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NMPEAVNCITOBUE

Bawemy BHUMaHWIO npegnaraeTcs y4e6HUK, KOTOPbIA BbIXOAWUT B
cepun “Y4yebHnKM MOCKOBCKOro yHUBepcuTeTa”. [laHHas cepus, BK/O-
varowasa “Kypc aKoHOMUYecKoil Teopumn”, yyebHoe nocobre No MUKpPO-
3KOHOMMKE, a TaKXe yYeOHUKN N0 MAKPO3IKOHOMUKe U MaTteMaTunyec-
KUM MeTOJaM B 3KOHOMMWKE [aeT Lie/IOCTHOE OCBeLLeHre BCEX OCHOBHbIX
pa3fenosB COBPEMEHHOW 3KOHOMUYECKOI TEOpUM.

CoBpeMeHHas 3KOHOMMYECKas HayKa XapakKTepusyeTcs LUMPOKUM
MCNoNb30BaHMEM MaTemaTMku. MaTtemaTuyeckue MeToabl CTann CocTaB-
HOM YacTb0 MeTOLO0B /060 SKOHOMMUYECKOWN HayKu, BKIOYAsA 3KOHO-
MUYeCKyt Teopuio. Ee ncnonb3oBaHne B eJUHCTBE C 06CTOATENbHbIM
9KOHOMMWYECKMUM aHannM3oM OTKPbIBAET HOBbIE BO3MOXHOCTMW A/15 3KO-
HOMWYECKO HayKn M NpakTUKW. O4HAKO, K COXANeHUto, Y4ebHNKN 1
yuebHble NOCO6MA, B KOTOPbIX aHANM3NPYIOTCA MaTeMaTUYecKne MeToabl
B CBA3M C COAepXaTe/bHbIM aHaN30M 3KOHOMWKW, MPaKTU4yecku OT-
CYTCTBYIOT. [aHHblli y4ebHNK BOCNOHAET Npoben B 3TOl obnactu.

OCOBEHHOCTM y4ebHNKa. YUE6HMK COLEPXKMNT HE TONIbKO UHCTPYMEH-
Tapuii 3KOHOMMYECKOT0 aHan3a, 3HaHMe KOTOporo Heo6xoAnmo o 6o-
MYy (haMOTHOMY 3KOHOMMUCTY, HO U MHOTOUYUC/IEHHbIE MPUMEpPbI ro Npu-
MeHeHus. MMocnegHne cnoco6CTBYIOT lyyllemMy MCMO/b30BaHWUI0 3KOHO-
MUYECKMX 3HAHWI Npu BbIOOPEe MaTemMaTU4yeCcKoro UHCTPYMeHTapusa u
nocoeHnmn IKOHOMNKO-MaTeEMaTUUeCKMX Mogeneil. Bonpockl, npuse-
LEeHHble B KOHLE KaXJo# rnasbl, NOMOrawT YyuTaTento fydywe paso-
6paTbCcA B NPOMLEHHOM MaTepuane v NPOBEPUTL ro YCBOEHNE.

[pyras oco6eHHOCTb COCTOUT B TOM, YTO B KHWUTE YMTaTe/b HaligeT
KaK 06y MeTOL0NOTNI0 UCNOMb30BAHNA MAaTEMaTUYEeCKOro MHCTPY-
MeHTapus 1 MaTeMaTUYeCKNX MOAenein B IKOHOMMKE, TaK N KOHKpPeTHOe
M3M10XKEHNE OCHOBHbIX MaTeMATUYECKMX MOHATUA N METOAOB: (DYHKL NI
n papukKoB PYHKLUNOHANbHBIX 3aBUCMMOCTEW, NPON3BOAHLIX U 3nac-
TUYHOCTW, Npefe/ibHOro aHanus3a U HanpasieHWid ero NPUMeHeHNa B
3KOHOMUKe (NOCTPOEHME N aHann3 PYHKLMOHaNbHbIX 3aBUCUMOCTEN U
pelleHne oNTUMU3aLMOHHbIX 3afa4 pasfIMyHOW CNOXHOCTM), MOHATUIA 1
MeTOZ0B TEOPUM U, NOHATUA N METOA0B TEOPUUN BEPOATHOCTEN, MaTe-
MaTUYeCKON CTaTUCTUKN U IKOHOMETPUKM C MHOTOUYMNC/IEHHBIMW NPU-
Mepammn UxX NpUMeHeHus.

PekomeHgauum no mcnonab3oBaHuio. JaHHbili y4e6HUK 0C06eHHO Mo-
Ne3eH TeM, KTO U3y4yaeT MUKPOIKOHOMMWKY Ha MPOABMHYTOM YPOBHe, MO
yuyebHMKaM, HACbILEHHbIM MaTeEMaTUYeCKUMUN MOAEeNsMU, a TakXkKe cTan-
KMBAeTCs CO CTATUCTUYECKMMM U 3IKOHOMEDUUYECKMUMMN MOAENSMUN B IKO-
HoMuKe. OH nMpuyyaeT yntatens K pabote ¢ MogensMu, Npogsuras ero
OT MOHUMaHUA TOro, Kak ycoeHbl NpocTeiLine MOAENN B IKOHOMUKE,
K MOHUMaHMI0 60/51ee CNOXHbIX U COBEPLUEHHbIX 3KOHOMUKO-MaTeMaT-
YecKnx mogenei.
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3TOT y4yebHUK MOXEeT YA0BNeTBOPUTb MOTPEOHOCTN KaK CTYEeHTOB,
Tak u npenogasaTefieli 3KOHOMMWKMN B AePULUTHBIX ceilvac yuebHUKax
Takoro poga. Ero otTnnuaet WMpoKnii 0XBaT MaTepmana, u3noXeHHOro
Ha [0CTaTOYHO MPOCTOM, 4acTo NPUKNagHOM YPOBHe, NPU3BaHHOM BOC-
NONHUTL NPOo6esibl IKOHOMUCTOB B MaTeMaTM4eCcKoM obpasoBaHuu. Mpeg-
naraemblii y4ebHNK MOXeT ObITb TaKXXe MCMONb30BaH 415 NOBTOPEHUS
[aBHO MPONAEHHOro M NO3TOMY 3abbITOr0 Martepvana u Ans nepBoHa-
YaJIbHOr0 3HAKOMCTBA TeX, KTO TO/IbKO HAYMHAET U3y4yaTb 3KOHOMUKY, C
mMaTemMaTuyecKUMn MeToAaMu, UCMOoMb3yeMbIMU B 3KOHOMUKE.

ABTOpbI. ABTOPbI yuebHMKa - npodeccop FKO.H. YepeMHbIX, LOLEHTHI
0.0. 3amkoB n A.B. TonctonATeHko. OHKU paboTaloT B MOCKOBCKOM
yHUBepcuTeTe Ha Kaeape akoHoMu4veckoii Teopun UMMK MI'Y un Ha
3KOHOMMYECKOM (hakynbTeTe MIY, a Takxe npenofatoT B COBMECTHOM
LleHTpe nepenogrotToskm MOCKOBCKOro yHuBepcuTeTa u MIHCTUTYTa 3KO-
HOMMKYecKoro pas3sutns BcemupHoro baHka. 'nasa 13 HanucaHa O.10.
Ll n6anKnHbIM.

Boipaxaem 6narogapHoctb A.O. BepeHUKUHY 3a NOAr0TOBKY flaHHO-
ro nocobus K nevatu.

Mbl 6ygem 6narofapHbl YATaTENAM 32 OT3bIBbl 06 YyUebHUKe, KOTO-
pble NPOCUM HanpaBnsATb Mo agpecy: 119899, MockBa, Bopo6beBbl ropb,
MIY, 2-ii kopnyc rymaHuTapHbix akynbteToB, MMMK, Kagespa ako-
HOMWYECKO TEOPUMN.

A.B. Cupoposuy, LOKTOP 3KOHOMMWYECKMX
HayK, npodieccop, 3aBeayoLwnin kadepoi sKo-
HOoMuueckoii Teopum MMNMK MIY, pegakTop
cepun yuebHNKOB MOCKOBCKOrO yHMBEpPCMTETa
Mo 3KOHOMUKE.



BBEAEHWE

JTa KHuUra HanucaHa coTpygHukamy MIY um.M.B.JlomoHocoBa "
MHCTUTYyTa 3KOHOMMWYECKOTro pa3suTtua BecemupHoro baHka. cnonb3o-
BaHHble B HEl MaTepuanbl MOATOTOBAEHbI B XOf4e peann3auum natuneT-
Heli nporpaMMmbl NEPenoAroTOBKM NpenojaBaTtesieil u rocyfapCTBEHHbIX
cnyxawumx Poccun n gpyrux ctpaH CHI™ B 061act Teopun pblHOYHOIA
3KOHOMUKU, opraHn3oBaHHo MI3P BcemupHoro baHka.

HeobxogmmocTb Kypca “MaTemaTtnyeckne mMeTogbl A1 3KOHOMUC-
TOB” B JaHHOW nporpamme 6bina 06ycnoBieHa TeM, YTO COBPEMEHHas
IKOHOMUYECKas Teopus npejnonaraet CylWecTBeHHO 60nee BbICOKUNA
ypoBeHb hopmanum3auum, Yem 310 6bI10 NPUHATO B OTEUECTBEHHON Bbl-
Cleli wkone. B T0 e BpeMs nuTepaTypa Ha PyCCKOM f3blKe, KOTopas
morna 6bl 6bITb 3P(EKTUBHO MCMOJ/Ib30BaHa ANA MpoOrpamMm LaHHOro
TWMa, NPakTUYecKn OTCYTCTBYET.

naBbl 1-12 HanwucaHbl O.0.3amkoBbIM, A.B.ToncTtonateHko wu
FO.H.YepemHbIX Mo maTtepuanam neKuuin, NPpoOYUTaHHbIX UMW B NpPO-
thammax MOP BcemupHoro baHka. 'naBa 13 “BBefjeHue B MatemaTu-
yeckyto Teoputo urp” HanucaHa O.tO.lUn6anknHbim. naBbl 14-19 Ha-
nucaHbl O.0.3amMKoBbIM 1 A.B.TO/NCTONATEHKO.

B KHMTe cofep>KaTca OCHOBbI 3HAHMWII N0 MaTeMaTWKe, HeoO6Xo4MMble
[N 3KOHOMUCTOB. OTO MeTOAbl NOCTPOEHUA rPaUKoB, UcCnefoBaHUA
(DYHKUWIA OJHON N HECKONBKNX MEPEMEHHbIX, HaX0XaeHna 6e3ycnos-
HbIX Y YCNOBHbLIX 3KCTPEMYMOB. Bce n3noXeHne matepuana B COOTBeT-
CTBYIOLLMX [N1aBaX OPMEHTUPOBAHO Ha 3a4ayn 3IKOHOMUYECKON Teopuu,
npexfe BCEro - MMKPO3IKOHOMMUKMN.

B fpyrux rnasax HenocpeACcTBEHHO U3naratoTCca OTAENbHbIE pasfesbl
MWUKPO3KOHOMUKMW, HO aKLLEHT NpW 3TOM [enaeTcd Ha MaTeMaTUYECKOM
060CHOBaHMM COOTBETCTBYHOLLMX yTBEPXAEHMA. Mpu aToM npegnonara-
eTCH, YTO CBA3AHHbIE C 3TUM BOMPOCHI COAEPXKaTe/IbHOro Xxapakrepa 06-
CYX[arTCsa B OCHOBHOM B Kypce MUKPO3KOHOMMWKM, NOMHOCTbLIO CKOOP-
OVHUPOBAHHOM WM YMTAEMOM MapasnsiefibHo C KYpcoM MaTemMaTUyecKux
MeTof0B. 34ecb MMetoTCs B BUAY FNaBbl U pasfesibl N0 TeOpUn noTpedu-
TeNbCKOro Bbibopa, NPON3BOACTBEHHLIM PYHKLMAM, 3afa4aM ONTUMK-
3alMu Npon3BOACTBA, MOAEIMPOBAHUID 3KOHOMUYECKOW AUHAMUKH, CTa-
TUCTUYECKOMY OLLleHMBaHWNI0O MAKPOIKOHOMUYECKNX 3aBUCUMOCTEN.

HakoHeL, HeKOTOpbIe rnaBbl NOCBALEHbI YACTHLIM MaTeMaTUYECKUM
MeTofam, 0CO6EeHHO LUIMPOKO W HEMOCPEACTBEHHO NPUMEHAEMbIM B pas-
NNYHBIX pa3fenax IKOHOMUYECKO Teopnun. ITO MeTOLbl aHanm3a anac-
TUYHOCTU, CBA3W CYMMAPHbIX, CPEAHUX W NPefenbHbIX BENNYUH, UTPO-
Bble METOAbI, OLLleHWBaHWe ¥ aHann3 ypaBHEHU nuHenHon pedeccun. B
3TWX raBax pacckasblBaeTcs 06 OCHOBHbIX MPUIOXEHUAX COOTBETCTBY-
OLWMX METOLO0B B 3KOHOMMUKE, AA0TCA pa3/iMyHble Npumepsbl.

ABTOpbI BblpaxatoT 6narogapHoctb A.O.BepeHKMHY 3a NOATOTOBKY
LaHHOW paboTbl K mevatu.



FMMABA 1
BBEAEHVWE B MATEMATUWYECKWE METO/bI

1.1. MogenvpoBaHve B 3KOHOMUKE U ero UCrosib3oBaHune
B pasBMTUM N hopMann3aumum 3KOHOMUYECKON Teopumn

CoBpemMeHHas 3KOHOMMUYECKaa Teopus, KakK Ha MUKPO-, TaK U Ha
MaKpOypOBHE, BK/IKOYAET KaK eCTECTBEHHbIW, HEOOXOAUMBIA 3/1EMEHT
mMaTteMatmnyeckme Mogenm u metofbl. Vicnosiib3oBaHNMe MaTeMaTUKM B 3KO-
HOMMKE NO3BOSIAET, BO-NEPBbIX, BbIAENNTb U (POPMaANbLHO ONucaTb Ha-
nbonee BaXKHble, CYLECTBEHHbIE CBA3M 3KOHOMUYECKUX NEPEMEHHbIX U1
06BEKTOB: M3yUYeHMe CTO/b CI0XKHOMO 06beKTa NpesnonaraeT BbICOKYHO
cTeneHb abcTpakymn. Bo-BTOPbIX, U3 YeTKO CHOPMYIMPOBAHHBIX UC-
XOAHbIX JaHHbIX 1 COOTHOLLEHWI MeToAaMy AeAYKLUUM MOXHO MonyyaTb
BbIBOAbI, afleKBaTHble 13y4aeMOMy 0OBbEKTY B TOI Xe Mepe, 4TO U che-
NaHHble NPeanocbiKK. B-TpeTbnx, MeToAbl MaTeMaTUKN U CTaTUCTUKM
NO3BONAIT MHAYKTUBHbIM NMyTeM NOayyaTb HOBble 3HaHMsA 06 06beKTe:
oueHuBaTb POPMY ¥ NapaMeTpbl 3aBUCUMOCTEN ero nepemMmeHHbIX, B Hau-
60nbLLell CTeneHn COOTBETCTBYIOLME MMEKOLLUMCA HabntogeHusm. Ha-
KOHeLl, B-4eTBEPTbIX, MCMO/Ib30BaHME A3blKa MaTeMaTUKN NO3BO/AET TOYHO
M KOMMaKTHO u3naratb MNO0XEHNA 3KOHOMUYECKO Teopun, hopmynu-
poBaTb ee MOHATUA U BbIBOALI.

MaTtemaTuyecKmne MofeNn UCMo/b30BasUCh C UNMIOCTPATUBHBIMU U
nccneposatensCkumMu Lensmu eute @ .KeHa (1758 r., “OkoHOMMUYecKas
Tabnuua”), A.CMMTOM (Knaccmuyeckas Makpo3KOHOMMYECKasa MOAENb),
[.Pukapgo (mogens mexayHapogHoi Toproenm). B XI1X Beke 601bLI0iA
BK/1a/ B MOJE/NPOBaHNe PbIHOYHOW 3KOHOMMKMN BHecna MatemMaTtuyec-
Kaa wkona (J1.Banbpac, O.KypHo, B.MapeTto, ®.34KBOpT 1 Ap.). B XX
BEKe MaTemaTW4yecKue MeTofbl MOLENMPOBAHUA MPUMEHANINCL OYEHb
LWMPOKO, C MX UCMOJb30BAHNEM CBS3aHbl MPAKTUYECKM BCe paboThbl, yaocC-
TOeHHble Hobenesckoi npemmmn no akoHomuke (4.Xwuke, P.Conoy, B.Jle-
OHTbeB, M.CaMyanbCcoH 1 ap.). PasBuTe MUKPOIKOHOMUKMK, MaKpo3-
KOHOMUWKW, MPUKNAAHbIX AUCLUUMINH CBA3AHO CO BCe 60Jiee BbICOKUM
ypoBHem ux thopmManunsaumm. OCHOBY A5 3TOr0 3a50Xun npogecc B
obnacTu NpMKNagHoO MaTeMaTUKK - Teopun nd, MaTtemaTU4eckoro npo-
thaMMMpOBaHMA, MaTeMaTUYeCKO cTaTUCTMKN. B Poccum B Havane XX
Beka 60/bLIOW BKNag B MaTeMaTU4ecKoe MOAeMpoBaHne 3SKOHOMUKMN
BHecnn B.K.AmuTtpues n E.E.Cnyuknin. B 1930-e - 50-e rogbl B 37Ol
obnactn He Habntoganoch Npodecca BCNeLCTBME UAEONTOTUYECKNX O(a-
HWYEHUIT TOTanMTapHOro pexmma. B 1960-e - 80-e rogbl 3KOHOMUKO-
MaTeMaTuyeckoe HanpasneHue sospogunocs (B.C.HemuunHos, B.B.Ho-
BOXWN0B, J1.B.KaHTOpOBMY), HO 6bII0 CBSA3AHO B OCHOBHOM C MOMbITKa-
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M dopmanbHO onucaTtb “CUCTEMY ONTUMANbHOTO PYHKLUOHUPOBAHMWA
coumManncTuYecko akoHommkn” (CO® 3, H.M.degopeHko, C.C.LLa-
TanuH u gp.). CTponnmMcb MHOrOypOBHEBbIE CUCTEMbI MOAENe HapOLHO-
X03ANCTBEHHOr0 NAaHMPOBaHNUA, ONTUMMN3ALMOHHbIE MOAENN OTpacnei
1 npegnpusaTunia. Ceiivac BaXXHOW 3agaqveli AB1sSeTCA MOAENMPOBaHME Npo-
LleccoB NepexoAHOro nepunoja.

JTto60oe 3KOHOMUYECKOE MUCCefioBaHne BCerga npegnonaraet 06venm-
HeHne Teopnn (3SKOHOMMUYECKOA MOAENN) U MPaKTUKN (CTAaTUCTUYECKUNX
[aHHbIX). Mbl UCNO/Mb3yeM TeOpPeTUYECKME MOAENN 415 OMUCAHUA N 00b-
ACHEHNA HabN0LaeMblX NPOLLECCOB 1 COBUPaeM CTaTUCTUYECKNE jaHHbIe
C Le/1bl0 IMNMUPUYECKOTO NOCTPOEHNA 1 060CHOBaHWSA MOJeneid.

JKoHOMMYecKue mogenn. MoHATNEe 3KOHOMUYECKOI MOAENN.

Lnd n3yyeHns pasnnyHbIX 3KOHOMMWUYECKUX ABEHUI 3KOHOMMUCTbI
MCMONb3YIT UX YNPOLLEHHbIE (POPManbHble ONWCAHWUSA, Ha3blBaeMble
3KOHOMMUYECKUMU Mogensimu. MpumepaMn 3KOHOMUYECKUX Mogenei
ABNATCA MOJe/M NOTPebUTeNbCKOro Bbibopa, Mogenu upmbl, MoLenu
3KOHOMWYECKOro pocTa, MOJe/In paBHOBECUA Ha TOBaPHbIX, (DaKTOPHbIX
N PUHAHCOBLIX pbIHKaX 1 MHOrune apyrve. CTpos Mogenn, 3KOHOMUCTbI
BbISABNAIOT CyLeCTBeHHbIe PaKTopbl, OnpejenstoLwme nccnelyemMmoe AB-
NeHue n oTbpackIBalOT fieTann, HecyLecTBeHHbIe A1 peLleHns nocTas-
NeHHOoI npobnembl. ®opmann3aLmns 0CHOBHbIX 0COOEHHOCTER PYHKLMO-
HUPOBAHNA 3KOHOMUYECKUX 06BHEKTOB NO3BONSAET OLEHUTb BO3MOXHbIE
nocnefcTBUS BO3AENCTBMA Ha HUX M MCNOMb30BaTb TakKWe OLEHKU B
ynpasfieHnn.

Kak 06bl4HO CTPOUTCS 3KOHOMUYECKAs MOAENb?

D opMynupyrOTCA NPeaMeT U LeNn NcciefoBaHus.

B paccmaTpnBaeMoil 3KOHOMUYECKOW CUCTEME Bbl4ENATCA CTPYK-

TYPHbIE NN PYHKLMOHANbHbIE 3/1EMeHTbl, COOTBETCTBYIOLLME faH-

HOI Lenu, BbISBNAKOTCA Hanbosee BaXKHble Ka4ECTBEHHbIE XapaKTe-

PUCTUKN 3TUX 3NEMEHTOB.

3. CnoBsecHo, KauecTBEHHO OMUCLIBAIOTCS B3aMMOCBA3N MEX/Y 3/IeMEH-
TaMu Mogesnn.

4. BBOAATCH CUMBOSIMYECKMe 0603HAYEHUS 415 YUNTbIBAEMbIX XapaKTe-
PUCTUK 3KOHOMUYECKOT0 06BbEKTA U (DOPMaN3yoTCA, HAaCKONbKO
BO3MOXHO, B3aMMOCBA3N MeXay HUMK. Tem cambiM, hopMynupyeTcs
mMaTemaTnyeckas Mofesb.

5. MpoBoasaTcs pacyeTbl MO MaTeMaTMyeckoil MOLeNn U aHanu3 nony-
YEeHHOrO0 peLLeHus.

N

MartemaTtumyeckas CTPyKTypa MOAENM U ee CoAepXKaTe/ibHas UHTepnpe-
Taums

CnegyeT pa3nimuyaTb MaTEMAaTUYECKYO CTPYKTYPY MOZENUN U ee COAep-
KaTe/lbHYH WHTepnpeTauuto. PaccMoTpUM chefyloline fBa NpPOCTbIX
npumMepa.
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Mpumep 1. MycTb TpebyeTca onpefennTb, Kakyto CyMMy cnefyeTt non-
0XWUTb B BaHK Mpun 3afaHHON cTaBKe npoueHTa (20% rogosbix), 4To6bI
yepes rog nonyuntb $12000?

BBogsa popmanbHble 0603HaYeHWs Aas BEANYUH, GUTYPUPYHOLWNX B
3ajave:

HayanbHas cymma geHer - M,

KOHeYHas cymma fleHer - J1/,,

cTaBka npoueHTa - K

M 3aNnCbiBasi COOTHOLEHUE MEXAY HUMM

_ K
M,=M,- 1.-
100

HaliieM TpeGyeMyto BEIMUYMHY U3 PELLEHUS] OCHOBHOTO YPaBHEHUS
MOZenu

K 1,2
100

1+

Mpumep 2. MycTb TpebyeTcs onpegenunTb, KakoB 6bin 06beM Bbinyc-
Ka NPOAYKLMM 3aBOAa, eC/ivi B pesysibTaTe TEXHUYECKOTO NMepeBoopyxe-
HUA CpefHAA NPOU3BOAMTENBHOCTb TPy Aa yBennumnnacs Ha 20%, v 3aBoj
CcTan BbinycKaTb 12000 eAVWHWL, NPOAYKLUUN.

BBoaa hopmasnbHble 0603HaUYEHUSA 419 BEIMUUH, QUTYPUPYIOLLUX B
3ajave:

HayanbHbI BbIMYCK - 07,

KOHEYHbIA BbINYCK - 0 ,,

MPOLLeHT NPUpPOCTa NPOU3BOAUTENBHOCTH - J],

M 3anMcbiBas COOTHOLWEHMNe MeXAy HUMK (crnegytolee U3 onpegene-

HWS CpeAHell NpPou3BOAMTENBHOCTM Tpyda M)

(¢.-V
0
HaﬁAEM MCKOMYHO BETMYNHY N3 PELLEHNA OCHOBHOIO YpaBHEHNA MO-
Jenu

n
e.=eo”=120 =1 1- 100).

100
CpaBHVIBaFI MNoNyyYeHHble MOOENMN W pe3yNibTaTbl, Mbl MOXXEM 3aMe-
TUTb, YTO MaTeMaTn4veckas q)opma Mogenn

A
=X,- 1+-
X=X, 100
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W OaXe UYNCNOBble 3HAYEHWUS BXOAALMX B Hee BENYMH B 060MX
cnyvasix O4MHAKOBbI, 0JHAKO 3KOHOMMYECKas CUTyalus, OnucbiBaeMas
MOZENbI0, 3IKOHOMMYECKas MHTePNpeTaLns MOLENN 1 Pe3y/bTaToB pac-
yeTa COBEPLLEHHO Pa3INYHbl. TakuM 06pa3oM, OfHU 1 Te XXe MaTeMaTu-
yeckne MOJENM U MeTofbl MOTYT 6bITb MCMONb30BaHbl ANS PeLIeHUs
COBEpPLLUEHHO Pa3/INYHbIX 3KOHOMMYECKMX 3a/au.

Ponb Mogenei B 3KOHOMUYECKOI TeOpUM U NPUHATUN PeLLeHNI

OKOHOMMYECKNE MOAENN MO3BOMAKT BbIABUTL 0COHEHHOCTU (hYHK-
LMOHMPOBAHUS 3KOHOMUYECKOTr0 06bEKTa M Ha OCHOBE 3TOT0 Npejcka-
3bIBaTb Gyayllee NOBeAeHNEe 06bEKTA MPU U3MEHEHUUN KaKMX-NTMG0 na-
pameTpoB. MNpeackasaHne 6yayLwnx U3MeHeHWA, Hanpumep, NoBbILLEHNE
06MEHHOT0 Kypca, YXyALleHne 3KOHOMUYECKON KOHBIOHKTYpbI, Naje-
HYe MpPMOLIAM MOXET OMMpaThbCs NNWb Ha UHTYyUuuo. OAHaKo npu
3TOM MOTyT 6bITb YNYLEHbl, HENPABUIbHO ONPeAeneHbl NN HEBEPHO
OLeHeHbl BaXKHble B3aMMOCBA3M IKOHOMUYECKMNX NOKa3aTesne, BAMsto-
LLiMe Ha paccmaTpuBaemyto cuTyauuio. B mogenu Bce B3aMOCBA3N ne-
PEMEHHbIX MOTYT 6bITb OLLEHEHbI KONMYECTBEHHO, YTO NO3BONAET NOY-
4ynTb 60/1ee KaYeCTBEHHbIA U HafeXHbl NPOrHO3.

[ns no60ro 3KOHOMUYECKOTO CyObeKTa BOSMOXHOCTb MPOrHO3UPO-
BaHWA CUTyauuu 03Ha4aeT, MPeXAe BCEro, MOMYUYEHME NYULLNX pe3yb-
TaTOB WA M36eXaHne NoTepb, B TOM YUC/E U B FOCYAApCTBEHHON Nonu-
TUKe.

HenonHoTa 3KOHOMUWYECKOWA MofeNn

Mo cBoemy onpegeneHunto ntobas aKOHOMUYECKas MOgeNnb abcTpakT-
Ha 1, cnefoBaTeNlbHO, HEMO/HA, MOCKOMbLKY BblUenss Hanbonee cyLiect-
BeHHble PaKTopbl, ONpeenstoLme 3aKOHOMEPHOCTU (DYHKLMOHMPOBa-
HMA paccMaTpyBaemMoro 3KOHOMUYeCcKOro 06beKTa, OHa abcTparnpyercs
OT Apyrmx hakTopoB, KOTOPbIE, HECMOTPS Ha CBOK OTHOCUTE/IbHYHO Ma-
NOCTb, BCE XX& B COBOKYMHOCTU MOTYT ONpPefensiTb He TONbKO OTK/OHE-
HWUA B NOBeJEHMM 06beKTa, HO U caMo ero noeegeHue. Tak, B npocTei-
el Mofenun cnpoca CYMTaeTCs, YTO Be/IMYMHA CNPOCA Ha KaKoli-nnm6o
TOBap ONpegenseTcs ero LeHoW 1 4oxo4om notpebutens. Ha camom xe
[iene Ha BEIMUUHY CMPOCa OKa3blBAET TaKXe BAUAHUE PAS APYTuX ak-
TOPOB; BKYCbl W OXWAaHWA NoTpebuTeneid, LeHbl Ha Apyrue TOBapsbl,
BO3/EeMCTBME peKnambl, MOAbl U Tak fanee. O6bIYHO NpeAnonaratwT, 4To
BCe (DAKTOPbI, He YUYTEHHbIE SBHO B 3KOHOMMWYECKOW MOAENN, OKa3blBa-
0T Ha 06bEKT OTHOCUTENbHO Masioe pe3ynbTUpPYloLLee BO3aeicTBMe B
MHTepecytoLLemM Hac acrekTe. COCTaB YYTEHHbIX B MOAENN (PaKTOPOB M
ee CTPYKTYypa MOryT 6bITb YTOUHEHbI B X0/le COBEPLLEHCTBOBAHNS MOAENN.
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1.2.  MaTtematunyeckasi MoJe/ib U €e OCHOBHbIE 3/IEMEHTbI.
OK30reHHble 1 3HAOTEHHbIE MepeMeHHble, NapaMeTpbl. Bugbl
3aBUCUMOCTEN 3KOHOMUYECKUX MEPEMEHHbIX UM WX Onuca-
HWe. YpaBHEHUS, TOXK/AECTBA, HEPABEHCTBA M UX CUCTEMbI

MaTtemaTnyeckas Mofeslb 3KOHOMWYECKOro 06beKTa - 3TO ero romo-
MopgHOe 0To6paXeHne B BAEe COBOKYMHOCTU YPaBHEHWIA, HEPABEHCTB,
NOTUYECKUX OTHOWEHU, hatdukoB. FTomomopHOe oTob6paXkeHne 06b-
eAMHSAET Pynnbl OTHOLWEHWN 3/1EMEHTOB M3y4aeMOoro 06beKTa B aHano-
FMYHble OTHOLIEHWA 3N1EMEHTOB MOAenun. VIHbiMu cnosamu, Mofensb -
3TO YC/NOBHbIN 06pa3 06beKTa, MOCTPOEHHbIA A1 YNPOLEHNUS ero nc-
cnegfoBaHusA. MNpeanonaraeTcsa, YTO M3ydeHWe MOLENN fAeT HOBbIE 3Ha-
HUA 06 06beKTe, NMBO NO3BOMAET ONPEAENUTbL HaUyULllUe peLleHuns B
TOV UM MHOW cUTYaunu.

[ns onucaHns OCHOBHbIX BUAOB 3/1eMEHTOB 3KOHOMUYECKON Mofe-
NN paccMoUM KOHKPETHYHO CUTYyaunio 1 MOCTPOMM COOTBETCTBYHOLLYIO
eli mofaens.

MycTb nMeeTca upma, BbIMYCKaKOLLaA HECKONbKO BULOB NPOAYK-
uumn. B npouecce npom3BoACTBa UCNONb3YIOTCA () M BUAA PecypcoB: 060-
pyfoBaHue, paboyas cuna v Cbipbe; 3TU pecypcbl 04HOPOAHBI, KONUYec-
TBA WX W3BECTHbl U B JAHHOM MPOW3BOACTBEHHOM LUK/E YBe/NYeHbl
ObITb He MOryT. 3afjaH pacxoj KaXoro n3 pecypcoB Ha NpoM3BOACTBO
eAVHULbI NPOAYKLUMW KaXAOro BMAa. 3afaHbl LeHbl MPoAyKToB. HyXHO
onpefennTb 06bemMbl MPOM3BOACTBA C Lie/bl0 MakCcumMm3aunum cToMmMocTu
nNpoun3BeAeHHOW NpogyKumu (Uam, B NPeLNON0XKEHUN, YTO BCA OHa Ha-
et c6bIT Ha pbiHKe - 0OLLeli BbIPYUYKM OT peanusalun).

[ns pelweHnsa nocTaBNeHHOM 3a4a4m HY>XXHO NOCTPOUTb MaTeMaTu-
YECKYI0 MOAeNb, HanoMHUTb ee MH(OopMaLmeli, a 3aTeMm MPOBECTU MO
Heli Heob6xoauMble pacyeTbl. BHauane npym NOCTPOEHUN MOJENN HYXHO
onpefennTb MHAEKCHI, 3K30TEHHbIE W 3HAOTEHHbIE NepeMeHHble 1 napa-
MeTpbl. B Halweil 3agade CBOW MHAEKC LOMKEH UMETb KaXAblA BUA Npo-
aykuuy (NycTb 3TO MHAEKC /, MeHAKWMAca oT 1 40 n), a Takke BuUfg
pecypcoB (ecim Mbl 0603Ha4aemM UX O4HOI MEePEMEHHO; MyCTb B Hallei
3afave pecypcbl 0603HaUYeHbI pasHbIMKU NepemMeHHbIMK). [anee onuem
9K30TeHHble NepeMeHHble - Te, KOTOpble 3a4al0Tca BHe MOfAenwu, T.e.
M3BECTHbI 3apaHee, U napaMmedbl - 3TO KOIPHULMNEHTbI YpaBHEHUI MO-
fenn. Yacto 3K30reHHble NepemMeHHble 1 napaMeTpbl B MOAeNAX He pas-
nenstoT. B paccmaTprBaeMoit 3agade 3afaHbl 3K30reHHble NepeMeHHbIe -
nMetoLmeca konuyectTsa obopyaosarHms K, paboueit cunbl L v coipbs Ji;
3afaHbl napamedbl - KOAPHUUNEHTLI MX pacxoda Ha eanHULY /-l NpogyK-
UWK K., L. ¥ T. COOTBETCTBEHHO. LleHbl NPOAYKTOB p. TAKXKE WU3BECTHbI.

[Janee BBOAATCA 0603HAYEHUA 415 IHAOTEHHbIX MEPEMEHHbIX - TeX,
KOTOpble ONpefenstoTca B X04e pacyeToB N0 MOAENN W He 3aJaloTcs B
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Heli n3BHe. B Hallem cny4ae - 3T0 HEW3BECTHbIe 06bEMbI NPOM3BOACTBA
NPOAYKLMMN KaXAoro /-ro Buaa; 0603Haymm ux x,.

3aKOHUYMB ONUCaHVe NepeEMEHHbIX U NapaMeTpoB, NEPeXOasT K hop-
Manu3ayum ycnosuii 3agayn, K onucaHuio ee JONyCcTUMOro MHOXecTBa
1 uenesoin pyHkLuMmM (ecnm TakoBas nMeeTcs). B Hawei 3agaye gonyc-
TUMOE MHOXECTBO - 3TO COBOKYMHOCTbL BCEX BAPUAHTOB NPOU3BOACTBA,
o6ecneyeHHbIX UMeloLwMMmucs pecypcamMm. OHO ONUCHIBAETCA C MOMOLLbIO
CUCTEMbl HEPABEHCTB:

1,0c, +H2R+ ... mwim b '

K 3TUM OohaHMYeHnaM No pecypcam fo6aBnalTCA TpeboBaHMA He-
oTpuUaTeNbHOCTU NepemMeHHbIX X. >0. Ecnn 6bl Kakoli-TO pecypc HYyXHO
66110 N3pacxofoBaTh MOSIHOCTbIO (HAMpPUMeEpP, MOSHOCTLIO 3aHATbL BCHO
pabouyto cuny), COOTBETCTBYHOLLEE HEPABEHCTBO NPEBPATUIOCH Obl B ypaB-
HeHune. JTO Cy3uso 6bl 4OMYCTUMOE MHOXECTBO M, BO3MOXHO, UCKIO-
4yno 6bl N3 HEFrO NEePBOHAYA/IbHO HaWyYLLlee peLleHue.

Ecnn mogens aBnseTca oNnTMMU3aLMOHHON (a faHHAas MOLEeNb Tako-
Ba), TO HapsAAY c opaHUYEHUAMN LONXKHa 6bITh BbiINMUCaHa Lenesas PyH-
KUus, T.e. MaKCUMM3UPYyeMasa Uan MUHUMU3NPYeMasa BENNYNHA, OTpa-
Xawulas MHTepPeCbl MPUHUMAIOLLEr0 pelleHne cybbekTa. 4N gaHHOM
3afja4” MaKCUMU3MPYeTCA BEMUNHA

p.X, + pAXA +...+ p,X, U )

MocTaBneHHan 3afayva faneko He BCErja XopoLlo OnuchbiBaeT cuTya-
LM 1 COOTBETCTBYET 3afa4am nua, npuHumMaroLero pewedue (J1MNP).
B geiicTBUTENBHOCTU, MO KpaiiHein mepe:

1) pecypcbl O HEKOTOPOIA CTeNeHN B3aMMO3aMEHSAEMDbI;

2) 3aTpaTbl PeCypcoB He CTPOro NpPonopLUOHaNnbHbl BbINYCKY (ECTb
MOCTOSHHbIE 3aTPaThl, He CBA3aHHbIE C 06bEMOM BbLUYCKA; NpedenbHble
3aTpaTbl MEHAIOTCA);

3) 06beMbl pecypcoB He CTPOro (PUKCMpPOBaHbl, OHWU MOryT MOKY-
naTbCA U NpojaBaTbCs, 6paThCs NN CAaBATbCA B apeHay;

4) BHYTPU KaXJOro BMAa PeCypcoB MOXHO BbILe/NTb COCTaBASAIO-
wme, PYHKLMOHANIbHO MW Ka4yeCTBEHHO pas/finyHble, B TOW AN UHOI
Mepe 3aMeHALL e NN JONOAHALWMeE APYT Apyra U N0-pasHOMY BAUS-
foLMe Ha 06beM BbLUYCKA,;



[nasa 1. BsegeHne B MaTEMATUYECKNE METOLbI 17

5) ueHa nNpofyKTa MOXET 3aB1CeTb OT 06beMa ero peannsauumu, To xe
KacaeTcs LeHbl pecypca;

6) hmpmMa MOXET MCMONb30BaTb O4HY M3 KOHEUYHOTro Habopa TeXHO-
noruii (MNn coyetTaHre HECKONbKUX TaKMX TEXHOMOTUIA), XapaKTepusy-
oW MXca onpefeneHHbIMY COYeTaHMAMY UCMOMb3YeMbIX PECYPCOB;

7) pa3nuyHble eANHULbI NOAYyYaemMoi NpUBbIAN MOTYT MMETb PasHYHo
LeHHOCTb 415 nua, NPUHMMatoLLero peleHue (4To 06ycnoBeHo, Ha-
npumep, 0COBEHHOCTAMMW HANIOrOBO CUCTEMbI);

8) MHTepechbl N NpeAnoyYTeHNs cy6bekTa He 0(haHNUYMBAKOTCA MaKcu-
Mu3aumein obbema NpubbIIA, NO3ITOMY Lenesas QYHKLMA fO/MKHA yUn-
TbiBaTb U APYrMe KOJIMYECTBEHHbIE Y KaYeCTBEHHbIE NMOKa3aTenu;

9) onA cybbekTa peasbHO pellaemas 3afaya He ohaHM4YnBaeTCs OA-
HMM MOMEHTOM WAV NEPUOAOM BPEMEHU, BAXHbI AUHAMUYECKME B3aM-
MOCBA3MK;

10) Ha cMTyauuto MOryT BO3J4eNCTBOBATb ClyyvaiiHble (hakTopbl, KO-
TOpble HeO6X0AMMO NPUHATL BO BHUMaHWE.

MHorune pasgefibl 3KOHOMUYECKON TEOPUUN MOCBALLEHBI U3YUYEHUIO,
OMMUCaHUIO U MOAENNPOBAHUIO MEPEUNC/IEHHbIX aCMEKTOB Ha PasfMYHbIX
YPOBHSIX X0351ACTBEHHO AEATE/IbHOCTU, C TO UM UHOW CTEMEHBIO fe-
Tanusauum v B pa3finyHbIX COYETAHUAX.

1.3. OCHOBHble TUMNblI MOAENeN

MaTemaTmyeckne MOAenun, UCnonb3yemMble B SKOHOMMKE, MOXHO Moga-
pasfenaTb Ha Kiacchbl Mo pAagy NPU3HaKOB, OTHOCALMXCS K 0COBEHHOC-
TAM MOLENNPYemMoro 06bLeKTa, Lenm MOAeMpoBaHna U UCNONb3YEMOTO
MHCTPYMEHTapMa: MOLENN MaKpPO- U MUKPO3IKOHOMUYECKME, TEOPETHU-
Yyeckue v NpuKnagHble, ONTUMKU3ALNOHHbIE U PABHOBECHbIE, CTaTMYeC-
Kne 1 fuHaMu4yeckue.

MaKpO3KOHOMUYECKMe MOLENN OMUCHIBAKOT 3KOHOMMUKY KaK efnHoe
Llenoe, CBA3bIBASA MeXAY CO60M YKPYMHeHHble MaTepuanbHble U YUHaH-
coBble nokasatenn: BHI, noTpe6neHue, MHBECTULUM, 3aHATOCTb, NpPO-
LEHTHYIO CTaBKYy, KO/MYECTBO [eHer u gpyrue. MUKpO3IKOHOMUYECKMNE
MOZJeNn OnNuCbIBalOT B3aMMOLENCTBUE CTPYKTYPHbIX U PYHKLMOHAMb-
HbIX COCTaBNAKLUX 3KOHOMWUKMK, NTMOGO MoBeAeHNe OTAeNbHOW TaKoii
cocTaBnAwoLLeN B pbIHOYHOW cpede. Bcneactene pasHoobpas3ns TUMNOB
3KOHOMWYECKNX 3N1EMEHTOB U (hOPM UX B3aMMOJENCTBMA Ha PbIHKE,
MUKPO3KOHOMWYECKOE MOAENNPOBaHME 3aHMMAET OCHOBHYH 4YacTb 3KO-
HOMWKO-MaTemaTnyeckoi Teopun. Hanbonee cepbe3Hble TeOpeTUYECKME
pe3ynbTaTbl B MUKPO3KOHOMUYECKOM MOLENMPOBaHUN B MOCNEAHME FOAbl
nosyyeHbl B UCCMeA0BaHUM CTPATErNYECKOro NoBeeHns QUpM B yCo-
BUSIX O/IMTONOMINK C UCMO/Ib30BAaHMEM annapaTa Teopumn urp.

TeopeTwuyeckve MOAeNn NO3BOMAIOT U3yyaTb 06LMe CBOWCTBA 3KO-
HOMMKMW 1 ee XapaKTepHbIX 3/IEMEHTOB AeAYyKLUMeid BbIBOAOB M3 (op-

i T X VVSI:;
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ManbHbIX NpeanocbioK. MpuknagHble MOAeNn faT BOSMOXHOCTb OLe-
HWTb NapameTpbl PYHKLWOHNPOBAHUSA KOHKPETHOIO 3KOHOMUYECKOTO
06bekTa U cPOpMynMpoBaTh peKOMeHaLum 4na NPUHATUSA NpakTuyec-
KUX peweHunii. K npuknagHbIM OTHOCATCS MpPeX/e BCEero 3KOHOMeTpH-
Yyeckue Mofenu, onepupyroLLme YUCNOBbIMM 3HAYEHUAMU 3KOHOMUYEC-
KUX NePEMEHHbIX ¥ MO3BONAKOLME CTATUCTUYECKMN 3HAYMMO OLEHUBATH
NX Ha OCHOBE UMEIOLLUXCA HabM0 AeHNIA.

B MofennmpoBaHnM pbIHOUYHOW 3KOHOMWKK 0C060€e MECTO 3aHMMAKT
paBHOBeCHbIe Mogenn. OHU OMUCLIBAKOT TaKNe COCTOSHUS 3KOHOMUKMN,
KOrja pe3ynbTUpytoLLas BCeX CUJ, CTPEMALLUXCS BbIBECTU €8 U3[AHHO-
ro COCTOSIHWSA, paBHa HY/. B HEPLIHOYHO 3KOHOMUKE HepaBHOBeCHE
no ogHMM napameTpam (HanpuMmep, eduLUT) KOMNEHCUpyeTca apyru-
MU (hakTopamm (YepHbIii pbIHOK, O4epean v T.M.). PaBHOBeCHbIE MOZeNU
LEecKpUNTUBHbLI, onucaTenbHbl. B Halleii cTpaHe fonroe Bpems npeobna-
[an HOpMaTMBHBbI/ MOAXO4 B MOAENMPOBAHMM, OCHOBAHHbIM Ha ONTK-
Musayun. ONTUMU3aL WA B TEOPUN PbIHOYHOW 3KOHOMUKMW NPUCYTCTBY-
€T B OCHOBHOM Ha MUKPOYPOBHe (MakCUMM3aLus nojae3HocT NoTpebu-
TenemMm UAu NpuosINN QUPMOIR); Ha MaKpOypOBHe pe3ynbTaToM paLmo-
Ha/bHOro BbIGOpa NOBeAEHUS IKOHOMUYECKUMU CYyObEKTaMM OKa3biBa-
eTCH HEeKOTOPOEe COCTOSHME PaBHOBECHS.

B Mogensix cTaTWYecKUX ONUCLIBAETCS COCTOAHME 3KOHOMUYECKOTO
06beKTa B KOHKPETHbI MOMEHT UM MEPUOA BPEMEHM; ANHAMUNYECKNE
MOZEeNu BKAHOYalOT B3aMMOCBA3MN NepeMeHHbIX BO BpeMeHU. B cTatuuec-
KUX MOJeNsix 06bIYHO 3a)MKCMPOBaHbI 3HAYEHMWA pafa BENNUYUH, ABNA-
OLWMXCSA MepeMeHHbIMU B AMHAMUKE, - HANpUMep, KanuTanbHbIX pecyp-
COB, LUeH 1 T.n. lnHamMmmnyeckas Mofenb He CBOAUTCA K MPOCTOW cymme
psifa CTaTUYeCKMX, a OMUCbIBAET CU/bl U B3aVMOAECTBMA B SKOHOMUKE,
onpeAensitoLine X044 NPOLeccoB B Held. [iInHaMnyeckne Mogenu 06bI4HO
MCnonb3yT annapart guddepeHLnanbHbIX U Pa3HOCTHbLIX YPaBHEHUA,
BapMaLMOHHOTO NCUYNCEHNS.

JleTepMWHMPOBaHHbIE MOAENN NPeLNOoNararT XXeCTKMe PYHKLNOHaNb-
Hble CBS3W MeXAy nepemMeHHbIMM Mogenu. CToxacTUyecKue mMoaenu
LOMYCKAaKT Hann4yme cyyaliHbiX BO3LENCTBUI Ha UCCiegyeMble NoKasa-
TeNnW 1 UCMONb3YIOT MHCTPYMEHTapUil TEOPUM BEPOATHOCTEN M MaTeMa-
TMYECKO CTAaTUCTUKK AN UX ONncaHus.

1.4. MaTtemaTnyeckasd 3KOHOMUKA U 3KOHOMETpUKA

MaTemaTu4yeckas 3KOHOMUKA - pa3fen IKOHOMUYECKOI Hayku, 3a-
HUMAI L MIACS aHANM30M CBOMCTB 1 PeLUeHnii maTeMaTUyecKMX Mogenei
3KOHOMMYECKUX NPOLECCOB. B HEKOTOPbIX CMyyasx 3TU MOAENN MOTYT
paccmaTpuBaTbCA Kak 4acTb MaTeMaTU4eCKO Teopun Ha CTbIKe C 3KO-
HOMMYECKOW HayKoii. MaTemaTuuecKas 3KOHOMMWKa OTAENSAeTCs 06bIYHO
OT 3KOHOMETPWKWM, 3aHUMAIOLLLeACS CTAaTUCTMYECKOM OLLEHKO U aHann-
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30M 3KOHOMMWYECKMX 3aBUCMMOCTEN M MOJeneil Ha OCHOBE U3y4YeHus
IMMUPUYECKMX faHHbIX. B MaTeMaTU4eCKO 3KOHOMUKE UccnefyroTcs
TEOpeTMYEeCKMe MOJe/n, OCHOBAHHbIe Ha onpefefieHHbIX POopManbHbIX
npeanocbiaKax (MMHERHOCTb, BbIMYKIOCTb, MOHOTOHHOCTb W T.M. 3aBU-
CUMOCTM, KOHKPeTHble JOpPMY/ibl B3aUMOCBA3W BeNNYUH). MaTtemaTu-
yecKas 3KOHOMUKA, BOOOLLE roBOPSA, He 3aHUMAETCA U3YUYEHUEM CTene-
HVW 060CHOBAHHOCTM TOrO, YTO JaHHAsA 3aBUCUMOCTb UMEET TOT UMW UHOM
BUA (HanpvMep, 4TO BeNMYMHA NOTPebeHNs ABAAeTCA NUHENHON BO3-
pacTatoweil (GhyHKUnen joxoaa), - 3T0 0CTaBNAETCA LN IKOHOMETPUKMN.
3afaveli MaTemMaTny4ecKol 3IKOHOMUKMK ABNAETCA U3yyYeHUe BOMNpPOCa O
CYLWEeCTBOBAHWW peLleHns MOAeNMN, YCNOBUAX €ro HeoTpuLaTenbHOCTH,
CTaLMOHAPHOCTU, HaMUUA ApYTrUX CBOMCTB. 3TO 06bIYHO OCYLLECTBA-
eTcsl, Kak 1 B MaTeMaTuke, NyTeM feAYKTUBHOIO MOAYYEHUSA CNeLCTBUNA
(TeopeM) 13 anpUOPHO cAeNnaHHbIX NPeAnochIoK (AKCUOM).

PasymeeTcs, npegMeTHas 06/1acTb, METOAONOTNSA U MHCTPYMEHTapuil
9KOHOMMYECKOW HayKW He MCYepnbiBalOTCA NOAXOAaMy MaTeMaTnyec-
KOV 3KOHOMUWKU Y 3KOHOMETPUKHN - 06bIYHO B IKOHOMUYECKUX UCCe-
[OBAHMAX UCNOMb3YIOTCA TaKXKe MeTOoAbl Ka4eCTBEHHOI0 aHanm3a, UH-
OYKTUBHbIE, 3BPUCTUYECKME MOAXOAbI, MEPEMEXAIOLLNECH C 3/IeMEHTaMM
MaTeMaTM4yecKol 3KOHOMUKM M 3KOHOMeTpUKK. Takum obpasom, mate-
mMaTuyeckas 3KOHOMMKA BbICTYMaeT U KakK CaMOCTOATENbHbIV pasgen
3KOHOMWYECKOW HayKu, W KaK OAWH W3 ee MHCTPYMEHTOB. [pu 3TOM
pasfenbl MaTemMaTUyeckoih SKOHOMMUKW, NCCe0BaBLLMEeCS paHee B YmMC-
TO TEOpPeTMYEeCKOM MaHe, Bce 60/blle CTAHOBATCA TEOPeTUYECKOW 6a3oli
M 3NIeMeHTaMN NPUKIaAHbIX UCCNeL0BAHWIA.

Cpeayn mogeneii maTeMaTnyeckoin 3KOHOMUKM MOXHO BblAeNuUTb fBa
KPYMHbIX Knacca - MOeNn paBHOBECUA B 3KOHOMMUYECKUX CUCTEMAX U
MOJENN 3KOHOMMYECKOro pocta. Mogenu paBHoBecus (Hanpumep, mo-
fenb ppoy-Lebpe, mofens “3atTpatbl - BbINYCK” B.JleOHTbeBa) NOMO-
ralT nccnefoBaTb COCTOAHUSA 3KOHOMUYECKUX CUCTEM, B KOTOPbIX paB-
HOAeNCTBYIOLLAA BCEX BHELLHUX CU/ paBHA HYNt0. 3T, BOO6LLE roBOpS,
cTaTU4YecKme mofenu, B TO BPEMA KaK 3KOHOMMYECKas AMHamMuKa onu-
CblBaeTCa C NOMOLLbIO Mofenei pocta (Mogenb Xappoga-omapa, Mo-
fenb Conoy, MoAenu mMarucTpanbHoro Tmna u ap.). KnooyesbiM MOMEH-
TOM MCCNefoBaHWUA MOJeneli pocTa ABNAETCA aHan3 U OTbICKaHue Tpa-
eKTOpMIA CTaLMOHapHOro pocta (pocTa ¢ NOCTOSAHHbLIMK, B TOM UM MHOM
CMbICNe, CTPYKTYPHbIMW XapakKTepucTnkaMmu), K BbIXOAY Ha KOTOpble
006bIYHO CTPEMMUTCA ONUCbIBAEMAA MOJE/NbI0 3KOHOMMUYECKasa CUCTEMA.
VccnepoBaHve TpaekTopuid CTaLMOHApHOro pocTa ABNSETCA OLHOBpe-
MeHHO 6a30¥i 415 aHanm3a 60/1ee CNOXHbLIX TUNOB POCTA U CBA3YIOLW UM
3BEHOM C MOZENAMY 3KOHOMMNYECKOro paBHOBecUs (MOCKO/bKY OTbICKa-
HMe TaKoli TPaeKTOPMUY PaBHO3HAYHO OTbICKAHWIO MEHAKLLerocs Bnon-
He onpefeneHHbIM 06pa3oM PaBHOBECHOIO COCTOAHMSA). 3HAUMTENbHbII
BKNaj B TeOPUIO pocTa BHecnn paboTbl hoH HeitmaHa, Conoy, leiina,
Mopuuimnmel v ap.
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JKOHOMETpPUKA - HayKa, UccnefyoLas KoIMYeCTBEHHbIE 3aKOHOMep-
HOCTW Y B3aMM03aBUCMMOCTW B 3KOHOMWKE NPV NOMOLLN METOLOB Ma-
TEMaTUYeCKOW cTaTuCcTUKM. OCHOBA 3TUX METOA0B - KOPPensaLMOHHO-
petecCMOHHbIN aHann3. Vicnonb3oBaHWe COBPEMEHHbIX METOA0B MaTe-
MaTUYecKOi CTaTUCTUKM Havanocb B 6Guonorun. B nocnegHeli yeTsepTu
XIX Beka aHrnuinckuii 6uonor K.MuUpcoH NonoXun Havyano COBPEMEH-
HOM MaTeMaTMYeCcKOi CTaTUCTUKe U3yUYeHNeM KPWBbLIX pacnpefeneHums
YMCMIOBbIX XapaKTEPUCTUK YENIOBEYECKOT0 OpraHm3ma. 3aTeM OH U ero
LIKONA MepeLwnn K 3y4yeHnto Koppenauuii B 6Moforuy n noCcTPoeHMo
NNHeNHbIX QYHKLNIA perpeccuun.

MepBble paboTbl N0 3KOHOMe(MKe NOABUIUCL B KOHLe XIX - Hava-
ne XX Beka. B 1897 r. nosBunack paboTa 04HOro U3 0CHoBaTesein maTe-
MaTU4eCKON LKONbl B 3KOHOMUYECKO Teopun B.MapeTo, NOCBALLEH-
Hasa CTaTUCTUYECKOMY M3YYeHUIo [OXOL0B HAaCeNeHMA B pasHbIX cTpa-
Hax. bblna npegnoxeHa kpusaa Mapetoy = A{x-a) "\ rae x -BenMunHa
JO0XO0Aa;- YNCNEHHOCTb UL, UMELWMX JoX04, 60NbWNA X\a - MUHK-
ManbHbIn goxog; A\\a - napamedbl 3aBUCMMOCTM, NONy4aeMble cTaTUC-
TUYECKUMU METOLAMM.

B camom Havane XX BeKa BbILLO HECKO/NbKO paboT aHrINMNCKOro
cTatuctmka 'ykepa, B KOTOPbIX OH NMPUMEHWST KOPPENALMOHHO-pedec-
CUOHHble MeTOAbI, paspaboTaHHble MUPCOHOM 1 €ro WKOMON, ANA N3y-
YeHns B3aMMOCBA3ei IKOHOMUYECKUX MOKa3aTenei, B YaCTHOCTH - BN-
AHUS Yyncia 6aHKPOTCTB HAa TOBApPHOW GMpXXe Ha LeHy 3epHa. B paboTax
'yKepa cofepxanacb naes BPEMEHHOr0 flara MeXxzay sKoOHOMUYeCKUMU
nepemMeHHbIMU, a TaKXe naes KoppenayMoHHOro aHanm3a He caMux Be-
NNYUH, a UX npupalieHnii. B ganbHelilem NosBUAOCH OFPOMHOE YMC/0
paboT KakK no pasBUTMIO TEOPUM MaTEMATUYECKOWA CTATUCTUKMN 1 ee Mpu-
KNafiHbIX 3/1EMEHTOB, TaK U N0 NPAKTUYECKOMY NMPUIOXEHUIO 3TUX Me-
TOOB B 3KOHOMWYEeCKOM aHanuse. K nepsoii rpynne mMoryT 6biTb, Ha-
npuMep, OTHeceHbl paboTbl P.duiepa No AUCNEPCUOHHOMY aHanuay,
KO BTOpOIi - paboTbl NO OLEHKe U UCCNeA0BaHNIO NPON3BOACTBEHHbIX
(hYHKLWIA, B 4aCTHOCTKM - Knaccuyeckas pabota Ko66a n Alyrnaca 1928 r.

JKOHOMe(MUEeCKMe MOAENU 1 METOAbI Ceyac - 370 He TONbKO MOLL -
HbI MHCGYMeHTapuii 4NA NONYyYeHUS HOBbIX 3HAHWUIA B 3KOHOMMKE, HO
M LUMPOKO NpUMeHsAeMbld annapaT A0S NPUHATUS NPaKTUYeCKUX pelue-
HWA B NPOrHO3MpPOBaHMK, 6aHKOBCKOM fefie, Bu3Hece.
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Bonpocbl K rnase 1

MoyeMy He06X0AMMO NCNONb30BaHWE MaTEMATUKN B 3KOHOMUKE?

Y10 Takoe matemaTumyeckasd Mogenb?

Kak cTpouTcs matemaTmyeckas Mojeslb 9KOHOMUYECKOTO fB/IeHUA

nnn o6vekTa? MNpueeguTe NpUMep NOCTPOEHUSA U YTOYHEHUS MOLENN.

4. KakoBa CBf3b MeX[y MaTeMaTU4yecKol CTPYKTYpOii MOJenn u ee co-
fepXaTenbHol uHTepnpeTaymen?

5. Kakue nepeMeHHble MOJENN Ha3blBAKOTCA 3K30MeHHbIMU, a Kakue -
3HAOTeHHbIMKN?

6. MycTb B MOgenu, NpUBELEHHON B NEKL MW, BCE CbIPbE [OMKHO ObITh
M3pacxof0BaHO NOMIHOCTLI0. Kak npu 3TOM M3MEHUTCA opaHnYeHne
Ha CblpbE&?

7. Ecnu B Mofenu, 0ONUcaHHO B rnase, NPeAnon0XunTb, YTO KONUYECT-
BO paboyei cuabl MOXET MEHATLCA, TO NPUAETCH U3MEHUTb OPaH M-
YEeHUA UK LeneByo PYHKUUIO?

8. B mogenu, onucaHHOl B rnaese, ABAAOTCA N PeCypcbl B3aMMo3ame-
HAEMbIMWN?

9. Yem oTnnyaloTCH paBHOBECHbLIE moZenn ot ONTUMMU3ALNOHHbIX?

10. B 4éM OT/IMUME CTATUUECKNX MOogeneli 0T AuHammyeckux? K kakomy
TUMY OTHOCUTCH NPUBELEHHAA B IN1aBe MOAeNb?

11. B 4ém OTAMYME MaTEMATMYECKO 3KOHOMUKMN OT 3KOHOMETPUKN?

12. MpeanonoXum nepeg BaMyu CTOUT 3afavya 060CHOBaHMA MHERHOM
3aBMCUMOCTMN 06bEMA NOTPebNeHMsA OT 4OX04a Ha OCHOBE 3MMUPK-
YyecKux gaHHbix. OTHOCUTCA NKU pelleHne NOA06HON 3afaum K maTe-
MaTUYECKOW 3KOHOMUKE UK K 3KOHOMeurKe?

13. MycTb hupma BbINyCKaeT OAUH BUA MPOAYKUUMW, NPUYEM OOBEM
BbIMYCKa 3aBMCUT OT 3aTpart TONbKO ABYX ()akTOpPOB: TpyAa W Kanwu-
Tana. 3afaHbl LeHa eAnHNLbI hyaa (cTaBka 3apaboTHOW nnaThl), LeHa
efMHULbI KanuTana (CTaBka NpoLeHTa) U U3LepXKu dpupmbl. 3agava
COCTOMT B OnpeaeneHnn o6bLEMOB 3aTpart Tpy4a U Kanutana, Makcu-
MU3MPYOLWNX 06BEM BbiNycKa. [OCTPOITE COOTBETCTBYHOLLYIO 3KO-
HOMWKO-MaTeMaTUYeCKy MOJeb.

14. B mogenwu, cthopMyIMpoBaHHON B Bonpoce 13, ykaxuTe, Kakue ne-

peMeHHble ABNAKTCA 3K30TeHHbIMMW, a Kakue - 3HAoreHHoiMu. K

KakoMy TUMY OTHOCUTCA 3Ta MOJe/ib: MakKpO3KOHOMWUYECKNUX WU

MWKPO3KOHOMUYECKNX?

WN



FABA 2
PYHKUWMWN N TPADPUNKN B SKOHOMWNYECKOM
MOAOEJ/TMPOBAHIWNI

2.1. TloHATME (YHKLMOHaNbHOI 3aBMCUMOCTI. Crnocobbl
3afjaHna U UccnefoBaHUs yHKLUNIA

MHorouyucneHHble Hab MO AEHNSA U UCCNe0BaHNA NOKa3blBaKOT, YTO B
OKPY>XatoLweM Hac MUpe BeSIMYNHBI (Hanpumep, LieHa Kakoro-am6o To-
Bapa M Be/MYMHA CMpoca Ha 3TOT ToBap, NpUbLINL (UPMbl U 06BEM
NMPOW3BOACTBA 3TOW hUPMbI, MHDAALMS U 6e3paboTuua i T.M.) CyLecT-
BYIOT HE N30/IMPOBAHHO APYT OT Apyra, & HapOTUB, OHU CBA3aHbl MeX-
Ay coboli onpegeneHHbIM 06pa3om. MoHATUE PYHKUUYU AN HYHKLMNO-
HaNbHOM 3aBUCUMOCTH - OAHO U3 OCHOBHbIX MaTEMATUYECKUX NOHATWI
Npv NOMOLLM KOTOPbK MOLENVUPYIOTCA B3aUMOCBA3N MeXAY Pa3nnyHbl-
MW BENNUYNHAMM, KOJIMYECTBEHHbIE N KAYECTBEHHbIE OTHOLUEHUS MEXAY
pasNYHbIMU 3IKOHOMUYECKUMM XapaKTepuCcTUKaMu 1 nokasaTensmu.

MoHATME PYHKLMW, KAK M NOHATWE MHOXECTBA, OTHOCMTCA K uncny
HavyaNbHbIX NOHATUIA, NO3TOMY OHO He OnpefenseTcs, a NOACHAETCS.
oBOpAT, YTO 3ajaHa yHKUKUA/ ecnn faH 3aKOH, COrlacHO KOTOPOMY
KaXXJ0MY 3HAYEHMIO X N3 HEKOTOPOTO YMCOBOI0 MHOXeCTBa A CTaBUTCS
B COOTBETCTBWE OLHO BMNOJIHE ONpejenéHHOe 3Ha4YeHNe y U3 HEKOTOPO-
ro 4McnoBoro MHoXxectBaa B.

®YHKLMOHaNbHAA 3aBUCUMOCTb MEX/Y BEIMYMHAMU X HY CUMBOJIN-
Yyeckn o60o3HavaeTcs Tak: y=J1X); rOBOPAT, YTO X - apryMeHT (He3aBu-
CMasi mepeMeHHasn), a y- yHKuuMa (3aBucumasnepemMeHHas).

COBOKYMHOCTb BCEX 3HAYEHW apryMeHTa, KaXXA0MY N3 KOTOPbIX CO-
OTBETCTBYET BMOJIHE ONpefe/ieHHOe 3HaYeHne DYHKLNUN, Ha3biBaeTCs
06/1acTbio onpefenieHNs PYHKLUN.

MHOXeCTBO 3Ha4YeHWUI, NPUHMMAaeMbIX Y, Ha3blBaeTCca 061acTbiO 13-
MEHEHUSA PYHKUNN.

®yHKLMI0 MOXHO 3a4aBaTb pa3/inyHbiMM cnocobammn. Hanbonee pac-
NPOCTPaHeHHbIe N BaXHble CPEAN HUX - 3afaHne QYHKLUN hopMynoin,
Tabnuuein n rpagukom. Mpu 3agaHnm PyHKUMn B IBM vacto ncnons-
3yeTcs TakXKe anroputMmyecscuii cnocob.

B kauecTBe npumepa pacCMOTPUM B3aMMOCBA3b MeXAY LLeHOW npo-
OYKTa, KOTOPYHO Mbl 0603HaYMM Yepes p 1 BEIMYMHON cnpoca Ha aToT
NPOAYKT, KOTOPYIO Mbl 0603HaYUM yepes 4. 3Ta CBA3b MOXET BbITb, K
npumMepy, NpeacTaBneHa cnefyroLlein Tabnnuei:
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B p6 100 150 200 250 300
(, TbIC.LLT. 18 15 12 9 6

oTpaXkaroLlen oTpuLaTeNbHY B3aMMOCBS3b BENNUYMH (YObiBaHME Be-
NINYUHbBI Cnpoca ¢ Bo3pacTaHWEM LiEHbI).

2.2.1. TlocTpoeHMe M aHann3 rpaukoB (yHKL U

3Ta e B3aMMOCBA3b Be/IMYMH MOXET OblTb NpeacTaB/ieHa B BUAE
thauka Ha puc. 2.1.

Onpegenexvie. pathkoM PYHKLWUKN / HA3bIBAETCA reoMeTpUYecKoe
MecTO (MHOXEeCTBO) TOYEK Ha KOOPAMHATHOW MIOCKOCTU, NMELWMX KO-
opauHatbl {xj{x)), y KOTOpbIX abcumMccamm cnyxar paccmaTpuBaemble
3HAYeHMA He3aBUCUMON NepeMeHHOl /T, a OpguHaTaMu - COOTBETCTBYHO-
Wue 3HavYeHUa PyHKLUK y=J1x)

[nsa Toro, 4yTo6bl NOCTPOUTL auK yHKUMK, nMmes ee TabnnyHoe
npeAcTaB/eHne, Hanpumep rpauk GyHKLMK cnpoca, 40CTaTOYHO OT/0-
XWTb 3HAYEHUSA BEIMUMH, NPUBEAEHHbIX B TabnuLle Ha COOTBETCTBYIO-
W MX KOOPAUHATHBIX 0CAX, BOCCTAHOBUTbL NeprneHANKYNApbl K 0CAM U3
TOYEK, COOTBETCTBYIOLLMUX ONpefenieHHOMY 3HaYeHUIO LeHbl UAKU CNPOoCa,
W HAHECTU TOYKM MepecevyeHns NepneHanKynapos.

P YyHKUNOHANbHAA 3aBUCHMOCTb MEXAY BEIMUYMHAMMU X U Y MOXET
ObITb 3afjaHa Takxe B Buge opmynbl y =[1x), B KOTOPOW B KayecTse
J{x) hurypupyet KOHKpeTHas pyHKUNA. B AaHHOM cnyyae 3aBUCUMOCTb
MeXZAy LEHOW 1 BeIMYNHON cnpoca BbipaxkaeTca popmynoid; p = 500 -

50y (unnmn 9 = 30 - 0,06/?). MoacTaBnsasd B NOCNEAHIO (GOpMYyny 3Ha-
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YEeHWSA UeHbl, NpeACTaB/eHHbIE B BEPXHEN CTPOKe Tabnuubl, Mbl 1€rKO
y6eaumcs B TOM, YTO B pe3y/ibTaTe MOy4aTCs COOTBETCTBYHOLW ME Le-
HaMm Be/IMYMHbI Cnpoca, NpeAcTaBieHHble B HUXKHEA CTpoKe Tabauubl.
Takum 06pa3om, 3Had popmyny GYHKLMUMN, HECNOXHO NOAy4YnThb Tab-
INYHOE U rpaduyeckoe NpeacTaBAeHMe 3TON YyHKLUK.

CBolicTBa (yHKL Ui

PYHKLUN XapaKTepu3yoTcs psLoM CBONCTB, K BaXXHENLW UM U3 KO-
TOpbIX (4159 NOCTPOEHUSA U UccnefoBaHMa hauKoB) OTHOCATCA: YeT-
HOCTb, HyNW, NEPUOANYHOCTb, MOHOTOHHOCTb, ODAHUYEHHOCTb (hYHK-
U1K, Hanuuue y GyHKLMA acMMNTOT U 06paTHON PyHKLMKM. PaccmoT-
pYM BKpaTLe 3TU CBOWCTBA (hYHKLWIA.

1. YeTHble 1 HeYyeTHble PYHKUUKN. PYyHKUMA Yy=I{X) Ha3bIBaeTCa YeT-
HOW, ecnu Ana NH6bIX ABYX pa3IMUHbIX 3HA4YEHNA aprymeHTa 13 obnac-
TV ee onpefeneHunsa BbINOMHAETCA paBeHCTBO [-X) =[x). Hanpumep,
y=x", (N - HaTypanbHOoe); y=|X| - YeTHble PYHKUMK. CymMMa, pas3HOCTb,
npoun3BeAeHNe N YaCTHOE YEeTHbIX PYHKLUMNIA eCTb DYHKLMNA YeTHas.

P YHKLMA Ha3blBAETCA HEYETHOM, ecnun ANs Nt060ro 3HauYeHns apry-
MeHTa 13 061acTy onpeaeneHnss MYHKLMUN BbINOHAETCS paBeHCTBO-X)
= -[x). K HeueTHbIM PYHKLUAM OTHOCATCA, Hanpumep, y=x""" raen -

no60oe HaTypanbHOe Yyucno, y = i+—4 nT.0.

He BcAkas hyHKUMA ABnAeTcs Nn60 YeTHOW, NMb60 HeyeTHOW. Ha-
npumep, PyHkuum y = xH3x; y = (x+ 1Y u T.4. Ha3bIlBalOTCA aMop-
(hHBIMMK.

3aMeTum, 4To ecnm yHKumua >"[x) yeTHas UM HevyeTHas, TO 06-
NnacTb ee OnpejeneHns cMMMeTpUYHa OTHOCUTENbHO LeHpa O. MoaTo-
My QyHKLMK JA=VX; > =lgx; y=a® U T.4. HE MOTYT BbiTb HW YETHLIMU, HU
HeuyeTHbIMW. CyMMa M PasHOCTb HEYEeTHbIX PYHKUWUIA ecTb PYHKLMA
HeyeTHas, a NpoM3BeJeHne N YaCTHOe HeYeTHbIX PYHKUWNIA - PYHKLMSA
YyeTHas.

MpaK YeTHON YHKLUMN CUMMETPUYEH OTHOCMTENbHO ocu QOY, a
HEYETHOW - OTHOCMTENbHO LeHTpa O.

2. Hynu gyHkumn. Hynsmmn dyHKUuMn X) Ha3blBaOT Te 3HaYeHUd
aprymeHTa, npu KOTopbixX hyHKLUMA obpallaeTcd B Hynb: x) = 0. Npa-
(hUUEeCKN HYNAMU (PYHKUUU ABAAKOTCA TOUKWU MepecevyeHus adurka
hYHKUMK € oCblo abcumuce. Hanpumep, Hynsmu yHKumn y = (x-1)(xf2)
6yayT KOpHW ypaBHeHMA Yy = O, Te. X = 1ux= 2

3. Mepuoguyeckune PyHkUUU. PyHKLNA y=J{X) Ha3bIBaeTCA Nepuoam-
YecKOi, ecnn CyLwecTsyeT ynucno T Takoe, YTO 418 KAXKLOr0o 3HaYeHUs
aprymeHTa x 13 o6sactu ee 3aflaH1s UMeeT MECTO PaBeHCTBO [ x+ 7) =
[x). Uncno T HasbiBatOT NepuogomM 3Toid hyHKuuu. Mpumepsl nepuo-
ANYeCKMX PYHKUMA :j=sin(x); >*=cos(x); (Ang HUX HAUMEHbLUWNI NoN-
OXWUTeNbHbIW Nepuof paseH 2p) jAtg(x); j;=ctg(x) (ana Hux T= p).
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4. MOHOTOHHBbIE hyHKUMN. PYHKLMA y=AX) Ha3blBaeTCA BO3pacTar-
LLleil Ha HEKOTOPOM MPOMEXYTKe, eCnv ANs MOObIX 3HAYEHU X U3 3TOTO
NMPOMeXyTKa, 60/blUeMy 3HaYEHMWIO apryMeHTa COOTBETCTBYET Gonbluee
3HaueHue PyHKUMK, T.e. ecnn X, < x*, Tolx,)

PyHKUUA Ha3blBaeTCs yObIBAIOLLEN HA HEKOTOPOM NMPOMEXYTKE, ecnu
ONA NOO6bIX 3HAYEHWIA X U3 3TOF0 NPOMEXYTKa, 60MbIEeMY 3HAYEHUIO
aprymeHTa COOTBETCTBYET MEHbLUEE 3HAUYEHMe (DYHKLUNN, T.€. ecn X, <X,
Tolx,) >AXx,).

Kak Bo3pacTatolme, TaK 1 yobiBaloLne PYHKLUUMN HA3bIBAKOTCA MO-
HOTOHHBIMU DYHKLUAMMU.

5. AcuMnTOTbl. ACUMNTOTON haduka GyHKLMN Ha3bIBaeTCA npamas,
K KOTOPOi1 CKOMb YIrOAHO 6M3K0O Npubamnxaetcs rpauk gaHHom QyH-
KUMW NpW CTPEMAEHUMN apryMeHTa K 6eCKOHEYHOCTH UAN K HEKOTOPOMY
yncay a unu cnyyai BepTUKanbHONW aCMMNTOTbl. ACUMNTOTbI MOTYT 6bITb
BEPTUKaNbHbIMUW, TOPU3OHTANbHLIMU N HAKNOHHBIMU.

BepTuKanbHaa acMmMnroTa - 370 nNpAmas X - a, eciu I{(I;flx) = 00.

[Topn3oHTanbHaa acMMMTOTa - 3TO NpaAMasy = b, ecnu ke

HaknoHHad acumnrtoTa - 370 npamMad y = Kx + b, ecnu
nT(dx) - KX) =b. KoahULuMeHT HaKNOHa K HAX04UTCA NYTEM BblUUC-
X—o00

neHvnda npegena U 14~
X

6. OrpaHu4yeHHble yHKUMN. DYHKLMA [[X) Ha3biBaeTCA OPaHMYeH-
HOIi cBepXxy (CHM3Y), eCnu CyLLeCTBYeT Takoe 4ncno M, uTo Ans BCex X
13 obnacTu onpegenernna Ax) < JI/(Ax) > M) (cm. puc.2.2B,6).

PyHKLMA Ha3blBaeTCA ODaHWYEHHO, eCin CyLLeCTBYET Takoe YMCNo
/> O, uto gna Bcex x U3 obnactu onpegenednsa 1x)| < M (cm. puc.2.2a).

7. ObpaTtHasa GyHKUMA 1 ee rpadmk. [aHa pyHKUMs y=AX), Bebipa-
3UM X KaK HEKOTOPYI (DYHKUMIO OT  X=b(>"), T.e. NpefCcTaBMM y Kak
apryMeHT; X - Kak pyHKumuto. Torga pyHkuma x=¢(y) HasbiBaeTCcs 06-
paTHOl MO OTHOLWEHNIO K PYHKUUKM Yy = [1X), eCAn nNpu NoACTaHOBKe eé
BMeCTO aprymeHTa/ nonyyaem TOXAeCTBEHHOE paBeHCTBO: Y =Ad(Y)).
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PaBeHCTBO (PYHKL M HA3bIBAETCH TOXAECTBEHHbBIM, €C/IN OHO Crpa-
BEeL/IMBO MpPU BCEX 3HAYEHUAX apryMeHTa 13 061acTu onpegeneHus.

Mpymepbt:

1 faHa ¢pyHKUnAy = | + 1- PaspewiMMm ee OTHOCUTENbHO X: X =
3N - OdyHKUMA Xx= by -y 6yaeT 06paTHOW MO OTHOLIEHUK K PYHK-
ummy =" + 1, nboy=2"+1.

2. flaHa yHKUmMa y = x- (npu x <0). Onpegennmm X Kak QYHKLMUIO V:
X = - \(y.

dyHKuua x = —'ly - obpaTHad pyHkuumn y = x {x< 0). .

OTmeTuM, 4To 061acTb onpegeneHns n 06n1acTb U3MEHEHUA PYHK-
unn y=/[x) n hyHKLNKN, 06paTHON K Heil, MeHsOTCA ponamu. Beerga nm
cyuiecTByeT o6paTHas hyHKLMA? B aTOM clyyae MMeeT MeCTO Cleayto-
Las BaXHas TeopeMa.

Ob6paTHad PyHKLMSA CYLEeCTBYeT nNpu i X ecnu yHkuus 4x)
MOHOTOHHO BO3pacTaeT WA MOHOTOHHO yObiBaeT B MHTepBasne [a,b].

8. CnoxHas yHKUms. dyHKUKMA, 3agaHHasa B Buge y = A7(x)), Hasbl-
BAeTCA CIOXHOW (DyHKUMel X uau cynepnosvuunein GyHkunii g n /.
CnoXHY0 PYHKLMWI0 YacTo 3anucbiBatoT B Buge y=/{un), rge n = ~(x).
Mpu 3TOM apryMeHT X Ha3blBalOT HE3aBUCUMOI NepemMeHHO, au - npo-
MEXYTOUYHbIM apryMeHTOM.

9. HeaBHas yHKUMA. PYHKUMA, 3aaHHan B BUAe ypaBHeHUA AX,;;) = Q
He paspelleHHOM OTHOCUTENbHO Y, Ha3blBAeTCA HEABHOW PYHKLMENR X.

Cxema mccnefoBaHust PYHKUMM A1 NOCTPOEHNS rpadimka

Mepen nocTpoeHnem rpamnka QyHKLUM HEOOXOANMO NPOBECTU UC-
CnefoBaHUA ee No Cnefyowmum NyHKTaMm:
O6nacTb onpegeneHna pyHkynm (O0P),
O6nacTtb nameHeHns pyHkunm (ON D),
MepnognMyHOCTb PYHKLMUK,
YeTHOCTb WM HEYETHOCTb (hYHKLUMK,
MOHOTOHHOCTb OYHKLMN,
TOUYKM nepeceyeHns ¢ 0OCAMU KOOPAUHAT:
a) c ocblo OY (x=0); 6) c ocbto OX (;"=0);
VHTepBanbl 3HAKOMOCTOAHCTBA,
ACUMNTOTBI.

O U WN R

® N
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2.2.2. OCHOBHble 3fleMeHTapHble PYHKLUN U UX TpapuKu
(nnHelHasA, cTeneHHas, nokasaTeflbHas, sorapumuyeckas

(hyHKLN)

1 NnHelHaa pyHKLNS kdJ1-b . O0® (-00,+c0), ON D (-00, +00).
patmk - npamas nuumns (cm. puc.2.3) Yrnoeoin KoapduyneHT ApaseH
18h, roe ¢ - yron mexpay nofioXuUTeNbHbIM HanpasieHneMm ocu OX u
npsimoit. C yBennmyeHnem K Mo abCcontoTHON BENYNHE HAK/IOH MPSAMOI
yBenunyuesaetcd. MNpn A= Oumeem: = b- npamas, napasnsenbHas ocu
abecuyumcc {Ox). DyHkumay = kx+b npn K*O - MOHOTOHHas: BO3pacTaeT
npm A> Owu y6biBaeT npn K<0. Bo3spacTalowasa hyHkuma (npu A> 0)
OMUCbLIBAET MOJIOXMUTENbHYIO 3aBUCUMOCTb Be/IMYUH X HY (npumep -
hyHKLMA NpeanoXxeHus), yobiaowas pyHkumnsa (npm k<0) onucobiBa-
eT OTpULaTeNIbHYI0 3aBUCMMOCTb BEIMYMH X MY (NpUMep - QPYHKUUS
cnpoca).

KoathpnUMEHT K He TONbKO XapakTepu3yeT HakK/MOH NPSAMON, HO K
MOKa3bIBaeT 3HaK U CKOPOCTb M3MeHeHMs (Bo3pacTaHuna/ybbiBaHWA) PyH-
Kuum. Yem 6onblie K, TeM GbicTpee Bo3pacTaeT/ybbiBaeT hyHKLUMA (T.€.
Tem 60/blle U3MEHEeHME Y MPU OUKCMPOBAHHOM M3MEHEHUU X U TEM
YYBCTBUTE/IbHEE BEIMUMHA Y K U3MeHeHWI0 X). Ecnm k = O Toy = b=
const, T.e. BeNMYMHA 3*NOCTOAHHA U HE 3aBUCUT OT BE/TMUYUHBI X.

KoaguumneHT b nokasbiBaeT 3HaYeHWe (hyHKLUKN B TOUKe nepece-
YyeHus rpaduka c ocbto Oy. MNpsAMas nepecekaet 0Cb OPAMHAT B TOUKE
(O0b). Ecnrm b= O TOYy = KX - 3TO npamas nponopumroHanbHas
3aBUCUMOCTb. MNpsaMas y= KX NPOXOAWUT Yepe3 Hayano KoopauHaT.

K
2a. q)yHKLU/IFI y = - onpepneneHa npn BCeX 3Ha4YeHUAX /TL.3a NCKNKOYe-

HMem Toukm X = 0. OND - nHTtepBanbl (-ga, 0), (O, oo). [paduk -
runep6ona (cm. puc.2.4a).



28 MaTemaTunyeckme meToabl 419 3KOHOMUCTOB

PyHKUMA B KXKAOM M3 UHTepBanos (-oo, 0) u (O, o) MOHOTOHHAaS;
BOo3pacTaeT npu A< Owun y6biBaet npu A> 0. OHa BbIpaXaeT 06paTHY0
NMPOMNOPLMOHANbHYIO 3aBUCMMOCTb MEXAY XU Y. ®YHKUUA HeyeTHas,
cnefoBaTefibHO, runepbona CUMMETPUYHA OTHOCUTENIbHO Havana Koop-
AuHaT. OHa pacrnofioXeHa B NepBo 1 TpeTbell YeTBePTAX, e K>0u
BO BTOpOWA 1 yeTBepTOi npy N < 0. OCKM KOOPAMHAT ABASKOTCA aCUMMMTO-
Tamu runep6ons.i.

26. PyHKUMA Y -  -OTa PYyHKUUA TakXe onpegeneHa npu x -

n6om, Kpome Toukn x= O, O ® - nutepsansl (-0o, 0),(0, 0o). [pa-
UK - runepbona (cm. puc. 2.46). ®yHKLNS B MHTepBane (-oo, 0) npn K >
0 Bo3pacTaeT, npu K < Oyb6bIiBaeT; B uHTepsane (O, co) npu A> O
y6biBaeT, npu A< OBo3pactaet. ®YHKLUA YeTHas. PyHKLMUA pacnono-
)KE€Ha B NEPBOI 1 BTOPOIi YeTBEpPTAX Npu A> Ou B TPETLEW U HYETBEPTON
yeteepTax npun A< 0. Ocu KoopAWHAT ABNAKOTCA acCUMNTOTAMU TU-
nep6osbl.
3. lMokasatenbHas (YyHK-
uus 3= (o > 0) onpegeneHa
Ha BCeW 4YMCnoBOI ocu 061acTb
M3MEHEHUSA (DYHKLMUU (0,+00),
T.e. ee panK HaXo4AUTCH B Bep-
XHel nonynnockocTu. Mpu a >
1(hyHKLMA MOHOTOHHO BO3pac-
Taouwasd, npn a < 1 pyHKLNS
MOHOTOHHO yb6biBatowas. Ipa-
(MK MPOXOAUT 4epe3 TOUKY
(0;1), Tak Kak d®= 1. Ocb Ox
ABNSAETCA aCUMNTOTOM (CM. puc.
2.5). B KauecTBe OCHOBaHuA
CTEMNeHHOI’ PYHKLUMM YacTo uc- 25
nosib3yeTcs yucno e» 2,71828...
B aTom cnyyae PyHKLMA Ha3blBaeTCA IKCNOHEHTOIA.
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4. Norapugpmuyeckas PyH-
Kuma y —1o8x (npn a >0wn a
® 1). dyHKUMA onpejeneHa
npu > 0. ONP (-co, +00),
MOHOTOHHa (BO3pacTaeT npu
a > |, ybbiBaeT npu a < 1).
Mpatmk NpoxXoauT BCerga ue-
pe3 Touky (1,0), Tak Kak &1
= 0. Ocb opguHaT asnsetcH
acumnToTol ans rpaduka (cm.
puc.2.6). Jlorapugpmmyeckas
(hyHKUMA Yy = D8 xaBnsercs 06-

paTHO MO OTHOLUEHWUIO K MNO- PvC. 2.6
KasaTenbHON PyHKUUK X =
TaK Kak 1oB™@") = =X). B KayecTBe 0CHOBaHMsA norapudmunyec-

KON (hyHKLMM a 4acTo MCMOonb3yetca 4yucno B » 2,71828.... B aTom
cnydvae fiorapupmMmnyeckas PyHKLMA Ha3blBaeTCA HaTypasbHbIM fora-
pudpmMom 1 o603HavaeTcs y — Inx.

5. CTeneHHas PyHKUUSA CNHOOBLIM paLnoHanbHbIM MokasaTenemy = X'

PaccMOTpeHHble Bbllle PYHKLUKN: X, 1, [. aBnAlTCA 4YaCTHbIMU
X XN

cnyyaamu 3Toin QyHKLMK. B 3aBucumocTu oT 6 BbIAENAOT CnefytoLne
DYHKUNK:

5.1. o= X", rge T HaTypanbHOe Yucno.

O6nacTb onpefeneHns aTux PyHKYNRA (-oo, +00), 061aCTb 3HAYEHNA
[0, +00). ®yHKUMYM YeTHble. padmkn 3aTMX QyHKUMIA napabonbl (Cm.
puc.2.7a).

5.2,y = X-"™', rge T HaTypasibHOe 4ucho.

O6nacTb onpefeneHuns (-oo, +00), 061acTb U3MEHEHUS (-Co, +00).
®yHKUMKN HeyeTHble. padmkn QyHKUMA Takxe napabonbl. Bo Bceld
obnactu onpegeneHns PyHKUMW TaKoro Buaa - Bo3pacTatouwue (CM.
pnc.2.76).
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53.y=T1" 3211' rge T HatypasbHOe 4yucno.

O6nacTblo onpegeneHus MyHKLUNA SBNAeTCA 06befNHEHNE NHTEPBA-
nos (-00, 0) n (O, +00), a 06nacTb0 3Ha4YeHUn - MHOXecTBO (O,+00).
®YHKLMMN YeTHble. BeTBM hyHKLMIA pacnofioXXeHbl B NepBOi 1 4eTBep-
Toin yeTBepTax (cMm. puc.8a) Ocy KoopAMHAT SABAAKTCS BePTUKANbHOW U
rOpM3oHTaNbHO acMMNToTaMMU.

54.y = y = , TOe T HaTypaJibHOe 4Yucno.

Ob6nacTbto onpegeneHns 1 061acTbio CyLLECTBOBAHNA YHKLMWI SAB-
naiTca nHtepsansl (-oo, 0) n (O, +00). PYHKLUN HeyeTHble. [paukm
NX pacnonoXeHbl B NepBOi U TPeThbei YeTBEPTAX, OCU KOOPAMHAT Takxke
CNy>aT acMMNTOTaMu, Ha Bceli 0b6nacTu onpegeneHns QyHKLnM ybbisa-
touwme. Mpadnkn PyHKUWIA HasbiBalOT runep6onamm (cm. puc.2.86).

55.;;= X (a >0) (cm. puc.2.9a,6)).

O6nacTb onpegeneHuns [0, +0o0), 061acTb M3MEHEHUSA (YHKLUMWIA [O,
+00 ). ®yHKLMA BO3pacTaeT Ha Bcell 06nacTu onpegenenuns. Ipadpukamm
(hYyHKUMIA ABNAOTCA napabonbl, BETBM KOTOPbIX HanpasieHbl No ocn Oy
npu a > 1un no ocm Ox npu a < 1(cMm.puc.2.9a)

Puc. 2.8a Puc. 2.86
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a < 0. O6nactb onpefeneHus 6eckoHeuHblit nHTepsan (O, +o00), 06-
nactb nsmeHeHuns (O, +oo). PyHKUMA UMeeT acuMnToThl X = O, 3'= Q
yb6bIBaeT Ha Bceli 06nactn onpegeneHns. Mpad@unkom sTUX PYHKLUIA AB-
NAeTcA O4Ha BeTBb rmnep60nbl, pacrnonoXXeHHas B NEpPBOW YeTBEpPTU
(cm.puc.2.96).

2.3.  TocTpoeHune rpaKoB CNOXKHbIX (YHKLUIA MeTOA0M
npeobpasoBaHus rpamkos

[na noctpoeHus papnkoB PyHKUUA MMEEeTCA HECKONbKO Cnoco6oB,
OLHMM U3 KOTOPbIX ABAAeTCcA npeobpa3oBaHue aduka nogxonsiiein
3fieMeHTapHOM PYHKLMM J0 ero coBnajeHuns ¢ haukom gaHHON PyH-
KUuumn. ITOT CNocob 0CO6EHHO YA0OeH, ecin gaHHas PYHKLUMS MOXeT
ObITb BbIpaXKeHa yepe3 OfHY W3 3NEMEHTapHbIX PYHKLMIA B BUgex) =

{k2{x-a)\ + b. Torga padunk aToin QyHKLUN 6yaeT NpescTaBATh
KOM6UHaUNIO CABUIOB (TOPU3OHTANIbHBIX U BEPTUKANIbHBIX), @ TaKkXe
CXKaTWiA-pacTsXXKeHUn adrka COOTBETCTBYHOLLEN 3/IEMEHTAPHON (hYyHK-
uun. PaccmoTpum 605ee NoApo6HO NpMeMbl MOCTPOEHMSA PathMKoB yH-
KUMA yepes3 nx npeobpasoBaHms.

OcHoBHbIe rpeobpasoBaHNs rpadmka QPyHKLUM

1. BepTukanbHblii caurx) -~4x) + b

2. Fopu3oHTanbHbIM caBurx) ->/Ax+a).

3. KombnHupoBaHHbIiA caBurx) ->Ox+1a) + b.

4, OTpaxeHue:

a) pyHkuum (Ox)  -0x)), 6) aprymenTa ([x) - -x)).
5. PactsxeHue {k> 1) / Cxatune (O < A< 1):

a) pyHkuuu (Ox) -> k4x)), 6) aprymenTta (4x) ->Abc)).
6. B3atue mogyns:

a) pyHkuun (Ox) -> X)), 6) aprymenta (Ax) ->Ax[)).

1) MocTpoutb thaduk };=04x) + b,
ecnu gaH hauky = x). Ecnm A> Q
TO Kaxjas opfuHaTa YyBelU4uTCAa Ha
BeMUYMHY b 1 rpadmk “caBuHeTcH
BBepx” BAosb Oy. Ecnn 6 < O 10 Pa-
(hUK “cABUHETCA BHU3” HAa BENINYMHY b
BAosb Oy (cM. puc.2.10).

Puc. 10
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2) MocTpouTb rpaduk
Y —17+i4), ecnu 3ajaH
hadhuk y = JIx). Nimeem
Yor)=y(x*+4)=y’, oTKyaa
cnefyeT, 4yto N®=x'+ta u
cnepoBatefibHO X'=x®-a.

Ecnn 0>0, 10 Touka X®

NepexoauT B TOUKY X' ny-

TEM cfABura BNeBO Ha a

eanHuny. Ecnm a<0, TO

TOYKa ARrnepexoaunT B TOU- ) 1 0
Ky X' nyTém casura snpa-
BO Ha |g| egmHuL (cM. puc.
2.11).

3) OaH rpatuk ¢yH-
Kuum y = Ox) (Ha pwuc. .
2.12 0OH 0603Ha4eH MNyH- y Yo Iy=nx)
KTupom). MocounTs Pa- / y“fIx+a)+b
Uk y = /(x+a) + b
CTpoum HOBYH cCUCTEMY //

KoopanHat x’O y ¢ Hava- y/ / X
fiom B Touke O’ ¢ KooOp- 0 -a

AuHaTamu (-a,b) nocamu m
Ox’ I Ox, Oy’ Il Oy. +5 0"
OTHOCMTENbHO 3TUX OCeil

cTpoum rpaguky = [x).

Mony4yeHHbINn hadnk By-

LeT NUCKOMbIA B cucTeMe

koopauHat XO;'(cM. puc.

2.12). Puc. 2.12

4a) MocTtpouTb dadunky = -Ax), ecnn gaH rpapuky = Ax). Kax-
[IOMY 3HAUYEHW0 HEe3aBMCMMOWN NepemMeHHOW X GyAeT COOTBETCTBOBATb
NMPOTMBOMO/IOXHOE MO 3HAKY 3HaYeHne opAunHaThl y. CnefoBaTeNibHO,
rpamk HOBON (hYHKUWUWU OyaeT 3epKafbHbIM OTPaXXEHWEM MpexHen
hYHKLMKM OTHOCUTENbHO ocn OXx (cm. puc. 2.13a).

46) MocTtpoutb paduk y = O-x), ecnn 3agaH dpapuk y = Ox).
Kaxgomy 3HayeHuto opanHatbl y6yneT cOOTBETCTBOBaTb NPOTUBOMO-
NOXKHOEe N0 3HaKy 3HayeHue He3aBMCUMOL NepeMeHHo X. CnefoBartens-
HO, rpajukK HOBOW (hyHKLMWM BYAET 3epKaNbHbIM OTPaXKEHNEM MPEXHEN
DYHKLMM OTHOCUTENBHO ocn Oy (cM. puc. 2.136).

5a) MocTpouTb rpauky = K"x), ecnu gaH rpagpuky = [ix). Ecnu
K> \,y0 Kaxjaa opauHarta yBennuutca B fcpa3 n paguk “pactaHercs”
Bgonb Oy. Ecnmn kK< 1, To rpauk “coxmerca” B K pa3 Bgonb Oy (cM.
puc. 2.14a).

Puc. 211
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56) MocTpouTb rpauky =bc), ecnu 3ajaH hapuk =Y(n:). Ecnu
A> 1 ¢dahuk “coxmerca” B K pa3 BaonbL ocu Ox. Ecnm Kk < 1, 10

hauk “pactaHeTca” B N pa3 BAonb ocn Ox (cm. puc. 2.146).

