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NPEAUCIOBHE K YETBEPTOMY l-B,IlAH!ﬂO

Co BpemeHn BHXOfa B CBET mocaemnero namanad kunru <Kpatwuit
rypc soicuefl MareMarukn» npowno Gonee 10 aer. 3a 3TOT mnepuonx
B NPEnoaaBaHp BrCIIE! MaTeMaTUKI HA eCTECTBEHHHX (DAKYIbTETAX YHH-
BEPCHTETOB HAMETHJCH PfA HOBHIX TeHAaeHunil, Hamemmnx CBOe OTpawe-
Hue B nporpammax ofulero Kypca pucmeHd maremaraki. [Tepeuncans
paxuefine us HiIx:

a) B csasn ¢ pa3snTiieM MAWINHHOH TEXHHKN BRUACACHHI 3HAYNTEABHO
BO3POC HHTEpPEC K HHCAEHHHM METOJaM pelennda 3amad.

6) Ilossicunace poap aHelinofl aareGpel. AHanMTHUECKAs TreoMeTpHa
BO MHOTHX CJyyasX paccMaTplBaeTCH Kak FeOMETPHUYECKas MATIOC TParua
COOTBETCTBYIOULHX FEOMETPHYECKHX OGBEKTOB.

8) [aa npuaoxennft owyulaerca noTpeGHOCTL B BEKTOpHOl aarelpe.

r) He Bri3mBaeT amuckyccufi, uTo eCTECTBEHHHK AOJMeH UMETb NOHA«
THE O rapMOHIYECKOM aHaJjn3e.

a) HeobGxoanMo pmaTh CTyaeHTaM mOHATHE O uNCJACHNLIX METOI3X
pewennfl anddepenunaasnux  ypasuenufl. Kpowe toro, momsuo OuTts
Jauo npeacrasnacHne o0 ypaBHEHNSX MaTeMaTnueckofi dusnkiu,

e) [lng nekoTODHX cneunassniocrel TpeOyercs NeppoHauaAbHOS 3HA-
KO:CTBO C 3JeMeHTaMi Teopiil BEpOATHOCTEil.

HacTosmee n3manne Kunrn npejacTapaseT nepepaoTKy ee B yKa3auuow
BWIIe HAnpasJeHun € HEeJbI0 MOJEPHI3auHl Kypca seicuieft mareMatuin.

IloGasneH sHaunTebHHIA HOBLII MarepHam o0IHakO O6GbeM Kuuru 3a
CYET N3IBATHA YaCTH CTAPOro MAaTepHala Majo N3MEHUACH.

Coxpanena o0mas yCTaHOBKa KHIFI: cayxnTs yueGuuy nocobuem no
BHCUIEH MaTeMaTiKe AAd CTYIEHTOB eCTecTBeHHHX (aKyabTeTos (reoso-
FHYECKOTO, reorpadiueckoro, GHOMOTHYECKOro H MOYBEHMOr0) C HeGOMBILINM
obwuy KypcoM Bhciseft maremarinkn (nopaaka 250 — 300 wacos). Kuura
npucnoco6aeHa K AeCTBYIOWNM NPOrpayMMaM OCHOBHHIX CriennafbHOCTel
dakyabTeTOB.

Ykaxesm HauGosee CyulecTBEHHHE N3MEHEHAA 11 JOMOJHEHNA KHUrIL

B raase 1 «Illpavoyroasnas cucreMa KOODAMHAT HA MIOCKOCTH» CPasy
BBefieH NapaaienbHHfl mepeHoc cucreMw Koopamsar, Oaaroaaps uemy
dopMyna paccTosHmd MeXAy MABYMA TOYKAaM# MOXeT OHTb [0K23aHa
¢ nomoft ofmuocTn. 3aeCh e paccMaTpuBaeTca oGuum cayvait npeol’)-
pasoBaHnd UPAMOYrO/bHOM cucTeMn Koopauuar.



TIPEAHMCJOBHE K YETBEPTOMY M3NAHHIO 1

B raase Il «Ypasneuite aunnn> faerca noustHe 06 aire6pe MHOMECTB.

B raase 1l «IIpsvas aunisg»> H3bATO HOPMaJBNOE ypaBHeEHHE NPaMOiL
3agava o paccTosmuu TOYKH OT npsAMOl pewraercs HENnocpeacTBenio.
Marepuan TaaBp SHAauNTEALHO COKPALUIeH.

B raase 1V «Jlunnn sroporo nopsiaka» aaercd noustue o6 anreﬁpan-
yecKOll KaaccnuKaunil KpPHBHX BTOPOro Nopsgxa.

Faaga VI «®ynkunsg»> nonojmeHa nousTueM O JaHHeHHOM u KBaapa-
THYHOM HHTEPNOARPOBANIIIL.

Cyutecreenno nepepaGoraua raasa VII «Teopus npenesnos». B ocnosny
TIOJIOXENO OKPECTHOCTHOE = onpejeaeHne mnpeaenaa (yukuun. JloGasaen
naparpad <Iosusrie o6 acuMnNTOTHUECKNK (OPMYyNax>.

B raase VIl «Henpepusuocts ¢pyuxiun»> npuseaena xaaccadukamus
TOueK paspuBa (ynxuwiu. Jlaetcs mnonatie 0 Kycouno HenpepuBiLX i
KYCOUHO rAafKuxX (yHKIusX.

B raase 1X «Ilponssomnas» BBOANTCH NOHSTIE 6ecx\oneuuon npons-
poanolt. Ilpneoaarca onpeneaenus riunepOoanyeckux QyHkuii.

Taasa X <«Ocuosuue Teopeuu o npouanommx» namicasa Goaee
SKOHOMHO. -

Faasa XI «Ilpuaoxenns nponssoauoii> nonoameHa (bopuynon Ten-
siopa. JlaeTca aHaANTHHECKOE AOKAa3aTeqbCTBO CTaHAAPTHLIX ADCTAaTOHNEIX
ycaosull punykaocti rpaduka dyuxunu. Msaaaraorces meron xopa o .\leTOll
KacaTeapusix AAf npubiauiKeHiioro peumenns ypanHenuil.

B raase XIV <«Onpexenennuil nuterpan», Kak 310 GwlI0 Cheaaillo b
NepBoM H3JaHuu KHHCH, onpeaejeHHblll uNTerpal paccMaTpHBaeTcs Kak
CCOTBETCTBYIOLLEE NpHpPallene neppoobpasiuoil NoAnHTErpaabiofl Qynx-
unis. B Kypce MaTeMaTHYeCKOro aHanu3a ¢ HeOOJbLINM KOJAMYEeCTBOM
4acoB TaKOS ONmpeAeneHie ONPefencHioro UHTerpana, no MoeMy MieHiio,
apagsercs 6osee AOXOAYHBHIM AJ9 CTYACHTOB U CPa3y BBOANT HX B KypPC €ro
npuaoxennil. PakTuyeckoe ke HaxoKAeHHEe HHTErpajbHOH CyMMH, Aas
CpeaHero CTyAenTa, NPeacTapaseT TPyAHyo sagady; 3TO NOHATHE BBOARTCH
nosauee. B stofl raase, KpoMe (popMyan Tpaneunil, H3jaraercs Ksaapa- -
TypHas ¢opuyaa Cumncona. Bonee nonpoGuo paccMoTpenu uecoécmeu-
nple: HUTerpaznl.

B ocuosy raasn XV «IIpunoxenus onpenejenioro HHTerpana» no.o-
men. «Meroll auppepeniinana». Pasobpansl HeKOTOpHE HOBHIE 321a4H.

Faapa XVI «Komnaexchune uiciaa» CORep:xuT OCHOBHHE CBefelis 06
arrebpe KOMMJAEKCHHX YHCEJ H HX TEOMETPHYECKOM . H306panentil.

Hopas raasa XVII «Onpeneantean sTOporo H TpeTbero NOPAAKOB>
13J3raeT cooToercrsyiomyio Teopuo. IlokaawBaercs mpuMenenune onpe-
neanteneht aas pemienns cucteM annelinuix ypasneunit (npasuao Kpauepa).
Jaetca nonstue o serone I'aycca aaa peweuus cucreM JnHeKHBIX ypaBreHii.

Ioanocreio Hopast raasa XVIII «3aevenru: BexTopHOl anreGphi>
CONEPKAT TPanuuuoHublll Marepuan. Beoautcs nousrse 0 mpavMoOyro.biof
HexapToBoil cHCTeMe Koopaunar 8 npocrpanctse. Koopamiarw Toukn
NPOCTPAHCTRA ONIPEENSIOTCA KaK MPOEKIN ee PaanyCa-BekTopa Ha ocu
KOOpANNAT; 5TO Cpasy Pewact BONPOC O 31AKaX KOOPAWIAT.



12 MPEAHCJIOBHE K UETBEPTOMY H3JAHHIO

C yuetoM mexTOpHOfl TOUKH 3pEHHA, CYymeCTBEHHO mepepaGoTana
rmasa XIX <«Hekoropuie cBepeHus n3 aHanuTuyeckoff reoMeTpHu B npo-
CTpaHCTBE>.

B raase XX «®PyHKuuH HECKONLKHX MEPEMEHHHIX» BBEAEHH MOHATHA
CKaNAPHOro It BEKTOPHOrO MnoJefl, a Takxe TpaaMeHTa CKanfpHOro moas.
Haercqa nouarne aGcoatoTHOro sKkcrpemyma ¢yHkumy i npusogdrca dop-
Myauponka TeopeMu BeftepuTpacca.

B raase XXI «Psanwm» po6asnen naparpad <«Tpuronomerprnueckie
panst Pypees.

B raasy XXII <«Jdnddepenunassisie ypasHeHud» BpegeH naparpagd
<Merog dftnepa». Kpome Toro, BK/AIOYUEH MaTepnasn, CBA3aHHui ¢ and-
depeHuHaNbHBIMI YPAaBHEHHAMI MaTeMaTHUECKO! (H3HKIL

Fnasa XXIII «Kpnponunetinsie uHTErpaiu» usnoxesa Goaee cxaro.

B ruaape XXIV <]lBofiisie 11 TpoflHMe RHTErpans» 4YacTh MaTepmnana
H3DBATA.

Hosas rnasa XXV <«OcnoBer Teopun BeposrHocTeft» COAEPKHT oJae-
MeHnTH TEeOpHH BEPOATHOCTEH.

B nocaenuett, XXVI raase paerca nouarne © JauHeflHOM nporpam-
MHpOBaIlN,

Kak n-B npexueM N3NaHHH KHHTH, YacTe Teopelt Hanaraerca Ges
JIOKa3aTenbCTB, CO CCHIAKaMi Ha 6ojee MOAHHE Kypehl MaTeMaTHueckoro
anaiuza, B ocuosHoM ykasanw kunrm: H. A, Caxapunwos, Bucmas
Matematnka, naa. JICY, 1973 u C. M. Hukoawscxuil, Kypc marema-
THuUeCKoro aHaansa, T. I, <Hayka», 1973.

Ipunowy ray6okylo Gaaropapuocts npod. JI. I. Kynpssuesy, oGctog-
TEJABH2 PEleH3Ns KOTOPOro Ha PYKOMHCh KHOTH MO3BOMMJA2 YAYHIINTD
ee coaepxanie.

Cuntato CBONM J0ArOM OTMETHTb, YTO PeXaKTop KHurH mnpodeccop
JI. A. TvMapkut, HHHe CKOHuapunilcs, NPOH3BeA TINATEJIbHOE PEAAKTIPO-
Banie TEKCTd, KAk no cyuwecrsy, TaK i 1o gopye. Ero MHOTOUUCICHHEIR
CyuleCTBCHHBIE 32MEYaHuqa Ouran YYTEHH NPy OKOHUATECABLHOM BApUAHTE
PYKomucIL.

Buipaxato nckpenntoio npusnarensocrb aonenry H. IT. Haperpanckony,
KOTOPHI BHIIMaTe bHO npouen raasy pykonncn <OCHOBH Teopui Bepo-
ATHOCTEll» N BHEC COOTBETCTBYIOUHE KOPPEKTHBHL.

JKasopourn, 1975 r. B. 1. Jeamudosuy



BBEJEHWE

Coraacno onpeneneHnio 3Hreanca <YuCTas MATEMaTHKa HMEET CBOHM
06eKTOM MNpOCTpaHCTBEHHHE (OPMH I KOMHYECTBEHHHE OTHOLIEHHs Aek-
creureasnoro mupa» (Aurn-Iliopunr). Coo6paso sToMy MaTeMaTHKa,
B o0mux ueprax, geaurcsa uHa leomerpuio u Axanus.

BosHnknosenne MareMaTHKi OTHOCHTCA K rayGokoft apesHoctn. ITep-
BRIl MEpUon ee moayuusa Haspanue «Iaesenmaproll mamesamurus>. Ee
0CO0EHHOCTY: 3) HENOABHMHHOCTb pacCMaTPHBACMHX O5BEKTOB; 6) Heuc-
noJb30BaHHe uAeH GECKOHEYHOCTH; B) OTCYTCIBHE ODIIUX MErofOB.

Bypuoe paseutie npoussoAcTBa, TEXHHKH H ecrectsosHanud B XVII
u XVIII Bexax norpeGoBano CO3JaHuf MareMaTHUeCKOro anmapara, npu-
FOAHOTO K H3YUYEHIIO TNEpeMEeHHHX Be/MHYUH, HAXOMAUHXCA B (yHKUHO-
HaMbHOM 8aBHCUMOCTH Mexay coGoil. Bosunkiaa HOBad, Tak HasnBaeMasn
BbLCIIAS MAIMEMAMUKa C €e Pa3BeTBIACHUAMH: QHAAUMUYECKOL 2e0Men-
puell, dugidiepenyuassroiie U UHME2PAILHBLM uctmmeuumzu, meopuei
‘ougppepenyuarsrex ypasresul u ap.

B ananuruueckof reomerpun Ona AaH obuyidl MeTOX pemieHus reo-
MeTpuuecKux sanay (Memod xoopdurant). Coaaannsie B audidepeHunansHom
H UHTErpasblioM HCUYHCAEHHAX HOBHIE MOILHKE NOHATHA: OECKOHEHHO Malas
gequduna, npou3sodHas, uwmezpas, OeckoHedndtii pad u T. I — He
TOABKO TO3BONHJN MATEMATHKAM C JErkoCTbi0 CNPaBHTbCA CO 3HaMeHH-
THIMM 83Ja4aMu JPEBHOCTH: O KacaTelbHOR, muaowiany, o6beMme Tenr W Ap.,
HO H JaJjd CpeacTBa IJjd pellleHus GoJsiee TPYIHHX 8afay, HEAOCTYMHHX
paHee maremarike. C noMowbio auddepeHuHIbHHX yPaBHEHH YCNeWHo
NPEONO/eBANNCH AKTYyaAbHHE AAA TOrO BPEMEHH 33Kauyd, BLABHraowueca
MexaHHkofl, duaukoft 1 TexuuKoft. :

IlpuBeneM kparkue cBeAeHus U3 HCTOPHUH Pa3BHTHA BHICIUEH MaTEMATHKH.

OcHOBH aHanNTHYECKOH reoMerpuu GbIIM JaHH MAaTeMaTHKOM H (uJ0-
copom JHdexkaptom (1596—1650). Orkpurue auddepesudanbHoro
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n nuTerpaasmoro ncuncaennfi npuuagzexnr HewoTony (1642—1727)
n Jlett6uuuny (1646—1716); xora ne cneayer saGwBaTh, uTO HAEH
HOBOrO Hcyucaenus GHAX 32J0XeHH B palborax MHOFOYHCAEHHHX HX
npeawectsennnkos 1). Brgatomyoca poas B €O3ZaHHH  KA3CCHYECKOT O
MareMaTHYeckoro ananusa curpamt Dtaep (1707—1783), Narpanx
(1736—1813), Taycc (1777—1855), Komu (1789—1857), Bettep-
wrtpacc (1815—1897) u ap.

He nyes BO3MOXHOCTH MOJAHOCTLIO OCBETHTh POJIb yueirsix Poccuu
B PA3GHTHN BLICHEl MaTeMaTIKH, OFPAaHUYHMCA Uil YKa3aHueM nango.ee
BaXUBX BKJAA0OB, BHECEHHBIX OTEUECTBEHHBIMH MaTeMATHKaM{, OTCHIIAA
33 MOAPOGHOCTAMH K CHEMNAJbHEIM COYHHENHaM 2).

Beankomy matemaTuky, netepGyprckoMy axamemuky Ofiepy npuuaa-
nexat (yngamenTadbHele pe3yabTaTH NOYTH BO BCEX 00AacTAX Marema.
tuveckoro 3sHannd u ero npuaoxeunfl. Ero paGoTer coxpataior csoe
3Hauenne A0 Hawmnx auefl.

FCemmaneumti pycckut marematnk H. W Jlo6auescknft (1792—
1856) cosepiiua HAacTOAMYIO PEBOMIOIHIO B TEOMETPIN, CO3XAB HOBYIO
nayky — <reoverpnio Jlo6avesckoro». Waen JloGauenckoro Guan cross
IIOBH, “TO COBPEMEHHHKH HE MOHAIN NX U TOJbKO CPaBHNUTEILHO HEAaBHO
ero TeopHs Tmoayunaa BceoGuiee npusnamue N jgaisuefimiee paspurae,
JT0GayescKOMy TPHHAANEKAT TIKKE HEKOTOpHIE OCHOBOMOJOWHHE PE3YAbe
Tatl B o0.JacTi anasansa.

Bugatountics akagemuk M. B. Ocrtporpancxutt (1801—1861)
BLIBE/ DBAKIOE COOTHOWIEHNE B TCOPIN <KPATHLIX MHTCrPAAOB», 1AXOAT
uiee WHPOKNE NpuMEeHeHia B NPIA0KelNaX.

uamenntaft  pyceknit yuenmft IL JL YeOwmen (1821—1894)
8 CBA3M CO CBOMMII 3aMeuaTe/bHHIMI PaloTaMil MO <TEOPHH MEXaH!3MOB»,
cosgan HosHift pasgen marematnxu: «Teopimio Hauaydwero npuGamKeHnsa
dynkuntts, ycunenno paspabateiBaioutyocs B nacroawee spemsa. YeGet-
Hesy NPHHAAMEKAT TaKke KAaCCHUeCKHe Pe3yabTaThl BO MHOLHX APYyrux
0673CTAX MATEMATHKH: <TEOPHH DBEPOATHOCTEH», <TEOPHUH HUCEad, <Hu-
TerpanasHoM ncuncaeHnus. OH mepssil 1oGH/CT KPYNHEIX yCNexos B pe-

1) Cu. Ourxtenroany [ M., Ocnosw Marematnueckoro ananusa, T. I,
ra. XIV (Meropuyecknft odepk BO3HHKHOSESHHR OCHOBHBIX Hmell MareMartayacKoro
ananu3a), «Hayxa», 1968.

?) eanone B. H., Matematnka it ee passurne B Pocenu, n3n. «[Ipasgas,
1948; 'megenko  B. B., Ouepxn no mctopuiu MareMamixa 8° Pocens, [ocrexs
n3zar, 1946,
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wennn Tpylneitell npoGaeMH «o pacnpesneacHny NPOCTHX Ylcen», KOTO-
pas come 2000 ner He NOAKABanach HUKAKHM YCHANSM,

YeGrimen spaseTcs ocHoBaTeseM Oauoft n3 cuapHeHmiux MarTeMaTp-
YeCKHX IKOA B  MHPE — neTepOyprckoff  MaTéMaTHuecKoll  IKOAH,
OaecTAWMI NpeacTaBuTeaAnMi Kotopost 6uam A, A. Mapxkos, AL M. Jlg-
nyuos, B. A, Crexaos, A. H. Kpuanos u np.

Hs3pectnuifi pycckuit matematnk C. B. Kopanesckan (1850.—1891)
noayuusa MNEPBOKAACCHEE Pe3yAbTaTW.. B Teopun anddepenunaabHux
ypapneuuil 1 TEOpPeTHYECKON MeXauuke. .

' Coperckie MaTeMaTHKil APHIIMAIOT CAMO2 AESTEABHOS YYacTHE B pa3-
BuTiH naykn. Baaromapa naanumo 8 CCCP Goaswmoro koauyecTsa pH-
AIOWHXCST YYEHHX BO BCEX 006AacTAX cOspeMeHuofl MareMartHKH, rpyn-
NHPYIOINX BOKPYr Ce0 KOAJCKTHBH aKTHBHO PaGOTAIOUINX YUSHUIKOB
B nocaenonarenell, JXOCTIKENHA COBETCKHX  MaTEMaTHKOB  HAXOAITCH
1a yposne nepegonoil MaTeMaTHYeCKOll MBICJH. .

Haw «Kparkult Kypc»> crasut cooell Heablo H3JA0KEHHE OCHODILIX
nouartni) Buiciiell MATEMATHKH B X DPILIOKEHN! B pasaHyYHHX 00JacTax.
B nacTonuee ppeMs BeICIIAs MATEMATHKAa CAYKUT TEOPETHUeCKHM ¢yl
A3aMeHTOM GOJbLIIRNCTBA TEXHHUECKHX N €CTeCTBEUHO-HAYYHBIX IHCLUANANN,
Osnznenne ee METOAaMH W yMeHHEe NPUMEHSTh WX HA NPaKTHKE HAcCyULiO
Beo0XOAHMN A KaXAOro €CTECTBOHCNBITATENS,
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NPSAMOYTOJIbHASI CUCTEMA KOOPIMHAT HA IIJIOCKOCTH
U EE NPUMEHEHHE K NMPOCTEHIINM 3ANAYAM

§ 1. IlpamoyronsHEle KOOPAMHATHL TOYKH HA MJIOCKOCTH

Koopounamamu mo4xn Ha TIOCKOCTH HA3HIBAIOTCA YHCAA, Ompene-
nfomne NoJoKeHHe 5Tofl TOYKH Ha MIOCKOCTH.

[Tpsmoyzossusie Oexapmogst Koopounamst (N0 HMEHH MaTeMaTHKA
Hexapra) Ha NJIOCKOCTH BBOAATCA cleAyomuM obGpasoM: na stofl mioc-
Koct BHGupaercs touka O
(naraao roopdunam) u npo-
X0AfMNEe uyepe3 Hee B3ANMHO
/A Stain 74/ TIepPNEHANKYIIPHEIE  Hanpab-
R S— [ - aeHnne npssmsie Ox n Oy

! s (ocut roopdunam) (puc. 1).
Pz% .z ] A A Ilna yno6cTsa paceMOTpeHns

et 6yneM mnpeanoJsararts, TO
g 2 4 1 bz e per )

-4 2| | oce Ox (ocs abcyucc) ropu-
! l-g -J"/‘/ 30HTAIbHA [ HATIPAB.IeNa C1ena

/S T nanpaso, a ocs Oy (ocs

I 1 opdunam) pepTHKambHa W
”L__@?J " Hanpapaena CHH3Y BBEPX; Ta-

J K ofpasoM, ocs Oy mo-

T BEpHYTa OTHOCHTEJBHO OCH
Puc. 1. Ox na yron 90° nporus
xoga  yvacopoft  crpesxm l).
Kpose toro, BubGrpaercs emumua MaciuTaba A8 M3MepeHust paccrosHuii.
Ina paudo#t Toukn M BBeaeM B paccMOTPEHHE ABA uHCAa: abcylccy X
u opdunamy y 3TOH TOUKN.

- ACcyuccoii x nasmBagTcsl YHCTO, BHpaxawoulee B HE‘KOTOpO‘\‘l Mac-
wrabe paccrosHHe TOUYKH OT OCH OPANHAT, B3ATOE €O 3HAKOM INIOC,
ecad Touka JIeXHT BIPaBO OT OCH OPAMHAT, W CO 3HAKOM MHHYC, €can

TOUKA JIEHT BJEBO OT OCH OpPARNAT.

1) BooGute rosops, pacnosiokeHne ocefl n BEIGOP HX MOMOMKHTENbHOTO H OTpil-
HATE/TbHOrO HanpaBaeHHii ABASIOTCA NPOH3BONBHEIMH,
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Opdunamofl y HasuwBaeTCA ulc/aO, BBIPAKAOUIEE B HEKOTOPOM Mac-
wTabe (OGBIKHOBEHHO B TOM 3Ke, KaK ¥ IJf aGCIUCCH) PACCTOSHHE TOYKH
OT oOcCH afCuucc, B3SATOE CO SHAKOM TNJAIOC, €CAH TOYKa JIEXNHT BHILE
oc abCUuce, W CO SHAKOM MHHYC, €CHH TOYKA JEKHT HHXKE OCH
abcuuce,

DTn nBa yuCAA X H Y H OPUHUMAIOTCT 338 KOOPAHHATH TOUKH M,
TAK Kak OHH MNOJHOCTHIO ONpPEAENsIOT NONOKEHHEe TOYKH Ha IVIOCKOCTH,
a UMEHHO: KadxCdoll nape wucea X W Y coomsemcmsyem c¢OURCMBEHHAR
moYKa, KoOpOUHAMAMI KONIOPOE ABARIOMCA 3mil 4ucaa; U obpamnwo,
Kaocdas mowka naocrocmu umMeem ONHPedeAeHHble Koopiuxamsl X

1 y. Ecan Touka M uMeer KOOPAMHATH X 1 Y, TO 3T0 00CTOATEABCTBO 06O3Ha-

valoT Tak: M(x, y) (Ha nepsoM MecTe CTaBHTCA aGCHMCCA X, a HAa BTO-
pom — opaunara y). Ilpun sanucm KOODAMHAT 3HAK ILIIOC, Kak OOHYNO,
MOXXHO ONyCKarb.

Ocu Ox n Oy pa3buBAIOT MAGCKOCThL HA YETHPE YacTH, Ha3HBaeMbe
rxeadpanmanu. Iponssons nymepaunuio kpaapauros (I, 1I, IIl n IV) B na-
NpaBJeHHH MPOTHB XOA4a YacOBOM CTPEIKH, OTNPaBAssACH OT TOrO Kpai-
pauta, rae ofe KOODAHMHAaTH NOJIOMNHTEAbHE, HOJYYHM caenyiouyto
-TabMHLY SHAKOB KOOPAHHAT:

I I Hr | v

N I R I

y |+ +|=|-=

Orpesox OM, coenunsouuii Hayano koopauuar O ¢ Toukoft M (puc. 2),
HasslBaeTCs ee paduycom-gexmopon. ObGosHavan uepes @ yron, oGpaso-
BaHHHI orpeskoM OM ¢ nonoxu-
TeAbHBIM HanpasneHueMm ‘oci Ox, K
yepes r ero AmiHy, 4as Touxn M,
newaulel B 1 kpanpare, U3 Tpeyroab-
nukos OMM' u OMM" nonyuum

X ==r COS Q,
y=rcos(£2—q>>=rsinq>.

Herpyano yGenutncs, uto copmy- Pue. 2.
an (1) 6yayT cnpaBeaHBH Jast KOOP-
AMHAT TOYeK Bcex KpaapaHion. TakuM oGpa3oM, sHak abcuuccel X Toukn M
COBMAnaeT C€O SHAKOM KOCHHYC3, @ SHAK €€ OPAMHATH Y —CO 3HAKOM
CHHYCa B COOTBETCTBYIOLIEM KBaxpaMuTe.

Jlerko BHIETb, YTO €C/IM TOUKA JSWKAT HA ogu..aécmicc,_m ee opau-

Hata Y paBHa Hy/O; €CM Ke OHa MICKHUT HA OCH ngHbHT eeoi?ﬁwﬂcca e i g
HACLDARY JlLO'HHA)’F\(‘r
KUTU3XO! Ah.-\Pn

A Kel.

M

UT

)2,}7;4949/&@_ Y.
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pasHa nymo, n oGparno. Caenosareasllo, ecaH TOYKa CODNAaAder
€ HaYanoM KOOPAHHAT, TO PaBHHl nyMo oGe ee KOOpARHATLL

Mpusmep. Tourn M; (x5, 31), Mg (%2, ¥2), Ma (x5, 3%5) 1 My (xg, y4) na puc. 1
HME0T KOOPHHHATH

l) xl=Q]M1=0P1=+ 2; yl=PlA!|=OQI=+ 3;

2) %,=Q:My=0P,=—4; y,=P,M.=0Q:=+42;.

3) x3=QsM3=0Py=—2; 33== PsM3=0Q,=—4;

4) xy=QMy=0P;=+5; y;=PM;=0Q=—2.

B aanbnefimeM npsMoOyronbirie NKAPTOBK KOOPAHHATE . A KPaT-
KOCT#! MBI OyHEM Ha3bIBaTh NPOCTO RPAMOYTFOJMbHHMI KOOPANN -
TaMm S
B caeayromux maparpadax paccMOTPnM NEKOTGpHE npocrelimne
S2RaUN HAa TPHMEHeHNe TNPIMOYTOAbHHX KOODANIAT Ha NJAOCKOCTH.

§ 2. MNpeoGpasoranne NpAMOYroNLNOil CHCTEMEI KOOpAUHAT

fIpn pewennu sajgay AHOrAA BHIOANO, BMECTO Aannoll MpPAMOYrosib-
nott cucremut kooamnnat Oxy, BHGPaTh APYryio TPSMOYTOABLHYIO CHCTEMY
xoopaunar O'x’y’, onpenenennniM o6pasoM OpHeHTHPOBAINYIO OTHOCH-
Teaniio nepooft. Hanpusep, npun mexnaa-

44 ¥4 /;’(.z;y) HETHHX NYTEWECTRUAX MOKHO NOAB30-
A\ B2TLCA  CHCTEMONi KOOPAMNAT, CBA3anHOI
AN ¢ nentpom 3emmn (reomeurpunue-
- 00 W , CKkas  cHCTeMa KOODAHNAT), OANAKO
~a-7 Tz"}y Z°  (Ooaee yno0HO  NCMOAB3OBATh  CHCTENMY
b ] xoopaunat, coszdunyio ¢ nenrpon Coanna
\ b (reanonenTpnuecKan cnerema Ko-

7 ‘~—.rj/.ﬂ % Opuuuar).
Bosuukaer Bonpoc o nepexose OT

ool ¢iuCTEMB  KOoOpAnHat K Apyroi.

Puc. 3. Mu  paccumotpny  cnauana npocteli-

wnit cayuail (pnc. 3), koraa ocn «louoil

cucrennt  koopanuars O’'x’y’ napaazensuul  COOTECTCTBYIOWUMM. OCAM

«crapofl cncteMn kKoopannats Oxy 0 nMEOT OARNAKOBHE HANPaBIeling
C nuMn (napaaseasuulii neperoc cucmetsl xoopouxamn).

Mlycte nawano HoBoft cucTeMs KOOpAuHaT TOuka O uMeeT Koopam-
natit (a, b)) B crapoft cucreMe koopausar. Touxka M naockocTi €o.«Cra-
pumn koopauuaraMu» (X, y) OyAeT HMETb HEKOTOPHIE «HOBLE KOOPAu-
narers [, y'] (ras acuoctit Myl X 0GO31ataeM KBaAPATHLIMI CKOGKaMu).
M3 pne. 3 nenocpeacrtsenio moayuaem

=X—a, y'=y"'b: (])

T. €. . Hogble xoopalmamu IMOUKIl pasuil ee cmapviit I»OOp()llH[lIﬁaM
Munyc cmapeie lx’OO[JOIIHamt'I H0B020 HauaaQ. . .

[4
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O6paruo, u3 (1) maxomum -
x=x"4a, y=y'Ib @

Hycts Temeps «HoBas cucreMa» koopausnar Ox’y’, npu nieusseniom
navane O, nosepuyTa  OTHOCHTEABHO
<crapoft cucrems» Oxy mua yron a
(puc. 4), r.e. £ x'Ox=a, npuyem a
CUHTAETCA MONOKHTE/NbHEM, €CAH [0BO-
pOT OCYUWIeCTBARETCI NPOTHB XO04a
yacoBofil CTpeaky, # OTpHUATEND-
NLIM — B NPOTHBONOAQKHOM cayyae (no-
sopon cucihembt Koopouram). -

OGosnaunm uepes B yroa, o6paso-
BauHblil  pamwycom-pexropoM r=O0M
Toukn M ¢ ocsio Ox'; TOraa otpe-
sok OM, c yuerom suaka yraa f1?),
Gyaer coctasaath ¢ ocbio Ox yroa o . :
Orciona na ocuosauun dopuyn (1) u3 § 1 npa awGom pacnoe
aoKeuuu Touky Al umeen

Puc. 4.

X=rcos(a+}PB)=rcosacosP —rsinasinf 3)
i '
y=rsin(@+4f)=rsinacosf 4 r cosasinf. %)
Tax rak HOBHE KOOPAMHATH TOYKH M, OUEBHAHO, €CTb
x'=rcosf, y'=risinf, ®)

10 43 Qopmya (3) u (4) noayuaem
x=x"cosa—y'sina,
y=x'sina+y' cosa.

®

“Ilna sanomumanus Gopmyan (6) ucnoapsywT caeayowui MHEMOI-
ueckuil npueM: ropopaTt, 4To mepsas (popmyaa (6) ComepKHT MOAHH It
6ecnopanoK, a Bropaa—noJHHH mnopsxmok. JelicTeurensto,
B nepsolt ¢dopmyse HA MEPBOM MECTE CTOHT C€OS, Ha BTOPOM —sSin; KpoMe
TOrO, MNpHCYTCTBYeT 3Hak Mumyc. Bo Bropo#t ¢opmyae (6) Hukakux
HapyleHu!t NpasHABHOCTH B STOM CMBIC/E HET.

Dopmyan (6) BHpawaOT cTapHe KOOPAHHATH X W Y Toukd M llepes
ee Hopale X' u J'. Yro6H BhIpasuTs HOBHe xoopautate x' w 3’ uepes
CTapHe X H Y, AOCTaTOYHO paspewinth cicremy (6) orHocurensHo x’ u
y'. OaHako MOXHO MOCTYNHTb mpolue: a MMEHHO, NpuHath cuctesy Ox'y’
8a «crapyio», a cucreMy Oxy 3a <HOBYylo». Toraa, yuurnsas, 4yro BTOpad

1) 3zecs yroa B canraercs NOnOKETENLHBIM, ecau paguyc-sektop OM nopep-
HYT OTHOCHTEMsHO oCit OX' MPOTUB XOja YacoBOd chenKu, H OTPHUATSALHLM, eCad
O NOBePUYT OTHOCHTE/IBLHO 3TOl OCH MO° XORY HaCOBOH CTpeJKH,
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clCTeMa MOBEPHYTa OTHOCHTENbHO Nepeofi Ha yroa — o, 3ameHss B’ ¢op-
mynax (6) x’ n y' coorsercrsenno Ha X H y 1 o6paTHO M NpHHNMAA

BO BHIMaHHeE, UTO cOS (— &) ==cos &, sin (—~ o) = — sin &, OyaeM HMeTh
' x'=xcosa-}ysina, ) R
Y =—xsinajycosa. )

Hakouen, p ofumeM cayyae, Koraa HOBOE HAuyal0 KOODJAMHAT €CTh
touka O'(a, b) n ocs O’x’ ofpasyer ¢ ockio Ox yroa @, coeaunss
dopmyas (2) n (6), maxoznm

x=a+x’,cosa—y’sina,} ®)

y=b4-x"sina-}y’ cosa.

Ananornuno, 13 dopmya (1) n (7) noayuaem
x'=(x—a)cosa+(y—b)sine,
y'=-—-(x-—a)sinoc+(y—b)cosa.} ©)

U3 ¢dopmya (8) n (9) smrexaer, yro QopMyan nepexona OT OXHOf

NpaMOYTroabHONl CHCTEME! KOODAN-

g ) HaT K Apyroft npsmoyroabioft cu-

cTeMe KOOpANHAT fABJAAIOTCA A uH-

- N HeHHHMN QyHKURAMA Kak

/ AN HOBHIX, TAK 1 CTAPHIX Koopantar,

M) M(z,y) T- € COAEPKAT STH KOOPANNATH
B nepsoft crenemi.

Mpunep. Orpesok OM, rre
Touka M HmeeT KoopanHaTtH (X, ¥),
a z nosepuyr Ha yroa o= 120° nporns
xopa vacomoii ctpeaxn (pue. 5). Ka-
woenwt GyqyT eepannaru ¥/ n 3’ no.

Pac. 5. poro noJsoxennst M’ Toukn M?
Mpeanoaaras, uto ¢ Toukoit M
cBf3alla NOABHIKHAA cucreMa koopaunar Ox'y’, na ocnosaunn ¢opmya (6)
GyzeM NMeTh

x'=1xcos 120°—y sin 120°= —-%— (x+yV'3),

9’ =x sin 120°-}-y cos 120°= —%— VY3 —y)

§ 3. PaccTosiHie Meiay ABYMS TOUKAMH Ha TOCKOCTH

1) Hatinem cnavana paccrosmue r Toukn M (x, ¥) OT Hauaza Koopau-
nat O (0, 0) (puc. 6). :

Pacctosue r=0M, oueBuaHo, ABASETCA rUNOTEHY30il NPAMOYroJb-
noro AOMM' ¢ xareramt OM'=|x| n M'M=|y}

Mo Tteopeme ITndaropa moayuaem

r=V x*+y>% M
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. Takum 006pa3oM, paccmosnue nouxu om Haiaaa KOOPOUHAM PASHO
KOpHI0 xaaopamuo,uy u3 cyMuu xsadpamos lcoopaunam smol
mouKu.

2) B ofuiem cayyae, nycTb Aas touek A (xi, yl) %4 B(xz, ¥2) (puc. n
Tpebyerca Halitu paccrosHie d=AB MekKiy S5THMH TOYKaMH.

.-y ,{ﬂ . y’f d 5{‘?21y8)
Mlzy) l : "%-”_,
- toZ, L ——, ’
Alzy, A 2=33~Z, ((z,,y,)
V) e v[72y7 R 7] :
Prc. 6. Puc. 7.

ButGepeM HOByIo cicremy KoopauHar Ax’y’, Hayano KoTopoi cosma-
AaeT ¢ Toukoft A It OCH KOTOPOH Mapajsie/bHH MPEKHHM OCSM U HMEIOT,
COOTBETCTBEHHO, OAHHAKOBLIE HanpaB/eHus ¢ HuMu, Torga B HOBOH cHcTeMe
KoopauHaT Toukn A u B Gyayr mMers xoopaudatm (§ 2) A[0, 0]
Blx,— Xy, ¥3—yi) O1ciona Ha ocHoBanun Gopmyas (1) noayuaem

d=V (x;— xl)z +(y2—)% ¢5]

T. € paccmonnue ismexcdy 0sysun modxamu niockocmy (Npu moboM hx
PacnoNOKeHHH) PABHO KOPRIO KBAOPAmMHOMY U3 CYMAMb. K8adpamos
pasnocmell OOHOUMERHNX KOOPOURAM SMUX MOYeK.

3ameuanue. dopmyna (2) naeT TaxKe AU HRYy oTpe3ska AB.
Jlerko onpepeants nanpassieHHe 3Toro oipe3ka. M3 mpsimoyroabuoro AABC
HMeeM

dy=dcosa=x3—x, . ) (3)~
dy=dsina=ys—y }

(dy w d, nasuBaloTc MpoeKNHAMHE orpeska AB Ha ocn kooppuHar Oxy).
Orciopa noayyaeM

Ja—V

Xo—Xy . Yo—W
d Xog—X1 !

Cos a='—d——" ] SN =

, tlga=
rae d onpesnensercs dopmyaofi (2).

Mpumep. Tauk Ha MecTHOCTH nepemecTHaCH U3 ToukH A(— 30, 80) B TOUKY
B (50, 20) (OTHOCHTeJleO HEKOTOPOii CHCTEMH KoopARHAT Oxy), NPHYeM KOOPAHHATH
TOYeK Aann B KujaoMeTpax. Haitn nyts d npofitenHtlil TaHKOM, €CH OH ABH-
Fajcs, He MeHAA HaNpaBJeHHA.

Ilpumenas ¢opmyay (2), nmeem

d=V (50}-30)>F (20— 80)2 = V6400+3600-—1001m
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" § 4. Jlezense oTpeska B RAHHOM OTHOLIEHHH

Hpennonoxny, uto orpesox AB (puc. §), coeannsomnfi Toukn 4 (x4, y;)
n B(x, J.), pasaenen Touxkoffi C na msa orpeska AC n CB, npnuem
g ornowenne AC k CB pasuno /(! =0)

7 ; ac
1o , <5 =" M

TpeGyercl BHPa3uTh KOOPARNATH X
n y Toukn C{x, 3) uepez Koopau-
. nate Kouios orpeska AB.
. | Ar ] - Onycrny  neprenankyaspu A4j,
O ~~~x=-z-" __--""8, & BB;nCC; COOTBETCTBEHIIO 13 TOEK 4,
T B uw C na ocs Ox. Toraa noayum,
Puc. 8, yTO TPH NapanajensHHe npaMHe ApA,
C,C, B\B nepecekaloT CTOPOHH yraa
(ne oGoanauenHoro mna picynke), o6pasosannoro npamuma AB n Ox.
Kak nzsecTiio N3 31eMEHTapHON reoMETPHH, MYUYOK NapailensisxX NpaMuix
p3cceKaeT CTOpONW Yria Ha MPONOPUNOHABHEE YacTH; NOSTOMY

C,B,— CB’

oTKyna mna ocuosanmn pasencrtsa (1) Oyaewm iivers

C
1

s

|

=L ®

o
o]
[oy

W3 pic. 8 suano, uro
AICI = OCI _— O{“i]_ =X —Xy
ClBl = 081 — OCl =Xy — X,

IMoncraeasa st swpaxenns B gopmyay (2), noayumm

x——-xl____ "
P A (3)

Pewan ypasnenne (3) omiocuteanno nenssectnoil abcupccs X, Gynem
1HMETh o ’
xy+ixp |
r= 141
ananoruyno,

Mty

=ITEC
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Hrak, koopaunatet Toukn C(x, y), mensmel orpesok AB B otuome-
nuu ¢ (cyutan or A K B), onpesenstorcs opmyaamu

:

X1l
*=TTF .
Wty S
Y="TFr

Ecaun toua C nmeaur otrpesok AB nononaw, 10 AC=CB u, caeno-
BaTeabHo, '
AC
l-—— ?‘B‘—— l-
OGosuauaa koopauHaTel cepenunusl orpeska AB uepes X, i, moayuum ua
ociosanun ¢opuya (4)

x=xl+x‘3

2 &)
= Nty
Y "‘_2—”

T. & KOoOopouwnamu cepedlni Ompe3ra pasrs NOAYCYIMANM
CO0NLBEMCINBY I UWUX KOOPOUHAI €20 KOHYOS.

Tpumeyauue. [Ipn supoze doprya (4 u (5) Mu Dpegmonarans, 4ro
rouud A # B orpesxa AB nexkaT B nepsBoM KBajpaute, H, CACKOBAaTeNbHO, KOOp-
aunatel Toek A u B uonomurensun. Jlerko noxasatbh, uro ¢opmysnt (4) n (5)
GynyT capaseasubH M D TOM CAyYae, Koraa OaMH HJH 963 KOHUA oTpeaka AB
JexaT B JpYrUX KBagpaHtax i, CACA0BaTe/qbHO, HEKOTOpPHIE Ml BCE KOOpAHUATH
1042k A # B oTpuHUATeNBHUL. .

[Tpusep. Buuncaure roopanuatet touxn C(x, y), nennnéeﬁ otpe3ok AB

pexny toukamMu A (—5, —3) u B (4, — 6) B oTnOWENHK TBE=72"
3
B atoM cayuae I=? u, CACAOBATENLIID,
3 3
o -5+§-‘4 9 , —3+§—-(—G)_ 4
T T3 “§y Y53 T7%:
l+2- l+§—

§ 5. Maowans TpeyroapuHKa '

ITycts TtpeGyerca malite maomans S Tpeyroassuxa ABC (puc. 9) ¢
seputunamMu A (xy, 1), B(xa y5), C(x3 Va).

Mycts AB==¢, AC=>b, a yrauw, o6pa3oBaHlike STHMH CTOPOHAMH C
ocvio Ox, coorsercToenno pasuu o u f. .

Ha ocxosaunn § 2 (cu. sameuanue) uveem

A'B' =c¢,=ccosa=x,—X1,
- i M
_ A"B =Cy=CSINA=Ys— Y}
a - .
A'C' =by=bcosPp=x3—xy, } )

A'C"=by,=bsinf=y;—y.
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.

Iycts 9= /£ CAB,; ouesnano (puc. 9),
o=p—c.
ITo napectaolt QopMyse TPHroHOMETPHR NOAyHaeM
S=%bc sinw:% besin(B —a)=

1 i ] _
= 5 be(sinp cosa—cosfsina)= -;— (bycx —bycy). 3)

Orciona B cnay (1) u' (2) nveem
S=%[(}’3 —y) (Ka—x) —(¥3—x) (2 —y)} - - L)

3aMernM, uro ¢opymyaa (4) nmpu HHOM PACNOONKENHH BEPUIUH MOXKET
naTh nJowlafb TpeyroabHnka S co suaxom mumyc. Ilostomy dopmyany
A4 NJOMWAaAH TPEyroabHiKa OOBIUNO NUIMYT B BHAe

S=i—;~[(x2fx1) s —y1) —(xs—x1) (Y2 — 3} “4")

rae 3HaK BuénpaeTCﬂ TaK, YyToOH AJ9 MJIOMAAH MOJAYyHaNOoCh MOJOKNTENAb-
HOE YHCJ0.

Puc. 9.

Hcnoas3ys noustne onpedeaumesn 8nopozo nopadra
ab
cd
dopyyay (4) MoxHO 3anncath B yA0GHOR Ias sanommuanns dopme
1 lxg—X%1 X3—% :

S=i§ . ()
, Ya—3 Yi—N
"dopmyna (4') ynpowmaercs, ecaH ToOuka A(xq, y1) naxoanrtcs

B Hauale KoopamnuaT. A NMEHHO, noJaras X =0, y, =0, nonyunm

=ad—'bc,

S=z+ 'fll’ (x2y3— xa}’g)-
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Ormeruy, uto ecan Toukn A, B,.C naxogisrcs Ha omuio# npsamoi,
10 maowans S=0; u obparHo, ecmt S=0, 10 Bepuunu 4, B u C
pacnonoxenn na oaHoli npsamofi.

Mpunmep. Koaxosnoe none HMeer ¢opMy TpeyroibHHKa € BeplINRaMH
A(—2,—1), B3, 5 u C(—1, 4 (pasvepn pansl B KHAOMETpax).
Onpegenute NJowWaxs S T0ro NoJs.
ITo dopmyne (5) umeem
3+2 —142
5+1 441

3ameuannue. Onpenenemxe njaowansH MHOFOYroibHHKa CBOJHTCS K
ONpCHAEACHHIO MJOoIaned TPeyroabHHKOB. Hasa 3toro aocrarouno paaﬁmb
MHOrOYroabHHK Ha  TPEYroJbHHKH, NAOLL3AH KOTOPHRX BHYHCASIOT

no dgopuyae (4).

1

1 11 0k e o
5l 5l":?(25_6)_9’5 KM2=950 ra.

Ynpaxunenns

1. Toctpouts Toukn: A (2, 3), B(—4,1),C(2, —3), D(—2,—2),E(—5,0).

2. OnpepeiTh KOOPAMHATH BepLIHH P3aBHOCTOPOHHETO TPEYTONBHHUKA, JeKawere
B I xpagpanrte, co cToponofl, pasuoit 10, ecan ogHa M3 BeplwHH €ro coBmajgaer
¢ HayasoM koopaunatr O, a ocHOBaHHe TPeYroJibHHKA PachosoAieHo Ha ocH Ox.

3. Ompepesnts koopauuathl Toukd M (x, ¥), cumMerpuunoil ¢ Toukoil A4 (1, 2)
oTHocHTENBHO: @) ocH Ox; 6) ocu Oy; B) Guccektpucu I u 1] koopaunarunx yraon;
r) Guccektpuent II 1t IV koopammatmix yraos.

4. TlpsaMas MN napaasespHa oOCH OpAHHAT H HAaXOAMTCS OT Hee BHPaBO Ha
pacctonnuu 5 epunuu. Hafith Koopaunatht Touku A;, CHMMETpHYHO ¢ TOUKO
A (2, 4) omnocutensno npamoit MN, H KoopiuHatH TOUKH B;, CHMMeTpHUHON
¢ Toyxoit B (— 1, 3) oTHocHTenbHO TOft e mpaMoit MN.

5. Ha'ocu Ox naifiTh Touky, pacctosiHiie Kortopoit or Touku A (3, 4) pasuo 5.

6. Otpesok AB, rae A (2, 5) u B (4, 8), neantcs Toukoii C B oTHowenny 2: 3.
Hafitn koopaunath ToukH C.

7. Touka C (2, 3) nenur otpesok AB B ornomwenun 1:2. HafiTn koopaunarts
Touki B, ecan uspecTHo, yto Touka A MMmeer KoopaMHath Xx=1, y=2,

8. Bepwmnu 71peyroabnuka cyts A(—2, 0), B(6, 6) u C (I, —4). Haiitn
ATHHY GHCCEKTpHCH, NPOBEACHHON M3 BeplHHH A,

9. B toukax A(—2, 1) u B (7, 4) nomewensl COOTBETCTBEHHO my==10 & i
my;=20 2. OnpeneniTs KOOpIHHATH LEHTpA Macc 3TON CHCTEMHL.

10. HafitH koopaunatel uentpa TaXectn N Tpeyroasnuka ABC c BepimHHaMH:
A(—2,1), B2, —1), C(4, 3). (Uentp TamecTH TpeyronbHHKa coBlagaeT ¢ TOY-
KOil IlepecedyeHHs €ro MefHaH, KOTOpasd, KaK H3BECTHO, ME/HT KakAylo U3 MEeRHaH
B OTHOIWGHHH 2: 1, cunTas OT BepWHHH.)

11. Otpesox Mexay ToukaMH A (xg, yo) W B(x, y) pasgencs Ha n paBHHX
uactefi. OnpeneauTs Xoopauuatel x;, yi{i==1, 2, ..., n—1) Touek peneuus.

6:2. BHI'l)HCJIHTb nJ0liaAbL TpeyroabiHKa ¢ BepwiniaMu 4 (— 2, — 2), B (—1, 3)
nC(3, —1).

13.; HNoxasats, ut0 Toukn A (—7, —3), B(—1, 1) u C (2, 3) nexar na opHoit
npamMoit.

* 14. INnomanp Tpeyronsnnka ABC ¢ sepumnamu A (— 2, 1), B(2, 2) u C (4,y)
paBra 15. Onpeaennts OpAHHATY BepuiHHuH C.

15. Jlec umeer dopMmy ueThpexyrosbHHKa c BepwuuHamMu A (0 m, 200 n),
B (200 M, 100 u), C (500 M, 300 M) u 5 (100 », 700 m), i

Haiitt naowmazs seca.



Fnasa 1I

YPABHEHHE JIMHUH

§ 1. Muowectra
Mox wuomcecmson X={x, x', x", ...} nonmuserca coGpanue (coso-
KyMoCTb) HEKOTOPHX Jdtesenmos x, x', x”", ... Ecat X ecTs anemenr
mHOMeCTBa X, TO MHWYT

rxe=X

(unTaeTem: X npmnazaekyr X); ecan y He ABAASTC SJAEMEHTOM MHOxe-
croa X, TO MHIIYT
y&EX

(uuTaeTca: y ne NPUHALICKHT Muoxecrsy X).
Mpunep 1. X—mioxkecTno Bcex CTYAGHTOB B Januofi ayantopru,
Mpumep 2. X={1, 2, 3,...} —MuOKECTBO HATYPaNbUMX uiCea.
Y0610 BBECTH TMOHSTHE NYCTOro Mioxectsa (), T. €. MHOMECTB3,
HAC OT 11€O0XOAUMOCTH Kaxasii Pa3 10Ka3WBaTh CyWECTBOBallie X0Ta Ou
OqHOr0 3JMEMCHTA JaHHOTO MIIOXKECTBa.
MTpumep 3. MuoxecTBo TpexroaoBHX Jojeft mycTo.
Muosxecrsa X u X' cuATaioTcs pasasis:

1\’ = IY',

ecan OHH COCTOAT H3 OAHUX H TeX Xe 3INeMEeHTOB.
Onpeneanenne 1. Mnoxecmso Y, cocrmosuee us wacmu 3ae-

MeHmMo8 sHoNCecmsa X uan cosnadamouiee ¢ HuA, Ha3ngaemcss nood-

MHOJCECMBOAL MHONCCCMBA X; 8 IMOJL CAyHae nuuiym

Ycx m

Yciopuancs CunTarh, uTO NYCTOE MIQKECTBO €CThb NOAMHOKECTOO
mo00ro MHOXECTBA.-

Ecan mnoxectsa u3o0paikarh <;IoOruueckuMu QurypaMus, To COOTHO-
wemno (1) coorsercreyer puc. 10.
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Ecau non cemponoyM V noHuMarh «Bad Aio6oros, o cootnomenne (1)
SKBUBAAENTHO CIERYIOLIENY:

VWwetYoyelX, 19
roe CTpEeaKka = 32McHser CA0B0 «CACAYEeT>.

IHpunuep 4. Ilyctb X — MHOKECTBO BCEX CTYAEHTOB IIEPBOro Kypca
W Y — Muomectso cryaentox nepsoro kypca. Ouesuano,

Yc X
Ecmy Yo X n XV, 10, oueBnaHo,
X=Y.
Onpeneanenne 2. Jlod ob6secdunennen (cynmoi) d8yx
Muogicecms X u Y- nonusaemcs AMrojcecmso
XUy
(U —8nax obsedunenus), cocmosiujee U3 6CeX 3AeMeHIOS, IPUHAd-

ACHCAWUX Xontsg Obk O0HOAY U3 OQHNHLLX MHOJCeCms, m. e. 6x001-
wux usm 8 X wai 8 Y, uaw 8 X u 6 Y odnogpesenno (puc. 11).

Puc. 10. Puc. 11,

Ananoruudo onpegeasercs o0seduneHue GOABLIErO YUCAZ MHOMKECTD.
Tak, non ob6vemnnienne X |J ¥ U Z Tpex MHOKECTB NOHUMASTCH MHO-
JKECTBO BCEX 3JIEMEHTOB, NpuUHajAeXamuxX XoTa Gb OJHOMY H3 MiO-
sects X, Y, Z. Jlornueckn gHak oGbeIMHEHHA MHIOXECTB COQTBETCTBYET
C0103y «uaR> (COCANNNTEALHOMY).

Hpuwmep 5. {1, 2, 3} U {2 3, 4}={1, 2, 3, 4}.

Onpenenenne 3. ITod nepecetdenuest (npou33e()euuem)
dayx Muoscecms X u Y noHumaemcn MHOINCECHIE0

. xXny

(N — 3Hax nepecewenusn), cocmonuiee u3 Brex 3.0eMEHINOS, npuHadiec-
JCAUUX KAK O00HOALY, mak 1t 8py20MYy MHONCCCINBaMd, M. e. 8X00LUX.
u.8 aHodcectngo X u 8 MHOdcecmgo Y (obwam wacms .uuo.wrecms)
{puc. 11). .
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Takuy 06pa3oM, 3HAK nepecedyeHnss MHOKECTB OTHYECKH COOTBETCIBYeT.
coo3y <n> (He pa3neaennomy) Ecim mHokectsa X u Y He umeior
o0muX 5JeMEHTOB, TO HX fepeceyeHne Mycro:

XN Y=0.

Aunanornuno onpenensieTcs nepecedwerute GONBIUIEr0 uUHCAA MHOMKECTB.
Tax, nox mepecewenuem X [] Y] Z Tpex MHOXECTE TOHIMAETCH

\\\\\\-
\\

Puc. 12. Pne. 13.

MHOXECTEO BCEX 3JEMENTOB, NPHHALTEKAIINX OAHOBPEMEHHO MHOKECTBAM
X, Yul

IIpumep 6.
{1, 2, 3} nN{2 3 4={2 3}
Onpeneanenne 4. Jag snuoaucecms Xu Y nod ux pagnocms o

XN\Y
NOHUMAEMEs MHOCECMB0, codepicalee 8ce daeMeHMbl MHOICECMEa X,
He 8xo0amue 8 snodxcecmgo Y (puc. 12).
Ecan

Yok,
TO MHOKECTBO
Ye=X\Y
Hasmuisaerc donoanenuest Muoxecrsa Y mo muoxecrsa X (puc. 13).
Ouesnano, :
YU Ye=X, Y YC=0.

IMIpumep 7.
{1, 2, 3]\\{2, 3, 4}={1}.

§ 2. Meron KoOpAHHAT HA MJIOCKOCTH !

B rnase | Gbio MOKa3aro, Kak HCIOAB3YA NPAMOYrOJLHEE KOODZAN-
HaTH, MOKHO WYHCTO aireGpaiyecK peulath TeOMETPHUYECKNe 3agaui,
Pasgen matemarnku, 3aHuMaowsfica n3ydeHuweM cBOHCTB TeOMeTpH-
ueCKHX Quryp ¢ noMombio anreGps, HOCAT HA3BAHHE AHAAUIMIYECKOLL
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2e0itempun, a HCNOAB30BaHHE A4 sroﬂ e KOOPAUHAT Ha3KBaeTCs .He-
modox Koopdunam. :

Brime MB npuMeHHJAH METO KOOPAHHAT IJA DelleHHs paga Ba)KHblx,
HO YaCTHHIX 8amay. Teneps MB NPHCTYNHM K CHCTEMaTHYECKOMY H3JIOXKeE-
HHIO TOrO, KaKk B aHaJIMTHYECKOH reoMeTpHH pelraercs oﬁmaﬁ samzaua,
COCTOALLAA B HCCJACJOBAHHUKH METOdAMH MaTeMma-
THYECKOTO aHann3a ¢opMH, pacnojoxeHus u &
cBOHCTB panHOH JHHHH.

Ilycte MB uMeeM HEKOTOPYIO JHHHUIO Ha
nrockectn  (puc. 14). Koopmusatet x u y
TOUKH, Jnexawed Ha STOR JAuHHN, HE MOTYT
OLITb BMOJHE TNPOHSBOJIBHEIMH; OHH JOJKHE
OnTh TOAYHHEHBI H3BECTHLIM OTPaHHYEHHAM, 7
O0yC/IOBJICHHBM eOMETPHYECKHMH CBOHCTBAMH
pauHo# auuun. Tor dakr, urto uucaa X u y Puc. 14.
ABAAIOTCA KOOPAHHATAMM TOYKM, Jexamwell Ha
H3HHOH JIHHIH, aHAAMTHYECKH 3aNHCHBIETC B BiJe HEKOTOPOro ypabHe-
Hug. DTO ypaBHeHHe HASHBAETCH YPRBHeHUeM AUKUL HA NAOCKOCHIL

CywHOCTs MeTOXA KOODAHHAT HAa [MIOCKOCTH BaKAOUIETCd B TOM,
YTO BCAKOH MJOCKOM JIMHUM COMOCTAaBJAseTCA ee YpabHeHue 1), a 3arem
CBOHCTBA 3TOH JHNHHHM HSYYAIOTC NyTEM aHaJNTHYECKOro uccjaesoBalius
COOTBETCTBYIOILETO YPaBHEHHS.

T e z

§ 3. Jlunua KaKk MHOXECTBO TOUeK

Jlunus HAa MJOCKOCTH OGHYHO SamacTCa KaK MHOJNCECINGO NOUEK,
06/1a3I10MINX HEKOTOPHIMK TEOMETPHYECCKHMH CBONCTBAMH, HCKJOYHTEbHO
HM TPHCYLUHMH.

R+

. P A
Puc. 15, Puc. 16.

MMpumep 1. OxpywHocts pamuyca R (puc. 15) ectb MHOmECTBO
BCEX TOYEK MJAOCKOCTH, YHaNeHHHX Ha paccTosuHe R ot Hekoropofl ee
Toukd O (UEHTP OKPYKHOCTH). ,

UnpMu  ca0BaMH, HA OKPYXKHOCTH PAClONOmeHH Te M TOALKO TE
TOUKH, PaCCTOSHHE KOTOPHX OT UEHTPA OKPYKHOCTH DABHO €€ pamnycy.

1) Toynee roBops, KAacC PaBHOCHJAGLHLIX ypaBHENHI.
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Mpnuep 2. Buccekrpuca yraa ABC. (puc. -16) ecrs MHOXECTBO
BCEX TOUYEK, MexalUlNX BHYTPH YyrJa H DaBHOYZAJEHHBEIX OT €ro CTOPOH.

Stum yrBepwaaercs, uro: 1) ang KaxaoH Toukm M, nexamed Ha
6uccextpnce BD, aaunsl nepueHgnxkyaspos MP u MQ, omymeHHHg
cooTBeTcTBEHHO Ha croponn BA nm BC yraa, pasun meway coGof:
MP=MQ, n 2) Bcakas Touka, Haxoawascad sHYTpu yraa ABC n ne
ackawan ia ero Guccekrpuce, Oyaer Oaixe K o,mon cTopoHe yriaa,
uen K apyroit

§ 4. Ypapneune JANAN Ha MIOCKOCTH

Cdopuyanpyem Tenepn Tounee onpexenenne ypasueHus amumn ')
HA MJOCKOCTH.

Onpenenenne. YpasHernuem asunuun (ypasrnenHuen
xpugoil) wa naockocrnu Oxy Ha3vgaemcs YpasHeHue, KOMOPOMY
Yoos.aemsopsaiom Koopounamer X u y xadxcooll mouru OanHOHE AuHul
i He ydogaemgopsiom Koopouramsl 210004 mouru, He Aexcaujell Ha
amoid aunuu,

Takny o6pasoy, aas TOro YTOGH yCTAHOBHTH, YTO AANHOE yPaBHeHue
ABATETCA ypapHEHneM HeKOoTopol Janunu K, HeoGXOoanMO 11 A0CTAaTOHHO:
1) moxasath, 4TO KOOpPAMHATH MOGOH TOYKH, Jaexamtedi Ha JauHun K,
YAOBIETBOPAIOT 3TOMY Yypanuenmo, nm 2) 0Ka3arth, 0OGpaTHO, YTO ec.an
KOOpainarel HEKOTOPOfl TOuUKH YIOBIETBOPSIOT 3TOMY YpaBHElo, TO
TOUKa 0043aTeNbHO JexkHT Ha Janunn K.

Orciona yxe aBToMaTnyeckn GyAeT crexoears, uyro: 17) ecan xoopan-
Harol Kaxoft-nuGyAb TOUYKH HE YAOBAETBOPSIOT MQAHHOMY YDaBUEHIO, TO
TOUKA 3Ta He JeKNT Ha Junun K, u 2') ecan Touxa ue aexur Ha audinn K,
TO eC KOODAMHATH HE YZOBJETBOPMIOT JaHHOMY YPaBHEHIIO.

Ecaun Tourka Af(x, y) nepexsuraerca no amnun K, TO ee xoopai-
HATED & 11 3, H3MEHASCh, BCE BDOMA Y/IORIETRODSIOT  YDABHEHHI) 2100
rvano't I'Ioaro'xy Koopannatyt ToukN M (X, V) HasuBAOTCA meryuiAmn

Ha nnocx\ocru Oxy TeKyme Koopannars toukn Al gaunoft kpuso# K
00huHO 0G03HAYAIOTCA dYepes X M y, MNpPHUEM mnepeas H3 HUX eCTb
abcusicca Toukn M, a BTOpas —ee opauxara. OfNaKo, eCad 3TO ueneco-
o0pasHo, TeKymHe KOODAHNHATH TOYKN M MOxHO 0603HaYaTh MOGHMI
Gyxksamu, wanpuvep, M(X, V), nu ME 1) n 1. n. Tax, nanpumep,
ypasuenus

y=2x u Y=2X,

rae toukn N(x, ¥) u N(X, Y) pacnosoxens na naockocrn Oxy, upen-
cTasasioT coOoft ypaBHeHue oaHOH M Toi ke NMPAMOH Ha 3TOH NAOCKOCTH.

- OCHOBHOE MOHATHE aHAMMTHUECKOH reouerpnu—ypasueu ne au-
HUH NOACHHM Ha PAJe OpUMepoB.

o 1) Jlnmmo Mut 9acTo OyneM RasulBaTh KpuSod HE3ABHCHMO OT TOrO, OpIMOMe
mefija ona man He npavonauuefina,



§ 4) YPABHEHHE JMHHH HA NJOCKOCTHI a

NMpumep 1. CoctapnTs ypaBuenHe OKPY:KHOCTU, AanHOrO paguyca R ¢ uent-
poM B hnayane KOOpJiiHaT. o
~ Boopvem Ha okpyxnocTi (puc. 17) npoussoshylo Touky M (x, y) 1 coenmunm
ce ¢ uentpoM O. Ilo onpexcaeHio okpysnoctu umeem OM =R, T. €.

l x2+y2=R’

Bpyr=Re. - 0

VYpasneune (1) ceasmBaeT MexKay -cofoil KOOPAMBATH X M y Kamzoll Touxw
adunoit oxpyxuocti. OGpatho, ecan Koopauuath Toukn M (x, y) YAoBAeTBopsioT
yaesnenuio (1), 1o, oueiugno, OM=R ¥, ciencBatenbi0, 3Ta TOYKA JCKHT na
naweit okpyxHoctH. Taxum o6pasom, ypasnenne (1) npeacranaser co6oil ypanuenue
OKDYHOCTH pamuyca R ¢ ueHTpoM B Hadale Ko-
opalHaT. A

NMpunmep 2. Cocrannte ypasuennus Guccex-
TpHC_ KOOPAUUATHHX YFJOB.

Paccyorpum cnauana Guecextpiicy 1 n 111 Mizy)
KOOpAHHATHHX- yraoB (puc. 18, a). BosbMem na R 7
neit nponasoabHyo Touky M (x, y). Ecan To04- Y
ka M Jexutr B nepBoM KBajgpaurte, To aGcuucca
B opAHHaTa ce o6e MOJIOKHTEJbHH M PaBHH
Mexay coGoft (no cpoiictBy Guccektpich). Ecan
#e Touka M (x, y) aexur B IIl KBagpauvte, 10 .
afcuucca ® opaMHATa GyRyT o0e OTpHLATENbHH,
2 a6coJoTHHE BEHYHIB HX PaBHBL; NO310MY 6yayT
PaBHE B KOOPAHHATH x H y 370it ToukH, CrejoBa-
TeALHO, B 060X CayuanX HMeEeM

=X

oTKyfa

@ Pge. 17,

OGpartio, ecan koopaunatel X H y Kakoii-BuGyab ToukH M (x, y) ynoBaetpo-
paloT ypaBueHHio (2), TO 3Ta TOUKA, OYEBHNHO, JERHT Ha Guccektpuce I n 111
KOUpHDAaTHRX yrjoB. IlostoMy ypasHenrue (2) npeicTaBaseT co0oil ypabicnue
GuccextpcH I 1 111 koopauuaTieIX yraos. : -

9. ¥h

qa v

7 Mzy) )
4 ) 4

{

-

g 7z 7 7 I

a) ’ 4)
Puc. 18.

PaccMotpiM Tenepb Grccextpucy II n 1V koopamHatHmIX yryioB (pc.' 18, 6).
BoasMen na nell npoussoabHyio Touky N (x, y). B kakom Oul kBagpante— 11 nau:
IV—uu Guna pacnosnoxena sTa TOYKa, KOOpAMHATH ee X H y papuui no abconor-
uoii pesHyHue H OTAMYAOTCH 3HaKaMiu. CrescBaresbio, B OGOMX CJyyanx - nmecM

y=—1x )
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O6partko, ecan aaa Kakofi-nuGyxs Toukd N (x, y) BHNOAHEHO ypasnenne (3),
T0 3Ta TOYKa, OYEBHAHO, JeXKHT na Ouccextpice II n IV koopauHaTHHX yrJos.
Taxuy o6pasoy, ypasuenne (3) ectb ypasnenHe Guccektpucel I # IV xoopnmnar-
HBIX YTJIOB.

IMMpumep 3. CocTasuTh ypaBnenMe INpsMONl, Napase’bHOR OCH OpIHHAT.

Myers npamas AB||Oy, v nycte orpezox OA=a (puc. 19, a). Torpa ana
moGoft Toukn M (x, y) npamofi AB ee abenmcea x pasua a:

x=a. 4

OGpatno, ecqm aGeuyncca Hekotopoli Toukd M (x, y) paBua a, 70 3Ta Touka
NeXKHT Ha npamoll AB. »

17} 8 4
III
b K4
\
‘ L
g1 =~a--"14 z / q z
a) )

Pne. 19,

Taxuxt o6pasoM, ypasnentte (4) npencrabaser coGofi ypaBuenne npaMoil, napan-
JeabHoii ocH Oy N oTcToAUiell OT Hee Ha PacCTOAHWH, PABHOM. YHCJEHHOMY 3Haye-
HHIO @; TIPH 3TOM eCJH NMpsMas pacnonokena chpasa ot oclt Oy, TO a NOJ0KHTEALHO;
acmr we ThaMamg pacnonowenn cnena ot oon O To 4 eTpNuATeTRND,

v
B YacTHOCTH, NOpPH a=0 noJayyaeM ypaBHCHHE OCH opaHiar:
x=0.

IMpumep 4. CoctannTe ypabHenue npsAMoOll, MapanneasHOil ocH aGcumce.
Coepiuenno aHajoruyno, ecau mpamas CD |Ox u OC=b (puc. 19, 6), 10 ee
ypaBHenHe 6yjer
y=b;

npu 31oM ecn npamMas CD pacnonoxena Buime ocH Ox, T0 b NONOXHTEJBHO, €CJH
xe npsamaa CD pacnonoxena Huxe oc Ox, 10 b oTpuuatentHo.
B wvacrrocti, npu b=0 noayuaeM ypasHeHHe ocH aGcuHcc:

y=0.
TMpumep 5 Hafitn annmo, paccrosnue Touex xotopoii ot touku B (12, 16)
B aBa pa3a GoJabiue, ueM OT ToukH A (3, 4).

Ecnn M (x, y)— npoussosbHas Touxa HCKOMOM JHHHI, TO COTJacHO YCJIOBHIO
33724 HMeeM

2AM =BM. (5)

Yro6kt cOCTaBHTH ypasuemue sToft mumuH, nano bupasute AM n BM uepes
KOOpAHHATH X H y ToukH M. Ha ocHOBaHHM GOPMy/Bl paccTOsHHA MexAy ABYMs
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Toukamu (v, I, § 3) Hmeem
AM=V =3+ —5%
BM =V (x— 1224 (y—16)3,

OTKYy/12 COTJIaCHO COOTHOWeEHHIO (5)
V= F O~ =V G-+ — 65

310 ¥ ecTb ypaBHeHHe HCKOMOIl JIHHHH.

Ho B TakoMm BHae TpyAno CyauTh, KakyiO JHHHIO NpeICTaBAseT 3T0 ypaBiie-
HHE, [I03TOMY ynpoctHMm ero. Bossepst ofe 4YacTH B KBagpaT H packpsiB CKOGKH,
noJIy4HM

4x? —24x-1-36 4442 — 32y - 64 = x2 — 24x |- 144 - 42 — 32y |- 256,

HAR NOCJS HECHOXKHLIX npeoﬁpaaoaaﬂﬂﬁ HMEEM PaBHOCHJILHOE ypaBHCHHC
x3+ y2= 100,

CpasHuBafl IOJyuCHHOE ypaBHeHne ¢ ypaBHenueM (I), MH BHAHM, UTO HCKOMAs
RIS ABATETCH OKPYIKIOCTBIO Papuyca 10 ¢ nentpoM B Hauane KOOpHHHAT.

§ 6. HocTpoenne AMHUM NO ee YPABHEHHIO

Ecan nepemenHnle X H Yy CBfsaHe HEKOTOPHIM YpaBHEHHEM, TO MHO-
KecTBO ToueK M (X, y), KOODAUHATH  KOTOPHX YAOBACTBODPRAIT 3ITOMY
ypaBHeHHlo, Npencrasaser cobol, poobLie rosops, HEKOTOPYIO JHHHIO HA
nockocti («2eomempuyeckul o6pa3 ypasHeHUR»).

B uacTHBHX Cayyasx 3Ta JUHHA MOXET BHPOXKIATbCA B OAHY HJIH:

HECKOJIbKO TOueK. BO3aMOxHHI Takke Cayuad, KOrAa YPaBHEHHIO He
COOTBETCTBYET HHKaKOE MHOXECTBO TOYEK.
Hanpumep, ypasueHuio

(o — 1) (y— 220

COOTBETCTBYET EMMHCTBEHHAR TOUKA (1 2), T3K KaK arouy ypastexuo
YHOB/JETBOPAET EAHHCTBEHHasd Napa sHaveHul: X=1 u y=
YpaBHenuio

a2yt — 1

He COOTBETCTBYET HHKAKOE MHOXKECTBO TOYEK, TAK KaK B3TOMy Yypase
HEHHIO HeJb3d YAOBJCTBODHTbL HHKAaKHMH AeHCTBHTENBHEIMH BHAYEHHAMU
X H Y. '
3Hast ypapHEHHe JHHHK, MOXHO MO TOYKAM IIOCTPOUTH 3Ty JHHHIK,
ITpunep. Iocrponts nunmio, BHpaxaeMyio ypaBHeHHEM

y=ux32 M

(oﬁmtmo roBopaT Kopoue: nocTpoutb JHHHIO y=x2).
9 B. A, Kyapasues, b, IT. Jemugonuy



A YPABHEHNE JUHNANIT ira. 1

Ilanas aGcuncce x B ypapuennn (1) uncropwe 3navenna n BRuHCAfd
COOTHETCTBYIOMIE 3laueiid OPAMHATH Y, NOAYyunM cjenyiomyio TaG.amuy:

x e | =3 ] =2} =1 0 i 2 3 oo

Hanocs coorBeTcTBylomite TOUKN 112 NJAOCKOCTb, MLl BHIHM, YTO
Kondurypauns 3TUX TOYEK ONpEAeNseT Hauepramne NekoTopoll amnmu;
npy STOM YeM Tylle NOCTPOena CeTb TOUEK, TeM OTYET/HBEE BHICTYNaeT
ce xontyp. Coemnnuss RocTpoemble TQUKA Jnnnefl, Xapaktep XOTOpoi

YUHTBIBAET N0.JOKEHIE NPOMEKYTOUHHX TOYekl), Mu
y 1 NOJyunM JHHHIO, ONPENeAseMylo AaHHLIM ypaBbiies
nnen (1) (pric. 20). d1a minna naswBaercs napadosoll,

§ 6. Hexotoprie anemenTapHeie 3anaun

Ecan n3secTio ypasiienue JuHi, TO JErKO MOryT
G1iTh pement npocrefinine sanaun, CBA3aNNLeE € Pac-
noao:xenneM sToft JnHHH Ha NJIOCKOCTH.

3azaua 1. 3azanu ypaenenpge ammm K n
xoopaunar Toukit M (a, b). Onpeneants, aexnt an
Touka M na ammn K nan wer?

7 T HMnwm corasn, Tpebyerca yauars, npoxoant Jm
amma K uepes touky Al man ne npoxomur.
Prc. 20, Ha ocnoBannn nouaTns ypasHeuns Anuim noay1uacs

Apannac umolu onprloams, goxcunt m osoue
ra M na dannoti aunuu K, nysKrno 8 ypasuenue smoil Aunun nodcma-
sums Koopdunamsl naweil mouru. Ecau npu amon ypasuenue ydos-
aemgopumesn (T. €. B pe3y.abrare NOJCTaNOBKH NOJAYUYNFCH PaBEHCIBO),
MO MOYKA AeHCUM HQ AN 8 NPOIMUGHON cAyiae, ecall Koopounames
moyrn He yA0BACINBOPAIOM YPAGHEHWID AUHUN, QAHNAA MOYKEA He
AexCum Ha AuHUN.

B uwacriom caytae anung mpoXOAMT uepe3 1awano KOOPANHAT TOria
I TOJIBKO TOTA3, KOTAA ypaBHelue JHHNHM YAOBIeTBOpgerca npu x =0
n y=0. ‘

Npnyep 1, Jlana oxpyxnocrs . ] A
x2+y2=25, (])
Onpepeants, Jexar au na uel roukn M (—3, Hn N (4, —2).

1) 1na Toro 4ToOH 11METH BO3MOKIIOCTH CYAHTE O NOJOKEHHR NMPOMCKYTONNUY
TOueK JHUHH, MB JO/DKHH NpeRBapiTesbHO H3Y4YHTH ob:mue cBoficTBa ypaenenua
pTOl} Jmuns (nogpotuce cM. B ra. XI),



§ 6. HEKOTOPLIE 3NMEMEHTAPHBIE 3AJAUL 3B

floacrapasa xoopanuate Toykit M B ypasuemue (1), Doaydaem TOXKIeCTBO
' (—3)24-42=25.
Caciosatenbio, Touka M JCHHT Ha RaHHOI OKPYKHOCTH,
AMaJOrHyHO, MOLCTaBAAA KOOpAuHATH TOYKH N B ypasucaue (1), Gyaes Hmetn
42 4-(—2)2 £ 25,
Cacjgopatensto, Toyka N He JexuT Ha JaHHON OKpYMKHOCTIL

3amaua 2, Haittu. Ttouky mnepecededns AByX /mmifl, SafaHIIbIX
CBCIMU yDPaBHEelnHasH.

Touka nepeceuein OXHOBPEMENNO HAXOAHTCA KAK HA mepso# mi,
Tak ¢ ua sropofl. Caerosarenbto, KOOPAUHATH ITOH TOUKH YAOBJAETDO-
paiot ypasueuunst obenx anHnil. OTCiofa noAydYaeMm MPaBHA O 4MOGH
Hadmu 00OpOuUHAmME MOYKU NepecedesUs 08YyX AUHUE, OOCMAmOio
cogsecmno pewnms cucmeny ux ypagrenuli. Eciu srta cucreMa e
HMEeT HefiCTBHTENbHHX PelleHu, TO JUHHH He MepeceKainTCs.

Mpuwmep 2. Haiitu Toukw Nepecedenus mapaboau y==x2 u npaod y=4,
Pewas cucreny
y=4xt, }

y= 4,
noaydaeM Ape Todxm mepeceweuns A (—2,4) u B (2, 4).

3anaga 3. Hality TOoux: mnepecedenus [JAHHOH JHHUH C OCAMHA
KOOpIHHAT. :

Arta 8amaud ABATETCH YICTHHM CayuaeMm 3samauu 2.

Yuurusas, uro ypasuenne ocn Ox ects y==0, noayuaen npauuno.
umo0e. Halimu abcyucck movwex nepeceyenin. dannoit sunun ¢ ocow 0x,
RYJHCHO 6 ypasrenun 3moi aunun noaoxycums y=0 u pemunms noay—
HeHHOE YPABHEHNUE OMHOCUINCALHO X.

Auanoruuio, TaK KaK ypaoseuue g
ocn Oy ectb x=0, TO noayyaem :
npasuao: «moist Haimu opouna- 14 1)
mot oues nepeceienun OanHol au-
nuit ¢ .ocsio Oy, HYICHO 8 YpasHenuu
amoil sunuu noaoxcumes x =0 u pe-
wumes noaAyweRRoc ypasHeHlue ORHO-

CUMENREHO Y. aJ 811, 072.
4
Mpumep 3. Halttu touku mepecese-
HHA  OKDPYHHOCTI
®tyi=1 (¢
C OCAMH KOOpJHHAT. -
Monaras y=0 B ypasuemnsu (2), no- LG
aygaeM -
£a=1, Puc. 21.
T e x=—1nx=1 OTCIOAa HaKOuM JBe TOYKM HepeceyenHs Jauuoll okpyx-

LOCTH C OCLIO Ox (pxc. 21):
A(—1,0u B(1,0).
O
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Ananornuno, flonaras x=0 B ypasrennn (2), monyyacM
yi=1,

T. e. yy==—1 1 y,=1, CnenosateslbHo, HMEIOTCA jBE TOUKH MNepeceueHHs AAHHON
oKpy:xuocTH ¢ oceto Oy (puc. 21):

C@O, ~-1l) n D, I).

§ 7. Jize ocnoBHHE 3a7aUH AHATHTHYECKOH reomeTpun
Ha MJIOCKOCTH

PestoMupys comepskanne 3TOH TIJaBH, MOXHO CKasaTb, YTO BCAKOH
JUHOH HA NJAOCKOCTH COOTBETCTBYET HCKOTOPOE YD3BHEHHE MEKAy TeKy-
mmnMi  koopanHatamn (X, y) Toukn sToft ansun. HaoGopot, scakomy
YPaBHENHI MeXAay X W Yy, [de X N y— KCOPIHHAaTH TOYKH Ha NJO-
CKOCTIH, COOTBETCTBYeT, BOOGUlE TOBOPS, HEKOTOpAs JHHN, CBOACTBA KO-
TOpOHi BNOJHE ONpesensioTcst NAHHBIM YPaBHEHHEM.

Orcrona, ecTecTBEHHO, BO3HIKAIOT JABE OCHOBHHE Sajaul anannTHve-
CKOH reomerpns Ha TJIOCKOCTH.

1) Jana aunus, paccymampugaeran xarx sxoxucecmeo movex. Cocma-
sums ypasreHue 3moil AU

2) Hano ypasHnenue Heromopoli aunun, M3ywams no amosty ypas-
HeHuio ee zeosempudecKue csoiicmga (gopay u pacnoaojcerue).

§ 8. AareGpauueckue auHuH

Onpenenenne. Jlunus rassisaemncs aurueil (uim xpusoll)
n-z0 nopadra (n=1, 2,...)), ecau oHa onpedessemcn ypasHeHe i
n-ii cmenenu ONHOCUMEABHO MEKYUNX NPSMOY204bHELX KOOPOUHAM,

Tavue anyon waawmramyca a wreﬁn anuecKivn, HHHDH“GD, JUHNH

x4y—1=0, x2y2=1, x34-3°—3xy=0

ABMAIOTCA KPHBBRIMI COOTBETCTBECHHO NEPBOro, BTOPOro il TPETLEro no-

paaKa.
OGmuft BuA KpPHBHLIX NEPBOro MOPfAKA €CTh

Ax 4 By+C=0,

rae koadduunentst A n B He paBHH HYJII0 OLHOBPEMEHHO, T. e,
A?4- B% 0. Kak Gyner poxasano mmxe (cm. ra. IlI), Bce kpusme nep-
BOrO NOPAxKA — NPAMBIE NHHHH.

O6wnit Bux KpHBREX BTOPOro nopsixa caeaytoutni:

Ax*+ Bxy+4-Cy?*+4Dx 4 Ey+F=0,
roe xoaddnumentert A, B n C He pabHel HYJMI0 OXHOBPEMEHHO, T. €.

A?4-B21.C2 40,
3aMeTHM, uTO He BCAKOMY YPaBHEHHIO BTOPOTO NOPSIKA COOTBET-
creyer AeHcTeuTenbuas kpusas, Hanpumep, ypasnenmo x%4-2xy-+y? -

g
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4 1==0 ue otpeyaer HuKakas KpuBas Ha maockocTd Oxy, Tak KaK
OYEBUAHO, HET ACHCTBHTE/BHBIX 4YHCET X W Y, YAOBJETBOPSIOWHX 3TOMY
YPaBHEHHIO.

B caenyomux rassax Msf HOAPOGHO H3YuHM KPHBYIO MEpBoro nopaaxa
(RpAMYI0 NHHHIO) U PAacCMOTPHM BaxHelHIUie NpeACTaBHIEAH KPHBBIX BTO-
poro nopsaka (OKPYHOCTb, 2Jaunc, runepbona, napa6osa).

