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So‘zboshi
(>)‘ lingizdagi ushbu kitob, “ОИу matematikadan individual 

iM|i',hiiiqlar” nomh o‘quv qoilanmalar majmuasining ikkinchi qismi 
Imi III), u oliy o‘quv jairtlarining mxxhandis-texnik mutaxassislari 
II. Imiii moijallangan 380-450 soatlik dastur asosida yozilgan. 
Miiiningdek, mazkur majmuadan, oliy matematika fanini o‘qitish 
Ml him ajraiilgan soatlar anchagina kam boigan boshqa yo‘nalishdagi 
imilMXMSsislar tayyorlaydigan oliy o‘quv yurtlarining talabalari ham 
hivilaliinislilari mumkin. (Buning uchun taqdim etilayotgan 
iniilci iiillardan kcraklilarini tanlab olinishi lozim).

i'iivsiya etilayotgan ushbu o‘quv qoilanma, auditoriyada amaliy 
imr.ligiilothir va mustaqil (nazorat) ishlami oikazish uchun hamda 
nliy matematikaning barcha boiimlari bo‘yicha individual uy 
in|i.';liiriqlarini bajarish uchun moijallangan.

O'quv majmuaning ikkinchi qismida kompleks sonlar, aniqmas 
\.i iinici integraliar, ko‘p o‘zgaruvchili funksiyalar va differensial 
UMl'iitiiialarga bagishlangan mavzular bo‘yicha materiallar 
Kfliiiilgaii.

Kitobning ikkinchi qismi tuzilishi ham uning birinchi qismiga 
iiviMii o'xshash koiinishda yozilgan. Boblar, paragraflar va 
i.i'.mlamitig raqamlanishi birinchi qismga mos ravishda davom 
iiliiiij'aii.

Kitobning yaxshilanishi borasidagi bebaho koisatma va 
miisliiiuiilarini ayamaganliklari uchun mualliilar jamoasi, mazkur 
iii.iimiuming laqrizchilari boigan Moskva energetika instituti, FA 
mii.xhir a’/.osi, rizika-matematika fanlari doktori, professor S.I. 
l'ii.\oj:iycv rahbarligidagi “Oliy matematika” kafedrasining 
liimoíisiga, Minsk radiotexnika institutining “Oliy matematika” 
!■ .ilrdnisiiiing miidiri, fízika-matematika fanlari doktori, professor
I Л ( 'hcrkasga hamda shu kafedraning dotsentlari, ilzika- 
miili-m.itika lanlari nomzodlaii L.A. Kuznetsov, P.A. Shmelyov, 
Л Л Kiiipiiklaiya, o‘/lariniiig minnatdorchiliklarini bildiradilar.

kiloit l)or;isiilagi barcha ftkr-mulohazalaringizni quyidagi 
iii.iii,'il|4i yiihoiisiilarinigizni iltimos qilamiz; 220048, Minsk, 
Mii'.iu iuv sli()lik()‘chasi, 11, “Высшая школа” nashriyoti.

<)'.-l»'k liliilagi taqimasi bo‘yicha Toshkent, Universitet
1.И , Ini M u-l: 246-83-62 Mualliflar.
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USLUBIY T A V S IY A LA R
Tavsiya etilayotgan qoilanmaning shakîi, undan foydalanish 

uslubi, talabaning ko‘nikma va bilimlarini baholash mezonlarini 
tavsiflab chiqamiz.

Oliy matematika kursi bo‘yicha barcha ma’lumotlar boblarga 
taqsimlangan boiib, ularning har birida masala va misollami 
yechish uchun zarur boiadigan nazariy bilimlar (asosiy ta’riflar, 
tushunchalar, teoremalar va formulalar) keltirilgan.

Ushbu maiumotlar yechilgan mashqlar yordamida 
mustahkamlanadi. (Misollar yechishning boshlanishi -  va oxiri
-  M belgilar yordamida berilgan.) So‘ngra auditoriya mashg'ulot 
(A T ) va oikazilayotgan mashg‘ulotlarda 10-15 minutga 
moijallangan mustaqil (kichik-nazoratli) islilar uchun javoblari 
bilan birgalikda masala va misollar tanlab olingan. Va nihoyat 30 
variantdan iborat haftalik individual uy topshiriqlari (lUT), 
namunaviy misollar yechimi bilan birgalikda berilgan. Ш Т 
maium qismining javoblari ham keltirilgan. Har bobning 
nihoyasida amaliy ahamiyatga molik, darajasi yuqori 
qiyinchilikka ega boigan qo‘shimcha topshiriqlar joylashtirilgan.

Ilovada muhim mavzular bo‘yicha bir va ikki soatga 
moijallangan (har biri 30 varianthk) nazorat ishlari keltirilgan.

AT topshiriqlarining raqamlanishi uzluksiz boigan ikki 
sondan iborat: birinchi-qismi bobni aniqlasa, ikkinchisi ushbu 
bobdagi AU  tartib raqamini belgilaydi. Masalan A T  9.1 shifri 
ikkinchi bobga tegishli birinchi topshiriqni aniqlaj^di. 
Qoilanmaning ikkinchi qismida 26 AT  va 12 Ш Т berilgan.

lUT uchun ham boblar bo‘yicha raqamlash kiritilgan. 
Masalan Ш Т 9.2 belgisi beshinchi bobdagi ikkinchi lUT 
ekanligini ta’kidlaydi. Har bir lUT ning ichida esa quyidagicha 
raqamlash kiritilgan: birinchi son topshiriqdagi masalaning tartib 
raqamiga tegishli boisa, ikkinchisi variantning tailib raqamini 
aniqlaydi. Shunday qilib, lUT 9.2:16 shifri talabaning Ш Т 5.2 
dan 16 variantdagi topshiriqlarini bajarishini belgilab, ushbu 
variantda 1.16, 2.16, 3.16, 4.16 masalalar borligini ta’kidlaydi. 
lUT bo‘yicha variantlami tanlab olishda oldingi topshiriqdan 
kejdngisiga o‘tganida tasodifiy yoki boshqa usulda almashtirish



II iiliiii i|i>'lliisli iminikin. Bundan tashqari, ix tiyor iy  taiabaga lUT
III iili' lml.t Imi xil liiidiigi masalalarai har xil variantlardan olish
I...... Miisiilim, liri' -3.1;l.2;2.4;3.6 shifri talaba lUT -3.1 dan
III! III! Ill iii;i:.:il;ini 1 variantdan, ikkinchisini 4  — variantdan, 
III liiiii liiMiu <) variantdan yechishini ta’kidlaydi. Bu 
I II Iiiii'.liil.i)'.i koniiiiiuilsion usul 30 ta variantdan keng qamrovli
I II |i \.11 iMiillai liosil qilishni ta ’m inlaydi.

n i l  l.iMii hii’/ i  o l iy  t e x n ik a  o ‘q u v  y u r t la r i  (B e lo ru s s iy a  
i |i it i li i i |  sn'|;»li)'Mii iiKv\;iiii/ ,a(siyalash in s t i tu t i ,  B e lo r a s s iy a  
| i i i | i i rM uk,i  iii '. iiiiid, l I / o i |  s liarq  p o l i t e x n ik a  in s titu t i  v .b . )  n in g
II i|ii\ |:ii.iviiiii(lii (¡o'llaiiilishi, IU7' ni h a r  bir haf ta l ik  auditoriya 
iii|i',liiii(|liiiiilaii kcyiii ¡iloliida har  safar berishning o ‘m ig a ,  ikki 
liilliiilii 1)11 iiiMiia, ikki liallalik auditoriya m a sh g ‘ulotlaii 
Ml i, niiiiii)',a mos ravi.slula bcrish m aqsadga m uvofiq  ekanligini 
I II I ..iiili llslilni cioMlaimiaga nuivoliq  ta labalar  b ilan ishlashni 
I r.liUI ch'.li 1)0 yii-lia iiiiunniy Uivsiyalarni beramiz.

I < )liy o'(|iiv yiirlhiiiiiiiij.', 2.'S talik guruhlari uchun har 
liiiHiiilii ikkila auditoriya uiaslig‘ulotlari, talabalar erkin
...........  Ii,iili|',an inaNlalial d a rs la i i  rc ja la sh t i r i la d i  v a  h a f t a l ik  lUT
I'l iil.iili 11;,Ill'll l a d b i r l a m i  sa i iu i ia li  ta sh k i l  e t i sh  m a q s a d id a ,
i.iliili.iliii b i l iu i im ,  x a to  va k an ic l i i l ik la r in i  a n iq la s h  v a  tu z a t i s h  
i i i l l a i i i i i  ko isa tga i i  h o ld a ,  t iz im li  b a l io la sh  u c h u n  k a fe d ra
I....... olditidiui tayyorlaagan professor-o‘qituvchilarga lUT
iiini' iiiMililai vaiatjasi va yech im lar majmuasi beriladi (talabalar 

mil l i m i t  .liivoblar varaqasi har bir topshiriqlar uchun

I.r, \ HI lililí.,I, voi’ liiiiilar majrnuasi faqat yechish usulini, amallar 

I ' ini I I 'llii'.i va liisobiashlardagi k o ‘nikm alaraing to ‘ g ‘r ilig in i 
!■ I Imi .h lu hull /arur b o ‘ lgan im ihim  b o ‘ lgan masala va

> .11 iiiiiikii|vi ishlab cliiqiladi. Ka fedra  tomonidan yechim lar 
v.ii.ii| i .i q.iysi II) r lar uchun zarurligini belgilanadi. Yech im lar

i.n,ii|,r,i (l)ii(a  variant bitta varaqda joy lashad i) talabalar

......... . hajaiilgan topshiriqlar bajarilishida o‘z o‘zini nazorat
iplr.li iiiliiiii, lalabaliu- o‘rtasida o ‘zaro nazorat tashkil etishda 
I .lil.iiiladi Lckiii ko‘pchilik hollarda yechimlar varaqasi 
\nidaimdn o'qituvchi usulning to‘g ‘riligini tekshirsa, talabalar 
ii .iiimi' liisob-kitoblari to‘ g ‘riligini nazoratdan o ‘tkazishi



mumkin. Ushbu usullar 25 talabaning lUT larini 15-20 mimil 
davomida tekshirib baholash imkonini beradi.

2. Oliy о ‘quv yurtlarining 15 talik gurahlarida esa hai 
haftada ikkita auditoriya mashg‘ulotiari, gurahlar dars jadvalida 
mustaqil tayyorlanish uchun, o ‘qituvchi nazorati ostida haftalik 
yuklamaga kiritilgan ikki soatlik maslahat darslari rejalashtiriladi. 
Dars jarayonini ushbu taxlitda tashkil etish (Belorussiya qishloq 
xo‘jaIigini mexanizatsiyalash instituti), talabalaming mustaqil va 
ijodiy ishlashlari hamda bilim sifatini o‘qituvchilar tomonidan' 
tezkor ravishda nazorat qilish darajasi sezilarli tarzda oshishi 
kuzatiladi. Yuqorida tavsiya etilgan usullar bu yerda ham o‘zining 
samarasini beradi. Lekin, ushbu guruhlarda AT  va lUT lami 
tekshirish tezlashadi va topshiriqlami bajarishda nazariy 
bilimlami nazorat qilish iinkoni oshadi, o ‘zlashtirmovchi 
talabalardan mavjud qarzdorliklarni kamaytirish imkoniyati paydo 
boiadi. Shuningdek, yana ШТ, mustaqil va nazorat ishîari 
bo‘yicha baholar jamlamasi yordamida o ‘quv jarayonini 
boshqarish, nazorat qilish, talabalar olgan bilimlari sifatini 
baholash imkoni ham paydo boiadi.

Yuqorida aytilgan tadbirlami amalga oshirish natijasida 
semestr mobaynida o ‘rganilgan bilimlar bo‘yicha an’anaviy 
semestr (yillik) imtihonlardan voz kechish, hamda talabalar 
ko‘nikmalari va bilimlarini baholash bo‘yicha blokli-siklik 
(modulli-siklik) deb ataluvchi usuldan foydalanish mumkin 
bo‘ ladi. Ushbu usulning mohiyati quyidagi lardan iborat: Fanning 
semestidagi (jallik) yuklamasi 3-5 ta blok (modul) larga bo'linadi 
va ulaming har biri bo‘yicha AT, lUT bajarilib, sild yakunida esa 
ikki soatlik yozma nazorat o ‘tkazilib, bu yerda 2-3 ta nazariy 
savollar, 5-6 ta masala va misolllar beriladi. AT, lUT va yakuniy 
nazorat ballarining yigindisi talabalaming har bir blok (modul) 
va semestr (o ‘quv yilida) hamma bloklar (modullar) bo‘yicha 
olgan bilimlarini ham alohida obektiv baholash imkonini beradi. 
Shunga o ‘xshash usul Belomssiya qishloq xo‘jaIigini 
mexanizatsiyalash institutida tadbiq qilingan.

Fikrimiz yakunida, ushbu qo‘ Ilanma o ‘rtacha imkoniyatli 
talabalarga mo‘ ljallanganligini va bu yerdagi bihmlami egallash



"Ь ' iMiiii niMiikii qoniqarli va yaxshi ko‘nikmalarga ega
In. III.hi,ими lii'miiiiiisliiiii ta’kidlashimiz mumkin. Iqtidorli va
I I" bilmi'ii o'i|iivflii (alabalar uchun esa, rag‘batlantirishning
' I и ■ I...... 11111 b 11 III I I' ’ I i Iwrga oigan holda alohida murakkab
i"ji Imi.|liii ( 1;Г1|пк!;| individual yondashuv) tayyorlanishi zarur.

i il.iii, III! iiiliihiilaiga, o ‘z ichiga ushbu qo'llanmadagi yuqori 
mm il Kiiliiikkii c)',a masalalar va nazariy mashqlar (ushbu maqsad 
HI him. Misiisiiii, liar bir bob oxiridagi qo‘shimcha topshiriqlar 
и(и l|iill,iii)'im) liiiUm scineslr uchun ishlab chiqilishi lozim. 
H qiHiMlii 11,'ililiu U)|)sliiiiqlarni semestr boshida berib, ulaming
i .i|iiiili'.li kfimn kclligini belgilab (o'zining shaxsiy nazoratida), 
Mhilniliiic.ii uliy malcnialikadan ma’ruza va amaliyot darslarida 
' il. Ill i|iiiiiii:.lii,sli)',ii nixsal berishi mumkin va hamma topsliiriqlar 
mm iilliii|iv.iili hiijarilgandan so‘ng sessiyada a io  baho qo‘yiladi



1. KO M PLEKS SONLAR V A  U LAR  USTIDA A M A L L A R

z=x+i

7.1. ASOSIY TUSHUNCHALAR. KO M PLEKS SONLAR ' 
USTIDA A M A L L A R  

Kompleks son deb, z =  x  +  iy turdagi songa aytiladi. Bu 
yerda, x va у  lar haqiqiy soniar i — V —1  esa, mavhum birlikdir, 
ya’ni, kvadrati -1 ga teng boigan son yoki + 1  — 0 
tenglamaning ildizidir. Odatda, x ni kompleks sonriing haqiqiy 
qismi, у  ni esa, uning mavhum qismi deb yuritiladi. Ular uchun 
quyidagi belgilashlar kiritilgan: x — Rez va y=  Imz. Agar у  =  0 
unga z =  X  E R agar x =  0 boisa, z =  iy ni sof mavhum son 
deyiladi.

Geometrik nuqtai nazardan 
qaralganda, har qanday z ~  x +  
iy kompleks songa tekislikning 
biror M (x,y ') nuqtasi (yoki OM 
vektor) mos keladi va aksincha, 
tekislikning har qanday M (x ,y ) 
nuqtasiga z — x +  iy kompleks 
son mos keladi. Umuman, 
kompleks soniar to‘plami bilan 
Oxy tekislikdagi nuqtaiar orasida 
o'zaro bir qiymatli moslik 
o'matilganki, Oxy tekislikni 
kompleks tekisligi deb yuritiladi 
va uni z  kabi belgilanadi (7.1- 
rasm).

Barcha kompleks soniar 
to‘plamini С harfí bilan belgilanadi. Har doim, R a  С ekanligini 
ta’kidlaymiz. Barcha z — x  haqiqiy sonlarga mos keladigan 
nuqtaiar Ox o ‘qida joylashadi, shu boisdan. Ox o ‘qini kompleks 
soniar tekisligidagi haqiqiy o ‘q deb yuritiladi. Barcha z — iy 
mavhum sonlarga mos nuqtaiar Oy о ‘qida joylashadi va kompleks 
soniar tekisligining mavhum o ‘qi deb ataladi.

Agar ikkita kompleks sonlaming haqiqiy va mavhum qismlari 
o‘zaro teng boisalar, ulami o ‘ zaro teng kompleks soniar deb 
yuritiladi.

z=̂ x-iy

1.1 rasm



jc +  iy va z =  X — iy turdagi sonlar o ‘zaro tutashgan 
(Imi'iangan) kompieks sonlar deb ataladi (7.1-rasm).

A^vifda, =  x-i +  iy i ^ 2  — X2 +  iy2 ikki kompieks sonlar
ho' Isii, ular ustidagi arifmetik amallar quyidagicha bajariladi:

/, I /2 =  (x i +  iy i )+ (x 2 +  iyz) =  (Xi +  X2)+i(y-i +  y 2 ),
-  >Î2 =  (Xi +  iy i) - (^ 2  +  iyz) =  (Xl -  X2)+ i ( y i  -  yz).

(x, +  iy i)(X 2 +  =  (^ 1^2 ~  y iy 2 )  +  i(y iX 2 +  y 2 X j,  
£1 — + XtX2 +yiV2 ^  . X2yi-X^y2
Z2 ~  X2 + iy?. ^2^ xl+yl xl+yl

(oxirgi amal Zj *  ^ boisagina o ‘rinli boiadi). Yuqorida 
liü|iirilgan amallar natijasida, umuman yana kompieks sonlar hosil
l)ni;idi Shuningdek, kompieks sonlar ustidagi mazkur amallar, 
li;i(|ii|iy sonlar ustidagi arifmetik amallarga o ‘xshash barcha 
xosisalarga egadir, ya’ni, qo‘shish va ko'payiirish amallari 
kdininiitativ va assotsiativdir, hamda ular distributivlik xossasiga 
i>>ii hoiib, ular uchun teskari amallar boigan ayirish va boiish 
( iiul|',!i boiishdan tashqari) amallari ham mavjuddir.

(-misol. Zi =  2 +  3 i , Z2 =  3 -  4i va Z3 =  1 +  i kompieks

Noiihir berilgan. 2 =  topilsin.

► Ketma-ket hisoblaymiz:
+  Z3 =  (2 +  3i) +  (1 +  0  =  3 +  4i,

/,^2 — (2 +  3 i)(3  ~  4 i) =  (6 +  12) +  ¿(9 — 8) =  18 +  i,
=  (3 -  41)2 ^  g _  24j- _  16 =  - 7  -  24j,

/] +  ZjZ2 +  z| =  2 +  3i +  18 +  i — 7 — 24i =  13 — 20i.
............. ■ 13-201 (1 3 -2 0 0 (3 -4 0  _  (3 9 -8 0 )+ i ( -6 0 -5 2 ) _

' ' ^ “  (3+40(3-40 ■ -  -

UnilgiiM 2  — x +  iy  kompieks sonning moduli deb, r  =  
\/zf songa a>'tiladi. OM vektoming Ox 0‘ qning musbat 

vii'uiilislii bilan tashkil etgan (p burchagi ni kompieks sonning 
,11 |-,imu-n(i deb ataladi va ^  =  A rgz  kabi belgilanadi.

11.11 (landay kompieks son uchun quyidagilami yozish 
Inumk 111 ( V. I lasmga qaralsin):

X =  rcos(p,y =  rsin(p,

coscp sirup

=  y fx ^ y ^ -



Bu yerda, kompleks son argumentining bosh qiymati 
<p — argz  uchun quyidagi shaitlar o'rinli boiadi: ■■K<argz<n yoki 
0^rgz<2n.

Har qanday z — x +  iy kompleks sonning tiigonometrik 
shakli deb,

z =  r{cos(p +  isin<p) (7.2)
ifodaga aj t̂iladi. Agar Eyler formulasi deb ataluvchi =  

cosq} +  isinq) ni inobatga olinsa, (7.2) dan kompleks sonning 
ko‘rsatkichli shakli deb ataluvchi

(7.3)
ni hosil boiadi.
Yuqorida keltirilgan (7.2) bilan (7.3) formulaiami kompleks 

sonlarni ko‘paytirish va ulaming darajasini oshirishda qoilash 
maqsadga muvofíqdir.

Agar =  ri(cos(p¡^ -í- isiiKpj), Z2 =  r2 Ícos(p2 +  isiri(p2 )  
ifodalar berilgan boisa, u holda quyidagilar o ‘rinli boiadi: 

z^zi =  riT2Ícos{(p-y +  ^ 2)  +  ísín((pi+<p2}} —

—  =  Ü  (cos (^ i “  (P2 )  +  is in i^ i -  (P2 ) )  =  — (z2̂ o)_
Z2 Г2 2̂ ,

z ”  =  r^{cosn(p +  isinrup) =  (7.4)
(7.4) formuiani Миала: formulasi deb ataladi.
Agar (7.2) kabi berilgan kompleks sondan и-darajali (n> l, 

n  E Z ) ildiz chiqarish lozim boisa, ushbu ildizning n ta qi)/matini 
beruvchi quyidagi formuladan foydaíaniladi:

Z, =  V i  -  V^ (c o s^ -!^ ^ +  i s í n ^ ^ )  =
n^^iicp+2nk)/n ^  0 ^ - ^ )  ^ (7 .5)

V r -  arifmetik ildiz deb tushuniladi.
2-misoL ( 1  +  i)^^ hisoblansin.
► (7.1) formuladan foydalanib, z =  1 +  i ning trigonometrik 

yoki kc‘rsatkichli shakllami yozib olamiz: r  — VTh- 1  =  

л/2 , cos(p =  sin(p = j^ . ( P = ~

z  =  V 2 (^cos — +  isin ̂  ~

Muavr formulasiga binoan,

10



/  ‘ ( c o s  ( 1 2  ■ 0  +  isin ( 1 2  ■ 0 j  =  4 2 ^ 6 ^ ^ ^  =

(.1{( «.viivr +  +isin3n') =  —64.^
.Uinisol. z*’ +  1  -- 0 tenglamanmg ildizlari topilsin.
► Berilgan tenglamani z® =  - l y o k i z  =  kabi yozib 

til ish mumkin. (7.1) formulaga binoan, -1 ning trigonometrik 
shill,h —l  =  l - ( c o s n  +  isim r) kabi yoziladi. (7.3) formulaga 
kn'ia, qaralayotgan tenglamaning ildizlarini

=  V= 1  =  1  (c o i  ̂  +  isin I l i i l )  =  bu

yri'dii k =  0,S
dan foydalanib aniqlaymiz. k ga ketma-ket 0,1 , ..., 5 , 

i|iyinatlarni berib +  1  =  0 tenglamaning barcha mumkin 
ho'Igan 6 ta ildizlarini topamiz:

n n Í̂З 1 m
/„ - c o s - +  is in -  =  ~  +  - i  =  6 6,

n n 
COS-- +  isin — =  i =

2 2
5 5 Vs 

r o s -n  +  isin — n = ------
6 5 2
7 7 V3 

COS-K +  is in -n  =  — —
6 6 2 
3 3

-■I

1 - S n i

+  i  -  = e  6  ,

2

1 7 n i - S n i

--/  = 6  6  = e  6  ,

2

3 n i 3 n i

e  2  = e  2  ,

i m .
--- 1

—n i

“  — - t =  6 6 —  e  6  . <

1 1 . . .  11 
=  c o s — n  +  i s i n  —  n  —

6  6  2  Z

4-inis<)l. ~  1 +  i\/3 — 0 tenglamaning ildizlari topilsin.
► /■* =  1 — ¿Vs =  2(cos| — isin^') boiganligi uchun (7.5)

3 ^ — 3  y—  ^ + 2 n k  ^ ^ + 2 n k

lnimiil;i).',ii bmoan, Zj^=  ̂ \z  — v2 {cos --------- is in ------- )  ni

yn/ii olamiz (/t= 0,2 ).
Dcinak, berilgan tenglamaning ildizlari quyidagicha boiadi:

i p : .  JT . . 3  17^  i  7 n  . . 7 n \

Z()=V2 ( c o s - -- is in -),z ^  =  v 2 ^cos — — isin—j,
a r r /  1 3 7 T . . 1 3 7 r \  .

Z2 -  V 2 ^coS“ - — is in -^ j .  ^

II



AT- 7.1
1. Agar =  2 +  3i , Z j  =  3 +  2i , z-¡ —  S — 2i boisa, 

(z i +  2z2)zg hisoblansin. {Javob: 54+19Í).
2. Zi =  3 +  5i, Z2 =  3 — 4i, Z3 =  1 ~  2l kompieks sonlar

berilgan. z =  ni yo ĵj topilsin. {Javob: ^  +  ~  i).
Z3 5 5

3 . Zj =  2 — 2i , Z2 =  —1 +  i , Z3= — i va Z4 =  --4 lami 
trigonometrik va ko‘rsatkichli shakllarda ifodalansin.

4. z^ — 1 =  0 tenglamaning ildizlari topilsin. {Javob:
^  V 2  , , V 2  .  . a/ 2  , V 2  . .

Z o  =  1 ,  Z i  =  Y - r  =  - — - V ~ l , Z ^  =  ~ 1 ,  Z 5  =

' f z  > / 2  . .  V 2  V I

Mustaqil ish
1. 1. Agar Zi =  4 +  5 i , Z2 =  1 +  i , z  ̂ =  7 — 9i boisa, 

z =z ifodaning qiymati topilsin. {Javob: 40—320-

2 . Zj =  V*3 +  i , Z2 =  —1  +  ^ÍЗi va Z3 =  — ~ laming 

trigonometrik va ko‘rsatkichli shakllari keltirilgan.
2. 1. Agar =  4 -1- 8/, Z2 =  1 — i , Z3 =  9 +  13i boisa,

qiymati topilsin. {Javob: 7+190-•̂ 2
2. z^ — i =  0 tenglama yechilsia. {Javob:

+

(ZI+Z2+Z3)

\
3. 1. Agar Zi =  2 — i, Z2 =  —I  +  2i, Z3 =  8 +  12i bo‘ lsa,

 ̂ topilsin. {Javob: 2+20-

2 . Zi =  2 / ( 1  +  i), Z2 =  —V3 — c kompieks son 
trigonometrik va ko‘rsatkichli shakllarda ifodalansin.

7,2. 7- bobga qo‘shimcha mashqlar
1. Quyidagi kompieks sonlar ko‘rsatkichli shaklda 

ifodalansin
a) z — — vT2 — 2i , b) z  =  - c o s  -  +  isin^ . {Javob: a) 

4e™ '/6,b)e''” A ).

12



I .  Ishollansin (1  +  c o s a  +  i s i n a Y ^  =  { i c o s - ^  ( n  G

N. i i  ( / 0 .
Yig'indi topilsin Yk=o^ ■ {Javob: — p - - —- .)

■J. n ning qanday butun qiymatlarida quyidagi tenglik 
It iinli bo'ladi?

( 1 I =  ( 1  -  i )« ,  {Javob: n =  4k, k € Z.)
S. liylcr formulasidan foydalanib
( \ I c.os2x +  cos3x +  — h cosnx 5dg‘ indi hisoblansin.

, , (  . nx n + l  \ . X ,
i.hnoh: — <^os-Y-xJsin~.)
<1 Ayniyal isbotlansin 

» I (x ~  l) (x ^  — 2xcos72° +  l ) (x ^  — 2xcosl44° +  1).
\ \ iy nuqtalarda ko‘rsatilgan shartlami 

i|minall.inliriivclii sohalami (z) kompleks tekisligida topilsin va 
niiii III'.vil lansin.

7. |/ X|| <  4, bu yerda; ~  3 — 5i. {Javob: markazi 
I ho'iih, radiusi /?=4 boigan ochiq doira.)

H I- I X| I • 6, bu 3̂ erda: — l  — i. {Javob: markazi — 
mi.|i.nin 111! Ill), ladiiisi R -̂ 6 boigan doiraning tashqarisi.)

I ■ /| <  3. {Javob: markazi z  — i nuqtada boiib, 
I .iiliii'.l II I ) I I va r¿ =  3 boigan aylanalar orasidagi halqa.)

Id. (I • |/ I-(| <  1 . {Javob: radiusi R - l  doiraning z =  
I (iu.|l;i(|iit'i niarka/.ini chiqarib tashlangan ichki qismi.)

II (I - IU’{'M ./.)<2 . {Javob: y =  0,y =  ~ ^  to‘g‘ri 
I III •iijliii ui.i'adaj'j gori/oiilal tasma.)

1 / const:,aER  . {Javoh: agar a =  0

III! 1 .1 II IimIiIii ( - 0, ya’ ni, clicgarasiz o‘ng yarim tekislik; agar

K 0 \iil»i II 0 boisa, I! holda, “  V 2a ) ~  ^/4a^
ii\ l.inaniii)’, icIiKi v,i lasliiji qismlari nuqtalarini hosil qilamiz.)

I » /)’(•  ̂ 0, bu yarda a =  const, a G R {Javob: z ~  at 
nili|l;l )

14. In i{iy .)<  2 {Javoh: x — 2 to'g'ri chiziqdan chapda 
|(i<, lii'.lipaii yai'iin tekislik.)

13



8: AN IQ M AS INTE G R AL

8.1. BOSHLANG ‘ICH  FU NKSIYA  V A  AN IQ M AS 
IN TE G R AL

Faraz qilaylik, (a; h) oraliqda f ( x )  ftmksiya berilgan boisin. 
Agar shu oraliqning barcha nuqtalarida F '(x )  =  / (x ) kabi tenglik 
o‘rinli boiadigan boisa, u holda, F (x ) funksiyani / (x ) 
funksiyaning (a ;b ) oraliqdagi boshlangich funksiyasi deb 
yxiritiladi. Berilgan / (x ) funksiyaning har qanday ikkita 
boshlangich funksiyalari bir-biridan ixtiyoriy o ‘zgarmas son 
bilan farq qiladi.

Agar C ixtiyoriy o ‘zgarmas son bo iganda, (a; ¿ ) orahqda 
berilgan / (x ) funksiyaning F (x ) +  C kabi barcha boshlangich 
funksiyalari to‘plamini / (x ) funksiyaning aniqmas itegrali deb 
ataladi va u quyidagicha yoziladi;

f  f (x )d x  =  F (x )  +  C.
Integrallashning asosiy qoidalarini keltiramiz-,
1) J  / ' {x )d x  =  J d/ (x ) =  / (x ) +  C,
2) d / f { x )d x  =  d {F {x ) -f- C) =  / (x )dx ;
3) / [/ W  ±  <p(x)]dx =  j  f i x )d x  ±  f  <p(x)dx;
4) / a f (x )d x  =  a J f (x )d x  (a  =  const);
5) / f (x )d x  -  F (x ) +  C boiib, a va b (ai^O) lar o ‘zgarmas 

soniar boiganda, har doim quyidagi munosabat o ‘rinli boiadi:

J / (ax  +  b )dx  =  +  b ) +  C;

6)  agar J / (x )d x  =  F (x ) +  C boiib, u= <p(^) , ixtiyoriy 
differensiallanuvchi ftmksiya boisa, u holda;

j  f {u )d u  =  F (u ) +  C.
Integrallash natijasining to‘g ‘riligini tekshirish uchun, 

topilgan boshlangich funksiyaning hosilasi hisoblanadi, 
ya’n i:(F (x ) +  C y - / ( x ) .

Aniqmas integralning ta’rifiga ko‘ra, integrallashning asosiy 
qoidalari va asosiy elementar fimksiyalar hosilalar jadvaliga 
asoslanib, asosiy aniqmas integrallaming jadvalini tuzish 
mumkin:

,.a+l
l ) f u ‘̂ du =  ^  +  C { a ^ - l ) ;

14



}) ¡ ~  =  ln\u\+C;

M I a"du =  - ^ + C ;
' In a

4) I r 'U lu  :=e^ +  C]

'S) I -.'in udu =  — cosu +  C;
(<) I cos udu =  sinu +  C;

I „ )7-7 =  I ^ ^ =  - \ a r c c t g ~ + C  (a^O);

H) ) 

•i)

(/1/
H ‘ ir* 

l/lf
J ii*  I "¡̂  

ihi

I
In'/.u

^ In

u+a
u -a

+  C =  - - - I n
2a u+a

+  C;

u +  ±a ^  +  C (a?^);

I r =  a rcs in -  +  C =  -a rcco s  -  +  C (a>0);
w r n* a a  ̂ '

-  tf] a +  C]
liU

I OS' H
I 'I I (i(/ u  +  C;' Wm-k
. . 1 llll . I' . .
M l  In I it \ C — InN!M »< ' /
, , I [)" I IIHi I IIIt Mli II
I I I s/l Ut/l!
I 111 I I li mill

1 /.  ‘

Mil
. /i'll 
llll

■Ji'‘ ii

I /i 1/ I i,', 
s/i II I 

Ill II I C] 

l lll It +  C.

In
SUTU

I

—  C t ff  U  

I- I f/ u

+ C;

f  C;

NiM|nii(|ji ki-lliiilgiwi munosabatlar integrailar jadvali deb
ii.iliiili

l *.l.iiil) (i‘ liiiiii/ki, keltirilgan jadvaldagi u haifi, erkli 
M'/i-aiii\'i III h;ini boMishi yoki uzluksiz differensiallanuvchi
II i/M \ ) limksiyii ham boiishi mumkin.

(J i iS'k I;i , iiiiii|mas in tegra llam i h isob lashga do ir  a>Tim 

iiiiMilliiii ii ki'l l iramiz;

I 'liiiKol. J dx hisoblansin.

► f  -  2’Vx^  - l - ^ +  i j d x  -  4 f  x^dx ~  2 f  xs dx +
I

' ) \ ’ r/x f  +  / dx =  4 ̂  — 2 -^  +  2 ̂  +  x +  C — x"̂  —

" V v '  ■~ +  x +  C .W ^)f}.
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2-misoL í  ~ dx hisoblansin.

► f- l±3 £ l_d z  =  f í i ± ñ ! ) l í ! d x -  f - l ± í l -  +x2(l+x2) J x2(l+x2) J x2(l+x^) ^

/ g  +  +  / ^  =  - U a r c t 5 % +  C .^

3-misol. / hisoblansin.

► / S^e^^dx =  / (Se^V dx  =  \ +  C .iü
j  V ^ in (3 e2 )

4-misol. / (2x — 7)^dx hisoblansin.

► J (2x -  7)"’dx =  ; / ( 2x -  7)^ ■ 2dx =  +  C =

¿ (2 x - 7 )^ o  +  + C .^

5-misoL / cos(7x -  3) dx hisoblansin.

► / cos(7x — 3) dx =  ^ / cos(7x — 3) d (7x -■ 3) =

^sin(7x — 3) +  C.

6-misoI. / ---— dx hisoblansin.
■' 1+X2

► =  1  r í í l í ^
■' l+x2 l+x2 *' l+;c2 2 l+x2

— / a rctgxd (a rc tg x ) =  - ln ( l  +  - - a r c t g ^ x  +  C .^

7-misol. / ctgSxdx hisoblansin.

► / ctgSxdx =  f ^ d x  =  ^ f  =  i /■
^  ■’ sm 3x  3 ■' sin3x 3 ■' sinSx

^ln\sin3x\ +  C.*«<

Yuqorida keltirilgan 4-7 misollardagi integrallarni hisoblash 
jarayonida .5-qoidani qoilash maqsadida integral belgisi ostida 
qatnashgan ayrim ko‘paytuvchilami differensial bSIgisi ostiga 
kiritilib, imdan keyin esa, kerakli jadval integralidan foydalanildi. 
Bu xildagi almashtirishlami differensial belgisi ostiga kiritish 
usuli deb yuritiladi. Masalan., differensialluvchi boigan har 
qanday / (x ) funksiya uchun

deb yozish mumkin.

8-misoi. j  -—- -■-7 - dx hisoblansin.
4-TSin^X
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W , ' , r 2xinxcosx , r 2sinx ^
J - ----— - d x = f -----— d ( s i n x ) -

’ 4H-s‘m2x 4+sm2A:

] ' lii(4 I-¿-¿n^x) +  C.-<iS 

•• iHlittl I ^ , I  ̂  ̂ —dx h iso b la n s in .
"  i/v _  iris fx^^A x +  S +  C .^
......... . x^+4x+5

AT-8.1
.........nil) ',111 Iiilcgrallarni hisoblang va integrallash natijasini
I. H I illiili U’ksliiring.
I (( .< ;r’V F +  7. — +

3^^---- sin^ X COS x)dx.
I I 8. J  t g 3 x d x .

, ............'In'*.»" f  V a r c s in x -x  J
* ( M . l u M  9 . J — ^  - d x .

' 10 . / - ^ d x .

• ' 1 1 - / A r f x .  -
1 ' I'  I , dx. , r x-3■' I -' )•*

It I I (M / r  +
I </.

1 2 . i f ^ d x .■' l-x 2

iM iis laq il  y ech ish  uchuH t o p s h i r iq la r  

\H . . |h n ,  iiilf|',t:illarni h isob lang  v a  in tegrallash natijasini
• IHI. I. II i.illiil) Ifksllilillg.

• Vx-'’ +  2 s in x  -  3)dx; 6 j/ (sin3x +

.............. .....  I i| [ — dx.

‘ " ' I ( ' I +  2 -^)dx; b) f  (x^ dx;

I ih
I

’ I - 7 x ^ ' - ^ ) d x ; & ;
M ,, , I I I ' , »  •,(/i x )  dx; c) / c tg (3 x  — 2)dx.

TerDU ARM I
IV i №  {



8.2 FUNKSIYALARNI BEVOSITA INTEG RALLASH  
K o ‘plab funksiyalaming aniqmas integrallarini topisl 

masalasida, ulami jadval integral!aridan biriga keltirish usulidan 
foydalaniladi. Uning uchun esa, integrallanuvchi funksiyalar 
ustida aigebraik ayniy almashtirishlar bajariladi yoki ayrim 
ko‘pa3̂ vchilam i differensial belgisi ostiga kiritish yo ii 
tanlaniladi.

1-misol. f  tg^xdx hisoblansin.

> jt g ^ x d x  =  S ( ~  -  l )  tÿxdx =  j  ^  tgxdx -  

f  tgxdx =  J tg x d (tg x )  =
^  J  2  ■> c o s x

^tg^x +  Znicosxi +  C.-4
X 3

2-misol. f  —  dx hisoblasin.
x + 5

► =  f ^ ^ d x  =  f d x  - f - ^ d x  =  x -
x + S  ■’  x + 5  ■’  x + 5

2 =  X -  -2/njx +  5i +  C.M

3-misol. r -------hisoblansin.
■> x ^ - 4 x + 8

^  r  d x  _  r  d x  ___  Ç  d x  ___

•' x ^ -4 x + 8  x ^ -4 x + 4 + 4  (x -2 )2 + 4  
r  d ( x - 2 )  1  x - 2  , „  ^

I —;— — =  -  a rc tg ----- V C. <
4 + ( x - 2 ) 2  2  ^ 2

f  sinm xcosnxdx, f  sinmxsinnxdx, f  cosmxcosnxdx kabi 
integrallami hisoblashda, mos ravishda quyidagi formulalardan 
foydalaniladi:

1
sinmxcosnx =  -  [sin(m +  n )x  +  sin(m — n) x],

1
sinmxsinnx =  -  [cos(m — n )x  — cos(m +  n) x],

cosmxcosnx =  -  [cos(m — n) x  +  cos(?n +  n) x],

4-misol. / cos(2x — 1) cos(3x +  5) dx hisoblansiji.

► / cos(2x -  1) cos(3x +  5) dx =  -  j'(cos (x  +  6)  +

cos(5x +  4 ))d x  =  =  - /  cos(x -F 6)  d{x  +  6)  +  — J cos(5x +
i .  xU

4)d (5x +  4) =  is in (x  +  6)  +  + -“ Sin(5x +  4) +  C. <

18



I I II . "  ( .III” \i/y (//I, n E Z ) kabiko‘rimshdagi integrallami 
||||illil<t"li'l t hollarni ko‘rib o ‘tamiz:

h III \ .1 It soiilaridan biri toq son bo‘ lsin, masalan,
m ..... I HI II holda:

I . \siu"xdx — f  cos^^ xsin^xcosxdx =  /(1 — 
sin^x)'^ si7l^xd{sinx).

• <(1 . -I •liiiii|iili lunksiyalaraingintegrallaridir.
' I m \'ii H sonlarining har ikkalasi ham juft sonlar

, . . , , , . 9  1-C0S2X 7 l+C O S lX  , , .
HI'| .Ill hii lioldii, ■vm'̂ x =  — ~—  va cos'^x =  — —̂  kabi

I'......I ti ll iii(|:ili, trigonometrik ñinksiyalaming darajalari
|i>î ii,iiiil<ii!i

 ̂ Httiol I ciis'^xsin^xdx hisoblansin.
► / cos''xsin^xdx — J cos’̂ xsin^x sinxdx =

I ' " I I I  nis'^x)d(cosx) = =  -  J cos^xd(cosx) +

I ' " • » >/(> I»'. \) - - c o s ^ x  +  -^cos^°x +  C .^  a 10
«I Milmil I ( .'{xdx hisoblansin.
-  , , , r  1 +  C0S6X ,

' I i/i I ' J c o s ó x d x  =  “ X +  ^ / c o s 5 x d ( 6 x )  = ~ x  +

n.i, I I Í ^
ll X' imIiiiI I — -hisoblansin.

' I'l I III !iilrj>ralni hisoblash uchun kasr maxrajidagi kvadrat 
... iiii.i.l.liii in'iii k Vil drat ajratamiz. Natijada:

I . l '  ■' 9 ~ (x^+4 x+4 ) 
■ III I Л 1 ,

.......  s ' "
X+2 +  3

X + 2 -3
I

+  C ^ - l n
6

x+5

x - l

»• mii -kI I ' dx hisoblansin.
' i M

I ' |tlMilm kt)‘|)iiadga boiish qoidasidan foydalanib, integral 
h ' ' ii'.iiilii|4 funksiyaning suratini maxrajiga boiamiz. 

.'I'l mi. I'liilhiiujvchi funksiya butun darajali ko‘phad bilan
■ . "  I I I ..... ml kasrning yigindisi koiinishida ifodalanadi.
' ■ 'I I' ihihi iliiii ishlami bajarib, qujidagini hosil qilamiz.
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X̂ +4 ■

S f ^ ^ + + f ; ^ ^ d x = : ^ - 2 x ^  +  8 M x ^ + 4 ) + i a r c t s l  +X̂ +4
c. <

AT-8.2
Berilgan aniqmas integrallarni hisoblang. 

/(e^^ +  e - 2̂ )dx.

/  V l  -  7 x ^ x ^ d x .

f § ^ d x .  4.

1.

2 .

3.

5,
j  cos^ 3x ■ sin^ 3 xdx.
_ rX^-9 ,
7. rfx.X̂ +9

9. f

10. f

dx

x ^ + 6 x + l 3 ' 
dx

x ? -6 x + 7 ' 

1 1 . / - ¿ r r fx .

□ .

/ cos^ 2x sin^ 2xcix. 
□ .

6. / ctg^2xdx.
□ .

8. J sin 7x • 
sin 9xdx.

□ .
□ .

]□.
f x ^ + x  +  1 

x +  1
■dx.

Mustaqil yechish uchun topshiriqlar 
Aniqmas integrallarni hisoblang.

1.
c)
2.
c)

3.

c)

a) J ----- dx; b) f cos 2x • sin lOxdx;
^ cosx ’ ^ J

f  tg'^lxdx.

^ s i^ 7 x  -  1 )  sin Sxdx:

/ "
3X+2 

X̂  + 1dx.

f  -  3x)dx;
r  Z-i-3 t
j —-d x .

X + l

20



H \ KVADRAT UCHHADQATNASHGAN  
HIN IvSI YALARNl INTEGRALLASH

I ./» (K . i )

mil l’i.iliii hisoblash lozim bolsin.
Nm.m IiIv, I/o boMsin. Intégral belgisi ostida ba’zi ayniy 

llMi'txliKit .III,Il III hüjiirib, quyidagini hosil qilamiz.
, «.Id , A r ( ^ - x + b ) + ( 2 j - b )  A r d (x ^ + b x + c )  ,

I .    ‘‘ ^  =  2 ^

I I ''  ̂fti\x'  ̂+  èx +  c! +  + (&  -  v )  / “T T —
1 . ■ . I'. I I y ' ‘ 2  x ^+bx+c

• '-(ii'i iliuliiilagi integralni hisoblash u c h u n +  bx +  cdan

I.’ I-. I- iiili.ii 11)1 adiiniz, ya’ni; x^ +  6x +  c =  (x  +  +  c —
2 4

' I'l.i.h I ning ishorasiga qarab, / '.̂ 2 + ^ 2 jadval

tni. |ii.ill.imiiii)', hiriga kelamiz.

I HiUitl I . — — dx hisoblansin.
c M x + 1 3

- ,  "  ' J 3  f  2 3 :+ 4 -4 - -  3  .  2x +4 ,
► dx =  -  —-------  ̂dx =  -  —--------dx —

. I I . M ( 2 - x^+4x+13 2 ■’  x^+4x+13

I 'Ix-h 13\ — 8 ■ ^ a r c t g ^  +  C .^

I iilUitl I — dxhisoblansin.
I ii>:-i-7

5  .  2 X -8 + 8 -—
► =  -------- ^ d x  =■ ' l . l '  2■' x^-ax+7

' " ./> I 1 :1 / - ; — ---------- = - = - ? n ! x 2 - 8 x  +  7j +
" ' ■' »-^ -2 -4x+16 -9  2 '

X -4 -3
M| "  ' ///|x̂ --  8x +  7| +  13—-/72

+ C. ̂(■-h ■ ii> I /| I ' ’-/n
(1

2-3
X -7

X -4 + 3
+ +C -

X-1

I '\)',iii (S.l) iniegraidagi kvadrat uch hadning
Mill lu .(» ' I /iir !■ f  (tí:^0) kabi boiadigan boisa, u holda u 

lu' | i ..Imi liriuliliishda a koeffitsientni qavsdan tashqariga

||"|.n .i,i.ii Í.I 111 r ’’ H - ¿ )x  +  c  =  a ( x ^  + + - X  4 - - ) .
a a

' tMl'-ol I , ' — dx hisoblansin.
^  > I , 1 f  4 x -3  ,
► (/ X  -  - r ----------d x  =

' . I I ' .  10 2 ' 'x 2 - 6 x + 5
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■-dx = -

= —ln\x  ̂— 6x + 5| +
{A x+B )dx

I I I
24

2x ~  6 _ 9

J x 2-
2+;c-3

6x +  5 2 J 
+  C.«»i

2-X+3

dx
^ “ -3 )2  -  4

J - kabi integrallarni hisoblashda ham j/iiqorida

bayon etilgan usuldan foydalaniladi, ammo bu yerda, 
yuqoridagidan boshqacharoq jadval integrallari hosil boiadi. 
Agar ̂ 9̂ 0 boisa,

iAx+B}dx

\fax^+bx+c  2 a ' '

A ¡-{^a x + b  b+  ^  )d x  d (ax ^+ b x+ c )

•Jax^+bx+c  2a /a l ^ T b x + c

+  f 5 - - ) /  r - # ^ = - V ^ "  +  to +  c +  ( 5 - H )  f
V 2a7 •' yfax̂ +bx+c a  ̂ T.a-’ •>

ni hosil qilamiz. U holda, oxirgi integral yoki, 

f  + C

/-

dx

yoki.
du : = arcsin -  + C

dx

integrallaming biriga keltiriladi.
4-misol. f dx hisoblansin.

■' Vx2-4x+8

■’ yjx̂ --4x+e 2-' ,jx̂ -4x+8

2 - 'V x2-4x+8 /(^-2)2+4

=  3Vx2 -  4x +  8 -  5/njx -  2 +  v '(x  -  »)2 +  4

5-misol. f -7= ^ = 4 r= dx hisoblansin.
V -x ^ + 2 x + 3

. -2x+2+^-2 .
-2  f ^ = ^ d x  -  - 2 /

V - x2+2x+3

V-X2+2X+3
2X+2

V - x2+2x+3
d x ---- J dx

—4V—x^ +  2x +  3 arcsin—— +  C.-

endi

f :
A x+B

;(8.:
(x2+px+<j)*

ko‘rinishdagi integralni qaraymiz, bu yerda, fc>0 butun so 
boiib,p^ -  4i? <  0 dir.

Agarda, va boiadigan boisa, a^Tiaii (8.1) holga 
o‘xshash ayniy almashtirishlardan foydalanib.
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/1 r {7x'\-p)dx _  A jx^ +p x+q )  ^

•' (JĈ-1-px+í/)'̂  2 -fc+1
Ml iM'Hiii mI.iiiii/,. Natijada, (8 .2 ) kabi integi'alni integrallash, 

I Ml. I'l.iliii 11 ilcgralhishga keltiriladi:
, Ux __ f  dx _  I- du

“ Jr .. -  J( V ' I I>x+q)'<  ̂ I I

• V I p ( 4 g  — >  0 )  deb

tirlptl t ll I IIIII!)',III.
• ' H'H liiiiiihi, (iS..3) ko‘rinishidagi integrallami hisoblash

III Int.I ii. I ia|inii)> darajasini pasaytirishga asoslangan quyidagi 
(I ^мn. iiM.iiiimlii(laii ibydalaniladi;

I u___________ 2fc-3 r du , ^

III ')'’ Z(/“(k-l)(it2+a2)fc“-i 2a^(fe-l)-' (i¡2+a2)fe-i ^

ft MtUiit I dx hisoblansin.

j / r  -  r  2^+2 -2+10/3 . ^  3 d (x^-+2x+5 )
' . . I '. ) ’ “ 2  ̂ ( x ^+2x +S)2  2'* (x2+2x+5)2 ^

é l  ' ( (14 ')  =  - - ____ i_____ ¡ - 2 Í -----------------f
' M  2 x ^ - + 2 x + 5  \ 8 ( ( Z + 1 )2 + 4 )

I I ' I ' > , 1  x + l  , 1  x + l  , „  .
I --------1----- -----------1- + - a r c t g -------h C .^

“ '•  ■ "  .’ \ ' ¡ 2 x + 5  4 x 2+2x +5  8 '■■ '2
Mi'ni nhi)ti (H.'1) kabi yozuv, keyingi hisoblashlarga o ‘ tishda

|H ÍI i..MiMil,iil(iii loyilalanganlik belgisini anglatadi. (Bu xildagi 
'I' 'I" ■ Mil l'. vH/iivdaii bundan keyin ham foydaianamiz).

A T - 8 .3

I I , ' i '  I i ldvob : + a r c t g C )

' I ' ’  ̂  ̂ (/ \ {Javoh: ^ in |x ^  +  x  +  1 1 -  a r c t g  +
' I

x - l
' I ' (Javob:-ln\x^ ~ 8 x  +  7 \ +  — In

X~1
+

II
\2

• I I I , { J a vo h :  +  ^ l n \ x ^  +  2 x  +  2| --

"  <1(1 ' 1 ) 1  C)
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5. f  - j4 L À = d x .  {Javob: 3y/x^ -  6x  +  18 +  
■' V x ^ - 6x+18______________

S l n x - 3  +  +^/x^ - 6 X  +  18 + C )

C)

6. f  dx. [Javob-, -SVS +  2x — x^ — 3arcsin -t-
V5+2x- x 2 Vô

_  r 3 x - l  1 i T J 4X+13 , T  ̂ x + 1  ,
7. j — --------— dx. [Javob-.— ;--------- 1— a rc tq ----- h C)

' ' (x2+2 x+10 )2  '  x2+2 x+10  54 ’- ^ 3  '

8. / -̂ j= ^ dx. [Javob: 2ln\x +  V T +  x^ | — 3sÎA +  x^ +  C)

Mustaqil yechish uchun topshiriqlar 
Aniqmas integrallami hisoblang.

1. a ) / - / i ± ^ d x ;  h ) ^ - j 4 ^ d x .
x2 -6x+1 2  '  ■’  Vx2+2x+2

a) f .— dx; b) / -¡=I^=J=dx.
’  ^  x 2 - 1 0 x + 9  ^ \ / 5 ^ 4 x -x 2

7x+3 , 4 X - 5

2.

3. a ) / - f i ^ d x ;  b )/ -^== ÎS ^^dx.
'  2x^+4x+9  ̂■’  Vx2+10x+29

8.4. 0 ‘ZG ARU VCH IN Ï ALM ASH TIR ISH  Y O K Î 0 ‘R M G A  
QO ‘YISH  USULIDA INTEG RALLASH  

Agarx =  (p{t) fimksiya uzluksiz differensiallanuvchi boisa, 
u holda, berilgan / f (x )d x  integralda haï doim yangi t 
o‘zgamvchiga nisbatan integralga kelish mumkin boiadi, ya’ni;

j  f (x )d x  =  f  f [ (p ( t ) ]  ■ (p '(t )d t  (8.5) 
0 ‘ng tomondagi integralni hisoblab, ?jatijada eski x 

o ‘zgaruvchiga qaytsak, berilgan integral hisoblangan boiadi.
Aniqmas integrallami bu usulda integrallashga o ‘zgaruvchini 

almashtirish yoki o ‘rniga qo ‘yish usuli deb yuritiladi.
Bu yerda, shuni ta’kidîash kerakki, x ~  (p (t) almashtirish 

kiritilayotganda, (p (t) bilan / (x ) funksiyalar orasida o‘zaro bir 
qiymatli moslik boiishi va (p (t) fimksiya o'zgaravchi x ning 
barcha qiymatiarini qabul qilishi lozim.

1 -misol. / xVx — Id x  hisoblansin.
► t =  Vx — 1  almashtirish kiritamiz, u holda, x =  +  1  va 

dx ~  2dt 
Natijada,
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I x\lx — Id x  =  J (t “ +  1 )  ■ t • 2tdt — 2 j ( t ‘̂  +  t^') dt = 

V '  I i-̂  + C  = = ^ ( x -  1)5 +  ^ (x  -  1)2 +  C

2-iiiisoI. hisoblansin.

► Bu yerda, x =  a ■ tg t  <  t < ~ )  aknashtirishdan

lit\il;il;uiamiz. dx =  boMganligi uchun, (8.5) formulaga 

liiunim quyidagini hosil qilamiz;

j S ± S d ; t  =  / S p ! j ! i L  =  j V » p d t  == =
■’  •’ a^tg^t cos^t ■’ sin^t

I I J . I .  r  cos^t+sin^t ¡ -c o s t  J ,  , r  1 J . . .— 7 -rd t =  I -------r-r— dt =  I - — -dt +  ! — dt = =
(osl.sin^t •’ costsm^t  ̂ s m f t _ _   ̂ cost

—  + ln  tg t  +  —----hC =  — +  In tg t  +
^  cost tgt ^sint

I y l̂ +  tg^t\ +  C =  — +  ln\x +  îc^~T~x^\ +  C .<

( -iiiis»!. J V a ^ ~ -^ d x  hisoblansin.
► Bu yerda, x =  asint almashtirishdan foydalanamiz. 

ih iicostdt ( —^ < t < ~ v a  — a < x < d )  gako‘ra, 
i|M\ i(l:i}>,iui yoza olamiz;

I \/(/̂  — x^dx =  / Va^ -  a^sin^tacostdt =

II I I dt = =  f  dt — — t +  — sin2t +  C — — t 4-
■' 2 2 4 2

" ■.lllllDSi ]-C.

Ai'.u i : arcsin -  va cost =  V l  — sin^t =  1 —^
a

I ^.inlif’un iiiohalgaolsak,natijada,

f \/â  - - x^dx =  -  a rcs in -  +  - - -  |l — ^  + C  =
■’ 2 a 2

-a r c s in  -  +  + -^ ia ^  —x'̂  +  C .<
/. a 2

liii’iil b i r h id i .
A \ I un (imksiyalami integrallashda, ko‘pincha, x — (p (t) 

•tlin.ti.iiin p.li fiiwis, baiki, t =  (p{x~) aimashtirshdan foydaianish 
MKii| uiiivoliq boMadi.

■I MiUol. j  ŷ i +  sinx cosxdx integrallansin.
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► Yechish: l  +  s in x ~ t  kabi almashtirish kiritamiz. U 
holda, cosxdx = — dt boiganligi uchun,

4

J V T T sinxcosxdx — f t 3 d t  =  ^  +  C =

 ̂ +  s in xy  +  C .<

5-misol. / • x^dx hisoblansin.
► Yechish: —x^ =  t  deb olsak, —3x^dx =  dt yoki x^dx —

— ̂  boiadi. Natijada,

/ e~^^x^dx =  J dt =  — ig*' +  C =  +  C

hosil boiadi.

6-misol. f -------- - 7= = =  hisoblansin.■' {x+l) ¡̂x^+2x+10
► Bu yerda, t =  —  almashtirish kiritish maqsadga muvofiq

boiadi. U hoida, x =  ^ — 1 va dx =  —~  boiadi. Natijada esa, 
t t

quyidagini yozamiz:

I
dx

(x+1)Vx2+2x+i5 •̂ 1J(1_i)2+2(|-i)+10 ’’ tVt-2+9
1,-dt dt dt

+1

= - k n \ 3 t +  ^ Í W T l \  + C =  - i l n  — +  1 - ^ + 1
3 ' • 3 x + l  ^  (x+l)2

Aniqmas integrallarni

+ c.'

Eslatma. Aniqmas integrallarni o ‘miga qo‘yish 
(o ‘zgaruvchini almashtirish usuli) usulidan foydalanish jarayonida 
qo‘yidagicha sxemani qoilash tavsiya etiladi. Bu sxemaning 
qoilanishini yuqoridagi 3-misolni yechish jarayoni uchun bayon 
etamiz:

► / Va^ -  x^dx = X =  asint 
dx =  acostdt

f  — a^sin^t acostdt =  ¡\cost\ costdt =

=  J cos^tdt =  a  ̂f  dt =  Y  J dt +  y  / cos2tdt = =

— t + — sin2t +  C =  ^  t +  ̂  sintcost +  C -
2 4 2 2

t =  a rcs in -,S in t -  x/a
a '

cost — V l  — sin^t — y jl — x'^/a^

• X ,
— — arcsin -  +  

2  a

1 - ^  +  C =  — a r c s in -+  -^Ja^ -  +  C .<
a2 2 a 2
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liiiiukin keyin ham barcha oraliqdagi hisoblashlami yozish
• li liim iiliirni vertikal chiziqlar orasiga joylashtiramiz.

AT-8.4

I. J 7- 7= .  {Javob: 2{-\!x +  3 — ln 1 +  Vx +  3 )  +  C.)
l+yJx+3'______

;. / Xy(Sx^  -  s y  dx. {Javob: ~  y{Sx^ -  3Y^ +  C.)
I r dx / T T  vx^+a? , „ ,

t. f dx. {Javob: 2^1 +  In x  — ln In x  +'• V l-y* -VX ln  X

' / / l |v / l  + I n x  -  l \  +  C .)

(Javod; 2^l^ -  4 W  +  4 ( l  +  V^ ) +  C.)

/■ dx  /  T 1 I x+2+2\ /x^+x+l  . ,—7= = .  {Javob: - l n ------------------h C.)
•' x ^ x ^ + x + i   ̂ x  '

( I

7 \/l,44 — X dx .  {Javob: 7 2 a r c s i n ~  +  - V l44  x^ +  ̂ 12 2

N. I ” -7=f==- {Javob: C —■' X̂ X̂̂ +9  ̂ 9x '
'» f dx. {Javob:  ̂(e *  — 2)Ve^ +  1 +  C.)

dx
l+Var̂ +l

Mustaqil yecMsh uchun topshiriqlar

I II) j  x^V4 — 3x^dx ;b)/ j ^ d x .  {Javob: a ) —

I I .{x'’) ’' +  C; b ) — X +  4\/x — 41n (l +  ^fx)^ +  C.)

i .1) f V l +  cos^ X sin 2x dx; b)/ ^ dx. {Javob:
n̂r-

(1 I cos '̂ x )^ +  C ;h )C ------ ------- arcsin X.)

K.5. BO‘LA K L A B  INTEG RALLASH
I.il- liih integrallash usuli deb ataluvchi usul, quyidagi

/ udv =  uv — f  vdu (8.6)
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formulaga asoslangan. Bu yerdagi, u (x )  bilan v (x )  lar 
uzluksiz differensiallanuvchi íunksiyalardir. Ushbu (8.6) formula, 
boiaklab integrallash formulasi deb yuritiladi. ( 8.6) tenglikning 
o‘ng tomonidagi integral, chap tomondagisiga nisbatan soddaroq 
integrallanadigan hollarda ushbu formuiani qoilash maqsadga 
muvofíqdir. Shuningdek, ayrim hollarda, (8.6) fomiulani bir 
necha marta qoilash kerak boiadi.

Boiaklab integrallash usulini,
x ’̂ sínax,x^cosax,x’̂ e'̂ ,̂ x^ ln ’̂ x,x’̂ chax, x^shax,

a^^cosax, a^^sinax, arcsinx, a rctgx  (n, k lar butun 
musbat sonlar boiib, a,§  E R )  va boshqa xildagi funksiyalami 
integrallash uchun qoilash tavsiya qilinadi.

l-misol. f  xe~^^dx hisoblansin.
► Boiaklab integrallash usulidan foydaianamiz. u =  x va 

dv = =  e~^^dx deb olsak, du =  dx va v =  f  dx =  
_ i g ~ 2x ^  ^ (jojjn C =  O deb hisoblash mumkin). U holda,

(8.6) foiTaulaga binoan quyidagini hosil qilamiz:

/ xe~̂ d̂x =  X ~ -2 x

- e  +  C. 4̂
4

2-misol. f(x^ + 2x)cos2xdx hisoblansin.
u = + 7.x, du — (2x + 2)dx, 

dv = cos2xdx,
V — J cos2xdx = ^sin2x

u = X + 1, du = dx, 
dv — sinZxdx,■■-{x̂  + 2x)sin2x -  Jix + l}sin2xdx =
V =  —  cos2x2

=  i(x ^  +  2x)sin2x +  (x  +  l)^cos2x -  ^^cos2xdx -

-  i  (x^ +  2x}siri2x +  i  (x +  l)cos2x + -s in 2 x  +  C.

3-misoI, / xarctgxdx hisoblansin

► / xarctgxdx —

1 rx^dx  ̂ 1 +  ̂ 1 f , ,1 r
=  -  arct^x - - J - ^ d x  =  - a r c t g x — J d x  + - /

u = arctgx, du = dx
l+x'̂  
.2

dv = xdx, V — —
— — arctgx —

l+x
dx

1+x̂



4-inisoi. / e^^sinxdx hisoblansin.
u — sinx, du — cosxdx,

► / e^^sinxdx — dv -  e^^dx.v = -e'^  ̂
u — cosx, du — —sinxdx,

1 7v .: -e^^sinx ~

1 J y -  .
=  - e ^ ^ s i n x  —-  f e cosxdx -  , 2r j  1 7x '/•’ dv = e d x , v  — -e

-jQe^^cosx — f^e^^sinxdxj = ^e^^sinx —^e^^cosx +
- f . l j  g2x sinxdx.

( )xirgi integralni chap tarafga o ‘tkazsak

- / sinxdx =  -e ^ ^ s in x --e ^ ^ co s x  +  -C .
4 - ' 2 4 4

Natijada,
r e^^sinxdx = --e^^sinx — -e^^cosx + C.-^
■' 3 3

S-misol. f  x^ln^xdx hisoblansin.
u = ln^x,du = 2lnx - -dx,

► / x^ln^xdx —

dv = x^dx,v — —
= = - ln ^ x -

3

dx

x  ̂ 2 [x

u — Inx, du — —, 

dv = x^dx,v = x^/3
(x^ rx M  \ , 2 ,
— inx — --— dx = — In^x - -x ^ ln x  + 

\3 j  3 x  J 3 9
+ -jx^dx=^ -x^ ln^x--x~ lnx + —x  ̂+ C. ^Q J rt Q 'J'7

AT-8.5
Aiii(|nias integrallami hisoblang.

I x cos 3xdx. {Javob: sin 3x +  ^cos 3x +  C.)

f arccos xdx. {Javob: x  arccos x — V i  — +  C.) 
f{x^ — 2x +  5)e~^dx. (Javoh: —e “^(x^ +  5) +  C.) 
j  l.n̂  xdx. (Javob: xln^ x ~ 2 x  In x  +  2x +  C.)

I.
N

• X cos X 

sln^ X
dx. (Javob: — ;---- f- In tg  -  +  C.)

f x h r^ 'd x . (Javob: -~^e-^\x^  +  1) +  C.)

I c'^^dx. (Javob: 2e^  ̂{\fx -- l )  +  C.)
I ' . i iU In x ) d x .  {Javob: ^ ( s i n l n x  — cos  I n x )  +  C.)
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Mustaqil yechish uchun topshiriqlar
Aniqmas integrallami hisoblang.
1 . a )J ~ d x ; b)¡xe~'^ dx; c ) f  x  arcsin xdx.

2 . a)/ xe^^^~^dx; b) f  ln(l + x^dx); c ) f  x cos dx.
3. a) / ln(x 3)dx; b) J x cos(2x -  l )d x ; c) j x  ■ 2^^dx.

8,6. R ATS IO N A L FU N K S IYA LA R N I INTE G R ALLASH
Ratsional funksiya deb, ikkita ko‘phadning nisbatini 

ifodalaydigan funksiyaga aytiladi, ya’ni:
n/'.y-'i _ _ b^x^+b^x^ ..bjn УП ~j\

 ̂  ̂ “  Pnix-) ”  aox"+aiX"-i+..,.a„
bu yerda, m va и lar butun musbat sonlardir: 0¿, aj E R ( i  =  

0 , m ; j  =  0, n).
Agar m<n boisa, R(.x) ni to‘g ‘ri kasr, aksincha, m>n 

boiganda esa, uni noto‘g ‘ri kasr deb yuritiladi.
Har qanday noto‘g ‘ri kasrning suratidagi ko‘phadni 

maxrajidagi ko‘phadga boiib, uni biron bir ko'phad bilan to‘g ‘ri 
kasrning yig‘ indisi shaklida ifodalash mumkin boiadi, ya’ni: 

Qm(x) . Qi(x)
f.w "

bu yerda, M „_^ (x ) va Q ¡(x ) lar ko‘phadlardir; esa,
7̂1W

to‘g ‘ri kasr (/<n).

Masalan, ko‘rinishidagi ratsional funksiya, noto‘g ‘ri

kasrdir. Ko ‘phadni ko‘phadga boiish qoidasidan foydalanib, 
suratni maxrajga boisak, quyidagini hosil qilamiz:

x^ +  4 , -ЗЗ х  +  14
=  x 2 - 3 x 4 - 1 0  +

x^ +  3x — 1 +  3x — 1
Ma’ lumki, ko‘phadni osongina integrallash mumkin, shu 

boisdan, har qanday ratsional fimksiyani integrallash, to‘g ‘ri 
kasmi integrallashga keltiriladi. Bundan buyon, m<n shartni 
qanoatlantiruvchi R (x ) funksiyalami integrallash masalasini 
o ‘rganamiz.

Eng sodda kasr funksiya deb, quyida keltirilgan 4 xildagi kasr 
funksiyalaming biriga aytiladi:
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M x + N  _ M x + N
^2 J I „ ’x2+px+ij ’  ̂ (x^+px+q)*

1)11 yerdagi ̂ 4, a, M, N, p, q lar ixtiyoriy sonlar boiib , k esa 
[k 2), butun son hamdap^~4q<0.

liirinchi va ikkichi xildagi eng sodda kasrlami integrallash 
lu'vosita integrallash y o ii bilan amalga oshiriladi, ya’ni:

— Aln\x -  a\ +  C,

Sluiningdek, uchinchi va to‘rtinchi xildagi eng sodda 
kiisrhirni integrallash usullari esa, §8.4 da qaralgan edi.

Dcraak, har qanday eng sodda kasmi integrallash, elementar 
luiiksiyalar orqali amalga oshirilar ekan.

Ma’lumki, koeffitsientlari haqiqiy sonlardan iborat boigan
li.ii qanday P „(x ) kabi ko‘phadni haqiqiy sonlar sohasida 
i|iiyidagicha ifodalash mumkin boiar edi:

• (x^ +  PjX +  ... (x^ +  PsX +  qsY^ (8.8)
hii yerda: ai, a2, ..., aplar Pji(x) ko‘pxadning mos ravishda k\, 

Af) karrali haqiqiy ildizlari boiib, Py  ̂— 4qy <  0 (y  =  1 , s-)

l< I +  ^2 4  ... +/cp +  2 t  ̂ -i- 2t2 +  ■■■ +  2tg — n , .
( A' I, /c2, ..., /cp, tj, t2, , tp lar manfiy boimagan butun 

(oiihiidir). U holda, quyidagi teorema o‘rinlidir:
Teorema (to*g‘ri kasrni eng sodda kasrlar yigHndisiga 

yoyish).
Maxraji {8.8) kabi ko'rinishda tasvirlanadigan har qanday 

(.S' 0 lo 'g 'r i ratsional kasrni har doim yuqorida keltirilgan 1--4 
\ihl<n'J eng sodda kasr laming yig'indisi shaklida yoyish mumkin 
l>(i‘ii/di. Xususan, {8.8) ifodadagi har bir k,. karrali ar ildiz 
(' /0 ((^  ~  ko ‘paytmaga) ga, yoyilmada quyidagicha 
k,i nnishda bo'lgan Kkasrlaryig‘indisi mos keladi:

+  +  (8.9)x-ay (x-ar-Y {x-ay)^r ^
l'i,{x) ko'phadning har bir ty karrali ju ft o'zaro qo'shma

kompieks ildizlar
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((x^  +  P y X  +  q y Y ^  ko 'paytuvch ilarga ) ga esa, quyidagicha t y  

dona elementar kasrlarning y ig ‘indisi mos keladi:
M iX + N j M 2X + N 2 ____ ^ M tyX +N ty  ^

x ^ + p y x + q y  \ x^ + V y X + q y Y  {x ^ + p y x + q y ^ v

Yuqorida keltirilgan yoyilmalardagi A, M, iV laming 
qiymatlarini aniqlash uchun ko‘pincha nomaium koeffitsientlar 
usulidan foydalaniladi.

Mazkur usulning mohiyati quyidagichadir:
Berilgan to‘g ‘ri ratsional kasr R (x )  ni (8.9) va (8.10) kabi eng 

sodda kasrlarning yig ‘indisi ko‘rinishida yozib olamiz. IJ esa, o ‘z 
navbatida ajaiiyatdir. Shuning uchun, barcha kasrlami umumiy 
maxrajga keltirsak, suratda {n~\) darajali Q n -i(x ) kabi ko‘phad 
hosil bo‘ ladiki, u esa, o ‘z navbatida (8.7) ning suratidagi 
Qmi^) ko‘phadga aynan teng bo‘ ladi. Ushbu ko‘phadlar oldidagi 
koeffitsientiami x ning darajalariga nisbatan tenglashtirib. A, M, N  
(indekslari bilan) nomaium koeffitsientlarga nisbatan n 
nomaiumli n ta algebraik tenglamalar sistemasini hosil qilamiz.

Hisoblash ishlarini soddalashtirish maqsadida ayrim hollarda 
quyidagi mulohazadan foydaianish ham mumkin, ya’ni, 
Qmix) bilan ko‘phadlar ayniy teng boiganliklari
sababli, x ning har qanday sonli qiymatlarida ham. uiaming 
qiymatlari o‘ zaro teng bo‘ ladi. x ga muayyan qiymatlari berib, 
noma’ lum koeffitsientiami aniqlash uchun tenglamalar 
sistemasini hosil qilamiz. Mazkur usulni odatda, xususiy 
qiymatlar usuli deb yuritiladi. Agarda, x laming tjiymatlari 
maxrajning haqiqiy ildizlari bilan bir xil bo‘ ladigan bo‘lsa, bitta 
noma’ lum koeffítsientga nisbatan tenglamaga ega bo‘ lamiz.

2x~“3
l-misoL f  —— - — - dx hisoblansin. 

x(x-lXx-2)
► (8.9) formulaga binoan, quyidagini yozamiz; 

f  (2x -  3)dx C (A  B C \

J = J t  + ^
Agarda, mazkur yoyilmadagi kasrlarda umumiy maxrajga 

keltirilsa, u umumiy maxraj integrallanuvchi fimksiyaning 
maxraji bilan bir xil bo‘ lib, ( 1 ) forrnulaning chap va o ‘ng 
tomonlaridagi integral ostidagi ifodalaming ham suratlari aynan 
bir xil bo‘ ladi, ya’ni:

2 x - 3  =  A (x ~  l ) ( x  -  2) +  B x (x  -  2) +  C x(x -  1) (2)
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x-2
x’-

Mii/kur ayniy tenglikning har ikkala tomonida x ning bir xil 
ihiiiijalari oldidagi koeffitsientlarni tenglashtirib quyidagi 
i''ii)’ lainalar sistemasini hosil qilamiz:

0=^A + B + C
2 =  - 3 A  ~ 2 B ~ C  

- 3  -  2/1
VÍI uni yechib, A=-3/2, B = l, C=l/2 lami topamiz.
I indi, yoyilmadagi koeffitsientlarni xususiy qiymatlar usuli 

\nul:imida aniqlaymiz. Shu rnaqsadda, (2) ifodadagi x ning 
n'liiiga maxrajning ildizlari boigan = o, «2 ~  l.vaa^  =  2 
Misiisiy qiyniatlami qo‘yamiz. Natijada, -3=2̂ 1, -l=-5 , 1=2C lar 
\ iiKi iilardan A--3/2,5=1, C=l/2 lami topamiz.

I Isliibu topilgan qiymatlami keltirib, ( 1) tenglikka qo'ysak,
/_3 1  ^

2 , 1 . 22.T — 3
■dx =

x(x -  l ) (x  -  2)  ̂ ^

-  ~^ln\x\ +  ln\x -  11 +~ln\x -2 \  +  C*
ni iiosil qilamiz (bu yerda, C*, integrallashdagi ixtiyoriy

II /|’,annasdir).

2-misoI. f -— hisoblansin.(X-1)(X+1)2
► ro‘g ‘ri kasrni eng sodda kasrlaming yigindisi ko‘rinisliida

11 < II In lash haqidagi teoremaga ko‘ra, quyidagini yozamiz:
r xdx _  r / ^ , fi
J { x - l K X + i r  “  \ x - l  { x + l )2 ^  x + l )

i liuumiv maxrajga keltirilgandan so‘ng,
x =  A (x  +  i y ^ + B { x - l )  +  C{x^ -  1) (1)

ni liosil qilamiz.
Agar X — 1 va X =  - 1  deb olsak, 4̂ 4 =  1 va -2 B  ~  —1 ni

V ,1 /1 1/4 , ß =  1 / 2  larni topamiz. Uchinchi nomaium C 
l.iu irilsiL'ntni aniqiash maqsadida ( 1 ) tengUkdagi ning oldidagi 
kiu-Hi(sicntlarni tengiashtu'ib, 0 -A + C  ni va undan, C =  —l/4n i 
in|>iiiui/. Natijada,

33



xdx 

Cx - i X x  +  i r

I 1/4
■dx

+

x - 1

f (x  +  i y '  
f -V 4  1 , , 1 1  1 

- - - d x  = - in \ x  - 1 !  -  - - - - - - m i x  +  II

x - 1

x + l
1 1

■+C*2 x + l
+ r

4
ni hosil qilamiz.

3-misoI. /; — — - hisoblansin■' (X-1)(X2 + 1)
► Yuqorida keltirilgan (8.9) bilan (8.10) fonnulalarga binoan 

integral ishorasi ostidagi ratsional kasrni eng sodda kasriaming 
yig‘ indisiga keltiramiz.

/ xdx
I( x - i ) ( x Z + i )

A
+ ^ ) d x  =X2 + 1/ +.X -1 X2 +  1 /  (X -1 )(X 2  + 1)

Bundan esa, x  =  A(x'^ +  1) +  (M x +  A/)(x -  1) ni hosil 
qilamiz.

Ushbu tenglikda x — 1 deb olsak, l=2A yoki ̂ =1/2 ni 

topamiz. M =-l/2  biian iV=l/2 lami topamiz.

U holda: ^

■f =  /  ( f + -  ^ " 1 * ' +  l i  +
-  a rctgx  +  C

4-misol. I f x )  — f — dx hisoblansin. ̂ ■' x3+2x2 + SX
► Integrallanuvchi funksiya noto‘g ‘ri ratsional kasr 

bo iganligidan, surafaii maxrajga boiib, uning butun qismi bilan 
to‘g ‘ri kasr qismlarini ajratib olamiz:

X ^+3x^ -5  „  , 2x^+10x -5=  X -  2 +  ■x3+2x^+Sx x^+2x2+Sx'
Endi. (8.9) va (8.10) formulalarga binoan,
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{X -2 Ÿ
+

vx x^+2x+5 j
III hosil qilamiz.
Oxirgi integral ostidagi ifodada umumiy maxraj topib, 

it'iichkiiing chap va o ‘ng tomonlaridagi suratlami teiiglashtirsak,
-f W x  ~  5 =  A(x^ +  2x -f 5) +  Mx^ +  N x  ni hosil

l|llllUII/.

I til yerda, x ning darajalariga qai'ab ular oididagi 
liiiclliisientlami tenglashtirib, quyidagiga ega boiamiz:

2 - ^  + M ]
10 =  2A +  n \

-5 =  5/1 J
Ma/kur sistemani yechib, A = - ] , M = 3 ,  A''=12 lami topamiz. U  

hi ililii:

' I = Î Ï Z ^
+

X^+2X+Sj
dx =  — ¿n|x| +

, j 1 . 3 /• (2x+2')dx  , „  (■ dx..

•' p.------ , ^ l i j i^^2 -{- 2x +  5| a r c t g ~  +  C. <
i  £. 2 2

AT-8.6
(. f  _ ^ ±  dx. {Javob: In +  C.)

■' x ^ -5 x + 6   ̂ \x-3i '

2. J — r —— d x .  {Javob:— I--------h 4  +  i n
x ^ -4 x   ̂ 3 2
v3 _L 1 1 /■->. -1 'v2

x (̂x-2)S
(x+ 2 )3

+ C.)

». / ̂  dx. (Javoè: X +  i  -I- Zn -f- C.)
x ^ -x ^   ̂ X ¡xj

. r  X ^ -2 x + 3  .  ̂ r L Î ^  N

') ^ , n- n' ■■'L

*'• /;
i//'('i i/------}- c.)• '2  ^

(x-i)(x3-4x2 + 3l) ________
(2x '^-3x-3 )dx , , , J(x^-2x+5y^ ,

<’• / Jér- i  ̂ |it ;| + C.)

7. / (X+1)(X2 +  1)2

'/m(I |-x^)-!-C.)

2xtix , , x - 1
. {Javob:
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Mustaqil yechish uchun topshiriqlar
dx  , , r  4dx-J f . 1̂4 г

J . J ( x - l ) ( x + 2 ) ( x + 3 )  '  ^ ^ x ( x 2+4 ) '

( J a v o b - í í ^ ^ |  +  C ; b ) t o ^  +  í:,)
r 2x -̂+4ix-91 i_ d x

2. J (x-lXx+3)(x~4) x(x+l)^ ■

(Л ш Ь:  a )  l n | í : = g | ? í i  +  С ; b ) ¿ j +  Ьг | ^ |  +  С.)
f  dx  г 13dx

3. J z ( x 2 - i ) ^   ̂J я:(л:2+бл:+13)"

(Л у о * : a ) ' n ^  +  C-, b) ; „ ^ 5 = | =  +  B a r r t i j iS  +  C.)

8 7 a y r i m  i r r a t s i o n a l  f u n k s i y a i a r n i
INTEGRALLASH

Har irratsional fiinksiya uchun elementar ñxnksiyalar
orqali ifodabii^digan boshlang'ich fimksiyani topish har doim 
ham mumkiii boiavermaydi.

Quyida, ayrim irratsional fiinksiyalarning integrallarini qarab 
o‘tamizki, navbatida biron bir o'rniga qo'yish usuli orqali
yangi o ‘zg^™vchiga nisbatan ratsional funksiyaiarni
i n t e g r a l l a s h g a  keltiriladi.

Quyidagi / R(x. ...., dx b b i  integralni

qaraylik.
Bu yerda- ratsional fiinksiya bo'lib, a, b, c, diar ixtiyoriy 

sonlar, Tj, Si G ~  1' / ) butun musbat sonlar.
Mazkur integralni almashtirish orqali yangi

o‘zgaruvchi ^ nisbatan ratsional fiinksiyani integrallashga 
keltiriladi. Bu yerda, m =EKUK (^1,52,. ■ .,¿íy) dir.

Xususan, /  Д dx kabi integral x=w'”

almashtirish orqah ratsionallashtiriladi.

hisoblansin.

► Bu ysrda, EKUK(2,4)=4 boiganligi uchun x=u^
a l m a s h t i r i s h  kiriiiladi, ya’ni:
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yfxdx
1

x2dx

Í - -  
.1 -

nx _ f x^ax _

■' VP'+4 
2

— v}du — 4 
+  4

16

x=^u* 
dx ~  4u^du 

4u^ ^

+  4
4

du =  —u^

~  —  ln\u  ̂+  4\ +  C =
4 4/-^ 16

=  f V F - f Z n | \ / F  +  4i +  C.

