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NPEAHCIOBUE

Hacrostuas xnsra nMeer 1eabio MoMOYL TOMY, KTO Kejaaer
yrayOuTp cBOM 3uanug 1o saementapuod Matematike, B kuure
coGpanl  3a1ayl, Npelnarasiifnecss Ha MPHEMHHIX 9K3amenax
noctynasuny B Mockosckufl  Qusnwo-texnmuecknfl HNCTHTYT.
Has pewenns 3azay 7tpebylorcs 3nanns B obbeme cpeaneht
IWKOIW (Te HeMHOTIIe CBCIeHHs, KOTOpLIE HHOTAA He BKAiovYa-
I0TCH B MPOrpaMMLI Cpelnyx WkKo:, npusoasatcs 0co6o). Tew ue
Menee clelyeT OTMeTHThb, 4YTO OGOJbWIHHCTBO NpPeiL1aracMux
33444 ABANIOTCH 333a4aMil TMOBLILIEHUOH TPYyIHOCTH,

Kunra coctour n3 tpex pasieroB: «AareGpa», «[eouver-
pusty u «TpnrouoMeTpusy, kaxiauil n3 KOTOPWX pasbuT ua
noapasieat. BuyTpn Kamaoro nolpasiena 3alaul pacnosioixe-
ubl B nopsike Bo3pacraiouieil TPyIaHOCTH.

3uaunTesibHy 10 MOMOUL B pabOTe HAL KHUHLOA aBTopaM oKa-
3ana ¢T. aabopant kageapu I, E. [loHoumapesa, Koropoli ae-
TOPU NPHHOCAT 63aroIapHocTs.

Asropet



3AJAYH

AJITEBPA

1. ApndMmeTnueckas M reoMeTpugecKas MPOrpeccHn

IpeaBapuTedbHHE 3aMedYannq

‘Eean a,, ectb n-it uneH, d—pa3socte 1 S —cywa n mepBHYX dae-
1108 apudmemu'tecxod npozpeccuts, T0

ap=ay+d(n—1), M
Sn=(a1+20n)n=l?al+d(rt—l)ln_ : @

. Ecan up ects n-fi unen, g—3navenareab H S,—CyMMa n nepsux
'nenon 2e0:em puHecKoit npozpeceutt, TO

. Up=1g"", . ) (&)
Up—th _ th (q"—l)
Sn q—l q—l . (4)

Ec'm, nakoneu, S ecrb cy\ma 6ecKOHeuHO yGuiBalouledl reoMerphn-
ueckofi nporpeccis (gl< ), 10

5
. 1_ 7 ©)
1. Doxaszarh, 4TO ecan noJOXKHTeIbHHWE uncia a, b, ¢ 06-
pasylor apidMETHYUECKYIO MpOrpecciio, TO 4icaa ‘
! 1 1

Vo+Ve' Ve+Va' Vat+Ve
Takxe o6pa3yloT apndpMeTHUECKYI0 mporpecco.
' 2. [Monoxurenbune uncaa a,, a,, ..., @, o6pasywr apnd-
MeTineckyio nporpeccuio. Hokasats, uto

1 | 1
VatVa  Va+vVat P Vaatva
n—1\
T VatVa
5




8. Hoxasarb, YTO eCaAif HHCAR @y, Qg «o., @, OTAHYULL or
-~#ynd i ob6pasyior apmpuemqecxylo nporpeccmo, "ro -

et et e e =

.
4,4, a3y a4y - la/z a,a,

4. Hokazatb, uTO BCAKAS RNOCACAOBATEABHOCTbL vNCER 4,
@y, ..., @, YIOBACTBOPRIOMIX npn JjiocboyM n2=3 ycaosuwo

1 1 1 1 n—I1
SEINE

dp—18, aa,’

a,a, ' a,a; ' a.ay

ob6pa3syer apudMeTHYCCKYI0 NMPOTPECCHIO.
5. Tlokasats, uTO Ang Beakofl apudyeTnucckofi nporpeccun
2;, Q3, 43, ..., @, WMEIOT MECTO DPaBEHCTBA
ay,—2a,-+a3=0,
a,—3a,43a;—a,=0,
a;—4a,+6a;—4a, 4 a;=0
1 sooGiie npn BeskoM 71> 2 nMees:

a,—Chay 4 Clag— . .. +(—1)""1C0la, 4 (— 1)"Cla,, , =0

Yxkagaune. B sroll 1 caeayiomeil 331auax [OJe3HO BOCNOALS
30BaTLCA NETKO NPOBEPAEMEIM TOXACCTBOM

Ck=ck_ 4 CEL

6. Hoxasate, yto zaa Bcakoil aprdMeTiyeckoil mporpeccun
sy oevy Gy Quiqy oo APH 12> 3 HMEIOT MECTO PaBelCTBA

—Gait ...+ (—1)"Cheny =0,

7. Hoxasate, uto ecau unena log, x, log, x, log, & (x=%41)
06pa3yioT apudMernyeckyio nporpecciio, 1o

12 = (kn) logum,
8. Haiitu Takyo apudmeriyeckyio mnporpeccuio, y KoTopoit

OTHOUICHHe CYMMH MNEpBHX 1 YJICHOB K CyMMe kn HOw’hIl)’lO‘
UlHXx HE 3aBHCHT OT n.

9. Hucaa xy, Xy, ..., X, 00pa3yioT apudMeTHYETKYIO 1PO-
rpeccmo. Haliti sty nporpecenio, ecan

x1+x2+ See +xn=a) xi+x§+"' +x;zl=



¥Yxasanne. B srofi u cleayomed 3a1auax nosesno BOCHONDL-

8OBATECA PaBeNCTBOM
nint l) @t

1=+2l+é’+...+n

10. Tlocnenosareasnocts yncen 1, 4, 10, 19, ... o6nanaer
TeM CBOfICTBOM, UTO Pa3HOCTH ABYX COCEAHNX wyHcen 0Gpa3yIoT
apndyernyeckyio nporpeccuio. Halttw n-fl unen n cymmy nep-
BuIX /1 WJIEHOB 3TOH NOCAEN0BATENBHOCTH ‘'luCed.

11, Cocrasum tabnumy

1

2,
3’
4

’

4
15,61
6,7, 8,9, 10

. . . . - . -

[ I ]

HJokasaTte, 4T0 CymMMa 4IeHOB KaikAOM rOpH3cHTAAbHON CTPOKI
paBHa KBaJApaTy He4eTHOro 4YHCAA,

12. B reoMertpuueckofi nporpeccn ay, a,, @z ... A2HH

unend a,,,=A4, a,_,=B. Haittu a, n a, (A%0).

13, [lycte S, ecTb cyMMa HEpBHX 71 4/€HOB reoverpiue-
ckoft mporpeccnn, S, 540, ¢%=0. Hoxasats, uTO
Sn sm_s
S:n—Sn —San’
14, 3uaﬂ cysyy S, mepBHX 71 4ACHOB reoMeTpuueckofi npo-

rpeccmn n cymMy S, o6pamm BeAHYNH STHX 4JACHOB, HafiT
nponssenenne [, nepeux 7 unenoB mporpeccuu.

15. Hafttn cymmy
1420 +382 +4x% - oo+ (4 1) 47
16. Hailitn cymmy
1+11+1H+...+1H...

€CAll nocaenHee cnaraemMoe €CThb /7-3H3MHOE uUNCAO.

17. Haittn CyMMy B -
nx4n—1)x2 4., 42- 57714 1. 47,



18. Haiitir cymmy
! 3,5 2n—1
gtmtmt ot ,
19. Hoxasate, uto wuucna 49, 4489, 444889, ..., nony-
vaeusle BCTaBkoH 48 B cepeanny upeauliyuiero 4icaa, fgaf-
10TCH KBAAPATAMH LIC/ABIX YiCeA.

20. JlokaszaTh, UTO MOWHO HaliTH YOLBAIOMYIO TCOMRTpPH-
4eCKyl0 NPOrpeccHio :

9 -
Lg ¢ oo gty
KOKAWHA 4nen KOTOPOH OTANYAETCH OT CyMML BCEX CAeayiouiux
33 HHM Y/AEHOB 33aI3aHHLIM MOCTOSHHBIM MHOXHTeNeM XK. l'lpu Ka-
KIX & 3aJaya BO3MOKHA?

21. Becxoneynas noci1e108aTeapHocTh WICea Xy, Xg, X3 « + o
eeey X ooe (X;5=0) npi 21060M 21 2> 3 y0BACTBOPSICT yCAOBHIO

a

(B340 SE - SN S N E o 2 B R o -
= (XX T Xp¥g 1= o oo X, 1 X,

ﬂoxaaam, UTO Xy, Xy vooy &y oo HBIAAIOTSH NOCTEA0BATENL -
HLIME WJcHaMi rco.\lerpnrfecuoﬁ nporpeccHi.

Yxasaunne. Moiio NpUMEHHTL METOL TNOJIHON HHIYKUHH.

22, Janu apndmernyeckas nporpeccis ¢ oGULIM uAeloM @,
U TeoMETPHYECKAR NporpeccHs ¢ obuluM wmewoM b, npiries
ay=0b;, a,=0by, a,s%=a, 1 a,>0 A% BCeX HATYPANbiHLX
uucen n. Jlokasatb, uto a, < b, npu n> 2.

23. HNokasaTb, uTO ec/ml -2Ad : FeOMETPHYECKON! NporpeccHu
Gy, @y, ..., @, ... 1 apupyetnyeckoll nporpeccun by, by, ...
een b, ... BWMOIHAIOTCS HEPaBEHCTBA

a; > 0, %f> 0, b,—b >0,

n

TO CYIIECTBYeT TaKkoe wicio u, 4To0 log,a, —b, ue 3asucur or 1.

2. AnareGpaunyeckue ypamiemm M CHCTEMB ypaBHemitit

IlpeaBapnrteabHbie 3aMeyYasnus

Ilpi pewennn npeinaraeMblX HizKe CHCTeM Ypasiieunfi ucxojnas
CHCTEMA YNPOWAIOWHMI NpPeoGpasoBauiaMil CBOJAHTCA K PanHoCHILUON
cHCTeMe, Bee pewenis Kotopoit auGo H3pecTisl, 4160 MOryT GuTh Halt-
Aenul H3BECTHHIMH DpHEMaMH. B HEKOTOpLIX 'CAyuasX NPHXOAWTCA nepe-

8.



XOAMTh K CHCTEMA', KOTOPLIE 32BeJOMO YI0BIeTBOPSAIOTCA BCeMy peure-
HHAMH HCXOZHOR CHCTEMb, OHaKO, BOOGIle roBOPA, lfe TOJBKO HMIL.
B sTix cayuanx onpeleasiebie HA0OPEI 3HAUEHHiT HEH3BECTHEIX CJelyeT
npoBepATH NOACTAHOBKO B HCXOAHYIO CHCTeMy.

B OTZenbHUX 3a1adaX HCMOJL3YIOTCH opuysst Buema, ceaswsato-
ulue  Ko3bduiHenTL! ypaBHenHa TpeTseil crenen

B+ px? 4 gx 41 =0 hH
C €ro KOpHAMN Xy, Xp, X3 OHU HMeOT i .
xtxytay=—p, 0Ot ran=q, ntaz=—r (2

Qopuyau (2) naxolarca npupapHuBanueM Kodppuuuerros npu ozuua-
KOBLIX CTeneHsax x 8 ToKiecrase

B4 pxitgrr=(x—x;) (*—x,) (x—x5).
24 Hafttn sce BEIECTBEHHEE pelIeHus cncreMu ypasuenuil
2 fyr=1,
Ty
. 25. Peumntn cucremy ypasuenmi
- x2taytyi=
x+.xy—|—y*2. ]

26. Hafitu seutecTsennwe peiienus cHCTeMB ypasuenuit
y?=5aq3
x2y+’y2=a3
npu yCAOBHH, YTO @ BeulecTseHno M He pasuo 0,

«.. 27, Pewnth cucreMy ypasueHuit

A g
THE=12
1 3 1
*Ty7=3F

" 98, Peumts cucremy ypasuenuit
xi _{_xzye "{")’4:91,
x’—xy —]—y2 =T,

..29, Pewnts cucreMy ypaBueunii

'g;:,‘ =y =19w—y),
G A =T ().




30. Haiitn ece Bewecroennnie pewenns CHCTEMN - ypaBueHHit

2(x+y) =5xy,
8 (x3 - y?) = 65.

31. Hafitn BeulecTBennne pelienis CHCTEMH ypaBHenil

(x +y) (¥ =y} =9, }
(¢ —y) (%" 4-y%) = 5.

32, HaftTi Bce BeulccTBeHHLIE peluenis CHCTEMH ypasueHnit

xty=1,
xityt=T. }

33. Pemmntp cucremy ypasuenut

x+y= 1)
x5 4 y3=31.

34, Haiiti BewlecTBennne pellleHHs CHCTeMu ypasheHnil
Xyt — XYyt =13,
xr—y?2xy=1, }
yAOBACTBOPAIOULIE YCI0BHIO
xy =0,

385, Peuints cncremy ypasuenuil

(¥*+1)(y2+1)=10,
(¥ 4y (xy—1)=3. }

Yrkaszaune. [Nodoxnte xy =v, x+y=1u.
36. Pewntb cuctemy ypasuennfi
8 , oy X
(x- ’T'y-) 7 = 6)

2 _ Y
(E—yt)==1.

37. Peumntb cucremy ypasiennit

x4y =aqxy,
X34yt = batyt



88. Peuntnb ypasnenne (pasnaras neBylo 4acTb Ha MHOXATENHN)

x+a\3 x—a\? a , b\x}—a* _
(52) + (=) -(5+a) ==
39. Pewmnts ypasuenue
x? | 48 x 4
?+;i=‘°(”3*—?)-
40, Pemnth cucremy ypasnexuil
x+y xy 1
T Tirp=t T
x—Yy , Xy __ 1
xy +x—-—y_b+ b
41, Hafltn Bce peienns ypaBHeHuns
. (*—4,5) +(x—35,5) = 1.
42, Pewntb cucTeMy ypaBHenit:

‘|x—iFHY—N=L}

y=5+4|x—1/*.

43. BuicHuTh, NpH KaKHX BEWIECTBEHHHX X H y HMeeT
MEeCTO paBeHCTBO
5x% 4 5y*+-8xy + 2y —2x +2=0.
44. Halitn Bce BewecTBeHHHe 3Hayelns X H y, yAOBAeT-
BODSIOILIIE YPABHENNIO
x*+4xcos(xy)+4=0.
‘45, Halitn BemecTBeHnbie pewenus CHCTEMH

x+y+z=2,
2xy —22=4,
46. BuficunTb, NMpH KaKOM 3HAYEHHN @ CHCTEMA
xz +}’2 =2z,
x+tytz=a

HMeeT CIHHCTBEHHOS BEUIECTBEHHOE pemieHHe, H nafitn ato pe-
meHHe,

*) A6conioTHolt BesuHHOM uncna x (o6o3nauaercs yepe3 |x|) Hasu-
BaeTCA HEOTPHIATeNbROE YHCJIO, OTpelesisieMoe CASAYIOUIHMH YCAOBHAMH:

—x, ec x < 0;

Xi=
11 x, ecmu x>0,

1



47. Ioxasate, ut0 a1s Aw06oro (BooGiHIC KOMILICKCHOTO)
pelIeHNs CHCTeMH

2 2 - l_..
X —]—y +A’y+xy_a,

|
" 4 2242
-\'4'}'}’ +A’y _xzyz

—2=10

cymma %4 y* BeulecTenna npi MOGWX BeWwECTBEHHWX @ H b,
a0,

48, Peumite cucreMy ypasneniii
ax-+byt+cz=a-t-b-+te,
bx+ceytaz=atbte,
(x-tayt-br=a4-b-l-c

_npeanoaaras, 470 @, b i ¢ BeuwecTBeHum 1 g -b-}c £ 0.

49. Pewntb cuctemy ypassenf
ax+y-+z=1, ]

xtayt-z=a,
x-ly-lar=at I

50. Kakomy yca0BHiO A0T#HW YA0BICTBOPITD YHCIA a4, 4,
ag, uTobu cncrema

(1+a)xty+z=1,
x+(1a)y-+z2=1,
Xy (1+a)z=1

HMena pelieHNe I BPHTOM €JHHCTBENnoc?

51, Peumitb cucreMy ypaenennii
ax by L cz--df =p,
—bx t-ay-dz—ct =g,
—ex—dys-az--bi=r,
—dx 4 cy—bz+at=s,

\_\.___J

rae a, b, ¢, d y10B1eTBOPSIOT YCJOBINO:
a4 b ¢+ d* =40,

12



52. Pewntsb c{lCTeMy ypasuennft’
X1+ 2%, 3%+ 4 f o0 0y, =0y,
nx;+xs+2x,+3x, ... (-1 x,=a,,
(n—1) %y +n% + X34 20+ 0. H(1—2) x, =gy

2%, 4+ 3x,4-4x; +0x34- ... F lx, =a,
53. Hoka3ath, 4TO ecan
x1+x2+x3=0)
X, + x5+ %, =0,
Xg9 + X100+ %1 =0, I
X100+ %1+ ¥ =0, J

T0
Xy==Xp= ... =Ky ==X =0,

- b4, Peuntp cncreMy ypasHennit
Xt xyfxz—x=2,
Vit xytyz—y=4,
2?4+ xz4yz—2=6,

55. Pewnth cHCTeMy ypaBHeuuit:
X +}' —z=T,
X2 4yt —22=37,
x34-93 —238=1,

66. Peumts cucremy ypaBHeuit

xyz
=2
x+y 7
xyr 6
y+z 5
xyz ___3_ ‘
z+x 2° )
57, Pemutn cucremy ypassenufi
wtollw=2,
vt u=2,
Wt tv=2.

13



68. Pemxxib CHCTEMY YPaBHeHui
Bt xytyi=1,
x24xz4220=4,
V4yzt2i=1.

69, Pemmnrn cucremy ypashennii

XoX3...Xp
=
1
X1X3... Xy,
}

=q
X, 2

X)X, X1 .
Xy T

NPeAnoNaras, 4To YHCAA @y, oy @, B Xy, ..., X, NONOKHTE]bHH,
60, Pemmntp cuctemy ypasnenii ‘
(x+y+2)(axty+2)=4£,
(x-Fytz)(ctayLtz)=1r,
w+y+2)(x+y+az)=m?,
npeanonaras, uto a, k, [, m—peficTenTeabHbHe uHcAa H
BRA4-324Lm?> 0,
61. Hailiti BewlecTBeHine pemenns CHCTEMH ypaBuemmil
X+y+2=6,
x? +y2+22 = 141
xz+yz=(5y+ 1)
62, Pewmmnts cucremy ypasseuni
X xy 4 xzfyz=a,
y 4yt xztyz =0,
22 xyxztyz=¢,
npeanonaras, 4to abe 5= 0.
63. Pewnts cicreMy ypasuennii
x(y42)=ad?
yleta) =0
s(xFy)=2c%
npeanosaras, 4ro abc =0,

14



64, Halitn nefictButenbne pemenns cncteMu ypasuemiit
Y +2° =2a (yz + zx 4 xy),
22+ 5% =2b (yz2 4 25 +xy),
X y® =2¢ (yz+ zx + xy).
65. Pewnts crcremy ypaBHenul
y+2¢+2z =a(x4y) (24 x),
242y +x=b(y+2) (£ +9),
X+2z4y=c(z--x)(y+2).
66, Pemntb cucremy ypaBHenufl
X+y+z=9,

1 ,1-,1
3 +7 +5=1
xy-+xz-4+yz=217.
67. Pewnth cucremy ypaBHeuuft

X+y+tz=a,
xy+tyz+4-xz=ad?
- xyz=a®
63. MoxasaTh, uTO enMHCTBEHHHM DelleHHeM CICTEMH ypaB-
HeHn
2x+y+2=0,
y3+zx+x}’-yz=0.
xy-4-22=0

fBaserc pemenne x=y=2z=0.

69. Pemntb cucremy ypasnenuit
x+yt+z=a,
K2yt 2t=al,
B2t =ad
70. flycts (x, y, z)—pemenne CHCTEMH ypasuenmil:
x4y+z=a,
X2 +y2 'l" 22 ____bz’
1, 1,1 1
Frytz=°
Hailitn cymmy :
&4yt 4 2%
' 15



~71. Pemntb cuctemy ypasnenuii
' ' X+tyt+z=2,
E+o)y+2) 2 e+ x)F (X)) (v Ly) =1,
2y +2)+ 4 (24 x) 2% (x4 y) = —6.
72. PewmnTh cucteMy ypasuennft
K24 (y—2)=a,
P (v—z)2=0,
2+ (x—yP=c.

e
N';-\.,v.

73. Peumth cncremy ypasuennii
xyd-yz-zxe =47,
x4 y2 =22
(z—=x)z—p)=2.

74, Hailti bce BCILCCTDCMILC PCIUCHHS CHCTeMH ypasHenuil

= 222 \‘
14-22?
2x2
!/=1+7, i
242
75. Haiitnn BeuiecTsennnie pewenyns CHCTEMU ypasucunil

2=

2
20, =X -
n n=-17 Xn_1
2
2\,‘—-.\"—!-;'.
n

76. Mokasatb, uto ecan a, b, ¢, d-—nonapio HepaBuuc
BewCCTBENNLE YIICIa o X, Yy, Z-—pellenie CHCTEMM YpaB-
neuni )

' 1 ':" X +y + Z= O)

¢-t+bx-fey-fdz=0,
a* 0% - cly +d*z =0,
TO npoM3BCACHHE XYZ MOAOKHTEALHO,
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Sigfikopentioe BLpakenHe HempnuareanO' npH 9T0M GepeTcs TONbKO
aTenbHOE 3HaueHWe KoOpHA. B cayuae Kopweil neueriofl creneny

OpeHHOE BHIPAaXEHHe MOXKeT GHTb JOGHNM BelleCTBEHHbIM 4HCa0N
5TOM CAyuae 3HaK KODHS COBNAJaeT CO 3HAKOM MOXKOPEHHOro Bhipa-

“#enns).
\\_/ 77. Peumts ypaBHenmne
/(a +x)2+4 /((z——x—)2 5;/412—\¢2
78. Pemnth ypaguenne
VUiFrar—=Y(1=x2=71—x2

79. Pemmnts ypasuenne
Vi—24V2%—5+y y+2+3V2~5=7V3.
80. Pewmnth ypaBaerue
1/x+l/x —V-x—l/x =% l/x-}-xT
81. Peumts ypasueHue
| Vm-{- V47 -
Vit T Vxd1
82, Hailtn Bce BeuiecTBennne xopun ypasuenist
V14V xFi=xV2
83. Pemntn ypasuenne
Vx—4a+16=2Vx—2a+4—Vx.

TIpn KaKnX BeueCTREHNLIX 3HAYEHISIX @ ypaBnemxe 6yxer nMeTh
peinenne? o

84. Pemntsb cncre\ly ypam{emm 4 55‘ N

vuflsog mn

VHIALG R SUGHIC
EengHnddernexdLO




- 89,

18

£6.

87.

88.

90,

91,

92,

93.

Pemnth CHCTEMY ypaBHenHi
1/ X 1/ v_3
Y X 2!
x+yx+y=9. }
Peumte cuctTeMy ypasnenui

y+1 1/
2 -—-—8
+ y+1 }
Xx+xy4y=T.
Haitti Bce BeulecTBeHHHE pememm CHCTEMHI
x+y
X —]/
+y =y = J
xy-15 J
Pewnth CHCTEMY ypaBueHHi
2 x3—12 1 x2+17
g+ V. Y+ 2y

x 2 4/ x 1
HT3= 1/@+7 —
Pewnts cuctemy ypaBueni
s VI—F  i=VFE—F _1T
—Vi—g  xtVe—gp 1
£(x+y) +V P+ ry+4="52
Peunts cucremy ypasueunh
P+ V3P —2x 18 =255,
3x—2y=>5.

HafitTn BeuwlecTBeHHHE petllenis CICTEMH ypaBHeH:
4 ———  x24-17
4 AV FGTT = 2,

y—>5 2 4
49 _‘zj—?’*' 9"

Pemuth CHCTeMy ypaBHenItit

=)V =55~
w9 Vr=3Vy.



94. Pemntb cnctemy ypasueHiit
Vx+y_l Xx—y=a,
Vet +V e —yi=a?.
95. Pemmnth cucteMy ypasHeHH#

xVx—yVy =a(Vz =Vy), } @>0, 6>0).

*?4-xy+ 4P =0°

}(a>0).

8. AareGpandeckie HepasencTsa

Hpensapnrenﬁﬂue 3aMeuanuq

[MpuBeseM HekOTOpHe HepaBeHCTBA, KOTODHE HCNOAB3YIOTCH MpPH pe-
IeHNH npejnaraeMuX HHXKe 3ajat,
Hna mo6HX BelleCTEeHHHX 4 U b

a®+5? =2| abl. M

Hepapencrso (1) ecTh cnefcToie oueBHAHOrO HepapeHcTsa (@ X 5)2 =0,
3uak paserctsa B (1) nHMeeT MecTo. JHIIL B Cayuae, Koraa ga|=lbl.

Ecan ab >0, 7o, pasgems oe uwact# HepaseHctBa (1) Ha ab,
oy uHM; :

a , b _

T2 . )]
Ecat 2>=0, v=0, 10, monoxus 8 (1) u=a?, v=>5%, moayunm:

‘ 2 u; V uv. 3)

B nepasencrnax (2) n (3) 3uak paBeHCTBA HMEeT MeCTO COOTBETCTBENHO
SHUWbL NpH a=b 0 u=v.
OrueTHM, Kpome TOro, HEKOTODHE csodcmea KeadpamHozo mpex-

4reHa
y=ax?+bx+c, @
KOTOpHIe HHXKe HCTOJL3YIOTCS B pAje 3ajad.
Ha npeacrasnenns tpexusena (4) mo ¢opmyse
b\2 b:—dac
= 5n) ——a— 5
y=a(r+g) —TF @
nelyeT, 4T0 B cJyvae, KOrja AHCKPHMMHAHT TPexdJeHa
D=0b>—4ac <0

(B 3T0M CJyuae KOPHH TpexujeHa HeBeHIECTBENHH), TPeXujeH NpH Beex X
NPHHEMAET 3HaUeHHA OJHOTO H TOrO Xe 3HaKa, COBNANAIOWEro CO 3HAKOM
KoaddiiuitenTa a npu cTapueM gjede, ) : :

B cayuae D=0 Tpexunen TakKe COXPaHS€T NOCTOSAHHLIT 2HAK,

. b
oGpamaacs B HYJb NpH €AHHCTBEHHOM 3HaYe€HHH x=—2—5.
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-Haxoueu, B-cayyae:-D > 0 (B at0M cayuae Tpexuaen mneer nemecr-
BEeHHBIe H pa3juuuple KOPHH X; H ¥,) U3 PasoKeHus

y=a(x—x) (x—x,)
' BHITEKaeT, YTO JHLIb npy ycJaoBuu
xl <x<L X,

TpexwiIel NPUHUMAET SHAYCHIIA, 3HAK KOTOPHX MPOTUBONOIONKEH 3HAKY .
IIJIH BCEeX e OCTAaJbHLIX 3HadeHHil X, OTJIHYHBIX OT X3 H Xg, Tpexdned
HMeeT TOT ke 3HaK, 4T0 H a.

Taxum obpasos, mpexssen ecez0a cOXpanaem 3HAK KOIpPuiuenma
npu Cmapuites HAeHe, 38 UCKAIOHEHUEM AUUlb MO20 CAY4AR, Ko20a KopHu
20 BEUECMBEHNGL U

’ <X,

86. Haiitu Bce aeficTBuTeabusnie 3uadeuus r£, NPH KOTOPHX
MHOTOUACH

(rP—Nx2L2(r—)x+1.

NoJaoKNTEeNeH A/if BCeX AeiiCTBHTEALHNX X.

97, Hokazats, 4TO Buipaweunie

(J‘_{_Uz) <%+%)+10

HEOTPHIATEALHO MPI JIOGLX BCILECTBEHHWX X H ¥, HE PaBHLX
Hymo.

98. llpn xaxknux 3HAYEHUSX @ CHCTEMA HepaBeHCTB

—3 ¢ Btar—2 +‘l";l2<2

yAoBi1eTBOpAieTCs /s BCeX 3Haveuuit x?

99. Jokasatb, 470 Aad /MOOWX HelicTBHTEABHHX YHCen a,
b, ¢, d crnpaseqNBO HEPABEHCTBO

at -0 J- ¢t J-d* > 4dabcd.
100. HaliTu BCe 31avennd @, 1pH KOTOPHIX CMEIUAHHAs cHcTeMa
x4yt 420 <1,
Xx—jy+a=0

nMeer emunctsentoe pewcune. Halitn coorsercrasyouge pe-
1MEHHs.

20



101, Hailtn napw uenaux uncen x n y, -yIAOBNeTBOpAIOUINHE
cucreme HEPABEHCTB . :

—lx’—2x|+ >0, }
y+lre—1] <2

102, Noxka3ate, uyTO Npn BeskoM uenom 11> 1 cnpaseaanso
HEPaBEHCTRO

m+m+ ~-+z>5t
103. Toka3aTh, 4TO NpH BCAKOM LENOM NOJOKNHTENLHOM 172
CNPaBeANNBO HEPABEHCTBO ’
1 1 t

—_—t— L —_—

m-1 +m+2 e +m+(2m+l) > 1
104. Tokazark, uto npn 21060M HATYPaALHONM 72

n—1-

23+32+---+n3<—"

105. Hokasatb, uto npn n>2°
(n!)? > n".

- 106. JlokazaTh, 4TO H3 Tpex OTPe3KOB ¢ innaMp a > 0,
5> 0, ¢>0 MOXHO NOCTPOHTbL TPEYrOAbHHK TOCA3 H TOALKO
TOTA3, KOraa

2 2
pa®+-gb® > pqc
ang MOOHX Yucea p n q, CBI3aHHX COOTHOLIEHHCM
p+qg=1.

107. Jlokazath, uTOo npu MOGHX BelleCTBENNHX X, Y, Z
HMECT MECTO HePABEHCTRO

4x(x+y)(x-2)(x+J+z)+y"’z2 0.

108. Iokasath, 4TO NPl MOGHX BEUWIECTREHUNX X 1 J HMEET
MCCTO HepanencTso

x2+2xJ+3_/2—!—2x+6J+4

109. Hoxasartb, uto npn ycaosnn 2x +4y =1 eunoanseres
1epaBeNCcTEO
: . , b
Ly = -

21



110, Kakum yeaosuss poa:xiuo yaos1evsoparb wieto d>0
nag toro, UTOOH npu RZ=r > 0 umeno MecTo HePaBeHCTBO |

0 <BER=

111, oxkasath uecpasencTso

1,1 1 9
”a‘+7z'+'c">a+b+c

(a, b, ¢ nonowuTtensuu),

112, Jokasatb, 4TO ecan a, b, c—4HCA2 OIHOTO 3HAKA
na<b<e 10
a® (b* — c2) +- 8% (c2—a?) 4- ¢* (a* —b?) <L 0.
113. lloxasats, uTo ecan a;, Gy, Az, ..., A, NOAOKUTEALHL
" aaa,...a,=1, 10
(1+a) (1 +a) (1 +ag). .. (1 +a,) =2
114, Joka3aTs, 4TO ecan a-b=1, 10
al bt = %;.
115, Hoxasarth, 4TO MUOTOUIeH
B i B L i |
NoJOWHTEAEH OPH BCCX BEUIECTBEHHHX X.

116, Hdokaszate, uto ecau |x| <1, 7o npn nio6oM UeaoM
nZ>2 BHINONHAETCH HEPaBEHCTBO

(1 —=x)* (14 x) < 2m
117. Hokasats, u4ToO
|30y 4 gt v X, | Ko (AT D)
5 (al+al+ ... +ad),

Tae X3, Xgy ovey &, G5, gy oo., @, H € —TNPOH3BONBHLE BEUIC-

CTBeHHHE yitcaa, npuuem & > 0.

n

118. [Ipn kakux AelicTBHTEABHLIX 3HAUEHHAX X BHMNOIHAETCH
HEepaBeUCTBO
1— Y T—4x2
X

<37



119. Nlokasath, 4T0 OPH BCEX NOIOKHTENBHWX X o § R
HeAHX NOMOKHTENABHHX M U /1 (1 2> m) HMeeT MecTO HepaBeHCTBO

T P )
120, JHokasaTh HepaBeHCTBO

]/a+Va+...+V;<liQ£il,' a>0,

121, Noka3aTh BepaBeHCTBO

2—1/2+V2+V2+...+V“
2—p/2+vﬁ+n.n+V§

pH YCJAO0BHH, YUTO YHCIAHTENDb JeBoil yactu HEePaBeHCTBA COREPKNHT
Il 3H3KOB paankana, a 3HaMmMeHaTeab COACPKHT n—1 3nax.

122, [loxasatbh, 4TO 4% /MOOWX BEUIECTBENNHX Ylcen
@y, A3y veuy @y 1 by, by, .., b, YROBAETBOPAIOINX COOTHOMWIC-
HHAM

ai-tai+...+az=1,
bi+bi+ ... +b =1,
CMpaRennHBO HEPABEHCTBO

Ia1b1+a2b2+"'+an rxl

-123. JokasaTh, YTO eCAH HHCAA Xy, Xy oy X, MNONOKIK-
TeJbHH ¥ YJOBIETBOPAIOT COOTHOWIEHHIO

XX v X, =1,
TO

PR A R

4. JlorapudMmuueckune u NOKa3aTe/lbHLle YypasHeHus,
TOWAECTBA H HepaBeHCTBA

lpexBapHTeIbHEE 3aMeuauus

ITo onpepesenuio Jorapudma uncra N o OCHOBAHHIO @ HMeeM:
alotaN =N. SRR

B atofi popmyne N —moGoe MOJOKHTEILHOR YHCAO0, G— NPOH3BO.BIIOE
ocHoBaHHe, npuyeM a > 0, a7 1.



Huxe npu pewetiiit psga 3ajay - ucnoJn3yercs caepymowas ¢op-
MyJa nepexoda OT JorapHpMOB MO OCHOBAIHIO @ K JAOrapH(pMaM no octo-
paudio b 1 obpatio

o logpN S ot
log N = Ton,d 2)
($opryna poxasuisaercs norap;@\urpoaauneu Tokgectsa (1) mo ocito-
sautio b). M3 dopuyau (1) npu V=0, B vactiocty, creayer:
loggb = logza ' )

124, Pewnts ypasuemie
log.x  2log,x- 1
=il =dl —log, xlog, x
logZa log}_a _c»;,a_ £a
6

125. Pewmnto ypasuenne .
log,2log « 2log, 2.

16 Y
126. Pewntp ypasuenue
log, (9*714-7)=2+4log, (3*~L-|-1).
127. Pewmits ypasueune
.log..,'x (%) +logie =1,
128. Torkazate, 4TO ypasuecuue
log,, (%) logi x -+ log; =1

HMeeT ML OHH KOPeHb, yA0BAeTBOPRIOULtl epasencTsy £ > 1,
I uafiTH STOT KOpeHb.

129, Pexuxx’rb"ypamleuxxe '

loga. e @
-—IBE—T—{-logdxalog_l_ 2x=0.

130. Kakuy )cnommm BOJIAHLL yuounersopurb qyicna a u b
Ins TOro, 4TOOH ypaBieune . - .
‘ 2
1 +log, (2lga—x)log,b = Tor ¥
#MEN0: XOT# Ob OAHO" pewenue?. Hatitu. 3atem Bce pcmemm
9TOr0 ypaBHeuHs, .

o1



131. Peumts ypasneune ¥) |

]/loga V ax+logx ;/a,\c-}-l/log,z l/ +log, i/
132, Pewnrts ypasuenue
g (Vx l+l)
13 ;/x—-40
133. Pewnrp ypasuenue

' IOga (p— x) _lOgF‘II‘i‘ .
T foge @) 1og,,_,,<x+q) »>q>0.

=3.

134, Peunrp ypasuenne

logy- x ]/log 01/5+lo,,,r oVS = —V()

135, Peumnts ypasueunne
(0,4)15"r+t = (6,25)2 =1,

136. Pewmnro ypaanenue
14- logx (lglgn—l)]obx

Cronbko Kopuefi ismeetr ypaeneuue api Rauoy 3navenun n?

137. Peunry ypasuenne o
login x 2 - 10gssir x a —l— 1 =10,

138. Pewurs cncremy ypariennft
log, (x-y) —logs (x —y)=1, |

139, Pemntn cucremy-ypasuennit '

va zyb,
_log.x
lOgC v~ log.y
(as=b, ab=£0); i

*) 3eco mm(e Kopxm TIOHHMAIOTCA:; B TOM CMBICA®,: KaK 3TO
OroBOPEHO Ha CTP. e
25



140. Peuintb cncteMy ypasHeHufl
log, x |- 382v=7,
512

141, Pemntb cHcremy ypasuesuft
3
yxloa f=x "z s

log,ylog, (y —3x)=1.

142, Pemntb cucrtemy ypasennit
a*b’ = ab,
2log x_loglylog b.

143, Pewnts cucremy ypaaueumi
(QIOgyzx——log =10,
xy =81,
144. Peurntb cueteMy ypasnennii
log;, ¥ (log 5+ lo,,zy) =log, ¥,
log, x log, (x +y) =23 log; x.
145. Pemmntb cnctemy ypasuennii
xlog,ylog, 2=y} y(1 —log,2),

X

log,2log-x=1.

146. Pewntb cuctemy ypasuenuit

log, x+log,y +log,z =2,
logsy+logyz +loggx =2,
logyz+logig ¥+ 10gey = 2. .

147, Pewnts cucremy ypaBHeHmi
' 1
logy,s (y——x)~]—log2—y-= —2, }
X2 4 y2=25



148. PemuTh ypasreune

e

PRI e

149, Peumite cuctemy ypassenufi
x*.'-‘v .=y""',
X%y =1, }

npeanoaaras, 4ro x >0 1 y> 0.

160. Pemutb cncremy ypastienuit
a%* - a¥ =24,
ax+y = } (d > 0)'

Kakum ycsioBnsiM J0MKHH YIOBAETBOPATH & m ¢, YTOOH peuwe-
HHe GH.10 BO3MOXHO?

151, HafiTn peweHus cncteMu ypasHeHuft

+
xxty =yn, }
yx+y P x2nyn’

npexnonarad, 4ro x>0, y>0u n>0.

162, Pewnts cucremy ypasnennit
(Sx +}’)x-y = 9’
*}/324 = 18x% + 12xy -+ 2y%

1583. Pemnrth cucremy ypasHenuit
xy :::yx,
xp _'.—_yq’

npexnonarag, uto x>0, y >0 u pg > 0.

164, Peuwmrp cuctemy ypabHeHuil
X9 =y*,
pr=q,
npeamnonarad, uro x >0, y >0, p >0, ¢>0.
27



155. Hoxasatb, 1TO ] ) :
log, ,,a+log,._,2=2 logHb alog,_, a,
ecmn @240t =c*ua>06>0, ¢>0.

156, Ynpoctuth Bupakenne
(log,a —log,b)* + flog , a—logp b\ +..,
b 2
+(log 1 a—log ,,.b)z.
2" a
. h
Iglga .
157. Yupoctute Bupawenue @ %2 , ppeanoaaras, uto sce
norapudMy B3ATH N0 OIHOMY H TOMy e OCHOBAMIO b.

168. HMano: log,b=4, log,b=B u n> 0 ueaoe. Buuic-
aute log,. b, raec pammercu npouaseneumo 71 41€HOB FeoMeTpH-
YCCKOI MPOrpeccHil € NepBLIM YICHOM @ H 3uaMenateaeM ¢.

159. Mokasate, “T0 €CTU NPH HEKOTOPOM HOJOAKHTCALHIOM
Ns&1 171 Tpex noJosnTeabHux uncea g, b, ¢ sunoausetcsd
cooTHOUIEHIIE

loga NV log, N —logy V
log, ¥~ logy N—log, N

TO b eCTb cpeanss TPONOPUIOHATbLHAR Mewxdy a H € H COOT-
HOIUEHNE BHITOAHSIETCA NPH JI060M noaoknTeibnos N 1.

160. HdokasaTh TOXKIECTRO
g,Nlog, N+-log, Nlog, N+ log, Nlog,N=
lOga N 1051, N fog, lv
loZg6c N
161. Hdoxasats TOWKICCTBO |

'oba x
log,y %

=1-}log, .

162, Peumintb uepasencrso . .-

!ogL;t+log3x> L
2, .

163, Peuwth HEpaBencTBo
Klodaxtls gly (a > ).



164, Pemnrts nepasencrso
log,x+log, (x+1) < Ioga 2x+4+6) (a>1).
166. Pewntb uepaeencmo
log, (¥*—5x -+ 6) < 0.

166. Pewnts nepasenctso

1 1
Togzx~ log, x—

l<1

167. Peumntn nepasenctso

o
2-logsx~=log

’ - “x:_L
x . P > 0.

168, Tlpu Kakux Beu(eCTBEHHHX X 11 & UMEET MECTO Hepa-

"BencTso

log, ¥ 4-l0g, 242 cosa <L 0?

169, Pewnts nepasencrso
log, [logy(x*—5)] > 0.

5. KomOounatopuka u 6s1Hom Hetoroma

MpeaBapnreabHble 3aMeuanns

Yheno passenenud 3 n SJeMeHTOB no m onpelensercs dbopyoil

Ap=n(n—1)...(n—m-+1). (1)
Yucio nepecmanoeo'c 3 1 5JeMeHTOB onpezeaserca (bop\ly.nou
P,=1.2.3...n=n! 2

Ilna uucna covemanudi #3 R SJEMEHTOB NO m cnpanezinuua dopmyna

—1)(r—2)...(n—rt 1
cp=tle=O=2 ot MR

Hmeer mecto pasencrso

ch=cp™™,

Jnf HesblX TOMOKHTEABHBIX N H mo6u'< X H a cnpaseisHBO Pas-

nomenue
(x4-a)*=x" +C,.ax -1 -{-C"a’x"'2 +..

ek CEa "“’x’-}-C" R PR @)
29



oGuHA anen NABUOTO pasfioXKenus pased
Thy1=Chatan=4, o ©)
Ha pasaoxenns (4) c.nenyxdr paBeHcTBa
14-Ch4Ch+...+CR2 4 CR 1 =27,
1—Ch+ Ca—Ci + ... +(—1)7=0.
170. Haiitu m w n, 3nas, 410
Crit.Cm 1O == 51:5:8.

171. Hafitn xosdduuutent npu »8 B pa3nomenin
(1 4 x*—x%)°,
172. Halttn kosdbduunent npn X® B pas’nomeHun no cre-
NeHgM X BLPAMKEeHus
(T 2P+ (LX) - (LX)

Pazo6paty nput atom cayuant m <k, m=k.

- ) -, 1\» .

173. B paanowenun | x V% + Ounoynaapiuil kosddu-
UICHT TPeTLero YacHa ka 44 Goapiie Ko3@HUieHTa BTOPOro
uneua. Haiitn uaen, ne coxepaaugnii x.

174, Haijiti craraemoe B pa3nokenHil

(14t 8)",

e coaepmauee Xx.

175. Ilpn kaxoM snauennn R uaen 7Ty ., pasnowenus no
¢opmyne Gunova Holotona

(14+V3)™

"OyleT oJHoBpeMeHHO GojblUe npeiuayuiero 1 60apwe nocae-
AyiOiero 4/eH0oB 3TOr0 Pa3noixcHug?

176. Haiitu ycrosue, nmpn kotopom pasaoxennc (14 a)*
(n—uenoe nonaokNTENBLHOE uHCAO) MO cTenenaM a %0 co-
ZepiAHT IBA PaBHHX MOCAENOBaTeNbHHX caaraeMuX. Moryt s
B pPAasNoXeHl COAePAaThCh TPH PABHMX MOCAEA0BATENLHLIX
cnaraeMux? o

80



177. Halitn yncno pasnnduuix He MOROGHHX Meway cofolf
Y/EHOB PA3NOWERUs

(62 +xa+ ves +%n)3,

nmosyualouiHxcg nocjie BO3BEIACHHA B CTENEHb.

178. Ilycts py, Pay - .y Py— Pasiudusie NPoCTHE uncaa,
Cronbko penurenell HMeeT HHUCIO =P Py.. . . P, BKAIOUad.1 1 q?

179. TlokasaTtb, uTo ecan Kaxaw#t koadpduuuenr 8 pasno-
wenun x (14 x)" pasnennTbh Ha MOKasarenb CTENEHH X, NpH
KoTOpo#t 3TOT KO3pOUUNEHT CTOHT, TO CyMMa MONYYEHHHX
yacTHHX OyneT pamHa .

on+1 | .

n+1 °
180. Hokasatb, yto npu ueaom >0
Clx (1 —x)""14-2Cx2 (1 —x)" "2 ...
e RCECE (1 — )R +nC"x"—rzx.

181. KakuM uyucioM C€nocoGOB MOXHO PAa3NEAHTH KOJOAY
‘n3 36 kapT momonaM Tax, 4YTOGH B nepsoit 1 BO BTOpoH f2uxe
6uno no 2 Tysa?

. 182, CKonbKO MOXKHO COCTABUTH TeAedOHHHX HOMEpOB H3
natd uudgp Tax, YTO6H B KAXAOM OTACABHO B3ATOM HOMepe
Bce winpH GHIH PasAHYHH?

183. Hauu 27 snementos. PaccMaTpHBaioTCsl BCEBO3MOKHHE
pasbHenusd -HX Ha NapH, NpHueM pa3GHeHHs, OTAHYAIOUHECS
TO/ABKO MOPSAKOM S/AEMEHTOB BHYTPH nap M MOPAAKOM pacno-
JI0XeHua nap, cYNTaloTCA coBnaialouyumy. CKOMBKO cyuiecTsyer
TaKHX Da3THYHHX pa3buennit?

184. Croa1bKO MOXHO ClenaTh H3 7t 9/IEMEHTOB Mepecrano-
BOK, B KOTOPHX ABA SJEMENTa @ M D He CTOAT pAAOM?

185. B Bewerofi norepee paswrpuBaerca 8 npeaveToB.
MMepBuft nomowenmwnft k ypHue BHHHMaeT u3 uee 5 GHICTOB.
KakuM 4HC0M ¢NOCOGOB OH MOXET HX BHHYTh, 4TOGH: 1) posno
XBa M3 HHX OKa3aquch BHHIPHIIHEMI; 2) no kpaineili mepe,
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fBa W3 HIX OKa3aiich Bunrpumumm. Beero B ypue 50 Ou-
AcTOB.

186. Ha oxmnofi u3 ABYX mapanieabHHX OPSMLIX BHOGPAHO m
Touek, Ha apyroii —n touek., Kawxnas #3 m toyex Ha nepsoil
npaMoit coeamieda npaMoll Juuuel ¢ Kawxaoll M3 n  TOYEK
na sropoil npsamoil. Halitn, cKoAbKO pa3 nepecexaioTcs BCe
OTpe3kH, COCAHHAIOUNE TOYKH, eCNl U3BECTHO, YTO HET HI OAHOIL
TOYKN, B KOTOpOil nepecekaqnch O6u TpH 1 60Mee OTPE3KOB
OIHIOBPEMCHHO.

187. n napanneaAbHHX MPAMMX NAOCKOCTH MepeceKaloTes
cepueil U3 m napaijenbhbX npaMuix. CKoAbkO fapanneiorpam-
MOB MOWHO BHIEANTb B 00pasoBasuelics ceTre?

188, Hexotopuil aadasnt coctout U3 mectit GykB, KOTOpHE
A% nepelaydi no teaerpady KoanpoBauk Tak:

1 ’ ’ ?

Tlpin nepeaaue oxHOro cjoBa He CIeAaldi MPOMCKYTKOB, OTIC-
amiouix 6ykBy OT OyKBW, TaK 4TO MOJy4Yn1acsh CILTOUIHAS fLC-
NONKA TOMCK u Tupe, coxepikautas 12 suaxos. Croabkmur ¢uo-
cofasit MOKIO NPOMHTATH nepelanioe C1080?

6. Cocrtapaeuiie ypasHeit

189. [lpu nepemuowedui uncen, H3 KOTOpHX oaHo na 10
Goxblle ApYroro, ydemix IOMyCTHA OWWNOKY, yMenblUus ua 4
wipy xeesitkoB B nmponuspesenit. Ilpn menewmmt (aas nposepkun
OTBCTA) MNOJIYUEHHOrO MPONH3BEAEHHS HA MeubillHil H3 MHOWH-
teaeli on moayund B uactuom 39, a B ocratke 22. Hailtu
MHOARUTC/IL.

190. Isa Beaocnneancta, BLICXaB 0AHOBPEMCHHO H3 NYHKTA A,
CAYT C pa3ubiMil, HO [OCTOSHHHMII CKODOCTAMH B 0ynkT B H,
JOCTHPHYR ero, ceiluac ke nosopauusaior obpatuo. [lepsuii
BEJOCHIeANCT, OOOTHAB BTOPOro, BCTpeuUaeT ero Ha obpaTioM
NyTH HA paccTomumi a ki ot B, 3atem, nocturuye A u cuosa
NOBEPHYB 00paTHO K f3, On BCTPeuaeT BTOPOro BEAOCHITCRHCTA,
npolias £-10 4acTL paccTod OF A no L. Hauru paccromme
ot 4 no B.
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191, [lse apTOMauNiNK -BHEXATH OLIOBPEMEHHO. 113 OXHOrO
NYNKTa B ORHOM I TOM. ke Hamparienmi.. OfHa MaliHHa naer
co ckopocthio 50. ks/uac, apyras—40 xa/zac. Cnycrs noa-
¥aca H3 TOro e NyHKTa B - TOM €. HanpaBienuH . BHexada
TpeThs MamlmHa, kOTopas 060rHasia mepsylo MalnHy Ha 1,5 vaca
nosie, em propylo. Hafltn ckopocts Tperveit Mammnm.

192 Uz nyllI\ToB A n B HaBC'rpeqy apyr apyry onuonpe-'
MeHno oTmpasiich newexox i senocnmeanct. INocne BCTpeyst
neiwexoa Mpoxoakan ceofl nyTh B B, BENOCHNEANCT e NOBep-
Myl Ha3ag m Towe noexan B B. Hemexon, BHIUEAWNHA 13 A,
npuiien B B na ¢ uacos moske BenocHmenncra. Ckonbko Bpe-
meni npoumo A0 BCTpeuH, e/ H3BECTHO, 4TO cxopocn neme-
X013 B k pas Menbue cxopocm Benocunemxcra? '

193. Tloutaabon, nas Ge30CTaHOBOUHO N3 MYHKTA A qepe:;
nyukt B B nyukt C, npoxoaua nytb oT A 10 B co cKopocTbio
3,5 ksfuac n or.B 1o C co ckopocthio 4 Kmfeac. YTo6um
ycnerb 32 Takoe ke Bpemsi BepHythea n3 C B A, nas no Toii
we mpopore, OH JomKeH. Gwa npoxoants no 3,75 km B uwac
B TeueHile Bcero nyTi. OAnako, noiAs na OGPATHOM MYTH ¢ yKa-.
3anHOMl cKOpocThbi0 10 B, on.3anepwancs B ITOM NMynxTe Ha
14 MuHYT H, 4TOGH yCmeTb. B Ha3Hau€HHOE BPEMA BEPHYThCH:
B A, noaxen Ona oT B 1o A npoxoants yxe no 4 ks s vac.
Haiit paccrosune meway A n B u mexny B u C,

194, Jopora ot A no B anunoft 11,5 xst naer cnavana
B ropy, NMOTOM 10 -POBHOMY MecTy H 3aTem noxa ropy. [leure-
xon, uat u3 A B B, npouwea Bclo jgopory 3a 2 uaca 54 Mu-
HyTH, a Ha obparnylo mopory 3arpatia 3 uaca 6 muuyt. Cko-
pPOCTh XOnbGH: B ropy 3 &s/¢ac, mo poBHOMY Mecty 4 Ks/uac,
nof ropy S5 ka/eac. Ha xaxoM npoTaxeumi jopora HAET 10
POBNOMY MeCTy? -

195. JiAs HCOMTAHHS MOTOWIKIOB PA3HLIX CHCTEM ABA MOTO-
UHKANCTA BHEXaan ofHOBpeéMeHHo 13 A 8 B 13 B B A. Kax-
Anfl exas ¢ MOCTOSHHON CKOPOCTBIO M, NpHEXas B KOHBUHHIL
NyHKT, TyT e Moeopaunsaa o6parno. Ilepsuit pas oun BcTpe-
THAHCH B p kM OT B; Bropoft paz—B ¢ ks ot A uepes £
yacoB nocste neppoit scrpeun. Hafity paccmaﬂﬂe \led\zxy Aun B
" cxopoc-ru o6oux MOTOILNK:108. :

196. Ca\lo1er aeten u3 A 8 B.no np;moﬁ llepea HeKoTo-
* poe ‘BpeMa’BCICACTBHE BCTPEYHOro BETPA-OH YMEHbIUIA CKOPOCTH
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o v Kafwac, B cCHAy dyero omoaman ua ¢, Muuyt. Bo ppeums
BTOpOro pefica camoner mno TOH e NpHYHHE YMEHbUIHA CBOIO
CKOPOCTb RO TOH e BeJHYHHH, 10 Ha d km Ranbuie ot A,
yeM B mepBHit pelic, u omosman wa 7, muuyt. Hafiti nepeoua-
Ya/lbHYI0 CKOPOCTH Camojera,

197. Ot gByx KyCKOB CNJaBa C pAasMHMHHM [POLEHTHHIM
coacpxanieM Mens, Becswux m &l w n &I, 6wA0 oTpe3ano
1o Kycky pashoro Beca. Kawnuit 13 OTpesausHX KyCKoB Oulj
cinaBien ¢ OCTaTKOM JAPYroro KyCka, Moc/ie 4ero MpOUEHTHOE
conepxanue MeaH B 0GOHX CIUIABAX CTano oanHakosuM. CKOAbLKO
BeCHA KAWAWH H3 OTPE3aHHLIX KYCKOB?

198. HmeioTcn asa kycka cnaasa cepeGpa ¢ meabio. Oann
H3 HHX cojepwxuT p%f, wmemu, mpyrolt —q°/, memu. B rakow
oThowWeNnNnH HYkNo 6paTh CNAaBH OT NepBOrO 1 BTOPOro Ky-
CKOB, 4TOGH moayynTb HOBW cmiaas, coaepwautuit r% wmean?
[pu kakux cooTHouweHNAX MEWAY p, ¢, I 3ajaua BO3IMOKUA
H KaKoH MaKCHMaJbHHIT BCC HOBOFO CM13Ba MOWKHO IIOAYYITD,
ecau mepBuit kycok Becua P I, Bropoli—@Q I,

199. PaGoune A u B paGotajan oInnakosoe uiicao xzucil.
Ecan 6u A paGortan sia ommn Jenb Menbwie, a B—ua 7 aucii
meusuie, To A 3apaborai 6w 72 py6., a B~ 64 pyG. 80 kou.
Ecan 6w, #aoGopor, A paGotan na 7 auelt meubiue, a B—
Ha OAuH JeHb MeHblue, To B sapaGotan Ou na 32 py6. 40 kom,
G6onbwe A. Ckonbko 3apaboTan KamAWi B NelCTBHTEALHOCTH?

200. [To OKPYXHOCTH B NPOTUBOMOJAOWHLX HANPABACHHEX
ABHAKYTCS ABA TeJa: NepBOe PaBHOMEPHO C AHHeHHOH CKOPOCTLIO D,
a4 BTOpPOE DAaBHOYCKOPEHHO ¢ JnuelHbIM yckopeuieM a. B Ha-
yanbtui MOMENT BpeMedi 00a Teja HaxXOQUAHCh B 04Ol Touke A
W CKOpPOCTb BTOpOro Ona paBHa Hy/o. Yepe3 kaxoe spess
npoH30iiNeT nepsas BCTPEYa STHX TeJN, €CAH BTOpasg BCTpeya
Oynet cuoBa B TOuke A?

201. Baccefin nanoausieTcss BosoH n3 AByX kpanos. Cuayaaa
nepBufi Kpan ObA OTKPHT OAHY TPeTh TOTO BPEMeHH, KOTGpoe
TpebGyerca Ans HanosiHeHns OGaccefiHa TOJbKO Yepe3 OIiH BTO-
poli xpan. 3areM, HaobopoT, BTOpPOH KpaH OLlA OTKPWT oAy
TPETb TOrO BpeMeHl, KOTopoe TpebyeTcss JJsl  Hanonmueuus
Gacceiina yepe3 oauu neppwil kpaun. Ilocne storo orasanoch

13
HANOAHEHHLM Jo Gaccefina, BuyncanTb, CKONLKO BpeMei Hy#xHO
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Wi namonHenns Gaccefina KaXABM KDPaHOM B OTAGAbHOCTH,
ecat o6a  Kpana, OTKPHTHX BMeCTe, HAMOAHAKT Gaccefi
3a 3 yaca 36 MuHYyT. ' '

202. Llnannzpuyeckass TpyGKa ¢ MOPLIHEM MOTpy:ena B pe-
3epsyap ¢ BOAOft; MexAy MOpLIHEM H BOXOH Haxoautcs cTonb
BO31yxa B h s mpu atmocdepHOM ZaBiaeHHH. 3aTeM NOpIICHDb
NORHIMAIOT Ha b » Hajg .ypoBHEM BOAH B pe3epByape. Buuucants
BHCOTY BOAW B TPy6Ke, 3HAf, YTO BHCOTAa CTOAGA KHAKOCTH
B BoasHOM GapoMmeTpe mpH aTMocdepHOM INaBIeHHH PABHA € M.

203. Lluanuapuyeckasn Tpy6ka, B KOTOPOil XOAHT nOpUIEHD,
norpy:xeHa B yallky €O pTyTbio. Prytb B Tpybke cTONT Ha
12 cu Bollle ee yPOBHA B yalllKe, a BHCOTA CTOAOHKA BO3AyXa

B TpyOke Hax pTyThiO (10 TIOpILHA) 29-2’— ca. [opwens ony-

ckaoT Ha 6 cm. Kakoa GyzeT B TakoMm ciyuyae BHCOTA CTOJ-
6liKa PTYTH, €CT HAPY:HOE JaB/eHHe BO3AyXa 3KBUBAJICHTHO
76 cm pryTHOrO cTONGa?

204, Yacw nokasuiBaloT B HEKOTODHI1 MOMEHT Ha 2 MHHYTH
MeHblle, uYeM cjenyer, XoTs M uayT snepel. Ecan 6 onn
NIOKa3LBANH HA 3 MEHYTH MeHblle, 4eM CAeiayeT, HO yXOmuan Gul

1 .
B CyTKH Bnepe;x Ha 7 MHHY TH 60)'lbll.le, 4eM yxoaaT, TO BepHoe

BpeMs OHH noKa3zann 6W Ha CyTKH paHblie, yey nokaxyT. Ha
CKOJIBKO MHHYT B CYTKH ClemaT STH YacHi?

205. Jiza Bxnaxunka nosoxman B cOepkaccy OANHHAKOBHE
cymubl. TlepBHil H3 HHX B39 BKJAL MO HCTEYEHIN m MecsieB
H noayunsn p pyG., a BTopofl, B3SB BKJAAX MO HCTENEHHH 71 Me-
csueB, noayuna g py6. Cxoabko KamAull H3 HIX MOAOKHI
B cOepraccy H CKOJLKO NPOUEHTOB BHIIauneaer cGepkacca? =

206. [To oxpyxuocTH pamnyca R paBHOMEpHO W B OQHOM
Hanpasaenun ABikyTca ase rtouxn. Ogwa 3 upx Aenaer noa-
HHii Kpyr Ha f cex GeicTpee BTOpOil. Bpema mewxay aByMsa
nocne0BaTeNbHHMI  BeTpeyamt Touek pasHo 7. Onpenenntb
_ CKOPOCTH 3THX TOUYEK.

207. B koxa6e nveercs pactsop noeapenuofi coan. Us xon6un
B npoGipKy OTIHBAIOT —--I0 4acTh PACTBOPA 1 BHNAPHBAIOT J0
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“TeX MOP, NOKA TIPOLEHTHOC COJAEpkKauue CcomH B NPOOHPKE ne
‘nosucutes ‘Basoe. [locne sroro Bunapeunwii pacTsop BHANBAIOT
‘oGpaTio B K0aOy. B pesyabTate comepwasue coiit B KonGe
MOBHIUAETCA Ha p npouentos. Onpereants HCXOJHOE NPONEHT-
HOe CoxepaHue coJH.

208. B asyx oaunaxkosmhx cocyaax, oGvesmom no 30 a Kaw-
Jut, -conepxntes scero 30 4 cnupra. [lepsuii cocya aoansaoT
JIOBePXy BOAOH H 10AyHeHHOH CMeCblo AOHOMHAIOT BTOPOM CO-
Cya, 3aTeM’ 113 BTOPOro cOCyaa OT/ABAOT B neppwii 12 4 Ho-
BOfi cumecn. Ckonbko CcnupTa OLIAO NEepBOHAYANDBHO B KawKAOM
‘cocyne, ecaif ‘BO BTOPOM ' cOCyle OKasanoch Ha 2 . cnnpm
Melble, YeM B nepeoM? .

209. Tpoe mnyteweersentnkos A, B u C nepenpanitiorcs
yepe3a BoaOXpamwaiuie wnpmioft s Km: A—puaasn co o cko-
pocThi0 ¥ KM/uac, a B 1 C noab3yorcs MOTOPHOIT 104K,
CKOpoCTb KOTOpOil vy Kafuac. 'YHepes uexoTopoe ppeMms rno-
cne ‘wHayana nepenpasw - C pemaer oCTaBIIMHCH Y4acTOK HyTH
npeoAoAeTh BHJAABL (OH IIIWBET ¢ TOH e CKOPOCTBLIO, Y10
n A). B Tem BpeseneM (0osopauiBaer nasan, utobW B3HTL ¢
coboil A; A caanTes B JI0AKY M NPOIOAKACT NYyTh BMECTE
¢ B. Ha upotnpono’owuos depery Bce Tpoe OKAIWBAIOTCH
oanospeyento, Onpeae:aiTs NPOIOKHTEALHOCTL NEPenpasiu.

210. Iloe3x Buwumea co crawmn 4 1o naupasiewio Kk B
g 13.00.-B 19.00 on Buinyxacn Oml 0CTAHOBHTHCH H3-3a CHCK-
Horo 3anoca. ‘HYepes 2 4aca uyTh yaanoch pacuncTHTb, U,
4TO6H HABEPCTATh NOTEPSNHOE BPeMsi, MAMWIUHICT M0BEA N0e3q
HA OCTAJABHOM MYTH €O CKOpPOCTDLIO, npesuiwaioueli ckopocth
noesiaa 10 ocrtawoskn na 209%. B pesynvtate noesx npmuea
B B c onozaanitem muun na 1 yac. Ha caeaytomult aenb nocean,
menunii 13 A 8 B no ToMy e pacuncannio, nonaia & 3anoc
‘wa 150 £n naapme ot A, “uyeM nepbuifl noesx. [Tpoctous
2 uaca, on Toke nowea co ckopoctbio Ha 2090 Buuie npex-
‘Hel, HO CMOr HABEDPCTATL /HULh 1OJYACA 11 ONO3AX:1 B B 1
1 Hac 30 \lHH)T. Haittn paccmﬂune meway A B :

211, Ilpucrant A HAXOAHTCA HAa PACCTOSHIN @ KM BHUZ 1O
Teueniid OT npuctamnt B. Motopuas noaka cosepluaer peiic
‘oT A 20 ‘B n obpatuo (uc 3aiepwusasch B B) 3a T yacon,
Haiitn ckopocTL 204K B CTOSINCH BOAC M CKOPOCTL TeucHils,
ccait “{13BECTHO, 4TO B Ot U3 peilco up go3spamenint u3’ B
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B A, MoTOpHAR ;10Aka NOTepmesa aBapuIo Ha .PACCTOSIHUN- & KM
0T A, 3alepxaBuylo noaky Ha 7T, YacoB W yMeRbLINBINYIO B
~AdabHelluleM ee CKOPOCTh BABOE, B pe3yinTaTe-uero nyTb ar. B
K, A 6ua npoitaen 3a Taxkoe e Bpewms, kaK it nyTh u3 A 8 B,

212, Bax oGbemon 423 m® manonwuncs soxoit n3 asyx Kpa-
HoB, mpnues nepswit Kpan OHJA OTKPHT Ha O HacoB noabine
.BToporo. Ecat 6H nepBuH KpaH OhA OTKPHT CTONBKO BpEMeEHH,
CKOJABKO Ha camoM naeje 6u1 OTKpHT BTOpoH, a BTOpol kpau
0141 Obl OTKPHT CTOABKO BpeMent, CKoNbKo GHI OTKPHIT Nepahit,
TO U3 NepBOro Kpaua BWTEKA0 Oh BABOC MEHbINE BOAW, UeM
u3 BTOPOro; ecal OTKPHTL 06a Kpawa onuoapeuenﬂo, T0 GaK
nanoanurces uepes 17 uacos.

YuntniBan BCE yKasanune ycnomm onpenemxrb CKO.IbKO
BpeMeHH Obll OTKPHT BTOpO# Kpau.

213, Mo rpaduky noesx no'mceu npoxonurb neperon AB
B 20 kx ¢ noctonnnoil cxopocThio. flepemft pa3 noesx npowen
.noanyTH € 3TOH CKOPOCTBIO W OCTaHOBILACA HA 3 MHHYTH;
uto6n BOBpema npuiTn B B, emy npuumnoch, ocTanbHHE moa-
nyTH uati va 10 ku B yac 6mctpee. Bropoli. pa3 noeaxn sactpaa
Ha noanyTH yxe Ha.d smimyTt. C Kakofl CKOPOCTBIO OH AOMxel
6w HATH OCTaBUIYIOCA 4acTh MyTH,. 4TOOH . npu6uTH 8 B o
pacmicanmo? ' .

214, Jlpa cavoneta BHIETAIOT - OZHOBPEMEHHO (I3 MYyHKTOB
A 1 B nascTpeuy apyr Apyry i1 BCTPEUAlOTCH HA paccTossng
a km.ot cepeannl AB. Ecan 6o mepeuil camoaer Buineren ua
b uacos momke BTOPOro, TO OHII BCTpeTiANCh GW Ha cepean-
He AB. Ecan ke, naoGopoT, BTOpoil camoaeT BuaeTenr 6w na
b nacos nozwxe mepsoro, TO OHM -BCTPETHANCH GW HA YeTBEpPTH
nyti ot B. Haiitu paccrosnne AB u cxopocm €aMo.eTos.

_ 215, Or npucrauy - A onnoapeunuuo ompamnncns BHI3 1O
Tewennio Karep u naot. Kartep cnycTuacs BHn3 0o Teyenuio
na- 96 £m, 3arTem nosepuy.1 oGparHo I Bepuyacs B A depe3
14 uacos. Hafiti ckopocth xatepa B cToauel Boxe H CKOPOCTH
Teuenns, €CAN H3BECTHO, 4YTO KaTep BCTPeTHa mioT Ha obpar-
:,u_om,:nym na paccrosuin 24 «u ot A,

. " 216. JiBa Tena mauamn aBuraThes onnoapemeuno B ozmc-w
n, Tou sKe nanpaBjennn H3 AByx MECT, paccrosune Mexay. Ko-
-'--.To'pumu__p_anuo 20 mn. Oado - w3 uux, Haxojzauwieecs m03amd,

37



IBHAETCH PABHOYCKOPEHHO If POXOMHT B mepBylo cekynay 25 m,

a B CIRNyIOWYIO CeKynly na - M Gonee; 1pyroe Teio, IBii-

Fasch paBHO3aMENNEHHO, MPOXOAHT B MepByl0 cexkyHay 30 ,

1
a B CAeAylomyro Ha ) M MeHee. Llepea CKOJMLKO CeKYHZ TepBoe

TEJ0 HarOHHT BTOpOeE?

217. Jlonka cmyckaercs 10 TeYeHHI0 peKH Ha PaccTodHMNe
10 xa, a 3aTeM mNOAHMMAETCS NPOTHE TEUEHHS HA PACCTOSHHE
6 xx. CxopocTh Teyeuns peki paBia 1 wrafdac. B rawxnx npe-
Henax JOMXHA JexaThb CcOOCTBEHHAs CKOPOCTb JOIKH, YTOGH
BCSl NOe3[Ka 3aH®aa oT 3 no 4 yacoB?

218. BumectumocTi Tpex KyOmnuecknx cocyaor 4, B u C
otHocATes Kak 1:8:27, a oObeMbl HaAHTOH B HHX BOJW — Kak
1:2:3. Ilocne nepenusanus u3 A B B u usz B B C noayyuau
BO BCeX TPex cocyaax c¢aoil poau oannaropoil rayGuubl. 3aTes

4
nepenumt us Cs B 128—7- 4, a nocae 3toro u3 B B A c10abKO,

uyto rayGuua Boaw B A cTasa Biasoe Goasiue, yem B B. [Ipu
9TOM OKaszanoch, 4To B A umeercs na 100 2 Boaw Menbiue,
yeM 610 nepeoHayanbno, CKOBKO BOAL OO BHAUaJjde B Kaw-
J0M cocyxe?

219. Haiita veTnpex3nayHoe 4HCAO MO CJAeAYIOWIHM Y CJ0-
BHAM: CyMMa KBalpaToB Kpaiinux undgp pasua 13; cymma kBax-
patoB cpeaunx uudp papxa 85; ecay we U3 HCKOMOrO uncaa
BuyecTs 1089, TO moayunTes YHCTIO, 3aMHCLIBAEMOC TEMI Ke
undpaMi, 4TO HCKOMOE, HO B OGPaTHOM MOpSAKE.

220. TMo Okpy:HOCTH, AJiilla KOTOpOil paBua { M, ABHraoTcs
B TOYKH cO ckopocTamu v H w < v. Yepe3 ckoabko BpemeHu
OT Hayana JaBMieHHA OyAyT MNPOHCXOINTL NOCIEA0BATCILHLIE
BCTPEUH TOUYEK, €CHH STH TOYKH ABHMAIOTCR NO OANOMY U TOMY
e UanpaBNeHHI0 I TepBas Hayana JBHrATbCA HA ! CCKYHA
paHblie BTOPOH, OTCTAaBag B Haya/AbHL{ MOMEHT Ha paccrosHie
a » ot BTOpol mo xoay ABuwenus (@ <lI).

22{. CnnaB BecoM P &I’ 13 ua8yX MeTanAn0B TepseT B BOIE
A kI, Kycox mepeoro u3 AByx MerasJloB, COCTABAMIOLIIX CIiaB,
secom P kI tepser 8 Boae B xI, a sroporo—C &I'. Haiiti
BEC COCTABASIOULIX CIUIAB MCTAMIOB I HCCACIOBATL BO3MOMKHOCTL
pelliedns 3agayd B 3aBHCHMOCTH ot Beanunn P, 4, B, C.
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222. Mnotw waw w3 nyWkTa A 00 YCTh% PeKH BHH3 MO
TegeHnio. B ycTbe pekn uX B3fa Ha GYKCHpP mapoxox H uepe3

1 .
175 cyTox mocne BLX0Za NAOTOB U3 A AOCTaBIHA HX NO 03EPY

B nyekt B. CkonbKO BpeMeHH MNapoxoA BeA MIOTH OT YCTbs
pexn no ozepy 10 B, ecan H3BeCTHO, YTO MapOXOA TPaTHA Ha
peiic (6e3 Gykcuposkn) or A no B 61 vac n or B 1o A —
79 yacoB u 4TO ero CKOPOCTh BO BpeMst GYKCHPOBKH YyMeHbe
waetcs BABOE? . .

223. Ha yuwactke pexn ot A 10 B Teuenne Tak caabo, 4To
1M MOXHO mnpeneGpeun; Ha yuactke oT B no C TeueHne ywe
noctaTouHo cunbhoe, Jloaxa NOKPHBAaeT PAacCTOAHHE BHH3 MO
tevyennto ot A no C 3a 6 uacos, a ot C no A, BBepx no re-
yenuio, 3a 7 yacos. Ecan 6u nHa yuactke or A no B TeueHne
610 TaKnM e, Kak Ha y4yactke oT B no C, To Becb nyTh
or A 10 C 3anaa 6w 5,5 vaca. CkonbKo BpeMeHH B 3TOM
caydyae nonaaobuiaocb 6K Ha TO, 4TOOHW noansTbes BBepx ot C
xo A?

224. Cocya conepwxut p%-it pactsop xucaotu. U3 uero
oTANAN a 4 n 1oGasnan To we KoawyecTBo ¢%-ro pactsopa
kucaoTH (g < p). 3aTeM, mocne nepeMemNBAHNA, STY ONepatnio
nosTopuan eme &k —1 pas, nocre yero -NOAYYHACH PacTBOP
kpenocthio r%. Halltn o6vem cocyaa.

225, Bxaax B A py6nefl nonoweH B cGeperaTe’bHyIO Kaccy
u3 p% rozoBux. B Kosue kawaoro roaa Bkaaaunk Geper B
py6neit, Yepes cKoAbKO JNeT MNOCAe BIATHA COOTBETCTByIOUIEH
CyMMH OCTaTOX OyneT BTpoe 60/blie MepBOHAUANBHOFO BKIARA?
Tlpi kakux ycnosuax 3aaaya nMEeT permenne?

226. Ha necuoit nmensuke exeroAHbl NpHPOCT APeBeCHNN
pasen pY%. Kawayo 3umy cnuansaeTcs HEKOTODOE KOMHYECTBO X
.apesecind, KakoBo 10mxHO OMTH X AAf TOro, 4TOGH 4epes n
7eT KOJIHYECTBO JIpeBeCcHHH HA y4acTKE BO3POCAO B ¢ pas, ecan
Ha4aJbHOE KOMNYECTBO IDEBECHHM DaBHO a? '

227. Tlepsuil H3 # OANHAKOBHIX UIANHHAPHYECKHX COCYJOB
HaANT JOBepXy CHNPTOM, a OCTalbHLIE — 0 MONOBHHH CMECHIO
cnupTa © ROJOH, TpHYEM KOHUEHTPALus ChupTa B KawaAOM CO-
¢yne B k pa3 wMenbure, uem B npeawaywenm. ConepxuMun
NepBOro COCyaa JAOIHAN JOBEpXY BTODOil, 3aTeM COMEPKUMHM
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BTOpPOro —TpeTHit N T. A. A0 mnocaexnero. Haiitw noayuewnyio
KOHUEHTPAILHIO CMipTa B MOC/AeAHeM cocyle.

228, Paccmatpusaetca Apo0sb (OTHOLIEHIE ABYX LEABIX HuCea),
3HAMEHaTeNb KOTOPOH Meubllie KBAAPATa HHCANTENs HA CAIHHUY.
Ecan k uncanTenio n 3naMeHaTe/o npuGaruTh Mo 2, TO 3uavenne

: : ; :
3

npodi 6yner Goablle, 4YeM—-, ec/Il ke OT 'HCAUTEas I 3uame-

HaTeas OTHNTH N0 3, TO ApOOH OCTaneTCs NOACKNHTEALIOIl, HO
1 o

6yaeT Meuble o Hajitiu a1y apoGs.

7. Pa3ubie 3apaunt
Aacebpauueckue npeobpaszosanus
229, Tloacyntats cymsmy

1 1 g
n (n+])+(u+l)(n+2)+ ree +(n+k—l)(n+k)’

230. 'VYnpocTuTb Bupaweiie

an—1

(x+a)(x?2-ay... (v 27l

_i.a

231. Ynpoctutb Bupamenc

(x2_ ax+ (12) (.\24 —_ (12.\,‘2 -{-'(l") Ve (xzn . (22”—14;2"_1-{— (l':").

. 232, Jauw asa paia uncen:

a;, azv ee ey an'
by, by iy by

nonaran Sy=¥b;-4b,-- ... 4 b,, nokazatn, uro

ayby +aby ... @b, = (0, —a,)S, +-(a; —ay3) Sy 4 ...
cee T (an—l ——(l") Su—l + anSn'

933, ﬁbl{asarb; YTO H3 PaBCHCTBRA
@b ¢t =be - ac -+ ab,
rae a, b, ¢—BewecTsennbie 4Yucaa, caeayer, Uto a =0 =c.
- 234. Tlokasats, uto ecan ad-}-o*4-c®*=3abe, 10 nan
a® - b ¢t =bc ca -t ab, wan a4-b4e=0.
10



+ 235, Tloxasars, uto ecan’
1—[—(12—{—...—}—0”-—
b?+b3.+---+b5'=q,-

'a1b1+a2b2+"'+anbn=pq

1 pg£0, 10 @, =Aby, ag=Ab,, ..., a,,:-_'Aib,,; rnévkz%'.

‘.

(Bce BE/MHYHHH NPEANOaraloTCs BEHIECTBEHHBIMH.)
236. M3aBecTHO, YTO MOC/1€10BATEABHOCTD HHCEA Gy, @y, g, .«
yJ0BNETBOPSIET NPH BCAKOM 71 COOTHOLIEHHIO
a,,1—2a,+a,_;=1.
Buipasuts a, "iepea ay, a, un.
237. [loce10BaTebHOCTD UYHCEN @y, @y, Qg v,
npu 7> 2 yI0BJETBOPAET COOTHOIIEHIIO
: an=(a+B) an—l_aﬁan-z'

rae o, f (¢ p) —3araunue uncna. Bupasurs a, uepes a, B,
a,, a,.

ny s

Teopema beay, ceodictea xopHed MHO20UreHOS
238. Kopun x; u x, ypasuesis x-—-3ax+a2 --0 Takonu,
yto x} -4 x:=1,75. Onpeneante a.
239. Mano ypasueuue x®>+ px +q=0. Cocrasurs KBapar-
HOE YpaBHEHNIe, KOPHAMH KOTOporo Ouan O

h=xiFx3, Yy=xt+ ¥l

240. MlycTh X, B X,— KOPHI YpaBHenus
' ax®}bx+4c=0 (ac=£0).

He pewan ypashenns, BHPasnTb 4epes ero kosddummentu
BEANMHHHL: ’ . : T

1 -1 . 2oe).
1) w4+ 2) xi4xfed 8
X1 X . Lo

241. KaxuMm ycroBHaM JONWHH YROBIETBOPAThH BeliCCTREN-
‘nie koyhduitnent a4, by, a,, bg, ag, bs, 9TOON BHpawenie
= . B 9 ¢ . - 2 .
(ay +0yx)* +(ag + by %)° + (a5 -+ byx)
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GHJIO KBAAPATOM MHOTOWeHa mepBofl cTenen
¢ BeutecTBenubMI KO3(HUNEHTaMU?

242. Iokazatk, YTO KOpHIl KBaapaTHOro ypa
4 px-+g=0 ¢ aeficteurennnuMH ko3dduunEnTAa.
TEABHH HAH HMEIOT OTPHUATENbHYIO BELLECTBEHHYIO
i TOABKO TOrAa, Koraa p> 0, g > 0.

243. llokazate, uTO ecaii 003 KOpPHA ypaBHeHis
$*4pr+qg=0

fONOAHTEbHE, TO Kopuu ypassenns qu2-;(p—2rg)y
— pr =0 noaowuteabun npu Bcex r == 0. Buacuuts, cnp

JAHBO JaH 3TO yTBepxaeHne npu r < 0.

244. Hailttu Bce aciicTsurteablule 3nayenus p, N1pH KOTOph
KODHH ypaBHens

(p—3)x*—2px+-6p=0

BewecToeHn H HOJMOWHTCAbHLL

245. [lpn moBos NOJOKNHTEILHOM A BCe KOPHH Yypasneuud
ax*4bx4c-A=0

BELICCTBEHHB H NOJOWHTEAbUK. JL0OKa3aTh, 4TO B STOM caydae
a==0 (koadduunentnt g, & U ¢ NPeANOAraloTCH BELULECTBEH-
HLIMH).

246. Hoxaszats, uto 06a xopua ypaeHenns x*-Lx--1=0
yA0BAETBOPSIOT YPABHEHHIO '
.t3’”+x3"+1+x3ﬁ+2=0,

rae m, n 1 p—mobue Heawe uncaa,

247. Cucrema ypasheunii
a (x4 y*) x4y —A=0,
x—y+A=0"

MeeT BeulecTBenune pewenng npu ao6oy A. Hoxasate, uro
—Q. '



248. HokasaTh, 4TO Mmpi /MIOGHX BEULECTBEHHHX 3HAYEHHAX
a, p, q ypaBHeHue

HIMEET BCULECTBEHHLIC KODHU.

249. Hokaszarb, uTO KBaZpaTHOE ypaBHeHue
a?x? (Bt at—c?)x-6*=0

He MOWeT HMeTh BewlecTseHuwx kopuefl, ecit a--6>c¢ u
I(l-_——b,<C.

250. MasecrHo, uTO Xy, X, X3 —KOPHI ypaBHeHis
¥ —2x*4+x+1=0. -~
CocTaBuTh HOBOE ypaBHeHIle, KOPHAMH KOTOPOro Guian Gl yicaa
Yy =XoXg Uy =XpXy, Y3 =X1X,.

251. MapecTHo, 4TO Xy, Xy, X3 —KOPHH YDaBHEHHS
x3—xt—1=0.
CoctaBuTh HOBOE ypaBHEHHE, KOPHAMH KOTOporo Guay Ou yucna
Y1=%,+ X3 Ys=X3+X;, Yy=2X%;}%,.

252. Bupa3nTh cBoGomuuii wieH ¢ KyGHYECKOro ypasuenis
4ax? L bx-}c=0

yepe3 ko3dduunesT a n b, 3nas, 4TO KOpHH ypaBueHus oG-
pasyiotr apudMeTHYECKYI0 NPOrpeccHio.
v
253. Ilycrs u3BecTHO, YTO BCE KOpHH HEKOTOpPOro ypas-
HeHin

x*pxttgx+r=0

nonowutenbun. KakoMy JONOJAHUTENBHOMY YC/AOBHIO JOMMHH
YAOBNETBOPATE €ro ko3@HUHEeHTH p, ¢, r 448 TOro, 4ToOH
13 OTPe3KOB, JIHHK KOTOPHX PaBHH 9THM KOPHSIM, MOXHO GLIO
COCTaBHTH TPeyroNbANK?

Y kaszanue. PaccMoTpers BupameHue
(23 %5 —x3) (x4 x3—x1) (x5 -+ X1 —x3).



254, Ypaaligrian _ N
o x4 px+q,=0,
X34 px4q,=0

Py Pay 4y = g2) Wyel0T oGutnit Kopews. Haittir stot Kopenb,
4 TdK:ke OCTaJbiHe KOpHH 06ONX ypasuenuil.

255. Haiitit Bce amaucmii A, NpH KOTOPLX ABa ypasuewus
Ml —xt—x— (A4 1)=
At—x— (M 1)=

HMeloT oOwnil kopeib, I HAalTH 3TOT KOpeHb.

256 Bece xopuu Muorousena
P(¥) =% +px+q

¢ aeficTBuTeabHuMI KosduiticutTaMi u g4 0 Beurecisenu,
Hoxazatb, uto p<0.

257, Hoxazath, uTo ypanHeuue
$4axt—b6=0,

rac @ u & pengecTBedHU 1 8>>0, UMCCT 0MMH U TOABKO O.itH
HONOKHTEALHBI KOpelib.,

<

258. HaiiTin Bce BeuiecTBenHLC 3uayenins @ u &, OpH KOTo-
pWX ypaBHeHus

xaxt-18=0,

3 Lbhx -12=0

HMelOT ABa OGUUIX KOpHs, U ONPEAETHTL 3TH KOpHiL

259. Hokasath, uvo
Voo r14Ya v/ 2014V 3=4.
269. ﬂ)crb a, b, c~—nonapno ue pasuuc Mexiy coGoi

qHcaa.
Hoka3zatb, 4TO BHpawenue

A (c—b)i-b(a—c)t+c(b—a)
He paBHo nyJio,
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261. Paanoxurbs Ha MHOKHTE/NH BHpaKeHune
4y 2P — 50— P20

262. Ilokasath, 4TO ec/m .TpH BeWeCTBEHNWX. yNcaa a, b,\c
canzanu COOTHOIEHHEM . :
1

1
: 7+T.+?=a+b+c'

TO 0o0f3aTenbHo Kakmne-mGo OBa N3 STHX 4incea paBHW Mo a6-
contoTHoft BesMuHHE N MPOTHBOMOJOXHH MO 3HAKY.

263. BuschnTb, NpH KaKiX KOMMAEKCHWX 3HZYEHHAX p H ¢
asyunen x*—1 neantca Ha keaapaTHwfi Tpexunen x2 -t px 4 q.

264. [lpn kakux 3HayeHnax a 11 /7 Mporousey x"—ax""! 4
+ ax—1 pemurcs Ha (x—1)%?

265. Muorounen p(x) AaeT npn AefeHHlt HA X —a OCTa-
ToK A, npH Aenewnn Ha x—b—ocratok B, npn mexennu wna
x —c—octatok C. Haiitn MHorounen, noayvaiowniica B octatke
npn nmenesun p(x) Ha: (x—a)(x—>b)(x—c), npeano:aaras,
uTO CpeaH uHcen @, b W ¢ HEeT PaBHMX.

Merod matemarudeckod undyxiuuu

B npe,unaraemux mee 3ajaavax InonesHo BOCHOJleOBaTbCiI METO,ILO\I
noayof Mareuamqecxou HHAYKUIH, qTOGbI JAOKa3aTtb, 4TO HEKOTOPOE
yTBepXKJIeHHe BepHO AJA BCAKOTO HATYPANbHOTO 7, AOCTaTOYHO JOKa-
3aTh, YTO; a) 3TO YTBEDIKAEHHE CHPABEAAHBO NpH n==1; G) ecan st0
YTBepKAeHHe CIpaBeHBO Il KAKOro-HHGYAbL HaTypaabHOro umeaa i,
TO OHO CNMpaBeANBO TaK¥e H AJf caejywoulero, yncaa n--1.

266. Hokasatb, uTO

143464104, +(n—2 +n(n-|—l) n(n-{—l)(n—}-?)

267. Hlokasate, uto0 . |
4214804 ot EOEN D,

268. Iloxasath, 4TO

1 1 1 . n(a43)
l-2-3+2-3-4+ vt nind-1)(n+2) ~ 4(nd-1)(n42)°
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269. Hokasatb ¢opmyay Myaspa
{cosp i sin@)* =cosngp + i sin ney,

270. Jokasate, 4TO mpH. MOGOM LEJI0M MOMOKITENBHOM /I

an—b" 1+ V5 b__l—}/s“
I

BeJaNYHHA (Zn=—}7—g.—, rae a= D) y €CThb

YHCA0 LE/10€, TOJ0KRHTEIbHOE.

271. Hoxasatb, uTo €can ZeficTBHTeAbHBIE YHCAA Qy, Qg o u
ey @yy. .. yROBAETBOPRIOT yea0BIO — 1 C a; L0, 1=1,2,...,
TO NpH BCSKOM 71 HMEET MECTO HEpaBeHCTBO

(M+a)(l4a)... t+a)=14a;4a,F- ... +a,

272, OGobuiennas n-g cTeneds nawGoro unciaa g, o6osuna-
yaemad CHMBOJOM (a),, onpeaensercd A1s UeNHX HEOTPHIlATe b~
Beix 22 Tak: ecan =0, 1O (a),=1, ecim n>0, TO
(@),=ala—1)...(a—n-+1). Jorasats, yto Aas 06obuieH-
HOM cTenenn CyMMH [BYX 4iCeJ chnpaBeinnBa opmyaa OuuoMa
Heiwtona

(@ + )= Ca(a)o (b) + Ca (@) (O)ur + - . - +Ci(a)y (Bo-

Hauboavwue u Haumenviiue 3Hauenus

Las Toro uytofbl HaiiTH Hauverbulee 3HaueHiie KBAAPaTHOTo Tpex-

yjeHa
y=ax?tbx+c H
B cayuae a > 0, npe,iaammor TpexujeH B BijJe
b\%2 b2—dac
y=a <X+-—2z) -—-T. (2)

Tak xak mnepmoe caaraeMoe B NpaBoil yacTH HeoTpHUATeIbHO MpH
mo6oM X, a BTOpoe OT x BOOCIIE lie 32BHCHT, TO TpeXuJieH NpHiMaeT
HalMeHblee 3Ha4eHile NP YCJIOBHH, YTO NEPBOE CJaraeMoe pasHO HYIO.
Takum o6pa3oy, HanMeHblIee 3HayeHiie TpexujeHa papHO

b2—dac
Yo=——p7—" ®
Ono jocTHraercss mpi
b
Ko=— 5. 4

AHaJorHYHO HCCaelyeTCsT BONPOC O Kauboasiles 3HAYEHHH Tpex-
9,7€H3 B Cayuae a < 0.

273. IBe npsamue weaesune noporun AA’ uw BB’ nepnenau-
KyJAspHH APYr K Apyry H mepecexaiotcs B mynkte C, mpuuem
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paccroanns. AC n BC pasun coorBeTctBenno a u b, Vs nyuk-
108 A 1 B no nanpasnenmio x C OZHOBPEMEHHO BHXOLAT JBa
noe3fga co CKOPOCTSAMN COOTBETCTBEHHO T; M vU,. Hepe3 cKONbKO
BpeMEHH Nocje OTNPABNEHAs PAaCcCTONHHE MexAy moesmaMi Gyrer
nHaumenbiuny? YeMmy paBHO 3TO HauMmeHblee paccTOSTHHE?

274. Myuktet A 1 B pacnonoxkens Ha npaMonnuefinoii Ma-
riuctpann, nayuefi ¢ sanaga na BocTok. IlyHkt B HaxomnTcs
soctouee A na 9 xu, U3 nyskta A Ha BOCTOX BHXOINT aBTO-
MawiHa, ABNTralOLancs pPaBHOMEPHO €O CkopocThio 40 kajuac.
OasxoBpemenHo #3 B B TOM e HAMPaBNeHHH € IOCTOAHHHM
ycxkopennem 32 gafuac® Buxoant Mortownka, Onpefenuts Han-
Goabluee paccTONHIE MEXKAY aBTOMAIINHON 11 MOTOLNKIOM B Teue-
HHE TepBHX JABYX HacCOB IBHMXEHHS,

¥ xasaune. [Monesno naueptHts -rpadHK 3aBHCHMOCTH OT Bpe-
MEHH PacCTOSHHSI MeXAy aBTOMAUIMHON H MOTOLHKJOM.

275. Haiitnt nanGosblliee 3HauyeHHE BLIpAKEHHS
logéx -+ 12 logix-log, -2—,

nonaras, 4To X mu3Messercs Mexay 1 n 64.

276. Halitn nanGoabisee 3uadenne QyHxunn

V=g @>0,5>0),

277. Haiitn wanmenblllee 3naveHHe BHPAXEHNS

1422
14x
npn x=0.

278. Hafitn nanmenbiiee 3nayeHne dhyHKUHA
¢x)=|x—al+|x—b|+]|x—c|+]|x—d],
rae ¢ <b < c < d—dnKcnposannue: BelleCTReHHHE yNcaa, a
X MpPHHIMAeT NPON3BONbHHE BEIISCTBEHHHE 3HAUEHNS,

Ykaszanne. Paccyiienns y1o6H0 NPOBOAHTL, OTMETHB YHCJIA 4,
b, ¢ 1 d na guCcNOBOil OCH.
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Komn.aekcnie 4ucaa

279. Haiitn sBce 3natucnus z, yJAOBICTBOPHIOUIMC PaBCHCTRY
241z]=0

{} 2] —moayap Kommaekcuoro uncaa z).

280. Haiitii KkoMmIexcHoe 4ICIO Z, yJOBAETBOPSIOULICE Pa-

BCHCTBAM
z—4 =1
gl=1

z—12 __
z-—81

281. BH‘H!C.’HH‘b nponSncnennc
[ (] [ () D+ (5D (59)7)

282. Cpean KownmaexcHMX uicel Z, yIOBICTECPRIOUINK Y Cio-

BHIO
[z—25i| < 15,

HAITI 41C10, HMelouice namsenviunil aprysment. Cieaars uepreu,

283. Kaxromy ycCa0BHIO A0KHO yJAOBICTBOPSTH KOMIICKCHOC
lmcno a-+bi nast Toro, uTodM e€ro MowHo OWI0 NPEICTABHTL

B Lllﬂe
1—ix

a+tbi= A+ix?

rae X —4Hca10 BCHI.CCTBC_HHOQ’I>

284. Kaxoe nanGoabiiee 3uayecnile MOWeT OPHNHMATL MORYAD
KOMILICKCHOTO uieaa z, ecan

=17

R
~“_"?

285. Yepea Ttouky A nposeacHo 1 ayuell noa yraamu 2,—?

Ha oanom us nnx na paccrosmnn d ot A B3ata Touka B, u3
nee onyuen NepnedaHKyasp Ha coceasuil ayd, H3 ocHoBast
3TOr0 HEepHCHMIKYASApA CHOBA ONYLIEH NeprnenaHKyaAsp Ha cae-
aylouptil ayq u v. 1. do Gecrkoueynoctn. Haiitu ammy L noay-
vaesmoll  TaknM o6pasom Occkoneuno 3asisatoweitcs sokpyr A
JdosManoil, a Takike BHACHITbL, KaK OydeT u3Mensitoes L npu
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yseanuenmn uuc1a s, B YaCTHOCTH NPH HCOrPAHHUCHHOM €rO0
yseaHueHuu.

286. lilectnsnaynoe wieno naunnaetcs caesa undpoit 1,
Ecau sty undpy nepenecTH c mepBoro Mecta. Ha nocrensee,
COXDalHB MOPSIAOK OCTaNbHHX NATH UHGp, TO BHOBL NOIyHeH-
Hoe wuncro Gyxer BTpoe Goabwe nepsonauansuoro. Hafttn
nepsoHayatbaoe YiHeso.

- 287.- okasats, 4TO  ecanm HaTypaibHoe uincao p=abc
(a, b, c—undpy cOOTBeTCTBYIOINX pa3paaoB) aeantcs Ha 37,
- TO 1 4HeaAa g=bca n r=cab taxkwe neastca ua 37.

288. ITokasaTh, 4TO cyMMa KyGOB TpeX MOCIENOBATENbHHIX
uenHx yHcea meantces na 9.

289. Hoka3aTb, uTo cymma
S,=n*+3n245n-+3

npn 06OM 11€/10M MOJAOKNTEABHOM 7 AeIuTes Ha 3:

-290. 120 oamnaxoBHX HIAPOB MIOTHO yaoKeHH B mme
pammbnod Tpeyronbnoil mipamuay. Cxoabko wWwapos AexuT
B OCHOBaHIH? '

291. B aumk paownmn B augukos. B kamauwil n3 stix &
AUHKOB J1MGO OMATH BAOKIIN £ SuUKOB, NGO 1€ - BAOMHANR ¢
oanoro W 1. A. Hafltu uucno nyc-rux auuucoa, ecay Hanons
HEHHLIX OKa3anoch /m:



TEOMETPHA

A, ITAHHMETPHA

Hpeasapureabube samMedanns

YKameM na cleaylouliie COOTHOLWIEHNS MeXKAY B3JEMeHTAMH Tpe-
yTOLUNKA €O cToponaMu 4@, b, ¢ 1 COOTBETCTBEHNO NPOTHBOJEKALLHMH
yraamit A, B, C.

1. Teopema cunycos:

2 b ¢

sind_sinB sinC =2R,

rie R—pauiyc omHCanHOro Kpyra.
2. Teopema Kocumycos:
at=b2+c2—2bc cos A.
Jas poludcaenns nJoulagy S TPeyroJsHHK2 Hapsaay ¢ Qopuyaol

S=—;- ah,,

rie g—ojHa H3 CTOPOH TpeyroabHHKa, a f,-—onyileHHas Ha uee
BLICOTA, HIXKE HCMOJBL3YIOTCH caelyloumne $opMy.abl:
tdopmyaa Tepona

S=Vpp—a)(p—b) (p—o),

— noaynepumeTp;

at+b+tc
rie p=—+2_-l_:__

1 .
S=-§-ab sinC; S=rp,
rjle r—pajyc Kpyra BNICaHHOTO B TPEYTOJBHHK, a p —INOJaynepHMeTp,

1. 3agagn Ha BLIUICJEHHE

292. B tpeyronnunxe ABC yron A sasoe Goamuwie yrna B.
IMo manuwM cToponaM b u ¢ naitti a.

293. KateTn mnpAMOYroJAbHOrO TPEYroJbHIKA PaBHW & It C,
Hafitn anuny OGHCCEKTPHCH mPAMOro yria.
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294. Hafitn TpeThl0 CTOpOHY TpeyroJbHHKa, €CAH JaHH JBe
CTOPOHH €ro @ H b H H3BeCTHO, YTO MeANAHH, COOTBETCTRYIOUIIE
STIHM CTOPOHaM, mepecekaloTcss noj MpsMbiM yraom. Ipn xaknx
YCJAOBHAX TakoHl TPEyroabHHK CymeCTBYeT?

295. Yroa npn BepuiiHe TpeyroibHika, GOKOBHE CTOPOHNI
KoTOporo pasiH a u b (a <), pa3menen Ha TpH paBHMEC
YacTH NPSMBIMH, OTPe3KH KOTOPHX BHYTPH TPEyroibHHKa OTHO-
caTcea kak min(m < n). HaltTh anune 9THX oTpesKos.

296. Hanumit Tpeyroasunx ABC nepeceun npamoii DE, na-
panaeasnoft BC, Tak, 4ToGH niouians rpeyroiabunka BDE pas-
HAnach 3adannofi pemmyune k2. TIpH KaKOM COOTHOWIEHHH MEWKAY
k% 1 nnowansio Tpeyronsuika ABC 3a1a4a pazpemEMa U CKOAbKO
OHA HMeeT pemieHHi?

297. Yepea HeKOTOPYIO TOUKY, B3STYIO BHYTPH TpPeyroib-
HHKa, NPOBEAEHH TPH NPSMHeE, COOTBETCTBEHHO Napa’ieibHble
ero croponaM. JTH NpAMHE Pa3deAsIoT IIOMWANb TPEYroabHNKA
Ha WecThb yacTell, TPH H3 KOTOPHX CyThb TPEYTOJBLHNKI C N0-
wanamu, paBauyMu S, S,, §;. Hafttn II0WANb AAHHOTO Tpe-
yTONBHHKA.

298. Hdann cropoHH & u ¢ Tpeyroabhnka. Hafitu Tpersio
CTOPOHY X, 38Had, YTO OHA pPaBHa ONylleHHONl Ha Hee BulcOTe.
Tlpn xakoMm cootnomenun Meway b M ¢ TpeyroJbHHK CylecT-
Byer?

299. B tpeyronbunke ABC npopenenn BhcoTH AA;, BB,
CC,, OCHOBaHHSI KOTOPHX cOoexHHeHH Mexay coGoft. Onpenennts
OTHOLIEHHe miaowlaan TpeyroiasHuka A;B,C; k nmomain Tpe-
yroapunka ABC, ecan yraw Tpeyronbhuka ABC 1u3BecTHuI.

300. B tpeyronbunke ABC uepes Touky nepecedenns Guc-
cextpnc yraoB B n C npoeenera napannensio BC npamas MN
no nepeceyenns B Toukax M m N COOTBETCTBEHHO .CO CTOPO-
namn AB n AC. Haiitn 3asucumocts Mexay oTpesxamu MN,
BM, CN.

Paso6parb cayuan:

1) obe GuCCeKTPHCH BHYTpEHHHE;

2) o6e GHCCEKTPHCH BHellHie;

3) oxHa u3 GHCCEKTPHC BuYTPEHHAA, Apyras BHeWHsd.

Korna M u N conagyt?
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301, Buytpu TPaBILABHONO Tpeyroavuika ABC B38Ta npo-
N3BOABHAs TOYKA ‘P;'u3 KOTOpOH ~onyulesn Neprenaikyaspu
PD PE H PF 'COOTBETCTBEHHO Ha BC, CA " AB BH‘{HCJHITb

PD}-PE4-PF
"BD+CE+AF"

302. Halitn otnowenne naowaan tpeyroasunka ABC k nno-
Way- APyroro TpeyronbHuka, CTOPOHH KOTOPOTO PaBHH Meas-
anam- Tpeyronbmma ABC o o

303 B 'rpe)rom;mu\ co cropona.\m a, b, ¢ ‘Boncan noaykpyr
C ZHAMETpOM, JekallUM Ha CTOopoHE C. Haitu pamuyc sTtoro
noaykpyra. : '

304. Onpenennts yran npsMoyroabHoro TpCyroabHUKA, 3uasd,
MTO PamilyC OMICAHHOTO OKOI0 HErO KPyra OTHOCHTCH K pamuyCy
BOICAHHOrO Kpyra kak 5:2,

305 Oko:a0 aaunoro npmtoyronbmxha onucath HOBHI nps-
MOYLOABMUK, KOTOPWil HMea 6uW 3adanuyio uaowaan s [lpu
KakoM /2 3alava paspennnva?

306. Ha ctopoue AB npavoyroabuika ABCD uaiitin takyio
Toury E, u3 Kotopoii ctoponn AD 1t DC Onan Gu BHAHM 10
paBumMit yraasi, [Ipii KakoM COOTHOLIEHIU MEA1y CTOPOHAMM
npAMOYTOJbHIKA 331343 pa3petrnMa?

-307. Hafitn naomwaap paBHoGeapeHHOil Tpauewin, ecan ce
Buicota pasua h, a Gokosas CTOPOHA BHAHA H3 UeuTpa ormca-
HOH™ OKPYWKHOCTI 101 )rnou a. '

308. Jann Bepxsee m HinkHee OCHOBaHHs Tpaneuuu a u b.
Halitn aauny oTpeska, COeAMHAIOILErOo cepemuuu amarouaieii
Tpaneiui. ’ ’ ‘ )

'309. Kaxaan sepuinna mapamnenorpaMsa coeluncna ¢ cepe-
JHHAMH ABYX IIPOTHBONOJOKHHX cTopoH. Kakylo uacte naowann
1apanae’1orpaMMa coCTaBaseT naomanb ¢Gurypu, orpanidyeHnoi
npoaenehuunu :uuum\m?

310. Touxn P, Q R, S cyTb, COOTBETCTBEHHO, CepeLHH
cropou AB, BC, CD, DA napanaenorpaxva ABCD. Haiiti nao-
waxb GUrypu, orpaniyenHoi npsiamivn AQ, BR CS DP, 3ua,
4TO MI0WAlL Napanierorpamma pasua a?,
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_..811. 3nas xopaw ABYX Ayr Kpyra paasyca R, nailtn xop.uy
nyru paBHOK, cyMMe STNX Ayr HIH HX paauocm.

312. Paccromme Memny uenTpaMn_ zmyx ‘nmepecexaiouyIxcs
Kpyros paamycos R u r pasvo d. Hallru nromaap ux oGuieft
YacTH.

. 313. Tpn oKpyXHOCTH. pamnycoB. 7, r, 1 R kacalotcs .no- -
napito Buemuusm o6pasoM. Haittn ammy xopaw, - oTcexaemoil -
TpeThell OKPYyXHOCTHIO OT oOued BuyTpeunel‘i Kacareabtiolt nep-
BHIX ABYX oxpymuocreu

314. IBe okpywuocTit paanycos R nr (R>r) nuewor
BHyTpennee Kacaune. Haiitn paaunyc TpeTnbeil OKpYkHOCTH, K3Ca10-
mencn NepBLX ABYX oxpymnoueﬁ u nx o6mero mmuerpa

315. Kpyra paasyca r kacalorca siemdny’ o6pa3om TpH
OINHAKOBLIX OKPYXHOCTH, Kacalouiecd, kpove TOro, monapuo
mexiy coboft. Hafitn naowain Tpex Kprugoauueiinux Tpeyl‘0!b-
HUKOB, OGPa3oBAHNKIX YKA3AHHBIMH OKPYKHOCTAMM,

316. Ha otpeske anmnw 24 4-2b 1 ero wactax ammu 2a
1 2b Kak na AHAMETPaxX MOCTPOEHH 110JlyOKPYRHOCTH, Aexauine
o oany crtopony ot ortpeska. Hafitu paanyc oxkpywxnocrh,
.Kacaiolefics Tpex MocTPOCHNHX MOMyoKpyKHocTell,

_ 317. Hauw asc napaaienbnne . mpamwe n touka A meway -
nnvi. Haliti ctopons npsiMoyronsioro TpeyroabHiuka, Bepuinua
NPAMOr0 yria KOTOPOro JexuT B Touke A, a BepnHH QCTPHX
yrios —Ha 3afaHHHX NaPalLIeNbHHX NPAMHX, 3HAf, YTO NJ10-

. 11a1b TPEYroabHHKA pamrHa 3amanuofl seanunue A2, .

“318. BuyTps npammbnoro n- yronbmma co croponoﬂ a nnn-
€ano 7 PaBnHX KPyros TaK, YTO KawIHii Kpyr Kacaercs AByX
CMEWHHX  CTOPON  MHOTOYrOAbHHKA. M ABYX JAPYrHX KpyrOB.
Haiitn nnomaas «3Be3mouki», o6pasyioweiics B ueHTpe Meoro-
YroABHIKA.

319. Yepes oany n3 touex C ayrn AB okpymmnocti npo-
BEJAEHH NIBE NPOM3BOIbHHE Npamue, nepecekaiomue xopay AB
B Ttoukax D u E, a okpyxunocts B Touxax F u G. [Ipn xaxom
nonoxennn toukn C na AB Bokpyr 'lempexyronbmma DEGF
MOXHO OMHCATh KPyr? :
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820. BuyTpb 0CTPOro yriaa BOHCHBAIOTCH KPYTH, Kacalouuecq
apyr Apyra. [lokasath, 47O pamMycH STHX KpPyroB oGpasyioT
reomeTpHueckylo nporpecciio. Hafitn 3aBuciMocts Meway 3Ha-
MenaTeseM TPOrpeccui H BeJH4HHOfl ocTporo yraa.

321. B rouke A nnockoctn P pacmonowen HCTOYHHK CBeTa.
Han nnockocThio noMewuteno nonycdeprnueckoe sepxkano paanyca I,
o0pauiennoe BHyTpenHell 3epkanbHoff MOBEPXHOCTBIO K IIOCKO-
CTH, MPHUEM TAK, YTO OCh CHMMETPHH 3epKasa mepneHauky/npHa
k nnockoetd P B touke A. 3uaf, uTo nauMenbwni yro.a Mexay
Ay4aMH, OTPANEHHWMI 3epKanoM M mAoCKOCThio P, paseu 15°%
onpenennTb pPAacCTOAHHE OT 3epkana 10 IVIOCKOCTH W paalyc
' OCBEUIEHHOTO Ha miocKocTH P Kpyra.

322. llenTpu vyeTnpex KpyroB paniyca r pacnojioxeHul B
BepiinHax Keaiaparta co crtoponoit a. Ha#itu naouwans S o6ueit
YacTH BCEX YeTupex KPyroB, 3aKniouentoil BHYTpPH - KBampara.

323. Mlnaronann pas6HBAIOT TPAlEUHIO HA YeTWPE TpPeyrofb-
nnka. HaliTi naouans Tpanewwn, ecan naowanyn TpeyronLunKes,
NPUMLIKAIOUIX K OCHOBaRNsM, pasun S, 11 S,.

324, Buipasutb IxuaroHanu BINICAHHOTO YETHIPEXYIoAbiiKa
uepe3 ero cropousl. Tlonyunrs otrcioga teopemy [ltonemesn: npo-
n3BeaeHie JgHarosHanefl BMHCAHNOro 4YeTHPEXYFOAbHHK2 PaBHO
CyMMe NPOH3BEACHHH IPOTHBONOAOXKHLX CTOPOH.

2. 3apgaud Ha_ mocTpoeHie

- 325. Hdau nBe OKPY#HOCTH pPa3HWX paaHyCcoB, JeiKaLlHe
oxna Bue apyroii, H Touka A na ogwolt u3 uux. [lposecTn
TPeTLIO OKPYHHOCTDL, Kacaloulylocs ABYX LAHHBIX H NPOXOAALLYIO
yepe3 Touky A. Pa3o6path pasnnunbie BO3MOXHBIE CAyvan no-
JOKeHNst TOUKH A Ha 3a1annofl OKpyMHOCTIH.

+ 326, Mauul OKpywHOCTB, npsvas ¥ TOYKa A Ha npsMoii.
[MocTpouTh HOBYIO OKPYXNOCTh, Kacaloulylocs ZanHbX npamol u
OKPY®HOCTH 1 npoxonsiwylo yepes Toyky A. Paso6parts no-
ApoGHO, B KaKUX CAy4asX CKOJIbLKO peweHuii nMeeT 3anava.

327. Hauw npsivasi, OKpy»HOCTb H TOYKa A HA OKDPYKHOCTH.
[TocTpouTL HOBYIO OKPY#HOCTD, KACAIOLLYIOCH AAUHLIX HpsMOli i
OKPYXHOCTH 11 mpoxoastuyio 4epes Ttouky A. PasoGparts uo-
ApOGHO, B KaKHX ClyyasxX CKORbKO peweHuii uveeT 3aiava.
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" 828. TlocTpOHTb NPAMOYTOABHHA TPEyroAbLHHK MO AaiHOM
THNIOTERYy3e ¢ H BbICOTe /1, omylieHHOH Ha rumotenysy. Hatitu
IJAHHH KATETOB H BHISICHHTB, MPH KAKOM COOTHOUIGHIH Mexay A
W ¢ 3azaya paspelnMa, ‘ f

329. Manw amnm cropon AB, BC, CD u DA nexoropora
NJI0CKOr0 YeTHPEeXyroabHiKa. [JoCTPONTD 3TOT HETHPEXYTOAbHIK, .
ectH mn3BecTHo, 4To auaronans AC zeaut yroa A momoaa.

.

330. MocTponTe TpeyroabHHK MO TOYKaM Mepeceyenns npo-
nomxennt GHCCEKTPHCH, MEIHAHW H BHICOTH, BHIXOLSLINX M3
OZHOH BepLIHHH, C OKPYXHOCTBIO OMNCAHHOIrO Kpyra.

331, Onncatp 13 BepuwiHH JAHHOTO TPEYTOJALHHKA, KaK H3
LEHTPOB, OKPYXHOCTH TaK, YTOGH OHH MONApHO KAacaaHCh APyr
apyra. Pazo6pare ciayyan Kak BHEIDHEro, TaK H BHYTpPENHEro
Kacauus.

332, BmucaTh B IaHHYI0 OKPYXHOCTb Tpeyroabnuk. ABC,
ec/n HU3BECTHW BeplunHa A, HanpaBieHne BHCOTH /i, H TOUYKa
nepeceyeHHs1 BHCOTH /ig C OKPYKHOCTBIO,

333. Ilepeceys Tpanewitio npamofl, napanneabnoil OCHOBaHHIO,
TaK, YTOGH €e OTPE30K BHYTPH TPAMEIMH AeMIUICH AHArOHa/siMH
Ha TPH PaBHHE YacTH.

334. MMocTponTh KBaapaT no 3axanHofl BepuHE H HBYM
_ TOYKaM, KOTOpHE NeWaT Ha JBYX CTOPOHAX Wl HX NpPOAOMKe-
HIAX, He TPOXOAALIMX Yepe3 3Ty BEpLINHY. b
3835. Yepes Touky M, newamyio na ocxosamm AC tpe!
yroasunka ABC, npoeectn npamyio MN, oTpesawoutyio oT tped

1
Yro/ibHHKA TaKylo 4acTh, MiOmanb KOTOPOH paBHa 4 miowann

Bcero Tpeyroabtnka. CKoabko pelyennil uMeer 3ajaua? .

336. B nanuwil TpeyronbHHK BMHCATH € NMOMOWIBIO NMHPKYAS
Il JAHHEHKHI NPAMOYTO/IbHNK, HMEIOUMH 3alaHHYI0 IHATOHalb.,

337. Okono nmanHoff OKPYKHOCTH ONMHCATbH TPEYTOJBHHK ¢
JaHHHM yrJOM U AaHHON CTOPOHOH, mnpOoTHROMEwalled ITOMY
yray. Haiitin ycnosie paspewnmocTtn 3Toff 3aaau.
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338, Haua upavas 'CO'n ase todicn A'u B, ue aekauue
ua ueii. Haﬁru a aasuol npaMoit Touky M Takyio, 41O

L AMC=2 / BMD,

3. 3agauu. na noxaaarenbcrso

-339. HoxazaTe, 4TO Meauaua TPeyrobHHK3 MeHbUIC noAy-
CyMMu CTOPOH, €e  3akaualounx, u 60jblue pasHoCTH Mewady
3TOIl noaycyMMoii i n0J0BHHOH TpeTbeil cToponul.

- 340. llorasats, uto B mobom Tpeyroasnuke ABC paccro-
siite 0T UCGHTPA ONICAHHOTO KPYra A0 CTOPOHW TPeyroabHHKa
BC saBoe Meublue paccTONHIS OT TOUKIL nepeceteHis BHCOT 10
Bepiunin A,

341, Hoxasarn, uto cymMMa paccrosunii Kaxoil-augo ToMK,
B34TOIl BHYTPH [PaBIILHOrO TPCYIOJLHNKZ, A0 CTOPOH 3TOrO
TPeyrobHIIKa eCTL BCIHYIHA MOCTOsIHMAs, HE 3aBHCHUAK OT
TOJOWCHIA TOHKIL

342, Hokaszate, uTo BO BeAKOM Tpeyroavuike  Goavuici
cTopotge COOTBCTCTB)’CT MeHbiast GI[CCCKTPHCJ.

343. HNokazaru, uto ccaur P, Q, R cyrb, coorsercrenio,
ToKN uepecedenus cropon BC, CA AB (inau ux npoaon,x\cuuu)
Tpeyroavniuka ABC ¢ uexoTopoii npamoii, TO

PB QC RA =1
PCQARB )

344. B npuamoyroavnom tpeyroasunse ABC karer AC B 3
pasa Goavwe warera AB. Toukamu K n F xater AC pasaencu
ua Tpu pasuuic yacti. Jlokazate, uro

LAKB+ L AFB - / ACB=F.

. 345, [lycts @, b—KaTeTW HPRMOYTO.ILIOrO TPLYroAabMilKa,
¢ —runoTeny3a, fi—BucoTa, Oomyuicuuas U3 Bepililiul [PSMOrO
yfia na runoTenyay. Ilom:zan ITO TPEYFODUIK CO CTOPOIIaMH
B, ¢+ h, a4 b sasasieTca NPAMOYTOAbLHLIM.

346. B pasuoGeapenuoM TpeyroAbuilke € OCHOBAHHEM @ W
Goxounoli ctopouoit b YFOA mpit sepuimuc paseu 20°, Hokasaro,
yto a®4- 5% = 3ab?,
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.. 347. Iloxasats, 4TO. yroj, TpeyroihHuka. GyAeT OCTpHM,
TPAMHM LT TYTIHN, CMOTDS;: 10 TOMY, . OysieT, M- pOTHBONO-
NOXHAA CTOPOHA MEHBINE, paBHa unu 60.’1blue yABOEHHOMl COOT-
BeTCTRyIOLIeH Me1HaHu. .

348. B paauoﬁenpennou Tpeyroasnnke :ABC )ron npn mep-
wne B pasen 20 Ha GOROBHX cTOpOHax AB u BC maatw,
COOTBETCTBEHHO, ' TOUKN Q 1 P 'TaK, 4YTO LACQ 60° a
L CAP= 50° Ilot\aaarb 4TO’ ZAPQ 80

349. ,D.oxaaarb, YTO €CTH Meway CTopoHawit @, b, ¢ Tpe-
YroJAbHHKA CyliecTByeT 3aBHCHMOCTD ‘a®=b%Lbc, 10 yram A
n B, npornBonexauyie cmpouau a u b, )noaneraopmor pa-

sencrsy S/ A=2/B. -

350. Tpeyroabunk AOB nosepHyT B cBoefl MioCKoCTH BO-
kpyr sepuinitt ‘O na 90°, npiiues BepmuHa A nepewna B Ay,
a sepunina B—s B,. ﬂon\asarb uTo0 B Tpeyronbmuce OAB,
Meamana cTOpoHn AB, . 'aBaserca BHCOTON ans A\ OAB (aua-
nornuno meanana ctopodnd A, B B A\ OA,B sasnsercs nmcoroﬂ

ans A\ OABI) o , ‘ .
[ Pttt EFECI T

351. [Hokazarte, uTO CyMMa npon3BeleHiii BHCOT 0CTPO-
yroJILHOrO TPEYTOIbHIUKAa HA OTPG3KI . X OT OpTOIeNTpa 1o
BepUNINK PAaBHA NOAYCYMME .KBAAPATOB, cTopon. OGOGUITH .3TO
npejsioKeHe Ha cayuail TynoyroabHOro TPeyroibHIKa.

352, Tlyctp ammmn e, b ¢ CTOpOH TPEeyroibNuKa yaoB-
NeTBOPAIOT HEpPABEHCTBAM a <b < ¢, o6pa3sys apHPpMCTNYCCKY IO
nporpeccnio. Jlokasats, uro ac=G6Rr, rae. R—paanyc onu-
CanHoro, a,r—paiiyC BAHCAHHOTO B TPEYTOALHHK KPYTa.

353. Hokazath, 4TO KBaipaT OHCCEKTpPICH, MpoBeIeHHOil
yepe3 BepUIlHY HPOH3BOJIBHOIO TPEYTroabHIKA, pasel Npon3seie-
uno GoKOBLX CTOpOoH 0e3 MpOH3BELEHHS OTPE3KOB OCHOBAHIHA,
Buscunth cMbiCT ykaaanuolo paneucrsa B cayuae paaquenpeu-
HOTO Tpeyro'lbmuca. ,

N A B i ’ R . ,'

354. Ha ctoponax AB n AC tpéyroavunka ABC 0TA0¥eHO
B IPOTHBOMOI0XKHKX HANPABICHIAX ABA PABHHX OTPE3KA BD =CE.
Hoxasars, uto otvpesox DE AeanTcs CTOPOHOH . BC B OTHOuUle-
mut, oGpaTHOM oTtHOowewnmo ¢ropon AB un AC.
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355. HokasaTh, 4TO BO BCAKOM TPeyroabHike OHCCEKTpHCA
NewHT MewAy MeAHaHOH W BHCOTON, NpOBENeHHHMH H3 TOH e
BEpLIHHH,

356. Hoxasatb, uTO mnpsivMasd, CHMMETPHYHAA ¢ MeAHAHOI
OTHOCHTEJBHO GHCCEKTPHCH BHYTDEHHEro Yrjia TpeyroabHHKA,
JAeMHT NPOTHBOMOJIOKHYIO CTOPOHY HA YaCTH, NPONOPUHOHANBHLIE
KBajapaTaM NPHAEKALUX CTODPOH.