Ypasuenite KpuBoil n-ro Mopajka Moxer OWTh 3aMHCaHO B CJASAYIOUleM BHAe:

n

3
Z apgxPyl=0, ()
bv q=0,
i Prasn
rae XoTa GW OAHH H3 CTApPWHX KOshpUUHEHTOB dpg, T. €. TAKHX, 410 p-}-g==1,
oramven ot nyan (3)—3Hax cymmupoBamiis).

OrMeruM Dakuoe csoficTso; nopsajok kpuBo# () ne sasneur or
Bubopa NpaAMOYroJbHOil CHCTEMH KOODAHHAT.

HelictBuTtenbto, Bufiipas APyryio cicreMy NpAMOYTroAbuhX Koopmumat O'x‘y’,
Ba ocxoBanuH (opMyJa nepexoga (§ 2) nmeem

x=ax'+b;y" 1 }
Yy=ax' +by' ¢,

tae a;, by, ¢ {({=1, 2)—uexoTopne NocTosHHHE Ko>pdHIMEHTH.
Orciona ypasneune kpusoit (I) B HoBHX koopauHaTax O’x’y’ GyAer MMeTh BHA

@

n‘
BprgrXpYqr =0, (&)}
P’ q’ =0,
+e <n’ .
rae n’— nopsfoK npeoGpasoBannoil kpusoit. OueBHsHO, 4TO N’ << A1,
Ananornuno, HCXORA H3 ypabHeHHs (3) W coBepimasg GGpAaTHHA nepexoR oF

KOODAHHAT X', ¥’ K KOOpRHMHATaM X, ¥, NONYyuHM ypaBienue (1), B KoTopoM n =< n'.
CrepoBatensno, n'=n.

Ynpaxnenus

1. CoctaBuTh ypaBHenHe JHHHH, PacCTOAHHE TOUEK Koropoil ot ocn Ox B pBa
pasa Gosbwe, ueM oT och Oy.

2. CocraBuTb YypaBHeHHE JHHHH, TOYKH KOTODOA PpaBHOOTCTOAT OT JBYX JaHe
HuX Touek: A(2, 1) u B (=3, 0). :

3. Kakyio KpuByio ONHMCHIBAaeT NEHTp THXeCTH TpeyroJbhuka ABC ¢ asyms
HenoasHxKubiME Bepmiinayu A (6, 0) u B (—6, 0), ecin Tpetbs Bepmnna C (x3, ¥j)
OIIHCHBAET OKPYXHOCTb X3-}-y3==36?

4. Kaxue reomerpudeckne o0passl COOTBEICIBYIOT YpaBHEHHAM; a) xy=0;
0) x+y2=0; B) 22—1=0; r) y2—3y4}-2=0; p) K2—xy=0?

5. ITo ToukaM mnoOCTPOHTE KpHBHE, 33JaHHLIC YpaBHEHHAMH: &) y=2—x;

6) y=2x—% 5) y=x VIO—%; 1) y=2x 3V i0—=

6. Ykasath, Kakue 3 ganuux touexk 4 (0, 0), B(1, 1), C (1, —1), D(—1, —1),
E (1, 2) sexar Ha KpuBoii y=x2 H Kak#e HE JIeXXaT Ha Heil.

7. Haiith ToukH mepeceyeHHs KpHBOH y==2-}-x—x3 c OCAIMH KOODAHMHAT.

8. HafiTH TOYKH DepeceueHHst OKpyXHOCTH 3-}y3=8 u mpamoi x—y=0,
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§ L. Ypasuenune npamoii

Mycts PQ —iexoTopas npamas na naockoctn, Oxy (pnc. 22), Yepes
BPOU3BOILIYI0 TOURY Ay (xe, ¥o) 37O npamoll (ycaoeno nasuipaemyio
«navansiiofl Touxoil») nposeaeM npawywo Ayx’, napaaaeasnyio ocn Ox
1 uMelouLylo ¢ nefi ogxnnaxosoe nanpasaense. Toraa nanvenswui) neorps-
nareasusff yroa @= / QMyx" (0= @ << n1), olpasosannuli noaynps-
noit MoQ, nexamett sume ocn AMyx’ wim copnamaiouell ¢ neil, ¢ ocwio
Myx', nasuszeres yeso.u Meway ramiofi npasofi n ocvio Ox. Ouennano,

94 Mlzy)

Puc. 22, Pre. 23.

STOT Yroa ne 33encuT oT puGopa Ttotkn A, Ecan npamas PQ nepece-
xaer ocb Ox B nexkotopoli Touke A(a, 0), 10 @ ecTb oGuunmH yro1
Mexay nanpapaeminiMu npausiMin Ecit PQ | Ox 10, ouesnano, ¢=0.
Havanbnan Touka Afy npamoll n yron ¢ («Hanpasaenne npsofi») op,uo-
SHAMHO ONPEJe’qIoT NOJOKEHNe 3TOfl NpAMOH HAa 1IOCKOCTH.

1) Hycrs cnavana 0<(p<— Toraa npavas PQ nepecekaer ock Oy

B nexoropolt Touke B(0, §), KOTOPYI0 MOKIHO NPUIATL 33 NAMANBIYIO.
Opannata y=NA1 texyutelt Touxn M{x, 3) npsoit {(puc. 23) cocront
n3 AByX vacreil:

J’:x\"C-}~C1“, ' (])
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H3 KOTOPWX neppad MNOCTOHHHA, a BTOpad mnepeseuua. Beedga yrnosoft
ko3 dunuent

tgo=~,
u3 puc. 23 OymeMm nmers
NC=b u CM=BCtgo=*Fkx 2)
npu x=0.
Taxus o0pa3som,
y=blkx 3)

npn x=0.

Herpyauno nposepurs, Y10 cpopuy.'m (3) ocraercs cnpapeasusoll Takxe
u npu x<<0.

Mbr nokasanw, 4TO KOOPAHHATH moGolt Toukn M (x, y) npavoft PQ
yaoBaeTsopsaioT ypasueunio (3). Jlerko yGemntbca B 0oGpaTioM: ecau
KoopauHarol Kakol-uuOyas Touxu Ay (xy, ;) YAOBACTBOPSIOT Yypasiie-
Huo (3), T0 Toyka Af; o6AsareanpHo aexut nHa npavoll PQ. Cneno-
pateabio, ypasieHue (3) npeacrasaser coboff ypasiieHiie npaMoil Jau-
nit PQ (Tak nasuBaeMoe ypasHesue NpAMOiE € Y24086i48 Kodgguytien-
mos). locrosuune peauyuun b u & (napasenpst) uMeloT caexyioutie
suauenus: b=0B — navasonnil ompe3ox (Tounee, auasvras opdunanma)
u k=tg @ —yaa080i rospduyuennm. 3avern, yro ecan Touka B pac-
nonowena suwme ocu Ox, 10 >0, a ecan Hixe, T0 < 0. IMpu b=0
HPAMAA NPOXOAHT YEPE3 1124aA0 KOOPAMHAT W YypasHeune Takoll mpaxoi
eCThb

y=rlx. _ N @
[pu k.-_f_O nonydaem ypasgenue npasoll, maparaeiasuolt ocu Ox:

y=b.

n .
2) Ecau 5 <@ <%, TO C NOMOULLIO AMANOTHUNKX PACCyKAeHnit Mu
TaKke npuxoaus K ypasteuumo (3).
1
3) Ecain @=<3, T. e npuvan AB nepneumu\ynupua ocn Ox, 10 €2
ypasueuue ects (ca. ra. 1) '

x=a, » ®)

rie a—abcuncca caenxa srofi npavoii ma ocu Ox (T. € ee TOUKH
nepeceuenns ¢ ocbio Ox).

3ameuanue. Kax uaCTHME Cayuai, noAyuaeM ypasuenna oced
KOOPAHHAT:

y=0 (ocb Ox) u x=0 (ocv O_y). - (©)

. Ilpamyo /nerko moCTPOMTL MO €8 ypaBHEeHio,
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. L
Mpnmep. INoctpouts npsmyio, 3ajauHYI0 ypaBHeHHeM

3

== X—4.

y=g=x 4
Wssecto, uto nse Touxkn BNosHE oNpenesdioT mozoXenne npamoii. [ostomy
JOCTATOYHO HAHTH JBE TOYKH, Yepe3 KOTOpHE NPOXONMT Hawa NpaMas. B pannom
YpasHeHHH = ~—4, Cserosatenbyo, NpsAMast NPOXONHT  Yepe3  TOUKY
B8(0,—4). C zpyroll cropontd, Koopaunartst x ¥ y mio6oii TOUKHM, Jexamtefl wua
Haweii npaMOfl, CBA3aHH SaA3HHHM YpaBHEHHEM.
TlostoMy, 3anap aGeuHCCy HEKOTOPOR TOYKH, JeiKallelt
4 Ha nmpsMOll, MH M3 YypaBHeHHsT OpaMoil HafineMm ee -
opanHaty. IlosoxkuM, Hanpumep, x=2; H3 ypaBHe-
Hus npaMoit moaywuM y=—1. Takum o6pazoM, Hala
Npsmas mpoxozur vepe3 ToukH A (2,—1) u B(0,—4).
TocTpouB STH TOUKH IO HX KOOPAHHATaM W NpoBejs
yepe3 HHX NpaMylo (pHc. 24), MK MOJy4YHM HCKOMYIO

7 / Z  npamyio.

JAe )

M3 npeamaymero snano, yro AJs npoms-
BosabHOfi MpsMOH HA NJAOCKOCTH MOXHO COCTa-
BUTh €€ ypapHeHne; O0paTHO, Shask ypasHenne

505 -4) HEKOTOpPO# npsMOll, MOKHO NOCTPONTL STy Nps-

myto. Takum oGpasoy, ypasHenne npamofi noa-

/ HOCTbIO XapaKTEPH3yeT IOJOXEHHE €€ Ha

TIIOCKOCTL.

Pne. 24 U3 ¢opmya (3) n (5) Buano, uto ypasne-

HHe npavoit ecTh ypasnenne neppofi

cTemenu OTHOCHTENbHO TeKymux KoopauHar x u y. Cnpasesanno
1 ofparHoe yTBEpKIEHHE. :

Teopexa. Bcearoe uesppoxcOennoe ypasHenue nepsoi cmenenu

AxBy+C=0  (A4B5£0) (7

npedcmasasent cofoll YpasHeHue HKeKONIOPON NPANOL Aunuu HO 7.10-
crxocmu Oxy (00wee ypaswenue npamoll Aunuu).

Joxasarteabcrno. 1) Ilycrs cuavana DB=£0. Toraa ypanne-
nine (7) MOXHO NpPEACTaBHTh B BHIe

y=—2 L. ®)

Cpapunsag ¢ (3), MB moayuuM, 4To 5TO ecTb ypaBHeHue npsmoft ¢ yrao-
BHM K03 HILHEHTOM . :

k=_—B—

I navaabnoft opaunarofi

. B*
2) Myctp tenepp B=0; torna A=40. Hmeen
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n
c
X=— . ()]
Ypasnenne (9) npencraBaser coGoit ypasHeHune npaMOfl, mapaaneabHoM
C

ocn Oy u orcexaomet Ha ocu Ox OTpesoK a==-——.
Tak Kak BCce BO3MOMKHHE C/Ayyau HCYEpIaHH, TO TEOpeMa AOKa3aHa.

§ 2. Yroa mexny Reymsi NPSMBIMH

Paccyotpum npe npsmue (e mapamaeabhsie ocu Oy), salauuue HX
ypasHeHuaMu ¢ yraosnMmu Kodddutmentamu (puc. 25):

y=kx-+b, rae k=tgqo, Q)

y=kKx3V, roe K=tgqg. (03]

Tpebyerca onpemenuts yroa 6 mexay Huamu. Tounee, nmoa yraoM 0 Mu
GyneM noOHHMaTh HaMMEHbIUMH Yrod, OTCYUMTHBAEMHIl NPOTHB XONa Yaco-
BO{ CTpPEAKH, Ha KOTOpDHH BrOpas npaMas NOBEPHyTa OTHOCHTEABHO
nepso#i (0 =<6 << ).

dror yroa § (puc. 25) pasen yray ACB ¥
Tpeyronbiiuka ABC. Ilance, m3 saemenrtap-
HOH reoMeTpuu H3BECTHO, YTO BHEIMHHMH yroxa
TPeyroJbHUKa pAaBEH CyMMe BHYTPEHHHX,
¢ Hum He cmexHHX. ITosromy

¢ =986,
nag
b=0¢"—q;

OTCI0fla Ha OCHOBaHUH H3BeCTHOR Gopmyaw 7
TPUrOHOMETPUN NOJAYYaEM

, tgp'—t /
tg0=te@ ~ D=ty Puc. 95,

3amenss tg@ n tg @ coorsercTseHHO Ha k n &/, OKOHuaTeALHO Gymem

NMETb b
tg 0= 'l-l-—kk' . (3)

dopumyaa (3) maer BhIpaxeHne TAHIEHCA Yraa MEXAy IBYMA NPAMBIMH
yepes yraosee KO3hduuueHTH STHX NPAMHX.

Buisenem Tenepp ycaoBHS N3panAeAbHOCTH H NEPNEHANKYAAPHOCTH
ABYX NPAMBIX.

Ecan npaume (1) 1 (2) napannensib, TOo @' =@ H, CAEAOBATEAbLHO,

=k )
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OGparno, ecan shinomieno ycaonne (4), To, yunrksad, 4ro @ U ¢ sa-
raoyaotcs o npefgeaax or 0 A0 71, noaywaem

=9, (%)

W, C€1eJ0BaTesbHO, PacCMaTpHBIEMME npAMLie HJAN Napanfenbis!, [
caupaoTcs (NapannenbHOCTh B LIBPOKOM CMHCAE).

Mpasuao 1. lpayue na naocrocmu napanrteasust (8 wiupor:os
caticae) mo2da n moasKko mo2da, Ko2da ux yz2a08se KodPHuyue ML
pasupt texHcdy co6oil.

T
Ecau npamule neprenaukynsptis, 10 0= #, CIe40BATEAbHO,

2
I U X L
Ag0=fgg = T —
orciona 1 LA =0 u
’ 1
B=— ()

Capaseanuso Taxs#e n ofpaTHoe yTBepKAelne,

Mpasuno 2. [ee npampte wHa naockocmut  HepnenduxyAnpHbL
moz2d0a n moAsko noz0a, Ko20a uX y2a08sie KOIPPUYeHms. OTpAMAHL
no SeAutiNe U MPOMIUBONOAOICHE N0 3HaKy 1).

Mycts rteneps ypasueuss npssex sagaunt 8 ofuieM pnae:

Ax - By+4-C=0 Q)
n
Ax4-By4-C =0, ®
Otciona, npeanoaaran, uto Bs=0 n B =0, noryuaen
\r=—-f-3-x.—- g— (7)
- D 0 A
i
A’ c N
V=—pgr¥— 5 @)
Chenosarenstio, yraosue Kosdduumuentsl 5TAX NpAMbX ecTh
A , ‘
=g, KF=—5%. ®

Ha dopuyau (3), npoussomst Hecaoxusle BLIKAAAKN, HAXOAMM TalreHC
Yraa Mewny STuMu NpaMbIMIL ..
AB'—A’'B (10)

8 0= 5 )

1
) Ina npaMux, napaazensusix ocaM Ox u Oy, yC/AOBHO NOJAaraiorT G =oru
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Orciona noaysaem: 1) ycaosne napanaedbHOCTH IPAMUX
(0=0)

AI Bl-
=7 (D

B 2) ycaosne NepnenanKYAAPHOCTH NPAMHX (G——--g)

AA -+ BB =0, (12)
OrmeTus, B YacTHOCTH, YTO NpsMLE
Ax4-By--C=0

Bx— Ay4C;=0
B3anIo nepneummynﬂpuu.

Npunep. OnpereanTs yron Mexay NpaMuMi y=x n y=1,001x-} 10,
3accb yraoswe koxbpumEENTH NpAMEX ecTh: k=1 u k’=1,001.
Ilo dopuyae (3) moayuaem .
1,000—1 0,001 _ 1

“TH1- 1,000 — 2,001 ~ *000°=35505- _
Taxk xak pas Maaux yriaos 0 cnpaseluso npndm:xenuoe panéucmo 0=1igo, 10
: 1 3438’

1
e —— —_—— ° '==_.._~ ’
0=~ o566 720 ~ o005 - 5718 =505 ~ 17"

tgo=

§ 3. Ypasuenune npameil, npoxonsiuefl yepes KaHHY0 TOURY
B JAaHHOM HalmpaBJeHUU

Hycts npavaa PA oGpasyer yroa ¢ ¢ NOJOKHTEAbHHM HaNpanaenneM
ocn Ox (puc. 26) n npoxoaut yepes sagaunyio Touky P (xy y;). Bupe-
lem ypasienine 3tofi npasoll, npeanosaras ClHauana, YTO npaMas  He
napaiaeabna ocn Oy.

B atom cayuae, kak M BRAean, ypasHnenue NpsMofl HMeeT i

y=hx4b, )

rae k=1ig@—yraopoli Kospduunent npsavMoH, a b— AanNa OTPesK3,
oTceKaeMoro Haiwei npaMoft na ocu Oy, Tark Kak Touka P(xy, ¥4)
JAEKNT Ha npaMo PA, 7o ee xoopmunare Xj 0 ¥ LOMKHH YAOBJIET-
popath ypasuenuo (1), T. e

Yi==hkxi+b. @
Buuntas n3 pasencrsa (1) pasencteso (2), noayunM ‘
Y=y1=k(x—x) &)

Dro n ecib ypasnenne nCKoMoll mpamofl,
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Ecan npsmas, npoxoasmas uepes Touky P (Xj Y1) Tnapaanensia
ocn Oy, 10 ee ypasHesue, ouesnmHo, Gyxer

X =X7. 4
Ecan % —s3apaunoe uncio, 1o ypasHenne (3) NPEACTaBAET BHOJHE
ompeaenennylo mpamywo. Ecam ke k2 —nepevenusfi mapamerp, TO 3TO

4

.//,0

Puc. 26. Puc. 27.

YpaBHEHHE ONpPeNeNuT /NYYOoK MNpaMbx, NPOXONANINX 4Yepes TOUKY
P (xy, y1) (puc. 27); npu 3TOM % Ha3HLIBaeTCd napasempoir nyira.

[pumep 1. Hanucats ypasuenHe npaMod, npoxoadilefi dYepes TOUYKY
P (3, 2), m napannensuofll mpamMoft:

4
y-‘—'—T{ x—T7.

Tak kaK nCKOMas TNpAMaf MapalieNbBa JaHHON TPAMO, TO €@ YIMIOBOI
4
noshdunrent /:=—3—. TenCRATeNbHO, Ha OCHOBaHHM (ODMYAHR (3) yPasHeHHe 9104
npAMoRt HMeeT BHJ

4

HAHR

y=%— x-—2‘.

Mpumep 2. Handcate ypaBueHHe npsiMofl, mnpoxondmeft depez TOUKY
P (4, 5) ¥ neprenauMKyAspHOR K npsMofte
2
y=—5 x+4-7,

Tak XaK HCKOMad NpaMas NeplneHAHKYASpHa NPAMOA C yr/0BbIM Ko3bdHuReH.

TOM k= =, TO ee yri0Boil KoadHmieHT

3’
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Caegopartenipio, Ba ocioBanud ¢opyysan (3) ypasneHie 37ofi npaAMOii TakoBo:

y—5= % (x—4)
HAN OKOHYATCJILHO

§ 4. YpaBuenune npsmoil, npoxoxuumeil yepe3 NBe maHHBIE TOYKH

WsBecTHO, uTO uepe3 JBE HE COBMajaiollHe Mexay coboit Toukn
MOXHO NPOBECTH MPAMYIO, H NPHTOM TOABKO OAHYy. OTwilleM ypasHeHHE
npsivofl, npoxonsuefi uepes Toukn P(xy, y,) u Q(xy yo)

FlpennonoxnMm cHauana, 4T0 Xy 3£ X, T. €. npaMas PQ He napan-
aeabHa ocu Oy. Ilockoabky npsmas PQ npoxonut yepes Touky P (X1, 34),
TO ee ypapHenue umeer Bug (cMm. § 3) -

Yy—n=k(x—x) Q)

rae k—Hen3pecTHHIt HaM yraosofi kosdduuneHt stoll npsasolt. Oanaxo,
TaK KaK Hala npaMasg npoXoAuT TakKe ueped Touky Q(x, y;), TO
KOODAKHATH X; M Y, OTOH nOCAEAHEH TOUKH JAOMKHH YNOBAETBOPATHL
ypasuenuio (1). Orciopna

Ye—y1=k(x:—x1)
H, CJAEHOBATENBHO, NPH X 7= X7 HMeeM

Ya—W _yl
k= Xg—Xp° @

Moncrasasa Bupaxenne (2) nas yraosoro KoadduiuueHra 2 B ypas-
uenue (1), noayqum ypasueuue npﬂmoﬂ PQ:

y=n=p=Hx— ). @)

310 ypasHeHue npu y; % y, MOKHO 3aNHCATh TAaKKe B BULE NPONOPUHN
' X—X__ Y=

3'
=% Y=’ 3

Ecam xy=x, 1. e. npamas, npoxoasaas yepes Toyku P(xj, y;) u
Q (%3, ¥,), napannensa ocu Qy, TO ypasHeHue 3TOH npAMOH, OueBHANO,
Gyzer

x=x10

I‘I pHMep. Hanncarb ypaBHenHe npsMmoff, TpoXojawleii uepes TOUKH
P4, —2) u Q@, —1). '
Ha ocnopauun ypasueuns (3) umeenm

x—4 y—+2

ey Sy e T 1 y=—x-+2,



45 MIPSIMAST JUTHIEST (ra1. 1t

'§ 6. Ypapnenne npsmoil B «oTpe3kax»

BuseneM Teneps ypasnenne npamofl, noaoxenne KoropoH na mao-
CKOCTI SafaHO HEHYAEBLIMH OTPE3KAMH, OTCEKIEMHMH €10 HA OCAX KOOp-
mmar. Ilpeanono:nM, Hanpumep,

4 : uro npavas AB orcekaer Ha ocu
Ox otpesok OA=a, a Ha ocu

\, Oy —otpesox OB=5 (pnc. 28),

,’ NpHYeM [CHO, YTO TEM CaMHIM NO-

b noxenne npaMoft Bmoaxe onpeae-
v neno.

\ HOna puBoja ypasuenus mnpd-

) TN e a4 Z moft AB samernM, yrto 3Ta npamast

npoxoanr wuepes Toukn A(a, 0)

Puc. 28 n B (0, b); mosroMy. ypasuenue ee

7erKo noJydaercs n3 ypasuenus (3)
(cm. § 4), ecrn nonowure B Hen Xj==a, y3 =0 11 x;=0, y,=b. Uneen

x—a__y—0

0—a b-—0"
Orcioaa
F___x
b 4 +1
{1 OKOUYATEIHIO
x ¥y __
a + b - l' (I)

D10 1 €CTh TAK MA3LIBAEMOL YPABHEHNE HPSIAMONL 8 <ompe3nax»,
3pech X o Y, Kak OGLUNO, — KOOPAMHIATH NPON3BoabHoft Toukit M (x, y),
newamtedt na npamoft AB (puc. 28).

“{Tpurep. Hamucars ypaswesnn npavoit AR, orewawmen ua oo (v
otperox OA =35, a na ocnt Oy otpezok OB = —4,
Monaran B ypasuennn (1) a=5 n b= —4, noayunm

_x.. _.J—’-—-_-_-_-

5+ =7=!
nny

x Y

5 4. °

MpuMeyanne, Ypasueune npaMoi, npoxonsmeil yepes navano KOOPAHHAT
HAH napaateasnoll oaHoit 13 ocell KoOpANMHAT, HE MOXKeT OHTEL 32MHCAHO KAaK ypase
Henie npsaMofl B coTpe3ax».

§ 6. Toura mepecerieHHSI ABYX MPSMBIX
- Hycrs uMeeMm Ape npsamue
. Ax4-By+4C=0 _ (m

i A
- A'x+By+C'=0. @
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Touka nepéceucunn 9TNX NPAMHX JASKNT KaK 1a Neppoll npsMoil,
T2k n na sropofl. ITostoMy KOOpAMHATEI TOYKH NepeceyeHHs KOJHKHLI
YAOBJETBOPATL KaK Ypabnenuio nepsoll, Tak B ypasuenuio BTopoil nps-
moll. CuenoBareabHo, 048 moz20 4moGu HAimu Koopduxame modKu |
nepecedenun 08yX QQHRHX npAMBX, 00CMQIIONHO peiinG co8MECHIHO
cucineMy YypasHeHuil smux npaMulx.

Tlocnenosaresnbho nckmouas u3 ypaenenut (1) u (2) neuspectune y
n x, Gyzem uMeTb

(AB'— A'B)x+(CB'—C'By=0 G
11
(AB'— A’B)y--(AC’ — A'C)=0. , )

‘Otciona, ecom AB'— A’B 3£ 0, 10 nas KOOPANNAT TOUKH Nepeceuenns
NPSMKHX NOAYH2EM TIKHE BLIPAKEUHa:

g _CB=CB _ AC—AC ©
= T AF—aB YT TAF—AB’ )
nan, BDeRs Onpeaeantenn Broporo nopsaka (cM. ra. 1, § 5), nueeu
|é 3 |4 &
- B’ — c
Y=-—m@sp YT @B ©
4’ B’ A’ B’ .

Han npampix (1) 1 (2) Bo3MOKHbI CAeAyiOWHE TPH Cayuas,
1) AB'—A'B#£0, 1. e
o A B
AFE"

Ha ocuosamm § 2. npamume ne napaanesbns. Koopamiata nx enin-
cToennoll Toukn nepecedenns onpegeasiorca n3 dopuya (G). :
2y AB"— A'B=0, CB'—C'B50 nan AC' —A'C+#0, 1. e.
A B c’
A=F*T _
Tipaume napaaieasner (cM. § 2) u TOUKN nepeceyenus ner. Anaanti-
uecKH 3T0 BHANO B3 TOro, YTO NO MenbWeli Mepe ogio n3 ypasieinil (3)
nan (4) nporusopeunso n, Suayut, cucreMa (1) u (2) necoemectna,
3) AB"—A'B=0, CB'—C(C'B=0, AC' —A'C=0, 1. e
AI BI Cl
A=F~T"
Npavue (1) n (2) causaorcs, u TakuM o0pa3oM, CywmecIByer Gecuucaen-
noe MHOKECTBO TOueK nepecevenns. B atom cayuae nesule yactu ypas-
peunit (1) n (2) OTAHYAOTCA TOALKO HA NOCTOAMNKI MHOMKHTEAD 11, cae-
AOBATEABHO, CHCTEMA 3THX YypaBueniil JonycikaeT GECKOHEYHO MBOTo
peuteHnhi.
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Mpumep. Pemas COBMECTHO CHCTEMY ypaBHEHHN MPAMHX
a
2x+45y—9=0,

nonyuaeM x=2 n y=1. CrezopatensHo, 5TH NpsMLe NepeceraoTes B Touke N (2, 1),

§ 7. Paccrosinne Touku no mpamoii

Paccmorpny npanyio KL, s3agannyio o6umnM ypasHeHuem
Ax4-By+4-C=0, 0

n nexorepyio TOouky A (xy, 34). IToa paccrosumem Touku M or
npsyoft KL (nmn npamoft KL or
Touku A) nonmmaercs nanHa nep-
nenpukyaspa d=MN(MN 1_KL),
onymwenHoro 3 Toukn M na npse
myto KL (puc. 29).

Ypasuenne neprneHauKyaspa
g L~ Z MN moxHO samncath B Buie
(cM. § 2)
Puc. 29. B(x—x)—=A(y—y1)=0. @
Orcioga aans ocHopauns nepnenankyaspa N{(x, Jo) Oyaem uMeTb
B(xs—x) = A(y2—y1)=0, 3)
I CACAOBATEJLIIO,
Xy—X, to— 31
_2A_t = J_z_B_M =t “)
rae f— kosd¢uunent nponopunonaisuoctTi. ITostony
—V o= o O —VALB |t| ®)

C apyroft cTOpOHH, yuntHBas, 4To TOuKa N (X, ¥,) JeXNT Ha npa~
molt KL, npuuem us (4) nmeem
Xe=x1-1 Al ya=y+ B,
noayuaes
Axy 4By, +C=A(x, 4+ A+ B (yi+BH+C=
—(Ax1+3y1+c)+t(‘42+32) 0

Axy+By, +C
t= —SEEC, ©

Caenonateabno,

Taknym oGpasom, B cuay gopumyas (5) nveeM
g | An+By+Cl . - 7
=Varm 0
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B vacthocts, nonaras xj==0, y,==0, noayyaem paccrosune npssoli or
‘HAYaNa KOOPAMHAT

___lci
=1 ®)

3amevanue. Pasmenns oGe wuacTH ypaonueuna npamoft (1) Ha

)/ A+ B% noayyum ypasHenue '

=0 9
VAZ-[-Bz ’ ( )
BOOOAHKH uNeH KOTOPOro ————— YHCJIEHHO paBeH aéCTOHHHIO npaMoit

or Hayamra xoopauuar. Takoe ypapHeHue npaMoi OyaeM HasHBaTh Hop-
MUPOBAHHBIM,

W3 ¢opuyant (7) noayyaem npaBuJaO: #mobu onpedeaums pac-
CMosHUEe MOYKI oM NPAMOU, HYHCHO 8 Ae8YI0 4acnis HOPMUPOBAH-
HO20 ypasHewus asmol npaimoil nodcmasume Koopduramsl OaHHOL
mouKu u 83ams aOCOAONHOE 3HAYEHUE NOAYHEHHO20 pe3yasmamaq

[ pumep. Onperennts paccrosune ToUkK M (—2, 7) ot npsamoil

24x+47y—2=0.
Hopmupys ypasuende sTofi npsvoi, OyneM HMeTb
Ux+Ty—2_ 0
Vg
(414
Aetly—2_,
o5 =0

Otciofa HCKOMOe pacCTofgHHe eCTb

|24 (=772 1
d= o =g =004,

Yupaxsenns

1. IMocTpoHTL NpsaMble, 32JaHHBE ypaBHEHHIMH:
a) y=2x—1; 6) 2x—3y—6=0,

2. OcnoBantsi pasHoGeapenHofi TpaneiuH pasun 10 # 6, a yron npu ocHoBaHHK
pasen 60°. HanucaTb ypaBHenus CTOpOH 3TOii TpanenHH, NpHHAB 3a OCH KOOpAHHAT
Goablice OCHOBaHHE H OCb CHMMETPHH TpaNelHH.

3. Hanucate ypasnenne npsmofi, npoxoaawmefi yepes touxy M (3, 4) u cocras-
aAsowedi yron B 45° ¢ npamoil y—=2¢-1.

4. Hamucats ypaenende npsMofl, napanniensHofi npsMuM 3x--2y—6=0,
6x--4y —3==0 n npoxoasiueil Ha paBHHX OT HHX PaCCTOAHUAX.

5. Iau otpesok AB ¢ xounamu A (—3, 2) ¥ B(1, —1). Hamsicats ypabnenne
npAMoil, CoeNUHOMEN cepeaHHy OTPe3Ka C HavyajloM KOOPIHHaT.

6. Maun Tpeyroasunx ABC ¢ Bepumnamu A (4, 2), B(—2, 4) u C(—1, —4).
Hanucate ypasuenne meguann, npoxoaameft yepes sepumny C, H HaiiTi ec ganmy.
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7. Nan tpeyroasnnk ABC ¢ pepunnayn A (5, 3), B(—3, ) n C(—2, —5).
HanncaTh ypaBnenne BhcoTH, npoxoasmeli yepe3 Bepiunny B, u HaliTh ee panny.

8. Han 1peyroavunk ABC c pepwnuamn A (6, 4) B(—3, 5), C(—2, —6).
Hannucats ypaBHenne npsamofi, npoxoasiueit uepes Bepuuny A Dapaiseabno
Mejane, nmpoxoasuieli uepe3 Bepuuny B.

9. Yepes Touxy (5, 2) nposecTs npAMYyI0, OTCEKAIOUYI0 PaBlHe OTPE3KH Ma
ocAX KOOpAKNAT.

10. B pazpese yroasnmil niacT nMeCT TOIMINY ¥, ==5 M npm xy;=100 n;
Yo=15 M npn x,=200 M. [Tpeanoaaras, yro maact nieer GopMy KJInna, HaidTi
2aKOH M3MEHeHHS TOJIUMHEI €rc y B 3aBHCIMOCTH OT pacctosnug x. Uenmy pasna
roimuna npn x=300 M? B xakoli Touxe pa3pesa Toautuna niacra y=10 m?

11. HaziiTa TOuKy nepeceyeHHs mpsMuiX:

a) 5x—T7y—20=0 p 7x—10y4-15=0;
6) 2¢+4+3y—7=0 n 4xJ-6y-}-11=0;
B) 2xr—y=0 n x—0,.5p=0.

12. Hanucats ypaBnenune npasoii, npoxojsuefi €“epe3 TOUKYy Repeccuenis
npsMBX

3x+4y—7=0, 5¢43y—8=0

B vepe3 Haualo KOOPAMHAT.
13. Haiith npoekunio Toukn M (1, 2) na npavyio

14. Oana npsvas npoxoanT yepea Hanalo KOOPAMIAT M HakAoNCna K ocn Ox
nox yr10M a; apyras npsaMas npoxoant uepes 10uky A (e, 0) n naknonena
k eccit Ox nox yraoM B (P 5= ). Halith touky nepecesenns stux npamix.

15, Hau tpeyromsuux ¢ eepummayu A (—2, 1), B2, —1), C 4, 3). Onpese-
AHTb KOOPAHHATEL TOYKH NEPECCUCHHA MeaHal 3TOro TPeyrobiiKa.

16. Cropouu Tpeyroisunka ABC muMeloT caeayiouuie ypasnemun: x--7y —
— 11=0(4B); 2x+y-+4=0(BC); 3x—5y—7=0(CA). Buuncants naomans
Tpeyroabunxa ABC.

o ']' ‘Hizrx“‘nnnpaccmmnm Tovex 00, 0), A(l, 2), B(—2, 1) or npsamoil
A 10—
Qr— A1 100,

18. Han tpeyroasiunk ¢ Bepwmnayvn A1, 1), B(—2, 5) u C(—+, —23).
HaliTn BhicOTY Tpeyroabtlixa, onylienuyio n3 Bepwnisl C na cropony ABD.

10, Haiimt zmmy corpesxa, nepnemamkyaapuoro npaMeyt 3v-tdy— 10=0 n
3x+4-4y—45=0 1 2aKMOUCHHOr0 Mexay 3THMH NpPAMBIMIL

20, Hanncats ypaBueuns NpAMEIX, NapaidelbisiX npavoft 8¢—6y4-5=0 n
NpOXoafllHX OT HEEC Ha PacCTOANIAX, PaBHBIX 2,

21. Haiitn ypasnesus npsaMuX, npoXoifinX uepel Haualo KoopaHnar

2
n orcronuux or TouxH A (2, 1) na paccronung, pzenme 5
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§ 1. OxpyxHOCTH

Bupegem ypasHenue oxpy:xuocta (puc. 30) ¢ uenrpom C(x, _yo) "
paauycoM R. Ias npoussoasHoil TOukH M (X, y) OKDYXHOCTH BLMON-
HEHO paBencIBo

MC=R. (1) y L

Orcroga, BcnoMauHas ¢oOpMyay pacCTOSHHA
meway asyma Toukamu (ra. I, § 3), umeem

ViEr—%+@—y)=R (2

~Tak Kak' 00e yacTi paseHcrsa (2) mosjo-
JKUTE/bIIN, TO, BO3BOAA B KBanpar, MOXy4uM — »
PaBHOCUABLHOE YDaBHEHHE g o

(x—x0*+-(y —yo)* =R> ) . ‘Puc. "30.

Hrax, woopaunatst moGoit Toukn M(x, y). mauHOH OKpYyMXHOCTH YHO-
BaeTBoOpsioT ypasxexnio (3). CnpabemnBo Taxie 06pPaTHOE YTBEePWALHUE.
Takuy o06pasos, ypasuenne (3) npencrasiaser COG0# ypaBHEHHE OKPY -
nocra paguyca R ¢ uenrpoy B Touke C (X ¥o). 10 ypaBHeHue HoCHT
Ha3BalUE HOPMAALHOZ0 YPAGHERUS OKPYICHOCINU.
B -wactHoctn, moaaras Xo=0 1 y,=0, moayuum ypasitenue oxpyxc-
HOCTH C MEHTPOM B Hauane KOOpAHHAT , .

X4yt =Re, @

VYpaouenue OkpyxHOCTH (3) MOCAE HECAOKHEX npeoﬁpaaonamm MOKHO
npuBeCTH K BUARY

. iz, )

x4yt ox4-fy4-y=0, )

rae a=—2x,, f=-— 2y, y=xj-y}—~R:.
Taxum 06pa3om, OKPYKHOCTL ABASCICA KPUBOH BTOpPOronopaAgKa
(e, ra. I, § 8).
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Cpasnupas ypasHenne (5) € OOWUM ~ypaBHEHHEM KpHBOHl BTOPOro
nopsaxa
Ax?}-Bxy-+Cy*+-Dx-+4Ey+4-F=0, (6)
Mpl Buany, uto B (5) B=0 n, kpoxe T0ro, A=1, C=1, 1. e. A=C.
O6patuo, noaoxuy B (6) B=0 1 A=C=0:

Ax?-1-Ay*+4-Dx-+Ey+ F=0. )
Heas ypaenenne (7) nousenso Ha A==0 it nosaras
D E F
T=a% 'Z=B’ =" 8)

MBIl NIPHXOANM K ypasxenmo Buaa (9).
Ypapuenne (7) HasHBaeTC OGN YPABHEHUEM OKPYICHOCIMIL
3ameTuM, OZHAKO, UTO He BCAKOE ypapHeHue (7) ABASeTC ypaBHEHHEM
neficTsuTenbHON oKpyxuocTH. Jlerko nokasars, uro (7) onpegensier aefi-

2 2
CTBHTE/BHYIO KDnBYIO (OKPYXHOCTb) JHMmIb TIPH “—;:E-_yzo, rie a,

B, v seipaxatotcss pasencrsamu (8).

Takum obpasoM: deficmsumensnas Kpusas 8mopo20 nopadxa as-
ASIeMCST  OKPYIICHOCMBI0 mo20a U moasko mozda, Ko20a 1) rosgdu-
yuewmsl npu Ksapamax mexkyuux Koopournamt paswst itesxcdy coboil
1 2) omcymemeyem uner, codeprcamiuil npoudgedenue mexyuux Koop-
ounam.

§ 2. UenTpaaburie XpHBEHE BTOPOTO MOPAAKA

PacemoTtpum ypashenne KpHuBOfi BTOpPOro nopsaka -
. Ax?4-Cy* 4+ Dx+Ey-+F=0 (1)

(A==0, C=£0) 6e3 unexa ¢ npousseneHreM KoopauHat X H y (B=0)1).
Jlonoqusa 4JeHEl, COJEpMamne X I Y COOTBETCTBEHHO, 10 NOMHHX KBaj-
paros, 6yaeM HMETb

A(x+2%>2+0(y+:f~c>z=f—;+§g——ﬁ @

Orcioga, noaaras

D E
Xo=—57, Jo=—35¢ (6)
n : : T
D2 E2 LY
A=m+g—F )
noayuaem : - '
A =X +C (y—yoP=A. ®)

1) B nawem KpaTKOM KyDCE NpH DPaccMOTPeHHH OOWHX ypaBHenHN KPHBHIX
BTOPOrO MOPAAKA MBI OFPAHHYHMCH JIHWB 3THM caydaeM,



§2 LEHTPAJIbHEIE KPUBBIE BTOPOTO TOPSAAKA 83

Touxka O’ (X, ¥o) npeacTasaser co60H NEHTP CHMMETPU N KPHBOH
(5) (yenwmp rpusoii). IeHicTButeanHo, ecnu Touka My (xy, y1) nexur na
kpusoft (5), TO cummerpuyHas eit otHocurenbHo O' Touka M, (Xg, ¥s),
tIe Xy==2Xy— Xy, Y;==2y— y;, OUEBIAHO, TAKKE JEKHUT HA Kpuso# (5)
(puc. 31).

Mapanaensuuie ocsim koopamuHar Ox u Oy npaMee Y=y, H X=X,
ABAMOTCA OCAMH cuMMeTpuu KpuBoft (8) (ocu xpusoli). Oelictau-
TeAbHO, ecau Touka M (x, yo— h) nexutr Ha kpusolt (5), TO cummer-
pnuHas el OTHOCuTeAbHO npaMo#t y=y, Touka M’ (xy yo-}-h) Takxe
AexuT Ha 3T0ff KpHBOH. AHano-
ruuHHM cBofictBOM oOaamaer nps- YA Mlz.y)
Mast X =X

B naaphefimieM, aas mpocTOTH
nccaenoBanns, GyaeM npeanonarars, MolZ2,2)
YTO NEHTP KpuBOH HAaXONMTICA B ) X
Hayale KOOpAMHAT, T. &. Xxo=0, -
¥o=0. Torma ypapuenue xpusoit 0 z
ApusMeT BUA,

Ax?-Cyl=A. ©) Puc. 31,

Onpeneaenne 1. Kpusas emopozo nopsdra (6) naswgaemcsn
daauncoxm (mouree, NPURAOALHCUM SAAUNMULECKOMY MmURY),
ecau xoappuyuenmo A u C umeppm odunaxossle 3HAKU, T. €.

AC>0. , 0.

IOas onpexgenennoctin GyaeM moaarats, 4T0 A>0 un C>0 (Tax
KaK, B MPOTHBHOM Cly4ae, S8HaKH 4/eHOB ypasHeHHd (6) MOXHO HSMEHHTH
Ha OOpaTHHE).

BosMOXHH TpH CJayuas; 1) A>0,2) A=01u 3) A<O.

B nepeom cayuae, A >0, umeem delicmeumenssuli aasunc

2 2
SGt+E=1 ®)

a= 'l/-g-, b= 'l/“-g— - (9

Ha3WBATCA noayocanmu ssmnca. Q6uuHO moaaraior 0 <<b=Ca (3Toro

BCErAa MOXHO AOOHTLCA nyTeM Hamaexaulero snGopa oceft Ox u QOy).

Ypasuenue (8) HABWBACTCA KQHOHUYECKUM YPABHEHUEM 344unca C TIOAY-

ocamin @ u b (puc. 32). Toukn A(a, 0), B(0, b), A'(—a, 0), B'(0, —b)

HA3KBAITCA epuiunamu samnca u o1peskn A’A=2a u B'B=2b—cero

ocamu. OTMETHM, YTO H3 ypaBHeHus (8) mueeMm |x|<Ca, | y|<b
3aMeruM, 4TO APH @==b MOJyuaeM OKPYKHOCTb

,x2+y2=

rae yucaa
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Bo nropoM caywae, A==0, xpnean (6) npeacrapaser coGolt Touxy
0 (0, 0) (srporciennstii snaunc). v

Hakonen, B Tperenm cayuae, A <0, kpusaa (6) ne umeer neficran-
TEABNKX TOUEK; €€ YC/AOBIO HaSHBAIOT MHIMBLI IAAICOIL.

Onpeneaenne 2. Kpusan smopozo nopadra (6) Ha3eigaemcsn
2unepGoaroii (motnee, rpugoii 2uneplGorunecxozo muna),
ecan ros@uynenmut A u C useion npomugonol0iCHele 3HaKu, T. e

AC<0. (10)

Hoaoxny, nas onpegeremnoct, A>0, torna C<<0. Boanoiknu
TpR cayuam 1) A>0, 2) A=0, 3) A<0.

Atao)\ Frgo) 0

£10,-¢)
Puc. 32,

B nepeoy cayuze, A>>0, nveen 2unepfoay ¢ ranoHwtecku ypas-
Hemne.t

a2 3t
== (an
A . B3
e a== T (Gedicmeuneasrtan noayocs) n b= o~y (nunnea

noayocs) (puc. 33). Touxn A(a, 0) u A’'(—a, 0) nasupaotca seputn-
nasu 2unepGoast. OtveTnM, uTo | X |=a.

Bo propom cayuae, A=0, noayuaen napy mepecexarommuycs npamux
(stiporcdennan zunepboaa)

(VA x=V=Cy) (VA x+V=Cy)=0,

Hakoneu n tpetven caynae, A <<0, noaynunn runepGoay
= =1 (12)

¢ noayocaMn @’'= - b'=V‘—é—. Ecoan a'=a n b'=b, 10
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runiepGona (12) uasupaercs conpaxcennod k runepGone (11);. ee pepusuis:
B8(0, b) u B' (0, —b) (puc. 33).

Orpesok A’A==2a nasmpaerci Odefdcmsumenssiod ocelo, a OTPE3OK
B'B=2b ~ smnusoi ocep runeponu (11).

14

~

i
/ !

Puc. 33,

[Ipusep. Onpesenuts Bug H pacnonoxenne Kpusofl
%2 4-2y2 2543y =0. (13)

Hononuaa 4nessl, cozcpiauide X H y COOTBETCTBELUMLO, A0 MO/ULX KBaIPATOB,
Gynes uMeTb :

3\2 9 g
-— 2 - ==, .
(r—rt2(y+g) =l+g y P

Orcioga —
. 3\2 .
—1p (” +1) 1 01-4)
17 + 17 -
K} 16 ~/

Crejoatenstio, kpnsas (13) npeacraBaser coGoi

Puc. 34,

. 7 -
SMMMAC C MNOMYOCAMH a=] -lg-:::l.% 0 b=
(¥4

= T 1,03, ueurp KotOpOro Haxoaurcsi B Touyke 0’(1. -—-%) (puc. 31).

§ 3. PoxaabHble CBOHCTBA LEHTPANBHHIX KPUBHX
BTOPOFO MOpfAAKA :

Toukn F(c, 0) u F'(—¢, 0), rae
c=VEEE, )

HASWBAOTCA ¢foxycamu, COOTBETCTBEHHO 3JMMNCA, 3aAaHHOrO KaHOH-
deckuM ypasuennem (8), puc. 32 (3wak —) u ranepGoas, 3aAAHHOH
KaHouuteckuy ypasueuuneym (1), puc. 33-(3Hak -f-).
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Ornowenne
E=— ’ (2)

HA3BIBAETCA SKCUeHMpUcumemost uenTpanpuoft Kpupoft BTOPOro Mopsaka.
Hs dopmyast (1) nmeem: aaa saamnca 0=<Ce-<{ 1, ana runep60o.b
1 << e<C+4o0. 3aMernm, uto aas okpyxuoctn g=0.
Iycts r=MF u r'=MF'—paccrosuna Toukn M LeHTPanbHON
KpHBOft BTOPOro nopsaka or ee (OKycoB (Tak HasmBaeMHe (foxaasrble
paduycet mouru M), Vseen

V=7 @
=V (x+c)+y% )

J’_"
¢z~_b3_'1

H

Tar Kax

rae 3aK maoc COOTBETCTBYET SAMNNCY, SHaK MHHYC — runepGoae, To
2
2__ 2 x
P=ctb (1 __a_z),
n caerosateanto, ¢ yuetoyM (1) noayuaem

r—Vx“—ch-i—cz’*‘bz(l —ﬁ)=
(= E v~

- 2

— 2 _ 9ty ’ — (D
= E—-v -C..-J‘—a = E‘ '—“[" ]8“—&’ td)
1, anamoriuno,
3
— 2.1.9 2 - 52 T
]/x +2cx4-ctEb (1 a2) |exal ©)
Ecan xpupan —anaanne, o 0<Ke<<1, |x|<<a n nostomy " -
r=a—ex, r'=ag-ex;
orcroaa :
f+f'=20, (7),

npuyeM aas moGux r n r', ynosaersopsiomnx pasencrsy (7), cymiect-
BYeT TOUYKa JAHHOTO 3JJHNCA.

Takum oGpasoM, ana AwG0E MOUKH J4MNCA CYMMA ee HOKALEHBY
paduycos ecms SeAutuHa NOCMOSHHAA. DTO CBOfCTBO YACTO NPHHRMAIOT
32 onpejerexne saannNca (XapaKTepuCTHyYecKoe CBOHCTBO
3aan1Ca) ’
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Ina runepGoan umees: e> 1, | x| = a. ITostomy
r==(ex—a), r'=z3(ex-}a),

FAe SHaK -}- COOTBETCTByerT npapoft BersH runepboan (x> 0), a sHaKk —
cooTBeTcIBYeT JAesofi Bersm (x << 0). Orciona

r'—r=2a. ®)

Wrak, 04a aw0od mouru 2unep6oast abcoONOMHAS 8eAUMUNA PAZHOCHN
ce (horassnbix paduycos8 ecms BeAULUHA NOCMOAHHASL (X apaKTe-
pucTHueckoe ¢cBoHCTBO runmep6oJm).

§ 4. daaunc xak paBHOMepHan nedopMauus OKPYIKHOCTH

PaccMoTpiM OKpPY®HOCTh paauyca a. BubGepem Hekoropyio npsmo-
yroabHyo cucremy koopauHat Oxy, Hayano KOTopol, nast NPOCTOTH,
novectum B uedrpe okpyxHoctn O (0, 0). Tekyune KOOpAMHATH TOUKH
okpyxHoctd M, nna ypmoGcrBa maabHeflmx paccysaenufl, oGosHaunm
yepes X u Y. B rakom cayuae

YpasHEHt€ OKDYXKHOCTH OyzIeT uMeTh 4] ﬁ/” 2

ug (cM. § 1) 4 MX.Y)
Tlponssenem pasHOMepHYyiO ne- Y

dopmanunio oxpymuoctu (1) B Ha- Ata0) I Aa.0)

TIPABJIEHUN OAHOrO U3 ee Auamer-
poB, KOTOpHIH, G6e3 HapylUeHus
OOUIHOCTH  pAacCy:aeHus, MOXHO
CUNTaTb BEPTHKAJIbLHHM, T. €. Ha-
npasaenntiy no ocu Oy. Ilycm

k —xosdpduunent pepopmanuu ok- 610-a)
pyxHocTH B BHOpanHHOM HanpasJje- .
HuW, T. €. kB €CTb OTHOMIEHHE JJIHHH Puc. 35.

npeoGpasoBaHHOrO  BEPTHKAALHOrO
OTpesKa K €ro nepBoHayanbHOH aanne, 3amerud, uto npu 0<<k <<l
MB HME€eM paBHOMEpHOe CxXaTHe, a npu k> 1 — paBHomepHoOe pacrﬂxce-
HHE OKDYXHOCTIL

Ipeanonoxum, 4to npu Hawei medopmMauMd TOYKA OKPYKHOCTH
M(X, Y) nepexoaur B HexoTopyo Touky M’(x, y) npeoGpasosaHHOH
kpusoli (puc. 35). Tak kak Toukn M u M’ nexar na ogxofi u Toft XKe
BEPTHKAAH, TO HMEEM ’

x=2X, y==FkY. 0]
Orciona npn k=% 03) noayuum
’ X=ux, =% . ' 3

1) B cayyae k=0 npu aedpopMallii OKPY:KHOCTH NOJyYaeM OTpe3oK —a==x=<=d,
y=0, KOTOpHIi MOKHO pacCMaTpPHBaTh KaK BHPOXJCHHLII JjHnC,
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‘Tloacrapaan 3TH BeIpaxenua B ypamxeuue (1), naxomm
x? + — _a~
(i .
=1 (1)

rae b=/rla; 1. e. npeoGpasosannaa 7touka Al'(x, y) pacunosoxena na
saannce ¢ noayoctyu a u b
OGpario, ecan touka M’ (x, y) npunagmexur samncy (4), T0 coor-
percrpyiowas eff o cuay (2) touka M(X, V) newur na okpyxnoctu (1).
Taxum o6pasoM, pe3yasmam pasrosepHoit Oegiopsanui oxpyc-
Hocmu 60046 00RO20 U3 ee duarempos npedcmasasem co6oi daaunc.

§ 5. AcumnToTh runeplonst

Paccrorpun rumepGoay (puc. 33)

xz yz
@ Q)
Pewan ypasuenne (1) orHocntensuo y, noayuaem
=Ly ®

i

&)

y==x %x]/l—--.—

a2
Ecan | x| weorpannueio Bo3pacraer, TO ]/ 1 —F 1, n creno-
BATCALIIO, B HECKOTOPOM CMULICAE, HMECT MCCTO npn6nmxenuoe paBeucTso

vmi‘i- .
- (73
Mokawes, uto persn runepGoan (1) ckoab yroamo Ganaxo nprGa-
waotca K npau (prc. 33)
b
y=*t= )
UOCMUAM HA3BAHNE aciAnmom 2llﬂep60/1bl. Heficroarensio, Hanpnyep,
npn x>0 sossmem B dopmyaax (2) n (4) smakn nmoc. Pacchorpum
cootsercrsytounie Toukn Al(x, y) rumep6oau (2) n N(x, Y) npamoft
(4), nmeomue omty u Ty xe abcuuccy x. Torna

Y —_v—i v—% x2—at=

b5, =V=a) (x+Vr—=ad) - ab -0
a s+Ve=a x4V E=at

npu x—---00.

Auanoruuno PaccMaTPHBAIOTCA €uwe TPH CIydas:: sHakn Munyc o (2)
u o (4 npa x—--00; 8 (2) sHak nmoc, B (4) MHHYC npH X —»— 00
u, nakoney, 8 (2) Munyc, B (4) naoc npu. X -»— 00, .
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3ameTuM, uTO ConpsKeuHas runepfona
x2 y.
= —F=—" )
KaK NeTpYAIO INpOBEpHTb, HMeeT obuiie acHMATOTH ¢ runepGoaofi (1).
IOan pasnobGounoil runep6oan (e=b)
a2 _yz —q2
€e acuMNTOTH y=IF . p3anMno nepoeHAUKYASPHHL,

§ 6. 'padhur oSparTHoli NPONOPUHOHANLEOCTH

PaccmorpuM KpuByio
xy=a> (a>0) 8))
(puc. 36).
Bubupas sa nosue ocm xoopamar Ox’ u Oy’ GuCCEKTPHCH KOOp-

n
JUHATHEX YIA0B H YUYNTLIBaf, 4TO yro.a INOBOpPOTa a=7, OyaeM HMETb
(cv. T 1, § 2)

, ﬂ , n xr___yl y
X=x'Ccos——y' sin— = ——, 7z’
4 4 2 ¥
n a x4y 2z a)
=x'sin —+y' cO$— = —r, ‘ aa
J Py 4 V2 Z my=at
Orcioaa na ociosannn (1) noayuazen z
crosa (1) noayus 640) 4
xl —yl
—a? )
2 >
T. € , ,
el '7_2 2
X' — y' T =2q% 2) - Pue. 36.

Takum ofpasow, 2zpagpurom obpamnoi nponopyuonasnocmu (1)
s8astenca pasnobornan awnepbo.a.

§ 7. Heuentpaasnbie KpuBble BTOPOro nopsiika

Kpnpas BToporo nopsaka HaswBaeTCs HegenmnpaasHod, ecan oHa HAR
nie IMeeT LEeNTPa CHMMETDI, 1NN Ke HMEET GeCKOHEYO MIOTO LEUTPOR
ciuMMeTpun (T. €. e HMEeeT EAHHCTBEUHOTO LeHTpa).

Paccuorpum kpusyio BTOpOro mopsaxa

Axt+4-Cy*-Dx4-Ey -+ F=0, @
rae AC=0 n A?J-C*£0. [laa onpeneaennocrn 6yaeM CYHTaTb, 4T
A=0, C#0. 2

Kpoue 7oro, npeanozowny, uro D0, B nporusiom cayuae mu 6w
DME/I N3PY H3PAAIEIbINX IPIMBIX. : ‘
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JTonoauss s ypasuennn (1) uneHs ¢ y A0 nosHoro kBaapara, 6yaeM uMeThb
E\2 E2
C(y+g) =—Dr—Ftgz,

RN, moJsaras

E

F E?
XYo=—p5tipe Yo=—35 WP=—7%F, 3

oL

nouyuI

= Y0)*=2p (£ — x,). ()
Kpneas (4) wnasuiBaerca napaGoaod (puc. 37); touka O’ (Xg Vo) HOCHT
Ha3BaHUE Bepulline, napado.st, A HHCJO p HASHBACTCA NAPAMemPO.M Napa-
6oast. Jlerko yGemntbed, 4TO MNps-
Masg Y=y, 9BASETCT OCHLIO CHM-
Metpun mapa6oam (oce na-
paboast), UeNTpa CHMMETPHH Mapa-
G6oaa (4) ne umeer.

Ecan Bepwnna napaGoas Haxo-
HUTCA B Hayale KOOPAMHAT, a ee
ocbio gBasieTcst ock Ox, TO MH mO-
JyyaeM TaK Ha3HBaEMOE KaHOHIl-
yeckoe ypasuenue napabonst

yi=2px, ®)

npryeM TmapaMeTp p 31ech OGHLIYHO CHHTAETCHA MONOKHTEAbHHM (3TOrO
uOXKIO0 JOGHTHCS, BHONPad Hagrewxamee Hanpasiaeune ocu Ox; puc. 38).

Puc. 37,

2=2pz
A4 W
/’,‘,12’7,;‘,_‘_’;7'_:_;, /”’fw, 4 }

z%=2p
U
£ )
—] g
2 ,,/0 \\ z
/ \ ped
] \
£ / \
Pue. 38. Puc. 38a.

3amernM, urO ecan moMenars poasmi ocn Ox n Oy, TO KaHOHHYECKOE
ypasuenne napaGoJs npHMeT mw.

=2py. (6)
Bro—-ypaauexme mapaGons ¢ BeprHKaAbHOMf ocbhlo (puc. 38a)
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§ 8. ¢oxaanHoe croitcTBO napaboJnt

Paccmorpun mapaGoay (puc. 38)
V=2x (p>0) )
Touxa F(%, O) HaswBaeTCA ee (foryco.ar, a mnpaMas x=—~2’3—

oupexmpucoi.
IOna touxu M(x, y) ee dorarsnuii paduyc r=MF paben

2
r ='l/-(x—-%) 4y = 'l/ x”—px+—%€-|—2px=
=) etptl=xtl. @
C apyroft CTOpPOHH pacCTOsHUE 3TOH TOUKH OT AHPEKTPHCH paéuo

MN=x+4L=r.

Taxkam o6pasoM, napaGoaa npedcmasanen cofoli MHO}NCeCMBO BCexX
mo4ex NAOCKOCMU, PABHOOHMICHOAWUX om Oannoid mowru (oryca)
u om Oaunwol npaisoll (IMPEKTPUCH), DT0—XapaKTepHCTHYE-
ckoe cBoficrBo nap aGoan. _

[1pumep. Onpegennts KooparHath ¢oKyca H ypaBHeHHe NHPEKTpHCH Iapa-
Goau

y=x3,

CpaBuuBas 5T0 ypaBHeHMe ¢ ypaBrenneM (6), noayunm

2p=1;

oTcona p=—;-, Crnerzosarenbro, Goxyc napaGonnl HMeeT KOOPAHHATH (0, -:—),

1
a ypaBHGHHE JHPEKTPHCH €CTh y=— .
§ 9. 'pachux xBanmpaTHOro TpexuieHa

PaccMoTpus KBafpaTHHE Tpexunen

 y=Axt4-Bx+C (A0 O
Orciona

B_,C
y=A(x2+7x+7). @
Jlonoanss Bupakenue, CToAUlEE B CKOGKaX, 10 NOJAHOrO KBa#paTd, MOAyuHM
B \? C B2
A &)+ - ]

s @

© WIR
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Ecan noaowats _ '

, i B 44C—B? "
Yo=—g1r Yo="7371 G
10 13 dopyyat: (3) momyuum

Y—Yo=A(x — xo)* ®
Ienas napanaeasHstl mepenoc CHCTeMB! Koopaurar
x'=x—xq Y =y—jo
oKOHuaTe b0 GYAeM HMeTb
y =Ax" (6)

Vpaosuenue (6) (cm. § 7, dopuyna (6)) npencrasaser coGoft kanounwe-
ckoe ypasuenne napaGoas € BEPTHKAJIBHON OCHIO, BEPIMIHA KOTOPOft

y 7

=

14

X

y=Az2izid (4 3) y=ThT+F

A>J

1
uaxoantes B TOuKe O (X J) H mapamerp P=357- Takux oGpasoy,

epagur K6adpamHo20 mpexqaena SBAsemcs napalonoli ¢ sepUNOL
8 mource O (xp Yo), 0cs Komopoli napasseasna ocu Oy (napaGoaa
Co cMemeHHofl seprukaabHol ocobio; puc. 39)

3amerny, uro aGeuiccel X; # X, TOoueKk nepecevenus mapaGoast (1)
¢ 0ocbio Ox ABJAAIOTCA KOPHAMH KBagpPATHOTO ypasHeus

Ax?4-Bx4-C=0. )
Ha srou cooficrse ocnosan rpadiueckuit cnoco6 peuseiins KBagparHoro
ypasueuus (7).
IMpawmep. Mpusectn ypasueme
y=x2—4x+43
K KaNOHWYSCKOMY BHAY H MOCTPOHTL COOTBEICTBYIOULyIO Mapao.y.
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Tepenoca csofoantii uncu B JeByio YacTh “ypaBHEHMS M A0NOANSN DPaBYIO
uaCTh IO NOANOFO KBalpata, Oyliem udMers
y—3+4=x2—4x}-4
nin
y+l=(x—2)2,
Tloaaraga
x—2=x, y+l=y,
noayuun
y=x

Taxkum o6pasov, Sajannoe ypabueHHe eCTh ypaBlieHHE Rapaboau C Beplinneil
B T03ke O° (2,—1) u oceio cumMetpun O’y’, NapanzenbHoii ocn Oy {puc. 40).

Vapaxnenns

1. a) Haiith xoopannata uentpa C u paagnyc R okpyxnocts
X2y3--8x-~9=0.

6) Hanncarb ypaBuellie oXpy:KHOCTH, NPOXOAfilleli Yepe3 HAYajo KOOPAHMAT,
c uentpom B Touke C (1, 0). :
B) Hanncarb ypaBueHite OKpy:KHOCTH, KacaiolleHcs ~ocelt KoOpamuar, €cau
LENTP ee JCKHT B TOUKe C(_ﬁ" —2—)_ :
r) Hanucate ypaBHeHNe OKPYMKHOCTH, AMaMETPOM KOTOpOfi Cay:uT OTpesoK
¢ xoimuamu 4 (— 1, 2) u B(5, 6). . ‘
2. Hamucate ypasuenne npssofl, Ipoxoasiledl uyepe3s LeHTPW OKpy:KHOCTel:

x2+y2—6x—-8y—3=0 H x4yt —-3y—1=0.

Onpepennth paccTofinie MEXAY UCHTPAMH STHX OKPYXHOCTel.

3. Hafitn ypannenie o6liell Xopasl OKpy>KHocTeii:

x2-fy?—dx—29—13=0 n 224 y2—2r—4y—15=0.
4. Hafitn noayocu, Koopansarul GOXYcoB M 3KCUEHTPHCHTET 31JH7NCa
x2--2y2=8,
Tloc1ponTh 3T0T 3aannC.
- 5. a) Hanucats KaHOHHYCCKOe ypaBHenuMe SJANNCA, JAHHA Majoil ocH KoTo-

poro pasna 6, a dokychoe paccrosuue pasuo 8, :

0) Hamicats kanonuueckoe ypaBHeHMe 3JIHNCA, eCJ H3BECTHO, 4TO Paccros-
nMe MeXAy KonuaMmu OCosbwoil M Manofi ocH paBHO 5, a cymma aaun noayocell
pasna 7, :

B) Hanncath kauonnyeckoe YpaBHEHHE 2J1HAcCa, ecai paccTofnus (okyca ero
OT Konuos Gojbuiofi ocy pasuuy 2 n 18.

L' 6. Hafitu panny apavertpal) samunca

5x3-4.7y% =24,
ZCAAIMCTO Yroft MEXAY OCAMH KQOPAUHAT NONoJaM.
7. a) Hailth noayocu, KoopanHatel (OKyCOB i 3KCUCUTPHCHTET rHNCpGOH,
9x2 — 16y2 =36,

}) To ecTu Xopsu, NMPOXOARUICH yepes HEHTP 3IAAHICA.
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_ 6) Hanucarn xanownueckoe ypaBHeHHe rHmepGOJNH, €CAH JUNHA JefiCTBHTENB-
HOH ocn papna 8, a paccrosmme Mexay ¢oxycamu pasio 10.
Noctponrs 311t renepGoast.

x2 yz
8. Hafitu paqanHy pumaverpa sasunca 5-5-+—9‘ =1, unepnengukynspuoro
X2 y‘.! .
K acuMnToTe rinepGonst E——g:l. npoxonsaueit B I u III kaxpantax.

0.

x2 2
9. Haifitn skcueutprcuter runepGonst g—ri—i:l H COMpsI:KEHHOl C mefl
runep6o.in.
x2 y‘!
10. Hafttu paccrosune mexay doxycor Fy riumepGoast §—-]—6=l n doky-

coM F, conpsmxennoft ¢ nelt runepGoast.
11. Haiitn ypasueHus npAMHX, npoXolmmnx uepe3 ¢OKycH runepGo.ast

n

36~ 64
12. AcuMnTOTHl r#nepGosnl HMEIOT YpaBHEHHS

=1 i PoKyCH conpsKeHHO ¢ Hefl rumepGoH.

y=gx U y=—=ox

Hafith  skcuenTpucuteT runepGoJH, ecaH JeficTBHTENBHasA oCh €@  COBRNamaeT
¢ oceio Ox.

13. HanncaTe KanoHHueCKoe ypaBHenne MapaGoaH, ecan paccrosHie Qokyca
oT xupexTtpuctt pasuo 10.

0135 Onpegeamts Xoopannatl thoKyca H ypaBHeHHe QMPEKTPHCH Mapa6o.bt
y=102: x2.

15. TMonepeunntit paspes sepkana mpoxexTopa myeeT dopMy nmapaoar. Onpe-
AeamTh nodolkenne (oKyca, eCTH gmamerp 3epkana 60 cs, a ray6mna 30 ca.

16. JJana napaGoaa y?==12x." Haiitn x/MuHy ee Xopas, mpoxoxsulell vyepes
Touky M (8,0) it HaKloHeHHOt K ocm mapaGosb moa yraom 60°.

17. Hanmcars ypaBHeHRe JHHHHW, TOYKH KOTOPOIii PaBHOOTCTOAT oT ToukH A (0,
2) u ocn Ox. -

18. {lpumectnt ypasHeune napaGo.e

y=2x2—8x-}-5
K KaHOHHYCCKOMY BHAY H ONpEje/HTh KOOPAHHATH €¢ BepILHILL.
19. TIpusecTn ypaBHeHHe napaGom
y=—344x—x2

K KaHOHHYECKOMY BHIY H ONPeNeJNHTh KOODAMHATHL €e BepUIAHE!,
20. TlpusecTHt ypaBHeHHe napaGoJH i

=yi-y+?

K K2HOHHUECKOMY BHAY M ONPENEJHTh KOOPAMHATH €€ BePUIHHM.

21. Apxa ¥Kene3HOIOPOXXHOTO MOCTa, MPOJIET KoTopoil /=60 s n BHCOTA /=
= 12 am, uveer cdopMy napaGoanl. OmpeleanTs BHCOTY /; GOKOBHX CTOGK apku,
Haxozsuuxca Ha paccrossnit 15 s or ero konuos.



F'nasa V

. TNOJIIPHBIE KOOPAWHATBI,
NNAPAMETPUYECKHE YPABHEHUS JIMHUH

§ 1. Ionspubie KOOPRHHATHI

OctiopHan nzes Meroga KOODAMHAT COCTOHT B TOM, UTO NOJOMEHHE
TOUYKH 13 NJIOCKOCTH OJHO3HAYHO onpefensercs ¢ NOMOIUBIO ABYX ducenl.
Koukperumii reoMerpuyecknfi CMbICA 3THX 4YHCeaA JA3eT Ty HJAH HHYIO
cncreMy koopanHar. HanGonee BawHOH nocjae npsMOyroibHOH CHCTeMUl,
HCKAIOUMTENALHO YROTPeGaaBluelicss HaMi OO0 CHX NOP, ABAAeTCH NOASAPHAR
cucmema Koopounam, K pacCMOTPEHHIO KO-
TOPOH MLl B MEpExomHM,

Bosbuem na maockocts Touky O, Koro-
pyo uasosen noawcos. Ilpoemem u3 no-
moca O nanpasaennyio noaynpssyio Ox, Ha-
SHIBAEMYIO Nl04ApHOIL oceio (puc. 41). g -z

Hycte M —npon3BosbHas Touka mJaoc- Puc. 41

kocti. Coennuny Touky M € momocoM G T
orpesxom OM. Janua orpeska OM=p,
T. €. paccrosnue TOukH A OT MOMOCa, Ra3KWBACTCR NOAAPHHIAM PAdLycOAM
Toukn M, a yron ¢ = £ xOM, orcuursiBaeMsllf OT MOAIPHOH OCH K OT-
pesky OM npoTuB IBHAKEHHS YacOBOH CTPEJKH, — NOAAPHBLAL Y2A0AM.
INMonspuwii pampyc @ u noaspHef yron @ W COCTAaBAAIOT NHOASPHbBiE
roopouramet Toukn M.

Touka M ¢ noAspHEMH KOODIAHHATAMH P U ( 3aMUCHBICTCA CAeaylo-
iy obpasom: A (p, @), npuueM HA NepsOM MeCTe CTABHTCA NOAAPHbLLA
panuyc @, a Ha BTOPOM — MOJAPHEI yroa Q.

Yro kacaercs 3snauennil, NPUHNMAEMbIX NOAAPHHIMH KOOPAHHATAMH, TO
JOCTaToull0, OuEeBUANO, pacCcMaTpuBath 3uavenus p of 0 npo -+oo
O<p<<+o0) n sHauvenna ¢ or 0 go 2n (0=<< @ << 2m), npu sToOM,
KaK Mul yCJAOBUANHCB, YrOM ¢ OTCHHTHIBAETCS OT NOJAPHOH oci npoTHB
Xofa u4acopofi crpenki. OJHAKO B HEKOTOPHIX BONPOCAX NPUXOMHTCA
paccmatpusath yraw, Géabuwine 27, a Takke OTPULATEbIBE YA, T. €.
Yram, OTCYHTHIBAEMble OT nonﬂpHOH OCH IO HanpasJeHHIo ABUKEHHsa Yaco-
BOH CTpeaKu.

8 B. A Kyapasues, 6. 1, Jlenunosny




€6 NOJIMIPHLIE KOOPAIHATHI. MMAPAMETPIIUECKHE YPABHEII rnv

§ 2. Cea3p Meay NPAMOYTOJNLHLIMU M HOJAPHLIMI
KOOPAHHATAMH

PaccyoTpiM nepexox oT MOJASPHEIX KOOPHMNAT K NPSMOYTOJALULIM 11
o6pario.

Npeanonokny, wto nomoc noaspHoll CHCTEMH COBNALAET € 11auanoM
noavoyroasiolt cucremn xoopamiar Oxy, a noaspnas oCbh ABASETCA NO-
zronTeasHol noayocsio Ox (puc. 42). Toraa aas nponssoasnolt Touxkn A

nueeM

4 OA=x, AM=y, OM=p, [/ xOM=q.

Cuutan yro @ ocTpHM, 13 NPAMOYTOABHOTO
Tpeyroastnxa AOQA maxonmsu

OA=0OMcosp, AM=0Msinq,
nm

&Y

” \\~~_$_____4’

X==p COS O,
Prc. 42, Yy=psinqo.

Tlonyvenume ¢opMyns cnpasepanBs mas moGoro yraa ¢. Taxk Bupa-
JAIOTCH  NMPAMOYroAbHLie KOOpANNaru Touky Al wepes ee noaspumne
xoopamnati. C Japyroi CToponH, 53 9TOr0 K€ NPAMOYroaLuoro Tpe-
yroabunka AOAM noayuaew

OM =V OF T ADF, tgp—,

nm
p—1 xT+27%, | =7\
tgp= % /‘3 \
. i
Tax BHpPaxAOTCA NOAAPUNE KOOPANNATH 4 / .
TOUKN yepe3 ee MPAMOYroabibe KOoOpAil- :
yaTH.

3ameriiy, 4TO MpH ONpexeneHun no-~
agpioro yraa ¢ no tg ¢ HyXHO y4nTH-
BaTh SHAKN KOOPLNHAT X 1 Y.

Panee mmt Bnzean, uro mmnn MOTYT Pnc. 43.
SHTh 3amannl ¢ NOMOIBIO ypaBHEHHf,
CBI3HBAIOMNX NX TeKyulle NPIMOYroJABHHE KOOPRINIATH. Ho'(a Kex Teneph
N3 npocTefiiemM mpuMepe, YTO JHHAHN MOTYT ONpeaeaaTsca i ypasue-
BUAMI OTHOCHTENBNO NONAPHUHIX KOOPANHAT.

ITpunsep. Paccvorpns Kpnsyio

p=ayp,
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[A€ @ — HEKOTOPOE NONOKUTENLHOE HHCAO. DTa KPHBA# HASWBAETCA chu-
passio  Apxumeda. Jlam ee nocrpoenns cocranaseM TaGJHIy COOTBET-
CTBEHHNX 3nayeHull @ u p:

' n n 3 5

P 0 T —2‘ n -2— a 2n ? k14 .es
n LS 3 5

] 0 T a ?a na -2—3“' 2na '5‘1'[[.1 .es

ITo sTo#t - TaGasne HaHOCHM TOYKW K COEHHHAEM HX JHHHEN, yTOUHsL,
€caun B 3TOM CCTb HEOGXOANMOCTb, MNONOXEHHE NPOMEXYTOUHHX TOYEK
(puc. 43). :

§ 3. MMapameTpuyeckue ypaBHeHHS JUHH

Huoraa GwuiBaer yaobiuee BMECTO YPaBHEHHA JHI, CBS3WBAIOULEr0
NpAMOYroAbiLe KOOPAHHATH X M J, PacCMarpHBaTh TaK Ha3npaeMue
napasemnpusecsue ypasKenus AuHuY, Naio- V7
e BHpaKelus TEKYUHX KOODAHHAT X H M
y B Buge dyskuufl oT nexotopoil nepe-
MeHHOR oenunumuun f (napamempa). Ilapa- R
METPHYECKHE YypaBHeHHa WrpaioT BakHYIO ¥y
posb, Hanpumep, B MEXaHHKe, FAE Koop- ¢
AuMHaTH X H y asmxcyutefics Toukn M(x, y) 71 ~2-4 z
paccMaTpuBalOTCs Kak (yHKLHH BpeMenH
(ypasuenus Osuscenus). .

Hpusep |. Busesem napanmerpuue-
CKHE YpaBHEHHsl OKPYKHOCTIL.

Hycrs M(x, y)— npousposbHas ToukKa
OKpyXHOCTH paguyca R ¢ uewTpom B Ha- Puc. 44.
uane koopauuar (puc. 44). B onpeaeasemom
€0 npamoyroastion Tpeyroashuke AOM o6osuauum yron xOM uepes t.
Torma, ouesuuuo, GYRYT UMEIb MECTO PaBeHCTBa

OA=0OMcost, AM=0Msint,

wm
=Rcost,
x c } (l)

y=Rsint.

D10 n ecTb napamempudeckue YPABHERUS OKPYICHOCMLL

UroGu noayuntb OGHYHOE YPaBHEHUE OKPYMKHOCTH, HYWKHO UCKJIO-
uuTh napaserp £. Ilns storo so3soaus ypasHenus (1) B xpagpar u cK/a-
JHBaEM HX:

x4 y?=R® (cos’ t 4-sin® £) =R?,
3
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[Mpumep 2. Ilapamerpuyeckne ypapHeuus saannca.
daaunc ¢ NOAYOCAMH @ n b MOXKHO pPaccMaTpuBaTh Kak paBloMepHo
CKaTyl0 BLOML BEPTHKAJLHOTO ANAMETPA OKPYXKNOCTh paiyca a, rae
koapdumunent cxatng k==bfa (cv. ra. 1V, § 4). Ilycre M(x, y) —
" Touka samnca n N(X, ¥)—
COOTBETCTBYIOWAs TOYKA OK-

(A’,V) py#&noctn (puc. 49), rae

x=X y=2v. @

3a napametp f npuMeM yroa,

o6pasosanntit paanycom ON

Z  OKPYKHOCTH C MOJOXHTENb-
BeIM  HanpasaenueM ocn Ox:
t= / NOx. HUcnoassys ¢op-
Myant (2), nameed

S

= X==acost,

X
b b . .
=— Y=—.qagsint=>bsint.
Puc. 45. V=3 Y a a int
Takny  o6pasovn, napawvempuveckue \VYpasHeHus 3aaunca ¢ Joay-
ocaMil @ 11 b ecTb

x=acost, y=bsint. 3

Mexmounn 13 ypasnennfl (3) mapamerp ¢, noayuuM KaiOHHYECKOE ypas-
HeHue saanca

£+%=L

&=

Unves napamerpuueckiie ypaBueHHA JIHHHM, MOXHO NO TOYKAM NOCTPONTH ee,
[Mpumep 3. IMocTponTh KpHUBYIO

4
x=1, 4
y=2t } *) iz
Coctapasa T1aGanuy 3navennii, 6yzem umerb
¢ -2 | -1 0 1 2 )
x . 4 ! 0 1 4
y —4 | =2 0 2 4

Puc. 46.

Hanoca Toukn ¢ cooTsercTByiomnMin KoopAnHatamu (X, y) Ha nuio-
ckocts Oxy u coegnuaa HX anunefl, nOAyunM 1CKoMyo xpusylo (puc. 46).
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9r1a kpusas — napaGona. B camoM gene, HCKAOYMB mnapameTp ¢ u3
ypaBuenut (4), moayuum

yz = 4x,

T. € KaHOHHUECKOe ypaBHeHue napaGoJibl.

§ 4. NMapamerpuueckHe ypaBHeHHS! LHKAOHAbI

Onpenenenue. [{uxaoudoii Hazweaemcs Kpusas, onlicsisae-
Masi mouroil OKpyycHOcn, Kamauelica 6e3 CKOAbICeHUs No NpAMOU
aunun (puc. 47). .

Bripemem mapamerpuueckué ypaBHeHus UHKAOHAN, NPHHAB HPAMYIO
sa ocy Ox, npeanoaaras, 4TO paauyc Karauielicad OKpYWHOCTI paBeil @

T
eyl L
2o Za
p. -
Oy ~~at-—" K aa Crma Z
Puc. 47.

M B HayanbHOM MOJNOXEHHH ABIKYWAACA TOuKa M coBnagaeT ¢ HayamoM
Koopantat. 3a napamerp f npuMeM yroJ nosopora (8 paguaiax) noa-
Bibkioro paghyca MC OKpYyXHOCTH OTHOCHTEIBHO BEPTHKaJALHOrO pa-
auyca KC, rpe K —touka Kacauust Okpyw#octn ¢ oceio Ox (puc. 47).
Tak Kak KaueHHE OKDYKHOCTH NPOHCXOHLMT Ge3 CKOJAbKEHHs, TO, Oue-
BHIHO, HMEEM

OK = MK =at.
Otciona na ocuosanin puc. 47 A48 KOOPAMHAT TekyweH Toukn M wuK-
AONAL NOAY4YaeM CAeAyioulile BHpameHns:
X=0P=0K — PK=0K— MQ =at—asint=a (t —sint)
H
y=PM=KC—QC=a—acost=a(l —cosi).
Takum 00pa3oy, NapaMeTPHUECKHe ypanHEUUs UHKJIOHAM eCThb
x=a(t—sint), }
y=a(l —cost)
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Ynpasmuenns

1. TMoctponts TOYKM MO NX noaspumM koopannaram: A (5, C), 3(2, ;-),

c(35), o m E (25 a).
2. Kakne npsMoyrosbneHe KOOPANMHATH HMCIOT TOYKH, 3ajaanytie CBOMMH TNo-
aspusiMu koopaunaramu: A (5, 0), B (6, —2—), 0(2, %)’ D (4, 5—;—)9

3. TMocTponTs MO TouxaM Joraphdyuueckyio cmupaip p= 27/ .

4. Hanncatb B NOASpHHX KOOPXNHATAX YPaBHEHHS CJEAYIOUNX - Jaunnii
2) x=1; 6) y=—2B) y=x1) y=2x; 1) x+y=V2; e) 24 y?=25.

5. Hanucats ypasnenne npsMoll

xcoseef-ysing—p=0

B NOJApHHX KOOPANHATax. .

6. Ypasuenne KpHBOii B MOJADHEIX KOOPAHHATAX HMEET BHI

p=acos .

Ilanucats ypaBHeHHe 35Toll KpltBoil B NPAMOYTOJAbHEX KOOPAHHATaX M BLISICHHTD,
410 5TC 33 KpHBaf.
7. Jlnnua B nONSpHEIX KOOPANNATAX 3a1aHA YpaBHEHHE:

ey

Hanncate ypaenenune stofl JURHH B NpAMOYrOAbHEX KOODXHHATAX.
8. Jluung sazana napamMeTpHUCCKHMH  YPABHEHHAMI
x=asint, y=bcosl.

[lafiTn ee ypaBHenue B NMpAMOYrONbHHIX KOOpAHIIATaX.
9. Jiunua 3afaHa napaMeTpHUECKIIMH YpaBUEHHAMA

a 1 b 1
X=-— 14— ===
2 ( +7 >' Y=z ( :
HafiTn ee ypaBHenne B NMPSIMOYroJbHHX KOOpAHHATaX.
10. Jlnung cancua napaMeTpHUCCKHMH ypaBHEHHAMH
x=1{, y=4l.
Halitn ee ypaBrenne B MPAMOYTosblLIX KOOpDAHHATAX.
11. Touka asmxercs B niockoctit Oxy, 3aHHMasg B MOMENT BpeMenh I, orcuu-

Tanpuil OT Hanaasuoro Mouenta !=0, noromenne AM (200—¢, 100—¢). B xaxofi
1OMEHT BPEMEHH TOYKa JOCTHTHET mpsimoll

8x—6y-10=0

Il KAaKCBH! €€ KOOP/HHATHI B 3TOT MOMERT?



Caasa VI
SYHKUHA

§ 1. Beanunubl nOCTONHHBIE H flepeMEHHbIC

IMpn un3yvenuun saKouwoMepHocrell, BCTPEYaOMUMXCE B npupoge, BCC
BpeMA NPHXOZUTCA HMETh [€10 C BEAHYHHAMH NMOCTOAHUHMU
H BEJAUYHHAMH NEPEMEHHHNMIL

Onpeneaenne. [Tocmoannoli eeaunwunoli wnasssaemcs
seautuna, COXPAanInan O0HO Ul MO JKe 3HAYeHue (ll/lu 80061(‘8, anau
8 OaHHOM npoyecce; 8 NOCAEOREeM CAYLae NOCIMOAKKAR BeAUHUNA HA3LI-
gaemc napasmemp o um).

I7ep eMCHHOU Beauvunoll nazugaemcs geauruna, Komopas
Mooiem npuruMame paznuiHole 4Uucsosue 3HaveHus.

Mpusepen nfu—mepu HepeMelHHX I MIOCTOSIHHRIX BEJHYHH.

MMpumep l. Jduamerp n AnuHa OKPYHKHOCTH, B 32BUCHMOCTH OT OGCTOATENbCTS, ,
MOTYT NpHHHMATb Pa3/HulHE 3HAYENHA W, CJeJ0BaTe/IbHO, BooGmle rosops, ABJA-
10TCH BeAHYHIAMH NCPeMEHHHMH, B TO BpPeMs KaK OTHOICHHE JJHHH OKPYMKHOCTI
K €e IHaMRTpy COXpaHseT BCeraa ogHoO H TO Ke 3HayeHne H, CJSA0BaTeNbHO, €CTh
BeAnuKiia NOCTOSiHHAsN, Ha3piBaeMasi yncnoM nt (n=3,14169 ..).