6a) MycTb paH apuk QyHkumm = OX) (NYHKTUPHLIRA). Hapo
noctpoutb paduky = |4n). Ecnuar) >0, To 1091 = [1x), cnegosatesib-
HO, YacTb hathmka QyHKUMM y = [1X), PacnonoXeHHYH B BEPXHEN
nNonynaoCKOCTU, HaA0 OCTaBUTb 6e3 usMeHeHua. Ecnu /4x) < O 10 )IX)|
= -[1x), 3HaYUT YacTb Paduka, pacnonoXEHHYIO B HVKHE nonynioc-
KOCTHW, Haflo 0TOOPa3NTb B BEPXHIOO MONYNIOCKOCTb CUMMETPUYHO OT-
HocuTenbHo Ox (cM. puc. 2.15a).

66) MycTb gaH haduk hyHKummM y = [4x) (MyHKTUPHbLIA). ocTpo-
nTby = [|X|). 3Ta QyHKUMA YeTHaa, No3ITOMY Pad MK ee CUMMETPUYEH
oTHOCUTeNnbHO Oy. Ho npu x > O AW) = Ax), T.e. npu x >Odadunku
AIX]) n4x) cosnagatloT. NTak, ans nocpoeHna parka HY>XHO 4YacTb
thauka, pacnosioXXeHHYH B NpaBoi MOAYyNA0CKOCTM, 0TOOpasuThL Be-
BYIO MONYMI0CKOCTb CUMMEPUUYHO OTHOCUTENBbHO ocn Oy (CcM. puc.2.156).

2 3amKoB
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2.4. MpyMepbl NOCTPOEHUSA N aHanM3a rpamMkKoB (yHK-
LW OQHOWM nepeMeHHOM: KBagpaTHbIA TPeX4YsieH, MHOIOU/IeH,
APO6HO-NMHEHbIE N APO6HO-paunoHanbHble YHKLUN

Mpumep 1 KsagpatuuHaa ¢yHkuua y = ax® + bx + ¢ {a ¢ 0).

dyHKUMA onpegeneHa Ha Bceli ocm Ox. Mpadnkom siBnseTcs napabona,
. . - Jlac

BepLUMHA KOTOPO NMeeT KOOpAMHaTHI 23’ 4a . OTO0 nerko

A0KasaTb, BblAensis B )YHKLWM NOMHbLIA KBagpaT ¢ MOMOLLbH TOXAecC-
TBEHHOI0 NpeocbpasoBaHuA:

y=ax*"+bx+cha +2 b X + b +c=
2a 2a™ Aa

+C.
2a a4

BcnomuHas npeo6pasoBaHnsa rpaMkoB, Mbl BUAMM, YTO KBaApaTUy-
Has (YHKUMA npefcTaBnseT coboii napabony, CMELLEHHYO BAO/b OCK JT

_ - Aac

b
Ha BeNMYUHY ~ N 1 BAOJIb OCU Y HA BEINYMHY C - — N -

Mpu o > OBeTBM Napabosbl HanpaBieHbl BBEPX, Npn a < O- BHU3 (CM.

- dac
puc.16). Ecnm a > O, T0 ON® Aa ,npu 0 < OOND

b" - Aac\
e — — _Tpn b o OdyHKUMA HU YETHaA, HU HeyeTHasd.

1M ancKkpuMmHaHT B - b"-Aac 60nblue Hyns, TO PYHKLUMUS UMEET fBa
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b _ y/0~ A .|K
Hyna X u 24 22 B K

A> O, To hYHKLMA MONOXUTENbHA NPU X < X, U X > X 1 oTpuuaTenbHa
BUHTepBane X, <x <x Ecnu 0=0, TO PYHKLUA UMeeT eLUHCTBEH-

, Npuyem,ecnu

o b
Hbl HY/lb B TOYKE - —. I'Ipm BCEX APYTIUX 3HAYEHUAX X OHA MONOXKN-

TenbHa, ecnu a > O u oTpuuatensHa, ecim a < 0. Ecim /) < O, 1o
(DYHKUUSA HE UMEET HY/Ieil 1 BCE €€ 3HAUYEHUNS UMEIDT 3HaK Koaduuym-
eHTa a.

Mpn A> OyHKUMA MOHOTOHHO y6bIBaeT npu A N MOHOTOH-
HO BO3pacTaeTt npu ~ “pn a < OyHKLMA BO3pacTaeT Npu X <

- éa M MOHOTOHHO ybbiBaeT Npu x > - Aa (cMm. puc. 2.16).
4

Puc. 2.16

Mpumep 2. MHorouneH y = (X+2)(x+1)x(x-1)(x-2) x* - 5" + 4x.
JTOT MHOFOYNEH MpeAcTaBnseT co60/ MONMHOM NATOA CTEMEeHU U, B
COOTBETCTBUN C TEOPUEI, NMEET He Bonee 5 AeliCTBUTENbHbIX KOpHe. B
AAHHOM MPUMepe MHOTOYNEH UMEeT POBHO NATb KOPHeR: X,=-2, x"=-\,
Xx=0, M7+ 1. x=+2, T.e. NATb TOYEK MepeceyeHns rpa@ukom ocu ab-
cumcc. JaHHbIi MHOTOUNIEH NpefCcTaBAseT co060li HeUYeTHYO YHKLMIO
aprymeHTa X, onpefeneHHY Ha BCEe YMCNOBOIM ocu, hath MK KOTOPOl
nokasaH Ha puc. 2.16.

2»
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Puc. 2.17
Mpumep 3. [Apo6HO-NMHeHas GyHKUua y = DyHKUMA
C
onpepeneHa npu -ONd (-cto, +00). Mpeobpasyem BblipaxKeHue,
3afaloLee ee, BbIgeNIEHNEM LeNI0 YacTm
bc - al
-cx +b  -{cx
cx +d c
c
1 . bc -_a(l N
Besegem 0603HavyeHusa y* = c X - (c K = ——9—6,\5§£——B ATUX
0603HaYeHNAX MOXKHO 3anucaTb APOOHO-TNHENHYIO PYHKLMWIO B BUIE

K

M3 Takoi opmbl 3anucu cpasy BMAHO, 4TO rpaunkom Lpo6HO-
NNHENHOW hYHKUMK siBiseTca rmnep6ona, LEHTP KOTOPOI CMeLLEH B
i a

TOYKY (X0, y*), T.e. B TOUKY c' ¢ ECmyrunep6onbl Y ~ E acum-

nToTamy 661N OCKM KOOPAWHAT, TO Y APOOHO-TMHEAHON DYHKLNN acuMm-

nTotamu GygyT npsmble X = - p y = “\ 3HaK 4YMcna K yKasblBaeT, B

KaKoW 4eTBepTM OTHOCUTENbHO acMMNTOT BygeT nexaTb runepbona n Bo
CKONbKO pa3 rpagmMk Hafo cxaTb UK PacTAHYTb.

B kauecTBe npumepa NoCTPOUM rpapuk PyHKUNUN y = 2 A 'é'.

1 Bblgenum Lenyto yacTb. Pa3fenue AByusieHbl CTONIGUKOM, MOJy-

yum y =2 - 2
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2. Ha BcnomoratenbHOW KoopAMHATHON nnockocTn X 0Oy’ ctpoum a-

2
UK pyHKUMM y' =— (cM. puc. 2.18). OH pacnonoxeH BO BTOPOW u

4eTBEPTOW YeTBEPTAX.

3. MocouMm HyxHYyI cuctemy KoopguHat xOy, cMecTUB BCOMOra-
TenbHYt cuctemy X' Oy’ Ha 3 eAUHMULLI BNPaBo U Ha 2 eAUHULbI BHU3,
OCYLLEeCTBMB MapannenbcHblii nepeHoc. B cucteme xOy, NochpoeHHON pa-
Hee, padmk 6ygeT rpaukom 3agaHHOM QYHKUMN Y = npuyem

,ﬂ.eVICTBMTeﬂbHO npamMbIe X = -3 n Yy =2 ABNAKTCA aCUMNTOTAMMU.
B KayecTBe 3KOHOMMWYECKOTO npumepa lCI,[.')06HO-1'II/IHEI‘/’IHOI\/’I 3aBucun-

MOCTM paccMOTpum OfHY u3 GyHKuuin TopHkeucTa X{IN) = JT1a

(hYHKLMSA ONUCHIBAET 32aBUCMMOCTb BE/IMYMHbLI CNPOCa Ha NPesMeThl Mnep-

BO/ HEOBXOAMMOCTM OT BeMYMHbI foxoda. [06aBnds p K BeNN4YMHe

[0X0[a B YMC/IMTENE W BblYMTadA p, Npeobpasyem 3Ty GYHKLMIO K BAZY:
! +P apP

=N N e rMM"o— =a-y . Takmm obpas3om, 3agada nNocTpoe-

HUs rpaduka 3aToii yHKUMKM CBOAUTCS K Mpeobpa3oBaHuMio rpaduka

runep6onbl y MyTEM ee pacTsSXXKeHWUs B ap pas, MHBEPTUPOBAHMUS OTpa-

XX€HNA OTHOCUTENBHO FOpVI3OHT8U'IbHOIZ OoCn u casura Ha BEIMYUHY a
BAONb OCN X U Ha BENUYNHY -p BAOJIb OCU /.
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Mpuwvep 4. MocTpouTtb y = Ctpoum Y = " (NMYHKTUPHO) K

HUXHIOIO BETBb OTpaxaem cMMMeTpuyHO OX BBepx (M306pakeHO Ha
puc. 19a cnAOWHOW NMUHNENR).
Mpumep 5. MocTpouTb »= - |x. CTpoum y = X" - X (NYHKTUPHO) U
npaByto YacTb OTpaXkaem cummMmeTpuyHo Oy Bneso (cM. puc. 196)
2x "1
Mpumep 6. CTpoum pathuky = ------ . Bbigenss uenyto yactb, no-

nyvyaemy =2 - . CTpoum BcrnomoraTefibHble ocu X = -3,y = 2.

OTHOCUTE/IbHO BCMOMOFaTeNbHbIX Ocell cTpoum dadmk - - (cMm. puc.
2.198).

2.5. I'padikn B 3KOHOMUYECKOM MOAENMPOBaHMM

a) DyHKLMA NOTPe6NeHNA N NUHNA BIOLKETHOI0 O)aHNYEeHNS;

B Teopuu nodebnTenbCKOro cnpoca Ha gea 6narax ny (kK npumvepy,
nccnegyemoe X U Bce OCTaslbHbIE y) NPeANOYTEHNA NOTPeOUTENS OMUCHI-
BalOTCA KpMBOM Bespasnuuua Lxy) = a 60 KeTHoe ohaHuuyeHmne
(pacxofbl NoTpebuTens <ero foxofa) B cnyyae, korga noebutens ¢ a-
TWT Becb CBOIi OX04 Ha paccMmaTpuBaemble 6nara: xp™ + yp* = /, rge |-
foxof notpebutens, ap™n pA- UeHbl 651ar X Hy COOTBETCTBEHHO. Ans
TOro, 4T06bl MOCHONTL rpadnKM 3TUX HEABHO 3afaHHbIX PYHKUMNI y(X)
B CMCTEME KOOPAMHAT, rAe no ocu abeumce OT/I0KeHa BeNMUnHa 6ara X,
a Mo OCU OpPAMHAT - Y, HY)XXHO BbIpa3nTb B ABHOM BWfE BE/IMYMNHY Y KaK
hyHKUMo Xana o6enx 3aBucumocTein. Caenaem aTto gns npocTeien
yHKUMM nonesHocTn u(x,y)=xy. ns ypoBHsA nonesHoctu (6narococ-
TOSAHMWA) m goxoga | nonyyaem cnegywoume QYHKUUK:

y :I—/”,y =— - —X. pathnukom nepBOi U3 3TUX PYHKLNIA (KPWNBOIA

6e3pa3nunuus) aBnsetca runepbosna, a rpaPuMKom BTOPOWA (6H04XKETHOTO
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OthaHnyeHuna) - npamas NMHNA,
MMeroLas oTpuLaTenbHbIn Ha-
KNOH, paBHbIA N0 abCONOTHOW
Be/IMYMHE OTHOCUTE/bHOM LEeHe
6nara X n TO4Ky nepeceyeHuns ¢

OCbKO OpAuHaT COOTBET-

CTBYIOLLYIO KONMYecTBY Bnaray,
KOTOpOe MOXHO npuobpectun no
LieHe p", ecnn NOTPaATUTL Ha Hero
Becb fgoxog / (cm. puc. 2.20).

6) KpuBble cnpoca u npeasioxeHuns.

[pyrum npumepom yHKLMIA B 3IKOHOMUKE CAYXAT PYHKLUN CAPO-
ca u npefnoxeHus p(a), Bbipaxarolime cBA3b LieHbl 61ara u BeIMUYUHBI
cnpoca unun npeanoxeHus 6nara Npu NOCTOAHHbLIX BKycax noTpebuTe-
neii, UueHax Ha gpyrue 6nara v gpyrux napametpax. Mpumep dadurka
NNHENHON YHKLMKM cnpoca NPMBOAMUICA B CAMOM Havane rnasbl. AHa-
NOTUYHO CTpOMTCA N haPpUK PYHKLUN NPeSnoXKeHUs, HO B OTUYMe OT
(OYHKLMKN CNpoca OH OTPaXkaeT NOMOXUTENbHYIO CBA3b MePEMEHHbIX P U
4 (cm. puc. 2.21).

B) 3aBMCMMOCTM BENMUYMHBI CpOCa OT 40X0f4a.

B mogenu noTpebnTeNbCKOro Cnpoca MUCMoMb3yTca Takxke (yHK-
uny TOpHKBMCTa, MOLENUPYIOLLME CBA3b MeXAy BennuunHol goxoaa (/)
N BE/IMYMHONM crnpoca noTpebuTtenei (X) Ha: a) MasoOUEHHbIe TOBapbl

al
: v x = .
p y  TOBapbl nepeoii HEe06X0ANMOCTH ;B) TO-

Bapbl BTOPOI He06X0aMMOCTH (OTHOCUTE/IbHOW POCKOLLIN)
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_al(l - 7)

r) npeameTsl pockown A | . p - CootBetcTBylOWINE UM rpady-

KN NpuBeaeHbl Ha puc. 2.22.

r) pachmkmn 3aBMCUMOCTU M3LEPXKEK W [0X04a OT 06bemMa NPOU3BOA-
CTBa.

B kauecTBe nocnegHero npuMepa paccMoTpUM PYHKLUN U3LepXKeK
C{q) n poxopa pupmbl R{q) = gp(q) B 32aBUCUMOCTWN OT 06bEMA NPOMN3-
BoAcCTBa . MoBeaeHne yHKUMY LOX04a onpeaensetcs PyHKLMeR cnpoca
p{q), paccMoTpeHHO Bbiwe. 103TOMy paccmoTpum 601ee NOAPO6HO No-
BeAeHne PYHKUUM nsgepxek. B TMIMYHOM cnyyae U3LEPXKM (PUPMbI
BE/IMKW Npu HeboNblIOM 06beMe MPOM3BOACTBA ( W BHavane pactyT
6bicTpee, yem goxod. C yBennmyeHmem o6bema Npon3BoACTBa CKOPOCTb
pocTa usgepXeK YMeHbLIaeTCA U B KAKON-TO MOMEHT OHM CPaBHUBAIOT-
CA C 4OX040M ¥ hpMa HauMHaeT nonyyatb Npubbinb. Mpu yBennyeHumn
o6bema Npou3BoACTBa NPUOBLINL YBENNYMBAETCA, [OCTUIAA MakCUMyMa
npu oNTUManbHOM 3HayYeHUn g. Mpu ganbHeiwem ysennyeHnn obbema
NPON3BOACTBA U3JEPXKKM CHOBA HAYMHAIKOT pacTu bbicTpee foxoaa (uc-
yepnaHHbl 3P eKTNBHbIE PECYPChI, HYXKHbI AOMONHUTENbHbIE NMOMeLLe-
HWA, Cbipbe, KBAM(ULMPO-

BaHHas pabouyas cuna) wu
npuobiNb GUPMbI YMeHb-
LaeTcs, focTuras oTpuua-
TefbHbIX 3HAYEHWiA Npu Lo-

CTaTOYHO GOMbLIMX 06bEMAX L
npon3BoACTBa. TUMUYHbIE o 1 1 |
thaukmn goxoda nsgepxex / u j
M NpuoLIIN NPUBEAEHBI Ha i s i }
puc. 2.23. Im, Hanpumep, i T m'TAl «

MOTyT COOTBETCTBOBaTb \n (9
dyHkuun R{q) = aq - b<f, n(9)
C{q) = cq - dg* + eq" 2.23
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Bonpocbl K rnaee 2

MpuBeauTe onpegeneHne QyHKLUK.

UTo Takoe 06nacTb onpeaeneHnsa u 06nacTb LONYCTUMbBIX 3HAYEHWIA

DYHKLNN?

3. Kakwue cywecTBytOT cnocobbl 3agaHnsa GyHKLnin? Mpueesnute KOH-
KpeTHble NpUMepbl KaX40ro cnocooba.

4. [aiiTe onpefeneHna Bo3pacTtaHus u ybbiBaHusa pyHKummn. MNprusegmn-
Te NpMMepbl BO3pacTarLLeil 1 yobiBatowen QyHKLWUIA.

5. Kakue pyHKUUYN HA3bIBAOTCA YeTHbIMU (HEYETHbIMK)?

6. [aliTe onpegeneHune acuMnToThl. MpusBeanTe npumep PYHKLMUK, UMe-
IOLLe ropn3oHTaNbHYI0 acumMnToTy. MpruBeanTe NnpuMep PyHKLUN,
MMetoLL el BepTUKaNbHYO aCUMMTOTY.

7. MpueeauTe Npumep NUHEAHbIX DYHKLWUA, ONUCHIBAKOLLMX 3aBUCU-

MOCTM cnpoca v NpeaoXeHnsa oT LeHbl ToBapa. [ocTpoiiTe ux ¢ a-

hUKN.

MpuBeanTe NpuMep CTENEHHON PYHKUNM 1 nocoiTe ee haduk.

MprBeanTe NpuMep nokasaTeNbHbIX PYHKLNA, ONUCHIBAIOLLMX 3a-

BMCMMOCTM CNpOCa W NPeAnoXeHns OT LeHbl ToBapa. MNocTpoiite nx

thapuku.

10. MpwBegMTEe NPUMeEpP NOTapUPMUYECKOR PYHKLUN 1 MOCTPONTe ee
thagpuk.

. MocTpoiite padukm GyHKLUNIA:

N

© ™

y=2x;y=0,5X;y=k"2;y=x-2;y=2(x-2);y = 2{7T2)~

y2(M)+2-,y.

mMeTogoM npeobpasoBaHna GadnKoB.

12. MocTpoliTe KpuBbre 6€3pasnuyuns PYHKLUU NONE3HOCTU Y=X,
npy YPOBHAX MOME3HOCTU, paBHbIX 2 1 3. HaliguTe nx acCMMNTOThI.

13. MpuBeanTe NpuMep PYHKLUMK, ONUCLIBAIOLLER BIOLKeTHOE O(haH -
yeHue. HaignTte ee TOUKM MepeceyeHUs ¢ 0CAMU KOOPAUHAT.

14. MpueeanTe NpuMep GYHKLNKN, ONUCHIBAIOLLEA 3aBUCMMOCTb BENU-
YMHbI cnpoca oT Joxoa.

15. MpuBeanTe npumep PyHKLUMKN, ONMUCbIBAKOLWEA 3aBUCUMOCTb Npea-
NOXXeHUS OT LeHbl. [ocTpoliTe ee rpadimk.



'MTABA 3
OCHOBbl AN®DPEPEHUWMNANBHOIO
MCUNCNEHWNA. NP PEPEHLUMNAJIBHOE
NCYHNCJTEHVE B SKOHOMWYECKOM AHAJTN3E

3.1. OKOHOMMYECKMe 3afayu, pellaeMble MeTogaMmn And-
(hepeHLMaNbHOr0 MUCUNCNIEHUS

OnddepeHumnanbHoe NCUYNCEHNE - LLMPOKO MPUMEHSAEMbIA AN KO-
HOMMYECKOTO aHa/iM3a maTemaTuyeckuii annapat. basoBoli 3agayeii 3Ko-
HOMWYECKOr0 aHanunsa ABAseTCA U3yyeHune CBA3E IKOHOMUYECKMX Be-
NNYUWH, 3aNUCbIBAaEMbIX B BUAE (YHKUWIA. B KaKOM HanpaBneHun nsme-
HUTCA JOXO0A rocyfapcTsa Npu yBeNMYeHU HaNoroB Uam npu BBefeHUN
MMMNOPTHbIX NOWANH? YBEAUYNTCA NN YMEHbLUNTCA BbIpyyka (hUpPMbI
NpY NOBbILEHNUY LieHbl HAa ee NPOAYKUMI0? B Kakoi nponopuunn gonon-
HUTeNbHOE 060py0BaHNE MOXET 3aMEHNTL BblObIBAKLLMX PA6OTHWKOB?
Ana peweHns nogo6HbIX 3afa4y LOMKHbI 6bITb NOCTPOEHbI PYHKUUK
CBA3M BXOAALLNX B HUX NMepPeMeHHbIX, KOTOPble 3aTeM M3y4aroTcs C no-
MOLLbIO MeTOLOB AN epPeHLNanbHOI0 NCHUCTEHNS.

B 3KOHOMMKe 04YeHb YacTo TpebyeTcs HalWTWM Haunydllee, AW ONTH-
Ma/ibHO€e 3HaYeHne TOro UM MHOTo MoKasaTesns: HauBbICLLYO NPOU3BO-
OUTEeNbHOCTb TPYAa, MakCUManbHY Npubblib, MaKCUMabHbIW BbIMYCK,
MUHUMabHble U34epXKn 1 T.4. Kaxablii nokasaTenb NpeAcTaBnseT co-
60/ PYHKLNIO OAHOTO UM HECKONbKUX apryMeHTOB. Hanpumep, Bbl-
MyCK MOXHO paccmaTpuBaTb Kak (DYHKLMIO 3aTpaT Tpyga U kanutana
(KakK 31O fenaeTcs B MPOM3BOACTBEHHbIX PYHKLMAX). Takum 06pa3om,
HaXO0X/eHWe ONTUManbHOr0 3HaYeHUs NokKasaTens CBOAUTCA K HaXO0X-
[LEeHNI0 3KCTpeMyMa (MakcuMyMa uaM MUHUMYMa) GYHKLUW OAHON unu
HEeCKONbKNX nepemMeHHbIX. MogobHble 3a4auyn MOPOXAAT Knacc 3K-
CTpeMabHbIX 334a4 B 3KOHOMMUKE, peLLeHMEe KOTOPbIX TpebyeT NCnosb-
30BaHMsA MeTOLOB AU epeHLManbHOro ncuncnenmsa. Ecnm akoHomm-
Yeckuii nokasaTeNlb y HYXXHO MakCMMU3NPOBATb MU MUHUMU3NPOBATb
Kak PYHKUWIO ApYyroro nokasartens X (Hanpumep, 3agavya Ha MakCUMyMm
npmbbInM Kak QyHKUMM 06bEMA BbiNycKa), TO B ONTUManbHON TOUKe
(T.e. B TOUKe MaKCMMmyma) npupaweHne yHKUUM y Ha NpupaLieHmne
aprymMeHTax JO/HKHO CTPEMMUTLCA K HYMHO, KOrga npupalieHue aprymMmeH-
Ta CTPEMUTCA K HyN0. Hauye, ecnu Takoe npupalieHne CTPEMUTCH K
HEKOTOPOI MONMIOXKXUTENbHON WAM OTPULATENbHON BeAMYKMHE, pac-
cMaTpuBaemas TOUKa He ABMAETCA ONTUMANbHOR, MOCKONbKY YBENNYNB
WA YMEHbLINB apryMeHT X, MOXXHO W3MEHWUTb BE/IUYUHY Y B HYXKHOM
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HanpasneHuu. B TepMmunHax gnddepeHynanbHOro NCHMCEHNA 3TO 03Ha-
YaeT, 4TO HEOO6XOANMbBIM YCNOBUEM 3KCTpeMyMa YHKUUM y=AX) aBns-
€TCS PaBEHCTBO HY/IHO ee MPON3BOAHONA.

B 3KOHOMWKe 4acTo MPUXOAUTCA peLlaTh 3a4ayun Ha 3KCTPEMYM PyH-
KL WA HECKONBbKNX MEPEMEHHbIX, MOCKOMbKY 3KOHOMMUYECKME NMOKa3aTe-
NN 06bIYHO 3aBUCAT OT MHOTMX (DaKTOPOB. Takue 3a4ayumn XopoLwo nsy-
YyeHbl Teopuein PYHKLUIA HECKONbKUX MEPEMEHHbIX, MCMOMb3YHoLLEl
MeToAbl AudpepeHLManbHOro ncuncneHns. MHorve 3agauv BKIOYaOT
He TO/IbKO MaKCUMMU3MPYEMYH (MUHUMMUINPYEMYH) DYHKLUIO, HO ”
orpaHuyeHmns (CKaxxem, 6HOIXKeTHOe OrpaHM4YeHne B 3agave NoTpedbu-
TeNbCKOro BbI6Opa). ATO - 3afa4m MaTeMaTMyecKoro npogamMmmupoBa-
HWA, ANA peLleHns KOTopbIX pa3paboTaHbl CreLnanbHbie MeTOAbI, TaKXe
onuparowmeca Ha gngdepeHumanbHoe ncuncneHne. Bee aTn BUAbI 3a-
fa4y 1 ux NpunoXeHns 6yayT pacCMOTPEHbI B MOCNEAYHOLWMNX rnaBax; Mbl
He 6yfeM 34ecb 3aberaTb Bnepes.

BaxkHbI1 pa3gen meTof0B AnddepeHLManbHOro NCHUCIEHUSA, UCNONb-
3yEMbIX B 3KOHOMWKE, HasblBaeTCs MeToZaMu NpejesibHOro aHanusa.
MpegenbHbIi aHAaNM3 B 3KOHOMMKE - COBOKYMHOCTb MPUEMOB UCCEL0-
BaHWA U3MEHSAIOLWNXCA BE/IMYMH 3aTpaT UK pe3ynbTaToB Npu n3MeHe-
HUSIX 06BbEMOB NMPOM3BOACTBA, NOTPe6AEHMA 1 T.N. HA OCHOBE aHann3a
NX NpefenbHbIX 3Ha4YeHUi. MpegenbHblii MoKasaTeb (NokKasaTenun) PyH-
Kumm y=Ax) - aTo ee npousBogHaa (B ciyyae QyHKLMUN OAHON nepe-
MEHHOI1) UAK YaCTHble NPON3BOAHbIE (B CAyvae YHKLNN HECKONbKNX
nepeMeHHbIX).

B 9KOHOMMKe LWMPOKO UCMNO/b3YIOTCSH CPegHNE BEINYUHBI: CPefHSs
NPOM3BOANTENIbLHOCTb TPYAa, CPeAHUE U3LEPXKKMN, CPeaHUIA [oX04, cpes-
HAS NpubbiNb 1 T.4. Ho yacTo TpebyeTca y3HaTb, Ha KaKyl BEUYUHY
BblpacTeT pe3ynbTaTt, ecau 6yayT yBe/n4yeHbl 3aTpathl UauM, HaobopoT,
HACKONbKO YMEHbLUMNTCA pe3ynbTart, ecin 3aTpatbl cokparaTtcd. C no-
MOLLbIO CPefHMX BENNYMILOTBET HA 3TOT BONPOC MOYYUTb HEBO3MOXK-
HO. B nmofgo6HbIX 3agavax TpebyeTcs onpegenuTb Npefen OTHOLWEHUS
NMPMPOCTOB pe3y/bTaTta v 3aTpaT, T.e. HalTU npegenbHbIn agdekT. Che-
[0BaTeNIbHO, A5 UX PeLleHns HEOOX0ANMO NMPUMEHEHNE METOAOB AN -
(hepeHUManbHOro MCYNCNEHNA - HaXO0XA4eHUe MPOU3BOLHON B Ciayyae
(DYHKLMWN OAHOW MEPEMEHHOI N YaCTHbIX MPOM3BOAHbIX, ECN PYHKL NS
3aBMCUT OT HECKOJIbKMX apryMeHTOB.

Tak, Hanpumep, ecnu 3ajaHa NPoON3BOACTBEHHAA PYHKLNA:

Y=Y (X, oy X, oy X),

rae X - 06bém 3aTpaymnsaemoro /-ro pecypcea (/ = 1,...,9),y - Makcu-
MafbHbl/i 06BEM BbIMYCKa, KOTOPbI/ MOXHO NOAYy4nTb, 3aTpaumBas pe-
CYpCbl COOTBETCTBEHHO B 06bEMAX X,,...,X,...,X,, TO MPeAeNbHbI 3PP eKT
0T Ucnonb3oBaHus /-ro pecypca {p) onpeaenserca cnegyromum o6pasom:
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OX,,...  +0X,.... XD~[0X,,... X.,...
Pr

3[eCb BEIMUYMNHA p. paBHa JOMNONHUTENLHOMY 06bEMY BbiNyCKa, KOTO-
pblii Nony4aeTcs B pe3ynbTaTe 3aTpaThbl ONONHUTENbHOW eanHNLbI [ X
/-rO pecypca Npu HEM3MeHHbIX 06bEMax 0CTaNIbHbIX PECYPCOB.

MokasaTenb NpeAeNnbHOro ahekTa B ONTUMM3ALMOHHBIX MOAENsAX
NPUMEHSETCS ANA HAX0XAEHMS ONTMMaNbHOro 06beMa NPOM3BOACTBA NPK
3aflaHHbIX pecypcax, a TakXe ANs onpeAeneHns onTMManbHOro pacnpe-
AENEHNN OrpaHUYeHHbIX PECYPCOB MO Pas3MUHbIM HanpaBleHUAM WX
ncnonb3oBaHns. Ecnn makcumusupyemsblii nokasatenb (Hanpumep, Npu-
6b1/1b) eCTb PA3HOCTb pe3ynbTaTa U U3gepXek (B 4aHHOM cyyae pesyfib-
TaT NPeACTaB/eH BbIPYUKOii), TO B ONTUMaNbHOI TOUKe NpefebHas Bbl-
pyyKa [O/KHA paBHATLCS NpeaenbHbIM M3AepxKaM. Takoe paBeHCTBO
AOJKHO BbIMOJIHATHCS MO KXKAOMY M3 (DaKTOPOB, ONPeaenstoLLnmX Bbl-
PYYKY U U3AEPXKKU, YTO BbITEKAET N3 HEOBXOAMMOCTUN pPaBeHCTBA HYNHO
YaCTHbIX MPOU3BOAHBIX NPMUOGLIAN MO BCEM 3TUM hakTopaM. Heobxoam-
Mbleé X [OCTaTOYHbIE YCNIOBMS ONTMMYMa BO MHOTMX 3KOHOMWUYECKUX
3afayax 3anucbiBalOTCA C MOMOLLbIO YacCTHbIX MPOW3BOAHLIX U AUd-
(hepeHumanos. Tak, ecnn pellaeTcs 3agada Ha MaKCMMYM BbIMyCKa, 0Mnu-
CbIBAa€MOT0 C MOMOLLbIO MPUBEAEHHOI BbilLe NPOU3BOACTBEHHOW (YHK-
uuu, npu Hannuum OaHNUYeHNs No 06LLEMY PacXody AeHEXHbIX CPeACTB
Ha MCMO/b3yemMble B MPON3BOACTBE PECYPCbl, TO B ONTUManbHOW TOUKe
[OMKHBI 6bITb PaBHbI MEXAY CO60M OTHOLIEHUS NpeAeNbHbIX NPOU3BO-
ONTENbHOCTEN pecypcoB p. 1 UX LeH. HbIMW cnoBamMu, Ans BCEX pecyp-
COB [10/K€EH ObITb OINHAKOB NpeaenbHbIN 3P PeKT B pacyeTe Ha eUHN-
LY 4ONOMHMUTENLHO pacXxoAyemblX Ha 3TU PECYPChl AEHEXHbIX CpeacTB. B
3afjaye NOTPedUTENbCKOr0 BbI6Opa OTHOLLEHME NPefebHbIX MNOoae3HOC-
Teil 6nar 4OMKHO ObiTb PaBHO OTHOLWIEHWUIO WX LiEeH. MHaye rosops,
npefenbHas NONE3HOCTb B pacyeTe Ha OfHY AEHEXHYIO e4MHULY AO/MKHA
6bITb B ONTUMa/IbHON TOYKEe 0AMHAKOBA N0 BCeM 6aaram; B NPOTUBHOM
cnyyae 6romkeT noebuTens mor 6bl ObITb NEpepacnpefeneH ¢ yBenunye-
HMeM ero 61arococTosiHus. Takum 06pa3oM, MeTOAbI ANt ePEHLNANBHOTO
NCYNCNEHNS NO3BONSAIOT He TO/IbKO PELUTb pPa3nyHble 3KOHOMUYeECKMe
3afa4n, HO 1 3anucatb HEOOXOAMMbIE NN LOCTATOUYHbIE YCOBUS ONTU-
MyMa B 3TMX 3afayax, KOTopble MO3BOMSAKOT AaTb OTBET Ha Te WM UHbIE
KOHKPETHbIE BOMPOCHI.

LLIMpoKO MCNoNb3yeTcs B SKOHOMMUYECKOM aHann3e NoHsTme gug-
(hepeHumana, wan rNaBHOM NMNHERHOW YacTh MpUpaLL,EeHns GYHKLUN.
Tak, ecivm HeKOTOpas BeIMYMHA Yy eCTb PYHKLUMA ABYX apryMEHTOB X, U
X", TO C UCNONb30BaHMEM gnddepeHLLMana erko paccumTaTb nNpegenb-
HYIO HOPMY 3aMEHbl MEXAY 3TUMMN apryMeHTamu, T.e. BEIMYNHY, MOKa-
3blBalOLLYH, CKONbKO HYXHO (hakTopa 2 ANd 3aMeHbl OfHO eANHULLbI
(hakTopa 1C coXpaHeHWeM 3HauyeHns yHKUumM y. MpeaenbHas Hopma
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3aMeHbl BaXKHa B 3aa4ax noTpebuTenscKoro Boibopa (B3avM03aMeHAEMOCTb
6nar), B 3a4a4ax oNTUMM3aLMM NPOM3BOACTBA (B3aMMO3aMeHAEMOCTb TPyJa
Wkanutana) v B page apyrux 3agad. MNycts y=f{x*x.*. ECn Mbl XOTUM
COXPaHUTb 3HaYeHne QYHKLUN Y HEM3MEHHbIM, TO 3TO O3Ha4aeT, 4To
npupalieHmne y, a 3Ha4mT 1 ero rnasHas MHeHaa 4acTb 4O/KHbI ObITb
paBHbl Hyn0. WHbiMKU cnosamn, O = (ly = y"Mdx® + y"cIxA OTcrofa

ixX. Y\
npefesbHas HOpMa 3aMeHbl --S--TO eCTb PaBHAETCA OTHOLLEHUIO

YaCTHbIX MPOM3BOAHbIX YHKLUWN Yy NO NepBOMY M BTOPOMY (hakTopam.

MeToabl AndhepeHLManbHOT0 UCHUCNEHUS WMPOKO NPUMEHAOTCS
He TOMbKO A5 aHa/n3a B3aMMOeiNCcTBUS OTAENbHBIX 3KOHOMUYECKMX
(hakTOpOB, ONpeAeneHns NxX B3aMM0O3aMeHAEMOCTM UM ONTUMANbLHOTO
COYETaHUs, HO M B CMOXHbIX MOAENAX 3KOHOMWKWU, B YAaCTHOCTU - B
MOZeNsX IKOHOMUYECKON ANHaMUKKN. AuddepeHLnansHOe UCUUCIEHME
- 3TO He TO/MbKO annapat, MO3BO/SAKLWMA HAXOAUTb PeLleHUs Taknx
mMogeneii, HO M HeO6XO4MMbI COCTaBHOI 3/1EMEHT 415 UX MOCTPOEHMUS.
JduHamunyeckne Mogeny NPUMeHSAIOTCA 418 pelleHns Taknx 3ajad, Kak
onpefeneHne ONTUMaNnbHOW UM PAaBHOBECHOW TpaekKTOpPUU pasBUTUSA
3KOHOMMWYECKOW CUCTEMbI, ee COCTOAHWIA B 3alaHHbIE MOMEHTbI BpeMe-
HW, aHann3 CUCTEMbl Ha YCTOWYMBOCTb, aHaNN3 CTPYKTYPHbIX CABUTOB 1
T.N. HekoTopble MoAenu aToro Tuna 6yayT pacCMOTpPeHbl B rnase 12,

/13 pacCMOTPEHHbIX HanpaBAeHUA NpUMeHeHNs AndepeHLnanbHo-
ro MCYUCNIEHNS B 3KOHOMUKE BaXKHELLIUM SABNSETCA BONPOC HaXoXfe-
HWA 1 aHan13a B3aMMOCBS3e 3KOHOMUYECKNX NMePeMeHHbIX, Onpeaens-
IOWMX HYHKLUOHUPOBaHNE 3KOHOMUYECKOT0 06beKTa UM NpoTeKaHue
3KOHOMMWYECKOrO SIBIEHMSA, KOTOPbIW Mbl ceiivac paccMoTpum 6osee noa-
pO6HoO.

3.1.1. AHann3 B3aMMOCBSI3e 3KOHOMUYECKIMX MOKaszaTenen

AHanm3npys B3aMMOCBA3M 3KOHOMUYECKMX NoKasaTenen, Mbl Jon-
XHbl Noc/efoBaTeNlbHO OTBETUTL Ha YeTbipe Bonpoca: Kakue gakTopbl
onpegensioT UHTePeCYIoLLMiA HAaC 3KOHOMMYECKUI nokasaTenb? Kakos
3HaK 3TOl 3aBMCUMOCTMN?

KakoBa cTeneHb 310l 3aBucMMocT? KakoBo umcnosoe (hyHKLMO-
HalbHOE) BblpaXKeHWEe COOTBETCTBYIOLLEl 3aBUCUMOCTU? PaccmoTpum
BO3MOXHbIE OTBETbI Ha 3TV BOMPOCHI HA NpUMepe NPOCTeiLled 3KOHO-
MUYECKOI 3aBUCMMOCTH - PYHKLMKN cnpoca.

- OT yero 3aBMCUT (OT Kakmx pakTopoBs)?

B oTBET Ha 3TOT BOMPOC Haj0 MepeuyncnuTb BCe (hakTopbl, Onpeaens-
oW me nccnefyemMblil 3KOHOMUYECKNIA NokasaTenb. B yacTHoCcTH, Benu-
YymMHa cnpoca 4’ Ha KaKoli-n1bo ToBap onpegenseTca LeHOW 3TOro ToBa-
pap, 4OX04OM noTpebuTeneli /, LueHamMyn Ha Apyrue ToBapbl (4ONONHAIO-
wue (O wnnm 3ameHsAwwme (5) gaHHbI TOBap), OXXUAAEMbIMU LeHaMK 1
0XMAaeMbiM J0X040M. COKpaLLeHHO 3TO MOXHO 3anucartb Tak:



46 MaTemaTunyeckne MeTobl Anf 3KOHOMUCT 0B
=y o0,/, T,p"ppNLls,..).

- Kak 3aBMcUT (NONOXUTENBHO UKW OTpULLaTENbHO)?

B oTBET Ha 3TOT BOMPOC HAaLO ONpeAeNnTb XapakTep B3aMMOCBA3MN.
Wccneayemblili nokasaTenlb CBA3aH C KAKUM-11M60 PaKTOPOM MOMOXKM-
TeNbHO, €C/M ero 3HauyeHWe BO3pacTaeT Npu yBenMYeHUM akTopa u
OTpULLATENbHO, ECAN ero 3HaYeHUe YMeHbLIAeTCsH NPU YBENUYEHUN (hakK-
Topa. B yacTHOCTM, BeiMuMHa cnpoca  Ha Kakoi-1n6o ToBap yMeHb-
LLaeTCA NpU YBeIMYeHUN ero LeHbl p, yBemymneaetcs (415 HOpManbHbIX
TOBApOB) WM YMEHbLUAETCS (415 HEKAUeCTBEHHbIX TOBAPOB) MpuW yBeNun-
YeHUn foxopda noTpebuTeneid /, yMeHbLIAETCA NPU YBE/IMYEHUN LieH Ha
LOMNONHAKLW Me TOBAapbl Y YBENIMUMBAETCA NPU YBEIMYEHUN LIeH Ha 3ame-
HAIOLLME AaHHbIV TOBAp TOBApbl, YBENNYMBAETCS NPW 0XMUAAHWN NOBbI-
WeHNs LeH unm goxonos. CokpalleHHO 3TO MOXHO 3anucath Tak:

q>=Ap, | T, p"p\p b, .)

- KakoBa cTeneHb 3aBUCUMOCTU?

[nsa oTBeTa Ha 3TOT BONPOC HaA0 ONpeAennTb HACKO/bKO YyBCTBUTE-
NEH nccnefyemblii 3KOHOMUYECKWUIA NoKasaTeNlb K U3MEHEHUIO onpeje-
nALWMX ero hakTopos? Apyrumu cnoBamm, Kakosa CTeneHb ero n3me-
HEeHWs Npu 3afaHHOM abCOMOTHOM WAM OTHOCUTENbHOM WU3MEHEHWM
(hakTOpOB.

Op = e, =?2um Al=¢e, A("= 7

MmetoTcs gBa NoAxoda K aHannsy YyBCTBUTENIbHOCTM 3aBUCUMOCTH
O'=1x).

- MpwupocTHo nogxog (A => Am).

NPUPOCT (haKTopa => NPUPOCT MUCC/IeLyemMoro nokasarens

(n3meHeHue X) => (M3MEHEHME )

Mepa “abCcoMOTHON” YyBCTBUTE/IbHOCTH - CKOPOCTb M3MEHEHMNS (DY HK-
uun (cpefHsAs (OTHOLLIEHME U3MEHEHWIA) UK NpeaensHas (Npon3BogHas)):

A muwix ax

- TemnoBbIi nogxog (YA  %Ay).

Temn npupocTa hakTopa =>TeMr NpMpocTa 1ccedyemMoro nokasarens

(NnpoueHTHOe n3MeHeHUe xX) => (NPOLEHTHOE NU3MEHEHUE Y)

HanomMHWM, 4YTO NPOLEHTHOE N3MEHEHMNE KAKOW-TMB0 NepemMeHHOoN -
3TO OTHOLIEHME U3MEHEHUA 3TON NMepemMeHHON K NepBOHavYanbHOMY ee
3HaYEeHUIO:
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X N2-n1

ox=

Hanpumep, ecnn ueHa 6yxaHku xneba ysenuuunacb ¢ 200 go 300
pybnei, TO NPOLEHTHOE N3MEHEHMNE LiEHbI
% Ap:-300'200 —50%%,
200
Mepa “OTHOCUTENIbHOI” YyBCTBUTENIbHOCTM - 31aCTUYHOCTb (DYHKLUK
(cpegHAs (OTHOLWEHME NPOLEHTHbIX U3MEHEHWU) MAN NpefenbHas
(« Npon3BOAHOW)):

%Ay
%AX  Yr-o%g0oc a<Ax/x  axy y

- KakoBo0 (hyHKLMOHa/IbHOE BbIPaXXEHWE 3aBUCMMOCTU?

[nsa oTBeTa Ha 3TOT BOMPOC Haf0 YKa3aTb KOHKPETHOe PYHKLMO-
Ha/fbHOE BblpaXkKeHne nuccnegyemoi 3aBucumocTu (B Buge hopmynsl, ¢ a-
(huka nnm Tabnuubl). 3Ty 3aBUCUMOCTb MOXHO MONYYUTL NGO N3 TEO-
PETMYECKO MOAENN NN U3 IKOHOME(HUYECKOro (3MAUPUYECKOro) nc-
cneposaHusa. Hanpumep, yHKLMA cnpoca Ha Kakoin-nnbo ToBap MOXeT
onpesfenaTbCs CNefytoWw M BblpaXKEHNEM:

+ TPA

N n306paxarbcs NPAMON NMHUEN Ha rpaguke.

Lpyrum He MeHee BaXKHbIM HanpaBieHeM anddepeHLnansHoro ne-
UMCNEHUA ABNAETCA €ro NPUMEHEHMe K NPUHATUI0O ONTUMaNbHbIX peLle-
HWUI, KOTOPOE Mbl TaKXe paccmMogum 60/1ee NoLPO6HO, YEM BO BBELEHNN.

3.1.2. MpuHATUE ONTUMASIbHBIX PELLEHWIA

MycTb, Hanpumep, Mo-
HoMnonmucT, 3Has (M3 Map- p
KETUHIOBbIX MCCMef0Ba-
HWIA) YHKLMIO crnipoca Ha
CBON TOBap, pewaer,
CKO/IbKO €My MpOou3BO- P\ \
OUTb M MO KaKol LeHe N
npojasaTtb CBOI TOBap. PL %
Ecnn oH ycTaHOBUT
[,OCTATOYHO BbICOKYIO }
LieHy, TO noTpebuTenu 3a =
onpeeneHHbIA Nepuog
KYMAT Y HEero He CiuLU-
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KOM MHoOro ToBapa. Ecnv oH

6yneT Npon3BOAUTb 60/b-

Wwe, TO eMy npugerca no-

HU3UTb LEeHY, 4TO6bI pac-

npojaTtb BCE BbIMyCKaemoe

UM KOMMYEeCTBO 3a onpege-

NIEHHbI NEpnog BPEMEHN.

Mpun aTOM BbIpyYKa yBenu-

YNTCA 3a CUET YBENNYEHUS

0&beMa Npofax (BbIMbILL)

M OLHOBPEMEHHO YMEHb-

LINTCA 33 CHET YMEHbLUEHNSA

LeHbl (noTepwu). PesynsTart

6yaeT 3aBUCETb OT TOT0, YTO OKaXeTCs 60MbLINM: BblU(bILW UAN NOTe-
pu. Kak e BCe-Takyu MOHOMOMMNCT MOXET ONpefenuTb ONTUMAaNbHbIi
06bem Bbinycka? [1na 3TOro OH A0/MKEH ONpefennTb 3aBUCUMOCTb Bbl-
PYyYKU (M Npubbinmn, eCAn yUNTbIBaTb U3EPXKKM BbINYCKa) OT 06bema
Bbinycka p(ij) = R{q)-C(q) = p(q) g - C(q) n onpenennTts, NP1 Kakom
o06bemMe Bbinycka Npubbinb 6yaeT MakcumanbHa.

3 Teopumn n3BECTHO, YTO 3afaya onpefeneHns Makcumyma QyHK-
UMW peLlaeTcs C NOMOLLbI0 MOHATUSA MPOU3BOAHON. [ns 3TOro Hago
3HaTb OTBETHI Ha Ba BOMpOca.

1. Kak HaxoAnTb NPOU3BOAHbIE MPON3BO/bHbLIX PYHKLMWIA?

2. Kak npyMeHATb NpOM3BOAHbIE K MCCNeA0BaHNI0 PYHKLUNIA?

[ns oTBeTa Ha NepBblil BONPOC Mbl PACCMOTPUM OMpefesieHne u reo-
MeTpMYecKmnii CMbICN NPON3BOAHON, (HOPMY/bI AN1 HAXOXAEHUA Npou3-
BOAHbIX HECKOJIbKMX NPOCTEeALNX (3NeMeHTapHbIX) (YHKLUA 1 NpaBu-
na g depeHUMpoBaHuns, NO3BONAKOLWNE HAXOANTb NPOU3BOAHbIE OT
NO6bIX KOMOUHALMA 3neMeHTapHbIX DYHKLUA.

[na oTBeTa Ha BTOPOW BONPOC Mbl PACCMOTPUM CBS3b 3HAKA U BeNn-
YMHbI NPOWM3BOAHON C BO3pacTaHMeM, ybbiBaHUEM (YHKLUWIA 1 onpege-
NUM HeobXxouMble U LOCTATOYHbIE YCN0BUS IKCTPEMyMa (MakcMMyMa
NN MUHUMYMA) DYHKL WA,

3.2. TpuvpauwieHne BeNNYNHBI, aprymeHTa, pyHkumn. CKo-
pPOCTb M3MEHEHUSA (YHKLUUN

MpupaLleHne BeIMYMHBI, aprymMeHTa, PyHKLW . MycTb BeNnYnHa z me-
HAeTCHA OT 3HAaYeHuA z, (HayanbHOe 3Ha4YeHUe) A0 3HaYeHNa  (KOHeu-
HOe 3HauyeHwue). Torga BennuuHa Az= 2 - 2, = 72, - Ha3blBaeTcH
npupaLieHnem BennUmHbl z- MpupalleHne Bo3pacTatolleil BenuumHbl {z*
>z, 6yaeT NonoxutenbHo Az> O, a npupalleHue yobiBatoLLein Benu-
Yuhbl (r,,, >z 6yget oTpuuatensHo Az < 0. Ecim BennyuHa z He
n3meHunach (/"= TO ee npupalleHune byget paBHo Hynwo Az= 0.
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MycTb faHa yHKUMA y = 1X) 1 ABa 3Ha4YeHUs aprymeHTta X, n x*.
MM cooTBETCTBYIOT ABa 3HauyeHUs QyHKuun y, = OXx,) u = OxN).
PasHocTb Ox = x*- X Ha3blBaeTCA npupaweHMem aprymeHTa, aAy —y*
-y, = A/=[4x,) - Ax,) - npupawieHmem hyHKuuun. F'eomeTpuyeckas
MHTepnpeTaumns aTUxX BeNNYMH NnokasaHa Ha puc. 3.1a.

PaccmoTpum yHKuutoAx), X [a\b]. Bo3bMeM MpOnU3BONLHYO TOUKY
Xy [a\b\. Ana no6oro x \a,b\ pasHOCTb X - X, Ha3bIBaeTCA MpupaLleHnem
aprymMeHTa x B TOUke x™ 1 0603Havaetca Ax. Takum obpasom, Ox = X -
Xy, X = X4+ Ax. PasHocTb [4x) - Ax") Ha3blBaeTca npupalieHnem yHK-
unm Ax) B TOUke Xgu o6o3Havaetcs AOXY) (nnn A/, unn Ay) (cm. puc.
3.16). CnepoBatensHo,

AX0) = Aix) - Ax,) = MXa + AX) - x,).

B 3TUX TepMMHaxX MOXHO CKa3aTb, YTO PYHKLUMA [1X) HenpepbiBHA B
TOYKe XiTorga v TofbKOo Torja, Korga npupatieHme pyHKLUUM B TOUKe X*
CTPEMUTCA K HY/I0, eC/IM NpUpaLLeHNe apryMmeHTa CTPEMUTCA K HY/IO.

CKOpOCTb U3MEHeHUSA (DYHKLWMW HA UHTepBase (CPefHAs CKOPOCTb).

PaccMoTpuM fBe hYHKL MK, MOKa3aHHbIe Ha puC. 3.2. 3HAYEHUNA Kax-
LOW M3 HUX MEHAKTCA NPU U3MEHEHWUW apryMeHTa Ha BeIMYMHY Ox = X
- X,,. /13 pucyHKa BUAHO, 4YTO BTOpas PyHKLMA MeHAeTcs (Bo3pacTaer)
CWU/IbHEe, YeM nepBas Ha UHTepsane {X"x).

[na cpaBHeHWA BENYMH U3MEHEHWUA Pa3fIMUHbIX (YHKUWA Npn oan-
HaKOBOM W3MEHEHUW aprymeHTa BBOAWUTCHA MOHATUE CKOPOCTU (6bICTPO-
Tbl) U3MEHEHMNA PYHKLMM Ha nHTepBane (x ;x) (cpegHei ckopocTw), on-
pefensemMoli, Kak OTHOLLEHWE U3MEHEHUS (DYHKLMW, BbI3BAHHOIO U3Me-
HEeHMWEeM ee aprymMeHTa, K COOTBETCTBYIOLLEMY N3MEHEHWIO apryMeHTa.
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CKOPOCTb WU3MEHEHWUSI (PYHKLUMM _  W3MEHeHUe (PYHKLUM
Ha WMHTepBane N3MEHeHWe apryMeHTa.

O6o3Hauas CKOpPOCTb 6yKBOI7I V, 3anniem 310 COOTHOLWEHNE B BUAE.

Ao) /(x+0x)-Axu) J1x)-NIx"
Ox X-X.

3 3TOro COOTHOLLEHWA BbITEKAET, YTO €C/IN MPU PaBHbIX U3MEHEHN-
AX aprymeHta (JIX*'=Ax<->) ogHa M3 (DYHKUWIA MeHAEeTCA CubHee
(By->>ay"), TO 1 CKOPOCTb M3MEHEHUS BTOPOA PYHKLMKN Ha paccmar-
pvBaeMoM UHTepBane 6yaet 6onblue, Yem nepeoin (ya42)>yA1)).

eoMeTpMyecKnii CMbIC/ CKOPOCTU U3MeHeHUs ((DYHKUMU Ha NHTep-
Basie (Xu;X) (CpefHel CKOpPOCTU) B TOM, YTO OHA YMC/IEHHO PaBHA TaHIeH-
Cy Yrna Hak/ioHa 0Tpe3Ka, COeJMHSALWEro ABe TOYKN aduka PyHK-
LMK, COOTBETCTBYIOLMX 3HAYEHUAM aprymeHTa X" u X, T.e. TaHreHcy
yrna a B TpeyronbHuke M MM (cm. puc. 3.16).

HepgocTaTok Takoro onpegeneHns CKOpocTu COCTOUT B TOM, YTO 3Ta
CKOPOCTb 3aBUCUT He TOIbKO OT TOUKM X*, OTHOCMTENbHO KOTOPOi1 pac-
CMaTpMBaeTCs U3MEeHEHMEe aprymMeHTa, HO U OT CaMOii BEeIMYUHbI U3Me-
HeHUs aprymMeHTa, T.e. OT Be/IMYMHbI UHTepBana [x, Ha KOTOpoMm onpe-
fenseTcs CKOpoCTb. [4ns ycTpaHeHWUs 3TOro HeJocTaTka BBOAWUTCS MOHA-
TUe CKOPOCTM U3MEHeHUA PYHKLMM B TOUKe (MTHOBEHHOW CKOPOCTHK).
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CKOpOCTb M3MEHEHUA (YHKLUUN B TOUKe (MTHOBEHHAs CKOPOCTb).

[na onpefeneHns CKOPOCTU M3MEHEHUSA PYHKLUN B TOUKE  cOU-
XaKT TOUKN X 1 XO, yCTPeMiasa uHTepBan AX K Hynt. ismeHeHne He-
NPepbIBHOW (YHKUUW Npu 3TOM OyAeT TakXKe CTPEMUTLCS K Hynto. Mpw
3TOM OTHOLLEHMWe, CTPEMALLErocs K HY/0 U3MeHEHUA PYHKLUN K CTpe-
MALLLEMYCS K HY/I0 U3MEHEHUWIO apryMeHTa flaeT CKOPOCTb U3MEHEeHMUA
(hYHKUMM B TOUYKe X4 (MFHOBEHHO CKOPOCTU), TOUHEE Ha BECKOHEYHO
MaJioM MHTepBane, OTHOCUTENIbHO TOUKU XN

L. A9 NIxM)-NIXo>  JIx)-Jixo>

= ™ _
V. ("Coy -0 Aac a.-0 I x TA XXy

VIMEHHO 3Ty CKOPOCTb M3MeHEHUA PYHKUNKU[X) B TOUKe X1 Ha3bl-
BalOT NPOM3BOAHON PYHKLMUN[X) B TOUKe XN

FeoOMeTpMYECKUIA CMbICT CKOPOCTU M3MeHeHUs YHKLUN B ToUke X*
(MFTHOBEHHOI CKOPOCTU) B TOM, YTO OHA YMC/IEHHO paBHa TaHreHCY yrna
HaK/0Ha KacaTe/ibHOW K hapmnKy DyHKLMM B TOUKe X~ ITO Henocpea-
CTBEHHO C/ieAyeT 13 ee ONpeaeneHns, NOCKOAbKY Mpu COAMKEHNN ToUeK
Xan X, TOUKK nepecedeHuns haPurka PyHKLUMM NpaMoii nmHueid Min N1/
TakxXe c6amXarTCs 1 CAMBAKTCA B O4HON TOUKe M”, B KOTOPOI NUHNS
N Kacaetcs pamka QyHKUNN.

3.3. OnpegeneHne NPoOM3BOAHON N ee TFeoMeTPUYecKunii
cmblicn. Mpasuna gndgepeHumpoBaHusa. AnddepeHumposa-
HWE OCHOBHbIX 3/1EMEHTAPHbIX (PYHKLUWIA: JINHEAHON, CcTe-
NMeHHOW, MoKasaTe/lbHOM U NnorapnmMuyeckoin gyHKLN

MpownssogHas pyHKuMn. MNycTb PyHKUMA X) onpefeneHa B HEKOTO-
POV OKPECTHOCTU TOUKM X\

Onpegenexve. MpoussogHoli GyHKLMKM [1X) B TOUKe X" Ha3biBaeTCs
npeaen oTHOLWEHUA NpupaweHnsa pyHKunm A0xN K npupalleHunto apry-
mMeHTa Ox npu Ox-> O, ecniv 3TOT Npefen CyLwecTsyeT, N 0603HavaeTcs
[(x"). NTaKk,

oY) Ax X ~Xy
MpownssogHyt GyHKunmy =x), X € (a,b), B Touke x 0603Ha4a0T

/(x) (“3ath wWTpmx OT NKC™), (“Ndrek wmx no nke”), (“ne ag

no fe ukc”), %XY(“,D.G ndek no e UKC”), Nnpuyem BCe 3TU 0603HAYEHUS

paBHOMpPaBHbI.
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OKOHOMUCTbLI UCNOML3YIOT TakxXe cumeon MJIx) (T.e. JT/Ax)=/(n:)) n
TEPMUH MapXUHaNbHOe 3HaYeHe YHKLUU/ B TOUKE X.

M3 onpegeneHns Nnpou3BOAHOW BbiTEKAaeT Cnefytollas CXxemMa ee Ha-
XOXAEHNSA, KOTOPYIO U3/10)XKUM Ha KOHKPETHOM npuMepe.

Mpumep 1. HaiiTv npomn3BogHY QPYyHKUMM Yy =Y(1:) = X~ - 2x + 3 B
NPOW3BOLHOM (HO PUKCUPOBAHHOI) TOYKE X.

1) aem aprymeHTy X npupatieHne Ax 3 Oun Haxogmm “npupaLlieH-
Hoe” 3HauyeHue PyHKUUK: Yy + Ay = Ix+AX) = (X+AX)" - 2 (X+AX) + 3
= XM2XAX + (AX)2 - 2X-2AX+3.

2) Haxogum npupaweHue @yHkuum: Ay = A0x) = Ax+Ax) - Ax) =
XN+ 2XAX + (AN - 2X - 2Ax + 3 - xM-2x +3 = 2xAx + (AN - 2AX

3) HaxofvM OTHOLWeHME NpupaLwleHns YHKLUW K NPUpPaLLeHnio ap-
rymeHTa:

AY _ANIX) . 2xAx NAxY -2 Ax
Ac [x Ax

4) Haxogum npefen 3toro oTHoweHus npu Ax -» O, T.e.NICKOMYIO
MPOn3BOAHYIO:

y:ﬂ,x):lTA’)\( :mm-OT ,\ﬁx/\ =HT(2x+0X-2) =2x-2 =2(Xx-1),

OnpegeneHve. Onepawums HaxXoXAeHUS NPOU3BOAHON HasblBaeTCA AUd-
(hepeHLMpPOBaAHNEM PYHKLMN.

OnpegeneHuve. ®yHKLNA, UMEIOLLAA NMPON3BOAHYIO B TOUKE X*, Ha3bl-
BaeTCA AMMhepeHLMPYEMOIi B 3TOI TOUKE.

PyHKLMA, UMeIOLLas NPON3BOAHYIO B K&XAO0M TOUKe MHTepBana (a;b),
Ha3blBaeTCa AnpdepeHLMpyemMoli Ha 3TOM UHTepBase; Npu aTOM NPous3-
BOAHY/(X) MOXHO paccmaTpmBaTh Kak PyHKUMUIO Ha (a;b). Heobxo-
LMMOe YCNOBKe CYLLeCTBOBAHMSA NMPOU3BOAHOI BbITeKaeT U3 creaytoLe-
ro YTBEPXAEHUS.

Ecnn gyHKuuna Ax) audhepeHymnpyema B ToUKe X TO OHa Henpe-
pbiBHA B 3TOI TOYKe.

MeOMeTpPUYECKNIA CMbIC NMPon3BoAHON. MycTb y = [AX) - anddepeH-
umnpyemas B Touke XihyHKUMS, had MK KOTOPOI M306paxkeH Ha puc.3.3a.

Nyl - kacatenbHas K hauky yHKUunM y = [X) B TOuKe c
abcumccoi Xy opamHaTon y™. ABNASCb NO CYTU CKOPOCTbI M3MEHEHMSA
(DYHKLUM B TOUKe X" (TOUHee B 6ECKOHEUYHO MasioM MHTepBane B6IU3M
TOYKM XO), NPpOM3BOAHAA PYHKLUUM Y = [1X) B TOUKe X UYUC/IEHHO paBHa
TaHreHCY yrna Hak/foHa KacaTefbHOWN, NpoBefeHHON K adnKy 3Toi
yHKUnK B Touke (X V[x")). MOXHO MokasaTb, YTO 3TOT BbIBOJ He 3a-
BMCUT OT pacnonoXeHus padurka QyHKLUMN 1 KacaTeSbHON Ha Koopau-
HaTHO nnockocTn (cMm. puc. 3.36). BTOT BbIBOA CleAyeT Hemocpea-
CTBEHHO 13 OMpejeNieHns NPOM3BOAHON MYHKLUN.
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Mpasuna gudpdepeHunpoBaHusa. OnpegeneHme NPoM3BOLHON pefko
MCNonb3yeTcs A4NA NPakTUYeCcKOro BblYMUCEHUS NMPOU3BOAHbLIX PYHK-
uunin. Ecnm gyHKLMA, NPON3BOAHYI0O KOTOPOW HY)XXHO HailTu, npeacTas-
naet u3 cebs KOMOMHALMIO 3eMeHTapHbIX PYHKLWIA, TO 415 Bblunce-
HUA NPOW3BOAHbLIX MPUMEHAOTCA TabAULbl NPON3BOAHbIX 3NeMEHTap-
HbIX DYHKLUWNIA 1 npaBuna angepeHUNpoBaHmNsA, BaXXHeWLLNE U3 KOTO-
pbIX MPUBEAEHbI HUXE.

1. MpowusBogHas cymmMbl (pasHOCTM) PYHKLMIA paBHa cymme (pasHoC-
TW) NPOM3BOAHBLIX 3TUX PYHKUMA: {M{X) = y{x))'= n'{x) = y'(x).

2. (I_l())CTOFIHHbIVI MHOXWTE/b BbIHOCMTCS 3@ 3HAK MPOM3BOAHONA: (cn(x))'
= cun'(x).

3. MpaBuno gnddepeHUMpoBaHUA nponssegeHns QyHKumnii: (n(x)
v(X)Y = un'(xblx) + n(x)y'(x).

4. MpaBuno anghepeHLMpPoBaHNSA YacTHOTO PYHKLWIA:

A (xblx) - n(x)y'{x)
()12

5. Mpauno guddepeHLMpoBaHna CNoXHOW GyHKuun (Am(X))):

1,(60) S 269

(Y:i=«:)m
6. NpaBuao gnddepeHynpoBaHmna oopaTHoi pyHkynm (My)): y*—P"
7. MpaBuno gudepeHUuMpoBaHns HeaBHOW QyHKuum O = P(X,y):
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OnddepeHUMpoBaHMe OCHOBHbIX 31eMeHTapHbIX PYHKLNIA: NUHEAHOA,
CTEMEHHOM, NOKa3aTe/IbHOW W NOrapuMUYECKOR (YHKLMWIA.

1 c'= O(npoun3BogHas KOHCTaHTbl paBHa HY/).

2. {a+bx) '= b(npon3BoAHas NMHENHOW PYHKUNN paBHA KOHCTaHTe).

3. (x9'= QL (m>0) (authdepeHUMpoBaHUe CTEMEHHON DYHKL MK
YMEHbLLIAET ee CTeMeHb Ha eANHNLLY).

4. (00)’= cfina (O< a9 1). B uyacTHoCcTK (e")’'= "

5. (log"x)'= ~ log/ O<a 1, x>0). ByactHocty (luk)'=

3.4. OAngpdepeHumnan QyHKLUM OQHO MEpPEeMEHHOM.
MpubNMKEHHbIE BbIYUC/IEHNS

MoHsaTKe guddepeHumana QyHKUMK. TycTb PyHKUMA y=A"), X (a,b)
anthdepeHUMpyema B HEKOTOPOI Touke x” (a;b), T.e. B TOUKe X" cyLiec-

TBYeT npegen =f(x".OTcloga cnegyert, 4To Ax rge a -

AX
BE/IMYMHA O6eCKOHe4yHO manasd npu fa:-> O, T.e. lima = 0. U3 aToro

paBeHcTBa Haxoaum A O~
Ecnun/(Xpg) ©0O, 1o cnaraemoe/(n"g)AX, NMHERHOE OTHOCUTENbHO AX

ABNAETCA GECKOHEYHO ManbiM npu Ax -> O, TaK Kak = 0.

BTopoe cnaraemoe oCAXB BbIpaXXeHWMN AN NpUpaLLeHns QYHKLUN Tak-
Xe ABNsAeTcs 6eCKOHeYHO ManbiM npu Ax -> O, noTomy 4To limaAx: = 0.

OpgHako lim *“ m=lim— = 0. CnegoBaTenbHO, cnaraemoe aAx

eCTb 6eCKOHEYHO Masoe 6bsiee BbICOKOr0 nopsigka, yem cnaraemoe/(Xg)Ax.
MoatomMy rosopAT, 4To BenmumHa /(Xu)AX COCTaB/fgeT rNaBHYIO YacTb
npupawieHna @yHkumm 1x) B TOuKe X\

OnpepeneHne. AuddepeHynanom GyHKLNM y = 1X) B TOUKe X" Ha-
3bIBaETCA NMHENHAaA OTHOCUTeNbHO AX BennuunHal(x,,)AX, cocTaBnsai-
Laa rnaBHYo YyacTb npupawieHns gyHkunm 1x) B Touke X udpepeH-
umnan yHkuum obosHavaetca di¥™x") (“ge a oT nkc Hynesoe*) unn dy
(“pe urpek”). Takum obpasom, di{x") =/(Xu)AX.

3ametum, uto ecnu/(Xu) = O, Tto/(Xu)Ax = O, u cnaraemoe/(x")Ax
He IBISIETCA INaBHOM 4acTbio npupateHns ADx?), Tak Kak allx, Boobuie
rosops, OT/IMYHO OT Hynsa. OfHAKO B 3TOM C/lyyae Mo OonpepeneHunto
nonaraem di™") =/(x")Ax== 0.

Ecnun gaHHas gyHKLMA guddepeHumpyema B KaXXA0N TOUKe UHTEp-
Bana (a;b), To nuwyT dfix) =/(x)4x nan dy = y’Ax.

Mpumep 2. Haiitn anddepeHyman pyHkuum y = x. Mo onpegeneHunto
ongpdepeHymnana numeem dy = dx= (x’)Ax = Ax. tak, gugdepeHunan
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(EcHe3aBMCKUMOI NepeMeHHOI coBnajaeT ¢ eé npupauteHnem Om, 1.e. (Ix
- Ax. [loatomy ero onpefeneHne MOXHO 3anucaTb B Bufie =
A{x)éx unn (ly - y4x, T.e. gudppepeHuymnan yHkuun y = [1x) paBeH
Npon3BeAeHN0 NPOM3BOAHONM 3TON DYHKLUMUKN Ha AnddepeHLnan ee ap-
rymeHTa.

Hagem gugpdepeHyman cnoXxXHoin yHkuum y=/[n), rae n = g(x)
Mo onpepeneHuto anddepeHuymnana Haxoanum iy —y\6x = ywm\<ix. Ho
n\clx = clu, noatomy iy = y\clu. Takmm obpasom, popma gudepeHym-
ana He 3aBUCUT OT TOTO, ABNAETCA apryMeHT 4aHHOW PYHKLMM He3aBu-
CMMOIi NEPEMEHHON nn GyHKLMeNn Apyroro aprymeHta. 3To CBOMCTBO
anddepeHynana CNOXHOW PYHKUMM Ha3biBaeTCA MHBAPUAHTHOCTLIO
thopmbl gudhdepeHymnana. CnegyeT, 04HAKO, 3aMeTUTb, YTO B NOC/IEAHER
thopmysie Henb3s 3aMeHUTb 64 Ha Aun, Tak Kak cMAn gns no60oin yHK-
LUKN 1, KPOME NINHEAHOIA.

eomeTpuyecknii cmbicn gugdeperymana. Mycte y = Ax) - gudde-
peHuupyemas B Touke Xi hyHKUMSA, hadnK KOTOpPO M306paxKeH Ha
puc. 3.4a, MaT- KacaTtenbHas K pamky PyHKuMny =[1X) B TOUKe
c abcuunccoin Xg PaccmoTpmMm OpAnMHATY 3TON KacaTebHOM, COOTBETCTBY-
owyto abeumcce Xi+ Ax. I3 npsiMoyrosibHoro tpeyrosbHnka AM AT
Haxogum MT = MuM8a, Ho MAN = Axu =/(x,,). MoaTomy w =
[(Xw)Ax = 4"°Xn). Taknum obpaszom, guddepeHynan pyHkumm y = Ix) B
TOYKe XipaBeH NpMpaLLEHNIO OpAUHATLI KacaTebHON, MPOBEAEHHON K
thathuky aToin hyHKLUM BTOUYKe (XgOx"), COOTBETCTBYIOLWEMY Npupa-
weHunto ee abeumcebl X Ha AX. MOXHO MOKa3aTb, YTO 3TOT BbIBOJ He
3aBUCUT OT pacnonoxeHus aduka QyHKUUN 1 KacaTenbHOW Ha Koop-
LVHATHOW naockocTu (cMm. puc. 3.46).

OnddepeHumnan MoxeT 6bITb KaK MeHbLLe NpupalieHns QyHKLUn
(cm. puc. 3.4a), Tak n 6onbuye (cm. puc. 3.46). OgHako Npu 4OCTATOYHO
ManblX npupaweHnsax AX MOXHO MpuHATb AOXY) (jOx". 3TOT BbIBOA
crefyeT HeMmocpeACTBEHHO U3 onpefeneHna gupdepeHumnana QyHKLUM.
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MpunoxkeHue guddepeHumnana K NPUGAMKEHHbIM BblUMCNEHNAM. Pac-
CMOTpUM yHKLMIO j; =[1X), ee npupauieHune JIOxN) =AXu+/1n:) n
anddeperymnan di{x") =/(Xu)/In® B To4Ke x". Bbiwe 661710 YCTaHOBNEHO,
4TO MpPM SOCTATOYHO Manbix ®umeem

Ao * d™x")-

Kak npasuno, Bbiuncnatb dj{x") 3HaunTenbHo npouwe, Yyem A0x") n
MO3TOMYy Ha MpakTWKe NocnegHo QopMyny NPUMEHSAOT B Npuban-
XKEHHBIX BblYMCAeHMAX. K COXaneHno nNpu 3TOM Mbl HE MEEM OLEHKMN
MOrpeLHOCTH.

Mpumep 3. HaliTn npnbnmxeHHoe 3HaYeHne npupawieHns QyHKL UK
Ox) = 3x2 _7 npu X4= 2 n Ax"=0,0Gl.

PeweHune: AQx,) » 6x.Ax 0,012. Torga /(X®+Ax®) » (3(x®)"-
7)+6x»An~=5+0,012=5,012.

3.5. MNepBoo6pasHaa M HeonpeaeneHHbI NHTerpasn

HanoMHuM, 4TO OCHOBHas 3ajaya AnddepeHLManbHOro NCYUCNeHuns
3aKnwuvaeTcs B cnegyrouiem: gaHa dyHkuma F{x), TpebyeTtca HaliTu ee
NPou3BOAHYIO (Hanpumep, HalTU NpefesnbHble U3LEPXKW, 3HAA CYyM-
MapHble n3gepxkun). Mpu aTom, ecnv NPON3BOAHASA CYLLECTBYET B KaX-
[0 TOUKE X HEKOTOPOro NPOMeXyTKa X, TO 3T0 TaKXKe HeKoTopas (hyH-
Kuma Ox) Ha X, Takasd, yto Ax) = F'{x). OgHako 4acto NpuxoamnTcH
pewartb 1 06paTHYo 3agady: faHa pyHKuns 4 x), TpebyeTca HanTn GyH-
kuno F{x) Takyt, 4to F\x) =[1x) (Hanpumep, HalkTU CyMMapHble 13-
LOEPXKW, 3Has npefenbHble N3LepXKn). Ans pelweHns obpaTHON 3agayu
CNY>XUT Onepawnua UHTerpupoBaHuns, obpatHas onepaunu guhdepeHun-
poBaHus.

OnpegeneHne. AuddepeHunpyemas pyHkuma F{x), onpegeneHHas Ha
HEKOTOPOM NPOMEeXyTKe X, Ha3blBaeTCcs NepBOOOPa3HOl ANA PYHKLMK
[x), onpegeneHHON Ha TOM XKe NPOMEXYTKe, eC/n 415 BCEX X U3 3TOT0
npomexyTtka F{x) =[x), nan, uto 10 xe camoe dF(x) =J[x)dx.

Mpumep 4. HailTu Kakyto-nnb60o nepBoobpasHyro ans GyHKumnm x) =
XN dyHkumna F{x) = x* aBnsetca nepsoobpasHoin gnaflx) = 3x», Tak
Kak F{x) = (x’)'= 3x*=/[1x). HeTpyZAHO 3amMeTuTb, 4TO NepBoobpasHas
X\ He fBNAeTCA eAMHCTBEHHON Ana QyHKuum 3x*. B camom pgene, B
KayecTBe NEPBOO6GPA3HON MOXHO 6bIN0 B3ATb M PYHKLMN: X +5, x -2 1
Boobwwe x* + C, rge C - Nnpon3BoibHas NOCTOSHHAA, MOTOMY 4TO (X" +
C)'= 3x\ MpuBognum HOpMYIMPOBKY TEOPEMbI, BbipaXKatoLLeil 0CHOB-
HOe CBOICTBO MepBOO6PA3HbIX.

OnpegenerHne. COBOKYMHOCTb BCEX NepPBOO6Pa3HbIX AN PYHKLMUK
[x), onpefeneHHbIX Ha HEKOTOPOM NPOMEXYTKe X, Ha3blBaeTCs Heomnpe-
LeNeHHbIM MHTerpanoM oT PYHKUMKX) Ha 3TOM MPOMEXyTKe U 0603-
HayaeTca cumBonoM J Ax)alx (umTtaetca: “nHTedhan oT 3 OT UKC Ae
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nkc”). Ecnn Fix) sBnsetca nepoo6pasHoi ans GyHkuum 1x) Ha npo-
MeXYTKe X, TO cornacHo aTomy onpegeneHunio umeem Jf{x)dx = /*x)+ C.

OnpegeneHne. ®yHkuns [X) Ha3biBaeTCA NOAbIHTErpasibHON PyH-
Kumeit, Ax)o!X - NoAgbIHTErpanbHbIM BblpaXeHUeM, X - NeEPEMEHHOW UH-
TepoBaHUA, CUMBON J - 3HAKOM HeonpefeneHHoro nHtedana, C -
MOCTOAHHOM NMHTeUpPOBaHUS.

OCHOBHbIe CBOICTBA HEOMNpeaeneHHOro nHrerpana. Myctb GyHKLMA
F{x) agnsetca nepoobpasHoi 41d PYHKLMM [IX) HA HEKOTOPOM Mpome-
XyTke X, T.e. F(x) =-Ax). Torga no onpegeneHunto JAx)«/x = £(x) + C.
HenocpeacTBeHHO 13 paBeHCTB (1) u (5) cnegytoT CBOWCTBa:

1) Mpoun3BogHaa HeonpeLeneHHOro nHTedana pasHa noabiHTedanb-
HOW pyHKuuu. Nmeem: (J/Ix)cbe)' = (E(x)+C)’ = F(x) =4x).

2) AvdpdepeHuman HeonpeLeeHHOro MHTerpana paBeH NoAbIHTEr-
panbHOMY BbipaxkeHUto. Nmeem: 6LAX)(1x) = L IJ[x)dxydx=J{x)dx.

3) HeonpegeneHHblil nHTedan ot guddepeHLnana HeKOTOpoii pyH-
KLMW paBeH 3TOl (PYHKLUWM NAKOC NPOMU3BO/bHAA MOCTOAHHAA. VmeeM:
/ dF(x) = J F(x)dx =J[x)dx = F(x)+C. CsoiicTBa 1) n 2) ncnonb3ytT
006bIYHO AN NPOBEPKUN Pe3ynbTaToB NHTE(NPOBAHMS.

4) MOCTOAHHBIA MHOXWTENIb MOXHO BbIHOCUTb 3@ 3HAK MHTedana,
T.e. ecnn a = const M O, 1o | aj{x)dx = a j J{x)dx.

5) HeonpepgeneHHblli HTEMan oT anrebpanyvyeckoin CyMmbl ABYX He-
npepbIBHbIX (DYHKL W paBeH anrebpanyeckoii cymme nHTeanos OT 3TUX
(hYHKUKMIA B oTAenbHocTH, T.e. J (Ox)x"x))o!x = JAX)dx = J g{x)dx.
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MPNITOXEHWE
BcnomoraTenbHble CBEAEHUSA
1. OnpeaeneHne npegena PyHKUMN

MycTb GyHKUMA Yy = [1X) onpefeneHa B HEKOTOPOIl OKPECTHOCTM
TOUKM Xp, ObITb MOXET, 38 UCKNOYEHNEM CaMO TOUKHU

OnpegeneHue. Yucno A Ha3blBaeTca npegenom QyHkuuun x) npu x,
cTpemsaLiemcsa K xX* (Mnun B Touke XV, ecnm gns no6oro e > OcyLecTsyeT
Takoe 5> O, YTO 4/14 BCEX X, YA0BNETBOPSAIOLIMX YCNOBUAM [X - X < 5,
XdX, nmeeT mecTo HepaBeHCTBO 1[X) - A\<e.

Ecnn A ecTb npegen gyHKumm Ax) npu X, cTpemsawemcs K x~, 10
nmwyT 11T0x) = A nam Ax) A npu x ™ x°

MpnBeseM OCHOBHbIE CBOWCTBA NPeLenos:

1) MOCTOAHHbI MHOXWTENb MOXET 6biTb BbIHECEH W3-NOJ 3HAKa
npegena.

2) Mpegen cymmbl (pa3HoCTU, NPON3BEAEHNS) paBeH cyMMe (pasHoc-
T, NPON3BEAEHNIO) Npeaenos.

2. OnpefeneHne HeMPEepPLIBHOCTU (YHKLNAY

Onpegenexmne. PyHKUMA[AX) Ha3biBaeTCA HEMPEPbLIBHOM B TOUKe X =XU,
€C/M OHa onpejesnieHa B HEKOTOPOU OKPeCTHOCTU TOUKM X" (cnefoBaTenb-
HO, 1 B CaMOli TOUKe X*), CyLLecTBYeT npegen PYHKUUN Npu X -> X 1 OH
paBeH 3HaYeHMI0 YHKLUMN B 3TON TOUKE:

Wrdn:) =OxA.

Opyrumn cnosamu, PyHKUMA 4X) HenpepbiBHA B TOUKE X = X©, eC/in
ans no6oro e > OcyuiecTsyeT Takoe 5 > O, 4To 415 BCeX X, YAOBNeTBOPSA-
IOLWKUX YyCNOBMAM IX- X< 5, umeeT MecTo HepaBeHCTBO [x) - AxN)] < 6.

OnpegeneHne. PyHKLNA Ha3blBaeTCA HENPEPbIBHON HA HEKOTOPOM
NPOMEXYTKE, eC/in OHa HenpepbiBHA B KAXKAO0N TOYKE 3TOr0 NPOMEXYTKa.
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Bonpocbl K rnase 3

1. Kakue sKOHOMMYeCKMe 3aia4m peLlarTes ¢ NPUMeHeHNeM MeTOL0B
AnddepeHLnansHOro ucuncneHns?

2. Yto npeactasnset coboii npefenbHblli aHaNU3 B 3KOHOMUKe?

3. [nq peweHnsa KakKMx 3KOHOMUYECKMUX 3afa4 HeAOCTaTOYHO npume-

HEeHUs CPefHNX BEIMYMH, @ HEO6XOLMMO NPUMEHEHWEe NpefenbHbIX?

KakoB anroputm HaxoXaeHus Npon3BOAHON NPOU3BObHON PYHKLUN?

Uto Takoe guddepeHunan QyHKUMM N B KaKUX 3IKOHOMMUYECKUX

3a4a4ax OH 1cnonb3yerca?

6. UTo Takoe onpefeneHHbIn MHTedan GYHKLUN N B KAKUX IKOHOMMU-
YeCKUX 3afja4yax OH ucnonbsyerca?

Sl



'MABA 4

MPUMEHEHVWE AVNO®PEPEHLUWMATBHOTIO
NCUYNCNEHNA K NCCNELOBAHUNIO ®YHKLINN

4.1. BospacTaHue u ybbiBaHWe QyHKUNA. MpusHakn Bo3-
pacTaHua 1 yobiBaHUA PYHKLUUK

PaccmoTpum BHauvane camblii MPOCTOM Cnyyalh - NOCTOAHHYK (Ha
HEKOTOPOM MHTepBane) yHKUUIO. /13 NOCTOAHCTBA (PYHKL Y BbITEKAET
paBeHCTBO HY/IO ee MPOU3BOAHON. B aTOM clyyae roBopsaT, YTO paBeH-
CTBO HY/IO NPOU3BOJHOWA HAa HEKOTOPOM WHTEpBase ecTb HeobXoanmMoe
yCnoBume NOCTOAHCTBA PYHKUUN Ha 3TOM UHTepBane. MOXHO NIerKo f0-
KasaTb, YTO U, HA060POT, U3 PABEHCTBA HY/0 NPON3BOLHON (hYHKLMWN
Ha HEKOTOPOM WMHTEepBase cnefyeTt ee NOCTOSHCTBO HA 3TOM WHTEPBAse.
B aTom cnyyae roBopAT, UTO MOCTOSAHCTBO (PYHKLWUWU HA HEKOTOPOM MH-
TepBasie ecTb OCTATOYHOE YC/OBWE PaBEHCTBA HY/H0 NPOU3BOAHOI 3TOI
(hYHKLMN Ha TOM XXe UHTepBane.

MepeiigeM Tenepb K pacCMOTPEHUID BO3pacTalWwmX U yobiBarOLMX
YHKUMIA. Nx onpegeneHns 6binun gaHbl B rnase 3. Mo3ToMy Mbl 1nLb
cthopmynumpyem Heobxo4MMble U OCTATOUYHbIE YC/I0BUA BO3pacTaHnA U
y6bIBaHMA PYHKLNIA HA HEKOTOPOM MHTEpBane.

Heobxogumoe ycnosue Bo3pactaHus yHkuun. Ecnv guddepeHumpy-
emas pyHkuusa y=Jix), X e (0;/>), Bo3pacTaet Ha uHTepBane {a\b), To
/(Xg) >0pns noéoro Xye {a\b).

3 onpegeneHns Bo3pacTarowein GyHKUUN MMeeM: Ans nobbix X €

{a\b), X e \a-,b) n3 x > x* cnegyet, uTo Ax) > a n3 x < x*cnepyer,
ytoAx) <[Xo). \
T-nx" , . T - T
B 060MX cnyyasnx----------- > O acnegosatefnibHO, »nl------------- Ao
T.e. Axu) > 0.

Heobxogumoe ycnosue ybbiBaHUA PYHKUMK. Ecnin guddepeHunpye-
mas pyHKuma y=[x), Xe (a\b), y6biBaeT Ha nHTepaane (0;6), To/(Xa)<0
ana noboro Xye {a\b).

[loka3aTenbCTBO 3TOr0 YTBEPXAEHWUA aHANOTMMUYHO MpeablayLiemMy.
JocTaTouHble NPU3HaKN MOHOTOHHOCTM (DYHKL MW BbITEKAIOT U3 Cnedy-
O MX ABYX YTBEPXKAEHUI, KOTOPbIE Mbl NPUBOAUM 6€3 f0Ka3aTeNbCTBa.

JocTaTouHoe ycnoBue Bo3pactaHus PyHKumMmn. Ecnm gyHkums, y=Jx),
Xe (a;b), MMeeT NONOXUTENbHYIO NPOU3BOAHYIO B KaXAO0M TOUKEe WH-
TepBana (a',b), To aTa hyHKLMA BO3pacTaeT Ha UHTepBase (a;b).
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[JocTaTouHoe ycnosue y6biBaHMA QyHKUMW. Ecnn dyHKumna y=J1x),
X e (a,b), MMeeT oTpuLaTeNIbHYI0 NPOM3BOAHYIO B K&X0W TOUKe UHTep-
Bana (a;b), To 3aTa hyHKUMA ybbIBaeT Ha MHTepBane (a;b).

MponnncTpupyem 3T ycnosus Ha puc. 4.1a, Ha KOTOpOM npuBsege-
Ha PYHKLMA, BO3pacTalollas B UHTEpPBaNax -00 <t< U <X < +CO
M ybbiBaloLlad B UHTEpBane < x <x\

4.2. AKCTpemMymbl (hyHKUMN. Heobxogmnmblie n goctaTou-
Hble YC/I0BUA 3KCTpeMyma. BTopas npous3BogHasi v ee reo-
MeTpuyeckKass UHTepnpeTaLms

4.2.1. TToHATKe 3KCTpeMyMa (PyHKUMN

OnpegeneHune. Touka X* U3 o6nactu onpegeneHns GyHkuum x) Ha-
3bIBAETCA TOUKOA MUHUMYMA 3TOW PYHKUMKM, ecnn HaikgeTca Takas 5-
OKpPEecTHOCTb (X*- 5; X + 5) Toukmn X, 4To ANa Bcex X B x* U3 aToW
OKPECTHOCTWY BbLUOJIHAETCA HepaBeHCTBO Ax) >AxM).

OnpegeneHne. Touka X 3 o6nactn onpegeneHns QyHkumm 4x) Ha-
3bIBaeTCA TOUKOM MaKCMMyMa 3TOW (hYHKLMUK, ecnu HaligeTcsa Takas 5-
OKpPEecTHOCTb (Xa- 5; X,, + 8) TOUkM XA 4TO Ans Bcex X X U3 3TOW
OKPECTHOCTW BbINOMHAETCA HepaBeHCTBO 4 X) <OXna).

OnpegeneHne. TOYKN MUHUMYMA U MAKCMMYMa Ha3blBalOTCA TOUKa-
MW 3KCTPemMyMma, a 3Ha4yeHus (YHKUUM B 3TUX TOYKaX Ha3biBalTCA
aKcTpemymamu yHKLUN. PaccmoTpum hamk yHKuMn y=[x), x e
[a\b], (cM. puc. 4.16). ToUKM X, U X, ABAAKOTCA TOUKAMMN MaKCUMyMa, a
XM XPToykamum MuHumMmyma. M3 puc. 4.16 BUAHO, YTO MUHUMYM B TOUKE
X" 60NblLe MaKCUMyMa AaHHOW hYHKLMUMN B TOUKE X,. TO 06bACHAETCS
TeMm, YTO IKCTpeMyM DYHKLUW CBA3aH C ONpeAeneHHON 5 - OKPeCTHOCTbIO
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Puc. 4.16

TOUKM 3KCTPEMYMa, a He CO BCeld 06/1acTbio onpegeneHns hyHkuum. Mo
3TON NpuUMHe ynoTpebnseTcs TEPMUH “NOKaNbHbIA 3KCTPEMYM”, T.€.9K-
CTPEMYM, CBA3aHHbIN C JaHHbIM MECTOM. ITUM Xe 06bACHAeTCA U TOT
(haKT,4TO TOYKM O M He OTHOCATCA K TOUKaM aKCTpemyma. [ns HUX He
CyLLEeCTBYeT 5 - OKpecTHOCTM, MpUHaAexallein o6nactn onpegeneHus

hyHKUUN,
4.2.2. HeobxoayMble YC/I0BUS CYLLECTBOBaHUST SKCTPEMyMa

Heob6xoauMble YCN0BUSA CYLLECTBOBAHMSA IKCTPEMYMA AaeT TeopeMa
depma, KOTOpas M3BECTHA NO LLUKONbHOMY Kypcy, NO3TOMY Mbl NPUBO-
VM NULWb ee (hOPMYIMPOBKY.

Teopema depma. Ecnm Touka  ABNSETCS TOUKOW IKCTpEMYMa (PYH-
Kummn 7 =J1X) 1 B 3TOI TOUKE CYLLECTBYET npom3sogHas/(x”), To/(Xu)=0.

3OTa Teopema MMeeT NPOCTON reOMETPUYECKMIA CMbIC/T: KacaTeNlbHas K
thathuky hyHKLMK y=AX) B TOUKe, YA0B/ETBOPSAIOLLEN YCNIOBUSAM TEO-
pembl depma, napannesnbHa ocu abeymce (cm. puc. 4.2)

Puc. 4.2
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ry - I

Puc. 4.3a Puc. 4.36

OnipeseneHune. TOYKK, B KOTOPbIX NPOU3BOAHAA hyHKLMM obpaLlaeT-
CA B HY/lb AN He CYLLECTBYET, Ha3blBAOTCH KPUTUYECKUMU TOUKaMU
(nepBoro poga).

Mpiwep 1 MpownsBogHas GyHKUMnAX) = x- B Touke Xa=0 o6palaeT-
€Sl B HY/Nb U, KaK BUAHO U3 puc. 4.3a, B 3TOM TOUKe faHHasA (PYHKLMS
NMeeT 3KCTpeMyM (MUHUMYM). Teopema Pepma gaeT N Heobxoam-
MOe YCNOBMWE CYLLLeCTBOBAHUA 3KCTPEMYMa, HO HEe JOCTaTOYHOE.

Mpumep 2. MponssogHas GyHKuMn X) = x* B Touke X* = Oobpalya-
eTCA B HY/b, a 3KCTPEMYMA B 3TOIN TOUKE PYHKLUA He UMeeT (CM. puc.
4.36) Kak nokasblBaloT crefytowune npumepbl, U B TeX KPUTUUYECKUX
TOYKax, B KOTOPbIX NPOU3BOAHAS He CYLLECTBYET, PYHKLUA TakKe MOo-
XET UMETb UM He UMETb IKCTPEMYM.

Mpumep 3. PyHKUMA OX) = [* B TOUke X* = OHe MMeeT NPOU3BOLHONA
(cm. puc. 4.38). OfHaKo, Kak BUAHO U3 puc. 4.3, B TOUKe X* = O0OHa
NMeeT IKCTPEMYM (MUHUMYM).

Mpumep 4. PaccmoTpum (yHKUMIO OX) = (cm. puc. 4.3r). Mo

rpadvky BUAHO, 4TO B Touke X* = OfaHHasa (YyHKLUA SKCTPeMyMa He
1

nmeet. MpownsBogHaa Ax) = C~)'= X")'= (x "O= B pac-

CMaTPMBaEMOli TOUKE He CYLLECTBYET.

Takum 06pa3oM, aIKCTPEMYM PYHKLMU, EC/IN OH CYLLLECTBYET, MOXET
6bITb TONbKO B KPUTUYECKMX TOUKax. OZHAKO He BO BCAKOW KpUTMYeC-
KO TOYKE (YHKLUS MMEET 3KCTPEMYM. UTOGbl BbISICHUTb, B KaKUX
KPUTUYECKMX TOUKAX (YHKLMA UMEET IKCTPEMYM, PacCMOTPUM A0CTa-
TOUHbIE YCNOBMSA CYLLECTBOBAHUS 3KCTPEMYMA.

4.2.3. [JocTaTtouHble YCoBUA CyLLIECTBOBaHMA 3KCTPeMyMa
MepBOe AOCTaTOYHOE YCNOBME 3KCTpemMyma. MycTb PyHKUns y =x)

HenpepbIBHA B TOUKe X 1 B HEKOTOPOI4 ee 5-OKPECTHOCTW MMEET NPoun3-
BOAHYH0, KPOMe, ObITb MOXET, camMoii Toukn Xg Torga:
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1) ecnn npomssofdHan / (X) Npu nepexoge yepes TOUKY  MeEHSET
3HaK C MKCca Ha MUHYC, TO X1 AB/ISETCA TOUKOW MaKCcMMyMa.

2) ecnn nponssBogHas / (X) Npu nepexoge 4epes TOUKY X MeEHAET
3HaK C MMHYCa Ha NAKC, TO X ABNSETCA TOYKOA MUHUMYMA.

3) ecniv npounssogHas/ (x) Npu nepexofe Yepes TOUKY X He MeHseT
3HaK, TO B TOUKe X" (hyHKUMA [1)) HE UMEET 3KCTpemMyMa.

Mpumep 5. MccnefoBatb Ha SKCTPEMYM PYHKUMIO y=/X)=(2x+1)(x-2)""

1) Haxoaum npou3BOAHYI0 AaHHON yHKL MK/ (X)="73(x-1)(x-2) *.

2) Haxogum KpuUTUYEeCKMe TOUKN:

a) peLlas ypaBHeHWE MoMyYnum X = 1.
6) [1X) He cyllecTByeT nNpu x —2.

CrnepoBaTenbHO, KPUTUYECKME TOUKK: X, = 1u x* = 2,

3) MeTof0M NPO6HBLIX TOUEK OMpesensiemM 3HaK NPOM3BOLHONM B KaX-
AOoM 13 nHTepsanos: (-0o; 1), (1; 2), (2; +oo) (puc. 4.4) Nmeem Takum
obpa3oM x, = 1- TOYKa Makcumyma, a x* = 2 - TouKa MUHUMYMa.

4) Bbluncnsiem 3HauYeHUs faHHo YHKLMW B TOUKAX IKCTPEMyMa

A=N1) = 3Y,s=02) = 0.

Puc. 4.4

BTopoe gocTtaTtoyHoe ycnosue akcTpemyma. Ecnm ¢yHkuma y - Ax)
onpegeneHa v aBaxibl AuddepeHumpyema B HEKOTOPOI OKPECTHOCTU
TOUkM xN npuuem/ (XN = O a/'(Xy)?”0, To B Touke  (hyHKUMS [X)
nmeeT Makcumym, ecnmf'(x~ < O U MUHUMYM, ecin ™ (x~ > 0.
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Mpumep 6. MiccneaoBatb Ha aKCTpeMYM (YHKLUMIO y= (X*)-2x"+3jc-4.

1) Haxogum npoussogHyto/(X)=((x")-2xH3x-4)’=x"-4x4-3.

