :
B ce0f: Kaxjad M3 ero BepuIMH 3afiMeT NoJo)keHHe cocepHeil. Bep!
UINHa NHpaMHaBEl M ee BpicOTa (OCh BpalleBHA!) OCTaHYTCS Ha MecTe,
H TIO3TOMY NHpaMija KaK leJoe COBMECTHTCH cama ¢ coGoii: Kax-
noe GokoBoe pe6po nepeﬂzxer B coceqHee, Kaxaas OOKoBasw rpaHb
COBMECTHTCA C cocenHell, KaXIulii ABYTpaHHbIl yroil nps GoKoBoM
pe6pe Takxe COBMECTHTCA € cocenmm Omo,ua BbIBOJ: Bce GOKOBLIE
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peGpa paBHH MexAy coboit, Bce GOKOBHE IpaHM CYTh paBHLIe pas-
noGeperHple TPeYroJbHHKH, Bee ABYrpaHHble yIJbi NPH OCHOBaHMH
PaBHH, BCe MJOCKHe YIVibl HPH BEepIUHHE PAaBHEl, BCE NJOCKHE YIJIbl
npH OCHOBAHHH PaBHBI.

M3 uyucna koHycoB B Kypce 3/eMEHTApHONl TreoMeTPHH MLl H3y-
yaeM npamol Kpyeaoeoli Kowyc, T. €. TAKOIl KOHyC, OCHOBaHHE KOTO-
poro— Kpyr, a BepllHHa NPOSKTHPY-
etcs B ueHtp storo kpyra. [Ipsamoit

Puc. 389. Puc. 390.

Kpyrosoii Konyc mnoxasaH ua puc. 389. Ecan npopezem uepes
BEepIUHHY KOHyca BhicoTy SO H moBepHeM KOHYC BOKPYI 3TOi Bbl-
COTbl Ha NPOH3BOJDbHBIE Yrod, TO OKPYXHOCTb OCHOBaHHA Oyjaer
CKO/Ib3HTL caMa no cebe; BLICOTA 1f BepLIHHA OCTAaHYTCA Ha MecTe,
[O3TOMY IPil 1OBOPOTE Ha 1060l yroJ1 KOHYC COBMECTHTCS caM ¢ co6oil.
Orcroga BUHAHO, B 4acTHOCTH, YTO Bce obpasyiomike Kouyca SA4,
SA’, ... paBHBE MexAy co0oil I O1HAKOBO HAKJOHEHSI K IJIOCKOCTH
ocHoBants. CeueHHs KOHyca NJIOCKOCTSIMH, NPOXOASILLHMH Yepe3 ero
BEICOTY, Oy1yT DaBHOOEIPEHHBIMII TPEYrOJbHHKAMH, PABHLIMI MEKAY
coboil. Becb KOHyC noJy4aercsi OT BpalleHHs MPsiMOYTOJIbHOIO Tpe-
yrosibHiika SOA BOKpYr ero Karera (KOTOpblii CTaHOBHTCAl BLICOTOI
Konyca). [losToMy npsimoil KpPYromoit KOHYC sBJAfETCA TeJOM Bpa-
WeHHs H TAKXKe Ha3blBaeTCs Kouycon epaugerus. Ecii He orosopeo
NPOTHBHOE, Mbl AJI51 KPATKOCTH B Ja/IbHeillleM rOBOPHM IPOCTO ¢KOHYC»,
MOHHMast 10f 3THM KOHYC BpalleHHs.

CeyeHlii KOHyca NJOCKOCTSMI, HapaJjelbHbIMH IIJIOCKOCTH €ro
OCHOBaHHS$, CYTb Kpyrit (XoTA Obl NOTOMY, HTO OHH [OMOTETHYHbI
KPYT'Y OCHOBaHIs).

Sanauva. JIByrpaHHble yrJbl NpH OCHOBaHHH NPaBHJbLHOH Tpe-
yroapHoii mupasiiut pabiul «. Haiiti nsyrpantbie yran npu 6oKo-
BbIX pebpax.

Pemenne. O603HauuM BPEeMEHHO CTOPOHY OCHOBAHHA HHPAMHIBI
yepe3s a. IlpoBexeM ceyeHue NHUpaMuAb MJIOCKOCTDIO, COAepiKauleil
ee Boicory SO u meanaHy ocHoBaHisgs AM (piuc. 390). Tak kak ocHo-
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BaHHe nnpa\mnbx—-pasnocmponmm TPeyroJbHiK, a O—ero LeHTp
TAMECTH, TO HMeeM

AM=“V3, oM=L am=2V3 042 am-2¥3,

SM=OM _aV3 4o ysorrge

cosa  Gceosa’
: 2 (aV3\* a 1 1
=]/ a——ﬁ‘g@ +( K ) =7 V?tgzaﬁr-
Ins ompepesenus AByrpaHHOro yraa npu GOKOBOM peGpe BO3b-
MeM cepefuHB cTopon BA u BC ocHOBaHHS NMHpaMHABL H ONYCTHM
H3 HUX NEpHeHAHKYJsipel Ha GoxoBoe pe6po SB. B TpeyrombHHKe
KLM (acHo, uto 06a nepneHIHKYJ/spa nepeceKyT 60kosoe pe6po SB
B onHOf Touke L) yron L u Gymer nckomuii. Mrak, HYXKHO pelunthb
TpeyronbHHKk KLM, B KotopoMm cropona KM paBua a/2, kak cpezn-
HAiAl JIMHMA OCHOBaHMs, a cTopoHbl ML u KL paBHbI H CllyKaT BbICO-
TaMH TIPAMOYTOJBLHBIX TPEYTroJIbHHKOB (Hanpumep, /\ SMB) c ussecr-
HBIMH KaTeTamu

sM=2Y3 MB=+

6cosa ?

SB=2% ]/-‘!}—_tg‘-*aju%.

U3 cpaBHeHHs ABYX BHpaMeHHil IJIONMAAH TaKOTO TPEYroJbHHKA

H THMOTeHY30it

ML-SB=SM-BM, ML=>"g=
HMeeM
3 a -
ML = 6cosa 2. . a . a

—_——— — = = —.
-g-‘]/%tgza—}—% 2cosa ¥igta+4 2V 1+3cosia

-

Tenepbr B paBHoGenpenHoM Tpeyroabnuke KLM naxoaum cHHYC
NOJOBHHBI HCKOMoro yrya = /KLM:

1
Sin—ﬁ——- 7 KM __V143costa
2= "ML 2 !
OTKyZa OKOHYaTeJbHO
’ - .V 3costa
p =2arcsin ———————H' s 2.

253 06nbeM nupaMHibLl H KOHYCa. B n. 249 Mubl BHEJH, YTO mse
NpH3MHl HJIH ABAa LIJIHHAPA C PaBHBIMH BHICOTAMH H PasHOBEJHKIMI
OCHOBAaHHAMH HMEIOT paBHble OOBeMbl. ANAJOrHYHO OGCTOMT AeI0 1
C NHPaMHAAMH (KOHYCaMH): : a
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Hse nupamuds (0éa KoHyca) pasHOGeAUKU, M. e. UMSIOM PAGHYIE
-00BeMbl, €CAU UX 6bICOMBL PASHBL U OCHOBAHUS PABHOBLAUKU.

Jasi o6ocHOBaHHA 3TOro yTBEPXKAEHHA pPAacCMOTPHM CHayajla
KaKyio-1160 MHpPaMHLYy 1 ee CEYeHHS IVIOCKOCTSAMH, IapaJiiesibHbIMH
nJaockocTi ocHoBahust (puc. 391). Kak yxe 3ameueHo, aTH ceye-
HHs ABJSAIOTCA NOAOGHBIMH MHOroyroJbHuKamu. OTHouwleHHsi JHHel-
HEIX PasMEpoB 3THX ceyeHHil PaBHBl OTHOLIEHHIO BHICOT OCHOBHOM
nupaMuas H MHPaMHAB, OTCEYEHHOi{l OT Hee NMJOCKOCTbIO COOTBETCT-
BYIOLIETO CeYeHHss, a ILIOWAAH, CJIEL0BaTe]bHO, OTHOCATCSH, Kak

Sageor B
KBajpaTHl STHX BBICOT: —bC ol

[Tyctb Teneph aBe mnHpamugwl (puc. 392)
HMEIOT PaBHble BLICOTHI H -PaBHOBEJHKHE

Puc. 391, Puc. 392.

OCHOBaHHA; MycTb o0e NHPaMuAbl, Kak NOKasaHo Ha puc. 392,
floMelleHb! CBOHMH OCHOBAaHUSIMH Ha ORHY .H TY e NJOCKOCTh.
Torma oObeMbl HX OKasblBalOTCA paBHel B cuay npuHuHna Ka-
Ba/IbepH; HMEHHO, IJIOWIAaJU ceueHH i STHX NHpaMHI Ha JI06oil BelcoTe
"6yayT paBHH Mexay cobofi. Te ke coofpaeHus NPHMEHHMbl H K
KonycaM. HMrak, o6beM nupaMHZbl HJIH KOHyca 3aBHCHT He oT ¢op-
 Mbl OCHOBaHHs, HO JIHIIb OT €ro NJOWAAH H OT BHICOTHI TeJa. -

B cuay storo aas BhiBoAa GOpPMYJB 06beMa MHPAMHAL H KOHY-
€a JIOCTaTOYHO, HanpuMmep, HaiiTH oObeM NHPaMHABL ¢ TPEYTOJbHLIM
OCHOBaHHeM, 4To'Mbl H cpenaeMm. CnpaseasiBa

Teopema. O6ves mpeyzorsroli nupamude: paser 00HOL mpemu
00veMa NPU3MbL C MeM- 902 QCHOBANUeA U mod e 6bwomot, 4mo u
dannaa .nupamuda.

HDokaszateabcTBo. Bysem nc‘(o;.xm'b H3 TPEYroAbHOM TpH3-
Mbl Ha pHc. 393, a. TlpoBesem nuiockoctb uepes BepuiHy A’ Bepx-
Hero OCHOBAHHSl NPH3Mbl H NpoTHBOJexamee peGpo BC HHXKHErO
. OCHOBaHHs. IJTa NJOCKOCTb OTCEYET OT MPH3MH TPEYroJbHYIO Nupa-
muay A’ABC (oHa mokasaia TakKe psJIoOM Ha OTAEJILHOM YepTexe
(pic. 393, 6). OcraBiuyiocsi 4acTb NPH3MbE pa3nioxuM 1ia Asa Tena,
. IpoBeast mjockocTh yepes jpuaroHannt A'C u B’C GoxoBblx Tpanei.
. Ilonyyentple gBa Tesa TakiKe SIBASIOTCH MHpaMHZaMil; CYHTas Tpe-
yroibHHK A’B’C’ ocHoBannem ojHofi n3 HHX, a C ee BepILHHOI,
YBHIIM, YTO €e OCHOBaHHe H BHICOTA TaKHe Ke, Kak Il y nepsofl



2531 | § 2. NHPAMHIA. KOHYC 553 - -

OTCEeYeHHO HaMH NMHPaMHABI, No3ToMy nupamuns A’ABC u CA'B'C’
pasHoBeauku. Kpome Ttoro, o6Ge Hosbe mnupamumsl- CA'B'C’ - n
A’B’BC Takie paBHOBENHKH; 3TO CTaHET SICHBIM, €CJM -NPHMeM 3a
HX OcHoBauus TpeyronbHHkn BCB’ u B'CC’. Tlupamupgm CA'B’C’
‘u A’B’'BC nmelor obmyio BepmnHy A’, a HX OCHOBaHMSl pacnoJio-
JKeHBl B OJHON TMJIOCKOCTH H PaBHH; CJENOBaTEIbHO, [THPaMHIHL
paBHoBenukH. WTak, npH3Ma pasloxeHa Ha TPH paBHOBEJHKHe

o - Mexpy  cobofi nmupamu-

A N4 A o .
: A" Y nbl; obbeM Kaxiuol H3
\\ . HHX paBeH ORHOH TperH
AN ’ 06BeMa NPH3MBL.
\ A
\\ D )
AN\ )
N\ ? _
\ %
) . %% N
5 44%% ~e
| ! 4% _
 Pre. 393, . Puc. 394.

Tak kak topMa ocHoBauus HECYIIECTBEHHA, TO, BooGiue, oGneM
“TIHpaMHJB WIH KOHYca PaBéH OIHOIl TpeTH o6»eMa NpPH3MH C Tofl
e BHICOTOl M TeM ke (HJIH D3aBHOBENHKHM) ocHOBanHeM. Bcnomu-
-Hast opmyay, BHIDAXKAIOMYIO OGBEM NPHIML H uunnnapa, V =Sh,
TIONYYHM OKOHYATeNbHHIl pe3yJbTaT:

Ob6ven nupamudn uau KoHyca paeeu oanou mpemu npouaseaeuuﬂ
nnou;aau OCHOBAHUR HA_Gbicomy: v

V=§M{ T @83

"B yacTHOCTH, 1Sl KPYroBOrO KOHYCa, PajHyc OCHOBaHHA KOTO-
poro pased R, a Bbicota h, monyuuM, 3amedas, uto S =nR?

V=gaRh. . "(%&m

, 3anaua 1. Haiitu o6ném NPaBHJALHOMN qe'rupexyronbﬂou nu-
paMujEl, eclH ee 6okoBOE pe6po paBHO /, a Yroa Hak/JOHAa GOKOBHIX
rpadefi K IJIOCKOCTH OCHOBAaHHS paBeH .

Pemenne. [IpoBesem BHICOTY Mupamuibi SO—h n Bucory _60-

KOBO#l rpauu SK (pnc. 394). Haxomum h=—tga, h’-{--—_——l
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Taxum o6pasom, 3ameHsii /i B mocJefHeM paBEHCTBE €ro BhIpae-
a af 1 1 2 2
HueM h=-ziga, nonyunum a ?—}—Ttg a )=1* oTkvia '
' 9l Itga '
A=, h= -——_E_:- ’
V2-+tgza V2+igia
H HCKOMBT ofbeM BhulicasieTcs  Io  (opmyJae

V= ha* = iPlea
. 3 3@2+tg*a) V2t ig’a
3agauya 2. Konyc BnucaH B 1wap paaiyca R. Yroa Mmexay
ocbio i obpasyloiiefi Konyca paser o. Haiitn ofbvem Konyca. |
Pewenne. HMsobpasum paBHOGeIDEHHBIT TPEYTrOJbHHK C YIJIOM
NpH  BeplHe, paBHBIM 20, BIHCAHHBII B Kpyr pagiyca R
(puc. 395, a). Bpawas sty ¢urypy BOKpYr ee ocH cumMMmerpui BM,

Puc. 393. Puc. 396.

noJNIyuHM TeJlo, KOTopoe JaHO HaM B ycJaoBHH 3agaun (puc. 395, 6).
3ameuaeM, yto /MOC=2a (uentpajibHblii yroa BjBoe 6oJblue
BNICAHHOrO YIJIa, onHpaloluerocss Ha Ty #e gayry). Orcioga

MC=r=Rsin2a, h=BM=R-+Rcos2a,
V=%nr2h=%—n R?*sin®*2a (1 4-cos2a),
Han :
V= %R“sm%acos?a.