IMTpamep 2. O6veM v H AaBjcHHE p ONpenSlieHHOd MacCH rasa sBASIOICH
BEJIHYMIIAMIl GEPEMCHIBIMH; OfHAaKO, KaK H3BCCTHO H3 Kypca (H3HKH, Npol3bese-
Hie Up OpH HeH3Mennofi TeMmneparype ecTb BesMumna nocroshuas. [lpn H3venenun
Ke TemiepaTypsl NpoH3BeleHHe vp, BOOGUIE FOBOpI, MEHASTCH.

3ameruy, ur0 BO MHOFHX BONPOCAX pagn OGUIHOCTII (POPMYJABPOBOK
yAOGHO OuBaeT paccMarpusBaTh [OCTOMHHYIO BEAUUMHY KAK NEpesentyio,
APHHHMAIONLYIO OIHO U TO JKE SHaueHue.

§ 2. Honntne dyuxnun

Mayvas xakoe-unGyap sBaeHne, M OGHYHO HMEeM AEAO € COBOKYII-
HOCTbIO MEPEMEHHWX BenHuuH, KOTOpHE CBA3aHH MewAy codoff Tak, yro
sHaueHusd ORMMX BeAHYHH (Me3asucusuie nepeserubie) NONHOCTLIO onpe-
JeASI0T 31a4eHus Apyrux (3asucustsle nepeMertble W Gyrxyun).

Hanpusep, usyvyan ras, M uurepecyescs ero O6beMOM v, TeMuepa-
- Typoli f, nasnenuem p. Cornacuo sakony Menneneesa — Knanelipona, snan
ofLeM U TeMNepaTypy ras3a, Mo MOKEM OAHO3HAUHO ONPENeauThb ero
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AaBJEHNE; CJENOBATENBHO, BEMHUNHB U Il { MOXHO paccMaTpuBaTh Kak
HE33BHCUMBIE NEpPEeMEHHbE, a p— Kak 3asucimyio (dynxiuno).

Haagny teneps onpexesedne NOHATHS GYHKUHY, ABIAOUErocs
UEHTPAnbHEIM TIOHATHEM BHICIUEH MaTeMaTHKH, TNpHUEM BHayajle OrpaHn-
YIIMCSt CAyyaeM ABYX NEPEMEHHBIX BeHuni.

Onpenenenne [lepesennas Beauwuna y ra3vi8aemcsi by H K-
yueli (00HO3HAUHON) om NepesteHHOR BeANMUHbL X, €C.AIL OHI CBA3AHLL
Meycdy  cofoll  mar, MmO KaCOOMY PACCHMAMPUBACIOMY IHAUEHNID
ceautunst x (Qonycmusble 3HAYeHuN) coomeemcmeyen cOUHCIEEHNHOe

8no.1He onpede.leHHoe 3Hale-

2 z Hue ') geaudunv y.
——O) - O
/] z b z dro onpepenenne wnep-
BHE B o0mux ueprax OwI0
A z chopmyanposano relnanb-
- o~ HBIM YCCKITM M MAaTHKON
7 p. % = PYCCKIM  MATEMATHKOM

H. H. Jlo6auenckiy 2).
Puc. 48. Hepenenuas x HaguBaeTcs
npu 3TOM ap2yseHmos wm
re3asucuoil nepesteHNol, ¥ UHOTAA HA3HBAOT 3ABUCUMON NepeMeHHOI.
OTHOCHTEABNO CAMAX BEJANYAN X © )Y rOBOPST, UYTO OIH HAXOAATCH
8 PYHKUNOHAIBHOT 3asucuitocH.

Cosoxynnoctb Bcex snauennti tiezasucuMol nepemenuofi x, nas Koto-
pHX QYHKUHA Y ONpelerena, HasblBaeTCT 0042acms  onpedeteHus nan
obracnis1o cytecnsosanus 3TOH QyHKUmIL.

HanGoaee wacro obaacts onpesenenns Qynkunn npeacrasaser coGoil
nan unmepgaa (a, b) (pnc. 48, a), 1. €. COBOKYNHOCTh BCEX unCea X,
" yLOBJIETBOPSIONLIX HePaBEHCTBY

a<lx<<b

(nonuepkHeyM, YTO 3mech SHAYEHHs X==a N X==0 ucKmoualorcsl), 1.1
ompe3or: (ceauenm) [a, b] (puc. 48, 6), T. €. COBOKYIHOCTL BCEX HICET X,
YIAOBJETBOPAIONNX HEpaBeHCcTBy

astx<<bh

(3necy snauennsy x=a u xX==0»0 BKmouaoTca!). B HexoTOpHX Cayuasx
0044CTbI0 onpeneneHis QyHKUHn IBAICTCA N0AYuHMePsa.t, 3aKpuTHil cne-
Ba, [a, D), nam sakputhil cnpasa, (a, b), T.e. MHOKECTBO uncen X, onpe-
AeAREMBIX YCAOBHAMI & << X < b I COOTBETCTBEHHO a << .x <<b. Mno-
KECTBO TOUYEK, MpeicTapisiouiee COGOH HAH HHTEPBaJ, WA OTPE3OK, HAH
noaynnrepsan, OyaeM Ha3HWBaTh MpoMescymrosm m o603Hauath COOTBET-
cToenHo uepes {a, b).

1) Bo ncem nanbHefilieM n3joxeHHH Ml GyaeM Nipenlionarath, €cam He OTOBO-
peHo npoqmuoe, YTO BeJIHYHHH H 9HCJ3, KOTOpHIE MK paccMaTpliBaeM, NpHIHMaOT
TONBKO ACACTBHTEABRBIC 3HAYCHHS.

%) b. B. 'neaenko, Ouepkn 00 HCTOPHH MareMmaTHKH B Poccnn, Focrex-
u3gar, 1946.
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PaccmarpuBatorcs  Takme OeckoHeuHBle HMHTEPBaAH: (— CO, @) ==
= {x|x<Ca}, T. e. MHOKECTBO BCeX uiiced1, MeHbWHX a; (b,-}-00) =

= {x|x>b}, 1. e. MHOKECTBO BCEX uHces, 60abWHX b; (— 0O, -}- cO) —
MHOKECTBO BCex aeficTBuTeAbHHX uucen (cm. ra. VII, § 1). Auanornunmit
CMHCA HMEIOT MpOMexYTKH (— 00, a] u [b,-} o).

Tor ¢akrt, YyT0 ¥ eCTb PyHKUMS OT X, COKpaulenHo 0003HayaioT TaK:

y=/(x) M

FAe CHMBOA [ Ra3wiBaeTCA Xaparxmepucmurol ynryuu. Jlas o6oznayeHns
tynxuuonaibroft sasucumocty (1) svecto 6yksBm f MO¥HO yROTpPeGASTH
moGyto apyryw Oyksy (#anpumep, g, h, F, ¢ u T. 4), npuyem NoHATHO,
410 pasaushbie PyHKIHK JOMKHHE 06031HAYaTLC B OAHOM M TOM K€ BOIN-
poce pasaHyHBIMH GYKBaMu,

Yacruoe sHauenne ¢yukunn f(X) npn X==a sanuchbaercs tak: f(a).

Hanpumep, ecau
fxX)=x(1—x)

f(0)=0, f(H=0, fA=—2ur1

IlpuBeseM HeCKOABKO MpPIHMEPOB, MNORCHSIOIAX [OHATHE (YHKUHIL.

T0

Mpuwmep L. 3 dopmyan maowagn Kpyra
S=aR?

cnelyer, 4T0 KaKIOMY JOMYCTHMOMY (T. €. MOJOXKHTENLHOMY) 3HaueHuio paguyca R
COOTBETCTBYET ONpejResentoe 3HavenHe Muomazw S. CrexoBareabHo, S ectw
¢ynxuna ot R, onpenenennan B GeckoneuHoMm HHrepBase: 0 << R <+-co.
Mpumep 2. Cornacuo 3akouy bBoitas— Mapuorra npH NOCTOSHNOA Temme-
paType HMeeM
vp=C,

rae v—obueM rasa, p-——ero jaBJaenue H C—uexoropasx NMOCTOSIHHASL BeJHYHHA.
Orciona
c

V=

p

CrenoBatesinio, KaxkaoMy 3HaYeHHIO JaBJSHHS P COOTBETCTBYET ONPEac/ICIHbil 0GbeM
raza v. MoxHo CKasaTb, 4TO o6beM rasa v ecTh ¢(yHKuus KasJjenna p. HMa ¢uan-
YeCKHX COOOpameHHil BHTEKaeT, 410 00jaCTb ONpeAC/CHHA STOfl GYHKIUE eCTh
GeckoHeunbll uNTEpBAJL

0<p<-tco.
NMpumep 3. Haiith o6aacte onpesesenna GpyHKuun

=) i—x. ()]
A1a QyHKuNA HMeeT CMBICH, €CaH
4—x22=0.
Orciona
B4 un jxi=<<2
Caegopatenbno, 00aacTh onpenenenns GyHKIHH eCTo OTPE3OK
—2g =52,
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UroGet Gonee HarnagHMO NpPEACTaBUTs nOBeReHHE ¢y.IKUNH, CTPOAT
epadbur yHrcyun, paccMaTPHBAT HE3IBHCUMYIO NEPEMEHHYI0 X 1 QYHK-
U .Y - KIK NPAMOYroO/JbHHE KOODAHHATH HexoTopoit Touxn M ua
naockoctit Oxy.

Onpenenenne Ipadhurvon @Pynwcgun y=f(x) nazwsaemcn
suootecmso scex motek M(x, ¥) naockocmu Oxy, xoopounams Komo-
pux c8a3anst OaQHHOE BYHKGUONANEHOL 3Q8UCHMOCING0.

HMuaue rosops, rpaduk ¢yuxuiun — 310 Mg, ypastenneM KOTOpOit
CAYKHT paselicTso, onpeenswumee ¢yuKuio,

Hanpiep, aaa dynxkunn (2) nmeem

x? +}’2=4, y=0,
rpadukos, OYEBHANO, ACIAETCT BEPXHAA NOJYOKPYKHOCTH paanyca R=2
c uentpoy p Havyamze xoopaunar (puc. 49). W3 puc. 49 cranosuTea AcCHbIN,

yro ofnacTe onpexeaenud
¢yHKUuH npeacTasaser coboit

Z 4 N otpesok [— 2, 2].
5/ N@y)\\ Orvermy, uro, nocrpons

rpadur  yuxium Yy ==f(x),

ME MO¥EM npulIHKEeHHO On-
//, =2 4 & pedenutb KOpHU YypaBHewus
Z

: - f(x)=0
_2, ”l"~x—’ Z T
Kak 26CUncCH TOUEK mepece-
Puc. 49 yeuna rpapuxa c¢ ocsio Ox.

Ecan kawpoMy 3suauensio

nepeMenHoll X cooTnercIsyer

onuo 3iavenne mnepemerHoll ¥, TO Y HALIBACTCA 00rO3HaUHON (hyHI-

dgided OF &y COTH e NCT2 fur NewoTopuy anauennav nepeMenHol x

COOTBETCTBYET HECKOAbKO (AB3, TpH B T. A) ua GeckoHeuioe Muo-

wecTno 3navennil nepexennoll y, TO ¥ Na3WB3ETC MHO203HAUHON (NBY-
swauanofl, TpexsHauHo#t # T. M) dyHxuueil or x.

Hanpuxep, y=ux* ectb oanosanaunas ¢yuxuns ot x. Takxe y = sin.x
€CcTb oano3HauHas QyHxund or x. Pyukmun y=_- ¥V x ects nsyauau-
nan dynxuns or x; y=Arcsinx ects» Muorosmuaunasn (GecKoHetHoO3Ha1anN)
dynkuas or x.

B naasuefimeM mox caoBoM <dyHkuua» Mo OyaeM (OHUMATh OZNO-
sHaulyo QyuKUHIO, €CAn ABHO HE OroBOpelo NPOTHBHOE.

§ 3. pocrefimue ¢GynxuHONANBLHLIE 32ABHCIMOCTH

1.IMIpamaga nponopuntodansnasd 3apuciiMoCTh

On peneacune. Hee nepesteHnble BeAutUNK HaA3KB8awmMIL np a-
MO NPONOPUUORAALH AU, eCAU NP USMEHEHNU odroi u3 Hux
8 HEKOINOoPost ONHOlteHNU ()pyzaﬂ UIMCHACINCA @ MO JHCe OMHOUIeHIL,
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TMpuMepayyt NpsyMo  NPONOPUHOHAABHHX BEAHYHH CAYWAT: * AAkNa
OKPYKHOCTH I €€ PamHyC; NyTb, NPOHAEHHHI NPH PaBHOMEPHOM JABibKe-
HiY, W npOTEKIlee BpeMfl; Jnnelioe pacraxieHie YNPYroro Crepkns M
HarpyaKa, §§ MHOTHE JpyTHE.

Hycre x 1 y—1npayMo NPONOPUAOHANLHEE BEAHYHHH, 1 NYCTL BpH
x=1 Beanynua y npuHuMaeT sHaueHie, pasHoe k. B cuay onpeaesenns
nMeeM % o1ciona

.
*

=4
)
y=Fx, )]

rae TOCTOSHHAan BEJHYHHA 2 HOCHT HasBaune Kosgguguenma nponop-
yuonaasnocnu. Synxuns (1) nasnsaercn 00HOpoOrOI aunelinoli PpynKunel;
ee rpauKoM ABJASETC MpPAMas AUHHA, [IPOXOAAWLAN Yepe3s HaYaA0 KOOp-
DuHart, ¢ yraosbtiM Koadduuuentom & (puc. 50).

2. Jlunelinaga 3aBucHMOCTD

Onpenenenne. [J8e nepesernvie Beautunsh X u y C6A3QHH
AUHECUHOIL 3a8UCUMOCINS 10, eCAU

y=yo+kx, 7 2

20e k u y,— Hexonopsie NOCMOSIHHNE BEAULUNYL,
dynxuns (2) HasLBaeTCa JAuHelinol;, ee rpaduk ecte npavas  ABHRA
(puc. 91) c HauaILHHM OTPE3KOM Y, I YrJIOBHM KOd(duiuueHTom k.

./r - z

Puc. 50. Puc. 51.

Ipumepamn BeanunH, HaXOAAUIMXCA B JuHeHHON 8aBHCHMOCTH, siBAS-
10TCA: PacCTOsHiEe NPSMOJHHEHHO I DaBHOMEPHO INBHKYIIEHCS TOUYKH OT
HayaJa OTCYETa 1 BPEMs; AMNHA CTEPXHA N TemMneparypa ero,-n T. I.

3, OGparHag NpoONOpUHOHANbHAA 8aBUCUMOCTH

Onpenenenne. Jse nepesenntle Beauuunsl HA3HBQIONICA
06panmno NPpONOPUUOKRAALHB MU, €CAN NPU UBMEHEHUU OOKOL
U3 HUX 8 HeKONIOPOM ONHOWeHUl Opy2as u3ieHaemcs 6 O0pamKos
omAHowenu, : :
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[puvepamn o6paTHO NPONOPIHOHANLHWEX BEAHYHH CAYKAT: CKOPOCTDL
PAaBHOMEPHOTO ABHMKEHHA W BpeMs, HeoOXOMNMOe AAS NpPEeonOSeHHs AaH-
Horo paccroauus; o0beM, 3aHuMaeMuiil rasoM (npn nocrosHnofl TeMne-
patype), H naaenne; CHAa TOKa (NpH TOCTOSHHON 3AEKTPOABMMKYuLeH
€iAC) M CONpOTHBJEHNE UenH, W T. M.

Hyers x 1 y— o06patHo mponopunoHanbHLIE BEAHMHHB, 1 MOJAOKNHM,
uro xoraa x =1, 1o y=4k. Coraacuo oupeaejeHuio HMeeM

x k
1~y
oTcCioaa
k
y=<-

Tpadux s1oft dynxuun npa &> 0 npeacrasaser coGoit BCO nan 4acTh
pasitioctopouted runepGoan (puc. 52). Ilpu 2<<0 mu noayuaem ranep-
Goay (nam wacth ee), pccnoaosxenuyio no I n IV xpagpautax.

4. KpaapaTtuuHana 3aBHCHMOCTHh
Ksadpamuunan 3asucusocms B npocrefliiem ciydae HMEET BHA
y=kx%, 3)

rac k—uexotopas nocrosmnas Beanunua. Ipagax gyuxumn (3) ecis
napaGoaa (sca uan yacrs) (puc. 53), npuuem npn %> 0 napaGoaa pac-
nosoxena pwmwe ocn Ox, a

L4 npa &k << 0 — nuwke ocu Ox.
7 =
N
\
1
\
\
\
\
\
|
Puc. 52. Puc. 53.

TlpaMepami Beanyuy, MeXAY KOTOPHIMH NHMeeTCs KBaapaTiunas 3aBA-
CUMOCTb, CAYKAT: NJAOULaZy KPYra U pagnyC Kpyra; nyrtb, npoligesnsiit
Ten0M npu CBOGOANIOM NafeHud €ro, U BpeMs, H T, I
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5. Cunycougaiabnass 3aBHCHMOCTS

Hpn HSYUEHHi TIEDHONWYECKHX NPOLECCOD BAKHYIO POAb HIPALT CuKY-
COUdQALRAL 3ABUCUMOCINS

Y=Asin (0x -} ¢). )

dynkuns (4) Ha3WBACTCA 20pPMOKUKOI;, COOTBETCTBYIOWIME TNOCTOSHHHE
(napaMeTpH) HOCAT HassaHus: A — amnawmnyda, ® — 4acnoma u Q — Ha-
yarsHan daze. Pyukud y—nepuogsHuYUecKas € NepPUOAOM

T. € BHaueHua dynkuuy y=y (x) B TOYKaXx X 1 x -7, oTiHyawouUMXCA
Ha nepuon, onuHakoBHl. J[lelicTBUTENBHO,

uMeeM ¥ psnzsi)
. =Asin{tuT+
Y@ +T)=Asin[o(x+T)+g]= P tts
=Asin(ox+42n4-¢@)= z] | |
= Asin (0x 4 ¢) =y (x). 7 - =
Fapuonuky (4) MOHO mpusecTH K b T s
BHRy
y=Asino (x — xy), )
Tle Xog=— -% Orciopa noayuaem, uTo Puc. 54.

rpapuKoM rapMOHHKH . ABASIETCH A e-

¢dopMupoBaHHaa cuHyconpma c ammauryaoil A u nepuoaom 7,

capiHyTad Bgoab ocn Ox Ha seamunHy x, (puc. 54) (noxpoGuee cm. § 9).
[Tpumepamit CuHyCOHAanbHOfl 3aBHCUMOCTH MOTYT CAY:HTb: OTKJOHE-

HHS Y4aCTHIL BO3AyXa OT NOJOMEHHS PaBHOBECHA NP PacNpoCTPaHennn

B HEM 3BYKOBOH BOJIHH TNOCTOAHHOH YAaCTOTH H BpeMs; CHJIa OXHO(a3-

HOFO CHHYCOHJANLHOrO TOKA U Bpemd i T. IL

§ 4. CnocoGul 3amanus yHKmuM

OG6HIyHO paccMaTpHUBAIOT TPH crocoGa samanus (GyHKUHI: aHaaHnTHYEC-
Kkuil, TabanuHeil 0 rpadumuecktl.

. Anaaurtuvueckult cnoco6 3aganus QyHKULHHU

Ecan dynxuns sepaxeHa npua noMoutn (JOPMyJs, TO rOBOPAT, YTO
OHa 3amana awaasumudecxu. Hanpumep, B ¢opymyae of6beMa 1mapa

4
V='—3- aR3

o6rem V ectn dynxkuns pamnyca R, sagannas aHaIHTHYECKH.
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Bean dyuruus

y=r(¥)

3agana ¢opmyTofl, To ee xapakTtepucTnka f o6o3nauaer Ty COBO-
KynnocTs AeficTonil, KOTOPYIO IHYHKHO B ONpeNesellHoM NOpsaKe NPous-
BECTH Hal 3HAYeHHeM apryMefita x, ATOGHl MOJAy4iTH COOTBETCTBYIOUEE
smanenne gy y [ty uro TO e camoe, 3nauenne dynxunu f(x)].

Tlycts, nanpumep,
3
fo)=v 2 —1. ()

3necs xapakTepncTika £ 0603HAYAET CACAYIONLYIO COBOKYHHOCTH AeftcTBul:
1) poaBegenie aprymenra X B KBaapar;
2) poiquratite 113 [10Jy4€HHOr0 pesyasTara uncaa 1;
3) ussnevetine 13 cooTseTcIBYyIomell PastiocTit KyGHYNOrO KOPIs.
3uan xapakrepucTHKY f M Japag apryMeHTy X Ppasauuiibie 3tadenns,
noayuuym coorpercrsylomue suauenus ¢ymxkwin  f(x). Tax, nanpnmep,
ana  naweft  yskuun (1) uveem

n f(—= )=y (= E=T=0,
fO) =y =T =—1,
f(H)=y1EZ1=0

n T A
” o AllaJIOFH'H!blﬂ cMuIca nO.’ly‘lalO‘l‘
z BLIDaKenus
Puc. 55. flx+)=y (x4-hPF—1
T n

B HCKOTOPHX CayuasX QyUKIs MOMKET 3a23BaThCA HECKOAbKHME DoOp-
s wmany,

Hycrs, nanpu:p,
0, ccn x=<<0,

f(x)={

X, conn x>0,

912 ¢yHKUUA BMOJHE oONpejeseHa, TaK KaK JAA KamIOro 3HaueHus apry-
MEHTa X Mbl MOKEM YKA3aTh COOTBETCTBYlollce 3nadvexne dyHkuumn f(x). A uMeduo,
ecalt X OTPHUATCILHO MM PaBHO HyMo, To f(X) paBHO myJio, HanpmMep,

f(0)=0, f(-—%)=o, F(—1)=0

" T A
Ecan e x MONOXKHTEabHO, TO f(X) pabHO 3HAYenwi0 apryMenTta, Hampuep,
3 3
5= re=s
T Z

Taxnu oGpasowm, npe dopuyau
f(x)=0, ecnu x << 0,

H
[(x)=x, ectt x>0,

onpegeanior oauny dyukwmo (pue. 55).
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2. TaGanyuuflt cnoco6 sazanug GyHKuny

Ipennonoxus, 4YTO MH XOTHM YCTAaHOBHTb 33aBHCHMOCTb MEWAY Cpen-
nell ronosoll remneparypo#t £° n BuCoTON MecTHOCTH A Man YpoBHEM MOpS,
prpaxennoll 8 xunoMerpax. ConocrasuM pesyabTaTH Hamwux HaGmopenutt
B Takyio TaGauny:

Bl 0 1 2|3 4 5 6 7 8

| +79] +46]| +0.1 ‘ —5,0|—10,7—16,9|—23,7—30,8]| —38,0

HMa npusenenuofi TaGauum MH BHAUM, YTO CPEmHss rOXOBas TemMnepa-
TYP3 USMEHSETCH BMeCTe € BHCOTOH MeCTHOCTH H3R YPOBHEM MOPH, npuuem
KaXJAOMYy SHAYCHHMIO BHICOTH A COOTBETCIByeT oOnpeleleHHOE 3iayeHie
Temneparypu £°. CnenoBaTennHo, cpefnss rogosas temnepatypa {° ecTb
(YnKunsg BHCOTH MECTHOCTH /i Hajl ypOBHEM MODf, NPil 3TOM COOTBETCTBIE
nMeway nepenennnMu £° B A ycranapamsaerca TaGaunefl. Takoro pona
€noco6 safanus (GyHKUMH Ha3HB3ETC MAlGAULHULAL.

3Had aHARHTHYECKOE BHpaxelle (QYHKIUH, MOKHO NPENCTaBNTh STY
(GYHKUHIO AAS HHTepeCyIOMHX HaC SHaueHnil apryMeHTa npi noMel
Tabauun. Ilycts, Hanpumep, umeeM QyHKuUIIO

y=x>

Hlabas x psn uncnoBWX sHaueHnll W BHYHCARS COOTBETCTBYIOUUIE SHaUe-
has Y, noayunm Tabaully

X | ees | —3 | =2} —1 0 ] 2 3 l

gy |oeo | =27 =8| —=1] 0 1 8 27 [ ...

Mu puanM, yT0 ecan (yHKUHA 33af3Ha aHAIMTHYECKH (T. € Npu novommu
(JOPMYNIHI), TO MOXKHO TMOCTPOMTH A8 Hee Talaumy uaw, Kak rosopsrt,
malbyaposams GyHKyio.

TabyanpyoTcs OSHKHOBEHHO (YHKIUIH, HMEIOWHE CJOKHOE alaAHTH-
yeckoe BHpaxeHue (T. €. BHpaxalowmnecs CI0XHOH (popMyaoH), HO HacTo
BCTPeYalolHecs Ha NPaKTHKe. Tax, HanpuMep, WHPOKO H3BECTHH Talanuu
dyuknul: sinx, cosx uw T. A (Tak HaswBaeMuie TaOAHLN HaTypPaAbHLIX
TpHrOHOMeTpuYecKknx Beanund), logx (Tabamunl JjorapugMoB) n T. m.
Has stux dynkunii nveorcs OpMynaH, BHPaKENHHE € NoMouLbio Gecko-
neyHux pagoB (cv. ra. XXI, § 12), HO aTu QOPMYAH CAMIMKOM CACKHM
A48 TIPAKTHYECKOFO NOJAbL30BaHUs.

Bosnnxaer Bonpoc: BCeraa am MOKHO OT TabanuHOrO 8agaHua Qyil-
KU MepeliTi K ee aHaIuTHYeCKOMy BHDAKEHHIO, T, €. 8aMUCATL TaKylo
yuknnio ci)opuynon?
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Iaa storo samerny, uro TabanUMA A2eT He BCe 3HAWeuHs (GyHKUHN,
NpHYEM TNPOMEKYTOUHBIE 3taueHHs QYHKUHN MOryT GHTh HafAEHH JTHIIL
npubnmkenHo (Tak HaswlBaeMoe uwmepnoauposarue @ysryuu). Ilostomy
B oOIIEM Cayyae HaHTH TOuHOE aHaJAHTHYECKOE BeIpawkeHne QynKuud no
ee TaGAMYHBIM J3aHHBIM HE/b3s.

Oauako Bceraa MOXNO mnocTponts Gopmyay, 1 npuToM He OIHY,
KOTOpaf ans 3HadyeHnH aprymenTa, uMeromnxcs b taGanue, GyAeT A2BaTh
coorBercipylomne tabanunuie snavenna dynxunn Taxoro pona thopmynaa
HOCHT Ha3BaHHe UHMepnoAsilOHHOIM.

3. T'padnuecknft cnoco6 s3aganng dyukuun

Ananantuuecknit n tabanudnfi cnocoGe m3oGpaxeHna yHxkung crpa-
IAI0T OTCYTCTBHEM HarasgHocTH. DTOro HeNOCTaTKa Jnllen 2paguyecikud
cnoco6 3amanus yHKuNn Y= f(x), KOraa COOTBETCTBie MexAy apryMeu-
TOoM X n dynxuneff y ycranaeanpaerca ¢ nomowsio rpaduka (puc. 36).
3aecs, uToGH A1 HEKOTOPOrO 3HaueHis
aprymenTa, Hanpumep x, Hafitn OTBevalo- 4
piee emMy 3naveHnie y (YHKUIH, HYXHO
Ha ocu Ox OTJ0XKHTb B COOTBETCTBYIOILEM y=z7
Hanpasnennn o1pesox OA==x, a 3areM

R

Pue. 56. D, 87,

nocTponth neprenzmyasp AM mo nepeceuenns ¢ rpadnioyM. Bans annny
9TOr0 NEpHeHANKYJASPa € HaAJeXalliM SHAKOM, MBI I NOJY4NM YHCAO

y=r ().
Ilapas x pasanuHbe 3Hauenns, MH C NOMOMIBIO 5TOro npuema Oyaem nMeTh
COOTBETCTBYIOUINE 3HA4eNI (YHKUUN {J, KOTODEIE, €CH 3TO HYXIO, MOXIO
sanucaTte B Bpjge Tabanusl.

Mpumepon rpadnueckoro uzoGpaxenns QyuKiu sBagseTcs Tak Hasu-
BaeMad Gapozpaitaia (3anics camonnuymero npiGopa — 6aporpada), aaio-
masn rpadpuveckn na3MeHenne atmMocdeproro Aasjaenus CO BpPEMEHEM.

Has noctpoenna rpaduxa ¢pyuxunn y=f(x), sagannolt anaaurmueckn,
HYXKHO COCTasHTb Tabauuy suadyemitft x n y pamioft ¢QyHxkuan, a satem,
paccmarpuBas X Kak abcunccy, i — Kak OpANHATY TOUKH, NOCTPOHTh Cric-
Temy Touek naockocti. Coeaunsa sTi Touxku JannneH, Baj KOTODOH yum-
THIBAET, 10 BO3MOMNIIOCTH, XapaKTep MPOMEXYTOMHHX 3HaueHn#t dyuxuuu,
noayunM npumepHoe rpapnueckoe usoGpaxenne mannofi Qynxnui.

*
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Hanpusep, noau3ysice gauHeMg 1a6auust Ha crp. 79, crpony rpaduk
dyuxunu
) g—x

(rybusecran napaGoaa) (puc. 57).

- § 5. llonatue QyuKuUUN OT HECKOALKHX MepeMeHHbIX

TTonatue dyHkui oaHOH HesasucuMoli nepeMeHHON eCTeCTBEHHO pac-
npocrpanserca Ha cayvyall HECKO/NbKHX NepeMmeHHbIX.

Onpenenenne. [lepesmennan seautuna u Ha3ul8aemcs Gyuryuel
(00no3HaGUHOTZ) OT HECKOABKHX MNepeMeHHB X, Hanpuaep, om
d8yx: X uy, ecan xaocdoil paccyuampugaesoll cO80KYIHOCINNL 3HALeHILE
seautun x u y (donycmusele 3HAULEHUS) COOMBEMCINEYeN 00HO Onpe-
Oefennoe 3HaxeHlle BeAUHUHbL 1.

3nech nepeMetnble X M Y HAa3HBAIOTCS HE3ABUCUMbIMU NepereHHbLMU,
Wil apaysenmani; COBOKYIMHOCTb PAacCMATPHBAEMBIX 3HAUEHHH HX Ha3bl-
BAETCs 00aacmel0 onpededeHus AR 00AacIsi0 CYyu,ecingosanus Qynk-
uun u. OO6nacte cyuwlecTBoBaHus (QYHKUMH - ABYX NEPeMEHHHX X H Y,
BOOOWwE rosops, npeiactabaseT co6oll HEKOTOpPOe MHOMXECTBO TOYeK NJo-
ckoctu Oxy. :

Tor dakt, uTo u ecThb QyHKUMA OT X U Yy, OGHUHO KOPOTKO 3amii-
CLIBAETCH TaK:

"=f (x»y)’

rie f unassiBaerca xapaxmepucmuroil yniyu. Koneuno, BMecto Gyxnw
[ moxHO ynorpeGasrh oGy apyryio Gyksy. '

Mpumep 1. Mromans U upsMoyroisHika, CropoHH KOTOPOrO paBHH X h
Y, Buipaxaerca dopMydnoil
U=axy.

Oqengauo. U ecTb dbynKuns AByX apryMeHToB X W y, onpejefeiHas B oGaacti x > 0,
y>0. )
ITpumep 2. YpaBHenHe COCTOSHHA 233 MMEET BHA

vp=RT.

rae v—o0neM, 3anHMaeMblil JaHHOH Maccoil rasa, p — faBs/ienue, N0l KOTOPHIM HaXo-
aures ras, T —abGcosoTnast TeMneparypa H R — Hekotopas noctosHHas. Pa3pewan
STO ypaBHEHHE OTHOCHTeJbHO U, MOJyYHM

RT

v=—

D

Mo sHARM, 4TO 00beM U eCTb (yHKHHA OT ABYX MePeMeHHHIX: JaBACHHA p H

:Tl‘dconolomou Temnepatypu 7', mpiyeM sTa ¢yHKUnA onpeseacna B oGnacta p > 0,
> 0.

DYHKUHIO &4 OT TpeX nepeMelHbIX X, ¥ H 2 B 00illeM BHie MOXHO 0GO3HAYHTE

gaK:
u=f(x, y, 2).
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NMpnrMep 3. O6veM V—=xyz n nonnas nosepxnocts S=2x¢y-}-2pz-}-22x nps-
MOYTONLHOr0 MapaiseNienunera C JUHSHHWMH J3MepenMAMH X, y 1 2 SBAMOTCS
Q)yHKllI(l)mm Tpex apryMenros x, ¥, z, onpepeiesnnMu B.o6aactu x>0, y>0
nz>0

§ 6. Monartue neapnofi Gpynxunn

dynkuna nasupaetca g6Nof, ecau OHa 3agaHa ¢opMynoll, npasas
yacTb KOTOpOH He comepxuT Sapncumoft mepemennoft. Hanpumep, dynx-
uns y=x?— apnas.

dyHKimg y OT apryMeHTa X HasHBaeTCs HNesBHoll, ecan ona sanana
ypasiienuen

F(x, 3)=0, | ™

He PpaspelleHHLIM OTHOCHTENbNO Sapucumoft nepemennofi, Hanpmmep,
¢ynkuna y (y>0), onpenensemas ypapHennem x2--y?=1, Ypasercs
HespHoM. ,

Uro6rr BHpasnTh GyHKIMO Y, onpenensienyio ypaenexnem (1), B foHOM
BrIe, NOCTaTOYHO 3TO YPAaBHEHHE DasPEIINTh OTHOCHTENBHO y. Tak Kak
AAA JaHHOTO 3HaYENnd apryMenrta x ypaptenne (1) MOXET HMETh 11€CKOJBKO
(n maxe Geckoneunoe MHOKECTDO) KopHeft y, To B ofmeM cayuae HeEsB-
nag QynKung spAseTcs MHOrosnaunoff. _

Conoxynuocts 3navenufi apryMenta X, s K&KAOTO B3 KOTOPHX
ypasienne (1) nmeer Xorsn Gw onuH nelcreutensuuil Kopens y, npen-
cTapaser cobofl obaacms cyuecmsosanus COOTBETCTBYIOmef nensroOl
" pyuxuun. Cregyer ormernts, uTO lie peskoe ypasuenne (1) onpemeaser
neasityto dyuxunio. Hanpamep, ypasuenne

2.0 42 —
x4y 1=0,
ONCBIIING, IIC OMPLICaneT mukarof Gymam (b achcTonTemunet ctanerni)
Mpuwen, Tlverh x W Y CRA3IHK VPABHEHMEM

xtty3=1,

3necys y gpnsercs nHessBHoN dymkumelt or apryMenta x. Paspewas sto
YpaBieiie OTHOCHTEALUO 3, TOMYTHM

y= ]’/ l—xz.
31a nociaeyuaa ('gopMy.na A2eT HaM ¥ Kak sBHYIO ¢ynxnmo OoT X.

Vnoraa paspemenne ypasnenns (1) OTHOCHTEALHO Y SaTPYMINTEAbHO.
Hanpuvep, ypasnenne Kenzepa

y—esiny=x (O<e<])

SEMENTAPHHMA CPEACTBAMH HE MOXET GHTb P23pelleH0 OTHOCHTENbHO .
B Takom cayuae ¢yHKUmO y NPUXOANTCA H3yvaThb, NOABLIYACH NENOCPEN-
CTBEHHO ypaBHeHNeM, ONpeRensiownM o1y QynKiuuio.
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-§ 7. MNonnatne obpatuoit GpyHKuuM

flycts y ecrs dynkuus OT aprymenra X:
y=r(x)- M

3apasan 3HaueHus x, GyZeM NOAy4arb COOTBETCTIBYIOULUE SHAYCHHS Y.
Moo, onnaxo, cuuras y apryMmeHIoM, a X — ¢pynkuuefl, 3azabarb sSHa-
Yenus y i BHUKCASTL COOTBETCTBYIOLMNE 3HayeHns Xx. B Takom cayuae
ypaoucnue (1) Oymer onpeaenaTb X Kak HeaBHylo (QyHKumio or y. I1a
nocaeauad (PyHKUMA HA3LBIETCA O0pamHOli NO OTHOIIEHHI0 K Aauuofi
dynkuin y.

Mipennonaras, uto ypasuenue (1) paspemieHo OTHOCHTEALHO X, NOJY-
YUM fBHOE BHIPAXEHHE oGpaTHOH (yHKIHN

x=0¢(y), (&)
rie ¢yuxuua @(y) nas BCeX AOMyCTUMBIX 3HAu€lnil y yA0BJIETBOPSET
yCaosiio

fle0))=y. &)

Mpumep 1. B ¢opmyne obpema wapa
V——*%- R &)

pagiyc R sBJSeTCA apryMeHTOM, a o6ben V —dyukuuesn. Paspewmss ypasueunc
(4) otuocuteano R, noayuum ¢§ynkumio, oGpaTHYIO gaHHOf: :

R—3 3V

=V e

Huoraa npuoepxusaioTcs CrasmapTHRIX 0GO3HaueHRH: [OX X MNOHU-

MalOT HE3IBHCUMYIO TIEpPEMEHHYIO, 8 NOA ¥ — (QPYHKWHIO, T. €. 3aBHCHMYIO
nepeseutiyro. B rakom cayvae oGpar-

Hy©o QyuKuMio cAeayeT nucats s suge ¥4

y=0(x)

Hanpumep, MoxHO rosopurs, 41O y
dyHKWH y=2% # y==10g, X nBJIAIOT-
¢ o0paTHRMH.

OGpatnas QyHKHua OZHO3HAYHOMH Vi
thynkuun  moxeT OHIb MHOTO-
snavyuo#t (puc. 58), T. e. JHaHHOMY !

SHAYEHHIO J MOXKET COOTBETCTBOBAThb Puc. 58,

HECKOJIBKO 3iauenuft xy, Xy X3 ...

obpatnoll dynxkuna x=@ (y) (puc. 58). B HEKOTOPHX C/Jy4asxX yxaercsa
caenats 06paTHyI0 (YHKUHIO OAHO3LAUNOHN, BBOAA AONOMHHTEAbHHE Orpas
Huvella Ha ee BO3MOKHLIE 3HaYed,
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Mpumep 2. Oeyanaunan dynkuua
X==x V?’

aBAseTcst oGparthoil Mo oTHoweHMIO K GyHKUNH y=x2. Ecan ycaoBAMCSH A% KOpHS
6patb aHmb  apidMeTHUECKOE 3HayeHHe ero, To ofpartnas ¢yHKUHA Gyner oAMo-
anaynoii.

Ouepnmio, uto Qynkuus, o6parnas x dynkuan (2), ects Gyuxmns (1),
[ToaTorMy dyniunn ¢ xapakrepncTnkaMu f 0 ¢, CBA3aHHKMH COOTHOMIE-
niem (3), @Basiorcs B3aHMHO o6GparT-
nemy. Omua w3 HUX HaswHBaeTCs npg.oll
dynryuetl, a npyraa obpamioil. -

3aMeTny, Y4TO OIHA H Ta Xe Kpupas

y=f(x)

npeacrapager coGoit rpagnk manuofl ¢yHk-
uni i rpaguax o6parnoft eft Gpynxunm, cMoTpa

'/ ) =F(z) no ToMy, Ha KakoH uz ocet Ox nm Oy
/ OTKA3AHBAIOTCA SHAYEHHS aPryMeHTa.

7 Ecan  ycnosutbea oGosnauath Hesasn-

CHMYI0 TNEPEMEHHYIO uepe3 X, a 3aBHCHMYIO

Puc. 59. uepes y, To uTo6H U3 rpadHKa naHnofi

dyuxunu y=f(x) noayuurs rpagux o6-
patioft eft ¢ynxiunn 3= (), OUEBNANO, AOCTAaTOYHO MepBHIH rpacnk
3epKaiblio otobpasinth oTHOCHTENLnO GrccexTpuct 1 1 1l xoopannarnuix
yraos (piic. 99).

§ 8. Knaccnduxauus dyuxunit ommoro aprymenra

B conucmiocTn 0T ¥opowTepa tey neficrenfl, woTonwe nann npona.
BECTII Haj 3HAYeHueM aprymenta, uroGbl MOAYYHTb COOTBETCTBYlOuUlEE 3Ha-
nenne (ynxuny, ycranasansaerca caeaylomaa Kaaccnukauns gysxunit.

I}y Ecan wnam sHauenueM apryMeHta X U HEKOTOPHIMH 10CTOIMHBIMI
BHINOJHSIOTCA AeHCTBUS: CAOMKEHIE, BHIYUTAlNE, YMHOMKEHHe, po3penenie
B HeIyI0 I MOMOKHTEJbHYIO cTeneHb (I RPHTOM KOHEYHOE YHCJ0 pas),
TO TMOAYYACTCA YHeaas payloHarsHas OYHEYUA wm MHozo4Aen. O6muil
i TaKkofl (ynkuun caeaymoutui:

P(x)=aux™+ayx™ 4. . f-ap_1 X +ap,

rae 7 — nejoe NOJOXHTEJbHOE HI PaBloe HYMO 4HCI0 H Ko3dpuunenTH
g, Ay, ..., Ay, Ay — NOCTOAHHHE YHCAA,

2) dynkuns, npeicTaBHMas B BIAE YACTIOrO OT Jejeiis ABYX
Hearx paunonaabnex Qgyskunii ’

_ axmtaxm bt am 1 X-an
Ry == T b, s b,

nasuiBaeTcd dpolroil payuonaasHoli yuryueil.
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CO30KyNIOCTb UE/ABIX PALHOHAABHL'X i APOGHHX PalMOHAABHNX QYHK-
unli o6pasyeT KAacC payuoradsHux @yxryud.

- 3) Ecmt wan apryMeHTOM X KpOMe Bblllle NePEeuucC/]eHHHX TEepBX
natH  aareGpauyeckux AelCTBUH TPOH3BOAMTCA eule H3BJEUEHIE KOpH#
KOHEeuYHoe UYHCJA0 pas u pe3yabTaT He ABAfeTCa pauloHanbHOH dynKuuetfl,
T0 noayuaerca uppayuoraasran Pynxyus. Hanpumep,

Bx24-4x—7 3
= 1
FA=YV gpmgerr T/ 2+ 1)
31eck noa KopueM OGBIUHO PasyMEercs €ro apHPMeTHUECKOe 3HAyeHHe.
CoBokynHocTb pauBOHAAbHBIX H HPPAUHOHAALHHX (ynxuni oGpasyer
KAacC AsnulX anzebpaudeckux Qyuryui.

4) B Goaee ofuwem cayuae aszebpauseckoil (ynryueti 1azHBaeTca
MIIOro3H4YHAR HERBHAS (YHKLHA y, onpenenseMas ypaBHeHueM

Po )y pi () yr oo FPre1 (%) Y+ P (x)=0,

rae 71— UeN0€ MOJAOKHTEbHOE uHC/O0, a Kosdduuuents py(x), py (%), ...
coor Pno1(x), pn(x)—ueasie paunonanbHeie (GYHKUHH OT X M CBepX
TOr0 Ko3duUHENT po(x) HE pasen ToxmecTsenno Hymol). Hanpuwmep,

KOpeHb ypapHEHHA
Y+y—x2=0

€cTb anrebpanueckan ¢byHkupa. 3ameTuy, yto 3Ta (YHKUAS He sIBASETCA
Apioll aareGpanueckoll ¢yHxiumel, TaK Kak aarebpanyeckoe ypasHeuue
naroft creneun M BHile, BOOOLIE FOBOPs, Hepa3pellMMO B paankajiax.

5) Bcakaa neanreGpaunyeckas GyHKUNS Ha3elBaeTCs ¢iyHiyuell mpanc-
yeHdeHmHOl,

[Mpocrefitumn  TpancueHAGHTHRIME  QyHKuuAMH (TaK HaA3LIBaCMHLIMI
dAeMERIMAPHBI MU mMpacyendenmublai GYHKURIMD) ABASIOTCS:

a) noKasarteabHas QyHKUHS a*, TAe a — [NOJOKHTENBHOE YICIO, He
paBHOE eAHHHLE;

0) norapudmnueckas ¢yuxkuns log,x, roe a>0 n a4+ 1; '

B) TpurouoMmeTpuueckne dyHkuum: sinx, cosx, tgx, ctgx, secwx,
cosec x;

r) oOpatuele TpuronoMerpuueckine dyuxuun: Arcsinx, Arccos x,
Arctg x, Arcctg x, Arcsec x, Arccosecx.

Pyuxuun  anreOGpanueckiie, SJeMeHTapuble TPaHCUEHHEHTHHE M HX
KoHeuHne KOMOHHAUMH HOCAT HasBaHUe d4eMeHmapHuxX Gyuryul. 10
TOT OCHOBHOH 8amac (yukuul, ¢ KOTOPHM MH OyAEM uMETb Jen0 Ha
NpOTAXKEHHH BCEro Kypca. .

3ameTaM, 4TO B naweM Kypce M, Kak npasnao, Gyaem HCNoJb3o-
BaTb JAHUb OAHO3HAYHLIE /AEMEHTapHHE (YHKUIH, HAKA3AKWBAdA, €CAH 3TO
HY#HO, H3a pPacCMaTpHBaeMble MHOTO3HauHHWe (YHKUHE JONOJHHTEAbHEIE
orpatiuers.

1) AnreGpaunucckie yHKRiH, B odw.eu c.rxyqae, paCCManHBalOTCﬂ B KOMIJIeKC-
Hoii obmacTtH. .



€6 SYHKLIHS . T V1

§ 9. Fpadnkn OCHORHMX SmeMeHTapHHX (yHKunil

Mu npusemeM snecs rpadguKi HEKOTOPHX OCHOBHHIX ‘SACMEHTAPUHX
thynxunti,
I. Ctenennas pynxuns

y=ux" 1)
raoe n—uenoe unicno.
dynkuns onpezsencna npn —oo<<x <400, ecan n=0, u npu

0| x| <<} o0o, ecan n<0.
Ecmm n=0 (n=0, 1, 2, ..), 10 rpadukn dynxuntt (1) npeacras-
Ag0T €o6oli mapaGoAH COOTBETCTBENHO HYJEBOro, NMEPBOro, BTOPOTO

n T. A nopsaxoB (pnc. 60). g
I
1
|
y |
ﬂ=2\ ”=3]'/ .//7=7 /’
7 - A
| A e
: / /: - :
l . - -1
- - I
/.!/// 0 1 z \'—————/
o
it/
VS
/ ] n=-/
!
Prc. 60. Pnc. 61.

Ecmn n<<0 (n=~—1, —2, ..), 10 rpadukn ¢ynknnf (1) npercrae-
AsioT coGofi runmep60an pasanunux nopsakons (puc. 61).

II. Pagukaa
n
y=vy X, 2
TAE 71— HaTyPalbHOE HIICTO.

O6aactes onpeneaenna ¢ynxunn: 0<<x <<-}-00 npn n uernoM n
— 00 < x< -} 0o npa ;1 HEYeTHOM,

Tax kak x=y" 710 (2) sBanerca obpaTHoll ¢ynxuned no ornowe-
muo K crenennoft dynxkunn (1). ITostomy rpadukn paankaaa npn pas-
JANUHBIX NOKa3aTensx 7 ecTh napaGoan uan wacrn ux (puc. 62).

Il. [Tokasareabnans dyuknus

y=2a%,
rae a— nocCTosnHOe Yucao, npuyem a >0, a 5= 1,
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9ra ¢dyHKuua oOnpeeacHa npu BCEX SHAYEHHAX X. PYHKuusg nyeer
NOAOKHTEAbHbIE 3SHAYCHHA H MOHOTOHHO BO3pACTacr OT 0 a0 +OO npa
a>1 u monorouno yOmBaer or --oo a0 0 npn 0<<a<<1 (puc. 63).

\ 4
\
\\
§=a* \ y=at
(G<azt) \ (2>7)
N\
-— \\
| ¥ ' \\\ ! .
_——-A‘:__ -/ ' —/ \\\§~‘—
— , ” .z'
Puc. 62. " Puc. 63,

IV. Jlorapudmuueckans PynKuus
: y=loggx ' (@>0, asz=1) 3)
O6aacte onpeneacuus
I<x<<+too.
Tak kak us dopmyast (3) umeem
x=4aY,
TO norapmp\mqecxaﬂ dyHKuns sBaserca o6parnofl N0 OTHOIWMEHIO K HOKa-

sareabnoll (ynxunu. fTosromy rpadmk aorapugyuueckoit Qynxuun noay-
yaerca u3 rpadmka noxkasareabHofi ¢ Mno-

MOWILIO 3EPKANBLHOTO OTOOpaKeHHs nocCaen- g \
Hero orHocuteabHo Guccexrpucu I n Il ko- \ y=lsg.z
opanuaTHHX yraos (puc. 64). \ (a>1)
V. Tpuronomerpunueckue \
byunknuu \
B siciieli MaremMaTuke apryMmMentoM TpH- \
FOHONMETPHYECKOR ynKuun ABASEICA YN CA0, 7 I~ s
KOTOPOE MOMKHO pPacCMaTPHBATL Kak Mepy N
COOTBETCTBYIOUIErO Yr/a, BHPAaKEHHOr0o B \\
paguaiax. S
Orpannyumcs 0630poM HauGonee Baik- y=lyg,z ~~<
HHX TPHCOHOMETPHYECKHX (yHKUuH. (0<a<t) =
- a) y=sinx; ’ Puc. 64.

dyHKuun onpeseneHa Aaa Bcex suavennt x. Pyuxumus sin X — orpamu-
veynasn (|sinx|<<!) n nepuomuueckas, ¢ nepuomoy 2x (T. e. 3uauenusd
dYUKUUI NOBTOPAIOTCA NPi H3MEHEHHH aprymenta Ha 2x); rpadukom ee
cay&ur cuxycouda (puc. 69).
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0) y=cosx

obnagaer cxomumymy cpoficTBamn ¢ ¢yukuuett sinx. I'paduk ee — rocu-
a3

Hycouda, npencrasasowas coGoft cimiyconay, CABUHYTYIO BJEBO Ha

(puc. 65). HeiictBurensno, cosx =sin (x—l—%).

B) y=tgx
2k+l

onpenenena npH X & m (k==0, =1, %2, [ ); umeer nepmnon .

Ipadnx (p)m\ulm—mauzeucouaa (pyc. 66).

r) y=cigx

onpeneaena npu xvz=hkn (k=0, =1, 2, ) nveer nepuon m. I'pa-
ik dynkuun — romanzencouda, reo-
METPHUYEeCKH TOXAECTBeHHAs ¢ TaHreH-
counoit (puc. GG).

VI OGpartuue Tpuronose-

—
X
([

w3

— -
- \—

]
l
!
|
: T ! i Tpuueckne Gynkuun
z A 12 157 .
7i /\ VAN a) y=arcsin v, 4
I N /Zin I\ Z
PN 4 : \ } : \\ T. €.y ecms dy2a, 83amasn 6 npedesax
A L
WA ! E
A -I<y<3, ()
i\ i 1 2 2
! i
! | = | cunyc romopoi pasen Xx:
Puc. 66. , siny=ux %)

(cnrasnHo0e 3rHavenue) Pynxuns (4) omrosnauso onpeneneHa nHa
orpesxke [—I1, 1]; rpadmiom ee c.'xy,xm' uacth cunyconan (ayra AB na
puc. 67).

Ecan ofpatute pasencrso (6), ne Haxkmagwsas ycaosue (5), T. e
nafiTin  Bce 3Havenms |y, CHHYC KOTOPHX pased X, TO MNOAY4HM
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MHOrosHauliyio (pyulcumo
y=Arcsinx,

rpaduKOM KOTOPOfl CayKuT cmiyconsa, uaymas saoasb ocn Oy. Ha ocho-
BaHHH CBOUCTB AYr, HMEOULIX OANIIGKOBHIl CHHYC, BHTeKaeT dopmyJa

Arcsin x =(—1)*arcsinx+kin (=0, =1, =2, )

6) Y =arccos x, 7
T. €& Y ecms Oya, 83aman 8 npedeiax
O<<y<m, %)
KocuHyC Komopoil pasen Xx:
cosy=—ux 9

(21a8r0e 3nHanwenue) Pynkuns (7) ommosnauno ompemenena Ha
orpeske [—1, 1]; rpaduk ee — yactb Kocuuyconns (ayra AB ua puc. 68).

SR

Y

Nl

x

aresing

\\__‘
~
3]

]
O

!
!
a

Pue. 67. Puc. 68.

Pewas ypasnenne (9) ornocutensHo y, B obwem ciaydae, noayumm
MHOTO3HAaUYHYI0 GPYHKIHIO

y==Arccos x,

rpaguk KOTOPOH eCTb KOCHHycouaa, uayiwas snoas ocit Oy. Flpu 310M
cnpasensusa (opmyaa

Arccos x="arccos x - 2kn  (k=0, =1, 2, ).
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B) y=1qarctg x, (10)
T. € Y ecms dyza, 63amas 8 npedesax
F14 T
maH2eHc Komopoli pagen X
tgy=ux (12)

(22a6H0e 3HaAnenE).
Gyuxuna (10) onpeaenena B npoMexyTke — 00 << x <Z-J-00 0aHO-
snauno; rpadmi ee — ayra TaureHcouan (puc. 69).

-

~l

Puc. 69. Puc. 70.

Petnas ypapsuenne (12) otnocnreasto y, b ofmweM c1yqae OyseM (Mersb
Muorosnauuyto (byul(umo

y=Arctg x,

rpadK KOTOpOH COCTOHT 13 GECKOHEUHOro uiCAa CMEueHHsx TaHren-
coun (10). Cupaseanusa ¢opryaa

Arctg x=arctg x-}-kn  (k=0, =1, £2, .).

r) y=arcctg x, : (13)
T. € Y ecms dyaa, 83amas 8 npedesax
<y<m (14)
romanzenc romopoll pagen X:
ctgy=ux. (15)

dyunxuns (13) oxnosnauno onperesena B NPOMEKYTIRE — 00 < X << -+ 00;
ee rpaduxkom caymur ayra xoranrenconam (puc. 70).

“Ecnnt o ypasnennn (15) mas xaxnoro x onpenensth BCe 3HaueHus y,
KOTaHurenc KOTOPHX PaBeH X, TO MOJAYHHM MHOro3HauHyio Qynxnuio

y=Arcctg x, (16)
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rpaduK KOTOPOH COCTOHT H3 GECKOHEYHOro YHCAa CMEIENHLIX KOTanrcH-
coun (13). Mxneen
Arcctg x =arcctg x4-kn (=0, =1, 222, ).
PaccMoTpennne rpaguki OCHOBHHX 3JeMEHTapPHHX (ynxkuuil cae-

ayer noMHuTb. Il0AB3ysCh HMH, MOXHO JIErKO CTPOHTb O6OJbLIOE KOAH-
4eCTBO rpahuKoB 3JeMEHTAPHLIX yHkuuil, paccMaTpiBas nocaeanue Kax

¥ =gt flr)
-
/// _ y=f' (z)

Puc. 71, Puc. 72.

«ipeoGpasoBannue OCHOBHHE 3JaeMeHTapuue ¢Gynke
ILH B, .
Ilyctb rpaduk dyHkuun

y=r(x) a7n
n3secren (puc. 71).
Paccyorpny Baxueltine nmpeoGpa3oBaHis 3Toro rpaguia.

1) I'pacuk
y=f(x—a) , ,
npeacrasaser cofoft ncxonustii rpaguk (17), cxBHHYTHH B Hanp as-

aennn ocu Ox Ha BeanuunHy, papuyio a (puc. 71).

2) I'padux

y=b+f(x)

nonaydaercst n3 rpaduka (17) B pesyabrate nepeHOCa NOCAEAUET O
Buanpasaenunu ocn Oy Ha BeauunHy, pasuyo b (puc. 71).

3) I'padur '

y=cf(x) (c#0) (18)

noayuaercs us rpaguka ¢ymsumn f(x) mpn 0<<c<<1 ¢ nomombio
CKaTHsd B — Pas OPAMHAT NOCAEAHErO, 3 NpH l<ec<+oo ¢ nomo-

b0 pacTAKENUs B ¢ Pa3 OPANHAT €ro C COXpaleHueMm COOTBET-
cTpylomux aGeunce (puc. 72).
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Ecin —oo<<c <0, T0 rpadux (18) spaserca sepKaAbUHM
otrobpaxenneM rpapuka y=—cf(x) otnocureasno ocu Ox
(puc. 72).

4) TI'paduxc

y=r(kx) (k=0) (19
noayuaerca n3 rpaguxa dynkumn v=7(x) npu 0<<~<<1 ypennue-
nuem p - pa3 abcuice ero Touek, a mpn 1 <<k<<-+oco ymennme-

nmnem o k pas alciuice ero TOUEK, € coxpamennem ux opannat (puc. 73).

Ecan — oo <<k << 0, 1o rpaduk (19) npencrasaser coGolt sepKaab-
nHoe oroGpaxenne rpajuka

y=f(—kx)

ornocnteanrno ocn Oy (puc. 73).
[Tpusenenynie NpapHaa reOMETPHYECKI OUEBHAHL,, H J0KA3aTEALCTBO

HX nperocTanaseM dYuTaTeso. P
y ] =FsinZz
/N y=sinz
/7 \ eV
) N y=f(z) N an
1I T4\ \\\ -ﬂ-/ \\\,_\ //I z
7 g z
/ [
Pt y=f{2$[ ._J
Pne. 73. Puc. 74.

KosOmnpya npeoGpazesatia 1) — 4), moayuzex ceanosmects, 1exona
n3 rpaguxos npocTux Qynruufl, crponts rpaduKi  OTIOCHTEALUO CAOK-
nux dynenei

ITp nMmep. IToctpouts rpapux Gynxuny
y=23sin 2x.

Ha ocnosannn npasna npeoSpazosanns 3) n 4) sror rpadux npeacraBaser
coboit cinycoHty y=sinx, abcuncCHl TOYEK KOTOPOil yMenblleNs! B ABa pa3la,
a opammatel yBENHUCHH B TpH pa3a (MO aGCoMOTHON BedHuMHile, C COXPaHEHICM
3naka; puc. 74).

Hpn noctpoennn rpaduxa QOYHKIUIN BaKHO YUATHBATB CUAMAMEMPUIO
apagura n nepuodutHocms.

Onpeneacenne L. @Qyurgua f(x) nasssaemen wemmnoli, ecau
OHA He U3AMeHsient C80e20 3HAYeHNUS NPU U3MEHEHUIL 3HAKA apayAleHma,

T. €. ecan
f(—=x)=/(x)

Hanpusep, vernoimn dynxunamn apasoren x%=1, x% cosw n 1. n.
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Ipadux uernoft ¢ynkwn y==;(x), ouesnauo, CuMMeTpHYEH
oruocuteabno ocu Oy (puc. 75). IMostomy mas uerhnod dyHKunm
JIOCTaTOYHO CTPOHTh JHIIL MPaBylo noaosuuy rpaduxa (x == 0); aepas
nonosnHa ero (x=<0) sBaseTcs sepKajbHHM OTOGpaxeHueM npasoli
OTHOCHTEJBbHO OCH OpAHHAT. '

Onpeanenenue 2. @Qyuryua [(X) Ha3wsaemcas Hewemuold,
ecan npu U3MeHeHUu 3HAKQA AP2YMeHING 3HAK HYHKYuW MeHSemcs Ha
npomusonoA0NCHII, @ HUCACHHOE 3HadeHue
ee coxpansenics, T. €. €Cau . &

f(—x)=—f(x) A\ y=fiz)

Hanpumep, HeueTHRIMH QYHKUHAMH SIBASIOTCS ftz) )
x, x% sinx, tgx, arcsinx, arctgx uw T. M I [0z | 'z
Ipadux HevetHoti ¢yHkunn y=f(x), I
OYeBUAHO, CHMMETPHYEH OTHOCH-
TEAbHO Hauana KOODIMHAT
(puc. 76). Ilostomy, uTOGBH MOCTPONTDb
rpaguk HewerHoft (YyHKUHH, AOCTaTOYHO H300pasuTh MNpaBYIO MOJOBHIY
ero (x==0); nepas nososuHa rpaduka (x =<0) noayuaercs B pesyab-
Tate nmoBoporta mpasol Ha 180°.
Onpenenenne 3. Qyuryua f(x) Hazsléaemcs nepuodudc-
cKoll, ecan cywecmsyem noaoxcumenstoe wucao T (nepuod gyur-
yuu) narxoe, 4nio

Pue. 75.

f[(x+TN=f(x)

{puc. 77). C nepuopnyeckunmn (yHKUusMA MH BCTPEuaniChb yxe paiee
(ra. VI, § 3); nanpnMep, nepuomuHYECKHMH sBJSIOTCH (QyHKUunn sinx
(nepnox 2m), cosx (nepuon 2m), tgx (nepunoa n), ctgx (nepuon )
HT O

4 y=fz)
ftzr) /I < z
Puc. 76.

Ilna nocrpoenns rpaduka nepuoznueckoit GpyHKUHH AOCTaTOUHO H306-
pasuThb €ro Ha OTpe3ke, NAHHA KOTOPOro pasHa nepuoay (ocHogras
ofaacms), a 38ateM NOCTPOHTbL NeEpPHOANYECKOE NpOoAoLKeHHe rpaduka,
NPHIKCAB OAHHAKOBHE SHaueHis OPAMHAT TOYKaM, abCUHCCHl KOTOPHIX
OTAHYAIOTCA HA UNCAO, KPaTHOE MEepPHOAY. .
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§ 10. Untepnosuposanue ¢ynxuui

Paccvotpuy dynkumo y=jf(x), samannyio AByMs NepBeMi CTOAG-
uama Tabanue

x l /] Ay Ay
X ."—3 * Azy_l
X_ o Y_a AY_s Al 3"0
X_y ya Ay_y Ay,
*o Yo © Ayo :
X }'1 Ay’_ -
Xa ¥, A_)'z .
X3 V3 - .

Mu  Gyaeu npegmonarats, 4TO TaGamuHKE 3uadenns ..., X.s, X g,
Ly Xy X3, ... APTYMEHTAa X PABHOOTCTO AU HE HHHMH Cr0BAMH,
PastocTn

Axy=x;y—xi=h ({(=0,%1,2 ) O

ects Beanduia nocrosHHas (A — cuMBoa pasuocri). Beanynna b naswiba-
etcs wazott mabauysl. Oan n3yueHns 3axoHOMEpPHOCTH nopesenis Qyux-
wie y ononoany nawy Tabamuy pagnocmasu Ay nepsozo nopadra
(nepsuvie pasuocmuy:

Ayi=yia—y (=012 ,.). )]

Fenag duvimrnog ve—u, L by . manefittna vo pa nannuncry, Auw, — bh
= N S ‘ - - [l M - - b o 3 EAAd
eCTh BEJHUHHA TIOCTOAHHAA.
Auanornuito MOKHO COCTaBHTh pasuoctit gmopo20 nopm)/ca (BIﬂOpblC’
pasuocmu):

A% =Ayia — Ayi=Vipe —YVis1) — Wrn —~ ) =
=J'i+2’—2)’1+1+J’1 (1=0) *1,x 2, .oo) (3)
nT R
Ecan dyuruns y annefinas, To ee Bropwe pasnoctn A2y; pasnu
uyao. das xsanpatiunofl dynxunn y=a-}-bx-}-cx® ee sropue pasno-
crt A%y; nocrosunst (nposepHTB!).
[on wunmepnoauposarues noHnMaercs npubaMKEHHOE HAXOXKAEHRE
Qynxwnt y aag HeraGAHUNNX NPOMEXKYTOUHHX 3HAuennil aprymenra X,
IMycts war TaGauntr fr Man n pasnoctn Ay, nourtn nocrosuns. [Tono-
HHM, YTO X, ecTb Oamwxafimee HanMenbmee Tabanudoe SHa-
yenue A7 JAHHOrO 1eTabJHUYHOrO 3HAYeHHs X, T. € X, << X <<.x;. Ha
npomexyrie (Xo, ¥1) (PYHKUHIO y MPUGAHKEHHO MOXIO CHUTATL AnHefl-
noft Y taroil, uro Y (x9)=y, u. Y (xy) =y, ['eonerpuueckn 3ro suaunr,
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— —
4To MH ayry xpueoit MyM, savensiem coorsercryiowteli xopaoit MyM,;
(puc. 78). Tak kak yraosoll xoadpduunent xopau MyM; pasen

S1—Ye Ay
k===,
TO0
Y= Y=y, + % (x — o) @
(aunelinan unmepnoasyus).
Beoas Beanunny
X—X%Xy
—5 =t )

(«paccrosmue MEKAY TOUKAMH X N Xy H3MEpeHHOe B WIarax»), upubau-
skennyio ‘Qopmyay (4) MOXKHO 8anucaTbh B CJELyIOLLEM BHE:

Y=yo4-t Ay, (6)

C nomousio dopuyan (6) MOmHO Takwe TNPOH3BOAHTb OOpaTHOE
HUTEPNOAUpOBaHNe, T. € N0 3SHaueHwio GyHkuan Y (Yo <<y =<<y;) naxo-
ANTb COOTBETCTBYIOUlEE SHaueHHe aprymenta x. JleHcTouTeabio, umeem

y—Yo
=" o )
Orciona Ha ocnosanun (8) noxyuaem
x=x,-}th. . (8

Mpumep 1. dyuxnns y=y(x) sa-

Aaxa Tabanueli: Y=Yz)

x 1 1,02 | 1,04 ~7 >

» 1,21 1,4 | 1,69

Puc. 78.

Tlpumensa annefinoe uHTepnosuposanue, Haiita y (1,000). Yesy pasen x,
ecan y(x)=1,?
3necy war 1=0,02. ITonaras x,=1, umeem
1,005—1 1
_ 0020 ~— 4
Orciona no Qopuyae (6) nmaxoanm

y=12144.0,02=1215.

t=—=

ILas o6Gparioro miTepnonuponame noaaraeM xp,=1,02 n y,==1,44.
Orciona Ay, =1,69 — 1,44=0,25. TTo dopmyaam (7) u (§) naxomnu
1,5—1,44 0,06
=55 =m0
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n
x=1,021-0,24.0,02—=1,0248.

3avernM, 4TO0 A X & (Xq Xp) MOaydaeTcs amanoruuuas opmyna

Anueititoro HHTEPNOMIPOoBaHs, €CJI BMECTO OMmpKafiiiero HanMeHbIIero

Ta0auIoro sHadeHns X, BOCIOJb3OBATHCA ero OGamxafimuyM Hau 60 ab-

M TaGanunbiM 3HAYEHNEM Xp, UTO HHOrAa Goaee BHroalo. A HMEHHO,
nMeeM

y=y(z) V=Flz) Ay
h

yant—x—x) (@)

Ilas noaydenua Goree TOUHMX
pe3ynbTATOB HHOMAA NpiGEranoT K K8a0d-
p(lﬂlll’lHOle tmmepﬂo.mpoaamuo, 3a-
MEHAs HA NPOMEKYTKE (Xg Xo) yHK-

' > WO Y KBAAPATHHM TpexuaenoM Y

—”T Zg z, T T TAaKHM, 4TO

Y(x)=yo Y (x)=11
Y(x)=yn )

rae  Xog— no-npexneNy Omkatiiwee pnapMensbuiee TaGauynoe 3Hauenue
AAa JauHoro HeTaGamuHOro sHaueHUus x. I‘QOMCTPHQECK" 3TO0 O03HayaceTt

Puc. 79,

TN
(pnc. 79), uto Mm nyry MMM, rpaduka dynxunn y=y (x) npnbau-
MElHo 3aveiigeM mnapa6onaoft ¢ BePTHKaJIbHON oChlo, npoxoasutel yepes
Toukn Ay, M,, M,

dyukiio Y sanmwem B caedyroouteMm nckyccrsensiom suge (10):

Y—oaolble—x) el —x){v—x) (10
Ionaran x=ux,, B cuay (9) noayuaexm
_ Y(xo)=yo=a;
oTCIona
a=1y,. (1 l)
Ananoruuno, npn x=1x; GyaeMm HMETb
Y(x)=yr1=a-}b(x;— %)
orctofa, ncnoaszya (11) m yuursinas, 4rto0 Xy — Xo=5, naxozum
I—Yo Ay
== 12
b h h* (12)

Hakoneu, npn x=x, nmeex

3’(x2) =Yy =a-}-b (X3 — Xo) - ¢ (xy — Xp) (¥2 — X1)-
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Orciona, Tak Kak Xy —Xo=2h u X3—x;=Hh, 10, npuHumas BO BHU-
maiwe (11) n (12), noayuaenm o

Ay
Yr—Yo——"+%h

(V2= +(y1—y)—2Ay0 __Ayi—A4y, Ay,

¢= s = o o U
(13)
Taxkum o6pazoM, OKOHYAaTEALHO HMEEM
- Ay, A2y, ,
yae Y‘=.Vo+T(x—xo)+_2,§'(¥—xo)(x""x1) _(14)
(opayra K8adpamuuHo2o UHMEPNOAUIPOBAHIN).
IToaaras
=t (15)
{] )
— X = Xo) — (Xg — X, '
X th —_ ( 0) h( 1 .0) =f— 1' (16)

noayuum Gosaee yRoOHyo dopMyay KBaAPaTHYHOTO HHTEPIOHPOBAHAR:
- (-1
s yott Byp+ -5 may, (17)

~HMpumep 2. Pyukuna y=y(x) sagaua AsymMs nepsuisu CTOAGUAMH
Tabauust: .

x I Ay Aty
0,20 | 1,2214 626 33
0,25 | 1,2840 | 659 3
0,30 | T1,3499 692
0,35 | 1,4191

HMpumenss ¢opmyay KBaLpaTHYHOrO MHTepnoauposanus, Ha#ta y (0,27).

B xauecTbe HaYaAbHOro sHaueHus BHOupaeM xo=0,20 (neobxomumue
aneMeHTH Tabaunn nopuepkuytwl). . [ar tabmuun h=0,05.

Haxonum pasnocta Ayy=0,0659 u A%y,=0,0033 (8 Tabauue aaa
KpPaTKOCTH AECATHYHBEIE pPaspaasl OMycKaloTca).

Hmeen

0,27—0,25
b= =04

Otciona no ¢opsyne (17) moayuaem

¥(0.27)=1,284040,4.0,0659 4- 24009 0 0933
—1,2840--0,0264 — 0,0004 = 1,310,

4 B, A, Kyapasues, B, [1. llemanosuy
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Ynpaxuenns

1. B Tpeyromwsnke ABC, ocnoBanme koroporo AC=b W Bucota BD==h,
npobexena npaMas LF, napannensHas ocHoBanHio AC H orcTOsimlas OT Nero na
paccroannn x. Bupasnts miomane y Tpanemu#t AEFC xak ¢yukmMio ot x; onpe-
ZenuTs 061aCTh CYIMIECTBOBaHHs 3Toff GYHKIHH H MOCTPONTR ee.rpadiix,

2. OnpeneanTs 0612acTh CyuleCTBOBaHNSA QYHKUMA:

D y=ViF 0 y=rm;

Vi=x2'
6 y=Ve—1; ny=lg(+.

3. Hatm [0, 1, [ [ 1=, (5), 164D, ccm
f ) =32 2x 2.

4, 3uasn, uro [ (I)=— 2,23 @ f(2)=1,05, npuGmuxenno naiitn f(I, 3), cun-
Tan QynxuHO Aukefinofi Ha orpeske [1, 2] (aunednas unmepnosayus).
5. Pe3ayabTaThl H3MepeHHs BeJHYHH X H y NpHBerenn B TaGnHme:

x 10 15 25

¥ 10 | 20 | 40

Halitn saBuchMocTs MeXZy X H Y, 3Hag, 9T0 OHA JHHelinafd,
6. Hafitu uenyio paunonansnyo $ynkumiio BTOpOil cremenu:

[(=ax*+bx+t-¢,
Takylo, 4910
fO)=—3, f()=0, f(2) =5.

7. [Iycte @ (x) =22 n § (x)=2% Haiitn ¢ [P ()] 1 P g (%)].
& Hanru flf (o) v F{fif (0]}, ecan i(r’,\:—-l_x.
9. Ilna pannux GyHxund HaliTH ABHHe o6paTHble:

a) y=2¢4-3; 6 y= Vi=x5 ) y= sin =

7.

10. TocTponTs rpadHkH sneMeHTapHHX (ynKuAil:
z 1 1y

ay=x%; 6 y=—z; B y=1—(-§) ;

N y=Ig(x+2; 0 y=2c05(x—’;):
e) y=sin®x. (Y xa3anue. sin? x=%(l-—cos 2x));

%) y =4 sin (ax—%):
s)y=—ctg—’25:

P 2 1 _ 1 1
B) y=arcsin 5 K) y-—2—+;arctgx.
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11. [MpaGaniKkeHHO HaliTH AefiCTBUTEJbHHE KOPHH ypaBHeHHA
B=3rf1=0,
noctpous rpapuHk GyHKUHR Y= xd—=3x4-1.
12. MpuGamxenno uafite naudeuplnii NONOKHTENALHHA KODEHb ypaBHeuns
tgx=x,

noctpoun rpajukn QyukuHi y={igx u y =x.
13. Qynsmua y=y (x) 3azaHa Tabanueil;

x 0,6 0,7

y 1,8221 2,0138

Henoaesyn auuefinoe Hutepnoaunposause, uaite y (0,63)., Yens
e 107303 2 (0,63 y paBHf) x,



Fmasa VI
TEOPHU$ TPENEJIOB

§ 1. HeficTBuTeannbie yncna

Ilon sesutunofi B MaTeMaTnke NOHHMaeTca BCE TO, YTO MOxer GHTb
naMepeno; npH. 3TOM (PM3HUECKan CYyLIHOCThL BEJHUYHHH 1A Hac Gespas-
anyHa, ITosroMy BHBOAM MaTeMaTHKH 06JafzaloT 0 GLULH O CTh 10, OHN NpH-
MEHHMH KO BCEM seanunHam BooGue. Ilponecc uaMepenus Beauunnh
COCTONT B CpaBHEHHUW ee C Apyroff oaHopoaHo#t Beanunnoft (1. e. BeaH-
upHOtt TOH ke mnpupoaw), npuHsToH 3a eamnuuy. PesyspTar usmepenus
BEJTUUNILL €CTh YN0 — 3HaueHue haMepseMofi Bennuunel. Ecan nameps-
eMan BEAHYNHA W eaninula H3MepeHHs cou3aMepuamMp Meway coboft
(1. e. umeloT o0uLylo Mepy), TO pPe3y/bTaT HIMEPEHHs] €CTb PALUOHAAbHOE
YHUCAO

rpe m n n—uense yucra. Ecan usamepsemas peanmunHa B eaunnua n3me-
PNz HTCOuSMNCp ML uangy cofelt (1. o ne mucior cfmieht mepu),
TO peayabTaT n3Mepenua ectb uppanuonassuoe uucao (nanpumep, V2,
T M T. 1), KOTOPOE MOXHO Hn306pazuTh B RAAE GecKOHeuHoR Henepuo-

AHyecKo#l jpecaTHyHoft mpoGn
X=pPo, P1P2 -+ Pn ..

Ecam Opats B 3TOfl ApOGR KOHEYHOE UNCAO SHAKOB nocae sanarofl, To
M GyneM noayuatb HEKOTOpPHE PallOHaAbHLIE YHCJA, KOTOPHE OaayT
HaM 3HaueHne uaMepseMofl BEJIHUMHL C JmoGOH  CTENEeHbIO TOUHOCTH;
NOSTOMY NDAKTHYECKH NPH USMEPEHUAX MOXHO OGOHTHCh WHCAAaMH pauu-
oHanbHBIMK. OfHAaKO npu GOpMyARpoBKe OOWINX 8aKOHOB H30emaTh Hppa-
HHOHANBHBEIX YHCEN Hemb3a (Hanpiumep, naowaas Kpyra S=nR% rae
JT—unCAO uppanHoHaisbHoe). Uncna pammonanbHeie n NppaUHOHANbLHEE
HOCAT Hassanme dedcmeumensunix Wi seujecmsennoix unceal). Iaa
TeOMETPHUECKOTO H3oGpamenns AefCTBHTENLHBIX UHCEJ CAYXHT YHCOBas

1) B nanbHefileM, noj CJ0BOM «UHCAO?, €CIH ABHO He oroaopeHo ripom'auoe,
MH GyAeM NOHHMaTh «efiCTBHTEILHOE YHC/I03.
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ocb Ox (puc. 80), rze B onpeneneHHOM MacluTaGe PaclMONOKEHH HUCAd:
1 2
paunonaasune (ueane 0, Z=1, =2, ... u apoGune =+

s Em..
H T. J) ® uppauxonanbHue. B pesyapTaTe Bee AefCTBUTENBHHE YHCAA
MOMEWIAIOTCA HA YHCJAOBOH OCH, 8aNO/HAA NOCAECAHIO 0€3 NpOCBETOB,
T. & Kaocdomy OelicmsumensHoMy 4wiucay ‘coomsemcemsyem onpedesen-
Has MmouKa 4ucaoBoii ocu u, obpamuo, Kaycdold mouKe 4uCA080H ocu
omsedaeln Herxomopoe Oelcnmsumenstoe 4ucao. ITosToMy BMECTO Crouad
<AeHCTBUTENBHOE YHCAO0> 4ACTO TOBOPAT <TOUKa».

2 -1 g 1 2 ]

Puc. 80.
Hns npunowenuit K MHOMKeCTBY BCeX AEHCTBHTEABHHX YHCEA X Mpu-
COEAMHAIOT JBa CUMBOJIA — OO H -}-00 €O cBOHCTBaMH:
— o0 << x < 4-00.

Taxan cucteMa JAeHCTBUTENbHHX YHCEa HasHBaerca pacuupendod. Tlpen-
noaaraercs, 4TO CNPaBeAAWBA CAemyowas apudmernka:

a) x X oo=Zo0;
6) =0

B) ‘ Xx-(too)=*oco, e x>0

u ) "
X+ (Foo)=5:00, ecru x<<O.

IeiicTBUTeNbHBE YHCAA MOPYT OHTb NONOKHTEAbHBIMH {1 OTPHLATENbs
HLMH. B HEKOTOPHX CJayYasXx NPUXOAWTCS PaccMaTpuBaTh a0COAIOMHYIO
seauquny peCTBUTENBHOrO 4uCA2, HFTHOPHDYS €r0 SHaK.

Oupenenenne. AGcosomnoii seausunoll (uau smody-
ace ) Herxomopozo Oelicmsumensno2o qucaa Ha3veaemes apugsemude-
CKOe 3HaieHUe 3IM020 Hucaq.

AGcomoTHas BeauuuHd uncaa a obosnavaercd Tak: |a ). Hanpumep,

- |—8|=5, |+3|=3.
Boofuie, ecan X — BeHCTBHTEAbHOE YHCIO0, TO

. x, ectn x=0,

[x|=
- —x, ecmn x << 0.

Q‘!eﬂ_ﬂll“_q, llllﬂ E?CSIKOFO YHC/ad X HMEET MECTO PaBeHCTBO
| —x|=| %}
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Ecam pacnonoxuth neficTBUTE/bHWE 4YHCAA Ha 4ACAOBOR ocCh, TO
aGcomoTHas BeamunHa |x| MmoGoro umcna x npeacrapaseTr cololi pac-
cTosHne cooTBercTBylomelt Toukn A ¢ aGeunccot x oOT Hauana orcyeta O:
x|=0A (punc. 81).

A
&

T xz

LY, SO

Puc. 8i.
Orcioma crefyeT, uTO ecan aGCcomoTHad BeaNdnHa uncaa X yaoeJe-
TBOPAET HEePaBeHCTBY
Jxl<<a (um |x|<<a), )
TO YHCJO X MOAUMIEHO OrPaHHYEHIIO:

—a<<x<a (a1 COOTBETCTBEHHO — g << X =< a), ?)

T. €. X TpHHAAAEXKNT uuTepsary (—a, a) (wm orpesky [—a, aj).
B wyactHocTH, mag A060ro uncia x CApaBelNHBO HEPABEHCTBO

—lxl=sx<]x)

O6patio, ecan mnMeer MeCTo OIHO n3 ABOHHHX Hepasenctn (2), TO
BHNOJHSETCH COOTBETCTBEHHO oxHo 13 Hepasencts (I).

:(—— a —>1<-].7,'—,z'”]>|

i —
1/ Za-a \ T z \ota  Z
fe—— 7 —|

Q0

v
e e,

Bonee ofutee yrsepiaenne: ecan
lx—xo|<a (um |x—x,]<a

TO, TdK KaK |X—Xo| PaBHO pAacCTOAHMIO MEXAY TOUKAMH X 0 X,
nveem

Xp—a<<x<Xpta (um xg—a=<x=<<x,-}a)

n oGparuo (puc. 82).

AGcomoTtnas Beanunia nencrmne."buoro yucaa 0o61agaeT caeayomnMy
csolicrBamu.

1) Afcorwmuan geausuna cymMsub 08YX UMl HECKOAb-

Kux Hucea MeHblie UuAll pasHa cyaie aﬁCO/IIOIﬂHbe Beﬂll‘lllﬂ amux
nuceda.
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B cauom pene, nycTb cHauana x # y — AEAICTBATENLHME unCA3 OAU-
HaKOBLIX 8HaKOB, T. €. xy==0. OueBnano, HMeeM

lxtyl=|Elx|Elyll=[E(x|+ly)|=]x]+]y]

(uanpusmep, | ~3 —5|=|—(34-5)|=34-95).

[Tycts Temeps x H y— AeHCTBHTEALHHE YACA2 PA3MUUHBIX 3HAKOS,
T. e xy<<0, npnuem JAni onpeseseHHOCTH NPeANOAO:HM, HAUpHMEP,
yto | x|==|y] Toraa umeem

[x+yl=IZ=|xx=yll=|ZFdx]=|yDI=lxi=]yI<]x|+y]

(uanpuvep, | ~54-2]|=|—(6—-2)|=5—-2<C5+42).
Takum oGpasoM, An8 moGuX NefCTBUTEJbHMWX uMCead X U y Clpabex-
JIHBO {ICPABEHCTBO

et+yi<lxl+lyl . G

NpHYEM 8HAK pAaBEHCTBA MMEET MECT0 TOrMAa H TOJALKO TOrAa, KOraa
HHCAd X W Y OINHAKOBHX 3HAKOB.

3ameuanne. Hepasenctso (3) nerko pacnpocrpansercs ua awoGoe
KOHEYHO® YHCJO CaaraeMelX, Hanpumep,

lxt+y+z|=|(x+y)+2zi<|x+y|+]zi<|x[+|y[+]2]

2) AGcoanomuan seauduna pa3nocmu 08yx ducen
foaswe uau pasra pasHocmu QGCOAIOIMHLLX BeAUdUH IMUX Huced,
B camom nene, B cuay csofictea 1 nmeem

[¥[=ly+E&x-n|<ly|+lx—y|
Orciona
[¥=yi=|x]—|y]
3) AGcoarwmuan seaununa npouzsedenus 08yx uau

HeCKOAGKUX duces PABHA NPpou3BedeHui0 aGCOAOMHHX 6CAUYUR IMUX
4uces, HanpnMep,

xyl=|x|lyl

4) AGcoawomnuan geauvurna 4acnmuozo pasra 4acmHoOMy
a0COAMHUK BeAaudun (ecau deauntesb OmMAUUeHR OM KYyAs), T. € ecan

y#0, 10
|51=5t

5) AGcoaomuan Beauduna uyesoll nosoxcumessnoli uau
Yyeaoll ompuyarieasHoli cmenenu pasxa coomsemcmsyuiel cnie-
nenu aGcoAiomKod 6eAUHUHB. OCHOBAHUA, T. €

| x® |=]x|"

Jloxa3aTesbCTBO NOYTH OYEBUAHHIX Npeanowenut 3) —5) npedocras-
JIfeM YUTaTento.
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§ 2. HorpemuocTH NpuGAMmKEeHHBIX uYncen

HsMmepas senuunny € TOUHHIM SHAUEHHEM @, MBI OGHIUHO MOJAydaeM
ML €€ npubAuitennoe 3Hateriie x; PasHOCTb @ — X Ha3bIBAETCA owul-
roii npuGamuxeHHoro uncaa x. Uncno a 6ynem Ha3HBaTh MOYHBLAM HUCAOAM,
a uncao x — npubamkeHHnM. Ecin x <<a, TO X HasHBaeTcs npudausce-
HueM no HedocmamKy. €CAN Ke X =a, TO X HA3HBACICHA NPubAICe-
Hueat no u3Gumey.