357. Ha croponax tpeyroabuuxka ABC B3sTH TOuKH P, Q,
R rak, uto tpn npavse AP, BQ u CR nepecekaioTcs B OQHOH
touke. Jlokasatb, 4TO

AR.BP.CQ=RB-PC-QA.

358. [Hokasatbh, uTo B MI060OM TpeyrosbHHKe paaHyC OMHcaH-
HOro Kpyra R 1l paauyc BOHCAHHOTO KpyTa r CBA3aHM C PaccTos-
mieM / Meway HEHTPaMH STHX KDPYFOB COOTHOLLEHHEM

12=R2—2Rr.

359. [Jlokasath, W10 B 7i000M Tpeyro/ibHIKE - OTHOUIEHIE
paanyca BIHICAHHOH OKPYMHOCTH K paadycy OMHCAHHOH He npe-

BOCXOMIT 5 .
360. Hoxasate, yTo AJst 110600 MPAMOYTOIALHOIO TPEyroibe
HIKQ CnpaBeafHBO HCPABEHCTRO

0,4 <7 <05,

rie r—paianyc BMHCAHHOTO Kpyra, /i — BHCOTZ, ONYyIEHHad Ha
THNOTENny3y. :

361. Jloxasatb, 4TO B 11060M OCTPOYFO/bHOM TPEYTONBHHKE
k,+k,+k.=r+R, rtae ky ky, Kk, —nepnenrukyaspu,
onyleHHHEe H3 LUeHTPa OMHCAHHOH OKPYIKHOCTH HA COOTBETCT-
ByiOLlie CTOPOKB; r H R-—paanycH BNHCAHHOH 1 onucasHoi
oKxpy&HoCTeH.

Y kazanue. Moxuo Bupasurs JeBYI H MPaBYIO 4acTil HCKOMOTO
PpaBeHCTBa yepe3 CTOPOHH H yTJbl TPeYroJbHHKA.

362. Bepuninni A, B u C TpeyroiabHHKAa COEANHEHH € TOY-
kasi 4,, By, C;, pacionomeHHHMI HPOH3BONBHO H2 HPOTHBO-
NOAOWKILIX CTOPOHAX (no ne B sepmmuax). Jokasars, uTo cepe-
annnt oTpeskos AA,, BB;, CC, ne nexar Ha oxxoil npsmoil.
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363. Yepes npou3soneHyio TOuKy O, B3fITYIO BHYTPH Tpe-
yroasuuka ABC, nposenenun npsmuie DE, FK, MN, napanae:s-
Hee, cootsercrsento, AB, AC, BC, npnuem F u M nexat na
AB, E uw K—na BC, N u D—na AC. Jloxasath, 41O

AF A BE | CN
astactea=!

364. B TpeyronbHnk BHMHCAaH KBaAPaT TaK, HTO OJHA N3 ero
CTOPOH JeKHT Ha HauGoablell cTopoHe TpeyroanHnka. Jloxasatsb
HepaBeHCTBO V2r < x < 2r, rie x — AnHHA CTOPOHH KBAaApPaTa,
r—paznyc Kpyra, BNHCAHHOTO B IaHHHII TpeyroJbHHK.

365. Hoxasath, 4TO cepenuHili CTOPOH TPEYTONBHHKA, OCHO-
BaHNs BHICOT H CEPEAHHH OTPE3KOB BHICOT, 3aKJIOYEHHHX Mewkny
“Kaxxoli n3 BepuINH H TOYKOH mnepeceueHns BHCOT, IpeacTas-
Ao coGoil MEeBATH TOYeK, NEKAlHX HA OAHON OKPYXHOCTH.
MMoka3aTth, 4TO HEHTP 3TOH OKPYKHOCTH JIEKHT Ha cepenHHe
oTpe3ka, COGRMHSIONIEr0 TOYKY rnepecedenns BHCOT XAHHOTO
TPeyronbHHKAa ¢ IEHTPOM OMHCAHHOTO KPYyra, a paaHyc paBeH
MOJIOBHHE PalHyca OMHCAHHOIO Kpyra.

366. B TpeyronbHiKe N3 OCHOBAHHA KaKJIOH BHICOTH oOmy-
IeHL MepPleHANKYI9pH Ha ABe apyrie ctoponu. Jloka3ats, uTto:
1) ocHOBaHusg 3THX MEPNEHANHKYAAPOB HBAAIOTCA BEPIINHAMI
IWeCTHYTONbHIKA, TPH H3 CTOPOH KOTOPOrO MapajienbHH CTO-
poHaM TpeyronbHHka; 2) BOKPYF STOrO LIECTHYTONbHHKZ MOXKHO
OMICaThb OKPYWKHOCTD.

367. Hoxa3aTh, YTO B MPAMOYTOMBHOM TPEyroJbHHKE CyMMa
KaTeTOB paBHA CyMMe JAHaMeTPOB Bnncanuo#t W onucanuoit
OKpywHocTed.

368. orxaszaTth, u4TO B MPAMOYTIOJBLHOM Tpeyrosbunke Guc-
CEKTPHCA MpPSIMOrO Yraa AENHT IONOJIAM Yroi MeXIy MeIHaHoil
1 BHCOTOH, ONyLIeHHHMH Ha THMIOTEHy3Y.

369. Hea tpeyroabunka ABC n A,B,C; pacnoioxens cuv-
METPHYHO APYr APYry OTHOCHTE/JLHO LeHTpa nux oGuiero Bmi-
caHHoro kpyra paanyca r. JlokasaTe, uTO npomsBexemne nso-
mazneit ABC, A,B;C; 1 1mecTH TPEyroNbHHKOB, NOJYUYNBIINXCH
npu nepecevyennn cropor A ABC u A A,B,C,, pasho r's,

370. Hokasath, YTO PpasHOCTb Mexay CyMMofi KBaiparos
paccTosunit nmpom3posapHOft  TOUKH M DNOCKOCTH 10  JABYX
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NPOTHBONOIOKKHX  BEpUIHN NAPATICTOrpaMMa ABCD u cymmoit
KBALPaTOB paccTosnuil OF TOH #e TOYKH A0 ABYX ApyrHX BEp-
WHH €CTh BETNYNHA HOCTOHHHaﬁ.. .

371. Ha croponax Tpéyronbmma ABC noctpoenu pastio-
croponnne Tpeyroabhuki ABCy, BCA;, CAB,, wue nepexpu-
_Bajowtecst ¢ A\ ABC. Jlokasarth, 4TO mpamile AAL, BB, u CCy
HepecekaloTcs B OAHOIl TOYKC.

372, Ha croponax AB, AC, BC tpeyroasunka ABC, kak
12 OCHOBAWHAX, NOCTPOEHW TPI - PaBUOGEAPEHHHX ROAOOHIIX
Tpeyroabtuka ABP, ACQ, BCR, aBa nepsux Bie IaHNOTO Tpe-
YroasHuKa, TpeTuii—no Ty e cTOpouy, 47O H aanuuii Tpe-
yroavuuk. Hokasate, uto APRQ-—napaaienorpamy (uan 470
Toukt A, P, R, Q aexat ua oo npﬂ\loﬂ) .

373. Hexotopan Touka O NAOCKOCTH COCAINeHa ¢ pepui-
naMit napaaseiorpamma ABCD. IHokasatb, 4T0 niowans tpe-
yroabiuka AOC paBna cyyMye i1l pa3nocTi RJIouaxeil asyx
CMOWHLX TPEYTOJAbHIKOB, 00Pd30BaiHLIX ABYMM H3 npaMux O4d,
OB, OC, OD n coorsercTsyloieil. CTOPOHOH napanaeiorpausa.,
Pasobpats -cnyuan, wvoria Touka O HAXOANTCS BHYTPH M BHe
napa..iejorpamma. :

374. B tpaneunn ABCD cymva yraos npn ocuosawm AD

. T : .
pasha -2—. ﬂOKaB&Tb, 4TO OTPE3OK, cocanusaomui cepeanutd

ocioBanni#l, paBen NOAypasHoCTH OCHOBaHII,

375. Hoxasarp, 4TO CyMMa KBaJApaTOB Anarouaieil Tpaneuun
.paBHa cymMe KBaApaToB OOKOBWX CTOPOH ¢ )naoenuml npons-
_BCJEHHCM OCHOBaHMil.

376. Hoxasatb, 4To npsivas, COCINMHSIIONLAn Cepeautn na-
paniecabHHX CTOPOH Tpaneunu npoiizetT uepes TOMKY nepece-
Yy ,'1"8[‘0”84’1(:1!.

-377. Hoka3aTb, YTO €CaH OTPC3OK, COCIMHSIOUNI cepeRin
HPOTHBOMONOKHEX CTOPOH YCTLIPEXYTOIbIIKA, PaBeH NOAyCyMMe
ABYX IpYrHX cropou TO 3TOT uerupex) TOIBHIK eCTh Tpaneiis.

378. Moxaszaty, 4t0 CLimit. mmrouaau ILB)\ HeIRPEXYIuidb-
NHKOB COOTBETCTBEHHO PaBHL 1 NEPECEKAIOTCS 1104 PABHLIMI
yraami, TO YETWPEXyrO.IbHUKU DPABHOBEMHKIL,
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379. llokasaTs, 4to mo kpaitiei Mepe oauo 3 ‘ocHoBaHitit
‘MePNenaHKyAIPOB, OMYILEHHKX 13 MPOH3EOILHO BIATON Rity TpeH-
neft TOYKH BHINYKJIOCO MHOTOYTO.BUHKA HA €O CTOPOHH, NEWHT
Ha camoft cTopone, a e na ee npoIOMmKeHIL.

" 380. HoxasaTh, uto 6uccempncu BHY ‘rpemmx yrios napan-
nenorpamma B riepeceyeniti 06pasyloT NPAMOYTONLHIIK, mxarouanu
KOTOPOr0 PaBHH Pa3nOCTH COCEAHHX CTOPOH napaiendrpamma.

381. Nloxasatb, uToO npsiMbie, coeanHsIOLLIe nocnezioeaTenhHo
LeHTPH KBaI1paToB, MOCTPOGHHHX Ha CTOPOHAX napa:menorpa\ma
H NpHMHIKZIOWHX K HeMy m3BHe, o6pa3yloT Takke KBAApaT.

382. IlokasaTb, YTO eCAH B NPOH3BOABHOM YETHIPEXYroAb-
nuke ABCD mnposectn BuyTpennie OHCCEKTPHCH, TO veTnipe
TOUKH mepeceyenusn OGuccextpuc yrnos A n C c Guccexpicami
yraos- BuD NEKAT 1A OKPYHHOCTH.

383 K OKp)I)KHOCTH npoBencHH ABe KacaTelbHHe.. Llot\aaa'rb,-'
YTO ANHHA NEPNEHANKYIAPA, ONYIUENHOrO H3 MPON3BOABHON TOUKN
OKPYMHOCTH Ha XOpay, COEAHHSIOULYI0 TOYKH Kacauusi, cCTb
cpeaxee  MPOMOPUHOHAABHOC MEWAY AIHHAMA nepneummy'mpoa
OMyiEHHHX 13 TOM ke TOUKK Ha KacaTelbHhle.

384, JloxaszaTh, MTO OCHOBaHHA MEPNEHANKYASIPOB, ONyLIEH-
HHX M3 MIPOH3BO/IBHON TOYKI OKPYKHOCTH HA CTOPOHK! BNNCAH-
HOro B Hee' Tpeyro.’lbuuka, J1ear ma OIJ.HOH npAMofi.

385. Tpiu parHbIX oxpymuocm IlepeceKaIOTCﬂ B onno;‘i TOUKe.
Bropas Touxa nmepecewenns Kakux-anGo ABYX 13 STHX OKDYK-
HOCTEH H HEHTP TpeThell onpenensioT MPOXOAALLYIO HEpe3 HiX
npsimy10. Jokasarb, uto no;yuaeMHe Tpit NPAMHE nepecekaTes
B OIHOR TOYKe.

386 llae o;\pymnocm KacaloTca npyr npyra BHYTpeHHIM
oGpaszom B Touke A. Orpe3ok AB sBagerca Auaverpoy Goabuiel
oxpywnocTi, Xopra BK Gonbuicli OKPYXHOCTHI KacaeTcsi MeHb-
mefi oxkpyxunoct B touke C. ﬂoxcazaTb, uto AC ABNACTCH 6nc-
cexrpncou Tpeyronbnm\a ABK o ‘

387. B cexrop kpyra pazm) ca R BNIHCAHA ox\pymuocn
pamlyca r. Xopua ‘CeKTOpa pasHa 2a. D.oxaaarb uTo
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388. K oxpywmuocTi nposedesH IBe kacaTeibHule, KOTOpHeE
nepecexailoT B TOYKax A 1 B npsMmyio, npoxoasulylo yepes
LEHTP OKPYKHOCTH, # 06pasyloT ¢ 9Toff NpsAMOH paBhue YTJH.
Hoxasate, 4To Jnio6Gas (MoABIKHAfA) KacaTedbHas OTCEKaeT Ha
NaHHBX (HenmoABHWHHX) KacaTtensuwx otpesku AC u BD, npo-
H3BEAEHNIE KOTOPHX MOCTOHHHO,

389, [oxasath, YTO CyMMa KBAIDATOB IIHH IBYX B3aUMHO
NeprnesanKyAfpHHX TepeceKalouXca XOPA OKPY#HOCTH Gonblue
KBaapaTa ee JuaMeTpa, a CyMMa KBalpaToB OTPe3KOB, HA KOTO-
phHe TOYKa MmepeceyeHHsi IeJHT XOpAW, paBHa KBaiapaTy Ana-
MerTpa.

390. Joxasartb, YTO ecii pPa3neaiTbh XOPAY OKPYKHOCTH HA
TPH paBHblE YACTH N COEAHHHTb C LEHTPOM OKPYKHOCTH KOHULI
XOp.1Li M TOUKH JefleHHs, TO COOTBETCTBYouil uenTpanbuulit yroa
PAa3iesuTCs HA TPH YaCTIl, OJHA H3 KOTOPLIX 60JbLIC ABYX APYTHX.

391. Horasats, 4TO €CJIH H3 KOHUOB JHaMerpa Kpyra Hpo-
BCCTH JABE [1epecckalouluecss XOpAL, TO CyMmMa [poH3Bedeniil
Kawooli XOpaIb Ha ee OTPe30K OT KOHLA JiaMeTpa A0 TOUKN
lnepecedeniisi eCTh BeMIMIHA MOCTOsHIAsN.

392. M3 asyx ToYek npasON npoBelesnl NO ABC KacaTelb-
HWe K OKPYkHOCTH. B o6pa3oBaHnne yraw ¢ BEepIUNHAMH B 3THX
TOUKAX BMNUCAHB OKPYWHOCTH pasuoro paanyca. Hoxasats, uto
HX JUHHS LEHTPOB Napannenbna gauHoil npsmoil.

393. HokasaTb, YTO eCAH AHaMeTp MOAYKDPYra pasienuTh Ha
JIBE NPOH3BOAbLHHE YACTH 1 HA KawZOH U3 HHX OMICATh MOAYKPYT
BHYTPH IAHHOFO HOJYKDYTa, TO IUIOWIAAb, 3aKAIQUEHHAS MeEwILy
TpeMs MoAYOKpYHKHOCTAMI, OyAeT pasHa NJOWAaH Kpyra, AaMeTp
KOTOPOro pase#l Jjaiie rnepnenInKkynsipa, BOCCTaB1€HHOTO BHYTPH
HCXOJHOTO IOAYKpYyra i3 TOYKH IZeJdeHHA €ro auamerpa.

394, HoxasaTe, 4TO eCaN ABE TOYKH JEHAT BHE OKPYKHOCTH
W NpsMas, IX COeQHHSIOLIasl, HE IIePeCeKaeT OKPYIKHOCTH, TO
pacCTosHHe Meway STHMH ABYMsi TOUKaMi GoAblie DPasHOCTH
AAHU KACaTeJNbHHX K .OKPYKHOCTH, JIPOBEAEHHHX 13 JAHHHX TO-
ue, o Mentbite cymuu ux. Ilokazatb, 4TO oamo uam apyroe us
STHX HepasedcTs He OyZeT BHIONHEHO, €Cl npaMas nepece-
KaeT OKPYXKHOCTh, ‘ '
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395. Yepes cepexuny C npousBoiabHOH xopan AB oxpyxk-
nocTH nposeieny ase xopan KL u MN (K u M naxoaatca no
onny crtopouy ot AB), Q —rtouxa nepecevenns AB u KN,
P—Ttouka nepeceyedus AB u ML. Iokasats, uto QC=CP.

396. OxpyXHOCTh pazleneHa NPONH3BOJBHLM 00pa3oM Ha
YeTHpPE YaCTH, H CepelHHH MOAYYAOUIHXCA AYr COEHHHEHH OT-
pesxaMH npsmux. [lokasaTs, YTO CpelIH 3THX OTPE3KOB 1Ba
OyayT NepneHARKySpHH Mexay coGoil.

397. Hokasats, uTO Ass MI0G0I 3aMKHYTOll He mepecexkalo-
mel ce6s noMaHOH JHHHH B NJIOCKOCTH CYWIECTBYEeT KpyT,

1
paanyc KOTOpPOro COCTaBifieT iy nepHmerTpa JoManof auuiy o

BHE KOTOPOrO HET HH OAHOH TOYKH JOMaHOH.

398. Moxet ;i1 GHITb MPaBHJABHLIM TPEYTONbHHK, PACCTOAHIS
BEPUIHH KOTOPOro A0 ABYX AaHHHX B3ANMHO MEPHEHIHKYASPHIIX
OPAMHIX BHPAKAIOTCH NEJABIMH YHCAAMH?

399. B toukax A u B npamoit, no oany cropouy ot nee,
BOCCTaB/NeRH IBa nepnenmukyaspa AA;=a u BB,=0b. Hoxa-
3aTh, YTO NPA COXPAHERAHH BeAHYNH @ 1 b TOYKA mepeceyenus
npaMux AB; 1 A;B OyneT HaxOXHNTHCH HA OZHOM H TOM ke pac-
CTOAHHH OT NpAMO# AB He3aBUCHMO OT MOJOKeHHs Touek A u B.

400. B mpamoit yron ¢ sepumHoil A BMHCAHA OKPYXHOCTb;
B uw C—rtoukn kacauna. Jlokasare, 4TO ecanm Kk maunnoft
OKDYKHOCTH MNPOBECTH KacaTelbHYyI0, NepeceKaomyo CTOPOHH
AB n AC B Toukax M u N, TO oHa oTcedeT Ha STiX CTOpPO-
#Hax otpeskn MB n NC, cymma nnud xoTopulx Oonbiue, uem

—;—(AB-]—AC), H MeHbule, YeM —;—(AB-}-AC).

401, OxpywxHOCTH panauyca, - PaBHOFO BHICOTE€ HEKOTOPOro
paBHOGEAPEHAOr0 TPEYrolbHHKA, KaTHTCA MO OCHOBAHHIO 3TOrO
Tpeyroabhnka. Jloka3arb, 4TO BENAHYHHA HYTH, OTCEKaeMON Ha
OKPYKHOCTH GOKOBHMH CTOPOHAMH TPeyrolbHHKAa, OCTaeTcs NpH
sToM nocronunofl, Byxer an sTO mpennokennc BepHO Ads He-
paBHOGeApEHHOTrO TpeyronbHuKa?

402, Jloxasarb, 9TO XHATOHANH BAHCARHOTO B KPyr YeT-
PexXyToNBHUKA OTHOCATCH Mexay coGofi KaKk cymyul npouaseneqnii
CTOPOH, CXOISUIHXCH B KOHUAX AHaroHajed.

63



403. Norazatp, MTO -CcymMyMa KBAaapaTtos paccTosunil kKawoil-
uu0yb TOMKI OKPYKHOCTH -A0 BCPiuily NMPaBHABIOCO BHICANNOLQ.
TPEYTONBHUKAE €CTh BCANMHHA [OCTOSHNAN, Me 3aBucsman or
NOJOKeHNst TOUKH Ha m\pyn\uocru.

404 Ilox\aaan, 4TO ecan Ol\’py}l\'llOCTb KacacTcs H3NYTpH
TPEX CTOPOH 'YETWPeXYro.JbHHKAa 1 FCPECEKAeT UeTBEpTyIo
cTopony, TO CyMMa 370il nocaeaneil 1 NpoOTIIBONO10kHONH CTOpOIN
60‘.115‘}110 CyMMH JBYyX ADYTIX CTOPOH MCTHPCXYTOIbHHKA.

* 405, [lokasatn, 4TO eCait OKpYKHOCTL KACAETCH H3NY TPH TPEX
CTOPOI YETHPLXYrOAbHIKA, YETBEPTAs CTOPONA KOTOPOTO He fepe-
CCKAeT OKPYWKHOCTH, TO CyMMa 4eTBCPTOH H HPOTIHBONOAOKHON
CTOPOH MeHbIIe CyMMU ABYX APYTHX CTOPOH 4eThIPexyroabhuka.

~406. Mdaww Ima paBuux noaykpyra, Kacaioumyixcs Apyr apyra
TAK, 4TO AHAMETPH NX JemkaT ua oanoit npsusoil. [lposoasus
K-y oBulylo Kacarteabnyio i BIHCLBAEM nepaulll Kpyr, Kacalo-
undics atofl npsivoil 1 ABYX JAauiuX. Kpyrop; 3aTeM BMHCLIBACM
BTOPOIL Kpyr, Kacalouuiics (CpBoro It ABYX MaHHLX, 3aTeM
TPETHH KPyr, Kacawoutniics BTOPOro it AByX JaHHLX, U T. A. JO
Geckonetunocti. [loan3ysich 3THM nOCTpOCHIeM, A0KalaTb, 4TO
CyMMa- Apolelt
,‘2+‘,‘3+$+l+...+

{
n(n-F1)

upu 603rpanu‘mo\| BO3pacCTamim 72 crpcmncu k1, 1 e

12+23+"'+n(n+1)+“‘_-»l' . \

»

407. B touxe A, naxoasueiicss na paccTosuni a or mearpa
KpyrJoro Guadiapaa paanyca R, aewur yupyruil wapng, paswe-
pasil KOTOporo Mmoo npenedpeun. B wakyio Touky B Gopra
BYKIO er0 HANPABNTD, 4TOO, 1BAKAN OTPa3UBUNICH OT 60pm,
on €HOBA nepu)ncu B TOUKY A?

408 Ha roxu\n A, pacnoaoxennoii BUYTPH Yraa ¢ 3ep1<a.1b-
HLMI_CTOPOHAMII, HCXOANT Jayy cBera. -Jloka3aTb, UTO 4icHo
orpa,«emm, KOTOpoe HCALTLBAET 3TOT Ay OT CTOpoi yraa,
seeraa xonedno. Haliti 910 uncio, ecan aannwil yroa pasen o,
a nyy nanpas:aen.noA yraoMm P i oxwmoil n3 ero cropon. Busac-
HHTB.yC0BIA, IPH KOTOPHX Ay CiioBa npoilaer. uepe3 Touky 4.
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-4, Teomerpugeckne MeCTa. TOUeK

409, Ha oxpyxnoCcTH Rauu ABe HenoABiwuhe To'Ikn A u B
n noasmknas Ttouxka Al. Ha nposomkenun orpeaka AM sHe
OKDYXHOCTH OTkAaawBaercs orpesok AIN=MB. Hafitn reo-
mMerpnyeckoe mecto Toyek N.

410, Janw ase napanienbuuie npaMue H Toyka O, aexauias
meay numn. Hepea STy TOYKY MPOBOAAT NMPOH3BOABHYIG CEKY-
1ylo, KOTOpan nepecexkaeT mapa/ieibHue npavue B TOo4Yxax A
u A’, Halltu reomerpuueckoe MeCTO KOHLOB NepleHIHKYN#pa
K cekyuell, BoccTasnenHoro u3 Touku A’ m uMelouiero mN-
iy OA. '

411. Halitn reoMerpnyeckoe mMecTO TOYEK, AN KOTOPHX
CYyMMa paccTOSiHHR 00 ABYX AaHNWX NpAMEX m u / paBHa  ann-
He a RanHoro orpeska. Pas3obpaTth cayuaum nepecexkalouinxca o
AapaniieflbHHX OpSIMHX,

412, Hafith reomerpuyeckoe MeCTO TOYEK, AN KOTOPHX
pPa3HOCTh paccTOsHN# A0 HBYX HaHHWX npAMHX m u ! paena
orpe3ky manuofi Anunn, Pazo6path cayyan napannenbHux o
nepecexkalowuxcs NpaMux,

413. Ha nnockoctn nanw nsa orpeaka AB u CD. Haittn
reoMeTplyeckoe Mecto Touek M, oGnamaongnx Tem cBoHcTBOM,
yTo cymma naowanefl Tpeyroabuikos AMB n CMD pasna ue-
KoTopofi moctoanHoft a2,

414. HOanm oxpyxuocts K 1 ee xopna AB. PaccmaTpnsaior-
€8 BCe TPEYrOAbHMKI, BNHCAHHHE B OKPYXHOCTb H HMElQUlHe
OCHOBaHlleM NAHHYIO Xopay. B KkawmzoM Tpeyronbuuke -8asra
TOYKa nepecedenns swmcor. Ha#itn reomerpuueckoe mecto arnx
TOYEK.

415, BuyTtpn nannofi oxkpyxHoCTH ¢uUKCHpOBaHZ TOYKa A,
. He coBnajamwas ¢ ueHtpoM. Yepes A nposenesa npon3Bo/ibHad
X0pra H B e€e KOHUAX —KACATENAbHHIE K OKPYWHOCTH, nepe-
cexaoutecs B touke M. Hailtn -reomerpuyeckoe mecro T1O-
yek M.

416, Jokaszath, "TO reoMcTpHuecKoe MecTo Tovex M, pace
CTOfIHNA KOTOPHX 10 IBYX JAHHHX TOucK A n1 B naxoasrtca
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B XAHHOM OTHOLUEHHII

L3
77 b

€CThb OKPYXHOCTB C UEHTPOM Ha npsMmoit AB.
Bupasutb auaMeTp 9TOH OKPYWHOCTH 4Yepe3 IJHHY . @
orpeaka AB. Hcenenosats Takwe cayuaih

p

L =1,

q

417, Jdauu orpesok AB u na uem Ttouka C. Kawaas napa
PaBHHX OKPYIKHOCTEHl, OXHA U3 KOTOPHIX HPOXOLHT 4epe3 TOYKH
A u C, a gpyras —uepes touku C u B, nmeer, kpose C, eue
oxHy obuyio touky D. Haiitn reomerpuueckoe Mecto touex D,

418. Croponn pedopmupyloutlerocss MHOrOYroJbHiKa ~ocTa-
I0TCSl COOTBETCTBGHHO Mapasje/bHBIMII 32JaHHLIM HanpaBaeHHa,
B TO BpeMsil KaKk BCe BepUINHLI, KPoMe OIHOH, CKOAb3AT IO
3axaHHuM npsmbiM. Hafiti reoMerpiueckoe MeCTO noaowkenni
jlocaeasel Bepulitbl,

419, Hauu okpywuocTh K paanyca r u ee xopaa AB ann-
noit 2a, [lyerp CD —1oasinkuast xopaa Toil #e OKpPYmHOCTH,
HMeowas nocrosiunylo anuny 26. Halti reomerpnueckoe mecto
Touek nepecevenus npamux AC u BD.

420, Yepes Touky P, aexawyio #Ha Jannofl oKpyxHOCTH,
H TOYKy Q, Jiexamyio na KaHsoii npsMoil, MPOBOANTCA INPOH3-
BO/IbHASA OKPY:KHOCTDb, NepeceKalolas BTOpoil pa3 AaHYIO OKPY -
nocth B TOUKe R, nanuyio npsmyio —B Touke S. HokasaTs,
YTO MoAyyaeMue ITHM MOCTPOEHIEM BCEBO3MOKibE nmpsaMue RS
nepeceKkaloTcss B OAHOH TOYKe, Jcikaulell 1a AanHoi OKPYIKHOCTH,

5. Haxosntpenne nanGoJbligx B HAUMEHbUIMX 3HAUEHHIT

421. lauid aBe- mapanjenbhue npamsle i Touyka A Meway
HUMH, Jexkaulas ia paccTosiiii a OT OAHOH npsaMoil H Ha pac-
croanmn b ot apyroit. Touka A cayxur Bepwuuoll mpaMux
yrios npaMOyroibHHX TPEyrojibHHKOB, IHBe JApyrie BepLIHHB
KOTOPLX JIeXaT HAa KAWROH H3 mapannenbHbIX MPsSIMbIX, Kahoﬂ
H3 TPCYrOJABLHNKOB JIMCET HANMEHbIUYIO I10UAlb?

422, Nan npaMoyroabHHI TPEYroAbHHK, OXHH N3 OCTPHX
yraos kotoporo pases a. Halltn otHowenne pamuycos omucai-
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HOH W BIHCAHHON OKDPYXHOCTEl W ONMpPENenNTH, mpH ‘KAKOM &
STO OTHOWIEHHE GYAeT HaHMeHbINHM,

423, Ot npaMOyronbHHKa CO CTOPOHaMH & M b oTpeaan Tpe-
YTONBHHK ¢ KaTeTaMu a; u b;. Kak nano obpe3ath ocTasmyiocs
4acTh, YTOOH MONYYHTb NPSMOYrONbHHK HanGoabluiefl naowaax
€O CTOPOHAMI, MapanneAbHHMI CTOPOHAM HCXOAHOIO MPAMOYTONb ~
HHKA.,

424, Ha onxoit 13 CTOPOH OCTPOro yraa B3sTH 1Be TOYKH A
n B. Halith na apyroft cropone 'yraa touky C Takylo, 4TOOH
yron ACB 6un nanGoasiuns. TlocTponte Touky C ¢ moMouisio
IHPpKY/AS W JAuHeHkH.

42b. Haittu na nmaununoft npamoft / Taxylo Touky, yTo6H pas-
HOCTb paccrofuuft ee oT AByX AaHHWX Totek A m B, Haxonmd-
HIHXCA MO OXHY CTOPOHY OT npsamoil, 651a nanvenbmeil, a TaKxke
TaKyl0 TOYKy, YTOOH 3Ta pa3HocTb Onaa nanGoabuef.

426, Yepes Ttouxy A, newauylo BRYTPH Yrjia, NpPOBeAeHA
npsMmad, OTCeKaiouas OT 9TOro yrjaa naAmenbmufi no naowiann
Tpeyroabuik. [loxasath, uTo oTpesox 3Tofl mpamoft, 3akmoyen-
HHll MexJay cropomamn yria, AennTesl B Touke A monmonam.

427. Ioka3zaTh, 4TO W3 BCEX TPEYTOBHIKOB C OGL{HM yTI0M
¢ npit BepmiHe N gavHoR cymmoli annn GOKOBHX CTOpoH a b
paBHOGeIpeHHHH TPeyroJbHHK HMeeT HaHMenbllee OCHOBaHue,

428, Y3 Bcex TpeyronsHHKOB C OAHMHAKOBHM OCHOBaHHEM H
ONHHM ¥ TeM e YrI0M npH BepuiiHe HaHTH TpPeyroabHHK
€ HanGoNbUINM TEepPHMETPOM.

429. B tpeyronbnnke ABC na ocnosaunn BC unm wna ero
NpONOM¥EHHN B3fATa NMPON3BonbuuM 0GpasoM Touka D u okono
tpeyroabtnkos ACD n BCD omncann okpyxHocTi. JoxasaTs,
YTO OTHOILIEHIle PaANyCOB STHX OKPYWKHOCTERl €CTh BeAvHHA
nocrosunad. Hafitn takoe nomoxenne toukn D, ana koTtoporo
BTH pamnycH GyAyT HMETb HAWMEHBUIYI0 BEIHYHHY.-

430. U3 nausxoro Tpeyronbmma BHPE34Th nsa paauux Kpyra
nan6onpluero paanyca. -
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b. CTEPEOMETPHSA

Mpeasapurtenvuse 3aMevyanus

Mpusegem paa dopMyss And Bnuucsends oObEMOB i nobepxHocTeil
MHOrOrpatHiHKOB 1 Tel BpalleHis, nonaras, 4To V—oGvem Tena, Sg—
Goxopast noBePXHOCTL, S —nJowans ccnosatust, H—BHCoOTA,

Hupasuda: V=T'
Y cedennas nupamuda: V=-%{- (S, 4+S;+ V'S:S,), rae S, u 8§;—

naoiulaas nep XHero H HuxHero OCHOBBHHﬁ HHPHMHAH.
. o, aR2H
Konye (npamolit, Kpyrosoit): V=-——3—— , Tie R —paziye ocuosannsa

KoHyca; Sg=nRl, rie [—obpa3ywinas.
Luaundp (npamoll xpyrosoit): V=rR*H, rie R—paanyc ocnosa:
HitA; Sq=21RH. i

n 2
VJ’ceummui KORYC: V=——3—(R§+R=+R1Rz), rze Ry n R,—panu-
yeul ocnosaunit Kouyea;, Sg==1t (R, + Ry}, raec {—o6pa3yioumas.
Mop: V=.—-g-nR3, S=4nR?%, rxe R—paxuiyc wapa.
27 R
3
COOTBETCTRYIOILErO CersienTa Wil Waposoro c.1of.

Ulaposzod cexinop: V= , FAe R—paauyc wapa, fi—BuIcOTa

Ulupvsod ceamenm: V =-‘,l),— ah* (3R —h),

Sg=2aRh,
rae R—pamtyc wapa, h—BLICOTA cerMenta,

1, 3ajpaun Ha BLIYUCJICHHE

431. O6vem npasuabpuoli TpeyronbHoil npu3Mu pasen V),
Yron MEWAy IHAroHaJsMp ABYX Tpaueil, nposeeHHLIMH H3 OA-
noft n 1ol ke Bepmnuil, pasen «. Hailti cTopouy octorauns
NPH3MHL

432. Ma Bepuinn S npaBuAbHOil YeTWPeXyTOAbHOMH Mipa-
MIUIt 12 OcloBanite onyulen tepnenauxkyasp SB. U3 cepenituu O
otpeska SB onyuienw nepnesnukynasp OAM aauxolt kb Ha 6oko-
Boc peGpo u nepnenankyanp OK anuuoit & Ha GOKOBYIO rpaib.
Ha#itn oGweym nupayunu.

433. Haiitu nopcpxuocTl npapiaLnoil #-yroavtofl nupasuant
oGbema V, ecnu paauyc kpyra, BIHCAHNOrO B OCHOBaHHe, pasen
paauycy Kpyra, ONHCAHHOFO BOKPYT CeueHis, napanienbHoro
OCHOBANMIO N OTCTOAULCTO OT OCHOBaHHA HAa PacCTOSHHE [i.

~
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434, TTpasunpnas naruyroapuas mpasiaa SABCDE nepece-
YeHa MJ0CKOCThI0, npoxoasuiedl uepes sepunid 4 n C ocHoBsa-
nis u cepexnnw peGep DS u ES. Haittn naowans ceuvenns,
€/l ¢ eCTh /UNMHA CTOPOHH OCHOBANS nupa\nmu a b— — anna
60Kosoro pebpa. :

435, TpasunbHas TpeyroabHas MHpaMiAa mepecedyena (10-
CKOCTDbIO, MPOXOAsLLell uepe3 BEpIINHY OCHOBAHNA M Cepepiin
aByx GoxoBHx peGep. Haiiti oTnowenne Goxoroil nosepxuocti
NUPaMIAN K NJOWAAH OCHOBAHIs, €Cal H3BECTHO, YTO cexymias

NJ10CKOCTH NEpNeHANKyAsIpHa K 60!\03011 rpasi.

436. Ot npasniabHOll YeTHPEXYroabHON MPH3MU NI0CKOCTHIO,
npoxoasumeii Uepe3 AHATOHAND HINKHEI'O OCHOBAHII I, OANY 113
BepliHH BEPXHETr0 OCHOBaHINS, OTCeuena mupamiaa ¢ momioft no-
sepxnoctbio S. Hailtn moanyio nopepxHocTh mpu3Mu, 3uas, 4TO
yros npH BepHINHE TPEYroJAbHIKA, MOJYYalouierocs B cedeni,
paBen a. o

437. Buuncantb o6beM npaenabioil Tpeyroasuoil nupasuan,
3naf, YTO IJIOCKUA Yron npy BepuiHHe paBen &, a pannyc
oKkpyxnocTH, onHcamnoff oxolo 6okoBoil rpanm, pasen r.

438. TlpaBnabHas YETHPEXYr0JAbHAA MNpPaMIIA CO CTOpONOIl .
OCHOBaHNA, PaBHOR @, Il ABYrpaHHHM YIJOM MpH OCHOBaHNH,
paBHHM 20, nepeceyena MJAOCKOCThIO, Jeasuicll nonosam asy-
rpaniuft yron npu ocuopauwun. Hafitn mnowans cevenns.

439, Han nnocknM nortonkoMm 3aia, nMeiouiero ¢opMy ksa-
ApaTa co cTOpOHOH @, chenana KPHIIA, NOCTPOEHHAN CASRYIONLIIM
o06pa3oM: Kaxaasd Napa CcMeXHHX Bepuili KBaapaTa, o6pasyio-
Hiero NOTONOK 3afa, CoeniHeHa NMpAMHMI ¢ CepealiHoil NpoTHBO-
Jexamiel CTOPOHH, Ha KAXAOM 13 MNOJAYYIBUINXCH YeTHpex
TPEyroibHHKOB, KaK Ha OCHOBaHHIN, MOCTPOEHAa MNpaMiaa, Bep-
IHHA KOTOPOH NpPOEKTHPYETCH B CEpelilHy COOTBETCTRBYlouteil
CTOpOHH KBaapaTa. Pacnonomeruse BHILIE APYrilX YacTH rpancit
9THX YeTHpex nupaMua o6pasyior kpwiny. Halitin o6bem vepnaxa
(T. e. NPOCTPAHCTBA MEXAY MOTOJKOM I KpHiueii), ecan BHCOT
xawmaof 13 mipavui pasHa /.

440. Hafitn asyrparspil yron Meway GOKOBWMH TpansiMi
npasiAbLHOR TPEYroabHoil mupaMiaH, ccHi ABYrpamnwil. yroa,
obpa3yemnii 6ox0BOIl rpanbio ¢ OCHOBauueM, pasen a.
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441. B npasnasuofi- tpeyroantofl nupamnre SABC nnockuit
yron nps BeplinHe pameH @, a KpaTuaiiutee paccTOfHIE MEKIY.
GoxoBwM pe6poM M MPOTHBONOJOKHOH cTOpoHOH oOcnoBauis
pasto d. Haiitu ob6beM 3TOH mupamuam,

442, OcHoBanneM NHPAMHAL CJAYXKHT pasuoGenpensas Tpa-
neuns, B KOoTopoll mapanneiabnue CTOPOHMW paBuu a n b(a > b),
a uepaBnne OTpe3kH JAuarosanell odpasywoTt yroa ¢. Halitu
oGbeM MHpaMHAW, 3HAs, YTO BHCOTA NUPaMIIN, Omyllennas U3
BEpLIHHK, NPOXOANT 4Yepe3 TOYKY Nepeceyenns Auarosaneil oc-
HOBaHNSl, a IBYIPaHHHE YI/H, OpHeKaliHe K M[apaaienbHLIM
CTOpPOHAM OCHOBanmfl, OTHOCATCH kak 2:1.

443, Ha naockoctu P nan yron BAC B 60°, Touxa §
yaanena or Bepumun yraa A na 25 cm, or cropous AB na
7 cm n ot cropond AC ma 20 cm. Halitn paccrosnne ot
TOykH § Io mockoctn P,

444, B npasuabHOA IHMIeCTHYroJAbHOH NHpaMHIe ¢ MJIOCKHM
yIa0M NpPH Bepluliie, PABHLIM O, MPOBEAEHO CCUeHHe yepesd nai-
Goablwyio Anaronanb ocuosaumus nox yraom f x memy. Haiitu
OTHOWCHNC MAOLAIN CCUCHNS K MIOWAZN OCHOBaums,

445. Bce Tpu IIOCKHX yrila HEKOTOPOTO TPEXTPAHHOrO yrja

~ssasioress octpumi. Oaun U3 HHX paBeH ¢ ABYFpaHnnie yrau,

npuaexauiie K 3TOMY INIOCKOMY Yray, paBlill, COOTBETCTBEHHO,
B u y. Halitn asa mpyrux niockmx yraa.

446. Buuncaurs o6beM npasmnbHOH NHpaMIAM BLICOTH /1,
3128, 4TO B €€ OCHOBAHHH JIEXHT MHOTOYTOJBIUNK, CyMMa BHYT-
penuix yrios KOTOpPOro paBua 713, a otnourenne 60Kopoil mo-
BepXHOCTH MHPaMILIW K MJOIaJH OCHOBAaHHS paBHO &,

447, PaccmarpuBaem ky6 ¢ peGpoMm a. Hepe3 KOHUH Kaxaoil
Tpolkn pebep, BuxoAAUNX H3 o6uiell BepuUINHHW, NpoBejaeHa nio-
ckocTh, Halitu 06beyM Tela, OrpaHHYCHHOTO STHMH IIIOCKOCTSIMH,

448. B npasunbHoli miecTHyronbHOH MupaMiIe yepes UEHTp
OCHOBalHs MPOBEJEHO ceveHHe IapannenbHo GOKOBOf rpaun.
Haiiti oTnomenne naowanu ceuenns K naoniaan 6oxkosoil rpamit.

449, Yepes kawnoe peGpo Terpasapa MpOBEAEHA MIOCKOCTb,
napannenbHas npoTHBONOAOKHOMY pe6py. Halitn otHowenue
obbema TONy'ueHHOro mnapaanenennnesa X obbeMy Terpasapa.
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450. Ha GoxoBHX rpausix npaBHAbHON YeTHpexyronbHoHt nn-
paMHAb NOCTPOCHH, K4K HA OCHOBAHNAX, MPAaBHALHHE TETPAdAPH.
Haittin paccrosiHie MexAy HapyXHHMH BepIIHAMH IBYX CMex-
HHX TETPA3APOB, €CIH CTOPOHA OCHOBAHNA MHPAMHAH paBHa 4.

451. Yepe3a HeKOTOPYI0 TOYKY AHaroHai1n ky6a ¢ peGpoM a
NeprneHAnKyAsIpHO K 3TOH JHArOHa.AN MPoBEAEHA MIOCKOCTh:

1) Busicanrb, Kakan d¢murypa noayyaercs B ceueHm aroﬂ
ITOCKOCTH ¢ rpaHsaMi Ky6a.

2) Haiitn nnman oTpe3koB, mOTyvaQUIHXCA B CEYEHHH MIO-
CKOCTH C rpansaMi Ky6a B 3aBHCHMOCTH OT PaCCTOSHHA X cexy-
meﬂ TJ0CKOCTH OT UeHTpa cuMMeTpuu Ky6a O.

452, PaccmatpuBaercst npoexuns ky6a ¢ pe6poM a Ha nno-
CKOCTh, MEpHNeHANKYASAPHYI0O K oaHoli u3 anaronaneit ky6a.
Bo ckoabko pa3a maomans npoeknnn Gyaer Gonblie NAaoHmian
ceueHns Ky6a IUIOCKOCTBIO, npoxoaduell yepe3 cepemiiHy xnaro-
Haan KyGa nepnenmukyaspHo K mefl?

453. CTopoHa OCHOBauMS MPABHABHON YETHPEXYroJAbHOMN M-
paMuin paBHa a, BeicoTa nmpamuad k. Yepesd cTopony ocHoBa-
HHSL MIPAaMHAW I CEepeIuHy CKpeunBaiomerocs ¢ neft GoxoBoro
pe6pa nposeneHo cevenne. OnpenenTb paccrosuie or BepIINKL
NHPaMiAK A0 IVIOCKOCTH STOrG Ceuenns.

454, B npasuavioM Tterpasape SABC ¢ pe6poM ocHoBa-
HUSL @ NpOBeeHH TPH MIOCKOCTH, KaxzZas N3 KOTOPHX MPOXO-
INT Yepe3 OJHY M3 BepIINH ocHOBauna Terpasapa ABCn cepe-
AuHH JByX OokoBwix pebep. Hafitn o6bem vwactn Tterpasapa,
PaclONOKeHHOR Had BCeMH CEKYLHMH MI0CKOCTSMIL.

45b6. OcHosaunen nupamuzsl SABCD asaserca pom6 ¢ ana-
ronazaMi AC=a, BD=»b. Boxosoe pe6po SA nepneHauKy-
ASPHO TAOCKOCTH OCHOBAHHST # pasno ¢. Yepes Touky A n ce-
peanny K peGpa SC npoBeseHa mioCKoCTb, NapannenbHas Xua-
rosanni ocHoBawns BD. Onpegeants miouwlanb ceyenus.

. 456, B npasnnbno#t uerwpexyronbHoft npu3Me NpPOBEACHM
JBAa NapaniefbHHX CeYeHNsi: OIHO MPOXOANT 4Yepe3 CepPeanHu
IBYX CMEWHHX CTOPOH OCHOBAHHS I CepeanHHy OCH, APYroe IEMHT
ock B orHowennn 1:3. 3uas, yro miomanb Nepeoro  ceveHst
paeHa S, naifitn nmiowanb BTOPOro,
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457.. Tpeyroabnas .mipaMiiaa paccevyeHa MIOCKOCThIO HA ABa
-muororpaminka, ‘Halti OoTHOWeHne o6LEMOB 3THX MHOTOrpat-
-HIKOB, €CJAM H3BeCTHO; YTO CeKyu[as MAOCKOCTb JeAnT Tpu 60-
Kosue peGpa, cxozfuiiecs B oAHOH BepuiMHe NHpaMuAw, B OT-
vowennn 1:2, 1:2 u 2:1, cunras Or BepUIlHH,

.458. Haiitu o6neM Tpeyronbuoll MUpaMIAH, €CAH NIOUAAH
ce rpanel pasunt Sy, Sy, Sp, S;, a AByrpanuue yraw, npuie-
Walure K rpaHl ¢ naomaasio S, pasuu MexRYy COGOH.

4 459, Yepea cepeannn IAByX napannenbHux peGep KyGa, ue
“ReiaunX Ha ORHON rpaui, nposejdeHa npaMasi, H KyO nosepuyT
Bokpyr see Ha 90°. Oupeneants o6uenm obuleli 4aCTH HCXOAHOIO
Ky6a i nOBepHyTOro, 3nas, 4ro pebpo kyba HMeeT AAuHY @.

460, Yepea seplunny KOHy Ca NposeaeHa NAOCKOCTL NOA yraoM
. 0 K OCHOBaHIIID KOYCa. DTa MIOCKOCThL MCPECCKACT OCHOBAaHHE
no xopae AB minunt @, crsirusaomell ayry ocnoauist Kouyca,
KoTopoll cooTsereTRyeT uentpaibuuil yroa f. Hailtin odbem
Loy ca,

461, Konyc 1 IHAKHAP HMCIOT oOliee OCHOBaHIe, a4 BepLIHHa
"KOHyCa HAXOXNTCH B MENTPC APYroro oCHoRaHnd wianuapa. HYemy
paBes yrod Mex1y OCLIO Komnyca U ero oGpasywoumeit, ecan ua-
BECTHO, YTO [OAHAK NOBEPXHOCTH WILIMHAPA OTHOCHTCH K K noauof
'MOBCPXHOCTH Konyca kak 7:4.

462. B wonyc Bmucan IUUINHAP, BHCOTA KOTOpOro pasHa pa-
auycy octiosauns Konyca. Haiitin yron mexay ocbio komyca u
cro ofpasyiouieii, 3Hasi, YTO NOAHAS MOBEPXHOCTb LUAHIAPA OT-
HOCHTCA K ILIOMLAAN OCHORAHMSI KoHyca Kak 3:2,

463. B ronyc, oGpasylomas kotoporo / HaKfoyeHa K mio-
CKOCTI OCHOBAUIS NOA YIA0M @, BIHCAHA NPABHALHAS /-yro/btas
npu3Ma, sce peGpa KotTopoil pasun Mexay coGoft Haltu nonuyio
NOBEPXHOCTD NPHIMBI.

464, Yernipe cToponn pasuoGoyHOll Tpameumi KacaioTcs Ui-
JiApa, 0Ch KOTOPOro NCPNCILANKYAfPHA K HAPAAICALULIM CTO-
pouaym tpanewun. Halitit yroa, oOpasyemstit nM10ckocThio Tparmne-
1HY C OChI0 LHANHAPA, 3Haf, YTO AAHHH OCHOBAHHA Tpaneiyt
.pasud a u b, a BHCOTA Tpanewin pasua k.
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465. [Uap mniucan B npaMyio nPH3My, B OCHOBAHII KOTOPOR
JeXNT NpAMOyroabsHuil Tpeyroabhuxk. B'3aTOM TpeyronbtiKe nep-
NeHANKYRAp AJAHHH 2, onyuienusifl H3 BEpLWHNN NPAMOro yraa
H4 THNOTeHY3Y, COCTABASET C OXHIM H3 KATETOB yrom a. Hafitn
06BeM NPH3MHL,

466. B npaBuapHyio A-yroapnylo nHPaMily co CTOPOHOM
ocnoBauns @ 1 Gokosuy peGpoM & pmican map. Halttit ero
paanyc. ‘

467. B npaBnabHYIO TPEYFOJNBHYIO NHDPAMIAY BIHCAH IUAp.
Onpegenntb yroa HaxkjaoHa GOKOBON rpaHH mUpaMuAW K MJo-
CKOCTH OCHOBaHNS, 3Had, 4TO OTHOmIEnHe 00BEMA mHpAMILAN K

2V‘

oObeMy 11apa paBHO

468. Oxon0 umiapa paauyca r OMHCAHA MPABHABHAS M-YTOMb-
Hasg mupaMpaa, y KOTopoft Asyrpautnit yroa npi - oCHOBAHIM
pasen . HafiTn oTnourenne o6bema mwapa K oGbeMy MHpaMIAL.

469. Halttn oTHowmeHne o6bema npasuavtoit 7-yronboit mi-
paMian ¥ OGBbeMy BMHCAHHOrO B Hee u1apa, 3Had, UTO OKPYK-
HOCTII, OTHICAHHHIE OKO0 OCHOBaHHA M GOKOBWX rpaweil mupa-
MILIH, paBHH Mexay coGofi.

470. HaltTii BEICOTY mPaBiIbHON YETHPEXYrOAbHOH MHPaAMIAN,
ec/II H3BECTHO, UTO OGBEM Liapa, OmHCAHHOTO OKOJMO MHPAMHAH,
pasen V, a nepneumnkynasp, onywenHudi H3 UeHTpa miapa na
ee OOKOBYI0 rpaHb, 00pa3yer ¢ BHCOTOH MHpaMuiAW yroa o,

471. llap paanyca R BmicaH B MHPAMHAY, B OCHOBAHHIT KO-
TOpO#t JexuT poMb ¢ OCTpHIM yraoM o. Doxosuwe rpaun mipa-
MHAR HAKJIOHEHH K IVIOCKOCTH OcHoBauus moj yraom . Haiirit
oGbeM MmHpaMiLIH.

72. ]lBe npaBHAbHHE 71-YTOABHHE MIPAMHAN C OJHHIKOBHLIMIL
OCHOBAHNAMI COXEHH ITHMH ocHorannavu. Halit panuyce uapa,
BMIICAHHOTO BHYTPb MOJYHYHBLIErOCs MHOTOrpaHHHKA, 31af, 4TO
CTOpOHa O6Liero OCHOBAHHA IMHpaMUL PaBHa @, a BHCOTH Mupa-
MHT paBHH A n A

473. [iBe npaBNAbHBIC N-YrOJAbHHE MHPAMHAN € OIHHAKO-
BHMH OCHOBAaHHSAMH, HO PA3HLIMH BHCOTAMH, C/AOMCHH 3THMH
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OCHOBAHHSMH, # OKOJIO NOJNYYHBIIEroCs -MHOTOTPAHHHUKA ONHCAH
wap paanyca R. HailiTh BHCOTH nHpaMmu, 3Has, YTO CTOPOHA
ocHoBanHs paBHa 4. [lpn xakom coOTHOuWeHNN MewAy a H R 3a-
ZAaya paspeurHmar :

474. B npasuabayio n-yronbnyxo NPH3MY BMNHCaH map, Kaca-
fomnfics Bcex rpanefi npusmu. Bokpyr npH3MH Takixe onmcan
map. Haiitn oTHOlenne o6beMoOB INBYX INIapoB.

475. B wap BniucaHd NpaBHJbHLIL TeTPasap, 3aTeM B TETPasap
cHoBa Biucan map. Halith oTHomienne nopepxnocTedi AByx mapos.

476. B npaBunbhnil TeTpadap Bnucas map. B map snucan
HOBHi1 npasuabHulil TeTpasap. Haiitn oThowenne 06beMOB ABYX
TeTpasapos.

477. Hauu ase konuentpuueckye cdepu paanycoB r u R
(R > r). Tlpn xkaxom cooTHOWenmt Mexay R H r MOXHO BHYTpH
66abniedl cdepbl MOCTPOHTH MpaBHABHHIT TETPasap Tak, 4TOOUW
TPH BepUIIHL €ro ocHoBainsl Jexann Ha GOabureit cdepe, a Tpu
GoKOBHE TpaHH Kacaiich Menbmreff cepn?

478. BanTu aBe nmpoTHBONOO#HLIE BEPIHHW KyGa 1 yepes
cepenusbl wecTy peGep, HE OPOXOAMIHX UYePe3 STH BePUIHHH,
nposeeHa CeKywlas MJIOCKOCTh, KOTOpas aeanT Ky6 Ha Ase
yacT., B Kaxayo u3 3THX yacrefi noMelien miap, Kacawomuiics
Tpex rpayefi Ky6a n cexyureil maockoctd. Bo ckosibka pa3 oGbes
Ka®JIOro M3 3THX wapoB Oyzer Menblie o6bema KyBa?

479. V3 Touku cdepw paanyca R mpoBeleHu TPH paBiHe
XOpAH 104 yraoM @ apyr k apyry. OnpexemiTs AIHHY 3THX XOpA.

480. B tpeyroannoit nupamune SABC pebpa SA, SCn §B
nonapho nepneHankynapin, AB= BC=a, BS=45. Haiity pa-
JUiyC BIICAHNOTO B mipaMiiy wMIapa.

481. HaiitTn asyrpauunil yroa ¢ Mexiy OCHOBaHHeM H Goxo-
BOM rpanbio NPasBHJAbHON YeTHPEXyroJbHOH MHpaMiAHW, 3Had, YTO
paauyc ONHCAHHOrC OKOJ0 MHpaMuin Wwapa B 3 pasa Gonblie
paauyca BOICAHHOTO B Hee Iapa.

482. B cdepy pamnyca R emiucadH npasHAbHBH TeTpasap, H
"BCE €ro rpanH NpPOAOXEHH 10 Nepecedyenns co cdepolt, Jlnuun
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nepeceyeHns Tpaxefl rerpasapa co cdepoit BHPe3aOT U3 ee Mo-
BEPXHOCTH yeTHpe chepHyecKHX TPEyronbHHKA H HECKONbKO
chepHUeCKHX  ABYYTONBHHKOB, BHYHCAHTH MAOWAAD KAXIAOIO K3
STHX NBYYFOMBHHKOB H TPeyroibHHKOB.

483. B konyc Bnucad wap. [loBepx#ocTh mwapa oTHOCHTCH K
nnouann ocHosanua konyca kax 4:3. Halttu yron nmpu sepuiine
KoHyca.

484. B xonyc snucana noaycdepa, Gonwviuofi kpyr KoTopofl
NeXHT Ha OCHOBaHMH Kouyca. OnpeRenHTs yroa NpH BepuinHe
Konyca, 3Haf, 4YTO MOBEPXHOCTb KOHYCA OTHOCHTCR K MOBEPXHO-
ety noaycdepw kax 18:5.

485. B map -paanyca R snucad koHyc, 6oxoBas NOBEPXHOCTH
KOTOpOTO B 2 pa3 Goabule maomaan ocxosauuns. Ha#itin o6bem
KoHyca.

486. OTHOweHHe BHCOTH KOHyca K paiAnyCy OMHCAHHOTO
‘Okon0 Hero 1wapa pasHo ¢. HaHitn ortnoutene o6beMos
9THX Tem.

Mpu kaxknx ¢ 3agaua paspeurnva?

487. Halitrn ornoumenne o6beMa 1wapa kK oObeMy OMHCAH-
HOTO OKONO HEero NPAMOro KOHYCa, ecCAH nojauas NOBEPXHOCTH
KOHyca B8 /1 pa3 Goablue MOBEPXHOCTH wmIapa.

488. Buuucanth pafuycH OCHOBaHHAl yceuexHoro xomyca,
ONMUCAHHOTO OKOMO Iuapa paanyca R, 3Hag, 4TO OTHOWCHIE
NONHOM MOBEPXHOCTH YCEYEHIOro KOHyca K MOBEPXHOCTH wWapa
paBHO m.

489. B rouyc Bmucan map paauyca r. Halirn o6pem xonyca,
3Has, YTO MNOCKOCTb, KacCaloWancd wapa H MepreHiHKyaAspHas
K oaHoft H3 06PasyIOUMMX KOHYCa, OTCTOHT OT BepuiiHu KOHyca
Ha paccrosunu d.

490. B xoHyc, y KOTOpOro yron oceBOro ceyetus mpi Bep-
wiAHe paBed o, Bhucad.wap paauyca R, Halith o6bem uyactH
KOHyCa, PaclioNoXeHHOR Haa wapoM.

491. OnpenennTs pamiycw ABYX 11apoB, KOTOpHe, nepece-
Kafch, 06p:13yz0'r JABOAKOBHIIYKAYIO JIHH3Y, €CAH H3BECTHH TO/-
muHa AHH3W 2, NOAHAS ee (0BepxHOCTb S M Auamerp 2R,
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492. B ronyc Bmmcan wap, npiiics oThouleniue ux 06bemos
pasio k. Haiitu oTnowenie 06BHCMOB WaPOBLIX CErMCHTOB, OT-
CCKACMUX OT apa MI0CKOCTLiO, MPOXOLIteii Yepe3 Anunio Ka-
cantyl wapa ¢ l_(()HyCO.\l.

493. B cdepy S pamnyca R shucanu eocemb cdep Melb-
Wero paanyca, Kawaas N3 KOTOPuX KACaeTcs ABYX COCCAHIX,
a Bce BMecTe Kacaorcn cdeput S 00 OKpyRHOCTH 6Ofb-
moro kpyra. 3ateM B-NPOCTPaHCTBO Meway cdepami BuHCana
cue oana cdepa §,, xoropas kacaeTcs Bcex BochMu cdep
Menbuero paznyca n cepu S. Halitn paanyc p stoil nocnea-
ueii cepii.

494. B chepy S pamuyca R snncano soceMb paBuuix cep,
KaQuAas U3 KOTOPWX KacaeTcs Tpex coceanux cdep n cdepn S.
Haiitu paanyc snncamnx cdep, 30as, UTO HX WeNTpU Newar
B BCPIIHIIAX HCKOTOporo kyo6a.

495. B wap smicann ABa OANMHAKOBLX KOHYCA, OCH KOTOPIIX
COBIAMAIOT, a BEPWINK HAXOAATCR B NPOTHBONOJOKHLIX KOHILAX
anamerpa wapa. Haittn ornomenne o6neMa oGugeii wacTti 3Tix
ABYX KOHYCOB K oGLCMYy 1uiapa, 3nas, 4TO OTUOWECHIE BHCOTH
Kouyca h K paanycy wapa R paeuo k.

496, [mouraayn napasane’dbHLX -cevennii wapa, pacnoaoxed-
ILX 1O OLHY CTOpOiY OT ero nenTpa, pasu S, u §,, a pac-
crosuie Mexay 9Tiummn ceueuusmp pasno d. Haiitn nnowasn
cetenist, 11apasieabHoro Xanuus i Jeasiuero nomnoiaas paceros-
HHC MEKAY BHMIL.

497. Ha nnockoctn P aewar Tpu pasubix wapa pannyca R,
kacaouecst apyr apyra. Ilpamoit kpyrosoii kKouyc pacnoioxcl
TaK, UTO ero MJIOCKOCTL OCHOBaHUH COBHAZaeT ¢ P, a aauuue
Wapld KacaloTcs Kouyca M Jexar eue ero. Hailtu pamnye oc-
HOBAHNS KOHYCa, €C/]H ero BWCOTa 3azaHa W pasua gR.

498. danuw veTwpe paBHumx mapa paiauyca R, H3 KOTOPLIX
Kaxauil xacaerca Tpex apyrux. Ilarwil map xacaercsd Kawaoro
H3 JAANHHX WAapoB BuewHHM 06pa3oM, wecToli— BHyTpennuy
o6pa3soy. Haiith oTnowmeniie o6bema wectoro wapa Vi k o6nemy
nsroro V.

499. Ha naockocti aexaT 7pH -pasunix wiapa paanyca R,
IGNApHO Kacaiowmxcs Apyr apyra. Yerseptwil wap xacaercs
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TAOCKOCTH W KAXAOTO W3 mepswx Tpex wapos.. Halitn pammye
yeTBEepTOro mwapa, ) o

500, Ha naockoctH nexkar YeTHpe pashux 1wapa paanyca R,
mprYeM TPH H3 HHX KacaloTCs nomapuo Apyr Apyra, a versep-
THH kacaerca AByx H3 3Tux Tpex. Ha 3Tu wapw csepxy nono-
KEHW ABA PABHHX MIAPa MEHLUIEro panwyca, Kacaoumxcs Apyr
Apyra, MpHYEM KaxIWH U3 HHX KacaeTcs Tpex GOMbUINX MAapos.
Hafitnn OTHoOUIEHHE PafHyCcOB 60MBIOrO 1 MAROTO iIapoa.

2. 3azagn uHa uoxaaarenbcrso

501. Han yceuennuli koHyc, G0KOBaR NOBCPXHOCTH KOTOPOro
pasHa nJowaay Kpyra, HMeIOL(ero CBOHM paanycoM oGpasywo-
uyio yceuenHoro xosuyca. Jlokasatn, 4TO B Rausnil KOHYC MOXHO
BOHCATH Wap.

502. Jlan yceueHnuil KOHYC, y KOTOPOro BHCOTA €CTH Cped-
Hee TMPONMOPUHOHANBHOE Meucry AuamerpaMim ocuosannft. [oxa-
3aTh, YTO B KOHYC MOXHO BNHCATH wWIap.

503. Moka3aTs, 4TO MNpH CcOEAMUENHH. TPEX Bepiuiud npa-
BITLHOFO TeTPasapa ¢ Cepeautol BLCOTH, ONywieHuofi n2
yeTsepTol BepUIHHH, NOAYYAIOTCH Tpu fomnapuo. nepnenmmynnp-
HHIE npAMHe,

504, Mycts R—pannyc wmwapa, omucaHnoro 0xoa0 MpasHib-
HOHt YeTHPexXyToNLHOH MHPaMIAH, I — Panyc 1mapa, BIHCANHONO
B 9Ty mupamuny. Jlokasatb, 4ToO

-’3->1/§+1.

R -
YKaaaHue Bripasnts —= uepes tg 5y . TAe  @—IByrpauis
yroa ME)K}Iy ocHoBanHeM H GOKOBOA rpaibio.

505. U3 touku O, nexauieit B ocHoBaiil ABC rpeyronb-
Ho#t mHpaMuau SABC nposeaeun mpamwe OA’, OB’ u ' 0OC’,
COOTBETCTBEHHO MapaineabHsie peSpam SA, "SB, SC, no nepe-
ceyenns ux COOTBETCTBEHHO C FPaHAMH SBC SCA SAB B TO'-
Kax A’, .

,D,oxasarb, 410 ox 0B  oc

sat3sE +T“‘

(s



506. Paccmartpupaiores xsa tpeyroanunka ABC w A,B,Cy,
KOTOpHE JIeKaT B HenapalieAbHHX INIOCKOCTAX H HMEIT [0-
napHo HemapaasieibHue croponn. [lpn sToM npsMHe, coexuHs-
10liHe COOTBETCTBEHHHE BePIUHHH, NepeceKalnTcs B OXHOMH
Touke Q. JlokasaTb, YTO NMPOROMKEHHS COOTBETCTBEHHLIX CTO-
POH TPEYroNbHUKOB NONApHO NepeceKaloTcs # TOUKH uX mepece-
YEHHF JeXKaT Ha OAHOH npsMOfi.

507. loxazaTth, YTO OTPE3KH, COENMHAIOWIHE BepLIHHH He-
KOTOPON TpeyronbHOfi NHpaMHAH ¢ NEHTPaMn TAWEeCTH NMPOTHBO-
Jexauinx rpaseft, nepecekanTcs B OOHOH Touke 1 penarTcs stol
Toukoft B oTrHomenmn 1:3.

508. lokasaTth, YyTo Maowanb M0GOro TPEyroaLHOro ceve-
HilSl NpPOH3BOJbHOH TPeyroAbHOH mHpaMHAW He MNPEBOCXOXHT
naowany xord 6w onnofl H3 ee rpaneii.

509. Onna u3 aByX TPCyroJLHHX MHPAMHA € OGLLHM OCHO-
panyenm pacnonoxena euytpn apyrofi. Jlokazars, yro cymma
AJOCKHX YTIJ0B nHpH Bepiuine BuyTpenHell nupamuau Goabiue,
yeM CYMMa NAOCKUX YIJA0B NPl BepuillHe BHewlHell.

510. Yerwpe 1uapa, HeHTPH KOTOPHX HC JeXaT B OXHOM
IIOCKOCTH, KacaioTesi nonapuo apyr apyra. Kawauie asa u3
HHX ONpe’ensioT MJIOCKOCTb, NEePNEeHANKYANPHYI0 K HX JAHHIH
HeHTPOB N Kacalowuylocs o6oux mapos. [oxasatk, 4TO BO3MHH-
KaouHe TaknM o0pasoM 11ecTb NAOCKoCTeH HMeoT obLylo
TOUKY.

511, Jdokasatb, 4TO eCaH B TpeyroJabHof nmupamuze cymma
A w60l napW NpOTHRONOJAOKHWX pe6ep - 0AHA I Ta e,
TO BepIUHHH STOfl MHPaMiAbl SBJASIOTCA LEHTPAMH YeTHpex Iua-
POB, TMONAapHO Kacalouxcs APyr apyra.

6512, Kakomy ycaoBiio IOTKHH YIOBIETBOPATh PaliyCcH
Tpex IapoB, NOMAPHO KaCAWMIXCs APYT APYFa, A48 TOTO, 4TOOH
K STHM LIapaM MOWHO OO0 TPOBECTH OGULYI0 KacaTeabHYIO
NJ0CKOCTB?

513. JlokxasaTh, MTO eCAl TOUKA NMEPCMCILACTCH B IOCKOCTH
OCHOBaHHA MNpPaBHJABHON TNHPAMHUIH, OCTaBasuCh BHYTPH STOr0 OC~
HOBaHHf, TO CYMMa PacCTOsHHIl ®TOH TOUKI OT GOKOBMX rpaHeft
MOCTOSIHHA.
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514. IdoxazaTh, yTo IBE NJIOCKOCTH, NPOBEAEHHHE yepe3
KORUH ABYX Tpoex peGep mapanaenenunera, HCXOAAIHX H3
KOHIIOB AHATrOHAAN Aapajsenennuesa, pacCeKaioT 3Ty AHATOHAND
Ha TPH DaBHHE YacTH.

515, ﬂoxaaau, YTO eC/n MAOCKOCTH, NPOBeACHHas depe3

KOHUH Tpex peGep napannenenmunesa, HCXOASWAX N3 ool
BEpPIUHHH, ‘OTCQKBET OT napanjaenengnena npammwuﬂ TeTpasap,
TO nmapajajiejennnel MOXHO mepeceyb MAOCKOCTHIO TaK, YTOOH
B cedeHHH MONYUYHICH MPaBHABHHA IIECTHYTONBHHK,

516. [loxasatb, 4TO BCAKas M0CKOCTH, npoxonsiuas uepes
CepeauHLl ABYX MPOTHBOMONOKHHX peGep TeTPasapa, MeAHT ITOT
TeTpasAp Ha A8e PABHOBEIHKHE YaCTH.

517. dokasaTb, YTO eclnH BCe ABYrpanHsie yriH HeKoTopof
TpeyronbHoft MHPAMHAM paBHH, TO BCe pe6pa 9Toit mupaMuzu
TaKie PaRHH,

518. Ha aByx mapannenbHHX MAOCKOCTAX PACHONOXEHH OT-
pesxu AB u CD. Konunt STHX OTPE3KOB ABAAIOTCH BepuIHHAMH
HexoTopofl TpeyroasHofl mupaMuas. Jokasarb, 4To o6beM miH-
PaMHABl COXPAHSIETCS, eCH OTPe3KH MepeMeniaTh B 3THX MIOCe
KOCTSIX MapannenbHO camHM ceGe.

519. JlokasaTh, YTO npsMaf, mepecekaoulas ABe rpaHH ABY-
rpanyoro yraa, o6pasyer C HHMi paBHHE YrJH TOrZa H TOMABKO
TOrJAa, KOraa TOYKH nepeceyeHus OXMHAKOBO YAaldeHH OT pebpa.

520. B npocTpancTBe paccMaTpHBaioTes. ABa oTpeska AB
CD, ue newawmux B omxoft maockoctd. [lycts MN-—ortpesok,
coeamHsIOWMA X cepenxunsl. Jokxasarte, 4TO

AD-;—BC> MN
(3necs AD, BC 1 MN—nRanun coOTBETCTBYIOLINX OTPEe3KOB).

521. Hokasatp, 4to ni06oft naockuit yroa nponssoabHOro
4eTHPEXTPAHHOTO YI1a MEHblIe CyMMH TPeX IPYHX I7IOCKHX YIJ/IOB.

522, Nokasats, YTo /M0G6OH BHNYKALH YeTHpeXrpanHHl yroa
MOWHO Nepeceyb MIOCKOCTHIO TaK, 4TOGH B ceuenin nony!mncsx
MapanieforpaMM.

523. Hokasats, 4TO eCau B TPeyroabiioil mupamitne Bce rpa-
HH PaBHOBE/MHKH, TO OHH PaBHM.
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3. TeoMeTpuzecKine MeCTa TOUeK

624. Haiitn reoMeTpuucckoe MeCTo npoexkunii aaunoli Toukn
TPOCTPANCTBA BA NAOCKOCTH, MPOXOAsIULe yepe3 apyryio xan-
HYIO TOYKY.

825, Haiitn reoMerpiuccKoe MeCTO UENTPOB ceuennil wapa
I10CKOCTSAMI, NPOXOARLLIMY yepe3 aanHylo npaMylo /. Pa3o6paTs
cayual, KOrAa MpaMas nepecekact iWap, Kacaercs ero i ue
nMeeT € HHM OOLULIX TOYCK.

526. Halitnn reomerpnueckoe MECTO NEHTDPOB ceyenudd wapa
NAOCKOCTAMH, NPOXOAALLIMNI Uepe3 aaunylo Touky C. Pa3obpars
C/yuaH, KOrAa AaHHas TOYKA HAXONTCH BHE luapa, Ha nosepx-
HOCTIH 1Dapa I BHYTPH tuapa.

527. Haiitn reomeTpnueckoe MeCcTO TOMEK, H3 KOTOPLX
MOKIO [IPOBECTH K JanuoMy iuapy paxamyca R Tpn Kacareab-
e, oGpasyioliie TPCXrpanHuil yroa ¢ Tpeus MnpsMuMi mIoc-
KUMH yraasmi,

528, Haiitn reomeTpieckoe MeCTO OCHOBaHMHIY MmepieHanKy-
NUpOB, onyulewminiX 13 aanioii TOUKH NPOCTPpaHcTBa na npavue,
nedAaniie 8 331ann0il I0CKOCTH HITEpCCeKaomuecs B 0.0l TOUKC,

529. Hana maockocts P ui ase 1oukn A u B pine ee. Uepes
A n B nposoasTcs Bcepo3Moikunie cdepl, Kacaougnecs niaoc-
koctn P. Haiitnn reomerpiieckoe MecTo TOUCK Kacauus.

530. Tpexrpauuuii yroa nepecekacrcs HAOCKOCTLIO MO Tpe-
yroavunky ABC. Haiiti reoverpuueckoe MeCTO UEHTPOB Ti-
wectin Tpeyroavnukos ABC npu ycaoBH, 4TO:

a) sepuinnu A 1 B 3axpennenyy;

6) Bepwinna A 3akperniena,

4. HauGoasuie # HauMeHbLWIHe 3HAYCHUA

B31. Ky0 nepecekaercsi naockocTblo, npoxoAsuleil yepes
omiy u3 ero anaronaieii. Kak npoakna Ouwtb mposejcta sTa
IJIOCKOCTb, YTOOM I1110ualb CEUeHlf NoAYYHsach HanMenbulei?

532. B tpeyroavnoil nupasiiie npooaaTcs ceyenis, napa’-
Jeabubie ABYM ce wenepecexaioutnmest peb6pan. Halitin ceuenne
¢ 1#an0oblIeii HAOULHAbIO.




TPUTOHOMETPHUS

ﬂpennapn'renbume 3ameqamm

ITpuseseM HexkoTOpbie ¢op\1ym>x BCTPEUAIONINECH B TPEAI0KeHHEIN

HiiXXe 33favax.

1. TpHroHoMerpnueckue (bymmuu cyMM 1 pasnocTell ABYX yrios:

sin (x+-y) =sin x cos y -} cos x sin g,
sin (x—y) = sin x cos y=-cos x sin g,
cos (x4 y) =cos x cos y—sinx siny,
€08 (X ~—y)=cos x cos y - sin x sin y,

2. Isofinvie u Tpofiuue yras:

sin2¢x=2 sin x cos x,
cos 2x =co052 x —sin? x,
sin3x=3sinx —4sind3x,
cos 3x =4 cos® x—3 cos x.

3 CyMMa H pasHocThb Tplll‘Ol!O\leTpH'leCI\H‘( bynRui

sinx4-siny=2

x+y .

sin ———- €0s —/——

\f-l-J

smx-—sm_/ 2cos——

cosx4-cos y=2

COS X —Cos y=2

+y

CO0S ——

sin x+*/

sm

Sll'l

x—
2

2

2

2

J

-y

xX—y

?

4. [lponasesenite TPHrOHOMETPHYECKIX dynruniis

sinxsin y=—é— feos (x— y)—cos (x+ 1)},
€Os ¥ 08 y =-;—- [cos_‘(x-—y)+ cos (x+y)1

sin x cos y=-;— [sin (x —y) + sin (x-+ 9],
Y —cos2x

sin? x=

cos?x=

2
1 4-cos2x
g - °

©

(10)

(1)

(12) .

(13)
(14)

(15)

(16)

(17
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5. Bupaxenue sinx, cosx, igx uepes ig i‘;-:

21g —g—
sin x= (18)

X ’
2
I+tg*5

l—tgzg-
€Os ¥ =, (19
2 X
1-+tg 3
X

2tg2

tg X == .o’ (20)
1 —tg? =
2
6. OGpaturte TpuroromeTpiueckile HyHKIHH,
a) Mnasubie suavenus oOpaTumX TPHIOHOMETPHUECKHX (GYHKUHI:

b4

y==arcsinx, ecan x=siny H ——%gyé o @1
Yy==arccosx, ecai x=cosy 1 *+ 0Ly, (22)
y=arctg x, ecat x=tgy u —-g—<y<i. (23)
y=arcclgx, ecan x=ctgy u 0Ly <, (P2))]

6) Muoroanaunsie ofparhtie TpHUroHOMETPHYECKIle (YHKUIIS
Arcsinx=(—1)*arcsinx4-an, n=0, &1, £2, ... ~(29)

Arccos x = 4 arccos x4+ 2an, (26)
Arctg x=aretg x+min, @7
Arcctg x=arcctg x - ain. ' 28)

dopmyant (25)—(28) onpexeasior o6t BHA YIrJA0B, COOTBETCT-
BYIOUHX JaHHOMY 3HAYEHHIO TPHIOHOMETDPHUECKOH (YHKUHH.

1. Tipeo6pa3osanne sppasennii, COxePIAMUX
TPHrOHOMeTpHYECKHe (YHKIII
533. HokasaTbh TOWKAECTBO
sinfx cosbx =1 -——% sin? 2x.
534. IokasaTh TOKIECTBO
cos® a - cos? (a -+ B) — 2 cos @ cos 3 cos (@ + B) =sin®f.

- )
535. HokasaTh, 4TO NpH BCex AOMYCTHMHX BHAYECHHAX X
HMeeT MeCTo dopmyna

tgx+tg2x —tg3x=—tgxtg2xtgdx,
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536, IloxasaTh, uTO -UpPH - BCEX- NOMYCTHMHIX. 3HAYEHHAX X
CNpaBelNnBO PaBEHCTBO

tg3r=tgxtg (-g——x) tg (%——l-x) .

537. Hoka3aTh TOXIECTBO

sin a - sin f 4 sin ¢ —sin (a+ﬁ+?)—'

= 4 sin '; B sin B’;V sin 7-;-«1_
538. Ioxasath, 410"
sina—-}-sin B+sin7=4cos% cos-g— cos—},
ecnn
at-pty=mn

539. Hoxasats, uyto npn 7 neioM u a-- P-4 y=smn nmeer
MECTO TOMIECTBO

sin 2na - sin 2nf -} sin 2ny = (— 1)**14 sin na sin nP sin ny.

540. Hoxasats, uto ecan cos({a-f)=0, 70
sin (a - 2f) =sina.

b41. Hoxasatb, yrto ecan 3sinf =sin(2a-}-f), 10
tg(e+p)=21ga
npn BCEX NONYCTHMHWX 3HaueHnsx a u P,

542, Hoxasate, uto ecan sina=Asin(a+p), To
sinp
tg (a'*_ﬁ):c_osﬁ_—/f
npH BCex nonyc-rmiux anauennax a u P.

543. I'onaaarb 4TO eC/H YIiH & H ﬁ CBSI3aHH COOTHOUIE-
HHEM

sin f§ n
ST (l”‘|>|"|),
TO HMEET MeCTO PaBeHCTBO '
tep
Y1ga tga l—iga-igfp
m+n . m—n °



544. Mokasatn, 4TO ecau €Os.X-COS y-€0s 2 =0, 10 nMeer
Mecto Qopuyna
cos(x4y-4-2)=

=cosxcosycosz(l —tgxtgy—tgytgz—tgztgx).

545. Jokasarte, 4T0 ecan o, P, y— yrau Tpeyronpsuxa, TO
nMeeT MecTo paaeucmo

8 p

Yo & _
+taztg2+tg? ?‘_l'

546. ﬂycrb x—{—y—}-z:?k. Hdnaa kakux ueawsx 3Have-

tg

unit £ cymma i
tgytge-tgetgr--tgxigy
ne Gyaet sasucers 0T X, y, 27

547. Haiitu aarcGpandcckne €Ba3il Moway yraasmn d, B, '
eC/AIl H3BECTHO, 4TO

tga-tgftgy=tgatgfigy.
548. [lpeoSpa3osath B nponaseaeinite
cte® 20 — g% 24 — 8 cos 4x clg 4.
549. ﬂpeoépasoaarb B npousseienie
sin® @ +sin® § 4 sin y ++2 cosa cos P cos p—2,
550. Buuucanrp G6e3 tabann
1

[ o
m—? sin 70°,
651. Hoxasats, uto
cosi—c052n =
5 ERN
552, Hoxazatb, uto
21 61 1
coa—7—+cos +cos-.,—_———2—.

553. Buuucaurp 6e3 tabanu

3a
«1 1 4 L 4
sin s sin 6—l—sm 16-{-sm lG

654. [lokasatp, uTO
tg 20° tg 40° tg 80° = }/ 3.
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2. TpurolioMeTpUUeCKHE YPaBHEHUA W CHCTEMBI YpamHenuf

" A. Tpueconomerpuneckue ypagHeHus

655. Pemntnr yparHenne
i 1

sin® x cos.x —sin x cos® x ﬁT .
6556. Pewnte ypaBneune
1—tgx \
l_l_—tg—x—- 1 + sin 2.c.

§57. Pewnts ypasHesne
14 sinx -+ cosx +sin2x - cos2x =0,

558. Pemmb ypasHeHe
1 -+ sinx - cos 3x = cos x -} sin 2x - cos 2.
559. Pemuts ypauentie
(sin2x-+V'3 cos2x)2— 5= cos (———Qx) .
560. Pewntp ypasuenne
25sin17x /'3 cos 5x -} sin5x =0,

661. Pewnts ypaeneune .
sin x (tg x 4 1) = 3 sin x (cos x —sin x) -+ 3.

562. Pemmnts ypasuenne
sinfx4cosdx=1 ——12— sin 2x,

563. Pemurb ypaBHenuie

1 1 1 1 1 I __3
sinfx cos?x tgZx ctg?x sectx cosecix -t

564. Pemnrth ypasuenne
ina X 125
sin® 7 }- cos T=7°
565. Pemmnts ypaeuenne

1, . .
- g (sintx 4 cost x) =sin® ¥ cos® x +sin x cos.x.



566. Peunits ypasnenne

cos x cos (2x—a) _ '
(1 +k)—co—s(7:&5——-— 1 +k €os 2.,

667. Pemnre yparuenne
sin ax sin bx = sin ¢ sin dx,
TAe a, b, ¢ u d—nocnenoBaTeAbHHE NONOKATENbINE YNCHH
apndMeTHUECKON Nporpeccuy. -
6568. Pemurs ypasneune
24-cosx=2 tgizc-.

569. Pewnts ypasHeHue
clgx—2sin2x=1.
570. Hatitu tgx u3 ypapHeHus
2 cos x cos (f —x) = cos fi.

571. Haiitu cos¢, ecan
sin @ 4 sin (¢ — @) -+ sin {(2¢ 4 a) = sin (¢ +- &) -}- sin (2p —a)

B yron JIOKHT B TpeTbell ueTBepTi.
y

572. Hafitu ctg % u3 ypasHeniis
cos? (@ + x) -} cos? (a — x) = aq,

rae 0 < a <2, Mceaenosates, npr Kakux O 3azaya HMEET pe-
mienie,
o . 7
573. Haiitu tgi, ecan sma—{—cosa=£2— # yron a

newut mexay 0 u 45°%

674. Pewurs ypaBHeHHe
sin2x—12 (sinx—cos x) 12 =0.

575. Pewutb ypasuedue
sect =
2

142 cosec X = ——5—.



- B76. Pemnts ypasuenne
14-sinx
I4cosx”’

ctgx =

577. Pemmirn ypasuenne
2tg3x—3tg2x =1g?2x tg 3x.

578. Pemntp ypasHenne
" 2ctg2x —3clg 3x = tg 2x.

579. Pemmnts ypasHenne
6tgx--Sctg 3x =tg 2x.

580. Pemnts ypasnenne
sin® x— cosb x = — !
“cosx sinx*

681. Pemntr ypasuenne
1 i 4cos?x
tg (x—~4—) tgetg (x—|—-7) =—
‘ lez—cey

582. Tlpu Kakux sHaueHusx a ypasnennue
sin? x—sinx cosx—2cos’x=a
umeer pewenns? Ha#itu sti pewenns.
583. Onpeneantdb Bce 3naueHns @, NPH KOTOPHX ypapuenne
sin* x—2 cos?x-+a2=0

uMeer pemenns. Halitn stu pemenns.

6584. Pemmnts ypasuenue
1

X X -
o €0s 81 35._7

' x
3 37 €08 IGnﬁ——

COS U~ 03 2 = cos 4
0S T 3y 31 n

6585. Pewntp ypaBHenne
€05 Tx—sinSx = V§ (cos 5x—sin 7x).
586. Pewmntp ypasuenne
2 — (7 - sin 2x) sin® x 4+ (7 - sin 2x) sin* x = 0.
687. Haiitu sinx n cos.x, ecan
' acosx-t-bsinx=c..



[ipn xaxkoM ycnOBHH OTHOCHTEABHO a, D 1 ¢ 3amaua uMeer pe-
wetie? : , :

588. Pewnts ypaBHenne

asinx+b acosx-+b
becosxta  bsinxda (ab==0).

589. Pewnts ypasuenne
32 cos*x —cosb6x =1.

590. Pewutp ypasuenie _
8sin®x 43 cos2x4-2cos4x - 1=0.

691. Pemmnrs ypasueuie
€os 3.x cos® x +-sin dx sin® x =0,

592, Pewnuth ypasueuue
sin® x 4 cossxzég .
693. Peumth ypasueune
sim® x -4 cosl0 x = %2 cos? 2x,
594. Pewnte ypasueune
sin® x + sin® 2.x -} sin® 3. == (sin X -} sin 2x -}- sin 3x)3,

595. Peuntp ypasnenie
sin?® x - cos?? y =1,
rae n—uejoe NOJNOKITEAbHOE HICAO.
598. Pemnrb ypaBueHue
., 3x . (3 x
sin (—m—{—?) =2 sin (7—0——2—) .
597. Pewutb ypaBuenne
(cos 4x— c0s 2x)* = sin 3x }- 5.

598. Pewnto ypastenue
(sinx +cosx) V2 =tgx-ctg x.



599. Morasars, uro ypasuenue
(sinx+V'3 cosx) sindx =2

He uMeeT pewrenit.

600. Onpesenntb, B KAKHX Npenenax MOXHO H3MEHATH Ma-
paMerp A, 4TOGH ypamuexne

se¢ X --cosec X =A

F1 9
- HMeNo KOpeHb X, yaosaersopsiomuil Hepasenctry 0 << x < 5 -

b. Tpuzonomerpudeckue cucresst

601. Halitn Bce pemenns cHCTeMH ypasnennii

sin(x-+y)=0,
sin (x—y) =0,

yaoszaersopsamoutie yenosum: 0 Lo <K, 0Ky .

602. Pewnts cucremy ypaBHeHuit

sin x = cosec x -}-siny,
€os x =sec X 4- o5 y.

603. Pewnts cucreMmy ypasuenuil
1 .
sin® x = siny,
cos®x = cos
g €08Y.
604. Pewnts cucremy ypasuenni
tgx4-tgy=1,
v 1
COS X COSY =— .
Y V32
605. Pewnrb cucremy ypasseunit

sin x siny =1 ‘

*

o

1
tgxtgy:-g. I _
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606. Peuinth cucTeMy ypaBnennfi

x+y=‘P» }

cosx Cosy—=a.

Tpu Kakux @ cHCTEMAa HMeeT pelienie?

607. Haiitit Bce snauenus @, NpH KOTOPLIX CHCTEMa ypas-
HEHHH

sinx cos2y =a?+ 1,
cosxsin2y=a }
HMEET pelleHHs, H PelIHTb CHCTEMY,
608. Pewmnts cHcTeMy ypasHennii
cos{x—2y)=a cos’y,
sin(x —2y) =a cos®y. }
Tpn kakux snayenunx @ cucTeMa paspelnMa?

609. Halitit cos(x¥--y), ecat X u y yaAOBIETBOPAIOT CH-

cTeMe ypasueuni
sinx siny =a, }

cosxt-cosy=>
n a5 =40.

610. Ilpn kakux 3HaveHusx ¢ CHCTeMa

x—y=a,
2 (cos 2x -}- cos 2y) =1 + 4 cos? (x —y) }
nvmeer pemennsi? Hafitin stn pewenns.
611. Haiitn Bce pewiettnst CHCTEMH
8 cosx cosy cos{x—y)+1=0,
TIpn Kakux o pellenls BO3MOXHH?

612. Pewntp cucremy ypasnemnfi
1 ;
lgx+m=2 sin (y +

1 1
tgy—}—ig—y:Qsin(x—z-).

=iy
S~



613. Uckniounts X 1 y 03 cucTeMw ypassennft . .
asin?x--bcos’x =1,
acos®y4bsiny=1,

. atgx=0btgy,

npeanonarad, 4TO CHCTEMA PaspemnMa i @ s b,
614. Bupaants cosa u sinf} uepes A Bhpn ycnomm, 4To
sina=Asinf, tga=Btgp.
615. Pemnts cucremy ypasuenni
tgx=1g’y,
sin x = cos 2y.
616. Pemnth crcremy ypaBHeHnit
sin x 4 siny =sin (x -}-y), }
|| +1yl=1.
617. Pewnrpb cucremy ypaBHeruil
sin (y — 3x) =2 sin® x,
cos (y — 3x) =2 cosd x.

618. BuscuuTh, KAKHM YCTOBHAM NOMKHH YIOBNETBOPATS
uynena a, b, ¢ AAs TOro, YTOOH CHCTEMAa ypamueHHil

sinx }-siny =2aq,
cos x |- cos y = 20,
tgxtgy=c

HMena XoTa O OAHO pelleHHe.

3. OGpaTnple TPHrOHOMeTpHYeCKHe QYHKUNH
619. Buuncantp arc cos [sin(—-;i)] .

620. Buqr}cnlxrb arcsin (cos % n) .
621. Hoxasatb, 4TO
arctg L + arctg 1 4 arctg 1 -} arctg 1_=
ve3 5 7 8- %°
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- 622, Hoxasats dopmyay
arcsin .y -+ arccos ¥ =

ola

623. IMokasaty, uto npun a < 1/32 ypasHenne
(arcsin x)3 -+ (arccos x)® = ux3

ne uMeeT KopHeil.

624, Hoxasarb ¢opuyny

arcsin /' 1 —x2, ecmt 0o <Cl;
arccos x = .
| m—arcsin}/ 1—x%,  ecomn —1 L x 0.

625. Ioxazarb ¢opmyi
arcsin (—x) = —arcsin x,
626. J_onfﬁsarb, 4TO echi -——g+2kn Lx <K -g--}- 2kn, TO

arccos (—x) = 51— arccos X.

arcsin (sin x) = x —2ka.

627. Hoxasary, uto econ 0 <x <1 n

—x3
a=2 arctgl—'_"‘—; ,  P=arcsin }—-i:%”

10 @} B‘_= .

628. Haittu cootnowmenine Mexny
arcsin cos arcsin X # a1ccos sin arccos.v.

4. TpuroHoMeTpHUYECKHe HepaseHcTsa

629. Pewntp HepaBenctso sinx > cos.x.

630. Tlpu Kakux X BHIOAHAETCH HEPaBEHCTRO
4sin®x4-3tgx—2sectx > 0?

631. Pewntb uepasenctso sinx sin2x < sin3x sin4x, ecan
0 < v <mj2

€32. Pewntb nepasesctso

1
in? x——
sin‘® x %

Y3 —(sin x4cos x) >




Al

633. Hatitit Bce 3nauenns X, Goabumie Hyas, HO Meubunie
231, A9 KOTOPHX BHMNOJHAETCA HEepaBencTso

cosx—sinx —cos2x > 0.
x tg x—2

634. Peumts nepasencrso tg5 > fgx¥2"
6356. Pemmnrp nepasencrzo

¢0s3 x cos 3x — sin? x sin 3x > %— .
636. Hoxasars mpn 0 <@ < 7/2 nepaBencTso

' ctgd > 1cigp.
637. Hoxazath cnpaseAMIBOCTH HCPABEHCTRA
M—tg?x)(1—3tg®x) (1 - tg2x tg3x) >0

. anga Bceic 3HaueHuit x, npI KOTOPHIX JeBast 4aCTb nNMeeT CMEICA.

638. IlokazaTs crpaBeAnHBOCTh HEPaBEHCTHA
(etg?x—1)Betg?x— 1) (ctg3rtg2x—1) < —

I BCEX 3HAueHHit X, D1 KOTODNX /AeBaf 4aCTh HMEEeT CMUIC/.

639, lonaras tg0=ntge (7> 0), Aokasath, 4TO
<=0
g2 (0—) <UL

640. HoxasaTb uepaBencTso -

smx—l+ 2 —sinx
sin x—2 3—sinx'
[Ipn kaxnx 3HaveHUax X HOCTHFAETCA PAaBEHCTRO?

641, Hoxaszats, uro npn 0 <o < /2 sunoausercs nepa-
BEHCTBO -
cossing > sin cosq.

642, llycrp n-—nenoe nonowutenbhoe yncao, Gonswee 1,

7
H yron o ynosaetsopsieT tepasesctsy 0 <a <m. flo-
Ka3aTh, MOAB3YACH METOLOM MOAHON NMHAYKINH, YTO TOrXAa
tgno > nitgo.
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643. Myers 0 <oy <ty <... < @, < /2, Hokasats, uto
TOrAa

sina -+.,.+sina
fgey <cosa1+...+cosa: <tga,

644. Hoxasatb, 4to ecau 4, B, C—yrau Tpeyronbnika, To

. A . B . C 1
sing- sin- sin - <§ .

645. Ioxasate, yto npi 0 < x << @/4 cnpaBeanuBo nepa-
BEHCTBO
COs X
sin? x (cos x—sin x)

> 8.

5. Pasunie samaqu

646. Bruncnurn sin (2 arctg -;—-— arctg T52> .

. 1 , 1
647. [oxasarb, 4TO eCal tga—-T, sin ——V—.l_a, TO

a+2p=45° (& u f—yrau nepsoil yersepTH),

648. Hokasats, yTO
_ sinxd-tgx
T Tcosxd-ctgx

TIPHHHMACT MONOMKHTEAbHBIC 3liadeHHss nNpil BCeX JONYCTHMHX
SH3UEHNAX X,

4
649. Joxasarn, 4TO paBeHCTBO sinasin?aslnf&a—_—-g He-
BO3MOXHO HH INpH KaKHX 3Ha4CHHAX .

650. Bupaanth sinSx uepes siny u ¢ MOMOLLBIO ToAyYeH-
nofi opMy/ N BuuncANTL Ge3 Tabany sin 36°,

651. Halitn nanGoabliee N HauMeHbllee 3HAYEHHA QYHKIHH
@ (%) = sin®.x -} cos® x.
652. Hafiru nanGoabluee H Haumeubiuce 3naucHus QyHKUHH
y=2sin®x 44 cos®x -6 sin x cos x,
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653. lpn kakux neanx 3HauyeHuax n QyHxuus

cosnx sin%_x
uMeeT nepuoa 3n *)? '
654, JlokazaTb, 4TO eCaH CymMMa
ay cos(a1+x)+a2 cos(a2+x)+ eeota,cos(a, +x)

npn x=0 u x=x; 5= ks (k—uenoe) o6pamaercs B Hyas,
TO OHa paBHa HYJI0 TPH BCAKOM X.

655, Hoxasarb, yTo ¢yHkuus cos}/ x ue apasercs mepHo-
anyeckoft (r. e. He CyllecTBYeT TaKOTO MOCTOSHHOrO HHC/AA

7 50, yTo6u npH Bcex X O6ui0 cos]/x+ T = cos V:v-).

656. llokasarb ¢opmyay
sin % sin (L'l;llf

sinx{sin2x ... -f—sinnx:——g———z— .

sin ul
2

Yrasanue, MoxHo Bocnose3oBaThest dopmysoft Myaspa
(cos x+}1 sin x)” =cos nx+i sin nx.

657. Buuncants cymmy

cos z cos— 2% cos 2%
4 4

2 + 22 + s + o .

VYkaszaune, Ilpumennts ¢opmyay Myaspa.

658. PaccmatpnBaerca ¢yHKuus
f(x)=Acosx-} Bsinx,

rae A 1 B—HeKkoTOpHE MOCTOSHHLIE.
Hoxasarp, uto ecan f(x) oGpawmaercs B HyAb npH ABYX
3HaYeHHIX apryMeHTa X; H X, TaKux, 4YTO

(k — uenoe yncao), To GyHKuuA f(X) TOXIECTBEHHO PaBHa HYIO,

*) Oyukuua f (¥) Ha3WBaETCA NePHOAHYECKON, eC/IH CYLeCTBYeT YHC.
a0 T # 0 taKoe, 4To 1A BCeX AOMYCTHMEIX 3HaueHH[I X BHIOIHEHO paBeH-
c1Bo f(x4- T)=f(x) Yucno T npu 5TOM HasHBaETCA NepHoaoM QyHKUUH.
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PEIMEHHS ¥ OTBETH]

AJITEBPA

1. Apudmerugeckas i reomMerpuyecxas mporpeccun

1. o ycaosuio 3azaun

. b~a=c—b=d n c—a=2d.
fiycte
1

1
VetVa VidVe
_ I _ 1
TVatVe VetVal
Moxameym, uto A;=4d, Ecm d=0, 10 a=b=c n A,=4,=0.

Mostomy Gyzes cdurate, 410 d 3% 0. OcsoGoiKaancy oT mnppausnonas-
HOCTH B 3Hamenareasx, noayuaes:

g Ve=Va Vo-VT7 2Vb~Ve-Va
17 2d + d = %

A=

Ao Vo—~Va Ve~Va 2Ve—-Ve—-Va
1= d - 2d = 2

.
Takum obpasom, Ay=A,, uTo n Tpebopanoch S0Ka3aTL.

2. Ecau pasnocth d 3aiauuofl mporpecciti paBia uy.ao, 1o cnpa-
BeAAuBOCTL dopymyaut oyeBuana. [lostomy Gyaes cuutats o # 0.

OGo3uauim ieBYl0 4aCTb NPEANoJaracMoro pabencrsa uepes S.
OcBoGoxaas 3uavetaTets OT LPPaILICNAAbUCCTH, NOAYdae:

sVa—Va Va-Va,  Va-Vas

2
Fot
a;—a - A3—ap Ap—a, -

Tak Kak fio  YCI0BUO Oy—8)=03—0,= ... =0y —a,_;=d, 710,
oueniIzKo,

—

S= Va,—V ay
=Loa 7 A
d
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Hueen Teneps =
C(a=1)d n—l

S=lvat Va—.)a a(r—+ﬁ) VatVa,

4970 1 TpeGoBanoChH J0Ka3aTh.

3. Ilo ycaonnio sapaun
8 — 0, =03—a3=.., =0y ~0p=d. -
Ecin d=0, T0 npeaxaraeMoe paBeHCTBO OueBHATIO. Cuuran d ;éO,
GyneM UMeTh:
1
L . SR

a0y * a,a4 a;,a, . dn=1dn

(AT () b (-

_( 1\ _tamay_n—t
“d\a a, da,a, = aya, °*

YTO H TPeGoBaNoCh JOKa3aTh.:

1 1 2 1 1
4, TNpu n=3 nmMeen b—la—z-}-a;a_m. Orcioaa ‘E—aa_;=

i 1
&2 ——— —— [}, CJIeN0BATENLUO, az-—03==aq—01;. nOﬂOMy AOCTA-
a1q83  ay09 .

TOYHO MOKa3aTh, YTO npH Mobom n =4
0, —0pey=0Cp-1—0p—s:

Bunuwem nocneaoBatenbno pamencrso, yKkasaunoe B ycacBiuH, And
cayvaes n—2, n—1 n n:

1 1 n—3 :
—t ). = 1)
alqz+a,a_-,+ +"n—3an-z aya,-q " 0

1 1 n—2 . .
0:“2+0203+ +an—2an-l ayap -y " . @

1 n—1
—e 3
“1“:+¢1203+ +a,,_la,, ma, ' &

Buuntaa nounenno n3 pasencToa (3) pasesctBo (2) n u3 (2) paacn-
creo (1), noayuaen:

_(n_2) Op—1— all
Op~10, Ta 194 4y, \p
1 1 (n )a,,_,-—a,,_
-— =(n—2) e,
Gn-20n~y 053 . ay0p-10n—3

Tlpusens ¥ obpteMy smnamenaremo, nocJje CoXpawenns Haiinems
a—ay_y=(n—2){ay-1—a,),
4G —a; = (n—'2) (an-n"‘an-l)

CnesoBaTebio, @,.,—0;=0,-3—a,_,, 970 i TPeG0BanCh AOKA3IATh.

4 B, B. Auacksd 1 £p, o



5. Joxasatennctso npoBezeM MeTOIOM HILAYKIGH. 3aMeTis, 4T0
NpH n=2 DPaBEHCTBO HMEET MeCTO, TaK KAK a3—d;=2a3;—d, I, Clle-
A0BaTeNbHO, ay—2dy-f-a3=0. Honyctuy, uto npeliaraemas ¢opMy/a
CnpaBeAsHBa AJs HeKoToporo n; HHaue roBopsl, Kakopa Onl HH 6una
apHOMETHYECKAR NPOTPECCH Xy, Xg, «ve y Xp+1, COPABEAJHBO PABERCTBO

Xy=Chxy+Cixyt vow (= 1'=1CR 04 (= 1) Cltnaa =0, (1)
INepexoas K n-1, ucnoab3yeM TOXKIAECTBO
€= Cr1+CiCL
Toraa ]
a_;—C}x+102+C§+103+ cee H (= 1" CRua, 4, +
(= D"1C an sy =la,—Crty+ oo +(— 1)"Clan 11—
—[ag—Chag+ ... +(— 1)*- 1Ch  ag 4 (— 1)"CRa, 4]

Mo npeanosioxenuio unaykun o6a BHpaxKeHus, CToAllMe B KBAAPATHHX
CkoOKaxX, paBHH Hymo, TaK Kak omit iMewor suj (1). Iostomy mpea-
saraeMas ¢opMyaa cnpabejaupa u Aan n-bl. DTHMm  yrBepmzeme
JIOKa3aHo.

6. HoxasaTennCTso nposefeM no MeToly muayxwms Ilpy n=3
5ierko LenocpejCTBelHO NpoBepiIb, YTO
2 \
a1 —3(a1+d)*+3 (a,+24)% —(a, +34)* =0.

Iycts y#e ycranopaeHo, wTo Npi KekoTopoM n /0G0l apudMeTis
HECKOIl MIPOTPECCHR Xy, Xp, ..., Xp¢; HMEET MECTO TOKAECTBO

M= Chabt ... (— D"CP x4 =0.

Torna, noctynas B cayyae n-1, Kak u B npeamaymeil 3ajaue, moay:
qaeM: .

2 1 2 2 2 2
81— Cpy183-+ Cppr1 a3+, oo+ (— 1)"Chir afsr +
+1 2 2 2
+ (= D*Col1 apye=laf — Chas + ... +(— 1)"CP a%4y] —
2 1. 2 2
—~[az—Craz+... +(— l)"Cr':anH =0,
370 M TpelyeTcs Aas JOKAa3aTeabCTBa.
BaseriM, 410 Aas apudmeriveckoll MPOrpeccit @, day ove s Gy
8444 CHpaBefanBa H Godee obuwast dopMyaa :
k 1k 2k -
ai — Cnas + Craz = .., 4 (— 1)"-1C} 1aﬁ-i—(-— 1)"Cﬁa,’f+1 =0,
rae k> 1—nenaoe yncao.

7. Ilo m3sectHoMy cooficrBy u/ieHoB apudMeTHueCKoll nporpecchi
HnMeeM:

2log,, x==log, x-}+ log, x.
%8



Orciona (cu. (3), crp. 24)
’ 2

1 1
log, m “Tfog, n + log, %

H, CJle10BaTeNbHo,
2__Iog,,m+10gxm
“logen ' log k"
HUcnonsys dopmyay (2), aamuyno Ba CTp. 24, monyyaewm:
2==log, m+log, m,
3anitweM 510 paBeHCTBO caeaylompM o0pasow
logs n? = log, m+log, (n'ogx m),

otenuupys, noaysaem nd=mnl%8% ™, na
: nt== (k,,)lozk m
410 1 TpeGoBanock JOKA3aTk.
8. Nycrs
aytagt...4an = -
8a41tppat oot aripn

OGosnaunm wepe3 d pasHocTh mporpeccid. Harepee npeacrasaser
JMWb ToT caydalt, korga d #0, TaK Kaxk npu d=0 Bce uYJeHH npos
rpeccis paBHH MeXAy cobofi H paBeHcTBo (I) Bumoausercst. Hcnons-
sys dopMyay ans CyMMH uieHOB apudMeTHueckofi nmporpeccun, us
pasencTea (1) nomywaem: :

2 oyt ay+d (1) =52 fay +nd+-ay+ (1 kn—1) d] o,

OTKY/a Mocie COKpAWeHHA H NePerpynnHpoBKH UNEHOB HAXOAHM)
(2a, —2aykc—d + cdk) +n (d —cdk? —2cdk) =0,

Tak Kak 5To PaBEHCTBO HMEET MecTo NmpH JioGoM n, TO
2a;—2a,kc—d 4 cdk =0,
d—cdk® —2cdk=0.

Coxparis BTOpoe H3 5THX papeHcTs Ha d #% 0, GyzeM uMeThs

By
=EETD" @
TlepBce e paBeHCTBO MOXKHO TMPENCTABHTh B BHIE
(22, —d) (1 —ck) =0,

B cuny (2) BTOpOit MHOKHTENL OT/IHYEH OT HYJSA M, CeN0BaTeNLHO, d==24,,
Taxum oGpasod, npn ycnosun d %0 pasedcrso (1) MOMET uMeTh
MECTO npu BcexX n JHMIIb B Clyuae NMPOrpeccuH

a, 30, 56, vv. (3 #0). @ -
4 . . 09



Teneps nerxo nenocpeiCTEEHUO NPOBEPHTH,  HTO~ nporpeccxm (3)
ne.(C‘l‘BHTeﬂblIO y;.lOBJleTBOpHET )CJXOBH!O 3d41a4H. Ph'ax, HCKOMOIt  §IB-
ssetcsi nporpeccus (3).°

.. .9, Ilycts d—pasnocts nporpeccus. Hueest:
b= xi+ (5 dP . (r =1 dp =
=nxf+2x1d[l+2+...+(n_-—l)] F A {3424 (a—1)2]=

=nxf_ +n(n-—l)x1d+n—(n—l)(2—"——]) 43

;

Kpose Toro, ‘ _
a=nxl+n(n2—l) d.

Wceknwouasn u3 . st1ix apHenult x , .TIOCAe 1eC/IOMBHX npeoOpasosanuit
1
fonyvaem:

,n(n*—l)__ 1
d ——=b i

Orcioaa
- 2(nb¥—a?)
d= | =y’

Xy 33TeM ONPeJeTAeTCA B KaioM U3 JABYX Clyuaes 10 ¢opmyas
‘ B nin—1
ek [om 20

TagkuM 06pa3on, NOCTABICHHLIM yeqonuaM npu n’b‘-—-a" # 0 yaopaeteo-
PAIOT JBE IpPOrpeccHil.

10. Iycts [0CACA0BATE AL HOCTS Qgy Q3 wesy a,. o6aafaer TeM CBol-
€TBOM, YTO

az"'ax=d- a:r—a2=2d. seey a,,—a,,_1==(n—_-_l)d.
CroxuB 3TH paBeHCTBa, HalijeM, 4TO
' n n—l
o 4an8=)

MNoavsysnce stoii gopMydoli, noayyaem:

. 1.2 2.3
Spmartayt .. topmant [ 4504+ €508
B 3apaue 266 jmoxasauo, ato N

— 11
122+23+.“+(n I)n n(n6 )

Crenosaledbho, A
Sn =a1h+—(T—D d
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Hns pannolt samasn d=3, a,=1, MNosromy, :

a,,é':i-}-%n(n—l)’ n S,,a%-'n(n’+'l).'

11. B n-fi crpoke croat uucaa n, n-f-1,,,., 3n—-3, 3n—2 (ecero

2n—1 uyncen). CyMma sTuX uncen pasHa
(n+3n—2) (2n—1)
- )

=(2n—1)3,

12. TlycTe g—3HamenaTeab NPOrPECCHi; Toraa
Gpin=0," " 1= 4, ’ Lo
ap_n=09""""1=B,

A = _
Orciona q’"=—§-» H, CJeA0BATEJIbHO, ¢= V—% « Hmeen Temepny -

—— =B( ]/—_> V73,

Mm-m m
a”_a“_,_”q A ( ) =A4 " B .
13. Hmeen: '

Sa=ay+a;q+...Faygn-1,
"‘Sn"‘ax‘l"‘i‘al‘l"“+°'°+°1‘l’" l“l"S
H, lanee,
3n —Sgn =a 9" +a,9*" 1+ +010’"" =¢%"S,.
Orciona ‘ ’ B
l= S, Sg,.—S,,
q"" Sen—3Sn ssn"sm

Y710 W Tpe6OBan0Cb JAOKa3aTh.

14, Hmeen:

n(n=1) ( n-1 n
Mp=a,-a1q1° oo *0q" " 1=0lg ? =\ayq 3 ) .
3amerns, uto '

nel g Ot
Sy=a,+ayg+ ...+ a,g""1=aq, =

1 ]
1\”
1 (77-) —! 1 Iq"—-l
+a—1—q+ +014" i a -l——l Sagm i =1

H, CNEeROBATENLHO,

n-1\1
:.——=a'i‘q"“=(axq 1 ):
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0oIy4aeM:

Sa\T
'”n=(:s,,) :

15. OGosuaumys paccuaTpupaemyo cymmy 4epe3 Sg.  Vamoxu
Kam/joe clraraeMoe STOfi CyMMH HA X H NOJAYHeHRYIO BEJHUHHY BbidTeM
#3 S;; B pesyantare Gyaem HMeTh:

Sp—xSy=14x+xt4 ...+ x"—(n41) "+,

CymMMHDYR BXOAMULYIO CIOX3 FeOMeTPHHYeCKYl0 NpOrpecciio, fipH x # 1
HaﬂileM

a4
(1—x)S, l__.’.‘.___..(n+1)xn+1
Otciona
Px®41 (p-]) x"42 i
s"=(1~—x)3- T— (x;l).
B cayuae x=1 nmeem:
‘ o S _nt+DH(nd42)
n ‘-"—"‘——"""2 .

16. OGosmaunm nckoMylo cymMy uepes §,;. [lpeoGpazyem caara-
eMule CYMMul, ROAb3yfich (OPMYJOl Aam CyMMbl YJeHOB reoucrp;m-
cxoil nporpeccHH

108 —1
t+10=2271,

3 -
1+10-;-1oo=’°9 Ly

L A T S S S S Y

14104100 .. . 41071 = ‘0“9“’ .

10—1
Tax xax, xpoMe Toro, l= G—» 10 CIOKWUB npadye uacTd pa-
BeNCTB, HONYYHM

1 N w1 (107410
Spmgy (1010 1o 4 107 =5 5 —-n).
17, Hckomasm cymma momKer OuiTh npeicTaBieHa B  CJelyouled

BHAS
(x--x2F 234 o0 2P f =1 g7
+(X+x’+x3+ cooxR=3L T ) 4
(x+x“+x3+...+x"‘2)+

+(x+x2)+
+x,

B ueM Jerko yGeguTscsl C/lozenien nmo croabuav. Cknajusas oo
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CTPOKAM, HAaXOIHM, 9TO NpH X # 1 chomaﬂ cym\«a paBHa
x"—1 xt11 x" 31 x—

x x 1 ves x S
x—1 + =1 T 1 oot l +

—1
=;—x;-]-[x+x’+...+x"—-n]=m [x-le—-—H] ==

_x2x"—1) nx
T (=1 T x=1"

KaK cyMMa ujeHOB apudmey

l

n(n4-1
Ipu x==1 ucKowas cyMMa pasna —-(%)
THYecKORt Nporpecci.

18. OGosﬂaqu HCKOM)’IO cymMy uwepes S,. Toraa

=1+ (?”“%)ﬂ“(27+'2?)+(%+%)+~--+(23 ey )=
1

] —
2n—-l
l" 2
OTKYRa
2n-4-3
S,=3— T
19. O6mull BiA TakuX UHCeN crepyompit:
n n-=1 n n
e\, i

Pt N,
44...4 8...89 =4.11...1.107}-8- ll d41.

n

Pt
Uncno 11...1 MoxHO sanucaTe B BHJe CYMMH 9JIEHOB reoMeTpHuecKofl
nporpeccHn ¢o 3naMenateneM 10;

n

=14104+1034., .1on"-1—-°—§"—l

Taxknum odpasow, HMeeM:

& (107 =1) 10% 45 (107 — 1) 1=
4 4 1 (2:10741)\3
=% 102"+-§ 10"+?—('—-3——) .

20. Tlo ycnosmio 3amaun || < 1, n Mu uMeeM:

P =k (gntidgniag ||y pgnit T—_‘—q )

Orciona 1—g==kg u, crefloBaTentno, ecau 3a3aua NMeeT pemIeHHe, TO
: 1

q e OO (2):
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Jlerxo, OAHAKO, BHAETH, YTO ecJH, uaoGopor, H3 paseHcTBa (2) caeayer,
uto | ] < 1, 10 paveuctno (2) Baeuer ‘3a coGoii pasenctBo (1),  cO-
OTBETCTBYIONAR NPOrpPecCHA YAOBJNETBOPSET YCAOBHIO 3ajau. TakHM
o0pasom, 3alaya paspewyMa pn Mo60M K, YAOBJETBOPAIOUIEM kiepa-

BEHCTBY I < L. 310 nocaeanee wumeer mecro nmpu k>0 umi
k<—2. :
21. HokasaTeancTso npoBeseM MeTo1oM MOJHOA muayxmuu. Pac-

CMOTPUM CHAYANA Caydall NOCACROBATEALHOCTH, COCTOsufeli M3 Tpex
YJeNos Xy, X3, X3. Packpeip ckoGki © Qopmyne

2 2 2 3 '
(%1 -+ x2) (%2 +x3) = (%1%, - x2%3)?,
MUl O0OHAPYRHM, 410
: ' x4 X} x5 — 20, %30, =0,

OTKYAa (x§~x1x3)2=0 H, CIIel0BATeBNO, X;X3==X3. IIpu ycnosuu
¥y # 0 oTCIoAa creayer, YTO uHCAA Xy, Xp, X3 OGPA3YIOT reoMerpuues
CKy1o nporpeccuio. HomyCTim Tenmepb, YTO NpeAaraeMOe YTBEpHKACHHE
ROKa33HO AAS CAyuas [0CAe10DATesLHOCTH, cocTonmedl u3 k& (k =3)
Y/CH0D: . :

X1y X2y vue s Xp, )

U nycrs ¢ -—cooTseTcIByOMNt 3nmamenarean nporpecci. Pacemotpim
TOrja nocneX0BaTeILNOCTL, COCTOsUylo U3 k-1 yacuos:

Xpo X3u weny Xpy Xptye b
Baniues COOTBETCTDYIOWEE YCIOBIE
2 2 2 2 2 2 2
(i dadt oo b it xR) (354 xR xpe) =
: = (5t Xaxst oo X o1 F X% 41)0 (3)

B NOJOAHM AN KPATKOCTH Xi--X3+4...-Xi-1=a? 3avetnm, uro
8 #0, u6o x; # 0. Ilo nuayRTHBUOMY J0NYWIEHHIO MHL HMeeM:

Xp=qXy, X3=QKg, ...} Xp=QXpoge 4
flostomy pagenctso (3) MOKIO mepemicaTst Tak:
(@ +x5) (20> + xha1) = (902 - X1 1)3
Packpup 37ech CKOGKH i CCPYNARPOBAB UNEHH, Mbl YCTAHOBHM, uTO
(Xpq—xp 1) a2 =0.

Tak kax a #0, To uapsaay ¢ (4) MH NOyuaeM Xg4y==q%,. 3Hauur,
NOCeAOBATeNBHOCTD Xy, X3, «.., Xp, X5, 1 HPEACTABIASET COGOIl reoMeTpy-

X
HYECKYI0 NpOrpeccnid ¢ TeM Ke 3HaMeHateqeM q=—xl.
1

Ha ocuoBaunu 0Ka3sauHoro Mul MojKeM YTBEPKAaTb, YTO NOC/AEL0-
BATeJbHOCTb, COCTABJIeHIAH M3 7 MePBHIX 4JeHOB 3aZaHHOI TocJes0Ba-
1€NbHOCTH, NPH JMO60M H1ATYPaJbHOM £t MpeicraBaser coGoil reomerpHs
weckyio nporpeccuio. [lostosy M Aauuan CeckoueyHas HOCACZODATCAL.
HOCTL 0Gpa3yeT NIporpeccHio, 4To i TpeoBajoch AOKasaTh.
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22, Myets ay=b, =a; Torza B cnny ycnomm a,= b2 lmee-r‘
a+t-d=aq. o N )

3nech d 11 g—pa3nocTs i 3HAMEHATENb coomercmyxomux nporpeccHit.,
‘3ameTiy, UTO B cuay ycsosus a, >0 aam Beex n pasuocts d nommxa
6uiTh HeoTpuuaTesnsHoll. Tak Kak, xpome TOro, a; % ., 70 d >0

Hs (})opmy.nu (1) sBHAY 3TOTO cnenyer.

q—l+ > L

Hawu nymxuo jaokasats, uto mpu n > 2

a+(n—1)d < ag~L @
Tak kax B cHay pasencrsa (1) d=a(g—1), 10 (2) paBHOCHJ!bHO Hepas
BEHCTBY

a(n—l)(q—l) <a(gn-1—1).

Hens ofe 4acTit Ha MOJOKNTEbHYIO Beanauny a(¢—I1), noaywaem; °
' n—l < l4q+...4g" 2 :
TaK KaK ¢ > 1, 70 3570 uepasencTBo crnpaseaauso. 3anaua peuweua,
23, Mo ycnosHio 3anaqn_

ay >0 put q>0 " bz—bl=d>0,

rie, Kak o6HYHO, q €CTh 3HAMRHATE]h reoMeTpuuecKoil nporpeccud, a
d—pasuocts apudmernyeckoft nporpeccun. Noabsynch Tew, 4T0 a =
=ayq""' u b,=b;+(n—1)d, noayuaeu:

log, a,—b,=(n—1) (log, §—d) + loga a; —b,.

}1.!151 TOro 4TOGH pPAacCMaTPHBAEMas Ppa3HOCTh He 3aBHCeJa OT 1, Heols
XOmQHUMO o nocra‘roqﬂo, urobst log, g —d=0. PeumB s10 ypaBHexme,
HaXOAHM:

1

7 .

a=q _ (1)
Cnef0BaTe/BHO, HCKOMOE UHCIAO & cym.ecmyer " onpe;\emercn no tbop-
myae (1).