2) Pewas ypaBHeHne - 4x + 3 = O, HAXOAUM KPUTUYECKUNE TOUKMN:
X=1nXx=3

3) Haxogum BTOpyto NnponssogHyto:/’(m) = ('W)’ = 2x - 4.

4) OnpejaensieM 3HaK BTOPOIi MPOM3BOAHON B KPUTMUECKNX TOUKAX,
Ans yero Bbluncnaem/’(1) = -2 < 0n /’(3) = 2 > 0. CnefoBaTenbHO, X,
= 1- Touyka Makcumyma, a x* = 3 - ToYka MUHUMYMa.

5) BbluMCisgeM MaKCUManbHOE U MUHUMANIbHOE 3HAYeHNS YHKLUK

3amcTtum, UTOBcnyyac, Korja BTopas npo-
M3BOJHAs B KPUTUYECKOW TOUKE 06paLLaeTcs B Hy/lb NN HE CYLLECTBY-
eT, BTOPOE NpaBu/i0 HaXOXAEHNs 3KCTPEMYMa C NOMOLLbIO BTOPOW Npo-
N3BOAHOI HEMPUMEHMMO. B aTOM cnydae nccnefoBaHue GyHKLMMU Ha
3KCTPEMYM MOXXHO NPOBOAUTL NO NepPBOMY MNpaBuy.

Mpumep 7. NccnefoBaTb Ha 3KCTPEMYM (DYHKUMIO X) = XN - 2.

1) Haxogum/(x) = 4x"

2) Pewas ypaBHeHMe 4x" = O, nofyvyaeM KpUTUYECKYHO TOUKY X = 0.

3) Haxoaunm/’(m) = 12x1

4) Bbluncnsaem/’(0) = 0. B KpuTMUeCKoli TOUKe BTOpas NPon3BOf-
Hasl obpalllaeTcs B Hy/b, NO3TOMY MUCC/Ie0BaHKEe NPOBOAMM MO MEPBOMY
npasnny. Tak Kak/(x) <Onpu x < O, a/(x) > Onpu x > O, TO B TOUKe
X= OpgaHHasa QYHKUMSA MMEET MUHUMYM, npuyem”.,, =J/10) = -2,

4.3. BbINyKI0CTb rpaguka yHKUMK. ToukM nepernba

4.3.1. BbINyK/oCTb rpaimka yHKLUN

Mpwn nccnegoBaHUKM NOBeeHUS YHKUUM 1 opMbl ee hadrka non-
€3HO YCTaHOBWUTb, Ha KakmX MHTepBanax a@uk PyHKUMK obpalleH
BbIMYKNOCTbIO BBEPX, & HA KaKUX - BbIMYKNOCTbIO BHU3. Mpexje Bcero
BbIICHUM MOHATME BbINYKNOCTU (hahmKa GYHKUUN, UMEIOLLEN Ha He-
KOTOPOM WMHTepBasie HENPEPbLIBHYIO MPOU3BOAHYIO.

Onpegenerve. pagmk yHkumm y = [1x), X e {a\b) Ha3blBaeTCA
BbIMYK/IbIM BBEPX (BOFHYTbLIM BHU3) Ha UHTepBane {a\b), ecnu paguk
pacrnonoXeH HMKe (TOYHee He Bbllle) NO6OK CBOE KacaTebHOM
(cm.puc.5). Cama yHKumMaA [OX) Takke HasblBaeTCA BbIMYKIOW BBEPX
(BOTHYTOI BHM3).

Onpepgenenne. pamk GpyHKuMmM y = Ox), X € (,a\b) Ha3blBaeTCs
BbIMYK/bIM BHU3 (BOFHYTbIM BBEpPX) Ha MHTepBasne {a\b), eCnn OH pac-
MOJIOXEH BblLLEe (TOUHeE He HXKe) N6 CBOelA KacaTenbHOl (CM.puc.4.6).
Cama hyHKuU M [X) Takke Ha3bIBAETCA BbIMYKMNOA BHU3 (BOTHYTOW BBEPX).

Ha nHTepBane BbIMNYKIOCTU BBEPX (BOTHYTOCTU BHW3) NPOU3BOAHAS
(hyHKLUMKN y6bIBaeT. B camom gene, 13 puc. 4.5 BUAHO, 4YTO C BO3pacTa-
HWEM aprymeHTa X BelM4YMHa yrna a, 06pa3oBaHHOro KacaTefbHOR
MOMOXMTEbHbIM HanpasneHnem ocu O, y6bIBaeT, MPUHUMASA 3HAYEHUA

3 3amkos
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XK
n -J- MNpu atom tga = /(x) TakxKe y6blBaeT, NpUHMUMas
3Ha4YeHna mexay +oo WU -oo.
M3 puc. 4.6 aHanornyHbiM 06pa3oM 3akatoyaem, YTO Ha MHTepBase

BbIMYKNOCTM BHM3 (BOFHYTOCTW BBEPX) Npom3BogHas [ x) Bo3pacTaer.
MOXHO MoKa3aTb, YTO MMEKT MECTO M 06paTHbIE YTBEPXKAEHNS.

JocTatouHoe ycnosue BbINMYKNOCTU rpaimka QyHKumn. Ecnv Ha UH-
TepBane (a;3) ABaXAbl AuddepeHunpyeman pyHKUnay =/x), x e (a;b)
MMeEeT OTpULLaTeNbHY (MOMOXUTENBbHYI0) BTOPYHO MPOU3BOLHYIO, TO
rpaMk yHKLMKN ABNSAETCS BbIMYK/bIM BBEPX (BHM3).

Jonyctum gna onpefeneHHocTur, vto/'(x) < Oana Bcex X e (a;b).
PaccmoTpum Npomn3BOAHYH/(X) KakK PYHKUUIO OT X, a /’(X) - Kak ee
nepByt0 Mpou3BOAHY. Torga yHKums [ x) yObiBaeT Ha WHTepBane
(a;6), a cnefoBartenbHO, N0 OTMEYEHHOMY Bbllwe hauK PyHKLUN y =
[X) Ha aTOM MHTepBase ABNAETCA BbLUYK/bIM BBEPX. AHAIOMMYHO, €C/n
\x) > Opns Bcex Xe (a;b), TO pahmK PYHKUUN Yy =[1X) HA UHTEpBane
{a,b) ABNAETCA BbLUYK/bIM BHUS.

WMccnepoBaTb Ha BbINYKNOCTb pauk yHKUMKM y = [1X) 03Ha4vaeT
HaliT Te MHTepBasbl N3 06/1aCTU ee OMpeaesieHus, B KOTOPbIX BTOpas
npoussofgHas /"(x) coxpaHaeT cBOM 3HaK. 3aMeTum, 4To /"(X) MOXeT
MeHSITb CBOM 3HaK NULb B TOYKax, rge/'(X)=0 WAX He CYyLLEeCTBYeT.
Takue TOUYKN NPUHATO Ha3bIBATb KPUTUYECKMMM TOUKAMMW BTOPOro Poja.

Mpumep 8. iccnefoBath Ha BbINYKIOCTb hauK yHKLuMm A x)= X" -
X+ 2x+ L [aHHasa hyHKUMSA onpeeneHa Ha BCe YMCNIOBOW NMPAMOIA.
Haxogum KpuTuyeckue Toukm BToporo pogal/(x) = M- 6x + 2,/'(x) =
6X - 6,6X-6=0T.e. X= 1 UTaK, X = 1- KpUTMYeCcKas To4Ka BTOPOro
pofa. MeTooM MOOBGHbLIX TOYEK onpegensem 3HakK/’(X) B K&XAOM U3
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NHTEepBanoB (-00,1) U (1,+00). Tak, npu i= Oe (-°0,1) umeem,/ ’(0) =
6<QOanpnma=26 (1,+o0) umeem/'(2) = 6 > O, UTak, B TOUKE X =
1 npoussogHas/'(X) MeHSAET 3HaK C M1HYyca Ha ntoc. CnefoBaTesbHO,
Ha MHTepBasne (-oo,1) hanK AaHHOM (YHKLMKN 06paLleH BbIMYKIOCTbO
BBEPX, a Ha nHTepBane (1,+°0) - BbINYKNOCTbIO BHU3. (CM. puc. 4.7).

4.3.2. Toukun nepervba

OnpepaeneHue. Toyka hadka HenpepbiBHOW QyHKUUK X), B KOTO-
poli CyLLecTBYeT KacaTeslbHas v Mpu nepexofe yYepes KOTOpyto aduk
(hYHKUMM MeHSeT HanpaBfeHne BbIMYKIOCTY, Ha3bIBAETCA TOUKOA nepe-
rmba. CornacHo onpejeneHnto B TOUKe nepernba KacatenbHas K padu-
Ky PYHKLUMUW C OA4HOI CTOPOHbI pacnofioXeHa Bbille hathuka, a c apy-
roii - HUXe, T.e. B TOUKe nepermba KacaTe/lbHas nepecekaeT KPpUBYIO
(cm. puc. 4.8).

Puc. 4.8
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Heo6xoMMO0e yCnoBUe CyLLIECTBOBAHMSA TOUKM Nepernba. Ecnu gyHk-
umMay = 1x) nMeeT HenpepbIBHbIE NPOM3BOAHbIE O BTOPOro nopaaka
BKMOUNTENbHO Ha MHTepBane {a\b) u Touka (4 OxMN), rae Xge {a\b),
ABNAETCA TOUKOW nepermba paduka pyHkumnx), to/'(Xu) = 0.

Tak Kak Touka (xM1-)) ABnseTcs TOUKOW nepernba, TO crneBa u
cnpasa oT X, PyHKuunsA / (x) MmeeT pasHble 3Haku. Ho Torga B cuny
HenpepbIBHOCTX BTOPOI NPoM3BOAHOM umeem/'(x”) = 0.

JocTaTouHoe ycnoBue CyLLeCTBOBaHMS TOUKU nepervba. Ecnivm QyHK-
umnsy = ix), Xe {a\b) gBaxabl angdepeHypyema Ha nHTepaase \a\b)
N npu nepexoge yepe3 x* e (a\b) BTOpasa npoussogHasd f\x ) MeHsAeT
3HaK, TO TOYKa KpMBOI € abcumccoi x = XN ABNSeTCS TOUKOM nepernba.

4.4. ACMMNTOTbI KPMBOWA

OnpegeneHue. TpsMas, MMeroLLas YpaBHEHME y = KX+ b, HasblBa-
eTCA HaKNOHHOW acuUMNTOTOW rpadmka PyHKuMM y = [IX) npu X -> 0o,
ecim UT(OX) - kx - b) = 0. OTctopa k = U 77, b= Ura(dx) - kx).

x-00 X

NmeeT mecTo 1 06paTHOe: M3 NOCNeAHUX COOTHOLLEHWIA cresyeT, uTo
npsMas y = Kx + b iBNSieTCA HAKNOHHO acMMNTOTON hathuka hyHK-
umm y=R.x). Mo BbIBeAEHHbLIM (POPMYSIaM BbIYMUCAAOTCS YINI0BON KO-
3 ULMEHT K M HayanbHas OpfMHaTa b ABYX aCUMMATOT y = KX + b
OTAENbHO NpKu X ->+00 U Npu X -> -00. OyeBNgHO, 4To ecnim A= O, TO
ypaBHEHWe aCMMNTOTbl MPUMET BUAY = b

OnpegeneHune. ACUMNTOTA, ONpejensiemMas ypaBHeHWEM y = b, Hasbl-
BAETCS FOPM3OHTa/IbHOM aCMMMNTOTON.

Onpegenexue. Mpsmast, MMEOLLAs YpaBHEHME X = a, Ha3bIBAeTCA Bep-
TUKa/IbHOM acMMNTOTOW, ecnu ﬁl/(l;ﬂ,q:) = .

[na onpefeneHns BepTUKaNbHbIX aCUMNTOT cnefyeT OTbiCKaTb Te
3HayeHusa X, B6M3N KOTOPbIX PYHKLUMA 1X) HeoaHNUYEeHHO Bo3pacTaeT
no mogynto. O6bIYHO 3TO TOUKU pa3pbiBa BTOPOrO poja AaHHOW YHK-

Lum.
A

Mpumep 9. HaliTn acumnToThl rpadmnka hyHKUUnAx) = — 37

Tak kak lim------— = +00, TO NpsAMas X = 2 IBNAETCA BepTUKaib-
x*1 X 2-

Hoi acumnToTOl. Haxoaum
K=1lim” =lim-i— - =
i*go X x*oa X\X ~ 2)
. e * |
Hr(dg) - kx) = lim e =
(.LIA) ) X - [Fi@n R 1] = 2

~
11
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WNTak, npamas, umeloLwwas ypaBHeHNe y = X + 2, ABMAETCS HaK/OH-
HOM acMMNTOTOM (hathuKa AaHHOW (PYHKUMM NPU X -> *oo. TakKUM
o6pasom, haunK gaHHON (YHKLMW NMEET BEPTMKA/bHYIO aCUMMTOTY,
MMEIOLLYH YPaBHEHUE X = 2, W HAK/OHHYI acUMMTOTY, UMEKOLLYH
ypaBHeHMe y = x + 2 (cM. puc. 4.9).

O6ulan cxema nccnefoBaHns GyHKLUMIA 1 MOCTPOEHUS TPadinkoB

C y4eTOM U3/10XEHHOI0 BbIlLe MOXHO PeKOMEHA0BaTL CleAyHoLLyHo
CXeMY MUCCNeAoBaHMa (YHKUUK 1 nochoeHuns ee aduka:

1) HalAiTK 06n1acTb onpeAeneHNs PYHKLUNN;

2) uccneposatb YHKLMIO HA YETHOCTb Y HEYETHOCTD;

3) uccneposatb PYHKLMUIO Ha MEPUOLUYHOCTD

4) nccnefosaTb PYHKLUMIO Ha HEMPEPbIBHOCTb, HAMTW TOUKK paspbIBa;

5) HaliTh KpUTMYECKME TOUKM MEPBOr0 POAa;

6) HANTU UHTEPBa/Ibl MOHOTOHHOCTU W 3KCTPEMYMbI PYHKLUN;

7) HallTN KPUTMYECKME TOUKM BTOPOro pofa;

8) HallTN UHTEpPBa/bl BbIMYKIOCTU N TOUKK Nepernoa;

9) HaiTh acMMNTOThl hadnKa hYHKLNW;

10) HaTK TOUYKM MepeceyeHns hadmrka QYHKLUN C OCAMMN KOOPAN-
HaT (ecnn 3TO0 BO3MOXKHO);

11) nocounTb PaduK QyHKUMN.
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4.5. WccnepgoBaHne (PyHKUMA B 3KOHOMUKe. Haxoxge-
HVe MakcMMmyma npubbinm

B kauecTBe nNpumepa pacCMOTpMM 3afadvy BbI6opa OnTUMasbHOro 06b-
eMa Npon3BoACTBa GMPMOWA, PYHKLUMA NPUOBIIN KOTOPOI MOXET 6bITh
CMOJennpoBaHa 3aB1CMMOCTbIO

A9)=apg - -87+10 : .

1 Haxoamm npon3BoaHYy0 3TOW QyHKUUN v

nma) = A\n) - C{n) = 21 - 8
2. MpupaBHMBaeM NPOU3BOAHYIO HYMO
n\g) =24-8=0 pmp"=4

fAABnsieTcA 1 06BEM BbIMyCKa, PaBHbI/ YeTbIpeM ONTUMAa/bHbLIM A5
(hmpmbl? YTOObLI OTBETUTL Ha 3TOT BOMPOC, HAZO MPOAHaNM3MpoBaThb
XapakTep M3MeHeHMe 3HaKa NPOM3BOAHON NpU nepexofe Yepes TOUKY

3KCTpeMyMa.

3. AHanM3Mpyem xapakTep M3MeHeHMs 3HaKa NPOV3BOAHOM

Mpu g < =4 -» n’(?) <O 1 npubbinb ybbIBAET.
Mo g >¢r 4 ->n'(a) > O 1 NpubbINb BO3PacTaeT.
CnepoBaTte/ibHO, BTOYKE 3KCTpeMyMa = 4 Npubbinb NPUHUMAET

MWHUMaNbHOE 3HaYeHne, U TaKuM 06pa3oM 3TOT 06beM NPOM3BOACTBA
He SBISETCS ONTUMaNbHLIM ANs HUPMbI.

4. MpuHATKE peLUeHuns.

Kakum e 6yeT onTumanbHblii 06beM Bbinycka Anst hupmbl? OTBeT
Ha 9TOT BOMPOC 3aBUCUT OT JOMOSTHUTENIbHOTO UCCNef0BaHNs NPOU3BOS-
CTBEHHbIX MOLLHOCTEN (upMbl. Ecnn rpma He MOXET NPON3BOAUTL 3a
paccMatpuBaemblii nepunog 6onblie 8 eamHuy, npoaykumm (p(a=8) =
p (*0)= 10), TO oNTUMaNbHLIM peLLeHeM Ans pupMbl BygeT BoobLle
HMYero He NPOU3BOAMTb, & NOMyYaTb JOXOA OT CAayu B apeHay nomelle-
HUI n/vnn obopyposaHus. Ecnm xe pupma cnocobHa Npon3BoAMTL 3a
paccmaTpuBaemblii nepuog 60blue 8 eAMHULL NPOAYKL MK, TO ONTUMaNb-
HbIM peLleHnem ans pupmbl 6yAeT BbIMYCK Ha Npejesne CBOUX NPOuU3-
BOACTBEHHbIX MOLLHOCTEIA.

3 3TOro npocToro npmMmMepa BMAHO, HACKOJIbKO BaXKHO MCClefoBa-
HMe (YHKUWIA AN NPUHATMA ONTMMANbHbIX PELleHni, a Takxe Ans
OpYyrnx aKOHOMUYECKUX 3afau.
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Bonpockbl K rnaee 4

[aiiTe onpegeneHne npon3BoaHOIA.

OnuwInTe reoOMeTPMNYECKINI CMbICNT NPOVU3BOAHOIA.

CdopmynupyiiTe NpaBun0 BbIYNCNEHUSA NPOU3BOLHOW CYyMMbI [BYX

(yHKUUA. MMonb3ysacb 3TUM NpaBUIOM M ONpejeneHneM Npou3Boa-

HoW, HalgnTe 1x), ecnmAX)=x"+Xx.

4. CcopmynupyinTe NpaBuao BbIYACIEHWS NPOM3BOLHON Pa3HOCTY ABYX
(YHKUNIA. ToNb3ysacb 3TUM MPaBUIOM U ONpejeNieHNneM NPOU3BOA-
Hoi, HakauTe x), ecnnx)=5x"-2x.

5. CdopmynmpyiiTe NpaBuio BbIYMCIEHNS MPOU3BOAHON NPOM3BEAEHUS
ABYX (DYHKLMA. MoNb3yach 3T.M NPaBW/IOM U ONpeAeneHneM npo-
N3BOAHOW, HangmTe [ X), ecnm Ax)=(x-2)(x+3).

6. CtopmMmynupyiTe npasnao BbIYMUCIEHNS NPOM3BOAHON YaCTHOO ABYX
(yHKUMIA. TToNb3ysacb 3TUM MPaBWIOM W ONpeaesieHneM NpPou3Bos-

X1

WD

HOI, HaingnTe AX), ecnn Ax) =

7. Monb3yscb hopMynamu NpPon3BOAHbIX 3NEMEHTAPHbIX HYHKLWIA 1
npasunamMn AnthgepeHLMpoBaHns, BbIYMCINTE NPOU3BOAHbIE CNefy-

IOLLMX PYHKLNIA:

SAXMEX-" y = x N-x - y=10(X); y=37; y=eN

8. Y10 o3HauvaeT gudtepeHyman GyHKLUN y OT NEPEMEHHON X?

9. Kak MOXHO 1Cnonb30BaTh NOHATUE AnuddepeHumana gns npuéaum-
YKEHHBIX BbluNCNeHNiA? MprBeguTe NpUMEP TaKOro NCMOMb30BaHWA B
3KOHOMMUKE.

10. BblyncnnTe, Ha CKONbKO NMPUMEPHO YBeNu4Ymiacs CTOpoHa Keagpara,
ec/iv ero nnaowaab ysenuumnacb ¢ 4 cm- 1o 4,04 cml

11. ChopmynupyiTe OCTaTOYHOE YC/I0BME BO3pacTaHUs (yObiBaHMS)
(hYHKLMW Ha OTpe3sKe.

12. Onpegenvte NPOMEXYTKM CTPOroro BospactaHus (yobiBaHua) cre-
Ayownx hyHKLUWIA:

5E2HX-X- y=bx-xMN Y=\ 3h=1n(X).

13. [laitTe onpefeneHne aKkcTpeMyma yHKUuK. MpuegmTe Nnpumep uc-
N0/1b30BaHNA MOHATUA IKCTPEMYMaA B 3IKOHOMMKE.

14. CchopmynupyinTe 4OCTaTOMHOE YC/IOBME 3KCTPEMYMA.

15. Cchopmynupyiite He06X04MMbIE YC0BUA 3KCTPEMYyMa.

16. NccnepyitTe Ha SKCTPEMYM ClieayroLLmMe PYHKLMK:

1 BC
y=2+x+y?\ y=(X-3)5; Y="x+-\Y =Y n "

17. Yto Takoe BTOpas nponssoaHan?

18. CchopMynmpyiiTe 4OCTATOUHbIE YCNOBMS BbIMYKOCTK (BOFHYTOCTK)
(hYHKUUKN Ha oTpe3ke. MpuBesnTe NpuMepbl SKOHOMUYECKUNX 3aBU-
CUMOCTEM, ONUCbIBAEMbIX BbINYK/bIMU (BOTHYTHIMU) (DYHKLUAMU.
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19. CchopmynupyiiTe 4OCTaTOYHOE YC1I0BUE TOUKM nepernba. MNpueeanTe
npuMep 3KOHOMUYECKOI 3aBUCMMOCTHU, OMUCbIBAeMOR hyHKLMEN,
MMeOLLIEN TOYKY Meperunoa.

20. HaiigmTe NpoMeXyTKU BbINYKNOCTW (BOFHYTOCTU) U TOUKMU Neperu-
6a hathnKoB cnegytomnX PYHKLNIA:

5

y=x+x A>Mn(1+n:2).

21. MocTtpoiite hathMKM 3aBUCUMOCTM U3AepXKeK U goxoma oT o6bema
NPOM3BOACTBA. YKaXMTe Ha HUX 3HaYeHMA 06bEMOB NPOM3BOLCTBA,
npy KOTOPbIX:

a) NpM6bIIb MaKCMMasbHa,
6) yObITKN MaKCMMa/IbHbl.



'MABA S
S/IACTUYHOCTb U EE NMPUMEHEHWE B
3KOHOMWYECKOM AHAJIN3E

BaxcHeliLLuMM HanpaBneHneM NpuMeHeHNns AuddepeHLManbHOro 1c-
YMCNeHUs B IKOHOMUKE ABNSETCA BBELEHME C ero NoMOLLbI NMOHATUS
anactuyHocTU. KoamumeHT 3nacTUYHOCTH NOKa3biBaeT OTHOCUTE Tb-
HOe M3MeHeHue 1ccneayemMmoro 3KOHOMUYECKOro rnokasartens nog gem-
CTBMEM €JUHNYHOTO OTHOCUTE/ILHOTO N3MEHEHMWS 3KOHOMUYECKOT 0 (hak-
TOpa, OT KOTOPOr0 OH 3aBUCUT MPW HEM3MEHHbIX OCTa/IbHbIX BANSIOLLMX
Ha Hero hakTopax.

5.1. 9NaCTUUYHOCTb DYHKLMN 1 €€ TeOMETPUYUECKUIA CMbIC/]

MycTb BENMYMHA  3aBUCUT OT X, U 3Ta 3aBUCUMOCTb OMKCbIBAETCH
hyHKUMen y=/1x). 3MmeHeHne He3aBUCUMOI NMepeMeHHO x {Ax) npu-
BOAMT B CUJTY PYHKLMNOHANBbHOW 3aBUCUMOCTU K U3MEHEHWIO NMEePEMEH-
HO y (Ay). BcTaeT Bonpoc, Kak M3MepuTb YyBCTBUTENbHOCTbL 3aBUCK-
MOI1 MePEMEHHOMN y K n3ameHeHno x. OQHUM W3 NoKa3aTeseli pearnpo-
BaHWA OHOW NEepPeMEHHOI Ha M3MEHEeHUe APYTOiA CYXXUT MPOM3BOAHAN

= ur Ay
ar-ox ’

XapaKTepu3yoLwas cKkopocTb N3MEHEHNS YHKLUN C U3MEHEHWEM
aprymeHTa x. OfHaKo B 3KOHOMWKE 3TOT NoKasaTenb Heyfo6eH Tem, UTo
OH 3aBUCUT OT Bbi6Opa eAVHNL, N3MEPEHNS.

Hanpumep, ecnn mMbl paccMOTpUM (YHKLMIO cnipoca Ha caxap (O) oT
ero ueHbl (77, TO yBMAMM, YTO 3HaYeHUE MPOWU3BOLHON NpPU KaXAoi
LieHe P (M3MepsieMoii B pyonsax)

U>  np~AP

3aBMCUT OT TOr0, N3MEPSIETCS /1N CMPOC Ha caxap B KnaoaMmmax unm
B LileHTHepax. B nepsom cnyyae npou3BogHas usmepsetcs B Kr/py6., Bo
BTOPOM - B L/py0., COOTBETCTBEHHO €€ 3Ha4YeHne Npu OLHOM 1 TOM e
3HAQYEeHUU LeHbl 6yAeT pa3MUYHbIM B 3aBUCMMOCTY OT eANHNL, U3Mepe-
HWA BeIMUYMHbI cnpoca. Mo3aToMy ANnd U3MepPeHUs YyBCTBUTE/IbHOCTU
N3MEHEHUNS QYHKLUN K U3MEHEHUIO apryMeHTa B SKOHOMUKE U3y4aroT
CBA3b He abCOoMIOTHbLIX U3MEHEHUI MepeMeHHbIX x ny (AX u Ay), a ux
OTHOCMUTENbHbLIX UN NPOLEHTHLIX U3MEHEHUIA.

3NacTUUYHOCTBIO PYHKLMM y=A”") Ha3blBaeTCs Mpejen OTHOLWEeHUS
OTHOCUTENIbHbIX U3MEHEHWI MEPEMEHHbIX Y UX.
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Ecnmn snacTMYHOCTb N3MEHEHUS NePEMEHHON " Npu U3MEHEeHWUU ne-
PeMeHHON X0603HaunTb EN(y), TO, UCMO/b3Yya OnpefeneHne Npon3Boa-
HOM, nonyvaem

AX By X ypra X

=W
E) b s ] o TR moy TRy
nx) _"
CK Y y y M Al
X X

rge M/- map>XuWHanbHOe 3HavyeHne MYHKLMKN/B TOUKe X (CM. HUXe
rn. 6), A/- cpefHee 3HayeHne yHKLMMN B TOUKe X. TY 31aCTUUYHOCTb
Ha3blBalOT TaKXXe NPeAenbHOM UM TOUEUHOM 31aCTUYHOCTLIO.

T.e. 3M1aCTUYHOCTb MOXET ObITb BbIpaXXeHa B BUAe OTHOLLEHUS npe-
AenbHoi (M/) 1 cpefHen {Al} BENNYMH.

Tak Kak (iny =y, ac/nx= TO 371aCTUYHOCTb MOXKHO npeacTa-

[V

BUTb B (hopMe “norapumMmnYeckoin MPon3BogHON" EN(y) = ]

"eoMeTpuyecKas UHTEPMPETaLUs 31aCTUUHOCTM.

Moao6HO NMPOM3BOAHONM, 31aCTUYHOCTL MMEET MPOCTYH0 reoMeTpu-
YECKYI0 MHTEprpeTaumio.

PaccmoTpuM yObIBaIOLLYHO BOMHYTYI0 (hYyHKLMIO Y = ¥Y(X) (puc. 5.1)
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Halifem 3nacTUYHOCTb 3TOW (PYHKLMM B NPOM3BOSLHON Touke Cc
KoopauHatamu (X,y). 4na aToro nposefemM KacaTe/bHY AB K (DyHKLUK
y = x) BTouke C

X
Hv AACX ax—-@ .

T.K. npon3BogHas PyHKUmn y=[ x) B Touke C paBHa tg(180 - a),
TO tga = -fix).
nxy -~
- fix) fix) m
M3 noaobus TpeyronbHUKoB CBY 1 CAX cneayeT, uTo
CB _ CY _ OX _ _fix)x _
CA  AX ~ AX nxy - EW-
CB

CnepoBatefibHO, AX =

Takum o6pasom, EJJ) = -

T.6. TEOMETPMYECKM 31aCTUYHOCTb YObIBaloLWel PyHKLMM paBHa OT-
HOLLLEeHW0 PacCTOsSHWUIA NO KacaTesibHOM 0TTOUKM Cc KoopauHatamu (X,
[x)) 0o ee nepeceyeHns ¢ ocamMu Yu X, B3ATOMY, COOTBETCTBEHHO, CO
3HaKOM

B cnyyae BbINyKOi 1 BOFHYTOI Bo3pacTaloWwmnx pyHKuuid (puc. 5.2
1 puc. 5.3) anacTUYHOCTb N0 abCONOTHON BeNMUMHE Takxke ByaeT paBHa

CB
OTHOLIGHMIO ', @ 3HAK 3N1aCTU4HOCT OyfieT onpeaensTbCs Hanpas/e-

HMeM 0TpeskoB CB 1 CA. Ecnm Touku A 1 Anexar no ofHy CTOPOHY OT
Touykn C Ha KacaTenbHOW, Kak Ha pucyHkax 5.2, 5.3, To B hopmyne
Hafo BblbpaTb 3HaK Ecnm A 1 5 nexar no pasHble CTOPOHbI, OT
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T. C, K&K Ha nepBoM PUCYHKe, TO B pOpMysie Hafo BbibpaTh 3HAK
(hoKa3aTeNbCTBO 419 ABYX MOCNEAHUX PUCYHKOB Bbl MOXETE MPOBECTU
CaMOoCTOATE/IbHO).

OTMEeTUM TaKXe, YTO 31aCTUYHOCTb (PYHKLMUU, N3006PaXEHHON Ha
puc. 5.2, 6onblle eAnHULbI (Tak Kak CB > CA), a Ha puc. 5.3 - MeHbLUe
eanHnubl (Tak Kak CB < CA).

[ncKpeTHbI cnyyaid.

B ANCKPETHOM cniyyae, a TakKe Npu NpUBAMKEHHOM OnpefeneHnm
31aCTUYHOCTW MO AUCKPETHOMY Habopy AaHHbIX, OMpejeneHne anacTuy-
HOCTM Y)XXe He CTOJib 0JHO3HaYHO, KaK B HEMPEpLIBHOM Ciy4vae, noc-
KONbKY B OTHOCUTENbHOM WU3MEHEHUU —kHe AcHO, 4TO

6paTb B Ka4yeCTBe x: NepBoHavanbHoe 3HavyeHue (X = /1), KOHEYHOe 3Ha-

yeHue (x = Y wnn cpefgHee 3HayeHne x = —*

B 3aBMCUMMOCTM OT 3TOr0 Bbi6Opa pasmMyaloT:
KOHeYHYI (NPOLEHTHYH0) 31aCTUYHOCTb

M‘-ML/ N A
KY) = v

CpefHIo (AyroByto) sanacTUYHOCTb

20y, -y)" ;A - B)
Y1 * s / X +m
a TaKXXe N10rapuMnYecKyro 3n1acTUYHOCTb

A 2y 2,
Qi NIYj - liw, W /
Bce 3T BbIpaxeHWs Mano OTANYAKOTCA APYT OT Apyra npu He6osb-
LUMX OTHOCUTENbHBIX (MPOLEHTHBIX) W3MEHEHWNAX BEMIMYUH X 1Y .
OTMeTUM, YTO A1 BCEX 3NACTUYHOCTE UCNOMb3YeTCH OAUH U TOT Xe
cuMBON EJMY), N60 U3 KOHTEKCTa ObIBaeT ACHO, O KaKOM 31aCTUYHOCTH
NAOET peyb.

5.2. CBoiicTBa 91aCTUYHOCTU W 31aCTUYHOCTb 3/IeMEH-
TapHbIX (QYHKUNIA

CBolicTBa 3M1aCTUYHOCTU:
1 NacTUYHOCTb - 6e3pa3mMepHas BeMUYMHA, 3HAUYEHME KOTOPOI He
3aBUCUT OT TOr0, B KaKMX eANHNLIAX U3MEPEHbI BENNUMHbI Yy n X .E  (by)

=EM
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axv Y’ i(ax) by a(dx) by dx vy
2. 2NacTMYHOCTM B3aMMHO 06paTHbIX (hYHKL WA - B3aMMHO 06paTHble
BE/IMUYNHbI:
1 Oy X _ '\ 1
Hy)=elM) " " Tl m
ny X
Hanpumep, 3nacTUYHOCTL Be/IMUMHBI Cripoca Mo LieHe o6paTHa anac-

1

apn

3. OnacTUYHOCTb MPOM3BEAeHUN ABYX QPYHKUMIA n(x) 1 y(X), 3aBucs-
LMX OT OQHOrO 1 TOrO Xe apryMeHTa x, paBHa CyMMe 3/1aCTUUHOCTe:
E(ny) = E(n) + EP).

TUYHOCTW LEeHbl NO Be/IMYMHE Cripoca

du dv

+n
d(uv) X _ dx - du_ X + dv, X
dx uv uv dx wu dx V

4.  2nacTUYHOCTb YaCTHOro ABYX yHKUMIA M(X) 1 y(X), 3aBMCALLINX
OT OZHOTO M TOTO0 XKe aprymeHTa x, paBHa pasHOCTM 3/1aCTUUHOCTEN

d_v X vdu - udv X  du x dv x
n " XK'n nm
Vv

5. ANacTUYHOCTb CYMMbl ABYX (hYHKUWUA u{X) U y(X) MOXET ObITb
HaligeHa no opmyrne:
NN Q) + VENY)

n +v
ANacTUYHOCTM 31EMEHTAPHBIX DYHKLWIA;
1 NacTUYHOCTb CTENEHHON (YHKUUN y = NOCTOAHHA U paBHa
nokasaTtesilo CTeNeHn a: E (XN = a.
aXH_l H
L= a.

2. 3nacTMYHOCTb MoKasaTeNnbHOW hyHKUuMK y = (f nponopuuoHanb-
Ha x\ £/0*) = X In(B).
w _ da' X Ina _
E (X9 = T cf mx. —T= X-Ina
ax

3. 3N1aCTUUHOCTb IMHEIHON (yHKUMNy = ax+b E (ax+b) = _ "
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A _ ax
ERY@b) = =y ax*b  ax *b
Ecnn rpaduk NMHEAHON QyHKUMN UMeeT OTpMLATENbHbIA HAK/IOH
(7<0), TO 3M1aCTMYHOCTb (hYHKL MM MEHSIETCA OT HYNA B TOUKE y,, Mepece-
YyeHna paprKom ocn ya0 MUHYC BECKOHEUYHOCTHU (-o0) B TOUKe nepece-
UeHMs OCKU x, NPOXoAs Yepe3 3HayeHue (-1) B cpeaHei Touke. Takum
06pa3om, X0Ta npsMas UMeeT MOCTOSHHbIA HaK/OH, ee 31aCTUYHOCTb
3aBUCUT He TONbKO OT HAK/IOHA, HO 1 OT TOT0, B KAKOM TOYKE X Mbl ee
Haxoaum (puc. 5.4). ®yHKUUNA ¢ 6BECKOHEYHOI 3N1aCTUYHOCTbI BO BCEX
TOYKaX Ha3bIBAETCA COBEPLUEHHO 31AaCTUYHO, C HYNEBOI 3M1aCTUYHOCTbLIO
BO BCEX TOYKAX - COBEPLUEHHO HEe3NACTUYHOMN.

5.3. lNpumeHeHne 31aCTUYHOCTM B 3IKOHOMWUYECKOM
aHanmnse

5.3.1. Buabl 3naCTUYHOCTEN B 3KOHOMMKE
- QnacTMYHOCTb cnpoca no ueHe (npsmas)

® -
EM = / " oy’
nokKasblBatoLLLasd OTHOCUTENbHOE U3MEHEHUE (BbIPaXXEHHOE B MPOLEH-
TaxX) BE/MUYMHbI Cpoca Ha Kakoe-nnmbo 61aro npu U3MEHEHUM LEHbI
3TOro 6nara Ha O4MH MPOLEHT U XapaKTepusytoLLas YyBCTBUTENbHOCTb
noTpebuTenein K N3MeHeHUIO LEeH Ha NpoaykKuuio. Ecnu LeHoBas anac-
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Ep(n) 3nacTUYHbLINA HeanacTnyHbIiA
cnpoc cnpoc 0

TUYHOCTb CNpoca no abCoTHOW BeMUMHe 60oMbLUE e4UHNULbI, TO CPOC
Ha3bIBalOT 3/1aCTUYHBIM (COBEPLUEHHO 31aCTUYHBLIM NPY 6ECKOHEYHO 60/1b-
LoV BeNMYMHe 3nacTUYHOCTK cnpoca). Eciv LeHoBas 3nacTUYHOCTb Crpo-
ca Nno abCcontoTHOW BeNMUMHE MeHbLUe eAUHULLLI, TO CMPOC Ha3biBaloT
HeanacTUUHbIM (COBEPLUEHHO HEe3MaCTUYHLIM NPU HYNEBOI 31aCTUUHOC-
T cnpoca).

W, HakoHeLl, ecnn LeHOBas 31aCTUUYHOCTL cnpoca No abcontoTHON
BE/IMYMHE paBHA e4UHMLE, TO FOBOPAT O CNPOCE C eAMHUYHOW 3nacTuY-
HOCTbHO.

- O/1aCTUYHOCTb crpoca no Aoxoay
N =
Y ] L "a’

XapaKTepusyoLas 0THOCUTENbHOE N3MeHeHMe (B NPOLEeHTax) Beu-
YMHbI CNpoca Ha Kakoe-nnbo 6naro Npu M3MeHeHUK Aoxoda noTpebuTe-
nei 3Toro 6nara Ha O4UH NPOLEHT. MoNoXMTENbHAA 3M1aCTUYHOCTL Cnpoca
Mo AOX04Y XapaKTepusyeT HOpMasnbHble (Ka4eCTBEHHbIE) TOBaphl, a OT-
puuaTtefbHas BeNYMHA - ManoLeHHble (HEKaYeCTBEHHbIE) TOBapbI.

Tak, BbICOKMIA MONOXUTENbHBIA KO3((hULMEHT Crpoca Mo JoX04y B
0Tpac/in yKasblBaeT, YTO ee BK/1af4 B SKOHOMUYECKMIA POCT 6onbLUe, YeMm
[0Nsi B CTPYKTYPe 3KOHOMMKM, M OHA UMEET LIaHChl Ha paclunpeHune u
npouseTaHue B byayuiem. Haob6opoT, ecnn KO3GDULNEHT 31aCTUUHOCTY
cnpoca Ha NPoAyKLUUIo 0Tpacan no AOX04Y MMeeT HebO0/bLIOe MOMOXN-
Te/IbHOE WUN OTpuLaTeIbHOE 3HaUYeHME, TO ee MOXET OXMAaThb 3aCTON U
nepcnekTyBa COKpaLlleHWs NPOM3BOACTBA.

- MepeKpecTHash 3NaCTUYHOCTb CMPOCA MO LieHe
€ / 0,
T

XapaKTepusytoLas 0THOCUTENbHOE U3MeHeHMe (B NPOLIEHTaxX) Benu-
YMHbI CNpOCca Ha 04HO 61aro Npy M3MEHEHMMW LeHbl Ha Apyroe 6naro
(3ameLLatoLee Uav A4ONONHAOLLEe ero B noTpe6aeHMmn) Ha OAnH Npo-
LeHT. T10N0XUTENbHbIN 3HAaK MepPeKpPecTHOW 31acTUYHOCTK cnpoca no
LleHe CBMAETeNbCTBYET O 3amellaemMocTu 6nar, a oTpuULaTeNibHbIA - 0
[OMO/THAEMOCTH.
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- LleHOBadA 3nacTUYHOCTb PECYpPCOB
/ D, dR, P,
n. PL wp, n,’

XapaKTepn3yoLas 0THOCUTEIbHOE M3MeHeHKe (B MPOLEHTaxX) Benu-
YMHbI CMPOCca Ha Kakoii-nnbo pecypc (Hanpumep, Tpya) Npu N3MEHEHWN
LIeHbI 3TOr0 pecypca (COOTBETCTBEHHO, 3apabOTHOW MnaThl) HA OAMH NPo-
LIeHT.

- 9NacTWUYHOCTb 3aMeLLeHMst OAHOrO pecypca ApYrumM

CK K
A / <K K

XapakTepuaytowjasa Heo6xoamMmoe n3meHeHue (B NPoLeHTax) BeNNYm-
Hbl OfJHOTO pecypca (Hanpumep, Kanutana) Npyu U3MeHeHWN KONYecTBa
Apyroro pecypca (Hanpumep, Tpyga) Ha OgUH MPOLEHT C TEM, YTOObI
BbIMYCK NPY 3TOM He U3MEHUSICH.

5.3.2. ®aKTopbl, ONpeaenaoLLme 3/1aCTUYHOCTL Crnpoca

1. 3amellaemocTb 6nara B NOTpe6neHUn

9NacTUYHOCTb cnpoca no ueHe Tem Bbllle, YeM BbiLLE 3aMeELLLaEMOCTb
6nara.

3amelaeMocTb 61ara 06bIYHO XapaKTepu3yeTcs HanMyuneM 1 Koau-
4eCTBOM 3aMeCcTUTENEl, a TaKKe CTerneHblo aernpoBaHHOCTM Gnara.
Uem 60nblUe Yy NOTpebuTeNeli BOSMOXHOCTER 3aMecTUTb NOTPe6IeHME
fJaHHoro 6nara notpebneHnem Apyrnx 6nar, Tem Bbllle 31aCTUYHOCTb
cnpoca Ha ato 6naro. CTeneHb athermpoBaHHOCTU 6/1ara onpegenserca
LIMPOTON OnpefeneHns faHHOro 6ara, TeM Kakoe KO/M4YecTBO pasHo-
pofHbIX 61ar BXOAWT B MOHATME faHHOro 6nara. Hanpumep, 6naro “mo-
NOYHbIE MPOAYKThI” BK/KOYAET B ce6s MONOKO, Keup, PSOKEHKY, Mpo-
CTOKBALLY W Apyrue NpoayKTbl. UeM Bblille CTeneHb ayerMpoBaHHOCTH
6nara, TeM MeHblLLEe Y HEro CybcTMTYTOB (M TEM MeHbLLE Y NodebuTenei
BO3MOXXHOCTEN 3aMecTUTb NOTpebaeHNe JaHHOTO 6n1ara NOTPEGIEHNEM
Apyrux 6nar), 1 Tem HUXe 3/1aCTUYHOCTb CNpoca Ha 3To 6narb. Hanpu-
Mep, 3/1aCTUYHOCTb CMPOCa Ha MOKLLME CPeLCTBa HUXKE, YEM Ha CTU-
pasibHbIA NOPOLUOK, @ 31aCTUYHOCTL CAPOCA Ha MbIIO BOOOLLE HUXE,
Yem 371aCTUYHOCTb CMPOCa Ha MbII0 KOHKPETHOW MapKu.

MpaBunbHOE onpefeneHne cTeneHy agernpoBaHHOCTK 6iara (C Lenbio
onpeseneHns ero 31acTMYHOCTM) 0COBEHHO BaXKHO MPW ONpeaeneHHei
LIeHOBOW ¥ HaNoroBoi MOMUTMKKW. Tak, HanNpumep, 31aCTUYHOCTL BOAKU
OTHOCMTENIbHO HU3Kasl U Ka3anoch Obl, YTO YBe/MUYEHNEe aKLU30B Ha Hee
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[0O/KHO NPUBECTM K YBEIMUEHMWIO NOCTYNAEHWNIA B 6I04KET (MOCKONbKY
npy He3aNnacTUYHOM CMNPOCe BbIPYUKa PacTeT C yBeNuYeHneM LeHbl). Op-
HaKo npoucliegllee B aekabpe 1993 roga noBblEHME CTaBKM aKLM30B
[0 90 NpoOLEHTOB MPUBENO K CYLLECTBEHHOMY CHUXXEHUIO CNpoca Ha
OTeYeCTBEHHbIE NINKEPO-BOOYHbIE U3AENNS, NOTePe KOHKYPEHTOCNOCO06-
HOCTW OTpacnu Mo LeHe U pe3KOMY COKpaLleHUIO LOXOLOB B BOLXeT.
MpuyrHa - HenpasubHOE OnpejeneHne cTeneHn agernpoBaHHOCTU BO-
LKW, KOTOpas 4O/MKHA BKNHOYaTb B Ce65 HE TOIbKO OTEYECTBEHHYIO BO-
AKY, HO 1 UMMOPTHYO (B TOM Yncne U 3 chaH 6amKHero 3apyoexbs).
MmeHHO npojaxa MMMOPTHOW BOAKW W 3aHANa B 3TO BPEMS Mpeumy-
LLeCTBEHHOEe MeCTO B TOProBoi ceT. CnycTs HECKOJIbKO MecALEeB npes-
cefarenieM npasuTenbcTBa P® BukTopom UepHOMbIPANHLIM 6bI10 NOj-
nrcaHo HOBOE NOCTaHOBJ/IEHME, KOTOPbIM CHUXANach CTaBka akLM30B Ha
0TeYeCcTBeHHYO BOAKY A0 85% v, OHOBPEMEHHO, NOBbILLIANaCh CTaBKa
akum3oB fo 250% Ha MMMNOPTHYIO BOLKY.

Mopo6Hble NpoBabl MPaBUTENLCTBEHHOW NOMTUKM MPOMCXOAUIIN
He TONbKO B Poccuu, HO U B CTpaHaxX C pa3BUTON PbIHOYHO 3KOHOMM-
KO/ (U 3KOHOMMYecKoi Teopueid). Tak, Hanpumep, BBefdeHue B 80-e
rogbl 6% Hanora Ha 6eH3nH B BawunHrtoHe (okpyr Konym6us), anac-
TUYHOCTb CNpPOCa Ha KOTOPbIA NO OLEHKaM 3KOHOMUCTOB COCTaB/sna
0.2, npuseno K 33% nafgeHunto cnpoca (4YTo COOTBETCTBYET 3/1aCTUYHOCTY
5.5) 1 yepes 2 mecsila Hanor 6bl1 OTMEHEH. puymnHa 3Toro - "y3koe"
onpegeneHne 6eH3nHa B wrtate Washington D.C., He BKIHOUMBLIEE B
cebs 6eH3H 13 cocegHux wTaTtos Meriland u Virginia, KoTopbiM noTpe-
6UTeNn 1 CTaIM 3aMeHATb NOAOPOXABLUWIA B BalUMHITOHe GEH3UH.

2. Y[enbHblii BEC B J0X0AE

3nacTWYHOCTb CNpoca MO LieHe TEeM Bbllle, YeM Bbille yAenbHbIl BeC
pacxofoB Ha faHHOe 6naro B goxofe noTpebuTenda. Hanpumep, cnpoc
noTpedbuTeNns Ha CNUYKK, NPaKTUYECKN He U3MEHMUTCA, faXe ecin Ux
LleHa BO3pacTeT B HECKO/IbKO pa3, YTO CBUAETENbCTBYET O €r0 HU3KOW
31aCTUYHOCTH.

3. Cy6bekTrBHasA He06X0AMMOCTb

ONacTUYHOCTb Crnpoca no ueHe Tem Bbllle, YEM HUXKE Cy6‘beKTVIBHaFI
Heo6X0AMMOCTb B gaHHOM Gnare. O6bIYHO CUMTAIOT, YTO CNPOC Ha Nnpeg-
MeTbl POCKOLLW 60nee 3anacTuyeH, YeM CNPOC Ha NpeaMeTbl NEePBONA He-
06X04MMOCTU. DTO HEe COBCEM MPaBW/IbHO, NOCKO/bKY peLlaloLinmM jak-
TOPOM 3[eCb ABNAETCA UMEHHO CYObEKTUBHAA HEOOXOLUMOCTb B JAHHOM
6nare, KOTOpas Ha OTAe/NbHbIE NPeaMETbI POCKOLLN MOXET B CU/Y MOfbI,
TPagUUNA unnu Spyrux NpUUYUH MOXET ObiTb JOCTATOYHO BbICOKON M
NPUBOAWTL K HU3KOW 31aCTUYHOCTK cnpoca Ha Hero. Mpumepom aTomy
CNYXXWUT CNPOC Ha LBETbI 8 MapTa UK 1 CEHTAGPS.
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4. ®aKTop BpemMeHu

9NacTUYHOCTb crnpoca no ueHe 06bI4YHO BblLle, 4YemMm 6onbLue NnpomMe>Ky-
TOK BpemeHun. Jpyrumu cnosamu, JOArocpovHas 3nacTUYHOCTb crpoca
npesnonaraeTcs Bbllle, YeM KPAaTKOCPOUHas 31aCTUYHOCTb. 3TO 06bIYHO
060CHOBbLIBAETCA TEM, YTO 38 JONTOCPOUHbIA NPOMEXYTOK BPEMEHW NOT-
pebuTenn MOryT U3MeHUTb MPUBLIYKM W HaNTW 60MbLie 3aMeHUTenei
fJaHHoMYy 6nary.

OfHaKo, Npu 3TOM He y4uUTbIBAETCA (POpMMPOBaHME 3anaca U BpeMs
M3Hoca 6ara, OKas3blBatoLLME CYLLLECTBEHHOE BIMSHUE Ha pPeLleHns noT-
pebuTenein v geicTByloOLWMe NHOTAA B CTOPOHY MOHMXEHUA 31aCTUUHOC-
TW C TEYEHWEM BpeMeHU, 0COBEHHO A1 TOBApOB A/IUTENLHOM0 N0Jb30-
BaHWA, a TakXe TOBapOB NepBOi HEOOXOAMMOCTU B NEPUOLbLI PE3KOro
MOBbILLEHNS LeH. Hanpumep, 3anacbl Kpyn, MakapOHHbIX U3L4eNNiA, KOH-
CEepPBOB 1 ApYrvX TOBAapOB, CAeNaHHbIe JOMALLUHUMK X03sdicTBamMK B Poc-
cun B fekabpe 1991 rofa [0 pe3KOro MoBbIWEHWS LEH, NPUBENU K
Pe3KOMY COKpaLLeHWI0 crpoca Ha 3TW TOBapbl B Hayane creaytoLlero
roga u, cnefoBaTensHO, 60NbLIOIA KPAaTKOCPOUYHOR 31aCTUYHOCTU CNPO-
ca. C TeyeHVeM BpeMeHM 3aracbl CTa/IM UCTOLLATLCA W 31aCTUUYHOCTb
cnpoca Ha 3T ToBapbl YMeHbLUNACH.

5.3.3.  CBs3b 391aCTUYHOCTU C BbIPYYKO NPOAaBLIOB (pacxoja:
MW MOKyraTesiei)

3NacTUYHOCTb BbIPYUKM OT MPOAAX KaKoro-nnbo 6nara TeCHO CBA3a-
Ha C 3N1aCTMYHOCTLIO Crpoca Ha 3To 6naro. Vcnonb3ys gopmyny ans
BbIPYUKM A=pu 1 hopMyny A4S 31aCTUUHOCTU NPOM3BEAEHUS (PYHK-
LM, nonyyaem

£(/?) = £ + £m>) = E{P +1 = 1 -1 1)\,

TaK Kak 3/1aCTUYHOCTb CNpoca Mo LgHe BCerda oTpuuatesnbHa (noc-
KOJbKY p*{q)<0).

M3 nonyyeHHON hopMynbl BUAHO, UYTO 31aCTUYHOCTb BbIPYUKU MO
LieHe oTpuuaTenbHa (£ (J1)<0) ans ToBapoB, CNPOC Ha KOTOPble 31acTh-
yeH (JEOAMN) > 1), n nonoxuTenoHa (£4/?)>0) ana T0BapoB, CNPOC Ha Ko-
Topble HeanactTnyeH (|£(9)|<1). 3To 03HaYaeT, YTO €CN CNPOC Heanac-
TWUYEH, TO N3MEHEHWE LieHbl Bbi3blBaeT M3MEHEHWE BbIPYUKU B TOM XKe
HanpaB/feHWM 1 NPOAaBLIAM BbIrOAHO MOBbIWATb LEHY (4TO MPUBOAUT K
YBEIMYEHUNIO MX BbIPYUKK). 15 3n1aCTUYHOIO cnpoca U3MeHeHWe Bbl-
PYYKM MPOUCXOANT B HamnpaBneHUN, NMPOTUBOMONOXHOM U3MEHEHWIO LIEHBI
1 ANS MOBbILEHUA BbIPYYKM NPOJaBL,AM BbIFrOAHO MOHWKATb LieHY. AHa-
NOTMYHO, MOBbILLEHWE Ha/Ora Ha TOBap C 371aCTUYHbLIM CNPOCOM MOBJe-
YeT 3a Co60I COoKpalLeHne 40X04a'0T Hanoro06/10XKeHNS.

Mpw 3naCTUYHOM CMPOCE BbIPyUKa pPacTeT C yBENMYEHNEM KOMYECT-
Ba WJIM YMeHbLUEHWNEM LiEHbI, a MPY HE3/1acTUYHOM - NagaeT. Hanpumep,
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[0X04bl (PePMEepPOB COKPATATCA MPX XOPOLIEM YpOdXKae, MOCKO/bKY 3nac-
TUYHOCTb CNPOCa Ha CeIbCKOXO03AWCTBEHHYO MPOAYKLMIO JOCTATOYHO
HW3Ka. AHa/I0TMYHO, MOBbLILLEHWE LiEH Ha FOCYAapCTBEHHbIX Npegnpu-
ATUSAX C LENbI0 YBENMYEHUS NOCTYNNIEHUI B GHOAKET, HaNpUMep, NOBbI-
LEeHNe LEeH Ha XXeNe3HOA0POXHbIE GUNETbI, MOXET NPUBECTU K COKpa-
LLLEHMIO0 NOCTYNNEHWIA B GIOLKET, €CNM CMPOC HA COOTBETCTBYHOLLMIA TO-
Bap WM YCNYTy OKXETCS 3/1aCTUYHBIM. o

5.3.4. CBs3b LigHbl U NpefeNbHbIX N3LePXKeK MOHOMoNMCTa

Mbl 3Haem, YTO COBEPLUEHHO KOHKYpeHTHaa gupma (T.e. (mpma,
(hYHKLMOHMPYHOLLLAs B YC/TOBUSX COBEPLUEHHOM (YMCTOR) KOHKYPEHLMUHN,
yCTaHaB/IMBaET LIEHY Ha CBOKO NPOAYKLUIO, PaBHYIO NpefenbHbIM' U3-
JepXkam: = MC. MOHOMNOMUCT Xe Ha3HayaeT LieHy Ha CBOK NPOoAyK-
LU0 BbILLE NpefenbHbIX n3gepxek: pAr = MC(\ + 5), rae 5 - HafbaBka K
n3gepXKkam, Kotopas Moxet coctaBnaTte 10%, 20%, 30%,.... BosHukaeT
BOMPOC, KakK BbIOpaTb BENNYMHY 3TOIN HagbaBku. Mpu 6onee AeTanbHOM
paccMOTpeHWK 3TOr0 BOMPOCA OKa3blBaeTCs, YTO BENUYMHA HafbaBKu
TECHO CBfA3aHa C 3M1aCTUYHOCTLHO.

[JelicTBUTENbHO, 3aNMCbIBasA YC0BME MaKCUMM3aL M NpuobIan, Kak
pasHuLbl MeXAy BbIPYYKOi 1 nsgepxkamu (n = /? - O:

a'= K'- C'= n/lr- N/C= 0O

BbIUMC/IMM MPESENbHYIO BbIPYUKY
MK~ A\g) = W ®'=P(P + (MPXu) =
A-p'(P + 1 ,
=P 1+ P- 1 = P- 1
1 NpUpaBHseM ee K NpeaenbHbiM nagepxkam (Y2 = N/C). Monyumm
COOTHOLLIEHME

13 KOTOPOro CreayeT, YTO HafbaBKa K NpejenbHbIM U3fepXKam B
LleHe 40/DKHA ObITb TEM MeHbLLE, YeM BbILLE 3/1aCTUYHOCTbL CMPOCa.

3T1a xe hopmyna No3BoNAAET 06BACHWTL, KaK NPONCXOANT CErMeHTa-
LMS pbIHKa MOHOMO/IbHBIM MPOM3BOAMTENEM C LieNblo AUCKPUMUHAL MM
NoTpebuTENei U NOMYYEeHUs OT 3TOr0 AONONHUTENLHOR NPMBLINKU. O6bIYHO
Mbl paccMaTpuBaeM OLHOPOAHbIA PbIHOK KakoW-nnbo NpoayKuun Ha
KOTOPOM BCe MOKynaTenu nnaTaT 3a eAnHULY TOBapa OfHY U Ty Xe
LeHy. OaHaKo, ecfiv MOHOMONCT MOXET YCTOWYMBO pasfenunTb MoKy-

OnpefeneHve NpeaenbHO BEAUUMHBLI CM. HUXE B rnase 6, n.6.2.
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naresieil N0 KAKOMY-N1M60 NPU3HaKy Ha ABe Waun 6onbLLee YMCao rpynmn,
HanpuMmep, BblAeNaa B OTAeNbHYIO Fpynny CTYLEHTOB NPU NOKYMKe Xe-
Ne3HOAOPOXHBIX WY aBMabuneTos, TO eMY BbIrOAHEe YCTaHOBUTL /14
pasnUyHbIX FPYynn pasinyHble LeHbl U, TaKUM 06pa3oM, CerMmeHTUpo-
BaTb PbIHOK. TpK 3TOM CyMMapHas BbIpyyka OT NPOAaX Ha ABYX PblH-
Kax ogHoro Toeapa (Mnu ycnyru) 6yger MakcumasnbHa npu paBeHCTBe
npegenbHbIX 4OX0L0B OT KaXKAOro u3 pbiHKOB (B MPOTUBHOM Cllyyae
6b1/10 6bl BBIFOLHO MepepacnpesennTs 06beM NPOAaXK B MOMb3Y PbIHKA C
60NbLWNM NpefesbHbIM 40X0A0M). TakuM 06pa3oMm.

1 7 1
V!
OTcroga

(AVAL
Pr 1.

CnepoBatefibHO, Te MOKynaTenu, CNpPoc KOTOPbIX Ha TOBap MeHee
anacTu4yeH 6yayT NNaTMTb 3a Hero 60/bLLYIO LiEHY.

5.3.5. 9nacTUYHOCTL M Ha/oroBas MofUTUKA

Koraa npaBuTenbCTBO BBOAWUT Te UM WHbIE HaNOrM Ha Kakne-nn6o
TOBapbl OHO JO/HKHO UMETb OTBEThI Ha CreayroLL e Bonpockl: Ha Kakue
TOBapbl BBOAMTbL Hanor?

C Koro B3uMmaTtb Hanor - ¢ MPouM3BOAMTENEA UM MOTpedbuTenein?
KakoBa 6yfeT BennunHa 4oNoSHUTENbHLIX NOCTYMNeHW B 6rogkeT? Ha
KOro NIsHKeT OCHOBHOE Hanoroeoe 6pema? Ecnv Hanor yxe B3MmaeTcs,
TO CTOMT 1N YBENIMYMBATbL HA/IOTOBYIO CTaBKY N8 NOKPbITUS fethuunTa
6ropkeTa?

VIHTYUTMBHO Ka3anocb Obl, YTO OCHOBHOE Ha/loroBOe Bpems NsHKeT
Ha Tex, C Koro 6yayT B3umaTb Hanor n 4yto yem 6onblie 6yaeT Hanoro-
Bas CTaBka, TeM 6ofble GyayT MOCTYN/AEHWS OT Ha/loroB B GHOMXKET.
Bonee feTanbHbIl 3KOHOMUYECKUIA aHaNN3 NOKa3biBaeT, YTO BEMUMNHA
HasI0roBOro 6pemMeHn onpefenseTcs He (hopMasibHbIMW NAaTeNbLUKaMm
Haslora, a Be/IMYMHaMM 31aCTUYHOCTY CNpoca U NPeasioxeHns. AHano-
FMYHO, YBENIMUYEHME HA/IOTOBOWN CTaBKWU, SKBUBAMEHTHOE YBENYEHMIO
LleHbl, 06/1araeMoro HasioroM ToBapa MOXeT NMPUBECTUN KaK K yBe/nye-
HWIO HANI0rOBbIX MOCTYN/EHUA B GIOMKET, TaK U K UX YMEHbLUIEHUIO,
OMATb XKe B 3aBUCUMOCTM OT 31aCTUYHOCTU.

[na Toro 4To6LI pa3zobpaTbCs B 3TUX BOMpPoOcax, paccMoTpum 6onee
JeTabHY0 MOZe/b B3MMaHWs Haulora, OCHOBaHHYIO Ha KOHLenuuu cnpo-
ca u npegnoxexnus. MNMpeanonoxum, BHayane 4To Hanor B3MMaeTcs ¢
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npounsBoAMTENei, U ANS NPOCTOTbI GYAEM CUMTaTb, YTO HaIOr C eAUHN-
Libl NPOAYKLMMN / NOCTOSIHEH W He 3aBUCUT OT BE/IMUYMHBI BbIMyCKa (3TO
He TaK, eCNy Hanor onpeaenseTcs B MPOLEHTaxX C BbiMycka Unn o6bema
npogax). BaTom cnyuyae BBefeHWe Haora NPUBOAMT K NapansieflbHoOMy

CLBUIY KPUBOW MPeLoXeHWs Ha BEIMUYNHY HaN0roBoli CTaBKM /.

N3 aToro pucyHka BUAHO, YTO MpW BBELEHWW Hanora pbiHOYHas
LleHa ToBapa noBbllWaeTcs OT A0  KOTOpas Tenepb OTAMYAETCA OT
LIeHbl MPOU3BOAUTENEN p'* HA BENNUYMHY Hanora /, a 06beM NPoLaX yMeHb-
waetcs oT  go  CymmapHas BefiM4YMHA HanoroBbiX NOCTYNNeHWl B
6ompKeT T onpefenseTcs Kak NpoM3BeAeHWe Ha/loroBON CTaBKU ( Ha
06beM npogax of\

T=tmci.

O[HOBPEMEHHO 3TO Xe BblpaXKeHWe OMpPeSensieT U BeMUMHY Haloro-
BOro 6pemMeHun, 4acTb KOTOPOro

T, = g, 0 (2 -

nafgaeT Ha nneyn NoTpebuTenei, a gpyras 4yactb

T=5 (*P)

- Ha NPOV3BOANTENENA.
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HeTpyaHO MokasaTb, YTO CyMMa 3TUX YacTeli paBHa HaloOroBbIM MoOC-
TYNNEHNAM B GIOLXKET;

T+ Tr=T=pg,{p"-pP),

a COOTHOLLIEHME 9TUX YacTeit 06paTHO NPOMOPLMOHANLHO COOTHOLLIE-
HUIO 9M1aCTUYHOCTE cnpoca N NPeAnoXeHus.

3T0 COOTHOLLIEHUE CNeayeT U3 ONpeAeNeHii anacTMUYHOCTE cnpoca 1
Npea/ioXXeHuns:, OTHOLLEHWNE KOTOPbIX 1 aeT NCKOMOe BblpaXkeHune

A _P"P‘ _
T, .pl_pﬂ s
N - -
a0 = / Pren AR / Pp-P,
a, P. ) Pr

AHann3npys ero, Mbl BUAUM UTO OyfblLee Hanorosoe bpems nagaeT
Ha 3KOHOMWYECKOro areHTa ¢ MeHbLUen 3N1acTUYHOCTLIO, Y KOTOPOro
MeHbLLEe BO3MOXHOCTEl 4015 yXoha 0T HanoroBoro 6pemMeHun. B yacTHoc-
TW, €CAN 3M1aCTUYHOCTb CNPOCa paBHa Hy/M0, TO BCE HaNOroBoe 6pems
NSKET Ha nneyn notTpeduTenen, Tak Kak He3aBUCUMO OT BE/IMUNHbI Ha-
nora (a cnefoBaTenbHO, U OT BENIMUYMHbI LieHbl) NOTPEOUTENN HE N3MEHAT
06beMa NOKYMOK. Ecnu e cnpoc Ha Kakoii-nmbo ToBap XapaKTepusyeT-
CA COBEPLUEHHO 3/1aCTUYHOCTBIO, TO B MPOMTPbILLIE OKa3blBaKOTCS MpPo-
M3BOANTENN, TaK KaK NOTPeOUTENN YXOLAT OT HANO0ra, CHUXaa Bemun-
Hy cripoca v Nepexoas K noTpe6ieHnio ToBapoB-Cy6CTUTYTOB. B aToM
CNny4ae BCe Ha/J0roBoe 6pemMs NafjaeT Ha Naeyn NPoU3BOAUTENEN:

PO h

R//§5 D

4 9 F q
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AHaIOrMYHO NPOMCXOAUT N NepepacnpeeNeHre HaloroBoro 6peme-
HW B C/lyYae, KOraa Hanor hopManibHO B3MMaeTCsi ¢ noTpebuteneit. Ha-
npvmep, oniaumBas Kakyr-n160o nokynky, noKynatenb naaTuT no fo-
MONHWUTENILHOMY YeKY OMpPeaeneHHY0 CyMMY WK NPOLEHT OT CyMMbl
MOKYNKW rocyaapctey. B 3TOM cnydae BBefeHWE Hanora NpuBOAMT K
CABUTY KPUBOWA Cnpoca B/EBO:

CpaBHMBas 3TOT PUCYHOK C PUCYHKOM, OMMUCHIBAIOLLMM CUTYaLuto
B3IMaHMs Hasiora c NPOV3BOANTENEN, MOXKHO 3aMeTUTb, YTO pacrpese-
NEHVE HaNoroBOro 6PEMEHN MeXAy NOTPEBUTENAMM 1 NPON3BOANTENS-
MU MPOMCXOAUT Takxe, KaK 1 B MpefblAyLLeM ciyyae, U onsTb 06paTHO
MPOMNOPLMOHaNbHO X 3N1aCTUYHOCTAM. TakKnM 06pa3oM, hopMasbHble 1
(hakTUYeCcKme NNaTeNbLVKA HaloTa He CoBMadatoT. He3aBMCKMMO OT TOrO,
KTO siBNsieTCs (popmManbHbIM NAaTeNbLUMKOM Haora, hakTUYecKnm nna-
TE/bLLMKOM OKa3blBAeTCS IKOHOMUYECKUIA areHT ¢ MeHbLLel anacTuy-
HOCTb}0, 0COBEHHO €C/IN 3NaCTUYHOCTM CNPOCa U NPEeLN0XKEHUS CUMBHO
pasnnyatoTCs.

PaccmaTpuBas BOMpocC O BAUSHWW BEMUMHbI HAaNOTOBOW CTaBKM Ha
BE/IMYMHY HANOrOBOV BbIPYUKM, HETPYAHO 3aMETUTb, YTO 3TN BENNYNHbI
CBSi3aHbl MeXJy CO60li MPUMEPHO TaK e, KaK CBfidaHbl Bblpy4ka OT
NPOAAXK W LieHa ToBapa. Paccy»aas aHanorMyHo BbIBOAY CBSI3U BbIPYUKU
1 3N1aCTUUYHOCTU, MOXHO MONYYNTb (hopmyny

[
yT) - g

\E
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N3 3Toi hopmynbl BMAHO, YTO HAMOroBasi Bbipy4ka BO3pacTaeT C
YBENNYEHNEM HANIOTOBOW CTaBKM TO/MLKO A0 TeX MOop, NOKa A0/ CTaBKM
Hasora B LieHe ToBapa MeHblLLe CyMMbl 00paTHbIX 31aCTUYHOCTEl crnpoca
M NpeanoXeHns. 3T0 JaeT BOSMOXHOCTb YCTaHaBNMBaTb BbICOKME CTaB-
KW Hanoroo610XeHunsa (CyLWwecTBEHHO NpeBbILIatoLLLMe LieHY ToBapa) Ha
TOBapsbl, CMPOC Ha KOTOpPble HE3MACTUYEH (MW NPEASTIOXKEHNE KOTOPbIX
HeanacTuyHo). Mpumepom 3TOMY CAyXaT akLn3bl Ha BUHHO-BOJOUHbIE
N TabayHble M3genus.

Takmm 06pa3oM, 31aCTUHHOCTL CNPOCca BaXKHa NpU NPUHATUN LeHO-
BbIX PeLUeHNin MPOU3BOANTENAMN, BU3HECMEHAMU, BNadebLaMmn cTagu-
OHOB, KUHOTEATPOB U ApYTX 3aBefieHii, paspaboTumKaMu rocyapcTBeH-
HON NOANTWKW U SPYTUMN 3KOHOMUYECKUMU CYyBbeKTaMMU.

Bonpockl K rnaee 5

UT0 nokasblBaeT B IKOHOMUKe KO3WPULMEHT 31aCTUYHOCTMN?

UT0 Takoe 31aCTUYHOCTb (hYHKLUIN?

OO6bACHUTE TEOMETPUYECKUI CMbIC 31aCTUYHOCTM YObIBatoLLeld BO-

THYTOl OYHKL MW,

4. YT0 Takoe TOYeYHasa 3N1aCTUYHOCTb, AYroBas 31acTUYHOCTL? B Kaknx

Cy4asx UCNob3yeTcs KaX4oe U3 3TUX MOHATUIA?

MepeuncnnTe CBONCTBA 31aCTUYHOCTY.

Kak no KoathmuMeHTY NepeKpPecTHO 31aCTMYHOCTM Crpoca Ha ABa

TOBapa OnpefenuTb, ABAAKOTCA I 3TN TOBapbl B3auMO3aMeHAEMbIMU

NN B3aVMOLONOMHAOLWNMN?

7. Kak ¢ nomoLybto KoahpuumeHTa 31acCTUYHOCTM cnpoca Ha ToBap no
[oxofy onpefenuTb, 0XKWUAAeT N BblMYCKAIOLLYHO ero 0Tpac/b npo-
LIBETAHUE UMK 3aCTOR?

8. lNepeuncnmTe 3KOHOMUYECKME NPUIOXKEHNSA MOHATUA 31aCTUYHOCTN.

W

> o



'TTABA 6

COOTaOWWEHNA MEXAY CYMMAPHbBIMWA,
CPEAHMW v TIPEAEJIbHbIM BEJTMHNHAMUN
B S9QKOHOMWKE

6.1. ABCOMOTHbIE N OTHOCUTE/IbHbIE BE/INYMHBI B 3KOHO-
MMYECKOM aHa/In3e

Bce 3KOHOMUYECKME MOKA3aTeNN MOXHO, C M3BECTHOW JONeli YCNoB-
HOCTW, pasfennTb Ha abCOMIOTHLIE U OTHOCUTESbHBIE. [epBble BblipaXa-
l0TCA B KaKMX-TMB0 06BEMHbIX WUW SEHEXHbIX eMHULAX 1 MOTYT 6bITb
N1M60 NOTOKOBLIMM (TO ECTb BEMIMYMHA 3a ONPeeNeHHbI Nepuod), Nnbo
3anacoBbiMU (TO eCTb Be/IMUMHA Ha ONpejesieHHyo aaty). BTopble, 0T-
HOCUTeNbHbIE, MOKa3aTeNn NpeAcTaBAAoT COO0 OTHOLEHNSA abCcontoT-
HbIX (MW APYTUX OTHOCUTESIbHBIX) MOKa3aTefeil, TO eCTb KOIMYECTBO
eA4MHUL, O4HOIO MOoKasaTens Ha OfHy eauHMLy Apyroro. OTHOCUTENb-
HbIMW MOKa3aTeNsMu ABASKOTCS He TOMbKO COOTHOLLIEHWS pasHbIX MOKa-
3ateneil B OAUH U TOT K€ MOMEHT BPeMEHM, HO 1 OLHOTO W TOrO0 Xe - B
pasHble MOMEHTbI; 3TO - TEMMNbl POCTa 4AHHOT0 MokKasaTens. B 3KOHO-
MWUYECKOM aHanu3e W MPUHATUWU PeLleHUin B OAHUX ClydasX BaXKHbl
abCcoNTHbIe NMOKasaTenu (HanpuMep, 06LNiA 06beM NpKbGLINIK), B APY-
FUX - OTHOCUTE/bHbIE (HanprMep, AOX04 HafyLly HaceneHus).

Kak npaBuno, gas KOMMAIEKCHOTO aHann3a 3KOHOMUYECKON CuTya-
UMW, 4ns BbIGOpa HaMMYULLEro peLleHns BaXKHbl KakK abCoMOTHbIE, Tak
M OTHOCUTENbHbIE MOKasaTenu. lMycTb, HanpuMep, pupmMa peLlaeT Bo-
npoc 0 Heo6xo4MMOM MacLuTabe paclumpeHmsa (Mm cokpaleHmns) o6b-
ema npou3BoacTea. Ee, eCTeCTBEHHO, MHTepecyeT (abCOMOTHbINA) MoKa-
3aTeflb NPUBLINK, ABAAIOLWMIACA PA3HOCTbLIO ABYX APYTMX TaKMX MOKasa-
Tenei - BbIPYUKN 1 U3gepxeK. Ho npu peleHnn nocTaBneHHON 3agaun
MaKcumunszauum npuobeinn Grpma LWNPOKO NCMob3yeT ABa TUMa OTHO-
CUTENbHbIX MOKasaTesneld: 3TO cpedHue U NpegenbHble BEANYMHLI (NPMObI-
Nu, BbIPYYKN, usgepxek). CpefHAs BefMYMHA B JaHHOM C/ly4ae Moka-
3bIBaeT BE/IMUMHY COOTBETCTBYHOLLEIO NOKa3aTeNs B pacyeTe Ha eguHunLy
BbINYCKa, NpefeNibHas - NPMPOCT COOTBETCTBYHOLLErO MoKasaTens B pac-
yeTe Ha e4uMHULY NpUpoCTa BbiNycKa. Tak, ecu cpefHss Bbipyyka npe-
BbILLAET CPeAHME N3LEePXKN, TO hpma nonyyvaet Npubbiib U NPOU3BO-
OUTb MPOAYKLUMIO BbIFOAHO. ECAiM npu 3TOM npefesnbHas Bblpyyka npe-
BbILLAET NpefenbHble N3AEPXKKMN, TO PUPMe BbIFOAHO PacLLMPSATL MPOM3-
BOACTBO, yBeNnunBas 06beM Npubbinn. COOTBETCTBEHHO, EC/IN CPefHue
N3LEPXKKU NPEBbILLAIOT CPEAHIO0 BbIPYUKY, TO (hMpMa TepnuT YObITKN.
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a ecnu npegesibHble N34EPXKU MPEBLILLAKT NPefeNibHY0 BbIPYUKY, TO
06bemM NPOM3BOACTBA HYXXHO COKpaTWUTb. [anee mMbl pacCMOTpUM op-
MaJIbHO PO/b abCoOTHBIX (CyMMapHbIX) U OTHOCUTESbHBIX (CPEAHUX 1
npefefibHbIX BEMYMH) B SKOHOMUYECKOM aHanunse, a Tak)Ke CBONCTBA U
COOTHOLLEHUNS 3TUX BEINYMH.

6.2.  OnpefeneHne U reoMeTpUYeCKas MHTEPNpeTaLusl CyM-
MapHbIX, CPeAHUX W MpeaenbHbIX BENMUMH

CymmapHas BenmumHa (4ac)). MNog cymmapHOii BeIMUMHON Mbl Byaem
NMOHMMaTb NO6YH PYHKLNIO He3aBMCUMOI NepeMeHHON F{x). Kak npa-
BW/10, B 3KOHOMUKE MOA CyMMapHbIMW MOHUMAOTCA abCONIOTHbIE BENU-
YMHbI, HO, BOOGLLIE FOBOPS, (JOpMasibHOE MOHATME CYMMAapHOWA BenYm-
Hbl ABMIAETCA OTHOCUTENbHbLIM (TO eCTb Nl06as BeNMUMHa MOXET pac-
CMaTpuBaTbCA KaK CyMMapHas Mo OTHOLLEHUIO K ApYrM, CBOMM Mpej-
e/lbHbIM U CPefHUM BefMYMHaMm). B 3KOHOMUKE B POMU CyMMapHbIX
BE/IMUMH BbICTYNAOT: A0X0[ (BbIPYYKa) UM U3AEPXKKU KaK (YHKLUN
ob6bema Bbinycka {R{Q) unn C(Q)), 06beM BbiNyCKa KakK DYHKLUUS OT
KO/INYEeCTBa NEPeMeHHOro pecypca, Hanpumep Tpyaa, - Q(L), nones-
HOCTb KaK yHKUMA KonmyecTBa notpebnsemoro 6nara U(x) v apyrue
3KOHOMMYECKUe nokasaTenu. J1ro6as n3 nepevncrneHHbIX yHKL WA Mo-
XKET ObITb 3aflaHa B BUAe popMynbl, Hanpumep, F{x)=ax" - bx\ rpaguka,
Hanpumep, NOKa3aHHOIo Ha puc. 6.1, U T.4.
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CpepgHsasa BenvumHa (A1\x)) onpegenserca Kak OTHOLWeHWe cymMmmap-

o o o F(X
HOW BE/INUYMHBI K He3aBUCUMOUN nepemMeHHOU AF(x) = ) byksa A -
cokpalleHmne oT Average (cpefHsas). CpeAHAs BeMYMHA MOXET 0603Ha-

yaTbcs Takke F = AF(x). lMpumepbl cpegHWUX BeINYUH B 3KOHOMMUKE:
CpeAHeyLLEBO 06bEM NOTPEONEHUS, CPeaHss hOHA00TAAYA, CPEAHSS

Bblpy4ka (goxof) AR = —  cpefHue usgepxkm AC cpeaHui
ar
NnpoayKT Tpyaa WT. L.
CpefHsaa BeNMUYMHA, KaK PYHKLMSA HE3aBUCUMON NepemMeHHON, Tak-
XKe MOXeT 3a7aBaTbCs B (POPMY/IbHOM UMK Tpauyeckom BUZE.
MapxnHanbHasa (npegensbHas) BenvunHa (M F(x)) onpefensercs Kak
Npon3BoAHas CYMMapHOW BENMUYNHBI F(X) MO HE3aBUCUMOWA NepemMeHHO

X: MF(x) = F'ix) = lim B CNyyae, Korja He3aBucUMasa nepemeHHas
Ay AX

MeHsIeTCs HenpepbIBHO. Ecin cymMapHas BeNMUYnMHa MEHSAETCA AUCKPET-
HO, TO NOA MapXWHanbHOW (NpeAenbHO) BENMUYMHON NOHMMAOT OTHO-
LUEHNE U3MEHEHNA AF{x) CYMMapHOi BennumHbl F{X) K Bbl3BaBLUEMY
3TO U3MEHEHME N3MEHEHUIO (NPMPaLLEHNIO) AX HE3aBMCUMOI MEPEMEH-

HOM X; MF(x) = AF B aToM cnydae MapXXuMHanbHyH (NpefenbHyto)

BEIMUYNHY MOXHO MHTEPNPETMPOBaTh KakK N3MEHeHWe CyMMapHoli Benu-
UMHBI, BbI3BAHHOE YBE/IMYEHVEM HE3ABNCUMOW NEPEMEHHON Ha efuHNLY
(B cooTBeTCTBYHOLLEM MacwTabe). MpuMepbl NpeaesbHbIX BEIMYMH B 3KO-

AR
HOMUKe: npeaenbHas Bbipyyka (4oxod) MR = R\Q) unu npeaenb-
Hble n3aepXkn J1/C= C{Q) nnn npefenbHbIA NpoayKT TpyAa MW

= Q’{L) nmm \iq MPEAENbHad MONesHoCTh JTi/, = ff{x) nnn X nT.a

MpeaenbHas BeNMYMHA, Kak 1 BCE MpeablayLye, MOXET 3aaBaTbCsl (hop-
MY/IO UK B rpadMyeckom Buge.

BcTpeyasick ¢ 3TUMU BeNMYMHAMK B 3IKOHOMUKE, YacTo NMPUXOANTCS
CMO/b30BaTh COOTHOLLEHWS MEXAY HUMU (Hanpumep, MexXay cyMmap-
HbIMU, CPEAHUMU W NpefeNibHbIMU N3AEPXKKAaMK) W pellaTh 3aadun Ha
HaX0X/eHWe MO OAHOW M3 3TUX BENNUMH [BYX APYTUX (Hanpumep, cpea-
HEero 1 NpefenbHOro 4oXofa no CyMMapHOMY AOXOAY).
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6.3.  COOTHOLUEHMSI MeXAY CYMMapHbIMW, CPeAHUMU 1 Map-
XUHaNbHbIMU (NPeAeNnbHbIMK) BENNYMHAMM. 3afaun HaxXO0X-
JEHNA N0 OAHOM M3 3TUX BENNYMH ABYX Apyrux. dopmasib-
HbIA N rpauyecknii aHann3

HaxoxgeHwne cpefHeli BeMUMHbI N0 CyMMapHoi. dopmasnbHbIi 1 rpa-
thruecknii aHanms. PopmasnbHO, 3Ta 3aaya pPeLlaeTcs ¢ MOMOLLbIO onpe-

[leNeHns cpeaHeil BENMUMHbI; AF{x) = FX) Hanpumep, ecnm F{x) = ax-

b\ 10 AF{x) = » ~ = a - bx-. [ns rpamyeckoro pelieHuns aTol

3agaun (Korga cymMmapHas BefiMumHa 3ajaHa B Buge rpaduka) Heo6xo-
AVMO MPOBECTM BEKTOP, COEAMHSAOWMIA Hayano KOOpAMHAT C TOUYKOWA
rpagmka yHKUMM, UMetoLLeid KoopauHaTsl (1., J11r)).

TaHreHC yrnia Hak/0Ha 3TOro BEKTOPa, PaBHbI OTHOLLIEHUIO MPOTH-
Bonexawiero (yrny p) kKateta npsiMOYrofibHOro TPeyronbHuMka F(x) K

tan = T
npunexatiemy x: tgp = 6ynet (No onpegeneHnto) YNCNeHHO paBeH

cpeaHei BenuumHe AF(x) = tgp(X) npy Nt06OM 3HAYEHUWN HE3aBUCUMOIA
MepeMeHHOW X, OTIMYHOM OT Hyn.

Puc. 6.2
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["eomeTpunyeckass nHTep-
npeTawuysi U3MeHeHWS CpefHei
BeNMUMHbL. [1pn N3MeHeHUn
He3aBUCUMOW NepeMEeHHON x
Yyron Hak/ioHa BeKTopa B
TaKXe U3MeHseTca. YBenu-
YeHwue 3TOro yrna c yBenu-
YyeHveM X CBUAETEeNbCTBYET
0 BO3pacTaHWUW CpefHeii Be-
NNYNHBI, & YMEHbLUEHUe -
06 ybbiBaHMW. B 4acTHOC-
TW, NS NPUBELEHHOIO Ha
puc. 6.2 thathmka cpegHsas
Be/IMYMHa ybbIBaeT, 1 eé da-
(h1K n306pakeH Ha puc. 6.3.

HaxoxaeHue cyMmapHol
Be/IMYUHBI MO cpepHen (06-
paTHas 3agava). Popmans-
HO obpaTHas 3afjava pella-
eTCAa TakK Xe, KakK 1 npamas,
C NOMOLLLI0 OnpefeneHns,
N3 KOTOpPOro Haxoaum F{x)
= xAF{x) (cm.puc.3).

Ecnn cpegHAs BennymHa
3afjaHa B Buae rpaguka,
npeaCTaB/IEHHOr0 Ha puc. 6.4,
TO CYMMAapHYI BefN4nHy
npu faHHOM 3HA4YeHUMN He-
3aBMCMMOI NEPEMEHHON X
MOXHO OnpesesinTb Kak nno-
Wwanb NPAMOYrofibHUKa ¢
BEPLUMHAMW B Hayane Koop-
OMHAT M Touyke rpaduka
CpefiHeli BENNYMHbI, UMEIO-
el KoopanHaThl {x, AF{x)),
M cTopoHamm X u AF{x). On-
penenss xapaktep U3MeHe-
HUA MAOWaan, Mbl MOXeM
nocomnTb agpuk cymmap-

Puc. 6.4

HoOVi BennuMHbl. OfHAKO, Ha NPaKTWKe, NPWU KaYeCTBEHHOM NOCHOeHNK
thadurkos, yaobHee npuMeHnTbL “MeTO4 nogbopa”, T.e. NogobpaTh Ta-
KYI0 QYHKUMIO F{x), 4TO6Gbl HAKNOH MPSAMON, COeANHSIOLLEN TOUKM ee
thahmka ¢ Ha4yas oM KOOPAMHAT, U3MEHANCA B COOTBETCTBMM C 3aaH-
HbIM XapaKTepoM U3MeHeHNS CpefHen BENNUNHBbI AF{x).
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HaxoxpaeHne Mapxu-
HanbHOW (MpeaenbHoi) Be-
NNUYUHBI MO CYMMapHOWA
(8ns HenpepbIBHOIO Cy-
yas). PopmMabHbINA 1 rpa-
thnyeckuii aHanns. dop-
Ma/IbHO 3Ta 3afaya peLla-
eTCs C MOMOLLLIO Onpeje-
NeHnst NpefenbHOR Benn-
YnHbl MF{X) - F{x)\ Ha-
npumep, ecnn F(x) - ax-
bx, To0 MF(x) = (ax -
bx~Y= a - 3bx-. Anga rpa-
(hMYECKOr0 peLLEeHNs 3TOl
3afaun (Korga cymmapHast
Be/iMUMHA 3aJaHa B BUAE
rpaguka) Heobxogumo
yepe3 TOYKY rpafduka
CYMMapHOi BeINYUNHBI,
VMEILLYH KOOpPAMHATbI

MaTemaTnyeckne MeTOLb! A1 IKOHOMUCTOB

Puc. 6.5

(x,F(x)), NpoBecTn KacaTenbHYyt K rpaguky. TaHreHC yrna HaknoHa
KacaTenbHOl K (haMKy CyMMapHO/ BENMYNHBI B MPON3BOMbHOI TOUKe
X COrlacCHO reOMeTPUYECKON MHTepnpeTaL M Npou3BogHON 6yaeT umc-
NEHHO paBeH MPOM3BOLHOW CYMMapHOW BENUYMHbI, a CefoBaTe/bHO,
ﬂBJ‘Iﬂ'Iaagl npeAenbHOR BeNMUMHON MF{x) = F(x) = t9ayqmmum®) (CM.

eoMeTpUYecKas MHTEPNPEeTaLMUs U3MEHEHNS MapXXMHaNbHON (Npeaenb-
HOIA) BeNMYUHbI. [pn N3MEHEHUN HE3ABMCUMOI NEPEMEHHOW X Yron Ha-
KNIOHa KacaTenbHOW 6 TakKe U3MeHSEeTCsA. YBeNMYeHne 3Toro yrna c
YBENIMYEHNEM X CBUAETENbCTBYET O BO3pacTaHUV NpefeNibHON Bennyn-
Hbl, @ YMeHbLUeHMe - 06 y6biBaHUW. B yacTHOCTW, Ans NpuBeSEHHONO
HUXeE rpadrka CyMMapHOi BENMUYMHBI NpeAenbHas BENNUYNHA YObIBaeT,

neé pankK nmeet BUL:
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HaxoXaeHvne cyMMapHO BeIMYMHbBI M0 MapXXMHasIbHOW (NpegesibHOon)
(obpaTHas 3agava). PopmanbHO 06paTHas 3agadva 03HaYaeT HaXOXAeHNe
GhyHKUUKN F{x), npousBogHas KOTOpoil F(x) = MF{x) u3BecTHa. Ans
peLleHuns 3TOM 3afaun CNyXuUT onepauus UHTErpupoBaHus, obpaTHas
onepauuun guddepeHunpoBaHmsa. PyHKUNUA F(x) Ha3biBaeTCs NepBo06-
pasHoi ana yHKUUM MF{X) 1 HaXOAWUTCA C MOMOLULIO HEOMpPeLeNeHHO-

ro uHterpana F{x) = "MF{x)dx. Hanpumep, ecnm MX{x) = a-~ TO

a

F{x) = MF{Xx)dx = i IDX'dx = ax - b* + C, rge C - npounsBonbHas

MOCTOsIHHAsA. 3[€eCb Mbl BOCMO/b30Ba/IMCL U3BECTHOI (hOPMYNOIA UHTEr-

PUPOBaHUSA CTENeHHOW QyHKUuMM X'dx = a4+ Wt C (a?t -1). B 60nb-

LUMHCTBE NPaKTUYECKMX 33fa4 NpYMEHEeHNe onepaLnum UHTErpupoBaHus
4acTo MOXHO 3aMEHMTb NPUMEHEHMEM “MeTofa nogbopa” - T.e. NOA0-
6paTb TaKyto (yHKUMIO F(X), YTO ee Npon3BogHas 6yaeT paBHa AaHHOM
B 3aga4ve (hyHKUMM MF(X). BTOT NpUeM 0COBEHHO YAOBHO NMPUMEHATb
ANSA CTeNeHHbIX (YHKLMWIA 1 MHOTOYNEHOB, Koraa onepauns gnddepeH-
LMPOBaHWA BbI3bIBAET MOHWKEHWE CTENEHN Ha efuHULY, a onepauus
WHTErpMpPOBaHNS - NOBbILIEHWE CTENEHN Ha eAnHULY.

Ecnn npefenbHas BefiMuMHa 3afaHa B Bue rpaduka, 10, COrnacHo
reoMeTpUYECKOW MHTepMpeTaLMy HeonpeseneHHoro nHTedana, naowaas
nof rpankom yHKUUW NpefenbHON BeNUUYMHBI B AMana3oHe n3meHe-
HWS HE3aBUCUMOI NepeMeHHON OT Hyns [0 X 6yfeT paBHa CYMMapHOL
BE/INYMHE MWHYC HeKoTopas noctosiHHasa Cuam F(x) = MX) + C
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Ecnm npu X~ Onnowadb ¢"(X) O, TO KOHCTaHTY MOXHO HaiTu
KakK 3HayeHne CymMmMapHoi BennuuHbl npu X = 0. Hanpumep, npu Ha-
XOXAEeHUN cymmapHoro goxoga R{Q) = pQ, vawe Bcero J/1(0) = Oun C=
0; Npu HaxoXAeHMM CyMMapHbIX n3gepxek C(Q) noctosHHas C= C(0)
NMeeT CMbICNT PUKCUPOBAHHBIX (MOCTOSAHHBIX) U3LEPXKEK.

COOTHOLLIEHMA MEXAY CPeAHUMM (AF) 1 MapXXHaNbHbIMU (NpeaenbHbI-
Mun) (M f) BemumHamu. 3afaya HaXxoXaeHus No O4HON 13 3TUX BeINUMH
LpYroin MoxeT 6bITb CBeJieHa K O4HOW W3 NpeablayLLimMx 3ajad, eciu,
npeaBapuTesibHO, Mbl HAMAEM CYyMMapHY0 BeNMUYUHY. Hanpumep, eciu
faHa cpefHaa sennumHa JIA[Y), To cymmapHasa BennuuHa F{x) = x Af{x),
a npegensHas MF(x) = F(x) = (X AF{x))'= AF(x) + x AF{x). AHano-
rMYHO, MOXHO BbIPa3uTb CPEAHIOD BEIMUMHY Yepe3 CyMMapHY AF{x)

=1 MF(x)dx. epBoe 13 3TUX COOTHOLLEHWNIA, @ UMEHHO COOTHOLLEHUE

MF(x) = AF(x) + x AF'(x), UMeeT NPOCTYyI MHTepnpeTayuto. B Touke
3aKcTpeMyMa (hyHKUMKM AF(X) ee nponssogHas AF'{x) = O wu, cneposa-
TeNbHO, NpejenibHas BeNMUMHA COBNAafaeT CO CPeAHEN B TOUKE 3KCTpe-
MyMa nocnefHeid. MpesnonoXum, 4To He3aBUCUMas NePeMeHHas MOXeT
NPUHUMATbL TOJIbKO MONOXUTENbHbIE 3HAYEHUS (X > 0), Torja:

a) B 061acTy BospacTaHus hyHKUMK AF{x) e€ nponsBogHas AF\x) >Q
n MF{x) > AF{x) (NpefaenbHas BenMunHa 60nbLle cpefHelt); 6) B obnac-
TN y6bIBaHUS PYHKUNN AF{x) eé npoussogHasd AF\x) < Oun MF{x) <
AF{x) (MpefenbHas BeNNYMHA MeHbLLIE CpeaHeit). Takum obpa3om, da-
(UK NpeaenbHO BENUYMHBI NEXMUT Bbille aduka cpeHei BeNMUMHBI
b o6nacTu Bo3pacTaHWsi NMOCNEAHEr0, HMKe - B 06nacTn ybbiBaHMA, U
MPOXOAMT Yepes TOUKY aKCTpemMyMa rpadmka cpefHei BeNUUUHDI.

MpuMepbl COOTHOLLEHUA MeXAY hauKaMy CpefHUX U NpefenbHbIX
n3gepxxek (AC n MC), a Takxxe Mexgay thamkamu cpefHero u npeg-
€/1bHOro NPOAYKTOB Tpyaa (APN 1 MPJ, NpUBELEHbI HUXE.
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JVCKpeTHbIiA cnyyaid. Eciv He3aBMCUMasa NepeMeHHas X MOXET npu-
HVMMaTb TOMIbKO ANCKPETHbIE 3HaYeHUs (HanpumMep, 06bEM BbIMyCKa aB-
TOMO6UNEN (PUPMOIA, KOMMYECTBO HAHUMAEMbIX et pabounx uT.4.), To
BCE NOJyYeHHbIe Bblllie COOTHOLLEHMWSA COXPaHSAOT CBOIM BUA Npu cleay-
IOLLMX YCOBUAX: @) MPOMN3BOAHAA PYHKLMA F\x) 3aMeHseTCs Ha OTHO-

LeHue AI:; 6) mHTerpan iMF{x)dx 3amMeHSeTCA Ha KOHEYHYI CyMMYy

E m F{x); B) KacatenbHas K rpagmky ¢yHKuun F{x) 3aMeHseTCs Ha

NPSAMYIO IMHUIO, NPOXOASALLYIO Yepes fIBe TOUYKU C KOOpAuHaTamu (&
Fix)) n (x+Ajc, F(x+Ax)).