(i luiiiki, u ■■= Vx  edi).-^

/ iiiisol. / — hisoblansin.Vx+l+vx+l
► Hii yerda, EKUK (2,3,6)=6 boiganligi uchun

J,/,.Vx'nclx

I l +  V x+ 1

X +  1 =
dx =  6u^du

ru-6u^du , r U * d u

 ̂ ~u^+u2~~ J 'u+1

(> f  (u^ — ii^ + u  — l  +  du =  ^u^ — 2u^ +  3u  ̂— 

-.(.I I (ün\u +  1¡ +  C =  ^ l/ ix +  1)2 -  2 V x T T  +  sVx  +  1 -  

6V^T+~1 +  + 6i'it| a/^*+~1 + 1  +  C."i 
I'.sliilni»: Vax^ +  èx +  c ga nisbatan ratsional boigan ayrim

lii.ii Mtiiiiilliklarni integrallash §8.3 va §8.4 larda bayon etilgan

<.>iividagi koi'inishdagi integriilni qaraylik f  - j^ ^ = = = .
I tu lulcgralni har doim quyidagicha yoyish mumkin boiar

I. Ill

=  Ç jt- iW  ■ Vo^ b x  +  c +  j -
dx

J ii\ ''\ i )x + c  • J ^^'ax^+bx+c
Mu yorda, À E R  hamda Q n -i(x ) esa, koeffitsientlari 

"Miiiirliiiu boigan ( « - ! )  darajali ko‘phad boiib, uning 
I "■ ilii'-iiiiitlarini aniqlash uchun (8.11) ni differetsiallab 
Mtl<Mi ilmli. Natijada hosil boigan ayniyatdan, ham Ç n-i(^ ) i^ng 
t Kii.siciiUari, ham X ni aniqlanadi,

.»•mis«!. / hisoblansin.

► (H.l

( ' dx =  (Ax^ +  Bx^ +  Cx +  D )^x^ +  4 +  A JV>̂  14  ̂  ̂ VÏ2+4
III vo/ib olam iz.
< iMij-i (cnglikni differensiallab, quyidagini hosil qilamiz

I ) formulaga binoan.
dx
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x*+4x^
=  (3Ax^ +  2Bx +  C)/x2 +  4 +

+ ( / t x = + S x ^ + &  +  D );g f5 j  +  ; ¿ = ( l )

Tenglikning har ikkala tomonini f̂x^~+~4 ga ko‘paytirsak, u 
holda;
^4 ^  4^2 ^  +  2Bx +  C)(x^ +  4)

+  (Ax^ +  Bx^ +  Cx +  J5) ■ X +  A 
Nomaium koeffitsientlar usulini qoilab, quyidagi 

tenglamalar sistemasini aniqlaymiz, ya’ni;
1 =  3^1+ .4X

x^
xf

0 =  2B +  B 
4 = 1 2 A  +  C +  . 

0 =  4 B + D  
0 =  4C +  A

Bu sistemani yechib, A=\!A, 5=0, C=l/2, Z)=0 va ).=-2 lami 
topamiz.

Natijada,

/
x^ +  4x^

-dx = - 2 l n x + /x^  +  4 + C
Vx^ +  4

ni hosil qilamiz.
Differensial binom deb ataluvchi ifodaning integrali, 

f  z ^ (a  +  + 6x ” )^dx ni (bu yerda, a va é lar noldan farqli 
boigan o‘zgarmas soniar boiib, m, n, p lar esa, ratsional 
sonlardir) integrallash uchun uni Chebishev almashtirishlari 
yordamida ratsional funksiyalaming integrallariga keltiriladi. 
Quyidagi uch holni qaraymiz;

1 ) agar p  butun son boiadigan boisa, yuqorida ko‘rib 
oiilgan eng sodda irratsional fonksiyalami integrallash holiga 
kelinadi;

2) agar (m  +  l)/ n  butmi son boiadigan boisa, 
a +  bx^ =  u^,p =  - , s  >  0 kabi almashtirish qoilaniladi;

sm+l
3) agar 4- p butun son boiadigan boisa, a +  ¿x^ =  

u^x^ kabi almashtirish kiritiladi.
dx4-misol. / hisoblansin.
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► Iki yerda, m =  ~7 ,n  =  4,p =  -1/2 boiganligi uchun,

\ ------ - = —2 butun sondir. Shu boisdan,
t Mi|oi ida qaralgan 3-holdan foydaianamiz:

1 + X -̂r. u^x*

X  ^  ( u ^  1 )~ 4
f  dx

+x*
dx =  - - ( u ^  — 1) ^l^udu

( u ^  - - 1 ) 4  • I t  ^ • ( u ^  -  1 ) 2  (u ^  -  ! ) ■
\ 2/

5
^udu ■■

= -~f(u^- - l ) d u  = - ^ u ^ + i u + C ^ u —
VlH

AT»8.7
Aiiiqmas integrallarni hisoblang.
'• (•^«w¿:^ín|A/^ + 4| + C.)

(-^ovofciVF + H -V ii  +  H t a i - V F - i l  + c )

I I //i(V3x +  4 +  2 l ) )  +  C.)

4. {Javob: A^yjx +  iVx-\-A^lnY^fx— l\ + C .)

1—x dx  ̂_ , , Yi+x—/i—r
/ 1+3C X

. {Javob: In Vi+x+Vi^ + 2arctgJ^^ + C.)

(*. / z® l j { l  +  x^y-dx. {Javob: ~ l j { l + x ^ y  -  -  \ ¡{l +  x^Y  +  C.)

Mustaqil yechish uchun topshiriqlar 
Aniq mas integrallami hisoblang.

I. a ) / - . ^ d z ;  b ) J ^ .
W + 1  V x ^

Uavoh: a)  ̂( I 'F  -  ln (V ^  + l ) )  + C; b) Íí!zj^/Z±! + c.)
, , (-yix^-^fx , 1 N r 4XCÍJC
2 a) I —-i-—-dx; b) 3 7 = -= -3  —=r-~.

 ̂  ̂ V ^+ i)2 4-V5+I+i
(./,/v'o/;; a)^ +  C; b )3 V x T l  -  4{x +  1) +  C.)
. , r dx 1 , r _______ 4xdx________

Vx+^fx’ V(3x-8)Z-2^V3x^+4 ■
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{Javob: a) 6 +  Vx — ln { l  +  y x ) +  C. j ;

b ) i  V (3x  - 8 )4  +  -  (3x -  8) +  C.)

8.8. TRIGONOMETRIK iFODALARNI 
INTEGRALLASH

f  R  { c o s x ;  s in x )  d x  (8 .1 2 )
integralni qaraymiz. Bu yerda, R ratsional funksiya. Bu 

xildagi integralni integrallash, universal almashtirish deb 
ataluvchi tg  ^ =  u kabi almashtirish yordamida yangi u

o‘zgaruvchiga nisbatan ratsional funksiyani integrallashga
keltiriladi. Bu yerda,

1 — 2u 2du
cosx =  -------  ̂, sinx =  -------, dx -  ----------r (8.13)

1+  Û  1+U^ 1  -f u2  ̂ ^
belgilashlar inobatga olinadi (§8.6 ga qaralsin).

1-misol. r ------—------hisoblansin.
■' l+s inx+cosx

► t g -  =  u deb olib, (8.13) lardan foydalansak, quyidagiga 
ega boiam iz:

c d x  f  2du/(l+u^) f du , ,,i , ^
J -  J - J i T Z -  +  c  —l + s in x + c o s x  ■' - I 2lt 1 -u  l+ u

In
' l+ u

2
Agarda, R (—cosx,—sinx) ~  R (cosx,s inx) kabi ayniyat

o‘rinli boisa, integi-al belgisi ostidagi funlcsiyani ratsional
ko‘ri:aishga keltirish uchun nisbatan soddaroq boigan tgx  =  u
almashtirishni qoilash mumkin. Bu yerda esa,

u 1 du 
sinx -  , cosx -  , dx =  ------- r (8.14)

y m ?  y m ?
kabi ifodalar inobatga olinadi.

2-misol. f  — hisoblansin.
3+sin^x

► tg x  =  u deb olib, (8.14) lardan foydalanamiz:
du

C dx r 71̂ 2 r du 1 ^ 2u , _

■f i S S S  =  / S S ?  “  5 v i S  +1+Ü2
1 ^ 2 tg x  , ^  .arctg —̂  +  C ..<

2V3 ,/3

3-misol. J tg^ lxd x  ni hisoblang.
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► Bu integralni hisoblash uchun t g lx  — u almashtirish 

!■ ii ilamiz. U holda, x ~  ^arctgu va dx =  ^̂ rni inobatga 

iilil), quyidagiga ega boiamiz:
/ tg^2xdx 1/ i j  (u^ -  u +  du = ^  -

I ir' I- + ; in ( l  + u ^ ) +  C =  ltg *2 x  -\ tg '^2x  +  ~ ln (l + tg'^2x) +  C.^ 

f f  (cosx^sinxdx va J f(s inx )cosxd x  kabi integrallami 
hisoblash uchun mos ravishda cosx =  t va sinx =  t 
iilmashîirishlardan fo3'dalanish maqsadga muvofiqdir.

4-mlsoL f  hisoblansin.
cos*x

► cosx =  t deb olamiz, u holda:
• l-cos^x . , ç 1-t^ , , rd t  çdt

J-— M O  =  - J ; î  + J7i -
r  S i n ^ X  ,  r  1 - C O S - ^  . ,
— — dx — J ---- -— smxdx

■' cos*x ■’ cos'^x

. 1 *-3 1 J. r  -   ̂ ’ 

cosZxd x

■+C.M
3  cos^x cosx

5-misoi. î=/ hisoblansin.

► 2 +  3sin2x =  deb olsak, cos2x - - t ^ d t  boiadi. U holda: 

/ = i j ^ ^ l / d t = i t  + C = f V ( 2 T 3 ^ + C . < i

AT- 8.8
Berilgan aniqmas integrailar hisoblansin.

1.

2.

3.

4.

5.

(I.

7.

K.

.{Javob: i  in
3 + 5  CO S  a: 

dx

2+tĝ
+  C.)

3  s i n ^  x + 5  COS' 

dx

- .  (Javoh :^arctg '^ -^  + S.)

C.)
I C o - - 5

. (Javob: In
8-4s in3 i:+7  cosx

cos^ X sin^° xd x . (Javob:
coŝ -'a: cos-̂-’ x

11

—-z------r ~ --------- -^ .(Javob:-^In  — — — j= + C.)
sm^ x + 3 s m a ; c o îz + c o s ^ a :   ̂ %/l3 2tgx+3+yf3

sin''̂  3xdx. (Javob: ~  ^sin 6x +  ;^sin 12x +  C )
cos‘'̂ x + sm̂ x , , y , 1 I
— ;------ dx. (Javob: -  In
COS‘‘ x-sin'^ x  4

. (Javob: ln\tgx\

1 3  '  +  

h g x + 3 - \ /3

9 6

1+tgx

1-tgx

2 Sin̂  z

+ i  sin X cos x +  c.) 

r + C . )
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Mustaqil yecMsh uchun topshiriqlar

Vcos-^i ’ ' 4 -5 smx ■

{Javob: a)| cos^/s x — 3cos ^̂ 3 x  +  C\ b ) -  ln\
5 3

- 1  / 1  t a - - ? .

+ C.)

2 . a) / - Í ^ d x ; b ) í 2̂ ,
^ ■\l3-¥4sin2x s i n r + l

{Javob : a ) iV T T T s I n Z x  +  C; b ) +  z  +  Í7.)

'X ^ r  sin  3xdx  _ p sin^ srdJC

\r(i+2cos'Sx)^' l-vcos^x‘

(Javob: a)~V3 +  2 cos 3x +  C; h )^ a r c tg  -  x +  C.)

8.9. 8- BOBGA DOIR  IND IV ID U AL U Y TO PSH IR IQ LAR I
IUT-8.1

Aniqmas integrallami hisoblang (1-5 topshiriqlarda 
integrallash natijasini differensiallab tekshiring).

1.
i . i . / J i H c i : * .  1 . 1 2 . / ( x V J - ^ + i ) < i * ,

l A i .  H x ^ ~ ‘̂ - 3 ) d x .
2x 3

1.3. 1.14.

l A  /  - ^ i ^ * - d x .  1.15. / ( ^  +  2 * ^ - 4 ) 4 r .

^ _  r  V x -2 x + 5  , n r V i^ -3 X '^ + 2  ,1.5./->— — dx. !.!<>. J ----- -̂----dx.

1.6. j  1 .17. J (2x" -  SV^S +
/ o4/- X t  i o  r 2 x ^ ~ y ^ + \  ,

1.7. f t e - i ^ + 3 ) d x .
, r-:-^ •< fSx^-V^+y,

1 . 8 . 1 . 1 9 . /  dx.

1 .9. f 1 .20. f  dx.
J ^

, . 10 . / i i t f i l * .  Í  ( ^  - ; ?  +  ^ ) * ■

1.11. dx.

 ̂ rV^-2x +̂6 , 
VxS-5x^+3 , / I

5/-
1.23. / . i ^ I ^ d x«/ -vZ
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I » .  | ' ( V x - ^  +  2 )íii.

IM ,,
' л:

/ ( f
1-Î9. / ( Ç - ; ’î + s ) d x .

1.30. / ( ÿ  -  +  2)  dx.

2 .1. / V3 Ч- xdx.
2.2. J  V l  +  xdx.

2.3. / У(1 +  x)2dx.

2 .4 . / ^ = .V1+3C
2.5.

2.6. J ^ .
V2+X

2.7. /(1 -  4x^)dx.
2.8. / (1  +  4x)^dx.
2.9. / ( 1  -  3x)^dx.
2.Í0. / v T T S x d x .  
2, i l .

2.12.
2.13.

2.14.

2.15.

2.16.

/ VS -  4x dx.

J 
f

V s+3 x
dx

V (1 -4 X )S  ' 
dx

V(3-4X)2 ' 
dx

f

f  Уз — 2x dx.
^2-5л: ■ 
SI

2.17, / lT + 3 x d x .
2.18, / VT 4- 3x dx.

2.19, / dx

,/(3=3̂ 5 ■ 
dx

2 .20. / 3,____■' V3+5
2.21. J■' (2+x)3
2.22. /  V5 — 2x dx.
2.23. / V 5 - 4 x d x .
2.24.

f ^  -  5x)2dx.
2.25. f V T ’-S x d x .
2.26. f  V 4 ~ ^  dx.
2.27. f  V3”-  4x dx.
2.28. /  V3~+ 2x dx.
2.29.

J  V ( 3  +  5 x )3 d x .

2.30. /  y^(2 -  x)2dx.

.U ./

.^.2. J  

,V3. f — .2-3x

dx

3 - x '
dx

3x+9
dx

3.
3.4./-^1 -
3.5. /

3.6. /

dz
4x 

dar

2+Зж’
dx

2 -5 x '

dx

3 x -Z
dx

3.7. /

3.8. f гж+з
3.9. / — .ЗХ-4
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3.1
f

dx

f

4 -З х
3.11.

dx

Зх+4
3.12.

r dx 

4 X -2 '
3.13.

dxI

I

5 -3 x
3.14.

dx

f

4 -7 X
3.15.

dx

S x -3
3.16.

r dx 

3~2x'

4.1. / sin(2 — 3x) dx.
4.2. f  sin(3 — 2x) dx.
4.3. / sin(5 — 3x) dx.
4.4. f  cos(2 +  3x) dx.
4.5. / cos(3 +  2x) dx.
4.6. / sîn(4 — 2x) dx.
4.7. / cos(5 ~  2x) dx.
4.8. / cos(7x +  3) dx.
4.9. / sin(8x — 3) dx.
4.10. / sin(3 +  4x) dx.
4.11. f  sin(3 ”  4x) dx. 
4Л2. / cos(4x +  3) dx.
4.13. / cos(3 — 4x) dx.
4.14. / cos(2 +  Sx) dx.
4.15. J  cos(3x +  5 ) dx.

f

3.17.
dx

5 +3x '
3.18.

dx

3-Sx"
3.19.

dx

I

5+4Х
3.20.

dx

f

6 -3 X
3.21.

dx

6+5x
3.22.

r dx 

l - 7 x '
3.23.

r dx 

l + 6 x ‘

4.

3.24.
1- dx  

2+7x’
3.25.

r dx

, 7 -3 x '
3.26.

r dx  

5 ~ 2х '
3.27.

dx 

2X+7 '
3.28.

d.x 

2x+9
3.29.

d.x
f

f

7 Х -3
3.30.

dx

6 x + l

4.16. / sin(4x +  3) dx.
4.17. / sin(5 -  3x) dx.
4.18. / sin(3x +  6) dx.
4.19. / cos(5x — 8)  dx.
4.20. / cos(3x ~ 7 )  dx.
4.21. / cos(5x — 6) dx.
4.22. J sin(7x +  1 )  dx.
4.23. J cos(7x +  3) dx.
4.24. f  sin(7 — 4x) dx.
4.25. f  cos(3x -  7) dx.
4.26. f  sin(8x — 5) dx.
4.27. J cos(8x — 4) dx.
4.28. / sin(9x ~  1) dx.
4.29. / cos(10x — 3) dx.
4.30. / sin(9x +  7) dx.

44



5.1. S ̂•’ 9x2-3
5.2 J

5.

\'9x^+i
dx

9^2+3' 
dx

5.3. f

5.5./ “*

5.6./

5.7./

5.8. /

5 . 9 . / - — .
5x^-3

5.10. /

5.11. /

V3-9̂ ;2‘
dx

7x2-4■ 
3dx

л/7х^'
dx

5x2+3"
dx

л/з - 5 х 2‘
dx

V 5x2+3'

5.12.

5ЛЗ.

5.14.

5.15.

5.16.

5.17.

5.18.

5.19.

5.20.

5.21.

dx
V 4 -7 x 2 

r VSdx
-ч/V'3-4x 2

dx
V2;c2-9 "

dx

2x2+7■ 
dx

'Jsx^+l
dx

3x2+2■ 
V2dx

V 7 -2 x 2 '
JlAdx.
2 x 2 -7 '

dx

8 x2 + 9 '
dx

3x2-2■

5.22.

5.23.

5.24.

5.25.

5.26.

5.27.

5.28.

5.29.

5.30.

r _^ L _
4x2+3 ■ 

/• dx

л/4х2+з‘
f - g f - . -

V3-4x2- 
r dx

v'9-8x2'
dx

4x2-3 ■ 
dx

8x2-9' 
dx

4ÿf2+7‘

/

/

,
f  2dx

4 + 3 x 2 ' 
f  2rfx

v'4x 2 -3 '

2xdx

V 5 -4 x 2‘
xdx

4x2+1■ 
4xdx

6.1. /

‘ ■ '•/ v i= îP
,  r 3xdx
6.i. J 

6.4. /
V 3 -4x2  

, _ r 2xdx

6.6.
■' V4x2+3

6.7. / VF-8x2
6.«,

v3x2 -2  
2xdx6.9./-

V3x 2 -2 ‘
. /• 2xdx6.10. \/7^2

6.11.
6.12.
6.13.

6.14.

6.15.

6.16.

6.17.

6.18.

6.19.

6.20.

6.
xdx

2x2-7■ 
xdx

3 x 2 + 8 '  
2xdx

3x2-7■ 
2xdx

V2x“2+5 ' 
^ xdx

7т=зР'
r xdx

2x2+9'
/■ 5xdx

V3^5P‘ 
xdx

/ :̂ 3x2+8' 
г 5xdx

л/5х2+з'
xdx

3x2-6■/

6.21.
6.22.
6.23.

6.24.

6.25.

6.26.

6.27.

6.28.

6.29.

6.30.

r xdx 

5x2+1 '
г
■' 5x2-3 ■ 
<- xdx

2x2-7' 
г 9xdx
Vl-9x2'
3xdx

9x2+2*
5xdx

3xdx
'/9x2+5'
2xdx

Sx^-3■ 
xdx

3x2 -2 ' 
7xdx

7 * 2 + 1 ■

45



3z2_7■

8.1 . / "̂ dx.
8.2 . / e^+s^dx.
8.3. f e^~^^dx.
8.4./e2^+idx.
8.5. f  e^^-'-^dx.
8.6. f  е^’̂ -Чх.
8.7. f  е^’̂ +Чх.
8.8. f  e'^~^-^dx.
8.9. f  e^-^^dx.

f

f

7Л2.
dx 

3 x ^ +7 "
7.13.

dx

7.

I

6x^— 7 ■
7.14.

dx 

7л;2+б '
7.15.

dx 

Vt^3x2■
7.16.

dx

I

f

f
>

I

6x2+1 ■
7.17.

dx 

-J 5x -̂1
7.18.

dx 

3x2-5‘
7.19.

dx
V2^3^'
7.20.

dx

•\¥-3x2‘
7.21.

7.22.
dx 

л/зх^‘
7.23.

r dx
2x2+7'

7.24.
dx  

4x2-3■
7„2S,

dx  

3x2+4■
7.26.

dx

/

/

/

V8x2-9‘
7.27.

dx

V S -4 x 2'
7.28.

dx
vT=3x2’

7.29.
dx

I

V4x2 + 5’
7.30.
_  dx

зх^Гг"

f  dx 

V3x2+8'

*

8.
8.10 . 8.14.

f  e^^~4x.
8.1 1 . ПЛ5.

/ e^~^^dx.
8.12 . 8.16.

¡e^^^+Ч х . f  e"^~'^^dx.
8.13. 8.17.

/ e'^^+^dx. /e^-s-dx.
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N.I8.

K. 19.
f  e^~^^dx. 

K.2Í).
С e^^~'^dx. 

8.21.
f  е^^+Чх.

8.22 . 8.27.
fe^-^^dx.

8..23. 8.28.
/ e^~'^^dx. f e^^^^dx.

8.24. H.29.
/ f  e^-^+4x.

8.25. 8.30.
f  e^-^^dx.

8.26. / e^-^dx.

dx
‘I.I. I

4 .2 . j ’̂ S ^ d x .
X -1

‘>.3. /

‘),4. /

( 2 х + 1 )У  I n ^ i l x + Ï ) '
3 1

dx

dx

(1-жУгпЗ(1-л:) ■

X -1

2X-1

,,,7,jaiHí4¿;t.
■' Зх+1

').8. Г------- ---------- .
(х+1 )1п^ (х+1 )

9 у Г_____ Í f L - _ _
’ (х+1)'^1п(х+1) ‘

9.10.
■’ х+1

<,Л . f & í l l a x .  
_ х + 1 _ _

4.12. í ’J í : ^ d x .
х+1

4.1.1. f J ^ ^ d x .
Х+1

dx
'».14. f ------ S7=T— ■

'' (x+l)V^^‘ (^+1)

.,,15. j J ^ & d x .
■' X + 1

9.

9Л6.

9.Í7.

9.18.

9Л9.

9.20.

9.21.

9.22.

9.23.

9.24.

9.25.

9.26.

9.27.

9.28.

9.29.

9.30.

dx

/  (x + 2 )^ ln (x + 2 )  '

3x+l
dx

•' (x -3 )ln '^ (x ~ 3 ) ' 
ç dx

(x + 5 )£ n 3 (x+ S ) '

S - ^ d x .

f ’J ^ ^ d x .
■’ X+4

f ^ ^ ^ d x .
x - 7

x+3

¡ ■ Æ s E U d ^ ,
■’ x -5

dx

(x + 3 ) ln * { x + 3 )  'f  

f

f & ^ d x .  

f

x - S

x+6
dx

f

( x - 4 ) l n ^ ( x -4 )  ' 
ln ° (x +9 )

X+9  
in (3 x + 5 )

3x+S

-dx.

dx.
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t -  r Vârccos lx  ,
J - ^ — dx.-4X̂

12 24
' •̂ l-r dx.

г25х̂ -

12.25.
12.26.

yjl-25x^

/
dx

V 1  - 2  5д:2 arcsin5x *

12.27. / arctg^ 'ix dx.l+9x^
H T  f  o-rccos^7x J

-f лчг*'-
12.29. ¡ ‘É S f i d x .

•’ 1+X̂
■ a r c c tg * 8 x12.30. /■ l+64.r:2 -dx.

13.1.

13.2.

13 3 f £ ! £ iJ e*3+i-
13.4. / e^°^^sinxdx.
13.5. / e^^^-'^x^dx.

13.6./ =  dx.

13.7. f  e^^"+^xdx.
13.8. / e^-^\dx.
13.9. / e*^^+^xdx.
13 10 f _____

J ^^_^2garcs inx  •

13.11. J e^^^-^xdx.
13.12. / e^-4^"xdx.
13.13. /
13.14. / e^'”^"''^cosxdx.
13.15.
13.16.

13.

/e^-^ xdx.

/e ts'sr.
СОХ̂д- dx.

13.17.
13.18.
13.19.
13.20.
13.21.
13.22.
13.23.
13.24.

13.25.

13.26.

13.27.

13.28.

13.29.

13.30.

j  e^^°^^+^sinxdx. 
jr e^^i^^-^cosxdx.
J  e^^^~^xdx.

/ e ^ -^ ^ \ d x .

/e 4-3^2xdx.
J e ‘̂ °^^^sin2xdx. 

f  xdx.
J e^^+'^x^dx.

garctgx

I ----- —dx.l+x^
f  e^^\^dx.
r x^dx

J gx^+i■
r xdx

J

f

Je

xdx
,2X̂ +1 ■
4-5л:̂ xdx.

14.1./ x - 1  ,
—t;— dx.7x^+4

14.2. f ^ d x .
5x^-1

14.
14.4. f - ß ^ d x .

■' Vx^+4
14.5. J - ^ d x .

2x^+7

14.6. J - ^ d x .3^2+1
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,4.20.

1 4 .8 ./ -Í| id x  ,4.2,.

14.9. f - ^ d x .  ,4.22. f ~ ^ d x .•’ V.r2+9 j Vs-3x2
3 ^ “ 2  ,  ,  j  f  3 ; c + 4

14.15,

14.16.

.4.,«. J ^ d x .  ,4.23. ^

.4.12. / ^ d x .  ,4.25. ; ^ d x .

14.13. / ^ I d x .  14.26, J ^ d x .

>'••14. í j g - d x .  ,4.27. / ¡g | ;d x .

14.17. / g i d x .  14.3«. J ^ d x .
■4 10 r 2X+S ,

14.19. J - ^ ^ d x .
■' V3x2+2

Namunaviy variant yechimi
Aniqmas integrallami hisoblang (1-5 topshiriqlarda

iii(cgraliash natij asini differensiallab tekshiring).
,  r 3-2x^+y^ ,

I. j — 4S dx.

► Integral ostidagi funksiya suratini maxrajiga boiamiz va 
Mi(cgrallash usulining ikkinchi va uchinchi qoidalarini qoilaymiz. 
Aiiiqraas integraliar jadvalini qo ila sak ;

r 3 -  2x* +  Vx2
-dx  =  3

1 15 r  5

/X 4 dx +  X12 dx =j  j  X 4dx — 2

4.3/4 +  c =  4 V ^  -  ¿  +  C.

I losií boigan natijani tekshiramiz;

(4x1 -  +  0 - 4 -  ^x-V4 A . +

2.
(4 -8j:)2 ■
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*• f  V 0 S ?  “  -  i i  W -  =

= ~ y i * - » x y  + c.

Hosil bo'lgan natijani tekshiramiz;

( _ i  (4 -  8 * ) l  + c )  =  -  ¿ !  (4  -  8 * )- iC -8 ) =  (4  -  a * )-W  t

3- l ~ -
f  dx 1

► j  6 -  7x +  ■̂
Jiosil bo‘ lgan natijani tekshiramiz:

(^^ ln\6-7x\ + c) = - i ^ . ( - 7 )  = - i- . ^
V 7 ' y 7 6-7a:  ̂  ̂ 6-7X
4 . / cos(2 — 5x) dx. 

p. J  cos(2  -  5x) dx =  - - s in (2  -  5a:) +  C. 

jjos il bo‘ lgan natijani tekshiramiz:
( - i s in (2  -  5^) +  C )' =  - ic o s (2  -  5.r) • ( - 5 )  =  cos(2 -  Sx). <  

jlosil bo'lgan natijani tekshiramiz:
• /24 '

0  /n|2x +  V4x2 -  3j +  c j
2x+̂ /4x̂ -3

2 7 2 x + V S ^ - 3 )V 4 x 2 ^  -^ 4 x ^ - i  

J 3 ^ 2 + 4 ’
r 7 xd z 7 r 6 xdx  7 ,  2 , ^  ^

»■ / ¡ ^  =  6-f iis r ; + -»I +  c . -«
p  d x

’7* V e - s x z  ■
r dx _  1 p ii(Vŝ ) 1 . v'Sx . „ ,

► i IT T ^  ~RJ 7= T = ^ =  = ^arcsm — + C. 00^  V5 vs V6

gje^-'^^dx.
^  -  j /  e-̂ “ ^^d(5 -  4x) =  +  c.

r vMHEHId;,.
J a:+2
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■yin\x + 2)
dx

x +  2
r  3 7 10

= j  lm {x  + 2)d (ln (x + 2)) = — in 7 (x + 2) + C =

^~yin^^{x + 2) + C. <
 ̂„  r  cosZxdx

10. J s 7 = = .
■' Vsin3a:-4

► / g; - - —- =  - / (sm3x -  4)~s ■ 3cos3xdx =  - j (s in 3 x  —
V sm 3 x - 4  3 ^ 3

4)'^d(si>i3x -  4) =  i  ■ J (sinSx -  4)5 +  C -  ^  V(sin3x -  4)^ + C. <

1 1 .  f _________ ____________

'  sin^4xyctg^4x  
dx 1 r _2 / 4f  dx 1 r __

J i S S i 5 5 P ? i = - i Jsin?Ax\jctg^Ax 4 j  sin24x

=  - ci5~4xci(ct54x) =  - jcifii34x +  C =  -  ̂ \jctgAx +  C. <  

12.
_____ItAx^

r yfcircctg^2x 1
dx ~  -

1
2 }

1+4x2 2 a r c r t . g l2 x ( - ^ ^ )d x = : :
S 1 3 _

arcctg32xd(arctgZx) -  - - ■  -a rcctg32x  +  C =
2 8

= yarcctg^Zx  +  C. <

13 .//e^‘ °“ +2smxdx.
^  / g3co5x+2^j^^^^ =  -  J/ e^^°^^+^di3cosx +  2)  =

, ig3co«+2 +  + C _  ^

3X+10
14. J —T-T^^'6x^-4

III r da: _ _  

v/f. ■' (\/to)2--22 ~
V ^ -2
V6X+Z C.

IUT-8.2
Aniqmas integrallarni hisoblang

1
1.1. / {Javob: V2 arctg ~ ~   ̂ Injx^ +  2| +  C.)
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C.)

1.2. f  ~ ~ :d x .  {Javob: 3arcsinx +  SVl — x^ +  C.)

1.3. {Javob: 8 tn\x +  Vx^ — ij — IsVx^ — 1 +

{Javob: ^ln\2x^ -  1\ +  I n +  C.)
a:-2

/2
V2X+1
X1.5. J - ^ ^ d x .  {Javob: —^ fz ^ x ^  — 2 a rc s in ^ +  C.)

1.6. / -^ = = d x .  {Javob: ^arcsinZx  +  -  4x^ +  C.)

1.7. / J = d x .  (/avofe; injV2;c +  +  f)| -

W 2a;2 +  i  +  C .)

1.8. / ~ ^ dx. {Javob: a rc s in ^  — V2 — +  C.)

1.9. f  dx. {Javob: ^ln\2x^ +  1| +  yf2.arct g  V2x +  C.) 

dx. {Javob:  ̂ arctg 5x — ^  in jl +  2£

V 3X -2

1.10. / 

1.11. /
1+25̂ 2 i  arctg S x -  ^  ln\l + 25x^1 + C.)

^ ^ d x .  {Javob: ^ln\3x^ — 4| — ^Zn
V3X+2 +C.)

1-12. / (Javob: ^ln\9x^ +  7\ - ^ a r c t g ^  +  C.)

1.13. / -—^ —dx. {Javob: -^arcsin  ̂  +  V4~- 3 ^  +  C.)

1.14. / -^ ^ = d x .  (Javob: 2arcsin2x + i V T — Ax^ +  C.)

^  arctg  ̂  -  i  Zni2 +  +  C.) 

1.16. / - ^ = d x .  (Javob:  ̂ln\2x +  V I +  4x^ \ +  ^V l +  4x^ +  C.)

1.17. / -^==d x . (Javob: Sarcsinx +  4 V l — x^ +  C.)

1.18. f - j= = d x .  (Javob: SVx^ -  3 -  Inlx +  Vx^ _  3 j +  c.)

1.19. f   ̂ dx. (Javob:-ln
X-S

2X-1

2 x + l
- -  ¿n|4x2 -  11 +  C.)

ln^ -i/n|3 -  2x^1 +  ~

1.21. / -^^=dx. (Javob: x  ̂+ 4arcsi'n- + C.)
V 9 -^ ^  3 ^

1.22. / ̂ ^^dx. (Javob: /n|x̂  -  5| — ln

'JZx-Js

V'2x+V3
+ C.)

.....
1.23. / ̂ 0 :d x . (Javob: -  2 ln\x + y fx ^ ^ \  + C.)

1.24. ^ ^ = d x .  (Javob: ln\x +  +  l| +3Vz^ +  1 +  C.)

2̂ ¡S x̂■̂|S + C.)
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dx. {Javob:  ̂ln\x^ +  ^  arctg ^  +  C.)

1.26. / ^” dx. {Javob: 3 a rctgx  ~ ^ ln \ l +  x^\ +  C.)

1.27. / — ^ d x .  {Javob: ^arctgy/3x ~ ~ ln \ l +  3x^| +  C.)

1.28. / -J ^ ^ dx. {Javob: SVx^ +  4 +7 Znjx +  +  4 j _|_

1.29. / dx. {Javob: -sfSx'  ̂—4 — ̂ ln  V3% -I- VSx  ̂— 41 + C)

1.30. / -~^^dx. {Javob: SVx^— 6 + Znjx + Vx^ — 6j + C.)

2.
+  3cos2x| +  C.)

2.2. f  - ~ d x .  {Javob: - h n \ l  ~  x*\ +  C.)

/ ¿ S i  -- cos3x| +  C.)

f  £ ^ -  iJ^^ob: \ln\2e- +  3! +  C.)

2.5. / {Javob: —ln\cos^ x — 4| +  C.)

2-6- -  3e"l +  C.)

2.7. / —̂ -^dx. {Javob: — -"--ini7 “  5x^1 +  C.)/ 15

/ 3|Tn” r+I^^- ^ ̂ 1̂3 sin^x -f 4| -I- C.)

2 3 .r i^ r {J a v o b :\ ln \ S  +  e^^ +  C:)
1/-3

2.10. / ^ ^ d x .  {Javob: ~Jn\7 +  2x^\ +  C.)

2.11. / 2jc2̂ 5;t-_n7 {Javoh: ¿njZx^ — 5x -f 17| -+- C.)

2.12. / : ^ —-dx. {Javob: ~ln|2x^ — 5| -t- C.)
£̂ x ~5  8

2.13. j - j^ ^ ^ ^ d x . {Javob:-4sm 3x  -  2 4- C.)
%' S ITT. j X ^ .3

2.14. / dx. {Javob: —2V l +  cos^ x -I- C.)

(./m’o6: - ^ Z n j l  +  3cosxi +  C.)

2.16. / {Javob: -- Zn|4 — sin^xj -I- C.)4-sm2x

2-17. {Javob:\ln\e^- -  Sj-F C.)
-5   ̂ ‘ 3
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2.18. / : ^ d x .  (Javob: ^ln\7 +  3x^\ +  C )

+  2x! +  C.)

2-20- / £ = ■  (JiK’ob- +  C.)

2-21. ^■^^цp¡̂ dx. (Javob: ln\x^ +  x -  lOj +  C.)

2“22. j - ~ - d x .  (Javob: ^ln\3x^ ~7\ +  C.)

2.23. f  - ~ = d x .  (Javob: ^Vx^ 4- 3 +  C.)

2.24. J dx. (Javob: ÎZx"  ̂— 4x +  C.)

2.25. / dx. (Javob: — ̂ VS — sin7x +  C.)

- ^ V r a s iF T s  +  C.)

2.27. / ~ ^ d x .  (Javo6: Znj4x" +  x^| +  C.)

2.28. / (/flvoZ>: - 4 V T = ^  +  C.)

2.29. / dx. (Javob: 2V6 — cos^ x +  C.)

2.30. / dx. (Javob:  ̂VSx^ — 4 +  C.)

3.

3-1. (Javob: -  ~  -^ ln\x^  +  I j +  arct^x +  C.)

3.2. / ~ ^ d x .  (Javob: ~  +  x  — 6ln\l  — x\ +  C.)

(*̂ <3vô : Y  +  ^ln\x^ ~ l\  +  ln l ^ j  +  C.)

3.4. f ^ —^dx. (.Javob: -  x^ +  x -  Znl2x +  Ij +  C.)
¿X 'rx  3

3.5. f ^ j^ d x .  (Javob: \x ‘'' +  2x^ +  8 ln\x^ - 4 \ - - l n  |--~ +  C.)
X 4 2 \x+2

(Javob: -x'^ - 2 x -  a rctgx  +  C.)x'^+l
f  ^  -  ¿¿n|2x + 11 + C.)

3.8. / ^ d x .  (Javob :-\x^  - ^ ln \ l  - x^l +  C.)

3.9. / -^ ^ d x . (Javob: x -  y/Sarctg~  +  C.)
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3.10. / (Javoh: + x’  +^ln\Zx -  Ij + C.) 

(-̂ «voZ>: ~ + 3 x  +  - ^ ln  ~  +  C.)
• x ^ + 5 x  , , x^

a:+V3
3.12. / i^ -d x . (JavoZ>: -  + 2 Zjijx̂  + 1| + C.)x̂ +l
3.13. / (Javoh-. X -  ~ln\x^ — 4i + arctg ~ + C.)

3.14. / ^ ~ d x .  (Javob-. Y  — +  9x -- 28ln jx +  3j +C.)

3.15. / -^ ^ d x . (Javob: +~ln\x'^ — l i  +  C.)

3.16. / ~ ^ d x .  (Javob: -x^  x +  2arctgx  +  C.)

3.17. / {Javob: — ~~3x-\- la rc tg x  +  C.)

3.18. / ̂ d x ,  (Javob: -  -f 4x +  -foi ~ ~  +C.)
^ 4 3 2 ÄT'+’2

3.19. /^;^dx. (Javob-. ~  — ̂ x^ + 25x — 128Zn|x + 5| + C.)

3.20. / (Javob: ^x^ -  +  I j  +  arctgx  +  C.)

3.21. / dx. (Javob: ~~x^  +  2x — arctgx  +  C.)

3.22. /“ ^̂“ dx. (Javob-. ^x  ̂+ 2x̂  + 8x + 13in|x -- 2| + C.)

3.23. j  “— —dx. (Javob: 2x +  3arctgx  +  C.)

3-24. / dx. (Javoö; y  +  ̂injx^ + 2 1 + ~  arct.g + C.)

3.25. / ^ :^ d x . (Javob: — 3x — 6in|x — 2| +  C.)

3.26. f ^ - - d x .  (Javoh: x^ +  14x +  lOSInjx — 7| +  C.)

3.27. / ~ T ^ d x . (Javob: ^x^ +  x^ +  2x +  5/njx — I j  +  C.)

3.28. / dx. (Javob: —~  +  4 x —~ a r c t g ^ +  C.)

3.29. f  ̂ d x .  (Javob: ^ + 3 x 4 -  ISZnix -  3j +  C.)

3.30. J “ ^ d x .  (Javoi: x +  \f2ln +  C.)

4.

4.1. f  sin^(l — x ) dx. {Javob: ~x +  ^sin2 (l x ) +  C.)

4.2. J sin^(l — x) dx. (Javob-. cos(l ~  x ) -  icos^(l ~ x) + C.)
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4.3. /(1 -  Zsirijydx. (Javob: 3x + 20cos- -  5 s in -+  C.)
. 5  5

4.4. f  cos^ 5x sinSx dx. (Javob: — cos^ Sx +  C.)

4.5. / cos=(l -  X) dx. (Javob: -  sm(l -  x) +  ̂ sin^ (l -  x) +  C.)

4.6. /(3 -  sinlx'fdx. (Javob:^x + 3cos2x - -sin4x + C.)
"̂ OC X  1  ^

4.7. / sin^ '^ d x . (Javob :-x  - -s in 3 x  +  C.)

4.8. f (c o s x  +  Sydx. (Javob: -~ x  +  6sinx +  -s in 2 x  +  C.)

4.9. / cos^(x + 3)dx. (Javob: sin(x +  3) -^sin^(x  + 3) + C.)

4.10. / sin^ ^  dx. (Javob: -  -  cos ~  -f ^  cos^ — + C.)

4.11. /(1 -  cosxYdx. (Javob: ~x  -  2sinx +  ^sin2x +  C.)

4.12. / sin2(2x -  1 ) dx. (Javob: ~ -  ^sin (4x  -  2) +  C.)

4.13. / sin^ 6x dx. (Javo¿: -  icos  6x +  -~cos^ 6x +  C.)

4.14. / siii^ 0,5x dx. (Javob: ^ j  sinx +  C.)

4.15. / sin^ (  ̂  +  l )  dx. (Javob: ~ -  ^si n (x  -f 2) +  C.)

4.16. / cos^ 2xdx. (Javob: | +  ^sin4x +  C.)

4.17. J ( 1  +  2 cos^ fd x . (Javob: 3x -f 8sin- +  2sinx +  C.)

4.18. f  cos^ 3xdx. (Javob:  ̂ ^

4.19. / sin^ 2x dx. (Javob

4.20. f  sin^ 3X dx. (Javob

2

| +  ;j^Stn6x +  C.)

^x -  ^S in4x  +  ~ s i n 8 x  +  C.)
X I  *
~ - — sin6x +  C.)

4.21. /(1 -  cos3xydx. (Javoh: ^x -  ^sinSx +  ~ s in 6 x  +  C.)

4.22. / cos^ ^  dx. (Javob: -  +  -s in -~  +  C.)
5 2 8 5

4.23. f  sin^ Sx dx. (Javob: - ^ c o s  5x +  ^cos^ 5x +  C.)

4.24. / sin"  ̂X dx. (Javob: |x -  jS in2x +  — sin4x +  C.)

4.25. f  cos^ xdx. (Javob: |x +  jsm 2x  +  ~sin4-x +  C.)

4.26. / cos^ 4xdx. (Javob: -s in  4x -  ■—sin'^ 4x +  C.)

4.27. / cos^ 7 xdx. (Javob: | -f ~  s in l4 x  +  C.)

4.28. /(sinx -  sfdx. (Javob: y x  -  ^sin2x +  lOcosx +  C.)

58



4.29. / sin^ 4x dx. (Javob: — ~ cos 4x +  ~  cos^ 4x +  C.)

4.30. f  s in ^ ^ d x . (Javob: | -- ^ s in ^ +  C.)

5
5.1. / tg^xdx: (Javob: tg x  — x +  C.)
5.2. / ctg^(x -  6) dx. {Javob-. -^ctg^(x -  6) -  I n!sin(x -  6)| + C.)

5.3. J tg*3xdx. (Javob: ^tg^3x — ^ tg3x +  x  +  C.)

5.4. / tg^7xdx. (Javob: ^ tg7x — x +  C.)

5.5. J tg^xdx. (Javob: ^tg'^x — ~tg^x — ln\cosx\ +  C.)

5.6. J xtg^x^dx. (Javob: ~tgx^  ~  2 '̂  ̂ +  C.)

5.7. J ctg^xdx. (Javob: —^ctg'^x — ln\sinx\ +  C.)

5.8. / tg^ -  dx. (Javob: 2tg -  — x +  C.)
2 2

5.9. / ^ d x .  (Javob: tg'^ -  +  2 ln  cos -  +  C.)
2 2 2

5 . 1 0 . /  tg^4xdx. (Javob: ^ tg4x  — x  +  C.)

5.11. j  ctg^xdx. (Javob: —~ctg^x — ln\sinx\ +  C.)

5.12. J ctg^Sxdx. (Javob: —-c tg S x  — x +  C.)

5.13. j  tg^^dx. (Javob: ~ tg ^ ~ + 3 ln  cos- +  C.)

5.14. J(1 — tg 2 xY  dx. (Javob: ln\cos2x\ + ^ tg 2 x  +  C.)

5.15. / tg^Ixdx. (Javob: ~^tg^2x ~^ tg^2x ~^ln\cosx\ +  C.)

5.16. / ( 2 x  +  tg^7x) dx. (Javob: + ^ tg 7 x  — x +  C.)

5.17. / Y  d x .  (Javo6 : ~ ^  f  T  ^

5.18. / (£52x +  c tg2 xY  dx. (Javob: ^ tg2x -  ^ c tg lx  +  C.)

5.19. J(1 — ctgx)^  dx. (Javob: —2ln\sinx\ — ctgx  +  C.) 
5.2®. / ctg^3xdx. (Javob: -  -ctg'^ 3x — --ln\sin3x\ +  C.)

6 3

5.21. / ctg'^xdx. (Javob: —^ctg^x +- c tgx  +  x  +  C.)

5.22. f  tg^ ~ dx. (Javob: 6tg ~ — x +  C.)

5.23. / 6)dx. (Javob: ^ tg^ (x  — 6) — — 6) +  x +  C.)
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5.24. f  с д Ч х  dx. {Javob:  ̂tg^ 4x +   ̂lnlcos4xj +  C.)

5.25. f  tg'^ -  dx. {.Javob: :̂  tg^~ — 4 tg  ̂  +  x  +  C.)
5.26. / t g 4 x  + 5)dx. (J«voA: ^ + 5) ^ ^ ^

5.27. / t g 4 x  -  3) dx. {Javoh. ~ tg \ x  ~  3) +  ln\cos{x -  3)¡ +  C.)

5.28. / tg 4 ^ x  +  1)  dx. {Javob: ^ tg (5 x  + l ) - x  +  C.)

5.29. f t g ^ ^  dx. {Javob: ^ tg  — ~ x  +  C.)

5.30. / tgHxdx. (Javob: ±  tgH x  -  ¿ tg H x  + i  /n|l + tg 4 x ¡ +  C.)

6
6.1. / sm3x cosx dx. (Javob: — i cos4x — - cos2x +  C )

6.2. / sin^Zx cos2x dx. (Javob: ~ s in ^ 2 x  +  C.)

6.3. f  sin^Sx cos3x dx. (Javob: ^siv?3x +  C.)

6.4. / cos^Sx sinSx dx. (Javob: — - -  cos'^Sx +  C )

6.5. / s in j  cos^ dx. (Javob: - ^ c o s ^  ~  2cos~ +  C.)

6.6. f  cosx sin9x dx. (Javob: - ¿ c o s lO x  -  ¿cosB x +  C.)

6.7. / sin^2x cos2x dx. (Javob: ~ s in ^ 2 x  +  C.)

6.8. f  s in -  (Javob: ~-~cos2x +  ~cosx +  C.)

6.9. / cos^x sinx dx. (Javob: ~  ~ cos^x +  C.) *

6.10. f  cos 2x cos 3x dx. (Javob: ~ s in  Sx +  -  sin x +  C ) 

6.11/ sin Sx sin I x  dx. (Javob: J sin 2x sin 12x +  C.)

6.12. / sin 4x cos 2% dx. (Javob: -  ~  cos6x -  -  cos2x +  C.)

6.13. / cos^ 4 xsin4x dx. (Javob: -  — cos^ 4x +  C )

6.14. / cos  ̂2x sin 2x dx. (Javob: -  cos~^ 2x +  C )

6.15. / cos xsin 9x dx. (.lavob: -  ±  cos lOx -  ̂ cos 8x + C.)

6.16. / sin 4x cos 2x dx. (Javob: -  ~ cos6x -  i  cos2x +  C.)

6.17. / sin 3x cos 2x dx. (Javoh: -  ~  cos 5x -  - cos x + C.)

6.18. / sin^ 7x C057x dx. (Javob: — sin* 7x +  CJ
28
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6.19. J dx. {Javob: -  cos  ̂x +  C.)
■' COS  ̂X  ̂ 2 ’

6.20. / “ 4 ^  dx. {Javob: -  — V “  +  C-)
•' sm ^2x 6sm ? 2x '

6.21. / cos 'Ix  cos 5x dx. {Javob: -  sin 3x 4- --s in  I x  +  C.)•’ 6 14
6.22. / sin^Ix cos xd x . {Javob: -sin^ x  — -sin^ x  +  C.)

6.23. f  — dx. (Javob: -  — i - -  +  C.)
Sin^X 3sin^ X ^

6.24. / sin 2x sin 3x dx. (Javob: - s i n x  —— sin 5x +  C.)

6.25. f  s in x  cos^ x  dx. (Javob: +  C.)

6.26. j  sin 5x cos X dx. (Javob: —~  cos6x ~  -  cos 4x +  C.)
12 8

6.27. / sin X cos 4x dx. (Javob:-----cos 5x +  -  cos 3x +  C.)
10 6

6.28. / cos 3x cos X dx. (Javob: ^sin 2x +  -s in  4x +  C.)

6.29. f  cos^ 2xsin 2x dx. (Javob: —~ cos^  2x +  C.)

6.30. f  cos 7x cos Sx dx. (Javob: ̂ sin 2x +^sin 12x + C.)

7
7.L /  ■4x2-5x-h4' Vl9  ̂ л/М
7.2. j  ~ — . (Javob: — arctg “  +  C.)

x^ -4 x + io   ̂ л/б Ve ^

7.3. J —” — . (Javob: -^In ¡ÍÍ-— + C.)
•’ 2 x ^ -7 x + l   ̂ V 4 Î  |4д:-7+л/41

7.4. f — — . (Javob: - In
2л:2+ж-6  ̂ 7

dx

2x~3

2x+4
+ C.)
5 x + l■. (Javob: ~~ arctg 4- C.)
V345л;2+2.х+7'

/;-;-2T^TT- (/«voô.- arctg(2x - 1) 4- C.)
2х 2 -2 л:+1'

7.8. J -
7.9. /

2ж2-11х+2 
d x

V lO S
In 4 x - l l - v ' l 0 5

4зс-11+л/105 
4 x + l

+ C.)

3.t2-12x+3 
d x

6̂ 3
17.10. f - ^ . ( J a v ô è .  - /n

2л:2+3ж 3

7.11. /  -7^ ^ .  (JßvoÄ.- ln
x^~Sx+6 ^

X+̂ /2
X - 3 '

X~2
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3 x + l
X~2

X+4
\x -3

+  C .) 

+  C .)

\x~2

7.14. / — {Javob:— -  In J 8-2x-«2 6
7.15. / {Javob:— In

v f i  S f  +
; . (A v o 6 . - j^ a r c t s ^  +  C.)

+  C.)
X+2

7.17. f ---- i
2x2-8x+30

CZX / r Z.  ̂7  ̂ ^. {Ja vob :-  In3x2-9X+6" 
dx

x - l7.18. J
7.19. / — — . {Ja vob :-a rc tg

■’ 2z2-2x+5  ̂ 3 ^ 3

+  C.)
2x - l

+  C.)
2Z-4

+  C.)
2x+\

2X -3-V 7

7.23. J — . (Javo&; -5= Zn
■' X^+7X+X1 '■

7.24. /

Zx+7~y[s

2X+7+V5

+  C.)

C.)

+  C.)
, -. {Javob: In +  C .)

2 x ^ -3 x + l   ̂ 2 x - l l  ’

7.25. f - — -----. {Ja vob :—  a r c tg — +  C .)■’ 5x2-10x+25 ^
7.26. / — — . {Ja vob :—  In +  C .)

 ̂ 2x^+ex+3  ̂ 2a/3 2X+3+V3

7.27. / -7^— . (Javo*.- -  Zn ^  +  C.)■' x2-6x+8  ̂ 2 x-2 ^
7.28. / — {J a v o b : - -  In ~  + C . )

■' 1 -2x-3x2  4 3X+3 ’
dx

3 X -1

3X+3 
4x+3

i s ' "
6iC+5-Vi3'

6X+5+V13 +  C.)

8.2. f  -7==.̂ =—-V". (Javob: -^ In  x — -  +
-¡3 x ^ ~ 4 x + l ' V3 3

„  dx , > J 1 . 4x+3 , _  .
8.3. ■ ..... ... (Javob: -fr.arcsin--------- h C .)

 ̂ Vz-3.T-2x^ '' V2 5 ^

X2 - i x  + -
3 3

+  C.)
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8.4. J ; dx
+  3 +  V x ^  6x +  8| +  C.) 

Í  ü é k s i -  (Javob: ^ a r c s i n i ^  + C.)

^ 5T-¿-2.>- № vo¿; 3 arcsin ̂  +  C.)

*■’ • -f 7 5 = Ê S Î - +  С )

*■**• -I 7 Г « -«г ' У “ *’"*-' arcsin ̂  +  С.)

8.9./ -7==^^===. {Javoh: \  Ы-jSx̂ ~10x+4- V5 X -  1 + -  2х + г

^ «rc s in — i  +  C.)

8.1Î. /

+  C.)

йл:
'j4x--Sx+3

dx

{Javob:-  ln X- -  1 +
- ....  .

- 2 x  +  -
>

. ^-1 . ^

4 +  C.)

1- : ф = .  (Javob: -  lnV4x2-%+4 ' 28.13. J;
‘v 'ГЛ -Л r*T

-f æ Æ iP -  iJcivob:^arcsin^~^^  +  C.)

X — i  + X2 _  .i;c +  X
8 л/ 4

8-16- 7^a r c s in - ^  +  C.)

+  C.)

+  C.)

\!зх+2~гх^

8.17. f

V2‘

;— ~ — =. (Javob: lnV2x2~8x+1 V2

8.19. j

8.20./  
8.21./

8.18, / -5==£L=, (Jflvoè.- ln
^x^-Sx+6  ̂

dx

■ 4 x + -2x ~ 2 +^x^

X —  ̂+  Vx^ — 5x +  6

+ C.)

+  C.)

=. (./avoö.- ^ a r c s i f t ^ ^  +  C.)

d̂ :
\ '2Х ^ -Х +3 '

dx

^2-X -2x '̂ 
dx

X - -  + 7 1 . 3  X^----X +  -4 ^ 2 2
(Javob: ~  ln

(Javob: -^ a rcs in ^ ^ ^  +  C.)

+  C.)

VÏ7

V P i Ö ‘ ^ +  2 "*■ ^
8.23. / -y==SL==. (Javob: 4= a r c s i n 4- C.)\'5-7х-Зл-2 ' Vs

" - ï  + i1 , 7  î- ,5  
^ - ï + >  - ; ^ + ; +  C.)
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11 In
4V2

lO.lfl

2

. /
5:c+2

dx. {Javob: SVa:̂  + 3x — 4 —V;c='+3x-4
x + ̂  + + 3x -  4 +C.)

10.11. S - J ^ ^ d x .  {Javob:\^[2x^ - x + 7 -
IS

4V2
in 1 , F t * 7X — + [x^---------

4 2 2
+  C.)

10.12. / (Ĵ ^̂ oh: 2\/x̂  -  3x -f 4 4-
+2Zn X -  ̂  +Vx^ -  3x + 4 + C.)

10.13. /~ = i^ d x .  {Javob: —4V2 + x — x̂  + Sarcsin-

 ̂ -~5 -

-4^/2 In

'-+C.)

10.15. /
10.16. / .

X +  1+ x  ̂+ 2 x - -
3X+2

H-+C)

V4+2:c-:c2
x - l

~3j3 In

\'3x^-2x-H

dx. {.Javob: —3V4 + 2x — x̂  + 5arcsin—p̂  + C.
, ,_______________

dx {Javob: -VSx  ̂-  2x + 1 -
3

+ C.)

10.17. / - j= = ^ d x .  {Javob: —VS — 6x — x  ̂+ 2arcsin^^ + C.)

10.18. J - ^ ^ ^ d x .  {Javob: +

10.19. /
31 In

lX -2

-Jx^ -5x+ i
dx. {Javob: 7Vx̂  -  5x + 1 +

10.20. J (•/avofc; X -  5 -
+ C.)65 , x + i+  x ^ + - x ~ -

10.21. /-¡|==^dx. {Javob: —3̂ 2 + 3x -- x̂  + ̂ a rc s in ^ -- + C.)

10.22. / -^===p:fl!x. {Javob: —43 — 2x — x̂  ~ 7arcsin^^ + C.)
10.23. / dx. {Javob: \̂ 2x̂  — x + 6 +

+ C.)+ -^ ln2V2‘
x-910.24. / - j^ ^ ^ d x .  {Javob: - v T  + 2x -  x̂  -  8arcsi?i.^+ C.) 

=dx. {Javob: 2Vx̂  + 5x — 4 +
s “

+2 in x+^ + Vx2 + Sx-4 +C.)
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10.26. / = dx. (Javob: — 6x +  1 +
+  C.)

KS.27. / 2x+5
,— -------dx. (Javob: -  V3x^ +~9Í --4  4-

X 4 --+  1x2+ 3 x - - -
2 ->J 3

Í0.28. /

4-C.)

+2V2 in
yl2j?̂ X+S= dx. (Javob: 2V2x^ — x +  5 -f

10.29. I 3AT-7
Vx̂ -Sa;-H 

X -  -  -f

+  f  + C .)

dx. (Javob: sVx^ -  5x +  1 -l~ 

+  C.)

10.30. dx. (Javob: —7V 2^  3x — x̂ ' — ^a rcs 'in ^^^  +  C.)

I- /1
3-7x

Namunaviy variant yechimi
Aniqmas integrallarni hisoblang.

dx.4oi;2+S
f  3 ~ 7 x

■ +  5

dx

2 f__£5íL
2 -’ (2x )2 + (̂ '•s)

2 r ii*

(2x)2 +  (>/5')
;-7

xdx

4x2l-5

e3J'(2-e-3*)'
► M = 2 -  almashtirishdan foydalansak, u holda du = 

li' ■'•'̂ dxva

f __________= 1 r =  i  ¿„¡2 e -3̂1 4- c <
e - n z - e - “ ) 3-Í 2-e-3~ 3 ‘

3. r 3x''-4a: j
j — rr:- da:.z2+i

► Integral ostida turgan fiinksiyaning suratini maxrajiga 
lH>‘ lib noto‘g ‘ri kasming butun qismini ajratib olamiz, Natijada 
iil|i,ebraik yig‘ indini integrallashga kelamiz:

/ ' ? ”  =  ( l  3x^ -  3x ~  dx =  -  | x2 -  izn|x2 4- l i  4- 

4. |cos'3(7x4-2)dx.

► cos^(7x 4- 2) = 1 -  sin^(7x 4- 2) trigonometrik ayniyatdan 
loydalansak,

[  c:oi'^(7x 4- 2)dx =  / c o s t i lx  4- 2)co.s(7x +  2)dx =
=  /(1 — sin^(7x 4- 2))cos(7x 4- 2)dx =  / cos(7x 4- 2)dx —

~/stn2(7x 4-2) cos(7x !-2)dx =  ” Sin(7x 4 -2 )—

- i  / ,sot2(7x 4- 2) d(si?i(7x 4- 2 )) =  is£n(7x +  2) -- ~ s in ^ (7 x  4- 2) 4- C.



5. f  ctg^Sxdx.
► ctĝ -5x = -1  ekanligidan foydalanib integralni 

almashtiramiz
/ ctg*5xdx =  j  ctg^5x -  l )  dx -

=  f  -  / ^ V S x d x  =  ~ i /  dx ~

- /  ( ; ^  -  l )  dx =  - ^ -t^ c tg S x  +  X +  C. <

6 . j  sin^xsin-xdx

► / s in -x s in -x d x  =   ̂f(cos2x ~  cosSx)dx =  -s in 2 x  — — sinSx +  C .^
2 2 2 “ 4 10

7 f— Ëï__
6x2-3*+Z ‘

► Integral ostidagi funksiya maxrajida io ‘la kvadrat 
ajratamiz, u holda

f <ix _ 1 r __5 ï__  = 1 f ____Ëï.___ _ jdl. f x - i / i__, ^
6x^-3x+2 6-  ̂ x2-iir+ l/3 6-' ”  S v 'o  5  VÏ3/(4V3) ~

2V3 (4x-l)%/3 , „  .

8. f - ^ d x
2 -S x -x ^

► Integral ostidagi fxmksiyaning suratida maxrajdagi 
funksiya hosilasiga teng qo‘shiIuvcM ajraiib integralni ikkiga 
ajratamiz

f  3x-6 3 r ~2x+4-S+5 , 3 f  -2 x -S  , 3 „  r £te

dx= — /ni2 —5x —x |̂H— f-,
2 ' ' 2 (X-S/2F-2-25/4

-  - f  ¿n|2 -  Sx - x^i  +  f ^

= _ lz „ j2 - s x - x 2 !+ ^ in
2 (x-S/2)2-(V̂ /2) ^ 

x-5/2~<jtS/2

= -^ ln \2 -5 x -x :^\+ÿ= ln
9  J  ax

2X-S-V33
2X-S+V33

X-S/2+V33/2 
+ C.^

+ c =

VSx2+2X ^ '
^  Integral ostidagi flmksiya maxrajida to‘ la kvadrat 

ajratamiz, u holda
r dx _  1 r  ̂ f  d (x + l/ S ) __
VSx=+2x-7 ~ Vf J “  vf •' T^+^’P^tTPÏTIs “

= -̂ Zn vs x +  l / 5 + J x 2 + ^ x - 7 / 5 + C.^

10. J- ; J g ^ dx.vl-4:c-3:t2
► Integral ostidagi funksiyaning suratida maxrajdagi ildiz 

tagida turgan funksiya hosilasiga teng qo'shiluvclii ajratib
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l)crilgan integralni ikkita integral yig‘indisi ko‘rinishida 
I I'odalaymiz;

r 2 x -7  J 1 r -6 X + 2 1 -4 + 4  ,
I dx =  - - J  ’- j = = ^ d x  ='Jl-A-x-'Sx̂  3*̂ Vi-4:k-3y/l-4x -3x  
— —i f  -^x-4 

rtJ3-’ V1-4x-3x2 
2 25

S'” Vl-4A:-3r2
, 25 r dx

3^^ | r r - r ~3
dx

=  - - V l  -  4 x  -  I------5------------

2 r,-----::------2S . *+2/3= --V 1 -4 z-3 z2  -  ------
- -V l-4 * -3 a :2 -

3t/3
arcsin

V7/3
+ c =

3V3: V7

IUT-8.3
Aniqmas integrallami hisoblang.

1
rVl / 1

1 . 1 . j ---------- dx . i Javob: -  In
v r = ^ + i

+ V i - z 2 + c.

1 .2. J ---------- dx. (javob: — 1 -  arccos- +  C. j

Vx2T4 , , r :--------^ , 2 - V m ?
X

V T ^

-dx. Javob: a/4 +  +  in
2 +  V4 +  x^

dx.
lJ (l-z2 )3  \

Javob: C — -------- =-----
3 x3

1 . 3 . /

1 . 5. J yjA —x’̂ dx . (javob: 2arcsin— +  ~44 — x^ +  C.)

rVx2 + 9 
t .6 .f

+  C.

1.7.

1.8.

1.9.

X

r Vx2 +  4

x2

-dx.

dx . (^avob: In

3

+  9 +  2
3 -  V x 2  +  9

3 +  V x 2  +  9

X  +  V 4  +  x^ a/ 4 - x Z
4

X  -  V i  +  x ^

+  C.

+  C.

dx

yO + x2)3 
•a/FT4

Javob: C —
\

. (javob:

12
X

Vl +  X2

X-

:+ C •)

Javob: C —
1 V(4 + z2)3

12

d x . Javob: C —
1 V(4-x2)s

V 20
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1.12. f .
dx

i Javob:- +  C.
Ж + ^ V  A / m ^  3 ^ r + x ^ y

f  — 9 / I--------  3 Ч
1-13. J — ------ d x . \Javob-. Vx2 -  9 -  3arccos- +  С . )

1.14. Í  , . (javob: С ------- ------ .'j
J J(x^  -  1)3 V /-  1)"

1.15. j  x ^ ^ 9 -x ^ d x .  (/ a p o b :g V (9 -  x 2 )S -3 V (9 -x 2 )3  +  C .j

Ч,- Г Í .  , „  X y/x^■ 16. j   ̂ : =  . [Javob-, С - -
x V (:r2  -  1)3 ■ V

x'̂ yfx̂  -  1
/ -1  
Javob:------------1- С .

V
1 .17 .J

f  Vx2 -  9 / 1
' j  — — dx .1 Javob:-ln

1 .19 .J

■Ч

Vx2 -  9 +  X

1.20 

1

Vx2 -  9 - X

Il и  ̂  ̂ Vx2 -  1
. Javob: -  arccos -  + ------ -—2 X 2x2

1 V(9-x2)3

- + C.

+  C.

Javob: С -

х^л/х^ +  9
Javob: С —

Vx2 +  9 

9Í ■)
1.22. j  x^-y/l -x ^ d x  .[javob-.^arcsinx -  ̂ xyj 1 -  x^iX -  2x^) +  C. j

1.23. Í  x V l  -x ^ d x  . i/avob: ̂ ^ J {\ -x ^ Y  ~  ~ V (1  -x ^ )^  +  С . )

1 24 J 'J(.^~x'^ydx

L25. Í -
J Ч

Javob: arcsin— +

:+C

X V 4 - x 2  1 V ( 4 - * k2)3
+ C.

■)
,-------------- ( javob :— —

V (4  +  x2)3 V 4л/4 +  x2

.27. Г -'7------  = . ( javob :— ■ ^ 4- C . )
./ V(9 + x2)3 V 9л/9+^ / 

хЧ х
1-28. J  - j= :=  . (Javob:JarcsinxJ-JX^/9 -  x^ +  С .J

1.30 .J

rV l6-x2 /
1-29.1 — ---- dx . (/ a v o b iC -

Vl6-x2
V 4 8 V Î6 ^

dx . Ijavob: С —
XX

a rcs in -— —  
4 Vl6-x2

+  C ■)
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dx

(X+1)VÎ4X=
. (javob: C - ^ l n

л1х+1 + C.

-+C.

2.1. /

2-s f_É Í^
.» x^'Ш^ ■

i Â î  •  ̂“  arcsin^.)

1 VÎ+3?
X+1 2V2(x+l) 
\ ■)

Javob: C -  lu
1+Vl-x^

â:

Javob: C - I n i+Vi+x^
X

1 ^ 1  ̂ ix'^+x-H 
2 z

■In
l+ 'J x '^ -x + l _  1

X 2

■)

■)

1 1 _l_ Vl+x-a:̂  
2 д:

2-'2- / w f e f  ■ (javob:C -j^^arcsin^.)

. [Javob: С — In

■)

я:+1 2 V3(x+1)
_1____3 -J x^ -x -1

x+1 2 x+1
_1__1 Vx̂ +x+1
x+l 2 Ж+1(x+l)Vx2+x+l ■

'■"■• / 7 П т 5 т Д - (- '‘‘ '’" ‘ ' ‘^ " " " ‘" 5 г е ^ - )

■)

(a:+1)V%2+ ^ _
dx , . ЗЛГ+1 . ^ \=  . (;ашь:агс5ш^|^ + с . )

/14. I

. (;avob:C-^
(x - l)V x î+ x + l 

dx

/n J _  1 Vx^+x+1 
x-1 2 V3(x-1)

С - I n

1 1  ̂ Vx̂ -x+l 
c -1  2

■)

JC-1
1 , 3 Уж̂ +з:-! 

л:-1 2 л:-1

_1__1  ̂ У1-{-д:-а:̂
x -1  2 x -1

M  (. f ----- ^ , . (javob: C - I n' (x+l)Vl-x-x2 V
; M, I'----- -4=— , . (javob: C -  a r c s i n . )' (x-D/l-x-x  ̂ V Vs(x-i) y
Í n.

■)

1 1 л1г-х-х^ 
x-^l 2 x+1

i x -  \ )y il-x~x ' 
dx 

r l̂-x-x'^ Javob: c  -  In ■)
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/ w f e f  ■ {¡a vob -.C -\arcsin^^^  . )

4 2x

2.29. f - ---- - . (javob: С - - ^ I n  — + -  +  ^̂   ̂  ̂ . )■' (x+1 )V2- j :-*2  л/2 д:+1 4 ж+1 /

2.30. / ^ = ^ = . f / a p o i , : C - b l - i  + :iE!HElH! л  
■' х-Л-Зх-гх  ̂ V X 2 X J

■ (Javob:tgxln\cosx\ +  t g x -x  +  C . )

3.2. / cos(lnx)dx . (javob:^(sin(lnx) +  cosilnx)) +  С . )

3 . 3 . f ^ -^ d x . { J a v o b :C -^ - ^ . )
3.4. / ln(x +  2)dx . (Javob:xln(x +  2) -  x +  2 ln(x +  2) +  С . )

3.5. f  dx . Qavob:C -  ctgxln\cosx\ - x  .)

3.6. f  dx . (Javob:lnx InClnx) — Inx +  С .)

3.7. / In^xdx . (Javob:xln^x -  2xlnx +  2x +  C . )
3.8. / ̂ ^dx  . (javob: 2\fx Inx—Ayfx +  С . )

3.9. / X I n ^ d x  . ( y a v o b : ^ -  a: -  i i n ^  +  С . )

3.10. / ln(x +  Vl +x^ )dx  . (javob: x ln (x  +  Vl +  -  Vl +  x'  ̂+  C.)
3.11. f  ln(x +  4 )dx . (Javob: x ln(x +  4) -  л: +  4 ln{x +  4) +  C.)

3.12. j ^ dx .(javob:yJl +  x^ ln(x +  ̂ 1 +  — x +  C.)

3.13. f ~ ^ ~ d x . (Javob: С - x -  ctgx -  ctgx ln (sinx ). )

3.14. J x  ̂ln(x + l)dx . (javob: ^ ln (x  +  1)  -  ~  +  ̂ - ^  +  ̂ ln(x +  1)  +  C. j

3.15. j lm H ^ I^ d x  . (javob:~ln^ X In(inx) ~^ln^x +  С
3.16. f  ln(x^ +  l )d x . (Javob: x ln(x^ +  l ) - 2 x  +  2arctgx +  С .)

3.18. j^Jxln^xdx. (javob: ^4^ln^x -  ̂ 4 ^ Inx +  ̂ 4 ^  +  C.J

3.19. f l n ^ d x .  ( j a v o b : x l n ^  -  ln(x^ -  1) +  С .J

3.20. f  (x^ -  X +  1) Inx dx .(javob: ^ ^

3.21. J4x lnxdx . (javob: ^ 4 ^ In x - ^ 4 ^  +  C .)

3.22. Q a vob :tgx ln (s in x ) -x  +  C.)

3.23. / xln(x^ +  l )d jc . (javob: ^ ln (x^  +  1) -  y +  iin (x^  +  1) +  C .)

3.24. / xln^xdx . (javob: ^In'^x - ^ I n x  +  ~ +  C .)
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3.25. J I n x d x  .(javob: ~ ^ +  C.^

3.26. f  xln(x  +  l )d x  .^Javob: ^ ln {x  +  1) -  y +  | - i^ n (x  +  1) +  C .)

3.27. / sin(lnx)dx , ^Javob: ^(sinQnx) -  cos{lnx)) +  C .)

3.28. -  4) sin 5xdx . ( j a v o b : - ^ x s i n S x c o s  Sx +  C.^
3.29. / X ln(x +  5)dx . (Javob: x ln(x +  5) -  x +  5 ln(x +  5) +  C.)

3.30. / I n ^ d x  . ( j a v o b : x l n ^ -2 l n \ 4 -x ^ \ + C .^

4
4.1. J V l -  xarccosyfxdx. (javob: — ̂ yfx — ̂ y]{1 — xyarccosyfx +  C.)

4.2. / V l -  xarcsin\fxdx . (javob: ^Vx -  — ̂ .^(ÏT^jÎQ^csinVx + C-)
/ ^2 X i. \

4.3.1 X arctglxdx . \Javob: — orctg2x — -  +  -  arctglx +  C.j

4.4. / dx . (javob: 2Vx +  larcsinx +  4V l -  x +  C. )

4.5. / dx . (javob: 4V l — x — 2V l — x arc sinx +  C .)

4.6. / dx . (javob: 2V x -  2V l -  xarcsin-^ +  C.)

4.7./ ^ ^ ^ d x .  (javob: V l  +  x^arctgx -  ln\x +  V T T F |  +  C . )

4.8. / dx . (javob: x — V l  — x^arcsinx +  C. )

4.9. / X arctgxdx . (javob: ^arctgx  — | +  ^arctgx +  C.J

4.10. / X arcctgxdx . (javob: ^arcctgx + 1 +  ̂ arcct^x +  C. )

c  - | - iV T = 4 F a r c c o s 2 x . )

4.12. / arccoslxdx . (javob: arccos2x — ^ V l — 4x^ +  C . )

4.13. / arctgxdx . (javob: xarctgx — ̂ ln (l  +  x^) +  C . )

4.14. / dx . (javob: C — 2yfx — 2V l — xarccos^fx. )

4.15. / ^ ^ ^ p ^ d x  . (javob: C -  x -  V l  -  x^arccosx.)

4.16. / dx . (javob: C — 4V l +  x — 2V l — xarccosx. )

4.17. / arcctg2xdx . (javob: x arcctgZx +  ̂ ln (l +  4x^) +  C . )

4.18. f  . (javob: V l  +  x^arcctgx +  ln|x +  V l  -t-x^l +  C . )

4.19. f  arcsiu2xdx . (javob: x arcsinlx + i V l  -  4x^ +  C . )

4.20. / ^ dx . (javob: ^x - ^ V l  -  4x^arcsin2x +  C . )

4.21. / dx . (/ai7oè: 2V m ë a rc c o s x  -  4 V T ^ ^  + C . )

4.22. / x^arctgxdx . (javob: ^arctgx  -  ^x^ +^ln(x'^ +  1) +  C . )

4.23. / X arctg2xdx . (javob: ^arctg2x + 1 +  jarct^f 2x +  C . )
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4.24. / arctgix +  S)dx . (javob: x arctgix +  S) +  lOx +  26| +  

+Sarctg{x +  5) +  C

4.25. f  x^arcctgxdx. (javob: — arcctgx +  ~— -/n(x^ +  1) +  C
V 3  ̂ 6 6 /

4.26. / X arcctg^xdx . (javob: Y^-rcig'^x +  ^arctg'^x — x arctgx +

+  i in (x 2 +  i )  +  c . )

4.27. j  x^ co s fd x  . (javob: 3x^ sin^+18x c o s -— 54 s i n - +  C . )
3 V  ̂ 3 3 3 /

4.28. / X arcctg^xdx. (javob: ^arcctg^x +^arcctg^x +  x arcctgx +  

+  Un(x^ +  1} +  C . )

4.29. / x^ sin 2x dx . (javob: | sin 2x — — cos 2x +  ̂  cos 2x +  C . )

4.30. / (x^ +  4)e2^ dx . (javob: i  (x^ +  +  ixe^x + 1  +  C . )

5
5.1. / x^ coslxdx . (javob: ^ s in2x  +  ̂ cos2x —^sin2x +  C . )

5.2. f  X sin^xdx . (javob: ^ — ̂ sin2x—^cos2x +  C

5.3. / X s inx  cosx dx . (javob: jsin2x  — ̂ cos 2x +  C

5.4. J x^(sin2x — 3 )dx . (javob: ^sin2x— ̂ c o s lx + ^ c o s lx  -  +  C

5.5. / x^(sinx +  l )d x .  (javob: 2xsinx -  x^ cosx +  2 cosx +  ̂  +  ^ . )

5.6. / (x2 +  x )e-^dx  . (Javob: C -  (x^ +  3x +  3)g-^ . )  ^
5.7. /(x^ +  x)e^dx . (Javob: (x^ — x +  l ) e *  +  C . )
5.8. f ( x ^ - x +  l)e~^dx . (Javob: C -  (x^ +  x +  2)g-^ . )
5.9. / (x^ — X +  l)e^ d x  . (Javoh: (x^ — 3x +  4)e^ +  C . )  *

5.10. Jxctg^xdx. (javob: ln\sinx\ — x ctgx—^ + C
5.11. / x^e~^dx . (Javob: C ~  (x^ +  2x +  2)e~^ . )

5.12. / .  (Javob: in|sinx| — x ctgx +  C . )

5.13. / .  (Javob: x tgx +  ln\cos x| +  C . )

5.14. f  X tg^xdx. (javob: x tgx +  Inlcosxl — C .J
5.15. /(x^ +  2 )e “ ^dx . (Javob: C — (x^ +  2x +  4)e~* . )

5.16. r x^ sin^xdx. (javob: — — — sin2x +  -c o s 2 x + -s in 2 x  +  C . )
■’ V  6 4 i  8 /

5.17. / (cos 2x +  3) d x . (javob: x^ +  ̂  sin 2x + 1 cos 2x -  i  sin 2x +  C . )

5.18. / (x^ +  2 )e-^dx . (Javob: (x^ -  2x +  4 )e* +  C . )
5.19. / (x^ +  3) sin xdx . Qavob: 2xsinx — (x^ +  1) cosx +  C .)
5.20. J(x^ — 3) cos x dx . (Javob: (x^ — 4) sin x +  2x cos x +  C . )
5.21. f (x^  +  l ) e “ ^dx . (Javob: C — (x̂  ̂ +  2x +  3 )e “ ^ . )
5.22. / (x^ -  l)e^ d x  . (Javob: (x  -  +  C . )
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5.23. r cos^xdx . (javob) — +  — sin2x +  -cos 2x - - s i n  2x +  C
•' V' 6 4 4 8 /

5.24. /(x^ + x )  sin xdx . (Javob-. (Zx +  1) sinx — (x^ +  x — i )  cosx +  C .)
5.25. f(x^ +  x) cos xdx . (Javob-. (x^ +  x — l)sinx  +  (2x +  1) cosx +  C .)
5.26. /(x^ +  l )e *d x  . (Javob: (x^ -  2x +  3)e* +  C .)
5.27. J(x^ -  l)e~^dx . (Javob: C -  (x +  iye~^ .)

5.28. jX  siti^xdx . (javob: ^  — ^sin2x —^cos2x +  C

5.29. / arcsin 9x dx . (javob: x arcsin 9x +  -  Slx^ +  C . )

5.30. / X arctg 2x dx . (javob: Y^'>'ctg2x — j  +  ^arctg 2x +  C . ̂

<}.i. f ( x  +  l )e^^ dx . 6.18. f ( x - 8 ) s i n x  dx .
<).2. f ( x  — 2)e^ d x . 6.19. f  (x  +  4) cos 3x dx .
6.3. f ( x  — 7) cos 2x dx . 6.20. / ( z  +  8)  sin 3x dx .
6.4. f ( x  — 1) cos 5x dx . 6.21. f ( x  +  6) cos 4x dx .
6.5. f ( x  +  2 )c o s3 x  dx . 6.22. f ( x - 6 ) s i n ^ d x .
6.6. f ( x  -  2 ) cos 4x dx . ^23. f ( x  +  1) cos7x d x .
6.7. / (X  -  4 ) sin 2x d x . ^ 24. / (X  +  2) sin^- dx .
6.H. f  (x  -  3) cos x dx . r . X ^
6.9 . / (x  +  4)  sin 2x dx . i  x  sin ̂  d x .
6.10. f x s i n 3 x d x .  6.26. J (x  +  4) cos^ dx .

6.11. ¡ ( x  +  5 ) s i n x d x .  6.27. ¡ ( x  +  l ) s i n ^ d x .
6. 12. J ( x  -  5)  cosx  d x .  ̂ I
6.13. i ( x  +  9 ) s i n x d x .  i ( x  + 2 ) c o s - d x .
6.14. f ( x +  7)  sin2x dx . 6.29. / (x  +  3 ) s in ^ d x .

6.15. / (x  +  4 )s in 3 x  d x .  6.30. f  (x  -  9) s i n -  dx .
6.16. / (x  + 3) sin Sx dx . ^
6.17. j ( x  — 4) cos 2x d x .

1.1. f l n ( x - 5 ) d x .  7.12. f x^e^^dx .
7.2. f  arctg2x dx . 7.13. / x cos(x  +  4 ) dx .
7.3. / x^e~^ dx . 7.14. / x cos(x — 2 ) dx .
7.4. / (x  + 1)6-̂ "= dx. 7.15. / X cos(x + 3) dx.
7.5. / dx . 7.16. / dx .
'?.b. ja r c t g 3 x d x .  7.17. / x e “ ’'* dx .

7.7. / x cos 8x dx . 7.18. / arcsinZx dx .
7.K. / arctg4x dx . 7.19. / x sin (x  +  7 ) dx .
7.9. / arcsinSx dx . 7.20. f  x cos (x  -  4 ) dx .
7.10. / (x  +  l ) e “ * d x .  7.21. / x  s in (x  +  4 ) dx .
7.11. / X arctgx dx . 7.22. / x  cos(x  +  9 ) d x .
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7.23. /(:t + 3 )e   ̂dx .
7.24. f  arccos x dx.
7.25. ¡ { x ^ - 3 ) e ^ d x .
7.26. Jxe - '^ ^d x .

8.1. J arctgix dx.
8.2. J x cos 6x dx.
8.3. / arsinZx dx .
8.4. J arccoslx dx.
8.5. J arctgSx dx.
8.6. f  x sin(x — 2)  dx.
8.7. f  arsinSx dx.
8.8. Jx sin(x + 3 ) dx.
8.9. J x cos(x + 4 ) dx.
8.10. J arccoslx dx .
8.11. / X cos(x — 7 ) dx.
8.12. J X sin{x -  5) dx .
8.13. /(x -  A~)e^dx .
8.14. / dx.
8.15. / arctgix dx .
8.16. J arsinSx dx.
8.17. / ln(x -  7 ) dx.

I . n .  f  X cos (x  +  1 ) dx .
7.28. J xe~^^ dx .
7.29. / d x .
7.30. / X cos(2 -  x )  dx.

8.18. / X cos (x  +  6)  dx.
8.19. / arctg | dx .

8.20. / ln (x  +̂ 8) dx .
8 .21. i  arctg ̂ d x .

8 .22 . i  ln {x + 12) dx.
8.23. j  arcsin j d x .

8.24. / l n ( 2 x -  1 )  dx .
8.25. / ln(2x  +^3) dx .
8.26. i  arccos^ dx.

8.27.

8.28. j  arcsin^ dx.

8.29. / arctg6x dx .
8.30. / arccos -  dx .

Namunaviy variant yechimi
Aniqmas integrallami hisoblang.

/ x N l6 -  x^dx .