2. Anre6panqecxﬂe ypasHeHns W CHCTeMbl ypaBHeHHii

24, 3anncas JaHHYIO CHCTEMY B BHAE - :
' (x-+9 (x’—xy-l—y’):l,} : o (D)
(x+y2=2 S 1

pa3zennM MOUYJIEHHO mnepBoe YypaBHEHHE Ha BTOpOe. OcBo6oxkaancs OT
3HaMeHaTeNIl U NPHBOAA 3aTeM noxobHue YJ/ICHHL, nonyqaeM

y? —3xy4-2x2=0. : ’ : (3)

Paapemua KBaspaTHoe ypasHenue (3) oTHOCKTEMLHO g, nonyqae\l y==x
M y=2x. Pewaa panee KaxAoe H3 3THUX ypasHeHHil coBMecTIO
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C ypaBHeHHeM (2), HaXOAHM BeUleCTBEHHUbE peleHHs COOTBETCTBYIOULHX

ceucteM. Mx Bcero agsa: | |
=% i/i, h=7 f/-:
1 —= 2 -
X2=-§‘ ?/3, y2=-§- %/3.

Kaxnas 53 9THX nap uices] YAOBJAETBOpPsET U HCXOAHON CHCTEME; B TOM
MOXHO YOeAuThCs JHOO HemocpeicTieRnoll 1OACTaHOBKOHl, JAHGO mpos
aHaAn3HpoOBaB Cnocol, KOTOPHIM OHH GblAH HaliXeHEl.

25. IlpeoGpasyen ypaBHeHHS AaHHO CHCTeMH K BHAY

(x'Hl)z’-x!I: 4, }

(x+y)-xy=2.
Orciona
4 (c+9)t 4+ (2 +y)=6
, chejloBatebho, X+y=2 wm x4 y=—3. ConoctaBass Kamjoe H3

3THX ypaBHeHHfl CO BTOPHIM ypaBHEHHEM HCXOHOM CHCTEMBI, MHl mpHAeM
K CACAYIOLIHM SBYM CHTTeMaM ypaaﬁemu“{:
xty=2
0

xty=-3
i } @

xy=>5.
Cuctema (1) uiveer JBa peweHns:
=2 4=0
x=0, y,=2.
CucteMa (2) Taxkxke HMeer LBa pelleHus:
3 z%ﬁ, A

QOueBHAHO, YTO KaxjJoe pelueHHe HCXOAHON CHCTeMul CONEPKHTCH cpean
pewennfi yxasannbX cucrtem. ITpocThiM aHanu3oM HeTPYAHO MoKasaTh M
c6pathoe. Bupoues, B nociepuem eme npouie yCeaHTbCA HENOCPeACT-
BetHoll noacTaHoBKoil. TakuM 06pa3soss, 3agaya HMeeT HeTnpe peileHnus.

26, IlpeoGpasyem ypasHerHs fAaHHO CHCTEMBl K BHAY
(x-Fy) [(x -+ 4)? —3xy] = 5a?, }
2y (x4-y)=ad,

nocae yero MOMOKHUM x-+y=u, xy=v. Iloacrasup xy (x-}y) n3 BIOZ
poro ypapheHHs B nepsoe, HaiifeM u®==8a3. Tak xak HaC HHTEpeCYIOT
JHIb BellleCTBEHHble pelueHns, To uMeeM u=2a. Ha Broporo ypasHenus
Tenepb HAXOAHM:

V= asl,

=

=%
2]
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Mu -npuxoauM, TakuM o6pasoM, K cneaylouledl cHCTEMe OTHOCHTeabHO
xuy -

x4+ y=2a, xy=—;—a’.
Pewas sty cucremy, noayuaes:

2 2
xl=a_i2—‘/:, h=a

2-V§}
‘ 2 :
S S =1 5 )

Ya

3t uucna yAoBMeTBOPAIT M HCXOAHO CicTeMe, KoTopasm, Cne10Bai
TeJIBHO, MMEET [Ba BEWECTBEHHBIX DelleHHs.

27. Ilpuseas nauHule ypasueHHa K ofmeMy 3uawenare/nio, npeoGpa3
3yeM CHCTEMY K BHAY

(x4 9) [(x+ )% —3xy] = 12xy, }
3(x+y)=xy.

Monoxum x-4-y=u, xy=v, [loJ1cTaBH8 Xxy=U H3 BTOPOro ypaBHeHUs
B NepBOE, MOJYuHM:
u (u® —9u) = 36u. nH

3ameruy, 4T0 « # 0 (B MPOTHBHOM CAydYae H3 BTOPOrO ypaBHeuHs cJje-
IoBajlo Obt, uTo xy=0, & 3T0 NPOTHBOPEYHT HCXOAHOMY YpPaBHEHHIO).
MostoMy u3 ypaeuemusa (1) cneayer, wuro au6o u=12, aubo
U= —

B r{epeou cayuae (¢ ==12) noayuaem cucreMy

r+y=12,
xy =36, }
oTKypa x=y="=6.
Bo propoM cayudae (u=—3) nmee::
x+ Y= 3'
xy=-~—9,

Ora cucrtema uMeer ABa peuiedun: )
3 - 3 -
=5(£ V31, y=5(F V5~

Bce Tpn mnaiifeHssix peieHNs YAOBJETBOPAIOT H HCXOJHO CHCTeMe.
Taxkum o6pa3oM, cucTema umeeT BCEro TPH pelleHnd.

28. ‘Bospona sTOpoe ypastuenue B KB2ApaT M BWYHTad €ro H3 meps
BOTO, NOJTydYaeM:

. xy (¢ 52 —xy) =21 ®
Orclona, B CHAY BTOPOrO YpaBlieHHA 33JaHHON CHCTEMH,
xy=3.

Mogerasana y Bo BTOpoe ypasuedue CACTeMH, MpHAEM K GHKBajpaTHOMY
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- ypaBHeHH10 AN :
x4 1022 9=0.

Orciopa 1y =3, x,=—23, xg=1, x4=—1, 3 COOTECICTBYIOUIHE BHaue-
WA Yy TAaKOBH: py=1, gg=— 1, Y3=3, Yg==—3. Ilposepkofi yGex-

EaeMcsl B TOM, YTO BCE yeThpe naphl viiced fBAAIOTCA pEIICHUAMH HCXO0AHO#

cucTeMu. CreionaTeabho, -CHCTeMa HMeeT YeTHpe pelleHHs:

x»=3, y=1h x,=—3, y=—1;.
Cxg=1, Yp=3; xy=—1, yp=—3
29. IlpecGpasyeM ciycreMy K BHLY
(x—y) (2 + 92+ x9—19) =0, }
(x+y) 4yt —xy— 7)=0.

MCX0ARa% CHCTEMa TeM CaMbM CBOAHTCA K CAEAYIOUIHM ueThipes CHCTe-
MaM YpaBHeHHIi: ) -

X— =0, . x_y=0r

y W, ST= } @

x4y=0, a2ty —xy—7=0,

£y xy—19=0, 3 x3f gty —189=0, } @)
x+y=0, x3 4+ yt—xy— 7=0.

Mepoan cucteMa  micer eanncTpeinoe  pewenne: x=0, y=0.
Bropaa umeer rBa pewenns: x¥= ]f 7, y=+= V7. Tperbn  Takke
nMeer aBa pewenns: x=+ V19, y=F V' 19. llepexoaa K uerBeproit
CrCTeMe, SamMeTHM, 4TO, CKJAJAMBAA ofa YpaBlieHis § BLYNTasd OANO
ypaBHeHHe M3 RPYTOT0, MLl 3aMEHHM 3Ty CHCTEMY caelyiomell pabio-
CHJIBHOIL:

xy=6, }
X2 y¥=13.
Ta.CHCTEMA lhiMeeT YeTHpe pelwenns:
x=%2 y=13ux=+3, y=-=12.

TaxuM o6pa3oM, npeinaraemas B 3a1aue CHCTeMa HMeeT JeBSTb pe-
wennii: - . =

(0! 0)1 (V—! V-j)s (“‘ V—i, — V-?): (Vl—g' - '/-Tg),
(—V1S, V9, @ 38, (=2 -3 G 2 (=8 —2.

30. TpeoGpasyen ypasHenns CHCTeMmul K BUAY:
‘ . 2(x+y)="5xy,
8 (x+y) [(x -} y)* —Bxy] = 65. }
INoactasass x+y u3 TepBOro ypaBHenysi BO BTopoe H Iojaras xy=uv,

NOoAYyuHM:
2503 — 1202 — 13 =0.

10 ypabHenue, oOueBHAHO, yhomaeTopsercsa nmpu v==1. Jleaa aesyio
BacTe Ha v—1, NpRAeM K ypapueuiio

2502 4- 130+ 13=0..
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Tlocnensee He nMeeT BeutecTBeHHbX KopHell, Taxum o6pasoM, ocraercst
JIMLIB OJHA BO3MOXKHOCTb: U==1. BHOCA 9TO 3HaueHHe B nepsoe ypasHe;
HHe, MPHXOAHM K CliCTeMe

xy=1,

rty=7

Orcioza xy =2, y1=—é- il xg——l-. Uy =2.

OGe mapsl 9icen ynoBJSTBODPAIOT H HCXOIHOMY YpaBHenuio. Taxuum
ofpasoM, CHCTeMa HMeeT 4B3 H TOJIBKO [Ba BEUIECTBEMNLIK pelelns.

31, CkaagplBag 062 ypaBHeHHS, A 3aTeM BHIYMTAT H3 MEPBOrO ypas-
HeHHs BTOpOe, NMPHXOMHM K crefyiomelk paBHocuabHON cucTeme:

=y P +yr ) =T, |
] (x—y xy=2. }
I'lpeu.craaua nepeoe ypasHenHe B BHAS
(=43P +3xy (x—y) =

HafteM, 4TO B CHJY BTOpOTO ypaBHeHHa (x—y)3=1.
Taxk Kak Hac HHTepecylOT JIHWL BelulecTBEHHUWE pemeHHd, TO
x—y=1 Yuntaean 310, Jerko oGHapyKuBaer, 4TO Xy == 2

Pewas, nanee, cucremy
xy=2, ’ g o
. x—y=1, . .
HaffeM /a ee peulenus: o '

n=2 p=l t=—I1, g=—2.

0]

Herpyauo nposeputs, uto ofe napn 9Hce’ YAROBJETBOPMIOT HCXORHOX
cucreme. TakuM 06GpasoM, CHCTeMa HMEET JABAa BeMECTBENHHX pelleHud.,

32. IIpeoGpasyen BTOpoe ypasHeHHe K BHAY
(8 + g2 =20ty =T,
l'lonaraa x3-}-y2=u, xy=v, 3anduwem 3T0 ypanﬂeﬂne TaK:
u?—202=1T.

Bo3seas B KBajpaT nepsoe YpaBHeHHE CHCTEMH, MOJYUHM eme OfHO
YCH0BHE A4S U M U: _
ut-2v0=1.

Hckmouns u #3 As8yx nocneAuux ypasueHHH, moayuum
12 —20—~3=0, ’
OTKyAa - . :
0 =3, Uy == — 1.
Toraa coorsercTayiomue 3HadeHHs ¢ GYAyT pasuud
ul—-—5 Uy = 3 ' .
Tak kak u=x%-}y* u Hac uHTEpecyiOT /ML se.necrsenﬂue pettteHua
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HCXOIHOTO YPaBHeHHs, TO NepByl0 Napy 3Hauennl u w v crepyer or-
6pocuTh. BTOpas mapa NPHBOLHT K CHCTEME

B yr=3, }

xy=—1,
Bra cucreMa HMeeT YeThipe BEUIECTBEHHEIX DPellleHHsA:

(LE, 1=YF), (=)F, 1213),

2 2

(—l-}z-l/-g’ —I_EV_E)' <—'1—2'V—5‘ ""142—1/—5)'

Jlerko, OAHAaKO, NPOBEPHTH, YIO HCXOZHON CHCTeME YAOBJETBOPSIOT
TOJbLKO MepBhie ABa M3 HHX. TaknM o6pa3oM, NpelnoxeHHas B 8ajaue
CHCTEMAa HMeeT JIBa BelleCTBEHHHIX pelieHus. ‘

33. Boasoas nepeoe ypasHeHMe B NATYI0 CTENeHb M BHYMTaR H3
10yueHHOro pesyibTaTa BTOpOe ypaBHeHHe, MOJyd4aeM nocae ynpo-
Ienuit

xy (3 %) + 24242 - 6=0, o))

s nepsoro ypabHeHHsi, mocsie BO3BEeAGHHH €0 B Ky6, caeiyer, uto
x34-13=1—3xy; B cuny uero ypasHenne (1) npuHnMaeT pHg

Xy —xy~6=0,
Pewas s10 ypaBHemle, moayyaem
(xgh=3, (xy)e=—2.
INpucoeznnss ciofa x-+y=1, HaiiieM ueThipe maphw uncen:

@ —n; (1, 9 (LAY, 1=V,
(1-—: T 1+ Vﬂ)
2’ 2 ’

Jlerxo npomepHTh, WYTO BCE OHH YAOBJETBOPAIT HCXORHON CHCTeMe
yPaBHeHHI.

34. IlpeoGpasyeM ypaBHeHHs CHCTeMb K BHAY
(3 — ) 22y =13,
x2— 2 2xy=1. }
IMoxctaBnss x2—y? u3 BTOPOro ypaBHeHHS B MEpPBoe, MMOAYYHM!

6 (xy)? —4xy—12==0.
Or1ciona

=2 (gh=—t. n)

TdaK Kak Hac HHTepecyloT JHWb Te peLeHHs, AAA KOTOPHX Xy =0,
TO BMeeTcA JIHWD OAHA BOIMOMHOCTL

xy=2. 2
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- Monerasasa oTcioAa Y BO BTOPOE ypasHEHHE, MO.TyUHM:

x4 4-3x2—4=0,
Cpean BcexX KopHeil STOr0 ypaBHEHHS BeLIECTBEHHBIMH SBAAIOTCA JHUIGL
ABa: x;==1 H x,= —1. COOTBETCTBYIOIMMH 3HAYEHHUAMH Yy B cuay (2)
Oyayr: y;=2 u yy=—2. O6e napu uyucen (X, y) yAOBIETBOPAIOT H
Hcxonuofl cucreme. Takum ofpasoM, 33faya HMEeT ABa pellleHHA: "
' =1, =2 Xy=—1, g=—2

"35. PackpeiB CKOGKH B ypaBHeHHAX CHCTEMbl H NOJOKHB X-+Yy=u,
Xy =0, 3andueM CHCTeMy B BHAE

u? 402 —20=09, } )

Ecan Teneps o6e. wacTH BTOPOro ypaBHEHUS YMHOXKHTB Ha 2, a 3areM
npHOaBHTbL H BHNECTb COOTBETCTBYIOIHE YACTH NEPBOro ypaBHEHHA, TO
cucteMa (1) sameHHTCS caeAyiomell paBHOCHJLHOI:

(u40)2 =2 (utv)=15, }
(u—v)2+2(u—v)= 3.

13 nepsoro ypasHeHnst cHcTeMul (2) cne,nyer‘:
(@+0)=5 U+uv)=—3.

H3 sroporo ypasHeHHa momyuaes )
(t—v);=-8; (U—uv)=1

W—u=3,

@

Takum o6pasoM, HaxomkJeHue Bcex pemrennfi cucremer (2) csoautcs B
peLueHHio CAEAYIOUIHX YeThipeX CHCTeM:

u4-v=>5, u4-v=>5,

u—v=—3, } @ u—v=l, @

u+ov=-=3, u+tv=—3,

U—v=—3, } ) u—v=l. } ©)
Pewenue cuctemnt (3): wy==1, v;=4; pewenne cucremu (4): uy,==3,
v,=2; peuenne cucteMu - (5): uz==—3, v3=0 H, HakoHew, peulenue
cucremul (6): uy=—1, vy=—2.

Uro6H HafiTH BCe peuleHHA HCXOARHON CHCTEMH, 1aM MpeicToOHT
Tenepb PelIHTb CJelyiomue YeTHPe CHCTeMHl. uroporo nopsaka, oTau3
YaIoUHecs JIHLIb NMPAaBBIMH YACTAMHS

xy=4, XY=z,
x4y=—3, . xty=—1,
Ay } © phe=t a0

Pemua 3TH ypamxemm, HafiieM BCe pemwenus HcXoRHoft cuctemul. Ux,
OUeBHAHO, BCEro BOCEMb;

, VB 1 Vﬁ) (1 A l,iV‘S)
gty =il ). (g-ig gt
@ D, (1, 2 (=3, 0), 0 =3), (1, ~2), (=2, 1.
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36. 3ameTum cuauana, uTO0 NO CMHCAY -3ajauH X %0 m oy 0,
YlepeMnoxiip Aepuie W Npapue YacTH JaHHHX ypabHeHuil, noayuns:

oo xt—yl=6. , (M
YmHOK25 KaAce M3 YPaBHeHHR Ha xy # CkJAaabiBag, Gyiem nMeTh:
xb— b 202y =Ty, @

B cuay. (1) u (2), Tenepb noayuaem: -
R 222 —Txy +6=0,

OTRYZa . s o
Gh=2 (=75 . - &)

Takum oGpasoM, mgGoe peilleHHe HCXOQHON CHCTeMbl YIOBJIETBOpSiET
ypaBHennio (1) u oznoMy u3 ypasneHuilt (3). Momno Gello 6 mostomy -
eUINTb Kaxkaoe H3 ABYX ypabHeHuii (3) coByecTHO € ypaBnennem (1),
0, OJHaKo, MpHBeJo Obl K YPAaBHEHHIO BOCHMOrO MOPAAKA H YCJOK-
kAo Obl OKOHYAaTebHOE pellleHHe 3alaui. 33MeTHM B CBR3H C 3THM
eneayiouiee. Ecan cHOBa yMHOKHTB KaXa0e 3 YpaBHeHHil WCXOHOR
CUCTEMH 12 .Xy 1 33TeM 13 NepBoro DLYeCTL TTOPOC, TO NOMYYHM

ypaBHeHne

x8-+yt =5xy, o . @

XOTOPOMY TaKike YIOBJIeTBopsieT JioGoe pelleiie HCXOIHON CHCTeMul.
: Paccumotprs ape BO3MOXHOCTI:
1) Ilyere B cooteercTBHN € (3)

xy=2. ' o)
Toraa, B cuny (4), x4+ y*=10. Pewas sto ypasuenue cosvectho ¢ (I),
naitgeM:

: ’ at= 8,
H, CAN€0BATE/BHO,

4 /= Vs 4/= 4=
25i=18, ay=—y8 x=i V8 x=—18.
B cuay (5) CCOTBETCTBYIOUINE SHAUEHHS J CYTh

”l=7}_§'=;/2_: !/2;"—;/5; !/3’:'—".{/2—: Yy=i {/5-

2) Bo BTOpOM cayuae

3
= 6)
VYpasuenne (4) NPUBOMIT HAC TOrAa K COOTHOUIEHHIO x‘+y‘=%g ’

xotopoe BmecTe ¢ (1) paer x‘=277 . Orcioaa

e ‘ST 7 A/
=Y T "°=—‘/T-."1=‘ T oa=—i Y T
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| COOTBETCTBYIOUIHE SHANEHHS Y CYTh
v=V 7 v=—) 5 p=—I T
Yg=1i 1/-";" )
Takmy ofpasoM, mMoGoe pelleHHe HCXOIHON CHCTEMH  COZEpKHTCA
cpean nafileHHWX BOCBMH nap uncen. Jlerko, OJHAKO, MPOBEPHTB, 4TO

BCe HafijenHule BOCceMb NAp 4HCe] YAOBAETBOPAIOT HCXOAHOL cneTene.
ChaeoBatesbHO, BC@ pelIeHHS CHCTEMH HanAenu.

37. l’lpeodpa3ye.\1 a'ropoe ypaBHeHHe K BHAY
_ (x’+y’)3—2x’y’ bx?y3.
'_.I'I.o,'xcramm Cloja Qxy BMecTo- x’_+y’ H3 MepBOro ypasuesiiss, Hafriém:
( a3 —2—b) x1y?=0.

Bosmoxnn aBa cnyqaﬂ'

1) a®—2—b # 0. Jlerko BHAeTb, UTO npu 3TOM yc.nomm cHcTeMa
: HMeer .'muxb ofHO pewenne; x=0, y=0.

2) a?—2--b==0. llpu BunoAHenNH 3TOro YcJ0Bus BTOpoe ypas-
‘HerHe MOJYYaeTcs B pesyasTaTe Bo3BeleH:ust B KBampar obeix wacredl
nepsoro. [lostoMy ecan x u y—moGast napa uHces, yA0BJeTBOpsiOmAasn
TepsoMy YpaBHENHI0, TO -OHA 3Ke YJOBNETBOPHT M BTOpomy. Cucrema,
c/enoBaTelbHO, HMeeT 6ecxone'mo MHOTO peeHiii.

38, IMpeoGpa3yeM- NeByio 4acTs ypaBHeHMS K- BH1Y

xta(x+a_ax—a\ x—a x—a_ix+a)_0'
x+b(x+b b x—b —~b\x—b ax-4b) -

\ : a
3ameuaq, uto BHIpaXKeHng 8 CKO0KaxX ' OT/IHYAIOTCA MHOXHTEeNeM ——b- ?

(x—}-a_i x+a) <x+a___b_'x-—a —0.
x+b b x—b/\x+b ax—b -

noayvaem:

Orcioaa npu yeaosun a # b cneayet:
[x2—(e+4b) x—ab] [x® +(a+b) x—ab] =

'H Mbl HaXOAHM ueTHpe KOplisd HCXOAHOrO ypasHneHus:

o _lath)  VEFoiEam
’ - 2

X1, 2

—(@a+b) + Vie+o+4ab
2

X3'4=

B cayiae a=>b ypapueHue. yi0BJETBOPAETCA BCeMH 3MAYCHHAMN ¥.
13



x 4 -
39. IMoaomkum ——;—=t; TOrja ypasHeHdHe MPUBOAHTCA K BHAY

3
31310t 4-8=0,
Orciona
f=2 fy=,

Pewast fanee 1Ba KpaJpaTHWX YPaBHeHHA OTHOCHTEJLHO X, HafizeM
YeThipe KOPHS HCXOJHOTO ypaBHEHHA:

x1=3+ p 21' x2=3—']/-§r, x3=61 x4=_2'

40, Mooy
ﬁ’g: U H ~——==u, (1)
XY Xy

Toraa YpaBHeHHe 3allaHHOM CHCTeMbl MOMXKHO 3aMmicaTb B BHJS »

I R
u—{——;:a-}-;,

1 1
Pewan Kamgoe K3 3TuxX ypasueuuil, HafigeM:
1
ty=a, U= 'E' ] (2)
v; =5, v ==—l- &)
1= 2 b * )

Hau npeacrour Tenmeps pemnts 4etbipe cucTembl Biia (1), B npashix
YacTAX KOTOPHX CTOAT BCEBO3MOXKHEE KOMOHHAUHH SHayeHHl u u v,
onpeaessemsie Qopmynamu (2) u (3). 3anuweym cucreMy (1) caegyromyum
obpason: :

1,1

7+7=u,

11 “
————= U

y X

OTCIO,IG noayuaeM:

1 1
-x—=—§ (u—v)l .
1 1 ()
7=?(U+U)

H3 dopmya (5) caeayerj uto pnad paspeuniMocty CHCTeMul- (4), a TeM
CaMblM i HCXOAHOH cHCTeMBl YHCAZ @ K b J0MKHB ObTh NOJYHHEHH!
DROTIONHHTENbHLM YCJIOBHAM, KpoMe YCJ0BHA ab 7#% 0, KoTopoe BHTeKaer
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ns BHAa ypasnenuft nexoanoft cictems. Ilyets , _
lal # b} ©)
Torpa, noacrtaeass B npanué vacra dopuyan () 3Havenus u—a, v=>,

1 1 .
2 3aTeM W=-—, U=, HalijeM ABA pelIeHn!

b
__2 x___2ab __ 2ab
xl"‘a 5’ ‘yl—a+bv 2"‘b_a7 y2_a+b’

Tlycts, panee,
lab} # 1. )
Toxcrasaasn Toraa B npaBue vacTH d¢opmya (D) 3naveHns u=a,

v=T , @ 3areM u==;, v=>b, HaliieM ele ;B2 pelIeHHs:

__2 _% . _m . %
=n—1 Tnrr Tia Tire .

TaxkuM ofpa3oM, ecau BHNOJAHeHH o6a ycaosus (6) u (7), To cucrema
HMeeT UYeTHpe pelleHHf; ecNH OAHO N3 YycJoBHR RapylneHno, — 1o
TOJNBLKO JBa peleHHs; €cJH, HaKoHen, o6a yCJAOBHS HapymeHH (3710
MoxeT OHTH Jump B cayuae |a]j=|b]|=1), To cucremMa BooGme ne
HMeer pemieHnil.

41, Jlerko BHZeTs, 4TO uiCJa
=45 1 x=55

YROBIETBOPRIOT jaHROMYy ypassenuio. ITostoMy Muorousnern (vx—4,5)* 4=
4 (x—5,5)* — 1 pemures Ha nponssesense (r — 4,6)(x — 5,5) Ges
ocTatka, UToOH BHMOJHHTH JeJEeHHe H CBECTH BONPOC K PeLIEHHIO
KBaIpaTHOTO YypaBHeHHA, YIOOHO NpPeiCTaBHTb YKasaHHHA MHorouned

B BHAE
[(x—4,5)¢—1] 4 (x—5,5)%.
Pasnarast BHpaxeHHe, CTOsIee B KBaapaTHHX cxodkax, no dopmyne
at—1=(a—1) (@+1) (@ +1)=(a—1) @+ a*}a1),
NPHXOAHM K YPBBHEHHIO .
(x—5,5) {(x — 4,5+ (x—4,5)+ (x—4,5) + 1} ++ (—B,5) =0.
Bunocst 3nech o6mufi MHOXHTENb 33 CKOGKY, OyAeM HMeTb!
(x—5,5) {(x— 4,53+ (x—4,5)* + (x—4,5)+- 14
+[(x—4,8) — 1P} = (x—5,5) (x—4,5) {2 (x—4,5)* —

w2 (x—4,5)+ 4] =0,
OrcloAa_

11?5,5, xz?4,5,- x3'4=

0WLiyV7
— 2
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42. W3 Broporo ypaBHeHHST CHCTeMs! HaXoauM, uTo 'y—5=
=|x—1]=0 u, cagloBateabo, y==5. ITostomy nepBoe ypasHeuie
poxeT ObiTo 3amicaHo B BHAE

y—o=l—|x—1|.
Cuoxua -9T0 )paBaeﬂne CO BTOPBNM, -MOAYYHM:
2(y—5)=1.
il
Otci0aa y=3-

. T _
H3 Broporo ypapueiuna Tenepb HaxoiuM |x—I1 |_—_-7 H, clej1osa-

Teapo, X—l=<% ; [Mostomy x; = % Xp= -g— CucreMa uMeer
Jiba peuseHus: .
1 ll 3 11

xl=§n .lh—— Xo =

43. Cpynnuposkoii 4/I€HOB NPHBEIEM JkeBYI0 4acTb K BHAY »
@x+y-= 12 +Hx+2y+1)2 =0,
2%+ y~1=0, x42y41=0,

x=1, y=—I.

9 y2=2'

Creaosartensuo,

OTKYAA

Vxamem eme olHd cnocol peinedns. PacnoJoxHs B Jesofi gacTH
caaraemble no yGuiB2OWHM CTEMeHaM X, NOJAYYHM KDaIpaTHOE ypaBHe-
HHe OTHOCHTENLHO. X!

ox* 4 (8y— 2) x+(oy‘+2_/+2) 0. (1)

310 YpaBHEHiie MNpH BELIECTBEHHbIX 3HAUEHHAX g HMeeT BeluleCTBeHHbie
KOpHH TOrAa H TOJBKO TOraa, KOria €ro JHCKPHMHHAHT HEOTpHua-

TedeH, T. €.
(8y—2)*—4.5 (54> +2y+2) =0. 2
310 u_epénegcmo noc/e pacKpPHTHA CKOGOK MPHHHUMaeT BHA
—36 (y+1)2 =0..
Iocaeatiee .303.\102*([10 AL apH y=-—1, a Toria u3 ypaBH_eHmi (1-)

creayer, yro x=1.

44, l'lpeoﬁpaay'eu ypaBHeHHe K hnny
[x -2 cos (xy)}t +4[1 —cos? (x4)] =0.
062 caaraeMbix HeOTPHUATE/bHH, MOITOMY
x4-2cos (xy) =0, cos? (xy)=1.
Orcioaa cos (xy)= X 1. B ncppoom cayuae mmees CHCTCMY
7 cos (xy)=1, x-42cos (xy)=0.
Orcioaa x=—2'8 y=kn, rge k=0, £1, £2, «.s
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Bo BTopom caysae S .
cos (xy) = —1, x-2cos (xy)=0.

Orclopa x=2 u y=-’—2‘—(2m+1), rne m=0, +1, £2, ... Taknm

o0pasoM, ypaBieHHe HMeeT JBe GECKOHEUHElE CepHH ~Pas3JIHuUHBIX Bﬁg
IMECTBEHHHIX DelNeRHil, NpHUeM 3IHayeHHe X B Kauuofi CepHH ORHO
TO Ke.

45, Vickmouns z 13 a2HHOf cucreMbt, GyieM HMeTb:

Axy—(2—x—y)t=14 ’
if¢ .
1 —4x 44yt —4y+-4=0,

(=20 +(y—2)*=0.

JinA Bew€CTBEHHHIX 4HCE X H Y 9TO BO3IMOXKHO TOJILKO NPH X¥==2 H
y=2.

H3 nepsoro ypaBiuenns cHCTeMB HaxoauM z==—2, CucreMa HMeeT
TOJbKO ORHO BEmeCTBEHHOE peliieHHe: '

x=2, Y=2, zm= -2,

T. €

46, MMepBoe pemeHHe 3aMeTHM, YTO N0 33AAHHHIM X'H
sHayeniie z ompeleNfeTcss U3 MepBOrO YpPaBHenHs €AHHCTBEHHLIM ~©

pasom: :
z=x24yt, Co (1)
IloncraBHB 3TO 3HaueHHe 2 BO BTOpPOE ypaBHelHe, NONYuUHM!
B+x4y*+y=a.
210 ypabHeHiie KBHBaNeHTHO YDABHEHHIO
)+ () =a o
2 Y7o ) =arg
Ecan tenepe a+-%—<0, TO ypasHenne (2) He HMeeT BellecTBeHHbX
peiliennii, TaK Kak NPW BeIECTBEHHHX X H y B JeBoft 9acTH CTOHT
o1 : ‘ :
HeoTpHLaTeNbHOe yneno. Ecan xe a+-§ >0, 1o ypaBnenye (2), a ¢

HIM H BCA CHCTEMa, lMeeT, OYeBHJIHO, Gonblie ORHOrO pelueHn.
c.'IEJlOBaTEJleO, €JMHCTBEHHOE  BElIECTBEHII0Oe peHleHHe - BO3MOXKHO

TOJBKO TOTAa, KOrja a+-%-=0. B otoM cayuae ypaenenne (2) npue

(1) s oo =

1 1
H HMEEeT CAHHCTBEHHOE BElleCTBEHHOE PELIEHHE: X= — &=, U= —==,

HHMAET BHA

Orcioza, mafiaa ewe 2z u3 ypasuenus (1), sakaodaem, uT0 AaHHAA
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CHCTEMAa HMeeT eIMHCTBEHHOE BelleCTBEHHO® peuleHHe TOMbKO fpH
= —-, 3 HMEHHO: o i : :
, I 1
x=-———2—, Y=g =g
Bropoe pewenue. Jlerko bpupers, YTO eCAH NAHHas cHCTeMa
HMEET HEKOTOpOe pelLieHue ¥==X,, =y, Z=2;, TO OHa TaK#ke HmeeT
eule H Takce pellenue: X=y,, y=Xx;, 2==2;. I103TOMy A7 eIuHCT-
BeliocTH HeoGX0oAuMO, yTOGH x=y. [lauuas cHcTeMa NpH 5TOM ycJoBid |

npHMET BHJ
2x2=z,
2x f2=a.

Hexmoyas z, NOAYYHM KBAJPITHOE YpaDHeHHe AAs x:
2% 4-2x—a=0.
Jas toro utoful i 5TO ypaBlieHiie HMEIO €JNHCTBEHHbIt BellecTBelHLIl

KopeHb, HeOOXOJHMO i JOCTAaToOuHO, 4TOObl JAHCKPUMHHAHT ypaBHeHHS
6ua paseH HyJIO: ’

v

D=23—4.2(—a)=4 (1+2a) =0.
1

1
Orciona a= —-z H CCOTBETCTBYIOUEE 3HAYEHNE X = —-. Mu npuxo-

LilM B UTOTe K [Ipekuenvy pesy.nTaTy.

47. Tlycrs xg, yo—HeKOTOpGe DpewleHite chucTeMul. B iy nepsoro
ypanHeuusa

[(x3+95) e =505+ ozt ‘ (H
070
a corsacHo BTODOMY YpaBHEHHIO
(Y =X 95+ 20N (2)

X2 _/2
Pacxkpunast B AeBoit yacTH papedcTna (1) Kpagparsue cKOGKHl M BYHTAs
K3 11ero paseHcTBO (2), NMOJYHHM:
— 2 2 2. — -}
2a (%2 +y2)tat= b?,

a2+ b2
343 =g -

Orciona

Tax Kak g n b peulecTselus!, TO yTsepilenne JOKa3aHo.
48, Jlerko BHAeTb, YTO CHCTeMa Bcerja HMeeT peweuie .,
x=1, y=1, z=1. (1)
OuesHaHO TaKixKe, YTO B Cayuae
a=b=c " 2)

pce TpU ypaBHenusi npuHuMaor sul x4-y-}-z=3, # cucrema obnazaer:
GecKOHEIHLIM YHCJIOM PelIeHuil, s
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- Iloxaxe™m, uTO" ecan ycaosHe (2)' He BHIJOMHEHO, T. €. €CJH Cpeam
QHcea g, b ¥ ¢ eCcTh HepabHHe, TO pemenre (1) eAnHCTBERHO.
ChoxuB cHauasna Bee TPH YPaBHEHHSs AaHHO CHCTEMH, NOAyuaeM:

(@4b+0) (x+y+2)=3 (a-+b+0).
Cpxpanm Ha a-} b4, naitpem:
x+y+z=3. , 3)

Orcrona 2=3—x—y. Iloncrarnas sTo BHpaxeHHe ANY 2 B NepBHe
ABa ypaBHeHHS CHCTEMH, GyZeM HMETb: '

(@a—¢) x-+-(b—c)y=a-+b—2c, } y
(b—a) x+-(c—a)y=—2a-}+ b+-c. “

VMuoXan nepsoe H3 STHX ypapHeHnl Ha c—a, BTOpoe Ha ¢—b n
CKNajHBas, HafizeM: :

[—(@—c)?+(b—a) (c—b)] x=(a+b—2) (c—a)+

- +(c—b) (—2a+b+0). (5)
Tak kax ypassenne (5) yzosnersopsercs nps x=1, To Kospduuzenr
NpH X JOMKEH TOMAECTBEHHO MO 4, b W ¢ cOBNajaTh C NMPaBOfi YacThIO

ypaBueHusi. PacCKpuB ckoGkn B obonx BHpaxennsax, yfempaaeMcs B ToM,
YTO OHH JefiCTBHTEJbHO COBNANAIOT H PaBHEHL

- % 26 — 4ac -} 2¢3 — Db -} 263} 2ac — 2ab] = |
= — 3 [a= 0P+ (b=} +-@—b7].

TaruM o6pasoM, ecln cpeau uucen a@, b u ¢ ecTb HepaBHHe, TO ypaB-
Henue (5) yRoBjeTBopfieTcq JHwb Npu x=1. M3 ypaBHeunit (4) mocae
8TOrO JIETKO caeayer, uto y=1, & Hu3 cooTHomenug (3)—uro z=1.
Taxkum o6pasoM, npH yCIOBHH

(a—c)*+(b—c)2+(a—b)* £ 0
CHCTEMa HMEET eAMHCTBEHNOE pelueHne:
x=1, y=1, z2=1,
49, CnoxuB Bce ypaBHeHHS, NOJNYYHM

(a+2) (x+y+2)=14a-+ta? ~ )
Ecan a #—2, 10 l \
x+y+z=—t—‘_’:;3—

- Pemas sTo ypaBHeHHe BMecTe € KamIHM YPaBHEHHEM HCXOAHOM CHe
CTEMH, HaHzeM, mpeanosarad a # 1:

= — 14a _ 1 ze= (a4 1)2
_ T a2’ =213 a2 '
Ilpp a= —2 cucreMa necosMecTHa (paBeHcTEO (1) HeBO3MOXHO HR

npH Kakux X, Y, z). Ilpn a=1 cucrema saBasercs HeonpeaenenHoils
MoGLe TPH 4HCNA, YAOBJETBOPAIOMIHE YCAOBHIO X+ y-+2=1, obpasyiwor
peluennd, .
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50. Jlerko BHEeTb, uTo eCJM’ Cpeiil TpeX ducen a;, &, d; Aba
UHC/a paBHb HYJMO, TO CHCTeMa HMeeT GeCUMCJIEHHOE MHOKECTBO pe-
wesuii. B camom Aene, nyctb, Hanpumep, dy=0 n a;=0. Iloaoxus
TorAa x=0 n BuG6pPaB y M 2z TAKHMH, HYTOGH YJOBJETBOPAJNOChL YpaB-
Henie y-+z=1, MH YNOBJETBODHM BCeM TpeM YPaBHEHUSIM CHCTEMHI,

" IMosToMy, OTHCKHBasi YCJOBHe .€AHHCTBEHHOCTH, Mbl MOXKEM - cpa3y
NPeANOJIOKHTb, 4T0 KaKue-HHOYIb ABA YHCAA OTAHYHH OT Hyasa. Ilycrs,

Hanpumep,
a#0na;#0. (D

Bhiuntas H3 BTOPOro ypaBHeHHS Nepsoe H H3 TpeTbero YPaBHEH:HS
BTOpOe, HAXOMHM 4;X=a,y=az2. OTciona, B cuay (1), caeayer:

=0, =y , ‘
U= % x, z 2 X. - 2)

Ilogctasnna 3ty BHpaKeH!s B nepsoe ypaBHeHHe, MOJYUiiM:

a; a ’ .
#(1+a +——+—-)=l- » @
a; as .
1o ypapHeude pa3PCUlHMO JHDIL [PH YC/IOBHH, UYTO BHIPaXeHie,
cTosiee B CKOOKaX, OTJIHYHO OT HyJd.
Yuutsizag (1), Mbl NpUXOIHM K YCJOBHIO

D=aa,+a,a,+a,a3+ay8,0; # 0. “
Ilpu suinoanedns sroro ycaosus u3 (3) u (2) naxogua:

__ Qxas _ a5 _4a
x—D,y—D,z—D. )

ST TPH 4KCAa o6pasyloT pelleHHe CHCTEMH H NPHTOM, KaK 370 CJje-
RyeT H3 crnocofa MX NMOJyYeHus, €IWHCTBEHHOE.

Taxum ofpasom, ycnosue (4) sBasercs HeoGXOAMMLIM  YCAOBHEM
TOro, 4TO CHCTEMa HMEET pelieHHe H NPHTOM €JIHWHCTBEHHOe.

Jlerko mpopeputs, u4To ecau Gbl BHauaje MH NPEINOJIOMHAH OT-
JIMYHOII OT HyJst APYFYIO Napy uuced dy, dg HAH a;, ds, TO aHAJOTHY-
HO® pacCyikjenne npiubeso Ob Hac cHoBa K yciosuio (4) H K ToMy e
pewenuwo (5). Tak kak, fanee, u3 ycaosus (4) cnegyer, uTo XxoTa Gl
OQHa U3 TpPeX Nap uuCeN OTAHYHA OT HyNf, TO YKa3sasHoe ycaopie
ABASIETCA He TOJbKO HeOGXONHMBIM, HO H JOCTATOYHEIM.

51, YmiloxxaeM ypaBHEHHst COOTBETCTBeHHO Ha @, —b, —¢, —d
u cknatusaem. [loaywaem (a24624-c2}-d?)x=ap —bg —cr —ds
Han

e ap—bg —cr —ds
T attbt it
AsanoruyHo Haxoaua
_bptag—drics cptdgtar—bs
V= eyare’ Tatetofd
(= dp—cq+br--as
az4-p24-c2+d2 °

z
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52. Cnoxup BCe ypaBHeHH CHCTeMH, Hafimem: . .-

bttt

l'lpaaylo HacTh TOTO ypaBHEHHA 0603Haan uepes A, Bu!m'raﬂ Ternepsb
K3 MePBOro ypasueHus BTOpoe, no/Tyuagm:

(2ot ..o 4 2) —nx =0, —ay.
B cuny (1) umeem:

xl=A_(a’_a’) .

n B . .
BooSme pna nonyuemns £, (1 <SkeSn—1) Buutem u3 k-ro ypasse-
nua (R-}-1)-e ypasnenne. AHanoTHYHO TpELIAYINEMY HafzeM:

_A—(ap—ausy)

X
k n

Hakotient, BHUHTA H3 fOC/eIHEro ypaBHeHHs NEpBoe, MOAYYHM:

A—(a,—aq,)
Hafinenneie 3naveHns MoXHO OGBEANHHTH B efHHOM dopmyne: -
A—(a;—a
xi ( ] l+l) (l<t<n) (2)

(3zecs mon a4, ., cleayeT MOHHMATH a,). Henocpencrnennoﬁ MOACTAHOB-
kot yGexxpaemcs, uro HaGop uncen (2) AeficTBHTENLHO YHOBAETBOPSET
BCeM ypaBHeHHuAM cicTeMul. Takum o6paaou, AaHHAS CHCTeMa HMeeT
eJMHCTBeHHOE peleHHe.

53. Crnoxus BCe papeHCTBa, Moche fefemusl Ha 3 MoAyuuM:
Xyt x5t i Fx190=0.. - ) )

Jleass 9acTh 5TOTO HOBOTO pADEHCTBA HMEET CTO CRAraeMux, I ee
MOXKHO NpejCTaBHTh B opMe

(%3 F %24 x3) + (g - x54-%5) . .. +(x91+x”+xos)+xmo—0

Ho kawnast u3 cymum, cTosmas B ckoGKax, paBHa. 0 B CHAY .. HCXORHHX
paBencts. [TostoMy x;90=0. Anasoriuso, nepecrasfiifl Xj,, Ha Hepsoe
MecTO H mpejactasiass pasencTso (1) B dopme

(%100 X1+ X2) - (X3 Xa X5} -+ o o « - (Xga + Xp7 - Xog) + Xgp = 0:

Haﬁ}xeM, 4TO Xge=—0. IlepeBoas 3ateM xy, Ha NEepPBOe MeCTO H CHOBA
Tpynnupys cjaraemsie No TpH, ME yGeanMmcs B TOM, 4TO Xp3=0 H T.A.
aKuM o6pasom,

x1=x2=.-.=x100=0. : =

9To # TpeGoBajoCh N0Ka3aThb,
54. CnoxuB Bce ypaBHeHHS, TONMYTHM .'
+yt2)—(xty+2)—12=0. M
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Monoxum x-+y--2==1, Torna us ypasnenna (1) naizems :
th=—3, t=4 @
INopctapnss cymmy -y-+2z=f—x B IePB08 YPaBHEHHE HCXOZHOR
CHCTeMBI, TmoJydaeM :
B-x (f—x)—x=2;
OTKYA8 '
2
xX= ] (3)

AnanoryuHo noicraHoska x-z=¢{—y BO BTOpPOE YypaBHeHHE K
X+ y=t—z B TpeTbe ypaBHEHHe HCXOAHOA CHCTEMH JaeT

p=gep @
H
z=t_i1 . (6)

. Monctasnan. nsa suauennss ¢ B dopuyan (3), (4) u (5), wmafiiem spa
pelleHss HCXOAHON CHCTeMH

3 2 4
(<41 =3} (3 4.2)
65. IlepemicwBaem cicTeMy B caepyiouleM Blje

o xty=T+4z,
x4 y2=37-123, (1)
BtpP=1428

Bo3Boas nmepeoe M3 ypaBHeHu#l B KBaApar H HCKmouas x3-}-y2 nocpeg.
CTBOM BTOPOTO YpaBHEHHS, HaXOJHM

(7+2)* =37+ 22 +2xy,
xy=6-47z.
(7422 =x3+4-y3+3xy (x+9)
23+ g3 =(1+2)2—38 (6+72) (T+2)=2°—1824217. 2

CpasnuBast (2) ¢ mocieaHuM ypabHennem cuereMul (1), HaxoanM, wro

z=12. Ho Torza
x+.‘/= 19,
xy=90.

OTKY/Aa

JHanee moayuaem

na

Pemas 3Ty chHCTeMy ABYX ypaBHeHHiT, MosyyaeMm:
n=9, y=10, 2;=12 u x,=10, y,=9, z,=12.

Jlerko npoBepHTb NOACTAHOBKON, 4To aTH JBa Halopa wuucexr yso.
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BETBOPAIOT H uexoanoit cucreme. 'Takum o6paaoM, HCX01HAA CHCTeMa
HMEET JABa peileHus.

56. Jlenum mepBoe ypaBHeHHe Ha BTOpOe H. Ha TPeTbe; B pe3y/lb-

TaTe rnoJydyaeM
y+z _ 5 z2+x

ity 3' x+y T
YmMHoxkan ofa ypaBHeHHsa Ha X-y, HaXOAMM
5x4-2y—32=0, }
x+4y—32=0. ‘
W3 stix ypaBHeHuil caeayer, uto y==2x, z=3x. Hozicréanﬂﬂ orcioaa y

H z B MepBoe ypaBHeHHe NepBOHaya/JbHOM cHCTeMBl, HafiaeM, uto x3=1,
B pesynstaTe nonyuaeM

n=1, =2, =5 fy=—1, Yp=—2 2,=-—3.

IMpoBepkofi yGeixgaemca B ToM, 4TO o6a HaGopa YRO0BJAETBOPAT H
HCXOJHOM CHCTeMe.

57. 3aMeuas, 4TO PasHOCThL ABYX YPaBHeHHIt mpeanaraemoil cHCTeMH
pasnaraeTcs Ha MHOMHTENH, 06pa3yeM pa3HOCTH MepBOro YpaBHeHHs
H BTOPOro, NMepBoTO YypasHeHua N Tpersero. IlosyuenHsle Takam oGpa-
S0M [1BAa YDaBHEHHS BMeCTe C TPeTbHM YDaBHEHHUeM HCXOAHOM CHCTeMu!
COCTaBAT CEIYIOULYIO CHCTEMY:

' (a—w) (u+w—1)=0
v—u) (v+w—1)=0, )
widultu=2,

OueBHAHO, HTO BCAKOe pelleHHe HCX0qHoll cHCTEMH YAOBIIETBO-
pset ciucteme (1). Tak kak, u o6paTHO, BCe YpaBHEHHS HCXOJHOA CH-
CTeMH MOTYT OHITH MOJIydeHH ITyTeM CJHOMKEeHHA M BHYHTAHHA ypaBHeHud
cucteMul (1), To moGoe pemenue cHeTeMu (1) aBaseTea peieHueM
HCXOJHOIl H, CJIe]l0BaTeNbHO, 3TH CHCTEMEl PaBHOCHJBHEL. .

Cuctema (1) pacmajaercs Ha cheayiollie yeTHpe CHCTEMBL:

u—w=0, u—w=0,
v—w=0, 2 v+w—1=0, 3)
wi-ut4uv=2, wituttuv=2,
utw—1=0, utw—1=0,
v—w=0, (4) v+w—1=0, (5) -
w?-ut-tov=2, . witutfov=2

B cunny ckasayHoro oueBHIHO, UTO BCe peuleHHSl 3THX YeThipex
CIICTEM H TOJBKO OHH ABJAITCA PelleHusMH ucxoaHoRl cucTeMu. Kame
227 W3 yeTHIPeX JaHHLIX clcTeM 0e3 TpyJda CBOIMTCA K KBajPaTHOMY
YPaBHEHHIO H HMEeT ABa peuieHHa, ﬂpnseg.e\x coomercrsymmue petenus
(¢, v, w), onyckas BLIKNAAKH.
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Pewenna CHCTEMH @n )
( —1+ V17T ~14VWT =14+ VT
_ 4 d 4 ) 4 y
(—l—V17 —1—-V17 —1—V17
4 ? 1 ’ 3 .
Pewenus cuctemu (3):
' 1 3 1
Lo {(—~, =, —=
o.on (=4 3. -3).
Pewenna cucremu (4):
3 1 1
(0, l! l)’ (?, -~ —-f).

Pemenua cucremut (5):

1 1 3
1,10, (=L _1 3} .
¢ ) ( g T2 2)

TakuM 00pasoM, HCXOQHAS CHCTEMa HMEET BCEro BOCEMb peuieHidl,

§8. Buuitan u3 BTOPOrO ypamnemist nepsoe, noixyuaeM z3—y?2-
+x(z—y)=3, orkypa (2—y)(x+y-}-2)=3. Buuutas n3 TpeTvero
ypaniienus BTOPOC, aUAJIOTINO LAXOIM;

(y—x) (x4 y+42)=3.
s nocremmux Apyx ypapuenuil caeayer, uto
Z—y=y—x. ) (1)
Danee nepenicuipaeM NepBOHAYaibHYI0 CHCTEMY B Takoil dopme:
(x—y) =134y, o
(x—2)2=4—3xz, ‘ 2
(y—2)*=7—3yz. :

Hs (1) caeayer, uto npaBhe 4acTH NEPBOr0 H TpPeTbero YypaBHelil
cucTenu (2) paBu, T. e. 1 —3xy=7—3yz, oTKyna

2 .
2—X= 7 . ] (3)
Tak kax coraacno (1)

1} x=2y, @)
To0, petnast coMecTo (3) u (4), HaxoznMm }
1 1
X=l=——, 2= —_—
Y v’ y+ Y

ToxcTanip NOAY4Enloe BHpaieHHE JAS X D NepBoe ypabuenue HCXOA
Hofi cncteMu, OyjeM iMeTh

\ 3yt —ayd 4 1=0, .
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OTKyRA
= l, [/ i vy —— }
Yr.==% ¥s,a==% 73

B pe3yabrare ﬁaxonmi qewpelﬂaGo‘pa qncen
©1,2, © —1, —2
2 1

<V§'2_-V:Tl' fﬁ)
(‘Vs" 75 VE) ‘

Mposepxoft y6exgaencs B TOM, YTO BCE OHIl YAOBJSTBOPAIOT HCXOAMOA
CHCTeMe. _

§9. IMepemHoXHB NeBbe i NpaBble 4acTH ypaBHEHHH, moJyunM:

. (X1 %- o  Xn)" " 2=010,.. .0,
oTKyAa : greciar ' o _
xlx,...i,,="'_f/ala,...a,,; . 1))

. -

k-e ypaBHeHHe CHCTeMH fIepenuiues B BHAe
ApXE = X1Xq. . .5y
Orciopa, B cuay (1), HMeen: o S
n=-2 /="
2= MBeen  (r=1, 2, ..., N).
. . a -

MpoBepkofi yGemaaeMcs, uTo 3TOT HaGop uice] YICBJIGTBOPAET HCXOA-
Hoft cucteme. Takum ofpasod, 3afaua umeeT eIHHCTBEHHOE pelleHue.

60. 3amernmM cHavana, uTo npH a=1 cucreMa NMPHHHMAET BHA
tytar=r, )
ety tap=0,
x4yt 2)i=mt
Ora cHCTEMa HMeeT pelleHue JHWD NpH Aonommrenbno.\{ycnomm
B=PF=m Q)

Ilpn stoM ycnosun, ogeBupiHo, NoNytaeTcs GeCKOHEUHO MHOTO peweitufi.
B panpuefireM Mu MoXeM, TaKHM O6pa3oM, NPeRmOJNOKUTb, 4TO =

a#l, @
CroxHB BCE yDABHEHHA CHCTEMH H NOJIOKHB AIA KPATKOCTH
o xdytz=t, L
nomyuuM; _ 7
a2 =r+034m
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Tak Kak MO ycloBMIO 3ajaull NPaBag YacTh MOJOKATENbH3, TO npH
a== —2 cHcTeMa Boolllie He BMeeT peiwennii. Cunras

a#% —'2: (3)
HaXOZHM}
) B¥otme
te= ]/ e 4

Tlpeo6pasoBaB Jfafiee ypaBHEHHS CHCTeMH K BHAY:
B4t (a—1) x=F3,
B+t(a—1)y=0n,
124t (@a—1)z=m3,

MW OnpefesHM OTCl0Ja B COOTBeTCTBHH ¢ (4) aBa HaGopa smaye-
Hult X 0y

a+2 Ba+)—2—m3
Xk Vk=+z=+m2 @+ @—n '

o4 1/ a+2 [ @a41)—k2—m?
b FrPtm® — @r9e—n i
2 —p3__12
. 1/ at2 _m (a—t—l) B
+124-m @+2)(a—1
IlpoBepkofi ycranan.uBaes, uto 0o6e TpPONKH uHCEd YMOBIETEOPAIOT

Hexoaoft cicteMe. Takum o6pasom, B ofien ciayuae (a3 1, a # —2)
CHCTEMa IMeeT ABa PAa3 IHYHLIX peluekis.

61. Bospoas nepmoe ypaBHeuHe B KBaipaT M BHUNTag M3 IOaYy-
UHBLUIETOCA COOTHOLIEHHSI BTOpOe YpaBHeHue, Hailjem:

xy+yztzx=11. (1
B cuay TPeTLero ypaBHeuus OTCIOAA CAeAyeTt
(xy)2+3xy—10=0,

Pewas s1o ypasnenne, noayuaem:

(=2, (xy)y=—5. @)
PaccMoTpum Temephb ziBe BO3MOKHOCTH,
Iycts
xy=2, 3)

Hexnouus x-f-y 13 nepsoro i TpeTsero ypapHenuii MCXOAHOR chCTemul,
TIONYYHM Clledyiolliee ypaBHelllie OTHOCHTEJIBHO 23

22—624+9=0.

Orciopa caeayer, uto z(0=3.
IMeppoe ypabuenie HCXOAHON CHCTEMLI TOFA3 AaeT

x+y=3.
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« Pewas 3to- YpaBHeHHE COBMECTHO c ypas:teitieM (3), nonyuaem. a
x(”-—l U(l)_z
xy=zyQ=L

2) MycTs Temepsb B COOTBETCTBHH € (2)
XY= —b. 4)
W3 nepeoro u tpethero ypasmemufl Toraa mo.aywin: : R
22 —6z4-16=0.
DT0 ypaBHeHHE HMeeT HeBelleCTBEHNLIE KOPHH, If, CJeAO0BATE]BHO,
ZanbHeitiine HCCMeAOBaHHA, CBsI3amHsle C ycsosueM (4), MOXHO He
NpOBOJMTS.

.. Takum o6pa3oM, BO3MOMKHEIMH BEIIECTBEHHGIMH DPeUISHHAMH SB]7I0T.
cd JHWb caexyowmue Tpoitky uncea (x, y, z): :

1,2,3 u (21,3).

Tpopepkofl yGemnaemcs, 4T0 06e OHH YAOBJAETBOPSIOT ncxozmoﬁ Cil
creMe. TakuM o6pa3oM, BCe BeLeCTBEHHbE peIIeHHs CHCTEeMb! HaHIeH:,

62, Jlerko 3aMeTHTb, uTO JeBEe WUACTH YpagHeHH] MoryT ObiTh
Pa3NOKeHH Ha MHOXHTENM, B pesyabTaTe Yero CHCTEMa NpHHMMAeT

BUA
(x+9) (x+2)=a,
(+y) (y+2)=b, ()
(x+2) (y+2)=c.
TMonoxuM 119 KPATKOCTH
| xdy=u, xtz=v, ytz=w,

Torna -
uv=a,’
uw=">h, ’ : 2)
vw=c.

IMepeMuoXHUB BCe ypaBHeHns, HafieM: -
(uvw)? =abc,

urw=4 Vabe. e

Teneps yxe HaxokAense pcex pemueHnil cucteMn (2) He npea-
cTaeaser TpyAa. BuGnpaa B dopuyne (3) cHayana sHak miaoc, a 3areM
MHHYC, YCTaHaBJIHBaeM, 4YTO CHCTeMma (2) HMeeT ABa peluemns:

V abe / be be
=, 01=—a—". w1=_—z——' “

_—Vabe .. - — Y abe : —-.Vabc h
=—T—"", (9
. b, ! a

OTKYAA

N Ug=



Ocraercs, penTh JBE CHCTeMw ypapHennfi, noAyuaiouiHecs DB .Peayn?
TaTe NOJCTaHOBKK B NpaBhe YacTH ypaBHeHud

Xt y=u, ,
x4z2=v, ‘- : {6}
Vt+z=w

snasenufi (4) n (5).

- -Caoxup. .gce ypasuenus (6),..nmoayusm x-4y+2z2= u+z;+w‘.‘
Orciona, B cuaty (6), nerko caeayer: '
x=u+v2—w , = u--v2+w 2= —u-};v+w Y

Takum 00pa3oM, 1CX01HaA CHCTEM3 HMeeT BCero ABa peuleHis, KOTO:
phe onpeneasorcs cpopuynamu (7) npn noacranoBK€ B HHX 3Haues
uull (4) u (5)

63. C.no,mm BCE ypabHenus, Haiipe:

xy+x2+y2*—a-i’;’—+i. ' o)
B cuny ypaauem:ﬁ CiICTeMH Tenepb JIEFKO MOayvaeM:-
. e a’_—i%—_ﬁ —a } ‘
R o
y2=—a2-};b2+cﬂ.= . }I | TR

Mu bpenn 3iechb A1a yao6eTBa coxpauiennue oGolnavenns naa noayi
uHBLIHXCA ApOGeil. 3ameTiiM, YTO €C/H HCXOAHAA CHCTEMA HMeeT peme:
HlE, TO B HaWHX YC/IOBHAX BCE TPii YHCAR &, f§ H Y OTAHYHY OT Hyas,
B-tamoy neae, myctb, nanpuMep, a=0. Torza fy=xyz2=0. Croxun
uepnoe ypasHeluiie cicTeMu (2) €O BTOPHM H TpeThiM, NOAYYUM:

a’—-ﬁ, b’=\
otkyaa a’b?=0, uto NpoTHBOpEYNT yCJOBHIO 3apaun. Takum- oGpasoy,

afy % 0. CHCTe\&a (2) mo3TOMYy B TOMHOCTH COBHAjpaer ¢ cucremoil (2)
npeauayuteii 3agasn. Cielosare.sHo, T3 CHCTeMa EMeeT B pelLeHilas

Vaﬁy Vapy Vv

xn= =g H=-—"-13 (6}]
xX;= - I yz=.—-—__ Iﬁaﬁvr zza:—-___ Iaaﬂv. (4)

Jlerxo NpoBEpHTL, 4TO 9TH 3Ke ABa HaGOpa uice] YAOBJETBOPAIOT i
HCXOAHOH cHCTeMe. Takun 06[)330\! BCC pewemm CHCTCMH ucqepnw
waoTes pewiexiama (3) s (4). o
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64. ToaomuM
’ xytrztgr=0. n

Torna cucTema 3amuuwercs B BHAE

~ y’-}-z"—?als A
23 - x3=2b13, 9
x84 3 =23,
Cnoxxup Bce ypaBHemns sToll CHCTeMH Haiilewm, yro
B+ =(a+b+0) £ 3

Bugutast 13 8TOr0 ypaBHeHHSt MOOUEPeNHO YpapHeHHS cHCTeMH (2),
noayqaenm

_ ;‘c,’-?(bz+c—a) 13, P=(C+ta—b)8, B=(at+b—0B,
OTKyZa ) - . -
xX= 3'/b-|-c—a‘t, y=3 cta—b-t, ‘_z=_,3 a-+b—c-t. (4)

TloncraBana 9‘m Bupa)xemm B ypaanelme (1), mnaiizem, wT0 mGo
l,-—O an6o- ‘

/(b+0—0) (c+a—b) + /(b+0—0) (0+b—0) +
: + Y/ cFa—br@tb—o.

Honcramm 5TH ' 3uauenrs t B (bopuynu (4), naiinen gea pememm
HcXOJlHOll CHCTEMH.

65. MonoxuM . :
xty=u, xtz=v, y+z=w.

Torna cuetema sannwercs c.ne;xyxomuu ofipasos:

- u4v=aup, _
T a4 w=buw, } (1)
v -} w=cvw.

OyeBnaHO, CHCTEMA (1) m@eer c'nen'y‘souiee. pewennes”
u=0, =0, w=0. 2)
3amerum eme,. 470 -ecan #=0, To #3 neproro ypasuerua (1) caeayer

v=0, a TOTAa M3 Tperhero ypasueuns w=0. Orpasnynmea no3TOMY
paccMOTpeHHeM TeX ¢ilyyaeB, KOrja

H3 cucremsr (1) Haxomm: uvw # 0.
Ll
il
wty=e

5 B. B. Mupcknd 8 ap. . . 129



T7a CcHCTEMa HMeerT ToT e BHJ, yTo cucrema (6) B pewenun 3a:
Raus 62. Ilpumenas ToT :xe mpiues, modyuaem:

_l__ a-t+b—c
u 2 '
1 a—b+o
e ®
1 —atbte
= 5 .

Orciona caenyer, uro cicrema (1) MoXeT HMeTh pelleHHe, OTAHYHOE OT
pewenna (2), NHIBb NPH AONOJHHTENLEOM YCJIOBHH

a+b—c=0a#0, a—btc=p #0, )
—a--b-tc=y #0.
Ecmn yenosue (4) BHINOJHEHO, TO U3 Gopmya (3) BriBORIM:
2 2 2 .
u=7, U='-B-, ’ w=-§-. (5)
Jl1s 3apepilenus OCTAeTCA DEIHTb ABE CHCTEMEL:
2
x+' =E ) ]
x4+y=0, 9
x+2=0, (6) x+z=—6- , @
y+2z=0, 9
ytz==.
v+ " J

Ipu s1oM ciicTema (7) DO3HHKaeT JuuIb NPH BHIOAHEHHH YycJaosus (4).

OG6e cucTembl HMEOT M0 oaHOMY peweniio; cuctema (6) umeer peue-

Hite :
x=0, y=0, z=0,

a cucrema (7) HMeeT peilenie
1 1 ] 1 1 1
X=—he——_——, y=———a}—,
LA ®
t=mg Yy

Takum 00pasoM, HCXOAHAA CHCTEMA HMeeT JIHIUL HYJeBoe pelleHue:
k=y=2z=0, a npn BHNOCJHEeHHH JONOJHUHTEJbHOro YycJaopus (4) elle
ozuo, onpepensemoe gopmyaamu (8) u (4).

66. [lo BHLY BTODOTO YPaBHEHHT CHCTEMH 3aKJi04aeM, 4yTo X # 0,
#0u z7#0. IIpuBeaa JeByl0 4YacTb BTOPOrO YypaBHeHHA K ofuiemy
gHaMeHaTel:0, NOJyYaeM B CHAY TPETBEro ypaBHEHHA

xyz=2T. n
YMHOXUB Ja/ee TpeTbe ypaBHeHHe Ha 2z, GyaeM HMeTb, yuuTuiBas (1)
27+ (x4-y) 22 =272,
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Tlogcrasus ciona  x-+y=9—2 nB3 nepeoro ypasHeHHuST CHCTEMH
NOTYyUHM: ’ :
23 —922 4272 —~27 =0,

#an (z—3)3=0. Tlostomy z=3. TloacrasusB 3TO 3HaueHHe B nepsoe
ypasuenne u B (1), wafige™, uto x=3 n y=3. Ilocaennee, Bnpoyem,
MOXKHO GblIO mpejBHAeTb, TaK KaK BCE HeH3BEeCTHHIE BXOJAT B YpaBHeés
Hisl CHCTeMBl cuMMeTpHuHo. Hrak, eca cucreMa Hueer pemeﬂmi*1 19
HM MOXeT OKa3aTbCR JHIUb TPofika unced x=3, y=3, z=3, lipq-
BepKofl yGexaeMcst, uTo oTH 4ncaa JAeficTBHTEIBHO 06pa3yidT pémen‘ﬂg.
Takum o6pasoy, clcreMa HMeeT (M NPHTOM eIHHCTBEeHHOe) péureHsel

x=3, y=3, z2=3.
67. TlogctaBns x-}-y u3 nepeoro ypapHeHHS BO BTOPOE, NOJAYYHMI
‘ xy+2z(@a—z)=al.
Buecs oTClofZa xy B TpeThe ypaBHeHHe, GyleM HMETb}
28—aztta?z—a3=0,
Jlepasl 9acTb Jerko pasiaraeTcs Ha MHROXHTEIH:

(z—a) (z—al) (z+al) =0,
Otciona. .
7y=a, z,=al, 2;=-—al.

TopcTaBiB z=a B mneppoe H BTOPOE YpaBHEHIf, npnneu_k cHeTeme
x+y=0, xy=ad

Orciona x= % la, y= T ia, nprueM Jerko NposepnTh, 4ro obe Tpoitrn
uucea (x, y, 2):
. (ia, —ia, a) n (—la, ia,.q)

YIOBJETBOPSIOT HCXOZHOR cHCTeMe. AHajOrHYHO HaXoanM eme xse
Napsl pelenHii, COOTBETCTBYIOULNX -3HAUEHHAM 2, H 23!

(a, —ia, la), (—ia, a, la), (ia, a, —la), (a, la, —la).

Takum o0pa3oM, cHCTeMe Y0BJETBOPAIOT IIECThb YKA3aHHEIX HaMi pe-
WeHNl 1 HMH HCUEPNEIBAIOTCA BCe PelleHns CHCTEMHI. :

K sToMy e pesy.asraTy MOXHO npnitti i Goslee KOPOTKHM MyTeM,
ecat o6paTHTH BHIMaHie HA CBA3b peureHnii paccMaTpHBaeMofi CHCTEMH
€ Kopusmi KyGiuecKoro ypaeHeHHs = . .

{3—at2ta¥ —a3=0. . _ ()

i% caMOM JIelI€, corJaco dopsynan BlieTa (cM. (2), cTp. 9), TpH Kopilg
ypasuenus (1) : :
N ! - ty=a, ly=la, t3=—I1a,

3anyMepoBalHbie B JoGoM nopsike, o0pasyioT pelleHHe paccMaTpHBa:
eMoil cucTeMel. TakuM o6pasoM, M yiKe nmeeM mecTb (3!) pewennit.
TToxaxeM, YTO STHMH INECTbIO -PelIeHHSIMH HCUEPMHIBAIOTCS BCe petle:
ug cucteMut, JeficTBHTebHO, NYCTh (X3, Yy, 21)—HEKOTopoe peleilite
‘HeTeMmbl. PaceMoTpuyM ypaBHeHHe TpeThell- cTeméun :

_ (F —50) (£ =g0) (¢ —2,) =0, @
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KODHAMH KOTOPOro fIBAAIOTCA YHCAA Xy, Yy B 2;. PacKpuB CcKoGKu
B ypaBHeunn (2) i BOCHONL30BABIIHCL PaBEHCTBAMH : :
xthitza=a,
it natnn=a,
nhz=ad,
Mbl o6Hapykus, uro ypasHenns (2) u (1) cosmanaior. Cnelosatenbuo,
X1, Y3 M -2y, ABIAIOTCA KOPHAMH ypasHenusa (1), uro u TpeGoBanoce
OKa3aTh. OTHM Ke 3aMeuaHHeM MOXHO OunLio Obl BOCNO/L3OBATLCH i
fIpH pelIeHHH Mpeabijynlell 3afadH.

68. IloacTasus X H3 MepBOro ypasHeuHs BO BTOPOE, MOJYYiM:

_ 3yt +22=0. )
B cuay Tperbero ypasHeHHs OTCIOJa CJelyer:
3yt —xy=0. ' @)

Ilostomy sin6o y=0, mu6o x=3y.

B nepsoym caygae (y=0), coraacho (I), 2=0, 2 B cuay nepesoro
ypaBtieHHa cHCTeMH W X=0. . ]

Bo nropoyM caywae, noactasis x u3 papenctba X=3y BO BTOpOe
ypaeienile CHCTEMB, MOJYUHM:

2yt + 4yz =0. 3)
Ecau teneps y=0, To Mu NPHXOIHM K Y¥Ke PacCMOTPEHHOMY NepBOMY
cayuao. Ecan e y=— 2z, 10 u3 ycaosus (1) sakawuaey, 4to z=0,

&, cnetosateasio, y=0 0 x=0. YTBepxaeHue A0Ka3aHO.

69. i3 TOH1eCTHa

(F+y+t=x34y2+ 22+ 2 (xy +x24y42), ‘ I
B CHAY NEPBOrO H BTOPOro ypaBleluil CHCTEMH, MOJyuaes:
xy+xz2+4+yz=0. I )]

PaccMotpum naziee TOXAECTBO, MOJydaeMoe BO3BeJeHHeM TpexuneHa
B KyO0: ' : :

(£ g+ 28 =00t g4 254 3ety+ etz 4 Bxy? - bxpz
+4-3x22 +3y2z +3yz2. (3)
ﬂpaayxo YaCTe €ro MOXKHO npeacTaBiTh B BHJIE
B+ y3 4234 3x (xy+x24-y2) 4 3y (xy +yz + x2) + 322 (x +4).

CaeposatesbHo, H3 TOxzectsa (3), B cuay ypaBueHuil cuereMut’ i
paseucrea (2), BLHTeKaer, yTo

822 (x4 y) =0. @

PaccMoTpuM B CBf3H © 3THM ABa cayuas:
1) Eean z=0, 710, coraacuo (2), xy=0. YuuTLipas ajec Rcpuoc
ypaBHeHile CHCTeMH, MH MpHXOAHM K ABYyM HaGopasM 3HaueHHils
xn=a, y =0, z=0, ©®)
%,=0, y,=a, 2z3=0. (6)
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Jlerxo Bunerb npn s10M, uTo dopMynu (5) 1 (6) onpejendioT £Ba pe-
e HCXOAHO! CHCTEMbI, ~ '

2) Ecm x4-y=0, 10 03 ycaosna (2) cropa noayuaem xy=0,
1, caegopareisHo, x=0, y=0. Hs nepsoro ypasmenns cucTeMH
TOF|d CJIeAYeT, 9T0 2z==a, W MW TNPHXONHM K eille OfHOMY pellenHio
. HCXOZRHO CHCTEMEI:

X3=0, . y3=0, za=a- (7)

Tagum o6pasoM, npi ycaoBRH @ %0 cuCTeMa nMeeT TpH Pa3/IHUHLIX
pewelius, B clyuae ¥e a=0—JHWb OQHO HYyJeBOe pemleHHe.

70, PaccmoTpuM TOXJeCTno

(x+y+2)3 =23+ g3+ 23 3¢y +-3x%2 + 3xy® -+ 6xyz +

i . i +3x22 4-3y32 4322, (1)
. Tlpasyio yacts sroro rdy;é,;xécraa npeobpasyes K Bupy
O3 +28 4 3x (xy + x2 4 y2) -3y (xy +x2+y2) +

, ‘ - + 3z (xy 4 x2 + yz) — 3xy2.

'Qrcxo;xa caenyer, 4To TOXAeCTBO (1) MOKHO 3anncath Tak:

=R P43 (b gt 2) (a2t g2 =Bz ()

Hs cooTHowenns (2) BHANO, 4TO A8 onpefeenns cyMun x3 4 i3+ 23
LOCTATOYHO #3 HCXORHON CHCTEMH BHPA3NTh XY xz2--yz n xyz.
BOBBOAH nepeoe ypasHeHie B KBajapart H BHUHT2sg BTOpOe, [10JyuacM

xy4-xz2 - yz =% (a? —b?). 3)
3annwey, pajee, TpeThe ypabuense CHCTEMH B BHJE
xyz = ¢ (xy -}- x2 }-yz). . . )
Yunrusan Teneps (3) u (4), #3 (2) oxonuaTenLno naiinem:
xs;}-y=+'z34_¥as;%a(a=—bé)+%c(a=_bz)=as+%(aﬂ-bz) (c—a).
71. Packpup ckolxi, 3annueM BTOPoE ypasHeHHE B BHAS -
x24-y2 422 4-3xy 4 3x2 +-3yz =1,
Gty r Dt aybaz =1
Orcioga, HCnoab3ys neproe ypasieHne CHCTEMH, nonyuaeM: .
xy+xztyz=—3. M
Tpetve ypaBueHue CHCTeMH NpeACTaBHM B Bije

. 2 () +y (g2 + x) +2 (s2 4 y2) =—6.
‘Torza, npuniMas Bo BinMamye (1), Gyiew RMeTb: o

%3+ y2) +y 3+ x2)+2 3+ xy) =6,

HJH
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Hid
x4ytz+oyr=2

T. 8,
xyz=0.
Mu npuxozum K c.neayxoméx‘x cicreme:
xtytz=2, )
xyt-xzfyz=—3, @
xyz=0. J

H3 nocaeauero ypaBHenns 5TOil CHCTEMBI Celyer, uro, o Kpait-
well mepe, oino uenspectHoe pasio Hyaw. Ilycte x=0; Torda

y+z=2, yz=—3,

OTKyAa 6o y=3, z=-—1, au6o y=-—1, z=3. Ananoriuno pac-
CMATPHBAIOTCA Chyual =0  z=0. Taxum 06pa3oy, noayyaeM wWecTs
vewenuit (¥, y, 2) cuctems (2);

(01 31 _l)) (—l; 0, 3)1 (0) _1» 3)1
3, —-1,0), 3,0, —1), (—1,3,0.

Jlerko npoBepuTL, uTO BCe 3TH HaGopul umcel YAOBJAETBODSUOT H HCXO3
noft cicreme. Takum o6pa3ocy, 331aya HMeeT WeCTh pewenuil.

72. PackpuiB cKo0Kii Bo Beex TpeX YpasHEHIAX, 3aMeTHM, 4TO €CJH
H3 CYMMbl HepBLIX ABYX Yypasueunil BLUYECTb TPETbe, TO MNOJYYHTCH
ypasuenne :

(x—y-+2)t=a—b-tc (b
IMocrynan auanoruuno, aiizem:

(x+y—2)t=a+-b—c, 2

(y4+-z—x)2=b+tc—a. ’ (3)

Jlerko yGeantocst B ToM, uTo #, HaoGOpOT, HCXOIHAA CHCTeMa SBJAAETCA
cneicTBieM chcTeMul ypasuennit (1), (2) u (3). B camom gene, caoxus,
nanpuMep, ypasueuus (2) u (3), MM noJayuuM BTOpoe ypaBHeHHe HCXO2-
HOil cucTeMul B T. X. TakHu o6Gpa3oM, HCXOAHAs H MOMYYEHHAST CHCTeMS!
paBuocunnhul. TlosToMy nocTaTouno HafiTil BCE pewleHNsA CHCTeMbl ypab:
wennit (1), (2), (3). Noxoxum A19 coxkpamenns

Vbofc—a =a, Va—btc=b, Vatb—c =c.
Toraa cucteva ypasuennit (1), (2), (3) pasitocuiplia CAE1YIOUINM BOCEMH
CHCTEMAM TNepBoit cTemeni: : :
. x—y+2 = i bXI
~ sty—z=14=¢, £)]
—xty+tz=+ay.
Bui6upast B npaBLIX YacTAX BCIOAY 3HAK IUIOC, JETKO HaflieM cfeiylouee
©AHHCTBEHIOE pelleHne COOTBETCTBYIOIEH CHCTEMEI:

Lbita _4ita _bhta
x"f P y= 9 1 .2= P)

? .
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KomGuRHpYst BceMH cnocoGaMm 3nmakl B HPaBHX - 9aCTAX, MH Halinew
ele CeMb peennii:
—bi+a a+c —b+a h—a a—a bta
2 ’ 2 ? 2 ! 2 2 2 ’
b4 —ayta b—aq —bh—0 a—6 —b+ta
2 2 ’ 2 ! -2 7 2 2 '
—bhte —otaq —b—q by—¢y =ay—¢; bi—a\"
2 ’ 2 ' 2 ' 2 2 ? 2 '
=bj—0a —0—¢ =b—a )
2 ! 2 °? 2 !
YKa3aRHHMH BOCEMBIO peUIEHIHSMH, OUYEBHZHO, HCUEPMHBAIOTCA BCe
pelieHns CHCTeMHL. ’

73. MepenumeM TpeThe ypaBleHHe CHCTEMH B BHJe
22t xy—z (x+y)=2 n

Moncraans cioda 22 m3 BTOpOro ypaBmenus, a 2 (x-}-y) U3 nepsoro,

nonyyaem: ~
x4yt ay—47-Fxy =2, nm (x4 y)2=49.

Orcioza . )

xty=27 2)

CrloxuM Janee BTOpOe ypaBsHemHe ¢ MeppuM, ofe 4acTH KOTOPOro
NpeaBapiTeNbHO YMHOXHM na 2. B pesyabrare noayunm: :

(x--9)2 422 (x +-y) =94 +-22 . (&)

PaccmoTpHM Tenepb IBa cayuas. ]
" yCTb cHauaja B ¢opmyne (2) Bw6pan 3sax nuoc. IMoacrasasa
Torga ¥-+y u3 ypaeHeuns x-4y=7 B (3), noayuaem z2-—142-}-45=

== 0, O6o3nauas kopui storo ypasmemus 2 u 2{1), maizem: 2z{!)=9,
zg‘)_=5. ITpu 2=9 u3 ypapnenna (1) caegyer, uro xy=-—16, Pewas
BTO ypaBHEHHe coBMecTHo € x-}y=7, naxozum:

L0 T+ VIS Ol AT
1 7 U )

(0 _T=VIE gy 7+ V13
W= e

Ecaun e 2=>5, 10 u3 ypasnenus (1) caeayer xy=12. Pewmns cucremy
- =12, -
Cxty=7, }
noayuny AW =4, y D=3y V=3, V=4
2) B cayvae x-}-y=-—7, nocTrymas auanoriyHo, NOJYHHM ypan;t
venne 22+14z24+45=0. Ero kopus 2z{¥==9, 2{?=—5 Peums
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Janee NOCHIeA0BAaTeNbHO ABE CHCTEMH ypannexmﬂ

xy=—16,
xty=—17 } ‘ *)
" )
xy=12,
x+y=—7.} @

#3 cucremn (4) nafmeu

= V 113 y(=)=:7_+_.____ y i3
1 2

e ALE RN ol A VER
' 2 T2

& u3 cHceTeMu ()
x(an)=_4l !/(32)-"-'—3 .

=3, =y,

Hs BamHx paccyxieHHRB cJaegyer, YTO pelUeHHSIMH HCXOJHOH Cif3
ereMnl MOrYT ObiTh JIHIUBL CJleJyiollie DoceMb TpoeK ymceda (x, 4, 2):

(7+V 113 7—y113 9> (7-—1/113 74 Y113 9)’
(2 ’ ? ’ 2 ’ 2 H

2

, —7—VY 113 =74 V1i3 )
(4: 31 5)) (3, 4. 5). ( p) ] 2 3 —9 ’
(—7+2}f IEN —7—21/'113 ,_9)’ (—1, —3, —5),
(=3, —4, —5).

TMpoBepkoft yGe:xaaeMca B TOM, YTO BCe OHH fIBJIAIOTCA pelleHHAMH.

74. Nlyers {x, y, z) —BewlecTBenOe pellente cHcTeMu. Paccmor-
pHM [epBOe ypaBHemue cucreuu. B cuny uepaseucraa (1) crp. 19
uMEeh:

l+z’ TFz <t
K3 nepsoro ypasiieHna CiefyeT TOrja, YTO
x2, 4}
AHaJoruuno H3 Brdporo H 'rpén»ero ypaBHEHHA CHCTeMbl MosyyaeM
y<x, @
z<y. (3)
Cucrtema uepaseucts (1)—(3) yaosnersopsercs aduL B CaAyyae, KOrfa
' L x=y=2, ’ @
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Tloncrasnsa z==x B nepsoe ypablierne, HaXOANM

Xy =0, x3=l.
s (4) oxonuaTeNbHO NOJAYYaeM, YTO CHCTEMA HMeeT B2 BEUIECTBEHHEIN
pewennsa (0, 0, 0) u (1, I, l)

75. Ilyetb %y, Xs, ... , X,—BeHECTBEHHOS pemeHHe CHCTEMHL.
Yucaa xp, (k=1, ..., n), oueByaHO, AOMXKHH GHThL OAHOrO 3HAKAa.
TpeanosoxumM ansg onpeaenesnocTH, 9T0 BCe X, >0 (B MPOTHBHOM
clydae MW GHl MOTJH TOMEHATbL 3HAK BO BCEX YPaBHEHHAX CHCTEMH).
Tlokaxem, uro

=V2 k=12 ...,n) )

llei’tcmurengﬁd, B cuay nepasencrna (1) crp. 19
2 ]/ 2
xk+;’;>2 XkOx—k——2 ﬁo

B cuay ypasuennii CHCTeMH OTCIOAA caeAyer Hepasesncrso (1).
CnoKHB Tenepb Bce ypasteHUA cuc'remu, no.nyqnm:

x1+xz+---+xn""+—'1‘---+*— @

l'lpu ycnosui (1) pasescTBo 3jech, oqemuulo BO3MOXHO JIHIUG B TOM
cnyuae, xoraa sce Hemasectnne panne ) 2. Tak Kak serko mposepnts,

9710 Habop HHCEN Xy =Xp=.,.=X,= V' 2 ynosnersopser  ncxonHoi
CHCTEMe, TO CHCTEMAa HMEeT MOJOXKHTE/NbHOE peueHHe B NMPHTOM JHIlb
opno. ITomenap 3nak y 3navennit Henaaecmux, ME TIOAYUHM eille
OZHO BELIECTBEHHOE pPelueHHe

fH=x=..=x,=—V2

DTHMI ABYMSA pelueHuaMu, TaKuy . 06pa30‘\l, ﬂcqepnuaam‘ca BCe Belle-
CTBEHHLIC peweHud.

' 76. Mycrs x, y, z—pewentie cHcTeMd. Bupaxas x #u3 nepsoro
PaBeHCTBA 1 NMOACTaBJAA BO BTOPOE H TPETLE, HaigeM:

—b —b d—b)z=0, |-
o SR )

Or1cioa NyTeM HECAOKHHX BHKJIAJOK HAXOAMM:

__@=be—d) ,__(@—b—0
VY=—t=hHec—=a’ d—b@—e"

Moacrasansa Haﬁ,geunue 3HaveHHl y H Z B NEPBOE paBelCcTso, MONY:
LETH o
__la—c)(a—d)

(b—c)(b—d)"

(@=b)* (a—0)* (a—d)?
G—0 c— T (@b

Cneposatenstio,

xyz = >0.
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77. Ecau a #0, T0 x=a He fBasgercs KopHeM ypabRenus. Jean

3
o0e 4acTh YpaBHEHHA HA .}/ {a—x)?, 3aMEHHM ero CHEAYIOULHM PaBHO--
CHJBHEIM YDaBHEHHEM: .

]/(""‘") +4=5 ]/E‘

a-—t:; , Hallgen#y =4, l,= 1. Orciona x,=-g—350, x,=0.

Ecan a=0, 10 HcxXoaHoe ypabHeHHne HMeeT JHIUb OJMH Kopeub x=0.

3
Ionaran =

78. Iloactanopkoft y6exgaemcs, 910 x==1 Be ecTb Kopeiib. [loaTomy
- myT N
nocie feneHus obenx uactell ypaBHeHHA na 1/ (1=x)? ouo nepeiiger

B paBHOCH.'leOCI
n TRV, % /TF
VE)- -7

7 —l+xq" ¢,
1—x

Closnasan NOSYYHM ypaBheHhe *—l={, wuau

14+ V5 1—V'5

t2—t—1=0. O1civaa t1=———2—- 0 = 2

poe 3uayemiie OTPHLATEIBHO, TO, B CHIY NPHUATOrO COrJallelis o Kop-
HAX, MHl B CJAYuyde Y€THOrO NOK33aTeas m JOdKnLU f, oT6pochTh. Taxum
cGpasoy, B CJIyyae HeTHOFO M HMeeM:

”’-’/1+x 1+ V5 1+x_(1+ﬁ)“
1—x 2 " T—x— 2
1, CAea0BaTeabho,
<1+ V‘5>”‘ .
__2__. -1

cped

. Tak kak 1O~

+1

B caysae HeueTHoro m ypaBHelle HMEET 38a Kopuil

14 V5> 1

79. CpeniaeM nOACT3UOBKY V?y—s—_—'i;o. B pesyabtare no:
AyuuM: ‘

VEFOAFi+VIEFei70=14.
Orciona t+l+t+3—l4 n {=>5. Pewns )paauelme

VIy—5=5,
naxoanM y=15,
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_ 89, YuMnoxus ofe wactu ypaanemm na V x4+ V%, nonyuum
=Y —x= 3 V x. . N

Tax xak x > 0 (npn x-==0 npasas -9acTh HCXOXHOIO ypaBﬂeHuﬂ 'repner
cuuc.u), T0 ypasrenue (1) paBHOCH/IbHO YPaBHEHHIO

2V x—1=2Vx—1L
Bo3seas ofe ero yacti B KBagpar, yGempaaemca B ToM, UTO 3To ypas-
HeHHe MMEET eJNRCTBeHHH KOPeHE' x=—l—6§ nocseAHH YAOBNETBOPAET It
HCXOXHOMY YpaBHEeHH!o.

8l. YmMuoxiB ofe uacTH ypaBHERHA Ha Vx-{-l, NONIOIKUM
xt4-8cmet, Torza nonyun ypaBHeHHe

VIHViFT=T.
Orto ypasHeHHe HMeeT eIHHCTBeHHLl. Kopens [=9. Pemns 3areM ypas-
nene x24-8x—9=0, naltaem x;=—9, x,=1. I/l»xolmoe ypaBHeHnue,

B CHJY NPHHSTOTO YCJOBHA OTHOCHTEJILHO r— KopHefl, yJoBJeTBO-
pstercst smmb npu x=1.

82, Bospeas ofe uacTil ypaBHeHHS B KyG, IMoJyuaeM:

2143V G—1) V143 Va1 Ve 1) x4 1= 225,
Orcionz

2x+3 Y —1(/ x—1+ 3/ xt1) =28 )

H HA OCHOBAHHH HCXOMAIOTrO YpaBHEHHSA

243 31/;:c’—-'l xy/ 2=2a N @

Tocnte npocTHX npeoGpa3oBanuil mosyuaeM:

V13 22 Y/ mop)=0.

Orciona HaxXofuM BCE YHCJA, KOTOPHIE Moryr CAYKHTE KODHAMH HCXOA
Horo ypabuenns. Mieem cpasy:

x|=0 x,=l, x3=—l.

Peiras ganee ypaBHeHue

3y 2= 2/<x2—n=

27 =4 (x2—1)3, (xz—l)z—%z,"' e 3VE

HafieMs
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Tag xax HIYTCH TONLKO peuleCTBeHibie KOpHU, TO, €JI€J0BATEILIIO

x’—._:l—'-?_%é .

' ]/ 3y3 3y3
Orcio13 x,= b4 ‘;—, x.=—l/l+ 1;3‘

Jlerko npopepuTs NOACTAHOBKOI, 4TO Xy, X, H X3 SIBAAIOTCR KOp-
HgMH Hexoduoro ypaeuenisi. HenmocpeicTBennasn unposepka suaueuiil x4
H X5 Bo3bipaer  u3pecTHnle TpyanoctH. [locrynuv  nostoMmy Tak.
Honoxum i

a= 3V u—1, b= f/x;+l
=V2_X4‘

1l MOKaikeM, uYTO

) atb=c. 7 3
Tak kak x; ynoBJeTBOpseT ypaBHenno (2), To M HMeeM
a3 4-3abc + b3 =3, 4

N HaM HAJJICKHT NOKa3ath, 4to M3 (4) caeayer (3). 3averuM, 4TO ecau
B (4) ByecTO ¢ mojicTaBHTL a- b, TO NOAYuITCS To:kaecTBO. CieloBaTenbio,
no teopeyc Beay, paccuarpisacMiuiil 0THOCHTEILHO ¢ MHOTOYJIeH ¢ —3abc —
—a3—b3 acautea ¥a Epyuden ¢—{a-<b). Tlposels aeaemie, no-
Sy UHM

3—3abc—a*—b=[c—(a+b)] {c*+c (a-t+b)+a*—ab+4b%).  (5)

B cuay (4) aesas dacte (B) ecTp myab; Jderko BUAETb, OIHAKO, 49TO
a>0,6>0,c>0, n snawnt pupaxciie B GUrypuux ckoOkax noso-
*uteapno. Taxum o6pa3om, paBeHcTno (3) Aoxasano. AHajOrHYHO yCTa-
HaBAUBAETCS, YTO X5~TaKKe KOpelib BCXOIHOrO ypaBHEeHHS.

83. Mepeneca J x B aepyio yacTs 1 5o3peasn ofe YacTH ypaBHEHm
B KBAjpaT, noJyuiM

. V x Vi—da+ 16=x—2a.
BosBeas, Aanee, oGe 4aCTH 3TOr0 ypasueHus B KBajapar, Haflgem, d4ro
x=-‘i:--—e,1mxcmelmuﬂ BO3MOKNLI KOpeils ypasnemm. [Toactanansa ero
B ypaBHRIIHe, IOJyudeM . :
YV a?—16a164==2 YV a*—8a+- 16— Vo=
ua, B CH_le NOAQKNTEALIOCTH p3AlKaaoB, )
la—8|=2]a—4{—]al. )

Ipn a =8 pasencteo (1) Bunoausercs. CaegoBartesyHO, NEPBOHAYAIBHOR
2

YPaBHEMIie NpH 3TOM YCROBHH HMEET KopeHn x=f4—. Tpn 4<Ca<g 8
yctopde (1) se punoansercs, n6o

. 8—a#2@—4)—a
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Mpn 0 <<a < 4 ycaosie (1) npuunmaer BHA
8—a=2(1—a)—a

H Bhmoaysgerca Jnus npn a=0. Haxosen, npn a <0, ycaosue (1)
npespaifaercs B TOXIECTBO 8—a-—2(4—a)+a C:leuosare.nbﬂo, npu
a=8ua<0 ypaBHeHue uMeeT eIMHCTBEHAH KOpeHb

at

: , 4
Tpit 0 < @ < 8 —Kopred wer.,

84. BospeneM ofe .Mactd nepnoro ypaBHeHHs B KBajpaT H B Mo-
JyueHHoe ypaBHeHHe nojcTaBAM -x24-y? u3 sroporo ypasHenus. B pe-
syapTate OyiaeM HMeTb:

36xy—1= ]/ -l-l»-l- 64xy 256 (xy)3.

Boase;m eme pa3 B KBaapat ofe 9acTH ypaBlieHns, ﬂO.'ly‘lll\( Ksa;lparﬂoe
ypaaueuue OTHOCHTENLHO f=Xxy:

65013 —85¢ -2 =0.
1
Pemun 370 ypasnenite, Hafilem “_'10' = @ P {"MOTpHM Teneps
ZBe CHCTeMH ypaBneHpit:
x’+y’+4xy=—;—. x’+y’+4xy=-15-. )
1 o 9 )
i ) B Y=g )

Ovuennano, BCe peureus ucxonHoR cHcTeMH cojaepxarcs cpesu pemelmk
JaHHHIX CHCTEM.
Pewas cucreny (1), maxoxum:

1 1 1
(e +y)=5—2y =g—p=0.
Crejosatensio, x+y=0, u uu nonyqae,\l zsa pewenus cucremMu (l):

i i
Vl—(-)v Y= 7—'5 t Y= ,'/-10

Cuctema (2) npeo6pa3oBamHeM  MepBOTO  YpaBHEHHA K = BHAY

x1=

(x4-y)? =55 CBOAMTCA K ABYM CACAYIOMHM CHCTeMaM:
3 - .3
xty=—=, ' tty=——=,
gf 65 @ K Y65 @)
XYy=go. ) xy—g. .

Cictema (2') nmeer B2 peluenns: :
1 | S 2

2 -
xs_VG—S' y"‘_}/_gg', ‘ ‘c—-m- .‘14—7?—5.
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Cictema (27) Takaie iMeeT ABa pelleHilss

15="‘—" {Jr == omtm aeem x6=—

1 2
1) » —_—, [-=—._.:..
Ve T Ve Ve TTVE

Hcexosnoil clicteMe, Kak Jerko NpobepHTb, YAOBJAETBOPAIOT JHIUb NepBLif,
BTOpOit, TpeTHil i IwecToil HaGopul uucet. Taknu oGpasoy, HCXofuas
¢licTeMa HMeeT BCero yeThlpe pelleHHsd. e

83, IMoaounn
Vii=u, Vy=v.

Toraa Aalinast CHCTeMa 3aNHIETCa CAeAyIOULHM 05p830?\l|

)

7 4

us—v3=—2—(u~v—uv2), J
u—uv=3.

[flepsoe ypasuenne npeoGpasyem K BHAY

(u —v)? -} 3uv -_—:—;— uv.

Orciona

uv ==18.
Pewan Januoe ypaBuclne COBMECTHO €O BTOPLIM YPabieHHeM CHCTEML!
yaitieM u; =6, v, =3; w,=—38, v,=—06. Boappamasch K ucxomxoﬁ

dicTeMe, LOMYUHM ABA €€ pemeHus:
0 =216, y=27, a,=—27, y,=—2I6.

66, Ileppoe ypabueniie N03CTalOBKOIl ]/‘g—nt =0 mnpeoGpasyen
X BHAY .
203 -3t —2=0,
Orciona caeayer, uto =2 (sTopoil xopeub,—-%-, or0paceriaem). Peiunp
LCTeMy '
K3
=9
y ’
x-txy+y=9,
aallaem ABa ee peuwenns:
=4, =1 Xy =—09, l/2=‘_‘§"

goTOpLle AB/MIOTCA pellcHusiMH i HCXOANoll cucTeMu. Takum o6pasom,
HCXOJHas CHCTeMA NiMeeT ABa peuleniq.

87. Toaoxim
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Toma nepBoe ypasluienune npuuanMaerT BHX
{2—3{ +-2=0,

otkyza ¢y==1, {,=2.
PaccaoTpiy Temeph ABe CHCTEMH ypaBHeHHI:

931 _ S 1/ g1 _
Y EL, } () =2 } @
xtxy+y=7, x+xyty=T.
Cutcrema (1) mveer asa pewenus;
(=5, =3) @3, D).

CucTema (2) Takke HMEET 1B peIIEHHS:
(Vﬁ—l, Yy 160—5 ‘650_5). (_Vw_l,'“‘ ‘;‘0’5).

C.’le,'lOB&Te.’IbHO, HCXO0AHAsA CHCTEMA HMEET YeTHpe pelleHHA.

88. IMpunuman so BHHMaHHe, 4TO

e 1 yve—p,

V' x—y |x—y|

flosyunM, yMHOXKHB MEpBoe ypaBHEHHE HA X—y:

R—p =V F—12=0 mpn x—y>0

eyt + YV E=y=12=0 mpu x—y<O0.
Orcioza ‘ ‘

(:I: V—x’—yz)x=4._ (i V-;T‘__—yrz)z="'3-
PaccMoTpHM B CBA3U C STuM 18e CHCTeMbl ypasHemnii:

B—y?=16, | R—y?r=9, o
xy=15,} 0 xy=15.} e

Cucrema (1) uMeer 1Ba DeleCTBEHHHX pelICHHA:
=5y =3 xy=—="5 y==3

Cucrtema (2) Taxke nveer ABa BeUECTBEHHLIX pemeulnﬂ:‘"
) .x3=l/9+V98',' y3_=1/1/981—9}.
o ]/9-;- VR, 1/1(9817—9_
2 2
Hetpyauo, ogHako, NpoBepuTs, 410 HCXOJHOA cHCTEME YAOBJIETBOPSIOT
' ' 143



TOJLKO ABe N3 nallieHuux nap YHCeNn, a INenHo:

o o (VTR Y TIE)

Takum 06p830.\l, HCxXoAHaa CHCTEM3 JiIMeeT ABa Beuxeémemxblx pe-
weHnd.

89, Tonoxum
Vit—l2y41=

Toraa nepeoe ypabnelile MOXHO 3anmHCaTb B BHJAE

3—8t416=0.
Orciona #; =4, n Mu noayuaem o
x3—12y=15, (1

' . 2%
3avetns zanee, uto y # 0, yMHOXHM BTOpOE ypaBHEHHE HA ?; B pe-
8yJbTaTe OHO NPHMET BHA

(&) =2(%) V 145+ (1+8)=0
5 1/1_+——§-j-j=o. @

tlocne pospesemns B KDaJpaTt NOJdyHaeM ypanreune

(3 -(3)-eeo

N3 KOTOPOTO HaXOAHM:

]
(i) =6, (:‘_) =2,
Y Y/ 3
Bropoe 3nauenie, oueBHAHO, He YAODJETBOPAET YpaBuenuio (2), nostoMy

MOXHO OTPAHIMUTBCH PACCMOTPEHUEM CHCTEML ;
23 —12y=15, }

Orcioga

X 6.

Sta cicTeMa HMeeT Aga peuleiis (5 ) ( ) KOTOpHie, KaK
NerKo NpoBepiTh, YAOBAETBOPSIOT M chozmo'l cicTene.
80. OcpoGonup neproe ypaBHeHHE OT WPPAUHOHAILHOCTH B 3HaMeHa-
TCAAX, NOJYUNM:
4x3 243 17

N
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Orciona i e e -

x\ _5 “x\ _ 5
'(7)1_"4' " (7)2__7'
Bo BTOpoM ypaBHEHHH NOAOKHM ‘ .
Vo tayti=t, 0}
nocae yero ero MoxHo GyieT samucaTh Tak:
{2+ —56=0.

Orcrofa 8, =7, t,=—8, Tak Kax B (1) £=0, 10 BTOPONl KOpEHb NpH-
xoqutes or6pocnts, B pesyabTaTe MM NMPHXOZMM K CEIyIOULIM ABYM
cucTeMaM ypaBHenuf:

x—i - |

N } @
x’+xy—45_0

B } . @
x’+xy—45 =0. :

Pewenus cucremut (2): (5, 4), (—5, —4) Pememm cuctens (3): (15, —12),
(—15, 12). Bce yeTHpe peureHHs YJOBJETBOPHIOT W HCXOAHOI cHCTeme,

91, BHpasnB x H3 BTOPOro YpaBHEHHA H MOACTAaBHB B MNepBoOe

NOJIyUHM
"4 1 22y45
e f———— L
y*+ V 3yl—=zy "33 3 +5.

—
Tlonaras 3zech ]/?y——;y—l=t>0, NpHAeM K YPaBHEHHIO .
t’+8t—18=0. -

Orcioza
. tl =3 tg— —6 :
Tak Kak tno ycnosmo Heorpuua-remo, TO MMeeM Wb OAHO ypaBe
HEHUe
9 ’—-4y—28—0

Pemasi 9T0 ypaBHeHHE BMeCTe €O B‘ropu\l ypaBHeH1ieM HCXOHOR CHCTes
MH, Haxomm ZBa €e DelleHHs: .

17 14
x,_—3 % —23 '¥2=ﬁ'.. !/z? -9 ‘
92, IMonomuy '
T ©—6y+1=1=0.
Tor,'.\a nepeoe ypaBHEHHE 3anuwercd B Buie
12—8t4-16=0.
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Y

Orcioga { =4, 1 MBl HMeeM:
X206y —15=0.

Ecad Tenmeps BO BTOPOM YyPpaBHEHHH MOJOKHTE X3y=u M yuecTh (
TO MOJIYWHTCA YypaBHeHHe

903 —241u—13230=0,
OTKYla u;=54, u,=—g%°-.
Mu npuxozuM K ABYM cHCTeMaM ypanuemuil:

£ —6y—15=0, @ : x’—ﬁy—;i:O.
xty=>54, ) x2y=—T.
Hckmouan £? n3 cucrems! (2), moayuiy ypablienie
243 -5y —18=0,
UTKYA2 1 =2, Y, = —4712-. BTopoit Kopeub NpHXOIHTCH OTOPOCHTE; I

0H, B CHAY ypabieunsa x2y=>54, mpupoanT K HeBelleCTBeHHHM 3Hau
uuay ¥, Cucrema (2), cjeloBaTeabuo, 1MeeT [Ba  BeuleCTBEHHLIX P
weHHs:

x1=]/-ﬁ, vi=2 x2=—l/2—: Ya=2,
Ciicreva (3) npupoauTca X ypanuelio
51y* - 135y 4245 =0,

KOTOpOoe HE HMECT BelleCTBEHHEIX pememu’t. Taguum 06Pa30.\l, Hexoau
CHCTeMA HMEET JBa BEUleCTBEHHLIX peluexis. ’ -

93. onoxuy -

Vi=uz=0;, Vy=v=0. , (
Torga cucreMa sanuuiercs cJelyioutHm oGpa3o:
2oy g =X
(u?—ov?) o 5t (
Wiv)u=3.

Cuctema (2) HMeeT oueBHAHOE pellleHHe

u=0, v=0. (

Cuutan B- JajbHefimeM g # 0, a cJeloBaTeqabHO (B CHAY YypaBHeHHl
B U #0, Noayyus, lepeMHOMMB 1IpaBble H Jepble YaCTi ypasneuiil (2°

u‘—v‘_=£-. ‘ {

2
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¥MinoKUM Jasiee TepBoe ypaBHeHue cucTeMH (2) na v, BTOpOe~—-HA U A
£J0KHM, B PE3YJAbTATe MOAYUHM:
u‘—u‘+2u’u’=%uv, .
B cnay (4) nmeem '
4 (uv)? —Tuv+3 =0, ©)
Orciona . ’
3
(w)=1, (uv), =71
PaccMoTpnM Teneph ABe CHCTEMH ypaBHeHHiit
- z-w 1 uy 3
=1, =-—-,
31g2 } ®) 4 } )
(u3+1v?) u=3v, ’ (424 0?) =30,

OueBuzno, 4TO BCAKOe pelieHHe cHeTeMil (2), oTmiuHoe oT (3), comep-
AKHTCS CPeAH pelwenufl AaHHHIX CHCTeM.

VY MHOXKHB BTOpOe ypamHeHne cucteMe (6) ma u, nafifem B cpay nep-
BOTO YpaBHeHHA, uTo u*=2; orciona, yuntusaa (1), monyuaem:

=Yz, =V,

2

ANanoriHyHo HaxoiuM MW pewenite cucTeMu (7), yZosieTBopaiollee ycJo-

Bulo (I): i‘/- 14/_
27 3

U=-7", v=-"5—

2 -2

Jlerko  npoBepHTb, uTO 00a peiueHHs YAOBJAETBOPAIOT H. cucTeMme (2).
Takuy o6pa3oM, HCXOAHAA CHCTEMa HMeeT TPH pellefHs:

0, 0); (V‘f, 12;2—) 3};2—'}:43—) .

94, Bo3gea ofe yaCTH NepBOTO ypaBHEMHsl B KBAajpaT, HOTYRHM:

— 2
VaE—gi=x—3. 0]
B cuay sroporo ypaBHeHHA HMeeM:
S 2 '
e B @

BosBeas Temeph B KBagpar ofe HACT BTOPOrO ypaBHEHHA HCXOAHON
CHCTeMb!, MOJYdHM]

— e gt
T Vx’—y’=%_—x“.

Ofcioza cuay (1) 1 (2)
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; 8 : ST '
Packpslp ckoGkit, Hafiges x=§a’. [ocne storo 3 ypasuenus (1) aer.
KO MOJYYHM JBA 3HAYEHHA U ' B

’ 21/ 3. .1/ 3
f1=a gl Yp=—a N
Tposepkoll ofHapy:xHBaeM, 4T0 WCXOJHAA CHCTeMa HMEET JHWb 0JHO

euieHue ia"’ q? -:i-
p g 3/

93. Ilonoxuy . E
Vi=u=0 u VYy=0v=0; m
TOTJa CHCTeMa MpHMeT BHX o

ud—v3=a (u—u),
- ututed vt =b2

B1a cicTeMa pacnaiaeTcs OYEBHANO HA BE CHCTEME:

u—y=0, } @) - ud4uvtoui=a, } @)

ut4-up? 4 vt = b2, n ub - u2o? vt =2,

Pewasn cucteny (2), naxogum 3ut =b2, OTRyAa, yuutusas (1), moay-
yaeM:
Ve vV Vo /2
S T B @

Tepexoaa x cucteme (2), npeofpasyem 06a ypaBHEHHR CaEIyIOUIHM
o6pason:
wvt=a—un, W4v)t=0b24ul

Orcioda HaxoauM 4vu H u?-+-uk

@

u-v_a’—b“.-
- ’
" atrso )
u vi= -
an i

Herpyauno noxasate, uto cucreMa ypasmenull (4) pasHOCHABHA cucTeMe
(2"). U3 ypasuenuit (4) noayuaem:
4 3a3—b?
(”+v) = % )
‘ (5
= 3b3—qa3 »
(u %"

3aMeTHM, 9T0 NpaBas vaCTh. NEPBOTO H3 YpaBHeHHl CHCTemn (4), B
cuny (1), nomkHa OuTb HEOTPHIATeNbHa; HeOTPHHATENBHON J0/MKHA
OuTh H MpaBas 4acTb BTOpOro ypasHewHsa cucreMu (5). TakmM oGpa-
30M, MU ZOLKNLU NPCANOJarath BHIOJICHULM YCA0BHS

802 =ad =7, ' ©)
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B MPOTHBHOM CAyHae CHCTeMa (5), a BMecTe ¢ mefl u cuctema (2"), ne
HMeeT pelleHuil, - y0BNeTBOPAIOMHUX ycnoBuio (1):
Pemasn cucreMy (5), noayuaem:

‘ ] /3ai—b? 31 —ad
utv= Sa y u—uv=:% T .
B pesyabTate HMeeM:
( l/ 3a’—-b’ 3b’—a’>

( ]/ 3a2—-b’ abz—az)

Jlerko Bnne'rb, 9T0 B CHAY ycaoBua (6) o6e napw 3navenwuit (u 1)
HeoTle.laTeJleH. IeficTBHTeNbHO, TaK Kak a?=>b%, 1o 3a’—b’
> 3b2—a2.

TakdM 06pasoM, B Clydae, €CAH BHIIOAHEHO RONOTHHTEAbHOE YCAO-
Be (6), HcxoaHas CHCTeM3 HMeEET TPH peilleHns:

ll

PR R o
- 1 V-—t 1 V?_,",_

1( 3a’——b“ Vw—af)’
( 3a=—b= 3b=—a2)’

ll

I|

37 —p? —b’ 3p7 —az)’

lI

o
4
1
4
Ry
Ya=73

( V 32T —p? ]/ 3b=-a2)’

ecan e ycsosue (6) HapyleHo, —To TOJbKO NEpBoe H3 HHX.

3. Ausre6pandeckie HEPaBeHCTBA

'96. Ias Toro uToGH KBaApaTHuA Tpexdnen -
ax’*+bx4c (@ #0)

GLLT MOMOXKHTENEH OPH BCEX X, HeOBXOHMO it AOCTaTOYHO, 9TOOH a > 0

¥ IMCKPHMHHanT D Tpexunena 6w| orpuuatened. B wamewm cayzae
HMeem

a=ri—1>0; (1)

‘D= 4(r—l)’—4(r’—l)—- —8(r—l) <0 (2)

HepaBeHcha (1) @ (2) onmospemenno BHMoJmmOTCA Npr r > 1. 3ame-
THM eme, yTo ApH r=1 paccmarplmae\mn B 323Jaye MHOTQUJIeH TOoXxie-
cTBEHHO pased l.
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Taxny o6pa3oM, Bce HCKOMLIE 3[IAYelHs £ ONPeieaaloTea  iepa-
YEHCTBOM
r>1.
97. Ecan nojaoxuth

X, 0
g TE="

X2yt . .
% 3aMeTHTb, YTO ',J_z"*‘;?:” —2, TO Jaunoe BHpaKeille JLerkKo npeol-
pasyercs K BHAY
3u?—8u-4. (N
Ecar x 1 y pasuulx 3uakos, 10 4 < 0 1 Tpexusen (1) nonoxmuTeseH.
Ecamit e X H y 0IHOrO 3Haka, TO Jerko BileTb, YTO 4 =2.

2
Tak xak Kopun Kpajapatioro Tpexu’ena (1) pabuul T i 2, To npn

©3>2 Tpexunen meorpuuateien. Takum cOpasoM, Tpexuynen HeOTpHIa-
Tened npit ¥ <0 M npy =2, a crejoBaTeNbHO, HCXOANOE BHIpaNce-
HHe HeOTPHUATENBLHO NPH BCeX BEnlecTBEHHLIX X I Y, He PaBHLIX HYyJIO.

98, 3avmernMm, yro x¥—x4-1>0 npu Bcex 3HayeHuax X, TaK Kax
JHCKPHMHHAHT KBajpaTHOro Tpexuysena papeH —3 < 0 i koadduunenr
npi x? NOJOKITE]Cl; MLl BNpapbe NO3TOMY YMIOXKITL 063 HepaBelcTBa
na 3naMenateab. B pesyavtate noaywin

—3x24-3x—3 < x24+ax—2,
xtax—2 < 24 —2x 42,
HIH
42+ (@—3)x+1>0,
22 —(@+2)x4-4>0.
Ilepsoe HepaBencTBO CMPaBelMHBO NpH BCEX X TOrJa M TOABLKO TOfAa,
KOrAa ANCKPHMHHAHT KBAJpaTHOro TpexyseHa Mellbuie HYJs, T. €. KOFJa

(3—3)2—16 < 0. Tlo anajornyHoii mpuynHe BTOpOe HEPABEHCTBO DL
noJnseTcs NpH YCAODHH

(@a4-2)2—16 < 0.

Pewas Teneps copmecTHo ABa Hepasenctsa (a—3)2—16 < 0 u (a-}-2)2—
~ 16 < 0 oTiocHTeJbLHO @, MmogdydaeM:

—4<ca—-3<4, —1<ax?

—4<cat+2<4, —6<a<?.
Orciona oxoHyaTeabilo nueeM —1 < a < 2.

99. B cuay nepasencrsa (1) ctp. 19 mmeenm

at+ b =>2a%2, cif-di =202,
Cknajupag 3TH NEPapencTna, noayyaem

a8 bt 4-ct - d = 2 (a%h? 4 c2d3). (1)
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Co’r.nacno nepapencTsy (3) ¢Tp. 19 nonaraa u=a%%? n v=c2d?, ;;meeu
ah? 4-c2d? = 2 a%iczds, @

Tak xak Beersa Y a®b3c3d® = abed (amak > 8 caywae, ecmn abed < 0),
10 conocrasaas (1) # (2), MPHXOANM K [OKA3aTeJLCTBY NpeAJaraeMoro
HEepaBEeHCTBA,

100. aunag cnicTeMa PAaBHOCHJLHA clefyiomefis
24-xta)l+2rgl, y=x+ta.
2242@+ ) xtat—1<0

HMeeT eIHHCTBEHHOE pelleHHE OTHOCHTENLHO X TOTZa I TOJABKO TOrZa,
KOTAa IHCKPUMHHAHT TPeXUJeHa paBeH HYJIO:

@+ 1)2—2 (@2 —1)=0,

Hepasenctso

T. €, -
a’—?a—3=0;
oTCI0Za
a =3, a=—1.
1) Ecan a=3, 10 x24-4x+4=0u x=—=2, y=1.
2) Ecan a=—1, 10 x3=0 y x=0, y=—1.

101, 3annweM Januyio CHCTeMY HepaBeHCTB CHEIYIOLNM 0GpasoM:
1
y+'§' > |x2-—2x],

y<2—[x=1
Tak xak Bceraa |x3—2¢|=01n |[x—1|=0, 10

1
—g<y<2

EIHHCTBEHHEIMR IHEJBMH YHCJAAMH Y, YJOBJETBODSIOUINMH 3TOMY Hepa-
pencrsy, sBasores 0 n 1. CregoBaTessHo, gaHHas CHCTEMa Hepa.
BEHCTB, paccMaTpHBaemas 117 HeJHX X H y, MOXKeT GOHTb COBMecTna
JAHwb npi 3HageHHsx y=0 n y=1, PaccMorpum o6a cayuas.

' Cayuaft 1. Ecan y=0, To cicteMa HepaBeHCTB NMPHHIMaET BHA

a2 —2x] <%, Jx—1] <2

Bropomy H3 5THX REpaBeHCTB .yJOBJETBOPTIOT JHIUL Ueawe uHcda: O,
1 1 2. TloacranoBkoit nerpyano yGeantoes, uto 0 11 2 yroBJerTBOpsOT
M NepBOMY HepaBeHCTBY, a | emy He ynoBaersopseT. Hrak, ana cay-
yast y==0 Haiinensl XBa pewleHnsa:

n=0,"y1=0; %=2, y,=0.

Cayuait 2. Ecr y=1, To ueXoaman cucreMa HepaBencTsB mpil-
BOJMT K CJeayloueii: B -

|x2—2x] < %,‘. |x—1] < 1.
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DBropoMy H3 3THX HEPaBEHCTB YAOBJETBODAET eAHHCTBEHHOE leoe TiCIo
x=1, KoTOpoe YZOB.JETBOPRET M NepsoMy H3 uepamencts. Hrtak, B 3Tom
cnyyae uMeeM emle OAHO peiuernite 3agaun: xz=1, y3==1. Takum oG-
Pa3’oN, CHCTeM3 HEPaBeNCTB YJOBJAETBOPACTCH TpeMA NapaMii Ieanlx
qices. ’ -

102. B aesoit wacti Bcero n cJjaraeMHXx, nphYeM mnepesle n—1
CaaraeMux cTporo Goaswe mocaeauero. Tlosromy

1 1 T4 11
n——+l+n_+2+'”+§t > fl2—n'--—2'.
103. QGo3Haunm uepe3 S,, JieBYIO - 43CTb J[OKA3HIBAEMOr0 HepaBeH-
c1Ba. Jlerko BHAeThb, YTO DPH 3TOM
1 1 1 1
San—Se=gtmmtmie i

Tlpuseas npo6n K ofwmemy 3navenaTeMio, Haitaem: -
2
Sant—Se=Gr T G E G

Taxum o6pazom, Sp, oy > Siz. Tak xak

1,1 1 )
Si=gtgt+r>1

10, caeloBaTesLio,
Sua>8p-1> . >8> 8,>1,
T. e. S, > 1, uto 1 TpefoBanoch R0Kasath.

104. Hanyuweym psa OYEBHAHHX HEPABEHCTB:
1 1 1 1

¥<132~1" 2
i

1 1 11

A<
Croxup 5TH HEpPaBEHCTBA NOYJSHHO, MOAYUHM:
1 1 1 1 n—1
gtut-tp<l-g=—7,
10 It Tpe6ona.'xocx: AOKa3arTb.

105. Ylepenimes ofe 4acTH JOKa3biBAEMOTO HepaBelcTBA CAelylo-
wuM obpasom:

()2=(1-n) [2-(n— DY...[k(r—k+1)]...(n-1),
n Mu!;;ﬂ?e.’leﬂ
nf=n-n...n.

S,
n MuHo xuTeNeR



- JloxaeM, 4TO. : P .
) - . - (n—k+Dk=n . y )

npu n >k > 1. Heficteutensto, ) )
nh—tdpk—n=k(n—k)—(n—k)=@—k)(E—1)=0 ()
Takum o6pasom, MM yXe JOKa3adH, 9T0 .
(= hn o )

3amernM, 4To ecan gucao k Gosblue eIMHHUN H Melbule, 4eM n, TO B
dopmyane (1), kKak ato caenyeT u3 (2), HMeeT MeCTO CTPOroe HepaBeHCT-
Bo. Ono, oyeBHAHO, moBJeyeT 33 ¢oGofl crporoe HepaBenCTBO H B dop-
Myste (3). [lpn n > 2 Taxkoe gucao k wmaiigerca. CiresoBarensno, B 3ToM
cllygqae cnpapeaiuBo cTporoe HepaseHnctso (nl)? > a®.

106, Jlerko npoBepHTb, 4TO ANA NOCTPOEHHA TPEYrONLHHKA CO CTO-
poHamn a, b, ¢ Heo6XOMMMO H JOCTATOYHO, 4TOGH 9TH uucaa a, b, ¢
YIAOBJIETBOPSIIH TPpeM HepaBeHCTBAM: )

atb—c >0,
adc—b>0, } n
b4c—a >0.

Jlokaxkem, 410 OJHOBpEMEHHOe BbINOJIHEHHE I3THX HEPaBEHCTB 3KDBHBA-
JICTHO BHIIOJNHEHHIO MOCTaBJIEHHOrO B 33jaue yCJIOBHA. Tonoxum

K =pa?+4-qb*—pqct.

Tax kak g=1—p, TO npelbayulee BHpaXEHHE MOKHO Mepenicarsh B
BHJe .

K=pat4-(1—p) b2 ==p (1 —p) ¢? = c2p? 4 (a* —b* —c?) p4- b7,

rae a, b, c—nocTosHNbe, 3 P MOXKET NPHHHMATbL JioGble 3HAYEHHA,
Taxum ofpasoM, K mnpexcraniser co6ofi KBaAPaTHHII TPeXuyJeH OT-
HOCHTENLHO p. B ofiuem ciyuae, B 32BHCHMOCTH OT BeNHYHHH D, TpeX-
user K MOXeT NPHHHMATb SHAYEHHS & Pa3HbIX 3HAKOB. YKasaHHoe B
3ajiage HEpPaBeHCTBO pPaBHOCHJBHO TOMY, 4Ytro K > 0 npu Bcex p. Huan
8TOTO, KaK H3BECTHO, HEOGXOAHMO H J1OCTaTOYHO, 4TOGH AHCKPHMHHAHT
TpexueHa .
D=(a®—b%—(?)3 —4p2c?
Guin OTpHUATeNeH (MH yuan ApH oToM, uTo xoadxpuunHeRT npn p? pasen
c® > 0).
JMCKpHMHHAHT - MOXHO NpEACTABHTL B cieayiomeli dopue:
D=(a?—b2—c?)2—4b2: =
= (a?—b? —c2—2b¢) (a® — b2 —c? - 2bc) =
C=la?— (bt o)} [at—(b—0)®]= ‘
=(@a+b+c)(a—b—c)(atb—c)(a—b+tc)=
= —(a+b+c)(a+b—c) (b4-c—a) (c4a—0).
Ecnu TpEYTOMbHHK MOXHO . MOCTPOHTh, TO HepaBeHcTsa (1) BunmoJ-

HeHH M, cnefosateiio, D < 0, Tem caMuyM B OAHY CTOpOHY yTBepX-
JeHHe JI0Ka3aHo. L
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O6patho, ect D <0, 10 ‘
(@+b—0o)(b+c—a)(ct+a—b)>0. @)

Tokaxem, uto oTcloja cjeayloT Bce Tpi Hepasencrsa (1). [Hefersu-
TeJbHO, MPEANOJIOKHN, YTO TONBKO OJHa H3 CKOGOK B Jiesoll wactd (2)
TIO/IOKHTe/bHA, a JBEe APYrHe OTPHUATeNbHHl, HanpHMep a4-b—c <€ 0 &
b+c¢—a < 0. Cnoxus 3TH HepaBeHCTBa, moJayudM 20 < 0, uro Heso3-
MoxHo, TakuM o6pasoM, yTBepicJeHie JOKa3aHO H B APYrylo CTOPOHY.