254. Tlaomaab GokoBOii NOBEepPXHOCTH HPABHJILHON TNHPAMHAM M
konyca. [lnowans GokoBoii IOBepXHOCTH IIPOM3BOJIBHON MIpaMHALL
paBHa cyMmMe nJjouianeil ee GokoBblX rpaweii. Cneunanasuyio dopmy-
JY IJA BBIPROKEHHST 3TOil ILIOWAAN IIMeeT cMuic] AaTh B clydae
npasBuabioll nupamugut. Tak, nmycth Ha pue. 396 u3obpaxena mpa-
BiJIbHAsi NIpaMiia, B OCHOBAHHH KOTOpPOfl /exXKIT . NpaBIAbHBIN, -
n-yroJbHHK co cropoHoii, paBnoil a. Ilycte h —BbicOTa GOKOBOIl
rpaHH, HasblBaeMasi Takxke- anogemod nupamupsl. Ecan, Hanpumep,
Kpome cTOpoHbl @ OCcHOBaulif, H3BECTHA AJHHa 60KOBoro pebpa mi-
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) .
PaMHAHL HAN €e BHICOTa, To anodema Haxoautrcsi Ges tpyaa. B ca-
MOM jeJie, ecH H3Bectinl a H h, TO nJjoulaab oaHofi 60KoBOl rpa-

l .
Hi pasHa - ha, a Bcst GOKOBAA MOBEPXHOCTH MHPAMILIE! HMEET MJO-

n
wans, paBHylo o-ha. Tak Kak na —nepuMeTp OCHOBaHMSI MHpaMit-
Rbl, TO MOXHO HanHcath Haiinennyio Gopmyny B BHAe

S=+np. (254.1)

ITrouade Gokogold nosepxHOCMU NPABUALHOL NUPaAMUOs. PAsHQ.
npoussedenuto ee anoghemvt HA NONOBUHY NepuUMeMpPa OCHOBAHUA.

TMepefizeM K oTblckauHio mJiomagH 6OKOBOIl MOBEPXHOCTH KOHYca.
YTOUHHM mnpexne BCEro, YTO ME! MOHHMAeM MoJ, MJowansio GoKoBOit
NOBEPXHOCTH KoHyca. Bnmmem B ocHoBaHle KOHyca npaBHIbHbIE
MHOT'OYTOJABHIKH CO BCe BO3PAaCTAIOMHM YHC/JAOM CTOPOH (Hampumep,
nyTeM YIABOeHHs 4YHcsa cTopoH). C HX noMOIbI0 ROCTPOMM NPaBHJIb-
Hble OHpaMIAbL, BMHcaHHble B KOHyc. 3a nJjomaibk GOKOBOH NoBepX-
HOCTH KOHYyCa NpHHHMaeTcsl mpenesf, K KOTOPOMY CTPEMHTCHA IJIO-
uags GOKOBOIT MOBEPXHOCTH NPaBHJBHOM MHpaMiabl, BNHCAHHON B
KOHyC, KOrja YHCTO ee OOKOBHIX TpaHell HeorpaHHUEHHO pacTer
(ynsauBaercs). TaK e MOMKHO ONHCHIBaTH MHpaMHABI BOKPYT' KOHY-
ca. llpenen naomaneii GOKOBBIX NMOBEpXHOCTEN NpPaBWIBHBIX NHpa-
MHJ, ONHCAHHBIX BOKPYr KOHYyca, OyleT Mo Mepe yBeJHUeHHS yHCaa
nx OOKOBBIX rpaHefi CTPEMHTbCS K TOMYy XKe CaMoMy npejgeny, uTo
1 B clydyae BMHCAaHHBIX nipamig. TakuM oGpasoM, niowans GOKO-
Bofi MOBEPXHOCTH KOHyca fABJAfeTcd oOUHM NpeaeoM mJomageil
60KOBBIX MOBepPXHOCTEll MPaBH/ABHBIX NHPAMIJ, BIHCAHHBIX B KOHYC
H ONHCAHHBIX BOKPYr HEro, NpH HeOrpaHHYCHHOM YIBOEHHH YHCAA
1nx GoxoBhix rpaneit. Ilpoussenem HeoGxoanmbie BouscaeHus. Iycrs
P, —nepuMerp OCHOBaHHA BHHCaHHON n-YroJbHOI. NPaBHJABHON IH--
pamuabt, P, —nepHMeTp OCHOBaHHS ONHcaHHOi mupamunel. Anode-
Ma ONHCaHHO{I NHpaMugbl IpocTO paBHa ofpasywouweii ! Kouyca,
anodema h BnucaHHOf NMHpaMHAb MeHblie ofpasyiouleii KOHyca, HO

YIOBJETBOPSAET HEPABEHCTBY t——-g—<h<l, Tie @ —CTOpPOHA OCHOBa-

HUS BMNCaHHOi mupamuawt. Ilpn n—oc0 a—0 u h—1. Orciona
HAXOAHM AJIs1 MJIoaxH GOKOBOIT MOBEpPXHOCTH S, BMHCaHHOH nHpa-
MHAB C YUETOM TOrO, 4TO P, HMeeT npeies, paBHbll JJIHHE OKPYXK-
HoctH C=2n R,
NP O
th,,=||m?hP,,=§-lC=an..

n+o n—om P

Ans caydasi OMHCAHHON MHPAMHABI HMeeM

lim S; =lim - {P; =xRL.
n n->o

i
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O6a ykasanubix npenena PaBHHl OAHOMY H TOMY e 4ucay 7RI,
KoTopoe it npHHIMaeTCs 32 NOWab 60KOBOIT MOBEPXHOCTH KOHYCa:

S=nRl. ’ (254.2
ITa0wads Goxosoli nosepxHoCMu KOHyca PasHa npouseeaeuwo dau-
Hot €20 00pasyoeil Ha NOI0BUHY NEPUMEMPA OCHOSAHUS ( 7 C= :tR)

. 3anauva. Haiitn niowane 60xoBoii noBepxHOCTH NPaBiIbHOIL
TpeyroabHOil NipaMHABl BEICOTHE /1, ec/il MJIOCKHil yroJ npH Bepiuil- .
He NNpaMiabHl paBeH . ‘
Pewenne. OG03HAYHM CTOPOHY OCHOBAHHSI MHPaMHAH uepes a,
anogevy uepes h, (puc. 397). W3 tpeyronbunka MOK, ysunrbiBasi,
uTO OTPE30K OK paBen o;mou TPETHl BLICOTHl OCHOBaHHA, T. €

0K = X3

1
a=2h, tg—2—. IloacraBass a u3 BTOpOro pasencTBa B nepBoe, No-

JY4HM
o
l/.l___ tg? .5. )

M ' : h=
2hig 3’

1, ,a ‘
V“i‘g? ,

"Orcioga naouiaib GOKOBOI MOBEPXHOCTH

, HMeeM hl——= . 13 tpeyronbnnka MKB naxoanm

H 3areM

, 3 3 tg%
' S=<ah =—r-—"_.
Piie. 397. 27" 1 _l_t N
‘ —3'e7y
LIuTaTemo npezmarae'rcn npnBecm OTBeT K Blllly

S= 9h?sina
8sin (60°+ ) sin <eo°'— %)

255. Yceuennnlit KOHyC W yceueHHad nupamupa. Ecan ot npa-
MHABI (1JH- OT KOHYycCa) OTCeYb 4acTb IUIOCKOCTbIO, NapasebHoil
OCHOBAHHIO TeJla, TO OCTABLUAsICA 4aCTh, 3aKJIOueHHast Mezxay Cexy-
wieil NA0CKOCTbIO 1 OCHOBaNMeM, HasblBaeTCs ycewenHod nupamudor
(ycedennoin konycom). Ha puc. 398 nokasana mipamiga; oT6pachiBast
€e 4acTh, JIeXKaulylo Bbille CeKyileil NMIOCKOCTH, NoJiydaeM yceuennyio
nyupamuay. SlcHo, 4To Manas orGpachiBaemasi MHpaMHJa FOMOTETHYHa
‘GOJIbILOH IHpPAMHAE C LEHTPOM roxxoremn B BepuinHe. Kosdeiuent
NOJCGHS DaBeH OTHOLIEHHIO BHICOT: k= h,/H,, HIH GOKOBBHIX peGep,
I APYTHX COOTBETCTBYIOUIMX JIHHEHHbIX pa3MepoB OGeHX MipaMiL.
Mbl 3HaeM, 4TO n.nouJ.aml NOAOGHBIX qmryp OTHOCATCA, KaK Ksa,zxpam
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JIHEeAHBIX Pa3MepoB; - TaK, IJIOWAAH OCHOBaHHIT obenx nHpaMua
(r.e. nnomazm OCHOBaHHil ycequHou NHPaMHJB) OTHOCATCH, Kak

Sz_ —p2
5= h" k2 (255.1)
3aecp S, o3nauaer I/IOMAAb HHKHEro OCHOBaHHfi, a S,—Mowanb
BEPXHEro OCHOBAHHA yceueHHOfi mupaMuasl. B TakoM ke OTHOIIeHHH
HaxofaTcs M GOKOBble NOBepXHOCTH mHpamuj. Cxoaxoe npammo
HMeeTcsl M A o6peMoB. O6sembt no0obHbix
men omHocaAmes, Kax Kyost ux AuHeliHoLx pa3me-
pos; HanpHMep, o0BeMbl MHPaMui OTHOCATCA,
KaK NpOM3BEJeHH HX BHICOT Ha IJIOWAmH
OCHOBaHHIi, OTKYIa Hallle NPaBHJIO0 MO y4aeTcs
cpa3sy. OHo HMeeT cOBepIIEHHO o6uMil XapaxK-
Tep H NPsAMO CJeRYeT H3 Toro, urto oGseM Beer-
Jia MMeeT Pa3MepHOCTb TPETbeH CTeneHH JJTH-
Hpt. [lonp3ysicb 3THM mnpaBMJIOM, BHIBEIEM
¢dopMyay, BHIpaKalomyio oGbeM YCeYeHHOTro
KOHYCa M YCeYeHHON NHpaMHAbl Yepe3 BHI-
COTY H IJIOIAAH OCHOBaHMA.

Ilycrs Ha puc. 398 nokasana yceuenHast :
MHPaMHAa CBLCOTOM A M. IJIOMANAMH OCHO- Pnc. 398,
BaHuf, paBHLIMH S, ¥ S,. Ecau Npe/CTaBHTh :
cefe, YTO OHAa JOMNOJHEHA JO NMOJHON MHUPaMHABI, TO xoacbq)mmem
HOJIOﬁHH NOJIHOM TIHpaMHABl H MaJjiolf MMPaMHAB! JIeTKO HafiTH Kak

k=VS,/S,. Buicora yceuenHoii nupaMuabl Bhipaxaercs Kak hA=h, —
—h,=h,(1—Fk). Tenepp mnmeeM a1 06BbEMa yceueHHON NHPAMHIABLI
(uepes 'V, u V, obo3HaueHbl 06beMbl MOJHOIM H Ma/oil NHpaMHL)

V=V, V=V, (1 —F) =3 1S, (1—B) (1 +k+AY),

HO ‘
h (1 —k)=h, - kS,=VSS, KS,=S,
H OKOHYaTeJbHO moayuaeM ¢opmyay
1 loroaronl -
V=gh(S,4VS5S,:+S,). (255.2)

- . -1
B vactHoM cayvyae noawoit mupamuasl S,=0, V=§hS; ec/H

S,=S,, To umMeeM ob6wveM mpusmut V=AhS.

Ta e dopmyna, Kak BHAHO H3 ee BHIBOAA, ocraetes BepHa H
anst Konyca. Ecin maHst pamuycst R, H R, ocHOBaHuil yceueHHOTo
KoHyca, T0 S,=nR}, S.=nRZ, u dopmyJaa NpuMET BHA

V=2h(Ri+RR,+RY). ' (255. 3)

Buaeneu ele q>opmy.ny wiontaan ¢ GoKoBOII MOBepXHOCTH npa-
BHJLHOIT yCEYeHHOM MHPaMHAN uepe3 nepHMeTps P, n P, OCHOBaHHit
H n.mmy anopembt a (puc. 398). Paccymae\( Toqno TaK ke, Kak
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n npi BuBoae GopMmyanl Aasa obbema. JlonmoaHsieM NHpaMuzy Bepx-
Hell wacTblo, HMeeM P,=RP,, 0,=k%0,, rae k—KoapduuneHT nojo-
6us, P, u P,—nepinerprl ocHOBaHuil, a ¢,, 0,— /0Ll GOKOBBLIX
noBepxHocreil Bceil moJydeHHOIl NHpaMHAbB H ee BepXHeH dYacTH
cooTseTcTBento. Jina GoKosoil nosepxxocTH HaiineM (@, u a,—armno-
dembl nupaMHR, a=a,—a,=a, (1—k&))

o:a,—o,=cl(1—k2)=5a1P1('1—k)(1+k).
Ho a,(1—k)=a, P,(1+k)=P,+ P,, 1 OKOHYATE/IbHO HMeeM
1
=5 a(P,+Py). (255.4)

Ta xe copmysa ocTaeTcs BepHOIl (BBIBOJ He H3MEHHTCA) H 1Jd
yceueHHoro komyca. Ecau panmychl ocHoBauuil R,, R,, a 06pa3ylo-

was /, To mosayyaem
o=nl(R,+R,). (255.5)

Ipn R,=0 orciona, B wacTHOCTH, HMeeM IJIolUlalb GOKOBOIl
NOBEPXHOCTH INOJHOrO KOHYca, npH R, = R,—njowajgp LHJIHHApA.
3agauya 1. OcHOBaHHS ~yCeYeHHOTO KOHyca HMEIOT pajuycChl,
paBuble R; H R, Ilaouanp ero 60K0BOIl MOBepXHOCTH paBHa CyMMe
niowaneil ocxosasuil. HaiiTh yron Hakjona ofpasylolix K NJaoc-

KocTH 6O/bHIero OCHOBAHIA. .
R,—R,

Pewenne. OOpasylomas KOHyca HAXOIHTCSl Kak [=——= oo

(puc. 399), rme «—uckoMBIl yroJ. ¥YcaoBue 3ajauil JaeT HaM
paBeHCTBO

s

7 (R +R) =n=Re (R, 1 Ry).
2_ p2

Orciona cosa_R —R: a:arccos—_‘z_—kf.
Ri+R}’ Ri+R;

- Ry

7[71 .

Puc. 399. - Puc. 400.
3anava 2. Haiitn oGbeM yceyennoro Komyca, €ciai OJHO ero
OCHOBaHlie BIIHCAaHO B OCHOBaHHe Kyba ¢ peGpom a, a Apyroe onu-
€aHo BOKpPYr TIPOTHBONOJIOXKHO TFpaHi Toro e Kyba.
Pemenne. Paauycel GoJbllero H MeHbIIEro OCHOBAaHHIl pas-

uet afl)/ 2 u a/2 coorBerctBenno (puc. 400). BnicoTa KoHyca ‘a.
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HekoMmuit o6pem

V_3na(2 2;’;2 ) 2 B3+V).

-'ananmenuu

1. B npasuabuoli TpeyroanHofl nmupamuae Goxoaoe pe6po pasuo [, a zuzyrpan-
Nt yrol npu peGpe ocHoBaunst c. HafitH GokoByld NOBepXHOCTb H 00beM
NHpaMHIH!.