C 2fT2----- x  =  4 sint.dx =  ^costdt
p. x y i 6 -x^d x=  ^¿^^^^/4 t̂ = arcsinx/4 

= ' 16sinhy/l6 -  16sinH4 cos tdt = 256 J sinHcosHdt = 

= 64 J sin^ 2tdt = 32 f ( 1 - c o s  4t)dt = 3 2 t -8 s in 4 t  + C ^ 

32arcsin^- 2 ( 8  -  x ^ ) V l 6 ^ ^ ^ -  ^
4 4

f:
dx2.

^ ^xVz®+5x+l

x'lx̂ +sx+l 

dx

- f
dt

i ( ^
: = - l n

x =  - , t  =  ~,t X
dx = —^dt_

t + i+ V t ^ r k m

dt
VP+5t+I
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=  — In 1+ 1+
X 2 x

+1

3. f (x  — 7) sin Sxdx. 

^  f (x  — 7) sin Sxdx =
u =  x — 7,du =  dx, 

dv =  sin5xdx,v — - -c o s S x

7)cos5x +  +  i / cos5xdx =  -  i ( x  -  7) fos 5x ^  sinSx +  C. <

4. / arccos4xdx.

i*»- j  arccos4xdx =
4dx

V r ^ l 6x2’
dv =  dx, V =  x

— x arccosAx +  4 / =  x arccos4x — j V l  — +  C.

S. / xe^~’’dx.

xe^-’’dx = 
" +  
■dx.

u — x,du =  dx 
dv =  V =  e^~'  ̂

+  C.<
g  j X  arctgx

Vi+P'
X arctgx

'Vx+P'“ '̂
r dx

u =  arctgx, du =u =

dv -

= xê

dx
1+x̂

Vl+a:̂= ,V = \ T + P
=  vTTl^arctgx  —

7, /(a:^- -4x +  3)e

— 4jc +  3 , du =  (2x — 4)dx,

dv =  e~^^dx,v =■ —

= -  4x + 3)e-2*) + /(z -  2)e-^=‘dx =
u =  X — 2, du =  dx,

di7 = e-2^dx,v = -ie-2^ 2
= - j(x 2 -4 x  + 3)e-==^-

— kx-2)e-2^-ie-2>: + c. ^

:c+l

InOn (:»:+1)) ln(x+1)
x-i-1

dx

dv -  dx,V =^ln^ (x  +  1 )

In̂Cx + l) J
Inilnix +  1)) -^ In^ ix  +  1) + C.-<
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Aniqmas integrallarni hisoblang 
1.

n I f  3*2+20*+9
C /aw 6 ; 6 Inix  +  3| -  Injx +  1| +

2 Injx + 5j + +C.)

(Javob: 3 Injx - 3 | - 4  Zn|x -  2 | +
+in|x +  1! +  C.

1 ^ f  43X-67
(x=^i)fe2r ^ 3  (Javob: 2 Injx -  l i  +  5 Injx ~  4j -  

-7 ln\x  +  3! +  C.)
1 4 f 2x'‘+8x^+9a;2-7 ,

■' Qavob:x^  +  5Zn|x +  3| +  Injx +  2! +
+ln jx  -  l i  +  C.)

J - 5  ln\x +  S\ +  6 ln\x +  3i --
- I n j x  +  l j  + C . )

1 i; f  2x‘‘ -7a:3+7x2-8x . ,
■' ( x 2 - s x + 6 ) (^ ^ ^ -  Oavob: x^ + x  +  2 ln\x +  I j  +

4injx-2j  + +3ln jx~3l  + C.)
1 f  2x^+8ar^-4Sx-61..................

’ (Javob: x^ -  8 Injx -  1 | +  5 Injx +  3 | +
+ln  jx +  21 +  C.)

18 f 2x^+i7x^+32x2-7x . , ,
■ J ^ + 4 x+3Kx+~<^x. (Javob: x~ ~  x ~  5 Injx +  5j +

3 Injx +  + 1 ! -  3 Zn jx  +  3j +  C.)
1 O f  6x^+6x-6 ,

•’ (Javob: 3Zn|x +  I j  +  ln\x -  I j  +
+2 In ¡X +  2 | +  C.)

1  1 f t  r  3 7 a: — 8 5  , ^

\x-4Xx^+2l ^ ) ^ ^ -  (Javob: 4 Injx -  1| -  7 Zn|x +  3| +  
+ 3 Z n | x -4 |  +  C . )

I /• 3x^+3x-24 , ,
 ̂ 2Zn|x -  2i +  3 Zn|x -  3j -

- 2  In |x +  I j  +  C.)
t 1 -i f  2x^--7x=*+3x+20..................

■* x^ +  x  -  4 Znjx -  2 j +

3Zn|x-3|  + + 3 Z n | x + I j  +  c .)
11-1 r 3x2-15

J (x Z iX x ^ ^ i^ d x .  (Javob: Injx +  2| -  Znjx -  1| +
+3Zn|x +  3j +  C .)

1 14 f  ^^-19x+6 ,
’ (x - i)(x 2+sr+6) (Javob: 18ln\x +  3j -  Znjx -  I j  -- 

-16Zn|x +  2| +  C.)

IUT- 8. 4
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-4 ln \ x  +  2\ +  C . }

+  2 ln\x +  3! -

- I n  ¡;c +  5| +  C.)

Î-1 7 . (Javob: 4 l n \ x - l \ ~ 7  ln\x +  3| +

+ 5  In ¡X - -  4\ +  C.)

X'2 -  ln\x -  1\ +  ln\x +  21 -

-2 ln \ x  +  3 \ + C . )
1 -lil г 2ж'*+17а: +̂40д:2+37ж+36 , ,

+ 3 1п|ж +  3| -  3 Zn |x +  51 +  C.)

1“^®* &^+зГ;~2)(ж-1) ^^- ‘ ” 1- -  1| -  3 Znix +  1! +
+8¿n¡x + 2|+C.)

1-21. (Javob: 3x^ -  12x +  in|x -  I j  -

- 3  Zn|,r +  1| +  32 In \x +  2\ +  C.)

-  3Zn!x +  1 ¡ +

+3Z72¡x  +  5 í +  C.)

1*^3- +  3| -  2 Zn|x + 1  i -

- 2 Znix +  51 +  C 0
-, r 2лг*-5г ^-15ж2+40х-70 ,

i ^ ~ T ; : i - 3x y -4) x^ -  X +  4 Zn|x - 1 !  -

- ¿ n jx  +  3j +  2 Zn ¡X -  4¡ +  С.)
- ,  Л  2х‘*-7ж^+2х^+13 , , ,  ,  о  „ .  ,

1-2 '’ " +  X +  2 Zn|x +  11 +

+Zn|x -  2| +  Zn jx — 3| +  C.)
Г 6Л!̂ “ 21лг̂  + Здг+24 , 1 ^ 7 M n > Í

3x2 _  +  2 Znjx -  1 | -

- 3  Zn|x +  11 +  10 In \x +  2| +  C.)

1-27. (/ai?oô; x^ +  x  +  4 Znjx -  1| +

+  Zn|x +  3| -- 2 Zn jx - 4 j  +  C.)

1-28. f  ̂ I ^ E ^ ^ d x .  Qavob: 2lnjx - 2 1  +  3 Znlx -  31 +

+2  Zn |x +  1| +  C.)

1.29. f f ^ ^ d x .  Qavob: 3x^ -  12x + Zn|x -  Ц -  
--3 Znjx +  l i  +  2 Zn |x +  2| +  C.)

(Javob : ln\x -  1| + 3 ln\x + 11-
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 ̂ 3 . 1 O . / ^ 0 ^ d A : . y a t ; o 6 : 3 / n i x - l i  +

+  - in jx ^  +  2x +  5| - - a r c t ^ '— -----h C .)

i ; ^ T d - ^ - O a v o b : l n ] x \ - ^ - ~
1 1 X

-  -  ln\x^ +  +4| -  -  arctg ^ +^ -~ )

3 ln\x +  2 | -  in ix 2 - 2x  +

+  10 j +  a r c t ^ ^  +  C .)

3 .13. / ~"~h"+ĝ  ̂ (Javob:~ln\x^ — 2x +  4| — 2 /n|x +

+ 2 1 - i a r c t / ^ ' + C . )

3 Znjx +  I j  -  inix^ -  4x +  13| -

-a r c t g  ^  + C . )

3 .15 . / ̂ ^ d x .  Qavob:ln\x^ +  x  +  IJ — 2 ln\x -  1 | -  

- 4 ^ 3  a r c t g + C . )

3.16.
I ~ ^ d x . (J a v o b :2 l n \ x  +  2\ — in|x^ -  2x +  + 4 j - \ f 3  arctg ̂  +  C . )

^ (Javob:~ln\x^ - 2 x +  lO i -  ln\x +  2 | +

+  ̂ a r c t g ~ + C . )

^ cx+i)t^\^L+i3) (Javob: 3 in\x +  11 -  Znlx^ +  6x  +

+13\ - 5  a r c t g ^ + C . )  *

/ ( . 4 ) ( X y + s )  2 ¿n|x -  I I  +  J a r c i^ - " ^  +  C .)

^ ( x + i ) (X t o + i3) -  4x +  13| -  3 in lx  +

+ 1 | + 3 a r c t 5 ^ + C . )

3 in lx  +  21 + iZ n lx ^  -  2x  +

+ 1 0 \ + l a r c t g ^  + C . )

+  -  i in lx ^  +  6x  +

+ 1 3 \ - a r c t g ^  + C . )

3 - 2 3 - / 5 l | ^ i ^ d x . ( Z a T ; o i , : Z n | x  +  l i  +  ¡Inlx^ -  4x +

+13\ +  3 a r c t g +  C. )
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I3| +̂ ~ arctg ̂  +C.)

3.25. ¡ —^ ~ ~ d x .  (Javob:2ln\x +  2\ + in|x̂  -  2x + 4 | +

I \/3arct.9”  +  C.)

( J 5 ^ S ; 7 )  Oavob: 2 inlx -  1\ +  ln\x^ +  2x +  5] +  

\ j a r c t g ^ + C . )

3.27. / ^ ~ ^ d x .  (Javoh:2ln ]x -  Ij +^in|x^ + x  + 

■ fli+^arrt^^J i + C.)

3.28.
i'-~--dx.Qavob:2ln\x~- 1 | -Znjx^ + x +  +l j  +2-\f3 a r c t g +

3 Znjx +  1 | +  Znjx^ +  6x  +  IS j -

■ ^ a r c tg '^ + C . )

Oavob, in\x + 2 | -  \ln\x^ - 2 x  +

lOj + 1 a r c t5 ^ + C . )

+  l i  - -  i  +  6 ^  +

^ '^i^B^iOavob-Mrt\x -  l\ +~ln\x +  1\ -jin jx^  +4j +
li:,)

4.2. / dx (Javob:^ln\x + 1| -  -^ ln \ x  -  l.| +

' arctgx + +C.)
J T f x^+x^+2x^+x+2 J , ,  , 1 1 , ,
4-3. j — — dx (Javob: x +  -a rc tg x  + -Injx^ + 4| -  

larctg^^ +  +C .)

•̂ "4* / ^ ^ (/ « v o * : i t e | x  -  II ~.i/n|x + i j - l a r c t ^ f+ C , )  

4-5. (Javoh: 2ln\x\ + ~  -  + 4j -  jarct^l + C.)

J + 4 | - ~  + J 1 + C.)

4-'7. /^ - - | - - c i x  (Javo6: ¿n|x| -  - -  in\x -  Ij + ln\x +  Ij + C.)
A “ X X -'

(Javob: ^ln\x +  Ij - ^injx - -1| + i/njx^ + 4| +
l^arct.g^+ C.)
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4.9. {Javob: ln\x\ - ^  — ^ln\x — 1| + ^ ln lx  +  I j  +  + C . )

(Javob:^ln\x^ +  4| -  ln\x -  1| -

^  +  +arctg  I  +  C .)

(./avofc: Znjzl - ^ - ~ Z n | x ^  +  4j -  ja rc t^ -1  +

+C.)

4.12. / ~ ^ ^ d x  (Javob: ln\x\ +  ^ +  — 1| — +  I j  +  C .) 

■i|rf5̂ T+4^^ (J«voZ):i/n|x2 + 1| + arci^x -i injx^ + 4| +

+C-) ^   ̂ ^
4.14. / 2 i ! l g l i ! d x  C/ai70i:^Znlx +  I j  -  iZ n jx  -  1 | -

— ̂ arctgx +  C . )

i (/iiTOft;x + i a r c t ^ x - ^ a r c i 5 j + C . )

4.16. / (Javob: ln\x -  I j  -  jZ n jx  +  I j  +  +^ln\x^  +

I j -----^arctgx  +  C . )

! ^ ^ d x ( J a v o b : l n \ x \ + ~ +  ^arctg '  ̂+ C . - )

{ javob:ln\x -  I j  - ¿ ^ - I z n j x ^  +  4j -

a r c t g ^ + + C .^

^ j xj2^j4x-2  _  ij + lin \x  + 1 |+ arctg ~ + C.)

4.20. ( javob : ln\x “  l i  “  "  ^^ ĵx +  1| +  C. j

(JavoZ>:^Znjx +  I j  - ^ ¿ n jx  -  1 | +  ¿njx^ +

+ A \ + ^ a rc tg ^  +  C )

¿1  “  2

T ^ + £ + 4  3 f  -  i  arctgx +  C .)

4.24, / dx (Javob: ln\x^ +  4| -  2 ln\x\ ~  ^  +arctg ̂  +

+c.)

4.25. I - ~ i -d x  ( ja vob : ln\x -  I j  +  ^in|x +  1 | -  j/ n jx "  +  I j  -

— ̂  arctgx  +  C. j

(Javob: ln\x^ +  9j - + a r c t g  j  +  C .)
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arctgx +  -f-C.)

4.28. (Javob: U n ix  -  1| - U n \ x  +  l \ - x ^  +

T ln\x  ̂+  1\+ ̂ arctgx + C.)
■x^+x^+x-l

{Javob-.\ln\x^ +  9j +  ln\x^ +  Ij -

+ C .)

^ ' x‘̂ +5x^+^ (Javob: -ln\x^ +  4 \ + ~  arctg -  -  -  arctgx  +

4.30. / ----- ------------------ (Javob: — — ---- i  arctg -  +  C .)(x-1)(x̂ -x2+4*-4)  ̂ *-l 2 "2

dx
2+V3c+3 
xdx

5.
. (Javob: 2̂ 1 X +  3 -  4Zn ^¡x +  3 +  2 +  C.)5.1.J

5.2. i  (Javob: ^ -/ ^ + 3 )3  -  6V:«c +  3 +  C .)

5.3. / ( Jaw6 .■ -  A -^ {x -3 Y  +  I S V F ^  +  +C .)\x~3xdx
S.4. / (Javob: ^ -J (x + A y  -  2 (.r+ 4 ) +  2^Jx +  4 -  

-4Zn|VF+^+2| + C.)

S.5. / (Javob: i  V C x + i r  -  7 7 ^ 1 ) ^  +  + 9 V ( i + i F  ~  

r.4vTTl + C.)

5.6. J (Javob: 2-4x +  2 + ~ l n
VFTz-V2

dx Vx+4-VS5.7. / - — -----(Javob: In ^___ ___
■' (x+ t)v^+4   ̂ /3 v'x+4+V3

5.8. f  dx. (Javob: 2Vx +  2 -f- V'SZn

Vx+2+V̂  
+  C.)

Vx+2-Vs

Vx+2+\'s

+  C.)

+  C.)

5.9. / (Jaw&; 2Vx -  einjVx+Sj + C.)

5.11./

5 J 2 .  / (Javob: ^ ^ ( x - i y  +  2Vx -  1 +  C.)

Vx(x+3) '  v'3 ‘

■^ ^ d x .  (Javob: ~V x^  — a: +  4V x  — 4Zn|Vx+l| +  (7.)
xdx , ,  , 2 '

5.13, / (Javob: 2\[x +  In
dx

Vx+1 +  C.)

5.14. / (Javob: 2VFT5 -  6ZnjVF+T+3i +  C.)
dx5.15. / y:J|=- (/avoi; 2a/F=^ -  2ln\l+v'^~  l| + C.)

dx5.16. J {Javob: la rc tg^x  — 7 +  C.)XV
x+15.17. -—̂ d x .  (Javob: 2-\fx^ 1 +  2 a rc tg 4 ^  1 +  C.)
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5.18. / {Javoh: ~ 4 { x ~ i y  +  f +

2Vx -  7 +  C.)

5.19. / { J a v o b :\ 4 [ f ^  + i + 2VF^:4 + +C.)

5.20. / {Javoh: 2\/x +  4 — 2arctg\ix +  4 +  C.)

5.21. / f  + + 2 V C ^ + ^ -
2yfx +  2 +  C.)

5.22. / {Javob: 2yfx — ZV lQ arctgJ^  + C.)

•̂23- / ||“ | + c.)
5.24. / (JflvoZ>; 2 V ^T^  -  2 Znjl+VJ^| + C.)

5.25. / . {Javob: ^¡2arctg +  C.)

5.26. / ^  f  V(i=2)5' +  ̂ { x - i y  +  Q ^fГ=l. + +C.)

5.27. f  dx. {Javoh: 2^x — 2 — \f2arctg J - ~  +  C.)

5.28. / j / ( x + 6 r  + + + 8 ^ / ^ 6 P  +  

16V7+6 + c.)
5.29. / {Javob : 2-\fx~^ -  6 /njVi -  6+3| + C.)

5.30. / {Javob: 2 \/x”̂  -  4ZnjVx -  8 + 2  j + C.)

6.

6VF+1 -  -3Zn|VxTT+l| -  6 a rc tg V ¥ + 'i + C.)

6.2. / dx. {Javob: x + ̂  VP* -  2-\/x -  4Vx + +2injVx+l 
^arctgXfx + C.)

J V O ^  + c.)

6.4. / dx. {Javob: x + - + 2Vi + 6  Vx + C.)

6.5. / ■— dx. {Javob: | Vx^ + Garctg\fx + C.)
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6.6./ VZjc+i +̂ /SxTT
\/2ж+1

л/ж̂сгж
dx. {Javob: -  ( 2 x + l )  +  -  ̂ ] { 2 x + l Y  +  C.)

3 3 
2

6.7. / 3— ^ .  №vo6.- s -  (x-1 ) + f  V i x - i y  -

Щх- i y  + 2 V i^ - 3 W ^ + 6 V J ^ - 6 Z n | V F = n ;+ i i  + c.)

=  dx. {Javob: x — 1 — ^  У { х —1 У  +  12\J{x—l Y  +6.8./ Vx^-2^/F?
zVx^+yfx'

bOeV  ̂-  1 -  384 V x -  1 + 768Znj VF-1+2| + C.)

6.9./ •fx+3dx

x/FTs+Vi+f
- ^ У { х + З У  +  2л/х +  3 -  З У ^ГГЗ  +  6Vx  +  3 -  6 ln \ W +  3 + l|  +  C.)

6,10. / (Javob: I  У  ( х - { у  -  2л/х-1  + з У х - 1  -

- 6V x = T  +  6Z n | V x ^ + l|  +  С.)

6-11. / (Javob.- ^ У ( х + З У  - 1 У (х + З У  +  2 v x  +  3 -

- e V x  +  3 -  arctgVx  +  3 +  C .)

6.12. / dx. (Javob-. X + ~ -  - 4 ^  -  2\fx + 3 W  +\Jx+ Vx 5 2
4-6^'x —^ Z n jv ^ + l j  — barctgVx  +  C.)

(Javoft.- ^ ^ ¡ (х + З У  -  2 л/хТЗ  +  3 W + 3  -  

бч/ F + S  +  + 6Znj V x ^ + l |  +  С.)

6.14. / (7avo*.-
•' (x+i)(i+Vi+l) ^

^ У (х + 2 У  +  в а т д У х  +  1 +  С.)

dx. (Javob:- У ^  — 3Vx — (¡%fx + Sin 'Vx+l| +sfx+ljvz 2 I6.15. /

irctgVx

6.16, J

+6arctg %[x +  C.)

- T = ^ ^ J = : d x ' .  (Javob: - - (3 x + l )  -- -  \ ] l ^ x + i y  +
y l3x+ l+2 % !3 x+ i  ̂ 3  ̂  ̂ ^

2 y (3 x + iy  -  -4V3xTT  + 12 V sF f'T  -  48УЗхТГ + 
96in|V3x + 1+2| + C.)

6.17. /

fS Z n !V 2 x +  1 - l j  +  C.)

6.18. /  ̂Vx^ + ~ Vx^ + J Vx^ 4- 4Vx 4-

T77===-7=.- (Javod .■  ̂ 4-14- ЗУ2х + 1 -f

91/^4-4-30^/^+ ” in
vS

2VS-1-Vs
2W-l-bVS +  24in|\/x—V x —1| +  C.)
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i -W  
4 ín j l - V x j  +  +C .)

6.20. / Vsx+l+l
zdx. {Javob: ^ \ [ { 3 x + i y  +  -л/Зх +  1 +Vâi+i-Vsî+î

i M W n  +  + 4 V W T I  +  4ín t / 3 l T Í - i i  +  C .)

6.21./ sfxdx 

x+4x+\^

{Javob: 2 fx  +  24%fx +  24ín
®Æ-;
W+2 + C.)

6.22. / — 1~--~ ^ d x .  {Javoh: - х з  +  6x 6 -- Sarctg%fx +  C.)XÍÍ"i- yX\ 2

6.23. / \[xdx
{Javob: 2ylx +  6 \/í +

2-S

W-1
VÎ+1 + C.)

6.24. / {Javoh: ¿vx -  í  V Î +  — о г а д У ^  +  С.)
Ъх-^yjx^ 3

6.25. / {Javob: 3ln

+C . )

3 3

"Æ+1

6-26. / Ц~^Щ^.х. {Javob: ^ V x^  - V x  +  ln\\fx+l\ +  C.)

6.27. / ^  (/«voé; 1 V F  -  X + i  -  2Vx + 4 V I -t+v^
-Ш \ У х + 1 \  +  С.)

- V(3x+1)2---- ^V3x + 1 + 2V3x + í -  4V3x"+ 1 +

4 / n | V 3 F + T + l¡ + C . )

6.29. /

6.30. /

•Jxdx

4X-VÎ2-
{Javob: -\ ¡x  - { - - V x  +

2®VÏ-1
32 '  2*Æ+,1

Var+l-l

(V3i+î+ijÆ -dx. {Javob : -\ ¡ {x+ '^y  -- SVx +  1 -

6 V x  +  1 +  + 3 ¿ n j% / x T T + l¡ +  6a r c í ^ V ? ^  +  C.)

1.
dx7.1. / ■

.-»■ГЛ.О(.*4ЛТОииЛЛ V-3 \ ’

^ ( - ^ )  + C.)

7.3. /

7.4./

3sinx-2cosx 

1+cosx

— — {Javob: -  In
5-^3cosx-Ssinx  ̂ 3

dx. (Javob: 2 tg  --\-3ln  

t8" ^
tsr^

2

+ C.)

■ +1 -- Aarctg -  +  C.)



7.5. f  ------—----- . (Javoh: ( — In
■’ Scosx^ lO sm x  ̂ \ SVS/

7 J J

7.7. J

7.8. /

7.9./

dx

3+2cosx—sinx  
dx

(Javoh: arctg

tg— 2-V5 

tsf-2+v'S

1-J+C .)

+ C.)

5-Scosa:
dx

• (/avo&; iarci^

8™4st?iX+7cosx' 

dx

■. {Javob: In Ir + C.)

(Javob:—  In
3 + Scosx 4

a  + c.)

7.10. /

7.11. /

7.12. /

7.13. / 

7.14 /

7.15. /

7.16. / 

7/17. /

7.18. /

7.19. / 

7.26. /

7.21. /

7.22. /

7.23. /

------- (Javob: ~ In
Zsm x+3cosx+3  ̂ 2

(Javob: ^ arctg  +  C.)
S+4sinx 

dx 

8+4C 0SX

dx

2tg^+3  + C . )  

{ ^ )  ' 

.(Javoh: — arctg +  C.)

+  C.)■. (Javob: -  In
3 s in x -4 cosx   ̂ 5

il_2

dx

7s inx -3 cosx

dx

244s in x + 3 cosx 

dx

(Javoh: in
Stfll+y-vaS
3tfl-+7+\/58

+ C.)

(Javoh: ~ -= = lnV21
-4-̂ Í21
■4+\f21

+  C.)

■. (Javob: —  in
taITi

dx. (Javoh: 3x - t g -  — In t g ^ -+ l  +  C.)

4cosx+3sinx  

2~sinx+3cosx  

l+ ca sx

— ------ . (Javoh: -1= arctg
5+sinx+3cosx  ̂ V is  ^

— --- ------- . (Javoh: C -  - 4 - . )
4sinx+3cosx+S ' t,g -+2
7 +6 s in x-S cosx

+  C.)

V Vis J

2

+  C.)

1+cosx 

dx

dx. (Javob: 12tg^-+ 6ln — 5x +  C.)

3+co.sx+sinx
6sinx+cosx

-— . (Javob: -p  arctg l — j=— +  C.)
m x  ̂ V7 \ V7 /

1+COSX

dx

3cosx~4sinx

dx. (Javob: 6in t g ^ -+ l

\ (Javob: C —  In

■tg~ +  x +  C.)

7JS. f dx

4s in x -6 cosx
.(Javob: ^ I n

3t.g-+2-%/T3

3tfl|+2+V l3
+ C.)
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7.26. /

7.27. J

7.28. /

7.29. f

7.30. f

^  .{Javob: ^In Stg^+3 +  C.)
3 + 5 s î71^+3cosj: 

dx
. {Javob: ^arctg  +  C.)

+ C.)

+ C.)

cos3c-3smx

- ,----- . {Javob: -  In
4 -4 sm x+ 3 cosx  3

-----■ {Javob: In
3 s in x -co s x  v io

------ --- ------ . (Javob: In
2 -3 co sx + s m x   ̂ V5

tg-+3-yßS
te|+3+v ''îô

5 íí (| + l-V 6

st^f+i+Vë
+ C.)

88.1. f  — ~ --------. (Javob: ~ l n
8sm^ x -1 6 s in x co s x  16

t g x -2

tg x

+  C.)

+  C.)

•̂3- f  T ^ X  -̂̂ ^̂ ^̂ 2
J'" ^ t g ^ x + 2 \  + ^ a r c t g  ( - Ç )  +  C.)

scos^Zsin^x- (J‘̂ ^ob:-¿f= arctg ( ^ )  +  C.)

T ^ x ^ ^ -  (J<^yob:lln\tg^x~l\ +  C.)

8.8. / dx
2tgx+yfs

■ - - a r c t ^  ( ^ )  +  C.)7cos2x+2sm̂ x
8-9. / — arctg {tg^x ) +  C.)

 ̂ ■ + ln\tgx\ +  C.)
s in *x+ co s *x

8.10. / ■ (Javob: ;
cosxsin^x ' 2 tg^x

{Javob: ^ а г а д {л [2 1 д х )  +  C.)

8.12. / dx
V2

-. (Javob: -  In
tg x

+  C.)
4sin^x+8sinxcosx' '' 8 ” ’  tgx+ 2

dx
sin-x~4sinxcosx+sc-^x <^rctg(tgx-2)  +  c.) 
____ i l____   ̂ ■ J -
4C05̂ X+3sin̂ X 

dx

8.14. /

8.15. / ^

8.16. J — ^ — . {Javob: - ^ I n
■’  3cos^x~2  '  2V 2

8.17. /

8.18. f

~  (Javob: ^ a r c t g ( - ^ )  +  C:)
1 +V 2tflxr + C.)

dx
sin̂ x+siriZx+Scoŝ x 

dx

Ssin̂ x~Zcoŝ x-(-̂ ^̂ ^̂ ' 2vIS

1-V2't£(3r
;. (Javob: ^ a r  et g  +  C.)

Vst,g3C-\/3 + C.)\lStgx+\Î3
2t,gx+3 -V Î3 !

2tâ +3+V13l +  C.)
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«■2 1 . / (J-^oh: ¿ .a r c t g  ( ^ f )  +  C.)

^•22 . / (/avoft; -^arctg  ( ^ i )  +  C.)

^ •23-/  i = S ; 5 ^ - ( ©  +  c .)

«•24 . / +  4 ) - i a r c t g  ( i f )  +  C.)

«•25- / i ; - ^ -  (/avob; ^ a r c t ^  ( 2^ )  +  C.)

« '2 ^ ‘ j=circtg{s/2tgx) +  C.)

f  “ ^ct5 ( 2£5 x - D  +  C .)

8.28. f  (Javoh: ^a rctg (2 tgx )  +  C.)

«•29- i ' (Jctvob:lbi\tg^x +  3| +  C.)

T̂ iM '-cos^x^^- (Javoh: \ tgx  +  ^ a r c t g (\f3tgx) +  C.)

9.1. fcos*3xsin^ 3xdx. (Javob .— x ——sinl2x + — siv?6x + C.)
________ '  16 192 144 ^

9.2. / 'Jsin^xcos^xdx. (Javoh: ^ Vsin'^x -  ^  VsirO-^x +  C.)

9.3. f  cos^xsin^xdx. (Javob: ^sui^x — -— siri^^x +  C.)

9.4. / cos^xsin^xdx. (Javob: -cos^x  - - c o s ^ x  +  C.)

9.5. j  -̂ ! ! f -^ dx. (Javob: C — - r F =  ~  ~ Vsin^x.)
-Jsin^x \fsinx 5

9.6. J Vsin^lxcos^Zxdx. (Javob: --'Vsin® 2x — — Vsin'^''^2x 4- C.)
16 36

9.7. J - -̂ LiLidx. (Javob: sVsinx -  -Vsiri^x  +  C.)
■Jsin^X 7

9.8. / -^p^^dx. (.Javob: 3 +  - -Vcos^x  +  C.)
^cos^x \-\Icosx/ 5

9.9. f ^ -^ -^ d x .  ( J a v o b : ------- " - + C . )
cos^x  ̂ cos^x cosx '

9.10. / sin^xcos'^xdx. (Javob:-cos^x  — ^cos^x  — ^cos^x +  C.)

9.11. J -̂ p - ^ dx. (Javoh: —  Vcos^^x — -  \lcos^x +  C.)
■Jcos^x 12 2

9.12. f  \fcos'^xsiv}xdx. (Javob: ~  V c o s ^ ^  — ^ Vcos^x +  C.)

9c.l3. / Vsm^xcos^xdx. (Javob:  ̂Vsin^~x — ̂  \lsiri'-^x + C.)

9.14. / ycos^Zxsin^2xdx. (Javoh: ~  Xjcos'^^lx -  ~ M c o s ^ lx  +  C.)

9.15. J . (Javob: - V s i ^ x  — —  Vsin^^x 4- C.)
\lsin^x 2 12
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9.16. / sin^2xcos*2xdx. {Javob: — x --- — sinQx +  — sin^4x +  C.)16 128 96
9.17. / 3^ ^ ^  dx. {Javob : -  Vcos'̂ lc ~  3 %fcosx +  C.)

V cos^x 7

9.18. / Vcos^xsin^xdx. {Javob: 1 %!cos'^x + C.)

9.19. Í sin*2xcos^2xdx. {Javob:— x --- — sinSx -  — sin^4x + C.) ̂ 16 128 96 '

9.20. J TF^~~ dx. {Javob: - Vsin lx — — %[siv72x + C.)
■ '̂sin l̂x 2 14

9.21. / dx. {Javoh: — Vcos'^2x — -  yfcoslx +  C.)
yjcos'^2X 14 2

9.22. f  sin'^xcos^xdx. {Javob: ^sin^x — ^sirJx +  C.)

9.23. J sin^xcos*xdx. {Javob:— x —— sin4x +  — sin^2x +  C.)
 ̂ 16 64 48 ^

9.24. f  sin^xcos'^xdx. {Javob: — x — — sin4x -  — sin^2x +  C.)'  16 64 48 ^
9.25. / sin^xcos^xdx. {Javob: — cos^^x —  cos^x +  C.)

9.26. / ^  dx. (Javob: ^  +  C.) ^
sin*x _ _ _ _ _  smx sin^x_____ __ _______

9.27. / sin^x Vcos^xdx. (Javob: | Vcos^®x — | Vcos^x ~

Vcos^Sx + C.)28
9.28. / sin*xcos^xdx. (Javob: -sin^x  -  -siv7x  + -sin^x  + C.)

9.29. / sin*3xcos^3xdx. {.Javob:-^x — -^sin l2x  —-^sin^óx +  C.)

9.30. j dx. (Javob: 3- = =  + ~ Vcos^x + C.).
Vcos^x ' -Vcoí-r 5

Namunaviy variant yechimi 
Aniqmas integrallami hisoblang. *

1  Í  7x - x ^ -4  ,

( x + 1 ) ( x 2 -5 x + 6 )

integral ostidagi ftinksiya ratsional kasrdan iborat. Uning 
maxrajini ko‘paytuvchilarga ajratamiz: ( x + l ) ( x  — 2 ) (x  — 3 ) .
(8.9) formulaga asosan maxrajdagi har bir (x ~ a )  ko‘paytuvchiga

A
bitta qo‘shiluvchi mos keladi. Shuning uchun bizning 

holimizda
7x-x^-4 7x-X^-4 A C

{x + lK x ^ -5 x + 6 }  ( x + l ) ( x - 2 ) (x - 3 )  x + l  x -2  x -3
Oxirgi tengliioiing o ‘ng tomonini umumiy maxrajga keltirib 

va kasrlaraing suratlarini tenglashtirib topsak,
7x -  X" -  4 =  A (x ~ 2 ) {x -3 )  +  B (x + l ) { x - 3 )  +  C (x + l ) { x -2 )
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a)miyaini hosil qilamiz. A,F,S  koffiisientlami xususiy 
qiymatlar usuli bilan topamiz (§8.6 ni qarang);

X— /
x -2
x=3

-I2 ----12A.
6 = -3 V ,

8=4S,

Bu yerdan A = - l ,  V = -2 ,  S=2. Topilgan koeffitsientlami 
integral ostidagi iltnksiyaning eng sodda kasrlarga yo3d!masiga 
qo‘yib integrallasak

/ ...- d x = !  ( — ~  +  =  -ln \x -i -l\  +
■' C x + l )(x ^ -5 x + 6 ) •’ ^ x+1  x -2  X -3 - ' ' '

2/njx-3| -  -2 ln \ x -2 \  +  C* = l n ~ ~ ~ +  C* ni hosil¿J
qilamiz.

Bu yerda C’  -  integrallash doimiysi. <
^ r  1 5 x - x ^ - l l  ,
1. j 7---- t-t;------ -dx.

•’ ( ,x - l )C x ^ + x -2 )
^  r  lS x -x ^ -1 1  , f  lS x -x ^ -1 1  , (S 9) C r  A , B

*■ I  (-,- .3 P « - r) ‘‘=‘ - 1 ’ - I  + 7 ^ ^  +

X+2

15x -  ~ l l = A ( x ~ l X x + 2 )  +  B (x + 2 )  +  C (x ~ l ) ^
I x = l  3=JV, V=l,

=  x = - 2  -45=9S, S = -5 ,  =
-1=^A+S, A=4

= -5ln\x+2\ +  4ln\x -l\  - ~ + C * .

Shuni ta’kidlash lozimki, koeffitsientlami topish uchun 
xususiy qiymatlar usuii va noma’lum koeffitsientlar usuli 
qo'llanildi. (§ 8.6 ni qarang).

\ r x‘‘ -8x  ̂+ 23x -̂43x+27 ,

>■ Integral ostidagi funksiya noto‘g ‘ri kasr bo‘ lganligi uchun 
kasming suratini maxrajiga bo‘ lib, uni butun ko‘phad va to‘g ‘ri 
kasrlar yig‘indisi shaklida ifodalash mumkin;

'  W = /  ̂ f  -  +
Bx+C

x'^-2x+Sj  dx =  
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—2х^ + Зх — 13 = Л(х^“ 2х+5) + (В х + С ) (х ~ 2 ) ,
=  х=2 -1 5 ^ 5 А ,А = -3 ,  =  

x ^ -2 = A + V ,  V=l,
/  -13=5A -2S , S = - l

= £—  4x J (—1 + — Ï-Î— )d x  = -—  4x — 3Zn|x—2¡ +
2 •' Ч - 2  x ^ -2 x + S ^  2 ' ‘

^ln\x‘̂ —2x+S\ + Í7 *

г  2 x^ -5 x ^ +8 x -2 2  J

I - í w T Í T - ' * ^ '

ж'‘ +9,т2+20 ■' (3c2+4)(x2+5) ■’ ^x^+4 x̂ +S-̂
2x  ̂-  5x  ̂+ 8x -  22 = iAx+B )ix^+5) +  (Cx+DXx^+A), 

x^2=A+S,A=0  
=  x ^ -5 = V + D ,  V = -2 ,  =

X 8=5A+4S, S=2,
/  -22=5V+4D , D = - 3

6 )  +  ¡^<\x^+5\) - j ^ a r c t g  ( ~ )  +  C\ <

► f _£lL_ciz= V^--2 = t X -  2 = ^
3-VF ::2 ^  ¿2 ^  2 dx =  2tdt

^ - 2f ^ § i i - - 2S ( , ‘ +  3, +  1 2 + ^ ) d t .

= -2  t4l2t+36iji(|l-3|)'l +  С =\3 2 /
= -^ 7 (x  -  2)3 -  3 (x~ 2) -  2 4 V x ^ -  72Zn|VF=l'-3| + C. ^

^ f 4vGc^+ %x=^ , *
o. J —  3,—  dx.

■’ л/ж=2+ 2 - У ^
^  f 4 V ^ + ^ ^ = 2  ^̂ , ^  m  =  E K U K (2 ,3,6 ) =  6, x -  2 =  ^ 

Æ^2'+2V ï=2 ^ x =  t^ +  2, dx =  6t^dt

= f ( i f i ^ = . 6 f ^ d t =
•' t^ + 2 f 2 t+2

=6/ (4t^ -  8t'̂  + ISt^ -  30t2 + 60t -  120 + ̂ )d t =  

=6(240in(lt+2|) + + i i ‘-  -  lot" + 30t  ̂-  120t) +  C=

=4(x-2) -  ̂  VĈ “̂-2)S + i l  yCx -2 )^  -  60’У ? ^  -  7 2 0 +  

+180V x ^  + 1440inj VF=^+2| + C.

7 . I
dx

3sinx-2cosx+l
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► /
dx

2sinx-2cosX '\-l 2dt

=2/
dt

6£-2+2t2+l-̂ t2
t+ l-2/Vs

= 2/
dt

= - i3 t2 +6 t-l S ''
dt

= !/
lit

2 V3 ,= --- In
3 4 i+l+2/\/3 

dx

+  C =
2V3

Zil
43tg -̂JZ-Z
\/3tfl|+v'3+2

2sin^x-s in2 x+3 cos^x ' 

►/
dx

2sin2x--sin2x+3cos2x
t — tgx, sin^x ~  cos^x —1+t̂ ^

= ;
d t

2t^— 2t+3

_ r CC!Ŝ 4X j9. J s n = d x .

t J dtsm X cos X — — ^,dx = — r l+f2 l+t2

Vsin4x
coŝ ix
\lsin4xdx=^  5 in 4 x  =  i ,  ^  1 r ( l - t^ )d t  _1

'V A*

2

Vsin4x at — 4cos4xdx * Vt 4 

= i ( - t s -  — + C= — Vsin'^4x -  — Vsmi'*^4x + C.
4 \4 14 / 16 56

+ c =

■ £^dt=

/ 8.10 8 -bo Himga doir qo ‘shimcha topshiriqlar 
Aniqmas integrallarni hisoblang.

1. f  x^\l4 — x^dx. (Javob; ^ ( x ^ —2) \4 -  x^ +  Zarcsin^+ C-)

2. J ----- (Javob: - ^ b i■' (x2+4),/4i^ ^ 4vlS xVTS-2V4X'2+1 + C.)

3. j  (x+l)Vx^ + 2xdx. (Javob: -^(x^+Sx)^ + C.)

/ Zn(x+Vl + x^)dx. (Javob: xZn(x+Vl + x^) — V l + x  ̂+ C.)

5. / arccos J - ^ d x .  (Javob: xarccos J ' ~  +  "V^ ~  arctg^fx +  C.)

i .  f  } ~ r2 \2- (J^^ob:■’ (x+l)(x^+iy  ̂
in (x+ l)

x-1
2 (x ^ « )  l l n \ x + l \ + h n \ l + X ^ \ + C . )

7. f  dx. (Javob: 2Vx + l(Znjx+l|—2) + C.) 

<§. / e '^dx . (Javob: 3e 2 V x + 2 ) +  C.)
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9. Aniq integral
9.1. Aniq integral tushunchasi. Aniq integraîlarni hisoblash 

y= f(x ) fiinksiya [a ;b ] kesmada aniqlangan bo‘ lsin. Ushbu 
kesmani ixtiyoriy usul bilan a=xo< Xi< Х2 <... x„=b nuqtalar 
orqali uzunligi A x¡= Xj — x,.i , i= l ,n  bo‘ lgan bo‘ lakchalarga 
bo‘ layiik. Har bir bo'lakchada bittadan , x¡.;< x¿ nuqtani 
ixtiyoriy tanlaymiz (9.1-rasm). Quyidagi yig‘ indini

n

S.
r=l

y= f(x ) fiinksiyaning [a,b} kesmadagi n-integral yig ‘ indisi 
deyiladi. Geometrik nuqtai nazardan S„-yig‘ indi 9.1-rasmda 
tasvirlangan to‘g ‘ri to‘riburchakiar yuzalarining yig‘indisi bo‘ lib, 
ulaming asoslari A x¡ kesmalardan, balandligi esa/f'4^ ga teng.

A y|
teïîiîKi, Î

! V - - t \ -,
I__^ 'A  '■ S' '
à X,  ̂ X, , 0 , ’ ' 4  '  - :

9.1- rasm

S„ integral yig ‘ indining qismiy kesmalaraing eng kattasi 0 ga 
intilgandagi limiti f (x ) fiinksiyaning x=a  dan x=b  gacha aniq 
integral deyiladi va ushbu ko‘rinishda belgilanadi

Zf=i /(fi)Axi = 4" fix )dx  (9.1)
Bu yerda f (x ) integral ostidagi fimksiya, {a;b'\ -kesma 

integrallash oralig‘ i, a va b sonlar integi-allashning quyi va yuqori 
chegaralari, x-integrallash o ‘zgamvchisi deyiladi.

Teorema. Agar f (x ) fimlcsiya [a ;b ] kesmada aniqlangan, ham 
uzluLsiz bo‘ lsa, u [a ,b ] oraliqda integrallanuvchi boiadi, ya’ni 
(9.1) integral yig‘ indining limiti mavjud va u [a ;b ] kesmani
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Iio'lish usuliga, qismiy kesmalardan nuqta tanlashga bogiiq 
li()‘ lmaydi.

Agar f(x)>0, x€ [a ;b ] boisa, aniq integralning geometrik 
iiiii’nosi,>-=/(:x  ̂funksiyaning grafigi, x=a, x=b  to‘g ‘ri chiziqlar va 
O k o‘qi bilan chegaralangan figuraning yuzini anglatadi. Bu 
ligura egri chiziqli trapetsiya deyiladi. Umumiy holda, f (x ) 
Iimksiya [a ;b j kesmada turli ishoraga ega boisa, aniq integral Ox 
o'qning yuqori qismida va quyi qismida joyiashgan egri chiziqli 
Irapetsiyalar yuzalarining ayirmasini bildiradi, Ox o ‘qidan pastda 
joyiashgan y-uzalar minus ishorasi bilan olinadi. Masalan grafigi 
‘).2 rasmdagi funksiya uchun

J ^ f ix )d x ^ S , -S 2 +S ,

I

a b  X

9.2-rasm

Aniq integralning asosiy xossalarim keltirib oiamiz (f (x ) va 
(p(x) funksiyalami mos kesmalarda integrallanuvchi deb faraz 
qilamiz)

1) /a ( f  W  ±  9 ix))dx = j^ f(,x )dx ±  (p{x)dx-,

2 )  C  =  c ^ l f { x ) d x  (c  =  consty,

3) /* / W dx = -  j^ f (x )d x ]

4) C f (x )d x  =  f^ f (x )d x  + f{x )dx;
5) agar[a;6] kesmada f (x )>0  va a<b  boisa, u holda

.C fix )d x  >  0
6) agar q>(x) <  f ( x ) ,  x [a ;b ], a<b u holda

C c p {x )d x < f j {x )d x
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7) agar m=min^era;j,] f ( x ) , M  =  f ( x )  va a<b  

bo‘Isa u holda
m (b  -  a )  <  /* f { x ) d x  <  M ( b  -  a )

8) agarf (x ) funksiya [a ;b ]  kesmada uzluksiz bo‘ lsa kamida 
bitta x=c, x<  nuqta topiladiki, quyidagi tenglik bajariladi

S l f { x )d x  =  f { c ) ( b - a )

9) agarf (x ) funksiyamiz uzluksiz va 0 (x )=  f ( t )d t  tenglik 
o ‘rinli bo‘ lsa u holda

i> '(x ) =  f ( x )
ya’ni aniq integraldan yuqori chegarasi x o ‘zgaruvchi 

bo‘yicha hosila, integral ostidagi fiinksiyaning jaiqori 
chegarasidagi qiymatiga teng.

10) agar F (x ) -  birorta boshlangich funksiya bo‘ lsa, quyidagi 
tenglik o ‘rinli

i^ f (x )d x  =  F ib )-F (a )^ F (x )\ ^ ^

va bu formula Njoiton -  Leybnits formulasi deyiladi. Uni F (x ) 
boshlang‘ ich funksiya ma’lum bo‘ lgan holda jc=a vax=6 
qiymatlarda hisoblash qiyinchilik tug‘dirmaydigan shartlarda 
qo‘ llangan maqul.

1-misol. Aniq integral hisoblansin
f^ 3 d x -iy d x

► 3(x -  l^d x  =  ( x -  l)3j2 = (2 -  1)3 -  (1 -  1)3 =. 1^

2-misol. Hisoblang
i ; ( v ^ + v i ) d x

► f^(^¡2x +  V x )d x  =  ^ d x  +  Mxdx =
2

i(16)5 + ^(8)3 = 3 3 l<

3-misol. Hisoblang
n

sin^ (p d(p
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sin^ (pd(p ~  — — cos^(p')d{cos(p') —

— cos q)

4-m

cos'^cp

soi. Hisoblang
2 2 x - l

X^+X dx

integral ostidagi fiinksiya to‘g ‘ri ratsional kasr, uni sodda 
kasrlarga ajratib olamiz

— ,2x  ™ 1 =  A(x^‘ +  1) +  Bx^ +  Cx

x  ̂0=A+B  
x̂  -1=A  
x^2= C

bundan^=-7, B = l, C=2. Demak,

C d x  =  C  ( — -  +  —^  dx — f — lnj:t| +  - l n ( l  +  x^)  +
■'1 x ^ + x  ■’ 1 \ X l+ x ^  l+ x ^ J  \ ‘ ' 2 ^ '

'¿arctgxj =  - I n Z  +  i/n5 +  2arctg2 - ^ ) ,n 2  -  Zarctg 1 =  +  

2{arctg 2 -  arctg 1 ) » »  0.38 

Faraz qilaylik, y=f(x ) fimksiya [a ;b] kesmada uzluksiz, 
x=(p(t) ftmlisiya o ‘zining hosilasi bilan [a; ß ] kesmada uzluksiz, 
monoton va çj(cï) — a, (p iß ) — b tenglik o‘rinli, mmahkab ffçftj) 
funksiya [a; ß ] kesmada uzluksiz bo‘ lsin. U holda aniq integral 
uchun o‘zgaruvchini almashtirish formulasi o ‘rinli

i ^ f (x )d x  -  j^ f { (p i t ) )< p X t )d t  (9.2)
5-misol. Hisoblang

j 8 xdx

¡►Quyidagi V l +  X =  t ahnashtirishni bajaramiz. U holda 
x-(^~l, dx=2tdt. x=3  boiganda qiymatida t =  2 =  a ,x  =  8da 
t — 3 =  ß  bo‘ ladi. Yuqoridagi (9.2) formula uchim hamma 
shartlar bajarilgan. Demak,
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2 ( 9 - 3 ) - 2 g - 2 ) =  =  f ^

6-misol. Hisoblang

L0 2COSX+3

► integral ostida u =  tg  almashtirishni bajarsak cosx =
l - U ‘‘

l+u2 , dx
2du

l+u^ , a

dx

2 cosx+3 

1

t g 0 =  0,p  

i :2du
l+u  ̂ —

'o 2( l - u 2) Jo u 2 +  S
( l+ u 2)

2 , M , 1

0-38^

Agar va v̂ jcj funksiyalar [a;A] kesmada uzluksiz xususiy 
hosilalarga ega boisa, u holda

u (x )d v (x ) =  xi(x ) ■ i;(x )i^  -  v (x )d u (x )  (9.3)

7-misol. Integralni hisoblang xcosxdx
u - -  x du dx _  

dv — cosxdx V  =  sinx

xsinx

► xcosxdx —

— — n n
2 ~  sinxdx =  =  “  sin -  — 0 +  cosx
0

n
“  __  7C

8-misol. Integralni hisoblang /, xln^xdx 

u =■ Iri^x
> j^ x ln ^ x d x  =

du =  2 lnx - -d x
X

~xH n^2 xlnxdx =  =

dv  =  xdx

u =  inx 

du =  -dx

V  =  ~ x ^

dv =  xdx
1 2 V ~  -X^

-e" -

( — Inx f  — C -x ^  - -d x )  =  -e'^ —-e^ +  -f ^ x d x  ~  ~x^j^ ~ =
V 2 1 - ^ 1  2 2 / 2  2 2 ‘' 1 4 ' 1
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r
9.1-AT

Aniq integral hisobiansin.

1. ( 2^2 +  dx (/a voh  :

2. Vxdz (Javob  ;

A'"  w H s  Oavob  : 2)

7T
4.5. ¡\ '> jco sx  — cos^xdx (Javob :

«■ J'o* ’ 2 -  ln2 )

7. x ^ 'j l  + x ^ d x  (Javob  :

8. j^ ^ -i  — x^dx (ja vob  n )

» « O “ ’ ’ -’ ' ’  ̂ s ' " “ 2)

Mustaqi! ish
Aniq integrallarni hisoblang

1. a ) { i x  +  dx; h )^ l  ̂  dx (Javob: a)21; b ) 

7+2ln2)

2. a ) / ; ^ d y ;  b ) / ^ " ^  (/avoi; aji?/5; b)16/3-2ln3)

3- (Javob:a)3/16; b ) 3+4ln2)

9.2 Xosmas iniegrailar
Agar>>=/fxy ftmksiya a <  x  <  + 00, oraliqda uzluksiz bo‘ Isa,

II holda

i , f/ (x )d x  =  /(/?) integral /i ning uzluksiz funksiyasi bo‘ ladi.
(9.3-rasm)

U holda quyidagi limit

/ ( x ) d x  (9 .4 )
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f (x ) iunksiyaniîig [a; +co] oraliqda yuqori chegarasi cheksiz 
boigan xosmas integrali deyiladi.

C ^ / ( x )d x  (9 ,5 )

9.3-rasm
Demak, ta’rif bo‘yicha

f ^ '" f (x )d x  =  f (x )d x

Agar (9.4) limit mavjud boisa, u holda (9.5) integral 
yaqinlashuvchi, agar (9.4) limit mavjud boimasa, xususan 
cheksiz boisa uzoqlashuvchi deyiladi.

Quyi chegarasi cheksiz boigan xosmas integrailar va yuqori, 
quyi chegarasi cheksiz boigan xosmas integrailar ham shu kabi 
aniqlanadi:

j ^ ^ f (x )d x  =  lim^^_„ ¿ ’ / W  

J ^ ^ f (x )d x  =  Iim^^_oo j ^ f (x )d x  +  lims_+«, /® /(x)dx 

bu yerda -oo <  c < +oo . Agar J^'^\f(x)\dx integral 

yaqinlashuvchi boisa u holda (9.5) integral absolyat 
yaqinlashuvchi deyiladi. Xosm>as (9.5) integralning 
yaqinlashishini tekshirish uchun quyidagi taqqoslash belgilaridan 
foydalanish mumkin.

1-teorema. Agar barcha x >  a uchun 0 < f ( x )  <  (p (x ) 
tengsizlik o ‘rinh boisa, u holda:

1) agar q )(x )d x  integral yaqinlashsa f (x )d x

integral ham yaqinlashadi shu bilan birga f (x )d x  <  

f ^ ° "^ (x )d x

102



2) agar /Ĵ “ ’/ (x )d x  integral uzoqlashsa u holda (p (x )d x  

integral ham uzoqlashuvchi bo‘ ladi. Absolyut yaqinlashuvchi 
xosmas integral yaqinlashuvchi bo‘ ladi.

1-misoI. Xosmas integral (a  >  0) berilgan. Ushbu

integral a ning qanday qiymatlarida yaqinlashuvchi, qanday 
qi3̂ iatlarida uzoqlashuvchi bo‘ ladi?

^Faraz qilaylik, a^l bo‘ lsin, U holda;

Demak, agar a > l, bo‘ Isa
r + CO dx _  1
■'I X « ”  a ~ l

ya’ni integral yaqinlashuvchi, agar a < l, bo‘ Isa
f+<x> dx

—  —  + 0 0

ya’ni integral uzoqlashuvchi bo‘ ladi.
Agar a = l, bo‘ lsa

f + c o d x  ,. f B d x  _
j, — =  lim ! — =  hm InB ~  +oo
■'1 X g,-> + o o " l  X B-^+oa

ya’ni integral uzoqlashuvchi bo‘ ladi.
2-iiiisoI. Xosmas integralni hisoblang

r  +  co dx

■'1 x2+4x+13
yoki uning uzoqlashuvchi ekanligini ko‘rsating

. f+co  dx  f+oo dx  1 x+2

ilim^-,+„(arct.g ̂  -  arctg 1) = ;  ( f  “  f )  =
3-misol. Xosmas integralni yaqinlasliishini isbotlang.

r +  oo dx 

(x2 + l)e*
► X >  1 qiy-matda tengsizlik o‘rinIi bo‘ ladi va

integral
C+oc dx fjS dx  ^

J ^ C a r c tg f i  -  a rc tg l ) -  | -  J ==
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yaqiníashuvchi, demak 1-teoremaga ko‘ra berilgan integral 
yaqinlashuvchi boiadi.

Eslatma. Integrallash oraligi cheksiz boigan xosmas 
integrallami hisoblashda quydagi tenglikdan foydaianamiz

=  F {x )\
+00

a
bu yerda F '(x )= f (x ) va F(+aS) -  lim. F (x )

X-»+oo
Faraz qilaylik fiinksiya/a;67 kesmaning x=c

nuqtasidan tashqari barcha nuqtalarida uzluksiz boisin. U holda 
ta’rifga asosan;

C f { x )d x  =  

f (x )d x  +  f (x )d x  ( 9.6)

Bu yerda, £1, £2 >  ^  ̂ nuqta ikkinchi tur uziüsh nuqtasi. 
Yuqoridagi (9.6) integral uzulishga ega boigan funksiyaning 
xosmas integrali deyiladi. Agar (9.6) tenglikning o ‘ng tomonidagi 
limitlar mavjud boisa, bu integral yaqinlashuvchi, agar ulardan 
kamida bittasi mavjud bo imasa, integral uzoqlashuvchi deyiladi. 
Uzilish c nuqtasi s uchun c=a  yoki c=b  boisa, (9.6) tengliknixig 
o ‘ng tomonida faqat bitta limit boiadi.

i

.........

J-i

\
\'«s

.. ,x\.XV̂SN

9.4-rasm

104



4~misol. Xosmas integral uchun yaqinlashish va uzoqlashish 
shartiarini aniqlang

^Integral ostidagi funlcsiya x=0  nuqtada ikkinchi tur 
uzlishga ega. Agar a ^  1 boisa u holda

f i d x  f l d x
Jo ~  *™£-^o+o jg  -  ‘ ’^ £ - ^ 0 + 0 -

/ 1  £-“+i\ ( ~ ^ , a < l  
=  !im„_^o. 0 --------------- 1 =  i 1” «V-a+i -a + i j  (  oo , a >  1 

Agar a = I  boisa -  lim ln|xi  ̂ =  ~  Um Ins -  +oo .
■>0 X E-̂ O+O £ E-̂ +O

Demak, ushbu hosmas integral 0<a <l da yaqinlashuvchi a>l da 
esa uzoqlashuvchi boiadi.

S-misol. Xosmas
r l  dx 

■̂0
integralni hisoblang
¡^Integral ostidagi funksiya x = l  nuqtada cheksiz uzilishga 

ega. Demak, ta’rif bo‘yicha

¡ 0 ^  =  -  x )~ 2dx =  l im ,^ o ( -2) ( l  -

1
x ) 2  r::

0   . „
=  - 2  limg_,o(Vl -  1 +  e +  V i  -  0) =  2 lim£^o(l -  Vej =

2 (s  >  0)  ya’ni bu integral yaqinlashuvchi bo iad i.^
2-Teorema. Agar [a ;b ] kesmada x=c nuqtadan tashqar 

ibarcha nuqtalarda <p(x)'^'(x)> 0  tengsizlik bajarilsa, va faqat x=c 
nuqtada bu funksiyalar cheksiz uzilishga ega bo ‘Isa, u holda.

l)a g a r

¡°< p {x )d x  

integral yaqinlashuvchi bo ‘Isa,

¡ l f i x )d x  

integral ham yaqinlashuvchi bo 'ladi.
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2)  agar
¡ l f ( x ) d x  

integral bo Isa,

J ^ (p (x )d x  

integral hatf̂  uzoqlashuvchi bo ‘ladi.
Bu I v a  2 tasdiqlar taqqoslash teoremalari deyiladi.
6-Misol. Xosmas

r l  dx

•'O Vx+2x̂
integralning y^^l^lashishini tekshiring:
► Integral ostidagi funksiya x=0  nuqtada uzilishga ega

1 1

V x  +  2x^ Ifx 
\a x>0 da yuqondagi tengsizlik o ‘rinli boiadi. Bundan

xosmas

^  -  Vi) =
f  (£ > 0)

integral yaqinlashuvchi va 2 teoremaning 1 tasdigiga ko‘ra 
berilgan xosmas integral yaqinlashuvchi boiadi.

9.2- A T
Berilgan xosnias integraliar hisoblansin.
1. Inxdx (javob : 1)

2. cosxdx QcLvob ■ —2n )

3. i f  cosyfxdx (Javob : - 4 )

4. xarctgxdx (Javob • ~  ~  ~ )

5. f^x^e^dxU^^v^^ ' ^ ~ 2 )
Xosmas integrallami hisoblang yok i ulaming 

uzoqlashuvchiekanini ko‘rsating.
6. (lavob: 0,5)

-'e x(iTix)3
7. f^ x ^ e --"d x  (Javob: 0,5)

8. (Javob: uzoqlashuvchi)
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'>■ Ú ^ ^  Vovob: I )  

n . í l ^ ^ U a v o b : ’̂

Mustaqil ish 
í . l )  Integralni hisoblang

xe~^dx (Javob: l -2 /e )

2) Integralni hisoblang yoki uning uzoqlashuvchi ekanligini 
ko‘rsating

Si 1 ^ ,  2 )
2.1) Integralni hisoblang

xsinxdx; (Javob: n )
2 ) Xosmas integralni hisoblang yoki uni uzoqlashuvchi 

ekanligini ko‘rsating

3.1) Integralni hisoblang

f^^xe^^dx; (Javob:

2) Xosmas integralni hisoblang yoki uning uzoqlashuvchi 
/ ekanligini ko‘rsating

Oavob: Uzoqlashuvchi)

93  Aniq iíitegraliiing geometrik masalalarga íatbiqi 
Yassi figuraiiiiig yuzini hisoblash. Aniq integral (f(x )>0  

X 6 [a ;b ]), geometrik nuqtai nazardan (9.1§) egri chiziqü 
trapetsiyaning yuziga teng bo‘Iar edi. Yassi figuraning yuzini esa 
egri chiziqli trapetsiya yuzlarining yig‘ indisi va ayimiasi sifatida 
qarash mumkin. Demak, aniq integral yordamida turli yassi 
fíguralaming jaizaiarini hisoblash mumkin.

l-misol. Ushbu y=y?~2x egri chi.ziq, x = -l ,  x = l  to‘g‘ri 
chiziqlar va Ox o ‘qi bilan chegaralangan yassi figuraning yuzini 
hisoblang.

► Dastlab berilgan chiziqlar bilan chegaralangan figurani 
chizib olamiz (9.5-rasm). Qidirilayotgan yuza 5'=|S’;¡+|5'2|=5';-5'2 
dcmak,
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s  =■-= “  2x )d x  -  l^ (x^ -  2x )dx  =  “

(t - * 0 I J  =  ( ; - i )  =  2<
Umumiy holda berilgan figam y=fj(x ), y=f2(x) egri chiziqlar, 

x=a, x=b  to‘g ‘ri chiziqlar bilan chegaralangan bo‘lsa, bu yerda 
f i (x )^ 2(x), x [a ;b j, (9.6-rasm) u holda

s =  C ( f 2Í ^ ) ~ f i ( x ) ) d x  (9.7)
2-misol. Quyidagi j);=5x-x^ va y= -x  chiziqlar bilan 

chegaralangan figuraning yuzasini hisoblang.
► Egri cMziqlaming kesishish nuqtasini topib olarniz va 

yuzasi qidirilayotgan figuraning rasmini cliizib olamiz (9.7-rasm) 
y  =  3 x ~x ^|__^ f  y  — — X  

y  =  - X  l - x  =  3x -  x^
Sistemani yechib: X}=0, X2= 4, yi=0, y2=^4 qiymailarga ega 

bo‘ lamiz, u holda (9.7) fonnulaga ko‘ra

S =  - x ^ -  i~ x ) )d x  =  j ; (4 x  -  x^)dx =  (Zx^ - 7 )  i j  ='0 3
Agar egri chiziqli trapetsiyani chegaralovchi A V  egri chiziq 

parametrik ko‘rinishda berilgan boisa x = f (t ),  y=y/(t) u holda 
uning yuzasi

S =  ¡ ! ^ m v ' ( . t ) d t  (9,8)
bu yerda a va y5, (p(a)=a, y/(ji)=b tenglamadan aniqlanadi 

{y^(t)>0, [a ;P ] kesmada), formula bilan aniqlanadi. •
y2

3-misol. Berilgan ̂  ^  ~   ̂ellips bilan chegaralangan 

yuzani hisoblang
► Ellipsning parametrik tenglamasini yozib olamiz; x=acost, 

y=bsint. Figuraning simmetrik ekanligini hisobga olib va (9.8) 
formuladan (9.9~rasm)

5 =  4 j^ y d x  =  4/5  a s in t ( -b s in t )d t  ~  4ab sirt^tdt =  =

JT ^ 7T

4ab J^^—̂ — dt — 2ab ( t  — ^ s in lt )  ¡2 =  nab -4

Egri chiziq qutb koordinatalar sistemasida p = p (f ) tenglama 
bilan berilgan boisa, egri chiziqli O M 1M 2 (9.10-rasm), egri 
chiziqning yoyi va O M j va O M 2 f i  va f 2 qi>Tiiatlarga mos
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kciuvchi qutb radiuslari bilan chegaralangan sektorning yuzi 
ushbu fonnula bilan hisoblanadi.

(9.9)

\ >'

â

- f  0

/

.. 11 
I l f  - v - l l,. ->■ 

ii. b  x:

9.5-rasm 9.6-rasm

9.7-rasm 9.8~rasm

!, ''A

'/"'y  ̂ ^

\ ''

9.10-rasm
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4-misol. (x ^ + y ^ )^  ^  a ^ (x ^ -y ^ )  Bemulli lemniskatasi 
bilan chegaralangan figuraning yuzini hisoblang

f»^Egri chiziqning tenglamasini qutb koordinatalar 
sistemasida yozib olamiz. Tenglamada x =  pcos^, y  =  psinç? 
almashtirish bajarsak, =  a^cos2<p

yoki p =  a^Jcos2 (p . Figuraning simmetrikligini hisobga 
olsak, qidirilayotgan yuza (9.9) formula bilan hisoblanadi;

1 ^ 7T
S =  4r--j^a^cos2 (pd (p  =  2a^ •^ sin 2 (p\'i =

Egri chiziq yoyining uzunîigini hisoblash. Agar egri 
chiziqning AB  yoyi (a:b) v&y=f(x) tenglama bilan berilgan bo‘ lib, 
/(^x^-differensiallanuvchi funksiya boisa, u holda ÄB  yoyning 
uzunligi (9.12-rasm)

formula bilan hisoblanadi.
yf y f

(9.10)

a X
c

a 01 X

9.11 rasm 9.12 rasm

Agar egri chiziq o ‘zining parametrik tenglamalar! x  =
(p (t ),y  =  xp(t) lar bilan berilgan boiib, x =  (p (t ),y  -  lar 
differensiallanuvchi funksiyalar boisa, u holda I yoyning uzunligi

 ̂ +  y 'i^ t  (9.11)

formula bilan hisoblanadi, parametr t ning av& ß  qiymatlari 
yoyning chekka nuqtalari A vaB  ga mos keladi.
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Agar silliq egri chiziq qutb koordinatalar sisteiriasida 

p  =  p i< p ) tenglama bilan berilgan bo‘ lsa, M j M j  j^oyning / 
u/iinligi ushbu formula bilan hisoblanadi:

^ -------
4 p " + p '" d<t>/= (9.12)

Bu yerda yz. (p^ qiymatlari yoyning boshi va oxirgi 

luiqalari M j va M j ga mos keladi.

5 ~ misol. Egri chiziq j  = tenglama bilan berilgan,

yojming boshi va oxirgi nuqtalari abssissalari Xj = V3 va x̂  = 4 % 

bo‘ isa, yo3Tiing uzunligini toping.
i^Yoyni uzunligini hisoblash uchun (9.10) formuladan 

Ibydalanamiz;

/ Y  fi / ^ ' f  fi—  J (1+-^)^ Æ  34 /= ^;l + ( v x )  d x =  ^ l  +  x d x~ - — — r ~ —  ^
v3 3/̂5 3

2
6“misoL Sikloidaning birinchi arkasi yoyining uzunligini 

loping
y  =  a ( l  -- cos t ), X =  a (t  -  sin t)

^  Sikloidaning hamma arkalari bir xil, birinchi arkada t 

parametr 0 dan 1 K  gacha o'zgaradi. U  holda (9.11) formulani 
qo‘ llaymiz;

r~2 2 2 2 i~ 2 21= j y a  ( 1 - c o s i )  + a  sin i dt ~ a j - y l - 2 c o s i +  cos i +  sin i d t -
0 0

I n _____________2,T  ̂ ^

2 ^2(1 -  cos /) c/t =  2a j  sin -- dt = -Aa cos—2;r
0 = 8a

7-misoL Logarifinik spiralning bitta aylanishda hosil 
boiadigan yoyining uzunligini toping, p =

111



X '
+ ■-------- -

') 2 * (  Г 2 ^

( “ \|
V J

г 1]
т

у

= 1, у  =  const

ya’ni, yarim o ‘qlari boigan

ellipsni hosi] qilamiz.
Bu kesimlaming yuzi:

и  holda (9.13) formuladan
b 2 ь 2 3

V  = ^ \ m c { \ - ^ ) d y  = 2mcJ(1 - dy = 2mc { y  -  
lb b l b  3b

2

= — mbc 
0 3

9-misoL Oxy tekislikda yotuvchi va у  — 4  — x , x  =  0  

chiziqlar bilan chegaralangan figurani Oy o ‘qi atrofida 
aylantirishdan hosil boigan jismning hajmini hisoblang,

► Rasmdan (9.16-rasm) ko‘ rinib turibdiki:
2 г г

x̂ dy = >rj(4-y^fdy = 2irj(4-y f̂cfy = 2n: (16-8у̂  + у‘')ф = 2®

= 2я-(32-— + — ) = — я-»107,23 ^
3 5 15

У*

~4 * \

~2Т

9.16-rasm
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Aylanish jismlarining sirtlari yuzini hisoblash
Agar y  =  f  (x ) flmkssiya uzluksiz differensiallanuvchi 

1)0 isa, shu egrichiziqning AB  qismi yoki 
/((a; f  (a ) ), B (b ; f  (b )  )  Ox o‘qi airofida aylanishidan hosil 
hoigan sirtning yuzi:

Qx =  27t f ^ f ( x ) J Ï '+  ( f ' ( x ) f  dx (9.15)

formula orqali topiladi.

it

/ \
f  V.

9.17-rasm

10-misol. =  2x + 1 parabolaning Xj — 1 va Xj =  7 
abssissalar oraligidagi yoyini (9.17) aylantirishdan hosil boigan 
sirtning yuzasi hisoblansin.

► Rasmdan va (9.15) formuladan quyidagiga ega boiamiz:

Qx = 2 7 t ¡̂2x T ï J l  +  (:ÿ==~) dx =  2n V2x + 1 + î dx ==

2n y[2^ T Ï  dx ==-- 2n ■ \ - \ni_6A -  8) -  ■112n

AT-9.3.

1. Ushbu y^' = 9 x , y  =  3x chiziqlar bilan chegaralangan 

soxaning yuzasini toping (  Javob:0,5 ).

2, y  =  X  ̂+  4x, y =  X +  4 chiziqlar bilan chegaralangan 

soxaning yuzasini toping ( Javob

115



3. Ushbu y  =  y ~ ~ ^  chiziqlar bilan chegaralangan

soxalaming yuzasini toping {Javob: — — — ).
2 3

2 2 4
4. Yopiq y  — X — X  chiziq bilan chegaralangan soxaning 

yuzasini toping {Javob: 4/3).
5. Sikloidaning birinchi arkasi >> = a (1 -  cos i), 

x -a {t-sm t)^ /S L  Ox o ‘qi bilan chegaralangan soxaning yuzasini

hisoblang {Javob: ).
6. Paranietrik ko‘rinishdagi x - Z t ^ =  chiziq bilan

chegaralangan soxaning yuzasini hisoblang {Javob:
5

7. y  =  xe '^  egri chiziq va uning asiraptotasi biian 
chegaralangan soxaning yuzasini hisoblang {Javob: 2).

8. Kardioida bilan chegaralangan soxaning yuzasini 
hisoblang; p - a { \ -  cos ç>). (  Javob: / 2 ).

9. Ushbu x ^ + y ^ -4 ,  x ^ + y ^ = 9 , y - x ,  y  =  -x-%Î3 

chiziqlar biian chegaralangan soxaning jmzasini hisoblang 
(Javob: 25^

24 *

Mustaqil ish
1. Ushbu chiziqlar bilan chegaralangan soxaning yuzasini 

hisoblang;

a) y ^ -x + 5 ,  y^ = - x  +  4, b )p  =  a cos 2^ {Javob: 

a) 9 ^ ,  b ) ^ ) .

2. a )y  = (x-4 )^ y = \6~x^ chiziqlar bilan chegaralangani 
soxaning yuzasini hisoblang:

b ) Arximed spiralining birinchi va ikkinchi o‘ranii orasidagi,

p  = a(!) (a > 0) yuzani hisoblang (Javob: a) h) — ) ■
3 ’

1
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3) Ushbu egri chiziqlar bilan chegaralangan soxalaraing 
yuzasini hisoblang:

3. a )4 y ^ 'è x -x ^ , 4y =  x +  6 ; b )y  =  4t^-bt, x ^ 2t va Ox

n'qi(./avo6: .^^2,04; b ) - ) -
24 2

AT-9.4

1. Berilgan y=2  4 x  paraboianing xi=0  va X2= l  abssissalari

<)‘ rtasidagi. yoy uzuniigini hisoblang. (Javob: +ln (1 + 4 2 )  
«  2,29;

2. Astroidaning uzunligi hisobiansin x=a cos^t, y^a  sin î̂. 
(Javob: 6a)

3. Kardiodaning uzuniigini hisoblang p =a (1 - cos (p ). 
(Javob: 8a)

4- chiziqning x i= l, X2=9 abssissalar

o‘rtasidagi yoy boiagining uzunligi hisoblansin. f  Javob: ^ )

5. Ushbu z  = ---- b — , z = l  sirtiar bilan chegaralangan
4 2

jisimiing hajmi hisoblansin. (Javob: tï42 )
6. Oxy tekisligida yotgan va y=x^, x=)/ chiziqlar biian 

chegaralangan figuraning Ox o ‘qi atrofîda aylanishdan hosil 
boMgan jisnining hajmini hisoblang

(Javob: l £ )10
7. Sikîoida x=a (t-sint), y=a  (I-cost) birinchi arkasini Ox 

o'qi atrofida aylantirishdan hosil bo‘lgan jismning hajmini 
hisoblang.

(Javob: 5a^ 7i^)
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8. у =  ^ J 4 x -1  egri chiziqning x i= l  nuqtadan

nuqtagacha bo‘ lgan yoy boiagini aylantirishdan hosi 
boigansirtning }aizini toping (Javob: 104 ж/З)

9. y=a  c h — chiziqni xi=0  nuqtadan хг=а nuqtagachi
a

bo‘ lgan qismining Ox o ‘qi atrofida aylantirishdan hosil boigai

sirt, katenoidning ушт\ hisoblang. (Javob: 4л )
4

Mustaqil ish

1. 1.Ushbu y =  i . ^ (2x - l ) ^  egri chiziqning abssissalar

x j=2  va X2=8 ga teng boigan M 1M 2 nuqtalar orasidagi yo] 
boiagining uzunligi hisoblansin (Javob:56/3).

2. y  =  3x to‘g ‘ri chiziqning xi=0  va хг=2  abssissaga eg< 
nuqtalari bilan chegaralangan kesmasini Ox o ‘qi atrofidi 
aylantirishdan hosil boigan aylanish sirtining yuzasi hisoblansin

(Javob: 12y [i0n :)

2. 1. Tenglamasi y = —x boigan chiziqning x/=2 va X2=l

nuqtalar orasidagi yoy uzunligi hisoblansin. {Javob: 5).

2. Tenglamasi y  =  — +  - - ,y  =  l  boigan sirtlar bilar

chegaralangan jismning hajmi topilsin. (Javob: л ) *
3. I. y=lnx tenglama bilan berilgan egri chiziqnin|

abssissalari xi =  -y j3  va jc2= s/8 nuqtalar orasidagi yoy uzunlig: 
hisoblansin.

{Javob:\ + -\ n - ^ \ 2  )2 2
2. Oxu tekislikda yotgan y=2x-jc^ va y=0  chiziqlar bilar 

chegaralangan figurani Ox o ‘ qi atrofida aylantirishdan hosii

boiganjismning hajmi topilsin. {Javob: — „■)
15
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‘>.4. Aniq integralni fizik raasalalarni yechishga qoilash.
Tezlik bo‘yicha bosib o‘tilgan yo‘lni hisoblash.

Agar v  =  f { t )  moddiy nuqtaning to‘g ‘ri chiziq bo‘yicha 
li.iiakatidagi tezligini ifodalasa, u holda [t¡;t2] vaqt oralig‘ ida 
liDsib o‘iilgan yoi.

5 = Í f { t )d t
h

(9.16)
formula bilan ifodalanadi.
1-misoL Moddiy M  nuqta v  (i) = +1 m/s tezlik bilan 

to‘g ‘ri ciiiziqli harakat qilsin. Nuqtaning [0;3] sekund oralig‘ ida 
liosib o‘tgan yoiini toping.

^  (9.16) formulaga asosan
3

S =  +  2t +  l )d t  =  (t^ +  +  t) =  39 M. ^
0

0 ‘zgaruvchi kuchning bajargan ishini hisoblash
Moddiy M  nuqta F (s ) kuch ta’siri ostida OS  to‘g ‘ri chiziq 

lio‘yicha harakatlansin. Bu kuchning yoining qismida
b

liajargan ishi A = \  F  (s )d s  formula bilan hisoblanadi.
/ i

2-raisol. Agar prujinani Jsm cho‘zish uchun IkN  kuch sarf 
ijilinsa uni lOsm cho‘zish uchun bajariladigan ishni hisoblang.

^■Guk qonuniga asosan, prujinani cho‘zadigan kuch, uni 
olio‘zilishiga proporsional, ya’ni F=hc, bu yerda x-prujinaning 
cho‘zilishi (metrda), A-proporsionallik koeffitsenti. Masala 

shartiga ko‘ra x=0,01m, F=1  kn, 1=0,01 k tenglikdan k=100 

ekanligi kelib chiqadi va F=100x bajarilgan ish.

^ lOOxdx =  50x2 104 ^  0,5 kDj. <
x 2  y2

3-misoI. Qozon ^ ~  elliptik paraboloid shaklida 

boiib, balandligi H=4m  va zichiigi S=0,8t/ni^ boigan suyuqlik
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bilan ioidiriigan. Qozon chetidan suyuqliloii haydab chiqarishda 
bajarilgan ishni hisoblang.

► z. balandlikda qalinligi is.z- (9.18-rasm) boigan suyuqlik

qatlamini ajratamiz, ko‘ndalang kesimda yarim o ‘qlari a=2

h=3 ga teng boigan ellips hosil boigani uchun, bu

qatlamning massasi Ismi ^  6k S Z -K z -  va hajmi

AV] = 7 T -2 j ^ -3 ^ A z ,  ga teng boiadi. Su50iqlikni haydab 

chiqarish uchun bajarilgan ish;

^  =  lim„^oo Sf=i 6n g S z i (H  -  z {)A z i =  S n gS z iH  -

z ) dz =  6ngS  ------ ^  =  TcgSH^ =  64girS ~

lS7S,S3kDj. <

....... •

4v

-6

H

/4

9.18- rasm

Suyuqllkning plastinkaga bosim kuchini hisoblash
Bu masalani yechish usulini aniq misolda ko‘rib oiamiz.
4-misol, Asosi a=3m va balandiigi N~2m  boigan 

uchburchakli plastinka suyuqlikka uchi bilan vertikal botirilgan va 
asosi suyuqlikning sathiga parallel boiib, undan Im  uzoqlikda 
joylashgan. Suyuqlikning zichligi

S =  0,9 t/m  ̂ boisa, uning plastinkaning har ikki tomoniga 
bosim kuchini hisoblang.
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Suyuqükning bosim kuchini hisoblash uchun PaskaI 
qonunidan ibydalanamiz, unga ko‘ra suyuqlikning h chuqirlikdagi 
A S yuziga bosim Ap =  Sgh A  S  fomiula bilan aniqlanadi. Bu 
yerda S -suyuqlikning zichligi, g-jismning erkin tushishdagi 
tezlanishi.

Suyuqlik satxiga parallel to‘g ‘ri chiziqlar bilan, uchburchakni 
eni dy ga teng boigan kesimlar (9.19-rasm)

............T--™-?----

..àMi..d ^M

........................................ î .....X

.................................  i.......................

i y ...............

9.19- rasm

bilan boiib  chiqaniiz va u suyuqiik satxidan y + d  masofada 
boisin. AVS va A, V, S, uchburchaklarning o‘xshashligidan;

, ya’ni kesimning yuzi:

d S ^ j -^ {H -y )d y ,

Uchburchakîi piastinkada kesiigan kesim yuzining har bir 
tomoniga bosimi

d p =  —  ̂ { d  +  y ) { H  — y )d y  ga teng bo iad i. Oxirgi 
H

tenglikning ikki tomonini integrallab, quyidagini hosil qilamiz

P - ’j~âg(d->-y)(ff-y)dy = l s g j (2 + y-y^)dy = ̂ Sgf2y -> -^ -^ ]l  = SSg<=>44,lKB

Inersiya momentini hisoblash
Aniq integral yordamida yassi figuralaming inersiya 

momentini hisoblash mumkin.
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5-misoi. Massasi M  ga radiusi R ga teng boigan bir jinsli 
doiraning markaziga nisbatan inersiya momenti hisoblansin.

I»-Massasi A f boigan moddiy nuqtaning O  nuqtaga nisbatan 
inersion momenti, shu nuqta massasining, undan O nuqtagacha 
boigan masofa kvadratining ko‘paytmasiga teng. Moddiy 
nuqtalar sistemasining inersion momenti, shu nuqtalar inersion 
momentlarining yigindisiga teng.

Konsentrik aylanalar yordamida doirani n ta, eni d ga teng 
boigan halqalarga

; y  ^\ I 0...... J r ... t
\ %  . #  /

9.20- rasm

boiamiz, Bu xalqalaming yuzi ds  =  27Urdr , massasi 

d m  — 2 .T r r d rô  zichiigi 0  =  M ( tiR ^ ) ga teng (9.20-rasm). 

Ajratilgan xalqalaming elementar momenti d l^ ^ ln S r 'd r  . 

Elementar inersion momentlami integrallab *

R I M  1r 1 4
I= \2 7 rS r^d r =  2n S ^ -

4
=  — - = - M R \  

o 2 nR^ 2

Yassi figuraning og ir lik  markazini hisobiash 
Quyidagi hollarni ko‘rib chiqamiz.
1. u=f(x ) iimksiya grafigining, zichiigi ô=ô (x ) boigan, A V  

yoy boiagining ogirlik markazi koordinatalari c(Xc,yc) , 
quyidagi formulalar yordamida aniqlanadi (9.12-rasm):

__ ^  J^yójx).¡Tñ’'^dx
S (x )-J l+y '^ -d x  ’ Ô(x )V l+y '2 < ixf^ S (x )-J l+ y '^ d x

2. Agar yassi figura qu>idan f ( x )  , yuqoridan /jÇx) , 

f y (x )<  f j i x ) ,  chiziqlar bilan [a,è] kesmada chegaralangan va
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figuraning zichligi ô=ô (x ) bo‘ !sa, u holda uning og‘ irlik markazi
S(xs:Us)

^  ^  C ^ S ( x m i x ) - A ( x ) ) d x  ^  l ï g S ( x X f i [ x ) - f h x ) ) d x

i a ^ ( x ) ( l 2 i x } - f i ( x ) )d x  Ja ôx(/2 (x)-/i(x))dx

fornaula orqali topiladi
6- masala. Markaziy burchagi 2a, radiusi R  ga teng boigan 

aylananing bir jinsli yoy boiagining ogirük markazi îopilsin.
► Koordinatalar sistem^asini 9.21 rasmda

ko‘rsatilgandek tanlab olamiz. U  holda yoyning bir jinsli va 
simmetrik ekanligidan «.,=0 kelib chiqadi. Yuqoridagi formuladan

Xs ni topib olamiz ( S  =  c o n s t )

Aylananing parametrik tenglamasidan foydalanamiz x -R  

cost, y=R  sint,

Xr =
costdt

=  R-
s in t

a
- a

cX
t a

fX _  ^  sin a 

—a ~~ a

1- misol. Bir jinsli, y = 6~^, y -2  chiziqlar bilan chegaralangan 
yassi figiu'aning ogirlik  markazi topilsin.