Onpenenenune 1. AGcoarwmnuoll nozpewrnocms o (uu
abcoaromuoll owubrol) A, npubauscennozo0 4ucaa x Ha3bl-
saemcst a6CoNOMHAR BeAULIHD PAZHOCINL ALedi0Y COOMBEMCMEY IO UILAL
IMOUHBLAL RUCAOM Q@ U OQHHBLN NPUOAUNCEHRUI "UCAOM X, T. €.

Dp=|a—x|. (1)

Ecau Tounoe unmcao a mueussecrno, 10 ¢opmyaa (1) ne gaer po3mMox-
HOCTH OnpeAennTh a6COMOTHYI0 MOrPEMHOCTE Ay NPHOIMIEHHOTO UNCAa X.
B orom caywae orpaununBaoTcs oyenxoli cgepxy aGcomoTHoil morpeu-
HOCTH A, T. € HAXOOAT MOJOKHTENLHOE uncio A, no sosMoxunocTn
MaJo oTamualoueecs ot A, Takoe, 4TO

A=< A 2
Uncao A yaonaersopsiouiee HepaseHCTBY (2), HaswBaeTcst npedes-

noli abcoawmuoli no2peiwinocmsio npubaukenyoro yncaa x. Ouesumno,
nueeM

x—A<sas<x-+ A (3)
pMecTo HepasencTBa (D) ynorpeGasercs TaKie COKpauienHas 3anuchk
a=x1*TA 39
Yacto GuBaer, yTO H3BECTHH ABa NPUGIIKEHHHX YHCAd X; W Xa
MKV KOTODHIMII 3aKMIOHAETCH TOUHOE YICA0 a:
X <ass Xy
Torna MOXKHO MOAONKIUTD
a=xt A,
rae

1 1
x=—2-(x2+x1) h A=7(x2—x1).

AGconmoTHas nOrpemHoCcTb, B3fATad 6e3 yuera usMepseMOfl DeJHMBIL,
He xapaxtepmsyer Tounocti nsmepenns. Hanpumep, ecan npu uamepe-
HHA AMHE CTONMA a@y==2 M N OJAMHH XeJe3HoH moporn a, =200 km
JIONyuieHa oaHa W Ta xe a6ComoTHas morpemHocts Ay;=A,=0,1 M, TO
STO HE SHAYHT, UYTO H3MEPEHHA PaBHOTOYHBL; OYEBHAHO, BTOpPOE H3Mepe-
Hpe TouHee nepsoro. Ilia ouenku TOYHOCTH u3MepeHnii BBOAAT NOHATHE
omHocumeAsHol nozpewHocmu. :
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Onpenenenune 2. Omuocumeasrholi noapewnocmsio
(omuocumeasnoii owubroit) O, npubaudcenno2o ducsa Xx
Ha3wseaemcss OmHoOuteHue aGCOAOMHOL nozpeutrocmu Ay smozo yucaa
K G0COAIOMHOIL BerUdLURE COOMBemrmsyouLe20 MoLKHo20 Hucasa a, T. €.

60 = lAB—o!. (4)

Orciona

Ay=|a]by ®

T. € a6coAomuas nozpeulHocms npuGAUNCEHHO20 HUCAQR PABHA OMHNO-
cumenstoll nozpeutHocmu €20, YMHONCEHHOU HA aGCOANMHYIO Beau-
YUKY COOMBEMCMBYIOWE20 MOYHO20 LUCAA.

Ecan TOyHOE 4HC/IO. @ HEHSBECTHO MM CAHIUKOM CJOXHO, TO AAIOT
BEPXHIOWL OueHKy uucaa 8o Yucno §, yaosieTBopsioulee HepaBeH-

CTBY
8o =<<b,

H33HBAETCA nPede]sHOll OMHOCUMEAbHON NO2PeWHOCMs10 TIPUGAHIKEH-
Horo uyucaa x. QueBuaHo, ecau x>0, TO MOXHO NOJOKHUTH
A
6_'x—A’

rae A —npeneabHas aGcoMIOTHas TOrPelIHOCTD YHCAZ X TaKas, 4TO
x—A>0 :

Npumep 1. KaxkoBa npegeabHaf#t OTHOCHTeIbHas NOrpemHocTs & uHcha
x=3,14, 3amensioulero 4uciao n?

Tak Kak 3,14 < n<< 3,142, 10 aGcoNMOTHAA MOTPElIHOCTb Ay YHCHIa X onnne'r-
BOpSIET HEPaBEHCTBY Ag << 0, 002. Orciona
8= A, _ 0,002

— . ~4
<314 < 6,4-107¢,

Caenona'renbuo, MOJKHO NPHHATH .
3=0,0649;.

Tak Kak TO4UHOE YMCAO @ BO MHOrHX Cay4asx HaHTa TPYAHO, TO Ha
TIPaKTUKE NOJA3TAIOT a =z X, Fie X —JA0CTaToyHO Oau3koe k a mpnbian-
JEHHOE HHCJIO, U TI0/AbL3YIOTCS NPpuGMKEeHHRME (opMyaamMu

A Ar
Gomﬁ 4)

n
| x| 8 I G

(=~—3nak npuGamxensoro pasedcrea). CooTBeTcTByIOUINE tpopmyzm
CnpaseMINBH TaKxe LI NMPEACAbHHX [orpemHocTet.

MNpn uep 2. PesyabTaT HaMepenus ¢ TOYHOCThbIO s0 0,5% panen
. x=257"m.
Onpegenmb ﬂpeAeJlbﬂle a6CcoNoTHYI0 DOrpewtocTs 4 3Toro uauepeuun.
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‘U3 ¢opmyan (5') umeem
’ A=s25,7+5-001 <0.13 .

CheroBatennio, H3MEpAEMyIO BEHUHHY @ MOXHO MONOXKHTSH. paBHoit
a=257 m+ 0,13 nm.

BpeaeM HeKOTOpHie TNOHATHY, CBA33aHHKE C H300pameHHeM yYucen
B AecATHYNOR ClCreMe, MPHYEM OrpaHHuNMCa PACCMOTPEHHEM Jiilb MOJ0-
wureabunx unceal). Beskas undpa b oaecaTuuHoM usoGpakensy uyncnaa,
OTMYHAN OT HYAS, N HYAb, €CAN OH HE CAYXHT AJAg 0003HAuEHud mecs-
THYHCTO Pa3PaRa HAN He 33Mellaer HEH3BECTHYIO HAW OTGpOUICHHYIO
uudpy, uasnnaerca 3uauamgell nyupold storo uncaa. Hanmpumep, uncao
0,0507 umcer Tpu suavautne undpu: 5, 0 n 7. 3annce uncaa 27 600
He M03BOJSET CYIHThL O uncie SHAaYamnx uudp ero; Tak, ecan 3TO 4uCHO
nMeeT uernipe sHawaue undpu, TO e€ro CAeayer 3anMuCaTh, HanpuMep,
s suge 2,760 10% 3navaute undps npuGAnKeHHOro 4ncaa pasaensiorcs
Ha GepHEHE W HegeDHble.

Onpenenenne 3. [osopam, wmo npubauicernoe HUCAO UMeen
gepHtix 3Havwawux yupp (3HaKos, cuumas cAe6a HAnNpaso),

1
ecan abecoarwmuan nO2PeiHOCMs IMo20 HUcAq He npessiuiaem 3 edu-

Huel e2o n-20 paspsoa.
Hanpmep, ecan uncao v ==2,356 nmeer Tpn BepHHX 3Haka 2, 3, I,
10 alco/MoTnas NOrpemHocTb STOro uncaa

Ay < -.0,01 =0,005.

Marevaruueckne Tabauus COCTaBAAIOTCA TaknM o6pa3oM, 4TO BCE NOMe-
mamie B MY 3Haxy apaqaioTC] BEPHAIMIL Hanpnuep, Anq YEThIPEXsHau-
Hoft tadanus JorapugMoB rapautipyercd, uro adco.IoTHas NOrPewoctb

MAHTHCCH KAKAOTO uicaa Ap<< - 1074

B nexoropex caywagx aGcomoTHa’® NOrpeHoCcTb NPHOANKEHHOrO
YuC/Aa MOWET JOCTHraTh e€ANHUUK €ro s-ro paspaga, Ttorma Gydem
rOBOpHTb, UTO [Aa2HUOE YHCJAO HMEET 71 BEepHHX 3HAK08 8 UPOKOAL
cubicae. Ecan aGcoaoTnasd norpeitHocTs NpHOGMDKEHHOrO 4HCAA MOMET
JOOCTHFaTh ABYX €J{IHHWl €ro #-ro paspsaa, TO roBopsT, yTo neppue n— 1
sHauaWux undp yucaa sepusie, a n-1 uHdpa ero coMHuMeNsHAS.

louarue pepunix undp He Bceriaa MOXHO MOHIMATh OGYyKBAJABHO, T. €
B TOM CMHICJE, UTO €C/H NPHOMIKEHHOE YlC/A0 HMEEeT /1 BEepHHX SHAKOB,
TO n nepsox UHGP npuGaHKEHHOrO 4qHCAA H 72 mEPBHX undp TOYHOrO
yucna copmajaloT meway coGofi. Hanpumep, ecin a=1 ects To4HOE
yncao # x==0,999 — npubamnxeHHoe uyuca0, TO BCE SHaKM MOCJEHHEro,
OYEBUAHO, BEPHH B IUHPOKOM CMHIC/IE, XOTS HH OAHa undpa TOWHOro
YHCMAa He COBMajaeTr C cooTBercrylomefl uudpot AanHoro npubimxeni-

}) Bauanue 3naka MOXHO y4ecTr 0coGo,
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Horo upcna. Oanako B GOAbWHHCTBE CAy4aeB GyKBaJbLHOE MOHHMaHHE
Oyner pepHHM.

KonnyecTBo BepHHX BHAKOB NPHGJIIKEHHOrO uucla XapakTepHsyer
TOYHOCTb H3MepEHMsd W TNO3BOASET HaHTH NpesesbHYI0 OTHOCHTEJbHYIO
NorpeItHocTs 3TOr0 YNCAaa.

Mpumep 3. [NpuGiuxenHoe 4HLIO
x=8,3047

BMeeT jBa Bepuux apaka. KakoBa npepesibHafl OTHOCHTGNLHAR norpemnocn: ]
37070 YHCAA?
3recb abcoaioTIan NOTPeIHOCTh

Bo<< S .0,1=0,05.

2
ITo ¢opMyne (4’) HMeeM OUEIKY OTHOCHTeAbHON NOrpewlHocTd |
0,05
So==sorrs g3007 =0,006,
CaenoBatesbho, TIPHGMHIKEHHO MOXKHO NPHHATDL
8=0,6%.

OG6paTHO, 8HaAa NpeNenbHyl0 OTHOCHTEABLHYIO NOrpelHOCTb NpHGan-
KEHHOrO 4uCJa3, MOXHO ONPEIeNHTb KOJHYECTBO €ro BEPHHIX 3HAKOB.

Mpumep 4. [peneavtas oTHOCHTEAbHAS HOTPEUIHOCTh NPHGTIKEHNOIO
qHeaa
==623,809

pasia 6=0,29%. CkoarKo BepHux nndp HMeeT STO YHCIO?
Henonwsys gopmyany (5), naxoanM ouexxy aGComoThodi NOTPEIUHOCTH Hamero
NPHOAHXEHHOro YHCJa

Bo==0,2.0,01 - 623,809 = 1,2.

He coBceM cTporo MOXHO CYHTaTh, UTO YHC/IO X HMeeT Tpn BepHHe Undpul B wmp-
POKOM CMECIIE.

B oxonuateabHoOfi sanucn npuGANKEHHOro uncaa, Booblie roBopS,
HET CMHICAA COXPaHSTb HeBepHuie NHQpL; B KpallneM CAyuae MOXHO
yAepkath OAHY SanacHyio uudpy. Ilostomy uudpa npubanicennoro
Yicaa, He SBAAIONLHECA BEPHEIMH, OOBIYHO OTKUMBAIIOT, HJH, KAK TOBO-
PAaT, NPHGAWKEHHOE YHCAO OKPYradawT. Takke 4acTo NpPHXOAHTCS
OKDYT/ITh IPOMO3JKHE TOUHHE HYHCJA.

Ilpasuno okpyraedus 1) Ecau nepgan ombpowennas yugpa
wucaa (cyumasn caesa HaNpago) ek swe 5, Mo ocmaswuecs yugps
e20 ocmasanionm 6e3 usmenenus;, 2) ecauw oce nepsas u3 ombpouiex-
Hox gugp Gonbule uau pagra 5, mo nepsyw u3 ocMABUIUXCA
yugp yseaudusamom Ha edunuyy.

Hanpumep, okpyrasa uncno s==3,141592 .., no nary, yeTHpex, Tpex
gulaqaumx lllmbp, COOTBETCTBEHHO nonqui npn6mm\e1mue upcaa 3,1416,

42 n 3,14.
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. Creunaibno BHIZENASTCA 4aCTHHA CAyyail, KOrga OKpyrasercs na olHy undpy
qucso, umeoliee noeneynwio nudpy 5. Toraa nocrednan coxpanennan yudpa ocmae-
Asemcs fie3 UBMEHEHUS, eCAU OHQ H4emNaA, W YeeAuqUSAemCa HG eGurul(Y, eCAU OHA
Hevemnan (npasuso 4emuod yugpe).

ITpu oxpyraenun npuGaHKeHHOro Yucaa My, BOOGIWE TOBOPS, yBeni-
4nBaeM ero NOTPeluHOCTb, A062BAAA K aGCOMOTHOH MOrPelHOCTH uncaa
nozpewiHOCts OKpY2AeHUSL.

[lpu 1n0Ab30BAHMM nNpPaBHAOM OKpYrJeHns NOrpewniocTs OKPyrJe-

HUA, O4EBHIHO, HE MNPEBHIIACT ) eAuHUUbl NOCACAHEr0 COXPaHEHHOro

JecATuunoro paspsia.

Orciona caenyer, yro: .

, 1) ecan mounoe wucao oxpyaaums 0o n 3xawauux yugpp, mo no-
AYHEHHOe NpubAudCeHHoe 4ucAo Gydem usems n 8epHHLX OeCAMUUHHX
3HAKO08;

2) ecan oce npubAUICeHHOE HUCAO € N BePHHMU  OecAMULHBIMIL
3HaKamMu Oxkpy2aums 00 n 3Hadauux yugp, Mo noAyieHHoe HOBOe
npubangicennoe Hucao Oydem uiems n BePHHX OeCAMUYHLX BHAKOB
8 utuporoat cresicae.

§ 8. Npenen (byﬂxuun

B marteMmaTiiyeckoy amaanze, Kak npasiio, paccMaTrpnsaiorca 6e3-
pPasMepHBHE BEMUUUHR, T. € BEANUNHH, nuieHHsle Qnanueckoro co-
aepxannd. COBOKYNHOCTH 3HaueHull TaKHX BENHUYAH MPEACTaBASIOT cOGOH
HEKOTOPHE 4YNCAOBHIE MHOXECTBA. ”CXOL‘[ﬂ H3 3TOro M HCNOAB3Yysa Joru-
ueckne cumsoant VYV («ans mo6oro») u I (ecywectByer», <uatiper-
ca»), MOXHO opmManuzosaTh onpesenenne Qynkunn, npubeaeHHoe

~ana T Q0N

Y =

O 1G0T Vs

Onpeanenenne 1. llycme X u Y — dannsdte qucaogote MHodice-
cmga. Ecau 8 cuay nexomopozo coomsemcmsun f, conocmaganwoezo
dnesenman Muoxcecmsa X anemenms muoxcecmsa Y, Vxe X
Ay e Y (eduncmsennuil), mo y Hazwsaemcs OOHOIHAUHOL ByHEK -
u'neli om x, onpedescrnoil Ha srnosecmse X.

910T aKT KOPOTKO 0603HAYAETCHA CcaeAylomuM oGpasom:

y=[fx) (x=sX)h) M

MuoxecTsBo sumauenn dyuxuun (1), no cmmcay onpe-
nmenenns, codepxnrca B Y, T. e {f(x)} V.

MoxHo crasatsh, uTo QyHKRuEA f ocyulecTsaseT omolpaxceHue MHO-
wectra X B MHOxecTBO Y (puc. 83).

1) Crporo rosopsa, nox ¢yukuueft (1) creayer nonumars camo coorsercisme f,
B CWly KOTOpOro Ada Kakjoro x & X nopwckuBaercs ero naptaep y< Y. Ilpu
stoM f(x) mpeacraBazer cofoii 3Hayenne dynxumn f 8 Touke x. Oanako
Ha OpakTHKE cHMBoOA f(x), rge X NDPHHHMAET BCE BO3MOXKHLIE 3uaueHNSs, TaKKe
HaswBaloT QysxnHeE, .
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Ecan {f(x)}=7, 1. e. moGOn sqement 'y & Y spaserca suaueHneM

- Qyukunn f, To ropopsar, ur0 QyHKUus f omobpaxcaem MHOWecTBO X
Ha MHoxectso VY.

.Mipruep. Dyuxuua f(x)=sinx (0 <x<2n) orobpamaer unTEpBaN
X=(0, 2n) na orpesok Y =[—I, 1]. '

Ilycte mexny saementamu MHoxectB X B Y ¢yHkuus y=f(x)
VCT@HaBAWBAET B33HMMHO OJHO3HAaUYHOE COOTBETCTBHE T. €
Vx e X cymecrsyer oauH u TOAbKO
oauH €ro ofpas y=f(x)eY u 06- Y4
pato, Vy & Y HaiineTcsd eRuHCTBeHHHH
npoobpa3 x & X Takolt, uro f(x)=y.
“Torma ¢ywxmns x=F1(y) (ysV?) Y-~
YCTaHABAUBAOMWAS COOTBETCTRHE MEWKAY :
SJAEMEHTaMH MHOXecTB Y u X, HasH-

ome

1
i
| S

. Y ¢
BaeTCA  ofpamuoii nns GyHxkuun y=
=f(x). HWuumu caopamu, oGpatHas Puc. 83,
Gynkuua f!° sBaserca  oTOGpakeHUEM '

mMHoxecTsa Y Ha mHoxectBo X, OueBuano, QyHKkuud y=f(x) n
x=f1(y) B8aHMHO OGpPaTHH.

Onpenenenue 2. [lod oxpecmnunocmew U, mouku a (@ —
Oelicmsumensnoe wucao) 6ydess nosusams 4060l unmepsar o << x <<p,

oxpycaouui smy mouky (a<<a<<P), ua xomopozo ydarena mouxa a
(puc. 84). - e

a

' aw—d, /] z
(]
Puc. 84.

Tlon oxpecmuocmsio Uy, cuMBona oo == 2= 0o NOHUMAETCA BHEMIHOCTH
moGoro orpeska [a, B] (puc. 85), T. e Ug=(— oo, @) Y(B, + o).
EcrecTsento, YTO CHMBOA CO He CONEPIKHTCA B CBOEH OKPECTHOCTH.

Puc. 85.

3amenanne. OGWeNnpHHATO M0] OKPECTHOCTbIO TOUKH G NMOHHMATH JoGof
untepan /,=(a, B), conepxaunii Touky @, T. e. eciu [, ecTb OKPECTHOCTB TOYKH 4,
170 I, a@. TlpH Hamem onpeneiendu okpectnocth U, TOuKH g, aaa yaoGersa
AanbHEAHX PaCcCYKAEHHA MBI HCKIIOYaeM H3 Hee CaMy TOYKY @, T. €. Tojaaraem
agt Uy Takoe MHOMECTBO ToYek OOGHYHO 'Ha3hBaeTcas NPOKOAOTOMN. (win
NYHKTHDPOBAaHHOMN) OKDeCTHOCTbIO TOUKH a, ’ I
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Honyckaa Bomenocte peun, muoxectBo ToueK Ug=(a, a))(a, B) MBt Ha3zu-
BAaEM NPOCTO OKPECTHOCTLIO TOUKH a (B nawem cmucae). Takoe onpege-
Jienlie OKpeCTHOCTH COrviacyercs c ofbaenHuM ee nonumanmneM. Hanpumep, ecre-
CTBEHIHO NpeanonaraTts, 9TO B OKPECTHOCTb ropoia MockBa HE BXOIHT caM ropog
Mocksal Tem OGonee, uyto NpH onpeneseHHH OJHOCTOPOHHHX OKpPECT-
nocrteft toukn a: U;=(z, a) (sresan oxpecmuocms) w Ul=(a, B) (npasas
oxpecmnoCmb) TOUKAa @ Bcernxa Hckmouaercal (em. § 4).

Hrak, B paabhefies, ccy fBHO HE OrOBOPEHO MPOTHBHOE, MO OKPECMIHOCIIHID
TOYKH @ MH GyaeM NOHHMATL JIOGOA HHTEPBAT, OKPYXKatolH{l 3TY TOUKY, H3 KOTO-
poro BHIKHHYTAZ caMa To4YKa d.

B Tex cayvagx, koraa yno6no Gyaer CYHTATh, YTO OKPECTHOCTh TOUKH @ CO-
HOCPHUT CaMy TOYKY a, MBl OyneM HasHBaTh €e ¢IO.JTHON OKPECTHOCTHIO TOUKH a».

Kax werpyano yGenurbea: 1) cymma (oGrennnennc) JMoGoro 4mncia OKpecTHo-
crefi ToukH a W 2) nponspeleHHe (nepeceueHHe) KOHCYHOrO HYHCJA OKPECTHOCTEIl
TOYKH @ €CTb TAKiKe OKPeCTHOCTH 3TOii TOYKH.

Hns nonoxurtensHoro uncaa § oxpecrnocts U, HekoTopolt Koteu-
HOll Toukn a nasosem ee &-oxpecmuocmsio, ecmu U,=(a—§, a){j

U(a, a46), 1. e. ecin Vx

0<|x—a|<6
(cm. pnc. 86).
Iycts dynxuna f(x) aanana na muoxecrse X. Touka a (@ xoHeuno)
HasuBaeTC npedeasnoli mouxod (mouxolt HAKGNACHUS) DTOTO MHONE-
crtea, ecan B aAw06olt ee §-oxpectnoctu U, comepikurcs Gecxonewto

a-o a a+d
5565555451485 5 5t I O ——m 50042 ,,/ﬁ‘,’ﬂf%f—?
Uz
Puc. 86.

MHOrO BfeMeHIon X & X, T & U N2 YU, B npoerciuc coy-
y2e MOWHO Npeanonarats, 4To yHkuus f(x) onpegenena B HEKOTOPOII
OKPEeCTHOCTH TOYKH @, mPHYEM B caMoil Touke a ¢yHKuua f(x) He 06s-
8aTENbHO HMEeT CMBIC/. ‘
Wtak, nycTh a —npemgenbHas Touka MHOwecTBa X — o6aacté  onpe-
nenenns dydxuun f(x).
Onpeneneunne 3. Hucaro A nasvtgaemcss npedenosrn PyHr-
gur f(x) npu x—>a (a—uucao), m. e.
lim f(x)=A4,
xX—a
ecau 0an awlozo0 £>>0 cywecmsyem marxan 8-oxpecmuocms U, =
={x|0<<|x—a|<<d}, =0 (c) —3asucum om ¢, umo
|f(x)—Al<<e npu x=U,Y. 2
1) fIaa mpocToTH 3Zech HCHOAB3yeTc O§-OKpecTHOCTH TOYKH 4, T. €. €8 CHM-

MeTpu4YHaa OKPeCTHOCTb. Oanako onpejesieHHe oOcTaeTcs B cCHJe A Moboit

okpectoct Uy=(a, a)U{a, £), TaK KaK ona, oueBHAHO, COACPKHT O-OKPECTHOCTD
TOYKH a, rae S=min{a—a, f—a)>0,
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Koneuno, HepaBeHCTBO (2) MOMKHO BHNOJHATLCA ANA BCEX TEX X,
Ans KOTOPHX onpedeneHa ¢yuxuns f(x), T. e aam x e XUy co-
FJA3CHO ONpENEJeHnIO NpenesbHOl TOUKH B Kawnolt okpecrHoctu U, mHo-
JKECTBO TAKHX BHaueHnH He MyCTO.

3ameuanne L. Ilo cuucay onpenenenus npenena GpyHKuum, 4ucaa &
n §=0(g) MOXHO mOAararb LOCTATOYHO MAJAIMIL

Onpenenenne 4. Vmsepaucdenue

lim f(x)=A
X=»00
SKBUBQACHMHO CALDYIOIEMY:
I —Al<e mpu |x[>A, @)

20e A=A (e) sasucum om e.

MHOKeCTBO BCEX TOYEK X, 4S8 KOTOpUX | X |> A, ouesuano, spasercs
CHMMETDPHUHOMH OKpPecTHOCTHI0 Ugp CHMBOMA ©O; MPH 3TOM npeano-
AaraeTcs, 4TO AN  a06od4 Tako# okpecTHocTH Uw() X% (D; ycaosho
MOXHO CKa38aTh, YTO OO €CTb NpeneabHas Touka Muoxecrsa X — 06aacTi
onpenenesus ¢yHkunn f(x).

O6bennnsa onpenenenns 2) n 3), noayunM ofuiee onpexenenune npe-
nena GyHKUHH NP X —- g, KOTOPOE TFOIMTCA KaK 18 KOHEYHOro a, Tax
B 018 a==o0o.

O6mee onpenenenue npepena ¢ynxkuun, Tycms f(x)— gﬁymcuuﬂ,
onpedeseHnas Ha MRodxCecmie X, U a—npedenbHas MOYKQ 3IMO20
Muooicecmsa. Yucao A aganemes npedeson dynryuu f(x)npu
X—»a mozda u moasko mozda, xo20a dam awbo2o0 €>0 cyuecm-
gyem maxan oxpecmuocms U, mouru al), ymo .

Ifx)—Al<e VeeU.nNX )

(npu stoM U N X 5= @) :
KopoTKo 5TOT (haKT 82nuCHBAIOT caeayiowuM o6paso:

lim f(x)=A4, ®)
xX—a
Han
f(x)>A nmpu x—a. 5"
IIpumep 1. Iloxkasats, uro
lim x2=4. (6)
x—+2

Hna ynoGersa paccysxaenuit M GyAeM Npeanonarats, 4to 1 << x <3,
T. e |¥x—2|<1.
Hycts &> 0 —nponssonsHoe uyucao. Mmeen

Jxt—4=|x—=2||x42|=|xr—-2|(x+2)<<D|x—2|<¢,

1) He ofa3atelbHo CHMMETpHYHAm.
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ec.m-
lx=2|<g u|x=2|<L
Otciofna MOXHO MOJOXHTB
8 =riin (£, 1)>0.
TaknM o6pasom, paseticTBO (6) mokasaHo. 3ametnM, 4TO 31€CH ﬁ-o_kpecr-

fI0CTh TOYKH X ==2 —T0/Had, T. € COAEPNKHT TOUKY 2.
Mpumep 2. IMokasats, yTO

;%T—*l ‘npu X — 0. ‘ )
Hnmeenm
x 1 1 1 |
. = = =
¥ I Tl = =]~ F==1T ~ [f=1 =%

€C/Ii1 TONBKO
!
|x|(>1 +‘§=A'
YTO- SKBNBAJEHTHO yTBepxaenuo (7).

3ameuanne 2. He crexyer nymars, 1o yskuns f(x) MOCTOSHHO ocTaetcs
MeHbIIe CBOEro npejgesa.

BoaMoxun TpH cayuasa: 1) ¢ynkuns He mpeBelmaeT cBOEro npejena, nanpu-

2 2

sep, ﬁ - | npn x— oo, npnuem xzx-]-l <1;

92) dyuknHs He MEHblue CBoero npepenta, nanpumep, x2—>0 npm x-— 0, mpu-
nem x2>0 npu x==0;

O) $yukuia wonclicTes DOXpyrT COOSTS mpoitaa, o

MeHbIlle, To Goaiblue ero; Hanpumep,

-. anmAm Y rTIeTIE A nesmrimritrer 4/
ALLEAMIMIL VA avatbii AW

2+§1r;—x—>2 npH  x — co.

3ameuanne 3, [Ipn paccmorpennn npelena ¢ynxunn [(x) npn x—>a,
INS NpOCTOTH, MOXKHO OHJO 6u mpeanonarats, uro ¢ynxuns f(x) onpene-
l1eHa B Hexo'ropoﬁ OKpPEeCTHOCTH TOYKH a.
Oanako, KaK MOKasHIBAIOT CaMHe MpOCTHe MpHMepH, 3TO HeyAoGHO ana npa-
NOKeHHH. :
Ilpamep 3. Ilyem
Y sinx

tw=tE >0

Orta dynruna ompeneneHa Ha MHOXKECTBE
o X=(0, aju[2xn, 3x]U ...,
KOTOpOE He fIBJSETCS OKPEeCTHOCTHI0 GecKonedno ynanennodl -To9kH oo, Tem ue menee,

C Haweid T0YKH 3peHHa, HMeeM

=0,
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OTMeTuM OAHO NPOCTOE MpENOMKeHue.
Teopema 1. Ecau gpyuryus f (x)=c¢ nocmoanua & uexomopod
OKpecHocmu mo4Ky a, no

lim f (x)=c,

x—a : . . - :
npudess ¢ A8A7emCA  eOUHCMBERHBM npedenwt amoil qiyﬂhuuu npu
X ->a. _

HlokasateabCTBO 9TOM TEOPEMH NpPENOCTaBASEM YHUTATENIO.

dyHxuuio, MMEILYI0 Tpenes, He caeayeT MyTaTb C OFpaHHuYEH-
Hol PyHkuunef.

Onpenenenue 5. @yuxyua f(x) Ha3weaemcna ozparuvuen-
Hold Ha Oannom mHodcecmse X, ecau cyuwecmsyem maroe noaoxuCu-
measroe 4ucao M, umo

[f(x)<M nmpu xeX

Ecan Takoro wuucna M mer, 10 dyHkuus f(x) HasmBaerca  Heozpa-
Hudenuoll. )

Jlemma. @yurgun f(x), usmeowan npedea A mpu x -—»a, ozoa-
Huxena 8 Hexomopol OKpecmHocmu mouru a.

Hetictsutensio, Bubupas e=1, umeen | f(x)—A|<<1 npu x = U,,
rae Ug— COOTBETCTBYIOMAA OKPECTHOCTh TOYKH 4. Orcmna Ans BCEX
BONyCTUMHX 8HaueHH# aprymenra x 1) nosyuaem

@ =) - A+ A<|f(x)— AI+IAI<1+IAI—M

ecad Tonbko X & U,.
3amevanne 4. OGparnoe ymepxmenue HEBEPHO: orpaunqeunau
¢yHKuua MOXET. He HMeThb npenena.

Hanpumep, Obyuxuus f (x)_-sin — orpaunqeua npu 0<|x | < + oo

¥ He mMeerT npeaeaa npa x — 0. :

Otmerum emte onny Teopewmy, yCTaHaBJIHBalOUL)'lO CBA3b MEXAY rpa-
Huuamy QyHKUHH U ee mpeaenoM. 8

Teopema 2. [lycmeo cywecmsyem

lim f(x)=A
x—a . .
MIf()<N @
8 Hexomopol orpecmHocmu U, mouxu a. Tozda
‘ M<<A<N. 9

Ilokasarteascrtso. [Heicreurensuo, -nycts - A<<M. Ilonaras
e=M—A>0, B nexotopoht .okpecrnoctd V, TOUKU a OyaeM HMeThb

) —Al<<M—A4; 1 e.'—(M—-A)<f(x)—-A<M—-A._

1) To ectb Takux x & Uy, ana Kotopux dyHKIHS f(X) HMEST CMbCI.
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Ortciona, subnpans x & Vo) Us noayunm f(x) << M, uto npornsopeunt
aesoMy Hepasenctsy (8).

Ananornyno onposepraercsa npeanonoxcenne A > N. Taxum o6pa3zom,
nepasercrsa (9) nokasaHw,

3ameuanne 5. Teopema 2 ocraerca Bepuo#, ecan B (8) oano
nap o6a HepaBeHCTBa HECTPOTHE.

Caencroue. [Toaoocumesshas YHKGUR He MOdiCem uMems ompi-
nameasHozo npedesa.

3ameuaune 6. ITousrne npegena dynkunu omuoft nepemennoft
€CTECTBEHHO NEepPeHOCHTCA Ha (PYHKLWN HECKONbKNHX HepeMeHHLIX.

Paccmorpny, Hanprmep, QyHKunio ABYX nepeMeHHmX f(x, y), sapan-
Iyi0 Ha HEKOTOPOM MHOxecTBe X naockoctn Oxy.

[Ton orpecmrnocmeio U, p TOUKN Mo(a, b) (@ n b xoneunw) Gynem
NOHHMATh DBHYTPEHNHOCTb JI0GOrO NPAMOYroabHHKA {0 << X <P, qty<<
<<y <<B,}, nocrpoennoro pOKpyr TOUKH Mo(T. €. oy <<a<<fy Q<<
<< b <<B,), 13 KoTOpOro ynanema cama Touka M.

B TakoM cayyae yTBepxaeHue

lim f(x, y)=A4

x-+a
y-+b

osuauyzer, uro Ve>0 T U, , taras, uro VM (x, y)e U, cnpasen-
JHBO HEpaBeHCTBO

[flx, —Al<e (10)

Koneuno, npn sTOM npeanoazraercs, uro B moGoft okpectnoctn U, ,
nalinytes Toukn M(x, y), B8 KOTOpHX OYHKINA (X, y) nMeeT cMHCA
(npedeasnas mouxa).

Dwrn Annananannn wAarvA ARARTARmAR 118 man  mevtien vorn
SV Vaplacritaiinns eili v LULUULALLIGA M UL L) 1y U

nan o6a BMECTE — CHMBOJH ©CO.

e A semes Bo
LU e M Uy

§ 4. Onnocroponnne npeneas GyuxuHn

B npunoxennsx BCTPEUY2IOTCH TaK HA3WBAEMEHIE ORXIOCTOpONHUE
npenean Ppynkunn

Beegem mnounste JnaeBoft u npaBoft okpectuocrelt Toukn @
(a — uncno).

Onpenenenue 1. 1) Jwb6oii unmepsar Uz=(a, a), npassis
KOHLOM KOMOpo20 ABASIEMCS mo4Ka a, Ha3uéaemca ee AeBOil
oOKpecmHrOCHmS 0.

2) Anaasoeuuno, awboili unmepsar Uf=(a, B), sesotn ronnoxt
Konopozo AsAgemcs MOUKA a, Ha3ssaemcss ee npasgoli oxpecm-
Hocmb 10.

CuuBonmyeckas 3annce ¥ —a—0 0603nHayaer, 4r0 X NpUNHMaeT
JUINb 3HAYEHHs, MPHHAANEKAUNE HEKOTOPOfl JeBofl OKPECTHOCTH TOuKn a,
1.6 X—>a, x<a. : '
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Auanoruyno, 33nuck Xx-—>a-+0 oGospauaer, yr0o X —4q, X >a.
Onpenenenue 2. 1) Gopuysa

lim f(x)=A4,

xX—q--0

20e dyuxyun f(x) onpedeasena na muoocecrnge X u a —npedeasHan
moura 3mo20 MHodCecmsa (a— KoneuHoe), a A —uucao, obo3nanaem,
ymo Ve>0 I U; maran, umo

|[f(x)—Al<e mpu x= XN Uz Y) (1)

(npedea (ﬁyuxm'm cresa).
2) Anaaso2auno, dopayra

lim f(x)=28
x—a-$-0

(B —uucao) uneem caedyiouuii casica.
|f(x)—B|<e mpu x = XN UL ), 2

20e ¢ >0 npousgoasrno u U 3asucum om e(npedea gynryuu cnpasa).
Ias uucen A u B ynorpeGasercs

cuMBOJMuecKas samuck (puc. 87): Y y=riz)
A=f(a—0)

H =fla+0) |- ———~
B=f(a10).

a, T0 €e gHaueHue B 5TOH TOuke 060- ]
3HauaeTcs uwepes f(a); KoHEuHo, OHO 7
MOXET He COBNagaTb C YHCAAMH
f@=0) u f(a+0).

Onpenenenune 3. [lod ok- Puc. 87.
pecmHoOCInGI0 CUMBOAQA —OO
nouusaemess A1000f unmepsas (— co, @), @ N00 OKPECINKOCHSI0 CUM-
80aa -}-co nonumaenicsa awoboii unmepsaa (f, - oo).

dopmyars

' : I
Ecau dyuiuna f (x) onpenenena s ouke 47 (27 -;“;??
1
a

taY

lim f(x)=A"n liil f(x)=8B" . 3

X=r—0
pacuupoBuBaAOTCa TaK:
[f(x)—A"|<e mpu x = (— oo, Ay),

[f(x)=B"|<e npn x (A, +0),

1) Mokio, KOHEWHO, OFpaHHUHTILCA pPaccMOTpenHeM JeBuX O-oxpectuocTeit
Toukn a: Uz=(a—3J, a), rae 6=56() >0.
2) OGuiuno moaaraior U} =(a, a+-8), rge 6=0(e) > 0.
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rae € MpoHsBoabHO, ¥ & X n
A=A (8) (i=1, 2).

. Mpusep. Mycm f(x)#sgnx=-f7| (x #£0) (pnc. 88). Vimeen

lim X)= —1, lim f()=1DM,
ﬁj‘ y=sgnz X»—Of( ) x-—»-'—of( ) )
3ameuaune 5 Ias cymecr-
7 z BOBaHna npemena dynkunn f(x) npn
—_——ly x-—>a (a—uncao) Heo6XomuMO n
JOCTAaTOYHO  BHMOJIHEHHE PABEHCTBa

‘Puc. 88. fla—0)=f(a+40). -

§ 5. Mpenen nocrenoBaTENLHOCTH

Tlon nocneaosame./zbﬂocmblo .
X1, X eees X one o : ¢))

ToHNMaeTCs q)ynkmm X,=f(n), 8ananHas HA MHOXECTBE HATYPANBHHX
uncen X={1, 2, ...}.

[o ananornn c npeaeaonm ¢yHkunn B GeCKOHeuHO yaaneHHofl Touxe
BBOJAMTCA NOHATHE NMpeaenaa noca ef0oBaTEAbHOCTHN.. A HMeHHo,
uHCIO a €CTh npeden nocaedogamessHocmu X,(n=1, 2, ...

lim x,=a?,
n—co

ecan aas mo6oro >0 cymeciByeT Takoe uncao N, saBucaulee OT g
uTO AAM BCEX HATYpaabHbX 7> N BHIOJHEHO HEPABEHCTBO

|x,—a|<<e.
Npumep. Ilycts

. x1=0,9, x2=0,99, x3=0,999, ses
Vimeem

1
. xn=1—-m (ﬂ=l, 2, .--)-

Ilycte € > 0 — nponssoabHoe uncao. Toraa
1
ecmn n>1g -i— == N. CaeponarensHo,

lim x,=1.
n-+c0

1) 3nech a1 KPATKOCTH HCNOAL3YIOTCS 0603HaYeHNsd: — 0 = 0—0 H-I-O =04-0.
" 2) Crpore roBops, HyXHO nucate n—>--co. Ho Tak kax n—HaTypalbHOL, TO
N0 CMHCNY 8-> CO H N —>-}-CO — ORHO H TO.XKe.” -~
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§ 6. BeckoneuHo maubie

Onpenenenue. Dyuxyua a(x) Hasssaemcs GecKOHEUHO
Maaod npu x—a (a—seujecmsennoe HUCAO UM CUMBOA ©O),
ecau 0an awbozo &>0 cywecmeyem maxan oxpecmnocms U, mouru
a, 4mo

|a(x)|<<e npu x & Ugh). . )
Ycnooue (1) sksuBaAeHTHO caepyiolemy:
' lim & (x)=0, )
X=a

T. & npedea Oecrkoneurno maqol a(x) pasen Hyaw u obpamno. Unumu
c/aoBamu:

a(x) >0 npy x —a. 3)

AuanoruuHo onpenenserca GeckoHeuHo Manad PyHkuus npu X —~a—0
u x—a-+0, a Takke Opy X —»— 00 HAN X —-}-00.
" 3ameyaune Ecan :

lim f(x)=A, “

k—qa

TO B .CuAy onpemeaeHus mnpexeaa QYHKUHM MOAYY3EM, 4TO PA3HOCTH
f(x)— A ects GeckoHeuno manas. Takum o6pasom, us dopmyan (4) noay-
yaem npeacrasiaeHue ¢yHkuun f(x), umeioued npu x —-a npegea A,
B soge

f(x)=A+a(x), . ()

rae a(x)—0 npu x—-a.

O6patuo, ecan nas ¢ynkusn f(x) cnpasemnusa ¢opmyaa (5), 1o
uncao A ssasercs npenenom dyuxuni npu X —a. Hs dopuyau (5)
BHITCK3ET BakHAd NE€MMa O COXpaHeHHU BHaAKa PyHKUHH

JNemma Ecau lim f(x)==A#£0, mo 8 nexomopoii oxpecmuocmu
X—a °

U, mouxu a snax @ynryuu f(x) (x & X) cosnadaem co 3naxom
qucaa A,

De#icreutenbo, nycte e=|A|>0. BuGupas okpectocrs U, Tak,
arobu | (x)|<<|A| npu x = U,, B cuay pasencrsa (6) Gyaem umersn

: sgn f(x)=sgn 439,
rae x = U, X.

1)-Kak ofwuno, HepaBencTBo (1) AOIKHO BHNOJHATBCA MMIA TeX X, AR KOTO-
puX ¢yHKuMA « (x) ompenesieHa. [IpageM mpeanosiaraeTcs, YTO MNOMKECTBO TAKKX
3HayeHHit ne nycro B JioGoii okpectHoctd U, TOukH a. .

%) 3anKch sgn x YHTAaETCA: €3HAK X». DYHKUHA Sgn X ONpefensieTca claeqyiouu
o6pasom: sgn x= -1, ecan x > 0; sgn 0=0; sgn x= — 1, ect x << O (cp. puc. 88).
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Mpumep. Touka M nmsmxerca no ocn Ox, TNpPHYEM B8aKOH ABH-
SKeHUs ee :

x=27%sin¢ (¢ —Bpema).
Ouesnano,
lx|<2"<g

ecan t>log, %= T. Tlostouy

lim x==0.
{—+4c0
Takum obpasoy, Touka M cosepmaer satyxaoune KoaeGanua noxpyr
1144ana KOOPARHAT.
3ameuanne dynxkuns f(x)==0 B nexoropoft oxpectnoctn U,, no
cuucay onpenenenns (1), apasercs 6ecCKOHeuno Maaof npn x —a.

3ameTuM, uTO HHKaKas noctoanrnan ¢yuxuna f(x)==c<s~=0, rae uHCNO ¢ CKOMB
yrogHo Mano no aGcoMoTHO BeJHuHHe, He MOXKeT GHTb Ha3Bana Geckoneuno
Manoft. TToatoMy Tak nasuiBacMue uanyeckHe GCCKOHeYHO Manwe (HanpuMep, Macca
MOJIEKYJNE!, DPa3Mep aroMa, 3apfin SJeKTPOHAa H T, N.), C MaTEeMaTHUECKON TOYKH
3pelHs, He ABAMIOTC GeCKOHEWHO ManhIMH,

§ 7. Beckoneuno Gonnmue

Onpenenenne. @yuxnun [f(x) Ha3ueaemcest OCCKOHEYHO
Goasuwoll npu x—»a (a—1uC40 NAU CUMBEOL CO):

f(x)—>00 npu x —a, (1)

ccan. 0as awb6o0 E>0 cywecmeyem marxan oxpecmuocms U,
moyru a, 4mo

(S>>0 apa xS U, <)
049 gcex donycmuselx 3HateHull ap2ysenma X.
Ecan ¢yuxuns f(x)— Gecxoneuno Goaswas upn x —»a, T0 yCAORO
nuwyT
lim f(x)==oo0. 3)

x—aq

IMpumep. tgx—oo0 npu x>,
3anncn
lim f(x)= —oc0, lim f(x)= 400

x—a x—a
coorpercrpenno ofosuauaot: f(x)<<—LE npn x s U, n f(x)>E npn
x & U, (E>0 nponssoasno u oxpectnocts U, sapucut or E).
Jlerko AOKasHBaeTCa CJENYIONEe yTBepxAeHHe.
Jemma. 1) Ecau f(x)—>o0 npn x-—>a, mo 1)f(x)—0 npu
x—>a; 2) ecrn a(x)—>0 npu x—a (a(x)s=0 dan X =a), mo
1/o (x) = co npu x—»a. - N
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3ameuaune. HeorpaunyensHan dyuxuna moxer ne OwTth Gecko-
Heuo GoabloH.
Hanpusep, dynxuus

. f(x)=%s'n%

He orpannyena b moOOH oOKpectHocTH Toukn x =0, OANAKO OHA HE
asasercst Geckoneuno Gosbumoil npu x — 0,

§ 8. OcuoBubie Teopembl 0 GeCKOHEYUHO MAJBIX

Teopema L. Ascebpauteckan cymuma Koneunoz2o qucaa Gecko-
HewHO Maastx npu x—al) @ysxguil ecms Pyuryun OecKoHedHO
Ma2Q8 Npu X —a.

IlokasareanbcrBo. Jlas npoctotsl orpaunyumcs TpeMsa QyHk-
LIAAMIL

a(x)—0, B(x)—>0 n p(x)—0 npu x —»a.

Paccyorpus ux anreGpanueckyio cymy
a(x)+p () —v ().
€

Iycts &>0 —npoussoapHoe mnoaokutesstioe uyucao. Torma 3
TaKkke OyJeT HEeKOTOPBHIM MOJOKHUTEABHHM YHCAOM. .

B cuny onmpenenenus GECKOHEUHO MajnOil CyuIeCIBYIOT TPH, Xapakte-

pu3yeMble 4HC/JA0M %—, okpecthoctu Uy, Ug, Us Takue, uto
|oa(x)|<§— npn x < U, )
lﬁ(x)|<—§- npn x = Ug, )
[y (%) | <% npu x €Uy 6)

Mepeceuenne Uyz==U;NUzN Uz npeacrasaser coGoit OKPECTHOCTH
TOYKH 4, B KOTOPDOH OXHOBPEeMEeHHO GyAyT BHNOOJANENH Hepa-
Berctsa (1), (2) n (3). Taxum obpasox,

[a@)+B @) —vE) [ <|a®)|+|B)|+]|—v&)|=
=la@)|+B@|+v@) <5+ 5+ 5 =8
ecit x= U, u x& X. A 570 # 8HauuT, 410
o (x) 4B (x) —p(x)>0 npu x—a.

1) 3aecs u ganee B 3ToM naparpade Mul Gysem npejanoaaraTh, YTO BCE pace
cMaTpuBaeMble (YHKUHH 3aBejOMO OMpejeseHBl Ha HeKOTOPOM 06 U(eM MHOXe-
ctee X, Ana KOTOPOro a4 ABAAETCA NpegeanHOd Touxoif, PaccamarpuBaeMue 3Have-
Hudg X TakosH, 4r0 x = X, -
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Teopema noxasana;

B uactHoctn, pasnocmb 08yx OGeckoHedHO maablx npu x —a
dyurguii ecms GHyRKBUA OECKOHEHHO MaAas Nnpu x —» q.

Onpenenenne. losopam, umo @dynxyus f(x) ozpanuueua
npu x-»a, ecau OHA O2paxutena 8 Hexomopoii oxpecmuocmu U,
mo4xu a.

Teopema 2. [lpoussedenue o2panudennoi npu x-—a @ynxguu
Ha GecKOHEHHO MaAYio npu X —a GyHEguio ecms QyHEHYuA Oecro-
HeYHO Manas npu x — a.

Hokasareasctno. Ilycts

[fx) =M (M>0) npn x = V,,
rae V, — nekotopas OKpecTHOCTb TOUKH @ u
a(x)—>0 npn x—>a. .

Torna nna nponssoasnoro £>>0 cymecrsyer Takas OKPECTHOCTB
U, <V, uto

|a(x)|<1% mpn x < U,. (4)
Orciona umeem
If@a@=If@Wle@)]< M-5=¢,

ecan x & U, Tarkum oGpasoy,
f(x)a(x)—~>0 npy x—>a.

Teopena 3. [fpoussedenue KOHEUHO20 HUCAQ. GECKOHEUHO MANHX
npu x—a @yuryui ecms Gynryus GecKOHeHHO Masas npu X —- a.

nnnnnn P DA conoTnI -
NowxasaTcauveToo. B pn ante) A oIaAnana Tno J\""vrnv"v NI« \ \n

nPx)—>0 npu x—a.
[Tonaras 0 <<e<<1 n paccyxnas Tak ke, Kak B Teopeme 1, yGex-
JlaeMCs, YTO CYHIECTBYeT TaKas OKpecTHOCTh U,, uTo

ja(x)|<<e, [B(x)|<<e mpn x s U,
Otciona
| () () =]a@)|-[p)|<e-e<e ecm x < U,

Cnepnosatensho, o (x) P (x)—0 npn x—>a.

2) Ecan mm_ nveew, Hanpumep, TpH dyHxung o (x)—0, p (x)—0,
Y(x)—0 npn x—-a, 10, HCNOAB3Yys NEPBYI0 YaCTb NOKa3aTE/JbCTBA,
no/ayuaeM

' @ (%) P (%) 7 (x)=[ (x) B (x)] ¥ (¥) =0
npu x—a.

Crencrteue. Lleran nososcumensnas cmenens (o (x)]* Gecro-
Hewro manol ynxyun o (x)—0 npu x - a ecmy OccroHetHO Maaasn
dyHryun npu X — a. v .
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3amevanue. Yro xacaerca OTHOWEHHA aBYX GeCKONEYHO. MajBIX
a(x)—>0 u p(x)—0 npn x—a, 70 oHO MOwer OMTbL GylKuue# npo-
H3BOMLHOFO NOBEAEHUA NpH X —> 4. : ,

Mpumep. Hycts alx)=wx, PB(x)=2x-+x% y(x)=x% 3necs
npn x —»0 nmeem :

a(x) >0, PB(x)—0, y(x)—0;

B(x i) a(x) _
a@=2TF % am=r>0 ym = 7o
C novomnio AeficTBUA He/NEHHS MOXHO CPaBHWThb Mexdy coGoH Gec-
KOHEUHO MaJule,
Oupeneaenne 1. [se.Geckonewno maavie a(x) u f(x) npu
X—>a umeom 00UHAKOBLLIL NROPAOOK npu X-—»a, ecaAl UX
ompoulerue umeem KOHeuHbd npedes, OmMAUYHUIE om HYAS, T. €.

Onpeneanenne 2. [osopam, wmo npu x —»a nopsadox GecKo-
Hewno maaol P(x) ebiwe nopadka OeckoHewno maaoii o (x) (anm,
uyTO0 TO XKe CaMoe, HOPAJoK OecKoHeiHo maaoll o.(X) Hu e nopsadxa
Geckoneyno maaoll P (x)), ecau omuowenue P (x)/a(x) ecms Gecko-
HEMHO MaAanR PYHKQUA npu X —»a, T. €

B
llma()

B stoM cayuae nuwyt
B(x)=ola(x)] nmpy x—a.

Onpeneaenue 3. I'osopam, umo Geckorneurno sarasn B (x) umeem
nopaGox n (n— HAMypaabHOe HUCAO) OMHOCUMEALHO OeCKOHEHHO
Masol a(x) npu x —a, ecau

qie B0
31_1’1‘11 o (x)—k;b 0.

Ecan xe P(x)=o[a*(x)] npn x—>a (1. e. k=0), To nopamox
B (x) Buwe n no cpasHenuo ¢ o (x).

§ 9. OcHoBHBle TeopeMbl 0 mpeaenax

3pece MH Takxke GyneM npeanoaaratbh, YyTo (yHKURH, paccMaTpHBae-
MHE B Kax/OH U3 CIeAYIOIHX TeopeM, onpefeneHsl Ha HEKOTOPOM o6meM
 MHOxecTBe X, 1/ KOTOPOro TOYKa @ €BJSETCA npeneabHodl TOukoh
(TOuKOH HakoNJIeHHs).

Teopema l. Ecau Kascdoe caazaenoe a/zeedpawtecrcoﬁ CYHMEL
Koneuno2o wqucaa Pyuxyui usmeem npedes npu X —»a, mo. npedea
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amoi a.z2e6pauteckod cysms npu x—»a cywecmseyem u pager marxol
ace aneefpauteckoli cymate npedenos caazaesvlx.

Hoxkasareas crpoo. Ilycts, nanpumep, mumeeM anreGpamueckyio
cyMMmy Tpex ¢ynkunit

7)) +-8(x) =l (x),
rae
'linlf(x)=A. lim g(x)=1B, lim h(x)=C.

Taxk kax (byuxuml OT/ANYAIOTCST OT CBOHX npenenbn Ha GeckoHeuio
Maaue, TO noayuaem

fx)=A+0a(x) gx)=B+p(x), h(x)=C+y(x), (H

rie o (x)—>0, f(x)—0, p(x)—0 npu x — a. M3 pasencrs (1), nc-
nonL3ys TteopeMy o0 aareGpanueckoH cymme Geckoneuno mananx (§ 8,
Teopenma 1), GyaeMm umerhb

f)+g(x)—h(¥)=(A+B—=C)+[a(x)+B () —7x)] (2

rae a(x)+4PB(x¥)—v(x)—0 npn x—»a. U3z pasencrsa (2) nurexaer,
uro cymma f(x)+g(x)—h(x) oranuaerca or uncaa A+B—C ua
Geckoneuno Manylo o, CAeIOBAaTENbNO, 3TO YN CAO ABASETCH NPEREAOM
aannofi cymmut. Takuy o6pasom, smeey

,}I_T, [f )+ g(x)—h(x))=
=A+4B—C= lim f(x)--lim g(x)— lim & (x), (3)

410 11 TpebOBanOCh AOKA3aTh.

Cnenctoue. @yuryus soxcem usems moasko odur npeden npu
Xo— .

Heactsurtensno, ecan

f(x)=>An f(x)—>A" npu x—>a,
TO Ha ocnopanmy Teopemsl 1 mosydiy
fx)—f(x)=0—>A—A" npu x—a.

Tax xak npezien nocroaunoft Qynkunn pasen cavofl dyuxunsm n emun.
croen (§ 3, Teopema 1), TO orcioma nmeem A—A'=0, 1. e. A'=A.

3amMeuyanne. B ycnosun TeopeMu Npeanonaratocs, YTo Kaxzaa n3 ¢ynx-
UM HMeeT fpeaes, H JOKA3bBalOCh, WTO M HX CyMMa Takwke mMeeT npexea. OG-
paTnoe, BooGlle roBops, HE BEplO: 13 CyWICCTBOBANHA Mpeaeta CyMMH Le caegycr
CyllecTBOBaNis npejesoB caaraeMux. Hanpumep, nmeeM
lim (sin® x~}cos? x)=1,
X0
Torga Kak lim sin2x u lim cos?x He cyitectByloT, H MO3TOMY 376Ch
X =00 X =00
lim (sin?x--cos®x) = lim sin®x+4 lim cos®x.
X=00 X—=>0 X—0
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TakuM oGpasoM, (opMysHpOBKa: Npesiesl CYMMB paBeH cyMme BpexeJod caa-
TaeMElX, SIBASETCS HecTporoil.

AnanoruyHoe 3aMeyahHe cJefyeT HMeTb B BHAY JJSH npe}xena NIpOH3BCACHHA
(TeopeMa 2) u nmpenesa 4acTHoro (reopeMa 4).

Teopema 2. Ecau rasxclsll u3 comuoxcumenell npoussederus
KoHewHO20 Hucaa BYHLGul useem npeded npu X —- aq, mo npedes npo-
u38edeHUA Npu X — a pasex NpoulsedeHui0 npedeaos coiHoscumesell.

Hoxasateascrso. 1) Paccmorpum cHavana nmpousseaenue ABYX
coynoxuteaet f(x)g(x), u nycr

Iimf(x)=A u lim g(x)=28.
X=a

Uneen
fx)=A+a(x), gx)=B+f(x), C))
rae e(x)—0 un P(x)—0 npn x—a. Orciona noayuaen
f(x)g(x)=AB+y(x) ©®)
rae .
() =A4p (X)+Ba(x)+a(x)p(x). (6)

M3 ocnosumx TeopeM o GeckoHeuHo Manmx (§ 8, teopemm 1, 2 u 3)
caenyet, yto 9 (x)— 0 npun x —- a. [loaTomy Ha octioBauun pasencysa (5)
OyneM uMETh

lim [f (%) g (x)]=AB=1lim f(x) lim g(x). ™

2) PaccqoTpuM Temepb, Hanpumep, NpousseleHne Tpex <¢ynxumi
F(xX)g(x)h(x), umeomux KoHeusvle npenean npu x —-a. Hcnoabsys
Nepnylo YacTb JIOKa3aTeabCTBA, HaXOMHM

] im [f (%) g () h (x)] = lim {f () g ) h (2} =
=lim f(x)lim [g (x) i (x)]=lim f(x) lim g(x) lim f (x).

Cnenctone 1. IHocmoanuulii - sMnodcumens MONCHO BbLHOCUNL 3Q
3HAK npedeisa. .
JlefictouTensHo, ecau ¢ ecrb NMOCTOSHHAS QYHKUHS, TO

lim [¢f (x)]= hm ¢ lnm f(x)—c lim f(x).

xX—a x—a

Cnencroue 2. Ecau ghynxyua f(x) useem npedes npu x— a,
mo npeder npu X —»Q UeAold NOAOIHCUMEALROL chieneHU ee paser ma-
Kol gce cmenenu npedesa smoll Qyuryuu, T. e.

Jim [f (o)) = lim f (o)}

(n— narypaabHOe 4HClO).
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Mpuwmep L
(x+10) (x4 20)2 (x -}-30)3

Jim it lim, [(‘+?)('+'29)2(‘+’°’9)3] =
=x|imm(1+$)xllmw(l+2;°) hm( +38 ) —1.1.1=1.

Nemma. IMyems f(x)—>A£0 npu x—a. To20a obpamuan no
geautune yurnyus 1/f(x) ozpanutena 8 nexomopoti oxpecmuocmnu U,
mouxu a.

Ileticteutensno, notowxum e=|A|>0. Ha ocnosanun onpeaeneunn
npepena ¢yHkun nyeeM

lf(x)—A|<§ =%—' npu x = U,

Ans Bcex zlonycm.\mx snavenutt x. Orciona noayyaem'

lf ) |=A=[A—F()][=
=|Al-14A—f@|>1 4= = >0 mpu <

Takum oGpasoy, ‘
1 2

T 1Tt ~taje

ecnnn x & U, uto # 1pefoBanoch 10K23aTs.

Teopema 3. Ecau ynxgun f(x) useem npeder npu x—a,
omautnstll  om wyas, mo npedes npu x —a obpamuoli eli no sesuqu-
we oynrenun 1/f(x) pasen ofpamuoii geanuune npedesa 0annoil Gyur-
yuu, 1. €.

lim ..l__ —_— .__l__
soaf ) lmf”

X—a

Howrazarenscroo. Hefictentensno, nycrs

lim f(x)=A=£0.
X~a ’

—~~
N~

Toraa na ocHOBaHHH JEMMH, YWHTHIBASs, YTO MPOH3BEAEHHE OFPaHuuEHHON
(yukunn Ha GECKOHEUHO Manylo eCth Geckoneyno Manas (§ 8, Teopema 2),
OyaeM HMeThb

T A7 717 f(x) [A—f(x)]—>0npu x—a.
Orciona nonyuaem

lim —— = -1- = !
x—a f(x) hm fx°

Teopema 4. Ecau deaunoe f(x) u deaumess g(x) usewom npe-
deast npu x—a u npedes Oesumenss omaudes om HyAf, mo npeden
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ux wacmnozo (0polu) npu X —-a paser wacMHOMY npedesos 0eAUMO020
(¢ucaumesn Opo6u) u deaumern (3narenamean dpobu), 1. €.

i@ lim f (x)
X—a
Jim @ = Tim gG° ©)

o KasaTeabCTBO. [Mycts lxm g(x) =0, Torna, HCOAb3Y S Teo-

pemy 0 npenese npousseneHus (Teopema 2) n Teopemy o npene.ne 06~
patHol -BeanuuHbn GyHKMK (TeopeMa 3), noayyum :

tim [78 ] = 1im [ 5] =

. lim f(x)
x—»a
_:l_,maf(x) lim - ( = hm f(x) lim g(x limg(x)*

-q X—a
Mp umep 2.
lim X lim —D @&+

x=1 x\'i_.] x—»l(x—l)(xz'l'x'*‘l) C
i 1
= lim X! Jmet+h
1= X24-x41 lm: @zl

| v
.

[ . R
Bes pokasatenbcrsa npusefeM €ile OXHY Teopemy. :
Teopema 5. Ecau @ynryusa f[(x) useem npedea npu x —a u

1/ [(x) (n— namypaasnoe) cywecmsyem 8 mouxe a u 8 uexomopou

ee okpecmuocmu U, mo ”
lim Y F(x) = llmf(x) (10) w %=
X=+q
| o ap g
§ 10. HexkoTopsie npuanaku i
 CYymeCTBOBaHUS INpexena la Y=¢z)
¢dyukuuu ) \—T—/ ’ z
He Bcsixas diynxkuus umeer Puc. 89.

npenen, naxe Oyay4d orpaHnyeH-

nofi. Hanpumep, sinx npn x —oco npesena ne umeer, xota. |sinx|=<< 1.
¥YKkaxeM HBa npusHaka CyUIECTBOBaHHs npegena (yHKUHH.
Teopema o npomexyTounolh pynkuuu Ilycms 6 Hewo-

mopoii oxkpecmuocmu U, mouku a dyunryus f(x) 3axawvexna sexucdy

0syun yukguasu ¢ (x) u P(x), umerowunu odunaxosuli npedes A

npu x —a (puc. 89), m. e.

pER<fER)<P®) )
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u
lim ¢ (x)=lim P (x)=A. &)
X—sq x—a
Toz0a gyuryun f(x) useem mom srce npeden:
lim f(x)=A. 3)
X—+Q
Hoxasareabcrso. Wa nepasencrsa (1) umeem
PH)—A<f(x)—A<yP(x)—A
Orcrona

[f()—Al<<max (@ (x)— A} [P(x)—A). 4

Ha ocuosannu ycaosna (2) ans moGoro & > 0 cymectsyeT Takas oxpect-
nocrs U,, uto

[p(x)—Al<<e n |Pp(x)—A|<<e npu x = U, )
[TosTomy n3 HepaseHCTsa (4) noayuaem
|f(x)—A|<<e npn xEUa, ©)

T. €. cnpaseaaso paseuctso (3).

Onpenenenne 1) @yuxyun f(x) naspeaemes so3pacmaio-
el (He yousamwueil) na dannos mnoscecmse X, ecau u3 He-
pasencmsa X1 << Xy (X1, Xo &= X) svmexaem Hepagencmso [f(x) <<
<< f(x,) (coomsemcmsenno f(xy) << f(x))-

2) @ynryua f(x) nazupaerca yo6usap el (He 603pacma -
uefl) na X, ecau u3 wepagencmga Xy <X (Xp X X) caedyem
nepagexcmso f(x1) > f(x,) (coomsencmesenno f(x1)==f(xs)).

Bospacraowas (ne yGupatomas) nan yGupaomas (le £o3pacTaionian)
(hynxkuna HasHBAETCA MOHOMOHKON Ha JNaHHOM MHOWecTBe X.

Teopema. [lycms giynsyua [(x) MoHOMOHHA U O2panuHeHa npiu
x<<a, uamt npu x>a. Tozda cywecmsyem coomsemcmgenno Aesbtil
npedea ee ‘

lim f(x)=f(a—0)
X—+aq—0
usn npaguiil npedes ee

lim  f(x)=F(a+0).
x=+a-4+0

Hecsorpa Ha HarasgHoCTh 5TOfl TEOpEeME!, NOKA3aTeabCTBO ee He MO-
weT OHTh 3AECh MPHBEACHO.

3ameuanue. Axanoraymoe ymep,xnemxe BEPHO A/ a= — OO HIl
ana a=-{- oo.

Caeacrsue. Ozpanudennas MOHOMONHO 603pacmarnuias uan
MOHOMONRHO y6bwa;ou4a;z nocaedosamenshocms X, (n=1,2,,..) useem
npedea,
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[Ipumep. PaccmoTpis nocaenoBatenbHOCTh NEPHMETPOB Py, P,
Py, ... NPABUALHHX n-yTOMbHukoB (n=3, 6, 12, ..), BOUC3HHMX B OK-
pyXHOCTb paauyca R n noiyuyaeMHX B pe3ysibTaTe YABOEHHS uICJAA HX
CTOPOH.

Jlerko yGenuthes, 4TO

Py << Py << Py <.,

T. €. mepumerp P, MOHOTOHHO BO3pacTaet BMecTe ¢ f. B To e Bpems
BEAHYHHA P,, OrpaHnyeHa, TaKk KaK NepHMeTp Kawaoro BNHCAaHHOrO npa-
BHJABHOTIO 71-yrOJAbHHKA HHKOrga HE NpEBHINAeT nepuMeTpa Joboro onu-
CaHHOTO MHOrQYTO/BHUKA, B YaCTHOCTH, HAnmpuMep, NepuMerpa onucau-
Horo Kpaapara, T. e. P, <<8R.
CaenoBarenbHo, CyllecTByeT
lim P,=C,

n—o0

KOTOPHI MPHHUMAETCA 83 AAHNHY OKPYXHOCTH

§ 11. llpenen orHOmeHus cuHyca GecKOHewHO Mancii nyru
K camoil nyre

Teopewna. llpedea omnowenun cunyca 6eckonegno asoil dyzu
K camod Oyze, 8upascennod 8 paduanax, pasex edunuge, T. €.

sin x L (l)

IloxasareancrBo. 1) IMycty cnavana

lim —=
x—-0
Xx>0; nmpunueM TaK KaK Ayra X CTPEMHTCH

n
K HyMO, TO MOXHO CuuTaTh, yTo 0 << x << .

B - rpuronomerpuueckoM Kpyre papuyca
R=1 nocrpouy yron x = £AOB (puc. 90),
n nycte DB —jnnna neprnenaukyaspa, -ony-
uenHoro u3 Toukun B Ha pammyc OA n Pac. 0.

AC —otpe3ok KacateabHoll K OKDYKHOCTH,
nposeaeHno#t B Touke A [0 TOUKH NepecedeHHA ee € NPOAOIKEHHHM
paanycom AB. Ouesumio, myeen

nn A OAB <<na. cext. OAB << na. A OAC.

Tak kak DB=sinx u AC=tg.x, 710 na ocuosaHuu OPMyJ 7€~
MCHTAPHOH reOMETDHH MnoJayYaeM

1 : 1 1
Ty <gxr<4igx,

siny <<x <tgux. 2
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. Pasnenus. BCe uneHwt noc.ne.uHero ABOHHOrO HEPaBEHCTBA HA MOJOKH-

'renbn) 10 Beauundy sin.x, 6yaeM 1MeTh
lo

- <smx<cosx S

uan
sinx

cos x< —- <L (C))
[ycts x —-4 0; Torna 13 HarASAHKX COOGPaKeHHH nMoAydaeMm cos.x —> 1 1),
Taxnm oGpasoy, us uepasencrna (4) cremyer, uto dynxuns sin.x/x sa-
KMoueHa Mexay AByms GyHKnuaMy, uMeomuMn oGunil npenen, pasumiti 1
Ha ocHosanuu Teopebe o npomexcymunoﬁ (byHKuml § 12) noayuaem

x40 x
2) Ilycte Teneps x <<0; nmeem
sin x — sin (— x)

x —x !
rie —x > 0. [Tostomy .
Jm =1 e

W3 dopmya (5) u ('), ouesiano, smrexaer pasencrso (1) (cMm. § 4,
saveuanue 5).

3ameuaune. Hs dopuya (2) suTexaer, uro ecan O<|x|<

10
|sinx|=sinjx|<<|x}
Orcona, Taw wak |sine| ne nperocxonut 1, To npa mofion x cnpa-

BEAJHBO HEPABCHCTBO
|sin.e| <], (©)

npuuen paseHcTBO nmeeT mMecto amwub npu x=0. Hepaseucrso (6) yacto
UCNO/b3YeTCH AAA OHEHKH CHHYCOB MaJHX AYr.

§ 12. Yncao e
(1+4)

1) IefictBuTennHo, Tak Kak B cuay (2) Isinx|<<|x] ( | x| <g), T0 cHnye

PaccyorpuM Bmpaxenne

rae n— Hatypa’iabHOE 4ucIo.

- . A
GeckoHeuno Manofl ayrH ecte Geckoeuno Manan, Orciopa 1—cos x=2 sin? 3~ 0

fpr x—>0 T. e. lim cosx—l

1 X0
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BymeM maBatb #2 HEOrpaHIYEHHO BO3pACTaloLlie SHAUEHHS U BHIYHC-
1\n
JATb COOTBETCTBYIOLLHE 3HAuyeHHf CTeNneHu (1—[—7) . Hoayunm cie-
aywouyio Tabaniy:

n o1 2 I 10 100 1000 10 000

A Ll B 9,25 259 | 2705 | 2717 | 2718 | ..
n

1\n
Mu BHOMM, uYTO C BO3pacTaHHEM 1 CTeNeHb (1-{—-; H3MEeHsAeTCsl BCe

MeINeHHEe W MeAJeHHee M, NO-BHAUMOMY, CIPEMHICA K ~ HEKOTOpOMY
npenenay, npubamkenuo pasuomy 2,718. Jokawey, 4TO 3TO jeficTBu-
TENbHO TaK.

Teopema. [locaedosameasnocms

(1‘*‘717)" (=1, 2 ..)

CIMPeMsUICsT K KOHEHHOALY npedeny, 3aKkA04eHHOMY Medcdy 2 u 3,
HokasareabcTBO. Honbsysmb 6uHomoM Heiotona (cu. ra. XI,

§ ), GymeMm umetb
() =t 25 (G + 2 e (5)

nn=1)...[n—(n—1)] I\n
et 1.2.3...a (7) ’

A

(144 = 12+ eli=2)1-2) 4.
1

Ipu n>1 Bce craraemne B Qopmyre (1) noaowurenbHH, npuyeM
C BO3pacTaHHeM [10Ka3aTend ;1 YBEJHUNBAETCA YHCJAO CAaraeMHXx M Kax-
Jl0e COOTBETCTBYIOULEE CJ/IaraeMoe CTaHOBHTCs GOJbLue.

ChegoBatenbHo, 10C/I€10BaTeAbHOCTD

(1+3)"

HayuHas C HauMEHbLIErO SHaueHnsd, PaBHOrO 2, pacTeT BMeCTe C NOKasa-
TeneM N,

C npyro#ft cropoHH, OYEBHZHO, KAXIOOE CraraeMoe B NpPaBofi yacTi
topuyan (1) yBeauuntcs, ecan BCe MHOXHTENH SHaMeHareJedl 3aMEHHTb
Ha JBOHKH, a KawAaylo H3 CKOGOK sameHuTb enuHuueH. [Tostomy

(1+1) <2Fgtmto

B B, A, Kyapsasues, B, I1. Jemunosug
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B cnny nspectnoft opMyan mas cyMMH TeoMeTpHyeckol nporpeccm
HMEEM
1 1

] 1 ] PR 1
gttt =TT =l <t
)
O1cioaa
1 \n
: (14+4) <3

. 1\n
Taxum oGpazom, uaeHH NOCIEIOBATENLHOCTA (1+—) npn neorpa-

BUYENHOM BO3PACTannNn s NOCTONNO BO3PACT2IOT, OCTBAACH Goarwe 2,
no menswe 3.

Cnenosatensio, na ocnopanin c1eACTBNA K Teopeme 13 § 10 cymecr-
ByeT Kkoneunkil npepen 5710l ROCHCAOBATEALHOCTI, OYEBHANO, RPUNBAANE-
xammh orpesky [2, 3] (cu. § 3, Teopema 2). Dror npeaen n nasupaercs
mcaon e ). Hrak,

e= lim (l +-:T)n.

n =+ o0
HDHG«'HDKEI]HO@ SIHAUCHHE S5TOroO "IICIA €CTh
e=2,7182818284 ..,

Moxno poxasars, uto dynxuns

1
(1+5) @e(—0o —nUE, +oo)
npn X —CO C'Tpe.‘”!TCﬂ X 'l"C.’ly e.

e= lim (l +%‘)x.

X = (O

i
Daauy ppyroe sumpaienne aas uncaa e. Hoasraa = =a{a>—1),
Oynem nMeTh

1
e=lim (1 +a)®,

a—0

C nomoutbto uncaa e ynoGHO BHDPRKAThb MIOTnE Npeaea.
MNpnmep J. Haim
2\x
lim (l+—) o
X0 x

l) 0603"3‘18)]"8\! YHCTIa € 3t ero lullpOKllH nplmeuem eM BO MHOrnx Bonpocax
MATEMAaTHKH MH 0033384 neTepGypreckoMy aKazeMiKy Jitnepy, Moxno goxaaa'n:,
Y10 ¢ << 3.
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., Monaras

OyaeM 4MCTb

fim (l+%)” = lim (1 o) Jiflo[(x +a).<l7-_]‘=e‘5.

X =00
IToxasarenstian yuxuus suaa
y=2e% @)

rae e=2,71828..., Ha3HBACTCA IKCHONCHUUAA6HOM; YIOTPEOARRTCH - TRK=
we oGosuauertie

e*=exp x.

Tpadux dyuxuua (2) usobpawent na puc. 91, drcnowenunansuan Gy
LG UrpaeT BOKHYIO POAb B MaTeMaTii- : B
YECKOM aHaiu3e W €ro NPHIOKEeHHsX. 4 1 y=e*

Mpumep 2. [ycrs nekotopas xu-
MUYCCKAR peakUHss TPOTeKaeT TaK, 4TO er-
B KamAuil MOMEHT BpemeH# § CKOPOCTb
ofpa3oBatisl BEIECTBA NPOMNOPUHOHAAbHA 7
KOJNHYCCTBY STOrO BEUICCTBA, HMeEIOUleMycst A -
B HaAUYHOCTH B JAHHBIT MOMEHT BpeMCHI. .

O6oanaunr uepes @, Hayaabloe KO- g1 J7 e z
4ecTS0 ¥TOr0 BewlecTBa (T. €. KOAUYECTBO ,
Bewectsa B MoMeut Bpeseun £=0). [Ipo- !
Mexytok spemena (0, {) pasoGueMm Ha n ,’
BCAKHX NPOMEKYTLOB: :

(0 £ ) ( t 2« ) ((n-—l)l nt ) Puc. 91,
[Eewl PN Do el PR [
n n' n 0 n

Ecnu o 1euenne Kaxaoro H3 STHX BECHMA MAALIX [POMEIKYTKO3 CKOPOCThL
peaKuuit CYHHTATDL ﬂOCTOflIlIlOl.:l‘ TO KOJHYeCTBA DCLUCCTBA B MOMCHTBI BPEMCUH

Lo o
n' a*’"tt o

=t
COOTLRTCTBERNO OYyAYT pasnul
¢ kt
Q1=Qo+on°-'-l-=Qo(l+.'T)'
= t kt
G=Qetht =) =01+ ),

= Quttucs 7 =acs (1457 )= (1425,

rae & — Aanublil -ko3pPuuHRNT NPONOPUHOHANLHOCTH (3AKOH CAONCHLIX APOLENN0s).
Ho coraacuo ycaoBimo 3agaus NPHPOCT KOIHYCCTBA BEUIECTBA [POHCXOAUT HEMPC-
pumuo. [loatoMy, 41006 MOAY4HTL TOYHYI0 (OPMYAY, HYKHO NPCANOAOKLTH, UTG

5‘
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UHCGI0 HamHx NPOMeXYTKOB HeorpaHHuenuo Boapacraer, a3 KB)K.-'.lblﬂ N3 HHX CTpe-
MHTCA K HYyJHO. )
t
Orciopa, cunrasg, 4rto Y - 0, 219 KoxamuecTna BeuecTBa Q@ B MOMEHT BpeMeHH ¢
GyleM uMeTb Takyik ¢opMmyay:

N n
Q= lim [Qo(l-[-ﬁ) ]
n—wo n
10T npesien Nerko BHPA3HTL uepea unchio e. B camoM nese, ppeas oosnauenne
kt

— =0 Me a- 0,
nosyunM
1 ke
Q=Q, lim [(1+a)“] ’
a—.O
T. €.

Q=Q.e*. . 3)

3710 U ecTb 3aKOH, 1O KOTOPOMY NPOHCXOIHT POCT BEleCTBA B HALIHX YCNOBHAX.

Popmyna Biaa (3) BeTpeuaeTcs NPH H3YHEHIHN 1EI0TO PAAA NPOLECCOB, KAK-TO!
pacnana pamus (3pecs k<< 0), pasmuoxenns Gakrepnii u T. n. Orcioza fcHo,
KaKyl0 Ba)HYI0 POJb HrpaeT WUHCJO € B MATeMAaTHYeCKOM aHajuse K ero NpHJIo-
KEHHAX. .

§ 13. NonsiTee o narypansHuX Jorapudaax
Ecan ocuepinie norapudyMon paBHO yicaAy e, TO JorapugMel 1Hasw-
BAIOTCA HamypaasHul M NI Henepossiatul) 0 0603HAYAOTCA TaK:
log, x=In.x.

B pucwelt MareMaTnxe ynoTpe6afiOTCA HOYTH HCKJAIOUHTESBHO HATy=

HHXKe, oOKaspBaoTca (0J€e NpPOCThMH, YeM XOad JaorapudmMoBs Apyr#x
cucrey 2),

BriBeges -COOTHOWEHHA MEKAY HATYPaabHBIM JorapuHdMoM uyncaa o
anorapugMOM 3TOro Yncaa npu ocHosavuu a (@ >0, a % 1). Iycts MH
HMeeM

y=log, x;
orclona
ad=ux.

Jlorapugmupysn 5TO PaBeHCTBO DPH OCHOBANHN €, HAXOLHM

ylna=Inx.

1) [To uMenn woOTNAHACKOrO MateMaTnka Henepa— n3o6peratens JorapubMos.

2) Kpome Toro, B NMPHJIOKEHHSX 4aCTO BCTPEYAIOTCS NOKAa3aTe/bHble 3aKOHO-
MepHocTH BHAA (3) M3 npexwiayulero naparpada; B CBA3H C 3THM Golee yR06HO
NOAL30BATLCA JOTapUPMaMu DPH OCHOBAHHN &,
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Orcona
1
Y=z Inx
f1au |
logg % == In x. 6y

Sra dopmyaa Beipaxaer JorapadM YHCAA2 X NPH OCHOBaHHH @ Yyepes
! HaTypanbHKK Aorapuds 3TOr0 UMCIA,
3ameTnM™, yTO, mojarags x=e B dopyyae (1), mieen
1 1

Ine=
Ina Ina

log,e=

Ionaran B dopuyne (1) a=10, noayunm
lg x=log ¥x=MInx, 2

roe
1
In 10

— #M0dy46 nepexoda (OT HATYPaibHBIX JOrapH(PMOB K IECATHUHBIM).
OGpatuo, us ¢opmyasl (2) Haxoaum

M=

=1g e==0,43429

1 .
In x=ﬁ g x, 3)

rae
1
7 In 10=2,30258.
§ 14. MousaTtue o6 ACHMNTOTHUECKUX (bopmynéx

ITycts @ (x) 1 P (x) — dyHKUuY, onpese/ienHbie B OKPEeCTHOCTH TOYKH 4.
OGo6man onpexneneune § 8, 6yaeM rOBOPHTB, YTO

P (x)=0(p () npu x—>a, M)
(%) =a (¥) ¢ (x), @

rae a(x)—>0 npun x—a.
Ecag @ (x) % 0 B HEKOTOPOH OKPECTHOCTH TOUKH @, TO u3 (2) nmeem

€Cau

o $G) _
| e = @
(cp- § 8). ‘
Onpeneaente Eciu npu x—»a cnpasedauso pagencnigo
f(x)=9(x)+o(p(¥)) 4)

mo ¢ (x) Hazusaom acumnmomuieckKum ¢reHon (Uan acumn-
momuteckus supagicenue) 042 gynxguu f(X) npu X —-a.
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Ynorpebaserca sanuch: f(x)~@(x) npn x—a. ‘Eem @ (x) 20
npn x & U, 10 13 dopuyan (4) noayuaem

Lo f(x) ' "

Jim s ©)

Busicuny ycaoBus cyuiectsosania aas ¢gynkummn f(xX) neHyaesoro.
JNNCHHOrO 2CHMNTOTHYECKOro u.ena:

(p(.y)=k.v-+-b npH . =» 00, (6)
J)=kx+b-+a(x), 0]

rae o (x)— GeckoneyHo Manas npn X—>o0, T. e a{x)=o (1) npn
¥ — 00, TNpHYEM, OYeBHAHO, Takxe & (x)=o (kx-}b) npn x — co,
Us (7) Oynem nxets

I8 _py by 2 ©

‘Tlepexoas K npeaeny npH X —»oo0 B paneucme (8) n yuntupas, urto
a({x)/x~0 npn x— 00, noiyuny

Tlyctb

7 b= lim j_g_x_)_ @
X—= 0 x
W3 dopuynrr (7) naxonny
b= lim [f(x)—kx). (10)
X =00

O6patno, ccan cymectsyior npeaeis (9) n (10), n3 xotopux xoTs 61
O1:H HenyJaecol, TO CnpaBeAjauBO aCHMATOTHYECKOE pa3aomenne (7).
Jleficteuressno, n3  (opuyan - (10),

74 Ny rae k onpe,ue'mewca papencteon (9),
I ',__;(j/}/,w/‘/ MCEM

lim [f(x)— kx—b}=0.
X = 00
Orciona nenocpencypenno BHTEKaeT
tpopuyaa (7).
< Ipaduk  nunetinoro acumnrornue-
Puc. 92. cxoro unena y==rLx-}-b nasmpaerca
acuxnmonoit xpusoit  y=f(x)
{puc. 92); npnuem caywait k=0, p=0 ne nckaouzerca. 3aech AN TO-
uex M(x, y) na xpupoit u M’ (x, Y) na acnunrore Y —y=AMM -0
npn x —ool).