COOTHOLLEHNE MEXY CPEAHUMW U NPEAeibHbIMU BENIMYNHAMY B ANC-
KPETHOM Cflyyae MMeeT NPOCTYI0 UHTepnpeTauuto. Mpeactasum cebe yue-
HUKa-"Xopowmncra”, KOTOPbIA NonyyaeT o4HW YeTBEPKM. Kaxayto noc-
NeflytoLLYI0 OLEHKY MOXXHO UHTEPMNPETUPOBATL KaK MpesesibHY0 OLeH-
Ky, a cpegHuii 6ann - Kak CpeHIoH OLeHKY. Ecnn 3aTOT yueHuK pewinT
cTaTh “OTANYHUKOM” 1 ByAeT Nony4yaThb B AasibHeLeM 0fHN NATEPKU
(MpeaenbHas OLEHKaA BbIlLE CPefHEid), TO ero CpeaHss oueHka byaeT
MoCTeneHHO NoBbIWATLCA. ECM yYeHNK, HA060pOT, pasneHnTcsa u npe-
BpaTUTCH B “TPOEYHMKA™, HA4YaB Nonyvarb O4HU TPOMKK (MpesenbHas
OLeHKa CTaHeT MeHbLLUe CpefHeit), TO ero cpeaHasa oueHka byaet noHu-
XaTbCA.

6.4.  ®YHKUUM CYMMapHOro, CPpeaHero 1 npeaenbHoro Ao-
X04a 1 n3aepxeK

B KauecTBe npumepa NPMMeHEHUS COOTHOLLEHUI MeXAay npeseNibHbl-
MU, CPELHUMU Y CYMMApPHbIMU BeIMYXUHAMUW PACCMOTPUM 3KOHOMMUYEC-
KMe MnoKasaTenin, XapakTtepusytowme padboTy mpmbl: Q - 06beM BbIMyc-
Ka, p - UeHa, R = piQ) Q- goxopg (Bbipyyka), C- nsgepxku, M= 49-C
- NpubbINbL - AN ABYX TWUMOB PbIHOYHOW CTPYKTYpPbl: COBEPLUEHHOW
KOHKYPEHLMN 1 MOHOMOMNK.

CoBeplUeHHas KOHKypeHUMs. B aToM cfiyyae LieHa Ha MpoAyKuuMio
(hMpPMbI He 3aBUCMT OT 06bEMa NPOM3BOACTBA AaHHON (PUPMbI, a onpeje-
NnaeTcqA pbIHKOM M NocTosfHHa. LleHap{Q )—p W, cnegosatenibHo, R(q) =
pQ. Joxopn ABNAETCS NUHERHOM (YHKLMEn 06béMa BbinycKa. Ana Tu-
MUYHOM YHKLMM M3aepXKeK (pacTyLmX ObICTpee Yem A0X0 NPU ManbiX
06bEMax BbiNycka) adukmn Loxona, U3LepXeK U NpubbIIN nokKasaHsbl
Ha puc. 10.

M0 HUM MOXXHO NOCTPOUTL PaPUKN CpesHUX N NpefenbHbIX BENu-

4ynH. Tak Kak MR = {pQ)'= P ~ ~ =AR, TO (hauKun cpegHero u

npefensLHOro 4oxXoAa UMetoT BuA NPsAMoii, NnapannensHoii ocu Q. IMpa-
(UK CpeaHnX M3fepXKeK COBMNafaeT ¢ (hahMKoM CpefHero foxoaa npu

4 3amkoB
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06BbEMaXx BbiMycKa 0 M (TaK Kak B 3TUX TOUKAX 3HAYEHMS DYHKL NI
C(6) n /?(0) coBnapgatoT), NeXWUT Bbile Hero npu 0 < 62 1 6 > (A (13

c{0)> K{0)=>AC{0) .

< Q" B Touke, nexatyein 4yTb HUXe 63, CPefHME U3LEPXKKN MUHUMASIb-
Hbl. 3TY TOYKY MOXHO HaiTK, NPOBOASA M3 Hayana KOOPAMHAT MpAMYHo,
Kacatowyrocs rpadmka C{0). Npatmk npeaenbHbIX U3AEPXKEK MOXHO
MOCTPOUTb, aHAIM3NPYS N3MEHEHNE HaK/I0HA KacaTe/lbHOM K rpatinky
C{0). B Toukax O. n 03 KacaTenbHaa K rpaguky C (0 napannenbHa
rpagmky goxoga n(0). CnepoBaTenbHO, B 3TUX TOYKax npedenbHble
N3LepXKKN COBNAZAIOT C MPefeNibHbIM A0X040M U UMEET MeCTO MUHUMYM
npubbinn (MakCMMyM YObITKOB) B TOYKE 0, U MakCUMyM Mpu6bIIN B
Touke 03 (M’ = /?- C= MK - MC= O, 6o, Kak BugHo 13 puc. 6.10,
Npu6bINIbL NONOXUTENBHA NPY 00BEME BbiMyCcKa 02 < 0 < 0K oTpuLa-
TenbHa npyn 0 < 0, n 0> 04). BeanumHy npubbiav npy oNnTUManbHOM
06bEMe BbiMycKka (Q” MOXHO HaTW Kak MAolajb 3aTpUX0oBaHHOrOo
NPAMOYTOofibHMKA MO Pathnkam CPefHUX U3LEPXKEK U CPeAHero AoXoa.
(BepwuHbI NPAMOYrofibHMKa HaxoaaTcs B Toukax ¢ koopauHatamu: ((0,,
P), (0,, N1a0,)), (G /1C(03)), (O p).)

MoHononus, B cnyvae MOHONOAUN (hMpma cama BblGUPaeT LeHy, 1c-
X04a U3 KpuBol cnpoca p(0) Ha eé npoaykumto. Mockonbky /?(0) -
yobiBatoLlas GpyHKUua, /7(0)<O. Mpu ToR Xe hYHKLUN N3LEPXKEK, YTO
M B NpeblgyLlem cnyyae, @a@uky CymMMapHbIX, CPefHUX U npejenb-
HbIX MOKa3aTeneil nokasaHbl Ha puc. 6.12, 6.13. Mpu 3TOM rpaukm
CYMMAapHbIX, CPeAHNX W NpefesibHbIX U3ePXEK UMEIOT TOT Xe BUf, YTo

M NpejblayLiem cnyyae.
Mpadmk cpegHero goxoga 15 — p{0) coBnagaet ¢ rpagu-

KOM (pYHKLMU cnpoca 1 nepecekaeTt rpamk CPeAHMX U3EepXKeK B TOYU-
Kax 02 n 0" (rge /?(0) = C(0)). Mpaduk NpefensHOro Aoxona nexuT

_puwa
a
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HXKe rpafuka cpefHero goxofa npu nobbix 06bEMAaxX BbIMycKa, Tak
Kak MM = JI’(0 = W ) OY *"P(0) + Op'{0) ~ na + 0p\0) < A4,
(nockonbKy / (0 <0), 1 NepecekaeT rpaPuk npegesbHbIX N3EepPXKeK B
TOUYKax 0, U 03, B KOTOPbIX KacaTe/lbHble K rpamkamM goxogda u nsgep-
XeK UMEeKT 04MHAKOBbIA HakoH. Mpu aTux 06bEMaxX BbiMycka Npu-
6bl1b, KaK W B NpeabIAyLLem cnyyae, NpUHNUMaeT MAHUMaNbHOE U MakK-
CYMasibHOe 3HaYeHUs COOTBETCTBEHHO. 3TO 0OYC/IOB/IEHO TEM, YTO HE0b-
X04MMOe YC/IOBME MakcUMyma npuobin No-NpexHemy 3anucbiBaeTcs
Kak [1’= /T - C—M4%A - MC = O 1 B ONTUManbHON TOUKe npeaenb-
HbIi fOX0[ 06513aTeNbHO paBeH NpeAenbHbIM U3gepXKam. AHaOTMYHO
npesblayLieMy cnyyato, Npubblib Ha rpagmkax cpefHUX U npesesibHbIX
BE/IMYMH TaKXe MOXHO ONpefennTb Kak naowaib 3alTPpUX0BaHHOMO
NPAMOYTrO0JIbHNKA, NOCTPOEHHOI0 MexXay amKaMy CpefHero Aoxoaa u
CpefHMX U3LepXeK (BepLiUHbI MPAMOYTO/ibHUKA HAX0AATCA BTOUYKaX:
(0,,A1{07)), (0,,AC(0,)), (0,AC(O%)), (0,A1«3%))).,

WTak, npu onpegeneHny onTMManbHOro 06beMa npon3BoACTBa Pup-
Mbl, €C/IM U3BECTHbI ee PYHKL MM CYMMapHOro AoXo4a 1 nsgepxek 9(0)
n C(0) (npegnonaraetcs, 4T0 3TN DYHKLNW AU dhepeHUnpyeMbl), CpeHme
W NpefenbHble NokasaTenn MoryT 6biTb UCMNO/b30BaHbI CefyroLwmm 06-
pasom.

BHauane HaxofaTCs TOYKW, B KOTOPbIX BeMYMHA NPesLeibHOro OX0-
[la paBHa BeNnuunHe npepencHbiX n3gepxek: MA(0)=M C{0). Ecnn Ta-
KX TOYEK HET, TO (hupMe NMBO HeBbIFOAHO NPOM3BOANTL BOO6LLE (Mpu
${0)< C(0)), 60O BbIFOLHO CKOMb YIO4HO HapalmMBaTb 06beM NPoun3-
BogcTtea (npu /?(0)>C(0)).

B HalfeHHbIX TOUKaX MOXET JOCTUraTbC MakCUMyM MpUObLIIN, Mak-
CMMYM YObITKa, MUHUMYM MPUOBLIIN, MUHUMYM YObITKa, MO0 HUYEro
13 nepeyncneHHoro. Moatomy fanee cpegy aTUX TOYEK HAXOAATCA Te, B
KOTOpbIX yHKUUs npubbiim M(0)= J1(0)-C(0) gocTuraeT Makcumyma
(ee npou3BoAHas MEHSAET 3HaK C N/OCA HA MUHYC). DTO TOUKU MaKcu-
Myma npubbinn maM MMHMMYMa yobiTKa. HakoHel, HYXHO Bbl6paTb

4+
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TOYKM (TOUKY), Fae BenMUMHA NPUBLIIM NONOXKMTENbHA. pU3HaKom
3TOr0 MOXET ObITb MPEBbILLIEHWNE CPESHErO A0X04a HAL CPpefHUMU U3-
aepxxkamun: AK(0)>M 4A(0). Ecnm Takas TouKa HalieHa, TO OHa SBMseT-
€Sl TOUKOW (NIOKaNbHOr0) MakcMmyMa npubbInu GupMbl.

Bonpocbl K rnase 6

UT0 Takoe abCoMOTHbIE Y OTHOCUTE/IbHbLIE BEIMYUHBI B SKOHOMUKE?

MNpuseanTe NpuMepbl.

UTto Takoe cymmapHas BenivuuHa? Npusegnte npumMepbl CyMMapHbIX

BE/INYMH B 3IKOHOMMUKE.

MpuBeanTe NpuMepbl hahyeckoro NpeacTaBneHns CyMMapHbIX Be-

JINYNH B 3KOHOMMUKE.

[JaliTe onpegenexne cpefHeit BenuunHbl. MpuBegute npuMepsl cpe-

HUX BESINYMH B 3IKOHOMMUKE.

MpuBenuTe Npumepbl hadruyeckoro npeLcTaB/eHNS CpefHUX Ben-

Y/H B 3KOHOMMWKE.

6. UTO Takoe npefenbHaa BenuvymHa? lNpueegute npuMepsbl npeaens-
HbIX BE/IMYMH B IKOHOMUKe. KakoBO pas/inyne B ONpegesieHnsx cpes-
Heil BeIMYMHbBI B JUCKPETHOM 1 B HEMPEPLIBHOM ciydasx? lMpuse-
[MTe npakTnyeckune npumeps.

7. MpuBeanTe Npumepbl rpagnyeckoro npeacTasieHns npeaesbHbIX Be-
NIMYMH B 3KOHOMMUKE.

8. CymmapHble usgepxkun umetot sug C (0 = 20 - 30N + 0~ Haiigute
CpefiHME W NpefenbHble N3LEPKKN.

9. TycTb (hathmMK CyMMapHOro foxofa npeacTaBiseT us cebs BospacTa-
FOLL,YHO PYHKLMI0. UTO Bbl MOXeTe cKasaTtb 0 (hathmkax npegesbHo-
ro v cpefHero goxoga? Kakas fonofHutensHas nHpopmaumsa Bam
noTpeodyetca?

10. MycTb rpadik cpeaHero goxoda nNpeacTaBnseT u3 ceds yobiBatoLLyto
(hyHKUM0. YTo Bbl MOXKETE CKas3aTb 0 pathmkax CyMMapHOro u npeg-
eNbHOro goxoga?‘Kakasa 4ononHuTeNbHas UHGopmaumnsa Bav notpe-
byetca?

11. KakoBO COOTHOLUEHUE MexAy CpefHUMWN 1 npefenbHbIMU U3gep-
XKaMun, ecin 1 Te U Apyrue Bo3pactatioT? [,ocTaTouHO N 3TOM WH-
thopmauuu 4na 0TBeTa Ha BOMpoc?

12. YTo MOXHO CKa3aTb 0 3aBMCMMOCTU J0X0Aa NPeAnpuaTus 0T 06beMa
NpOun3BOACTBA, EC/IM NU3BECTHO, YTO NP NHO60M 06bEME NPOUN3BOACT-
Ba NpejesbHbIf JOXO0[ COBMAAAeT CO CPeSHUM?

13. YTO MOXHO CKa3aTb 0 3aBUCUMOCTW NPUObLIIN NPeanpuaTus oT 06b-
eMa Npou3BOACTBa, ECNIN M3BECTHO, YTO NPV NHO60OM 06bEME NPOU3-
BOACTBa, 60/bLUEM HEKOTOPOro 3HayeHWs Op, NpefesbHbIA J0X0n,
MeHbLLUe npefenbHbIX U3LEPXKeK?

14. Kakmmun ggyms cnocobamm Bbl mornm 6bl onpegenntb npubbiib
(hMpPMbI MO M3BECTHBLIM rpaukaM npefensHbIX U CPefHUX U3LepXKeK
n goxopa?

15. Kak 1ncnonib30Batb CyMMapHble, CPpeiHUE U npefefibHble BEeMUYUHbI

LNns onpejenieHns onTUManbHOro o6bema NPoM3BOACTBa (PMPMbI?

o ~ W DN



'TTABA?
PYHKLUMW HECKONBbKNX MEPEMEHHbIX U
PIX 3KCTPEMYMb

7.1. DOYHKUNN OBYX MEPEMEHHbIX U UX MHOXecTBa (Nun-
HUN) YPOBHS

B hyHKLMW fBYyX NEPEMEHHbIX HE3aBUCUMbIX NMEePeMEHHbIX fBe, a He
OfiHa KaK B Ciyyae PYHKLUW ofHON NepeMeHHON:

Y ~N17™) ~(QYHKUMSA 0gHON NEPEMEHHOI [;

=N1x,, X" - PYHKUNS OBYX MEPEMEHHbLIX X, U X,.
MepeMeHHbIe X, U jc MEHAKOTCA He3aBUCUMO ApYT OT apyra.
Ecnn HesaBMCUMBIX' NMepeMeHHbIX n (WTyK), nmeeM (yHK-
LMIO N NepeMEHHbIX
B 3KOHOMMYECKUX MPUNOXEHNAX MAaTEMaTUKN LLUMPOKO UCNOJb3Y-
l0TCA NMNHEVHbIE N HENNHEHbIE DYHKLMIN ABYX NMEPEMEHHbIX U n nepe-
MEHHbIX.

iJpiuiep 1.1. DYHKUUM y=an-"ax,+a™M_, y=a™-¥a,X +..+ax™ - MHEN-
Hble (DYHKL MKW ABYX W N NepeMeHHbIX. PYHKUNKU T=X -+xJ1 3/=x,...+x [
Y=X,--X"-, y=agx‘“x fZ..x y=mm{x,/b,,x;jb,), ;;=min(x,/
EnXY2,...,Xy0) BAAOTCA HETMHEAHBIMN.

Ipa'uk’/’ PyHKLMN LBYX MEePEMEHHbIX OMpeaenseTca aHanormyHo
thaduky /’HyHKUMM OAHOI NMepemMeHHOIA.

padmkom (PYHKUUW / ABYX MEPEMEHHbLIX X, U X, Ha3blBAETCA MHO-
YKECTBO Touek (X,, X, y) TPEXMEPHOro npoctaHcTBa Takmx, ytoy=fix,,
X)), T.e. MHOXeCTBO'TOUEK (X,, ,V,,[4X,, X,)). O6bIYHO B 3KOHOMUYECKMNX
nNpunoxenunax x, > Q x, > 0. I'paduk T PYHKUNU OBYX NEPEMEHHbIX
MOXHO HarnsagHo npeacfaButh B BUAe ABYMEPHON MOBEPXHOCTU B TpeX-
MepHOM npocgaHcTee. Ans PyHKUMM Tpex 1 6on1ee nepeMeHHbIX NOHATHE
thaduka /'onpeaensieTcs aHaNOrMYHO Kak MHOXECTBO ToueK {n + 1)-
MepHoro npoctpaHcTa (X,, ... , X, Ax,, .. , ¥¥). OgHako npu n > 2
rpamk y>ke He MMeET Harfa4HOro reoMeTpMYecKoro npescTaBeHuns
(KaK 3TO MMeeT MeCcTo nNpu N1 = 1 1 « = 2) (KomnbloTepHas ¢aduka
No3BO/ISET CMOETb NPOEKLMN).

Mpumep 1.2. Mocoum rpadmk I PyHKUUmM S=X""X* npu x,>0, x,>0
(3Ta hyHKUMA NpeacTaBnsieT CO60 KOHKPETHbIA npiiMep Npou3Boj-
CTBEHHOM yHKunn Kobba-Ayrnaca (Md KA) , korga a=a~=Yyr, n,,=1)
(cm. puc. 7.1).
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OuesungHo, npu >0, X,>0 hahnK MecTb KOHMYECKas NOBEPXHOCTb,
06pasytoLme KOTOpPoi - nyun, Bbixoaswue 13 Toukn O, a HanpaBAsto-
was ectTb MHKUA A (cm. puc. 7.1). B BepTukanbHoit nnockocTtu lM-1-x=1
NMHNUA A UMeET ypaBHeHME

Mpumep 1.3. MocTponTb auk MhyHKLMUN npu X>0, X,>0
(3mecb A|=02=Y4,0u4=1) (cm. puc. 7.2). ‘ "

Puc. 7.2
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Mpvmep 1.4. TOCTPOUTL CaMOCTOATENLHO (haPUK “DYHKLUMN y=x" X"
npu x>0, X*>0 (34ecb 0 =03= 1,«0= 1).

B 3KOHOMUYECKNX NPUIOXKEHUSAX LLUMPOKO NCNOMb3YHTCA NOHATUSA
BbINYK/I0r0 MHOXECTBA U BbINYKNOW (YHKL MW ABYX U HECKONIbKUX Ne-
peMeHHbIX. CHavana npueesém onpegesneHve 4ns cnydas, Korga n-2.

OnpegeneHve 1.1,

MHOXeCcTBO Ha3bIBAETCH BbIMYK/bIM, €C/IN OHO BMECTE C ABYMS /t0-
6bIMM CBOVMM TOUKAMU COAEPXKMUT OTPE30K, UX COEAUHSAIOLWMNIA (CM. puc.
7.33).

|\)/|H0)KeCTBO, KOTOpOe He AB/SAETCA BbIMYK/bIM, Ha3blBAETCHA HEBbI-
NyKnbIM (CM. puc. 7.36). MNMpuBedéHHOE onpedeneHne BbIrNALUT 0gMHa-
KOBO N5 cnyyvast ABYX NMEePeMeHHbIX W Ans cnyyas n (HECKONbKKUX) ne-
PEMEHHBIX.

Puc. 7.3a Puc. 7.36

HarnsagHo NoHATWE BbIMYKNOM0 MHOXECTBa MOXHO MOACHUTL Tak:
BbIMYK/10€ MHOXECTBO - 3TO MHOXECTBO, KOTOPOE He UMEET BMATUH U
Ablp. Ha puc. 7.3a n306paxeHO BbINYK/N0e MHOXECTBO, Ha puc. 7.36
npesCcTaBNeHo HEBbIMYKN0E MHOXECTBO M, KOTOPOe MMEET OAHY BMATK-

HY W OAHY Ablpy.

OnpepeneHve 1.2,

PyHKuMa [4X), onpefenéHHas Ha BbIMYKIOM MHOXeCTBe M, Ha3blBa-
eTCs BbINMYK/OI BHU3 (BOFHYTOM BBEpX), ECNIN AN NO6bIX ABYX TOYEK 1"
n X' N3 MHoxectBa J1/u gna nto6oro yncna rOI<l cnpaeBeanvBoO Hepa-
BeHcTBO [ (1-0x“+iic’) (1-01™N)+{An:"). Hanpumep, QyHKunn Ox"=
a, X|+02X2+A3,0X)=x, "+ X2 BbINYK/bl BHU3 Ha BCEM MPOCTPaHCTBe
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pacuk /"BbINYKNOi BHU3 DYHKUMMLX) pacnofioxXeH Huke (Tou-
Hee He Bbllle) NHO0I cBOei xopabl (CM. puc. 7.4).

OnpegeneHve 1.3.

PyHKUMA ¢(X), onpeaenéHHas Ha BbINMYKNOM MHOXECTBe M, Ha3blBa-
€TCA BbIMYK/OW BBEPX (BOTHYTOWN BHK3), ecnn hyHKumus A (x)=-[x), rae
hyHKuMa OX) BbiNyKna BHM3. Hanpumep, QPyHKUUM y=a"x+a X +ah,
P=7"“X/'(0<a,+a2<1) BbINYyKbl BBEPX.

TepMuHbl “BbIMNYKNbIA BHW3” (“BOTHYTbIA BBEPX”), “BbIMNYK/bIiA
BBEPX” (“BOrHYTbIA BHM3”) NPMMEHAOTCA TaKXKe K rpadukaM COOTBET-
CTBYHOLNX (hYHKLMWIA.

Ona cnyyas n>2 npuseféHHble onpefeneHns GyHKLMW BbINYK/ON
BHW3 U BbIMYKIOW BBEPX MEPENUCLIBAOTCA C HE3HAUUTE/IbHLIMW KOP-
PeKTUPOBKaMU.

MHo>kecTBOM (Yalle rOBOPAT - NMHMeR) ypoeHa 4 {g - 4Mcno, B
3KOHOMMYECKNX NpUNoXxeHusax ~>0) pyHkuumy =[1x,, X") HasblBaeTca
MHOXecTBO (COBOKYMHOCTb) Bcex nap (X,, xV) Takoe, utodx,, XV = g,
T.e. BO BCeX TOYKax (X,, XV), NpuMHaANexalmnx MHOXeCTBY YPOBHSA g,
4yacTHOe 3HaudyeHume (yHKUMM y = [OX,, X*) O4HO M TO e W paBHO f
MHOXeCTBO YPOBHA ™ hyHKUMM y =[1X,, X\) 0603Ha4aeTCA CUMBOIOM /.
Ha puc. 7.5 HarnagHo MnnrCcTpupyeTcsa 3T0 BaXXHOE MaTemMaTuyeckoe
NnoHATHe. MopU3oHTaNIbHas MNOCKOCTL /AnepecekaeTca ¢ hahmkom Mno
MI0CKOIN rOpU30HTaIbHON NMNHNN KOTOpas BCA “3aBucaeT” Hag nioc-
KocTblo 0X,X3 Ha BbIcOTe a. MpoekTUpys b Ha nnockoctb OX,X,, MNony-
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4aeM IMHWIO /, KOTOpas U eCTb MHOXECTBO YPOBHSA A PYHKUUM y=/1",
x7). CneyunanbHO OTMETUM, YTO BCE TOUKW JIMHUKM  MpUHagnexar ¢ a-
huky T

MHOXECTBO BCEX MHOXECTB (TMHUIA) YPOBHS PYHKUMK Yy = OX,, &)
Ha3bIBAETCA KapToi NMHUIA YPOBHA (yHKUMK y = [n:,, X3). o kapTe
MOXHO MO/y4uUThb JOBOSIbHO TOUHOE MPeACTaB/eHNE O XapakTepe hadu-
Ka I pyHKUnn OXp x,). PparmMeHT KapTbl NUHWUIA YPOBHSA PYHKUUN Y =
Ox,, xX), rpaduk I KOTOPOI NpefcTaBneH Ha puc. 7.5, n3o6paxeH Ha
puc. 14,

Mpathmk I nveeT BUA “ropknu” (CM. puc. 7.3), NO3TOMY SIMHWA COOT-
BETCTBYET YPOBHIO  KOTOPbIiA 60NbLUE YPOBHA 4, T.e. > a. AHano-
rMYHO, 4, < A. TakmmM o6pa3om, ecnm rpaduk I UMeeT BUA “ropku”, 1o
NUHUW YPOBHS PacrofioXXeHHON CeBepo-BOCTOUHEE IMHWUM YPOBHA / (1K
/,), cOOTBETCTBYET 1 60MbLLNI YPOBEHb &Y T.e. a~>a {a.”>n,). BepHo n
obpaTHoe (cMm. puc. 7.5).

Ecnn nuHna (MAn nMHUSA  MAn ANHKA /YY) BbIFNSAUT Tak, KakK Ha
puc. 6, TO rOBOPAT, UTO 3Ta IMHUA Bhinykna K Touke O.

7.2. YacTHble NMpou3BOAHbIe, TpaaveHT 1 guddepeHyman

OnpepeneHwe 2.1.

Myctby=A4X|, X,) - QYHKUMNA ABYX nepemeHHbIX. (Mepsas) npoms-
BOAHas yHKuumM [X,, X,) N0 NEPEMEHHON X, NPy (HMKCUPOBAHHOW BTO-
PO NEPEMEHHOI X, HasblLaeTCs (MEPBOIA) YacTHOI NPon3BoLHOV PYHK-
umn ax,, XY No nepemMeHHON X,, YTO CUMBOIMYECKHM 3aMnCbiBaeTCA TakK:

¢Ix,X2) Ay, x")

wam — — , WM NpOCTO
X BX, P
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AHanornyHo onpegenserca (nepeas) yacTHas NpoussogHas QyHK-
unmnx,, X)) no nepemeHHO X,

PAXNXN) AApCXY) By

—uwr

O6paTum BHMMaHMWe, YTO B CUMBOJIMKE YaCTHbIX MPOU3BOAHbIX UC-
NoMb3yHTCA KPyr/ble 4, a He npamble (L B cnyyae (NepBoii) YacTHOI

w3 X 1) - r
npon3BOAHON--------- A memeeee No NepemMeHHOM X. pYHKUMnAx,,... X,

. ,X) N NepeMeHHbIX POSib NOCTOAHHbLIX U(atoT BCE NEPEMEHHbIE X,,
v X0y XN, oy X, KPOME MEPEMEHHOI X.

MepBas YacTHas NPOWM3BOAHAsA MO NMEPEMEHHOW X, NpeACTaBNseT CO-
60/, BOOGLLE roBOps, HOBYH (DYHKLMIO ABYX (HECKO/bKUX) MepeMeH-
HbIX. ECAM HET creymanbHOn OroBOpKM, Be3ae B AJaHHOM y4ebHOM Mo-
cobumn npegnonaraeTcs, Y4To YacTHble MPOU3BOAHbLIE MPUHUMAIOT TO/bKO
KOHEeYHble 3HaYeHUs, T.e. peyb NAET TONbKO 0 KOHEYHbIX YACTHbIX MPo-
N3BOSHbIX.

Ecnmn B Touke (X,“, XX®) 3HayeHne (MepBOi) YacTHOW NPOU3BOAHOIN
hyHKUMmM OX|,X,) No nepemeHHoi X, (XV) MOMNOXWUTENbHO, T.e. ecnu

cane) | 0 . R
9: TO NPWU mManom pocTe NePemMeHHON X, (X

OTHOCUTENBbHO X®(X®) Npy QUKCUPOBAHHOI NepeMeHHON X®(X®) 3Ha-
YyeHne y yHKuumnx,, xN) pactet, T.e. U3 Toro, 4yto (nepsas) YacTHas
NPOW3BOAHAs MO NepemMeHHON X, (X) NoNoXUTe/bHasA, CneayeT CBOMCTBO
(nokKanbHOW) MOHOTOHHOCTM (DYHKUUKM X, X) N0 NepeMeHHOR X, (XV)
(cm. pasgen 1).

By

ay
Mpumep 2.1. imeemy =+ 0|X + Torga = «2-
o .oy o
Mpn HaxoXKAeHUM YaCcTHOW NPOU3BOLHON cnaraemoe i (hnKcupo-

BaHO, T.e. UrPaeT po/ib NOCTOSHHON, Kak 1 cnaraeMoe a® no3ToMmy npo-
N3BOAHAs MO X, CYMMbI (“XBOCTa”) (@™+a”x) paBHa Hy/0. AHaNOrMYHO

nosicHeTcs oTBeT = & Takke N0 aHaNoruK, BCnyyaey = a+ 0%

+ ..+ ax. + .. + a™ VUMeeM n WTYK (NepBbiX) YAaCTHbIX MPON3BOAHbBIX

ﬂy =a,1=\, .., nm

Mpumep 2.2. Mpon3BofgHas CTENEHHON (DYHKUUM y=b~X  0AHOIA

NMepeMeHHON X paBHa iy= b ~ p c (MepBas) yacTHas NPOM3BOAHAA
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(DYHKUMN a™x"'xp N0 MePeMEHHON X, paBHa = anpce-xtn

34ecb ponb by NaeT npoussefeHune AHaNornyHo

TaKxe Mo aHanornn B Cyyae y=a”x*...x“..x°' UMeeM n WTyK (nep-

BbIX) 4aCTHbIX MPOUN3BOAHbLIX A - anx L xerLxt =1, n.

OnpegeneHue 2.2.
YnopsgoyeHHas napa (NepBbiX) YacTHbIX MNPOU3BOAHLIX

ANIx,.x,)  BI1X,X,) Aay{x,x,)  ay{x,x,)
,qX, ' AX. Win 'D'X, ' AX_ cpyHKU!MVI y = nxn Xv)

OBYX MEePEMEHHbIX X, 1 X" 0603HavaeTcs cMmBosiom grad Ax,, XV (unm
/(x,, Xj namn grad j;(x,, X)) 1 Ha3blBaeTcsa rpagueHToM QYHKUNN y =
Ox,, X)) AByX nepeMeHHbIX. 'pagneHT GyHKLMUN ABYX NEPEMEHHbIX CTb
ABYMEpHbI/ BEKTOpP, (yHKUMKU [X,,...,X,,) N NEPEMEHHbIX - f1-MepHbIii

_ YE..X) 9.

BekTop grad/(x,, .., X) = Y X

pagueHT grad Ox,®, x°) GpyHKUMK 4 X,, ) B ToUKe (X®, X®) nokKasbl-
BaeT Hanpas/ieHNe caMoro 6bICTPOro pocTa (yHKUUN AX,, X") B TOUKe
(X, «,x1/).

3agava 2.1. Ans QYHKUUN y=xN" XM ABYX MEPEMEHHbIX X, 1 X"
a) MOCTPOUTb JIMHUIO YPOBHSA MPOXOAALLYIO Yepes TOUKY (X® x®) =
4, 1)

dyixIxb  gy(x,x")
&% ax.

B) NOCTPOUTb 3TOT (hafMNEHT.

PeweHwne 3agaun 2.1

a) CHauana Hailiem ypoBeHb (f, KOTOPbIA paBeH YaCTHOMY 3HAYEHUIO
yHKLMM >"X,'"x2" B TouKe (4,1). imeem: ~=(x,°)"MNx2®)"="IM"=2. MNoc-
TPOMM Ha MAOCKOCTM OX,X3 MMHUIO YypaBHEHWe KOTOpOi MMeeT BUA:

0) HalTn hagmeHT B 3TOl Touke (4, 1);

4
O=X," AN, UK 2=X, "X 2N MNn 4=X,X2, UK, HakoHew, X, = —(cM. puc. 7.7).

o Avxx) AY(X,:X,)
6) Vimeem: X - X W g = XX
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WA = p aavn= 12 1R = Un
AX, AX,
ay(x1x°) 341,4) )
x x - WRANIN=Vj= -
BXXT)  ay(x,,x2)
CnepoBaTtenbHo, grad y(x x®) = ax. x
B) CTpoum rpagueHT grad ™ nnockocTn OX.xX, CHa-

Yana BbIxogawmm m3 Touku (0,0), a 3atem n3 ToukmM (4,1) (cm. puc. 7).
Cnepyet 06paTUTb BHMMaHMWeE, YTO Ha puc. 7.7 grad y(4,1) nepneHgnKy-
nsipeH (OpTOroHaneH) KacaTenbHOM K K nuHuK (runep6one) /,= /\ B
Touke (4,1), T.e. OPTOrOHANIEH NNHMWK /,, NPOXOAALLEN Yepe3 TOUKY (4,1).
DTOT YacTHbIl (haKT eCcTb UAMOCTPaLUMs 06LLEro ciydas: rpagueHT grad
S(X{®X2) B TouKe (XOx) BCerga opToroHaseH MMHUM /AypoBHA  MNpo-
X0AALWwen yepes Touky (XIx'\®).

3agava 2.2. Ang QyHKUMK jJA=X," X" 4BYX NepeMeHHbIX X, 1 X~
a)  nocTpouTb (AONOSTHWB PUC.7) NNHUIO YPOBHS /3 NPOXOAALLYIO Ye-
pe3 Touky (X,',x2")=(4,2);

ay(x1,x1)  ay(x,'.x2)
X, PR,

B) NOCTPOUTb 3TOT (hagMeHT (4ONOAHMB puc. 7.7);

r) ybeguTbcs, UTO ,>q=2 W YTO NIMHUA / pacnofioxeHa “ceBepo-
BOCTOYHee” INHNK

1) ybeanTbes, YTo AeiicTBUTENbHO, grad j(4,1) moka3biBaeT Hanpas-
NleHne, B KOTOPOM (PYHKLMA Y=XX" pacTeT.

3Ty 3aa4y npegnaraeTcs peLunTb CaMOCTOATESNBHO.

6) HailTK rpagueHT B TOUKe (4,2);
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FoBOPAT, YTO ypaBHeHMe g = [IX,, x") 3a4aeT HesBHY0 PYHKLNIO X =
J1(x,) KaK PYHKLMIO NePEMEHHON X,, UO0 B ypaBHeHUU g = [x,, X") elle
He Bblfe/leHa NepeMeHHas X*, Kak 3T0O UMeeT MEeCTO B C/ly4ae ypaBHeHUs
X = A(X)). AHaNOrMYHO MOXHO FOBOPUTHL O HEABHOW (PYHKUMK X, =
g{x,) KaK (hyHKLMUN NepemMeHHOi X\

'‘OTMeTUM, YTO ecin (NepBble) YacTHble NPOU3BOAHbIE PYHKLUUAX,,
X\) HenpepbIBHbI B TOUke (X® X) N B B/IN3KUX K HEl TOYKAX W ecnu

i\
Ans onpefeneHHoCTU E'D%'%\)—([‘—)Q TO HesBHas PyHKUUA X, = [r(X) .,
CyLLecTBYeT npu Bcex X, 6nn3knx K x® OfHaKo fafieko He Bcerfa Ha
OCHOBAHUWN aHAIMTUYECKOTO BbIpaXeHUs [1X,, XY) MOXHO BbINucaTb aHa-
NINTUYECKOEe BblpaxkeHne ana hyHKuum x* = A(X,).

Ecnv NMHUN ypOBHA (YHKLUUN y=AX" XN ABNAIOTCA HUCXOJALLUMMU,
T.e. IMHMAMM TMNa TexX, YTO N306paxeHbl Ha puc. 7.6 nan Ha puc. 7.7,
TO ANSt YPaBHEHUA A=AX" X" HesBHasA PYHKUMA x=k{X") (nan x,="(x"))
cyuiectByet. Takum 06pa3oM OfHa M Ta e Hucxopawas nmHus / (cwm.
puc. 7.8) onucbiBaeTca ypaBHeHueM g =[X,, XV, ele He pa3peLeHHbIM
OTHOCUTENIbHO NEPEMEHHO X (MM NEPEMEHHON X,), ¥ ypaBHEHMEM X" =
Ir(X)) (unn ypaBHEHUEM X, = ({x")), Y>Ke pa3peLLeHHbIM OTHOCUTENbHO
nepemMeHHOW X, (NepeMeHHOM X, ).
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Mpumep 2.3. YpaBHEHNE MOXHO nepenuncarb, Bbl4eNNB ABHO
nepeMeHHy0  (NepeMeHHYIo X,):

r

X pOXXN)
Ecnn (nepBble) YacTHble NMPOU3BOAHbIE itkq— n —" — Henpe-

PbIBHbI B TOUKe (X®, x°) (CM. puc. 7.8) 1 B 6/IM3KNX K HE: ToukKax, TO
npoun3sogHy0 A'(X®) MOXHO BbINKUCaTb, HE UCMOMb3YS ABHON hopMy/bl
X, = N(X]), CNegyoLwmm obpasom:

WX | aTx)
n' = ox, 2 / x

Takum o6pasom, tga (1, cnegoBaTesibHO, HaKMNOH KacaTenbHon K -
CM. puc. 7.8), paBHbI W(x°), MOXeT ObiTb HailfleH KaK OTHOLLEHMWE
(NepBbIX) YaCTHbIX NPOU3BOAHLIX (YHKLMK OX,, X*) B TOUKe (X®, X'®),
B3TOe CO 3HAKOM MUHYC, T.e. 6e3 UCMOb30BaHUA ABHOTO BbIpaXEHN
J(x,). BbinucaHHas opMysia Ha3blBaeTCs NpoV3BOAHON HESIBHOM (hyHKLWN
XN = J1(x,). 3Ta hopmyna naeT BaXKHYO POsib B MMKPOIKOHOMMWYECKOM
aHanuse (B Teopmu NOTPeOUTENLCKOrO NOBEAEHNA WU B TEOPUN (UPMbI).
Mpon3BoAHaA HEABHON PYHKLMK X, = g(x) BbINUCbIBAETCA aHa/I0rMYHO
(yncnuTenb 1 3HamMmeHaTeNlb MEHAKTCA MeCTaMu).

Mpumep 2.4. MycTbX|"™X™=2 1 (X,®X®)=(4,1). Nmeem
aiﬂlxnxi) ,Cl,ﬂX,,XI'I O’S(X‘)_(XZ/\
1 0502

4 L]

OnpegeneHue 2.3.

Mo aHanorum c (nepsbiM) auddepeHumnanom (*x)=/(x)itbc (unu
(Ly{x)=y'{x)cbc nnn iy~yax) QyHKUUU y=J1X) OfHOI NEPEMEHHOIA X Bbl-
paXkeHue

30X, ™ by{x,,x") _ ny
X, xN) = — G, nnn iy = -~ 1)
HasblBaeTCs (MepBbiM) YaCTHBIM AUdhepeHLanom pyHkunmny =x,, X",
COOTBETCTBYHOLLUM MEPEMEHHOM X,.

(MepBbIit) YacTHbIN gndhepeHuman pyHKuMMy = Xx,, X*), COOTBET-

CTBYHOLLMIA MEPEMEHHOM X, UMEET BUA,

o X, XA Xy, XN
NX, X)) = W ) (nnn ciny(x,,xe) = ) nnm = <y*Cs)
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OnpegeneHve 2.4.

Cymma aByx (nepBbix) YacTHbIX AuddepeHLnanos HasbiBaeTcs (nep-
BbIM) nonHbIM AudcpepeHymanom (cumsonuka: dj{x,, x?), dy{x,, x,), dy)
hyHKUMn y =Y(X,, Xj) ABYX NEPEMEHHbIX X, U X,.

df{x,,x,) anx,.x,)
dM~x,)=—"dx, +~"~dx,.

Mo aHanorum gns QyHKUMU y=[AX,, ... ,X) N NEPEMEHHbIX NMEEM
cnegyroulee BbipaxkeHue a4ns (nepeoro) nonHoro gugepeHymana:

AAX,,...X55) AAX,,...,X,)
fiflx  y Y= - ——-dx, + .. m b dx,,

Mpumep 2.5. N8 QyHKUUK nveem
Ay(XHX” ,U'y{X,,X,)
iy(x,x,) = nm ily(x,,xj)=va(x,-%")i/x, +

V2(X'™")dX.,.
B Touke (& X*) = (4, 1) (nepBblii) NONHLIA AuddepeHLMan umeet

Ay (x*.x°)" Ay (X1xM)"

Bug ily(x/’x,”) = — —dx, + nnun ay(4,)==V4i/x,+i/x,.

7.3. OpHopoAHble hyHKLUMM

OnpepeneHrve 3.1.

dyHKumMAy =Y(X|, X,), onpegeneHHas npu x, >0, x* >0, Ha3blBaeTcs
OfiHOpoAHOV (yHKLMer CTENEHW p, ecnn ana nwboro ymucna i > Ou
No6bIX X, >0 1 X, >0 BbINONHAETCA PaBEHCTBO

Mrx, X,) = fAx,, X).

Ons pyHkumn = [OXp X n NepemMeHHbIX onpeaeneHne aHano-
rM4YHO

Na,, .., IX) = pJKX, .., X).

[na ogHOPOAHbIX PYHKLUNIA CTENEHN p (ABYX MEPEMEHHbIX) CnpaBea-
nvea hopmyna

8AX,,X,) 49x,,X,)

AN_NNN = MX,,X,).

AHanornyHas opmyna MMeeT MeCTO M A5 OfHOPOAHON (YHKLMM
CTEMEHW p N NEPEMEHHbIX

3/1X,,...X,, AJIX,,... X,

— K +- o+ — ai— "= MX,,...,X,).
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MpuBeaeHHbIe AN OAHOPOAHBLIX PYHKLMWIA CTENeHW p ABYX W n nepe-
MEHHbIX POPMY bl UMEIOT MECTO, ecn (NepBble) YaCTHbIE NPOU3BOAHbIE
CYLLECTBYIOT M HEMpepbIBHbI (3TW YCN0BUA A4/ MHOTMX NMPOU3BOLCTBEH-
HbIX (YHKLUNIA 1 PYHKLMM NONE3HOCTM BbIMOAHATCA). DTU opMy bl
Ha3blBatoTCs hopmynamu iinepa, U YTBEPXAeHMe 06 UX cnpasesnBoCTY
- Teopemoii diinepa. Popmynbl Jiinepa CyLLECTBEHHO UCMO/b3YHOTCS B
MWKPO3KOHOMWYECKOM aHaNn3e.

Mpumep 3.1. JINHeHaa PyHKLMA Bugay = ax™ + (oHa Ha3blBa-
eTcA NMHeHON hopmoid) ogHOPOAHA MepBOi cTeneHu, nbo af/x,) +

(/X 3) = [(AiF,X, + RNryars)

Mpumep 3.2. KBagpatnyHas dopma, T.e. PYHKUMS Buaay = aVX N+
2a,,X,X2+ 0AHOpPOAHA BTOPOWA CTeneHwn, noo a,,(a,)2 + 2 M) (tx~
+ 0,.(X,)2 = [, x2 + 2a,X,X, + a ,*).

7.4. DNeMeHTbl TEOPUN 3KCTPeMyMa

OnpegeneHve 4.1.

[ByMepHoIi 5-0KpPeCTHOCTbI0 TOUKM (XOX™) (cumBonnKa: u, (5 X®X))
Ha3bIBAeTCA MHOXECTBO ToUeK (XIX\®), MpuHagiexallux oTKpbITOMY Kpyry
pagmyca 5>0 ¢ LeHTpom B Touke (xOX®), T.e.

L (5.x,V9 {(~~21 <5y
(cMm. puc. 7.9). AHaNIOMMYHO,

L (5ar....a:) L%, X, 1) (XX, > = (X X, T<OM T

Ecnn npu gmkcmpoBaHHOM ymncne 6>0 Touka (X ,X3) e 1 2(5,X,"X2B),
TO rOBOPAT, YTO Touka (X, X2) 6nmska K Touke (X, , X'®). Ecnm Touka
(X,,X,) T n2(6,x®x/), TO roBopsT, 4YTo TOUYKa (X,,X3) Aaneka OT TOYKK
(%*x"). Ecnn Touka (X,“X2®) NpUHAANEXUT MHOXKECTBY M BMeCTe CO
CBOEli HEKOTOPOI 5-0KPeCTHOCTbIO 1 2(6,X,",X '), T.e. CO BCeMM CBOMMM
61M3KUMK TOUKamK (X,,X,), OHa (Touka (X,",X,”) Ha3bIBAETCS BHYTPEHHE
LN MHOXeCTBa M.

B cnyyae, Korja MHOXeCTBO J1/ecTb HEOTpULATENbHbIV OPTaHT Moc-
kocTn, T.e. JU={(X, X)X > O x* >0}, T0o ToukM (X,,X3) C KoopamHaTamu
X,>0, X">0 - 3T0 BHYTPEHHWE TOUKWN HEOTPULLATEIbHOIO OpTaHTa. TOUKU
(X,,X,) HEOTPMLATENBHOIO OpPTaHTa, Y KOTOPbIX XOTS 6bl 04HA KOOPAMHA-
Ta paBHa Hy/H0, ABAAIOTCA (haHUYHBLIMW TOYKAMU HEOTPULATENIbHOTO
OpTaHTa.

OnpegeneHue 4.2.

Touka (x,“, X") Ha3blBaeTCA TOUKOI NOKaNbHOr0 MakcUMyma (MUHM-
Myma) QYHKUMKIX,, X") ABYX NepeMeHHbIX X 1 X", ecnu AN Bcex Touek
(X,, X) n3 obnactv onpegeneHnsa QyHKUMK/ 6nm3kmx K Touke (X, X9,
cnpasefnuBo HepaBeHCcTBOMX,  x2")
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Camo yacTHoe 3HayeHune Ax “ Ha3bIBAETCA NOKANbHbIM MaKCUMY-
MOM (NIOKa/lbHbIM MUHUMYMOM) DYHKUMK y = X , X,).

Ecnm (X®, x°) - ToUKa /I0OKaNbHOro makcumyma (MMHUMYMa) (yHK-
umn y = %, x), To 0KONo ToukM (X,“, X® OX,®, X\®)) TpPeXMEPHOro
npocTpaHcTBa rpamk FChyHKUMM y= [ x X*) uMeeT BUf “Lanoykm”
(nepeBepHyTOl “Wwano4ykmn™) (cMm. puc. 7.10a u puc. 7.106).

OTMETUM, YTO BMECTO ABYX TEPMUHOB (MakcUMyma U MUHUMYMa)
MCMONb3YIOT OAMNH TEPMUH 3KCTPEMYM.
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OnpegeneHue 4.3.

Touka (x[a:,") Ha3blBaeTCca TOUKOM rno6anbHoro Makatuyma (rnobasnb-
HOro MUHUMYMa) DYHKLMU y=/Ix"X,) OBYX MEPEMEHHbIX X, U X €Cnu
Ana GreexTouek (X,,X,), AN KOTopbIX yHKUMALX ,X,) onpejeneHa, cnpa-
BEA/IMBO HepaBeHCTBOAX/AX,) <AxXN,X,)).

Camo yacTHoe 3HayeHnex/J x ~ Ha3blBaeTCA racbasibHbH MaKally-
MOM (rnoGanbHbIM MUHUMYMOM) PYHKLUMK Yy = [X,, XV).

Ecnn dyHKums Y(X,X)) BbiNyKna BHU3 1 UMEET NIOKa/bHbIA MWUHU-
MYM, TO OH ABNAeTCA rNo6asbHbIM MUHUMYMOM. Ecnn yHKUMAOXAXN)
BbIMYK/1a BBEPX WM UMEET NI0KaNIbHbI MakCUMyM, TO OH ABASAETCA [10-
6a/lbHbIM MaKCUMYMOM.

B skoHOMWYeCKoW Teopun GyHKUMS OX,, X,) 00bIYHO onpeaeneHa
npun X >0, x* >0 un oHa 6o BbiNyKna BeepX, NM60 BbINYyKNa BHWUS,
NO3TOMY €€ NI0KafbHbIA MakCUMyM (N10Ka/IbHbI MUHUMYM) ABASETCS
TakXke 1 rnobanbHbIM.

Heobxog:LL10e ycnosure IOKANIbHOr0 3KCTpeMyMa (hopmynupyeTcs chne-
AyoLWmm 06pasom.

MycTb QyHKuMa y = [x,, X) B Touke (x4 X,“) UMeEeT NOKanbHbIiA
aKcTpeMyM (Touka (X, X) - BHYTPeHHsAa ana 0'6nactu onpegeneHus
dyHKumumn y=A1X|,x,)), TOraa

T1lxb _ 2 A

'qxl px/\ N
(cywecTBoBaHMe (MeEPBbIX) YaCTHbIX MPOU3BOAHbIX B TOUKe (X, X/)
npegnonaraeTcs).

OnpepeneHne 4.4,
Touka (X,°, X®) Ha3blBaeTCsA KpuTuyeckoit ans QyHKUUM y =[1x,, X,),
€CN KOOPAMHATbLI X,“ 1 X\ 3TO TOUKN YA0BNETBOPAIOT CUCTEME YpaBHE-

5 XX 30x,.x,)

Mo3TOMy TOUKM NOKANbHOrO 3KCTpeMyma yHKuun y = x,, X,),
nexcallie BHYTpM eé 06nacTu onpefeneHuns, crefyeTt UCKaTb TOMLKO Cpe-
0N KPUTUYECKUX TOYEK 3TOW PYHKLUN.

Kputnueckas Touka He 0653aHa 6bITb TOYKOI (TOKaNbHOr0) 3KCTpe-
MyMa, KaK NOKasblBaeT crefyoLwuii npumMep.

Mpumep 4.1. AN QYHKLUN y=x --x " UMEEM o 2x, = O s =-2X2
= O, oTKyfa nony4aem Kputuyeckyto Touky (0,0) (50,0)=0). OgHako
Touka (O, 0) He ecTb HM TOYKA MakCMMyMa, HW MUHMMYMa, M60 Npw
(X,0) == X->0 npn (O, X)y = x*<0Q anpu (O 0)y= 0. Mpauk
(GhyHKUMM y = X- - X- HasblUaeTCs 'ceanosoii noBepxHocThio (CM. puC.
7.11, Ha KOTOPOM XOPOLLIO BUAHO, YTO OKOMO TpexmepHoit Toukn (O, Q
0) MOBEPXHOCTb CU/IbHO OTNIMYAETCA MO CBOEMY BMAY OT "LLAMOYKK" 1
NepeBepHyTON "anoyku™).
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OnpegeneHve 4.5.

BTOpoi 4acTHOW NPOU3BOAHON (YHKLNN y x") ABYX NepeMeH-
HbIX Ha3blBaeTcA (MepBasi) YacTHas NPOU3BOAHAsA OT (NMepBOi) YaCTHOI
NPON3BOHOIA.

Takum 06pa3oM MMeeM YeTbIpe BTOPbIX YAaCTHbIX NPOU3BOAHbLIX
LNAX, XN BNIXXT)
lIh X 9x m
Ecnu cmelaHHble BTOPbIe YaCTHbIE NPON3BOAHbLIE T " XX
HenpepbIBHbI, TO OHW 0043aTeNbHO paBHbl. B 0TANYME OT CMeLLaHHbIX
ONIX, %) ANIX,X,)

BTOpble YaCTHblIE MPOU3BOAHbIEe-----—- A .~ NPVHATO Ha3biBaTb
ax. AX

YUCT bIMW.

B cnyyae dyHkumn OX,, ... , X N NepPeMeHHbIX UMeeM WITYK

BN, X LX,,... %,
BTOPbIX YaCTHbIX NPOU3BOAHbIX:
o oxa
INIX...... %) %)
i £X,0%;,
,q/\nX,,..X,,) a'n” . X..)
n-1 n 'D'quxl?r\l
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Ecnu cMellaHHble BTOPble YaCTHble MPOW3BOAHblIE — 2 n

——- "2 1, —«) HenpepbIBHbI, TO OHW PaBHbI.

Mpumep 4.2. NMycTbh Y H KL M A € C T b KBagpaTuyHasa hopmar =x,"-

AX|X,+Xj-. 3pechb -00 <x<+00 (/=1,2). Torpa = 2%, - 4\ = 4AX +
2X,.
B, XA
axf X X, o "%
YR a(- 4x, +2x,)
M, 3, X 3, = -4
iy g (2%, - 4x,)
XN N A x* T A
’ Ic) (- 4x, + 2x,)
e x 3 = 2.

JocTaToyHoe ycnosue IOKabHOI0 3KCTpeMyMa hopMynnpyeTcs cne-
Aylowmm o6pasom.
MycTb YHKUMS y=][XX.N UMEET KPUTUYECKYIO TOUKY (X,“/M®) (T.e.

nycTb IKIE) ;) _ 0)
Y C O
N X2) XX

yn ——— >0 ——— >0
) MycTb o~ (nnm ) ),

r 1 . .
y AN =2 3N XA x") 3K

. sion - > O Torga (X,“x2) - Touka

NOKaNIbHOTO MUHUMYMa PYHKLNN y="BX\X.N.

20 NI x) o NIXT X
) MycTb —3—(2— < O (nm v < 0),
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¢ s O Torga (x4 X® - Touka

NOKaNbHOr0 MakCUMyMa OYHKLUU y =[x, X7).

dMKxlIxt  dMAxIxh'
ox1 ox1

(XK°X2) YhyHKUMM y=/Ix"x") NOKaNbHOIO U, CnefoBaTeNbHO, rnodasb-
HOro 3KCTPeMyMa HeT.

B npuBef&HHOM LOCTATOUYHOM YC/IOBMM NpeAnoiaraeTcs, 4To Touka
(X", x°) - BHYTpeHHAs ana obnactu onpegeneHns yHKLMm Ox x") un
4TO BTOPbIE YACTHbIE MPON3BOAHbIE PYHKL MK X X) onpefeneHbl B TOUKE
(x4 X) n BO BCeX BAM3KMX K Held TouKaxX (X"X\) W HenpepbiBHbI B
Touke "(x4 X"

Mpumep 4.3. TTpogomkum npumep 4.2. Nveem V- 2x, - = Q

3) MycTb s < O, Torga B TOUKe

,c'%%/ N OTKyZa NONy4yaeM efUHCTBEHHYIO KPUTUYECKYHO
Touky (0,0). 4na atoit Toukn (M NGO apyroi Toukm (XpX?N) nmeem
2
Yy xY

XL s = -12 < Q Te. BTOUKe (0,0) nokanbHoro u

rno6ansHOro aKCTpeMyma Her.

3agava 4.1. WccnenosaTb Ha 3KCTPEMYM CrefyroLlyto KBaapaTuy-
HYH0 DYHKLMIO ABYX NEPEMEHHBIX; Y = X [ 2X,X3+2X [} X |- 2X2. DTy 3a7auy
npeaaraeTcs PeLnTb CaMOCTOSTE/LHO.

OnpegeneHns NOKanbHOro 1 rnobasbHOro aKCTpeMyMa U Heo6X0AN-
MOe YC/IOBME NOKA/IbHOFO 3KCTPeMyMa (PYHKUWUW y = o >Xjn
MepeMeHHbIX X,, ... , X, MOBTOPSOTCA NOYTU AOCNOBHO. B yacTHOCTH,
Heo6X04MMOe YC/OBME NOKaNbHOTO 3KCTpPeMyMa WMEET BUA

X\ . T = 0. OpHako 0606LLeHMe LOCTATOUYHOIO

YCI0BUA NOKANbHOI0 3KCTPEMYMa A1 ciiyyas PYHKLUMU n NepeMeHHbIX
ABMIAETCSA C/IOXKHbIM 1 MO3TOMY 3/eCb HE NPUBOAUTCS, & PEKOMEHAYeTCA
NWWb ANS AONONMHUTENbHOro YteHnsa (cMm. WHTpunauratop. M., ¢ 71-
74).

B 3akntoueHue 3TOro pasgena OTMETUM, YTO 60/1ee TOUYHbIMU ABNSA-
HOTCA TEPMUHbI; Ge3yCNOBHbIV NTOKIAbHBLW MaKCUMYM (MUHUMYM), TOUKA
6e3yCcnI0BHOIo /IOKaNbHOro Makcumyma (MUHUMYMa), Ge3yCnoBHbI N10-
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6aNbHbIA MaKCUMyM (MUHUMYM), TOUKa 6e3ycnoBHoro rnobanbHOro Mak-
cuMyma (MMHMMYMa). BMecTo TepMUHa 6e3ycnoBHbIA MCMOMb3YETCA Me-
Hee yaayHblii (HO 10CTaTOYHO BblPa3NTENbHbIA) TEPMUH abCOMOT HbIiA.

Mpumep 4.4. Mpubbinb PK{x,x" BbIYUCNAETCS MO cnedytouleii dop-
Myne PR{X™NXNpd{X,.X.,)-px-p. A%, raedx,, M) - Npon3BoACTBEHHASA (Y H-
KUMS (OUPMbl, p™ - PbIHOYHAS LieHa NPOAYKLWW, BbINYCKaEMOMR (hMpMOii,
p,1 p~- COOTBETCTBEHHO PbIHOYHbIE LIEHbI MEPBOro M BTOPOro PECypcoB
(thakTOPOB NPOM3BOACTBA). BhiparkeHne pMx,,x™) Ha3bIBAETCH BbIPYUKOW
hUpMBbl, p,X,+p~" ~U3LepPXKKaMKU NPoOn3BOACTBa (IMPMBbI, €CNW ANA Bbl-
nycka nNpofyKuuu pupma 3atpaymBaeT MepBbIi M BTOPOI pecypchbl B
KOMIMYEeCTBax x, U X*efuHuL,. 3afaya cTaBuTcA Tak. Onpegenutb KOM6u-
Hauuwo (xAx"“) pecypcoB, Npu KOTOPOI hpma MoslyumT HanbobLUYHO
npu6biIb. NS pewweHns 3Tol 3agaqn cnegyert HaiTu KpUTUYecKne Tou-
K QYyHKLMM PP(X,,X,), T.€. CeAyeT peLnTb CUCTEMY YPaBHEHWI

APH(X,,x™) _  odx,xV) _ OPK(X,,X™) _  a4n:,,~n)
an; ] 3;c, " ’ |.|.||l ’ p)(A

MocKonbKy NPON3BOACTBEHHAA PYHKLMA y=/1X,,x") 061ajaeT psagom
cneundunyecKux ycnoBnuii (B YacTHOCTU, eCnu ee rpadink HamoMuHaeT
ropKy - CM. pasfen 1), NoCTONbKY 4acTo KpuTudeckas Touka (x4 Xx¥)
ABNAETCA eJMHCTBEHHON 1 0653aTe/IbHO TOUKOI (rn06anbHOro) Makcu-
Myma NpubbInn y = PA{x,, x").



[naBa 7. ®YHKUUM HECKO/IbKUX MEPEeMEHHbIX Y UX 3KCT PEMYMbI 119

Bonpockbl K rnaese 7

UT0 HasbIBaeTca pamKoM (hyHKLUMU ABYX NepeMeHHbIX? Mpuseau-
Te npuMmepbl (He MeHee ABYX) PaurKoB.

Cdhopmynunpyiite onpeaeneHme MHOXeCTBa (MMHUKN) YPOBHA YHK-
UMM BYX MEpeMeHHbIX. MOXEeT M MHOXECTBO YPOBHA (DyHKLMK
[BYX NepeMeHHbIX He ObITb MNHKER? Ecnn MOXeT, npuBeauTe npu-
Mepbl. MOryT iu MHOXeCTBA (IMHUM) ABYX Pa3/INYHbIX YPOBHE UMETb
06Lme Toukn? JainTe 060CHOBaHME OTBETA.

Kak B TepMUHAaxX IMHWIA YPOBHA ONMCaTb MOABEM TypuCTa Ha ropy
(xonwm)?

B uem oTnnune (nepBsoit) YacTHOW MPOM3BOAHON OT (NepBoOil) NPoun3-
BOAHOIA?

OnuWwnTe B3aMMOCBA3b MEXAY rpagvMeHTOM (YHKLUKU ABYX nepe-
MEHHBIX 1 ee IMHNEN YPOBHS.

MpuBegnTe POpPMyNy NPOM3BOAHOIN HEABHOM (YHKL MK,
Chopmynupyiite onpegeneHune (Mepeoro) NoaHOro auddepeHunana.
ChopmynupyiiTe onpeaeneHne o4HOPOAHON YHKLMMN CTEMEHN p.

B uem cyTb Teopembl Jiinepa?

10, CchopmynupyiiTe onpegeneHune N0KanbHOro 1 rno6anbHOro aKCTpe-

MyMa YHKLMMN ABYX U N NepeMeHHbIX. MOXeT M rno6anbHblii K-
CTPEMYM He ObITb IOKaNbHbIM?



'JTIABA 8

ONTUMNSAUMNOHHbBIE 3A0AYN
C OTPAHVNYEHWAMMU

8.1. 3ajauun Ha YCNOBHbIA 3KCTPEMYM

B Teopun 6e3ycnoBHOrO I0KaNbHOro 3KCTPEMYMa CPABHUBAKOT YaCT-
Hoe3HavYeHUWEeDYHKL MKy =y(X,X2) BTOoUKe (X “XN) C YaCTHbI-
MU 3HaveHmnsaMmM [1X],X2) 3Toi PYHKLMK BO BCeX TOUKax (XpXN), 61M3KNXK
Touke (X“X® (cm. rnasy 7, pasgen 7.4). ApyruMmu cnosamu, B TEOPUN
NOKanbHOro 6e3ycrioBHOr0 3KCTpeMyMa Ha He3aBUCHUMble NepeMeHHble
X 1 XM He HaKNagblBatTCA HUKAKUE AOMONHUTENbHbIE YCI0BUSA, T.8. He
TpebyeTcs, YTOObLI NepemMeHHble X, U X" y0BeTBOPSIN HEKOTOPbIM fo-
MNONMHUTENbHbLIM OrpaHN4YeHnAM.

PaccMoTpum Tenepb Apyryto 3agavy.

HaiT nokanbHblii MakcMMyM (MK NOKanbHbIA MUHUMYM) PYHK-
unn y =Y(X|,X2) npu ycnosuu, 4to He3aBUCUMbIE MEPEMEHHble X, 1 X}
YAO0BNETBOPAIOT orpaHuyeHuio g{x,,x) = OB BUJe paBeHCTBa, T.e.

IXpX™) N max (1x,,x™)  min) ()
npu ycnosuu
g(X|.x,) = 0. (2)

3agava (1), (2) Ha3bIBaeTCA 3afayei Ha 3;CIOBHbIMIOKANIbHbIA MaKCU-
MyM (MUHUMYM). TEPMUH yCNOBHbI 3[eCb NOSBNASETCA B CBA3U C TEM,
YTO He3aBMCKMble NMepPeMEHHbIe X, U Xj YA0BNETBOPAOT ycsAoBbl/o (0tha-
HUYeHUto) (2). BMecTo ABYX TEPMUHOB (MaKCUMyM U MUHUMYM) MC-
nonb3yeTcs 0606LEeHHbI TEPMUH akcTpemyM. B 3agaue (1), (2) Ha yc-
NOBHbIA 3KCTPEMYM (YHKUMIOY (X,,X,) NPUHATO Ha3blBaTb Lienesoii, MO0
ee Makcummsaums (MM MUHUMK3ALMA) YacTo ecTb (DOpManbHOe Bblpa-
YKeHMe KaKoi-To uenv (Hanpumep, MakCUMMU3aLny o6bema NPON3BOACT-
Ba NPV (PMKCUPOBAHHbIX 3aTpaTax). ®YHKLUMIO g Ha3blBAT PYHKLMEN,
3a4aloLLeil orpaHuYeHne, U GyHKLUMENR CBA3N.

YpaBHeHWe (2) eCTb YpaBHEHME Hynesoii NMH T (TOYHEe MHOXECTBA)
YPOBHA GyHKLMK N(XpX]j), nbo g(x,, X2)=T, rge 7=0. Mo3Tomy 3aga4vy Ha
YCNOBHbI/ NOKaNbHbI MakCUMyM (MUHUMYM) MOXHO eLle Chopmynun-
poBaTb TaK: CPeAn TOYEK HYNEBOIW NMMHUW YPOBHS PYHKLMK ji=g(X,,X,)
HaiiTn Touky ({®X"), B KOTOpPOW YacTHOe 3HaveHuedxAX") PyHKLMK
>'=[1x,,X,) 60nble (UM MeHbLUE) ee YacTHbIX 3HauyeHmnin OX|,X2) B oc-
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TaNbHbIX TOUYKax (X 3TOl NMNHUK, 6AU3KMX K TOYKE (c™. puc.
8.1). Touka (x[X3") Ha3blBaeTCA TOYKOI YCNOBHOIO I0KA/IbHOrO MaKCK-
Myma (MUHUMyMma) yHKLUMK X, ), caMo YacTHoe 3HavyeHue AxAxN) -
YCNOBHbIM NI0Ka/IbHbIM MaKCUMYMOM (MUHUMYMOM) DYHKL UK AXMXN) npu

Hanmuum OaHnyeHus ;(x,,x2)=0.

Puc. 8.1

MponnnicTpupyem 3agady Ha YCNOBHbI MAKCUMYM B TPEXMEPHOM
npocTpaHcTBe (CM. puc. 8.2).

(x?"\N1a?.n8))

Puc. 8.2

Touka (* X2 - TouKa abCONOTHOIO NI0KASIbHOr0 MakCMMyMa PYHK-
Uy OXpX"), nbo Touka (XOX *X*X2%) - nokanoHas (T.e. MecTHas)
“MakyLuka” rpagmka /aToi pyHKumMnAx,,x2). Touka (X®, xX*) - Touka
YC/MIOBHOIO NIOKaNbHOro MakcMMyMa QyHKunm OAx x"), n6o touka (x[,
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X", - camas BbICOKas TOYKa “TPONUHKN L, KOTOpasa Npoxoant
yepes “nepeBan” hapunka 7" Ha puc. 8.2 4eTKO BMAHO, YTO TOuKa
"MaKyLLKOW" He ABNSeTCS, T.e. TOUKA YCJ/IOBHOTO

NOKaNbHOro MakCMMyMa MOXET He ObITb TouKOi 6€e3yCc/I0BHOr0 N10Kab-
HOro makcmmyma. Jinums ~(x,,xj)=0 ecTb Nnpoekumsa “TPONUHKN” L Ha
KOOPAMHATHYO NI0CKOCTb

OTMETUM, YTO eCnn U3BECTEH haPuK /DYHKUNN [BYX ne-
peMeHHbIX X 1 Xj, TO, A48 Ha Hero, MOXHO cpasy NMOHATb, eCTb N
TOYKM abCOMOTHOIO M YCNIOBHOIO NOKANIbHOM0 3KC(heMyMa UanN Kakue-
TO M3 HUX (@, BO3MOXXHO, BCE) OTCYTCTBY!IOT.

B cnyuyae, ecnun rpagmka /. HET, TOYKM abCONHOTHOrO NIOKaNbHOr0O
3KCemyMa OTbICKMBAKOTCS C NOMOLLbIO (hOpMasibHOro aHanmnsa yHkK-
unm y =/X|,Xj), KoTopblii 6bln ONUcaH B rnase 7.

CyuiectByeT hOpManbHbIA METOA OTbICKAHMS TOYEK YCI0BHOIO /10-
KanbHOro aKCTPeMyMma, 41 UCMOoNb30BaHUSA KOTOPOro Takxe He (heby-
eTca 3HaHuA Paduka /PyHKUUKM y = X, x.” U Ppaduka ypaBHeHUA
g(X{,X2)=0. O10T MeTo4 (OH Ha3blBaeTCA MeToAOM JlathaHKa) Nogpo6HO
onucaH B CnefytoLlem pasgene 2.

Ecnn 3HaveHne AxAx/) dpyHKumMnAXx,, X2) 60nblle (MeHbLIE) 3HauYe-
HUIA 1X,,X2) 3TO DYHKLUM BO BCEX TOUKAX (X,,X2) NMHUM g(X,,Xx2)=0, TO
3HayveHune Ax X ") Ha3blBaeTCs YCN0BHbIM rno6asbHbIM MakKCUMyMOM (MU-
HUMYMOM) thyHKLMKM AX|,X]) npu Hanuuum odaHnveHuns g(x,,x2)=0, a
Touka (X|“.X”) - TOYKOI YCNOBHOTO rno6anbHoro Makcumyma (MUHUMY-
Ma) PyHKUAnAXpX,).

TouKa yCnoBHOro rnobasbHOro Makcumyma (MUHUMYMa) PYHKL MK
[x X]) aBnseTca TOUKO YCNOBHOIO /10/CONLHOr0 MakCMMyma (MUHUMY-
Ma) aTol pyHKuun. ObpaTHoe, BOOOLLEe roBops, HeBepHO. Ha puc. 8.2
Touka (xx,®) ABNsAeTCA TOYKOM He TO/bKO NOKa/IbHOr0, HO U rnobanb-
HOro YC/IOBHOI0 Makcumyma yHKumn 1X,,X2) npy Hanuumm oaHmye-
HMA g(x,,x2) = 0.

B cnyyae pyHkumMmnix,, ...,X,) N HE3aBUCUMbIX MEPEMEHHbIX X, ..., X_
3afjaya Ha YC/TIOBHbI MakCUMyM (MUHUMYM) hOpMYIMpYeTCs Tak:
ax,, ..., X) max (4x,, X ) -> min) (3)
npy yCnoBmsx
g,(%,, ., X) =0
..................... _ @
rx, ..,X)=0

(06bIYHO T<N).

Ecnn yacTHoe 3HayeHne AX,®,..., X “) cpaBHMBAKOTCA CO 3HAYEHUAMM
Ox,, ..., xj BTo4ykax (X,,..., Xj, YAOBNETBOPSAOWMX YpaBHEHUAM (4) 1
6113KMx K ToUke (X[ ..., X “), TO MMeeM 3afa4vy Ha YCNOBHbIN NoKanbHbI
3KCTPEMYM (MaKCUMYM WM MUHUMYM) DyHKUUK OX,, ..., X ).

Ecnu 3HaueHue OX,“ ..., X ) cpaBHMBAETCHA C 3HAYEHUAMU BO BCEX
Toukax (X, ..., X), Y40BNETBOPSIOLLMX YPaBHEHUAM (4), TO UMeeM 3aja-
4y Ha YCNOBHbIA rnoGanbHblii 3KCTPEMYyM (MakKCUMYM WU MUHUMYM)

dhyHkymn Oax,, ..., X).
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Teopus YCNOBHOIO 3KCTPeMyMa aKTUBHO UCMOMb3YeTCA B MUKPO- U
MaKpO3KOHOMMUYECKON Teopuun. B 3afayax 310N Teopuu 0ObIYHO NO-
Ka/lbHbI/i YCNOBHbI 3KCTPEMYM SABMISIETCA TAKXKE W rN06anbHbIM YCN0B-
HbIM 3KCTPeMyMOM. Pa3bepeM KOHKpeTHbI npumMep.

Mpumep 1.1. HailTn akcTpemyM yHKL MK

y = + o (5)
npu ycnosum, 4To
o+ - 1= o, (6)

T.e. PEWNTb 3afa4y Ha YCNOBHbIN 3KCTPEMYM.

PeweHne npumepa 1.1. OTMETUM MNpexkae BCEro, YTO IKCTPEMYM
(akcTpemMyMbl) PYHKLUK (5) OTICKMBAIOTCA He Ha BCE MIOCKOCTN O
(kaK 370 6bINI0 B rNaBe 7), a TONIbKO Ha NpsMoit (6).

EcTecTBEHHbIM ABASAETCA CeayHLLMiA crnocob pelleHns 3agaum (5),(6)
Ha YCNOBHbIN 3KCTpeMYM. BbIpa3uTb U3 ypaBHEHUS (6) NepeMeHHYH0
yepes NepemeHHYI0 X, U NOACTaBUTL MONYYEHHOE BblpaXeHne = 1-X,
B yHKumto (5). Torga 3agaya (5),(6) Ha YCOBHBbIA 3KCTPEMYM (hYHK-
unn (5) aByx NepemMeHHbIX CBEAETCS K 3afave Ha 6e3yCnoBHbIA 3KCTpe-
MyM yHKLMKM V= 2X" - 2X, + 1 ofHO MNEPEMEHHON X,.

[nsa peweHns 3afaum Ha 6e3yCNOBHbIV 3KCTPEMYM HalAeM MepByto
NPON3BOAHYH ¥Y=4X]|-2 (hYHKUMNMN y=2Xx"-2XN+\ 1 NpUpaBHAEM MepBYyLO
NPOU3BOAHYI0 K HyMO: 4X,-2=0, OTKyfa nofiyyum, 4to X,“=¥Y2. lpu
nepexofe (cnesa HanpaB0) MepeMeHHON X, Yepes TOUKY X,“nepBas npo-
n3BoAHas / MeHsieT 3HaK C MMHYCca Ha MaC, NO3TOMY KpUTUYecKas
TOUYKa X®eCTb TOUKA TOKA/IbHOT0 MUHUMYMa DYHKLUNN >»=2X 122X 1+ 1.
O4eBUAHO, 3TOT NOKa/bHbIA MUHUMYM Y =2(X °)-2X,°+1=Y2 ABnseTCA
Takxe rnobanbHbiM (CM. Ha puc. 8.3 nuHuio A, KoTopas ecTb hapuk
DYyHKUNN >'=2X]2-2X,+1). Apyrux NoKaibHbIX U r106abHbIX 3KCTPEMY-
MOB (DYHKLMS y=2X ~-2x +1 He UMeeT, b0 He CyLLecTBYeT TOYeK, OT-
NIMYHBIX OT TOUKK X[1 B KOTOPbIX Obl MPOM3BOAHAA y=4x"-2 obpaLyanachb
B HY/Ib.
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M3 nonyyeHHOro cnegyet, yuTto (x,”x"°)=(¥r,¥2) - TOUKa YC/NOBHOI0
rno6asbHOro MMHUMYMa PyHKL MK (5), cam YCNOBHbLIA MUHUMYM paBeH
A= (X)L X°Y=Y 2.

Ha puc. 8.4 naHa reomeTpuyeckas UNMKOCTPaLUS peLleHmns 3ajaum
(5),(6). Ha nnHUM b, N0 KOTOPOI1 NepeceKalTcs BEPTUKaAbHas Moc-
KocTb 6 1 rpadimk 7 yHkuun (5), caMoil HU3KOIN TOUKOI ABNsAETCH
TOYKa PA(x°,x",)P)—{¥2,¥2,¥r). Ha NOBEPXHOCTM CamOil HU3KOiA ABNS-
eTca Touka O= (0,0,0). Takum 06pasom, Ha puc. 4 BUAHO, YTO YCNOB-
HbIA rNo6anbHbIA MUHUMYM hyHKUMK (5), KOTOPbIA paBeH Y He coBna-
[laeT ¢ ee abcoNMOTHLIM (6€3yCI0BHbIM) MUHUMYMOM, PaBHbIM HyM0. Ha
puc. 4 TaKXXe XOPOLLO BUAHO, YTO HU HA MHUW |, HW Ha haduke MHeT
CaMbIX BbICOKMX TOYEK, T.e. PYHKUMS (5) He MMEET YCNOBHOIO rnobanb-
HOro Makcmmyma v abContoTHOro rnodanbHOro Makcumyma.

PeweHune npumepa 1.1 nofckasbiBaeT crefytoLW il eCTECTBEHHbIN Ha
nepBbliA B3rnag cnocob peweHuns 3agaun (1),(2). C nomoulbo ypaBHe-
HUS (2) cHayvana BblpasuTb NEPEMEHHYIO I Uepe3 NePeMEHHYIO X, (MK
NepeMeHHYH0 X, Yepe3 NepeMeHHyo x). 3aTeM NoayyYeHHOe BblpaXKeHue

= k{x,) NOACTaBUTb B byHKUMIO (1), KOTOpas Mocne 3TOro cTaHeT
GyHKUMeRnY (X,,/1(nd)) 0agHON NEPEMEHHOW X,, 1 3TY YHKLNKO Uccneao-
BaTb Ha (6e3yCNOBHbIN) 3KCTpeMYM. 3 OTCYTCTBUA TOUKU (TOYEK) 3K-
chemyma y pyHkunm x, /1(x,)) cnegyeT oTCyTCTBME TOUKN (TOYEK) YyC-
NOBHOTO aKcTpemyma y gpyHkumm (1). Ecnm x,* - Touka aKcTpemyma
OyHKUMn y = Y(x,, J1(X,)), T0 Touka (x® X® = (X® JI(x®)) - Touka
YC/IOBHOI0 3KCTpeMyMa (yHKL MK (1) NpU HanMumm orpaHuyeHus (2).

O[fHaKo, K COXaneHuto, BbIpasnTb aHaIMTUYECKN NEpPeMEHHY0 X°
uepes MePeMeHHY0 X (MM NEePEMEHHYIO X, Yepe3 NepeMeHHYIo X 4acTo
ObIBAET C/MIOXKHO, @ TO U HEBO3MOXHO. 10 3TOl MPUYMHE TONBLKO YTO
onucaHHas NpocTas nies CBeAeHWs 3afadn Ha YCNOBHbIA 3KCTPEMYM
ana pyHKuuy (1) gByx NepeMeHHbIX K 3afade Ha 6e3yCNOBHbIN 3KCTpe-
MyMm ana yHkuuu 4x,, JI(X])) ogHoit nepemMeHHOl He MOXeT 6bITb 1C-
MoJib30BaHa B Ka4eCTBE OCHOBbI YHUBEPCA/IbHOTO MeTO/a peLleHmns 3aja-
4m (1),(2) Ha yCNOBHbLIA 3KCTPEMYM.

B koHue Beka JlahaH>X NpeanoxXunn oCTPOYMHbIA MeTof pe-
lweHns 3agaun (1), (2) Ha yCNOBHbIV 3KC(hEMYM, B KOTOPOM He crnefyeT
npuberaTb K paspeLleHnto ypaBHeHNA (2) OTHOCMTENbHO OAHON nepe-
MEHHOI Npu QUKCMPOBaHHO ApYyroit MepeMeHHOR. B 3ToM MeToae uncno
He3aBUCKMbIX MEPEMEHHbIX He COKpallaeTcs, a, Ha0bopoT, pacTeT.

MeTog MMacdhaH>ka NO3BONSET pewwaTb He TONbKO 3agaun suga (1),(2),
HO 60nee o6uine 3agaum sunga (3),(4).

MeTog JlahaHxa onucaH B cieaytoLwem pasgene.
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8.2. MeTog JlarpaHXa peLueHus 3ajavm Ha YC/0BHbIN
3KCTPEMYM

CyTb mMeToga SlahaH)ka COCTOUT B MOCTPOEHUU (YHKLNK
=AXMxN) + Ag(X,, X2 )

Tpex nepeMeHHbIX X, X2A (Ha3blBaeMOi thyHKL e MlarpaH>ka) U, Py-
60 rosopsl, B ceeaeHnmn 3aaaun (1),(2) Ha YCNOBHbIA 3KCTPEMYM B Cly4ae
[BYX HE3aBUCUMbIX NEPeMEHHbIX K 3afia4e Ha abCoMOTHbLIA 3KCTPeMyM
hyHKumn (X, X,A) hex He3aBUCUMbIX NMePEMEHHBIXX,, X\, X. Huxe aTa
naes o CBefleHUN YTOUHSETCS.

dyHKUMA NladaHxka Lixx™X) npeacTaBnseT coboi Cymmy Lenesoii
thyHKUMKM (1) U yHKUMK orpaHnyeHmns (2), YMHOXEHHOI Ha HOBYHO He3a-
BMCUMYIO NepeMeHHY0 X (Ha3blBaeMyo MHOXKUTeneM flarpaH>ka), BXO-
JALWYI0 0693aTelbHO B NEPBOI CTENEHN.

Heobxogumoe ycnoBue N0KasabHOI0 YCNOBHOI0 3KCTPEMyMa (PYHK-
unn (1) npu Hanuumm OdaHnyveHuns (2) B aHanMTUYecKoi hopme UMeeT
BUA,

Fyc/710 hyHKUMMY (X|,X2), g(x,x) HeNpepbIBHbI 1 UMEIOT HEMpPepbIB-
Hble YaCTHbIE MPOU3BOLHbIE NEPBOro NOPAAKA MO MEPEMEHHBIM X, U XY,
nycTb (x°,X°) - TOYKa YC/IOBHOIO NOKA/bHOI0 3KCTPeMyMa (hYHKL MM
(1) npy Hanmuum OdaHndeHmnsa (2) n nycTb grad (X Xj®) ¢ 0.

Torga CyLLeCTBYeT eAMHCTBEHHOE YNCNO X TaKoe, YTOo (TpexmepHas)
Touka (X"xj“\“) y10BNETBOPSET CNEAYIOLLEN CNCTEME TPEX ypPaBHEHWNIA

94x,,ac2,X) N (ICPX|.X) 9L(Jc,,X],X)
- . on

C TPEMS HEU3BECTHbIMU X,, X, X (OTMETUM, 4TO BCerga----- i\— =
0

Opyrumun cnosamu, ecnu (4BymepHas) Touka (XAx") ecTb TOUKa N0-
KanbHOr0 YCNOBHOMO 3KCTpeMyma QyHKLMK (1) Npy Hanuumm oaHu-
YyeHus (2), To (TpexmepHas) TouKa XMxAX%) - KpUTuYeckas TouKa (hyH-
Kumnmn Nadgarxa. OTclofa cnefyet, 4To 415 HAXO0XAEHUS ToYeK (YCnoB-
HOr0) NOKaNbHOr0 aKCTpeMyMma pyHKuUMK (1) Npu HaNU4UK orpaHnye-
HUA (2) cnegyeT MpeXxae BCEro HalTU KPUTUYECKUE TOUKM (hYHKLMK
NarpaHxa, T.e. HailTW BCe PeLEHUs CUCTeMbl ypaBHeHuWi (8). danee
KPUTUYECKME TOUKM DyHKLMK JlathaHXKa cneayeT “yKopoTuTh”, yaanme
N3 HUX NOCNefHNe KOOPAMHATBI X. 3aTeM KaXXAYH0 “YKOPOUEHHYH” Kpu-
TUYECKYIO TOUKY HEOBXOLMMO NPoaHaIM3NPOBaTh Ha NPeaMeT, ABNSeTCS
NN OHa B JeCTBUTENILHOCTM TOUKOW (YCNIOBHOrO) OKa/bHOTO 3KCTpe-
MyMa (OYHKUMK (1) Npy Hanuumum opaHnyeHus (2) uam He aBaseTcs.



126 MaTemaTunyeckme MeTOobl 419 3KOHOMUCTOB

JocTaTouHoe ycnoBue N0KanbHOr0 YC/IOBHOMO 3KCTpeMyMa (DyHKL MK
(1) npn Hanmuum ohaHn4veHns (2) 3gechb He NnpuBoanTCA. Mpu aHannse
“YKOPOYEHHOI” KPUTMYECKOW TOUYKN 0ObIYHO UCMOMb3YIOT HarNsiAHbIE
reoMeuryeckmne nnm coaepkatenbHble (3KOHOMUYECKME) COOBPAXKEHMS.

OTMeTWM, YTO B HEKOTOPbIX 3afja4yax Ha YCMOBHbIA 3KCTPEMYM, KO-
TOpble NOSABMSOTCSA B 3KOHOMMWYECKOW TEOPUU, 0ObIYHO “YKOpPOYEHHasA”
KpUTUYeCcKaa TouKa PyHKUUKM SladhaHxa ABNSETCA HA caMOM fefie Tou-
KOl YCNOBHOIO N10KanbHOro (B AeCTBUTENILHOCTM U IN06anbHOro0) aK-
cTpeMyma PyHKUMK (1) Npy Hannunm ogaHuveHns (2).

Mpumep 1.1. (npogon>keHue). Pewwnm 3agauy (5),(6) Ha YyCNOBHbIiA
3KcTpemyM meTodom JlathaHxka. Vimeem
+72-1),
OTKyAa
No=21, +X=0 + X =0. =n, + -1=0. (9
e X2
3 nepBbIX ABYX YPaBHEHWUI BbITEKAET, UTO -2x» = A= - X7, T.e. X,
=  OTKyfa, UCnosib3ys TPeTbe YpaBHEHWE, NONYYaeM, YTO XBXREY2.
Taknum 06pa3om, cucTeMa ypaBHeHMiA (9) MMeeT eIMHCTBEHHOE peLle-
Hue, T.e. AaeT eAUHCTBEHHYIO KPUTUUECKYHO TOUKY (PYHKLMK JTathaHXkKa
(2,2,-1) (AB—2X|"=-2 Y2=-1). “YKOpOYeHHas” KpUTUYeckas TouKa
(X ®X®)=(¥T,¥2) ecTb TOUKa YCNOBHOI0 N0KanbHOro (Takxe rnobanbHo-
ro) MuHumMymMa yHkumum (5) npyu Hannumm oaHnyeHns (6), 6o Hemno-
CpeacTBEHHO NPoBepsieTCs, YTO Npu (X,,X2) (XOX®) 1 yA0BNETBOPAIOLLEN
ypaBHeHUIO (6) cnpaBeAiMBO HepaBeHCTBOAX,, X2)>IX®XR)=Y2.
17=0..... AN=0."=0... A = 0. (10)
ax, ax,, ax, K,y
B Cnyyvae obuieit 3agaum (3),(4) Ha YCNOBHbIA 3KCTPEMYM PYHKLMS
NarpaHxa nmeet Bug OX,, ..., X, X, ..., X) =M1X,, ..., X ) + X (X, ...,
xNH .+ XgNN, ..., xJ, a cuctema (8) nepenuchbiBaeTcs B BUAe
CUCTEMbI /7 + /M YPABHEHWUI ¢ M + T HEU3BECTHBLIMU X ,,..., X , X.,..., XA
Kputudeckas (n + /4)-mepHas Touka (X,®,..., x°, X®...., X®) QPyHK-
umm NagaHxa nocne onepaumm “ykopadnsaHus” npuobpetaet Bug X®
vy X®) A-MEPHO TOYKMN.
Bo3BpaLlaemcsa K cnyvato AByx nepemMeHHbIX X, U X* Heobxognmoe
ycnosue (B BUAE CUCTEMbI YPaBHEHWIA (8)) NOKaNbHOIO YCNOBHOIMO 3K-
CTpemMyma rnepenuLlem B pa3BepHyTOM Bue:

an(x,, x4, x) apx..Mar(ace,. xn)

3aX,,X2.X) _agx,x")  a™x1xn
ICP(A ,UXA axl\
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x =g(X,,"j)=0. (11.3)

Mockonbky grad /(x,,Xj) = X , grad g{x,x») =

.

99(x,.xj) - ag(x.Jq)
X %
KOMMNaKTHOI BEKTOPHOW thopme

, YypaBHeHus (11.1) n (11.2) MOXHO NpPeACTaBUTL B

grady(JC.,A:,)) + Xgradg(x,,x,) = 0. (12)
Lns KpUTUYECKOI TOUKM (X, XN,'K®) DYHKLUK JladhaHKa MMeeM
grad/ix,"x/) + X«grad(x,"V) = Q, (13)

T.. B “YKOPOUYEHHOW” KpuTUyeckoi Touke (XOX'®) hyHKumm Jlar-
paHxa

grad/(x,“X2) = - Agrad(x,«,x/), (14)

4TO 3KBMBAIEHTHO TOMY, YTO B TOUKE (X, X”) NTMHUKN YPOBHEN XOX\®)
n OyHKUMIAOX., ) n(XpX") COOTBETCTBEHHO KacatoTcs (HaMOMHUM,
yto grad(X|®x/><)).

Tenepb nNpuBefeM Heo6X0AUMOE YCNO0BUE IOKASbHOMO YC/IOBHOMO
3KCTpeMyMa (yHKLMY (1) NpU HaNU4UK ohaHU4veHunsa (2) B reomeTpu-
YecKoli hopme.

MycTb QYHKLUN/XPX?), e{x,,x”) HEMPEPbLIBHbI U UMEIOT HENPEPbIB-
Hble YaCTHble NPON3BOLHbIE MEPBOr0 MNOPSAAKA N0 NEPEMEHHBIM X, U X,
nycTb (X“X® - TouKa YCNOBHOI0 I0OKaNLHOr0 3KCTPeMyMa (hYHKL MM
(1) npn Hannuum OdaHnyveHuns (2) n nycTb

gradj[x°,x°) ®Q grad g(x,\x°) ¢0.

Torga rpagueHTbl grad X" x"®) v grad ¢, (x4 X/), BbIXOAsALME U3 TOY-
KN (X®XXB), 0653aTe/IbHO PacnoioXKeHbl Ha OAHOM NPSMOIA, YTO SKBUBA-
NEHTHO TOMY, YTO NMHWUK ypoBHelt PYHKLMIA [1X,,X2) U ™X,,X]), codepka-
wme Touky (xOx®), kacaloTcs B 3TON ToUke (CM. puc.8.5).

Touka (4&X®) Ha puc. 8.5 - TOUKa YCNOBHOIO /IOKa/IbHOr0 Makcumy-
Ma, YTO 0YEBMAHO Ha OCHOBAHUWN HArns4HbIX reOMeTpMYeckmx coobpa-
YKEHUW, nbo T,<TU<T2 (grady(X|®,X2®) yKa3blBaeT HanpasieHne Hanbbic-
Tpeliwero Bo3pacTaHua (GYHKUMM B Touke (XOx"®)), mo3aTomy
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LX,*Xa®)=T>T,=[X,,X2), €CM TOUKaA (X,") NPpUHALNEXMNT HYNEBOMY MHO-
YKeCTBY YPOBHA hyHKUMUK giXjjX]) n He coBnagaeT ¢ Toukoi (xOx\®). B
cnyvae, npeAcTaBfeHHOM Ha puc.5, nmeem A®2 Puc. 8.5 61130K K
CUTyaumn, TUNUYHOW AN SKOHOMUYECKOl Teopun: hagmeHT grad/x,®,x/)
LeneBoin hyHkumm X, ,xJ1 “cMOTPUT” Ha CeBepo-BOCTOK, (haaueHT grad
AXMXj*) OthaHnueHUs g{x x.~ “cMOTpUT” 60 Ha toro-3anafd, NM60 Ha
CEeBepO-KCTOK; (hparMeHT KapTbl TMHUIA YPOBHS LENeBOi hyHKUMNOX XN)
MOXO0X Ha ()parMeHT TUMMUYHOWN KapTbl TMHWIA YPOBHS, KOTOPbIA BCTpe-
yaeTcs B 3KOHOMMWYECKOIi Teopun.

Heob6xo4vmoe ycnoBue (B TOM YMC/IE Y FTEOMETPUYECKOE) TOKaIbHOTO
aKcTpemyma PyHKUMKM (1) Npu Hanuumm odaHmyeHms (2), soobule ro-
BOpPS, HE ABNSETCS OCTATOUYHbIM, T.€. B C/ly4ae KacaHus B ToukKe (XOxN)
NVHWIA YPOBHA DYHKUMIAAX,,X2) 1 *X,,X]) (4TO 3KBMBANIEHTHO pacmnosno-
YKEHUIO Ha OfHOWN npamol aguneHToB grad OxOx"®) u grad ~(X X",
NCXOAALMX M3 TOUKM (X[ X/)), TOUKa {X”*,X°) MOXET 1 He BbITb TOUKOW
YC/IOBHOTO /IOKA/IbHOr0 3KCTpeMyMa hyHKLMK (1) Npu Hanuumm o a-
HuyeHuns (2) (cm. puc. 8.6).

Touka (x[x/) Ha puc. 8.6 -"yKOpOUEeHHasA” KpUTMUeCcKast ToUKa (hyH-
Kuum NaghaHXa, KoTopas He ABASeTCA TOYKON N0KaNbHOM0 YC0BHOMO
aKcTpemyMa (hyHKUMK (1) npyu Hanu4um oaHnyeHmns (2), 4To o4YeBma-
HO Ha OCHOBAHMWMW Harnga4HbIX reOMeTPUYECKUX cO0bpaXKeHU, n6o B
TOUKax PacnoNOXeHHbIX Ha NMMHUK g(X,,.)J)=0 CTPOro BbILLE TOY-
Kn (xx"), cnpaBeaiMBo HepaBeHCTBOXX.,X])<Yy(X"X®) (T,<Tpg), a B TOu-
Kax (M..x"), pacnonoXXeHHbIX Ha NUHUK g(X ,X,)=() CTPOro HMXe TOYKN
(xOx *0, cnpaBeaMBO HepaBeHCTBO [x,,X2)>AxAx2®) Ons puc.
8.6 AR» -Yr.
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OTMeTMM, YTO parMeHT KapTbl MMHWIA YPOBHS LENeBO (hYHKL MM
NpeACTaB/IEHHbIV Ha pUC. 8.6, HE TUMUYEH 15 SKOHOMUYECKOIA
Teopuw.
Mpumep 1.1 (npogon>kenue). Mpusegem aHanor puc. 8.5 ang 3agaun
(5),(6) Ha yCnoBHbIA 3KCTpeMYM (CM. puc. 8.7).

5 3amkoB
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B cnyyae puc. 8.7:
A grad(X,«))2+(x292)=(2x,»,2x )= (2 y2,2 y2)=(1,1), grad(X,«+x/ - 1)=(1,1),
SR 1

8.3. lNoHATMe 0 3afjayvye mareMaTuU4yecKoro nporpaMmmMmpo-
BaHUSA

Ecnn B 3agave (1),(2) Ha YCNOBHbIA 3KCTpEMYM odhaHn4YeHue (2) B
BU/E paBeHCTBa 3aMEHAETCS Ha opaHuyeHue g(x,x~) < OB BUAE Hepa-
BEHCTBa, TO Mbl MOMly4aeM YacCTHbIW Ciydyald 3afayum mMaTeMaTu4ecKoro
npothaMMnpoBaHus:

IX|,a:jymax (4n:,,")-» min) (D
npy ycnosuu
9(x,,x,)<0. (15)

B cnyyae hyHKLMM ABYX NEpeMeHHbIX 3afava MaTeMaTU4ecKoro npo-
rpammumpoBaHusa (405 onpefeneHHOCTU - 33aya Ha MakCUMyM) nMeeT
Bna((1),(16.1)-(16.1),(17))

NX|[,x) " 1ax (1)
Mpw yCnoBusax
g,(x,,x2)<0 (16.1)
AX X2)<0 (16.7)
X,>6,X2>0 a7

®yHKuMto OXpXN) NpUHATO Ha3blBaThb LieneBol, HepaBeHcTBa (16.1)-
(16.7) - cneyuanbHbLLM OFpaHUYEHUSAIMM 3riLauYM MaTeMaTUYeckoro npo-
rpammMupoBaHusa, HepaseHcTBa /I, >O, > O- 06WMmMM OrpaHUYeHNAMN
3aflayuy MaTeMaTM4eckoro npothaMmMupoBaHus.

Touka (X,X2), yaosneTBopstoLlasn cneymansHbiM U 06LWmnm ohaHnye-
HMAM, Ha3blBAETCHA [OMYCTUMbIM pelleHneM 3aJavynm MaTemaTUuyeckoro
npotaMMnpoBaHms.

MHOXeCTBO BCEX JONYCTUMBbIX pelleHnii 3afayun MaTemMaTUu4eckoro
nporpammupoBaHus (ganee, ans kpatkoctn, 3MIM) HasbiBaeTCa gonyc-
TUMbIM MHOXECTBOM 3TOI 3afaun.