► Bu figuraning bir jinsli va simmetrik ekanligidan (9.22- 
rasm) Xc =  0 koordinatani topish uchun (9.17) formuladan 
foydalanamiz;
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1 -  2")d;c 1 f_^(32 -  12x2 ^ ^4)^^

2 J_̂  (4-x2)d^ 2f^^(4-x^)dx

( 3 2 X - 4 .3 + I - )

(4x -  xV3)
1 192/5

2 16/3
=  3,6.

y

4
-V6|-2 0 |:̂ 6,

9.22-rasm

AT-9.5.
1. To‘ g ‘ri chiziqli harakat qilayotgan nuqtaning tezligi

m/s ga teng. Nuqtaning to ia  to‘xtaguncha bosib

oigan masofasini hisoblang (Javob:10‘̂ m)
2. Uzunligi I ga ogirligi R ga, teng boigan bir jinsli 

sterjenning oxiriga nisbatan inersiya momenti topilsin. (Javob:

3 ?
3. Bir jinsli, zichligi 5=2,5 t/m^ qurilish materialidan, 

radiusi R=2m, balandligi H=3m  boigan konus koiinishdagi
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qo‘rg‘onni qurish uchun sarflangan ishni hisoblang. {Javoh: 

^  7^5  = 48;^ «  \411,%kJJ3k )

4. Yuqori asosi sujmqiik sathiga parallel, 5m chuqurlikka 
vertikal cho‘ktirilgan, asosi 8m, balandiigi 12m boigan to‘g ‘ri 
to‘rt burchakka suvning bosim kuchi aniqlansin. Suvning zichligi 
Ô =lt/m\ {Javob: 656 g^6428,8kN)

5. Zanjir y ~ a c h ~ — chiziqning x= -a  nuqtadan x=a
a

nuqtagacha boigan bir jinsli yoy boiagining ogirlik  markazini 
toping.

a 2 +  sh^
(Javob: x,=0, ;

4 sh 1
6. x=a (t-sint), y=a  ( 1-cost), ( 0 < t <  2n:),  siklonda birinchi 

arkasiniog bir jinsli yoy boiagining ogirlik markazini toping 
(Javob: Xc= tv a yc=4a/3)

7. Yassi u=x va u=x^~2x chiziqlar bilan chegaralangan 
birjinsli figuraning ogirlik  markazini toping. (Javob: (3 1 2 ,3 /5 ))

Mustaqil ish
1. 1. Asosi suv sathiga parallel, balandiigi H =3  m, asosi 

a=2m va 4m chuqurlikka tik tushirilgan paralelogramm 
ko'rinishdagi plastinkaga beradigan suvning bosim kuchini 
aniqlang. Suvning zichligi It/m^. (Javob: I 6g  «  156,8 k H )

2. Radiusi R ga markazi koordinata boshida boigan 
aylananing birinchi kvadratda yotgan bir jinsli yoy boiagining 
ogirlik  markazi topilsin.

(Javob: 2 R / 71, 2R / /t ).

2. 1. Moddiy nuqtaning tezligi o  — Ate'^ m/s boisa, nuqta 
harakat boshlagandan to‘xtaguncha qancha y o i  bosib o‘tadi 
(Javob:2m)
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2. Bir jinsli y=sinx, y=0  (0 < x  < u ) chiziqlar bilan 
chegaralangan figuraning og‘irlik markazi topilsin. {Javob: 
n  Jl j

7 ’ s'
3. 1. Agar suvning zichiigi 6=1 t/ni, boisa diametri 20m 

yarim sferik ko‘rinishdagi idishdan suvrd haydab chiqarishda

bajarilgan ishni hisoblang. {Javob: 2,5gl0^;r «76969

2. Bir jinsli yassi u^=20x, x^-20u chiziqlar bilan 
chegaralangan figuraning og‘ irlik markazini toping. {Javob:
(9,9)).

9.5. 9 bo‘ limga doir indiyiudal uy topshiriqiari 
IUT-9.1.

Aniq integralni verguldan keyin 2 ta raqam aniqligida 
hisoblang.

/-------
xMl +  x^dx.

1.1. « {Javob: 1,78.)

\2x U x

1.2. 0 {Javob: 2,60.)

• x^dx

' +11.3. 0 -̂  {Javob: 0,21.)
TcH

sinx COS ̂  xdx.

1.4. 0 (Javob: 0,33.)
nil cosx 

---------- dx.

1.5. + (Javob: 0.57.) 

dx

1.6. Javob: 0,41.)
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dx

1.7. oV25 + 3jc (J a vo b :-0,67.) 

r x^dx
j _

1.8. 0 Vx + 4  (ja y ob : 1,24.)

f l  + lnjc , 
j -------- dx.

1.9. 1 ^ (Javob: 1,50.)

1.10. 0^ (Javob: 0,20.)
7T! 2 J

dx

L l l .  '■''4̂  ( Javob: 0,50.)

f dx

1.12. 2 4 ^ + 4 x -x ^  (Javob: 1,57.)
\ _̂______

kN A  +  5x U x .

1.13. ® ( Javob: 0,63.)
7t

■ 2 X , sm —dx.

L14. ^ (Javob: 3,14.)

—Ydx.
1.15. ! ^ (Javob: 1,07.) 

xdx

1.16. « V l ^  (Javob: 0.13.)

|3(x^ +x^e"‘' ]b6c.

1.17. 0 (Javob: 2,72.)
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dx.

2.10.

2. 11.

2.12.

2.13.

2.14,

■Jxisxxdx.
( J a v o b : 18,33.) 

arctg4x dx.
(Javob: 0,57.)

' X
(x + 2)cos-a’x.

^ ( Javob: 6,28.)

^  (J a v o b : 0,16.)

0

xis
j  sin 4xdx.

(Javob: 0,17.)

2.15.

Inyify.
(Javob: 1,07.)

2.16. ' ( Javob: 0,15.)
1

artg {2x - 3)dx.

2.17.

2.18.

2.19.

2.20.

3/2

)!l2
|(x + 3)sinx^k.

(Javob: 0,21.)

(Javob: 4,00.)

xln^ xdx.
( Javob: 1,60.) 

{x- iy^'^dx .

-3 (Javob : -19,32.)
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tc!9
xdx

2.21. (Javob: 0,12.)
1

arcsm(l-x)iic.

( Javob: 0,13.)

1

(Javob: 1,37.)

2.22. 1/2
Vi

arctg ~dx.

2.23. 1 ^
0

2.24. -1 ( Javob: -0,2.5.)

■ arcs in (x/2)

yJl-X
-dx.

2,25. 0
2

( Javob: 2,32.)

bi.(3x + 2)dx.

2.26. i (.Javob: 1,87.)

x ’ Vx^ + 9dx.

121. ( Javob: 282,40.)

2.28. -1
TilA

( Javob: 1,10.)

xtg^ xdx.

( Javob: 0,13.)

IX  arctg xdx.

2.30. 0 (Javob: 0,29.)

• Sx'’ + 3x̂ ' +1

x ^ + 1
dx.

(Javob: 1,79.)
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zdx.
x^{x~\) (Javob: 0,53.)

dx

3.7_ i / 3 V  (Javob: -1,25.) 

' dx

3.4. 2-̂  0  (Javob: 0,12.)

'¿ ± .

3.5. + ̂  (Javob:-0,09.) 

f 3x^ + 2x — 3 ,
I --- ^

3.6. 2 ^ ^ (Javob: 1,62.)

( i - i r ,

dx

3.8. 4 (^ “ 0(^ + 2) (Javob: 0,04.) 

dx

g i  (x + l)(x - 2 )  0J6.)

\2x + i)dx

0 (^ “ 2) (Javob: -1,63.)

■ dx

3.11. 2 (^ - O' (^ + 0  (Javob: 0,15.)

(x  ̂+ 2)dx

3.12. 3 (^ +1)' - 1) f Javo6; 0,50.)

3.9

3.10.
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3.13.

3.14.

3.15.

3.16.

rx'̂  +3x^ - I

J—
0 l ^ x  +  i ;  (Javob:-0,20.)

® x '-2x '+ 3 ,
----- — dx.

(Javob: 9,38.)

xdx

-1
!

x"+3x + 2

• (x" + 3)i&

(Javob: 0,12.)

x  ̂-x^ -6x

/̂з
( Javob: 0,29.)

dx

3.17. 1x“* +x^ '

x\lx

( Javob: 0,16.)

1-x
3.18. 2 ( Javob: -15,34.)

dx

3.19. 2

3.20. -1

x  ̂-1

xdx

x '- l

2x + 4

( Javob: 0,02.)

( Javob: 0,37.)

3.21.

3.22.

3.23.

x^ - x ^  + X  + 1 

dx

( Javob: 0,88.)

4 0  (Javob: 0,02.)

dx

o(x-hi)(7“ +4) ( j^ ^ ,^ f^ .Q 2 3 .)
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3.28.

3.29.

x ' - x  + 2
dx.

3.24.  ̂ 5x +4 ^ Javob: 0,04.)

'• xdx

3.25. {x^ -6x^ +16 -6 ^ Javob: 0,51.) 

dx

3.26. (Javob: 0,25.)

x  ̂+1

3.27. 1
X* +x‘*

dx.

( Javob:

x  ̂+ x  ̂+ 2
i dx.—7----
2 x ( x '- l j  (Javob :-0J2 .) 

'• x  ̂-2x^ +4

3 x '(x - 2)

J/V3

- d x .

3.30. 0

X dx

(Javob: 0,35.) 

( Javob: -0,0S-)

jx^\ ^-x^dx.

4.1.0 (Javob: 3,14.)

-dx.

4 .2 .'^ ( Javob: -0,47.)

4.3. 3
1

4.4. »

X
( Javob: 0,02.)

44-x^dx.

(Javob: 1,91.)
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4.5. J xW 4-x^ (Javob: 1,02.)
S

J ■ '̂i-x^dx.

4.6. 0 (Javob: 2,36.)
3

x  ̂■^9-x^dx.

4.7.-3   (Javob: 31,79.)

4.8. ^ (Javob: 0̂ 53.)

^j{l - x  ̂J  dx.

4.9. 0 (Javob: 0,59.)

 ̂ dx

4..0. (Javob:-0.6Z)

-----dx.
4.11. J ^ ( Javob: 0,68.)

■___^ ___

4.12. o(-^'+3) (Javob: 0,27.)

i  I—  
yll-x^dx.

4.13. 1 (Javob: 1,29.) 

x^dxr X ax 

U 4. o (x '+ l)' ^4.14. (Javob: 0,14.)

dx1
4.15. (Jm a b :0 ,0 4 j
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j
4.16. + (Javob: 0,59.)

J in

J  Jl-x^dx .

4.17. ‘'2 (Javob: 0,26.)

• dx

4.18.

' r J c ^
-dx.

4.19. 2 ^ (Javob: 0,68.) 

dx

4.20. -'̂ 2(1 (Javob: 1,16.)

dx

4.21. ° (Javob: 0,20.)

x^dx

4.22. " Javo6; -0,20.;
2 dx

4.23. V3̂  (Javob: 0,05.)

j  J l6  — x^

4.24. 2 ^ (Javob: 0,11.)
4TJi ----

x^\l + x  ̂dx.

4.25. 0 f/avo6.- -J02,0P.;

^  Vx^-8 ,
---5— dx.

4.26. ^ (Javob: 0,01.)
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4.27. ' -1 (Javob: 0,29.)
3

x'̂ xh-x^dx.

4.28. 0 (Javob: 71,53.)
3 3 7

X ax

4.29. oxf9 + x  ̂ (Javob: 5,31.)
J6 _____

|V6-x"ife.

4.30. « (Javob: 4,71.)

-JcIA 3
COS x , 

rdx.

5.1. -'̂ '2 (Javob: 0,26.)
.t /2 j

dx

5 .2 . '1 2  + cosx

TtIA

sin^ Ixdx.

5.3. 0 (Javob: 0,33.)
71
• . 4 X ,
sm —dx.

5.4. « ^ (Javob: 1,18.)

cos  ̂xsin 2xdx.

5.5. 0 (Javob: 0,39.)
Tin

tg'xdx.

5.6. 0 (Javob: 0,68.)

sinx

6----- V
5.7. waU cosxj ( Javob: 0,38.)
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;r/4
2cosxsm3xi/x.

5.8. «
7t

( Javob: 1,00.)

X X , 
COS — COS— ax.

2 3

/̂3
( Javob: 1,80.) 

32 cos ̂  4x — 1 ̂ dx .

5.10. 0
n i l

( Javob: 1,41.)

5.11. 0
ff/3

cos xdx 

sin^ x + 1
( Javob: 3,14.)

(pdcp.

5.12. ( Javob: 0,93.)

X 3x J 
cos — cos —  dx. 

2 2
(Javob: 0.)

sin 3x cos 5xdx.

5.14. 0 (Javob: -0,25.)
?r/3 • 3 
f Sin X

5.15. 0
nib

cos'* X
dx.

(Javob: 1,33.)

dx

cosx
5.16. 0 (Javob: 0,55.)

it!2

ctg^xdx.

5.17. '̂6 (Javob: 0,81.)
nil

cos X cos 3x cos 5xdx.

5.18. 0 ( Javob: 0,16.)
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5.19.

5.20.

5.21.

5.23.

5.24.

5.25.

5.26.

5.27.

5.28.

5.29.

Jcos'’ xsin^ xdx.

sin^ xdx.

( Javob: 0,49.)

J l  + sinxdx.

( Javob: 2.)

1 + ig  X

( Javob: 0,20.)

/̂2

sin2x

S-/3 . ^
sm2x

( Javob: 0,38.) 

dx.
nl%COS X

( Javob: 1,69.)
Kl%

sinx sin 3xi/x.

( Javob: 0,05.)

sin X sin 2x sin 3xiix.
;r/4

/v/2
(Javob: -0,21.)

dx

^^jSinx

n i l

cos' xdx.

' (Javob: 0,53.)

’ 7 * 4 »
COS xsm xdx.

(Javob: 0,10.)
nil

dx

'„sm Xten (Javob: 0,60.)
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. а Х J
sm —dx.

5.30. « ^ (Javob: 1,18.)

dx

6.1. 2 2̂ ^ +3^-2 Q 06.)

° dx

6.2. --2 MX̂  +2x +4 (Javob: 1,10.)

Í
6.3. ^  (Javob: -0,14.)

''r x^dx 
J 1 a

6.4. \ l3-6x^+x^ (Javob: 0,26.)

6.5. 'i (Javob: 0,29.)

dx

6 . 6 . + 0,20.; 

dx

6.7. -1/2л/8 + 2х-х^ ( Javob: 0,52.)
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6 . 11. ->

dx

x~+2x + 5' ( Javob: 0,39.)

dx

6.12.

6.13.

6.14.

6.15.

6Л6.

6.17.,

6.18.

6.19.

6.20.

6.21.

+ 2x
( Javob: 0,03.)

Í 1
dx

1 / 2  v x  X (Javob: 1,57.) 
0

2x-8 

^i/2'Я.-Х-Х^ 

dx

( Javob: 3,99.)

3/4

2

V 2 + 3x 2x ( Javob: 1,11.) 

dx

1/63x - X  + Í

 ̂ x^dx 

x^-6x + 10

xdx

3,5

3

x'--7x + 13

3x-2 

x^ -4x + 5

(Javob: 0,77.) 

(Javob: 9,35.) 

(Javob: 4,94.) 

( Javob: 3,19.)

- 3 / 2 + 4 2J1.)

 ̂ xdx

^ x ' +3 0,02.)
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6.22.
+ Х  + 1

-dx.

(Javob: 0,08.)

хЧх

• — Зх Ч- 2
6.23. 7^ (Javob: 38,67.)

x^dx

л/8х-х"-15 (Javob: 51,81.) 

dx

6.25. + (Javob: 0,14.)

dx

6.26. -1/3 V 2 - 6x - 9x^ Javoô;

Í&

6.27. 4
x^ +3x-10

4/ 3

f/avo6; 0,09.;

¿¿x

6.28. \1ъу1  ̂+ 6х - 9x^ (Javob: 0,52.)

dx

6.29.  ̂л/4x — 3 — x  ̂

dx

(Javob: 1,57.)

6.30. -1 + 2^ + 3 (Javob: 0,61.)

3 3  +  ^ { x - 2 ) ‘
7Д _  ̂ ^  Javo6.- 1616.)

ta2
dx

7.2. i  ‘' ’ (3+ «")
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dx

7.3. о 2Л' + + 1 . g g^j

Г -Jx + 1 +1 
J - = = --dx.

7.4. 3 +1 -1 (Javob: 11,77.)

* xJx

7.5. 3 VxTT ^ jfxvQfy- ¡0,67.)

to5 jc j X  7 
Г e л1е -1 _
--;----dx.

7.6. 0 (Javob: 0,86.)
21n2 J

dx

7.7. i'i2 ^  ̂ ^Javob: 0,41.)

Y  I----
л1е^-Ых

7.8. 0 (Javob: 0,43.)

• xdx

7.9. oa/^ + 4 (Javob: 4,67.) 

dx

7.10. 0  ̂ ^Javo6;

7.11. 2/3V2T 3X (Javob: 0,96.)
in3 I

dx

7.12. (Javob: 0,20.) 

j  x^iix

7.13. (Javob: 0,04.)
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8.5. а)

8.6. а)

8.7. а)

8.8. а)

xdx

х^ dx

-;b)
• ln(3x-l)

í /3

1

xdx

b)

Зх-1

dx

’-dx.

1/4

1

20x" -9x + l

ÿ(l6 + x")' 

xdx

;b )
In 2dx

1/2

2/3

(î -x)ln^ (l - x) 

Р ^Ц З-Зх")

Vx^ - 4x +1 b)
2-3x

Jx.

8.9. a)

8.10. a)

8.11. a)

i ^ ~ 4 x  + 5)’

XÚÍX
:;b )

o l ~ x

ic/6

4 ■

COS 3x

i,x  +4x + 5 4{\-sm3xf

b)

• arctglx - 2xi&

o4 7 4 x̂ л/Г

8.12. a) Í/2

16¿fc ç d x

я(4х^ +4x + s)’ _//з1/ГГЗх

8.13. a)

8.14. a)

xi/x Í¿C

4x^ + 4x + 5’ 3% V3 -- 4x ' 

(x + l)dx

{ i(? 7 ü r+ ¡r  ’ J,)

CDS 2x
-dx.

146



8.15.

8.16.

8.17.

8.18.

8.19.

8.20.

8.21.

8.22.

8.23.

8.24.

Íx '+ 4  J í̂ ---?
a) o ^  M o W l - x

f 3 - x "  ^ ; . 2 e ,

b)

■ Í2 -Jarctg 2x dx

a)

a)
4dx

b) 1 ~4

' ■ sin xdx

x(l + In x) 2 \/ eos ‘ XVcos^ r

J x s in x á x ;  

a) o b)

Idx

dx

_3/4 V4x + 3

-1

a ) Í ( ^ '~ 4 x )h 5 ’ ^  ̂

Tvdx

xdx

dx
!/3

a) 1 3(1 + 9 ^ ^ ^3x’ {9x^ -9x +2 ' 

dx

(4 + x̂
r X

—  n!l-)Anarctg 
a) V 2 b) 3sin^ X£¿X

veos.
lAJ

Í¿X
r; b)

■ \¡9xdx

(x V 2 x )ln ^ ’ i  V 9-x ' ’

e ■’"'xJx;

a)

a)-

0 ,̂  2
b)

X

•CoVx '- l 1 + x'
dx',

b)

X dx

o
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8.29.

dx dx

8.25. a) 0

8.26. a)

8.27. a)

-  2 x  + l ’ ¿ V T ^ x ’

dx
b)

b)

' xVx

dx
3/2

x(lnx-l)"

dx

;b )
dx

VSx-x^ -2

8.28. a)
1 (6x" -5x + l)In ­

s ’

b ) j
\Qxdx

i^ ^ (l6 - x y  '

a )J
dx

1/4

; b)
9x^ -9x + 2 ’ V l-4x

iÜX
1/2

i/r

Î.30. a) 3
X -3x + 2  ̂ (2x-l)\2 ■

Namunaviy varianini yechish
Aniq integralni verguldan keyin 2 ta raqam aniqlikda 

hisoblang *

1.
dx

x(l + x^)

^  Nyuton -Leybnits fonnulosidan foydalanib

f(x )dx  = F(b) — F(a) , kasr-ratsional funksiyadan integral 

hisoblaymiz;
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•I'dl+x") \

\ = A(] + x^) + iBx + C)x

(A Rx + C^ 
--!---- ^ dx =

x = 0 

x̂

\ = A 

0 = A + B

A = l 

5 = -l

X 0 = C C = 0

2 1

1 2 ^

Iii2-- !n5  + - ln2  = - ln 2 - - ln 5  = ---0,69-- 1,61 = 0,24 2 2 2 2 2 2
e

2. I  In^ xdx

>
Boiaklab integrallash formiilasini ikki marta qoilaymiz

1
hx̂  -<dx = r ~ ^  X du = 2\s.x— dx 

dv = dx v = x

e
= xta"x

1

u = ]nx du = — dx
X

dv = dx v = x

f 9x'-14x-fl

—e\ n^  e —2(xlnx—x)

lnxife =

= e-2e + 2e-2 = 0,72

3.
x̂  ~2x^-x + 2

dx

^Integral ostidagi ftmksiya to‘g‘ri ratsional kasmi bildiradi.

Mahrajni oddiy ko‘paytmalarga ajratib hosil qilingan kasrlami 
oddiy kasrlarga ajratsak

'}_2^zMllLdx={
\x’ -2x^-x + 2 |(A: + l)(:i:-i)(Ar-2) 

-14x+l = A{x-i){x-2)+B(x+l)x 

'h<{x-2) + C{x + l){x-l

9x^-l4x + l

x = -l 
x~l
Xr-̂1

\A = 6A]A-.A\ 
-A = -2B\B=̂2\ 
9=3C |C=3

•14X + 1 , f 

=1

( A 3  C + -
U+l -̂-1 X~2)

cix =

2 3 
-+---+- dx~

\,x+l x~l x-2^

= (41n|x + ll-H21ij|i-l|-h31n|x-2|)  ̂= 4b5 + 21n3-f31n2-4k4-21n2 = lri(5"-3"-2)-ln4" =

, 5̂ -3'-2 , 11250 
= 1x1--- —̂  = In—rr-  = 3,78. ^

4.

256

• X dx

0 V x^ +1

►

j- .\-\fe _ 

x̂ +r'
l̂x̂ ^\ = t, x̂  + ) = t̂ , xiix = tdt 

t = l, x=0, t = 4 i, x = l T * 1
/̂2 = 0,20,
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5. dx
4-3cos^x + 5sin ĵc 

^  Integral ostidagi funksiya sînx va cosx ga nisbatan juft

boMgani uchun (sin^x va coŝ x ga ratsional bogMiq) t=tgx ((8,14) 
formula) almashtirish bajaramiz.

, 1
f dx

J 4 ~ 3cos^ X H+ 5 sin^ X 

1

t = tgx, Idx =
1 + t

,  t TT
sin^x = ----T, I t  = 0,lx = 0,11 = l , lx  =: ■-

l  + f2 4

dt

1 

3

dt 1
Q --(̂ arctg3-arctg0) = 0,42.

6. 2x-ll
dx.

r l̂3-2x-x^
► Berilgan integralni, ikkita integralga shunday ajratamizki, 

suratida maxrajidagi ildiz ostidagi uchhadning birinchi tartibli 
hosiisi tursin. Natijada quyidagiga ega boiamiz:

J
2x-\] -2x-2 dx r = -M-2x-x̂ I . .ï + l

-lyarcsm---
0 2

7.

= ST3-̂ ;r+l®;r = -6,05. 
2 6 

10/3
xdx

2/3 \,(3 x - I ) a/3;c- î

► Ushbu integral \PTx — 1 = t almashtirish orqaîi ratsional 
funksiyadan integralga keltiriladi,

çlO/3 xdx _

2/3 (3 x - l)V 3 x - l ~

V 3 X - Î  =  t,3x~  1 =  = ^(£2  + l),d2: 

t = 1,x 2/3, t ^ 3 , x  = 10/3

t2,f - - 9J1 t3 “E J

8. Xosmas integralni hisoblang yoki ulaming 
uzoqlashuvchi ekanligini ko‘rsating
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i')
dx

+Ax + 9

f3:c'+2 ,
, b) — 7=— dx

X

i< ii) ix dx f ___dx____ lim. r
J v-4-ilr+Q\.x'+Ax+9 j^x'‘ +4x+9 {x~+4x+9

dx iim f_ 
--> +00 j /

lini I-j= arctg-
x + 2 !im I x + 2 1 2 1 ,  a+2

lim 
' /f > oc

b)

I e+2 1 2 I 1 2 1 r s-'l I ;t 1 2 tc,

V X  -I \ x  0 v x  ^  -I a

lim
//->0-

9̂ I I 
-x>+6x’ 7

Um 
-r a -̂0 +

(9 -■-x̂+6x̂
7 y

lim 
'x-»0 +

I 4 Q - i'l 4 I -1 -6a’ 1 = 14-, <
[7 7 J 7

IlIT-9.2
1, Berilgan chiziqlar biiau chegaralangan figuraning yuzini 

verguldan keyin ikkita raqam aniqligida hisoblang

i.l .  ^  (Javob: 9,00.)

1.2. y-=x\ y==3-X. (Javob: 10,67.)

13. y -  y - (Javob: 0,42.)

1.4.
x = l  cos t, y = l  sin t. (Javob: 57JO .)

1.5. P  = 4cos3^. . 22,56.)

1.6. P = 3C0s2i2J.

1.7. P  = 2(l-cos^). i5.§4.;

1.8. 2 № vo6:1 00.)

x-4(i -sin4  J  = 4(l-cosi). (Javob: 150,72.)

1.10. ^  f7avo/x- /5, S¥.;

1.11. P = 2 sm 3<̂ . (jayob: 3,14.)
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1.13.

1.14.

1.15.

1.16.

1.12.
p  = 2 + cos^. 14,13.)

V = l/{l + Jî y = x /2. (ĵ yoh: 1,23.)

/  =x + l, /  =9-x 29,87.)

y =x  , x = 0, y — A. (ji2yob: 6.05.)

p  = As\â <l>-(Javob: 18,84.)

1.17. x ^ 3 œ s t ,y ^  2smt. jg  g^j

1.18. y y (Javob: 0,50.)

1.19.  ̂ X / - \
x  = 3{cost + tsmt), y =  3{smt-tcostl y = 0 {0< t< ^ ).

(Javob: 29,25.)

l_2o_ y '- A x ,x  ~Ay- (Javob: 5,33.)

121. y -X ,x-2 . (Javob: 4,51.)

IJ2 . y~ ^ 5>’ = 2 —X . (Javoh: 2,67.)

1.23. 3̂ " = (4 - ^  = 0- (Javob: 25,60.)

1.24. = 3 sin A(j). 1 4  ̂¡s,)

1.25. y = 1, X-0. (Javob: 0,75.) *

1.26. ^  = 6 ,x  + 3^-7 = 0 .(j^^^^. ^

 ̂ y = 2^, V = 2x — X  , X  = 0, X  - 2. (Javob: 3,02.)
L,Llm .  .

1.28. =4y, y =^S/(x" + 4) (j^.^^i^. 4

1.29. = cos X ,  y = 0. (j^^^i^. j jo .)

1 30. ^ — 2 cos i, >■ = 2sin t. (Javob: 4,71.)

2, Berilgan chiziqning uzursligini verguldan keyin ikkita 

raqam aniqligida hisoblang.

X = 2cos^ t, 3; = 2s in 't. (j^^^j^. ¡2 0̂0.)
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2 2 X - 2Îcosi+ isini), y = 2(smi-icosz‘) (0 < i< ;r )  

(Javob: 9,86.)

23^ p  = ̂ m\^IÎ)(Q<^<7Tl2). (Javob: 0,14.) 

lA . P = 2sm ^(i^/3)(0<^<;r/2). (ja^oi,-o,27.)

2.5. fJavoè; i5,00.;
2/3 , i n  „  ^2/3

2.6 .^ ■ (Javob: 24,00.)

I J .  = (x +1)̂ , X = 4 to ‘g ‘ri chiziq bilan kesiigan (Javob:

24.81.)

2.8. >' = l- încos^ (0<x< ;r/6 ). g^yob: 0,55.) 

/>=--6cos^(^/3)(0<i^<;r/2) (Javob: 8,60.)

2.10. ^ y = L fJijvoè; 24,OOJ

2.11. = ( - ^ ~ ^  (^’^) nuqtadan V \6,̂ fí25) 

nuqtagacha (Javob: 8,27.)

2.12. >'̂  = , X = 5 îo ‘g ‘ri chiziq bilan kesiigan (Javob:

24.81.)

2.13. P "  (Javob: 9,42.)

2.14. P = 3(l - cos #). 24,00.;

2.15. P (Javob: 9,42.)

2.16. -̂ = 5cos^i,>' = 5sm"K0^t<;2/2).

2.17. 9/=4{3-x)V O y Ci ‘qi bilan kesishgan nuqtalar 

orasida) (Javob: 9,33.)

2.18. ^  ^ (Javob: 9,42.)

2.19. = lnsinx(7T/3 < X < .t/2 ) 0 5̂5.̂

2.20. ^  = 9 (i- s in4  j  = 9(î - cos4 (0 < î < 2 4  

72,00.;

2.21. P 2{l - cos 4\ (Javob: 16,00.)
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2.22. ={x-\f A (2,-1) nuqtadan V(5,-8). (Javob: 

7,63.)

2 23 x = l{t — siat),y  = 7(l — cost){27r<t< 4^} 

(Javob: 56,00.)

2.24. J  = (0 < x<  2). . j

2.25.
x==4cos^i, y = 4sin’' t. (Javob: 24,00.)

2.26. X  = 43t̂ ‘, y = t-t^ (sirtmoq). (Javob: nuqtagacha 

4,00.)

2.27. = 5 s m yg.)

2.28. ^  (Javob: 12,56.)

2.29. = 5(1 + cos QQj

2.30. 3̂  ̂=x~ A (0, 0)nuqtadan V (4, 8) nuqtagacha. 

(Javob: 9,07.)
3. Berilgan o‘q bo‘yiclia F shaklni aylantirishdan hosil 

boigan jismning hajmini (verguldan keyin 2 raqam aniqligida) 

hisoblang.

3.1.F; = 4- x , x = 0, Oy. j Q j j j j

3.2.F: V^ + V i = V 2 ,x ^0 ,y  = 0, Ox.

3.3. F: x^/9 + / / 4  = l, Oy. (Javob: 150,72.)

3.4. F:
. / - x ^ y  = l, Ox. (Javob: 3,59.)

3.5, F: x = 6{t-smt\y~ 6(l - cost\ Ox. (Javob: 

1064,88.)

3.6.p . x = 3cos^t,y = 4 sm ^ t{0 < t< n il) , Oy. 

37,68.)

3.1.F: ^y> (Javob: 0,94.)

3.8. F: = (^- ^ = 2, Ox. ygj
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¡—
, ^ = У^л ~х, y^O , Ox.

3 - 9 . ^  (Javob: ],24.)

ЗЛО. F: y = sinx,y = 0{0<x<Tr), Ox.

3.11. F: y^=4x ,x^=4y , Ox. 60,29.)

3.12. F ,.^  = 2cos/,j;:=5sm i, Oy.

ЗЛЗ. p .y - - - ^M  = y\ Oy. (ja^^b: 15,07.)

3.14. = = = Ox.

3.15. F.- = Ox. 90,43.)

3.16. f . y  = '2-x-x\y^0, Ox.

3.17. F: p  = 2(l + сонф), polyarnaya os. (Javob: 66,99.)

3.18. F.- ^ = '7cos'ï, j  = 7sin 'i, O);. Çavob: 328,23.)

3.19. i;’; л-^16 + / / 1  = 1, Ox 16,75.)

3.20. Г :^ '= {У ~ ^Т > ^  = (̂ ’ У=^^^ Ox.

3.21. F.. ^  = 4, 2x + j- 6  = 0, Ox.

3.22. F.-^ = >/3cosí,j = 2siní, Oy. (j^^ob: 25,12.)

3.23. F.- J  = 2-x^ J; = x^ Ox

3.24. F; = +8’ >’ = ■̂  ̂ Öx (Javob: 535,89.)

3.25. p .y ^= {x  + A ),x:^Q , Ox. (j^^^i,. 200,96.)

3.26. = = = Oy. (j^^^b: 60,29.)

3.27. i7..^ = cos'A>; = sm 'í, Ox. (j^,,^^: 0,96.)

3.28. /г..2J; = x ^2x  + 2J-3 = 0, Ox (j,,^^^: 57,10.)

3.29. =

3.30. F: y = 2-x^/2 ,x  + y = 2, Oy. j
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4, Berilgan o‘q bo‘yicha L egri chiziq yoyini ayîantirisiidan 
hosil boiganjismning hajmini (verguldan keyin 2 raqam 
aniqligida) hisoblang.

4.1. ^  : y = JcV3 (-1/2 < X < 1/2), Ox. g^voh: 4,25.)

4.2, L\ p  — 2ojQ%(j), qutb o ‘qi. (Javob: 12,57.)

^ 5  Z :x  = 10(if-siiii), y = 10(l--cosi)(0<i<2^'), Ox. 

(Javob: 6698,67.)

4.4. L\ y = x  ̂i 2, Oy. y=3/2 to ‘g ‘ri chiziq bilan 

kesilgan.(Javoh: 14,65.)

4.5. i  : 3>- = x" (o < x < 2), Ox. g^voh: 24,09.)

4.6. L ■ y — ■'̂ 5 Ox. y-X  chiziq bilan kesiigan. 

(Javob: 5,34.)

^ X  : X = 2(i — sini), 7  = 2(l--cosi)(o<i < 2/r), Ox. 

(Javob: 267,95.)

48  Z :x = cosi,y = 3 + sini, Ox.

^ ^ Z ;3x = /  (o < y < 2), Oy. çjayob: 24,09.)

4.10. ^  : y = xV3(-1 < X < i), Ox. (jayob: 1,27.)

4.11. /- ^  = cosi, v = l + sini, Ox. (Javob: 32,28.) ^

4.12. ^ ■ ^ '^ ^  + y’ ^y-y = ̂ to ‘g ‘richiziqbilan 
kesiigan.(Javob: 259,57.)

4.13. ^ = 3(i — sini), y - 3(1 — cos t){0< t<  2tz'), Ox.

(Javob: 602,88.)

L:x = œs=l,y = sin= i, Ox.

4.15. ^- P  qiith o ‘qi. (Javob: 14.82.)

4.16. L : y ‘' — A + X, Ox. x-2  to ‘g ‘ri chiziq bilan 

kesiigan. (Javob: 64,89.)

4.17. L : y^ — 2x, Ox. 2x = 3 ta ‘g ‘ri chiziq bilan 

kesiigan. (Javob: 14,65.)
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4.18. L-3y--x^(Q<x< l), Ox.

4.19. = 4 cos 1(f), ^

4.20. L:p--^6smç, ^

4 21 L ; x = t-smt, y = l~cosi (o<? < I tt), Ox.

(Javob: 66,99.)

4.22. L : p  = 2 sin <p, qutb o ‘qi. (Javob: 39,44.)

2
L: p  = — cos <p,

4.23. 3 qutb o ‘qi. (Javob: 7,07.)

4.24. L :x  = 3cos^t,y = 3sm^t, Ox.

4.25. = 2COSÍ, j; - 3 + 2sini, Ox

4.26. L :p  -= 9cos2 (p , ^ . j

4.27. L: y = x^, Ox. x = ±2/3 to ‘g ‘ri chiziq bilan 

kesilgan. (Javob: 0,84.)

4.28. L-x = 2cos't.y = 2sm’ I, Ox.

4.29. i : x  = cosf,>. = 2 + smi,

4.36. L : p  = Aún (p, qutb o ‘qi. (Javob: 157,76.)

Namunaviy variantni yechish

1. y = Inx va y = )n^X (9.23-rasm) egri chiziqlar bilan 

chegaralangan figuraning yuzi hisoblansin 

y f  y ~ í ú %

I /■
!\ . /  A4
'■■P >!!«#

f i  e  X

; " y " in X

9.23" rasm
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^  Egri chiziqlaming kesishish nuqtasini topamiz: M¡(1,0),

M zieJ) va (9.7) formuladan foydalanamiz, Natijada:

S ^  i^(lnx-ln^x)dx

u = \v?x, du 2lnx - -dx , ,  ̂^,
a: =  x lrrx  — 2 j  Inxdx,

dv dx,v =  X

= x\nx-^dx = x\rix-x + C .

/  Xn̂ xdx =

1

lnx£Ú: = M = hix, du = —dx
X

dv = dx v = x

U holda

S =  In xdx — In^ xdx = {xln x — x) ^ -  {xlv} x - 2xln x +

Zx) ^ =

.,2= e In e — e + 1 — (e In^ e — 2e In e + 2e) + 2 = 3 — e ~ 0,28. -4

2. Parametrik ko‘rinishda berilgan x = \t̂  - 2^smt+2tcost,

y = i^ — ^sost+2tsintiO < t <7i) chiziqning yoy uzunligi 

verguldan keyin ikki raqam aniqlikda hisoblang.
► (9.11) formuladan foydalanamiz:

I
dx- +
.dx) Kdt)

dt

Integral ostidagi funksiyani topamiz:

■^ = 2ísin + (í  ̂-2)cosí + 2cosí-2?sin/ = /  ̂cosí,

—  = -2ícosí-(2-í^)siní+ 2siní + 2ícosí = sin¿, 
dt ' '

'dx'^
2

+
{d t, J t )

= ̂ /í̂ ~coŝ T+7̂ ~siñ̂  =

Yakunda quyidagiga ega boiamiz:

/= edt=^~ K
's

3. Yassi y=3-x¡̂  va y—x̂ +1 parabolalar bilan chegaralangan 
figuraning Ox o‘qi atrofida aylantirishdan hosil boigan jisroning 
hajmini hisoblang
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^  Parabolalaming kesishish nuqtalarini topamiz; Mj (-I;2),

М2 (1,2). Jismning hajmini (9,14) formulaga ko‘ra hajmlar 
ayirmasi V2-V] ko‘rinishda hisoblaymiz.

Demak

V = V^~V = !ij(2-x^fdx-^:j{x^+ lfih=xj( +l)^ dx=n: (8- 8x^)A: =

-1 -1 ' ' '

«33,50 <= 8я-rX---
3

= 1бя-

Quyidagi 9.24 rasmda Oxu tekislikda yassi figura va uning 
Ox o‘qi atrofida aylantirishdan hosil boigan jism (uning chorak 
qismi kesib olingan ) keltirilgan.

n
3i

9.24- rasm

Qutb koordinatalar sistemasida p  = 10 sin (p aylananing 

qutb o‘qi atrofida aylantirishdan hosil boigan sirt (9.25 rasm) 
ymm\ verguldan keyin 2 ta raqam aniqligida hisoblang.

^  Qutb koordinatalar sistemasidagi (9.18) va (9.15)

formulalardan foydalanamiz.

5 = ¿Ф,
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Bu yerda y  = p&mq?. Bundan

/7̂  =10 cos y = psm(p = lQún^(p,

(p̂  = 0 ,  (p ^=  7T,

S = 2k lOsiiî  (p̂\00coŝ  ̂  +100sin̂  <p d(p- 200;ír|sm̂  (pd(p =

= 200;r —'̂ ^^^^d0 = \QQTi (p- ŝm2(p Q« 985,96 <

IUT-9.3
1. R rezerv-uardan suv haydab chiqarish uchun bajariíagn 

ishni hisoblang. Suvning solishíirma og‘irligi 9,81 kH/m ,̂ 7t=3,14. 
(natijani butun soniga yaxlitlang).

1.1. R; Asosi 2m va balandligi 5m boigan to‘rtburchakli 
inuntazam piramida (Javob: 245kDj)

1.2. R: Uchi pastga yo‘naltirilagan asosi 2m, balandligi 6m 
boigan to‘ríburchakli muntazam piramida (Javob: 118 kDj)

1.3. R: Balandligi l,5m, radiusi Im boigan sferik segment 
ko‘rinishdagi qozon (Javob: 22 kDj)

1.4. R; Asosining radiusi Im, balandligi 5m boigan yarim 
silindr. (Javob: 33kDj)

1.5. R; Yuqori asosining radiusi Im, quyi asosining radiusi 
2m, balandligi 3m boigan kesik konus (Javob: 393 kDj)

1.6. R; Ko‘ndalang kesim parabola, uzunligi 5m, eni 4m, 
chuqurligi 4m boiagan tamov. (Javob: 837 kDj)

1.7. R: Asosning radiusi Im , uzunligi 5m boigan silindrik 
sistema (Javob: 154 kDj)

1.8. R: Asosi 2m, balandligi 5m boiagn muntazam 
uchburchakli piramida (Javob: lOókDj)

1.9. R: Asosi 4m, balandligi 6m uchi pastga qaratilagn 
uchburchakli muntazam piramida. (Javob: 204 kDj)

1.10. R: Asosning radiusi 3m, balandligi 5m uchi pastga 
qaratilagn konus. (Javob: 578 kDj)

1.11. R: Yuqori asosning radiusi 3m, quyi asosning radiusi 
Im, balandUgi 3m boigan kesik konus. (Javob: 416kDj)
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1.12. R: Asosning radmsi 2m, balandligi 5m boiagn konus. 

(Javob: 770 kDj)
1.13. RrYuqori asosning tomonlari 8m, quyi asosning 

lomonlari 4m, balandligi 2m bo‘lagn muniazam kesik piramida. 

(Javob: 576kDJ)
1.14. R;Asosining radiusi 2m, chuqurligi 4m boigan 

uylanma paraboloid. (Javob: 329 kDj)
1.15. R: Asosning radiusi Im, chuqurligi 2m boigan 

aylanma ellipsoid. (Javob: 31 kDj)
1.16. R; Yuqori asosning tomoni 2m, quyi asosning tomoni 

4 m, balandligi Im  boigan muntazam to‘rtburchaklikesik 

piramida. (Javob: 56kDj)
1.17. Asosning tomoni Im, balandligi 2m boigan 

muntazam olti burchakli piramida (Javob: 26kDj)
1.18. R; Asosning tomoni 2m, balandligi 6m, uchi pastga 

qaragan olti burchakli muntazam piramida. (Javob: 306 kDj)
1.19. R; Asosning radiusi Im, balandligi 3m boigan 

silindr. (Javob: 139kDj)
1.20. Yuqori asosning tomoni Im, quyi asosning tomoni 

2m, balandligi 2m boiagn muniazam oltiburchakli kesik 
piramida. (Javob: 144 kDj)

1.2Î. R: Ko‘ndalang kesim radiusi Im ga teng yarim 
aylana, uzunligi 10 m boigan tamov. (Javob: 65kDj)

1.22. R: Yuqori asosning tomoni 2m, quyi asosning tomni 
Im, balandligi 2m boigan muntazam oltiburchakli piramida. 

(Javob: 93kDj)

1.23. R; radius 2m boigan yarim sfera. (Javob: 123kDj)

Solishtirma ogirligi y boigan rnaterialdan Q inshootni
qurishda ogirlik kuchini bartaraf etish uchun bajarilgan ishni 
hisoblang.

1.24. Q: yuqori asosning tomoni 2m, quyi asosning tomoni 
4m, balandligi 2m boiagn muntazam to‘rtburchakU kesik 

piramida: y=24 kn/m .̂ (Javob: 352kDj)
1.25. Asosning tomoni Im, balandligi 2m boigan 

muntazam oltiburchakli piramida; y=24 kn/m .̂ (Javob: 21kDj)
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1.26. Q: Asosning tomoni 2m, balandiigi 4m. boigan 

muntazam toitburchakli piramida: y=24 kn/m .̂ (Javob: ]28kDj)
1.27. Q: Yuqori asosning tomoni Im, quyi asosning tomoni 

2m, balandiigi 2m boigan muntazam oltiburchakîi kesik 
piramida; y =24 kn/m .̂ (Javob: 229kDj)

1.28. Q: Asosining tomoni 3m, balandiigi 6m boigan, 

muntazam uchburchakli piramida; y=2¥ kn/m .̂ (Javoh: 234kDj)

1.29. Q: asosning radiusi 2m, balandiigi 3m boigan konus 

y=20 kn/m  ̂ (Javob: ISSkDj)

1.30. Q: Yuqori asosning radiusi Im, quyi asosning radiusi 

2m, balandiigi 2m boiagn kesik konusi; y =21 kn/m .̂ (Javob: 
SSkDj)

2. Vertikal cho‘ktirilgan plastiîikaga, suvning solishtirma 

ogirligi 9,81 kH/m  ̂ deb hisoblab, suvning bosim kuchini 
aniqlang (natijada butun soniga yaxlitlang). Plastinkaning 
joylashishi, shakli va oichami rasmda koisatilgan.

2.1. 9.26. rasm. (Javob: 98 kH)

2.2. 9.27. rasm. (Javob: 85 kH)

2.3. 9.28. rasm (Javob: 248 kH)
2.4. 9.29. rasm (Javob: 105 kH)

2.5. 9.30 rasm (Javob: 167 kH)
2.6. 9.31 rasm (Javob: 26 kH)

2.7. 9.32 rasm (Javob: 131 kH)

2.8. 9.33 rasm (Javob: 23 kH)

2.9. 9.34 rasm (Javob: 523 kH)
2.10. 9.35 rasm (Javob: 33 kH)
2.11. 9.36 rasm (Javob: 31 kH)

2.12. 9.37 rasm (Javob: 62kH)
2.13. 9.38 rasm (Javob: 24 kH)
2.14. 9.39 rasm (Javob: 22 kH)

2.15. 9.40 rasm (Javob: 239 kH)

2.16. 9.41 rasm (Javob: 123 kH)
2.17. 9.42 rasm (Javob: 78 kH)

2.18. 9.43 rasm (Javob: 13 kH)
2.19.9.44 rasm (Javob: 52 kH)
2.20. 9.45 rasm (Javob: 3 kH)
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2.2Î. 9.46 rasm (Javob:
2.22. 9.47 rasm (Javob:

2.23. 9.48 rasm (Javob:
2.24. 9.49 rasm (Javob:

2.25. 9.50 rasm (Javob:
2.26. 9.51 rasm (Javob:
2.27. 9.52 rasm (Javob:
2.28. 9.53 rasm (Javob:
2.29. 9.54 rasm (Javob:
2.30. 9.55 rasm (Javob:

M.....5m-..

Paralleiogramm
9.26- rasm

23 kH) 
16 kH) 
251 kH) 

31 kH) 
13kH) 
6kH) 
6kH)
39 kH) 
20 kH) 
272 kH)

Teng yonli trapetsiya
9.27- rasm

U -- 4M -■ "H

m

Teng yonli ixapetsiya
9.28- rasm

Teng yonli trapetsiya

9.29- rasm

Parabola 
9.30- rasm

-2«--

Yarim ellips
9.31- rasm
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Teng yonli trapesiya
9.32- rasm

^ 10 m H 
Teng yonli uchburchak

9.34- rasm
.

11 H

 ̂S' ^   ̂ ■'
--

>; S  ̂ V ■ ....
......

doira 
9.36- rasm

Yarim aylana 

9.38- rasm

Halqaning to‘rtdan bir qismi

Yarim aylana 
9.40- rasm

Teng yonli uchburchak

9.35- rasm

?«
t

doira 

9.37- rasm

1m

Yarim aylana

9 39- rasm
z::“ '

2« //' ... .
■' '■

■ i :

ellips 
9.41- rasm
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. 2m

Romb 

9.42- rasm

...»1 I I m '

i Im -

To‘g‘ri burchakii uchburchak 

9.43- rasm

Yarim aylana 
9.44- rasm

To‘g‘ri burchakli uchburchak
9.45- rasm

\lM ' ‘

'2m

I I I- ..i .  -

To‘g‘ri burchakli uchburchak
9.46- rasm

L

To‘g‘ri burchakli uchburchak

9.47- rasm

Parabola

.... .
A S S ̂

... I ■■■

...h

Parallelogram
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9.48- rasm

Yarim ellips 
9.50- rasm

9.49 rasm 

fM-k...

W~

To‘g‘ri burchakli uchburchak

9.51- rasm

-M

To‘g‘ri burchakli uchburchak

9.52- rasm

’ '</

k :

2m

Kvadrat 
9.54- rasm

r<~

.... /M

y ~4 >

Parabola yoyi 

9.53- rasm

H.. 4m

r- -~4- ■ f

Parabola 
9.55- rasm

3. Birjinsli yassi egri chiziqning ogirlik markazi topilsin.

3.1. L:Ox o‘qi ustida joylashgan yarim aylana: .

(Javob: y 2; ,,^

¡66



3.2. L: Sikolidaning birinchi arkasi x=a (t-sint), y=a (1-cost)

4
(0 < t < I tt). (Javob: - m ,

2 2 2

3.3. ¿.astroidaning x^+ x^=a^ uchinchi kvadrantidagi 
bo'lagi.

(Javob: x .̂=jc= - 0,4a.)
3.4. L: Radius R ga teng boigan aylananing x ga teng 

markaziy burchakni tortib turgan yoy boiagi. (Javob: ogiriik 
markazi yoy iortib turuvchi markaziy burchakning bissektrisasida 

inarkazdan 2î sm(ji:/2) masofada joylashgan).
X

3.5. L: Zanjir chiziqning yoy boî agi y=a (x~a), (- a < x < a ).

(Javob: X, =0 , = “ ^ + 5/12 j 
4 sh\

3.6. L: Kordiodaning yoyi p=a(l + cos^)(0<^<;r). {Javob: 

4

3.7. Z;Logarifmik spiralining yoyi p^a-e'^
J

3.8. .L: Sikloidaning bitta arkasi x=3(t-sint), y=3 (1-cost). 

{ J a v o b := 3k , y^~ 4)

3.9. i.-Astroidaning yoyi x = 2cos^ ,  >> = 2sin^
v4,y v4y

(Javob: x^=y^ =1)
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3.10. L:x=e'sint y=écost 0 < i  < n egri chiziqning yoyi

2e''+1 -1
"î yc “ f ,r \

5 e^-l 5 -1
\ V y V y

3.11. L; kardioidaiioida = 2(1 + cos (p). [x̂  = 1,6, = 0)

3.12. L: p-2smq> egri chiziq (0:0) nuqtadan

2
V2;-

nuqtagacha. (Javob:x^ = —, = {^~'2)ltt)
n

3.13. L: Aylana o‘ramasining yoyi (cost+ t sint), y=a 

(sint-t cost), (0 < / < 7l).(Javob: = 2(n-̂  + 4)la^\y^ = —  )
;r

3.14. L:çy = 0 va ç = nurlar orasidagi p 2v*3 cos ç> egri
4

chiziqning yoy boiagi. ( Javob: = S{n  -1- 2)/ n, = 2^3 / n. )

3.15. i.-Egri chiziq x = Vs ,y  — t — t̂  (O < / < l ) .

(Javoh. x , = ^ , ^ , = i , ( 0 < i < l ) )

3.16. L;-tomonlarix+j;=fl, x--0, va y=0 to'giri chiziqlarda 

yotgan uchburchak. (Javob: =  y  ̂ ~  )

3.17. L: koordinata o‘qlari (x > 0, _y > O) va ^ +  ̂  = 1
a b

ellips bilan chegaralangan.

/ T u 4a 4h .
( Javob: ).

(3^) (3^)
3.18. L:- Sikloidaning birinchi arkasi x=a (t-sint), y=a (1-

cost) va Ox o‘qi bilan chegaralangan. ( Javobx^ =m,y^ ^6
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3.19. L: y = x"-, y = slx egri

9

chiziqlar bilan

chegaralangan; Javob '■ x^=y^- 20
3.20. F: y=sinxSinusoidaniag yoyi va OX o‘qining

/ N
(0 < X < ;r)kesmasi bilan chegaralangan: Javob :x̂  —2 8

3.21. F: Yarim aylana y = 4R^-x^ va OX o‘qi bilan

4R'
chegaralangan. Javob :x̂  =Q, =

3?r

3.22. F: Parabolaning yoyi y-b-Jx/a {a>0 ,b>0 ),0x  

o‘qi va X =  b to‘g‘ri chiziq bilan chegaralangan.

Javob :x„ =
3a 3«

3̂ c=TT

3.23. . F; Parabolaning yoyi y = b4xJa {a>0,b> O), OU

o‘qi va y — b io‘g‘ri chiziq bilan chegaralangan.

3a 3e 
Javob :x, = — , y —

« 10 4 ,

/ 2 3 4
3.24. F;Yopiq y  = Ü X  —X chiziq bilan chegaralangan.

Javob =0
8

3.25. F: Koordinata o‘qiari va astroidaning birinchi 
kvadrantga joyiashgan yoy bo‘lagi bilan chegaralangan.

Javob :x̂  =y^
256a

(315;?)

3.26. F; Radiusi R markaziy burchagi 2a boigan doiraning 
sektori: (Javob: Og‘irlik markazi sektoming siriirnetrik o‘qida 
doiraning markazidan 2 ^ Sin a masofada boiadi. Agar doiraning
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markazi koordinata boshida, sektorning simmetrik o‘qi Ou o‘qida

boisa, = 0, y, = - i? ^  ga teng).
3 a

3.27. F: Kardoida /? = a(l + cos^) bilan chegaralangan. 

‘̂ a
Javob :x^ = —  ,y^=Q

o

3.28. F: Bernulli lemniskatasining birinchi boiagi 

cos2̂ 3 ¡^Javob = ̂ /2 )ta ! 8, = o j .

3.29. F: Koordinata o‘qlari va + parabola 

bilan chegaralangan. javob : = - .

3.30. F:Yarim kubikparabola ay^ = va x  =  a  to‘g‘ri

chiziq bilan chegaralangan (a> 0). Javob :x̂  =0

Namunaviy variant yechish.
1. Uzunligi L, asosining radiusi R boigan doiraviy silindr 

(9.56-rasm) koi'inishidagi rezervuaming yuqoridagi suvni haydab 

chiqarish uchun bajarilgan A ishni aniqlang. Suvning solishtirma 

ogirligi Y = 9,81 kN/m^. Bajarilgan^ islmi L=5m, R=lrn 
boigan hoi uchun hisoblang.

Z balandlikda suvning d z  qatlamini ajratamiz (9.56- 

rasm). Uning hajmi:

dv = 2|0iS|Ldz = 2L^R^-(R-zydz = 2L-̂ z{2R - z)dz.

iVir’ii-ff:’
.Â

i :i r iii ! -1 i- H  ^
m , \i C¥-.R)2R

.  ̂ ...... ,
V  * ‘ ...... ..v  ...; ; ^ i
/0 y k-............................*.......

X 0

9.56- rasm
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Bu qaíiamni H=2R-z balandlikga ko‘tarish kerak, dz 

qatlamdagi suvni haydab chiqarish uchun bajariladigan elementar 
dA ish quyidagi formula orqali topiladi:

dA - H jdv = 2]í{2R - zUz{2R~z) dz.

Butun surai haydab chiqarish uchun bajariladigan ish 
elementar ishlaming yigindisiga teng:

IR

A= \dÂ- ¡2]í {2R-z) 4 ^ ^ - z) dz=--2'jd. \z^{lR-z)̂  dt (l) 
0 0 o

Yuqoridagi differensial binomdan olingan (1) integralni 

hisoblaymiz^  = 1̂  „ = 1̂ /> = -■ —-^+ p = 3eZ Boigani uchun (1)
2 ’ ’ 2 M

integralni hisoblashda a + bx" = u ‘x" (8.7 paragraf) almashtirish 

bajaramiz. Almashtirishni qoilab:

2R-z-u^z, <fe = -4Äu(a' +l) ̂ cíu 
z~2R/û  -f 1, aEapz~0,u~co 

azapz = 2i?, w = O

ega boiamiz.

Oxirgi xosmas iníegralda, integral ostidagi funksiya ío‘g‘ri 
ratsional kasr boiib, (8.10) formulaga ko‘ra uni soda kasriaming 

yigindisi koiinishida yozilishi mumkin (8.6). Bu kasrlardan 
integraliar (8.4) reklcurent formula orqali oson topiladi. Rekkurent 
formuiani qoilab:

2 !

¿K
A=2^\z'{2R-zfdz = Uu^+iy

du-^ 2  ̂ ^ +  ̂  ̂ ^ _n  
“ “ '4~ ‘ 4 ’ 4"^ 6 ' 4'4

uholda: A-yijXi?V/32 = TgLR̂ .Agax: L=5m, R=lm boisa 

^ = 3,14-9,81-5-l«154/c3c <

2. Suvning solishtirma ogirligini 9.18 kh/ deb hisoblab, 

suvga vertikal cho‘ktirilgan plastinkaga ta’sir etayotgan suvning 

bosim kuchiní hisoblang. Plastinkaning joylashishi, oichovi, 
formasi (9.57 rasm) da keltirilgan.

^Koordinata sistemasini 9.57 rasmda koisatilgandek tanlab

olamiz. U holda paraboianing sodda tenglamasi x  ̂= —2py
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ko‘rinishda boiadi. Parabola A(I/2,-l) nuqtadan o‘tgani uchun, 

p  — l/  8, x~ = —7 /4 ga teng boiadi.

Kengligi (ic va yuzi ds = (i_|v| )dx boigan gorizonial kesimni

X chuqurlikda a,jratamiz. Suvning bu kesimga bosimi:

¿sp = }x (l-lyj )б& = >a;(l-~4x?)cfa ga teng boiadi.

................
x̂~~Si}y ..  .......

9.57- rasm

U holda suvning butun plastinkaga bosimi ushbu formula 

orqali topiladi;

jP = r|x(l-4x")ife=;
Я

= y

P = 9,81

Agar va /  = 9.81 кн! boisa bosim 
2

ga teng boiadi. ^1--L 
8 !6

9,8 i 

‘ !6
0,6 Ikh'

3. Bir jinsli figura у = ea у = 4x egri chizit[lar bilan 

chegaralangan boisa, uning ogirlik markazini toping.
^  Figuraning ogirlik markazi ( 9.58 - rasm ) (9.17) formula 

orqali hisoblanadi, bu yerda;

/l(x)=x^
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Xp i X

9.58- rasm

Egri chiziqiarning kesishish nuqtalari 0 (0,0) va B (1,1) 
boigani uchun a=l, b=l. U holda;

i_ 2

0 3 ’

i'2 1 1 3'

3 3
j  (>'2 - >-1 ) ^ =I ) A =
0 0

• ,  ̂ ,_ 'l
x{y^-y^)dx- X(yX - fdx =

0 0

( j2 + >1 ){.V2 - y, )dx = \ f (x - x“ )i& = ̂

2 I x̂  
—X"--
5 4

bundan =

0 20 ’

2 5
^= A  0 20 ’

20

9.6 9 - bo‘Miriga qo‘shimcha masalalar.
1. Tenglamani yeching;

^  =—, ( Javob: a) x=2; b)i
dx n

i . j 7 n " T r

x= ln4 )
2. Tenglikni isbotlang;

-1  6

7  dt /

3. Agar j^= tĝ xdx {n>\,n-hutun) boisa, ushbu
0

1
L  + -

n - l
tenglikni isbotlang.
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4. Berilgan chiziqlar bilan chegaralangan egri chiziqli 
trapetsiya yoki figuraning 50jzini toping?

c)
I

p = tg(p,p=--- ,(pe
COŜiO

d) y = x-e^,xe[0;co);

y = 7^^=^e[l;co);
(x-fl)

f) == 8 - 4x va uning asimptotasi;

g) (x + i)y^ ~ (x < O) va uning asimptotasi;

(Javob: a') 39;r/2; b)2; c) n ! A; d) 1; e) il + i .  f)4yr; s)
4 2 ’

8/3.)
5. Berilgan chiziqlami aylanishidan hosii boigan sirt bilan 

chegaralangan jismning hajmini toping:

a) y = va y = 0,0y o^qi atrofida;

b) (4 - x)y^ - x̂  = 0 uning asimptotasi atrofida; ,

c) y~_I_uning asimptotasi atrofida;
1 + x̂

d) J  = Sin 7DC va x > 0, Ox o‘qi atrofida.

( Javob: a) b) 16^^; c) TĈ /2; d) /(4(1 + )

6. Silindrik bak veitikal joylashgan boiib suv bilan 
toidirilgan, tubida kichik tirqish bor. Bakdan suvning yarim “f ’ 
vaqt ichida oqib chiqdi. Hamma suv qancha vaqt ichida oqib 

chiqadi?

Bu yerda // = 1 va v = ju jlgh , o - tirqishdan oqib 

chiqayotgan smiling tszligi. {javob:î  + ̂ ]Tmm).
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7. Qarshiligi o‘zgarmas R bo'lgan rezisiorga o‘zgardvchan 

U kuchlanish berilgan.. Rezistorga qanchalik

0‘zgarmas kuchlanish berish kerakki, j  = ̂  vaqt ichida ajralib
0}

chiqqan issiqlik, o‘zgaravchi laicblanish bergandagi shu vaqt 

ichidagi ajralib chiqqan issiqlikga teng boiishi kerak. (Javob: 

U J^ 2 ) .

8. Elektr zanjir boshlangich pa)4ida R cm qarshiiikga ega 

va u tekis v o m I c tezlik bilan o‘sadi. Zanjirga o‘zgarmas Ue 

kuchlanish berilgan. Elektr zanjirdan tc. vaqt miqdorida oigan

zaryadni aniqlang ( Javob : ).
a R

9. Yer atmosferasi massasini uning zichiigi, balandlik 

oshishi bilan p  ~ Pç, & qonun bilan o'zgarsa, bu yerda h- yer

sirtidan qaralayotgan nuqtagacha boisa, hisoblab toping. ( Yer 

radiusi “R” boigan shar deb hisoblanadi).

(Javob: + 2aR + 2))/a  ̂).

10. Jism temperaturasi T = 20°C boigan muhit bilan 

qoplangan. Sovutish natij asida jismning temperaturasi 

100“óáf/60" ga tushgan. Sovutish boshlanishidan qancha vaqt

keyin jismning temperaturasi 30” C ga tushadi? ( Javob: Isoat ).

11. Massasi “ro.” boigan moddiy nuqta chiziqli zichiigi p 

boigan cheksiz sterjendan “ I ” masofada joyiashgan. Qanday 

kuch bilan sterjen nuqtani tortadi? ( Javob: nypm/l ,y - 
gravitatsion o‘zgarmas).

12. 0 ‘q qalinligi “h” boigan taxtani teshib oigandan keyin 

tezligi danv2 ga o‘zgaradi. Qarshilikni tezlikning kvadratiga 

proporsional deb hisoblab, o‘qning taxta ichidagi vaqtini toping?

(Javob:h{t\ -o^)!(o¡ In-^) ■
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10. BIR NECHA O^ZGARUVCHÎLI FUNKSÏYALARMING 

DIFFERENTSIAL HISOBÍ
10.1. B IR NECHA 0 ‘ZGARUVCHILI FUNKSIYA 

TUSHUNCHASL XUSUSIY HOSILALAR
A)/taylik, biror D(x,y) sohada har bir tartiblangan (x,y) 

juftlikka aniq zEEczR son mos qo‘yilgan boisin. U holda z, x vay  

larga bog 'liq bo'lgan ikki o ‘zgaruvchili funksiya deyiladi. x va y 
o‘zaro bogiiq boimagan o‘zgaruvchilar yoki argumentlar 
deyiladi. D to‘plam funksiyaning mavjudlik yoki aniqlanish 
sohasi, E to‘plam esa funksiyaning qiymatlari sohasi deyiladi. 

Simvolik ravishda ikki o‘zgaruvchili funksiya z =f(x,y) 

ko‘rinishda yoziladi, bu yerda /  moslik qonuniyatini belgilaydi. 
Bu qonuniyat analitik koiinishda (formula orqali), jadval 
yordamida yoki grafík ko‘rinishda berilishi mumkin.

Umurnan olganda dekart koordinatalari sistemasi Oxyz 

kiritilgan fazoda har qanday z - f  (x,yj tenglama biror sirtni 
aniqlaydi, ya’ni ikki o‘zgaruvchili funksiyaning grafigi deganda 

koordinatalari z =f(x,y) tenglamani qanoatlantiruvchi fazodagi 
M(x,y,z) nuqtaiar to‘plamidan hosil qilingan sirtni tushunamiz. 
(10.1 - rasm).

Geometrik nuqtai nazardan, funksiyaning aniqlanish sohasi 
D, odatda shu sohaga tegishli yoki tegishli boimagan chiziqlar 

bilan chegaralangan Oxy tekisliloiing biror qismini tasvirlaydi. 

Birinclii holatda D soha yopiq soha deyiladi va D bilan 
belgilanadi, ikkinchi holatda esa ochiq soha deyiladi.

1 - misol. ln(y-x̂ +2x) fiinksiyaning D aniqlanish sohasini 
vaE- qiymatlar sohasini toping.

► Berilgan funksiya Oxy tekislikning >>-x̂ +2x > 0 yoki 

y> x̂ -2x o‘rinli boiadigan nuqtalaridagina aniqlangan.
Tekislikning y=x̂ ~2x tenglikni qanoatlantiradigan nuqtalari D 

sohaning chegarasini tashkil qiladi. y=x̂ ~2x paraboladir. (10.2 - 
rasm.) Parabola D sohada yotmaganligi uchun shtrixli chiziqlar

bilan tasvirlangan). y>x^~2x tengsizlik o‘rinli boiadigan nuqtaiar

paraboladan yuqorida yotishini tekshirish oson. D soha ochiq
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atrof boiib, (10.2 - rasmda y shtrixlangan) uni quyidagi 

icngsizliklar sistemasi bilan aniqlash mumkin:
D: {— CO <  X < + 00, ~-2x < u <  + 00}

10.1. rasm. 10.2. rasm

Ikki o‘zgaruvchili funksiyaning tarifmi uch va undan ko‘p 

o‘zgaruvchilar uchun umumiashtirish qiyin emas.
Agar biror n - oichamli fazoda o‘zgaruvchilaming

har bir {xj,...,x n) to‘plamiga, y ning biror aniq qi3miati mos 

qo‘yilsa, u holda j  kattalik xj,...,x„ o‘zgaruvchilaming funksiyasi 
deyiladi va simvolik ravishda ko‘rinishda yoziladi.

0 ‘zaro bogiiq boimagan xj,...,x„ o‘zgaruvchilaming 
qiymatlari to‘plami n oichamli fazoda M(xi,...,x^ nuqtani 
aniqlaydi, u holda har qanday ko‘p o‘zgaruvchili funksiyani 
odatda mos oichamli fazodagi M  nuqtaning funksiyasi deb 
qaraladi: y-f(M)

Agar har qanday £ > 0 son uchun, shunday 5 > 0 son

m.a\jud boiib, \x-- Xq\ < 5 va ¡u — Uq! < 5  shartlarni
qanoatlantiruvchi x va y lar uchun

\f{x,y)~A\ < £ 
terigsizlik o‘rinli boisa, u holda A soni z=f(x,y) funksiyaning 

Mo(xo,uo) nuqtadagi limiti deyiladi.

Agar A soni f(x,y) flmksiyaning Mo(xo,yo) nuqtadagi limiti 
bo isa, u holda quyidagicha yoziladi:

M->Mo
y-̂yo
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2 - misol. A == limarlo — limitni hisoblane.
3,_,o Vî y2+1-1

► Limit belgisi ostidagi ifodada almashtirishlar bajarib, 
qujadagiga ega boiamiz.

{x^ + + 1 -f l )
.4 = lim -

j:s  y x ^+ y ^  + i  - + 1 + 1 )

y_0 x^+y^+l-l ŷ ()VA/

l )  = 2 ^

Agar limx-̂ xo f(x,y) = /(xo,yo) tenglik o‘rinli boisa, 
ŷ Vo

z=f(x,y) fiinksiya Mo(xo,yo) nuqtada uzluksiz deyiladi.

Masalan, z=l/(2x^+y^) funksiya cheksiz ko‘p uzilishga ega 
boiadigan M(0,0) nuqtadan tashqari, tekislikning barcha 

nuqtalarida uzluksizdir.
Biror D atroöiing barcha nuqtalarida uzluksiz boigan 

funksiya, berilgan D sohada uzluksiz deyiladi.

Agar y ni 0‘zgarmas deb olib, x o‘zgaruvchiga biror 

Ax orttirma bersak, u holda z= f(x ,y ) fiinksiya x o‘zgaruvchi 

bo‘yicha z funksiyaning xususiy orttirmasi deb ataluvchi 

A^z orttirma oladi.
Â z = f ix  + Ax,y) - fix .y )

Xuddi shu kabi, z= f{x,y) fiinksiyada x ni a‘zgarmas deb 

olib, u ga Ay orttirma bersak, u holda y o‘zgaruvchi bo‘yicha z 

fiinksiyaning xususiy orttirmasi quyidagicha boiadi.
AyZ = f ix ,  y + Ay) - fix , y)

Agar
A^z dz

AyZ dz 
Urn - —  =  - ~  =  Z y =  f y i x . y )  
hy^o Ay ay ^

limitlar mavjud bo‘lsa, bu ifodalar z= f{x,y) fiinksiyaning

mos ravishda x va y o'zganivchilar bo‘yicha xususiy hosilalari
deb ataladi.
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Ixtiyoriy sondagi o‘zaro bogiiq boimagan o‘zgaruvchilarga 

î ga boigan fiinksiyaning xususiy hosilalari ham shu kabi 

iiniqianadi.
Ixtiyoriy 0‘zgaruvchi bo‘yicha olingan xususiy hosila, qolgan 

o'zgaruvchilami o‘zgannas degan shartda shu o‘zgaruvchidan 
olingan hosiiaga teng bo‘lgani uchun bir o‘zgaruvchih fiinksiyani 

differensiallaslming barcha qoidalari va formulalari ko‘p 
o‘zgaruvchiii fiinksiyaning xususiy hosilalarini topish uchun 

oi'inlidir.-^

3 -- misol. Z=arctg^ fimlcsiyaning xususiy hosilalarini toping.

► Xususiy hosilalami topamiz;
dz 1 i  y\ y

■ X
dx 1 + (y/xY  ̂ x̂ -'

££ = __ I__X - = - ..- <
dy l  + (y/A')2 X x^+y^

4 - misoL W=ln (̂x^+}/+ fiinksiyaning xususiy
hosilalarini toping.

^  Xususiy hosilaiarini topamiz.

^  =  21ii(x2 + y2 + ^2) X -YT~2"T~2 ^  
dx

, =  21n(x^ + y ’’- + X ~ ~ — ---— - X 2y

^  =  21n(x^ -!- y^ + z^) X \ ^  X 2z-^
dz \ J  J Jc2+y2+z2

Bogiiq boimagan o‘zgamvchilardanbiri o‘zgarmas, 

ikkinchisi o‘zgaradi degan shartdagi z= f{x,y) fiinksiyaning 

differensiali xususiy differensial deb ataladi, yani tarif bo'yicha 

d^z = f^{x, y)dx, dyZ = fy (x, y)dy

bu yerda, dx= Ax, dy= Ay lar o‘zaro bogiiq boimagan 

o‘zgaruvchilaming ixtiyoriy orttinnalari boiib, uiaming 

differensiailari deb ataladi. Bu uch o‘zgamvchili v<̂ =f(x,y,z) 
fiinksiya uchun ham o‘rinlidir.

5-misoI. w — (xy^y funksiyaning xususiy differensiallarini 
toping.

Berilgan fimksiyaning xususiy differensiali

d^w =  ’ X y^dx,dyW =  x Ixydy
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d^w - (xy^y^ X In(xy^) X 3z^dz ^

6 -misol. w ■= +y^ + — xyz ninksiyaning M(2,-2,l) 

nuqtadagi xususiy hosilalarining qiymatiarini toping.
► Xususiy hosilalami topamiz:

dw X dw y
—  = --------------- yz —  = ------ —... —  —
dx ^x^+y2 +z2 'dy

dw z
—  = —= = = :  - xy 

yjx̂  +y^ +

Hosil qilingan ifodaiarga berilgan nuqtaning koordinatalarini 
qo‘yamiz.

dw

dz

2 8 dw
= - + 2 =

dw

Afo 3 ^ 3

dz

10.Î.- AT
1. Quyidagi fiinksiyalaming aniqlanish sohasini toping, 

a) z = yju'̂  — 2x + 4) b) z = u

v) z =ln x+ln cos y c) z = + y^ ~ 9

2. Ko‘rsatilgan funksiyalaming xususiy hosilalarini toping,

a) z =(x^ + y^ ~ xy^f b) z =arcsin^

c) z = x ^  + ̂  d) z = ln(x + i/x^ + y^)

g) z = In(x X y + Inx X y) e) u=arctg(xy/z)

f) u=ln +y2)(x2 + z^) z) u=(xy) ~1

3. Agar u-ln(I+x+y^‘ + z^) boisa + Uy + ning 

M o(l,l,l) nuqtadagi qiymatini hisoblang. (Javob: 3/2)

4. z = X  + 1/ + -Jx^^+y^ funksiyaning xususiy hosilalarining 

Mo(3,4) nuqtadagi qiymatiarini hisoblang. {Javob: 2/5, 1/5)

5. Quyidagi funksiyalaming xususiy differensiallarini 

toping:

a) z = In -Jx  ̂+y^ b) z = arctg

c) U=x>'̂  d) U=
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Mustaqi! ish
i. Quyidagilami toping;
a) ftinksiyaning aniqlanish va qiymatlar sohasini;

z=ln(4-x^ + y'̂ );
b) funksiyaning xususiy hosilalarini

z = sin^(x cos^y+y sin^x); 

v) fimksiyaning xususiy differensiallarini
J xyz

u=ln-

2. Quyidagilami toping;
a) funksiyaning aniqlanish va qiymatlar sohasini

z = ^J4 - + u;
b) funksiyaning xususiy hosilalarini

u=arcsin ■sjxy'̂ z'̂ )

v) fimksiyaning xususiy differensiallarini
Z = 7 (x2 + y2)_

3, Quyidagilami toping:

a) funksiyaning aniqlanish sohasini va qiymatlarini

z = + Vx — u;
b) fimltsiyaning xususiy hosilalarini

u=tg (̂x-y2 + z^);

v) fimksiyaning xususiy difierensiallarini 

z - -y ^y .

10.2. TO‘LA DIFFERENSIAL. OSHK.ORMAS VA 
MURAKKAB FUNKSIYALARNI DIFFERENSIALLASH

Az = f ix  + Ax, y + Ax) - f{x, y)

ayimiaga z =  fix ,y ) funksiyaning to‘la orttirmasi deb 
aiiiladi.

z — f{x,y) fimksiyaning toia differensialining, o‘zai'o 
bogiiq boimagan Ax va Ay o‘zgaravchilaming orltirmasiga 
chiziqli bogiiq boigan bosh qismi, funksiyaning tola 

differensiali deb ataladi va quyidagicha belgilanadi dz.
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Agar funksiya uzluksiz xususiy hosilalarga ega boisa, u 

holda toia differensial mavjud boiadi va quyidagiga teng 

boiadi.

i/z = ”  dx + “  dy (10.1)
dx dy  ̂ '

bu yerda dx — Ax,dy = Ay - o ‘zaro bogiiq boimagan
o ‘zgaruvchilarning differensiallari deb ataluvchi ixtiyoriy 

orttirmalardir.

n o'zgaruvchili u= f(x  j,x2,...x„) fiinksiya uchun toia 

differensial quyidagi ifoda bilan aniqlanadi.

l-misol. z = x^ — xy + funksiyaning to ia orttirmasi va 
toia differensialini toping

► Tarifga asosan

hz - {x + Axy-(x+l\x)(y+Ly)+ (y + A>’)^-x^ +xy - y^ 

x^+2xAx+Ax^-xy-xAy-uAx-AxAy+y+2yáy + Aŷ -

- x^+xy-y^=2xAx-xAy+2yAy-yAx+Ax^-AxAy+Ay^=('2x-yJ Ax+ 

+(2y-xJ Ay+Ax^-AxAy+Ay^

(2x~y) Ax +(2y-x) Ay ifoda Ax va Ay larga nisbatan chiziqli
■7 '7

boiib dz HHHT flH(|)(j)epeHU,Haji0;íHp, a=Ax -AxAy+Ay kattalik 

esa Ap = i/A x ^ T ^  ga nisbatan yuqori tartibli cheksiz 

kichikdir. Shunday qilib, Az = dz+a<
2 - misol. u=ln (̂x^+ y^ — z^ ) fiinksiyaning toia 

differensialini toping.
► Awal xususiy hosilalami topamiz:

—  = 2ln(x^ + X “ 3---5--- 7 ;
dx  ̂ ^ x ^ + y ^ - z ^

= 2 X X 2y;

^  = 2 ln(jr" + y" - z") X X (-2z).

(10.2) formulaga asosan quyidagiga ega boiamiz.

du = 4 ln(x^ + “  z^) X  X  (xdx + ydy - zdz) -«Í

Az «  dz boigani uchun ko‘p hollarda toia differensial 
funksiyaning qiymatini taqribiy hisoblashda qo‘Uaniladi, yani
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f(xo+Ax,y+Ay) f(xo,yo)+ dz(xo,yo)

3 - misol (1,02/’^̂  ni taqribiy hisoblang.

^  z=xy fimksiyani qaraymiz. xo=l vayo=3 da quyidagilarga 
ega boiamiz.

zo= f= l; Ax=1,02-1=0,02, Ay = 3,01 - 3 = 0,01 
z=x" fiinksiyaning ixtiyoriy nuqtadagi toia differensialini 

(opamiz.

dz = yx“‘^Ax+x"//ix Ay 

Berilgan Ax=0,02 va Ay = 0,01 orttinnalami etiborga oigan 
holda buning M(l;3) nuqtadagi qiymatini hisoblaymiz.

dz =3-12-0,02+13lnl-0,02=0,06 

U holda z=(l,02f'̂ ^ zo+ d z= l+0,06=1,06 <  

z ~ f(u ,v ) funksiya, bu yerda u=(p(x,y), v= cp (x,y) x va y 

o ‘zgaruvchiJarning murakkab funksiyasi deb ataladi. Murakkab 
lunksiyaning xususiy hosilalarini topish uchun quyidagi 
(brmulalardan foydalaniladi;

T  = + (10.3)dx dll dx dv dx
dz _  dz du ^  dz dv

dy du dy dv dy

u-:(p(x), v=}i/(x) boigan holda (10.3) forrnulaning ikkinchisi
aynan noiga aylanadi. Birinchisi esa quyidagi koiinishga ega 

boiadi.
dz dz du dz dv

+ •
dx dx dx dv dx'

Oxirgi formuladagi “  ifoda fun.ksiyaning toia hosilasi deb

ataladi ( ^  xususiy hosiladan farqli ravishda.)

4 - misol. z =sin(u v ) fimksiyaning xususiy hosilalarini 

toping, bu yerda u=2x+3y, v=x+y.
Quyidagiga ega boiamiz:

—  = V cos(iiv) ■ 2 + u cos(zt xv)-y = cos (2x̂ y+3xŷ )

(4xy+3y )̂
3z 
dy

(6xy+2x )

=  V COS(uv) ■ 3 + U COS(u X v) ■ x =  COS {2x̂ y+3xŷ )-
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5 - misol t/=x+w^+ fiinksiyamng to‘îa hosiîasini toping, 
bu yerda y-sinx; z=cosx

► Quyidagiga ega bo‘îamiz:
dz du , du ^ d y  du ^ d z   ̂  ̂ ^ i
—- = T- + — X ”  + T '^  —-=i+2y cosx-̂ 3 z^(-smx)=
dx dx dy dx dz dx ■' ' ^

= 1 + 2 sin X COS X — 3 cos^xsin x A

Agar F(x, y) ~ 0 tenglama oshkormas ravishda ikki 

o‘zgaruvchili z(x,y) funksiyani ifodalasa va F^(x,y,z) ^  0 boisa, 
u holda qu}ndag! formulalar o‘rinlidir;

£ i = „  „  Fyu(x,y,z) „ -
dx F2 (_x,y,z)’ du F.¿{x,y,z) ’ ^ ‘ '

6-misol. Oshkormas ravishda berilgan x̂ +ŷ -é‘y-5==̂0 
tenglamadan y funksij'aning hosiîasini toping.

► (10.6) formulaga asosan, quyidagiga ega boiamiz.
du _  3x^--e^yxy ̂  

dx ■iy^-e^yxx

7 - misoî. Oshkormas ko‘rinishda berilgan xyz-\-x̂ -ŷ -ẑ +5=0 

tenglamadan z funksiyaning xususiy hosilalarini toping.
► (10.7) formuladan foydalanib, qujâdagiga ega boiamiz;
dz _  yz+3x^ _  xz-3y^

dx xy~3 dy xy-3 x' ’̂

10.2-AT
1. Quyidagi ftmksiyalaraing toia differensiahni toping.

a) z = x ^ + x y ^ ; b) z=e^^; v) U=sin (̂xy^z )̂
2. Funksiyalaming mos ortlirmalarini ularning toia 

differensiallari bilan almashtirib, berilgan ifodani taqribiy 

hisoblang;

a) (1,02/' (0,97/; b) ^ ( 4 ^  + (2,93)2 (Javob: a)0,97;

b)4,998.)

3. Agar u=x siny, v=ycosx boisa, z=^u^ + v^ funksiyaning 

xususiy hosilalarini toping.