TMIpumep. Ioctponts npn x—-Lco auuefinyio aCHMNTOTHUECKYIO ¢op-iyny
ZN9 (pyHEIHH
f@=VZfx41

%) Ecan npezentt (9) n (10) cymectsytor npn x —>—co nam NpH x->-}co,
70 acuMnrotHueckan ¢opMyna (7) BepHa NpH COOTBETCIBYlOUMX YCIeBHaX. B 3tem
cayuae rpapnk Gynkuun y=7F(x) HMeer JeBy10 aCHMNTOTY HIH COOTEET-
CIPCHHO IPAaByIo acHMOTOTY.
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Henoaesya dopuyast (9) k& (10), nmveex)
k= lim’ Vitetl +x+l_ lim 'l/1+ +

K>t X0
n 1
x
b= llm (V x!+x+l—-x)"‘ “m o Vidtxtldx
- |

= lim —

x—~+oo'l/'l+ -+ 2+ 2°

Takum obpasoM,

. Vx=+x+1~,\+ npn x ~»--o00,

YapaxrteHus
1. Ha yucnosoft ocH MOCTPOUTH MHOMECTEA TOUEK, ONPEfENACMLIK HePaseils
crsami: a) {x+2|{<<l; 6) |x=—3[=3; B) 0<[x-l[<?; r) <o)<,

2. [Tpu onpejesenui Macchl Tena Oull NOAYYeH NPHOMIDKeHHBI pe3yasTav
p=2,57 r c aGCOMIOTHOI HOrPeIUHOCTLIO A< 0,01 r. Onpegeants npejcssIyiO
OTHOCHTEABHYIO ‘NOrpeocTs O YHCAa p.

3. CroJbko BepHLX wihpp mxee'r npu6nux\emloc uncno x=35,719, ccau otuos
cHTenbHas OOrPewocTs ero Op <<

Hailtu npexaJsnl:

- 1000k . x3-3x-2 . x2—=3x4-2
bay lim s O Im s @ lim e
; ]f§—3. )/4\ 2
52 .:‘EI:; =9’ )llﬁla x—8 °
6. fim SUE 7, qip SB5% gy 1—cosw
too X x—+0 X x>0 xS0
9. ym SnX=sina o iy g2
X ~a X—a x—+0 X °

ll, Boacuute noseaciue KOPHCT X; H X; KDaAPATHOrOo ypasHSHHMA
axt4-bx+4-¢c=0, -
ecan koapduuuentr g -» 0, a kospunueutnt b %0 u ¢ nocroauusls -
12, Ilycto
n=x u yp=V{L
[okasats, 4to .
llm (.Va—'.Vl)-_—o'

Butsicuute reoMeTPHNRCKUA CMBIGT 3TOTO paBeHCIBA.
Hafiti npegens:

, o 1\n
1 LAY PRIT . L
13 n_l:t;o(l-[-z"). 4,..f"ool+2u' 15 nl_l.ncln(l n).

2
16, lim (H—%)“. 7. lim (1—x% , 18, lim ( x )"'.
X -y

G- x=r00 \X41



IT'aasa VII
HENPEPBIBHOCTb ¢YHKUUH

§ 1. llpupamenns aprymenTta u dyHxnus,
Henpepbiesocts Qynxuuu

Ilycts X ecTb HEKOTOpPOE SHAUEHHE AaHHOH TEepeMeHHOH BeauuHHb.
Hapany ¢ x paccmoTpuM Apyroe sHaueHne Xy 3TOH nepeMenHoli seau-
uyniu. Beemem caenyroulee onpeneneHue.

Onpeneaenne Illpupawenuen Hekomopoll nepesteHHol ea-
YUHB. HA3BLBAEICH PA3HOCML e 0y HOBbI 3HAYeHueM Imoli 8eau-
HUHbL U ee npeXCHUAM 8HadeHueAt, T. €. B HaAlEM CJaydae npHpauieHuae
repeMeHHOl BEMHYHHBI DaBHO Xy — X.

Has o0o3HaueHHR NPApAMEHNA uCNoab3yeTcs rpeueckas Oyksa A;
TaK, Hanpnmep, Ax —x;— x 06031ayaeT NPUpaUIEHHe BEMMYHHEL X.

IpuGasaas K 3HAUEHHIO MEPEMCHHOH BEJHYHHH €€ NpHpaLleHNe, Noay-
UM npupauienHoe 3HaveHue 5TOH pemuunHbl. Hanpumep, x-}-Ax ects
NpHpaIEeHNoe sHaueHne BEeJTHUHIE X,

IMpeanoaowum, uTo ¥ ecTh Hekoronas dynkIia OT aPrYMENTA X,

T. €
y=s(x) 1)

IamnM aprymeHry x npapaumense Ax; TOraa y NoOAyuydT COOTBETCTBYIO-
uiee npupamenne Ay. OToT ¢akT, oyennaHO, MOXHO 3anHCaTb TakK:

Y+Ay=Ff(x+Ax). , @
M3 pasencrs (1) n (2) caenyer
Ay=Ff(x+Ax)—f(x)- ©)
IMpnamep 1. Onpenenurs npupauleHHe apryMetta x # npHpawenne GyHkuHn
y=2xt

€C/IH apryMeHT X H3MeHHJIcs oT —1 go 2,
3xnecb, oueBHAHO,

Ax=2—(—1)=3

Ay=8—(—1p=09,
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Ionstue npupawenns QyHKLHN NOACHIM FEOMETPHYECKH.

[Tycts xpusas AB ectb rpadux Pynxuuu y=5(x) (puc. 93).

Paccmorpum na 3TO# KpuBOH TOUKYy M € TEKymMMH KOODAHHATaMA
x uw y. Jlanum aGcumcce x Ttoukn M(x, y) npupamenaz Ax, TOraa
opaunata ee y noayuur npupamenue Ay, Touka M(x, y) saiimer npu
stoM noaoxeune M’ (x4 Ax, y-4-Ay).
Ilyctb C ecTb TOYKAa mnepeceyeHus nps- 4, M ii
Mol, mnpoxossmweH uepes Touky M m M0
napanneapHoll ocu Ox, u nepneHgu- y=flz) Az f¢ 4
kyaspa M'N’, onywetunoro u3 Touku M’
na ocb Ox. Ouesupno, uro A

MC=AJC, CM’=Ay-
Z

Mo:keT CAyuTbCH, UTO A/IA HEKOTO- 7 Y
poro x mnpm crpemieHus Ax K Hymo
touka M’ HeorpauuueHHO npubiausaercs Pac. 93.

Kk Touke M u, caepobarenbho, Ay Taxike
cTpeMuTCs K Hymo. B Taxom cayyae dynxuus y=f(x) Hasnsaercs ne-
npepetgnoff TMpH JAHHOM BHaveHun x. Bonee Touno:

Onpenenenne 1. Qyurgua f(x), onpedeaennan na mroxcecmse X,
Ha3ulgaemcn HenpepeeHoll npu x=Xx; (WAl HenpepuLeHOB
86 mMOouKe Xi), ecal: _ _

1) dhynryun onpedeaena npu x=ux, (1. e. x¥1 € X),

2) npupawjenue hynryuu 8 MouKe Xy CMPEMUMCA K HYA0, K020a
npupaujerue apaysenma Axy=x—x, cmpesmumes 1 Hyaw, T. €.

lim [f(x14Ax) —f(*1)]=0, (4)
Ax;—0

q

¥

rae GeckOHeYyHO Manoe npupamleHne Ax; npoteraer b Te sHaueHus,
paa KoTopux f(xy--Axy) umeer cmwica. Ilpu sTOM MM, Kak pcerna,
npeanonaraem (e ra. VII, § 3), uro x; ssaserca npeneabuoll Tou-
" Kofi maoxecTBa X W, TakuM o0pasod, B moGoH okpecrHoctn Uy, naii-
ayrca Toukn xp-+Ax; e X, oramunne or &y (Axpz=0), 12 KoTopux
¢ynxuna f(x) onpeaenea.

Kopoue rosops, @yuxyun naszeigaemcs menpepsisnol 8 0ar-
Holl mouke, ecan 8 5mol Moyke CecKOHEHHO MANOMY RPUPAUERILID
apaysenma coomsememsyem GeCioneyHo Man0e npupawenie GyREGUL

WUcnoavsya nonstue npeaena dyskuun (ra. VII, § 3), nonysaem pas-
BEPHYTOE ONpelencHye HENPEPHBHOCTH (GYHKNHH B TOYKE
dynryun f(x) uenpepsuisha 8 mouxe xy mo20a u moasko mozda,
roeda Ve>0 36=06 (e, x1) >0 maroe, wmo

[/ &) —=fx) |=[fln+Ae) —F(x) ]| <e ©®)

ecan x=xi+Axj u 0<|Ax;|<<8 (Ax;—moGoe nomycrumoe npu-
pailenue). 3ameTud, YTO HepaseHCTBO (D), OYEBHAHO, BHINOAHEHO H NpH
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Avi=0, 1. e. specs §-OKpecTiocTe TOUKM Xy MOXKINO TPAKTOBATH KaK
noanyo: |[Axj|<<d.

Onpenenenne 2. @yurgua f(x) nasssaemen HenpepssHo
Ha dannom MHoowecmee X, ecan 1) oHa onpedescna HA 3mon
snoocecmse (m. e. Nx & X If (x)); 2) nenpepsisra 8 wascdoli .moure
smozo snoocecinga, m. e. Vx & X cnpasedaunso pasencmso

Jim Ay==lim [f(x+Ax)—F()]=0, ©)

20e x|Ax s X

3ametn¥, 910 37eCh MHOKeCTs0 X TpakTyerest Kak 06 acTe onpexneace
Haa QyuknuH, T. e ToukH ¥ & X 1 x-4-Ax & X ue paccMarpnsatores.

Hanpumep, dynkunn f(x) nenpepwmsua ma orpesxe {a, b}, ecan:
1) sra ynxuns onpegenena s Kawaoft Touke storo orpesxs, 2) Yy =
& [a, b] cnpasegnuso paseucrso (6), rae x-+Ax {a, 0]

Mpaumep 2, dyuxuus

1 mpu xe=]0, 1},

f(x)={0 mpn k@ [0, 1]

nenpepusina na orpeske X=[0, 1], xora oua ne aBAgETCA HIENPEPHB-
nott na oct — oo << x << +4co.

Opusep 3. Hecaexosats na nenpepusuocts dyngumo
y=x'."
Hasaa aprymexty X npupamenire Ax, nosyuns
YAy =(x-4Ax)>=x24- 2% . Ax-}-(Ax)?,
rae Ay —npupautenne dynxuny y. Orcioga
Av=Av.(2v--Ax),

Ovucsrinno, KakoBo Gul i Griio rkcnpozanwos snadenwss x, ecan Ax Gecko-
HEYuo Manto, 10 Ay Taxkwe Oyaet Gecrouewno tiasust. Cregosaredsno, (ynxuus i
HeapepusHa mpu JofoM 3uadenun aprymenta X, HuetMi caosasti, &% ssaserca
nenpepusIoil pynkmiel B GeCkoHeynoM HHTepBaJde (—— 0o, -} 00).

Jlerko Taxxe nOKa3aTs 1ENPCPHIBHOCTG cTefenofl GyHKuHy x7, rA2 f—NatTy.
panslioe MOCTOHHOE YHCIO,

Onpenenenne 3. Touxa, 8 romopoi napyuaemcn Henpepug«
Hocme yuryuu, Ha3pisaemcs mouroli paspwsa amoi GyuryuL,

Ecan .x=x¢—TOuKa paspusa Qyukung y==£(x), TO BO3MOKIIL
ABa cayuas:

1) dyuxuna f(x) onpenenena npu x =X, npHUEM

Ay == f(xg+Axg) = f(x0) /40 -
npu Axg=x—x9—0;
2) dyuxuns f(x) ne onpesesena npu X ==x, # roBOPUTL O MpHpa-
afenin (b)'l_ll(ulm B TOUKE X, HE NMEEeT CMKCAa. B sronm cayuage ycno-
BUMCA X=X Ha3MBaTL TOuKOH paspusd dyHkuuy f(X) TOALKO TOrAY,
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xoraa hynxuns f(x) onpeneneHa o uenocpeactseiiiolt GaAn3oCTA’ Snave-
nng X ). . IR

Ecass  MOXHO HSMEHHTDL ®AR AONOJAHHTIENbHO ONpPEACAHTL (yNKNNIO
J(%) B TOuKE Xy (T. € BuOpaTL uncaAc f(x,)) TaKk, YTO H3MeHeHHam BAU
nonoanennas ¢gyuxuns f(x) GyAeT HenmpepeBHa ApR X=X, TO' STa
TOUKA HASWB3ETCA' yempanusol mourod pasputsa ¢pynkuun f(x). B npos
TABHOM Cay4ae, T, € Kxorma ¢ynkuus f(x) ocraercs paspusHoft npy
X=X, NpH MmoGOM BLOOPE yucaa f(x,), sHaueune X, HaILBACTCH He-
yempanunoll mouroii paspwsa gynrguu f(x).

¥ ) :
J : A
| P y=£z) : y= (z-2)%
| i ;
! i !
1} ) 1
e !
! ]
: 1 ! | !
: ! \ ! v\ 2oz
-1 d ! 2 J 2 i
] —~ilzj~ )
=/ , VA 2 2z T
Pue. 94, " Pre. 95.

Mpunep 4. Paccuorpan q)yuxumb E (x), pasayio lejodl 4actH uucaa X,
T, €. eci . .

) x=n--q,
rae n—ueace sueqao ¥ U=<<g<<l, 10
E(x)=n

(pnc. 94). Hanpumep, E(V 2 =1, E (=3, E(~=1,5)=—21u 1 1.
Qyuxuna E (x) pa3spubia OPH Kak10M UEJOYHCICHEOM SHAYeHHH apryMenTa X,
DB camoM pene, manpuMep, HpR x==1 y pocratoyHo Majoy Ax HMeceM

E(l14-Ax)=1, ecan Ax>0,

n.
E(14Ax)=0, ecnu Ax<<O,
. . Orciona, npunAs BO BHUMaRnBe, YT0
. E()=1,
1oAY UHM

0, ecan Ax>0,
14+A)—E(l)=
E(. +An—E) {—l, ecan Ax<<0.
Crenosatenibio, Nphpaulenne dynknun
: Ay=E (14-Ax)—E (1)

ne cpemures K nymo nps Ax— 0, n nostoMy ¢ymknus paspsibiua npu x=1L

1) To ect, npn- moGoM &>>0 B unTepBane (fo—&, Xo-}&) HalayIca T0uxh,
1ae dyuxunsa f(x) onpezeaena.
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Ananoruunoe paccy:ieHHe MOXKHO NMDOBECTH A1 KaAOMO H3 3HAUCHUR x=4k,
e k—1en0e 4HCNO.
[Ipumep 5 Ilyem

1
f(x)=(

x—2)2°

21a cpgmmnn He olipefesena MpA x =2, HO HMEET CMEICA 1A BCeX 3mpageHn} x =+ 2
(puc. 95). Kaxoe Gbl 3uaueHue Mu uu npHnucadn gucay f(2), Bcerga OyaeM HMeTh

1
f(24-Ax)—f (2)='(AT),—f (2>

npr Ax >0, TagaM ofpazoM, afeck NMpH ¥==2 npr Mo6oM BruGope sHaueHH f(2)
GecKOHEYHO MajoMy MpPHPAlEHHID Ax apryMeHTa COOTBETCTBYeT ORCKOHEUHO GoMfibe
woe nprpaitente Ay ¢ynkuun. CnenoBaTennHo, 5Ta QYHKIHA HMEET HEYCTPaHHs
MYyI0 TOUKY pa3phiBa mpH x=2,

§ 2. Ipyroe ompesgenenune HenpepuBHOCTA (GYHKIUH

Bonay BawHOCTA MOHATAA HENPepHBHOCTH (yHKUAN J3AHM Apyroe
onpeaersyie HENPEPHBHOCTH B TOUKE, SKBABANEHTHOE MPHBECHHOMY BHILE.
Onpenenenne. @yuxkyua f(x) ua-
8uigaemcn HenpepuosrRoll npu xX==xi,
eca: 1) sma byurnun onpedesena npu

X=X <) useem Mecmo pageHcmso
lim f(x)=f(x1)?), (H

T=+ Xy

T. & (fyaxnun  wenpepbigna 8 Oannoll
mouke xj mozda u moasko moz0a, Koz20a
npedes Oymryun npu x —»Xxy, pases 3ua-
wonny  chuwrnit A ppedensHol  mouxe
(puc. 96). 3necs, MOHATHO, MpeNNOaaraercs,
Prc. 9. 4yTO MEepemeHHas X NPAHHMAET Jnb Te
3i1auenns, aaa KOTOpPHX f(X) HMEET CMBICA.
Wnumn cnosamn, nag dynxuun f(x), HempepHBHON npm SHaueHAN Xy, H3
TOro OGCTOATEABCTBA, YTO X —-.Xj, BHITEKAeT NpPeAeNbHOE COOTHOLIEHHE

Fe) > F (50

Jlerko snaets, uro: 1) ecam dyuxuua f(x) nenpepuBHa mpA X=X}
B ykasainnoM padee (§ 1) cmwcae, 1. e eca

lim [f(xy 4 Axy) = f(x)] =0, @
Axy—0

TO, noJaarasn
xi+Axi=x,

Y) 3necs, Kak ofHYHO, npegnogaraercd, 4TO Xy €CTb OpejeibHaa Touka 06aas
¢tu onpegenenua dyukuun f(x) )
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TIE, OYEBHOHO, X —>Xx; upn Ax;—0, B noawaysce Teopemoil o mpe-
aene anreGpanveckofl CyMMBl, HOJY4YHM . o
lim f(x)=f(xy). @)
X—+xy
CnenosatenbHo, ¢yHiuns f(x) HenpepuBHA TaKxe NPH X==Xj 0 B HauieM
HOBOM CMHCAE. :
2) Owuesupno, uro, B oOpatHo, H3 paBeHcTBa (3) BHTEKaeT pasen-
cteo (2).
TakuM 06GpasoM, SKBHBAJEHTHOCTb JBYX ONpPeAeAeHHH ROJAHOCTLIO
AOK23aHa.
Has dysxkunu, HenpepeBHON Ha MHOxecTBe X, B Cuay (popmy.nu ¢))
AA% KaxAOro sHaueHns x; &X BhNOAHENO PABEHCTBO

lim f(x)=/f(xy)

X=+Xg
Tax Kak x;==lim X, TO OTCiofa moayuaex
XXy
lim f(x)=f{1lim x), “@
XXy X=X
T. e ecau (PYHKUusL Henpepui8Ha, mo 3naxu npedesa u PyHEyuu
HepecIinaHo8o1HeL.

B noapofumx Kypcax adanu3a JOKa3wpBaercd, uro diopuyaa (4)
oCTaercs BEpHOH Anaf nioboft HenpepuBHOH (yHKUHH X =@ (f) TaKol,
uTo @ (f) > Xy npu ¢—7;. Takum oGpasoM, uMeeM ycu A€l Hoe CBOii-
CTBO nepecTaHoBoyuocTu pynkunn f(x¥) m npepeaa:

lim f(p €)=/, ( limg (ﬂ)- ©)
t=iy S

Vs onpesenesus 3 (§ 1) sutekaer, ut0 hynxyus paspsisna 8 dan-
Holl moyke mozda u moasKo mozda, Koz0a uamu 1) we cywecmsyem
npedeaa Pywxyuu 8 smoli moure, uan dce 2) npedes dynryun 8 dax-
HOR mmouke cywecmgyem, HO OH He cosnadaem O 3SHaAueHueM (HYHK-
quu 8 3moii moukKe.

§ 3. HenpepbiBHOCTL OCHOBHBIX 9JeMEHTaPHBIX YHKuUMIL
1) Crenennas ¢yHKuus
y=x"

(n—muarypaabnoe (cM. puc. 60)) HenpepuBHa npu A0G0M SHaYCHHH X
(cy. § 1, npumep 2).

2) TlokasateabHas QyHKUHS

' y=a* (a>0)
(cM. puc. 63) HenpepniBHa npm MoGOM sHayeHun X %),

1) Nokasateasctso 3710ro parra cM., nanpuvep, B kKunre C. MM Hugoabcxui,
Kypc maremarnyeckoro asanusa, 1. I.
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»- 8) Tpuronomerpaueckan QyHKuua
y==sinx
(cu. puc. 65) menpepBHA mPA KAKAOM SHAYCHAH X.

B camom gene, masam aprymenty x npupainesue Ax a oGosuauan
lxepea Ay coorserctsylomwee npapaitenne dyukund y, Gyzem usets

y4-Ay=sin(xJ-Ax);

oTCi0Aa .
Ay =sin (x 4-Ax) —sin x=2sin —A2—£- cos(x-l—%i);

B cnny samevanns k rteopeme u3 § 11 ra. VIl mpa Ax =0 ameem

lel

lsln— 5

2

KpoMe TOro,

o) <.

[Mostouy
Axl
lavf<2- B8 1=|ax]|
T. &
lim Ay==0.
Ar—0

Cnrenosareasno, GyHkuna sin.x nenpepusna s nurepsane (— oo, - 0o).
Cosepuieintio Tax e A0Ka3HBAETCA, YTO .

JI=C'{IS X

ccre menpepusman dynxwia popurepsaas (— o9, - 09) (cm. puc. 65).

~ § 4. Ocnosubie Teopemsl 0 HenpepHIBHBIX DYHKUUAX

Teopeua 1. Cysaa ronetnozo ucaa Henpepolsnex Qyricyud
ecmns PYHRENUST HenpepolsHas Y). 7

HokasarenbcTBo. B camom nene, ecau fi{x) n f5(x)—dyux-
e, HenpepsiBHLe 1A lIekoTopoy muoxectse X n x; aofoe staue-
Hie U3 3TOr0 MHOXECTBA, TO

lim [fy (x)+ /2 (x)]‘— lim f1 (x)+- lim f» x)=/1(x1) 4 f2 (1)

XX,
T. € Npefea CyMMel IpH X —-Xy Pasel 3uateHuto 3To{ CyMMst npa
x=x1.

1) Mpeanonaraercs, yto BCe paccraTpusaeMbie GyuKIHir ONPENCSAL 0 Hempe-
pHBIH 112 HeKOTOPOM ofuieM Mmuoxectse X, He cofep:KawleM H3NIHMPOSAUHUX TOYCHW
(sanpumep, na uHrepsase (4, b) Hau orpeske {a, b] 4 7. m.),
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Caeposareapuo, ¢pynxuus fi (X)-+ /2 (x) Tak:ike nenpepuBiia Ba MHO-
mecTne X, ,
Teopema 2. [Ipou3sedenue KOKE'UHO20 HUCAQR HeNpepreHb.X
Pyuryul ecmo EYHKEYUT. Henpepunast.
IloxasaTennCTBO - aH3AOTHYHOE.
Chnencreue. Leavii noaunos

Px)=ay+ax + oot a,xn

ecmy (OyHKyus Henpeptisnas. C e
Teopema 3. Yacmuoe om deaenust 08yx Henpepol8rvx gﬁyux-
nui ecms GYKKRUA, HeNPePbiBHAST 60 BCCX MOYKAN, 8 KOMOPHX Oeau-
meAb OMAUYER ONL HYAS. ,
- JloxasaTeabCTBO 3HanOrnynOe.
Canencrtnne. [poGuan payuonaasnan gynxyusn

N Gotaxt.axn
R =~ oo o

Renpepuigna 8c100y, 3a ucKAw4eHues Mmex 3uadeHwli x, 20e 3namena~
meAy o0pawyaemca 8 Hyas.

Teopena 4. Henpepusran GynKyua om Henpepul8HOE yHKuuN
ecmy OYHKQUR maKosice Henpepsl6HAs; HHAYE ropops, CA0KHAS (PyHKUAS,
COCTOAILA NS HENpepHBHHX (DYHKUuil, HENnpepHBHa.

IloxasareabcrBo. Ilycrb x;—npouscosbnass TOuKa 06AacTH
onpenenenns caoxnodl Qynkuuu f(@(x)), npuvem o¢ynkuua u=g (x)
HSNPEPHIBHA B TOYKE Xy, a (ynkuns f(u) menpepuisHa B TOuKe u; =
= @ (xy). Ha ocnopsnun ycniennoro CpofiCIBa nepecTaniOBOYHOCTH He-
npepuienofl gynxknnir n npeaesa (§ 1) nxeem

llm fle@)=f ( lim (P(x)) =/ (@ (xD)

7. €.. CROxKHag q)ym(unﬂ f (¢ (x)) nenpepnBiia B TOUKE Xj.
B cunay teopemu 4, nanpumep, ¢yHKunn

(sin x)?=sin? x u sin (x?)

HENpPepHIBIN BCACACTBHE HENpepHsnocTH dyHKuni X2 1 sin X,
dynkuny, KoTOpre Mu GyAeM PacCMATPHBATL B MaibHeHmeM, nenpe-

pusBnbl BCIOAY, KPome, OHTb MOMKET, OTAeJbHHIX 311aYeHill aprymenta.
Hanpunyep, dynkuns

sin x

cosx

igx=
(cM. puc. 66) B cuny Teopemm 3 macrosmero maparpada nenpepmnna
AN BCEX SHAYEHHH apryneHTa X, KpoMe TeX, A KOTOPHX

cos x =0,

T. € Kpoue snavennht x=(2k— l)-;i, rae k— moGoe ueage yucao.
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Ananornuno, dynxmua
cos x

sinx

(cv. puc. 66) nenpepuBna npu sinx £ 0, T. e. npu x 3 kxn (kB — nenoe)

Cnpaseganba TeopeMa O HENPePHBHOCTH OGpaTHOf (yHKINH, KOTO-
pylo MH npusoanM Ge3 AOKa3aTeabCTBa.

Teopema 5. Ecau pynxnua y=f(x) nenpepsisna u cmpozo sono-
mounnaY) na nposesxcymee {a, b), mo cymecmsyen odno3nainas odpai-
Has pyurnus x=q@(y), onpedesennas na nposexcymre {f(a), f()),
npudest nocAedHAR MAKJCe HENpepsiBHa U JMOHKOIMOHHA 8 mMoAt dce
catpicae.

B cuny sroft Teopemb: pamnkan i'/; (n — narypaastoe) (cM. puc. 62),
norapncdmuveckas ynxuna log, x (>0, a £ 1) (cv. puc. 64), raasnne
sHaueHns OGPATHHIX TpPHroHOMETpHuecknx ¢yukunit arcsin.y, arccos.x,
arctg x, arcctg.x (cM. puc. 67 — 70) HenpepelBHBI TIpH  BCAKOM SHaue-
UMM apryMeHTa X, NPN KOTOPOM 3TH (hyHKIUM onpenenelsl.

ctgx =

§ 5. PackpmiTiie neonpenenennocreit

Moxker cayunutbed, uro dynxkuna f(x) onpesenesa u uenpepmisHa
BCIOAY, Ba HCK/OYEHHEM HEKOTODOr0 BHAYEHHA X ==X, NpU KOTOPOM
¢yHrnns f(x) Tepser cMpCa (CTaHOBHTCA Heompepeaenunof). Boz-
HIIKaeT BONPOC. Henb3s AU TaK BHOpaTh uncao f(x;), 4roGH monoJxen-
Has QyHkuua f(x) Onaa HenpeprBHa Npn X ==x;.

B ciuay npensmayuiero Aas 5TOro HeO0XOAHMO H AOCTATOYHO BHINOJI-

Henne papencroa
fxr) = lim f(x).

X=+xy

Onepauna Haxomaenua npeiera ¢gynkuun f(x) npn xX—x; B 3TOM
C1y4ae Ha3LIBACTCA PacCKpblnless Heonpe-

¥ #) dejgennocn, a CaM mpenen
=1(Z,
e /4 fim f(x),
X=Xy

€Cca OH  CyllecTBYE€T, HOCHT HE COBCeM
YRAuHO€ HAa3BAHNE UCMIUHHO20 3HAYeHU

dyrrgua f(x) npn x=Xxy.

Mpumep 1. Iycts
/ ‘0r 2 z x2_4
Pne. 97. fx)= x—=2"

Dra ¢ynxuns Tepser cMuca npn x==2. Ilonaraa ponoaxuTensHo
x3—

f(@)=lim 3

5 = lim (x-2)=4,
x—2

1) To ects f(x) BAW CTporo BO3pacraeT HAH CTpOro yGeBaer Ha (a, b).
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NOJAYyYnuM (QYHKIUIO, HENPEpHBHYIO BCIOAY, B TOM UHCAE H OpH X =2.
Ecan xe noaoxuts f(2)544, 10 coorBerctsyiomad ¢yHkuua OGyaer
paspuBna npn x=2 (puc. 97).

Mpumep 2. dyuxuua

He onpenenacHa npu x==0. [Tonaras gONOAHNTEALHO

sinx
f(0)=1lim »
x=>0
MH MOJAYyuHM (PYHKUHIO, ONPEAEACHHYI0O H HENpPEepHBHYIO ana BCEX SHaye-
Hufl aprymenra x.

§ 6. Knacendukauus touek paspnisa ¢GyHKUUH

Touka X, paspsina dyHxuun f(X) 113361BaeTCa MoLKOl paspsea nep-
8020 pooa, ecnH CyUIECTBYIOT KOHEYHble OJHOCTODOHHHE Npeaennl yHx-
unun (§ 4) (puc. 87):

lm f=flo=0) _ln f)=f(ot0)

X xg==0

(npu sTOoM ¢ynkuus f(x) He oOs3aTesbHO AOMKHA OHTb OmnpenenaeHa
B TOYKE Xg T. & f(Xp) MO¥ET He Cyumecrso-

BaTh). 1
Bemnunna 1 i y=Flz)
|

8=F(*0+0)—f(x0—0)

HasWBaeTca cxkauros PyHryuu f(X) B TOUKe Xy,

Bce npoune Touku paspeiBa Xy (QyHKuuH
f(x) HasuBaoTCA €e mouiaMu paspsea 6mo-
pozo poda. Cpean Hux BawHOE sHaueHHE HMeOT ]
TOYKH GeCKOHEUYHOro paspHBa Xy,
Js KOTOPHIX  CymecTBYIOT (KOHEYHble mnin

OECKOHeuHble) OJHOCTOPOHHHE Ipese/nl Vi Zy T
lim x) u lim f(x)
x-ox.—of( ) x—xy f Puc. 98.

1 XOTA Osl OfMH M3 HHX #ABAsETCA 6eckoHeunmM (cM., Hanpumep, puc. 98).
B stoM cayuae, mpsMas X ==x) Ha3HBACICH GepmulKassHol acuir-
momoii rpaduka Qynruun y=f(x).
®ynkung, nonyckalomaa Ha XAHHOM NPOMEXYTKE JHllb TOUKH pase
PHBa MepBOr0 poia B KOHEUHOM YHC/E, HA3HIBACTCA KYCOYHO Henpepsis-
Hof Ha 5TOM MpOMEXYTKe. 3aMETuM, 4YTO B TOUKAX pa3pblBa KyCOuHo
HenpepupHaa Qynxkuns MoxeT OHTb He onpexeseHa.
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ITA. VHI

OrveTny, uto nas nenpepusnocTn gynkunn f(x) b TO¥KE X, NEOE-

3O0AUMO B JOCTATOMNO PEBENCTBO TPEX YHCe:
f(xo—0)=/(x0-+0y=/(x0)

(1. € PpaBencTBO Nya0 ckauka ¢GyHKnNn B TOUKE Xg).

Npnuep. Onpereants XapaKTep TOUKN PI3PHIBA Xg==

i
f(x)=arcctg =
3nech Mu nueeM

Hm arcctg——=. n lim arcelg = =0,
X0 x—10

Caenopateasno, xo==0 ecTb TOyka paspeBa NEpsoro poaa.

Ynpamnpenns

dymmnn

*'t, OnpexeanTs Npupamenne apryMenta x # npupaense PyHKRun

y=‘gx1

ecan apryMent x naMennaca or 10 go 100.
2, Tloxa3aath, 4to a0 aAnneiinoll GynxwH

'y=a.t+b

npupamenie Ay ne 3aENCHT OT X.
3. Joxa3ats HenpeprbnecTs dynyrnun

J’ = ‘/T‘!‘.

4. Jloxazate, uto Qynkwin y=|x| senpepnna,
Onperennth TOUKH DPaspHba dvixniiz
x3

5 fx)= (x3+1) (x2) (x3-3) *
a
6, , (_\')= tg (.‘?x + T) .

- 0= sin ax*
Haiitn anctiiimoe 3nauvenres ¢ynxumiis
g J—
8. /(x)=x npi x=1.
D, ](x)—-—2 ‘C npn x==4,

10. f(x )—_ﬂ npu x=0,

11, OnpepeanTh TOUKN PA3’pPrBa pamuux Gynxnud 7 BHACHETL

ToveK: 2) ———‘S’:‘” 6) arclg -I-Lx’; B sin X,

XapaKTep omx



IFnasa IX
NPON3BOAHASA

§ 1. 3agaua o kacateabHoft

flycte M — dukcrpobannad Touka JauHOH UenpepsBHON  KPHBOH
asuun K (puc. 99). Paccmorpum cexymyio MM’, mpoxoasuiyio uepes
Touky M. Moer cayuntbes, uro Koraa Touka M' mo KpuBofi meorpa-
HiYeuno npubaukaerca K Touke M, cexymas MM’ cTpemMurcs K HEKOTO-
pouy npesenphony noaoxeunmo MT, 1. e. yroa y= /£ M'MT —0 npu
M’ M. Torma npeseasnas mnps-
Mas MT masuBaeTcs KacameasHoil.

Onpeneneuue. Kacameas-
ROl & daunoll wuenpepbignoi Kpu-
8ol ¢ dannoi ee mouxe M (moura
Kacauun) wassieaemcess npedensHoe
noaoxcenue ceryueii MM, npoxo-
dnrweil uepe3 moury M, roz20a 8mo-
pas moura nepecenenun M’ neozpa-
HIUMEHRO npubaudicaenic HO Kpusoli
& nepgod.

Ecau cexywas MM’ npa M’ — A Puc. 9.
HE HMEET MpPEefebHOrO0 MOAOKEHHs,
TO rO8OpAT, YTO KacareJAbHOH K JanHol Jaunui B Touke Al He Ccyuie-
cToyer.

Moxaxes Tenepp, Kak HAXOAMTCA ypaBlieHNne Kacareastofi No 3agai-
oMy ypasHeHHIO JuHuiL,

3anava. 3nan ypasHerue Henpepul8Hoil Aunul

y=r(x),

Halimu ypaguenue rKacatnessnoll 6 0annol ee mouke M(x, y). ﬂpet)-
NOAG2AR, %MO KACAMEALRAR CYWecmeyern.

Hapaay c toukoit M (x, y) BosbMeM Ha Haweit aunuu ,upyryxo TOUKY
M (x--Ax, y-+Ay) (puc. 100). Ilposens cekyuwryiwo MM’ u npamue
MN]Ox u M'N|Oy, noAyuuM NPAMOYTOAbHUK TPEYroAbHuk MNM'
¢ satetamu MN=Ax u NM'=Ay.
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Mycte cexymas MM’ cocrannser ¢ NOAOKUTEABHBLIM HanpaBaeHHeM
ocn Ox yroa @; T0raa, ouesnauo, £ NMM' =q. Us npamoyroawnoro tpe-
yroavuuxa MNM' onpesenseM yrnosofi KosdbdbuunenT cekyue

. Ay
B =tgp=2, ]
go="5 ()

Ilycts Teneps M’ —> M; Toraa, ouesnano, Ax —0 u cexymas MM’
CTPeMNTCS K CBOEMY npeeabloMy noJoxennio—xacareabsunolt MT
8 Toyxke M (MH npeanoJsaraed, 4To KacaTeasnas cywecrsyer). OGosnauum
yepes @ yroJ, obpasosannufi kacareapHo# M7 C MONOKUTENBHHM HANPaB-

nenneM ocn Ox. Ilpn Ax—-0 Gymem

& HMETh: Q- ¢ 11 ecan Kacatensnaa MT
He neprnenankyaspHa ocun Ox, TO B
CHMY HENPEPHBHOCTH TAHreHCa NOMYUHM
tgop—>tga,
oTClona, Tnepexoas K npemeay npm
Ax—>0 8 pasencree (1), wuatinem
yraoeoft kKosdduuneHT k=iga
Y Kacarteasuoh MT:
Z =
\_‘Z_/ Pved A ,
k= lim 2, 2
Pue. 100. Ax—s0 O% @)

IMpenen, ctrosmnfl B mpasofl wactn pasencrsa (2), HA3LIBAETCA HPONU3B0D-

noll dpynxunn y— f(x) B Touke X 0 COKpawenno 060311a4aercsa cienyo-

1M obpasoy:

. A

fim 2=y =7 (¥) 3)
o

Ax—

(¥’ unTaeTCN: «HrPEK WITPHX>).
Taxnm ofpazoy, vaas080ill kosdicbunuenm racameannoli x 2padurxy
gysryuu pagsen 3nauenurd ee npou3sodHOL 8 MOUKe Kacauus, T. e

k=" (x). “)

3uas yraonofi KoSh@UUNEHT KacaTenblON, JNErKO HANHCaTh ee ypas-
nenue. Kacareabnas MT npoxomur uepe3 Touky Kacauus M (x, y); nostomy
ee ypanuenue (cM. ra. 1lI, § 3) nmeer sua

Y—y=k(X—x)
rae X n Y —texymne koopauuars. IToactasnss cioaa smauenne yrao-

soro kKo3dpuumitenta £ # yunTmbad, 4to TOouka M JaexuT na JAnuum,
HOJYyYHM YyPaBHEHUE KacaTeibHoll K 3TOfi anmun

Y—f(x)=F" (x)(X — x). ©®)

3ameuanne 1, Ecim 0603naunTbh AAS SICHOCTH KOODPAMHATH TOUKH
Kacauns uepes (xy, y;), a TeKymne KOOPAHHATH, Kak OGHuYHO, Yepes
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:(x, Y) T0-ypasuenue wacame.aanou K nuuuuy._.f(x)nrouxe
1(x1, ¥1) mMeer Bux

Y=y=yi({x—xy), )]

rae yi=f(xj) n yi=f (x.

3ameuanne 2. Ilpn BuBOZE MH TpEANOnarand, uTo KacaTembHas
MT K anHAn y=f(x) B Touke M cymectsyer. O6parHO, JEFKO MOKa-
8aTh, 4TO ecam mas GyHKuMn y==f(x) cymectByer B TOYKE X KOHEuHas
NpOHSBOAHASR, T. e.-npeaea (3) (Takas ¢yfikuma HasmBaercs Jugghepen-
yupyesod 8 mouxe x), T0 rpapuk STOR QyHKUUH B COOTBETCTBYlOIEH
TOUKe mnMeeT KacateabHyio (5), e napaaiesbuyio ocu Oy.

§ 2. 3amaua o ckopocTH KBHIKEHHS TOYKH

K nonstnio npoussonmoft NpuBOANT Takke B8ajaya O BHIYACAEHRA
CKOPOCTA HEPAaBHOMEPHOTO ABHXKEHHS.

MMpennonoxun, 4to Touka M ABMKETCA [O HEKOTOPOH mpsMofl, KoTO-
pyo npumem sa ock Ox (puc. 101). Kaxnomy snavenmo spemens £ coor-
BETCTBYET onpeaeaexHoe paccrosHne OM=x. CrenosarenbHo, MOXHO

,’—-Z'—“\V/AJ:\

g M Vi z

>, e

Puc. 101.

CKa3aTh, uTo alcuucca X OBMKYILEHCT TOUKA eCTb (PyHKuMa spemenn £
x=f(t).

D10 ypaBHeHRe HagHBAECTCA ypasHeHues O8uNCexus; OHO BHPAKAET 34 -
KOH IOBRXE€HUuSd TOUKN

3amaua 3xas saxon 08udicenusn, waimu cropocms Q8uICYywelics
mouxu 04t M06020 MOMeHMA BpeMerll.

IMycTe B HEKOTOPHH MOMEHT BpeMeHH f ABMXYLLIAACA TOYKA BaHUMaeT
nonoxenne M, npauem OM=x. B momeHnr ¢-}-Af Touka saimer noao-
senne M', rae OM'=x - Ax. Orcioaa

x+Ax=f(t-}AD.
Caenosatensuo, nepemeuienne Toukn M sa spema Af Gynmer
Ax=f(t+At)—F(®). )

Ecam touxa M B Teuenme npoMewyTka Bpemenn [f, £-}-Af] msrranacw
B OAHOM HanpaejaeHun, TO AX ™ YHCACHHO mnpeacTasifer CoGOH my T,
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npofinennull Toukoft 3a mpers Af !). Ornowenne

Ax _ fe+AD—f1y - o
Py A VR o

PHPAKIET CPEANIOI0 CKOPOCTDH n3MeHenns aGCHHCCH X 82 NpomMe-
HYTOK Bpemenn Af, oGuunO Ha3wBaeMylo cpedHeil cxOpocms10 d8uzceHun
Touxi. Ilpepen cpemnet ckopocTn asmxenua npu - CTPEMAEHHN K BYJIO
npoMe:kyTKa ppemenn Af nmasumaeTcs cxopocmsio Osuxcenus B pannuf
moment Bpemenn 7. OGosnauas 3Ty CKOpPOCTb yepe3 v, NOAYUNM

. Ax
v= lim =

nan

v= lim
At—0

f(t4-A)—] (D) T
- (3)

TTo ananornn c sanaveft o kacareasuoll (§ 1) moxno cxasars, 9TO
nonyuennoe mupaxenne (3) npeacranager coGoil NPOASBOANYIO
thynkunn x° no nepemensofl £, T. e

v=f'(f).

Taxkny oGpasoy, cropocns npasMoAuHelin020 06uJCeHUA PABHa Npous3-
800n0 om nymu no epeitenu?).

SaMeuanme, 3aMeTn™, uro ecann v==f'(f) coxpausieT NOCTOANHLI °enax
B HEKOTOPOM NpoMexyTke a << f<<b, To Moxno nokasars (cv. ra. XI, § 2), yro
ans moboro Movenra /e (a, b) B Teuenne AOCTATOMHO MAJNOro TNPOMEKYTKA
It, t-}-Al} Toura zBikerca B oInOM 1 TOM :Ke nanpamiaennn. Taxm oSpazor,
Ax npencrapaser cofoii nyTb, NpoiileHHN TOYKON, N NpHBeAeHHAs Buiwe ¢ophy-
JMPOBKA JCKATHNO (T, €, I JOCTAaTOUNO MAJOrO NMPOMEKYTKA BpeMesn) apasercs
FIAHON

Ecan e nas nexkotoporo MoMeura BpeMenn fy HMeeM [’ (4)=0, T. e. npu
CeCKOneyHo MaloM NpoMexyTKe BpeMenH Afy={—f; cOOTBETCTBYOlMEE NEpCMERle-
nne TouRil Ax soaneTes £LCRONCTNO Manch £0nCC DLICCHCro nopazne, 10 Ax, cocfme
roBops, He fBJANETCA NpoilgenntM nyrteM. HanpnMep, Takas cHTyauns uMcer Mecro,
FOTrA2 TOYK3 COBEpIIzeT GHLICTPO 3aTyXaiollne KoJ1e0aHHA OKONO CBOSrO NOACXKeHNs
pabnoBecns. B stou cryuae dopmyra (3) He ajexkpaTtHa BameMy onpeeseHuo,

§ 3. OGmee onpenenenne npon3soxnoil

Pacemorpenne sajmay 0 KacaTeabHON N CKOPOCTH ABMKEHHS NCTOpPN-
YeCKN MPHBENO K TOHATHIO MPOUSBOAMOHN, ABANOMEMYCd ORHNM 13
OoCOBHHX nousTifl Brcuetl MaTemarnkn. IIpn pewennu sTHX 8agau naw,

7) B ofweM cryuae, nepeMelleHne TOYKH W NyTh, Npoiizennsil Touyxed, p as-
ananu, Hanpnvep, ecan nepsylo cekynly OT nayaja IBHKeHHS TOYKa fiepe-
asunynacy na 10 m Bnpaso, a B caeyyomyio cekynay —na 10 M BaeBo, 10 nepe-
Mellenne TOYKH .33 NPOMEXYTOK BpeMeHn Al=2c¢ pabno Ax=0; Torpa Kax
npofifenHuli nyTh §=20 M. : o o

2) Tounee: cropocmo ecms npoussodnas abeyuccet OsuXcywiedcs mouxu no epe-
MEHU, '
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B CyWHOCTH, JIPHKORUAOCH NPOACAKBATE OXHY M Ty e Ofepauuio; Ha-
XOMMTL MPefen OTHOIEUUs npupawenss (Qyukuan K npupaumenio  ap-
ryMenTa. '

Celtuac mut pasGepeM 5TOT BOMPOC B OJIIEM BHAC.

Ian npoctote Met cHayana OyAes NPEANOJAraTb, 4TO PacCMATPH-
pacuan ynxuus y=jf(x) onpenesena na HEKOTOPOM KOUECYHOM I/
Gecroteuuom nutepsase X=(a, b) n Heupepuisua Ha 3TOM HHTEpBane.
Ilycrs x & (a, b) — nexoTopas duKcupoBannas TOuKa uurepsana (a, b).
Hammst aprymeutry x npupawenne Ax % 0 rtakoe, uro X} Ax & (a, ),
TORA3 PYHKUMA ¥ MOAYYUT COOTBETCTBYIOMICE MpuUpameiie

Ay=f(x+Ax)— f(x) )

CocrabuM oTHOWIEHHE . '
Ay

&y @

O710 oTHOMmEHHE NMOKasKBaeT, BO CKOALKO Pa3 MA OauioM TIPOMEwyTKe
(%, ¥+ Ax] npupawenue gyukuuy y Goabwe APUPIWENAS APTYMCHTA X}
HIIBIME CJI0BAMH, OHO JAET CPEMHI0I0 CKOPOCTb H3MEHEHHSA
GyHKUHE y OTHOCHTEAbLHO apryMenTa X Ha MPOMEIKYTKE
[x x4 Ax]

Hycts Ax—-0; Toraa u Ay — 0 (s cuay nenpepusuocTis q)ym\uuu )
OGozuaunm uepes )(1<:(a, b) mnowxecrno Touek uurepsana (a, b), g
KOTOPWX {IMEST CMMC/ MpefeabHuli rnepexon

. Ay
lim ==, 3
Ax—»OAx ( )
Torza gopmyaa
y'=lim & (reX) 0

onpeaeaser HekoTopyo Qyukmio y = f’ (x), HoCAUyI0 1a3B2HUE NPONS-
sodnold Qyurqui f(x).

Onpeasenenne. llpou3soodnoid gynrguu y=f(x) nazusaent-
Cs1 peden OMHOMWEHUS NPUPAMERUA PYRELUL K NPUPAUCHILID ap2YAeH-
ma npu ycaosuu, 4mMoO npupatgeHue apyMeHma CHIPEMUMCE K HYA0,
cecau 3mont npeden cyusecmsyent.

Taxkust oGpasos, npoussoaHas QyHKILH f (x) ects nexoropan ¢yu-
uua f'(x), npouspesennas (T. e noJAyueHHAss N0 ORPEAEAEHIILIM
npasuaay) 03 famuoft dyurus.

Oyukuag, uMewas npoussoatyd Ha muowecrse X;, HASHBALTCH
oupeperyupyestod na srox muoxectse (e ra. XI).

Ecan x & X, dukcuposauo, 10 8 cuny (4) npoussoduas y' npedcmas-
Asten coGoll cropocnts UIMEHEHUA ¢yum;uu Y omuocumensno apey-
Menma X 8 modre X, :
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Ina o6ozHaveHus mpon3sogHOH JaHHOH dyHKumn y=f(x), Kpome

y'=f(x) (Marpanx)?y),
ynorpe6nmorca TaKXKe CHMBOJLL

Y_Lfx) (@encunu?

(cybica sToro oGosHaueHns BeacHuTCA B ra. XI) u
y=Ff(x) (HbwoTton)?d).

B rex cayuasx, Koraa meacno, no Kakosy aprymenry (x,f n T. m)
npoucxoant anddepenunposannie GyHKuHn Yy, a8 COOTBETCTBYIOLIHX
NpoH3BOAHHX ynorpebasiorca oGo3Hauenis

Yo It HT M

3aMeyanue., AHAIOrHYHO JaeTCA oOnpejeleHHe INPoH3BogHof GYHKUHH
y=[(x), onpenenennoii Ha HexoTOpOM MHOxecTBe X, He colepxKauleM H30AHPO-
BauHEIX ToueK. B wactmoctw, dynkuua f(x) anddpepennupyema na orpesxe [a, b,
eCH JAA KaxI0i TOYKH x € [a, b] cywecTByeT npepen

' : Ay
= lim 22
(%) alm

npnyeM npeinosaaraercs, uro x--Ax & [a, ). 3aecw

@@= lim f@t+an—f@ , )= lim [O+89—f()
A 0

Ax—++0 Ax Ax *

X = —

Ina snauenns nponssoanoft y'=f'(x) dynkuun y=f(x) o ¢uxcu-
poBanHofi TouKe x=ux; ynorpeGasiorca oGo3uauenns

(y')x =x I.f' (’V)]‘ =x, f’ (.\‘1).

3nech f' (x1) — HEKOTOpOE HUCJO.
Hcnoabays dopmyay (1), Bupakedne aas npoussoxnoft Moo sanu-
catb 60aee nOAPOGHO:

I (x)__—_AllElo f(x‘l"AAxl—f (x) . ' 5)

C noxompio dopMyau (5), omipaach Ha TEopHi0 NPEHAEAOD, MOXKIO
HaxoAuTb NpousBogHbie QyHkunfl.

Mpumep 1. Haitrn nponspoanyio dyuxunn y=x2.
ITycte x— npou3BoabHOe QHKCHpoOBanHOe 3HaucHue aprymMenta. [lapas x npis
pamienne Ax %0, GyzeM nMeTb

y+Ay=(x-J-Ax)%. )

1) Unraetca: eurpeK WTPHX pasno s WTPHX OT HKCY>,

d
?) E"; YHTAeTCS: «A3 HTpeK MO 13 MKCI,

%) y unTtaeTca: €Hrpex C TQYKOiiz.
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Orcona
' ' Ay=(xJ-Ax2—x2=2x. Ax- (Ax)?
i, CJeROBATENLHO,
. Ay :
'= lim 2 =" lim (2x-}Ax)=2x.
Y ax—0Ax Ax—-O( TA%) '

Taxum oGpason,

(x2)’ =2x. (6)

Tlpn pemennu sagaun o KacatenvHo#l (§ 1) Oua swachen reomerpu-
YECKHH CMHCJA NPOUSBOAHOMN.

I'eomerpuueckoe snaueHue npoHsBoaHON Jan dannoi
dynryuu y=f(x) ee npouszsodnan y'=f (x) 0an Kaxcdozo 3na-
HeHUT X PABHA Y2A080My Kosiguyueniny KacameassHoli K zpa-
Qpury @yuxgun 8 coomsemcmeyotyell mouxe.

K4
Iipumep 2. Hanucare ypaBuenHe KacaTtelib- 1
noit k kpusofi y=x2 B Touke M (l,1) (puc. 102).
Wmem mnpoussoguyio y’ npu x=1. Coraacho
dopmyne (6) uMeem -
y =2,
Orciona :
k=")g1=2. 7 : ”{{' 7
CnenoBatensno, ypaBHenHe KacaTeabHoll sanmuercs
Tak: V] / z
y—1l=2(x—1) wmm y=2u&-—I. /

3ameTHyM, YTO KacaTelbHad K rpaguky

¢ysxuun y=f(x) obpasyer B naHHON TOuke Puc. 102.

C NOAONKHUTIEAbHHM - HanpaBaeuneM ocn Ox

OCTpHHA Hau Tyno#l yros, cCMOTpa 1O TOMy, OyAET AH NPON3BOAHAS (YHK-
WY B STOH TOUKE NONOKUTENbHA UAH OTpHuATeAbHa. ECaH xe npoua-
BOAH2A PaBHA HYJI0, TO KacaTenbHaa K rpaduky QyHKUUN B COOTBET-
CTBYIOUIE! TOYKE, ouenniaHo, napaaaenbHa oci Ox. CnpaBesnnsh TaKie
I oOpaTHBIE YTBEP:KAEHHS.

Ilanee, us onpenenenis NMPOHSBOAHOH BHITEKaeT, YTO npoussogHas y’
JWET CKOPOCTb H3MeHeHus QYHKUNR ¥==f(x) OTHOCUTE/NbHO apryMeHTa X.
Hanpumep, ecau B HeKoTopoil TOuke X uMeeM y'==2, TO 3TO 03Hayaer,
uto Ha ManoM mnpomewxyrtke {x, x-+Ax] npupocr Ay ¢ynxuun y npu-
MEPHO B ABa pasa GoJblle, UeM NPUPOCT ApryMeHTta X, NpPHYEM DTIO COOT-
nowenne Oyder Tem TouHee, ueM Meublue |Ax |

OcoGeino HarasaHbil CMBCA MOAyYaeT NPOU3BOAHAA DYHKIUN ¥ == f(X),
€CaH NOA aPryMEHTOM X MOHHUMATh BpeMs. TorZa oTHoLleHue

Ay
Ax

npeacrasaser cofoli CpeaHIo CKOPOCTh usMenenns GpyHx-
Y ¥y 8a nNpoMexyToKk spemenu [x, x--Ax], a npesen aroro
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OTHOLIEHNUS
y'= lim &
Ax-0

€CTb CKOPOCTEL N3MeneHud GyHKUHUH y B MOMENT Bpe-
MEHU X,

Taxkum oGpasom, Hmeewm:

Pusuneckoe 3mancunce npoussoxuol, Jdaw hynrgun

=f(x), Meusnouelicn co spestenesr x, npouzsodnas y,; ecms cKo-

pocmb U3MeHeRUS @YHKYUL Y 8 OQHHBLE MOMERM X.

MpoussonHas aaeT BO3MOXKHOCTb H3yuaTh XapakTep u3Menenus yig-
wut. HYem Goasiie afcomoTias peauunna nponssoAnofl, TeM pesue uaMe-
nAeTC QyuKuMs 'y NpU usMeHeHu# X i, CREKOBATEABHO, TEM Kpyue
noasiMaeTca WA onyckaercs rpadur stoft dyukunn, Ecan npoussonmas
HEKOTOpOi (yHKUHH y NONOKHTEAbHA, TO, GUEBIZHO, 3TO O3HAUAET, YTO
€ BO3PACTaHHEM apryMenTta X (yHKINA y TaKue PAaCTeT; eCcan npon3sonas
yaxuun orpuuaTeapha, TO 3TO 3HAYNT, YTO C BO3pAcTaileM X Qyuruns
Yy yGusaer. OG stom Goaree noapoGuo cM. 8 ra. XI, § 2.

[Tousrue nponssoamoll HaxoaNT MHOroUNCHeNIHE NpUMENeHus B reo-
MeTpud, usuKe, MexaHuxe, XUMHI, GHOJOTHN I APYruxX HAYKAX.

§ 4. Apyrue npuMenenus npouscoanodl

Bricrpora nporexauus  nsuvecKHX, XHMHYECKNX, OGHOJOTHMECKNX
1 JPYTHX fIPOUECCOoB, HANPHMEP, CKOPOCTh OXJAAWACHHA TENa, CKOPOCTH
XHUMHUYECKOll peaxkumin o T. I, TaKKe BHPAKICTCA MPH MOMOULN NpoON3-
soaunolt. ITogcunm 370 HAa npusmepax.

Hpu mep L. [lpeanonoxuy, uro TemxepaT)pa tena U ects yGmma-

R Dy R B ENET
U=71().

[ycrs ¢ — durcuposanynil mMoMeut spesend. Ecan ¢ noaywaer opu-
pawenne Af, temneparypa U mamenserca (ymeuswaerca) na AU; Toraa

oriouleHie
AU

ar

npeacranndeT coGoft cpednimw cropocms oxadKgeHus Tema, A npegen
sTOr0 orHoweHus npd Af —-0, T. e.

11m AF -—f ),
At

BHPAXKAET CKOPOCTb OXJaKAEHHT Teaa B panmmit momeur f.

Takmm obpasoM, cxopocms oxaascdenuss mesa pagHa Npou3eo0Kodt
memnepamnypsl meaa Nno 8peseHuU.

TMpumep 2. OGo3naunM uepes x KOJIHUECTBO sewecTsa, o6pazo-
BaBUICrocA NPH XuMUIECKofl peaxkuuu 82 npomMemyTor spevenn I, Oue.
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BUANO, X €CTh (pynKkuus ppeseun f: R

x=f().

Ecan ¢ noayvaer npupamense Af, T0 X noayyaer Dpipautene Ax.
Toraa otnomense

r

Ax
At

NpeacrapaseT coboil cpedniolo cropocins XMMHYECKON peakiyi, a npenen
. Ax :
lim S=f'(¢)
at—0 Bt
BLPAKAET CKOpOCMbd XuMuteckol pearyuu 8 OaHHbE Momenm i,

Taknm 06pasoM, cKopocms xusMutecKol peaxyuu pagra npon3godHold
peazupyiomell Maccuk no gpeseH.

§. 5. 3aBucHMOCTL MeXAY HenpepbLBHOCTLIO
n nuddepennupyemocTio (GyHKIHH

Mu supean (ra. VIII, § 1), uro dynxuns

y=fx )
NISWBAETCA HeMpepuonoii 8 mouke X, €CIN B STOR TOuKe

lim Ay=0.

Ax—0 )
Gynxuna (1) nasusaerca dugghepenyupyesoid 8 mouke X, €can B 5T0#
TOUKE OHa NMMEET NPOH3BOANYIO, T. € €CAH CYULECTBYeT KOHEUHL). npepen:

lim %v__ . 2
Ax—0

Mexcay sTumMu OCHOBHHMH NOUATHRMI MATEMaTHUECKOro aHajIn3a muMe-
CTCsi NPOCTast CBA3bL.

Teopena. Ecau hynryun dugpepengupyesta 8 Hexonmopoii mouxe,
mo 6 smod mouxe PHynxuyun uenpepviena. OGpamnoe ymsepacdenue
HEBEPHO! HeNPepuHAst (PYHIUUR MOICen He WMemb npou3sodrod.

Hoxasateavcrno. INycrs gynxuns y=f(x) muddepenunpyena
B TOYKE X, T. € Jas 9TOH (yHKunH BLINOJIHEHO pabeHcIBO (2). Hamuuem
TOXMAECTBO

Ay=£—i’- Ax  (Ax £ 0)
Or1ciopa

Ay
lim Ay= lim A-—- lim Ax=y'.0=0,
Ax—0 : -0 Ax—0
Cnenobareannio, dyukuns y==f(X) HenpephBua B Touxe X,
Cnencroune Ecau gynxyun paspusna 6 nexomiopol moane, o
OHa He umeem npou3godnoli 8 anoil moixe. ,
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Mpuvep Henpepbmﬂoﬂ dyukunn, ne nveromefl npouaaonﬂoﬂ B O}.‘lHOﬂ
TOUKE, NPEeACTABASET q)ym\mm

y=lx|

(puc. 103). dra dynxkuna wenpepwsua npa x =0, Ho He apasercs muc-
diepedtpyeMoit A1% 3TOro 3HaueHnsd, Tak kak B Touke x=0 rpaduka
dyHKUNE HE CYLIeCTBYET KacaTeabholfi.

MaremaTiikaM ya370Chb NOCTPONTL MPHMEPL! HENPEPLIBHLIX (GyHKIuM,
nemapdepenuupyeMsx Hu B oaHofi Touke (Beftepwrpacc u ap.)
BriepBrle OTYeTANBOE pasaHYHE Me-
4 _ HKAY MOHATHAMH HENPEPHBHOCTH # JH(-
tdepennpyemocTn QyHKUAN GBIO 1aHO
471zl remnanbuEIM  PYCCKHM  MaTeMaTHKOM

H. W. JloGauesckum.
3aMetny, yro npousBoaHat Y =

-— 71 > =Jf'(x) nenpepniBHoft dyHKuny y=f(x)
caMa He 006f3aTeAbHO ABJAAETCH
Dye. 103. HenpepusHof. Ecm dynxkuna f(x)

HMEET HempepuBHyl nponssoanyw f (x)
na npoMexyTtke {a, b), 1O QyHKIus HazeiBaeTca 24a4droffl HA 3TOM MpO-
mexyTre, Pyukuua f(x), nponssoanas xoropoit f(x) mOMyckaer Ak
KOHEYHOe ulICI0 TOYeK Pa3peiBa, M NMPUTOM NEepPBOTO POJa, HAa JaHHOM
npoxexyTke (a, b), HasHIBAETCA KYCOYHO 2.1a0K0f HA 3TOM MPOMEKYTKe.

§ 6. Iouarue o GecxoHeuHoil nponscoanoil

Ecan dyukuus y==f(x) HenpepHBHa B TOUYKE Xy i
Pl = i f(xn+Axn)—f(xo) ~

Ax,

—~
b
~

5

TO TGCBOpAT, uTo ¢ymxunn f(x) umeer Oocroxeusyld npou3so0Hy0
B TOuKe X =1, COrnacHo reoMerpHueckoMy cMucay nponssozuol (§ 1)
nponspozuat y,=f (x,) pasHa yraoBoMy KosddnuuueHTy KacaTenbHol

a
k=tgeo B TOuke X, IlosToMy tga=0c0 m, cnenosatensHo, o=-;.

Taknm o6pasoy, ycnoue (1) reomerpnueckin o§o3HauaeT, YTO B TOUKE X
rpadnk dyHrmun y=jf(x) uMeer BepPTUKAIbHYI0 KacCaTe/bHYIO.

YnpaxHeHus

1. Uro monmmaerca: a) moj cpelunM MogeemoM NyTH; 6) 001 MOIbEMOM MyTH
B JaHHOMA Touke?

2. Yro Takoe: a) cpepHas JHHefHasd [JOTHOCTb MATEPHATBHOrO CTEPIKHA;
G) nunrelinas INOTHOCTH CTEPKHA B JaHHOM Toqke?

3. Yto cregyer mouuMath: a) Nod cpelHell CKOPOCTLIO H3MEHEHHA TUIOWIAnH
Mops; 6) NOA CKOPOCTHIO H3MEHeHHsS MIOWAIN MOPSA B AaHHHA MOMEHT?

4. Nlafite onpeaenenme: a) cpepueii TenIoeMEocTH Tena; 6) TenoeMKOCTH
1€4a,



I'masa X
OCHOBHLIE TEOPEME! O NMPOU3BOAHLIX

§ 1. Beoaurie sameuaHusn

Kak mm Bnmenn, peilenue MHOrMX 8agay CBOIMTCS K BHYHCAEHHIO
NPOH3BOAHLIX u3BeCTHRIX ¢ynkuud. ITostomy BamHO yMerb GHCTPO Haxo-
JHTb TPOH3BOIHbIE GOJIee WM MEHee CAOKHHX dyHKuui.

Onepauna nHaxoxJAeHHs NPOH3BOZHON HE COBCEM TOYHO Ha3HBIETCH
dugbfepenyuposanuest, a (yHKINS, HMEIOUWAs KOHEUHYI0 TNPOM3BOAHY 10
H3 N3HHOM MHOXECTBE, HOCHT Ha3Bauie dugbepenyupyesod Ha 3TOM
MHOMECTBE. YueHne 0 npousBOLHOH H ee NpHJOKEeHHSX COCTaBJseT Npea-
Mer dudithepenyuassno20 ucHucAeHus.

B sTO#i raase MM PacCMOTPHM OCHOBHHE Tpannna dugbghepenyuposa-
Hus @Pynryul.

3necy Mu GyneM npeanosaraTb, €CAH SBHO 1€ OropoOpeHO NPOTHBHOE,
YTO paccMaTpHBaeMbe QYHKHUHH OllpefencHN Ha HEKOTOPOM KOHEUHOM
i1 OECKOHEUHOM WHTEpBaje.

flpexxne weM yKasatb Ha OCHOBHBE NpPaBWIA AN HaxOmAeHNs npo-
H3BOAULIX, BBIYHCAHM NPONU3BOAHBIE HEKOTOPHX NPOCTHX (ynKuufi.

§ 2. llponsBonnbie OT HEKOTOPBIX HpocTefimuX (PyHKUHI

Ipoussoanas (Qynkunn y=jf(x) moxer OuTb HallaeHa No caeAyio-
mel cxeme:

1) aprymenty x maem mnpupamenne Ax==0 u naxomum aasn Qynk-
UMH Y COOTBETCTBYIOUlEE MPHPpalleHHoe sHauenue y-+Ay = flx -+ Ax);

2) BuynTasg M3 HOBOrO 3HaueHus ¢ynxkunn y-+-Ay ee mpexiee sna-
uenne y = f(x), noayuaem npupainenue Ay oynkuuu;

3) cocraBaseM OTHOLUEHHE 'A% ;

4) naxoasM npesea STOrO OTHOWIEHHS npu ycaosuy, 4yro Ax — 0.

- o A
Peay.nbrar npeaeabHoro nepexoina lim -A;)v‘-=)/ napagercanpousson-
Ax—0

Ho#t Yy or (QyHKmMH y DO apryMentTy X, €Ciu, KOHEYHO, OH Cyuie-
cIBYy€I.
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- Tloabaysce ®TOM CcXemol, uafineM npoOM3BOMILIE HEKOTOPLIX MPOCTefts
mux  ynxunfi. :

‘.. ITpoussonnasa or crenenn X™ rae m—ieA0€ N.O0AO-
wureabnoe wyucao. Ilycrs

y=xmn
Hereert
y+Ay=(x+Ax)"
unu cornaciio Gunomy HeoToua
Y+ Ay=xm4-mxm-1Ax +m—({%-—-l-) xm2(Ax)2 4. . Ax)™
orcoaa '
Ay=mxm™1A v—!—m (m D) ym-2 Ax) ...+ Ax)™

A -1 3 -
pr=mem R TES onet A e (A,

Mepexonn k npegeay npu Ax — 0, naxomum

Y= lim A jam-,
Ax—+0 ax
Cneposarensio,
(x™) =mx™-1, )

Urax, umeem Teopemy: npoussoduas om yeaodt rno.toxcumensHoil
CHIeNeHIl He3ABUCUMON NepelteNHOlE pagHa NoKa3amentd cmeneHt, YMno-
SIMAHNOIN NA OCHORANIE R CHPNEHI HA COUNULLY AMeHbte.

B vactuoctn, npit m=1 poayuaeu

(v =1,

T. €. Npou3sodnas He3asucuMoil nepesennoll pasna edunuye,
WMaeen takike

«) =2x, (%) =3
n T on
3ameuanune. Kak Gyaer noxasano manswe (§ 10), dopuyana (I)

cnpasefausa ans moGoro AefiCTBUTENHHOTO TOCTONHHOTO MOKasaTean 11
(s wacrroctd, nna apoGuoro)., ITostomy, nanpumep, umeem

1y 1
3y =()=ts ol oo

T. €. NpPou380ORAR KBAIPAMHO20 KOPHS 3. HE3ABUCHMON nepeserHOl
pasxa otpamuoll eautune y3B0CHHO20 KOPHA,
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“fpn x=0 dyikunsg y=Vx uneer npou3BORNYI0 y’ == cO. 31ech’ RPOH3BON-
nags OLHOCTOpPOUNHASRA, Tak Kax Ax—> -4 0. TeomeTpsyeckn 310 O31ayaer,
uTo Kacatelsnas K napaGose y = J/x B Touke x = 0 nepnesguxyaspua ocu Ox,

1. Ilpounssoanas or sinx. Iycrs

y=sinux,
rae apryMenT . BLIpaXEN B PaauanHofl Mepe.
Nmeem
’ Y-+ Ay=sin(x3-Ax).
Orciona

Ay==sin(x +Ax)—siny
nan
Ay=2 sinA—Q)£ . cos <x+%{).

Pasneans o0e uvacTn nocaennero papencrsa Ha Ax, noayunm

2sin ax
Ay Y Ax
A= TEp 608 (x+ 7),

nian

an &%

Ay 2 Ax

A= &% -cos(x+—2~).
2

Ilepexons x mnpeneay npu Ax—0 1 noapsysch Teopemoli © npe-
Aene NPOH3BEACHI, HMEeM .

. Ax
sin —-

2 . Ax
A% . lim cos <x+—2—).

y= iim Y = jim

ax—08%  Ar Lo Ax— 0

Vs Teopemn o0 npenene omomelmn'cuuyca Geckoieyno Manofi ayrn
K camoit ayre (ra. VI, § 11) caenyer, uto
» L Ax
5in —
lim =1,
Axr—0 éf

Kpoxe Toro, B cnny nenpepmsioctit gynkuun cos.x nueeM

. Ax . Ax
Jim cos(x ——)=cos lim (.‘ —-) =C0S X,
Sm 4 ) Jim x -} 5 COS X
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CnenosatensHo,
’ y'=1.cos x=cos x,
T. € .
(sin x) =cos x. ~ &)
WTak, nomyuaem teopemy: npou3sodnas om sSin X pasHa CoS X.
IIl. Mponssoanan or cosx. Ilycrs
y=cos.x.
Toraa
y+Ay=cos(x4-Ax)
H, CIe10BaTensHo,
Ay=cos(x+Ax)—cosx
1
Ay=— 25in%5-sin<x+A—2x-).
Orcrona
sin X
Z;‘Ax’ = — Ax2 -sin(x—l—A—;).

2

TTepexons k mpezeny npn Ax — 0, noayunm

sinéf
, . Ay . . Ax
= lim = =-— lim « lim sin(x+~).
NPTy Ax—0 {3_2’5 Ax—0 2
Taxk xKax
sin——E
lim =1
Ax=»0 A

n

lim sin (x+ 525) =sin.x,
Ax—0

TO OKOHYATENABHO HAXOMNM
y =—sinx,

(cos XY = —sin x. . (3)

Taxny o6pasom, nMeeM TeopeMy: npou3sodxas om €os X pagra sinx,
63AMOAY € OOPAMHbLM 3HAKOAL,
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§ 3. OcuoBHrle npaBuaa puddepenuuposanusn GyHkumil

HNepexoanM Tenepp K BHBOAY OCHOBHHX NpaBua AuddepeHuHpoBaHus
ynkunit.

IpennonoxkuM, 4T0 BCe PpacCMaTpuBaeMue (GyHKUUH onpefeaeHb
auddepeHunpyeMs Ha HeKOTOPOM OGILeM HHTepBajie, MPHUEM BCE HCNOMb-
SyeMbie SHAYeHH: APTyMEHTa X W npupamennue sHaueHus x-+Ax npu-
HAJUIeXKAT STOMY HHIEPBany.

. Mpoussonnaa noctoaHuol. [lpoussoduas nocmosnnold
BeAULURYL PABHA HYAN.

Hocrosnuyio BeanuuHy ¢ MOXKHO PacCMAaTpuBarbh Kak ¢(yHKUMIO

f(x)=c,

MIPUHAMAIONLYI0 ORHO W TO KE 3HAYeHue.
Danum aprymenty x npupamenne Ax=£0, Torma, Tak Kak ¢yHK- -
nui f(x) He MeHAETCs NPH H3MEHEHUH apryMeHTa, OyaeMm HMeTh

fx+Ax)=c.
Brlyutas nouseHHO H3 BTOPOTO paBeHCTBA NEPBOE, NOAYyUUM

fx+Ax)—f(x)=0;
OTCI0/1a

fe+an—fe) _
2 )

Iepexomsn Teneps K npegeay mpn Ax —-0, Haxomum

— i [EFA)—f(x)
F)= Alxl-n.l 0 Ax =0
T. €& .
=0, H 7

TlepeBoas oTOT pe3yabTaT Ha A3HIK MEXaHHKH, MOAYYaeM CAeAYIOULYIO
HarAMAHYI0 WAMIOCTPAUMIO HALIeH TEOPeMH: cKopocms mouKi, Haxo0sn-
welica 8 noxoe, pasHa HYAW.

Il. Ipoussoanas cymMmn. [Ipou3sodran aazebpau-
WecKOll CyYyMMH KOHeiHO20 Hucaa Odugdepenyupyernix Qyurguii
pasua maroli ace anrzebpauteckoid cyssite npoussoOHnX 3mux HyHK-
yud,

Ilycrs, nanpuumep,

o y=utv—uw,

rae &, v U W —HEKOTOpHe mupq)epeﬂunpyemue (yHKUMH OT X.

Ianum aprymedty x npupameHne Ax; torma kaxuaad us ¢yHkuuH u,
v 0 W NOJYYUT COOTBETCTBEHHO npupauienue Au, Av u Aw n scaeacrsue
9TOro (yHKUMd y TOAYUHT HekoTopoe mpupaumenue Ay. Wmeem

y+ Ay =(u+-An) + (v Av) — (w -+ Aw).

6 B. A, Kyapsisues, B, I1. Hemugosus
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BrimTan nouwsenno #3 BTOPOro PaBeHCTBA NEPBOE, HIXOANM
Ay=An+4Av—=Aw.
Paznens o6e uacTi NOCAGNHEro panencma na Ax, Gyzem nmers
Ay Av Aw
Ax +

IMepexoas teneps k npefeay npn Ax—0 n yuntmsan, uto Ka:Ka0e
cnaraeMoe NPaBOH YacTH NMEET npene’, HaxoAuM
Aw

= lim 52 — lim 2%
Ax—0Bx Ax-»OA"+ 0A Ax—0lr’

1A, NOJL3YsCh ONpeAeseHneM NPou3sBoANOll, OKOHYATEABIO NOJAYunH
y=u-tv"—-w'
TaknM ofpasoyw, ecan xaxcdas u3 dynxuuii u, v u 1w duhhepen-

ngupyesma, mo ajlzefpauteckas cysma smux Gysrgui  (nanpamep,
n-}v—w) maxxce oughhepennupyerta; npu snost

@t v—w)=u"+v —w B ¥)]
Npnxep 1. Hafitn nponssoinyo or ¢ynkmnn
y=2—x-}2x2

Tpusensa Gopuyay (1) n3 § 2, uveeu
¥ =@ — () () =112,

Caenctone. Ecan 08¢ Jupdepenyupyesttie  dyuxuyna  omans
HQIOMCST HAQ  NOCMOAKHOE C1a2ae0e, 110 NPOU3GOOHEe 1Y PABHEL

.-.m\u An AN
e Yy Lluta,

B cavwod gexe, ecan f(x)—anpdepenunpyemas ¢ynxung n ¢ —
NCCTOANIIOC C.1araeMoe, TO HMeeM

()t =f"(x)+ () =/ (AH-O ' (%)

HL Mpoussonnag nponansencuns /7pon3godnannpo-
n3sedenusn dsyx dudepenyupyeniix Gynxyuil pasua npou3sede-
HUIO nepeoo COMHONCUNMEAST HA NPOU3BOJHYI0 8NIOPO20 NANC Npou3eéce
dexue 8mMOPO20 COMHONCUMEAN HA NPOU3BOIHYI0 NepEo20.

IycTs

y=nuv,
rie . u n v —nexotopuc anddepenunpyente (ynkunn ot & Jlamm ko
npupamenne Ax; Toraa u noayunt mnpupautenne Aw, v nony'mr npupa-
menne Av # y noayunt npnpamenne Ay. Hyeen :

y+Ay=(+An) (v4-Av),
nan l‘

y+Ay=uv-tu-Av-+v-Au-Au.Av .
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Cne.qonarenbuo, .
Ay=u-Av}-v.Au-}- Au . Av.
Orciona
Ay Av Au. Av -
ARy +Ax B A%

ITepexond 8 nocaemuey pasencrse K npeaeay npst Ax ~>0 n yquruuaﬂ,
YTO I U v e 8aBuCAT OT Ax, 6y11em HMETh

Ay Ao Au Av
lim = = u- lim Z——l—v' lun + lim ——- lim —. lim Ax
Ax—0 Ax—0 Ax—0 Ax Ax—0Q Ax Ax~0

Hai
y =uv fw'.

Taxkast 00pazos, ecau raxcdull 13 coMHoxcumereld u u v useent
HpOU3BOOKYI0, MO npoulsededile UX UV margice uisecem npoussoduylo,
npu smos

(v) =uv' fvu'. -(3)
MMpusmcp 2. Mycrs
y=ux3sinx.

HNpurcann ¢opuyay (3) u moawsyace ¢opmynamu (1) u (2) us § 2, Oygen nMets
V' =x3 (sin x)’ |- (x8)’ sin x= x3 cos x -~ 32 sin x,

Caencroue L. flocmoannsil sroxcumens MOICHO BWHOCUIS 3a
3unar npou3soonol.
B camom nene, ecau ¢ — NOCTORHUHI MHOMCHTEAb, TO HMEEM

() =cu' -c'u,
OTCIoAa, Tak Kak ¢’ =0, noayuaem
(cu) =cu’.
Crenpcroue 2, Ecau
_ 7 y=uvw,
20e u, v u W— dubepengupyersie pyniyu om x, mo
Y =(uvw) =[(ur) @]’ =@v) v’ }(uv) w=
=(uv) @’ - @' f-u'v)w=u"votuv'wtuvw'.
Boobute, npoussodnan npoussedenus neckorsrux ougpgepenyupye-
Mox PYArguE pasra cysmate npoussedenul npousaoauou £axcdo20 u3
JIMUX COMHONCUMeNell HA 8Ce OCHIAAbHblE.
IV. Ilpouspoamnaa wactuoro. Ecau wucaumens i 3Hamexa-

meas Opobu — dugbbepenyupyestsle QynKyuL 8 3naMenamens ve oopa-
Waentck 6 HyAs, mo npou3godKan OpoOu PasHa maxice 0poou

G
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wycAuNeAs KOmopoit ecmb Ppa3rocme  npou3gedenntii 3HameHamens
O0polut Ha NPON3BOOHYIO HUCAUMEAS U MUCAUMeAst Opobll Ha npou3soid-
HYI0 3HQMeHameAsl, a 3HOMeHaneAs eCcmb K8adpam NPesCHe20 3HaMe-
Hamean.

Nycts

__u
y—?’

rie u un v—angdepenupyemue dynknnn or &, 1 v 3= 0. Haxny apry-
MEHTY X npupauieHne Ax; Toraa u, v, y noJayyaT COOTBETCTBEIHO IIPH-
pamenns Awu, Av, Ay, 1 Mu Gyzem umers

u-Au
BelunTas nousnenno nepsoe paBeHCTBO N3 BTOPOro, MNOAyHiM
u--Au u
‘ A=irm T
NN
vAu—u v
= w+Av)v °©
Orcrona HaxoauM
Au Av
by UAxT"ax 4
& T wFano )

Mycts Ax—0. Taxk xak ¢ynxkuna v anddepenunpyeMa b TOUKe %,
T0 oha HenpepuBHA B 3T0ll Touke (ra. 1X, § 5), n caenosarennHo,

lim Av=0.
Ax—0

Tostomy, nepexons k npeneny o papencrne (4) U yunTeBad, yTo (ynHK-
umn v NMEI0T MPON3BOAHNIE, nogayuyacmM

Y =
I/ OKOHYATeNLHO
uY v —uw
(5) =25 ®
NMpumep 3. Ilyers
-—xz—l .
y“‘xg__!_l.r

Toraa, npumensas dopuyay (5), GyzeMm umers
o EHDEE=NY 1) (2R 1) (1) 22— (2 — 1) 20
(x24-1)3 - (k2 1)2
283 2x—2x34-2x 4x
TTwRDE T R

Jl
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Canencreune 1. Ecau 3uasenamens 0Opolu— NOCHIOAKKAR 8eAll-

quna, mo
u\ _ow—uc
¢/ &  ¢?

“fa\  u
(7) =%

3amevanne IMocaenuull pesyabTar aABASETCH OUEBHANBIM, TaK Kak

T. €

u 1
—_ = —d

[ g

(u)' 1 , o
—_— =—U =—,
c c c

Cnencrsue 2. Ecau wucaunmens Jpodu— nOCMOSHKAS BeAudnuna,

H, CIeNOBaTEAbHO,

mo
c\ uv—cv v’
(5) =5==-% ©)
B vacthocry, npst ¢=1 naxoamum )
1y v
() = -5 @
Mpumep 4, Econ
' 1
y=x2 T
0 B cuay ¢opMyan (7) HMeeM
U Y | .
(xz_.]): (xz_])2'

V. IpoussoaHaa CTeneHn ¢ UEANM OTPHUATEABHHM
nokasateaeM Ilycts m —uenoe nonoxuTeabHOS YACAO U

y=x"
nan
1

xm*

IMpumenss dopmyny (7), noayuum:
@) mxml

LR, - —_ m-1
y - (xﬂl)ﬁ = x2m = mx= d

CiaenonarensHo,
(™) =— mx—™. 8)

Mu noayusnam TO ke mnpasuao, 4TO H nNpu  AudQpepeHLUHpOBaHHU
uenofl noaoKurenbHoH CreneHu.



166 . ' OCHOBHBIE TEOPEMH! O FIPOI3BOAHHIX : Ira x

VI. Nponssoanas ot tgx. Ilycms
sin x

y=tgx= cosx*®

TTpunensa ¢opmyay (5), naxoamu
¢ __€osx-(sin x)’—sin X-(cosx)’ _ €OSX+COS x=sin ¥« (= sin x)

cos* x cos?x
: 2 sin® J
= LS xbonty ==sec? .1,
cos? x cos? X
Wrax, ,
(tg x)’ ==sec? x. 9
VIL. Tpoussoanas ot ctgx. Ilycm
= ct x_COSI
y=E X =g

Torna nueeM

,__ Sinx-.(cosx)’—cosx-(sinx)’ _ sinx.(—sin X)—COSX-COSX

sin? x sin? x
sin? x-}-cos? x 1
= — -+ = — ——=— cosec’ v,
sm- x sméx -
Hray, -
(ctg x)’ =— cosec? x. (10)

§ 4. NMpousroznan caoxHoil Gpynxunn

PaccMoTpiM NEKOTOpyIo CAOXKHYy10 pynKunio
o £C. 7N\
Y=L AE

Ecan B uenny (yHxunonasbnelx sasucnyocreit: y=f(z) n z=¢(x)
APFyMEeHT X fBAfETCA MOCAenHnM, TO Mu GyneM Ha3umpBaTh €ro He3asl-
cuatoll nepesennol (4TOGH NOAMEPKHYTh TO OGCTOSTEALCTBO, UTO H3ME-
HeHne 3TOTO apryMenTa He SasHCHT OT MOSelenua APyrux NepeMeHHbIX
BEIIUHH). :

Takny o6pazoM, MoNHATHe apryMeHTa H He3aBHCHMO. NMepemenHoil chaexyeT pass
anuate. Hanpumep, nycrs
y=sinz n z=x2,

3rech z ectn apryMent ¢yHRuni y, HO 2z, OueBHRHO, He Oyper 1e3aBHCANOT Nepes
MenHoM.

Has npocrorn Gyaem npeamoaarats, uro ¢ynkung y=jf(z) onpeae-
aena n . angdepennnpyema B nnrepsaie (4, B), dynknns z==¢ (x) onpe-
npenaena n anddepenunpyema B nutepsane (a, b) n npnuuMaeT snayenHs
3 untepBaaa (A, B). Torma dynxnna (1) szsenono GymeTr onpepeneHa
N HenpepmBHAa B nHTepvaie (e, b). Boamukaer sonpoc o Angupepenun-
pyemoctn sroft dyuxknusun,
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Teopenma Ecau y=f (z) u 2= (x)— oubgepenyupyeisie PyHx-
Kuu o  ceoUN ap2YyMeHmos, mo nPpou3BOOHAn cAoxcHOl

Ppyunrguu
y=rlo )]

cyuecmayem 1 pagHa npon3sodnoi dannod @yHEQUU Y N0 npomexrcy-
MOHHOMY ap2YyMerRmy 2, YMHONCEeRHOR HA npouseoduy;o casnozo npo-
MeFCYMOULHO20 apey MEHMA Z NO He3asuCUMOL NepeseHHOE X, T. €.