107, IlpeoGpasyem JeByi0 4acTb HePaBEHCTBA CJAeAYIOWIM 06pa3on:
4+ (x+2) 2 (s +y+2)+yit=
=4 (23 xy+ 224 y2) (R4 xy +x2) + Y2t =
=4 (x34- 2y x2)* - dyz (x> + 2yt x2) 4 y22% =
=[2 (x*+xy+x2) + 2]t
[MoayyenHoe BHIpaKeHHe HEOTPHUATEIbHO NpPH JOGHIX BelleCTBEHHHIX
X, Y, 2z, 970 I TpebOBaNOCh JOKa3aThb.
108. OGo3HauuB JeBYIO 4acTb HepaBeHCTBa uepe3 z, mpeolpasyeM &
caedyromiy o6pason:
2=x24-2xy+3y? + 2+ 6y +4=(x+y+1)* 52 (y+1)2+1.
[Npi BemeCTBeHHHX X H y INepBble 1BA CJaraeMbiX HEOTPHUATeAbHH,
a 3HauuT, 2= 1.
2 H
BEHCTBO PABHOCIHILHO HepaBeucTBy

(5Y) +r=g
KOTOpoe JIerk0 npeofpasyercs K CJACAYIOUIEMY OYEBHIHOMY:
100y% — 40y -+ 4 = (105 —2)? = 0.
110, Tak kak d > 01t R=r >0, 10
dR2—r2>0 u 2dR > 0.
CaejoBaTesbHO, JaHHOS HEPAaBEHCTBO PAaBHOCHJLHO HEDABEHCTBY
d2+4 R*—r2 << 2dR.

Ilpuseas ero K Buxy (@—R)*<r3, moayunM |d—R|<r van
—~r<d—R < r, CnegoBate.isho,
. R—r<d<R+r.:
111, ¥YMHOKHB 00e yacTi J0Ka3bIBaEMOro HepaBenctsa Ha a--b-¢,
NOMyuHM DABHOCH/IbHOE HEPABEHCTBO, JieBast YacTb KOTOPOro paBHa
1, 1,1 a , b b, c
o) (gtgtg ) =5+ (F+2 )+ ( o+ )+

i ¢

et VE- VI
AVEVE VeV E) s

1
109. Tak Kak x= TO MoJlekalies JOKd3aTenCTBY Hepa-
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112. 3aveTuM, uTO AaHHOe BhLIpamenne ofpamaercs B HyJab OpH
bmc, c=a, a=b. Mostromy no Teopeme besy oHo xemnTcs Ge3
OCTaTKa Ha PpasHOCTH a—b, a—c, b—c. Pacnonoxns ciaaraemee 110
yGuBatoutity cremenaM GyKBH a, nojyunw, Nposeid IeieHne Ha a—b:

a® (6% —c?) + a2 (*—b3) -} b3 —(3p% =
=(a—0b) [a® (b —c?)}-ac? (c—b)+ bc2 (c—b)).
BuneceM nanee 13 BhIpaXKeHHS!, CTOSMICro B KBajAPaTHHX CKOGKax, MHO-

®HTENL (b—C) H OCTapwmiica MHOTOUNEH pa3jennM Ha ga—c. B peayab-
TaTe MNOMyuHM

a3 (62— %)+ 83 (2 —a?) 4 ¢ (a2 —b?) =
: =— (b—a) (c—b) (c—a) [ac - bc+ab].
Tax kak mo ycaoBHio @ < b < ¢ n a, b, ¢ o1HOro 3Haka, TO BHpae-
HHe CnpaBa OTpHUATEeNLHO.

113. Nmeen: :
1—2 Vagtap=(1—Vap)? =0,
OTKyA2 . .

l+ak>2 v ag.

Hamicas 3t nepaBencrsa anst k=1, 2, ... 1l NepeMHOXHB HX IIOWICHHO,
MOJTyuuM:

(I4a) (14+ay)...(1+a,) =27 Vag,...a,=2"
114, JocTaTouHo paccMOTpeTh cayuaif, Korga @ R b oxHOro 3HaKa

(Y. e. MOJOKHTENMbHB), T2aK KaK B MNPOTHBHOM CJaydae OZHO H3 wicel
Gospwe 1 1 HepaBeHCTBO oueBHiHO. Hmeem:

a? 4 b3 = (g} b)? —ab = 1—2ab,
at 4 bt = (1 —2ab)? —2a2b?.

Ho ecan a+4-b=1, 10 _()sa_bg%, TaK KaK
a+b\2 1
“*’<(—2—) =T

(cM. dopmyay (3) ma erp. 19).
CrenoBatennHo,

dtir=(1—24) —2d =L,
_ ! 6~ 8

115. Pacesotpuy TpH caywas: - : T
1) x<0; Toraa x8—x5-4-x?—x4-1>0, nGo nepenie yermpe
C/IaraeMblX HEOTPHUATENbLHE . :
2) 0 € x < 1; npeoGpa3yeM MHOTOYJNEH K BHAY
B (3 =) + (1~ ) =234 22 (1—23) -+ (1 — ).

31ech Bce caaraeMne, OYEBHAHO, NOJOKHTEbHH, CJ1eJ0BATENBHO, i
MHOrouseH Gonbiue HyJs;
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3) = l; 3anum\e.\l MHOrOUJICH B Biije
BE@E—N+xx—1+1

Flepsue apa charaeMmx HeoTpHUATENBHL; CheloBaTedbHO, B B 5TOM
cayyae

. N—xb}x3—x11>0.
116. Hxeex:
(T+0"+(1—x)=2(1+Cox? +Cax*+...), (1)

npiYeM nocaeluee cjaraemMoe CyMubl, cTosulefi B CKOOKax, pabno x%#,
€Can n yetno, W nx"®~), ecau n ueuerno. [To ycaoBno —1< x < 1,

OTKyaa cJeiyer, 410 Cirx2k < C2* nna Beex ueanix k. Tlostomy
‘ (I+2)"+(1—=X)" < 4,

rie A,—s3nauenne muoroudena (1) npn x=+4 1, 1. e. 4,=27

7. Nokaswpaemoe 1epapeiCTBO PABLOCHALUO HEPABEHCTRY
P 2 2 2 2 2 2
e2(artarteeetan) 4 (X34 e b X)) L
& de(qay +xa, ..o Fx0,) =0,
KOTOpOe CnpapeliuBo, Tak Kak JeBasl YacTb pabna
(eay & 2x1)%+ (eay £ 2x,)2 ... +(eq, £ 2x,)%

118. loakopenioe BupaKenue aca#uo CbiTe =0, 103TOMY

1 1
—-?éxé?. (1)

Ilpn suayenuax x, yaosjaersopsioutnx ycJosuio (1) ¥ Be pPabuuX HyJo,
]/ T—axicl, Mo3tomy, ecan -5 < x < 0, To yKkasanuoe B sajaue
HepaBeHCTB0 BHANOJHAETCA, n6o Jepas uaCThb €ro OTPHIUATENbHA.

Ecan xe 0 < xgl— , To, ocpoGo1uB B Aepoil sacTH HepapelcTBa

UHCIHTEIb OT HPPAUHOHAJILHOCTH, MNOJYUHM

1—V1—4x _ 4x3 _ ix
x A+ ¥V 1T=4x)x 1+ Y T1—4x2

Jlerko Buaeth, uTO uncaNTeIs ApoGH, cToOsUUe]i cnpaBa, npn 0 < x e
i
< — He npepocxXoauT 2, a sHavenarteab == 1. [JTostomy

2 ———
1— Y 1=4x?
X

<2 <3

H1ag, npeataracsice HepabolcTBO CHPADRAMHEO Aaf SHaueilsd X #£0
) 1

n yaopactoopsiownx  yeaosmo (1), Hpn x=0 & ]xl>—2- Aepas

YacTb HEPaBeHCTBA TepseT CMHCI,
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19, Mycte pas onpe,lenénnocru x>y Toraa mnonaras
=0 < [, nonyunM pasHocHJbHOE HEPABEHCTBO
"171+u”‘> {'/14,41".
Bo3senn o6e uactn (1) B cTenmens mn, npuueM X nepaneﬂcmy
(14+a™) = (1 4-an)”,

Jlerko BuaeTs, 4TO 3TO ﬂepaneﬂcrno cnpasea1nso, W60 O<Sa <1, a
n=m.

4
x

120. [Monoxum L
x,,=1/a'+l/a+...+}fa“. n

n pazuKanos-

JlerKo BHIETH, 4TO X,= V a+-x,_; (n=2, 3, ...), u, cienosaTenHoO,
xa==a-4x,_;. 3ametum zanee, uTO X, > X,_y, H60 ApH mepexojle oT
n—1 x n nocneaunii BuyTpeHunil panmcan ¥V a 3ameuserca GOabuum

qUCAOM l’ a-f Va . Bsuay storo x,. < a+x, #, cAeA0BaTeNbHO, HHTE-
pecylouise HaC DeNHYHHbLI- YAOBJICTBODPSIOT HEpPaBEeHCTBY

2—x—a <. ’ _ (¥4}
Kopun tpexuneuna, crosuiero csesa, papHH

xm=l—V21+'.4a', e 1+V1+4a

Tak Kak uucna x, YIOBJAETBOPSIOT HEPaBEHCTBY (2), TO . BCE OHH
32K/MOoUeHH Mexy Kopuamu x'M w x¥ (cM. crp, 20). Crneaosatenibo,

l‘-'*-_“_i('z (n=2, 3' e &)

% <

uTo U TpeGoBanoch AOKa3ath. [lpu.n=1 umeem x, = V_ a u Hepaaeu-
¢1B0 (3) OYeBHAHO.

121. OGo3nadnM Bhipaxerne, cojepxaimee %k 3HaKOB pajuKana,

uepea xy:
]/"2+]’/2+...-1_-V2+ V2 =1

3ameruM, uto xp < 2. B camom jgene, 3amemnM Mo 3HAKOM moChen-
HEro BHYTPeHHero pagHkana 2 ua 4. B pesyasTare BCe KODHii _mocJe-
JAOBaTCJbRO H3BJCKYTCS H JieBasl 4acCTb OKaxeTca panuon 2. 3Ha'-lll1‘,
xp < 2. Orcioaa, B 4acTHOCTH, clefyeT, 9TO WHCAMTENL H 3HaMeHatTe/lb
B Jesoft wacTH HCXOAHOrO HEepaBeHCTBA OTJHYHH OT HYJm.

.~ Toab3yncy Ranee TeM, uTo

= y 2+xfl—ll
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npeofpasyeM JeByl0 uaCTb HCXOIHOro HepaBeHCTBA CJeaylourns of-
pasom:

2—Vx,‘_1+2_l/x,l_l+2—2= 1 1
2—x, (%u-1+2)—4 V-x“_‘1+2+2 42"

Tak xax x, < 2, 10 ‘yTo H TpeboBaNOCH AOKA3aTh,

1 S 1
x,+27 4’
122. Kax H3BecTHO, AN JOGLIX BEWIECTBEHHLIX YHCET @ H b lMeeT
MECTO HEepaBeHCTBO

2 1 p2
|a-b|<a —2|-b (cM. dopmyay (1) ka cTp. 19).

, Ionb3ysnce panee TeM, uTo abCO/MIOTHAR BEANYHNA CYMMB He npe-
BOCXOJHT CyMMbl aGCO/IOTHHIX BeJIHYHH COOTBETCTBYIOUIHX CJIaraeMLiX,
nosyvaem:

|arby+ab,+ .o apb, | <|ayby [4] azb, [+ ... +]a,b, | <
2, g2 2, 2 2, .2
ai+b1 a;-+b; an+bn
<A BT RGBT e

_aitaid.,, i tbitbitg o 1+l
= 2 § ?

4To H TpGGOBaJIOCb AOKasarthb,

123. Eci n=1, 1o x,=1 u, crezosareavilo, x; >1, Tak uro
yTBEp:kaeHuue Bepuo. IlycTh oo BepHo ana Beex m, rle |l <Kmn—1;
JOKAXeM CIpaBelTiBocTh A m==n. Ecan Bce uncaa xjp, X3, «.o, X,
PaBHH ellHilLe, TO YyTBepiAeHue cnpaselauso. Ecau xota 6w oaHo
¥3 STHX uicen OOoJbile e€IuHHUB!, TO B CHJY DPAaBEHCTBA XiX,.,.X,=]
HailgeTcs Apyroe, MeHbliee eiaupHusl. TlycTh mymepauus Taxosa, 4TO
x, > 1, x,01 < 1. H3 npeanosoxenusa HHIyKuHH # yca0BHA

) X1Xgee Xy 2 (xl -lxn) =1
cJeayer: )

xl+xz+' .. +xn—2+xn-1xn 2"—‘1'
T. €.

Xy +x2+ see +xn-2+xn—lxn+ 1 =n,
Tax kak (x,—1)(1—x,_,) > 0, 10
XptXn_1—Xp¥pa—1>0
1, cJ1eioBare.lbno,

Xp_1b%n > tpoa Xt 1
Taxkunm oGpasou,

LTS 7S TP SN o A > XXt et gttt len,
M yTBep:KAeHIe JOKA3aHo. ’ :
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4, Jlorapndmndeckne H NMOKA3aTEJALHbIE ypaBHAeHS,
TOXKAECTBA H HEPABEHCTBA

124, Kax BHAHO H3 ypaBHEHHA, OHO HMeeT CMEICA TOJNLKO NpH
e8>0,a#11b>0, b1, Ona pewentHa ypaBHeHHA BOCMOJb3yeMCS
¢opmynoft nepexoaa K JsorapudMam ¢ ApYrHM OCHOB3HHEM:

log,a
log, b

(cM. dopmyay (2) Ha crp.. 24). 34ech C—NpPOH3BOMLHOE OCHOBAHHE
(c>0, c#1). BuGop ocHoBauna ¢ B JaHHO 3ajaye GeapasiudeH,
HYXHO TOJIBKO BCE JorapH(MHl NPHBECTH K OAHOMY OCHOBaHH!O, MoOXKHO,
HampHMep, 3a ofllee OCHOBaHHE NpPHHATL @, Mockomeky a >0 1 a # I.
Torza ypaenenne npeoGpasyerca K BHAY

log, x
log, 2

logy a=

log, x

logs /@
HJ!K_[IOCJIE ynpomeuns .
(logg 2-+2 log, b) log, x=3logs x.

logs 2—2 log, x log, -;—= log, %3

Orciona nepsoe peurenie: ,
) log, x=0, T.e. x==1,
Bropoe petnenne: )

1 1 =
log, r=7 (log, 2+2 log, b) =3 log, 26% =log, ,"’/Qb*,

T. &
x=f/§5?.'

125. ITepefizeM k '.norapnq)uau Mo ocHOBaHHIO 2§ HCMOAL3yA dop.
Myay (2), ctp. 24, noayuaem: '

L1
loggx Tog,x—4 logax—6"°

D10 ypapHeHHE PABHOCHJBHO CJEAYIOLEMY:

log? x—5 log; x+6=0.
Orciona " :
(logy x) =2, x=4,
(logz %), =3, =x» = 8

126. IToTennupysa No ocHoBanuio 2, Mofaydaes
9¥~147=4(3%~141).

Orcrona :

(3%—1)2—4 (3%~1)4-3=<0,

Cnegosatesio, .

B =3, x=2 @E* =l n=L
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127. Tlepeilae B ypaomenuy X JorapudMaM no ocsopannio 3.
Ha ocnoBanun ¢opmyan (2), ctp. 24, GyaeM uMmeTb: s

—logsx 2
14 log, zHlogsx=1.
Orciona : S
(1—logs %) [1— (1 + logs )*] =0
H, Cnej0BaTebLHO,
(logg ) =1, =3
(logs %), =0, X, =1
(logs x)3=~2, Y=g o
128, Ilepeitaen b ypaBHeuHH K JorapHdMaM nO OCHOBaHHIO 2.
Ha ocuosanus dopmyaur (2), crp. 24, Gyaem umeTb:
1—logyx
14 log, x
Yunomus ofe wacTH ypaBHEHHS W3 3HaMeHaTeb, nepeleceM Bee yfenu

B JEBYIO 4aCTh H PasIOKIM ee HA MHOKHTEMI.
B pesyavtate mo:yuis:

(log,x— 1) (log} x-|-2 log3 x+4logi x+2 lo g X+ l)_.

Btopoii n3 muoxnTeseil npu x > 1, oyeBu10, NOJOKHTENEN H B NYJb
ite oGpawaerca. IpupapHiBas nmeppLlii MHOKHTEAb NYJIO, Mbl yCTaHaB-
JiBaeM, 4TO HCXOAlOe YpaBlienHe mnpH x > 1 HMCeT, H DpPHTOM elHH-
eTpennuil, xopenh x=2. ’ .

log? x -+ logd x=1.

129 Ilepeiizen b ypasueunH K Jjorapudsas no ockosanuio a (a >0
M a # |, B npoTHBHOM cayyae BLipaxerie log, 2x ue nMes0 61l cMLICa1a).

a
B cuay dopuyant (2), ctp. 24, noayuaem: '

- log, 2% - logg 2% - —0
log,a® Vx R '
€a logg—- logz ax

1 -
Orciona naxoaum: 1) log, 2x=0, ) ¥==-—Ilie  YAOBJETBOpReT ncxon—

11OMY ypaBlienliio (iorapu¢M no ocHopaniio 1. uncaa a e cymecmyer),
2) log, ax=log, (a* V %), x=ad. B :
OTser: x=a®.

130. Hcnoabsysa papenctso log,‘b=]ogl 2! npeb'ﬁpaaye.\':' HCXOATIOE

ypabHelHe B 8KBUBaJeHTHOE:
log, [x2lga—x))=2.

Or1¢ioAa nocae NOTCHUIPOBAIIN NOJAYHaT™:
x3—2lga-x}bt=
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Pemus 370 ypasnenue, Hafizem:
0, =lga t Vigta—b?.

Tpu a=10° oba KODHA O0Ka3hbiB2I0OTCA BEUIECTBEHHHIMI H NOJOXKH-
TeNbHHIMH H, ‘KK HETPYAHO TPOBEPHTH, YAOBJIETBOPSIOT HCXOAHOMY
ypagHenHio. Mpu a < 107 ypaBHeHie He HMeeT Kopweil.

131, INepeiins B ypaBHeunu k. jorapudmam mo OCHOBAHHIO a, ML
.IPHBEJEM €ero K Buly

V() o V() =

Mocne pansuefimix npeoopasonamm nojayyaem:

(log, F1)°

4log, x

~(logg x=1)? _
4 log, x

unmxian YTO KBaJpaTHHe KODHH MOHHMAITCA 31eChb B apubye-
THYECKOM CMBIC/Ie, MOXHO 1aHHOe ypaBHeHHE 3anHcaTh Tak: :

[log, x+ 1]+ log, x—1]=2a Vnog,, x. m

Paccmorpim Teneps 18a caydas:
§] Hpe:.monomlm, 9TO -

+

) log, x> 1. .. . 2)
Torna ypasueHue (l) NPHHHMAET BHA '
. loga x=a Vlog, x,
OTKYJA . g :
Xy —_.—a“z.

Jlerxo BHIETB, UTO yc.nosue (2) YXOBJeTBOPSIeTCA NpH 3TOM JHINL B
caydae a > 1. e
2) Mpeanonoxnuy, 4T0

O<logyr<<l. 3
Toraa ypasuenne (1) npﬁmmaer BHJ
2=2a Vlog, x.
l
a?
xe.—a

Orciona

3aMeTHM, 4T0 YycJjoBHe (3) BHNOMAHAETCH JHWL TOria, Korna ax=1.
Tak rak 3asenoMo a,+.l (vHave OH HCXOIHOe YypaBHelHe MOTEPANO
CMBICT), TO H BTOPOil KOPEHB X, CYIIECTBYET JHMIb NPH YCAOBHH @ > 1.

Mut Hcuepnasn. Bce - BO3MOXHOCTH, TaK Kak 3HaYeHHA X, NMpH Ko-
Jophix log, x <0, ouesn1no, He MOTYT YLOBJETBOPHTH YpaBHeHHio (1)
Taknu obpasoy, npH a >l paccMaTpHBaeMOe YpaBHEHHE JIMeeT JBa

Kopua: X, =a%% 1y x2=a . I‘lpu 0<a< 1 ypasHemue Kopuell ne
HMeerT,

6 B. B. Jlugckudl u gp. _ 161



132. Hueem :
g(V3FT4+1)=lg(x—40).
Moaaran ¥ x4 1=¢, noayuaey. nocse MoTeHUHPOBAHHUS ypapHeilie -

3 —t—42=0.
Ero kopmi: #;=7 n ty=—6. Tak xak t=Vx+10>=0, 10 £, or-
Gpaceisaen.” KopHio f; cooTBercTByer 3uaveniie x==48. ITposepkoii yGex-

AdemMcsl, YTO ONO YAOBJETBOpseT HCXOAHOSY ypaBHeHiio. Taxus o6pasom,
ypasHeHHe [IMeeT eIMHCTBEHHbT KopeHp x=43,

133, Ilepexoas B ypasuenun K Jorapu¢mad NO ociopaniuio @, [0ay-
yaem:
log, (p—x) _ 2log; (p—q)—log, 4
'l°ga (x-l-tl) l°ga (x’l' q)

Or1ci0aa ncedae ynpomeum"t H NOTEHUHPODBAlHA NPHXOJHM K KBajpatiioMy
YpanueuHio i

I+

.

1
x+9(p—x=7(P—q)*
Koptin 37010 ypanHeHHsi HMelOT BHI
1 _— 1 —
n=g@E—q+ V1 o=5@—0—Vn.
Jlerxo nposepuTn, 410 06a Kopust yJ0B.IeTBOPSIOT LEPABEHCTDY
P> xl, 2 > -4q,
a cJeloBaTesbHO, H HCXOAHOMY YpaBHeHIO.

131, ITocsie uecromuwx npeoGpasopaunii, HCTOAB3YIOMHX dopaiyay
flepexola oT oiHOll cHcTemu JorapudmoB K Jpyroif, HpPHBOAHM Aantoe
ypasHneuiie K BIly ) . _

3
log, — x o  +3=— V5.
bV’;’ logy— X+ 6
5
Moaouin logl,.;x=t, [OJIYYNM NOCIe ynpolteuuil it Bo3BeAeHNs B KBal-
pat ypasuenie R
#34-t—2=0.
Ero xopmt: f=-—2, {#,=1. [lepoomy Kopuio oOTBeyaer 3iavemue
¥=-z, KOTOPOE, KAaK JeTKO MPODEPHTH, YIODACTBOPAET I MCXOINOMY

ypasuenuio. Bropomy xopmo 0TBEYaeT sHayeHue X= V5, xotopoe c-
XOAtoMY YPaBHEHIIO He YA0BAeTBOpAET.

2 -
135. INoab3ysce Tem, yro O 4 _2 ; a 6 23...(-2-) , NpubeieM nc-

X0Jt0e ypaBHeHile K Buay

2\lg*x+1 2\2(lg x3~2)
(5) " =(5)"



Mpupasuneaa noxasatea, noyuaeM ypabienie
lg3x—6Igx+4+5=0,
pewHB KoTopoe, Hafiiem:

(1g ) =1, =10 (g x),=5, #=10%

136 ﬂepemm B )pasnemm R JorapiidvaM O OCHOBAHHIO 10 no-

JYUHM: .
1 4——x)
E\T0

Orciona 1nocse NPOCTHX npeo6paaoaamm npuieM K.ypaBHeHIlio

% lgn :
e (= i5) =157
Mocae notenunposanis GyneM uMeth:
' —dx+1lgn=0,

|
14 =(lg1gn-—l)i§7—

.-

OTKyAa - . .
- X ,=2 % Vi=IgA.
Hecnoxknoe HcclefoBaRHe NPHBOINT TeNepb K CIAYIOUINM . pe3yssTaTav.

a) Ecin 0 < st < 104 ", f % 108, 10 )paauexme IMeeT aBa pazmid-
HHIX KOPHA:

=24+ V4i—Tgn n x=2-}1—1gn.

6) Ecail n=108, To mveetcs aumis oany Kopews x=3 (x=1 npu-
X0aHTCA_OTOpOCHTL); HpH “n=10% noayuaen Tawme oxHn’ ;\opem, ¥=2
’ B) Ecil, nakonen, n > 104, 10 Kopueff Her.

137. I]epeu,me\: B ypaanemm X .rxorapnqma\i fto ‘ocnoBamitio 2. B pe-
syJabTaTe NOJAY4HM YpaBHeHue

1 o log,a

log; sinx 2 log2 smx -H*
Orclona
‘ “logi sin¥= log;a./ s

Tax KaK BeJIHYIIHA, CTOAWAA clleBa, CTPOro n0'1o,mxre:xbna (sm x#1, nnaue
Gu cumson log, 2 notepan CMEICT), 'TO logsa <0 u,- teoBaTe ko,

np a>1 )paaue}me nooﬁuxe ne nyveer peweniit, Cuntas 0 Za<]l,
noJIyuaeM: . ‘

———

o . lo a
log, sinx= & 084
. Lo 2
3uak IJIOC Mepep pagnKkasoum 6:6pacui8ae.\x, 'raK_’KraR log, sinx < 0.
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Toraa

log. a

sinx=2 ~] 3

_.l/_log,a oo 7 .
x=(—1)% arcsin 2 :oak k=0, L1, ...).

Jlerko BiaeTb, uTo Besl 372 GeCKOHeuwasi CepHsl 3HaueHHil X yJoB/erso-
PAET HCXORHOMY YPaBHEHHIO.

138. Hs proporo ypasHenns Haxomum:
2
—— 1
*ty=g—=y. -
TloacTaBiB 37O Bhpamenue A X-y B MepBoe ypasHeHHe, MONYHHM:
1—log; (x—y)—logs (x —y) =1
H

log; (x—y) -+ logy (x—y) =0.

Ilepexoasn x Jorapudmam 1o ocHobauuio 3, npeobpasyeM moc.edice
ypasHeHHe K BHAY - ‘
(log; 34-1) logy (x —y) =0.

Tax rak logy; 34150, 70 orcioaa log; (x—y)=0 H x—y=1,
Buecte ¢ ypasuiennem (1) 310 Jaet cucrenmy

xty=2,
X——y:l. }
Fewnn ee, noayuu:
3 ’_l
r=g, Y=g '

INpozeproit y6exiaeMcs B ToM, 4TO HaliieHHas mnapa uHCea fBJserca
pelleHHeN HCXOAHOI CHCTeMULI.

139. Jlorapupmupys nepsoe ypasiende [0 OCHOBaHHIO ¢, Oydem
HMETb: .

alog, x=blog.y. S L))
Hs proporo ypasHenis HaXoaum:
. _log.x
log, z—logcy-logc Tk

Tloxctasass cioaa log. y u3 ypasueuna (1), no.yuaes:

log, x——1o x—-g wan log, x bl
gc b gc “—a) gc -——a.

INMotenuupys, noJyuaeM:

b~a _b_ . b2
£ 7 =¢%, mm x=-9,
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M3 nepeoro ypasnemis CHCTeMLI Tenepb HaXORHM:
a b
y=x" =c""9.
140. Moanaysce Jorapudmuyeckiin TOKAECTBOM & 922 b — b, samuuem
CHCTEMY B CJelyiolleM BHJe:

1
logy xt-y=7, } M
XV =513,
IMoTenuupys nepsoe ypanHeHne, noayunM J;-5y=5?, OTKYAa
x=5""v, - o @

Tloncma.vma X 13 ypasneHus (2) Bo BTopoe ypaBHenue cucteMu (), no-
[T .
nysaey ypasHettite, 5124071 =1, nmeromee Kopuu
J1—4 Y, =3,

B pesymare Mbl IPHXORHA K ABYM peuxemmu

, _ n=125, y =4 X, =625, y,=3.

141, Jlorapudmupys nepsoe ypasHeHHE [0 OCHOBAHHIO Y, noayunM
oTHOCHTenbHO log, X KBajpaTHoe ypaBheHie

: 2 loggx —5 logy x4-2=0,

HMeEKuee KOPHH )

log ?.

gy x=2, ~logyx=

Ecau log, x=2, 10 o o
x=y o )]
M3 sroporo vpaanemm ‘B CHIY TOKIECTBa lobab_ﬁ&, no.y-
. b
Ny’ logy(_/ -3¢)=1log, 4, oTkyaa - S
y—3x=4.~ . e
Fo'xyquHoe 'ypasueniie Buécte ¢ (1) Xaer kBaiparmoe ypaauerme
AJs onpeleenns y: _
3y2—y+4=0.

Dro ypasiense He HMeeT BeuleCTseHHWX pewenuit. Ecan we log, x =

= % ,10 x=Vy u y=x% B TOM cayuae B cnay (2) noayunm ypas-
Hemue :
x2—3x—4=0.

Orger: 1x=4'} y=16. .. o
142, JlorapudMupys mepoe ypaBbueHHe MO OCHOBAHMIO. &, Haliles:
-’x+_/lo b=1-loggb.. - (1
Bo sTopon ypaeuemm nepefizen K’ norapmpuau 110 OCHOBaHHIO a.
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Torza
log,y log, b

28— = —2log,y.
logzblog, Va ¢

2log, x=—

i .
Orciona x=%. Ioacrasus y=— 5 (1), moayunm ypabuenie

xg—x(l+1°gab)+1°gab=0:
HMeotiee KOpHH
: xn=log,b u x=I1.
OxonuatenbHbll OTBET
xy=log, b, y=logya; x,=1, "yy=1.
143. B nepsoM ypaBHenin nepeilieM K OCHOBAHHIO X; Toraa ypas-
HeHHe NpHMeT BHX . .

-1
3 (log’\. y+m) =10.

Mozcaus saccw log, y—¢, noaysis ypabhekiie
312 —10f{4+-3=0,
o 1 i
HMerolee KopHil f;=3 n I:=—,3- . B neppow cayuae log, y=3, y=13
I, B CI1Y BTOPOro YypaBueHus mucxolucil cuctemu, x1=81, Tax xax
x>0 u y>0, To MH DoJyyaeM BPH 3TOM JHIB OIHD peleHiie:

x1=3, yl=27'

IMoaaraa sartem log, y=—, Haxo1uM éu;e 0HO peweHlie;

L
3
x2=27, yz’:_3.

144, TTepefiieM B KawWZOM ypaBHeMuH CHCTEMH K. Jorapudmay no
ocuopauuio 2. B pesyabraTe mogyunnm cucreMy

log, x
l“c?gﬁ (log; x--log y) = log, x,

M

log, (x+1)  ,log;x J
log-_)_ 3 logi 3° A
Tar kax x # | (B npotHpHOM cayuae JeBas uacTh NEPBOTO YPaBHEHis

LCXOAHOIT ClCTenbl He hyesta Ou CMbiCaa), TO log, ¥ # O u crcremy (1)
MOMKHO 3ankicats B Blije -

logy x+loga y=log, 12, |
logs (x4-1) =3. J

logyx-

Moremunpyna, nosayuaem:
oot xg=12, xty=8§, -
OTKyJa )

51=6 y=2 x=2 y=6
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145. Tlepexons B kampom 3 ypasHennii chCTemu K JorapudmaM
TIO OCHOBANMIO 2, MOAYHHM:

clovy =y Vg | 0
21log, x=231og, y.
Ha proporo ypaenenns cictem (1) Haxoans x2=y3, oTkyia
3
x=y? @

Henomsayn (2), u3 nepsoro )paBHemm Hailiem J / 4. C1e,10n‘-
TeaLHo,

3 A

s, g=2%.

- X=a

146. TlpeoGpasyem cucreMy, Nepexols B MEpBOM YPaBHEHMN ~ K
OCHOBANHIO 2, BO -BTOPOM —K ocuoaamuo 3 i B TpeTbeM—K OCIOBa-
Hiw0 4. nO'l)‘ll'\l.

log, x+§ log, y+7 log, z=1log. 4,
logs y-l_-—,:—logsz-{-iloga x=log;9,
log, z+ log;x—{— log,,_/—-log416.' } -

[MoTtenunpys, npuxoIiM K cucreme

x Viyz=1,

yVE=9 §
< R
2 Vxy=16.
Mepevnoxan ypasueins cicress (1)- noq'lemxo, uau,1e\|
(Uz)-—-24°
Tak kak x>0, J>0 2>0, 70 S
: th—24 . )

Boasoas nepsoe 3pamxemte cHCTeML - (l) B l\Ba,’lpaT " ucuo'lbayﬂ 2),
no. )"Hl‘l. o S

_l6_2

x—ﬁ_—§'

To7 . 3 - .
AuanornuHo HaxoanM y=g " z=7. Hpqaepxo;r y6exaemcs, uTO

Hailienusie TP uncaa oGpasyloT peuentle.

147. Ilepexo1s K OCHOBaHHIO. 2 B MepBOM YpaBHeHHH, a 3aTeéM MO« ’
TEHURPYA, NOJyvaeM;

pow=t D o
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Ypasuenne {1) sMeete co BTOpLIM -ypaBHEHIEM - HCXOAHOM." CHCTEMs! AaeT

CHCTeMy
x2A4-yr=25, }
yr—xy=4.

@

Dra cucreMa HMeeT -xBa peiuenus, - yaosieTBopslioiie. yCIoOBHAM Y > X,
¥ > 0, a umenno:

Xy =— x2=3» Ya=4.

7 1
r——2 y 1= V-Q—'
148, Paép.e.‘rum‘.éﬁe yacTil ypasHenus Ha 4%, aiae:
3\* 1 3V* |
-5} —=(= —_—
(%) V3 (%) Vi—g

3

(313

Orcioaa

Rl

M, C/lEA0BaTenblio,

[
Il
nof o

149. IloacTaBup y 13 BTOPOro ypapHenHs B NEPBOE, HOAYUHM:

1 2
x+T=: .—-2l‘+-;7
Otcioaa ambo x=1, anGo
: 12 .
Atp=—%+t5,

H, cJeaoBaTte. blio,

" Orper:
i
u=y=1, xXp=a0, Yo= ?/?)-.

150. fonowup a*=u, a¥=v, sanuiued™ CHCTEMY B CJAeAyiolleM
BHe: '

W4vi=26, }
w=c.
Ha amux AByX ypaBuennit cieayer: o
() =2 (b+c), (u.—“v)"3 =2 (b—.c).
T'aa KaK MCKOMbIE SHAUEHHR & i U ROMAWubL. GWTb NOMOKUTENbHM, TO
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nepsoe ypanHEeHHe CBOAMTCH K YpaBHEHHIO

utv=y 2(b-tc). - o)

Bropoe ypaBHeHHe MOKa3HBAeT, UTO AN PAa3PElIHMOCTH CHCTEMH HeoG-

XO/IUMO NOTpPeGOBaTh, KPOMe MOJIOKHTENLHOCTH uHcesn b u ¢, BHNOJHe-
HHS HepaBeHCTBA

b=c. (2)

u—v=4=4 ¥Y26—0). 3)

Pewan cosmecTHO ypaBuemm M (3), B c:ryqae 3HAKa TUIOC Hafijes:

1————(Vb+c+ VTJ_c)
vxéT(Vm— Vb——c)

Bo BTOpPOM Ciyuae moJyuaes:

w=Y (V- Vi=0,
o=YZ (ViTer Vim0,

. Mu namnn gsa pewenns cncremst (1), npnueM npH BHNOMHEHHH YCJO-
Biua (2) Bce 3HAYEHHA HEH3BECTHLIX, OYEBHAHO, NOJOXHTeJbHH. JlBa
COOTBETCTBYIOIHX PEUICHHS! HCXOXHON CHCTEMH HMEOT BHA

H=logauy, yy=log,u;  x3=log, ts, Y =log, v,.

Mu MoxeM -Teneph YTBEPHKAATH, UTO JJ8 Pa3PelINMOCTH CHCTeMBl He-
o6xonnMO H aocraTouuo, utobu b >0, ¢ >0 n b=c. Tlpu Bumonue-
HHM 3THX YCJOBHA CHCTEMA HMEeT 1Ba pelueHnus.

IIpu stoMm

151, ITepemuoxuB oGa ypaBHEHHS, MOJYUHM:
(xy)*+Y = (xy)*".
Orciona BBUAY NOJOKHTENLHOCTH X W y caepyer, urto anGo xy=1, auGo
Xy # 1, u Torza
x+y'—-2ri‘. C (1).

PacemoTpuM cHauana mopou cnyqau. I]epBoe ypaBHeHue HCXOAHOI
cHcTeMH npuHHMaeT Bua x?"=y", oTKy:a

y=1, | @
TToxcranass y B ypaenexmé M, 'no}ly!faeM ;
X2 x—2n =0,

310 ypaBHexmemmeeT e/’.llHlCTBeHHbll{ HOJ!O)!\IlTec'lbllblﬁ KOpelIb

K oo. i

Co B

IR TSR e xl-', - 92 V i 7 (3)




CooTBeTCTBYIOlleE 3uauele § NAXOINM, HCROAL3YS (2):
. S N,
n=—4(V&Fi-1). “

1
Bo BTopoM cayuae, Korjga- xy=1, y=~, 0 nepsoe YpaBuenne KHCX03-
KOfl CIICTeMbl DPHHUMaeT BUA '

< +x .
x* . =xTh,

‘B ciiay nNOJOKHTEILHOCTH X H N 3T0 PALEUCTBO BO3MUAHO JHWb B
cayuae x=1, Taxuym oGpa3cy, Mul HAXOAHM eule OANO peweiie x;=1,
Y2=1
152. IlpeoGpasyen cucieny K Buay
' @Bx-Fy)*v=9,
3 =2 Bx L)t

}13 wTOpOrO ypabnenusn Huxoming
324 =2%"V (x| y)2r -
i, CJIe10BaTebHo, B CHIY NePBOrO ypasHeHns
321=2%"V.8l.
Orciona 22=2¥"Y 1. e.
‘ ' x—y=2. (N

Pemas ypasuense (1) BvecTe € mnepsuM ypasuewneM HCXoinLoi
CiiCTeMU, NPHXOIHM K ABYM CECTCMAM:

X—y=2 x—y=2
' y .}7 @ ‘ y=2 @
3xfy=3. vt y==3.
Pewenne cictemu (2): »xl=—i-, y1=—-%. Peutennie cucremu (3):
1 R
Np=— T == Mpobepkoit yGeixaaemes, uT0 ofe napet unces

YAOBJICTBOPAIOT HCX0UOI clcTeMe. -
l’3 n .y q _ 4 —— N ’ .
93. INoaoxun ——=ca., Ecait =1, 1. e. p=gq, 70 CucTCMa ygz0-

paerpopsiercst a06oii napofl paBHUX NOJOKNTEALHBIX ulicedl. Byaem
nostoMy cunratb « % I. I3 sroporo .ypasheuus mnoayyaem x=y°.
Jlorapudmupyss neppoe ypabuelile H UCNOIb3YA 5TC papenctso, GyaeM
HMETL! ] o o
ylgyla—y*~h)=0.
Tak kak y > 0, 1o auGo lgy==0, abo a=y*~L B pepsom cayuae
2] 1

noaysaenm x;==1, y;=1. Bo BropoM Cayuae x,=a*"1, y,=a%"1,
OGe napul ynuce: ya0BaeTBOPNIOT H HCXOANGIT clcTeMe,
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164. Jlorapugmupys o6a ypasHenHs, MOAYTHM CHCTEMY

- ylgx=xlgy, \
xlgp=ylgq, Y
- x lgg . .
#3 KOTOpOH onpejaessteM OTHOWEHHE 7=m—a, cne,&oaarenbx-xo, :
x=ay. ' ©

Ecan p=g, To cHcTeMa HMeeT 6ecx0heqnoe qiCJ0 . peirennit BHAR
x=y=a, rie a >0 moGoe. Ecan p#gq, TO, Nozcrasus x u3 ¢op-
My (2) B nepsoe ypabielnHe CHCTEMH (I), maiizen:

o 1

x=a%"l, p=o*,

Crie1oBaTebHO, NpPH YCAOBHH p #q cucwua HMeeT ' eMICTBERNOE pe-
nienne,

155, ﬂorapxiqymupyﬁ ‘o0e yacTH paBencTsd a?=c*—b2%, noayuaem:
2=1log, (¢—b)+logy (¢+b). .
) .
log._pa + 1cgc

l°gc+ba+10gc ba'—21°gc+ba 1°gc ba

Orcroza 2= - 11, cne;.oaa'renbuo,

156. Hcnonbsya dopuyny log,m= » JIETKO MOJIYUHMS

1
log,, n
log ,.,‘__ka'=2’z log,,a ‘n log z‘g!_);-—fl;!ogab,

[

2
2(logb, ra—log 2A:b)2 = 2‘ (2" log,,a——log,, ) =
k=0

= log? PR 1_' -
—‘lo,gba,Z‘l_'*'hgn_bZE 22‘ .
k=0 k=9 k=0

( 1 )n+1 L :
fo gba—}--———-————-'——'logzb—2 nthH=

7
z__(4"“_1) logba +— (4n+1 ..1) L log2b—2 (n+1)= .

1
=3. (dr+11) <19g§a+m§71)—2 (n41).

gn+1—1
=1

*) Cumpon z“k O3HauaeT cymMMy a(,+a1+a2+...+an
k=g . X .

‘2

: .‘.-.-
S L

m



logn Jogb a :
157. @ @ a  —(gloab)logelogea plogy logra _ | og, a.

158. Hneem
n(n~1)
c=ldy +++ Op=20a-a9 ...‘(aq”‘l)zanq 3

Flcnonpaysn ¢opMyly hepeXoia OT 0ol cucTemu Jorapigmos K Apy-
rofl, noayuaem:,

log, b A
logcb'—logac PNICED) (n=1) log q
T2 a
Ho
logyg_logs b A
1081 Togy s Tog, 5~ B
[ostomy .

low b 24B
9B V= MmB+n(n—1 4 °

159, Hcnoas3yst paseuctso log, b=

log, ¢
1yio Gopyyay CaeayioutM o6pasos:

, npeofpasyeMm  AaH-

1 log \'-b—
logye_logya logyb =" a  logye
Togya _1___ 1 logya’
dogy b . logyc )og‘\ b .
Orcioaa chedyer: - ; L
logy _= IOg.'\' % ’ N
160 MHOHUTENb T—— l g #0 ﬂoreuuupya papenctno (1), nonyuaem:
ik @

TaknM o6pasoM, b ecTh cpeiuss NpoNnopuUHONAibUAs MeX1y 4 H C.
Jlorapugmupyst, panee, pasenctso (2) no mo6omy ocnonanuio N u npo-
BOJfl BHKJAAZKH B oGPAaTHOM NOPSIKe, - MLl 3aBePLIHM . onaaaTenbcmo
NIpeANaraeMoro yTBepicienis.

160, Caeayer cuHTaTh, qro N # 1, nnave apoGb B mpaBoil wacTit
CTaHOBHTCS Heanpefienennaii. Pa3zemin . noAdexaulee A0XasaTesLCTBy
Toxaectso ua log, N logy N log, N, Mul 32vMCHEM €rO CAGIYIOLUM SKBi
BaJIeHTHLIM:

1 + 1 e L i
log, N " log, N " Tog, N~ loggpe V °
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l'lepermx 3leck K JorapudmaM no ocHoBaHHIO N, MOMYYHM:
logy a-+logy b4 logyc=logy abe.

Tak Kak nocleiHee TOXKAECTBO, ©OdY€BHJHO, MMeeT MeCTO, TO 3alaua
peuena,

161, Hseer:
log, x __log, ab
logzp x~ logea

qT10 1t TpeﬁOBa.’lOCb J0Ka3aTh.

gy logeb
-l+logxa——l+l°gabu

log. a
log.5 *
npeoGpa3syem neayxo qacTh naHHoro (HepaBeHCTBa CJE1YIOWHM 06pa3oM:

162, TMoawsysice norapn(bwmecxuu ToxzsecTBoM logy a=

loglx-]—logsx_ +log,x=-log,x(log 3-}-1)
T ‘Oga s
3 logy x logs x
v logy x-log , 5 = g,l = loggs
3 log , > 3
. ? -
Toraa Aanuoe uepaBeHCTBO MPHMET BHJ .
logs x
“fg. 2k

o3
3

3 : . S ‘
Tak xak 2> 1 n 7> 1 # no csoficrey sorapugmos log ;2 > 0, 1o,
2 . .
€/leJ0BaTe IbHO, MpeAbiyllee HePABEHCTBO SKBHUBA/EHTHO HEPABEHCTBY
logz x < —=log ;2.
2

Orcloja, 3aMeTHB elle, 9TO N0 CMbCAy 3ajaud x >0, OKoHuaTelbHO
noayuaem:

~log 512

..-0 <-x.<3 : _’— .

163. Taxk kak x > 0, To pamnoe Hepanencmo paBHOC!{JleO Hepa-
BEHCTBY

~
~

£19%a% 5 g3,

Ho a > 1, nosrtomy, norapud)nmpyu nocne;mee HEPaBEHCTBO M0 OCHO-
BaHHo a (3Ta onepaudst TaKie MPHBOLHT K PAaBHOCHBHOMY Hepapet-
CTBY), MOJIYYHM:

- logax > 2.
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O1c101a OKONYaTEbLO HAXOAHM;
Yol

6o log, x > V'3, u, caenopateanno, x > a’ *}
_— h i r—
6o log, x <— V2, i Torza 0 < x < a-V2,

164. I_]o eMucay 3afaun x > 0, nosToMy JAaHHoe NepaBeHCTBO
PABHOCHILHO HEPAaREHCTBY

logg x (x+1) < log, (2x+6).
Tak kak a > 1, 10 otci08a x (x-+1) < 2¢v4-6, w
 x2—x—6<0.

..Peluas 70 KBajgpaTHOoe HepaBelcTBO NpH ycaobui x > 0, noayyaem
0<x<d.

165. Tlpeiiaraenmoce HepapencTBO PaBHOCHABLO CJelyloliemy
0 < x?—5x+4+6< 1. '

Tag kak x2—5x4-6=(r—2)(x—3), 10 nepacencreo 0 < x?—5x-|-6
CHpaBelINBoO JIpH .

x<2
H

x> 3.

Pewas Janee nepasencTso x2—0x-+6 < I, HuxoanM, 410 oHO EM-
LOALRCTCSE NpH

—Vy VvV
b—~V5 <x<5}—‘llo

2 2 ¢
; _ _VvE 3
Tak kax V5> 2, 10 §——2}—§— <2, a 5—‘*-—2!—— > 3. HMosrony ucxog-

NO€ -HepaBeHcTBO HMMeeT MCCTO NpH

e S
5—-#—<x<2u 3<x<§i2L5—.

166. Mpitsels JeByio yacTb K oGuieasy 3uaMeHATeNO, HAXONHM
Jog, x (log, x—1)

3, CJlel0Barte.1blo,

l;{—loggx(log.,x—l) S0
log, x (logy x—1) )

L . .
Taxk Kak YHCTUTE b NMOCe I Hero puIpamenia HO.’KO)KHTGJIéH [B CaMoM aene,

1 log? x— Iog,x;(logi x——é—) +-%] 4- TO HEpPABENCTBO CBOANTCA
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K caeryioueMy -
log, x (log, x—1) > 0.

3r0 mocNeaves HepaBeHCTBO BhmoAuAercs npu x> 2w npn 0 < x < 1.
167. Mo cmucny sagaan_x > 0 w, 3uaunr, pamsoe HepaBeHCTBO

P2BHOCHJILHO HEpaBeHCTBY

3-lo 'x-zlo x

x 23 s s 1.
Tponorapudsupyem 9T0 HEPaBEHCTBO (0 OCHOBAHAIO 2 H MOJOMHM
. y=log, x; monyunM paBHOCHJLHOE HEPABEHCTBO

yB—y*—=24) >0,
KOTOpoe MOCNe pa3zioxeHns KBaJpaTHOro -Tpexd/eHa H2  MHOMKHTENH
MOXHO BaHHCEin B BHAE

yd—y)@+4) >0

1o HepaBeHcTBO BLIMOJHEHO TOTAA H TOABKO -rorp,a, Koraa amGo
BCE TPH COMHOMHTEN MONOKHTEJBHE, JHGO OJMH HI HHX HONOXKHTE-
JeH, a JBa JPYTHX. OTpHUATeJbHH. B mepBoM cnyuae, T. €. KOraa

y>0, 1=y >0, 3+9>0,
naxoaum 0 < y<ln, c.ne;mnarenbﬂo,
l<x<2 )

Bropoit cajuafi noapassensercA wa Tpu Aoacaydas, UPHIEM
HerfipoTHBOPeYHBas ~CHCTeMa HepaBeHCTs [O0JyTaeTcs TO/AbKO -B o,-mou
fnoscysae, a HMeHHO Korja -

J<01—y>03+y<0
Orcioa y < ~3 o, 3uaunr,

1
0<zr<g. @

Takum oGpa3zoM, HCXOAHOE HEPABEHCTBO < HMeET MeCTO TOTAA - &
TONLKO TOrja, Korjaa JanGo

0<x< %,’
an6o
e l.-<x'<2. .. R P . o
168. Tlooxkus log, x=y u 3amerus, flro log, 2=-——— logl = —;—
nepensulesM Jaigoe Hepaaeucmo B BiJe
+2 cosa < 0. 1)

" Yheno z= +— HMeeT TOT Ke 3ﬂax, qTO # 4HCAO ¥, KB | 2| =2 npu

ncex (cM. (2), crp 19). IMostosty ecan z >0, To HEPABEHCTBO 2 5
< — 2cosa MOXKeT OHMTb BHIONHEHO TOJBKO B TOM CJAydae, ecan z=2
(y=1) it cos@="=l,; T, e eCM B HCXOAHOM- HepaBeHCTBe X=2 u
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a=2k+1)a (=0, +£1, £2,...). [Ipi 3THX 31aYeHIIAX HMEET MECTO
3HAK paBeHCTBA.

Ecan e 2< 0, 1. e, y < 0 T0 z<S— 2 1 HepasencTBo (1) BeInON-
HEHO NMpH BCeX O, OTKYJa cJelyeT, 4TO HCXOAHOE HepaBEHCTBO BLINOJ-
HAeTCA, KpOMe Yyiie HaHleHHLIX 3nauedHH, npn 0 < x < 1 i Becex Be-
UIECTBEHHBIX 3HAYEHHAX O.

169. Hcxoanoe HepaBeHCTBO PaBHOCHABHO ClelylouteMy

0<logs (x*—=3) < |,
oTkyda | < x2—5< 4 uan 6 < x2 < 9 pan Vo< lx] <3
Omer: Y6<x<3 u —3<x<—V6

5. KomOunatopuka u 6uuoy HplotToHa

170. 3anicas oTJe]bli0 OTHOLIEHHS MEPBOrO 4jeHa NPONOpUHH KO
BETOPOMY H BTOPOTO K TpeTheMy, IOC/e COKPauieHus NoayuHM:

(a1 . (m41) _n—ni 41
m+N(n—m)" m(a—m+1)Y  m+1 °
(n+1) . (n+ 1 n-—m—}—2
ml (n—m-=1)! “(m—1) (n—m--2)! m
B cuay ycaosus sazauu Mpl DPHXOAMM K ABYM ypaBHEHIIAM:
n—m-+1 =1 n—m+42 _5_
m-1 ! m 3°

Pewns ux cosmectso, uaiijem m=3, n=6.

171. Ilmee\x
( +x2—x3)°= 14C3 (xZ—x3)+co (29 4 CE (52— 19
Co (1 —22) €3 (¢ — 43 - ..+ (3 — 23"

Paccmarpuaaﬂ c.Jaraemoie npaBon HacTH, JerKo 3aMeTiiTh, 4T0 x° co-
Aep:KHTCA JHIUB B YETBEPTOM " H MNATOM YJeHaX. cho.nmyﬂ 3TO, Ge3

TpyAa laxoguM Kosdduunent mpu x8. Ou pasen 3C§+ Ci.

172, Cnarae\uﬂe Jasnoil CyMMH ©OpasyloT HpOrpeccilio €O 3HaMe-
nateqen 1--x. TToaTomy

(It (1L x)rtid (14 x)=

(L5 —(1 4 2)*
- :

)

3anucas 3Ty e CYMMy B BiHAe MHOTQUJeHa
aytax-..oFanxt4 .o Faxt,
H pacKpulB CKOOKH B npapoif uacTH paseHcTBa (l), nonyqnm- €CaH

m< k, 10 . .
m+1 M+l ’
a,=Co —Ci™. - )
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cecan xe-m=k, 10 -
m+1
Cn =Cpt1.

173. M3 ycaosns 3agaun caenyer:
n{n—1)
2

Ci=Cl4-44, uan =n- 44.

Pewi 370 ypaBHeHHe OTHOCHTeNBHO 1, Hafigem n=1l.
O6wnit ynen pasnoxenua = . :

. .(x VT_*..%)"
MOXKIHO 3aHCaTs B BHAE L
Cﬂx%(l“!.-m"m.
ITo yenositio 3.a11alm% (ll;m)—4m=0, oTKyza m=3. Cné}xéna.

TeJbHO, HCKOMENT 4JieH pa\BeH'Ci'l. o

174. Tlonowmum x+-g-'=' 4, Torza

6 \1¢ R 1 2 . 10 4
(l—}—x—}-?) = (1 +u)19= 14 Cyou+-Ciou®-- Joo -+ Croutd,
rae - : .

6\* 1 k- S ph=25.65 1L 6% -
uk=(x+—;) =xk+Crxk=264...4Cix -6 +...+;;. (4))

Ina caaraeMoro, He cojepaluero X B Bupawennn (1), ZAoaskuo ymo-
BETBOPATECH yCJoBHe k-—25=0; ciefoBate/bHO, 3TO cjaraeMoe Gyzer

pasto Cis-6% Cobupast Bce Takwe uflewt, Haiiiem, 4TO ciaraemoe, He
" cojepikalliee X B NMepBOHAYRAbHOM BHpmEeHHH, OyleT paBHO

14 Clo-Che6+CloC 63+ Co-C3-63+ Clo-Ch-64+ 1§ Cho-65.

175. Hepaseuctsa Tpyq > Tx B Tger > Trao TOCKe ynpomenni
DPHHIMAIOT BHX L S . :

3 _ 1 3
'Kkg— > = T0=F > E‘J/?T
Penup Kaxjoe M3 HUX OTHOCHTENBHO R, BOJMYHHM:
0ys ., 100 V3—1
V3+1 V3+1

‘JleBas 11 mpapast wacTy HepaBeHCTBa (1)—wuncna ne uenwe, a pas-
HOCTL MeX<Jly HuMU paBua. eamHite, [JosToMy CyulecTByeT Jmilb ORHO
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uesoe 4HCNO K, yAoBJerBopsoulee uepasesctsy (). 3ametus, uTo
1,72<V3< 1, 73, npAMEM BRIYHCIRHHEM YCTANOBHM 4TO

64,64 > & > 63,135.

Caesosateqbio, k=64.

176, OGwwuit uneu pasnomennst Tgppqp=CEa% Ecan T,z—T“l.
70 CE-1gk=1=Ck gk ymu
nigk=1 _._nlak
E=D =k FDT A (=R

n+1

. _ N .
oTKYyAa k= T TMonyuaem nCKoMOe yenopie; l+—5- LOJLKIIO
14—
| +a |
OuTh feaunteneM yncaa n-4-1.
Ecai tenepp Tp=Tg+1=Tg+p TO 3TO SKBHBAJASHTHO PABEHCTBAM

| a a?

(h—kF0)(n—k)  k(ni—&) kE+1D)

AllH
k —a k41
n—k41 7 n—k

=q,
YTO NpIHBOAHT K YCJOBHIO Il+l=—-‘-0, KOTOPOC {IEBLITOINHNO. -

177. B pasnoienne BofiyT: 1 4aeHon BHA =12, ...,n),
n(n—l) 4JeHoB BHIA x,x,(z, i=1, 2, ..., n, i Zj) u, nakouey,
Chi u/leHoB BWAA X;Xpg, TJe i, j, k—pasmiunue uncaa. Takus o6pa-
SOM, UHCAO PAIMMYNLIX He MOAOCHLIX 4ICHOD Panio

n+n (n l)_‘_n(n—lé (n—2) n (n+12;("+2) X

178. HenitesiaMn YHCHAA ¢ ABAMIOTCA, OUEBHAHO, YHCAA Py, Ps, ... ,
P U BCEBO3MOKHLE HX npouane,xemm no Asa, no Tpi M T. A Uircao
TaKux AeJlHTeJlelI panuo

q+d+m+¢=%

Tak ¢akt, uTO Bee moaydeuunle ReJuTeMil He PaBHL Mexay coGoil it
Y10 APYrHX JAeanTteneil HeT, CJeiyer - H3 €AHHCTBEHHOCTH npe,'xcran'le-
Huf qucaa B BUAe npousne,'xemm MPOCTHIK YHCes,

119 Ho,lueﬁ{amee AOnaaaream.ruy paBeuCIBO Ineer i

C"" 1 2n+1_1
l+ + +"'+ k+l +ool+' +n+l= tl-l—l
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H PaBiOCHABIIO PaBEHCTBY

I+ 25 eyt “cn+...+”+'

k+l +-l‘
...+"—+—1 Chl1=2m41,

Tak xak

ntloe-ntl "l D e
1" TRFIR (r—R) - (RFD (i—R)T "

TO JeBan uacTb NOCIealero paBeHcTBa paBHa

1+Cn+1+Cn+1+...+Cﬁii+...+c,,+1+1==(1+1)"+1=2"+1
Y710 H Tpe6oBaNOCh ACKasaTh.

180. OGuuit unen neBoit wacTu pasencrsa Momer 6mb npeoﬁpa-
30Bal CJe1YIOUHM oﬁpaaow

n!
B(l— gyimFm T
HCx (1 — x)=F o e ) _

—1 ) ’
—=n (k—(ln)' (n) o k=1 (1___x)n—1—(k-l)=,

xk (1) =K

_=nan_1v"1 (1—x)n- 1‘(" -n,

ITosToMy neBan uacTh pasencma MOKeT 6un> npe,'mTaB'leHa B cae
ayiomeM BHAe: LI

nx [Ch- ,(1—x)n~1+c,,-,x(1-x)n 2+...+c;'.:{ An=1]=
-'-—nx[x-[-l—x]" ‘—-nx.

18| Beskoe ne'leuue _KOJ01bl, 3Ka3almoe B yc.'lomm, panuocu:m{o'
nspaedenuio 16 neryaos ns uinena 32 uery3oB M JAByX 1)3011 1i3 uyncaa
yeTHpex ‘rysoa Hepeoe n3peveniie MOKHO OCYWIECTBHTS, C}2 crocoGawm,
a Bropoe Ci cnocoGami. Tak kak Kakjoe nasjeuenre 16 perysos
MOX10 CKOMGMHHPOBATL € JIOGHM H3BJEYeHHeM JBYX Ty30B, TO oGuzee
yico cnocoGos yxaaamloro ne.nelmn KOJlO,'lH pamno Cagc:. .

182. Hcxomoe winc:ro noxlepon panno -mcny paa'uememlﬁ Koropue
MOMNO oﬁpasonan u3 10 nmpp no 5 T. €. pam{o 10-9.8.7.6=
= 30240

183. 3anymepyem nexoTopne it MecT W OyieM 06pa3oBWBATh pa3-
Guennst, | noc'le;xonarenbuo 3anomas xa)x,rloe n3 yxaaaxmux MecT napoﬂ-
9.1€MEeHTOB. :
Ha nepsoe Mecto MoxHO Bbx6pan, napy C,,, croco6amy; _focae
TOFO Kak neppas napa BLGpaHa, BTOPYIO -MOXHO BHOpaTh an—g crno-
cobamu, 'rperblo Cin_s crnocoGamn H T..A. B pesyawrare mui npiaem

k C3aCin—2Cin-y...C3 paaﬁnemmu _B UHCJO KOTOPHLIX ‘BONYT, ONHAKO,
r Bce pa3buenns, - oTAnYalomMMecHs IOPAKOM  pacriofioXexus nap.
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ChefoBaTeabHO, WHCAO HHTEPECYIOHE HaC pa3bueHuil papuo

CinCin-z...C3 _ 21 (28—1)(2n—2)(2n=3)...2-1°
al , 2% pl o
. =(2n—1) 2n—3)... 3-1

3’;‘0[ npoHsseleHHe COKPAlEHHO HHOTAA 00O03HAYAIOT CHMBOJOM
2n—1)!

¢ K ToMy e pesyi»TaTy MOKHO RpHIiTH, - PacCy?’Ki1afdl HECKOJIBKO
nHave. OGo3HauHM yepe3 k, WHCJIO pa3buennii LA TOTo Cjyyas, KOTAa
yncao 3JjementoB pasHo 2n. Pacemotpus 27 aaeventos. ITockoabky
NOpSii0K PacnoioqiesHs Nap HeCyllecTBeH, MOXHO CYHTaTb NepBOil
napoft Ty, KOTODasA COAEPKHT nepsuii aaement. [lapni, cozepaailie
nepBbilt 3JeMeHT, MOxHO ofOpasoBate 2n—1 cnocob6amu. OcTaabHble
2(n—1) saementoB npH BuOpaHHOIl mepBoil NMape MOXHO pa36uTh Ha
napu k,~y cnocobamn. [lostomy k,=@2n—1)k;_;. C nomompio 310TO
COOTHOWIEHHSA JerKO HAXOLHM: : .

k,=(2n—1) (2n—3).'..5.3.;.

184.  H3 c¢Guero umcaa nl mnepecTancBok- HaMl HAJJCKHT BLIMECTb
Te, B KOTOpHX aJeMeHTH @ H b ctoAT pAgoM. UToOun o6pa3oBaTh Taxy:
NepecTaHoBKY, HYWKHO B3fATh HEKOTOPYIO MePeCTaHOBKY H3 OCTaBmilXcs
n—2 aneventos (ux Bcero (n—2)!) u npHcoeannHTL K BLIGpaHHOI
nepecTaHoBKe JBa 9ieMeHTa @ M b Tak, 4To0H OHH 0Ka3alnchb psIoM.
D10, oueBHAHo, MOkHO cpenats 2(n—1) cnocobamn (MuomHTETH> 2
37eCb CBSI3aH C TeM, YTO @ H b MOXKHO NepecTaBHTb MecTaMi). Taxim
o6pa3oM, UHCJO NEPecTaHOBOK, B KOTOPWX @ H# b CTOAT psioM, paBHO
2(n—2)! (n—1), a nHTepecyioliee HAC YHCJAO PaBHO

n—=2(n—1=@n—1){n—2).

185. Ecan cpean BolHYTHIX D GunetoB 0Ka3aloch pOBHO JBA Bbi-
HIPHIWHBIX, TO OCTa/bHble TPH —HeBuHrpuwane. K3 8 BulurpeuuHLIX
a2
GunetoB MoxHO BbiGpath aBa Cgz cnocobamu, H3 50—8=42 wesu-

HrpHIHLIX OHJETOB TPH MOXKHO BHGpaTh Cis -crmocobamy.  Kaswtit
cnoco6 BIGOpa ABYX BLIMTPHIIHHX GHJIETOB MOMKET COYETAThCH C JHOGLIM
u3 cnocoGos prifopa Tpex HeBWHIpumHHX. IlostoMy ofmee uncao

€nocoGoB paBHO
C:-Ciz=ﬂ . 42.41.40
1.2 1.2.3
Yueno cnocobos BriGopa S Gu/eToB, MpH KOTOPHIX, Mo KpaliHeil Mepe
(no Menbulefi mepe), 183 OyAyT BHIMTPHINHLIMH, PaBHO CymMe uicaa
cnoco0oB, NpH KOTOPLIX 'BEIHHM@ETCA POBHO JBa BHIKTPHIUHLIX, POBHO

TpH  BHIHTPLIWHLIX, POBHO 4HeTHPEe BHHIPHIIHNX H pOBHO NATb BHI-
HTPDLILIHBIX GH1eTOB. C"le,'IOBZlTeHbHO, 3TO 4HCJ0 paBlo

CiCh+CiCir+CiCha+Ci-1=
8.7 424140 8.7.6 42-41  8.7-6-5 42  8-7-6:5.4
=02 123 Tr23 12 Thead TTTe345~
o = 326 240 48 216 -+ 2 940+ 56 = 377 452,

186, Nepnoe pewenne., Ilycts Ha Bepxueli npsaMofl pacnouo-
MeHo n TOuex, a ua uHWueh m Touek (puc. 1). Ilogpasjenns sce
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coeIiHAINIME OTPE3KH Ha TYYKH OTPE3KOB, TpHUeM B OZHH NYYOK 06B-
€IHHHM BCe OTpe3KH, COeJHHMIHe (HKCHPOBAHHYIO - TOUKY HIKHell
npsaMoft (nanpumep, A) co BceMH- TOYKaMH Ha BepxXHeil. mpsMofl. flcHo,
uTO YHCJIO TaKHX NYYKOB PaBHO /1 M YTO UYHCJIO TOUEK IepeceseHys
OTPE3KOB, NMPHHANIEKAMMUX KaKHM-HHGYZAR ABYM NMyuyKaM, OJHO H TO XKe
AR mo6oit mapw  nyukos. Ecau  aTo

yucao o6ozHaumm  uepes k,, To ofmee <A mever
4HCMO TOUEK MNepecedeHns. BCEX OTPE3KOB -}
Gyzer paBHO mpou3BeieHHio K Ha uHCIO
coyeTannil MyyKos no ama, T. €.
m{m—1 ,
k"C,n——k -—(—2'———) ~ B
. P 3 m moven
Hna noacuera. wicaa k. -MOZpa3ZEANM . - :
BCE OTPEe3KH, COCAMHSIONIHE 7 -TOUEeK Pue. 1.

sepxuell npamolt ¢ asy™a Toukamn A n
B unxkueil npsvofi, Ha NYYKH OTPe3Kos,
oGBeHHHB B OANH Ty4OK ABA OTPE3Ka, COBAHHAIOWIMX (HKCHPOBaHIYIO
TOuKy Bepxuefi -npsavoii . (HanpuMep, C) ¢ ToukamH A n B. Yucno
TaKHX NYYKOB  PABHO 71, a HHCNO 'TOYEK NepecevyeHHs OTPE3KOB, NpH-
HajnmexaluX ABYM fyukaM, paBHO eaunHue (Touka nepeceueuun amua-
roHaJeit Tpanemm ABCD) [Moatomy. :

X kn—cn'_—n (n2—1)

Cnenosarenbuo, ofuiee aHCAO ‘Touek fepécedennst BCeX OTPesKoB, CO-
€NUHSIOUHX N TOueK Bepxueu npﬂ\lon € m TOUKAMH HHXHEN npaMoi,
paBHo -

i n(n—l)m(m—])
w2, 2

Bropoe pemenie ~Kaxkilylo -TOuKy -nepeceueHHs OTpe3koB
MOXCHO no.nyqnn, -BHIGPAB ABe - TOUKH.. 12, NepBoil NpaAMoil, ITO MOXKHO
¢aenath Cm crnocoGamif; - B€ -TOUKH Hd “ BTOPOR MPSMOI,. - 9TO < MOKHO

‘caenats Cy; cnocoGamit. KoM6unupys ™ Beesosmoxmbe | napu TOTeK, Ml
nonyuns

2 2 m(m—1)a(A—1 . :
Cn-Cr= ( )n — 2. Touex nepeceqemm.

4

187.. Kambm napamenorpa\x\i onpe.@merca BblﬁOpOM . ABYX npg-
MHIX NepBOIT CeplH, 4UTO MOXKHO CRenaTh. C,, cnocoGamir, H JABYX nps-
MbIX BTODOIl - CepHH; uTO ‘MOXHO -~ CAenaTs Cl- cnoco6amu. Tamm o6pa-
30M, ofulee 9HC/O0 MapanneiorpaMMOB PaBHO

nin—1)m{m—1i)
,.c,’,.c,’,,= ( )4 (m—1 .

188. Ban,uy Toro urto B AaHHOM a'npanme mo6os|y OTASBHOMY
3HaKy (TouKe Wi THpe) i Jio6oli mape 3HaKOB COOTBETCTBYET KaKas-TO
GyKBa, MNCI0 CMOCOGOB, KOTOPEIMH MOXIIO MPOUNTATH CIJIOWHYIO NENOYKY
W3' X 3HaKOB, ‘HEe SABHCHT OT KOHKpeTiloro CTPCEHitst 5TOM MUeNnowKi
if PasHO UHCJAY BCEBO3MOMHEIX PasGiennit, o6pasyiouinX HeHouKy 3HAKOS
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Ha TPYOOLI H3 OJHOTO WM ABYX PAJOM CTOMUIX 3HaxoB, (OGo3HauuyM 570
YUCJIO Yepes p. -

Pacnpesenuy BCEBO3MOKHEE CNOCCOH MpouTenHs JaHHOH LeMOYKH
H3 1 3HaKoB MO ABYM KaTeropHfiM. :

K nepsoil Kateropun OTHeceM Te cnoco0w, B KOTOPEIX ORHH Tep-
BHl SHAK UEMOuKn NPOYHTHIBAETCA KaK OTAeabHas 6ykBa. Yucao cmo-
c060B neppoil KaTeropHH paBHO HHCAY CNOCOG0OB NPOYTEHHA WEMOuKH
H3 n—1 sHakon (CCTEIOWHXCH Nocae OTGpacLBaHHS NepBOro), T. .
paBlo pp_1. . .

Ko BTOpoii KaTeropsy oTHecem Te cnocolul, B KOTOPHX ABa nep-
BHIX 3HAaKa LENMOuUKH NPOYHTEIBAIOTCA KaK oiHa Oyksa. Yucao cmocobos
BTOPOfl KaTelopHH DaBHO YHCJY CNOCOGOB NMPOYTEHHS UeNOouKH u3 n—2
3HAKOB (OCTAICUIUXCS Mocae OTGPachHBAHHA NEPBLX ABYX), T. €. PaBHO
Pn_2: )

Tax Kaxk Bcakuii cnocc6 npoyTeHns AaHHON. UENOYKH MPHHAAMEKHT
OAHOM M TOMbKO OJHOM H3 ABYX YKasaHHHX kateropuil, To ofliee’ uucio
crioco6oB paBHO CyMMe uHCAa CrnoccGoB MEPBOil KaTeropHu M BTOPOR
KaTer OpHH, ' T. €. : :

Pn="Pu_1+Ppos (n

Br10 paselcTEO NpeicTaBaseT coloil peKyppeHTHYIO (opmyay, IO Ko-
TOPOIl MOKHO [OCJRIOBATEILHO BHNHCINTB P, A JuoGoro n, ecau
TOJBKO 3HaTh py M py. Ho B pammoil 3agave py=1 (ag8 nemouxu u3
OMHOTO 3HaKa €CTb TOJbKO OJHH Cnocold MNepBoH.KaTeropun) H p,=2
(114 Lemoukn N3 JBYX 3HAKOB eCTb jBa crocoGa: OAHH nepBofi KaTe-
TOPHH H OHH BTOpOil KaTeropuu).

HMoavsysice Qopmyaoii (1), nocaeloBaTensHO HAXOINM:

ps=p2t-py=2+41=3,
py=p3+py=3+2=3,

. s=Ps+P3==5+3=8

& 7, A. OKOHuaTeabHO MOTYy4aeM:

6. CocTasienue ypasHenuit

189, Tlycts x—Menbwli n3 comHoxuteneil. Torga us ycnosuil
#2340 HEMOCPeACTBEHHO BhHITEKAeT, 4To .

x(x+10)—-40—__—-39x+2

BIK
x2 —-_29x-—62=0.

otsyaa x; =31, x,=—2. Orpunate.bunlit KopeHb OTGpacuiBaen, CJie-
JoRaTeJLHO, MHOXHTeMH papHet 31 u 4l.

190. Jlo nepsoil BCTpeun nepBuil BeOCHUEAHCT Mpoiuea s--a ks,
WTOpORt s—a kM, FAe s—paccroguue ot A xo B. Jlo BTopoit BeTpeun

1
ORH [POIIIH  COOTBETCTBEHHO 25—{-7‘- s H 2s—-—k—s KM,

Ho ecan 1Ba Tena ABHKYTCS C MOCTOSHHLIMH CKOPOCTSIMH, TO OT-
HOlIeHKe * CKOpOCTell Teql npH paBeHCTBE 3aTPAYCHHBIX BPEMEH PaBHO
OTHOWIEHHIO npofideHubIX Tenamu nyTeft. [To3ToMy AR HAXOMAEHHA .S
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‘HMeeM  ypaBHeHne -’

- ora 2hE
s—a 1
20—

Otciona s=2ak KM,

19t. Ecan aBa Tena ABMAKYTCS C TMOCTOSHHLIMH CKODOCTSMIl, TO HA
OZHOM H TOM e Y4YacTKe -NYTH OTHOLIEHNE HX CKopocTell o6parso OT-
HOWeHIHI0 3aTPAavueHHWX Teaami “Bpemen. IlycTs v—ckopocTs Tpetheil
MAUIHb], §—BPeMA IBIKEHNA BTODOIl MaUMHE JO TOrO MOMeNTa, KOra
ee oforuana Tpenm. Torna
.40 t—05 50- 141

v R E

.- . e 3
Paa:xe:mn nepBoe Ypapleile TOYIEHHO Ha nropoe Hannem t=7'mca;
3ateM onpezeauM v=~60 xu/4ac.

192. H)cu 20 -BCTpeun npouno X 4acoB. O,'_um H TOT *e nyTh
OT MeCTa BCTPEuH J0.NMYHKTa B BeJOCHNENCT Npoexad 3a X vacos,
a neulexoi npouwen 3a x-}¢ uacos. Tak kaxk upu paBHo\l MyTH Bpevena
00paTHO NMPONOPMHOHAILHE CKOPOCTAM, TO : .

. x+t=k.
x
OTKYJa -
i
X= 'k——l.

193. OGosnauny paccrosnne ‘0T A 1o B qepe3 X, a paccromr'e
or B 5o C uepe3 y. Toraa, yunTuBas, uTO BpeMs JBHKEHHT DO BCCX
CAyuasnx, o KOTOPHX TOBOPHTCS B ycnommx 3azxalm, 0JIIHAKOBO, MO.Ty-
HHM CHCTeMY YpaBHeHHIT :

y x+J REEIOV] R
35+ 3,75 | ST

Xty
3.75 60+ 3, 75Jr T

Pewas aty cncTe\xy, naxo:um x=14 l\u t"_16 KM,

194, Tlycts x—namna goporu no pomlo\xy uecry, Y—aauna Aoporu
B ropy. Himeen cucTemy ypasnenuit

gyxy N5 (x+y> 99
l

16
11,5~ (x+J)+ +5_3

C'IO.'KHB ypaBHeEHns CHCTEMM, nai’mew, Y10 ‘X = 4. et =
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195. OGoanauuM uepes ! paccrosHie MeXKAy NYHKTaMH A u. B u
yepe3 v, U;—CKOPOCTH MOTOUHKJOB. 3a BpeMa ¢ NepPBHI MOTOLHK
npoexal uyte, paBHuii p--l—gq, a BrOpOA—nyTs ¢-4Il—p. Ilo-
STOMY ) . :

o =tTP—9 )-
1= 1 ’

_ : m
%=ﬁ%_& s

C apyroit CTOpOHM, OTHOUIEHHE CKOPOCTeii - paBHO OTHOLIEHHIO nyrei,
NpOiifeHHLX A0 NepBofl BCTpeuHd, T. €. .
7 Uy _l—‘ 14

Y P
IMoxctasus ciona vy H v, H3 (1), NoyunM ypabHeHHe XIad ompege.
qeuns [, Peiuun ero, HaligeM [=3p—g¢q. [loicTaBuB 3T0 3HaueHue [

b ¢opMyan (1), noayuunm:
vl-—'

t e

196. Pasuocts MewAy BpeMeHaMH OMO31aHHA CAMOJIETAa B MEpPBOM
1=t
6

B & Ka Oun npoifileH C PasHbLIMH CKOPOCTAMH: B neppoM peiice CKo-
pocTb Guia v KM/4ac, BO BTOPOM W Ka/4ac (Ha OCTaJbHBIX YYacTKax
IYTH CKOPOCTH OLLTH cooTCeTcTsenno papuul). OTcioaa moayuyaem ypas-

4p—2¢q v 2p

W BTOpOM peficax, paBHas

4acop, cCBfA3aHa € TeM, 4YTO nNyTh

HeHHe . . -
ty—t, d d
"% v @
13 KOTOpOro HAXOANM, 4TO HauaIbHAA CKOpOCTh CamoJeTa pasia
60vd KM

¥=60d o (f,—1p) wac

197. OGo3naunm Bec oTpe3aHHOro Kycka uepe3 x. IlycTs nepsuii
Kycok coaepxan 100 a% meau, a propofii—100 5% mean. Toraa eeco-
BOe KOJIHYeCTBO MejH B NEePBOM KYCKe TNOCJe CIJIaBJIeHHA OCTaTKa ot
Hero ¢ OTpe3Ko:f OT BTOporo Oyjer. paseo a(m—x)-}-bx, a Bec mean
BO BTOPOM KYCKe MNOCJe CIIaBJEeHHS- OCTaTKa OT HEro ¢ OTPe3KoM OT
nepeoro Kycka Gyaer pased b(n—x)-}-ax. Ilo ycnoBmio 3agauu

a(m—x)+bx b(n—x)4ax
m - n :

Pewnn 310 ypasuenne, NOyuyis (YUHTHBAf, uTo @ 3 b):
P
Ca m4-n " )
T 198. IlycTe oTHOWeHHe BecoB CIIaBlieMHX KyCKOB paBHO a:ff.
urja

crap e
; o Joo 100
“Tafp 100°
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Orciona monyuaem:-
S aﬁ—v—ww—n

Peuentie BO3MOXKHO, ecn p >r > q uan p<r < q.
YTo6sl HaliTH - MAKCHMaJIBHEIS Bec HOBOFO CIJ1aBa, DPaccMOTPHM

P
OTHOWEHUA T——
F—=q1 " To=71

P » ' ’
“”Ec:m l = I, TO MaKCHMaJbHBIA Bec pased
—P=9p_P—1
P+Q—r_qP--p_r Q.
Ecmn P < _Q , TO MaKCHMAJLHHIT Bec pasen
lr—al = lp—rl” ,
' P—rp _P—dp -
Prr= P_r—_q -

p _Q
Tr—qi IRAr=k

r—q., p=q
Q+p_,Q -—p_,Q

Ecnn, nakouen, TO MakCHManbHHiI Bec pased

’ 199. l'lycrb KaXAui ‘padouuii ‘paGotan no't miefl n_nycts A 3a¢
pa6otan x pyGnef, a B 3apa6oran y py6neit. - H3 ycaosnit 3azaun no-
JIyyaem CHCTEMY YypaBHEHHI

'(t—l)T—‘—=72,
v_..(t-.-:'f)%.‘:64,8., - H
y o x
uen—eu—nT-wAJJ“,

s~ nepsux ABYX ypaBHeHWR HaxoguM:. - . . . el .
' e ey TR SRR

R YRR A AT
Torga M3 nocneiHero YpaBHEHHS.noJyUaeM:

n--mx%:mm

K (%)”_9(%)- l8=0.

6 . . -
Orcoga y=-—x (oTpuuatensublii KopeHb - OTGpacuipaeM). [Heasa Te-
[} -

. o
|/
nepp BTOpOe YypaBHeHse cHcTempl (1).Ha fepsoe H 3aMenss —i— ero

IH
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3HayeHneM, HaxoaHuuM: !
6 {—7 64,8 (—7

i=7_3.
=

Br=1 72 —
Orcioaa £ =25 u, C1el0BaTeILHO,
x=175 py6., y=90 py6.

200. OGo3nauum wuepes f; Bpems, npowewee 10 nepsoii BeTpewr,
uepes {,—BpemsA, Npoulelulee A0 BTOPOil BCTpewi, i yepes R—pa-
LHYC OKDY:KHOCTH. 3a Bpeys f; nepBoe Tel0 NPOLLIO nyTh vy, a BTO-

2 .

poe —nyTh aTtl . Cymya aTuHX myTeil paBHa AJHHE OKpPYXKHOCTH, TaK
yTO - . e
13 : .
uz1+%=2.—rk.» | 1)

3a speMa {; Ka:xloe Tei0 NPOULIO OIHH I TOT e NyTh, PaBHLLl
AJTHHE OKPYAHOCTH, TaK 4To . .

viy=2aR, —%:2.’11{

- ) . v?
Hermioyas orciola f,, naliien R= gl Moactacns sto 3uaucnie R
B (1), NO.TyuHM KBaJpaTHOe YpaBHEHHe OTHOCHTEIbHO fj:

2 _
aly 2u
L —,!—:.'11—7”-=0.

Pewss 570 ypasleHle H oTGPOCHB OTpLLATeIbULIT KOpeHb (Tak Kak
10 CMBICJY 327a4ll J0IAHO OmTb ) > 0), OkoHYATeLUO MOJYYHM:

Hh=(V5-1=.

201, OGo3naunM vepes ¢y H ¢, NpOH3BOAHTEALHOCTH KPauon
(B a/sun) 1 uepes v——o6bem OGacceiina. Bpeus uanodenua Gaccefina
KamapM H3 KpanoB OyaeT pasuo R

U : 4]

f=— fy=—o. )]
! 41 ! 2 gz
[epBoe yc.10BHE 327a4H NPHBOANT K yPaBHEHHIO
' 1 1 13
a1 “3‘12‘5“72 . 3112-1_80'
Henoausyn pasenctsa (1), no.‘xydu.\[ KBajiparioe ypaBHéuue
(.ﬂ)z_lﬁi_-k —0
92 6 ¢, ' ’
0 .
pememm.\m-xoroporoﬁynyr%:-g—, .iq_‘_=-g— 13 Broporo ycaosua

sajauyll: CcJdeayeT: .. ) .
1= (3-60-36) (g1 + 92) =216 (91 G2)-
166



U3 (1) Haxoaum nckoMwe BeHUHHBI .
t, =280 9) _ 540y, (9 wac.),

1
1z=iﬂs_(5q_1i‘7_2)=360 mnt. (6 uac.).
2

Ects ¥ BrOpOe pemenne:
n 1, =360 muu., f,=>540 muu.

202, OGo3naunM uepes Y yJenbHuI Bec BOA!, a 4epes §——IM.IoMans
nonepedHoro cegeHnsi TPyOkH. ATMocheproe naBneHne p, Hafigetcst
no dopMyae. .

Pg=YC¢.

Ecan p,—nasnense noj NOPIuHEM B MOJHATOM MOJIOXKEHHH, TO, NO 3a-
Koy DBoiinss —Mapuorra, ana sosnyxa, -
33KJIOYEHHOTO MeXAY NOPLIHEM H YpOB- ]
HeM BOIW, HMeeM p; (b—x)s=p,hs
(puc. 2). Ypasuenue paBHOBECHS CTOJ- ———
62 KHIKOCTH UMEET BHI1 p,—p,=1YX. I

3710 nPHBOIUT K yPaBHERHIO . B¢ M_L 2

(Y coxpataetca), T. e. K KBajpaTHOMY ‘:—:'“:*—_T_*_—_ Saeten
ypastieHitio . . plipaliell gl pudipadigdoga

2 —(b+¢) x+ (b—h) c=0. EEEpeppigtte ol
Orciona HaxORHM:

_ ___% [(b-+¢)— V B—0)F -+ ahcl. Pc. 2.

203. [lycTb py 1 p,— naBJenns Bo3iyXa, HAXOAIErocs 1107 nopur-
teM, b nonoxeHuax [ /I coorsercTBeHHO (puC. 3) M y-——YleJbHHA
pec pTyTH. YPaBHeH:s paBHOBeCHs CcTOA60B PTYTH BhICOTON 12 eM

3 GyayT.COOTBETCTBEHHO _
WX fu YJY_: S 76y —p, =12y, } M)
- 16y —pa=2xy. ‘

3akon bBoitna—Mapuorra aaa so3-
AyXa,: Haxoifllerocs MoJ HOpUIHEM,
Jaer ypapHeHHe

T | P
P1-29 == p, (36—x).

MoacTtasus crola Bupaxenus A py
H p, u3 (1), nonyuny xBajipaTHoe ypas-
HeHHe Jas X: : ’

29 3. 64=(16—1x) (36— 1),

Han
Puc. 3. o x2—112x+832=0-
Otciona x="56 % V/3136—832=56 & }2501=56 £ 48, 1. e. x=
=8 ca. ’ L ' . .

1e7



'204. TIycTs vack cnewat §a X MIYT B cyTkd. Toraa omu NOKa-
2 P o '
JKYT BepHoe BpeMs uepes < CYTOK. Ecan 6u ol noKasuwBaJH Ha 3 Mu-

. 1 -
BYTH Menble, a cnewnan Gu ua x+72- MHHYT B CYTKH, T0 Bepiioe

BpeMs OHH [OKasanH 'SH yepe3 3 i CYTOK, C-'le,’loBaTe.ﬂb"O,
x+'§'
3. 2
L 7%
x—]--2—
OTKYAa : -
x? _l..i x—1=0,
2 -

Peman 3T ypasieitite, nau;Le\l x=05.

205.. Ecmx.x..—_ucxo likle c)\mu BKJAJIMKOB, 8 y—npouem' ELI-
nJiayiBaeMuii cGepKaccoif, To

5 =9

:I==

.J_
"+”1oou =P XX

YMHozKan nepnoe YpaBueHnie iia n, BTopoe Ha m 1§ Buqumn H3 1epBoro
B1OpOE, HaitaeM:

n—qm
PR el O
n—im

Bosppauasch CHOBA K Nepposauanbioil- cHCTeMe M BHYMTAS W3 NEpBOro
ypaBHeuns BTOpoe, no.nytm.\x:

1200 (’"_") =pr—q
O1ci0aa
e - 1200(p—g),
v Y= /o
‘ : gm—pn
206, OGo3uauiiM yepe3 Uf M U; CKOPOCTH TOHEK, H MYCTL Tp > vy,
Ilepsce ycaoBite 8a1avi 3aMHILETCS Y PaBHEHHEM )
2aR . 2aR

v,

=1,

Bropoe yciosue osuavaer, uto 3a Bpe\m T TouKa, nsumymaﬂc;l c GOJIB-
el CKOPOCTBIO, NpOIlET MO OKPYHKHOCTH NyTh Ha 2NR GoAbluii, uem
Apyrast Touka. JTO JaeT BTOpoE ypaBsuenye -

ny - Vi : Tl' -—TU;——-—I’(R
Ha sTOoporo \'paauemm Haxoanm:
semns o Cie . 2nR .
Ul 7 . \
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MoactaBus 310 BRipameHue AMA U; B fepBoe YPaBHEHHe, MOAYYHM
KBajipaTHOE ypaBHeHHe AJMA Ul '

. 9xR 2R 2%R
e e — - § ——
Oy i S

Pewns ero, Hafizem:
R 1/ 4T )
e ( 14241

v,-—--'%’g(]/ 1+g—1 )

207. Mlyets v—o6GbeM pacTBopa B Koafe, x—KOJHYECTBO COJH,
copepxxaulefics B pacTBope, B NPOLEHTAX.

0. .

I

U

H 3aTeM

v
B upo6upry oTmiBaioT < PacToopa H BHNAPHDAT A0 TeX mop,

noXa NpPONEHTHOe Cojep:KaHHe COMM He MOBHICHTCA BABOoe. Tak Kak Ko-
JMUECTBO COJMM [PH 3TOM HE H3MEHsercd, To, CJeJ0BaTelIbHO, oGbeM
pactBopa B npoGipKe yMeHbIINTCA BABOe H BeC BbllapeiHoii Boaw 6yaet
v v s
paseH 5. S
IMocne nepennBanus  BHIApeHHOro pactsopa ofpatio B KoaGy
B Koabe cHoBa 6yAer TO e KOJMYECTBO COJH,- YTO W paHbufe, T. e.

vl—g—o,' 2 o6beM pacTBOpa YMEHBUINTCA Ha ﬁt’)’— Orciona  monyuaem
ypasrenne
x
“100 _x+4p
R 100’
on
H3 KOTOPOFO HaXOHM:
x=(_2n—1)p.

208. ITycte B nepsoM cocyle OwI0 X JIHTPOB CHNHPTA; TOrAa BO
BTopoM Gygmer 30-—x autpos. [loche ponusanns mnepsoro cocyaa Bo-
x X

noft B 1.4 monyuenuofi cmecH coxepikazoch 3G CMHPTa M ’1—55 BOJMI,

[locne mepeauBanua H3 mepsoro cocyxa BO BTopoM Crate 30—x 4-
X A ,

+%-x JHTPOB CIHPTE H l—% X nuTPoB BOJW. T2 HoOBas CMeCh

TaKoBa, YTO B OAHOM JIHTpe CMECH conepmmca
. 'x x\? ’
1—= == | IHTPOB COHpTA.
5o+ |30 AMTPOB CHApTA.

Iocae Toro, kak 12 4 nosofl cMmecH 6ua0 OTJIHTO B MepBHft cocyn, B
HeM OKa3aJoch

x 2 ' -
12 [1—-3—0+ (3%) ] +-3x—0(30A—x) JIHTPOB CHHPTa,

N 189



a BO BTOpOM cocyae.

. . . .
18 [1—3%—}-(3%) ] ANTPOB CNHPTA,

ITo ycaosmio.

X x\*1- '_7 x\3 ) x3

18 [1—3—0+ (éﬁ) } +2=12 [l—-—--l— (56) J +X-—§-6r

OTKY3a Noayqaews ypasiueHie ' ‘ :
——30x+200 Q.

Sto ypabiieniie lneeT KOPHH
%, =20, xp=10.

Hrak, B uepsoM cocyae 6uto aubo 20 4 (u 'ror,za Bo BropoM 10 4),
aut6o 10 .t (i1 Toraa Bo mopou 20 4.,

209, Hycrn x—paccrosnue QT mnepporo Gepera 10 TOro Mecr1a,
rie C NOKHHYJI J01KY. 3aMeTHM CHA4ada, 4TO 1Ha TAKOM iKe paccTosiuu
oT Broporo. Gepera A cea B JOIKY. Ileucrmne,nbﬂo €1oCo6, KOTOPLIM
upeojoteny mnepenpasy: A u C, oriiyaerca Tmwb TeM, 4to C cmauaza
L‘\a.‘l B JIOARE, @ 3aTex I, & A—-Hao()opor. Tarx kak onu nausyr

,lHHahOBUH CROPOCILIO U, IpHYEM U 3= Uy, U 3aTpatinBaioT OJHNAKOBOE
upe.\m lia ilepenpasy, 70, O4eBlIHO, YKa3aHHLE PpacCTOSIHNA AOAAHL
OLITL PABHLI.

[locs1e 3TOro 3aMedanis JIerKo COCTABHTH YpaBiete

—2(s—x)_ s—x
T v :

3aechy Jesas wacTb BLIPamaeT BpeMs, 3aTpayeniioe J0AKOill Ha npeogo-
Jeute HyTH Jlo BCTpewn ¢ A, a npasas 4acTh —BpeMs, KOTOpoe 3aTpaTiia
A 70 BeTpedlt C© J0IKOIL. .

113 noayuenuoro ypaBrenus naxon:

 s(vtry)
r= dv—}vl

O1cioaa BpeMsi nepenpasbl

Mpumveuanne. Moxno Ou10 Gul pewnTL 3ajzauy u Ge3 npen
DApHTEILHOTO 3aMeyaiilfi O pPaBEeHCTBE . YKa3aHHLIX Bbillie paccTosmui.
IIpu sToM, OJUaKo, HPHULIOCH OLI “BBECTIl HECKOJBLKO HEH3BECTHHX -H
peiuenne oxasaloch Ou 6oee TPOMOIIKHM.

210, OGoznauny HCXQMOe paccTosiiie Yepea s K, CKOPOCTL 10e3fa
ugpes U Aamfyac. 33 6 yacoB 20 OCTAHOBKH, BHI3BAUNON CHEXKHLIM 33-
HocOM, I10e3s npowea 6v Ka, a ocTasuiyiocss Y4acTh NYTH AJAHROA

190 -



: 5 (s—6v) o ..
(s—6t) Kx OH mpowesn 33 ———— 4aC0B, TAK KaK CKOPOCTL NOe3ld Ha

U PR ¢
8TOM yuacTKe nyTH Ohna pasna 5 0
Tloesn 6bm B MyTH BCEro (C Y9YeTOM ABYXdacoBoii BuHYMAenHoft

—6v
C'POHHKH)B-{— )qacos. 310 ancno dacoB Ha oauH gac Goablue

: ]
DOJIOKEHHBIX 1O pacmlcamuo-— uacos. Takum ofpasoM, mnonyuaem

ypaBHeHHe 5 ( 6 ) .
S— U 5
8t —— =1+
Hpose}m aHaJIorHYHoe . paccy}xﬂe"“e OTHOCHTEJIBHO BTOpOro noes3ja,
cc_)craBHM, ene 0}1“0 ypaBHeHHe'
160 , & s — 60— 150
543 as R B0,

Hs sroﬂ‘cilcTemu HAXOLHM s=600 xa.

211, OGosiauas yepe3 v CKOpOCTh JIOAKH B cTostuedl Boge, a qepes w
CKOPOCTb TeueHHs, MOMYdHM CHCTEMY ABYX YpaBHeHsil

a a.. ‘
v+w+v—w'—r'
a—b, 2 atb

_a_
v—w °+v+w+v+w °+v+w

Pewasn 3Ty CHCTeMY UI'HOCHTQJIBHO HEen3BeCTHLIX

" ——-—-l G
v+ w v—w " OCPR
oﬁpamue Bennqnuu, HAXOJHM:. - .
- 2a+b  a(2atbd)
vte=r—r, " VTS T n + T

Orcioza cnepyer, qro

_ 1 T2a+b a(2a-}-b)
=3 [T T, T(a+b)+Toa]

_1'[2+b a(2a4-b) ]
=g [T——T.,_T(a-l-b)+T,,a

212, IycTh ¥—Bpems, B Teweme KOTopore Ol OTKPLIT propoft
KpaH, U—CKOPOCTb MOCTYIJIEHHS BOIH. H3 IEPBOTO Kpaua, w—CKOpoCTh
nocTynjeslia. BOgN H3 n'roporo Kpaua vuw us\iepamcﬂ B mslqac)
Hmeen:

v (x+5)+uwx =425,
2ux=w (x+95), -
" (vtw) 17=425.
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H3 mToporo u Tpernero ypanuemm noayuaem:
—~95 x4+5_ - 50x
3x+5’ T3%+5
MoacTanass 3TH BHpaNKEHHA B nepage ypaBHeHHte, HaXOUM: -
| 33—41x—60=0,

oTkyaa x=15 vac. (Bropoii kopeub, oTpuuatesbubiii, He roxutcs.)

213. OGo3uaguM HCKOMYI0 CHKOpOCTb noOe3la 4Yepes r Kafuac,
a CKopocThb moesla mno rpaduky-—uepes vy wamjfuac. Ilepsyio nososuny

NyTH N0e3X NPOXOoAHT 32 z'- 4yacos, Ha npeojoaeHNe BTOpOH NOJIOBHHES
. 1 -

M Ha CTOSIIKY noe3q 3aTpaTia B nepBui'l;paE! Jacon # Bo

10 1
v.+10+27)

U B
BTOpOil pa3 -74— yacon. Ho o6a pasa moe3x npuwes o B pospems,

12
H no3TOMY
10 10 1 10 10,1

AT AT R R
M3 uepsoro ypasnema nafize
10 (L__‘__ =1 10 _ 1
v, v, +10) 20 v (v,;--10)" 20°
v+ 100, —2000=0. '

Or10 ypaBilenHe HMeeT TOJbKO OAHH MOJOKUTEbNHIA Kopeus vy =40,
H3 Broporo ypaaueuun HaitpeMm, uto v=00 xu/uac. .

214. Ilycto paccrosuie AB papHo s £, a CKOPOCTH . Nep3oro
I BIOPOrO CaMOJETOB PaBbl Uy H Uj. Tor,la B CHJY ycnonnu 3ajaus,
HMeeM CHCTEMY Tpex )pamxemm

4v dv,
Hoaownm
' Sy, ey
21, 20, V"
5
Hs moporo H 'rpen,ero )panuelum naitien: x.——b j———b au3
l - .
nepeoro: a (———l—i)zb. Ho 3"'—:—*—.:3. Tenepb y#e HeTpyauo
v ¢ vy 8 vy Yy 5
a .
Haili, UT0 Uy =z, =g U s=8, -

192



215, Tlyets u—cropocTs KaTepa B crosigel Bo Le, a8 U-—CKOpPOCTH

Teqenu. Toraa uyeem CHCTeMY

96 96
u+v+u—u—‘] !
24 96 72

utou—v’

o u :
Ias ee pemennsn nonoxum - =2 Ymnoxus cbe uwacTn spToporo

ypaetienus ma v, nafinem:

Tz+41 +i= 1
OceoGoxnancs, or anavenateseil,
2422 —1682=0.

Tan kak 2z #£0, 10 2=7. CrepoBaTesbno,
B NepBoe ypaBHeHHE CHCTeMH, HAXORHM:

196, 96
&+“=”

nonyaaem:

N
oTKyza

v=2 kmpac, u= 14 ru/uac.

216. Ilyts, npouzleunbn'i KaxauM TeoM 3a i
q)opuy.nou

2
s=vot+a—-;-- )

cex,

tu="7v. TlopcraBana (1=7v

onpefenserca

YtoGur nafiTh vy 1 @ AN9 KaMAOTO Tena, NOACTABMEM B 9Ty dopuyny

npHBeleHHbE B YCJOBHAX 321auH YHCIOBLE JZAHILe:
1) a1q nepsoro Tena:

npu {=1 nmeen 25=v°+—;-,

npn §=2 een 50%:200-1-20;

oTciona a=—;—, t'o:=25-——é- i 31—245-1-1-16—

2) ana BTOpOrO Tesa:
npy =1 umeen 30=p°+%,

npn {=2 iveen 59%:200-}-?11;
1 1 1, n
otcions a=-— -, vo=30+7 n sz=307 I—T-

7. B. B. Jlupexudl u ap,



B Tor ‘Momear, KOIrfa nepBOe "Tejio HAaroKHUT 'BTOpoe, OyAeT
5y =S§;-120; orcioja noaydaeM KBajpaTHOoe YpaBHeHHe "Il ompejeJe-
Hua £:

3—13t —48=0,

Pewas ero, naxoaum- f=16. Bropofl, orpuuare/bHnil, KopeHs OT-
GpactiBaem, )

217, Ilycte v—coGCTBEHHAR CKOpPOCTh JIOAKH, Torga spems ABH-
3KEHHA JIOLKH PaBHO
10 6
t—v+l+v——-l'
Ilo ycnosuio mMeen:

10 6
3<m+m<4- -

) Heo6xoaumo, 91o6el Ob0 U > 1, Tak Kak B NPOTHBHOM CJyuae
7I0AKa HE CMOXKeT [ABHIaTbcsA MNPOTHB TedeHus. OT cuCTeMu HepaBEHCTD
(1) nmepefizeM K PaBHOCH/bHOI CHCTeME HepaBeHCTB

3(v2—1) g 160 —4 Z 4(v2—1).

Hrak, Bysno, 4To6L €pasy BLIMOJNAMICL 1Ba HepaBeHCTBA:
32160+ 10

42— 160 = 0.

ﬂepBoe HepaBeHCTBO YAOBJCTBOPACTCH, €CJH

8— V61 8 61
7L<b<-—i3£§l..

Btopoe nepaBeHCTBO YyAoBaerBopsercs, ewm v <0 -uaw v > 4. Ho
TaK Kak U > 1, TO OKOHUYaTeJBbHO HMeeM:

. 8 T~
4<v<—+—§y—-§L.

218, OGo3HayuM yepe3s x oGbeM BOAH B cocyie A 0 nepeansanud,
Torpa nepBosauyasbHblii o6beM BOALI B cocylax B H C Oyaer pasen
COOTBETCTBEHHO 2% H 3x, a ofuuilt o6beM X--2x--3x=6x.

IMocne nepsoro nepemiBauis u3 A B B u u3 B B G ray6uHa Bo
BCEX COCYJax cTala OAHHAKOBOM, M NO3TOMYy 0GBeMH BOJb OTHOCATCA
Kak TJowWwajn ocHOBaHHA, T. €. Kak 114:9. TlosToMy rocie mnepBoro
nepesnBaHua o6GbeMbl Bojsl B cocylax A, B, C 6yIyT COOTBEICTBEHHO
HMETb SHaueHus

o 8. 46 _l12,
1444977 1444977
9--————6x =2—7x
T+4497 7™
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TMocne BToporo mepenusanns H3 C B B 5T . 06BeMH CTaHYT -COOTBET-
CTBEHHO PaBHBIMH .

3 12 4 27 4
-7-x, —7—x+128-,—7—, 7«!"-1287

Tlocne TpeThero nepenuBanHs M3 B B A o6beM BOAH B A CTal paBHBM
£—100, a B B—paBHHIM

-;- (x—100)-4 =2 (x—100).

CnoxnB o6beMH BOXH BO BCeX COCYAaX, TOJyyaeM YpaBHeHue
nepBoil CTEMEHH OTHOCHTEIBLHO X! -

(x—100)+2 (x—100)+2—77 x—128i;-=6x.

Pewas 3710 ypabnenne, Haxoaum:
x==500.

Hraxg, nepeonayannHoe KOJHYECTBO BOABI BO BCEX COCYAAX TaKOBO!
B A— 500 4,
B B—1000 4,
B C—1500 .

219. Ilycrs Bckomoe wHCNO uMeeT BHI xyzf (3zech GyKBH X, Y, 2, ¢
gﬁosﬂaqaxo'r nudpe cooTBeTCTBYIOMHX pa3spazos). [lo ycaosuay 3azaun
0JyqaeM CJICLYIOULYI0 CHCTeMY:

x34-42==13,
y?+22=85, } n
xyzt — 1089 =tzyx.

B cuay nopa3paiHoTO BHUHTAHHA B TPeTheM YPaBHeHHH CHCTEMH
(1) 6o ¢=9, aubo

(10+#)—9=x,
T. €.

: x={41. (2
Ho u3 nepeoro ypasnennsi cucrems (1) caenyer, aro / < 4 B moaromy

umeeT MecTo (2). Toraa u3 nepsoro ypasnenus cucTeMul (1) moayzaem
ypaBHeHHe A7 ompejefenns {

(1) 4213,
t=2.

s (2) ¢penyer Temepn, uro x=3, TpeThe ypaBHellr{e cucreMu (1)
npuunMaét Big

OTKyZa

3yz2—1089==2243. - 3)

3ameruM Janee, 910 2 < 9 (ecam z=9, To u3 (3) caeayer, uro y=0,
HO TOrja He YJOBJeTBOpAeTCA BTopoe ypaeHenne cucremtl (1)). Hs (3)
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BIXOIH2
(z—1+10)—8=y,

z=y—1. @

Hakoiten, 13 sroporo ypasueuns cucremu (1) o (4) onpeiensem 2=6,
yv=17. Hrak, uckomoe 4uc10 ects 3762.

T. €.

220. Cuayana nailfen paccTosmie x OT 11343Ja MO MecTa mepooil
peTpedn. Ypapuenie ppesen Apiienus 0GOHX TOuUeK HMCET BHJ

0TKYy1a
(a—vl)w
, T ov—uw
O1 nagana psisenns Ko nepboil BCTPeYd Mpounio Bpems, pabioe

atx

ll———'

Tloactanus cioaa uaiijeutoe 3uasenye x, NOMYTHM:
a—ul
r—w’

l=
Ilycts v—uuTepsan ppevelst MEAKAy ADYMA NOCAEI0BATCALHLIMI LCTpe-
vamg, Toraa
vt—ut=l!,
OTKyAa
!

Uv—uw

1=

Tocaetoparentuvte peTpean OYAYT [NPOHCXOXMTL B MOMCUTL! DBpeMetit
{, t{+r, t;-1-21, ... MowmeHT n-il BcTpeyd Gyger

a—ut+4-1{n—1)
t"=_'——')—-:‘u7’_—c

221, ¥pesbiitlit Bec mepBoro H3 COCTaBAMIOUIHX CIJIAD Mem.rmon
ofo3uayum ucpes Yy, BTOporo-—4epes y, # BoAul—uepes y [lycr
X —pec nepooro MeTaaaa b cojape. ITo 3akouy Apxumega notepa neca

CnJasa B Boae PaBHA
x P—x
(i’—l'—l- Vo ) v

AHanOrHIHO 4NN YHCTHIX MeTa/ioB 3Ta [0Teps GyfeT pasna

PY“‘E?
Y1 Y2

o

Sin noTepH Janum H pasust cootserctoemo B s C. OTcwia Haxomim:

196



Cnegopatennno, norepa Beca CNAaBa paBHa
B Cc
A== x} 5 (P—x).
, 5 £+ 5 (P—1)
Orciona AcC
r=""_2p.
B—GC
Has paspemimocTh sanavm neo6xoasno, utobu B # C. Hanee u3 Toro,

x
T0 5 €CTb UHCJI0, 33KIMOTENHOE MEKIY 0 1 I, BLITexaeT HepaEeHCTEO

A—C
B=C
Orciona caeayer, gto o B> A > C, m6o C > A > B. Urak, ana

Toro uTo0Ll 3ajaya HMeJa pemeslie, Heo6xommo I ROCTaTouHo, YTOOH
ynic10 A GHJI0 3aK.TI0ZeHO MexAy ducaami B u. C,

0<53—=< L

222. O6o3nayuM paccTogune OT NYHKTa A 10 YCTbST PEKH uepes s,
pacCTosHNE OT YCTba PeKH 1Mo o3epy K0 NMyHKTa B-—uepe3 §;, CKOPOCTH
napoxoza (Ges 6y1\cupOBKn)—qepe3 ¥, CKOPOCTb Teuenis pexu yepes vy.

25y
Hyxno onpeienuts 7—x.

M3 ycnoBuil 3a3aun cocTaBagen TpH ypacHexns;
v+v Ty ‘2 7 =6
v—r, + 2=
—L;l—+x=4ll.

Hs nepporo ypasuenna umeem:
vt 2
s 12—x M
M3 BTOPOTO YpaEHeHHS: HaitmeM:
v—vy 2
‘ s 168—x’ @
H3 TpeThero YpaBHEHHA TMOJYUHM:
vy 1
s all—x @)
Brynran na paneucma (1) pasencTBo (2) n ncroas3ys paseHcTEO (3),
nonyyuM ypaBHEHlie OTHOCHTENBHO X3
1 1 1
122—x~ 158—x 4ll—x

x2—244x-14480=0,
Pewan sTo ypasuciie, RaxoxuM:
=20, x=221,

BN
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OqeBuaeo, 3Hageniie Xx,==224 He NOAX0IHT, Tak KaK B ypasuenuy (1)
nepasl 4acThb He MOXeT OuTh OTpHUaTeJbHA,

223, OGosmayuy paccrosune AB qepe3 s, paccTosune BC—ue-
e3 6,3 NycTs, jaiee, U—CKODOCTb JIOBKH, U;—CKOPOCTb TeyeHHs
fnpezmonaraerca, 9TO 5 H 51 BBIpaXEHEl B OJHHX H TeX Xe eAuHuuax
JJHHB; U H U; —CKODOCTH, pacCyHTaHHBE Ha 4ac).

Jina gsmxenis Joakn BuH3 o Teuenuio oT A 10 G mmeem:

+v Fo =0. )]
Jan asumenusn noakn ppepx no Teuenmo or C 2o A umeenm:
$ s
—=7, 2
v—vl+ 5 ]

Npu ycaosun, uro Ha AB Teuemie Takoe ke, Kak H Ha BC, nyts
AC saitver
s+ S1

vtu

=5,5 uaca, Q)

+81

lly)l\no onpeJeHTb OTHOLIEHHE

Mpuseaes ypapuenus (1), (2) 1 (3) k ofulemy 3HaMeuaTedio i,
yMuoxuB 06e yacTu ypaoueuns (3) na v;éO, NOJYUYHM CHCTEMY

(s4-s1) v="0Cv (u+0vy) —svy, }

(s+s) v="Tv (v—vy) + 50y,
(s+s)v=55(+uv)v.

CnoxuB nepBble ABa ypaBHEHHA H HCNOMb3YH TpeTbe, MOAYYIIM:
2(s+s))v=0v(13v—vy)=1lv (v4vy).

Orciopa v=6v;. Ho uas Tpersero ypaBHenua cucrems (4) umeem
545, :

U

)

=7.5,6. Cnexonarencno,

S+ Sl_s-i-sl

=7,7 yaca.
v—u; 5y /- Haca

224, OGosHauum uepes v o0beM cocyla, H NYCTh Oy — NPOUEHTHOE
cofepxalie]KHC0TL B HEM NCCJIe NepPBOro NepeMelHBaRHs , Gy — IPOUEHT-
Hoe cojepianue KHCJOTH NOCJe BTOPOro nepemelHBamus M T. 4. Msees:

(v—a)p+ag
—_—_ =
v
(v—a)a,;+4-ag _
Y~ %
[ . . . - . . . . * . 8

(v—a) %p_2tag

v =dg.1y
(v—a) ak-x'*‘al?___,. J
v
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VYmMHoxast s-e papeHCTBO Ha ( > ) A éxnanunz{a, nosygqaen:
v—a v—a v—a\k-1
() ot [14552 + (%) et (559) ] =

Orcioza
v—a\*
v—a\* a 5 ) !
(55 p+t ot

=

H, SHAuNT,

Orper:

_1— i/ r—q

pP—q

225, B xomue mepeoro roga BKJal BO3pOC HA 100 py6neft, a Bkaap.
uuK B3 B pyGaeit. [losToMy K Hagasay BTOPOro roja BKAaj COCTaBHJ

B pYOAAx CyMMmy
Py=4 (1'*'1_86) —B.

B xonne BTOPOT'O I'OJla BKJAaJA COCTAaBHJ/ CyMMy

= P P
P=p (1+85) ~B=4 (14+155) =B [1+ (+1)] -
a B KoHle TpeThero rofa P3=—=Ak3—B (14-k-}-k2), rre
=142
k_l+100 *

OueBnjHo, B KOHUE n-T0 roja CyMMa BKJaga Gyner pasna

Py=Ak?—B (1 4+-k+4-k24- .00 4-k771),
T. €
’ _Ap—100B 100 B
P"“_p—("*‘xoo) -
Io ycaosuio sanatm Hyxuo HafiTn Takoe n, urobut P, >3A. Torna
1g (34p—100 B)—Ig (Ap—100 B)

lg(H’loo)

Janaua umeer CMEICJI, €CMIH CyMMa BKJaja BO3pacCTaeT, T. €. eclH
Ap > 100 B,

nz=

(h
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Tax KaK, kpome toro, p >0, A>0C, B> 0, To pupancense, cronuee
B ppapoil yacTH HepapencTsa (1), HMEET CMLIC/L.

226, B wouue nepnoro roza Ha necnoli geaauxe Apesecuiinl Guio

a(l+—l-g—0)—x=a,,

K KOHlly BTOPOro rojia -
aq (l-l—%)—x =a,,

'K KoHlly TPeTbero rola —

P -
a; (l-l—m)—'x—-ﬂ,

2 7. A. Hagoneu, k kosuy n-ro roia Guno
p
An -1 ( 14+ l’m)"‘x=an=aq

apeoccubal. yaiio onpejeinTo X,
Moao:xus ans cokpautenis 3anicu l-{-i%o:k, H3 noca2iHero

ypaptedits noayuin x=ka,_y—aq. H3 npeawaywero ypasueiita suina-
3ux @p_y. [oayuins:
x=k (ha,_.—Xx)—ag=ka,_,—lx—aj.
Ho
Qp_s=ka,_z—x.
Cacaoaredstio,
x=R%,_;—k*x—kx—aq.
[poaomxas fadee TakuMm we ofpa3oM, My Bupasuu, Haxonuew, a, ue-
pes @, H NoJysuM Caeiyloliee ypaBHEHHE OTHOCHICSLHO X:

x=ktag—x (13 k"2 4 k)—a3.

Orciona
p\"
B ('+Tc_0) 3
r=apgjk—l=a AN
100

227. Ho nepenupauus KouuenTpawna g; cnipra Gul1a pasua:
B nepso cocyae ¢p=1,

l
BO BTOpPOM COCYyae q3=z' ’
D n-M cotyae q,,=En—_‘1 .

l'lym nocJie BCex nepemmauuﬁ KOHUCHTpAUNIL CTaaH pacuul COOTBOTCT-
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BEHO: Py, P3s eees Py Toraa py=1, a p; npu i > 1 onpeaersercs
H3 ypasuemm R

G5+ Pior s
- iy -1 . L
pr= — =ql+2pl-1 (=2, vuu; n).

O10 ypaBHeHHe MH [OayUaeMm, Ae’s KOJAMYECTDO COHPTA
v v
9% 5 +Pi1g -
KOTopoe oxasuBaeTcs B {-M cocyAe npu mepeansandn n3 {—Il)-ro
COCYyHa, na o6beM BCEro cocyna v.
Takuy o6pazom,

po= kB adne L GatPany

2
"Orcroza :
p“=qn+2p"_l=q,.,+9"—’;j2_i‘-. q"—i- "+'§;—Pn-0=
. =g§+q§;1+ ‘l q,._z-HJn_z
qn_l_Qn l+ 332+ “"3_...
+‘7"-‘-.-...+.-2—,¢,L};+2,fl,--:

1 1
=an—1+22kn—a+"' +2n-lk+2n—l .

IMocneanan cymma npu k#2 pasua
1 1

1 Fp=1 gn—1 1 on=1_.pn~1 1
Pr=gr 1 ToeigRpeT @—k) T T
E 2

Mpu k=2 paena

n—1 1 n—1 nt1
Pn==55 +2n 1= 9n +Qn= on_*

228. Jlpo6b mumeeT Bua

rae p-—uende, Gonwuree Hyad.

. 2 l 4

Yenosns 3azauit 3am(cusamcn B BHJe HEPaBeHCTB
p+2 1 p—3 1
T >3 o< 3 <1

Ilpeo6pasyen nepBoe HepaBeHCTBO K BHAY
4 3(0+2) > p*+41 uau 0> p*—3p—>,
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Pewas COOTBETCTBYIOmEe KBaapaTHOE YPaBHEHHE, NMOTYUiML

34 1/_25
Hs nepaneucma 0> p?—3p—5 noayuaeM p, < p < p. Ho p, <0,
a p > 0, noatomy

34V 29

— -

P12=

i<p<p=

Jlerko BuaeTs, uro py Jewur Mewpy 4 u 4,5. CnelosatensHo, H3
3TOr0 HEpaBeHCTBA BEITeKaeT, UTO P, KaK GHCJIO LeJ0e, MOKET NPHUATS -
TONBKO OJHO H3 ueThipex SsHauwemnitt p=1, 2, 3, 4. Tloacrabans STH
SHaueHHs BO BTOPOe HEPABEHCTBO

p—=3 _1
0<p=7<w:
HaxoanM, uTo p#l, p#2 u p#3. TaknM oépasou, p=4, pzp, l=1if; .
, 7. Pasnble 3apayn
229. Hmeenm:
~ 1 1

n(n+l)+(n—1—1)( O AR o ey sy oy
1 1 1
(Tz"‘n-{—l) (11+1—n+2>+"'
Iy 1 1 - k
"'+(n+k-——1_n_+k> T atk a@ER”
230." TlyeTs cmauana x#a. Ymuomas n jeas HeceayeMoe npou3e.

BEIeHHE Ha X—a H npHMEeHAd M0oCNel0BaTesIbHO @opny:ly Al pasHoOCTH
KBaJpaToB ABYX YHCEJ, MOJYYHM: -

(x—a) (x4 a) (x2F-a?) (x*Fat)...(x2" "' 02" 7Y

X—a
x2—a?) (x*+a?) (e +af). . (2" a2
X—a
——at) (xital).. (2T @Y
X—a
(P —af).. (2" T a2 g2 2"
X—a X—a
I]yc-rb Tenepr x==a. Torna HCCeTyemoe npoH3BeJeHlie paBuo
2% =1

- 2 n-1 = n.
94-2a2.9a4, , 222" l=2nal+2+2 Fot2 =9ng 2=1 —ong? l.
. ]

231, YumomuM I Pasieluy Aamioe sLpamenHe HA Npou3bescnie
(x+a) (x2+a?) (x8+a%).. (2" 7 - 2" 7Y),
KOTOpOe Dpil BCeX BEWECTBEHHHX X#-—g OTAHYHO OT Hyad. Jlerxo
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BHJETL, 9TO Pe3yJbTaT MOXHO 3amucaTs caeaylommy o6palom:
n=1

n-=1 ”
(x34-a3) (x5 -a%) (x124-a?),. ,(x*% 4a¥? )
(¢+a) (40a?) (x*+ad).. (2" a2 ) _
B unchutene m 3navenarene STofi Apo6H CTOAT NpON3BEJeHHs, aHAJO-
THaHBlE YXKE PaCCMOTPEHHOMY B mpenwtaymed sajadge. ITostoumy, ymuoxas

4HCANTE b H 3HaMeHaTelb Ha mpousBejeHne (x—a) (x3—a3), Mu npu-
BeleM Hawe BHpameHue K BHAY

. n Y] n.n
132 g3t x—ag AL ™M
x—ad 22" 24ax-+ta?

Hawm merox Tepsier cuay mpu x= +a. B atux cayuasx, ogHaxo,
npocToii MOACYET MOKA3HBAaeT, YTO NPH X¥==—a OpOH3BefeHHEe PABHO

n_ . LESTH
372(2"=1) " 3 npu x=a ouo okasupaercs pashny g2(2"-1)

232. Ouesuano,
Sk—sk—l=bk . (k=21 3: 4 ... ,» 1) (l)
" :
Sl =bl‘ - (2)
albl-l-azb,-l—...-{-a,,b,, -
BMeCTO by, by, oo . b, ux 3nauenns, uz (1) u (2) noaysus:
ayby+ash, oo+ by =151 42, (S, —S1) - a3 (S3—S) +...
eo o8, (Sp—Suo1) =51 (a1 —a5) 4 S, (@y—a) +-...
e +Spy (@, _1—ay)+a,S,.