Ecnn 3MIT nmeeT x0T 6bl 04HO 4ONYCTUMOE peLLeHune (T.e. ee go-
MyCTVMOe MHOXECTBO He NMycTo), OHA Ha3blBAETCA fONyCTUMOIA, eCu
3MTIT He MeeT HY OAHOro AONYCTUMOrO peLleHus (T.e. ee 4ONYCTUMOE
MHO>XECTBO MycT0), OHa Ha3bLUAeTCA HeAoMyCTUMOIA.

Touka (xOx"*) Ha3blBaeTCA onTuUManbHbIM petueHnem 3MT1, ecnu, Bo-
MepBbIX, OHAa eCTb AONYCTMMOE peLLeHune aToil 3MTIT 1 ecnn, BO-BTOPBIX,
Ha 3TOl TOYKe LeneBas hyHKLUMA JOCTUraeT rnobansHoro makcumyma (B
cydae 3agayvM Makcummsauuu) uMav rnobansHoro MuHUMyMa (B Cnydae
3afja4n MUHUMKU3ALUK) Cpefu BCexX TOUEK, YA0BNeTBOPAOLWMX OdaHu-
YeHUsM, T.e. Ana Beex (X"x"), yaoBneTBopsatoLmMx HepaseHcTBam (16.1)-
(16.1), (17), cnpaBeaMBO HEPABEHCTBO
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OxAx/) >nx,xN (B cnyyae 3aga4ym makCuMmnsanmm),
OxOx"®) <}(X,,x2) (B cnyyae 3afaun MUHUMU3ALNN).

Ha nepsblii B3rnag, 3MI MOXeT paccmaTpuBaTbCs Kak 3agada 6onee
o6Llas Mo cpaBHEHUIO C 3afja4aMn Ha abCconTHbIN (ecnn ybpaTb Bce
crneumnanbHble 1 06uiMe oaHNYeHNs) 1 YCOBHbIWA (ecnn ybpaTb Bce
06wwune OdaHnyeHns, a n3 cneLnasibHbIX 0OCTaBUTbL OAHO B BUAE PaBEH-
CTBa) 3KCTpeMyMbl. OAHAKO B AeliCTBUTENBHOCTM MOTHOE 0606LLEHME
MecTa He umeeT, n6o B cinyvae 3MTI pedb UAET TONLKO O rno6anbHOM
3KCTpEMyMe, B TO BPeMS Kak B C/lyyae 3afa4n Ha abCoMTHBLIA 1 yCnoB-
Hbll 3KCTPEMYM pedb MAeT Kak O rnobasibHOM, TakK U O N0KaSbHOM
3KCTpeMyMe.

B akoHOMUYecKoi Teopun yacto 3MTI1 cBOAMTCA K 3agaye Ha yCnoB-
HbI 3KCTPeMYM. B KayecTBe UNMKOCTpaUuy nprBeseM NpuMep 3aLaduu
noTpebunTeNbCKOro Bbibopa (3agaqm paloHanbHOro NoBefeHuns noTpe-
6utens Ha pbiHKe) B Buge 3MI (3agaya noTpebuTENLCKOro Bbibopa
noapo6HO onuncaHa B CnefytoLLeit rnase)

«(XpXj)-> max (18)
npy yCnoBuax

>x+jjX </ (19)

X >0,X,>0. (20)

3aeck (x,,™) - noTpebuTeNbCKUiA Habop (X, - YUC0 eAMHUL, NEPBOrO
nNpoAykKTa, Xj - YMCN0 eAMHUL, BTOPOr0), p, - PbIHOYHAA LieHa OfHOW
eAVHMLbI MEPBOro NPOAYKTa, p™ - PbIHOYHAA LieHa OfHOW efMHULbI BTO-
poro npoaykTa, | - 4OX04 UHAMBUAYYMa, KOTOPLIA OH FOTOB NOTPaTUTb
418 NpUoBpeTeHNs NPOAYKTOB, U{X,X") - (PYHKL NS NONE3HOCTU UHAN-
BUgyyMa. OTMETUM, YTO NepBble YaCTHbIE NPOU3BOAHbIE (DYHKL MK NOJ-
e3HOCTN M(X,X2) No NepemMeHHbIM X, U X\, T.e. U, Ha3bIBAOTCA Npesenb-
HbIMW MOJIE3HOCTAMYU MEPBOro 1 BTOPOro NPOLYKTa COOTBETCTBEHHO.

[agum reoMeTpuyeckyto MHTeprnpeTaLmio 3afaqm noTpebruTebeKoro
Bbl6opa (CM. puc. 8.8).

3alXoBaHHbIN TPEYrofibHUK Ha pUC. 8.8 MOKa3biBaeT MHOXECTBO
noTpebuTenbCKMx Habopos (X,,Xj), KOTOPbIe AOCTYMHbI MHANBUAYYMY,
0[JHaKO TO/IbKO Ha eJMHCTBEHHOM MogebuTensckom Habope (X“X) not-
pebutens MakCMMMU3UPYET CBOKD (DYHKLMIO NONME3HOCTU ¢/(XpXY). B Tou-
ke (X“X") 6rogpKeTHasA npsMas p X,+p~x=1 U INHNA 6e3pa3nnymns Kaca-
toTca. B cBasn ¢ 1em, 4to p,xf + pX®= 1, oNnTUManbLHOE peLleHue
(xOx®) 3MT1 coBnagaeTt ¢ pewweHnemM (xAx/) cneaytouleii (6onee npo-
CTOIA) 3a1a4n Ha YCNOBHbIA (rnobasnbHbIiA) 3KCTPEMYM

«(XpX™)-> max (18)
npw yCnosum
P,x,+p,x"-1=0. (21)
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Takum o6pa3om, 3aa4a NOTPebMTENbCKOro BbIGopa MOXET 6bITb OMK-
caHa Kak B Buae 3MI1 (18)-(20), Tak 1 B BMAE 3a4a4n Ha YCNOBHbIi
akcTpemym (18),(21). C MaTeMaTUYECKON TOUKN 3PEHUS 3TO pasHble 3a-
[ayn, 04HaKO OHW MMEIT OfHO U To >Ke peweHune (XAx,“) - noTpebu-
TeNbCKWIA HAbop, KOTOPbIA MakcMMn3npyeT (rnobanbHo) PYHKLMIO Non-
€3HOCTU U(X,,/1;,) U YAOBNETBOPAET OIOLXKETHOMY 0(haHNYEHU 0 p X M+
/KaK paBeHCTBY: p’XM+p™x.~=1. Ha puc. 8.8 TaKXe MOKa3aHbl rpagueH-
Tbl (DYHKUMN NONE3HOCTU U{X X U DYHKLUN OTPaHUYEHUNS p X+ XA-1
BTouKe (XOX,®): 8racxAx2’) n (p\p?). 3TN rpagueHTbl PacnoNoXKeHbl Ha
O[HOW NpAMOWA, NpoxoasLei yepes ToUky (Xx,®), 4To, KaK yXe oTMme-
4asioCb, 3KBMBASIEHTHO /COCAHM/O NMMHNI Ge3pa3inuma 1 6I0LKETHON nps-
Moii B Touke (XA x/).

3 cKa3aHHOro crneflyeT, 4To KOHKpeTHble 3afjauyM pauuoHaibHOro
noBeAeHNS NOTPEOMTENS HA PbIHKE MOXHO pewaThb (K COXaneHuto, He
BCerja) Kak 3afayn Ha YCNOBHbI 3kcTpemyM Buga (18), (21).

Ecnn B 3MIT Bce pyHKUMM OX,,X,), g{X* X7, ..., 8, XN NNHENHbI,
NMeeM 3afauy nuHeliHoro nporpammuposanus (3J111), ecnn xoTa 6bl 0AHA
n3 pyHkumnin 4X|,X,), N(X[,X,), ..., T (Xx*) HennHelkHaa, UMeeM sagady
HenuHeliHoro nporpammuposanus (3HJ/MT).

3J1M Ha MakCcMMyM B Ciiy4dae ABYX NMEpPeMEeHHbIX X, 1 X UMeeT BUj

CIX+C2X = V-> Tax (22)
Mpwn yCNoBuax
2,|X[+0],x,<6| (23.1)
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(23 71)
X >0,x">0 (24)
(3711 B CTaHgapTHOW hopme)
NN Takow BUA
C|X,+C,X2=V -> max (22)
npu ycnosusax
A X +a,n=/)| (25)
X>072>0
(3111 B KAHOHWYECKOW hopme).
B 3/ yucnac,c,b,A,....b.a,,a .8, 3afaHbl.
B cny4ae n nepemMeHHbIX X,...,X, 3/1MT Ha MakcUMym UMeeT Buf
c,X|+...+cx=v max (26)
npw ycnoBuax
fl,x,+...+a, x,<6, (27.1)
fl,X|+ .+a,,,x<6 (27.m)
x, >0, ...,x>0 (28)

(3711 B cTaHAApPTHON hopMe Ha MakKCUMyM)

NN TakoW BUA

C|X|+...+ca=ymax (26)
npy YCnoBUsIX
a,,X,+...+fl, x=2), (29.1)
(29.rm
X >0,.., X >0 ]

(3711 B KAHOHMYECKON (POpMe Ha MaKCUMYM, 3[ecb T<n).
3J1M Ha MUHUMYM UMeeT BUA

CPf.*-..¥C X =W mill
Npu YCNoBMAX

x, >0, .., x >0
(3111 B cTaHAapTHO (hopMe Ha MUHUMYM)

NN Takon BuA

C,X,*...+C X=w -» min
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Mpw ycnoBusx

Nanx=b
X, >0, X >0
(3/1M B KAaHOHMYECKOI hopMe Ha MUHUMYM, 3[4eCb T<n).
Cnepytowaa 3/1M (B cTaHAapTHOW hopMe Ha MUHUMYM)

+ .. + b= W-> min (30)

npy yCnoBmsax
"M+ -+ (31.1)
pr>0,..., p>0 (32)

Ha3bIBaeTCs conpsi>keHHoi (MK feolicTeeHHol) K 3/1M (26), (27.1) -
(27.7), (28), KoTOpas HasbiBaeTCs ucxoaHoii. O6e 3/1M (ucxogHas (26),
(27.1) - (27.1), (28) v conpsbkeHHasa (30), (31.1) - (31.n), (32)) ob6pa-
3ylOT ggoiicTeeHHyto napy 3J/1M. ConpshkeHHaa 3J1M K conpsikKeHHOW
310 (30), (31.1) - (31.n), (32) coBnapaeT ¢ ucxogHow 3/1M (26), (27.1)
- (27.L), (28). 3/1MN, conpsxxeHHas K 3/1M (26), (29.1) - (29.71), (28) B
KaHOHMYecKoli dopme, nmeeT Bug (30), (31.1) - (31.n). 3gech obLmMe
OdaHmnyeHmns (32) He ncnonbaytotea. ConpsxkeHHasa K 3/1M (30), (31.1)
- (31.n) coBnapgaet ¢ ucxogHow 3711 (26), (29.1) - (29.w), (28).

Bonpocbl K rnase 8

UT0 Takoe 3afa4a Ha YCMOBHbIW 3KCTPEMYM?

ConocTaBbTe 3a7a4n Ha YC/TOBHbIA 1 aBCOMOTHbLINA 3KCTPEMYM.

HanuwwuTte yHKUMIO SladhaHxa.

CopmynupyinTe He06X0AMMOe YCNOBKNE NTOKaNbHOr0 YCIOBHOMO 3K-

cTpemMyma (aHanuTu4eckas opma).

CopmynupyitTe He06X04MMOe YCNOBKE NOKaNbHOr0 YCIOBHOMO 3K-

cthemyma (reomedmryeckas gopma).

6. MpnBegnTe POPMYNNPOBKY 3afa4n MaTeMaTUYECKOro MpogaMMupo-
BaHMs.

7. MpunBegnTe GOpMYNMPOBKY 3aa4n IMHEAHOro NpoaMMMpPOBaHUS.

PN

o



[JTABA9
MAKCNMW3ALUWNA MOJNTEIHOCTWN. MCCNEAO-
BAHVWE MOJAEJ/IN MOTPEBUTE/IbCKOIO
CNMrPOCA. KOMMNEHCALMNOHHbBIE 3O PEKTbI

9.1. ®yHKUMA nosie3HOCTU. 3agada NoTPedUTeNIbCKOro Bbl-
6opa

B faHHOW rnase 6yLyT pacCMOTPEHbl HEKOTOPbIE MOAeN NoTpedu-
TeNbCKOro Bbl6opa. byfem cumTaTh, UTO NOTPebUTENb pacnonaraeT 40-
X040M /, KOTOpPbIA OH NOIHOCTLIO TPATUT Ha NpUobBpeTeHne Gnar (Npo-
[LyKTOB). TOUYHee roBops, BeNMUMHA / - 3TO He A0X0[, a pacxoj AaHHOro
noTpebutens. MoTpebutens peLlaeT cTaTUYECKYIO 3a4a4y, TO eCTb B MO-
[enn He y4nTbIBAKOTCS ero MeXXBPEMEHHbIE MPeAnoUYTEHUS U BO3MOX-
HOCTWU AenaTb WAN PacxofoBaTb cbepexeHus. LleHbl 6nar cumtaroTcs
3afaHHbIMW. YUnTbIBas CTPYKTYPY LieH, JOXO[ 1 COOCTBEHHbIE Mpesnoy-
TeHUs, NoTpebuTenb NpuobpeTaeT onNpeseneHHbIE KONMYyecTsa bnar, u
MaTeMaTuyeckas MOAe/b TaKOro ero NoBeAeHUs Ha3blBAETCS MOAE/bI0
noTpebuTenLcKoro Belbopa. BHayane Mbl pacCMOTPUM MOJENb C ABYMSA
Bugamu 6nar. Takas Mofesb yA06Ha Npexze BCero BO3IMOXHOCTbIO rpa-
(hMyecKoi nHTepnpeTaLmm, coOXpaHas npy 3TOM Bce NPUHLMNNANbHbIE
CBOIICTBa 00LLE Mogenn.

PaccmoTpumM noTpebutensckme Habopbl U3 ABYX 6nar. MoTpeduTens-
CKMiA Habop (ana KpaTKOCTU Habop) - 3To BekTop (XpXY), KOOpAUHATaX,
KOTOPOro paBHa KOAMYeCcTBY eAMHML, NepBOro 6nara, a koopguHara x*
paBHa KOM4yecTBY eAVHWL, BTOPOro 6ara.

Bbi6op NoTpebutens (MHAUBUAYYMA) XapaKTepU3yeTcs OTHOLLEHUEM
NpeanoyTeHuns, CyTb KOTOPOrO COCTOUT B criefytolieM. CuntaeTcs, » o
noTpebuTens NPo KaxAable 2 Habopa MOXET cKa3aTb, YTO 1M60 OANH K3
HUX 6onee XenaTeneH, Yem APYron, 6o NoTpebuTens He BUAUT MeXay
HUMW pasHULbl. OTHOLWEHWE NPeANoYTeHNs TPAaH3UTUBHO, T.€. €C/IM Ha-
6op A={a”,a” npegnoutuTensHee Habopa R={b”b.), a Habop Snpegnoy-
TUTeNbHee Habopa C={c"c.”, TO Habop A npegnoyTuTensHee Habopa C.

Ha MHOXecTBe NOTPebuTeNbCKUX HAbopoB (X X") onpegeneHa PyHK-
umna n(x,,x) (HasbiBaemasi pyHKLMeR NonesHoCcTW NOTpe6uTens), 3Have-
Hue bi(X,,X2) KOTOPOI Ha NOTPebUTENbCKOM Habope (X,,X2) paBHO MOTpe-
6MTEeNbCKOWN OLEHKe MHAMBMAYYMA 415 3TOro Habopa. MotpebuTtensc-
KYH OLEeHKY n(x"\x~) Habopa (X,,X2) NPUHATO Ha3blBaTb ypoBHeM (WS
CTeneHbl0) YALOBMETBOPEHUS MOTpe6HOCTE WMHAMBMAYYMA, €CAN OH
npuobpeTaeT nnn NOTpedNseT faHHbIA Habop (X,,x2). Kaxabli noTpebu-
Te/lb UMeET, BOOGLLEe roBOPS, CBOK (YHKLMIO Nofie3HocTU. Ecnn Habop
A npegnoyTutenbHee Habopa B, To n{A)>n{B).
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®YHKUNA NONE3HOCTY YAOBNETBOPSET CIEAYHOLWMUM CBONCTBAM;

1)  BospacTaHue NoTpebaeHUs OLHOrO NPOAYKTa MPW MOCTOSAHHOM
noTpe6aeHNI Apyroro NpoayKTa BeaeT K pOCTy NOTPe6bUTENbCKO OLEeH-
Ki, T.e.

ecm  >X,', T0 > u{xMx'm,
ecnn XF >xN, e n(X|, XY > np ).
(X, XT) an{x.,xN
N MNyctb 3x, “ o M/> 0.

W3 cBolicTtea ) cnegyet cBOICTBO 1).

MepBble YaCcTHbIE NPOM3BOLHbIE HA3bIBAKTCA NpeaeNbHbIMM NONMe3HOC-
TAmKU NPOAYKTOB: M, Ha3blBaeTCA MPeAenbHON MONE3HOCTLIO MEPBOro
NpoAyKTa, bl - NpefenbHas NoNe3HOCTb BTOPOro NpoAdykra. Ansa npea-
e/IbHbIX MOMe3HOCTe NEPBOro U BTOPOro NPOAYKTOB UCNONb3YETCs Tak-
K& CUMBOINKA M, n{x™x", M™M{x"x",

2)  [MpepenbHasa NOME3HOCTb KaXA0ro NpoayKTa yMeHbLUAeTCs, ecnm
06beM ero noTpebneHNs pacTeT (3TO CBONCTBO NPeAenbHON NONe3HOCTU
Ha3blBaeTCA 3aKOHOM YyObIBaHWS NPeAenbHON NoNe3HOCT ).

2") MycTb il 0 EM =nn'< 0.

W3 cBolicTBa 2') cneayeT CBOWCTBO 2).

3) TNpepenbHas NONE3HOCTb KaXKAOrO NPOAYKTA YBENMUNBAETCS, eC/n
pacTeT KOMYeCcTBO APYroro npogykTa. B aTom cnyyae npogykT, Koau-
4eCTBO KOTOPOro (OMKCMPOBAHO, OKa3blBAETCS OTHOCUTE/IbHO AeULnT-
HbIM. [M0O3TOMY AONONHUTE/bHAS €ro eAnHULA NPUOBPETaET 6O/bLLIYIO
LIEHHOCTb U MOXET 6bITb MOTPebneHa 6onee 3ahhekTNBHO. [laHHOE CBOIA-
CTBO He CTO/Mb 04EeBMAHO, Kak 1)-2), 1 crnpaBeanBo He Ans BCex 6nar;
ec/im 6nara MOryT MOJIHOCTLHD 3aMellaTth ApYr Apyra B noTpebneHuw,
CBOWCTBO 3) He BbINOAHAeTCA. [pesnonoXxeHue 3) BBOAUTCS He BCeraa,
HO OHO rapaHTMpyeT BbIMYKNOCTb BHU3 NUHWIA Be3pasnuuus.

ﬂyCTI:"'qI/\VI = «2 = ’\AAM = > 0.

3 cBolicTBa 3') cnefyeTt CBOMCTBO 3).

B yue6HOI 1 MOHOrpaduyeckoi nutepatype NOHATUE NpeaenbHON
MOMe3HOCTU TONKYETCS HEOAHO3HAYHO. MOMUMO NpPUBELEHHOTO BbILLe
onpegeneHns npeaencHON NOE3HOCTM MEPBOro (BTOPOro) NpoaykTa B
BMJe YacTHOI NMPOM3BOAHOI I/, (MY) NepBOro nopsaka, nog npefesnbHoi
MOME3HOCTLIO NEPBOro (BTOPOro) NPOAYKTa NOHUMAIOT OTHOLLUEHME Npu-
paLleHns GyHKLUN NOME3HOCTU K NPUPaLLEeHNIO BbI3BABLLENO ero Koau-
yecTBa 3TOr0 NPoOAyKTa:

M,M(X,,x2>=M(X’+AX”XA)_M(X”XA)
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HakoHel,, npefenbHOli NONe3HOCTHH NEPBOro (BTOPOro) MpoAyKTa
Ha3blBaloT Pa3HOCTb

M,U(X,. X)) = n{x,+\,x" - M(X,,X,) (M«(g:,,™M) = M(X,,X3+1) - «(X,,™))
nnm
Mm{x,,x") = X, X") - M(X,-1,X2) {MM(X,,X") = M(X,,X2) - bi(X,,X2-1)).

N3 KoHTeKcTa 06bIYHO ObIBAET ACHO, O KAKOM KOHKPETHO TO/IKOBa-
HUW NpeaenbHOl None3HocTn M,u{x, x. {M.Au(x,x.N) NAET peyb.

NTnHuA, coegnHaowasn notpebutensckme Habopsl (X,,/1), UMetoLWme
O[IMH W TOT XKe YPOBeHb YA0B/ETBOPEHMS NOTPeOHOCTEN NHANBUAYYMA,
Ha3sblBaeTCA NuHUel 6espasnuumns. JIMHUA 6e3pasNnymns ectb He YTO MHOe,
KakK IMHUA YPOBHA (PYHKL MW NOMe3HOCTU. MHOXeCTBO NMHUIA Ge3pas-
NNYNS HasblBaeTCA KapTol nuHuii 6e3pasnnumsa. Ha puc. 9.1 nokasaH
thparmMeHT KapTbl TMHUIA 6e3pasnuums. JIMHUM 6e3pas3nuuns, CooTBET-
CTBYIOLLME Pa3HbIM YPOBHAM Y/[J0BETBOPEHNSA MOTPEOHOCTEN, He Kaca-
I0TCA U He nepecekatoTca. Ecnm nnuHuaA 6e3pasnuuma /3pacnosioxeHa
BbILE W npaBee (“CeBep0-BOCTOYHEE”) NUHUN 6e3pasnnuns To
BepHo 1 o6paTHOE. MIHLIMK CNnoBaMmM YeM “CeBepO-BOCTOYHEE” pacnosno-
XeHa NnHUA 6e3pasnnuus, Tem 60/bLLEMY YPOBHIO Y0BETBOPEHNSA NO-
Tpe6HOCTM OHa COOTBETCTBYET.

Ycnosus 1)-3) o3HayaroT, 4TO NIMHNS 6e3pasnnymns ybbiBaeT (aBnseT-
CS HUCXOAALLEN) U CTPOro BbiNyK/a K Havyany KoopauHat (K TOUYKe 0).
Y1066l NOACHUTL 3TO, pacCMOTPUM auddepeHuman (rnaBHyo NMHen-
HYI0 YacTb npupaLleHuns) pyHKuum m(x,,x ). Ecnv gBuratbcs BLOMb K-
HUW YPOBHS, TO NpupalieHne GyHKLUMU u{x, x” paBHO HyNK0, U, Cneso-
BaTe/IbHO, MOXHO CUYMTaTb PaBHOM HY/ W ero rNaBHYH IMHEAHYHO
yacTb. AuddepeHunan pyHKLUM NONE3HOCTM 3annCbIBAETCS CNeayto-
MM 06pas3om:;

EbI(X,, X2)=M, ¥YX,HWB'gx="

NTaK, hyHKUUS X.2(X,), TO €CTb 3aBUCUMOCTb X OTX, BAO0/b KPUBOIA
6e3pasninums, aBnseTcs yoblBatoLLE, MOCKOLKY NPOM3BO/HAS ee 0Tpu-
LatenbHa. BTopasi npon3BogHas hyHKLUMM XXX,) BbIFNSANT CNeayoWwmum
06pasom:

ax,

Ee NonoXnTenbHOCTb BbITEKAET M3 CBOWCTB 1)-3); Clef0BaTeNbHO,
KpuBble 6e3pa3nnuns BbiMyK/bl BHU3.
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PaccmoTpUM (MKCUPOBAHHYIO NMHUIO 6e3pasnuunsa J1 MycTb noTpe-
6UTENLCKNA Habop (XpX?) 6 J1 Mpwn BbINONHEHUN PSAAA'eCTECTBEHHbIX
NpeanofioXeHni (HeNPepbIBHOCTb NEPBbIX YACTHbLIX MPOU3BOAHbLIX M,

M ®0) cripaBefMBa, Kak yXe 6bl710 NOKa3aHo, creayowas gop-
my/a:

X n.
0)

Mmeem npn6GvxxeHHOe paBeHCTBO

‘=-tg,N«- :_,ﬂ)(,
=-tg,"«-tga I, (4)

(cm. puc. 9.2).
W3 (3) n (4) cnepgyeT BaxXHOe NPUBANXKEHHOE PaBEHCTBO

Ox. ~ n' ©
Aax,
OTHOLLEHNE - MOKa3blBaeT, Ha CKOMbKO AO/MKEH UHAMBUAYYM

YBENYUTD (YMEHbLUMTL) NOTPebAeHMe BToporo NPOLYKTa, eC/IN OH YMEHb-
wwnn (ysennuun) notpebneHne nepsoro NPoAyKTa Ha 0gHY eanHuLy 6e3
N3MEHEHWA YPOBHA Y0BNETBOPEHNS CBOUX NOTPebHOCTel (3T0 06CTOS-
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TeNbCTBO FEOMETPUYECKU UHTEPNPETUPYETCA TaK: TOUKM (X, +0x,,
NpUHaANeXxat O4HOW 1 TOW Xe NuHum 6espasnuumns /Ocem. puc.

|ﬂ|xl
9.2).) Moastomy apobs - NMPUHATO Ha3blBaTb HOPMOi 3aMeHbI NEPBO-

ro NpoAykKTa BTOpbIM Ha NOTpebuTensckom Habope (X,"), a Npon3Boa-

HYyHO - (KoTopast paBHa npefAenbHOMY 3HayYeHWUto 4pobu - npu

AX -> 0) - npegenbHoi HOPMOI 3amMeHbl MEPBOro MPOAYKTa BTOPbIM.
MprMepoM PYHKLUM NONE3HOCTU MOXET CAYXUTb PYHKLUA
M(x,,X2)=a,10E(x,-X,)+02108(X2-X2), (6)

rge a, >0, a™>0, X,>X,>0, X2>x,>0.
. a, a, n
JencTBuTensHo, uMeem n,'= A

<0, f;lz°~7,32~ T < 0, T.e. BbIMOMHeHbI cBOWCTBA M) 1 2") hyHKLUMUM No-

ne3HocTU. CBOMCTBO 3') He BbIMONHEHO, TaK KakK CMellaHHble BTOpbIe
YacTHble N™U3BOAHbIE (MYHKUNN «(XpX") paBHbI HYIO.

3afava noTpebrTeNbCKOro Bbibopa (3afaqa paLmoHanbLHOro noseje-
HWUA NOTpebuTeNs Ha pbliHKe) 3aK/oyaeTcs B BblI6ope TAKOro noTpebu-
TeNbCKOro Habopa (x°,x”), KOTOPbIA MakCUMU3NPYET ero PYHKLUNI0 non-
€3HOCTW MpY 38aHHOM BOXKETHOM OhaHUYEHUN.
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BroA>keTHOoe orpaHuyeHmne 03HAYaeT, YTO leHeXHbIe pacxofbl Ha Mpo-
OYKTbl HE MOTYT MpeBbILLIAaTh AEHEXHOr0 J0X04a, T.e. P + pAM </, rhe
p~Awp” - PbIHOYHbIE LieHbl OAHOW eANHMLbI NEPBOrO Y BTOPOrO NPOAYK-
TOB COOTBETCTBEHHO, a / - AOXO0f4 WHAMBUAYYMa, KOTOPbIA OH FOTOB
noTpaTUTL Ha NPMOGPETEHNE NEPBOrO M BTOPOr0 NPOAYKTOB. BennunHsl
pAp, U / 3apaHsl.

dopmanbHO 3aga4a NoTPebrTeNbCKOro BbIbopa NMEET BUL;

n{x,,x.) (max)

npu ycnosusix (7) )
+ <,
X >0, X >0.

JonycTumoe MHOXeCTBO (TO eCTb MHOXKECTBO HabopoB 6nar, AocTyn-
HbIX AN NOTpebuTens) npeacTaBnseT cob0l TpeyronbHuK, OthaHnYeH-
HbI OCAMW KOOPAMHAT W BLOMKETHOW npsamoli (cm. puc. 9.3). Ha aTom
MHOXECTBe TpebyeTcs HalTK TOUKY, NPUHaAIeXaLly0 KpUBoi 6espas-
NNYMA C MAKCUMaNbHbIM YPOBHEM MOME3HOCTM. [TOMCK 3TOM TOUKN MOXHO
NHTepNpeTUpPoBaTh (hanueckn Kak MocnefoBaTebHblli Nepexos Ha
NHUK Bce 60/1ee BbICOKOr0 YPOBHS MOMe3HOCTH (BNpaBo-BBEPX) A0 TeX
nop, NoKa aT¥ NTUHUK elle NMEKT 06LLMe TOUKM C AONYCTUMbIM MHO-
YKECTBOM.

9.2. PelleHne 3aja4n NOTPebUTeNbCKOro Bblbopa U ero
cBoicTsa

Hab6op (x[x,°), KOTOpbIit ABNSETCS PELLEHNEM 3aa4M NOTPebUTENb-
CKOro Bblbopa, MPUHATO Ha3blBaTb ONTUMaNbHLIM ags nogebuTens, nnm
JTOKaJ/IbHbIM PbIHOYHbLIM PaBHOBECMEM I'IOTpE6VITeJ'IFI.

BHauanie 0CTaHOBUMCS Ha HEKOTOPbIX BaXKHbIX CBOMCTBAX 3ajayn noT-
pebuTenbCKoro Boibopa. Bo-nepsbix, pewieHne 3agaun (X,“X28) coxpaHs-
eTCs NpW NHO60M MOHOTOHHOM (TO €CTb COXPaHAIOLLEM MOPSAJOK 3Haye-
HWIA) Npeobpa3oBaHUN PYHKLMK NONE3HOCTU u{xx~. IOCKO/bKY 3Ha-
yeHue ¢(xMHGR) 6b110 MaKCUMaIbHbIM Ha BCEM AOMYCTUMOM MHOXECTBE,
OHO OCTaeTCs TaKOBbLIM M MOC/e MOHOTOHHOMO NPeo6pa3oBaHns PYHK-
UMM NOMe3HOCTM (LONYyCTMMOE MHOXECTBO, OnpeaensiemMoe GHOKETHbIM
O(haHMYeHMEM, OCTaeTCA HEM3MEHHbIM). TaKMM MOHOTOHHbIM Npeob6pa-
30BaHMEM MOXET ObITb YMHOXeHME (hYHKL MW MOME3HOCTU Ha HEKOTO-
poe NOM0XKMTENbHOE YNCO, BO3BEAEHVE €€ B MONOXMTENbHYIO CTENEHD,
norapuMmpoBaHue No 0CHOBaHMIO, 60/bLUEMY eAuHULLI. OTMETUM, YTO
CBOWCTBO 1) JO/MKHO MPUCYTCTBOBATb Y 060N PYHKLMMN NONE3HOCTH;
CBOWCTBA 2) 1 3) MOTYT MPY €6 MOHOTOHHbIX NPeo6pa3oBaHUNAX TePATb-
cs KM npuobpeTatbes (paccMouTe 3TO CamOCTOATE/IbHO Ha Npumepe
DyHKUMKN «(X],Xj)=X|"™" MNocnegHee BaXHO A8 UAMKOCTPaLMK TOro
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thakTa, 4To ecim (yHKLMS NOMEe3HOCTM B 3afa4e NOTPEOMTENbCKOrO Bbl-
6opa He o6nagaeT cBolicTBamMK 2) unun 3), 3TO BOBCE HE O3HA4aeT, 4To
[aHHas 3aga4a He MOXKET OMMUCbIBaThb peasibHOe NoBefeHNe NoTpeduTens.

Bo-BTOpbIX, peLleHne 3ajaum noTpebmTenbCKoro Belbopa He n3mMe-
HWTCS, eCNn BCE LieHbl U JOXO[ YBEIMUMBAOTCS (YMEHbLUIAKTCS) B OAHO
M TO Xe unucno pas 'k

3T0 paBHO3HAYHO YMHOXEHUIO HA NONOXUTENbHOE Yncno Aobenx
yacTeil 6L0KETHOro OthaHUYEHUA p,X, + </, YTO flaeT HePaBEHCTBO,
3KBUBANIEHTHOE NCXOAHOMY. [MOCKOMbKY HU LeHbI, H1 A0OX04 / He BXO-
OAT B PYHKLMIO MOME3HOCTH, 3afja4a 0CTaeTCs TOM Xe, 4TO 1 NepBOHa-
YasbHO.

B npuBefeHHOl NOCTaHOBKE 3afjaya NOTPeOUTENLCKOro BIGopa B-
nsieTcs 3afaveil HeIMHeHOro NpoMamMmMnpoBaHKs - CM. FN1aBy 8, pasgen
3. OfHaKOo ecnu Ha KakoM-TO NoTpebuTeNbCKOM Habope (XM1") GromKeT-
Hoe ohaHMYeHUE p,x,+p~" </ ByAeT BbINONHATLCA B BUAe chororo
HepaBeHCTBa, TO Mbl MOXEM YBENUYUTb NogebneHne Kakoro-nmbo u3
MPOAYKTOB 1 TEM CaMbIM YBENNUNTL PYHKLMIO none3HocTu. CnejoBa-
TenbHO, Habop (XOX'®), MaKCUMU3UPYIOLWNIA DYHKLMIO MONE3HOCTK, A0-
JXKeH obpawiaTb 6104pKeTHOe 0(haHNYeHNe B PaBEHCTBO, T.€. p,X°+p. M= 1,
"padmyeckun 370 03HavaeT, YTo pelleHune (XOx™) 3agaun nopedbuTenb-
CKOro BbI6Opa AO/MHKHO NeXaTb Ha 6OMKETHON npsamoii (cm. puc. 9.3),
KOTOpPYIO YA06Hee BCero NMPOBECTU Yepe3 TOUKM MepeceyeHuns ¢ 0Csimm

KOOPAUHAT, rae BeCb JOX0A TPATUTCA Ha OAWH NPOAYKT: o ;— o
Pr !
Mbl TakXXe 6yaem cumTaTb, YTO B ONTMMabHOM Touke (X X®) ycno-
Bus £ > O, x" >0} BbINONHAKOTCA aBTOMATUYECKN, BbITEKAsA U3 CBONCTB
dyHKumm m(X,Xj). Kak npaBuno, 3To0 AEACTBUTENLHO TaK. B TO e
BPEMSI, EC/IN YC/I0BUA HEO(MLATENLHOCTM NePEMEHHbIX He BK/HOYaTh B
SIBHOM BWJe BYC/0BMe 3a/jauu, TO OHa CTAaHOBUTCH CYLLLECTBEHHO MpoLLe
C MaTemMaTU4eCKOM TOUKU 3peHUS.
MTak, 3aga4yy NnoTpebUTENbCKOro BbIGOPA MOXHO 3aMEHUTb 3adayeit
Ha YCNOBHbIM 3KCTpeMyM (160 pelleHne (XIX\®) aTMX ABYX 3afja4 04HO
N TO Xe)
n{x,,x) (max)
npw ycnosuu ®)
[1x +p™n =/

[ns pewweHns 3TOM 3a4ayun Ha YCNOBHbLIA 3KC(HEMYM MPUMEHUM Me-
Tog NadhaHxa.
BbinucbiBaeM PyHKL MO SladhaHxa

(X, XJ,X) = nU(x,x2) + Xip™x, + AXj - /), 9
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Haxo4nM ee NepBble YaCTHbIE MPOU3BOAHbIE MO NEPEMEHHBIM X, XM

31
1 ANpUpaBHMBAEM 3TV YaCTHbIE NPOU3BOAHbIE K HYNIO; -Xp=0,

N=n,-Xp=0,

N CcKNoUMB 13 NONYYEHHOW CUCTEMbI TPEX YPaBHEHWIA C TPEMS HEU3-
BECTHbIMW HEM3BECTHYHO X, MONYYUM CUCTEMY ABYX YPaBHEHWIA C ABYMS
HEU3BECTHLIMU X, U X*

< VAN
| Pr

PeweHne 3TOIA CUCTEMBI eCTb “YKOPOYEHHaa” KpUTMUecKas
TouKa PYHKUMKM JlarpaH>ka. MOXHO CTPOro gokasatb, YTO “yYKOPOYEeH-
Hasf” KpUTMYECKas TouKa (xN'yx°) pyHKumMmM JlathaHxa 0653aTenbHO ecTb
pelleHne 3agavm NoTpebnTeNbCKOro Bbibopa (3a MCKNHYEHMEM TaK Ha-
3bIBaEMbIX YI/0BbIX PELUEHWUA, KOTOPble 3[eCb He pacCMaTpuBaloTCs).
MopacTaBmB pewweHne (X,®X,“) BNEBYIO YacTb paBeHCTBa

w-Axn  pN
Moay4YmMM, 4to B ToUKe (X[ X/) NOKanbHOro pbIHOYHOIO paBHOBECHKSA

NHAMBUAYYMa OTHOLLEHNWE ’\2’(/\10;\'_» npefenbHbIX MOE3HOCTER «/(XOxXN)

N M'(X“X") NpoAyKTOB paBHO OTHOLLEHWNIO PbIHOYHLIX LEH /> 1 p™ Ha
3TU’ NPOAYKTI;

(10)
n,\x1lxb Pr
n,"{x"xb .
B CBA3M C TEM, YTO OTHOLUEeHUe 0 _Q paBHO npegenbHON HopMme
~2 @A)

3aMeHbl MepBOro NPOAYKTa BTOPbIM B TOYKE I0KaNbHOr0 PbIHOYHOIO pas-
Hosecna {x°,x°), U3 (10) crneayeT, UTO 3Ta NpefeNbHas HOpMa paBHa

OTHOLLIEHMHO PBIHOYHbIX LUEH ——Ha MPOAYKTbI. MpuBeAEHHbI pe3ynbTaT
T

naeT BAXHYH PO/ib B 3KOHOMUYECKON Teopuu.
"eomeTpuyeckm peleHne (xx,°) MOXHO MHTEPNPETNPOBAaTL Kak TOY-
Ky KacaHusa IMHUK 6e3pasnnumna QyHKLUM NonesHocTn »(X"x") ¢ 6rog-
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Puc. 9.3

YKETHOI NpsIMOWA p,x+p~x,—1 (cM. puc. 9.3). T0 onpeaenseTcs Tem, 4to

OTHOLUEeHNEe o B —T MNOoKa3bIlBaeT TaHreHcC yrna HaknoHa 1MHK ypoB-

HS (YHKLUWUWU MOME3HOCTU, a OTHOLLIEHWE o MPEACTABNACT TaHreHe
T

yrna Hak/ioHa 610 aKeTHOM NpAMOiA. MOCKOMbKY B TOYKE NOTpebuTens-
CKOro Bblbopa (UM N0Ka/IbHOr0 PbIHOYHOMO PaBHOBECUSA) OHW PaBHbI, B
3TOI TOUKE MPOMCXOAMT KacaHue AaHHbIX ABYX IMHUIA.

1 3(5)wm (10) cnegyert, uTo

(13 (M)

A Pr
T. €. OTHOLWEHME (CO 3HAKOM MUHYC) KOHEeYHbIX (OTHOCUTE/IbHO He-
60/bLLUNX) U3MEHEHUI n Ax," 06beMOB MPOAYKTOB B 0KaNbHOM

pbIHOYHOM paBHoBecuU (XOX®) NPUOMMKEHHO PaBHO OTHOLLEHWUIO Pbl-
HOYHbIX LieH p. U p™ Ha MPOAYKTHI.

PaBeHCTBO (11) N0O3BONSET AaBaTb MPUOAVKEHHbIE OLEHKN OTHOLLE-
HUIO PbIHOYHbIX LIEH, €CIN U3BECTHbI KOHEYHble N3MEHEeHUs1 06BHEMOB
NPOAYKTOB OTHOCMTENbHO NOTPe6UTENLCKOro Habopa, NPUOBPETEHHOTO
notpeéutenem, T. . Habopa, KOTOpPbI ECTECTBEHHO CNeayeT TONKOBATb B
KayecTBe ONTUMA/ILHOTO 418 NOTpebuTens.

KoopaunHatbl X“ 1 X peweHuns (xOx"*) 3agaum noTpedbUTENbCKOro
BbI6Opa eCTb PYHKL MM napameTpoBp\p™ 1 /:
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K =XIV,, Pr
X,0 = X,0(p, P, 1).

MonyyeHHble PYHKLMN Ha3bIBAOTCS (yHKLMAMU crpoca Ha NepBblii
N BTOPOW MPOAYKTbl. BaKHbIM CBOCTBOM (hYHKLMIA Cnipoca SIBMSETCS
X OAHOPOLHOCTb HYNEBOV CTEMEHN OTHOCUTENIbHO LIEH M A0X0[a, T.€.
3HAYeHMs (YHKLMIA cnpoca MHBapWaHTHbI MO OTHOLIEHWIO K MPOMop-
LMOHANbHbIM U3MEHEHUSM LIEH U JOXOAA.

x,\ap,, ap® al!) = x°(p,,pN\ D)
x[al>,, ap®, al) = D

4na noboro yncna a > 0. 3T0 03HaYaeT, YTO eCNK BCE LieHbI U [OXO0[,
M3MEHATCA B OHO U TO Xe YMC/O pa3, Be/IMYMHA CNpoca Ha NPOLYKT
(nepBblil MW BTOPOIA - 6e3pa3fInyHO) OCTaHETCH HEU3MEHHOA.

MpuMmep 3aa4uv NOTPe6GUTENLCKOrO BbiGOpa

Pelwnm ofHy NpocTyto 3aavy noTpeGMTenbCKOro Bbibopa ¢ AByMS
6naramu. MycTb HEW3BECTHbIE KOMMYECTBA 3TUX Gar paBHbl X, U X*, a
X PbIHOYHbIE LiEHbI p, U p~

(X, X,) = X,X,(Tax),
X, > O, x*>0.

Kak Mbl BbiicHUAKW, 61ogxeTHoe OdaHnUeHne B ONTUMa/IbHOW TOUKe
LO/MKHO BbIMOMHATLCA KaK PaBeHCTBO, W, MOCKO/bKY 06a 6nara »us-
HEHHO Heo6xo0AMMbl (NONE3HOCTL PaBHa HY/K, €CN OAHO U3 HUX OT-
CYTCTBYET), TpeboBaHNS HEOTPULATENBHOCTN MEPEMEHHbIX ByayT Bbl-
MOSHeHbI aBTOMaTMyecku. CneaoBaTtenbHO, peLlaeMas 3agaqa MaTemartu-
4eckoro NpothaMMupoBaHUs NPeBpPaLLaeTCs B KTAaCCMYUECKYH 3afady Ha
YCNOBHbI/ 3KCTPEMYM. 3anmcaB He06X0AMMbIe YCI0BMSA 3KCTpeMyMa (Co-
NIaCHO KOTOPbIM, OTHOLUEHUS NpefesibHbIX NOAe3HOCTeR 61ar 4O/KHbI
PaBHATLCA OTHOLUEHNAM UX PbIHOYHBIX LieH, a 6I0MKeTHOe ohaHUYeH e
BbIMOJ/IHAETCA KaK paBeHCTBO), NOAyYaeM CUCTEMY YPaBHEHWIA:

MepBoe ycnoBme 03Ha4aeT, YTo B paccMatBaeMoii 3agave Konmyec-
TBa [ieHer, 3aTpaymBaeMble Ha 06a 6nara, 4O/MKHbI ObITb 04MHAKOBbLIMM,
TO eCTb X" p=X, p,. OTO BbITEKAET N3 PaBEHCTBA “BECOB”, UMW MOKa3aTe-
Neii CTeNeHW Y NepeMeHHbIX X, U X" B hYHKLUKN NonesHocTu. UTak, x

+X,p, ~ (hYHKLMK cripoca NpuobpeTaloT Bug
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= 20N = 2N

WNTak, pacxof Ha Kaxzoe 61aro coctasnseT NosoBUHY 06LLLEro A0X0-
[a NoTpedbuTensi, N YTobbl HANTU HEOOXOAMMOE KONMYECTBO Kaxaoro
6nara, cnegyeT pasfennTb PacXo4yeMyto Ha HEFrO CYMMY Ha ero LEeHy.

[ns aToil npocToil Mofenn Mbl MOTriM Bbl HAMTK pelieHue 6e3 uc-
NoMb30BaHMA MeToda MHOXMTenel JlaaHxa, Bblpaxas  4epes X, U3
6tomKeTHOro OhaHnYeHUs, NOACTaBMAA 3TO BblpaXeHue B PYHKLUIO
none3HocTn (KoTopas CTaHOBUTCS MOSMHOMOM BTOPOWA CTeNeHn 0T 0j-
HOI NepeMeHHOI) 1 HaxoAs MaKCUMyM NONYYeHHOI KBaApaTUYHON yH-
Kuun. Mpogenalite 3T0 Kak caMOCTOATEIbHOE YNpPaXKHEHMe, NOyynB Te
Xe camble PYHKUMYM cnpoca. s 6onee CNOXKHbIX CyYaeB, HEKOTOPbIe
M3 KOTOPbLIX ByAyT pacCMOTPEHbI B CriefytoLleli rnase, pewnTb 3agady
3/1eMEHTAPHbIMK METOAaMU CMIOXHO, 1 TPebyoTCA MeToAbl AnddepeH-
UManbHOro ucumcieHms (Hanpmumep, TOT e MeTof MHOXuTenen Jlar-
paHXa) uanM maTeMaTMyeckoro npoammMmMpoBaHus.

Cnyuyait noTpedbuTensckmx Habopos (X ,,..., X j 13 N NPOAYKTOB Npu-
HUMMMANbHO He OTIMYAeTCs OT Cy4as ABYX NPOAYKTOB, HO TEXHNYECKM
HECKOJIbKO CMIOXKHee. DTOT Cyyail 3[ecb OTAE/IbHO He paccMaTpuBaeTCs.

9.3. O6uwaa mMofenb NOTPebUTENLCKOro Bblbopa

B npefpLuylilem pasfene pacCMOTPeHa TUMoBas Moge/b NoTpeduTe b-
CKOro Bbl6Opa C ByMS TOBapamu U ee peLleHne ¢ NOMOLLbI MeToja
MHOXUTenein fladhaHxa. Ceituac Mbl pacCCMOTPUM CBOICTBa 3a4a4un NoT-
pebuTenbCcKoro BbI6opa € MPOM3BOJIbHLIM YMC/IOM TOBAPOB U LIENEBOA
(hyHKUMel 06LLero Buaa, a 3aTem Mnepensem K HEKOTOPbIM KOHKPETHbIM
3afja4am, BK/KOYas aHan3 KOMMEHCMPOBAHHOIO N3MEHEHUS LIEH.

MycTb 3agaHa uenesas QyHKUMA NpegnoyTeHns notpebutens m(x,,
Xj,... , X)), rae X - konu4yectBo /-ro 6nara, sektop ueH {=}= (2, p",...,
p) u goxod l. 3anucaB 6HOAKETHOE OPaHMUYEHME N OhaHNYEHUS Ha
HeoTpuLaTeNbHOCTb, NOMyYaeM 3ajady

M(X) -> max (14)
NPy yCnoBnsAx

px<l,x>Q (3gecb X=(X,,...,X), p={p”™.....p), [?X=/» X, +...+/?,X).

ByaeM, Kak 1 paHee, CUMTaTb, YTO HEOTPULLATENBHOCTb NepeMEHHbIX
obecneynBaeTcs CBOWCTBAMM LieNIEBOI HYHKLUUKN U BHO4XKeTHOro o a-
HUYeHUs. B 3TOM Cc/lyyae MOXHO 3anucatb hyHKUMIO JSlahaHxka u mc-
cnefoBaTh ee Ha 6e3yCNOBHbIN 3KCTPEMYM.

dyHKuma NadaHxa 1(xA) = M(X) + "Kipx - ).
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Heo6xoaMMble YCNOBUS 3KCTPEMYMa - PABEHCTBO HY/NHO YacTHbIX MpPo-
N3BOAHbIX:

(1= m/+ "o = Opns Bcex / OT eAMHMLbI [0 « U bN—px - 1=0.

OTclofla BbITEKAET, YTO AN BCeX /,y B TOUKE /HANOKaNbHOIO PbIHOY-
HOro PaBHOBECWS BbIMO/IHAETCS PaBEHCTBO

W B (15)

KOTOPOE NOJ/y4aeTcs rnocne nepeHeceHns BTOPbIX CriaraeMblX He06xo-
OUMBIX YCNOBWIA B NMPaBYyl YacTb W AefleHUeM /-r0 paBeHCTBa Ha y-0e.
NTak, BTOUKE ONTUMYMa OTHOLLEHWE MpejeNbHbIX NOMe3HOCTel No6bIX
ABYX 6nar paBHO OTHOLLEHMIO UX PbIHOYHLIX LieH. PaBeHCTBO (15) MOX-
HO nepenucatb ¥ B Apyroi opme:

A= (16)
P. n

MocnefHee 03HavaeT, YTO 4ONONHUTEIbHAS MOME3HOCTb, NPUXOAS-
AscaA Ha AOMOMHNTENbHYI0 eIMHMLY [E€HEXHbIX 3aTpaT, B TOUKE ONTU-
MyMa OAMHaKoBa Mo BCem Bugam 6nar. Ecnu 6bl 370 661710 He Tak, TO NO
KpaiiHein mMepe 0fHY AeHEXHYI0 eiMHNLY MOXHO 6bif0 6bl Nepepacnpe-
[ennTb Tak, 4Tobbl BbIPOC/O 61arocoCTosAHNE (3HaYeHMe PYHKLMK Non-

n/ W.
€3HOCTW) noTpebutens. Ecnm ans HeKOTopbIX iJ 71 > 7 TO HekoTo-

M|
pOe KONMYeCTBO AIEHET MOXHO 6bI/10 6bl NepepacnpeaenuTb oT /-ro 6nara
Ky-My, YBENMUNB YPOBEHb 61ar0COCTOAHUS.

9.3.1. Mogenb P.CtoyHa

BbiBegeM Tenepb YHKLUMIO cripoca Ans KOHKPETHOM yHKLMMX NOT-
pe6buTeNbCKOro NpeAnoYTeHUs, HasbiBaeMoli pyHKumeld P.CToyHa. 3Ta
(YHKUNS UMeeT BUA;

n{x) = /I'II Tax. 17
34ecb a. - MUMHMMaNbHO HeobXoaMMOe KONMYecTBo /-ro 6nara, KOTo-

poe npuobpeTaeTcs B/OOOM Cly4vae U He ABNSETCA NpPeLMETOM BbI6Opa.
[nsa Toro utobbl Habop {a} Mor 6bITb MONHOCTLIO NPUOBPETEH, HEOOXO-
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AMMO, 4TO6bI goxog | 6bin 60Mblie E pa. - KONMYecTBa feHer, Heob-

X0AUMOro Ans NOKYnKu 3Toro Habopa. KoapguumneHTsl cTeneHu a>0
XapaKTepu3yoT OTHOCUTE/NbHYIO “LEHHOCTL” 6nar Ana notpedutens.
[o6aBnB K ueneBoit qyHKuun (17) GHOOXKETHble OrpaHMYEHUA

E pa. </, X >0,., >0, N0y4nuMm 3afayy, Ha3biBaeMyl0 MOAE/b0
P.CToyHa. MpupaBHSB HYIO YaCTHbIE NPOU3BOAHbIE (YHKL MM JlathaH-

)Ka Mo MepeMeHHbIM X, NofiyyaeM Ans Bcex / oT 1 40 m: >a - Q
0TKyAaa A

a,i(X)
X = (18)

K 3TM ycnoBusiM f06aBnseTCs paBeHCTBO E px.-1=0, BbINOMHEHNE
KOTOPOro 3KBMBANEHTHO PaBEHCTBY HY/HO YaCTHOW NPOVU3BOAHON (hyH-

Kumu NachaH)ka No NepeMeHHOn X. YMHOXMNB Kaxjoe /-e YCNoBMe Ha
Kp. U NPOCYMMMPOBAB MX NO /, UMeem

X) aMx) + xW px -xXE PA = 0. (19)

MOCKONbKY B TOUKe ONTUMyMa 6HOAKETHOE OhaHNYEHWE BbINOHSA-

V- , mx) _ 1-E T
eTCs KakK PaBeHCTBO, 3aMeHUM 2 px. Ha I. Flonyunm — —.
OTctofa nmeem (hyHKL MO crpoca:

X = A + (20)

Y

ATy PYHKLMIO NIErKO NPOUHTEPNPETUPOBATL U 3aNOMHUTL CNeayto-
Wmm obpasom. BHavane npnobpetaeTcd MUHMMaNbHO HEOBX0AMMOE KO-
NNYECTBO Kaxaoro 6nara a. 3aTeM paccumTbiBaeTCs CyMMa feHer, oc-
TaloLwasncs nocne aToro, KOTopas pacnpefensieTca NponopLmMoHansHO
“BecamM” BaXXKHOCTU a.. PasfenmBe KONWMYECTBO AEHET Ha LIeHY p., Nofyya-
€M [0NOJIHUTENbHO NPMOBpPeTaemMoe, CBEPX MUHUMYMa, KONMYECTBO /-ro
6nara n go6asnsiem ero K a..

Mogenb CToyHa MMEET pa3/InyHble YacTHbIe C/lydaun: Harnpumep, Kor-

! |

fa Bce a. = O a BCe a. paBHbl MeXay co60i, nonyyaem x. = — (TO ecTb

[I0XO[, AeNNTCA Ha N PaBHbIX YacTeil 1 cnpoc Ha /- ToBap paccunTbiBa-
eTCS KaK YaCTHOE OT fIeNIeHNsI NONYYEHHOI CYMMbI IEHET Ha ero LIEHyY).
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B gaHHOM cnyyae Mbl BUAWMM, YTO CMPOC pacTeT MpU pocTe AoXoja C
3M1aCTUYHOCTbLIO, PaBHON eAuHULE, Y YMEHbLUAETCS C POCTOM LieHbl C
3/1aCTUYHOCTbLIO, PABHOM MUHYC efuHULE. TeM caMbIM KaX[bl TOBap B
3TON MOJenun ABMSETCA HOPMasibHbIM U LeHHbIM. Kpome Toro, cnpoc
pacTeT 40 6ECKOHEYHOCTM MpU BECKOHEYHOM pOoCTe AOXOAa - B 3TOM
CMbICNIE KaX/bli TOBap SBASAETCA “npeaMeToOM pocKoLwn”,

[na Toro uto6el onucath 60nee pasHoobpasHble POPMbI NOBeLEHUS
crnpoca Ha pasnnyHble ToBapbl, MOAENb AOMIXHA BKNOYaTh Apyrue, 6onee
CNOXHble BUAbI LENeBoi hyHKUMM npegnouTeHns. Hanpumep, npu dyH-
KUMW NpeanoyTeHuns

M(X,,Xx2)=x|*x/-“(n, + b- a)-*
(roe a,b- mapameTpbl) QYHKUKUSA cnpoca NMeeT BUf

X, = J (TNMYHasa yHKLMA cnpoca Ans NpeAMeTOB MepBoit

Heob6XxogMMocTn) n xX* = -—--- TTTp--—-- (Tnu4Hasa yHKLMA cnpoca

ANs NPeIMETOB POCKOLLIN).

9.3.2. BzamMMo3aMeHsieMocTb 6/1ar. 3dheKTbl KOMMAeHcaLmm

Ecnn yHKUMS cnpoca umeeT BUA X. = — (WK, NPU He paBHbIX
. /a, .
Mexgy coboi a., X. = — —), TO CNpoC Ha /-1 ToBap He 3aBUCUT OT
Plzj/\ lly

LIeHbl Ha 060 y-ii ToBap. Booble roBopsl, NepekpecTHble PYHKL NN
Cnpoca OT LieH XapaKTepm3yIoT Takme CBOMCTBA TOBApOB, KaK B3aMMO03a-
MEHSEMOCTb 1 B3aMMOJ0MNO/HAEMOCTb. ECn Npm pocTe LeHbl Ha ToBap
/, Npn CHMXeHMN cnpoca Ha /-i ToBap, pacTeT CNpOC Ha ToBapy - 3Tu
TOBapbl B3aumMo3aMeHseMbl. Hao60poT, ecav cnpoc Hay-il ToBap Takxke
MagaeT, - OHW B3aUMOAOMOHSAEMbI. 3aMETUM, YTO peasibHasl B3anmo3a-
MEHSEMOCTb MOXET MCKaXXaTbCs 06LUM CHUKEHMEM 6/1ar0COCTOAHUS
npw pocTe LieHbl /-ro 6nara; y-e 61aro MOXeT 3aMeHATb /- B noTpebe-
HWUW, HO CMPOC HA HErO MOXET He pacTu, MOCKONbKY CHU3WNI0ChL 06LLee
6narococtosiHMe noTpebuTtens. s CHATUSA STOM0 UCKaXXEHMA UCMONb-
3YKOT MOHATNE KOMMNEHCUPOBAHHOTO U3MEHEHUS LIEHbI, TO €CTb TAKOrO,
KOTOpOe CONPOBOXAAEeTCs YBEIMUEHNEM [OX04a NOTPebUTeNs, No3BOSIS-
oW MM eMy NOAAepXKUBaTh NPEXHUA ypoBeHb 61arococtosHma. Mpak-
TUYECKN KOMMEHCMPOBAHHOE N3MEHEHUE LIEHbI N306paXaeTcs cnegyto-
Wwmm obpasom (puc. 9.4).
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Puc. 9.4

MycTb LeHa nepBoro 6nara noBbicunack ¢/),' LOTOTr g a GOMKET-
Has npamas K3 NonoXXeHus 1 nepeigeT B NonoXxeHue 2. Toyka A Ha
NMHUK 6e3pasnnyuns KacaloLlencs nepoHavyanbHOro GOKETHOMO
OcthaHnyeHus, byeT 3aMeHeHa HOBOW TOUKOI onTuMyma B, rae HoBas
NMHNA 6e3pasnnumns  KacaeTcs HOBOW GHOMKETHOW NpsAMoii. Ecnm mbl
XOTUM KoMMeHCcUpoBaTh NOGebnTeNto NoTepto 61arocoCToSHUSA, TO yBe-
NIMUYNM ero foX0j TaK, YToObl HoBas 6104KeTHas npamas 3 (napansienb-
Haa IMHUK 2) KOCHYNacb B HEKOTOPOI Touke C npexHen nuHun 6es-
pasnnuma  HanpaBneHHbI 0Tpe30K >C NoKasbiBaeT “adheKT 3ame-
Hbl” MPW POCTe LieHbI, TO €CTb M3MEHEHWE CTPYKTYpPbI cnpoca npu ycno-
BUM MOAAEPXaHWS MPeXHero ypoBHa 6/1arococTosHMsA. HanpasieHHbIi
oTpe3ok C/lodaxaeT “adpheKT goxoaa”, T0 eCTb U3MEHEHNE NoTpedu-
Te/IbCKOrOo CNpoca Mpu COXpaHeHUM COOTHOLLEHUS LieH Bnar n n3MeHe-
HUW ypOBHSA goxoda. O6wWuMiA pe3ynbTaT pocTa LeHbl (Mpy OTCYTCTBUM
KOMMEeHCaL M) BbipaXaeTcs HanpaBieHHbIM 0TPe3KOM AB.

[ns hopmanbHOro aHanm3a KOMMeHcauMoHHbIX 3hPeKTOB paccMOT-
pvIM BHauane Age 3afauu.

MycTb ueneBas yHkUUsa notpedutens (L P M) 3aBucut oT ABYX Gnar,
1, n X, cnegyrowmm obpasom: WX, Xj) = -> max. MycTb LeHbl 6nar
paBHbl, COOTBETCTBEHHO, 10 M 2, a goxog noTpebutens - 60. Torga,

COrlacHO Mony4YeHHol hopmyne GyHKUMUK cnpoca,

15; m*=45. TlycTb Tenepb  MeHsAeTcA ¢ 2 40 7. KakoB Heob6xoanMblii
pasMmep KomneHcauumn? YTobbl NpMobpecTn NpeXxHUii ONTUMabHbIA Ha-
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60p, NoTpedbuTento He06xXo0ANMMO AONOAHUTENbHO (7-2) 15 = 75 feHeXx-
HbIX eauHUL,. OHAKO MPEeXHAs CTPYKTypa NnoTpebneHus He byaer on-
TUManbHON MPW HOBbIX LieHaX, 1 MUHMMa/bHas Heo6XoarMas KOMMeH-
caumsa 6ygeT MmeHblue, yem 75. MycTb NOTPebuTeNb NoNyyaeT 4ONOAHN-
Te/IbHO KOMMYeCcTBO AeHer M. Torfa npu HOBbIX LEHax ero Crnpoc Ha

) ) 60 +M 60,+ JV .
nepBoe 1 BTOpoe 6nara 6yaeT paBeH: X, = — X, = —’7‘_2—. Llene-

102
Bas (DYHKLMA X' Xp 6yeT parHa (60 + 'AN)A, N 3TO BblpaXKeHWe AO/HKHO
PaBHATLCA HayanbHOMY u =45. OTcoga M « 52,25, 4To CyLecTBEHHO
MEHbLLe, yem 75.
Tenepb pewnm 3agady B 60nee obuiem Buge. MNycTb No-npexxHemy
«(@:,™) = X x®, ueHbl 6nar pasHsbl /?, n p®, a goxog I. OueBngHo,

BX, o1 A

X.= . , . -=0
. 2p} pl i ppl
MycTb Tenepb LeHa p, Bblpocna B rpas (r > 1), u npu 3ToM noTpedu-
TeNlb MOMyYaeT HeOOX04MMYIO KOMMeHcaumnio. HoBblid pasmep goxoga

) - 7
0603Ha4YMM 4epes 1, cnpoc - & u jc. OueBngHo, &, = ,' :
¢Zp. pr

yCnoBue KomneHcaunmn 1="7 47 N

MTakK, cnpoc Ha nepBblii TOBap B C/lyYae C KOMMeHcal el COKpaTuT-

cs BVI pa3 (a He B I pa3, Kak 6e3 Hee), a cnpoc Ha BTopoii ToBap B YT
pa3 BblpacTeT. B cnyyae pocTa LeHbl BTOPOro ToBapa cUTyauus 6ynet

MOMHOCTbIO CUMMETPUYHOM. Takmm 06pasom. >0npu /=1,

dpj
7=2wumy =1 /= 2 WNHAEKC coTp O3HA4YaeT, YTO MepeKpecTHas
yacTHasi NPOM3BOAHAsA CNPOCa pacCcUMUTbLIBAETCA MPU HEO6X0AUMOIA AN
noALep>KaHus npexHero ypoBHA 6/1arococTosHUA KOMNeHcaumm oxo-
[a. YcnoBue KOMMeHcauuu cHUMaeT “adpekT goxoga”, octasnss
NNWbL"3PMEKT 3aMeHbl”, 4TO NO3BONAET 60/1ee TOYHO ONPEeAennTb No-
HATWE B3aVMO3aMeHSeMOCTM 1 B3aMMOAONOHAEMOCTHN 6nar 1 oueHu-
BaTb 3TW XapaKTepUCTUKW. bnara / nj Ha3blBaKOTCA B3anMMO3aMeHseMbl-

aox/ dXj

MW, ecnmn . >0 n” > O(3Tn ABa ycnoBus paBHOCU/Ib-
wi e ap,

Hbl), 1 B3aMMOOMNOMHAEMbIMWN, €CMN <0 " <0.

ap. ap,
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PaccunTaem Tenepb 3TW YacCTHbIE NPOU3BO/HbIE AN pacCMaTpMBae-
MO 3afjaum, Korga p® pacteT B r pas. B aTOM cnydae npupatieHue

an:,="1-x,; Ap=zp~-pim OTClOfa
yr
=g YDy
Ap. e o p,Yr@a +vT)
o XMz - 1)
= lim— lim-

MocneaHsas BeNMYMHA NONOXMUTE/NbHA, YTO CBUAETENLCTBYET O B3au-
MO3aMeHSIEMOCTM 6/1ar B paccMaTprBaeMoii 3agave.

9.3.3. ¥YpaBHeHve CnyuKoro

OZHWM 13 OCHOBHbIX B TeOpUM NOTPeBUTENLCKOTO BbibOpa ABNSeTCS
ypaBHeHue CnyuKoro, ony6nMKoBaHHOE POCCUMIACKMM MaTemMaTUKOM
E.E.Cnyukum B 1915 rogy. 310 ypaBHeHUe NO3BOSISAET YBA3ATh AENCT-
BUe ah(peKTa 3ameHbl M a(hPeKTa A0X04a C Pe3y/IbTUPYIOLLNM N3MEHE-
Huem cnpoca. Mbl He OyfieM BbIBOAUTL ypaBHeHue CAyLKOro, fnb
NPUBEJEM €ro B UCMONb3yeMblX 3[4eCb 0603HaYeHUAX, CAeNaB HEKOTO-
pble KOMMEHTapUN:

&p'_ Iqx quv
o, o al

comp

(21)

lMepBOe cnaraeMoe B MpaBOii YacTu ONKCLIBAET AeicTBMe adhdekTa
3aMeHbl, BTOpoe - geiicTBme addhekTa AOX0AA, BbIPXKEHHOE B TEX XE
eAVHMLaX n3MepeHust (MHOXUTENb X. NPUBOAUT UX K OfHOI pa3mepHOcC-
Ti). CneBa 3anucaHo pesynbTUpYyoLLee BO3AEHCTBINE HA CNPOC, CKNaabl-
BaKOLLLEECH U3 U3MEHEHMNS CTPYKTYpPbI CNPOCa 1 06LLEro ero M3MeHeHMs
NPy M3MEHEHUWN YPOBHS peanbHOro goxoda. Ans LUeHHbIX TOBapOB BeNu-

X
umHa A—'; > O T.e. CMpOC pacTeT Mpu pocTe Aoxoda. B aTom cnyuae,
of

ax,

CornacHo ypaBHeHuMio CnyLKoro, < : C/IM CNPOC PacTeT,

dpj
TO OH pacTeT 6onbLe npn Hanan4ymm KomneHcauunn, ecnn nagaeT - T0 B
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IX.
MeHbLUel cTeneHn. MoXeT OKa3aTbCsl M Tak, UTo < Q HO 0P >0,
TO €CTb TOBaphbl I My B3aMM0o3aMeHseMbl, HO NPeACTaBNAOTCA B3aMMO0-
nosHAeMbIMK 6€3 yyeTa KoMneHcauuu. Y paBHeHne ClyLKOro Moxet
paccMaTpuBaTbCs Kak Npu pasHbIX, Tak ¥ nNpu coBnagarowmx / ny (3a-
NULWKTe ero Ans NocnefHero ciyyas caMocToaTeNbHO). M3 06bI4HO noc-
TYIMPYEMbIX CBOCTB PYHKL MM NOME3HOCTU NoTpebuTens M)-29 BbiTe-

BX,
KaeT, 4To < O (Ha rpadmke 310 06YC/NOBMEHO BbINYKNOCTbIO

! coTp

NUHWI YPOBHSA (YHKLUWM Mone3HocTn). Ecaun, B TaKOM ciyyae, BApYr

OKasblBaeTcs, 4yto A > O(CMpoc Ha ToBap pacTeT Npu POCTE LIEHbI -

TaKne ToBapbl Ha3blBAKOTCA TOBapaMu rVI(*)(bVIHa), TO OTCHOAa BbITEKAET,

yTo a < O- TO ecTb 3T0 0093aTeNIbHO MaNOLEHHbIA (XyaLwnii) ToBap.

O6bIYHO NPUBOAUMbIA B KayecTBe npumepa Toeapa MmddguHa KapTo-
thenb yA0BNETBOPSET 3TOMY YC/0BUIO, B TO XXe BPEMS 30/10TO, Hanpu-
Mep, He MOXeT eMy y0BNeTBOpsATb. Takum 06pa3om, pocT crpoca Ha
30/10TO MpK POCTe ero LeHbl, Habnwaaswmiics ogHo Bpems B CCCP,
HY>XHO 00BACHUTbL APYTMMU NMPUYMHAMUA, - TaBHbIM 06Pa30M, CKPbITON
NH(AALWER 1 Y30CTbIO Chepbl BNOXEHUS CBOOOAHBLIX CPEACTB HaceNeHus
BTOT Nepuog.

Bbinvwem u nposepumM ypaBHeHMe CnyLKOro ans pacCMoTpeHHOM
Bbllle 3afayn noTpebuTeNbCKOro Bbl6opa € (DYHKLUMER Mone3HoCcTu
XA X=X XN KaK 6b1710 Mofy4YeHo.

X_ 1 X_ | LA 11 A
; .
Apl coTp p
OTtciopa
/ I 1 [ no= ! 1 1 Lo
2pf  p!  2P-J [2PJ3  2pt P Ly

NTak, B 060oux cnyyasx ypasHeHus Cnyukoro (npu /=y un npu ly)
3[leCb BbIMOMHEHbI. Y paBHeHMEe CNyLKOro MoXeT 6biTb UCMONb30BAHO

ANS HAXOXAEHNS , TO €CTb A/19 pacyeTa 3pdeKTa 3aMeHbl 1

ap.
OUEHKN B3aUMO3aMEHAEMOCTN WA B3aMMOAO0MNO/THAEMOCTH 6nar, noc-
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KOJ/IbKY YaCTHble NPOM3BOAHbLIE 663 KOMMEHCAL MU pacCcUMTbIBAOTCA 3Ha-
YNTeNbHO nerye (Kak aTo 6bIf10 NOKa3aHo Bbille).
PaccmoTpuM Ternepb 6051ee NOAPO6HO 3NacCTUYHOCTU (hYHKL MM CNPo-

x X
ca. OM1acTMYHOCTL Crpoca Mo LeHe paBHa  ~ 3M1aCTUYHOCTb
cripoca no goxofay e,, =3"1 1 Ons pyHKUMn x.=a  — 3/1aCTnY-
HOCTb e.. = -1; er= O(/y); e, = 1 (KaK 370 6bl/10 MOKa3aHO BbiLUe).

Kak yxe rosopunock, ecnm B hyHKUMUM cnpoca x=x.(p~,p~,..., pP))
BCe LleHbl M A0XO[ YBENMYUTbL B O4HO W TO Xe KO/IMYEecTBO pas X, TO
cnpoc X He n3MeHnUTCA. Takum 06pasom, x.(Xp, XN = X°x.(p,lN) = x.{p.N),
TO €CTb,'PYHKLUA cnpoca SABNSeTCA 0AHOPOAHOW HyneBoli cteneHn. OT-
clola, COrNacHo ypaBHEHUIO Jiinepa fO/XKHO BbLUONHATLCA PaBEHCTBO

. /=0 (22)
VAN
gp. 7
pa3fieNIMB KOTOPOE Ha X,, MOJTyYNM PaBeHCTBO  e. + &, = Q TO ecTb
>
HY/I0 JO/KHA PaBHATLCA CyMMa BCeX 31aCTUYHOCTeli Cnpoca no LieHam

V1 [OX0ay.
B KauecTBe WAMOCTpaLMM MOKAXKEM, YTO ecnv B 3agaye NoTpebu-
TeNbCKOro BbiGOPa BCErO fiBa TOBapa, TO OHU 0653aTeNIbHO ABASHOTCA

B3anmo3ameHseMbIMW. 115 3TOro BOCMNO/b3yeMcs TeM, YTO p <0,

coTp

N NONOXUTENBHOCTHI0 YACTHBIX NMPOU3BOAHbLIX PYHKLUN MONE3HOCTH.
MpegnonoXum, 4to Bblpocna LeHa 1-ro ToBapa p™ [1OCKONbKY

»

< O, cnpoc Ha 3TOT TOBap MpW YCNOBMU KOMMEHCAL MM najaerT.

Ecnm 6bl MpY 3TOM ynan cnpoc W Ha BTOPOV TOBap, TO Mbl NOMYYM Gbl
TOUKY, B KOTOPOIi 060MX TOBapOB MeHbLLE, YeM B HauanbHol. CnefoBa-
Te/NIbHO, B 3TOV TOUKe 3HaUeHue PYHKLMUN NONE3HOCTU U(XX™) AOMKHO
ObITb TAKXXE MEHbLUE (a Mbl 3HAEM, YTO B YCNIOBUSX KOMMEHCALIUW OHO
paBHO HauyasibHOMY). CrieoBaTeNlbHO, CMPOC Ha BTOPOiA TOBap Mpu YC/o-

BMW KOMMEHCALMW LOMKEH BblpacTy (T.e. >0), 1 OH fBNSETCA

B3aMO3aMEHAEMbIM C MEPBbIM TOBAPOM.
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Bonpocbl 1 3agaun K rnase 9

UTo 03HayaeT OTHOLLEHME NPesnoYTeHNA?

Kakum cBolicTBaM A0/DKHA YA0BNETBOPATL (PYHKLMSA MONE3HOCTU?

KakoB 3KOHOMWYECKWIA CMbIC/T CBOMNCTB (DYHKLMW MONE3HOCTU?

MpuBeguTe NpuMep MYHKLUN NONE3HOCTK.

CdopmynupyiiTe 3agady NoTpebMTeNbCKOro Bbibopa.

Bbinuwnte HeO6XOAMMbIE YCNOBUSA peLLeHns 3atadum noTpeduTesb-

CKOro Bblbopa.

MpuBeLnTe reOMeTPUYECKYIO MHTEPNPETALMIO PeLLeHUs 3a4a4um NoT-

pebunTenbCKOro Bbibopa.

8. UT0 Takoe (hyHKLMK cnpoca? B uem COCTOMT YCNOBME NX O4HOPOA-
HOCTW HYNEBOW CTeNeHW, ero 3KOHOMUYECKUIA CMbICN?

9. TMouemy B TOUKE ONTMMYMa 3aa4un NOTPebUTENLCKOro Bbibopa 6t04-
YXETHOe OrpaHuYeHmne BbINOHAETCS KaK PaBeHCTBO?

10. N306pasnTe haduueckn nuHumM ypoBHsa LI n 6ogkeTHOe odha-
HUYeHMe Tak, 4Tobbl OdaHnueHns x. > OCTanu CyLIeCTBEHHbIMU /15
peLleHns 3afa4m NnoTpebuTebLCKOro Bblbopa.

11. BTo4Ke oNTUMyMa MOMe3HOCTU NpupaLleHus 6nar, npuxogsiimecs
Ha 0fHY 3aTpayMBaeMyto JEHEXHYIO eAVHULLY, PaBHbI MEXAY COBOM.
MosAcHuTe.

12. Kakne napameTpbl NOTPebUTeNbCKNX NPeanoyuTeHNiA 3a4at0TCs K-
30reHHo B mogenu CrtoyHa?

13. 3anuwuTe opmyny 4158 CyMMbl AeHer, 3adadymBaemMoin 4na npuob-
peTeHus /-ro ToBapa B peweHun mogenn CToyHa.

14. 3aBUCUT N1 CyMMa [IEHET, pacxofyemMast Ha ToBap / B peLleHnmn Moje-
nn CToyHa, oT ueHbl ToBapay (/ )\

a) npy a. =
6) npn a. > O?

15. BegyT nu cebsi ToBapbl B Mofenn CToyHa Kak npeameTbl MepBol
Heo6X0ANMOCTU UAN MpPeLMETbl POCKOLIN C TOYKM 3PEHUS 3aBUCK-
MOCTM Cnpoca Ha HUX OT foxoAaa?

16. B 4yeM COCTOMT BO3[ENCTBMNE Ha CNpOC 3dhdheKTa 3aMeHbl U adhheKTa
foXxofda Npy U3MeHEeHMN LeHbl 0AHOTo 13 6nar? N3o6pasnte agm-
YecKn ceMeincTBa TMHNIA ypoBHA LLDTT 1 6r0KeTHOE ohaHNYeH e,
Korfa st (heKThbl 3aMeHbl 1 OX0La BO3AEACTBYHOT Ha CMPOC Ha HEKO-
TOpbIA TOBap:

a) B O4HOM HanpasneHuu;
6) B pa3HbIX HanpaBneHUAX.

17. PaBHO3HAYHO N1 BO3AEACTBME HA NOTPEOMTENLCKUIA CNPOC YBENNYe-

HMe [0X04a B K pa3 M COKpallleHMe B K pa3 BCeX LieH? Caenaiite

BbIBOAbI A4/15 paccMaTpmrBaemMoi MOAenn 1 Ans peasnbHOCTU U cOnoc-

TaBbTe WX.

S UPAWN R

~
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18. MpeanonoXmm, 4to PYHKUUS Clpoca Ha ToBap X 3aBUCUT OT ero

LeHbl /7 n goxopa noTpebuTens / cnegyowmm o6pasom: Nc-
P\

nonb3ys ypaBHeHne CAyLKOro, paccunTaiTe p
’] cvilip

19. MoryT nn Bce 3N1aCTUYHOCTM CMpoca Ha Tosap / no ,u,oxo,qy n no
LleHaM ObITb HeoTpUuLaTebHbIMU?

20. 3anuwunTe Kakylo-HUbYAb (DYHKLWIO Cnpoca, A8 KOTOPOW cnpoc
Ha /-/ ToBap anacTnyeH Kak no LeHe, TakK 1 No foXo4y, TO eCTb e.. <

-l,ae”> 1.
21. PewnTe 3aga4y noTpebuTeNbCKOro BoiGOpa, Haliasa GyHKLMK cnpo-
ca, Npu ueHax 6narp, = 10, ~ 2 upgoxogde /= 60, co cnegyoLmn-

MU DYHKLUMAMU NPeanoYTeHus:

1) M= X X -> max;

2) n = XYr Y -> max;

3) bl= (X,-1)" (x,-3 * max;

4) M= 5(4 - x)2 + (20 - x~Y -> min.

[ns Kaxaon 3agaum n3obpasnte 4ONYCTUMOE MHOXECTBO M KPUBbIE
6e3pasnnuus.



['J1IABA 10
MPOV3BOACTBEHHbBIE ®YHKLUU

10.1. MoHATWEe NPOM3BOACTBEHHOM (PYHKUWW OAHOM ne-
peMeHHoM

Mpon3BoACTBEHHAS (PYHKUMS - 3TO (YHKLMA, He3aBucuMMas nepe-
MeHHas KOTOPO NpUHMMaET 3Ha4YeHUs 06BLEMOB 3aTpaunBaemoro Uan
ncnonb3yemoro pecypca ((pakTopa NpPoM3BOACTBa), a 3aBMCMMas NEPEMEH-
Hasi - 3HaYeHUs 06BLEMOB BbINyCKaeMoii NpoayKLum

Y=J1x) (1)

B qopmyne (1) it (m;,>0) ny (j >0) - uncnosble BENNYUHbI, T.e. =
J[x) eCcTb hyHKLMS OAHON MepeMeHHOoR x. B cBA3M C 3TUM NpPOU3BOA-
cTBeHHast hyHKums (MP)/ Ha3bIBaeTCS O4HOPECYPCHOM NN oaHOMDAK-
TopHoi M®, ee 061acTb ONpeLeNeHNs - MHOXECTBO HeoTpuLaTebHbIX
AenCcTBUTENbHbIX uncen (T.e. x >0). 3anuck y =f{x) 03Ha4YaeT, 4YTo eC/n
pecypc 3aTpaymMBaeTcs UAU UCMOMbL3YeTCs B KOMUECTBE X €MHNUL, TO
nNpoayKuma BbiNyCKaeTca B Konu4yectee y = f{x) eanHuy. Cumeon/ -
3HaK PYHKLWN - SBNAETCA XapaKTePUCTUKON NPoM3BOACTBEHHOI CUCTe-
Mbl, NpeobpasytoLeil pecypc B BbiNyCK. CUMBON/ CBA3LIBAET MEXAY
C060I He3aBUCHMYHO NEPEMEHHYHO X C 3aBUCMMOI MepeMeHHOW y. B
MUKPO3KOHOMMNYECKON TEOPUN NPUHATO CUMTATb, YTO Y - 3TO MaKCu-
Ma/lbHO BO3MOXXHbIi 06BEM BbLUYCKA MPOAYKLMK, €CIN PECYpC 3aTpayn-
BAeTCA WM UCMOMb3YeTCH B KOIMYECTBE X eANHNUL,. B Makp0o3KOHOMUKe
Takoe NOHMMaHMe He COBCEM KOPPEKTHO: BO3MOXHO, NpW ApYrom pac-
npejeneHnn pecypcoB Mexay CTPYKTYPHbIMU eAUHULAMUN 3KOHOMUKM
BbIMYCK MOT 6bl 6bITb 1 60/1bLUUM, B 3TOM Ciydae [® - 3T0 cTaTUCTM-
UecKM ycToiuMBas CBA3b MEXJy 3aTpaTaMu pecypca 1 BbiMyckom. bonee
NpaBU/IbHON ABMSETCS CUMBOMMKay=AX, a), e a - BEKTOp napameT -
pos M®.

Mpumep 1.1. Bo3bmem M@ / B Buge fix) = ax!’, rge x - BeiM4MHA
3aTpaymaemoro pecypca (Hanpumep, paboyero BpeMeHn), x) - 06bem
BbIMYCKAeMOM NpoAyKunn (HanpyuMep, YNC0 rOTOBbIX K OTMPAaBKe XO-
NoAUNbLHUKOB). BennumHbl a n b - napameTpsl MNP/ 3geck a n &-
NONOXUTENbHbIE YMCNA U YMCNO b<\, BEKTOp NapaMeTpoB ecTb BYMep-
Hblli BEKTOP {a, b).

padvk I NPOVN3BOACTBEHHOW (YHKLUKM | = OX* M306padXKeH Ha puc.
10.1. Ha rpagumke BWAHO, YTO C POCTOM BeMYMHbI 3aTpPaynBaeMoro
pecypca X06beM BbIMyCcKay pacTeT, OHAKO Npy 3TOM KaXKaas AonoHu-
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Te/bHas eAUHULA pecypca aeT Bce MeHbLUMIA NpupocT 06beMay BbiMyc-
KaemMoi npoaykuun. OTMeYeHHOe 06CTOATENBLCTBO (pocT 06beMa y U
yMeHbLLUeHMe MPUPoCcTa 06bemay ¢ pOCTOM BeIMUMHbI X) OTpaxaeT (DyH-
[JlaMeHTasIbHOe MO/I0XKEHMNE 3KOHOMMYECKOW Teopun (XOPOLLIO NOATBEp-
YK[laeMOe npaKTuKoiA), Ha3bIBAEMOE 3aKOHOM y6biBatoLLel apeK T UBHOC-
TN n® y = axl’aBnseTcs TUNUYHbLIM NPeACcTaBUTeNeM LLIMPOKOro Knac-
ca 04HO(aKTOPHbIX Md.

Md MoryT UMeTb pasHble obnacTu mucnonb3osaHus. MpuHUMN “3a-
TpaTbl - BbIMYCK” MOXeT 6bITb peasM3oBaH KakK Ha MUKpPO-, TaK U Ha
MaKpO3KOHOMUYeCKOM YpOBHe. CHavana 0CTaHOBUMCS Ha MUKPO3IKOHO-
MUYeCKOM ypoBHe. M® y = ax*, pacCMOTpPeHHas Bbllle, MOXeT 6blTb
MCMonb30BaHa 418 ONMcaHna B3aMMOCBA3N MeXy BENMYUHON 3aTpayn-
BaemMoro WaM UCnosib3yemoro pecypca X B TeueHue rofa Ha oTAeNbHOM
npegnpuatTum (pupmMe) 1 rogoBbIM BbiMYCKOM NPOAYKUMW y 3TOrO npej-
npuaTna (hmpmsbl). B ponn Npon3BoACTBEHHOW CUCTEMbI 3[1€Ch BbICTY-
naeT oTaenbHoe npegnpusaTue (hupma) - UMEEM MUKPOIKOHOMMUYECKYHO
Mneé (MAMN®). Ha MMKPO3KOHOMUYECKOM YPOBHE B POSIA MpOW3BOA-
CTBEHHOW cUCTEMbI MOXET BbICTYMNaTb TaKXXe oTpac/b, Me)l(OTpaCﬂBBOVI
Npon3BoACTBEeHHbIN komnnekc. MUTT® cTpoATCA M UCMNO/L3YIOTCA B OC-
HOBHOM ANA pPeLlleHnd 3agady aHainsa nU nnaHMpoBaHus, a TakKXKe 3agad
NPOrH03npoBaHunA.

M® MOoXeT 6bITb UCMONb30BaHA AN19 ONUCAHMWSA B3aUMOCBA3N MeXay
rofloBbIMUW 3aTpaTtaMu Tpyaa B MacluTabe permoHa nnm cTpaHbl B LLeIOM
N TOfOBbIM KOHEYHbIM BbIMYCKOM NPOAyKuun (MM LOXOLOM) 3TOro
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pervoHa uam cTpaHbl B Le/IoOM. 34eck B pOSiM NPOM3BOACTBEHHON cUCTe-
Mbl BbICTYMaeT peruoH WAM cTpaHa B LENOM (TOYHee Xx03slicTBeHHas
cucTema PernoHa Uau CTpaHbl) - UMeeM Makpo3KOHOMUYECKMiA YPOBEHb
N MakposkoHoMuyeckyio MNP (MAM®). MATM® cTpoaTca U akTUBHO
MCMONb3YITCA ANSA PeLleHns BCex TPex TUNOoB 3afad (aHanusa, niaHu-
POBaHUA 1 MPOrHO3NPOBaHNUSA).

TouYHOe TO/IKOBaHWE MOHATUIA 3aTpa4yMBaemMoro (May UCMoAb3yeMOoro)
pecypca 1 BbIMyCKaeMon NpoayKLMK, a TakXKe BbIOOP eamHuL, UX n3Me-
peHus 3aBUCAT OT XapakTepa U MacliTaba npounsBofCcTBEHHON CUCTEMBI,
0COo6eHHOCTel pellaembix (C momoubto M®) 3agau (AHANUTUYECKHKX,
NaHOBbIX, NPOFHO3HbIX), HANNUYUSA UCXOAHBIX faHHbIX. Ha MUKpOIKOHO-
MWUYECKOM YPOBHe 3aTpaTbl U BbIMYCK MOTyT U3MepsATbCA KakK B HaTYy-
panbHblX, TAK U B CTOMMOCTHbIX eMHULAX (nokasaTenax). [0f0Bble
3aTpatbl TpyAa MOryT 6bITb M3MEPEHbI B Ye/I0BEKO-Yacax (06beM yeno-
BEKO-4acoB - HaTypanbHbI NOKasaTenb) UAK B py6nsx BbiMiav4eHHOIA
3apaboTHOI NnaTbl (ee BeIMUMHA - CTOMMOCTHbIN NMOKa3aTenb); BbIMYCK
NPOAYKLUM MOXET BbITb NPeACTaB/ieH B LUTyKax WAW B APYTrUX HaTy-
pasibHbIX eanHMLax (TOHHaX, MeTpax v T.M.) Uan B BUAE CBOEN CTOU-
MOCTW.

Ha makpoakoHomMuyeckom YPOBHE 3aTpatbl U BbIMYCK U3MepSOTCA,
Kak MpaBw/o, B CTOMMOCTHbIX MOKa3aTensx 1 NnpeacTaBastoT coboi cTo-
MMOCTHble (LLEHHOCTHbIE) arperaTbl, T.e. CYMMapHbIE BEIMYNHBI MPOU3-
BeAEeHN A 06bEMOB 3aTpauMBaeMbIX (MM WUCMOMb3yeMbIX) PECYPCOB U
BbIMYCKaeMbIX NMPOAYKTOB Ha UX LIEHbI.

MpounsBoAcTBeHHAs PYHKLMUA HECKONBKUX NEPEMEHHbIX - 3TO PYHK-
UWSA, HE3aBUCUMbIE MEPEMEHHBIE X ,,..., X, KOTOPO/ NPUHMMAIOT 3Haue-
HUA 06BLEMOB 3aTpaynBaeMbIX UK UCNONb3YEMbIX PECYPCOB (4MCNO0 ne-
PeMEHHBIX 1 PaBHO YNC/Y PECYPCOB), a 3HaUeHNe YHKLUUU UMEET CMbIC/
Be/IMUNH 00HEMOB BbIMYCKA;

Y=AX)=AXx",mmnE X). (2)

B topmyne (2) y (y >0) - ckansipHasi, aX - BeKTOpHas BEIMUUHA, X,,
..., X, - KOOpAuHaTbl BeKTOpa X, T.e.OX,, ... , X,) eCTb UncnoBasa PyHK-
UMA HECKONbKUX (MHOrMX) NEPEMEHHbIX X,, ..., X . B cBA3K c aTum M@
OX|, ... , X") HasblBatOT MHOFOPECYPCHON UM MHorogakTopHoin Md.
bonee npaBubHOW fBNSiETCA Takas cuMBonukay (X,, ... , X, a), r4e a -
BeKTOp napameTpos [1P.

Mo 3KoHOMMYecKoMYy cmbicny X, > O ... , X* > O, cnegosatencHo,
06nacTblo onpeaeneHns MHorogakTopHon M Ax,, ... , X,) ABASETCS
MHOXEeCTBO JI-MepHbIX BEKTOPOB X, BCE KOOPAUHATLI X ,, ..., X, KOTOPbIX
HeoTpuLaTeNbHble Y1Ca.

[ns oTaensHoro npegnpuatms (pupmel), BbiMyCKatoWero 0gHopoa-
HbI mpoaykT, M® AX,, .. , X)) MOXeT CBA3bIBaTb 00BbEM BbiMycKa (B
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HaTypa/lbHOM W1 CTOMMOCTHOM BbIPaXXEHWUW) C 3aTpaTaMu paboyero Bpe-
MEHW MO PasIMYHbLIM BUAAM TPYL0BOI 4eATeNbHOCTH, PasIMyHbIX BUL0B
Cblpbs, KOMMEKTYIOLWNX U3LE/INA, 3HEPTK, OCHOBHOTO Kanutana (13-
MepeHHbIX 06bIYHO B HAaTypasibHbIX efnHuLax). Md Takoro Tuna xapak-
TEpU3YHOT AeMCTBYIOLLYIO TexHonoruo NpeanpuaTus (hupmel).

Mpu noctpoeHumn M ans permoHa UK CTpaHbl B LieSIOM B KayecTse
BE/IMUYNHBI TO4OBOr0 BbiMycKa Y (bydeM 0603Ha4yaTb 06bEM BbINYCKa,
NIn 00X0Aa, Ha MaKpoypoBHE 60/bLLION 6YyKBOIA) Yalle 6epyT COBOKYI-
HbI NPOAYKT (JOXO0L) pernoHa Wam cTpaHbl, UCUUCASEMbIA 0ObIYHO B
HeM3MeHHbIX, @ He B TEKYLLMX LieHax, B KAYeCTBe pecypcoB paccMmarpusa-
HOT ocHOBHOI KanuTan (X, (=K) - 06beM Mcronb3yeMoro B Te4EHME roga
OCHOBHOTrO KanuTtana), »kusoii Tpyg (T {=1) - KONNYECTBO eANHNL, 3a-
TpauvBaeMoro B TEYEHME rofa XXMUBOro Tpyaa), ucumcnsemble 06bIYHO B
CTOMMOCTHOM BbIpaXXeHUU. Takum 06pa3om CTPOAT ABYX(akTopHyto Md
Ox,, X)), nam Y= NK,1). OT gByx(akTopHbIX NP nepexoddar K Tpex-
(hakTo'pHbIM. B KauecTBe TPeTbEro hakTopa MHOrAa BBOAAT 06bEMbI UC-
nosib3yembIX NPUPOAHLIX pecypcoB. Kpome Toro, ecam M ctpomTea no
JaHHbIM BpPeMEHHbIX PAA0B, TO B KAYECTBE 0CO60ro (hakTopa pocTa npo-
N3BOACTBA MOXET ObITb BK/IIOUEH TEXHUYECKUI Npodecc.

Moy =Y(X,, ) HasblBaeTCA cTaTUYECKON, CNN ee Napamedbl 1 ee
XapaKTepUCTMKa/ He 3aBUCAT OT BpemeHU /, XOTA 06BLEMbI PECYPCOB U
06beM BbIMyCKa MOMYyT 3aBUCETb OT BPEMEHU 1, T.e. MOTYT UMETb Npea-
CTaB/IeHWe B BUAE BpeMeHHbIX psfoB: X, ), X,(1), ... , X,(7); XX0), X(1),
L, X(M); ¥(0), y(1),... ,y(T} y(r) =1x,(0, xp)). 3aeck r- HOMep roga,
r=0 1, .., 7; 2= O - 6a30Bblli r0f BPEMEHHOI0 MPOMEXYTKa,
oxBaTblBarowero rogel 1, 2, ... T.

Mpumep 1.2. s MoLennpoBaHNa OTAE/ILHOMO PermoHa Uau cghaHbl
B LiesIom (T.e. 4NA pelleHmns 3afa4 Ha MakKpO3IKOHOMUYECKOM, a TakxXe U
Ha MWKPO3KOHOMMWYECKOM YPOBHE) 4acTo ucnonb3yetca N sugay =
aypcx"\ rge  a,, at- napameTpbl MP. 3T0 NOMOXKUTENbHbIE MOCTOAH-
Hble (4acTo @, U TakKoBbl, YTo @, + = 1). NP TONbLKO YTO NpuBe-
[leHHOro Bupaa HasbiBaeTca MNP Kobb6a-Ayrnaca (MPKL) no nmeHu
[BYX aMepnKaHCKNX 3KOHOMUCTOB, MPEeLI0XUBLUNX €8 UCNOJIb30BaTh B
1929 r. MPK/J, akTMBHO NpUMeHsSeTCca ANa pelleHns pa3Hoo6pasHbIxX
TEOpPeTUYECKUX M MPUKNaAHbIX 3afady 6/1arofjaps CBOE CTPyKTYpHOI
npoctoTe. MPK/I NpUHAgNEXNT K Knaccy Tak Ha3blBaeMbIX MynbTuM-
nukaTuBHbix MO (MM ®). B npunoxenusax MK x, = A"paBHo 06b-
eMy Mcnonb3yemMoro OCHOBHOr0O kKanutana (06bemy MCrofib3yeMbiX OC-
HOBHbIX ()OHAOB - B OTEUYECTBEHHON TEPMUHONOMUN), X = b - 3aTpa-
Tam XMBOro Tpyaa, Torga NMOKA npnobpeTaeT BUA, 4acto NCNONb3ye-
MbIiA B IUTepaType:

Y=
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pacmkom MNP ~ (a, + = 1) BTpexmepHOM NpoCTpaH-
CTBe ABNSETCA BYMEpHas NOBEPXHOCTb I, 3CKMN3 KOTOPOii nNpescTaBneH
Ha puc. 10.2. I'paduk I b pacCMaTprBaeMoM C/lyyae ecTb KOHMYecKas
MOBEPXHOCTb, HaMpasAsoLLeil KOTOPON ABASETCS, HaNpuMep, AUHKA |,
a 06pasyoLlWwmmMun - nyuu, Beixogawme n3 Touku O. Myctb = x° > Q
Torgay = {@AYNX® U Mbl nonyyaeM BapuaHT Md, aHanornyHbli
paccmoTpeHHOMY Bbile (cM. puc. 10.1 u puc. 10.3). J/InHmMa C ecTb
nepeceyeHne MOBEPXHOCTM I BEPTUKA/bHOW MIOCKOCTLIO A2 = x”~. Ha
puc. 10.3 npeactaBneH parmeHT puc. 10.2, oTHOCALWMIACA K NNHUK C.
MosegeHne nuHUK C oTpaxkaeT TO 06CTOATENLCTBO, YTO C POCTOM 3aTpaT
nepBoro pecypca 06LeM BbINyCKay pacTeT, HO KaXKaas 40N0HWUTeIbHanA
eAMHMLA NepBOro pecypca obecneynBaeT BCE MEHbLLNIA NPUPOCT BbINyC-
Ka y. OTO 06CTOATENILCTBO MOXHO NPOKOMMEHTMPOBATL CEAyOLNM
06pa3oM. Ecim uncno paboTHUKOB U UX KBanuhUKaLms ocTaloTecs He-
M3MEHHbLIMU, & YAC/0 06CNYXKMBAEMbIX UMU CTaHKOB (KOTOPOE yXe A0-
CTaTOYHO BE/IMKO) YBENMUMBAETCS, Hanpumep, B 4Ba pasa, TO 3TO ecTec-
TBEHHO He MPUBEAET K ABOWHOMY poCTy 06bema Bbinycka. OTMETUM,
yto ecim o, + < 1, To papukom I MO K/ sBnseTcH NOBEPXHOCTb,
KOTOpas HamoMWHAeT BbIMYK/Y BBEPX “TOPKY”, KPyTU3HA KOTOPOWA
nagaeT, ecnum Touka (i, X~ nepeMeLlaeTcs Ha “ceBepo-BOCTOK” MO Moc-
KOCTU OxX,.