Yr =Yz

Horaszateabctso. [lycte x-— momycTuMoe suauenie teaapuc-
molt nepeseusnofl.” Hamus X oTauynoe OT HyAs AOCTaTOYHO MAJoE npi-
paiwenne Ax; toraa z=¢ (x) i y=f(z) noayuyar cCoOTBETCTByIOLIUE
npupautena Az o Ay. Tak Kak npomssomuas. y;==f' (2) no ycaosuwo
TeOpeMsl CyllecTByer, T0, npeanoaaras, uro Az 7% 0, mowuo nanucats

1 Ay
im =y’
Az-0 Az Y=
Orciona
Ay )
n=Y:ta

(e ra. VI, § 6), rae & —0 npn Az—0 1, caexosarensuo,
Ay=(ys+a) Az

Hoonpenenum Geckoueuno Maayw o« npu Az==0, noaaras: =0 npa
Az=0. Toraa nocreasee paseHcTso GyIeT CNPabenjuBO TaKke M npu
Az=0, Tak Kak B 3TOM CAyuae, OYEBHAHO, O6E YACTH €F0 PABHH 1IYAO.
Pazgenus ode uyactu s10r0 paseucma na Ax, OyneM uMeTb

=it o) o

"Tlepexoaa tenepp x npeaeny npu Ax—0 u yuureisas, uro npu
stoM Az —0 u, caenosatenviio, o -0, noayunsm

Ay Az
Al;moA—x hm (57 +a)- hm o %!
nau ' .
Ye=Y:+2p , )]

4TO I JOKa3WBACT TEopeMy.

Hoxkasanuyio Teopesy KOpPOTKO (OPMYJHPYIOT Tak:

Lupdhepenyupyesan dyuryus om duddepenyupyesol Pyarguu
ecmos Byuryua, maroxe ouggepennupyerasn.

3aveuauue. B obosuayenusx JlehGunua dopmyna (2) npuinizaer
BUA TOKACTLA

' dy dy dz
d%x =dz "dx*
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Npumep 1. Haiitn nponssonuyio ot dyukumuu

y=sin (x2?),

IMonaraem
z2=1x2,
TOrKa
y=sin 2,
Orciona

2;=2x H y,=C0S2Z=c0S (x?).
CregoBatenbro, cornacko gopMyae (1) Hyeem
Yy =005 (x?) « 2x =2x cos (x?),
Mpurmep 2, Halit nponssoanyio or ¢pynkuun
y=sin3 x=(sin x)3,
ITonaraem z==sin x; Toraa y=x3, Orcioxa

z;=cosx n y,=322=3sin?x.
CneoBatensHo,
yy=3sin%xcosx.

IMpu poctatounoy naBHKe NPOMEXKYTOYHYIO IepeMemnyio z né MHIIYT, B304
ce JHIL MBIGIENHO.
ITpumep 3. Haiity nponssoanyio or dynxuun

y=V x24-4x-43

Henoabays ¢opMyay a41s npouspoguoii KBaapaTHoro Kopus (§ 2) H npuMenss
npasuno guddepeHHHPOBARHA CIOKHON QYHKINH, HMeeM

T R T e
Mpuwmep 4, Halitn nponssoguyo oT $yHKIHH
y=tgt .
Hiveem

x z\ x x [x\ 3 x X
=315 (fg—é-) = 31g? 5 sec? - ¢ (—2—) = 5 tg8 yesect o,
§ 5. Mpouasonuas o6parnoilt Gynxmun

Ilycts ,
y=r(x) : )

ectb autdepenunpyemas QyHKUNS OT apryMeHTa X B HEKOTODOM HHTEp-
Bane (a, b). Ecan B ypauennn (1) y paccMaTpuBarh Kak  apryMeur,
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a x Kak Qynxkumio, T0 3Ta HOBaA (yHKUuR

x=9 (),

rie f[ (y)]=y, Ha3mBaeTCA, KaK MB BHAeM, 0GpaTHOl NO OTHOE-
oo K gaudoft. Hamwelt sagaueli aBmsieTcs: 8Has NPOH3BOAHYIO Y =

tim 22 ¢ f(x), mat F e fim
= il -— HKIIHH = X), HaHTH npou3soaHy® X,=— lim -—-—
axo 8% Y Y P y Y a0 By

obpatiofl eft QyHxkuun x=¢ (y), npeanonaras, yro oOparHas ¢yHKUUA
CyulecTByeT W HeNnpepHBHAa B COOTBETCTByIOWIEM npoMexyIke (He pas-
pewas ypassenusa (1)). :

Teopema. Hasn oudgepenyupyertoii dynxyun ¢ npoussodxod, e
pasnoldl Hyaw, npou3sodnas ob6pamHoll GYHKLZUU pPAGHA
oOpamuoll sesunune npou3sodnoli 0anHold gGyrryuu.

Hoxasareasctso. Ilycts dynkuns y=f(x) muddepenunpyema
=1 (x) 0. |

Hycts Ay 7 0 — npupawenue Hesasucumolt nepemenioft y n Ax —
COOTBETCTBYIOULEE Mpupamenue obparnoti dynxuns x=¢ (). Hannuem
TOXIECTBO

Ax Ay
5= l: iz . )

ITepexons k npemeny B paseHctse (2) npu Ay—0 u yunTwBas, 4TO
npu stoM Takke Ax—0 (B cuny HenpepeiBHOCTH 0OGpPaTHOH (yHKuuM),
NOJyYuM

Ax 4
lim —=1: lim _y L
Ay-oOAy Ax-»OAx
Otciona , 1
=3 @ —-
P4

Tae Xj,-—npoussoxzHas o06paTHOH
(pyuruum.

3ameyanHue. Ecan 1noabso-
BaTbca 0603HaueHnaMu JIeH6Huna, To P’
(opuyaa (3) npumer sup - ¢
de 1 -
dy —dy”
= Puc. 104,
P 1C

BenoMHHan reoMeTpHueckuil CMBICH MPOH3BOAHON, MOKHO KaTh MPOCTYIO HITIO-
crpauio GopMyant (3). B Touke M (x, y) rpapuka yskumn y=/f(x) nposezem
Kacareasnyio MT k stoMy rpatuky # npamue Mx u My, napannencune coot-
BeTCTBEHHO KoopAHHaTHHM ocaM Ox u Oy (puc. 104). OG6osnayas uepes « H P
yrae, ofpasoBannble KacaTebHoii MT ¢ MoMOKHTCABHHME HaNpaBlenusMH OCeil

) MoxkHO 10Ka3aTh, YTO €CIH NpPH HAWHX ycloBHAX Ay £ 0, 10 Ax %0,
TlostoMy papenctBo (2) He MOMET NOTEPATL CMHICA, :
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Ox u Oy cootpetcTBeNIiO, GyscM HMOTH

- tga=tg (L TMx)=y:
n

tap=tg(L TMy)=xjp
Tax xag
‘ ' n
@ ’I‘B = 9
T0 OTCI0A2 CAeqyer
tgatgB=y-x; =1,

uTO 9KBHBANEHTHO GopMyne (2).
Mprrmep. Mycrs

y=x-x3,
Flaeent
yp=l43ey
H C/e/I0BaTe/IbHO,
, 1
=TT

§ 6. Mpouseonuan neapuofi Qynxume

PaccyoTpiit HECKOABKO mpuyepos  AuddepenunposannT ue an i g
$yrruait

Mpauep 1. Hatirn nponssoauywo dyuxune y (v >0), onpene-
aneMOH  ypasuernest '

x2 y2
e TE=1l

Dm?r_\mgq ATO TNARNATOA OTHACOTATRIIN ¥ 1Y fena 2t Wne. /R conv
yCAaooua GyAeM UMETh AWy (PYHKUOIO B ABHOM BiAE:

b -
)’«:“—; ]/a~ —_X"

Haddepenunposantie ee Teneps He NPeACTasAseT HAKAKAX BaTpyAHemud,
Omnako B HEKOTOPHX CAY4anxX JaHHoe HaM YPaBHEHHE 3/eMeHTap-
MY CPEACTBAMA HesJbSA PaspeiinTb OTHOCHTEABHO ¥ H NPUXOARTCA
paccmarpusath y Kak ueasnyo dynkuio or x. ITostomy ykawem apy-
roft cnocol maxoxmeHua nponssoanofi neasuolt gyuxkunu y. A uMenuo,
Npeanosaras, 4To B AJNHOS ypaslenie BMECTO Yy NOJACTABMIECHO €ro AsHo2
BHpaxene, NOAyqUM TOXIECTBO
¥ ¥
a? Tpr T
npudeM 8aech y ectb dyuxuna or x. Ouesnmuo, ecnn ase dyurum
TOMACCTBENNO PaBHH APYr ApYry, TO pasun u ux mnponssoxuse. Ilo-
9TOMY, B318 npouspoAuue OT JesOff 1 npasoft 4qacred npeaAyuiere
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TOXAECTBA W TNPAMEHAR NPasua0  Andgepenunposayns CAOKNOH q)ym(-
unn (§ 4), OyaeM nMeth’

a? + bz y
oTCiona
: bx
Y= a%y*

Mpumep 2. IMyctb y ecTb NONOKNHTEABHAA HAH OTPHUATEABLIAN
nessHas Qynkuns or X, onpege-

AEMas ypasHenneM Ly
yp ! y=¢(z)
yi=2px.
Ilpennonaras, uT0 BMECTO ¥ J=0(z)
NOACTaBJIEHO COOTBETCTBYIOLIEE

fBHOe BHIpaxenne, H anddepen-
uRpya No X JEBYI0 H Npasyio
yacTn l'lOle‘lEHHOI‘O TOXIECTBA, Oy=
neM nuets 2yy’ ._Qp

Rl
Orciona : 7 0| Zz \ z

P
y ' ‘ Puc. 105,

Samevaune, Ecan ppe dyuruun @ (x) u § (x) pasun gpyc apyry ue TOM-
AeCTBenyo, a Aillb aAng HEKOTOpOro 3HadeHHs Xo aprymeura

P (xo) =¥ (xa)s
TO OTCI0ja, BOOGWE roBOps, HE CAEAYET, HTO
@' () =1’ (xa).
370 acko Bugo B3 puc. 105, rae
@' () =1gao u P (xo) =1g fo.
TakuM o0pa3oM, pasencmeo ¢ obues Cay<az Heab3a Oupdeperyuposams NOHACHHO.

§ 7. Npoussoauan xorapudmuydeckoit Gpynkuun

- Hyctp
y=log,x,
rae x>0 (@>0, a-+'- 1). Hatizen niponssozuyio stoll Qynxuns, nors.
syiCb CX€MOfl, nsaoxennoll B nauaze § 2.

Danus aprymenry x (x ¢uxcuposano) npupauienne Ax £ 0 T13K0e,
uro x-}Ax>0. Toraa ¢yukuns y mnoayuur npupam.emle Ay, n Mn

6yzxem HMETh
"y Ay=log, (x+Ax);
c:xenonarenbuo, _
Ay=1log, (x+ Ax) —log. ¥
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@8, T2K KaK PasHOCTb JOrapudmos pasHa Jorapudyy wactioro, TO
X
Ay=1log, (1 +éx-)

Pasmenns o6e wacTm nocnreanero paseHcTsa Ha Ax, noayuny

4y _ 1 Ax
Ar &loga(l +7).
ITonaras snech
Ax _
- =
(e > —1), Haxonnm
Ay 1

1
Ar T % 'Eloga (1+4a),

fAN Ha OCHOBAHAH H3BECTHOrO CBOHCTBA aorapudma:
1

A 1 -
B = 7+logs (1+ )%,

TMyers Ax—»0, Ttoraa, ouesnamo, n oo—-0 (kak npomsnemenne Gec~
1
KOHEuHO Manoff Ax Ha MOCTOSHHYIO BeJHURHY ?). Mosromy

1
' Ay= 1 [ —]
y'=lim 5=+ limjlog.(1+x)*}.

1
Gyuruna F(a)=(1-+a)*, onesnano, nenpepwsna npn o 7%= 0. Tax kax
aorapudmnueckan QyuKURg TaKxe [enpeprsia o

1
Hm (1 Lo)® —»
a—0

(ra. VII, § 12), 10 snakn Jlim n log, MOXHO NEPeCTARNTh MECTAMH
a-+0
(ra. VIII, § 2)):
1 1
lim [loga a -l-a)?]-.—_- loga[lim a +a)°‘]=loga e.
ax—0 a—0

CrenosatensHo,
1
y = < loga e

Taxny oGpasoy, mumeem dopryay

.1
(log, x)" = log, e M

1) 3116(;1:. MH 10 menpepwsHOCTA goonpegenseM mpr =0 dyukuuio F (@) =

= (lr-l-ajg, nonaras F (0)=e,
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Monbaysch u3BeCTHHM cooTHowennem (ra. VI, § 13)
1

‘Oga e=m'

¢opmyay (1) MoxHO nepemncarb B Biae
1

. ' (1)

log, x)' =
(logg %) =—1—
Ionaras samech, B 4YAaCTHOCTH, @==¢ ¥ NOMHS, YTO Ine=1, nonyuny
1
(nx)=—, @

T. & NPOU3BOOHAS HaAamMYPAALHO20 aoz2apudaa om He-

3asucuioll nepesmennoil pasnHa 00- Y,
pamnoii seaudune smoli He3asucuMOLl - lilzl
nepesennol, & /
Ipyrofi Bamuni 4acTHeil cayuati L
noayuaey npu a=10: -\ /7 z
M
(]g x), = !
rae M=I1ge==0,43429 — moays ne- Puc. 106.
pexona.

Jlorapupuuueckan dynkuus y=Inx onpemencHa auwb npn x>0,
Jas npuroxennli yno6HO paccMaTpuBaTh (QyHKUNIO

y=In|x|

KOTOPa® HMEET CMHICA KaK NpPH X MOJOKHTENBHOM, TaK W NpH X OTIPH-
uareJbHOM, T. €. onpeaeieHa npu x % 0 (puc. 106). Daa uaxoxnmenus
1pOuUsBOAHOH 3TOH (YHKUIH SanuieM €€ € NOMOIILIO ABYX PaBeHCTB:
y=Inx nmpu x>0
n '
y=In(—x) npu x<<0.
Or1cioaa nosyvaeM
1
y'=? npau x>0
I
'=_._1 .(._x)'=_l.(—-1)=—l- vnpu x<<0
—X X X ’
CrnenoBarensHo,
1
y’=7 npu x #0,
T. &
]
’
(n|x]y=1.
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§ 8. IounTue o aorapumuyeckoll npou3soroil
Mycrts
y=lng,
rme
z2=0(x).

Torza, mnpnmenan ¢opuyay anbdepenunposaunn  crowuolt  (yuxunn,
HOAyUHM

Yr=(n2)e=(In2): 2,
nny
’ 14
V=7 2x
Takns oGpasoy, nmeeM
zl
(lﬂ Z); =70

TMponssoanas or sorapndya QyuKLUad (1a3KBACTCA L02apUiMuULecKOl
npou3sodroli GyHKuuiL

M pruep, Hatrn mponzsoanyo dbynkuen
y=In(x*-}4x4-5).
MMpmecunn nocaeguoio gopuyay, HMeeM

, (x2+4x+5)'= 2c4-4
y= x3}-4x+4-5 xi4-4x4-5°

§ 9. Ipouszeroanan noxasareasuoil ¢ymxuumn

nycTh
}'r-.ax, rre a>0.
Toraa
Iny=uxlna.
Bsaa npoussoguyo Or JAeBOft M npasoit wacTn no x, Gyaem umers!)
1
7 y' =lna
0TCI0Aa
y'=ylna,
HAH OKOHUYATENBHO
@%) =a*Ina, Q)

1) Cymecraoaaﬁue ' BulTeKaeT H3 gupdepeHRHpyeMOCTH Jorapudauueckol.
dyuruun (cM. §§ 7 u 5),
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Taxnm ofpasom, npou3godHnan noxasameasroli @yHx-

yuu pasHa camoll GyrKyul, YMHONCCHROT HA HAMYPAALHUIE A02aPUG M
OCHOBAHUA.

N puwnep. Haiitu npoussoanyio QyHKuuy
y=2*
Ilo ¢opumyae (1) nveeM
- (2% =2%In2.
INoaaras B gopuyae (1), b yacTHoCTH, a=¢, MOAYYHM

(e7) =e%,

T. € NPOU3BOOHAR SKCNOKEHUUAAsHOL (ByHKuuL ¥ pagra caroll ghyns-
yun. B sToM cmuHcae dynkuug e® ssaserca npocredmedt ¢ynximielt Mate-
BaTHYeCKOro aiaansa.

4t
|
|
|‘ y=cthz
\
\
\
\\\
/ ______ o=

t

Puc. 107, Puc. 108,
B .npunoxennax 4vacIo BCTPEHAKTCA euneploauveckue Qyuiyuu, BoIopHe
(-OpMaNBHO ONpefelIsioTCA PaBeHCTBaMu

k 5 =X — X
ch x=£.i28_..’ shx.—=.e_x.__e_.

2
(puc. 107) u

2
shx ef—e™¥
u1'”"'«:11_,:'-e"+e’-‘f’ g
shx ef—e>
(puc. '108). Fla ¢opnuya (2) noayusem ocHOBIOEe COOTHOWEHHE

ch2x—sh*x=1,
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Ha ocnoBaunn ¢opmya (2) n (3) HemocpeICTBEHHO HaXOZHM IPOH3BOAHbLIE
runepbonnteckux Gysxuui

(ch x)’ =sh x, (sh x)’ =ch x,

’ 1 r___
(th x) =y (cth x) =— ——.,

§ 10. Mpouseonnas crenennoii ¢ymnxmun

Paccvotpiy cTenenuyio ¢yHKUINIO

rae o — noGoe MEHCTBHTETBHOE YHCJIO.
Jlorapndmupys pasencrso (1), noayunm

Iny=aln.x. (&)

Orcrona
y= e lnx,

ITosToMy B cnay TeopeMH O mponssogHoft caoxnoft dynkuun (§ 4)
crenennas Qynxuus y anddepenunpyema.
Ouddepenunpys no nepemennolt x pasencrso (2), 6yaeM nmeTh
' 1
L=a'—.
y X

Orciona

W
V' =a %- =1,

Taxmu oGpazom, M noaydaem oGuiee npasnao auddepenunpo-
Banng crenenno!l ynru:

(x%)' =ax®), 2

T. €. Npou3BodHast cmeneHu He3aBUCUMON NepesterHOil pagHa noxasa-
MeAl0 CIenexlt, YIMHOICCHROMY HA OCHOBQHUe 8 CmeneRu Ha edununy
AMenbue.

Ecan crenennas dyuxuns (1) nveer cybica npn x << 0, To ¢popmyaa (2)
Oyaer cnpasegansa Takxke n nmpn x =<0,

§ 11. Nponsponusie o6GpaTHRIX TPHroHOMEeTpH4YecKHX yHKIKI

Dynxunn, o6paTHsle TPHTOHOMETPHUYECKNM (YHKUHAM, HOCAT HasBatine
o0pamublx MmMpuoHOMemputecKux uim o0pamuslx Kpy208stx ¢yuxunft
(Arcsin x, Arccosx, Arctg x, Arcctgx o 1. n).

[napHbte gnauenns o6GpaTHHX TpuroHoMerprueckux dynuxunfi noay-
yaloTCA B pesdyabrate o6pameHns anaddepeHuupyeMux (¢ oranunofi or
Hyas nponssomHoii B cooTsercrBytomelt 06/1aCTH) TPUrOHOMETPHUECKIX
Qyuxuni n, caeA0BaTeNbNO, B CHAY TeOpeMbl O MNponspogHofi oGparioft
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¢yukunn (§ 5) sBasiorcs Takxe auddeperunpyens Mu Hatfinem
uX NPOH3BOAHbLIE.
L ITpoussonnasa ot arcsinx. Iycts

y=arcsinx, )

rne —l=<x <<l —% éy<32£ (cy. ra. VI, § 9). O6patuas yuk-
U9 uMeer BHI '

x==siny, : ®

npuuen
xp=cosy # 0,

ecan ye(—-%, %)
Wcnoassys apasuno audepenunposauns odparaoft dynaxkunn (§ 5),
noayyum ]
1
cosy”

Y=

®)

‘Qk‘l -

Tak Kak cosy >0 npn — % << %, TO, yunrwsaa (2), nonyqaem'

cosy=+ VT—sity=YT—#>0, —l<x<l,

Crnenosatenbto, Ha ocnosauun (3) mmeeMm
, 1
Yx= Vi—=’

(arcsin x)'=ﬁ—l-_—xz. I C))

WUs oopmyam (4) caemyer, 4TO KpuBas (1) mpu x=z£1 nmeer
BEPTHKa/NbHBE KacaTe/bHHE. o '
Il. Mpoussoanaa ot arccos x. Ilycre

y:—:al’CCOS X,

Toraa
X ==COS}Y,

npuiey —1l<Cx <1l B OSy=<<T.
Ha ocuoBannu npasuaa auddepeHunposanns o6patHoit gyuxkunn (§5)

umeeM
]

’ 1 P—
}’x=';;"‘ sny"
Tax kak slny>0 npu 0<JYy <<%, TO

siny=+4 VY T—=costy=)1=-%*>0 (~1<x<])
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Hoaromy'
, , 1
7=
Taknm obpasow,
1
arceos X) = — ———.,
( ) Vi—x

ri1. x

3amevanne. Popuyay (D) Ms Moran OB TaKKE NOJYYHTH H3 COOT-

nomennsa

. n
arcsin x - arccos X = T

lll. Dponssoanas or arctgx. Iycrs

y=arctg x (-—oo<x<+oo, -—% <y<%)

I, C1EN0BATeALHO,
Vimeen (¢ VI, § 3)

. 1 1 1 1
Vr= T edy T iy IR

v
Taknm oGpasowm,
1
arctg x) =+——7>.
( b V) l+xz
V. Tipowasnopiian 07 arcclga. Nycib

y=arcctgxy  (—oo<<x <00 0Ty <<m),

TOrAa
x=cigy
Hmeen (cm. VI, § 3)
PR I 1 1 . 1
Y= = T ety I-fcigty T4
T. €
1
’——.___-_
(arcctg x) = TF=
HDpuwmep.

! \
(arcc P / l
+

()T w0
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‘§ 12. lipoussonnan ¢yuxuuu, saxanHoil nmapaserpuHyecKi

3apuCHNOCTh MEHAY NEPEMEHHBIMH X H Y HHOTAA yAOGUO 3a4asath

ZBYMA YDanteHHAME
x=0(), y=y(@) 0)

roe ¢— pcnoMoratedsHas nepemeHnas (napaserp). OcoGeHHo 4acTO STHM
NOAL3YIOTCR B MeXauuke, CAe TapaMerp ¢ ofuuiio o0Go3HauaeT BpeMs,
a ypapueuus (1) mnpeactasasioT coGOH napastempudeckue ypasrerus
mpaesmopuu aswkywetics Touku M(x, y).

Ypasuenus (1), pooGuie roBops, ONPEAENsioOT ¥ KaK CJAOKHYIO (PyHK-
ugio or x. B camom gene, paspems nepsoe ypasHesue cucremsl (1)
oTHocaresblo napamerpa £ (ecanm 9TO BO3MOKHO), GyAeM UMEThb

t=0(x),

rae 9 — dyuxuns, obparuas x dyuxuus ¢. Orciofs, ucKmouas us ypas-
Hewull (1) napamerp £, moayuum

y=1% (). @
Tloasaynce dopumyaoft (2), nerko HaliTd NPOU3BOAHYIO Yy KaK NPoOu3som-
HyI0 CAOKHOH (PyHKUHH. ‘

OnHako Ha MPaKTHKE MCKAIOYeHue napaMerpa f yacTo OLIBAET BATPYA-
HUTEABHBIM, @ MHOrAAa Aaxe HeBoaMOxiubIM. [Toatomy MBl magum npasuno
AR HAXOWACHUA NMPOUSBONHOR Yy, He TPebyiollee HCKAYEHUs mapaverpa.

Teopema. Ecau goyriqun y om apaysenma X 3adarna napaserm-
pudecku x=0¢ (), y=y (), 20¢ dyncyuu @) u H(f) duppepenyu-
pyesss u @' () ¥ 0, mo npouszsodnasn smoi @ynryuu ecme

/A
yx=;:,. @)

Hokasareascrso. B uenn pasencrs
y=y(), t=06(x)

rae t=0(x) ects oOpatHas ¢yuxuus no oOTHOWEHUO K QyHKUHA
x=@(f), Oyaem paccMarpusath napameTp { KaK NPOMEKYTOUHHH apry-
ment. B Takom caywae, corsacuo npasuay andiepeHUupOBaHUA CAQHKHOH
¢yuxunn (§ 4), unpeem
| Y=yt -t G

Tlpumennna rtenepn npasuio  auddepequuposanus 00paTHON  yHKUuL

(§ 5), noayuum
1

tx=;?- . (5)
Cnegosarenso, ns qopmya (4) u (5) Haxoaum

. Ye=Yi i X,
410 A TPe00BaNOCE AOKa3ars,
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3amenanue. Iloabsyscs o6osHauennamn Jlen6unua, dopmyae (3)
MOXHO NPHAATh BHJA OYEBHAHOrO PAaBEHCTBA
' dy _dy
de ~ dt *dt°
D1um eme pas noayepxuBaeTC yao6CcTBO 06G03HaueHnii Jlefiumnna.
MMpnsmep. Ilyets
x=12, y=1£, ©
Nyteenm
xy=21, y; =3t
CreacnarensHo,

y;=y;;x;=3!5:2t =-g— L

CnpapeennpocTh noc/enneli GOPMYNEl MOXHO HENOCPEACTBEHHO MPOBCPHTH, HCK/IO-
yas u3 papeHcTB (6) napametp f.

§ 13. Cronka dopmya auddepennuponanus

Bupenennse Hamu npasuna 1 dopmyan muddepenunposanns aana
dynKouiil OAHOrO B TOTO K€ HE33BHCHMOrO MEPEMEHHOr0 X OGLeAMHIM
B Tabanuy:

L ¢'=0. X1 (tg x)" =sec? x.
N @+v—w) =u 41 —w'. XIL (ctg x)' =—cosec?x,
L (cu) =ctt'. XIIL (1 ’ ! 1
L(Joga x) =——, (Inx) =—.
V. (uv) =uv' o', (log, ) e (1) =3
v. () otz X, (a5 e
ey 2T XV. (arcsin x)’=‘—,—73—-_=.
Vi. Vi=yz-in i i—xe
;1 . 1
VIL Xy =g XVL. (arccos x) T v

VIL (x7)' =nx"?1, x'=1. 1
IX. (sin x)’ =cos x. I8
X. (cos x) =—sinx. XVIIL, (arcctg x) =—

XVIL (arctg x)' ==

L
1422

§ 14, MonsiTie 0 MPOU3BOAHBIX BLICHINX HOPAAKOB

IMpoussoanas f'(x) or dyHxunn f(x) HasumBaeTca npoussodxoil nep-
go2o nopsdxa 1 npencrasaser cofoff HEKOTOPYo HOByIo yHKILIO.
Moxer cayuntbes, uTO 5Ta (yHKuHs cama HMEET nponssoanywo. Toraa
NpOH3BOJHAS OT MPOM3BOAHOH MEPBOro NOpPsAKAa HasHBAETCA NMPON3800HOL
8mopo2o nopadka wan gmopoli npousgodxol n obosHayaerca Tai: f7(x).

Hrak,
@)=l )l
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ITponsBoanan OT MPOM3BOIHOH BTOPOrO MOPANKE, €CAW OHA CYUIECTBYET,
HA3KBACTCA N1pou3sodHoil mpemse20 nopadxa WiH mpemseli npou3sood-
Hofi u ofosnavaerca TaK: f'''(x), T. e

" @) =1 )N
uT L '

Ina oGosnaueHus manbHeHUWINX NPOUIBOAHKX ynorpe6nmorca pu-
ckne uugpu.
INpumep. Ilycrs y=sinx. Torma umeem mnocnenosareabHO

y' =cosx, y''=—sinx, y'""=—cosx, yW=sinx,...

§ 15. dusuveckoe 3naueHne NPOU3BOXHON BTOPOro MmOPANKA

Mu Bagenn, 4T0 € MOMOILBLIO NPOUSBOAHOH MEPBOrO MOPARKA MOMKHO
Halith ckopocTb aBHikeHus. [lokawem, 4TO And TOro, YTOGH BHIYHCAHTH
ycKopelise ABMKEHHS, HalO BOCNOAbL3OBATLCA NMPOH3BOXHON BTOPOro Mmo-.
paaxa,

[lyctb sakon neuxenua Toukn M no ocu Ox Bmpakaerca ypasHe-
aueM x = f(f). [lycTb B MOMEHT BpeMenu £ TOuKa M umMeeTr CKOPOCTb 7,
a B MomeHT {-}- Af — cKOpoCTh v-}- Av.

Takum 06pa3om, 83 MPOMEKYTOK BpeMeHdt Af CKODOCTb TOUKH W3Me-
Huyaach Ha seanuuHy Av. OrtHOweHue

Ao
al

H33WBAETCH CPedHuM YCKOperues NPAMONUHERHOro HNBMNKEHHT 83 MpoO-
sexyTok Bpemenu Af. Ilpenen storo orvowenua npa Af—0, T. e

llm -A—t_”U (t),

HasuBaeTCs ycxopenuesm mouxu M B panHuft moMeHT f. OO0O3Havas
yckopenue OYKBOfl J, MOMEM HanmncaTbh

j=1' ()
Ho

v=f(f).
TlosTomy .
v O=l O =1 ®.
Hrak, ameenm

=@

T. & BeAUUNA YCKOPEHUS NPAMOAUHENH020 08UICEHUS MOYKU PABHA
amopoil npou3oOxoll om nymul) no eépemeu,

}) Toynee; om abcyuccss OsultyuielicR mMoukl,
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Yopamuenna

Hafith nponssoanwe or caexyiomux GyHknaii:
1 a) y=3x1—x-+5; 15 y=V 157
6 f(x)=lz, Ueny pasnu f' (1), 16. y=InInx.
) 1’6? 17. y=Intx.
/=10 1 18. y=Inx3.
—— oy 3 o— e
2y=2V54+3y% s 19. y=Intg 3.
3. y=’_‘21+_2_2.. 20. y=x"-}-n*,
* 21, y=e—*"
ax-+b .
=235 5
. y=e? (13—14x}8),
B. y=12 (2x—1). 22, y=e“* (x - x-}-8)
6. y={r+1)Vxs 23. y=arcsin .
7. y=x3%sinx, 1.
. 4. y=arccos —,
! x
8 Y= - .
l+x2 1
2¢ 25, y=arctg—.
9. y= ) X
l.—x . 26, y=(tg x—cig x)2.
10. J=§;_g_f"‘_z:_”. 27. f(x)=x--arcclg .
n y—-sin:,j- * : 28. y=In (x+V TFx2)-
. Y= L )
12, y = sin x2, 29. y=% Vl—x2+§arcsin X
x
13. y=cos3?. 30. y=lln——]+x+—l—arctg x
4 1—x"' 2
x3
14, y=rcos T

Hafitn npenzsognue or LipoponiipycMUx  HesiBULIX PYURLII y=y(x),

onpereaseMuIIX ypaspepuana:

. 2t yf—=ay=1,

32. B4 —=3xy=0.

33. a) y=x-}-Iny;

0) naiitn y' B Touke Al (1, 1), ecan

x
—42xy=3,
y+13

34. Haiirn nponznoanue yy or dyuxnni, sagannuX DapaMeTpHYecKH:
a) x=acos{, y=>bsin{,

6) r=0!, y=/"rle*;

B) x=¢"¥cost, g=etsin{ npn {=0.

Haiith Bropuie nponsBoanme oT ¢ysxuyil:

35. 3) y=e—*"} 6) y=x-tsin 2z

38. y=Inx.

37. y=x~*,

38, Haitra f(0), f* (O) u f° (0), ecnu [ (x) =cos 3x.

39, a) Hanncats ypaBuenme Kacatelslofi K xpusoil g==x2 B Touxe ee M (2, E);

6) BanHeaTb ypabHenne KacareAbHON K CHHYCOHAR y=Sill X B TOURe X==7; B) HaNH-
CaTe ypabuenue xacatedbRoil K napaboae y*=2x B T0uKe (8, 4)
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40, Hanucars ypasuemiie KacarelbHofi K 3JLIHIICY
2y
& tE=!

B Touxe ero M (xq, ;).
4l. Hanucatre ypasueunH#e Kacateduioll X sanuncy

=10cos{, y=06sin{

- EL
D 104Ke, COOTBeTCIBYIOLLE l=—3—,

42. Hopvaneio k kpupofl B aaunoil ec touke MM (xy, ¢,) naswpaerca nepnei-
JUKYASp K KacateAbHnofi K 3roil JHnHH B TOYKe Kacauus M.

Hanncate ypaBuenns u%malxeﬁ K CIEAYIOUWHM KPHBHM B 3ajaHNbiX TOYKAK:

a) y==tgx B Toure O (0, 0).

0) y*=2x B Touke M (8, 4).

B) x3--4*=25 B TouKe (3, —9).

43. C xakoit CKoOpoCTHIO BO3pactacT NJOWIALL KPyra B TOT MOMeut, KOrma
pamiyc ero R==10 m, ecan paguyc Kpyra pacter co ckOpoctbio 2 M/c?

44. Ueaosex poctoM k=175 cM oTXoaHT co cxopocTbio v==1,5 a/c ot douaps,
pucswero ua suicote /=5 M. C Kakofi CKOPOCTHIO pacTeT AAMNA €rO TCHU?

45. 3aKot ABHIKECHHA TOYKH

x——-xo+al+"g‘ ll.

Haiity ckopocTh H yckopenue asixenms.
46. 3uaa ypasuenue ABHMKCHHS TOUKH

x=={—sin{,

ONpRLeNUTE CKOPOCTL # yCxopeuue o108 TOYKM,



Fnasa XI
NPWJIOXKEHUA NMPOU3BOIAHOMN

§ 1. Teopema o KoHeunHOM npHpameHnn (QYHKOUA U ee CAexCTBAS
Teopema JiarpaHxa o0 KOHEYHOM DNpUpameHnu
dbyuruun Konewnoe npupauenue ougpdepenyupyeroii yunxyui

PABHO COOMEemMCMBYIOUEMY NPUPAUEHII0 AP2YMERMA, YMHOICEHHOMY
Ha 3HaueHue ee Npou3soOHOl 68 HeKomopoll nposteICYMOYHOE moUKc,

F(E)
7(z,)

z)

Puc. 109.

m. e ecan f(x) ecms Ougepenyupyesas GYHEUUT HA HeKOmMOpPois
npoatescymre {a, by u xy, X4(xX; << Xp) — 2100ble 3HAYEHUN U3 3MO20
nposescymea, mo

F (%) —flxn)=(xs—x1) ' (B), M
20e
X<E< Xg

ODoxasareascrso. Ha rpapnke ¢yukuun y=f(x) nposemex
cexymyo AB uepes Toukn A(xy f(xp) m B(xs f(x)) (puc. 109).
Bynem nepevemars 3Ty cekymiyl0 napaniensHo HaYanbHOMY MO OXEHHIO
20 TeX MOp, NOKa OHA He NPEeBparnIca B KacareasHylo A’CB’ x rpa-
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GuKy Hawell gyHkuust B HekoTopoil Touke ero C(§, f(E)Y), rae x; <<
<CE<Cx, CoraacHo HaureMy NOCTPOEHHIO YriaoBOH KO3(puuuent cexy-
well AB papen yraosomy koadduuienty KacareabHolh A'CB’, nosromy
[—Ftx) o
L= @®.

(&) —f(x)=(x2—x1) f' @)
yTo H TPe6oBanoCh [N0Kas3ats 2).

Canencrsue 1. Ecau npoussodnans Gynryuun pasra Hyao Ha

1eKOMOPOsM nposMedicymie, mo gﬁyma; usiecme  MOHCOeCHIBEHHAS .OC-
NOSIHKASL HA 3IMO0AL NPpOMedCYymKe.

B camom zene, ecan, Hanpumep,
ff(x)=0 npn a<<x <<¥h,

o, nonaras B dopmyne (1) xy=ux; TAe X, €CTb HEKOTOpOE (UKCHPO-
aHHOE SHauCHme n3 NpoMexyTKa (a, b), B xy,=x, Tae x — moboe 3ua-
eHHe u3 3TOr0 MpoMEexyTKa, 6ylaeM HMeETb

fx)—f(x)=(x—xo) f' ) =0.

Orciona

TCI0Aa
Jf{x)=Ff(xo)=const,
CJH

a<<x<b.

Cnenctene 2. Ecau dse oynxyuu usemwm pasusie npou3godHsie
Q HeKomopos NPoMexcymyge, mo 3mu PYRKYUL HA PAccMuampisacilolr
ipostexcymEe omauianmen opy2 om opyea casmoe Goasuwee HA noc-
0AHHOE caazaenoe,

B camom nene, ecan

fix)=fi(x)

pu x & (a, b), TO Ha 5TOM NPOMEKYTKE HMeeM
V1 (%)= Fo () =i (%) —fi (x)=0.

nen0BaTeNbHO, B CHJIY c/AeacTha 1 dyHkuua

f1(x)—fa (%)
CTh NOCTOSIHHAA NpH a<<x <Hh, T. €.

L (%)~ fo(x)=C

A5 BCeX sHauenufl X, npuHagaexamux npoMexyTky {a, b).

1) Mu omyckaeM 3jech JOKA3aTel-CTEO TOrO (aKra, YTo Takoe Npeleibloe
OJIOXKEHHE CYLIeCTBYET.
%) Moxuo nokasate, 4o TeopeMa Jlarpauxa ocraerca Bepuoil, eciu Qynxuwas

npeprBHa Ha oTpeske [a, b] 1 audepenunpyenma suytpu ero (o, H A, Caxap-
H K 0 B, Buicwag maremaruka, i, 11, § 5),
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Mpruep, Kag nssectHo, a8 Ji000ro 3ssausiif —o00 << X << -h 0o HMeeM
' .
(arctg x) == —— H (— arccig x)' =

1
I4-x2 Ifean”

CnepoBateibuo, .
arclg x— (— arcctg x) == C, ]
rie C—nexoropas moctosurasn. IToJoxus B nocreqel Toxpgectse x =1, moayanm
T M1 n
.‘T+—4_=C' T. €, C=—2—.
Taxms oGpasos,

T
arctg x-}- arcctg =
Teoperma o xopnax npoussonHoilt (reopema Poans). Mesc-
oy dsyas nocaedosamensublatit gopuann ondhepenyupyertoii @yuiyuu
sce20a codepacumcst no Mersulell Atepe odun ropens ee npou3godxod.
loxasarenbcTBo. B camom nene, ecrmu f(x)— nudpepenuupye-
Maa ynxuna o '
[l =F(x)=0 (xr;<<x),
10 U3 dopuyas (1) nmeem
(v = x1) [ €)=0,
HAM TAaK KK X, 75 Xy, TO
4 — A
7' §)=0
TAG
X1 <<t << X,

§ 2. Boapacranue n ySmBanue ¢ynxuun oxnoil mepesenuoil

Onpeneaenne. losopam, umo ghynsuyun f(x) 6ozpacmaem
8 nposescymie (a, b), ecau 41060y GoasuoMy ZHAUEHUIO APy MeHMA X
6 amoat npoaexcymre coomsemcmayem Goasuiee 3uauenue dynryu,
nnbiMn caosamy, f(x) ectb Bozpacraioman dynkuus 8 npomexytke (a, b),
eca, Kakopst OBl HH OBLIH 3HaueHuA Xy H X3 13 3TOCO MPOMEKYTK™
{puc. 110, @), 13 nepasencrna

Xy > X1
BHITEKAST NEpaseHcIso
f(x) > f(xy)

Ananorauno, rosopar, uto f(x) y6us aem 6 npomexcymse {a, by
ecau aw6osy GONBUEALY 3HAUENUID ap2yMeHma X 8 IMOM NpoMe
JCYMEE COOM8entCngyen iMersiliee 3nalerue Pynrgui; HHEMA CAOBAMY
f(x) ects yOusawomas dyuxusa (pnc. 110, 6), ecau u3 liepasencrsa

Xz > Xy
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DHTEKACT HEPascHCIBO

Fx) <[f(x1)

Teopema 1. HeoGxoauMmil npusnak Bospacrauung
(y6usanua) yHKIHAM.

1) Ecau dugpdpepenyupyesran gﬁyuhutm so3pacmaent 8 HEKOMOPOM
nposedxcynike, mo nPou3sodnas OmOL PYHKLUU  HeompuyameALHA
8 3moOM nposexcymge,

2) Ecau Jdupghepenyupyestan hyuryus yoi6aem 6 HEKONOPOK
nposesicymiKe, mo ee nNPOU3BOOHAS HeNOAQICUMEAbHA 8 510 NpoMe-
JicyniKe.

4 q
i
]
1
E y=7(x)
2 & b
g z 0| az %}l\j z
[]
a) 7
Puc. 110,

Joxaaateavctno. 1) Mycts nuddepenunpyeman dpynknus f(x)
ospactaer B npomexytke (e, b). Coraacuo onpenenennio npoHILOLNOH

f (x) lim ,(x+Ax)"'f(x). I

Axms0 Ax

can snasenns X n X -+ Ax npuuagnexar npoMexyTky (@, b),. 10 B cuay
o3pacTanng Qynkunn f(x) sHak ee npupauienns

Fx+Ax)—f(x),

ne Ax=£0, omunakos co siakon npupamenns Ax aprymenra x. Cre-
0BATEALNO, PN JIOCTATOYHO MaaoM No abcomoTuol Beanunne Ax nmeeMm

f+Ax)—f(x)
Ax >0.

epexoast B TOCAEAHEM Hepasencrse K npeneay npu Ax —-0 1 yunTR-
as, ‘YTO Mpesea NOJOKHUTEAbHOHN (YHKUIN, OYEDHAHO, ME MOKET OHIb
TpuUaTeAbHBIM, noayuum (ca. VI, § 3)

' (x)=0.

2) JloxasatenscTBO BTODOH YaCTH TEOPEMH BNOAHE JHAIOrHYHO AOKa:
aTeALCTBY MEPUOH 4acTi €e.
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3ameuanne. TeoMeTpHueCcKH YTBEDKAECHHE TEOPeMH CBOAHTCHA
K TOMYy, uTO A4s rpaduka Bospactaiomeil arddepenunpyemoft dysKunN
Kacareabnne 00pasyoT ¢ NOJAOKNTENBHEIM HanpasaeHneM ocs Ox ocTpHe
yran o (tg a=f'(x)) uan B HEKOTOPHX TOukax A napaaneasuu ocu Ox
(puc. 111).

Ilaa rpapuxa yGmpaomeft anddepennnpyemofl dynxkmnn sce Kaca-
Teabubie O6pasyloT TyMnH e yrasl ¢ MONOKHTEAbHHM HanpapjaeHueM
Y ocn Ox nam  napamtenbunl  efi,

Teopema 2. HoctaToOu-
Ne# NpuUSHAaK BospacTa-
Hua (yOmBanus) GyHKUHm

1) Ecau npouzgodunas oughibe-
penyupyesoli @Gywxyun noaoxcu-
mensHa  BHYmMpU  HEKomopoz20
nposesiymra, mo GyHKyus 603-
pacmaem Ha Smost NpoMexCYMKe.

Pue. 1. 2) Ecau npoussoonas oughibe-

pengupyemoli  yuryun ompuga-

MensHA GHYMPR HEKOomopo20 NpoMedcymra, mo @ywxyus yobisaent
Ha 3moA npoiedxcymre.

Hoxasateancrtso. 1) [lycts, nanpnmep, anddepenunpyemas
dynxuua f(x) Taxkosa, uTo

F(x)>0 nprn a<<x<<b.

Ina moGux nsyx sHaueHnll a =g .xj << X, << b, NpHHAAAEKAUIAX [PO-
mMexyTky (@, D), B cuay TeopeMbl O KOHEYHOM NpPHPAUIEHHA (YHKUHA
nMeeM

f(x)) = f(x)=(x2—x1) f' ),

‘rAe §-——MNpoMeKyTOuNOE SHAueHHEe Mexay XxXj W X, i, CAE10BATEAbHO
Aexauee BHyTpH npovexytka (@, b). Tax kak

Xy—xi>0 n f (>0,
T0 OTCloda noayunm
fx)—f(xD>0
unu
Fx) > f(xy).

Crenosarensiio, dgyuxuns f(x) Bospacraer na mpomexyrke (a, b).

2) JoxasarenscTBO BTOpPOH uacTh 5TOHl TEOPEMH COBEPWEHHO aHalO
THYHO [O0K23aTENbLCTBY MepBOfl vyacTh ee.

®ynxnng, sospacraomas (uan yOrBalomasn), HasHBACTCS MOHOMOKRHOL
IIpomexyTki, B KOTOPHX JaHHasd (YHKUWA BO3PAacTaET A yGuIBaeT
HA3HBAIOTCA NPOMEINCYMKAMU MOHONMOKHOCMI STOR (QyHKIHH.
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ITpumep. Hcenenosats Ha BodpacTae n yGuBatue yHKUHO
[ (x)=x8—3x4-2.
HaxonsM npoH3BOAHYIO
[ (x)=38x2—3=3 (x2—1).

Tlponasognas ofpallaetcs B Hyab NpH 3HadeHHAX Xx;=-—l i x,=1. 3ri sHavye-
uHA pa3duBaioT BCO OecKOHeuHyio ock Ox Ha TPH NpoMexyTKa:

(—GJ, _1]v [_I' 1]: [lr +w)r

BHYTPH Ka){Roro H3 KOTOpHIX INpou3BOAHAsA [’ (x) coxpaHseT NMoCTOsHHMIE 3HAK.
OueBlaHO, BHYTPH NEPBOTO H TPeThero NPOMEXKYTKOB NpOH3ROAHaA [’ (x) NMOAGKE-
TesbHa, @ BHYTPH BTOPOro OTpuuaTtesabHa. B stoM

npolie BCEFO MOXKHO yGeJHTBCS, B3SB TOHKH, NpH-

lajnexaulye cooTBETCTBYIOULHM HHTepBasaM. Cie- q 4
ROBaTeJbHO, QYHKUHA f(x) Bo3pacTaeT B epBOM
npoMexyTke, YGHBaeT BO BTOPOM H CHOBA BO3+
pactaer B TpetheM (puc. 112).

§ 3. Tlousntue o npaeuae Jonurtans

' PaccmoTpum oTHoOLIeHHKe
A L))
f(x) \p (x) ]

rae ¢yukuun @ (x) u P (x) onpexeneHsl H
auddepenuupyeMs B HEKOTOPOH OKpecT-
HoctH U, TOYKH @, HCK/Ioyas, GHTb MOXKeET,
caMy TOYKy a. MOxeT CayuntbCs, 4TO Mpi Puc. 112.

x —>a ofe gyukuus @ (x) u P(x) crpe-

mMarcs K O uwam K ©o, T. € 5TH QyHKUUH OLHOBPEMEHHO SBJASIOTCH HJH
6ecCKOHEYHO MAJABMH WM GECKOHEYHO O6O0AbWIHMH NpH
x -—»a. Toraa rosopsr, 410 B TOuKe a ¢yuKuus f(x) nmeer Heonpene-
JICHHOCTh, COOTBETCTBEHHO, BHAA '

“wleer—r————————

7 7 z

—
!

0 co ;
o M . (1)

B stoM cayuae, ucnoassysa npoussomHsie @ (x) u P’ (x), MoxHO chop-
MyJHpOBaTh NPOCTOE MPaBHAO IS HAXOMIEHHs mpemena dyHkunn f(x)
npy X—»a, T. € HKaTh pEUENT A PaCKPHTHS HeOoNpeaedaeH-
nocte#t Bnaa (1). D10 npasuno oGLIYHO CBA3LIBAOT C uMeHeM (paH-
LlySCKOro MaTemaruka Jlonutand, Bnepsbie onyGaHKOBaBLIEro €ro.

Teopema. llpedea omHowenun 08yX OECKOHELHO MAALLX UL
OecKoHewno Goasuiux (BYHEQUE pasen npedeny OMHOWEHUS UX NPous-
B800HUX (KOHEUHOMY UAU CeCKOHEHHOMY), ecal nocaedHuil cyujecmsyent
(6 yra3annom catblcae).

HokasateabcTno. JOKazarenbCTBO0 MW NpPOBEAEM TOJABKO MM

HEONPENENEHHOCTH BUIA -5, MPHYEM 148 NPOCTOTH Oynex npeanoJarars,
yro ¢yukuHn @ (x) u P (x), ByMecTe ¢ HX npoussoAuEME @ (xX) n Y’ (x),
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HEMpepHBHK B TOUKE a n P’ (@) # 0. Jokasarenscrso A1s Cayuas %

SHAYATENLHO croxHee (cv., Hanpuyep, C. M. Hukoancxut, Kypc
MareMarnyeckoro auanusa, 1. I).
Hrak, nycts

lim p(x)=¢ (@)=0 @
144
lim (x)=1v (a)=0. @)

Pasuocte @ (x) —@(a) mowxuno paccMatpupars Kagk npupauterne dynug-
un @(x) B TOYKE @, COOTHETCTIBYOUIEE APUPAULeI0  aprymenra
Ax =x — a. IlosTOMy

anaaorudito, ) »
lim P20y’ @) o0, @)

Yuutwisan dopuyast (2) n (2°) npu x 5= a, noayuu
2(0)—0 @
@ (x) - ¢ (x}—p (a) — x—a
Y (x) Y=y Y(x)—y(a)*

X—qQ

Orcioma, nepexoas K npegeay npu X -»a it HCnoabsys topumyast (3) -«
(3'), Oyaem umers

2@ _ 9 (a 4

e T V@ )

Ho mu npeanoroxua, uro npoussozuste @' (x) n W’ (x) nenpepsisust
npu & —a, npauen P’ (a) =0, nosromy
im o' (x) :
tlim &) s ¢ =¥ (%)
sa¥ (0 limY () T V@'
x—+a

Conocrasasa dopsyast (4) n (3), noayuns npasuro Jlonumaas

() o ) ;
lim 5oy = Iim o ©)

3amewanne, Ob6pamaeMm suuManme, uto B npasol wactn dopmyast (6)
GepercAd OTHOWMGH MG NPDOU3BOLHBLIX, & HE MPOH3BOZHAA OTHOWCHHUHA,
Mpumep 1, Haitty

A |
Hm ——,
x=0 SII&
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3gecs npn x=0 uncaHTeab H 3HaMeHaTeAb APOGH paBUM YO, T. €. DPH
X->0 uu uMeeM KEONPEACARHHOCTE BHAR . Mpuuenss npasuao Jlonatans (6),
noay UM

R e . 2¥In2  In2
lim — = lim = —==In2,
x—0 SinX X0 €OSX 1

NpuMmep 2. Haiitn
2
tim X,
z—++4co ¥
o
NMpu x —>-}-co nueeM neonpeieenHocTs BHAA ="
Tpumensnn npasuao Jlonuraas asa pa3a, 0OIyuuy
2 .
lim = im 2= 1im 2o,
X~} 00 ex X—+ 00 ex X-»4-0 e* -

Taxum ofpasoM, npH X —>-}-co NoKasatedbHasd QyHKuHS e* pacTeT Gucipee Cre-
pennoll $ynkuun x2,

0 (o) ' ’
VYkasannume BHUIE THOHN lleOllpelle:leH“OCl'en —0“ n a‘ HE aBANK0ICH
eanncreennuyn. Hanpumep, ecau
f(x)=@x)P(x),

npinved @(x)—>0 # Pp(x)—co mpy x-—»a, 70 NP X —a QPynKaus
f(x) umeer ueonpeacaeunocts puga 0.oo. Hdpyroft mpumep npeacran-

aser ynkung
f)=p(x) =P (%)

roe @ (x)—>-4oco n P(x)—>-}+co npi x—-a. 31ecy npit X —a. noay-
yaeM HeONPEREAEHHOCTh BiAa 00— c0. Bo3momin 1 Apyrie BHAW 1i€on-
peneaennocrefl. Jasg packpuThs 9TuX HeOlpeAeaeHHOCTEl!l UX CTapaoTcs
C NOMOULBIO TOXRECTBEHHHIX NpeoOpa3oBaHitil CBECTH K OCHOBHLM THIAM

0 co -
neonpeaeneHnocreil o B . Hocaepuue o6er10 HaXOAATCH HA OCHO-
panuil npasuaa Jlonuraas.

IIpusmep 3, Haiitu

lim xInx.
X—>+0

3nech M nMeeM HeonpeieacHHocTb Byja 0.oco. IlepenucwBag pamuoe EHpaixelne
B BHAE :

. : . inx

lim xinx= lim
X0 x40

] ]
x

o
mONYuaeM NeONpeleentocTh Buia ——, Orciona, npudenns npasuso Jlonnrang,

BaXOZHM
1

lim xlnx= lim ——= lim (—x)=0.
x40 a-+0 1 s
x4
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Mpnwmep 4. Haiitn
lim (ctg x——‘-).
X0 P4
Jannoe Bupaxkenne NpeiACTaBAseT €oS50fi HeolipefeNleHHOCTh BHa ©0—CO.
Cos X
Henoansyn ¢opmyay ctg x=_—, OyreM nmets

X
. . 1 ) i
lim (ctgr—-)=lim (8% 1\ _ jjy xcosx—sinx
-0 X x>0\ Sinx P4 x=-0 X sinx
0
Taxk xak noJaydHaache Heonpe,le.ne}{HOCTb BHl1a 3, TO anMellﬂeM npammo Jlonn-
Tansdg:
. 1 . —xsin x—
lim ctgx—— — lim COSX. xsinx Cos x
x-0 X x—=0 sin x-4-xcosx
= Jim Ao tim S D
SINl X4-XCOsSx smx
x=+0 x—0 +— cos x

Tocneaunit pesyapbTaT Guil  NOJydeR HAa OCHOBAHHH  H3BRCTHOTO  npejefa:
o Sinx

hmo.—x_=l (ra. VII, § 11). 3necy npn HaxoxueHHn Npejesa OKa3aqoch Uese-

X =

coo6pasHLIM, KaK H BO MHOTHX APYrHX cayyasX, KOMOHHHpOBats npasuao Jlonu-

Tans € seMeHTapHEIMH NpHEMaMH.

Ias dynrunn
fx)=[p(x)P™
B Cayuanx:
e(x)>0 n Px)—>0 opn x—>a,
¢(x)—>c0 u P(x)—>0 nps x—a,
px)—>1 n P(x¥)—>oco npu- x—-a -

nioaydaem neonpeseneHHocTH coorsercrsenno suda 09, oo% 1. 3gecs
BHroaHo Jcrapudmuposarh dyukuuio f(x).

Mpusep 5. Hai’mi
A= lim (sin x)8*. )

n
x>

2

Bupaxenne (7) npeacrasasieT colofi neonpeseeHHoCTh BHAA 1%, Jlorapudmnpys
pHpaxenne (/) ¥ HCTOAb3YA HenpepuIBHOCTH JorapadMuueckoil -pyHKUHI, HAXOLH

InA=In [ lim (sin x)‘g‘]= lim {In (sin x)'8 %)=
n

7t
x5

2

=

2
Insinx

= lim (tgx.lnsinx)= lim TR

[
X—= X=r=

2 2
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[¢e]
ITpumenss npasuno Jlonmtaas K noayuusmweiics HeonpeseneHHOCTH BHAA =
OyneM HMeTb

cos X
. sin x . :
Ind= lim i = lim (— sin xcos x)=0;
=z ~ aa =2
2 sin® x 2

orciosa
A=L,

§ 4. ®opmyaa Teiinopa nas muorounena

Iycrp mauHuill MHOTrOUAEH
P(x)=ay+ayx + apx? .. .- a,x" )

TpeGyercsl PasnokUTh MO cTemenaM GiHOMA X — X, FAE Xo— HEKOTOPOE
uHcno. 3Ty safauy MOXKHO PEUINTb JEMEHTapHO, HCNIOAb3YS TOXKAECTEO
X = Xp+ (¥ — X¢). Onnaxo Moxuo ykasars GoJee npocrtoil npued. ITycts

P(x)=As+ A1 (x —xo)-f A (x —xol 4.+ A, (x —x0)* ()

— HCKOMOE€ pasnoxenue, Kosddumuentst xoroporo Ay, A; As ..., Ag
TpelGyerca Haiitu. ITonaras x==x, B TOkmectse (2), noayunm P (xg) =
= Ay +0; orcioga

Ag=P (xo). 3)

Huddepenunpys Toxnectso (2), GyseM HMeThb
P'(x)=A;+ 24, (x —xg)+...+nA, (x — x)"~L
Orciona, noaarast X ==X, N0OJAY4HM
Ay =P’ (x).
TTocne sropuunoro AndxpepenunpoBaHns HaXOZHM
Plx)=214,+...+n(n—1)A4,(x —x)*~2

U npu Xx=ux, uMeedm P'(x)=2!4, T e.
P” (xo)
Ap=20, )

Has onpenenenus AansHelmux Ko3(uUHEHTOB pas3nosxexus (2) MomwHO
HCNOJAB30BaTh TOT e npHeM. JlOBOBHO OYEBHIHO, YTO HMEET MECTO
ofuwasn ¢dopuyna

_ Pk (o)
TR

rae no onpeaeaenuio noaaraot PO (x)=P(x) u 0!=1. dopuyay (5)
MOXHO CTPOr0O JIOK2a3aTh METOAOM MaTeMaTIIYeCKOH HHAyKILiL.

7 B. A. Kyapssucs, B, II. Qemugonud

A (=0, 1, 2, ..., n), ®)
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Moacrasasa xosgduunentt (5) B pasnoxenue (2), noayunm ghop-
syay Tefiaopa ans mHorounena

P (x) =P (xq)+ P’ (xo) (x — xo) -+

P” pun
G (o — o e T (o — )

nan Kopoue

P)= Y ol (r e, ©)

k=0

. 3aveTuM, 970, XaK HeTpyAHO yGexnThes, CTapiime KosmUMEHTH pa3fomes
mmil (1) v (2) cosnanaior, T. e. A,=a,. [lo>TOMy cnpasenanBo pasencTBo

—nl—l- Pt (xg)=a,,

Ecan noloxnts x,=0, T0 npasas uacts pasercTsa (6) 6yheT TOKIECTBEHHO
papia npaBofi wactn MuorouneHa (1). ITostoMy cnpasesnusn pasencTsa

Ry (O
_P_’_;_'(_)_-—_—.ak (=0, 1, ..., n).

ITp nmep. Muorounen
P(x)=1—2x4-3x2—4s3

PasnoXKNTh NO creneHsM GnroMa x-4-1.
3rech xg=-—1. HneeM

P (x)=—=21-6x—12x2,
P (x) =6—24x,
P (x)=— 24

P(—1)=10,  P'(—l)==20,
P (—=1)=30, P (—1)=—24,
Taxnym ofpa3zo,
Px)=10—20(x-}- D)-+-15 (x4-1)2—4 (x - 1)3,

§ 6. Bunom Heiotona
Pacevotpuy dynkmmo
f)=(a+-x), 0]

rae n—narypaaenoe uncao. Ilonaraa x,=0 n ncnoas3ya ¢opuyay
Tettaopa (6) n3 § 4, noaywnm

(@t xy=A0+ Ax4-... 4 A,xn, 2

k)
Ak=i k:0) (k=0) l’ esey n).

rae




§ 6} QOPMVYJIA TEFUJIOPA OJIS1 ®YHKLIHH 1%

Tax kak us (1) nonyuaexm
f®(x)=n@—1)...[n—Fk—1](@+xp*
TO
' f(0)=a"
n
Ff®DOy=nn—1)...[n—k~=D]a** (k=12 ..., n).
Takun oGpasoy, :
Ap=a"
n

A= n(n—l)...k['n—(k—-l)].an-k (k=1,2, ..., n) 3)

Hucna A, HOCAT Ha3BAHUE OUHOMUAAGHBMX KOIHhuyiennios n
ycnosuo 0803HayaloTca CAeaylayM o6paso:

A,=Cf, @)

R
rae Cp, HAskBAETCHA YHC/OM COYETaHUM H3 71 3JeMeHTOB mo £ (KOoMGHHa-

TOPHNH CMHCI 4YHCen Cf, Oyner BHscHeH nospuee, cM. ra. XXV, § 10).
Wtak, na ocuosauuu dopMyan (2) uMeeM GUHOMUAABHYIO HOpIMYAY
Hswmona '

(a+x)”=a"+(za"-1x+ﬂ%_li.a"*zx”-l-...-I-x". ®)

B wacruocrn, npu a=1 noayuyaem

Axp=14ax 20D 2y | o )

§ 6. ®Popuyaa Teitaopa gan ¢yuxuuu

TMycts  dynkuus f(x) umeer nenpepuisHyio nponssoanyio N-ro
nopaaka fI¥)(x)1) B uurepsane (a, b)) u x,&(a, b). Wcnoassys
pesyabTaTH npeasnyero naparpaga, nocrpousn muorouaex Teitnopa

n
Py(x)= Y Lo (e )
. £=0 )
ctenenn #, rae n<< N.
Muorounen P,(x) moxHO paccMaTpuBarh KaK HEKOTOpOE mpubau-
wenue (annporcusayuio) sauuolh ¢ynxuun. OGo3nauas yepes R, (x)

Y Orciona, no cMHCay Oonepanuy auddepennupoBanns, ROJyUaeM, 4TO B HHs
TepBaie (@ ) CyllecTBYIOT HenpepHBHHeE Nponspogubie f(x)=Ff® (x), f' (x}, +eo
’(N - 1) (x).

YL
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COOTBeTCTBYyIoULY:0 omnOKy (TaK naswBaeMuil ocmamounsili waer), Gynem
HMETb

f(x)=Pr(x)+ R, (). ?

[ToxaweMm, uro npn x-—»-x, ocrarouustt yzren R,(x) Gyaer Gecko-
Heuno Manoft mopaaxa sume n (meopesua [leano). B cavom aere,
paccMoTpuM npese

f(x)—[f () (1) (2 x4 ot L0 x)n]

. R, (%) .
lim —2 =1 .
x_l.n:,, (x~— x)® xi.n:.o (x —xo)™

&)

0
OQEBHJIIO, MH HMEEM HEOnpeacACHIIOCTh BHIA 0 ﬂpxmensm npasuao

Jlonuraas (§ 3) nocnexosateabio 1 Pa3 © YyuTHBAs HENPEPHIBHOCTD
npoussomoll f( (x), naxonum

Rew _ PO o+ e — s L2 (]

lim =2 = lim _

X->X, (x""xo)" X1y n (X-——xo)"'l
= lim _
X=Xy nn—1) (x—x‘)n—" .
— tim 2O g
X— X n (n—‘ l) PP °
CaenosatenbHo,
Rn (x) =0 [(x —_— xo)n]_ (4)

Taxum o6pasoy, noayuaem sorarsuyio dopayay Teiiropa:

f(x)—Z’ B (v kg fol(x—xg]D. - ()

B uwactiom cayuaze, npn a<<O0<<b n x;=0, GyneM uMerb TaKk nasu-
BaeMy1o .10KaAsry0 gopaysy Maraopena:

flri= 3 L g o(em), (©)

k=0

MMpumep, dynkumo [(x)=sinx annpoKCHMHPOBATL B OXPECTHOCTH TOYKH
%3==0 mnorousenoy Tefitopa Pg(x) Tpersell crenenn,
Hseen

f(x)=sinx, f ()=cosx, [ ()=—sinx, [ (x)=— cosx.

1) B ofwem cayuae, GopMya (5) oxa3unlBaeTca colepiare/NbHON, eCaAN X MpPR-
HAZIeKUT J0CTAaTOYHO Madaoil oxpecTHocTn Uy Toukn. X,
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Orcxo;_(a '
FO=0, fFO=1, F©)=0, f"({0)=—I.

Ha ocuopannu ¢opmyau (6) noayuaeMm

. X3
sin x=x— -0 (3. )

®opMyay (7) 9acTo NCROALIYIOT WIS HAXOKIEHIS CHHYCOB MALIX YrJOB X,
TIpHYeM CJIcAYeT MMEIL B BHAY, 4TO 31eCh X BbipaweH B pajHaHax.

loaaras x —xg=1"h, x=xy+h n yuuteBas, 4TO

f(x) = f(xo)y=/F (X0t ) — [ (x0) = Af (xo),

dopuyay (5) MoxHO 3anuCaTh B BHAC

Af () =hf' (xo)+ 57 " (o) oo f0) () f o). (8)

§ 7. dkctpemym yHKuUUH onHONl NepeMeHHOl

Onpeneneuune. Tosopam, umo npu 3nauenuu xi apzymenma x
byuryua f(x) uneem makcunmyn f(xy), ecan 8 nexomopoi oxpe-
cmuocmu  mouKu Xx; (BO3MOXKNO, BEChbMa Manol) 8u/I04HEeHO HepaseH-
cmso (puc. 113) -

fle)>F(x) (x5 x0)

Anaao2uuno 2080paimn, 4mo npu 3AYeHUR Xy AP2YMERMA X PYHKUUR
f(X) useem munusym f(x,), ecau & nexomopoil okpecmHocmu
MoNKN X, UMeem MeCHIO HepageH-
cmeso (puc. 113) P

) <f(x) (x5%x)

Makcnyys man MusnMys Qynuin
Ha3HBAETCA SKCMPesyMorn PyHKyulL,
a Te 3HaueHUR apryMeHTa, NPH KOTO-
PHX IOCTHFAIOTCA BKCTPEMYMbl (PYHK-
LAH, HA3LIBAICA mMoYKaMU SKclipe-
Myaa yurgun (COOTBETCTBEHHO: Mo - ,
Kauu  MaKcusyma WAl mo4xaMu 7[
Marusysa Gynryuir).

U3 onpepeaenus caemyer, uTO
3KCTpeMyM yHkunu, soobuie rosops, :
UMEET JOKAaAbHLH XapakTep—>5T0 HanGoablIee HAN HauMeHbLIES
sHavenne QYHKUUH No cpasHeHHIo ¢ 6 AM3MEKa UK MHE SHAUYEHUIMHU
ee. [losToMy Hamuune sKcTpeMyMa (YHKLHI TIPH HEKOTOPOM SHAYEHHH
aprymMesTa HACKOJBKO HE 8aBHCHT OT TOro, Kak BeldeT cebd QyHkuus
BIaau OT 3toro sHauenns. C 3TOH TOUKH Spenus MOHATHO, HTO MHHHMYM
dyugunn powxer GbiTh 60ALILE MAaKCHMYyMa, —IOZOGHO TOMY, Kak BrnaaunHa

Puc. 113.
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B ropax MOXeT nMETb OG/bIIYI0 OTMETKY Had ypoBHeM Mopf, 4eM
1160461138 BEPUINHA.

Hycrs dynxuns f(x) onpenenena na orpeske [a, b] n nmeer sKCT-
pesyyM B TOuKe Xy & [a, b]. Ecaun x,— BHYTPEHHSSTOYKA OTpe3Ka, TO
PasiocTh

f)—=Ff(x0) (%52 x9)

COXpaHseT NMOCTORANHEI! 3HaK B HEKOTOPOH aABYCTOpomucil okpe-
CTHOCTH Xp—h<<x<TXo4h (x 5% X) Toukn x, Taxoit skcrpemym
nassizaerca dsycmoponnus. Hanpusep, ¢yuxuna f(x)=7]1— x? nueer
AByCTOpoHHIA MaKCHMYM npn xo=0, TaK Kak f(x)<<f(x,)=1 npu
—l<x<<l, x30. Econ xe xo—Komuesas Touka orpesxa [a, b},
nanpuyep, Xo=a, 70 f(x)— f(x,) coxpanser sHaK Jmub B Hex OTOPOH
onnoctoponnell OKPECTHOCTH a=Xo< X< Xo+f1 TOUKH X,
Taxoft skcrpeMym mnasmBaercs odwocmoponnust (kpaese ). Hanpuvep,

bynkung f(x)=V} 1 —x?* uMeer ognocToponuuil MMM npu xo=— 1
n npu xy=1.

B nanenefliieM moxm cnosoM 3KCTpeMyM Mbi GyZeM MOHHMATh 1B y-
cToponunfi sKCcTpeMyM, T. e. GyaeM Npeanonarartb, Yto Aaa TOUKH
aKCTpeMyMa X, AanHofl dynxunn f(x) nmeerca HexoTOpas OXpPecTHOCTD
0 <|x—x¢| <<l TOUKN X4 B KOTOPOH PasnOCTL f(x)— f(x,) coxpa-
ngeT nocroanuuil suak.

1, Heo6xonunmMoe ycnopne sRcTpeMyMa pyuknun

Teopema. B moure axcmpesysa (dgycnoponne20) dugbibepen-
nupyestoll PyHrQUL NPOU3BOOHAR ee PABHA HYAIO.

IHokasateabctso. Ilycts, mas onpeseseHHoCTH, X, CCTh TouKa
sutnyysa gyurumn f(x). Crexosareanno,

J(xo+Axo) > f(x0)

eccat Axg 5% 0 goctarouno Mano no oGcomotnolt -peanunie. Otcioma.

&"—-—%?Li-(x—‘”- >0, ecan Axy>0,
0

n

f (o Axe) —f (xo)

e << 0, ecan Axy<<0.

ITepexoas B 3TuX HepasencTBax k npeneay npn Axe—-0 gaa npo-
13B04i0f B TOYKE Xy, pabioi

fl (x0)= ]im f(x0+Al§;)o—f(x0) R

Axy—0

COOTBETCTBEHHO NOJyUHM

J'(x)=0, ecan Axy>0, 11 f (xg)<<0, ectn Ax,<<O0.
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Tak Kak sHauenne npouspogHoli f'(xg) He NONKHO S8aBUCETh OT
cnocoba crpemicHus Axy K Hy/lo, TO OTCIOHA CHAEAYET, UTO

f' (x9)=0. M

Teopema noxasana.
Feomerpunueckas uaawcTpauwns [eoMeTpuueckH Yyca0Bue
(1) oGo3nauaer, ur0 B TOYKe SKCTpemyMa audbepenuupyemoll QyHKuUuH
Y=/f(x) xacareabHas K ee rpaduky mapaaneanna ocu Ox (puc. 114, a).

v

g _ ¥4
oFe) y=#{z)
f hp} {‘z’l)
a} . Zp z /4 Zp z
a) 4)
Puc. 114.

Cnenctsue. Henpepetsnas yHKyus sogicem usems KECMpesyrt
Aume 8 mex moukax, 20e NPou3leoOHAs PYHKYUU PASHA HYAI0 uAl
He cywecmsyemn.

HeficTBUTENbHO, €C/H B TOYKE X 3KCTpemyMa ¢yukuun f(x) cyme-
cteyer npoussonnas f'(xp), TO B CHAy NOKa3aHHOH TeOpeMH 3Ta nPo-
13BOAHAR paBHa Hymo: f' (xg)=0.

To, 4T0 B TOuKe 3KCTpeMyMa HenpepwmsHoit (yHKUHH NpPOH3BOANHAnN
MOXET He CYIEeCTBOBAThb, NOKa3WBaeT npumep (yHKuun, rpaduk KoTopoil
uMeeT ¢opMmy <aomanoli» (puc. 114, 0).

Te sHaueHus aprymeHta X, KOTOpHEe Aad JauHoll ¢yHkuun f(x)
ofpaimaioT B Hyab ee npouzsoaHyo f'(x) uid A48 KOTOPHX NpOHM3BOA-
Han f'(x) He cywectsyer (uanpumep, oGpamgaerci B GECKOHEYHOCTb),
Ha3MBAIOTCA KPHTHYECKIMH SHAaYeHHSIMN apryMeHTa.

2, JocTaToOyHHE yCAOBHA KCTPeMyMa GYHKUHH

Ws Ttoro oGcrostenncrsa, uto f' (x,)==0, Bopce He caeayer, uTO
dynkuna f(x) uMeer SKCTPEMyM OPH X=X

B cavom aeae, nyctb f(x)=ux3. Toraa f’ (x)=3x2 u, crenosareansno,
f (0)=0. Onmunaxo suayenue f(0) He sABAfETCA SKCTPEMYMOM HAHHOLL
¢yukuny, Tak Kak pasuocts f(x)— f(0) MeHseT 8sHaK npH n3MeHEHHH
snaka aprymenra x (cMm. puc. 87). '

Takum o6pasoM, He AAS BCAKOrO KPHUTHUHECKOrO SHAYEHUA aprymenra
¢yuxunn  f(x) umeer mecto skcTpemyM stoft Qynkunu. ITostomy mu
Hapagy ¢ HeoOXOJUMbIM YCJa0BHEM JajuM JOCTAaTOUYHHIE yCAOBHA 3KCTpeE-
Myma Qyniund,
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Teopema 1 (nepsoe npasnno). Ecau dupgbepenyupyesas ghyns-
uus f(x) marosa, wmo dan HEKOMOPO20 3HAYEHUSI Xy ee ap2yMMeHma
X npoussodnas f'(x) pasua Hyaw u MeHsem c8oil 3HaK npu nepexode
Hepes amo 3Hauenuel), mo Hucao f(x,) sn8ATEMCA IKCMPEMYNOAL
dyuruun f(x), npuves: »

1) dynruusn f(x) umeem marcurmys npu x=x, ecaun usiexcrue
3Hara npousgodxoil f'(x) npoucxodum ¢ nawca Ha Mumyc; :

2) dynrgus f(x) useem Munusy.s npu X=X, ecau u3.MeHeHle
. 3HaKa npou3soduoll f'(x) npoucxodun ¢ muwyca Ha napc,
Noxkasareascrso. 1) Iycm

f, (xo)=0,
nphuen
F'(x)>0 npu xp—e<<x<<xo
n
f(x)<<0 mpi xp<< x <<xy-+5,

Tie &— JOCTAaTOUNHO MANOE NOJNONKNTENBHOE YNCJO.

Otciona B cuny Teopemm 2 u3 § 2 caenyer, uto Qynxuus f(x)
BO3DACTAET Ha OTPe3Ke Xy —&, Xp] N yOmBaeT HA OTpe3ke |xq Xo-} €]
Chenosarensiio, B nenocpencTsenHofft GAH3OCTH K 3SHAUEHHIO X uMeeM

Flxo)>f(x), ecmt x << xq,
H TaKxe
F(xo)>f(x), ecmn x> x,.

sy caosavnt, npn x=x, QyHxuns f(x) uMeeT MaKcuxmyM.
2) AnanornuHoO NOK23HIBAETCA BTOPAR H2CTh TEOPEMHL,
3aMeuanue. Moxno 10ka3aTh, 4TO TCOPEMA OCTAETCS BEPHOIl, CCJAH B KpH-

THUeCKoil TOuke X, Nponspoanas [’ (xo) ne cymecrsyer, npHyeM OyHKUHA [ (x)
nenpepHBHA NPH X=X,.

Teopema 1. Ecau 0an ougpbepenyupyesoit dhynryuu f(x) ee
npoussodnan f'(x) npu x=x, obpawaemcs 8 HyAb, HO npu nepexode
Hepe3 3mo 3Ha4eHue nPoU3BOOHAN COXPaHstenm HOCMOSHHBIE 3HAK,

mo npu x=Xxq QOyuxgusn f(x) xHe umeem sxcmpesysa.
HdoxasatreabcTno. B camom gese, ecan, nanpumep,

f (x)=0

F(x)>0 npn xp—e<<x<<x,-}+e X%

1) Mu rosopuM, YTO HekoTopas ¢ynkuHa F (x) meunser cBoil 3Hak npH nepe-
Xoze Yepe3s 3iaueilHe Xg, €M CyIeCTBYeT CTONbL Majoe NONCKHTeIblioe & Takoe,
uTOo : :

F(x) <0 npn yp—e<x<x,
n

F)>0 npn xg<x<<xof-¢
nan nacCopor.
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T0 ¢ynxuus f(x) BO3pacTaeT Kak Ha oOTpeske [xo—€, Xo), TaKk B na
orpeake [x,, Xo-+-€] Caenosareabno, dyuxuns ne uMEET Hm MAKCHMYyMa,
HH MHHHMYMa NIPH X=X,

Moab3yace 3TuMH TeopemaMu npu ncciaesosannn audepennupyemoft
dyuxkuun  f(x) Ha SKCTpeMyM, CHauala HAXOAAT KPHTHUECKHE 3HAYEHNs
apryMenta QyHKUUH, T. €. Te 3HAYEHHS Xg, s KOTOPHX

f, (x0)=0»
a sareM, BpI6Pan A4 KAKAOr0 TAKOrO SHAYEHUR X, CTOJb Majahil HHTEpBan
(xo—¢&, Xxo-F€), uroOH O ME COAEPHKAN APYrHX KPHTHUECKHX SHaueHuil
(KoHEUHO, €CaH STO DBO3MOXHO!), NMPOBEPAIOT XapaKTep 3TOrO sHayellns
1O cAeRylouel cxeme:

f (xg—h) F (xg+-h) 3axmoueHie

+ -+ DkcTpeMyMa HeT
+ - Maxcumynm
- -+ Munnmym

AkerpeMyMa Her

rae nepemensas h npoGeraer nHTepsan
I<h<e
Mpumep. Hecrenosars Ha skcTpeMyM (yHKUHIO
f (x)=x3—6x2-}-9x-}-5.
Pewenne Haxozum nponspognyio
f (%) =3x2— 124 -1-0=3 (x2 —4x}-3).

ﬂpupammsan ee HyJdwo o pelias COOTBETCTBYIOUCE KBAJIpParHoe ypaBHeHHe,
nojiyyaeM KopuH HpO!l3BOﬂHOﬁZ
x,=l H x2=3.
f (x)=3(x—1)(x—3).

HcenenyeM, Kax uaMensertca anak f'(x) p6amsu snauennn x==1.
Tpu A1060M AOCTATOUHO MAMOM (ONOKHTEALHOM HHCAE A HMeEM

£ | F®
l—hI +

Orciona

14k

Crenorareaso, Gynxuus f (x) mpn x=1 umeer makcumys, pasnutit f (1) =9. Ana.
JIOTHYHO, AN% 3HAYEHHA X=3 mOAydYnM

£ | F®

3—h| —
34+nf +
ostoMy gyuxuus f(x) npu x=3 umcer munnuym, npivem f(3)=5.
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Fpajuk dynxunu
y=x3—6x2-4-9x+5

n3o6pawen Ha pue, 115,

Teopema 2 (sropoe npasnao). Ecau das dugghepenyupyetoli gynr-
yuu f(x) 6 nexomopoii mouxe x, ee nepgas npouszsodnasn f' (x) pasna
Hyaw, a smopas npouzeodnan [ (x) cywecmsyem
U omaAudHa om HYAA, M. e.

f(x)=0, f"(x0)#0,

Sy mo 8 amofi moure pyuxyusn f(x) useem K-
cmpenys; a unmentno: 1) ecan f"(xo)>0, mo
fx)—asununyr dynrguu f(x), u 2) ecau
: [ (x)<<0, mo f(xo)—Hsmarxcumyn Gyue-
g gun f(x).
F Hoxaszateascrtno. 1) [Toaoxum cHauana, uto
f =0, f (x0)>0. Iycrb x=x+4Ax—
TOuka, Gau3Kast K Xe TaK Kak BTOpas mpon3soanas
f7(x) ectb nponssomHas oOT uepsofi mponssoaHoH
f (x), To ameem

d y=flzl

ller ¢ =
” — f' (Xo+AXo)'—f' (Xo)= l. ,’ (X)
Pic. 115, 1 (xo) Axloi_n.lo Ax, x—x.n;ox_xo

(3mecs MBL  BOCMOAB3OBAAHCH TeM, uto [ (xg)=0). Taxum obpa3oy,
nepeMenHas BeMuunHa xf’_f) crpemntca K npeneny f7(Xo) % 0, a suaunr,
Haulias € HEKOTOPOTO MOMENTA, 9Ta BEQuMia HMEeT BHAK CBOEro npe-
pena (ra. VI, § 6, nemma), 1. e. B nmawem cayuae suak nmoc. Ilostomy

1

X=—Xq

>0 npn 0<<lv — x| <<s,
rae &— ZOCTaTOYHO Manoe noaoxuteapnoe uncao. Otcioga noayuaew,

1
X
YTO 4YKCJAWTEAb W 3HaAMCHATEab leOGH :‘{—(—3 NMEIOT OANHAKOBHE 3HaKi
. -0
i1, CJI€10BaTEALHO,

[ (x)<<0 mpu xp—e<<x << X

F)>0 nmpn xp<<x <xo-t-e

Mu Buanm, uto npoussonmans f'(x) mpm nepexome 4epe3 TOUKY X,
MeHsieT cBolf 8HAK ¢ muHyca Ha namoc. Ha ocnomanuu Teopemmr 1 uncno
J(xg) ectb MuuuMyM dyurunn f(x).

2) AwuanornuHo nokaswpaercs, uto ecanm f'(Xg)==0 u f"(xy <0,
T0 f(xg)—MakCcuMYM pYHKUBH f(X)
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Teopna skcTpemyMa dyHKuuli HMEET MHOMOUHCISHHHE NPAKTHUSCKHE
NpuMeHEeHHs.

3anmaua. Han tpeyromvuux ABC, ocHosanne xoroporo AC=4 n
pucora BL=Fh (puc. 116). Haiitu nps- 8

MOYroJbHHK HanGoJbuiefl naoOmWany, Kos

TOPBH MOXHO BNHCATb B 3TOT Tpe-

YroNbHHK. A
OGosnauum BHcory KL nckomoro J S £

NpAMOYrOJbHHKA uepe3 X, a OCHOBaHue U

DE uepea y (puc. 116). Torga naowagb z

€ero A i £ ;

U=xy.  he— %——» '

IMepevenurle X Wy He SBASIOTCH He-
B3aBHCHMBIMH, OHHM CBSI3AaHE HEKOTOPHIM Puc. 116.
cooTHolleHueM. B camom jgene, u3 no-
no6us Tpeyroabiukos DBE w ABC, yuyuthBad, uto BHCOTH HX BK 1
BL nponopunonanbuul ocHosannsM DE u AC, umeem

| BK _ DE

BL — AG’
M TaK Kak
BK=h—x, DE=y, BL=h, AC=b,

TO, CAEN0BATENLHO,
h—x
h

=3
5 -
Orcioaa
y=2—-x).
Vicknouas y na pupaxenns mas U, naxogum
U=2(h—x)x =L (hx— 29, @
HNmem moxkcumym stoft dynrunu. duddepennupys, noayuum
U'=-"L (h—2x).
ITpupasunBas npoussonuyio U’ Hy/io, HaxO#uM

2

Jlerko BHIETH, YTO STO 3HaueHne X NeHCTBHTENLHO JACT MAKCHMYM
cdynkunu U, B camon znene, cocrasass BTOPYIO NpON3BOAHYIO, OyAEM HMETh

h—2x=0 wm x=£.

. %
U= —-<0,
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h -
Caenonarenstio, npn X ==z N0manb U mnveeT MakCHMyM, npuyeM g3

Gopyyasl (2) noayuaem
bh

Umax ='—4"-

Taxny o0pa3oM, NI0MaAs HAanGOAbUIErO NPAMOYrOABHIKE, BANCANNOrO
B TPEyro/bUNK, PaBHa MOJOBHHE MAOWALH 3TOTO TPEyroAbHHKA,

§ 8. BornyrocTs H BHINYKJIOCTE rpaduka ¢GyHKDuH.
Touku mepernba

Onpenenenne [Ipagur dngdepenyupyenoil Gynxgun Y= f(x)
Ha3bisaenmcs BO02HYMb M 86epX?t) (um sunyrK At 8HU3Z?))
8 nposteacymre (a, b), ecmt coomeememsypuan Hacms Kpugoi

y=rx) xE(ab)) (1)

pacnoaodcena esiule Kacamensrol, upogedentoll 8 A0OOL ee mouxe
M (x, f(x)) (puc. 117, a).
% y M
d i
g=71) é;/ y=flz) \
M
‘\% )

t
|
[
l
|
a

-~

g
[ s,

RN |———
ol ——
&)

T‘f z 1/
a) 4)

Puc. 117. -7

8

Ananoaniro, 2paghur oudghepenyupyestoli ynxyun y=f(x) naset-
gacmcst 8HRYKALLAM B68epx (Al BO2HYmMbH M GHUI) 8 npo-
sexcymre {a, b), ecan coomeemcmgywuan nacms xpusoi (1) pac-
Nn0N0ZCEHA HudKe KacameasHoll, npogedennoll & At0ol ee mouke
M (x, f(x)) (puc. 117, 6).