233. YMHOXHB 0fe 4acTH paBeHCTBA Ha 2, IepEHECeM ero Npasyio
uacte BJaeBo, Tlocne mpocteix npeoGpasosanuii noayuaem:
2 (@2 +b 2 —ab—ac—bc)=at—2ab+4 b2 4-02 —2ac -}
+el b —2bc+c?=(a—b)* +(a—c)? + (b —c)? =0.

Taxbxax a, b, ¢ BelecTBeHHH, TO 5TO BO3MOXKHO TO/MBLKO TOrAa, KOraa
a=b=c,

Toacrasaaa B cymmy

234, VYwmpomum al+4-b*4-c3—bc—~ca—ab ua a-tb--c. [ocae
HECTIOKHBIX MOACUETOB HAXOAHM, YTO IpoH3BeleHHe pasHo a3-4b34
~+c3—3abe, T. e, cornacHo ycnoeuio 3ajauH, pasHo Hymo. Otcioga
BHITEKaeT CNPaBEXTHBOCTD YTBEPKAEHHST 3a1a4H.

235, Taxk kak p#0, ¢#0, TO MOXKHO HAaMHCATL:
() ()
(_z)f 7)ot (5) =
() et () -
( )+(q teet{y) =h
bl ay

b, anby
—t==4...+2L==1.
9 P9 +, +P q

R o
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CKJ'IBAL]B&H nepeple ABa H3 3THX paseHCTB H BHIYHTAA - yABOEHHOE Tpe-
Te€, HAXOAHM:

(-2 () 5 (3 e

P g 2 P q
l”IpmumaH EO BHHMAaHiie BeUleCTBEHHOCTL BCEX Be/AHUHH, 3aKal04aeM, yTo
_g,__bl =0 & by =0 ay b"—O
Ty T T TV see,y, T T=N,
P q p q b q

OTKYJa HENOCPEACTBEHUO BLITEKaeT YTBEDKAEHHE 3ajauu.

236. HNonoxuM p,=ap—a,._;. Toraa n3 ycaosls 3agaufl caeiyer
¢dopMyaa p,=p,_-1+ 1, nokasmBawomwas, yTo ulicaa p, o6pasyior apid-
METHYeCKYI0 mnporpeccuio ¢ pasunocteio 1. Ilostomy p,=p,+n—2.
Tenepp naxogim:

= (ay—a,_1)+@n_1—8n_2)+ ... (@ —a)+ =
SpPptPuoat et ta=0—1)p+0—2)+
+(n—3)+...+l+a1=(n—-l)(az-—al)-i-al-{—(——-———n—?)g(n—l) ,
1111 cKoHyaTeabilo

a,=(n—1)a,—(n—2) al—{—(i:g)s(n__-_l) .

237. llepBoe pewenne. 3alanHoe COOTHOLIEHHE AQKHO Repe-
nlcarb B ABYX BHAAX

=0y _1=P (@1 — a0, _,),
ay—Pa,_1=a (an-r—ﬁ ay_2)-
Honaras a,—aa,_y=u,, a,—Pa,_ =1, naiizeys, uto
p=Pp ty_q, ty=0av,_;.
Hs3 nocaeznnx coortnowenuil clexyer, uto

Uy, =Py, vy=an" 2y,
Han
a,—aa,_1=Hf"%(g,—aa),
a,—fag =02 (a,— P ay).

Hckmovan otciona ay, .4, MOAYUHM OKOHYATEALHO

. __[}n—l_an-l Bn-ﬂ_an—z
a,,-——ﬁ—_a—— az-—aﬁ ﬁ-—d as.

Bropoe pewenue. [Nonaras B 1CX01HOM COOTHOWEHHH 71 MO~
CAeJ0BaTeblio paBHuM 3, 4, ..., HafigeM

2__p2 _
a3=(a+ﬁ)a~z*°‘ﬁal=%—_—gaz—aﬁaL_gal,
2__R2 a2 —R2
"4=(°‘+f‘)"s—at‘az=(a+m°‘a_g ay—ap =k E a— .
7 — 3 _—f3 3 __B3
- ._aﬁz_ﬁ%:aa_f) - aa_ﬂ o
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O6umyio dopmyay
a""—-ﬁ"“ an—.._ﬁn-z
_a._ﬁ_.az_aﬁ = ﬁ

JIEFKO Teneps ZOKasaTb METOI0M nonuoft HHAYKUWHH,

ap = 5]

238, Haeeyn 2t + x,=3a, xx,==a>. [losTomy
7
xl + X2 = (xl +x2)2 —2x1x, =702 = —4- .
L 4
oTKyaa a2 =% . ChepoBaTe/biO, BO3MOXHE! 1Ba 3HAUEHHA @, MenHo:
| .
ay = ? y Qp== —? .
239, Haxozi:
Y1 =00 + %)} =20 %, =p*—2g,
Yo={x1 +%2)* =3 (x + 25} x5, = —p*+3pq.

Kosppunuents koaaparuoro ypaewenus 4> +ry4s=0, xopuamm
KOTOpOTO ABJAIOTCA Yy W Y., PABHH

r=="/(t+ 1) =p*—p*—3pq+2g,
s== g1y, = (p* —29) (—p* -+ 3pq).

b ¢ :
240, Umeen xy+x, =——, Ofy=o. C novotipio 3TiHx $opMyn
HaXOLMM:
1 + 1 _(xl+x2)‘3—2x1x,__b2—2aa’
o £ xf % c
2 2 2 b? c\? c\?
x?+x?xé+x§=(xi+x§)°—x'fx§=(-az——2z) -(Z) -

241, Tlycts npu Beex x
' (a3 +61%)* +(a; + b,%)? + (a3 bax)? = (A + Bx)?, M

y A
rae B#0. Ioraras £= —— , nolyuaem:

(o=t A 4 (st 2) 4 (m—nh) =0

Tak Kax Bce Be/THYHHHN BeUleCTBeHHE!, TO OTCIOJA CJEIYIOT TP - paset-
cTBa: , .
ay=Aby, @y=Aby; a3=Mby, 2
' A : R
rae A=§-. Kpome Toro, npu 3ToM JomHO BHIOJHITHCA Caelyioulee

ycJ0BHe: . ,
b+ b3+ b3 5 0, ’ 3
HHauye BCE TPH yHcaa Gul.iH 6b1 HyasMu H nesad uwacts (1) we 3asucena
6ut OT X.
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Ilycte Tenepb, maoGopor, BHOOAHEHH ycaoBua (2) u (3); Torna
(@1 + b1%) - (3, + b,%)2 - (a3} bgx)? =
=b2 (A4 x)> b2 (A+x)2 b3 (A4 x)* =

=V eI+l 03+ B+ b+ be 03,

1, CJeOBaTeNbHO, YKa3aHHan B 3a3jJaye CymMMa mnpeiacTasaser coGoil
KBajpaT MHOTOuNeHa mepsoii creneni. TakuM ofpaszomM, ycaosus (2) u
(3) ABAAIOTCA HEOGXOAMMBLIMH H JOCTATOYHbLINMH,

-

242. QGo3nadiyM KOpHH ypaBHEHHS Hepe3 X; H X,. TOraa x;-}-x,=
=—p, X)X;=4¢.
Ecan X3 W X, OTpuuaTensHsl, TO, ouesuauo, p> 0, ¢ > 0. Ecmn
we ¥=0a+4if, a<0 u BP0, 10 xy=a—iP, i Mu noayuyaeM, uyTO
p= —xy—Xp=—20 >0

n-
q=x1x2=a2+[32 > 0.

Iyets, naoGopot, useectno, 410 p >0 1 ¢ > 0. Torna b cayuae,
KOTAa X3 H X, BEUISCTBEHHH, 13 PABGHCTBA X;-X,==¢ CJAeAyeT, $T0

X} M X, OIHOTO 3HAaKa, a H3 DPABEHCTBA Xj-}-X,= —p BLITEKAELT, YTO
KOpHH oOTpuuateashsl. Ecan ke xj=o--if, x,=a—ip, p#0, 10
Xy x,=—p=20a, 1 3uaunT, ¢ OTPHUATEILHO.

243. Tak kak kopun ypasHennst x?--px-¢=0 noxoxuTeIbNL,
TO ANCKPUMIHANT ypaBHeHNs

D=pt—d4y=>0, (1)
a KosGPHUHEHTL YI0BJETBOPAIOT HEPaBEeHCTBAM
p=—x1=x, <0, 2)
g=x1%, > 0. 3)
IycTh Temepsb gy 1 Y,—KOPHH YPaBHEHHS
92+ (p—=2r9) y+1—pr=0, 0

JIHCKpHMUHHAHT 3TOro ypaBHEHUS PabeH
Dy=4r’g*+p*—4q
n B cuay (1) ueorpiuateien npu Bcex r, CleloBaTeabHo, Yy H f,

pemiecTBeHHH OpH BeeX 7. YuuTweas (2) u (3), no dopmynay Buera
napu r = 0 noayuaem

l—pr
ntas = >0, ©)
o SHAuHT, y; H Y,—ojHoro suaka. Hanee,
-—2r
l/1+Uz='—'p—q—q>0 _ (6)

u crefosatensHo, npy r =0 Y3 U y, NONOKHTENbHE, 4TO H TpeCoBa-
Joch L0Ka3aTh,
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OueBuguo, - 9T0 yTBep:KICHHE - OCTAETCA CNPaBeANHUBHM, eCad Mo-
TpeGoBaTh, 9TOGH OJHOBpEMEHHO

l—pr >00 p—2rq<0,

TO €CTh
1 .
f>;—. (7)
r>%. ~ ®)

-

Urax, pna oTpHUATeNbHHX £, YAOBICTBOPSIOIIUR YCAQBHAM (7) m (8),
Yy 1 y, nonoxutensnu. IIpi mapywmemnn 3THX ycnoBHfi ojuH Hiaa o6a
KOpHA ypaBHeHHS (4) HEMONOXKHTENbHML,

244. [IlpejnomoxuM cHavana, qro p#3. Jaa Toro 9T00E KOpHH
KBaJpaTHOrO ypaBHEHH C JeRCTBHTEJbHHMH Kosbdumuenrams Goumy
BelleCTBEHHH, HeOGX0AHMO H JOCTATOYHO, YTOGH ARCKPHMHHAHT D sroro
ypaBHeHHs Obl1 HeoTpuuateneH. Mmeem

D=4p2—24p (p—3)=4p (18—5p).
Mostomy D=0 npn ’
0<5p<3,6. M

Beugecraenmntie KOpHH X3 H X4 GYAYT NOJNOXKHUTENbHN B TOM H TOJLKO

B TOM CJAyuae, Korja Hx cymMMa o npou3BejeHHe 6y,-'1y1' NOJOKHTENBHAI,
T. €.

2p 6p
N —— . R eeem— . 2
1 tx, p—3>0’ 2%, p—3>0 2
Cucrema nepaseucts (1), (2) yrosreTsopsetca npu
3< pi,6

3ameTHM eme, 4TO NpH p==3 paccMaTpHBaeMoe B 3ajade ypaBHenHe
HMEET eJHHCTBEHHHA kopeHs x=3 > 0, [TosToMy Bce HCKOMble 3Haue-
HHf ONpeAeNAIoOTCs YCAOBHEM

3<<p <3,6.

245. JoxaseiBaeM YyrBepxjenie oT mnportusHoro. [Ipepmonoxum,
gt0 a#0, Torza aas xopuefl x; u x; HMmeeM:

—b+ VE—<da(c+n)

xlrz = 2a

PaccmorpuM Teneps ABa cayuas:

1) IHycte a > 0. Bufepem Toraa A Tak, uTOGH BHIIOJHANOCH
HEepaBEHCTBO
. A pe

> E—C.
[Ipu 3toM, ouesnmmo, b2—4da(c+2) < 0 u, chaejoBare/bHO, 33ajaHHOE
ypaBHeHHE - KMEET HEeBelleCTBeHHNEe KOpHH. :
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2) Nyets a < 0. Torza npn yCAOBHH A > —c nMeen:
—b4V b*—da(c+2) >0,

—b4+V br—da(c+A) <'0.
2a

I 3uayNT, Kopeun

HMrak, ofa zonmyuwlenns npuBoAaT K NPOTHBOpEdNio, YTBepiieHue jo-
Ka3ano.

246. Kopun ¥12 YypaBHeHus x4 x4 1=0 yaopaersopsaior Takie
ypaenennio x3—1=0. Moarony x}7=x3" =x", =1, orkyas u su-

TekaeT yTBepHjelie,
247, Tlojctasup y u3 BTOPOTO ypaBHenns B NepBoe, NOJYYHM ypas-
nesne
2ax2+4-2 (ah + 1) x+-ak2=0, (1)
KOTOpOe M0 YCNOBHIO HMeeT perlecTBellble KOPHIl IIPH BCeX 3iadeHusx A.

Moxancs, ut0 Toraa a=0. [peanoacuiinm npotusice. Torga Ad AHCK-
prainanta D KkBajpatuoro ypasuenns (1) cnpase3lnbo 1epaBeHCTEO

D=4 (ak--1)2—8a%2 =0 )
npi ccex . Jlepanm wacts uepasetictaa (2}, 03uaxo, LMeeT BHJ
—4c2)24- 841

W npil J0CTaTouno 6oL no a6CcOoTI0THOM BeTunue 3nayenusx A oIpi-
nateasia. Hanpumep, npn k=71— Jepas 4acTh ypasileuns (1) pasna
—321, 3710 NPUBOANT K NMPOTHBOPEYIK.

248. B npuefenHoil gopve Lauuoe ypaslienye HMEeT BHJ
x*—(p+q+2a%) x+pg-+(p+9) a* =0.
Buuneass ackpumMunant D jannoro ksaipaTioro ypaslienus, nodlygaes:
D=(p+9+2a*y*—4 [pq4-(p+q) a*] =(p—q)* + 4a*.
Tax kak D=0 npn Bcex sewectoenuwx a, p, ¢, To kKbapatioe ypas-
rentie, a BuMeCTe € [IEM 1 LCX0ZHOe, IMeeT peulecTBeiilible KOpi,
249. PaccmoTpuy AHCKPIMIHAHT AaHIOTO KBA1PaTHOTO YPABHEHH:
D=(b*+a*—c*)2—4ah? =
=(02 4 a—c*—2ab) (6° -+ a2 —c> +-2b) =
=[{a—b)*~e] [(a+b)*—c].
Tak k2K a-b>c u ja—bl<ec, 10. (a4b)? > u . (a—b)? <c?,
Cacpovateaviio, D < 0, :
250, Ilo dopmynam Bueta (ea. crp. 9) nveen:
Xy -HxpFx =2, Xixg - xongtap =1, xpxpxy=—1.



[Mosb3ysicL STHMH DAaBEHCTBAMH, NOAYYaeM: -
Y1ty =x00+ x5+ X0 =1,
H1l)2 + Yoz + YaYy = X1 XaXy (X1 + X2 - x3) = —2,
Nl 3= (X1xpx3)° =
. CrieroBaTesibHO, HOBOE YPABIEHHE NMeeT BHj
Y=y —2y—1=0,

t

251, Ha ocnosanun ¢dopuy Brera mveem:
X| +XQ+ x3= l,
X)X, + Xox3 F x50, =0,
xlxgx;;-—"l.
B cuay aTiX paBeHCTB
N9ty =20x + 2,415 =2.
Tax kark gy=1—x;, yy=1=x,, yz=1l-—x3 10
NYgtYetatYath =(1—x) (1 =) (L —2,) (1 —x3) +
F(1=x3) (1 —x) =3—2 (%, -+ £, F %3} + 017, +x,x3+x1x3-—1

o, HaxoHel,
Patala =1 ~x1) (1— ) (1 —xg) = — L.
Hosoe ypaBHeHiie MO3TOMy niveeT BHJ
‘ =2 +y+1=0.
252, Mycts
=p—~d, xa=p, 2z=p-+d
Toraa x,4x,+x,==3p; c apyroit cropomn, mno ¢opvyne Buera
X3+ %} x3=—a. Orcioia 3p= —a u, cIe50BaTeblo,
* a

X =p= -—-3- .

[ToacTaBasa sToT xopels B ypaBHeEHie, [mOJdy4aeM:

(5] #o=3)+o(-3) o

c= ——2—03 +—ab

a

OTKyAa

253. Iycte x> 0, %, > 0, x3 > 0—xOpHH 333aHHOrO ypPaBHEHHS,
Creaya yKkasaniio, paceMOTpHM BHpaxetle

(%1 4 Xy — X3} (x4 X5~ %9) (X3 + 2y — %) {1

- JAns Toro uToOH M3 OTPE3KOB € ATHHAMH Xy, Xa, X3 MOKERO GHI0 CO-
CTaBHTbL TPeyTOJIBHHK, HEOGXONHMO H ROCTATOUHO, YTOGH

(1t X2 —%3) (x24-x3— %) (£3+ Xy — %) > 0. @)
Sror dakT 6ba j0Ka3an B peweHnn 3ajauu 106,
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Yro6u monyyuts Tpebyemoe B -3alave ycjosue, BLIPasiuM JeBYH
qacte (2) uepes p, ¢ u r. Jina sTofl ueax ucnonslyeM 3aBHCHMOCTG
Mex Ay KOPHsMH I KospduuueHTaMu ypaBHeHHs

X 4xydxy=—p, Xy X+ X163+ Xox3== ¢,
xlx:X3 = -7,

Ycnosile (2) 3anuiueM Temephb chaegyroulum ofpa3oM:

(==p =2x3) (—p —2x1) (—p=2x3) > ;
oTCI0]a

—p3—2p? (%1 + &y %3) — 4P (X1 X2 F X33+ X%5) =B 2,3 > 0
H, C71e10BaTeJIbHO,
p3—4pg+4-8r >0,

254, Ilycts xp—o6muil kKopessr ypasuexuil, [Tojcrasnsa x, B ofa
YPaBHEeHHS U BLIYHTAs OJHO YPAaBHEHHE H3 ADYTOTO, HaXOZHM:

G:— Gy
Xy =—"—=#0,
0 PP

IMycte x?*+4-ax-+b-—yacTHOoe OT gedeHus TpexunaeHa x3-4+px+-g, ua
x—x, Toraa

33 4-pyx-f qr = (x—x0) (x* +-ax4-b).
lpupaBuas B »ToM ToKJecTBe Ko3bdHuueHTH npn x* H ¢BOGoJjine

yneusl, paiizeMm: a==x, 1 b= —qy/x, OTCI0I2 ClEIYyET, YTO OCTADL-
HbIe 1Ba KOPHS nepporo ypasHemus onpejeasorcs dopmy.oil
1) =

—Xp & 1/- x%‘f"“ﬁ"‘
Xo
_2.3 2 IR
a BTOpOro ypanuemm—-qmpmynoﬁ
— xo.i x§+4_‘7_!
- l/ %o
53 .

255, Jlerko nposepiTh, 4To npst A=0 ypaBHeHHA He HMEIOT OGULEro
Kopns. JlycTe xp-—o6wuit Kopens ypabHeHuil npH HekoTopoM A # 0.

Toraa
Ax3 — k2~ xy—(h+1) =0, }

*ph=

dxi—xy—(A+1)=0. ()

YMHO®as BTopoe paBeHCTBO HAa X, U BHYUTAs ero H3 Nepsoro, Hafjem:

A1
Xo= -;: . 2

Takuy obpazoM, ecan obuiil Kopens CymlecTByeT, TO OH CBfizaH ¢ A

¢oparyaol (2). Jlerko Tenepb nposepHTs, 4TO ApoGb 3 JeficTBUTEND-
HO yAOBJETBOPAET OGOHM ypaBHeHHAM (OYEBHAHO, JOCTATOYHO 3TOT
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- daKT YCTAHOBNTH JHWE AnA BToporo ypasuenns). Mtak, o6a ypassenus
(1) nMeioT ofmull kopeHb mpH Beex A 3% 0. 3TOT Kopenb ompejensercs

dopmyaoit (2). .

256. MepBoe. pewenmne, [Ilycts %y, x; X3—KOPHH MHOTO-
ujena P (x). Ho dopuynam Buera umeem: T

X1+ X, x3=0, X%+ X123-F %3 =p,

OTKyja JIErKo clelyer:
x34-x2--x2--2p=0.

Tak Kagk x;, X, X3 JefiCTBATENBHH H OTJIHYHE OT HyJa (g #0),
10 x2+2x24-x2 > 0 n, caezosatenmsio, p< 0. -

BTropoe pemenne, Jlerko BHjers, uTOo cpean Tpex KopHeil
Muorounena P (x) mafinytcs 1Ba HepaBHHX, B mpoTaBHOM cayuae P (x)
npeacrasasan Gl co6oii TouHni Ky6: P (x)=(x—x,)3, uro, ouesnauo,
MecTa He HMeeT,

TycTs Teneps X; W ¥,—JABa HEPABHHIX KOPHA MHOrouJieHa H NycThb
% < x,. Hpemnonoxuy, wanpotss, uro pz=0; Toraa x3<x§ u

px; << px,. Otcioga caexyer:
P (x)=x}+pr1+q < x3+px,-+9=0,

Tak kak P (x,)=0. Mu npnxopum K 3akmouenuio, uto P (xy) < 0. 370
DIPOTHBOPEYUT TOMY, 4TO X; —KopeHb P (x). Cnegosarensno, p < 0.

257. Ilycts X3, Xx,, X3—KODHH JaHHoro ypasuenus. B cuay ¢op-
Mya Brera nMeem:

X1y -+ Xy %3+ X %3=0, M

X1%,%3=0> 0, 2)

IpennonoxuM cuavana, 9To Bce TPH KOpHS BemecTeenunl. Torpa u3
ycnosust (2) caefyer, 4TO, no KpaliHeit Mepe, OAHH H3 HHX IOJIOXKHTe-
sed. Ecamt 6bl nmpH 5TOM NONOXHTENbHHIMH OKasamich ABa KOpHA, TO
n3 Toff e dopMyasl (2) Mbl 3aKMounaH Obl, 9TO M TPeTH KopeHs Io-
JIOKHTENEeH, a 3T0 nporiBopeunt ycaosuio (1), Taxum o6pasom, B cay-
yae BEULECTBEHHOCTH BCEX TPeX KOpHeil 3ajava peuleHa,

IlycTs Temeps x;— HeBeUWleCTBEHHH KOpeHb YpaBHEHHS, TOrza,
KaK M3BECTHO, yDaBHeHHe HMEeeT H KOMIJEKCHO CONPMKEHHHIT KopeHb
‘xy==x;. Tar Kak B aToM cayyae x;¥,=x;x; >0, TO H3 paBeHCTBa
(2) noayuaem:

xa = b__ > 0-
X1%y

yTBEp}Kl_lEHHe T€M CaMLIM JOKa3aHO MNOJMHOCTHIO,

258, Ilyerts @, P, yy—KOPHH nepsoro ypasueﬁxm u o, B, y;—Kop-
B Broporo. B. cuny dopmyn Brera mmeem:

etftyn=—a - 4))
aﬂ\h:—l& o (2)
o-+f v, =0, T @)
ofy,=—12. ‘ )
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W3 ypasuennii (1) n (3 no:xy'txaen:

o o Vi—Y:=—e¢ o ©
a u3 ypassenuil (2) u (4)
i‘.:.:.}.. . (6)
Y. ¢ '
Pewas cosvectno ypasumenns (5) u (6), uaxolms:
Y1=-—3, y;=—2a. )

Taxu o6pasom, ecai npd HEKOTOPHIX @ W b YPaBHEHHS MMEIOT ofiupe
KODHH, TG TpeTbH Kopui $THX YypaBHeHuii onpejeasiotcs QopMypamu
(7). Hogcrasus y,=-—23a B neppoe ypasueHte, a y,==—2d BO BTO-
poe, oosyuHu:

— 18423 4 18=0

—8a3 —2ab +12==0,

OTCEOXH onpeeTaeTces eANNCTRENNAaA 1apa BeuleCTBCHHBIX 3gauenuil

a=1, b=2 ©
HO,-'.lCTaB.nHﬂ 3TH 3HayeHHAa B ypaBHeH“ﬂ, JierKo Haﬁ,le!\“

B4+ xP418=(x+3) (x*—2x+6)

&4 20412 = (x - 2) (12 —2x 4-6).

ChejopateibHo, ypaBHeRHS NpH yKa3aduuix 3HAUEHHAX @ M b jefict-
BHTEABNO HMeoT joa odlus Kopua  tu xkopuu onpejeadiores dop-

My oil
X1, =—1 &£ Y =5
239. OGo3nauiy ZeByio 4acTn pasencrtna uepes A. Hwmeea:

A=20+14 Y2437/ @0+ Vo /2014 Y 2+
+37/ 011V 21/ (20— 1 Vop+20—14 Y T=
—1404-3 ¥ 100—2- 1434 =40+ 64.
TaKHM 06pa3031, JdeBaf 4acth J0xKa3LiBaemMoro paBeHCIBa YA0BJAETEO-
pReT KyGHYeCKOMY ypaBHEHHIO
B —6x—10 =0 )

Jlerko nposepntb, 910 NpH x=+ ypasHenue (1) yrosaersopserca. Pas-
renus jepyl gacts ypasHenus (1) #a x—4, KoayduMm zas Baxomze-
UHA LBYX APYTHX Kopiieii ypasleuie

x24-4x410=0,
D10 ypasHenue HMeeT HeBelleCTBeHHLIE KOPHH,  TaX KaK ero JHCKPH-
muHanT D=-—21 < 0. Takuv o6pa3oM, ypasHenue (1) uMmeer amup

OH BeuleCTBeHHHIl KopeHb x==4, H Tak Kak A—3aBejoMo Bewect-
peHnoe yueno, 10 A==4, 4T0 U TPeGoBaAIOCH AOKa3aTh.

n

)

260. Jlergo BnJeTh, $TO paccMaTpHpasMoz Bupamen€e odpaulaeTca
B HyMs, ecan [Ba KaxHe-HHOYap H3 uucea 4, b, ¢ pasun Mexiy
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coboit, Ortciona no Teopeve Besy criesyer, uTo OHO JOMKHO ZeauTones
Ge3 oCTaTKa Ha KaX7ayio H3 pasHocrelt

(b—c), (c—a), (a—b).
510 HaBOAHMT Ha MHICTb, YTO JAHHOE BHIpalKeHHe SIBJNETCH MNpoH3Bese-
HHeM yxasanueXx MHOkuTenefll. HeflcTBrTesnuo, nMeeM:

a? (c—b)+b% (a—c)-} 2 (b—a)=a%c—a*b -} b2a—b2c+ c®h—
—cla=aqa?(c—b)—a(c*—b%)4-bc (c~—b)=
=(c—b)[a*—ac—ab-|bc)=(c—b)[a (a—c)~b(a—c)]=

=(c—b)(b—a)(c—a). . (1)
Tak Kax a, b, ¢ nonapHo pasHYHL, TO yTBep:KieHHE JOKA3aHO.
%61, 3ameTHM, YTO NP ¥=—y RaHHOe BhpaxKeHHe ofpamaeTcs
B Hysb. CrenosatenbHo, no Teopeme Besy owno penutcs Ha x-+-y Ges
octatka. Uro6el mnposecTH peneHie, npeactasim x--y-+-2z B BH7E
CYMMHEI ABYX caaraeMmelx: (x-4-y) u 2, Bosbopa cymumy B Ky6, nonywaen:
[(x+9)+ 2P =3 —p—2 = '
=yl +3 ety 243 (e 4y 2 - —pP=
=3 (x+y) [ +2 (x+9)+ z].
KBazgpartuslil TpexuseH OTHOCHTeNbHO 2, cCTofuiHil cnpasa B KBajpar-

HHIX CKOGKaX, JIECKO pa3soXHTb HAa MHOXKHTENN, TaK KaK OYeBHAHO,
4TO ero KOpHSIMH ABAAIOTCS —X H —y. B pesynbTaTe noxygaem:

(x+y+ 2P =¥ —y3—23=3 (x+y) (z+x) (24-9).

262, YuunoxuB ofe uacTn 3apanHoro pagencrsa Ha abe (a+b4-c),

npHBeseM ero K BHAY .
(ab+-bectac)(a+ b+ c)—abe=0.
Packpun ckoGku, noayuaen: .
a%b +4-2abc - a2c -+ ab? + b2c - be? +-ac? =0.
Jlesast uacts 370ro paBeHCTBA Jerko pasjaraeTca Ha MHOXHTEN:
a® (b-c)+ab (c-+b)+ac (b4-¢) -+ be (b4-c) = .
=(b+c)(@*+ab+ac+be)=(b+c) (a--b) (a-t-c)-

Tak kak nocJjeiHee npousBejenHe PaBHO HYJMO, To, Mo Kpafiuneit Mepe,

ORHH M3 MHOXHTEJell paBen HyJMO, OTKYAA H CJelyeT yTBepKaeHue
3ajaul. ) .

263, Mycms o n f—xopuu kBappatHoro Tpexunena x2-4px--q.
Ecan asyunen x?—1 Jeautca Ha ykalanunit Tpexunen Gea ocraTka,
TO 1 « 11 f} ABAAIOTCA KOpHAMH JByuJena. Jlerko BHzieTb, 4TO cnpasefi-
JHBO # ofpamioe: ecaH o« H P SBJAMOICA KopHAMH ABYydJleHa x*—1,
TO oH pasjeantca na x*4-px--g Ges octatka *).

Kopusmn psyunena x¥—1 asasiores uncaa 1, —1, {, —i. To-
3TOMY I1MeeT MeCTO pasjioKenle

(8 —1)=(x—=1) (x + 1) (x—i) (x +1). )

*) Mpn atom, ecat a=f, To uncno @ JOMKHO OHTH KpPaTHEM
KOpHeM 1 2eauMoro, .
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B cuay cra3zansOro BHIIR IHHTePeCYiOUlMH Hac TPEXYJIEHAMH MO-
ry? OuTh JuWb Te, KOTOpele NpeAcTaBJsor CoGoii npousselediie ABYX
MHOWKHTeJell, cTosiuux B npaboil uacth (1),

CocTaBuB BCeBO3MOXKHBHe coueTaHus, Haiigem Ci=6 TpPeX4IeHOB:
=1 (x+1)=x2—],
(x—l;(x—i)=x2-(l+i)x+l,
x—=1)(x+i)=x3=—(1 —i) x—i,

(x+1) (x—i)=x*4(1 —i) x—1i,
(e D) (x4 )= x4 (14 ) 241,
(x=i)(x+i)=x3+1.

HMH, O4€BHAHO, HCYEpPNLIBAIOTCA BCE HCKOMRLIC TpeXuJeHwl.

264. Ilpencrapup AauHuifl Muorouned B Buie X" —1—ax (x?~2—1),
pasjenum €ro Ha pasuocTs x—1, Bocnoap3osaBulich Qopmyanoli

x|

— 3 *
prnen | =l4x+...}Fx5 )*

B pesyabtate B yacTHOM NOJY4YHM MHOTOUJIEH
xn=lpgn=2t | txtl—ax(x®73 x4, x4 1)

Jas toro uro6H 3TOT MHOTOYJen AeaMiacA Ha x—] Ge3 ocTaTKa, B CHAY
TeopenMal Besy ZoaikHO BLINOAUATLCA pPacelcIno

n—a(n—2)=0.
[ostoMy JesmMOCTb HMeeT MeCTO Opit /oGOM UaTypadntion 72> 2
n
o= fl————‘z .
265. Hs ycaosuit sagaud csexyer, uTO
p@=4,
p(b)=8, M
p(c)y=C.
Pasaenus teneps wmuoroyned p(x) uHa (x—a)(x—»b) (x—c), npeacrasiu
ero B BlJe
p (x)=(x—~a) (x—b) (x—c) g () +7 (x). (@
OuesiaHo, 4YTO 7 (¥)—MHOTOWIEH He Bhlle BTOPoil crenend. 3amicas
ero B BHJe
r{xy={(x2-+{ mx-n, (3)

NOACTABIIM B TOKAECTBO (2) nocaeloBaTeapHo x==a, x=b, x=c.
B cuay pasenctsa (1) M nmpuaem K cieayiouteil cicTeMe ypasitensii
433 onpeJedenus Koadduuuentos [, m u n Muorouaeua (3):

la*4+matn=A4,
24+ mb+4-n=a_~, }
It 4-mc+4-n=C. _
*) opmyaa (1) Jerko npopepAETCA HENOCPEACTBEHHO; Dupoucs,

oHa coBnajaeT € QopMyaolft Aad CyMMBl £ WIEUOB TEOMETPHUECKOH
APOrPeCcCHH.

“
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Pewsp sTy. cHCTeMy, Halizem: ‘ :
1 4=B) b—0)—(B—C) @—b)
(a—"b) (b—c) (a—¢) !
o (A—B) (B —c)— (B~C) (@ —b?)
- (a—b) (b—rc) (c—a) 4
n__a2 (Bc—Cb)+-a (Cb®*—Bc?)4- A (Bc2 —Ch2)
- (@a—b){b—c) (c—a) ‘
3ameuanne. ~Hegouwll MHOTOwNeH r(x) npu x=a, x=b,
X=C NpHHHMAET COOTBETCTBenHO 3Havewua A, B u C. Jlerko npose-
PUTb, 4YTO TAKHM MHOTOYIEHOM HE BHIue BTOpOll CTemeHd sBaseTcA
caepyouni:
(x—b) (x—0) (x—a)(x—q) (x—a) (x—b)
At a=—a T B=at=0 T mae=n - ©
Tar gak cucrema (4) HMeeT €IHHCTBEHHOE pelleHHe, TO CyeCTByer

JHWEL ONHH MHOTOUNEH C YKa3aHHHIM CBOfICTBOM H, CJAeR0BaTe/]BbHO,
r (x) cosmagaeT ¢ MHoroujeHoyM (5).

266. OuebugHo, ¢opmyna BepHa npu n=1, IlycTh doprmyna Bepxa
Z751 HEKOTOpOro n; JOKaXeM, 4TO Torja ona GyaeT Bepha M Aag n+ L.
OGoznaune uepes S, cymMy, CTOSWIyIO B JIeBOfi YacTH JOKa3eBaeMoil
dopMy s, GyaeM HMEThb: .

Sn+(n+1)2(n+2)=(n+ 1) (n-ﬁl—2) (n+3)=

Sn+l=

@D r+1)+1] [(=+1)+2]
5 .

Orcioza, COTMMIACHO METOly M chelyeT CnpaBelHBOCTb GopMyan npu
J060M HATYpasbHOM 7.

267. Ilyets S, —cymma, crosmas B Jesoll gact ¢opMyan. [pu
n=1 ofe wactk ¢opmyarr coenaiawT. [lokaxem, gro ecau dopmyaa
BepHA A1 HEKOTOPOro rn, TO OHa BepHa Takme and n-}-1. Mmeem:

S,,+1=S,,+(n+l)2=n_(fil)6_(2'ﬂ+(n+l)z=
=(n+l) (2n2+7n+6)=(n+1) (2n(n4-2)+3 (n+2)]=
6 6

_ D[+ D12+ D41
6 .

Cnenosatento, dopyyna Bepna mpu moGOM HAaTypaTsHOM f1,

268. Jlerko yGeauThCs B CNpPaBELIBOCTH YTBEDIKAGHUS NPH A=,
Ilyets ¢opumyna pepua npu HexotopoM nz=1. OGosmauum depes S,
CyMMy, CTosuy!0 B JeBoil uacTH dopuydan. Hmeem:

Sp+ ! =
" (a+1) (n+2) (n+3)
. _ n(n43) + 1
< 4+ (n+2) T+ (r+2) (n+3) "
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Orcioaa . S
nd4-6n+9n44 (n4-1)(n24-5n+-49) _
d(n+ 1) (a+2(n4+3) 4@+ (+) (3 -
| (D) (D43
A+ D+ (1) +2] "

Crnegosateanto, opuyda cipaBeatusa npi soGoM HaTypadsHoM A.

sn+1,='7

269, Ouepugno, ¢opmyna nepua npu n==l, IlycTs oua pepua npu
nekoropoM nx=1, T. e. ' . |

(cos @41 sin @) =cos np-+i sinnp. [0

Hrobu yGeantbes B CIpabefJHBOCTH (OpMyasl NPH fi--1, yMHOKHM
oGe gqactu (1) ua cos@--i sing. IMoayunum coraacio npasnay yuHome-
HHA KOMIJIEKCHLIX YHCe]

(cos @+ sin @)+ =(cos n@ i sin ng) (cés(p—f—t’ sin @)=
== (cos i cos P — sin n@ sin @)+ i {cos n ¢ sin@--sin n ¢ cos )=
=tos{n-F1)p+4isin(n41)¢.

Crenoatensio, Qopiyaa cmpasegmisa npit o0y HATYPaARHOM f.

270, Ogepnauo, a--6=1, ab=—1. Tlosusyace sTiM, Mcw@uo
HanucaTtL, 4TO
arttl—gbtfghh—=bntl gnti_pnt’ [t e
ay=a,{a-+b)= = = = - =
Vs : Vs V5

Ul Gp=ap, —a,_y, OTiYa
Ap 1 =0y 1 05_,.

Orcioaa caeayer, yTo ccait, mpH HEKOTOPOM £, Ap_y H G, CYTb 4icJIa
ueasie B NONOKNTCAbHLE, TO U d;4q, @ CAEZ0BATEJBHO 3aTeM H Qpy,
i3y -0 OYAYT YHCAAMH UedbiMH # HoJouTedpHmMU., Ho -Tak kax
a=1, a,=1, 7o, 3umaunt, npu 2 > 2 Bce g, OyayT UEALIMH H UOJIO-
YKHTEJIbHLIMA. ) '

271, Mlps n=1 uepaseticteo cnpasejanso, Monycrusm, 910 cHo
BepHO Ml HeKoToporo n. Ymuoxkan ofe uacTi ero Ha l--a,,; >0,
HaXOAHM

(t+a)(14ay) ... (14a,) (1 4-ap41) =
=(+atat...+a)(lta)=1+a+a-+.. fa,t
RNCITRE U PURE TN PURE, S 3 . e

Tak Kak cyMMa @y, 41+ 050p1F oo0 + 5054, > 0, TO orTCIOZR
Ca21yeT, YTO HEePaBRHCTBO CPasesiiso H A1 a4l

272, [pescge Bcero yGemznaemcs B ToM, 4To opMyZda BepHAa npH -
n=1. Ileiicteuteasuo, npit n=1 dopmyaa umeer nu]

I, - '
(a+0), =Ct (), (O) +C1 (a) (B)y ()
Ecau  teneps BoCnosb3oBathen onpedenciuem cOoluleHHOl  CTemens,
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TO CTaHET O4eBHANWM; uqT0 ofe wactu dopmyast (1) pasnw at-b6 n,
ClIeloBaTeNIbHO, PaBeNCTBO JSfICTBHTENILHO HMEET MeCTo,

Mpexnonoxum Ttemeps, uyro GopMyaa  BepHa AR  HEKOTOPOro n
B Joxamed, 9To oua OyzeT pepHa u ana n4-1. W2 onpegenenns oGoG-
Wennofl cTenmeHd HMeeM:

(@4 b)n 41=(8+b)n (a+b—n)=(C7 (a), (O)n +Ch (@) Bhicr -
eostCE @k On-pt - +CR @), (B)] (@a+b—n).

Packpus sgeco kBaapateme cxcGkH, npeofpasyeM kawxioe 13 a1
cnaraemux o Qopuyne ' i

Ck (@)g (O)_ g (@4 b—n) =CF (2) BV _p L@~ )+ 6 —n+F)] =
=CF (@) (@— k) B)ap+ CFi (a)y O)n—p 0—n+ 1) =
=C§ (@ps1 OneptCh @p Onprr  E=0, 1, 00\ )
B pesymbrare nosyauMs
@+ )41 =CR (@); G+ C3 (@) (V) 41+ Ch (@)e )y +
+CR (@)1 Ot e +CR@per Bhnp +
+CE @k Ohmpsrt oo Ch (@n1 B)g+Ch (@) (B
TMocsie npuBefeHHs MOROGHBIX d/elOB GyleM HMeTb:
(@+5)g+1=Ch (@) (B)n+1+ (Ch+Ch) (a)y (B)5+ :
+C - CRY @2 By« o - - (CEHCE?) @4y Bhr oo
ver (€4 C) (@) (0)1+CR (@)t 1 (D)o
Henonnays, panee, Tor dakr, uto
Ch=Chn=1, Ci=Ciii=1,
H Jerko nposepﬁe:uoe TOX]ECTBO
Crit-Citt =cal,
nnoJyuaes: )
(@t 1= Cl+1 (@) (b)n+1+C}|+1 (@) (B)n+-
4 Ch1 (@ O)nay+ oo HCE @ pag (O)g_ g+
e t-Chia (@) (0)y +CE (@41 B

CnejoBaTesibHO, NOK3a3aHO, 4To ecan ¢opiyna, npuseseHHas B YCIOBUI
sanaan, sepHa ANA HEKOTOporo n, To oka sepna H ansa n--1. Ho oua
cnpaseanpa npn n=1, cNel0BaTeNbio, COTAacHO NMPHHUUMNY TOMHOI
HHAYKIOHH, OAA BEPHA NMPH BCeX HATYPafbHHX A. -

273, TMycts r (f) —paccrosiine MeX1y noe31aMH B MOMEHT BpeMeHH t,
Torna _

r2 () = (@ — 0yf) + (0 —0a)? = (0 -+ 0}) £2—2 (avy + boy) {-+02 + 0%,
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3aveTnM, uTO . ecan r%(f) NMEET HauMeHblieC SHaueHHe NpH (={;,
To 4 r(f) Takike NpPHHMMAET HAUMeHbllee 3HaueHHe npH f=1, Bepuo,
¥ o6paTHoe, 3ajaua CBOAHTCA K HAaXOXKJACHHIO HAUMEHBIIEro 3HAYEHIs
XBajpaTHoro TpexuaeHa r2 (f).

Cornacio ¢opmyne (4) Ha c1p. 46 HamMeHbluee 3HaueHHe r2 (f),
a caejoBaTenbHO H 7 (f), JOCTHTAeTCs B MOMEHT BpeMeHH

_avy+bos
= .2 2
vi4v2

Hcnomesys nanee dopuyay (3), HAX0ZuM HanMenbiulee PacCTOSHHE MEXKIY
- Ioe3faMH;

r(t )____]/ 4 (a4 5?) (vf 4 v3) —4 (av, +-bv,)? _ [ avy—buvy | )
' ) ~Vaia

274. B MoMeHT BpeMeHH ¢ aBTOMAIUHHA HAXOUTCA H3 PaCCTOSHHH

to

32
40 ¢t ku or nyekra A, a MOTOUHKA—HAa PacCTOAHHII > 249 xu or

! - Toro iie nyHsTa. CiieloBaTelbto,paccTonstie
5 MeX1y HHMH PaBHo alCOJIOTHO{l Beamynie
. pasuocty  16424-9—40{. OGossauas sty

pasuoctb uepe3 g (f), wuauepTum rpadix
KBajpaTHoro Tpexuiena y({) (puc. 4).
On npeacraBaser co6oii mapaoay, KoTo-

pas nmnepecekaer oce ! npi tl=T H

t2=2%. 3 rpadura scHo, 4TO Hau-

Goapwan o aGco/OTHON BesHyliHE opaH-
Hata y npu yenosHl 0<S¢<C2 cooTrer-
CTByeT BepluiiHe napaboJsl. Bepiuisa napa-
6oJIEl JIEKHT Ha OCH CHMMETPUH, KoTopas
nepecexaeT ocb ! B TOYKe

t___t1+t2__5_
0T T4

TakuM o6pa3zoy, HanGCabluiee paccTOAHHE
nocturaercd uepes 1 yac 15 mMuHyT nocrie
Pic. 4. Hauasa ABiukeHuss u pasHo 16 wat.

275. OGo3naym HccAelyeMoe DhipakeHHe gepe3 y H npeoGpasyeM
€ro CJeIyIOUHM 06pa3oM:

y=logsx 412 logix (log, 8—log; x) =
=logix (log} x—12 log, x+36) =1log} x (6 —log, x)3.

INonomuyM, nanee, log,x=2, Tak ut0 0<Sz< 6. Torga sagaua cBo-
JUTCA K HAXOXKJeHiIo HanGo/biuero 3HadeHnsa nepeMeHHoll

y=2*(6—2)%
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- [Hocratouno gafitn rauGosbliee 3nauenne anst z (6—2) npu ycnosnd -
02«6, TaK Kak uev Gonbllle MNOJOXKHTEJbHOE UHCJO, TeM GoJablue
# ero Ksaapar, KsaapaTauit Tpexunen z(6—2z)=—(z—3)249
jocturaer HauGogpmero suaueus npu. 2=3. Takum ofpaszoM, Hau-
Gonvluee 3HaueHHe JOCTHraeTcs npH z=3 u pasHo 81,

276, flepBoe pemenne, OueBuAaHO, JOCTATOYHO pacCMaTpHe-

BaTb /ML NOJOXKHTENbHbIE 3HAYyeHHA Xx. COrslacHO H3BECTHOMY Hepa-
seHeTBY (3), c1p. 19, Hmeem:

@12 Vaxtb=x Yab. 1y

Chnegosatensno, aas Bcex x > 0
' X

X 1
y'_tmz-l'b< %V ab 2Vab

Tak kax (1) npespamaercs B paBencTBO MPH yCNOBUH ax?=b, To npH

@

b
Xg= — HMeem;
a
1
Yo=———. 3
=3 V ab )
B cuny (2) aTo u ecTh HanGoawluee 3HayeHue dyHKUnU,
Brtopoe pemenne, Paspemus cooTHowenue
X
o “
OTHOCHTEJNLHO X, MOJYHYHM: .
—_— 2
x=l + YV 1=%aby . )

2ay -

M3 dopmyat (5) caeayer, 4T0 npu BCeX BEIECTBEHHHIX X JOMKHO BHI-

NOMHATLCH HepaBeHCTBO |—d4aby? >0. Orcioaa
1

2V ab’

¢dbynxuua (4) npHHHMaeT INPH  HEKO-

V< (6)

1
Tak kak 3HaueHHE Y= ——r—
o —
2V ab
TOPOM BELLECTBEHHOM 3HAYEHHH X, (Ha d)opmy.nii (5) maxoaum, uTO
b
Xo= =) T0 B cHAy (6) OHO ABNSETCA HAHGOMBLLIKHM,
277, TlyTtem oueBHAMHIX mpeoGpasoBaHHE NoayyaeMm

x24-1 2 2
ez Tl LA

B cuny nepasenctsa (3) crtp. 19
2 2 =
34 1+5ry>2 1/(x+1>-m=2 Ve, M

- 219



npiueM 3uak pasenctsa B (1) HMeeT MeCTO TonbKO B cJaydae, Koria

l+x='—2—T, T. e mpH xy=¥ 2—1.

x4 .

Takum oGpa3on, npu Beex xo=0 ,
x4 5 -
TaT=—2t2 Ve 2

I 3MaK papencTBa B SToil GOPMYyJe HMeeT MecTo npi
x=)2-1,

278. BosbMeM 4HCJIOBYIO OChb H OTMETHM Ha eit Toukn A, B, C, D,
CoOTEeTCTBYIoIHE uiicaam a, b, ¢ 1t d. Touky ¢ nepemenHoii aGcunccoii

A A8 4 » ?
F a b ¢ 4

Piuc. 5.

x Gyhem oGosuauate uepes M (puc. 5). Paccuorpny caeryiowe narn
cayvaes.
1) x<Ca; TOrza .

P ()=MA4+MB+MC+ MD=AB+2MB+428C+CD.
OTCXO;la ACHO, 4T10 @ (‘() 6:,-',181‘ npruRsarte HanMeublyee 3ugueniic o
Ton cayuae, Korga Touka Al cornajzact ¢ Towxofl A, 11 uTO 3TO 3HMA-
ugHie pasno

3AB--2BC+-CD.
2) a< x<b; 10122
¢x)=AM+MB+MC+MD=AB+2MB-{-28C+CD.

Hansenblree 3nayenne ¢yuxkuua ¢ (x) npuuiMaer Torga, KOria Touka
M copnajaet ¢ Toukoii B; 310 3nayense paBHO

AB--2BC--CD.
) b<x<ey @(x) npn 3THX 3Ha¥eHHAX X MOCTOSHHA 11 paBHa
AB4-2BC+CD.

4) c=<x < d; mnanvenbiee 3pavenyie QyHRuusg @ (x) npuHuMaeT
Npi X==€; OHO PaBHO TaKxe

AB4-2BC+-CD.
b) x =d; naumenbuiee 3nayeinte Pyuxkuun ¢ (x) pasno
AB--2BC+3CD.

CpaBuiiBan NoJydehlipie pe3ysbTaThi, BUAHM, YTO HaHMeHbuiee 3Ha"
venite dynxunn ¢ (x) pasio AB+-2BC-+CD, nau

b—a42(c—~b)4+d—c=d+}c~b—a.
Oro 3anavenie Qyukwus ¢ (x) npunNMaET NpPH YCAOBHH, YTO
bK<,
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279. Mycts r—~—MOAYM® i P —aprymMefiT = ROMIJEKCHOTO .qQHCNA
(=0, 0<<¢ < 2n). Torga z=r(cos - sin cp) A JaHHOE ypacneHue
npuUBUMaeT Buj

rz(cos2q)+lsln2q>)+r=0.
Orciona auGo r=0 8 g=2z;=0, nubo rcos2p+41+irsin2p=0

H, 3HATHT,
= ] sin 29 =<0,
rcos2¢p+1=0.

[TepsoMy ypaBHeHHIO YROBNETBOpAIOT 3nuauenna @=0, n/2, x, 312, a
TaK Kak B cuny BTOPOro ypasHeHus ¢os2¢p < 0, T0-0CTaOTCs TONBKO
3uaqemxa q)=? 1 @=3n/2. [Ipu stom B “cGoux Cayqafx #3 BTOPOro
ypaBHenusa HaxoguM r==1, TaK 4To nojyyaem elje ABa pelleHHs:

T i 00 3t 3n
2z, =1 (cos ~2——|—lsm3)—1, 2z==1 (cos ~2—+Isin—2—)=—l.

—4
_3I_‘l

=)= (e —8) -y -
OTtciona x=6 n, crano Gurs, z=6+iy [loacrasasem 3T0 3Havenue
B ypaBHeuHe I;:

: 2
280. IpencraseM z B Buge 2=x-+{y. Toraa ypasuenne S
npuMeT BHA

ll

—2— Torza nocne ynpoweHHs ypaBHEHHE NPHs

MeT BUA
: —25 _/+ 136=0.
Orciona

B4V 6‘25_—4'136 __ 254 V625544 _25+9
he= 2 2 3
T. e. 4, =1T; y,__8

Otger: 2; =6} 17i; z2=6+8l

141
281. [lns coxpamienust 3amucH MOJNOKHM —2+—= Paccmatpusac-
Moe  npousseaenue .
(1-i-2)(1-l-2’)(1-!-2’n ) oee (14-2%7)
HiMeeT TOT e BUZ, 4TO N Npomssefenze B 3azade 230. OGosmaumm
3T0 NMpoH3BefeHHe AN KpaTKoCTH uepes P.
IToctynas Tax ke, xax 0 8 3ajave 230, waiiaeM:

. l_z:ni-l
P=—=
Ocraerca "B “Ramuyio (bop'wyny MOACTABHTE  BMECTO- 2 ero -3natenie,
Byneu umers:
1 S I 10 )
A T Ok (= T RS
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ZameTun, 9T0 APH A > 2 umeey 2" = (i‘l)’""= 1. CnenopaTesnio,
penny (1), apn n =2 6yaer 1 —23" V' =1—~—;n P == (1}i) (l ""—l—) .

22“ 22“
Mpu n=1 umeem:

a4 AL 5
1—22 =l—(-§-) —T.
OtBer: o P=(l+i)—2—.

282, Tak Kak BHYHTAHHE KOMIJIEKCHLIX WHCEl [eoMEeTPiuecKy
NPoBOANTCA 1O WPABHAY RNapajjiesorpaMma, To MOIYJab Pa3sHOCTH ABYX
KOMIIeKCHHX uhiced |2’ —2” rpaneu PACCTOAHHIO MEXY COOTBETCTBYIO-
INHMH _ TOYKAMH  KOMIJIEKCHoil nJuocKoctH. CleloBaTesibho, YCJOBIIO
|2—25i | <515 yaoBAeTBOPSAOT TOYKH KOMIUIEKCHON MJIOCKOCTH, Jexa-
- e BHYTPH H Ha TpaHHie Kpyra

€ UEHTPOM B TOMKC Zo=25i ¥ papuy-
com 15 (puc. 6). Hla weprexxa suano,
HTO 4HCJAY € HAHMEHBUINM apryMeHTOM
CooTBEeTCTBYeT TOYKa 2;, B KOTOPOIl
apavan, uponeicunas 43 Toukn O,
Kacaetcs okpykuocti. K3 npsimoyronb-

A noro tpeyroanuuka 02,7, HaXOAuM
% =12 u y,=16. Hcxkomoe uncio
oo e rz, Cynet z,=12--16i.
: ! 283, [Moxaxem, uyto a1 npef.
4 § CTaB/elUHA KOMNJeKcHoro uucaa a--bl
{ B BHJe

7 1—ix
Z a+4-bi = ——— [
t + 1+1x ( )
Pise. 6. Heo0X0ZUMO H  JOCTAaTOYHO,  YTOOL

la+-bi|=1u a+tbi #=—1.
T Hoxames HeoOxodumocTb, IlycTb Bhimoansetcs pasexctso (1),
oria
latbi| =izl
fi4ix] — !

Tak Kak [l—ix|=|1+4ix|=}V 1412 [Hanee,
|—ix
T b
TaKk KaK B NPOTHBHOM c¢ayuae Mel O nMead | —ix==—~l—1ix,
T. e. 2=0. .
Hokaxem Jgoctatounoctb. Iyeth [a-kbi|=1 u a-}-bi #—1.

Toaoxim arg (at+biy=a, rie —a<a< . 3aMeTHM, 4YTO O # I
B cndy yeaosusl a-+bi #—1. Hyeem Teneps:

a-f-bi=|a+-bi|(cosa-tisina)=cosa+isina. . 2
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Ho

l—lg’% 2lg—g—
cos o= — sino= =
L Bl 2 2
14-tg 5 » 1-_|-t_g» 5
[MoacTaBnas STH BHPAXKEHHA B MpaBylo 9acTh GOPMyJsl (i). Toayqaem
2
<l+itg%) 4itg g |
at-bi= = = —ix
‘ (x+ug1 1—itg &) 1—stg 2 M7
2 €g) T
e x=— g =
Ae x= g 5

284. Mycte 2=r (cos -7 sin¢); Torza

12241 =V (r*cos 29+ 1)EF- (r? sin 2¢) = V/ ri+2r2 cos 29 4 1;

L|_l241
s p|= 12y,

rt4r2(2c0s29—1)41=20.

Monowum ri="t; |z| npuser HanGonbwee SHadeHHe Toria, Roria
Haubosibluee 3Hauenne npuMetT f, Mmeem:

I_l—2cos 2¢ + ¥V (1—2cos 2¢)2—4
= 3 .

Tak kak Hac uHTepecyer HauGosblree 3HaueHHe {, TO Mepel KopHeM
Hy}XHO B3Tb 3HaK mloc, Jlerko BujeTh, uro HakGosbiiee 3HaYeHue ¢

n
AoCTHraeTca TOrAa, Korja cos2p=-—1, T. e. nmpu o= + kn. 310
3+V
3HayeHHe paBHO %—5 CnenoBaTenbo, HauGoabwee 3HaueHue |z|

paBHo ]/3+2V5 =l+2‘/—5-.

- 2n
285. Yron Mexiy ABYMA COCEJHHMH JyuaMH paBeH - O6o3naunm

‘uepes d,, d;, ... paccrosnus oT A A0 OCHOBaHWA NePHEHAHKY.IAPOB,
_MOCNe0BaTeNIbHO ONYCKaeMbIX HA Jyud, McXoasutne u3 Toukn A (puc. 7).
OueBHAHO, HMeeM:

2n

k
dk=d(cosT) *k=1,2, ...)



Iruna k-ro nepmenankynaspa paBua
. 2n . 9n . 2m\k-1
Ly=d,_,sin ——=dsin— | cos— ) .
n . a n
{loanas anuna somawnofi w3 m sneabeB Gyaer
27 n 25 \? g \#-1]
dsin — | 1 4 cos — - | cos — cos— .
: n + n + n et n
Januna L Geckoneyno 3aBupaioimeficst JoMaHCN MNOJYYNHTCS] NPH Heorpa-

HHYEHROM YBeJHueRll M 0 BLPA3NTCA cymMoil ujenoB GecKoneuloii yGul-
Balolliefl reoMeTpHueCKall NPorpecci

25
€O sHAuenaTe]eM §==C0S—= Il NEPBLIM

. 2n
yaenom d sxn—Tl—:

. 2n
My 7t
L=d =d ctg—.
25 S
1—cos —
. i
[lpu yseauuesun n pansa L pacrter n
IPH  HEOTPauHUEHHOM  yDeJuuensi #
pacTeT HeOTpailiyenHo.
Puc. 7. 286. [Tepnoe pewmenne.

INycte  labcde—mnckosoe  wicao

(3zecs 6ykBH a, b, ¢, d, e o6o3ilayaioT

undpa  CooTEeICTBywiix  paspsios). OueBnamo, e=7, TaKk Kax

labcde X 3=abcdel. Tiocne yuuomenus 7 ua 3 Asofixa nepexoaut

B CJedyioiknil paspsa, nostoMy npounssefenve d X 3 j0MkNo OKauyi-

BaThest uugpoit 5. 3uaunr, d=05. Hueem labe 57-3=abec 571. Paccy:k-

RKas anaJori4no, paxomuM, yro ¢=8, b=2 u, uakouen, a=4. Hcko-
Moe 4icao ectb 142 857. _

Bropoe peweunne. [lyers cunosa labcde—uckomoe umncao,

TNonoxun abcde=x, Torpa wmckomoe uncao paeno 1034-x. [lo ycao-

BHIO -337124H KIMeeM
(10°+4x)3=10x}-1,
oTkyaa x==42857, Cneaosateasto, Bckomoe uicio 142 857.
287, Taxk Kak p zeanrcsa Ha 37, To MOXKNO NAMHCaTb
p=100a+ 100 + ¢=37k,
rae k—uenoe. QOuennano, aajee, yTO
¢=1006 4 10c+4-a=10p —999a =370k — 37-27a.
CnezoBatenvto, n ¢ pemurca Ba 37.
“Adanoruusile paccyikieinin APHTOIMH W ANA YHCAa f.

288. Hueem: A= n%-} (n 4+ 13+ (n 4 2)3=3n3-}9n2-}-15n-}-9.
OueBiaHo, ZOCTAaTOYNO DNOKa3aTh, 470 B = 3n3 4 15n=3n(n? }.5)
reanten na 9. Ecan n=3%k, k—uedioe, 70 B geaatest ua 9, Npu n =
=3k+41, n®45=9k%-4 6k-}6; npu n=3k-1-2, n2}-5=083 |
<+ 12k 4-9. B oGonx cayuanx n?--5 peanrtca Ha 3. Cnepomatenuiio, 85
Beex cayvasx B geantes na 9.

924



289. [Tepsoe pewenne. CyMmMy S, MOXHO NpeXCTaBHTL D
caeayiciueM BHJAe

Sp=n34+3(n 42+ ) —n=(n—1)-n-(n+1) 43 (24 1) .

Tepeoe cnaraemoe gesmtc Wa 3, TaK Kax oMo sBAfETCA BpON3Beje-
HHEM TpeX NOCHEAOBAaTENBHHIX WeAHX fHices (OAHO N3 HHX 00A3aTeaLHO
xpatno Tpem). Creforatennun, u S nenurea wa R,

Bropoe pemenne. Jloxa3aTeanCTEO NpoBeieM N0 WBAYKIHH.
Ilpn n=1 8;=12 pemmtca na 3. JlonycTiM, YTO npH KakoMm-muGo n
cyMMa- S; aemmtea na 3. Umeem: '

Sarr =0+ 1 +3(a+ 12 +5 (n-+1) +3= 5,43 (n*+3n43).

Cnezosatensuo, Sy, Takxke. Jeautcs Ha 3.

290. B ocroBannn nmipaMHiM IWapH YJOKEHH B BIIE PABHOCTOPOIN-
Hero TpeyrozbHika. flycTs CTOpoHAa STOTO TpPEYroNbHHKA COREPHT 7
wapos. Toraa B ocrosauun nupaMuan aexut n-t(n—1)4+(n—2)+4...

...+3+_2+1=ﬂ'—'2i1)- wapos. Cnenylouwmit, ‘stopoit caoil nupa-
MHAH COZEPKHT (n—1)+(n—2)+...+3+2—]-1=(—n—_2—l)—'3- 1Wapos.
M)Q(L——Q wapoB U T. A

Hocneznuii, camuil pepxmuft, caoil cocront u3 oavoro wapa. Bcero
o nupamune 120 wapos. Caenopatesnsio, :

a@tD), (ai—Dna , (r—2)(n—1) 2.4, 2.3 1.2

n(n41)(n42)
: 6

crp. 215), cneroparesbno, ANa onpesefenus n NoAyY2eM  ypapHenHe
) a (n+1) (n42) =T720. : M

310 ypasucnue- nMeer osepnpHoe pewenne n=_8. Jasa ortuckamusa apy-
THX pewenhil - 3TOro ypaBnenna nepernockm 720 B JieBy0 yacTb H HOJY-
yawuuitcst Tam MHorounen jeauM Ha n—8. YacTioe or genenns 6y-
ner pasHo n2-4+11n490. Tak Kak KOPHE STOr0 NOCCNEAHETO MHCrO-
qjeHa NeBelecTsenty, To YypaBHenne (l) ne uMeeT JApYrHx measx
pewenuil, Kpove n=8., Hrax, B ccHopanur nupamuaanbuoii ¢urypu

il

Tpernit cnofi nupaMuaRl COREPIKUT

ITpaBas wacTs paBescTBa paBna (cM.  3amany 266,

NEKHT 'ﬁéj-—l—):% wapoB.

291, Tak KaK 9HCJI0 WANOMHEHNEX AUIHMKCB DPaBHO M, TO YHCJAO
BNOXEHHLIX MUIMKOB - OyleT -paBro mk. Otcloga BLITEKaeT, UTO KOJH-
YecTBO BCEX AUIHKOB (BMecTe ¢ nepBuM) paBHo mk-} 1. CnenoBatessno,
9HCJO NYCTHX SUINKOB paEHo mR+1—m=mk—1)+1. -

8 B. B Jlnackud = ap, 225



IFEOMETPHUYA -
A. IIJIAHHMETPHA

1, 3agaqr Ha BHIYHCJACHHE

202. Tlposefem Ouccextpucy yraa A (cMm. puc. 8), Oua nepece-
geT cTopoiy BC B To4wd D H pa3sieauT € Ha . 4HacTH, UPONOPUHOHANb.

Puc. 8. Puc. 9.

ue b u 6. 3ameruy, aaace, 4to A ACD mnoaoGen A ABC, 1ak kax
yroa C y uux obwnit, a yron CAD papen yray B. Otcioga

AC_BC b _a
cp—ac "™ @ "o
bte
CaejoBaTteasHo,
a= Y b3+ be.
203. Myctb AD-—Guccektpuca mpsavoro yraa A4 b AABC
DE ) AC (puc. 9). Tax kak -

ADAE=-_;, 10 AE= DE.f-V_z.,

rae x= AD —~uckomag pauuna. Ouesiuo,

ED CE 2 Vz
- ,—E=C—A-,uﬂu VC -




Orciona

beV 2
b4ec :

294, B Tpeyromsuuke ABC (puc. 10) O ecTh Touka mnepeceueHHs
menuad AD v BE; AC=0b, BC=a. Haiizem AB=c.

=

Pxue. 10. ~+ Puc. 11,

Nycts OD=x; OE =y. HUcnoab3yst cBOfiCTBO MeXHaH, H3 TpPEyrofbe
nukos AOB, BOD n AOE Haitzem:

2

453442 =,24" y 4Axi4dyt=cl, 4x24-1643=al.
.Hckmouns x u Y, TOJyuHM:

: al4-b2
. 5 ! '
YenoBug cywecTBoBaHHA TPEYroAbHHKA €O CTOPOHaMn @, b, ¢ npunm-
aor Big .
5(a+b)t > a4 b2, 5(a—b)? < a?4b3, .

[lepsoe HepaBencTBO, O4eBHANO, BHIIONHEHO NPH MOGHX @ W b, a BTO-
poe iipeoGpasyerca B caeayiomtee:

=

a’—%ab—[—b‘*‘ < 0.

: a

PemnB 3To BepaBEeHCTBO OTHOCHTENBHO T OKOHYATEJIbHO  MOAYIHM]
1 ..a
—_— —— 2.
7<% <

205, lﬂycrb ,ACD=/ DCE=/ ECB=a u CE=x, CD=y
(pue. 11). M nadwanu Tpeyromuuka ABC MOXKHO HAMHCATL CAERYIO-
" mHe TDPH BhpameHHs: | )
o SACD+SDCB='§' by sin a—lé—é- ay sin 2a,
SACE+S§CB=~;~ bx sln2a+-é— ax sina,
Baco+Spcs+Seca =5 by sina—}-%xy sinat-+ax sifia.
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Mpupanunpas Apyr APYry s csble 4aCTH STHX paBelicTs N yuuTLIBAA
yCA0BHE 331a4YH, NPHIeM K cHCTeM2 Tpex ypasueHuil:

2acosoc=x+a%, o
2bcosa=y+b-z-,
r_n
Yy =n
Pewus ee, noayuus: ’
= (n*—m?ab __(n*—m?ab
T n(bm—an) ' Y m(bm—an) "

296. OGoamayum uepes S nJomagp AaHRoro Tpeyroavunka ABC

(puc. 12) n noaoxKHM %:x. Toraa naowass AADE Gyzer pasua

x2S, a naowaaw A ABE pasna xS.
Ycaoswe 3agauy UPHBOAHT K ypab-
HEHHIO

BS—a1S 82,

pelIND KOTOpCe, NOAY4HiM:

V-

s

1

Puc. 12. r= )

H-

3ajaua paspenia, et S=44%, n fiveeT Jpa MM 0IMO paruicHue
B 3aBiCHMOCTH OT Toro, Oyder Jit S > 4k? unu S =4k? cootpercTBeHilo.

297. OGoanauns yepes S naowals AalHOrO Tpeyroashika ABC.
[Monyuennsle yKa3aHUmM B YCJIOBHH 327lawi NOCTPOCHNHEM TPOYTOJbHA-
xu ¢ naowagamu Sy, S,, S; nogo6ust A ABC (puc. 13). Iostomy ux
IJOWAAH OTHOCSITCSH KaK KBalpathl :
CXOACTBEHHBIX CTOPOH, OTKYIa

/Sy _AD ] /8 _EC
1’ S S

=7c =i’

l/g_ﬂ
S Tace

C0HHB 3TH  paBEUCTBa ROWIRM- 4
1o, wuafizeM:

S=(VS+VS+VSe

298. TpeTbio CTOPOHY TPeyrofbiiKa, PABHYIO OnyILeWHoll Ha Iee
pucote, ofo3nauny uyepes x. Henoabsys asa pupamenus 111 nasuiain
NaHHOTO TPEYToablHKa, MOJAYUHM YpapH2LiHe _

Lo ]/b—'r-c-i-x c+x—b x+b—c btc—x
—x2= . . . .
2 T2 2 2 2
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Peuns ero, Hafigem: ‘ .
x’=—é—(b’+c2 12 VRO —0). W

HeoGxoanMuM ycaioBHeM Pa3pemmMOCTI! 331Ul ABAAETCS YCJOBHE
3b%2 > b3}~ ct. (2)
Ecnu ono Bunonneno, To 06a 3nauenust x3 g (1) nonoxurensnu. Jlerxo
NPOBEPHTH, 4YTO RPH BunoAHenHd (2) OyayT TakKe BHIMOJHEHH Hepa-
BEHCTBa
b+e>x=]|b—c|,

MpHYEM 3HAaK PaBEHCTBA HMEET MeCTO TOJABKO B TOM CJygae, KOTAa
x=0. Tlocnenmee umeer mecto, ecau B (1) npn b=c B3sTe nepen
KopneM 3Hak MuHyc. Cnemosatennno, B ciyyae b=c 3apaua HMeer
€AUHCTBEHHOe pelleHHe

x='—2—: b.
_ Vs
Ecan b # ¢, TO TPeyroMbHHK CymIecTBYeT JMIIB B TOM CJyuae, KOrAA
BHINOJIHEHO HepaeeHCTBO (2). Pewns ero OTHCCHTENbHO — uaiiziem,
4TO OHO SKBHBAJNEHTHO C/IEAYIOUIHM HEPaBEHCTBaM:
2 1+V'5 ) @
1+V'6 2

Chenopatenho, NpH b #c CymecTBYIOT ABa TpeyroJbHHKa, ecan o6a
HepasencTBa (3) BumOJHEHH CO 3HAKOM <, H OAHH TPEYTOJbHHK, €CJH
xoTs1 Gl OAHO M3 HepaBeHCTB (3) BHINOJHEHO CO SHAKOM ==.

b
é-z'é

T 299, Cnadana npeanodoxnM, uto A ABC ocTpoyroawumit (puc. 14).
oraa

Sapc—SaB.ci=Sp.ac, +Scipa +Saca- )
Hmeem: :

Spic,= ABy-AC, sin A=— AB cos A-AC cos A sin A=

=—;- AB-ACsin Acos? A=S pccos? A
§ ananoruyHo
Scisa=Sapccos® B, Sa,cp,=Sapccos?C.

TMoacrasns st supaxenna B (1), nocne oueBnaHHX npeoGpa3zoBaniit
TIONYYHM:

SAanCl
Sapc
Ecm A ABC tynoyroavuwii (puc. 15), To Bumecro (1) GymeMm HmeTh: .

: Sapc+S84,8.c:=SBiac,+Sc,pa+Saica,
H, COOTBETCTBEHNO, BMeCTO (2)

=1-—cos? A—cos? B—cos? C. )]

Samicy =cost A +-cos? B Fcos? C—1. 3
Sapc .



Haxoneu, ecain A ABC npamoyroabhetil, To S4,g,c, =0, 470, Kak
JIECKO NPOBEPHTL, MojydaeTcd Takke H3 QopMya (2) uax (3).

Puc. 14. = Puc. 15.

300. 1) Ilycre BO n CO—GuccekTpucH BHYTpeHHHX yrJaoB A ABC
(puc. 16). Jlerko BHIeTb, uTo Tpeyroavhuki BOM u CON pasuoGea-
penunie. CnejgoBateqasuo, MN =BAMJ-CN.

2) 3apucumccts MN =BAM 4 CN uveer MecTo H B ciaydae BHeuw-
uHx GHCCeKTpHC.

8 8
# AM
il ) lf\
H
4 — Y]
7

Puc. 16. Puc. 17.

3) Ecan ozHa H3 GHCCeKTPHC BHYTPEHHSII, a JAPYras — BHEIIHAS
(puc. 17), TO H3 BHYTpeHHuX TpeyroabuukoB BMO u CNO Haxolim
MN=CN-—BM, xorga CN >BM, u MN =BM—CN, xoraa CN < BM.

Hrak, B 310M CAyuae
MN=|CN—BM]|.

Touku M 1 N cobnagaor Toabko B cayyae (3), ecau A ABC pas-
HoGepennuit (AB = AC).

301. Ilposeiem uepes Touky P Tpu OpAMue, NapalieibHue CTOPO-
HaM TpeyrodbHuka (puc. 18). TpH 06pa3oBaBWIHXCA TPeyroAbHHKA
(3aWTPHXOBaHHBE HA DHCYHKE) TaKkke NpPAaBHJBHBIE, H CyMMa HX CTO-
poy paBHa cTopoHe AB=a Tpeyroabuuka ABC. 3HaYuT H cymMMa HX
BuicOT paBHa Bucote A ABC, Tak urto

a}r—l_i—
2

PD+4PE+4PF=



-

Cymma BD-4-CE+ AF 'pasHa cymwe CTOpOH 3alUTPHXOBAaHHHX Tpe-
YrONEHHKOB, CJIOMEHHOl € CyMMOR MOJIOBHH 3THX XK€ CTOPOH, T3aK 4To

BD+CE + AF =%a.

CnegoBaTesbHo,
PD+PE+PF_ 1

BDFCE+AF V3

302. Ilyers O—Touka nepeceuenns meauan 8 A ABC (puc. 19).
Ha nponomxenun memuanst BE ornoxuM ED=QE. Ilo csofictBy

Prc. 18. h Puc. 19.°

_ ‘ 2
Mejuan créporst A CDO pasubl 7 CTOPOH  Tpeyrosbiitka, cocTasJen-

Horo W3 megnman. OGosnaunB nusowage mnocaeasero gepes S;, Oynem
HMeTh!

9 c
S1=+Scoo-
C apyroii cropons, A CDO cocrasie
H3 18yX, a A ABC—H3 wecTH TpeyroJys- 2
muKoB,  papHosenukux A CEO. [Ilo-. 2
sToMy  Scpo =% Sspce Caenosarenniio,
S, _E_ , r
Sapc 4 4 Y23 g
303. Ilycts ABC—pannuit  Tpe- ‘ Pic. 20.

yroasunk  (puc. 20). [aomaze A COB
pabua —-ar, a nJomans A COA pasna -;-br. CkaajuBas aTH  BeaH-
unRH ¥ Bupaxas naomaib A ABC no ¢opmyne Tepona, noayaum:

r=£—b Vop=a)(p—b) (p—0),
rae p=.%.(a+b+c). .
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304. [ycts R—paiHyc ONHCAHHOTO Kpyra B r—paldyC BRUCAH-
uoro. Torpa (puc. 21) AB=2R, a TaKxe

AB=rclg %—. +r ctg—g—._

Otcioaa /

a p_2R_

ctg 5 +ctg-§— . =5.

Kpone Toro, % %2341 u ctg (’-g-+-g—)=l, T. €.

ctg%- ctg %—

a B =1

ctg §+ctg 5

OTKYyJa
ctg—clg%:ﬁ

a
Crenonateanlo, ctg~2~ n ctgg- pacHul KOPHAM KBaAPATHOrO yparueis

x2—bx-+46=0.
OxonyaTte/ibHO NOJyHaeM:

a=2 arctg-%— , P=2 arctg—é—.

305. OGosnausM uepes a4 H b CTOPOHU  ASHHOTO MPSMOYTO.b-
KA H uepe3  @—yroJ Me:Kly CTOPOHGH CNHCaHHOro H  JaHHOTO

~Puc, 21 ’ Puc. 22.

npaMoyrosieiikon  (puc. 22). Torga CTOPCHL — CNHCABLCIO  NPAMO-
yroiniika OyiyT pabuil

accs g--bsing u asing4beosyg.
Ilo ycaonuio sataui
{acos p+-bsin @) (a sin ¢+ b cos g) =m?,
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OTKyAa Haftgem:
2 (m%—ab)
al4ht

YcnosueM paspewnmocTs 3asaun Gyger 0<<sin2p <1, uto pase
HOCHJIBHO CJIEAYIOIIHM HepaBeHCTBaM:

atb .
Vabsmeg ——.
Ve

306. Ecnu / AED=/ DEC (puc. 23), 70 Taxwxe / CDE=
= /DEC, otkyza CE=CD. CnejoBatensuo, E ecTb TOYKa mepece-
YeHHS CTOPOEW AB C OKPyXHOCTBIO, ONHC2HHON H3 UeHTpa C

sin2¢=

Y 4
T -
\‘\\ \\
~— \\
- N
- N
~ 4 ~
\\\ \\
\\\\ \\
IR SN
4 £ 3 7
Puc. 23, )

pamuycom CD. 3agaua paspemnmMa, ecan AB = BC, npudeM HMeeT jpa
pewenns, koraa AB > BC, u oo pewenne, korga AB==BC. (Touka E,
Ha DpHC. 23 COOTBETCTBYET BTOpOMY
peuerHio).

307. Doxopan cTOpoHa BuaHa H3
BEDIUMHE  HHXKHETO OCHOBaHHA MO

yraoM %(puc. 24), a cpenHsa JHHHS

paBHa OTpe3Ky oT 3Tofi BepUIHHH [0
OCHOBAHHS  DHICOTH, OITYWEHHOHM H3
TIPOTHBOMNOJIOKHOR  BEpIUHHH, T. €.

hctg%—. CiejopaTenbo,  MJoOMAns
Tpanenuu

S=h=_ctg-;.

Puc. 24.

308. Cepeaunu auaronaiefl E u F Tpameuun Jaexar Ha ee cpels

wefl aupmn MN (puc. 25). Ho ME=FN = -g—. CneaoBarenbho,

EF =—]p——a=

309. TTapannesorpamm cocrasieH 13 8 TpeyroJbHHKOB, DaBHOBEIH-
kux TtpeyronbHuky AOE. durypa (BQCbMHYrospHHK), MOAyueHHast my-
TeM YKa3aHHOTO NOCTPOEHMS, TaKiKe COocTaBleHa H3 8 TpPeyroJbHIKOD,
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paBHoBeankux A POQ (puc. 26). Tak xak 0P=-:-;¥0A (Mo cpoit-
crsy mMeanan B A DAE) n OQ;—% OE, 10’

1
Spoq=g S0k

CJle0BaTeNbHO, HCKOMOE OTHOLIElHE pasiio —=.

Puc. 25. Puc. 26. -

310, Ouesiano, uto KLAIN —napanzeaorpavy (puc. 27), nphuey
KL= —25- AQ. Caenopatensiio,

2 2 1 1
SkLun="5 Saqes= gy et =7ga*

311, Ipym ganuu Xopjam ¢ AdunaMn 2@ H 2b  COOTEETCIBYIOT
nenTpaiLHele YRIe 2o n 26, rie

sina=—o .sinﬁ——b—
TR TR
Hyry, paBuy 2 (& & B), crarusaer xopaa 2, rie
¢=R|sin(ak P)|= Rﬂ VR*—b* & _Ig_ VYV Ri—az

" Puc. 27, ) Puc. 28. -

312, Mckoman niowmazn pasua cymyve naomagelt zsyx cexTopon

c yraamt 2o i 20 (puc. 28) Ges yapoemioll NAOWAL TPEyrobiilKa
co croposamu R, r, d:

S=R*a+4rf—Rdsin -
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Jas onpegenenus yrnos o n f- nmeem ABa ypassteHus:
Rslna=rsinp,
R cosa-}-r sin p=d,

peurasi KOTopue, RaXoauM:

cosa=__d2'*'2§;';‘” ,
cosp= a2 '1'2’:1—--1?2 ]
Crexosatensio, | |
S=R* afccosi’*%ii - rtarccos iifiQ'_:d:_Ri_
—ra Y 1= (SHER)

313. IMycte K—Touka KacaHus ABYyX OKDYKHOCTeHl, HMelowHX pa-
AHYCW 7 M ry, H P-—ocHoBanHe NePNEHIHKYJAPA, ONYUIEHHOrO H3I -
uentpa 0, Tpertbefi okpywuocTy Ha 00, -

(puc. 29). Ilonowus- KP=x, OyjeM HMeTb:

AB=2V R*—x%, ( 0

Beauunna x onpeienseTcs H3 ypaBHEHHS

(R+-12—(r +x=(R+r)*—(r1—x)*

H paBHa x= ;;:’ R. Tloacrasus 3to 3ma-
1
yenue B (1), momyumu:
AVrry
AB—-T*_';I—' R- Pic. 29.

314, Ilycte Oy, O,—UeHTPH cOOTBET-

CTBEHHO OKpY»HocTel pagiiycoB R, r, a

O, —uentp Tpetbet OKpyxHocTH. Ilyctn y '
X-—pafiuyc TPeThel OKPYXHOCTH u P— | _=X 'J
TOYKa KacaHua ee ¢ auaMeTpoM 0,0, (c. <N

puc. 30). Ilpumenns Teopemy [Iludaropa
K TpeyroauhukaM 0,0;P u 0,0,P, q)no.rgl-

UM pPaBEHCTBO
0,03=0;P* + (Ozol‘l‘ V 0,05—0,P2 )* . Pic. 30,
Noacrasus cioza suavemna 0,0;=r+4x, OP=ux, 0.0, =R—r,
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0,0;=R—x, nolyyuMm YpanHenHe OTHOCHTEALHO HEH3BECTHOrO  Xx:
(r+22=2+(R—r+VR=2=12)".

Pewmus 310 ypasHenne, HaiigeMm

‘x=4Rr R—r

315, Mlycts 0y, 0,, O3~—ueuTpti Tpex PaBHHX OKpY:KHOCTell K
O—uentp kpyra paaswyca r
o (puc. 31). OGo3naunm  uepes
0,0:0, WIOWanbL A 0102031

&
Puc. 3l1. Puc. 32.

S o, p—nnomaze cextopa AO.B; Toraa hckomas naouwalb Gyaer
1 . N
S=-3(50,0,0,—3S a0;8—71")- m
Ecait R —o6uwuil paanye Tpex xpyros, To

R=YE (R,

01iiyAa
I
R—m‘f:(3+2y3)f.
Hanee, naxolunm:
so;o;os=%2RR V3=V3R:=3(124+7V3) r2,

SAO:u:(i)ﬂR"—- %(7+4V§) r

H no Gopmyne (l) okonyaTeIbHO NOJYyuaeM:
S= [12+_7 V:T—(—Qg- +2 V:T)n] r2,
216. I}ycm 0;D ] 0;0, (cM. puc. 32). HMimeem

‘ 00322 0,05+ 0,0% — 20,0-0,D — 0,03 -+ 005 —200,-D0,, (1)
TAC Olo;;:a-i", 0303=b-i-f, . 010=(a+b)—'a=b,
700'2==(a+b)—b=a.
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Monoxus OyD=x, 3anumeM BTopoe pasenctso (I) B Takofi dopme:
(a++r)2 43 —2x=(b+r)*+a*—2a(ab—x),
oTKyAa HafizeM, 4To

x=a
+ a+b :
Teneps nepsoe pasencrso (l) npume'r BHA YPaBHEHHA € OJHHMM Heu3-
BECTHHM 7
—r)p= ry245*—2 2=b ),
(@b=rf=G@+n 60— (at+ ST )
Pewns 510 ypapnenne, OKORYAaTENBLHO NOMYIHM
_ _ab(a+b)
T attab bt ,
317, OGo3nauum =epe3s @ H b paccrosamus aannoit ToukH A ot
AQHHLIX TpAMHX [y 0 [, a 4epe3 X H y—AnnHH KaTeToB HCKOMOro

= Z, - -} —.i
' r
Ig by
& .
Puc. 33. . Puc. 34.

Tpeyroabtuka (puc. 33). 3amerns, uTO %j:sin(p, %:cosq), 6ynem
HMETh NBA YPaBHEHHN:
a® | b2 1 2
wha=bL =~
IlpecGpa3oBas oTn ypaBHeHHsd, MpHAEM K CHCTeMe
xy=2k2, }

b2x2 - a%y? = 48,
Peutus ee, nonquu

x=;—-| Vi tab + ViE—ab |,

_y=—| V_k*—i—ab T Vi—ab |.

3agaua paspemuMa npu k’aab H HMeeT ABa pemenus npn k? > ab
H OHO pewlemie npH k2=ab..

318. Coessinns uempm xpyroa, HOAYYHM MHOTOYrOJBHIK, N0A0G-
Hult panomy. lleHTp noaytueHHOro MIHOTOYrONbHHKA COBMANaeT C HEHT-

pOM [laHHOTO H CTOPOHH €ro COOTBETCTBEHHO HapannensHel cToposayM
nangoro (puc. 34).
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MNycte r—o6umuii papwyc paccMaTpHBaeMuX Kpyros. Torjga c¢ros
poHA NOCTPOEHHOrO HAMH MHOTOYTOJbHIKA paBHa 27, a €ro nJjomajb
n
o=nrictg—.
£

MycTs, nanee, ﬁ=—“—(—n;——2)—-

HCKOMOIl NJOUaAK S «3BE3A0YKHY MH noayvyaesM BhHpaXenne

—BHYTPEHHHI yToJa MHOTOyrodbHuka. Jas

r2 14 7
=01l o B=nrectg ——n .
S=¢ n2ﬁ nrctgn‘n2[5
Jlerko nanee suzeTh (cM. puc. 34), uTo
2 re=rt z
g Tr=riE g

a

" otkyaa re=———————= W, CIeJOBATENLHO,
2 (1+tg7) |
S T
s a2 nctg "y -(n—2)—2—

T ' a\?
(1+13)
319. B c6oanayennx puc. 35 mueeM
e = 1 /% ~
ACGF:%_(FA-}-AC), £ CDB = (FA+4 ).

Yerupexyroasuuk DEGF 6yzel BIICAHHLM TOr1a M TOALKO TOTLa;

—

korda £ CGF =/ CDB, t. e. xoraa AC=BC.

Puc. 35. Puc.' 36.

820. Iyctb O—sepwina octporo yria & u Op—uentp kro kpyra
(puc. 36). Torma _

. @
1p=00gsin 3, Fp41=(004—ry—Tp41) sin
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. N - ]
rk+l'=fk--fk Sln'é- — fpyy Sl ?-
CiaiefoBare/IbHO, '
. . O
l—sm-g
Tty
r oo !
k I4-sin o

T. €. pajuycel Kpyros oGpasym reoMeTPUYECKYI0 [porpeccHio co 3Ha-
MeHaTeneM

l-—sin%—
1+ sin -021

321. [Tycts HaHMeHBUWIHA Yroi MeXAY OTPAKEHHHIMH JyuaMH H MJo-
croctbio P pasen o (pic. 37). Taxkoft yroa o6pasyer Ay, MPOXOAAIUI
yepe3- Kpafl 3epkasa C nocJe ORHOKPATHOro OTpaKeHHA B Touke B.

" Puc. 37.

ITo ycnosutio 3agaun CF || DA; caegosaremsso, [ZOCB=/0BC=aq.
M3 ycaoBus: oTpaxenua B Touke B caeayer LOBF=a. [loatomy
B TpeyroibHike OBF umeen: .

LBOF=2%, [OFB=180°—20—a=180°—3a. _
OGo3naunM paccTofHie OT 3epKaja 0 IJOCKOCTH yepes h, a paiauyc
ocBeweHHoro kpyra AD uepes r. Tak Kak paauyc 3epkana paseH 1, To

h

—:—l—=tg ol. : (l)

Hs rpeyroastika OBF no teopeMe CHHYCOB HaXOIuM:
sino
OF = sin3a ° .
B cuny nogo6us tpeyromsuuxos CBF n DBA BEICOTH B HHX MpO-
MOPUHOHANLHE . CTOPCHAM, TaK 4TO
AD - h+-sin2a”
FC— sin2a




nan
r __h-}sin2a @

sing  sin2a
1+ sin 3a ‘

Pewas ypaenenus (1) u (2) coaﬁecrno, HaXOARM:
re= 2 cos 2a .
2cos2a—1
TozcTapHe CIOAa A3HHYIO B 3ajjaue BelHYHHY o= 15°, noayunm:
’ ;o V8 _3+V3
V31 2
1

sin 2ot 2 1
{ U= = e — — D
& I--cos2a 1+ V3 2+ V3 2—V3,
' =

Hanee,

nostemy us (1) 'nonqux:
. _ /3
=t e vDe—yn=Xi=Ll,
2 2
322, Caeayer paccMOTpeTb pasiiyHHE Cayyan B 32aBHCHMOCTH OT

r
E€NHYHHL OTHOWERHS 'E' .

r —
1) - V2. OxpyirocTH He NepecexaioT Kpaipar, S=a2

V5 r
2) —i—él—z— < ¥V 2. Osesigho, B 5T0M ciayuze S=a2~—80,
r7¢ 0—NJom:aib 33LITPHXOBAHHOTO KPHBONHHEIIHOTO TPeyroabHHKa
(puc. 38). Hueem:
1 - 1
o=—a VY 2x—5r?
5 a V2i—5rig,
. X
rae @=arcsin—. Jlnn oTHCKaHHg X 3aMeTHM, uTo
xVZ+Vri—a? =a,

OTKYR3 N
L a— r2—g?

Ve
- CrienoBaTeIbNO,

1 1 .. a—Y r$—gs
o=+ala— Vri—a?)—— rrarcsin—L 2,
2 2 rye . )
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3) l_ <= L < -Yi 3necw 'S—80, ‘TAe ‘G—IUIoMmanb 3aWTPHXO0-

BaHHOTO KpHBommeuHoro Tpeyronbﬂuka (puc. 39). Hmeenm:

0'—-.1.,2 __l._a__x
2Ty
rie
== arcsin z
@==arcsin .

2 . e
]/:L-(%)==%+xyb,
4r2—a? —a

7T

o= Lrrarcsin VA2 4 a(Vir—a® —a) .
2 2yer 8

3ameuasq, 9TO

RaXOAMM:

X=

CnejoBaTesbHo,

a - oL s a

Puc. 38. Puc. 39.

r 1
4) ?é—:. Hckoman nmaomaip pasHa HYJIO,

V2

323. Hmeem (cm. prc. 40):.

S§=8;+8;-+ S5+ Ss. Q)
Hanee,
Si_ 8 _ A0 '
5,5, = 0C

oTkyAa S3S8;=35;S;. Ho, ouesnno, mmeem -
83+SI=S,-}-SI,

TaK 410 S3=35; -H S;,=S,= VS,S',.‘
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‘Caezopateasto, us (1) moayuaes

8$=5,1+53+2V &S; = (V.§I+V§‘)z

324, Oﬁosnaqus yepes a, b, ¢,
AMMHBL  QHaroHalefl 4eTHPEXYroJhe
HHka (puc. 4l), no Teopeme Koci-

HycoB HMees:
nt=qa?{d?—2ad cosq,
ni=b?4-c%-}-2bccos .
Y] . g
. 4 5
S
A 7

s Puc. 40, Puc. 41,

d znuuum CTOPOH H yepea m, fi—w

O1¢cioaa
(bc+-ad)n? = (a3 +-d?) be +(b*+-¢%) ad = (ab - cd) (ac+bd).

Caejosateiibho,

Aunasoruuno maiiaes: i
a —r c
ab+cd (ac+bd)

[Tepemitoiun 371t pasexctsa, noayuus teopemy [lrodeses:
mn=ac-bd.

2, 3ajgauu Ha MOCTpOeHHe

325. Mycts O; 1 O, —UeHTPH! RAHHBIX OxpyxHocTeil. IIpoBoiuy
npsasyio 0,4 u uepes LUeHTp 0, BTOpONl OKPYMXHOCTH npsMyio, Napa-
Aenshylo 0y A, Kotopas nepece-
KaeT BTOPYI0 OKDYXHOCTb B
toukax M 1 N (puc. 42). Ilps:
Mas MA nepeceyer. BTOpYIO
OKpYyXHocTb B Touke P,. Tlps-
Mas OyP; nepeceuer Oy 4 B TOY-
ke C;. M3 noxo6us 1peyroasi-
kos MOyP; u AC,P, crepyer:

C,A=C,P,.
CreoBaTenbHo, OKPYRIOCTL €
Puc. 42. uentpon C; H pamiycon CA

asasnercst HCKomol, Bropoe pe-
IlesHe NOAyuaeTCA ¢ NoMOWbI0 TOUKH N TaK &Ke, KaK nepsoe ¢ ro-
Mowbl Toukd M, Ecan oaua u3 npasux MA naut NA Gyger xa-
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caTefbHOT KO BTOpOfl OKPYMHOCTH, TO OCTaHETCA OXHO pelleHHe,
a BTOpoe JacT STY KacaTeJpHylo (UeHTP OKPYXHOCTH B GecKoHey-
HOcTH), D10 6GyfeT TOrAa U TOJNBKO

TOorja, Koraa A "coBmaferT ¢ TOUKoit

KacaHHs OfHOM H3 uyeTHpex ofbumx Ka-

CaTeNILHHX K JAaHHHM OKPYKHOCTAM.

326, Ilyctb O-—uentp panuoft
QKpY:KHOCTH, AB — gauHas npsmas (puc. . N
43). 3anaua pelnaercss aHaJOTHYHO Tmpe- »
nunymeft. B opeM ciygae oHa mMeer -~
nBa peumtenus, Ocol6uMu cayzasuu 6y-
Ryt caenyiomme: 1) maunas npsaMast P
nepecekaeT OKPYXHOCTh, H JaHHag AN “
Touka A coBmajaer ¢ oiHOf M3 To- NS
Yex nepeceveHHst (HeT HH OZHOTO pe- - y 3
WeHHs); 2) Aanmag npsMas KacaeTcs
OKDYXHOCTH, a TO4Ka A He coBnajaer Puc. 43.
€ Touxkoft kacamua (OJHO -pemeHHe);
3) ZRaHnas npaMas Kacaerca OKPYXHOCTH, H TOouka A coBnaaaer
€ TOUKOi Kacamusi (6eCKOHEUHO MHOTO permeHHH).

LN
3

327. UYepes muentp O paHHOH OKDPYIKHOCTH NPOBOAMM INpSIMYIO,
TIepNeHNKYJNSPHYI0 X JanHOft npamoit [, mepecekaiomyio OKpPYXHOCTb
B Toukax M u N (puc. 44). Ilpamaa MA nepecever ! B Touke P,.
Touka C, ecth Touka nepeceueHHsi NepneHAHKyJaspa K I B Touke Py
u npsamoit OA, Hs mogo6ua tpeyromsnukos AOM u AC,P, cnenyer,

yro' CyA=C;P,. Crenosarensuo,
ik OKPYXHOCTb C lentpoM C, M pa-
auycom C;A  sABNseTCS HCKOMOi.
Bropoe peuwenne mnoayuaercs ¢ mo-
Motbio Toukn N Tak ¥Xe, Kak nep-
Boe c nomompio Toukk M. Ecmu
npaman [ He TPOXOZMT dYepe3 onHy
B3 Touek A, M, N n Touka A ne
coBnanaer ¢ M wm N, To 3anaua
BCErja HMeeT [Ba pelUeHHd.

INNyete A He cosnagaer ¢ M
na N; ecou ! npoxoaut uepes M
ua uvepes N, TO 3ajaua HMeer
OJHO pemeHHe (BTOpas OKPYXHOCTh COBRAajaeT C JaHHOX OKpyX-
HOCTBIO); ecay e I mpoxoAauT uepes A, To 3ajaua He HMeeT HH ORUOro
pemenns, ' ’

Nyets A coenagaer ¢ M; ecan ! ne npoxoaur uepes M um N, 10
33jaua MMeeT OfHO pemenne (BTOpPOE mepexoRHT B npamywo [I); ecan !
npoxefHT uepe3 N, To pemenneM GyneT JRaHHAf OKPYXKHOCTb, 8 €CJH
1 npoxoxur uepes M, To 3agasa uMeeT GeCKOHEYHO MHOTO pelleHHI.

Puc. 44.

328, Ha paunoit runorenyse AB==c, KaK Ha pauaMerpe, IOCTPOHM
OKPYXHOCTb ¢ HeHTpoM B Touke O (puc. 45). Ilpopezem OE | AB u
sna OE ornoxkum OF =h. Ilpsamas, napaanenmpHas AB H npoxopsuwas
yepe3 F, nepeceder OKpYXKHOCTb B HCKOMOA Touke C. 3agaua pa3spe-

c
muma,—ecau_hsf. pikiii:ite KateTos a, b mnafinyrea H3  cHcTemH
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ypapienudt

Pewns 37y CHCTEMY, NOMy4HM:

aﬁ+b3=c’" }

ab=he.

a=—;— (V E+F2hef V eE—=2ho), b=—;—(l/c2 +2hc— V c2—2hc).

¢
_____ Q
4

g

Puc. 45.

v}
4 8 [3

Pic. 46.

329, Bepem otpesok AB n na mpasoii AB ot toukn A p cropony
B otxaaawsaem oTpesok AE = AD (puc. 46). Crpoum A BCE na ocuo-
pay BE co cropouams BC u EC=CD. Ha orpeske AC, Kak mna
- ccnoauni, cTpoum A ACD co croponamut AD u CD. Yerwpexyrodo-
g ABCD uckomuill, Tak Kak o iMeeT gauuble cropoust u / DAC=

Puc. 47.

=/ CAE (tpeyroavuuky ACD u ACE
0. IOCTPOCHHIO PABIINLt).

330. Ilycts H, S, M —Toukn ne-
peceyenuss  BLICOTH, OHCCEKTPHCH H
MEIHAHLI COOTBETCTBeLHO C OMHCaH-
foit  oKpyxHocTeto K,  HMeiomedl
wentp O (puc. 47). IIposesem nps-
My10 SO 1 uepes H-—npsauyio, napas-
Jenpuyio SO, xortopaa BTOpoii pa3
nepeceyer K B touke A. [Ilposeaex
npsaivyio AM, xwotopas mepeceuer SO

.B Toyke P. UYepes P npopegem

NpaMyio, mnepineRiHKyaApHylo k SO,
KoTopasi _ NepeceyeT OKPYXHOCTb B
Toukax B u C. Tpeyromwunk ABC

Hckomslil, Tak Kak AH | BC, BS=3C

n BP=PC, 3a12ua paspemiima Toraa H Toabko TorAa, koraa /I, S, Al
ue JexaT Ha ofuoil npsmoil, Kacareabuast k K B Touke H e napan.
Aeabda SO, toukn [/ w M nexaT no pasutle CTopous OT npamoii SO,
1D He Ha ogHOM juaMertpe kpyra K. '
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" 331, A Cnyuafl Buemnero gacanna Hs toukn O nepe-
cevenus GHCCEKTPHC BHYTpenHax yraos tpeyronsuuka ABC onyctim
nepnenaukynspst OM, ON, OP ua crtoponsl Tpeyronbhuka (puc. 48).

Puc. 48, Pac. 49.

Torga AP=AN, BP=BM, CM=CN. CaegopaTesbHo, OKDYXHOCTH
pazuycos AP, BM, CN c uentrpamu B A, B, C Gynyr xacatbca apyr
Apyra B Toukax P, M, N.

B. Cnyuafi pHyTpeHHero xacannsa Hs Ttoukn O nepe-
cesenua Ouccextpucsl yraa C M GuccekTpHc RHewnux yraos A w B
onyctuM nepuneniuxyaspy OM, ON u OP
Ha CTOPOHH (HJH HA NPOJOJIKEHHSI CTOPOH) V.4
Tpeyronsuika ABC (puc. 49). Torza

AP=AN, BP=BM, CM=CN.

A,

CrenoBaTenibHo, OKPYXKHOCTH  Pajiycon
AP, BM, CN ¢ uentpamn A, B, C 6yayr
KacaThesl Apyr apyra B Toukax P, M, N.

Ewe Jasa pemends mnoayauM, OGeps.
GHCCEeKTPHCH  BHYTpeHHero yraa A n
PHemHHX B u C MAH EHYTpeHHEro yrJa
B n reumnx A u C.

332. Pewenne OCHOBaHO Ha CleAyio- Puc. 50.
meM CBOHCTBe: €clR BHCOTH fig n hp .
BnHcanHoro Ttpeyrosbnika ABC  nepece-

- KaloT OKPYXHOCTb B Toukax A, n B,, To Bepunna C peant ayry A,B,
nononawm (puc. 50). Sro caexyer u3 pasencrsa yraos £ A,AC u / B,BC,

KaXaufi M3 KOTOPHX paseH %—L ACB.

NocTpoenne. Yepes A nposoan npaMylo B AaHHOM Hanpas-
JICHHH RO MepeceyeHnsi C OKPYKHOCTHI0 B Touxke A,;; nycts B, —Ttouka
nepecedeNns BHICOTH flg € OKXPYXHOCTB!O; HAXOAUM cepeanny C Ayru
A,B; n nposoanu AC; nposoaum BB | AC; tpeyronvuux ABC c-

KOMHI. : :
Bropoe pemenite AB’C’ noayuutcs, ecan B3Ar, cepeanny C’ Bro-
poit u3 pyr A;B;. - - . :

~
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333, Cepeauny E ocuosanusi AB coeansuM ¢ Bepwurofi C o’ Haii-
Rex 104Ky Q nepeceuenus npamsix EC u AD (puc. 51). llpavas PQMN,
napaatenshas AB,—uckomas. Heit-

c £ 5 - CTBHTEJbHO,

PQ _AE_,
QM " EB™
otkyda PQ=QA; nanee,
MN _PQ
. CD CD'
otkyla MN =PQ. Bropoe peure-

HHe NOJYYaeTca C MOMOUbIO cepe-
auudt E' ocuosanns CD Tak xe, Kak nepsoe—c nomouwbio E.

Puc. 51.

334. Mycts xkBaipatr ABCD noctpoel, npuueM B—3ajaHias pep-
wiua, E n F—panupie Toyky (puc. 52). Bepwnuna D jpomkHa aexath
ua okpykHocT, nocrpoensofi ua EF, kak mna auaverpe. Ilycte BD
nepeceKkaeT  OKPYKHOCTB B TOY-
xe K. Toraa EK=KF, T1ak Kax
L ADIl = / BDC.

Moctpoeune. Ha EF, xak ua
AMaueTpe, MOCTPOHM  OKPYHMHOCTE M
#3 ec LeuTpa BOCCTaBHM [MeprCHIH-
xyaap k EF Jo nepecevenna ¢ £
OXPYMHOCTLIO B TOuKax R u K’; co-
el 8 ¢ K u npogoaxum BK o
Lepecederis € OKPY/KHOCTBIO B TOY-
ke D; npopelem npsmuwe DE u DF
H wepes TOUKy B—nepnemiuxyaap-
uwe K nuM BA u BC. ABCD —ucko-
Muii Ksaapat. Btopoe pewenie noay-
YHM, HCOOAb3ys ~ ToyRy K'. 3asaua
BCEerja HseeT JBa pelueHis, KpoMe
TOro cjyyasd, Korla Touka B JexHT
Ha OKPYAKHOCTH C JuaMerpoM EF.
B atox nocaeinenm cayuae 3alaya pelie-
mifi e umeeT, eca Touka B e cos-
nanaet ¢ ojuoi u3 touek K, K'.

A

333. lepsoe pewene. Mpo-
soan AD || MB po nepeceyenus c
npojomkenuer BC b Touke D (puc. 53).
Ha orpeske CD naxoaus Touky N
TaKyio, 4To0ut

co_,
CN ™ Puc. 53.

Mpsavan MN uckoMast, Tak Kak naoWaib Sgqpsl=SDBAM, Clei0-
Batenblo, Supc=Spac H M0 NOCTpoeuHo Sparc = kSN Alc:
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BTopoe pemenne moayuim, ncnoap3ya Touky N, Takywo, 4To
D .
==k,
ND
Torza
Sape _
SapN. M

YuuTeBas BO3MOMHOCTB aHaJOTHYHOrO MOCTPOEHHS, HCXOAUIEro H3
pepwiHntl G (BMecTo A), 7erko yGenHTbCA B TOM, uTO NpH k 7 2 3amaua
BCErja HMeeT /Ba pelleHHd, a NpH B ==2—TOJbKO OJHO.

336, Jlna nocTpoeHHs JOCTAaTOYHO a3naTh Bucory A= KL npamo-
YroJbHHKaA, S

TMycts npasoyroabuik KLMN  uckomuit, KN nexur na AC
(pnc. 54), Ecan nepemeumats Bepuunny B napaniensHo ocHosaugio AC
H COXPaHAThL NpPH 3TOM BeJIHUYHHY A HeH3MeHHOH, TO GyayT COXpaHATBCS
TaKXe BEJHUHHL! OCHOBaHHA H JHa- -
roHaaH npsiMoyroaenHka (n6o LM 8 5,
cocTaBafer Ty xe uacth AC, KaRyio =
coctapader BH —h or BH). 3Ha- -
YHT, | A1 HaXOXIeHHsl h 'MOXHO - -~
Zanuell TpeyroasHek ABC 3aMeHHTB P 4.1 N\p
MoGEIM JPYTHM C TeM JKe OCHOBa- o~ _
nnem ' AC M Toil xe phicoToi BH. - AN
YnobHee Bcero B3fITb TPEYTOJBHHK z ~
C NpaMHM YIJOM NPH OCHOBaHHH. 4 7 7 v
Orciona modyuaem c/ieaywomlee no-
ctpoenne. [lpoBoaum depes B nps- Puc. 54.
Mylo, napamienbkylo AC, a depe3
C —npavyio, NeplneHIHKYAAPHYI0 K .
AC; 13 BepIIMHH NpAMOro yraa C pacTBOPOM HHDPKYAA, pabuuiM miuse d
AaHHONl AuaroHami, jenaeM 3aceuky L; na rumortenyse AB,; uepes L,
npoeofHM npsMylo napamnenso AC; Toukn ee nepecevenns L u M
co cropoHamn AB n BC sgBasiorcsl BepUINHAMH HCKOMOIO NIPAMOYrOJb-
nuka. Cuotpst mo Tomy, Gyaer mm BeicoTa Tpeyro.bnuxa AB,C, ony-
ulensas u3 C, Menbine, pasHa Hau Goaviie IauHoii seanunHn d, sapaua

GyzeT HMeT, ABa peuleHHS, OIHO

" 'HAY HH OJHOrO.

337. B pannuil yron pnumey
Jannyto okpyxuoctb. OT TOYEK Kaca-
"unga A n B ma croponax yraa or-
* JOXKHM 10 HANPABIIEHHIO OT BepIIHKLL
orpesku AC u BD, paBntle Aanuoid
cTopone TpeyronbHuKa (puc. 55).
Bnnmem B paHuuit yroa ero-
PYl0 OKpYXKHOCTb TaK, 9TOGH ona
Kacanach CTOPOH yri1a B-Toukax C m D, ITpoBeseM oflyylo KacaTeabuyio
EF K nOCTPOEHHHM OKPYXHOCTAM. JloKaskeM, uTO MNOJYUEHHHH TaKuM
obpasom A SEF ects HckoMuil. [las 3TOro JOCTaTOYHO ZOKa3aTh,
uro AC=FE, Herpyano yGemutsca B 'ToM, uTO nepuMetp A SEF

247

Puc. 55.



paseti 25C; ¢ apyroil CTopoHu, OH, OueBHAHO, paBeH 2(SA -+ ELH-LF).
Hrak, SC=SA+EL4LF, SA+ AC=SA+EF, 1. e,

AC=EF,

yTo U TpeGOBaNoCh AOKA3aThb. . )
SIcHo, uTQ 3ajaya HMeeT JBAa peiueHHs, €CAH OKPYKUOCTH He ne-
peceKaoTcsi, M OJHO,—eCaH OHM KacaioTcs. 3ajaya He pa3peunnma,
€C/IH  OKPYKHOCTH nepecekatoTcss. [lyeth o —JAauuuil yroa, r u R—
PajycH OKPYXKHOCTelf, a—faHHasi CTOPOHA TpeyroabHHKa, Paccrosiuue

MKAYy UCHTDaMH OKDY:KHOCTeii papio ; A5 PaspeiysMocTH 3aja-

C0S
2

4l TpeGyeTcs, uToOH

a
Rbr= .
71
COS —

2
Ho
o
R=r + a fg —2—
H, CNeA0BATENLHO, A0M&KIO OLiTh
3 a
2rtatg= T
Cos ‘—Z-
N
1—sin il
2r 2
—_—— .,
(0 o
2

338. Ilpoboaum OKpYXKHOCTH ¢ LeHTPOM B Touke B, Kacaiouryiocs
npamoii CD (puc. 56). M3 Toukn A (ecau A u B Jemart no pasuue
croponnt o CD, na u3 Toykn A’, cuMMeTpuuHoii ¢ A OTHOCHTEABIIO

Puc. 56.

1

CD, ect A u B aexar no oany ctopony ot CD) npopouin KacaTedbe
nyio AK x nocrpoennoit oxpysiiocti. Touka A, B rotopoit AK (nau
A'K) nepecever CD, n cctL nckoMan. JeficTsutessio,

/ AMC= £ KMD=2 / BMD.
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3. 3ajasn ma A0Ka3aTeNbCTBO

339. Ilycts BO—wmenuana B Tpeyroabhuke ABC; noctpoum Tpe-
yronvuuk ABC po napaanenorpamMa ABCD (pHc 57) Hs Tpeyrons-
Hika BCD umeem QBO<BC+CD ,

# TaK Kak CD=AB, 710
BO < AB;—BC )

" U3 A AOB u A BOC umeer:’

~ Bo+i2c- > AB,
30+%> BC.

CroxUB 3TH HepapencTBa, ROJYMiM:

AB+BC AC

2 2

340. [Tycre D-—Ttouxa nepeceye-
HAR  BoicoT, O—ueuTp onHcanuoil
okpyxHoctH, E n F—cepepunu cro-
pon BC u AC (puc. 58). Tpeyroab-
Hike ADB u EOF nopoGuu, Tak
kax [/ ABD=/OFE n [/ BAD=
=/ OEF (xaK yrau ¢ napai/e/bHbMH
cTopoHamu). CnenoBaTessHo,

BO >

341, Cw, pewenue sapayn 301.

342, Mlycts a, b, c—AJMHHH CTo- Puc. 58,
PO TPeyrosbHMKa, JexalHxX coor- -
sercTeenHo npotus yraos A, B, C. Hokaxem, uto aanna [, GHccek-
TpucH yraa A Beipaxaercs q)opMynon

.2bccos g 2cos:ﬁ;—
1A= [ —__+i . - 1)
b ¢

HeficTautensno, nuomans Tpeyroashika ABC pasHa
1 . l A1 . A
SABc='2‘ be sm A =75 clysin —2—+§-b1A sin =~

Orcrona cnenyet ¢opmyna (1). Amanornuno ans Guccexrpucs lp yraa B
_ mosyuuM dopmyay

: | @)
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l’chrb a>b "ror:xa LA> /B, 1 TaK Kak, KpoMe Toro, 0 <

A 7

<-—2-< 2 H 0< <5, T cos 5 < COS - HUrak, uncantens

apo6u (1) MeHpme wyucaunTena apo6u (2). Ianmee, 3HaMenaTesb -E--}--Z-
apo6u (1) Goawwe 3HaMeHaTeas 71—-}--6!- 1po6H (2), Tak Kak - > El- .
Cnegosarensho, 4 < Ip.

343. Hycts LCPQ =a, /£ PQC=p (puc. 59), Ilo reopeue CHHY-

COB HMEEM: -

RB _ BP PC_ CQ-

sina_ sin(ax--p) * sinp sina’
AQ AR

sin(@+p) smﬁ

Puc. 59. Puc. 60.

[lepeMHOKUB STH PABEHCTBA NOYNEHHO, MOMYWHM:
RB.PC-QA=PB-QC.RA.
344 Nycts £ AKB=0q, /£ AFB B, £ ACB=vY (puc. 60) HMneen

n
I+ B TaK Kax

o=

70

tg (f+v)= ] =1
1=

Orcioaa ﬂ-}-y:%‘- u a-]-ﬂ-{-y—_.—,%_}_%:f.,

345. BocnojbsyeMcs TeopeMoll, o6paTHofi Teopene rlncparopa-
ecal CywMa KBajpaToB IBYX CTOPOIl Tpeyroabuika paBia_KBajpary
TpeTtell CTOPOHH, TO 3TOT TPEeYFOJLHHK NpsMOyroJbHuil. B  Kamuo:
CV4Yac COOTHOLUCIHC

{@+b):+-h?=(c4-h)?

BHIMNOJHEHO, TaK KaK OHO IKBHBAJEHTHO OYeBHZNOMY PaBeHCTBY ab=ch.
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346, MMeproe pewenue. [lposezem AE Tax, utobut / FAC=
=20° u BD | AE (puc. 61). Tak kax ACAEw»n A ABC, 10
CE a

. a b'
2
oTKyaa CE=% H B_E=b_%.

C zpyrofi croponst, / BAD=60° B cuay gero

_V3 _b
BD=2"b, AD=3,

# 12K Kak AE=a, 10 ED=%—a. [Moatomy

se= Y/ (T—a) +25

2 / 3
% (-’l—a) PRI
b .\ 2 L I

Bossean o6e yacTi B KBazpat H cjenas ynpomenns, Hafiiem, 4To 3to co-
OTHOLIEHHE PaBHOCHJIBLHO JOKAa3LIBAEMOMY,

Bropoe pewenne. Tak kax
a=2bsin 10°, 1O fOKa3slBaeMoe coorHO-
HieHHe PaBHOCHJBHO CJefytoulemy:

148 sin3 10°=6 sin 10°,

sin 30°=3 sin 10°—4 sin3 10°,

Crezosarensho,

HIKn

Puc, 62,

MocaeaHee paBeHCTBO BHMOMHeHO B cuay obutedt dopmyast
sin 3e=3 sin a —4 sin®a.

347. B Tpeyrosbunke npoTHB GoJbluell CTOPOHBl JEXKHT GOAbUIHIL
yroa. Tlostomy, ecat B A\ ABC (puc. 62) .

AC < 2BM,

YTO PABHOCH/BHO JBYM HEPaBeHCTBAM:
AM < BM, MC < BM,

ZABM < [/ BAM, / MBC < / BCM.

TO
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C/I0:xHB 5TH HepaBeHCTBA, MOJYYHM: . K =
L ABC< / BAM 4/ BCM=n~/ ABC,
oTkyza 2 / ABC < n wan / ABC < -g—
AnanoruuHo paccmatpuBaloTes cayyan AC =2BM.

348. Ileppoe pewenne. fycrs QQ’ || AC n N—rtouxa nepe-
cevenus AQ' u QC (puc. 63). CniowHEMH XYraMd Ha PHCYHKe cG03HA-
_yenipl YrJIb, SHAUEHNST KOTOPHIX OYEBHAHSI. ‘

INokaxeM, 4TO
QP | AQ'. (1

Heiicteutensno, NC=AC; no AC=PC, ubo A ACP— pasuoGexpen-
uwiil, Tostomy NC=PC, caerosatensio, A NCP takxe paBHoGespeH-

BBl M 3HAUHT
. L CNP=/ NPC=80°

Orcioza yxe' nerko mnoayyaeM, uro / Q'NP=180°—60°—80°=40°,
n Tak Kak ZNQ'P=40° 1o Tpeyronvuuku QQ'P u QNP pasuu.

Puc. 63.

Orcioga caeayer (1). Teneph ywe scuo, uto / Q'PQ =50 1, caeio-
pareaso, / QPA=180°—50°—50°=280°,

Bropoe pemenne (cM puc. 64). Jlerko Buperb, Yro yroa
P=80° B ToM H TOABKO B TOoM cayuae, ecau A ABPw» A PCQ
(CNNOWHEIMM YTaMH HAa PHCYHKE OTMeueHH YIJ/bl, BEeJMYHHH KOTOpLIX
NpAMO CACAYIOT H3 ycaoBHil 3apayu). JlokaxeM, YTO 3TH TPeyrodbHUKH
neficTBiiTeabHO nOA06HH. llnsa sToro BBHAY pabenctsa yraos ABP u
PCQ asvctatouns npopepiuTL, ¥TO

AB _PB - . )
cQ cp’ '
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Honoxus AB=1I; Toraa u3 pasmoGespenHoro Tpeyroanunka CQB
nmeeM? - -
/4

2cos20°
C npyroii .c'roponu, TaKk Kak PC=AC, 10
. PC=2lsin 10°, a BP=1—2{sin 10°,
HogcraBus sTH Bupamenna B (1), npnaeM K pa-BHOCM.'II;HOM){ paseHcTBy:
4 sin 10° cos 20°=1—2 sin 10°. )
CnpapeanBoCcTs MOC/AEIHEro JIErKO COHAPYXHT, 3aMETHB, 4TO

sin (10 +20°)J;sm(10°—2o )=%___; 4in 10°.
349. Mycrs pan A ABC (puc. 65) Ha- npogomxenitn cropouu AC

ornoxum AD=c.- U3 - pasencrsa

at=>b2-+bc cnenyet: - 8

a b-l-c 2

5T a . 3
D10 03HaYaeT, UYTO TPEYrOJAbHHKH D Z v 7
CAB n CBD mnogo6ua H /£ A= :
=/ CBD. Kpome Toro, / B=
=ABDA—4DBA "CneoBaTessHo, : Puc. 65,
L A=/ BFt(DBA=2/B. :
350, [lycte OC —wmejuana B A OAB, Mycts Touka D nexut Ha

npogomkenns  OC, npuyeM OC=CD (cm. puc. 66). Tlokamewm,
uto AAOD=A 0A,B. ,U.e;’{cwmenbﬂo,

cQ=

sin 10° cos 20° =

4 A0=0A4, no nocrpoenuio. [anee,
" AOB,D—napamenorpaM\a, B cu.ny qero
AD=0B,=08. . Hakonen [ OA

=/ A;08B, 'raK KaK CTOPOHbL! STHX ymon

_ DB3auMHO neprnengukyaspus: A0 | OA; u

¢ 0B, | 0B no nocrpoenmio, a AD || 081
CaezoBatenso, A AOD=A 0A,B u nse
H3 CTOPOH OJHOr0 M3 HHX nepneHIuky-
JISIpHBL, COOTBETCTBEHHO, JBYM CTOPOHAM
Apyroro, IMostoMy TpeTbH CTOPOHM TaKxe
MePNERIHKYIAPHEL, T. €. OD | AB

e ‘ 351, l'lycrb ABC—ocrfgoyroanui’x
i Tpeyronmsuuk H AD €ro BH-
! . CoTHl, mepecexatoumHecs B Toyke O
-/ . - (puc. 67). Kaxauit H3 4eTHPEXYroJbHHKOB

. Pue. 66.' . . BDOF CEOD,  AFOE saeasetcs - BIH-
: CaHHBM ° B 1EKOTOPYIO CKPYXHOCTs, Ilo
'reopeue o npouaaeaemm cexymeﬁ Ha €€ BHEMIHION YacTb HMeeM:

AD.-AO0=AB.AF=AC-AE, BE-BO=BC-BD=BA-BF,
CF.CO=CA-CE=CB-CD. ’
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CJ0XNB 3TH PaBEHCTBa, TIONYYUM:

2(AD.A0+-BE-BO+CF-C0)=
=AB-.AF+BC-BD+CA-CE+ AC-AE+BA.BF4-CB-CD=
=AB (AF+BF)+BC (BD+CD)+CA (CE+ AE)=
=(AB)? 4-(BC)*4- (CA),

yTo 31 TpefoBaioch AOKa3aTb. B cayuae TYNoyroanHoro TpeyrosibiHKa,
npou3ssejenne, COOTBETCTBYloWee TYNoMy Yray, Halo B3fiTh €O 3HaKoOM
: MHHYC,

352, [lo ycaosHio b—a=c—b,
Ha a-¢=2b, Jlan BHYHCAeHHA
ppoussefieHs Rr  BOCMOAb3yeMcs
BHIPAKEHHAME I Ijowain S Tpe-
TOAbHIIKA 4Yepe3 Dpajanyc ONHCIH-
BOTO MWJH BIHCAHHOTO KPyra M CTO-

pouel. Mapectno, uro S=% besind,

o a
& Lo TCopene CiHycus sin A==

2R’

OTKYAa

Puc. 67. S= abe

m.