2. HafiTH nOJHYIO NMOBEPXHOCTE M 0GBEM KOHycCa, BIHCAHHOrO B MPAaBH/ILHBI
TeTpasap ¢ pe6poM a.

3. KoHyc yceueH n/0cKOCTBIO, - BapasIe/IbHOf €ro OCHOBAHHIO, TaK, 9TO BHI-
COTa YCeyeHHOro KOHYCa paBHA OJHOI YETBEPTH BBICOTH NOJHOrO KoHyca. [lioutaxb
GOKOBOl NOBEPXHOCTH YCEYeHHOro KOHYCa paBHa NJOMALH ero MEHBLIET0 OCHO-
Baunsl. HafitH yros1 Hax/Mona o6pa3syiouiX K NJIOCKOCTH OCHOBAHHA KOHYCa,

§ 3. Wapoeaa nosepxHocTh. Llap

. 256. Wlap u waposas nosepxHocTb. I[llaposod wnu ceheputeckod
NOBEPXHOCTLIO Ha3bIBAETCS TeOMETpHYeckoe MecTO TOUeK NpPOCTPaHCT-
Ba, ylaJeHHBIX OT AauHHOil ToukH O (UeHTpa) Ha 3ajaHHoOe paccTos-
Hie R (paguyc). Bce npocTpaHCTBO MO OTHOWEHHIO K JAaHHOW iua-
poBoii nosepxHocTH pa3bHBaercs Ha BHYT-
peHHIOI0 007acTh (KyJa MOXKHO NPHCOEHH-
HHTb H TOYKH caMoii IOBEpPXHOCTH) H
BHemHiolo. [lepBasi u3 stux oGaacreii Ha3bl-
BaeTcs wapom UMM cpepoil. Urak, wap —
repMeTpHYECKOE MeCTO TOuYeK, YAaJeHHBIX
or 3ajanHoit Toukit O (UeHTPa) Ha paccTos-
HHe, He npeBnlnlalouiee’ AaHHON BEJHUNHB
R (panuyca). llapoBas noOBepXHOCTb fB-
Jsiercd TpaHdlleff, oTAenAomeil wap or oK-
pyxKamwiero fpocTpaHcTBa.

HIapoBylo moBepxHOCTD M MIAp MOXHO
NOMY4YHTb TAKXKe, BPALLLast OKPYKHOCTh (Kpyr)

BOKPYI OHOTO H3 AHAaMeTpoB. <)
PaccmoTpiM OKpYyXHOCTB ¢ ueHtpoMm O H :
paaunycom R (puc. 401), nexamyio B mJI0cKo- Puc. 401,

ctu A. ByneMm Bpamats ee BOKpYr nHamerpa

AB. Torna KaXpas H3 TOUeK OKpYKHOCTH, Hanpumep M, B cBOlo oue-
peAb omHMueT NPH BPAWEHHH OKPYMKHOCTb, HMEIOULYIO CBOHM UEHTPOM
TouKy M,—npoekuuio Bpamaiomefica Toykn M ma och Bpaute-
Hua AB. TIlirockocrs stoit OKPYKHOCTH MepreHiuKyAApHa K OocH
‘Bpaiennd. Paguyc OM, Bepyutuii H3 leHTpa HCXOXHON OKPYXHOCTH
B Touky M, GyzeT cOXpaHATb CBOIO BeJHYHHY BO BCe BpeMA Bpa-
IeHHs, 0 noroMy Touka M Bce BpeMs OyneT HaxoAuTbes -Ha code-
puueckoit mosepxHocTH ¢ ueHtpoM O n pamgnycom R. IJapoBas
NOBEPXHOCTb MOXeT GHThb MOJiyueHa BPalleHHEM OKPYKHOCTH BOKPYT
71000ro H3 ee JUaMeTpoB.



‘560 " ra. XX, MHOTOTPAHHHKN M KPYIAWE TEAA ’ {256

Cam wap kak TeJo noJjyyaercsi BpaumeliieM Kpyra; SCHO, - 4TO
IJIs 110.1y4eHHs BCero 1iapa A0CTaToYyHO BpalWaTh nonyxpyr OKO.10
OrpaHHYHBAIOUIETO €ro AHaMerpa.

Mccaeayem Bonpoc o Baammnom pacnono;xeumi mapa # IJ0CKO-
cti. J1s 3TOro, IMesi HEeKOTOPHIl LWap M MJOCKOCTh A, OMYCTHM H3
uenTpa mapa nepHeHiNKYAfp Ha naockocTb. Ecan ocHoBauHe 3TOro

. nepneHzHkyJaspa M, okaxercs BHe
wapa {(puc. 402), TO ocranabHue

-
- T~

a

~

-
- .
td e,

”

PR
PR

y

- Puc. 402. Puc. 403.

TOYKH NJIOCKOCTH M NOJaBHO -GVAYT J1€KaTh BHE luapa, TaK Kak oHH
eile GOJblle yAadeHbl OT LEHTPa, ueM OcCHoBauie nepneniuxy.anpa.
B sToM ciydae MJIOCKOCTb He hMeeT OOWIMX TOYEK ¢ LIAPOM, oHa
ero ne nepecekaer. Ecait ocnobailie nepreniiKkyspa oKaxercs na
waposoil noeepxxocti (puc. 403), TO OCTa/jbHbie TOUKI IIOCKOCTH,
KaK M B mpeawliyuem cayyae, GyayT Jexarb BHe luapa. TaockocTs -
6yaeT HMeTb OAHY OOLLYIO TOYKY C LIapoBOil NOBEPXHOCTbIO; Takas -
NJI0CKOCTL HasbipaeTcsl kacameastod K wapy. Paanyce, nposeaentblii
B TOYKY Kacauus, NepneHAlKyJspeH XK. KacaTeJibHoil MNJIOCKOCTH.
. JHeiictButenabno, ecsil IJIOCKOCTb
HMeET ¢ [IOBEePXHOCTbIO [1apa eiu-
CTBEHHYIO 00uLyl0 TOYKY, TO 3Ta
TOYKa OJikaiiasi K UeHTPy wapa
N0 CPaBHEHHIO C OCTAJIbHHIMH TOY-
KaMH IIJIOCKOCTH H MOTOMY CAYKHT
OCHOBaHHIEM  NeprneHanKyJasapa,
ONYILEHHOTO H3 LENTpa Wapa Ha
I1;I0CKOCTbD. ’ ..
EcJsi,HaKoHel,0CHOBaH e nep-
nenpuKynsapa M, okaxercs BHYT-
pumapa (puc. 404), To niockocts
O6yner nepecekarb [MOBEPXHOCTD
Hapa, Tak Kak yYacTh ee OKWKeTcs BHYTPH 1llapa, a YacTb—BHe.
Hccaenyem anmmo nepeceyeniis Takoil NVIOCKOCTH ¢ WApOBOoii NoBepX-
Hoctbio. IlycTh paccrosinne ee OT UeHTpa lapa paBHO d, d<R.
Toraa okaspiBaeTcsi, YTO JIHHHA NepeceyeHHS MJOCKOCTH C noaepx-
'HOCTbIO 11apa fABJSETCA "OKPYXKHOCTbIO- € UEHTPOM B TOuke M,

PaliycoM, paBHEIM r~l/ R*—d?® [laa pokasarenbcTBa npoaeuem

-
e -

Y/ AN

¥

Puc. 404.
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yepe3- M, nponspoabHblil -ayu MM, nexammii B cekymeii mnio-
cKoctH. Brixoasa 13 BHyTpeHHeil o6GaacTi wiapa BO BHEILHIOW, OH
nepeceyeT NOBEPXHOCTH lWiapa B HekoTopoii Touke: M. PaccMmorpunm
. Tpeyroapnik OM M ¢ npsaMeiM yraom npn BepmnHe M,.- Karer
MM no rteopeme Ilngaropa Gyzer pasen V' R*—d>. Bnpouewm,
NOCTORHCTEO' AMNHBL OTPE3Ka HE3aBHCHMO OT HanpasJenns Jyda M,M
B AanHO# NJIOCKOCTH BHAHO H 6e3 npHMeHeHHS TeopeMbl I'In(paropa
(noab3yeMcA PaBEHCTBOM NPSAMOYTOJbHHX TPEYTOJbHHKOB, HMEIOMIHX
obuiiie KarteThl H paBHbie 'HNOTEHY3H). Temepb BHAHO, YTO BCE TOY-
KH nepeceueHHs NJIOCKOCTH A C MOBEPXHOCTBIO lapa JexaT Ha ofl-

HOIf OKDYIKHOCTH C. LEHTPOM Mo- H paJuycom, DAaBHBIM, V R® —d?.
Hanporns Jr00an "TOYKA 3TON OKDYXXHOCTH YyJaJeHa OT "LeHTpa

ulapa Ha paccTOsHHe, PaBHOE 'I/(VR’ @)P+d*=R, n nmoruy
JIeKHT Ha NOBEpXHOCTH 1iapa (paBHO KaK H B ILIOCKOCTH A) W,
3HaYMT, TNPHHALIEKNT PACCMATPHBAEMOR JIHHMH NepeceyeHHs. U3
3TOTO BHJIHO, YTO JIHHHSA IiepeceyeHis —MOJHAas OKPYKHOCTb, a He
Kakas-1u6o yacthb ee. .

Urax, ecaw 1/1MHA MEPNEHAUKYJspa, . ONYLIEHHOTO H3 uem'paO
‘wapa paauyca R Ha JaHHYIO IVIOCKOCTb, paBHa d, To: :

1) npi d>R NJ0CKOCTb He nepeceKkaer 1apa; o

2) npu d =R nJjockocTh Kacaercsl 11apa B OJHOIl TOuKe, paamyc,
ﬂpOBC}IEHHblH B TOUKY KacaHHfl, NeprneHAHKYJIAPEH K IJIOCKOCTH;

3) npu d<R NJ0CKOCTb NepeceKaer iiap MO OKPYXKHOCTH, -LEHT-
POM KOTOPOH CHAYXKHT OCHOBAHHE MepNeHAHKY.Ipa, ONYUIEHHOTO U3
neHTpa Wapa Ha MJOCKOCTb, a paanyc paseH )V RP—de.

B 'yacTHocTH, MJOCKOCTb, IMpoXoasulas uepe3 LEHTp Wapa, nepe-
CeKaeT ero MNo OKPYKHOCTH MAaKCHMAJbHO BO3MOXHOTO pajuyca,
paBHOro paauycy wapa R. Takne ceueHnst i1apa nJOCKOCTAMH, Npo-
XOLAINMH Yepe3 ero UeHTP, Ha3blBAIOTCA GoasuiuMy Kpyeamu mapa.

3anawa 1. [IBa ceuenus wapa paauyca-10' cu napanaenbuu- -
M INIOCKOCTAMH HMEIOT pajuychl, paBHbie 6 ca n 8 ca. Haum
‘paccmmme MEXKAY CeKYUIHMH IJIOCKOCTAMI..

Pewenne. Haxonum paccrosnne Kaxnoii W3 napanjielbHHX -
nJockocTeii 10 LeHTpa mapa-

=)100—36=8cx,
d,: V'100—64 =6 cu;
‘B 3aBHCHMOCTH OT TOTO, JIEXHT JH UEHTP 1apa MexAy MJI0CKOCTAMH
“NJH HET, NoJyYaeM 1Ba Pa3/iHyHbIX OTBeTa K 3ajaue:
: d=14cn, d= 20,u.
.3apaua 2. PaccTonnne MeXny UeHTPaMH ABYX WapoB paBHO d;

. papnycn nx R, n R,. Haifith paxnyc oKpyHOCTH, IO KOTOpOIl OHH
-.TIiepeceKaloTcs.
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- Pewenne. Hckompiit pannyc CayXHT BBICOTOIl TPeyroJibHika
OMO, (puc. 405). Ilaowans S Tpeyroabuinka OMO, naxoaurcs no
TpeM croponam 00,=d, R,, R,, H HCKOMBIl pagHyc paseH r = 25/d.

[pamaa nuHHHA TaKxe MOKeT 3aHHMaTb O OTHOLUEHHIO K Liapy
TPH CYUIECTBEHHO pas3/HYHBIX nojoxenius. MmenHo, oHa Moxer me-
peceub MOBePXHOCTb 1uapa B ABYX PAa3/H4YHHIX TOYKaxX, He nepece-
KaTb ee I HMeTb ¢ Heit oaHy oOulywlo Touky. B nocaennem cay-
uae oHa GYyJeT HasblBaThCHA Kacanieav-
HOI K 1apy.

257. O6beM wapa H ero 4acren.
Oo6ven wiapa BhlyHC/AAETCA Ha OCIHOBa-
HUI CJIEZYIOUero npeisomeniis.

Teopema. Obvess noaywapa pa-
6eH pasHocmu 00vemMos UAUHOpa U Ko-
HYCA, UMCIOWUX C noaywapos odujue
\ OCHOBAHUE 1 6biCoNy.

Puc. 403, JlokazaTeaAbCTBO. Boc-
noab3yemcs npuHunnon Kasaavepir

Paccyotpiim noaywap pagnyca R (puc. 406) u wuanuap, paisyc u
BbicoTa KoToporo Takxe pasubl R. Ha pepxiem ocuosanui storo
IIJHHAPA NIOCTPOHM KOHYC BbICOTHl R, o6paleHHblil BepuiHoil BHH3.
Bepuinna sToro KoHyca momnajia B LUEHTD HHXKHEro OCHOBAHIS M-
JUiHIpa, a obpasyloulle HaK/IOHeHbl K OCHOBaHUIO MOJ yraon 45°.
Hy:xuno gokasate, uro oObem Teda, NOJYYaeMOro H3bSITHEM H3 LH-
JIHHAPA BbLILEOMICAHHOrO KOHYca, Gyner paBex ofGbemy noayiiapa.

AR X

NN
I NN

Piuc. 406.

Ha puc. 406 o6a Tesa—uiAHHAP C BLICBEPJEHHOIT B HeM KOHH-
YeCKOIl BOPOHKOil H NOJyLap—IocTaB/eHbl OCHOBaHMAMH Ha OXHY
. IUJIOCKOCTb I 1IMEIOT paBHbie BLICOTBI. B COOTBETCTBHH C MPHHLHMIOM
KaBanbepit paBeHCTBO HX 00beMoB OYIeT ycraHoBjeHo, eciaH 6yner
NoKa3aHo, 4YTO IiowafH ceveHHii OGOHMX Tesdl MHPOH3BOJBHOM mMio-
CKOCTDbIO, Mapa/i/ie/ibHON TNIOCKOCTH HX OCHOBaHHil, paBHbl. Pacceuem
HallH Tesna MJI0CKOCTbIO, MPOBEAEHHOI Ha Jioboil Bbicote ¥, 0T xR,
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. I/ImeeM s ceyeHHs1 MoJymiapa
' S— ﬂ'0/ R*— X’)’—H(R’ x2)

Ceuenne BTOpOro Tesia MMeeT (GOPMY KoJblla, H HOTOMY MJIONIANb
€ro HaxoJHTesl KaK Pa3sHOCTb MJIOIHajell ABYX KPYros:

§=8§,—8,=aR*—ax*=n(R*—x*).

Tenepb MBl BHAHM, YTO MJOWAAM OGOHX CeYyeHHil paBHBI MPH JOGOM
3HAYEHHH X, M, C/IJI0BAaTeIbHO, PABEHCTBO 0GHEMOB JI0Ka3aHo. Ocraercs
NPOBECTH HeGoJIbUIOE BHIYHMCJEHHE; O0beM IHJIHHApPA paBeH

Vs =R R =nRY, |
ofbeM KOHyca cocTaBisieT ONHY Tperb ofbeMa HMJIHHApA, Ha JOJMIO
: 2
e’ HX Pa3HOCTH OCTaeTcs JiBe TpeTH o6bema Mumuaapa: V = nR?.