4. Agar u=xy, v=x/u, t=e^ boisa, w = lu (û +v̂ -î ) 
funksiyaning xususiy hosilalarini toping.

5. Agary=sinyfx boisa, z= tg (̂x^-y )̂ funksiyaning hosiîasini 

toping.
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6. sinxy-x^-y^=5 tenglama bilan oshkormas ravishda berilgan 
u funksiyaning hosilasini toping.

7. xyz- sin '̂ xuz+x  ̂+ŷ  + z^^7 tenglama bilan oshkormas 

ravishda berilgan z funksiyaning xususiy hosilalarini toping.

8. + z^ — xyz = 2 tenglama bilan oshkormas holda 
berilgan z funksiyaning xususiy hosilalarining M ñ(ÍJJ) 

nuqtadagi qiymatlarini hisoblang.

Mîisiaqil Isfe
1. Quyidagilami toping;

a) u=z ■arctg(x/y) fimksiyaning toia differensialini;
b) si.n^xy+co^yx^--=l tenglama bilan berilgan y 

fiiriksiyaning hosilasini.
2. Quyidagilami toping:

aj z^ctg (̂xy^~y^+x^y) fiinksiyaning toia differensialini;

agar y = boisa,

b) z ■=■ a rc tg - J^  + y^ fiinksiyaning hosilasini.

3. Quyidagilami toping;

a) z = Qcos-(x'--y ) funksiyaning toia differensialini;

b) x'̂ y^z^ + - 8xz^ + - 10 tenglama bilan 

berilgan z fiinksiyaning xasusiy hosilalarini.

10.3. YUQORI TARTIBLI XUSUSIY HOSII.ALAR 

ÜMNMA TEKISLIK VA SIRTNING NOR^i ALI

Birinchi tartibli xususiy hosiladan olingan hosila ikkinchi 

tartibli xususiy hosila deb ataladi.

d'̂ z d (dz\

9y2 dy \dy 
d^z d /dz\

dxdy dy \dx 
d̂-z d idz'̂  

dydx dx \dy.

^fxy fey), 

= fyx (x,y),
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Uchinchi va undan yuqori xususiy hosilalar aynan shu iiabi
d ̂  z

aniqlanadi. ^̂ ĝyri-k yozuv z fiinksiya x o‘zgaruvchi bo‘yicha k

marta, y o‘zgaruvchi bo‘yicha n~k marta differensiyallanganligini 

bildiradi. fx y (x ,u ) va fy x (x ,y )  xususiy hosilalar aralash xususiy 

hosilalar deb ataladi.

Aralash xususiy hosilalar uzluksiz boigan barcha nuqtalarda 
uiaming qiymatlari teng boiadi.

1 - misol. z — funksiyaning ikkinchi tartibli xususiy 
hosilalarini toping.

► Avval birinchi tartibli xususiy hosilalarini topamiz:

■ 2x^y.

Yana bir marta differensiallab quyidagiga ega boiamiz:

dy2

=  ■ 4x^y^ + ■ 4xy,
d^z

dxdy

^ ^ ■ 4x^y^ + ■ 4xy.
dudx  ̂ ^

Oxirgi ikki ifodani solishtirib, ekannligini

ko‘ramiz.

2 - misol z = arctg ̂  funksiya —  + ~  = 0 Laplas

tenglamasini qanoatlantirishini isbotlang.

► Quyidagilami topamiz:
dz y dz X

dx x2 + y2 ’ dy x̂  + y2
TT1- , o^z 2yx 2xy „  .

holda + Qy2 -  (;»;2+y2)2 (x 2+y2)2 “  0

z=f(x,y) funksiyaning ikkinchi tartibli to‘la differensiali d ẑ

quyidagi formula bilan ifodalanadi.
d^z d^z d^z

d}z =  — ^dx^ + 2— — dxdy + — -dy^ 
dx^ dxdy dy^
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3 ~ tniso! z=x^+y+xy funksiyaning ikkinchi tartibii toia 
differensialini toping.

► ikkinchi tartibli xususiy hosilalami topamiz.
dz , .. dz
— = 3x̂  + 2xŷ ) — = 3y‘ + 2.r̂ y; 
ox ay

== 6x + 2y2; ^  6y + ; p -  - 4xy.
dx^ ^ ■ 3y 2 ■>' ’ dxdy ^

Shunday qilib,

d ^z  - (6x + 2y^)dx + Sxydxdy + (6y + 2x̂ ■)dŷ ■̂  

Agar sirt z=f(x,y) tenglama bilan berilgan boisa, berilgan 

sirtga Mo(xo,yo,zo) nuqtada o ‘tkazilgan urinma tekislik tenglamasi 
quyidagicha boiadi:

z-Zo=fx(xo.yo)(x-Xo)+fyiXo.yoXy~yo)-(l0.8) 

Sirtga Mo(xo,yoJ nuqta orqali oikazilgan normalning kanonik 
tenglamasi esa quyidagicha boiadi.

X-Xq __ y-yp ^  Z-Zq

fxiXo.yo) fy ixo.yo) -1 ■ \ ■ J

Silliq sirt tenglamasi oshkormas holda F(x,y, z )==0 va 

F(Xo,yo>Zo)=0 koiinishda berilgan boisa, u holda Mo(xo.yo,) 
nuqtadagi urinma tekislik tenglamasi quyidagi ko‘rinishda 

boiadi.

Pxixo,yo,Zo){x - Xo) ~ Fy (xo,yo,Zo)(y - yo) +

Pz ixQ ,yo ,Zo)iz  -- Z o ) =  0 , (1 0 .1 0 )

normalning tenglamasi esa:
X-Xq _  y-yo _  Z - Z q  ^  (10 11)

p 'xiX Q .yo.Z o') F y  C x o ,y o .^ o ) f 'z (X o ,y o .Z o )

4-misoL x̂ + y^+:̂ +xyz-6=0 sirtga Mo(l,2,-l) nuqtadagi 
xususiy hosilalaming qiymatiarini hisoblaymiz:

► Ki^Q.ya.Zo) = (3x^ +yz) Imo = 1,

Fy (xo,yo>Zo) = (3y2 +xz) = 11,

Fz (Xo,yo>Zo) = (3z2 + yx) = 5.

Bularai (10.10) va (10.11) tenglamalarga qo‘yib, mos 
ravishda urinma tekislik tenglamasi

(x-l)+ll(y-2)+5(z ~ 1)=0 

va normalning kanonik tenglamasini topamiz:
x-1 y-2 z+1

11

187

A



10.3- AT
1. Quyida ko‘rsaiilgan fUnksiyaiamiiig ikkinchi tartibli 

xususiy hosilalarini toping va uiaming aralash hosilalarini 
tengligini tekshiring.

a) z =

b )  Z  =  l n ( x  +  +  3/2  )  ;

v) z = e^(siny + cosx)]

g) z^-arctg

d̂ z
2. z = (xcosy — ysiny) fonksiyaning - ^  + -3x2

tenglamani qanoatlantirishini isbotlang.

3. z = funksiyaning 9 x 0  = 0  tenglamani

qanoatlantirishini isbotlang.

4. xy z^ +2 y^ +3y z +4 = Q sirtga Mo(0,2,-2) nuqtada 
o‘tkazilgan urinma tekislik tenglamasi va normal tenglamasini 
toping.

5. z = ^ x^ — sirtga Mo(3J,4) nuqtada o‘tkazilgan 

urinma tekislik va normal tenglamasini toping.

{Javob: 3x-y- z=4, —  = ~  = ” .)

6. X +2y+ z = 1  ellipsoid uchun x-y+2 z =  0 tekislikka 

parallel urinma tekislik tenglamasini yozing. •

Miistaqil ish

1. 1. z = ln(x^ + y) funksiyaning ikkinchi tartibli 
hosilalarini toping.

2. x^+2y^+ 3z ^=6 sirtga M o(l,- l,l) nuqtada oikazilgan
urinma tekislik va normalning tenglamasini yozing.

2
2. I. z =  fimksiyaning ikkinchi tartibli hosilalarini 

toping.
2.Z = 1 + sirtga Mo(l,l,zo) nuqtada o‘tkazilgan urinma 

tekislik va normalining tenglamasini yozing.

3. l.z=(x+y)/(x~y) funksiyaning ikkinchi tartibli xususiy 
hosilalarini toping.
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r
2. x̂ z-xyz+ŷ -x-3=0 sirtga Mo(-2,3,zo) nuqtada o‘tkazi!gaB 

iimima iekislik va normalming tenglamasini yozing.

10.4. ÍKKÍ 0 ‘ZGARUVCHILI FUNKSIYANING ‘ 
EKSTREMUMÍ 

Agar M'o(xs,yo,) nuqtadan farqli va uning yyetarlicba kichik 
al rofiga tegishli barcha M(x,y) nuqtaiar uchun 

f(xo.yoM(x,y) (f(xo.yo)0'(x,y)) 

tengsizlik o'rinli bo‘isa, Mo(xo,yo.) nuqta z= f(x,y) 
funksiyaning lokal maksimumi (minimumi) deb ataladi. 
I'unksiyaning maksimum yoki minimumi uning ekstrernumi 
deyiladi. Funksiya ekstremumga. erishadigan nuqta, fimksiyaning 
ckstremum nuqtasi deb ataladi.

1 — teorema. (Ekstremum zururiy sharti).
Agar M()(xo,yo,) nuqta f(x,y) fimksiyaning ekstremum nuqtasi 

bo‘Isa u holda ¿ (% yo ) = fy{xo,yo) = 0 bo‘ladi yoki bu 

liosilalardan birontasi mavjud bo‘lmaydi.
Shu shart bajariladigan nuqtaiar statsionar yoki kritik 

nuqtaiar deb ataladi. Eksti'emum nuqtasi har doim statsionar 

nuqta bo‘iadi, ammo statsionar nuqta ekstremum nuqtasi 
bolmasligi ham mimikin. Statsionar nuqta ekstremum nuqtasi 
bo‘lishi uchun, ekstremum mavjudligining yyetarli sharti 

bajarilishi kerak. Ikki o‘zgaruvchili funksiya ekstremumining 
mavjudligining >yetarli shartini tariflash uchun quyidagicha 

belgilashlar kiritamiz;

A=/xx (%yo), B = f;̂ y (xo>), C = fyy (xojo). Ax C- B'\

2- teorema. (Ekstremum yyetarli sharti).

Aytaylik z=f(x,y) funksiya Mo(xo,yoJ statsionar nuqtani o ‘z 
ichiga oigan hiror sohada uchinchi tartibli uzluksiz xususiy 

hosilalarga ega bo ‘Isin. U holda:

1) agar A> 0 bo‘Isa u holda Mo(xo,yoJ nuqta berilgan 
funksiya uchun ekstremum nuqtasi bo ‘ladi, bunda Mq nuqta

A < 0(C < 0) bo ‘Iganda maksimum nuqtasi va A > 0(C > 

0) bo ‘Iganda minimum nuqtasi bo ‘ladi;
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2 _  n bundan xi= 0, X2 -1, yi= 0, yz 1.

2) agar A< 0 bo Isa, u holda Mo(xo,yo,) nuqtada ekstremum 
yo‘q;

3) agar 0 bolsa, u holda ekstremum boiishi ham, 
bo Imasligi ham mumkin.

Ro‘rinib turibdiid, iichinchi holda qo‘shimcha tekshirish talab 
etiladi.

1 — misoL z= x̂ +ŷ 3̂xy funksiyani ekstremumga tekshiring.

► Qaralayotgan misolda ^  doimo mavjud boiadi,

shuning uchun statsionar (kritik) nuqtalarni topish uchun quyidagi 
tenglamalar sistemasiga ega boiamiz (1- teoremaga qarang);

—  = - 3y = 0,
dx
dz „
—  = 3y^ ~ 3x = 0.
dy

Tenglamalar sistemasini yechamiz;
~ y = 0

— X  =  0

Shunday qilib, M¡(0,0) va , M2(I,1) ikkita statsionar 

nuqtalarga ega boiamiz.
Quyidagilami topamiz;

d^z d^z d^z
A = — 7  =6x,B = —~  = -3,C = ^  öy 

dx^ dxdy dy^ *

Uhoida =AC-B^=36xy-P.

Mi(0,0) nuqtada =-9, yani bu nuqtada ekstremum yo‘q. 

M2(1,1) nuqtada -27 0 va A = 6 > 0, bundan kelib chiqadiki, 

bu nuqtada berilgan yunksiya lokal minimumga erishadi; Zmm = 
- 1 .  A

z=f(x,y) funksiyaning <p{x,y') — 0 shartda topilgan 

ekstremumi shartli ekstremum deb ataladi. <p{x,y) = 0 tenglama 
bogianish tenglamasi deb ataladi.

Shartli ekstremumni topishning geometrik masalasi z=f(x,y) 

sirtning <p{x,y') = 0 silindr bilan kesishgandagi egri chiziqning 
ekstremal nuqtalarini topishga keltiriladi.
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Agar <p(x,y) — 0 bog'lanish ienglamasidaii y yfxj ni topib

funksiyaga qo‘ysak, u holda shartli ekstremumni topish 

inasalasi bir o‘zgaruvchili z=f(x,y(x)) funksiyaning ekstrernumini 
lopishga keltiriladi.

2 - misoL z=x -̂ŷ  fimksiyaning y 2x-6 shartni 

qanoatlantiruvchi ekstrernumini toping.

► y 2x~6 ifodani berilgan funksiyaga qo‘yib bir 

o‘zgaruvchili fimksiyaga ega boiamiz:

z=x̂ -(2x-6)\ z=-3x̂ +24x-36.
Quyidagini topaniiz z ' =-6x+24; bundan x=4. Shunday qiiib 

z" =-6 0, u holda berilgan fiinksiya Mj(4,2) nuqtada shartli 

raaksimumga erishadi:

Differensiallanuvchi ftmksiya, chegaralangan yopiq D sohada 

o‘zining eng katta (eng kichik) qiymatiga yoki D sohaning ichida 

yotuvchl statsionar nuqtada yoki shu sohaning chegarasida 
erishadi.

Funksiyaning yopiq D sohadagi eng katta va eng kichik 

qiymatiarini topish uchun, uning berilgan sohaning ichida va 

chegarasida yoiuvchi barcha taitik nuqtalami topish zarur, 

funksiyaning shu nuqtalardagi va shuningdek, chegaralaming 
qolgan barcha nuqtalaridagi qiymatlari hisoblanadi, so‘ngra 
solishtirish yoii bilan hosil qilingan sonlardagi eng katta va eng 
kichiklari tanlanadi.

3 “  misoL z=x̂ +ŷ -xy+x+y fanksiyaning x-0, y=0, x+y=-3 

chiziqlar bilan chegaralangan sohadagi eng katta va eng kichik 
qiymatiarini toping.

Quyidagi tenglamalar sistemasidan M] statsionar nuqtani 
topamiz:

dz
—  = 2x - y + 1 - 0, 
dx
dz
^ = 2 y ~ x  + l  = 0. 
dy

Bundan x=-i, u~ l. zl=z(-l,-I)=l ho‘lganMi(-l,-l) nuqtani 
hosil qilamiz.
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-i 'Zizf', -fíi,

Berilgan fijnksiyani chegaralarida tekshiramiz.

x=0 boigan OB to‘g‘ri chiziqda 
+y ga ega boiamiz va masala 

bir oichovli fianksiyaning [—3,0]
oraliqdagi eng katta va eng kichik ____ 'X*
qiymatlarini topishga keltiriladi.

Quyidagilami topamiz:
1 „

Zy = 2y + 1 = 0,x = ~ 2 ’ ^yy - 2

Z2 = z (O; ~~) ~ boiadigan

1̂ 2(0,--') shartli lokal minimum nuqtani hosil qilamiz. OV 

kesmaning chekka nuqtalarida Z3 =  z(0; —3) = 6, z^ = z (0; 0) =

O boiadi.

Xuddi shu kabi y=0 boiadigan O A kesmada quyidagilarga 

ega boiamiz: z=x^+x, z'x=2x+l, x=-l/2, z'̂ x = 2, yani M s (- 0̂

- lokal minimum nuqta boiib, bu nuqtada Zs=f^, 0̂ = boiadi. 

A nuqtada Zg= z^-3;0j=5 boiadi. x+u=3 to‘g‘ri chiziqdagi AB 

kesmada y=-x-5 ifodani z fimksiyaga qo‘yib, quyidagilami hosil 

qilamiz.

z=3x̂ +Px+<5, Zx=6x+9=0, X--3/2.

Bundan, Z4 = ~ l boiadigan

nuqtani topamiz. AB kesmaning chetki nuqtalaridagi funksiyaning 

qiymatlari topilgan. z fiinksiyaning barcha topilgan qiymatlarini 

solishtirib, quyidagi xulosaga kelamiz, A(-3,0) va B(0,-3) 

nuqtalarda o‘zining eng katta qiymatiga erishadi — 6, M¡(-

1,-1) statsionar nuqtada esa z^j„ —-1 boiadi. M
4 - misoi. To‘g‘ri burchakli parallelepipedning toia sirtining 

yuzi S ga teng. Eng katta hajmga ega boiadigan oichamlarini 

toping.

► To‘g‘ri burchakli parallelepipedning hajmi F=xx y x z ga 
teng, bu yerda x, y, z-  parallelepipedning oichamlari, uning toia 
sirtining yuzi esa S=2(xy+xz+yz) ga teng.

„  J S-2xy . .  sxxy.y-2x^y'^ .

Bundan z=---, V = ---- -— - V (x, y)
2(x+y)' 2(x+y) ''
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V — V{x, y) funksiyaning ekstrernumini topamiz: 
dV y^(S-2x^ -4xy)

dx

dV

du

2(x + y r 
x^{S - 2ŷ  - 4xy) 

2(x + yy

- 0,

= 0.

x > 0, y > 0  boigani uchun oxirgi sistemadan 

ekanligi kelib chiqadi. F=F(x,yJ funksiyaning maksimumi

boiadigan yagona M ( fi --) nuqtaga ega boidik. (yani masala

yechimga ega!), shuning uchun maksimum mavjudligining 
yyetarli shartini tekshirishning hojati yo‘q.

Quyidagini topamiz:

s
V6

Shunday qilib, qirrasi - ga teng boigan kub eng katta 

hajmga ega boiar ekan. ^

> 10,4-AT.
1. Quyida berilgan funksiyalami lokal ekstremumga 

tekshiring:

a) z=̂ x̂ +3:c/~15x-12y;
b) z~x̂ +xy+ŷ ~2x-y;
c) z=3xy-x^-/~10x+5y;

(Javob: a) Zmin ^(2,1) = - 2 8 , =  z (- 2 ,- l) == 28;

b) — z (l,0) = —1; s) ekstremum nuqtalari yo‘q.)
2. z=x+2y fimksiyaning x^+/=5 shartni qanoatlantiravchi 

ekstremumlami toping. {Javob: x=-l, y=-2 boiganda = -5; 

x=i, y=2 boiganda z„̂ az
3. z=x"-ŷ +4x)>-6x+5 funksiyaning, x=0, y=0, x+y=3 

to‘g‘ri chiziqlar bilan chegaralangan sohadagi eng katta va eng 

kichik qiymatiarini toping. {Javob:

^e.kichik ~ z(3,0) — “ 9, Zg_jjat{£[ — z(0,0) — 5.̂
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4. z=x^y (4-x-y) funksiyaning, x=0, y=0, x+y=6 to‘g‘ri 
chiziqlar bilan chegaralangan sohadagi eng katta va eng kichik 
qiymatlarini toping. {Javob:

^e.kichik ~ -2̂ (4,2) — ~~64, Zg — z{2,V) — A.)

5. Hajmi V ga teng to‘g‘ri burchakli parallelepipedning, 
sirti eng kichik 3mzaga ega boiadigan oichamlarini toping.

{Javob: qirrasi W  ga teng boigan kub.)

Mustaqil ish
1. z=x̂ +ŷ ~3x+2y funksiyani ekstremumga tekshiring. 

{Javob: z^in = z (l, -1) = 3.;

2. z=x^-x^-y+6x+3 fimksiyani ekstremumga tekshiring. 

{Javob: Zfnax = z(4,4) = 15.)
3. z=3x̂ -x̂ +3ŷ +4y funksiyani ekstremumga tekshiring.

{Javob: z^in = z(0, -2/3) = - J)

10.5.10 - BOBGA DOIR INDIVIDUAL UY 
TOPSHIRIQLARI

1. Ko'rsatilgan funksiyalaming aniqlanish sohasini toping.
i.i. z=3xy/f2x-Sy)

1.3. z =
1.5. z =2/(6-x̂ -y)

1.7. z =arcos(x+y)

1.9. z =V9 - - y2

1.11. Z = -Jlx^ —

1.13. z /(x̂ +ŷ ) 
1.1 s. z = ln(y^-x )̂

1.17. z =arcosfx+2yJ

1.19. z = ln(9-x^-y)

1.21. z =7/^x2 + y2 - 5

1.23.
1.2S. z = ln(2x-y)

1.27. z = ^ l- x - y

1.29. z =l/(x^+ŷ ~6)

1.2. z =arcsin(x-y)
1.4. z = ln(4-x̂ -/)

1.6. — S
1.8. z =3x+y/(2-x+y)
LW. z = ln(x̂ +y~3)

1.12. z =4xy/(x-3y+l)

1.14. z =arcsin(x/y)

1.16. z =x'̂ y/(3+x-yJ
1.18. z =arcsin(2x-y)

1.20. z = /3 - x ^ ~ ^
1.22. z =4x+y/(2x-5y)

1.24. z=5/(4-x^-y )

1.26. z =7x̂ y/(x-4y)

1.28. z
1.30. z =4xy/(x̂  - y^j
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2. Quyidagi funksiya! aming xususiy hosilalarini va xususiy 

differensiallariini toping.
2.1. z = ln(û -e-x) 2.2. z =arcsin.sjxy

2.3. z = arctg ( x̂ +ŷ ) 2.4. z =cos(x '̂̂ 2xy)

2.5. z =sin -s/y/x^ 2.6. z -tg(x^+y )̂

2.7. z=ctg^jxy^ 2.8. z

2.9. z = ln(3x^-/) 2.10. z =arcos(y/x)
2.11. z =arcctg(xy2) 2.12. z -cas yjx"̂  +

2.13. z =sin -Jx — y^ 2.14. z =tg(xY)

2.15. z =ctg(3x-2x) 2.16. z =e'̂ '̂"-y^

2.17. z ^In (yjxy - 1 ) 2.18. z =arcsin(2x^y)

2.19. z =--arctg (x^/y') 2.20. z =cos (x - yjxy^ )

'y f . x-{-y
J.2 I. z =sin--

x-y 2.22. z
X

2.23. z —ctg 1-^ 2.24. z
■\jx-y

2.25. z =ln(3x^-/) 2.26'. z  =arccos (x-ŷ )

2.27. z =arcctg^ 2.28. z = c o 5 - | = ^  
x^+y^

2.29. z --sin 1--̂  
^Jx+У

2.30. z =e-(̂ *+y")

3. f(x,y,z) berilgan funksiyaning Mo(xo,yo,zo) nuqtada (Mo), 

fy {Mo), fz (Mo) xususiy hosilalarining qiymatini verguldan 

keyin ikki xonagacha aniqlikda hisoblang.

3.1.f(x,y,z)-^Z/^x^ +y\ Mo (0,-1,1). {Javob: (0,-i,l)=0,

/„(0,-î,l)=l,/z(0„-l,l)=l.)

3.2.f(x,y,z)=ln(x+ÿ, Mo (1,2,1). (Javob: (1,2,1)=0.5,
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33.f(x,y,zy={sinxy\ Mo (^, 1,2). (Javob: 1,2)=0,87 

fy(j,l,2)=-0,35,f;(^^,l,2)=-0,l7.)

3.4.f(x,y,z)=ln Mo (2,1,0).

{Javob: /; (2,I,0)=1,2, fy (2,1,0)=0,6, /J (2,1,0)=0.)

3.5. f(x,y,z) M o(l, 0,1).

{Javob:f, {l,0,iy\ ,fy (1,0,1)=0,/,'(1,0,1)=-!.)

3.6.f(x,y,z)=ln cos(x'̂  +y^+ Z), Mo (0,0,~).

{Javob: (0,0,2)=0, fy (0,0,->-=0, /,' (0,0,2)=-i)

3.7. f(x,y,z) =27\ f^+ ^+  z3, Afo (^,<2/

(Javo^: f ,  (3,4,2)=1, / ; (3,4,2)=8, /, (3,4,2)-12.) 

3M.f(x,y,z)-=arctg(xy^+z), Mg (2,1,0).

{Javob: /; (2,1,0)=0,2, / ; (2,1,0)=0,8, /, (2,1,0)=0,2.)

3.9./f3c,7z;=arc.s'«^x2/7-Mo(2,5,0).

{Javob: /;(2,5,0)=1,33, /^(2,5,0)=-0,27, /;'(2,5,0)=-l,67.)

3.10.f(x,y,z)= yzsin(y/x), Mo (2.0,4).

{Javob: r;,{2A4)=0, fy{2fiA^y=l, /,(2,0,4)=0.)

3.11.f(x,y,z)=y/4x^+^, Mo (-1,1,0).

{Javob:f̂ {-\XQy-\, fy{-\,\m=K /̂ (~1,1,0)=0.)
3.12.f(x,y,z)=arctg (xz/y^). Mo (2,1,1).

{Javob: /;(2,1,1)=0,2, /3;(2,l,l)=-0,8, /,(2,1,1)=0,4.)

3.13.f(x,y,z)^ln sin (x-2y+z/4). Mq (1,1/2,n)

{Javob: f,{l,m,n)--=l, fy{lM2,ny-2, /;(I,l/2,7r)-0,2.5.)

3.14.f(x,y,z)-=^ + ̂ ~ l,M o  (1,1,2).

{Javob: f;fhh2)=-l,5 Jy { lX 2 y .l, /,(1,1,2)=I,25.)

3.15.f(x,y,z)=l/^- + y2- z^, Mo (1,2,2).

{Javob: /^(1,2,2)=-1, /3;(I,2,2)=-2, /,'(1,2,2)=2.)

3.16.f(x,y,z)= ln(x+y^)- Mo ((5,2,5;.

(J«voZ>; /,(5,2,3)_-l,14, /^(5,2,3)=0,44, ̂ ‘(5,2,3)=0,75.)

3.17.f(x,y,z)=yjzxy, Mo (1,2,4).

/3 ;(] ,2 J )= 0 .2 5 ,/ ,'( l,2 ,l)= - 0 ,5 .)
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{Javob: / ; f ( l ,2 ,4 )= ^4 , / y ( l , 2 ,4 ) - 0 ,  / z ( l , 2 , 4 )  0 ,2 5 ) .

3.18. f(x,y,z)=z/4^+  y^. Mo (yl2, VX V^j-

{Javob: / ^ ( V Z  V ^ V ^ ) = 0 , 2 5 ,  / , : (V 2 :  V T )= 0 ,2 5 ,  / , ' ( V ^

> /2 :V 2 " )= - 0 ,5 .

3.19. f(x,y,z)= In (x  ̂+ Ijy-z), Mo (2,1,8).

{Javob: fx  (2,1,8)= 12, /y (2,1,8)=0,33, /z (2,1,8)—1.)

3.20.f(x,y,z)=z/(x^ + y";. Mo (2,5,25;.
(Ja v o & : / , ( 2 ,3 ,2 5 ) = - l,2 8 , / 3 : ( 2 ,3 ,2 5 )= - 0 ,2 4 , / ,  ( 2 ,3 ,2 5 )= 0 ,0 4 .)

3.21.f(x,y,z)=8l[x^ + + 2, Mo (3,2,1).

{ J a v o b : fx { ^ ,2 , l ) = 2 , 1 , / y ( 3 ,2 , l ) = 0 ,4 ,  / 2 ( 3 ,2 , 1 ) - 0 , 1 .)

3.22.f(x,y,z)=ln(%jx + \[y- z), M o(lJ,l)- 

{Javob: /x(l,l,l)=0,2, ^.(1,1,1)=0,25, /z (l,l,l) 1.)

3.23.f(x,y,z)=-2x/^f^+ Mo (3,0,1).
( J c i 'o 6 : / x ( 3 , 0 , l ) = - 2 , / y ( 3 , 0 , l ) = 0 , / z ( 3 A l ) ^  6 .)

3.24.f(x,y,z)=ze<^"^y^^''̂ , Mo (0,0,1).

{Javob: / ; ( 0 ,0 ,1 ) = 0 ,  / ; ( 0 ,0 ,1 ) = 0 ,  / , ' ( 0 ,0 ,1 ) = ! . )

3.25. f(x,y,z) Mo Vs)-

(Jovot: ¿ ( f , j ,V 3 )= 0 .5 , / , ( f , f ,V 3 )= - 0 .5 , / , ' ( | , f ,V 3 )= -

0,17.)
3.26. f(x,y,z)= ^íz ln(\fx + ^ ) ,  Mo (4 ,1 ,4 ) .

{Javob: ^ ( 4 ,1 ,4 ) = 0 ,1 7 ,  / y ( 4 , l ,4 ) = 0 ,3 3 ,  / 2 ( 4 , l ,4 ) - 0 ,2 7 . )

3.27. f(x,y,z)=xz/(x-y), Mo(3,1,1).
{Javob: / ^ ( 3 , l , l ) = - 0 ,2 5 ,  / y ( 3 , l , l ) = 0 , 7 5 ,  / z ( 3 , l , l ) - l , 5 . )

3.28.f(x,y,z)=-^x^ + y2 - 2 x y c ^ , Mo

(Javo&: /^(3,4, |)=0,6, /^(3,4, |)=0,8, /,(3,4, |)=2,4.)

3.29. f(x,y,z)=ze-^y, Mo (0,1,1).

{Javob: ^ ( 0 ,1 ,1 ) = - 1 ,  / y ( 0 , l , l ) = 0 ,  ^ ( 0 , 1 , 1 ) - 1 . )

3.30.f(x,y,z)=arcsin(xy[y-y^), Mo (0,4,1).

{Javob: /^(0,4,1)=2, ^ (0 ,4 ,1 )= - 1 ,/z (O A l)  ^-)
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4. Ko‘rsatiîgan ftmksiyaîarning toia differensiaiini toping.

4.1. z=2x̂ y-4xŷ  4.2. z ̂ x^y sinx - 3y

4.3. z =arctg X 

4.5. z =5xy‘*+2x̂ ŷ

4.7. z ^Inßx'̂  —

4.9. z =arcsin(x+y) 

4.11. z =7x̂ y-̂ [xÿ 

4.13. z =e*+3'-4

4.15. z =tg((x+y)/(x-y)) 
4.17. z x̂y'* 3ŷ y-̂ l

4.19. z =2xy+x^-y3 

4.21. z =arcsin((x+y)/x)

4.4. z =arcsin (xyJ-Sxy

4.6. z =cos(x  ̂— y )̂+x^

4.8. z =5xy~3:)̂ ŷ

4.10. z =arctg (2x-y)

4.12. z =y + >'2 ~ 2xy

4.14. z =cos(3x+y)-x̂

4.16. z =ctg(y/x).
4.18. z =ln(x+xy-ŷ )

4.23. z =^j3x^ — y2 + X

4.25. z =arcos (x+y) 
4.27. z=2-x^-ŷ +5x 
4.29. z=é̂ -x

4.20. z =7^x2 - 2y '^f 5

4.22. z =arcctg (x-y)

4.24. z=ŷ ~3xy-x̂

4.26. z =ln(y^-x^+3)
4.28. z =7x- x̂ ŷ +ŷ
4.30. z=arctg (2x*y)

5. u=u(x,y), bu yerda x=x(t), y=y(t) murakkab 

funksiyaning t=to nuqtadagi hosilasining qij.’matini verguldan 

keyin 2 xonagacha aniqlikda hisoblang.
5.1. u=ê -2y, x=sint, y=t̂ , to=0. (Javob: 1.)

5.2. u =ln(e^+e~ )̂, x=t̂ ,y=t\ to~l. (Javob: -2,5.)
5.3. u =y, x=ln (t~l), y=e‘/2, to=2. (Javob: 1.)

5.4. u =é-2x-^2, x=sin t, y=cos t, to= .̂ (Javob:-l.)

5.5. u -x  ̂é’, x=cos t, y=sin t, to—n. (Javob: -1.)

5.6. u =ln(e^+é'), x=t̂ , y=t̂ , to=î. (Javob-2,5.)
5.7. u =ŷ , x=e‘, y-ln t, to=I. (Javob:!.)
5.8. u =ê -2x, x=sin t, y- f, tg-O. (Javob:-2.)
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5.9. u =x^e y, x=sin t, y==sinh, to==̂ . (Javob: 0.)

5.10. u =ln(e~’‘+ey), x=f’, y= /, to=-l. (Jayob:2,5.)

5.11. u =e'-'''-2x-l, x=cos t, y=sin t, tn=̂ - (Javob: 2.)

5.12. u —arcsin (x/y), x=sin t, y=cos t, to= n. (Javob: 1.)

5.13. u =arccos (2x/y), x=sin t, y=cos t, to= tt. (Javob: -2.)
5.14. u =y?/(y+l), x=l-2t, y=arctg t, to=0. (Javob: -5.)
5.15. u =x/y, x=e\ y=2-ê \ to=0. (Javob: 3.)

5.16. u = ln(e^+e^y), x=t̂ , .y-V, to=l. (Javob: -2.)

5.17. u =-Jx + y^ + 3, x-ln t, y-î , to=l. (Javob: 1,25.)

5.18. u =arcsin x̂ /y, x^sin t, y=̂ cos t, to= n. (Javob: 0.)
5.19. u =y/x, x=l-2t, y=l+arctg t, to=0. (Javob: 4.)

5.20. u “  x-sin t, y=cos t, to= .̂ (Javob: -4.)

5.21. u =-s[ôĉ  + y + 3, x=ln t, 7= to=l. (Javob: 0,5.)

5.22. u ^arcsin —, x=sin t, y-=cos t, to= n. (Javob: 0,5.)
2y

5.23. u x—sin 2t, y-tg'̂ t, to= .̂ (Javob: -8.)

5.24. u =y[^+ y + 3, x=ln t, y-'̂ , to=l. (Javob: 0,75.)

5.25. u =y/x, x=e\ y=l-e^* t, to=0. (Javob: -2.)

5.26. u =arcsin 2x/y, x~sin t, y=cos t, to= n. (Javob: 2.)
5.27. u - în(e^^+é), x—̂ , y=^, to=l. (Javob: 4.)
5.28. Il =arctg (x+yj, x—?+2, y-4-f, to=l. (Javob: 0.)

5.29. u + 3, x-ln t, y-t\ to=l. (Javob: 1,5.)

5.30. u -arctg (xy), x=t+3, y=e\ to=0. (Javob: 0,4.)

6. Oshkoraiâs funksiya ko‘rinishida berilgan z(x,y) 

flinksiyaning xususiy hosilalarining Mo (xo,yo<^o) nuqtadagi 
qiyinatlarini verguldan keyin ikki xonagacha aniqlikda hisoblang.

6.1. x^+/ +ẑ 3xyz--4, Mq(2, 1,1).

(Javob: z'̂ (2,l,l)=3, zJ2,l,l)=^-l.)

6.2. x̂ +y>̂ +ẑ -xŷ 2, Mo(-1,0,1).

(Javob: z'j-1,0,1)̂ -1, zj- l,0 ,l)=0,5.)

6.3. 3x-2y+z=xz+5, Mo(2,1,-1).

(Javob: zJ2,l,- l)=4, z'j2,l,-l)=-2.)



6.4. e^+x+2y+z=4, Mo( 1,1,0).
(Javob: Zx(l,l,0)=-0,5, (1,1,0)=-1.)
6.5. x^+/+z^-z-4=0, Mo(l,l,-l).
(Javob: z'x(l,l,-l)=0,67, z'̂  (1,1,-1)==0,67.)

6.6. z^+3xyz +3y=7, Mo(I,I,l).
(Javob: z'jl,l,l)-^-0,5, z'̂  (l,l,l)=-0,5.)

6.7. coŝ x+coŝ y+cos ẑ= ,̂ Mo^, j). 

(Javob: zifS, H  i)-I, 4  (f, f ,
6.8. e^~^-l=cos X cos y+J, Mq(0, ^,1). 

(Javob: z'x(0, \.1)=0, Zy (0, %1)=-L)

6.9. x^+)^+z^-6x=0, Mo(l,2,l).
(Javob: z'x(l,2,l)=2, Zy (1,2,1)^-2.)

6.10. xy=z^-l, Mo(0,l,-l).
(Javob: z'x(0,l,-l)=-0,5, Zy (0,1,-I)=0.)

6.11. x^+2y^+3ẑ -yz+y=2, Mo(l,I,l). 
(Javob: z^(l,l,l)=-0,4, (1,1,1)=0,8.)

6.12. x^+y+z^+2xz=5, Mo(0,2,l).
(Javob: zJ0,2,l)=-l, Zy (0,2,l)=-2.)

6.13. X cosy +y cos z+z cos x=^, Mo(0, n) 

(Javob: z'x(0, |  n)=-0, Zy(0, | n )= l.)

6.14. 3:^y^+2xyz^~2x^z+4y^z =4, Mo(2,1.2). 
(Javob: z'x(2,l,2)=7, Zy (2,1,2)=-16.)

6.15. x̂ -2ŷ +ẑ -4x+2z+2 =0, M o(l,l,l). 

(Javob: z'x(l,l,I)=0,5, Zy (1,1,1)=1.)

6.16. x+y+z+2= J!yz, Mo(2,-l ,-1).

(Javob: z'̂ (2,-l ,-l)=0, Zy (2,-1 ,-l)= -l.)
6.17. x^+/+z^~2xz=2, Mo(0,l,-l).
(Javob: z'x(0.1,-l)=l, Zy (0,1,-1)=1.)

6.18. e^-xyz-x+l=0, Mo(2,l,0).
(Javob: z'x(2,l,0)=-I, Zy (2,1,0))=0.)

6.19. x̂ +2ŷ +ẑ -3xyz-2y-15=0, Mo(l,-l,2). 

(Javob: z'x(l,-l,2)^-0,6, Zy (1,-I,2)^0,13.)
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6.20. x̂ ~2xy-3ŷ +6x-2yW~8z +20=0, Mo(0,-2,2).

(Javob: z^(0,-2,2)=2,5, Zy (0,-2,2) =2,5.)

6.21. x^+/+ẑ -=y-z+3, Mo(I,2,0).

(Javob: z'jl,2,0)=-2, Zy (1,2,0) =-3.)

6.22. +ŷ  +ẑ +2xy-yz-4x-3y-z=0, M o(l,-l,l).

(Javob: z^(l,- l,l)=2, Zy (1,-1,1) =2.)

6.23. x^-yW+6z+2x-4y+12=0, Mo(0,I,-l). ,

(Javob: zJO,l,-l)=-0,25, Zy (0,1,-1) =0,75.)

6.24. V.x2 + y2+z^~3z=3, Mo(4,3,l).

(Javob: z'j4,3,l)=0,8, Zy (4,3,1) =0,6.)

6.25. ^+2y^+3z^=59, Mo(3,l,4).

(Javob: z'j3J,4)=-0,25, Zy (3,1,4) =-0,17.)

6.26. ^+/+z^-2xy-2xz-2yz=17, Mo(-2,-l,2).

(Javob: z'x(-2,-l,2)=0,6, Zy (-2,-l,2) =0,2.)

6.27. x^+3xyz-z^=27, Mo(3,I,3).

(Javob: zJ3,l,3)=2, Zy (3,1,3) =1,5.)

6.28. In z=x+2y- z+ln3, Mq(1J,3).

(Javob: z'jl,l,3 )=3/4 , z^ (1,1,3) =3/2.)

6.29. 2x^+2/+z^~8xz-z+6=0, Mq(2,1,1).

(Javob: zJ2 ,l,l)= 0 , Zy (2,1,1)=0,27.)

6.30. ẑ =xy-z+x"-4, Mo(2,l,l).

(Javob: z J2 ,l,l) 1,67, Zy (2,1,1) 0,67.)

Namunaviy variantniEg yechimi

1. z=ln(x^ '3y+6) funksi5̂ aning aniqlanish sohasini toping. 

►■Logoriirnik funksiya argumentning faqat musbat

qi>'mat!ariga aniqlangan, shuning uchun x̂ ~3y+6 0 yoki 3y 

x̂ ‘+6. Demak, sohaning chegarasi x̂ ~3y+6 0 yoki x^=3y-6

chiziqdan iborat parabola boiadi.
Berilgan funksiyaning aniqlanish sohasi paraboianing tashqi 

nuqtaJaridan iborat bo‘ladi. (104 - rasm.)

2. fiinksiyaning xususiy hosilalari va xususiy 
differensiailarini toping.
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► Bir o‘zgaruvchili murakkab fimksiyani differensialîash 
formulalaridan foydalanib, awal xususiy hosilalami topamiz;

^  ^  (J  (;,2 + 5 2)-f . 2;c)=-^e-V^^ ■ 37=4==;=̂
àx  ̂ 3 ^ ^ '' 3 y(^x^+Sy2~j2

|£, =  e-V + sy" (- i  (x2 + 5y2 )"f • lOy) =  .

1

Endi xususiy differensiailarai topamiz: 

d^z = ̂ d x  =  ̂ rf,,
ax 3 3^(^2+5y2)2

3y“-̂ 3® V(x2+sy2)2 ^

3. f(x ,y ,z)= ^/^ cos z funksiyaning Mq(1,1, p  nuqtadagi ^

(Mo), f i (Mo), fz (Mo), xususiy hosilalarining qiymatlarini 
verguldan keyin ikki xona aniqlikda hisoblang.

Berilgan funksiyaning xususiy hosilalarini topamiz, 

so‘ngra ulaming M o(l,l, |) nuqtadagi qiymatlarini hisoblaymiz: 

/^(x,y,z) = ^c o s z ,/^  (l,l,~) - 0,25,

^(x,y,z) — -^-^cosZify = 0,25,

f^(x,y,z) = - ^ s m z , /z(l,l,|] = -0,86 <

4. z=arctg funksiyaning to ‘ la differensialini toping.

► Berilgan funksiyaning xususiy hosilalarini topamiz:

iz
dz 1 1 1 y ^  1 /x  

■ 1 ' ^ '

y Vÿ

dx  ̂ y X + y 2-fx y 2(x + y)’

X

____ 1__( y yÿ / ^ y ____\
3y“ i_|..i I y2/ x + y 2Vx V yv 2(x

U y

2(* + y)'

(10.1) formulaga asosan, quyidagiga ega boiamiz 
E II

dz = - dx — dy2(x+y) 2(x+y)
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5. z = arccos—, bu yerda x=l+lnt, y=̂ -2e murakkab

funksiyaning to=l bo‘lgandagi qiymatini verguldan keyin ikki 
xona aniqlikda hisoblang.

>■ (10.4) formulaga asosan quyidagiga ega boiamiz: 
dz dz dx dz dy 1 2x 1

dt dx dt dy ~dt
y 2

-t̂ +1)(-2 t) .

'F

tn=l bo l̂ganda, x=i. u--2 boiadi. 

Bundan,
d'z

dt t= l V3
6. 4x̂ ~3ŷ +2xy z -4x z = 3 tenglama 

ravishda berilgan z(x,y) 

funksiyaning xususiy
hosilalarining Mo(0,l,-l)
nuqtadagi qiymatiarini verguldan 

keyin ikki xonagacha aniqlikda 
hisoblang.

Shartga asosan 

F(x,y, z) =5x̂ ~3ŷ +2xyz-4xz-3,
Shuning uchun 

Fx = 12x^ + 2yz — 4z,

Fy = ~9y^ + 2xz,

Fg ~ 2xy — 4x + 2z, 
(10.7.) formulaga asosan.

bilan osiikormas

i V-
;ÿs..

•y; 'y.-\

il-i.
/(■

/.■

y

'■-ÿ; ■>'/'' '■•

dz Fx 12x^ + 2yz — 4z

dx Fz 2xy - 4x + 2z

dz _  Fy _  -9y^ + 2xz

dy Fz 2xy - 4x + 2z '
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va fla m in g Mo(0,1,-1) nuqtadagi qiymatlarini

hisoblaymiz:
dzjOX-l) _  .  dzjOX-i) _  C 

dx ' du ’

10.2 Individual uy topshiriqlari
1. Berilgan S sirtga Mo(xo,yo,zo) nuqtada o‘tkazilgan urinma 

tekislik va normal tenglamasini toping.
L I. S: ^+y^+^+6z-4x+8=0, Mg (2,1,-1).
1.2. S: x̂ +ẑ ~4ŷ =-2xy. Mg (-2,1,2).

1.3. S: x̂ '+ŷ +ẑ -xy+3z=7. Mg (1,2,1).
1.4. S: x^+/+z^+6y+4x=8, Mo (-1,1,2).
1.5. S: 2ĵ -y^+¿̂ ~4z+y=13, Mo (2,1,-1).

1.6. S: x̂ +y^+ẑ -6y+4z+4=0, Mq (2,1,-1).
1.7. S: ŷ +ẑ ~5yz+3y=46. Mo (12,-3).
1.8. S: x̂ +ŷ -xz-yẑ O, Mo (0,2,2).

1.9. S: x̂ +ŷ +2yz-ẑ +y-2z=2. Mo (1,1,1).

1.10. S: yW+^~2xz+2x= z, Mo (1,1,1).
I.IL  S: ẑ -x̂ +ŷ -2xy+2x~y, Mo (-1,-1,-1).
1.12. S: z=ŷ -)̂ +2xy-3y. Mo (1,-1,1).
1.13. S: z=x̂ -ŷ ~2xy-x-2y, Mo (-1,1,1).
1.14. S: x̂ -}>̂ +ẑ +xz-4y==13. Mo (3,1,2).
1.15. 4ŷ -ẑ +4xy-xz+3z=9, Mo (1,-2,1). ^
1.16. S: z=x̂ +ŷ -3xy-x+y+2. Mo (2,1,0).
1.17. S: 2x̂ -ŷ +2ẑ +xy+xz=3, Mo (1,2,1).

1.18. S: x̂ -ŷ +ẑ -4x+2y=14, Mo (3,1,4).
1.19. S: x^+/-^+xz+4y=4, Mo (1,1,2).
1.20. S: '/-y^-^+xz-v4x^-5. Mo (-2,1,0).

1.21. S: x^+/-xz+yz-3x=ll, Mo (1,4,-1).
1.22. S: ?^+2y^W~4xz=8, Mo (0,2,0).

1.23. S: x^y-2/“2v=0, Mo(-l,-l,l).
1.24. S: ĵ +ŷ ~3¿̂ +xy=--2z, M o(l,0,l).
1.25. S: 2ĵ -y^+^-6x+2y+6=0, M o(l,-l,l).
1.26. S: x?+}̂ -‘¿̂ +6xy-z =8, Mq(1,1,0).
1.27. S: z=2x̂ -3ŷ +4x-2y+10. Mo (-1,1,3).
1.28. S: z=x̂ +)̂ -4xy+3x-15. Mo (-1,3,4).
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L29. S: z=x^+2/+4xy-5y-10. Mo (-7,1.8).
J.30. S: z==2x^-3y^+xy+3x+l. Mo (1-1,2).
2. Koi'satilgan funksiyaiamitig 2-tariibli xususiy hosilalarini 

toping. ==  ekanligiga ishonch hosil qiling.

2.1. z=e=̂ ''-y\

2.3. z -tg(x/y).
2.5. z =sin(x^-y).
2.7. z =arcsin(x~y).

2.9. z =arctg(x-3y).

2.11. z

2.13. z=-tg^xy.

2.15. z =sinjx'̂ y.

2.17. z =arccos(4x-y).
2.19. z =arctg(2x-y). 

2.21. z  = e V ^ .

2.23. z = arccos(x-5y).

2.25. z ~-cos(3^- )̂.
2.27. z -̂¡n(Sx̂  - 3y^).

2.29. z ~ln('ixy — A).

2.2. z =. 

2.4. z=-̂  
2,6. z =, 
2.8. z =, 

2J0. z 

2.12. z 

2.14. z 

2.16. z

2.18. 
2.20. 
2.22.
2.24. 

2.26. 
2.28. z 

2.30. z

ctg(x+y). 

cos(xy2). 
arctg(x+y). 
arccos (2x+y). 
=/nf3x2 - 2y^;. 

=ctg(y/x). 

=cos(x^y '̂"5). 

=arcsin(x-2y).

=arctg(5x+2y). 
=ln(4x^ ~~ Sy^). 

=arcsin(4x+y).

= s in j^ .

=arctg(3x+2y).
=arctg(x-4y).

=tg(xy )̂.

3. Berilgan u fonksiyaning ko‘rsatilgan tenglamani 

qanoatlantirishini tekshiring.
d̂ u ? 3  I I  _ y

■ y T-v == 0, u =
dy^ X

3 .1 .x ^^ + 2xy-
dx^ dxdy

3.2. x ~ - ty ^ =  3(x^ ~ yV, u=m^ - v^).
dx •' dy '  x ' ■ ^

3 J . ~ ^ ~ . u  =  ln(x^+(y+l/).
dx'̂  ' dŷ  ‘ 

d'̂ u du

- .  5u , du „  xy
3 .x  X -- +  y — ~ 2 u , U==----.

dx •' dy x+y

3.6.x

3.7. a

2 d̂ v I 2 d̂ u_
+ y^dx̂  dŷ

2 d̂ u d̂ u 
dx̂

0, u=e
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,  „ ? ä^u 2 Л У
ЗЛ х^~ -~ у^--=0 .и -уф . 

- „ a^u , â w . 9̂ u „
3x^ 3y2 3^2 ' T ^ 2+ y 2+ z 2 ■

J.iö. a " ~  =  ^ ,  u=e~^os(x+2yi 
9я'2 ау2'

~ Эм , ô u  , y

■̂’ ^■^Т,*УТу = '̂ ’ “-^'''-,- 

3 -1 3 -)^ ,-x ^ ^  =  0.u-ln(x‘ +y‘) .

3-¡4- x 'Ij - x y 0 V * f t  u-^+arcsin(xy).

3.15. x̂  ~  ~  2xy +  y^ ~ + 2 л 1 ', H=0, u=e^^.
ax '2 ЭхЗу d y 2

, , , d^u x+y
3.16. ——- = u, u=arete---.

dxdy “̂l - x y

S + 0  = °- “='” (ï^+Z+Â+ZÀ

5.JS Æ  + y| i + u = 0,^=2|iî|^
ax 3y x 2+ y 2

и = ф ^ ^ т у т ^ .

3.20. x ^  + y~--=24,u =(x'̂  + y^Jtg^.

3.21. i*“ !  + 0  = 0, sin(x + 3y). •

3-23^~^~-0,u=x^'\

, . .  ам au  „  ̂ X
i.24. X— + y —=0, u=arctg- . 

dx ■' dy °y

, du d^u du d^u ^ ? / , -vi

5î 5 5 ; - 5p ■
- - , a u  , a u  „ . X5.26. x~ + y — = 0, u=arcsm .

dx ' 3 y  x + y
- 1 9 u  , 1 Эи u  y
5.27. - ■ — "I--T~ ~ ~7’ ^~~r̂ — ^  ■X dx y dy y 2 (x^+y2)S

- „ a u  du x + y  _Х^+у2
J.ZO. T “  ~--------- -•

dx dy x - y  x - y
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4. Quyidagi foriLksiyalami ekstremumga tekshiring.

4.1. z =y f̂x-2ŷ ~x+í4y. (Javob: z max(4,4)=28.)

4.2. z = x̂ +8ŷ 6̂xy~r5. (Javob: z mm(L0,5)=4.)

4.3. z =  l  + l5x-2x̂ ~xy-2ŷ . (Javob: z max(-4,-l)=-97.)
4.4. z = l+6x-ĵ -xy-y\ (Javob: z max(4,-2)=13. )
4.5. z = x̂  +y-6xy-39x+18y+20. (Javob: z min(5,6)=-86.)
4.6. z = 2x̂ +2ŷ '̂ '6xy+5. (Javob: z mm(lJ)'=3.)
4.7. z = 3x̂ +3ŷ 9̂xy+10. (Javob: z„¡n(lJ)^=7.)
4.8. z = x̂ +xy+ŷ +x-y+1. (Javob: z mm(-J,l)=0. )
4.9. z = 4(x-y)-j?-ŷ . (Javob: z max(2r2)~8.)

4.10. z = 6(x-y)-3x̂ '3ŷ . (Javob: z max(l--l)'-=6.)
4.11. z = xf'+xy+ŷ 6̂x-9y. (Javob: z min(l,4)=-21.)
4.12. z - (x-2)2+2ŷ ~10. (Javob: z^U2,0)=-10.)
4.13. z = (x-5)2+y'̂ +l. (Javob: 0 )= I.)
4.14. z = x̂ +ŷ ~3xy. (Javob: z^ i„ (lj)= - l.)
4.15. z = 2xy-2ĵ ~'4ŷ . (Javob: z „¡ax(0,0)=0.)

4.16. z =̂ xsfu-x̂ -u+6x+3. (Javob: Zmax(4,4)^15.)

4.17. z = 2xy-5x̂ '~3ŷ +2. (Javob: z„ax(0,0)=2.)
4.18. z = xy(12-x-u). (Javob: z^ax(4,4)-64.)
4.19. z = xy-y?-/+9. (Javob: z^ax(0,0)=9.)
4.20. z = 2xy-3ĵ ~2ŷ +10. (Javob: z„ax(0,0)=10.)

4.21. z ^  x^+8y^6xy+l. (Javob: z^i„(l,0,5)=0.)

4.22. z =u-\[x-ŷ -x+6y. (Javob: znax(4,4)=12.)
4.23. z = x̂ -xy+ŷ +9x-6y+20. (Javob: z„,i„(~4J)~l.)
4.24. z = xy(6-x-y). (Javob: z„ax(2,2)=8.)

4.25. z = x̂ +ŷ -xy+x+y. (Javob: zmm(-l,-l)=~J )
4.26. z = x̂ +xy+ŷ ~'2x-y. (Javob: z^in(J,0)=-l. )

4.27. z == (x-lf+2y\ (Javob: z ^ JJ , 0)=0.)
4.28. z = xy-3x̂ ~'2ŷ . (Javob: z„ax(0,0)=0.)

4.29. z = x^+3(y+2f. (Javob: z ̂ ¡n(0,-2)̂ 0.)
4.30. z = 2(x+y)-x̂ -ŷ . (Javob: z max(iJ)""2.)
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5. Berilgan chiziqlar bilan chegaralangan D sohadagi z = z 
(x,y) ftniksiyaning eng katta va eng kichik qiymatiarini toping.

5.1. z =3x+y-xy, D:y=x, y==4, x=0. (Javob: z engkaita(2,2)=4, z 
eng kichik(0,0)= Z (4,4) =^.)

5.2. z  =xy-x-2y, D :x=3, y==x, y=0. (Javob: z (0,0)= z
(3.3)=0, z ĝkickik (3,0)=-3.)_

5.3. z =o^+2xy-4x+8y, D:x=0, x= l, y=0, y = 2  (Javob: Ze„g katta 
(1,2)=17, Z gnglachik (1>0) 3.)

5.4. z =Sx^"3xy+y^, D: x=0, x = l, y==0, y = l .
(Javob: z engkalta (1,0)—5, Zp_„gkichik (0,0)—0.)
5.5. z =x^+2xy-y~4x, D :x-y+l= 0, x=0, x=3, y=0,
(Javob: Z engkatta (^,^) ^ engkichik (2,0) 4.)
5.6. z =x^+y^''2x-2y+8, D: x=0, y=0, x+ y -l= 0 , .
(Jdvob: Z eng katta (0,0)—8, Z engkichik (0,5,0,5) =  6,5.)
5.7. z =2x^-xy^+y^, D: x=0, x = l, y=0, y=6.
(Javob: Z engkatta (0,6) 36, Z engkichik (0,0)—0.)
5.8. z =3x+6y-x^-xy-y^, D: x=0, x = l, y=0, y = l .
(Javob: Z engkatta (1,1) 6, Z engkichik (0,0) 0.)
5.9. z =x^'~2y+4xy-6x-l, D: x=0, y=0, x + y -3 = 0 ,.
(Javob: Z engkatta (0,0)— 1, Z ¿„g¡¡jdiik (0,0,3)- 19.)
5.10. z =x^+2xy-10, D: y=0, y=x^~4,

(Javob: z engkatta ^  ^ engkichik (1 ,~3j— l 5.)

5.11. z =xy-2x-y, D : x=0, x=3, y=0, y= 4  (Javob: z engkatta
(3.4)=2, Z engkichik̂  =(_3,0)=-6.)

5.12. z D: y=8, y=2x^ (Javob: z engkatta (-2,8)=18, z

engkichik (2,8) 14.)
5.13. z =3x^+3y^~2x-2y+2, D: x=0, y=0, x+ y-l= 0 , .

(Javob: Z engkatta (^,^)  ̂(^,0) 3, ^ eng kichik

5.14. z =2x^+3y^+l, D: y = ^ 9  - ^ x ^ ,  y=0.

(Javob: Z engkatta (^,^) 28, Z engkichik (^,^) 1-)
5.15. z =x^~2xy-y^+4x+l, D: x=-3, y=0, x+ y+ l= 0 .
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( jU V o b . Z ещЫиа 6 ,Z  engkickik (~^>0) ~3.)

5.16. z D: x=5, y^O, x-y-l-=0, .

( J a v o b .  Z  eng katta (^>^) 115 , Z  eng kichik 3.^

5.17. z -■=2x̂ +2xy-̂ '̂~4x, D: y=2x, у=2, x=0,

(Jd V O h .Z  eng katta (OjO) Z (1 ,2 )  0 ,Z  engkichik (0^2) 2 .)

5.18. z =x̂ ~2x)>+^̂ -2x, D: x^O, x=2,y=0, y=2.

(Javob: z engkatta. (0,2)=10, z engkichik ^,^=-1,67.)

5.19. z =xy-3x-2y, D: x=0, x=4, y=0, y=4 

(Javob. Z  engkatta (0,0) 0, Z  engkichik (4,0) 12.)

5.20. z =x̂ +xy-2, D: y=4x^^4, y=0.

[ Javob: Z  engkatta (~̂ >~2,22) 0,07, Z  engkichik (̂ > î ^) 3,25.)

5.21. z =x̂ y(4-x-y), D: x=0, y=0, y-6-x.

{Javob. Z engkatta ( 2 , i )  ~4, Z engkichik (^> ^ ) 64.)

5.22. z =x̂ +ŷ -3xy, D: x=0, x=2, y=-I, y=6.

( J a v o b .Z  engkatta (^>~^) Z  eng Idchik (0,~1) ^  ■)

5.23. z =4(x-y)- x̂-y~, D: x~'r2y=4, x-2y=4, x=0.
S 6 3 6

(JaVOO. Z engkatta engkichik (0) 2.) 12.)

5.24. z =/+2ду-/“4л', D: x=3, y=0, y=x+l. .

(Javob: Z  engkatta (3,3)-=6, Z  eng^hik ( ¿ ,0 )= - 4 .)

5.25. z =6xy-9x̂ ~9ŷ +4x+4y, D: x=0, x=l, y=0, y-2
Д 1 4

(Javob. Z engkatta ^  engkichik (0,2) 28.)

5.26. z =x~ +2xy-ŷ ~2x+2y, D: y--x+2, y=0, x=2 

(Javob: Z engkatta (2,3)=9, Z engkichik (1,Q)=-L)

5.27. 2 =4-2x^-yi D: y~-=0, y=̂ -4i ~~ x .̂

(Javob: Z engkatta f'0 ,0>=  engkichik (-1,0)= Z (1,0) =2.)

5.28. z =5x̂ -3xy+ŷ +4, D: x=-l, x=l, y=-l, y=l.

( J a v o b .  Z engkatta (~^i 1 ) Z (1 ,-1) 13 , Z  engkichik (0 ,0 )  4 .)

5.29. z =^+2xy+4x-y^,D: x+y+2=0, x=0, y=0 ,

(Javob. Z engkatta (0,0) 0, Z eng kichik ( ~ 0^ Z (0,-4) 4.)

5.30. z =2x̂ y-x̂ y-x , D: x=0, y=0, x+y=6 

(Javob: Z engkatta (1,0.5)—0. 2 5 , Z  engkichik (4, ̂ )  lz8.)
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dx
= - lC  = - l

Namunaviy variantlar yechimi
1. S: z=x̂ +ŷ +3xy-4x+2y-4 sirtga Mo(-1,0,1) nuqtada 

o‘tkazilgan urinma tekislik va normalning tenglamasini toping.
► Xususiy hosilalami topamiz:

dz dz
—  = 2x + 3y — 4,—  = 2y + 3x + 2 
dx dy

Mo(-l,0,l) nuqtaning koordinatalarini hosil qiJingan ifodaga
qo‘yib, berilgan nuqtada (10,8) formulaga asosan S sirtga

perpendikulyar boigan II vektoming koordinatalarini
hisoblaymiz.

MO =  —6 ,B  =  —  MO

Bundan, urinma tekislik tenglamasi quyidagicha boiadi.

- 6(x+l)-y-(z — 1)=0 yoki 6x+y+ +5=0.

(10.9) formulaga asosan normahiing tenglamasi 
x+i _  y _  z-l  ^

6 ~ 1 ~~ 1
ko‘rinishda yoziladi.

2. z^arccos funksiyaning ikkinchi tartibli xususiy

hosiiasini toping.

z“y = Zŷ  ekanligiga ishonch hosil qiling.

► Awal berilgan funksiyaning birinchi tartibli xususiy 
hosilalarini topamiz:

1 1 1  1

y f[ Ii 2 1̂  ̂ ■

Olingan hosilalaming har birini x va y bo‘yicha 

differensiallab, berilgan funksiyaning ikkinchi tartibli xususiy 

hosilalarini topamiz:

2x(y-x) 4x^^/y-x(y-x) 4\ix(y-x')\jŷ x

_.i _  zTx'-' z^y-x  _  y - x - x  _  y - 2x 
Zyv
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1 / In _i
2Vx\ 2/ 4Vi(y - x),yy - X

I  nrirz +__ z___\
^ 2 V 7 ^ \  V i(2x + 3y)

2r(3,_x)

V y , Vx
„ _  1 2Vx 2^y ~X _  y - x  + x

2y y - x  4y(y -  x)4x^y - X

4Vx(y ~ x )^y  -- X

Ko‘rinib tsiribdiki, aralash xususiy hosilalar teng boiadi, yani

^xy'
3. u=ln fjr+y7  funksiyaning

„ d^u , 9^u 4 y‘’- 9u  ,
—  - 2xy~-— + --7 = — r X — tenglamani
dx^ dxdy dy^ x ^ + y 2

qanoatlantirishini tekshiring.
► Birinchi va ikkinchi tartibli xususiy hosiialarim topamiz. 

du 2x du 2y

dx + y^ ' dy 4- y^’ 

d^u _2(y^ ~x^) d'̂ u _ 4xy d'̂ u _ 2{x̂  - y^)

9x  ̂ (x  ̂+ y^)^’ 9x9y (x  ̂+ y^y' 9y2 (x̂  + y )̂  ̂
Olingan hosiiaiaraing qiymatlarini dastlabki tenglamaning 

chap tomoniga qo‘yamiz:
2(y" -  x") 8x^y" 2 (x "- y " )  8 x V  

(x^ + y^)^ (x^ + y^)2 (x^ 4- y^)^ (x^ + y^)^

U holda tenglamaning o‘ng tomonida quyidagiga ega 
boiamiz.

4y  ̂ 2x 8xŷ
x 2 y 2 4 . y 2 ^ 2  y 2

Olingan natijalami soiishtirib, berilgan funksiya dastlabki 

tenglamani qanoatlantirmasligini koi'amiz.
4. z=xy(x+y-2) funksiyani lokal ekstremumga tekshiring. 
Berilgan funksiyaning birinchi tartibh xususiy hosilalarini

topamiz:
■z':, =  2xy + y2 - 2y, Zy =3 x̂  + 2xy - 2x 
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Buîarai noiga tenglab, quyidagi tenglamalar sistemasiga ega 
boiamiz.

y(2x + y -  2) =  0,1 

x(x + 2y -  2) -  Oj 

Bu sistemani yechib, berilgan funksiyaning Mj(0,0,), 
M2(2,0J, M3(0,2J, M4(3,2/3,) statsionar nuqtalarini aniqlaymiz.

10.4 dagi 2 teoremadan foydalanib, bu nuqtalaming qaysüari 

ekstremum nuqtalari ekanligini aniqlaymiz.
Buning uchun awal berilgan fimksiyaning ikkinchi tartibli 

xususiy hosiîasini topamiz;
z'xx — 23/, =  2x + 2y ~ 2, z'yy =  2x 

Hosilalar uchun olingan ifodaga statsionar nuqtalaming 

koordinatalarini qo‘yib va ekstremum mavjudligining yyetarli 

shartidan foydalanib, (§ 10.4 ga qarang) quyidagilarga ega 
boiamiz;

Ml nuqta uchun A= —4 < 0, yani ekstremum yo‘q,

M2 nuqta uchun A= —4 < 0, yani ekstremum yo‘q,

M3 nuqta uchun A= —4 < 0, yani ekstremum yo‘q,
X2

M4 nuqta uchun A= — > 0, ̂ 4 = 4/3 > 0, yani z ^

(2/5,2/5;  =-<S/2 7 boigan fiinksiyaning lokal minimumiga ega 
boiamiz.

5. x=0, y=0, x+y-1 =0 chiziqlar bilan chegaralangan D 

sohadagi z=xy-y^+3x+4y fimksiyaning eng katta va eng kichik 

qiymatiarini toping. (10.5 - rasm.)
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► Berilgan D soha ichida yotuvchl, yani OAB uchburchak 
ichida statsionar nuqtalaming mavjudligi“  aniqlaymiz. 
Quyidagiga ega boiamiz.

z^ = y + 3 = 0, I  

z'̂  = x - 2 y  + 4 = oJ 
Olingan tenglamalar sistemasini yechib, M(-̂ 0,-3) statsionar 

nuqtani topamiz, Bu nuqta D sohadan tashqarida yotganligidan, 

masalani yechishda bu nuqtani hisobga olmaytniz-
Funksiya qiymatiarini D soha chegaralarida tekshiraniiz. 

fiinksiya OAB burchakning OA (y=0, 0< x <V tomonida z=3x 

ko‘rinishga ega. z ~3 boiganiigidan, OA kesinada statsionar 

nuqtlaryo‘q.
O va A nuqtalarda mos ravishda z (0,0)=0, z (1,0)-3 

Uchburchakning OB (x=0, 0 < y < l )  towonida z fimksiya 
quyidagi ko‘ririishga ega. z = — y^+4y, z'̂ -2y+4=0;2y+4-0 

tenglamadan v=2 statsionar nuqta topamiz.
Shunday qiiib, Aij(0,2) nuqta D sohada yotmaydi. 

Funksiyaning B nuqtadagi qiymati z(0,l) = 3. AB tomondagi 
eng katta va eng kichik qiymatiarini topamiz. AB-' x+y=I, bundan, 

y=l-x, z =-2j^+2x+3, u holda z '=-4x+2 va z '̂ 0 x=l/2 

boiadi, yani M2(l/2, 1/2) statsionar nuqta D sohaning chegarasida 
yotadi. Bu nuqtada fiinksiyaning qiymati z(l/2,l/2)=3,5 bo ladi. ^ 

Funksiyaning baicha olingan qiymatiarini solisWirib, z engkaita- 

z (1/2,1/2) )=3,5, z engkichik= z (0,0)=0 ekanlig in i koiamiz.

10.6. 10~bobga qo‘shimcha

1. U =/z(2 z) + Zn(4 - x2) - 3y fimksiyaning aniqlanish 

sohasini toping. (Javob: \x\ <2,Q  < z < 2 )

funksiyaning x=u=0 nuqtada uzilishga ega ekanligini, ammo 
0(0,0) nuqtixda xususiy hosilaga ega ekanligini isbotlang.
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3.f(x,y)=\ x̂ +ŷ
0, agar x = y — Q

funksiya uchun ^y(0,0) ^  tengsizHk bajarihshini

isbotlang.

4. z x'Y funksiya (x + y + lnz)z tenglamani 

qanoatlantirishini isbotlang.

5. z= jx + yi — y l —x^ — ŷ■ fiinksiyaning uzluksizlik 

sohasidagi eng katta va eng kichik qiymatlarini toping. (Javob: z 

eng katta=V2, z eng kichik=-l)

6. Fazoda^ (4,1,5) nuqtadan 2x+6y+3 -12=0 tekislikka 

parallel tekislik o'tkazilgan. z = x^ + y^ aylanish paraboloididan 

shu tekislik bilan ajratilgan sohani, tengsizliklar sistemasi orqali 
ifodalang.

{Javob'. x^ T y^ < z <  2x + 6y + 3z — 29)

7. yZyy + 2Zy = z/x tenglamani u=x/y va v=x-y yangi 

o'zgaruvchilar bilan ifodalangan.
, .  , u^(u-l) •• , _ I ,  , V , ,  2u(u~l) ' „ '
{Javob: Zyy + 2uZy  ̂+ -̂u ~~ ~

uv

8. —  + —  ifodani qutb koordinatalarida yozing.

. J , d^z 1 d^z 1 dz .
{Javob: —-r + -r • )

dp^ Q(p2 P dp
^2 ^2,

9. Koordinata o‘qlaridan bir xil kesma ajratuvchi ̂  ^  +

— = 1 urinma tekislik tenglamasini toping.

{Javob:±x ± y ± z — Va^ + + c^)
10. xyz=a  ̂sirtga urinma tekislikning sirtning ixtiyoriy 

nuqtasida koordinata tekisliklari bilan o‘zgarmas hajmli tetraedr 

hosil qilishini isbotlang va bu hajmni hisoblang. (Javob: V=-a^)

11. Perimetri 2r ga teng uchburchakni biror tomoni orqali 

aylantirishdan eng katta hajmli jism hosil boiadi. Shu 
uchburchakning tomonlarini toping. {Javob: a=b=3p/4, c=p/2)
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12. -/+4у^=4 ellipsda ikkita 1/2) va B (l, ^ib/2) 
nuqtaiar berilgan. Bu ellipsda, shunday С nuqtani topingki, ABC

uchburchakning yuzi eng katta boisin. {Javob: С

13. ẑ -=x̂ +ŷ ~9xy+27 funksiyani ekstremumga tekshiring.
{Javob: z min(3,3)^0.)

14. Agar ii=zx+e^+y boisa, - - — 7^ ™  ekanligini
° dx^dudz dxdudzdx °

isbotlang.

15. xyz=8, xyfz=8 shartlarni qanoatlantiruvchi и — x + у + 

z funksiyaning shartli ekstremumini toping. {Javob:х=у=2УЪ,

16. Oshkormas ko‘rinishda 3x̂ ŷ +2xyẑ  2x̂  +4ŷ  -4=0 

tenglama bilan berilgan funksiyaning (2,1,2) nuqtadagi ikkinchi 

tartibli d^z differensialini topmg.
(Javob:-31,5 dx^+206 dxdy-306 dŷ )
17. Kvadrat taxta, shaxmat tartibida joylashtirilgan 2 ta oq 

va 2 ta qora kataklardan iborat. Har bir katakning tomoni uzunlik 
birligiga teng. Tomonlari taxtaning tomonlariga parallel, bitta 

burchagi taxtaning qora biirchagi bilan ustma-ust tushadigan 
to‘gi'i to‘rtburchakni qaraymiz. Bu to‘g‘ri to‘rtburchakning qora 
qisimning yuzi S boiib, raiing tomonlarining uzunliklari x va м 

ning funksiyasi boiadi. Shu funksiyaning analitik ko‘rinishini 

yozing.

{Javob:
xy, agar 0 < z < l , 0 < y < l  

, X, agar 0 < x < l , l < y < 2

‘ y, agar 0 < x < 2, 0 < y < l

4- (x - l)(y  — 1), agar l < x < 2 ,  l < y < 2
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11. ODDIY DIFFERENSIAL TENGLAMALAR

lî.L  ASOSIY TUSHUNCHALAR. BÏRÏNCBI TARTIBLI 
DIFFERENSIAL TENGLAMALAR

Izoklin usuli.
Agar tenglamada izlanayotgan funksiyaning hech 

boimaganda bitti hosilasi qatnashsa, bunday tenglama 
differensial tenglama deyiladi.

Differensial tenglamaning tartibi tarifga asosan tenglama 
tarkibiga kiruvchi eng yuqori hosila tartibi bilan ustma-ust 
tushadi.

Agar izlanayotgan u funksiya bitta argumentli funksiya 
boisa, u holda differensial tenglama oddiy differensial tenglama 
deyiladi.

Agar izlanayotgan y funksiya bir necha argumentli funlcsiya 
boisa, u holda differensial tenglama xususiy hosilali tenglama 
deyiladi.

Masalan: 2xy'-3y=0 tenglama, bu yerda y=y(x), birinchi 

tartibli oddiy differensial tenglama boiadi. — Wy + xy + 1 =
0, bu yerda u=u(x,y) esa birinchi tartibli xususiy hosilali 
differensial tenglama deyiladi. (Bu bobda faqat oddiy differensial 
tenglamalar qaraladi shuning uchvin, keyinchalik, qisqalik uchun 
“oddiy” degan so‘zni qoldirib ketamiz.)

Umumiy holda n tartibli differensial tenglaqja quyidagi 
ko‘rinishda yoziladi.

F(x,y,y:y’:.../"-^\ /’'0=o , (11.1)
Agar ( ll . l)  tenglamani eng yuqori hosilaga nisbatan yecha 

olsak, u holda normal formadagi tenglamani olamiz.
(IL2)

Differensial tenglama yechimîanni topish jarayoni 
tenglamani integrallash deb ataladi.

(11.1) yoki (11.2) differensial tengiamaning yechimi (yoki 
integrali) deb, biror (a,b) oraliqda aniqlangan va o‘zining 
hosilalari bilan berilgan differensial tenglamani ayniyatga 
aylantinivchi ixtiyoriy haqiqiy y=y(x) funksiyaga aytiladi. (Shu 
bilan birgalikda y=vfx) funksiyaning hosilasi mavjud deb faraz 
qilinadi.)
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í-misol. Sonlar o‘qida aniqlangan y=xe^̂  funksiya y'- 
4y '+4y=0 differensial tenglamaning yechimi ekanligini isbotlang.

► Fimksiyaning o‘zini va uning hosilalarini

j; '=e^Y/ +2x), y "= 4e^ (̂l +x)
berilgan tenglamaga qo‘yib, quyidagi a>miyatni hosil qilamiz.
4e^̂ (l+x)~ 4ê ’‘(J+2x)+4x^^=4e^ (̂I+x-l-2x+x)=0.

2-misoL F(x,y)=ln--5+xy=0 oshkormas ko‘rinishda berilgan

y=y(x) funksiya (x+x̂ )̂y '=y-xŷ  differensial tenglamani ayniyatga 
aylantirilishni yani uning yechimi ekanligini isbotlang.

Haqiqatan ham , F(x,y)= O (10.6 formulaga qarang) 
oshkormas fiinksiyani diffensiallash qoidasiga asosan, quydagiga 
ega boiamiz.

, _ f ;  _  O  - 1) _ y 1 - ry í -xy^

^ ~ x ' í  + xy~ 7+ “x2y

Olingan hosiia y ' ni dastlabki differensial tenglamaga qo‘yib, 

ayniyat hosil qilamiz.

Agar F(x.,y)=0 oshkormas ko‘rinishda berilgan funksiya 
differensial tenglamaganing yechimi boisa, u holda F(x,y)=0 
berilgan differensial tenglamaning integrali {yechim emas) 
deyiladi. Shunday qilib, 1 va 2 misollarda berilgan differensial 
tenglamalarning mos ravishda yechimi va integraliga ega 

boiamiz.
(11.1) differensial tenglama yechimining (yoki iníegralining) 

Oxy tekislikdagi grafigi integral chiziq deyiladi. Shunday qilib har 
bir yechimga yoki integralga integral chiziq mos keladi.

(11.2) differensial tenglama yechimining mavjudligi va 

yagonaligi qo‘ydagicha hal qilinadi.
1-Teorema (Koshi).

Agar (11.2) tenglamaning o‘ng tomoni

xo ,yayo ,..... ,y¡í’''‘̂  (11-3)

Qiymatlaming biror atrofida uzluksiz funksiya boisa, u holda

(11.2) tenglama

y (xo) = yo, y (xoh yo. , y í  = y f  (i 1.4)
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boigan xo nuqtani o‘z ichiga olgan biror (a,b) oraliqda 
yechimiga ega boiadi.

Agar ko‘rsatilgan atrofda y , y , ...., y^argumentlari 

bo‘yicha bu funksiyaning xususiy hosilalari ham uzluksiz boisa, 
u holday= y(x) jechim yagona yechim boiadi.

(11.3) dagi soniar to‘plami boshlangich qiymatlar, (11.4) 

tenglik esa, boshlang'ich shartlar deyiladi.

n- tartibli differensial tenglama uchun Koshi masalasi 
qo‘ydagicha ta’riflanadi.

(11.1) yoki (11.2) differensial tenglamaning, (11.3) 

boshlangich qiymatlarini va (11.4) boshlangich shartlarini 
qanoatlantiruvchi, y=y(x) jechimni toping.

Koshi teoremasini qanoatlantiruvchi sohada (11.2) 
ko‘rinishdagi ixtiyoriy differensial tenglama cheksiz ko‘p 
yechimga ega boiadi. Umuman olganda bu (11.1) differensial 
tenglama uchun ham o'rinlidir.

Bu yechimlar to‘plamini tavsiflash uchun umumiy yechim 

tushunchasini kiritamiz.

(11.1) yoki (11.2) differensial tenglamaning umumiy yechimi

deb y = <p (x,C],C2,........,C J yoki qisqacha y= q> (x,C^

koiinishdagi funksiyaga aytiladi. Bu yerda C, (i= l,n ) qo‘yidagi 
ikkita shartni qanoatlantiruvchi ixtiyoriy o‘zgarmas:

1, y=<p(x,c') funksiya C ning ixtiyoriy qiym^tida (11.1) 
yoki (11.2) differensial tenglamaning yechimi boiadi.

2. Differensial tenglama yechimga ega boiadigan har 

qanday Xo ,yo ,yo’ , yo boshlangich qiymatlardan

, Co) = yo ,̂ - ., (p"̂ ~ (̂Xo, Co) = (Po~̂  shartlarni 
qanoatlantiruvchi, C,=Cio o‘zgannaslaming qiymatlarini 
ko‘rsatish mumkin.

F  (x,y,Ci) =--0 oshkormas ko'rinishda olingan, umumiy yechim 

differensial tenglamaning umumiy integrali deyiladi.

Umumiy yechim yoki umumiy integraldan, ixtiyoriy 
o‘zgarmas Q  ning fiksirlangan qiymatlarida olingan yechim mos 
ravishda differensial tenglamaning xususiy yechimi yoki xususiy 

integrali deyiladi.

218



Eslatma: Differensial tenglamaning, ixtiyoriy o‘zgarmas С,- 
ning hech qanday qiymatlarida umumiy yechimdan oHb 
boimaydigan yechimi (integrali) mavjud boiishi mumkin. 
Bunday yechim shu ma’noda maxsus deyiladiki, uning ixtiyoriy 
nuqtasida Koshi teoremasining qandaydir shartlari bajarilmaydi.

Masalan; y" = 3\j{y' — 1)^ differensial tenglama y — x Л- 

-(x -f Cj'y + +C2 umumiy yechimga ega, bu yerda С/ C2 -lar 

ixtiyoriy o‘zgarmaslar. y=x+C lunksiya ham berilgan 

tenglamaning ĵ echimi boiadi, bu yerda C - ixtiyoriy o‘zgarmas, 
ammo bu yechimni Ci va C2 ning hech qanday qiymatlarida 

umumiy yechimdan olib boimaydi. Bundan iashqari, y =J, 

yechimlarning ixtiyoriy nuqtalarida, Koshi teoremasidagi 
yagonalik shartining buzilishiga olib keiadi yoki berilgan 

tenglamaning o‘ng tomonidan y bo‘yicha olingan xususiy hosila>• 

=7 da uzilishga ega boiadi. Shunday qilib, y=x+C yechim 

mahsus yechim boiadi. Bundan keyin, qoida bo‘yicha, mahsus 
yechimlar qaralmaydi.

Aniqmas integrailar nazariyasi, umumiy yechimi y ~ 

f  f  (x)dx = F(x) + C , ( bu erda F(x) — l(x ) fiinksiya uchun 

boshlang‘ich fimksiya, ya’ni F  (x)=f(x); C-ixtiyoriy o‘zgarmas ) 

boigan oddiy differensial tenglamalar sinfining nazariyasi 
hisoblanadi.

Birinchi tartibli differensial tenglama, umumiy holda

F(x,y,y)=Q (11.5)

yoki, agar uni y ga nisbatan yechsak, qo‘yidagi normal 

ko‘rinishda yoziüshi mumkin.

y = f(x ,y ). (11.6)

2- teorema (Koshi teoremasi).
Agar/(x, y) fimksiya Mo (xg , yo) nuqta va uning atrofida 

uzluksiz boisa, u holda (11.6) tenglamaning у(хо)=уо shartni 
qanoatlantiruvchi y=y(x) yechimi mavjud boiadi. Agar berilgan

fixîiksiyaning “  xususiy hosilasi ham uzluksiz boisa, u holda bu 

yechim yagonadir.
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Ba’zi hollarda birinchi tartibli differensial tenglamalami 
differensial formada yozish qulaydir:

P(x,y)dx + Q(x,y)dy^Q (11-7)
Birinchi tariibli differensial tenglamalar uchun Koshi 

masalasi quydagicha ta’rifga ega.

(11.5) yoki (11.6) differensial tengiamalaming (p{x,C{) = 

yo(i’C '̂o.yo) = 0) boshlangich shartni qanoatlantiruvchi 

y= <p{x) (x, y)=Q integral) yechimini toping. Bu geometrik 
nuqtai nazardan shuni anglatadiki, berilgan tenglamaning barcha 
integral chiziqlari orasidan berilgan Mo (xo,yo) nuqtadan o‘tuvchi 

integral chiziqni topish kerak.