JocTatouHoe ycaoBUE BOTHYTOCTH (BHNYKJIOCTH)
rpadpura pyukunim

Teopewma. 1) Ecan 0aa 0saocdst Oughghepenyupyestoll pynxuun
y=Ff(x) emopasn ce npoussodunasn ["(x) nososcumensna GHympu npo-
sexcymra {(a, b), mo epagur smoi Bynryun 8o2nym gaepx 8 Quw~
KoM npostescymxe.

1) To ectb B NONOKHTENLHOM HanpaBneHdn ocl Oy,
2) To ecTs B oTphUATeNLHOM HanmpaBaenun och Oy.
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2) Ecau ore 8mopasn npoussodnas f'(x) ompugamessra 8Hympu
npouesicymia {a,b), mo epagur @ynkguu y=/f(x) sozHym 6HU3 8
31O NPOMEINCYINKe.

Hoxasarteasctno. 1) Mlyers f/(x)>0 npu a<<x <<b u x,—
aio0asg Toyka npoMmexyTtka (a,b). CpapHuM B TOUKE X ODAMHATY Y KPH-

Boli y=f(x) ¢ opauHatoi j ee kacateaniolh M,N, nposeneinoi

4]

Puc. 118. ) Pue. 119,

B Touke My (X f(Xo)) (puc. 118). Tak kak yraopoft KoadduuueHt
kacatenbHoft MoN pasen f'(x,), to (cm. ra. 111, § 3)

F=F(xo)4f (x0) (¢ — xo).
Orciona
b=y —J=Ff(x)—f(x)) —f (x0) (x —x0) @
Wcnoabsys Teopemy Jlarpamka (§ 1), 6yaem umets

f(X)—f(x)=(x—xo) f' (&)
rae § e (x, x).
Hostomy u3z (2) noayuaem

b=(x—xp)[f B)— " (x0) } 3)

Hanee, Tak kak f"(x)=[f'(x)]’>0, 10 f’'(X)—BO3pacrawimas
$ynruus.

Hycrs x<Txq; Toraa, ouvepunHo, §<lXg M, CJAEAOBATENbHO, B CHAY
pospactanus f' (x) nveeM f'(8) << f' (xo)- B 3TOM cayuae u3 dopuyast (3)
noayyaem 6 >0.

Ecan tenepb X > x5, 10 §>>x, # no31oMy f' (§) > f(x,). U3 dop-
Myan (3) cuoBa sbisoauM &> 0.

Takum oGpasoy, npn X = x; HMeeM

b=y—§>0, 1. &. y>7. )

Orciona BHTEKaeT, uT0 npu a<<x <<b Kpusat y==f(x) pacnono-
’KeHa BH e CBOHX KacaTeabHuXx M, 30a4dT, Fpaduk QyHKuun y=f(x)
BOTHYT BBEpPX Ha mpovexytke {a,b).
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2) AunanornyHo jaokasmBaercs, uto ecan f (x)<<0 npm a<<x<<h,
TO rpaduk ¢ynkunn y==jf(x) BorHyr BHH3 Ha npoxexytke (a, b).

Onpenenenue. Toukoll nepezauba 2paguxa dugdepenyu-
pyerol gynxyuu y=f(x) nasvsaemes e20 mouxa, npn nepexode vepe3
Komopyio Kpusas Mersiem C80I0 BOZHYMOCNS HA BHNYKAOCING UM HA-
oGopom (puc. 119.)

Teopema. Ecau dan dynryun y=f(x) smopan npoussodnan
ce f7(x) 8 nexomopoii moure x, olpamaemcs 8 Hyas u npu nepe-
Xole wepe3 my mouxy itensem c8oii 3HaK Ha obpammusili, mo moura
M(xq, f(x0)) ssasgemcn mouxoll nepezuba 2pagura @GyHryuIL.

Hoxasareabctno. Ilpeamonoxud, u4ro BpTOpas INPOH3BONHAS
J7(x¥) B Touke M oGpamtaercs B HyJb © MenfeT Cbofl 3HaK, HanmpuMep,
c nmoca na mmdyc. Toraa sesee Toukn M BTOpas nponspoaHast yHk-
i f(X) MONOXHTENBHA, a2 MOTOMY MPH Xy — &< X << X, rpaduk 3Toh
dynKunn BOPHYT BBEPX; Npasee Toukn M BTopas npoussoauas f”(x) orpn-
UaTenbHa, H CIEA0BATEABHO, NPH X< .¥ < Xg -1~ & rpaduk pyHxunn y = f (x)
BHNyKAbl BBepxX. Taknm oGpasod, B Touke M Kpmusas y=f(x) Meuser
BOTHYTOCTb Ha BHIIYKJAOCTb, I MOSTOMy Touka M ecrth Touka mnepernGa
3TOH KpHupoi.

3ameuanne, B Touke nepern6a x, ¢yukiun y=Ff(x) BTOpas MpOH3BOX-

Has f’(x,) MOXeT Takxe He CYWECTBOBaTb; Hampisep, cOpawarscs B Geckoled-
HOCTD.,

Tpuwmep. Mlycts gana kpusas laycca

y= e,
Hneem

g e Qpe

H

Y=@r—-2 e =4 (x?' - —%—) e

Bropas npon3spognas »” ofpauaerca B HyJb, €CJi
s 1

X~ — ~§- = 0;
OT1Ciona

1

xl—_-:—.——

1
V§ i X2=_-l7§"

Hanenenne 3naka propoili mpon3Bonuofl XapakTepuayeTcs chenywoedt raganneii:

1 1 1
X —CD<X<——-E -—-]—/——<x<—— —_—<<x <t

21 Ve

y” + | - -+
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Cnenosatesbho, To3kd A LU g B SLINE. A3NAOTCHE  TOB
’ Ve’ VE) V2’ Ve ’

Eamp neperiGa nannofi kpupoit (puc. 120).

§ 9. NpubGaukennoe pemeHue ypasuenuii

Paccmotpun ypannenue

f(x)=0, W

rae ¢yukuus f(x) onpenesena u HenpepuBHa Ha mpomexytke {a, b).

3uauenue E < (a, b), ynossrersopsioiiee ypasuenmo (1), T. e. Takoe, yT0

J €)=0, nasuBaercs Kopreu s10r0 ypasuenus (uau xyaei dpyuxnau f(x)).
Feomerpuyecku xopuu ypasneuns (1)

NPeACTaBASIOT COGOH aGCUICCH  TOueK {A
nepeceyeHus rpaduka dynxunn y=f(x) 2
¢ ocsio Ox (pue. 121).

7

y=Fiz)

S|

Pue. 121, : Puc. 122,

Ina reomerpuueckoro pewenus ypasiienus (1) unoraa yzo6uo same-
1I1Th €r0 DaBHOCHJBHHEIM YypaBHeHHEM
@ (x)=1 (x)- )
Torna xopun ypasuenus (1) Haxogarcs Kak aGCUHCCH TOYEK Ne-
peceuenns Kpushx y=¢(x) u y=9(x)
Ilpumep L. I'papuueckn péumrb ypasnenue
xlgx=2, ()]

Ouernano, nueem
lgx=2—x.
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Orcioga xopenv ypabueHns (3) mpencTaBastieT co6Oil afcmpccy TOURH Nepecevesns
qorapydmuaeckol kpusoli y=Igx a npamoit y=2—ux (pue. 122),

floctpons na muanumerposoil Gymare STH KpHMBHE, NPUGMUKEHHO HAXOIIM
Kopetib ypasrenus (3): &==1,77. .

TeomeTpryeckn narasaHoOH NpPeNCTaBASETCR TEODEMA: ecan Hernpepbis-
Han ynkyua f(x) na xonyax ompesxa |a, B) < (a, b)) npunusvacm
3navenus pasnux  3naxos, m. e. () f(B)<<O, mo snympu ompesra
[o, B waeemcsn no menvweii mepe odun nyss dynxuyuu f(x) (1. e
o0s3aTeJbHO CylllecTByeT Kopelib ypasHeHus f(x)=0).

I10T KoOpeHb GyneT eANHCTBEHHHM, ecm f (x) coxpauser no-

croauuull suak Ha (o, f) (oBuay monoronnocTa dynxumun f(x)).
"~ Ilpeanoaaras, uro ypasuenne f(x)=0, rme f(x) nenpepmsua ua
(a, b), umeer emuncraenHufi xopeus E BHYTpu orpeska [a, f]<={a, &),
npnueM Bunoaxeno ycaoene f(a)f(B)<<0, ykawkem Hekoropsle npocThie
NpHeMH 148 NPHGAMKEHHOr0 HAXOKAEHHS 3TOF0 KOPHA

A. Meron noaosununoro nenenus Ilycts ¢yuxuna f(x)
nenpepuisna Ha (e, §] u f(a) f(P) << 0. Paznesnm orpesox [a, ] nono-
JaM, # fycTb y €CTh cepeanua storo orpeska. Ecimn f(y)=0, 10 p ecb
uckomuifi kopenb. Ecmt f(y)=0, 1O uepes [oy, P;] o6o3maunm 1y 13
nonosuit {a, y] nanm [y, B], Ha kounax xoropo#t dynxums f(x) mieet
NpOTRBONOJOKHHE 3MaKIl 3areN NOBTOPHM NPHEM NOJOBHHHONO HeaeHu
1 T. 1. B pesyabTarte: nan mm naiiaey tounsifl kopenb ypasnenna f(x)==0,
_ HAH Xe MOAyuHM CyXaomyoca no-
J BB, F(8)  cnenosarenbnocTh OTPE3KOR

E jﬂ [a, ﬁ]:)lab 61]:)...,
E/ z

BHYTPH KOTOPHIX HaXOAHTCA HCKO-
MEfH  KopeHb £ («MeTON BHAKU»),
Tax xax JmHa #-r0 CTpeska
Ale, Fl)) [e Br) pabnas ﬁ;a , CTPeMHTCA
Pue. 123, k 0 npn np—>oco, TO, MnoBTOpAA
STOT npueM JocTaTouHo Goapliod

)
<———-R

1
YUCMO pa3 H nPHHHMad ’gw?(a,,-]-ﬁ,,), MOWHO OMPENeNNTh UCKOME

Kopens £ ¢ mmoCoil, 3apaiee sazanuoft TOUHOCTLIO.
B. Meton xopa Meron nojosunnoro nenenns MOXHO yTOYHATD,
. o~ —_—
samensn ayry AB kpupoft y=f(x) (@< x<<f), ee xopaolt AB, npo-
xoasmefi uepes kouuesme TOUKR A(, f(a)) u B(B, f£(f)), u npununman
8a npulbmukenioe sHadenue xopns & ypasuenus f(x)=0 abcunccy &
TOYKH nepeceuenust xopan AB ¢ ocsio Ox (puc. 123).

1) 3anmues [, Bl < (a, b) ofovsnavaer, uro otpesok [x, ] comepxnTes B Lpe-
MeXyTKe (a, b).
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Ecan f(a) f(B) <0, 10 970 pasnocuabho toMy, uto MM B Kauecrse
NPHOAUIKEHHOrO 8HaueHus kopus £ Gepem Touky §;, Aensumlyio OTPesoK
la, B] & omnowennn | f(a)|:|f(B)| (cnoco6 nponopguonassnsx wacmei).

Ypasueune xopast AB umeer pnm (cm. ra. I, § 4)

y=1@=18=14 ;g @

Honarasl_y=0 B ypasuenuu (4), u1axozumM TOUKY mnepeceueHund x=E,
xopan AB ¢ ocvio Ox (puc. 123):

—g——dt® s _ 5

gl o f(ﬂ)—f(a) (B a)’ ( )

Yucao §; npunnMaoT sa nepsoe npuGmwxedne wopus E. Ecan

SfE) %0, To dopmyay (5) MOKNO NpuMEHHTE K TOMYy H3 OTPE3KOB

[e &] um [§y, B], Ha xonuax xotoporo dyukuus f(x) NpuHUMaEeT sua-
YeHHS Pa3AMYHBIX SHAKOB, ¥ T. M.

[ITpunep 2. Meronom xopa - OnMpeaeauTb KOPEHb ypPaBHEHHd
f(x)=x34x— 12=0. (6)

Ons npuGanxenHoro uaxoxneHus KopHa ypasseHua (6) Moxno Hapu-
€OBAaTh =CKH3H rpadukos dyuxunit y=x3 n y=12—x. 'py6oii npu-
KHIKOH M OGHapyXHBAeM, YTO HCKOMHI KOPeHb, T. € alCHiCCa TOYKH
nepeceyeHnn rpaduKos, HaxoAuTcs B unrepsane (2, 3). HeHicrsureasto,

f@=8+2—12=—-2 )
u
f(3)=274+3—12=1418.
NosToMy moxuO npunate =2 n P=3.
Hpusenas d¢opuyay (5), moayunm npuGamxenHoe SHaueHHe KOPHS:

: -2
E =2 —m@ —2)=2,1,
3ameTnm, yto
F(E)=9,261+42,1 —12=—0,639.
Tlostomy pas yTouneHusa sHauehus &; dopmyay (5) caesyeT nprMeHHTD
K orpesky [2,1; 3]

i ~
B. Meton kacatenbHws X. 3amenuM Teneps ayry AB xpupol
y=1f(x) xacareabnoli AC, nposenectuott B Touke A (e, f(a)) (puc. 124).
Tax kax yraosoit Kosag¢uunent Kacatenbhnot AC pasen f'(@), TO ee

YpasHCcHHE HMeEET BUR
y—f@)=f (@) (x—a) )

Orcioma, noaaras y=0, naxoaum nas Kopua § ero npubaumxenuoe
SHaueHue

. f(@)
Ei=0—5ry ®)

(bopasyaa Hewnona).
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3ametnM, 4TO ecan Ha HaweM ueprexe (puc. 124) nposecTd Kaca-
TenbHylo 8 touke B[P, f(B)], T0 Touxa nepeceuenns ee E; ¢ ochio Ox
nact nnoxoe npuGamienue Kopus E. 3nechb CaeAyeT NPHAEPKHBATHCST
npasuna: ecau 8mopas npousgednan @ywrun f”(x) coxpansem no-
CIMOAHRYIE 3HOK 8 uHMEp-

46,18l saze (@, B), mo racameass
P ; HYIO caedyem nposodums 8
5’ g moii Konyesoli mourxe dy2u

“ ~

g0 'ic 3 7> AB, dan  romopod 3mar
!
]

14

@yuryun cosnadaen co 3Ha-

Ko.)t ee gnopoi npou3sodHoit.

MNpumep 3. Merononm

Alec, Fez)) 1<acaTex;1bllblx ponpene.mrb KO-

Pne. 124. pens  ypasnenna (6), Je-

swammft B nutepeane (2, 3).

3necy f7(x)=6x>0 npm 2=<<x =<3, npuuem f(3)=- 18. To3-

T0My B dopmyne (3) nonzraeMm o= 3 Tax kak f(x)=3x*+41 n
I (3)=28, 10 nmeem

f1=3— 43 =2,30.

Ilas KOHTpOAsS 3ameTus, 4TO
F(E1)=13,144-2,36 — 12= - 3,35.

Tak Kak B namem cayuse & <<g<<g&, rae §=2,10 n § =236, 10
MOXHO TOJ0XNITh

Ers '%‘ (Ei+8&) = _;‘ (210 2'36)'_—? 2’2?'

3necn
1(2,23)=11,00-1-2,23 — 12=1,32,

Ina yTOuHEHHS KOpHS MOXHO NpPHMEHNTb METOAH XOPA W KacaTelh-
nex K orpesky [2,10; 2,23), n 1. A

§ 10. Mocrpoenne rpaduxor Qynxmuii

B npemwmymnx naparpadax GOm0 nokasano, Kak € MOMOLILIO NPO-
M3BOAHHX JBYX NEPBHX MNOPSAKOB H3yualoTcs ofuine CBOHCTBA dynK-
unn. IToabsysch pesyabTataMm 3TOrO R3yuenns, MOXHO COCTaBHTb fiCHOe
NpeicTaBaeHie O XapakTepe (YHKUMR H, B 43aCTHOCTH, MOCTPONHTb Mare-
MaTHYECKA FpaMOTHHI 3CKu3 ee rpaduxa.
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Hccaenosanne dynknny y=f(x) (koTopyr MH OGyAeM npeano’aratb
sneMeHTapHoH) B mpocTelliHX Chay4yasX LeAecooGpasHO NpPOBOAHTH TIO
caegyomell cxeme.

1) Amamusupys csofictea ¢yukuun f(x), onpemensem 067aacCTh
CyUecTBOBaHHSA €€ A1 NPOCTOTH MNpPEANOJNONKHM, 4YTO 3TO
Gyner uekoTopuit npomewytok (@, b). IToneano Takke BHACHUTD
cuMMerpuio, rpapuka (4eTHOCTb HAH HEYETHOCTh, NEPHOAHYHOCTD W
T. IL.).

2) HaxomuMm Toukn paspuBa ¢ynxunn. Hccaemyem Takxe nose-
Jeane (yHKUUH NPH X—>»a H X=—=b, e @ H b— rpaHuyuHEEe TOYKH
00/41aCTil CYIWECTBOBAHNA (PyHKUUH.

3) Pewas ypasuenue

f(x)=0, M

onpefeaseM KopHu (Hynn) dyHKusu. Boiscusem sHak (yHKUHH B pasany-
HHX 00/aCTAX, YYHTHBad, YTO 9JeMeHTapHad QYHKIUUA MOXKET MEHATH CBOIl
8HaK, JHIUL NPOXOA# Yepe3 HyJb HAM uYepe3 TOUKY pasphiBa.

4) Pewas ypasueuie

. f(%)=0, &)

HAaxXOAMM KPDHTHYECKHE 8HAaueHUds apryMeHtTa Aaf PyHK-
unn f(x). Vsyuyas sarem suak npouseoguoft f'(x) B KawmoM M3 mpo-
MEXYTKOB MEXIY ABYMS COCEJHHMH KDHTHUECKUMH SHAyeHHAMH, ompene-
J9eM NPOMEXKYTKH BO3pacTaHHd H yOWBanug QyHKUHH H BHACHSEM Xapak-
TEP 3THX KPHTHYECKHX SHaueHnil.

5) Pewas ypasueuue

' (x)=0, 3

onpesenseM KPHTHUYECKNe 3H3aYeHUS ApPryMeHTa AAsf nNpo-
uasoauoft f'(x). Buacuas sarem 3snak npoussomuoll f”(X) B Kax-
[OM U3 NPOMEKYTKOB MEKAy ABYMsS COCERHHMH KPHTHYECKHMH 3HAYEHHAMU
aprymenTa Ajs npoussoanofl f’(x), ycTaHaBauBaeM NPOMEKYTKH BHIyK-
JIOCTH # BOTHYTOCTH BBepX rpadmuxa ¢yHkunn f(x) u HaxoauMm ero
TOuKH neperuba.

B Gonee CROWHWIX Cayuasx CAELyeT HCCASHOBAThL TaKKe T€ TOUKM,
B KOTOPHIX mponssoaunie f’(x) u f"(x) He CYWeCTBYIOT.

Ins pewenuns ypasueuntt (1), (2) n (3), BoaMOxKHO, npuaeTCa Npu-
MeHnTh npubamkenHue meroan (cm. § 9).

Cocrasans B sakiovenHue TaGauuy sHaveHull dyHKunn 419 ee Xa-
PaKTEpPHCTHUYECKUX TOUueK (TpaHHYIBE TOUYKH O6GJACTH CymiecT-
BOBaHHA (pyHKUMA, TOUKH pa3pHBA, TOUKK Nepecevenus rpaduka QyHk-
LuH C OCAMH KOODUHHAT, TOYKH SKCTpeMyMa, TOYKH meperifa u T. m.)
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H YUYHTHBas PEe3yAbTaThl NMPOBEACHHOro BhHILE NCCACAOBAHUA, H300paKaeM
3Ty Qyukuuio rpadguiecki.

3amernM, YTO HHONJA AOCTATOYHO MPOBOANTHL HEHORHOE HCCAEAOBANHE
Gynkummn.

Hpumep. INocrpouts rpadnx dynxuun
y=x+VT—x

HcenenyeM GyHKIHIO Mo BHIICNpHRBEIEHHON CXeMe.
1) dyuknua onpenenena, ecan

0 l—x<<}o0.

Orciona 061acTh CyMECTBOBANHS ee:

—o<x<t L.
2) Touek paspeiBa Her, Npliuenm
lim y=—00
X—=—0C0

n
limy=y ()=1.
x—=1

3) Peman ypasnenne g
x4} 1 —x==0,

noayuaeMm xopenb Qynxumin

npi sToM << 0, ecil —co<x <X H Y>>0, ecan xo<<x<sl.
4) Haxozauy npon3ssoinyio
1

S TR L
y o) T—x -

3
TIpnpaBuHBan ee Wy, nojyuaeM KPHTHYECKYIO TOUKY =7y, Kpome Toro, ouc-

BH1HO, y' ofpallaercs B co npu x==1. [osToMy x;=1 Takxe Gyger KPHTHUYECKO!T
TOUKOil.

s P— 3 3

Vpo.xe,x)-rxa.\m MOHOTOHNOCTH (YHKIHH  ABJANIOTCS —co, 7)1 I’l ,
npHUeM, KaK HEeTPpyAHO YGemHThCS, HCCAeNys 3HAK MPON3BOINON, (yHKOuS BO3-
pacTaeT B nepeoM TNpoMexxyTKe H yOuiBaeT Bo BTOpoM. CreaoBatensho, x; €CTh
Touka MakcuMyMa ¢yukunn. B Touke xp, oveBHAHO, ¢ynKUHA nMeeT KpaeBOil
MHHHMYM.

5) HaxoxnM BTOPYI0 mponssoiiyto

. 1
y,_— 3 *
4(l—x)
Tax xkak BTOpast mpoH3BonHan BCIOAY OTPHIATENbHA, TO rpadHK Qynxumm Bormyt
BHH3 H TOuYgK nepernﬁa HECT,
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PesyabTtathi namux ncciesoBannit o6venuHsieM B Tabauiy:

% y P v INpumeuanue

— —_—c Gyukms
X H 1,68 (l) + nospacrae‘r
x,=0,75 1251 0 — %wﬂﬁi
}— Qynkuug

. ... yonBaer

)
I I [—o

IpumepHnlft rpaduk GyHkuun HaoGpaxed Ha pHe. 1 25.

Y

)

&

VR U

////% !
Puc. 125,

YnpaxHeHHs

1. Haittn npupatienue QyHKIHHA
fx)=x?

11a oTpeske —! << x << 2 M NPOBEPHTH TeOpeMy O KOHEUHOM MpHpaWeHHU (yHKIHU.
2. MpoBeputh TeopeMy O KOPHAX NpPOH3BOAHON s QyHKUHH

fR=x—1)(x—2) (x—3)

na otpeakax [I, 2] n [2, 3].
Onpenennts NpoMEXYTKH MOHOTOHHOCTH (yHKLUIi:
3 fr)=x2—dx—1. 4. f(¥)=3x—x%. &. [ (x)=xe™*.
Halitn cregyioutue npeneant Gpyukusii:

. x—sinx R Jr—-2x
5.1. lim =¥————, 5.2. lim ———.
x—0 & x—0 0 (14-x)
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x~—sin x
5.3. lim . Noayuars orciona $opMyay 1719 Npr6ImKennoro CnpsM-

-0 tgX—sinx

JIeHHs MaauiX Ayre

xa—:-;— (2 sin x+tg x).

—_—x2 3 x4
5. tim =X 55 lm S, 56 lm oTX
x=+1 sin aix x40 1,01¥ x-+—400 1/

X Q0

5.7, lim (1—x) tg%‘—v. 5.8. lim (x arcsm—g-).
x—1 x

5.9. lim (x—"_—l ! ) 5.10. limx*. 5.11. lim £' =%, |

x—1 Inx x—0 X—
5.12. lim (ctg )5 *.

x—0
OnpenenuTs 3HaYelHs KCTpe: mvon bysKunin

6. y=x(a—x) (a>0). 7. y.—=—3——2x-+3x—-1

=V Il r—xE. 10. y=xe—2*,
8.y-—l+x,,. o y=V24x—x2. 10. y=xe

11. B noaykpyr pajnyca @ BmicaTh NpsiMOyroJpHiK Han6o.bileli naomanu.
12. B snaunc
oy
2t
BMIICATH NpPAMOYroJbHHK HanConbluell njollaind, CTOFOHE KOTOPOrO Napassie/IbHLL

oCuM JLIANCA.
13. B wap paanyca @ enucate KonyC Hanfonbuiero ofneMa.
14. Tlpn xakux pasiepax KopcfouKa, H3roToBJentias H3 KBaApaTHOTO Jlcta
6yMarn co cTopoHOil @, nMeeT 1anCoJbllyio BMECTHMOCTE?
15. Onpegeanth Toukn neperu€a rpadpuka GyHKIHH

y=x2=—x8,
IMocTponts rpadnxn dynmumni:
16, y=3x—i3, 22, y=x}V 1%

17. y=2 @—x2 23, I—x

18. y= 24, y=sin x4-cosx (0 << x << 2m).

xz
I4x2*
19. y=‘x+%. 25. y=xInx1),

x —
20. Y=1iz 26, y=xe¥1),
2L J’=4_8x=. 27. y=x—arcig x.

1) Cu. yraszanme B «OrBeraxa.



IFaasa XI
JHUSPEPEHIHAM

§ 1. Houstue o nuddepennuare pynkuuy

HycTs umeem HexkoTopyo aAnddepeHnnpyemylo QyHxumo
y=1(x).

TTpupawenue Ay OyHKUAH ¥ CAYKHUT BaXKHOH XapakTEPHCTHKOH H3Mete-
HHA 3TOH (hYHKLUHH HZ 3aaHHOM KoHeuHoM otpeske [a, b} Oanako ueno-
CpeacTBEHHOE onpezeaeHue npupaulenns GpyHKUNN HHOMAA 3aTPYAHHTEIbHO.
Torma o6uyHO TnOCTYNaT caeaywmuM o0pasoM: pasduBaldT OTPE3OK
[a, 6] na womeuHoe 4HCAO [OOCTAaTOYHO MaAWX oOTpeskoB [x, x| Ax]
B OpubamKeHHo CYHTAIOT, YTO Ha KaXKAOM H3 HHX NPHPOCT (YHKUIH
NPOXUCXOANT MO 3aKOHY NpsMOH mponopuitonanbHOCTH (HampHMep, Maakit
S/IEMEHT KpHBOH JIHHHM DacCMaTPHBAIOT KaK npsMoauteliHnil; Hepaslo-
MEpPHOE OBInKEHHE TOYKH B TEYECHHE MAJIOFO MPOMEKYTKAa BPEMeHH Tpak-
TYIOT KaK pDaBHOMEPHOE H T. M., TIe <MaJOCTb» MOHHMAETCsi B H3BECTHOM
cupicne). Muemu caoBasu, npeanonaraeTcd, 4ro Ha NOCTATOYHO MAJaoM
otpeske |x, x-}-Ax] umeer MecTo npubaiKeHHOE PaBeHcTBO

Ay~Fk Ax,
roe  Kos(uumeHr nponopuuouimmocm k une sasucur or Ax, uo,

BooOie roBops, 8aBUCHT OT x. Ecam npu stoMm OKaxercs, YTO Npu
Hapsexauem noabope KoydhduunenTa nponopUHOHAMLHOCTH TOTPELIHOCTD

Ay—EkAx

Oyner GeCKOHEYHO Manoffi BeANUMHOH BHCLISTO NOPAAKE OTHOCHTEALHO
Ax, 1. e. oTHOWeHIE
Ay—£& Ax
SR A 1
Ax o ( ’
Oyner OeckoneuHo mannM npn Ax — 0, To BeanynHa

dy=~k Ax
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HasbiBaeTca Ougbgpepenyuanor GynKpun y B TOUKe X (31ech GykBa
d—3nak andpepenunana). B stom cayuae, Kak caeayer u3 cOOTHOME-
Hoa (1), cnpasennnBo paBeHCTBO

Ay=Fk Ax+}a Ax, )

rae a—>0 npu Ax —-0,
Wnaue rosopsa (cm. ra. VI, § 8),

Ay=dy -+ 0(Ax).

Onpepnenenne. Juopdepernyunaron dynryuun Ha3vea-
encst BeMMUHA, NPONOPUUOHAALHAS NPUPAULEHII0 He3aBUCUMOI nepe-
MEHHOE U OMANLAOWANCA OMm NpupauieHuss GYHKYUN Ha GeCKOHE HO
Maayio @YHEquo  svicute20 NopaAdKa Aasocmu no cpaaﬂemuo ¢ npu-
pauienuess He3agucusoll nepesenHol.

Chnaraemoe k Ax B dopyyae (2) uacto Ha3wBAIOT 2.4a8x0I auHelinoll
yacmeio Tnpupamenns GYHRMNN (0N 24a8HBIAL  AUHELHBAL  H4ACHOM
npupauiexust). T1o3ToMy MOKNO CKasatk: Ongbghepenyuan ghynxyun nped-

cmasgastem coGoll 24a8HYI0 MIHELHYIO Hacib

i 0eCciiOHEHHO MAN020 NPUPAEHIST MOl GyNK-
ﬁ@.W g yuu.
T 7 Mpumep L. Tlycms dynkuna y=x% ects nJo-
P mais KBaipara, cTopona Koroporo pasua x (puc. 126).
z Ay Ecan cropole x gaTh npupamenne Ax, To HOBOe e
3paucHHE CTAaneT x--Ax W, csenoBaTe/IbHO, INIOMAlb
/ y KBaiparta NOJYYHT nmpipalienne
. By=(x+Ax)—s2,
Zz A7
Han
Puc. 126. Ay=2x Ax-{-(Ax)2.

Tleppoe caaraeMoe cyMMu, crosel B Npasdi 9acTi MOCAEIMErO paBeHCTBa,

OYeBHIHO, NBJAAETCH rraBnOil Jnnefinoll 9acTblo NPHPAWeHHs YHRUMN npH

Ax —0. Tlostomy -
dy=2x Ax.

Ha punc. 126 npnpamenne Ay ¢yurunn y n305paxkaerca nJowazuio Beeli
3alITPHXOBanHON vacTH, TOrza Kak anpdepenunal dy d¢yHkmun n3oGpaxaercs
nI0mAaiblo 3aTPHXOBAHHON yacTH Ge3 nJjollagu ManeHbKoro XBagpara, Haxo-
Iaulerocs B NMPaBoM BepxHeM yray Gonsuwioro Ksaapara.

Teopema eanncrsennocrn agndpdepernunana JUannan
@yHEYUA MoKCEM uMents moasko odun Juihdepenynan.
Hdokasareabctso. B cavonm gene, nycts ¢ysxuns

y=[(x)
nMeer Aapa audgepenunana:
dy=kAx u dyy=FkAx.
B cnay onpeaeaenns anddepenunana umeem
Ay=RkAx+-alAx
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¢} .
Ay=k1 Ax+ (+ 21 Ax,

rhe o u o, — GecKoneutio Manse npu- Ax — 0. Orcona
EAxt-aAx=kAx+ o Ax
n, cregopatensHo, npi Ax £ 0 uMeem
k - kl =0gj;—0a.
Ilepexons x upepeay npu Ax—-0 B nocaegseM paseHCTBe, HONYYaeM
h—Fkj=0,

T. e k=k,. Taxnm obpasoM, muddepenuuann dy n dyy COBNajaloT.
Teopema noxasawua.

WUs onpenenenns anddepeHnuana HENoCPEeACTBEHHO cJeAyeT: Oud-
depennuan GyHKUIU OMAULQEMCT O Npupaesus 5moli pyrryun xa
Bequiuny gbiculezo NOpAOKA MAAOCIIL NO CPABHEHNI0 ¢ NpUpA4erues
Hezasucurmoll nepesentoll. D1uM 06CTOATENLCTBOM 4aCTO NOJL3YIOTCA
NpH npubAKEHHBIX BBIYHCIEHHAX.

HNpumep 2. IMycte
y=x3—x24-2x-3.
Haittu Ay u dy npu sHauerun x==1 4 cpaBHHTb UX MeX3y cofofi p Tpex cayuasX.
a) dx=1; 6) Ax=0,1 u B) Ax=0,0l.
Uneem
Ay = [(x+ AxP— (x4 Ax)2 -2 (x-}- Ax) -} 3] — (13— 22 |- 2x }-3),
Iponspoas aareGpanucckie BHKJIAIKH, NOAYYHM 7
= (32 —2x}2) - Ax-}-(Bx—I) - (Ax)2 - (AxP.

l'lepnoe cJjaraenoe, ctomnee B npasou 4acTH nocjiefuero pasencrba, ouepnauno,
SABJAKCTCA IJaBHOR JiHelHOl YacTblo NpHpaulCcHuAg (XI)H}\HHH C.'ICAOBaTCJIbHO

dy = (33 —2:--2) - Ax.

Nonaraa x =1, noayuum caeayioulyio TabaLy:

Ax Ay ' dy i—z (B npouenrax)
1 6 3 50
0,1 0,321 0.3 93
0,01 0,030201 0,03 99

CIofa sCHO BHAHO, YTO foaa Auddepenunana dy B npupamenun Ay cIpeMuTca
100%, ecan Ax — 0.
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§ 2. Ceazpe muddepenunana GyHKHHH C NMPOH3BOAHOI,
Huddepennnan He3aBHCHMON NepeMeHHOM

Teopema 1. Ecau @yuxuyun umeem Jduipgepenyuans, no sma
Pynryus usteem marsice 1 Npou3BOOHYIO.
IlokaszateabcTno. B camoym jgeae, nycTh fana HeKOTOPas yHKuuA

J'=f (x),
n nycrs '
dy=FkAx
ects anddepenunan stoft pynxunn. Kak nspectno, npupaumtenne Ay moxer
OHTb SaMICAli0 B CJAELyIOLIEM BlAe:
Ay=FkAx-}-alAx,

rie o — Geckoneuno mazas npn Ax —-0, Orcioga BHBOXUM
Ay
==Fk
Ax ta

11, CACHOBATEIBHO,
. A
lim e

=R,
Ax—0 Ax

T. e. mpoussoxmas y* CymecTsyer u pasHa peauunne k.
Crnencrane. JAufdepenguans ghyrrnyut pasen npoussedenuto npo-
u3s0dnold smoll yrnxunt na ppuparjenue Hezasucnaoil nepesenHoll, T. e.

dy=y Ax. (1)
Teopenma 2. Ecan dhyninus useem npou3godunyio, mo sma Hyur-

yust umeem margice u Qugdheperyuan.
Hoxasarenncrtso. Ilycte ¢yHxuus

y=5(x)
fIMeeT nPoi3s0 Y0
. A ,
it
Orcrofa sHBOININ
A ,
m=y+a

rae &« — Geckoneyno Manas npu Ax ~0 1, caemosatensHo,
Ay=y Ax+a Ax. : )

B cymme (2) nepsoe caaraemoe g’ Ax, ouesnano, npeacrasaser coboit
raasiiyio annelnyo vacts npupawienns Ay, T. €. apaserca auddepenunanom
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dynkunn y. Takny o6pasoy, dyHkuus umeer auddepeHunnans
dy=y Ax.

Teopema mokasana.

3ameuvanune. Teneps mousatHo, noueMy (GyHKIUS OT OaHOH He3apu-
CHMON TepeMeHHOM, umelomas npon3BoMiHylo, HasnBaerca Aund depen-
uupyemofl. .

Ilo cux nop Mel moap3oBamich NouaTHeM AnddepeHunana dyHkuun.
Beenem monstne dugpgfepenyuasa Hezasucuitoli nepetennod.

Onpenenenne. Ilod dudppepenyuaron He3zaBucuMmoi
nepesennoil nonusaemcs ougdepenynan ynxyun, nodxcoecntsen-
Hoil ¢ He3asucumod nepesernoll, T. €. PyHKUHH Y=X.

Tak xax

y=1 11 y=x, 3)
To coraacHo gopmyae (1) ey
dx=Ax,

T. &. dughepenyuan nesasucusmol nepesMenHoll pagen npupaLLHIIO 310l
He3agucuMol nepesterHoll.

ITonbsysace atum nocaexuum csolictsoyM, dopyyay (1) moxHo nepenn-
CaThb B CJERYIOWIEM CHMMETPHUYHOM DBHAE:

dy=y'dx. ‘ 4

Wrak, dugpghepenyuan ynryun pasen npoussedenizio npoussodnoi anoli
Gynryun na oudpepernyuan nelzasucusmol nepeiteHroil.
Pasnenns oGe wactu nocseasedl ¢gopmyast Ha dX, MOJYYHM

ax ="

Winemvn caoBaMn: npoussoduas @yHryuu pasna omuowexulo ouggepex-

yuaaa smol dyuxyuu K Oupdepenyuary Hedasucusoil neperexnoll.
d

Ho cux nop oGosnaueHue T’;{ HMEeNo CHMBOJUMEcKHH Xapaxiep; cefl-

uaC 95TO BHPAKEHUE MH MOXKEM paccMaTpupaTh Kak 0GhuyHyl0 ApoGb

C yucanTeneM dy H 3HaMeHarexeM dx.

§ 8. leomeTpuuecknit cmerca muddepennuana

BusicHun reomerpuuecknit cusica audepenuuana ¢ynxuun. Pacemor-
"pun rpaduk QyHRURN Y= f(X).

Hycrs M(x, y) 1 M’ (x+Ax, y-+Ay)— npe Touxs AaHHOH Kpupoi
(puc. 127). B touke M nposeaenm kacateavhyio M7 -k rpaduky ynk-
unn (3zech 7 — Touka nepecevenns kacateasuoit ¢ M'N | Oy) u paccyor-
puv AMTN ¢ xaretamn MN==Ax u NT (MN|Ox, NT|Oy). Ecau
uepes y 0003HauHTL yro., o6pasosattnill Kacareannol M1 C HOJOKITEALHHM



220 OUGOEPEHLIMAT a1, X1t

nanpapiaenueM ocu Ox, TO GyIeMm HMEThb

Ho u3 reomerpuueckoro CMBIC/a NpOH3BOZHOH CJemyeT
p tgo=7(x)=y.
IMostomy
NT =y'Ax=dy.

Taxuy ofpasom, mumeeM TeopeMy:
Hugbbepenynan  pynxymn y=f(x) 6
daxnoli moiKe X paser npupauerulio
opounamu Kacameasroll K 2pa-
gury dynxyuu 8 smoil moyre, Ko20a x
noaywaem npupauenute Ax.
[Tpumeuanne. 3ameruM, 4TO nNpH-
Puc. 127. paumenne dyukun Ay=NM (puc. 127),
pooGme rosopq, tie pasuo Auddepenunany
dy=NT »s1oft pyuxuun. B vactmocrm: 1) ecan rpadux ¢yHxin BornyT
BBEDX, TO

Ay>dy;
2) ecan e rpapuk QYHKUAA BOFHYT BHH3, TO
Ay < dy.

§ 4. dusnvyeckoe 3uauenne gauddepenuuana

IMycts nssecren zakou asmkenus toukn A no ocn Ox:
x=f(),

rae x — paccrosnne ToukA Al oT nauara orcuera O n £ —ppeMs, nmpiuem
OyzeM npeanoaarath, 4TO TOWKA Al ABIKETCR R OAHOM [ TOM XK€ HANpan-.
aennd. 3a Geckomneuno Manuifi npoMexkyTOK BpeMenn df Touka M mepe-
mecTurcs B Touky Af, mpofiam npu 3TOM myTh

Ac=f(t+dty—71 ().
D10 €ctb NCTHHHOE NMpPUpaNEeHHe NYyTH
Iundpepenunan nytu dx coraacno ¢opuyre (4) us § 3 pasen
dx=x;dt.
Ho x} mnpeacrapasioman coGoft mponssomHylo NyTH O BpeMenH, ecTs
CKOPOCTb ABHAEHHS U B MOMEHT BDEMEHH f; NO3TOMY
dx=nuvdt.

Takum obpasov, dugpepenyuiar nymu pagern mosy Guxmusrosty
NpUPANERNI0 RYIl, KONopoe ROAYHUMCA, ecal npednoodcums, 4o,
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HAYUHAST ¢ DQHHO20 MOMEHINA BPeMEHU, MOUKA OBUNCEMCST PABHOMEPHO,
COXpAKAR NPUOGPeMeHHYI0 CKAPOCits.

Hanpuxep, ecan cnugoverp asroMoOuas nokasmsaer 60 kmfy, 10
wodep, paccuuTesas, uro 33 1 MOHyTy npoGer MammHBEL  COCTABAT
1 KuzoMerp, (aKTHUECKU BHUYHCAZET HE MpHpaieHne myTn 33 1 MEHYTY
(KOTOpOE BCJEACTBHE HEPaBIIOMEPHOCTH HABH:EHHS MOXET OHTb lie paBHO
1 Kuaomerpy!), a andpdpepennnaa nyTh

-§ 5. NpuSanxennoe sBoiuMcAeHne MaJabX nNpupauienuil GyHxunu

Ecan Ax Mano no aGcomorHol seanunne, 10 aas auddepenwupye-

Mofi dyskunn f(x) ee nmpupauieHie
Af (¥)=f(x+Ax)—f(x)
oT/nuaercs or mnddeperunana
af(x)=f (x)Ax
Ha BeauunHy, GeckoHeuHo Maaylo ortHocuteabHo Ax. Orcioga mnveem
npubaixeHHoe PaBeHCTBOo
fE+Ax)—f(x)~f (x) Ax )
uau -
fx+Ax)~ f(x)+F (x) Ax. 1)

DTu paBeHCTBA BeECbMa NOAE3HH INPH NPAGAIKEHNBX pacuerax. 3ave-
iy, uto (Qopmyaa (1°) npeacrasaser coGoft auneluwmft uaen QopumyJn
Tetinopa (ra. Xl, § 6).

NMpumep 1. Haittn

'; l,l M
Honaras B dopmyae (1°)
3 ’ — — —
xX)=v % X)=—r—, x=1, Ax=01,
f( }=v I (x) 3:/_ 3

OyzneM HMCTh 1
— — 1
3/ _ 3 — R
VTI=yT+0,1 3;/‘_2_1-1-0,1 7==1,033.
Mo Tabanunam xe naxopuM
¥/ 1,1=1,032.

PaccuotTpuM eme OfHYy 3amady, BAKHYIO A48 NPHOMIKEHIBIX BHYNC-
JeHull. :
3anava. [Jlan nannoft dynxumm

y=f(x)
npeaeabHas a0Coal0THas NOTPESHOCTh ee apryMenTa x pasha A, T e
|Ax|<<A,.
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Kaxosst npenensusie aGcomortnasn A, n ormocnteasnas 8, morpeu-
nocrn dyukunn y?
Hs dopuyas (1) nmeen

[Ay]~=|y'| |Ax};
caenosareasio, npu y' == 0, MOKHO NPHHATH
Ay=|y"| Ay @

A
6y=,7yj=l (my)’ | A

Mpumep 2. Yror x=060" oupenerer ¢ rtoynoctsio go 1°. Kax orpasutcs
5T0 OGCTOATEABCTBO Ha CHHYycCe yIraa?

3necs
!

°-—_n_~
Ay=arcl =180~ 57"

(=]

HNostoMy ouwnirGka ana y=sin x #a ocnopanun dopuyan (2), rie y’==cos x, MO¥ET
JOCTHrAaTh BEJHYIHIL

1
Ay=c0360°-Ax=§.—mm0,01.

§ 6. OKBHBAJEHTHOCTH MpHpPAMERnun GYHKIUI
u# aunddepenmnana Gpynxuun

BseneMm nOHATHE OSKBUBAACHMHLIX WAR ACUMNMOMULeCKU PABHHLY
Gecrotieuto Mansix  dynxmiit,

Onpenenenne. [ge GecxoretHo saavte Pyrrguu ot=—=c(x)
B=0(x) wasstéawmen sxsugaseHmHU MU UM DPABHOCUADL~-
Kb ALw npu XX —=a, ecau npedes ILX OMHOWEHUST pader edunule, m. e,
mo2da, Kozda -

lim & —1.
x—a B

Hns oGosuauenns paBHOCHABHOCTH GecKoHeuno Manmx o u f§ ynorpeG-
NR2TCA 3HAK DKBUBANEHTHOCTH ~, @ HMEHHO, MUWyT &~ f.
Tak, nanpnxep,

sine~a
npy a— 0, Tak Kax
. sine
lim =1,
x—+0

3avneruy, 4TO ecau GecKOHenHO saavie o u P sxsusanrenmusl, mo
PA3HOCME MeXHCOY HuMIL ecnmb CecKOHewHO MQaAas Bvicule2o nopadka
ro cpasHenu0 ¢ Kaxcdold u3 HuX.
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B camom pene, ecau

-1,

=

TO nBMEEM

a—-ﬁ—p— == % — 1 —_— 0,
T. e. ¢—f mnmeer nopsgoxk Bhue, ueMm P (ra. VII, § 8) Ananornunoe
paccyxIeHue MOMKHO NPOBECTH TaKWe U AAS C.

O6patHo, ecan pa3Hocms 08yXx OeckoHedHO Maavix o u f ecms
OecKOHeHHO MAAQS 8blCUIE20 NOPAOKA NHO CPABHEHUWI0 € O0HOU u3 Hux,
70 3mu GeCKOHEUHO MQAALe 3KBUBANeHMHEL.

JeficTBuTENbHO, NPEANOAIrad, HanpUMED, YTO

a—B8 _
—_— =150,
B ﬁ
noayyaem
o
——1
p
I, CA€10BATEALHO,
a~f.

B vactuocty, omopacsigan (uai npubasansn) om 6ecKoretHO A:aaol
GecioHeMHo MaAYI0 GbiCuie20 NHOPAOKA, NOAYHAE BeAULUHY, PAEHO-
CUNBHYI0 UCXOO0HOM.

Hanpumep, npu x — 0 unmeen

(x4 1000x2) ~ x.

O1MeTuM BaXHOE CBOHCTBO SKBHBAJIEHTHHX GECKOHEYHO MANHIX.

Teopewma 1. Jlpu raxoscdenuu npedesa omuowenus 08yx 6ecro-
NEUHO MAABLX OQHKbe OeCKOHELHO Maaile MOMNCHO 3QMENAINS IKEUER-
AeHmABMU us (npednoaazas, 4N npedes ONHOWEHUR NOCACOHIX, KO-
Hed bl uAu OecKOReuHbll, cyecmeyent).

Hdoxasateanctno. JHelictButenbiio, nyctb & (x)~a;(x) u
B (x) ~ Py (x) npun x—a. Hmeem

ax)__a o) fi(x %))
B® ™ a(x) 51 (x) 5(")

epexoas K npepeny s Toxpectse (1), momyunm

T R
B TR n e LA oY o Tl

% () m @&
=1 lim gy 1= 1im 5 5y
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MpuMep. Tax kak sinx~x npu x— 0 (ra. VII, § 11), 10

2¢ 45 . 2x_ 2
xl_,o sin 3x —xl_r,noé; 3°

Teopesa 2. Becxoneuno manoe npupatierue GyxKfqun 3xsusa-
AEHMHO Ougbbepenyuary Imoll GYHKLIN Npu BceX 3HAYEHUAX He3a-
sucuMofi nepeitenroil, 0458 KOmMopLX Nnpou3sodnas QYHKIUN KOHe!HA
UL OMANHA oM HYASL.

Hoxazareascrno. B camon gmene, ecan dyHKuus

y=7(x)
muddepennnpyeva, 10 13 Gopmyas (2) n3 § 2 umeem
Ay=dy-aAx, @

rae o — Geckoneunno Maao npn Ax —-0,
Tak xax coraacHo ycaosnio Teopemst npi Ax =40 pueem

dy=y"Ax 0,

TO
Ay -3
== _—
="+

CaenoBarenlio,
. Ay
lim Y1,
Ax—0 @Y
T. e. Gecronewio Maaue Ay n dy sxsupazentnw npn Ax — 0.
Mpusep. Ilyems f(x)=(1-4x)* Hueen

A O =f()—fO=(4+xF—1 . .  _
il
df 0)=f" 0)(x —0)=a..
[MTostomy
(+xy*—1l~ox npn x—0.

3ameuanue BooGme, ecm dyukuna f(x) mnddpepenmnpyen
B Touke x==0, T0 npn x—0 umeen

AfO)=Ff()—F(O)~f (0) x. @

Ms ¢opuyast (3), B uacrnocts, npu x -0, noayyaen
a) sinx ~ X3

6) a*— l~xlna (a>0)

p) In(l4X)~ .
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§ 7. CroiictBa nuddepennnana

PaccMoTpHM Tenepn HEKOTOpPHe cBolicTBa muddepenunana, ananorny-
HBle CBOliCcTBaM TNPOH3BOAHOL.

B nanpuelimnx (opmymnpoBkax MH OyAeM npeanoaararb, He OroBa-
pusas STOr0 KaXAB pa3, YTO BCE pacCMaTPHBaEeMHE (YHKIHH HMEOT
NpoUSBOAHKE, T. € ABARKIOTCH AnddepeHUnpyeMuML.

L. Ouddepennuan nocroasunoi. Aupdepenguan nocmosnn-
Hod pasen HYQN.

[Monaran o ¢opmyne (4) ns § 2

y=c u y'=0,
oIy 4nM

. lupdpepenunan cymmu. Juppepenyuar anszeGpautecroi
CYMMbL HeCKOALKUX Oufhepenyupyemstx Qynrxyuil pasen maroii e
aazebpaudecroll cysume ouggepenyuaios smux Gynxyuil.

B camom gene, ecau u, v u w— auddepenunpyemsie dyHKUUE OT
He3aBHCHMON nepeMeHHOHl X, TO, HanmpHMEp, nNMeeM

wtv—w)=u 4+ —w'.
Yuuoxas obe uyacty Ha dx, noayunm
utdv—w)dy=u'dx+v dx—w' dx.

Orciona coraacHo dopuyae (4) us § 2 supomny
d(u+t-v—w)y=du-t-dv—dw.

. Ecau dse dudphepenyupyessie GyRKyguu omaudarwmes Ha no-
cimosuHoe caazaenioe, mo Oufhepenyuasst ux pasuvt exncdy cobod.
Hneem

du+c)=du--dec.
Monaras ameck ¢ nocrosHHOM H, caeaosarensuo, de==0, noayqum
d (u-c)=du.

W. Hocmoanunii stnosxcumens soaxcent 6umb 8bIHECEH 34 3HaK
oughgepenyuaia.
B camoM mene, ecam ¢ NOCTORKHHO, TO

(cu)' =cu'.
YMHOXHB O6Ge 4acTH 9TOrO paBeHcTBa Ha dx, NOAYdHM
(cu) dx=c (' dx)
Han
‘ " d(cu)=cdu.
8 B, A. Kyapssues, B, II. Jemnaonus
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V. Onddepenunan npongsenennn Huggepenyuar npous-
sedenuss 08YX coMHONCumenell pager npou3gedeHu0 NepPBO20 COMHO-
gicuneas Ha ouggpepenynan 8mopo20 nanc npousgederte 6mMopo2o
comrozcumenst na Ougbgepentyuan nepso2o.

B camom gene, ecan u u v— audpepenunpyempie dynkunn oT X,

TO 1MeeM
(o) =uv’ ',

Vunoxas o6e wactn na dx, noayusy
(@o) dx=—u (@' dx)4-v (@ dx)

nam
d(nvy=udv+tvdn

VI. Duddepeunnaa wvacrunoro. Jupdepenyuanr dpobu (1acm-
HO20) pasen maxgce OpoOu, Hucaumens Konopoil ecms npousdsedentic
BHaiMeHameass Opobu Ha ougdheperyuan wucaument MHunyc nponsgede-
rue wyucaumean Ha Oupepenynan 3HaMeHameAN, G 3IKAMEHAMENd
ecms Kgadpam 3Hamenameasn dpobu.

Mu nveem
u\"__ ou'—uy
o/ T v

Vunoxns ofe wactu na dx, noayunm

(ﬁ)’dx=v(u' dx)-zu(v’ dx)
v v

OTciona

u vdu—udo
of3)~2tisee

VI. Ludpdepenunan caoxuoft dbynrkuun Judepenyuan
cA00cHOl  hynrcyun  (Pynrgun om  GyYHERUUN) pageH npou3sedenuio.
npou3goduol amoli GYHKGMIL N0  NPOMEJCYMOUHOMY aP2YMEHINY HA
duddiepenyuaa 3moz20 nposteacymonkozo apzysenma (06e Qynxunn
andpepenunpyems).

Mycts

y=rlo))

Tlonoxnm @ (x¥)==u n, caenosarensvho, y==7,(u). Ecn f(u) n ¢ (x) —
mddepenunpyenne GyHKUin, TO COraacio TeopeMe O INpoH3BoJHOMH
GyHKnHN o GYHKUHA MOXHO HAMUCaTh

Yx=Yi Uiz
Yuuoxus ofe yacTa 5TOro pasenctsa ua muddepenunan dx nesanncuyoft
nepeMeHHofl X, nNoayURM
Yedx=y; (u;dx). )
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Ho
YyrdX=dy u uidx=dn;

caenosarenbto, pasencrso (1) moxuo mepenncarb Tak:
dy=y,du. @

3ameuanue Popmyna (2) no suemmueny bpuady cosmagaer ¢ ¢op-
Myaofi (4) us § 2, Ho Meway HHUMH €CTb NDHHWINHAABHOE pa3JAvie:
B ¢opmysne (4) x ecrb uesaBucuMas MNepeMenHas, U CAeAOBATENbHO,
dx=A0x, Toraa xax B Qopmyne (2) u ecTb (PyHKUHS OT He3aBHCHMOM
nepemenHoll X, W MO3TOMYy, BooGute rosops, du == Au.

W3 ¢opmyan (2) creayer Takas Teopema.

VIll. Hesasucumoctb Bugxa nudpepenunana or BH-
G6opa uesasucumoli nepemedHuoll. Huipdepenyuar dbynryun
pasen npoussedeHutd npoussodnoi smoili Pynxyuw ra ougdepenyuan
apzymeninga, npu smos 0e3passudrno, Oydem A mMont ap2ysermt Hel3a-
sucusoli nepementol uan Jupdepenyupyensoi Eynxyued om opy20i
Hezasucumol nepesmerHol.

Ha ocxoBauus dopmyn aaa npomssoguux (ra. X, § 12) noayuaem
cooTsercTeyloulyio Tabmuny ana muddepenudanos, rae u — NpPou3soJbe
Haa puddepenunpyemasn Gynxuas. '

Ta6auna auddepenuuanos byunkuuit

L. dur=nu*1du. VIL d (ctg )= ——o ::;u
I, da*=a*Inadu (a>0), du
de*==e*du. VIIL d (arcsin u)=V—l—;.
—u
du
HL d(log, u)= TTna (@>0, az1), x 4 (arccos 1) = — . du .
d(nuy=2% W
(Inu)= X. d (arctg ) = ——; 1+ 5
IV. d (sinu) =cosu du.
V. d (cos ) = —sln udu. XL d (arcctg u =—1—_}-;-‘-‘-5.
VL d(tgu)= cos2 e Xl af (y=f' (u)du.

§ 8. duddepennuans BuICIHX MOPAAKOB

- Myctb X — HesaBHCuMan NEPEMEHHAd K

y=r(x)
ectb audepennupyemas Pyuxuua. Corsacuo dopuyae (4) § 2 nmeen
af (x)=f" (x)dx; ()

8»
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TakuM oGpaszoy, mnddepenunan dynxkuun f(x) ects dyHxuna or asyx
aprymeutos: X u dx.

B nanpuetimem Mu Gynem npemlo.nararb, uto dx — anddepennnan
HE3aBHCHMON _mepeMeHHOll X — nMeeT NPON3BOJIbHOE, HO PHKCHpPOBAaH-
HOo€e 3HaueHne He 3aDHCANIEE OT He3apucHmoH NepeMEHHOH X v ofllo
1 TO Ke Aas BCeX paccMaTpuBaeMHX (yHxumfl.

Ecan dx duxcnposammo, To df(x) ecrb HexoTopas ¢iyHKINT OT X,
nponopunonankias npoussomnofl f' (x), ¢ xoadduUNEHTOM nponopuno-
HaJAbHOCTH, paBHHIM dx. Moxer cayuntbesl, 4TO 9Ta QYHKUNT TAKKE HMEET
anddepenunan 1); B takou cayuae nocxennnfl nasmpaeTca dugbgepenrtiia-
A04t smopoz2o nopsdxa (Man smopsi st uepenyuanront) dynkuny f(x)
a anddepenunan, onpeneaseMnti ¢dopuyaoft (1), nocnr Gosee TOUNHOE
nassanne dugepenyuase nepgozo nopadra (n1n nepgozo dugighepen-
yuaaq).

Onpenenenne. Judihepernyuason smopozo nopsnad-
ra (uw smopum dugpgepenguanon) d3f(x) dyurguu fx)
Hasvigaemes Oudgepenyuas om dughdiepenyuasa nepsozo nopsaoKa
amoi ynrxuyun, T. €.

*f (x)y=d [df (x)]. @

Ananornuno, duggepenyuanost mpemsezo nopaora (WAH mpemsii
ougbghepentjuanost) d3f(x) dyukwmn f{x) nasuBaerca mpdepemnman or
Augpepenunana BToporo nopaaka stofi Qyuknun, T. €.

@ (x)=d [a*f (x))-

Tak nocregosarenblio onpegenasorcs Ouggepennuaist secny no-
pnoros.

Bricenem Teneps dopymyny aas gndgdepenunana BToporo nopsaxa
¢dyuxnnn f{x) or nesapncnvofi nepeMenHoH x, npeanosaras, urto aTa
dynkuns apaxas Anddepenunpyema, T. €. UMEeT npoH3BOANYI0 BTOPOro
nopauxa. Tak Kak

af (x)=f"(x)dx,
TO BCaeacTsue dGopmyan (2) mmeem -
d*f (x)=d [f' (¥)dx], ®)

Ecan x —HesasncuMas nepeMennas, 1o dx, pashunfl Ax, ouesnano,
He 8aBlCHT OT X, T. € dXx NO OTHOLIEHHIO K NepeMeHHON X Hrpaer
poas nocrosmioll, TTosromy B ¢opmyne (3) MHOXHTEAL dX MOKHO BH-
HecTH 8a suak Angdepedunana, u Mo n0oayuynM

42 () =dx -d[f* (1))

1) Iaa st0r0 AOCTATONHO, YTOGH CyllecTBoBala BTOpas npoussofHas f° (x).
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Tak kak f'(x) cHoBa ecTb HEKOTOpas (YyHKuUHd OT X, TO n3 Qopuyau (1)
cienyer

dlf ()=[f ()] dx=f" (x)dx.
OTC!OIla OKOHUYATEsBbHO HAXO0LHM
&*f (x)=f" (x)dx? rre dx*=(dx)% “

Takny o6pasod, noayuaem TeopeMy.

Hugppepenyuar emopozo nopadxa om OaHNOE dyHKyuu pasen
npou3gedeHu npou3sodHol 8mopoz2o nopadxa amol Gynryuu na xKead-
pam dugghepenyuana He3asucumol nepesernoll.

3amernM, 910 dopMyna (4), BooGile roBops, HeBepHa, €CAH X le ABJALTCS
He3aBHCHMONl nepeMenHoOll, TaK KaK 31ech dX HeJNb3sl pacCMaTPHBATh KaK MHOMKH-
Tess, Ae 3aBHcAwuA OT x (M. C. M. Hukoawsckuin, Kype maremarueckoro
anamza, T. 1).

Ecau nonoxutsb
f)=m
10 dopuyay (4) MOXKHO NEPEnHcaTsL Tak:
@y =y dx%
oTCIONa uMEeeM

. diy
Y =g

T. & 1Mpou3sodnas 8mopo20 nopsadxa om OAHHOI GYHKLUL PABHA OMHO-
wenuwo Ouddepernyuara 8mopozo nopsoxa amoi ynxyuu K Keadpamy
ougibepenyuana Hezasucumoil nepeseHHol.

Ecan x ecTb nesaBucHMas NEpeMEHHas, TO aHaJOTHYHO ¢opmyae (4)
nameen :

Ff(x)=f"" (x)dx? df (x)=fV (x)dx*

AT O
Ioaoxum teneps B dopuyaax (4) u (5)
flx)==x.
Toraa
=1 f(x)=0, f'"x)=0 ...
CnenosatensHo,

d2x=0, d3x=0, oo

IMonyuaem Teopenmy.

Aupdepenyuans svicuny nopadkos om He3aBucumol nepersennol
QBHB HYAI0.
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Ynparuenng

Hafitn znddepenunan dy dyHkman, ecan:
X S

1. y=3x2. 2. y=xsin x}-cosx. 3. y=r—=- 4, y=YT—x2% 6. y=Inx.

6. y=x3, rge x=2~— (4L ) .

7. Tlyets y=x3—2x24-3x4-6. Hafitn Ay n dy n cpaBunts nx Mex:ay coGoil,
ecan: a) x=1, Ax=1; 6) x=1, Ax=0,1.

8. Pe6po ky6a x=10 M. Ha cxonbko yBeanuntca ofbeM storo Xy6a, ecan
PeGpo ero noayuuTr NpHpaleHns Ax=0,1 »?

Jate TouHOe H NpHGAMKEHHOE pellenus.

9. 3amenan npnpaweuns ¢ynxund puddepenmnanoyM, npuGlnenno nanTh:

a8) y/0,95; G6) cos60°20’; B) arctg 1,02.
10, Karosa npenearnan aCconioTnas norpemncets dynxumi y=tgx, ecan
x=60° + 1
11. Haiita dy n d2p, ecan

y= -x'a



Fanapa XlI
HEONMPEAEAEHHBI UHTECPAN

§ 1. llepnooGpa3nan ¢yuxuus. Heonpeneaennnil murerpan

Ocuosnaa sagaua apddepeHuBanbHOro HCYACAEHHA COCTOUT B HAXO0Xx-
nenun puddepennnana nannoi QyHKuUHMH WM ee npoussomHoi. Mure-
rpasbHOE HCYHCAEHHE peindeTr OGpPaTHY®© 8axayy: HO saqaHHOMY
anddepenunany, a CAeAOBATENbHO, H NPON3BOAHOH HeH3BECTIION (yHK-
unn F(x), tpeGyerca onmpeseauts 3Ty dynxumo. WHeMu crosays, mves
BLIpaxenue

dF (x)=f(x)dx )
HJH COOTBETCTBEIHHO

F =28 —r(x),
rae f(x)— ussectHas (yukuns, Hywmuo Haiti dyuxumo F(x). Ias npo-
CTOTHl MBI Oymes UpPeanoaaraTs, Y10 pasedcrso (1) BHOOAHEHO HA HEKO-
TOPOM KOHEYHOM Wil GEeCKOHEYHOM NPOMEKYTKE.

Wckomas dynxuna F (x) naswBaerca npu sToM nepsoobpasnod
¢dyuxuueli mo orHowenuio K dyuxunn f(x). Takum oOpa3oym, MH
MO}eM 0aTbh CAedyiollee onpefgeneHue NepBooGpasHoft yHkuui.

Onpenenenune llepsoobpasnoli hynkyuei 04z 0Oau-
Hol hyrryuu f(X) Ha OaHHOM NPOMEINCYIMEE HA3LLEALINCH NAKAL (Y HK-
yusn F(x), npoussodnas romopoi pasua f(x) usu ougpepenyuan xomo-
poi pasen f(x)dx Ha paccaampusaesost npomedicymie.

Hanpunep, oauoft ns mnepsooGpasHux ¢yHKwl aan Qyuxumr 3x3
Oyaer x3, n6o (x3)'=3x2 IleppooGpasnas ¢yHKIHA HE EXHHCTBEHHA,
TaKk Kak (X%4-1)'=3x% (x3—5)=3x% n 1 n, u nostomy dyuxunu
x3--1, x> —5 1 1. 1L TaKkKke ABAAIOTCA NepBOOGPasHEIMU A dyHKunY 3x3,
Caenosatenpno, pannas Qynkuus umeer GecuuciaeHHOe MHOXKe-
CTBO NEpBOOOPA3HHIX.

B nameyM npmsepe xamgsie aApe NepsoolpasHbHe OTANYAMUCL APYT OT
ApYyra Ha HEKOTOPOe mnocTosHHOe caaraemoe. Iloxawew, uro ato Gyaer
HMETL MECTO H B ofumeM cay4ae.
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Teopena. Hse pazautrnve nepgoobpasnte 0dHON 1 moll vice Pyur-
yuu, onpedeseHHOl 8 HEKOMOPOM NPOMENCYNEe, OMANLQONICST 0py2
on 0pyza 8 SMOM NPOMEICYMKE HA NOCMOSIHHO2 CAa2aestoe.

HoxasareabcTno. B canom nene, nycts f(x)— Hexoropas ¢ynk-
uns, onpeaeneHHas na npomexytke {a, b), n Fy(x), F,(x)— ee nepeoob-
pasnme, T. €.

Fi(x)=f(x) u Fj(x)=/(x)
Orcona
F; (x)=F} (x).

Ho ecnn ape QyHKmn nMEIOT OAMHAKOBHIE TIPOH3BOAHHE, TO 5T
(QyHKIHH OTIHYAIOTCA APYT OT Apyra Ha nocrosHuoe caaraemoe (ra. XI,
§ I, creactoue 2 K Teopeve O KoueuHoM npupamennn ¢ynxuus), Cre-
JOBaTEJLHO,

Fy () —F; (x)=C,

rae C —nocTosHHasn BEINYNH, YTO 1 TPe6onanoch A0Ka3aTh.
Feomerpuyeckan naatocrpanng Ecm

y=F1(x) u Y=F(x)

— neppooGpasusie oaHoift n Toft ke diynkumt f(x), TO Kacarteasnsle
K ux rpaguxaM B Touxax ¢ obuteft abcuuccoft x mapaanteabHm MeKLy
cobolt: tg = Fj(x)=F3(x)=f(x)
(puc. 128). B rakom cayyae pac-
CToANNe MEXAY STHMH KPHUBBIMIL,
cuntas spoms ocn Oy, ocraerca
NOCTONMIBLIN:

Fy(x)—F;(x)=C,

T. €& 3TH KpHBHE B HEKOTOPOM
CMHCAE  <NapalIeNbHH>  apyr

apyry.
. Cnencrtene. [llpubasans k
Puc. 128, Karoii-abo nepgoobpasnoii F (x)

oan Odannoi gynrynu f(x), onpe-
de.tennoli na npostescymre {a, b), sceso3modcusie nocmosnnse C, Mo
noayqui sce nepsoodpasusie dan gynryun f(x).

B camoM pmene, ¢ omHoll cropomn, ecau F(x) ectb nepsooGpasnas
dynxkuna gas f(x), T. e. ecan F' (x)=f(x), 10 dynuxuna F(x)-}-C, rae
C — n10Gast noCTOsHNAA, B CHAY TOFO, 4TO NPOH3BOAHAR MOCTOSHHON paBHa
Hnyao, Takxke Oymer nepsooOpasHolt diymkuun f(x), Tak Kak

[F(®)+C) =F'(x)+C'=f(x).

C apyrofi cropont, Me JOKasanM, 4TO Kawiaas nepsooGpasnan ¢yHK-
unn f(x) moxer GuTh noayueHa n3 dyHkuun F(x) nytem npuGasaenis
K nefi naanexaumuM o6pasoM noaoGpPaHHOro nocrosHioro caaraemoro C,
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Caenosareasno, gopuyaa
F(x)+C, @

rae —co<C <400, a F(x)— Kakan-m6o nepsooGpasuas aas Gyux-
g f(x), HCUEPNLIBAET BCIO COBOKYNHOCTb NEPBOOGPAsHLIX AJs AaHHOf
dysxuun f(x).

B panvnefinem Mpt GyeM npeanonarats, eCin SBHO He OrOBOPENO npo-
~THBHOE, UTO paccMaTpuBaeMas ¢yHkuna f(x) onpegeneHa H Henpepuisiia
Ha HEKOTOPOM KOHEYHOM HaH GecKOHeuHoM npoyexyTke (a, b).

Beeney Teneps OCHOBHOE MOHATHE HHTETPAAbHOCQ HCYHCACHHA — MOHS-
THE HEONPEeNSHHOr0 HHTErpasa.

Onpenenenne. Obuee supascenue 048 8Cex . nepaooﬁpasubtx
dannald wenpepsignoil yuryun f(x) Hassigaenmcss Heonpedeaen-
Hota unmeapanson om @Gynxyun f(x) wau om ougghepenyuans-
+H020 gupadicenun f(x)dx u o6o3Hanaemcs cumBoroM

{flx)ax.

ITpu stom dynxuna f(x) HasmBaerca nodwamezpassioli @gynryued,
a seipaxeHue f(x)dx HA3LIBACTCO MOJBLHME2PAALHBIAM BLLPANCEHULM.

‘Benoyinas onpenenexue mepsooGpasHoil, MOKHO CKa3arh, YTO ueonpe—
JleIeHHBI HHTErpaa

{F(x)dx

Ha JaHHOM NPOMEKYTKE fpagercs pyHKUueld o6mero BHKa, Aup-
depenuuan  xOTOPOHl paseH nORMHTErpanbHoOMy BHpaweuuio f(x)dx,
a c/enoBaTenLHo, NPOU3BOANAs KOTOPOH 1O MepeMEeHHOH X paBHA NOAHI-
TerpanbHofl ¢yHkuunm f(x) BO BCeX TOYKAX PACCMATPHBIEMOrO MNpOMe-
IKYTKa.

Mycts F (x)—HeKoTOpas BnionHe ompeneseHHas nepsooGpasnas Aas
dyuxunn f(x). Kak mur punean, scsakas apyras nepsooGpasiias a1oil Gynx-
1 UMCCT BHA

F(x)4-C,

rae C—HeKoropaa nocrogHHas. COI‘JIGCHO onpeaeacHuio HeonpeaeaceHHoro
auTerpana MoxxHo Hanucarbh

{ @ dx=Fx)+C )

rae F'(x)=f(x) u nocrosunas C MOXET NpUHUMATL NIOGOE SHAYEHHE,
} NOSTOMY Ha3HBACTICA NPOU3BOAHOL NOCHIOAHHON.

I punmep. Kak Mot BupeaH, 119 GyHKUHE 3x4 OJHOfl H3 NEePBOOOPA3HLIX ABAA-
ercst GyHKIHsa x3,
Iostomy

’

S 3x2 dx = x34-C,
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I‘eouerpnuecxm Heonpene eHH nHTerpan

y=F(x)4-C
npeacrasaser coboft ceMmeficTBO <«napaaneabHux» Kpussix  (puc. 129).
V3 onpenenenns neonpeneneHHOro MHTErpana BHTEKAET, YTO €CAH Mil
nMeeyn Jugdepenuansnoe ypasnenue (T. €. ypaBHeHue, -comepsxauiee
audepennnanst) (noapoGuee cM. ria. XIX) suma

dy=f(x)dx,

rae ¢ynkuna f(x) Henpepunua s nurepsase (a, ), To obuee pewenie
3TOr0  ypasBHenus npu a<<x<<bh

£4 ‘ P agerca (opmyaot
4
s y={f(x)dx.
Ly § 2. Ocnosuure cpoiicTna
HeonpeneNeHHOro HHTErpaiaa
b
Onnpasice Ha dopmyay (3) npeass-
ayutero naparpada, sseaeM oCHOBHME
‘ cpolicTBa  HEOMPENeNEHHOro  HHTEr=
7 z  Dbana

L. dudpepennuan ueonpedescu-
H0O20 uHmMe2pasa pasen nodstxme-
2PANBLHOMY BEIPAIICERNIO, G NPOU3BOD-
HAST HeonpedeNeHHO20 UNMe2paAa pagHa nodstHmezpansoli GyHiyua,

DTO CBOHCTBO HENOCPEACTBEHNO BLITEKAST U3 ONpPEefeNenns Heonpene-

JeHHOrO nuTerpana.
' Taxum o6pazon, umeen

d{f(x)do=f(x)dx (1)

Puc. 129,

[} 7 dx]' =r (0.

1. Heonpedeaennnii unmezpaa om Odugpgepenyuasa Henpepstgro
ougpbepenyupyesoli Qynxyun pasen camoil smoi dywryuu ¢ mou-
HOCMBI0 00 NOCMOSHNOZ0 CAQ2AEAM020.

B camox aene, mycts

{do ()= ¢’ (v)dx, &)

rae dynxuna @' (x) nenpepmpna. Pyuxuna @ (x), OUEBHIHO, ABARETCA
nepsooGpasuoft ana @ (x). Mostomy n3 (2) nmeen

{do (=0 )+cC.

3ameuanne. B dopuyrax (1) n (2) snakn d n [, crexyousne
Apyr sa ApyroM B TOM HIH ADYrOM NOPAAKE, B3aUMHO YHHYTOMKAOT ADYCL
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aApyra (ecam He yYHTHIBATH NOCTOSHHOrO cJaaraevoro). B aton cumcae
dupepenyuiposantie u UrmePuPoBarile U AARIOMCE 83aUMHO obpam-
HELMU MQNEMQIMILeCKUMU ONnePausll.

IIl. Omaudnbii om HYAR NOCMOAHKWE MHONCUMENb MOJCHO BLIHO-
cums 3a 3HAK HeonpedeaenH020 UHmMe2paaa, T. €. €CAH TOCTOSHHAs
A#£0, 10

{Af()de=A(f(x)dx. 3)

B camom pene, mycts F (x)—nepsooépaéuaa s f(x). B cuay
ocHosHON ¢opmyant (3) n3 § 1 umeem :

A§f(x)dx=A[F (x)+Cl]= AF (x)+Ci, @)
rae C;=AC, npudem C u C;—nponsposphne nocrosuune npin Az 0,
Ho AF (x) ects nepsooGpasuan nas ¢yHxuun Af(x), Tak Kak
_ " [AF (%)) = AF' (x)= Af (x).
Iostomy us dopmyan (4) moayuaem TpeGyemyio Qopuyay (3).

3aMeuanue. Tlpn A=0 Qopmyna (3) neBepHa, TaK KAK 7eBAf uacTb ee
npezctapager cofofi NPOH3BOJALHYIO NOCTORHHYIO, a NpaBag 4acTb TOXIECTBEHHO
paBHa HyaoO,

IV. Heonpedesennuili unmezpasr om anzeCpauteckoli cysitst KoHey-
HO20 HUCAQ HenpePuBHuX BYHRKYu pasen maroll gice aszelpauiecroi
CYMMe HeonpeledeHHLX UHNE2PAn08 om amux dyHKyud, 1. € ecan,
Hanpumep, ¢ynkunn f(x), g(x) un h(x) Henpepusum B nHTEpBaAE
(a, b), 10

@)+ —n@de={f()dx+{gx)dx~(n()dx (5)

npu x < (a, b). ,
Iefictnteasno, nycrs F(x), G(x) n H (x)— nepeooGpasunie coor-
BeTCTBeHHO Qynkuuil £(x), g(x) u h(x), 1. e. F' (x)=f(x), G' (¥)=g(x),
H' (x)="h(x) npu x & (a, b). Ha ocnosanun Qopsyan (3) uz § 1 nveen
Sf(x)dx-—l— Sg(x) dx:—-Sh xX)dx=
=[F (x)4C]+[G (¥)+Ce] — [H (¥)+ Cs] =
=[F(x)+G(x)—Hx)]+C (6)
rae Cy, C, C3—mpouspoabnue noctosaune  C=C, 4 C,—Cj; ovue-
BHIIIO, TaK:Ke fBASETCS Npon3sosbHON nocrosuiofl. Ho yuruna F(x)--
-+ G (x) — H (x) ectb nepsoo6pasuast ans dyukunn f(x)4-g(x) —h(x),
TaKk KaKk . :
IF ()4 G(x)—H x)) =F'(x)+-0' (x)—H' (x)=

=f(x)+g(x) —h(x)
CarenoBarenbuo,

[ @+ —h(@)dx=F )+ G()~Hw+C ()
HUs dopmya (6) n (7) surexaer pasencrso (5).
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§ 3. TaGauna npocTefimux HeonmpeneJeHHLIX UHTETrPANOB

Moabaysack TeM, YTO HHTErpHpoOBaHie e€CTh onepaund, ofpatHas and-
¢depenunpoBanyo, HETPYAHO MOAYUHTb TaGAuIy npocrefimiux HHTErpanos.
Ilng sToro Gymem mcxoauts u3 dopmyan (3) n3 § 2, koropyw nepe-
¢pasupyeM Tenepb Takum o0GpasoM: ec.au

dF (x)=f(x)dx,
T0

{f(x)dx=F (x)+C.

O6pamaa dopuyan mupdepenunposaiis, noayunym

L Tax xak d(22n)e=xmd mix=2"4 ¢
. Tak kak (r_n_-i-_l_)-'x X, TO Sx X = I-|—
(m¢-—l).
L o> > dinlx])=2%, > Sﬂx’i=1n|x|+c
(mpn x<<0 u npn x>0).
L > » d(e)=e%dx, > {efdx=er4C.
V. » » d(lffa)_—_axdx, > Sa"dx: 2 ic

(@>0, a 1)

V. » » d(sinx)=cosxdx, > {cosxdx=sinx+C.

VL. » » d(—cosx)=sinxdy, » {sinxdx=—cosx+C.
-

VIL > > d(igx)=—o, > SCOS; —tg x4-C.

dx
VIL > > d(—clgx)=—o, > Ssmzx —ctgx4C.

IX. » » d(arcsinx):vl_i—_;” > Sﬁi;=arcsinx+
f ‘ dx 4+ C = — arccos x - Ci-
d (— arccos x) = —,
X. Tak xak d(arctg x)= lixx‘-’-' TO S oy 2_arctgx--[—C—

= — arcctg x 4+ Cyo

d (— arcctg x)=%5,
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Iaa noasorst Tabaunb NPHCOSAMHMM CiOAa eule ABS GOpPMyAH, Clpa-
BeJHBOCTE KOTOPHX MOXHO NpPOB2PUTh HENoCpeacTBeHHO Audipepeniut-
posanueM:

dx 1 l14-x
XL, S--,_xz.—_? x|y e
'x 1 x—1
Sx‘l—l=7 x+ll+c
XIlL, SV—Z———In|x+Vx2—|—oc|+C rae mnocrosuians o £~ 0
X

(cv. § 7).
Tak kak (M. 1. X, § 9 d(chx)=shxdx # d(shx)=chxdx, 10 umeexm
eme zbe noJsesHHe (QOPMyJibl

XIII. Ssh xdx=ch x+C.
XIV. g ch x dx=sh x-}-C.

Witterpansl, conepkawuecs B 5Toff TaGanue, MBl OyZem Ha3LiBaTh
mabaud b s, ¥ 01X HeOGXOLAUMO TBEPAO SaNOMHUTD.

Il 1.
puMep "
S x3dx=—4—+C.

Mpumep 2 '
S2 dx——+C.

§ 4. HesaBsucumocTh BHAQ Heonpepesennoro HHTerpaaa
OT BLiGOpa aprymenra

B TaGiuie OCHOBHHX HHTErPajloB NPEANoNaranoch, YT0 X €CTh He3a-
pucuMas nepeMenuas. OnHako sTa TabGauua MOJHOCTLIO COXPAHSIET CBOE
8HaueHHe, €C/H MOA X NOHHMATh JAI06Yl0 HenpepriBHO Auddepenunpyenyio
QyHKUAIO OT He3asucnMoll nepemeHHOH.

B camom mene, mycTtb X eCThb He3aBHCHMaa nepemenHasn, f(x)— Heko-
Topan HenpepeibHaa QyHKuus Ha AaHHOM mpoMexyTke u F (x)— ee mep-
BooGpasuan, 1. €. F' (x)=f(x). Unmeen

{f(x)dx=F(x)+C. : )

Toxoxny Teneps
P n=q(x),

rie @ (x)—uekoropas Henpepusuo anddepeHunpyemas Qynxuusl),
I PaCCMOTPHM HHTErpasd.

S f@du= S f@u' dx. %))

1) To ectb npeanoaaraercs, 910 nponaaole}aa ¢’ (x) uenpepusHa,
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B TakoM cayuae ceoxcnan Gynxyus
F@)=F (9 (x)) 3

n8AReMCs nepsoospasnoll 0as nodsinmezparsroll GYRKyuN unmezpasa
(2). HeficTeutensHo, B cuay HesasncaMoctn Auddepenunana nepsoro
nopaaKa OT BHIOOpa He3asHCHMOH MepeMEeHHOH mosyyaeM

dF (u)=F' (n)du==f(u) du “)
W, C/e10BaTe/bIIO,
LIF@=LR% _ . (4")
IMostomy
{f@)du=F @)+C, (6))
rae
F' )=f(v).

Tarnym ofpasoy, n3 cnpasenansoctn dopmyan (1) caenyer cnpases-
ansocTh dopmyan (8); npu 3TOM OocAemHAd ¢OPMYAa noaydaerca u3
npeapiaymefl nyreM ¢opmaantoit samennt x Ha u. Ha ocmuosanmu srtoro
cpoficTa noayuaeM obo0uienuyt0 mabaugy npocmeditux uxnmezpasos

: mi1
S u’"du:r::_*_l 4-C (m#A—1), S ‘-!5-
rae n— mo6as Henpepusino anddepenunpyemas QYHKIUA OT HE3aBHCH-
nott mepeyenioff. dra Tabmmua spaserca obpawennes obobmennnx ¢op-
myn auddepenuuposanusa (ra. Xil, § 7).
BriGnupaa pasanunsiM o0pasoyM GYHKUUMIO &, MB MOXEM CYUECTBEHHO
pacunpnTs Tabanny npocTefiling HHTErpanos.

=hjuy+Cnr n,

Mpunep. Ha dpopuyan [ crexyer
S de=% 40, S ®)

3amenaa 3geck X Ha sin x, MOTyyHM

in?
Ssinxd(sx’n x)=s“; x+C,

2
S sinxcosxde = sin2 x—}-C.

Hanee, nojcrasnas, nanpuMep, B dopmyay (6) smecro x dyrrmio In x, Gyaen
nMeTh

S 1nxd(lnx)=ln;x+0.

g

Inx In? x
\Fa=Tgtte

HT, O
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Orcloga CTaHOBHTCA MOHSTHON BaXHOCTb YMEHUS NPHBOAHTH INAHHOE
anddepenunansioe Bupaxenne f(x)dx xk pumy
f(x)dx=g@)du,

TZe u eCTb HekoTopas (yHKuus OT X m g— dyuxuns Gonee npocras
IAs UHTErPHpOBaHus, yeM f.

OrmernM pag npeoGpasosannit mndbepennuana, NOAESHHI 237 Naldb-
neliero: ,

1) dx=d (x-b), roe b— nocrosuHas BeaNYUH3;

2) dx= %d (ax), rae xoucranta a % 0;
3) dr=—d(ax+b) (a 0y

1) xdx=—;‘d(x2);

5) sin x dx =-—d (cos x);
6) cos x dx=d (sin x).
BooGue,

¢’ (x)dx=de(x)-

[Moabayscn sTHMA npeoGpasoBanuaMy. AudhepeHUAanon, HafineM ueKoTOpue
HeolpeneieHHHE HHTerpasul,

MMpumep L,
Sa-x—d_'%=_“z,gﬂ%%;i=%mxax+bl+c (@ 0.
Npamep 2.
1 3 3
S Vi=2de= S (x—97 d(x—2)=(x_;2)2 +C=%(x_2)'2'+c.
2
Npuumep 3.
S sin bx dx.—_——;— S sin 5xd(5x)=--—;-cos5x+C.
NMpumep 4. I
S x’;jj‘l - S %’i'lﬁ=_;.m(x2+l)+0.
Mpumep 5.
S tgxdx= S zg:i dx=— S-‘ic%s—}=—ln|éosx]+c.
INpumep 6.
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Npumep7.