2
TakuM obpasom, o6neM moayiiapa paBeH B-JIR’, H OKOHYartelbHO

AN obbeMa mapa mmeeM ¢op-
Myay
Vinapa =5 7R3 (257.1)

Hlaposeim  cecmenmom Ha-
3bIBaeTCst gacTh Iuapa, OTce-
YeHHad OT Hero NJIOCKOCTEHIO
(pHc. 407). Beskas miaocKocTb, .
nepecekaiouas wap, pas6u-
Baer ero Ha iBa cerMenra. O6n-
€M IIAPOBOT® CETrMeHTa Haxo- 3
ZMTCS NPH JIOMOLIH TEX e pac- ) Pac: 407- oo
cyxknerull ‘H3 puc. 406, crour
JHIIb B3ATH He BCe Tesl0 («UHAMHAD Ge3 Konyca»), a ero yacTsb,
OTCEUeHHYIO -TNIOCKOCTHIO, NapanfienbHoii  ocHoBanio. Pacemorpun,
HampHMep, 11apoBOil CerMeHT, Jexauuii Beue ceKyuiell NJIOCKOCTH,
npoBefieHHOM Ha BLICOTE X OT IIOCKOCTH OCHOBAaHHS NOJyLIapa, T.e.
Ha PaccTOfHHH h=R-—x OT BepxHefl TOukH nosaymapa. Benuunna h
HasLIBaeTCA cmpeaxoil cermenta. Mckoubit ofvem Oyier paseH pas-
HOCTH OOBEMOB LMJMHAPA pajgHyca R ¢ .BHCOTOil i 1 yceyeHHOro
KOHYCa; TaK KaK pajgvyc MajJoro OCHOBAaHHS KOHYca paBeH X =R— h
TO noiyyaeM zas obpema cemema

Veern =R — 3 [R‘ 4+ R(R—h)y+(R—hy}. }
PackpriBas CKOGKH 1 ynpomaa Bmpax{enne npHBesieM ero K BHAY
Veern=-3- (3R —h). (257.2)

Sra ¢opmysna BuBefeHa mm cermenTa, c’rpema KOTOpPOro He
npeBocXOXuT pajnyca wapa. OHa ocTaercss BepHa M JUIS CerMeHTa
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c moGoii ctpeskoit i, > R. Tlyctb cermest co cTpenkoit b, =2R—Ah
— JIOTIOJIHHTENbHBI K cerMeHTy co cTpeakoii A < R. Bbmnc.rum ero
o0beM KaK pasHOCTbH oébemoa mapa H. cerMeHTa co crpe.m(ou h

=3 R“—— (BR—h).
3ameHuM 37ech h uepes 2R h,:

V=—‘__R3 :1_(_2R—_

h
L (R+h).
Pacprmaﬁ CKOGKH.H NPOH3BOAS yNDOLIEHHs, MOMYYHM,

v — M 3R—hy), (257.3)

T. €. TOYUHO TaKyio e (GopMy/y, KaK H paHblle.
Ilaposvist caoem HaspiBaeTcsi yacTh LIapa, 3aKJAIOYEHHAs Mexay
ABYMSl NapajjcabHbIMH CEKYUMMH IJockoctsamu (puc. 408). Obvem

-

Puc. 408. , Puc. 409.

LIapoBOro CJOsi MOXKHO HafTH KaK pa3sHOCTb 06beMOB ABYX lIapo-
.BBIX CErMEeHTOB, H 3alOMHHATb OTAEJAbHYI0 GOPMYJY AJA €ro BLIYH-
CJIeHHST HET Hanoﬁnocm ,

" PaccmoTpuyM Temeph KOHYC BpaleHis ¢ Bepuumou B LeEHTpe
wapa (puc. 409). Yactb mapa, Jexauwas BHYTPH TAKOrO KOHyca,
HasblBaercs waposstrs cexmopos. Hlaposoil cektop pasiaraercsa Ha
JlBa Te/jla: WIApoBOil cerMeHT BBICOTBl i H KOHYC BLICOTH R—AH.
UurarteJab caMm MoxeT AOKasaTh, YTO IIapoBasi NOBEPXHOCTb nepece-
KaeTcs ¢ KOHycoM no okpy:xHoctH. Ee panuyc paseH

r=VR—(R—h)=V3Rh—I.

[TnockocTb 37Ol OKPYKHOCTH H pa30iBaeT CEKTOpP Ha JABE YKasaH-
Hole yacTi. [ln1a oGbeMa cekTopa HaxomiM, NMOJAb3YsCh (pop\lynamu
BbIP2xaIOWUMHE OObeMbl CErMEHTa H KOHyca:

ch 3 (R—h)(2Rh—h?) + 3 h* (3R — h)=—f‘—R2h.
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Ecan a—yroa Mexay ocbio H oﬁpasylom,eﬁ KoHyca, To
h=R—Rcosa= 2Rsm2 -
H qyopuyna 151 o6BeMa cex'ropa npxmeT BHI

Veexr = = T R® sin‘-’-é- (257. 4)
MonsTie CeKTopa uiapa 0606u1ae'rc51 Ha cayualt BHeUIHeit o6aacTi
KoHyca (yro1 o 3amMeHHTCS yIrVIOM n—a=a,, hopmyaa ocTaHercs
BepHoOil H aaa 3TOro ciayyas).
3azaua 1. Haiitu o6venm cermeHra, oTceKaemMoro orT liapa pa-
IHyca R rpaHbi0 BNHCAaHHOTO. B 1A Ky6a (ripn ee nponomxemm)
, Pemenne. duaronans ky6a, ~
BIIHCAHHOrO B Iap, sBJsAeTcH

 Prc. 410. . Puc. 411,

AnamerpoM mapa. OTciona HMeeM 1/is pe6pa Kyﬁa a*+4-a*-}a*=4R?,
a=2R/V'3 (puc. 410). C'rpe.nxa CerMenTa, 0GBEM KOTODOTO Mbl
JIOJIKHBI ONpeaesHThb, paBHA .

—8 Y31 .
. , h=R—g =R~ Vs
n no ¢opmy.ne ansa 06'bema CerMenTa mapa Haxomm
nh- aR3 | 4— 2V 3 : '
A GR— h)__‘_:. 3 ( V3) _ (9—-4[/"3)

3ana ya 2. Haiiti- o6vem wapa, BOHCaHHOTO B npammbﬂyro
TPEYro/bHYI0 MHPaMUly ¢ PeGPOM OCHOBAHHS, PABHHIM @, H TOCKIM
yrjoM npH BepiIHHe, PaBHLIM & (puc. 411). : '

Peweunne. B 31off, Kak H.B JIpyrHX aHAJOTHYHBIX 3ajayax,
N0NE3HO MNCMOJAb30BaTh ofllee 3ameyaHHe, OTHOCsAUleecs K BbYNCJe-
HHIO. pajiyca mapa, BNHCAHHOTO B BHINYKJbI MHOTOTPaHHUK (T. e..
Kacaiouerocs xaxjoit us rpaueii). IlpeacraBuM ceGe, YyTo B LEHTpe
Wapa Mbl NMOMEeCTHM BepLIHHY pAAa MHPaMHA, OCHOBaHHSMH KOTOPbIX
6yayr Tpann MHOTOTpaHHHKa. Paanyc mapa 6yaeT CAyKHTb BHCOTOIT
Kaxpaoit n3 stux nupamuA. Torpa o6veM. MHOrorpantika V MoxHo

~——
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BBIUHCAHTh KAaK CYMMY 00beMOB YKa3aHHHX NHpaMui; o0neM Kaw-
Joii M3 HHX Oyaer paseH oOnHOIl TpeTH NPOH3BENEHHS €e BLICOTH -
(t. e. pagmyca BIHCAHHOI'O B MHOTOIpPaHHHK I1apa) Ha IJIOWaAb ee
ocHOBaHHA (T. €. Ha NJoOWAaib COOTBeTCTBYIOlle{l 'PpaHH MHOrOrpaH-
HuKa). Cymma ob6bveMoB mupamupn 6yAeT paBHa ORHON TPeTH NPOH3-
BeJeHHA paAHyca BIHCAaHHOTO l1apa Ha NOJHYIO NOBEDPXHOCTH MHO-

1 .
rorpaunuka: V==5Sp,,r. B Hawem clyyae niowaib OCHOBaHMsI
nupasmiasl (puc. 411)

a2V'3 .
So = ——4_— ’
IIowaih OoaHoil 13 GOKOoBLIX rpaneft
' 1 1 o a o
Sl=?ao - a ctg?=—4— ctg?.

MoJIHass nmJaouiaib MNOBEPXHOCTIH NHPpaMHAbI
S= ?T'(V§+3 clg -;‘-).

.
Boicota mupamuast MM, kak Kater tpeyroiabunka MM K, pasua

i1 (roed () -4 Ve 5.

O6nem mupaMiiant

1 a’ '-,/ g O
V:-:;—SOH=—2—4- 3Ctg -2——1.

Ins pamuyca BmICaHHOTO Liapa Haxo-
AN :

_ 1/3ctg2%—l
r=a — =
2( V3+3ctg%)

258. IMaowaas NOBepPXHOCTH LIAPA H ee Ya-
cteil. Mol naem 3gech queHb NPOCTOil, XOTs
II He cOBCeM .CTPOrHil BBIBOA (popMyabl mJist
nJjowaLH cpepHIecKoil HoBep XHOCTH; IO CBOeil

Puc. 412. HAee OH OueHb GJIHM30K K METONaM HHTerpaib-

Horo mucumncienusi. Hrak, nycTb AaH HeKo-

TOpHIl map paguyca R. Bbugenns Ha ero noBepXHOCTH KaKylo-1H60
maxayo obiacts (puc. 412) u paccmorpuM nHpaMuay MJIH KOHYC
¢ BepuIHHOil B UeHTpe wapa O, uMeiouHe 3Ty 06/NacTb CBOHM OCHO-
BaHHEeM; CTPOrc oBODS, Mbl JHINb YC/IOBHO TOBODHM O KOHYyce HJIH
nupaMuje, TaK Kak OCHOBaHHe He - mJIockoe, a cdepiyecKoe.
Ho npu manelx pasmMepax OCHOBaHHA MO CPaBHEHHIO C pagHycoM
_mapa oHO GyXeT BecbMa Mallo OT/IHYATbCA OT MJIOCKOrO (TaK, Ha-

4,
’ Vuxap] =Tf3.
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npiMep, TNpPH - H3MePeHHH He oYeHb GOJMBLIOrO 3€éMENbHOTO Y4acTKa
npeHeOperaioT TeM, YTO OH JIEKUT He Ha IUIOCKOCTH, a Ha ctepe).
Torna, oGo3Hauasi uepes ¢, IJIOMIafb 3TOrO YYacTKa— OCHOBaHHE
«MHpaMHJk>, HaiileM ee O0bEM KaK NpPOH3BEJEHHE ONHOI TPETH BHI-
COTHl Ha IIOW21b ocuoaamm (BBICOTO# CAYXKHT pamxyc wapa):

=—Rcl.

Ecan Tenepb BCIO NOBEPXHOCTb L1apa PasIoOXHTb HA OoYeHb GoJbliIoe .
uiicno N TakHX Manibix o6iaacreit ¢,, O, ..., Oy, TEM CAMBIM OGBeM
mapa—Ha N o06beMOB «mHpaMuj», HMeIOIHX 3TH O0JAacTH CBOHMH
OCHOBaHHAMH, TO .BeCb 00BEM NpEACTaBHTCH CYMMOIl

1
V=Vl+ .o .+VN=-§'R (0'1-"— cee +0N),
rie NOCJAeNHAS CyMMa paBHA NOJHON NOBEPXHOCTH Luiapa:
oyt-.-. +0N=Gmapa'
Urtak, o6veM apa paBeH OfHOI TPETH TIPOH3BENEHHA €ro panHyca
Ha momagb nosepxHocTH. OTCIOAA AJ151 NJIOUIAZAH NOBEPXHOCTH HMEEM
dopmyny a
0=, Hm o=4nR2. : (258.1)
Iocnennuit pesysbTaT GopMyaHpyeTcs Tak:
ITrowade nogepxHocmu wapa pasna ydemseperHol naowadu ez0
6011020 Kpyea.
[IpuBeneHHblit BHIBOX MNPHrONEH H IA IVIOWAAH TOBEPXHOCTH
ceKTOpa wWwapa (HMeeM B BHAY TOJNBKO OCHOBAHHE, T. €. chepuyecKyio
NOBEPXHOCTb, WIH <«IamoukH»; cM. puc. 409). M B stom cayuae

o6BeM ceKTopa paBeH OXHOH TpeTH NpOH3BEJeHHA palmyca mapa
Ha IJIOWAAb ero cepHUecKOro OCHOBaHHsA:

Vcex‘r = 3' Rcmanv

OTKYZa HaXOAUM Jjf NMJOWAAM IuanoukH QopMmyay
O an = 201RA. ) (258.2)
IHlaposoist noscom (cM. pic. 408) HassiBaloT cheplyecKyio OBepX-
HOCTb 11apOBOTO - ¢10d. HTOOH! - BHIUHCAHTDL IJIOU2AL ITOBEPXHOCTH
1apoBOro nosca, HaxOAHM pa3HOCTb NOBEPXHOCTEH ABYX cdepH-
YecKHX IIaloyeK:
“Opogca = 2R A, ——2nRh =2nR (h, —h,) R

Ornosca = QJIR,I (258.3)

rae h—sBricoTa ciod. I/ITaK TJI0WAAb NOBEPXHOCTH m1apoBoro nosca:
AJst JaHHOTO 1lapa 3aBHCHT TOJbKO OT BBHICOTHI COOTBeTCTBleIIJ.eFO
CJIOH, HO He OT €ro InoJo:KeHHsa Ha ulape. .

I
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3ajaya.  BokoBasi 1MOBEPXHOCTb KOHYCAa, OMHCAHHOTO BOKPYT
iapa, umeeT’ oAb, PaBHYIO NOJYTOPHOH NJIOULaAH NMOBEPXHOCTH

Puc. 413. ) _ Puc. 414. -

"Pewenne. Brenem ans yno6erBa yroa o Mexay BHICOTON H
oGpasyiomteit Konyca (puc. 413). Haiinem ana BbicOTH, pajguyca
ocioBaHusA M oGpasyiouleil KOHyca BblpaxeHHS

1+sina 1+sina

H=R,—gqa» R=Higa=R,~5=~,
_H 1+-sina
l~cosa—R°sinacosa'

[Maowans 60KOBOI NOBEPXHOCTH KOHYycCa papia
J(14sina): o, 14-sina
Osine costa” " Osina(l—sina)
Mo ycnopuio 3ajayH HMeeM YpaBHEHHe

l+sinea 3
2_____-—:_. 2
wRs Sne(I—sna) 2 4nR5,

Ogox. = WRI=nR

OTKYAa A% X =sina nojydyaercs KBagparHoe ypaBHeHIe
1+x=6(x—x2); 6x2—5x+1=0;

pewasi ero, MmeeM A1d Sino ABa 3HAUEHHA:

’ 1 1

sinay =,  sino, =+,

KOTOPBIM OTBEUAlOT JBa pELIEHHA NoCcTaB/IeHHON 3ajayil:
‘ H, :-BRO’, . Hy,=4R,.