Mpumep 1.3. NuneiiHas M@ (JIMNP) umeet BUA: y =+ a%x* ~ 2
(aByxthakTopHad) ny =+ an, + ... + apc (MHorogakTopHas). 1Mo
NPUHAAJIEXUT K KNaccy Tak Ha3blBaeMblX abuTueHbix MO (AMP). Me-
pexos OT MYAbTUMANKATUBHON M® K afAUTUBHON OCYLLLECTBNSETCA C
NMOMOLL b0 Onepauuy norapumMmmpoBaHus. na AByx(hakTopHON My/ib-
TUNAUKaTUBHOW MNP

y =a”;xn
3TOT Mnepexof MMeeT BMA: 1N y=1n au+a,n Xx.+a”b x™

Monarag Iny=w, In n 1In X2=y~, nonydvaem agautusHyto Mo
A=111 au+aly,+a2y2.
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BbinonHAs 06paTHbIil nepexos, U3 agauTueHol Md noayymm Mysb-
TUNNKaTUBHYO [P,

Ecnmn cymma nokasateneit cteneHn B NMd Kob6ba-Ayrnacay = Kb
paBHa eanHuue (0, + a”= 1), TO ee MOXHO 3anucatb B HECKO/IbKO

Apyrow opme:

Tey K
' TE T
y

K
Opobu " Ha3bIBAOTCA COOTBETCTBEHHO MPOM3BOANT EMb-

HOCTbIO TPyAa M KannTanoBoOPy>KeHHOCTbI0 Tpyaa. VICnonb3ys HoBble
CUMBO/bI, MNONYYUM

r= Oo",

T.e. 13 AByxdaktopHoin MO KA nonyumm hopmanbHo ogHohaKTop-
Hyto MDKA. B cBsian ¢ Tem, yto O< o, < 1, n3 nocnefgHeir opmybl
CnepyeT, 4yTo NPOU3BOAUTENBHOCTL TPyAa I pacTeT MefieHHee ero Kanu-
TanoBoopyXeHHocTu. OAHAKO 3TOT BbIBOA CNpases/vMB 4/ Ciyyas cTa-
Tnyeckoin MO K/ B pamMKax CyLLECTBYHOLUX TEXHONOMUN U PECYPCOB.

y
OTMeTUM 34ecb, 4TO Apo6b 7 Ha3blBAETCA NpOU3BOANTEbHOCT bio

y K b
KanuTana Wan kanuTanooTgayeir, 06paTHble 4po6U -p M —Ha3bIBaKOTCS

COOTBETCTBEHHO KanuTa/0eEMKOCTbIO N TPYA0EMKOCT b0 BbIlNMYyCKa.

[NMd Has3bIBAETCA AMHAMUYECKOW, eCc/n:

1) Bpems / QUrypmpyeT B Ka4yecTBe CaMOCTOSTENbHOI NepeMeHHOA
Be/INUYMHbI (Kak Obl CAMOCTOSATEILHOTO (PaKkToOpa NPOU3BOLCTBA), BAUSA-
tOLLEro Ha 06beM BbINyCKaeMoW NPOAYKLUK;

2) napameTpbl MNP 1 ee xapakTepucTnkKa/ 3aBUCAT OT BPEMEHM 1

OTmeTuM, 4YTO ecnu napameTpbl Md oueHBanuch NO JaHHbLIM Bpe-
MeHHbIX psigoB (06EMOB PECYPCOB U BbINyCKa) NPOAC/KUTENBHOCTbIO
NeT (T.e. 6a30BbIli NPOMEXKYTOK A48 OLLEHKWN MapameTpoB UMeeT NpoLof-
XUTeNbHOCTL [ANeT), To 3KCTPanoNsUMOHHbIE pacyeTbl Mo Takoin Me

T
cnefyet NPoBOAUTL He 60nee YemM Ha  NeT Brepes (T.e. NpomeXKyToK

-
3KCTPanonALMmM IO/HKEH UMeTb NPOAO/MKUTENLHOCTL He 6oniee Yem y

ner).
Mpu noctpoeHun M@ HayuHo-TexHuUYeckuii nporpecc (HTTT) moxeT
ObITb YUTEH C MOMOLLbIO BBeAEeHUA MHo>kuTens HTI eP, roe napameTp

6 3amkoB
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(umcno) p (> 0) xapakTepu3yeT Temn nNpupocTa BbiMyCKa Mof BAUSHU-
em HTTT:

y{t) = Xp)) (/=0,1, .., 7).

JT1a N - npocTewnii npumMep amHamudeckoii M@ ; oHa BKIOYaeT
HeliTpanbHbIiA, TO ECTb HE MaTepnann3oBaHHbIN B 04HOM 13 haKTOPOB,
TexHn4eckuin npodecc. B 601ee CMOXHBIX Cyyasx TEXHUYECKMI Mpo-
(hecc MOXeT BO3[eCTBOBATL HENOCPEACTBEHHO HA NPOM3BOAUTENLHOCTb
Tpyga unn Kanutanootgayy: Y() =4/1(M) ~(0, 40O) wam Y{t) =N 4/)
K{t), LU)). OH Ha3blBaeTCs, COOTBETCTBEHHO, TPyAOC6eperaowmm nm
Kanutanoc6eperatowmum HTI.

Mpumep 1.4. Mpusegem BapuaHT MOKA ¢ yyetom HTIM >0 =
aner'xNitY xNityK

BblgeneHune CyLLecTBEHHbIX BUJ0B pecypcoB ((pakTopoB Npon3BOACT-
Ba) W BbI6OP aHA/TIMTUYECKOI hopMbl hYHKLNN Ha3blBaeTCH cne-
undpmkaumeii M@ y =Nn:,, nh).

Mpeo6pasoBaHne peasibHbIX i SKCMEPTHbIX AAHHbLIX B MOAENbHYHO
MH(OPMaLIUIO, T.e. pacyeT YNCNEHHbIX 3HaYEHWIH NapameTpoB Md y —
/n:,, Xj) Ha 6a3e CTaTUCTUYECKMX AaHHbIX C MOMOLLbIO PethecCUMOHHOIO0 1
KOppenaumMoHHOro aHanmsa, HasblBaeTcd napameTpusaumen MNP y =
AXN, XN,

MpoBepka UCTUHHOCTY (ageKBaTHOCTM) M® Ha3biBaeTCs ee Bepudmn-
Kaumei.

Bobi6op aHanuTuyeckoin gopmbl MNP y = Ax,, X (T.e. cneunguka-
LMA) AUKTYeTCs NPexe BCEro TeopeTuUeckumu COO6paXeHNaMu, KOTo-
pble JOMXHbI ABHO (MW faXKe HEABHO) YYUTbIBaTb 0COOEHHOCTU B3au-
MOCBS3el MeXay KOHKpPeTHbIMU pecypcamu (B Clyyae MUKPO3IKOHOMM-
UECKOro YPOBHS) UM 3KOHOMMUYECKMUX 3aKOHOMEPHOCTEN (B Clyyae Mak-
PO3KOHOMUYECKOTO YPOBHS), OCOBEHHOCTMW peasibHbIX UK 3KCNEPTHBIX
[aHHbIX, Npeobpasyembix B napameTpbl MNP (T.e. 0CO6EHHOCTM NapameT-
pusaummn). Ha cneymdukanuio 1 napaMeTpusaLmio B NpoLecce CoBep-
WeHcTBOBaHMS M® 0KasbiBalOT BAUAHME pe3ynbTaTbl Bepudukauuy Mao.
OTmMeTuM 3fecb, YTO OLeHKa napameTpos MNP 06bIYHO NPOBOAUTCA C
MOMOLLLbIO MeT04a HaMeHbLLNX KBaapaT 0B.

Mpumep 1.5. MpuBeaem B Ka4eCTBe MAMKOCTPALMM 3HAYEHMA Napa-
MeTPOB U «2 MaKpo3KoHoMuYeckol Md Kobba-Ayrnaca Y~ agKf' LN
ans akoHomukm CLUA, paccumTaHHbIe pasHbIMW aBTOPamy 45 pasHbIX
6a30BbIX BpEMeHHbIX MPOMEXYTKOB (anpuopu He npeanonaranoch, YTo
06A3aTeNbHO 0, + a, = 1) (cMm.: Tepexos J1.J1. Mpon3BOACTBEHHbIE PYH-
Kumn. M.: Ctatuctuka, 1974, c. 113):
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ba3oBble
e ossgumive
(nnn rogpl) al az al+az VIceneAoBannA
1899-1922 rr. 0,25 0,75 1,00 Ayrnac
1904 . 0,31 0,65 0.96 [yrnac
1914 r. 0,36 0,61 0,97 [Oyrnac
1919 r. 0,25 0,76 1,01 [Oyrnac
1869-1948 rrT. 0,70 0,25 0,95 BanaBaHuc
1900-1953 rr. 0,16 0,84 1,00 KneiiH
1909-1949 rr. 0,35 0,65 1,00 Conoy
1921-1941 rr. 0,34 2,13 2,47 TWUHTHep
1934-1959 rr. 041 0,91 1,32 MwuxaneBcKuii
1934-1956 . 0,26 0,74 1,00 MuxaneBcKuit

MapameTpbl pasHbIMW aBTOPaMM PacCUMTbIBANIUCH MO Pa3HbIM METO-
AMKaM, NO3TOMY MecTpoTa KapTWHbI He ABNAETCH HeoXugaHHoi. Obpa-
LaeT Ha cebd BHUMaHMe, 4TOo Y BCEX aBTOPOB HabMOaeTCs 3HAUUTENb-
HOe MnpeBbllLeHNe napamMeTpa  OTHOCUTE/NIbHO MapameTpa o,. Takxe
MoOYTU y BCeX aBTOPOB CyMMa a, +  OKasafiacb 6/IM3KOI K efuHULLE.

Ha ocHOBaHUM AaHHbIX N0 3KoHOMUKe CCCP (anHamuKa Haumo-
Ha/IbHOr 0 JOXO0Aa, YNC/IEHHOCTU 3aHATLIX B MaTepuasisHOM MpPOU3BOACT-
Be 1 06LEMOB OCHOBHbIX (DOHA0B), OMy6/MKOBaHHbIX 3a 1960-1985 rr.,
6bln paccunTaHbl napameTpbl MAM®K/ 6e3 yyeta HTI v ¢ yyeTom
HTIM. be3 yyeta HTM NM® KA umeet Bug Y= 1,022 A««*2/04618 (Koadh-
huuneHT getepmmHaumm O = 0,9969, ctatuctuka apbuHa-YoTcoHa
b1¥= 0,81; ynomsaHyTble 34eCb TEPMUHbI MaTEMAaTUYECKON CTAaTUCTUKU
6yayT npoaHanu3anpoBaHbl B rnasax 15, 16). Mpu nogcTtaHOBKe (hakTu-
YeCcKMX 3HauveHuih K m 1 3a 1986 r. owmbKa NpOrHo3a ¢ MNOMOLLbIO
BbiNMcaHHoW Md K[ coctaBuna 3%, 4TOo CBMAETENLCTBYET O TOM, UTO
TOYHOCTb MPOrHO3a Ha 0CHOBe paccmaTpmBaemoi MO K/ oTHOCKUTENBHO
Hegenuka. C yyetom HTT MK nmeet Bng Y= 1,038 eQa2AN9490230
(KoathpuumeHT getepmmHaumm /P = 0,9982, ctatuctuka dapbuHa-Yot-
coHa /)>K=1,63) (cm.: 'paHbepr A.I'. MogennpoBaHne coymanncTmyec-
KOV 3KOHOMMKKN. M.: DKOHOMMKa, 1988).

6*
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10.2. ®opMasibHble CBOMCTBA NPOU3BOACTBEHHbLIX (YHKLMIA

Mpoun3BoacTBEHHAA (PyHKLMA OX,, Kak (hopmasibHas KOHCTPYK-
LMs onpejeneHa B HeoTpuLaTeNbHOM O/ L«/AB ABYMEPHOI N0CKOCTH,
T.e. onpegeneHa npu x* >0,  >0. NP go/mkHa YAOBNETBOPATL pPagy
(ona Kakaoin KoHKpeTHO M - CBOEMY) CBOWCTB:

1.00,0)=0;

1"00,x,)=4x,0)=0;

2. x(1)>x(0) (x(1) ’\4Q) ~Ox(1))>Ax(0)) W Hx,(k),xM), k=0,1)Y,

2" x>0=>"~>0 (1=1,2), x=(X,,X,);

Ne
3.x> 0= >qu <0 (/=1,2), X=(X,X);

ALJ{tXN XN =t PAXN XN,

CB0ICTBO 103HauvaeT, UTo 6e3 pecypcoB HeT BbiMycka. CeolicTeo 1"
03HayaeT, UTO MPW OTCYTCTBUM XOTS Obl OLHOIO U3 PECYPCOB HET BbIMyCKa.

CBOWACTBO 2 03HAYAET, YTO C POCTOM 3aTpaT X0Ta Obl OHOFO pecypca
06beM BbiMycka pacTeT. CBOWCTBO 2" (NepBas yacTHas NPOU3BOAHAs

A5X)
X,

cypca npu HEM3MEHHOM KOJINYEecTBE APYroro pecypca o6bem BbiMycKa
pacTeT. YnopsigoueHHasa napa (XX uncen X, n X Ans KpaTkocTu 34ecb
1 ganee 0603Ha4aeTCs CUMBOJIOM X, T.€. X=(X,,X2).

no MOM0XNTENbHA) 03HAYaeT, YTO C POCTOM 3aTpaT OHOTO pe-

ColicTBO 3 (BTOpas YacTHas npoussogHas Mo HemnosIoXn-

nx}
Te/lbHa) 03HAYaeT, YTO C POCTOM 3aTpaT 04HOro (/-ro) pecypca npu Hems-
MEHHOM KO/MYecTBe APYroro pecypca Be/iMymHa npmpocTa BbiMycka Ha
KaXXAyHo AONOMTHUTENbHYIO eAUHNLLYY /-TO pecypca He pacTeT {3aKOH y6bi-
BatoLLleit agpchekTUBHOCTM). CBOMCTBO 3" 03HA4aeT, YTO Npu pocTe O4HO-
ro pecypca npegenbHas a(heKTUBHOCTb ApYroro pecypca Bo3pacTaer.
Ecnun BbinonHeHbl ycnosusa 3-3", 7o hauk MNP ecTb NOBEPXHOCTD,
pacnonoXeHHas B HEOTPULATENILHOM 0pTaHTe X, >0, X3 >0, y > OTpex-
MepHOro NPocTpaHcTBa Ox™x.” U BbiNyK/asa Beepx. BoobLye reometpu-
yeckuii 06pas M gomkeH Npexzae BCEro accoLUMMpoBaTbCs C BbIMYKON
rOPKOM, KPyTU3HA KOTOPOIA Y6bIBAET, ecnn Touka (X,, X) yXxoauT B nioc-
KOCTU ¢iC,X2Ha “CceBepo-BOCTOK”.

CBoIiCTBO 4 03HauaeT, uTo NP aBnseTcs ogHopodHol dyHkumeli (OD)
cTeneHn p> 0. Mpu p> 1| ¢ pocTom MacwTaba NpPoM3BOACTBA B t pas



nasa 10. Mpon3BOACTBEHHbIE PYHKLUMUN 165

(uncno ? > 1), T.e. C NEPexofoM OT BEKTOpa X K BEKTOpY tx, 00beM
BbiNycKa Bo3pacTaeT v f {> t) pa3, T.e. UMEEM pocT 3(PEeKTUBHOCTU
Npon3BOACTBa OT pocTa MacwTaba NponssofcTea. Mpu p < 1 unumeem
nageHuve apekTMBHOCTM MPOU3BOACTBA OT pocTa MacwTaba NPouns-
BoAcTBa. Mpup = 11MeeM nocTosAHHY0 3pHeKTUBHOC T NPON3BOACTBA
npu pocTe ero macwraba (MM UMeeM He3aBUCUMOCTb YAeNbHOr0 Bbl-
Mycka OT MacluTaba Npon3BOACTBA - B aHIINIACKON TEPMUHONOTUN CON-
stant returns to scale).

Ana NOKOy = agXi“Xf' (a, + = 1) cBoiicTBa 1-4 BbINOMHAOTCS.

Ona NN® 3"=au+|X,+An2 (@p>6, a,>0, a*YO) ceolictea 1u I (npu
a~=0) 1 CBOMCTBO 4 He BbIMOJHAOTCH.

MHOXeCTBO (MHKA)  YPOBHA g =J{x", x") (O < - AeACTBUTENbHOE
yucno) Mo 3*=[n:,, ¥ Ha3bIBaeTCA n3okeaHTOl MP. NHbIMK CNoBaMK,
NVHWS YPOBHSA @ - 3TO MHOXECTBO TOYeK, B KOTOPOM [1® MOCTOSHHA U
paBHa g.

PasznnuHble Habopbl (V,, V) n (w,, wY) 3aTpaumBaemMbix (MCMONb3ye-
MbIX) PeCypCcoB, NpUHaANeXalle 0AHOW 1 TOM e U30KBaHTe (T.e. A
=y(V], M) = m'p ~2», gatloT OANH U TOT XXe 06beM BblUyCKa a. M30-
KBaHTa eCTb JINHWA, PACNOOXeHHas B HeoTpuLatesbHoM optaHTe {(X,,
XX >0, X >0} AByMepHOL nnockocTn OXIXN

Mpumep 2.1. Ha puc. 10.4 gaHbl 3cKKU3bl U30KBaHT K1 TTOK/A.
OTMeTWM, YTO N30KBaHTa /,, PacrofioKeHHas “ceBepO-BOCTOUHee™ 130-
KBaHTbI /Y, COOTBETCTBYET 60bLLIEMY 06bEMY Bbinycka (T.e. > ?|) Ec-
N1 06bEM MCMOSb3YeMOro OCHOBHOTO KanuTana HeorpaHuyeHHo pacTeT
(Te. x, = +00), TO, KaK BUAHO Ha puc. 10.4, 3aTpaTbl TpyAa Heorpa-
HWYEeHHO y6bIBatoT (T.e. X, = | ->+0). AHaNorMyHo, Kak BULHO Ha puc.
10.4, ecnin x> = b-> +00,'TO X = +0. Ha puc. 10.5 faHbl 3CKU3bI
N30KBaHT /L 1 /2 (22 > 9|) NN®.
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Mpu /1=2 ana nwboin Md, ana KoTopoi crnpaseavBbl Bce (MK
yacTb) cBOMCTB 1-4, n30KBaHTa (ec/iM OHa He ABNSeTCA NPsMONA) ecTb
nuHns (He 0693aTeNlbHO rnajkas), Kotopas Beinykna K Touke O, T.e.
NMHUA, KOTOpas Noxoxa Ha U30kBaHTYy puc. 4. Ecim haduk Mo
MOXO0X Ha BbIMYKYK FOPKY, TO €CTECTBEHHO, YTO €e M30KBaHTbl eCTb
NMHUK, BbINyK/ble K Touke O.

10.3. MpegenbHble (MapXXWHasIbHbIE) U CpefHUe 3Hade-
HUS1 MPOU3BOACTBEHHOW (PYHKUMN

Myctb y=Ax) = AXx,, - N®. Apobb

Ha3blBaETCA cpefHei nponsBoanTEeNLHOCTbIO /-F0 pecypca {hakTopa
npoussoacTea) (CM®) unm cpegHUm BbINYCKOM no /-my pecypcey (thak-

TOpY Npon3BoACcTBa). CUMBOMKA: A, =
HanoMHuMm, 4TO B cnydae aByxdakTopHoi MK Y = a™K™ML“\ans

Y Y
CPeAHMX MPOV3BOAUTENLHOCTEN pn /I\_ OCHOBHOIO KanuTana v Tpyaa

6b1/1M MCNO/b30BaHbI COOTBETCTBEHHO TEPMUHbI KanuTasooThaua 1 npo-
N3BOANTENIbHOCTb TPyAa. STU TEPMUHBI UCMOMb3YIOT U MPUMEHUTENBHO
K Nt06bIM ABYX(haKTOpHbIM M®, y KOTOPbIX Xx=K 1 x=L.

Myctby = Ax) = Ax,, Xj) - N®. Ee nepBas yacTHas Npon3BoaHas

Ha3blBaeTCS npefenbHoli (Map>KnHaNbHOI) NPOU3BOANTENLHOCTbIO /-0
pecypca {(pakTopa nponssogctsa) (MM®) nnm npeaensHbIM BbIMYCKOM

no /-my pecypcy (aktopy npomssoacTsa). CUMBOAUKA: M. =

0O603HauYMM cumBonamm Ax, 1 A,(Ox)) {Kj{x, x*=Ax{ X, Xx*-AX,, XM\

Aj{X, X*=AX, X +hx"-AxX,,Xx) COOTBETCTBEHHO, NpupaLleHune nepe-
MeHHOI X, U COOTBETCTBYIOLLEe eil YacTHOe npupatteHne M@ Ax). Mpu
MasibIX [x, umeeM NpubavKeHHOe paBeHCTBO

31, an, '



nasa 10. Mpon3BOACTBEHHbIE PYHKLNN 167

CneposatenbHo, MM & (NpnbanMXeHHO) NoKasbIBaET, Ha CKOMbKO eAn-
HWUL, yBenmunTca 06bEM BbIMyCKay, eCin 06beM 3aTpaT x. /-ro pecypca
BblpacTaeT Ha ofHy (4OCTAaTOYHO Manyto) eaMHULY NPU HEU3MEHHbIX
obbemaxipyroro 3aTpavymMBaemMoro pecypca. 34ech npegensi{yto BEIMUYNHY

(t.e. MMN®) yenecoobpasHO UHTEPNPETUPOBATb, MCNOJb3YA 61N3-

KOe K Heli OTHOLWIEHME MalbIX KOHeuHbIX BEANYUH, T.e. AAX) n AX.
OTMeyeHHOe 06CTOATENbCTBO ABMIAETCS KIOYEBbLIM 415 NOHUMaHWUS 3KO-

HoMKYyecKoro cmbicna Mo C apyrumm npegenbHbIMU BeNYNHA-

MW cnepyeT nocTtynaTtb aHa/1oOrMYHbIM 06pa30|v|.

3agava 3.1. Ana NOKAy = HaiT B ABHOM Buge J1,, A®,
JV, n
PeweHwne 3apgaun. Nmeem:
X X “qu /\2 7 /\2 “(j‘V /\2 7
K1) ASAX)
= an<l MM<A N, = ar< | = M <A

Ana M® y =Ax) (He Tonbko ang MNP K/[) HepaBeHCTBa
M,<AN (/=1,2)

(T.e. NpeaenbHas Npou3BoANTENLHOCTH /-F0 Pecypca He 6onblue Cpej-
Heil NPOM3BOANTENBHOCTU 3TOFO pecypca) 06bIYHO BbIMOHAKTCS.

3agaya 3.2. Ona NN® y=a~+a™x +a N («0>0, a,>0, a™>0!) HailTu B
SABHOM Buae AN AN JI, n M
PeweHue 3agaun. Nwveem:

A—" =N — *a +a,— n = =fUL= — +a.— +a,
X, J, X n,” "2 Xj Aj Xj Xj
) INK)

A= -4l = «pn2 = -AN = 2>

IV, Alj
7l'<1:>”/ 04?7lj'<1:> <y

Myctb 37=/1") - N®, x= (X|,X]). OTHOLIEHWE NpeLesbHON NPon3Bo-
OUTENBHOCTU  /-FO pecypca K ero cpegHeli NMpoM3BOAUTENIbHOCTY Aj
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Ha3blBaeTCA (4aCTHOI) anacTUUYHOCTLIO BbiNycka Mo /-My pecypcy (Mo
thakTopy Npom3sogcTea) (3B®P). Cumsonuka:
IK)
A fix) g (/= 12)
Cymma BN + BN = EMHasblBaeTCa anacTUYHOCTbIO NPOoM3BOACTBA.
MockonbKy NpW Manom npupaileHumn x, umeem npubanXeHHoe pa-
BEHCTBO

ax) /o Nx) wy , A

s

E = x ! J'Ix)/

(KpaliHee npaBoe BblpaXKeHWe ecTb OTHOLLEHME ABYX OTHOCUTE/NbHbIX

N X [ A o
senmunn ACY B nocTonbkKy — (NPMGAMXKEHHO) NOKa3bIBaeT, Ha

CKO/IbKO MPOLEHTOB YBE/IMYMTCS BbIMYCK y, €CAN 3aTpaThbl /-ro pecypca
YBENMYATCA Ha 0AMH NPOLEHT NPW HEM3MEHHbIX 06beMax ApYroro pe-
cypca. MosicHeHVe BbIpaXeHus E., COAepXKallero npeaenbHyo BeMNUMHY

X
U MOMOLLbIO BbIpaXKEHUSs, COLEPXKALLEr0 KOHEYHOE NMPUBIMKEHNE

aToil npe,qeanoﬁ BE/MMUYNHbI, ABNAETCA KAto4YeBbIM B MOHUMaHUWU

3KOHOMMWYECKO CyTW YaCTHOIA 31aCTUYHOCTU BbIMyCKa MO /-My pecypey.
3apava 3.3. Bbinucatb B ABHOM Buge and MO K/ BbipaxkeHUa ans

PeweHue 3agaun. Vimeem:
=—a E= a,
W+ E, = a + a®

3agaua 3.4. Ana NN y=a~x~+a™ («0=0) BbiNucaTb B ABHOM BUaE
BbIpaXKeHUA Ans £l E

Peuienue 3agauun. Vimeem:

X)) _ wo "2 BX) «2
Nnx) px, ax ’ ~ JIx) ax.

E=E™ + E,= 1.

Myctby =AX) - MNP, X= (x,X2). MpegenbHoii HOpMoii 3aMeHbI (3aMe-
LeHmns) /-ro pecypca {thakTopa NponsBoacTea)y-m (abbpesnatypa: MH3®
M CMMBONKA: K.) Ha3bIBAETCA BbIpaXKeHne

dx
Q)

NP1 NOCTOSAHHOW .
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O6paTMMm BHMMaHMWE Ha TO, YTO / - HOMEp 3ameHsIeMOro pecypca, y -
HOMep 3amellatoLero pecypca. Micnonb3yeTcs TakKe TepMUH; Npeaesb-
Has TEXHONOrMyeckas Hopma 3aMeHbl (3aMeLleHns) i-oTo pecypca (hak-
Topa Npoun3BOACTBA)Y-M pecypcom ((hakTopom npom3BofCcTBa). [Npuse-
feM 6onee KpaTkuii (HO MeHee TOUHbIN) TepMUH; (NpedenbHas) HopMa
3aMeHbl (3aMeLLeHus) pecypcos.

MycTb BbIMYCKy SBAAETCA MOCTOSAHHLIM (T.€. BCe HAbOpbl 3aTpaynBa-
eMbIX PECYPCOB PacronoXeHbl Ha O4HOIM M30KBaHTE), TOr4a NepBsbIil Non-
HbIli gudhdpepeHuman dy M y = [1xX) TOXKAECTBEHHO PAaBEH HY/IO;

(3mech dx,, dx™ - gnddhepeHymanbl NEPEMEHHbIX X,, XV), 0TKyAa, Bbl-
paxas nepsblii guddepeHynan i, nonyuum (/\Vy);

A/1x)
dx.=-~~dx~ (i,j=\,2), 4
_LL|| -
OTKyfa, MOJeNnuB Ha dx., Moyyum
OAX)
dxij ax.

Ha ocHoBaHuu (3), (4) n (5) nmeem:
AJ1X)

OTMeTVM, YTO CTPOruiA BbIBOL POpPMY/bl (6) onupaeTcs B 4eNCTBU-
Te/IbHOCTW Ha TEOpeMy O HEeSBHOM yHKL MU, POPMYIMPOBKA KOTOPOIA B
HacTosLLeM Nocobun He NPUBOAUTCA.

HenocpeacTBeHHO NpoBepsieTcs, YTo Ans AByxdakTopHoi Md cnpa-
BeJ/IMBO PaBEHCTBO

T.e. (NpegenbHas) Hopma 3aMeHbl MepBOro pecypca BTOPbIM paBHa
OTHOLLEHMIO 31aCTUYHOCTEN BbINYCKa N0 NePBOMY 1 BTOPOMY pecypcam,
YMHO)XXEHHOMY Ha OTHOLLEHNe 06bema BTOPOro pecypca K 06bemy nep-
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BOro pecypca. Ecnm x, = K, x*= |, TO OTHOLLEHUe el T HasblBaeTcH
KannTanoBOOPY>XXeHHOCTbIO Tpyaa. B aTom cnydae (NpegenbHasa) HopMma
3aMeHbl OCHOBHOIO KanuTasa TpyAoM paBHa OTHOLLEHWIO 3/1aCTUYHOC-
Tell BbIMyCKa N0 OCHOBHOMY Kanutany v Tpyay, Noje/leHHOMY Ha Kanu-
Ta/I0BOOPYXKEHHOCTL TPyAa.

MycTtb M® - gByxdakTopHas. Mpu NOCTOAHHOM BbINYCKE y 1 MasblX
npupawLeHmsax Ax, u AxX UMeeM NpuoaNXKeHHOe PaBeHCTBO

“’ (7)
X
Ha ocHoBaHuu (7) (NpegenbHas) Hopma 3aMeHbl pecypcoB (npm-
61>KEHHO) MOKa3bIBaEeT, Ha CKO/bKO eAMHUL, yBeIMYaTCsl 3aTpaThl BTOPO-
ro pecypca (npu HeM3MeHHOM BbINYCKe y = a), eC/IM 3aTpaThl MepBOro
pecypca ymeHbliaTcs Ha oaHy (Manyt) eguHuuy. Cwm. puc. 10.6, Ha
KOTOPOM BUAHO, YTO YeM Kpyde KacaTefbHas K M30KBaHTE 1) B TOUKe
ir.
(., &), TeM 60MbLLE BblpaXeHue - 1, cnefoBaTenbHO, HOPMa 3aMeHbl

MepBoro pecypca BTOPbIM.
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3agava 3.5. Ana MoK y = BbIMNCATb B ABHOM BuUAe
BbIpaXXeHMS n
PeweHue 3agaun. Vimeewm;

ay Ay = fifi. ,, A | A
ax, | [3x] =2 x | px

3agaua 3.6. Anga MN® y=a~+a,x,+a™x" BbINNCaTb B ABHOM BWU/e Bbl-
paxkeHus /2 n 22,
PeweHue 3agaun. Vimeewm;

ay ay [
X / X A [3x,]/ a,-

10.4. Tpon3BoACTBEHHbIE (PYHKUUN B TEMMOBOW 3armcu

Hapsay co cBszAMM 06bEMHbIX MOKasaTeneli BbIMycKa W 3aTpar pe-
CYPCOB MOTYT ObITb PACCMOTPEHbI CBA3M MeXAy TeEMMaMM NpUPoOCTa 3TUX
nokasartenei. byaem 34ecb roBOPMTb 0 MaKPO3IKOHOMMYECKUX MPOU3-
BOACTBEHHbIX (DYHKLUAX, CBA3bIBAKLLNX BEANYMHY COBOKYMHOrO Npo-
AykTa (goxoga) Kc saTpatamu KanuTana K v Tpyaa b, HO BCe 3TO /1ErKo
0606L1aeTcs Ha Nto6bIE ApYrne NPOM3BOACTBEHHbIE hYHKLMK. O603Ha-
YMM Temnbl NPUpPOCTa BEAUYUMH Y, K n | ManbiMu GyKBaMu y, K u |
COOTBETCTBEHHO. ITO MOrYT ObiTb AUCKPETHbLIE TEMMbI NPMUPOCTa Y™ =

Y.-y. b.-b.
WAN HenpepbIBHbIE TEMMbI NpupocTal},

K: b: .
A=--N[= NTak, MN® BTEMNOBOW 3anucu UMeeT BUA;y =

Ak
Tenepb paccmoTpum cBa3b MNP Kobba-Lyrnaca B 00beMHON 1 TEM-

nosoii 3anucu. MycTb BeMUUHbLI A'M /, ABNSIKOTCA HEMpPepbIBHbIMU AN)-
(hepeHuMpyeMbIMU PYHKLMAMUN BpeMeHn (A, 1 b). B TaKkoM Cy4vae OHK
NpeAcTaBnAOT He 0 eM bl MCMOJIb30BaHHbLIX PECYPCOB 3a ONpeseNieHHbIl
nepuoa BpPeMEHM, a “MHTEHCUBHOCTU” MX MCNOMb30BaHMA B KaXKAblli
MOMEHT BpemMeHN. OT YHKLMKN Y=AKALfEM MOXHO Nocne ee norapudg-
MUPOBaHUA B3ATb MOMHbIA AndhepeHyman;

AN Y =auInAr+Pid/in +y /1 nnn
ay. nK ~ o,
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Yin KI(
= «e-— + /3
M K, I,

1 nocne feneHns obenx yacteit Ha J1 nonyvaem

+ yJ.

3gecb ~~y~ "~ -~k T " HenpepbIBHbIe TEMNLI NpUpoCcTa

BbIMyCKa, KanuTana v Tpyga. Takum obpasom, NMd Kobb6a-Ayrnaca B
06BbEMHbIX NOKa3aTeNsiX COOTBETCTBYET IMHENHasA 3aBUCUMOCTb TEMMOB
npupocTa:

y, = ak, + p/, +y.

3JTa 3aBMCMMOCTb Ha3biBaeTcs M@ Kobba-Lyrnaca B TeMNOBOiA 3a-
nmcu.

Ecnu 3ameHnTb gudgepeHymansl (1%, dK,, 61, (rnaBHble MMHERHbIE
yacTV MpupalLeHnin) Ha cammn npupauieHma DY\ AT, M,, TO NOy4YuMm
NPUGAVIKEHHYIO (hopMYyNy Yy, = a K, + p7, + Y, TAeY,, K,, |, - AUCKPeTHble
TeMnbl NpupocTa. TakuMm 06pa3oM, U B LJUCKPETHOM Ciydae PyHKLMK
Ko66a-[lyrnaca B 06beMHbIX MOKa3aTeNsX COOTBETCTBYET /IMHEHAsA hop-
Myna CBA3M TeMnoB npupocTay,, kK, ¥ (. OfHaKo npu ee aHanunse u
OLeHUBaHUN HaAo MMETb B BUAY cnegytollee. PopmMysbl Y,=/1K°b e’ 1
y, = alg + p(+ y3KBMBANEHTHbI MPU HeNpPepbIBHOM PacCMOTPEHUU
BpeMeHW. B TO e Bpems CTaTUCTUYECKME AaHHbIE, MO KOTOPbIM OLeHM-
BatoTcA MM, Bcerga ANCKPeTHbI; 0ObIYHO 3TO MOroAoBble AaHHble. B
3TWX YCNOBUAX NPUBELEHHbIE (HOPMY/bI 3aBUCMMOCTEN AN 06HEMOB U
TEMMOB NPMpPOCTa - 3TO pasHble M®P. NHOrga oueHKM napaMeTpos a, p
Ny, NonyyeHHble ana obbemHol MNP Kobba-fyrnaca, nepeHoOCAT Ha
TEMMNOBYHO (hopmy Yy, 1 HA060pOT. Tak AenaTb HEKOPPEKTHO; KaxKaas u3
3TUX (hopMyn JO/MKHA ObITh OLEHEeHa B OTAENbHOCTU. [Jaxe eCnu OHM
OUeHeHbl N0 O4HUM W TEM >Ke CTaTUCTUYECKUM AaHHbIM (TO ecTb Mo
obbemMaM ¥ TemMnam, COOTBETCTBYIOLLMM APYT APYTY), pe3y/bTaTbl TaKol
OLEHKM MOTyT BbITb COBEPLLEHHO pa3NnyHbiMuU. OfHa 13 popmyn, Ha-
NpUMep, MOXEeT He faTb CTaTUCTUUECKM 3HAUYMMOW OLEHKM, B TO Bpems
KaK Mo Apyroii nosyyaeTca BrOSHE NPUEMJIEMBIA pe3ynbTarT.

3 npnBeaeHHbIX COOBpaXKeHWii BbITEKAET, YTO NOKa3aTesb Y - CBO-
604HbIN yneH ® Kob6a-Lyrnaca B TeEMMNOBOW 3anMcu - 3TO TeMn
HeTpasbHOro TEXHMYECKOro nporpecca. JTo Ta YaCTb TemMna NpupocTa
BbINYCKa, KOTOpas He cBA3aHa C NpUPOCTOM 3aTpaT Kanutana u Tpyja, a
OTpaXkaeT UHTEHCU(UKALMIO NPOU3BOLACTBA HA MaKpPOYPOBHE.

MycTb, Hanpumep, oueHeHa cnedytowas hopmyna Md B TemMnoBoi
3anucum:
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y, = 0,bk, + 0,6/, + 15.

MycTb Npu 3TOM CpeaHuiA TeMN NpUpOoCTa 3aTpaT TpyAaa /, cocTasun
1%, cpefHMWA TeMn NpUpocTa UCNofb3yemoro kanutana J1- 6%, a cpej-
HWIA TeMn NpupocTa Bbinyckay, - 3,9%. Bknag B 3Ty UMPPY 3KCTEH-
CUBHbIX (PAKTOPOB - MPUPOCTA 3aTpaT Kanutana v Tpyja - COCTaBWn
cooTBeTcTBEHHO 0,3-6 = 1,8 (%) 1 0,61 = 0,6 (%). Bknag NHTEHCKB-
HbIX (DaKTOPOB (TEXHWYECKOr0 npogecca) cocTanseT 1,5 NPOLEHTHbIX

NyHKTa, UK » 100% » 38,5%.

10.5. ANacTUYHOCTb 3amelleHus (akTopoB. [Nponssoa-
cTBeHHaa yHkuma CES

0O606uieHne MNP Kobba-Lyrnaca MoXeT BECTUCb B pa3NNYHbIX Ha-
npasneHusx. Hambonee M3BeCTHbIM 0606LEHNEM ABNSETCA (PYHKLUSA
CES, unm N33, - PyHKLMA C NOCTOAHHOM 3N1aCTUYHOCTLHO 3aMeLLeHUs
(constant elasticity of substitution). 3nacTM4yHOCTbL 3aMeLLEHNs a - 3TO
Mepa “KpPUBU3HbI” N30KBaHT (IMHUIA ypoBHS) MN®. TouHee, “KpUBU3-

HY” M3MepsieT Be/IMYMHA 5 ANacTMYHOCTb 3amelleHmns ya KanuTanom

- din K /|7|r||-| il' nokasbiBaeT, Ha CKOMbKO NPOLEHTOB U3MEHMT-
T /

n-4
CS KanuTanoBOOPYXXEHHOCTb npu M3MeHeHUW nNpesensHOM HOPMBI
3aMeHbl Tpyda Kanurtanom - f v Ha 1%. Ecnn nsobpa-

3UTb OAHY N3 W3OKBAHT (MHWIA YPOBHSA, T.e. Y= const) M® Ha nnoc-
koctn KL (cm. puc. 10.7), 0603HaumB ee umgpoii 1, To npeaenbHas
HOpMa 3aMeHbl B TOUKe A - 3TO TAHIEHC Yrna Hak/oHa 3TO U30KBaHTHI

(To ecTb tga).
Mpn nepemeLleHNM M3 TOUKM A B TOUKY B MO U30KBAHTE HaKMOH

KacaTe/lbHO MEHSIeTCs, MEHSIETCA 1 COOTHOLLUEHWE " mOTO COOTHOLUE-
HMe MOCTOSHHO BAOMb KaXKAOM NPsAMONA, Npoxo/slieli Yepes Hayaso Ko-

opAuHat (Hanpumep, nNpambix 2 1 3). BenmunHa A nokasblBaeT 0THOCH-
TeNlbHOE U3MEeHEHMWe TaHreHca Yr/ia Hak/IOHa IMHUM YPOBHS B pacyeTe Ha
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eagnHnly N3MEHEHNA OTHOLLEHUA . O4eBMHO, YeM CU/IbHEE MEHAET-

CAl HAK/MOH SIMHUK YPOBHSA MpU Nepexoje, CKaXKeM 13 TOUKU A B TOUKY B
(c npsimMoit 2 Ha npsiMyto 3), TeM 6OfibLIe “KPUBU3HA” NMHUN YPOBHS.
Ha pucyHkax (10.8a) - (10.8r) nsobpaxkeHbl IMHUN YPOBHS, COOTBET-
CTBEHHO, M® Y= aK+ bl + ¢ (MHeiHoW), MNP Kobba-Ayrnaca (6),
M® c 6eckoHeYHOW 3M1aCTUYHOCTbLIO 3aMeleHns Y = min (aK, bL)
(byHKUMA JleOHTLEBA) M NPOU3BOACTBEHHON PYHKUUN CES ((hyHKLMK
C NOCTOSIHHOW 3M1aCTUYHOCTBIO 3aMeLLLEHMS, BONPOCHI OLLEHKU 1 aHanm3a
KOTOPOI Mbl PACCMOTPUM HIXeE).

NnHeHas M® nMeeT HYNEBYIO “KPUBU3HY” U, COOTBETCTBEHHO, 6ec-
KOHEYHYI0 3/1aCTUYHOCTb 3aMellleHmns y. PyHKumns Kobba-Lyrnaca nmeet
3/1aCTUYHOCTb 3aMeLLEHNs!, PaBHYH egnHULe. DYHKUNA JTEOHTbEBA MMEET
HYNEBYHO 3/1aCTUYHOCTb 3aMELLLEHUS: PECYPChI B HEld JO/MKHBI MCMO/b30-
BaTbCA B 33JaHHON MPOMOPUMM M He MOryT 3amellaTb Apyr gpyra. B
peanbHON 3KOHOMUKe CTEeNEeHb B3aMMO3aMEHSEMOCTU PECYPCOB MOXET
ObITb Pa3/IMUYHOI, COOTBETCTBEHHO Pa3NNMYHOI (a He TONbKO HY/NEBOWA,
6eCKOHEUYHOW 1N eJMHUYHOIR) MOXET ObITb U 31aCTUUYHOCTL 3amelLle-
HKMS. DTO CTaBUT 3adavy oLUeHKn 6onee o6wmux hopmyn M@, B yacTHOC-
T1 M® ¢ NOCTOAHHONA, HO NPOU3BOMIbHOW 31aCTUYHOCTHHO 3aMeLLeHUs.
Takasa yHkuma (pyHkumsa CES) onuckiBaetcs hopmynoi
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PrcyHok 10.8. CemeicTBa MMHWIA YPOBHA ANS pasfiMyHbiX M

PucyHok 10.8a. ®yHKUMA PucyHok 10.86. ®yHKUMA
Y= aK+bl+c (NnHeliHas) K=A (Kob66a-Ayrnaca)
PucyHok 10.88. ®PyHKUMA PucyHok 10.8r. dyHkumsa CES

Y= T\n{aK,bl) (JleoHTbeBA)

3pecb p >-1; «>0 - cTeneHb 04HOPOAHOCTU; A>0; 0<n<l. SnacTuy-

HOCTb 3aMelleHns ANd Takoi PyHKUMK paBHa N  Ecnam p=-1, TO

nony4vaem PYHKLMIO C TMHERHBbIMU N30KBaHTaMK (B YaCTHOCTU, NNHEN-
Hyt0), npu p -»O B npegene nonyyaem M® Kobba-Ayrnaca c a=1, npu
p->00- [N® JleoHTLEeBA.

B kauectee npumepa oueHkn MNd CES npusefem nosiyyeHHble pas-
JINYHBbIMUX aBTOpaMu pesynbTathbl 418 3KOHOMUKKM CCCP. Takue oLeH-
KU fenanncb 3a pasfiMyHble Nepuofbl BPeMeHW B npomexyTtke 1950-
1985 rr. 3.6.EpwoBbiM, HO.B.ApemeHko n A.C.CmblunsiesbiM, M.Beii-
TumaHom, A.lN.I'paH6eprom, H.5.BapkanoBbiM 1 gpyrumn. McxogHole
cneungurKaLmMm pasnnyaoTcs NpeanockiikaMmy o cTeneHyn 0AHOPOAHOC-
TV n (B 60/IbLUMHCTBE CNyYaeB M3HAYa/IbHO CYMTANOCh, YTO M= 1, HO
6blIM N OLEHKN C NPOM3BOJIbHBIM M) U HaMYUEM MHOXUTens e*, xa-
PaKTEPU3YIOLLLEr0 HENTPaNbHbIA TEXHUYECKUIA Nporpecc (Takoin MHOXMK-
TeNb MOXeT f06aBnsATLCS He ToNbKO K MNP Kobba-Ayrnaca, Ho n K CES
NNn Kakon-nn6o gpyroit ¢pyHkuum). Hanpumep, A.lM.I'paH6epr npuso-
ANT cnefytouine oueHku 3a 1960-1985 rr.:
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M= 1,002(0,6412 /T->«+0,3588 £/>*) ¥
® = 0,9984; DW=\,52.

" (nm)HeVlHo—o,qupoAHaﬂ thyHKuus CES 6e3 yyeTa TEXHMUECKOro npo-
ecca);

M= 0,966 (0,4074 N:-38HO,59261-3" )-'/3.03
= 0,9982; DW= 176

(nnHeliHo-ogHopoaHaa yHKUMs CES ¢ yueToM TeXHMYECKOro npo-
thecca).

C TOYKM 3peHNs CTaTUCTUK R- 1 DW, 06e 3aBUCUMMOCTM MONYUYNINCH
3HAUNMbIMU. B TO e BPems OLLeHKMW MnoKasaTens 31acTUYHOCTM 3ame-

eHna a = B HUX pasnnyHbl; B nepBoM cnydae 3to 0,55, BO

BTOpOM - 0,25. [ipyrmmmn aBTopamm OLLEHKM 3N1aCTUYHOCTY 3aMellleHunsa y
Ans akoHoMukn CCCP Takxe nofiyyeHbl MeHbWUMU efuHuubl; 0,2
(K0.B.ApemeHko nap.), 0,4 (M.BeiTuman), 0,37-0,43 3a pa3Hble nepu-
ogbl (H.b.bapkanoB). B LenOM MOXHO CKa3aTb, YTO OL,eHKa 31acTuy-
HOCTU 3aMeLLEeHUs OYeHb 3aB1Cena 0T KOHKPETHO cneymngukauum, Ho
B 60/bLLMHCTBE ClyyaeB cocTasnsna okono 0,4. Bo BCAKOM criyyae, oHa
3aBefjoMO 6b11a 419 3IKOHOMUKY CCCP MeHbLLe eaUHULbI, YTO rOBOPUT
0 HEBbLICOKOI CTeMeHM B3aMMO3aMEeHSeMOCTM TpyJa M KanuTana. 3Ta
B3aMM03aMeHsSeMOCTb Oblfia ropasfo HYKe, YeM 3TO NpejnonaraeTcs B
thyHkumn Kobba-[yrnaca, B KOTOPOI 31aCTUHHOCTb 3aMeLLLeHuna y an-
pUOpU CUUTAETCA paBHOW eanHULLE. OLWIMGOYHOCTb UCXOAHOW rMNoTesbl
0 CTENEeHN B3aMMO3aMEHAEMOCTM (DaKTOPOB MOXET CYXUTb MPUYNHON
HeOCTaTOUYHOM CTaTUCTMYECKOM 3HAYMMOCTH oueHoK Mad Kob6a-Ayr-
naca.
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Bonpocbl K rnase 10

B uem cyTb 3aKOHa y6bIBatoLLEeN 3hHEKTUBHOCTN?

YTo B CTAaTUYECKOW MPON3BOACTBEHHOW (DYHKLUW He 3aBUCUT OT Bpe-

MEHU 1, @ UTO MOXET 3aBUCETb OT BPEMEHU /?

3. Kak onpegensietca (cpefHss) NpoU3BOAUTENLHOCTL TPYAa 1 KanuTta-
NIOBOOPY>XEHHOCTb ((hOHA0BOOPYXEHHOCTb) TpyAa? Kakme BO3MOX-
Hbl BapuaHTbl B3aMMOCBA3U MEXAY HUMMW B Cllyvae Npon3BOLCTBEH-
Holn hyHKumnn Kob6a-Lyrnaca?

4. Ha30BWTe OCHOBHbIE CBOWCTBA, KOTOPLIMU LO/IXHa 061afaTh NPOU3-
BOACTBEHHas PyHKuua. MpuseguTe NpUMepbl MPOM3BOACTBEHHbIX
(hYHKLWIA, KOTOPbIE OTAENbHLIMW CBOMCTBaMU He 06nafatoT. Mpuee-
OUTe npuMmepbl NPOU3BOACTBEHHbLIX (PYHKLMIA, KOTOpble 06M1afaroT
BCEMU OCHOBHbIMU CBOCTBaMM.

5. UTto Takoe n30kBaHTa? B uem ee 3KOHOMUYECKMWIA CMbICN?

6. Kak onpepgensietcs (cpefHsis) NpOU3BOANTENILHOCTL Kanutana (kanu-
Tanootgaya)?

7. Kak onpegensetcs (npefenbHas) Npon3BOAMTENbHOCTb KanuTtana u
(NpefenbHas) NPoU3BOAUTENBHOCTb TPYAa?

8. Kakas cyLyecTByeT CBA3b MeXAy CpefHeli U npesenbHOR Npon3Boau-
TeNbHOCTbIO KanuTana (Tpyaa) B 06LEM Clyyae W B Clyyae Mpouns-
BOACTBEHHOI hyHKUMM Kob6a-[Ayrnaca?

9. CdopmynupyiiTe onpeaeneHue (YacTHOW) 3nacTUUYHOCTM BbIMycKa Mo
/-my pecypcy (/-my (hakTopy npousBoAacTea) (/ = 1, 2) u onpegene-
HVe 3M1aCTUYHOCTUN NPOM3BOACTBA.

10. [aiiTe cofepXKaTeNbHY0 UHTepnpeTauuto (4acTHOI) 31aCTUUYHOCTU
BbIMyCKa Mo /-My pecypcy.

11. Cchopmynmpyiite onpeaeneHue (NpeaenbHON) HOPMbI 3aMeHbl 0HO-
ro pecypca gpyrum. [lainTe cogepxxaTesibHyt0 MHTeprpeTaLnto aToMy
NOHATUIO.

12. Kak meHsieTca (npefesnbHas) Hopma 3aMeHbl 04HOI0 pecypca Apyrum
npy ABUXEHUM MO U30KBaHTe? [lainTe cofepXkaTenbHy0 UHTepnpeTa-
LMI0 XapaKTepy U3MeHeHWs NpeaenbHON HOPMbl 3aMEHbI.

13. [laiiTe onpeaeneHne 1 NosicHUTe cMbicn M B TeMNOBOI 3anucu.

14. Kak cBasaHbl MNP Kob66a-Lyrnaca B 06eMHON 1 TEMMOBOW 3anucu?

15. Kak onucbiBaeTca TexHudeckuii npogecc B MNP B 06bEMHOW U
TemnoBoW 3anucn? Kak OLeHUTb JONK0 BKNaja UHTEHCUBHbIX (hak-
TOPOB B TEMMbl 3KOHOMMWYECKOr0 pocTa?

16. [aiTe onpegeneHne n GadnUyeCcKyo MHTEPMPeTaL Mo 31aCTUYHOCTH
3aMelLlleHns (hakTopoB.

17. NMoscHuTe cmbicn M@ CES8. KakoBbl ee CBOMCTBA U OCHOBHbIE Xa-

PaKTepUCTUKN?

N



'JTABA 11
3AAAYN ONTUMUN3ALNK MPOU3BOACTBA

11.1. OCHOBHbIe MOHATUA

foxofom (Bbipyukoii) K pupmbl B ONpeaeneHHOM BpEMEHHOM Mepuo-
Je (Hanpumep, B onpegenéHHOM rofy) HasblBaeTCcsi Npou3BefeHue p»
06L1Eero o6beMa y BbIMyCKaemMoin pupmMoi NpoayKumn Ha (PbIHOUHYHO)
LIEeHY p3TOW NPoAYKLUUN.

W3pep>kkamu C hpMbl Ha3bIBaOT 06LLMe BbINIaTbl QUPMbI B ONpe-
LenéHHOM BpeMeHHOM Mepuoje 3a Bce BuAbl 3aTpaT C = p»™ + rae
T, - 06bEMbI 3aTpaymBaemMbiX (MCNOML3YEMbIX) (PUPMOI pecypcoB
(hakTOPOB NPOU3BOACTBA), p~*Mp.~- PbIHOYHbIE LeHbl Ha 3TU Pecypchl
(thakTOpbI NPOM3BOACTBA).

Mpubbinbio PK MpMbI B ONpefenéHHOM BPEMEHHOM Mepuoje Hasbl-
BAETCA PAa3HOCTb MEXAY MOSTyYeHHbIM (hMpmMoii foxogom J1u ee nsgep-
XXKaMu npou3BOACTBa:

nnm
PR(X™, XM = p/1 xy x7) - (X, + p™7).

MocnesfHee paBeHCTBO eCThb BblpaXKeHWe NPUGLINN (UPMbI B TEPMU-
Hax 3aTpaymBaeMblX (MCMOMb3yeMbIX) pecypcoB. HanoMHUM, 4Toy =
Y(X{,X2) - npon3BoACTBEHHAA (hYHKLMSA hPMbI, KOTOpas BblpaXkaeT 00-
WM 06BbEeM y BbINMYCKaeMOn PUPMO NPoAYyKLUK Yepe3 06beMbl [T U
3aTpaynBaeMbix (MCMOJb3yeMbIX) PeCypCoB.

B Teopun hMpMbl MPUHATO CYMTATD,, YTO €CAN hpMa PYHKLNOHN-
pyeT B YCNOBUAX YACTOM (COBEPLUEHHOMN) KOHKYPEHLNN, HA PbIHOYHbIE
LUeHbIpN p* Up~NoT BAUATL He MOXeT. dupmMa “cornawwaeTcs *'c LeHamu
Pa, pr WPy Crydyan QYHKLMOHMPOBAHUA (DUPMbI B YC/IOBUAX YUCTOM
MOHOMNONW, MOHOMOANCTUYECKOA KOHKYPEHLIMW 1 ONIUFONOANN Creun-
aflbHO paccmaTpuBaloTCA B pamMmKax Kypca no MUKPO3KOHOMUKE.

OcHOBHas uenb MPMbl 3aK/1KOYaeTCA B MakcuMumsauuy Npuosinmn ny-
TeM paLMOHabHOTrO0 pacnpefeneHus 3aTpayunBaembliX (MCMNoAb3yeMbIX) pe-
cypcoB. PopmanbHO 3afada MakcuMusalm Npuosbiav B onpesenéHHOM
BPEMEHHOM nepuofe umeet BuA: PK  Tax. Takas nocTaHOBKa 3afauu
MaKCcUMM3aL M 3aBUCUT OT TOFO, KaKO KOHKPETHO BPEMEHHOI npome-
XYTOK (LONTOBPEMEHHbIV UM KPAaTKOCPOUHbIA) NpeaLlecTByeT nepuo-
[y, B KOTOPOM hpma MakCMMU3NPYeT CBOKO MPUBbIb.
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B cnyvae g0nroBpemMeHHOro NpoMeXxyTKa (hrpMa MOXeT cBO60AHO
BblGMpaTb Nt060IN BekTop X = (X,, X,) 3aTpaT M3 NPOCTpPaHCTBa 3aTpar
(dbopmanbHO U3 HEOTpULATENBHOMO opTaHTa X, > QO X" > O NN0CKoCTH
OX|X,), noaTomy 3afaya Makcumm3aumm npubbinn B Cydae fonroepe-
MEHHOro MPOMEXYTKa UMeeT ceayoLmii BUA:

NIx,, X) - (OX + jEIX) = PNI(X|, X)) * max
Mpu YCNOBUM, UTO
X >0, >0

(nocTaHOBKa 3afjayn B TEpMMHAX 3aTpaymBaemblX (MCMOMb3YEMbIX)
pecypcos).

B cnyyae KpaTKOCPOYHOro NpoMeXyTKa hMpMa AomKHa yUYnUTbIBaTb
HensbeXXHble TMMUTbI Ha 06bEMbI 3aTpaynBaeMbiX (MCMOMb3YEMbIX) €0
pecypcoB, KoTopble hopManbHO MOryT GbITb 3anmncaHbl B BUAE HETMHEN-
HOro, BOoOGLLIe roBOpS, HEpaBeHCTBA

g(x,, X,) <i>

(orpaHuyeHunii Buaa g(x,, X,) <b MOXeT 6bITb HECKOMbKO). CneaoBa-
TeNbHO, 33fa4ya Makcumm3auuy npuobIIn AN KpaTKOCPOUYHOro NpoMe-
XKYTKa UMeeT BUJ 3aJa4n MaTeMaTUyecKoro nporpaMMmMpoBaHus:

M x,, /9)

MpW YCNOBUK, YTO !

g(X,, Xa) <b,

X, >0, X, >0

(mocTaHOBKa 3afia4n B TEPMUHAX 3aTpaynBaeMbiX (MCNOMAb3YeMblX)
pecypcos).

JTMHMA YPOBHS PYHKLMN Z —p'X™ + p,X, U3[epXKeK Npou3BOLCTBA
Ha3blBaeTCsA U3oKocTOM (CM. puc. 11.1).

B cBA3K € TeM, YTO M0 3KOHOMUYECKOMY CMbICAY X, >Q x* >0 (160 X,
n X - 3T0 06bEMbI 3aTpavMBaeMbIX (MCNOJb3YEMbIX) PECYPCOB), CTPOr0
roBops, U30KOCTa e€CTb OTPE30K NPAMOiA, monajatowuii B HeOTpuULa-
TeNbHbI opTaHT nockocT OXX,. Taknm 06pa3om M30KOCTbl - 3TO
0Tpeskn J1BY ANBA,... (cm. puc. 11.1). OTpeskn ANBY ANBY, ABN
napannesbHbl. OTpe3oK pacnonoXeHHbIN “ceBepo-BOCTOYHeE™ OT-
pe3ka ANB" COOTBETCTBYET 60MbLINM M3AepPXKKaM npounssogcTea. Cne-
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Puc. 11.1
[l0BaTeNIbHO, ec/in ANa 0Tpe3Ka N3ep>KKn nponssoacTea CpaBHbI
BennmunHe C,, T.e. C= C, gng oTpeska N34ePXXKMU NPON3BOACTBA

C= C|, ans oTpeska AB™ n3gepxku npomssogctea C= CN10 < C,
< C,. BepHOo n obpaTHoe, T.e. ecnu < C, < L, To 0oTpesok ABN
COOTBETCTBYIOLWNIA U3aepXXKam npom3BoAcTBa C,, pacnonoxXeH “ceBepo-
BOCTOYHee” napassiesibHoro emy oTpeska A™B® COOTBETCTBYIOLLENO U3-
[epXkKam npoussogctea CN AHalorMyHo, oTpesok.”,5, pacrnonoxeH “ce-
BEPO-BOCTOYHEee” MmapasieflLHOro emMy oTpeska COOTBETCTBYIOLLErO
n3gep>kkam npoussogactea C\ [ns oTpeska ABN MMeeM cneaytollee aHa-
NIMTUYECKOE MpeacTaB/eHue:

P.x, +p,X, x. >0,x,> Q
LNs oTpe3ka ABN
C, =px + /71X, %X >0X >0

ANs oTpeska AB:

C,=PX +p™, X >0 X>0.
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11.2. PYyHKUMKM cripoca Ha hakTopbl (pecypcbl) B cny4yae
[0/ITOBPEMEHHOIO NPOMEXYTKa

B CBSI3W C TeM, 4TO, Kak npasuso,Y (X|,0)=Y(0,X2)=0 (T.e. ecnun xoTs
Obl O4MH pecypc He 3aTpaymBaeTcs (He UCMONb3YETCH), TO 06BEM BbIMyC-
KaeMoW NPOAYKLMMN paBeH Hy/H0), SKOHOMUYECKN OCMbICIEHHbIMU SB-
naTcea BekTopbl (X|,X,) 3aTpaT pecypcos, Ans Kotopbix X,>0, X>0. Mo3-
TOMY B C/ly4ae A0NroBpeMeHHOro MPOMEXYTKa 3aaqa Makcummnsaluum npu-
OblIM NpeacTaBnseT co60i 06bIYHYIO 3afady Ha rnobanbHbIi aOCONKOT-
HbIli MakcMmym npm x,>0 1 X2>0. /13 maTemMaTM4eckoro aHaamnsa n3Bec-
THO, YTO TOYKM NoKanbHOro abcoMtOTHONO MakCUMyma CnefyeT UckaTb
TOMBKO cpeay ToUek (X" X), KoTopble YA0BNETBOPSOT CUCTEME YPaBHEHNI

OPK{A XN N gPK(XM XN A
X, ’ JiNe

nnn, B pasBepHyTOM Buae (M60 npubbinb /712(X,, XV = pJ{x*, XY -
("E2X,tP.X,)),

Sx.a) AOXAXY)

Ecnmn BTOpble YacTHble MPOM3BOAHbIE MPOU3BOACTBEHHON (YHKLUN
OX ,X,) Npy BCex X,>0, X,>0 TaKoBbl, 4TO

A\X,,XN) g~ nxn)

>0
ax1l V4 ax\ A

(3TW HepaBeHCTBa HECKO/bKO CUJIbHEe yCnoBuii 2” 1 3 pasaena 11.2
rnaebl 10, NOCBSLLLEHHOW MPON3BOACTBEHHLIM (DYHKLMAM), TO rpaguk
NPOU3BOACTBEHHON PYHKLMUN y=[x"x~) B TPEXMEPHOM MPOCTPaHCTBE
Ox”x.y CTb MOBEPXHOCTb, BbiMyKnasa Beepx. CnefoBaTesibHO, rpaguk
NpMObLIAN /°/2(X|, X,), NONYYaeMblil NyTeM BblUMTaHUS U3 hadnka QyH-
Kumnmn H»IXpX) nnockoctny = /7, --p~», asnstolleincsa paprukom ms-

[epXXeK Nnpou3BOACTBa, MMEET BUA “Lanoykn”, y KOTOPO ecTb “Ma-
KylKa”. "MakyLlKa" cOOTBETCTBYET [OGAT/bHON<Y MaKCUMYMY NPUObIN:

PA(x,, x) = PHXN XY - 17x, + Y.

3 aTOro reomeTpuyeckoro akra ciegyet, 4To cuctema (1) nmeet
eAMHCTBEHHOE petueHne (X %JB), KOTOpOe ABNAETCH TOUKOIA HE TONBKO
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NoKanbHOro, HO WU rno6anbHoro (MCKOMOT0 HaMu) MakcMMyMa npuobinmn
PA{x”, X,). BekTop (X® X*) 3aTpat pecypcoB, KOTOpbI SBASETCA pelue-
HVeM 3afaun Makcumusauum npuebian *N(x, xN = p{x™, X,) - (p +
p~~), Ha3bIBAETCA NOKaMbHbIM (HaCTUYHBIM) PbIHOUYHLIM paBHoBeCUMEM (hUP-
Mbl (B Cyyae f0/ITOBPEMEHHOIO NPOMEXYTKA).

PucyHok hadmka npnbbinm PK{x", X,) B TPEXMEPHOM MPOCTPaHCTBE,
BOOOLLE roBOpS, 4OCTATOHMHO CNOXEH. [M03ToMy rpadmk Npubbinu npea-
CTaBMM CXEMATUYECKM Ha NAOCKOCTU Ozy, rAae KOOPAMHATHAsA OCb 01
n3obpaxaet naockoctb OX,X,. Ha puc. 11.2a gaHbl hadhMKyM Npon3BOA-
CTBEHHOW (hyHKUMKM [r), goxoaa Gupmbl p ~ 1) U U3AEPXKEK NPOU3BOA-
cTBapi. Ha puc. 11.26 nsobpaxeH rpadmk npnbbinm PA{") = pJ{z) - P1,
KOTOPbIA NOMYYeH BblUMTAHMEM M3 rpadnka goxoga pupmsl /?°r) da-
(hmKa n3gep>xek NponsBoacTBa pz. Touka PP(r()) ectb “MaKyLuka”
“lWwanoykn” - rpaduka hyHkumm PK(1) = P~1) - PL-

Mopactasue BekTOp (X", X,") B ypaBHeHue (1), noayyunm ToXAecTBa

AJIXT X7) BJIXAXT)
Po- I (2)

OTKyJa MyTeM MOYSIeHHOrO [le/IeHNs MepBOro TOX/AECTBa Ha BTOpPOe

nonyyaem

i P
Pr

(3)
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T.e. B TOUKe NOKaNbHOro PbIHOYHOrO paBHOBecUS PUPMbI
OTHOLUEHWE NpejenbHOM NPoM3BOAUTENBHOCTY NEPBOro pecypca K npe-
[eNbHOW NPOV3BOAUTENLHOCTI BTOPOrO pecypca paBHO OTHOLUEHUIO Phbl-
HOUHBIX LieH Ha 3TW pecypcbl.

MpoBegem 4yepe3 TOUKY (X,", X,*) M30KBAHTY U M30KOCTY, KOTOpble
3Ty TOUKY COfepXaT. YpaBHEHUe N30KBaHTbl UMeeT BUAAX,, X,) =
roe  =NX|", X"). YpaBHeHUe M30KOCTbl UMeeT BUg /?.x, + Y% ="Cg, rae
Qu=7X" + Mepenuwem ypaBHeHneX,, X,) = AL, BbIpa3unB ABHO
nepemMeHHyo X4yepes nepemMeHHyIo X,, T.e. B Buge x, = /r(x,) (obpatmm
BHMMaHue, 4yto”paBHeHNAY (X|,X2) = y Hx” = /j(X,) popManbHO pasHble,
HO OHW aHaIMTUYECKN OMUCHLIBAIOT OfHY W TY XK€ U30KBAHTY - CM. puC.
11.3).

(1Kx®) AAX1xb ANIxAxT)
= - 4
X ax, nx, ! e @)

M3 mMaTemMaTMUyeCcKOro aHanmMsa M3BeCTHO, UYTO AN U30KOCTbl pX M+

p~,= C OTHOWEHNEY — K3 (3), (4) n (5) cnepyet, uTo

4TO O03Ha4aeT, YTO KacaTenbHas K K M30KBaHTe B Touke (x[, ¥*) coBna-
[laeT C M30KOCTOM, T.e. BTOUKe (X", X/) n30KBaHTa 0653aTe/IbHO KacaeT-
€A U30KOCTbI K (cM. puc. 11.3). MonyyeHa BaxHas (NOLYEPKUBAEM 3TO
0c060!) reomeTpuyecKas xapakTepucTnKa TOKasbHOro pbIHOYHOIO paB-
HoBecus (x4 x/) dupmbl - KacaHue B 3TOM PaBHOBECUW M30KBaHTbI U
N30KOCTbl.

OTmeTuM, YTO, MPUCTYMas K pPeLleHnto 3aga4m MakCcMMusaLmm npu-
Obln, Mbl HE UMENIN KOHKPETHbIX M30KBAHTbI U M30KOCTbI, KOTOpPbIE
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KacaroTcs apyr gpyra B Touke (X4 X,*), nbo He mmenn camoi 3TOW
TOukM. Kacatowmecs gpyr gpyra n3okBaHTa v M30KOCTa MOABASAIOTCS
nocne TOro, Kak aHaIMTUYeCcKN HailfeHo N0KafbHOE PbIHOYHOE PaBHO-
Becue (X, x”) NyTem pelleHns CUCTEMbI YpaBHEHUIA (1).

NeBas (“deTblpexaTaxHasn”) apobb B (3) ecTb He 4YTO MHOE, Kak
r,({®X2®) - npegenbHas HOpma 3amMeHbl NepBOro pecypca BTOPbIM B
Touke (XIX'\®).

PaBeHCTBO (3) BblpaxaeT ciefytoWwmin (hyHLaMeHTaNbHbIA (hakT Teo-

pun QUpMbI;
B TOYKE /IOKa/IbHOT0 PbIHOYHOIO paBHOBecua (X,“X,“) npeaenbHas
]r}ppva 3ameHbl nepBOro pecypca BTOPbIM paBHa OTHOLUEHUIO

— PbIHOYHBIX LiEH Ha 3TW PECYPChI.
~ T10CKOMbKY X® U x'® NOY4atoTCs B BUAE PELLUEHNS CUCTEMbI ypaBHe-
HUiA (1), NOCTONbKY X®1 X®ecTb PYHKUMUK LeH (2, p~ p”, T.e.

X@H, (101 pA)’ ()

BbipaxkeHus (5) Ha3bIBatOTCA (PYHKLMSAMM Cripoca Ha pecypchkl (3aTpa-
Thl). VIX 3HAYEHUS X® 1 XB®BbIpaXaloT ONTUMabHble Bbl6OPbI 3aTpaTt
(ncnonb3oiaHnsa) pecypcoB Kak (yHKLMW LieHbl BbIMYCKaeMOW NpoayK-
LMW ¥ LeH Ha pecypcbl.

MopacTaBus hyHKLUMK (5) B NPOU3BOACTBEHHYIO PYHKLMIO Y =¥(X],
X.), NOMYYUM BbIpaXKeHue

Y=07(0’l  dp”™,p”.p.))=5{p"p"p7),

KOTOpPOEe Ha3blBaeTCA hyHKLMEN NpeaiodKeHUs BbIMycKa.

DYHKLMM cnpoca Ha Pecypebl M PYHKUUSA NPELNOXKEHNS BbiMycKa
ABNSAOTCA OAHOPOAHLIMU HYNEBOW CTENeHW NO BCEM CBOMM aprymeHTam
p., pruph T.e AP0, N ) = Y, e I, ) = a2,
PP, s(tp, PN P = 3N M, pN) Ansa nboro ymucna (> 0. CBOICTBO
OAHOPOAHOCTM O3HAYaeT, YTO OA4HOBPEMEHHOE NM3MEHEHWE BCEX LiEH P,
p™, P B OHO 1 TO XXe uncno pas / (T. e. Npu M3MEHEHUN macliTaba, HO
He CTPYKTYpbl LIEH) HE MeHSsieT X® x° n/, 4TO BaXHO C cogepXKaTesb-
HO TOYKM 3peHns. C MaTemMaTU4eCcKo TOYKMN 3PEHNS OAHOPOAHOCTb
HYNeBOM CTeMeHn (YHKLUKN cnpoca U PYHKLUW NPpeLioXeHNs aBnseTcs
NPOCTbIM (haKTOM, M60 MaKCUMM3aLMA NPUOBLINN PK(XMXN) = PAXAXN) -
(X H P CBOANTCA K CUCTEME YpaBHEHWUI (2), NOCKONbKY HAa MHO-
XUTenb t > OMOXHO COKPaTUTh.
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11.3.  dyHKuuMn cnpoca Ha (haktopbl (pecypcbl) B cryyae
KpaTKOCPOYHOro MpPOMEeXyTKa

B cnyyae kpaTKoCpouHOro MPOMEXYTKa PacCMOTPUM KOHKPETHbIV
npuMep, Korga BTOPOW pecypc upma MOXeT UCMONb30BaTh TO/IbKO B
obbeme, pagHoM X," > 0. Torga 3agadya makcMMumsaumm npubbiam npe-
BpaLlaeTca B 3afadvy MakcMmm3auum QyHKLUM OAHON NepeMeHHO:

P, ,x)=121%, xN-(p,X,+p ™ ™),

1 BMECTO CUCTEMbI YPaBHEHWIA (1) NOSBNSETCS TOMbKO OHO YpaBHEHME

APKOCR) _ o o RXE)_ (6)
BX, px.

Kak 1 B pasgene 11.2, cumtaeM (UCX0AA U3 COAEPXKATENbHbIX 3KOHO-
MUYECKMX COOOPaXKEHNIA), YTO ypaBHeHNE (6) MMeeT eJMHCTBEHHOE pe-
weHne X = X* (X* 3aBucut oT X/, T.e. X," = X,(x/)), cnegoBaTencHo, B
C/lydae KpaTKOCPOUYHOro NpoMeXk”Ka oKanbHOe pbIHOYHOE paBHOBECHE
ecTb BekTop (xAx/). C nomowbto puc. 11.4 gagum emy HarnsagHyto
reoMeTpUYeCcKyo UHTepnpetaymto. Ecam 661 061beM X / BTOPOro pecypca
He Bbl1 NMMUTUPOBAH, TO, KaK BUAHO 13 puc. 11.4, NoOKa/bHbIM PbIHOY-
HbIM paBHOBecKeM Oblnia 6bl TOYKa KacaHusa (XOxN), B KOTOPOI TOT Xe
06beM BblINyCcKaeMol
npogykumm (onsa Touek
(x,*,x/) n (x,»x/) nso-
KBaHTa OfiHa 1 Ta Xe) no-
nyumnca 6bl NpU MeHb-
LWMX U3JepXXKax npous-
BoAcTBa (M30KOCTa, CO-
JepxaLlas TOUKY (X[*,X,*),
pacnonoxeHa “cesepo-
BOCTOYHEE” N30KOCTbI, CO-
JepKaLLlein Touky (XIx'®).
BTouke (X|*,X/) nokanb-
HOr0 PbIHOYHOTO PaBHO-
BECMA cojepxalliue ee
M30KBaHTa U M30KOCTa
MnepecekaroTCs, HO He Ka- X* 1 \ n
catoTcs. B paccmarpmBa- 0 x\ X\
EMOM Ccflyyae Ha camoMm
fene x,*= x,*(x/,Pu,/>,/?,),
3TO W eCTb hyHKLMA cnpo- ptc. 114

2

~1
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ca Ha MepBbIA pecypc NMpy PUKCMPOBAHHOM 06bEME X* BTOPOIr0 pecypca.
OYHKUMSA Npea/IOKeHNs Bbinycka numeeT Bug y=/[X*{x™pa,p,p™).x""). Mo-
YKET CAYUNTBCA TaK, YTOo ToukM (X", X*) n (x4x,“) conbroTcsa B OgHY, U
TOorga noslyumTCes Ta CUTyaLms, KoTopas ye bbuia npoaHasin3vipoBaHa B
pasgene 11.2.

11.4. KombuHaums pecypcoB ((pakTopoB Mpov3BOACTBA),
MaKCUMM3NPYIOLLIAA 06bEM BbIMyCKa MpU OrpaHUYEHUN Ha
3aTpaThbl

[lns cnyyas [oNroBpeMEHHOro NMPoMEXyTKa pacCMOTpUM 3aadvy Mak-
cuMM3aL MM 06BbEMA BbIMYyCKaeMOIA MpoAyKLUWU Mpy OrpaHUYeHun 3aTpaT
Ha nNprobpeTeHne pecypcoB (haKToOpoB), T.e. pacCCMOTPUM 33434y 1:

nx,, X,) -» Tax @

npu ycr/10BUK, 4YTo
?1X, + p~x, < K (8)
X, >0, x, >0 ©)

BennumHa VHe 0653aTeNbHO paBHa BesimunHe Qi (cm. pasgen 11.2).
PelLeHve 3ToiA 380241 MaTEMaTUYECKOr0 MPorpaMMmUpPOBaHMS A0MNyCKaeT
HarfI9aHy0 reoMeTpuyeckyto nHTepnpeTaumio (cm. puc. 11.5). OrpaHn-
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yeHMsaM (8) 1 (9) cooTBETCTBYET TPeyrosibHUK OBB™ nockocTn OxX™N
Makcummnsaymsa pyHKUnn (7) reoMeTpuyecku cooTBETCTBYET TOMY, UTO
Mbl MepexoamM Ha Bce 6osee “ceBepo—-BOCTOYHbIE” U30KBaHTbI, MoKa
OHV VMEIOT eule obume TOUKM ¢ TpeyrosibHukom OB"B" (npsmas B B*
MMEET ypaBHeHME P + ™" = V). VI30KBaHTbI - r1agKue JiIMHUK, Bbl-
nykKsible K Touke O (a 3To Tak, n6ox,, xV) He Npon3BosibHasA QYHKLUUS
ABYyX NepeMeHHbIX, a Mpou3BoACTBEHHasA PYHKUMSA, T.e. QYHKLNSA, YO0B-
neTBopstoLLan onpeaesieHHbIM TPeboBaHMAM I1aAKOCTU U BbINYK/10CTU),
noaTomy peLyeHunto 3adaum (7), (8), (9) cooTBETCTBYET NM30KBaHTa, KOTO-
pas KacaeTcs runoTeHysbl (M30KOCTbI) B Touke B Jlo6as m3o-
KBaHTa, pacnosioXkeHHas “ceBepo—-BOCTOYHEE” 3T M30KBaHTL!, coaep-
xaweia Touky fig, He noaxoamT, U60 He MMEET 06LLNX TOYEK C Tpeyrosib-
Hukom OA 4. KoopgmHaTtbl X|“( V) n XN Y) Toukmn M Oal0T peLlueHmne
3auayun (8), (9), (10).

B cBs3u ¢ Tem, 4To 3TO peweHme (X  Xj(Y)) obpaiwjaeT ohaHnYe-
Hune (8) B paBeHCTBO P + p»™ = V, BMecTo 3aga4n (7), (8), (9)
MOXXHO paccmodeTb 60/1ee MpocTYyH 334a4y Ha YC/I0BHbIA SKCTPEMYM

Nx,, X,) = max @)
npy Ha YUK ohaHNYEHUNS

AX, +pxr =Y (10)
(X]>0, Xj>0),

33/1aHHOr0 B BM/E pPaBeHCTBa.

3agaum (7), (8), (9) n (7), (10) pa3Hble, HO pewieHne (X/XHO, Y
HMX OOHO M TO Xe (B C/lyyae OTCYTCTBUSI TaK Ha3bIBaeMbIX YIJIOBbIX
peLLEHUNIA, KOTopble 34eCb He paccMaTpuBaloTcs). [MOCKONbKY cymMmma
P paBHa U3epXKam Mpov3BoACTBa, MOCTO/IbKY Lie/1ecoobpasHo
3amMeHNTb YHa Cu hopMasibHO MepeiaTy K 3agave MakCUMmU3aumm o6b-
eMa BbIMyCKaeMoA NMpoayKLMU A1 clyyast A0/ITOBPEMEHHOIO MPOMeXy T-
Ka npu rKcMpoBaHHbIX M3gepxKax nponssoacTea C (BenmunHa C nda-
€T po/ib MapamMeTpa U He 06s13aTesIbHO paBHa Be/iuMHe  (CM. pasgaen

2)):
Ox X)) max @)
rnpu ycrioBUn, YTO

pAX"+pAXA=C /u)
(x,>0,x,>0). non

M'eomeTpuyeckoe pelleHue 3agaum (7), (11) Takke Harfs4Ho oueBUa-
Ho (CM. puc. 11.6); cneayeT NepexoAuTb Ha Bce 6osiee “ceBepo—-BOCTOU-



188 MaTemaTun4eckne MeToabl 4/ 3KOHOMUCTOB

Hble” M30KBaHTbI 40 TeX Mop, NokKa OHW MpoAoc/KalT UMETb o6Lme
TOYKN C N30KOCTOIA, COOTBETCTBYIOLLEIA (DUKCUPOBAHHBLIM U3OEPKKaM
npousBoacTBa C. ACHO, YTO pelleHneM 3a4a4M MakCUMU3aLUum Bbirycka
6yneT Touka (x40, x4 0) KacaHuA nocregHei1 13 AonycTUMbIX NU30-
KBaHT U (OMKCUPOBAHHOIA N30KOCTbI P + = C. 9Ta To4uKa KacaHus
3aBUCUT OT BeSIMUMHBI n3gepXxek rnpomssoacTsa C (MoaToMy M Hanwuca-
HO (X|®C), x/(C)). Ecnu mn3pepxku npomsBoacTBa C M3MEHATCHA, TO
M3MEHNTCS, BOOOLLE roBops, U ToUKa x/[, C)). MHOXKeCcTBO ToYeK
(%,(0, x"YC)), COOTBETCTBYIOLLMX Pa3/INYHbIM 3Ha4YeHUsAM C, 06pasytoT
nuHuio T (cm. prc. 11.6), KOTOpasi Ha3blBaeTCs A0/ ITOBPEMEHHOIA SVHVEIA
pa3BnTUA UpMbl. TouKa (X “X'®) IOKasIbHOr0 PbIHOYHOI0 paBHOBECUS
hupmbl (cM. pasgen 11.2) 06s3aTesIbHO NPUHAONEXUT IMHUN b.

Pewwnm 3agady (7), (11) hopmasibHO ¢ NOMOLLbIO DYHKLMM JladhaHXa

(X, X2A) =Ax X" + LIC-/2,x, —p"*").

AN hyHKUMK SlarpaH>Ka BbINUCbIBaEM CUCTEMY YpaBHEHWIA

ax, ax. AX

W B pa3BepHYTOM BuAe

A/, x") A1)
ax ax

:WD. C—p,X,—pA,:AO. (12)
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KpuTunueckas Touka (X °(c),a:4 Q,X,“(C)) PYyHKUMM JlarpaHxa, yaoB-
neTBopsaoLan cucteme (12) v B3ATas 6e3 nocsrieaHeiA KoopauHaTbl (MHO-
xutena Narpanxa) ~(6), T.e. Touka (X]“(0,4:4 Q), n ecTb pelieHne
3apaun (7), (11) makcumm3saL My BbINycKa Npy AaHHbIX (UMKCUPOBaHHbIX
nspepxkax nponssoactea C. MNMoactaBuB Touky (X,°(C),(Xj"(Q ,~(C)) B
nepsBble ABa ypaBHeHUs cucTemMbl (12), nonyymm Aga Toxaecrsa. Moa-
e/IMB Mo4Ys1IeHHO NepBoe TOXAECTBO Ha BTOpoe, MNoslyyYnMm, 04EBUAHO, Bbl-
paxxeHue (3) (MHokuTenb JladaHxa A{(Q cokpaTuTcs). Monyyunnn aHa-
nuTnyeckoe ob6ocHoBaHMe Toro, 4Tto BTouke (/1:4C),xC)) n3oksaHTa n
M30KocTa KacarTcs (cm. puc. 11.6). BoobLe roBopsi, KpMTUYECKas TOUKa
hyHKUUNM JlarpaHxa, B3siTas 6e3 rocsiefHeiA KoopauHaTbl, He 0653aHa
6bITb peleHneM 3agaun (7), (11) Ha ycnoBHbIA MakcuMyMm. B criiydae ke
MpoV3BOACTBEHHOMA yHKLMNY(J1: |, J1:,), YAOBETBOPSIIOLLIELA onpeaesieHHbIM
TpeboBaHUAM [/1a4KOCTU U BbIMYK/I0CTU, KPUTUYECKAA ToUYKa PYHKLMN
NarpaHxa (6e3 nocriegHeiA KoopayiHaTbl) ecTb pewleHue 3agaun (7), (11)
Ha YC/I0BHbIMA 3KCTpeMyM. OTMETUM TakKe, YTO B C/lydae MNpousBos-
cTBeHHOIA hyHKuUMKM OXpX,) X,“(0 > 0.

B pazgene 11.2 B TOUKE'JIOKa/IbHOI0 pPbIHOYHOI0 paBHOBecUs (XX,
6bUIM onpeaesieHbl U3AEPXKKU npom3BoacTBa CGa= + AX,". Echm B
orpaHnyeHumn (12) nonoxuTb C= C,, TO HEC/IOKHO MNOKa3aTb, YTOX/AC")

1
= x4 x"@CC]) = X a Takke = /P> T.e. Be/IM4MHa, obpaTHas

MHOXUTenNto JlarpaHxa ~*“(C"), paBHa pPbIHOUYHOIA LeHe  eauHKLbl Bbl-

nyckaemoi/i (MpMoiA npoayKumn. Takum obpa3om, npeasiokeHa ecTec-

TBEHHas 3KOHOMUYecKast MHTeprnpeTaums MHoxuTens JlagaHxa A°C,).
MopgctaBme X|(C), x,4C) B BblpakeHue y =Y(X], X,), NOSy4nM, 4TO

y=Ax,\C),x*"\.C)) = F{Q, (13)

T. e. nonyunm y = F{C) Kak (hyHKLMI0 N3gepxxek rnpomnssogcTsa C, a

He KaK PYyHKLUMI0 Y 06bEeMOB X, U X" 3aTpaumBaeMbIxX (UCMOMb-

3yeMbIX) pecypcoB. BbipaxkeHune (13) Ha3blBaeTCs 3Ha4eHneM 3ada4m (7),
(12).

Tak nocTpoeHHas yHKUMA Y= F(Q cooTBETCTBYET C/ly4aro A0SIroB-
pPEMEHHOI0 NPOMEXYTKa.

Vimes ¢yHKUMo y = F{C), MOXHO BbINuncaTb BblpaXXeHue /19 npu-
6L B TEpMUHaxX msgepxek npomnssogctea PR{Q = p"F(Q - C (cpaB-
HUTE C BbIpaXeHWEM 419 NPUOLIIU PUPMbI B TEPMMHAX 3aTpavmMBaeMbIX
(ncronb3yemMbix) pecypcoB —CM. pasgesn 11.1).

3apgava MakcUMM3aL MM 06beMa BbIMyCKaeMOoA MpoayKUumMn rnpu uk-
CMPOBaHHbIX M3A4epxKax nponssoacTBa C O/ia c/yyas KpaTKOCPOUHOro
NpoOMEXyTKa, Korga IMMUTUPOBaH 06beM X,* BTOpPOro pecypca, UMeeT
BUA,

Nnx,, x/) = max 14



190 MaTemMaTun4yeckne MeToabl /19 SKOHOMUCTOB

rpv ycrioBUK, UTO

e =C
o) 15)

OrpaHMymMMcs HarnsgHbIM reoMeTpuvecknM pelleHmem 3agadn (7),
(14) (cm. puc. 11.7).

[Mepemellaemcs Mo M30KBaHTaM Ha “ceBepo—BOCTOK” [0 TOr0 MOMEH-
Ta, MOKa M30KBaHTa He MPoLAdeT yepe3 Touky {x“(C),x"), KoTopas n
eCcTb peLueHuve 3aadaun (14), (15). OT 3To/i U30KBaHTbI Jasiee Ha “ceBepo-
BOCTOK” MUATU Hesb3s, b0 B TOUKaX y = rnepeceyeHmnss HOBbIX
M30KBaHT U (PUKCUPOBAHHOIA U30KOCTbI P + = C nmeeT MecTo
HEepaBeHCTBO y~ ¢ x,* (cm. puc. 11.7).

Ecnu 6b1 ycioBus X, = X,* He 6b1/10, TO peLleHnemM 3a4a4um MakKCcuMu-
3auMn 06 beEMA BbLUYCKaeMou NpoayKuum bbuia 6bl Touka (X|®(C),X2BY(C))
(cm. puc. 7), KoTopas COOTBETCTBYET C/lyyato A0/IFr0BPEMEHHOI0 MpomMe-
XyTKa. OueBuaHo,Y(X](C),XA40) >Ax/AC),x*), nbo n3okBaHTa, NMpo-
xogswwasn yepes Touky (X4C),x4C)), pacnosioxkeHa “ceBepo-BocToHHee”
M30KBaHTbI, Npoxoasweta yepes Touky (X,*(C),x/).

MonyyeH BaXHbIA pe3yibTaT Teopun GUpMbl:

npy o4HUX U TeX Xe usgepxkax nponssoactaa C 06bEM BbinycKae-
MO/ NPoAYKUUM A5 A0TOBPEMEHHOIO MPOMeXyTKa 60/1bLue (ToUHee He
MeHbLLe) 06beMa BbIMyCKaeMOA NPoAyKLMN A/19 KPaTKOCPOUYHOI0 Mpo-
MEeXyTKa.

3TN 06bEMbI CPAaBHAKTCA, €C/IV N3OePKKU npomssoacTea C 6yayT
Takumm, 4to x4, C) = x/ (cm. puc. 11.8). Nopr3oHTasIbHasA npsMas X, =
X" Ha3bIBaeTCA KPaTKOCPOUHOU JWHVEIA Pa3BUTUS NMPOU3BOACTBA (IMPMb.
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11.5. KombuHauusa pecypcoB (pakTopoB MpPov3BOACTBA),
MUHUMM3NPYIOLLIAS U3OEMKKU NPy (hMKcMpoBaHHOM (06LLLEM)
00BbEME BbINycKa

[ns cnyyas OonroBpeMeHHOro MpoMeXkyTKa paccMoTpUM 3a4ady Mu-
HUMU3ALMN U3OEPKEK MPOM3BOACTBA MNPU PUKCHMPOBAHHOM 06LEMEY Hbi
MyCcKaeMoIA MpoAyKUun (T.e. pacCMOTPUM 3adauy 2):

P ECAXN) = Tin 19

npum ycsosmn, 410

(%, fgx;ﬁ)o) n

eomeTpuyeckmn pewieHme 3agavn (16), (17) aHa/lI0OrM4HO peLleHno
3agaun (7), (10) (cm. puc. 11.9): B cnydae 3agaum (16), (17) cnenyet
rnepemeLLaThbCs Mo M30KoCTaM Ha “toro-3anag” (M6o nveem 3agadvy mMum-
HUMM3aLMN) A0 TeX Nop, NOKa OHU NPoA0SDKAT UMETL 06LLLME TOUKM C
M30KBaHTOIA, COOTBETCTBYHLLEIM PUKCUPOBAHHOMY 06bEMY Y. ACHO, YTO
pelleHMeM 334aynm MUHUMMU3aAUUKM mn3gepxkek OyaeT obuias Touka
EFCEHAO24() n30KoCTbl N PUKCMPOBAHHOM M30KBaHTbI. 3Ta TOUKa Ka-
caHWs 3aBUCUT OT 06bemay (noatomy m HanmcaHo (X|&),n:44;))). Ecnu
06bEM Y U3MEHUTCHA, TO N3MeHUTCA M Touka (X]*@)aZ(>)). MHoXxecTBO



192 MaTeMaTun4yeckKne MeToabl [/ SKOHOMUCTOB

TOo4eK COOTBETCTBYHOLLNX pPa3/INyYHbIM o6bemam Y Bblnyc-

KaeMoi/ npoayKuumm, obpasytoT mHuo | (cm. pmc. 11.9), koTopasi, oye-
BMAHO, COBMAaAaeT ¢ /imHmeiA | puc. 11.6.

Pewmm 3agady (16), (17) dopmMasibHO C NOMOLWbIO QyHKL MKW Jlar-
paH>xa

(X, X,,X) = + XK3'-Ax,,X,))-
Ansa dyHKUmm NadaHXXa BbINUCbIBAEM CUCTEMY YpPaBHEHNIA
X, X"\)
ax ax a

NN B pa3BepHyTOM BUAE

pX— LT p\—— A" (18)
X,

KpuTnyeckasa Touka (X "(y), 3", A(y)) hyHKumm NacaHxa, yaos-
neTBopsowas cucteme (18) v B3aTan 6e3 nocrieaHei koopanHaTbl (NG),
T.e. Touka (X,"(;;), XO>"), v ecTb pelleHuve 3agaun (16), (17) MUHMMU3a-
LN N30epXeK Npu’AaHHOM (DUKCUPOBaHHOM 06beMe Mpou3BOACTBa
MoactasumB TouKy (X,“(¥),X2'@)A(y)) B NepBble ABa ypaBHEHUS CUCTEMbI
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(18), nonyunm aBa ToxaecTsa. MNogeniMe NOYSIEHHO NepBoe TOXAECTBO
Ha BTOpoe, MNosyYnM, 04eBUAHO, BbipaxeHne (3) (MHoXUTeNb J18F) co-
KpaTuUTCS, KaK 1 B ciydae pasgena 4 MHoxmTenb A{y)>0). Monyunnm
aHa/IMTNYecKoe 060CHOBaHMeE TOro, YTO M30KOCTa U U30KBaHTa KacalT-
ca B Touke (X]“(y),x4>")) (cMm. puc. 9). XapakKTep B3aMMOCBA3N MeXAY
KPUTUYECKOIA TOUKOLA (hyHKL MK JlarpaHyka 6e3 rocsiefHeiA KoopAnHaThbl
1 peeHnem 3agaun (16), (17) MUHUMM3aLUN MOXKET ObITb MPOKOMMEH-
TUpoBaH 34ecb NMoA06HO TOMY, Kak 3To 6bu10 caenaHo B pasgene 4 ons
334341 MaKCcMMm3aumn.

B pasgesnie 2 B TOUKe JIOKa/IbHOM0 pPbIHOYHOI0 paBHoOBecus (X,“J1,)
6bU1 onpedenérH 06bLEM npomsBoacTBa y=J/Ix"*x"). Ec/in B orpaHnyeHnm
(17) nonoxuTb TO HEC/I0KHO MoKas3aTb, YTO X,"(W)=T,®, X2’ (y)=x/,
a TaKkxke T.e. MHOXMTENb JlarpaHxxa X(yL) paBeH pbIHOYHOIA
ueHe /2, eAMHNUBI BbIMyCKaeMoA nNpoayKumn. Takum obpasom, npeasio-
YXeHa ecTecTBEeHHas 3KOHOMUYEeCKas MHTeprpeTauus MHOXUTeNs Jlar-
paHxa X'(7,,).