V== V:(—f‘m’" 75t
“ o 45)
b= |- § -

= T arcsin -i—-}-C==— arcsin —l—-!-C, ree [x|{>1.

fxl

Npumep 8.

Dpumep 9.
Sxe" dx= Se"d(x) -e"’—{—C.

§ 5. MousnTue 06 OCHOBHBIX METONAX HHTErpHpOBAHUA

Ias BHuBCAeHH RKAHHOTO HHTErpajsa Ml JO/IKHBI, €CAM 3TO BO3-
MOXNO, TMOJB3YSCH TEMH WAl APYTUMH CNOCOGaMH, NPHBECTH €r0 K Tal-
AMUHLIM  HHTErpanaM o Takim o6pasoM  HallTH  HCKOMHIN  pe3yabrar.
B nameMm Kypce MH paccMOTpHM Jnllb HEKOTOpHeE, nanGonee 4acto
BCTPEUAIOMNECT TpHeMBHl HMHTErPHPOBAHHA M YKAKEM UX npuMeHenue
K npocrefwiny npiMepaM.

HauGonee saxneing MeTOZaMB HuTerpnposaHns sasasiorcs: 1) aremod
pasaooicentiss, 2) Memod nodcmarnosxu u 3) Memod unme2puposanus
no wacmsa.

I. MeTon pasaoxenusn [yct

7 f@)=fi(x)+f2 (%)
Toraa na ocHosanmm csofictea IV § 2 umeen
§f ) de =5 fr () dox S £, () dx.

Tlo BoavownocTH crnaraemme fy (x) n f,(x) crapaworca nogo6pars Tak,
4TO0B! HHTErpPaasl OT MHX HAaXOAMMICL HENOCPEACTBEHHO.

Mpamep L.
§a-v>? de={(1—2V 342 dx=
1

=S dx—S?VTtdx+Sxdx=de—2 Sx? dx-l-gxdx-—-
3
=x—2’i:- + 5 HC=s—gaV [N}

-2
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flpumeuanne. Her naxoGuoctn nocse Kamioro ciaraeMoro CI1apith Npous-
BOALIYIO NOCTOANHYIO, MOTOMY YTO CyMMa NMPOH3BOABHBIX NOCTOAHHLIX €CThb TaKie
NpoH3BONbHAN NOCTOAHHASA, KOTOPYIO Mipt NMHIUEM B KOHIC.

Mpumep 2.

S x‘-—6.\:3._.8f2+9x—5 dre S (x‘-’—ﬁx-—S-l——?——-i) dxe
X2 X x2

= S x2dx—6 S xdx—8 S dx-}-9 S %{—5 S 12 dx=

x3 X2 x1
- —3——-6-—2-—8x+91n[x|—-5--:1—+c=

x3 5
=5 —32—8x4-9n|x|+—+C.
pumep 3.

- 1 dx
S tg® xdx= S (m-l)d;t: S COSZx- S dx=tgx—x+C.

Mpumep 4.

S sinz x dx.
Tak kak
sin® x=-é- (1 —cos 2x),

T0

S sin’xdx=—é— S (1 —cos 2x) dx=

=L S d —L S cos2xd(2x)=%x—-7lt— gin2x+C.

2 4
Mpumep .
Ssinxcos:}xdx.
Tak kax
sin x cos 3. =% (sin 4x— sin 2x),
TO HMeeM

S sin x cos 3x d =% S (sin 4x—sin 21) dx ==

= % S sin 4xd (4x) —-%- S sin 2xd (2x) =— %coslix-[-—i—cos 2x{-C.
2. MeToa nOACTaHOBKHM (MeTOHN BBeXeHHd HOBOH
nepeMeHHO). '
[lycts f(x) uenpepusna Ha uutepsane (g, b) m x==@(f) Henpe-
pusio auddepennupyema na untepsaie (o, P); npauem dyuxuna @
orobpaxaer HutepBaa (&, f§) B untepsaa (a, b).
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Ha ocnoBannn cpoticTBa HE3aBHCHMOCTH NEONpeNeneHHOro HHTErpana

ot pnGopa aprymenta (§ 4), u yuntmBag, uro dx=¢’ (f)df, noayuaen

fopaLy.ay 3aieHbl nepeMerHOl 8 HeONPedeNeHHOA UHMEe2pale

(fx)yde={f@@) o’ (t)at. ¢))

HMnrerpan, crosmnft B npaso#t uactn pasencroa (1), MOxeT oKa3zaTheCAa
Opole HHUTErpanta, Crodaulero B Jenoil yacTi 3TOrO PAaBEHCIR3, BAN AAXKE
TaOaHYHbBIM,

PaccmoTpuM npuMepH.

NMpruep 6.
S xV/ x=5dx.
Uro6e B36aBHTBCA OT KOpug, HONaracm
V x—5=¢,
OTciona
x==02+45

B, crenosatenbno, dy==2{dt.
Ipoussona noacranonsky, NOCICAOBATENLHO HMeeM

SxVE—_sdx=S (@-5) ¢ 2t dt={ @11 10) dr=2{n dt+10§ﬂd:=
3

0—5% e

5
4 2 2 3
Npumep 7,
Va&a=xdx @>0).

31ech MOTE3HO NPHMENNTh TPHIOHOMETPHUECKYIO NOICTaHOBKY:
x==asin!,
orcioza
dx=acostdt.

Chne1oBare1sHo,
S Var=x2 dx-s V a*—atsin?t.acostdi=a? S cos? {di=
a, a®
= 7- S (1--cos 2¢) d!=§ S dl+—4- S cos2¢d (2!)=-2— I+-4— szg 2t4-C.
Bosppamascs 06paTHO K NepeMeHHO ¥, GyAcM HMeTh
snt=> u t=arcsin =z,
a ] a
Haree,
sin 2 =2sin fcosf=2sint )/ 1 —sin{ —-smzt——2—— l/-l—f= ?1-; V az—x2
IToatoMy oxoxuaTensno noayanM

SV at—x2dx= —arcsin—+ Va-—x~+C. (2
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Huoraa ¢opmyay (1) noaesio npuMeHaTh CNpapa HAa/ieso:

{Flo (Do (¥)dx = flo (%)) do (x) 6]
Han E
§ flo) o' (¥ dx = f(D at,
rae
t=0(x).

Ha npaktike enatenbHo me BBOAATH HOBONW mepemenHofl f, a orpa-
HUUNTBCA ucnoabgoBaiuem dopmyan (1). Ilpocreftne npumeps sroro
TUua OhaM pasobpannl B § 4. 3gech MH JOMOJHHTENBHO PaCCMOTPHM
€Ile HECKObKO NPHMEPOB.

INNpumep 8.
S Y T+clgx
sin2x N
ITonaras
dx
t=ltctgr, di=—-,

GyneM HMCTb

\ 1
S‘/ Lfclgx _..j‘(l-{-ctgx)s d(l4ctgx) =

sin? x
1 4 4

- S ﬁdt=_.%t_3-+c==__i_(l+ctgx)-§+ C.

Npumep 9.
1 \dx
S (ln X +1—n—x) T
Tak kax
d;-x=d (Inx),
TO HMeeM

S (1ﬂx+ lnx)'—— S lnxd(lnx)"‘S d(ln D - ln’x+ln|lnx|+c.

Mpumep l10.
exdx~__S d(e")
&1 Y= ex+l
(cat. popuyay XI B § 3).
3. MetoR mHTerpupoBanus no yactam Ilycts u n v—

nenpepuisHo anddepenunpyesse ¢ynxkuna or x. Ha octosaunu ¢op-
MYJH .uuq)fpepeﬂuuana npoussefenns (ra. XII, § 7, V) nyeex

d(uv)=udv-tvdy

e
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oTcroaa
ndv==d (uv) — vdu.

Wnrerpnpys, moayuny
{udv={d@wo)—{vdn,
L1 OKONYATELIO
S ndv=uy— S vdu.

310 It €CTb (fopityaa URMEZPUPOSARUR 1O HACMAM.

[ra. X

G

Busegennas ¢opMyaa NOKasHBaeT, YTo HHTErpal Su dv npHBOANTCA

K UHTErpany S'odu, KOTOpHil MOWKET oka3atbCt 06oaee
NCXOMbi, nAN fgake TaGAHUHBIM.

PaccyoTpuy HECKOABKO MplMEpOB.

NDpumep 1.

Sln x dx.
floaaras 3zecs
u=Inx n dv=dx,

NOTy UHM

CrejoBatesno, B cily ¢opMyan (4) Gynex nHMersb
S Inxdx=xInx— S x -g;=xlnx—x+6‘.

Mpumep 12
chosxdx.

Tloaaras
Uu=x u dv=cosxd,

HMeeM
du=dx n v=Scosxdx= sin x.

Moas3ysics dopuyaoll nuterpiposanus no uactaM (4), noayunM

npoCcTHM, uem

S xcosx dx=1x sin x-—S sin x dx= x sin x-}-cos x-}-C.

Ha npaktixe Baxuo HayunThca npuMenate ¢opuyny (4), #e BHIDHCHBas

B CTOpOIre BRIpaxeHua a1a GyHxuui « u o.
Ilpumep 13. .

S x arctg xdx= -é— S arctgxd (x24-1)=

= %[(x‘-’-l— 1) arctg x— S («2-}- 1) d arctg x] =

2241 " 1 R dx _ x2-41
=3 arct:,x—i S(x-+1) EFrT -2

arctg x —% x+C,
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§ 6. UnTerpupoBaHue pauuoHasbLHBIX ApoOGeit
C KBaJIPATHYHBIM 3HAMEHATeleM

Peub uaer o BBIYHC/ICHHH *HHTErpajioB BHAZ

S ______2P(x) dx,
axfbxtc

roe P(x)—uenni MHOrOYneH u a, b, ¢ — nocrosunse, a %= 0. Pasnenus
yucaurens P (x) Ha sHameHaTenb ax?-}-bx-¢, moayuaem B 4acTHOM
HeKOTOpHH MHOrowneH Q(x) w B OCTaTKe — JuHelHul AByunen mx--n
(TaK KaK cTeneHb OCTaTKa HUKe CTENEHH AEAHTeNs1);, OTCIOAa

P (x) _ mx-4-n
ax®tbx-+c Qx)+ ax?4-bx4-c’

Wnterpan or muorouneda Q(x) HaxO4uTCH HENOCPEACTBEHHO; MOSTOMY
MBI NOKaXeM, KaKk BHYUCASIOTCH HHTErpanabl BAAa

mx--n
S axt+bx-t-¢ dx. @)
Busemem cHayana ABa OCHOBHHIX UHTErpana,
dx 1 ( a) 1 X
) L Sx2+a2=-&'S'(_x)—z——=Tl-al'CtgF+C (a;EO),
Z) 4
a
T. €.
dx 1 x _
Sm=;arctg—5+c (a5 0). ©
dx
Hnmeenm
1 1 1 (x4a)—(x—a) L( 1 _ 1 )
B—a® (x+a)(x-—a) %a” (xFa)(x—a) 2a\x—a x-a)*

TCI0aa
e § s e - 1) -
-} - Vo) -

1 —_
=%&[lnlx—-al—lnlx-l—a[]—[-c——_—%lnl’;—_*_% +C.
tak (cp. XI a3 § 3),
S—-—xﬁf,,z -2 |§;—Z|+ (a7 0). ®3)

€3yJAbTaThl (2) u (3) caenyer 3anOMHHTE.
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K unrerpaaam I n Il mpucoennnuy eme nurterpan
2 2
e S x dx =lSd—‘i—ii)— 3 Inj e |4C.

Frad —2 ) mra
Mpumep l.
‘ dx 1 S d(xV?2)

2437 V2 (xVZ“)2+(V'§)"’—
! arctg ——— V_ +C= _arctg( ]/-2—)-{—0.
“ve V3 Vs V6 3
Opuxep 2.
x—VY5

|+

S dc 1 n
x—5 2V¥5 |x+V5
OcHosuofi npueM puuncaenns nurerpana (1) cocroutr B caemyiomem:
KBalpatinit Tpexuien ax®--bx--c¢ ZONOANAIOT IO NMOANOTO KBaA-
patal). Ilocne storo, ecan kospnunent m=0, 1o nurerpas (1) cpo-
autcs nan k nuterpany I, mm k unterpaay Il Ecan we m==0, 10
- nnrerpan (1) coomutca k nurerpazam I u I, nan x wnterpanan I n 1L
Kak 210 nenaercs, nokaxem Ha MpHMEPAX.

MDpumep 3.

dx _ dx .
S F2_10x+16 S (*—2.5x25) (16 —25)

T S R e =,
~S(x—5)2—3** il = 5)+3|"'C~ I+C’
Mpuwmep 4.
dx ___S dx —
S x*4-3x+4-4 (x2+ 2";""*‘%)"’(4—'%)
3
S d(x+% L arctg 2y om 2t ¢
- —— —=——0arclg +4-C= arctg -+
3\2 7\2 7
Py G
n
puMep & i ede __.S cdx
_sz—}—x-’-l (+—;—)2+2
Tlonaraem
' x+-%—==f,

o1CcI0Ma
— 1 L
x=i—-2~ B dx=d¢.

1) My npegnonaraeM, yrto KBaapaTHHI TPEXWIeH Re SBJSETCS TOYHHM KBaj
partoM,
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CrepoBaTedibho,

I=S("‘2)‘”=S tdt lggﬂ‘

Rl

S

ISM IS dt

=7 32 NT (V3R
itz "+(T)
I 3y _1 2
7
=-—ln 2t ) —— _.arct -’—""+C'
NMpumep 6.
xtdx
x2-1°
Mpousseas nenenne xt ma x2--1, mmeem
x4 1
poa e ey o
Orciona

e e L

dx x3
2 dy— e = = —x}- arctg x4-C.
=Sxdx de+8x=+l 3 x-{arg‘+
3ameuanne Ecau kpagpatHu# Tpexunen ax?--bx--¢ mueer
DeHcTBUTENbHEE M PasiBUHHE KODHH X3 H Xy TO, KaK JOKa3hBaeTcd
B noapobHMX Kypcax aHaausa, AAd BHyncaenusd nuterpana (1) mowuo
BOCNOAL3OBATBCA Pas/IOMEHNEM NOAMHTErpaasHOtt QYHKUUM Ha NpocTeli
wHe apobu:
mx-4-n A B
axdtbx4c . x—x + x—x;! *)

rae A u B —ueonpenencuunte kosguuuents. Yncaa A u B naxogarcs

nyTeM MPUBENEHUs TOXAECTBA (4) K LeAOMY BHAY B NPUPABHHBAHUA KOId-
HUUEHTOB 0PH ONMHAKOBWX CTENMEHSX X B JeBofi I Mmpasoil yacrax
OJIY4EHHOrO PaBEHCTBA.

[Tpumep 7. Haiitn

x+4-2
’=S;z—md"-

TipupaBunsan suaMenateab Hy/mo, nosyyaeM KpaaparHoe ypaBHeme
x24-5x—6=0,
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oTcio1a HaXoamM KopHu: xy=1 # x,==— 6. Coraacuo dopmyse (4) uMeem

- x2

x24-bx—6 =x=1 +x—|—6' ©
Or1ciona, ocpooiXaanch OT 3naMcHATeIa U Y4HTHB2d, 9TO
x2}-5x—6=(x—1) (x—0),
10y 4liM
x+2=A(x46)-B (x—1)
Han '
' x+2 = (A3 B) x+(GA—B). (6y

IMpupasuusan apyr npyry KospduIUEnTs! NpH OIMIAKOBHX CTeneHsx X B npasoil
 eBOll 4acTax nocnexnero paseHcTBa, 6y,'.lE\I HMETH

A+B=1, }
64 —~B=2,

3 4
Caeropatensio, A== 7 B==.
3ameruM, dTO xo’smnuneum A 1 B MoxHO HpOCIO onpejediTs H3 Toxje-
ctpa (6), moaaras B neM chauada x=1, oTKyaa

3
3=A.7 i) A’~———7

a zarteM noJgarasn x==-—06, uto0 naer
4
—4=8B(—7 n B=—7—.

Ha ocnosanny pasnoxenns (5) noayuaem

_3¢da=), 4 0dxt6
’—78—_—"‘78 56

= -7- In|x—1 [+—7— In1x+6|+C=—.l,— In{lx—1p3(x3-64} 4 C.

§ 7. Unrerpuposanie npocteflminX uppaunonanbHocreil

1. Ecan noamurerpaipHoe BoipaxeHHe COAEPXHT JHUb JHHEefny o
1 o
nppasuonansiocts Y ax b (as£0), TO NOJIE3HA NOACTAHOBKA

t=9 ax 0.

I=S xdx

Vrerl

t=¥x31;

Npumep 1. Hafitn

Tlonaraem

orcioa i
=fi--1 u de=302dL
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Hateen
(B3—1). 3 dt
1=\ "—F——=3\ s—pdi=
5 2
3 2 2
3—-:;-(x+1)3+c.

. 3

2. Wnrerpan or npocrefmelt Kpan PaTHYHOI} HPPALUOUAALHOCTH

S dx
Vax2Fbx+c

C TNOMOMbIO JONOJHEHHs KBajPaTHOro TpexuieHa ax®--bc-;-¢ 10 noa-
110r0 KB3APaTa CBOAUTCS K ORHOMY H3 IOBYX HHTCFPajoB

S dx
Vo x 22’
BHIYACJAEHIE KOTOPHX MaHO HILKE.
dx
S——— (@ == 0).
Vita
[puxenun snech nodcmanosiy Siisepa:

Vitda=t—ux,

rae t—uonas nepeMennas. Bo3poad 5TO PaBEHCTBO NMOYACHHO B KB3ApaT,
6yneM HMETb

X2 o=t — 2x -}- X%
1an
o==12— 2fx.

Bepa anddepenunans or o6eux yactedl Moc/jaeaHero paBeHcina, foay-
HHM
O=2tdt—2xdt—2tdx

Hag
tdx=(t —x)dt.

Orciona
dx _ dt
t—x 1
.
dx_dt
Vita ¢t

aKkuM o6GpasoyM, uMeeM

\ =S§=mm+a

Vit
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Haxoneu, samensa £ ero pepaieHueM yepes .X, (OKONUATeALHO HAXO-
auy rabanunpii uurerpan XII (§ 3)

SV — =In|x+V*Fa|+C (@50 1)
D1y dopuyay 1eoGXOANMO 3aNOMHHT.
Mpumep 2.

dx
Henoasaya dopayay (1), mmeen
dx _ ©odx
e ) T

[Tonaras 3zecs
x=3={,
nocnea0BaTeIbHO  MOYUHM

dx
W o = e

Taxk xax
{=x—3,
TO OKOHYATC/ILNO GyneM HMETb
dx ——
-7.:_—____—-—..:——1[1 x—-3+l/ x—3):+4 C=
Sl' x2—06x-}-13 ‘ ¢ +al+

=In(x—34-V 2—6x13)+C.

ajx

d
t. S]/&d—j—_x_ = S V ‘(—()if
Mpumep 3. :

S ds S d(”‘%) “‘"";

—==arcsin -;— +C (a>0)

<4-C=arcsi 2x+1 C.
n—— VE —)

= = arcsin
Vl—x—.\- ‘l ———(X+—) V
§ 8. Hnrerpuponanre TPHroHOMETPHYECKHX dyuxrmuii
B npiioxennax BawHOE SHAYEHHE MMEIOT HHTErpann
I={sin™ x cos* x dx,

rae mt 1 f— Uease HEOTPHUATETbUHE YHCAA,
3dech pasanyaloT ABa Cay4as:
1) xots On ONMH H3 TNOKasatenefl n2 HAN N1 €CTh YNHCIO LEYETIOR;
2) ofa noKasatens m ¥ 7 €CTb UHCAA YETHHIE,
B nepson cayuae nurerpan [ Geperca HenocpeacTsenno.
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INpnwmep 1. Haiith
l=Ssin3xcos'-’xdx‘

TMocaenoBaresnbno NoOMaraeM
I=S sin? x cos® x (sin x dx) = — S (1 —cos? x) cos® x d(cosx) =

= S costxd (cosx)-}—S cost x d (cos x)=——%—cos-" x+—;—cos5x+C-

Bo BTOPOM Cayuae XAAf BHUYHCJACHHA HHTErpaia 1 HCNOAL3YIOT q)op-
Myanl ABOHHOrO apryMeHTa: .

. 1 1
sin® x = (1 —cos 2x), cos®x= 5 (1+4-cos 2x),
. 1 .
sin x cos x =—-sin 2x.

2

INpumep 2. Haimi
I=S sin2 x cos? x dx.
Hxeenm

dx=

1= S (sin x cos x)® cos? xdx == S (Si“;)t)2 l+c§s 2x

= % S sin? 2x (1 4-cos 2x) dx =

=%— S sin22xdx+—;- S sin2 2x cos 2x dx=

—é— S -l:—(ﬁsitd +16 S sin? 2x d (sin 2x) =
1 1 sind 2x 1 1 . 1,
=16 S dx—ls S €os 4xdx+ﬁ-—3—=ﬁx——6—4 sin 4x+z§ sin3 2x - C.

B reopunt pazos Pypee (ra. XXI, § 17) panoe suauenne umeor
HHTErPankbl
S sinmx sin nx dx, Scos mxcosnx dx,

S sin mx cos nx dx.

OHil BHYHCAAIOTCA HA OCHOBAHHH (DOPMYJ TPHTOHOMETPHH:
1
sin & sin f = [cos(@—B) — cos (@ +B)},
1
cos & cos f = 5[cos (@ — f) +-cos (@4 )],

sina cos f =4 [sin (@ — B) +sin (& + B)}

Mpumep.

S sinxsin5xa‘x==—;- S (cos 4x—cos 6x) dx=%sin4x—é sin 6x4-C.
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§ 9. Unrterpuponanue HEKOTOPHIX TPAHCHEHXEHTHBX (hyHKUMIL

Hnrerpan
{P(x)er*dx,
rie P (x) —wmnorouned, Gepercst MHOFOKPATHWM NUTErpHPOBaHNEM 1O
acTs.
Tlpumep. v
x2e2x dx=-£- \ x2d (e2¥) = x e‘.'x__l_ 2% . Ox dx = ﬁezx__l_ xd (€2%) =
2 2 2 2 2
x 1 x2 x 1 x2 x !
X p2X — e2X — e 2% e —- 2% >+ 4 = e ——— —_— 22X .,
er—e +5e dx 5 € 5ot +C (2 2-l-‘l)e +C.
AN2J0rHYNEIM NPHEMOM BHUNCASIOTCSH HHTErpasm BHOA
{P(x)sinaxdx . u { P(x)cosaxdx,

rae P (x)— rmunorounen.

§ 10. Teopema Kommu, ITonsitne o «neGepymuxcsi» uuterpanax

o cHx mop MH BECbMa YAauHO N9 HEKOTOPHX HENMPEPHBHHX (yHK-
witht f(x) naxoanan nX HeompenesenHse MHIErpans!

{f(x)dx.

Bosnnkaer sonpoc, Bcerxa am 310 Gyaer Tak, T. €: 1) Bcakas au Henpe-
prisnas Qyuxuna f(x) nuMeer neonpegenenusifi unTerpan u 2) xaxnm
cnocoG0: MOXKHO HAfiTH 5TOT HMHTErpa’, ecii OH CyulecTBYer.

OTtpeToM Ha MEpBY0 4acTb STOr0 BONPOCa CAYXHT Teopema Kown,
ABAMOIANCA OCHOBHOfl TEOPEMOl NHTErPanbHOro HCYHCASHMAS.

Teopema Kowmu. Bearxas uenpepsignas pynEgus useem nep-
8000pa3Hy 0.

Wusvn  crosamun, 04s xaxcdoil Henpepwsnoli 8 unmepsase (a, b)
gynruin f(x) cyumecmsyem Gynrgua F(x), npoudsodnan rxomopod
8 unmepgase (a, b) 8 mounocmu pasna Qannoli gynxugun f(x), 1. e

F' (x)=/(x).
Tem caMpiM cyulecTByeT n HeompeneacHuult nuterpaa
{f(x)dx=F(x)4-C,

rae C — nponssonbHas NOCTORHHASR.

IlokazarenbCTBO 3TOH TEOPEMH BBHAY €ro CHOKHOCTH HE MOXKET OHTb
snech fpuseneio 1)

DT1uM He pelraercd Bropas 4acThb HAUIEro BOMPOCA: €C/AU 1aHA Hempe-
pusnan ¢ynkuna f£(x), To kax naity ee HeonpeaeaeHHn#l uurerpan. Teo-
pema Kot BoBce He yTBEpwA3aeT, 4TO MepBooGpasHyio mauHoft dyHKunn

H Cum. F'poauBuab B JIysun, Kype auddepennnanbuoro 1 HHTErpanbHoro
ncuncaenudt, u3n, 4 (1937), 1. 1i, crp. 266 —278,
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MOKHO (PAKTHUYECKH OTBICKATh C SIOMOLIBIO KOHEYHOTO YHCAA M3BECTHLIX
onepaunii n BHPa3HTh OTBET B 3JeMENTAPHHIX (PYHKUUAX (2are6pandecKnx,
' MOKa3aTeJbHHX, TPHIOHOMETPHYECKHX M T. 1.). BoJjee Toro, umeiorcs He-
npeprIBHbIE 37eMEHTapHHE (YHKUHH, HHTErPaJbl OT KOTOPHIX HE SB/OTCA
aseMeHTapHBMH Pynkuusmu. Takne unterpanwl yacro HaspiBaloT <ne@e -
P yutiMuc», noapasyMenas MOX STHM, YTO TAKOr0 pOAa NHTErpajbl
HEe MOryT ObTb BHIPAKEHB C NMOMOIULLIO KOHEYHOrO YHCAA 3JeMEHTapHHX
dynrunil.
Hanpuyep, MOxHO KOKa3aTh, YTO HHTErpajnl
Se—X’dx, Si‘"_“_‘ X, Sﬁfdx, Sf—{
x x Inx
1 PAl APYTUX HE CBOANTCS K KOHEYHOH KOMOHIAMI 3.1eMEeHTaDHEIX yBKInH
Y, CJAeN0BAaTE/bHO, ABAAIOTCA <«HEGepYULHMHCA» B HallleM CMbICle CJ0Ba.

Ynpaxuesus

[Moaw3yscy TaGAHUell npocTefiluHX HIUTErpanos, HallTH cileAylowHe Heonpeae-
JICHHBlE HHTErpansl: :

1. S(x2—3x+‘l) dx. 4, S(a.v+bx)2 dx.
—1\2
2. S (x " l) dx. 5. S(sin 3x -}-cos 5x) dx.
x—=2Vx +2 4 S dx
3. _—'—"—' X. o — .
S V% sin® x cos® x
Y ka3anue. Tipmiennts Tokgecteo; §==sin®x--cos®x.
éx )
-5 11, \tg2 xdx.
1 S = +2. (tg
xdx
12, \ 7¥—4=.
8 S 232 S 15
dx dx
130 ———=.
’ S V2=3c" V2=3x
S Vige+Vi=az
Vi—x
ﬂpxmenaa METOJ Pa3NoKenus, HafiTH WHTErpasbi
(40 20. \ cos? 5x dx.
1. S - dx. 1. S e d. g
'-" dx .
15. S T5= 18. S =5 21, Ssmxc'os Tx dx.
x2 dx 92, \ cos 3x cos 5x dx.
16. S T— dx. 19, Sx”——5x+6' S a

[TpuMeHssl yKa3aHHHE MOACTaHOBKH, HANTH HHTCrpajhll

23.SxVx—ldx Vx—1=p. 25.S dx

3 (x=sin{).

J (1—»)?
_ax T =0 dx

% yE Vx=y) 26. S——l T =0
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MeToz0M HHTCrpHPOBANHA NO YaCTAM HAATH HHTErpase

27. sarc(gxdx. 30. Sxex dx.
nx
28. {xInxdx. 31. S - %
29, { xsin x dx. 82. { x%* ax.
Hafitn unrerpajs or pammonamnuunix ppoGeii:
dx dx
33. S Erenm B 37. S FonRET
dx dx
=1 | . | s
- dx 3xJ-5
. g 245" 89. S o A
dx x*
36. \ 7. —_——, X,
6. Sl-}—x-l—x"’ 40.Sx2+4x+5ax

Hafitn unrerpanst or nppamiona’ennx ¢ysximii:

ar (Y% —3dr. 5. S de

Vetx
-1 dx
42, S x___ dx. 46. S —_—,
Vxtl | AR IS
43, S & 47. S L S
Vo=t V¥ 3F4x43
a1, S de
V=2
Halitn nnterpadsl ot TpiroroMerpiyeckux dynxuuit:
48. S sin x cos? x dx. 51, S cost x dx.
49, S sin? x cos? x dx. 52, S sin x sin (x+a) dx.
. dx
50. Ssmaxdx. ) 53. S ol 5
Yk asaune. Henons3orate opuyny c_ods‘f—x=d (g x).
Haiit# uHTErpaiH OT TPAHCUCHNGHTHHX Qynkunit:
54. S x2e™* dx. 58, S x arcctg x dx.
55. § (x21-2x-4-3)e¥ dx. 59. { Inz x dx.
56. { (x—1) sin 2xdx. 60. § arcsin x dx.

57. S €72¥ cos 3x dx.

frn

. XIII



IF'mana XIV
OIPEJEJIEHHBII MHTETPAI

§ 1. IlounTee 06 ompexeseHHOM HHTErpaje

Nycte f(x)— dyuxuus, Henpepusias Ha namiom orpeske [a, D)
rae a<<b nan a> b, u F (x) — nekoropas ee neppoobpasnan (cu. ra. XL,
§ 1), 1 e Fx)=f(x) npu x =|[a, 5]

Onpeaenenne. [lod onpedesenH s unmezparon

b
§Flo)dx 0

om dannoli Henpepusnoii pyuxuyuu f(x) na dannos ompesxe [a, b}
noxuMaemcs CoonmgemcnmeyOuee npupawerue ee nepsoodpasnol, 1. &

b
§ /() de=F@©)—F (@) @

(bopmyaa Hsromona — Jleiibuuya).
Kpome Toro, cunraem nmas moGoft Qynxumn f(x), nmewomell cMuca
B TOYKE 4, :
a
{f(x)dsc=0

(a — no60o€). Taknm o6pasoy, dopuyaa.(2) cnpapennusa TakxKe npH a=>.

B supamenna (1) uncaa a u b HasmBawICA Mpedesaisu unmezpupo-
BaHUsM, COOTBETCTBEHHO — HUOKHUM W 8epxHuxM, (a, b] — nporesrcymion
unmezpupoganus, a f(x)—noanurerpasiofi ¢yuxkuued. Popmyay (2)
MOXHO BHPa3HTL B BUAE NPaBHUJAA onpedescHHHE UKMe2pas pasex
a3rocmu 3sKadexull nepsooOpasnoli nodwnme2paasHoli HynKyuu 04%
8epxXHe20 U HUWJKCHe20 npedeaos unmezpuposanun. Beeas oGosnauenue
19 PasHOCTH

F@)—F@=Fx)[,
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rie BepTNKanenas 4EPTa HCCNT nasBaune Bcmaski, Qopmyny (2) moxHoO
8JMNCaTh €MIE TaK:

Sf(x) dx=F (x) |,’;, @)

npuyeM cAeayeT noMinTh, uro npu pacinmdposke BCTaBKH cHavaxa noj-
CTaB/fE€TCl BEPXHNII mpemesa HHIErpUPOBAaHHA, a 3aTEM H NI H it i,

M pume p. Hafith unterpan or x2 B npegenax or 2 o 4.

Tax Kak —§x3 ecTb nepBooSpasnas A4s x2, TO corsacio ¢opMmyJae (3) HMmeeM

Wdi=gl,=g3—3=87.

xr 64 8 2

1Oy

3aMetsy, 9TO TOT e peay.bTaT Mel no.'ry!m:m 6e1, ecit Gbl HCMOJB30BAH
x3
ApYrylo nepsocGpasHylo aaa x%, HanpuMep, —+l Hu —é——2, H T. 3. 210
AsneHne nocut ofmufl xapaxrep.

Teopema. Onpedesennnli unmezpanr om Henpepvigroli yHKuuN
He 3agucum om ssibopa nepsootpa3Holi 045 nodvtamezparsioll hynruyii,

HoxasareabcTtso. [lycrs F(x) n F;(x)—Ape pasanuHbe Mepso-
obpa3ankie HempepHBHOH Ha orpeske [a, ] noannterpaabuol dynxunn f(x)
nurerpana (1). B cnay ocnosnoff Teopems nas HeEoOnpenesensioro nurer-
pana (ra. XII, § 1) mveen

Fy (x)=F (x)+C,
rane C——llQKOTOpaﬂ nocroqanas BeanynHa. Orcmna
Fy(x) > =F, (b)) — F, (a)=[F (0)+C] —[F (a) +C]=

b
=FO)~F@=F@ = /(x)as,

410 I TpeGOBaNOCh JOKA3aTh.
Cneactiue.

b
freyde=§rdx|,, 4

20e  nod S F(xX)dx nonusaemcs odna u3 nepsooGpasnbrx 0A% PGyHK-
g f(x).

dopmyaa (4) ycranapanBaeT CBA3b MEKAY ONPENENEHHEIM U COOTBET-
CIByloulny HeonpeaeneHHsy uHTerpasamm. OrMeTuM Qopmanbuyio pas-
HRLY MEXKAY HHMH: ONpefesieHHbIH HHTerpan mpeacTapiser co6oft HHcao,
a HeonpeneaeHusil — Gy HK LHI0.

Cornacno rteopeme Kowm (cm. ra. XlII, § 10) Bcakas nenpeprisHa
na orpeske ¢ynxuna umeeT nepnoobpasuyro. OTCIONA BHTEKAET Teopemd



§ 2] UHTErPAJI C NEPEMEHHBIM BEPXHHM NPERE/IOM 2'57.

Teopewma. Jan scarod dhynxyuu, HenpepusHoll Ha ompesre [a, b}
cyuecmayent coomeemcmgyuull onpedeseruull unmezpaan.
-+~ 3ameuanune. Ilycrs

Y =f(x),
T. €,
dy=Ff (x)dx. ®)

Wnterpupya pasenctso (5) B npexesax ot a a0 8, Gyzem umers

b
yO) —y@=\f(x)dx. (6)

a

IMocnenunss opmyaa yacTo OpiMeHseTcd Ha TMPAKTHKE.
: YueHne o HeompeZeneHHOM .1 OmpexesieHHOM HHTErpasax H WX npu-
JIOXEHUAX COCTAaBAseT NpeIMeT UHINEe2PAAbHO20 UCHUCACHUA.

§ 2. OnpepeneHubiil §HTerpajJ C NepeMEHHLIM BEPXHHM MpexeIoM

[ycts dyukuua f(x) Henpepmsna Ha orpeske [a, b]. Paccyorpum
nHTerpan
X

\Y{GL2 M)

a

roe t=(a, x]c[a, b] (Bo usbexaune nyranyust, nepevenilas uuTerpi-
posania o6o3Hauena Apyrofl Gyksoi).
Ecan F (x) — nepsooGpa3nas ¢yuxunu f(x), T. e

F' (x)=f(x),

10 coraacno ¢opyyse Hsoiorona — JleitGunua uveem

{F(®) dt=F (x)—F (a). 9

Orcioaa

d
dx

DL

[ dt=2 [F(x) = F @]=F' (¥) = [F @) =f(x)—0=F(x).

Cnenosarenso, npou3sodnasn onpedeseHHoz0 UHNE2PAAR € NepeMeH-
HOLM BEPXHUM NPedenost N0 3MOMYy npedensy PABHA 3HAYEHUID NOQbiH-
mezpaarsuoll PyHKguU 04 3mo020 npedesar

f@)dt=f(x). (6]

a
dx

Lo

. . - . a
9 B. A, Kyapsasues, B. I1. Heauaosuy
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Taxny oGpazoM, nnrerpan
X
O @)={r@at 4
a
fRAseTcs nMepsBoo6Gpas3sHoOfl mam noamuterpaashott dyuxkuunn f(x)
Otverny, uto n3 dopuyan (2) caenyer, uto @ (a)=0, 1. e. D (x) ecto
Ta mneppooGpasnas Jaaa ¢ynxuna f(x), KoTopas
o6pamaercs B HYJAb 0OpH XxX=a.
Hpumep. HUmeen -

2 S ViTRad=YTF

0

Paccworpny Temeph onpeeseHHm MHTErPal C NEPEMEHHHM HHXHHM
npeane.ioM

b
{r@oat,

rae x {a, b)
Ha ocnosannn dopymyan Hsoorona — Jlefi6unua nmeeM

b
—5;[ { 7e9 dx} = L [F®)—E@)]=[F @) —F (x)=—f(x).

X

Takiy o6pa3oy, rnpon3sodHas onpedeseHHO20 UHIME2paAd ¢ Hepee
MEHHbLAL HUJICHUAL NIPedenost HO SIMOMY npedeny pasHa 3HALEHUI0 NOObIN-
me2panbHoli (bynxgu 04 3mo20 npedena, 63amoMy € OOPAMHbLAL
3HAKOM.

3ameuvanne Ecan dynxkuna f(x) nenpepusna na orpeske [a, b),
TO Ha OCHOBANM €BA31 HEONPEAeJICHHOrO NHTErpala ¢ neppooGpasHoft
(ra. X1, § 1) 6yaem nvers

x
/() de=C+{f@)at

a

npu a=<x=<b, rae C—nponssoasyad noOCTOSHHAA.

§ 3. Feovmerpuueckuii cMHCT onmpexeneHHoro HHTErpana

Paccexorpuy naomans S(x)?!) nepemennodl xpusommuefinofi Tpaneunn
(puc. 130), orpanuvennoft csepxy nenpepmsroft xpusofi Y=7(X) (a<<
X< f(X)=0), cuuzy ocsio OX (Y=0), caera HenoasmxnoH
BepTAKAnbI0 X==g, a CnpaBa noasinkHON BepTHKabio X=X (a < X < b).

1) O nonaTHH OJOWAJH CM. 3aMeyanHe K TeopeMe § 9.
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Harasagno moxHo BooGpasnth cebe, uro Baoab och OX nponcxomut
HapoAHelHe ¥ BepTHKaAbHHH (QPOHT BOAN NEpPEABHraeTCa cjieBa HANpABo.
’ [lycts x noaywaer npupamenue Ax (419 OnpeneseHHOCTH HOJICKIM,
uto Ax>0). Toraa niowams m3avenutcsn Ha seauwusny AS (puc. 130),

npeacrasasioulyto cofo#f naouIaAb’ TMOJOCKH, OrpanuyeHnoit nyroﬂ 7’?
Kkpuso, ocsio OX © maByms
pepTukaaann X=x n X=
=x-Ax. [Tonoxum

m= min f(X)

r<gX<<xt Ax
1

M= max f(X) g a z zslz b X,
xS X<x+ Ax B . .
Puc. 130,
Cpapuusas naomage AS ¢ :
N/IOWAAAMH [IPSAMOYTOJbHIKOB € OOIUM ocuopaHueM Ax u BHCOTaMH m
u M, Oyaem umeTb

mAx <AS<< MAx?Y). : M

Orciona -
AS

m<—4-<M. )]

Mycts Tenepb Ax —»-} 0. Torna B cuny nenpepusHocta (ynkunn f(X)
Meeum

m-—>f(x) n M- f(x) 3)

O1ciona Ha OCHOBAHHH TEOPEMH O nNpeiene NPOMEKYTOYHOH HepeMEeHHON
(ra. VI, § 8) noayuaem

AS
lim —=f(x)
Jim Re=f (%)
Auanoruuno, npi Ax——0 6y11e.u 1MerTsb
Ar——
Chenopatenslo, CymecTByeT npexen
AS ds
A': D‘B-—jg—f(x)- 4

Takny oGpasoM, npoussodnas naowsadu nepesennoll kpusosunelinod
mpaneyun 04 2106020 3HaveHust apzysenmn X=X pasHa ee Koniye-
sol opduname y==f(x) (reopema HboTona—Jlefi6Hnna).

1) PabenciBo 3jech He HCKMOYaeTcsa, TaK Kak GysrUNS f(X) MOKeT GHTb
nocroanuoll,

O
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Vis dopmyan (4) noayuaem
dS=f(x)dx. IR )2

IMycts S—nomnas . naomwaze KpusoanHefino#t Tpaneuun (pnc. 130),
orpamnuenHas Kpusoll Y= f(X), oceto OX n asyMs Beprukaasmu X=a
n X=>0. Hnrterpnpya pasencteo (5) B npegerax oT & 1o b u yunru-
nag, uto S(a)=0, na ocnonannn opuyan (6) n3 § 1 OGynem nwverp

b
§=8®)—S@={f(x)dx. ©).

Taxnm o6pasoy, onpedesennsii unmezpas (6) om nenpepsisroli
neompuyameasHoll iyrrkyuu npu a<<b pasen naomadu coomgemcmsyio-
ueli kpugoaurelinoii mpaneyuu*) (reoMeTpuuecknfl cMHCa onpe-
penennoro nHTerpana)

Pue. 131. Pre. 132,

Mpumep. Haim niomars S oInoll NOTyBOTHEL CHHYCOHAM Y =sinx
(0 < x=-n) (puc. 131).
Ha ocnoBauny rcoMeTpHyecxoro CMHCIA OMpeieneRIoro HHTErpaia jnecen

A .
S={sinxdr=—cosx ):=— {cos =08 ) == o (—1 = 1) =2
\ - .

(CCOTEGTCTBYIOUIHX KBanpaTHHX CAMNHI).
ITpurep 2. BHcHHTL reOMETPHYECKH CMHICA HHTErpana

. _
1= S YV 1=xidx )
e |

N, ROJL3yach 3THM, HAATH ero 3Hauenue.

Tax kak y=J) 1 —x2 ecTb ypaBHeHHe Bepxieli moJyoxpyxuHocTH x2-4-y2=1,
y=0, 1o mnerpa.'l I npencrasnger coboil niomansk no1yxpyra paauyca 1 (pnc. 132)

[TosTomy l='?; 3TOT PeayJaLTarT MOXHO NONYHHTh TaKKe HEeNnoCPenCTBEeHHEIM
BHuncIenneM unterpaia (7).

1) Yro Cle1yeT TNOHHMATL MOX MIIOWANBI0 KPHBONHHEIIHOR TPaleunn B cny-
wae 3HaronepemenHoll ¢pynxumy f(x), cM. § 5, samevanne. .
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§ 4. Pusuueckuii cMbICA ompeacieHHOr0 HHTErpana

.- 3amaua. 3naa ckopocth =1 (f) NPAMOAUHEHHOro ABIKEHNA TOUKH,
matity npoliaenuntii €0 nyTb 3a npoMexkyTOK BpeveHn 0=<Cf<< T,

T~ M
— - — — \
Y/ Z(O)~—=S—="""z(T) T

Puc. 133.

[peanonaras, uto Tpaextopuel Toukn ssasercs ocs Ox (puc. 133)
1 x=ux(t) ecrpb ypanuemxe .zmn,x;eunn 6ynem umerb (ra. IX, § 2)

v =2, 0]

Orcioga
dx=uv(t)dt. 2)
Uuterpupysn pasencteo (2) s npenenax or 0 go 7, noayusm nyTs,

napoiizenusit TOYKo#f sa ppems 7T:
T

s=x‘(T)-—x(0)=S o) dtY), G)
0

3amevyannc. M3 (3) nonyyaeM ypaBHCHHEe ABHKEHHSH TOYKH
¢

x=xo+§u () dt,

rae x,=x (0).
Tpumep. Ha kakyio Boicotry 3a 10 cex nozummercs paxera, Gpowcitnas
BepTHKAILHO BBCPX, CCAH CKOPOCTL €€ MEHACTCSl MO 3aKOHY

[2+ ¥ ] o

Yemy pania cpeanas CKOPOCTb MO7eTa PAKETH 3@ STOT MPOMEXKYTOK BpeMeuu?
l'lyrb, npoiineuunit paxeroll 3a 10 ¢, paben

- S [2+(t+l)2]dt_(2t t—:—l),lo (20—ﬁ)-—(0—l)%21,09 o,

HO3T0‘\Iy COOTBCTCTBleﬂlaR CpCAHAR CKOPOCTH paKeTu pasua

21,09 KM
Yeo=""Tp =2,109 —

1) Toyuee, dopMyna (3) mactr npHpauleHHe a6GCUHCCH JABHXKYyielics

TOUKH, T. . nepeseujenue moixu 3a gpess T. Tlpolizennuwii myTs noayuntcs B vou

Tyyae, KOraa CKopocTth v (f) COXpanseT NOCTOAHNRIL :max, T. €. Touxa uuuahetcn
B 0AHOM H TOM e Hanpasaenunt (oM. £, 1X, §2).
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§ 5. OcnoBuble cBoiicTBa OnMpeReaeHOro HHTErpana

TIpn BHBOAE OCHOBHEIX CBOHCTB ONPEAEAEHIIOrO HHTErpana Mu Gymem
ncxonnts n3 gopmyan Hetorona — Jleti6unua (§ 1):

b -

{ f(x)dx=F () — F (a), Q)

a

rae f(x) nenpepusua na orpeske [a, b] n F' (x)=f(x) npu x =[a, 8.

Ilag  ayuweft  oGo3puMocTin  ¢pofiCTBA  ONPENENEeHHOTO HHTerpana
pa3ofbeM Ha rpynms.

A. O6umne cpofictpa

. Beautuna onpedesenno20 unmezpasa He 3asucum om o0o3na4e-
HUsL nepe MEHHON UHINE2PUPOBAHUS, T. €.

b b
§f(de={F@)dt,

roe x, {— ao6He GYKBEL

310 cpoficToo Henocpencrtseniio prTexaer w3 Qopmyan (1)

MowxHO mnpuBECTH CACIYIOMIYIO afanoriio: ANNJIOMAaTHYECKIE HOKY
MEHTH OHHAKOBOTO COJACP:KANUs, MAMHCAHHHE HA PA3AHYHHX  A3HKAX
ayTCHTHUHLL.

Il. Onpedencnnsiii unmeapanr ¢ OQUHAKOBUMU npedeaqsul unmezpi
posanus pager a0 (Ha OCHOBAHNN CIENAHHOIO COTAUIEHMUS).

3ameTny, YTO 3TO OnpeaeseHue coorsercroyer it popuyae Heiotona —
JleftGrinna:

{F(x) dx=F () F (@)=0.

1. Hpun nepecmanoske npedenos unmezpuposanist onpedeseHHul
uxmezpaa Merstem c6oil 3Hax Ha oGpamublil.

B camov nene, mepecTapiss nNpeRess MHTErpupoBaHns, n cnay ¢op
mMyan (1) umeem

a b
{f()dx=F(@—-F@O)=—[F @) —~F(@)=—{f/()dx. @
b .

a

b. CBolicTBO agANTHBHOCTH.

IV. Ecau npomescymox unmezpuposanusn [a, b} pasoum na roney
HOe WUCAO 4acMUuHbLX NPOMEICYINKOB, MO OnpedefenHuli unmezpar
s3smeili no nposexcymry [a, b], pasen cy.sre onpedesexnuix unme2
PaA0g, B3AMHX NO 6CEA €20 LACIMUYHBLAY NPOMEINCYNIKEAN;. o
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Deficrsureabno, nycts, nanpuep, [a, 8]=[a, c]U[c, 8], rae a<C
=< c¢<<b. Toraa, nonaran F'(x)=f(x), umeen

b .
{f(x)dx=F 6) = F (©)=[F (&) = F ()] +[F (0) — F (©)] =
c ' b
={f@)dx+§f@)de. ()

3ameyanne. QPopuyna (3) ocraerca BepHOH, eClH € JEKUT Blie
oTpeska [a, b] u noaunTerpanenan dynknas f(x) nenpepuisua na orpes-
Kax [a, c] u [c, )

B. CBoficTBa auuefinocri

V. [TocmosiHHbIE  MHOJNCUMERb MONCHO BWHOCUIMS 3@ 3HAK onpele-
AEHHO20 UuRmMezpaia.

Hekicrsureasno, nycts F (x)— nepsooGpasnas aas f(x) na [a, b]
#u A—nocrosuHas BenuunHa, Toraa AF (x) ectb neppooOpasHan  aasm
AF (x), Tak Kak

[AF (0)) = AF' (x) = Af (x).

Haeen

b
§ 47 (v) dx=AF (x) | = AF () — AF ()=
b
=A[FO)—-F@]=A(f(x)dx.

VI. Onpedeaennnii unmezpan om anzebpauueckoid CyMMbt KOHed-
HO20 'ucaa Henpepbiuttx Oyuxyull pagen maxoi sice arzefpanyecrod
CYyMMe onpedeseHnblXx UNME2pAAN08 Om Imux Pynxyud.

JefcTauteasho, paccyoTpuy, HanpuMep, aareGpaudeckyio CyMmy

f)+g(x)—h(x) &)

Tpex wuenpepssunx Gyukun# f(x), g(x), A(x), n nycp F(x), G(x),
H (x) —ux nepsoobpasume, T. €

F'(x)=f(x), (' (¥)=g(x), H (x)=h(x)

Toraa F(x)4-G(x)—H(x) spaserca nepsooGpasnofi A48 CYMME
(4), rtak xak
[F () +Q(x) - H () =
=F' ()40 (x) — H' (x) =/ (¥) + 8 (x) = h (x).
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Orcioaa nveem

b ' S
S[f(x)+g(x)—lz ()} dx=[F (£)+G (x) — H (x)] |b=

=[€ b)+G(b) —H (0)) = [F (a) 4G (a) — H (a)] =

=1F ()= F @] +[G (0) - G (a)) — [H (0) — H (a)] =

b b b

={f(x)dw+{ g(x)dx —{h () dox.
. ) a a a

I Coofictea monoronuocrn. :

VIL Ecan nodetnmezpansuan - Gynrus ornpedeseHro20 UHIMEZPala
HeNnpeprisHa U HeompuyameAsHa, Q SepxHuil Hpeden UHMe2PUPOSARIUST
Go.1slite HUIICHE20 uan pasen eaty, mo onpedeneHnutii uxmezpan mariice
Heompuyameanen, :

B cavon nene, nycts f(x)=0 npn a<<x<<b. Tak xak F'(x) =
= f(x) = 0, To nepsooGpasnasn F (x) ecrp Bogpactaontas GyHKuns (Tounee,
neyGunaoman ¢ynkuns). B takoym caysae npu b>=a nmeem

b
{f(x)dx=F@®)—F@)=0.

i a R

Vill. Hepasencmeo sescdy nenpepetgnsestn ynxuussmn  MOMHO
NHINE2PUPOBAINt NOYAEHHO NPU YCA08UN, HIMO BepXHufi npedes unmea-
puposariist GoAblle HUNCHEO. .

HeficTuTeabHo, nycts

Flxy=<g(x) mpn a<<x=q)h,

rae f(x) n g(x) nenpepusiint HA oTpeske [a, b). Tak rak g(x) —f(¥) =0,
70 npu b>a 8 cuay csoficts VI u VII nmeen

b ’ b b
fle@) —f)]dr={g(x)dx— f(x)dx =0,

Q a

oT1cIona b b
{fx)de<{g(x)dx.
a a

3ameuanne. Ilycts f(X)—3nakonepemennas nenpepuipias Qymx-
unst na orpeske [a, b], rae b>>a. Hanpusep (puc. 134), f(x)<<0 npn
asx<<a, f(*)>0mpna<<x<<Pu f(x)<<0 npu P< e <<b.

B cnay ceoficrsa apautnsHocTh 1V, yuuThBas reoverpnuecknft CMHCA
nuterpanaa (§ 3), umeem
b

a p b
{f(de={frdr+ ([ de+{f () ds=—85+5—S: ()
a B

aq a

ne 8, S, 83— naomtaan COOTBETCTBYWOULHX - Kplsoauneinnx- Tpaneunh.
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TakuM oGpa3on, onpedeseHubtli uwmezpas, 8 oOues -caydae, npu
a<<b npedcmaganein coboil arzebpauteckyo cymiy naouwadeld coom=-
gememayouux Kpusoaureiinotx mpaneguil, 20e niou,adu mpanequii, pac-
noaooicertslx sutwe ocu Ox, Oepymcsi €O 3KHAKOM NAKOC, a naousadu
mpaneguii, pacnoaocennsx nusxce oct OX,— co 3HAKOM MUHYC,

Ecan b<Ca, 10 BCe oGCTONT HaoGopoT.

44

Puc. 134,

3aMeTnM, 4TO naOWAnL SAWTPHXOBaHOR Ha pnc. 134 ¢urypu BHIpa-
WACTCSA HHTErpaaomM

b .
SI/(0))de=8+8+8 @>a)

§ 6. Teopema o cpennem

Teopema. Onpedesennwii unmezpan om Henpepu8Hol ynrgua
pasen npou3selerii0 OAUHEL NPOMEINCYIMKQ URME2PUPOSARUA HA 3Hade-
Hue noduumeepa./wuoﬁ PYHKQUU npu  HEKOMOposL NPOMEICYMOUHOIE
3Hauenuu apaysenma’).

ODoxasateabctBo. B cavoym nene, B cuay q)opmynu Hoiotona —
Jlefibuunua nveem

Sf(x)dx=F(b)—F(a)- N

rae
’
F'(x)=](x).
Tlpumenss K pasHOCTH nepBoOGPa3HLIX TEOpeMy O KOHEYHOM NpHpaie-
und gynkunn (ra. XL, § 1), noayuns -

F@)—F@)=(@G—a)F' (c)=@b—a)f(c) ‘
rae a<<c<<b. Orcnona
Sf(x) dx=(b-a)f(c), | @
rae a<<c<<b. ¢

. Y Ilpepnonaraercs, uro Bepxuuii Npeje’d MHIErPHPOBaHHS Goiblle HUIKHEFO,
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3ameuyanune. Popmyre (2) npu f(x)=0 moxno AaTh MPOCTyIO
TeOMETPpHUECKYI0 HaMmOCTpamo, B cavmoyM mene, aeBas yacth ee NMpeAcTas-
aseT coGoft nsomans Kpusoaudefinoft . Tpaneunn AabB, rae AB uveer
ypasuenne y=f(x)} n a n b—aGcuncc Touek A u B. Ilpasas e
yacTe 3TOfl Qopmyas! BHpawaeT naoulagb NPAMOYroAbHHKA € OCHOBa-

nneM b—a wu BrcotoH ¢C, pasuofi f(c)
g (pnc. 135).

Taknum oGpazoy, ¢opmyaa (2) reomerpn-
YeCKH O03HAuaeT, YTO MOXHO BCeraa noaolpars
Ha ayre AB Takyio Touky C ¢ alcuuccoll c,
sakmouentoff Mexay a 1 b, $TO macinagb co-
OTBETCTBYIOLIEro npaMoyroasHika aDEb ¢ Bu-
coroit ¢C GyaeT B TOUNOCTH papua nJjouiann
xpusomnnefinotl rpanenuu aABbD.

Wrak, naowmade rpusosuneiinoili mpaneuun,

Pue. 135. o2panuteHKol  HenpepsigHoil altnuell, pasHo-
geaura naousadu NPAMOY20ABHURA € MEA IXe
€OCHOBaHIEM> 1 8ulcomoll, pasrold Herxomopoll cpednell opouname AuNLL.

Uncro f(c)==p HOCHT HassaHne cpeduezo 3unadenun dynuruun f{x)
na npomexytie {a, b]. Y3 dopuyau (2) nmeem

f(x)dx. 3)

1
‘L:——

b—a

Rl

dlprwmep 1. Ciraa neperennoro Toxka pasua

2t

f=l sin —z,

rae ip > 0—MakcuMaipHOe 3nasenie Toxa, 7 —mnepuoy n {—BpeMsa.
HaiitTn cpeamee 3nauenne KBaipaTta cHiIH Toka 3a nepuop T.
Ha ocnobanun dopuyan (3) #ieeM

, r T \ -
T \ gt gip2 21
p=E="F § 2dt= ] § sin® =g dt,

rne uepra o6o3mayaer onepaunio ycpeanent sn. Tak xax

sin® a=—;— (1 —cos 2a),

10
- i 4 Ant i T . 4af\|T i
Bt —cos ™ gt B[ T g\ )T B
‘2—2T g (l cos = ) dt o7 (t gy Sin )’o 5 H
0

Kopenb KBagpatuuil H3 CPeIHErO 3nAuennd KBAajpaTa CHAB 10Ka HOCH1 Ha3-
paune spPexmusHol cua moka, T. €.

lapp= V:_;'
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Ha ocnosanun ¢opvyan (4) noayuyaeM BaxKuHA 1A 3JNEKTPOTEXHHKH Pe3y/bIaT:
io
lapp= V—:'é' ®)
Cnenctene Ilycts
m= min f(x) n M= max f(x)
assxtb as<x<ch
Tak Rak m << f(x)<S M, 70 npu a<<b us dopuyan (2) umeen
b
m—a)<{f(x)dx<M@®—a). . 6)

a

[Mpumep 2. Ouenurs uuTErpan

k19
7 .
[e= S dx
) l4-sin%x’
0
1 1 ) no
Tak kax —2—sl+—sma—xsl npH Osxsf, T0 ga ocHoBanun Gopmyau (6)
MeeM
L n
T =/ €—2‘.
[paGanKeHHO MOXHO HONOXHTDL
clfa , & 1
”"2‘(? + 7)~5 (0,794-1,57) =1,18.

Tounoe 3nayeHHe HHTErpana ecrb

1=—2_=~1,12,

2y 2

§ 7. Hurterpuponanune mo 4acTAM B ONpefAesieHHOM HHTerpasie

Mycts u=u(x) n v=v(x)—Henpepusno audPepeHunpyemue )
¢yuxunn Ha orpeske [a, b}
Haxeen

du(x)v(x)|=v(x)du (x)4u(x)dv(x).

Huterpnpys 310 Pasenciso B npeaenax oT a 10 b u yuuTuBas, 4TO
du(X)=u'(x)dx n dov(x)=7" (x)dx,

HAX0ANM '

) b b
u() o | =§ o)’ (v)ds+{a (@) () dx.

3 To ecTb BMEWOIHE HENpepLHIBHLE MPOH3BOAHHE w’ (¥) B v’ (x), -
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Orciona noayuaeM ¢fopary.Ay uHmMe2puposaHus no {acmasm 6 onpede~
JACHHOM uUHmMe2pane

b [
(u(x) v (©)dx=u@®)v @) —u@v@—{vx)a' (v)dx. (1)

Ilaa kpatkocti ynorpeGasercs oGoauauettne
‘ b
n@ov®)—u(a)v(@=u(x)v(x) !a .
M puwmep. Hafitn

27
§ x cos x dx.
ITonaraa
u=x, dv=-cosxdx=d (sinxj,
Oy 4HM

du=dx, v=sinx.

Mpuyenas ¢opmyay (1), Gyiem mvers
2t 2n P24
— § sin x dx=2x sin 2n—0-sin 04-cos x| =
o .
=03 2x—c03 0=0,

2n
é xcos xdx=xsin x

0

§ 8. 3amena mepemeHoi{l B onpeneeHHon HHTerpaje

Mycrs aan onpexeaennuit uHTerpan
b
{f(x)dv, )

rae f{(x)—nenpepusnan dyuxnna na otvpesxe {a, b, u mnycts no
KaknM-TO COOBpaenusM HaM Kenaareabio BBECTH MOBYIO MEPeMEHHYIo f,
CBA3auIy0 ¢ npekiel X cooTHOW2HHEM | T

x=0() (e<<t<§), )

rae ¢ () — nenpepusno auhepenuupyemas dynxuna na orpeske [a, B].
Ecau npn stox: 1) npu usmenennu £ or o a0 B nepeMennas X MeHdercs

orafob T e
q)(a)=a, (P(ﬁ)=br (3)

n 2) caoxnas dynxunsa f(p (f)) onpeaenena n HenpepuBHa Ha OTpesKe
[a, B]1), To cnpaBermBa dopmyaa

b B _
{fx)dx=\fl@®) o’ @©)at. 4

a

1)y Ecan 3nauenna @ (f) me BMXoaar. Hu3 orpeska [a, b), 10 yoaosue 2) wannumn,
{cM. TeopeMy .0 HenpepuiBHOCTH chroxuofi ¢ynkunn, ra, VIII, § 4, teopema 4)
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* Jlin nokesatenbcTna ‘PACCMOTPHM  CAOKHYIO (PYHKILIO
| F(@ )
rae F (x)—nepaooépaanaﬂ aas ¢yukmm f(x), 1. €
F' (x)=f(x).

ﬂpnmenma npasuao Augdepenunposanun caoxuol Qynuxiunn, noayunm
d ' (4 (4
FF@O)=F(®) 9" O=f(@®)-¢" (),

C/1e10BaTebII0, q))m\uuﬂ F (9 (f)) ssaserca nepsooGpasnofl ans dpynkunn

f (‘P ®)-9" @)

Otciona, na ocuosauun ¢opuyast Heworona — Jleli6uuua, yuurusan
paselctBa (3), GyzeM HMeTh

B B
f@e@n-¢' ®)dt=F (@ (t)| =F (¢ B) ~F (9 (@)=

b .
=F () F(@={/(x) dx,

4YT0 H TPeGOBaNOCh JOKa3aTh.

3anmeuanue [Ipu Bruncaenun onpeneneHioro BITErpana ¢ noMoubIO
SameHHl nepeMeHHoHd 1eT neoOXOANMOCTH BO3BPAIMATLCH K npexuell nepe-
MEHHOl, AOCTAaTOYHO JHlIL BBECTH HOBLIE NMPEAEJLl HHTErPHPOBAHNA NO

opmyaam (3).
Npumep. Buuucant

3 .
S xV15xdx )
U
EcTecToeHHO NOMOKHTD '

I=yT+x (©)
oTciona
x=~1 4 dx=2!dt.

Hobre npezentl muterpnpoBanus onpexedsorcs n3 dopuyaw (6): nodaras x=0,
Gynem umeth {=1 n, nonaras x==3, noayunm {=2. CrejoBartenbho,

3 2 2
VeV T+ dx.——-}. (r=1).t .2 df=2 §(l‘—ﬂ) dt=
1]

» 32~1 8-—1 62 U4 11
=2(5 - )l —2( 5 —T>"?“?=7E'
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§ 9. Onpenenennslil HHTErpan Kax npejex
HHTErpanbHoii CyMMBbl

fycts ¢yuxuna f(x) Henpepusua Ha oTpeske [a,b], n nyctb aas
onpenenentocrn f(x)==0 na [a, 6], rae a<<bh. Toraa ee onpenenenusifi
HHTErpan

b
{/(x)dx )

reoMeTpHuecKk mnpezcrasaser coGoft maomaas S xpusoanuefinofl Tpane-
unn aABb, orpannuennofi maunoht kprpoft y=f(x), ocsio Ox(y=0) u
AByMa BepTuranaMn x=a u x==>5 (puc. 136).

g /7‘4

A fiz,)

4 -Z'a'ﬂ Zr

]

Puc. 1306.

Eute cenute 2000 aer TovMy nasax rpeueckne MareMaTnkn aas npu-
Gamiennioro suuncaenns nuomaan S ynorpeGasan caeayioutnfi npaest:
pasobbem ¢urypy S1) Ha pecbyda GOABILOE YNHCAO BEPTHKANBHHIX NOAO-
COK, OFpaHHuCHHBIX mnepneHaukyaspaMpy Kk ocn  Ox, §pOBEIEHHBIMH
B TOuKax

Xo=@, X, KXo vosy Xp=0D
a=x<<x; <X <Z...<<x,=0)

Kaxnyo 13 stnx monocox npubAnmeHHO MOXHO CUHTATh 82 NPAMOYTO/b-
HUK € ocHopanneM Ax;=x;.1—x; ((=0,1,2, ..., n—1) u nexoro-
poit npomexyrtounoff peicoTOM f(X;), rae X; =t Xp =< X4 Toraa
TJIOWaAb OMIIOrO TAaKOr0 MPAMOYFOJLHIKA, OueBHIHO, PaBHa

f(.i‘,)Ax, (i=0, ],2, veey B— 1)

H, CJAefoBaTeasio, mnJjoumlagby crymeHdaroft ¢urype, cocrosuiell us n
TAKNX MPAMOYTOJbHIKOB, Oyaer

Sa=F (%) Axo+f(Z)Axy ... f(Xp-1) AXn-i (2)

1) 3pecs M KpHBoJnHefiHylo -TpamemHio W ee niomanb ofo3nayzeM Opuoil u
TOll ke Gykeofi S. PasHHIA MEXAY HHMH BHIHNA U3 KOHTEKCTA.
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nan Kopoue .
n—1

Sa= D} f(®)Ax;, 2"

{=0

rae Oyksa Y, o603HAuaeT 8HaK CYMMHUPOBAHHA (CAOKEHUH) H noj
STHM BHAKOM BHMICaH OOWHH (THIHYHBIN) UYAEH CAAraeMHX; IPH 3TOM
YKa3aHO, CKOJbKO C/IaraeMblX M KakHe HMelHO BXOJAT B COCTaB CYMMEL

Cymma (2) nan (2') HasmBAeTCH UNME2pAAbHOI CYMMOL AR (PYHK-
wim  f(x)1). Tak xak npu n—>oo H m‘axle‘l—>0 HAlIE TIOAOCKH

B npelene o6pamwaiorcs B opauHara rpajuxa dynkusn y=f(x), 10
€CTECTBEHHO OXMAATh, UTO

b
lim §,=8=/\/(x)dx. (3)

IleficTBHTENBHO, CNPaBENANBA CACLYIONLAN
Teopema. Ecau giyuryun f(x) wenpepugra na ompeske [a,b),
mo npedea ee unme2passnol cyisss S, npu n—-oco u max [Ax;|—0
:

Pasen COOMEEMEMBYIOWEAY OnpedeserRHoMY unme2pany amol GyHr=-
yuu, T.e

n—1 b
m}k‘ﬁ,.w g,of(x,) Ax; = S F(x)dx?), @

HDoxasateabctso. Iycm
Q=X <X <Xy o0 e < Xpj < Xp=b.
5 _ .
Monoxum S={f(x)dx. B cury coolictsa ammurusuocru (§ 5, 1V)

a
HMeeM

a—1%q

§=3 | fx)dx

i =0 x;

Ortciona, npunmenss teopemy o cpeanem (§ 6), Oymem umers -
n—1

5= 3 f@)Aw, | ©

izo
rae Axy=x;,i—x;>0 n § € [xp X141)

1) TonsiTe HHTerpambHOH CyMME (2) ecTecTBeHHO o6obmaercs H2 caydail
3HakonepeMeHHoOl QYHKUMH.
B 3ToM cMuHCAe 3HaK HHTerpaia npCAcTaBafeT co0oil CTUAH30BAHHYIO
Gyksy S (3HakK CyMMH), a ofo3paucHHe BCEro . ONpeje/ICHHOro HHTerpaila
ABAKETCH COKPAWEHNoN 3aNHCBI0 CyMMB GeCKOHeYyHO GOJbLLIOFO YHCJIA GeCKOHEYHO
MaauXx caaraeMux Buaa f(x) Ax=f(x) dx na orpeske [a, b] (¢ Hawed Toyknm spe-
‘UHg npeped TakKoit CyMMH). ) . o : :
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PaccMOTpUM HHTErPaAbHYIO CyMMY:

n—1

= iz f(x)Ax, ©)
=0 .

rae X; & [Xn %41l
W3 dopuya (8) n (6) moayuaem

n—1
S—8p= [20 [fE)—F(x)]Axs )
Orciona
n—1 )
|§~Snl< Zolf(&)—f(fi)i!Ax: [ ®)
f=

Ecan & — nponssoabHoe NOJMOKHTENABHOE UNCI0, TO NPI AOCTATOMIO
manom max |Ax;|, B cuay nenpepuHocTH Qynkimu f(x), ofecneuernnt
nepaBeHcTBa

[fE)—F(Z) ] <e ®

(ceofictBo paBnoMepHOfl menpepuBHoCcTn dynkuun fx),
cy., manpmep, C. M. Hukoascxuf, Kypc maremarnueckoro amnaansa,
1.1, ra. 9)). Mostomy u3 (9) n (8) noayuaen

n—1

[S—S8.1<< D] eAx;=¢e(b—a), (10)
i=o

rae (b— a) —nanna orpeska [a, b).
M3 nepasencrsa (10), Banmy npoussoapuocTu uncaa €, BHITEKaeT, uTo

lim S; =3, an
n=>00
T. €. cnpasepanso pasencrno (3).

Bameuanne Ecan y=f(x)=0na[a, b), To non nromansio kpnso-
Anuetinoft Tpanewin aABb no onpefenennio Mu OydeM NOHHMATH
4ncao

S= lim §,,

n-—-»0

npeanonaras, 4T0 3TOT Npenen CyuUleCTBYeT.

Cnencroue. Ecau gynxyua f(x)=0 uenpepusna na ompesre
[a, b), mo rpusosuneiinan mpanegun {a << x <b 0<<y<<f(x)}
nseent KOHeHHYI0 naowads, T. €. ABASCTCA Kgadpupyesoll uzypoi.
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§ 10. lNMousatne o NpuUGAMMKEHHOM BLIMHCIEHIH
onpeneJeHHbBIX HHTErpaioB

- Onpeaenennufi unrerpan
b
§f(x)dx ()
a

OT 327aHHOH HEnpPepHBHOR dyHKUHU Y ==F(X) TOYHO BHIYHCAETCA DANEKO
He BCEraa. OAHaKO, 1oAB3YACL €ro reOMETPHYCCKHM CMBIC/IOM, MOXKIIO
nath pAx NPUOAHKEHHHX- GOPMYJ, C NOMOUIbLI0 KOTOPHIX STOT HHTErpan
HaxoautTcs C JoGoH cremenbio TOYHOCTH. Mbl 31ech paccMorpum npo-
CTefilyio U3 HUX, TaK HaswBaeMylo ¢fopayay mpaneyufi.

iy y=rlz)

7 oz 7, = Z; Tivy Tt T
] %l L2 b L 7y

Puc. 137

Kax mussectho (§ 3), HHTErpai (l) npeacrasiaser co6oii naomanb
(c yyeroM sHaka-—cM. SaMeyaHne Ha crp. 264) kpusosuueiinolt Tpane--
L, orpanuueHHoR anHuelt y=f(x), oceio Ox u AByMa oOpAuiaTaMu
x=a u x=b (puc. 137).

b—a
Pazobnenm otpesok [a, b] Ha n paBHHX uacTell M/THHBI h=—we (waz

pa3buerus). . .
[Iycte xg X1 ...y X, (Xp=4a, X,==b)— aGCUHCCH TOUYEK aeaenusd
0 Yo, Y1 +..y Yp— COOTBETCTBYIOWHE oOpAnHATLl Kpusoil. Myeem pac-
yeTHHE GOPMYyaH
xi=Xotlh, yi=f(x))

(i=0, 1, 2, ..., n). B pesyabrate mnocTpoeHsd Halla KpHBOJmilelnan
Tpaneuus pa3buiach Ha psa BEPTHKAAbHHX I10J0COK OXHON M TOM e
LIUpHHBL [, K2OXAYI0 U3 KOTOPHIX NPUOAMKEHHO NpHMEM 3a Tpanetio.
Cymmpyﬂ mouany 3THX Tpaneun#t, 6yseM HMerb

S F)dxms 5 (Gt 30+ 5+ 9 oot i P -0)

HIan

§ ydx=ch (J—}A—l-yx +);2 +. +7Vn—1 +}—2’1) | )

.
a
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(gpop.yra mpanenuii). Popmyny (2) MOXHO KOPOTKO SanicaTh B BHIE
n

b
S ydx~h)) gy, 3)
(=0

rae g;= -1— npu =0 ni=nn = 1 npn i=1, 2, ..., n—1,
Ouwnbxa

b n
=Sy de—h 2 &y

Ha3WBaeTes ocmamounsis waeHos GopMyan Tpanennit (3). loxasano, uro ecan
¢ynkuua y=F(x) HMeeT HenpepHBHYI0 BTOPYIO NPOH3BOZNYIO f’ (x) ma oTpeske
a, b}, 10

IRa =<

rae
My= max |f"’ (x)|
<

[E$14)

(eM, B, IT. Jlemnnonuq n K. A. Mapoun, Ocross BHIHCARTCALHON MaTeMa-
TikH, r1. XVI, «Hayxkas, 1970).
TIpumep. IMpuGmnKeHHO BHURCAHTHL -

S VvV 1—“+x= dx=1I.

PazoGrext npovexytox nuterpapopauns [0, 1] na 10 gacrefi (n=10); caexona-
Telsuo, mar £==0,1.
AGcmucent Tovek penenmst x; (=0, 1, ..., 10) n coorBercTBYIOWIE NM OpAN-

Hat y;=/ 1-4-xf, Buancrennte ¢ noMOmMBIO TAGAAIN KBAIPAaTHHX KopReil, mpi-
BezeHH B TaGuune, NPHYEM OPAHHATH ¥; 1A YROOCTBAa YMHOXEHH Ha MHOXHATCIbL

g Takoil, 910 g=-5 npu i=0 n i=10 (oT™evenn 3pe3nouxoii) H & =1 npn
i=1,2, ..,9

¢ x €9
0 0,0 0,5000*
1 0,1 1,0050
2 0,2 1,0198
3 0.3 1,0440
4 04 1,0770
5 05 - 1,1180
6 0.6 1,1€62
1 0,7 1,2207
8 038 1,2806
9 09 1,3454
10 1,0 0,7071*
I 11,4838
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ITo ¢opumyne (3) nyeeM
. 1=~0,1.11,4838=~1,148.
Touuoe 3HayeHHE HHTCrpaia PaBHoO

1=% Vf-]—%ln (1+V2)=1,1479.

§ 11, dopmyaa Cummcona

Bonee TOuHYI0 (POPMYTy MH NOAy4HM, €C1d Npodias Kpusoauielinon
noAOCKH OyAeM CuuTaTh NapaGoNHYyeCKuM.

PaccyoTpuM pepTHKanbHylo mnoaocky (puc. 138), orpaunuennyio
nenpepaisHolt Kpusolt y= f(x), ocbio Ox (y==0) n aByMA BEepTHKaAAMU
X=—hn x=h - :

Ecau h mano, 10 KpHByO
y=f(x) npuGan:eHHO MOKHO 3a-
MeHHTb napaGosnofi

Y=ax?+fxty, (D)
npoxoasiuell yepes Touku A(—#h,
Y1), BO, y) u C(h, y). Torna

h
S ydx=I1
—-h
nprbémnkenHo Gyaer paseH ~ Puc. 138,
h
S (axt4-Bx4v) dx=(‘5§‘3 + 9§3+yx) ["_h = 2~§‘— W+2vh. (2)
~h
MNonaraa 8 dopmyne (1) nocaeposatensno x== —f, 0, h, noayuaes
ya=al*—Bh+y, yo=v n=eh+ph+y. ©))
Orciona '
. —2 ‘
‘-\’_‘—-"J’o» a=:¥i._2/_l-¥_+_y‘. (4)

IToacrasasa stu suavenus B dopmyay (2), Gynes nmersb
I
1 - h
{ v~z otm+ D=5 0at et 6)
~h
(dopatyaa Cunsncona).

Mpumep. Monvsyncs ¢opMynoii Cumncona, Hafiti
I

T
1= 3 cos x dx.
JT

2
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n
Tonaras h= T

nneeM y_y=0, yo=1, y,=0,
Cacaopateasho, ’ '

=207

w8

I~ % O0-4+44-0)=
(Tounoe 3navcune /=2),

Hcenoapsys napaiasensneli nepeHoc CHCTEMt!  KOOPAWHAT, (opMmy~ry
Cumncona Moo nucath B nnge

§ydx=% [y@+ () +r0) ®")

re h="=9
=

3aMeuanune. Ilna ypemuenns TOYHOCTH BHUNCIONNS onpeneseinoro MuTers
b
pala \ ¥ dx npoMexyToK HuTterpnpoBaniis [a, b] pa3GuBalOT na 1 YaCTHYHBIX Npo-
a

MC/XXYTKOB, Ije n— n0CTaTouHo Conbioe HaTypaablioe YHCTO, H K KaMiOMy H3 BHX
’ b—a -
NPpHUMEHAIOT ¢opMy.'ly Cumncona (5 ), noaaras h=7{-. B Ci;1y CBOHCTBa anii-

THBHOCTH pauuelii onpeieseHHBl HnTerpant Gyaer NpuGIIKeHHo MNpeACTaBAATb
CVMMy NO.yueHHHIX TaK pe3ynbTaToB (napabosudcckas ¢opayaa) (cm. B I1. Hemn-
anosnu u M. A, Mapon, Ccrcen enuncamrentroli MaTeMatnkn, eHayxes,
1670, . XVI, § 3).

§ 12. Heco6cTnennbie HHTErpaas

Ilpn onpepenenun mnrerpasna
b
§f(x)ax (M
a

npeaAnoaaranocs, uro: 1) npomexyTox nuTerpuposanus [a, b] koueuen n
2) noamnTterpanbuas (yuxuns f(x) onpenenena n HenpepHBHa Ha OTPE3Ke
la, b]). Taxoti onpenenenHbii HHTErpa1 NAa3WBAETCA cOOCHMBeHNbl AL (CAOBD
<cobcTeenutiti> oGuuno onyckaerca). Ecan Hapywaercs no Meunmeft
mepe oano n3 asyx ycaosnii: 1) nan 2), 1o cumsoa (1) 6ynew nasmsars
HECOOCTIBEHHBIM Ollpeaeﬂeﬂﬂbl.ll UHmMe2panNos. BriscunM  cMLca 3TOrO
1OBOTO MOHATHA ANA ABYX MpOCTeHiux CIyuaes.

I Iycts dynxnus f(x) uenpepusna npn a=<.x <<-}-0o. Toraa no
onpenenexitio nOJAAraior

+ oo b
{ f(©)dx=1im {f(x)dx. 2)
a besto0 g

Ecan npepen (2) cyumiecrsyer, 10 HecoOcmseHnnli uumezpas ¢ Oec-

KOHeHHb AL Npedea0M HHME2PUPOSAHUT, CTOAMUA 6  aesofl  uacTa
pasencTBa (2), HA3HBACTCH CXOOAMMLICA W €ro sinavenne onpeaens-
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ercs dopuynoi (2); B npoTuBuOM Cayuae pasencteo (2) Tepser

CMBICA, HECOOCTBEHHBII uHTErpan, croduuil caesa, 1asuBaercs pacxo-

OfmuMcs 1 eMy He NDHINCHBAETCA HHKAKOTO UNCAOBOTO 3HaYeHisl.
Feomerpuuecku ans Heor-

pultareantoll Ha [a, 00) PyHK- J A

wm f(x) ueco6CTBennni y=r(z)

nurerpaa  (2) npeacrasaser

coboii naomaab KpHBOAMHEN- 2 27777
uolt  urypsl, orpaHyueHHoN ﬂl ca Z
namiolt  saunmett  y=f[(x),

ocbio OX H BEPTHKAILIO X =a Puc. 139.

(puc. 139).

[ycts F (x) — neppoobpasias dyiukuna a1 noauirerpaasHolt Qynk-
it f(x). Ha ocuosannn dopmyas (2) mnyeem

+So°f(x) dx= lim [F({)— F(a)].
a b—s+oo

Ecaa Bpectit ycaosuoe oGosuauenue
F(+4-0c0)= lim F (),
bes4-c0

TO NMOJAYYHM AJA CXOAAULErocs HecOOCTBEHHOro HNTErpana ¢ GeCKOHeUHLIM
BEPXHUM NPEAeNOM HHIErPupoBaHus o006uéunyio opayay Heomona —
Jleiionuya:

4o . .
| f()dw=F (+00) = F (@), o)
a .
rae |
F' (x)=f(x).
Npumep L
+oo d +
\ H_sz2 = arclg x 0 =arctg(+oo)—arcth\:%_():g.

IL Mycrs dynxuua f(x) HenpepsiBHa npu a << x << H HMEET TOUKY
paspuBa npun x=>. Toraa cooTBeTCIBYIOULUN HecOOCMBEHHbLIT UHINE2PAN
om paspsieHoll ynKyuu onpeneasercs dopmyaoii

b b—¢
{f(x)dx =€11m+0 { fdx : €))

0 HA3WBACTCA CXO0AMUMCA WA PacxXodsauiiiyucs B 3ABHCHMOCTH OT
TOro, CyuleCTBYET MJH He CYMECTByeT mpeaes npasofl yacty pasencrsa (4).
. Ecau cywecrtsyer ¢ynkuna F(x), nenpepsiBias ua.orpeske (a, b] u
Taxas, uro F’ (x)=f(x) npn a << x <<b (0000usennan nepsooGpasnas),
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To 1ans necobcrsemioro nHrerpana (4) cnpaeexnnna 0606 meHHaq
¢dopMyna Hpwortona—Jletibnuua

b—e
Sf(x)dx:elirr_nl-o { f(x)dx—— 11m [F(b—e) F (a)]=
b

=F () —F(@=F()|.
a
Mpnmep 2. Hueenm
1 1
dx —
—_—2 =2—~0=2,
§Vx Vx 0

0

¥Yrpaxunenna

1. BuuncanTs onpepesNeRuuil Huterpan

T

S cos x dx

2

E YKa3aTe €ro remrerpnqecxmu CMBICT,
Bruucants onpejeqenue uumrpa.nu'

. l‘ dx
2. (xidr, 3 S—- 4 S Ly
0 x Vx
5. I'ch.Tb
g 3
1={e"dt.
X
) S
Hafimn: a) & 6) P

6. Hafitu cpennee snavenne dynkwin f(x)=Vx na orpesxe [1; 9]
7. C noMoublo HHTErpHpesaniisa No 4aCTAM BHYHCAHTL Cleqylomtue onpeieses-
HHle HHTErpaiu:

2 1
a) S x sin 2x dx; 6) S (x—1)exdx.
0 0

8. [Tpouspens yKa3aunyio 3aMeny NepeMEHHON, BHIWHCJANTL ciejylolie onpe-
neaennsLle HHTErpassl:

2

a) Sl/4—x2dx, 3:=2sint; 6) Szl—-l_—‘gﬁ,
0
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9. [MpuGaiienno BHYHCANTD HHTErpan
!

dx
14+x
a) no ¢opMyae Tpaneuuil, 6) no ¢opymyne Ciumncona, pasgeaus otpesox [0; 1] na
n=10 pabumx wuacrefi. PesyabTaTh BLIUNC/EGHHA CPABHHTbL C TOYHHLIM 3HAYCHHEM

uurerpaia, paBunM In 220, 69315.
10. Buuncauts caegyiomie HecGOCTBEHULIE HHTErpanbi:

+o i p +o d
—_ X . __ax |
a)S e*dx; ©) S Vies' L) Sx2+x+1 :
0 1 0

2



F'aaspa XV
NMPUJIOXKEHUS ONPEJEJEHHOIO MHTETPAJA

§ 1. Mlromans B APAMOYroOJALHHIX KOOPAHHATAX

3axauwa 1. Hailtn naowane S xpnsoamuelnoft Tpaneunn aABbD,
orpannuentoli xannofl nenpeprsioit annuefl y=f(x), otpeskoMm a=<sx << b
oci Ox 1. AByMA BepTHKAAAMi
g X=a