259. Moustie TenecHoro yraa. Ilpu H3mepeHHH Yraa Mexay
JABYMS Jy4aMH Ha MJOCKOCTH yZoGHO paccMaTpiBaTh JaHHbIl -yroa
KaK UeHTPalILHLlit YToa HEKOTOPOH AYTH OKPYIKHOCTH eXHHHYHOLO
pamuyca. Toraa aiHHa sTOH AYrH H JaeT pajHaHHYIO Mepy -LEHT-
pasnbhoro yraa. [losnblit yron noayyaer npu 3TtoM Mepy, paBHYI
2n. Heuto cxoznHoe NpPHXORUTCA NPOJELIBATH, KOTAZ MBI XOTHM
BBECTH MepPY OODBEMHOro, TeJleCHOro yria, T. €. Mepy, INOKasbiBaw-
LLYIO0 «UIHPOTY pacTBopa» KOHHYeCKOH NoBepXHocTH (puc. 414), mo/io
NpPOCTPAaHCTBA, KOTOpOE NONajaeT BHYTPb Takoil NOBEPXHOCTH, MO
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cparmeﬂmo C MOJHHM RPOCTPAHCTBOM (ﬂOJlelM TeJeCHbIM YIVIOM).
Tpu 3TOM coBCeM He 06A3aTe/IbHO JAaHHHI YFOJ 3aKJIOYaTh B KPy-
roBOii KOHYC: 3TO MOXKET ObiTh JI0GOA KOHYC, HJH YTOJ MOXeT GbiTh

" MuororpannsiM (puc. 415). Jl1s BBENEHHs CTPOroro MOHATHSA Tejec-

HOro yrya Bo3sMeM cde-
Py eIHHHYHOTO pajHy-
€a C NeHTPOM B BepLIHHE

Puc. 415, Pac. 417.

yraa-(puc. 416). 3a mMepy TejecHoro yria NPHHHMaETca IVIOWAAbL
4acTH TOBEPXHOCTH cheprl, Jn1exalnedi BHYTPH JaHHOTO yria. [Monnbift
TEJECHBII YroMl H3MepaeTcs BCelft INJIOWAAbIO NOBEPXHOCTH cdepsr,
T. €. 3a €ro Mepy NpHHHMaercs 4. EAHHHII&H TEJIECHOTO yriia c.ny-
KHT cmepaauan.
3apaua. Hafith TenecHull yros, orpaHHyeHHHI KOHYCOM Bpa-
ILEHHs C YIJIOM NpH BepIUHHE OCEBOrO ceueHHs, paBHHM O (puc. 417).
Pemenwne. [IpoBeremM cdepy eaHHHUHOTO pagHyca C. UEHTPOM
B BepliHHe KOHYca. 3ajaua CBOAMTCA K BBHIYHCJAEHHIO MJoUiajH wia-
MOYKH 3TOil MOBEPXHOCTH, JieXaulell BHYTPH KOHHYECKOH MOBEPXHOCTH.
Haxonum BBICOTY CTPEIKH comnercrnymmero cermenra c¢epu.
0 .

h—l——cos—2-—2sm T

[Mnowanb HCKOMOfi MOBEPXHOCTH paBHa 2nh =4n sm2 T Urak, Te-
. . 0
JIECHBIT yroJ npH ~Bepmm{e KOHYca H3MepsieTcss uHCAOM 4msin?— .

Ecnn 0 > %, To ¢opMyJia- 1aeT Mepy BHEIUHEro TejecHoro yriaa. [Ipu
0 =2n noayyuM nOJIHBLIA TeJeCHBIH yros (BHEWHH Yroa MO OTHO-

_WenHio K KOHYCY, MPEBpaTHBLLEMYCA B nyq).

‘anamneunu

1. Haditn ofveM u nosepxHOCTh mIapa, OMHC2HHOTO OKO/IO npaBH.’!bHOt‘O TeT-
pasapa C peGpoM, PaBHEIM a.

.2. OtHomenHe OGBeMa wWwapa X OOGLeMy. BNHCAHHONO' B HETo MH.IHHApA paBHo 16/9.
Onpene.vxmb Yroa Mexay IHATOHAJNBI0 OCEBOIO CeYeHHS LHJHHAPAa H €ro Oochio.
* 3. Tpu napaniencHEe NJIOCKOCTH PacCeKalOT AHAMETp IUAaPa HA YeTHpe paBHLE

dacru. Hafitn oGpemp uacrefi mapa, Ha KOTOpbe OH Da3GUT 3THMH ILTOCKOCTSIMH.

.

- 4. Kakuym pomken 6ubITb yrol HaK/JOHa ofpasyiolieill K OCHOBAaHHIO KOHYcCa,
4TO6H N70Wanb NOBEPXHOCTH BNHCAHHOTO B Hero WIapa jedach oxpymnoc'rmo,
Mo KoTopolt mwap KacaeTcs Kouyca, B oTnoltennu 1:3? .
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YACTb NEPBAA

l‘.naag 1

. §L 1 a) 6 6)7. 2. a)360; 6)43560. 5. a) 5 u ¥y 6) —5 n Iy
B) 0'u 0,376; ) —3 W 0,842, 6. a) 14,78125; 6) 0,(2); B) 1,(468). 7. a) 163/111:
6) 41/12. 8. 0,01; 0,129%. 9. 658,28 < a, < 658,64. 10, Lucdpu 6, 9 » 3 BepHHE,
a 5 n 8 coummtespume. 11. 32,2, 12. a) 0,58000; 6) 78 100.10; B) 781.103.
15. (2, 3); (=2, —8) (=2, 3); (=3, 2). 17. A(=V"3, 1); B(—1, 0); C(3, O);
D1, —1).-18. A2, 0 B(, 7); C(2. 1/2; D(V'2, 5aj4). i
§2. 1. a) 100; 6) 1/8%. 2. a) 379,610 V15.3. a) 3 V3 6 2/ 3.
47°a) 29/% 6) 1/ 243/ 3. 5. 2) 52,46; 6) 1,690; &) 0,180,

S 5 3. 14, T,
§3 L a) % 6) g~5h ) i ) =i 3.2V cos -+

i 5

+"Siﬂ'§'); 6) 2]/_2<cos%£+isiﬂ%1); B) G(COS%—}—ising—);
1) 5(cosm-tisina)  g) 2 (cos%q-isin‘%‘); ¢ 2(cos 3—;-—}—isin3—;—);
*) 2 (coss—;-—}- i sin %‘), 3) cos 42°--1sin 42% 1) €os 249° 4 sin 249°,

4. a) 8 (cos 49°+isin49°%; 6) 15 (cos -%2;—-{-1: sin %) ; B) 2i. 5. a) 27 (cos 33° -

+isind3); 6) 144 B) =9 1) —6% n) 5124512 V34 e) —1024;

*) —2048—2048 V31, 6. a) 12—3.;__;'_; i ~L2 L Q,%;Y —i;
—1/23-—-;-; 6) 14i; YV '3(cos 165°+isin 165%) =— V-§2+1+V_‘°’2"1 i

ﬁ(c05285°+isin285°)=V§2._1—V32+_1i; B V2d+i; VIg—iy
V2(—14i)y VI(~1—i).

Faaga 11

S1. L 28 0) —%. 2 ) (r+y+2G—D; O @+d) @49 G+o
3. 2B5r 40P —14x2—24x 49, 4. a1°+?a7+—f5,-a*+§-a+m+m-;-

5. a) 11—-2i; 6) 597—122i: 6, n=10; 252 pg. 7. a) —3xy/(R2+17); 6) (22--2)%;
b) 2a%% 1) 24%/x; 1) m+-n. : ' o

» 1 . !
§2. 1. 92 mpn x>0, —2npu x < 0; 6)m npu x> 1, 0 npu x<-—1',

B 8 2 03 2 Qa—)(V@EFi—a); 6 @V 3+3VI+VR)2;
D) (V' 2=V @ty ' -



OTBETH K YIPAXHEHHAM .7, “UsTL
.I"Jl_ana 1 RS L : Co e TR
L§f.1 8) 2 6) 12 B) Yei 1) -2 3) Y155.6) 2 VI, 8) Yl 1) 0,001
3303 2) 27: 6) 16; 5 100; D 11510 729; ) 1/a. 4. 2) 720; 6) 7. A PP,IS

: B - 2. 5. a) 1

. 6) /45 (logs a—1ogy b); B) 37/60. 6. T3 n: 6) 2/, 7. 2) logg (1] 7/ a8). 8.3/, ¢
RN v R R T R ALy O
Taasa IV R R
§ L. 1 a) (_°°' 3)v gsv °°); 6) (‘_ 00, _6]v [6: w); B)(— ®, +Cb);
0=l L 2 a) g= %._1; &) y=@x+1)/2—5). 4 a) yetgu,

4= Vi 6) y=d, u=logx. 5. 2) Byt 4 0 { 27

: > 1.
§4. L Q—x+1, R()=v—6. 2. &) Her; &) a3 1) 13 1) mer.
3. a=—4, b=1. 4. 3; (x—=1B¥ (x+1). : ) .

Fnasa V . .
§2 2 a) x=—2 x=—34%4 6 xn=x,=—11; B) x=—), x==—7;:

) xl',=-—4:¥;5i; R) X 9=1 :{:é—. 3. a) 1) x—moboe, ecin m=0 1‘4._n=o;‘

2) x=1, ecan m=0, n#0; 3) xi=l: xzi—’%, ecn m #0;' 6) x1=a_§b;.
xz—_za;b; B) 1) x=2, ecrn a=0; 2) x;=2, x,;(ll—, ect @ #0; 1) 1) x—mo-
boe. comn a—b=0; 2) x="=0, ecan ad-b=0, a £0; 3) ;=—1; _b—a:

» y 2a_1 1 ’ 1 » 2 b-l—a'._

\ . o e __ab =
ecnn a-+-b #0; 1) 1) x—moGoe, ecm ab=mn=an+4-bm=0; 2) x—M't-

ecnn mn=0; an--bm £ 0; 3) x,=%‘, Xa=—, ecnn mn # 0; 4) ypasuenne pe-

mwenuiiy He HMeer, ecnn m=n=0, ab#%0. 4. 2a) xn=— V 2_0/2,..
3r— 6/ Y ¥ it 4/
10800 . 7 . :
xm=£4-£(-) + "{4_-‘“; 6) X1.2=— * ‘/2 ’ X3'4=:!: 4‘!. 5. 8) x,_z=:!; 3,
X3 4= + 1 6) xl,2=0, X3,4= + 7i; B) Xy,5= 4 2¢, X347 + 3[; [') Xp,2= +Y 42/3’
. " . 3
xga=%i. 6. 3) x=-2 xp3=14 V3i, x=3, Xs.c=—-2—:!:3—- '23 i

6 xra= 3 Koa= % 35 x50 = VI £ V20, rp=—VZ £ V2i. 1. ) iy=—1,’
X, =2, X=05 06 xn=-2_ x3=(7+ V7i)/2. 8. a) xa=1
c 3. 1 5 .

Xs.4=%':!: —5— i 6) xx.z='—i2i-- x3a=1% V2.

§3. 1. (0,3). 2. (=2, 3, 5). 3. 2) Cncrema nMeer GeCKOHETHOE MHOXECTEO
pewenuii; 6) CHCTEMA HC HMeET pemieHuit;  B) cHCTema HMeeT EIXHHCTBEHHO®
_pewesne. 4. (—1, 2), (=5, —%/5)- " 5. a) (17, =2), (-2, 17 6 (7, 2),

(—20 —'7); B) (5' 3): ( b} . 6. (2' l)’ (_ * —'l)n (_lv —2)1 (l- 2)°j
72- :;) @3, 3, 2:6) 22, (2 —2), (=2 2), (-2, —2); 8) (I, 2: 1) (I, 2.~

' §.4. 1. a) x=5; 6) x=2; B) x=0; 1) £;=1, x,=—3; ) 51 =2, xs=23.
2. a) ;y=—1, Xa3=3s, x3=1%35 0) x;=0, xp=1, x3="5. 3. 2) 1, =0, =4
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6) x=3{,; B) x=1. 1. a) x=4; 6) x=2; 8) x=4; 1) =1, x,=2. 5. a) (4, 2),‘
(2t l); 6) (5r 4)! (—9' 25); B) (2' 2), (8’ 1/8); l‘) (2’ 3)’ (1/2’ 3)n: (41 3/2):

o 3 ) (VS 2), ‘( vV 1l2, —3); ¢) (8, 16), (8log32, 1610g} 3).
Faasa VI o e

§ 2. 1. a) (—oo, —%/5); 6) pemennii Her. 2. a) (6, ©); 6) pewennii Her. .
3. a) (=1, —2); 6) [—I, 2); B) pewenuii Her; r) (—oo, —3{ (=2, —1)
1) (., 2]. 4. a) (— o, —7), (3, @), 6) (=, 11y), (2, ®); B) (—o5, —J),
2, 3); 1) (— 0, —8), (—1,-0], [I, ). 5. a) [4, ©); 6) [—1, 3). 6. a) (1, 3);
6) {1, »). 7. a) (2, «); 6) (1, 3). S

Faasa VIl

§2. 1. 87 nan 69. 2. 4. . / :
§3 1. ay=1, g=—2/3 nam ay=13s g=2%; 2, 7, =28, 112, —448.
nin-1) ‘
4. a0, ... ap=afg *?

Faasa VI

§ 1. 1. a) 1 uerseprb; 6) IV uersepts; B) 11 uerBeprs; r) 111 uerseptn;
n) 11 uerBeprn; e) IV uersepts; k) IV uersepte. 2. a) 1V uerpeptn; 6) 11 uer-
"peptb; B) I1l werseptb; 1) I vuerseptb; 1x) -1V uerseptn; e) 1 uerseprn.
3. a) n=—1, a=90% 6) n=1, a=45"; 8) n=—3, a=120% 1) 1=5, «=0
A) n=-—5, a=49°, ’
. - § 2. 1. a) la; 6) Ra; B) HeT; T) LieT; 1) aa; €)' mer. 2. a) Ha; 6) na; B) ner;
r) Bet; A) pga. 3. a) IV versepto; 6) 1l uerseprn; B) | vwerseprn; r) 1] wer-
peptb; 1) Il verseptn; ¢) II1 uerbepte. 4. 1) OsSat < 71/2 (I werseprn): seca
 MOHOTOHHO Bo3pacTaer, l<Cseca <t o) 2) nf2 <asln (II werseptn): sece
MOHOTOHHO - Bo3pacraer, —oo < secsx—]; 3) Ao < 3x/2 (III yersepts):
"secq. MOHOTOHHO Y6uBaer, —l==seca >— »; 4) 312 < a <23 SIV YeTBEPTH):
'sec MOHOTOHHO Y6uBaeT, --w >seca=1. Boobwe I<{|seca] <-4 aas
“moboro a. 5. 1) O<assm/2 (| wuerseprs).’ cosec MOHOTOHHO yGmiBacT,
=4 >cosecaz=1; 2) /2« a < n (LI yerseprs): coseca MOHOTOHHO BO3pacTaer,
"1 coseca <+ oo; 3) 1 <as<3a/2 (I -uerepTn): cosec MOHOTOHHO Bo3pa-
craer, —o < coseca=ss—1I; 4) 3a/2<<a < 2x (IV verBeptn): cosec e mMoHOTOHHO
‘y6uBaer, —1z=coseca =—w. Boobwe l=C|coseca| <+t oo pan .mebore a.
6. a) Her; 6) ner; B) za. 7. a) Her; 6) ger; 32) aa. )
§ 3. 5. 1. 6. sin?a. 7. 0,48. 8. m____( 5 m ). 10, sina=3% I/Vl+ctg2a,

'cosa=ictga/V1'+ctg‘la, tga=l/cdga. 11. cosa=-3/;, tga=—93/,
ctga=—3/,. 12, a)"Her; €) aa. ' _

§ 4. 1. sin(—a/6)=—", cos(=a/6)= V312, tg(—a/6)=— ¥V 3/3,
ctg(—/6)=— V'3, "sec (—7/6) =2/ ¥ 3; cosec (— n/6) =—2. 2. sin (—45°) =

=—V32, cos(—45)=V2/2,  tg(—45)=—1, cig(—459)=—1,

sec (—45°%) = V2, cosec (—45%)=— V2. 5. a) Heuetnan; 6) uil ueTnas, um ne-
yeTHasi; B) HH UYeTHas, HH HEYETHas; [). YCTHas; [} HH 4eTHAas, HM HeyeTuas,
¢) weruan. 6. a), a), ¢}, #), 3). 7. a) 2, 6) &5 ) 4w 1) 2 p) A oe) L
X) 213 3) s M) 6a; k) 30a; ) nepHofiom sBasercs JoGoe uyncao (oCiOBIOrO
nepHoaa Het); M) L. . ) ) . )

§ 5. 1. a) cos36% 6) cos(t/4--3x); B) sin37% 1) sin (w/5); A) clg 39°;
e)- tg (W/4-+a/2); ) tgB3BL14". 2. a) —/y; 6).cos 2315 8) 1 1) —1/ V3.
-3, =11/10. 4. a) 4, 6) —I. 5. 1. 6. a) —1/,; 6) — V'3/2% B) —1; 1) ctg 49°
wan tg 41° 7. 2(2— V'3) = 0,54. , N .
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Faas a IX
§ 1. 1. a) O6nactb onpenentenust QyHKUHH: X — moGoe, Kpome x=% 2n-1).