(11.6) differensial tenglamaning geometrik talqini 
quydagidan iborat. U 2- teorema (Koshi teoremasi)ning barcha 

shartlarini qanoatlantimvchi, D sohaga tegishli har bir M(x,y) 
(11.6) tenglama yagona integral chizigiga, M(x,y) nuqtadan 

o‘tuvchiy= tga = k urinmasining yo‘nalishini, ya’ni D  sohadagi 

maydon yo‘nalishini aniqlaydi. (11.1-rasm)

(11.6) tenglama uchun D sohada har biri izoklin deb ataluvchi 
bir parametrli f{x, y) = K = const chiziqlar oilasini ajratish 
mumkin.

/'

11.1-rasm

Izoklinni va u bo‘yicha yo‘nalishni topish, yo‘nalishlar 
maydonini hosil qilishga va berilgan differensial tenglamaning 
integral chiziqlarini tahminan qurish ya’ni bu tenglamani grafik 
ko‘rinishda integrallash imkonini beradi.

3-Misol. y = -2y/x differensial tenglamaning integral 

chiziqlarini izoklin usulida taxminan yasang.
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—— —K{K — const) deb olib, berilgan tenglamaning 

y = --x  izokiinini topamiz. Bular koordinatalar boshidan 

o‘tuvchi to‘g‘ri chiziqlami ifodalaydi. Bu chiziqlar bo‘yicha 

y' = K = tga tenglik bilan yo‘nalishlar maydoni aniqlanadi. K ga 

turli qiymatlar berib, ularga mos izoklinlami topamiz. Bu 
izoklinlar bo‘ylab integral chiziqqa urinmaning Ox uqiga 

og‘ishgan a burchagi bilan tavsitlanuvchi yo‘nalishlar maydoni 
aniqlanadi. Kerak boigan hisoblashlarai jadval koiinishida

K 0 ±1/V3 ±1 ±V3 ±2 ±3 +00
a 0 ±30“ ±45° «  ±50“ «±64° «±72° «  ±90°

y =
k y =  0

X

^ “- 2 V 3
1

=  + - X  
2

>■
_ V 3 y  =  + x

_ 3

y =  ±2 "
x =  0

Shu jadvalga asosan yo‘nalishlar maydonini yasaymiz va 
so‘ngra taxminiy ravishda integraliar chizig‘ini chizamiz. (11.2 

rasm) OX o‘qida soat steikasi yo‘nalishi bo'yicha yoki unga 

teskari yo‘nalishda hisoblanishi a burchakning qiymatlari mos 
ravishda musbat yoki manfiy boiishini ko‘rsatadi.

y, » — 4x y 5» <
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11.2. 0 ‘ZGARUVCHILARi AJRALADIGAN 

DIFFERENSIAL TENGLAMALAR. B IR  JINSLI 
TENGLAMALAR

Quyidagi ko‘rinishdagi tenglamalar.

P(x)dx + Q(y)dy = 0 (11.8*)
O ‘zgaruvchilari ajraladigan differensial tenglamalar 

deyiladi. Uning umumiy integrali qo‘}ddagi ko‘rinishda boMadi.

/  P(x)dx + /  Q(y)dy=C (11,8)

bu yerda C - ixtiyoriy o‘zgarmas.
Qo‘yidagi ko'rinishdagi tenglamalar

M l(x) Nl(y)dx + M2(x)N2(y)dy =0 (11.9)
yoki

y ' = %  =  (11.10)

shuningdek, algebraik almashtirishlar yordamida (11.9) yoki

(11.10) tenglamalarga keltiriluvchi tenglamalar ham
o ‘zgaruvchilari ajraladigan tenglamalar deyiladi.

Ushbu tenglamalarda o‘zgaruvchilami ajratish qo'ydagicha 

bajariladi. 'Nl(y) 0, M2(x) ^  Q deb faraz qilamiz va (11.9) 

tenglamaning ikkala qismini Nl(y) M2(x) ga boiamiz. (11.10) 
tenglamaning ikkala qismini dx ko‘paytiramiz va /2(3-') 9̂= 0 ga 
boiamiz. Natijada 0‘zgaruvchilari ajraladigan (ya’ni (11.8*) 
ko‘rinishdagi) tenglamani hosil qilamiz.

Wi(x) , N^iy) ,

Bu tenglama (11.10) formulaga asosan qo'ydagicha 
integrallanadi.

l-Misol. Differensial tenglamaning umumiy yechimini 
toping.

(xy+y)dx+(xy+x)dy=Q (1)

► x^ 0, y ^  0 deb faraz qilamiz va berilgan tenglamaning 
ikkala qismini xy ga bo‘lib, o‘zgaruvchilari ajraladigan 
tenglamani hosil qilamiz.

(l+ ~ )dx + (l+ ^ )d y  = 0
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buni (11.8) formulaga asosan integrallab,

/ d  + l)d x  + / ( 1 + - jdy  = InjCj

In xy

x+ln X +y + In у —In 

^xye^^y = С

с ko'rimshida
+ In ex+y = In 

lami topamiz. (ixtiyoriy o'zgarmasni I n 
yozisb mumkin.)

Oxirgi tenglik (1) tenglamaning umumiy integrali bo‘ladi. 

Buni topishda хф 0, уф О degan shartlar qo'yilgan edi. Ammo, 
jc=0 va 3^=0 funksiyalar ham, dastlabki tenglamaning yechimlari 
boia oladi, buni tekshirish oson, ikkinchi tarafdan ular C=0 da 

umumiy integraldan hosil qilinadi.
Shunday qilib, x=0, y=0 (1) tenglamaning xususiy 

yechimlaridir.

2-Misoi. (l+e^ )̂y2y = é tenglamaning y=(0) boshlangich 

shartini qanoatlantiruichi xususiy yechimini toping.
► Berilgan tenglamani differensial ko‘rinishda yozib olamiz. 

((11.7) formaga qarang. )

(l+e^^)/dy~e^dx=0 
Endi o‘zgaruvchilarini ajratamiz.

Oxirgi tenglamani integrallaymiz va dastlabki tenglamaning 

umumiy yechimini hosil qilamiz.

+ g2x'

У —■ 3arctge^

Boshlangich shartlardan foydalanib ixtiyoriy o‘zgarmasning 

qiymatini aniqlaymiz.

3 3
С + -я, С = 1 — -TC

4 4

Shunday qilib, dastlabki tenglamaning xususiy yechimi 

quyidagi koiinishda boiadi.
Agar har qanday teR uchun, f(tx ,ty ) funksiya aniqlangan 

boiib, a-const va f{tx ,ty ) = t ‘̂  f(x ,y ) tenglik o iin li boisa ,
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f(x,y) fiinksiya, X va argumentlarga nisbatan a o'lchamli bir 
jinsli funksiya deyiladi.

Masalan, /  (x,y)=3x‘̂-x̂  y  ̂ +5y‘* fiinksiya to‘rt oichamli 

(a = 4) bir jinsli boiadi, chunki f(tx,ty)= 3 ftx / - (txf+ Sfíy/^ 

iU 3x^-x^/+ 5/)=ff(x,y).

f(x ,y ) = fiinksiya f(tx , ty) =

- 2 i/(tx jty ) + A lJityY  = - 2\fxy +

4^/>^) = y) boiganligidan a = 2 /3  oichamli bir

jinsli boiadi.

Agar a = 0 boisa u holda fiinksiya nol oichamli boiadi. 

Masalan, /(x,}?) = ~ ln  + I j  - nol oichamli bir jinsli 

fiinksiya, chunki

fitx . ty ) =  H l2  ,n ( ^  +  i )  =  £ ^ l „  ( £ ^  +  l )  =
^ tx+ty \ityY / t(x+y) \t^x  ̂ )

( ^  + l )  = bu yerda 0.

A.gar f(x,y) fiinksiya o‘zining argumentlariga nisbatan nol 
oichamli bir jinsli fimksiya boisa, u holda normal koiinishdagi 
qo‘yidagi differensial tenglama x va j  o‘zgaruvchilarga nisbatan 
bir jinsli deyiladi.

y' = %  =  ( l i - 1 1 )
P(^’y) > Q(̂ >y) fimksiyalaming har bin a ~ oichamli bir 

jinsli fiinksiya boisa, ya’ni P (tx ,ty) = t ‘̂ P{x,y),Q(tx,ty') = 

t^^Q(x,y) boiganda, faqat shu holdagina differensial formadagi 
F(x,y)dx+ Q(x,y)dy =0 differensial tenglama bir jinsli bo‘ladi.

Haqiqatan ham / f e t y )  = £ g i g  = - ¡ ^  = /(x ,y)

boiganligidan, uni qo‘ydagicha nonnal foimiada yozib, y ’ —

Qix,y)

f(x,y) funksiya nol oichamli bir jinsli fiinksiya ekan degan 
xulosaga kelamiz. Bir jinsli differensial tenglama (11.11) ni har 

doim normal formada y' =f(x,y)=f(tx,ty) ko‘rinishida yozish 

mumkin, u holda t= l/ x deb olib, qo‘ydagini hosil qilamiz.
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Bundan kelib chiqadiki, у — xu(u = ^ ,y ' = и + xu)

almashtirish yordamida (11.11) tenglama va yangi íunksiya ufxj 
ga nisbatan 0‘zgaruvchilari ajraladigan tenglamaga keltiriladi.

u+xu =<p(u) , X— — (p{u) — и

3-Mlso¡. 2.ТГ у ' =x^+y differensial tenglamani integrallab, 
uning y(l)=0 boshlang‘ich shartini qanoatlantiravchi xususiy 

yechimni toping.

► vax^ +y^ ikki o‘lshovli fimksiyalar bo‘Iganligidan, 

berilgan tenglama ham bir jinslidir.
у = д :1/ , у ' = m + x m 'almashtirish bajaramiz.

U holda , 2x (̂u+xu') = x2 + (xU)2 , 2x2 (u+xu) = x^(l+ lf). 

X  ^  0  deb faraz qilib, tenglamaning ikkala qismini x2 ga 

qisqartiramiz. So‘ngra quydagiga ega bo‘lamiz.

2u + 2 x ^  =  1 + u^, 2xdu = (1 + V? — 2u)dx.

0 ‘zgaruvchilami ajratib, qo‘ydagilarai topamiz.
du dx Г du

l + u ^ - 2 u  2 х ’ ] 1  + и^-2и  
1 1

fdx

2x

~ \n\x] + InC ,1 = (1 - u )ln (C ^ )u - 1  2
Ohirgi ifodada и ning o‘miga y/x qiymatni qo‘yamiz л̂а 

quydagi umumiy integralni hosil qilamiz.

1 ( i  -  f )  In(cVW ) ,x  = (x~  у)1пу1Щ

Bxmi у ga nisbatan yechib, dastlabki differensial 

tenglamaning umumiy yechimini topamiz. у = x —
lnv,Cyis:|)

y(])=0 boshlang‘ich shartdan foydalanib, С ning qiymatini 
aniqlaymiz.

0 =  i _ _ L  jr iC  = 1, С = e.
InC ’

Shunday qilib, dastlabki tenglamaning xususiy yechimi 

qo‘ydagi ko‘rinishga ega bo‘ladi.
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11.1-AT
1. y=(x,c) funksiya, bu yerda C- ixtiyoriy o‘zgannas, 

qo‘ydagi differensial tenglamalaming yechimi (integrali) 

boiishini aniqlang.
1

a) y = x^'(l + ce  ̂), x^y' + (l — 2x)y - x ,̂

b) y = ce"‘ +e~'‘, xy" + 22y'--x}’ -0,

v) +У” = cy ,̂ xydx ̂  (x'̂  - y")dy.

{Javob: a) ha; b) yo ‘q; v) ha.)

2. Qo‘ydagi differensial tenglamalaming har birining 

tahminiy integral chiziqlarini chizing va izoklin usulida maydoni 
yo‘nalishini yasang.

a) y' = x + y; b)2x' = y^/x ; v) xy' - 1 - y

3. Qo‘ydagi differensial tenglamalaming umumiy yoki 

xususiy yechimini (iimumiy yoki xususiy integralini) toping.

a) xy' — y^ + 1

b) (x + xy)dy + (y — xy)dx = 0 , y (l) — 1;

v; 3y’ = g  + 9 f + 9;

g) xy' = y + /х Н у 2  ,y ( l)  = 0

Mustaqil ish.

1. у = Cx + 1/c funksiya xy' — у + 1/y — 0 differensial 
tenglamalaming yechimi boia oladimi ? (Javob: yoiq.)

2. Qo‘ydagi differensial tenglamaning yechimini toping.

4(x^ + y)dy + д/'э + y2 dx = 0

{Javob: у = ± ^{ (c -  arctgxf- - 5)
16

3. Qo'ydagi differensial tenglama uchun Koshi masalasini 

yeching.
у

xy' = xsin ~ + у , у (2) = я

{Javob: у - 2xarctg (х/2).)

1. 1 = Су tenglama bilan oshkormas holda berilgan 

у = y(x) funksiya xyy’ — y^ = xy differensial tenglamaning 

integrali boia oladimi? {Javob: ha.)
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2. Quydagi differensial tenglamaning umumiy integralini 

toping? ydx + (yGcy “  -\fx)dy = 0. {Javob: 

f̂x + ,^= /n C ^ (c >  0).)

3.ydx + {̂ J~xy — x~)dy = 0 ,y (l) = 1 differensial tenglama 

uchun Koslii masalasini yeching? {Javob:2 ~ ln|y| = 2-̂ ¡y¡x. )
2-̂Cx

2. i y = fiiaksiya differensial tenglamaning yechimi

boiadimi? (Javob: ha)
2. Differensial tenglamaning umumiy yechimini toping?

(1 + e')y' — ye^ {Javob: y ~ c (l + e^).)

3. xy' = y (l + Iny — Inx) ,y (l) = differensial 

tenglama uchun Koshi masalasini yeching ? {Javob: y — xe^^)

11.3 BMhcIíí tartibli chiziqli differensial tenglamalar.
BerniiMi tenglamasi 

Nomaium fimksiya y va uning hosilasi y' ga nisbatan
chiziqli boigan quydagi tenglama

y' + F(x)y = Q(x) (11.13)

(algebraik shakl almashtirishlar yordamida (11.13) 
ko‘rinishga keltirish mumkin bo‘lgan har qanday tenglamalar 
ham) birinchi tartibli bir jinsli boimagan differensial tenglama 
deb ataladi. Yechimi mavjudligi va yagonaligi haqidagi Koshi 

teoremasining shartiari bajariiishi uchun P(x) ^  0 va Q(x) ^  0 

funksiya biror sohada, masaian [a, b] kesmada o‘ziuksiz boiishi 

kerak. (11.11 dagi 2 teoremaga qarang.) (11.13) ko‘rinishdagi 
tenglamaning umumiy yechimini har doim. quydagi‘koiinishda 
yozish mumkin

y Q{x)e^^^^^^^dx + C (11.14)

bu yerda C — ixtiyoriy o‘zgarmas. Shunday qilib (11.13) 
tenglamaning umumiy yechimi har doim P(x) va Q(x) maium 

funksiyalaming integraliar orqali ifodalanadi. (11.14) 
tenglamadagi integrallami hisoblayotganda ixtiyoriy 
o‘zganu.aslami, ixtiyoriy o‘zgarmas C ning ichiga kirgan degan 
farazda nolga tenglab olish m.umkin.
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Agar (11.13) tenglamada (2(x) = 0 yoki P(x) = 0 bo‘ Isa, u 

holda, umumiy yechimi Q(x) = 0 yoki P(x) = 0 boigan holda 
mos ravishda (11.14) tenglamadan aniqlanuvchi o‘zgaruvchilari 

ajraladigan differensial tenglamani hosil qilamiz. <2(z) = 0 

bo‘lgan holda (11.13) tenglama, bir jinsli tenglama deb ataladi.

1-misol (x^ — x)y' + y = x^(2x — 1). Tenglamani umumiy 

yechimini toping? KOwShi masalasini y(—2) = 2 boshlang'ich 

shartda yeching.
► Berilgan tenglamaning ikkala qismini x^ — x ^  0 ga 

boiib, (11.13) ko‘rinishga keltiramiz.
y  x^(2x-l)

'2-y

Bu yerda P(x) =
x^(2x-l) x{2x-l)

x-1x^-x x(x-i) ^ x(x-l)

(11.4) formulaga asosan dastlabki tenglamaning umumiy 
yechimi quyidagi ko‘rinishda bo‘ladi.

3, = + C) (11.15)

Bu yechimga kiradigan integrallarni topamiz. Quyidagiga ega

bo‘lamiz. I
dx

dx — — ln|xi + +lnjx — 1| =  In

J z-l ■’

x~~l x{x-X) 
x-1

x(2x-l) X ~ 1

x-1 X
dx = ± f  (2x ~ l)dx ==

±(x^ -  x),
x-1 x-1

Bu yerda modui ichida

va «-» belgilari paydo bo‘ladi.
Topilgan integralni (11.15) ga qo‘yib, dastlabki tenglamani 

umumiy yechimini topamiz.

y = e->"l^-ii(+(x2-x) + C) =
IX-1

=  ± -

(±(x^ - x) + C) 

Cx
-(±x(x - -1) + C) ^  x^ +

x-1 ' - ■ X _ 1
Bundan y (—2) = 2 boshlang‘ich shartga mos keluvchi 

xususiy yechimni ajratamiz.

2 =  4 -
- 2 - 1
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Ba’zida differensial tenglama y ning ilmksiyasi boigan, x ga 

oisbatan ham chiziqli boiishini bilish foydadan holi emas, ya’ni 
quyidagi ko‘rinishga keltirilishi ham mumkin.

^  + P(y)x = q(y) (11.16)

Buning umumiy yechimi quyidagi formula bo‘yicha iopiladi.

X = q(y)ê ^̂ ŷ ^y dy + C).

2-HSïsol. y' ”  ^  > (2x — y^)y' = 2y tenglamaning umumiy 

integralini toping.

► Berilgan tenglama x(y) fimksiyaga nisbatan chiziqlidir. 

Haqiqatan ham, (2x - y^)g  = 2y, 2x - = 2y f  i  f  ,0 -

ya’ni (11.16) koiinishidagi tenglamani hosil qiidik. (11.17) 
formulaga asosan, dastlabki tenglama quyidagi koiinishiga ega.

X = e^f dy + cy~= ( - +  c) -

lyl (“ i i  ¿¡iiy + C) = ~~~I dy + Cy - Cy - iy2

(11.13) chiziqli differensial tenglamani Bernulli usulida ham 

integraiiash mumkin. Bu usulning ma’nosi quyidagicha; y = 

u(x)i9(x) formula bo‘yiclia (o‘miga quyishning Bernulli usuli) 
'ii(x) va î9(x) ikldta noma’lum funksiya kiritamiz. U holda 

y' ~ u'-d + ltd. y va ÿ  lar uchun. hosil qilingan ifodalami (11.13) 

tenglamaga quyib, u'd + ud' + P(x)ud = Q(x) tenglamani hosil 

qilamiz. Bu tenglamani quyidagi koiinishda yozish mumkin.

(ir + P(x) ■ d)u + u'd = Q(x) (11.18)
Noma’lum funksiyalardan birini, masalan, -d ni ixtiyoriy 

tanlashimiz mumkin (chunki dastlabki (11.13) tenglamani, faqat 

u ■ ko‘paytma qanoatlantirishi kerak). d funksiya sifatida 
(11.18) tenglamadagi u ning koeffitsientini noiga â '̂lantiravchi 

i9' + P(x)i9 = 0 tenglamaning ixtiyoriy xususiy yechimi i3 = 

i9(.x) ni tanlaymiz. Shundan so‘ng (11.18) tenglama u'v = Q{xJ

koiinishga keladi. Bu tenglamaning u — u[x, C) umumiy
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yechimini topamiz. So‘ngra (11.13) tenglamaning

y ko‘rinishdagi iimumiy yechimini hosil qilamiz.

Shunday qilib, (11.13) tenglamani integrallash o‘zgardvchilari 

ajraladigan ikkita tenglamani integrallashga keltiriladi.
3~MisoL Quyidagi tenglamani

1
y +ytgx = ---

cosx

Bemulli usulida integrallang va >’(ä') = 1 boshIang‘ich

shartda Koshi masalasini yeching.
► 0 ‘rniga qo‘yishning Bemulli usulidan foydaianamiz. 

y = uv, y' = u'v + uv' va quyidagiga ega boiamiz.

1uv + uv + uvtgx = --- ,
cosx

(v' 4- Vtgx) u+u'v = — —̂
cosx

v' + vtgx = 0 tenglamaning xususiy yechimini topamiz. 

dv + vtgxdx = 0, —  4 tgxdx = 0 ,
V

“  +1 tgxdx = 0, ln jvj - ln jcos x| = ln c¡ . c, = 1 deb olib,

v = cosx xususiy yechimni taulaymiz. Endi, u'v = 1/cosx, bu 

yerda v = cosx , tenglamaning umumiy yechimini izlaymiz. 

Quyidagiga ega boiamiz

1
u = -- 5—, u =

cos X

dx
—J— + c = tgx + c .

cos X

Dastlabki tenglamning umumiy yechimi quyidagicha boiadi: 

y = = (igx + c)-cosx . Bundan

y{^) = 1, 1 = (0 + c = —1 boshlangich shartlami

qanoatlantiravehi, xususiy yechimni ajratib olamiz. c = — 1 

qiymatni umumiy yechimga qo‘yib, dastlabki tenglamaning 
xususiy yechimini hosil qilamiz:
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_y = (^gx-l)cosx = smji;--cosx. ^

Quyidagi ko'rinishdagi differensial tenglama

y' + P{x )y = Q(x)y\  (il.l9)

bu yerda a  = const e i?, cx ^ l, shuningdek, algebraik

shaki almashtirishlar yordamida (11.19) tenglamaga keltiriluvchi 
har qanday tenglama, Bemulli tenglamasi deyiladi.

fonnula bo‘yicha yangi Z(x) fonksiya kiritish

yoii bilan Bemulli tenglamasi shu funksiyaga nisbatan chiziqli 
tenglamaga keltiriladi:

Z ' + (l- a )P (x )Z  ■-=(i~a)Q{x). (11.20)

Oxirgi tenglamani yuqorida keltirilgan biror bir usul bilan

yechib, Z  — Z (x) ni topamiz, soiigra y = ni topamiz,

Bemulli tenglamasini, (11.13) chiziqli tenglama kabi,

y = u(xj-v(x) Bemullining o‘miga qo‘yish usuli yordamida

ham yechish mumkin (3-misolga qarang).

4-misoL Bemulli tenglamasining umumiy yechimini toping.

■ y' + 2e^y = 2e^4y.

► Berilgan tenglama uchun a  = 1/2 boigani uchun,

Z  = y^~°"=.sjy alro-ashtirishai bajaramiz. (11.20) tenglamaga

asosan, Z ' + e’‘Z  e* tenglamani hosil qilamiz. Bu tenglamaning 

umumiy yechimi (11.14) formulaga asosan quyidagi ko‘rinishda 
boiadi.

Z  =  e
-1 e '̂ dx i f ..

= e”"" j e"' Je"' + x j = e~"̂ = 1 + ce““"" ■

Dastlabki tenglamaning vimumiy yechimi quyidagicha 
boiadi.
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5-misol. Tenglamaning umumiy yechimini toping. 

xy’+ y = Xjp'\n.x.

► Berilgan tenglamaning ikkala qismini x ^0  ga. boiib, 

yuborib, a  = 2 boigan Bernulli tenglamasini hosil qilamiz. Uni 

Bemuliining o‘miga qo‘yish usuli bilan yechamiz. 

(7  = uv, y' = u'v + wv') :

X {u'v + Mv') + uv =x(uv)^lnx.

xv' + V = 0 tenglamaning xususiy yechimi v = x ' ni 

osongina topamiz. Endi xvu’ = xu\  ̂Inx tenglamaning, bu yerda

V = , ya’ni u' = v' tenglamaning, umumiy yechimini
X

topishimiz kerak. Oxirgi tenglamda o‘zgaruvchilarini ajratamiz va

uni integrallab quyidagini hosil qilamiz.

du - dx edu r, dx
—  = lnx— , Inx— ,
u X  •’ M ' ■’ X

1 In ' X  c 2
—  , U — —  2

u 2 2 c + ln X
Shunday qilib, dastlabki tenglamaning umumiy yechimi

2
quyidagicha boiadi. y = uv = —,---- —̂r . A

xic + ln 'x j *

li.2 . AT
1. Differensial tenglamalaming turlarini aniqlang va ulami 

yechish usullai'ini koisating.

a) x j' + 2^  = y; d) y' - e'" -

b) y 'c o s x - - ^ ’
e) xy’ + y-y^ = 0; 

In y ’ i)

v) v' = ---- -------- ; s 2 f
2xlny + y- x  z )  3 ; + x - y  =̂ xyy-

g )(l + e^^)y^dy-e^dx = 0;

2x coŝ  ydx + {ly - SÎB, 2y ) <(v = 0;
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2. Differensial tenglamaning umumiy yechimini toping, 

a) y ’ + — = 1 + 2 inx b) y' + = 2xe~'‘ y[y .
X

(Javob: a) >' = X Ir. X + c / x; b) j; = / 2  ̂.)

3. Koshi masalasini yeching.

a) Ixydx + (̂ y + x^^dy = 0, y (-2) = 4;

h) y '=  2y-x + e'‘, y(0) = - l .

(Javob: a) x^-y ln(4e/y); b) y = ̂ x - e ''+ -(1-6^^^)

Mustaqil ish
Koshi masalasini yeching.

L a ) /  + 3y = e V ,  j(0 )  = l;

b) y  + yigx = l/cosx, y(;r) = 5.

(Javob: a) y = e“̂ '"; b) y = -5 cos x + sin x .)

2. a) y^dx = (x + ye~ '̂̂  "jdy, y (O) = -3;

b )y - 7 y  = e V ,  j(0 )  = 2.

(Javob: a) x = (3 - y ); b) y = 1 Oe’"' / - 6^.)

3. a) xify = -y'̂ dx, y (l) = 1;

.2

I f .  1 O  -- x-3
(Javob: a )y  = -  1 +--- ^ ; b )y  = -— ^ .)

Xv e e J Z — x
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11.4. TO‘LA DIFFERENSIAL TENGLAMALAR
Agar D  sohada P (x ,y ), Q (x ,y ) funksiyalaming

aniqlanishidan va (!L2 I) tenglamaning mayjudligidan qujadagi 
tenglik bajarilsa,

S P ^ ,_ ^ ^ d Q (x ,y )

dy dx

u holda

P (x ,y)dx  + Q (x, v)4> - 0. (11.21)

ko‘rinishidagi tenglama to 'la differensialli tenglama deyiladi. 

(11.21) tenglamaning umumiy integrali quyidagi 
formulalaming biri bilan aniqlanadi.

X  y

[P{x,y,)dx + j  Q{x,yYy = c , (11,23)
0̂ Va

^P{x,y)fix + ^Q{x^y)dy = c. (il.24)

*0 Vo

bu yerda M ^{x^,y^)&D.

MisoL Tenglamaning umurniy integralini toping.

{x  ̂+ y-~A^dx + {x + y + e^^dy-0.

► P  = x^-)ry-A, Q - x  + y + e  ̂ belgilashlar kiritamiz.

= 1, = 1, ya’ni (11.22) shart bajariladi, u holda berilgan 
8y dx

tenglama toia differensiaUi tenglama boiadi. Soddalik ucliun 

Xg =0, 7o uning umumiy integralini (11.23) yoki

(11.24) formulalar orqali topish mumkin. XQ,jg qiymatlami 

tanlashimiz o‘rinli, chunki bu nuqtada P[x,y) va 

funksiyalar va uiaming xususiy hosilalari aniqlangan, ya’ni 

Mg(0;0)eZ) . (11.23) formulaga asosan quyidagiga ega 

boiamiz.
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x' y'
---4x + xy + —  + e*' -1 = t;.
3 2

Umumiy integralni (11.24) formula bo‘yicha topamiz.
X  y

{x  ̂+.y-Ayx+ + y + e ^^ ly ^c ,

—  + x>' - 4x + —  + e-̂ -1 = c .
3 2

Bu yechim awal topilgan yechim bilan ustma-ust tushadi. <í

11.3. Auditoriya topshiriqlari
1. Differensial tenglamalarning umumiy integralini toping.

a) íe* +3; + sinjy^<ix + ̂ ê  + x + xcos>’̂ <i>’ = 0;

b) (2x + e"’'̂ 'jí¿x + 1 - ^
y.

e^'̂ dy^Q;

/v) y'---[y--?>x^)l(4y-x).

{Javob: a) e"' + + xy + xsin>' = c; b) = c; v)

x  ̂— xy + 2y '̂ = c .)

2. Koshi masalasini yeching.

a) e~̂ dx + ̂ 2y-xe~^Jdy = 0, >’(-3) = 0;

b) xdx. + ydy=-{xdy-ydx)l{x^ +y^^, y (l) = l; 

v) x^-yé‘ + {̂y-\-e'‘^y '=  j ’(0) = 4.

{Javob: a) xe~̂  + 3;̂  + 3 - 0;

+ y " ) + c irc tg  — = 1 + ̂ ; v) x^ + 3;  ̂+ 2 3 ;^^ =  24.)
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3. Ixtiyoriy M  nuqtasiga o‘tkaziigan urinmaning burchak 

koeffîtsieiîti, M  nuqtani koordinata boshi biian tutashtiruvchi 
to‘g‘ri chiziqning burchak koeffitsientidan uch marta kalta

ekaniigini bilgan holda A{2,A^ nuqtadan o‘tuvchi to‘g‘ri chiziq

tenglamasini toping (Javob: y .).

4. Nyuton qonuniga ko‘ra, jismning sovush tezligi jism va 

atrof-rauhit temperaturalari ayirmasiga proporsional. Pechkadan 

olingan non temperaturasi 20 minut davomida 100® C dan 60̂  ̂C 
ga kamayadi. Havoning temperaturasi 25° C. Qanday vaqt 
oralig‘ida (sovish boshlanishidan hisoblab) norming temperaturasi 

30® C ga pasayadi. {Javob: 71 min.)

Mustaqil ish
1. Koshi masalasini eching.

(2x + y + siny^ià: + (x + cosy + 2y^dy = 0; 

y(0) = 2

{Javob: x‘" + xy + ~y^ + siny - 2.)

2. Boshlangich tezligi v(0) = 0 boigan m massali jism 

yuqoridan tushmoqda. Agar jismga p  = mg ogirlik kuchi dan 

tashqari, proporsionallik koeffitsienti 3/2 ga teng, v (i) tezlikka 

proporsional havoniug qarshilik kuchi ham ta’sir qilsa, jismning 

ixtiyoriy t vaqtdagi v = v (i) tezligini toping.

{Javob: v - ^m g { \ - - ^  .)

2. 1. Differensial tenglamaning umumiy integralini toping. 

(Sx^y -f s i n — cosy"^dy — 0 .{Javob:

x^y-co&x-smy = c )
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2. Radiyning tarqalish tezligi uning tarqalmagan soniga 

proporsional. Agar 1600-yilda radiyning dastlabki miqdorimtig 
yarmi tarqalishi aniq boisa, ! kg radiydan 6.50 g qolishi uchun 
necha yil kerakligini hisoblang.

(Javob: 1000-yildan keyin.)
3. 1. Differensial tenglamaning xususiy yechimini toping.

-- 'ttgx +

\

dy = 0, y(0) = l
J

.(Javob: x  ̂Iny + ytgx + = e .)

2. Agar to‘g‘ri chiziqning ixtiyoriy nuqtasiga oikazilgan 

urinmasining o‘qidan ajratgan kesmasi, urinish nuqtasidan

koordinaia boshigacha boignan masofaga teng boisa, ^ (l,0 ) 

nuqtadan o‘tuvchi shu to‘g ii chiziq tenglamasini yozing. (Javob:

11.5. TARTIBI PASAYTIRILADIGAN TOQORI TARTIBLI 
DIFFERENSIAL TENGLAMALAR

Tartibi pasaytiriladigan yuqori tartibli differensial 
tengiamalaming ba’zi turlarini ko‘rib chiqamiz.

/ ) = / ( x ) .  (11.25)

koiinishdagi tenglamaning umumiy yechimini n — marta 

integrallash orqali topamiz. Uning ikkala qismini dx ga 

ko‘paytiramiz va integrallaymiz, natijada, tartibli

tenglamani hosil qilamiz.

= jy ")ife  = j/ (x ) fe  = <^,(x) + ci. (11.26)

Shu amalni takrorlab, (n —2) tartibli tenglamaga ega 

boiamiz.
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7 '” =  I y "̂ = [<Py (x) + Cj '̂ dx = (py {x)dx + ĉ dx {^) + + ̂ 2

.(11.27)
n  - marta integrallashdan keyin esa, (11.25) tenglamaning 

quyidagi umumiy yechimini hosil qilamiz.

y  =  (p̂  (x ) + qx ""’ + C2X""" +... + + c„. (11.28)

bu yerda c^{i = \,n̂ , ci,c2,...,c„ - ixtiyoriy o‘zgarmaslar 

bilan maium ma’noda bogiiq boigan, ixtiyoriy o‘zgarmaslardir.

1-misoL y ^ = 8 /(x —3)̂  tenglamaning umumiy yechimini 

toping.

(11.26) formulaga va integrallash qoidalariga asosan, 

quyidagiga ega boiamiz:

'*-1-
%dx

r + C,
(^-3)^ [ x - i f  '

(11.27) yechimga mos ravishda quyidagini topamiz.

/  = " * = j
(x-4)*

- +  c , dx = -
2{x + i f

Oxirgi tenglikni yana ikki marta integrallab, dastlabki 
tenglamaning umumiy yechimini hosil qilamiz:

y = y”dx =

y = \y'dx = l  

1

1 U  2 ~--J- + —C,JC +C2X + C3

3(x-3) 2

A

dx =

+ — +C2X + Cj.-

1_ , 1 . 2 ~ ~ 1 +  — C ,X  +  — C jX  + c ^ x  +  c^ =
3(x-3) ‘

+  C,X^ +  CjX^ +  C3X +  C4

II. Faraz qilamiz, n - tartibli differensial tenglama 

izlanayotgan funksiya va uning (^ ~ l) - tartibli hosilalarini o‘z

ichiga olmasin. (l < ̂  < n ) :
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Z (x ) = j^  formula bo‘yicîia yangi noma’lam Z(x) 

funksiyani kiritamiz va

ekanligini e’tiborga olib, Z (x ) funksiyaga nisbatan {n — k) - 

tartibli tenglamaga ega boiamiz.

F  (x, Z, Z', Z" , . . )  = 0. (11.30)

ya’ni (11.29) tenglamaning tartibini k ga pasaytiramiz. Agar

(11.30) tenglamaning imiumiy yechimini Z  = ̂ (x,c,...,c^_^)

ko‘rinishida izlashga erishsak, yechimi к — marta integrallash 

bilan topiladigan (11.25) ko‘rinishdagi quyidagi tenglamani hosil 

qilamiz.

Z  = yW=f/j(x,Ci,C2,...,c„_^).

Xususiy holda, agar л = 2, k-\ boisa, u holda (11.30) 

tenglama birinchi tartibli tenglama boiadi.
2-misol. Tenglamaning xususiy yechimini toping.

xy' = y in ^ - j;( l)- e , У ( l)  = e^
JC

► Berilgan tenglama ÎI tur tenglama boiadi. {fi = 2, к — Ÿ), 

ya’ni tarkibida u qatnashmaydi. Z = y' ni qo‘yib, bu 

tenglamaning tartibini bittaga pasaytiramiz. U holda y" = Z" 

boiadi va beriigan tenglama izlanayotgan Z  funksiyaga nisbatan 

birinchi tartibli bir jinsli differensial tenglamaga aylanadi.

xZ ' = Z ln (Z /x ). (1)

Bu tenglamani ma’lum usullardan biri bilan yechamiz. 

Z = xu[x) oiniga qo‘yishini bajaramiz. U holda Z ' = m + xm' 

boiadi va (1) tenglama quyidagi koiinishga keladi

x + xu’ = u\nx. (2)

р [х ,у \ = (Î1.29)
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(2) tenglamada o‘zgaruvchilarni ajratamiz, ketma-ket 
quyidagilami topamiz.

du dx , , ,1 ,
— ----- r = --, In inw-j = lnx  + lnc, ;
« ( lU M - l j  X

h\ u-l = qx , u = Z  - .

Z  — y ekanligidan, oxirgi tenglama bir marta integrallab 

yechiladigan birinchi tartibli differensial tenglama bo‘ladi.

y' = y = =^-\xd( ) =
q J  ̂ ^

- - ê -̂ '̂̂ dx) = + c . .
c, ''  ̂ J c,""1

Dastlabki tenglamaning umumiy yechimini hosil qildik. 

y ( l) = e, y '(í) = ê  boshlang‘ich shartiardan foydalanib, c, va

C2 ixtiyoriy 0‘zgaimaslaming qiymatlarini aniqlajraiz. Quyidagi 

tenglamalar sistemasiga ega bo'lamiz. 

c, -1 Ĵ+C| 1 2 1+c,e = -~ —e +C2, e —e ' 
c,

Bundan, Cj — 1, C2 — e ekanligini topamiz. ^

Shunday qilib, dastlabki tenglamaning xususiy yechimi 
quyidagi formuladan topiladi.

y = +e. ^

3-raisol. y"'cígx + y" = 2 tenglamaning umumiy yechimini 

toping.

► Bu yerda n = 3, k -2 boiganligidan berilgan tenglama

II turdagi tenglama bo‘ladi. Z  = y" yangi íunksiya kiritamiz va 

berilgan tenglamadan Z ' + ZtgK = 2tgx ko‘rinishda yoziladigan, 

ya’ni Z'ctgx + Z = 2 chiziqli tenglamani hosil qilamiz. Uning 

umumiy yechimi (§ 11.2 qarang)
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2tgxê ‘̂ ‘̂ dx +  q

= 2cosx

V

sinx , „ 1

2 \ J^ d x  + c,
cosx

•'1

COS^ X
■dx + Cy cosx = 2 cosx - -

cosx

/

- + c, cosx = 2 + c, cosx

Z = y" bo‘lganligidan, yechimini oson bo‘lgan, qujddagi I 

tip differensial tenglamani hosil qilamiz.

y'' = 2 + q  cosx, = J(2  +■ c, cosx)dx = 2x + q  sinx + c,.

y '=  (.2x + CjSinx + C2yx = x^—qcosx + cjx + cj. “4

III. X argumentni oshkor holda o‘z ichiga olmagan n - 

tartibli differensial tenglamani qaraymiz.

F (y ,y ,y " .... y">) = 0. (11.31)

Bu holda har doim, P (y ) = y' yangi ftmksiya kiritib, 

tenglamaning tartibini bittaga pasaytirish mumkin, bu yerda v 

uning argumenti sifatida qaraladi. Buning uchun y',y",...,y^”̂ 

lami yangi funksiyaning y bo‘yicha hosilalari orqali ifodalaymiz 

va murakkab fiinksiyani differensiallash qoidasidan foydalanib 

quyidagini hosil qilamiz.

(1 1 .3 2 )
dy „ dp dp dy_ dp

y -~T~p> y —-p-
dx dx dy dx dy

y  =
dy” __ d ( dp^ dp dp d^p

dx dx
+ p- = P

dy)
+ P'

d /dx dy dxdy

va h.k. Yuqoridagi hisoblashlardan ko‘rinib turibdiki, ŷ '‘^, 

tartibi k — l dan oshmaydigan, p  va. y laming hosilalari orqali 

ifodalanadi. Natijada, (11.31) tenglama o‘miga quyidagi 
ko‘rinishdagi tenglamani hosil qilamiz.
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CD ŷ p-.
d^p

dy^ ’■■■’ dy,n-\
=  0 . (11.33)

Agar (11.33) tenglama quyidagicha umumiy yechimga ega 

boisa, /> = ̂ (> ’,cj,c2,...,c^_i) , bu yerda P ~ ^   ̂ holda

(11.31) tenglamaning umumiy integralini topish uchun, oxirgi 

tenglamaning o‘zgaruvchilarim ajratib yechish kerak

dy

(p{y,C ,̂C ,̂...,C„_^

Agar (11.31) tenglamada n = 2 boisa, u holda (11.33) 

tenglama birinchi tartibli tenglama boiadi.

4-misol. Koshi masalasini yeching.

/ / /+ 1 - 0 , y (l) = l, ÿ(\) = llV 2 .

► Bu tenglama, il = 2 va .X argument oshkor holda 

qatnashmaganidan, III tip tenglama boiadi. Shuning uchun,

(11.32) formulaga asosan, P{^y  ̂= y' ahnashtirishni bajarib,

uning tartibini bittaga kama5itiramiz va yechilishi oson boigan 

o‘zgaruvchilari ajraladigan birinchi tartibli tenglamani hosil 

qilamiz. Quyidagiga ega boiamiz.

y^p p^dp^-y'"dy, \p̂ dp = ~\y^dy.
dv

1 1 3 1

2y 2 /

dy
p~  y  = —  ekanligini e’tiborga olib, oxirgi tenglamani 

dx
quyidagi koiinishda qayta yozib olamiz.

(1)
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Bu tenglamani yechishdan awal, boshlangich shartiardan 

foydalanib, Cj ixtiyoriy o‘zgarmasning qiymatini aniqlaymiz. 

Ulami (1) tenglamaga qo‘yib, quyidagini hosil qilamiz.

13 _ 

V2 ~
• + 3c,, c, = 0 •

Shunday qilib, o‘zgaruvchilarini ajratish yo ii bilan oson

yechiladigan, y' = tenglamaga kelamiz.

i3
dx.

dy
^ = dx'

f2J
y '̂̂ dy = dx

18

>’(l) = l boshlangich shartidan ni topamiz.

1 = (1 + C2)'/18, C 2 = ^ - 1 .

bundan kelib chiqadiki, izlanayotgan xususiy yechim 
quyidagi formuladan topiladi.

5-misoi. Koshi masalasini yeching.

y ‘ - { y ' ' f / y '  = 6 { y ' f y ,  >.(2) = 0, y (2 ) = l, y"(2) = 0

[► n=^3 boigan, (11.31) ko‘rinishdagi tenglamaga ega 

boiamiz. (11.32) tenglamaga mos ravishda, p{y) yangi 

funksiyani kiritamiz va ketma-ket quyidagilami topamiz.
J2 ^¡d p

aŷ
■ + P

dŷ
p

dp
\ «>/

Ip  - 6p^y 5
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d f
-6y

d^p
bu yerdan — -r ~6y . Bu tenglama birinchi tur tenglama 

dy

boiib, ikki marta integrallash yo‘li bilan oson yechiladi.

- \6ydy=--?»ŷ +ĉ , p = ̂ {iy^+c^yy^y'̂ + ĉ y + c .̂
dy

munosabatlami va boshlangich shartlarni hisobga olib, 

y ' = y^ + Cj J  + Cj tenglamani hosil qildik, bimdan,

Cj ~0, €2 = 1 ekanligini topamiz.

Endi y ' = +1 tenglamani integrallaymiz.

f # - =
+ 1 •’ j  +1 ■

J' + l

-

dx

1
/̂з

arctg

y

2y-l 1

dx,

+ -ln—
•v/3 3

=  X + C3 ■

y (2 )~ 0  boshlangich shartiardan foydalanib,

c ,= - 2 -
6>/3

xususiy yechimni hosil qilamiz.

ni topamiz. Bundan quyidagi izlanayotgan

>> + 1
r +  2 +

n1 ly-\ 1,
X  =  - 7=  arctQ — + - In - ,----- r ^  1----- p:r ■

V3 3 ^ y ^ - y  + l 6̂ /3

11.4. AT
1. Quyidagi tenglamalami integrallang.

a) ;;* = x' -sinx; b) y ^  = y'" / x; v) yy” y ’\

2. Koshi masalasini yeching.
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b)xy--y '=x^ + I, y ( l) = 0, y (- l)  = l, /{- 1 ) = 0;

V)/  = «“', >-(o) = o, y(o) = i.
3. Avtomobil yo‘kimg gorizontal qismida v = 90 km/s 

tezlikda harakterlanmoqda. Vaqtning biror qismida sekinlashishni 

boshlaydi. Sekiniashish kuchi avtomobil og‘irligining 0,3 qismiga 

teng.
Sekinlashishi boshlanishidan bekatgacha boigan masofani va 

bu masofani bosib o‘tish uchun ketgan vaqtni toping.

{Javob: 8,5 sek; 106,3 m.)

Musiaqi! ish
,  ,w  _  n2

Î. 1 .Tenglamani integrallang. .
2. Koshi masalasini yeching.

y(0) = 0, / ( 0 )  = 1

2. l.Tengîamaniintegrailang. —y —xe

2. Koshi masalasini yeching.

y V + l = 0, >.(!) = 1, y ( l)  = 0

3. 1 .Tenglamani integrallang. xy” + y' = y ’̂ .

3. Koshi masalasini yeching.

2 /  = 3 / ,  7(2) = 1, y (2 ) = - l

11.6. IKKINCHI VA YUQORI TARTIBLI CHIZIQLI 
DIFFERENSIAL TENGLAMALAR

Umumiy hoi. Quyidagi ko‘rimshdagi tenglamalami

v*-' +... + a^. {x)y’^a ,{x )y  = / (x )

. ( 11.34)
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bu yerda a. / (x )  - biror D sobada berilgiiii

fiinksiyalar n -tartibli bir jinsli ho'lmagan chiziqli differensial 

tenglamalar deyiladi. Agar D  sobada (11.34) tenglamaning o‘n¡’ 

tomoni / (x )  = 0 bo‘lsa, u holda (11.34) tenglamaga mos

keluvchi, bir jinsli chiziqli differsial tenglama deb ataluvchi 
qujádagi tenglamani hosil qilamiz.

(11.35)

Agar (x), / (x )  íunksiyalar D  sohadagi {a,h) oraliqda

uzluksiz bo‘lsa, u holda y{\ ) = ya, y'iXo) = yo,—,

x^G {a,bfj (bu yerda ~

ixtiyoriy sonlar) boshlang‘ich shartlar bilan berilgan (11.34),
(11.35) ko‘rinishdagi har qanday tenglamalar uchun yechimning 

mavjudligi va yagonaligi haqidagi Koshi teoremasi o‘rinlidk.
(11.34) va (11.35) ko‘rinishdagi tenglamalarning umumiy va

xususiy yechimlarini topishda (x), jj/j (x)

fimksiyalaming o‘zaro chiziqli bogliq yoki chiziqli bogliq 
emasligi tushunchalari muhim ahamiyatga ega.

Agar bir vaqtda hammasi nolga teng bo‘lmagan

n
o'zgarmas sonlax uchun ixtiyoriy da = 0

munosabat o‘rinli bo‘lsa, y^,y^,...,y^ fimksiyalar {a,b) oraliqda 

o‘zaro chiziqli bog'liq deyiladi. Agar yuqoridagi munosabat faqat 

barcha - =0 lar uchun o‘rin}i bo‘lsa, u holda y¿ (x)

fimksiyalar (a,Z?) oraliqda o‘zaro chiziqli bog‘liq bo‘lmagan

fimksiyalar deyiladi.

Quyidagi ko‘rinishdagi determinant Vrnoskiy determinanti 

(yoki vronskian) deb ataladi.
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-Vi 2̂ y.

(1 1 .3 6 )

(n—i) 
/2  '

fy = {yi’y2^-,yn) =

I'unksiyalarning chiziqli bog‘liq yoki chiziqli bogHiq 
lui'lmasUk mezonlari.

Agar yY  ̂{i = \,n̂  funksiyalar fazolar sinfida {a,b^

nralixfda o'zaro bogliq bolsa, (ya’ni, {a,b) oraliqda (^~ l) 

iiirlibgacha uzluksiz hosilaga ega boigan funksiyalar bolsa), u 

lii)l(.la {a.b^ oraliqda W = 0 boiadi. Agar W ^O  bolsa, u

huida ŷ  (x) funksiyalar chiziqli bogliq bo Imaydi.

Masalan: l,x,x^,...,x"”̂  funksiyalar uchun W ^ O ,  shuning 

iiclmn ular chiziqli bogiiq boimagan funksiyalardir.

(11.35) tenglamaning chiziqli bogiiq boimagan n ta 

y^{x), y2{x^,...,y^{x) yechimlar to‘plami fundamental

ycchimlar sistemasi deb ataladi. Uning yordamida (11.35) 

koiinishdagi bir jinsli tenglamaning umumiy yechimi tuziladi. 

Quyidagi teorema o‘rinlidir.

1-teorema. Agar y-^,y^,...,y^ lar (11.35) tenglamaning

ixtiyoriy fundamental yechimlari sistemasi bolsa, u holda 

quyidagi funksiya (11.35) tenglamaning umumiy yechimi bo ladi.
_ n
y = c^y, + +... + c„y„ = (x ), (11.37)

<■=.1

bu yerda c¡ — ixtiyoriy o 'zgarmas.

1-misoL fimksiyalar sistemasi

y ’”-2y"~y'+  2 y -0 tenglamaning fundamental yechimi 

ekanligini ko‘rsating va uning umumiy yechimini yozing.

^  Vi=e"', = e“"", >>3 = funksiyalar va ularning 

hosilalarini berilgan tenglamaga qo‘ysa, ularning tenglamaning
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yechimlari ekanligini ko‘ramiz. Uiaming vronskiani quyidagi 
ko‘rinishiga ega boiadi (11.36).

e"‘ - -X  2xe e 1 11

e-' -e~̂  2ê ^ = ê e~̂ ê ^ 11-12

e"‘ e“" 4e-̂ 11 14

= -6e'-‘̂ ^0

Bundan kelib chiqadiki, e^e fiinksiyalar chiziqli 
bogiiqmas va ular berilgan tenglamaning ftmdamental yechimlar 
sistemasini taslikil qiladi. Uning umumiy yechimi, (11.37) 
formulaga asosan, quyidagi ko'rinishga ega.

y — c,e  ̂+ C2e~'‘ + ^

2-teoerma. ((11.34) tengiamauiug umuBtiiy yechiminiiig 
tuzilishi haqida). Chiziqli bir jinsli boimagan (11.34) 
tenglamaning umumiy yechimi quyidagi ko ‘rinishga ega. 

y  -  y  + y * , bu yerda y - unga mos keluvchi bir jinsli (1 1 .3 5 ) 

tenglamaning (11.37) ko'rinishdagi umumiy yechimi y* esa

(11.34) tenglamaning xususiy yechimlaridan biri.

2~mlsoL Xususiy yechimlaridan biri y* = x +1 funksiyadan 

iborat boigan, y"'-2y" - y'+ 2y - 2x + l tenglamaning 

umumiy yechirnini yozing.
► 1-misolda berilgan tenglaraaga mos bir jin sli tenglamaning 

umumiy yechimi topilgan edi, u holda berilgan tenglamaning 

umumiy yechimi quyidagicha boiadi.

+X + 1. ^

Agar (11.35) tenglamaning fundamental yechimlar sistemasi 

maium boisa, u holda (11.34) tenglamaning y* xususiy 

yechirnini har qanday holatda ham ixtiyoriy o ‘zgarmaslarni 

variatsiyalash usuli (Lagranj usuli) bilan topish mumkin va y * 

har doim quyidagi koiinishda ifodalanadi.

= q  (x)y  (x) + C2 (x )y2 (x) + ... + c„ {x)y^ (x) .(11.38)
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bu yerda (x) (11.35) tenglamaning fiindaniental 

yechimlari sistemasini tashkil qiladi, c¡ noma’íurn fimksiyalar esa 

quyidagi и - la c' noma’lumiarga nisbatan chiziqli algebraiic 

tenglamalar sistemasidan topiladi.

c > ,+  c 'j;2+ ...+  O'

o,

Sistemaning determinanti, >’(x) fiindamental yechimlar

sistemasi noidan farqli bo‘lgan holda, Vronskiy detenninanti 

bo‘ladi. ((11.36) ga qarang). Shuning uchun (11.39) sistema

= ko‘rinishdagi yagona yechimga ega. Bu birinchi

tartibli differensial tenglamani integrallab, c. (x) = (p¡ ni 

topamiz.

Shunday qilib, (11.34) tenglamaning y* xususiy yechimi 

quyidagicha bo‘iadi.

= y\\<Pi {x)dx + j (pi {Adx + {x)dx. (11.40)

1-eslatma. (11.40) formuladan iníegrallami topishda n ta 

ixtiyoriy o'zgarmaslar paydo bo‘ladi. Ulami nolga teng deb 
hisoblash mumkin.

3-misoi. Quyidagi tenglamaning umumiy yechimini toping.

7 ’ - 2 / - y  + 2 j = - ^ .  (1)
e +l

► (1) tenglamaga mos, bir jinsli tenglamaning umumiy 
yechimi quyidagicha bo'ladi.

y = c¡e'" + Cje“-" + .

(1-misoiga qarang.) (1) tenglamaning umumiy yechimini 

topish uchun, Lagranj usulida uning y^ xususiy yechimini 

topamiz. (11.38) forrnulaga asosan quyidagiga ega bo‘lamiz.
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y* = Cj (x)e'' + Cj [x)e + C3 (x)e^''.

(11.39) sistema bizning misolimizda quyidagi ko‘rinisiida 

bo‘ladi.

c,V+c;e-"+c;e--*=0,

cy-c'̂ e-U-Ic'̂ e^^ =0, (2)

qe* + c'£?--" + = e / (e" +1) .

Buning determinanti JV — -6e^'̂ ^0 (1-misolga qarang). (2) 

sistemani Kramer usuli bilan yechib, quyidagilami topamiz.

1 1
2 e" + r  6 e" + r  3e" + l ’

(3) ifodani integrallab, quyidagilami hosil qilamiz (1- 
eslatmaga qarang).

'2
. 1 ê dx

1 ê’‘dx 1 |-e'W(e") i ■ 

e'+i 'eJ e'+l e' +1

C3=-

_2_

“ 3

1 dx

3 J e * + l  3 

d[e  ̂+ l) 

e" + l

--- —dx = -
e^ + l  3

6

1- -

----(?■' 4 + 1 )

ê  + ]
dx =

X —

(1) tenglamaning xususiy yechimini yozamiz.

y* = - - e" In (e" +1) + - g-"' - e"" - e== + In {e" +1) + - (x - In (e" + l))

= — e --+ -xe +
12 6 3 6 2 3

3

ln (e"+ l)'

(1) tenglamaning umumiy yechimi quyidagi ko‘rinishda 

boiadi.

y = y + y* = c,e" + + 036̂ " + ̂ (4xe^* + e* - 2) + ̂ (e‘" - 2e'")ln(e’' +1)
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2-eslatma. (11.35) tenglamaning fimdamental echimlar 
sistemasini topish usullari mavjud emas. Shuning uchun umumiy 

holda (11.34) tenglamaning y* xususiy yechimini topish 

mumkin emas, demak uning umumiy yechimini ham topish 
mumkin emas. (11.34) tenglamani yechimining boshqa usollari 
m^avjud emas. Faqat xususiy holda, (11.34) tenglamaning barcha

(x) koeffitsientlari o‘zgarmas sonlar boiganda, (11.34)

tenglamaning lundamentai yechimlari sistemasini va umumiy 

yechimini topish usuli mavjud.

O ‘zgarmas koeffitsientli chiziqli differensial tenglamalar

(11.34) va (11.35) tenglamalarga aj.(x) = p. = const g R ni 

qo'yamiz. U holda mos ravishda quyidagilarga ega bo'lamiz.

/» ) +-+Pn-xy' + Pny = f{x )- (11.41)

y” + + p^y^”'"'̂  +... + p^_,y’ + p^y = Q.{llA2)

(11.42) tenglamaning fundamental echimlar sistemasini, faqat 

aigebraik usullardan foydalanib, quyidagicha topish mumkin.

(11.42) tenglamaning xarakteristik tenglamasi deb ataluvchi 
quyidagi aigebraik tenglamani tuzamiz.

2" + + p̂ X"-̂ - +... + p„_,x + p„ =0 . (11.43)

Bu tenglama n ta ildizga ega boiib, bular orasida oddiy va 

karrali haqiqiy ildizlar, shuningdek qo‘shma-kompleks (oddiy va 

karrali) ildizlar ham boiishi mumkin.

Agar (11.43) harakteristik tenglamaning barcha ildizlari 

haqiqiy va oddiy boisa, u holda (11.42) tenglamaning quyidagi 

fundamental yechimlar sistemasini hosil qilamiz.

(11.44)

Maiumki, (11.43) harakteristik tenglamasining har bir k 

karrali ildiziga (11.42) tenglamaning quyidagi ko‘rinishidagi, 

chiziqli boimagan yechimlari mos keladi.

J., J , =xe^^...,y, (11.45)
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(11.43) harakteristik tenglamaning m karrali qo‘shma- 

kompleksi har bir a±/3. juft ildizga quyidagi ko‘rinishdagi

(11.42) tenglamaning o‘zaro chiziqli bogiiq boimagan 2m 

teng yechimlari mos keladi.

= e“* cos ¡3x, fix,

^3 = xe"’' cos ¡3x, y^ = xe“"" sin f3x,

= x̂ e""" cos ¡3x, ^5 = x^e“"" sin fix, ^

cos J3x, = x“ 'e“  sin fix. 

Yuqoridagilami umumlashtirib, quyidagiga ega bo‘lamiz.
(11.43) ning harakteristik tenglamasining ildiziga bir jinsli (11.42) 

tenglamanmg, ixtiyoriy koeffitsientlar bilan chiziqli kombinatsiya 

(11.37) formulaga asosan, (11.42) tenglamaning umumiy 
yechimini beruvchi, fundamental yechimlar sistemasini hosil 

qiluvchi, n ta chiziqli bogiiq bo‘lmagan yechimi mos keladi.

4-misol. 0 ‘zgarmas koefGtsientli 4-tartibli bir jinsli chiziqli 

tenglamaning umumiy yechimini toping.

-167 = 0.

► Berilgan tenglamaning harakteristik tenglamasini tuzamiz 
va uning iidizlarini topamiz.

r~ 1 6  = 0, (1 "- 4 )(a '+ 4 ) = 0, A '= 4 , ^-± 2,*

^ 4 = ±2i 2 tasi haqiqiy va 2 tasi qo‘shma-kompleksli, 4 ta ildizni

hosil qildik (̂ a = 0 ,fi = 2j boigan (11.44) - (11.46) xususiy

yechimlami e’tiborga olib, quyidagi undamental yecliimlar 
sistemasini hosil qilamiz:

y, = >̂3 = e^ '̂coslx = cos2x, y  ̂= e®"" sin2x = sin 2x

(11.37) formulaga asosan, berilgan tenglamaning umumiy 
yechimi quyidagi ko‘rinishga ega boiadi.

y = + C3 cos2x + sin 2x . <
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Agar (J1.42) tenglamada n — 2 bo‘lsa, u holda o'zgrmas 

koeffitsientli 2 tartibli bir jinsli chiziqli dijferensial tenglamani 

hosil qilamiz.

У” + р У  + Р2У = 0- 01-47)

Uning xarakteristik tenglamasi

Г- + рЛ  + г/ = 0 . (11,48)

ko‘rinishda bo‘ldi.
Bu tenglamaning ildizlari quyidagicha bo‘iishi murakin.

a) haqiqiy va turli;

b) haqiqiy va o‘zaro teng: Л, = ̂ 2 = ̂

v) qo‘shma kompleksii: Л̂ 2 =о:± f i i .

Ularga (11.47) tenglamaning quyidagi fundamental yechimlar 

sistemasi va umumiy yechimlar mos keladi.

\.y,-= = qe'’" + ;

2 . y, =  У2 =  ;

3. уу = cos fix, sin fix, у = e“  (c¡ cos fix + sin fix) ■

5-misol« Quyidagi tenglamalarning umumiy yechimini

toping.

a) y "- l5 / + 26y--=0;

b) y'’ + 6y' + 9y = 0; 

v) j / - 2 y  + 10j; = 0.

Har bir tenglama uchun xarakteristik tenglamasini tuzamiz 

va uning iidizlarini, iundamental yechimlar sistemasini va 

umumiy yechimlarini topamiz.

a). -15Л + 26 = 0, ;!,, = 2, = 13,

>2

= c¡ê '' +С2в̂ ^\
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6) /IV6/1 + 9-0,

y = e~^^{c^+c2x). 

e) A" -2Ji^+lQ = 0, ^̂ 2 = 1 ±3z

= e' cos 3x, y  ̂= e"" sin 3x. 

y-e '‘ {ĉ  cos 3x + Cj sin 3x). <

Shunday qilib, o‘zgarmas koeffitsientii chiziqli tenglamalami 
yechish uchun quyidagilar zarurdir;

1. mos fundamental yechimlar sistemasini topish;

2. bir jinsli (11.42) tenglamaning y umumiy yechimini 

tuzish;

3. Lagranj usuli bo‘yicha (11.41) tenglamaning y  

xususiy yechimini topish;

4. y  = y + y *  formula bo‘yicha (11.41) tenglamaning y 

umumiy yechimini hosil qilish;
Turli injenerlik masalalarini yechishda (11.41) tenglamaning

/ ( * )  o‘ng qismi ko‘p hollarda quyidagi maxsus ko‘rinishga ega 

bo‘ladi.

/  (x) = e“ ( (x) cos bx + (x)sindx), (11.49)

bu yerda Qs{^} ~ mos ravishda r \a s darajali

ko‘phadlar. a,b - biror o‘zgarmas soniar / ( ^ )  funksiyaning 

xususiy hollari quyidagicha bo‘iadi.

/ W  =  P^(x)e“ (6 = 0); (11.50) 

/ (x )= / j(x )c o s /)x + i2 s (^ )sm i)x (a  = 0), (11.51)

/ (x) = e“  (yi coshx + B smbx)[^A = const, B - const). (11.52) 

/(x ) = Acosbx + Bsmbx(a = 0, (x) = A, Q{x) = i? ): (11.53)

254



f{ x )  = P^(x) = PXx) (a = o , Z> = 0). (1 Î .54)

Bu hoilaming barchasida, shuningdek, umumiy holda 

((11,49) formulaga qarang), (11.41) tenglamaning xususiy 

yechimi, bu o‘ng qismlaming tazilishiga ajman o‘xshashligi

isbotlangan. Umumiy ho! uchun f  {x) fiinksiyaning ko‘rimshi 

quyidagicha bo‘ladi.

J *  = {Pm (x) COS fix + (x) sin , (11.55)

bu yerda Pm{x), (x )- w  = m ax(r,.ç) darajali

ko‘phadlar; k (11.43) z = a  + ¡3¡ -- songa mos keluvchi 

xarakteristik tenglamaning ildiziari soniga teng.

Shunday qilib, agar À,.{i = l,n^ ildizlar orasida Z  son 

bo‘lmasa, k = Q agar Z  bilan mos keluvcM bitta ildiz mavjud

bo‘Isa, k  =  \, agar Z  son bilan mos keluvchi ikki karrali ildiz

mavjud bo‘lsa, k — 2, va h.k. Bundan kelib chiqadiki, (11.55)

formulaga asosan, faqatgina Pm va Qm ko‘phadlaming

koeffitsientlarigina nomaium bo‘lgan, xususiy yechimning 

inzilishini birdaniga aniqlasli mumkin ekan. (11.44) tenglamaga 

y* yechimni va uning hosilalarini qo‘yib, o‘ag va chap 

tomonlarining o‘xshash koeffitsientlari ni tenglashtirib, shu 
nomaium kojeffitsientlami topish uchun yyetarliclia sondagi 

chiziqli aigebraik tenglamalami hosil qilamiz. Koeffitsienilami va 

y* ni bunday usuJda topish, aniqmas koejjitsientlar usuli deb 

ataladi. Bundan kelib chiqadiki, y * ning tuzilishini bilgan holda 

((11.55) fonnulaga qarang), tenglamani Lagranj usulida yechishda 
hosil bo‘luvchi integrallash amalini qoilamasdan, differensiallash 
va chiziqli tenglamalar sistemasini yechish kabi elementar amallar 
yordamida xususiy yechimni topish mumkin ekan,

6~misoi. Tenglamaning umumiy yechimini toping.

/"■ - 3 / = 9 x ^ (l)
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► Xarakteristik tenglamasini tuzamiz va uning ildizini, 
iundamental yechimlar sistemasini, bir jinsli tenglamaga mos 

keluvchi y umumiy yechimini topamiz.

Ä^-3Ä^=0, ä ^ (ä ^- 3 )  = 0, Äy=A^^O, 

y = c,+ CjX +  C3  \ßx +  .
(1) tenglamaning o‘ng tomoni, maxsus (11.54) xususiy 

holga tegishli, shuning uchun Z  = 0. Xarakteristik tenglamaning 

ikki karrali Ä^=A^=0 ildizlari, Z = 0 bilan ustma-ust tushadi,

bundan k = 2 ekanligi kelib chiqadi. (1) tenglamaning o‘ng 

tomoni ikkinchi darajali ko'phad boiganligi uchun (11.55) 

formulaga asosan, y* xususiy yechim quyidagi ko‘rimshga ega 

bo‘ladi:

y* - {̂Ax̂  + Bx + , 

y* lami (1) tenglamaga qo‘yib, ayniyat hosil qilamiz ( 

y * - (1) tenglamaning yechimi).

Bu yerda va keyinchalik hisoblash qulay boiishi uchun 

y*,y*',y*'',y*'",y* ^ ifo d a la m in g  har birmi alohida qator 

yozamiz va vertikal chiziqning chap tomoniga tenglamadagi 

ulaming oldida turgan koeffitsientlarni mos ravishda 
joylashtiramiz. Bu ifodalami koeffitsisntlarga ko‘paytirib, qo‘shib 

va o‘xshash hadlarai ixchamlab quyidagiga ega boiamiz:

0

0
-3

0
1

_y* = Ax + Bx" + cx , 

y*’ = AAx  ̂+ 3Bx'̂  + lx 

y*" = l2Ax^+6Bx + 2c, 

' ”̂ = 24Ax + 6B,y .

y * '’' =24 A^

-3 V*' = -36Ä^ -18Bx + 6c + 24A = 9x^
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Oxirgi ayniyatning o‘ng va chap tomonlaridagi x ning bir xil 

darajalari oldidagi koeffitsientlarini tenglab, A,B,C lami 

aniqlash uchun algebraik tenglamalar sistemasini hosil qilamiz:

-36^ = 9, 

-185-0, 

-6C + 24A = 0.

bu yerdan ^  = -1 / 4, 5  = 0, C = -1 

chiqadiki,

Bundan kelib

y'* = 1 .2- - x "- l 
V 4

(1) tenglamaning umumiy yechimi quyidagicha boiadi.

1 4 2 
---X - X

4

7-misol. Koshi masalasini eching

y''-7y' + 6y = {x-2)e\ J^(0) = 1, / ( 0 )  = 3.(1) 

^  Xarakteristik tenglamasi A^=l, A.^-6 yechimlarga ega, u 

holda y”-7y' + 6y = 0 bir jinsli tenglamaga mos keluvchi 

tenglamaning umumiy yechimi quyidagicha boiadi.

y = qe"’" + .

(1) tenglamaning o‘ng tomoni, (11.50) ko'rinishdagi 

maxsuslikka ega, bu yerda a - I ,  ^  = 0; (x) = x -2, r = 1. r

xarakteristik tenglamaning iidizi boiadi, u holda fc = l va (1) 

tenglamaning xususiy yechimi quyidagi formuladan topiladi.

y *-xe’'(Ax + B) . (2)

Endi, 6-misoldagi kabi, quyidagilami topamiz: 

y* = e^(Ax^+Bx)

y*' = e" (Ax  ̂+ Bx) + e" (2Ax + B) ,

y*" = e" (Ax  ̂+ (2A + B )x + b ) + (2Ax + 2A + B).

6

-7

1
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X

y*’ -7y*+6y* = e^ ({6A-1A + a) x^ + (6B-TB-UA + 2â + B + 2A)x7B + 2A + 2B^ = e^ (x-2)

Oxirgi ayniyatning ikkali tomomnini ^ 0  ga bo‘iib >oiboramiz 

va o‘ng va chap tomonlaridagi x ning bir xil darajalari oididagi 

koeffitsientlarini tenglab, quyidagiga ega boiamiz.

0 = 0,
-10^ = 1,

2A-5B = -2.

bu yerdan ,^ = -1/10, B - 9 125 , qujâdagi funksiya (1) 

tenglamaning umumiy yechimi boiadi.

y = y + y* = + e"‘

Koshi masalasini yechish uchuu y' ni topamiz. 

ÿ  =

1 2  9 '
----X + —  X

10 25

r 1 2 9 ^ 1 9 ^
---X +— X --X +

V 10 25 ; 5 25 J

Boshlangich shartlardan foydalanib, va C2 ixtiyoriy 

o‘zgarmaslaming qiymatiarini aniqlash uchun chiziqli 

tenglamalar sistemasini hosil qilamiz.

y (0) = q  + C2 = 1, (0) = Cj + 6C2 + 9 /25 = 3.

Bu yerdan Cj = 84 /125, C2 =41/125 lami topamiz.

Shunday qilib, berilgan boshlangich shartlami 

qanoatlantiruvi xususiy yechimning ko‘rinishi qu3ddagicha 

boiadi.
/ 1  n \

y
84 .  4 i 6x X 

■e + e +e
10 25

-X
125 125

(11.41) koiinishdagi chiziqli differensial tenglamalar uchun 

ma’nosi quyidagicha boigan, yechimlarning superpozitsiya 

prinsipi o‘rinlidir. Agar (11.41) tenglamada

/ ( x )  = / ( x )  + / 2(x) boiib, va y 2 (-^) lar o‘ng
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tomoni mos ravishda „/j (x ) va /2  ( ^ )  boigan quyidagi

(11.41) ko‘rinishdagi tenglamani >*1 va >"2 (-^)

tomoni mos ravishda va boigan quyidagi

(11.44) ko‘rinishdagi tenglamalarning yechimlari boisa,

^{«) + p^yin-^) + ^  y; . (11 .56)

/ )  + +... + = /^ ( ^ ) . (11 .57)

u holda y* = }\+y*2 funksiya o‘ng tomoni /(- ^) boigan

(11.41) tenglamaning yechimi boiadi.

/ i( x )  va funksiyalar ((11.49) ko‘rinishdagi faqat

turli turdagi (11.50)-(l 1.54)) maxsus ko‘rinishda boiish mumkin. 
ü  holda, har bir turdagiga qoilash mumkin boigan va aniqmas 
koeffitsientlar usiilida (11.56), (11.57) tenglamalarning xususiy 

yechimlarim topish imkonini beruvchi (11.55) ko‘rinishdagi 
xususiy yechimning tuzilishidan foydalanish mumkin. Shu bilan

birgalikda (.x) - maxsus ko'rinishda, f j  ( ^ )  esa maxsus 

ko‘rinishda boiasligi mumkin. Bunday hollarda, (11.41) 

tenglamaning xususiy yechimi }’ * ni, Lagranj usulidan 

foydalanib birdanig topish mumkin yoki ikkita bosqichga boiib, 

(11.56) tenglamani yechish uchun (11.55) ning tuzilishidan 
foydalanib, (11.57) tenglamani yechish uchun esa Lagranj 

usulidan foydalanib topish mumkin.
8-misol, Tenglamaning umumiy yechimini toping.

+ y = xsinx + cos2x, (1)

Maiumki, xarakteristik tenglamasi Á = i, /L ~ ~i

yechimlarga ega. U holda >''' + >’ = 0 bir jinsli teoremaning 

umumiy yechimi quyidagi funksiya bilan aniqlanadi.

7 = C,COSX + C2SinX.
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(!) tenglamaning o‘ng tomonini (11.51) va (11.53) 
ko‘rinishdagit maxsus turdagi ikkita fiinksiyaning yig‘indisi 
shaklida yozish mumkin:

(x) = xsinx, /2 (x) = cos2x . Shuning uchun (11.55)

ning tuzilishidan foydalanib, aniqmas koeffitsientlar usuH bilan

+ j; =  ji:sinx. (2)

tenglamaning y\ xususiy yechimini, va

y" + y = cos2x. (3)

tenglamaning y  ̂ xususiy yechimini topamiz. (2) tenglama

uchun a = 0, b = 1, z = i = , shuning uchun k  =  \ va.

y[ =x((vl\: + 5)cosx4-(cx + Z))smx^

6-misolda keltirilgan sxema bo'yicha A,B,C,D aniqmas 

koeffitsientiami hisoblaymiz.

Quyidagiga esa boiamiz:

yl = ( Ax^ + 5x^ cos X + (̂ cx̂  + Dx) sin x, 

y\ = (2^4x + 5 ) cos X - {Ax^ + Bx) sin x +

+(2cx + £))sinx + ̂ cx  ̂+£>xjcosx =

=  {cx  ̂+ 2 Ax +Dx 4- 5 ^ c o s x  + ^—Ax^ — Bx-? 

2cx+D)sinx,

y  = (2cx + 2 J +D ) cos X - (̂cx  ̂+ 2 Ax + Dx + i? j sin x +

+(-2Ax - 5 + 2c)sin X + (̂ -Ax~ -Bx + 2cx + d )  cos x,

yl' -i-y*=̂ (Ax̂  + Bx + 2cx + 2A + D — Ax  ̂—5x + 2cx + Z))cosx + 

+(Cx^ + Dx - Cx  ̂-2A x-D x~ B -2Ax -B + 2c)sin.x* = xsinx
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Oxirgi ayniyatda o‘ng va chap tomonlaridagi o‘xshash hadlar 

oididagi koeffiisientlarai tenglashtirib, A,B,C,D va y* lami 

loparniz:

xcosx 4c = 0,

cos X 2A + 2D = 0,

xsinx ~AA = \,

sinx -2B + 2c = Q,

bu yerdan A=^—l/A, 5  = 0, c = 0, D  = 1 /4 .

Bundan kelib chiqadiki,

Î 1 .
—  XCOSX +—smx

4 4

(3) tenglama uchun fl =  0, b =  2, z =  2z, shuning uchun 

A: = 0 va

- M  cos 2x  + N  sin 2 x .

Endi quyidagilami topamiz: 

y*2= M  cos 2x + N sin 2x,

= —2Msm2x + 2N cos 2x, 

y*2 = -AM cos 2x — 4N sin 2x.

y2 yl — ~-iM cos 2x — 3N sin 2x = cos 2x. 

bundan ko'rinib tuiibdiki, -3M = 1, -3iY = 0 , shuning 

uchun

1 
y2=--cos2x.

Natijada quyidagini hosil qilamiz:

y* = y\ + y2 =^x(sinx-xcosx)-^cos2x.

va berilgan (1) tenglamaning umumiy yechimi quyidagi 
formula bilan aniqlanadi.
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y — y + y* = Cj c0sx + c2sinx + “ x(sínx-xc0sx)-™c0s2x

. <

9-misol. Koshi masalasini yeching.

y '~ 2y  + 5 j = 3j;^+e%2x, j;(0) = 3/4, y ( 0) = 2 .( l)

► Avval berilgan tenglamaning umumiy yechimini topamiz: 

tenglamaga mos keluvchi - 2Á.+ 5 = 0 xarakteristik 

tenglamaning ildizlari Á^.;^=l±2г boiadi. y^-2y + 5y-0 bir

jinsli tenglamaning umumiy yechimi quyidagi funksiya bilan 
aniqlanadi.

y = e"‘ (cj eos 2x + C.2 sin2x ).

(1) Tenglamaning o‘ng tomoni ikkita fiinksiyaning 

yigindisi ko‘rinishidan iborat. Ulardan birinchisi (x) = Se"", 

maxsus turdagi (11.50) ga tegishli boiib, bu yerda 

(x) = 3, a = l, h = 0, z -1^ 2 boiadi. Shuniiig ucliun^ 

y" — 2y' + 5>̂  = Se"* tenglamaning xususiy yechimi quyidagi 

ko‘rinishga ega y¡ - Ae'' , bu yerda A quyidagi ayniyatdan

3 * 3
aniqlanadi. (A-2A + 5A) ^  Se""; bundan ^  , yl “  ^  ■

Ikkinchi, /2 (^) = e^tg2x íunksiya maxsuslikka ega emas va 

y "— 2y + 5y — e'‘tg2x tenglamaning y  xususiy yechimini

ixtiyoriy 0‘zgarmasni variatsiyalash usuli bilan izlash zarurdir 

(Lagranj usuli). (11.38) formulaga asosan, quyidagiga ega 
boiamiz.

y  = (cj (x) eos 2x + 6’2 (x) sin 2x ).

Bizning misolimizda, (11.39) ko'rinishdagi sistema ikkita 

tenglamadan tashkil topgan  ̂ = e ‘ cos2x, y  ̂~ sin2x j .
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cos Ix  + Cjé" sin 2x = 0,

(cos2x-2sin2x) + C2e'' (sin2x + 2cos2x) = e^tglx.

Sistemaning tenglamalarini ga qisqartirib, quyidagini hosil 
qiiaraiz.

c[ cos2x + c' sin2x = 0,

c[ (cos 2x - 2 sin 2x) + Cj (sin2x + 2 cos 2x) = tglx.

Oxirgi sistemaning determinanti (vronskiani) quyidagicha 
boiadi.

cos2x sin2x

cosx-2sin2x sin2x + 2cos2x 

Kramer formulasi bo‘yicha quyidagini topamiz.

W- = 2

c; = - 
' 2

0 sin2x 

ig2x sin2x + 2cos2x 

cos2x 0 

cos2x-2sin2x tglx

= ~“ Sin2x/'gx.

1
= “ Sin2x.

Topiigan tengiiklami integrallaymiz.

1 rs in '2 x .  ̂
c, = —  -----dx

2*' cos2x

Í '• 1 
-h— Í cos 2xdx = — In 

9 J A

2 ' cos2x

1

dx

2 cos2x
- +

(71
tg ---x

14 )
+—sin2x. 

4

Bundan quyidagi kelib chiqadi.

>̂ 2
Í ^ ( 7C ^

-In tg -- X
4\ u  j

1
COS 2x +—sin 2x cos 2x -

sin2xcos2x
1

= -e"ln 
4

tg
71
-- X
4

cos2x.
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Shunday qilib, berilgan (1) tengiamaning xususiy yechimi 
quyidagicha boiadi.

J* * * 3 Y l y t
y* = y, + y, = -î? + -e h). 

’ ^  4 4
tg

71
-- X
4

■cos2x =

3 + în tg
7̂1  ̂
--- X
4

c o s 2 j

Uning umimiiy yechimi esa quyidagi funksiya bilan 
aniqlanadi.

y = y + y*- (c, cos 2x + c’2 sin 2x) + -e'‘
4

3 + 1b tg
n
----X

v4 y
•cos2x

(2)
Koshi masalasini yechish uchun y(0) = 3/4, y'(0) = 2 

boshlangich shartlardan foydalanib, (2) umumiy yechimdagi c, 

va Cj ixtiyoriy o‘zgarmaslaming qiymatiarini hisoblaymiz. y' ni 

topamiz.

y' = é" (c, cos2x + Cj sin2x) + e  ̂(-2c, sin Ix  + 2cj cos2x) +

1
■v — e 

4

/
3 + ln

V
/

n
tg ----X -cos 2x +

4 J

cos2x
/  \ y \Ti: î ^

t g ---X ■cos--- X

V U  ; v 4  ;

-21n

♦
\

/ \
n

tg ----X •sin2x
u  y

y va y' lar uchun olingan ifodaiarga x = 0 qiymatni qo'yib, 

boshlangich shartlami e’tiborg oiib, quyidagilaarni hosiî qilaœiz. 

y(0) = 3/4 = q+3/4.

y (0 ) = 2 = 2c2+ 3/4- l/2 . 

bu yerdan Cj = 0, C2 = 7 / 4.

Natijada izlanayotgan xususiy 3̂ echim quyidagicha boiadi.
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( ir \
\

3 + 7sin2x —In
TC
--- X •cos2x

\ U  ) ;

11.5. AT
1. Quyidagi ikkinchi tartibli bir jinsli chiziqli differensial 

tengiamalaming umumiy yechimlarini va iundamentlar 

yechimlari sistemasini toping.

a) /- 2 /- 4 > ’ = 0;

b) y" + 6y+9y = 0; 

v) y" -6y' + 18y = 0 .

(Javob: a) = ê* y- ;

b) =  xe-'"; y =  e"'" ( q  + c^x );

v) cos 3x, y2 = sin x; y = (q cos 3x + sin 3x).)

2. Quyidagi yuqori tartibli bir jinsli chiziqli differensial 
tengiamalaming umum yechimlarini va flmdamenial yechimlari 

sistemasini toping.

a) j '" - 5 /  + 16y-12>’ = 0;

/ h) / ^ - 8 y ”-7y = 0; 

v ) / - 6/ ' '  + 9j'" = 0; 

g ) / ^ - 3 / + 3 / " = 0 .

(Javob: a) cos2^/2x, >-3

y - Cjg"" + Ĉj cos2^/2x + Cj sinl^flxj; b)

y = c,e‘ +

c^e + c-̂e
-sPx+ ĉ er^ix ; v) J, ==], y^^x , Vз=x^ y^=e^\

J’s =
,3a: y=^ci+c2x + cjx^+{c^+c^x)-e^\ g)
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y¿ = sin ~^'> y = ̂ i+ + CjX̂  + ĉ x̂  +
( V3 . V3 ' 
c, cos— X + C, sm— x

Mustaqil ish
Quyidagi bir jinsli chiziqli differensial tenglamalarning 

umumiy yechimini va fundamental yechimlari sistemasini toping.

1. a) 3y" - 2 /  -8y = 0; b) v"' + 9/-=0 ;

{Javob: a) J  = ,

b) y = Cj + c, cos 3x + Cj sin 3x.)

2. a) y" - 6y’ + \3y = 0; b) y'^ - 8v’ ■+ 16y = 0.

{Javob:a) y = ê"‘{c¡c0s2x + c2sin2xy,

b) _y = (c. + C2x)e^̂  + (c3 + ĉ x)e~̂ ’‘ .)