C npyroit ctopousl, S=rp, rae p-—noaynepuMerp. [lpupapusap o6a
BLIpAAiCHHST, GyaeM HMeTb:

abe
tR= I )
B ycaoBusx Aaunoil 3ajauu
a4-b+4c_ 3
p=—mg—=gb

ToacTasum 370 3nauenne. p B (1), nonyunms

6r R =ac.

383. llyetn z—anuna OHCCCKTpUCH, M, N—JAduIL OTPe3kos, Ha
KOTOpHe oHa AeHT ocliopaune Tpéyroabuuka (puc. 68). [lo Teopeme
KOCHHYCOB

a?=2%4-m?—2mz cosq,
b?=22+tn?42nztos .

YMHOKHB NepBOe H3 3THX paBelcTs 11a 7, BTOPOE WA m H CAOKHB,
HOAYuRM}

na2+mb’=(m+") (23} mn). )]
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- a b
B cuay cootnowenus = Mmeew:
mb na
nat4-mbd=na -'-‘——l- mb - =ab (m4-n).

Togcrasus 3to Bripawenue B (1), moayduM TpeGyeMoe pazencTso
ab=2z%4+mn.
B caysae a=b, m=n poka-
33HHOC DABEHCTBO 'BRIPAHAET Teo-
pemy Ilndaropa: a?=2-{-m3. -

o

4 £
Puc. 68. ' Pue. 69.

351. Mo ycnoguww BD=EC (puc. 69), Ecan M —roka nepece-
uenna BC u DE, 10 13 A BDM 1 A ECM uveem;

- BD DM EC _ ME
sing ™ sinB’ sing  sinC’

OTKYy A
DM _sinB
_ ME ~ sinC’
Ho B A ABG
sinB__ AC
sinC~ A8
CnepoBarensto, :
DM __AG
ME~ 4B

355, [lycte BD, BE n BF cyms coOTBeTCTBEHHO BHCOTA, GHCCEX-
Tpuca u mexnaua B A ABC, MNpegnoaoxny, uto AB < BC. .
Torpa

LA> LG, [CBD> /£ ABD,
oTKyZa -

 £CBD> -'5(4 ABD+/ CBD)=31- /B,

t.e. /. CBD > / CBE. 3nauntr, Guccektpuca BE mnpoxoiut BHyTpH
£ CBD u touka E newut mexay D n C,

- 255



AE AB - v
Dauee, EC=EC <1, A[f‘ < EC, ortkyaa
] AE <+ (AE+EC)=1 AC,
7. e. AE < AF. Bnaunt, Touka F aexut mexzy E n C. Taxuu obpa-
soM, Touka E Jemur Mexay D B F, uto U Tpe60Baiock J0Ka3aTb.

356." B Tpeyroasunke ABC
nyets BD—GiuccekTpuca, BM —
mMeAnaHa B BN —npsamasg, chuMe-
Tpuunag - ¢ BM ortHocuteasho BD
(puc. 70). Ecan Sapny u Sppgc—
IJIOWAAH COOTBETCTBYICWUHX  Tpe«
YTOJBHHKOB, TO .

>¢ 2S spny =xhg=ncsin £/ ABN,

%+ -
231?:Bc= ’—;J hg=
=ma sin é IHBC,

rie fip—BLICOTA, onywennan 13 cepuunkl B na AC, Tak kax / ABN =
= / MBC, 10 o1ci08a

Puec, 70.

X=

x+y ne
; L LL, )
AuaJorHuHo
QS.‘\'BC = !J"B= 213 sin A NBC,

1
2S apy =xT,y hg=mcsin / ABM.

Tak xak Z NBC=/ ABM, 10 orcioaa

_x+y na
Y=g "m
Hogeaus nounenno (1) u (2), noayyin:
‘ x_c
y  a¥

y1o 1 Tpe(oBaja0Ch FOKa3aTh.

357. Tpsvse AP, BQ u CR pasbusaioT Tpeyroabhiuk ABC na
wecTh Tpeyroashition: A AOR, A ROB, A BOP, A POC, A COQ,
ﬁ)ngfe“(P”C- 71). Tlpuenna TeopeMy CHHYCOB K KaxAOMY H3 HHX,

TyRaeM: '

AR _ 40 A0 _ AQ
sing " sin y’ sinf siny’
80 BR BP _ BO
SNy “sinfp +) | Sinp sine’
CQ Co CO CP

mzsinﬁ' sing  sing
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Hepeunomm noyNenNno BCe 3TH PABEHCTBA, HAXOMHM:
. AR.BP.CQ=BR- AQ-CP.

358. Ilycts K n O—uentpyt omucannoro n smircannoro 8 A ABG
¥pyrob # D—cepeanna ayrn AC (cM. puc. 72). Kamawmit n3 yrJos,

Puc. 71. ’ Puc. 72,

Z OAD w / AOD, pasen nosoBuie cymMbl YFaoB npi gepuwiinax A uw B
Tpeyroavunka ABC. Orcioza caeayer, yto OD=AD.
flo Teopeme o xopaax, nepecekailowHxcd BHYTPH Kpyra, ineeM

MO-ON=B0.0D.

Danee, ecnn OF | AB n FD—pnuametp, To Tpeyroanngi BOE w FDA
nono6usl, “otkyia BO:0E=FD:AD, tax uyto BO-AD=0E-FD uan,
Tak kKak AD=0D, BO.-0D=0E.FD. Cnenosateasuo,

MO.ON=O0E.FD.

TNoacragus B 3T0. pasencTBo 3Havenust MO=R-+4I!, ON=R—I,
OE=r, FD=2R, noayuns R2—[%2==2Rr, uro n TpeGoBanoch 10Ka-
3aTh. . :

359, [lepBoe pewenmne, [lycts ABC—pauunii TpeyroJblixk,
K,—Bnucannan okpyxsocTb patuyca r 1 K,—oOmucaHHas OKpYXKHOCTS
pazuyca R. [loctpoum Bcnovorareasnuil Tpeyroasuuk A, B8,C, rak,
uToGEl €ero CTOpoH! GblTi napaanedsusl cropoHaM A\ ABC u npoxoanan
uepes sepwunnst A ABC (puc. 73). IlpoBeiem Kacartenbible K OKPYX-
noctH K,, napanienbHsie cropoHam /A A;B;C;, pyKoBoICTBYsICh CJelylo-
wHM npaension: KacatenbHast A,B,, napanneawHas cropowe A,B,, Xa-

caerca K, B Touke, nexawefl ua Toft ke Ayre AB, Ha KoTopoil NeXHT
pepwiHa € M 'T.0 a1, OTpeskH NpoBejeHHLIX KacaTeJibhbiXx 06pa3ylor
A\ A:B5C,. :

Toraa A A;B{Cy nemut BHYTDH /A AyB,Cy 1 3TH 1Ba TpeyroJbHiKa
nono6usl. Ilosromy pamxnyc R’ okpyxuocTH, snHcanuoil 8 A\ AB,Cy,
e Gonbiue pagnyca R oxkpyxuocti Ko, Bnucansoil B A AyB.C,, T. e.
R'<<R; c¢ ppyroii. cTopoHsl, - OTHOLIEHHE -PAAHYCOB OKPYIKHOCTeR,

9 B. 5. .IIuAcxnﬁ uApr. 257



BUHCAHHUX B Nojobuue Tpeyroasuiuka A,8,C, 1 ABC, pasHo oTHoueHHIO

CXOJCTBEHHHIX CTOPOH ATHX TPeYroJbHHKOB, T. €. /ll Bl =2, Takuum

Puc, 73.

o6pasoyd, R'=2r, ConocTapias aTo pPareHCTBO C HepaBencTeoM R’ <R,
OKOHYATeNMbHO TOayYaeM: :
2r=X R.

Bropoe pewenue, Ilycte 7, R—paanycu BNHCaHHOR H ONH-
caunofl oxpy:xuocreff, S—nJoMaap JauHOrO TPeyrosibHIKa, p—TOJy-
fiepaetp, a, b—croponu, Toraa

r S labsinC__ 2RslndsinBsinC

RTpR=2 " pR  R(snAfsinB+FsinC)

Ho
sin A+ sin B+4-sinC= 2sin‘4'2*‘3 cosA;B—i-

. A+4-B A+B , . A+B A B _
+2sin 5 cos, 3 =4sin 2 cos 2 cos—2——
—-4cos—A- <) -L—g—cos-ci
= 7 53 2"
CneaoBaTelbHo,
I owtsind sin L sn S
R~ 2 2 2’
Bajaua CBOJNTCA K JOKa3aTeIbCTBY HEpPABEHCTBA
' . A . B c _1
sin - sin & sin—2—<§-

(cu. 3axauy 644).
Tperbe pewenne. M3 dopuyauw 2= R?—2Rr, no0ka3auuoil
B npejpayiieli sajaye, caelyer, uto R2—2Rr =0, otkyaa R =2r.

360. Iycts a, b—zaIHH KaTeTos M C—AJdHHa THOOTEHY3HL.
Cpacusp Aza pupamenis 518 NJOWAlN Tpeyroawilka, nmoayuaeM:

1 1
S=-2-(a+b+c) r;ghc,
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OTKy2a
S r 4

‘ Ve M
Tak xak a-}-b > ¢, To

r ¢

-’T < m=0,5.

Hanee, nepapencteo a?-+4-b2==2ab B cmay cootHowennn c?=a*+ b3
paBHOCHIBHO HepapencTey 2c2>(a-+6)?, wm a+b<<c V2. TMostomy

r c 1
—_— — =}y2—1>04
B™cyV2o2+e V2+1

361. Ilycrs A, B, C—yrau TpeyrosnnHuka, a, b, c—npoTHBoIEKa-
mue uM cropounl H P=a-b-4-c. TpeGyemoe cooTHomenne cieayer us
paBencTs

i akg+ bky -} ck,=Pr, m

(b-+0) kgt (c+0) ky+(a+b) k. =PR, @

CJIOHMHB KOTOPHE, NOJYYHM B
' katky+ho=r+R.

Pasenctso (1) BepHo B CHAY TOrO, UTO ero Jesast n mpasas 4YacTi
paBH:l yjBOeHHOil maomann TpeyrompHuka. [as pokasatesascrsa (2)
3aMeTuM, 4TO
ky=Rcos A, ky=RcosB, 8
k,=RcosC 3

bcoéC—l—ccos B=a,
ccos A+acos C=b,
acos B4-bcos A=c,

1 910

OTKYJa TOUJEHHHM CJOKeHHeM Mmo-
JIYUHM D2BEHCTBO

(b-¢) cos A+ (c+-a)cos B+
+(a-+b)cosC=P,

KOTOpoe mnocCje yMmHokewus Ha R
H ucnoss3opanus (3) cosnaiaer € (2).

362. Nycts A,B,, B,C,, CyA—
‘cpearue anHnn B N\ ABC, Az, Bs,
Cy—-cepenunn orpeskos AA,, BB;, CCy (pnc. 74). Toukn Aj, B;, C;
Jexar Ha cpeguux auuuax A ABC i npHToM He Ha KORNAX STHX JHRHN,
Tax Kak B NMPOTHBHOM cayyae 110 xpaiiHefi mepe onuwa u3 Touek A,, B,,
C, cosmana Gu ¢ sepmunoli A ABC. Tak Kaxk Bcsixas npsaMasi, He npo-
X01714as Yepes BepluHHH Tpeyroasuiuka A,B,C,, ne nepecekaer oxamo-
BPEMEHHO BCE TPH €ro CTOPOHH, To Toukn A,, Bj, C3 He Jexar na
oxHoll npaMoil.

g* 259

Puc. 74.



26%, Ecan hy—sucora A DON, hp—sucora A ABC, a S4p0. 4
Sagc—T70WaAH COOTBETCTBYIOWHEX Tpeyroashnkos, 10 (puc, 78)
Sioc ki OD AF
Sasc hg AB 4B
U auajorneHo

: Spon_BE Scon_CN
Sapc BC’ Sy CA
Caoxus 5TH paBeucta, NOAYHHM: :

AF | BE | CN _Saoc+Spoc+Saor_ Sanc

=l

BT BCYCA Sagc ‘ Sanc

Puc. 75, Puc. 76.

364, 1) Paccmotpum oxpy:uocts K’ paayca r’, BnHcauuyio

B KpaapaT, W npoBeseM K uelt kacateawnwe A'B’|| A8, B'C’ (| BG

, {puc. 76). Slcwo, uto A A'B'C’

4 nexutr BuyTpy A ABC, u mno-
//{,»\ stomy A'C’' < AC. Taxk Kkak
7 A A'B'C' A ABC,

. r C
¢ \N 10 == < I, orkyma x=

J \ =2r' < 2.

/i z 2 2) PaccMOTPHM OKPYHNOCTH
W “ K" paanyca r", onucauiyio
AT ¢ O0KOMO KpajpaTa, W IpoBejeM
K Hell Kacarteasisnle A”"B" ]] AB,

Puc. T7. B'C"{|BC A"C"|| AC

ue, 77). Slcno, uto A ABC ne-

®ut  sHyTps A A'B'C" noaré.\pxy A"C" > AC. %ax Kag

A A'BC" A ABC,
AT 1 . :
0 = > 1, otkyna

x=y2r > Yr,
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.- 365. Tlyctb B A ABC Touka M, ecTn Touxa, mepeceyeHHs BRICOT
AA,,"BBy, CCy; P—uentp onncamsioro Kpyra paznyca R; Cyy A;, By—:
cepennnr ctopon AB, BC. AC; OM=0P; ON | AC; A, B, C3~—
cepeqnnnr AM, BM, CM (puc. 78). HoxaseM, uTo Touka O Haxoaurcs
na pasnoM paccrosunn or A; B;, C;, rpe i=1, 2, 3. Tak Kak ON —
cpeanas auung B Tpanemun MB{B,P, 1o OB,=0B, W3 noxo6us,
Tpeyromsunkos AMB w PA,B, wmaxomum BM=2PB,, nostomy
B,M=PB,. 13 napanieaorpamua S
MB,PB, nueen OBy;=08,. Ho

R
) 2
(xak cpeands JMHHT B TPeyro.bily-
ke PAMB). Caezosatensio,

0By=08B,=08,= X

033=—;-Bp=

Towno Tak e foKasmpaerest, yTo 4
0A;,=0A4,=0A4,=0C, =

Pue. 78.

366. B A ABC nycts AA,, BB,, CC,-BHCOTH, Nepecexaiomnecs
B Touke O, C,M{|B,N | BC, AP|IC,Q] AC, B,R|| A, S| AB
ne. 79). ) .
® 1) Hokawxey, uto SM || AC. Hueem A BA;A v BC,C xax npsimo-
yroasnue Tpeyroabuukn ¢ obumy octpuiM yraom ABC. Ilostomy

BA, BA

BC, BC' -

Caenosareasrio, A 4,BC,en A\ ABCn / BAC,=/ BAC. B A A,BCy
otpeaxn A;8 u  C;M—sucotn. [losTovy, nosTopus npegriny-

mee paccy:KleHHe, TNOKaXKeM, UTO
Z BSM = /BA,C,. CnenoBatessho,;
Z BSM=/ BACu SM || AC. Ana-
JI0rHYNO JoKasuBaercs, uto PN || AB
w RQ|| BC.

2) Hdas . JoxasaTeqinCTBa TOTO,
yTO0  BePWNHH  LIECTHYTOJILHHKA
MNPQRS nexar Ha ozHoil ORpyX-
HOCTH, JOCTATOMHO JOKa3aTk, UYTO
Mo6Lie yeThipe €ro Noc.JeA0BaTelbs
. Hble BepLHHbl JeXKaT Ha OAHOf OK-

Pue. 79. py:kHocTH, OTO' CJeiyeT H3 TOTO,
_ _ yTO uepe3 TpH TOUKH, He JexallHe
Ha OAHOI NPAMOfl, MOMINO. NPOBECTH TOJIBKO OAHY OKpYyKHocTh. HmeTes
UeTBEePKH MNOCJEJ0BATENbHLIX BepUIHH pPAaccMaTPHBAEMOr0 IECTHYroMb-
HHKa JBYX THNOB: TakHe, B KOTOPHIX Cpeinlie’ TOUKH JI€XKaT Ha pasiMxX
croponax A ABC (RSMN, MNPQ, PQRS), 1 Takue, B KOTOpPHX
c[}ap,n;i)e TOUKH JeKaT Ha oaHolt cTopone A\ ABC(NPQR, QRSM,
SMNP). ) . )
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Pacevotpiy uetsepkit RSMN v NPQR (paaﬂux‘ Tunos). M3 oue-
BH/HOIl NPONOPLUHOHAALEOCTI :
| BC, _ BO _Bd,
: BR BB, BN
cneayer, uro NR || 4,C;. Tloatomy
/. MNR=/ BA,C,=/ BAC=/ BSM.

8uaunt, £/ MNR+ / MSR=a u Touks R, S, M, N nexar ua oauoit
oxpyxHocTH. [lanee,
. PNR+ / PQR=n—(/ PNC+ / BNR)+

+n—/ AQR=2n—(, ABC+ £ BAC+ /£ ACB)=nmr,
oTkyna caeayer, 4to Toukn N, P, Q, R Takke nexar Ha ouoil

OKPYAHOCTH. Anasoruyuo ApPOBOANTCA A0KA3aTCIbCTBO A OCTaJbHLIX
YeTBEpPOK.

367. Iycts A;, B;, C;—TOu4KH Kacauus BOHCaAHHOrO Kpyra co
croponamu A ABC, D—uenrp BOHCaHHOIO KPyra (puc. 80). Tak kak
OTpe3KH KacaTejbHbiX, [POBEJEHHBIX H3 OJHOH TOYKH K OKDYIKHOCTH,

paBibl, TO
CA,=CB,, BA;=BC;, AB,=AC,
Kpowue Toro,
DB,=C4,, B,C=AD.
ChejosarteasHo,

AC+BC=CA, 1+ A,B+CB,+ B, A=
=B,D+- A, D+ BC,+ AC, =2r +2R,

Fje r—paluyc pRicaunoro, a R-——paiiyc OMICaHHOrO Kpyra.

o

o £ £

Pue. 80. Puc. 81.

368. INyctb 8 A ABC yroa ABC npsamoii, BD—sricora, BE —Gic-
cextpica H BF —weaunana (puc. 81). Tax kax BF=FC, 10 / CBF =
= / ACB. Ho

/ABD= -g-—é BAD=/ ACB.
Caegopateavtio, / ABD=/ CBF u
/ DBE=/ ABE~ / ABD= / CBE — /CBF = /FBE,
‘YTO H,Tpe60BaNOCh A0Ka3aTb.
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369. Cumverpus B pacmosoxenun ABC n A,B,C, orHOCHTeARHO
meHTpa BOHCAHHOTO Kpyra O o3HadaeT, UTO COOTBETCTBYIOUIHE TOUKH
A ABC wn. A\ A,B,Cy nexaT Ha ojuoit mpsmoft ¢ O H HaXojdrca Ha
pasnon pacctosun ot O (puc. 82). B wacthocty, 0C=0C;, 0B=08, .
# BCB,C, —napannenorpamy; suaunt, BC=B,C,;. Ananrornuno AC =
= A,C,, AB==A,B, u A ABC=A A;B,C,. Paccuarpusas napasieno-

‘rpamvuu ABA,B,, BDB,D,, ACA,C, n ECE,C,, naxonnm, uto

AD =

=A,D,, AE=A,E,,a 13Kk KaK / A=/ A}, 10 A ADE=/\ A;D\E;.

Amanornuio A B\EKy=ABE,X n
A DC K==\ D,CK,. ’
Beezew oGo3nauens:
S—naomaze A ABC,
8y —mnomans A\ ADE,
S, —naomazs A-DCiK,
S;—naomaze A\ KBE,,
AB=¢, BC=a, AC=b,

hy, hp, hc——BHCOTH, ONyueHHLE H3
pepme A, B, G. Toraa

_ahy_bhp che

S=pr—7— 2 =75 Puc. 82.
Mycts AM —sBrcora B A ADE, AN —sucora 8 A ABC; Ttoraa
s _DE-AM
1= 9 ‘

H3 monobusa 'rpeyro:u;mmoa ABC n ADE naxoanm:

DE=2(ha—2r)
h g
CrenopaTensHo,

a2 o )’
s =a(h,;—2r)¢__ 2 T _r*(p—a)?
1 2h 4 - 2h 4 - s

Ananornuno

2 (p—c)2 2 (p—ph)2
8, =" (ps 0)  Sy=" (ps 2

Henonwssys dopyyay Tepona, noayuaem:

- 1% (p—a)t (p—b)f (p—efSH _ s
§2838382 = X ) =f“;;:r“.

370. B o6o3nauennax puc. 83 nmeex:
MA2=MO0*- A0*—2M0- A0 cos a,
MC2= )02 +7C0? +2MO0-CO cos e,
Tax xax A0=CO0, 710, ¢10XHB STH PaBEHCTBA, MOAYuA;
MA2 4 MC2=2M02 42401,

M
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Ananoruuio . . o
S MB2+ MD?=2M0?4-2803.
Crezonateasno, pasnocip

(MA? 4 MC2)— (M B2+ MD*)=2 (A0 — BO?)
He 3aBHCHT 0T TOJOKEeHHs Toukn Al .

371, INycts O —Touka nepecevenns
npavux A4, n CC;p (M. puc. 81). 3a-
Raua Oyler pewena, ecqad Gyael foxa-
82HO, 4TO "

/ AOB+ £/ AOB,=180".. (1)

- 3amernym, uro A CBC=A ABA4,,
7ak kak C;B=AB, BC=BA; u
/ CiBC =60° + / ABC= / ABA,.
Lustomy £ OCiB=/ OAB u ueru-
pexyroaniik OAC;B Bnucau B Heko-
ropﬁ'm OKDPYxHOCTL. CaefoBaTeqnto,
. . Z AOB=120°, Ananoruyno noxawkew,
uro Z BOC=120°, Ho roraa n £ AOC==120%, urxysa caeayer, uto
yetwpexyroaounx AOCB, pnucan B HEKOTOPYIO okpyxuoci, Ho or- -
cioaa creayer, uto Z AOB,; = / ACB,;=60. ostomy (1) sepHo.

Puc. 83.

K
Puc. 84.

372, B cGoanadenunx puc. 85 mwveem:
L PBR=/ ABC
P5_BR
ABTBC’

Nostomy A PBR W A\ ABC u anasoruuno AQRC(/)A ABC. Ton-
3yACH STHM, MOJYYHAM: !

L APR=/L APB— £ BPR=/ APB_ / pacC,

LAPRY L PAQ=y APB+2 ¢ PAB =n,
1ak 410 PR || AQ. Ananoruuuo poxaikes, 410 QR {| AP,

H

no3TOMY
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373. O6Go3naynM wepes hp, Ag H hp paccromuus or sepurnin B, C
n D napaaaenorpavsa o npasioft 'ACP‘(p‘u‘c.-86). ‘Torza uMeer mecto
chefylowee CBOMCTBO; HaiGoJblllee H3 3THX TPeX paccTosinil pasHo -
cymMe msyx Apyrux. Hanpumep, ecamu. AQ nepecexaer cropony. BC
(kak ma pue. 86), 1o, mposeis BE|| AO u CE ] A0, u3 paseuctsa
TpeyroasHukos BEC u AD'D uafizem: . ' . -

hD=hB+hC'

Anaaoriuno, ecan AQ nepecexaer cropony CD, to hg=he+hp;
ecau AO ue nepecexkaer cropon BC u CD, t0 hc=hp-+hp. U3 atoro
CBOACTBA AR cJyyad, [OKa3aunoro Ha puc. 86, cpasy caenyeT pamen-
€T80 144 nJjomtanefl TPeYroLHHKOB:

Saoc=S10p—S s08-
BooGue, ouesnano, moxHo nanmcats Gopsmyay
Saoc=IS40p £ SaoBl,

rie Geperca 3mak maoc, ecan ToukH ‘B u D Jexar mo oy cropony
or A0, u 3uak MuHYC, ecaH Touki B u D nexar no pasume
cToponu ot AO. :

Pnc. 86. Pue. 87.

IMosTopenne 3toro paccyxiaenna aas npasoi CO pvectro AO
NPHBOANT X aHAJOTHYHOI (opuyJe

Saoc=|Scop * Scon!| .
C TeM e NpaBHJIoM BHGOPA 3HAKOB, HO OTHOCHTENBHO mpaAmolt CO.

374, Hoctponn Tpaneuiio ABCD A0 tpeyroasuika AMD i coe-
auitim M ¢ cepenunol F ocuosanust AD (puc. 87). Torna

BC AD
ME=7,  MF=22.

CregosartedsHo,

EF=AD;BC
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375. Tlycte ABCD—aaunas Tpaneuns ¢ ockosanusmu AD u BC
nayers BE | AD, CF | AD (puc. £8). Muees:
AC*— AF*= CD*—FD?,
BDP—ED?*= AB*— AE2
Cnoxus stu pasencrsa, modyuHM:
AC - BD?== AB*4-CD* 4 AF* —FD* -+ ED* - AE* =
= AB¥4-CD*+ AD (AF —FD 4+ ED— AE)=
= AB*+CD*+ AD-2EF = AB*4-CD*+42AD. BC.

876. Tlycrs pana tpanecuwun ABCD ¢ napaaneabusiMu  0CHOBawi-
amt AD w BC, E—cepezuna BC, F—cepeanna AD n O—7touxa

SRS
AT fl\" 4// A 2

Puc. 88. Puec. 89.

nepeceuenns gHaronaaeit (puc. 89). Tpeyroavumiikn AOF u COE noioGuut
(370 caexnyer u3 noacCus Tpevroasunkos AOD u COB). Tlostomy
/L AOF = / COE, 1. e. EQF —upsvas.

377, Ilycte ABCD-—januuil ueTwpexyroanink n Toukn A, N
ABJ/SIIOTCA CepednuiaMi cTopon, cootperctsento, AB # CD (eM. puc, 90).
ITosepuen uerhipexyroibink AMND B IJOCKUCTH pPHCYHKa BOKPYr
sepwnusl N na 180° Torpa Bepwnna D cosnapaer ¢ C, a Bepwingt M,

Puc. 90.

A 3aitvuyT noaomenne M', A'. Ipn stom Touxkn M, N, M’ pacmoao-
KaTesl Ha oauoil mpsvoii i, kpove Toro, Oyzer Ml'A’ || MB it M'A’ =
=MB. Tlostomy MBA'M’ —napaasenorpavv n A'B= M Al =2MN.
Tax kax, nmo ycaosuio BCH AD=2AMN, 10 BC+4CA’ = A’B. Creao
patesnlio, Touka C aemur na orpeake A’B: 8 UpoTHBHOM CaAyu3de
B ABCA" mui mvean 6w BCH+CA” > A’B. Orcioga caeayer, 410
BC || MN || AD, 1. e. ABCD —1panenis.
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. 378. Halizem puipaxenne aJs nJjomagn dYeTLIPeXyroasniika gepes
AHaroHany § yron Mexay amaronaasmu. Ilycte O—Toyka nepeceuenus
Anarowaneit uetupexyromtuga ABCD n / BOA=a (puc. 91). Toraa
njowagbk JaHHOTO YeTHPeXYTroAbHHKa pPaBHa

Sapep=S a08+Scop+Sa0p+Spoc=
=+ 40-0B-sina . 0C-0D-sin o+

4+ BO-0C-sina-1 A0-0D sin = BD- ACsiric.

13 stoft dopMyns u caeayer cpaBepInBOCTh JOKA3IHBAEMOrO YTBED-
KIeHHA.

379. [lycts M —pBHYTpeHHAS TOYKA BHNYKJOIO MIOIOYFrOJBHHKA,

a AB-—ero ctopona, nanMenee yaanennas or M. Jlokamem, yTo OCHO-
. BaHHe mepneHAHKyaspa P, onywen-

8 noro w3 M na AB, aexur na AB,

a He Ha ee ppojoaxennn {puc. 92).
HeiictButeasno, ecan P jexur

¢ e AB, to MP nepeceuer Heko-
TOpylo cropointy [ MioroyroibHHKa

Puc. 91. . Pic. 92,

B TO4YKe , npHUYeM, B CHIy BHNYRJIOCTH MHEOTOYroJbliKa, M@ < MP,
Ho. paccrosune DM or M po ! menwme AMQ, a suaunt i Mesbue
MP, uto npotsBopeuuT BHGOPY croponu AB,

380. [lycrs AA;, BB,, CC,, DD,—O0uccekTpichl BHYTPEHHHX
yraios napasmenorpamMMa ABGD, ofpasyiolie B nepecevenn ueTbipex-
yroashuk PQRS (puc. 93). OueBnpiio,
BB, | DD, u AA, || CC,. Kpowe Toro,

£ APB=n—(/ BAP+/ ABP)=
=i~ (£ BAD+ £ ABC)=

s 54

1
=T - ? ﬂ=-;2—
Tak yto  PQRS—npaMoOyro.asuix, Puc. 93.
Tpeyroasuuxs BAB, n CDCy —pasuo-
Geapennsie, TaK-Kagk B BHX GHCCEKTPHCEHT NePeHIHKYAAPHL OCHOBAHHAM,
[Mostomy BP=PB;, DR=RD u, caefosatensio, PR | AD.
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Takum o6pasoM, PRDB,—rmnapannenorpaMM
' PR=B,D=AD—AB,=AD—AB.

381. Ilyers Oy, O,, 03, O;—neHTpH KBaApaToB, NOCTPOEHHHX H
cToponax napanaenorpamMa ABCD (puc. 94). Humeem:

v A 0,80, =/\ 0,00,
.TaK Kak O,B=0,;C, B0,=C0, u

H A ‘
/\ £ 0,B0,= £ MBN+E=
, A, 5
(]
V)

4 y T
' = LDCB+ 5=/ 0,0,
A 0.!
Caeposarensro, 0,0,=0;0, u
w £ 0,0,0;= £ 0,0,B+ £ BOC—
— ~ £ 0,0C=/BOC=%
Puc. 94.

Anasiornuko Aokaswisaercsi, uro 0,0, =0,0,=0,0; u
. 44
£ 04040,= £ 050,0,= £ 0,0,0,= 3
Caeposareasno, 0,0,0;0, —KkBazapar.

382. Ilycts AP, BQ, CR u DS —GucceKTpic! BHYTPEHEHX YI3C
yeThipexyroanuika ABCD (puc. 93).

Ilyets A, B, C, D— Beauyunnl 5THX ¢
yraos. Toraa 8
£AsD=a—La-L1p
£AD=a—5A—=5D,
ZBoc=a—Lp_Le. 4 ‘
2 2 \{ ]
C0HB 9TH PaBEHCTRA, MOJYYIM: Puc. 95,

£ ASD+ £ BQC=27—+ (A+B+C+D)=21— 3 91 =x.

CrenosatesnHo, Toukn P, Q, R, S nexar #a OAu0R OKPYXKHOCTH.

383. Nycts A w B—Touku KacaHusi, M -—npou3BoibHas TOYK
oxpy:xuoctH u MN | AB, MD | AC, ME ] BC (cm. puc. 96). loka
KeM, uro TpeyroapHUKH DMN w NME noao6uu. Ilas storo 3amerus
4T0 BOKPYr ueruipexyrosbHngos ADMN »n NMEB wmoxuo onmcar
OKPYAHOCTH, Tak Kaw

LMNA+ /£ ADM:%+%=3
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LMEB4 L BNM =342 =n,

Nostomy / MND=/ MAD n /£ MEN=/ MBN. Ho / MAD=
=/ MBN, Tak Kak KaxApliil H3 HHX H3MepAeTcs NOJOBHHON AYTH
AM. HUrak, / MND=/ MEN. Auanornuso ycrauaBi#BaeTcsi pasey-
ct80 /. NDM=/ ENM,

W3 nono6us Ttpeyroabuukos DMN u

¢ NME noayuaem
DM _MN
MN™ ME’
410 # TpeGoBatoCh 10K23aTh,
8

Puc. 96. Pue. 97.

384. TNycts ABC—pnncanuulf B OKPY/KHOCTb TPeyroasHuk, D—
TO4Ka OKpymuoctH, L, M, N -—ocrosanns nepnenanxyaspos (puc. 97).
Coepuunm ToukH M ¢ N u NV ¢ L u aokaxeym, uto yrawm ANM u LNC
paBHuL,

3aMeTHM a1 STOTO, uTO

L ANM=/ ADM, H
TaK KaK OKOJO yeThipexyronbHika M AND MoKHO OMHCAaTh OKPYIKHOCTS,
Io Toit e npuunge - .
: L LNC=/ LDCG; (2)
€ Apyrofl CTOPOHE!,
‘ L ADC=/ MDL. (3)

Hefictsutensuo, / ADC-+ / B=180°, Tak Rak 3TH 1Ba yrja B cyMue
ONUPAOTCA Ha MOJHYI0 OKpyXKHOCTh, B TO ke Bpema / AMDL+
+ / B=180°, rak Kak oOKONO ueThpexyroaetixa AMBLD moxio
onucate okpyxuocTh. Cnenosatensuo, pasesctso (3) cnpaseamiso. Hi
yepTexa sCHO, YTO B TaKoM cJayuae

L LDC=/ ADM,
a toraa u3 (1) u (2) BbiTekaeT PaBeHCTBO
L ANM=/ LNC,

KOTOpoe H 'rpe6onanoc1> AO0Ka3aTh.

269



385. JoxaxeM, uTo Kaxble IBa H3 Tpex oTpeskos Oy Ay, 0,4, 1 O34,
B TOYke HX mepeceuenusi Aejatca nonoaaM. Otciona cneayeT, 4TOo Bce
TpH YKa3adHbie OTpe3Ka NepecexaioTcs
B oguofi Touke. Hampumep, Rokamem,
uto otpesk# 014, v 0,A, B Touke nx
niepeceuennss B neasatcs monodam (cm.
puc. 98). B cHay paBeHCTBA OKpYK-
HocTel 3akmouaeM, uto 0,4,0,0—
pom6 u  0.A4,0;0—pov6. Ortcioaa
BHITeKaeT, 4To oTpe3kH 0,4, 00; 1
0,A, napannensusl ¥ pasuul. Ilostomy
0,14,A,0,—napannenorpaMM H  ero
auaronaan 0;A4; w 0,4, B Touke ne-
peceyenus B peasTcsa nononaM.

Puc. 98, 386. Ilycte OQ-—uentp Menbuueil
okpysuocTi (puc. $9). Torpa AK || OC,
Tak kak AK | BK u OC | BK. Kpoue toro, 0A=0C. CaezonaTeanito,

L KAC= 4/ ACO=/ CAO.

C4

N\

L

P é i

Puc. 99. Puc, 100,
387. U3 paccmotpenna pHc. 100 scho, uto
R—r R
r a’
8 3TO PaBHOCHJLHO PaBeHCTBY
1 1 1
TRt

388, Boamoxunl 1pn cayuas. Onn nsoGpaienu Ha pHe. 101, g, 6, 6.

B nepsom cayuae HenmoABIUKHEIE KacaTeJplikie Napajiesbiil, Yrod
a

C0D=a+5=—‘-2—, nostony CE-ED=0E?, 1. e, AC-BD=r?, rge

r—paiiyc oxpyxuoccti., Bo BTOpoM u TperieM cCayyasnx, LOALIYHCH

cGo3uayennyy, Jerko MOHATHHMI H3 DHCYHKa, Haxolum, uto atf +

i7=-g-, T. €. aiy:—g-—b, OTKyAa caeayer, uto A AOC
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nogobern A BDO 1t notoMy

Ac_os
A0 BD®
CrezoBatennbHo,
AC' BD= AOZ =r2,
' ~z
i D
0 -~
&'A\
E
A A
a)

Pue. 101,

389, Mycts M—Touka nepeceyeHnus B3AHMHO NepreHANKYIAPHLX
xopA AB u CD (puc. 102). [Mposezem AK||CD, Torga BK— auaMerp,
AK <CD u )

BK?=AB?*+4+ AK? < AB%*-CD?,
Hanee, KD=AC, Tak uTo0
KB*=BD*+4 KD*=BM2+DM24 AM2-CM2.

390. NMycte AC=CD=DB (puc. 103). Iposenem OE | AB.
Torna OE—spucota, a OC—wmeanana B A AOD. Tak kak 6hccexT-
puca / AOD nexnt mMexay meanawoll H BHCOTOR (cv., 3agauy 355), To

£ AOC < £ COD.
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391, TMycts AB—anamerp xpyra s E—touka Tie eceyenn
AD u BC (puc. 104). Hueey: - " Tiepeceueilia xopa

AE-AD=AE*+ AE.ED=ACY{ EC3 4 AE.ED.

& £ \
A /ﬂ 8
t

Pue. 102, Puc. 103,

‘l'lo CBOIICThY TepeceKaloulixest xop.x
- AE-ED=BE-EC.
TMostomy
AE-AD= AC?*+4 EC?*+ BE-EC= AC* -+ EC-BC=
= AC* 4+ (BC—BE) BC = AC* 4-BC*—BE . BC,

HJAH OKOHYaTe.blo
AE.AD 4 BE.BC = AB2,

i

Puc. 104. ) Puc. 105.

- 392, Tlyets A, B—janusie Toukit, O—UenTp AANHON OKPYHHOCTH,
- R—papuwyc nausoilt okpyxHoctH H r—pannyc paBubX  BRHC2UNLIX
okpysncctelt ¢ uenrpas Op n 0, (puc. 105). Toraa

R 0A 0B '

T 04T 0B
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Basp npon3soanyio NPONOPUINo, NOJAYYIHMS

04_08"
00, 00,°

Crenosarensno, 0,0,]] AB.

393. Iyets 7y H r,—paflycH NOJYOKPYKHOCTel, BIHCAHNHLX B
AABRYIO TIONYOKPYXHOCTE papuyca R (puc, 106). Tax kak R=ry--7,,
TO 3aWTPHXOBaHNas NJOMAlL pPaBHA

1 1 1,1
S =3 nR2—7 nri——? arg=- A [(ritre)—r2—ril=uarry.
Ho

. h,=2fl'2f2=4f1fz.
Crepnoparensio,

394. Ecmu npamas, coepunsiomas Toukun A i B, ne nepece»caem
ZaHHOfl OKpyxHOCTH, TO KacareabHue AC u BD MOXio npoBecTH Tax,

A

s N

Pa
ya \

Puc. 106. Puc. 107.

qT0 Touka HX nepeceuemus M Gyaer nexats na orpeskax AC w BD
(puc. 107). B A AMB nneen:

, AM4+BM > AB > | AM—BM|,
H TaK KaK .
AC > AM, BD > BM, MC=MD,
TO

AC+BD > AB > | AC—BD].

Ecan npavas AB nepecexaem OXpPYIKHOCTb, TO BO3MOKHH! B3 CJy-
gan; a) Xopjla, OTCeKaeMas OKPYKHOCThIO Ha MNpPAMOIi AB JIEKUT Ha-
orpeske AB; G) 3Ta Xopla JexNT BHe oTpeska AB. .

B cayyae a) (puc. 108) nmeem:

AB > AE +BF > AC+ BD,
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TaKk Kak runotedysst AE, BF B npaMoyroasHnX TpeyrosuHukax AEC
u. BFD Goabue rateros AC u BD.

B cayuae 6) orpesox AB nexur suytpi yraa CAC' (puc. 109).
Mposesem uepes B oKpy#HOCTb, KOHUGHTPHYECKYK ¢ aaHHofl, [Tycts

Puc. 108. Puc. 109.

oita nepeceder AC u AC’ b Ttoukax E u E’. Toria EC=BD u
AE > AB. Caejosateantio,

AB < AE=AC—EC= AC—8D.

395. Brezem oGo3nauenus (puc. 110):
L PCM=/ QCN=a, / NML=/ NKL=y,
L LCP=/ QCK =},
QC=x, PC=y, AC=CB=a.
[To Teopese 06 oTpe3xkax nepeceKaioUiNxcsl XOp OKPY:KHOCTI
NQ-QK=AQ-QB =at—x3,

Mpusmensns Teopemy cunycos K Tpeyroavtikay NQC u QCK, noayyaem:

___ xsina -_xsinf
Ne=Fme+prn ¥=my
Caeposarte.isiio,
0.0k Xisinasinfp
NQ QK—sinysin(a-{—ﬁ-{—y)—a il
OTKY 13
2 a?siny sin (a4-p+v)

sina sin f+4-sin y sin(@4-p+y)°
Auagoruuiio sutuncaseTcs

2__ a® siny sin (¢4-f-+y)
T sinasinft-sinysin (@+p+y)°

Taxnm oGpa3soyM, Xx=y.

274

Y



396. Ilyets By, By, By, By—cepeanun AYF AjA,;, Ay As, AsA,,
A4, (puc. 1Ht). Mycrs a;—peutpansunt yroa, COOTBETCTBYIOMNI

Puc. 110, Puc. 111

ayre A;B; (i=1, 2, 3, 4). Ofo3naunn uepes @ Yyroa, oGpasosainmii
orpeskamMn ByB3 n B,B,. Toraa

al+a3 +a;;+(l‘
q)=—————2-—'-—__ ]

a TaK KakK
2a1 +2a3+2a3+2a‘= 2.1,

bL
TO (p=—2—.

397. BuGepem Touxn A u B Ha soManofl TaK, utoln OnH Remtm
neprMerp Ha gge pasuue wacti. Tlycte O—cepennna otpeska AB,
npoBeseM OKPYMHOCTb C UeHTpoM B O ‘
paanyca %, rje p—noepumeTp BCed
aovanof. Jlokaixew, 4TO 3Ta OKDYX-
HOCTh }CKoMas. JlonycTum npoTHBHOE,
T. €. YTO CymiecTsyeT Toyka M JoMa-
HOIl, Ne:kamas BHe MOCTPOGHHOrO Kpyra.
Hauua toit wactu nomauoil, koTopas
cozepxuT M, ne Menbme, weM AM-{-

+BM, 1. e AM-}-BM<—;—’-. Ho
AM 4 BM =2M0, Pue. 112,

HeftcrenTeasto, 13 napainenorpamma AMBD (pue. 112) nmeem:
DM =2M0 < BM+BD=AM-BM,
Tak kax MO >§, 10 n3 Hepaeenctsa AM-+BM =2MO creayer,

yro AM+-BM > —’23- Toaywaenm np'onmopeque.
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398. Tlposejem uepes sepwmuy A jJauwnoro A ABC nmpamyio “AD,
NapauieIbHYIO :0HOit + 13 AaHKLIX MPAMBIX X W ¢ H HE .[epecexkaioulylio
TPEYroJAbHUK, H omycTiM 13 Touck B u C nepnenukyaspw BP u CQ
#a AD (puc. 113). IIpeanonoxuy, 9TO PacCTOAHHA BEPLWHH TPeyroji-
suka ABC oT npauwx x u y BHpaxaioTcs ueasMd yucaamu. Torga
gauue oTpeskos AP, AQ, BP, CQ taxike GyayT BoipamaTnCa UeLiMi
qucaavu. B cuay sroro

5P _c
tgLBAP-—-ﬁ— u V-t.géCA =40

OyAyT 4uCJIaMH paguofiaIbHEMH, 2 3HAYHT, GyAeT palHoHaAbHHM I
qHC0 :

BP_CQ

_ tg £ BAP—g /CAQ _ AP AQ
tgABAC_l-I-tgéBAPtgéCAQ_l_i_EEEQ'
AP 4Q

IlostoMy Heso3woxio, 4to6u / BAC=60°, 1ak kak (g60°=} 3
€CTb 4HCJO0 uppaunoHaasuoe. Caegosatessno, A ABC ue moxer Outoh
- MPasUILULIM. e : -

5 8 . 4,
i l : &
¢ a
A £ a 7 o
*] A Y 8

Puc. 113. Puc. 114,

399. [lycte npauste A8 u AB; nepecexawtcA B Todke O u
0D | AB (puc. 114). Tak kak A ABA »» A DBO u ABAB cn A DAO,
TO

O0D_BD 0D_AD
a AB' b AB°

Oreiona /1.1 AD +BD
L AD+BD
0D(7’*f7)“ a5 b
CJICQOBBTCHBHO, pﬂCCTOﬂHHe
ab
b=

He 3aBHCHT OT nojoxeuns Touex A u B (Mpu CoXpanenud Besnuny
a ub). .

400. Ecam K —rouka kacauua orpeaka MN ¢  oxpyxuocteo
(puc. 115), 10 BAl=AMK, KN_-—- N(_,‘, OTKYyAa

MN =BM+-CN, )
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Ho MN < AM 4 AN. Nostony o

2MN < BM4- AM - CN4 AN=AB+ AC,

J— ) . AT
MN<£%‘_A_C_

C npyroit croponw, AflefNAr’y n MN ;AM,;;;’( x;};”MN—rlmo‘re-
1y3a B TPeyrofsuuxe . Mostomy 2MN > AN+ u, B cany (1),
3MN > AN 4 NC + AM 4 MB— - AL
=AB+ AC. :
Cnezopateasbio, '
> ABEAC,
401, ‘Tlyers  ABC—paunni
Tpeyronbhuk, AB=BC, BO|| AC,
—UEHTP OKPYNKHOCTH, Kacaioueii-
ci AC; D v E—ToykH nepeceye-
ung sToit okpyxuoctn ¢ AB u BC:
{puc. 116). Mpopomxny AB 1o BTO- ,
Or0 NepeceyeHiss C OKPYKHOCTHIO -
g-roqxe E‘ Hoxaxewm, qTopFE_l BO. Pre. 115.
3amersm, uro / OBF=/ OBE, :
TaK KaK 5TH yIJH pasyel yrjau npH ocHOBamiH AC B Tpeyrom-
nuxe ABC. Hanee BF = BE; jeiicTuTtensho, ecan 6wl 6mao BF > BE,
’ To, OTa0EB Ba BF otpesok BE’==
=BE, Mu uMean O6bl DpasHbe Tpe-
yroasunki OBE n OBE’ w OE’=O0E,
yTo 1eBO3MOXHO, TaK Kak Touka E'
NEeKHT BHYTPH OKPYIKHOCTH paanyca
OE; anafornuno JOKameM, 4dTO lie-
Bo3MOkHO HepaseHcTeo. BF < BE, Ho
Gnccektpiica BO B paBHoGeapentoM
Tpeyroastinke FBE Jomxna O6uTb .H
BLICOTOfl, 4TO M Tpe6OBANOCHL A0Ka3aTh.

Nostony / DFE =—;— L ABC ne 3a-

Puc. 116. L BHCHT  OT noJOXeHHs Toukn O wna

" npasoit BO. Caezosaresiio, Beauqnua

ayri DE, nonosuuoft koTopoit namepsierca /-DFE, ocTaercs npit Kaue-
R OKPYKHOCTH NOCTOSHNOM. :

402. TMoab3aysice o6o3nauenusMi, BBEJEHHHLIMH NpH peuienHn. 3a)a-
an 324, naxoanm: -

_abtcd
~ bec-t-ad

be-}-ad

2 (ac+bd), M= e (ot bq).

Pazpenns nounenno st paneucma,‘nonyrlaem

n_abt+ead - o
 m betad o

7



403. TMycrs ABC-——npasuIBHLIA TPeyroJsuiK €O CTOpoHON a M ry,
ry, f3—pacCTosnHA oT Touki Al ONHMCaHHOf OKPYKHOCTH 10 BepwiHH
tpeyroavinka (puc. 117). Cuavaaa samernm, 49TO NpPH YKasakwHoM ua
puc. 117 nonoxenuu Toukn M Gyaer
- ry==rg=-rs.
JHeficreurennsHo, ecs OTJIOKHTD

M =r,, T0. noAyunTCs paBHOCTOPOH-
uuil tpeyroasunk BAMD. Orcioza cne-
#  nayer, uto / ABD=/ CBM, B cuay
vero A\ ABD =A CBM, 1ak.yt0 AD=
==rg. Ilpmvennn k¥ A BMC teopeuy
KOCHHYCOB, NOJYYHM:

Q% ==rf--r3—2ryry cos 120°=.

4 ¢ 2, 2
=f2+f3+f2f3.
. ] CnejoBaresio,

. R4 rs=(rgr+ri+ri=
Puc. 117, =2(ri4r3+ rory) =24t

8

v ———

404. Tlyett. croponia AB - vetupexyroasuixa ABCD mepecenact
OKpyHOCTB, a cropount BC, CD, DA kacaiotcs ee B touxax E, F, G
(puc. 118). Tax wak CE=CF u DF=DG, 10 1iepaBeicTBO

AB4-CD > BCH-DA
PAaLIIOCHILHO HEpaBeHcTsy
AE > BE + AG,
a 2T0 lepaBeHCTBO J0Ka3alo B pewe-

¥} & A
/ Hiik 3a3aud 394.
f
c
£
Y: £

Puc. 118. Puc. 119,

405. Mlycts cropona AD werupexyroisunka ABCD ne mepecekaer
okpy:xHoeTH, a cropourt BC, CD, BA kacawres ee B Toukax F, E, G
(puc. 119). Hepasencrso

AD+4CB < DC-BA

PADNOCHALEO HCPABCHCTDY
AD < DE+ AG,

K0TOpOe JOKA3aHO B PelleHi 3ajaun 394,
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406. Tlycrs R— paanyc RasHHbIX NOAYORPYRHOCTeN ‘ECN £y, T4y oeey
fn—PagnycH BRHCHBAEMUX KpPyrod, dy, dy, ..., d;—nx zuameTps

s

Pue. 120.

(pue. 120), To scHo, 9TO NpH Ge3rpauiyHOM BO3PACTalHH 7t CyMMa
dy+-dy+...+d, ctpemutes K R, T. e.

di+dy+ .o +datooo =R, )
Kpome Toro, nmeem: : .
(RbrP=REFR—r, * 2n=dy=is)
(R+’2)2=R2+(R_d1—f2)2, .2f2=d2=§%—_
__R R
et =gy Aoemen 0 =T
Hmeen: . .
(R+ry41)t=R24-(R—dy—dy— ... —dy—r1py 44 )% @
1o .

: 1,1 1
di+d,4-...+d, =(R (-l—-é+2—'3+...+m)=

] 11 1 ' 1 1 n
=R(1—gtg—g+Fr—ig7)=Rafi*

INozxcTapne 570 BHpaxenie B (2), nafizem:

N VAP S
+1 n+1 (n+l) (n+2)'

HMonoxup B pasencrse (I) R=1, noxyuim:

1 LI 1 e
l~2+2-3+"'+n(n+l)+'“"1'
407. Tlyers O—npenrp Guaanapia, B-—nepsasd Touxka oTpawenna
n C—sropas Touka orpaxennd. Ioxawxew, uro ecin / ABC £ 0, 10
/\ ABC pasuoGenpennuii -(puc. 121). Heiicronteasso, A BOC pasHo-
Geapennwit, 3nagut, / OBC= / OCB. Tlo 3akody oTpaienns (yrona
NajeHnst paven yray orpaxenus) / OBC=/ 0BAn / OCB= / OCA.
Mostony [/ ABC=/ ACB. CiejosarenbHo, uetp O ‘JexnT Ha
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swcore AD, nposegeuroit k cropoue BC, [lonomxensne Toukn B, b koro-
py©o Hal0 HanpasiiTb. WApHK, 4T0Gul Nocae oTpaxeuns 8 B u C on

npoue uepes To4Ky A, MOKIO PuKCH-
. popate 3azamneM yraa /BOD=q

Hueen: .
OD=Rcosa, BD=Rsina,
BA= L —
cos2(‘——a> cos 2a
2
Tak kax BO—Guccektpiica yraa B s
N ABD, 1o
BD_0D
8A 04
I
Puc. 121 Rcosa

—C0S 20 = —~——r— ’
. a
OTKYJ1a 1a7a COos L noJjydaem ypasileiue

cos"a—{«g&cos a—%:O.

Pewnis ero, uaiiges: /_
e R R\*,
cosa=—7o+ | (E) Ty

Bropoii xopeut orfpouen, Tak Kak 8 ciuay R > a ou naer 3uagelue
tosa < —1,

Ecant umu Teneps mpeinosioxiy, 410 [ ABC=0, 1o noayuus
BTopoe pewenne 3ajayu: Toukhw B # C uaxoasarcs na Koluax ama-
MeTpa, npoxoisllero yepes todxky A. .

408. [lycte S—pepuna nanuworo yraa «, A,—Toyka nepsoi
BCTpeyl Jyya ¢ 3epkaaoM, SBy—rta cropouna yraa, Ha KOTOPOIl JeXKuT
Touka A,, 1 SBg—apyras ero cropoua. [lociieayouiie TouKs BCTpeun
Jlyua co cTopoHaMi yria oGosnaumy vepes A,, Az, ..., Tak 410 NyTL
Ayua BuyrpH yraa GyjeT nmers sua Jomauofi AA,A,As... (puc. 122).

B uaupasienun spautennn ot SBy; k SB; nocrpoiv nocaejosa-
Teasno yras B,SB;, B,SB,, ..., pasume yray o=/ B,SB;. Ha cro-

poue SB, (m=2, 3, 4, ...) oTaoki oTpe3ok SA,,=SA,, (Touxn A,
1 A; coBmaaaioT) U JokaskeM, 4To Toukn Ay, A, ... JexkaT na oanoi
npsavoil. Jias 9TOro ;0CTaToyilo 10Ka3aTh, YTO Ka#ue TpH nocaejo-

pateabtivle TOUKH Am, Amer, Ams2 2emar na opuoil npamoit (Mu no-

aaraem 3zece m=0, 1,2, ...). lan storo saseruy, 410 AAmSAmer ==
= NASA L4+, B CHIY yero

LAnAmnS=LApAn S
Anagorinuno AAdnaSAmie=NAAy 11544, 4, 3Ha4MT,
LSAmnAmia=(LSAp1An s :
tlo n0 3axomy oTpaienus (yron UaieHHR pasen yray OTpaenus)
Z SAmH.Amfi_—?'é AmAmH.B'
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Cne;ionaTe:xbuo :

4 AmAm+IS+£ gA,n+|Am+a 4 A A,,,“S-F L A AI'I'FIB T

Taknm ofpasom, nyTs .nyqa—:xouauan "AAA,. .. —oKa3anca  paseep-

nyTaM B npamyio [ (AArAz...). Tak Kak 31a npsivan MOXeT nepeceis
QHWb KOHEYHOe YHCJO CTOPOH "SB.5. 10, c:xe;xonare.'xbﬂo uKcA0 OTpa-
memm .n)qa KOHEYHO, :

Pie. 122,

ﬂcuo ut0 ecan SB,—mnocse1nas n3 CTopoH, KOTOPYIO nepeceKaet
npavaz I, 1o ne < fB, a (n+l)a>[3 Takuy o6pa3zoM, yuc;I0 oTpake-
HUf PaBHO TaKOMy HeJOMy uyHCay n, KOTOpoe yJOBJIeTBOpSAET Hepaself
cTBaM.

n <E<"+"

Jlas Toro uTCGH BHACHHTE YCJI0BUA, NpH KOTOPHIX Jyd " MOCAe  He-
KOTOPOrO 4HC.1a OTpakeHHil CHCBa NpofileT vepes TOUKY A, noctponm
paa‘touek C,, Cs, ... TaK, 4yTo6nt Touka C, Obl1a cuMverpuyia rouke A
otHocuTe sHO SBy, Touka C, cumveTpiuna touke C; oTHocHTeabHO SB,
H T.. J., BoOGule, uto6u Touka Cp, Ob1a CHMMeTpiyHa Touke Cpoy.
oTHocHTedbHO SB,,. SlcHo, 4TO mMpoXoKzeHie .yua CHOBA uepe3s Tod-
Ky A paBHOCHIbHO NPOXOXKIeHHIO npaMoil [ uyepes .oy n3 Toue
Calm=1,2, ...).

Has anaautiueckofi dopMymposkit 3toro yeaosna eselen yrox
v=/ ASB, u 6yiem pa3auuate ABa cayvas:

a) Touka Cj, yepes KOTOpyl NPOXOAHT- npsMad I, Takosa, 4TO
k—uetHoe unC0;

6) touka C, TaxoBa, 4TO k—HeyeTHOE YHCIO.’

B cayuae a} (st0T cAvqau n3o6paxen Ha pHC. 122 rqe k= 6)
ya ASCk=ka Tak xax A SC, paBHoGeapeuuslil, T0

a ke
‘SACR=~2——?_.
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C apyroit cTopoiint, TOT e yroa pasey y-+m—f, caeiosaressio,

K kg
Ty =v+ta—p

OTKyZa
B—2y—n
k_.——a———. (0
B cayuae 6) Gyaem nmeTs
L ASCp=(t+1)a—2y
B, Kak Il Bulle, NpHAeM K COOTHOWIEHIO
. (k+1a—2
)
OTKyJa
P—=
1=t @

[lposeas paccyaiemie b ofpatiom nopaine, JerKo yCeliTuen
B TOM, 4TO BhnoMenue oinoro u3 cootHowenuil (1) wan (2) npu uenaom
3nayenuil & BJeyeT npoxoxaensle npavoit [ uepes Touxy Cp. Cuaejona-
TENbHO, JNyd CHOBA DNPOIiieT 4Yepes TOYRY A TOria # TOJLKO TOTAa,
Korga oiuo w3 uucea (1) wam (2) Gyaer uesuly 4eTILIM HHCJAOM.

4. TeoMeTpudecKie MECTA TOUCK

409. llcxovoe reoMeTpuuecioe :eCTo COCTONT K3 ZBYX Ay OKpyi-
nocteii: ayru BE ¢ ueutpom B cepeqiie C ayri AB 1auitoil  oxpyuc-
socTH # ayrt BF ¢ ueurpoM B cepejie
BTopoit ayrit AB paunoii oxpyauocTy, npHuem
EAF —xkacareabnias b Toyke A K Aauuoil
oxpyxuoctu (puc. 123).

HoxkasateanctBo. Ilycte N —
TOYKA HCKOMOrO TeOMeTPHUECKOro Mecra,
noayuetiias ¢ noMoulplo Toukil Af, B3ATOI
na mkneit ayre AB. Io noctpoeniio ANMB
pasiloGeIpennsli, oTKy1a

7P

Z

£BNA="/ BMA:%- / BCA.

Caezosateaniio, Touka N JeXKUT Ha OKpywH-

Puc. 123 © nocty ¢ uentpom C, mnpoxoisueii uepes

Toukt A u B. Jlanee, Touka N Joxmua

naxoznthen Buytpi / BAE, 71, e. ona Jemur na ayre BE oxkpymuocti
¢ uenrpoy C. Olpatio, ecan N aeixur ua stoil ayre, 10

1 = AL
5 LBCA=5 £ BAIA,

OTKyla caeiyet, uto / BNA=/ NBM u A NMB pasuoGeipeunii.
3uaunt, Toyka N noayyaercsi yKasaummM mocTpoemies. AHaloriuio
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NpoBOINTCS JOK23aTENLCTBO B caydae, Korga Touka M Gyjzer ua sepx-
ueft gyre AB. - : ) ) S

410. Hcxomoe reoMeTpyyeckoe MECTO COCTOHT H3 JBYX npAMEX !
ik, CHMMETDHUHO DPacCHONOKEHHHX OTHOCHTE/NLHO ofmero repucHAH-
Kynspa BB’ K jauHHIM NapajuIeseHEIM NPAMHM, NPOBEfEHHOTO ueped
Touky O. [Mpamaa ! npoxoxur vepes touky C nepnemankyaspuo k OC,
npuveM B'C=0B (puc. 124). :

A 8

\0
/
/
/
/
4
s
/
’
2

Puc. 124.

Hokazateascrso, MNycts M n N—rtoukH, nonyuexuwe mpsu
noctpoeHun ¢ noMousio cexymeii AA’. JlokazareancTso npoBeneM TOMBKO
nag toukn M (ana N oxo nposoanres ananornuno). Iyers MP | B'C;
torpa / OAB=/ A'MP (Kax yrawe ¢ nepnenAnKyJasSpRLIMH CTOPOHaMR),
ToatoMy npsmoyroabuue Tpeyroabunkn OAB n A'MP, uMeiompe pas-
uste runotenysst 0A u A'M, pasun. 3#aunt, A’P=0B==B'C. Or-
ciopa caegyer, uTo ecan E-—cepeauna OM, to touku M,-A’, C, O
Je:KaT Ha OAHOll OKpyxHocTH ¢ nedTpoM E 1, cnetosatensno, MC | OC,
T. e. Toyka M aexnt na npavoit I. Ofpatro, ecmn M -—kaxas-unbyns
Touka npsmolt [ /MA’O npsavoft, ] j :

10 A'P==B'C=0B, otKkyza cne- : 4t

JyeT  paBeHCTBO  TPEYTO/bHHKOB P
0AB n A'MP u, naxoren, paset-
ctBo 0A=A'M. Cnenonaresnsho, a
Touka M noaywaercs paccMaTpH-
BaemsIM TIOCTPOeHIIEM, . : U

411. B cayuae nepecexaroujuxcs

NPAMBIX HCKOMOE  reoMeTpHuecKoe Puc. 125,

MECTO. COCTONT H3 dYeTHpex orpes-

KoB, ofpasyiowtilx npaMoyroaeuuk ABCD, eepmunil KoTopora Jfexar
Ha BAaRHLIX NpaMblX [, m R HAXOAATCSH OT HHX Ha JaHHOM paCCTOSHHH
a (puc. 125). ) _

HdokasateanctBo. [lycts TOuka M Ttaxoma, uto MK | I,
ML | mu MK+ ML=a, rge a—anuHa naussora orpeska. IIposesest
vepes M npamyio AB Tak, urobu OA=0B u MN | OB. Tlycm
AP | OB n Q—rouka nepecevennus AP 1 MN. U3 pasencrsa AN =
= MN cneayer, yto MK=AQ 1, 3xauur,
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Creposateaslio, Touka A fABNSETCS Bepuunofl yHOMAHYTOTO HpsMO°
yroaviinka. To ixe BepHO It Aas Touku B, tak uTo M JeKHT Ha cTO",
poue sroro’ mpavoyroavuika., O6patno, ecam M jemuT Ha cropone.
5TOI'0 MPsMOYTOJAbHIKAE, TO, TPOBEAR paccyuientie B 06paTHOM MNOPAJKE,
noayyum, uro MK+ ML=AP=a. -
" Ecau janubie npavbie | W m napaszeseHul W paccTOSHIE MeKAY
HHMH PaBHO 1, TO HICKOMOE TeOMEeTPHUECKOE MeCTO CYLIeCTBYeT TOJLKO
TOTA3, KOraa a ==/, n npejcTanaser coGoil napy npaAMbLIX, Mapaliens-
HEIX  JaHHeM, OpH @ > A A Bclo nodocy Memay [ u om npu a=Ah.

412. B cayuae nepecexamomuxca NPsiMblx HCKOMOE TeoMeTpHHeCKoe
MECTO COCTONT U3 BOCBHMII TNOJVIPSMBIX, ABISIOUIMXCS NPOJIOKEHHAMH
CTOpoH npasoyroasiitka ABCD, ykasadHoro B pelueHnn 3aiaun 411

{pnc. 126). Joxa3saTeabCTBO aHBJIOTHYHO
p TOMY, KOTOpoe 1aHO B peluenui sroil

33nayl.

- Ecau ;aunpie npsyoie I ® m na-
pa,me,zbnu H paccromme Me;x(;xy HIIMH
pPaBio fi, T0 1LICKOMOE TeoMeTpluecKoe
A MeCTO CylIecTBYyeT ToJALKO TOFA3, Korja
¢ 81N a<:i, 1 npeictasaser coofi napy
- - N ~m NpAMEX, DapatieibblX " BaHub, npi
a < h §aw yacTh NJIOCKOCTH, JeKa-
WY BHe MNOJMOCH Mex1y [ o m, mpu
a=h.

Prc. 126.

413. Eean otpesok AB semur na npavoit I, a CD—na npssoit m,
TO KCKOMOE TFeOMETPHYECKOE MeCTO COCTOHT H3 HYETHpexX OTpPe3KoB,
obpasylouinx napaatiesrorpamyv PQRS, B xotopom ! u m-—inaronauy,
a nojoxeite sepunin P 11 Q onpezedserca ua cooTHowenuil

hpCD=a?, hgAB=a?, )

rae fip n hg—paccTonuna Touek P u Q ot npameix m n I (puc. 127),
HLokaszaTeapcTBO. 3aMemiy, YTo npiH (PUKCHPOBAHEWX [ H
m  HCKOMOe TeOMEeTPHYECKOE MECTO BIOJHE OlpeledisieTcs SajanHeM
anH otpeskos AB w CD u no- -
CTOSIIHOI @, HO He 3aBHCHT OT I100- S ot
JKEHHS STUX OTPE3ROB 1HA MPAMbIX [ 8
B m. [lefictBuTesHO, NpH  H3Me- ,,Af\
HeHHH 3TOro I10J10XKeHHsa NJaouiazi \
Tpeyroavuikos AMB u CMD ue
mensnotest.  [lostomy  ZocTatoulio
paccyoTpeTh yacTHRID c.ayuall, Koria
orpesxii AB n CD iuvelor ofuwuii Puc. 127.
Kouell B TO4KE TepeceueHus mnps-
MBIX [ i m. B aToM cayuyae oTpeaku AB u CD 6yayT CTopoHaMH Tpe-
yrOJbHEKE, TPeTbfl CTOPOHA KOTOPOro JEKHT B OIHOM N3 ueThipex
yraoB, ofpasyioutixcs npn nepecevemsn npampix [/ n m. Hanpuwep,
na pic. 127 cosvemennt kouumt A u C u TpeThell cTOpoHOH aB-
asercs BD.
Mycte M—7Touka LCKOMOro reuMeIpiyecKOro MecTa, JeiKalias
BiyTpi yraa BAD. Toraa naowmans A BAD pasua

Spup=I|Sang+Scrmp—Saspl={a—Saspl

)
/'/
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Otciona caelyer, 9to paccrosxne Touknt Al or npasoii 8D we
BaBHCHT OT ee nonoxkeHuss Ha npsvoii PQY| BD. Has touek P » Q
BhinonHenn cootHouweHus (1), ' :

O6parno, nycte M—karas-uubyie TOyka wa npavoi PQ, rpae
Toukn P u Q noctpoenuw cornacto (1). U3 coornowennis
AP SAPD . a? C_g SCQR__ a*.

AB= S sp Sagp’ CD ™ Scpp Samp

caenyer:
. AP _ CQ
ABTTD’

T. e, PQ]| BD. MNostomy
Sans+Scnp=3app+Semp=S.18p+ Sppp=S app=a*

CnenoBarentiio, Touka A NPHHALAEKHT HCKOMOMY reoMetpiues
cxoMy Mmecty. Ocrambubie cTopons napansesorpawMa PQRS nony-
Yal0TC aHAJOTHYHO MpH COBMEWeEHHH JApYy-
rHX KOHLOB OTpe3KkoB, a uMenHo: QR npu
B=C, RS npn B=D u SP npu A=D.

414, HcxombiM reoMeTpHUECKHM  MeCTOM
ABANETCS OKPYKHOCTb, CHMMETPHUHAS C AaH-
Holt OXpykuOoCTBIO K OTHOCHTEILHO jaHHON
xopau AB (puc. 128).

HoxasartenscrBo, [loctpoun B
okpyxknoetn K xopay AD | AB. Tflycts
/\ ABC snucan B K # M-—7ouka nepeceue-
HHSA ero BreicoT, Jlerko Bnaers, yto AMCD —
napannenorpamm: DA||CM kax nepnenauryas-
pot Kk AB, a DC| AM kax nepnesinkyjas-
pul ¥ BC (DG | BG, rak kag BD--anaverp
B K). IlosroMy Touka M JexnT Ha OKpyx-
oot K’, noaydaemoll 3 oxpyxHOCTH K
casHroM Ha paccrosuie AD B HanpapieHny
xopaet DA. $lcHo, 4TO 3Ta OKPYKHOCTb K’ CiM-
merpiuna ¢ K oTsocuteasuo AB. O6patio, Pue, 128.
nycts M—7ouka na K' 1 MC | AB. Tax,
kak MC=AD, to AMCD —napaanenorpaus n, 3uaunr, AM || DC,
Ho DC | BC, tak kak ABCD smucas B K n yroa BAD npsawmoil.
INostomy AM | BC w M-—Touka nepecevenus wuicoT B A ABC.
CnezoBatensHo, M NpHHAANEKHT HCKOMOMY TeOMETPHYECKOMY MECTY.

415. [Tyets, O—uentp 1 R—painyc XaHHoi OKpyxHOCTH (puc, 129).
FlcKoMLIM TeoMeTpHYECKHM MeCTOM 8BJfeTcg NpAMas [, mnepneHanKy-
nspuas k npamolt OA ' nepecekaiomas 3Ty npsAvMyio B Touxe B
Takoil, uro - .

. -
OB=(% (;)

Hoxasateascrtno. [lposesem ' uepes Touky M. mnpavyio
1] 0A, xortopas nepeceter npamylo OA B touke B. Tlycre
C — Touka nepecevenns orpesxa OM ¢ xopaok KL. H3 nojgobus
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rbéyronmumonn 0AC n OMB caeayer:

08 _ oM :
oc— 04"’
OTKYAQ
OM.00
.OB =~0x (2)

Ilo nocrpoennio KC ecTb BHCOTa B NPAMOYFOJbHOM TpPEYroJbHike
OKAM, caegoBateabHo, :

! : OM.0C=R2.

[MoictaBuB 370 BulpaxenHe B (2), no-
ayuuym pasenctso (1).

A . O6patno, nycts M — xakas-unGyab
04 J_ " touka npamoll [, mepneHaHKyaspHON
A k OA n 12xoil, uwto OB onpepeasercs
pasenctBoM (1). TlpoBeseM kacarteas-
nylo MK u KC_| OM. Ilyets KC
7 A nepeceyer npaMy OA B Touke A,

Torja, MOBTOPHB nepByl0 YaCTh JLOKa-

Piue. 129. 3aTenscToa, uailiesm, 4ro OB onpejle-

asercs dopmy.aoii (1) ¢ 0A’ Buecto OA.

Ortcioga nonyuny OA’=0A4A, 1. e. Touka A" cosnazer ¢ 4, a 370 o3na-
20T, 4TO TOWKA Al MPHHAATEHUT HCKOMOMY [EOMETPHUECKOMY MeCTy.

416. Iycts

AM _p

BAM T
Mposeaey Giccektpucsl AP n MQ zByX CMEULIX Y08 ¢ Bepuii-
noit M ¢ croponayu AiA n MB (puc. 130). Torza no cpoiictBy 6uc-

cexTpic GyaeM nMerTh:

AP p AQ _p
B=7 “Beq O
Orcioaa caelyer, 4To [OJOKeHHe To-
yek P u Q ue 3aBHCHT OT MOJOKe-
nug touki M. Tak kak, Kpome ToOrO,

> L

yA PMQ=i2‘-, To Touka M Jexur na

okpy:nocti K ¢ uametpou PQ.

QO6patio, nycTs Toukn P u Q mo- Pic. 130,

crpoestt coraacio (1) K —oKpys-

nocTs ¢ JuaxerpoM PQ. Ecan Touxa M JemuT Ha 3Toll okpyxiocTH,

T / PMQ.:%. Uepes touky B nposezeM RS || AM, Torza
AM_AQ _p AM_AP -p

BR=BQ=¢' BS~BP—g" @
oTikyaa BR=8S u BM—ueanana 8 A RMS. Tax sax A RMS—nps-
noyroapuent, 10 BM=BR u B cuay (2)

AM_p
BM ™ ¢°
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MosTomMy Touka M mpHRAZNeRNT PACCMATPHBAEMOMY TEOMETPHUeCKOMY
MecTy. : . R

Uro6u Bupa3uts nnamerp PQ uepes nauny a oTpeska AB u3
cooTHOImeENRI :

PB=AB—-AP=a——Z— Ps,
BQ=4Q—4B=F 80—,
HAXOAHM! .

PB=n g N BQ=an A »
F+q Q=273
OTKYy/a
2a
PQ=
¢ P_49
q9 P

Ecit pe==g, TO HCKOMHM reOMETPHUECKHM MecToM Gyjer, oge-
BUAHO, MepmeHAWKyasp x npavofi AB, nposegeHnuil uepe3 cepeauuy
orpeska AB

417, VickoMoe reoverphueckoe Me-
CTO €CTb nepneHpuKyasp K orpesxy AB,
npoBejleHHbt yepes ero cepeanny E,
¢ enGpomenHofl Toukofl E.

Hokaszareabcrso, Tpeyroin-
HUR ADB —pasroGenpennufl, TaK Kax
/ CAD= / CBD, u60 3TH yraa on-
paloTca B paBHHIX OKPYXHOCTAX Ha Pue, 131,
pamnrte ayru CD (puc. 131), IMoatomy R
Touka D nexuT Ra nepneHAMKyaspe K oTpesky AB, nposenenHoMy
uepes ero cepeimny FE. HaoGopoT, ecam B3ate JmoGyio Touky D ua

' 9TOM nNepheHRHKYJsApe, He coBma-

naomylo ¢ Toukol E, To. OKPyX-
HoctH, npoxoasmwe uepes ACD u
NS b BCD, pashu. 310 caegyer, .nanpu-
} Mep, 13 paBeHCTB

A 4 4

[f 8

cD__ CD
8 =3 == == [,
, T Temezamp o

/ ~ rpe &=/ BAD u p=/ CBD.

11— ¢ 418. Hckomoe reomerpnueckoe
A MEeCTO ecTb npaMad, NpoBeleHHasd
gepe3 Kakne-HuOylb ABa Pa3JHUHBIX

, NOMOXEHAST NocAeAHell BepiTHHEL

Puc. 132, Hokazateanctso. Ilycts,

nanpumep, ApB,CiDiEy—oaH0 u

A;B,C,D,E,—npyroe nonoxeitnst ReopMHpPYIOMIErocst MHOTOYTOMIbHEKA,
pepuiid A, B, C, D KOTOPOro CKOJb3AT COOTBETCTBEHHO HO IPSIMBIM
la, g, lcy Ip (puc. 132). Yepes mnonoxenns E, u E; nocreguel
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pepuniiel nposeiem npavyio I Ilycts sepuniia na npavoil I 4 sangna no-
aoxenne A, a ma !p—cooreercrByioulee noaoxenue D. Cropona, na-
paaaeavuas A,E,, nepeceuer. ! 8 Touke E’, a cTopona, napaiiennnas
D,E,,—ns 1ouxe E. Ilo nocTpoennio -

E'E, A4, BB, CC, DD, E"E,
ELE, A A, ByB, C.C, D.D, E.E’

OTKy1a
E’'E,=E’E,,

7. e. Toukn E’ n E” cosnajaior. 370 o03Hayaer, 4To IOCIEIHAS Bep-
wina Gyaer nexatb Ha npaMoit [ B Touke E=E’'= E".

OGpaTHoe oueBiAHO, TaK Kak naloxenne AePopMHpOBaHHOrO
MHOFOYTOJIbHIKA MO/KIO MOCTPOHTb, Hayunas ¢ mo6oii Toukn E na
npasoi [

419. Hckovoe reoveTpiyeckoe MeCTO €CTb OKPYKHOCTB, 11POXOsi-
man vepes KoHus xopiawl AB n oiuy n3 tovek AM;, noayuyaeMmbx yka-
33HHEM B YCJIOBHH  NIOCTPOCHMEM.

Noka3zareabctso. Ilpeana-
pHTEILHO BBeleM uexotopsie oGo3ia-
yenns. Haiilercs oino # ToJbko ojno
Takoe noaoxenite CyDy xopim CD,
koria C;D;!'AB wn Koria na Jaunoii
OKPYyAHOCTH K MO&HO BLIGPATL TaKoe
ranpasJiense o0xo1a v, P iBHie-
HIlH B KOTOpPOM KOHHUL X0p3 Oyayt
BCTPeyatLCs B 110C.1e108aTeILHOCTI
A, B, C,, D, (3101 BHGOpP MOKET ne
ObiTb  onpeledelinM TOILKO B Caye
yae paseuctsa AB==CD, xoraia nps-
mpte AC u BD napaaieavtiv), OGo3na-
yum yepes o Ty U3 ayr AB jauHoij
oKpyxkuocTH K, Ha KoOTOpoil .Jemar
toukn C,, D,, uepes B—pyryio ayry

Puc. 133 AB u uepes y—1y u3 ayr C,Dy, na

KoTopoii ner touek A, B. Hanee, o6o-

silayuy gepes A, Touky nepeceyenus npsuuix AC; 1 BD;. Toyka M,y

aexkut BuyTpn K. [lycte K|—okpyxuocts, onicannas okodao A ABAM,

(puc. 133). Jdokaxes, uto npit JioSoM CIBHEYTOM ROJ0AentH xopiu CD
Toyka nepecedenis npsvux AC n BD GyaeT naxointecs Ha K.

IMoxa - ofe Tousn C, D Jaewxar na Jyre «, Touka Al Gyzer paxo-
AHTLCS BuyTpi K, a Toraa

£ AMB = (B+1). M)

Ecau jke xoTa Gu olua 3 Todek C, D nonazer Ha ayry f, To Touka M
6yaer aexaThb BHe K 1t Toraa

Z AMB:%,—(::—\'). 2)

B nepsom cayuae M Jgexnt na ayre AMB okpysnocts Ry, Tak Kak
coraacno- (1) £ AMB ne 3asicut ot nonoxenia CD u, 3nauut, paseit
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Z AM;B. Bo BTopoM caydae, BBHAY TOTO YTO CyMMa NpaBHX yacrel
(1) u (2) pasha ' : o

1 ) NN,
-;2-(a+ﬁ);?-2n==n,

Touka M gemur Ha suewnell oTHocuTeabHo K ayre AB  OKpyRHO-
et Ky, Lot )

OueBnjHo, BepHo H ofparHoe, T. e, moGas Touka M OKpyKHO-
et K; MoxeT GuThb mojydeHa npH Hajde:kameM Boifope MOJ0XKeHHS
xopast CD. '

420, Ofo3nauny 1aHHYI0 OKPYXHOCTh uYepe3d O H Jauuyio [pRMy:0
yepes L (puc.-134). ITycts M -—BTopas Touka mnepeceyenist MpsMoit

¢ 0. Bo3svem Kakyio-Hu6yap
Irpoxoasinyio uepes Touku P n Q
OKpyxHOCTb 0O,, KoTOpasg mepece-
Kaer BTOpofl pa3 OKpyxHOCTh O B
Toyke R u npsavyio L B Touke:S.
TMycts N —pBTopas Touka nepece-
yenusa npsamoit RS ¢ oxpyxuoctsio O,

Hokawxeyn, yro MAN|L. Has
STOTO  BOCMHOJb3YeMCH - cJaenyiouieit \
n3BecTHoll TeopeMmoll TLTAHHMETPHH:
€c/IH JaHbl OKPYXHOCTB M Touka A,

Puc. 134

To Aas moGoit npamoft, npoxoxsuteit uepes A 1n mepecexaromefl 3Ty
oKpyKHOCTE B TOuKax A; H A,, npousseieHne otpeskos Ad;-A A,
ecTh BEMHUNHA MOCTOSHHAA, He 3aBHCAWasn OT Bubopa npavoil.
OGo3naunM yepes A Touky mepeceuennss npsmbix PQ u RS. Cua.
yala NpHMEHIIM YNOMAHYTYI0 TeopeMy K OKpyxuoct O, Touke A n
npame AP 1 AR, Taxk xak AP nepecekaer BTopoit pas O B Touke M,

a AR B Touke N, 10 .
. AM-AP=AN:AR. (1)

Tenepp npuMeHuM Ty Ke TeopeMy K OKpyxHocTu 05, Touke A
1 TeM xe npsaMuM. Tak xak AP nepecekaer BTopoil pas O, B Touke Q,
a AR B Touke S, 10 ‘

AQ-AP=AS-AR. @
H3 (1) 1 (2) caeayer pasencTso
AM _AQ
AN =4S @

Ha pasenctpa (3) B cHay Teopemu, o6paTHoll Teopeme O nponopuo-
HaNBHOCTH OTPE3KOB, OTCEKaeMHIX Ha CTOPOHAX YrJa NapasiiesbHbiMI
npaMeiMe, caeayer, uto MN(/QS, urto i TpeGoBanoch JOKA3aTh.

TakuM o6pasoM, aas MmoGoit ckpyxHocTH THna O, Touka N Moxer
GuTb onpejeneua Kak BTOPas TOUKa MNepeceuenHs NPsiMof, Mpoxoasuieit
uepea M 1 napaanensuoil L, ¢ oxpysuoctsio 0. 310 nocTpoetiie onpe-
AenseT Toyky N 01HO3HAYHO HE3aBICHMO OT BhiGopa oKpyKHocTi Oy.
CrepoBaTe b0, BCEBO3MOXKHbE MpsAMEIE -RS, mosyvaemble 119 pasanyHux
OKpyxHocTelt 0;, nepeceKalOT OKpyxHoCTb Q B TOyke N.

Hckmountesmsusie cayuan, xorza u3 (1) u (2) ne caeayer (3), a

* HMEHHO KOrja coBmajlaioT ToukH R H P uam Toukm Q u S nan xoraa
-PQIRS, MO:XHO paccMaTPUBaThb KaK npelejbHble AJs oOmero cay4as
W N0Jb30BATHC COOGPANKEHHAMH HENBPEPLIBHOCTH.,

10 B. B. Jluacknit » ap. 289



5. Haxoxpenine nauGoaplWinX ¥ HAUMCHBIUMX SHAYEHHIT

421, Ecan A—sepuuna npamoro yraa 38 AABC, a C u B naexar
la 3aj@HNLX napaliessHEX NpaMux &y it I (puc. 135), To

a b
AB:smcp' Sosg”

CrenoBatenbiio, nioimazs Tpeyroasiika ABC pasua

1 ab
SAm:—'Q' AB'AC='§in_2<'§°

Orcioaa caeayer, 410 S,ipc UPHMET HauMeHbee Siiauenie, paBuoe ab,
n
i =2,

7

\\/ﬁ\@\
e 7R

Puc. 135. Puc. 136.

422, Ecan R-—pamiye onucauuoll, a r— paguyc BIHCAHIOH ORPY-
socty {puc. 136), 10

_ o T oo
2R=r ctg-—2-+r cig (-4._.27).
3aMeTHB, YTO

ctg—g——i-ctg (%—%) =

o . T oo T .0 ,
cos & sin (-‘-1-—--5)—}405( ——2—) sin

)
= Y = =
. sin = s.m (—4--——2-)
.7 .
25"171' 9
= = ?
n 14 = T
cos(a T)_COST }/'2cos(a—--z) 1
nonywaemt .
R 1

—

r - = n *
¥V 2 cos (a—-—4 )—1
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uiHoft C TaK, 4TO NMOJNYYHJICA NATH-
yroasuuk  ABEFD (pue, 137).

Bemguna —R;- HMeeT HauMeHBIUEE 3HaueHHE, KOrjza cos (a—T ==
: . n b1 4
=1, T e (n cuny orpanngenns 0 < a < -5) KOrda g= ;B ITOM
caysae ’
r ]/-2—1 7 - 8 \\{ il 2
423, Ilycts oT nmpaMOYroMbHHKA ey }a,
ABCD otceuen TpeylomHmK ¢ Bep-

///// ) T

SlcHo, YTO HCKOMENI IIpAMOYFOABHHK 4 7 ¥
AB,C,D, 1OMmKEH HMeTb BepUINHY b1
C, Ha orpesxe EF, 3ajava cocToHT Pue. 137

B TOM, uTo6H HallTu RONOKeHHe
9TOfl BepLIRHBL

UroGu mafitn touky Cp, npojomkuM ctopoHsl AB n AD npsamo-
yroJbHHKA [0 NepeceueHns ¢ npoposxenueM orpeska EF, ofpasopas
Tpeyroasuik AMYN, Ilycts

AM=m, AN=n
BICI = AD1 =X,
H3 nogo6us Tpeyronsunkos AMN 1 D,C;N nveem:

CD,_ _n—x
m ~ n

H

.OTKYZA . .
ch1=§ (n—x).

CreposaTemsuo, s naowann S npamoyroabuuka AB,CyD,, pasuoft
AD;.CyDy, nonyuaeM BHpaxenue

Sx-—-ir:l-(n—x)x.

ITpeo6pasosas 3T0 BHpamenue X BHAY

-2 [5-(3-+)]

3aKmouaeM, uTo HanGojsluee 3Hauewne S OyjeT HMeTb TOrAa, KOTA3

n n
-2-—-—x=0, T, & IpH X=->, OGo3naunM uepes C, noJoixenie bep-

muBu Cy, COOTBETCTBYyIOIIEe x=—'21.

3amerus, yro eupaxenue (1) a1 S y6uBaeT ¢ BO3pacTanueM
—;—7— , T. & DpH JBHXKEHUH TOUKH C; ot toukn C, X Bepuwune M
MAH K Bepwinke F, HaXoZuM, YTO BO3MOXHE CJIEAYIUIHE TPH Cayzasg:
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‘1) Touka C, neutr mna orpesxe EF; toria sepuwiia C; HCKOMOro
npAMOYTOJBbHEKA coBnagaer ¢ C,. ’
2) Touxa C, aexur Ha otpeske AME; Torga C; uajo B3ATL COBHa-
natouteli ¢ E. ' )
3) Touka Cy sexur mua orpeake FN; torga C; Hajlo B3ATH coBna-
naiouieli ¢ F. - .
Octaercs HaliTH KPUTepuil Ads pasiuueHHs 3THX CJAYYaen ¢ MOMOLIbIO
LanHLX 8 YCJOBHMH 3ajaun BesnunH a, a;, b, b;.
Cnavana wuafizeM seauyuny n. U3 nogoGus Tpeyroaohnkos ECF
n-NDF nveew:
n—b _ b
a—a, a;’
OTKYyaa

n=b+2—; (a—ay). ' @

Teneps sameTum, yTo TOuka C, monajer BuyTpb oTpeska EF, ecan
BLINIOJHAIOTCS HepaBeHCTBa
b—b <x<b.

n
UO:lcraBHB Cl0za x=-§- C H3BECTHLIM 3HayeHieM n, MOJyyHM:
b b
b—b, < =+ (a—ay) < b.
1 < b +2'11 ( l) <

Dru HepaBeHCTBAa HeTPYZHO NMPeo6pa3’oBaTe K BHIY

a b .
-—l<a———<l. 3

Tlpn napywesuy Jnesoro nepaceucTsa Touka C, monajgaer uHa oTpe-
30k ME, a2 npasoro—Ha FN.

OKOHYaTeALHO MNoayyaeM CJAELYOMHT pe3yasTaT: €can L JaHHHX

a, b, ay, b; sunoaneny o6a HepasencTBa (3), To BepwMua Cy NpsmMo-

yrolsHHKA Hauboabliell niowagu JemKHT BHYTpH oTpe3ka EF, a cro-

_ o poOHa X 3TOrO DNPAMOYFOMbHHKA BLI-

[ yucaserca no ¢opuyae

cy, x—b-{—b(a a):

v 2 "2q, 1
€CJH  HapyWaeTcst Jesoe HepaBeH-
ctB0 (3), To BepwuHa C; coBnajaer
7 ¢ Toukolt E, a ecam npasoe,—T10

A 4 ¢ Toukoli F. »

Puc. 138, 424. TIlposeieM  OKpYHKHOCTS,

npoxojamyo uepe3 Touku A u B
H Kacaiouyiocd Topoil croponst yraa (puc. 138). Touka xacauus M Gyner
HCKOMOll, TaK KaK jAas ~moGofi 1oukH G’ ua atoil mpamoi yroa AC'B
H3MepsAeTcsi- noay pasHoctbio ayr AB u A;B,, toraa kak / ACB usme-
pReTCH nosopuuodl ayru AB.
3aserum  aanee, uto (0C)2=0B-0A. CnenoBatenbho, 3sazaua
CBEJACh K H3BECTHOMY [OCTPOCHMIO CPEAHETO TEOMETPHYECKOTO AJHH
ABYX AanHuX orpeskob OA u OB.
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425, PaccMoTpuM TpH BO3MOKHHIX CJAYuasi PacHOJNOKEHHS OTpe3Ka
AB éthocitediiio 1.

a) ABj}). Ias moGoft Toukn M npamoft I nveen | AM —BM | =0,
TpHYeM CylnecTByeT Touka Mg, aas Kotopot | AMy—BM,|=0. 3ra
douKa ABASETCS OCHOBaHNHEM NEPNEHINKYJAPA, ONYIIEHHOTO H3 CepelHHL
orpeaka AB na l. Toukn M, pna kotopoit Beauyuna | AM—BM | nveaa
6ul nanGosbilee 3HAdéHNe, He CylleCTByeT. ITo clegyeT H3 TOro, uTO
|AM—BM | < AB 1 paBeHCTBO BO3MOXKHO JHImb B Clyuae, KOria
A, B u M nexar na oauoii npaMoit. ,

6) AB | I. Tak xak | AM—BAM | «< AB, To 219 TOUKH nepeceyeHns
npamoft ! ¢ mpamofi AB seanunna | AM —BAM | npumer uanGoanmee
dHauerive, pasHoe pimne AB. Toukn M, aasn Kortopoll Bemmunna
JAM-—BM | Guna Gl nauMeHbulefi, He cymecTsyer. : ’

) Ipavas AB me mapannensia H me nepnewAnkyaspHa x I, flcno,
gTo | AM—BM| npumer nanMenbllee 3HayeHsie, ecii M ecThb Touka
nepeceuyenHA [ C nepnemanKyJspoM K oOTpe3ky AB B ero cepepume,
HanGonbmee snauenne | AM—BAM| npumer Torma, xorpa Touka M
Gyzer TouKOil mepecevennss AB ¢ I, -

426. Ilycte MN —xkakoe-nn6yan mnonoxenue cexkyweit, AP ON
n AQJ|OM (puc. 139).

Beenem crenyioue oGo3HaueHns:

x=naomai A APM,

y=naomazp A\ AQN,

o=nJaomage N\ APQ, .

S=nnowans A\ OMN,

a=AM, b=AN.
Vineem:
S=25-}x+y
flcno, uto
x_8 y_b
¢ b' 9" a’
CnegrosaTedsuo, b -
- _ a,by_ (a—b)
S~o(2+ 5 + = )—4a+o 5

Hanmensiuee suadenue S=4¢ nonyyaercs npn a=>b, uro u TpeGona-
JIOCE J10Ka3aTh. .

© Pue. 139, Puc{ 140.

427; l'ly’c'fllz ¢:+ b=g (puc. 140). Tlo Teopeme xocunycon
c*=a’+L*—2ab cos p=a? 4 (g —a)>—2a (g —a) cos ¢ =
=q2—~l|-2a'3(l-|-cosq>)—2aq (14cosp)= ?
Y= 2
=g4? ———ﬁ_gosq’-f? (I 4 cos (p)(a——(,]z) .

293



Tak Kak ¢ I ¢ HeH3MEHNH, TO HauMeHbWlee B3Hauemue ¢ Gyfer npu
a-b
a=—g—==-—:§-—, T. e, npi @=b,

428, Ilepsoe pewmcuue. Pacemorpuw A ABC ¢ ocuosa-
nem AC n obo3naunm 4eped a, b, ¢ IJHHE CTOPOH, NPOTHBOJIEKALUIX
CoOTBETCTBEHHO yraaM A, B, C; nosoxum a+b4-c=p.

H3 coornowenuit

a_ c b
sind " sin(A4-B) sinB
Haxoduh: .
_ sin A sin (A4 B)__ b, B
P=btb g+t g =b+- Bsm(A*"?)‘
- sm—z-—-

. B _
Tak kak 6> 0 n sin - > 0, 70 p npumer nanGoabliee SHayeuHe npu

11
g

B stom cayuae A=C n A ABC pasiiobeapennuil.

Brtopoe pewenne. llocTpoum Ha fannoM ocuosauud AB
cerueut, oMewanowuil panHull yroa @ (pue. 141), u paccMotpuM ama
TPCYrosibHiHRa, BOHCAHUBIX B 9TOT cerMenT: papuoGeipeuuntit A ADB,
ucy LsuoGenpeunnt A ACB. 3 touku D pamuycon AD=DB onuwen
OKPYKHOCTD, npoaoasuy AC 20 nepeceyetiiisi ¢ OKPYKIOCTbIO B Touke Al
u coegunum M ¢ D u B. Tloayyum:

AD+4-DB==AD+4DM > AM=AC-CM.
Ho o A BCM
ZCBM=/ ACB— / CMB=/ CMB,
12K Kak / ACB=/ ADB u navepaerca ayroit AB, a / AMB uame.

paerca noxoputiofi gyrit .AB, Cneposarensio, CM=CB u AD+DB >
> AC4-CB.

B
Atg=

A\\__/?\—/a
Puc. 141, Puc. 142,

429, OCosuauynm yepes Ry n R, paanycu oxpysnoctell, oancauusx
cootBeTcTBEUH0 0KoMlo A\ ACD u A BCD, a 1akxe nojoxuy / ADC=¢,
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AC=b, BC=a (puc. 142). Hmeem:

b
Ry= sing’
a

a
Ri=gn G—q) smg

Orciona %-_-%. Paguycn Ry 0 R, OyayT HaHMeHbIDHMH TOrAa, KOrAa -
N .

P4
@=-5-; B 3ToM Cayuze D —ocuosanne Bruicot:t CD

430. Kdxpanlil #3 Brpe3aeMHX KPYroB AO/DKEH KacaTbCsl ABYX cro-
por A ABC (cm. puc. 143); Kpome Toro, Xpyri ROJXHH KacaTsCs apyr
apyra. B nporuBHOM cJaygae pa-

AMYC MOXHO YBeNHYHTb, [lo3TOMY 8
HEHTPH KDYroB JiexaT Ha JBYX
GiccexTpicaX BHYTPEHHHX  YTJIOB,
nanpumep, A0 u CO, rpe O —uentp
snucanuoll B A ABC OKpyKHOCTH.
Ecan  r-—pagnye Bnucausoro B
N\ ABC xpyra u p—pamuyc. BhIpe-

sagHLX xpyroB, To mu3 /A AOC 7
HMeeM N\ N
f—p_L ,/’ r .. A
2 b (A £/
OTKYZA HaXORHM A 7 0
Le_b __ % Puc. 143,

W3 stoii dopmyan caepyer, uto p Gyner HanGONBIIHM, KOrAa B Kages
cTBe b B3dTa HanGosbUIaA CTOpOHA.

B. CTEPEOMETPHA

1. 3agaud Ha BHYHCACHHE

431, Ilycts a—cCTOpOHA OCHOBAHHA, d—puaronans. 60xoBoil rpaun
npusmet, { —Gokosoe peGpo (puc. 144). Hmeen:
| u=5’l§z.
4

HUs A A;BCy cnenyer, uto %a=d sin —?;- . Hosromy

. =y aid—a=
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I, ¢JaeJloDartedastio,

e e
=@ V3 ]/1—4sin29‘_

3 Q"
8sin—
2
O1c0aa
3 * 8usin®
- 8usin 5

3—12sin2 Z
l/ lsm2

432. Ilycte H —BuicoTa NHpaMHAL, @—JAauHa CTOPOHE! OCHOBAHHMA,

4 G

Puc. 144,

Paccmatpupas nojoGunie Tpeyrodastiikin OMS uw ABS (pue. 145),

HEHAEIH
1
— HE i .
h 1/ 4 - (h
H '

2
Ve

Auanornuno u3 TpeyroisHukos OKS i CBS noayuus:

]/% H—b?
L R 2
— @

Pasjeaus noudenno pasetictso (1) na (2), OyieM HMeTb:
H*— 4h? h

m=b}/§"

- b
——
4

2
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OTKyAa
2bh

TV
[Mojctasus 310 Buipawmenne B (1), Jerxo uafigem:
8b2h2

a‘ =3

T ptc

H

B urore pna oGnema V noaywaem Boipakenie
_ 16 b33 -
3 (h2—b2) V2 —12

433, Mycte H—pmcora nupawmujs, X—BbiCOTa GOKOBOM -rpan,
TIPOBEJEHHAA W3 BEPUINHEI MNpaMuisl, R —pajnyc Kpyra, BNHCAHHOTO
B OCHOBaHNe, r—pPajHyc Kpyra, ONHCAHHOIO OKOJO OCHOBAHHA, 4 —
CTOpoH2 OCHOBauud. V3 mnogo6us TpeyronasHukos CAB; u CAB
(puc. 146) nmoaywaew: '

H—h _R f A e
H —r
oTciona
hr
11 ==r—:R—.
R
Ho u3 A ADB wumeeym r—= o+ 1 nosToMy
cos —
n
H=—t .
1—cos™ :
n Pric. 146,

Tax kak, panee, JAR nJOMAAM OCHOBAaHUA I ofBeMa HMeeM cJeiyouie
opyyasn

1 L2 1
St,c“=n-§-r2 sin=~ V=-3—S°mH,
70
= 6V2 .
Hn sin—

Moacrasans cioja nafizennoe sppaxenne aaa H, Haxoiumt

3 )

—_———

.2
nh sin —
n

Tak kak, pasee, x=}V R*+H® n %:r sin%, To GoxoBas
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103epXHOCTk pasia

n-;-xa-—-nr sin ™ V RiH?,

n
HJIB OKOHYaTeJbHO

Seox =

6V (l—cos £> 3V (l—cos f—) a
n n + I

. 2 3 mt\%}
nhsin - nhtg - (l-—cos }T)

=2 sin —
n

434, Iycts M u N —cepegunnl peSep ES u DS (puc. 147); merxo
] Bujetb, uro AMNC-—rtpaneuns, u6o
MN | ED, a ED|| AC. Ouepugio Take,
410
i .

MN ='2— q.
Henonuaya dopuyay (1) ana koasparta

MelHalitl TpeyroabHHKA B pellelild 3a-
nayn 370, maiigem:

—
ey = VIR

Hacice,
. AC . 3n
. AC—T=q Slnw,
Pic. 147. ugo / ABK=%. Ecan KL—ortpeaok,

coepHHsIOMNI cepeanun ocnoBanuil Tpanewnn ACNM, 1o

RV E = uy gy Sy ALK
KL—]/ y —(qsm T =

~]/1:2+2¢*_2,2(V€+1 1)“ Vi +38
= A P TR T

4 4 4
S V5 + l) . Takum

(Mbl BOCNOAL30BAMNChL 31€Ch TeM, YTO sin—

10 — 4
ofpa3oM, HCKOMaa NJoulajib

Seen = —;— (MN+ AC) KL=1%- (24 V?F) Vis F352.

435, Ilycte E u F-—cepejuunl pefep npasusibHofi TPeyrosLHOd
nupamuasl SABC, D—cepeanna orpesxa EF (puc. 148). Tak Kak ceyenue
nepneriuRyanpuo rpaui CSA, 1o £ SDB —npsvoit. [1pogoasus SD 7o
nepeceyenns ¢ npsmofi AC B Touke M, paccemorpum Tpeyroasuug MBS.
Touka D, ouesngo, zeant orpesox SM nononav. Tak kak, kpome
Toro, BD | MS, 710 Tpeyrosbuuk MBS papuoGeaipenunil; SB=AB.
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Iycts cTopoHa ocHORaHHA MHpaMEAaW pasda a. Torga

- sB=MB=1 ’;3—
Bucora 6okoBo# rpanit

SM = Y SC=Cat =2 {2-.

Mostomy . '
W YV7T
560a="4_“ ’
i TaK Kax nJoigajs OCHOBAHHA
s a V3 ]
oty — 4 )

TO

ocH

436, Tycts @—aauHa CTOPOHH KBajpara, JeKallero s OCHOBAHHH
npuavul, [—aauna Goxoeoro pebpa npu3me, d-—anaroHanp, GOKOBOR

b
(i
/ \
7 1oey,
/‘1/\\
/ \
. \
/ \ ]
/ \\
7
] \
/
a : AN
! | \\
/ \
/ J- e
/ ,/, ,/”
e
/ {: -
Puc. 148. Puc. 149.

rpaun (pue. 149). OGo3maunM uepes S, NIOMajL CEYEHHd; JNErko
BHACTb, YTO MONHAS HOBEPXHOCTL NPH3IMH PaBHA 4(S—Sceq); MOITOMY
IOCTATOUAO ONPEfeNNTh Sceq. HMeer:

Scea = -;-dz sing; a=d ﬁsing-;

=YV d&Egt=d ]/1-2 sin? %—=d V cos o




Hanee,
. .
S=Sce.,+i2-+2 %‘-:d’ (snga_'_ sin? %-+ V2 sin-%'— V cos&).

O1ciona

P 28
sin o +2 sin? -;'—-H.’ ﬁsin?a Y cosa
H, 3Ha4uT, ’ )
See= Ssina

sina4-2 sirn“—-;Ji +2 V?sin% Y osa

B urtore nocae ynpomemu'l HaXOAHM, YTO NoJlias NOBEPXHOCTH TNIPH3MLI
panua
Sno.‘ux. np=— 4 (S—sceq)z

siﬂ%-}- V2cosa

cos %-{- sin %-}- Vm—a.

=4S

437. Cropoua ccHOBaHiisl IHpaMitALl pasna
a=2r sina (110 1#3BeCcTHOIl JeMMe K Teopesie
cunycon). Boxosoe pebpo (puc. 150)

(=41
2
Pue. 150. sin-

3
=2rcos—2-,

IMosToMy BHCOTa NHpaMHAL paBia
—_— SE—
w=Y a3V 2 Y o &G
{ ( 3 2r cos 2 3!

Il clefloBaTesbHO, 06beM NMHPAMHAH paBeH

1, a3V3I_2 .., 1/ N
V==t 7 =3 /'sinfa 3 cos ?—sm o

|

438. Nycte ABC'D’ —ykasannoe ceuenne nupavuau OABCD. Ye-
pe3 Bepwuny O nupaMuzu H cepeauny ee peGep AB u CD nposenen
EcnoMoraTensHylo naockocte OPN (puc. 151).

Jlerko Buzers, uTo NJaockocth OP N nepnenauxyaspia k. ABuCD,
. & orpeskit OP n ON papuu.

Ipumenas TeopeMy cunycos K Tpeyroapuuky OPAI, maxogum:

OM _sina
0P " sinda’
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- Tak kax D’G' 1 DG, 1o
, OM : sina
D'C'=DCoy ON = %sinsa’
Mpiuenas Teopemy ciiHYycOB K TpeyromsiHHKy PMN, nHaxoum
PM _  sin2a |
PN~ sin (n—3a)°
OTKYA3

PM=a sin 2¢
sin 3o*

Teneps nonyuaewm sckoMyio niomans cesenus ABC'D":

1 v 1 sina\ sin2:__ , sin*2acosa
S=5(AB+D'C")PM= (a+a sin Sa) tSim3a " "~ sind 3

Puc. 151. ' Pitc. 152,

439. Moas3yace o6osnauennamu puc. 152, paccmorpu:\l—;- qacTh

qepaaka OSBMN, Ona cocront #3 aByx nupamna. Ileppas mupamuza
nMeer ocHoBauue SBM u Bepmlmy 0; ee o6neM pasen

a%h

V1=—3'30'$ssm=:§o

Bropaa mupawuza umeer ocrosanue BMN 1 sepumny O; ee ofves
Gyaer Vz—._-.-—l- Takum oGpa30\|, 06'!:8‘\! yeplaKka pased

V=8i+v)=5E,
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440. Iycts BM n CM—nepnesauxyasps, onyuieHible H3 BeplIHH
ocHoBauHs B st C (cM. puc. 153) Ha Gokoboe pe6po SA. O6pasopanumil
mu / BMC ssnserca HckoMuiM. OGosHazus ero uepes P. Ouesnano,

b _5K 0

Slﬂ—2—-=m, o
a V3,
6cosa

se=) ((L3) 4 (&) g VITTTETa,

6cosa T Beosa

Ilyers a~—cropona ocHoBais nupamuan. Toraa SK=

Hs pasnoGespenHoro Tpeyroashuka ASB ferko HaxoguM ero BECOTy BM:
a
Vi 4+3cos?a '

s’

BM =

Tagum o6pasost, B cuay (1)

H, CJeA0BaTesibHO,

ﬁ=2 arcsin M .
2

441. [lpoBeaeM naocxocTs Yepes pe6po SA n Touky N—ocHoBaHle
nepnesankyanpa AN k orpesky BC (puc. 154). Tlycte NM —BricoTa

-

Puc, 153. Puc. 154,

Tpeyroabunka ASN. Otpesox NM, Gyayun nepnemaukyaspes k AS u
BC, ozeBuano, pabed d. O0osnayuM dYepes g CTOPOHY OCHOBaHHS nupa-
muzul. Torza

SA=-—2

2 sin—



3 BHICOTa NMHpaMHALW pasna )
50 =V SAT— A0t =—"— ]/9-12 sinz-g—‘,
' 6sin 5

Tak xak AN.SO=AS.d, 10:

o
a= s
V3 ]/9—-12 sin? -;i _

B pesymsTaTte nmeem:
‘a?
Ve la ‘11/_3- SO = d3

3 P A -
3 (3—4 sin -2—) sm?_

442, TMycts AD=a, BC=»b (puc. 155). IlposezeM otpesok EF,
coeanumounii cepeunn ocroBannil Tpanenny, OueBHARO, 9TO ABYTpaHELI

<I1T
/ \\fﬁ——
‘ 1

7\
\

Pue. 155.

yroa, npajeraiomni K AD, Mewpwe yrna, npuaexamero k BQ,
Iyers / SEO=a; torpa / SFO=2a.
Hnmeen:
SO=0F.tg20=0E-ig a.
Ho

# MH NPHXOAHM K YpaBHeuio a tg =>4 tg 2c, pewus KoTopoe, HaffeM:
a~—2b ')
tga= V——-a—- .

*) SroT pesynbTaT MOKa3uBaeT, 4To B Caydae d < 20 3ajaua Tepser
CMEIC/I.
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Hanee, noayuaem;
—2b
S0=0E-tga=1-1g 5’i<]/“ ;

2
b b\?
Socn=a;— .(OE’*‘OF):(E%—_) tg 2

H, Hakoneu, cGbem nHpaMiau pasen

2 N —
v=UtDh . 2 o=

443. Tlyets SL | AB, SK ] AC n SM—nepnesaukynsp k nno-
_ckoctn P (puc. 156). Tlo ycaopnio SA =25 e, SL=7 cun SK=20 cu.
Ilo teopene Iludaropa serko naxo-
BiM, 4t0 AK=15cs 0 AL=24cu.
INponoaxum  orpesck KM 1o

Puc. 156. Puc. 157.

nepeceyenns B Toyke Q co croponoit AB.Jlerko Bugets, uto Z AQK =30°,
cnenopatensno, AQ =230 cu. TloaTomy LQ=6cn, a

LM=061tg 30°=2 } 3om.
Ha npamoyroawuoro Tpeyroabuika SAL Teneps Haxoanu, 4To

SM=V12—@Q2V3)?=}3Tcu

444. Ilycte S—sepunua nupamias, SO—suicora, BN=NC
(puc. 167). OGo3naunM cTopOHY oCHOBaHIif NupaMiiiyl Yepes a. Bpemenno

SM
NON0KHM W=}" Toraa 13 noao6iis TPeYTobHIKOB J€TKO HAXOAHM, YTO

. V3
EF=a), KM=a —2—}.,
a us A MKO noayuaewm
KM ah

cosP - 2cos P V.

OM=



Inomans ceyenns pasHa

Vi _ V3

i 1 _¥ 3
?(AD+EF)0M=72-(20+7-0)chspa=4co§ﬁ

A(A+2) a2

[Maomaxs ocHOBaHHA, KaK nJjounlafb RPABHJIABLHOTO HICCTHYTOJBHBKA CO

s /T
cTopoHoit a, papnab . 2 {3 , 8 HCKOMOe OTHOLWeHHe njoulazedl pasno
1
— 2). .
sesp 12 @

CrnefioBaTenbio, 3aaada cBoANTCA K naxoxgemmio A. Jias stoit uenu
nonoxuM Z SNO=¢. Torza no teopeme cunycos uz A SOM noayunm:

sin (—q—-—ﬁ )
SM=S0 2 —s0 Sosb

sn(p+9  sin(f+e)°
Taxk xak SO=SN-sin¢@, T0
. hz_@!:éosﬁshlq}: 1 . )
SN sin(p+9) l+tgpcige’

Octaetcs nafitn ctg@. 3amernm xnd 3TOTO, HTO

aV3

2 »

a  d _
SN=?ctg—;2—‘, ON=

SO=VSN2—ON2=—% ]/ctg2%—8
H, C/e/0BaTeNbHO, )

=0T e o
cig’—2——3

TloacTanne 810 3Havenite B dopMyay (3), moayuimM;

]/ctg2 -g-—s

A= : i
V g E—atVT1gh

445. V3 HekoTopo# ToukH S, oTJHuyHOl oT BepuniHel C H Jexamelt
na ToM H3 peCep TPeXTpaHHOro Yrja, KOTOpoe He SBIAETCA CTOPOHON
NJOCKOTO Yria o, OmycTHM meprneHaukyasps SB 1 SD Ha cropoun
YKa3aHHOIO IIOCKOro yIaia M IHeprneHAHKYAsp SA HAa coOTBe TCTBYIOLLYIO-
rpans (puc. 158), O6oanauny nckomme yrawr gepes f; u 7

L SCB=y1, £ SCD=B,.
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Iycts, panee, / ACB =a', / ACD=c", Monarag CA=a, u3. npsso-
YTOJbHHX TPEYrOJLHHKOB CBA SBA u SBC HaXOAuM:
SB__a sina’

CB™ acosycosa’ F=secytgal

ten=z5
Auanorudso monyvaem: -
tg py=secPiga’.
3anaqa cBesiach, CNeJOBATE/IbHO, K HAXOKIEHIo tga’ u tga”. Hue-
em &' -+o"=a. Buuncaas pasHuMH cnocoGamu oTpe3ok S4, Haxo-

PR
SA=asina’tgy

_ SA=asina” tgf.

Orciona sine’=sina” tg  ctgy n,
CJ1eIoBaTelLHO,
tgf__
g

sina' = sin (a-—-a')

=(sinacosa’~—cosasina’) tgp ctgy
B pesyabTate, pasjeans Ha cos o’
ofe 9acTi DOCJIEIHErO papeHcTBa,
10Ty uacHM:
, sinatgPclgy
tga'= .
I4cosatgPetgy

Mensin Mectamu f u y, Haiigem;
tg o = sin aig yctgp .
14 cosatgyctgf
Takum ofpasonM, B HTOTe MoJyqaeM!

sinatg Pcosecy |
14-cosatg fctgy’

tg y1=

£¢ t. By = sin a tg y cosec

1 _ “ 5 1 I4cosatg yctgP
=

; )7 446, Tak kak cymMa BHYyTpen-

: HHX YTJ/I0B PaBHJ/ILHOI'O MHOT'OYI0.1b-

Pic. 159 HHKa DaBHa i, TO HHUGIO CTOpOH

* * MHOrOyroJbHiika  pasHo n--2,

[lycts - PQ—sBLicoTa  mupaMiiul

(puc. 159). PaccmotpuM KaKywo-HHOYAL GOKOBYIO TpaHb NHDAMHALL

A QAB i ee npoekummio Ha ocHosaHue, T. e. A PAB. Us ycaosas
8ajauH CJAGAYyeT:

S paB
. Spaqas

Tax kaxk naomags AaHHHX TPEYroabplHiKOB OTHOCATCS KaK HX BLICOTHI,
onyueyuue Ha ofwiee oCHOBaHMHe AB, TO And KOCHHYCa JABYrpatiuioro

306,
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yraa ﬂpll'OCHOBaHHH HMEeeM]

PR 1
. COSs = @ --—k' .
Orcioga caeayer, uTo anodema OCHOBAMHA NHPaMEAH PasHa
I
d=hclgo=h ——n—-.
4 Vie—1

Janee, HaxoOHM CTOPOHY OCHOBAHHS
VE—1 a+2

Tax XaKk nnomagk OCHOBaHHA

S=%m+mm,
TO o6beM mHpaMHIH paBen

1o 1@t2)h 7
VegSh=3"%=1 t753-

447. TloayuenHoe TeNo €CThb OKTa3jp, EepIIHHH KOTOpOro Haxo-

IATCSl B UEHTPax CHMMeTPHH rpaHell ky6a (puc. 160). O6mem oxrasapa

paBeH yIBOeHHOMY OGBEMY NPABHJIBLHOA UYETHPEXYroabHOl nupaMuisl

EABCD pucots 2 ¢ naomazstc ocnopanmng ABCD, pashod -2—a2.

2
CiegopaTtennno, HCKOMLI 06beM pased
1 a 1 ad
et s — =,
2y ge=j%

Puc. 160, Puc. 161,

448. Jlerko BHZeTb, 4TO B CeYeHMR NOMYYUTCA paBHOGOYHAA Tpalle-
muss ABCD (cM. puc. 161). Ilycts P—cepeanna croponn EF ocHoBa-
nusn nupamuin, Pacemorpum A SPR, cofepxkawmmii emcoty SO nupa-
Mugu. Orpezok KO, ouemnimo, spasercs Bucoroil Tpameunn ABCD.

Tak xak KO [ SR, 7o K0=%h, rae h—anodema NHpAMHALL
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OueBuguo takme, uyto AB=2a, rAe a—pjaunua CTOPOI OCHOBAHHS

nHpaMuiasl i DC=% EF_::—;—-a. [Tostomy

. ‘ 5
i, €Jej0BaTe]bHQ, HCKOMOE OTHOWICHHE pasHo T.

449, Nycts A,BC,D— paunuifi terpasap, ABCDA,B,C(D,—napan-
Jejennne], [OJyYeHHHll YKa3aHHEM nocTpoexueM. Jlerko coobpasuts,
yro pe6pa TeTpasgpa ABAAIOTCH Jnaronaisvu GOKoBHX rpauefi napan-
aeaenuneia (puc. 162). Terpazap MoxieT OWTb NONYYEH yRajleHHEM H3

: napaseleniineia yernpex pabBHoOBe-
augux nupasun: ABDA,, BDCC,,
AIBICIB H A1D1C1D° Tak kak
o0beM Kaxaoil M3 mHpaMHi, oue-
BHIIO, paseln -%- obnemMa mnapaaJe-
Jennnena, To oTHowenne ofpeMa Vg

napaanenennneia k oévemy V. ter-
pasapa pasuo

Puc. 162,

450. Jlerko BHJeTb, UTO Hapy:KilLie BEepWHLLI TeTPadIpos Jexar
B BEpIUIHHAX HEKOTOporo keagpaTa. UtoGu oOMpejeanTs AMuHY €ro Cro-
poHLl, NpopeleM uepes pepuwitiy S MHPAMUAL H Yepe3 HapYXUYIo Bep-
wudy A ojuoro u3 TeTpasipos
[I0CKOCTh, NEpPOEeHAHKYJAPHYIO K
OCHOBaHIIO YeTLIPeXyrossHoii mupa-
migu (puc. 163). Tlocaeanss npoit-
neT yepe3 - ocHopauie O BHICOTH
nupaMugs, yepes ocuopanie Q BH-
COTH TeTpa3ipa | uepe3 cepeluuy
M pebpa KL. Onycrus Ha 1io-
CKOCTb OCHOBaHHS NUPaMuaH mep-
neHaukyasp AB, paccmorpum ye-
Tupexyromiiuk SOBA. Ero cro-
poHa OB gapasiercs moJoBHnoil Aua-
roHaall YHOMSHYTOTO KBajpara i Pue. 163.
noiie&ur onpenenedmio. Jlerko,
o1uaxo, ofHapyxuts, 4yro SOBA-—npsyoyrosvisk., B camom fene,
nonoxkus £ OMS=a, / ASM=f, naxogum:

e et Y

X

803



v3, -
) _Qs _Va
cosp=A=—a =3 -
Tostomy SA u OB napaaneapuut u, clefopaTesbHo,
0B=SA=a.

Taxkum o6pasoM, HCKOMOe paccTosHie pasHo al 2.

451. TlpexmontoxuM, YTO CeKyllas IITOCKOCTL NPOBEReHa uepe3 me-
KOTOpyl0 TOuKy anaroHamu HP paunoro xy6a (puc. 164). Paccmorpum
ChHayaja Te ceyeuus, KOTOphie IlepeceKaloT AHaronalb B TOUKaX OTpe3-
ka OP. Bujennm ceuenne QRS, npoxopsitee uepes TpH BEepWHHH
Ky6a; OHO, OYEBHAHO, HPHHAIJIEKHT DPacCMaTpHBaeMONl COBOKYMHOCTH. -
910 paBHOCTOPOHHHIA TPEYTOMBHRK €O CTOPOHOI aV2._HeprgHo BH-
9ACANTL, UYTO pAacCTOfHHE JaHHOTO CeYeHHA OT uenTpa Ky6a paBno

a aV3

3
-t Ouesuauo, yTo npH x = § B CedeHHH noayualTcs pagHo-

cTropoHnne TpeyrosbHukH. Tak KaK oTHOWeNle CTOPOH paccMaTpHBa-
€MHX TPEYroJBHHKOB DPaBHO OTHOWEHHIO WHX pacCTOSHU JO TORKH
P, 10 i :

M_N_ . OP—x & £ $
R~ av3: X
9 OP — ay’3 Y '
6 , q »
Orciona, npunnMan Bo BunManue, \
a0 QR=aV7Z op=£_‘ifi, a
HaxXoAHM: o
MN=% VZa—xy6. (1) - Ve ’
) /7
. ]
Ecan xe az/‘ﬁ—>x20’ TO B Cce-

9eHHH INOJy4aloTcsa (WeCTHYroJbHi- -
ku ABCDEF.