O6racts H3Menenust 3Havenufi ¢ynkumd |secx|==1; 6) obaacTb onpenesexus
oyHKkuuH: x—JmoGoe, Kpome x=gzn. O6nacTb H3uMeHEHHA 3HaueHHil QYHKUMH

|cosec x| = 1. 2.a3) 0<1—c0s0,5<0,125; 6) 0<1—co50,6<0,18;
.8) 0 < 0,3—5in 0,3 < 0,0135; r) 0 < 0,4—sin 0,4 < 0,032,
Y
{ } i y"S?Cl‘
! {
, l
H (
i R
|
!
|
7 i _
! »
A -E 0 LAY ] E"i
e ; 17 i

.- ) -~/ i
i
!
1
i
i
i
! '

© Pnc, 418,

Y .
Ey-culsec.z:
] b
: T
o
i | |
Lo
! !
!
- _Z 0 1= 1
. Z , 12 i
{
]
i
I
b
[
1
t
| |

Puc., 419.

§a 1. a) 0,6157; 6) 0,6820; B) 0,5463. 2. 1) Puc. 418; 2) puc. 419;
3) pic. 420; 4) puc. 421; 5) y=cos |x|=cosx; 6) puc. 422; 7) puc. 422, n6o
!{;ICOS | :2|7|=|cosx|; 8) puc. 423; 9) pirc. 424; 10) puc. 425; '11) puc. 426;
puc. 427, . '
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y=—cos—3€ ; ‘?P “ -

1]

Puc. 425.
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0, ectt x>0 .
= ’ ’ . = 0,1 . 433);
10. a) ¥ { o, et x <0 (puc. 432); 6) y=nm/2 na orpeske (0, 1] (puc )
p) y=x*—x-1 (puc. 434).
n
o y=arcctg(ctg z)

21 -7 0

Puc. 436.

§ 3. 1. Puc. 435, 2. Puc. 436.3.1.4.7—3. 5. n—4. 6. 5—2x. 7. 6—2r.
8. 7—21. 9. /3. 10. —m/4. 11. si/3. 12. — /2. 13. /2. 14. 3n/4.

——Tnasa XII'
§1. L. x=na(—l)r5/3. 2. x=nn-}(—1)7+15/6, 3. x=2nm L af3.
4, x=2nt3a/4. 5. x=nn-n/6. 6. x=nan—x3. 7. x=na-+x/d.
8. x=na+5/6. 9. x=2nx £0,2. 10. x=nx—0,7. 11. x=(n-}-1) 1—0,331G.
12, x=na--(—=1)+1 a6, 13. x=2nn+ /3. 14, x=na+arctg (®/)-

2 5 _mn X
15, x==na--arcctz (2/ ¥V 3). 16. x="-ni g 17, x=—F &5 .

nn 14
= (=)l
18. ¥ 5 + (=) TR

§ 2 L x=aat+n/4d u x,=nn—arctg (®/). 2. x=tntx4d n
xy=nn--arctgd. 3, x=2wnta@d u x=0Cn-tl)n. 4. x=2na 3 2a/3.
5. xy=nan-(—1)"arcsin(}s) u xy=nn-(—I1)*+'arcsin (3/;). 6. x=nn-{
- (—1)7arcsin (1/;). 7. Ypapueune peienuii He uMeer. 8, x,=2nn-+21/3 u
xg==2nn+-arccos (59/62). 9. x=nn—arctg (/3). 10. x=nn + 1/, arccos ().
1. x=an/2. 12, x;=an u xy=nn-arctg 2. 13. x,=2an, x,=2nn-4x/2 u
xg=nn—u/4. 14, x;=2n+ D u x,=nn+(—1)*n/3. 15. x=nn/4 (ecan

n # 4k4-2, rae k=0, &1, £2, ...). 16. xl=%(2n+l) "

F]
x,::-’;—n--{—(—l)"2—4. 17, %;=2an 1 x,=;t—7(2n+l). 18. x1=—?;lnn x2=ggn.

19, xl—%(4n+l) " x,=%‘—(4n+1). 20, x=—n/24+2nx. 21. x,=2n7+
~-2arcctg2 u x;=(2n41) 1. 22, ¥ =2an 1 x,=2nx-4-2m/3.

§3 1. x=%(4n-—l)+(—l)"arcsin!;_—y__lg—3. 2. x=%—-(6n—-l)+(-—l)"—'}.

FI3
3. x=FUn—1t(—tp+ T a. x=F Ea—1)+(—Drg=
=%—l(6n—l)+(—l)n1. 5. x=%[2 Gat+ 1)+ (=17 6. x=nn/t. T. xy=an/l5"
u xy=nanl. 8. x=nn/d. 9. r,=an/lT u ty=nn/T. 10. n:%(?n-l—l) "

x,=%(2n+l). 11. x,’=-;(2n+l) n xg=;t~4(2n+l). 12. x,=::s—”u_
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an

x,,_—(2n+1) 13. x—-——-(2n+1) 4. x=_- 0(2n+l) 15 x=—2- + X 15- 16. Ypas-
Henue He HMeeT pewennii. 17, x1=—n2—- H x2=m(2n—}—‘l). 18, x1=—l-6(2n+1),

X, =%(2n+l) B x3=-;%(2n+1). 19. x=an % /4. 20. x=nn/2-4-(—1)5 n/4.
21, x;=nn/3, x,=nn * arccos V%5 22. x=nn/3. 23. x,=2na, x,=an-}-m/4,
V2 — —}—nn———— 24. (2an-}n/2, —2nm) u (2nm, 7/2 — 2n).
25. CucremMa He H\K;}T pewennii. 26. (360°k& 4 30°-30°, 360°% + 30°—30°).
217. x,,:nn—}—% 4+ %arccos (2a—cos b), yp,=— nn+-—2— F % arccos (2a —cos b),

X3 =(—1)" arcsin

ecaH |2a—cos b= 1. 28, X, =901 (—1)7 30°4-30°,
Yn =900 (—1)7 30°—30°. 29, x,=% 2 —}—12—}—( —-arcsm% ,
Yn= %—%i—}-‘(—l)"“arcsin -‘11- 30. UactHoe pemenne: x=um/3, y=m/2.
31. YacrtHoe pemenne: x=— /6, y=m/2.
7 5 4 41
§ 4. 1. <2nn+-—-, 2nn+-€n . 2. [2nn—-§n, 2nm —}—? .
2 2 7 1 7 44
3. (an—-—n 2nn+-§-n)..4. (2nn+-6-,2rm +F n) . 5. [n:t-l——G-,n:t—}—-?‘— .
6. (nn——ﬁ-, nn+arctg% . 7., (2nn+£, 2nn+%n
' 2n-+4-1 1 .1 2n4-1 L44
8. [—2—u+—2—arcsm§, T“'*’ﬁ] H [(n-}-l)n—ﬁ,
1 . 1
(n+l)n—?arc51n ?] . 9, . nw—arctgg<x<nn+arctg—5—,
nt on 1 1
10. T g <* <-4———-arctg 2 " ——|—4 arctg—2- <x< It +8
YACTb BTOPA?I
Faasa X1

§ 2. 2. 67:150. 4, 15d/14, 13d/14. 5. 20°. 6. 4 cex. 7. m/6 =~ 0,5236;
5m/12 = 1,3090; 7/135 =,0,02327. 8. 106°34'12"; 175°63'53".

Fanasa XV
§ 3. 2. 13/, 25/,, 4%/, 55/., T/, 84/.. 3. 24 cm.
Faasa XVI

§ 1. 1. 9%, 11Y,, 13, 142/, 16Y/,, 2. 8, 9, 15. 3. ab/(a-+b).

§3. 1. 20 cm.

~Faasa XVIH

§ 1. 1. 160° 2, 40°, 80°, 60°. 3. mn/(m—n). 4. 2arctg 2.

§2. 1.V35, V25. .2, Vab2. 3.54 V3, 18V3.

ab|a?—b?) 3 70 42 99 —_—
Ty - 55 3,13, =, 5968 V& +40 V3. 7. V7.

, i - . 9. p—a, p—b, p—c.
8. Var—20y3; 9+V41—2 V3 .

19*
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§ 3. 1. a) 0,4071; 6) 0,7733; B) 0,9202. 2, a) 51°16'43"; 6) 40°25'51%.

%a)l7%2;g6'6";86) 7328;‘%’0’. ‘)1 a) f7=015,29, c;25) uAB=38°; t)s) ¢=3126.

= H =72° '; B) a=1{, =12,82 =53°; b=692,9;
A=19°33 u B=70°7". ’ " "

5. -

Ny a b [ A B [

a)| (30) 69,82 87,26 (18°) (46°) 116°

6)| 2.9 | 2404 2,249 | (70°36') | (104°12") 5019’

B) | (40.6) | (75,0) 45,90 27°57" | 12003 (32°)

n| 61,3 | @12 31,08 | 157°20" | 9°10° (13°30")

i @) 3I) 38,17 (52) 52° 76°

| @y (22) 13,91 (95°) 45° 40°

x| (15,4 | 0,8 {42,74 (15°24) 32°05 | f 132°31’
16,65 147°55' | \ 16°41’

3| (1,45 | (2,39 — (72°45") — —

W | ©o) (35) (50) 18°12° | 33°08’ 128°40

x) | (0.618) | (1,178) | (1,728) | 11°00" | 2l°15’ 147°45

Faasa XVIII

§ 1.2 1:4 1:2 3:4. 3. 1%1/2—]/'24r Ve .

§ 2. 1. IOyru 20z 40 TLTOWAJ  CCTMCUTODR l@l——i—)—-
‘ 3y3’ 3y3’ ) ' 9 V3’
2002 25 op2( 2t Vg) ( /9 4 _.?ll) 2
—9—‘ + ﬁ . 2- aR (’:—3‘ 4 . 3- - l 2 —rl 8 R .
Faasa XIX

§ 2. 1. arcsin (1/,). 2. arcsin (2 ¥'2/3). 3. @ vV 26/6.
§ 4. 8. arccos (1/V73).

FTaasa XX
1
Vi -{—ctgza-;—ctg: p .
si 5 -
6=2Q cosﬁ—i—sinﬁ_{-Q S‘ls_.ﬁ_.'ﬂl} 3. arctg 5z 4, h=a V62,

@ sina
p=arctg (V'2/4).

o _
§ 1. 1. arcsin 2, V=%— sin f cos 3,

| 3V 3 2cosa _ V3 Bcostasing , . ad
§ 2 1. o=35sTaTsinta’ (4 cos*ou-sinza)'/t 4

ayeé T
V= 08 a3. 3. arccos g -
13—1

§3. 1. 0=§1I2ﬁf,v V=-f—;— ‘/% a. 2.60° umm arccosKT— .

5nR%  1laR3 o
.--2T, —'2—4—'. 4. 60°.



NMPHIIOKEHHA

Npuroxenue |
TpuroHomeTpHUeCKHe YHKIHH

x° (panf{auu sin x tg x ctg x cos x
HJIN yHcaa) )
I 11 111 1V v A4 Vil vitt
0 0,0000 0,0000 0,0000 — 1,0000 1,5708 920
1 0 0175 0,0175 | 0,0175 | 57,29 0,9998 | 1,5533 89
2 0 0349 0,0349 | O 0349 28,64 0,9994 1,5359 88
3 0 0524 0, 10523 | 0 0524 19,08 0,9986 1,5184 87
4 0,0698 0,0698 | O, 10699 14,30 0,9976 | 1,5010 86
5 0,0873 0, 10872 0,0875 11,43 0, 19962 1,4835 85
6 0,1047 0,1045 | 0,1051 9,514 0,9945 1,4661 84
7 0,1222 0,1219 0,1228 8,144 0,9925 1,4486 83
8 0,1396 0,1392 0,1405 7,115 0,9903 1,4312 82
9 0,1571 0,1564 | 0,1584 6,314 0,9877 1,4137 81
10 0 1745 0,1736 0,1763 5,671 0,9848 1,3963 89
11 0, ,1920 0,1908 | 0,1944 5,145 0,9816 | 1,3788 79

12 | 02094 | 0,2079 | 0,2126 | 4,705 | 0,9781 | 1,3614 |- 78
13| 0,2269 | 0.,2250 | 0,2309 | 43331 | 0,9744 | 1,3439 77
14 0.2443 | 0.2419 | 0,2493 | 4,011 | 0,9703 | 1,3265 76
15 0,2618 | 0,2588 | 0,2679 | 3,732 | 0,9659 | 1,3090 75
16 0,2793 | 0.2756 | 0,2867 | 3,487 | 0,9613 | 1,2915 74
17 | 0,2967 0,2924 | 0.3057 | 3,271 | 0,9563 | 1,274l 73
18| 0,3142 | 0,309 | 0,3249 | 3,078 | 0,9511 | 1,2566. 72
19 [ 0,3316 | 0,3256 | 0.3443 | 2,504 | 0,9455 | 1,2392 71
20 | 03491 0,3420 | 0,3640 | 2,747 | 0,9397 | 1,2217 70
21 0,3665 | 0,3584 | 0,3839 | 2,605 | 0,9336 | 1,2043 69
22 | 10,3840 0.3746 | 0.,4040 | 2,475 | 0.9272 | 1,1868 68
23 | 0,4014 | 0,3007 | 0,4245 | 2.356 | 0,9205 | 1,1694 67
24 | 0.4189 0.4067 | 0,4452 | 2.246 | 0,9135 | 1,1519 66
25 | 06,4363 | 0.4226 | 0.4663 | 2.145 | 0,9063 | 1,1345 65
26 | 0.4538 | 0.4384 | 0.4877 | 2.050 | 0.8988 | 1,1170 64
27 | 0.4712 0,4540 | 0.5095 | 1,963 | 0,8910 | 1,0996 63
28 [ 0,4887 0,4695 | 0,5317 | 1,881 | 0,8829 | 1,082l 62
29 | 0,506l 0,4848 | 0.5543 | 1.804 | 0,8746 | 1,0647 61
30 | 0.5236 0,500 | 0,5774 | 1,732 | 0,8660 | 1,0472 60
31 0,5411 0.5150 | 0.6009 | 1.6643 | 0.8572 | 1,0297 59
32 | 0.5585 | 0,5209 | 0.6249 | 1.6003 | 0.8480 | 1,0123 58
33 0,5760 | 0.5446 | 0.6494 | 1.5399 | 0.8387 | 0,9948 57

X

cos x ctg x tg x sin x (paznaus x°
HIH YHCTE)
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1T podoascenue npunroxcenun I