3. a) 4j;"'-8y + 5;; = 0 ;b) j ' ”- 3 /  + 3 /- > ’ = 0.
/

X . X
c, COS— (-c't sm— 

’  2 ‘  2
{Javob: a) 3; = e

b) y-e"" (q  + CjX + Cjx)^.)

11.6. Auditoriya topshiriqlari
Quyidagi, bir jinsli boimagan tenglamalarning ko‘rsatilgan 

boshlangich shartlami qanoatlantiruvchi, xususiy yechimlarini 
toping. (Koshi masalasini yeching.)

1. f- 3 y ' + 2y = e^^(x^-x), 7 (0) = 1, >;(0) = -2 .

(Javob: y = 4[e^-e^^) + ̂ x ^  -2x + 2)e^ .̂)

2_ y - y  = -2x, j(0 ) = 0, y(0) = / (0 )  = 2

(Javob: y = é" - e“"" + jĉ ' )■

3_ y ^- y  = ?,e\ y'{Q) = Q, y (0 ) = l, 3^"(0) = 0
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(Javob: y — 2xe^ — + e "̂ + cos x + 2 sin x .)

^ y”-ly'+  2y = Ae'‘ cosx, y{7u) = Tie’' , y'[n:)-e’'

r y = e^((2x-7r-\)sinx-n:cosx)
(Javob: ^

g >‘" + 4y = 4(sin2x + cos2ji:), yi^Tv)-y î Tt) = 2Tr 

(Javob: y~37t cos 2x + ̂  sin x+(sin 2x - cos 2x).)

Mustaqil ish
Ko‘rsatilgan quyidagi tenglamalaming boshlangich 

shartlarni qanoatlantimvchi xususiy yechimlarim toping.

/- 2 2 y  = 2 e ',y (l) = -l, y ( l)  = 0

(Javob: y = — 2e  ̂+e + l.)

f  + 4y = X,>• (0) = 1, j '  (0) = ̂
2. 2 _

(Javob: у = ̂ x  + cos2x +
TT 1

3 /  + 6/+9j; = 10sinx,y(0) = -0,6,y(0) = 0,8 

(Javob: 7  = 0,8sinx-0,6cosx.)

11.7. Auditoriya topshiriqlari

Quyidagi berilgan bir jinsli boimagan chiziq differensial 
tenglamalaming har birining xususiy yechimini aniqlang va uning 

tuzilishini yozing.

y"- ^ ÿ + \6y=:e‘̂ '‘ (l-x)
X» •

/ - З У  = е'"-28х

2 >" + î6y = xsinx

4. y” + y" = 2x + e
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5. y '- 4 y  = 2cosMx

6. ~y = 3xe* + sinX 

y - 7 /  = ( x - if

g JF + y" = x̂ ' + 2x 

p  y '- 4 y  + 13j = e^''^x^cos3x + sin3xj 

19. / - / ' ^  = 2xe"-4_

Berilgan chiziqli tengiamalaming umumiy yechimini toping.

11. y  + 4y = cos^x

12. y" + 5y '+ 6y = + 6'̂ "̂

13. 4 y - > ' = x'~24x

14. y'" + y  = 6x + e‘  ̂

j 5  7 " + 4_y = 1 / sin^ X

16.

Mustaqil ish

1 y +  4y  + 43; = e'‘̂ ^bix

f 1 3
{Javob: y -  c, + c-,x + — x  ̂InX —  x^

I " 2 4
■)

X

« 2 .)

2, y +  3̂  + ciĝ ^x = 0 

{Javob: 7  = 2 + C[ cos X + C2 sin x + cos In

3  y - 2y  + j  = e"/(x"+ l)

{Javob: y = ê  |c, + Cj - In a/?+T + xarctg x j .)
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11.7. DÍFFERENSÍAL TENGLAMALAR SISTEMAS!

Quyidagi ko'rinishdagi sistema

y[ = f,(^,yx,y2,-,yn)

y2=fl{x,y\,y2

■>y„)

(11.58)

y'n=fn{x,yi,y2>-

(bu yerda x,yy,y2,...,y^ o‘zgaruvchili f¡(^i = í,n) fiinksiya 

(/z + l) o'ichamli biror D  soñada aniqlangan) .>\(x) ,

_}'’2(x),..., (x) nomaTum fixaksiyali n - ta birinchi tartibli

dijferensial tenglamalarning normal sistemasi deb ataladi.

(11.58) sisíemaga kiruvchi tenglamalar soni uning tartibi deb 

ataladi.

(11.58) sistemaning {a,b) oraliqdagi yechimi deb, ia,b)

oraliqda uzluksiz differensiallanuvchi va o‘zining hosilalar bilan
(11.58) sistemaning hai- bir tenglamasini ayniyaíga aylantiravchi

3"! - (x), 72 = >̂2 (^)^•••=3"« = (^) funksiyalar to‘plamiga

aytiladi.
Birinchi tartibli differensial tenglamalar sistemasi uchun 

Koshi masalasi quyidagicha ta ’riflanadi.
(11.58) sistemaning

y¡ M  = ym’ y2 (̂ 0 )  =  yio^-^y. (^ 'o )  =  J^«o • ( 1 1 - 5 9 )
bu yerda ŷ g, y2o,-,y^o - beriigan sonlar: x„G(a,b) 

boshlang'ich shartlami qanoatlantinivchi

>‘i = ^2 (x),-,yn = yn (^) yechimlari topilsin.

Quyidagi o‘rinÍidir.

Teorema. (Koshi masalasining mavjudligi va yagonaligi 

haqida).
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nuqtaning atrofida uzluksiz bo‘Isa va ^ ^ [ i  — l,n\ uzluksiz
dy,  ̂ >

xususiy hosilalarga ega bolsa, u holda har doim shunday

markazli integral topiladiki, (11.58) sistemaning (11.59) 

boshlang'ich shartlami qanoatlantimvchi yagona yechimi 
mavjud bo ladi.

(11.58) sistemaning umumiy yechimi deb, quyidagi 

boshlangich shartlami qanoatlantimvchi va n ta c ,̂c. ,̂...,c  ̂

ixtiyoriy o‘zgarmaslarga bogiiq boigan, n ta 

y. = q>. = \,n̂  funksiyalar to‘piamiga aytiladi.

1) (p¡ funksiya x,cj,c2,...,c„ o‘zgaravchihning biror

o‘zgarish sohasida aniqlangan va —— uzluksiz xususiy
dx

hosilalarga ega bo isa;

2) to‘plam c. ning ixtiyoriy qiymatlarida (11.58)

sistemaning yechimi bo isa;

3) Koshi teoremasi o‘rinli boiadigan c sohadagi har 

qanday (11.59) boshlangich shartlar uchun har doim 

C[o,C2o,—,c„o boshlangich shartlaming shunday* qiymatlari

topiladiki, ^,0 = ̂ ;(xo,c,(„C2o,...,c„o) tenglik o'rinli boidi.

(11.58) sistemaning xususiy yechimi deb, ixtiyoriy 
o‘zgarmaslaming biror xususiy qiymatlarida umumiy yechimdan 
olingan yechimga aytiladi.

(11.58) sistemani yechish usullaridan bin, uni yuqori tartibli 

bitta yoki bir necha differensial tenglamalami yechishga olib 
kelishdir. (Nomaiumni yo‘qotish usuli).

Yuqorida aytilganlaming barchasi, quyidagi ko‘rinishdagi,
(11.58) sistemaning hususiy holi boigan chiziqli differensial 
tenglamalar sistemasi uchun o‘rinlidir.

Agar f.(^i = ln }  funksiya (xo,yy<̂ ,y2Q,-,y„n)^D
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>>; = a,i (x) +fl,2 (x)>-2 + ... + (x)y^ + f, (x) 

y i =  « 2! ( ^ )  + «22  (^ ) .V 2 + -  + « 2» ( ^ )  J «  + / 2 .(11.60)

= ««1 (^)7 i^«2 (^) >2 + - + (^)>« +/« (^) 

bu yerda (x), jT (x)^l, j  = l,n j fiinksiyalar odatda, biror

(ci,b) oraliqda uzluksiz deb fiiraz qilinadi. Agar barcha 

(x) = 0 boisa, u holda (11.60) sistema bir jinsli, aks holda bir

jinsli ho'lmagan deyiladi. Agar a¡j(x) = const boisa, sistema

o ‘zgamias koeffitsientii chiziqli sistema deyiladi. Bunday 
sistemalami integrallashga imkon beruvchi usullar mavjuddir. 

Shulardan ikkitasini ko‘rib chiqamiz.

1. Xarakteristik tenglamasini tuzamiz.

'/

Uu *ln

a21 a22 -Á a.In
= 0. (11.61)

n̂\ ^nl

bu yerda a.. = const . Determinantni ochib chiqib, n ta

yechimga ega boigan (uiaming karraliklarini hisobga oigan 

holda), 2 ga nisbatan darajali, haqiqiy o'zgarmas koeffitsienli 

algebraik tenglamani hosil qilamiz. Shu bilan birgalikda qu>adagi 

holatlar boiishi mumkin.
1. (1L61) xarakteristik tenglamaning lidizlari turlicha va 

haqiqiy. Ulami deb belgilaymiz. Maiumki, har bir

A- (j. = 1, w j ildizga quyidagi ko'rinishdagi xususiy yechimlar mos 

keladi.

(11.62)

27!



bu yerda koeffitsientlai- quyidagi chiziqli

algebraik tenglamalar sistemasidan topiladi.

(«U - A ) « f  ̂ + - + «1««? = Q

+(¿̂ 22 — +•••+ ^ (1163)

+ «2 + - + - A- ) = O

Barcha (11.62) ko‘rinishdagi xususiy yechimlar fundamental 
yechimlar sistemasini tashkil qiladi,

Uy= const, /j(x ) = 0 bo‘lgan holda (11.60) sistemadan

olingan bir jinsli o‘zgarmas koeffitsientli tenglamaning umumiy 

yechimi, (11.62) yechimining chiziqli kombinatsiyasini tashkil 
etuvchi quyidagi fiinksiyalar to‘plamini ifodalaydi.

>■, =¿c,> 'í''' =c,«,"^^'+í^2«ÍV-' + ... + c.a í’>e '̂
!=1

y2 = +C2«f^e" ’̂‘ + ... + c„c!;.
/=1

yn = c,â ^e"-" + C 2 « f +. . .+

i=l

. (11.64)

bu yerda c¡ - ixtiyoriy o‘zgarmaslar.

1-misol. Bir jinsli sistemaning umumiy yechimini toping.

y[ = ̂ yi-y2 + y', ' 

y 'i^-yi + ̂ yi-ys

► Berilgan sistemaning xarakteristik ten 

3-Á -1 1 

-1 5-/1 -1

1 -1 3-1

glamasi 

= 0. (1 )
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y2 = C2ê "‘ -2c^e^\ 

y  ̂= -c,e^* + Cje’"" + ĉ ê \

2. (11.61) xarakteristik tenglamalari ildizlari

turlicha, ammo ular orasida kompleks ildiziar mavjud. Maiumki, 
bu holda (11.61) xarakteristik tenglamaning har bir juft qo‘shma - 

kompleks l,2=/l±z>9 ildizlariga juft xususiy yechim mos

keladi.

(11.65)
f l )  ( !)  (a+i/})x

y y ^ a y é  ,

(2) (2) (a-ip)x
y) ’ = a) , (11.66)

bu yerda X = X±i¡3 va A = 2^= X~ ifi lar uchun mos 

ravishda (11.63) sistemadan af^, koeffitsientlar aniqlanadi. 

â j\ koeffitsientlar, qoida bo‘yich, kompleks sonlardir,

ularga mos keluvchi ŷ j\ yj^ fiinksiyalar ega, kompleks

fiinksiyalardir. ŷ  ̂ va ŷ f̂  ñmksiyalaming mavhum va haqiqiy

qismlarini ajrutib va haqiqiy koeffitsientii chiziqh tenglamalar 
uchun yechimlarining mavhum qismi ham, haqiqiy qismi ham 
yechim ekanligidan foydalajiib, bir jinsli sisternaning xususiy 
haqiqiy juft yechimlarini hosil qilamiz.

2-misol. Sistemaning umumiy yechimini toping.

y 'i=-^y ,-^y i

(1) sistemaning xarakteristik tenglamasi

 ̂ =1^ + 12/1 + 37 = 0.
-2 -5-1

1,2 =-6 ±2 ildizlarg ega. (11.63) formulaga asosan, 

quyidagini hosil qilamiz:

(i)
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(-7-A)a, + «2 = 0 

-2a, + (-5 - x) «2 = 0

lami hisoblash uchun \ = —6 + i ildizga quyidagi

sistema mos keladi.

(-7-yî,)aW + aW = 0, 

-2«W + (-~5->ii)aW = o. a f  = \ + i-2aW + (l-/)aW =0.'

(11.65) formulaga asosan, quyidagi xususiy yechimini hosil 
qilamiz.

(cosx+ /sinx),

= « 2̂ ““"'̂ ’̂ = ( l- 2)ê '̂̂ '̂ '' = (cosx-sin+z(cosx + sinx)). (2) 

(Bvi yerda biz Eyler formulasidan foydalandik; 

=e“''(cos/?x + /siny0x) ) (2) yechimdan mavhum. va

haqiqiy qismlarini alohida olib, (1) sistemaning fundamental 
yechimlar sistemasini hosil qiluvchi, 2 ta haqiqiy ko‘rinishdagi 

yechimni hosil qilamiz.

 ̂ yf^ = e“*''cosx, y j = (cosx-sinx),

=0) =
y J = sin X ,  y 2 = er“®* ( cos x + sin x ) .

U holda (1) sistemaning umumiy yechimi quyidagi 

ko‘rinishda boiadi;

J, =ĉ y\'̂  +c^y^ =e (cjcosx + Cjsinx), 

yi ~̂ \.ŷ2 +^2yi ~ (̂ 1 (cosX - sinx) + ¿2 (cosx + sinx)).

(4)

Endi, A^=-6 — i ikkinchi ildizni foydalanish ortiqchadir, 

chuiiki yana (l)-(4) yechimlami olamiz. Bu mulohaza barcha bir 

jinsli chiziqli differensial tenglamalar uchun o‘rinlidir.

3. (11.61) xarakteristik tenglamaning ildizlari

orasida kanalari mavjud. Bu holda quyidagicha yo i tutamiz. 
Faraz qilaylik, À - (11.61) xarakteristik tenglamaning k - karrali 

ildizi boisin. U holda (11.60) sistemaning
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{a.j=const, f.{x^ = Q{i, j  = \,n)̂  k karrali ildiziga mos 

keluvchi yechimini quyidagi ko‘rinishda izlayiniz.

3̂1 = («10 + «11̂' + «̂ 12̂  + - +

3̂ 2= («20'
..k~\

^2r 2̂2'' 2̂k~\̂ )e“ .
(H.67)

a^.^i = l,f7, e = 0, k - l j  sonlami quyidagicha topamiz.

(11.67) dan y. fimksiyani va uning hosilasini a¡j va f¡{x) 

larga ko'rsatilgan cheklanishlarda dastlabki (11.60) sistemaga 

qo‘yamiz. So‘ngra (e^"‘ ^ 0  qisqartirganimizdan keyin) olingan 

tenglikni o‘ng va chap tomonlarida x ning bir xil darajalari 

oldidagi koeifitsientlarni tenglashtiramiz. 0 ‘tkazilgan 

protseduralar natijada barcha sonlardan ixtiyoriy o‘zgarmas 

sifatida qabul qilinuvchi k soni har doim erkin o‘zgaruvchi 

sifatida qoladi.
(11.61) xarakteristik tenglamaning oddiy (karrali boimagan) 

yechimlariga mos keluvchi fiindamental sistemaning yechimlari,

1 va 2 hollarda ko‘rsatilganday aniqlanadi. •
3-misol, Sistemaning umumiy yechimini toping.

3^i= 3̂ 2+3̂ 3.

3̂2 =̂ 3’l +3'2~3^3’

3̂ 3= 72+3̂ 3-
► (1) sistemaning xarakteristik tenglamasi 

- Á  1 1
1 l - A  -1

0 1 1 - A

= -(/1-1)'a = 0-

(i)

(2)
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(3)

ikki karrali 1, 2 = 1 va bir karraii Aj —0 ildizlarga ega.

(11,67) formulaga asosan, ikki karrali A,_2 = l ildizga quyidagi 

ko'rinishdagi yechim mos keladi.

=  ( « 1 0  + =  ( « 2 0  +

= {a,, +a,,) e \

a.^{i = l,3, e = 0,l) koeffitsientlar y\,y2,y3,y[,y2^y'3 l^r 

uchun olingan ifodalami (1) dastlabki sistemaga qo‘yishdan hosil 

boigan sistemadan aniqlanadi. s'" ^ 0  ga qisqartirilgandan so‘ng, 

quyidagiga ega boiamiz.

a,i + a,o + a,ix = + « 21̂  + «30 + « 31̂ »

«2, + «20 + <̂21̂  1̂0 + ̂ 11-̂' + ̂ 20 + ̂ 21  ̂“  ̂ 30 ~~

3̂1 + ̂ 30 + ̂ 31'̂  “  2̂0 + ̂ 21  ̂+ *̂30 +

0 ‘ng va chap tomonlaridagi x ning bir xil darajalari oldidagi 

koeffitsientiami tenglashtirib, quyidagi sistemani hosil qilamiz.

^10 ~ ^20 ^30’

«1, = «21 +*̂ 31’

^21 ^20 ~ ^10 ^20 “  ^^30!

«2, -«ii+«21-'^3.P 

a^, = «21 +«31̂

3̂1 *̂30 ~ 2̂0 *̂ 30’

bundan «20 = ^31 - ^ 11’ ^30 “  ‘̂ ’10 > ^21 ^ ekanligini 

topamiz. «JO va sonlarai ixtiyoriy parametrlar deb hisoblash 

mumkin. Ulami mos ravishda c, va Cj deb belgilaymiz. U holda 

(3) yechim quyidagi ko‘rinishda yoziladi.

= (q  + C2X) e", = (q  + c^x)e". (4)

(11.62) fomiulaga asosan, Â  = 0 ildizga quyidagi yechim 

mos keladi.
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y f> = i4 V '= « »  ^<’> = aSV -=af),(5) 

bu yerda ,af^ - sonlar quyidagi sisiemadan iopiladi

((11.63) sistemaga qarang).

Grf ̂ + «3̂^̂  = 0, 

af> +af> -af^ =0,

+ a «= 0 .

Uning yechimi quyidagicha boiadi.

--c^, Natijada ildizga mos

keluvchi (1) dastlabki sistemaning (5) ko'rinishdagi yechimi 

quyidagicha boiadi.

2Cj, y 2

bu yerda Cj - ixtiyoriy o‘zgarmas.

Dastlabki sistemaning umumiy yechimi 

ko‘rinishda yoziladi.

y I = + yi'^ = (cj + C2-x)e" + 2cj,

y3 ^ yi’’'̂  + y? = (̂ 1 + + î3-

Agar sistema bir jinsh boimasa, u holda bir jinsli sistemaga 
mos keluvchi (11.64) ko‘rinishdagi umumiy yechimni bilgan 
holda, dastlabki bir jinsli boimagan sistemaning umumiy 

yechimini (11.64) yechimdagi ixtiyoriy

o‘zgarmaslami variatsiyalash usuli bilan topish mumkin. Bu 
savolni toiaroq ko‘rib chiqamiz. Bir jinsli bo‘lmagan sistemaning 

yechimini c,,c2,...,c„ ixtiyoriy o‘zgarmaslami, ularga mos

keluvchi Cj (x),C2 (x),...,c^ (x) fonksiyalarga almashtirib, har

doim (11.64) ko‘rinishda yozamiz mumkinligi isbot qiliiigan. Bu 

fimksiyalar berilgan bir jinsli boimagan sistemalar yordamida 

quyidagicha aniqlanadi. Berilgan sistemaga

yf'=-

quyidagicha
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y¡,y2^->yñ laming ifodalari qo‘yüadi va 

c¡'(x), Cj (x),...,c' (x) larga nisbatan, yechimi har doim mavjud 

va quyidagi ko‘rinishda tasvirlash mumkin boigan:

c¡ (x) = <p, (x), c; (x) = ̂ 2 ( x ) , ( x )  = % (x) .

bu yerda (x )(/= l,n j - maium fiinksiyalar, n ta

algebraik tenglamadan iborat chiziqli tenglamalar sistemasi hosil 
qilinadi. Bu tengiiklami integrallab quyidagilami topamiz.

c^{x) = ̂ (p^{x)dx + c. 

bu yerda c - ixtiyoriy o‘zgarmas.

(11.64) yechimga c¡= const lar o‘miga topilgan c¿(x)

laming qiymatlarini qo‘yib, bir jinsli bo‘lmagan tenglamalar 
sistemasining um*umiy yechimini hosil qilamiz.

4“mlso!. Koshi masalasini yeching.

y[^Ayy-5y2+4x + \

y,{Q )^l,y ,{Q )^7 . y (1)

y’i^yx- '^y i + x.

► Awal, bir jinsli- sistemaga mos keluvchi umumiy
yechimni topamiz.

y [=4y ,~ 5y^ '

Uning xarakteristik tenglamasining ildizlari:

= -1, ^2 = 3 umumiy yechimi esa quyidagi ko‘rinishda 

izlaymiz (1 holga qarang):

y,=c,e~^- + 5ĉ ê \

~y
_y2=c,e -fCje .

(3) yechimda c¡ va lami Cj(x) va C2(x) nomáium 

íunlísiyalar deb hisoblaymiz (o‘zgarmasni variatsiyalash usulini

(2)

279



ma’tiosi ham shunda), va ŷ  larni (I) dastlabki sistemaning 

yechimlari boisin deb talab qilamiz va quyidagilami topamiz. 

yl = c; (x)e“" - c, ( x ) + 5^ ( x ) + ISc  ̂(x)e^^,

= c;(x)e~  ̂-c, (x)e-" +4 (x)e'" +3cj (x)e^\

(1) sistemaga >',,>'2, yi,y2 uchun olingan ifodalami

qo‘yamizyu. 0 ‘xshash hadkmi ihchamlab, quyidagi sistemani 
hosil qilamiz;

c;(x)e-^ +5c^(x)e^^ =4x + l,' 

c,'(x)e-"+c^x)e'"=x. 

bundan,

c;(x) = ̂ (x- l)e", c^x) = ̂ (3x + l)e-'".

Oxirgi tenglikni integrallab, quyidagiga ega boiamiz.

= c,(x) = - ^(3x  + 2)e-'-̂ +C2.

Cj (x ) va C2(x) larni (3) tenglikdagi va ¿"2 laming

o‘miga qo‘yib, dastlabki (I) bir jinsli boimagan sistemaning 
umumiy yechimini topamiz.

^  (x - 2) - ̂ (3 x  + 2),

y, =c,e-̂ +c,ê  ̂+ l(x-2)-^(3x+2)

Boshlangich shartiardan foydalanib, c, va Cj 0‘zgamiaslami

topish uchun quyidagi sistemadan

l=c,+5cj-l/2-5/6'

2 = c,+C2-1/2-1/6 J

c, =11 /4 , €2 = —1/12 qiymatlami hosil qilamiz. Shunday 

qilib, Koshi masalasining yechimi quyidagi ko‘riaishda 

aniqlanadi.

4 12 4 ''  ̂ 12  ̂ ^
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V, =  -  g-" -  J - e ' "  +  -  ( x  -  2 )  -  -i- ( 3 x  + 2 )  ■ ^

4  12  4 '^  ^ 1 2 ^  ’

II. (11.60) sisiemaning integrallashning ikkinchi usuli
(пота lumlarni yo 'qotish usuli) quyidagilardan iborat. Ba’zi

shartlami bajarishda, bittadan boshqa, masalan y, dan boshqa,

barcha noma’lum funksiyalami yo‘qotish mumkin va yi{x)

uchun bitta n - tartibli (agar (11.60) sistemada const

boisa) o‘zgarraas koeffitsientli bir jinsli boimagan chiziqli 
differensial tenglama hosii qilish mumkin. Uni echib, qolgan

barcha У2 {x),...,y„ (x) nomaium funksiyalami differensiallash

amali yordamida topamiz. Bu quyidagicha bajariladi. (11.60) 

sistemaning ( щ. = const deb hisoblaymiz). Birinchi

tenglamasining har ikkala tomonini x bo‘yicha 

differensiallaymiz. So‘ngra y ',7 ' , . . . , /  laming oiniga (П.60) 

sistemadan ulaming qiymatiarini qo'yamiz va quyidagini hosil 

qilamiz.

+«1272+- + «1,X +/1{х) = Ь{У1,У2,-;Уп)^ р2{х)  ̂(11.68)

bu yerda 4 (>’р>’25- » л ) Ух,У2^Уг’-^Уп ftmksiyalaming

o‘zgarmas koeffïtsientlar bilan maium chiziqli kombinatsiyani,

K (x ) esa /,(x ), va fl{x) fimksiyalaming

chiziqli kombinatsiyasini ifodalaydi. (11.68) tenglamaning ikkala 
tomonini X bo‘>àcha differensiallab, yana bir jinsli boimagan 
chiziqli tenglamani hosil qilamiz.

Bu jarayonni davom eitirib, quyidagini topamiz.

Natijada, и — ta tenglamadan iborat sistemani hosil qilamiz.
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y¡ = «.л  +«12^2 +-+«1„л + f l (^). 

У 1 = ^ 2 { У ^ У 2 ’ - ’ Уп) + М ^ ) ’ (11.69)

= A,-l (л . >2 ̂ ••■> Л ) + ̂ „-1 (х),

(11.69) sistemaning birinchi n - í tenglamasini, У2,Уз,—,Уп 

iunksiyalarga nisbatan yechib olamiz (bu qoida bo‘yicha 

roumldn). Ko‘rinib turibdiki, bu fimksiyalar

lar orqali ifodalanadi.

yz=(p2{^^yvy'vy”v - ^ /"^%  

У,=(Р,(,х,у„ у1,у^...,у1''-'̂ У (11.70)

Уп=̂ я {х,У1,у1,У1,-,уГ  )■

(11.70) sistemadan у2,у^,,...,у„ ifodalami (11.69)

tenglamalar sistemasining oxirgi tenglamasiga qo'yib, n - tartibli 
o‘zgarmas koeffitsientli, bir jinsli bo‘hnagan chiziqli differensial 
tenglamaga kelamiz.

= F(^x,y^,y[,y¡,...,y\'‘~'̂ Y

Buning umumiy yechimi maium metodlar yordamida 

aniqlanadi (§ 11.5 ga qarang).

y,=y/,(x,c„c2,...,c„).{\l.ll)

Oxirgi ifodani x bo'yicha n - l marta differensiallab,

у[,у[,--;У̂ \ hosilalami topamiz. Ulami (11.70) sistemga

qo‘yamiz va (11.71) funksiya bilan birgalikda dastlabki 
sistemaning umumiy yechimini topamiz.

У2^^2 (х ,С,,С2,...,С„),
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0 )

(J i ,71)"(11.72) sistemalami va beriigan boshlangich 
shartlarni e’tiborga oigan holda, Koshi masalasini yechish uchun

ixtiyoriy 0‘zgamiaslami topamiz va ulami (11.71)-

(11.72) sistemalarga qo‘yamiz.
5-misoL Nomaiumlami yo‘qotish usuli bilan quyidagi 

sistemaning

y'3=^yi~y2+^y3-  ̂

y ,(0 ) = 0,34, >.,(0) = -0,16; y,{0) = 0 ,n  (2)

Boshlangich shartlarini qanoatlantimvchi umumiy va 
xususiy yechimlami toping.

^  (1) sistemaning birinchi tenglamasini x bo'yicha 

differensiallaymiz va y[,y2,y'i lar o‘miga uiaming shu 

sistemadagi ifodalarini qo‘yamiz.

y ¡  = 3>-; - y  + y  + e" = 3 ( 3 y ,  -  + e") - (y , + y , + .>̂3 “  ̂ ) + 

+4ŷ  - + 4>’3 + e"" = 12 J, - Sy  ̂+ 6y  ̂+ 4e"‘ + x . 

y” ni X bo‘yicha differensiallab va yana y¡,y2,y¡ lami 

uiaming (1) sistemadagi ifodalari bilan almashtirib, quyidagini 
hosil qilamiz.

12 ĵ i - 5^; + 6,y' + 4e" +1 = 12 (b>>, - + 3 ^3 + e"") ~ 5 (.Vi + ̂ 2  + .V3 - x) +

+6(4/, +4j 3) + 4e'‘ -X = 55j, -23^2 +313̂ 3 + 16e" + 6x. 

Bu holda (11.69) sistema quyidagi ko'rinishga ega boiadi.

y¡ = 3y,-y2+y3+e\

y¡ = 12>-, - 5>'2 + 6̂ 3 + 4e  ̂+ X, 

y"'— 55ĵ | ~ 23_y2 “*■ 3 ly^ +16ŝ  + 6x.

Birinchi 2 ta tenglamadan va ŷ  lami topamiz.

yi = y¡-^y'. + - x,

y3=y"-5y[ + iy,+e^-x.
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va Уз ifodalami (3) sistemadagi uchinchi tenglamaga 

qo‘yamiz.

55y, - 23 (y; - 6y; + 6У1 + 2ê ' - x) + 31 (yf- 5y; + 3y, + - x) +

-fiée"" + 6x = 8y"—17y[ + lOy^ + e* — 2x.

Quyidagi 3-tartibli o‘zgarmas koeffitsientini bir jinsli 
boimagan chiziqli tenglamani hosil qilamiz:

- lOy, = - 2x. (5)

Uni maium usulda yechamiz (§ 11.5 ga qarang). 

Xarakteristik tenglamasini tuzamiz.

1^-8ДЧ17Д-10 = 0 .(6)

Buning yechimlari ^¡=1, ^ = 2 , Л̂  = 5 boiadi. (5) 

tenglamaga mos keluvchi bir jinsli tenglamaning umumiy yechimi 

yj quyidagi ko‘rinishda boiadi.

yj = .

(5) tenglamaning o‘ng tomoni (11.50) va (11.51) maxsus 
koiinishdagi 2 ta fuîiksiyaning yigindisidan iborat.

/ ( x )  = /,(x ) + / 2(x), f ,(x ) = e\ f^{x) = -2x, f,{x) = e\

uchun Z  = 1 , ya’ni = 1 ildiz bilan ustma-ust tushadi, 

shuning uchun k=\. f^{x^ — -~lx uchun Z  = l*va y (6) 

xarakteristik tenglama ildizlari orasida yo‘q, shuning uchun k = 0

Shunday qilib, (5) tenglamaning xususiy yechimi y* ni 

quyidagi ko‘rinishda izlash kerak.

y* = Axe"" + Bx + c.

bu yerda A,B,C noaniq son aniqmas koeffitsientlaî' usuli 

yordamida topiladi. У* ,У1*’,У)*" lami aniqlab, y* bilan birgalikda 

(5) tenglamaga qo‘yamiz va quyidagiga ega boiamiz.

y* = Ae"" + Axe  ̂+ B, y¡' = 2Ae^ + Axe^,

y* = 3Ae"‘ + Axe^,
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+ Axe  ̂- 8(2Ae’‘ + Axe^) + \l[Ae^ + Axe^ +B)- 

lOi^Axe'  ̂+ Bx + c) = e'‘ - 2x,

4Ae" +11B - 105x - 10c - e" - 2x,

AA==\, -105 = ~2, 175- 10c = 0,

bu yerdan ^  = 1/4, 5  = 1/5, c = 17/50.

Shunday qilib,

. 1 , 1  17
V, = —xe +-X + — .

4 5 50 

(5) tenglamaning umumiy yechimi quvidagi formuladan 

topiladi.

y ,=y ,+  + c,ê -‘ + -xe"" + -x + --.I 2 ’ 4 5 50

y[,y" hosilalami topamiz va ulami (4) tenglikka qo‘yamiz:

j/'j — C[<î  + 2c^e * + 5c^s  ̂ ’

y  = + 4c2Ĉ  ̂+ 25c +-̂ e"‘ +^xe\

y, =c,e‘ +4c,c'‘ + 25c.ê'' + -e'‘+—xe'‘-6(cfe‘ + 2ĉê‘‘ + 5c,ê‘' +—e'‘+—xe‘ + - 
^  " ’ 2 4  1,  ̂ 4 4 5)

+6
V

2x 5. 1 . 1 17^ c,e-" + c,e 4- c,e + - xe + -- x + —
'  ̂  ̂ 4 5 5o;

+

- X = c,e" - 2c2c'" + c,e'^ - c" + -xc" + -x + .
‘  ̂ 4 5 25

1 1 / 2 J
y. - c, e‘ + 4c,ê ' + 25c,ê ' + - «"■' +—jce'" - 5 c,e' 4 2c2Ĉ' + Scjĉ-' + - e' + - :ce'

2 4  ̂ A A

+3

J-x , „5j:

1 . 1 17
-xe --I--X4-
4 5 50

--xe"-
2

4 4 ~5

4 4 

+ e-' - X =

1

5 50
Shunday qilib, (1) sistemaning umumiy yechimi topiladi.
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2r 7v i V i
y. = qe + ĉ e -f ae- + - xe'' + -' jc -f-— ,
’ ’ ‘ ' 4  5 50

>’2 = c,g'' - 2c2e‘  ̂+ - e"" + - jcê  + - X + — . 
^  ‘  ̂ 4 5 25'

X ^ 2x ^ 5x i X i  X 2 21
y, =-c,e -ic,e +3c,e +—e + — xe — x---,

‘ ' 4 4 5 50

Koshi masalasini yechish uchim boshlangich shartlardan

foydaianamiz. c,,c2,c, ixtiyoriy o‘zgarmaslami aniqiash uchun

quyidagi sistemani hosil qilamiz.
17
—  =  Cj +  C2 +  C3 +
50

IZ
50’

4 _ , 2 1
- ^  = c,-2c2+C3-1 + — ,

27 . . a i l
-- = -c, -3c, +3c, +- + — .
100 ‘ " ' 4 50

Bundan c, = 0, Cj = 0, C3 = 0.

Izlanayotgan xususiy yechim quyidagi ko‘rinishga ega

boiadi.
1 , 1  17

y, =  —xe + - X  + — , 
‘ 4 5 50

1 , , 6 21 
y, =—xe —e + —x + — , 
^  4 5 25

1 1
y3 = — xe + — e -- x +

_1_

50'

11.8. AT
1. Nomaiumlarni yo‘qotish usulidan foydianmasdan, 

quyidagi bir jinsli tenglamalar sistemasining umumiy yechimini 

toping.

y\^~’̂ yx+yi, b 'i = .yi-3>2.

y '^ ^- ly S y ^ ,

{Javob:

b)
y'l = 3v-j + J 2;

V) \ y'i = y\+y2~yi,

y3^2y-y2 .
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a) y, cosx+ C2 sinx), yy=e^"‘{(^c^+c^)co&x-{ci-c.^)5mxy,

b) J, =e''(cj sin3x + Cj cos3x); y2 = e*(cisin3x - c2cos3x); 

v) j j  = Cjg"' + c-ê  ̂+ V2 = Cje* — ,

J 3 =c,e"4-c2e""-5c3e“".)

2. Quyidagi har bir tenglamalar sistemasining umumiy
yechimini nomaiumlarni yo‘qotish usuli bilan toping.

' y[ = 5y^+2y,-?,y„ 
y[ = 5y,+5y.^~Ay„ 
y',=6y, +4y^-4y,.

a) k  = -5>',+2j,+e\ I,) b;-3.y,-2;;,_H-x,

y'l =yi + 6y,+e \ J2=3>V“4j ,;

(Javob: a) =c,e~̂ ^+c,e-’̂
40

2 5
b) V = 2c,ê '* + — x-- , v, =c,<

" 3 18 ’
+3c,e - ~ x  - - 1__

2 12’

v )  >>, = c ,e *  +c,e^'"‘ = c ,e " ' + 2 c3e^*; j ^3 =  2c,e"‘ + ^ 2 « ^ '  +2c,e^""-)

3. Quyidagi differensial tenglamalar uchun, Koshi 
masalasini yeching.

h'i=y2^

“ J2 = (0) = J2 (0) = ĵ 3 (0) = 1;

_Js

>i=>'2+J'3.

2̂ = Ji + yŝ  Ji (0) = “1. :>'2 (0) =!, >-3 (0) = 0-

/3 = Ji+;"2-

(Javob: a) ,y, = y^^y^=  e"; b) = e'", J 3 = 0 .)

Miistaqii isli
Differensial tenglamalar sistemasining umumiy yechimini 

toping.

yl = y2+tg^x~l,

1 I y'2=-yi+tgx.
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{Javob:

y-^-c^cosx + c^siax + tgx, ^ —c^sinx + c^cosx + l

3^1=7i “ J2>

y  = >’i+:î 2+e-\

y\ “ ((ci cosx + c, sinx-

2.

^ —̂ L̂.j t/uo-v-rx-2 ~ (̂ i —C2C0Sx)i?̂ ) ^

3.

/¡=̂ 1+3̂ 2-cosx,

y [  = -2 J,' - + sin X  +  COS X.

{Javob:

=C| COSX + CjSinX-XCOSX, ^2 = (c 2 - q )cO S .T - (c , + c2 )sm x  + x (c0 sx  + s inx )- )

11.8.11 BOBGA INDiVIDUAL UY VAZIFALARI 

IUT-11.1.
Differensial tenglamaning umumiy yechimi (umumiy 

integral) ni toping.

1. 

1.1. e^^'^dy^xdx. e^y^:=3{c-xe-^-e-^).)

1.2. y '^^^^y^y .{Javob:]ny:^^c*tg{x/2).)

In COSJ — x-x  +c
.)1.3. y' = (ix- ljc tgy  . {Javob:

1.4. sec^xtgydy + s,QC~ ytgxdy = 0. {Javob: ^ ”  ̂ Sŷ Ŝ .)

. _ (l + e'')y£fy-e’'d!c = 0 ? i»-' \
1.5. .{Javob: —e~̂ (y + l) = \p--- fc-)

•' ê  + 1

(y  + 3 ) d x - — ydy =  0
1.6.,''  ̂ X .(Javo^.'iri(^y+ 3) = 2(c-xe ' - e  "').)

1.7. sin J  cos xdy = cos 7 sin xdx:. {Javob: ^  ~ ^ ̂  .)

1.8. y' = (2y + l)tgx. {Javob: ^2y + l = d  cosx.)
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{sinix + у) + sin(x - y))dx + ̂  = 013,

tgy = c-^2cosx)

1Л0. (1 + e^)yy' = {Javob: y'̂  = 2lnC{l + e^))

.(Javob:

sinxtgydx— ^  = 0 In
1Л1. ' smx . {Javob:

sm у
1 ! . .

= c +—x— sin2x
2 4 .)

1 .12 . 3e‘ smydT+(l-e^)cosyc?y =  0 s iny  =  c (e ^ - l)

1.13. = {Javob: у(щу-1)Ле-'+ c-)

1.14. y " ’dy + xdx^O з.^1з-.^^^1пЗ-)
2

(ca.(x-2y)+cos(x + 2y))y' = secx^_^^^^^,^.^2y^^^^^

1.16, ^ ^ . {Javob: arctgy = c + --e’‘ .)
'2i

1.17. coŝ  ydx +sin  ̂xtgydy = 0 . tĝ y = ctĝ x + 2c^ 

J jg  sinx-y = vcosx+2cosx y = Csinx—2

1Л9. c{e '- l) = e\)

1.20. >■'"«*+>’ = 2 , y = ccosx+ 2j

^  _ o

1.21. ^ .(̂ ^voè.- Iy  + isin2y = c--e^^)
2 4 2

1.22. ^^^^^ydx + tgydy = Q
2j

(l + e^ )̂xí¿x: = e^ í̂iy 1 / 3 \
L23. '  ̂ . {Javob: —  = - In (l + j + с .)

^ 3
dv

(sm (2 jc  + jv )~ s m (2 ^ : -~y))dx~ — =

1.24, .(Javob:ctgy-= С -sinlx.)
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1.25. "  2n/T¡V dy + cos yyjl+T-dy Çf^vob: ,.
llnug ^ У 1— 4-̂  U

4 2 \

у = ln X  + v l  + 4-C-)

y'^\-x^ — cos  ̂у = 0L26. -y-^.{Javob: tSy = ̂ osmx + c -̂

1.27.

1.28. y  + + =

•)

{Javob: In =: c —2sinx.)

1.29.
cos^ 7  ■ 7 ' -  COS (2.x+j )  = COS (2x ~ j )

1 1 .
{Javob: — y +—sm2y = sm2x + c.)

1.30. У  =yy’ lx_ gavob: 3” '̂ = 3“'" - 2cIn3.)

2

2 .1 . Сх = ̂ Щ Г + 7 ))

2.2. 3. {Javob: ^Ъ-7“" + c in7 .)

2.3. = + (y^voft; у = С х / ^ 21г  +2 .)

2.4. 3̂ - = 1+^ V '. (javoè.- .y = Gc / (x +1) +1.)

2.5. = ̂  .(Javob: y-C e- !{x^if  ̂

2.6. y' + y + y^ {Javob: y / (y + \) = C - x .)
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-  + 1п>̂  = С + -1п"х.)
2

2.8.
( x + x y ^ ) d y + y d x - / d x = 0

Í — 1 V
7 + ln-̂ ----  ̂= c + lnx.)

у

2.9. + 2J  + 3.̂  = 0 . ^ Д Т Г ^  = Ce^.)

2.10. (^ '+ ^ )> "* + (/ + l) ‘?*' = 0

, -ï̂  x  ̂ .

-^-^,ny = c - - - ~ . )  

( y  + x)dt + ( x y - / ) d y  = 0

+1 = Csjx  ̂-1 .)

2.12. ( '+ /)л - (> '+ ;* " ) ‘̂  = 0

+i) = c + arctgx )

2..Î3. ~ ^ . {Javob: In 2x +1| = a'̂  / 2 + c • )

2.14. -3(1 + я y)^ (̂ jayoh: y = = c ^ / ^ ^  i ■<■)

2J.5. 2 :w ' = l~x\ y2 ^  )

2.16. - l)y - x y - 0  ^  ̂  c 4 ^  I ■)

2.17. {y "^^y "yy^^dx  = i)

У  = 3 (c- x  + ln|x + l|)
•)
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2.18.

1

{l + x'^y^dxy-iy - l ) x ^ i iv  =  0
.{Javob:

1
\n y + -;:^ = ctx— J-.) 

2 y  X

2.19. ^  y - y  _ {Javob: y I{y  +1) = Cx.)

2.20. -̂ Jŷ  +ldx = xydy. {Javob: .) 

y -xy = 2xy (Jayob: In \ y (y + 2) =c + x^.)2.21.

2.22. -̂x̂ yy' + /  - 2 (Javob: \n2-y^ =c + l/x .)

2.23.

2.24.

y  = ( l+ / ) / ( l  + x ')

2.25.

. {Javob: arc .) 

y '^ f ^  = ̂ "\y ,gavob: J ( U ^  = c+x^)

( y + i) /  = - ^ :+Xy

y + lny = arcsinx + x̂  /2 +c.)

(̂ l + x ^ jy  + y^/l + x  ̂=xy

.{Javob:

2.26.

2.27.

2.28.

.{Javob:
*x + Vl + x̂

xyy =
1 + X„2

{Javob: 2y^-y^ = 4 lnx  + 2x^ +c.)

[xy-x^ dy+y{\—x^dx = Q

1 1
--2y + \n j ĵ j = ln|xj + — + c .)
2 X

2.29.
{x^y-yf y' = x^y - y + x̂  -1 

x - l

.{Javob:

.{Javob:

x + l
+ d.)

292



2 30 ^-y^dx+ysjl-x^dy = О

- arcsin x + c

{Javob:

У

3.1.
y-x>’ --xsec—

:„y. {Javob: sin — = In — .)

Ъ.1. (y^-3x^)dy + 2xydx = 0 . {Javob: ^  ■')

ix+2y)dx-xdy = Q 2 4
3.3.'' ’ .{Javob: у = ex -x.)

{x-y)dx + {x+y)dy = Q

у  I . V^+X^ t - Ч 
arctg -- 4 - in —  = In - .)

X 2 X“ X

3.5. y i ( x - y ) = a . )

3.6. y ' + = W ’ . {Javob: ^ "  = O '.)

3.7. = M y ! ^ )  = Cx,)

3.8. = in C t.)

3.9. ^ '- У 'А ^ + У )Ц { ^ * У )1 ^ )

ln}i4-y/,xj = Cx.)

3.10. ^'^JS 'C O sln fj/x )
. {Javob: Ctg

/ 1 \ 
l l n l

v2 Xy
= In Cx.)

3.11.

3.12.

(>’ + л /^ j йЬс = xcfy

(/ev(,6.- (y / ;c) = In a .)

. {Javob: у = — In^ Cx.) 
У
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3.13.

y--x
. (Javob: -e = laC x .)

3.14. y ^ . {Javob: y = x\n{clx).)

3.15. A  + ̂  + ̂  = “ .(y»o6 :7  = - - f )
X  2

3.16. =
V X  X

3.17. xdy-ydx = J 7 ^ / d x  

y  + P ^  = Cx\̂

3.18. {Ax^+3xy + y^^dx + {Ay^+3x + x^^dy-=Q .{Javob:

-In
5

9
+-In

5

^/+ 4x^^ 3 y , c 

10 2x x

3.19. = :, = x / ln& .)

xy^-y'‘ =(2x‘ +xy)y
3.20.

3.21.

3.22. 

3.23.

X

(x ' -2xy)y'
^  ^ . {Javob:— + 2\n — = -\nCx.) 

y X

x /  + y ln l- 1 = 0

. {Javob: y = Xi?'"'*.)

3.24. = /  =,3 / y  .)

3.25. = ;- = x/lnCx.)
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3.26. = .(Javob: - c V (3 .’ )- x /3 .)

3 \2x-y)dx+[x+y)dy = Q

1 ^ + x̂ ' ̂  y 
Javob: - In --r—  + arctg — = In Cx.)

2 i, X ^ X

3.28. / = .V l n ( G ) * , )

3.29. = y(^+ y). (Javob: .I- = 1” (& )  ̂

, X y 
/  = - + -

3.30. y ^ . {Javob: y^'~ x  ̂ln (C x f.)

4. Differensial tenglamaning xususiy hosilasini (xususiy 
integralini) toping.

4.1. {^"+^)y'+‘*V = X y(0) = 0 

(Javob: ^  =

4.2. -v{0) = 0 ^

4 j. ( l- * )(y - > ')- « “'. >’(0) = 0

{Javob: j  = e“*ln-^— .)
1 -  X

4.4. V - 2 x  = 2x‘ , y iO " “ . (ji,vo*; y=^x‘ ~x\)

4 .6 .^ '- ^  = "'- H 0 ) = l ,( ^ ,„ 4 , v = (.v+ l).' ,

2 1 y-----
4.7. xy' + y + xe * = 0, y (i) = — . {Javob: 2x )

2e
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cosdx = (x + 2cosy)smydy, y(0) = 7t/4
4.8.

/■ 1 \ 1
-•)■ 2 J cos_y

{Javob: X ~

4.9. x^y'+ xy + l = 0, y{l) = 0 . (Javob: ^ j

4.10. >'^'+^ = V + 3 / .  A 2 )  = t

4.11. (2»+>')4'->*+4ta,^, y{0)‘ l +

y =yti3x-y~), y{0) = Q r ,  2 3
4.12. / w  . {Javob: x = y - y .)

4.13. ( l- 2 x v ) /  =  >■(>;-1), >-(0) =  l .

4.14. = ® ’ .»'(>) = *> (Javob: y  =  e‘ bix. }

4.15. y = .{Javob: = .) 

4.1«. (Javob: ,  =(ta=,-W,)/3.)

4.17. = ^ W = 0 .№ v „ 4 ;  x =

4.18. V + ( ^  + l)>’ = З x V ^  7(1) = 0 

(JavoZ?.- y=^(x^ -I!x)e~’' .)

4.19. = ^  =

4 20 (sin"j^+xcigy)y = l, 3^(0) = ;r /2 

(J f lv o i.x = -sinycosj.)

4.21. 7(0) = 0

3x^4x^ ,
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4.22. + =0. .^(0 = 0.

423. xy'+ y '= sinx, yi^n12) = 2I TV.

(Javob: y =

4.24. >’( '^ )  = ',

{Javob: y = x  ̂-\.)

4.25. (1 - x^)y' + xy = 1 y(0) = 1 {Javob: y = x +

V T = ^ )

4 25 - 7  = 2 cos  ̂xQgx, 7 (0) = 0

6sinx-2sin^x ^
{Javob: y = ----------- .)

3cosx

4.27. /  + 2 ^  + 3, :>'(') = =

4.28. = ^(0) = 0 , ( a . « 6 ; v =0,5;cV'-

.)

4.29. /- 3 .r V - x V = 0 , ;<(0) = 0

{Javob: 7 = ^x^e'' .)

J7 ' + 7  = lnx + l, 7 il)  = 0 , , , , ,
4.30. ^  ■' . {Javob: 7  = liix .)

5. Differensial tenglamaning umumiy yechimini toping.

5.1. . {Javob: 7  = (xe"' - 2e"'̂  + c)' e“" .)

g 2 + 2xdy = lyyfx sec' ydy 

{Javob: X  = (7?^^ + In cos 7  + / 7 '.)

5.3. j '  + 27 = 7 "e" _ g a v o b :  7  = / (Ce"" + e ").)
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5.4. y ' =  y'̂  cosx+  ytgx ¡ J  , , ,/ -------
. (JavoZ?.- J  = 1 / (cos x ^ ^ t g x  ) .)

5.5. xydy = (y^+x:jdx. (Javob: ^  ^

5.6. V  + 2j; + x- V V = 0  , r ? ----
• KJavob: y = l !  (xy2 (e" + c) j .)

5 .7 . 7 x' sin j; = ~ . , r ~ -------
• {Javob: x = ̂ y /[c~  cos y) .)

CO (^- x ^yh ly- x )y ' =  y

■ (Javob: x = l/(^y^c~In^ j .)

2 y - -  = -J9L_

^  - 4 ^ 4 7 ^ ^ j 7 z i )

5,,„.

3.11. ^  J  -X  +3; > ^ = X ^ ( c - l7 ^ . )

5.12. (^ + l ) ( /  + / ) = = - j

(JavoZ>; J  = l/((x  + l)(c + lii|x + l|)).)

5.13. = =

5.14. y '- ' ^ - y ^ ^ - \ ( J a v o b : e ^ - r i ^ y ,

5. , s.

5,16. y  + jg;__^3y^

(/avoi; / 'n/xV ^ £ ? - ^ ' + c

y  = fe^-V;; _ _ _

■ (Javob: y =: ^ ¡^  + c .)

5.18. Ĵ X X = 1 / (j;(c + Iny)) .)
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5.19. + /  =xy _

{Javob: y = (x- i) / ̂ 2 (x  -ln x + c) .)

5.20. = 1 = 0_ j; ̂ / x'-'"
\

dx

. {Javob: x~ y i  î ŷ  + c j .)

dx

5.21.

--2x
3"

-2x -2x— e +-e +c 
3 6

5 M .y '^ ^ ^ = ^ y .( J a v o b :  y =

5.23. a;. y = l/(|n;t + l + C*).)

5.24. = (Javob: x =

5.25. y  + 2j«y = 2 x y .

.)

(Javob: y = ̂ e-*“ / a/2xV^'" + e'’-''

5.26. y + y ~ x !y  , (/avo6; +c .)

5.27. ^ . {Javob: y — H  (̂ (x + c) cos x ).)

5.28. cos- X

COSX + c

X
■)

5 29 y - y  + y  cosx = 0

{Javob: y = 2e"‘ / (cos x + sinx) + c j .)

5.30.
y•' = x ^  +

x"-l

f  1 3/4 V  ““
{Javob: y = — (x ^- lj +c -v/x̂  — 1 .)
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Namunavîy variantlarning yechilishi
Differensial tenglamaning umumiy yechimini (unmmiy 

integralini) toping,

1. (xŸ+x)dx+y(y-x^y)=0.
►■Berilgan tenglamani quyidagi ko‘rinishda yozib olamiz.

y(l ~x̂ )dy=-x(y^+l)dx.
But englama o‘zganivchikri ajraladigan tenglamadir. 

0 ‘zgaruvchilarini ajratamiz.

ydy _ - xdx 

J  V 1 1 - '

Oxirgi tenglikning iklcala tomonini integrallaymiz.
ydy

/+ ]

xdx
,, -Un(/+l) = - ln 

1-x' 2 ' 2
+ -lnC,

/+ l- d x '- l| , / = C x '- l - 1.

Shunday qilib, dastlabld tenglamaning umumiy yechimi 
quyidagicha bo‘ladi.

y = ±̂ C\x̂ -i\-l.<

2. seĉ xtgy dx+sec^y tgx dy=0
► Berilgan tenglama o‘zgamvchilari ajraladigan differensial 

tenglamadir. Ulami ajratib, integrallaymiz va differensial 
tenglamaniag umumiy yechimini hosil qilamiz. *

seĉ  ydy seĉ  xdx r (tgy)

tgy tgx ■ î- tgy

ditgx)

tgx

lu tgy = -Ini/gxl + In cl, tgy = Cltgx,tgy-tgx=r. c.

3.

dy dy
y-x—  = x + y —  
^ dx ^ dx

► Berilgan tenglamadan fË ni topamiz;
dx dx x + y

Dastlabki tenglama 1-tartibli bir jinsli tenglamadir. Uni 
o‘miga qo‘yish yordamida yechamiz y=xu(x) va quyidagini 

topamiz.

y =ux + u, ux + u = -
ux — x

ux + u= -
x + ux 
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, U-i -U^-i
ux = ---- M = -

+1du
X—

dx u + \u+\ u+ l
0 ‘zgaruvchilari ajraladigan tenglamani hosil qildik. Uni 

yechamiz.

u + l
du--=-

dx u + l

u + l  X

1 2udu du

u^+1
du~ —

rdx

u^ + 1
- +

u^+1
= —Inx +ln|C,

— \n{û  +1) + arctgu — ]n C !x , arctgu = In
2

C

Xsfu^+l

C

X ^jx^+y^

Shimday qilib, dastlabki tenglamaning umumiy yechirnini 
topdik. ̂

4. Differensial tenglamaning xususiy yechimini toping. 

dy — e'̂ d̂x + ydx - xdx = xydx', y(0) = In 5.

Berilgan tenglamani hosilaga nisabatan yechib, quyidagini 
hosil qilamiz;

dy xy + e -y

dx 1-x

dy l- x  e
— +— y - — • 
dx l- x  l- x (1)

dy
-- h y - --- tenglama I-tartibli chiziqh tenglamadir. Uni

dx l- x
y=u(x)v(x) ko‘rinishidagi almashtirish yordamida yechamiz va 

quyidagiga ega bo‘iamiz.

d.v ^ e"''
y  - u v + u v ' , uv+icv' + UV---- ^ u v  + u hvl -

dv

dx 

dx

l- x '

+ V = 0 shartdan v(x) funksiyani topamiz.

dx )  1-■x

dv , c dv 
■V, -— dx,

dx V
dx, k iv  --X, v-e"
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bu ifodani (1) tenglamadagi v(x) fiinksiyaning o‘miga 
qo‘yamiz:

du 1

du
dx

du -

du _  e 

dx i- x ’ dx l-x , 

dx

1-x
M = - l i i  1- x + l n C ,  u=̂ ]n

C

1-x

u holda y = uv = e'‘ h.
C

1-x

Bu dastlabki tenglamaning umumiy yechimidir. Boshlang‘ich 
shartdan foydalanib, C ni topamiz.

y(0)=lnCc=ln5, C=--5 
Shunday qilib, dastlabki tenglamaning xususiy yechimi

quyidagi ko‘rinishda bo‘ladi. y = e“"' hi-
l-x¡

5. Differensial tenglamaning umumiy yechimini toping.

{\ + x^)—  = xy + x̂ y"̂ . 
dx

► Tenglamaniag turini aniqlash uchun uni quyidagicha yozib 
olamiz:

dy x
-y-

.2
-y

dx 1 + x^ 1 + X ■
Butenglama Beraidli tenglamasidir. Bu tenglamani 

y=u(x)v(x))ío ‘ rinishidagio ‘migaqo ‘ yishyordamidayechamiz. 
Uhoida

y =uv + vu, uv + vu-
XII-V

l + x̂  1 + x̂

X  2 2 
U V

uv+u
dv XV

dx l + x̂

x W  

' 1 + x̂
(1)

v(x) ni dv XV = O shartdan topamiz. Bu tenglama
dx \ + x̂

o‘zgaruvchiiari ajraladigan differensial tenglamadir. Bundan
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dv XV dv xdx (dv xdx , , 1. „ r T
— --- —  = ------ -i,\ —  =  --- 5-,ln V =-ln(l + x ),v = Vl + x

dx \ + x̂  V \ + x̂  •* V H  + x̂- ' 2
v(x) ning hosil qilingan ifodasini (1) tenglamaga qo‘yamiz;

dx 1+.«̂  ■

rdu x̂ dx du

” •

(• x^dx
u^{x) = J 

xdx
dû

hu- x^
d v ^------,1 . ^2

. V, =
=  x̂ \ + — f -v̂  + dx~ x^X + x~ — [ —7---— — dx^ 

■' •’Vl + x"

dx

Vl + x' a/i- + X "V 1 + X

Oxirgi tenglikdan quyidagini hosil qilamiz.

2 \ = x-Ji + ̂ -\n x + ̂j\ + x̂ -2C, f-i=S= =—xv! + x~--in x+Vi+?!-CJ J „2 7 2 IslUx
Bundan

M 2
x^ - - In x -

+x‘ 2 

1 1•s/l + x̂  — C, ■— = —lnx + \̂ 
2

+ x - Iv Jx V l + x“ + C ,

— !nx + \^ x ^  --x - \/l  + x ^ + C ] .
,2 2 ;
Shunday qilib, dastlabki tenglamaning umumiy yechimi 

quyidagi formuladan topiladi.

yjl + x̂

- la /x  + V-l + x " '/--x V l + x" +C  
2 2

11.2. - lUT
1. Differensial tenglamaning xususiy yechimini toping va 

hosil qilingan y = ̂ (x) funksiyaning qiymatini x=xo da verguldan 

keyin ikki xona aniqligida hisoblang.

1.1. y"'"  ^0= ^ / 2, y(Q) = 1, y'(0) = 0, y"{Q) = 0.

{Javob: 1,23).

1.2, = x„=2, X I) = 1/4, y (l) = / ( l )  = 0. 

(Jflvo6.-0,38).
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= ^'(0) = 3/5.

" ®  = ”’ " ®  = ̂ > ^ '0 )  = Ь

4.36).'*' ^<“> = 1. = (Ja,„b:

плл>''*’ ^ » = '’ >'№) = 0. / (0 )  = 0. ,
^’44). {Javob:

1.8.

- .4 . Я 0) = | , / ( 0) Л ,  ^,.(0 ) _ 1

{Javob:l,22). ^ 2
1.9.

(íl:Ssx ло)=о 

1.11. ^  .>'(f] = f ,  У Й  = 1,
{Javob :3,93). V^y 4 4

1.14. ^ ^ ‘ cos^2x’ •^0-^/'^’ Ĵ  = l/2, У(0) = 0.
(Javoé;-0,39).
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1.15.

= x, = 2, 7(0) = 8, y(0) = 5, / (0 )  = 2.

{Javob:25fi%).
1.16,

y"=^x!e^\ Xo=-l/2, Jo(0) = l/4, /(0 ) = -l/4.

iJavob:0,34).
1.17.

y" = sin  ̂3x, Xg = .t/ 12, >’(0) = -71̂  /16, j'(0) = 0.

{Javob: ■’0,01).

1.18.

y"=^xsmx, Xq—tiH , >-(0)==0, y (0) = 0, j"(0) = 0. 

{Javob:0,\A).
1.19.

_v"-sin‘'x = siii2x, Xf^=5Trl2, y{n:i2) = 7Tll, /(;r/2) = ly"(7r/2) = -l. 

{Javob:! ,%S).

1.20. /  = cosx + e“\ Xo=;r, >;(0) = -e"^, y(0) = l.

{Javob
1.21.

= sm' X, Xo = 2,57t, y{7i/ 2) = -7 / 9, y '(^/ 2) = 0.

(/avo5.--0,78).

1.22,

j "  = \/x - sin 2x, Xq = 1, >-(0) = -1 / 8, _y'(0) = - cos 2, y "(0) = -.
8 2

(./flvo6.-G,08).

y  = --Xo-4;r, j - 0, y (0)- l .
123 cos (x/2)

(Javofe.-12,56).

1.24,

v" = 2sinxcos^X, j(0)----5/9, y (0 )“ -2/3.

(Javo6.--1,00).
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^ 2 5  у" --2sm̂  Xcos x, x̂  = тг, y(0) “  ^ = 1 •
(Javob:4,l4).

1.26.

j"  = 2sm A :cos^x-siii^x, х^=ж!2, j;(0) =  0, j '(0 ) - l .
(Javoè; 1,90).

1.27.

>-'' = 2cosxsin^x-œs^x, x^~n!2, уф)~ИЪ, У(0)-2. 

(Javob:3,41).

1.28. = ^0 =2, Я1) = -5/12, У (1)=3/2. 

(Javob:l,62).

1.29. /  = ^0=2, Я1) = 3, /(1 )^1 .

(JavobA,31).
1.30.

j;"'-cos4x, Хо-лг, y ( 0 ) ^ 2 ,  >;'(0) = 15/16, j;"(0) = 0. 

(Javob.-S,14).
2. Tartibi pasaytirish murnlcm bo‘lgan differensial 

tenglamaning umumiy yechimini toping.

2.1. (l — x^)y" — xy = 2.

(Javob:У = C,.^

2.2. 2xyY = y ^ - L  

.9C,(y-C,)^=^ 4(C,X+ l)\у ̂ ±x + C.̂(Javob:^^2Ky-'-'2) - -t ij ,>•

2.3. ^■ (Javob:У = Q ln x  + l/x  + C^.)

2.4. /  + /ife^' = sia2x.

(Javob: >’ = C, sin X - X - ̂ sin  2x + C j.)

2  5  .V X in X = y'. -1) + Q  )•

2.6. V - y  = = + + C j.
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(Javob: ”  2х1пX + 2л) + Q ).

2.8.  ̂■ (Javoô; = (to" ^) /2 + С, lnх + C J.

2.9.

7*7 у ”х\пх = 2у'.

С ̂  X X  I-------
{Javob: у - arcsin-- 1- -- - ^ -х^ + С2).

2 С, 2

2.10. = = /2 + Q ).

2.11. {Javob: У  = /2 - х  + С,е^ + Q ).

2.12. • {Javob: J  /3 + Q xV 2 + С^).

2.13. V  = yîn(,y'/x),

Ь; С.,

2.14. {Javob: У ^ ( х  + С;)\пх-2х + С2).

2.15. = >̂ ' +1 • (Javob: У=^~С\1пх~х + С,).

2.16. {Javob: у = — In + С. ).
2C¡ х + С, ^

2.17. + i • (Javob: у = -— {C ,x-íf'^ + Q  ).
JCi

/ - - ¿ -  = x(x-l).
2.18. '̂--i

(Javoé; 7  = x\'8- x V 6 + C,x" !2-C\x + C^).

2.19. y'" + y” tgx = see x.

{Ja v o b :y  =  —s in x  —C. COSX +  C 2 X +  C 3 ).

2 20 y ” ~ '2-y'ctgx — sin ■ X.

( Javob: J  = - sin ̂ Jc / 3 + Q x / 2 - C¡ sin 2x / 4 + Q  ).

2.21. v" + 4У = 2x^
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(Javob:y = ̂

2.22. V - y  = 2 iV .

(Javob: У = ̂ ’ (.x~l) + c /  + Q ).

2.23.

2.24. y ” + ̂ У' ~ 2x

1 1 о .1̂ ^1 ~̂4.ï , ^ Ч
{Javob: y = —  sin2x-- -cos2x e +C2).

10 20 ^
2.25. J''' + 3̂ ' = sinx.

(Javoè; j  = -^со8л:- —

2.26. - V ' = У ^ ( л 1 ,^  = *  C»>-

2.27. 2 W = y '- 4 .^ _ ,„ ^ i ,y  = ̂ ( C , x  + 4)=" + Q) .

2.28. =

С  Г' '>
{Javob: у = ~ ~  (2 In x - 3) + ̂ 2-̂ Л

2 .2 , .  / « g . +/  = 2 . ^ J „ , ь :  У = 2 x + С, A X  + С , ),

2.30. =  2 , y . ^ J ^ „ Ь :  >- = C,x V  3 + Q x  + С , ).

3. Tartibi pasaytiriiish muffikm bo‘lgan differensial 

tenglamalar uchun Koshi masalasini

ЗЛ. y" = y'^"’ XO) = o, /(0 ) = i- 

{Javob: jy = - Injl - xj, 7  = 0).

3.2. y"+2.K F' =  0, X 0 ) = 1, / ( 0 )  =  '- 

(Javoi,;>' = (l± 3j= /2)"’ , ^  = D-

3.3. ^v’ + / ^  = o, X 0 ) = ), y'(0'l = ̂■ 

(Javob: у = ̂ ¡2x + Y, у  = 1),
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+ y(0) = 2, y(0) = l/3.

(Javob: -̂ = / 3 - j  - 2 / 3, j  - 2).

3.5. 7(l) = :/r/2, y'(l) = 2. 

(Javo6; - 2x), y ^  tv 12\

3.6. 2 .'»'■ =У^.l'(0)= l.y^,„г,з,=
\2

+ 1

3 j ,y y ”-y"--y\ J(0) = 1, / (0 )  = 1 

(Javob: X ± ln(i + V2 )± In--- .......)
1 + V>’̂  +1

3^g _/= ^- l/(2 /), 7(0) = 1/2, /(0 ) = V2

(Jflvo6.->' = ^'^^2 + 1/4.)

3.9. y  = l- y %  J(0) = 0, y(0)

(Javob: X = ±in je  ̂+

3 .1 0 . /  K 0 ) = 2/3, y ( 0 ) = i.

= + >- = 2/3).

3.11. 2 V  = y ’ +l. y(0) = 2, / (0 )  = l

\2

(Javob:y =
X + 2

+ 1.)

3.12. y  = 2-j,><0).= 2,y(0) = 2

(/avo6.-3̂  = 2smx + 2.)

3.13. /  = 1 //- X O )=1^/(0) = 0 . ^ ̂

3.14. >^'"-2y^^0,.K0) = l,y (0 ) = 2.

(Javob: y -
1

l-2x
, 7 - 1.)
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3.15.
/  = /  + y\>’(0) = 0,y(0) = l.

{Javob: X = In , y-0.)

3.16.
y " + ~ - y ^ = o ,  y(0) = 0, y (0) = i.1- 2 ' 

1
J  = 0.)y = i- ,

(Javob: x + l

3.17. y''(^ + ̂ ) = = 0,;;'(0) =1-

(Javob:--— ---y = 0.)
4 4(1 + yy

3.18. /(27+ 3) = -2y^ -0,><0) = 0,y(0)==3. 

(Javob: j; = -| (i?̂  -1), y = 0.)

4У^1+У^>•(0) = 1,У(0)=:0.
3.19.

(Javob: X = 2 In ̂ y + l + 4 i^ \ f- A , .)

3.20.
2 y "= (> ^- l)= y ,j(0 ) = 2 ,y(0)-2.

(Javob: y — 1 +
1

l~2x
, 7 = 2.)

i+ y ^ = jy ;j(0 )= i,y (0 )= 0 .
3.21.

(Javob: X = In y .)

3.22. y" + y y '^ ^ 0, y(0) = l, y ( 0) = 2 .

(Javob:y = \j6x + l,

3.23. Jy ''- y '= 0 >  J(0) = 1. y(0) = 2.

(Javob: y = ̂ -̂
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3.24. lnj^,.y(0) = l,/(0 ) = l.

(Javob: X = In In j  + yjh.^ y +1.)

3.25. + О + = 0,Я0) = 1,У(0) = 1.

{Javob: X = -- --- 1, у = \)
l - h x y

3.26. / 0  + 3-) = y" + у . Я0) = 2, У (0) = 2.
{Javob: У —

3.27. У  = У //Я > '(0 ) = 1,У(0) = 2.

{Javob: y--={x + iy , j  = 1.)

3.28. y  = i / 0  + y ') .  Я0) = 0, У(0) = 0.

{Javob:x = 2arctg-Je^ -I.)

З Ж  yy"-2yy"^^y = y'\ V(0) = 1, y'(0) = l.

{Javob:^ ̂  ̂

3.30. = 3'(0> = J''(0)=«-(/<.voi:x = | / - )

4. Quyidagi tenglamalarai integrallang.

- d y - ^ d x  = 0.
4.1. ^ ^ {Javob: у /X = C.)

xdy-ydx

4.2. {Javob: arctg{x/y) = C.)

{2x-y+])dx + {2y-~x-l')dy.

{Javob:^"-^y"--'^ + ̂ - y  = ^-̂

+ 4 ^ = 0 .

4.4. ' * +3”
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(Javob: + (7̂

4.5.
=  - l

~y^^X^~y

(Javob:^^^-y^ ~x = C.)

2x(l-e^)

4.6. + *  + ̂ d y  = 0.

2x у^-Зх^
dx + ------ ----- dy = 0.

e  ̂~] 
{Javob: ----= c.)

1 + x̂

1
4.7 y  -T --  = C )

, {Javob: y y

4.8. i"^-e^^)dx+e^'y{l^xly)dy^Ç)^

{Javob:^ + ye'''^ =C .)

4.9. + У) + j;(x" + 2j^)y  = 0.

{Javob: +x^y^ +y^ =C.)

4.10. (3x  ̂- ^ ^ ^ ')^  + (6х^у + 4у^)ф = о.

{Javob: ̂  + y  = C.)
4.11.

X

V ? + y X y
dx +

{Javob: ̂ x^+ y^ + ¡njxyj + ~ = C )

y

■̂2 . .2 , ,  . .2X +y^ y y^
dy = 0

4.12.
1^3. V  - +|x’ sœ‘ y ^ 4 y +  ,  0.

,4 .„ 4  , y{Javob: x̂ tgy + -|- Z_ _ ̂  \
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4.13.
2x + +y^'^

' ^ y  )
d x = - - ^ ^ d y .

xy

{Javob: x^ H------~  = C.)
y  ^

sin 2x
------------ h X

. 3̂  y
dx + V —• -

4.14.

(Javob: =
2 y
. 2  o  .2

Sin" X 

■>“
dy = 0.

4,15. — y)dx  + (2 y  — X + 3 y  )dy =  0.

{Javob: ^
xdx + ydy xdx -  ydy

416. + /
= 0

(Javob: ^  + V̂  = C .)
X

(3x^y + y^ )d x + {x ^ + 3 x y^ )d y~ 0 .

{Javob: xy(x^' + y^) = C.)

4.18. + a^)dy + x(x^ ~ y^  —a^)dx = 0.

{Javob:^^^ +3^^)^ +2a^(j;^' - x ^ )  = C.)

l ' '• i Lsm>’+ j;sm x+ -- \dx +
X

4.19.

(Javob: ^ y  ^

xcos>^-cosx-
y

dy = 0.

7  + SinxCOS yx  , 4.20. ------- —----- —  dx +
{ X
---- 5------ sm ;;

^cos yx
dy = 0.

cos yx

(Javob: i g ^ - c o s x - c o s y  -  C.)

^ 2 X (3x^ — y  c o s  xy + y)dx  + (x  — x  co s xy)dy  = 0 .

313



i dx +
4.22. ^ ^  - 
(Javob: 3x^ + 8 7  ̂ =  C.)
4.23.

y
dy^O.

dx +—~=^ + 2xysmx^y + 4 
[2^:cy

( J a v o b : -  cos x^y + 4x -  C.)

4 2 4 , y3 ^ b i3 d x  + (x 3 ^ 1 n 3 -3 )d y  =  0.

( J a v o b :^ ^ -^ y -C .)

+ x"sm.x^y dy = 0 
J

4.25.

2 , 7

x - j
• + 3 x > dx + Ix^y^ dy = 0.

(Javob: in X -  V + X V ’ = C.)

f 2 y~ Y  +  >’COSX>’
4.26.

dx +
J Vx

-X +  COSX>' dy -  0.

y
(Javob: sin Jiy — -4r = C.)

4.27.

y - 2 x
2 2 X y

(Javob: arcsin x y -x ^  = C.)

4.28. + 28x")ife + (4 x V ' - ^y"')dy = 0.
( / « v o ^ . - ^ V - / + 4 x ^ = C . )

4 2̂9 , (2xe"'^^' + 2)dx + -  3)dy = 0.

(yavofc‘' ' ‘* '’ + 2 x - 3 y  = C.)
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4 30 cos 3x + l')dx + (3y^ sin3x -  2y)dy  -- 0.

( J a v o é ; /  4-7x + C )

S. Agar y ning ixtiyoriy nuqiasidagi burchak koeffitsiyenti, 
shu nuqtanirig k marta kattalashtirilgan ordinatasiga teng ekanligi 
ma’lum bo‘lsa, A(xo, yo) miqiadan o‘tuvchi egri chiziq 
tenglamasini yozing.

5.1. A(0,2), k=3. (Javob: y^-2e^^).
5.2. A(0,5), k=̂ 7. (Javob:y=^5e^^).
5.3. A (-1,3), k=2. (Javob: y=3e^^^^).
5.4. A(-2,4j, k=6. (Javob: y=4e
5.5.A(-2J), k=5. (Javob: y=-e^^*^°).
5.6. A(3,-2), k=4. (Javob: j^=-2e
Ixtiyoriy mjqtasidagi urinmaning burchak koeffitsiyenti, shii 

nuqtani koordinata boshi biian tutashtiruvchi to‘g‘ri chiziqning 
burchak koeffitsiyentidan n marta katta ekaniigi ma’lum bo‘Isa, 
A(xo_yo) nuqtadan o‘tuvchi egri chiziq tenglamasini yozing.

5.1. A(2,5), n=8.{Javoh:y=5x^Í256
5.8. A(3J), n=3/2.(Javob:y=-xy^  /(3^3))
5.9. A(-6,4), n=9.(Javob:y=-x^/11664.
5.10. A(-8,-2), n=3.{Javob:y=-x^I256.
E ^ i chiziqning ixtiyoriy nuqtasiga o‘tkazilgan normalning 

ordinata o‘qidan ajratgan kesmasiningning uzunligi shu nuqtadan 
koordinata boshigacha bo‘lgan masofaga tengligima’lum bo‘lsa, 
^(xo,yo) nuqtadan o‘tuvchi egri chiziq tenglamasini yozing.

5.11. A(0,4), (Javob: y^-x^/16+4).
5.12. A(0,-8), (Javob: y=x^/32-8.
5.13. A(OJ), (Javob: y=-x^/4+1.
5.14. A(0,-3), (Javob: y=^x^/12-3.
A(xo,yo) nuqtadan o‘tuvchi va quyidagi xossaga ega boigan 

to‘g‘ri chiziq tenglamasini tuzing: koordinata boshidan egri 
chiziqning uiinmasiga o ‘tkazilgan perpendikulyaming uzunligi, 
urinish nuqtasining absissasiga teng.

5.15. A(2,3), (Javob: (x-13/4fW =169/16).
5 .U .A (-4J), (Javob: (x+ 17/8fW = 289/64).
5.11. A (l,2), (Javob: (x-.2,5/+u^=6,25).
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5A8,À(-2,-2J, (Javob: (x + 2 f W = 4 ) .
5.19. A(4,-3), (Javob: (x-25/8/+u^=625/64).
5.2Q.A(5,0), (Javob: (x -2 ,5 fW = 6 ,25 .
A(xo^yo) nuqtadan o‘tuvchi va quyidagi xossaga ega bo‘lgan 

egri chiziq tenglamasini tuzing.
Egri chiziqning ixtiyoriy nuqtasining urinmasining Ou o‘qdan 

ajratgan kesmasi, urinish nuqtasi absissasining kvadratiga teng.
5.21. A(4,l), (Javob:y=l7x/4-x\
522 . A(-2,5), (Javob: y=~9x/2-x^.
5.23. A(3,-2), (Javob: y=7x/3-x^).
5.24. A(-2,-4), (Javob: y=4x-x^).
5.25. A(3,0), (Javob: y=3x-x^J.
5.26. A(2,8), (Javob: y=6x-x^).
Egri chiziqqa urinmaning ordinata o‘qidan ajratgan kesmasi, 

urinish nuqtasining koordinatalari yig‘indisining yarmiga teng 
ekanligi ma’lum bo‘lsa, A(xo, yo) nuqtadan o‘tuvchi egri chiziq 
tenglamasini yozing.

- 4 x - x )
5.11. A(9,4). (Javob: y =  3
5.28. A(4,10), (Javob: y= 7  4 x - x )

5.29. A(18,-2), (Javob:y= 4 4 x ~ x )

5.M .A (l,-7), (Javob: y =-6 J x  - x) *
Namuaaviy variantlar yechimi

1. Differensial teuglamaning xususiy yechimini toping va 
hosil qilingan fiinksiyamng x=-3 dagi qiymatini verguldan ke>in 
ikki xonagacha aniqlikda hisoblang:

y"(x+2/-~=l, y ( - l) - l /1 2 , y (- l)= - l/4 .
► Berilgan tenglamaning umumiy yechimini topamiz 

(§11.5ga qarang, 1 xildagi tenglama):

y ' - z — y '
1 I dx 1

(x + 2 ) ^ '^  ■'(x + 2 )' 4(jc-l-2)

y=

- + q

(------- 1—  + c .)d x  = — ^-----r  + C 'x  + C^
4(x + 2)" 12(x + 2)'

316



Boshiang‘ich shartiardan foydalanib, C/ va 
lamingqiymatlarinianiqiaymiz:

y(-l)=- 1/12-Ci+C2=1/12, Cl- C2=0, 
y'(-l)=  -l/4+C i^-l/4 , Ci=0, C2^0.

Boshlangich shartlarni qanoatlantiravchi, dastlabki 
tengiamalaming xususiy yechimi quyidagi ko‘rinishda bo'ladi;

y= l/(12(x+ 2y) 
y(x) ftinksiyaning x=-5 dagi qiymatini hisoblaymiz.

y(-3 )= ------------- = - —  = -0,08 <
12(-3 + 2) 12

2. Tartibi pasaytiriiish mirnikin bo‘lgan differensial 
tenglamaning umumiy yechirnini toping.

y'(^ ^ l)^  y'=0.
Berilgan tenglama II xildagi tenglamadir. (§11.5. 2-misolga 

qarang).
Shuning uchun y'=z(x) almashtirish bajaramiz. U holda 3; -

dz
dx

dx dx
dz _  dx (• ¿/z _ j- dx
z + V  ̂ z  +1.

va e‘+ l= t  o‘zgamvchilami almashtirish yo‘li bilan 
quyidagini topamiz.

In /z / = In (e^+l)-ln e^+ln C 
Oxirgi ifodani potensirlab, dastlabki tenglamaning umumiy 

yechirnini topamiz:

z=Ci .dx = Ci(x-e^)+C2 y  =  C ^ j" ^ d x  =

Ci(x -  e-^) +  C2 <
3. y ( l)= l ,y  '(1)=0, boshlang‘ich shartlarni 

qanoatlantiravchi, tartibi pasayuvchi, y  ̂ y '= l  differensial 
tenglamaning yechirnini toping.
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► Berilgan tenglama HI tip^a tegishlidir. (§ ii.5 . 2-misolga 
qarang). Shuning uchun, y  '==p(y) almashtiristi yordamida 
tenglamaning tartibini pasa>airamiz. U holda,

,, dp y ' = p - ^
dy

Bundan,

p d p ^ ~ ^
dy y^

pàp  = l ^  Z -  = J _ C ‘
y" 2 2y^

dx y  ’ - l̂ + 2C^y^

x = ±

= +

.. 7 '» , . + C ^ = ^ f ( l  + 2 C y )  - '" d d + Q ÿ ),  
yll + 2 C y  *C  ’

x = ± ^^ iT c y  +q,.
ya’ni, dastlabki tenglamaning ummniy yechimirii hosil qildik. 

Endi boshlang‘ich shartlardan foydalanib, Q  va C2 laming 
qiymatlarini aniqlaymiz. x = l, y = l  va y '= 0  da quyidagiga ega
bo‘lamiz.

1 = ± — ^ l  + 2Ci +C 2,0=±yjI+2Q
2 q  

bundan, 1+2C,=0, Ci=-l/2, € 2=!.
Natijada, dastlabki yechim quyidagi ko‘rinishga ega bo‘ladi;

___  /1 Y  1

x=--+yjl-y + \
Geometrik nuqtai nazardan bu yechim (x -lf+ y^ = l 

aylananing o‘ng yoki chap tomonining yarmini tasvirlaydi. <
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4. Tenglamani integrallang.

(1  _  ^3 + 4 )d^+(. 1  -3xy^)dy=0.
X y

Quyidagi belgilashlami kiritamiz:
P(x,y)=l/x-y^+4, Q(x,e)^-l/y-3xy^ (11.26) tenglamaga 

qarang.

U holda, = -3 y ^  ^  = -S j; '
dy dx

bo‘lganligidan, berilgan tenglama to‘la differensial
dy dx

tenglamadir. Uning umumiy integrali (11.24) forrnuladan topiladi: 

' \ - ~ y ^  + 4)dx+
X

Quyidagiga ega bo‘lamiz;

" ( i - /  + 4 ) * + f  ( - - ! -3 x „  y^) dy  =  C„
^ x  y

dx

In |x|
X

'̂ 0
fX

d x - r i ^ - 3 x JJx„ yo y

+¥x
X

■In 3̂  ̂ - 3 x

yft

y

y^dy=^C^,

y
Jo

In \x\-ln\xo\-xy^+xoÿ+4x-4x(rln\y\+ln\yo\-Xoy^+Xo y l  =  Co, 

/n| -  \-x/+4x=C ,
y

bu yerda,

C=C,+ln
>"0

+ 4xq -̂ o3̂ o •

S. Agar koordinaia o‘qIari bilan hamda egri chi/i(|iiin)> 
ixtiyoriy nuqtasiga o‘tkaziIgan urinma va urinish nuqtasinin)' 
koordinatasi bilan chegaralangan trapetsiyaning yuzi o‘zgiiiin;is 
son bo‘Iib, 3 ga teng ekanligi ma’lum boisa, (11.3-rasm)'.i 
qarang) A(2,2) nuqtadan o‘tuvchi egri chiziqning tcnglaiiiasiiii 
yozing.