Moactasume x/’(y) n B BblpaxxeHue C(X,, X,) = P +p”x,, nony-
UMM BbIpaXKEHWE O/19 U3aepXKeK

P.X"\Y)+p,x,\y)=C{y)

KaK (PyHKLUWI0 06beMa BbIMYCKaeMOIA MPOoAYKLMN, a He KaK (hyHK-
uuto C(X], X)) = /7 X, +p,X, 06beMOB 3aTpaumBaeMbIX (MCMO/Ib3YEMbIX)
pecypcoB. BbthaxeHne C{y) = p™\y) + p,X,\y) Ha3bIBaeTCs 3HaYEHNEM
3agaun {\B), (17). Tak nocTpoeHHasa pyHKLMA nsgepxek C{y) cooTBeT-
CTBYET C/yyalo A0/IrOBPEMEHHOro NpoMeXkyTKa. Vimes BblpaxkeHue C{y),
BbINULLEM B IBHOM BWAEe MNpeAcTaBsieHVEe MpubbUIM B BUAE (YHKLMN
00BHEMOB Y BbIMYCKaEMOIA MPOAYKLN:

PKY) =  -Cy)

(cpaBHUTE C BbIpaXXeHVEM 4719 MPUObUIN (VPMbl B TEPMUHAX 3aTpa-
uMBaeMbIX (MCMo/Ib3yeMbIX) pecypcoB —cM. pasgen 11.1). BolpaxeHune Pk{y)
=p”" - C(y) urpaeT BaXXHYI0 posib B MMKPO3IKOHOMUKE.

MNyctb (X4C), X"C)) ny = /r(C) ecTb peLleHne 1 3Ha4eHne 33434
Makcummsaumm (7),'(11) (cm. pasgen 11.4).

Myctb K]“(Y), X,“(*)) n C = C{y) ecTb peLueHne 1 3Ha4eHMe 3ada4n
MUHUMU3aunn (16)’, (17) (cm. Hadano sToro pasgena 11.5).

MycTb 3Ha4eHne C B (12) paBHO 3Ha4veHU0 C(Yy) 3a84a4m MUHUMMN3a-
uum 06), (17). Torga 3HavyeHue 3agadm mMakcmmmsaumm (7), (11) (cm.
pasgen 11.4) 6yaeT paBHO Y.

Hao6opoT, nycTb 3HadyeHwe y B (17) paBHO 3HAYeHUO Yy =
334a4n MakcumMmmsauum (7), (11). Torga 3HaveHVe 334241 MUHUMU3ALNN
(16), (17) paBHo C.

7 3amkoB
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Taknm o6pa3om, HaboaaeTcs B3aMMHas 3aBMCMMOCTb 3a4ad (7), (11)
u (16), (17) (cm. puc. 11.10).

3aavya MUHUMU3aLMN U3OepXeK Npom3BoACcTBa Npy (UKCUMPOBaHHOM
006eyvey BbIMyCKaeMOIA MpoayKL MW OJ151 C/yyast KpaTKOCPOYHOIo rnpome-
XYTKa, Korga oukcupoBaH 06bem X/ BTOPOro pecypca, umeet sug (y
WUrpaeT posib MapameTpa)

= C(x,, x/) (T!n) (19
rnpu ycrioBUK, YTo
>A:y(X,,X,)
(x,>0).- (20)

OrpaHn4mMMcs Har/ISaHbIM FeOMETPUYECKUM pelleHneM 3agaum (19),
(20) (cm. puc. 11.11).

ViMeeT MeCTO BaXXHbIIA pe3ysibTaT Teopun GUpMbI:

rpy 04HOM TOM e 06beMe Y BbIMyCKaeMOLA MPOAYKLIUU U3LOEPKKUN
npon3BoACTBa 4151 C/Ty4dast A0/ITOBPEMEHHOIO NMPOMEXYTKa MeHbLUe (Tou-
Hee He 60/blUE) U3AepPXKeK MPoU3BOACTBA A/1 C/lyyvask KpaTKOCPOUYHOI 0
MPOMEXyTKa. 3TU U3LEPKKU MPOU3BOACTBA paBHbl Apyr Apyry, eciu
06bemM y npomsBoAcTBa byaeT Takmm, uTo X|(Y) = x* (cm. puc. 11.12).
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Bonpocbl K rnase 11

1 CdopmynupyiTe onpeaeneHnst NCXoaHbIX MOHATUIA TeopMM oNTUMN-

9.

3auym Npou3BOACTBA.
CdhopmMyMpyATE OCHOBHYIO LiES b PYHKLMOHUPOBaHUS PUPMbI.

B yem cocTOUT MpUHLUMNUasIbHOe 0T/InuYme (B cogepXkaTesibHbIX N B
(hopMasibHbIX TEPMUHAX) B MOCTaHOBKE 3a4a4M MakCMMm3auum npu-
6bUIM (hPMbI 419 C/1yYaeB [0/1T0BPEMEHHOI0 M KPaTKOCPOYHOro Bpe-
MEHHbIX MPOMEXYTKOB?

CdopmynnpyiaTe onpenerieHe M30KocTbl. JaiATe 3KOHOMUYECKYHO
VHTepnpeTauuio creaytoLlemMy reoMeTpnyeckomy akTy: QUKCnpo-
BaHHasa Touka (v], v,) Y1 > O, v, > 0) NnpnHagnexuvT NpsMoiA, UMeto-
LLEIA ypaBHeHME = C\

MycTb gBa Habopa (y,, V,) u (v, X) 3aTpaumBaemMbiX (UCMOSIb3ye—
MbIX) pecypcoB TakoBbl, 4TO 415 Habopa (Y,, V,) U3Lep>XKU Mpoms-
BOACTBa MeHbLLIe, YeM A1 Habopa (1, Kak pacrosiokeHbl 0THO-
CUTENIbHO ApYT Apyra N30KoCTbl, COOTBETCTBYOLWME Habopam (Y, V,),
', »V,)? ABnsieTca v 06a3aTeNIbHBIM 04HOBPEMEHHOE BbIMOS/THEHNE
OBYX HEPaBEHCTB wy; > VY, w > V,?

OnuLInTe B3aMMHOE PacrosioXkeHne N30KOCTbl N U30KBaHTbI, MPOXO0-
OAumMx yepes TouKy (X[, X™) NOKasIbHOro pbIHOYHOIM0 paBHoOBecUs
hrpmbl (C/ly4aia A0NroBpeMEHHOI0 NpoMeXyTKa). JdaiAaTe o60cHoOBa-
HME 1X B3aMMHOMY PacrosIOKeHMIO.

OnuLnTe B3aUMHOEe pacrosiIoKeHUE U30KOCTbI N U30KBaHTbI, MPOXO0-
OALNX Yepe3 TOUKY SI0KaJ/IbHOro pbIHOYHOM0 paBHOBECUS (DUPMbI
(crTyyald KpaTKOCPOYHOI0 NPOMEXyYTKa).

Yemy paBHa (NpeaesnbHas TEXHO/I0rM4Yeckas) HopMa 3amMeHbl 04HOr0
pecypca (gna onpefesieHHoCTU, NepBoro) Apyrum (418 onpeaenex-
HOCTW, BTOPbIM) B TOUKE JSIOKa/IbHOI0 PbIHOYHOI0 paBHOBECUS B Cr1y-
Yae [0/ITOBPEMEHHOI0 MPOMeXxXyTKa?

UTo Takoe (hyHKLMS cripoca Ha pecypcbl (3aTpaTbl)?

10. UTo0 Takoe hyHKUMA NpeasiokeHns BbInNycka?

7*
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11. ChopmynupyiAaTe 3aga4y MaKCMMm3aLm 06bema BbIMyCKaeMOIA Mpo-
OYKUMW Npy OrpaHUYeHnK 3aTpaT Ha npuobpeTeHmne pecypcoB (hak-
TOPOB) Ha aHa/INTUYECKOM fA3blKE N Ha FeoMeTpuyeckom s3blke (B
cy4asx A0J/IT0BPEMEHHOI0 U KPaTKOCPOYHOI0 MPOMEXYTKOB).

12. OnuwMTe aHaIMTUYecKoe (4719 c/y4ast A0/IrOBPEMEHHOI0 Mpome-
XKyTKa) U reomeTpmyeckoe (419 criyvaeB 40/1TOBPEMEHHOIO N KpaT-
KOCPOYHOr0 NMPOMEXYTKOB) peLleHne 3aaadm Bonpoca 11.

13. ChopmynupyiaTe 330a4y MUHUMU3ALIMA U3LEPKEK MNPON3BOACTBA MpU
(hMKCUPOBAHHOM 06beME BbIMyCKaeMOIA NPoAYyKLMN Ha aHa TN TU4ec-
KOM £i3blKe U Ha reoMeTpuyeckoM f3blke (4718 crlyyvyaeB [0/IroBpe-
MEHHOI0 1 KPaTKOCPOYHOI0 MPOMEXYTKOB).

14. OnNnwKnTe aHanIMTUYeckoe (4719 crlyyast A0/ITOBPEMEHHOI0 rnpome-
XXyTKa) 1 reoMmeTpuyeckoe (47151 c/lyyaeB A0/1F0OBPEMEHHOIO U KpaT-
KOCPOYHOr0 NMPOMEXYTKOB) peLleHue 3aaadm Bonpoca 13.

15. OnNuwMTe B3aMMOCBS3b MeXay 3aAavamu Borpocos 11 u 13 (B cny-
Yae 0/ITOBPEMEHHOI0 MPOMEXYTKA).

16. Kak onpefensieTcs [o/roBpeMeHHas JIMHNS paclLUMpeHnst Mpon3Boa-
cTBa PUpMbI?

17. Kak onpefiensieTcs KpaTKOCPOUHas JIMHUA paclUVpeHns Mpon3Bo/-
cTBa (hUpMbI?



'TIABA 12

S9KOHOMWYECKAA ANHAMN1IAN N EE
MOAENTNPOBAHWE

3afauu, peluaeMble SKOHOMUUECKOA HayKOA U NMPaKTUKOIA, AensTces,
B 3aBMCMMOCTW OT yueTa haKTopa BpeMeHU, Ha CTaTUieckme 1 AuHaMm-
yeckme. CTaTuKa MU3y4aeT COCTOSIHUSI IKOHOMUYECKNX 06BEKTOB, 0THO-
cswmecs KonpegesieHHoMY MOMEHTY WK nepuoay BpeMeHW, 6e3 yueTa
M3MEHEHUsI UX MapamMeTPoB BO BpeMeHWU. B AMHaMMUecKnx 3agadax oT-
paxaeTcs He ToSIbKO 3aBUCMMOCTb MePeMEHHbIX 0T BPEMEHU, HO U UX
B3aMMOCBSI31 BO BpeMeHW. Hanpumep, AnHaMMKa UHBECTULMIA onpeae-
NSeT ANHAMUKY BesIMYMH OCHOBHOIO KamuTasa, YTo B CBOK odepefdb
ABNAETCSA BKHEMLLMM (haKTOPOM M3MEHEHUS 06beMa BbIMycKa.

BpemMs B 9KOHOMWYECKOIA ANHAMUKE MOXET pacCMaTpMBaTbCs Kak
HenpepbIBHOE WM ANCKPeTHoe. HenpepbIBHOE BpeMs yA06HO A/19 Mofe-
NINPOBaHMs!, TaK Kak MO3BOJISET MCMO/b30BaThb annapaTt aughepeHLun-
a/TIbHOI0 UcYUCNEHUS U AnddepeHUMasIbHbIX YpaBHEHWNIA. JUCKpeTHoe
Bpemsi y06H0 ANs NPUSIOKEHWNEA, NMOCKO/IbKY CTaTUCTUYECKNE AaHHble
BCErga AMCKPETHbI U OTHOCATCS K KOHKPETHbIM eANHMLIAM BpeEMEHM.
[N ANCKPETHOro BpeMeHn MOXET MCMo/b30BaTbCs annapaT pasHocT-
HbIX YPaBHEHWIA. 3aMeTVM, YTO 60/1bLUMHCTBO U3BECTHbLIX MOAESIEA 3KO-
HOMMUYECKOIA ANHAMUKM CYLLECTBYHOT KaK B HerpepbIiBHOM, TakK U B
[OVCKpeTHOM BapuaHTax. B 0601x BapuaHTax Aj1s HAX MOryT 6bITb MosTy-
YeHbl, KaK MpaBWJ10, aHASTIOFMYHbIE Pe3y/ibTaTbl, U YPOBEHb CTOXKHOCTU
camMux Mofesiei/i NpYMepHo 0A4NHAKOB.

12.1. lNokasaTesin 3KOHOMUYECKOIA [AMHAMUKM

MNokazaTenn, xapakKTepusyroLime ANHaMUKY 3KOHOMUYECKOTr 0 06bekK-
Ta, —3T0 abCcoNOTHbIE NPUPOCTbI, TEMMbI POCTa U NPUPOCTA.

Ecnu paccmaTpuBaeTcs 3aBuUcsALLas 0T BpeMeHu BennyuvHa A{t), To
abCOMOTHBIMA NPUPOCT 0T MoMeHTa O40 MoMeHTa 1paBeH AJI(1) = A(D)-

AL
/1(0), ANCKPETHbIA Temn pocTa T, = —’(u.)l, [OVICKPETHbIIA TeMn npupocTa

., _ 1°1) -7(0) A

a, = f]- 1= — 70)— "« OTMeTMM, YTO B aHI/1053bI4YHOIA NinTepaType
TepMuHOM “growth rate” (“Temn pocTa”) HasbIBalOT 06bIYHO MOKa3aTe b
a = []- 1, To ecTb TeMN NpUpPOCTa B HaLleiA TEPMUHOI0T UK.

Ecnn Temn npupocTa a HEM3MEHEH BO BpeMEHU, TO ANHaMMKa MoKa-
3atesnid A{t) moxeT 6bITb onmncaHa Kak A{i) = A(0) (1+a)".

Ecnun BeninumnHa A{t) ecTb HenpepbIBHaA PYHKLUSA BPpEMEHN, TO poCT
ee C NoCTOoSAHHbIM TeMroM 3anucbiBaeTca Kak A(f) = Ad) eV, rope» 2,72
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—0CHOBaHWe HaTypasibHbIX SIOrapuMoB, a A — HerpepbIBHbIA Temn rpu-

pocTa, KOTOpbIA B 06LLIEM C/Ty4dae paccunTbiBaeTcs Kak 'kit) = win
\{) = At - R BenimunHa dA(t)=A/ dt = A{t) dt - guddepeHuman

(rnaBHas NIMHEMHaA YacTb npupateHuns) A(t), roe A’=A(i) -npoussoa-
Has pyHKUun A(t) no BpemeHW. Mpu pocTe BeNMUUHBLI A(t) ¢ HernpepbIB-—

HbIM TEeMMOoM npupocTa X AUCKPETHbLIN Temn pocTta — — paBeH €,

yTo Npu MasibiXx K6/M3Ko K (1+A), To ecTb K TeMmy pocTa npu ANCKpeT-
HOM Tewmrie npupocTa X

PaccMoTpyM BeMMUMHBLI TEMMOB MpMpocTa 418 CYMM 1 npoussese-
HWIA MnokasaTesein.

MycTb nokasaTtesib S{t) ectb cymma A(t) n B(t), pacTyLmx cooTBeT-
CTBEHHO, C MOCTOAHHbLIMWU HEMpPePbIBHbIMW TeMMamMu aun p, Mpuyem
a>p. Torga

;om0 = Ait) + Bit) = AiOy™' + BiO)e»' =

Mockonbky (p—a)<0, BenMuvHa B KBaApaTHbIX CKOOKaxX CTPeMUTCS K
eanHMLEe, 1 TeMmn MNpupocTa CyMMbl MpUGAMKaeTesa K TeMny bbicTpee
pacTyLLEero cocTaB/1sloLWero, To eCTb K a.

MycTb BennumHa Pit) ecTb nponsseaeHue Ait) u Bit) ¢ HenpepbIBHbI-
MM TemMnamu npumpocTaa u p. B aTom cnyyae:

Pit) = Ait)-Bit) = /i(0)e*-10)eP' = A0)e<*+P), )]

TO ecTb TEMIM MPUPOCTa NPON3BEAEHMNS paBEH CyMMe TEMIOB NPUpo-
CTa COMHOXUTENe. Ecnim an p — AUCKPETHbIE TeMMbl NpupocTa Ait) 1
Bit), To

IXO="0-~(0="0)(I+a)'5(0)(I+P)'=W(I+a+P+aP)’,  (3)

Mpu ManbIXx an p BeNIMYMHA ap MpPeHebpexnmo Masa, 1 TeMn nNpu-
pocTa npovsBeAeHUs NpUBNXKEHHO paBeH CyMMe TeMMOB NMpMpocTa co-
MHOXUTESEA. Ecnu ke nponsBedeHVe a p 3HaYNTESIbHO, TO TeMI Mpu-
pocTa npousBeneHUs He MOXKET NPUBSIMKEHHO CHNTATLCA paBHbIM CYM-
Me TEMMOB MPUPOCTa COMHOXUTESEIA, MOCKOJIbKY CyLLLEeCTBEHHO ee rpe-—
BbILLGET.

CB$13b 06 bEMHbIX 1 TEMIMOBbLIX BE/INUYVH J1IErKO NMPOAEMOHCTPUPOBATL
Ha npuMepe NPou3BOACTBEHHOM PYHKLUN (3TO YXKe cAenaHo B rriase 10
4119 yacTHoro cnydas Mo Ko66a-Ayrnaca). MNMyctb Yit), Kit), Lit) -
06bEMHbIE MOKa3aTe M BbIMyCcKa, KanuTasa 1 Tpyda (HerpepbIBHbIE PyH-



NnaBa 12. OKOHOMUYeCKas OVHaMUKa 1 ee MoesipoBaHue 199

Kunn BpemeHu), a y(/), k{l1), Kt) - HenpepbIBHbIE TEMMbI NX NPUPOCTA.
O6bemMHasn Md ¢ HelATpa/ibHbIM TEXHUYECKMM Npodeccom (Mpm mMocTo-
SIHHOM Temre nocsie4Hero, paBHOM Y) UMeeT BUA,

Y{t) W) e 4)
NorapumMumpys 3Ty 3aBUCUMOCTb, MOSTyYaeM:
N\nY(t) = \nAK{Y), LW )]+ yt (5)
Hanee anddepeHUMpyem No BPEMEHU:

din Y4 - dy{t) _ dYit)K{t).dm ~ dvy{t) Mt) .dL{t) by,
TO eCcTb,
y{t) = a{i) k{t)+m Kt)+b (6)

rae a{f) n |30 —31acTUYHOCTM BbIMyCKa MO KanuTasly 1 Tpyay CooT-
BETCTBEHHO.

3Ta IMHeliHasA (hopMyJia XapaKTepusyeT BK/1a, TEMIMOB NpupocTa ak-
TOpOB MPOV3BOACTBA B 06LLME TeMMbl MPUPOCTa A0X0Aa, a MNoKasaTesib Y
XapaKTepu3yeT BK/1a[, TEXHMYECKOro npodecca.

12.2. MNoHATVE OMHaMUNYECKOro paBHOBECUA B 3KOHOMMU-
ke. MpocTeiwasa mMogesb paBHOBECUS

B 5KOHOMMYECKOIA TeopUM BaXKHbLIM SIB/ISIETCS MOHATUE paBHOBECUS,
TO eCTb TaKOIro COCTOSHUA 06BbEKTA, KOTOPOE OH COXPaHSIET NP OTCYTCT-
BUN BHELLHUX BO3AEMACTBUIA. 334241 9KOHOMUYECKOA ANHAMUKU BKJIHO-
YaloT KaK ornucaHue MpoLeccoB BbIXoAa K COCTOSHUIO paBHOBECUS!, TaK
1 MNpoL,eccoB TpaHcgopmMaLumMmM caMmoro 3Toro CoOCTOSSHMS Nof, Bo3aeiA-
CTBUEM BHELLHUX CUJ1. PacCMOTPUM MPOCTYH 3KOHOMUYECKYHO CUCTEMY
B COCTOSIHUM PaBHOBECUSI U OMULLIEM ABVKEHME TaKoIA CUCTEMbI B He-
MPePbIBHOM Y OUCKPETHOM crlyyasix. B nepBoM criyyae AMHaMMKa CUCTe-
Mb! OMUCBLIBAETCS C MOMOLLIO ANG(PEPEHLMNATBHONO YPaBHEHWS, BO BTOPOM
—Pa3HOCTHOI 0 ypaBHEHWUSI.

OunddhepeHymanbHoe ypaBHEHWE CBA3BIBAET U3MEHEHWS MoKasaTesls
(NycTb Halla cMcTeMa onmcbiBaeTCs OAHUM MokasaTesieM x{t), wm npo-
CTO X) CO CKOPOCTbIO €ro ABWXEHUs JT', Wwin X. Byaem cumtaTb, 4TO
CKOPOCTb U3MEHEHUSA MoKasaTesisa X MporopLuuoHasibHa BEMIMUYMHE ero
OTKJ/I0HEHWSI OT PaBHOBECHOI 0 3HaueHUs X. VIHbIMU c/loBaMun, YeM fasibliie
rnokasaTesib OTKJ/IOHWUJICS 0T paBHOBECHOI0 3Ha4YeHUsl, Tem GbicTpee OH
CTPEMUTCS BEPHYTLCS K HEMY. ECni B ypaBHEHUW MPUCYTCTBYET TOJTbKO
rnepeas Mpov3BoAHas X MO BPEMEHMU, a caMa CBA3b JIMHelAHa, TO 3TO
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NMHeHoe anddepeHUnanbHoe ypaBHeHMe. MycTb OHO UMEET, Hamnpu-
Mep, CrieyoLLmniA BAL;
x== k{X- X),

rae A:—KoamupneHT. B 3TOM ypaBHEHUN KX —CBOBOAHbIA YsieH; 6e3
HEero ypaBHeHMe X=KX Ha3bIBaeTCs 04HOPOAHbLIM U ero o6Lee peLleHme X
= cé'. MicxogHoe Heo4HOPOAHOE YpaBHEHME UMEET YacTHOe peLleHmne X
= X" (ecnn BesIMUMHA X HAX0AUTCHA B COCTOSAHUM paBHOBecus), a obLuee
ero‘pelleHne ecTb CyMma SIl060ro YacTHOro peLeHnsa 1 obLLero peLle-
HNA 04HOPOAHOI0 YPaBHEHUS, TO eCTb X = X+ C €. YUnTbIBas, 4YTo Npu
i = 0 BennunHa x pasHa x(0), nony4yaem ¢ = x(0)-x*, n x(t) = x +(x(0)-
X)é'. TpoBepbTe B KaYeCcTBe YINpPaKHEHUS, YTO 3TO peLleHue yaoB/eT-
BOpSeT UCXOAHOMY ypaBHeHUIO. Ecrim A< O, To e —> O n paBHOBecue
YCTOIAYUMBO, TO CTb MPY OTKJ/IOHEHUW BESIMYNHBI X(0 OT 3Ha4YeHUs X oHa
BHOBb CTPEMUTCA NPUHATBL 3TO 3HaveHue. MNpn k>0 BesinymHa e ->00
1, COOTBETCTBEHHO, X(/) CTpeMATCA K 6eCKOHEYHOCTK (EC/IM HavasibHoe
COCTOSIHME He COBMaJaeT C COCTOSHUEM paBHOBECUS).

Cncrtema BbIXOAUT K COCTOAHUIO XV, Kak 3TO NOKa3aHO Ha PUCYHKe
12.1a. Ee noBegeHne npm k> O nokasaHo Ha puc. 12.16. lNoBegeHve
ONHaMUYECKNX CUCTEM MOXET TakKe OMNucbiBaTbCs, Hanpumep, rpadu-
Kamun puc. 1218 - 12.1r. lNoBegeHMe B OUCKPETHOM BpPEMEHW MOXET
6bITb OMMCAHO C MOMOLLbI0 PA3HOCTHOr0 ypaBHEHUS, CBA3bIBAIOLLENO
Be/IMYMHbLI X B COCEHME MOMEHTBLI BPEMEHW, TO ECTb X, U X "Hanpumep,
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B OVICKPETHOIA CUTYaUUKN, aHaJIOMMYHOLA Y)XXe OMUCAHHOLA, MOXET UC-
Mnosib30BaTbCA Pa3HOCTHOE ypaBHEHue X, = X,, + , =X, peLleHvem
KoToporo (nposepbTe!) aBnseTca X, = XM+ (X(0) -x* (\+K). 3To peLe-
HMe MOXET 6bITb HalAAeHo (aHa/I0rMYHO HENpPepPbIBHOMY C/ly4ar) Kak
cyMma o6LLero peweHus x, = ¢ (1+J1)'419 04HOPOAHOI0 YpaBHEHUS X, =
(1+A) X |, v yacTHoro peweHmna xX* = X A1 NCXOOHOr0 pa3HOCTHOIO
ypaBHeHUs; ¢ ydeTom X, = X(0) npn /= 0. Mpun K< Ocucrtema B cny4ae
OTKJIOHEHMUS OT X" ByAeT ABuraTbCcsa B HampasseHun XY npy K > O -
YXOOUTb eLle Adasblle 0T Hero. PaBHOBecme yCTOMAUMBO Mpu —2<k<0 u
HeyCToUMBO Npy K>0 wm K -2 (Npy K<\ MokasaTesib X KakabliA pas
“repeckakmnBaeT” paBHOBECHOE 3HayeHue X\ nNpuyem rnpu K<-2 —cs/imLu-
KOM Jas1eKo, YT0Obl NPUOAN3NTBLCA B KOHLLE KOHLL0B KXM).

12.3. Mpumepbl MOAENein 3KOHOMUYECKOA ANHAMUNKN

PaccMoTpum Tenepb ABa NpyMepa Mogesieii MaKpo3KOHOMUYECKOIA
OVNHAMUKW, peasi3yroLmxX AUCKPETHBIA 1 HenpepbIBHbILA noaxoabl. B
060MX C/lyYasix MOAEN HOCAT BECbMA 06LLMIA, abCTPaKTHbIA XapakTep. B
TO Xe BpeMsl VX peLleHne MOXET ObITb HalAAEHO B SIBHOM BUAE, Npuyem
13 HErO BbITEKAOT BaXKHbIE 0COOEHHOCTU 4/151 Pa3/INYHbIX YaCTHbIX CITy-
YaeB COOTHOLLUEHUS UX NapamMeTpoB. Ha aTux moaensax yaobHo npoae-
MOHCTPMPOBaTb MPOCTEALLMIA annapaT AUCKPETHOIN0 1 HernpepbIBHOIO
ANHaMNYeCcKoro MoaeiMpoBaHus, NPOUIIIOCTPUPOBaTL BaXKHeLLIVE Ka-
Teropuv 1 Npobs1eMbl MaKpO3KOHOMUYECKOIA ANHAMUKMN.

MayTuHooGpa3Has Modes b

JTa Mogesnb Mo3BOSISET UCC/IeA0BaTb YCTOAUYMBOCTL LIEH 1 06EMOB
TOBapoB Ha pbIHKE, ONMCbIBAEMOM TPaAULIMOHHBbIMW KPUBbLIMM CRpoca U
npensioXkeHnst (OHM MokKasaHbl Ha pyc. 12.2) NPy Ha/IMYKMKM 3anasabiBa-
HMSA BO BpeMeHU (nara).

MycTb npousBoanTenn (Harpumep, 3epHoBas epma) onpeaensoT
npeasioxkeHMe ToBapa B TEKYLLEM Mepmoae Ha OCHOBE LIeH, YCTaHOBUB—
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wmxcs B npedllecTBytowemM nepuoge, To ectb Q{t) - ,). Taknm
o06pa3om, B (hYHKLMIO NpeasiokeHUs BKIIMHNBAETCS BPpeMeHHOIA far npo-
LO/DKNTENIbHOCTBIO B OAHY eANHULY BpeMeHU. JeACTBUTESNbHO, peLue-
HVe 06 06beMe NPOM3BOACTBA MPUHMMAETCS C YHETOM TEKYLLMX LIEH, HO
MPON3BOACTBEHHBIA LMKIT UMEET OMNpeaesIEHHYH0 MPOA0/DKUTENTbHOCTb, U
COOTBETCTBYIOLLEE 3TOMY PeLLUEeHUIO NMpeasioKeHne NoSABUTCA Ha pbIHKe
rno OKOHYaHUM AaHHOI0 UMK/Ia.

KpuBas cnpoca xapakTepusyeT 3aBUCUMOCTb 06bema crpoca Ha To-
Bap OT LieHbl TOBapa BAaHHOM nepuoje, To ecTb Takum
06pa3oM, AMHAMUKY LieHbI MOXXHO OMUCaTb CUCTEMOIA YpaBHEHNIA

{o/=3 Q!>=D {p), Q«= Q/}
WM OJJHM YpaBHEHVEM
apg = )

M3 3TOro ypaBHEHUSI MOXHO HalATU 3HaYeHWe LUeHbl B TEKYLUMIA
MOMEHT BpeMEHM MO M3BECTHOMY 3HaueHuo p* B MpeALIecTBYIOLLNIA
MOMEHT BpeMeHU. CxemMa pelleHms o4eHb MpocTa:

Q '/\p = Z)_I(G)) - e, = SIPg) = Iy\Q) — 03 = 5(p1) n

(roe —06paTHas yHKLUMS cnpoca).
B KauecTBe YaCTHOIO C/lyyas pacCMOTPUM MayTUHO06Pa3HY MoAe b,
B KOTOPOUA (hyHKLMN cnpoca U npeasioXXeHns SIMHeIAHbI:

m =/1+% ”» D{p) = C- Epn S{p) = Dlp) (8)

3pecb B>0, Tak Kak yHKLUMA npeasiokeHns BospacTawowas; £>0,
Tak KakK (PyHKUUSA crnipoca ybbiaowas; OA>0, 1o ecTb [0)>C(0)>0
(cuMTaem, YTO MpPU HYJIEBOMA LiEHE CMpOC MpeBbIllaeT MNpeasiokeHne).
YpaBHeHME, ONUCbIBatOLLLEE ANHAMUKY TakoiA CUCTEMbI, UMEET BUL,

Dip) = 5(7]), wm C -Ep,=A+5

HalAgem cHauasia paBHOBECHYHO LieHY p’ W paBHOBECHbIA 06beM Mpo-
n3BoacTBa O". OHU A0/MKHbI YA0BMETBOPATL YPaBHEHMAM

Q = C-Ep = A+ Bp,
oTKyOa
. C -A BC +AE
" =TTE " e * -B-TT-
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Puc. 12.3a Puc. 12.36 Punc.n3Be

Janee Heob6xo4MMO mccneoBaTb NoeefeHWe LeH N 06BEMOB NPouns3-
BOACTBa B TOM C/ly4ae, ec/i HayasibHas TOYKa He COBMaJaeT ¢ paBHOBeC-
HoM. BHauane 3Ty 3agavy MOXHO pelunTb rpaguyecku, MoslyyumB puUcy-
HOK TuMa “nayTuHbI”, MOATBEPKAAIOWMIA ee Ha3BaHMe. 3a4aB HEKOTO-
poe rnepBoHaYas/1IbHOE KOJINYECTBO TOBapa U LieHY, He coBrajarouime ¢
TOUKOA paBHOBecUs, byaeM nocsiefoBaTesIbHO HAHOCUTb TOYKN B COOT-
BETCTBUM C MPOLIEAYPOLA pacdeTa Mo MoAes N, COEAUNHSS UX FOPU3OHTa b-
HbIMW WM BEPTUKA/IbHBIMU MPAMBIMU JIMHUAMWU. V13 rpadmyeckoro aHa-
13a MOXHO MNoSTy4nTb criedytoume pesynbTaTbl. Ecnv KpuBas npegio-
YXEHUA HaKJI0HEHa Kpy4e, YeM KpuMBas cripoca, To paBHOBECME Ha TakoM
pblHKe 6yAeT ycToAuMBbIM (CM. puc. 12.3a). Ecim KpmBas cnpoca Ha-
K/I0HEHA Kpy4e, YeM KpuBas npeasiokKeHus, To paBHOBECME Ha pbIHKe
6yaeT HeycToA4YVMBbLIM (CM. puc. 12.36). HakoHeL,, npy paBHOM HaKJ10He
KPUBbIX CNpoca U NpeasiokeHns UeHbl Ha pbiHKe OyAyT UCMbITbIBATb
perynsipHble KosiebaHus ¢ MOCTOSAHHOMA aMiymMTyaoA (M. puc. 12.3B).

Tenepb nepetigemM K opMasibHOMY aHa/IM3y mMoaenu. Bbipaxkas p,
yepes /?,,, UMeeM criefylollee peKyppeHTHoe COOTHOLWeHue =

c*n 5
— — - —. lNocnegoBaTesIbHO NPUMEHSSI 3TO COOTHOLLEHWE, Haxoaum

G c
cC-A cC-A C-A
Po
Mnn B obLiem Buae
r /A
CcC -A B ,. B , B
+ ..+ (- Y- +(- 1
P, . - 2 CU L ow

BblpaXkeHne B CKOOKaxX eCTb CyMMa FeOMETPUYECKOIA MpPodheccni:
5 =za-@Q+p+¢p +... +T") = «

Ecrin K1, 1o =Nt
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[na nayTmnHoobpasHoiA Moaenn q = e E
YaeM BbIpaXeHue 415 LieHbl B NPOM3BO/IbHBLILA MOMEHT BpeMeHu [T

C— .— =*_"'»'"11" (_1)' . (10)

6osilee KpPyTOM Hak/lIoHe KpUBOIA MpeasioKeHusl, YeM KpUBOIA cripoca,

paBHOBeCUE SIBMISIETCS YCTOMUMBBLIM. Ecnn E >1, To ecTb Gosiee KpyToiA

ABMAETCA KpMBasi crpoca, To W80 11 MpoLecc pacxoanTes (paBHO-

< B
BECME HeyCcToumBo). Mpu =1, 10 ectb Npn B = E, 3HayeHusa p*

yepeayrTCs BOKPYT paBHOBECHOI 0 3HaYeHMs.

ViTak, onpegensiowmymMm MOMEHTOM /15 YCTOMAUMBOCTM CUCTEMbI SIB/S-
eTCcs MeHee CUJIbHas, Cr/IaXnBatoLLas peakums Ha M3MEHEHUS LieHbI TOIA
(QYHKUUK, KOTOpass MMEET BPEMEHHOI nar (34ecb - PyHKUMSA npeasio-
KEeHUS).

B peanibHoCTW npu —I;:> 1 6ecKOHEeYHO BO3pacTaloLmMX KosfiebaHuIA,

KOHEYHO, He ByeT, Tak Kak npy 60/1bLUMX OTK/IOHEHNSX OT paBHOBECUS
NMHeAHoe NpUbVXKEHME CTaHOBUTCA HepeasIMCTUYHbLIM. B 6onee pea-
JINCTUYECKOIA HENMMHELAHOIA MOAE IV YCTaHaB/IMBAKOTCA HeSIMHEIAHbIE KO-
nebaHns 60bLUOIA, HO KOHEYHOIA aM/INTYAbl, KOTOpble ABASIOTCA Npo-
06pa3oM 3IKOHOMUMYECKNX LIMKII0B NogbemMa 1 cnaja npou3sBoacTBa.

CamMoCTOATE/IbHO MpeasiaraeTca pacCMOTPeThb C/ieAyloLyto 3aady:
MpeanosIoKNM, YTO BPEMEHHOIA /ar, paBHbIMA 1, MPUCYTCTBYET He B Py H-
KUUM npeasiokeHus, a PyHKumm cnpoca: sS*—A + Bp' O*= C - b
5 = [A. Kakum CTaHeT yCc/10BMEe CXOAMMOCTU K paBHOBECHOIA TO4Ke?
M306pa3nTb 3TOT npouecc pahunyeckn.

12.4. Mogenn MaKpo3KOHOMUYECKOMA AUHAMUKU

Mopgenb Xappoga-/omapa

B kayecTBe npmmepa Moaenu ¢ HenpepbIBHbIM BPEMEHEM PaccMOT-
pyM MoAeslb MaKpO3KOHOMUYECKOIA ANHaAMUKN (MPOCTeALLUIA ee Bapu-
aHT —Mofaenb Xappoaa-/Aomapa). Mogesnb onucbiBaeT AUHAMUKY 0X0o4a
Y{t), KOTOpbIi/ paccMaTpMBaeTCcsa Kak cymma notpebrieHnsa C(t) n nHeec-
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TVUMA /(/). DKOHOMMKA CUMTAeTCs 3aKpbITOIA, MO3TOMY UMCTBLIA 3K-
CMOpPT paBeH Hy/1t0, a FoCyAapCTBEHHbIE pacxoabl B MOAE/ N He Bblaesis-
toTcA. OCHOBHasA npeAnocblika Mogesm pocta —hopMysia B3auMoCcBA3N
Mexay MHBECTULMAMU M CKOPOCTbIO pocTa Aoxoaa. lNpepnonaraeTcs,
YTO CKOPOCTb pocTa AoXoAa nporopuuoHasibHa uHBecTuuuam: /(O =

B ~, rge B -Koah(ULUMEHT KannTas/I0eEMKOCTU NpMpoCTa Aoxoaa, Win
L
MPUPOCTHOA KanmnTasl0eMKOCTU (COOTBETCTBEHHO, obpaTHas emy Besv-

UnHa —B4Ha3bIBaeTCﬂ MPUPOCTHOM KanuTasiooTAaqeiAd). Tem caMbIM B Mo—

[enb (hakTUYECKM BKJ/IKOUAKOTCA crieaytolme npeariocbiKu:

*  NHBECTULMOHHBLIIA Nar paBeH Hy/10: MHBECTULMN MIHOBEHHO Mepe-
X0OAT B MpMpOCT KanuTasia. ®opMasibHO 3T0 03HavaeT, 4yTto AlLlL) =
/(/), roe AL/) - HenpepbiBHas (PYHKLUWA MpuMpocTa KanuTasia BO
BpEMEHU;

* BblObITVE KanuTas1a OTCYTCTBYET;

e pomn3BOACTBEHHas (hYHKLUMSA B MOAENN JINHEIAH]; 3TO BbITEKaET U3
MpornopLVOHa/IbHOCTU MpUpocTa A0Xo4a NPMPOCTY KanuTana:

NI =
NIHeHaa npon3BoAcTBeHHas yHKuMa ¥1) = alll ) + bK{l) +c,

roe A = 4, 061a4aeT 3TUM CBOMACTBOM B TOM C/lydae, ec/iv nbo a=o,
B

nn6o A/)=con51. Tem cambIiM criegytoLasa Npearnocblyika TakoBa:

e 3aTpaTbl TpyAa NOCTOSAHHbI BO BpeMeHU /I60 BbIMyCK He 3aBUCUT OT
3aTpaT Tpy.aa, NMOCKOSIbKY TPpYA, He SBNSeTCA AehULUTHBLIM pecypcom;

* MOAE/Ib HE YUMTbIBAET TEXHNYECKOIo Mporpecca.

MepeunicneHHble NPeanocbIKU, KOHEYHO, CYLLLECTBEHHO OrpybnsaoT
onvcaHne AVHAMUKUN peasibHbIX MaKpPO3IKOHOMMYECKUX MPOLLECCOB, Ae-
NaloT 3aTpPyAHUTENbHBbIM MpUMeHEeHMe JaHHOLA MoZenv, Hanpmep, O/is
HenocpeACcTBEHHOro pacyeTa WM MPOrHo3a BesiNYMHbI COBOKYMHOI 0
BbLUyCKa W goxoga. O4HaKo AaHHass MOAE/b N He npeaHasHaveHa o/
3TOro; B TO XXe Bpemsi ee 0THOCUTEsSIbHas MpocToTa Mo3BoseT 6osiee
r/1ly60KO0 M3yunTb B3aUMOCBA3b AMHAMUKU VHBECTULNIA N POCTa BbIMyc-
Ka, MosTly4uUTb TOYHble (hOpMYsibl TPAEKTOPUIA paccMaTpuBaeMbIX napa-
METPOB Mpuv CAESTaHHbLIX NPeanocbIIKax.

3aBMCMMOCTb, CBA3bIBAKOLLASA MeXay C060iA BO BpeMeHM MnokasaTesiv
VHBECTULVIA, onpefensiemMblii UMY 06beM OCHOBHOMO KanuTasia U ypo-
BeHb BbINycKa (40x04a), ABNSeTcs 6a30B0A BO BCEX MOAESIAX MaKPO3IKO-
HOMUYECKOIA gMHaMUKN. Kpome TOoro, B 3TUX MOAENSAX HeobxoanMo
onpeaennTb NPUHUMNLI (POPMUPOBAHNA CTPYKTYPbI BbiMycka (40X043a),
pacrnpefesieHns ero MeXxay CoCTasB/IAlLWUMN, Npexae BCero — Mexay
noTpebsiIeHeM 1 HaKomnJieHNeM. 3TU NPUHLMIMbI MOIYT OCHOBbIBaTbCSA
Ha ONTUMM3aLMOHHOM noaxone (06bIYHO 3TO MaKCUMM3aLLUA COBOKYI-
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HbIX 06EMOB NOTPe6/IEHNSA B TOIA N MHOIA hopMe), SKCTParnossiLMoH-
HOM, paBHOBECHOM U Apyrmnx. B paccmMaTpuBaemMoia Moaesv npeanonara-
eTcs, 4To AMHaMmKa obbema noTpebneHnsa C(/) 3amaeTcss 9K30reHHo.
JTOT nMokasaTesib MOXET CUMTATbCS MOCTOSHHLIM BO BPEMEHWU, pacTu ¢
334aHHbIM MOCTOSIHHLIM TEMMOM WM UMETb KaKyto-/11M60 Apyryto AnHa-
MUKy (B MePBbIX ABYX C/1y4asix 60s1ee NpocTo MosTyYnTb peLleHmne Moaesn).

MpocTelAWMIA BapnaHT Mogenun nosyyaeTtcs, ecnv cuntatb C(t) = 0.
JTOT c/ly4aiA COBEpPLUEHHO HEPEA/TUCTMYUEH C NMPAaKTUYECKOIA TOUYKMN 3pe-
HWSA, 04HAKO B HEM BCE pecypcbl HampaBfsAlTCA Ha MHBeECTULUMU, B
pe3ynbTaTe Yero MoryT 6bITb onpeaesieHbl MakCUMasibHbIe TEXHUYECKN
BO3MOXHble TeMrbl pocTa. B aTom c/iyyae nostyyaewm;

Yt = C(/) + /(0O =0+ = BY(b). (11
3T0 —-/IMHEHOe ogHopoAHoe AnddepeHLMasibHOE YpaBHEHWE, U €0
peweHmne nmeeT Bug Y{t) = Y{0)-evV* (4T0 SiIerko npoBepnTb guddepeH-

LMpoBaHMeM). HerpepbIBHbIM Temn MpupocTa 34ecb paBeH %— 3T0 Mak-

CMMas1bHO BO3MOXHBIIA (TEXHO/I0MMYECKNEA) TEMMN NpUpocTa.
Myctb Tenepb C(/) = C MOCTOSAHHO BO BpeMeHW. Moslyvyaem HeoaHo-

poaHoe NnHetaHoe augdepeHunanbHoe ypaBHeHne Y{t)=BY{t)+C. Ero
YacTHbIM pelwleHneM saBnseTca KO = C, n ckagbiBas ero ¢ o6uwmm

peLleHnem ofHopoAHoro ypaBHeHns Y{) = A-e , rMosydaem ero o6liee

peweHne )10 = A + C, oTKyaa, noactaesuB /=0, nmeem A - ¥Y(0)-

C=70 v Y{t) = (Y(©) - + C. HenpepbIBHbIIA TeMN NpupocTa

poxoga y(InN = B 9ToM pewieHun paBeH y(() = VR OH
1 . C(0) -

coctaBnsetr B Ha4Ya/TbHbIA MOMEHT BpemMeHu (npu /= 0) n.

Y(0)

BO3PacTas, CTPEMUTCA K 4 Mpu /00 (4TO MOHATHO, MOCKO/IbKY [10X0[,
pacTeT, a MOCTOSIHHbIMA 06beM MOTPe6/IeHMs] COCTaB/ISIET BCE MEHbLLYIO

C
ero fon0). BenmumHa B ckobkax a(0 = 1 - Mo eCTb HOpMa HaKon-

JIeHVs1 B MOMEHT BpeMeHMu /, 1 TeMn MpupocTa [oXoAa OKasblBaeTcs
MpPONopLMOHa/IbHBLIM 3TOIA BeSIMUMHE, KaK M MoKa3aTesto NMPUpocTHO A

1
KarnmrtasiootTaavyv B
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VTak, Npm npovnx paBHbIX POCT HOPMbI HaKOMJ/1IEHUSA MPOMopLUO-
Has1IbHO yBE/IMYMBaET TEMIbI MPUPOCTa Aoxoda. B To e BpeMsi 3T0 CHU-
»XaeT YPOBEHb TeEKYLLEro rnoTpebsieHns, v ana paspeLieHns npoésemsl
COr/1acoBaHUS KOHKYPEHTHbIX LEreiA yBesIMyeHns TEMMNoB pocTa U ypoB-
HA TeKyLlero 6,1arococToAsHNA B MoAe b 06bIYHO BKJTHOHAKOT 3/1EMEHTbI
onTUMM3aUnmn. B aTom cnydae pellaeTcs onTUMU3aLLMOHHAA 3a4a4a Ha
MaKCUMyM 06LLero o6bema NoTpeb/1eHNS 3a KOHEUHbIIA WK 6eCKOHeY-
HbIiA Neprog, BpeMeHW. 115 0TpaXXeHUs npeanodTUTe IbHOCTY 6oslee paH-
Hero nony4veHns pesynbTaTa B MOAE/ b BK/IHOHAETCH BpeMEHHOe ANCKOH-
TUpoBaHWe, NP KOTOPOM 60s1ee paHHWIA pe3ysibTaT yUNTbIBaeTCA B KpU-
Tepun ¢ 60MbLUNM “BecoM”.

HakoHeL,, paccMOTpPUM BapyaHT MOAESIM C rokasaTesieM NoTpebsieHns
C(/), pacTywmm ¢ NocTossHHbIM Temnom . C(1) = C(0) e". AuddepeH-

UrasibHoe ypaBHEHME 3TOA Modesnin nmeeT Bug, ¥(1)-BY(r)+C(0) e Pe-
LLeHVe 3TOoro ypaBHeHus (nNposepbTe AngepeHLMpoBaHNeM!) TaKoBO:

/
) " ()
vip= M- g ¥ g (12)

V13 061X CO0BPaXKEHNIA ACHO, YTO TeMn NpupocTa NoTpebrieHns r
He [0/DKeH ObITb 60/iblle MaKCMMasIbHO BO3MOXXHOI0 06LLEero Temna
npupocTa ‘é TaK KaK nHaye notpebrieHne 6yaeT 3aHMMaTb Bce 60/1bLUYHO
M B KOHLLE KOHLIOB — MOAAaBJ/ISIOLLYI0 YacTb A0X0Aa, YTO CBEAET K Hy/I0
cHayas1a MHBeCTULMK, a 3aTeM M A0X04. ACHO 3To 1 13 opMy /bl peLue-

HUSI MOZIeNv, MOCKO/IbKY BCrlyyae r> 4 Koah(hMLMEeHT N oTpULa—
- or

TenleH, a € pacTeT 6bIcTpee, Yem e'l } —~cnepoBaTenbHo, BTOpoe crarae-
Moe Mpu 3TOM OTPULLATENIbHO U Yepe3 HEKOTOopoe BpeMs “rnepeBecuT”
repBsoe.

B pelseHUn paccMaTpuBaeMoiA mogenn pocta npu f < — mHoroe
3aBUCUT OT COOTHOLUEHMS MeXay v pu= -" (B uicnuTesie CToUT =

1- — HOpMa HaKorJieHunA B HaYa/IbHbIA MOMEHT BpeMeHUn F:O).

Ecnn r= puy, To TemMn NpupocTa A0X0A4a paBeH TeMMy npmpocTa noTpeb-
(i\,

neHus, n pewenmnem saensetca Y{t) = Y{OYe™". Hopma HakonsieHus aft)

B 3TOM C/ly4ae MocTosiHHa BO BPEMEHWM W paBHa a®, a Temr rnpupocTa

JoxoAa nponopLmoHasieH HopMe HaKornJ1IeHs 1 06paTHO NPonopLLMoHa-

J1eH NPUPOCTHOM KanuTasioeMKOCTU. IMeHHO aTa Moaugpukaunsa Moge—
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JIN 3KOHOMMYECKOr0 pocTa, 8 KOTOPOIA NOCTOSAHHA HOPMa HaKornJieHus,
Has3bIBaeTCcA Moaenbio Xappoga—domapa. *

Ecnu B paccmaTpmBaeMoiA Moaenu pocta -~ > /> ph To Tpebyemblii
TeMr npupocTa NoTpe6s1eHNst 0Ka3bIBAETCS C/INLLKOM BbICOKUM /19 3KO-

HOMWKMW. B 3TOM crlyyae KOI(PPULMEHT 1 - gr OTpuuaTeneH

N

M, MOCKO/IbKY &> T, MepBoC, OTPULIATE/IbHOE C/Iaraemoe B petleHim

“nepeBewwInBaeT” B KOHLLe KOHLOB BTOpoe. [MosTomMy TemMmn npupocTa
[oxoaa nagaeT Y CTaHOBUTCH C HEKOTOPOro MOMeHTa oTpuLaTesSIbHbIM.
Uepe3 HEKOTOpPOE BpeMsA caM A0X04, CTaHOBUTCA paBHbIM HY/It0, rocsie
Yero MoAesib TEPSET 3KOHOMUYECKNIA CMbIC/T. 3TO aHa/TI0OMMYHO C/1yyaro

F>%, X0TA 340€eCb y)Xe Aaesio He B TOM, 4TO0 Hy)KHbIVI TEMIM npupocTa

noTpe6/1eHVs1 B MPUHLMINE HEAOCTVIKUM 33 O/MTeSbHbIA neprod,. B aaH-
HOM CJTyyae C/IMLIKOM HU3KOIA 0Ka3bIBaeTcs HauyasibHasi HopMa Hakorsie-

HWS aLl,
Ecnu r< Py, To HOpMa HaKors1eHuWs, a BMECTe ¢ Hel/il M TeMn npupocTa

[oxoda pacTyT, NpuyemM Mnoc/iefHMIA B Npeere npnbnmxkaertcea K4. Oa-

HaKO B 3TOM C/Ty4ae MpomcxoanT “HakornsieHne pagyu HakomnseHunsa”, néo
noTpebseHve pacTeT 334aHHbLIM TEMIOM I, @ TeMMN NpMpocTa Aoxoaa yaa-
eTcs yBeMUNTb 3a c4eT 60s1ee 6bICTPOro pocTa UHBECTUUMIA. Hopma
HaKon/1IeHna  30eCb MpesbIWaeT BT, 1 ec&in cXo4nUTb U3 334a4M MaK-—

' KCTaTu, B XOPOLUO M3BECTHOMA HALLMM 3KOHOMMCTaM MOAE/IM POCTA — CXeMax pac-
LUMPEHHOr 0 BOCMpomM3BoAcTBa K. MapKca — NostydaeTcesi aHaIoruHbIEA pesyibTar. Temn

npupocTa goxoda B cxeMax K.Mapkca paseH y T X' ™ HaKonsieHua B

M _
nepBoM MoApasfieSleHnn, I = — — HopMa MpUGaBOYHOEA cToMMocTW. JT = ~ -opra-

HWYECKOE CTPOEHME KanuTasia B nepBoM nogpasfesieHnn (C - MocTOsSHHBbIA KanuTan,
Y — nepemMeHHbIA KanuTan, M - npu6aBoyHas CTOMMOCTb).
B TepmmHax paccmMaTpvBaeMOlA MoZesiv pocTa:
O * v) _ my _ 1+,
AVEM ~ AN <)~ 1+

AL T

r

A *

“o o
Otcioga — = (1 +n)(l
B 3TVIX ABYX MOZE/IAX pocTa C MOCTOSAHHBIMW 3HAYEHUSIMU CTPYKTYPHbIX MapameTpoB.

A
+n) 7 TT*" rnoKasbIBaeT CoBMageHve pesysibTaToB
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cuMm3sauum obbema NoTpebsieHns, To 3Ta HOpMa C/IMLLKOM BbicoKa. Bo-
Jlee BbICOKMIA ee ypoBeHb TpebyeT yBesinmueHus nHeectuumia 7(0) 3a cueT
cokpaLeHus norpebsieHns C(0) B HaYa/IbHbIA MOMEHT, YTO NpU PUKCU-
poOBaHHOM TeMrie MpMpocTa NoTpebsieHnss I o6yc/10BIMBaET 6osee HU-
3KUNIA ero ypoBeHb Ha BCelA TpaeKTopun. B To ke BpeMsi Hy)XKHbIIA TeMn

rnpumpocTa n0Tpe6r|eH|/|;| r< 4 MOXHO nogaepKmBaTb, KakK MokKasaHoO

Bbilwe, Npu ag = Br. Takum o6pa3om, ecnm TpebyeTcs nMoaaepXxuBaTb
MOCTOSHHbLIEA TeMN MNpMpocTa NOTPe6/IeHUA I, HE MPEBLILLIAIOLLIMEA TEXHO-
NI0rnMYecKoro Temna, To 4718 MaKcMMmnsaumm ob6bema noTpebrieHus 3a
1060 Mepuros, HY>XKHO YCTaHOBUTb HayaslbHYH0 HOPMY HaKoM/1eHUs at =
B r. bosiee cfoXkeH BOMPOC 0 TOM, KakoiA ypoBeHb Temna ro6osiee npes-
rnouTuTesieH. Bonbluas ero BesiMumMHa ro3sosiseT 06ecneyunTb 60/1bLLNIA
06beM MOTpebneHnsa 3a 4/UTesbHbIA Nepuosd, HO'3TO MpoucxoauT 3a
CYET CoKpaLleHMa NoTpeb/eHNs Ha HavaslbHOM aTane. Takmm 06pasom,
4719 Bblbopa 3HaueHus /—(ecsii OHO npeArosiaraeTcs MOCTOSAHHbLIM) HYX-
Ha MH(OPMAaLLVS 0 MEXBPEMEHHbIX MNpeAnoyuTEeHUSX 1L, NPUHUMAa-
LLIero peLleHue.

Mogenb Concy

Jpyrota Tyn mMoaeni SKOHOMMYECKOro pocTa NpeacTaB/iseT MoOes b,
npeasioXkeHHas naypeatom Hobenesckotd npemun P.Conoy. Mo cpaBHe-
HUIO C Y>Ke pacCMOTPEeHHO MoAesblo pocTa Mogesbs Cosoy no3sBonseT
60/1ee TOYHO oNUcaTb HEKOTOPbIE 0COBEHHOCTU MAaKPO3IKOHOMMNYECKNX
rnpoueccoB. Bo-nepBbiX, Mpon3BOACTBEHHasA (YHKLVA B STOLA MoAem
HeNMHelAHa 1 06/1a8aeT CBOLACTBOM YObIBaHUSA MnpeaesibHoA npon3Bogm-
TeNIbHOCTU. Bo-BTOpbIX, MOAESIb YUUTLIBAET BbIObITME OCHOBHOI 0 Karnu-
Tana. B-TpeTbnx, B Mogesib Cosoy BK/IHOHaETCA onucaHue OUHaMUKKN
TPYLOBbIX PECYPCOB U TEXHMYECKOI0 Nporpecca N Ux BAUAHME Ha 3KO-
HOMWYECKMIA pocT. B-4eTBepTbIX, 34eCb CTaBUTCA W pellaeTcs 3ajada
MaKCUMU3aLUN YPOBHSA MOTPe6/1IeHNss Ha HEKOTOPOM MHOXKECTBE YCTO-
UMBbIX TPAEKTOPUIA. Bce 3T0, KOHEUYHO, YC/IOKHSAET CTPYKTYpPY MoAesnu,
1 noslydeHme TOYHbIX (POpMY /T A1 TPAEKTOPUIA U3MEHEHUS OCHOBHbIX
ee rokasaTesiei CTaHOBUTCS CyLLECTBEHHO 6osiee C/I0KHOI 3adaqein. Mo-
3TOMY HEKOTOpble Apyrve acneKTbl ONUCbIBalOTCs B 6a30BOIA MoAe
CoJsioy yrnpoLLeHHO: Hanpumep, CHUTaTCA MOCTOAHHBLIMU HOpMa coepe-
YKEHUA U HOpMa BbIObITUSA KanunTasia, UHBECTULIMOHHbIE Slar OTCYTCTBY-
0T, a NPOM3BOACTBEHHAA PYHKLMNSA UMEET MOCTOAHHY 0TAady OT Mac-
wTaba. Kpome Toro, Ha Ha4asibHOM YpPOBHE aHa/IM3a MOAE/ N ULLYTCA He
TpaeKTopuM U3MEHEHUS BCEX ee MoKasaTesrietd (Kak B MoAesniv Xappoaa-
[Jomapa), a xapaKTepuCcTUKMN COCTOSHUIA YCTOMAYUMBOIO paBHOBECUS, K
KOTOPbIM CUCTEMA BbIXOAUT B A0/1IFOCPOHHOM Mnepuoge. C hopMasibHOIA
TOUKW 3PEHMUS 3TO MPeACTaBseT Co60LA CyLeCcTBEHHO 60s1ee MpocTyto

3a0auy.
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Mbl He CTaBUMM 34ecb 3adady MnoApo6HO mznaraTb Modesnb Cosioy,
cthopMyIMpYeEM fIMLLIb OCHOBHbIE ee Mpeanocbl/IK1, 0603HAYEHUS U Bbk
BOApbL.

MpearnocbUIKA 1 0603HaueHns Mogesim Conoy:

e npousBoacTBeHHass pyHKuUma mmeeT Bng Y= F{K,L) (Y - Bbinyck
wm pgoxoa, K - kanutan, L - Tpya). OTAava oT Maclutaba MocTosiHHA:
F{zK, zL) = zF(K,L). MNMpeaenbHas Npon3BoANTESIbHOCTb (PAKTOPOB Mos1-
0XXUTESIbHA, HO YObIBaET:

Fr"0; M>0; M\,<0; N\"<0;
e BeJ/IMYMHa BblObITMA KanuTasia |V nponopuvoHasibHa ero BesinumHe K

IV = 8K,

roe 5 - Hopma BblObITUS;
e HopMa cbepexeHuiA (MHBECTULUMIA) a MOCTOsSHHA, N uHBecTuLmuuU |
paBHbI &~ K
e pgoxon “pacnpefenseTcsa Ha notpebneHwe u nHeectuumn: Y—C+ /;
*  YUC/IEHHOCTb 3aHATbIX L pacTeT ¢ NOCTOAHHbLIM TEMMOM N\
e Tpygocbeperarowmia TEXHNHECKMIA Npodect MMeeT TemMn g, TO ecTb
4YMC0 eOMHULL, Tpyda C MOCTOSHHOMA 3(h(eKTUBHOCTbLIO B pacyeTe Ha
04 HOro paboTaroLLero pacTeT ¢ TEMMOM g.

Mpn caenaHHbIX NpearocbUIKax NPON3BOACTBEHHYO PYHKLMIO MOXHO

Y
paccMaTpuBaTh Kak 3aBUCHMOCT MPOMSBOAUTENLHOCTY TPyARY = Y, OT

K,

ero KanuTasloBoOpy>XeHHOCTUN K =y ' YMJIK) (3aecb L —umcno egnHuiy,

TpyAa ¢ MOCTOSAHHOM 3hheKTUBHOCTBIO (TO CTb UMC/IEHHOCTb 3aHATbIX
npu OTCYTCTBUM TPyA0c6eperatoLLero TEXHNYECKoro nporpecca, sinbo vymc-
JIEHHOCTb YC/I0BHbIX PaG0THUKOB C 0AMNHAKOBOIA 3(P(eKTUBHOCTbIO -

npu ero HaIMuuM). 3TO BbITEKAeT U3 Toro, yTo Y—P{K,b) = bP

= ¢ P(K). VIHBECTULMWN MPUBOAAT K POCTY KarnmnTasl0BOOPY>XXEHHOCTH, a
BbIObITME KanuTasla, POCT YMCIEHHOCTU paboTaloWwmx 1 Ymcsia eamHuL,
TPyda C MOCTOSIHHOIA 3(h(eKTUBHOCTLIO — K e CHMXeHUIo. pupocT

KanunTa/l0BOOPY>KEHHOCTU K B pe3ysibTaTe UHBECTULIMIA paBeH /=". Temn

CHUXKEHUS KanuTa/10BOOPY>XEHHOCTU 3a CHET OCTa/IbHbIX (haKTOopoB pa-
BeH (5+«+") (B TOYHOCTW paBeH, ec/iv — HenpepbIBHbIE (YHKLUN
BpeEMEHW, U NPUBINXKEHHO paBeH B AVCKPETHOM C/y4dae Npyv MasibiX
b,n,g). BenMunHa CH/MKEHNS KanmnTasI0BOOPY>KEHHOCTM 3a CUET 3TUX (haK-
TopoB paBHa (B11+") K
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BenmunHa K HaxoauTCA B COCTOSAHUM YCTOIAYMBOIO paBHOBECUS, €C/TN
ee NPUpPoCT 3a CHET UHBECTULMIA PaBEH ee YMEHbLLEHMIO 3a CUET Apyrmx
thakTopoB. lNMocKosibKy ¥=C+1, nocsie gesnieHns 3Toro ToXkaecrsa Ha |
vmMeemMm y=c—+1, rge y - goxon, ¢ - norpebneHuve, a / — UHBECTULUN Ha
04HY eanHMLY TpyAa ¢ NOCTOSAHHOI 3(heKTUBHOCTLIO. CrnegoBaTesibHo,
Be/inymHa / paBHa all K). YcnoBue cTabusibHOCTU MoKasaTesis K, TakKum
06pa3om, 3anncbIiBaeTCca Kak

(5+n+E)k- = a-JIK1, (13)

M BeJIMYMHA K' Ha3blBaeTCH YCTOMUMBLIM YPOBHEM KanuTas10BooOpy-
YXeHHOCTUW. Ha puc. 4 nokasaHa yCTOMYMBOCTb paBHOBECUS MpU K=K\
3T0 - TouKa paBHOBecus 419 MokasaTesia K, NOCKOJIbKY B 3TOIA Touke
BeJIMYMHA YAESIbHOI0 NMpupocTa KanuTasl0BoOPY>XXEeHHOCTU paBHa Besn-
UMHe ee yaesibHOro coKpalleHus, 1 rnokasatesib K ocTaeTcd HeU3MeH-
HbIM. TO paBHOBECUE YCTOMAUMBO, NOCKOMbKY NMpu k"<k' yaenbHble NH-
BECTULMM MPEBbLILLAIOT YMEHbLLUEHVE KarnnTasloBOOPY>KEHHOCTU, U ee Be-
NNYmHa pacTeT. B criydae K <K', Ha060pOT, YAe/bHbIE MHBECTULIN HUXE,
YeM YMeHbLLEHVE KanuTasI0BOOPYXXEHHOCTU, U ee Be/IMYMHA NaageT, rnoka
He OOCTUNHET K'.

3 puc. 4 MOXKHO BUAOETb, YTO B C/lyyae yBesindeHnss HopMbl cbepe-
YKEHUS a rpapuK PyHKLUMN VHBECTULMIEA MOLALET BbILLE W, C/ieAoBaTeslb-
HO nepeceyeT Npsamyto (5+«+") K NpaBee. VITak, pocT HOpMbI coepexe-
HUS NPUBOAUT K YBESIUHEHUIO YCTOAUMBOIO YPOBHSA KarnmTasl0Boopy-
XeHHocTn K\a crefoBaTesibHO, N YCTOMAUYMBOIo YPOBHS A0X04a Ha eau-

HULy Tpyaa y=AK1l-
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Ecnn uncneHHocTb paboTarLwmx He pacTeT (Un pacTeT MeaJieHHEE),
TO eCTb MoKa3aTesib M paBeH Hysii0 (UM MeHbLUEe MO BEJINYUHE), TO
npsmMas (5-+1+") K UMEET MEHbLUMIA HaK/I0H U TouKa K* caBUraeTcs
BMNpaBo. To e camoe npoucxoauT npu 6osiee HU3KOM (M HYJ1EBOM)
Temne TpyAoc6eperaroLLero TeEXHMYeCcKoro rnporpecca g.

B yCTOIAUMBOM COCTOSAHUM TeMI MpUpocTa rokasaTesieia K,y,c,1 paBeH
Hy/0. MOCKO/IbKY BCe 3TO - yAesribHble MOKa3aTesIM B pacyeTe Ha ean-
HULY TpyAa C NOCTOAHHOI 3(h(PEKTUBHOCTbIO, a 3hPEKTUBHOCTL TpyAa
0 HOr0 3aHATOr0 pacTeT ¢ TEeMIOoM g, MoKasaTe/IM KanuTasa, 40X0Aa,
noTpe6sieHNss U MHBECTULMIA B pacHeTe Ha 04HOr0 3aHATOro pacTyT ¢
TemMnom g. Mpn pocTe YMUCIEHHOCTM 3aHATbLIX C TEMIMOM M 0OLWNIEA 06beM
KanuTasa, Aoxoaa, NoTpeb/ieHNs U UHBECTULIMIA pacTeT B YCTOMAUMBOM
cocToAHUKM ¢ Temnom («+7). CnegoBaTesibHO, MoAesib Cos10y MokasbiBa-
€T, YTO eAMHCTBEHHbIM UCTOYHUKOM A/IUTESIbHOI0, YCTOMAUMBOI0 pocTa
[0Xo4a Ha 0HOro paboTHUKA, a crieaoBaTesibHO, U AyLIeBoro noTpebsie-
HUS, ABNSETCA TEXHUYECKULA Mporpecc.

Kak y>ke nokasaHo, KaXXaoMy YPOBHIO HOPMbI COepeXxxeHuns a cooT-
BETCTBYET OMNpeAesIEHHOE YCTOAUMBOE COCTOSIHME U CBOIA YPOBEHb YCTOMA-
UMBOro NoTpebsiIeHna Ha eaUHNLLY TPyda C MOCTOSAHHOM (e KTMBHOCTbIO
c*~ MOXHO MoCTaBUTbL 3a4a4y OTbICKaHWUS1 YCTOLAUMBOIO COCTOSHUSA, B
KOTOPOM BeSiyMHa ¢ MaKCUMasibHa cpen BCeX TaKMX COCTOSHUIA. oc-
KOJ1bKY BJ11060M YCTOAUNBOM COCTOSAHUN BbIMOSIHAETCA paBEHCTBO

/s = i5+n+g) K\
c =y - =/K") - {8+n+g) K\

TpebyeTca MakcmmusmpoBaTb Mo K gyHkumio [HK)-i8+n+g) K]
HeobxoaMbIM yC/10BUEM MaKCUMyMa AnddepeHuMpyemMoii GyHKUUN
ABNSIETCH PaBEHCTBO HY/I0 ee MPOM3BOAHOLA; BAAHHOM C/lyyae 3T0 03Ha-
YaeT paBEHCTBO

/{K") = 5+« +qg. (14)

3To NpaBW/I0 BbIGOpa OMTUMA/IBHOI0 06beMa KanuTasna 411 MaKcu-
MM3aLMKN yaeribHOro 06bema nNoTpebsieHns HasbiBaeTcs 30/10TbIM NpaBU-
oM. CoOTBETCTBYIOLWAA eMy BesidMHa KanmTasl0BOOPY>XEHHOCTU K"
Ha3bIBAETCA KarnTas10BOOPYXXEHHOCTbIO Mo 30/10TOMY MNpasBusly, a HopMa
cbepexxeHUs a* — HOpMOA cbepexkeHnss No 30/10ToMy npaBusty. OHa Mo-
XET ObITb HalAdeHa 13 ypaBHeHUS ib+n-+g)mK' = a’ [JA™), apnsawowerocs
HeobXoAUMbIM YC/10BMEM YCTOIAUMBOIO COCTOAHUSA. Y/AeNbHas Be/IMUnHa
noTpe6sieHns no 30/10TOMY MpaBUTy HaxXoAMTCA Kak pasHuLLa Mexay
[0X010M U MHBECTULINAMMU:

** = 10 - {3+n+g¥Yk'"\



naBa 12. SKOHOMMYeCcKas OMHaMUKa U ee MoAeipoBaHue 213

Puc. 12.5 nnnoctpupyeT 30/10TOE NpaBUsIo:

B Touke K" KacaTesibHas K rpagmky MNpomM3BOACTBEHHOUMA (YHKLMN
napasinenbHa npamota {b+HHg)mk. Ec/in Temn pocTa YUMC/IEHHOCTU 3aHs-
TbIX 60/1€€e HM30K, /160 6osiee HN30K TeMn TpyaocobeperaroLero TeEXHU-
YyecKoro nporpecca, To npsmas {&5+H+g)mk cTaHOBUTCS 60s1ee MOSIOroiA, 1
TouKa /c" caBuraeTcs BMNpaBo, a yAesbHas BesiMymMHa noTpebsieHus c
pacTeT. CTaTUCTUKa B LIe/IOM MOATBEPKAAET, UYTO B CTpaHax ¢ 6osiee
ObICTPbIM POCTOM MOTPe6/IEHNS YPOBEHDb AyLLIEBOro NoTpebsrieHns 6osiee
HU30K, XO0TS, KOHEYHO, B K&KO0IA KOHKPETHOIA CTpaHe CBOS MPon3BOoa-
CTBEHHas yHKL NS, HOPMa BblObITUS U UCXO4HOE COCTOSAHME pa3sBUTUSA
(BoBCE He 06513aTesIbHO YCTOIUMBOE).

Ecnn nepBoHavasibHas Be/IMUMHA KannTasloBOOPY>KEHHOCTU K MEHb-
e, YeM K", TO UMEET CMbIC/T YBESIMUUTL HOPMY COepexxeHus A0 Benun-
Hbl, COOTBETCTBYIOLLEIA 30/10TOMY MpaBusly, U NOCTENEHHO 3KOHOMMUKaA
BbIALET Ha MaKCUMaslbHbIA YPOBEHb YAesIbHOro noTpe6aeHus c'. OTme-
TVM, 04HaKO0, YTO BHaYas1e yae/bHbIA YpoBeHb MNOTPe6/1eHNS CHU3UTCS U
MNWb 33TEM HaYHET MOCTEMNEHHO pacTu, Hapsay C PoCcTOM YyAeslbHbIX
VHBECTULMIA U BbiMycka. Ecnn e nepBoHavas/ibHas Be/IMYMHa KanuTa-
J10BOOPY>XXEHHOCTU K' 60siblLUe, YeM K", TO HY>XHO CHU3UTb HOpMY cbepe-
YKEHUS 00 YPOBHS, COOTBETCTBYOLEro 30/10TOMY MpaBusy. Toraa 3Ko-
HOMMKa TaKXke MOoCTEeNeHHO BbIALET Ha YPOBEHb YAe/IbHOr0 nNoTpebie-
HUA c". B aToM cny4ae BHavasie yae/bHbIA ypoBeHb NoTpebrieHns Bbl-
pacTeT, MpeBbICUMB C”, N 3aTeM HayHEeT MOCTENEHHO CHMXAaTbCA K C,
Hapsay CO CHUXEHMEM YyAerbHbIX UHBECTULMIA (BbIPOCLLMX B HaYaslb—



214 MaTemaTunyeckne metoabl 411 SKOHOMUCTOB

HbIIA MOMEHT) 1 Bbinycka. [lJuHaMunKa rnokKasaTesiein y,c,i 418 AByX onu-
CaHHbIX C/Ty4aeB MNpeAcTaB/ieHa Ha puc. 12.6a U 12.66.

Takum 06pa3omM, ec/im Hac MHTepecyeT Mpexae Bcero pocT norpebre-
HUA B 6/IDKAIALLEIA MepPCrneKTVBE, a He MaKCMMasTbHbIIA ero paBHOBEC-
HbliA YpOBEHb B [0/1FOCPOYHOM Mepuoge, TO M 33adva onTUMU3aLumv
[0JDKHa ObITb ChopMyJ/IMpoBaHa Mo-ApyromMy. 3afadm MakcUMU3aLlmm
noTpeb/ieHNst Ha 0(haHUYEHHOM Mepuoae BPEMEHU TaKXKe XOPOLUO U3y-
YeHbl, HO Mbl He ByZIeM 34eCb Ha HUX OCTaHaB/IMBaTbCS.
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1.

9.

Bonpocbl 1 3agayn K rriase 12

B YEM OCHOBHOE pa3/inuue 33a4 3KOHOMUYECKOLA CTaTUKU U AUHA-
MUKN? Kak COOTHOCUTCSA paccMaTpuvBaeMbliA nepuos, BpeMeHn 415
CTaTUYECKMX N ANHAMUYECKNX 3aa4?

B uem pasnmumne cogepXxaHUA pellaemMbIxX 3afa4y, MaTeMaTUUYECKoro
annapaTa 1 nosy4vaembIx pesysibTaToB 419 SKOHOMUYECKUX Moaesein
C ANCKPETHbLIM U HernpepbIBHbIM BpeMeHeM?

Kak mMoxeT 6bITb 3anuncaHa MHaMMKa NoKasaTesns, pacTyLlero:

a) C NOCTOAHHbIM AUCKPETHBLIM TEMIOM?

6) C MOCTOAHHbLIM HEMpepbIBHLIM TEMIMOM?

CTOMMOCTb LIEHHOM ByMarv Kaxablia crefyowmia rof, rnoBbilLaeTcs
Ha 50% wm noHwmxaeTcsa Ha 40%. YTo NpomsoiAdeT C 3TOA CTOU-
MOCTbIO B /INTESLHOA MepcreKkTuee?

Joxon ¥paBeH cymme moTpebneHms C v nHeectmymii |. JuckpeT-
HbIA TemMn npupocTa NoTpebsieHns paBeH 10%, MHBECTULMIA - 25%.
B HauvanbHom rogy {t = 0) C=500, /=150. Yemy paBeH Temn pocTa
aoxofda ¥B rogy 2°?

MycTb B TeyeHe N JIET, B KOHLE KaXA0ro roga, NponssBoauTcs Bbl-
ryarta KpeguTopy CyMMbIl AgHer, paBHoiA 1 MNMpoueHTHas cTaBKa paB-
Ha /, Bce AeHbrv KIaayTca KpeanTopoM B 6aHK Mo, 3TOT MPOLEHT.
KakoBa 6yeTy Hero cyMmma eHer K KoHUYy roga 1?7 KakoBa A0/hKHa
ObITb eXXerogHasi BbiryliaTta B c/ydae /=15%, N=5, 4Tobbl HaKoM/1eH-
HasA cymMmma eHer paBHsA1acb 1007

Kak nepecunTaTb HernpepbIBHblE TEMIbl NPUPOCTa B AUCKPETHbIE U
Hao6opoT?

MycTb oueHeHa Npom3BoaHasa pyHKUmA Kob6a-/lyrnaca B TEMMOBOLA
3anmcn y = 04A + 0,77 + 0,5, roey, K, | — rogoBble TeMnbl MPUPo-
CTa noxoda, kanutana v Tpyda (B %):

a) MOXHO JSI1 Mo 3TOA hopMysie OLEHUTb BESIMUMHY BK/1aa TEXHU-
YecKoro npogecca BTeMn NMpupocTa goxoaa?

6) MOXHO /11 OLLEHUTb A0/110 BK/134a TEXHUYECKOro npodecca BTeM-
Mbl rpypocTa aoxoaa?

B) KaK U3MeHUTCS opMya, ecsiv TeMrbl NpUpocTa N3MepATb He B
npoueHTax, a Babco/ItOTHOM BbIpaXXeHNN?

CthopmynnpyiATe MOHATUE 3KOHOMWYECKOro paBHoBecus. Yem yc-
TOIAYMBOE PaBHOBECKE OTJINYAETCA OT HEYCTOLAUMBOro?

10. Ana gnddepeHUMasibHOM0 ypaBHEHUA X=K(X-X) NpuBeguTe Npumep

YaCTHOro0 peLleHus1, chopMysIMPOBaB 3TO MOHATME.

11. 3anuwuTe peLleHne pasHOCTHOr0 YpaBHEHUS X, = X,, + KXV -=X) ©

MNosAICHNTE ero rnosefeHve Npu pasHbIX 3Ha4YeHUAX KoahpuumeHTa K.
MoXeT 1 pelieHne 3TOro ypaBHeEHUSA, N ec/i1 Aa, TO B KaKOM C/y-
yae, “rnepecKakmBaTb” COCTOSAHUE paBHOBECUA X?

12. meeTcsa nayTuHoobpasHasa mogenb 6= 20 + /), = 100 -50/?;

Y = MycTb /?0=0,5, yemy paBHoO /?,?
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13. MycTb B NayTMHO06pa3HOIA Mogenivi hyHKLMS crpoca paBHa B, = —;

QyHKUUS npegnoxeHus 3, = 5/?,,, Pa—\ N306pa3uTe rpapuyeckmn
ONHaMUKY LieH 1 06beMOB Bblinycka. KakoBbl paBHOBECHbIE LieHa U
BbIMYCK? FB/ISIETCS /I paBHOBECKE YCTOMUNBLIM?

14. MycTb B MaKpPO3KOHOMWYECKOUA MOAEeNv pocTa TeMr rnpupocTa rno-
TpebsieHMs 3a4aeTca 3K30reHHo. UTo MponsotAeT, ecriv OH 6osibLue

TEXHOJ/1I0r’M4YecKoro Temra rnpu pOCTa—Vf]-?

15. Kak cBfi3aH TeMmn npupocTa BbINycKa C HOPMOIA HaKOoMsIeHUA?

16. Kak COOTHOCATCA TeMIbl NMpMpocTa BbIMycKa B Moaenn Xappoga-—
Jomapa n cxemax paclumpeHHoro sBocnponssoacTea K.Mapkca?

17. Kak BbI6paTb HOPMY HaKOMJsleHUs npu 3ajaHHOM Temre rnpmpocTa
noTpebsieHNs B MakpoMoaesin pocta?

18 B yem cocTOUT npobsiema BbiGopa HavslyuLlero Temna pocta norpeod-
neHnsa B Mogesiv Xappoga-omapa? Kakve Bbl MoXeTe NnpeasioknTb
noaxoabl K ee pelueHuo?

19. Uem nipegnocbi/ikn mMogenu Cosioy oT/iM4yaoTea OT MNpeanocbi/ioK
mogenn Xappoga-[omapa? Kakue obuime npMHUMNbI 3a/10KEHbI B
3TUX MoAaesnax?

20. PaccMOTpUTE YaCTHbIA criy4daii mogenin Cosioy € MOCTOSAHHOMA Ync-
JIEHHOCTbIO 3aHATLIX U 6e3 TEXHUYECKOro nporpecca. 3anuwnTte gop-
MyJsly 01 YCTOMAYMBOro cocTosiHUA. CopmynmpyiaTe 30/10Toe npa-
BWS10 cHeperxeHns.

21. PaccMOTPUTE YaCTHbI cryHaia mogenn Cosioy ¢ NOCTOSAHHOMA Yuc-
NEeHHOCTbIO 3aHATbLIX U € TpyAocbeperarowym TeEXHUYECKUM npodec-
COM C TeMrom g. 3anuwimnTe GopMyny 18 YCTOMUMBOI0 COCTOAHUS.
CchopmynnpyiaTe 30/10Toe MPaBUsI0 COepexXeHms.

22. MycTb Npon3BoACTBEHHAsA MDYHKUUS UMeeT Bug, ¥ = 5 e"®.
Hopma BbIbbITHa KanuTana 0,08. YUNcNeHHOCTb 3aHATbIX pacTeT Ha
2% B rog. Hopma c6epexxeHna 25%. KakoB YCTOMUMBLIIA YPOBEHDb
KarnuTasIoBOOPY>KEHHOCTU eANHNLLbI TPYAA C MOCTOSAHHOM 3hdeKTUB-
HOCTbH0? KakoB YCTOMUYVBBLIIA YPOBEHb YAE/IbHOI0 [,0X0A4a, NHBECTU-
LpiA, noTpebneHusa? CooTBETCTBYET /M AaHHasA HopMa coepexkeHus
3o/10ToMy npaBuly? Ecnn HET, TO KakoiA OHa A0/DKHa CTaTb 4/id
3T0ro? KakoB YCTOUMBbIIA YPOBEHb YAeNbHOr0 A0X04a, UHBECTU-
upiA, NoTpebneHns no 30/10ToOMy MpaBusly?



[JTIABA 13
BBELEHWE B MATEMATUYECKYIO
TEOPUIO UTP

13.1. OCHOBHbIE MOHATUA TEopUn Urp

B nekumsx rno Teopnm oNTUMU3aLLMM paccMaTpUBa/IUCL Takue 3a4a4m
MNPUHATUA peLleHniA, Korga Bbl6op pelleHns ocyLLecTBASACA O4HUM Sv-
LoM. B nogo6HbIX 3adadvax paLmoHasibHOro BeAeHUs X03IACTBa peLle-
HVe BblbMpaeTca Npu NpegnosioXKeHNM 0 TOM, YTO MU3BECTHbI LiesieBas
(byHKLMS, pa3/INYHble CNOCO6bLI ASACTBUS U 0(haHUYeHUS. B AaHHOIA riase
paccMaTpuBaloTCs 334a4M NMPUHATUSA PELLEHNIA B CUTYaLMSAX C HECKOSIb-
KUMM yHaCTHUKaMU, KOrga 3HaudeHue LEMeBoiA (hyHKLUU A1 KaKA0ro
M3 CYOBHEKTOB 3aBUCUT M OT PELLEHNIA, MPUHUMAEMbIX BCEMU OCTa/1bHbI-
MW yyacTHUKaMu. MNpegMeToM Teopun N ABASIOTCA Takue cuTyaumu, B
KOTOPbIX BaXXKHYIO Posib NPatoT KOHP/IMKTbI U COBMECTHbIE AEACTBYA.

OfHa 13 XapaKTepHbIX YepT BCAKOro 06LeCTBEHHOr 0, COLMasibHO —
39KOHOMMUYECKOT 0 IBSIEHUS COCTOUT B MHOXKECTBEHHOCTW, MHOIOCTOPOH-
HOCTU MHTEPECOB N B HAJ/INYUU CTOPOH, BbIpaXalLlmnx 3TN NHTEPECHI.
Knaccmyeckumm npmmepamMm 30echb ABAAOTCA CUTYyauun, rag, ¢ 0aHOA
CTOPOHbI, UMeeTcs 04MH MNOKyNnaTe b, C APYroia - npoaasew, (CcUTyauus
MOHOMO/TINA—MOHOMCOHMSA), KOrAa Ha pbIHOK BbIXOAAT HECKOS1IbKO Mpo-
M3BOAUTENElA, 06/1adatoLMX A0CTATOYHOA CUI0A A1 BO3OEMACTBUSA Ha
LieHy ToBapa (cMTyaums ouronosinv, B TOM Yucsie AyOornosinum, ecriv Ymc-
710 TaKMX YY4aCTHMKOB paBHO ABYM). bonee cnoxHble cuTyaumm noao-
6HOro poAa BO3HUKAIOT, eC/IM UMeKTCs 06beANHEHUA WX Ko TULIMN
Ny, yHacTBYHOLLMX B CTO/IKHOBEHUM MHTEPECoB, Harnpumep, B TOM C/1y-
Yae, Korja CTaBKW 3apab0THOIA M/1aThbl OMNpeaesistioTcs colo3aMu Win 06b-
eANHEHNAMU pabouux 1 NpeanpuHUMaTeneiA, Npy aHasimse pesy/ibTarToB
ro/10coBaHUSA B napsiaMeHTe U T.N.

KOH)AMKT MOXXET BO3HUKHYTb Takke U3 pa3finyms Leeid, KoTopble
O0TpaXaloT He TO/IbKO HeCOBMNaAaloLume MHTepPeCbI pas/INYHbIX CTOPOH, HO
M MHOrOCTOPOHHUE MHTEPeChbl 04HOI0 M TOro Xe finua. Hanpumep, pas-
paboTUNK 3KOHOMUYECKOIA MONNTUKN 006bIYHO Npec/ienyeT pasHoobpas-
Hble Lenu, corsiacys npoTmBopeUdrBble TpeboBaHUs, NpeabsaBsemMble K
cuTyauum (pocT 06BEMOB NPON3BOACTBA, MOBbILLIEHNE A0X0A0B, CHKe-
HMEe 3KO/10MMYECKOIA Harpy3ku v T.Mm.). KOHGIMKT MOXeT NposiBiAThCA
He TO/IbKO B pe3ysibTaTe CO3HaTesIbHbIX ASVACTBUIA Pa3/INYHbIX YYaCcTHU-
KOB, HO U KakK pe3ysibTaT AeACTBUA TeX WM MHbIX “CTUXUIAHBIX cni”
(cnyyaii Tak HasbIBaeMbIX “U® ¢ NpUPoaoiIA~°). MHOXeCTBO MOA06HbIX
NnpMMepoB MOXHO BCTPETUTb B BMOM0MUN, COLLUOMOT NI, TMCUXONOM NN,
nosINTONION N, BOEHHOM Jefie U T.4,
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VM HakoHeL, npumepaMmu Urp SBSIOTCA 00bIYHbIE NP bI: Ca/IOHHbIE,
CNOPTUBHbIE, KapTo4YHble n-Ap. IMeHHO ¢ aHa/In3a nogobHbIX N Ha-
UYMHa/laCb MaTemMaTu4yeckasl Teopusi Ud; OHW U MO CeA AeHb CyXaT
npeKpacHbIM MaTepuasioM 419 UAJTIOCTPpaLMn MOSI0KEHVIA N BbIBOAOB
3TO/ TEopUN.

B uTore, Bcsikasi NpeTeHAyoLLas Ha afeKBaTHOCTb MaTeMaTMYecKast
MoZie/1b COLMasIbHO—3KOHOMMYECKOI 0 SIB/IEHUS A0/TXKHA 0TpaXKaTb Npu-
cyLuve emy YepTbl KOHINKTA, T.€. ONUCbIBaThb:

a) MHOXeCTBO 3aMHTepecoBaHHbIX CTOPOH (Mbl ByAeM HasblBaTb MX
urpokamun’, B inTepaType no Teopum N OHU UMEHYHTCS Takke CyObek-
Tamu, MLaMKn, CTOPOHaMK, yd4acTHUKamun). B cnyvae, ecnm vmcrnio ndo-
KOB KOHEYHO, OHM pa3/inyaloTcs rno cBoMM Homepam (14AnGoK n 24
MoK BUde BOPASHKY WK B C/lyyae 4yornosimn) uam no npuceavBae-
MbIM MM uUMeHam (Haripumep. lNpogasey, 1 MokynaTenb B cUTyaumn
MOHOMMO/IUSA—MOHOMCOHWS);

6) BO3MOXKHblE OSACTBUA KadXKOOIA U3 CTOPOH, MMeEHYEMbIe Takke CTpa-
TernsMm wiv xogamn',

B) MHTEpPECbl CTOPOH, MpeAcTaBsieHHble PYHKUMSMU BbIMMpbILa (nia-
Texa) Ans Kakaoro n3 nhokos.

B Teopun 1 ¢ mipegnoniaraeTcs, YTo YHKLMN BbIUbILLLa 1 MHOXeC-
TBO CTpaTeruii, AoCTYMHbIX KaXA0MY U3 NPOKOB, 06LIEN3BECTHbI, T.€.
KakObliA U(POK 3HAET CBOK (hYHKLMIO BblN(bILa 1 HAG0P MMELLNXCS
B €ro pacropsikeHun cTpaTeruia, a Takke GyHKLMN BblM(bILla 1 cTpa-
Termm BceX OCTasIbHbIX U(OKOB, U B COOTBETCTBUU C 3TOMA MH(pOPMa-
Lye opraHn3yeT CBOe MNoBeAegHNE.

dopmanunsaumns cogepxaTesisHOro onMcaHma KoHMQANKTa rnpeacTas-
N9eT cob0iA ero MaTeMaTUYecKyo MoAeslb, KOTOPYHO Ha3bIBaloT UMOA

Teopusa n ¢ BrRepBble bbUla cUCTEMATUYECKU M3N0KeHa [>K.hoH He-
iMaHoM 1 O.MoHrepLTepHOM B 1944 1., X0TS 0TAe/bHble pe3y/ibTaTbl
6bU 0Ny6/IMKOBaHbI ewe B 20-x rogax. HeiAimaH v MopreHLwTepH Ha-
nucann opurHasbHY KHUIY, KOTopas cofepyasia rfaBHbIM 06pa3om
9KOHOMUYECKME MPUMEPbLI, MOCKO/IbKY 3KOHOMUYECKOMY KOH(/INKTY
ferde Bcero npuvaaTb YUC/IEHHYIO hopMy. Bo Bpemsi BTOPOL/i MUPOBOIA
BOMHbI U Cpa3y rocsie Hee Teopueid Urp cepbe3Ho 3aMHTepecoBasINCh
BOEHHbIe, KOTOpble YBUAEN B HelA annapaT 419 uccrieoBaHus cTpaTte-
rMYecKUX peLleHniA.3aTeM rlaBHoe BHMMaHWe CHOBa CTas10 yaensaThes
3KOHOMUMYecKMM rnpobnemam. CetAadac BeaeTcs 6osbLuas paboTa, Hanpas-
NeHHas Ha pacluvpeHue cjepbl NPUMEHEHUSA TeopUN NG .

13.2. Knaccuukauyma vrp

PasninuHble BUOB! UFP MOXHO K/1aCCUPULIMPOBAaTb, OCHOBbLIBasICb Ha
TOM WM MHOM MPUHLMME: M0 YMC/TY UTPOKOB, MO YMC/Ty CTpaTerniA, no
cBolAcTBaM (hyHKLUMIA BbIM(bILA, MO BO3MOXHOCTU MpeasapuTesibHbIX
rneperoBOpPoOB M B3aUMOAEIACTBUS MeXay N(oKaMUn B Xoae Udbl.
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B 3aBMCMMOCTU OT YMIC/1a UFPOKOB Pas/inyaloT bl ¢ ABYMS, TPEMS U
6osiee yyacTHMKaMu. Becb maTepman, NpeacTaBfeHHbIA B TEOpUM ONTU-
MU3aLMKM, MOXHO paccMaTpMBaTb KaK Teopuo U ¢ 0gHMUM ngokom. B
MpUHLMNE BO3MOXHbI Takke bl ¢ 6ECKOHEYHbLL YMC/I0M U(OKOB.

CornacHo apyromy fnpuHLUMNY Kiaccurkaumm —rno KosiMyecTBy cTpa-
TerviAi - pas3NnyaloT KOHeYHble U 6eCKOHeYHbIe Urpbl. B KOHEUHbIX rpax
MUrpoKn pacnosiaraloT KOHeYHbIM YMC/IOM BO3MOXHbIX cTpaTernia (Ha-
npumep, B Urpe B OPSISSHKY UTPOKM UMEIOT MO0 ABa BO3MOXHbIX X04a —
OHM MOryT BblbpaTb “open” Wm “pewwky”). Camu cpaTermm B KOHeu-
HbIX Urpax HepeAKo Ha3bIBAIOTCA YACTbIMU CTpaTErvsMn (CMbIC/T 3TOr0
Ha3BaHUA OyaeT saceH gasibe). COOTBETCTBEHHO, B GECKOHEUHbIX Mrpax
MPOKN UMEIT BECKOHEYHOE YUMC/I0 BO3MOXHbIX CTpaTernii — Tak, B
cuTyaumm MNpogaBel—MoKynaTesib KaXapliA U3 NTPOKOB MOXET Ha3BaTb
N6y YyCTpanBaloLLLYO ero LieHy U KOJIM4eCcTBO npogaBaemoro (MoKy-
rnaemMoro) Tosapa.

TpeTnia cnocob KnaccupuKaumu Urp — rno CBOMACTBaM (lyHKUMIA Bbi-
npblwa (NIaTeXxHbIX QYHKUMIA). BaxXHbIM criydaemMm BTeopmn NG ABAs-
eTcsa CUTyauust, Korga BbIngblL, 04HOI0 M3 UGOKOB paBeH MpondbiLly
ApYyroro, T.e. HaIMLUO NPAMOIA KOHDIMKT Mexay npokamm. MogobHblie
UIPbl Ha3bIBAOTCA UIPaMK C Hy/IEBOIA CyMMOLA, WM aHTarOHUCTUYECKMU
urpamn. VIrpbl B Op/ISSHKY WM B 04KO — TUMWYHbIE NPUMEpPbI aHTaro-
HUCTUYECKUX UIP. TPSMOIA NPOTUBOMOJI0OKHOCTbLIO MIPpaM Takoro Tuna
ABMAKOTCA UIPbl C MOCTOSSHHOLA Pa3HOCTbHO, B KOTOPbIX UTPOKW U BbINI-
pblBalOT, U MPOUIPbIBAOT 04HOBPEMEHHO, TaK YTO MM BbIFOAHO OELA
CTBOBaTb co06Lla. Mexay aTUMM KpalAHUMW C/yvasiMyU MMeeTcsl MHO—
YK:ECTBO M) C HEHYsIEBOLA CyMMOIA, e MMEKOTCA N KOHQ/IMKTbI, U corsia-
COBaHHble AeACTBUA U(OKOB.

B 3aBMCHMOCTU OT BO3MOXXHOCTU MpeaBapuTe/IbHbIX MEPEroBOpoB MEXIY
UoKaMU pasNnyaloT KoornepaTMBHbIE N HEKOOMepaTUBHbIEe Urpbl. N da
Ha3blBaeTCA KOOMepaTUBHOIA, ecqin A0 Hadasla Urpbl UFPoOKM 06pasyoT
Ko/ U NPUHMMAKT B3aMM00653bIBaloLLMe COrlallieHns1 0 CBOUX
cTpaTeruvsx. /irpa, B KOTOPOIA UIPOKM He MOFYT KOOPAMHUPOBaTb CBOMU
cTparerum rnoAobHbIM 06pa3oM, Ha3bIBAaETCA HEKOOMEPaTUBHOIA. OueBna-
HO, YTO BCE aHTarOHUCTUYECKNE NP bl MOFYT C/TY>KUTb NPUMEPOM HEKO-
onepaTuBHbIX Urp. NMpumMepoM KoornepaTUBHOA UMbl MOXET C/TY>XUTb
CUTYyaLusa 06pa30BaHMs KO IMUMIA B NMap/iamMeHTe AJ1s MPUHATUS MyTeMm
ro/s10coBaHUSA peLleHust, Tak WM MHadve 3adarBaroLLero MHTepechbl yyac-
THMKOB F0/10COBaHMS.

13.3. dopmasibHOE npeacTaBsieEHVE UMp

Haaym opMasibHoe onmcaHne nepeyuncsieHHbIX 3/1EMEHTOB KOHJ/TUK-
Ta. MHOXXeCTBO BCeX UIPOKoB, 0603Havaemoe |, B Crlydae KOHEUHOr0 nX
ymcsia MOXET 3afaBaThbCsl NPOCTbIM MepPeYncsieHMeM UrpokoBs. Hanpwu-
mep, /={1, 2} npn nrpe B opnsaHky, /={lMpogasey, lNoKynatesib} BCU-
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Tyauuu MoOHoMonus—moHoncoHus, /={1, 2, «} B C/flyyae aHasim3a
pe3ysibTaToB ros10c0BaHMSA B MapsiaMeHTe.