X

x° (pamnann sin x tg x ctg x cos x
HAH "YHCAa)
H 11 111 v \Y% Vi VII Vi1il

34 0,5934 0,5592 | 0,6745 | 1,4826 | 0,8290 | 0,9774 56
35 0,6109 0,5736 | O, 17002 1,4281 | 0,8192 | 0,9599 55

36 0,6283 0, 5878 0 7265 1,3764 | 0,8090 | 0,9425 54
37 0,6458 0 60]8 0, 7536 1,3270 | 0, 7985 0,9250 53
38 0, 6632 0, 6157 0,78]3 1 2799 0, 7880 0,9076 52
39 0,6807 0,6293 0,8098 I, 2349 0 7771 0,8901 51
40 1.0 6981 0,6428 | 0,8391 1,1918 0,7660 0,8727 50
41 0,7[56 0,6561 0,8693 1 ,1504 0,7547 0,8552 49
42 0,7330 0,6691 0,9004 1,1106 | 0,7431 0,8378 48
43 0, 7505 0,6820 | 0,9325 1,0724 | 0, 7314 0,8203 47
44 0,7679 0,6947 0,9657 1,0355 | O, 7193 0,8029 46
45 0, 7854 0 707[ 1,0000 1,0000 | 0O, 7071 0,7854 45
x
cos x ctg x tg x sin x (paguauu x°

HJK uyucaa)

Hpuaoxcenue 11

TpuronomeTpuueckne GyHKUHN

x x
(paananb sin x cos X tg x (papHanrn sin x cos x tg x
HJAH uHCcAa) HAX uBcaa)

1 11 111 1v 1 11 111 v
0,0 0,0000 { 1,0000 | 0,0000 0,9 0,7833 0,6216 1,2602
0,1 0,0998 | 0,9950 | 0,1003 1,0 0,8415 0,5403 1,5574
0,2 0,1987 | 0,9801 0,2027 1,1 0,8912 0,4536 1,9648
0,3 0,2955 | 0,9553 | 0,3093 1,2 0,9320 0,3624 2,6722
0,4 0,3894 | 0,92i1 0,4228 1,3 0,9636 0,2675 3,6021
0,5 0,4794 | 0,8776 | 0,5463 1,4 0,9854 0,1700 5,7979
0,6 0,5646 | 0,8253 | 0,684l 1,5 0,9975 0,0707| 14,101
0,7 0,6442 | 0,7648 | 0,8423 1,6 0,9996 {—0,0292—34,233
0,8 0,7174 | 0,6967 1,0296




MPEAMETHBIA YKA3ATEJb

AGconoTHAA BeIMYHHA BekTopa 249

— — neilcTBHTEIBHOTO uHCT2 34

— — EKOMIJIeKCHoro yucaa 60
A6cuuncea 42

Axcuoma 13

— 0 napanjeibHux npameix 403
AnreGpanueckoe Bupaxenne 70

— = jpo6roe 79

— — HppauMoHaibHoe, 79

— — pauHoHaiabhoe 70
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Apxkkocunyc 321
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Apxkcunyc 319
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Acumnrora rpaduxa dynkuun 108
AcuMnToTH runepoan 122
Adoduke Toukn 62

BeckoneuHo Goavwas 234

— Manas 235

Bunom Holorona 75

— —, Tpeyroabuik Ilackans 76

BuccekTropHas mIoCKoCTb ASYrpaHHOrO
yraa 529

Buccekrpuca Tpeyroabumka 422

~ yraa 407

Bextop 249
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—, JaAHa 249

—, Hanpasienne 249

— HyJeBoit 249

—, TPOEKIHA Ha och 250
—, paBeHCTBO 249

— ceoGoaublit 250
Beanunna 101 )
- aGcomornas 34, 60, 249
— mne3aBucuMas 102

-— nepemenHas 101

— nocrosuHaa 101

Tekcazap 536

‘Teomerpuueckas mporpeccust 242

— — GeckoHeunan 242

— — OeckoHe4HO YOuBawomasa 247

— — — —, cymMMa 247

— —, 3HaMeHaTeaAb 242

— — KoHeyHaa 242

— —, CyMM2 1 useHos 245

— — y6uBaomas 242

— —, ¢opMyaa obuwero unena 243

leomeTpuueckoe Mecto Touek 407

~— — —, PaBHOOTCTOAIHX OT KOHUOB
oTpeska 402

— — —, PaBHOYAAMEHHHX OT CTOpOH
yraa 407

IFnnepGona pasnoGounan 122

— —, acuMnOTOTH 122

— —, BeTBH 123

— —, ocH cummerpuu 123

— —, IeHTP cumMerphn 123

Tunorenysa 430

Tomoterns 452, 548

Tpaduk npobuo-nuueiinoit dynkunn 133

— KsagpathaHoft ¢yuxumu 119, 130

— KBajgpaTHoro Tpexunena 130

— Jauneiinoit ¢yuxunn 116

— — —, HavaabHada opaunara 117
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Tpadux auneiinol yHRUHH,
pxg)scp(buuuem 116(1)y )

— aorapudmuteckoii dynkuun 127

— o6paTHOil NPONOpLUHOHANLLONT 3aBH-
camocti 121

— — o¢yuxunn 110

— noxasateabnoll Qynxunn 126

— NpSMON NpOMNOPUHOHAABHOH 3aBHCH-
MoctH 115

— crenennoil ¢ynxuun 120, 124

— pynxkunn 104

— —, npeoGpasopanue cuMMeTpun 136

— —, pactsxeHHe

-— —, caBur 128

‘— -, carHe 128

Fpadukn Kocunyca H cuuyca 291

— KOTaurenca H Taurenca 293

~— OGpaTHHX TPHIOHOMETPHYECKHX PYHK-
unit 320, 322, 323

—, caoxenue 139

— dyngunit [f(x)), f(x]), 1f(1x)] 136

I'paguyeckoe peruenne nepapencts 212

— — ypasueunii 157

Henxenne 384

Jeacune muorousenos ¢ ocratkom 142
— HATypaJbHEIX YHCCI € ocTaThoM 23
—42§pc3xa 13 NPONOPUHOHATLHLIC YaSTH

— — — paBHHC YacTi 442

— — nonoJaam 415

Heantean ofuwit panGoaswnii 23

— — HECKOJbKHX umucea 22

— yHeaa 20

JHetepMunautal BTOpOTO nopsiaka 177
Huasmerp 411

JuCKpuMHHAHT KBa1pPaTHOrO TpexyJdexa

— — ypasuenus 166

Hauna oxpysxkuoctn 509

— oTpeska 388

Hoaekasap 537

Joka3arejibcTBO OT mpoTusiOro 15
JpoGuas uacto uncia 26

Jpo6b aareGpanueckas 79

— AccATHYHag 28

— — GecKoneuHas Henmephoiuyeckas 32
— — — nepHojaiyeckaa 29

— —, ofpamense B o6bIKHOBeHNYI0 29
— Hecokpatumas 26

—, ofpaulcuie B Jecatiunyo 29
Hyra okpyxnoctu 394, 411

— —, rpaaycsas mepa 251, 394

— —, uuna 509

— -, paauansan Mepa 259, 394

— —, cTaruBaomas xopaa 411

yraosoif -

NPEAMETHHI} YKA3ATEND

Eannrnua macmraba 40
Enusnynas okpyxuocte 256
Eauunynnii paguyc-ekrop 256

3anaun na noctpoexse 414, 520

— — — ocHoBHHe 414

— - — nepnesfiukyaspos 415

—~- — —, NpHMeHeHHe nojo6ua 460

— — —, ApOBEACHHEe KaCaTe&IbHHX K
OKpyxHoCTH 469

— — —, CErMeHT, BMeIlAIOUIHIl Ragnuil
yroa 465

— — — yraoB 417

3akon AHCTPHOYTHBRHIY
TeAbHHiT) 20

— CJIoKeHHS acCOUMATHBHUI
TebHHi) 20

- — KOMMYTAaTHBHHIl (nepeMecTHTe b-
nuil) 19

— YMHOXKEHHS acCcoHATHBIWI (CoucTa-
TeabHui) 20

— — KOMMYTaTHBHHII
nuii) 19

3uaxr paamnxaaa 49

3uakoB npasiao 25

{pacnpeaean-

(coueta-

(nepexecTHTeAb.

Hapacucnne xBalpaTnoro KOpHs B3 KOM-
nackcioro yucia 188

— — — npubamxkenyoe 52

Hxkocasap 537

Huaykuus Mmatematnyeckas 17

Hucrpyments reometphnucckue 414

Hutepsaa 102

— Geckoneunnit 102

— 3amkuyTail 102

— 3Hakonoctoanctea Gyuxwmn 108

— wmonoTosunocTi yukuun 107

— OTKpuTuii 102

Hutepnoasiuns anneitnas 483

— ofpathas Jnueitas 486

—, YacThas 3ajaya 483

KacareabHas k kpusoit 410

— — oKpysHoctn 410

— IL10CKOCTb K 1apy 560

Karer 430

Ksazpaur 42

Ksaapar 436

— pa3soctit 74

— CTOPOHH, Jexalieil NpoTHB OCTPOro
yraa 474

— —, — — Tynoro yraa 474

— CyMMH 74



Keanpatuuit (KpaJApaTHuHHi) TpexuieH
114 ’

-NPEAMETHHI ' YKA3ATEND

Koabito nennx uscen 25
— ypcnosoe 25

Konye 548

— Bpamenna 550

— —, naoumaas GOKOBOI
556

o6rem 553

—, o6pem 553

— npsamofi Kpyrosoit 550
— yceueHnntit 556

— —, ofbem 557

— -, niowaab GOKOBOMN
558 :

Koopaunara Touku (Ha och) 40
Koopaunarnas miockocTb 41

KoopauuaThl AeKapTOBH NPAMOYTOJIbHHE
4] . :

—, nepeHoc Hayaaa 43

— noaapuue 44

— —, ocb 44

— —, noJioc 44 :
— —, nonApuuit paxnyc 44

Kopenb anre6panueckoro ypaBHeﬁnﬂ 159

u3

— kparumit 148, 159-

— npocroii 148, 159

— pauuonanshuit 168

— ueauft 167
JeficTBHTENbHOTO 9HCaa 49
KOMfAeKcHoro umcna 67

KkBaapatHuit 49, 53
KyGuueckHit 49

— ypasuennst 151
— —— noctoponnuit 154
— ¢yuxkuun 106

Kopun anreGpanueckoro ypaBsHennst KoM-
NJeKCHO-conpsikennble 159, 166
— H3 aareGpauMyecKHX Bhpaxennit 81

— — nojo6nue 82

Kocekanc 255

Kocuuyc 255

Koranrenc 255 -

Kparnoe ofumee nanmenbluee 24

HECKONbKNX unced 24

— uncaa 20
Kpyr 411

—, mromans 511
—, cermenr 411
—, cextop 411

- Ky6 537

Jlemma 13
Jluneiika 414
Jlnnusa 379

NOBEPXHOCTH

NOBEPXHOCTH

JIunnga xpnreaa 379

— JnoMaHas 382

— npaMas 379

— nentpos 412
Jlorapudnt mecatuunnii 94
— —, ManTHcca 95

— —, Tabauny 94

— —, XapakTepucTuka 95

* — xopua 90

~—, OCHOBaHHe 87

— npouseeneHus 89
— crenenn 90

— vyactHoro 90

— ygcaa 86
Jlorapuomuposanne 89
— HepaBeHcTB 92
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JlorapugME N0 pasnHUHLIM OCHOBAHHAM
93 '

— — — —, MoayJb nepexoga 93, 99

Jlomanaa 382

- BHOYyRJas 382
—, aauna 390

— 3aMKHyTas 382
—, 3BeHbs 382

— o6vemaemasn 391
— ofvematowasn 391
—, cTopoHn 382
Jlya 379

Maxkcnmyma Touka 157

ManTicea necathunoro Jorapupma 95

Macuirabnniit orpesox 40
Matpuna 177

" Menuana TpeyroabHuxa 425

Munnmyma Touka 107
Munumasi eaununa 57
— yacth uncaa 58
Muororpanunk 535

© —, Bepunrn 535

— BHINYKAH{ 535

—, rpaun 535

— npasaabHbil 536

—, peGpa 535
Muoroyroasnuk 383

—, BepunHu 383

—, BHewHue yraw 384
—, BHyTpeHHHe yraml {83
— BHOyKauil 383

— —, cyMma yraos 499
—, mopoGue 500

— npaBuasuuit 502

— —, anodexa 502

— ~—, BMHCAHHAA OKpPYKHOCTL 502

— —, ONHCaHHaf OKpYyXKHocTb 502

— —, nepuMerp 503



586

M}%oroyronbuux NPABHAbHEI, NAOWLAAL
04

- —, papuyc 502

— —, yABoeHHe 4HCl1a cropon 503

“— —, uedtp 502

Mnoroq.neu (anreGpanieckoe Bbipame-
Hue) 7.

—_ yx\moxceuﬂe 73

—, — Ha oJuoulen 73

— (u.p. ) 114

Muoxectso 13

— yucaosoe 101

Monyab Bexktopa 249

— IeficTBHTEJbHOrO YHeaa 34

— KoMIJAckcHoro yucia 60

— nepexoga 93, 99

HauGonbunit o6uwuit feantens (1. o. A.)
23, 27 -

Haumenbinee o6mee kpatioe (H. 0. K.) 24

Haxaouuan 401, 523

Harypaneuuit pax 18

Hauano xoopaunar 41

Hepaseunctso 203

— aaredpanyeckoe 203

— — puicueii crenepn 219

—, BO3BeICHHE B cTenedb 203

—, BhbluuTanne 207

—, rpapuyeckoe pewenne 212

— a1 MoAy.1s cymusl 207

— — pasuocti Moay.eit 208

—, 3HaKH 203

— HppauHoHanbuoe 222

— KBagparuoe 217

— JHHeitHoe 214

— —, cHctema 215

— Jorapugmuyeckoe 224

— Mexay cpexuuM apHQMeTHYECKHM H
Cpe3HHM reoMerpuueckuy 209

— — x, sin x, tg x 286

—, MHOMecTBOo pewennit 211

—, HecHMMeTpuuHocTh 203

— mnokasarelbHoe 223

—, pasHOCHJIbHOCTL 211

— pauHoHaabHoe 220

—, pewenne 211

— C IBYMAl HEH3BeCTHHMH 225

—, caoxenue 206

—, cmbica 203

—, TPaH3HTHBHOCTb 203

— TpHroHomeTpHueckoe 374

~—-, YMHOXeHHe 207

Hyaws ¢yuxunu 106

O6nactb RONYCTHMBIX 3HayeHufi 71
— u3MeneHHs seaHyuHs 101

nPEnMEmuﬁ YKA3ATE/D

O6aacts uaMenenusa ¢ynkuuy 102 _

— onpejeseHHs (CyuiecTBOBaHHA) QyHK»
uun 102, 112

OGpaueniie RecATHYHOIT JPOGH B OGLIKHO-
BeHHY10 29

— OGHKHOBEHHO APOGi B ACCATHYHYIO 29

O6bem, u3mepenne 398

— Konyca 553

— nupavuau 553

— npH3Mu 544

— npmxoyronbuoro napa/ienenunena
398, 543
~— Tena, npuuun Kasarbepu 543

— YyceueHHOro Kouyca 557

— YyceyenHolt mupaMuabi 557

— mapa 563

— wapoporo cermenta 563

~— — cektopa 565

— — cao0a 564

Oanouten 73

Oxpectrocts To4kn 102

Oxkpyraenne yucea 37

Oxzpl):;;xnocm, B33HMHOE PacmoIOKeHHS -

—, BHewlHee Kacauue 414

—, BuYTpeHHee Kacanue 413

— KOHueHTpHYecKHe 412

—, o0uHe Kacareabnbie 469

—, nepeceyennc 413

Okpy:octs 408

—, auavetrp 411

—, Aanna 509

—, — ayru 509

—l§;7r|psmaﬂ. B32HMHOE PacrofoKeHne

—, Kacateabhnas 409, 469

—, patmyc 408

—, xopaa 411

—, nentp 408

Oxrasap npasmibnuii 537

Onpeaenutenn Broporo nopsinka 177

— — —, raasnas puaronais 177

— -—— —, nofouynas xuaronaib 177

— — —, 3Jementut 177

Opnunara Toukn 42

OcsoGoxaenne oOT
B 3HaMeHate1e 84

— — — — yycaurene 85

OcHoBHas Teopema aareGpm 147

OcCTaToK OT HefeHHA LeAblX PauHoHalb-
HbX Gynkumit 142

— — — upcea 27

Ocs 40

— aGeunce 41

— JeiicTBlTeNbHAs 62

— KoopauuartuHas 40

— KOTaHreHcos 258

HPPAaLHOHATBHOCTY




NPEEMETHRA YKA3ATEAD

Ocb Muumasn 62 |
— -apanHar 41
— nonspHas 44
— CHMMETpHH oTpe3ka 402
— — yraa 407
— TanreHcoB 256
— upncaoBas 40
Ortpeskn, Buuntanune 387
— Hecousmepumeie 389
—, obumas Mepa 389
— nponopuxonaibute 447
—, caoxenne 387
— consMepuMuie 389
Orpezok 379
—, AMnRa 388
—, navepeyne 387