Croponn wectiiyromunka AB,
FE n CD cooTseTcTBeHRO napal-
nenbRE cropoaM QR, QS st RS pasnocTopounero Tpeyroisuika QRS.
MostoMy npu npopo/mkenun, nepecexkasich, oHH o6paayior yrae B 60°,
Yanrupas eme, 4to AF|JCD n 1. 1., MH NPHXOZHM K 3aKJIOYelHio,
YTO BCe Yribl ECTHYrolbHEKA paBunt 120°, Jlerko BuZETH Takxe, uTo
AB=CD = EF uw BC=DE=AF (cnepyeT nNpHHATL B pacyeT, uTo
CTOPOHH! IIECTHYIOMBHHKA OTCEKAIOT Ha Ipanax paBHoGeIpeHHLe Tpe-
YTOABHHKH). ’

Jna Toro uwToGH HafiTH JAHHE CTOPOH LIECTHYFOJBHHKA, MPORCJI-
XHUM cTOpoHy AB llecTiyrolbhHKa O MepecedeHnsi B Toukax M; u
N, ¢ npopomxennsmu peGep PQ n PR. Jaunwa orpeaka MyN, moxer
6uTs, oOueBNpMO, BHUiCAena no Qopuyae (1), 3san M;N;, Haxopsu
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OTpesoK

BN1=<-‘—/2—2— MIN,-—a) VE=LYZ—sVE
Orciona

Cropony BC wmoxio Guao 6u onpejeauts auanoriyso. Herpymso,
: OaHaKko, cooGpasute, 4r0 BC=BN; u,
€AeJoBaTeNbHO,

BC=-§-}/§-—xV6—. ()]

OTmeTiiy, 9TO0 B ceyeuun ¢ ILI0C-
KOCTBIO X, npoxojdileit depe3 Trouky O,
N0AY4aeTCs1 NPaBiabHEI  1WeCTHYTOABHIK
(cu. popyyan (2) u (3) npu x=0). Bep-
WHHH 3TOFO 1WECTHYFOJBHHKA JeKar B
cepesunax peGep KyGa (puc. 165). Jler-
KO BUAeTh, 4TO eCaAH OJHy ¥3 2A8yX uac-
Tell, Ha KOTOPHe NJAOCKOCTb 5% pa3Gupaer
Ky6, nosepuyTh ua 60° okoao Juaroma-

Puc. 165. adi OP, 10 1eCTHYroJAbHHK COBIIajaer C

cauuM cobofi, M MH NOJYYuM ZBa CHM-

METPHYHO PACHOJIOKEHHLIX OTHOSHTEJbHO NJAOCKOCTH U MHOFOrpauHH-

ka. Caelopareauno, ceyelne, mepecekaioliee JHAroHats B  ToUKax

orpesga fO na paccrosuun X oT Toukn O, noayuaerca u3 co-

OTGCTCTDYIOULCIO  CeyCHMsi yme pacCMOTpeuiioil COBOKYMHOCTH CeKy-
uix naockocreil nmosopotoM Ha 607

452. B npoekuui noayuuica upa- 5
BHJBHBEI]  WECTHYTOJABHHK CO  CTOPO- £ 4

Holl, papuoil agfﬁ . HYrofu B s3TOM

yGeautbes, yRoGio npelcTaBHTh cefe
pe3yabTar NpPOEKTHPOBAHHA  BCEBO3-
MOXKHEIX cedeunil KyGa, paccMoTpeH-
Hux B 3aiaue 451 (cM. pue. 164). Bee
ykasausule CeyeHHA IMPOCKTHPYIOTCH
6e3 u3MeleHHs pa3Mepos, H Mul NoJy-
unM Qurypy, fnoxasanuyio Ha puc. 166,

[Toan3ysick TeM, 4TO CTOpOHA Tpe-

yroaeuuka RQS pasua a}'2, us tpe-

yroabiinka GOS uaxopu: 7
3 aV? Puc. 166.
GS- I_= ;f , He

oTkyja GS=

a6
—3"—'. Tax xak AaJjee CTOpOHA IMPaBHJABHOTO [IECTH-

. 2
yroavunka A;8,CDE\F, (cm, puc. 165) pasua , TO HCKOMO2

a
2
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OTHOmMeHRE nJjomajeil oxaswBaeTca paBHLM

(=55) (*F) =+

453, Ilycts AEFD —nonyuaomascs B CeYeHHH papnoGogHas Tpa-
nmeunst ® nycte G n H-—cepepunn ee ocHopammfi (cM. puc. 167).
Onyctam u3 Toukn H nepnenpuxynsp HK na ocnopanue nnpamupsl.
Tak kak H —cepeguna SN, To ’ T !

h a 3a
HK=-2-. KN==-74—. 0K=T' _ (1)
Onpegenny, panee, anuun orpeskoB QO m QS. Tak kax
Q0 GO
HK~ GK’
To, yunthiBas (1), nonyuaem
" h a 4 &

W=3 5 '%~3"
Orciona QS;%—h,
AU AT
GQ=]/(%) +(-§') - @ Puc. 167,

Onyctim ps Tourn S nepnenguxyasp SM na GH. Torza mus nogoGus
TpeyronsinkoB SMQ u GOQ nmeem

sM_go
Qs " GQ’
11, CJeloBaTeNLHO, HCKOMOE paccrosnme paBuo
. GO 2ah
SM="0S o 22 =<2 .
Q GQ Y 0arF4m3

454, PaccMaTpuBaemMoe TeIo COCTaBJCHO H3 JBYX NMHPaMuj ¢ obuiuM
ocuosauueM KMN (puc. 168). BucoTy OR HHxEell NHpaMujn Jerko
3

. B A ?

Puc, 168.

nailT, onycTne n3 Toukn P (cepegunrl cropoun KN) nepnenanxyas
PD na ochopanye nupavug. Touka D npu 3ToM pa3jesnT oTpesok Q

3l



nononaM. HMcnoausya srot daxr, us A APD noayuwaew:

Otcioga RQ=—;— PD, u, cnegosarensno,

OR=gPD=prgal) & =—g—.

Mt socnoab3osalick 33eCh TeM, YTO B npaBH/IbHOM TeTpasjpe BLICOTa

2 o aly 2
pasna a 1/-3- Hekowuii oGven pasen V= == .

455. Iycts AMKN —vyertbipexyrofpHilk, noaygawoupiics B cege-
i, # @ —TOoYKa nepeceyelHs ero Auaronaneit (cm. puc. 169). Pac-
cmatpusan A SAC, JAerko 3aMeTHTh, 4T0 Q J€KHUT Ha NepecedeHnd
Mexuad atoro Tpeyroasnuka. IMostomy

MN_SQ_ 2
BD 303

n 3uayut, M N=—§— b. Haaec u3 npasoyroJsuoro tpeyroabuuka SAG

HAXOQHM
(= (Y gewrap

Tax xag AK | MN, 10
Sceu =-;- AK-MN = % Ve Far

Puc. 169, Pic, 170,

456. [lycte NQN,Q; u LML M, —napaanesbusle ceyeuns NpusMu
(puc. 170), a—nauna puaronanu AC ockosauust, H —gnauna otpeska
KK;. Torga niomals nepsoro ceyeHus pasua

H a 3
S -—? ( 0+?)—-T Ha.
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Miomags BTOPOro ceyenus GyAeT

§' = PT(AyCyrk LM) 5 PyT (ACo-+ LyMy)

Ho

AC=a, LM=%, LM=a, PT=3H P =11,

9T0 JIETKO YCMAaTPHBAETCH H3 NMOJOGHS . COOTBETCTBYIOUINX TPEyTOJILHHs
kos. B cuay sTtoro noayuaem:

, 1.
S -—--lgaH

H, CNeJoBaTebLHo, ’
: . Mg
M ‘“TES"

3ameuanne, Jra 3ajaua MOKeT 6uTh BEcbMa NpOCTO petena
ApYTHM MyTeM, ec/M MPHHATL BO BHHMaHKe Gopumyny

Spp=Scosq, = U)

rae S—naomange HeKOTOPOro MHOTOYrOJBHIHKA, PACHOJNOXKEHHOTO B 110~
cxocth P, Spp—nnouagh OpoeKUHB 3TOrC MHOrOYFOJNLHHKA Ha Mo-
CKOCTh Q. —yron Mexgy njockoctsma P n Q.

CornacHo ¢opmyne (1) nmomanii paccMaTpusaeMHX B 3ajaue na-
pannenpHHX CceveHHI OTHOCATCA Kak nuomags HX npoexunﬁ lfl Haura

8ajaga CBOMMTCS K HaXOKJedHio mnomagefi asyx duryp: LiMiCMLA

n N1QICQNA (puc. 171) (6yksbl co WwTPHXaMK 0603MAYAIOT NPOEKLHH
COOTBETCTBYIOWHX TOUEK Ha OCHOBaHHE NPH3MH).

\

Puc. 171. Puc. 172

457. PGCC\lOTplN nupasity KAEF, ﬂBJmlOHlleCSI OfHHM H3 MHOTO-
rpanuukos (cM, piic. 172). Mu cunraeMm, uto .

AE__AF._ l o
"EB” FC .
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Hosromy

AE _AF 1
AB AC 3
H, ClefoBaTe/bHO, | .
Spaer =g Sp aBc m
Ilycts, nanee, KM u SN —pBucotn nHpaMua KAEF u SABC. Jlerko
BUIETb, 4TO
KM _AK _ 2
SN T AS T 3°
ITostomy KM = —SN #, yuHTHIBas (l), Mpl- TIOAYYaeM, YTO

VI\AI:‘F—" 7 Vsasc-

Hckomoe otHoweHnHe paBHO 22—5
!
458. [lpumem rpane ¢ naouwageio S, 3a ocHoBanue ABC pansoli
nupavizu ABCD. TIlyets DO-—pucora nupamuiu, a D4, DB,,-
DC, —ericotH Goxoseix rpaneil (puc. 173).
INo Teopeve o Tpex nepneHauxyaspax OC, | AB, OA; | BC u
0B, B CHJIY 4ero yrau
LDC,O ADAIO n / DB;0 so-
JSI0TCA JHHEMHLMY YrIaMH COOTDeT-
CTBYIOIHX ABYIPaHHHX YIJ0B H 1O
ycaoBiio 3ajaui  pasian. Orcioaa
cjleayeT DaBeHCTBO TPeyroJbHUKOB
DOC,, DOA; w DOB,. daa yro6-
CTBa BbI4HCTeHHIT BpeleM CJjefyio-
mie oGo3HayesHs:

DO=H, DCy=DA,=DB,=#h,
0C,=0A,=0B,=r,
Puc. 173. Si+S;+S;=S.

OueBujHo, 9TO 7 ecTb PajHyC OKpYKHOCTH, Bmicannofi B A ABC.
O6beM nupaMHAH ABCD pasel

Vg SoHl. (I

Hs npasoyroasuoro Tpeyroabunka DOC; noayuns:

=Vh=rr. : @)
“Takum ofpa3oM, 3ajaua CBOJHTCA K Haxoxzeswio anodemet h u paau-
yca r. M3 dopuyau Sa=-§- ABh u ell auanornuHEIX Hafigem BbIpae-
unsl 444 CTOPoOH Tpeyroasnuka ABC:

28, _2 28,
AB=Z2, BC=ZL, AC=2E,
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CnenoBareanuo, noaynepumerp Gyget

p=g (AB4+BCAO)=S24 51, 5 5

A h  h°
Hanee, '
_i_ 283 - 8—283
p—AB=p——F=—gp—,
_8§—25, _8§—195,
p—BC= P —AC= P

u no dopuyne [epoua
Ss=p(p—AB) (p—BC) (p— AC)= Co
_ S 5-28 S—2, S—25, S(5—25,)(S—2S,) (S—2Sy)

" &R T r T n [

Or1clona

B 3/ S(5=25;) (§—2S,) (S—25,) o
= e .

Paguyc r BRHCaHHOA OKDYXKHOCTH HaitfieM H3 opMyJH, Bupaxalouteit
nnomwans S, TpeyroavHeka ABC uepe3 3TOT pajMyc M OOJyNEepHMETp:

h

S
S(l=,p’=T r

OTKyA2
So_
5

r=

[loncTaBus 310 3Havenue B dopMyay (2), noayumm:
' ST by
H= ]/ha—ht-§,&=-§1/sz—s:.

IMoxctanHB clofa 3HaueHue h 3 paBexicTBa (3) H BHECA MOMYHEHHHT
pesynstaT B opmyay (1), okoHuaTeabHO MOAYUNM:

V=%Vso ) V(S—QSO(S—SES:)(S—%,) .

459, Pa3spexxeM Ky6 momoJnaM AiaroHadbHO NJOCKOCTHIO, NMepIeH-
IZUKYJSPHON K OCH BpAllleHHA, U MOAYWHBIIHACA MHOTOTPAHIHK TOBep-
neM Ha 90°. B pesyabraTe BO3HHKHeT H306paxenHas na puc. 174 xou-
durypanns.

(gGulaa 4acTb CKJAAJAHBAETCA N3 NPAMOYroJNbLHOrO napajiesenuneia
ABCDD,;A;B,C; n npasuasuofi nupamuau SABCD. Bucory napanae.
Jennnena HaxognM u3 A BB, T:

a

2 a
b=BlT= 2 —-E-‘
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Bucora nupaunpu

H="_2@_h=‘%.

INaowany obuiero ocHoBanns napajJeqaennnesa H nupaMBjl pasHa a’.

Puc. 174,

Taxnu ofpasow, nckomulll ofben ofuwell yacTH paben

g : aV2 a a 1
r=|o (G g )b ]
— 9
V=a3(]/2 —-3').

460, Mycts S—pepwmnna Konyca, SO=h~zpuLcoTa Kouyca,
ASB —TpeyroasHuK, mnoayunswhiics B ceyenny, C—cepeauna Xxop-
2ul AB, A0 =r (puc. 175). 3ameuas, 410

Z AOC = 5 HaXOAHM?

B

=lag b, s= -
C0—2ctg 5 h=C0tga

PO
=—7p
2 sin 5

a p
.._-,z—lg actg—i-,

[Mo31oMy cOren Kenyca pasen

ig acos%—

i aag’
= — 7 Y=
14 3 h %

H
3_..'
sin 9

Puc. 175.

461, Ilycte a—nckomult yrox, !—ofpasyowan unauuapa, y —
ofpasyiomlan KOuyca, 7e-paauyc ocClioBannil - Konyca H UWHANHAPA
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(puc. 176). Tlo ycaosuio

2 9nr (r 1) “7
nr (r+1y)
ol _1
. r4-4,” 8°
CanenoBaTtenbHo,
{
2 R S T
L 8" “13-cosecee 8 '
l+_r-
H, 3HAYHT,

sina-}+8cos a—7=0.

PewnB 310 ypasuenue, naﬁnew

.3
sma=— d=arcsin -,
[ 5
23
[/A
-
wo |
R
7 : - p

Puc. 176. Puc. 177.

462, Ilycts a—uHcKoMmelit yron, R—pajguyc ocHOBaHHA Kouyca,
r—paauyc ocsoBaHus wwanHapa (puc. 177). Mmeem:

o2nr24+2rR _____3_'
T “2(1+7e') R=7%"

r
=tga f, SHAUNT, — = I —tg a. B pesynasTare nonysaem

Ho T

R—r
R

ypasHenHe oTHocHTenbHO tg a:

4 tg2 a—I12tg a+5 0.

Pewus €ro, Haxonuu:

t a—i 1IH ta——!—
ga=5 W go=-1.

—r . .
B <1, mosromy” tga=

Jlerko BuAeTb, OAHAKO,  uTO tg o0== R
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H, CJ1eloparenblo,

1
a==arctg 5.

463. Mycrs I—mamua oGpasyiomell 1 R—paanyc OCHOBAHHA KO-
Hyca, Xx—AJHHa pe6pa NPH3MH, r—pajuyc Kpyra, ONHCAHHOrO OKOJO
ocHoBauna npusMmut (puc. 178). PaccmoTpuM Tpeyrossink, oGpasoBaH-
HUl BHCOTOH Komyca, ofpasyiomell Konyca, Npoxoisileil uepe3 ozuy
H3 BepumiH Npu3Mu, M NpoeKuuell aT0fi ofpasyioweil Ha ocHoOBaHHE

KoHnyca. Himeem:

N . lsina R
. = v— .
) Isina—x r
x
) Tak kak r=-——— uR=Icosq,
2 sin — :
z n
TO Ml ﬂO-'lqu.\lZ
« . . X
L 2l sin a sin —
R n
X== 1 R
Puc. 178, 2 sin -i;—-}-ig a

CnelopaTeabiio, Moauas MOEePXHOCTL OpuIMLI ByaeT pabua
.o\
2l sln o sin —

1 F
(l+-2-ctg—n—).

S:—,l—nx2 ctg—n——{-nx?==n
2 n L
2 sin -,T-Hg o

464. PaccymoTpuym paBHoCounyio Tpanenuio AB,C,D, noayvaoumyocs
B pesyanTaTe NPOEKTHPOBAHUA Aannoii Tpanmeunn ABCD ua niockocts,
nepnelIuKYAAPHYIO K OCH HWJHHAPA

(puc. 179). Tak Kak nocaepsss onkcaua [\
0X0:10 OKP YIKHOCTH, TO .
ABy=AK+KBy = ~__| |
=AM+BIN1=3-’§2- . 8 W _¢
/2 \
M3  npsavoyrosbHoro  Tpeyroasunka 7 ,"j £ ‘\\
APB, moayuaew; i ‘;‘
[/ e/ 4
2 -— 2 A5
(a-{(:b ) =(02 b) +hz sin? o. /{"f’l l"// ~
“ ”I t
Orcioza y z ,: )
sina————lab It a—arcsinl—%
A - s Puc, 179.

465. Ilyctb R—paguyc wWwapa i nycrb @, b # ¢—COOTBETCTEEHHO
xateTnt M THOOTeHy3a Tpeyroavinka ABC, Jexamero B ocHoBanui
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(pra. 180), Hmeem:
h ] a h

= T Ce= = o
cosa’ sina ! sine  cosasind’

gqemmﬂo, paguyc R pasen paguycy Kpyra, smucauioro B A ABO,
03TOMY ' L :

a

_ 235'aBC
=afbte

' as -k
=a¥botc 1+sina-tcoso

H, CHaepoBaTebHO, OOBEM NPH3IMB
pasex

V=S8p apc?R=

- ) 2h3 Puc. 180.
sin 20 (1 +sina+tcosa) *

466. O6bem nupaMujsl papeH cymmMe oOGBEMOB nHpaMmHi, KOTOPHS
noayuarcs, ec/an COeAHHHTb USHTP BMHCAHHOrO mapa O co BCeMH Bep-
WHHaMy nHpaMuin. BHCoTa xaxpofi TaKofl MUPAMHAN PaBHA Pajfmycy f -
1napa, BNHCAHHOrO B Aanuyio mupauuay. Ecar S—naomajp OcHOBaHHSA
nupamups, S;—GoxoBas NOBEPXHOCTH, TO 06bEM NHpaMuAsl Gyaer

1
- V=g (S8 )
Tak kax, ¢ gpyrofi croponu,

1
=4S,

TO ANA r mnoiywaem dopmyay 1S .

r=-—a—z, (2)
S1+4S

M3 ycnosuit 3agaun caenyer: )

na? L
S= T Ctg 7 N
na a?
s=2Y v-2,
=) P
4sine Z,
n
ToncTasnaa sTH BHIpamenns B (2), HaxoZmM:
na? ctg% ]/.b’ . ’
4sim a 1/4b3-'—a" cosec? -
na® .t na-/ Q) KLY v~y
4(—4¢tg—r-l—-+—2—]/b2———4-) 2(a+tg n V4b a >
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467, OGoanayiin wepes r paalyc BNHCAUNOFO Wapa H uepes a
danny orpeska OE (puc. 181). Toraa

r=alga,

rae o—nojAoBHHA Hckomoro yraa (cM, pic. 181). Caenosarenso, o6nem
lwapa paseH :

, 4
im=§ nad tgda.
Tak kak DO=aig2a, a AB=
=2} 3a, 10 o6veM mupaMuiM Gyaet
1 VI
Va5 DO Y2 482
=V 3 adtg %a,

Tak kak no YCJOBHIO 33jauil

Vip . 27V'3
Puc. 181, oV, T d4a

TO, Bupawan tg 2« yeped tga, moayuaem ypabuehnile

tgla(l—1tg? a)=-§— .

Orcioza (ig a)f:% u (ig a)} =—§— YuutLiast, 4To ¢—oOCTpLiii yroa,
HaXO0M:
vt
176

n
—arct 1/3
a,=arclg T

468. IlyctL a—cTopona H b—anodema NPaBHALHOTO N-YTOJLHHKA,
Jemawero B OCHOBABMH nupamuiw, H —pricota nupamuau.  Toraa
(puc. 182, a n 6)

o
b=r Ctg-‘—z- ’
a=2btg %=2r ctg% ig %]

NJ013Ab CCHOBAHIIR paBhla

ab k14 o
== ] — 3 _— P Y
Soen="n g =nr ig m cig 5
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-Nlanee, H=btg d#—_r'tgaclg%. Ortciona oey nHpaMias
. - S 2 n
Vanp=-3 nr3 ctg?® 5 tgatg -

4 :
-Tax Kax o6veM wapa Vm=§-:v3, TO
Vm 4z o F1d
- =—{gd=cigactg—~.

Vagp 1 2 n

469. Tlycts g—cropolla OCHOBaHHs mupamuis, b—anodema
ocnopaniin, R—paamyc OKpPY:KHOCTH, OMHCaHHONl OKOJO OCHOBaHN,
h—BLICOTa NHpaMuju, 7—pajiyc BONCaHHOrO B NHpaMHAy wapa,

' Y—sBHCcoTa GOKOBORl rpaHH, mnpo-
BejeHHan H3 BepUIHHLl TNRPAMHILI
(pre. 183, a u 6). Torna
- . %
a=2Rsin—, b=Rcos -,
Kpome TOro

_
y=R+ ]/R?—“T=

=R(1+'cos_i,:-).

h=Vyr—b:=R ]/l-|-2cos-':—.

Ha ypanuenus

"Puc. 182, . Puc. 183.

(cM. puc. 183, 6) naxopum:

oo E
b .Rcosz ]/l+‘2cos7z—

== —3
yrb , .l+2cos% _

11 B. B. Juackuldl u pp. 321 -



CaeposaTenslio, HCKOMOE OTHOMIEHHE PaBHO

1, 1 . xn AL
-3—lx--§-nab—nsm—;l-(l+2cos—n—)
inﬁ clrtcos’—:l
3 n

470. Mycts a—cT0poHa ocuosauns nupaMuasl SABCD, h—suicora
nEpaMue, £—pajuyc wapa, onHCanloro OKoJo nupavupu (puc. 184).
Torpa . :

4

r_ 3
] 3 nr

W\
r=(=)"%,
in
Ecan SE—punamerp onscaHuoro wapa, TO H3 NPAMOYTOALIOrO Tpe-
yroabiiika SBE caenyert:

(“ 2r2—>i.—_h @r—h).

Tak kak, omiako, H3 Tpeyronbuuka FO;S uMeem

R

-%-—:/tctga, TO,
HCKJOYAA @, HAXOLNM:

1

P 2r o 1 (El_/ K

T2ctgta4 1l 1 ;- 2cdgia\a )

)
Puc, 184, Puc, 185,

471. Ucnoab3ys pabencTBo AByrpaniuiX yrios, Kak #1 b 3afaue 458
HETPYAUO 1O0KA3aTb, YTO NepHeHHKY/AApP, ONYIIeHN I H3 BeplUHHLl Ha
ocHoBauue, - NPOEKTHPYETC N wentp cudmerpun pomba. Jlerko taxwe
BHAETB, 4TO UEHTD BIHCAUUOrO Wapa JEKHT Ha yKkasaHHoM fepneu-
JHKYaape,

322



Ilycts a—cTopoua pomGa, 2h—DHCOTA poMGa, H—sucora mi-
pamuan (puc. 185). Torza naomaage ocuopaHus S=a?sina wam, Tax
h . i .

sina’ -
4h?
sino

Ho h:—.—-.Ri:tg%— (cM. pue. 185, rie H306paXKeHO cedenne, npoxoxsmee

gepe3 Buc0'ry' TIHPaMItIHl M BHICOTY pOMGa).
fleno Takxe, uTO _
A

2cos®
R 2
H=R+cosmp_R cos P

B pesyastare noayuaem o6beM NPH3MLI

¥
4_t
cost

v=2ps .

3 . < a P

sin« cos P sin 5

472, TlposeneM nJOCKOCTL 4epe3  BepluIn~
e S; n S, mHpamu n cepemuny A oauofl u3
cTopon ocHopawus (puc. 186). Pamnyc noay-
Kpyra, BOHCaHHOTO B TpeyrosmHuk AS;S, Tak,
UTO ero IHaMeTp NeXHT Ha S,S,, OUeBHANO, paBell
- paanycy pnucannoro wapa. Ilyets O—nenrp Prc. 186
nomykpyra.  OGosnauum  uepea b  BucoTy i :
B TpeyronbHike AS;S,, onyileHHyio na cro-
pony 818, Tax kax b ectb anmodeMa mpaBHABHOTO A-YTOMBLRIIKA, TO

a ki
b—'ﬁ* Ctg.ﬁ.'

Paguyc mapa R nafizeM, TMOACUHTAB 1ByMs CHoco6aMn miomagh S
Tpeyronbuuka AS:S,. C oznoft cropoue, :

b

€ JIpyroii CTOPOHH,

S=—§—81A+§82A=§(Vh2+bz+ V HI+53).
B uTore nonyvaeM OxoHgaTenbHylo dopumysmy

1 .
ga(H-+h)ctg—

a? . =n V' a? n
8 el 2.0 2 —Cln2
1/h+4dg n+ H+4Ct"n

1 o 323




473.-Tlycte Ay u hy,—sbicoTel nupavul, r-— paiuyc- xpyra, oqlits
caHHoro okono ocHosauus (puc. 187). orua

Hs npsuoyroasioro 1peyroabiiika Sy AS,, Bepwitianmii KOTOPOro ss-
ANIOTCA BepLiuiibl AUHBIX NHPAMI # OIHa 13 BePLINH OCHOBAHUA, Haiflgen

hhy=ri= at o
’ 4 sin? —
n
Ho
hy4h,=2R.
Otcioa

/l|=R+ /R:—- as ’
] 4 sin? f

a
Pewienne Bo3M0OKIHO, eCan R =

R
Puc. 187. 251“;‘3

474, Jlerko JoxazaTth, 4TO cCepeilHa OTPe3Ka, COLANISIOINEro
LeHTpBl OCHOBAHHIT ApPU3NMLI, ABJAETCH ULENTPOM BHHCAHHOrO H OmHCAl-
noro wapos. Pajiyc Kpyra, BNLCAlHOrO B OCHOBaHHe, paBen pajauycy
BrHcannoro twapa. [lycTe r-—paanyc Bnucaunuoro wapa, R—paauyc
onticaynoro wapa. PaccMoTpuM npaMOyroabiibii TpeyroabHuK, BepuUIH-
H4MIt KOTOPOro sIBASIOTCS OAHA 1i3 BepLUHH OCHOBAHISA, LEHTP OCHOBaHHWSA

i ueHTp wapos. Hueem Ri=r34ri, rze ry= Otciona

€os.—
n

ey s

cos? 2L

OTnowente o6beMa ONUCAHHOTO wWwapa K oGbeMy BRHCAHHOrO wwapa
puBHO

R“‘ 1 =
et —=E)
: C0s* —

475, Pajuych OnHCaHHOrO M BHCAHHOTO WApos pashid oTpe3ran
BLICOTEl TETPAa3APa, HA KOTOPBE OHA JenuTCA OOWHM LEHTPOM 3THX
mapon. Jlerko ofka pys:uTb, YTO OTHOLWeNHE STHX OTPe3kod pasio 371,
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B cavoy -niene, <u3- nozo6utix Tpeyroastinkos BQO n» BPK (puc. 188)

umeen: :
R _BK
r PK'
1o
BK_BK _,
PK™ QK ™

Tak xax NOBEPXNOCTH MApPOB OTHOCATCS KaK KBajpaTel HX paliycos,
TO HCKOMOC OoTHOLUenie paBHO 9.

476. O6beuMnl  npaBuabHBIX  Te-
TPad1poB OTHOCATCS KaK KyOm pa-
JUYCOB BNHCAHHBIX B HHX 1I3pOB,
Tak Kak wap, BRUCAHHHI B 60.be
unHl TeTpasip, fABIAETCA  OMHCAHNBIM
BOKpPYI. Meubllero TeTpasipa, To OT-
nowenHe - yUOMAHYTHX paxnycon
BUNCAHHLIX w1apoB  (CM. peleHHe 3a-
paun 475) ‘pasno 3:1. Caeposareastio,
HCKOMOE OTHOUleHHe OGBEMOB pasiio
P=27.

477, HonycrtnM, YTO 323aua pas-
peumma. Tlpoeegem naockocts A;B,C,
{cm. pne. 189, a), kacawomylocs Meib Puc. 188.
wero wWapa u MNapajlaeabHylo  OCHO-

Bainio ABC paunnoro Terpasapa. Terpasap SA,B,C; oniicai oKoao mapa
pagnyca r. Jlerko mafith, uTo Bucota ero SQ,=4r (cm. 3ajavy 475).

Puc. 189.

- .. JlyeTs _pamma pe6pa Terpasppa SABC pasna x. Toraa orpesox

3 , a BuicoTa ,SQ_:x_——ﬁ-. Jlaaee (cm. puc. 189, 6) tveen

~3 3
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. e . o

Q0 = xé 6 —3r u u3 npsavoyroauHoro Tpeyromwiuka AQO caexyer,

yro - T\?2 2
R

Pewns kBajpatioe ypabieniie, Hafigem

Xy g==T Y6+ VR3—312.

" B srolt dopMyae cielyer B3ATH Jlillb KOPEHb €O 3HAKOM 1Ji0C, HOO
SA Bo BCAKOM cayyae Gogbuie, e
3r, a 3r>r V6. OuesupHo, 410
3ajaya BO3MOMHA DPH  YCJIOBIH

R=V3r.

478. nyCTh ALBLCI.DIEIFI—
NpabuabHHil  WECTHYroABHHK, NO-
ayuennuwil b ceyeustn ky6a. 3a-
Jaqa  CcBOITCA K ONpejeteHHio
paziyca iapa, BHICAHHOIO B Mpa-
BHJBHYIO WECTHYIOABLYIO NHpaMuay
SAlBlClDlElFl (pHC. 190). CTO‘
poHa OCHOBAHHMA NHPAaMHJIE pasHa
a )/- 2

2 ! 2
Pre. 192. [oapsysict TeM, 4TO pauuyc 1wa-
pa, BOHCAUHOrO B  mHpawmiay,
pacen yTpoeuuoMy olbeMy nHHPaMiad, ACJCHHOMY Ha- ee  HOJHYO
nosepxuocTs (cM. ¢opayay (1) o pewennu 3ajaun 466), naxogus:

,=a(3—4V3).

a
d LLICOTa padia

Cnenobatebto, HCKOMOZ  OTHOLEHNE
234 V3)

9 : .

479. IMycte O—uneutp cepu, a
AS, BS un CS — pauuse X0paul.
Ouepitano, uto Tpeyrosbunk ABC
pasuocroponunit  (puc. 191). Jlerxko
BHAETH TaKike, YTO NepReHIHKYJsp
S0, ua nnockocts ABC npu npojoe-
HIK NPoXoaHT yepe3 ueutp cdepu O,
Tak Kak Toyka O, sBIseTcs WeHTPOM
Kpyra, onicanuoro okoao A ABC. Puc. 191,

OGo3naunm nocsie ITHX 3amMeyaHuil ;
yepes d nckomylo Aauny xopa. M3 tpeyroawnuka SAB naxoguy:

paBlio

AB =2d sin %
H, CJei0BaTebHo,
_ V3 2 . . a
OIA—-AB‘—B——? V3d.sln —2—.



Bumueass gsyms cnocofaMi niomaib pasuoGeIpeHHOTO TpPeyroAnlHKa
SOA, nonygaem: . - :

1,2 e 04 l/ , &
R§V73d51n-§-_7d R*——.

P}
4 g &
d=2R ]/1—3.sin 5

480. Panuyc :BnucaHHOTO Wapa r M uaiiteM no dopmyne (cp. dop-
myay (1) b petmennu 3azazn 466) s
v
f=-§,
rie V—o6beM nupavuge, a S—.
ee noasas nosepxHocTe. Hafizew
cHayana o6beM mHpaMHAR. 3aMeTHM
AJs 3TOTO, YTO NPAMOYFONLHEIE Tpe- 4 v
yroasuukd BSC n BSA (puc. 192) .
PaBHH MO PAaBHEIM THIIOTEHY3aM " Pue. 192,
n ofmemy .«karety. Bsuay sroro . i .
npaMoyroasnit TpeyroasHuk ASC aBaserca pasHoGeapeRruniM. Tak kax

AS=CS=Va—b2,

QOrciona

]

i

1

]

]

'

1

Jr
'/

7

TO, CJe10BaTeNbLHO,

OueBHAHO TaKme, 910

BD =Y AB*—AD3'=__22 VaTe

H, 3HaunT,

Q 1 =
SAABC :—_."-—2— )/a‘-b‘.
B utore nocae COKPaEeHIts MOoJIyyuae:
e bV a*—bh
VaErei+-20+VaEa—b

481, OGosnayuM gepes s paianyC BNHCAHHOTO wmapa, a gepes R
pajnyc OmHcaHHoro wapa.

PaccmoTpuM cHayasna TpeyroasHHR SFE, olHa H3 CTOPOH KOTO-
poro SF asnaerca Bucortoll nupamuidl, a apyras SE —sucoToll Goko-
sofi rpanu (puc. 193, 4). Tlycts O—unentp Buucannoro wapa, Hs Tpe-.
yronsuuxos SFE u OFE (puc. 193, 6) umeew:

FE=r ctg%’-,
SF=r ctg%— g ¢.
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OuesnjiHo, nazee, yto
DF=EF.V 3=r ctg%— V3.

Ofpawmasnce Kk puc. 193, 8, riae nzobpameno ceueuse, NPOBEACHIOS

3 S : $
a ad
£l
1
-
i i
]
: /]
1
L , p, R %
F s D F
a) . 9
o R .l},,:‘__.__
B Puc, 193.
gepes ochb NHPaMuAel H ¢¢ Gokoaoe pelpo, Mul Jierko Hailgest
' DO} =0,F2 4 DF?
MY
}=(SF—R):4-DF3,
Orcwoaa
__SF2-DF?
R 0

Tax xak R==3r, 710, nojcTaBaAR c101a HalideHuue panee BuLIpaxe-
mig ana SF u DF, noaydaes ypaBHeHiHe OTHOCHTENBHO @:
r2 ctg? 2 tg? o+ r2ctg? 3.
2 2
3r= N
2r ctg —(g— tg @

HJH noc.ae yhopouleHiisa
6 tg—z- tge=2+1{g%q.

Toaoxuy, aanee, g %—=z. 3avetis, yto tg == MBI IPUKOAHM

2
1—23"
K YpaBHEHHIO

T2t —622 4 1=0.

34V 2
s VBV

O1cio1a
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Tax kax z > 0, TO BO3MOXHLI JiNgh 483 oTnera:

e
Ty 34 2
tg 2= ]/_+7'__

e 1/ 3-V3
=)/ 3=V

482. Bcero noaydaercs 6 ABYYyroAsHHKOB (no gncy pelep) o
4 tpeyroabunka (puc. 194). OGosnauny gepes §; njomals KaxKaoro
i3 TPEYroJLHHKOB M Yepe3 S. —Na0ialb Kax10ro M3 ABYYTOJbUHKOS.

" Hateea:

o

48, +6S,=41R3. {))

MNycrs Sy—cyMMa naouiajell 0110ro TPeyroabHHKa H TpeX npriexa-
X K HeMy. ABYYroJeHHKOB., S, ecTo
niomaas cepnyeckoro Cermenra, . or-
CEeYeHNOro MJ0CKOCTBIO rpaii  TeTpa-
’ipa. Jta njouaas pasHa 2R, rae
I —soicoTa cermenta. TaxK Kak BbicOTa
TETPa’Ipa AeAnica uentpom cieps 3
otHoweHun 3:1 (cM. 3arawy 475), .10

H=R—{:;—R=;% R,

oTKyaa Haxoxus /1=2R —% R =3 R.

HNanee,

9
S,+43S,= 2.1R-—73~ R=% Ry (2)

(3]

Puc, 194

Peurns cucremy, cocrosutyio n3 ypasuewni (1) u (2), oTwocntensun
neu3secTHRX Sy W S,, moayuaes:

.9 \ : .
Sl=§§R*, Sz=?nR-.

. 483, Ilycts R-—paxityc OCHOBAHNS KOMYCA, O —Yrod MEKILYy OCbIO
Kouyca # oOpasyoieil, r—painyc BnHcanuoro mapa. B ocesom ceue-
HHIt KOHYyca HMeeM pasnoOeapenusii Tpeyroasnuk ABC (puc. 195).
Pamyc Kpyra, BMHCaHHOrO B 3TOT TPEYroJbHuK, paseri paiuycy r
BnHcanuoro B Kouyc mapa. Ilycte O-—uenrp kpyra, £ OCA=f.

e, :
Toraa ouesnauo, uro tgﬁ=~R— ."Ho no ycaosno 3aiaun
- Amr?d 1 3. 4
ar*” "\ R, T3
r 1 T
Orciona W=V—_§u. €1e10BaTebiD, ﬁ=T' Taxk kax, kpove ToOro,
0 xX. . . . a
a+-f$=?, 0 A= Caejosateasito, HCKOMBE yroa 2a=—§—.
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484, Ilycts r—paanyc noaycdepsl, R—paauyc ocHOBaHHS KOHYca,
l—o6pasyoman KoHyca, &.—yro MekK1y OCbio KOHyca H ofpasyiowef.

8 8
B o
J
f
0
.
A = 0
A 7 ¢ / #
Puc. 195, Puc. 196.
Mo ycnosuio 3agaun naeey
aR({+R)_ 18
2arT. 5 M

Beeren B 870 papencTeo yrod o. [laa 3toro paccuoTpuv pastio-
Ceapeunntit. A\ ABC (puc, 196), noayuawowmiics B OCeBOM ceyen
konyca. M3 A ABC Haxoaum

R=1[sina, r=Rcosa=/!sinacosa.

Ioacrassan 3TH BHpaxeHus B JeByw YacTs (1), noayyaem
I l4sine 18

2 sinacosia 5 ° .

Tak kak cos®a=1—sin?«, 710, cokpatus apoGe Ha l-fsina, Gyaem
HMeTh

36 sin? @—36 sina4-5=0,
OTKYAa
5
6

—

sina; = H sindy=—.

<

CnesosatesbHO, HCKOMEU Yroad npH  BepiiHHe KOHyca paseit

5 1
2 aresin — uap 2arcsin —.
a 6 6

485, [lyctb h—EpricOTa KOHYCa, F—pajuyc ocHoeauns, ! —obpa3syio-
mas KOHyca i a— yroa Mexay oGpasyiouteil u Buicotoit (puc. 197). Io
YcnoBHK 333ayy HumeeM arl=kar®; otcioga I=kr H, cAejoBaTeabHO,
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. Y3 npavoyroapuoro Tpeyromsinka ABS noaywaen:
VeE—1
k2

k2|
h=2R cosatcosa=2R e

sina-—-—l-
Tk

r=2R cosa sina=2R

Hekomuit o6beM koiyca pasen

pl ,,,2,,;.%,,,?3(/@2_1):’

%3

Puc. 197. Puc. 198.

486, Mycts R—pamiye wapa, A-—BHCOTa KoHyca, r—panuyc
ocrosaunsl KoHyca. OrtHourenite ofbeMa KOHyca X ofbeMy wmapa paBio

w=h g (1 \?
) TA4RS T4\ R/
W3 tpeyroasuika SBA (puc, 198) uneem r2 =1 (2R —H). Orcrona
r2 h hy
R=F <2—-ﬁ)=4(2—q)
H, CeAOBATeNbHO, ,
x=l4—-(2—q).

3anaya paspewiva, OYeBHIHO, TOTAa, Koria 0 < g < 2.

487, Ilycte R—paauye mapa, Sy 1 V,,—N0BepXHOCTE H 0GBbeM
wapa, Sy H V,—no/Has NOBEPXHOCTh H O0OBEM KOHYCa, fl——BHCOTA
KOHyc¢a, r—pajdyc ocHoBaHis Kouyca (puc. 199), Toraa

Vy 3R 4ps
VLT
Su_ 4R 4R o
Sg. ar(+r)  r(¥n "
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3aneTHm, oanako, urto

4 _h—R_ & 1
_ r R R
3, cNej10Bateaslo,
. I4r_ K
r R’
noayuaen:
Vi Su_ 1
Ve S o'

3aveuanne: K Tomy e pesyJbTaTy MOwHO NpHiiTH M Gonee
KOPOTKHM NYTeM, €CJH BOCMOAL30BaTeCA caeayiouleii gopymyaoit:

v, —_-% S.R, )

rie S,—nomian MOBEPXHOCTE  KOHYCa,
a R—paznyc BOHCAIHOTO B HEro wapa.
Qopyyaa (1) Jerko mnoJayyaercs H3 co-
oTBeTcTBYIOMell  (GOPMYJLI AJS NHPaMAbL
(cm. pewenne 3anaun  466) - npeaeasuint —
nepexo;ion. JleficTBiTeabHo, Tak Kak, ove-

EHAHO, .
1
Vm="§ SR, 2
10, pa3dzemis (2) na (1), nmoayunm
Vu_Su_ 1
Pre. 199, Ve S¢ n°

488, Ilycts S—nogiasi NOBepXHOCTb Kollyca, S;—MNOBEPXHOCTE
wapa, r; H r—pagiychl BepxHero i IrkHEro oCHoBamuil Komyca,
{—ammna ero ofpasylomeil. [lyern
Aaace  CMDL—tpanewis, ioay- € n___ A i
Henas B 0CEBOM CeyeHHil KOHY- \
ca, O—uedtp BOHCAHHOTO wWapa,

AB ] LD w OF ]_MD (piic. 200).

Hueen: £
i_:tl(r—}-rl)-{—:tr‘f—}—.’-v'-’-_ m
S 4nR? - 1

)

Jlerko Bujgern, uro AM=AMF u
BD=FD, tak Kak O — ueutp Bni-

N

Cauilore B Tpanewiuo Kpyra, nosroxy L r 5 £ 2
I=r-r,. (2) Pue. 200.
Bocnoabsosasiuiics sTiM pasencieoM, 43 papenctsa (1) noayuim:
2pr} b r2e=dmR2. . 3)
Ha tpeyroabuinka AED9 aajee, caeayer:
' B=(r—r,)+4R2, )

a3



- Hekaosas I a3 pasencts 2) n (4), naflaems -~ ) .
rry=R* : . (5

C nououts 3TOTO PaBEHCTBA, aexmounn £ u3 (2) u (3), M noaygH:
rtd-ri=R:(2m—1). 6)

Pewnsn vereps cuctemy (5), (6), uaifizem:

r=%(}/‘2m 314 VYV 2m—3);

- rlF.=~l§-(]/‘2m+l- Vam=3).

3 . 3
Taxum ofpasow, npu m < 5 321ty He Hueer pewenus; " opR m=_

ycesenuini  KoHyc mpespamaercs B .
LILTHHAD.

489, Bosmoxun ABa caygas: 1) sep-
WHHA KOHYCa 1 WWap JAexar N0 pa3s-
e CTOPONH OT KacaTelbHOll MJjoc-
KOCTH; 2) BeplINHA KoHyca W wap .Je.
AT N0 OAWY CTOPOHY OT KacaTeasnofl
11.TOCKOCTH,

Pacemotpnm  nepBlil cayuaii.
IposeaeM nJoCKOCTH uyepe3 OCh KO-
Hyca u ofpasywomywo kouyca BC, o °*
KOTOpOfl rosopuTcs B yCJoBiUH 3ajaun
(pue. 201). Dra nJocKoCTL B CeYeRHH
C KOHycOM jpacT tpeyroabiuik ABC,
B CeYeHHH ¢ INAPOM— OKPYKHOCTH
¢ uentpos O; N30CKOCTh, MLeprmeni- :

Kyaapuas K BC, Gyner nepeceuesa : Puc. 201

o npavofi ME (M—Touka kacauis), '
Iposeaes BD | AC n OF | BC. TMycts BD=h, OD=0f =y,
CD=R. Ouesuano, OMEF —kpaipar, noatoMy o

h=r+ VPFAdF R

Nanee,
' R__r R=_Mr
B~ d+r’ Td¥r

Hrak, 8 nepsom cayuae ofbeM KOHyca
L i VETEE).
3 d+rE 3(d+r)?. )

Bo sropom csyuae 3azava pewaercs anagorhuuo, O6peM KoHyca
OKa3uIBACTCA PABHBIM :

.
V=§ﬂR h——

a4 VAT@=TE)
B(d—ry R
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490. PaccMotpHM ocepoe cegenne ABC xonyca. Tlycts BF —puy-
cota B Tpeyroapuiike ABC, N n M —Touxku KacaHnsa kpyra, BOHCaH-
noro o Tpeyroasuuk ABC, co croponamu AB u BC, O—uentp Kpyra,
E—1ouka nepeceyenns senbweil ayru MN ¢ orpeakom BF, D —
Toyka nepeceuenns orpeskos MN u BF (puc. 202). Iloaoxum DM =y,
DE =H, BD="h. Hckomuiil o6bveM panen

1 1
—— b} T p—— 2 _—
V=g arth—— aH? (3R —H).

Ho
cos? 2.
[ o a 2
h=rctg-§-=Rcos—2—ctg—2—=R——.—;
sifn —-
2
i
H=R—Rsin~g'—;
cJe10BaTeAbko,
ccs‘-c—L .
_ 1 _ns 2 a2y, o
V-—ﬁnR : a—(l—sm—Q-) (2+s.n?>
Sm—2—

491. OGosnayny uepes r 1t r; PAIMYCLl UWIAPOB H PaccMOTpPiM ce-
yenre 11apop MJOCKOCTbIO, NpoxoJlsiner uepe3 ux Heutpu O u Oy
nyets AA;=2a, KS=R u AS=x (puc. 203); toraa A,S=2a—x.

IMoanas noOBePXHOCT AHH3LI PaBla

2xar;+(2a—x)2ar=S. (1)

M3 1peyroabhuka OKS  mveen
= R¥4[r—(2a—x))? uwm

R*—2r 2a—x)+(2a—=x)=0. (2)

X

1
%\

Puc. 202. Puc. 203,
Aunanornuno u3 Tpeyroaunka 0,KS mmeeM ri=R24(r;—x)3 nan
R2—2r;x4x2=0. 3)
H3 (2) un (3) naxoanu:
R4 (2a—x)? _R*4-x3
=g @a—x * T T - @
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MoacTasis 2TH Belpawenns A1 £ H rqy B paseuctso (1), moaywum

ypaBHetue -
n(R*4-x?) +a [RP+(2a—x)*]=S§
e s
2=
¥ —2ax+R*+ 200 — o o,
OTKyZa
x=a} ]/—%—-—R’—'a’. (8)
[ToncTasiB STO 3uauenwe ¥ B opMyas (4), mocne ynpouerudt moaye
YHM:
S 1/ S o1z ¢
wV ke

r== —————— s o]
S_ 2 2
“"1/?:; R*—a

S S s
T4y g-r—a

f1= __.____S ) A
o+ -r—a 1<
g

BuiGop apyroro 3uaxa nepex Koprey B (B)
CBOXHTCR X IlepeMene oGo3naweHHit r i ry.

492. Ilycte Vy n V, cyTs cooTBer-
cTBeHHO OOBeMbl MeHblwero H Gosbiero ’
LI3DOBHX CErMeHTOB, Ha KOTOpue pa3Gn- Puc. 204.

Baer wWap MJOCKOCTh, NPOXOAfinas uepes

JHHHIO KacaHuA mapa ¢ KouycoM. Ilycrs, namee, R-—paiuyc wapa,
h—pBticoTa MeHbmero cerMenta, H—BHCOTA xoHyca, r—paaliyc
ero ocHosauua (puc. 204). Torpa

r [i4

4
v, =_;- it BR—H), Vo= aR = b2 GR—h).

h
3agaya CBOAUTCA K HAXOXAEHHIO OTHOLIEHHS R OGo3naunp yepes o
yTOJI MEKAY OCHIO KOHyca H ofpasywomeil, 3 A PKO naxogum;

B_;_h= sina,
OTKyAa
h .
—}T:l——sma
Hanee, no ycnosuio 3a1aun
1
—_— 3
3 1 e
=7 __ T TR
3 R
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. -Bupasum Tenepe 7w I uvepes R n a. Ilvees:

__R _p. l}tsina
H= sinu+R_R sina '
r=Higa=R. £308

cos d
CrejoBaTeabho, o
1 (I+sineg)® - I - (I+4sina)?

== sina(l—sin?a) .4  sna(l—sina)

. h
IMozcTaegs cola sma.=1—-[€-, Noayuaes ypasuenie OTHOCHTeAblO
h ’
—==2;

b [ (2—2)?
T i (l—2)z

WL MOCe yNpolUleRns
2R+ —=4 (kD) 24-4=0.
Peias, noayuaed:

Q1) =2V (k—2
“2=( .)MJI( ) , M
B 3aKRJI0UEHHEe HaXoalM: '
El___ :7. 2 (3_21. 2)

A= .
Ve d—2] 4 (3~2,4)

3a7aua mveer 1Ba pelleHus, TaK Kak ¢6a KOPHA KBA1paTHOTO ypablie-
HHs 0PIl B > 2 nMeloT CMBICT. -

7

Puc. 205..

493. Paanye 7 Kamaoit N3 BoCLMI BMHCAHHLIX cdep Mu naiizeM, -
paccvoTpes Tpeyroablink AOC B n:ocKOCTH, RPOXOAMIENR fiepe3 uenTpL
stux cgep u uenrp O chepu-S (puc. 205, a). Hueem: . .. ..

_“E’-—___, — in‘i‘.
a0 R—+- %
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O1clona
sin T
8

r=R—p—.
sm§ +l

Tposens ceuennte wepe3 uentp O cheput S, uewrp 0y cdepy S n
uentpnl AByX nporHBoJexauwx chep paamnyeca r (puc. 205, 6), Mu no-
AYUHM #13 NPANOYTOABHOLO TpeyroabhiKa AQQ,:

A0} =402 3-00}
(r-+p)* =(R—r)> +(R—p).

R—r
=R

I

OTtcioza

i

N R
2$in%+l VoVt

p=R

494. Tax xax pnncannble ceprl papnu Mexdy coGoii, To nX UenTput
ONHaKoBO ylaientt oT uentpa O cdepu S. CuenoBateasno, nentp
CHMMETPHIt YKa3amioro B Yc.108HI
3apaun Ky6a cosnajaer c nentpom O
cdeprr S (puc, 206). Mycts x—ue-
koMuil paanyc cdep. Jlerko sizers,
4To TOrga peépo-KyGa Gyter AB =
= 2%, a No0a0BUHA JHaroHamn Kyb6a

A0=CO0—CA=R—x.

Tax kax, c apyrolt cropoutt,
AO=%-2x V3,

TO noayuaeMm ypasheilie R—x=
=x} 3, o1Ky:za

X=

V3i+t ) Pic  206.

495, TlycTb r—painyc OCHOBANHA KIMEZOrO W3 ABYX BIHCAHNLIX
konycoB. Hx ofulas 4acTs COCTONT H3 ABYX DaBHEIX YCEUEHHLIX Kouy-
coB. OGo3uauny’ uepes ry W rp COOTBETCTEEHHO PAJNYCEl BepXHero if
HHMHEro ocHOBaHHA yCEYeHHOro Komuyca N uepes }/—ero BLICOTY.
Hcekosoe ornomenne o6tenos: pasiio

__ H(’f'*"_]’z‘?"g)
T 2R3 ‘ S
Ha nogo6ns rtpeyroavnukos AQZ, A0S, APC (puc. 207) imeem:
n R=H  n R
r, R r TR
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Tak Kkax, kpome Toro, H=h—R u
r=V R*—HZ=V 2Rh—1?,

70 JiBa NpegbAYUIHX PaBeCTBA NMO3BOASIOT DHPA3UTe 7y H fy Yepes
Rubl :

r2=RV'2§h—-h’ oy 2R

] 1=7g R .

h
Tak Kak no yc.10BHIO 3ajauH -§=k, T0

—h)2 —_
(h—R) {’§(2RR2II) ’:~2RR h%’: }
9= oR3 =

= (t—1) (%-—1) (k2 =5k +7).

\ )
AN
7—\

Puc. 207. Puc. 208.

496. [lycts paanycul KpyroBnx cedenuil ¢ niomagsvd Sy u S,
pasinl R; H R;, a paccroduns OT LeHTpPa 1apa A0 9THX ceyennit
cootBercTBenno pasuu Iy # I3(l; < 1;). OGosnaunm vyepes R paanyc
wapa, uepes r—paguyC HCKOMOro CeYeHHfl, a yepes [— paccrosuue
OT 3TOr0 ceueHHs zo uentpa wapa. Torza (prc. 203)

l,—ll=d (1)
u 1+ R =13+ R3=R* W3 smix asyx ypasueuill naxoinm:
Ri—R}

Ll = —
i, C/e0BATEbHO,

$;—8
bt ii= ‘ﬂd z, . @
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W3 ypasnesnii (1) u (2) nonysaem:
$1—8, , 4, $—S,
od T2 =" -

ly=

TostoMy nckoMan maomaxs pasna
S=nrt=n(R:—B)=x{ R} + 1;-12):-21- (Sl-l-S,—l—-%ml*) .

497. OGosnauum uepes r HCKOMHIAl paxmmyc OCHOBAHHS Komyca.
PaccmoTpum durypy, noaydalomyiocs B CEueRiH, NpPOBeNEHHOM uepes
HeHTP OZHOTO H3 WapoB H OCb KOHyca (puc. 209). 3ameTnM, 1T0 pac-
cTosHIe Mex]y UeHTpaMit JABYX Ka-
caiotliixeds wapos pasao 2R. He-
noap3ysa Jerko Joxasyemuit ¢akr,
YTO NEHTP OCHOBAHHUA KOHYCa
pacnoioxen Ha OJHMHAKOBOM pac-
CTOAHHH OT BCEX TpeX TOoueK Kaca-
nus cdep ¢ naockoctsio P, HaxoauM:

AD=3-§V3R.

Jlerko  sugems, 4t0 [/ SBA =
= / C0,D=2f u, cieroBateasns,

7
23=-§—°¥- Puc. 209.
BaAp TaHrencH yriaos, cTosux B o6eHX YACTAX STOrO PaBeHCTBa, Mo-
JyuaeM:
21gp_ 1
1—tg2p ~ tga’ M
2V3
Uz puc. 209 suauo, aro (g fi= —T—R—r R n tga=r:qR.

' -
Ecan  Teneps moaoxuth E:x, 10 pasencyso (1) npuBemer Hac K

c.’!e}iywme.'uy YPaeneHH0 OTHOCHTEJIbLHO x:. .
3(g—2) 22 —4¥3 (g—x+4=0.
V3

Orciona npn g==2 nojaydae™m x=

g+ CAeloBatenbno, r=-—¢ R.
Ecnn xe g #2, 10
2 = 2V3O=DF VT8 12
h2 3@—2) '

L 2Vd : :
Tak kak 0< x< }3/ , TO B yKaszaunoil ¢opmyne caeayer Baste
anax Munyc. Bropoii kopenb npu ¢ > 2, Kak HeTpyAHO NOKa3aTb,
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Goase, 9em , Hl OorpedaeT KoHYCY, ‘Kacamouwemyca cfep uisue;

3
npu ¢ < 2 BTOpOil KOpeus OTpiiaTeet.

498. LlenTpu yeTeipex nepsblX Wapos nesaT B DeplHHax fpa-
BHALHOTO TETPas’ipa, Tak KaK pAcCTOAHHA MEKLy UenTpamu JoOLK
ABYX Kacamouiixcs wapos pasusi 2R. Herpyauo noxasars, uTo denTpul
NSTOro B WECTOro Iapos COBNATAT C UEHTPOM TSLRECTH TeTpa’apa
(puc. 210). INycts r—paznye ustoro (Goasluero) wapa, a p-—paiuyc
wectoro wapa. Ouennzio,

no.'ILB)'ﬂCb TeM, YTO pacciosiiie OT UEHTPA TAXECTH A0 BepwHilpt pace-

CMaTPIBAEMOTO TCTPaA’1Pa pasuo R, nmonyuaem:

2

po
p+ R=—-——'2G R. @
Ve

) , Ve
Orcioza p=1~R —5——1).am dopuyaw (1) r=R 2 41,

Taxus 06pasos, HCKoMOe oTHOUISHIE 00BEMOI PABIO

59 \3

V642

N
AY
|
Y

A A
7
.gﬂ
7
“y
4, c,
Puc. 210. Puc. 211,

499, Mycte A, B, C—uentpu wapos paauyca R, A, By, C; —
[poekiliy 3THX UEHTPOB 11a MA0CKOCTb, O—UenTp uerseproro wapa,
paauyc r Kotoporo uysuo uafiry (puc. 211). Coeannup uentps scex
Wwapos, Mbl HOAYYHM, OueBlANO, NPABUJLHYIO TPEYroabHYIO IMHPAaMHAY
0ABC, y xotopoii AB=BC=AC=2R, A0=B0=CO=R+r,
0Q ==R—r. Otpesox A0 ects palnyc onucaumuoillt oxoas A ABG
OKPYIOCTH, NO3TOMY"

B 2R
A '—-—,"‘T-'—--—‘—:.
¢ ¥Vs V3.
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P3.7peyromsimxa AQQ mo Feopeme Tlndaropa. naxoanss: -

2R \?
—_— ] +(R—=r)*=(R-r}2
(F75) +@R=r=@tn
Pentiip 570 ypabiienite, nosyuaes r:=—3-;

<500, Ilyere A, B, C, D—uentpnl Goabuinx mapos. PaceMorpim
npoeKWio BCeX wapos na naockocts A, B, C, D (puc. 212). Tak xax
UEeHTPH MaJNX 1apoB paBHO- .

yRaeisl OT UEHTPOB COOTBET- . .
cTByIOIIX GOAbIWHX WapoB, ONN
CNPOEKTHPYIOTCSI B UENTPH TH--
xectit 0; n O, PaBHOCTOPOHHHX
Tpeyronsuukos ABC u BCD.
Tax kax, XpoMe TOro, pajnych
MajHX U1apoB [0 YCJIOBHIO pas- -
HH, TO OTPe3oK, CcoelHHsIOmuIl
HX UeHTpH, napajieneH pac-
CMaTpHBaeMoil NJOCKOCTH 1 Je-
JHTCA TOUKONl KacaHnsg wapon
nononav. Beuay 3toro mnpoex-- .
nHsT TOUKH KacaHuA OKaxKercd ' Pue. 212.

na ortpeske- BC. Orcioja cue- )

AYET, 4TO Majihe WapH CHOPOEKTHPYIOTCA B KPYrH, BOiCalHbe B Tpe-
yroasiinkt ABC n BCD. Tlostomy papuyc Majux mapos pased

,_ABY3 2RV3
T 6 6

; OTKyja —?: )/ 3.

2. 3apayd HA ROKA3aATe/NLCTBO

501, Hycﬁ; E'n F—cepeaunnl ocnoBaunii tpaneunn ABCD, no-
nyuennoii B ocesoM cevenun Komyca (puc. 213). [poseieym uepes ce-
peanny O ovpeska. EF npavste OM | CD, ON ] EF, CP | AD. Tlo-
JoxKNM  Aas  cokpauenua nmncema. CD =!I, EF=h, OM=x, EC=r,
DF=R, L/ MON=/ PCD=a.

Ias, 7oKasaTenscTBa A0CTATOYHO YCTalOBHTB, YTO x=-/2'-. o
yeaosnio ol (R--r)=ni? n, cneposatensno, R+r=I[. Tak kax, oa-
#axo, n3 TpeyroasHukos OMN n CPD umeeu:

R+4-r

X= 5

cose H . h={lcosa, -

s h .
TO. ,x:i , UT0 H Tpebopa.10Ch 10Ka3aTh ).

*} U3 'nosyvetinoro speume pasenctBa R-4-r=1[ craegyer, uro
2R 4-2r =141, "OT0 03Ha3uaeT, UTO CYMMHI TPOTHBONOIOKHBIX CTOpoH
paccMaTpHBaesore uweTelpexyroJbHika - pasusl. [locaeanee ywxe Rocra-
TOUID Al Toro, 4TOGL B UETHIPEXYroJAbHHK MOXi1G GblJIO BRICATH
OKpyx1oCTb. MH, oantaKo, ne onnpaemcs Ha 3ToT $akT,

it



502. Paccmotpuy tpaneupio ABCD, noaygaomyiocs B 0ceBoM ce-
yennu Koyca (cm. puc. 213); nycte E H F—cepeanisl ee ocHOBaHNil
O—cepeanna EF.

OM | CD, ON | EF, CP | AD, / MON=/ PCD=c.

Jaa pewenus 3ajaud JOCTaToyuo nokasarb, yro OM=O0E. Bseieux
oGo3HayeHus:
EC=r, DF=R, OM=z, 01—:.—_-%.
Toraa '
+4-r

x=0xN cos a=R2

cos a.

H3 tpeyroavunka CPD wnueen:
h=CDcosa= YV (R—r)?+ CP?cosa.
Ho rtax kak no ycaopiio CP2=4Rr, 10
h= Y (R=r}*F3Rr cos a.= (R +r) cos .

h
Takum ofpasonm, X=", 10 H TpeGoBasoCh ROKA3aThb.

Pue. 213. Puc. 214.

503. Ilycts SD—Buicota nupaMitis SABC, O—cepeanna BHCOTH,
E—cepegiiia orpesxa BC, aauuy KoToporo Mul oGo3HauiM 4epes a

(puc. 214).
Haeen: _
aly 3
DE = .t
T T YN /6
SD =} 51;‘2——01;'2=_“‘36 i
aVe6
0D= T
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Orciona
OE =V 0D DB =~

Creaosarensno, OE =BE =EC u, anaunt, / BOC=90".

504. Tlycts a—cropona ocHosamust Aawuofi mupamuaw SABCD,
o —ABYrpansslil yrox Mexay Gokosoil rpaisio H ocrosannes; H-—pu-
cota SO—nupamngy (puc. 215). Torza

x
5

Kpoue toro (cv. dopmyny (1) B pewennn 3azaun 481),

a
r=gle

2
2 aV 2)
R +( 2
s 2H ¢
ChegoBarteasto,
R=g_tg3a+2
4 f{ga
H, SHAYHT,
R _ tg?a+2
r o’
21gatg--§-

a
IToaoxus {g 5 =% noayuaer:
R _ 14
r 2 (1—x2)° 7
Monaraa eme x2={, MK cBegeM 3ajaly K ROKa3aTeJbCTBY HePaEBenCTBI
142 .
Fa—p=1tV?2 N

mpn 0< <1,

YuHoxkus wa 3uameHaTteNs  ofe
YacTiH YepapeHcTBa 1 PACKpHB
CKOGKN, NPHXOIHM K HEPaBEHCTBY

@V ITHIeE—2(V2+1)it+
+1=0

-
-

L N S

At KBajpaTHoro Tpexunena. Bu-
YHCAAA RUCKPHMHHAHT Tpexd.ena,
o6Hapy:KHEaeM, HTO OH paBeH Hy/O,
CnenoBartesblio, TpexXwieH He M3-
MeHsleT 3Haka BooGmMie NpH MOGHIX A
snaveunsix f. Tax xak mpu (=0 4

oH MDJONKIITENeH, TO HEPABEHCTBO .
‘20Ka3ao. Puc. 215.

505. Tlupawnaw ASBC n OSBC nmeor ofmee ocnosamne SBC
{puc, 216), nosromy HX oGbeMbl OTHOCATCA KaK BHICOTH, oOnymeunbe
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Ha ux obwee ocuosanie, Tak Kak OA’” AS, 10 oOTHOUWleHE . BICOT
nupamitl ASBC u 0SBC, onyweiuslx Ha octosansie SBC, pasuo ot-
nowennio SA k O0OA'. Crepo-
BaTeAwlio, OTHOUleHHE HX O0BEMOD

pasiio
Vospe_ 04"
Vaspc SA4

Auanornyuo’

Vosca _0C Vosap _ 0B’
Vaspc  SC ' Vaspc  SB'

Caomue 3td pacencTsa, HoJay4daes:

04" 0B |, cC’
Pue. 216. SA+SB+SC—1'

506. Ilyctu P ecty maockoctu 1peyroaviinka ABC, Py —naockocio
Tpeyrosptinka Ay B,Cy, [—auuus nepecevenys P u Py (puc. 217).
Ooo3naydunm yepes Q4 p NI0CKOCT, Npoxojawylo uepes A, B u 0. Tps-
Man A;B, aemut b Qqp u, Gyiyun ncrnapasieannoii npaswoii AB, ne-
pecexaercst ¢ ueil b Touke T g, JTa TOUKA JEAHNT B MiI0CKocTAX P n Py
W, 3Ha4iT, Ha npavoil /. Auatornuno Joxawmwes, uto npsusic BC u B,C,
nepecexalorcsi 8 touxe T o, sea-
meit ua /, a npavvie AC 1 A4,C; —
b Touke T gc, Aesauteil Takie ua l.

Puc. 217. _ Puc. 218.

507. Mycts Oy —ueutp Ttamectn rpaun ASC, BO;—oaun u3 pac-
cMaTpuBaeMblX B 3ajaue oTpe3kos. Bosbmem eue Kakyio-nitGyas rpaus,
uaupitvep BSC; oGo3uayHM ee UeHTP TaxecTH uepes 0, i JOKaxens,
yto otpesok Af, nepecexaer oTpe3ok BO, U Mpi 3TOM TOUKA INepece-
yenus otpeskos O Jeaut otpesok BO; b otuowenun 1:3, cyutan
or touki Op. B cavom pene, ecan M; n AM,—cepeinuut orpesxos AC
1 BC (puc. 218), 10 ouesuano, uto AB || M;M,; Jerko Takixe BitieTs, Y10
0,0, )| MM, 13k Kak Toukn O; 1 O, 7eAAT COOTBETCTBENNO OTPLIKA
MS u M.S b oanom s Tom ke otuowerin. Mostomy ABJ]0,0,, ¢u-
rypa ABO,0; —Tpaueuus H, c1a10 OuTb, ee qnaronaan BO, u A0, nepe-
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cexaiotest, - Ofo3uauny - TouKy - nepeceuenns Anarotranell uepes 0.
Haeel: - - R ARE ’ Y

MM, 1 00, 2
AB T2 UMM, 3 N
Mepeuiokits  3TH  pasencrsa, noay4iy C-%%:% Ho wn3 nonofuga . -
Tpeyroabiikos AGB 1 0,00, caexyer %‘E?=%g= Takiw-  obpasom,
00 _1
0B~ 3

410 I yTBepKAaAoch. Ecai MLl Telepb BO3bMEM WEHTP TsKecTH eute
Ha oxuofl TPaHi Il NMOCTPOHM COOTBETCTBYIOUNt OTPe3ok, T0 oH, B CHaY
/0KA3aHUOrO, Takike nepeceyeT oTpesok BO; 1 NpHTOM B TOuKe, Ko-

Topas pasieant BO, s oTHowenui =+ T. € B Touke 0. Caeaosate.n-

110, BCe paccMaTpliBaeMuie OTpe3kH mnepecekaiortcst B Toyke 0. Ovge-
BHAMO TaKkKe, uTO Touka O jeant /moGoft u3 HUX B oTHowexuu 1:3,
uro # TpefoBaloch 10Ka3aTh.

508. [IposeieM cHayala o01HO BCMOMOTaTeqabHOE paccyxKienue,
Nycw PPy u QQ,—ase . ckpemusatomunecs npaseie, 4, B 1 C—rpn
Toukil HAa npavoii QQy, mpHyem TOouKa B JexuT Mexay Touxkamn A
nC, A, By, C{—ocHOBaHHA NepNelIHKYASPOB, ONyUIeHHBIX M3 Touek A,
B, C na npauyio PP;. Otosnaunm vuepes hy, hg, he paccrosuns Tto-
yek A, B u C ot npavoit PP,. [loxawxesm, uto hp Meusie, 1Mo Kpaii-
neft Mepe, oanoro u3 paccroanuit iy uan k.

Ias storo cnpoekTHpyeM n3obpawennyio Ha puc. 219 ¢urypy na
NJA0CKOCTh T, Nepneiankyasipuyio K npasoil PP,. Torza npamas PP,
crpoextipyerca 8 Touky O, a :
ompeakn  AA,, BB, u CC,
cnpoekTHpyiorc 6e3 H3MeHenus
AJanNsl, TaK KaK BCE ONN napa’-
neasitsl naockocTi . Ilpi arowm
Touka B’ oxaxerca wMexly TOY-
kamt A’ u C’'. Ob6pamasce Te-
neps K Tpeyroasiuky A'0C’,
ML MOXKeM  YTBep:K1ath, YTO
naksaonuags 0B’ kopoue ool
13 HakjsouHux OA’ wa OC'.
Heiictoutensiio, ONyCTHTH elle
13 Touxu O nepneniHKyIsp na
A'C’ (na puc. 219 on He noka- :
- 3an), Mbl YCTaHOBMM, YTO TO'- i Puc. 219.
ka B’ pacnonowxena 6aume K s :
OCHOBaUHIO  MEpReNINKYJAApa, ueM ojfiHa H3  JABYX Jpyrux To-
yex A’ ua C’'. O1ci01a yxe cieayer, uto ltg Menwume, uem ftg 1 fe,

flycts teneps ABCD — nponssosslas TpeyroibHas nHpaMmuia
n EFG-—TaKxoe " TpeyrosisHce ceyemie, uro, no xpafineil ‘Mepe, o1ua
13 sepwny F -ne ABAACTCA: Bepwnnoil - nupamuiul, JloxameM, 4To Torja
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naoualb Tpeyroabiika EFQ@ -Melblle RJOWAAH OJHOrO :H3 “TPeyroJb-
unkos AEG uas DEG (puc. 220).

DeiictBiiTesIbHO, BCe TPH Tpeyro/biHKa HMeior obuiyio ctopony EG,
a no paHee j0KasaHHOMY paccroaHile or F fo npawsoit EG meubiue
‘pacctosung ot A uau D no 3roit nps-

Moii. Ecan SAEFG < SAAEG' TO BCe
oxasano. ‘Ecan ke Sp prg < Sp pEa

n, nanpusmep, Touka E He spasercs
BepWHHONl NUPaMHALI, TO NPHMENHM
npeauiywee paccysacnue ¥ A DEG,
‘CPaBHHBaf ero mioulagh € NJOULAAf-
My Tpeyroasunkos DGA u BDG.
IMpumenns TO Ke caMoe paccy:xie-
HHe. B cayyae HeoGXOAMMQCTH  elle
pas no ordoweniw K A BDG, noxa-
AKeM  yTBepajenue, cojepiaileecs B
3a3ase. M3 n3qomennoro | pewenns
ACHO, YTO €T ceuciite NUPAMILIL lie
COBMalasT ¢ ee Tpaibio, TO OHO MO
NAOWAl  CTPOrO  Medslde  :[iouwaiu
Puc. 220. 02H0il #3 rpaueii.

509. Duiecto TOrO 4YTOGLI CPABMHLATL CyMMl ILIGCKHX YPJA0B Npi
cepuHuax S g 8, cpasuil Mei1y €o3oil CyMMU IUIOCKHX  yTa0B 0o-
KOBLIX rpaneli ofenx iupaMil] npid KaikIoli N3 TpeX Bepinl oOuiero
ocuiosauus. [oKamed, 410 Kamxias Takasd CyMMa yroos sueiuueii ni-
pamii 60Jplie COOTBRTCIBYIOMIRll CYyMMi yr103 Buytpenueit. Joka-
KeM, nanpusmep, 4qro (pic. 221) s
Z ACS+ £ SCB > £ ACS'+

+4S8'CB. (1)

Ha mpepasenctsa (1) u emy anua-
acruunslx (npn pepumnnax A n B) mu
noayyuM pewetite 3azaui. [HeficTsi-

1CJAbHO, CJIOKHB BCe TpH  YKasaHHuxX
lepaBeHCcTBa, ML YCTAuOBUM, YTO CyM-

Ma BceX IIeCTH MJAGCKHX Yr.a03
GoxosLX rpaueill NpH OCHOBAHWH Biell-
ueil nupasiianl Godblle COOTBETCTBYIO-

- Y7 -
uleil cysmvu }_} A1 suyTpennell -

paMueL .
2> 2 )

Ho uutepecylouute mnac B_3alaue pe-
JHUHHBL ZONOAHSIOT 2 " 2’ Jo 540° Puc. 221.

(=180°:3) wu, cJelosaTeablid, Aaf H:iX HMEET MECTO HepaBelcTBO

IPOTHBOMOJOAKHOrO  cyslcla.  TakHw  c6pasoM, ocTaeTes  J0Kasath
cupakeusocib (1).

Mpozonaus niockoets ACS' f0 nepeceuenns ¢ pHewsdeld nupa-
Migell, Paccmarpupas tpexrpanustil yroa CS’S’B, 3akmiouaey, 410

[/ S'CS"+ /. S'CB > £ SCB. - @
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[Mpu6asus K ofenm: yactaym wepaserersa /- ACS’, noaywns:

£ ACS"+ £ 8"CB > [ ACS' 4 £ .S'CB. 4
Ho gas tpexrpausoro yraa CASS™ nmeemr ’ '
L ACSH /£ SCS" > [/ ACS". 5)

Bamenns- 8 wmepasencrse (4) [ ACS" Goavwell pequuunofl, coraac-
Ho (B), nmonyuum:

L ACS+ (L SCS™+ £ S'CB):> £ ACS' 4/ S'CB,

s T. e nepasesctso-(l)..

510, OGoanaunm. uepes Oy, 0,, 0, O; UEHTPH HAHHMX IIAPOB It
yepes P;,—o0O6WYy0 KacaTeJbHylo: IJIOCKOCTb JAS Wapos € UeHT-
pamn O; 1 Oy (i < k). Tarux nioce
KoCTell BCero wects: Py, Pirgy Pis,
Pll) PZQ' P3G'

CHauana JlOKaXeM,, 4TO ILI0C-
KOCTH" Py, Pig 1 Pag nepecekatores
no ogmoftr mpamolt; [eficToHTenb
HO, KaxaasT H3. 8THX IUIocKOCTefl’

Puc. 222: T Puc. 223.

nepnenaukyaspua K niaockoct 0,0,0,,. TaK KaK OHa MepHeHIUKYIAPHaA
K JAHUHH UCHTPOB pasienseMuHXx eio IapoB, Jexailedl B 9Toit DJIOCKACTH,
KpoMe Toro, nerko Bsuiers, 4TO paccMaTpHBaeMHe MJOCKOCTH
(puc. 222) npoxoasar uepes Touky. (, nepecedeunss GHCCEKTPHC
A 0,0,05. Takuyw o6pasoy, miaockocTH' Py, Pig # P,3 heficTBHTebIO
1IepecexaloTCcs N0 HeKOTOPOH NMpsAMOi, KOTOpas, KaK MW NONyTHO ycTa-
HOBHJIH, TNEPRneHAHKYASpHA K IJocKocTH upentpos 0,0,03; i npoxoaur
~gepe3. UeHTP Bnifcanuoii' 8 TpeyroasHHk: 0;0;0;. oxpymuocta.. O6o3na-
4HM 9TY npsMylo yepes L,. . ]
CoBepuIeHHO Tak e ROKa3WBAETCSH, UTO MJOGCKOCTH Pag, Poy n Py,
onpejeasior obulyo HM nNpaMylo Ly, NepneHIMKYJAAPHYI0 K MJOCKOCTI(
Tpeyroasiika 0,030, H TPOXOAAI(YIO Yepe3 HEHTP BIHCAHHON B Hero
OKDPYXKHOCTH H T. A. B peayanrate mm npuxoamM K ciefyomeit 3alage
(puc. 223): B Kamayio rpanb-TpeyronsHoli nupamuau 0,0,0,0; Bnncasna
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OKDY:XHOCTG Wl Yepe3 ee USHTP nNpoBeled HUEPHENINKYJsSP K rpand,
Hy:kHo 10Ka3ate, 4To BCe wueThlpe nmeprnenanxyaspa Ly, L,, Ly u L,
1MeI0T o0ulyl0 TOYKY, €C/1H H3BECTHO, 4TO TOYKH KAcalns ABYX OKpYK-
HocTell ¢ oHHM 1l TeM #e pe6GpoM COBNagaloT. e
drot PakT nouTH ouepiden. OGo3nauny uepes O Touky nepece-
yenns npsvux L; w L nocaeanne nepecekaioics, Tak Kak aekKar
B oanoil naockocTH P,; M me napaaaeasnul. [lokamem Teneps, 4rd
npavele. Ly u L, Takike npoxoaar uepes Touky 0. [Heficronteasnto,
touka O JexiT na JnuHH nepecedenids naockocetell Py, 1 Py, Tax
Kak npsavas L, npuHajllemur naockocrd Py,, a npsivas Ly—nsaoc-
xoctH P,y Ho aumna nepecewenus Py, n P,y ects npavan L, Caejo-
BaTeablio, Ly npoxolut uepes Toyxy O. Analorinyho moxassiBaem, 410
npasas L, npoxoqt yepes touky 0.

D

511. Ecan jpanut Tpu Touks A,
B, C, He Jexawie Ha oauoii mpi-
MoOil, TO S5TH TOYKH CJAYyKaT ueur-
- pasii Tpex wapos, MOMapuo xacaio-
plixest apyr apyra. Heficreuteasto,
eca P—rtouka nepecevenus Gic-
centpc A 4BC w Py, Py, Py —
OClIOBRUIA  llepNeHAHKYAApOB, ony-
WwentLx #3 P COOTBETCTBEHHD 1A
ctopount 4B, BC u CA, 10

APy=AP,, BP,=8P,,
CP,=CPy
i waptl ¢ uentpamn 4, 8, C u pa-
JIYCaMil, COOTBETCTBEHNO pPaBHLIMII
rp=AP,  rp=BP,, ro=CP,,

Pic. 924 HONapIo KacaloTes APYr apyra.
: : [lyete ABCD —aanuas nupa-
amiaa (puc. 224). Paccsotpum Tpa
Wwapa paauycoB rg, rp, re © nentpavs 8 A, B, C, nonapuo kacawo
uwxen Apyr apyra. OGosnauny vepes A,, B, n €, TOUKH, B KOTOpuLIX
IOBEPXHOCTIl 11apos mnepecekatorcsi ¢ peGpasu AD, BD w CD, u no
kaaewm, uwro A;D=B,D=C,D.

Mo ycaosuio 3aiaun

AD+ BC=8D + AC.

ITo noctpoettio - )
AD=r + 4\D, BC=rptrg
BD=rp+B\D, AC=r 4r,.

[NoacTaBup ueTLipe NOCJAEANHX BuUpa:KeNla B Apejuiyilee pabeuciso, -
NOAYURM: '

A,D=B,D.
l\"a-‘lor!l‘"lo, Vllcllo-'lb:‘)'}l paseucTso

o " BD4 AC=CD+ AB, -
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Hailem: . o ..
B D C,D.
CJ!CJOBaTe.'IMIO, map ¢ uempOu D W paznycou
rp=AD=BD=C,D *

KacaeTcst Kajykioro H3 flepselX Ipex wapos, a 3nagur, Bce qeTeipe fiog-
CTPOSHULIX U1apa KacaloTCA mnonapHo

Apyr apyra.
512. OGosnaunM paanycs mapos

qepe3 ry, fay 73 ¥ OYCTb ry==ry =13, [ r,

ngoseneu K TepBHM 18YM map§\| Ka- P I =7 S
€a1eABNYI0  MJOCKOCTB, I{poMe Toro,

yepe3 UENTPH 3THX [APOB RpoBeieM A \f’/ 5
NAOCKOCTb, MEPHEeHAMKYARPHYIO K Ka- L2 e
CaTeaBHON [IJIOCKOCTH, W  PacCMOTPHM

OKPYKNOCTL pajHyca r, Kacaoutyiocns - Puc. 225.

ABYX TMOAYUUBHINXCA B ceueHHH 060.1b-

wHx KPyroB n nx obitei Kacateasnolt npsmoit (puc. 225). Tpertuf
wap MOXeT, OuYeBHAHO, KacaTbCA NepBHIX ABYX apos i Kacaiouefica
HX NJOCKOCTH, €CTH OH «lié OueHb Majd», A HMERHO, eCcall ry>=r. Mu
nueem (cM. pac. 225)

1/ 0,0:—0,C*= A0+ 08B
[1F§:] . '

Vintri—(ry—r 2=V +r)2 —(r, — 1>+
+ ¥ (ratr)i—(ry—1)%

H3 atoro ypasuenua naiizem:
i ' rifz

Cne1oBateblio, Painychl NApoB JIOVIKHUB YROBJIETBOPSTH COUTHOUIE-.
o

r=s

ryrs

Seveeron

513. ITycts uncio. Gokoseix rpauefi nupamuan pashwo 2. Coean-
HilM TPOH3BOALHYI TOUKY O, B3ATYI0 B IJOCKOCTH e€e OCHOBaNHs,
CO BCeMH! BepuHaMil H PAacCMOTPHM N TPeyroJbHHIX NipaMitX ¢ obiueil
peputdioli 8 Touke 0, QOueBnaHO, 4To o6BeM V Januoft mupasiAL

* paBeH cyMMe OGEBEMOB MOAYUHBLINXCA TPEYrOJAbHLIX mupasMua. - Maeem:

= Sk,

3

TAE Fy, sy ..., Ip—pPaccToniud 0T TOUKH O 20 Goxosux rpanéhi, a
S—nowags Goxosoil rpatit, : .
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3y
CnesoBaTensio, fi-Fra+ «ou-bry =3~ €CTb BeJHYilHa nocTosyas,

1ie 3aBiICAWLAn OT nogoxels ToykH O B NJOCKOCTH OCHOBaHHS, Y70 It
Tpe6OBANGCH JOKAE3aTh.

514, PaccMOTPHM jB€ NJOCKOCTH, 3alITPHXOBaHHEeE Ha pic. 226,
n Tpeyroabuuk ADE B njockeeTn P, npoxoisuteli uepes Bepuliuui
A, D, H, E paunoro napaanenemsneaa. [lnockocts P nepecekaer nao-
ckocth A\ BCD no npasoit KD, xo-
TOpas npoxoinT yepes Touky K ne-
peceyenns JauaroHaseil napa.ieas-

orpesok KD ectb meauana AAED,
Ouebnano, uto A0 ecTb Tarke Me-
nuana AAED. TlottoMy uliTepecyi
I1as uac To4Ka S ecTh TOyKa nepece-
venisa mexnan A AED n, 3unauur,

2 1
AS»-? AO=-§ AH,

~ 0o
Piic. 220. yTo M TpebyeTcs.

515, IlposeleM yKasaHilylo B 3araye NJJOCKOCTh Yepe3 BepuIHiLl
B, D, F (puc. 227) w napanmjaenpnylo eil NJCCKOCTb Yepe3 BepuIsinl
C, E, G. Ose na1ockocTn 05pa3yior B Illepeceyeliy ¢ napasieenunie-
LOM PpAaBHOCTOPOHHNE I paBuLe Tpe-
yroabuuku. LNy CTOpPOHE Kamioro
M3 STHX TpPeyroJssilHkoB 0603HauiM
yepes a. Ecan Tencps, uepes cepeauty
OHOTO 13 wecTH pe6ep, COCINHSIO-
WHX DepuIHHLl ABYX YKa3aHutx Tpe-
YroJbHUKOB, HanpiMep uyepes cepe-
musy N peGpa  BC,—nposectn
NNOCKOCTS, NapallileabHylo ABYyM yKasa-
HBIM IJIOCKOCTSIM, TO oOHa JacT B ce-
YeHHH C napaJjiesienineloM  lecTi-
yrompunk  MNPQRS, Bce cToponu
KOTOPOTO, OYEBHIHO, OXAKYTCH pas-

Puc. 227,

HEDN _2(1_. 3ameriv ewe, 9t0 MN || DF

u NP|| BD. Ilostomy / MNP gonoausier / BDF o 180° u, caenoea-
Teasho, / MNP =120". AuaioruyHo ycTauabMuBaeM, 4TO H OCTalb-
Hbe YPIB WwecTuyroasiuka pasus 120°,

- §16. Ilycte SABC —nannmii Tetpasip, P 1 Q—cepeiulisl npoTi-
ponooxnuux peGep AC u SB, MPNQ —nekoTopoe ceuenie Terpasapa,

cojepxaimee oT1pesok PQ (puc. 228). PaccMoTpHM niocKoe ceyelile.

SPB, xotopoe, OueBHIHO, Pa3GuBaeT Terpa’ip Ha JABe paBHOBEAMKIE
uacTH. 3ajaua OyleT pewena, eca Mbl JOKakKeM, YTo nupamuzy SPQN
i MPQB pasnoseauki.

Onyeriiy Ha niockocTs SPB nepnenguxyaspu usz touexk M n N
R HX ocHoBaHis oCo3nayuM coorpercTsento 4epes K u L. Tak kak
Tpeyrodvhuxi PQB u SPQ passoBenmuiky, TO Ads peisenis 3ajaun
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I0CTaToyHO moKa3ats, 4yto LN =MK. Mu ycTanoBiM 3T0 paEpemncTso,
10Ka3aBs, uTo

MO = No. )

PaceMoTpuM ¢ 9TOi Uesbio Mapy napajdiebHEX TJIocKoCTell; B KOTO-
puiX nexkat ckpeutusaoutnecss npamsie SC u AB (puc. 229). Tak kar

Pure. 228.

otpesok PQ coejmiser cepelnsu otpeskos AC u SB, to on, oue-
BHAHO, JEXKHT B NJOCKOCTH, Napaatensiofl AaHHBIM MAOCKOCTAM H

[ 7=/

Puc. 229,

OTCTOAINEl OT HHX Ha paBlioM paccToaxud., B cuny astoro orpesox
MN, nepecekadcs ¢ oTpesxoM PQ, pasgenurca TORKOH Iepeceue-
HHS TOMOoJNaM.

517. Mycte SABC—zauunas nnpasuia {puc. 230). Cnycrtast u3 sep-
wunsl S Ha rpais ABC pucoTy SP 1 nposeneM, Kpove Toro, H3 Toft
e sepwnHsl BucoTH SD, SE # SF ocranbumx Tpex rpaneil. Jlerxo
BHAeTb, uTo TpeyromeHurit SPD, SPE n SPF B cuay pasencrsa yre
nos SDP, SEP u SFP pasubl Mexay coGoil (cp. ¢ 3apaweft 458). .

351



Ilposeaen nasee uyepes pe6pa AB, BC u AC naockocti, leasiune coot- -
BETCTBYIOULHE ABYrpailtitie yrJibi-11000/1ax, Irit NAOCKOCTI NepeceKalorcs
: B Toyke O, paBloOylaJeHHOIl OT eex
‘yeTLipex Fpauell NMupaMuAbl H, CAero-
BITEALHO, fBJRlOWeiCa UEHTPOM BOi-
caninoro B nnpamiiy wapa. Jlerko
BHAETb, YTO B paccMaTpHBaeMOM Cay-
- 43e B CHJY OTMEYEHHOrO paBencria
Tpeyroaplikos Touxa O oxaikerca ua
BeicoTe nupamiaut SP. [losTopss pac-
CYKAeHHf, MM YCTaHOBHM, 4YTO BCe
BLICOTH!  MHpaMHAL TepeceKkalotes B
Touke O. Fcnoawvsys stor dakr, mu
MOXieM yTBepkiaTtb, 4TO, Hanpimep,
tpeyroapunkn APS n SPE nexat B
0/HOll MNJOCKOCTH H, CJe10BaTedblio,
otpeski AP n PE pacnoaoxens ua
oinoit mpsivoii.  [lostomy AE  ectb
OII0BpEMENIO GHCCEKTPHCA H  BLICOTA
A ABC. Tlo auanornusuofi npuvwmne n
ocTadblibie  Giuccektpuent /\ ABC  si-
Jsi0TCsl ero  Buicoramy. Chezosateds-
Piic. 230. no, A ABC pasuoctoponusii. [losro-
paa paccy:ieiniie, Mol yCTalnosuM, 470
LCe TPl MipaMitiL npeicrasisior coGoll paBioCTOPOlHUE Tpeyroab-
LHKI, 4TO H 3ABEpPIIaeT JOKa3aTenLcTBo.

518, Ilyctw otpesox AB Jemut B nacckoern Q, a otpesok CD —
B niockocth P ow nyeie P Q (puc. 231). Tlpoveiem uepes touky A
npavyio, napaJaaeavnyio CD, u
oraomny  orpesok  AA,=CD.
Ha ctoponax AB un AA, nocrpo-
um  napaaaegorpamy  ABBA,.
Ananornunoe nocrpoentie  cle-
aaey B naockocth P, Coexunns
AcC,BcCi,A,eDunB,c
Dy, noayyusm mnapaaneneninel
ABB,A,DCC,D,. Paccuatpusan
rpanis ACB B kauectBe ocnoca-
nis onpayuisl DACB, smu si-
UM, uYTO o0beM nHpammaul pa-

pell & ob6beMa mnapadaesenine-
pa. Tak kak, oanako, obGuewm o
Napaaielenineaa  Coxpausiercs Puc. 231.

npu nepewveuleniil orpesxon (ne _ -. X
naveusiorca naowans ocuosauiin  ABB,A; w  BulicoTa— paccionune
Me:k1y maockocTaMin P u Q), 10 coxpausiercsi u o6beM mipaviiu.

519. Tycte P 1 Q—Touku nepeceyennsi Aauuoil npsyoi ¢ rpa-
nsun CBA n DBA asyrpannoro yraa (puc. 232). Ilposeiem uepes
pe6po AB Guccektopuyio naockocts ABE, a 3atem uepe3 Touky O ee
nepecevenns ¢ npavoil PQ nposegeM niockocts CyBiDy, nepnespu-
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T MBI CMOKEM 32K.I0UNTH, YTO TPEYroJbHHIKN

Kyaspnyio K pebpy AB. Tlycte, panee, OM | B,Dj, ON | B,C, n
nycth SR—npoekuuna PQ na naockocrs D(B,C,, Tak uTo npu 3r0M
-QS | B,Dy, a PR | B,C,. Ecan rouxu P :
“W'Q oAnsakoBo ylranewn or pebpa, T. e.
B\R=B,S, (1)
T0 Tpeyroabuiik B, RS— papitoGeapenustil,
SO =RO0 u, caezoeareanno, QO =PO Kax
-MaKJaodible, HAMeoulHe PaBHEE MPoEeKUItiL.
Yuutnian eme, 4To 0O NOCTPOeNitio

MO=NO, @

OMQ nw ONP npavoyroastisie 1 paBHBe.
Orcioza caeiyer paBeHcTBO yraom:

LMQO=/NPO (3
Ilrak, 8 oany cropony ytsep:klenue jo-

Ka3aHo. : Fuc. 232.
Ecau, naoGopoT, BuIMoAHeno pasen-
creo yraos (3), To B cuay (2) umeer
MecTo paseticTso Tpeyroawnnkos QMO u PNO. Beaeacraue 3Toro
QO=P0 u, snaunt, SO=0R. -Orcioaa yxe chreayer pasexctso (I).

- VAN
. N\ =
/ -
&

520, Coeaunnm Toukit B 1 C, A n D orpesxkaun npsimuix (puc. 233).
Uepes Touky A mnposeieM npavyio napanieasio MN jo Betpeun s
Toyke K C npsaMoil, npoxoasueil yepes
B u N. 3avernym, uaro AK=2MN,
Tak Kak MN —cpeguas auHus B Tpe-
yroqsuuke ABK. Nanee, A BNC =
= A KND, u6o BN=NK, CN=ND
n / BNC=/ KND. Tostomy DK =
= BC. U3 rpeyroasuiika ADK creayer:

Puc. 233. - DK+ AD > AK=2MN

(snecp cyuecTReHHO, uTo Touka D He .exnt Ha npavoil AK, unaue
npitwocs 6el mOCTaBNTh 3nak =) Hrax,

BC+ AD > 2MN,

4TO 1 TpeGOBAIOCH NOKA3ATSH.

521, Mycts 4, B, C n D--npousBoibibie TOUKH, Jexauie ha
peGpax ueTHpexrpanHoro yraa ¢ sepuwistuoll £ (puc. 234). Hoxawxeu,
nanpusep, wTo ) . ]

LCED < L CEA+ / AEB+ / BED. ' VI

Mposeaen naockocts CEB. Tlo ceoficTBy NAOCKHX yraos TpeXrpanHoro
yraa

LCED < £ CEB + ¢ BED : @)
r no Toil e npuunie - .
LCEB < £ CEA+ £ AEB, 3)

12 8. B, Jlpacksd u ap. 353



Hs uepasencts (2) u (3) caeayer (1). Hepasencrso (1), Takum ofpa-
30M, ROKA3aHo, ] :

Jlerko, mousTh, YTO Hame paccy:AeH#e COXpaHsier CHAY H B TOM
cayyae, KOrja 4eTHpPeXrDaHHH{ yroad He fBAAETCH BHOYKALM, T. €.
kKorja pebpo ED okasuBaeTcA mo Apyrylo ctopoHy naockoctH CEB.

Puc. 234, ; Puc. 435.

522. [lycts pai BHAYKAWA 4eTHPeXTpauHHil yroi ¢ pepurinoil S
(puc. 235). Mporoxuy naockoctii BSC u ASD zo ux nmepeceyexusi
no npsmoit ;. Ilaockoctit ASB 11 DSC npojoasim ;10 nepeceyens
tio npasoit l,. Hpasuwe ; u I,, odesi1no, He COBNALaioOT (B NPOTIBHOM
Ciyyae Bce rpans NPt NPOIOTAKeHHH NMPoXoluau Gel yepes oiuy npsi-
Myw). OGosnauim yepes P njiockocrb, cojepxawlyio npsvesie [y W fa.
Jlerko 10Kasath, HCNO.IL3YS BLITYKJIOCTh YeTHPEXTPanHoro yria, u4to
NJOCKOCTh P HMEeT ¢ JIaHHBM YFJOM JWb 0JHy OOyl TOYKY nepe-
cevenia S, TAK YTO Bechb Yroad pacnojaraeTcf 1o 0Juy CTOPOHY OT
naockocTit P (pnpoued, 3ToT dakT noutH oyesiien). Iloxamenm Teneps,
4TO BCAAKAf Mepecekaiomas yroa NJacCKocTL, Napanieasiast 1A0CKocTd P,

ofpasyeT C UHM B Cedenuy napaane-

) aorpavM. B camom gese, Takas maoc-

KOCTb Mepeceyer, B CHAY CKa3aHHOro,

BCE vyeTalpe peSpa  yeTupexXrpaHHOro

yraa.  Odosnauus  €ooTBeTCIBYKOULHE

Toukn nepecedenus yepes A’, B', C',

D’, zaseruy, yto A'D" |} B'C’, Tax Kak

————— ofa 3TH OTpe3Ka MOPO3HL Mapaiiedb-

ol l;;  mo  adaaoridHoil  mpudiie
A'B'[|D'C'.

Ciaes10BatenbHO, YeTLIPEXYTOAbHHK
A'B’C'D’ —npapaaaeaorpaus, 4To M
TpefoBajoch J0Ka3aTh,

¥ - 523, Iyete DL u CM —sucorut
Puc. 236. Tpeyronbuiikos ADB u ACB, onymen-

uLic 1a obuce ocxosanne AB (puc. 236).

- Tak KaK 8TH TpeyroJbHHKH papHobeauku, T0 DL =CAM. [lycte euwie
KN —oGuuil nepneHiHKyaap K ckpeuiubamowHmcs pebpam AB u DC.
TlposegeM depes orpesok KN naocKocTs P, nepneuAHKyJaspHYO
pedpy AB. Uernipexyroibuuk LACD cnpoekTipyem Ha nJaockocts P
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{puc. 237). Tak xak otpeaxu DL u CAM npeexTupylotea 6e3 HaMene-
nig aaHH (OHM NapaJieasn NJockocTd P), a orpesok LA —B rouxy,
TO B NPOEKUHH moayuwaercss pasHoGelpeHHuit Tpeyroasuuk KD,C,. Tlo
nocrpoenito KN | DC, cnejosareasio, KN | DyCy, u swaant, KN —
sucota A KDyCy. Tlostomy N-—cepelina otpeaka D,Cy, a 3uauuT,
H. otpeska DC. ’

Pre. 237.

Takuv ofpazoM, B yc/n0BHAX 33jaui OCHOBanue ofmero nepren-
BHKYJApPa K JBYM CKpelNBAIOWHMCA pelpaM NNPpaMHIN XEJNT STH
peSpa nonoaau.

Ha puc. 237 nerxo 3amernts, uro LK=KAl, w60 DD;=CC,.
Tostomy (cv. puc. 236) AL=BM n u3 papelcTBa NPAMOYTOABHBIX
Tpeyroavuiikos ALD n BMC caeayer, uto .

AD=BC; : .
Asanoruuno aokasusaercs, wro AC=BD u AB=DC. Caeposareastio,

BCE rpanit paBHH MeXay coboil, KaK TPeyroJbHnKH, MMeiomue no Tpi
paBHbIE CTOPOHHL. : ’

3. TeomeTpHueckHe MecTa Touex '

524, Tycts P—ogna 03 NJ0CKoCTel, NPOXOAAMMX 4ePe3 RaHiyo
Touky A, a M—npcekuust aanHoit ToukH B wa naockocts P. Tlyers,
nanee, C—cepeiuna otpe3ka AB
(puc. 238). Tak kak Tpeyrobuik AMB

npaMoyroJibueili, TO CM=% A48.

Taxum o6pa3om, Bce ToukH A muaxo-
2arest oT Touku C Ha ogHOM H TOM xe

La
LaccToanin '-2—' B i, CJea0BaTeaLHo,

pacmosoxent na cdepe pannyca—é— AB

¢ uentpoM B Touke C. JIerko Bugets, Puc. 233

KpOMe TOro, 4To aio6ast TOUKa ykaszan-

nolt chepn commamaer ¢ oamot n3 npoexunit Touku B, Takum o6pa-
30M, HCKCMOE TreOMETPHYECKOe MeCTe eCTh cdepa ¢ AuameTpoM AB.

528. Tlyets O—umenrp aanuoro mwapa. [IpopefeM uepe3d AaHHyw
npaMylo | HexoTopyio njockocTs P, nepecexatoulyio chepy no OKpyx-
nocti ¢ nenrpom B Touke M (puc. 239). Kax w3sectio, OM | P. [po-
BejeM, Janee, uepe3 TOUKY O MJOCKOCTH Py, NePREHRHKYIAPHYIO K
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apamoit . Touky .nepeceuenus naockocT. Py i npamoii ! ofo3nauum
uepes C. Tax kak niaockocty Py u P nepnenankyaspHsl, T0 OTPe3ok
OAM cojepiutes 8 naockocTit P,. PaccMOTpHM Tenepst BPAMOYTOABULIA
- 1peyroabHnk OMC. Touka C e

3aBHCHT OT BhibOpa cekyweil IJaoc-

Kocth P, u runotenysa OC npsyo-
»7 - yroabHoro TpeyrofinHika OMC ectn
/ Besniuina moctosnuasn. Ecan D —

cepeanua O0C, 10 MD=%—. Cie-

JoBatenpHo, ecan ! ne HMEeT ¢o
cepoit 06X TOUEK, TO HCKOMOE
reomMeTpHyecKoe MecT0 €CTb Yacib

" Pue. 939, AYTH OKPYMKHOCTH paanyca %g.

saxJioyennas BuyTps cdepu (ayra
JeKHT B NAOCKOCTH Py n npoxoaut uepe3 uentp cepur). Ecan ! ka-
caetca cpepsl, TO HCKOMOE TeoMETPHUECKOE MECTO—OKPYAHOCTH pa-

asyca % , rae R—paxuyc chepu. Hakouen, ecan [ nepecekaet cihepy,

oc
TO reoMeTpHYyeCkoe MeCT0 Towek A —OKpPYAKHOCTL painyca -5 -

526. llckomuiM  reoMeTpHUECKHM  MeCTOM SIBASIETCS! NOBEPXUOCTL
Bpaulenus, KoTopas NOJyqaeicsi B pe3yJblale  Bpatlenust Jyru
OKPYAHOCTH IJH NOJHON  OKpymHeCTH (CM. pelciie  upeluiyitei
3a)\auyi) BOKpyT ee anametpa OC,

527. JlokaskeM, 4T0 HCKOMOe o
reoveTpHyeckoe  MeCTO  ecTb
T
cpepa paiiyca R 5 It YTO

1enTp 370it cdepr cosnaiaer c
UeHTPOM AauHOIT Cdepsl.

Myets M —npoussoabuas
TOYKa HCKOMOTO  reoMeTpiiue-
cxkoro Mecta; orpeskin MA, MB
v MC (puc. 240), Gyayuu ot-
pe3KaMH KacaTeabHblX, lipose.
AenHblX K cdepe H3 oaHoil 06-
weil TOYKH, paBHH MEXKAY Co- Puc. 240.
6ofi. TlostoMy npsIMOYTOQbHEE
1peyrossiikin AMC, CMB
AMB papun. Caegosateavuo, A ABC pasuoctopouiutit, Quesnano, yio
o1pe3ok OM nepeceueT ero B uentpe Tamecti Oy. lycis AM =a, torpa

AC=a V2 u }1Ol=a—%t6

Qoo

. [oacTtapasa 314 3uaYyeHus o paBeucTso

OM-A0,=04-AM

(MR - nmoab3yeMcs  3pecs . TeM;, ut0 A OAM - npasoyrosouud,: u
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JANUCHIRAEM ABYMA cnocofamit ero I'I.'lOula}'.b)-,'nO.'ly‘lH.\l:"

OM -a -ng =Ra.

LT oM = V"

Takun o6pazom, Toyka M ‘aexitT na yxazamuod Bme C(bepe. Bpamas
paunufi wap svecte ¢ Kacareasuemn AM, CM uw BM soxpyr wentpa O,
Mbl yGeanMcs B TOM, 4TO Jiofas Toyka cspepu npzmalwe/xur paccuar-
pmsae\to\iy TEOMETPHYECKOMY MeCTY.

528. JlanHymo Touky npoctpaHcTBa oGo3HaunM uepe3 - A, Touxky
nepeceveHysd NpAMBIX-—yepe3 B, ocHOBaHHe MepreHHKYIAPa, OnyiLei-
‘soro w3 A Ha naockocts, —uepes C. :
Bospmes, 3azee, .mo6yo - npamylo, © T T A
npoxoxsulyo depes Touky B, n onyc- - :
THM . Ba uee nepnexinkyasp AD
(puc. 241). Toria no u3secTHOii TeO-
pene CD | BD.

CaeroBatessHo, Touka D Jexut
Ha OKPY:KHOCTH, INAMETPOM KOTOpoil
as.isiercst orpesok BC. Jlerko noxa-
-3aTh, 41O H, oOpaTtno, /woGas TouKa -
YKa3aHHOIT OKPYXHOCTH eCTb OCHOBA3- . -
Hite . mMeprneHAnKyAsnpa, ONyIEeHHoro n3
ToukH A Ha HEKOTOPYI MNPAMYI0 PaccMaTPRBAEMOTO ceveucma no-

9TOMY HCKOMOE TeOMETpHUECKOE MeCTO eCTh OKPYXKHOCTL ¢ AMaver-
poq BC.

i 7
.00')\ /

A

Pnk:. 241.

529. Boamoxun gea caywas. 1) fIpavan AB ne napa:me.'nbua pac-
cMatpiBaeMoit miockoctn P. O6osnauitM uyepes D cooTeTCTyIOMIYIO
10uKy nepeceuenns AB u P (puc. 242). Tlycms M —Touka kacanus

. - L CPuc. 242,

naockocTit ¢ omioli 13 cdep paccmatpimaemoil cookynsoctn. Yepea
npsvue AB uw DM nposegem niockocts. [locnenuss nepeceyer cdepy
‘o oxpyKHOCTH, ‘Kacaomeiics npssoli DM B Touke M. Ilo nasectiomy
‘cpojleTBY KacaTeJbHoii M Cekyuield, DPOBejeHHLX M3 OQHON TOuKH K
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oipyxuocru, hseem: DB-DA=DAM?. Caelosate;ntio, o1pe3ok DAl
uMeer mocroauuyo aauny V DB-DA, me 3asHcflllylo OoT BuGopa
chepu, W, 3HauuT, BCe ToukH Al JeaT Ha OKPYKHOCTH paguyca
r=V DB-DA ¢ uentpod B Todke D. OGo3znauny a1y OKPYKHOCTL
yepe3 C. Ilycts Temepn, HaoGopoT, M ecTp HEkKoTOpPas TOYKA OKPYX-
HocTH C; JOKameM, 4TO OHA NPHHALIEKHT PacCMaTPHBAEMOMY IeoMer-
PHUYECKOMY MeCTy. . :

Iposejem uepes 1oukn A, B u M BcnoMoratesbHYd OKPYAKHOGCTDL
H uentp ee oGosnauny ugepes Oy (puc. 243). Tak kak B Hawpx ycio-
BusaXx DB-DA=DM?3, 1o upsmaa D4al sieasercs xacateisHoil K 97100

P

Puc. 243.

OXPYALOCTH u, caciosateasuo, 0,A1 | DM, Bocciasum Teneps B Tod-
Ke ol nepileHjikyasip K Idockoctt P, a B Todke O;—nepueiiury-
JAD K NJCCKOCTH BCHOMOTaTeabHOll OKPY&HOCTH., DTH 1Ba MeprenIuky-
Jsipa Jiexat B [1J0CKOCTH, nepren-
AuKyaspuoil x npasoit DAl »
Toyke A © He mapaiaedbin (B
NPOTHBHOM cJydae Touka Oy, a
BMecTe ¢ Heft i Toykd A u B oka-
3aancs 661 B maockocry P). Ilo-
STOMY 3Tl NEepNeHZHKYARPH ne-
pecekawTcs B HEKOTOpoil Tou-
ke 0. Jlerxo Buzetp, uto OA =
= 0B =0M, u60 npoerul 311X
orpesros 014, 08 u O;M pas-
HEl Mexay cofoil Kak paziyc
ckpy:xuocTH. Tlostomy ecan no-
CTpOHTL cdepy ¢ UeHTPOM B TOU-
ke O u painycom OAl, 10 oua
KoCHeTcs nJaockoetl P i npoiiger
Puc. 244, yepes Toyk A 1 B, Takuym ofpa-
) 30M, ofpatHo, Jwobaf TouKa CK-
pyxuoctn C npHHAAIEAKHT HaueMy reoMeTpHueckoMy wecty. Cuae-
LOBAT€JbHO, HCKOMOE TeOMeTpHYECKOe MecTo eCTh OKDPYMKHOCTL C.

2) B cayyae, rorga npssan AB napanieibHa NAOCKOCTH, HCKOMOE
TeOMETPHYECKOE MeCTO INpe;CTansiserl (GOl MPAMYIO, KOTOPAs JeXuT
B OJAOCKOCTH P, Nepnenpnky/aspHa K [pcekwiHd oTpeska AB ua nao-
CKOCTb P H Je/iT ee monoJa.
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530. Cayuaii a). Mycre D-—cepeauna otpeska AB (puc. 244),
C —noaswxnaa TowKa, Q—uenrp Taxmectn A ABC, Q'-—uentp 1s-
aeetw A\ ASB. Tak Kak touxa Q neaur. orpesok DC B oTHOWeHuu
1:2, 1o reoMeTpHyeckoe MeCTO 3THX ToYeX eCTh, OYeBHAHO, JAYY,
napaaasensunii pe6py’ SE n- npoxozmmnit uepes  Touxy Q''—uentp
TamecTh A\ ASB. '

Cayuait 6). Ecam Teneps u T04ka B nepemettzerca  no peGpy
SG, to uentpu TAmecTn Q' Tpeyroasunxkos ASB pacnosoxates Ha
ayqe, napajasenstom pebpy SG n mpoxoasmevw wuepe3 Touky QY, KoTo-
pas f1eaut otpe3ok AS B orHomennd 2:1, cuyuras or A Kk S, a coor-
BeTCTByloUlie Kax0MYy (HKCHPOBAHHOMY NOJOXEHHIO TOUKH B ayumn,
paccMOTpeHHHIE B Cayuae a), 3aMOJHAT cevenie TPeXrpaHuoro yraa mioc-
KOCTBIO, NpoXoAdiell gcpe3 Touky Q" napaanensno pebpam SG u SE.

4. HanGoanmue u nanMenniine 3HATEHHR

531, He napymas ofWHOCTH, MOXHO CUHTaTb, 4TO CeKyulan mio-
CKOCTb nepecerzercs ¢ pe6poM ky6a CE (puc. 245). Jlerko suners,
UTO B CeveHHH BCerfAa MNOMYyYaeTcs:
ntexkotopuitmapataesorpamy AMBN, - A
IMaowais S napaaiesnorpamma Mo-
xeT OGuTh Haiizena mo dopamyaeé

S=AB-MK,

rae gepes MK oGo3nayen nepneH.
AUKYJAp, onymeHnnii n3 Toukn M
peGpa CE ua juaronanb AB. Takuwm
ofpascM,. niomais- S Gyaer: Ha-
HMeHbell. BMeCTe ¢ ANHOT oTpes-
xa MX. Ho cpeau orpeskos,.coean-
HAIOMHX TOYKH JBYX. CKpeLIHBAIO-
unxcs npaMux CE 1 AB, HanMeHb-
Wy JHRY HMeeT oOMWMA K HuMm
nepnenaukynsp. HerpyaHo coo6pa- Puc. 245

3HTh, YTO . oOMIHM MNepneHanKy.as- : °

POM K YKa3aHHLM NMPAMHM ABAseTCH

orpesok M'O, coemnnsmiomuit cepeiuny pebpa CE n anarowaan AB.
Heficteutensto, A\ AM'B pasxoSeapennnit n nostomy M0 | AB. Tax
kak 1 A COE pasroGenperuwit, To M'O | CE. Takum o6pazom, nan-
MEHBIIYIO MI0W21b HMeeT ceueHne, peasumee pebpo CE nomoaas; co-

= oo
oTBeTCTBYtOmAn naomaxs S=a 3.2 . 2 =”_._2V£

MOXHO PeuIHTh H HHAYE, €CJIM BOCMONbL3OBATLCA CAeiylolled TeopeMmoii:
KBanpar IWIomand MI0CKOro MHOrOyroJbHAKA PpaBeH CyMMe KBazpaTos
nJoutazeil ero npoekunit Ha Tpy B3auMHO MEPNEHAHKY.IA PHbE NNOCKOCTH,
OraTeopeMa 6e3 6ONLINOTO TPyAa . IOKA3HBAETCA HAa OCHOBAHMH GOPMY-
JBl, M0 KOTOpoil NNOMAAL. NPOSKUHH IJIOCKOrO MHOTOYTOJBHHKA Ha
NJIOCKOCTB PaBHa IVMIOWAAY MHOTOYTOJbHHKA, YMHOMeHHON Ha KOCHHYC
yraa Mexny miaockoeTamu (cM. dopmyny (1) B pemennn sagaun 456).

Cuutan 31y Teopemy noxasamHoll, 0003HAaGHM uyepe3 x MIHY
orpeska CM (cm. puc. 245). [lpoekuuu uuTepecyiouero Hac napannes
qorpamMa Ha naockocT ACD, ECDB uw BDN usofpamenn B CooTBeT-
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cisywowen nopagke na puc. 246, a, 6 u 6. Ilrowaay .npoekuuit coot-

BETCTBEHHO paBuul a*, ax, a*-—ax, TaK YT0 B CHAY YNOMAHYTON -Teo-

pemu §?={a*)*+-(ax)* 4 (a® —ax)* =2a% (x*—ax+-a?). T[lpeacrasus
5

2 4
Run (cp. (1), ctp. 48), uto nauveunmee 3uavemie S? Gyaer iMeThL Npu

a4
—-

- ; a 3
KBaApaTuulii Tpexujen x>—ax-+a® B Bijde | x —— —a?, mnaxo-
*

a a3 .
X =g, @ MHHEMYM 0WALM paBe Snin= ] Qa‘Ta--;_-

Puc. 246,

532. Yetupexyroaviig MNKL, moaydennwil s ceyenm nupaMu-
aw ABCD (puc. 247), ects napaanetorpaMs, Tak wxak LK §CD u
MN |,CD; creposateanno, LK {i MN «, auasoruuso, LAt} KN. Ecan
Z LKN=qa, 10 R30WMale napatie’orpaMua 0o u3sectiuoii dopmyae

pasua
S=KN.KLsina.

Tak kKak / LKN pasen yray mexiy CKpeiliBaomuMucs npsisumu AB
u CD, 10 ero cuityc eCTL Geaudita HOCTOSIHHAA AAN BCeX paccmatpu-
BaeMblx mnapaiaaeasuunix ceuennil., Takum ofpasoM, naoWaas ceycius
33BUCHT TOAbLKO OT seqastunil npousselenns KN.KL. OGosnauim
Jauny orpeaka AK uepes x. Toraa,
B CHAY HO0I00HA TPeyrolLnikos,
nMeeM:
KN _ AD—x KL «x

AB AD ' CD AD -

ﬂepemmon{ml 3TH pabelicTBa:

l\'N.KL=A§bC;D(AD_x)x'
_ AB-CD
Puc. 47. : Tax xak —{pi C°CTe ve’uuiia

nocrosuitas, TO M3 npeauayuiei
dopmyauw  caeayer, uro uutepecywooilee Hac npousselenie KN.KL
npunnMaer nanbonsliee 3HavyenHe BmecTe ¢ npoussesenneM (AD—x)x.
Paccmatpubas 570 npoussejeniie Kak KBaApaTHLId  Tpexusen
. AD\? AD\?
—x%4- ADx u npeacrapaan ero B pulie — xr—— -
AaeMcs B ToM, 4TO HauGoablUree ero 3Haueine A0CTHraeTes npu x = AD/2
(cp. (1), c1p. 46).

, y6ei-




TPUFOHOMETPHS

1. MpeoGpa3osanue Bbipawenuii, ‘conepxamux
TPUTOHOME TpuyecKue GYHKuMN

533, [Npusmenus dopruyny

a3 4 b3=(a-}-b) (a3 —ab-+-b%) =(a 4-b) [(a +-b)* —3ab], .
noayuum .
sind x - cos® x=(sin? x4 cos? x) [(sin? x - cos® ¥)2 —

= ; i, 3 .
—3 sin? ,wccos2 x]=1—-3sin® xcos*x =1 'y sin? 2%,

534. CGoanagus neayxo yacTh TOXAECTBa uepe3 S u 3amenum .
npousselenne 2cosoccosff nmno opmyae (14) erp. 8l . cymwmoit
cos (o +f) +cos (& fS) Toraa S sanuureTcs B caelylouem bitle

S =cos? a—cos (¢-+B) cos (@ —f).

Npumenss crosa Q)opuyny (14), naxoamm
cos (a+ﬁ) cos (a—-ﬂ) =5 (cos 2a+ cos 2).

Ecau Tenepn 3aMeHnTsh cos?a ua 5

» TO OKOHYATe.IbHO 110y~
4YuM
l—cos 20 __

S=—3

=sinf,

410 u TpeSoBanocs J0Ka3aTh,
;~'.535.-l13 dopmyam - o
S . . tgatigh
g (aw-ﬁ)-——rw
caeiyer, 4ro '
tgatigP=1gla+P)lt—tgaigP),
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OTKYyAa
tgattgf—tg(@tf)=—tgatgfig(atp).
HNonaran B nocaeiuew- pasercise a=x, f=2¢, noayvaeM HyXHYIO
Ham Qopmyay.
536. Haeen

tg xtg (—-—x)tg (i-i-x):
V3—tgx V3+tgx tgx(3—1ig2x)
1+ V3tgx 1—y31gx 1—3tg3x

C apyroii cTOPOHL, NPHMEHIB NOBTOPHO GOPMYAY A TaHFEHCA CYMMbI
ABYX yrjos, Aerko uafijes, uto

= gl “)

tg x (3—tgix)

—3ig?z @

tgdx=

Cpasuuas (1) B (2), npHXOAUM K DelueHHiO 331auH.
3aveuanue: dopuyay (2) MOKHO BLBECTH Takike B3 GopMya
(7) u (8) cTp. 8L

537. Moavsyscy dopmynami A1a cyMMu H pa3sHOCTH CHIYCOB,
APELCTapitsl VieRyio 4aCTb TOXISCTBA B caeayloweN bije

—;ﬁcos —B —2cos (y-i- +6)sin%ﬁ—=
=2sin +ﬁ [cosa(zﬁ—cos(\'-i- —Eﬁ)] .

Orcioqa, mpitstesun GOpMyay Aaa pPasHoCTH KOCHHYCOB, Jerko mosly-
YKM, YTO JieBas YaCTh TOKIECTBa COBMajaeT ¢ npasoil.

2 sin

538, Hcnoapaysa 'rmx,geémo sazaun 537, noayunm

atp . Bty v—;az

sina+-sin - sin y=4 sin 5 sin 5 sin

=4cos——~cos—a—cos-g—,
TaK Kak
e+ _a v P+y_a @ aty = B
2 2 2" 9 T2 2' 2 T2 2

53). Hcnoabsys ToikJecTeo, ykasaiuoe p 3azaue 537, noaysimn

sin 2na + sin 2nf -4 sin 2ny =
=4 sinn (@+p)-sinn(B+y)-sinnly-+a)y (1) .
Mneem panee
sinn (@ B) =sinn (n—y)=(—1"*1 sin ny.
TpeoGpasysn aHalorwuHo NBa apyrnX MHo#MIeas b npapod 4act# (1),
NPHXOAHM K DeLelnio 3333y,

362



- 540, nsn pokasaTenbctBa  ymHOKaeM 00€ YacTH  paseHCTBa
cos (@ +P)=0 na 2sinf n npumensem dopmyay (i5) crp. 81.

~7- 541, JlomycTHMHe 3HaUeHHS apryvMeHToB ONpeIeNfiorcs ycaosneMm
cos &t cos (x-}-P) # 0. 3amernm, yTo paBeHcTBO _

tg@+p)=21ga, S ¢ )
nojfexallee NOKA3aTeNbCTBY, COAepxHT apryments a-+f n a. Ecre-
CTBEHHO NO3TOMY BBEeCTH 3T Xe apry.\tenm H 8 HCXOJHOe paﬂeﬁcrso.
Uneem

p=(@+f)—a, 2a--f=(2+p)+a.