Quyidagiga ega boiamiz;
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Sdmco-

|MCi=y, |D01=

MC + DC\

2
o c

+ DB + BO DB + MC\ = ± D ^  + y.

OC|=x, ± DB|=-|BMltga=-lBMiy’=xy’.

bu yerda, agar y'= tga< 0 bo'isa, (x<xi, 11.3-rasmga qarang) 
lpB\ o liga  “+” belgisi qo‘yiladi, agar y '=  tga> 0, bo‘lsa, (x>xi) 
¿jldiga belgisi qo‘yiladi.

Shuning uchun ikkala holda ham ¡DO|=-xy '+u. Shularni 
^ ’tiborga olib, quyidagilami topamiz:

Sdmco=  ^  ■ X =  3 +  ^  =  3,

2 6
- x y '+ 2 x u = 6 ,y ‘— y ~ — r-,Xi^O.

X X
Birinchi tartibli chiziqli tenglamani hosil qiidik. Buni 

^^^liamiz;

u=u3, y ' = u’3+u3', ^
X

, dv 2& 6
u’^  + m( - -------- ) - ---- ^

d x  X  X
0 )
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3  X “  ’ S ~  X ''
' d 3   ̂ fdx

3

d S  23  _  2dx

= 2 J — ,lw,9| = 2!nx|,.9 = x

Topiigani9— ifodani (1) tenglamaga qo‘yamiz: u '= - ~ ,
X

M=-6 * = - 4 + c

U holda y^ u -3  = ( 4 -  + C)x" = -  + Cx'
x^

Egri chiziq A(2,2) nuqtadan o‘tganligi uchun, 2=2/2+4C, 
C =l/4. Manayotgan egri chiziq teiiglamasi quyidagicha bo‘ladi. 

2 x"
u— -H—~“,0<x^Xq —̂ 16

X 4
Uslibu chiziq 11.3-rasmda tasvirlangan boiib, X j= l^  da 

minimumga ega bo‘ladi.

11.3. iHdividiial (ly vazifaiari 
K Differensial tenglamaning umumiy yechimini toping.
1.1. a)y"+4u--=0; b)y"-I0y’+25u-0; v) V '+ iy' +2y=0.
1.2. a) y''-y'-2y=0; b) y"+9y=0; v) y ”+4y' +4y=0.
1.3. a)y"-4y’=0; b) y''-4y'+13y=0; v )y '’-3v' +3y=-0.
1.4. aj y"-5y'+6y=0; b) y"+3y'=0; v) y"+2y' +5y=0.
1.5. a)y"-2y+]0y=0; b) y"+y’-2y=0; v) y"-2y=0.
1.6. a)y"-4y=0; b)y"y"+2y'+17y=0; v) y"-y'-12y==0.
1.7. a)y" +y'-6y=0; b ) y ”+9y'=0; v ) y ”-4y’+20v=Q.
I J .  a) y"-49y--^0; h) y ”-4y'+5y=0; v) y"+2y'~3y=0.
1.9. a)y''+7y'--=0; b) y"-5y'+4y=0; v)y"+I6y^0.
1.10. a ) y ”-6y’+8y=0; b) y"+4y'+5y=0; v) y"+5y'-=0.
1.11. a ) y ”-8y'+3y=0; b) y"^3y’=0; v) y"-2y'+10y=0.
1.12. a ) y ’'+4y’+20y=-0; b) y"-3y’-10y-^0; v)y"-16y=0.
1.13. a) 9 y ”+6y'+y=0; b ) y ”-4y'-2ly=0; v) y"+y=^0.
1.14. a) 2y"  +3y'+y=0; b) y"+4y'+8y=^0; v) y"-6y'+9y=0.
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1.15. a)y"-10y'+21y=0;b)y"~2y'+2y=0; v) y"+4y'=0
1.16. a)y"+6y'=0; b)y+10y'+29y=-0; v)y"-8y'+7y=0
1.17. a)y"^-25y=0; b)y" +6y’+9y=0; v)y"+2y'+2y=0.
1.18. a)y"-3y'=0; b)y"-7y'-8y=0; v)y"+4y'+13y=0
1.19. a)y"-3y'-4y=0; b)y"+6y'+13y=0; v)y"+2y'=0
1.20. a)y"+25y'=0; b) y"-10y'+î6y=0; v)y"-8v’+16y=0
1.21. a)y"-3y'-18y=0; b) y"-6y'=0; v) y"+2y'+5y=0.
1.22. a)y"-6y'+13y=0; b)y"-2y'-15y=0; v)y"-8y’=0.
1.23. a)y"+2y’+y^0; b)y"+6y'+25y=0; v)y"-4y'=0.
1.24. a)y"+10y'=0; b) y"-6y'+8y=0; v) 4 y"+4y'+y~0.
1.25. a)y"+5y=0; b) 9 y"-6y'+y=(); v)y"+6y'+8y=0.
1.26. a ) y ”+6y’+10y=0; b)y"-4y'+4y=0; v)y"-5y'+4y=0
1.27. a)y"ry^O; h) 4 y"+8y'-5y=0; v)y"-6y’+10y=0.
1.28. a) u-^8y+25y=0; b)y"+9y'=0: v) 9 y"+3y'-2v^--0.
1.29. a) 6 y"+7y’-3y=0; b ) y ”+16y=0; v) 4 y"-4y'+y=0
1.30. a) 9y"-6y'+y=0; b ) y ”+ l2y+ 37y= 0; v)y"-2y'=0
2.2.1. y"+y’=̂ 2x-l. (Javob: j= C ;+ Q e  ^ +̂x̂ 3̂x)
2.2. y"-2y'+ 5y =10e'‘cosx. (Javob: y=é"(Cicos 2x + C? 

sin2x)+e''cos2x).
2.3. y ”-2y' -8y =12sin2x-36cos2x. (Javob: y= C ie^ + C 2ê '' 

+3cos2x).
2.4. j" -  i 2y' +36y =14e‘̂ .̂ (Javob: y - C i  e^^+C2e
2S.y"-y'+2y =(34-12x)e'‘. (Javob:y^Ci(?+C2ê ’‘ +(4^2x)é'^).
1.6.y"-6y' -\-10y =51é\ (Javob:y=e^^(CtC0Sx+C;}Sinx)+3é'‘).
2.7. y"+y=2cos x-(4x+4)sin x.(Javob: y=C,cosx + C^sinx 

+(x^+2x)cosx).
2.8. y"+6y’ +10y =74ê "̂ . (Javob: y=e^"‘+(Cicos x+C-, sin 

x)+2e ).
2.9. y"-3y'+2y =3cos x+19sin x.(Javob: y^Cié" +C2e "̂"+(5 cos 

X + sin. x).

2.10. y"+6y’+9y = (48x+8)é‘ . (Javob: y=Cie^^ ‘ 
^-+(3x-l)e^).

2.11. y"->.5y'=72e^\ (Javob: y = Q + C 2̂ -^^+3 ê )̂.
2.12. y"-5u’-6y =3cos x+19sin x. (Javob: 

+ C 2 e'^ ''+ co sx -2 sin x ).
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2.13. y"-8u'+12y =36x-96x^ + 16x-2. (Javob: y=Cie^
+ C]e '̂‘+3x-x^).

2.14. y"~8u'+25y =18e^\ (Javob: y= e - (Ci cos 3x +

3x)+ \e> ')

2.1 S. y  "-9u '+20y = I26e^'‘. (Javob: y=C i e‘̂ *+ S2 ®
2.16. y"+36y =36+66x-36x{ (Javob: y=Cjcos 6x+C2sin 6x

-x^ + 2x+ l). ,
2.17. ”+y =-4cos x+2 sinx-36x . (Javob: y= C i cos x+C2Sin

x + x(cos X -2 sin x).).
2.18. y"+2y'-24y = 6cos 3x-33 sin 3x.(Javob: y=-~Cie +C2

e*"+sin 3x).
2.19. y"+6y'+13y =-7.5 sin 2x.(Javob: y= e (Cj cos2x+C2

sin2x)+4cos2x--3sin2x). . sx
2.20. y"+5y'=39cos3x-105sin3x. (Javob: y=--(C} +C2 e +

4cos3x+5sin3x).
2.21. y"-4y'+29y=104 sinSx.
(Javob: y=e^"(Ci cos5x+C2sin5x) + 5cos5x+sin5x).
2.22. y ”-4y'+5y=(24sinx+8cosx)e^'‘.
(Javob:~'y=e^ (̂Cl cosx-^C2sinx)+ '̂ Yco.v x+sin x).).
2:23, y"+16y=8cos 4x. (Javob: u=Ci cos 4x+C 2sin 4x+x

2 24 .y”+9y=--9x^+I2:^~27. (Javob: Cj cos 3x+C2sin 3x+x^3).
2.25. y"-12y'+40y=2e^'‘. (Javob: y^e^'''(Ci cos 2x+C2sin

2x)+^e^^).

2.26. y"+4y'--e’‘ (24cos 2x+2sin 2x).(Javob: Cj+C2 e' +̂2e"
sin2x). . _r  ̂ -

2.27. y ”+2y'+y=6e'‘).(Javob: y=C}^-e^+C2 x e+ 2 e  +3x e

2.28. y ”̂ 2y’+37y=37^^33x+74. (Javob: y=ex(Cjcos
6x+C2Sin 6x)+^-x+2).

2.29. 6y"-y'-y=3e^''. (Javob:y=C]e +C2e''
2.30. 2y”+7y'+3y=222sin3x (Javob: y=(Cie'^ +C2 e 
7cos3x+5sin3x).
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3 . 3 . 1 . 8y' + ]7y  = 10e^^;(Javob:y=e^^(CiCos+C2Sinx)+2f\)
3.2.y"+y'-6y= (6x+l)e^’̂ ; (Javob: y= C i e^^+(x-l)e^'\)
3 .3 . 7 "- 7y' + ^2y = ;(Javob:y= C ,e^  +C2 e^^+3xe^\)
3.4. y"- 2y'=6 + J2y = 24x^;(Javob: y=  C, +C2 e^^+4x^+ 

3x^+3x.
3.5. y"- 6y' + 34y = ¡8 cos 5x+60 sin 5x;
(Javob: y=e^"‘(C¡cos 5x+C2sin 5x)+2 cos 5x.)
3.6. y"- 2y’= (4x+4)e^\-(Javob: y=  Cj +C2 (x^+x)e^\)
3.7. y"+ 2y'+y= 4x  ̂ +24x^+22x-4;(Javob: y =  Cie^+C2xe^+ 

4^-2x.)
3.8. 4y'= 8 -1 6x;(Javob: y =  Ci +C2 2x^-x.)
3.9. y"-2y'+y= 4^;(Javob: y =  Ci e"+2xV.;
3.10. 8y' + 20y = 16 sin 2x-cos 2x;
(Javob: y^e*"‘(C¡cos 2x+C2sin 2x)+sin 2x.)
3.11. y"- 6y' + 13y = 34e^^sin 2x;
(Javob: y=e"^(Cicos 2x+C2sin 2x)+2-"‘cos 2x.)
3.12. y"+' 2y'-3y = (12x^+6x-4)e^.;(Javob: y=Cie'^'‘+C2 

e"+(x^-x)^‘.)
3.13. y"+ 4y' + 4y = 6e^;<Javobi:y=C,e^^+C2xe^+3x^2-^.)
3.14. y"+ 3y' =10-6x;(Javob: y= C i+C 2 e^  ̂ 4x.)
3.15. j" +  10y'+25y =-40+52x-240x^~200x^;(Javob: y=C ie  

^^+C2e^’‘-8x^+4x.)
3.16. y"+ 4y'+20y =4cos 4x-52 sin 4x; *
(Javob: y=e^^(C¡cos 4x+C2sin 4x)+3 cos 4x-sin 4x.)
3.17. y"+ 4y'+5y =5x^~32x+5;(Javob: y~e^^(C]Cosx+C2 

siwc)+x^~8x+7.)
3.18. y"+- 2y'+y = (12x-10)e^;(Javob: y=C i e^+C2 xe 

^+(2x^-5x^)e\)
3.19. y"-4y = (-2x-10)e^'';(Javob: y=Cicos 2x+C2 sin 

2x+(3x^+x)e^\)
3.20. y"+ 6y'+9y = 72e^^;(Javob: y^C i e^^+C2xe^^+2e^\)
3.21. y"+ 16y = 80e^^;(Javob: y=Cicos 4x +C2 sin 

4x+4e^^.)
3.22. y"+ 4y' = 15e" ;̂(Javob: y=Cj+C2e~^^+3e^.)
3.23. y"+ y'-2y = 9cos x-7 sin x; (Javob: y=Cie^^ +C2 

^ +3sin x-2cos X.)
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3.24. y ’'+ 2y'+y = (J8x+S)e\'(Javob: y= C j +C2 xe ' I 
(3x^+4x^) e'‘.)

3.25. y"-14y'+49y = 144 sin 7x;(Javob: I 
2 cos 7x.)

3.26. y"+9y=10 ê '‘;(Javob: y=C i cos 3x+C2sin 3x
3.27. 4 y"-4y'+y =-25 cos x;(Javob: y=--Cj^^ +C2 x I./ 

cos x + 4 sin x.)
3.28. 3 y  "~5y '~2y =d cos 2x+38 sin x 2x;
(Javob: y = C ie ’‘̂ '’ +C2xs"̂  ̂+cos 2x -2sin 2x.)
3.29. y ”+4y'+29y =26e'';(Javob: y=e^'' (Cicos 5x +C>///

3.30. 4y"+3y'-y = 11 cos x-7sin x;
(Javob: y= ê^  ̂ +C? +2 sin x -  cosx.)
4. Boshlang'ich shartlarni qanoatlantiruvchi differciisinl 

tenglamaning xususiy yechirnini toping.
^.\,y''-2y'^y=-l2cos 2x-9sin 2x, y(0)=2, y ’(0)=0.
(Javob: y=-2e"‘-4xe‘+3sin 2x.)
4.2. y"-6y'+9y= 9x^~39x+65. y(0)= -l, y'(0)=l.
(Javob: y=-6e^'‘+22xe^'‘+:) '̂'3x-^5.)
4.3. y  "+2y’+2y=  2 /+ S x + i, y(o j= l. y '(0) =4.
(Javob: y= e  (cosx+3sin x)+x^+2x.)

' 4.4.y" -6 /+ 25y=  9sin4x-24 cos 4x, y(0)=2, y'(0)=-2- 
(Javob: y= e (2cos 4x-3sin 4x)+sin 4x.)
4.5.y"-J4y'+53y^ 53x^~42x^+59x-14, y(0)=0, y'(0)=7. 
(Javob: y=3e sin 2x+x^+x.)
4.6. y + 6 y =  e ^(cos 4x-8 sin 4x), y(0)=0, y'(0)=5.
(Javob: y=sin 4x-cos 4x + cos 4x.)
4.1.y"-4y’+20y^ 16x^ \ y(0)= l,y'(0)=2.
(Javob: y= e  (cos 4x-l/4 sin 4x)
4J8.y''-12y'+36y= 32 cos 2x-'r24 sin 2x, y(0)=2, y'(0)=4. 
(Javob: y= e  -2xê "‘+cos 2x.)
4.9.y"+y=x^4x^+7x-10, y(0)==2, y ’(0)=3.
(Javob: y=4cos x+2 sin x+x^~4x  ̂+x-2.)
4.10.y" -y= (l4 -1 6x)e\y(0)=0, y ’(0)=-L  
(Javob: y=^^-e^+(4x^~3x)e^.) 
4.n.y"+8y'+16y=16x^-16x+66, y(0)=3, y'(0)=0.
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4.12. y"+10y'+34y=-9e^\y(0)=0, y'(0)=6.
(Javob: y= e '^ (̂cos 3x +2sin 3x)-e^\)
4.13. y"-6y’+ p y =  (32x~12)sin x-36x cos3x, y(0)=4, y'(0)=0. 
(Javob: _y=e ^(4cos 4x -3 sin 4x) +2x sin 3x.)
4.14.y"+25y= e* (cosSx-lOsin 5x), y(0)=3, y ’(0)=-4.
(Javob: y=2cos 5x ~ sin 5x~̂ ê  cos 5x.)
4.15. y  "+2y '+5y= -8e sin 2x, y(0)=2, y'fO)=6  
(Javob: y =  e^(2cos 2x +3 sin 2x)+2xe cos 2x )
4.16. y"-10y'-^25y= e y(0 )= l, y'(0)=0.
(Javob: y =  3e ’̂‘-2xe^’"+
4.il.y"+ y'-12y=  (16x+22)e’\  y (O M , y'(0)=5  
(Javob: y =  +e^^+ (2x+l)e^\)
4.18. y"~2y'+5y= 5x^+6x-I2, y(0)=0, y'(0)^2.
(Javob: y =  (2 cos 2x-sin 2x)+x^+2x-2.)
4.19. y"+8y'+16y= 16x  ̂+24x^~lOx+8,y(0)=l, y'(0)=3 
(Javob: y=4xe'^'‘+x^-x+l.)
4.20. y"-2y’+3y= 36e^cos 6x, y(0)=0, y'(0)=6.
(Javob: y= e’'sin 6x+3xe^sin 6x.)
4.21. y"-8y'= 16+48x^'î28x'‘,y (0 )= - l y'(0)=l4.
(Javob: y=2e^''-3 +4x^~'2x.)
4.22. y"+12y'+36=72x^~18, y(0)= -l, y'(0)=0.
(Javob: y=cos 6x+8 sin 6x+2x^~2x.)
4.23. y  "+3y '=(40x+58)e^\ y(0)=0, y  ’(0)=2. *
(Javob: y=4é^^-7+(4x+3)e^^)
4.24. y"-9y'+l8y=26 cosx-8 sinx, y(0)=0, y ’(0)=2 
(Javob:y=2e^^-3e^^-sin x- -̂cos x.)
4.25. y"-^8y'=18x^-60x^~32x\ y(0)=5, y ’(0)=2 
(Javob: y=3+2e'^^-xU3x{)
4.26. y"-3y'+2y=-sin x-7 cos x, y(0)=2, y'(0)=7.
(Javob: y = é ‘+2e '̂‘~cos x+2 sin x.)
4.21.y"+2y'=6x^+2x+l, y (0 )= 2 ,y ’(0)=2.
(Javob: y=3-e^^+x^-x^.)
4.28. y  "+16y=32e^\ y(0) =2, y  '(0) =2.
(Javob: y=cos 4x+sin 4x+e^"‘.)
4.29. y  "+5y+6y=52 sin 2x, y(0 )=-2, y  '(0) =~2.

(Javob: y = - 2 e ^ ^ - 6 x e ^ ’̂ + x ^ -2 x + 5 .)
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(Javob:y=2e^''+e^''-5cos 2x+sin 2x.)
43Q.y"-4y=8e^\ y (0 )= l  y'(0)=-8.
(Javoh: y=3e^'‘+2e^''+2xe^'‘.) _
5, /  (x) funksiyaning ko‘rinishi bo‘yicha chiziqli bir jinsli

boimagan differensial tenglamaning y* xususiy yechimning
tuzilishini aniqlang va yozing.

5.1 .2y"- 7y- + 3 y = m  a )f(x H 2 x + I)e ’\- b)f(x)‘ cos3x 
5.1. 3y”- ?y' + 2y= f(x): a) f(x )-3xe‘'; b) f(x )-sm  2x -

3cos2x.
5.3. 2y"+y'-y=f(x); a) f(xHx^-5)e^, b) f(x)^x sin x.
5.4. 2 7 "- 9y'+ 4y=f(x); a)f(x)=- 2e""; b)f(x)=e cos 4x.
5.5. 2 y”+49y-=f(x); a)f(x)= x'+4x; b)f(x)= 3sm 7x.
5.6. 3y”+10y'+3y= f(x); a)f(x)=e'''; b ) f ( x ) - 2 cos 3x-sin 3x..
5.1.y"-3y’+2y=f(x); a)f(x)=x+2e"; b)f(x)= 3cos 4x. 
S.%.y"-4y’+4y^f(x); a)f(x)=sin2x+2e";b)f(x)= xT 4.
5.9, 'Ly ’+y=f(x); a) f(x) cosx; b) f(x) = 7x+2. 
S.m .y"-3y=f(x); a) f(x)^2x^-5x; h)f(x)= e^sin 2x.
5.11.y"+3v'-4y^f(x); a)f(x)^3xe*^; b)f(x)= xsinx.
5 .1 1 .y”+ h v = f(x );  a) f(x)=^4xe^; b)f(x)= 2 sin 6x.
5.13. y-6y'+9y=-- f(x); a) f(x)=(x~2)e^^- b)f(x)= 4 cosx.
5.14. 4/'-5y'+y=f(x); a)f(x)=(4x+2)e\- b)f(x)= e^sin 3x.
5.15. 4y"+7y'-2y=f(x); a) f(x)=3e b)f(x)~ (x-1) cos 2x.
5 .1 6 .y ’'-y'-6y= f(x); a) f(x)=2xe^^- b)f(x)= 9cosx-sinx. 
S .n . y ’'-16y=--f(x); a) f(x)=-3e^^; b)f(x)=^ cosx-4sinx.
5.18. v"-4y-f(x); a) f (x H x -2 )/^ ; b)f(x)= 3cos 4x
5.19.y"~2y'+2y=^ f(x); a) f(xH2x-3)e'^\- b)f(x)= e sin x.
5.20. 5y"-6y'+y=f(x); a)f(x)=x^e'; b)f(x)= cos x -sin x.
5 .2 1 .  5 y ' '+ 9 y '- 2 j =  f(x); a) f(x)=^x^-T; b) f(x)= 2sin 2x-

3cos2x.
5.21.y"-2y'-!5y=f(x); a)f(x)=4xe'’̂ - h)f(x)-= xsin  5x.
5.23.y ”-3y^f(x); a)f(x)=2xU x; b)f(x)^ 2^^ cosx.
5.24. y"-7f+12y=f(x); a)f(x)-=xe^'‘+2e^;b)f(x)= 3xsin2x.
5.25.y"+9y=f(x); a) f(x)^x^- +4x-3; h)f(x)= xe^hinx.
5.26.y"-4y'+5y=f(x); a)f(x)=-2xe^; b) f(x)= xcos2x - sin2x.
5.21.y"+3y'+2y=f(x); a) f(x)=(3x-7)e''; b)f(x)== cosx-3sinx. 
5.2%.y'’-8y'^16y=f(x); a)f(x)=2x/^; b)f(x) ~ cos 4x + 2sin 4x.
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5.29.y"+y'-2y=f(x); a) f(x)=(2x-I)e\- b)f(x)= 3xcos 2x.
5.30.y ”+3y'-4y=f(x); a) f(x)= 6xe^; b) f(x)= x^sin 2x.

Namunaviy variant yechimi.
Differensial tengiamalaming umumiy yechimlarini toping.
1. a; 4y"-lly'+6y=0; h) 4y"-4y'+y=0; v)y"-2y’+37y^0;
Berilgan har bir tenglama uchun xarakteristik tenglama

tuzamiz va uni yechamiz. . Xarakteristik tenglamaning olingan 
ildizlarining ko‘rinishiga qarab, differensial tenglamaning 
umumiy yechirnini yozamiz (11.48 formulaga va § 11.6 dagi 5- 
misolga qarang).

a) 1  + 6 - 0 ,  =3/4, ildiziar har xil va
haqiqiydir, shiming uchun tenglamaning umumiy yechimi 
quyidagicha boiadijv=Cie^^‘̂ +C2ê '*';

h) 4 A,^~4Z + \ — Q, A, = /I2 — 1 /2 -  ildiziar bir-biriga teng va 
haqiqiydir, bundan kelib chiqadiki, tenglamaning umumiy 
yechimi quyidagicha bo‘ladi.

y= C ,e ‘̂ ^+C2X '̂^
v) A. "̂2 /1 + 37 = 0, 2 =-^2 = 1 - 6 /  - ildiziar qo‘shma

kompleksdir, shuning uchun tenglamaning umumiy yechimi 
quyidagicha bo iadi.

y  = ^(C]COs6x+C2Sin6x). * 
2. y"- 3y'-4y=6xe^;

1 “̂3 /1 — 4 = 0 xarakteristik tenglamasi X \= 4 ,a  — —\ 
ildizlarga ega. Bundan kelib chiqadiki, bir jinsli tenglamaning 
Uttiimiiy yechimi quyidagi formula bilan aniqlanadi.

y^C,e^^+C 2C ;̂
Tenglamaning o‘ng tomonida joylashgan fiinksiya

bo‘yicha xususiy yechim tuzilishini yozib olamiz ((11.50) 
formulaga qarang).

y  = ^ { A x ^ B )e ^ -x

Bu yerda, z=a+ib=-J  xarakteristik tenglamaning iidizi 
t>oiganIigidan ( ^  + ifodani x ga ko‘paytirdik. A va V
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koeffitsiyentlami noma’lum koeffítsiyentlar usuli bilan 
aniqlaymiz. Buning uchun quyidagilami tuzamiz.

> ' * ' =  ( 2  A x  +  -  (Ajc^  +

y*"=2Ae~^ +(Ax^ +Bx)e~^ -2 {2 A x  + B)e-^; 
y * ' , y * "  lar uchun topilgan ifodalami berilgan tenglamaga 

qo‘yib, uning ikkala toraonini e'^ga boiib, x̂ , x va x^lar oldidagi 
koeffitsiyentlarini tenglashtiramiz ya A va V lami topish uchun 
sistema hosil qilamiz. Shunday qilib, yuqorida bayon 
qilinganlarga mes ravishda quyidagilarga ega bo‘lamiz:

2A+A^+Bx-4Ax-2B-6Ax-3B+3Ax^+3Bx-4Ax^~4Bx=6x,
A + 3 A - 4 A  -  O 

B -  4A -  6A -  3B - 4 B  =: 6X
X« 2A -  2B - 3 B  ==0 

Bu yerda A =-~, B= -  ^  .

U h o l d a ; ; * = - f - x ^ e\ D ¿ j J
Beriigan, bir jinsli boimagan tenglamaning umumiy yechimi 

quyidagi fonnuladan aniqlanadi.
y ^ y +  y* =Cje‘*'‘ + -  {^x^ + ~  e~^. <
3. y" + y  '=5x+cos2x.
► Tenglamaning Á^+Á = 0 xarakteristik tenglamasining

iidizlarini topamiz. A^- 0, = —í. Bundan kelib chiqadiki, bir
jinsli tenglamaga mos keluvchi umumiy yechim qujádagi 
ko‘rinishga ega bo'ladi.

y=Cj+C2e^.
Tenglamaning o‘ng tomonidan turgan f(x)=5x+cos2x 

funksiya, fi(x)=5x  va f2(x)=cos2x funksiyalaming yig'indisidan 
iborat. Ularga quyidagi 2ta xususiy yechim mos keladi: 

y  I =Ax^ +B, y  I =A ¡cos 2x+B ¡sin 2x, 
ya’ni,y*=;;* + y* Quyidagilami topamiz. 
y*'=2Ax+B-2A2SÍn2x+2Bicos 2x, y" =2A-4A¡cos 2x-4B¡ 

sin2x.
y*' va y*" lar uchun olingan ifodalami dastiabki tenglamaga 

qo‘yamiz va A, B, A],Bi koeffitsiyentlami hisoblaymiz.
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=%]
LOSi =

2»i,

2A-4A icos2x-4B ¡sm2x+2Ax+B- 
2Aisin2x+2Bicos2x=5x+cos2x,

X 2A =  5 
2A +  B

cos2x 
sin2x

bundan ^=5/2, B=-5, A ,=-l/5 , B;=l/l().
Shunday qiiib, dastlabki tenglamaning xususiy yechimi 

quyidagi ko‘rinishga ega boiadi:
* 5 1 ^ 1 . ^

y * = — X 5x --co s2 x  + —  sm 2x 
2 5 10

uning umumiy yechimi esa quyidagicha boiadi

y=y+y"^=Ci+C2e ’'+ — x^~5x- ~  cos 2x + —  sin 2 x .
2 5 10

4. Berilgan boshlangich shartlarni qanoatlantiruvchi, 
differensial tenglamaning xususiy yechirnini toping.

y"+16y=(34x+13)e\ y(0)=-l, y ’(0)=5- 
+16=0 xarakteristik tenglama A 12 ± 4 i  mavhuni 

yechimlarga ega. Bir jinsli tenglamaga mos keluvchi umumiy 
yechimi quyidagi formula bilan aniqlanadi.

y= C i cos 4X+C2 sin 4x,
Uning xususiy yechimi esa quyidagi ko'rinishda boiadi.

y*=(A x+B )e\ •
Quyidagilami tuzamiz:

y*'=Ae^-(Ax+B)e’̂ , y*''=-2Ae’=+(Ax+B)e^.
y*' vay*"  laming ifodalarini dastlabki tenglamaga qo‘yamiz.
-  2A+Ax+B+16Ax+16B=34x+13, hosil qilingan ayniyatdan 

A=2, B=1 lami tuzamiz. U holda
y*=(2x+l)e^

boiadi va dastlabki tenglamaning umumiy yechimi quyidagi 
ko‘rinishda boiadi

y=C]Cos 4x+C2sin 4x+(2x+l)e^.
y(0)=-I, y'(0)=5 boshlangich shartiardan foydalanib, Q  va 

C2 laming qiymatlarini hisoblash uchun quyidagi sistemani 
tuzamiz.

y (0 )= -l= C j+ l
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y'(0)=5--=4C2+2-l 
bundan C]=-2, € 2=!. C¡ va C2 laming qijTnatlarini umumiy 

yechimga qo‘yib, dastlabki tenglamaning xususiy yechimini 
topamiz.

y=sin 4x-2cos 4x+(2x+l)e^. A
5. f(x) fimksiya ko‘rinishi bo‘}ñcha y"-9y=f(x) chiziqli bir 

jinsli bo‘lmagan differensial tenglamaning y*  xususiy yechimini 
aniqlang va ko‘rinishini yozing

a) f(x)=(5-x)e^'‘; h)f(x)=xsin 2x.
>-A^-9=0, tenglamaning yechimlari X]=-3, A,2=3 lardir.
a) f(x)=(5-x)e^'‘ bo‘Iganligidan, uning xususiy yechimi 

quyidagi ko'rinishida bo‘ladi.
;; *=(Ax+B)e^^x=(Ao^+Bx)e^\

Bu yerda, z=a+ib=3 va k = l  bo‘lganligidan x ko'paj^uvchi 
hosil bo‘ladi.

b) f(x)=xsin 2x bo'lganligi uchun xususiy yechim 
quyidagicha bo‘ladi;

y*=(Ajx+Bj)cos 2x +(A2X+B2)sin 2x. ̂

11.4-ÏU T
1. Chiziqli bir jinsli differensial tenglamaning xususiy 
yechimini toping.
1.1. y"'-7v"+6y'=0, y(0)=0, y'(0)=0, y'Y0)=30.(Javob: j= 5 -  

6e^+e^’'.)
1.2./-9 );  "'=0, y(0)=1, y  '(0)=-i, ”(0)= 0̂, y  "'(0)=0, ÿ^ (0)=0. 
(Javob :y=l-x.)
1.3. y  '"-y"'̂ 0, y(0)=0, y'(0)^Cf, y"(0)=-l.(Javob: y=l+x-e^.)
1.4. y  "-4y'=0, y(0)=0, y'(0)=2, y "(0) =4.(Javob: y= e  ^̂ -1.)
1.5. y"'+y'=0, y(0)=0, y ’(0)= l, y"(0)-l.(Javob: y= l-cos x-

sin  X.)
1.6. y"'-y'=0, y(0)=0, y'(0)==2, y"(0)=4.(Javob: y= -4+e  

^+3ë’‘.)
1 . 7 . +2y "'-2y'-y--=0, y (O M , y'(0)=--2. y"(0)=0. y  '"(0)=8. 
(Javob: y=2e^‘-4xe - 4 y ? -2é^.)
\.%.y"'+y'~5y'^3y=0, y(0)=0, y'(0)=l> y"(0)=-l^- 
(Javob: y= e ’̂ -3xé'-e^ .̂}
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1.9. y  '"+y'-0, y(0)=0, y'(OM, y ”(0)=-l.
(Javob: ■)
1.10. y "'-5y"+8y'-4y=0, y (0)= l, y ' (0 ) - - l  y"(0)=0. 

( J a v o b : y = \ f  ■

1.11. y'"^iy'’̂ 2y'=0, y(())=0, y ’(O M , y"(0)=2.
(Javob: y = l- 2 e  + e .)
1.12. y ''"+3y"+3y'+y=0, y(0)=-I, y'(0)=0, y"(0)=}. 
(Javob: y~-^ (l^x).)
1.13. y"'2y”+9y'-18y=0, y(0)=-2,5, y'(0)=0, y"(0)=0.

45%  10 . 15 _  ,
(Javob: y = - ^  2 x - — cos2x + ™ sm 2x).

1.14. y'"+9y-0, y(0)=0, y'(0)=9, y"(0)=-I8.
(Javob - y =-2+2 cos 3x +3 sin 3x.)
1.15. y "'-13y"+12y'=0, y(0)=0, y'(0)=l, y"(0)=133.
(Javob: y^^ 0-11 e +e .)
1.16. f-5 y" + 4 y= 0 , y(0)=-2, y'(OM, y"(0)-2, y  '"(0)=0.

,7  7 2. 3 _2, ,
(Javob:y— ^ l^ ^  + - ^  ■)

1.17. f-10y"+9y=0, y(0)=0, y'(0)=0, y"(0)=8. y  "'(0)=24. 
(Javob: y~-2^^^ ■)
1.18. y"'-y"+y'-y=^0,y(0)=0,y(0)=ly’'(0)=0. •
(Javob: y=sin x.)
1.19. y '"-3y''+Jy'-y=0. y(0)=0, y'(0)=0, y"(0)=4.
(Javob: v~2x^e.)
1.20. y ' - y W - 4 y = 0 ,  y(0)= -l, y '(0 )= 0 ,y”(0)=-6.
(Javob • y=-2(^+cos 2x+sin 2x.)
1.21. ’ /-2 y+ y" = 0 , y(0)=0, y '(O M , y"(OM ,y"'(0)=2. 
(Javob:
1.22. y  V f t  y'(0)=0, y"(0)=0, y  '"(0)=-4.
(Javob: y=e-"^2 sin X.)
1.23. / -1 6 y -0 , y(0)=0, y'(0)=0, y"(0)=0, y  '"(0)=-8.

(Javob: y"^^' 4  ̂ '*'2
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1.24 y '"+y"-4y'-4=0, y(0)=0, y ’(0)=0, y"(0)=12.
(Javob:y=e .)
Î.25. >; "'+y+9y’+ l8y=0, y(0)= l, y ’(0)=-3, y ”(0)=-9. 
(Javob: y —COS 3x-sin 3x.)
1.26. y ” =0, y(0)^ y'(0)= y"(0)= y"'(0)=0.

ÿV0)----27.

(Javob: y= I+ 2x+ ~ x"  +xe'\)

1.27. y '"+2y'+y'+18y=0, y(0)=0, y '(0 )= l y''(0)=^-3. 
(Javob: y = l-e '‘+xe''.)
1.28. y "'-y"-y’+y=0, y (0 )^ - l  y ’(O M , y"(0)=l.
(Javob: y= -4é‘+7xé‘-'<-3e'‘.)
1.29. ÿ'"+5y"+4y=0, y (O M , y'(0)^4, y"(0)=-l, y  "'(0)= -̂16. 
(Javob: y =2 sin 2x + cas x.)
1.M .f+10y"+9y=0, y(0)=l, y'(0)=3, y"(0)=-9, y"'(0)=-27. 
(Javob: y =  cos 3x+sin 3x.)
2, Differensial tenglamalar sistemasini ikki usulda yeching;
a) yuqori differensial tenglamaga keltirish yo‘li bilan;
b) xarakteristik tenglama yordamida.

'x = C,e^‘ + C ,e ‘

2.1.

2.2,

2.3.

2,4

X = 2x + y .
= 3x + 4y.

JC = x - y ,
= -4 x  + y.

X
t

= - x  + Sy,

y = x  + y .

X = - 2 x - 3 y ,

y -■= ~x.

(Javob : 

(Javob :

(Javob:

y  = 3C,e^'
)

X = + 2C^e  ̂

\ y  = -2C^e^‘ +2C^e

-3 i"

(Javob :

X = C(g '̂ + 2C^e

y ^ - c J ‘ - ~ c ^ :  
2 4

x = C je - ''+ C y  

3 ■
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fx' = X ~ y

2.5. 1У’-^ -4х + 4у.' 

_ x' = ~2x + j>,
2.6. b '  = ~3x + 2 j. 

fx ’=:6x~y,
2J^ [ y ’ =  3x + 2 y . .....

x' = 2x + y,

2.8. Ь  ~ - 6 x - 3 j ; . -

X' =  y^

{Javob ;
,5«

= x2.9.
2.10.

x ’ = -x ~ 2 j. ,  
y '  = 3x + 4y. '

{Javob :

{Javob ;

у  = ЪС,е-‘ ~С^е^‘^

, /  = - 2 q - 3 C ,e - ^  

х = С /+ С 2 б “'

X — Cj + Cji

2.11.
2.12,
 ̂x' = 4x + 2 j ,  
[>’' = 4x + 6j;.
2.13.

fx'  = 8x-3>;, 
7 ' = 2x + _y.

x '- - 2 x ,
,7 ' = j .

y  = C ,é -3 C ,e ~ ‘  ̂

x = q e '  + qe^^

{Javob : fx  = q + r e - .~2t

{Javob

j  = - c y + , q .

х = С,е^'ЧС,е**'

)

{Javob ;
X = q e “' + q e " ' 

;< = 2C,e“ + i c

)

2.14.

x ' = 3x + >>, 
.>'' = x  + 3j^‘ {Javob:

Jt )

x ^ q e ^ '+ C e ^ '
,4f)
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2.15.

х' = 2х + Зу, 

[>'’ = 5х + 4у.'

2.16.

х' = х + 2у, 

j '  = 3x + 6y.'

{Javob :
У = ~ С ,е - 'Л с ,е " *

{Javob :

,7íX — C\ß + Cjß

V = - l c ,+ 3 C > '^ ^  
2 ’ '

2.17.
2.18,
X ' -  X + 2y, 

у  ' = 4x -I- 3y.

2.19.

"x' = x + 4_y, 

,y ' = x + y.

2.20 .

fx ’ = 3 x - 2 y ,  

y '  =  2x + 8y.

2.21.
'x'=--x + 4y, 

y ' = 2x + 3y.'

2.22.

x ' - 7 x  + 3y, 

|.y ' = x + 5y. ■

X ' = 5x + 4y, 
y ' = 4x + 5_y.

{Javob :
x - Q e '+ Q e

{Javob :

{Javob:

x = c y

>' = - C e ' + 2C,e'

x = Cjß

y  = - -C ,e -^
2 ' 2 "

{Javob :

{Javob :

2
.у --З ^ С ,е“Ч С ,У '^

{Javob :

8/

y = -C,e"'+-!-Qe*'^
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2.23.
2.24.

íx  = qe^ ‘ + a e ^ ‘

............

x'=.-2x + 8 j, 
у '  = х + 4у.

2.25.

x' = 5 + 8_y, 

Í3^ '-3x  + 37.“

2.26.
, x' = 3x + y ,
y '  = 8x + y . ....

221.

x' = x - 5 y ,  

у '= ^ -х -Ъ у Г

2.28.

[х' = ~5х + 2у,<
у '  = х - 6 у .

2.29.

| x '  = 6x + 3j;, 

_у' = - 8 х - 5 у .

2.30.

'x' = 4 x - 8 y ,  

1у ' = -8 x  + 4y.'

{Javob : -
x - q + c > ® '

{Javob :
X -  C,e'* +

( Javob : )

{Javob :

{Javob :

x = C,e-' + q e ^ ' 

y  = ~4C^e-‘ +2C^e

x~-^qe-^> + C,e: ‘̂ 

y  = C,e-^^+~C,e^‘^

x = C ,e-"44c^-^'

y = I c , e - " - c , e - " ^

{Javob ;
x = C ,e-^4C ,e^'

.3í"

Í̂2í

7  =
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3. Differensial tenglamani ixtiyoriy o‘zgarmasni 
variatsiyalash usuli bilan yeching.

e"

3.1.

(Javob : y  -  +1) + e, ) -  e In — -----h e, )e \)
2 2  ̂ ^2 e "+ l '

1

3.2. y"+4y= cos2j£:

(Javob : y  ~ ( - ^ i n  cos 2x + C2 ) cos 2x + (^  x + C2 ) sin 2x.)

3.3. y"-4y+5y'
cosx

(Javob : y  = (In cos x + Q )e cos x + (x + Cj sin 2x.)

3.4. y ”+y'
1

sm
cos^x

(Javob : y = ---- Cj + (In cos x + Cj ) cos x + (x -- tgx + C J  sin x.)
cos

1

3.5. y"+9y
1  1

cos3x

(Javob : y  = ( -  ~ ^  + C] ) cos 3x + (— In sin 3x + Cj ) sin 3x.)

xe'‘ +■
3.6. y"+2y’+y xe

(Javob : y  = C,e * + C,xe — e"" -  -- e"' -  xe * + xe In x.)

3.7.
cosx

(Javob:y = (hi cosx| + C;)e ''cosx+(x+C2)e "'sinx)
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3.8. y"-2y'-V2y sin“ X
X 1 . .

(Javob ; y  = (ln(c/g —) + C, )e^ cos x + (------- h )e’' sin x.)
2 sinx

3.9. y"+2y+2y =e~^ctgx.

(Javob: y  -  Qe""" cos x + Cje”'' sin x + e~"‘ sin x • In tg(x / 2)j.)

3.10. y''-2y'+2y=e^/sinx.

{Javob: y  = (--x + Q )e'' cos x + (In sin x\ + sin x.)
3.11. y"-2y'+y =eVx^
{Javob : y  — (—Inx + C )̂e  ̂+  (—1 / x + C^xe''.

3.12. y"+y = tg x ‘

{Javob :y  = Q  cos x + C2 sinx -  cos x ■ In tg{x / 2 + ;r / 4)).

3.13. y"+4y=ctg2x-

Javob \ y  =  Ĉ  cos 2x + sin 2x + ̂  sin 2x • In tgx .).

3.14. y"+y=ctgx 
Javob: y = C[ cosX + C2 sinx+ sinx ■ In /gx(x/ 2).).
3.15. y''-2y'+y =e^/x
Javob : y  =  (—x + C, + (In x + Cj )xe^ ).
3.16. y"+2y'+y = eVx
J a vo b : y  = (~x + C, )e~'' + (in x + )xe~"‘).
3.17. y" +y'= l/cos X.

Javob: 3; = (In cosxj + C,) cos x + (x + C ) sin x).

3.18. y" + y= l/s in x .

Javob: y  -  (-x  + C,) cosx + (In sinx\ + C^)sinx).
3.19. y"+4y =l/sin 2x.
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X 1
Javob ; j  = {----- h C]) cos 2 x + ( -  In sin 2x| + C j) sin 2x).

2 4
3.20. y ”+4y= tg2x.

Javob ; V = C, cos 2x + C, sin 2x -  — In. 2  4

3.21. y"+4y'+4y = ê /̂x̂ .
Javob : y  =  Q +  CjX +1 / (2x))x“̂ "').
3.22. y"-4y’+4y = e-̂ Vx̂ .
Javob ; j  -  q e '"  + Qxe^" + e'" / 2x).

3.23. y"+2y'+y=^e-^^xTl

/ cos2x).

Javof): =  (- - ^ {x+ if + 2 ^ {x + lf+C,)e"'+{2^{x+lf + C )̂xe'’‘).

3.24. = -cig^x. 

Javob: >’ = Cj cos x Cj sin x + cos x • In ig(x / 2)| + 2.) 

3.25. j/"-7'=e^"cos(e").
Javo&: 7 = C, + Qe"" -  cos(e’').)
3.26. 7  ”-7 ' • sin(e^).
Javi>Z?; y  =  Cj + -  sin(e*).)
3.27. y ”̂ y = t^ x .

Javob \ y  =  Cy cos X + sin x + sin x • in -X n .
-2 .)

3.28. =2/sin^x.

Javob: y  = C, cos x + Cj sin x + 2 cos x • In ctg(x / 2) -  2).

3.29. >-"+2j'+5j;= sin2x
X 1

J a vo b :y -(—- +'C,)e"' cos2x + ( - ¡n sin2x + C2)esin2x .)
2 4
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3.30. y" +9y=  cosSx
1 X

Javob : _y = (— in cos3x +C^)cos3x + (— + Cj) sin3x.)

4. Quyidagi masalalami yeching;
4.1. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini 

yozing: Egri chiziqqa urinma, urinish nuqtasidan abssissa o ‘qiga 
tushirilgan perpendikulyar va abssissa o‘qi bilan chegaralangan 
uchburchakning yuzi o‘zgarmas kattalik boiib  b  ̂ga teng.

{Javob:y===2b^/(C^^)).
4.2. Egri chiziqqa ixtiyoriy urimnaning abssissa o‘qi bilan 

kesishish nuqtasi, urinish nuqtasi va koordinata boshidan bir xil 
uzoqlikda ekanligi m aium  bo‘Isa, egri chiziq tenglamasini 
yozing.

(Javob:y=C(x^+y^)).
4.3. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini 

yozing: koordinata o‘qlari, egri chiziqqa urinma va urinish 
nuqtasidan abssissa o‘qiga tushirilgan perpendikulyar bilan 
chegaralangan trapetsiyaning yuzi o‘zgarmas kattalik bo‘lib, 3a  ̂
ga teng.

{Javob :y=Cx^+2aVx ')
4.4. Quyidagi xossaga ega bo‘lgan egri chiziq*tenglamasini 

yozing: urinma, abssissa o‘qi va koordinata boshidan uiinish 
nuqtasigacha bo‘lgan kesma bilan chegaralangan uchburchakning 
5̂ zi â  ga teng bo‘lgan o‘zgarmas kattalikdir. {Javob:x=ayy+Cy).

4.5. Ixtiyoriy urinmadan koordinata boshigacha bo‘lgan 
masofa, urinish nuqtasining abssissasiga tengligi ma’lum bo‘lsa, 
egri chiziq tenglamasini yozing. {J a v o h :C x = x ^ .}

4.6. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini 
yozing:

ixtiyoriy urimmaning abssissa o ‘qi bilan kesishish nuqtasi, 
urinish nuqtasining abssissasidan ikki maria kichik bo‘lgan 
abssissasiga ega.

{Javob :y=Cx^).
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4.7. Urinma, urinish nuqtasidan abssissa o‘qiga tushirilgan 
perpendiiailyar va abssissa o‘qi bilan chegaralangan 
uchburchakiiing katetlari yig‘indisi o‘zgamias kattalik bo‘lib, agar 
teng boigan xossaga ega egri chiziq tenglamasini yozing: {Javob: 
±jc =  C + ab i V - j ( 0 < > ’<a).)..

4.8. Ixtiyoriy urinmasining abssissa o‘qi bilan kesishish 
nuqtasi, urinish nuqtasi abssissasining 2/3 qismiga teng abssissaga 
ega bo‘lgan egri chiziq tenglamasini yozing. {Javob:y=Cx^)

4.9. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini 
yozing:

Egri chiziqning ixtiryoriy nuqtasidan o‘tkazilgan urinma va 
normalning abssissa o‘qidan ajratgan kesmaning uzunligi 2 1 ga 
teng.

(./avo6.-x=C +H ^fZ ±V ê^/")±V 5^^^)-> >

4.10. A(2,4) nuqtadan o‘tuvchi va quyidagi xossaga ega 
bo'lgan egri chiziq tenglamasini yozing: Egri chiziqning ixtiyoriy 
nuqtasiga o‘tkazilgan urinmaning abssissa o‘qidan ajratgan 
kesmasining uzunligi, urinish nuqtasi abssissaning kubiga teng.

(Javob:y= 2 J 3 x / V ^ - 1 )
4.11. A(l,5) nuqtadan o‘tuvchi va quyidagi xossaga ega 

bo‘lgan egri chiziq tenglamasini tuzing: ixtiyoriy urinmaning 
ordinata o‘qidan ajratgan kesmasining uzunligi, urinish nuqtasi 
abssissasining uchlangani ga teng.

{Javob :y=^3xtnx+5x.)
4.12. A(l,2) nuqtadan o‘tuvchi va quyidagi xossaga ega 

boigan egri chiziq tenglamasini tuzing: ixtiyoriy nuqtasining 
ordinatasining shu nuqta abssissasiga nisbati, izlanayotgan egri 
chiziqqa shu nuqtada o‘tkazilgan urinmaning burchak 
koeffitsiyentiga proporsional. Proporsionallik koeffitsiyenti 3 ga 
iQng.(Javob:y^=8x.)

4.13. Ixtiyoriy nuqtasidagi urinmaning burchak 
koeffitsiyenti, urinish nuqtasi ordinatasining kvadratiga 
proporsional ekanligi ma’lum bo‘lsa, A(2,-l) nuqtadan o‘tuvchi
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egri chiziq tenglamasini tuzing. Proporsionaliik koeffitsiyenti 6 ga 
teng. (Javob:y

4.14. Ixtiyoriy nuqtasidagi urimnaning burchak 
koeffitsiyentining urinish nuqtasi koordinatalarining yig‘indisiga 
ko‘paytmasi, shu nuqta ordinatasining ikkilanganiga teng ekanligi 
ma’ium boisa, A. (1,2) nuqtadan o'tuvchi egri chiziq tenglamasini 
yozing. (Javob:y=2(y-xy.)

4.15. Ixtiyoriy nuqtasiga iiiinmaning burchak 
koeffitsiyenti, shu nuqta ordinatasining uchlanganiga teng 
ekanligi m aium  boisa, A(0,-2) nuqtadan o‘tuvchi egri chiziq 
tenglamasini yozing. (Javob:y=-2e^.)

4.16. Quyidagi xossaga ega boigan egri chiziq 
tenglamasini yozing:

Urinmaga koordinaia boshidan tushirilgan 
perpeiidikulyarning uzunligi urinish nuqtasi absissasiga teng. 
{Javob :y^=Cx-X^.)

4.17. Biror nuqtasiga urinmaning burchak koeffitsiyenti, 
shu nuqtani koordinata boshi bilan tutashtiruvchi to‘g‘ri 
chiziqning burchak koeffitsiyentidan n marta katta bo‘igan 
xossaga ega egri chiziq tenglamasini yozing. {Javob:y=C)^')

4.18. Quyidagi xossaga ega boigan egri chiziq 
tenglamasini tuzing:

Egri chiziqqa uiinmaning koordinata o‘qWi bilan 
chegaralangan kesmasi, urinish nuqtasida teng ikkiga boiinadi. 
{Javob:xy=C)

4.19. Egri chiziqning biror nuqtasiga oikazilgan 
normalning ordinata o‘qidan ajratgan kesmasining uzunligi, shu 
nuqtadan koordinata boshigacha boigan masofaga teng degan 
xossaga ega egri chiziq tenglamasini tuzing.

{Javob :y= ^ {C x^ -^ ).)

4.20. Egri chiziqning biror nuqtasining abssissasining shu 
nuqtaga oikazilgan normalning OU o'qidan ajratgan kesmasi 
uzunligiga ko‘pa54masi shu nuqtadan koordinata boshigacha 
boigan masofa kvadratining ikkilanganiga teng boiadigan egri 
chiziq tenglamasi tuzilsin.
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i.Javob:o^+y^=Cx\)
4.21. Ou o‘qi, urinish nuqtasining radius vektori va 

urinmasidan tashkil topgan teng yonli uchburchak uchun egri 
chiziq tenglamasini tuzing.

{Javob:x^+y^=Cy, y^=C^-2Cx, xy= C )
4.22. A(2,0) nuqtadan o‘tuvchi va quyidagi xossaga ega 

bo‘lgan egri chiziq tenglamasini tuzing: Urinish nuqtasi va Ou 
o‘qi orasidagi urinmaning kesmasi, o‘zgannas kattalik bo‘lib, 2 ga

[------2
teng. {Javob:± y -y jA  —x  ̂ + \n{—— ^ )

2 + Vx -
4.23. Barcha urinmalari koordinata boshidan o'tuvchi egri 

chiziq tenglamasini yozing. {Javob:y=Cx.)
4.24. Har bir urinmasi, urinish nuqtasi abssissasining 

ikkilanganiga teng abssissali nuqtada u = l to‘g‘ri chiziqni kesib 
o‘tuvchi egri chiziq tenglamasini yozing. {Javob:y=C/x+l.)

4.25. Qujddagi xossaga ega bo'lgan egii chiziq 
tenglamasini tuzing: Agar ixtiyoriy nuqtasidan koordinata o‘qlari 
bilan kesishguncha, ularga parallel to‘g‘ri chiziqlar o‘tkazilsa, u 
holda hosil bo‘lgan to‘g‘ri to‘rtburchak yuzi egri chiziq biian ikki 
qismga ajraladi va ulardan birining yuzasi ikkinchisining 
wzasidan ikki marta katta ho‘ladi.{Javoh:y=Cx^.)

4.26. Agar egri chiziqqa urinmaning Ou o‘qidan ajralgan 
kesmasi uzunligi bo‘yicha urinish nuqtasi koordinatalari

yig‘indisining — ga teng. bo‘Isa, egri chiziq tenglamasini toping. 
n

{Javob :y~Cx^^~’̂ "̂-x.)
4.27. M(x,u) nuqtadagi normalining Ox o‘qidan ajratgan 

kesmasining uzunligi uVx ga teng bo‘lgan egri chiziq 
tenglamasini yozing.

{Javob: y — x ̂ 2  ln(C / x) )
4.28. Urinmasimng Ou o‘qidan ajratgan kesmasining 

uzunligi, urinish nuqtasi abssissasining kvadratiga teng bo‘lgan 
egri chiziq tenglamasini yozing.

{Javob :y-Cx-x^.)
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4.29. M(x,u) nuqtadagi normalining Ou o‘qidan ajratgan 
kesmasining uzunligi x /̂u ga teng bo‘lgan egri chiziq 
tenglamasini yozing.

{Javob:C=x^/(2ÿ)+lny.)
4.30. Egri chiziq, ordinatasi 2 ga teng nuqtada Ou o'qiga 

45" ostida og‘gan. Uning ixtiyoriy urinmasi abssissa o‘qidan, 
uzunligi bo'yicha urinish nuqtasi ordinatasining kvadratiga teng 
kesma ajratadi. Berilgan egri chiziq tenglamasini yozing.

{Javob :x=(5-y)y.)
Namunaviy variantni yechish.

1. Chiziqli bir jinsli differensial tenglamaning xususiy 
yechimini toping.

ÿ^ -y-0 ,y(0 )= 5 , y ’(0)=3, y'(0)=y"'(0h0.
Xarakteristik tenglamasini tuzamiz va uni yechamiz:

+ \)= 0 , \  =--1, ^2 >?3,4 = ±i.
Berilgan tenglamaning umumiy yechimi quyidagi ko‘rinishda 

bo‘ladi.
y=C¡e'‘+C2 e^+C2Cos x + C4 sinx.
Quyidagilami topamiz: 
y ’~ C ]e '‘+C2 e -̂C3sin x + Q cosx, 
y"=C¡e^+C2e^-Cssin x-C4 sin x, 
y  "--C]e'^+C2^-C 3sin X-C4  cos x.
Boshlang‘ich shartlardan foydalanib, C;, C2, O3, Q  laming 

qiymatlarini topish uchun sistema tuzamiz va uni yechamiz:
Cj +  C2 +  C3 =  5 

-C l +  C2 +  C4 =  3 I 2 Ci +  2 C-2 -  5 
Cl +  C2 -  C3 =  0 -2 C i +  2 C2 =  3j

—Cj + C2 — C4 =  5> 
bu yerdan C,=l/2, Ci=2, Ci= 5/2, C4=3/2.
Berilgan tenglamaning xususiy yechimi quyidagi ko‘rinishda 

bo‘ladi.
1 5 3

y= — e^+2 e^+ — cos x+ — sin x.
2 2 2

2. Quyidagi tenglamalar sistemasini 2 xil usulda yeching.
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a) yiiqori tariibli differensial tenglamaga keltirish yo‘li 
bilan;

b) xarakteristik tenglama yordamida.
x'==-7x+y, x=x(t), x'= dxjdi, 
y--2x-5y, y=y(t), y'=dy\dt.
Berilgan sistemaning birinchi tenglamasini ditTerensiallab, 

quyidagini hosil qilamiz. x''=-7x'-^-y'
So‘ngra oxirgi tenglamada j^'ni berilgan sistemadagi ikkinchi 

tenglamasidagi ifodasi bilan almashtiramiz: x"=-7x'-2x-5y. Oxirgi 
tenglamada y  ni sistemasining birinchi tenglamasidan topilgan 
v=x'+7x ifoda bilan almashtiramiz. Natijada, ikkinchi tartibli 
differensial tenglamani hosil qilamiz.

X "=- 7x-2x-5(x'+ 7x), x "+12x'+J 7x=0.
Oxirgi tenglamani ma’lum usulda yechamiz (§ H.7ga 

qarang) ___
/ - + 12;. +37 = 0, \
x==e ‘̂(Cicost+C2sint).
Bundan quyidagini topamiz. 
x'=-6e^‘(CiCOS t+C2sin t)+e^‘(-Cisin t+C2Cos t). 
x va x' lar uchun olingan ifodalami y=x'+7x ga qo‘yib, 

quyidagini hosil qilamiz.
y '~ 6 e^ ‘(CiCos t + C2 sin t)+e^\-C i sin t+C2 cos t) + 7e 

^'(Cicos t+C2sin t).
Shunday qilib, izlanayotgan yechimlar quyidagi fimksiyalar 

boiadi.
x=e°‘(Cicos t+C2sin t),
y=e'^‘(Ci(cos t-sin t)+C2(cos t+sin t)).
b) xarakteristik tenglamasini tuzamiz va uni yechamiz;

= 0, (7 + A)(5 + 1 )  + 2 = 0

X' +12/1 + 37 = 0, /1*’̂  = —6 ± /,
=  — 6 -f- i uchun quyidagi sistemani hosil qilamiz, (§ 11.7 

dagi 2-misol bilan solishtiring)
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(—7 +  6 — i)a  +  P =  0 
~ 2 a  + ( - 5  + 6 -  i)^  =  0 

- ( 1  +  i)a  +  ^ =  0 
- 2 a  +  (1 - O P  =  0 

ot=l, p  =1+7 deb olib, dasilabki tenglamaning birinchi 
xususiy vechimini topamiz.

— —6 — i uchun
( - 7  + 6 +  i)a  +  (S =  Q 

—2a  + (—5 +  6 + i)P  ~  0 
( - 1  + Cja -f- /? = 0

- 2 a +  (1 + 0 ^  =  0
a = l v a p  =  l  — i deb faraz qilib, dastlabki tenglamaning 

ikkinchi xususiy yechimini hosil qilamiz.

Quyidagi formulalar bo‘yicha yangi fundamental! yecMmlar 
sistemasiga o‘tamiz.

X i =  (Xi +X2)/2, X 2= (xi-X 2)/(2 i),

y  i= (y i+ y2) /2, y  2^(yi-y2) /(2 i),

Eyler formulasidan foydalanib, (cos ^ t ±
isinpt), quyidagilami topamiz *

X i= e^* co st, X 2=^6 ^‘s in t, 

y  i=e'^*(cost~sint), y  2~e^‘(cost+sini),
Dastlabki sistemaning umumiy yechimi quyidagi ko‘rinishga 

ega bo‘ladi.

X = C ; X 7+C 2 X 2 .y = C i y  1 +  C2 y  2, 
ya’ni,
x=e^‘(Cicos t+C2sin t),
y -e ^ ‘ C](cos t-sin t)+C2(cos t+sin t)).
3. Differensial tenglamani ixtiyoriy o ‘zgarmasni 

variatsiyalash usuli bilan yeching
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lé^
e " - l

I*“ Berilgan tenglamaga mos keluvchi bir jinsli tenglamani 
yechamiz.

y"-y=o, - 1 - 0 ,  = -1 , ^2
Bir jinsli tenglamaning umumiy yechimi quyidagicha bo‘ladi.
y^C¡e^^-C2e^
Cl va C-2 lami x ning funksiyasi deb hisoblaymiz, ya’ni, 
.y=C/fxX"+C2fxX
quyidagi sistemadan Ci(x) va Qfx) lami aniqlaymiz ((11.39) 

sisternaga qarang).
c ;(x ) j i  + c;_(x)j2 - 0 ,

C [ { x ) y \^ C \{ x ) y \=  f i x ) ]  

berilgan tenglama uchun bu sistema quyidagi ko‘rinishga ega. 
C ;(x)e“" + C '(x )e "  = 0 ,

-  c ;(x )e“" + c ;(x )e"  = 2e" /(e" -1).

Bu sistemadan aw alC 2(x), C¡(x), lami, keyin esa C2('xJ va 
C¡{xJ lanii topamiz.

2 C ¡ ( x ) e ^ : ^ - ^ ,C ; ( x ) =  ^
e " - l

Q (x )  =
dx t = e’', x  = \nt. dt

e ^ - \ dx = d t!  t
dt CM _dt

347



In if — 1 —In t  +  Cy =  in
t ~ \ + c„

c ; w = - c ; w c ' '= e - ^ ' / ( e ' - i ) .
^2jc

q(x) = -

tdt
1 ^ \

-dx =
t = e"" ,d t = e" dx.

e " - i

i — 1 +1

X = In t

dt = -  to i - 1  + Cj = -e"" -  In •i + C .

Shunday qilib, (11.38) formulaga asosan, dastlabki 
tenglamaning umumiy yechimi quyidagicha boiadi.

y=(-e^-ln - I  + C[)e^+(ln

-Cje^+C-2e^+e l̂n
e ^ - l e-^In e " - l

+ c „ x =  

-1.

4. R(l,2) nuqtadan oiuvchi va quyidagi xossaga ega 
boigan egri chiziq tenglamasini tuzing.

Egri chiziqning ixtiyoriy nuqtasining radius-vektori, shu 
nuqtaga urinma va abssissa o‘qidan tashkil topgan 
uchburchakning yuzi 2 ga teng.

11.4-rasmdan ko‘rinib turibdiki, OA = OB + AB 

. BIViA uchburchakdan quyidagini hosil qilamiz.
= x + AB



11.4. -rasm

BA\
— - = c tg { j i~ a )  = ~ctg a , BA ,rc(i; r/,
y

\BA dx dx

Comâ 0,5
dx

OA MB  =2.
Oxirgi tenglikka \OA\vi\ \MV\ lar uchun hosil qilingan 

ifodalami qo‘yib, quyidagi dilTciciisial Iciiglarnani hosil qilamiz.
1 , dx. .  , dx .
- { x ~ y  -— )y  = 2, .XV - ■■ --- = 4,
2 dy dy

2 dx . dx x 4
y  - r  = x y - 4 ,

.2 *¿fy " ' dy y  y -
ya’ni, x=x(y) fimksiyaga nisbatan chiziqli, 1-taitibli hu1)>an

tenglamani hosil qildik. Bu tenglamani x=y alinasiiliii^li
yordamida yechamiz va quyidagiga ega bo‘Iamiz.

u3  4 .du i9, 4
y ’& + U&------ = -----^,11  3  + u(--------- ) = ---- ,

y  y  dy y  ,y'
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dy y

d& dy t d S  -d y
i9 y  

ln|¿<j = ln|yj, & = y , 

A-dy

S
du 4 

d y ^ ~

y

du = ■
y

,3 ’

/ '  ’

x  = ( ~  + C )y  = Cy + ~ .
y  y

Izlanayotgan egri chiziq R(l,2) nuqtadan o‘tadi. Shuning 
uchun 1=2C+], C=0. Natijada, uning tenglamasi x=2/y yoki 
xy=2 bo‘ladi, ya’ni berilgan egri chiziq giperboladir.

11.9 11-bobga qo‘shimcha masalalar
1. Lokomativning tezlanishi tortisliish kuchi F  ga to‘g‘ri 

proporsional va poezd massasi m ga teskari proporsional. 
Lokomativning boshlang‘ich tezligi i9o,tortishish kuchi F=6-/c. 3

, bu yerda. 3  -tezlik b, /t-o‘zgarmas sonlar. Agar boshlang‘ich 
vaqtda t=0  da F=Fo=b-k3a boisa, lokomativning t vaqt ichidagi 
tortishish kuchini aniqlang.

(Javob.-F^Foe-^''",)

2. Uzunligi 1 va koVidalang bo‘lgan kesim yuzi S boigan 
poiatsim qiymati R gacha o‘suvchi o‘zgarmas kuch biian 
cho‘zilmoqda. Agar simning cho‘zilishi quyidagi formula bilan

aniqlansa; A l - k - - ^ L ,  bu yerda ^-cho‘zilish koeffitsiyenti; Iq- 
F

simning boshlangich uzunligi boisa, cho‘zilish kuchining 
bajargan ishini aniqlang.

(Javob:A = )
2 F

3. Motorli qayiq koida 3  o=20 km/s tezlik bilan 
harakatlanmoqda. Motori o‘chirilgandan so‘ng 40 sekund o‘tgach
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qayiqning tezligi >9o='-8m/s gacha kamayadi. Motor o'chiriigandan 
so‘ng 2 minutdan keyingi qayiqning tezligini aniqlang? (suvning 
qarshilik kuchi qayiq harakatining iezligiga proporsional)

{Javob: 1,28 km/soat)

4. Suv biian to‘idirilgan balandiigi N  va asosining yuzasi 
Cl ga teng silindrik idishning asosida yuzasi C2 ga teng teshik bor. 
Suvning teshikdan to‘la oqib tushib keiish vaqtini aniqlang. (Oqib
tushish tezligi quyidagi formula biian aniqlanadi; 3  = ^2gh  bu 
yerda h-o‘sha vaqtdagi suv qatlami balandiigi, g-erkin tushish 
tezlanishi)

C
{Javob: T= --

5. Zanjirli ko‘prik arqonining uchlaridan biri R=5m 
balandlikda, uning o‘rtasi esa, ko'prikdan o‘tish qismidan N=4m 
balandiikda joylashgaii. Ko‘prikning uzunligi Arqomning 
egilish egri chizigini toping.

{.Javob: y-4=x^/l 00.)

6. Tog‘ jinsining boiagida lOOmg uran va 74 mg uranli 
qo‘rg‘oshin bor. Agar uranning yarim tarqalish davri 4-5-10^ 
yildan iborat va 238 g uranning to iiq  tarqalishida 206 g uranli 
qo‘rg‘oshin hosil bo‘lsa, tog‘ jinsining yoshini aniqlang. (tog‘ 
jinsining paydo boiishi iarkibida qo‘rg‘oshin boimagan va tezda 
tarqaladigan oraliq birikmalarda uran va qo‘rg‘oshin tarqalishi 
e’tiborga olininagan deb hisoblansin)

{Javob:975-10^’yil.)
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7. Raketaning massasi to‘Iiq yonilg‘I zahirasi bilan M  ga, 
yonilg‘isiz esa m ga teng, yoniig‘I mahsulotining tugash tezligi -  
s, raketaning boshlang‘ich tezligi 0 (nolga) teng. Raketaning 
og‘irlik kuchini va havoning qarshiligini e’tiborga olmagan holda, 
uning yonilg‘i yonib bo‘lgandan keyingi tezligini aniqlang.

{Javob:C-ln(M/m).)

8. Jism yer sathidan 18m balandlikdan 30m/s tezlik bilan 
yuqoriga vertikal holatda tashlangan. Balandlikni vaqtning 
funksiyasi deb qarab, jismning t vaqtdagi balandligini toping. 
Jism ko‘tarilishining eng katta balandligini aniqlang.

1 -,{Javob: S=h=^- — gt + 3 0 t + lS,heMtta=63,9m.)

9. Ma’lumki, havoda jismning sovush tezligi jism va havo 
temperaturalarining ayirmasiga proporsional. 20 minut davomida 
jismning temperaturasi lOO'̂ C dan 60*̂ C gacha kamayadi. 
Havoning temperaturasi 20®C ga teng. Jism temperaturasining 
250*^0 gacha kamayish vaqtini aniqlang.

»
{Javob: 1 soat 20 min.)
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x ’ - x ^  --6x  

X .5,

3.16.

3.17.

3.18.

3.19.

s in 4 x  

1 +  cos 4x  

x +  5

dx.

-dx.
■ 2x + 2x  + 3

dx

3x^-1 
2 x - I 0

dx.

v l  + x - x ^
dx.

3.20.
1

л/l + x̂
г X —4

3.21. ' Vx"-2x + 3
1(■ xdx

3.22. •Uin^x'

dx.

3.23.

Гх
1 + \Лс

dx.

л./2- x "  +л/2 + х'

3.24. л/4-x '
r Inx-- :^dx.

3.25. X ^

sinlxdx.
3.26.

Sx + 3

3.27. л/4х + 5-х"
f dx

3.28. ■' xlri’ X

2x + 3
3.29.  ̂ x̂  -  5x +7

xdx

3,30. V2X+1+1

<ix

dx.

■dx.

dx.
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4.
jc + 3

4,1, •'(x + 2)(x=+x + l)
-dx.

J 3\ß4.2. V x

x^dx
4.3. 9-x^

Í¿C
4.4.

4.5.

x ^ + 4 x - x ^ - 4
3 x - l

x^-6x  + l0
-dx.

dx

4.6.
2x^+1

4.7.

4.8.

4.9.

4.10.

4.11.

4.12.

4.13.

4.14.

x̂  +x^ + 2x + 2 

2x"+l

dx.

x  ̂+ 2x^ + 2x
dx.

dx
3 sin X + 4 cos X 

x^cos6xdx.

2x -1
5x"-x + 2

-dx.

X - 1
x'+8

dx.

3x - 7
x̂  + x̂  + 4x + 4 

x — arctg2x

dx.

1 + 4x^
-dx.

■ s in ^  X

4.15. •'cos X
dx.

4.16. ■* (л̂  + 1)(д:^+х + 2)‘ 
dx

4.17. ■

2xdx ___

4.18.

4.19. '

4.20.

4.21.

5-4sin x

x^-5^'4x.

dx
\ibx + l - \ '

\i^ \nxdx.

dx 
x'* -16 

j- dx

4.22. +
■____  dx

4.23.

4.24.

4.25.

4.26. ■'

4sm x+3cosx+5  

xdx 

2x^ + 2x + 5

2x -X  
( 7 - x /

dx.

-  2.x +1
x  ̂ + 2x^ + X 

dx

dx.

dx

4.28. x " - 6 x 4 9 x ' '
dx

4.29. Vx"+T +1

sm(lii x)dx.
4.30.

356



5. dx
Ox

5.2.

5.3.

5.4.

5.5.

5.6.

5.7.

5.8.

5.9.

5.10.

5.11.

5.12.

5Л.
dx

sin^x
cosx dx.

1 + siax  

cosSxcosxir. 

x + 2
x ' - 2 x " + 2 x

xdx

dx.

x - \

X

x 4 x

dx.

л 1(2 -хУ '

xdx

l / ï + з ’

x^\[{i + x y d x  

111' xdx.

cos 2xcos^ xdx.

e " + l
-dx

5.13.

5.14.

e' - 1
,2,.2x.x'e^^dx. 

x^ÿ,mxdx.
5.15. J

g -^sin^xcos^x

5.17.

5.18-

5.19.

5.20.

dx

V (i+ 7 7

sin X sin 3xdx.

{\-^ m 2 Ÿ d x .

dx

■Jx-x^ +1 

x^dx

5J1. .
ctg' x̂dx.

5.22.

5.23.

xdx
2x"+5

4X

5.24.
---- dx

•* x " -1 6

5.25

5.26 

5.27.

X

dx
5 -3 C O S X

ki(x^ +l)iix.

5.28.
j-^= i= dx . 

dx

5 29 л / ( 1 arcsin X 
f _  x '- 3  

5.30. ‘ x'*-5x^ +4
-Í¿C.

357



6.
sin xdx

6.1. V^+2cosx
гх'*+2х-2 ,
J----- —̂ :— dx.

6.2. x ''- ]

6J.

6.4.

¡ {x ^ + \y y d x .

-j4-x^ dx

6.5. Vx  ̂+Vx^
<¿c.

=Í¿C.
6.6.  ̂ ^

c o s 2 x s i n ^ x i f c .
0 .7 . J

Ísin^xcos^xífc. 6.0. ^

!■
2 x - l

6,9, Jx^ -4 x + l 
dx

dx.

J" o . t6,10.  ̂sin^3xcos^3x’
»
sin 2xcos5jü¿c.6.11.

x + l

6.12.
rdx.

6.13. x-S^dx.

__x + l
6.14. ■’ x^+x + 1Í dx.

4\ + x
6.15.

-dx.

6.16.

6.17.

6.18.

6.19.

6.20.

6.21.

6.22.

6.23.

6.24.

6.25.

6.26.

6.27.

6.28.

6.29.

6.30.

Í
dx

VT+x ~V i+x 

f 5 x '-8
x̂  -4 x

-dx.

J dx
x'* + 2x  ̂+ 2x^ 
2x"-5x  + l

x  ̂-  2x  ̂+ X 
Jsm5xcos3xife.

jsin^x + ]

dx.

cos^x
-dx

(x -l) '(x  + 3) 

\x+\)e^dx.

sirŝ  xcos“* xdx. 

(l+sin'*x)i&. 

\Г х

dx

x{\x+\ibx) 
dx

-dx.

3 + 5sinx + 3cosx'
s i n ’ x

1 + COS X 

dx

dx

tg 3x
dx

2sinx-cosx
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2. Nazorat isM. 
“DiffereiîsiaJ tenglamalar” (2 soat). 

Berilgan differensial tenglamalami yeching.

î.
1.1. y'-y/x-l/(sin{y/x))=0.

I2.xdy-ydx=^^''
1.3. xhi’=xy+y^.
1.4. xdy=(x^~2y)dx.
1.5. >' '+5y/x-2/r"=ft
Ï.6. x^dy+yMx=^3(x^-y^)dx.
1.1.y'=^4+y/x+(y/xy.
1.8. (x^+y^)dx-xydy=0.
1.9. xy’-y=x^cos X.

3
—y  = x.

1.10. .y'-
1.11. y'+2xy=2xy^.
1.12. xy'+ xy+ x+ I= 0 .

1.13. y'+2y/x= X 

2.
2.1. y'co,î^ x+y=ig x.
2.2. y'+y cos x= cos x.
2.3. In cosydx 'rx tgydy=0. 
2 A .y '= ig x -ig y
2.5. y' cos x I.n y=y.

c '̂ '' ig y d j c - ------dy.
2 .6 .

2.7. > -  •
-.2 , v \ .  . 2

X - 1

2.8, 0  + (-- )y^'dy = e'‘dx.
2.16. yUix=(xy-y^)dy.

1.14. y'+2xy=xer"  .
1.15. xy+y^=(2x^+xy)y'.
1.16. xy'+y=sinx
1.17. xy'+y=sin X.
1.18. xy'-y=x tg (y/x).
1.19. y'-y/x=e>'^^
1.20. y'+y tgx  -  J/cos .V.

1.21. y ’cos x-y sin x sin \
1.22. xy'=y+x
1.23. y ’+xy--=x\
1.24. X In (x/y)dy-ydx 0
1.25. (xyc^^-^+ybdx V
1.26. x Y  2xv I .i
1.27. dy (y+x')d\.
1.28. (x^-i)y'.\y aV\.
1.29. y'~2xy xr 
1.3». xy'-^3y-x'y^.
1.31. y '-y = e \ '

2.9.
y d x  - ( I l  < ' ' ) S U '  ' n / i  '

2.10. i 0.
2.11. y + >’= ‘‘•iii' v.
2 12 {x + y)dx-h xdy 0.
2.13. l+(J-\- v ' y  0.
2.14.

V 1 1 '
X  COS —  ( y d x  -y x d v )  \ s  m  , ! \

x  ■ \

2.15. y' ' I' ' ' '
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4.xy

l - 2 x
2.17. y ' +

y = L

2 . 1 8 . y ' + x + l  x ^ + l

2.19. ху~у-лу.
2.20. (x^-2y^)dx+2:^dy=0.
2.21. x+y=xy'.

3 2 
- y  = ~ .

2.22. y'+ X X
2.23. y'x+y=-xy^.

^ ^ х + у Ь Л
2.24. xy'In ^ X
2.25. y^+xY=xyy'.
2.26. y=y'lny.
2.27.
2.28. 3
e^tg ydx  = (1 -  e^) sec^ j /ф .

2.29. ( l+ y ^ )d x -^ ^ ^ y ^
2.30. x+xy+y'(y+xy)=0.

3.
3.1.j;"co5^x=/.
3 .2 .y " tg y  = 2(y'p,
3.3. y"x  ln x= y’.
3.4. (7+x^;.y"=5.
Ъ .5.у"+2у(уТ=0.
3.6. tgx=sin 2x.
3.7. , y ' COÍ' 2x.

3.9. x Y + x y = l .
3.10.
3.11. у  ''"sin ^x=sin 2x.
3.12. yy" + l= y’i
3.13. xy"'=y"i
3.14.
3.15. y"=2yy'.

3.16.
3.17.
3.18.

3.19.
3.20.
3.21.
3.22.

3.23.
3.24.

3.25.
3.26.
3.27.
3.28.
3.29.
3.30.

2xy'y"=y’4 .
2yy”=l+y'^.

ху''у=х^^'^' 
x^y”+y'^=0. 
x (r '+ l)+ y= 0 . 
xy"=y'+x\

y''+  ^
x^y"=4.

./2
y " J ^ ~ y  ■
y^y"-3=0.
xy"+2y'=0.
1+У^+уу"=0.
y y ”-y'^.
y ”=2-y.
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4.1. v"-5v'l6i' л, y{0) ().y'(0)=l.
4.2. 4y "-.S' ' I Д ) - 5 < '-os X. y(0)=0, у  Щ =-1/13.
4.3. у"  I 6y' I ¡.[V ?.6x-I, y(0)=0, y'(0)=l.
4.4. 2y"-y' / I..V, v(0) 0,y'(0)=l.
4.5. V"-4r 2̂-x, y(i)) / 1/2, y'(0) =1/4.
4.6. y"-y=cos 2x, y(0) -1/5, y'(0)=I.
4.1.y"-2y' I 5y=5x^-4x \-2, y(0)=0, y ’(0)=2.
4.8.3;" I Зу'-Юу xe y(0)=0, y'(0)=0.
4.9.3;”- 2 y ' ^ ( х^+х- Ъ) ,  y(0) =2, y'(0) =2. 
4.n.y''-4y'+4y=sin x„ y(0)=0, y'(0)=0.
4 .1 h y ”-3y'+2y=- e -^ \y (0 )= l, y ’(0)=0.
4.12.y"+y=-cos =4,
4.13.y"-y= y (0 )= l ,y ’(0)=2.
4 .14 .y ''-4y= 3e-\y(0 )= 0 , y'(0)=0.
4.15.y"+4y=sinx, y(0)=0, y'(0)=0.
4.16. y"-2y'+2y=2x, y(0)=(), y'(0)=0.
4.17. 2y"+y’-y = 2 e \  y(0)=0, y'(0) = l.
4 .m . y" -4y'+3y=2e\y(0)=3, y'(0) K̂
4.19.y" + 4 y= 5 e \ y(0)=0, у '(())=].
4 Ж y"+6y'+8y=3x^+2x+1. y(0)- 17/64. y'(0) 0
4.21. у  =x e", y(0)=0,5, у  '(()) !.
4.21.y''~y=2(l-x), y(0)=0, y'(0) /.
4.23. у  "-y=9x , y(0)=0, y ’(0) ■ -5.
4.24. y"-6y'-r9y=e^\ уФ) = 1, y'(0) 0.
4.25. y"-\-4y=xe-^\y(0)=0, y'(0)^ 0.
4.26.y"-4y+5y=--xe^\y(0)=--l, у'(ОУ 0.
4.27. J  "~3y '-4y=l 7 sin x, y(0)=-4, у  '{W 0. 
4 Ж у" -Зу '+ 2 у= г^ {3 -Л х ),у (0 )= 0 , y'(0) (>■
4 .2 9 .y ’’+2y'+y=9e^^ + x,y(0) = I, y'(0) 2. 
4.3G.y"+y=sin 2x, y(0)=0, y'(0)=0.

4
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5 2 . y ”+3y'+2y---l/^'' 
_ Í _

53.у"+4у--= cos2x

5.4. y "+у= —= L = = .
Vcos2x

1

5.5.v"+jy+6iy=l + e"'''
5.6.y"+4y=ctg 2x.
5Л. y"-y=sh X. 
5Я.у"-Зу’+2у-^2^

5Л.у"+4у'+4у=^

e

S3,y"-4y'+5y=  c o s x ,
5.10. y"-+-4y~cos^ X. 
5Л1. y"-6y'+9y=
9x^'+6x + 2
x ^ 3 x - 2 )

5.12. y"+2y'+j=3e”" V ^ .
5.13. y"+_y'=igx

1

5.14. y "+#);= cos2x
e

5.16. y"-6y'+9y=--36^^^
1

5.17. j"+ y=  cos2x
5.18. У'+4у^2 tgx.

1
5.19. v'U>'=l + e'‘

i x

1

5 .2 0 . y " + y = s m x

5.21. y"+2y'+y= X
5.22. y ”-2y’+y

2 + cos^ X
5.23. y "+у= cos^x
5.24. y ”+y=tg^x.

5.25. y"-3y'+2y
IH---- ^

=  l + ê

5.27. y"-2y'+y= X 
1

5.28. y " + y = c o s ^ x
5.29, y"+y=ctgx.
5.30. y ”+4y'+4y
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