Mapa6oaa 120, 124, 130
—, Bepuuna 120
— Ky6uueckas 121
—, ocp 120
— NoAyKyGHuecKas 124
— vyeTBeproit crenenu 121
IMapannenennnen 542
— npaMofi 542
— npaMoyroabuuf 542
— -, IHaroxanb 542
— ~—, H3amepenus 542
— — ofbem 393, 543
IMapaanenorpamm 433
—, BHICOTa 434
-—; AHaroxaiab 433
—, OCHOBaHHe 434
—, nromans 443
—, CyMMa KBajpaToB JHaroHa’ef 443
ITenrasap 536
Iepemennas 101
— He3aBucuMasn 102
—, o6aacth Hamenenns 101
TNepenoc cucreMut Koopauuat 43
Ilepuox nmecatuunofi apo6u 29
— ¢yuxnun 271
— — ocHoBHOil 272
IMupamuna 548
—, o6beM 553
— npasunbHan 549
— —, anodema 5564
—5-5—5, naomans GOKOBOI NOBEPXHOCTH

—, YIVIBt npH Bepmnne 549

—, — — OCHOBaHHH 549

— yceuennad 556 -

— —, ofbem 557

—SQ' naomwaab GoKoBOI nosepxuocm
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H:g%coxocm B3aHMHO nepnenmmympnbxe
—, B3aHMHoe pacnojioxenne 518

— napanienbuse. 518

Tl1rockocts 380

—, KacaTesibHas K mapy 560

I'I.nsosxgaub GOKOBOft NOBEPXHOCTH KOHYCa

— — — DnpaBHAbHON mMupamuaN 555

— — — npHamu 545

— — — YyceueHHOTo KoHyca 558

— — — yceuennoit nupamMuau 558

— — — nuanaapa 546 .

—, n3Mepenne 396

— xpyra 511

—, OCHOBHHE cBoiicTBa 396

— napannenorpamma 443

NIOBEPXHOCTH wapa 567

— mapoBoro mosica 567

npaBWIbHOIO MHoroyronbhuka 503

npsMoyroabuHka 397

NPSMOYrONbHOFO TpPEYroJbHHKA 444

poM6a 443

cermenta Kpyra 513

cekTopa Xpyra 512

Tpaneuun 445

Tpeyroanunka 444, 476,488

Iosepxnocts 380

— Kouuueckan 547

~ npu3MartHueckas 539

— cgepuyeckas 559

— uBJHApuveckas 539

— waposasg 559

Tlorpewnocts a6conotnas 35

— oKpyraeuns 37

— OTHOCHTeabHas 36

— npounssenennsa 39

— cyMmer 39

Toxo6ue 451, 457

—, xoabprunent 452, 457 .

— MHoroyroasuukos 500

— Tpeyroibunkos 458

— —, npu3nakn 458

Tono6uue uaenn 73

— —, npuseleune 73

TToka3saTtean crenenn 47

Tlone peficTBuTe bHBLIX YHCEd 35

— KOMILIEKCHHX uncea 62

— pauHoHaNbHHX uucel 26

— uucI0BOE 25

ToannoM (arreGpanyeckoe BHIpaXKenHe)
73

(R IR A AN IR O

— (uenas paunonaabyas ¢ynxuus) 114
Tlonyxpyr 411

Tlonpaeka 484

TocnepoBartentnocts 228

— Geckoneunan 228
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TocaenoBatesnbHOCTL - GeCKOHEYHO 6odib-
was 234

— — Mmanan 235

— Bo3pacrawouas 229

— KoHeyHas 228

— MOHOTOHHaa 229

— HeBo3pacTaouas 229

—- HeMOHOTOHHas 229

— Hey6uBatowas 229

—, obwHi uaeH 228

— orpaundeunas 230

— noctoanHag 230

—, npegea 231

— pacxogsmascs 233

— cxoasmasca 233

HNoctpoenns reoMetphueckie 414, 520

Ioctyaar 13

INotenuuposanke 91

Ipeaea nocaedopate/abhocTit 231

— npoussedenus 237

— cymumu 236

— yacTHoro 238

[MpeoGpasopanue noxobua 452

— — BToporo poaa 450

— —, kospdiuticHt 452

— — nepeoro poja 452

— —, ueutrp 452

ITpcobpasopanus To:IeCTBCHHLIE 72

MpuGasenns Jecatuyuue 33

ITpusma 540

—, Becota 54l

—, Hopmaabioe ceyeune 540, 545

—, o6Gben 544

—, MJomaib GoKoBoil nopepxuocti 5145

— npasuabuas 541

— npsamas 511

ITpusnakn aeanmoctu 21, 22

Ipununn Kapaibepn 543

IMpomexyrox 102

Tponopunonaisiue orpesku 446

— — B Kpyre 467

— — — DPHMOYFOJbHOM TPeyTo.IbiilKe
470

— —, noctpoenne 448

Ipamas 379

— I NJOCKOCTb, B33aHMHOE PAaCNO.IOMC-
une 515

— — —, napaxieabhocth 516

— — —, MepneHAHKYARpHOCTL 522

~ NPONoPUHOHAAbLAST 3asBHCHMOCTDL 115 °

Ipamoyroasuuk 434

—, momaan 398

IpsaMble B mpoCTpaHCTBe, B3aHMHOE pac-
nojioxkenne 514

— B3aHMHO nepnenAuKyaapuste 392, 400,

— napanneabuuie 402, 515

NPEAMETHHHA YKA3ATEND

[pampe ckpemusamowuecs 514
— —, obmuit nepnenAukymap 526

Pasenctso Tenn 386

— TpeyrolbHHKOB, TNpH3HaKH 425

— o¢uryp 384

PasHocusibHocTh HepaBencts 211

— YypasHenHuit 152

Paanan 394

Paauyc-exktop Touku 251

Paanyc nogsumunil 251

— noJjsApHutii 44

Pasaoxenune Ha myoxutean 78, 149

Passocts kBagparos 75

— KocHuycoB 312

— Ky6oB 75

— cuuycoB 312

— Tabanynan 482

— Tanrencos 313

Paccrosinie Mexay ABYMs Toykasi, ¢op-
my.aa 299

Pox6 435

—, nLdoiuals 443

Cernent Kpyra 411

— —, naoiais 512, 513

— —, cTpeaka 513

Cekanc 255

Cextop kpyra 411

— —, naowais 512

Cekywasn 410, 467

—, Buewmnas 4actb 467

—, TCOPEMa O NpOH3BEIEHIH OTPE3KOB
467

Cunyc 255

Cuuyconza 291

Cucreva aumeiinnix ypasiennii 173

— — —, Hecaelosaniie 178, 181

— — — peonpeieaennas 179

— — — HecoByMecTnast 178

— — — omnpejciennan 178

— — —, pewenne 174, 175, 178

— — —, — MeTOJOM NoJCTaunoBKy 175

— — —, — C NOMOWbIO oOnpelednte-
qeit 178

— cyucaenns 18, 19

— TPHTOHOMETPHYeCKHX Ypasueititit 366

— ypasucunii 153

— — propoit ctenenn 186

— — BHICIIHX CTeneHeil 188

— —, pemenue 155

— —, COCTOALlaA H3 YPaBHEHHA BTOPOI
cTencHH H JHHeNHOro- ypasuenns 183

Cneacrsite ypasHenns 152



NPEAMETHHIHA

. Cootsercteue 13

Crenenb ¢ eACTBHTENLHHM TOKa3aTe1eM
52

— — HaTypalbHHM nNoKa3arerem 46

— — HYJeBHIM NMoxa3arteseM 47

— — paunoHaNbHHM IoKazareaenm 5l

— — LeJHM OTPHUATENbHLIM M0Ka3a-
Tenem 47

Crepannan 569

Cymma kocunycos 312

— Ky6os 75

— cunycos, 312

— Ttanrencos 313

Codepa 559

Cxema Iopuepa 145

Ta6anus byukuuit 95, 481, 581

Ta6nnunas pasuoctb 481

Taurenc 255

Tanrenconga 293

Teao 380

— npu3marHueckoe 540

— UHAHRAPHYecKoe 541

Teopema 13

— Dbeay 146

— Beitepmitpacca 234

— Buera 164, 165

— KocHHYycoB 475

— ofparuas 15

-, — NpPOTHBOMOJMOXKHOM 15

— O TpeX nepneHAHKYJsipax 523

— IMudaropa 471

— npotHeonoJoxHaa 15

— cunycos 477, 533

— 3itaepa (o MHOI‘OI‘paHHHKaX) 536

Terpasap 536, 549

— npaBHIbHAEIE 536

ToxknecTseHHoe pasenctso 71

ToxnecTseHnble npeoGpasoBayus 72

Touka 379

Tpanenus 436

—, GoxosHe cToponbt 436

—, BHCcoTa 437

—, ocnoBanua 436

—, naomazns 445

— npsamoyroasuas 437

— paBnoGounaa 437

—, cpexuns Jguuns 441

Tpeyroasunx 420

—, GuccekTpixcH 422, 449

—, — BHEUIHHX YyrJos 423, 449
—, BHEIIRE BINCAHHAA OKpYyXnocts 423
—, BRemnne yram 421
~—, BNHCaHHas OKPYXHOCTb 423

—, BbICOTH 425, 440
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YKA3ATEND

Tpeyrosiink, 3agaYH Ha NOCTpoeHué
427

—, MexHanu 425, 459
—, ONHCAHHAA OKPYKHOCTH 423
—, OCH CHMMETPHH CTOpoH 423 .
—, ocTpoyroabunit 421
—, naomwans 444, 477, 488
— mnpsaMoyroabuuii 421, 430
— —, runoteny3sa 430
— —, KaretHl 430
— —, nJomans 444
— — paBHoGeapennnit 431
— — ¢ ocTpeiM yriom B 30° 431
— paBroGeapenunit 420
— —, GOKoBHE CTOPOHH 420
— —, ocHoBaHHe 420
— pasnocroponuni 420, 430
— paBHOYTOAbHBI 422
—, pajHyc BMHCaHHOI OXpY:KHocTH 479
—, — OINHCAHHON OKPYXHOCTH 479
— pasHocTopoHuuil 420
—, cpefnss Auana 439
—, cTopons 420 °
—, cymma yrios 420
— chepHuecknit 533
—, TOYKA nepeceyeHHst GHCOeKTpHC 423
—, — — BHCcOT 425, 440
—, — — MeaHaH 425 459
— Tynoyroasuuii 421
—, yrast 420
—, LUeHTP TaxecTn 425
TpeyroabHuKkH, npH3HaKH nojoGHa 458
—, — pasexcTBa 425 -

Ymoaou xoaddpuunent (rpadpnka -
neftuoit pynxuun) 117

¥Yrasl BepTHKaNbHBEE 382

— JomoAxuTeabHbe 392

—, 06pa3oBaHHHe JBYMH
HEIMH H ceKyueit 404
—, oxHocTopoRnHe 404
—, HAKpecT Jexalne 401
—, cMexuue 381°

—, cooTBeTcTBeHnHe 404

— C_Napae/IbHbMA  CTOPOHAMH 405,
517

— — NEPNEeHAHKY/IAPHHMH

4
Yroa 381
—, 6uccextpuca 392
— pepiriina 381
—, rpajaycnas_mepa 393
— asyrpaunnii 528
— —, GHCCeKTOPHAR IJIOCKOCTL 529
— —, rpaun 529
— —, Mepa 529

napaiiens-

CTOPOHAMH



590 NPEIMETHHH

Yroa nByrpanHblil, HOPMaJdbHOE CeyeHHE
529

— —-, npamoit 529
— —, peGpo 529
—, H3Mepenne393
— MEXJAY NpsSMOR - H NJOCKOCThIO 529
~— — CKpEeUIMBAIOUIHMHUCH NpAMBIMH 515
— MHororpansbii 534
— — BHINYyKJHl 535
— — npaBuibHHIT 535
— HyJaepoii 481
—, NOJ KOTOPHM BHJeH orpe3ox 464
— noannii 381
— npsamoit 392
—, paMaHnas Mepa 394
— passepuyTuit 381
— C BepulMHOR BHe OKpY:KHocTH 464
-— — — BHYTPH OKpYy:HOCTH 463
— —— — Ha OKDYXKHOCTH 462
—; CTOpOHH 381
— TeJecHHil 569. - S
Tpexrpannutii 531
—, Bepunnsl 531
—, rpann 531
—, asyrpauutie yraw 531,
—, ILToCKHe YIuinl 531
—, pebpa 531
LeHTpadbHuil 394
YMHomenue, 3aKoHb 20
~— MHOToOu/ieHa Ha MHOTo4JeH 73
— — — OojHo4AeH 73
Ypasuenne 151
— aare6panyeckoe 158
— —, creneHb 158
— 6ukBagparnoe 171
— BO3BpatHoe 172
— aByuiennoe 169
— HppanuoHaibHoe 191
— Ksagpathoe 160
. = —, HeclegoBauue 165
— — npusegentoe 161
— —, ¢opmyaa Buera 164
—, Kopenb 151
— JHHeiinoe 159
— — ofmee 118
— Jnorapugmuyeckoe 197
—, MHOKecCTBO pewenuii 151
— noxa3sarte/abuoe 195
—, pewenne 151
—, cuctema cm. CucteMa  ypashenuit
-— TpHroHoMeTpHueckoe 339
YpabHeHHsi paBHOCHAbHBE 152
— SKBHBaJIEHTHbIE 152
Yeaosue jocrarouxoe 14
— neoGxoxumoe 14
— — H JocTatounoe 14
Y1Bepikjenns 3KBHBaleHTHble 14

532

PRI

VKA3ATEb

durypa 380

QHrypH TOMOTETHYHEE 453

— NoRo6HO pacriofoxenHbie 453

— TnoJobHue 457

— paBHoseankue 393

— paBHococTaBaenHHe 395

— paenbie 384

Qopmyna Tepona 477

— Myaspa 66

QopMy/Bl NPHBEAEHHS TPHIOHOMETpH-
qecKHX QyHkumii 278, 281

QyYHKIHH B3aHMHO o6pan-1ue 110

—- ofpaTHbie TpuronoMerpnueckne 114

TpHronoMeTpHueckue 114, 255

— yuciaoBoro aprymenta 284

3aeMenTaphuie 113

— ocHoBuue 113

QYHKUHOHAIbHAsA 3aBHCHMOCTb 102

Oyukuna 102, 112
—, Ipabuk 104
—_ rpa%mccx\oc sazanse 105
—, ApoGuo suueiinas 115, 139
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