Hon;Tas.nxx 3TH BHpaXeHns maa P u 2a+§ B nexozmnoe paBelcTBO

3 sin P =sin (2a+P) , @

H N0Jb3ysAch dopMysaMi AN CHHYCa CYMMB! M PasHOCTH YrJoB, mpe-
ofpasyenm (2) x crneayiouleMy BHAY

sin{a+4f) cos =2 cos (z--B) sinc. o 3)
Paszxenuﬁ o6e gacti (3) ua cos e-cos {@--fB), moayann (1),

542, JlonycTHMBEIMH SBNSIOTCA Bee 3nadents & 0 P, Kptﬁe TexX, npH
xotophix cos(a-4-B)=0, cosf=A. 3averus, yro sina=sin(x+4p —
— B), sanuuwem nCXoAnoe PaBeHCTBO B CAEXYIOW(EM Bije

sin (@ + B) cos B—cos (a--B) sin B = A sin (a4 ). (1)

Pasgenns ofe uacTi (1) na cos (@+P) # 0, noayunnm tg (@-4f)cosff —
—sinB=A tg (2+p). Bupaxkan orciona tg(ax+p), npuaen k Tpeby-
€MOMY paBelcCTBY.

543. Jlerko nposepuTh, UTO B CHJY YCAOBHIT 321aun sinacosa cos f#
#£ 0, Tak Kak B RPOTHBHOM cJydae Mbl umesn 6 |m| <<|n|. Mostomy
paBeHCTBO, KOTOPOE HYXHO JHOKa3aTh, HMEET CMHICA, JTO PaBeHCTBO

npeicTasnseM s BHJIE )
tgatigh m+tn

I—tgaigp m—n

tga, )
oTKyZa '

tg @+ =2t tga. .o

B coorHowenrnH (2) 3aMeHHM TaHreHcH yrios o o o[ uepes
CHHYCH H KOCHHYCH, HpHBeieM Apo6i K ofluieMy SHaMeHaTenio u oT-
6pocutt o6muit sHavenareab. Tlomyuim
m{cos o sin (¢4 p) —sin & cos (@ +-B)) — .

: —n [sina cos (a4 f)+cose sin(a4-f)]=0 (3)
‘Han ’
m sin Bp—n sin (22-4+8)=0. €Y

Wrax, A0Ka3aTeALCTBO CRBOAMTCS K [O0KA3aTeNbCTBY COOTHOWeEHHS (4).

Tax Kak coorHouienHe (4) BHMNOMNACTCA NO YCJAOBHIO 32JaYH, TO MMEET
Mmecto (3), a caeposarennno, H (2). :
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Ho u3 (2) C.’le,’l)eT (1), ama () c.1en)er cosTHOUIE e

gB.
+tga I—tgalgp
m+a . m—n '

I\OTOpOE H ll))KHO GblJIO A0Ka3aThb.

544. Paccmorpn\l Tomnecrso

COS(L—*—J-}-Z)—COS(x+J)COSZ—Slﬂ(x+J) sinz=
' —cosxcos_/cosz—cosz sin x sit y —cos y sin x sinz— -
—cosx siny sinz.

Tak Kak no ycjosmo 3azauu cosxcosycosz #0, To U3 3Toro 10:k-
ReCTBa CefyeT, uTo

€0s (x 4y -} 2) =cos x €os y cos z‘(l—-lg xlgy—tgytge—tgztga).

-545. [leppoe pemenie. [lo ycaosmo 3apaun

O<a<a O<Ph<a 0<y<a n atPgy=a )
ﬂ‘olav_r‘qyy nsKl) caeayer, uto
‘ Py A a1
‘v.( 2 )*‘S(T‘ﬂ“hi- @)
£3
C AP)TOﬁ cToponul, no (opuy’e TaHFCHCA CYMMLI
_ﬁ_ v Yo
(ﬁ v\ tg 5 'HL-.E‘ .
2 tggdmi

ﬂpnpannnaan npasue 4actH paseHcTd (2) 1 (3) 1 ocBOGOKAANCH OT
3uamenatedeil, noayyaes TpeGyemoe paneHCTDO.
B'ropoe pemenne. M3 dopmyau

ws(w_ﬂ.ﬂ)=

B

' a X B Bio ¥ (o ¥ (&
=cos zcos 2cos (l—tg‘ tg lg2 tg-‘j—lg tg - >

}10Kd3ﬂllllOH B npe:m,'lymcu 33ha4e, Cpasy 1axoalM, yrvo

e ﬁ b Vo, &
o I—tg5 —tg tg?ftg"z_“’—‘z__o'
TaK KaK
atpty_ =
=

+ 546. Tlo . CMHCJIY - PaccMaTpHBA“MOTO -B . 3ajlaue. BLIPaKeuns
cosxcos ycosz # 0. IloaTomy n3 dopmyas, noayuennoii B aagave 544,
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Ha X0aHM

tgxtgyttaytgzigztgr=1 _costetytz)

COS X COS [y COs 2

e
cos = k

\ 2
T, COsXcosycosz

Ecan k weueruno, TO HCCAeAyeMOe BHpakelne paBHo 1 u e 3aBneur
or %, y, 2. Tipn ceTHOM k OHO 3aBHCHT OT X, ¥, 2.

547. llepsoe p-e wenne. 3aMerum cHauana, 4t0 teftegy ;év !,
TAK KaK B NMPOTHBHOM Cayuae M hiean 6w tg fi--tg v=0, uro ue-
comectno ¢ papercteoM tg ftg y=1. [lostomy mn3 ycaosus 3aiaus

BHTEKaeT, YTO @ Ptgy : ‘
g gy
tga=— ——————" =—1 =tg (—=f—v),"
ee= T T igptey g(ﬂ-i—y) g ﬂ- Y)
OTKYAa naxoauM o=kai—pB—y, 7. e. a-tf4y=ka. -
Brtopoe pewenmne. B 3ajaue 544 norasawa Qopumyaa aan
KOCHHYC2 CyMMH TPeX YrnioB. AHAJIOTHYHO MOMKIIO HOAYYHTL (opMyay

sin(@}-p+y)=cosacospeosy(lgatigf+tgy—tgatg gy,
npeanonaran, uro cosacosf cosy # 0. H3s aroit dopuyast naxommum,
4T0, B YCNOBHAX RAHHON 3ajaud,

sin(et-f+v)=0, T. e a+p+y=ka

548. OGosnaunm Aaunyio cymmy yepes S. Tlepsute asa caaraemmix
npeoGpaszyey CJAeAYIOMHM 00pa3om R
cos?2¢  sin22x
cto? 2x — g2 = e e e =
g gt 2x sin?2x  cos? 2x .
) _cos? 2x—sint 2x _ cos® 2x—sin®2x _ 4cosdx

T sin® 2x cos? 2x T, T sindx C
_ vy sin2 4x
Cnezosarennto, - o
4cos dx . __4dcos4x . :
S= Sin? ix (1 —2 sin 4x cos 4x) = St dx (1 —sin 8x).

. . LS
Tak kax 1—sin8x=2 sin? <T_4x) , TO OKOHuUaTeJAbHO mnoJyuaem

. 8cos4xsin® (—:41-—-4,\:)
. S=

sin? 4x )
549, OGosuauny paccMaTpeBaemoe Bupaweiite uepes S, Ilepaue
ABa.cnaraeMHe npeo6pasyem no dopmyse (16) crp. 81, a npoussege-

HHe co.v.ac_osﬁ samMeHuM cymmofi no Qopmyse (14) crp. 81, uaxoren,
samerum sin®y wa 1—cos?y. Toraa noysuM

> = -——%- (c?s 20(* cos ‘.’ﬁ) —cos? ¥ + [cosl(a—{- M+ cos (q— B)1 cos y.
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IpeoGpasysa cymuy cos 2¢--cos2f B nmpouspeaeiiite I PACKPLIBaA KBaA-
patiibie CKOGKH, moaygaei

8= —cos (2 f) cos (a—P)—cos? y+ cos (&+ f) cos y+
-+ cos (a—P) cos y.
Fpynnnpys caaraemue B S, naxomum, 4to

S§= —[cos (@~ fP)—cos y] [cos (a—l—ﬁ) —cosy).
CaejoBatentho,
S=4sin%= g +v

sin

v—g+6 sma+g+v sin a+g—v'

550, Hccneayesoe Bhipamenie MOxHO npeo6pa3oBath Tak (cu. (13)
ctp. 81).
1—4 sin 10°sin 70°  1—2 (cos 60°—cos 80°) 2 cos 80°
2sin 10° = 2 sin 10° " 2cos £0°°

Taxuu ofpasoy,
1
s — 2 5i1 70°=1.
Zsinioc C°
551, B cuay ¢opuyau (12). npuseieunoii ua c1p. 81, jepas yacis
T0:3eCTBA PUDHA

3n
2 smm sin = e (1)

14 3z -
Vmuoxup 1 paszeaus (1) na 2co0s+— cos—~ H N0Ab3ysce Gopumysioil

10 10
A sin 2a, noayunu

sin £ sin -?I—‘-
2 smi sill —- 31 ———5——-—5——
10 2cos & n 0s % 3%
N 10 10
Ho
€os S)_ sin (; +;5) = sin%l,
a

co 3 in (2 3 sin
S T U e [ 1) A

1
C.nenoaarenbuo, JieBafl 4acTb TOXKACCTBA pabBha —2‘.

]
552. ¥YMuOKUB H pasiesB JEBylo uacTh TOAECTBA 1A 25111'7

H MOJB3YACh (GOPMy/AaMi, BLPAKAIOUKMA NPOH3BEACHHS TPHIOHOMETPH-

3€6



yeckHX ¢yHKUMf qepe3\ CyMMBI, Haftie:

€os —2-71-{- cos 57'1-+cos -67:1=
—2c0's —27:‘- sif -’,—;—-i- 2cos 17‘1 sin 3t7—+2cos 971 sin —;1 _
2sin = ‘ | |
sin —37':‘-—- sin%—}- sin —5,'11-—- sin %’14- sin g — sin%’l
= .
2sin -;-
Orciona c.ie;y'er, 4TO paccMaTpHBaeMas CyMMa paBlia ——-;— .

553. [TpuMeHNB Ko BeeM caaraemuiM HcecaeiyeMoll cysasl S cya-
yana dopmyay (16), a satem (17) crp. 81, naftnem, uto

3 1 T 3n 57 T
S =§-—? (COS —8—+ COS-—8—+ COST+COS—8—) +

1 - 31 5t =
+§ (cos—4—+ cosT—}— cos —4—-!— cos—4-).

CyMumu, cTosiluMe B CkoGKaxX, PaBHH HYJIO, TaK KaK

COS£=—COS——~H COS-——Sﬂ == — COS ——-5“
8 8’ 8 8"
4 4’ 4 4

CnepoBatesibio, S=

o] @

554. Ecan B ToxjecTse

fg atg (60°—a) tg (60°-}a)=tg 3 ()

nonoxuts @=20" (cM. 33zauy 536), To cpasy noayuaew
tg 20° tg 40° tg 80°= V3, @
Tlpusezem Apyroe pewesne, He Henoabayiomee dopuyay (1). Hpeoﬁﬁa- .

3yeM OTAS/IbHO TMPOH3BEACHHS CHHYCOB H KocHuycos, llcmonwaysa dop-
myaut (13) u (15) c1p. 81, noayuum y a3yA $op

> sin20°sin 40° sin 80° =—;~ (cos 20° —'cos 60°) sin 80° =

1 /sin 100° 4- sin 60°
=7 (*——-———-—n ;_ sin 60 ---é— sin 80").
3ameyasn, 41O :
sin 100° = sin 80°,
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BaxoaHM

sin 20° sin 40° sin &0 =—5 3)
Nanee, o a ' o
cos 20° cos 40°‘c0580°=2 sin 20 cos?l? fcoso 40° cos 80 —
2 sin 20 .
__sin 40° cos 40" cos €0° _ sin£0°cos €0°  sin 160° _
- 2 sin 20° T 4sin20° T 8sin20°
__ sin20° __i
. 8sin20° 8 °
Wrak,
cos 20° cos40'c0580°=%. co 4)

H3 (3) n (4) caenyer (2)

_ 2, TpuroHoMeTpuyeckne ypapHeH4Ysi H CHCTCMb! ‘.
' ypasuenuii

555. Ypapiienile MOKHO 3anncaTb Tak:

4 sin xcos x (sin? x—cos? x)=1
HaY
—2sin2xcos 2x=—sind4x=1.

b

Oreer: x=—;§-+k-% k=0, &1, +2, ...

— a
556. Y pasHeniie TepsieT CMbCI NpH x=7+kn H ox= —— 4

-+ kx, a npn mpounx x OHO PAaBHOCHIBHO C.E1yloulemy:

cos x—sinx

= | - sin 2x.
cos x4 sinnx +

flocse npociux npeoGpasosannil nosyuaes
sin x (3 -+ sin 2x4-cos 2x)=0.
Ypaoueune sin2x-+cos2x-+-3=0, oueBNgHO, HE uveeT peweilnil,
DO3TOMY HCXORHOE YpasHeuHe CBOAMTCS K ypaslenio sinx=0.
Orser x== k.
557. Y papieniie MOXKIIO 3anHCaTh B CJAeAylomeyM BHIE:

(sin x4 cos x)* = (sin x + cos x) 4 (cos? x—sin? x) =0
Hau
(sin x-}-cos x) (1 4-2 cos x)=0.

ﬂpupaamman Kaxayio H3 CKOGOK BYJI0, HaX0lHNM BCe KOpul.,

?;' +2ka.

Otper: x,=-—%+kn, =4
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558. Iepennmen nannoe ypasienye cheRylomiM obpadous: ' -
sin x4 —cos 2x =cos x —¢os 3x -} sin 2.
[Mocsie mousaTHBIX MpeoGpa3soBaHiil nmoJdyyaem
sin x4 2 sin® x =2 sin 2x.sin x4 sin 2x
H, CeIOBATENBHO, : 7 7
sin x (142 sin x) (1 —2 cos 1) =0.

Otmer: x,=kx, x.2=-:—;-(—l)"+'+kn, x3=i%+2kn.

559. [lepemiuien ypasnetne B BHAE

2
<L sin 2x 4 V— cos 2r> -1 cos (22;£> _5 =0

2 4 6

1w :
a
4 cos? (Qx—-%-)—cos <2x——6—) —5= 0 (1)
Pewman ksaapatnoe ypasuenie (1), Haxogim i ' '
LAY I5
cos (Qx—-—e-) =], x=ﬁ+kn.

Bropoit ropeHb xsa;zpamoro ypapHeHHs (l), pasnun
petennil, Tax Kak |cosa|< 1.

5
» He paer

560. Pasieans ofe uaciH ypabhenHst Ha 2, ADHBEAEM ero K BHAy

sin 17x - sin (Sx +;;-) =0,

OTKYAa
2 sin (llx-l-i) cos (6:-——3)—-0 :
; n' %41
QOr1ser: xl=*§g+ﬂ- 6+( T2) .

561. [anxoe ypaBHenne TepsieT CMbCJ], KOFAd C€OSX= =0; noatomy
MOMHO CYHTaTh, 4TO cosx ¥ 0, 3ameTus, 4T0 NpaBasn RacTb ypaBHenus
pasua 3 sinxcos x4-3 cos?x, 1 pasjenus ofe 4acTH Ha COS? X, NMOJYuHM

tg?x(tg x4 1)=3 (g x-+1),
BJaH .
(tg2x—3) (tg x+ 1)=0.

: m i}
Otser; x,=—-}+kq, x2=-3—+ kn x3=-_-§+/m.
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562. IToabsysich (opmysoit aas cyMMul Ky6oB Apyx ducesa, npe-
oGpasyes JleByl0 4acCTb ypasHelia CJaeayloulus o6pasos

(sin x 4-cos x) (1 —sin x cos x) = (1 —-—;— sin2x> (sin x 4-cos x).
HcxogHoe ybauneune, €ejoBaTesIbHO, MPHHHMART BHJ
( { —% sin 2x> (sin x +cos x—1)=0.

[Mepsast ckoGka Boofuie tie oGpautaetcss B nyas. Ilostomy pocrartouno
paccMoTpetsh ypasieune sinx-}-cosx—1=0. Ilocaesiee npibsojutca

. K BHAY
T 1
sin (x+—>=—=.
4 VQ

Orser: X, =2nk, x2=i2t-+2nk.

563. MMoansyscs u3pecTHuMH QopMyaaMi, 3anxwes ypasHenue
B CJAeaylomes Biuze
; cosecd x —sec? x—cig? x—tg2 x—cos? x—sin*x= —3. H

Tag kak cosec? x=1--ctg®x, sec?x=14-1g2x, 10 ypasueuue (1)
HPUBOJHICA K BHY
fo2x=1.

14 By
Orser: sz—Hc 5

§64. Hcnoawaysa Touciectso

x x
sind —4-cos¥— =
3 Teos'y

i X PEAL ia X g X 1 . .2
_(sm—s—-{—co; —3-> —2sin 5 cos 3—1 g Sin - 1,

=) o

. 2k
npeoGpasyem ypasieive K gy sin?

3n &1
2

K}
Orset: ¥ = n (=0, £1, £2,...).

563. Hcnoan3yn ToixaecTso, cojepikatieecss B peuleliH Mpejpuay-
meii 3ajauy, NOAYYHM ypadHeiiHe

sin? 2x-}- sin 2x—1 =0,
Pewasa ero, uaxogum
sin2x ==

V5—1

: 1 kit
o go= k- int—m =
Omer: x=(—1) o aresin — + 5.

V5—1
D)
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566, 3anuweM JaHHOe ypaBHeHHe B Blje o
(1 k) cos x cos (2x —a) =c0s (x—a) -} & cos 2x eos (x—a).. .- (1)
Tak xak

c0s x cos (2x — &) .—_—-%- {cos Bx—a)+cos (x— a)j; _

cos (x—0a) cos 2x=—;— [cos (3x—a)+cos (x-}-a)],

TO ypasHenue (1) npuMmer Buj .

_ k [cos (x—0) —cos (x-}+-a)] =¢0s (x—a)—cos (3x—@)

h k sinx sina=sin (2« —a) sin x, o 4(2)
Ypasnenue (2) paénanaercn’na-;ma: ’

a) sinx=0; Toraa x=lIm; -
6) sin (2x—a}==Fk sina;

TOTZa . ,
o 1 . R n
x=—F(—=1)*+ —arcsin(k sina)+ = n.
T2 _ 2 v 2
Haa Toro ytofe nocsefHee BupakeHHe HMENO CMHCA, & H & Jomknn
GLHITH CBA3AHH yCAOBHEM
|ksinat] <1
567. Tak rax uucna a, b, ¢, d ABJIMOTCA NOCJAEAOBATENILHLIMH - Ule-

naMH apndseTnueckoil nporpecciH, TO MOKHO NONOKHTE b=a-}r,
c¢=a--2r, d=a+}3r (r—pasuocts nporpeccun). IMonbayack dopruydoii

sina sin p =-;— fcos (a—-b)—cos (a+ M),

NPELCTaBHM ypaBHeHue B BHIe
~ cos(2a+r) x—cos(2a+5r) x=0

sin (2a4-3r) x-sin2rx =0,

HJn

OTKYAa
o knt fae= kn
1" 2aF3r T2,
Hanucaunwe GopMyssl mMeloT cMuCa, TaK Kak
2a+3r=b+c>0unr#£0.

568. ¥Ypapnenne 3annwem p caeRylouwes Buje

sin ul

. X .. X 2
€0S% ——sin2 —==2 —1

2 2 cos X

2
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WJ, NOCAE Hec/omubX npeoGpasoBanii, B puie

X gnk 2 2ot X fsinEcos X) =
(cos2 sm2>(3c05 2-i-2sm 2—i—sm2cos 2) =0.

: X e X s X x
Ypasuenne 3 cos? ?-{—2 sin? —2-+sm o ¢os -Ez—__() PaBHOCH.ILHO

x x
caeayiomenmy: 2 tg? —+tge+3=,0 0 He uMeeT  BelUeCTBenbx

peiennii.
Orper: x= —+2k €.

569. lMepsoe pewenue Ypasueure TepieT CMHCA npu
x=R%, a8 NPy TPOYHX X OHO PABHOCHABLHO C.ielyIOWEMY:

cosx—smx 2sm2x smx (b

3amensna np0H3BeA€HHe, cTosimee B npaeoit uactu (l), ua cymmy, no
¢opuyae (13) c1p. 81, noayuaem

cos x—sinx=¢os x—cos 3x, sinx=cos 3x,

. . n :
OTKy1a sinx=sin (-2—-—-3.\:) H, CJe10BaTe]Lio,

2 sin (2x—%> cus (x—-%-) ==,

x—i'ﬁi‘. :
1T T v @

Orset:

=S,

Bropoe pewenue. Ilpumenas dopuyay (20), crp. 82, i nona-
rag {g x=t¢, nojlyyaem ypaBHeHHe

B4-3(2 4 f—1=0.
l’amaraﬁ JCBYI0 YaCThb Ha MHOXKHTEJNH, noJqy4aem

+D 1=V ) (t+14 12 =0,
0Txyaa .
(lgxy=—1, (lgx),=V2~—1, (lgx)y=—1—y2

35 =
OtBer: X, =_T-t_—|-k:t; Xy =arctg ( V22— 1)+,
x3=—arclg (14 ¥V 2)+kx.

3amevyatune: Jse nocaeinie cepun pemelum MOZHO 3alHCcaTh
oauoit ¢dopmy.olt (2).

570. TlpuMeHan x Jesoil yactd ypasHewus dopmyay (14), crp. 81,
noay4aem .
¢0s (2x —f) 4 cos p=cos §,
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oTKkyAa . e
cos (2x— g)=o0.

Sx=4 —'::—-f-'k.ft-{- %- H tgx=tlg (-g— :I;‘-%t-).

CaepoBaTebio,

- 571, Méxormoe ypasiene MOKHO 3amitcaTh B BHIe
sina [ sin (2 +a) —sin 29 —a)] = sin (p ) —sin (p—a),
uaN, nocae MPOCTHX npeoGpasonauitii, B BHAe
sina+2 sinacos 29 =2 sin a-cos ¢.

ﬂpenno'laran sinot 20 (B npornnﬂou cayyae cos @ 1e onpeaeAnercs),
noayuaeM

l+2c052(p 2costp 0 4co>’q>-——2cos¢—-l.-0
4 V5 |

cosp=—=—

Tak Kak yroa ¢ Jexur B Tperbeil qunepm T0 cosq><0 Caenosa-

TeAbHo,
cosq,__.‘;'@__
572, Tlpumecunsn q)opuyny co:-cp—-—i-cg;mp-, 3311IUEM YpaBHEnke
B BHAE
' cos2 (a-}-x) 4-cos2 (a—x)=2a—2
nan Lo
cos2acos2x=a—1,
OTKYyna g : :
a—
LY ] _ .
cos 2x _—co§ 50" (D

Taxk kax, ¢ apyroil cropoxiu,
' ol g 1 l/l +cos 2x

S5 =V T—cos2e®

a—14cos2a

drx=i l/l—a—}-cos?a

H3 dopuyau (1) cne,qyer, 4TO 321343 IIMEET pewlenns AMDL PR YEa0-
BHR, YTO

T0 13 (1) naxou

Jeos2a}=ja—1}.

573. licnoabsys ‘dopsyast (_18) u (19), crp. 82, npnpegenm Aannoe

cooTuomenite - sin & --cos o= 5 K iy

@+ Vg 5—4tgg—R—YT)=0,
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a .
Pa3speutas 370 ypaBieHile OTHOCHTENALIO tg-E-, MOy HHM

¢ ol = V7 —2

(e %), =a7r
(1eg), Y52,

nposeplm yIAOBJETBOPSAIOT A  uafileunne 3uadesus tg 5 YCAOBIHAN

41

3azauy.
o N
Tak kax 0<-2-<§, TO
0< th< tg%:}ff-—l.
V-2

3uayenne (tg ) — ynomemopﬁe'r yCJI0BHIO 334aUH, TaK KaK

V7T =2 _ -

— < ¥V 2—1. Kopeus V7 —2 caeayer oropociTh, HGO
VT—2>V2—1

574. [Motoxus  sinx—cosx=¢ 1 HCOOJAL3Yd  TOKISCIBO
¥

(sinx—cosx)*=1—2sinxcosx, 3amies ucXoaHoe ypaBHeHne
B Bide
24126 —13=0.
D10 ypasuenie uymeet kopun §;=—13, {;=1. Ho f=sinx—cosx =
— F14 —

= ¥7 sin (x—i“-) , otkyaa |1]<<V'2, cJaenopateaumo,  Kopeith
1, =— 13 MoxHO tie paccmartpusath. ITo3TOoMy HCXOANOE ypasieue ¢oo-
AUTCA K CAEAYIOUIEMY:

Csin{x—2) = !
}7 1) ,/' 5 *

Orser: xy=s+2k, x, =g 4 2kst.

575. Naunoe ypapuemiie npeoGpa3yes K Bitiy

2 cos? —"23 (21 sin x) f-sin x=0.

Hcnoawaya ¢opmyay 2 cosz—;- =1+4cosx u packpupan cxo6kd, rHo-
Jyyacs
242 (sinx+-cos x)+ sin x-cos x =0. ()

4

D10 ypasueiuue TOr0 me THmA, 4To » B 3ajave 574. Moxcranosxoit
sinx+4-cos x=1{ ypapueuiue (I) CBOAHTCH K KBaApaTHOMY YpaBHeHHIO
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124-41-+3=0, nmeomemy xopmn fH=-—1, t,=—3. Tak xax
|sinx4cosx|<<V'2, To HCXOmHOMY YpABHEHHIO MOTYT = YAOBJETBO-
PSTb JHUIBL KOPHil YpaBHenus

sinxcosx=—1. - (2)
Pemas ypasuenue (2), nosydaeM R :
fH=— -’21 +-2kx,

=0k +Nm

Bropyio cepuio Kopueil caelyeT. OTOPOCHTL,. nGo sitx;=0 u ncxon:
HOe ypaBHeHHe TepHAET CMHCI. SRR

OrseT: x=—i2f'-+2kn.

576, Hanuoe ypasHenue TepsieT cMuca npi. x==Fkx, a8 npu.x £ ka
MOxeT GHITL 3anHCaHO B BHJAE

cos3 x4 cos? x =sin3 x-}-sin? x.

[epenocs ece UMEHH YDaBHEHHS HAJEBO M Pa3naras na MHOXHTeN, no-
ayuvaeyn (cos ¥x—sinx) (sin? x+4-cos? x4 sin x cos x--sin x4-cos x) =0.
OT1ci01a BHITEKZIOT ABE BO3MOMKHOCTH:.

a) sinx—cos x=0, Torga

=Tk | )

6) sin® x +-cos? x-+sin x cos x - sin x--cos x=0 2)
VYpasuenne (2) asanordyHo paccMoTpenHoMy B 3ajaue 574 n mmeet
pewennd

ry=— 5+ %kn ®
n ] ‘ o , ) .
=0k} = )

Ho 3nauenus x, cofepxauuecsa-s dopmyse (4), He sBasloTCH KOp-
HAMH BCXOJHOTO YPaBHeHIfl, TaK KaK NPW X=aT HCXOAHOe ypanHe-
nne Tepsier cmuica, CreaonaTesibHO, ypaBHeHHe UMeeT KOPHH, ollpee-
asemue dopmyaamu (1) u (3).

577. 3annwe: ypapHeHHe CleAyIOmMHM 06pasom
sin3¢ _ sin2x\ _ sin2x (sin2x sin3x
cosdx cos2¢r /) cos2¢x \ cos2x  cos3x +1).

TlpuBoan 2po6n K ofmeMy 3maMenaTento d or0pachiBasi e€ro, noJy4nM
ypabHenHe

2 (sin 3x cos 2¢x—cos 3x sin 2x) cos 2r =
: : == 5in 2x (sin 2x sin 3x-}- cos 2x cos 3x).

i

Ho suipamenne, croduiee B CkoGke cJseBa, paBHO sinx, a crosiuee s
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cko0ke -cnpasa pasio cosy. [1o3ToMy Mu nmpuxoamuM K ypasueltiio
T 2sinx(cos 2¢—cos? x) = —2 sin® x =0,
OTKyja X =R,
578. llauuoe ypaBHeilite MOKHO 3aNHCaTb B BuAe
et (cos?x €os 3x) sin2x | cos2x

sin 2x sin 3x cos 2x sin 2x

HAaH .
3sing 1

sin2x sindx  sin2x cos 2x°

3ameTis, uT0 aTO ypaBHellHe HMeeT CMBIC], ecan
' sin2x #0, sin3x#0, cos2x 3 0.
s Tex x, mpu Kotopuix -ypasuense (1) umeer cuucd,
3 sin x cos 2x = sin 3x,
Hau . o ]
. sinx (3—1 sin? x—3 cos 2x) -0
wan '
2 sin3 x=0.
Tag kax wnocaejuce ypasieine PaBioCHALUO ypasuuiio sinx =0, 10

BBIAY CAeJa2iH0ro Buiie 3amMedauust HCXoauoe ypanietne pc.uemm 1C
Hueer.

579. Ypauwueuie 3anucuiBaeM B Biiie
6 (tg x4 ctg 3x) =tg 2c +ctg 3x,
focae 4ero npeoGpasyen c.1e.iymuum obpa3om:
; ( sinx | cos3x ) __sin 9x  cos3x

€0S X + sindx /7 cos2x ' sin3x

nan
6cos2x COS X
cos x sindx  cos2x sin3x "'

6 cos® 2x=cos* x
12 cos? 2x—cos 2x—1 =0.

Pewus nocagjuee ypabuenue, uailaeM

1 +7
. _ cos 2x=——‘§;—-,_
oTkyaa -
{ 2x =1 —x rccos l—}—lu-
) cos '—‘5— X= 4 0] a 0 -

: - 1
2 C°52f-‘-=—7{. ,x=:f:-2—atccos(—-4—) + k.
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B ‘npouecce peuxemm -OBL710 - IPOH3BEAEHO ‘YMHOXK e ObeHx wac-
Tedl ypaBHEHuR Na..COS X COS 2x sindx. Ho serxo buzerv, 4TO HH NpH
01HOM H3 HafiIeHHLIX 3HAUEeHH X 370 npon3sejeHHe He oGpainaercs
B uyas. Crenosateanno, Bce HaiileHHble 3HAYeHHA AAA X, ABASIOTCA
KOPHAMH HCXOHOrO vpanuemm

580. [Ilpiuseas- k.oGuwemy 3naMenareio Apodu,. crosuuie 8 npasoit
yacTH ypasHenus, H upumemin dopmyay

—b% = (a—0b) (a’ + a3b+a"b’ + ab3 + b‘),
0y 4HM -

sin x cos x (sin x—cos ,\) (sm‘ x+ sm" x cos x-|— sm2 X cos? x+
o +smxcos3 x+ cos‘ x)—smx—cosx.
Otciona c.'le,'u eT o anto
smx-—cosx o, - T B 1))
an6o R o
sin x cos x (sin* x 4- sm” x cos x4 sm x cos3 + cost x+
+ sinZ x cos? x)—1=0. (2)
[TpeoGpasyem Tenepn ypasueimie (2), nonsaysice Tem, uto
) sm‘x+cos’ x—(stn-x+ cos® x)-—2 sin® x cos® x,
a Lol T See it i e o [P
sm”x cos vt—!—coss x sinx= sin x cos x.

[oaoKHB eme B ypastemui :(2) sinxcosx=y, 3anumem ypas-
nenue (2) B Buae

y -J-—J+l~ ' e
i (noche pasIoKeHHs Aesoit uacTi Ha MHO/MITC.'HI) B Bile '
(J—-l) (y+l)—
Ecnin y=1, 1. e sinxcosx=1, To sin2x=2, uro HeBO3MOXKHO.
Ecan ke y=—1, 10 8iN2x=—2, uT0o TaKue HEBO3MOKHO,

WUrax, ypasnenne (2). me nmeer xopreil. Caenosartensno, kopus

: n
KCXOXHOrO ypaBHeuHs CyTb KOpHH ypasneuus (1), T.e. x= -+ nn.

581. [lpasas wuacTh ypasuenus ‘TepseT cMuCA npH Xx==Kf W npu

A . . 9l e onbelesend by ta X
=g +mn, Tak kak api x=2w e onpeiedend pyukuus ctgs,

npn x=(2l-4-1)n sue onpegenena dQyuxuus tg%, a npu x=—2—-+mn

3HaMenaTelb mpasofi uacTn ofpamaertca B Hyas. [Ipu x # kn umeew:
s X x -

tsin? - —costa— S

to X ot X = g o8 2'_ 2cos x

g8y = =T st

sift’ = cos st x
.* '2— -
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a
ChejopateabHo, npi X-# kit H x.—;*'.-‘-12-—+mn (k, m—moGue UeaLie
yHCA3) NpaBas waCTb ypaBHeHNs paBha—2 sin X oS X.
)
JleBass 4acTe ypaBHeHuis He HMeeT CMHCIA TNipu x=—§—+kn

i} Jc.=-:41+l-l'—2L (1=0, 1, £2, ...), a npu NPoYiX 3HL3YeHusx panHa

—tg x, Tak Kak

(Delet)elRali (ool

Hrak, ecau x # km, x;’-g—+m:t I x;é-f—;-—f-l%, 10 HCX0A-
lio¢ ypapHeuHe HMeeT BHA
tg x=2sin x cos x.
310 ypasuenne uveer KOpiH

n n
x=ka u x=—4—+l§—.
Or1cioqa caeayer, 4To HCXOANOE ypaBielic He HMeeT Kopueil.

582. Ywmuoaaa npasyio ya2cTh ypasienns na sindx-pcos?x=1,
npiupeieM ero K By

(1 —a) sin? x —sin x cos x —(a-}2) cos* x=0. (1)

Mpeanosoxum cHavana, uto a # 1. Toraa na (1) caeayer, uto cos x # 0,
TaK KaK B NPOTHBHOM CJy4ae Mul uyead OW sinx==cos x=0, uro
neposmoxHo. Pasieaun oGe yactn (1) nwa cos?x u noaoxup tg x=f{,
NoAYuYHM YpaBHeHlie

(l—a)3—t—(a+2)=0. ©

Ypasuenne (1) nveeT pewenunss B ToM H TOJRKO TOM Cayyae, KOraa
KOpHil ypaBHeHNs (2) BeleCTBEHNE, T. €. KOrJa ero AUCKPHMiHanT

=—da?—da+9>=0. (3)
Peiwan nepaseucrco (3), HaxouM
Y1041 710 —1
—_———<a< -‘—)—- . (4)

Tyets {y u I;—xkopun ypasuenns (2). Toraa cooTBeTCTBYIOILHE pellc
uns ypapheuus (1) umeror pnj

xy=arclg t,+kt, xy=arclg t,+kn.

Pacemotpun tenepe cayuvail a=1.
B s1oM cayuae ypapuenue (1) sanucupactes B BuLe

cos x (sin x-}-3 cos x) =0
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U HMeeT cAeAyioltiie pettenua:
k14
x =-§-+kn, xy= —arctg 34 kn.

583. Tpumenns dopmynu

— 2 .
sint x— I—cos 2« ) cos’x=1+c°52x
2 2
H MOAOKNB cos2¢=={, 3amHizeM J[aHHOEe YypaBHeHHe B cCJeaylomeM
BU/jJe i : ) . S
2—6f-}4a2—3=0. ) (1)

Hexoanoe ypasnennie -GyaeT HMeTh pewreHust npe Tex H TOJBKO NpH
TeX 3mauetiltsix @, NPH KOTOPHIX Kopmu f, u‘f, ypaBuenust (1)- Bemecr-
BeHHH R NO Kpaiiiefi Mepe ORHH H3 3THX Kopuefi 1o aGcomoTHOi
BeJHYHHE He MPEeBOCXONHT e[{HHHIH.

Peman ypasuenue (1), nHaxoimu

t,=3—2V¥3—a?, 1,=3+2V3—a".
" CnezoratebNo, kopHit ypasnenus (1) BewecTsennn, ecan
la}< V3. (03)

Ecau ycrnosue (2) sunosnseno, 1o £, > .1 no3toMy -370T. KOPEHDL - MOXK-
o orGpocth. Takun 0GpasoM, .3ajava CBOAHTCA K OTHCKAlHIO ‘TexX
sHaqennfi @, y10BJeTBOPSIOMMX YCa0BHIO (2), mpn KOoTOpHX | £, | << 1, T. €.

—1<3—-2Y3—at gl 3)
H3 (3) naxonum _ : .
—4g—2 V3—at <2,
OTKYJA .
2>Vi—at=1. (4)

Tak Kak HepaBeHCTBO 2= 'V3=a® sunoauserca npn |2|< V3,
TO cucreMa HepaseHcts (1) CBORHTCA K HEDABEHCTBY

. V3izaiz|,

oTKyAa Haxozum |aj<<V 2.
Mrak, ucxofuoe ypasieHne paspemrnmo, ect [a|<S V' 2, u umeer
peuwteHus ‘

x=1 —;-arccosr(3—-2 V3=a%) +kn.

584. IlpeofpasyeM pannoe ypaBHeHuHe, YMHOxas o0e 9acTH ero
. ox L

Ha 325‘“3T' IMpumenns  Heckonbko pas QopMyay sino cosa=
|

= sin 2o, moayuin:

'na—2 —-sinﬂ
Si gy awx==sill g1
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uag - . .
' sin =% cos 3—3:ix =0. n

2 62
Orcioga HaxoauM Ase cepiiii Kopueii: , 4
a1 SE .
x,=2n, x,=3—3(2n+l) (n=0, :k,l' +2, ...

Tak Kak © mpouecce pedienis MPOU3BOANIOCH yMIoAKenHe o6eHX

. a0 i L : .
yacTeil JaHHOrO ypaBlienHsi Ha MHOXHTENb 32 sin =7, KoTOpHil Mouer
. o6paulathCs B HyJb, . To. ypasHenue (I) Moier - umMeTs Kopum, apas-
jouLuecss NOCTOPOHHKMH AAd HCXoauoro ypasuenus. [Toctoponuumu Kop-
My GYAYT Te H TOJbKO Te KOPHH ypaBHeHHs )

sin 2—1:0, ' b3

KOTOpLie Ile YI0BJAETBOPSIOT HCXO;LOMY YyPpaBHENHIO.
Kopuu ypasueuust (2) aawotca gopmyoi
x=3lk (=0, X1, 12, ..} " (3)
B, KaK Jerxko BHJeTh, e YIOBJIETBOPSIOT HCXoluoMy ypasueiiio. [lo-
srony W3 uailgenuoil cepun “kopueil ypasueuus (I) caeayer uck.io-
yutL, BCE Te, KoToptie umelor Big (3). Has Kopueit nepsoil cepuu 370

HpHBOANT K paseHcTBY 2n =31k, BO3MOKHOMY TOJbKO NpH ueThoM &,
1. e. npi k=2l u n=3U ({=0, L1, +2, ...). ilan xopueii BTOpOIl

cepiiil aiiaaorHyio noayyacs paceicTuo 53(2/1%-1);3111 w2+

-+ 1 =33k, po3mozilioe TOJALKO Opu neyeTuoMm k, T. e. npu k=241
nn=33+416 (=0, +1, £2, ...).
lrtak, Kopu HCX0AHOTO -ypabieHita TaxKoBLL

~xy==2n, rae n# 3, -
x2=g—;(2_n+l), rae n'# 3314 16. I 1=0, £1, £2, ...

585. [lepenitiiem ypasueuse caeiyiouiay o0pa3on:

! V3 .. . V3 L -
?cos 7x+T sin7x =5 ¢0s Sx —}-? sin bx,
nan

.o I A a .
smE— cos 7x +cosz sin 7x = sin T €os 5x 4 ¢os T sin Ox,

N N
sin (€+7x>=5111(—:3—+5x) .

Ho sinae=sinf toraa u Toabko Toraa, Koraa anGo o—p=2kx, an-
Go a-+P=@2m+ 1}z (k, m=0, £, +£2, ..). Caelosaterio,

kil 3 bx=2uk
6+7x_ 3 ox =2k
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Haw
T LU e
-§+7x+-§-+5x=(2m+l)n.
Takum 06pasoM, KOpHAMH ypaBhenius oyayr:

x=—(l?k+l), S )

_ (b, m=0, £1, 42, ..).
x——(4m+l)

586. Tak Kax sesast 4acTh ypaBHEHHA paBua
2—(7+-sin 2x) (sin®* x—sind x) =

_2 — (74 sitt 2x) sin? x cos? x =2— (7+sm2x)——-sm’2x

TO, MNOJOKHB i'—Slﬂ 2% 3anmue\| ypasueiue B Buae
$8472—8=0, ' BT

Ypasueune (1) nveer ouesuanutit Kopeun f,==1. JIsa aApyrux ero kop-
HA HAXONATCA 3 ypaBHeUHs
24864 8=0. - T @)

Onu panust
: —442V7 u —4—2y2

OGa 5TH 3HaueHHsl He TORATCH, TAaK Kak ouit no afcomoTholi peanun-
ne Goabule eauHHOu. ClejoBatesniio, KOpiH HCXOANOrO YpaBHEHHS
CyTh KOpHHM ypasHemus sin2x=1. .

Otger: x .—--—'}-{- k.

587. Mowxuo cantate, 4to a%-f-5% # 0, Tak Kax B UPOTHBHOM Cay-
yae ypabHeHue npHuHMaeT Bng ¢==0 u He mno3soaseT HafTH sinx
n cos x. HMasectHo, yto ecan a®+ 52 # 0, To Bceraa cyumecrsyer yroa ¢,
0<< ¢ < 2m, TaKoil, urto

in cos pm=—t )
o ‘P"V=+= Vars

Pa3fenun AanHoe ypasHeluHe MOYAENNO 1A Va-*--l—b3 " ucnonbayn 1,
NOAYUHM DABHOCH/bLHOE YpaBHEHite

c
sin(x+¢Q)=———. 2)
(x+9) o

Tax xak Bcerpa |sin (x—l—q>)]<l 7O 3TO ypaBleHHe HMeeT peutenus
Toria M TOJIbKO TOTAA, Korja |c|<g V a® +-b% nan xorga ct<att ba
"D10 u ecTb ycaosue paspemusmoctH 3apaun. Janee, HaxommM: . - - .

— VY ad b2t
= I —sin {(x =4 —— (3
cos (x+9) =% V CFe =t s )
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Jameruis, 410 .
sin x = sin (x4 @ -— @) == sin (¢4 q) cos ¢ —cos (x+¢)sing,
€0S X = COS (¥ @ —q)=cos (x}-¢) cos 9} sin (x+ @) sing,

H NOJCTaBHB B NpaByi yacth Bnipaxenua (1), (2) u (3), oxoHuaTeJALHO

NOAY4HM ABA PelienHs:
be—a Y a?4-b2—c2
FOEN T
ac4b VatFbi—c?,

- Cos X = az—{—b’ 1

bcta Var+br—c?

a4 b2

ac—b Va4 b3—ct

COs X = a"—}-bz

a) sinx= s

6) sinx= ’

583, 3amernB, uro (bcosx-}a)(bsinx4-a)#0 (s npoTusion
cyuze ypapHelHe Tepser CMECI), GCBOGOMNJAeMCs OT 3HaMeHaTeeijl.
B pesyabTate noayyaes:

ab sin? x4 (a? 4 62) sin x -+ ab=ab cos? x-}- (a* + b?) cos x-}ab,

OTKYaa
(a? -+ b?) (sin x— ccs x)— b (sin? x—cos? %) =0,

H ypabHeHHe pacnajgaerca na apa:

. n
1°, sin x=1cos ¥, OTKyAa x=‘T+kn
" :

. a2+ b2
2°. sin x4} cos x---—i—— .
ab
" a2 b2
Ho nocaezpee ypasHense He HMeET peillensil, TaK Kak a6 =2,

B TO Bpema Kax

| sin x4-cosx|=}Z s!nx-v-—l—-}-cos x'-l—/-l-i—_l=

Ve
= V‘FI sin (x+%) |< v
Oteet: x=-{;—-+kn.

569, [Muibaysich ToaAeCTBOM

1 4 cos 2x

: :
5 ) _-__-.%.(1 -3 cos 2¢-1- 3 c0s? 2 - cos? 2x)

Ccos® x= (
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1 dopmynoit

: cos 6x =4 cos3 2x—3 cos 2«
- : : (cm. (8) -cTp. 81),
npm;eneM ypaBHEeHHEe K BHAY

4cos?2xf5cos 2+ 1=0. - o L :(1)
‘M3 (1) naxonum :
(cos 2x)y = —1, (cbs 2x), = ——1— .
Otset: ’
1
xl—(k+-§') J

x;==% —;— arccos ( —%) +- lm..

590. IMpumenun Qopmyau
1—cos 20

sin3a=—2- 1 cos 20 =2cos?a—],

NpeACTaBiiM YpaBHeHHE B BHAe

(l —0s 2x)3-}3 cos 2x 2 (2 cos? 2x — l)+ 1=
HJH
7 cos? 25— cos3 2x =0,
OTKYNA

T, 0
cos 2x=0, x_.-4—-+k—2- .

591. W3 dopmyn ans sin3x u cos 3x Haiifem:

cos 3x4-3cosx 3 sin x—sin 3¢
_§__l_-___s.—. SlnSx

cosS x= 3 , =_—

Cnepobatesibio, ypasHenue MOXHO MpEJCTaBHTL B BHae

cos 3x (cos 3x 3 cos x)+-sin 3x (3 sin g:—sin 3x)=0, -
Hau
3 (cos 3x cos x - sin 3x sin x) +-cos? 3x—sin? 3x=0,
nan : N

3 cos 2x 4-cos 6x = 0. (1
Ho 12 kak cos® 2x=m6x+___4ﬁgs_2x.’ 10 ypaauex}ine (1) npuser pug
7 4 cos® 2x =0,
OTKYAa
© c0s2x =0, x=%-{-%n.
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592, Henoawsys Tommcmo (sin? x-}cos? x)2 =1, noayuum:
. I .
sinfx}costx=1 -3 sin? 2x,
OTKyA3

. 1 . 1 17
8 8 —_— —— H —— 4 p- ey
sin® x }-cos® x (l 5 sin ?x) 3 sin'2x = 35

| —sin? 2x+-:3~ sin? 2x=313%, sind 2x —8 sin? 2x+7=0.

Pewas no.yuennoe GixpaipaTuoe ypabheune, Haiizem:

7 i
in? 2x =4 - ind 2x=— =-—-
sin? 2x ;{;2, sin3 2x 7 +A2,
011023
- 2k -+ 1
x="pa
593, 3auenan sinx n cos?x COOTBETCIGCNNO Yepe3 l—_;i)f

, 1 4cos aa

9 , nepenisiiem ypacHenue CIaelyIlouiis 06]’?830.\1:

— « HY H] ¢
(1 cos 2x> _}_(l—}-cos?x) =%—€:cos‘2x,

2 2
Han .
(1 —cos 2x)5 - (1 4- cos 2x)% =58 cos* 2x.

Moao:kup cos 2x =1y, nocie npocTuix npeobpasobamtii npnjgem K Gu-
KBaApaTHOMY YP4BHEHHIO OTHOCHTEJLHO Yi
244 —10y2—1=0.
V 2

3ro ypaBiieniie HMEET TOILKO ABa pellecTBeiiLX Kopus: Yr1,2= + _2—— .

CaejjoBarteplo, €os2x =t 12—7, OTKyAa x=%(2k+l), rae k=0,
41, +2, ...

§94. lcnoabays ToxkaecTso. moayuenioe B 3ajaue 261, aannucwm
Bcxoauo0e ypasheune B bHje

(sin x -} sin 2x) (sin 2x - sin 3x) (sin x - sin 3x) =0,

HJi, LUCAC pas duskciiiid CyMs Clllycon b npoilsesetile, B BiAC

3x 5x , X
sin 2x si cos? = =0.
sin 7 x sin = T oS X D)



‘

e

ﬂpnpammaaﬂ HYO KaKAHW H3 COMHOKNTeNell, NOAYYHM MATh cepuil.
pemenit

2 o, ' 2n,
l)x ‘—3—'!, )X—-—z-a't 3)){—'5—3,

4) x=%éiLu; ' 5) x== (2n5+l)n

TRe ny, fy, Rg, My, hg;-.'lloﬁue Ledsie gncaa.
3amerii, uto pemenns cepnil 4) u 5) cozepwarca B cepun 2),

OKOHUATETLHG MOMYYHM CIeyIOmKe TPH CepHil pemlenuii:

%, n 2n

3‘ 52 x=-2—2n; 3 x==1 g

1) x= £
rie ny, n,, Ny~ .'noéue uesse uneaa.

595. [lepBoe pewenne. l'lpu n—l ypasHenile npespamaercs
B Toxzecrso. Ecan n > l TO 13 TOXJECTBA

1= (sin2 x—l— cos? x)"—— sinn x4 C1 sm‘“"‘l’x cos? x-}-...

: Voo FCF Y sin? x cos? =1 x 4-cos?" X
B CHJY AaHHOTO ypaBHeHHs NOJyyaeM

Ch sin?=D g cos? x4, -+ C3™! sin? x cos?®—D x =0, -
Tak Kak Bce cnaraeMble HeoTpHHATeaBBL, TO JHGo sin?x=0, mbo
cos2x=0n x=-:2lk.

BTtopoe pewenne. Oqenu HO, ypasuenie yzxonnemopaercﬂ

ec.Iif X TPHHHMAET 3Hayenns, Kparﬂbxe;- » To e, ecai x.—— k (k—uence
uicaIo0). Hoxax\e\i, 4yTO ypasuesue

sinz x}-costt x=1

ne fiMeeT APYTHX xopneu. Nyctb xg # ke 2 3 Toraa sin? xg< 1 neos?xy <

< 1 OTKYAA CeAyeT, uTo mpu nn > 1 Gyner sin2 x, < sin?x, 1 €osxy< -
< cos2x,, , BHAYNT, Sin®® x,-{-c0s2? Xy "< sinxy4-cos? xo=1. Srum po-
K23aTeNLCTBo 3anepmaercn.

10 10 2
=;rp—3y H ‘ypasuenné npuMeT BHA . . . . . .

sin3y=2siny.

3n : ' ‘n, 3x 13n x\.
96 l']o.no»(mu ——-2——{y, mr}xam+?=n—3 (-———)—

Tlocaepnee ypasuenie ¢ noMOUBIO dopmyan (7), crp. 81, moxno 3a-
IMieaTh TakK:

siny (4sin?y—1)=0. (1)
Y pasnenize (1) nmeer caepyioumne pewenns:
n=kn, g=(—E Tk, g=(—)H Ttk

13 B. B. JInackud n ap. ) 385



3xn .
Bo3sspamascs K aprymenty x mo dopmyne x=-—5-,—2y, OKOHYATENBHO
H0OMyYHM TPH CePHH DelueHHNl HCXOJHOTO yPaBHEHHA

xlsi;f2kn, §,=-?5£ ‘+.( -— 1)"+1-’§'-nk;

3 1!
Xy=—5- +(—_1)k--3——nk.

597. Tak kak |cosa[<<1, sina=~—1, T0 _
|cos 4x—cos2x | 52, sin3x+5=4.
Hraxk, 7nesas 9acte ypasHenus He NpPEBOCXOIHT 4, Npasas 4acTh ue
menbiwe 4. CnegoBatesnuo, |cos4dx-—cos2x|=-+42 (a4 Toraa aubo

cosdx=—1 n cos2x=1, Mu60 cosdx=1 it cos2x=—1) i sindx==
= —1. PaceMoTpuyM pO3MOKIBIE CIyHall, .

 west=—l,_z=(g45)m
cos2x=1, . x=ak
. i 7
sindx=—1, x_—-g-l-—g-l.

O6uux KopHell Her.

6) cos dx=1, x=f2£—! .
€os 28 = —1, x=(k+—é—) ¢!
. e w2 4=
sindx=—1, x= —§+§-nl_ —5

Odue xopuu: x= (2m+ —;—) A, m=0, £1, £2, ...

598. Ilpeofpasyem ypaBHEHHE K BHIY

L gnrt—te cospme L
75 sinx Ve 08 X = oSl x cos x

; x {
sin (x—{- T) =Tsin2x

Hay

sin(x-}-i—t—) sln2x=!. | o (1)

Tak kak |sina]s<g1, To (I) HMeeT MecTo, ecan
auto

sin (x—}-i});—-—l 0sin2¢=—1,



6o ,
‘ ‘sln(x—!—-;->=lvu sin2r=1,"
Ho nepsue jsa ypaBHeHns He HMeioT o6mHX KopHeRl, a BTopHe JBa

n .
YPaBHEHHST KMEIOT O6IHe KOPHH x=T+2kn. CnejoBatensHo, Aanuoe

YpaBHeHHE HMeeT KOpHH x=%‘-+2kn.

599, Pa3snenns janHoe ypaBHeHHe. 1OYJEHHO HA 2 M- BaMeTHB, YTO

1 n

.
7 =% €08 3~ H—5—=sil =, NOJyYUM PaBHOCILILHOE ypaBHERHe

sin (x + —:31) sindx=1,

Tlocneuee paseHCTBO BO3MOKHO JHINB B TOM CayZae, Korja
. )] .
sin (x -}-3-) =4 1 nsindx==4 1, oTkyna

T .0x 1 7
x=—-§-i§-+2rm H x=—4-(;|;-2—+2mu),

rie n, m—uenane uncha. IlpnpasHss o6a 3nHadeduds, npHieM nocxre
COKpallleHHs Ha 7 K PaBeHCTBY

1 1 1 m
-7 :!:-§+2n=:l: '§+—2—--
BN NOCTe YMHOKEHHA Ha 24 »
12m—48n=—8 1 9.

Tlpit mo6BIX LEaHX M H n CN€BA CTOMT yeTHOe IeJ0e YHEMo, a4 crpaBa—
neuersoe (1 nan—17). [ocnenee paseHcTBO TIPH UENHX m, n HeBO3-
MOXHO, 9TO H TpeGOBaNOCh JOKA3aTh. .

600, [TepBoe pemenue, 3agava paBHOCHJABHA Caeaywouled:
KaKHe 3HAueHHH MOXeT MpPHHHMATh - QyHKUHA A=sec ¥-}-cosecx, ecau

apryMeHT X Mensercs B npefenax 0 < x < -:21?

PaccmoTpid dynxuuio N
1 2 -1
2 == (sec x-J-cosec x)2== - f—
A ( + ) c052x+.smxcosx TsinZ x

SIN® xcos?x | siNxcCosx  &in®2x ' sin2x *

Kaxaoe 13 craraeMuHx, CTOSMHX cnpasa, NpH BO3paCTaHHH X OT

b
HyAs O 5 Bejer ce6s caenylomuM o6paszoM: cHadana yOnBaeT OT

e po 4(Koma 0<x<_%), 3aTeM BospacTaeT or 4 Jo

13+ : 387



b s : : T '
) (xcor;xa TSx< -5) ; o6a caaraeMuix fIpH X = F oAuoBpemeo
HPUIIMAIOT HAHMeHblIke 3Haqemm 3HaYMT, H Cymma Oyaer iMers
naumennlee 3navenne Opi x= o . ITpu stom A.’-—S Hoarouy, ecati

b
0<x< 5 10 A? =8, a Tak Kak sec x M cOseC X B neppoil yeTBepTH

nonomuteasny, 1 A=2 V2. [papux dymkunn A(x) noxasan na
puc. 248.
Bropoe peu enie. 3aMeTus cpasy, YTO Mbl JO/IKHH OT PAUIUHTE:

" b4
cfl paccMoTpenHeM JItLb HOAOKITEALHbIX 3Hadennii A, 160 npu 0 < % <—2—

A YHKUiN secx 1 CoseC X ROJOKuTENALUEl, I[pe-
. 006pa3oBaB ypasiielne K BHAY

sinxt-cosx=XAsinxcosx,

Bo3sejleM ofe yacTH ero B KBajpar; B pesyasTare

T TONYYHM;
} 14-2 sin x cos x=A2 sin? x cos® x.
'
f Ionaras Tenepy sin 2x =2z, Gyaem nmeTn:
|
} . ) W22 —4z2 —4 =0,
1 OTKYyaa
- RS 24 VAR
Z12= 73 . 0y
Pic. 248.

T .
Tax xak no yeaosiio 0< x < —:2—, To z=>s5in12x > 0, H MU AOMKUL

p3aTL B papencToe (1) suax nawe, T. e,

2+ VIFdre
AL '

2=

Ecan Tenepn faM yaacTes yA0BJETCOPHTL HepaBelcTBy:

24 Vit ant '
_-”%._ < ] (2)
10 ypasueiie '

singe — 2 VBT

i
Oyjer uMeTh petuensie x Takoe, uto 0 < x < 5 310 nocaeluee -y108-

JCTBOPHT I HCXOAHOMY Yypabhelio, B yeM Jerko yGeautsca. Ecun e
liepasencTso (2) He yAOBJAETBOPAETCS, TO HYKHOTO pewents He Cyule-
croyer. Mrak pest 3aj1ava coedach K pewentnio nepasenctsa (2). Ocpo-

Goaup ero oT 3uaveuatens, ierko nonyuaem A=2)'2,
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(601, M3 zannoil crctemu cpasy nosyuach -
x+y=~ka, x—y=lin.

Otcioza
: _ Rl _ k=l
_ Y=, Y=—p—
To yeaopnio 3anaun 0 ek -+1 2, 0sh—I<2,

JTHM HepaBeHCTBAM YNOBNETBOPSIOT cJelyiomue 5 nap sipauenuit
knl .
1) k=0, [=0; " 9
3 k=1, I=—1 4
5) k=2, [=0.
o ’ 7t )
Orger: x,=0, y,=0; n=7, h=75i
%3=0, ys=m;
x=n1 =0
X=X, fp=1T.
602. IlpeoGpasyem clcTeMy K BHAY
sin? x=14-sin x siny, |
g p_ | Q)
cos? x=1-4cos x cos y.
Cknajbias # BuUHTAas ypaBHenua cucrem (1), moiysaem cucremy
c0s 2x—cos (x+ 1) =0, } ' @
1+cos (t—y)=0.
Iepeoe u3 ypasneHuit cucremst (2) MOXNO 3aMiCaTbh Tak:
€05 2x—cos (x+ y) =2 sin (_Ziﬁ;{-_y_) sin (y—x)=0.
Ecan sin(x—y)=0, 10 x—y=*kn. Ho u3 sToporo ypasuenss
cncTeMb! (2) Haxonmm:
cos (x—y)=—1, x—y=(2ni1)n.

ChepoBatesibHO, B 3ToM c/ydae nmeem GecunceHHOe MHOKECTBO pewse-
Hpii: x—y=(2n+41) x.

Ecan sin (3"_;‘1)=0, 7o 3x+y=2n. Ho x—y=(n+1)x.
Ciie08aTeNIbHO, :
_Zetondl  %k—6n—3

x 7 , —g

- 603. ‘Bo3eegem o6a ypaBienns B KBaAPaT, CJAOKHM MMOUNEHHO H
BOCHOAb3YEMCA TOMACCTBOM
’ ' ' . 3 .
sin® x—l—cos‘x:l—-a—- sin®2x
(cm. 3apauy 533). INMoayunm: sin?2x=1. Ecin sin2t=1, 10 mbo
389



K= -‘;— +2n, aubo k= -i—:— +(2+1)x. B nepsom” cayuse w3

Hexoauoft cucTeMsl HafigeM sin y==cos y=

1
—, & BO BTOpOM CJy-
ve'

yas siny=cos y=— Auanornyso paccMaTtpubaerca cayyaft

L
2B
sin2x¢=—1, .

Orper; x; = %—}—2/:::, y1=%+2lnl
Cn=H@+ DR, p=TE+)m
X3= 2;1-{-2/::1, y3=-§4i‘-+21n;
x4=%n+(2k+l):t, y;:%n-{-(?l{—l)n.

604. Ilepsoe ypasHeHHe MOXKHO 3amucalb B BHJE

sin(x-4y) =1
cosxcosy

OTKYAa B CIIy BTOPOTO YpaBiiemis [OJydaem!

sin (x4-y) =cos x cosy=—2—2' .
Cnepopareasiio, nugo '
x+y=%-{—2kn, n
nm6o
x+y=—-:—;—+(2k+l)n. @
Bropoe ypaBheHie HCX0IHOil crcTeMb! npeoGpasyem Takl

cos (£ y) +cos (x—y) =V 2.

Orciona
cos (x—y) = V' 2 —cos (x-+ 9)- G

2
Ecau nveer mecto (1), 10 cos(x+y)== ‘/2 » it H3 (3) Haxozum

cos (x—y)=.~_2£. , X—y=1=1 -‘-;—-1—21::.
2
Ecan wumcer mecto (2), 710 tos(x+y)= ""‘/2——' 1 cos(x—y)=
=3 }2/2 , UTO HEBO3MONKHO,
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Urax, a1 naxompenns. x ¥ y MH NOAYUHJH CHCTeMy ypaBHeHRIl

- 4)

n (

x—y==%- +2ix.

B CoOTBeTCTBHH € BHOGOPOM ~3HAKA BO BTOPOM ypaBHeHHH clcTeMu (4)

HONMyYHM JBe CePHH pemeHHil x1=-ﬂ—+(k+l) n, yh=k-—Hn n
xy= (k1) 7, y z—-----i-(k----l)'t

605, Pa3jennB nepBoe YypaBHeHHe noq'lem{o Ha BTOpOE, MOJYTNM

—=. 1
V M

CkaajmBast 370 ypaBHeHHe c mepBwM H Buuutas n3 (1) nepsoe ypas-
HeHHe, IMOJYYHM CHCTEMY, PaBHOCHJDBHYIO HCXOIHOIll

1
V2—'
V__

x—y= i—"i-l-zkm '

€OS X COS f =———

cos (.f—y) =

cos (x+y) =

OTKyZa

@

x+y==+ arccos +21u

B CoOTBeTCTBHH € BLIGOPOM SHAKOB B ypasﬂemmx (2) noayuae™m cae-
AylouHe yeTtnipe CepHH pememm

a) x:—-(k+’)ﬂ+—arccos V_ —_ 2 i

y1=(1—k)“+?arccos > :/5 ==,

6) x,=(k+l)n+%-arccos - :/2_ -3,

=) g arccos o+ 2
1

B) xg=(k-+1) n—-;— arcco's

y3=(l—k)u—-—;-arccos

~a

X
N
i

1) xg=(k+41) n—% arccos —

[ ]
3
.I_.
o) ooln oo ofu ol o|a o]n

.

[X)
~
L

Ya=(1—F) ﬁ—% arccos

(%)

=
|
..l.
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606. Hpeoﬁpasye.\x BTOpOE ypaaﬂeuue x'nu;xy

[cos (x-!-J)+cos(x—y)l~a. _

Ho Tak -kak x—i—J:(p, 10 cos (x—y)=2a—cos @. [Noayuaem cuctemy

ypasuenusit
ty=q, }
X—lf == = arccos (2a-—cos cp)+lm.
Ortser:

X

l

arccos (2a—cos @) - &,

— (oi...

2.
2 k.
L % TF 5 arccos (28— cos @)— k-,

@
I

(3]

npuyeM a H ¢ AOAKHM GblTh CBA3aHH ycdosuew |2a—cos @ << l.

607. Tak kak JeBast 4aClb NEPBOro YPaBHeHus CHCTEMBI He Npe-
BOCXOAHT €IHILINL, TO CICTeMa MOKET HMeTb pewenus Juub npiu a=~0.
[Moaaras a =0, nmoayuaem crcieny -

st x+cos 2y=l, } )
cos x+sin 2y =0,

Hs Boporo Ypasuelitsi clcteNl (1) cne,l)er ut0 ando cos v =0, Judo

sin 2y =0. Ecaun cosx=:=0, 710 npu A,-———i 2mn u3 nmepsoro ypas-
b3
Helitst HaxoluM -Yyy=~nsa, a [pu x,-—-—-—2-+2k:t noayuaemM {, =

1 W .
= (l +-§- n. Cayuail sin2y=0 ue naer uosnx pewennit, Hrax, ci-

cTeMa )pauuemm paspelinmMa Jilb Mpu a=0 i Kmeer 43e caesymoutie
cepuy peLUGIIlH[

X -——+?m'1 Yy =nx;

x2=——'§-+2k:r, y?=(l+%)n

608. 3asmerny, UTO COSY He MOMeT ObTh paee uyao. HeicTsi-
14
Teavio, ecau cosy=0, 10 y=—4Fkn u
cos (x—2y) =cos (x —n) ==—cos x =0,
sint (x —2¢) = sin (v—a) =—sgin x=0.

Ho sinx 1t cosx He MOryT GuTb OJHOBpeMEHHO PaBHbl HYJMO, TaK
Kak -sin? x4-cos®x=1. Ouesuado,. a#0 (8 nporusuom cayuae
cos (x—2y) = sin (x—2y)=0).

Pasieqns sropoe ypasueHile ua lepsoe nodienko (s cuay ciedati-
HBIX pLilIe 3aMeualiil jJe’deHue BO3MOKHO), HOAYUHM:

tg (x—2y) =1, x—2y=.—4~+kn. . 4}

392



PaccmotpnyM apa cayvas:
a) k yernoe, B aToM cnyuae

€0s (x—2¢y)==———=acos?y, - COsy== ———)
s (x—29) Vs Y y 1/an i
" y= 4 arccos A--2ma. '

Nocrasana s1o 3uauenue y o (1), nosyyaeu:
x= 1 2arccos A--(4m -k} n +;- .
1

ve
y = & arccos (—A)-}-2mrn.

6) k£ ueyernoe. Toraa cos (x—2y) =— =acos3y,

H3 (1) naiigem: 7
x= 4 2arccos (—A) 4 (dm+-k) = +;-.

1
CucremMa paspemuma npu a > -V—Q-

609. Bo3Boisi jaHHbE COOTIOWEHHA B KBAJAPAT, MOAYYiM:

sin® x 42 sin x sin y-{- sin? y =a?, 1)
. costx +4-2 cos x cos y - cos? y=~52. 2
Cxnanwsaa n soiuutasn (1) 1 (2) nousenuo, naiinem:
2-1-2cos (x—y)=a24-b2, 3)
cos 2x-}cos 2y 4-2 cos (x 4+ y) = 6% —a?. ")
VYpauHelme (4) moxHO npeo6pa3oBath K muiy
2 cos (x4 y) [cos (x—y) 4 1] = 6% —a?, ()
Hs (3) n (5) waiinen:
cos (x-4-g) =22 .
a*+4- b

610, IMosw3ysics dopsyaofit
cos 2x - cos 2y =2 cos (x+ y) cos (x—y),
3anuuweM BTOpoe ypaBHeHsE CHCTEMB B Biize
4 cos (x—y) cos (x+y) =144 cos® (x—y).
~ Hexoauyio cictemy MOXHO 3aMenilTs caeaymomeil sxsupanentioii: -

4cosacos(x+y)=1-+44cos?a, } .'(l)
C x—py=d. 2)

CpasuiM JsieBylo # mpasyio vactd ypasuenus (l).
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Hneem
|4cosa cos (x+y)]<4|cosa|
C apyroii cropouu. H3 : HepaBeHctBa (1 & 2cosa)? =0 caenyer, uro
4)cosa|gl-F4cos?a,

NpHYEM 3HAK PaDEHCTBA 3A€Ch HMeeT MecTo JHIb B caydae 2] cosa|=1.
CaenoBatenibio, cHciema (1)—(2) Moxker HMeTh peluehus JHlib NpH

yeJoBHH, YTO |cosa|=

Paccmotpum fBe BO3310}KHOCTHI
a) cosa =-—l- .
2
H3 (1) naxoaus, uto cos (x-y)=1, 7. e,
x+y==2kx. : Q)

Pewasn cuctemy (2)—(3), noayuaem
o, o
x1=-2—-|-kn, Y1 =kﬂ—-§- .
1

6) cosa=—=—,

~N

INocTynas auaornuno, HaxoanM )
1 o 1 o
x,=(k+-—2-)n+-2—, y2=(k+-§-)n—-—2—,

611. Dta 3azaya anajorHuysa npeawiaywefi, IlpiuBeaes, oaHako,
HeCcKOAbKO HHoe pewenne. Ilpumenus ¢opmyay (14) crp. 81, npeas-
CTaBHM IlepBOe ypaBHeHlie CHCTEMB! B Bije

4 cos? (x—y)-}-4 cos (x-}y) cos (x—y) 41 =0.

Noaoxue ¢os (x—y)=*¢ 1 noaL3ysch TeM, Y10 x--y=d, HOAYYHM
ypasHenue

424t cosa4-1=0. (1)
3To ypaBHeHHe HMeeT - Bemecmeuuue KOPHH JHIUL NPH YCJOBHH, YTO
D=16(cos?0—1)=0, 7. e. koria |cosu]=1., PaccmorpuM 2asa

BO3MOKHBIX Cayyas: cosa=1 u cosa=—1, Ecau cosa==1, 10 M3
(1) caeayer, uto .

t =cos (x—1Y) =—%.

- Noayyaenm cuctemy - .
X—y=t —g—n-}-?kn, }
ity=a,
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K3 KOTOPOft HaxoauM

)

n o
Y=t +k“+ 70 h="-F g—.'kﬂ'i'.g'_-
Eeau cosat =—1, o, nocTynas aHa"noquHo, NOTyqHM

x2=kn+ + = 6 ’ yz———kn$-g.

612. PaccMoTpHM NepBoe ypasHEHHe CHCTEMHL.

1
% l;z npuyem

3HaK paBeHCTBA HMeeT MecTo JaHwb B caygae tgx=1 u tgx=—1.
Tak xax npasasd yacTb NEPBOrO ypaBHEHHs Y/IOBJETBOPSAET YCJOBHIO

|2 sin (y—l—%—)

BOPATLCA JIHWDL B CJACAYIOUHX CIydasx: .
a) tgx=1, . 6) tgx =—1, :
R PP VRS P R S

Cuctema (1) umeeT caegyloutue pemieHHs:

B cnny nepasencTsa (1) crp. 19, nmeeu Itg x4

<2, TO NepBoe ypaBHeHHE CHCTEMH MOXKET YAOBJET-

=tk =g+, ®

a cucrema (2)— peweHus

3
x2=_%+mn, yz—_:——;l-{-mtﬂ- 4)

Jlerko mnpoBepuTh, uTO peiueHus, onpelensemsie cdopMmyaamu (3), He
YAOBJIETBOPAIOT BTOPOMY YDPaBHEHUIO MCXOAHOK CHCTEMB!, & peleHHd,
3ajasaeMele  ¢opMyJsaMi  (4), YAOBJETBOPSIOT BTOPOMY ~ YPaBHEHHIO
(a 3HawiT, W BCEH cCHCTeMe) JMHWbL INpH HeyeTHoM m. IToaaras B (4)
m=2k--1, 3anucuiBaeM peuleH!f MCXOZHOA CHCTEMH B BHAE

X= Tﬂ-l—?kﬂ,
y==———i—n+2nn.

613, 3ameruM, uTo cOsx # 0, cosy # 0, TaK Kak B NPOTHBHOM
cayyae TpeTbe YpaBHeHHe CHCTEMH He-HMeeT cMuic/a. [TosTomy nepsue
ABa ypaBHeHHA MOXHO NpeoGpa3osaTk K BHAY

(a—1)tgtx=1—b, )]
(b—1)tgry=1-a. )
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Ho a # 1, 12k xak ecan a==1, 1o u3 (1) Gyaem nzers b=1, uro npo-
THEOPEYHT YCJOBHIO @ # b, Ananoruyno, ecap b=1, 1o w a=1. Caejo-
BatedibHo, (1) MOMNO nounenno paszenuth Ha (2). Pasienus, moaydin:

(lgx T f1—b\% -

tgy I—a/®

YGeanmca ewe B TOM, 470 ‘@ 7 0. JeiicTButeanho, ecan a=0, 1o u3
BTOPOro ypaBHeHHs NOJAYYnM, Y10 siny 3 0, a u3 Tpereero Teraa noay-

ynM, uro b==0, T. e. a=0=0, uTo nHeBo3MOKIO.
B ciay oTOro 3aMmevanus MO:xeM H3 TpeTherc ypaBHemus HafiTu

(‘_&’_‘ e
\lgy) = a®”

Hrax, )
(2)=(=2)
a)  \l—aj "
Ecan ¢£=}_:§ , T0 @==b, 4T0 1ELO3MOANO,
. . b 1—b .
Ecaun ke TET =T Q-+ b==2ab.

Otser: a-}-b == 2ab.

614. Bropoe cooTHOWIEHHe MO0, B CHJIy NepPBOro, NEpemucarL
Tax: '
Asinff Bsinf
cose. ~ cosB

nan
sinf (Acos P—Bcosa)=0.

310 cooTHoweHHe MOZeT GHTb Bhnoaneno auGo mpnu sin f=0 n Toraa
TaKkxe sing=0, cos =+ 1, cosa= £ 1, 6o npu A cosp— B cos a==0.
B ar10M nocaeaneM CAyyae noydyaeMm cHCTEMY

sina=A Sinf’, } ’ (I)
AcosPp=Bcosa.

Bossean Kamfoe B3 9THX YypapHennii B KBaipar H CleJaBs 3aMeny no
dopmyaam sin?a=1—cos?a 1 cos?f=1-—sin? P, noayunm cucremy

cos?ad-A?sin?f=1, } @)
B?cos?a-- A2 sin? ff = A%,

Otciona cos?a n sin? P HaxoaaTcs eZHHCTBEHHLIM 06pa3oM TOFAR H
TOALKO TOr3d, Koraa A% (1 —B2) £ 0; B 5T0M Cayvae

—a 1 AT_Bt
wass ) [ b=y |
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-. Pacemorpiy ocoGuie eayuaw,. korga A*(1—B2)=0. Ecau A=0,
70 u3 (1) nonyuwaem cosa= 41 1 B=0; B arom caysae cosa=+ 1, -
.sinf ocraerca neonpesenenuns. Eean. B2=1, 10 u3 (2) monyuaem
Taxke A%2=1, u nauubie ypaBueHHS He COZepar napamerpos A u B;
" nosToMy 3agaua o BmpaxenHn coso H sinf uepes A # B Tepser
CMBICH, o g :

615. M3 Broporo ypapHenHs 3ak.aiouaeM, 4o
si x=sin (-2-— 2_1/) ;

1, cAeloBaTenbHo, JNGO

x=%-2y+'2k'a, o

6o .
x=2y——'21+(2l+_ 1)n. @

O6pamascs K nepsoMy ..ypaBHeHHIO Janmoil cictemu, B caywae (1)
HaxoanM:
I—tg%y

={o3
ctg2y=tgdy uwm Tz g

=tesy.
2
Pemus Gukpaaparnoe ypasHeHue, moayuny igy— ;};T. Bo Bropowm

caydyae, BHocA -x u3 ¢opMymst (2) B ypasuetue tg x=1igdy, ybexaa-
eMCst B OTCYTCTBHH BelleCTBEHHHIX. pemesnit.- Hraxk, -
1 n
tgy=d —=H X==——2¢y-2xn,
gy=4+ vz 5 Y-+

OTKYyAa
1 T 1
yy=arclg —=<-na, ¥y =—+2kn—2arctg ——2an
b1 €73 + 1=3 €73
u . _ - .
' Y =—arétg—!—'—]—nn X =£+2kn+'2ar'ctg—l-'~—2nn
2 ]fé- ] 2 2 .

Ve
wan : | .
7T .
X1 -—-3'—2 arctg V_Q: + 2mx,

X =-§+23fctg-l7§_-+2mﬂ.

' "y'.g'=—arct'g——l—+nn,

Ve

y; == arct

TAe M, A ~—mMo6He- He/ble Yucaa, -
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616. Hpeoopaayﬂ' - 1eByI0 ~'H ~NPaBYI0 YACTH NeEPBOTO ~ypaBHEHHS,
NOAYYHM:
2 sin +y (cos x;y—-cos x—;—y) =0.

310 ypaBHeBHE ynonneraopaeréﬂ B CAeNyIOUX CAydanxi
1° x=—y-42a (k=0, +1, ..).
2°, y=2In, x—mo6oe uucao (=0, %1, ...).
3% x=2mn, y—moboe gHCJIO0 (m—O +1, ...

CooTHoweHHe 1° COBMECTHMO €O  BTOPLIM YDaBHEHHeM CHCTEMH
{x{4+]y]=1 aumb npu ycaosun k=0; aeiictBuTenbHO, 13 1° caeayer

HEpaBeHCTBO
[x|+|yl=2]k]|=,

KoTopoe mnp# ycaoBuH |x|4-[y|=1 Boamoxuo Juwb B cayyae k=0.
Pewas Toraa cucremy
_ x=—y |x|+ly|=1,
1aX0JIHM ABA PelIeHHsA:

1 R 1
x1=-2—-, y1=——2—_ll 12="—‘§', ygz?l

Paccy:xias asajsornuno B caydasax 2° u 3°, uaxoauM eine Jpe
napel peieHui:

X3=l, y3=0; X4=—l, 94=0:
a TaKike
=0, g;=1 x6=0, yg=—1,

Takum ofpa3oM, paccMaTpiBaeMass B 3ajaye CHCTeMa HMEET 1UeCTh
YKa3aHHHIX pelenui.

617. Boapenem o6e yaCTH KaXKAOro ypaBHEHHA CHCTEMH B xBaApaT
‘CJ0KUB NOJIYYEHHHE paBeHCTBa, OyJeM HMeTb:

sin? (y—3x) - cos? (y—3x) =4 (sin® x -} cos® x),

T. €.
sin5x+cos°x=%. )
PaccnmoTpiy TOXACCTBO
sinSx -4 cost x=1 ——3— sin? 2x, (2)

AOKasaHHoe B 3ajaye 533,
Cpasnubas (1) u (2), naxoaum:

sin?2x=1, sin2x= 4 1,
k=7 @at]) (1=0, £1, £2, ..).
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TepemMuoxus ypaBHenus 3apanHoft cuctems!, GyReMm. MeTnt

sin (y—3x) cos (y —3x) =4 sin3 x cos3 x,
T. €. - .
sin2 (y—3x)==sin3 2».

Ho sin2x=+ 1, noatomy
sin2(y—3x)= =1,
y=3x=F@m+1)  (m=0, £1, £2, ...}
Cnexosateasiio,

=§4.‘3 (2n+l)+-;-‘- @m+1),

B npouecce peweni#s CHCTEMEl NPOH3BOAHJIOCH YMHOMEHHE ofeHy
yacTedl ypaBHeHHI Ha BHIpaXeHHs, COAEpPKAIIHE HEH3BECTHHIE, MO3TOMY
MOTJIH TOJIyYHTBCA IOCTOPOHHHe pemeHHA., IIposepuM, BCe JH HaiigeH.
Hbie Mapel 3HaueHHft ¥ W y ABAAOTCA pewenusaMH, JomKHO GHITb!

sin -2—(2m+1)=2 sin® %(Qn-l- 1,
L cos%(2m+l)=2cos’%‘-(2n+l),

HAH, nojaras

T 1 1 nm
sin —~ 2m+41)=——= sin =4 ——=cos —=
4 ( +1) V2 2 +V2 2
H
n ) 1 fun 1 . mm
cosT(Zm-i-l)—ﬁcos—z———ﬁ sin -,

0 /lenast aHaJOTHYHYIO 3aMeHy B MpaBoft 9acTH, MOJYYHM MOC/Ae COKPa-
MeHHA Ha NOCTOAHHBIE MHOXHUTENb:

.am m . n nn\3
sin —2—+cos —_— ( sin —2—+cos ——) ,

2 - 2
cos m sin“—m— cosﬂ sinm g
2 2 2.7 2)"

Tak KaK OCHOBAHHE CTeNeHH B IPABOfl HACTH 3THX HOBHIX PaBEHCTB
MOXeT NpPHHHMATh NMPH LeJbLX n Toabko 3Havenus 0, -+1, —1 u sm
3nayenus He M3MEHSIOTCS NMPH BO3BEJAECHHH B TPETHIO CTenedb, TO.

nn nn .fn nn\3
sin —:,l—-[-cos == (sm T'*‘ cos —) '

2 2
i . nn an . . an\3
cos - sin _—._(cos?- sin Tz') 1
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OTCIOAA noayuaes:

PO 2 L T 112
SN ——=M—SIN—N=008 —N—COS—m
2" g PES g TSy

3 . 3 . k14 k14
——1n Sl — N ==C0S — N —CO0S —
g mEsing 53 53

CxaaapiBas 1 BolyiTas nocJjeaHue COOTHOWIEHHS, ﬂOﬂqui\lS

—sin m.

. SR ¢
sin & m—sin = n=0,

2 2
cosﬁn—-cosim—;o, ' (6)]

2 2
ik} .
sin—;—‘- (m—n) cos 1;— (m+4-n)=0,

sin % (m—un)sin %— (m+n)=0.

L LR
Tox xaK cos ‘T (m+n) u sin -‘Z (m-}-n) oanoBpeMenHO B HYAb He 06paia-

LR
107Cs1, TO NOJYYelHas CHCTeMa p2BHOCHILHA YPaBUeltlilo sin T(m—n) =0,

0TKYAa
m—n=4k (=0, £ 1, £2, ...). )

Takum oGpasoy, nosyyeHine naps 3uayeHuii x u y
x:%(Qn_].l), y.—;?@n—)—l)-}-%(?m—l—l)

AQIOT peuweHis CHCTeME! TOrAAa H TOJBLKO 10rJa, KOrda ue/sle uicaa
n B m cBa3anb cootHowennem (4). Cneposaredbio,

T
=-—4— (2ﬂ+ l),
y:—% [3@n+1)+2(n+48)+ 1) =5 [2 (n +-k)+1].

Ho n+4-k ectb npoussoabioe uesoe uncsao. O603HaunB ero uyepes p,
GyZeM MMeThb OKOHYaTeblo .

x=T@u+1),  y=a@-+1) (@, p=0, £1, £2, ...).

618. Bosseas B xBagpart ofe yacTi NMepBoro H BTOPOrO YpaBHelii
B mepenncaB TPETLE ypaBHeniie. Ge3 H3MeHeHNil, DpIZieM K CHCTeMe:
- (sin x4sin y)? =4a?, ] '

(cos x+cos y)? = 482,

()
tgx-tgy=c. J

~ Byzem HCKaTh ycaoDus, KOTOPHMM AOMKHB YiOBAETBOPSATHL 4KCAA
a, b, ¢, utoOu ciucrema (1) umeaa xors 6w oano pewenne, Tak Kax
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LaHHYIO CHCTeMy MLl 3ameHseM Nle pasuocuabuoil-efi cneremoit (1); 1o
HaNo MOKA3aTb, YTo ofe cHCTeMbl HMEIOT XOTA Gl OANO pelueHne npH
OJHHX H TeX e YCJOBHAX, HAJOXKEHHWX Ha uyicaa a, b, c.

Ecan jaHHaf cHcTema npH HEKOTOPEIX 4, b, ¢ HMeeT pemenue, To,
OUeBHAHO, NpPH TeX ke a, b, ¢ uMeer pewende i cHcrema (1). Bepuo
1 ofpaTHoe yTBepjenne: ecal NpI HeKOTopelX a, b, ¢ cucreva (1)
HMEeT pewlesye, TO Npy TeX JKe 3HaueHHsx a, b, ¢ HMeeT pemenne 1
JaHHaR CUCTEMA, T ’ ’ ’ Co

B camom gese, nyctb X, yy €cThb peineHue cicTenu (1); Toraa ocy-
HECTBJAETCA 0AHA 13 yeTHpeX BO3MOXHOCTell:

ango ‘
sin x, -+ sin g, =24, €S x; -} Cos Y =26,

Ao v ‘

sinx; +sing;=—2s, - cosx;-}+cosy, =2,
an6o B 7

sinx;f-sing=—2, cosx-+cos yy=—2b,

Jm6o 7

sing -}sing =2, ~  cosx }-cosy = —2b.

Ecan mMeer yecto nepbuii cayuaii, To x,, ¥, €cTh peiueune nan-
HOIl CHCTeMB; BO BTOPOM CJydae AaHHasm CliCTeMa HMeeT, HanpuMep,
pelenne —x;, —y;; B TpeTheM - ciyuae—pewenie T+xy, Aty
B UEeTBEpPTOM — pelreHue T—yx;, X—y,. CrejoBareapHo, HAanHas cuc-
TeMa HMeeT XOTH Ol O7HO petyeHde TOrja I TOALKO TOrAa, KOrja nueer
xoTa 6bl OfHO pewenite ciicteMa (1) . )

Korpa xe cucrema (1) umeer peienne? Cx.JajeiBag 1 Buun1iaf
nepnoe H BTOpoe ypaBuenus cuctemsl (1), Hafigen:

cos (x—y)=2 (a2 4 6% —1,
05 2x 4 ¢0s 2y -2 cos (x -+ y) =4 (b*—a?),
HIH -
cos{(x—y)=2(a®4-b*)—1,
. €0os (x4 y) cos (x—y)-+cos (x + y) =2 (b*—a?),
OTKYA2
cos{x—y)=2 (a4 b?)—1,
(a2 +b%) cos(x+y)=b*—ad.
Mul npumian K cucreMe
. cos (x—y) =2 (a*+ %) —1,
v (a%4b7) cos (v y) = b2 —a?,
tg x-tg y=c,

paBHOCH bHOIT cucTene (1), .

Ecan aq?-b2=0, TO BTOpOe YypaBHeHie YJOBJeTBOPseTC: TNpH
mobux x # y. M3 nepsoro’ ypasHennsa noayuaem: x-——g=3-}-2k%
(k==0,"4 1, £ 2,77..), TpeTbe ypasHenue paer tg (y-Fn-2kn){gy=c
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nan tg? y=c. lNocneanee ypaBHenHe nMeeT pelweHHe NPH Juodou c=0.
Ezau aH—b2 # 0, To HMeeM:

€os (x—y)—2 (a4 62)—1,
cos x+y _221;1 } ©
Sra cHCTeMa mueeT pelleHHe TOrJa H TONbLKO TOrda, KOraa
|2 @4-6%)—1|<1, . @)
<t @
Hepasenctso (4) npr Hajnunn yc.aonﬁa
a?+b% £0,
OUEBHIHO, CIPABEIJHBO, a HEPaBEHCTBO (3) PABHOCHJBHO CJeAYIOLIEMY!
0<a?4brel.
IpeactaniM Jaesylo wacTL TpeThero-ypasueuns cucremul (1) caegyicutim

06pa3om:

l .
sin x sin y=? [cos (x—y)—cos (x-+4)] 6

COs X COS Y % [cos (x—y) +-cos (x+1)]

tgxtgy=

n nojctasuM B (5) 3nauenns cos (x--y) u cos (x—y) u3 (2). B pe;y:xb-
Tate MOJY4YHM, YTO peuleHHe CHCTeMH (2) OyaeT YAOBLETBOPATb TpeTbeMy
YPaBHEHHUIO HCXOJHOH CHCTEMH!, ecJH
2(a2+b2)_1_£:iz

a? b _ (a0 —b?
nr—g2 —(az_*_bz)z__aa .
= 2.1 p2)m
az+b2+2(a +52)—1

C==

Mp npuuLIn K caelyolleMy pe3yJabTaTy: JaHHasA cCHCTeMa HMEET XOTd
6bi 03HO pelleHHe B ABYX CJy4asx:

(a2 b2)2— b2
CEs =

2) a=b=0 u ¢c—nwboe HeOTpHUATEIbHOE HHC/IO.

NO0<c a2l o=

3. OOpatnbie TpHroHOMeTpHACCKHE (YHKIHK

619, V3 onpejenennsi raaBHHX 3HaYeHHIl OGPATHBIX TPHTOHOMETPH-
4eCKHX QYHKUHIT caelyeT, 4910
arccos (cos x)=x, ecan 0Sx<gm.
) ot x
Yto6m HCMONBL30BATL 3TY. Qopumyay, 3aMeruM sin =) ¢ novouisio
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¢opMy.T. NpHBEIEHHS Ha . KOCHHYC YrJa,. 33KAI04eHHOTOo MeKay 0 " %
Hannwen caepyiomue pasexcrtpa: . ,

sin [ —2 ) == sinZ=cos (Z+2)=c =
T)= ‘T—CS —§'+—7'—Osl4c

B nrtore nosygaem:

i I 9n
arccos [sm ( -7-)] =2arccos (cos Tf) ="

620. Tlo amanoruu c peiwenneM npeiwAymieit 3a4aqH HMeeM:

33 3 3~ - fm 3 . n
cos -5—:t=cos(6:t+-gn) == c0S = =sin ('é'f'?")_sm(—l_o) N

Chrenonaresisro, .
arcsin cosgn =arcsin | sin ) L
arcs 5 =arcs sin{ —5 11 =~15°

621, Mycmn arctg —=a1, arctg =d,, arclg -% =ay, arctg -;——a‘.

Ouesnguo, 0 < a; < T i=1, 2, 3, 4. Moatomy

0< a1+az+a3+a4 <
ﬂ.’lﬂ AOKa3aTeabCTBa TOXKAECTBA JOCTATOYHO yCTaHOB“Tb, 410

tg (i +oy+aytag)=

4 3
 Tak xak tg (4 +a) ==, tg (@s+a) =17,

e Rt -

622, TTonoxus arcsin x=a, arccos x= B, GyreM mmeth:
. n
=sina u x=cos f=ssin (-7- p).
n 7
o onpegesennio TIaBHLHIX 3HaueHnii HaeeM —y<e<yH I<pf<m.
T n
Hs nocnejnero HepaBeHCTBA ClleflyeT HepaBEHCTBO — TSy —f <3

1 n kil
3nauur q=——fi, TaK KaK YrJB O H = — P 38KMOYCHB MEKAY — o I
2 2 2

':-Z- H CHHYCH 3THX YIJIOB DAaBHHI CDopmyna AOKasaxa.

623. Tlomsysch TeM, uto arcsin x-}-arccos x=% (cM. pemenne
sajiaun 622), npeoGpa3yem ypaBHeHHE K BHAY .
1222 — 62 4+ (1 —8ax) n3 =0, (1)
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. 1 '
rre t =aresin x. [pi & < 33 AUCKPHMUNANT 3T0r0 ypasienis .
" D=36a1—48n4 (1 —8a) < 0.
neicpaTesibHo, KopHu ypasHewnsl (1) mnememecTseusbl it MO3TOMY HC-

Xopuoe ypasueHie MPH & < =3 He HaeeT pewuenuit.

624. MMonoxum arccos x=a, arcsin ¥ I—xz=p.
-~ a) Eem 0<gx<l, 10 0<a<% | 0<ﬂ<—‘} (1ak  Kak

o<sVi—=xig 1). Octaercst anwp yGeauThes B TOM, 4TO sin a==sin f.
T . —_
Ho B cuay wuepaseicrsa 0<a<-§ mieen sina= - J 1-=x%
C apyroil ctopount, npu Beex y {|y]<<l) umeem sinarcsiny=y;
B vuactuocth, sinf=sinarcsin ' 1—x2=} 1—x2. Caeaposateanno,
npn 0 <Cx <l umeer mecto dopayaa
arccos x=arcsin ¥ 1 —x2.
n
2
Tax kak, KpoMe Toro, sina= Vl—x‘-’ n sin@@—p)=sinf =
=} 1—x2, 10 a=na—0f, T.e.npp —1 << x <0 nveer MecTo Popmyna

6) Ecan —1 € x50, 10 <,a<n,0<ﬁ<%, —’21<n—ﬁ<:n.

arccos x=mn—arcsin } 1— 2.

625. [Hokakenm, wuro  arcsin(—x)= —arcsinx.  Iloaowuum
arcsin(—x)=a; TOr12a —x=sino H, N0 ONpeleJeHHIO [JaBHLIX 3Ha-
yensit, .

—F<e<T. )
Tak Kak sin{—a)= —sina=x u Tax Kak n3 uepaseucrpa (I) cae-
AyeT HepaBeHCTBO ——%<—a< —;, To ~——o=2arcsiny, OTKyAa
a=—arcsin ¥, T. e. arcsin(—x)= —arcsin x.

Ananoruyno Jfokazmsaetcsi ¢opayda arccos {— X)= {—arccos x.

626. M3 onpejesenns riasHupx 3HaudeHuil oOpaTHbLIX TPHTOHOMETpi-

. R Lld i
yecknX GyHKuHil cJjeiyer, uto arcsin (sin o) =c, €CJH -3 =a <7 .

: 1]
Ecau —%-}-?kngxg%—{-?k:c, T0 —-géx—2kn<-2—.ﬂororga

arcsin (sin x) =arcsin [sin (x — 2kn)] = x —2kx,

627. [lo ycaosuw 3ajayu

®

L+
=

tg %: ()

®
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S 2tg -;—C' SRR
Moabaysck dopmy.oit sina= , noayguy B ciay (1)

o
2 2
14tg 5 R .
1 —x2
sin a'—l—i-x* ,
OTKyRa .
S . L l=x2 : ;
y=arcsin (sin a)=arcsml—-ﬁ=ﬁ. N )
Tax kax 0 < x< 1, To——<arci :+ 2 l?<a<*c.Torna.
—'?- <o—n=<0
n : .
arcsin [sin (@— n)] =arcsin (—sina) = —arcsin (sina) = —y.

Ho yroa o—m JeXNT B Npejenax r.JasHoro 3nayennst  Arcsinx.
CaenoBatenbHo, L
y=arcsin(sina)=n—a. 3)

3 (2) n (3) noayuaey, uto a—'—ﬂ_:t

628. B ¢opmynax arcsin cos arcsin x u arccos sin arccos x 6epy1cn
rJ1aBHeie 3HauyeHus oGpaTHLIX TpHroHoMeTpHuecKuX ¢yHxuwiil, Paccmor-
piM cosarc sin x. 310 KOCHHYC AyrH, CHHYC KoTopoil paseH x. 3uaumr,

cosarcsinx=+ V' 1—x2, rge —l<x<L

31eChb, KoOHeuHo, CYLeCTEeHHO, YTO -—-g— < arcsinx <%-. Ananoriuso
sinarccos x= -+ V' 1—42%, rae —l<x <1,

O6oanauny y=+ J 1—x% Toria 0 <y < 1.

Taxkum o6pa3doM, Hajo mHaliTi COOTHOUIEHHE Mekiy arcsing n
arccos y npu 0<y<l. It 1Ba yraa ZONOJHSIOT ApYr . Apyra Ro

pemwennte 3azaun 622), Taxuu 06pa30\1

7T
arcsincosarcsin x + arccossinarccos X —_-‘—2— .

4, TpuronoMeTpHUecKH#e HepaBeHCTBA

629. Hepasencrso paBHdcuano caeayioulemy
sinfx-sinx—1 > 0. : : (1)

Pasnaoxus KBajpatHuil Tpexu.eil, cTosutnii B Jesoil gactit (1), ra Mmuo-
KHTEAN, NoayuIy

(sin x+l—+2—V—E—’) (sin x—-—’/—-_i;l) >0, 2)
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Ho 1+2}/5 1+V_5 >0

TeALHO, HCXoHOe HepaBecho paBIIOCHJleO CJ e;lylow.emy:
VY 5—1
2

rae (p:arcsin—l/—:zll- (=0, +1, & 2,'...)’.

>1 n mnostony sinx—t—5— Caezaona-

sinx > A HMeeT pevmemm ka9 < x < a—@+2kx,

630. I/Iccnenye\xoe nupamemle 1e HMeeT CMbICja NpPH x———{-:m.

IlpH npoyux 3HaYeHHAX X YMHOKHM O0e YacCTH HepaBeHCTBA Ha COs® X.
Toayyum paBHOCHJBHOE HepaBEeHCTBO

@muy+%gnn—2>a

Pewnp noJyueHnoe Kpalpartnoe Hepapenctso, maiileM, uto JanGo
—3— V4l . &1

. —3
sin 2x < 3 , Jango sin2x > — Tlepeoe n3 3Tux He-
paeencTs He Mower Bunoauateca. Ciejopareasno,

V— 3

13
<x< -2——? arcsifl —————-}-kx.

Vir—3
1

ka -}-% arcsin

631, [lpeoGpasys mpoH3peilelilie CHHYCOB B CyMMy, 3aMeHuM
JaHHOe HePaBeHCTBO CJACAYIOUHM PABHOCHJBHEIM

cos 3x > cos 7x uau sindx sin2x > 0,

! .
Ho mpn 0 < x < -5 Mveex sin 2x > 0 1, cael10BaTe bHO, HCXO1HOE He-
paBencTBO PaBHOCHIBLIO caeaylomemy: sinbx > 0.

2
Orne1‘:0<x<%u-§n<x<-§-.

632. Bupaskenite, crosuiee B 3HaMetlaTe. e JeBOil 4acTH HepaBeLCTBa,
. ) 4 a
NONOANTEBHO, TAK KAk |smx+cosx|=| V 2 sm\x-i—-'T <V 2.
[loatoMy HepaBeHCTBO PaBHOCH/BHO CJeAyIOLIEMY:

- 1 . 1
sintx > — uan |sinx| >+,

4 2
[ 5 .
Orser: -g--l-kn <x< Ti-:H—ku.
633. 3anmweM HepaBeHCTBO B BHAE
(cos x—sin x) [1 —(cos x-}-sin x)] =
=2ﬁn%(mn%—ms—)@mx—ﬁnn>0 (1)
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Ho sm-2- » 0, Tak. Kaxk 0 < x < 271, PaccMOTPHM- A8a ' BO3MOXKHEIX

c.nyqaﬂ npy xoropux BHINONHSETCST HepaBeHCTBO (l)
- Cayuaft 1.

cos x—sinx >0, _
} @

sin——cos? >0, ‘

Mo yenosnio 0 < x < 2x. quusan 51O, H3 (2) HaXoziM, uTO Mepsoe

Hepaseﬂcmo BmeJIHﬂeTCﬂ npu 0< x < T Han TA<x < 2n, BrO-

5
poe—mpn 5 < < 2. C.'le;mnarenmo, B STOM cayyae - n< X <2u.

C.nyqau 2.

cosx—sinx < 0.
} 3

. X X
- sm?—cos 5 < 0.

CucTeMa (3) ¢ yueroM T0TO, 9TO 0 < x < 27, yzoBaeTBOpRETCA Mpit

4<"<2

OteeT: -

, X 5
<x<-§- H -I:rt<x_<2:t.

»)n

634. [TonoxuM g %:t. Torpa HepaBeHCTBO MpPHMET BHA

2U—24-213

t> Sryo—on

nan
(SRR

P—1—1 M

Tak kax 2--¢t4+1>0 npn BCeX JRefiCTBHTEJBHHIX 3HAUEHHAX t TO
nepaBeHcmo (1) paBHOCHALHO HepaBeHCTBY

t—1

a7 > 0. , @
Tpexunen {2—f—1 mmeeT KopHi l—2ﬁ n 1+2V—5, Peumns (2),
-RaftneM, 9T0 A6 tg-%- > l+2V_5, 6o 1;2'/——3 < tg%— <L
Oreet: a) 2k.~i+2arctg 1_4;2V_—5 < x < nt-}-2kn,
6) 2t —2arclg V"i—l < % < 5+ 2.
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635. 13 Qopmya aas sin3x u cos3x (cv. ctp. 81) naxoaum:
cos 3x-}-3 cos x 3 sinx—sin 3x
— sin3 r=——

[Moav3ysice 3THUMH (IJOpMyJI&MH, 3aniieM Aaamiioe HepaBelCTBO B BHAC

cos? x =

(cos 3x 43 cos x) cos 3x—(3 sin x — sin 3x) sin 3x > —g—-
wan sin? 32-}— cos? 3x -3 (cos 3x cos x—sin 3x sin x) >'-g- ,  Han

-
cos 4x > %, OTKyJaa —-‘3—-!-?«1/1 <dx < —g—+2mz, s

x| w1 ’ ’ '
—1—- -§-ﬂll<X<T2— ’2-11/1 (Il=0, +1, +2 ...).

636. Hepasenuctso, KOTOpOE [IYKNO J0Ka3aTb, MONNO 3anicars
B BHAC ’

cos? % —sin? -gi 4-sing

)

°2 sing

. T
Ho sing >0 npit 0 < ¢ < -5-, 103T0My, MNOCIe yMIOmenus ofeux
vacteii uepaseuctsa (1) na sin@, moayuuM papHOCHILIOE 1iePaBEHCTBO

2 cos* 1.5— > cos“—‘%}——sin'l—z—-{— sing
I
2

cJaejoBartesbHo, CrnpaseiaiBo H HCXOAHOE IliepaBeHCTBO.

nau 1 > sing. Iocaeanee nepasenctso npun 0 < ¢ < BLINOIHARTCS;

637, Iloaoxus {g x=t¢, noayuum:
2t
J—t°
lgat-tg2x  3¢—1
l—tg2xigx™ 1—=31£"

tg 2¢x=

tg 3x=

Jlesan uactL TepsieT CMLICT AAs TeX 3nayenuil X, Mpil KOTOPLX fi=1,
t’=§. [pu npounx 3laueHHAX X JeBasw uaCTb HepapeHCTBa pasua
842241 1, cAel0BaTeNbHO, NMpHHHMAET MOJOMKIUTENbHLE 3HAYEHHS,

638. B cuay Toro yro

cos 2x 3cos?x—sin2x
ctat x—1=————=, 3eto2x—l=""——
S E sinz x* °¢8 sint x '
0s 3x sin 2x— sin 3x cos 2% sinx
clgdx-tg2x—1= - =—z ,
sin 3x cos 2x . sin 3x cos 2x
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7IeBast vacTh Hepasencrsa MOXeT GwiTh Samicana B BHAE
__sinx(3 cos* x—sin?x)
sint x sin 3x

Ho
sin 3x=sin (x+2x) =sinx cos 2x-}+cos x sin 2% =

==sin x (3 cos2 x—sin? x),
MO3TOMY 8aA2HHOe HEepaBEHCTBO CBOAHTCA K OUEBHIHOMY HEepaBeHCTBY

N
sin4x<“— :
, tg0—tgo
639. Hcnoaeaya dopmyay tg (0—o¢)= ﬁ—m H  ycrloBHe
tg 0=ntg @, nonyunn:
(n—1)tg*e_ (n—1)

2 (8 =) = =
- AR (E =T i Crr Ty R
Hy:xuo aokasatb, uto

(ctgop-tntgg)=4n unn (I +-ntg2q) =4nig @.
TNpuxoaum, taxuM 06pasoM, K OUEBHAHOMY HepaBEHCTBY
(I—ntg2g)2=0.
640. Januoe HepaBeucﬂ;o MOXKHO 3arficaTth B Blfe

+l—smx 2——sin x
2—sinx  3—sinx™

>0

H, ymuoxaa Ha_ 2(2—sinx)(3—sinx) >0, savennts caeayouwiny
pasuocHabipM: sin? x—5 sinx+42=0 nan

(4—-smx)(l—smx)>0 . (1)

s (1) sakmouaeM, 4TO NOC/MefHEe HEPAaBEHCTBO, a BMeCTe C HHM H
HCXORHOE, BHMOJHAETCH TPH BCeX X, MPHUUYEM DaBEHCTRO LOCTHTAeTCs

n
upn x=-5 + 2k=.

41. Ycranooum cuauand, yro

[sinx]|<<|x|.
PaccMoTp M TPHTOHOMETpHYECKHIT KpyT X
pamiyca 1n npeanoaoxkuM, 410 X- ] 7 A

oGo3ilayaeT PaAMAHHYIO Mepy HEKOTO-

"'POro MOJIOKHTEALHOrO HAH OTPHUA-
Tensuoro yraa AOM (pne. 249). INpn
mo6oM noaoxeHny Touknw M

S’
AA"=IxI'OA=let
|BM{=]sinx]. Puc. 249.

N’ .
Tax xak | BM | << AM, 10 {sinx{<Clx| (pasenciso mmeeM auws npn
x=0), [Tocae sToro sakaiouaeM, 4t0, ecau 0 << %, T, €. ecan
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0<cosp<<1< -g—.- 10 sincos @ < cos ¢. Ho Ogsid¢<¢'<%

1 TIG3TOMY COS § << €0S 5iNl @. OKonYaTeJbHO HMEEM COS SIN @ == Cos @ >
> sin cos @. . :
HepagpeHcTBO fioKa3aHo.

642. BocnoJbayemcs MeToJIOM MNOJAHOM HHAYKMMH., Ilycts n=2,
3 g
Toraa 0 < a < ¥ Ciejloparesio,

218¢ - 9tgq,

tg 20 = l—?t:gz—a'
7ak kak 0 < 1—tg?a < L. Hycms
tgna>ntga )
npu yCJlOB“H
k14
O0<a< m . 2)

Hokaxen, yto tg (n+1)a > (n+1)tga, ecan 0<ac< ;% .
Tpusenny gopuyay
1g(n+1)a=}_gﬁf_"’"_tg_°‘ . @)
l—tgatgna
Tax kak uepaBenctso (l) BumoJnsercs npi yciaosHu (2), To ouno
TeM Godee GyaeT uMmeTsh Mecto npi 0 < o < % Ho

O<tga<i 1)
a .
i TaK KaKk 0 < na < e
O<tgna<L ‘ (5)
Hs (4) u (5) noayuus:
O< —tgatgnu <, ()]

Uz (6) u () caeayer tg(n1)a> (n41)iga, yto n TpeGonanocs
J0Kas3ars,

643. Tak kKak GoapleMmy yrJay nepeoii 4YeTBepTH COOTBEICTBYET
Conbliuee 3uauexiue TaureHca, To

tga, <tgo; <tga, )

ann i=1, 2, ..., n. Kpome toro, cosa; >0 (i=1, 2, ..., n). Ilo-
sToMy HepaBeHcTBa (1) MoxHO 3amucarb B BHAE

tg oy cosa; < sina; < ig oy cos oy, 2

ByneM B nepasexctse (2) nphjasate { 3Hauenns 1, 2, ..., n ncaomnm
pce nodayycuinie HepasehcTsa, Haxozm:

tg ey (cos oyt ae - C0s @) < sinay ... Fsina,; < _
< tg o, (cosag .40 F-Cos ). 3)
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Pa3jems Bce nacTH HepabencTea (3) Ha €0S 6ty b...-cos o, (470 BOSs
MO}KHO, TaK KaK €0S a1+...+~os a, > 0), Gydem mxerb‘

tg oy < sma1+ v sine,

cosay+...4 cosdy <igon
- 644, O6Go3naunM JeBy10 4acTh PACCMATPHBAEMOTO HePABEHCTBA U@-
pes t. Torxa .
_1 A—B A+B A-j:B
= 3 (cos‘ 5 — C0S=—5 ) €os ——5—=,
TaK Kakg : ALB
=cos k2
sin 5 =¢08 3"
Ionoxus
cos A48 =X,
-2
nocjie OYEBHAHLIX npeocpasosamxﬁ TIONTY YHM!?
N Y I A—B A—-B)
t—_——2—-(x —2x- 0S8 —5— 3 +4 +

1 2 =
+§-cqs 5 =g —5 X — 3 cos 3

2
A—B_1 ,A—B | 1 A—B\?
-3 .
Cnenosaresbio,

1. ,A—B |
tQE'COS <"8‘.

645. IlpeoGpasyeM seByIO 4acTb AAaHHOTO uepaaeﬂcraa CJIC XY I0UIHM
o6pasom: .

1

cos X 1 cos? x
Sin? x (cos x—sinx) s x(1—igx) tgfx(l—tg x)
_14-tgx 1

tgx lgx(l—tgx)*
Jas coxpamenna samucu nosoxuM g x=17. Tak kak 0< x < i;-, T0
0<ct<l. (1)

Taxum 06pa30M, 3ajaYa CBOAHTCA K AOKa3arTeNbCTBY HePaBEHCTBA

I+ 1

t t(l-—-t)
npu ycnoalm 0<t< 1, Ho B cuay HepaBeHCTBa (1) crp. 19, nmeem
Ht-t > 2, Kpome Toro, t(l—t)--——-— (—-—t) <7 CrejoBatenne
e 1
t t(1—1)

—

HO, > 2 =8, 4T0 H TpPe60BaOCH JOKAa3arh.

T
4
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5. Pasuple 3apgaun-

646 Noaoxkun arctg -l—za, arclg 1—52-:5 1 pacemorpuy tg (2a—B).
Toabaysico gopuyaeit Ras Tameucz{ Pa3sHOCTH ABYX YrjOB, NOJAyuaew:
) tg 20—1tg P

; i 1 _ 2iga 5 :
Ho tak kak tga= . 70 tg Qa_]-—tgza TR Ho;xcraa:mﬂ tg 2a I

tg p B dopuyay (1), naxoaum tg (2a—p)=0. Toraa
in (92—B) = sin [ 1 AW
sin (2a—f) = sin \:Zarctg 5 érctg b3 =0.

647. Tokamsen, uto g (o--2f)=1. Idaa waxoazeuus g (x+2B)
npuyenun Gopmyay

fgai-tg2
te(atop = SatE )

IMpessapureasno euuncaum tg 20 no dopuyae

g 2B — sin2f  2sinficos p

cos2f  cos2p ,

S — 2
Hy:kno naiitn cos f 1 cos 8. Ho cosfp= - ' T—sin?p = /_u_
V10

4

(1ak xax P—yroa nepsoii uerteepru), a cos 2f=-ccsP—sin? f= =z.

Crnexosateapto, tg 28 =3/,. Hoicrapup saiaennoe 3iaucHue tg?ﬁ
(1), moayunu
tg (a-+26)=1.

Joka:ken Teneps, 410 o-+2p=rn/4.
sinfp 1
Tak kak tga=—, tgﬁ:as—6=§ H, KpoMe Tore, Ho Yciao-
BlIO 3a7aut & 1 PB-—yrap nepsoit yerpepty, T0 0 < a< A/t H 0< P <
< mf4. Orcioaa Haxoanm, uto 0 < a+2p < 3/4a. Ho eanncroennuii
Yroi, sax:iiodeHHuii yesxay 0 u 3/4s, Taurenc KOToporo. panen 1, ecip
yroa /4. Urak, a--2f =n/4.

648. HeoGxoinmo, ytobu cosx £ 0, sinx £ 0, sinx #—1, oTkyaa
x = kaf2 (k—ue.ce). l'lpu BCEX 3HayeHHAX x, KpoMe x—-k‘!/? y nueer

- CMEICT M
’_5“1‘(1+c05x) sin? x(1 - cosx) (1)
y= ( 1 ) ~ cosT (T sinx) * :

cosx | 14+——
sSinx

Ha (1) caeayer, uto y > 0, Tak kak npu x # kaf2 .
.cosx< 1l u-sinx <1, - S
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. 649. IMpeoGpasys npousnenenue sine-sin3c o cymuy, no q)opmy-‘
qe (13) erp, 81, moayuum

sina-sin 2a-sin 3a =1 sin 20 (cos 20— cos 40) =

2
-1 1 4 -
=T sin 4a-——2-sm2a cos 4a<-+ <

650, Tak kak sin 5x=sin3x cos 2x-}cos 3x sin2x, To HCAOMB3Y S
(i)opMme 5)—®) _crp. 81, Hafizem nocae HECAOMHUMIX BrIyHCANAIN

sin 5x=5 sin x 20 sin3 x4 16 sind x, (N

Monaras B dopuysne (1) x=36°, monyunn ypasueune 16¢5—20(34
+5t=0 ann onpeslenennn sin 36°. 310 ypaslienie uMeeT cjelyiomue

KOpHil
=0, I,=+4 ]/Ei—_&, f3=— 5+8V5 ’

1‘__;.]/5 V5 e 5—8V5‘

M3 uix nonoxuteNnHeIMi- ABASIOTCS KOpHﬂ £y 1 £y, Ho sin 36° # £, 160

5
5+8V >—2- H, CJeX0BaTe]bHO, t‘2 > —

Takum ofpasor,

V_.
sin 36°= ¢, —l- '/ 5—V5 .
2 2

651. Ucnoan3ya TOXAECTBO, J0Ka3alnoe B 3ajaye 533, moayuim

2
q;(x)_l—'ii:o—s—f, OTKYZa CleAyeT, 4TO HanGo.rswee 3uavenie @ {x)

pasto 1, a mnamMennwee /4,

652. B peayapTate mpocTeix npeoGpasosaiil nonyuaewm
y=1—0c0s 2542 (14 cos 2x) 4 3 sin 2x =343 sin 2x - cos 2x.

Beoasa BcnbmoraTeanmii yroJ cp=arctg %, OyreM HMeTs
y=34+V1 ( — sin2x -+ V_

Cne:msare.nbno naudonbuxee 3navenne y pasuo 34 VI0, a Haumens-
mee pasio 3— ¥ 10.

-.653. Ecan n—ueaoe uscho, y,qomemopmomee YCJ/IOBHIO 3a]avH,
TO MpH BCEX X HMeeA:

cos 2x ) =3+ V10 sin (2x ;}-qa).

cos n (x4 3x)- sm—(x+3:t)——cos ne. smE-x n

Tlonaras, B gacTHoctH, x=0, Mul 13 (1) 3akmoyaem, uto n pomKHO
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Y XOBAETBOPATH ypaBHeHuto sin in“=o.' Stomy YP2BHEHHIO * YAOBAETBO-
PAIOT TOABKO Te LeJble YHC/3, KOTOphe ABARIOTCR ZeuTensMH yncaa 15,

’ ‘a=%1, £3, £5, +15 - . )
Henocpeacraennoit nposepkoil ybexiaemcs B TOM, YTO MpH KaxjioM H3
9THX 3HayeHHA QyHKLHA COS nx- sm—x HyeeT nepno,; 3n. <Dopwy.r10ﬁ

(2) HCYepIBLBAIOTCA BCe HCKOMEIE 3naqemm n.

654. Tax kKak HccaelyeMas CyMMa paBHa HYMO NPH X=X;, TO

a, cos (o +x1)+ ...+, cos (&, 4 %)= (a; cos a; +. ..
vesta, cosa,) cos ¥y — (0 siney4-...+4a, sina,) sinx; =0. (1)

Ho no ycnosHio 3ataux
ajcosay+-...4a,cosa,=0, 2)
Kpowe Toro, sinx; # 0, Tak kak x; # kn. Ha (1) u (2) no:lyqaem
a, sing; +... 44, sina,=0, ’ [6))
Tlycte Tenepp x— aoGoe uncao. Toraa

a; cos (@ +x)4- ... +a,cos (2, x)=

=(a, cos &y +... 4 a, cos a,)cos x—(a;.sina; 4-...4a, sina,) sin x=0,
Tak Kak B CHay (2) u (3) cyMMH, CTosulie B CKOGKaX, paBHEI HY.IO,
655, IIpeanosioxuM NPOTHBHOE, T. €, JOMYCTHM, YTO CYylleCTByeT

T # 0 1akoe, yto npH Bcex x =0 Gyxer
cosY x+T=cos Vx . (1)
(orpannyenne x>0 Heofxoaumo nortoMmy, uro npH x < 0 pamukasa
V x 6yset Muumbny). TIoNoRHM CHayada B ¢opmyne (1) x=0; Torna

cos Y T=cos0=1 2
H, €TaJo OulTb,
3atem noxcrasuy B (1) aHauetite x="T. Torja, ouennaso, GyaeM HMETD
coraacio (1) 1 (2): cos ¥V 2T =cos ¥ T =1, otkyaa
VY 2T =27,

Tax kak no npexnonoxenno T # 0, To, paszeans (4) Ha (3), moayunm
V2 _—k—, rge | u k—uensie uncna. Iocnennee, xak HaseCTHo, ;1e-
BO3MOKIIO, ' A

656. [TepBoe pewenue, PaccMoTpum cymMmy

S=/{(cos x4 i sin x) - (cos 2x-}-i sin 2x) 4, , . 4 (cos nx--i sin nx)
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H, nome3yace dopmyaod Myaspa, (cos x-4-Isin x)?=cosnx-t-tsinnx, -
BLITHC/AHM S KaK Cymmy reometpuyeckoll mporpecciu. Ionysmm
s lcos 2t sin x)7+) —(cos x -1 sin x)
- cos x4-i sinx—1 *

Cy“m{a; sm x—l—sin'2§t+7. ««tsinax pél;na MHHMO# uacTH S.
Bro poé pemeHue, Yni_ﬂOxma m_esyxo yacre Ha 2sin -;—u npu-
MeHHB dopmyay (13) crp. 81, monyaum

x 3 3 5 o
(;cos 5 —cos 5 x) + (cos? X~—C08 51:) +ee

veet (cos =l cos 2n2-|- ! x) ~cos F—cos EL s

2 2 2.
h : =2sin™¥. sinn+’x,

_ , ) )
OTKYNa H C/efyer HykHasn dopMyaa. '

657, O6oaHauum HcKoMylo cymMy uepe3 A W npnGaBsM K Heil BTO-
pywo cymmy

‘ sin-’i—-, sin?;- sin%
B=—g—t—grt et

yMiOXHB ee npeasaputensdo Ha I, Ioayuum
.1 N, LN 1 on 2\ T
A-I—Bt-—?(cos-‘—l——l—tsmf)-{-ﬁ (cos—a--{-lsm-r)-f-...;
- . 1 LS |
...+§; (cosn—I-{-; sinn—;) .
Mpumenns dopMmyay Myaspa, naxoaum
.1 T 1 T, .. W\
A+Bt—-§-(cosT+zsm-z-)—{—...+§(cos—4-+;smf) =
o S 1 n AL
l—-g,;(cos T-H sin T)

1 KN n
"'?(COST-'-“I“T)I__I_ I .
2 4 4

B''nocneaseM Bpupaxeniuy Hcnoan3osaHa ¢opMyJa AAS CYMMBl  4JeHOB
reoMeTpHyecKoill nporpeccHH, Mckomas cymma A MoxeT GubiTh HafireHa
KaK BEUECTBEHHas 4acTh MOAYueHHOTO BhipameHHd. 3aMeTHB, 4TO

= = V_ ’



NOCNEeA0BATEJNILHO HAXOAUM

1 ' n
:t) 1—2 (cos—-l-z sm—)

A-+Bi =—;— (cos —-}-i sin
4 1
l—-§-<cos-—+x sm—)

l— 21"(cos Il—+l sina T)
(1-+i) =
2 1—1

T2y32 2 V2‘
(1419 [(2"-—cos u%)—f sin n—‘}]
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658. ymepmneuue Oyaer jo0Kasalo, eciil Mul YCTaHOBHM, u4TQ
A=B=0. llyctb A*-} B2 %0, 7. e. no kpailueii Mepe OIHO U3 uiCed
A, B oranuno ot uyas. Torza -
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Mycts Tenepy, x; I Xy—jDa YKa3aUHHX B 33]laye 3HAuYeHHd apry-
menta; Toraa f(x)=f(x)=0, 1 Tax Kax V ATF BT 4 B2 0, 10 sin(x;+

4 @)=sin(x,+¢)=0. Otciopa x;--¢=ma, x,4-p=nn n, careposa-
TEABNO, X;—X,=KR Mpil HEKOTOPOM LeAOM k. D70 PapescToo npiBo-

BMT K MPOTHBOPEYHIO, TaK KaKk No yCJOBLIO ;.,-xl % kit
Cregopareanho, A2+B=—-0 oTKY2 A B=