MHOXXecTBO cTpaTtermii urpoka / 06o3Ha4ymm 4yepes X.. MNMpn wmrpe B
OpPASIHKY KaXObIA UIPOK pacnonaraeT AByms ctpateruamm: X={Open,
Pellka}; kaXabliA y4aCTHUK F0/10C0BaHUS MMEET BbIGOp Ha MHOXeCcTBe
cTpaternia {3a, MNpoTme}. B criyvae B3aMMoaeiACTBUA Ha pbiHKe Kak po-
OaseL, Tak 1 MNokynaTesib MOryT HasHavyaTb HEKOTOPYHO HeoTpULaTesIb-
HYI0 LIeHY Ha npofaBaeMblia (MOKynaembIiA) ToBap, T.e. MHOXECTBO CTpa-
Tervia Kaxxgoro u3 Hux X' P. > 0.

B kaxxaoia napTmm N oK BbIOGMPaeT HEKOTOPYHO CBOKO CTPaTEruio X.
X., B pe3ysibTaTe Yero ckaapiBaeTca Habop ctpaternii x = L, xA,... Xj,
Ha3bIBaeMbliA cUTyauyeli. Tak, cuTyauuto B MNMapnaMeHTe onmcbiBaeT crnu-
cok {3a, 3a, MNpoTm., 3a ...}, NOSTy4eHHbIIA B UTOre rNpoBeAeHHOro rosio-
CoOBaHUA.

3auHTepecoBaHHOCTb UIFPOKOB B CUTYaLMAX MPOSAB/ISETCH B TOM, YTO
KaXKA0MY UOKY /B KKOOIA CUTyaL MM X NPUMNUCBLIBAETCS YMC/0, BbIpa-
)aroulee cTeneHb yA0BIETBOPEHUS €ero MHTEepPecoB B AaHHOMA cUTyaL M.
3TO0 YKMC/I0 Ha3bIBaETCA BbMIPbiLeM U oKa / 1 0603HavaeTcs vepes hfx),
a CoOTBETCTBME MeXAy HabopoM CUTYaLMIA N BbidbILeM N(oKa i Hasbl-
BaeTCs yHKLYEA BbMIbILLA (M1aTEXHOA dyHKLYElA) 3Toro ndoka H..

B crlyyae KOHEYHOIA UIpbl ABYX NNL, GYHKLMN BbIMPbILIE KaXXA0r0
M3 UTPOKOB YA0O6HO NpeAcTaBNsATb B BUAE MaTpullbl BbMIPbLLEIA, e
CTPOKM MNpeAcTaB/IAOT CTpaTernm o4HOro ugoka, cronbubl —charTerum
ApYyroro Urpoka, a B K/JieTKax MaTpuLbl YKa3bIBalOTCA BbINPbILLN KaX-
[0ro 13 NHOKOB B KXKAOA 13 06pa3yroLmnxcs cnTyaumii. (JaHHasa hopma
npeacTaBsieHNs KOHEYHbIX UIP ABYX S, 00bACHSAET obliee O/19 HUX
Ha3BaHWe —MaTpUYHbIe UMPbL.)

Hampumep, Bcrlydae Urpbl B OP/ISSHKY KaXXObIA 13 NTPOKOB MMEET Mo
[Be cTpaTtervm, umeHyemble Opesi n Pelwika. Ecqiv nrpokn BblompatoT
0AMHAKOBble CTpaTerum, T.e. B C/ly4asx, ec/im 06a roeopsaT “Open” win
06a roBopAT “Pelluka”, 14AUTPoK BbIMIPbIBaeT 1 py6sib, a BTOPOIA Ur-
poK npourpbliBaeT 1pybnb. B cnTyaumsx, Korga o6a nrpoka BblompaioT
pasnnyHble cTpaTerun, 1-44AUrpoK nNpourpbiBaeT 1 pyosb, a 2-4AUrpoK
COOTBETCTBEHHO 3TOT 1 py6/1b BbINMPbLIBAET.

B uTore matpuua BbIMIpbILEIA 1-10 Urpoka f, BbIM/ISAUT Crieayto-
wmm o6pasom:

Charternm 2-ro upoka
Open Pewka
Ctpatervn 1-ro urpoka Open 1 AN\
Pewka \l v
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COOTBETCTBEHHO MaTpMLA BbIMIPbILLEA 2-T0 UTPOKa  UMEET BUL;

CtpaTterum 2-ro upoka
Open Pewka
Ctpaternn 1-ro ncpoka Open /-1 1
Peluka 1 4

[Ans aHTaroHUCTUYECKUX NP, B KOTOPbIX BbIUMbILL 04HOI0 NG oKa
paBeH MpoUrpbIWy ApYyroro (Urp ¢ HysiEBOIA CYMMOIA), BbIMOJIHAETCS
cooTHoweHne A,=-4,. N a B OpAsAHKY, 04EBUAHO, ABMSETCS Npume-
pOM TaKoiA Urpbl.

YacTo 4na HarnsgHocTy MaTpuubl BbindbIleiA A8 060X NGHOKOB
COBMELLIAOT BOAHY, KOTOpas AaeT NosiHoe npeacTaB/ieHne 0 Beeld nge:

CtpaTterum 2-ro upoka
Open Pewka
Crtpaterun 1-ro urpoka Open (1,-1) (-1,1)
Pewka (-1.1) (1,-1)

B KaXXO0A KJIETKE 3TOIA MaTpuLbI C/IEBa YKasaHbl 3HaUeHUS BbIUMbI-
wa 1-ro noka, cripaBa —3Ha4yeHMs BbliUdbilla 2-1o ngoka.

PaccmoTpum npumep 3agaHus MaTpuubl Bbiugblweia ons ugbl ¢
HEeHy/1EBOIA CYMMOIA, Ha3bIBaEMOIA B SIUTEPATYpE MO0 Teopumn urp duiemmva
3aksoyveHHoro. CogepXaHne ndbl creaytowlee; Aga NMpecTyrnHuKa 0XXm-
[aloT NpMroBopa cyaa 3a coBepLueHHoe 3/104esaHve. AABOKAT KOH(PUAEH-
LnasibHO npef/laraeT KaxAoMy U3 NpecTYNMHUKOB 06/1erYnTb ero y4acTb
(v pake ocBo6GOAUTL!), €C/IM OH CO3HAEeTCA U A4acT MokasaHus NpoTuB
CO06LLHUKA, KOTOPOMY FpO3UT YIroauTb B TIOPbMY 3a COBEPLUEHHOE rpe-
cTynneHne Ha 10 fieT. Ec/in HUKTO He cO3HaeTcs, To 060uM ydoxaeT
3aK/1l04EHME Ha onpeaesieHHbIA CpoK (CKaXkeM, 1 rog) no 06BMHEHUIO B
He3HauuUTe IbHOM MpecTyrnsieHun. Ecnn co3HatoTces 06a NpecTyrnHUKa, To,
C YYETOM YUCTOCEPAEUYHOr0 MPU3HaHUA, UM 060MM (PO3UT nonacTb B
TIopbMYy Ha 5 fieT. KaxxabliA 3ak/IH04eHHbIIA UMeeT Ha BbIGop 2 cTpaTte-
ry; He CO3HaBaTbCA WM CO3HABaTbCA, BblaB MNpy 3TOM CO0OLLHUKA. B
nUTore MOXKHO MNOJTyYUTb CAIeAYIOLLYH0 MaTpULy “BbINGbILLIEIA” oA 060-
VX NTPOKOB;

CrtpaTternn 2-ro udoka

Co3HaTbCa He co3HaTbCA
Ctpaternn 1-ro urpoka Co3HaTbcA /(5,5) (0, 10)
He cosHaTbca  \(HO0) (1,1

MpuBenemM, HakoHeL,, NpUMep 3anucy PYHKLUMW Bbingbllia osist 6ec-
KOHEYHOIA urpbl. B crlyyae Ayonosinv KaxkabliA U3 NhoKOB MOXET 06b-
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ABUTb LIEHY p., N0 KOTOPOIA OH X0Tes Obl MpoaaTb HEKOTOPOEe KOSINYeCT-
BO ToBapa. [pu 3ToM nNpeafiosniaraeTcs, YTo MOTPedUTENN NPMOBPeTyYT
ToBap y YUpMbI, 06bSBUBLLEIA MEHbLLYIO LIEHY, WM pacrnpeaesnisaT CBOA
Crpoc MOpoBHY Mexay prpMamMu B C/ly4yae, eC/ivi OHU Ha3HauWUAn 0guHa-
KOBYHO LieHy. Ecnu dyHKLMIO cnpoca B 3aBUCUMOCTU OT LIEHbI Ha ToBap
0603HauUnTb Kak d{j)), To pyHKUMS Bbindbiwa 1-4 pupmbl M,(/7, p.)
6yaeT NMMeTb BUA,

p,d(p,), ecrm /7, < p

dip, -
M, ~vP2) = P.'-%)'%.CHM p, —m
0, ecmp, > ph.

AHaJTIOrMYHO BbIrISaUT YHKUMS Bbinrpbiwa 2-4AadgupmMmbl TNJ},0N.

13.4.  TpuUHUMNBbI PeLLeHnst MaTPUYHBIX aHTaroOHUCTUYEeC-
KUX UM

B KauecTBe OCHOBHOIO AOMYLWEHUSA B TEOPMU Urp Npedrosiaraetcs,
UTO KaXKObIA N OK CTPEMUTCS 06ecneynTb cebe MaKCMMasibHO BO3MOX-
HbIlA BbIUMbIL MpU JII06bIX ASTACTBUSIX NapTHepa. MpearnosiokumM, YTo
MIMeeTCs KOHeYHas aHTaroHUCTUYecKas urpa ¢ MaTpULIEIA BbIMIPbILLEIA
1-ro nrpoka {1 n, COOTBETCTBEHHO, MATPULIEIA BbIMIPbILLA 2-T0 UTPOKa —
A. MycTb Nrpok 1cunTaeT, UTO KaKyto 6bl CTpaTeruto OH HU Bblbpas.
Mrpok 2 BblbepeT cTpaTermo, MakCUMU3UPYIOLLLYIO ero BbINMpbIL, Y
TeM caMblM MUHUMU3NPYIOLLYIO BbINIpbIW Mrpoka 1 OnTumasibHas
cthaTeruns Mrpoka 1, KoTopasi o6ecneunT eMy HamboNbLLVIA U3 BO3MOX-
HbIX BbIUIPbILLEIA BHE 3aBUCUMOCTW OT CTpaTernm npoTuBHUKA, ByaeT
COCTOSAATb B BblOOpEe CTpaTeErn ¢ CaMbiM BbICOKUM M3 TaKUX M/1aTEXEN.
Takum 06pa3om. VIrpok 1BbIOUMpaeT i-to cTpaTerno, KoTopas sB/seTcs
peLleHneM 3a4a4n

max
! J
Nrpok 2 TOYHO TakK e cTpeMunTCca obecrneunTb cebe HamBbICLUYH

BE/IMUVHY BbIMIPbILLA (MW, YTO SKBUBASIEHTHO, HAMMEHbLLIYIO BE/INYU-

HY MPONTpbILLIA) BHE 3aBUCUMOCTM OT CTpaTerum, n3bpaHHOIA napTHe-

pom. Ero ontumansHolA cTpatervieii 6yaeT ctonbel, MaTpuubl A ¢ Ha-

WUMEHbLUVIM 3Ha4YeHNEeM MaKCUMasibHOro niaTexa. Takmm obpasom. Ur-

POK 2 BblGepeTy—t0 CTPaTErnio, KOTopas AB/IAETCA PELEeHNEM 3aa4n
min muxh,j

J o
B utore, ecnin Virpok 1npuaepxmBaeTcsa M36paHHOA cTpaTterumn (Ha-
3bIBaEMOIA MaKCUMMHHOIA CTpaTerveil), ero Bbivrpbill B J/Il060M Crlyyae
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6y[€eT He MeHbLLE MaKCUMWHHOIO 3HauYeHUs1 (Ha3blBaeMOr0 TakKe HIXK-
HEIA LIEHOA UIPbI), T.€.
NS max min hy
i
Co0oTBETCTBEHHO, ec/iv VIrpoK 2 npnaepxmBaeTcs CBOELA MUHUMAKC-

HOLA CTpaTernm, ero NpourpbIW 6yaeT He 60/1bLle MUHUMAKCHOIO 3Have-
HNA (Ha3bIBAEMOIr0 BEPXHEIA LIBHOM UIpbl), T.e.
hy < min wax
i i
B C/ly4ae, ec/iM BEPXHSS LieHa UIpbl paBHa HWKHEIA, T.e.
max min = min wax Jl. = J1/
- ] i i
06a Mrpoka noslyyatoT CBOM rapaHTUPOBaHHbIE M1aTeXW, a 3HaveHne

h.j Ha3bIBaeTCcsA LHOA UIpbl. 3NeMeHT A. MaTpuupbl BbIUIPbILLEiA, CO0T-
BETCTBYIOLLMIA MAKCUMUHHOA 1N MUHUMAKCHOA CTpaTernsam, HasbiBaeTcs
Ce[y 1080/ TOUKOA MaTpuubl A (3To 06bsACHSAeTCA PopMOiA rpaduka QpyH-
KUUM BbINIpbIWa B TOUKe /.. OHa HaroMuHaeT cefJ1o, yobiBas npu ms-
MeHEHUU OAHOIA N3 NepeMeHHbIX 1 Bo3pacTas nNpy U3MEHEHUN Opyroia
rnepemMeHHoiA). B cryyae, ecniv LieHa aHTaroHUCTUYECKOA bl paBHa O,
Vha Ha3bIBaeTCs cripaBed/BoOIA.

PaccmoTpum urpy, B KOTOpoiA Mrpok 1pacrosiaraet AByMs cTpaTe-
rmamun, a Urpok 2 - Tpems. MNycTb mMaTpuua Bbmrpbiweihr Mgpoka 1
VIMEET CcrieaytoLmia Bug;

2 1 4
-10 6

(MocKonbKy Mbl paccMaTprBaeM MpuUMep aHTarOHUCTUYECKOLA UIpbl,
MaTpuLa BbMIpbIeia rpoka 2 6yaeT paBHa ,, B3ATOM ¢ 06paTHbIM
3HakoMm, T.e. A = -4,.)

Mrpok | paccunmTblBaeT, YTO €C/IM OH BbIGEPET MepBYH CTpaTervio
(T.e. NepByt0 CTPOKY MahuLibl f,), TO MPOTUBHUK MOXET BbIOpaTh CBOHO
BTOpYO cTpaTeruo (BTOpoiA CcTo/16€eL), TaK YTO BbIUIPbIL ByAeT paBeH 1.
Ecnn e oH BblbepeT BTOPYHO CTpaTeruo, To NMPOTUBHUK MOXET 13bpaTb
MepByIO CTPATEruio, Tak YTo BbINbILW 6yAeT paBeH -1 NpoaHasiM3npoBas
rnosly4eHHble 3HadeHnsA. Nrpok 1 ocTaHaB/IMBaeTCs Ha CBOeiA MepBoiA
cTpaTernun, Kotopas obecrieumBaeT eMy MaKCMMasibHbIMA FapaHTUPOBaH-
HbIIA BbIMIPbILL, PaBHbIA 1.

TouHO Tak e Nrpok 2 paccMaTpmBaeT CBOM HauxXyauine BapuaHTbl,
Korga rnpoTUBHUK BbIOGMpaeT CBOK MepBYIO cTpaTerunto, ecsim Nrpok 2
BbIOMpaeT MepBy WM BTOPYHO CTpaTernm, Win Korga npoTUBHUK Bbl-
6upaeT BTOPYHO CTpaTermio, Korga Mrpokom 2 BblbpaH heTuia ctonbel,.
3TN BapuaHTbl COOTBETCTBYHOT MaKCUMasIbHbIM 3HAYEHMUSAM CTO16L0B 2,
1 n 6. B39B MUHMMa/IbHOE 3HaUYEeHMe 3TUX MakKCcuMymoB, MoK 2 ocTa-
HaB/IMBaeTCsA Ha CBOELA BTOPOLA CTpaTeruuv, npu KoTopoia ero npondbILl
MUHVMaSIEH U paBeH 1:
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2 14 maxminA.
-10 6

CrniepoBaTesibHO, B 3TOM e CyLLEeCTBYHOT COBMECTUMbIE BbIGOPLI, T.€.
h*= max min hj = min wax = 1].
i3 J [
B uUTore 6yAeT pa3yMHO OXuMAaTb, YTO B OMNUCAHHOM Bblilwe uge
MPOTMBHUKN ByayT MpuaepknBaTbcs N36paHHbIX CTpaTernia. MaTpuy-

Has aHTaroHuUcTMYyeckas Urpa, 4sa KoTopoia max min h. = min max hj*
| j J *

Ha3blBaeTCs BrOsIHE OMpeaesieHHOIA, Wi UMPOIA, mwlero:.ueﬁ peLleHve B Ymc-
TbIX CTpaTErnsx.

Of4HaKo JasieKo He Bce MaTpUYHbIe aHTaroHUCTUYecKkue Ugbl aBns-
HOTCS BMOJIHE OMnpeaesieHHbIMU, 1 B 06LeM crydae

M bl, B KOTOPbIX BbIMOJIHSAETCSA CTPOroe HepaBeHCTBO, Ha3bIBalOTCA
He MOJTHOCTLIO onpeaesieHHbIMK ndhaMim (MM He UMEOLLIIMW PeLLEHNST B
UMCTbIX cTpaTermnax ndamm). Creayrowas MaTpyLa nNpeacTasnseT npu-
Mep NoAo6HOA Ndbl:

y =23
4 5 4

Ansa 31oiA nbl max min = -2< 4 = min max h4. B pesynbTate,
1] J ‘
€C/IN UTPOKIM By Iy T C/le0BaTb NpeA/IKEHHbIM Bbillie NpaBuiaMm, To Mok

1 BbIGepeT cTpaTermio 1umn 6yaet oxxmaaTb, 4To pokK 2 BblbepeT cTpa-
Teruo 2, npm KoTopoia Npomdbll paBeH -2, B TO BpeMs Kak Mok 2
n3bepeT cTpaTernio 3 u byaeT okmaaTtb, 4To MoK 1BblGepeT cTpaTe-
rmo 2 ¢ BblbiweM, paBHbIM 4. OgHaKo ec/in VNhoK 2 BbIGEPET CBOO
TpeTbio cTpaTerno, To Mok 1 NocTynnT npaBusibHee, BblbUpas BTO-
pyto, a He MepByl cTpaTerunto. AHaslornyHo, ecnv Mipok 1 BblbepeT
nepByto cTpaTervto, To poky 2 BbIrogHee BblOpaTb BTOPYH cTpaTe-
rmo, a He TpeTbto. [0 Beeld BUAMMOCTU, B Uax TakKoro Tmrna npuHLUmMn
peLeHNs B YNCTbIX CTPaTErnsiX OKasbIBaeTCA HEMpUIrogHbIM.

B onuncaHHOA cnTyaumu UokKamM CTaHOBUTCS BaXKHO, YT0ObI Npo-
TUBHUK He yragasi, Kakyl cTpaTeruioo oH OyaeT mcnosb3oBaTb. s
OCYLLIeCTB/IEHNS 3TOr0 N1aHa uokam crieayeT rnosib30BaThCs TaK Hasbl-
BaeMOIA CMELLAHHOM cTpaTervieii. Mo cyllecTBy, CMeLLlaHHasa cTpaTeruns
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MIrpoKa NpeacTaB/isieT COO0EA CXeMy C/lyHalAHOIo BbiGopa YMCTO CTpaTe-
rMn. MaTemMaTU4ecKu ee MOXHO MpeacTaBUTb KakK BEPOSATHOCTHOE pac-
npegeneHne Ha MHOXECTBE YMCTbIX CTpaTerniZi gaHHoro ngoka. B ntore
BekTop 1= (X], X,,... X j, rae X. OcooTBETCTBYET BEPOSSTHOCTU MPUMEHE-

HUA IrpoKom 1/ cTpaTervuv v = 1, 3343@eT CMeLUaHHYI cTpare—

MO aTOoro nrpoka. AHasIorMYHoO onpeaesisieTcs cMellaHHas cTpaTerms
Mrpoka 2y = Y.... Y. Mbl 6ygem npegnonaraTbe MCMNosib30BaHME
UrpoKamMm MX CMellaHHbIX CTPaTErMiA He3aBUCUMbIM, TakK YTO BEPOST-
HOCTb, C KOTOpoiA MrpoK 1Bbl6mpaeT /-Tyto cTpaTeruto, a ok 2 —y-to,
paBHa x”".. B aTom cnydae nnatex paBeH h.. Cymmupysi no Bcem / ny,
HalAOEM MaTeMaTUyecKoe oXXugaHue Bbivrpbiwa Mgoka 1
VV=EEMn,
W B MaTPUYHbIX 0603Hal—I8HJVIFIX Vv, = X Hy".
Ha MHOoXecTBe CBOMX CMeLLaHHbIX cTpaTternii Mok 1, cTpeMsALLMIA-
Cs1 4OCTUYb HaMbobLLUENO N3 FapaHTUPOBaHHbIX BbIU(bILLEIA, BbIOVPaeT
BEKTOP BEPOATHOCTEI X TaK, YT0obbl MosTyunTb MaKCUMYM MUHUMaSTbHbIX
3HAYEHNIA OKMOAEMbIX BbIU(bILLEIA, T.€. pellaeT 3a4a4y
V - max min x H y".
X Y
AHa10rMyHo Uenbio Midhoka 2 AaBnseTcs AoCTUKeHME MUHUMYMa MakK-
CMasTbHbIX 3HAYEHNIA CBOMX MPOUTpPbILLEIA, T.e. OH peLlaeT 3adady
, =min max x Hy'

I -

PYyHAAMEHTA/TbHBIM PE3Y/IbTaTOM TEOPUUN UMP ABSETCHA TaK Ha3blBa-

emMas Teopema 0 MUHMMAaKCe, KOTopas YTBepXOaeT, YTo chopmMyimpo-

BaHHbIe 3a8aun on1a Mipoka 1m Mpoka 2 Bcerga UMEKOT peLleHne ans
J060A MaTpuLbl BbIMIpbILLEA H 1, KpOMe Toro,

CyLLecTBYyOLLME [OKA3aTeIbCTBA 3TOM TeOpeEMbl OCHOBaHbI Ha Teope-
Me 0 HEMOABWXKHOIA TOUKE, WM CBOMACTBE OTAE/IMMOCTU BbINYK/IbIX MHO-
»xecTB (cMm., Hanpumep, IM.H.Ow6uH, B.I.Cy3ganb. BBeagHve B Npukiag-
HYIO TEOpPUIO Urp).

Kak v gna BrnosiHe onpeaesieHHbIX Urp, crtparterna X’ rpoka 1 Ha-
3blBaeTCA MaKCMWHHOLA CTpaTerveii, crparerus Virpoka 2 y' — MUHU-
MaKCHOIA cTpaTerneia, 3HadyeHue V — LEeHOM Urpbl, B crlyyae, Korga v= O,
urpa HasblBaeTCsl CrpaBes/MBOIA.

OueBngHbIM crieacTBrem 13 Teoll™Mbl 0 MUHMMAaKCE ABMSETCH CO0T-
HoLueHve

XA/ <V <XHy,

8 3amKoB
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KOTOpoe 03HauyaeT, YTO HMKaKasa cTpaTtervs Mrpoka 1 He No3Bo/nT
BbIMIPaTb eMy CyMMYy 60JIbLLYIO, YeM LieHa urpbl, ec/in Irpok 2 npume-
HSIET CBOKO MUHUMAKCHYH CTpaTeruvio, U HUKakasi ctpaterus Mrpoka 2
He JacT BO3MOXHOCTW MPOUTrpaTh eMy CYMMY MEHbLLIYIO, YeM LiEHa UIpbl,
ec/im Irpok 1 npvMeHsieT CBOK MaKCUMMWHHYIO cTpaTerni. 3To BepHo
TaKKe U 41 YNCTbIX CTPaTErMiA Kak AJ/19 YaCTHOr0 c/lyvasi CMeLlaHHbIX
cTpaTervia (T.e. YnCcTas cTpaTerms — aTo cTpaTervs, ucrosiblyemasi ¢
BEPOATHOCTbLIO 1): UCMOSIb30BaHMe JIH0B0A YMCTOA CTpaTerum B criydae,
€C/I NPOTMBHUK UCMOJIb3YET CBOIO OMTUMa/IbHYIO CTpaTeruno, He nos-
BOJISET BbIrpaTh 60sibLUe (MpourpaTh MeHbLUE) LeHbl Urpbl. 3TOT haKT
HepeaKo MCMosib3yeTcs A/1s1 pa3paboTKM KOHKPETHbIX a/irOpUTMOB pe-
LIEHUNS1 aHTarOHNUCTUYECKUX MAaTPUYHbIX UIP.

13.5. PewueHne MaTpUUHbIX aHTarOHUCTUYECKUX UIP

BoobLe roeopsi, onTUMasibHbIE CTPATENMN JIErKO HAaXoOsATCs A1 He-
GONbLUNX WP, HO BbIYMC/IEHUST CTAHOBATCS [A0CTATOUYHO C/IOXKHbLIMU C
POCTOM uuc/la CTpaTerniA. 19 noucka onTUMa/ibHbIX CTPATENMIA PeKo-
MEH/YeTCsl HECKO/1bKO MoAX0/0B.

[ANs yMeHbLUeHUsT pa3aMepPHOCTU UMPbl UCMOSTb3YyeTCs AOMUHUPOBaHME
CTPOK 1 cT0M6L0B. O6GbIYHO FOBOPAT, UTO K-S CTPOKa MaTpuubl A go-
MUHUPYET /-Tyt0 CTPOKY (T.€. 0fiHa YMCTas cTpaTerus AOMUHUPYET ApYy-
ryr), ecsm

J'IM<//,V,qnﬂ BCEX /,
/rm< /r..xoTa 6bl A9 ogHoro /.
AHaJIOrMYHO HACTO6EL, AOMUHUPYETY—IA CTOS16€eL, eC/n
Nn,< pns ecex /,
Ir, < K, X0Ts 6bl gns ogHoro /.

CMbIC/1 3TOr0 onpeaesieHnsi COCTOUT B TOM, UTO IOMUHUPYIOLLAs CTpa-
Tervsi HUKOrga He XyXe, a B HEeKOTOpbIX C/ydasix Aaxe slydlle, yem
[oMUHUpYyemasi cTpaTermsi. OTcroAa cieyeT, YTo UPOKY HET HEo6XoaM-
MOCTW MCMOSIb30BaThb AOMUHMPYEMYIO cTpaTeruio. B camom aene, GyayT
CYLLIECTBOBATb ONTUMa/IbHbIE CMeLLaHHble CTpaTeruu, Npu KoTopbIX Be-
POSITHOCTL MCMOJIb30BaHUS AOMUHUPYEMbIX CTPOK U CTO/I6LI0B paBHa
HY/110, U MPU peLLeHnn Urpbl BCe AOMUHUPYeMble CTPOKM U CTON6LbI
MOFYT 6bITb 0TOPOLLEHbI, YTO MO3BOJISIET YMEHbLLUNTL pasMepbl MaTpu-
ubl. (3TOT NOAX0A MOXET UCMO0/Ib30BaTbCs Takke Mpu MOVCKe peLleHuns
Urpbl B YMCTbIX CTpaTErmsix.)
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PaccmoTpum, Harnpumep, Ny co creaytoeil MaTpULIELA:

521
2 13
36 4

TpeTbsl CTPoOKa 3ToA MaTpuLbl AOMUHUPYET BTOpYIo. VIcK/oueHue
BTOPOIA CTPOKU MPUBOAMT K MaTpuLe

521
36 4

TpeTuia cTonbeL, B 3TOA ype3aHHOIA MaTpuULe AOMUHUPYET BTOPOIA, U
VICKJTIOYEHWE BTOPOIo cTonbua faeT

51
3 4

B uTore, ecyiv MOXHO HalATU peLLeHme O/1s1 MoSTyHeHHO Ubl, TO ero
Nerko ncnonb3oBaTh A/15 peLleHns UCXoaHoIA U bl, NPOCTO NMpunmucas
VCK/TIOYEHHbIM CTPOKaM U CToN6LaM Hy/ieBble BEPOATHOCTN.

[Jpyroia meTon, ynpoLeHUs MaTpuLbl BbIbILLElA 0CHOBbIBAETCS Ha
[O0Ka3aHHOM B Teopun U@ CBOIACTBE, COr/lacHO KOTOPOoMYy addrHHOe
npeobpasoBaHMe MaTpULbl MV1aTEXEM (T.e. Npeobpa3oBaHMe BCEX 3/1e-
MEHTOB MaTpuubl H no npasuny JT. = a A +A rge od 0) He U3MEHSET
peleHns ngbl; KpoMme TOro, LeHa npeobpa3oBaHHOM UMbl V MOXET
6bITb NOSTyYeHa 13 LeHbI NMepBoHaYasIbHOA NP bI M0 TaKOMY XXe MpaBu-
ny: V = «V + b. 3To 03HavaeT, YTO 4119 3afaHUsA bl B NpUHLMNIE
6e3pa3/INyYHO, B KaKUX eAMHULIAX U3MEPSIOTCA BbINGbILLK (Hanpumep,
B py61sx nim gonnapax); npmbasneHme (BblUMTaHME) HEKOTOPOA DUK-
CMPOBaHHOIA CyMMbI b U3MEHUT Ha TaKy'o Yke CyMMy BblndbiLy, (Mpour—
PbILL) K&XA0ro U3 NHOKOB, HEe MeHSAS peLleHnsa Ndbl.

3TO CBOMACTBO MOXET ObITb UCM0/1b30BaHO /19 YNPOLEeHUa 1 npuga-
HUA HarnagHoOCTU MaTpuue BbIMDbILWEIA: TaK, ec/IM B K/eTKax 3ToiA
MaTpuLLbl MMEITCA Ap06M C 06LLMM 3HAMeHaTes1eM, BCHO MaTPULLy MOXK-
HO YMHOXNTb Ha HEKOTOPYI KOHCTaHTY /19 Mosly4YeHUs LUesbIX Ymces;
ecny 60MbLUMHCTBO K/ETOK MaTpuLbl 3arnos/IHEHO 0AUMHAKOBbIMU 3s1e-
MeHTamMU, X MOXXHO BbIYECTb U3 BCELA MaTpuLLbl 419 MOSTyHeHUS Hy eiA
B 3TUX KNeTKax. Kpome TOro, 3To CBOMACTBO N0O3BO/ISET /1H06YI0 Magmy-—
HYI0 aHTaroHUCTUYECKYHO UIPYy cAenaTh cripaBe/IMBOIA — /19 3TOro He-
06X04MMO BbIHECTb LieHY U bl U3 BCEX 3/IEMEHTOB MaTpULbl BbIUPbI-
LEiA

Ana {seweHna ngbl 2x2 (M Boobwe ng 2x.n nnn /mx2) MoxeT 6bITb
MCMNoMb30BaH, Hanpumep, gapuieckmnia Metoa. MNMpomnnncTpupyem ero
Ha rnpumMepe peLleHns onnucaHHoO ndbl B OpasSHKY. MaTpuua BbiUdbl-
La A/1s 3ToA Urpbl, Kak 6b110 NokasaHo, NMeeT BUL

8
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1 -1
-1 01

MycTb NrpoK 1un3bmpaeT CBOK MEPBYH CTPATENMIO C BEPOSSITHOCTbIO
X N BTOPYIO CTPATEruto ¢ BepoATHOCThLIO (1-X). Ecyin rpok 2 BblbupaeT
CBOIO MNepPBYIO CTpaTeruto, To (M3 NepBoro cToN6La MaTpuLbl) MaTemMaTu-
yecKoe oxXuaaHve BbIMrpbiwa ana Nrpoka 16yaeT paBHO

V=X-(1-X) = 2x - 1.

Ecnu N ok 2 BbIGMpaeT CBOK BTOPYHO CTPaTeruto, To, B COOTBETCT-

BUW CO BTOPbIM CTOMOLOM MaTpULbl,
V, = -x+ (1-X) = 1 -2X

Kaxxgoe 13 3TnX ypaBHEHUIA MOXET ObITb N306paXXeHO rpaduyeckun
0TPEe3KOM MNpsSMOiA NiMHUK B 061acTu [0, 1] Ha hadmke ¢ KoopanHaTamMu
X N y|. OHW npeacTaBsieHbl Ha SIeBOA YacTu puc.1l cOOTBETCTBEHHO Kak
oheskun n AA\, KOTopble NepeceKaTcs BTouke P. Mpn fgaHHOM
XHa puc. 1 nokKasaHbl iBe Be/IMUYMHBI Y,, KOTOpble rpoK 1 MOXeT nosiy-
UNTb, ecNn VITPOK 2 NPUMEHSIET CBOW YMCTbIe cTpaTerun. NpomexxyTou-
Hble 3Ha4YeHUsA Y,, COOTBETCTBYHIOLLME TOUKaM MeXay aTumMn haukamm,
noslyyaroTces, ecqim Mpok 2 NnpumMeHsieT cMmellaHHble chaTermm. MeHb-
Las U3 aTUX BEJINYMH, COOTBETCTBYIOLLAA KaXKA0MY 3HAYEHUIO X, MOKa-
3bIBaET TOT MUHUMYM, KOTOPbIA MOXeT mnonyuntb VoK 1, BbiGmpas
chaTterunio (x,(1-x)). CnegosaTesibHO, NMHUA APAN MoKasbIBaeT Msia-
TeX, KOTopbIA VIrpok 1 MOXeT rapaHTUpPOBaHHO MOsyYnTb Mpy So6oiA
cTpaterum Urpoka 2. VIrpok 1 BbIbMpaeT Takoe 3HadeHue X, 4YTobbl
[0CTUYb HauBbICLLEIA ToYKW. [N1S rpagmka Ha puc. 13.1 3TOiA TOUKOA
aBnseTcs Touka P, ans kotopoii x=0,5 n y,=0.

PucyHok 13.1. Mpumep rpamyeckoro peLleHnss MaTpUYHOIA npbl 2X2
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AHasIOrMYHO MOXET 6bITb NpoaHaIn3npoBaHa urpa gna Nigpoka 2,
KOTOPbIA UCMO/Mb3YEeT CBOK MEpPBYHO CTPaTErnio ¢ BEPOATHOCTBIO Y, a
BTOpY —C BeposaTHocThio (I-}). B mpasoii yactu puc. 13.1 nomaHHas
nnHmna B,QB, npeAcTaBnseT HavbonbLUMIA Mpourpbiw Virpoka 2 nipu
pas/NINYHbIX Bblbopax y. Nrpok 2 BbIGUPAET Y Tak, YToObl JOCTUYb HU-
3Lei/ TOUKM Ha 3TOM JIMHUKN, T.e. ToUKN Q, ans kotopoa = 05m =
0. CnenoBaTesibHO, UTFPOKN B OPSISIHKY A0J/DKHbI MPUMEHATb CBOW CTpa-
Terun ¢ 0ANHaKOBOIA BepoATHOCTbIO 0,5, 1 LeHa nrpbl Npy 3TomM OyaeT
paBHa Hy/t0, T.e. ONMCcaHHas urpa cnpasessimBea.

[pyroia mMeTog peLleHnss MaTpUYHbIX U 6a3npyeTcs Ha yKazaHHOM
BblLLIE CBOIACTBE, FapaHTMPYIOLLEM, YTO MPUMEHEHVE YNCTbIX CTpaTervia
Nrpokom 2 (Mrpokom 1) mMpoTvB OMTUMa/IbHOIA CMELLaHHOA cTpaTermm
Mrpoka 1He Mo3BosISeET eMy MpouUrpaTb MeHbLUe (BbirpaTb 60sIbLUE),
YeM 3HaYeHue LUeHbl NPbl V. 3TO NMo3BoOMSET CHOPMYIMPOBaTb Crieayto-

wyto 3agady ona rpoka 1:

max V
+h,,X, + .
+V z = + KJI, M~
V , +V 27 .
M A Xj + ... x,, = 1, x,.>0.

BbInucaHHas 3ada4ya —TUMNU4Has 3agaya JIMHEMAHOro nporpamMmMuypo-
BaHMWA M /1Ierko NoaaaeTcs peLleHnio ero MeTogamn. 3agada ana Mdoka
2 BbIFNSOMT aHa/10MMYHO U SIBASIETCA OBOIACTBEHHOA 330a4elA JINHEAHOIO
npotamMmMupoBaHusa K 3agade Mrpoka 1

Taknm 06pa3om, B 06LLEM c/lyYae /15 pELUeHUNS] MATPUYHOLA aHTaro-
HUCTUYECKOLA Nhbl Pa3MEPHOCTbI0 TXIM HE0OX0AVMO PELLVTL Napy ABOLA-
CTBEHHbIX 3324 JIMHELAHOI0 MNPorpaMMMpOBaHUs], B pesysibTaTe Yero Ha-
X0ANTCS HA60P ONTUMasTIbHbLIX CTPATErUA x*, / 1 LieHa Urpbl V.

13.6. VIrpbl ¢ HeHy/1eBOI/I CyMMOIA M KOOMepaTUBHbIE UMpbl

B mrpe ¢ HeHy/ieBOLA CyMMOIA Y)Ke CTaHOBUTCSl HE06513aTesIbHO, UToObI
0AMH U3 YYacTHUKOB BbIUIPbIBas1, a APYroiA MpourpbiBasl; HanpoTuB,
OHWN MOFYT U BbIMIPbIBaTb, M NPOUrpbIBaTb 04HOBPEMEHHO. MOCKONIbKY
VHTEpPECbI UTPOKOB TEMNEPb He SBMSKOTCA MOJTHOCTbLH MPOTUBOMOSIOK-
HbIMW, UX MOBeAEHNE CTaHOBUTCA 60/1ee pa3HoobpasHbIM. TaK, Harnpu-
Mep, eC/IN B UFPe C HysIEBOA CYMMOM KabKAOMY UIPOKY HEBbIFOAHO ObU10
coo6LLaTb APYroMy CBO CTpaTermio (3To MOr/10 yMeHbLUNTb €ro BbIAr-
pbill), TO B UIPe C HEHY/IEBOIA CyMMOIA CTaHOBUTCSA XeslaTeslbHbIM Kak—
TO KOOPAMHMPOBAaTb CBOU ASACTBUA C MapTHEPOM WX KaKMM—-/11M60 CMoCco-
60M BAUSTb Ha ero AeiACTBUS.
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M bl ¢ HeHyIeBOA CyMMOIA MOIYT ObITb KOOMEPATUBHBLIMY U HEKOO-
rnepaTvBHbLIMU. B HEKOONEpPaTUBHBLIX UIPax UIPOKU NMPUHNMAIOT peLle-
HNA He3aBMCUMO ApYyr OT Apyra sinbo NoToMy, YTO OCyLLEeCTB/IEHNE CO-
rnaweHns HeBO3MOXHO, SINGO MOTOMY, YTO OHO 3anpeLLeHo npasuiamm
urpbl. OnucaHHas Bblwe mnrpa Aunemma 3ak/IOYEHHOro MpeacTaB/seT
npuMep Urpbl ABYX JINL, C HEHY/IEBOIA CYMMOIA, B KOTOPOIA B3aIMOAEIACT-
BV/IE UTPOKOB HEBO3MOXXHO M0 YC/I0BUAM U d bl .

OanH mn3 Noaxo[oB K pelleHWi0 HEKOOMepaTUBHbBLIX UIP COCTOUT B
orpegesieHN ToYeK paBHOBECUA UIPbl. NOHATME paBHOBECUS B TeopUn
Urp Wwmpe MoHATUA ONTUMasSIbHOCTU B TEOPUN OMTUMMU3ALIUU N BKJIHOYa-
€T rocsieiHee B KayecTBe YaCTHOro c/lyyas. B obuiem cnydae napa cTpa-
Tervia X, Yana Virpoka 1uv Mrpoka 2 Ha3blBaeTCcs TOUKOIA paBHOBECUS
no Hawy, ecny HYU O4HOMY U3 WUIPOKOB HEBbLIMOAHO OTKJ/IOHATBLCHA OT
CBOEIA CTpaTermm BOAVIHOYKY, T.e. ec/im

HXX, ¥Y)< H (X, ') gna nobbix A'n
A,01*, ¥) < HALX, K) gna nobbix Y

(3T0 onpegeneHve paBHOBECUS COXpaHsieTcs U A8 Udbl Nand,)
PaccMOTpUM MpuMep, Korda MaTpuLua BbMIpbILeiA Urpbl MeeT crie-

Aylwmiia Bua;

(4.1) (0.0)
0,0) (1,4

Jlerko BMAOETb, UTO B AaHHOA urpe napbl ctpatermia n= (1, 0), =
(1, 0) uX= (O, 1), 3= (O, 1) ABNATCA paBHOBECHbIMU, T.€e. VIFrpoKy 2
(1) He BbIFr0AHO OTKJIOHATbLCA 0T 1-44 (2-14) cTpaTerun, ecnn rpok 1(2)
npuaepxuvBaeTca 1-44(2-14) ctpaternn. OTMETUM TakKxke, YTO BbIUIPbI-
LN B paBHOBECHbIX Thukax pa3/inyHbI.

JloKasaHo, 4YTo A4/15 JIH000I KOHEYHOIA HEK0oMepaTUBHOA UdbI C He-
HY/1IEBOIA CYMMOIA (Ha3bIBaeMOIA Takke BUMaTPUYHOLA Urpoia) Bcerga cy-
LLECTBYET MO KpalAHeLA Mepe 0fiHa PpaBHOBECHas! Mapa CMeLlaHHbIX cTpa-
TervilA. B o6LiemM c/yyae paBHOBECHOE pelleHne MOXET ObITb HeeauH-
CTBEHHbIM, N KaXXA0MY M3 HMX MOFYT COOTBETCTBOBAaTb pPa3/IMYHbIE 3Ha-
YEeHUS BbINMPbILLA KaXXA0ro U3 UIPOKOB.

KoonepaTyBHOIA UIMOIA Ha3bIBaeTCs UIpa C HEHY/IEBOMA CYMMOIA, B KO-
TOpOLA MIrpoKam paspeluaeTcsi 06cyXaaTb nepes, Urpota CBoW cTpaTerun u
[0roBapmBaThbCs 0 COBMECTHbIX AEACTBUSX, T.€. MFPOKU MOryT 06paso-
BbIBaTb Koasmumn. OCHOBHas 33Ja4ya B KOOMepaTUBHOA Urpe COCTOUT B
[enexe 06Lero BbIMIpbILa MeXAy YieHaMW KoasiLmn.

B cny4ae mnrpbl ABYX NUL, NpeanosiaraeTces, YTo ABa MrpoKa He MoryT
BO34ECTBOBATh APYr Ha Apyra, noka He NpuayT K HEKOTOpPOMY corsa-
weHmo. Taknm o0bpasom, Mrpa onpenenseTcs Kak MHOXeCTBO 3 B Mpo-
CTpaHCTBe NepeMeHHbIX J1, 1 J1,, npeAcTaB siolee 06LmMe BbINDbILLIN;
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PucyHok 13.2. MHOXXECTBO BO3MOXKHbIX BbUIPbLLELA, [MapeTo-orTvvasib—
HOE MHOXXECTBO, TOYKa Yrpo3bl, MeperoBopHoe MHOXECTBO U peLleHve Halla
B KOOMepaTVBHOA Urpe 2-X SN,

Kpome Toro, 3afaHbl ABa uncna T4, I, onpeaensowme BeSIMUNHbI BbIUT-
pbilla, KOTOpble KKOBIA U3 MTPOKOB MOXET MOSly4YnTb, HE BCTyMas B
KOaJTNLMIO CO CBOMM MapTHepoMm. O6bIYHO MpeanosiaraloT, YToO MHOXEeC-
TBO »ABNAETCH 3aMKHYTbIM, BbINYK/1bIM 1 OrpaHUYeHHbIM cBepXy. Tou-
Ka I'c koopguHaTamu (I,, T Ha3bIBaeTCS TOYKOIA yrpo3bl (cM. puc. 13.2).

Ha MHOXeCTBe BO3MOXHbIX BbIMIPbILIEIA BblAENAETCA MHOXECTBO
MapeTo-oNTMarIbHbIXPELLEHUIA, T.€. MHOXECTBO TOYeK, MpUHaas/Iexa-
WYX S, ANa KOTOopbIX yBeSIMYeHMe BbIMrpbilla 04HOro U3 NhoKOB BO3-
MO>XHO TOJIbKO 3a CHET YMeHbLUEHUS BblnblLLa ero napTHepa. OueBua-
HO, MHOXECTBO TaKMX TOYeK 06pa3yeT ceBepo-BOCTOYHAsA (haHML,a MHO-
»XecTsa 5.

Bce Touku MapeTo-oNTUMasiIbHOr0 MHOXECTBa, HaxoAsLwmecs 04HO-
BPEMEHHO BblLLIE U MpaBee TOYKU yrpo3bl T, 06pa3yoT TaK Ha3blBaeMoe
rneperoBopHoe MHOXXeCcTB0. OUeBUAHO, YTO UGOKaM HET CMbICNa A0ro-
BapMBaTbCA 0THOCUTESIbHO PeLLEHNIA, He NPUHaL/IeXalImX neperoBopHo-
My MHOXECTBY, JIN60 MOTOMY, YTO MOSI0XKEHNE O4HOI0 U3 NIFPOKOB MO-
YET ObITb Y/1yULLEHO MPY COXPaHEHUIN MOSIOKEHWS ero napTHepa 1 MoXx-
HO [0roBapmBaTbCcs 0 60/1ee BbIrOAHbIX PeLLEHUSX, SIMB0 NOTOMY, YTO Mo
KpalaHelA Mepe 419 04HOr0 U3 MIPOKOB TepsieT CMbIC/T BCTYNaTb B Koa-
JIMLMIO CO CBOMM MapTHEPOM — He XyALUUX pe3y/ibTaToB OH MOXET A0-
CTUYb N B OAMHOUKY.

HakoHeL,, Ha NeperoBopHOM MHOXECTBE BblAESIeTCA TOYKa peLleHus
Hawa N, B KOTOpPOA JocTUMaeTCcsa MakKCMMyM Mpou3BeeHUs MNpeBblLLe-
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HUSI BbIMIMPbILLEIA KaXXA0M0 U3 NYOKOB Haf NnsaTeXkaMu, KoTopble MoryT
6bITb Mo/TyYeHbl 6e3 BCTYM/IEHNST B KOA/TULLMIO:

max (/1, - 7){/r, - ™.

B Teopun vrp nokasaHo, YTO €C/IM MHOXECTBO BO3MOXKHbIX rJiare-
Xe S BbIMNyK/10, 3aMKHYTO U OFpaHMYeHOo cBepxy, To Touka Hawa N
CyLlecTBYeT U eUHCTBEHHA. TouKa Halla npeacrasngeT 04HO U3 BO3-
MOXHbIX PELLEHVNIA KOOMepaTUBHOIA UMpbl, OT KOTOPOro HET OCHOBaHUIA
0TKa3bIBaTbCA HN O4HOMY U3 UTPOKOB.

MpovnnocTprpyem BBeAEHHbIE MOHATUSA Ha MpyIMepe Urpbl, N3BeCT-
HOA nof, HasBaHMeM Cevel/HbIA CcTp. COrslacHoO YCc/10BUAM 3TOIA UMpbl,
cemMeliHasA napa — Myx 1 >KeHa KaxablIiA Bevep peLlaloT npobsieMy: Kak
VIM MPOBECTM CBOIA Aocyr. B ropogke, rae oHW XuBYT, UMeeTcs ABa BUAA
pasBrieveHniA: baneT n ®yTt6on. Y KaxAaoro mM3 cyrnpyroB ecTb CBOe
ntobumoe 3penuule: XXeHa npegnounTaeT bBanet, Myx —dyT601. OgHa-
KO Cynpyru Tak npmBsisaHbl Apyr K Apyry, 4To roceLieHue stobumoro
passsiedyeHs1 B OAVHOYKY [O0CTAaB/IAET MM COBCEM He TakKoe YA0BOJIbCT-
BV, KaK NPUCYTCTBME Ha HUX BABOEM, T.e. ec/iv YKeHa UAET BevepoM Ha
BaneT ¢ Myxem, OHa Mosy4yaeT MakCMMyM YA0BOSIbCTBUA (CKadkeM, 4
eavHNUBbI); My HefontobnvBaeT baneT, HO NpUcyTCTBME Ha Hem c XKe-
HOIA CKpawmBaeT TArocTHoe BpemsnpoBoxaeHve (Myx nonydyaeTt len,
yO0BOSIbCTBUSA). ICTOPUA NOBTOPAETCA C TOYHOCTBIO 40 HA060POT, KOr-
na >XeHa vuget ¢ Myxem Ha 060xaeMblia UM ®yT60M: MyXK nonydaeT 4
el YA0BO/bCTBUSI OT UIPbl JIIOOUMOIA KOMaHbl U NPUCYTCTBUSA 106U-
MO JKeHbl; YKeHa nosydaeT len, yAoBo/bLCTBUSA, npoBeas Beyep ¢ My-
XeM Ha dyT6one. B npyHunne My MOXeT cxoguTb Ha ®yTb6on, a
>KeHa - Ha BaneT B 0OMHOYKY, HO OTCYTCTBUE Cyrnpyra CHUXaeT yao-
BOJIbCTBME OT JI0O6UMbIX 3pesIvLL, — KXKObIA U3 HUX MosyYaeT Mo 2 en.
y0oBOMILCTBUA. I HakoHeL,, Beyep 6yJeT rnpoBeaeH COBCEM YK 6e3 Mosib3bl
(T.e. cynpyru nonyyat no Oepn, yaoBONbLCTBUS), ecsin My>X 0TnpaBUTCA
Ha BaneT B To Bpems Kak XXeHa 6yaeT Ha cTaanoHe cMoTpeTb dyT6o.

B uTore maTpuua BbIMIpbILLIELA OMMUCAHHOIA UMPbl BbIFISONT Crieayto-
LM 06pa3om:

XKeHa
BaneT ®yT60oN
Myx banet /(4,1) (0,0)
dyT60n \(2,2 (1,4),.

MOXHO MoKasaTb, YTO ec/M Cynpyru 6yayT NpuaepKMBaTbCA pas-
JINYHBIX HECOr/1laCOBaHHbIX CMeLUaHHbIX CTpaTerniA, MHOXXeCTBO BO3MOXK-
HbIX BbMIPbILLEA 06pa3yeT B cUCTEME KOOPAMHAT 3HAYEHMIA BbINIPbI-
weia cynpyros Jl|, /1, TpeyrosisHUK ABC ¢ BeplumHamn B Toukax (O, 0),
1, 4, (4, 1 (puc. 13.3). lnHna BC aBnseTca MHOXecTBOM [lapeTo-
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PucyHok 13.3. PelueHune KoonepaTUBHOM uUrpbl “CemMeliHbIbA cnop”.

ONTUMasIbHbIX PELLEHUIA; BAO/b STOM JIMHUKW POCT YA0BO/ILCTBUSA, MOsy-
yaemoro >XeHoiA, BO3MOXXEH TOJIbKO 3a CHET CHUXXEHUSA YA0BO/ILCTBUSA
Myxa. Touka T ¢ KoopamHaTamu (2, 2) SIBNISETCA TOYKOMA Yrposbl B
3TOM Urpe, a “yrposa”, Hanpmmep, co CTOPOHbI YXeHbl MOXET 3By4YaTb
6yKBa/1bHO crieayowmm obpasom; “BmecTo Toro, 4Tobbl 6osiee 2/3 cBo-
ero cB0604HOro BpeMeHM NpoBoAUTL Ha 3ToM dyT60s1e, A 6yay XoanTb
Ha baneT (c My>emM um 6e3 Hero —He BaXH0) — HNYEro He nNoTepsto.”
AHa0rMYHO MOXET 3By4aTb “yrposa” Myxa.

B mTOore neperoBopHOEe MHOXECTBO, 06pasyemMoe TOUKOLA yrposbl [,
npeacTassieHo SiHveia OE Ha MapeTo-onTUMasilbHOM MHOXECTBE peLle-
H1iA 5C(puc. 13.3). HanuHum My> 1 >XeHa MOryT [0roBapmBaTh-
€A, KaK 4acTo oHU ByayT 6bIBaTb BMECTe Ha 04HOM U3 3pesinLL; HO Npu
3TOM, BO M3b6exxaHne B3auMHbIX Y03, HUM 04HOMY U3 pa3B/ieHeHNIA OHU
He J0/TKHbI YaensTb 60/1ee CBOMX CBOGOAHbLIX BEYEPOB.

PelweHne Hawa, Korga MakcMasibHO NnpousBeaeHme rnpupocToB yao-
BO/ILCTBUA My>ka 1 XKeHbl 1Mo cpaBHEHWIO C YO0BO/ILCTBMEM OT He3aBu-
cuMoro noceweHnsa ®yToona n baneTa, NpeAcTas/IeHO TOUKOIA YYHa puc:
13.3 -cynpyrv AoroBapmsatoTCcs Mos10BUHY CBOEro CBOGOAHOI0 BpemMe-
HU MpoBOAMTL BMecTe Ha BaneTe, BTopyto Mos1oBUHY — Ha ®yT60se.

13.7. NMpMmeHeHMe annapaTa Teopun Urp 419 aHamsa
Nnpo6s1eM MUKPO3IKOHOMUKN

BBefdeHHble MOHATUS MaTEMATUYECKOIA TeEopUn NG UMEKT npsimoe
NpuAoXKeHWe 419 aHasIM3a Npo6sieM MUKPO3IKOHOMWKK, B T.4. A/1s aHa-
N13a pbIHOYHOI0 PaBHOBECUS KaK KOOMepaTMBHOM (bl MHOIMX JIALL

MpeacTtaBMM cebe 3KOHOMUKY, B KOTOPOIA MMeeTcs ABa CyObekTa;
Nrpok 1u Mok 2, naea toeapa (61ara); X* v x,. (ECTeECTBEHHO, UMC/I0
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WIrPoOKOB WM TOBapOB MOXET ObITb 60/1bLUMM, HO B C/flydae 2X2 BCe BBe-
[eHHble MOHATUSA UMEIOT HarNs4HY MHTeprpeTauuio.)

Kaxablia U3 UhOKOB UMEET CBOK (DYHKLIWIO NOME3HOCTU, 3a[aHHYHO
Ha Habope ToBapoB: KMX\XY), /ICx™X,); nNpeanosiaraeTcs, YTo 3TN PYHK-
LN HernpepbIBHbI Y MOHOTOHHbI MO'KaXKA0A N3 NMepeMeHHbIX U BbINyK-
Jbl. B Havase nrpbl B3KOHOMUKE UMEeTCs 06LLiee KOIMYECTBO  MepBo-
ro Toeapa m X* — BTOporo rtosapa. [1peanosioxkUm, YTo 3TO HavaslbHoe
KONn4ecTBO 6/1ar Kak-To pacnpefesieHo Mexay nrpokamm: 1-i4 Nrpok
06M1apaeT KonmdecTBoM X', NepBoro ToBapa U - BTOporo, 2-iA Irpok
- KonnyectBamm X. n 1-ro 1 2-ro TOoBapoB COOTBETCTBEHHO, TaK YTO
XN+ X=XN N X,+X-,X;.

BcTatoT BOMpockI': MOFYT /I UTPOKU MyTeM 06MeHa MMeLWMMNCA Y
HUX TOBapamMu YJIyyllTb CBOE TOJIOKEHME, T.e. YBE/IMUNTbL 3HAYEeHne
(YHKUWIEA Mosie3HoCTU JT U M0 CPpaBHEHUIO C HaYa/IbHbIMU YPOBHSAMU
AJ(ALAM) v A(AMNAND); KaKoBbI CBOIACTBA TaKoro peLleHna?

AN HarnagHoro NpeacraBsieHVs 3KOHOMUKUY € ABYMSA UTPOKaMn n
OBYMSl ToBapaMu TpPaguLLMOHHO UCMOJIb3YeTCA TakK Ha3bIBaeMbIIA ALMK
3noxBopTa (puc. 13.4). B Awmke 3mKXBopTa O/IMHA FOPU3OHTA/IbHOLA
0CU1, COOTBETCTBYHOLLEA MepBOMY TOBapy, paBHa 06LLeMY KOSINYeCcTBY
3Toro ToBapa X’y A/IMHa BEPTUKa/IbHOA 0CU —006LLEMY KOJIMYECTBY TOBa-
pa X*. BblaesieHHoe NpoCcTPaHCTBO ABMAETCA MHOXECTBOM BCeX BO3MOX-
HbIX pacnpeaesnieHNiA NMEeLWMXCAa TOBapoB MexXAay ABYMS UIPOKamu.
HWKHWIA 5EBBIA Yo/l CHATAETCH HayasloM KoopAauHaT g 1-ro doka,
BEPXHUIA MpaBbliA Yroal — Ha4yas1IoM KoopauHat ana 2-ro Moka. Ha
BblJe/IeHHOM MPOCTPaHCTBE MpeAcTaBsieHbl Takke ABa MHOXeCTBa Kpu-
BbIX 6€3pa3iMumnsa (JIMHNIA YPOBHSA (hyHKLUMIA BbIUTpPbILLa), NpUHagIexa-
WMX KaKO0MY U3 UTpoKoB. MNpu 3TOM TOUKa HayaslIbHOro pacripegerie-
HMA TOBapoB MMeeT KoopamHaTbl {X/, X" BcucTeme otcdeTa 1-ro Mrpo-
Ka (U, COOTBETCTBEHHO, B CUCTeMe oTcHeTa 2-ro VIrpoka).

PucyHok 13.4. Awunk dppksBopTa (346ecCb M fanee Cr/oWHbLIMU JIMHUAMU
0603HavYeHbl KpuBble 6e3pa3inuma 1-ro irpoka, NyHKTUPHbIMU - KpuBble 6e3-
pasznuuma 2-ro Nrpoka)
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PaccmoTpum s Havana npobsieMy apheKTUBHOIO pacripegesieHns
TOBapoB MeXay Urpokamu. EAMHCTBEHHBbIM TpeboBaHMEM K pacrpegersie-
HUIO, KOTOPOE Mbl MOXEM MpefbsBUTb Ha HadyasIbHOM 3Tarie aHasim3a,
aBnseTcs TpeboBaHme MapeTo—-oNTUMasIbHOCTU. HanoMHWMM, 4To pacrnpe-
[eneHvie HasbIBaeTcA MNapeTo-oNTUMasIbHbIM, EC/IU MOSI0KEHWE HU 0L HO-
ro 43 nrpokoB Hesb3s YAy4linTb, He yxXyawas rpu 3TOM MOsIoKeHue
ero napTHepa.

MHoxecTBO MapeTo—-oNTUMasIbHbIX pacnpeaesieHNA MOXET ObITb Ha-
rNS4HO NpeacTaB/ieHo ¢ MOMOLLBIO AWMKa 3mkBopTa. B ciyyae 2-x
Urpokos lMapeTo-oNTUMasibHOE pelleHue MOXET 6bITb HalAAeHOo C Mo-
MOLLbIO (hMKCAL MM YPOBHS MOSIE3HOCTU O4HOI0 U3 UFPOKOB (CKaXeM,
Mdoka 2) n noncka Mmakcmmyma QyHKLUNUM NOME3HOCTY APYroro Urpoka.

B TepMuHax AmMKa 34)KBOpTa 3TO 03HaYaeT, YTO HE06X0AMMO HALATU
TaKylo TOUKY Ha (DMKCUPOBaHHOIA KpuBOIA 6e3pa3ninuus Mrpoka 2, B
KOTOpoiA Urpok 1 nosnyyaeT MakCMMyM CBOEIA (DYHKLIMW MOSIE3HOCTU
(puc.5). OueBMAHO, YTO TakOA TOYKOLA SIBASIETCA TO4YKa, FAe KpvBble
6e3pas3inuma KacaloTcs Apyr Apyra, Tak Kak B NpoOTUBHOM criyyae Ur-
poK 1MOXeT, NpoABuUrascb BAOSIb PUKCUPOBAHHOMA JIMHUN YPOBHSA UT-
poKa 2 BHyTpb, YBE/INUMTbL 3Ha4eHMe CBoeiA (YHKLMM MOSIe3HOCTU (pUcC.
13.5). 3TO CBOLACTBO MOXXHO A0Ka3aTb U MaTeMaTUYecKn: MaKCUMyM
(hyHKUMM nonesHocTn Virpoka 1npy pMKCUpoBaHHOM YPOBHE Moses-
HOCTU Mrpoka 2 [ocTuraeTcs B TOYKe, B KOTOpPOA AuddepeHumansl
3TUX QYHKUMIA paBHbI, T.e. B TOUKe, IZe KpMBble 6e3pa3ivums UMerT
06LLLYI0 KacaTeslbHYH0.

Onupascb Ha 3TOT (PaKT, MOXHO MoKas3aTb, YTO MHOXXeCTBO [MapeTo-
oNTMasibHbIX pacnpefesieHVIA B ALMKe 3KBopTa 6yaeT MHOXECTBOM
BCEX TOYEK, B KOTOPbIX KpuBble 6e3pasnuumsa Mrpoka 1 umn Urpoka 2
KacatoTca apyr gpyra (puc. 13.6). MHoXecTBO [apeTo-onTUMasibHbIX

Nrpok 2

PucyHok 13.5. MNMapeTo-onTuUMasibHOe pacnpefesieHVe B AWKnKe O4XBopTa
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Nrpok 2

PucyHok 13.6. MHoxecTB0 [MapeTo-onTuM;VIbHbIX pacripegesieHniA (KOH-
TPaKTHOE MHOXEeCTBO) A/ AlMKa S4KBopTa

pacrnpefiesIeHNIA B NPOCTPaHCTBE TOBApOB Ha3bIBAETCA KOHTPaKTHbLIM MHO-
YXECTBOM, MOCKO/IbKY UIPOKaM B 06LLEM C/lyHae MMEET CMbIC/T A0roBapu-
BaTbCA MeXAy C060i1 MMEHHO Ha 3TOM Habope a(hheKTUBHbIX pacnpeae-
JIEHVIA (Cp. C MHOXeCTBOM [MapeTo-onTUMCLLbHbIX CTpaTervia B Koonepa-
TUBHbIX Urpax).

PaccMoTpuM Ternepb CUTyaL Mo, KOra KakabliA UrpoK 06/1a8aeT He-
KOTOPbIM HaYdaslbHbIM KOJSINYECTBOM KaXkJ0ro 13 ToBapoB. BcTaeT BO-
Mnpoc: MOXET SN 3TO HaurwbHoe pacrnpegesieHne ObITb Yy4LLIEeHO MyTem
obmeHa ToBapaMu Mexay urpokammn? Viccnegyem sty npobsiemy ¢ no-
MOLLbIO AWmMKa dgkBopTa. MNycTb (AN, X,) —TouKa HavasibHOro pacripe-
[JerneHns ToBapoB; MNpoBedeM 4vepes 3Ty TOUKY KpvBble 6e3pasnuyuns osis
Mrpoka 1w Wrpoka 2 (puc. 13.7). ]

Mrpok 2

KonTpakTHoe
M3H0XKeCTBO

MNeperosopHoe ¢3,a/1bHOe
MHOXXeCcTBO «
pacnpege-

Mrpok 1

PucyHok 13.7. JInHNKM yrpo3sbl, NeperoBopHoe MHOXECTBO U pewleHne Hawa
ona AwunkKa d4xBsopTa
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Ecnn aTn nvc KpyBble He KacatoTcs apyr apyra (T.e. ec/iM HavyasibHoe
pacnpeferieHve He siBNseTcsa MapeTo-ouTUMasibHbIM), TO B CBOEM MNepe-
ceyeHUn 01M106pa3ytoT 06/1acTb, ABUIasiCb BHYTPb KOTOPOIA KaXabliA U3
VUIrPOKOB MOXET YBe/IMUMBaTb 3HaYeHMe 06emx PYHKLUUIA MOoSIe3HOCTU.
Mpn 3TOM, KaK JSIerko nokasaTb, YaCTb KOHTPAKTHON0 MHOXECTBa OKa-
3biBaeTca (YLLK/;//o6nactn, 06pa3oBaHHOIA NpoBeAEHHbLIMW KPMBbIMU 6e3-
pasnnums.

Kak Mbl ke ybeannmcb, UrpokaMm UMeeT CMbIC/T BECTU Neperosopbl
OTHOCUTESBHO PacTY;AeNEHNIA, HaX0OALLMXCA HA KOHTPAKTHOM MHOXECTBE,
a C y4eTOM Hayas/lbHOro pacrnpefiesieHns —0THOCUTESTIbHO yYacTKa KOH-
TPakKTHOro MIoXKecTBa, 3aKJ/TIOUYEHHOI0 MeXay ABYMS KpUBbIMU 6e3pas-
nnuvsa. 3TN KpuBble, PUKCUPYSA HaYdas/ibHblE YPOBHWU MOJSIE3HOCTU A/1A
KaX;l0ro 13 UrpokoB, aHasI0rM4yHbl TOUYKE Yrpo3bl B TEOPUU Koonepa-
TUBHbIX Urp (MO3TOMY Ha30BEM WX JINHUSMU YIPo3bl), a BblaesisieMbliA
VMM YYaCTOK Ha KOHTPaKTHOM MHOXECTBE — MeperoBOpHOMY MHOXECTBY
(B MMKPO3IKOHOMMKE OHO TakXke Ha3bIBaeTCHA MePeroBopHbIM MHOXECT-
BOM). [1/19 TOro 4Tobbl NepemMecTUTLCA Ha NeperoBopHoe MHOXEeCTBO, B
cnydae puc. 13.7 rpok | gosmkeH nepefaThb (MpodaTb) HEKOTOPOE KO-
JINYECTBO MMeloLLerocs y Hero Toeapa 1Mrpoky 2 BobmeH Ha orpefe-
NeTe KO/IMYEeCTBO ToBapa 2, nMmetoulerocs y Mrpoka 2.

JInHUKM yrposbl B JaHHOM C/lydae 03HauvaloT, YTOo 3a WX rpeaesiamu
(T.e. HWKE N NeBee UCXOOHO KpUBOIA 6e3pasninumsa gna Urpoka | m
BblIlLIE 1 MpaBee KpuBoiA 6e3pasninumnsa ana Mrpoka 2) kakomy-smbo ur3
MUIrpoKOB CTAHOBUTCA He3a4eM BEeCTWU MepPeroBopbl —emy sydlle (v, no
KpalAHel Mepe, He Xy)Xe) 0CTaBaTbCsA B CUTYaLMM HavyaslbHOro pacripeje-
NeHus. Touka Hawa, cooTBETCTBYHOLLAA MakKCUMYMY Mpon3BeaeHns npu-
paLleHNiIA MNoSIe3HOCTEIA MIPOKOB MO CPaBHEHUIO C Ha4yas/lbHOIA cuUTya-
LpelA, byoeT HaxoOUTbLCA BHYTPUM MEpPeroBopHOro MHOXECTBA.

B pesynbTaTe NpoBeAeHHOr0 aHasiM3a MOXKHO CAefiaTb BbIB0OA, YTO
WUIFPOKU MOryT Y/lyulLTb CBOE MepBOHaYasibHOe MosioXkeHne, 0bMeHMBa-
Acb ToBapamu, N Vrpoky 1 BbIFOAHO YCTYNUTb WIrpoky 2 HekoTopoe
KO/IM4YecTBO ToBapa 1 B 06MeH Ha ToBap 2.

PaccMOTpUM B 3aK/THOHEHME peLLIEHVe COPMYJTIMPOBaHHOIA B pasferie
3 3agaum o0 gyonosin. B 3T10l4 3agade, Kak 6b1/10 CKasaHo, gse (hupmbl
CTCLUKMBAKOTCA C NPo6/IEMOIA YA0BMETBOPEHNS CNPOCa Ha HEKOTOPbILA TO-
Bap. O6beM crpoca 3aBUCUT OT YPOBHS Ha3Ha4aeMbIX LIeH 1 ONnCbIBaeTCs
hyHKUmea d{p) (ei1 cOOTBETCTBYET HUCXOAALWAA JIMHUA Ha puc. 13.8).
O6beM Mpe/IOKEHVS TOBapa KaxxaoA 13 hrpM Takke 3aBUCUT OT YPOB-
HA UEH N B MUKPO3IKOHOMMKE OMNUCbIBaETCA (DYHKUUAMU MPessiokKeHNs
D), SYP\3T1 (hyHKUUN onpeaensioTcs YpoBHEM NpeAesibHbIX U3aep-
XXeK Kax/toia 13 pupm. MpeanonoXxum Asaa npocToTbl, YTo dupma 1u
dupma 2 MeOT oguHaKoBble hyHKUUKM nipegnoxkenuns s™p)=s.j(p) (pwc.
13.8).
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PucyHok 13.8. PeluieHve 3aga4v 0 oyoriosiv

Mouck pelleHnsa B 3agade o ayononuu (T.e. onpenesieHne ypoBHS
LEH 1 06bEMOB MNpeasIokKeHN KaxaoiA 13 pupm) 6asmpyeTca Ha Npu-
HUMNax, 06Wnx 19 pelleHns 3a4a4 Teopum Urp: Kaxaas mu3 CTOpPOH
pacriofiaraeT MHgopMaLueii o cebe 1 cBoeM napTHepe (B 4aHHOM crly4ae
- 0 DYHKUUAX NpeasioKeHNs KaXOo 13 nupm), 06 ycrioBUax nrpbl (8
[aHHOM crlydae —0 PYHKLMKM cripoca) Y OeVACTBYET, UCX0AA U3 Mpeanosi-
0XXEHUS, YTO ee MapTHep pacnosiaraeT TakoiA XXe MHGopMauveti v oeia
CTBYET paLIOHasTbHO (T.€. CTPEMUTCA MaKCMMU3MPOBaTb CBOIA [0X0A).

Ecnn ®umpma 1 Ha3HauuT LEeHY Ha npef/faraemMblia e ToBap />, a
®dunpma 2 NpUMeT 3Ty UeHy, To Dupma 1cmMoxkeT npogaTb 06bem ToBapa,
paBHbLIA

dyHKUMA 1,(p) Ha3bIBaeTCA 0CTATOUHOIA (lyHKLMEA cnpoca, C KOTOo-
pota ctasikmBaeTcd ®upma 1 (puc. 13.8). MOCKO/IbKY BenYMHa I, 0Nu-
CbIBAeT 06beM crpoca, NPUXOAALLMIACA TOSIbKO Ha NPOAYKLMIO DUPMbI
1, TO OHa MNOMYYUT MaKCUMyM A0X0A4a, MOSTHOCTbIO YA0BIETBOPUB 3TOT
cnpoc, T.e. Mpy yc/0BUU, YTO

s,(p) =),

B vtore ®mnpma 1, onmpasicb Ha UMeKLLYHOCS Yy Hee MHDopMaLLmto,
peLuaeT 334a4y rnovcka paBHOBECHOI0 YPOBHSA LEH P , MPUY KOTOPbIX

i,(p-) = d{p") -s.{p").
AHaIOrMYHY0 33434y MOMCcKa PaBHOBECHbIX LiEH peluaeT dupma 2

s{p) = d{p) -s.{p).
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YunTbiBas, 4T05|(/?)=52(/"), Mbl NOSyYM, YTO B CUTYyaLM paBHOBECUS

507?) = 507) =
a [40Xxo4, Kakao ns gmpm OyaeT paBeH

n{p) = A4>*) =p "

Taknm 06pa3oM, B 3agade 0 Ayornosinm UpMbl AO/HKHbI HALATY TakotA
YPOBEHb LIEH p’, MpPY KOTOPOM OHU CMOFYT MOJTHOCTLIO YA0B/ETBOPUTL
cnpoc Ha npoaykuuto cl{p"), pacnpegenne mexay Co060iA NpPon3BoACTBO
3TOA MpoAYKLUUM MOPOBHY W MOJSTyYMB MPU 3TOM OAMHAKOBbIA [0XO0A,.
YpoBeHb PaBHOBECHbLIX LIEH M 00bEM MpPeasIoKEHUST KKO0IA U3 (prpm
onpeaensAoT BAAHHOM 3adade CMTyaLmio paBHoBecus no Hawy (puc. 13.8).

B uTore, Kak Mbl BUAUM, MNpo6/1eMbl PbIHOYHOIO B3aUMOAELACTBUS
6/11M3KN K NpobsiemMam Teopmun Urp U MoryT 6bimb 3PPeKTUBHO onmucaHbl
M rccrieoBaHbl B ee TepMUHaXx.

13.8. o3VUVOHHbIE Upbl

PaccmMoTpmM B 3ak/IlOHeHME eLlle 0AMH NpUMep aHas1M3a PblHOY-
HOro noBeAEeHNs C MOMOLLbIO arnapaTa Teopum Urp, Korga 3agada no
CBOEIA CTPYKTYpPE HECKOJSIbKO OT/IMYAETCS OT 38a4, 06CY>KAaBLUMXCA paHBe.
MpeAnonoXxum criefyoLwyto cnTyauuio. Ha pbIHKe HEKOTOporo npo-
AyKTa JOMUHUPYET Mpou3BoauTes lb—MOoHOMoucT (Pupma 1), 1 MOHo-
rnosibHoe MosiIoKeHre NpUHOCUT emMy 12 mnpa.py6. Npubbn. Bbicokas
npubblIb BAAHHOM CEKTOpE MpYB/IEKaeT APYTrnX MPOU3BOAUTENENA, U, B
YacTHOCTU. dupMa 2 pellaeT BOMPOC: MOCTPOUTL SN €A CBOIA 3aBof, U
HayaTb Ha HEM MPOM3BOACTBO TaKoro >ke Toapa? O4HaKo ei4 N3BECTHO,
uTo ®Mpma 1 MOXeT MpearnpuHSATb HEKOTOpble AEIACTBUS B OTBET Ha
BTOpXeHVe. C 0aHOIA cTOpoHbI. ®rpMa 1 MOXeT CHU3UTL 06bEM CBOEIO
NMpov3BOACTBA, YCTYMNas YacTb pblHKa ®upme 2 1 Oens ¢ HelA noslyyae-
Myl MpUObLIIb — TaK, KaK 3TO MPOUCX0AWSI0 B MpuMepe MoBeAeHus
OMPM—-0MIoNoSINCTOB. B 3TOM crlyyae kaxaas v3 mpM MosyyumT Mo 6
MAIpA.py6. Npubbn. C Apyroti cTopoHbl. dvpMa 1 MOXET COXpaHUTb
06bEM CBOEI0 MpoM3BoACTBa. B 3TOM c/lyvae pocT COBOKYMHOIO npeasio-
XeHust ToBapa ®vpmMamMu 1 1 2 CHMU3UT LEHy Ha 3TOT TOBap, W, Kak
cnencTeue, Npnobbiis Pnpmbl lynaaeT 0o 5 mnpa.py6. OgHOBPEMEHHO
CHWXeHUe LieH npuBedeT K ToMy, 4To Pmnpma 2, caenasllas npeaBapu-
TesbHble 3aTpaThbl 4/19 BbIX0Aa Ha HOBbIA /19 Hee pbIHOK, MOHeceT Ync-
Thle YObITKW: OHa MOTepsieT Ha 3ToMm Aerne 2 mapa.py6. B criyuvae, ecnm
dnpma 2 BO3OEPKMBAETCA OT BCTYMJ/IEHUS Ha PbIHOK, OHa HWYero He
BbINIPbIBAaET N He MNpourpbiBaeT (ee mMpubbiib paBHa O MpA.py6.), a
®unpma 1npogos/nkaeT MoslydaTb MOHOMO/IbHYIO NPUbbLIbL B 12 MApA.pyo6.
Ecnu >xe ®upma 1 BAPYr pewunT B 3TOIA CUTyaUUU CHU3UTb 06bEM
CBOEro NpoM3BOACTBa, ee NpubbIIb YMageT a0 8 Mapa.pyo6.
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B npmHUuMne chopMmynmpoBaHHasi KOHe4YHasi HeaHTaroHUCTUYecKas
urpa AByx iU, MOXeT ObITb OMNmMcaHa criefytolein MaTpuLeii BbIUMpbl-
Lei1 (NepBbIMU YKasaHbl BbIMIpbIln ®rpmMbl 1B Mpa.py6.);

CtpaTerva ®upmbl 1
CoxpaHNTb 06beM CHU3UTb 06bEM

nponssoAacTBa npons3soAcTBa
(5,-2) (6.6)
(12,0) (8.0)

O4HaKo 3aMeTUM, YTO ONucaHHas mnrpa no CBOMM YC/1I0BUSIM OT/INYa-
eTcsa 0T Y)Ke pacCMOTPEHHbIX Urp. Ecnm paHee Mbl npearosianium, 4YTo
M(HOKM NPUHMMAIOT CBOU peLleHnst 04HOBPEMEHHO, He 3Has 0 peLUeHun
napTHepa (4To 6bI/10 BECbMa CYLLIECTBEHHO!), TO BAAHHOIA mnrpe dupma |
MPUHMMAET peLLEHME, YXKe 3HasA 0 peLleHnu, n3dpaHHoMm duvpmoia 2, B
OTBET OHa AelAcTBMA PMPMbI 2, 1N 3TO B KOPHE MEHSET CUTYaLVIO.

Vbl nogobHoOro TmMna, rae 3a4aeTces NocefoBaTeslIbHOCTb NPUHATUS
PeLUEHNIA UTPOKaMK, Ha3bIBAOTCH MO3VLMOHHBIMW UFPaMK’, YMC/10 UTPO-
KOB UM LLAroB B HUX MOXET paBHATbCA 2 (KaK B Halwem rfpumepe), 3 1
T.4. K MO3NLUMOHHBbIM MHOMOLWAroBbIM UrpamM ABYX /AL, TOe UIPOKU
MPUHVMAIOT peLleHns], 3HasA 0 BCeX MpeapblayLlUmxX pelleHnsax napTHepa,
MOXHO OTHECTW, HaNpUMEp, LaxMaTbl U LIALLIKN.

B cuny oTMeUeHHbIX 0C06eHHOCTEIA CTPYKTYPbl MO3ULIMOHHOIA UIPbl
ee 6o/1ee HarnsiAHO NPeACTaB/ISET He MATpMLA BbIUIPbILLEIA, a [epeBo
peLLeHniA (Unn, B 06LWEM Crlydae, rpad) peLleHniA), NpUBoAsLLEE NTPOKOB
M3 UCXOAHOIA NO3MLMN B KOHEYHble. Tak, onmncaHHyto urpy BeTynneHuve
Ha pbIHOK MOXHO MpeAcTaBUTb creayowmm gepesom (puc. 13.9), BeTBU
KOTOPOro COOTBETCTBYHOT peLleHUAM NapTHEePOB, a 'y KakA0IA U3 BUCS-
UMX BEPIMVH YyKa3aHbl BbIUIPbILN UFPOKOB (Kak W paHee, MepBbIMU
yKasaHbl BbIMrpbnnu ®vpMbl 1, B MpA.pyo.).

PeweHue PeweHue BbLrpbLLl
dnpmbl 2 dnpmbl 1

CoxpaHw b/l 5, -2

BcTtynutp/ h CHM3nTBL~1, (6,6)

Coxpanwb”l (12.0)
BosgepxaTbcan

CHU3NTbL~11 (8.0)

PrcyHok 13.9. OepeBo pewemunii ansi Urpbl BeTynsieHne Ha pbIHOK
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BepwuHbl gepeBa Urpbl Ha3bIBalOTCA MO3MLMAMA', NMO3ULUU, HEMOo-
CPeACTBEHHO crieflytoLme 3a HEKOTOPOIA MO3ULMEIA, Ha3bIBAKOTCHA a&/lb-
TepHaTmBamMmul', NMo3VLUN, He UMEKOLLME afIbTEPHATVB, Ha3bIBalOTCA OKOH-
yaTeslbHbIMU, a BeAyLlme B HUX MyTW - NapTusamm (Tak, onncaHHasa nga
VIMEET YeTblpe NapTum). YacTb AepeBa peLleHWIA, onvcbIBaloWwas nugy us
HEKOTOpOiA NO3ULMN MNOCSIE HECKO/TIbKMX HayaslbHbIX LLIAroB NapTHePOB,
Ha3bM3aeTca MoAplpaia, 1 ee peLleHne MOXeT MpeacTaB/iATb caMOCTOos-
TesNbHyH0 3a4a4y. (XopowmmMm NpyumMepoM MoabIrp SABISAIOTCA LWaxXMaTHbIe
aTioAbl TMNa “3a CKO/IbKO LaroB M3 AaHHOMA Mo3vumn 6enble cMoryT
rnocTaBUTb MaT YepPHOMY KOpOJit0?”)

OnucaHHasa vrpa BcTynieHve Ha pbIHOK UMeeT ABe Napbl cTpaTeruii
(oBe napTun), yA0BNETBOPSIOLIMX YC/1I0BUIO paBHOBECUS MO Hally: napT-
usa, Korga drpma 2 pelaeT BO34EPKaTbCA 0T BCTYINJ/IEHNA Ha PbIHOK, &
®dunpma 1coxpaHseT 06bem CBOEro NPoU3BOACTBa, M MNapTus, Koraa dupma
2 penJaeT BCTYNUTb Ha PbIHOK, a drpma 1, B CBOIO oyepedb, CHUXAET
06beM Mpon3BoACTBa. JIerko ybeanTbCs, UTO B KXKAOLA U3 3TUX ABYX
napTuniA OTCTYINJ/1IeHME KaXK0ro U3 NIPOKOB OT CBOEIA CTpaTerum npuBo-
ONT K YMEHbLUEHUIO ero BbIUrpbiLla.

Bo3HMKaeT BOMpoC: peasin3aumnsa Kakoia 13 aTUX ABYX PaBHOBECHbIX
napTuiA Hanbosliee BepPOSITHA? B HEMO3MLIMOHHOIA UIrpe, B KOTOPOLA No—
K/ MPUHUMAIOT peLleHne 04HOBPEMEHHO U He3aBUCUMO ApYT OT Apyra,
peanmsaums 06enx napTunia bbia 6bl paBHOBEPOSTHA, T.€. Y Uccrenosa-
Tens HET HUKaKUX NPUYNH OKMOATb, YTO OANH U3 NCX0A0B OyAeT BCTpe-
4YaTbCA Yalle Npy MHOMOKPaTHOIA peasin3aunmn 3TOA Urpbl.

OHaKo B MO3ULMOHHOIA Urpe He06X0AMMO YUnTbIBaTb, 4TO Prpma
| NpUHMMaET peLleHue, yKe 3Has 0 pelleHUn, NPUHATOM PMPMOoIA 2.
Mpn aToM MeHemKepbl PUpMbI 2, KOTOpas A0/MHKHA caenaTb MepBblta
Lar, rnpy Bblbope CBOEIA CTpaTerum MoryT paccy>aaTb C/ieQyHoLwmm 06-
pa3om: “ECnu Mbl He BCTYNMM Ha PbIHOK CO CBOEIA MNpoAyKuueia, To B
N060M cryyvae Mbl HUYero rne norepsemM. C Apyroii CTOPOHbI, €C/N Mbl
perwmM BHEAPUTLCA Ha PbIHOK, HE WUCKJIH0YEHO, YTo drpma 1coxpaHuT
061>em CBOEro npomM3BOACTBa, U A/19 HAc 3TO o6epHeTCcA NoTepsMn B 2
MApA.py6.!” 3aTem, criefys NPUHUUNY MakKCcUMM3auum cBoero MmHU-
MasibHOro BbiUrpbiwa. ®npma 2 AoskHa 6bu1a 6bl U36paTh CTpaTermo
“Bo3gepkaTbCs 0T BCTYNJ/IEHNS Ha PpbrHOK” —ee Npubblsib B 3TOM Crly4ae
MakcuMasibHa (O mnpAa.py6. 6onbLue, yem —2 MIpa.pyo.).

3TN, Kasasiocb Obl, JIOTUYHbIE PACCY>XXAEHUA HE YUUThLIBAOT OAHOIA 13
rNaBHbIX MPeAroCcbI/IOK TEOPUN NP — MPenosioXKeHNs 0 pauoHa/IbHOM
noBeeHNN UrpoKoB, CTPEMALLMXCA K MaKCUMM3aLMM CBOUX BbIUIPbI-
LweiA. B paHHOM crlyyae aro 3acTaBnseT MeHepkepoB PnpMbl 2 380aTh
cebe Bonpoc: “A HaCKO/1bKO BeposiTHa peasimsaunsa dvpmoia | ctpaTernm
“CoXpaHNTb 06bLEM MPOM3BOACTBA”, €C/IN Mbl BTOPrHEMCH Ha PbIHOK?
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Beap B3TOM criydae ®rpma 1 nosryumT MeHbLUYHO Nprbbuib (5 MapAa.pyo.),
YeM B C/lyYae, ec/im OHa CHU3NT 06beM CBOEro Npou3BOACTBa U MoAeInT-
CA 4YacTblO pbIHKa C HaMW, MOSTy4MB NpU 3TOM 6 MAPA.py6.” B mntore,
yunTbIBasA, UTo Pnpma 16yaeT BeCTU cebs paumoHaslbHO, ee 0TBETOM Ha
BCTYrM/1eHVe PMpMbl 2 Ha PbIHOK A0/KHO CTaTb CHUXKEHME 06bema CBO-
ero rnpon3BoACTBa, a He peasin3aums yPpo3bl COXpPaHUTb MPEXHNIA 06beM
npon3BoACTBa M NoAaBUTbL PUpMy 2.

B pmaHHOM criydae B Teopyu U@ pedb UAET O NpaBaonofobHoOCTU
yrpos. B obcykaaemoti nde ygosa ®rMpMbl 1coXpaHUTb 06 bEM MPOU3-
BOACTBa B OTBET Ha BTOPXKeHVE PUPMbI 2 Ha PbIHOK SiaTAeTCa HernpaBao-
MoZI0GHOA. MOCKOJ/IbKY ee peasinsauus rnpuBoguUT K MEHbLUEMY BbINbI-
LYy 10 CPaBHEHUIO C APYrM.MU UCXOZaMW. YUnUTbIBas 3TOT (hakT, MOXHO
YTBEPKAATb, YTO Hanbosiee BEpPOSITHOM OyAeT peasinsaums napTum, Koraa
dupma 2 BCTyrMnaeT Ha pbIHOK, a Ppma 1B OTBET Ha 3TO BTOPXKEHME
CHMWKaeT 06 beM CBOEro MpPomM3BOACTBA: 3Ta NapTUsA paBHoOBecHa No Hawy
W, KpOMe TOro, yunTbIBaeT CTeneHb npasaonogobHocTU Yho3bl PUpMbl
1 COXpaHUTb 06bEM CBOEro NMpomM3BoACTBa U MoAaBUTb TakMm 06pa3om
Pupmy 2,

PaccmoTpum npumep vrpbl BeTyrsieHre Ha pbIHOK C HECKOJTIbKO M3-
MEHEHHbIMU UCXO0AHBbIMW AaHHbIMW. [lepeBo peLLEHNIA STOA UMpbl U Bbl-
urpbilwn pupm B Mpa.py6. npeacTasneHbl Ha puc. 13.10.

AHanns ngbl, NpeacTaBsieHHOA Ha puc. 13.10, NoKasbIBaeT, YTO yr-
po3a ®mpmbl 1coxpaHUTb 06bEM CBOEr0 MPOU3BOACTBA ABSISETCA BMOJI-
He MpaBgoNogo6HOM: Npubbiib Ppmbl 1 B3TOM criyyae (4 mnpa.pyo)
He MeHbLle, YeM B C/ly4vae, €c/IM OHa CHU3UT 06beM CBOEro npoms-
BOACTBa M YCTYNUT 4YacTb pbiHKa dupme 2 (3 mnpa.py6.). M BoobLe,
cTpaterns ®mpmbl 1"CoxpaHUTb 06bEM MPOM3BOACTBA" ABASETCA O0-

PucyHok 13.10. MNpumep aepesa pewwenm!! ansg vrpbl BcTynneHne Ha pbiHOK
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MUHMpytowe!!, T.e., creays sToba cTpateruv. dupma 1 nonydaeT 60/1b-
Wyl npubbisb, YemM B Crlyyae peasiv3aun Opyroia CBOEIA cTpaTerum
“CHM3NTb 06bEM NPON3BOACTBA”, —HE3aBUCKMO OT peLleHNiA PnpmMbl 2.
YunTbiBas 3TOT hakT. PrUpmMa 2, BO U3bexaHme SIMWHNX NoTepb, A0JIK-
Ha n36paTb cTpaTermio “Bo3gepkaTbCs 0T BCTYMN/1IEHMS Ha PbIHOK". Kak
crieAcTBMe, BAAHHOM Crlyvae Hanbosiee BEPOSITHOIA SBMSIETCS peasin3auyst
pPaBHOBECHOM MapTun, Korga dvpma 2 Bo3AepKMBAETCS 0T BCTYI/1EHUS
Ha pbIHOK, a Pupma lcoxpaHseT 06beM CBOEro Npon3BoACTBa, NPoOAosI-
»KasA Mnosb30BaTbCA MOHOMO/IbHBLIM MOSI0XKEHNEM.

PaccMOTpeHHbIMA NpUMep OMNUCbIBAeT C/ly4vaiA Tak Ha3blBaeMoIA ycC-
TOLAYBOIA MOHOMOJSIUN, KOrga hMpmMa—MOHOMOSIUCT B COCTOSSHUU 3(-
(heKTUBHO pea.un3oBaTh Yrpo3y rnogaaneHus CBoMX NoTeHUMaabHbIX NapT-
HepoB. 3TO MOXKET 06 BACHATLCA eCTECTBEHHbLIMU YC/10BUA Ml NPon3BOL-
CTBa, ero TEXHO/I0MrMYECKMMMN 0COBEHHOCTAMM, (haKTopamMu, Mo3BosIsto-
WM (hrpMe—MOHOMO/INCTY FMOKO pearMpoBaTh Ha OIACTBMS MPOTUB-
HUKOB (60/1bLLIOIA 3amac MOLLHOCTEIA, peKsama, BJIOKEHUsSI B Mepcrek-
TVBHbIE UCCNea0BaHUSA N T.M.). [103TOMY BMosIHE eCTeCTBEHHbIM BbIM/18-
OVIT >KenaHne rocyAapCTBEHHbIX OpraHoB KOHTPOJINPOBaTh, & Mo BO3-
MOXHOCTU U OrpaHNYNBaTb AeATeSIbHOCTb MOA0OHbIX (UPM —YCTOAUN-
BbIX MOHOMOJINCTOB.

B UTOre, Kak Mbl BUOMM, MNpo6sieMbl PbIHOYHOIM0 B3auMOAEIACTBUSA
6/1M3KM K npobsieMam Teopuun Urp U MoryT 6bImb 3PPEKTUBHO onucaHbl
M 1ccregoBaHbl B ee TepMUHaXx.
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E VI

9.

Bonpocbl K rnase 13

Uem oT/myatoTcs nNpobsieMbl Teopnu uUrp oT npobsiem Teopum onNTm-
Mu3aumn?

Kakune BcTpeyaloTcs TUMbI Urp?

Kak onpegenseTca MaTpuyHas aHTaroHUCTMYecKas urpa asyx jmu?
Kak HaxoguTca BepXHSs N HWXKHASA LeHa Urpbl 419 BrosiHe onpe-
[EeNEeHHOIA MaTPUYHOA aHTarOHUCTUYECKOIA Urpbl ABYX SINLL?

Bcerga /i MaTpuyHble UIpbl MMEIOT PeLLEHME B YACTbIX CTpaTerusax?
KakoBbl NpUHLMINbI PeLLUEHUsS He BrosIHe ornpeaesieHHbIX MaTPUYHbIX
vrp?

CdopmynnpyiiTe Teopemy 0 MUHUMAKCE.

Kakvie ecTb MeTOAbl YMNPOLLEHUS U pPeLleHNA MaTpPUYHbIX aHTaro-
HUCTUYECKNX UrP?

B uem oT/iMumMe uUrp ¢ HeHys1eBOiA CYMMOIA OT aHTarOHUCTUYECKMX
urp? Yem oT/IM4aloTCA KoonepaTuBHbIE UIPbl OT HEKOOMePaTUBHbIX?
[Jaiate onpepeneHvie MapeTo-oNTUMa/IbHON0 MHOXECTBa, Neperosop-
HOro MHOXeCTBa U pelleHna Hala /18 KoonepaTuBHbIX UMp.

10. KakoBa CBsi3b Mexay Npo6/iemMamm TeopuiA Urp N MUKPO3KOHOMUKIA?
11. B yemM 0COGEHHOCTb MO3ULIMOHHBLIX Urp? Kak cTeneHb NpaBaono-

[06HOCTU Yrpo3 04HOro M3 NapTHepPOB B/IMSET Ha MCX04, MO3ULLMOH-
HOA urpbI?
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OQKOHOMUWYECKWE MOAE/TN U
CTATNCTUWYHECKNME METOAblI. OCHOBBbI
MATEMATUYECKOW CTATUCTUKWN

Lienbto aToiA 1 nocnenyrowmyx rraB SBAseTcs 03HaKOMJIEHWEe uMTaTe-
ns ¢ MeTogamun mccnegosaHus (MpoBepKu, 060CHOBaHUS, OLLEHUBaHUS)
KOJINYECTBEHHbIX 3aKOHOMEPHOCTEIA M KaueCTBEHHbIX YTBEPXKAEHMIA (Mn-
noTe3) B 3KOHOMMKE Ha OCHOBE aHa/IM3a CTaTUCTUYECKNX AaHHbIX. 3TN
MEeTOAbI AB/IAOTCA COCTABHOM YacTbl0 3KOHOMETPUKN —HAayKN, N3y4ato-
LA 3KOHOMUYECKME SABSIEHUS C KOIMYECTBEHHOA TOYKM 3peHUs. KO-
HOMeTpUKa yCTaHaB/IMBaeT 1 UCC/iedyeT KO/IMYECTBEHHbIE 3aKOHOMeEp-
HOCTU B 3KOHOMMKE Ha OCHOBE METO0B TEOPUN BEPOATHOCTU N MaTeMa-
TUYECKOIA CTAaTUCTUKW, aAanTUPOBaHHbIX K 06paboTKe 3KOHOMUYECKUX
[aHHbIX.

3aKOHOMEPHOCTU B 3KOHOMUKE BbIpaXatoTcs B BUAE CBA3eA U 3a-
BUCMMOCTEIA 3KOHOMUYECKUX MoKasaTesneid, MaTeMaTUyecKux Mogernein
nx noBedeHusi. Takne 3aBUCUMOCTM M MOAESIN MOFYT ObITb MOJSTyYEHDI
TONbLKO MyTeM 06paboTKU peasibHbIX CTATUCTUYECKUX AAaHHbIX, C YH4ETOM
BHYTPEHHUX MEeXaHW3MOB CBA3M U C/y4YaiiHbIX PaKTopoB. Moaesnb Mo-
XXeT ObITb NOsTyyYeHa 1 anpobmMpoBaHa Ha OCHOBE aHaslM3a CTaTUCTUYec-
KUX AaHHbIX, N U3MEHEHUs B NoBeAeHUN Noc/ieqHNX FOBOPAT 0 HE06XO0-
ONMOCTU YTOUYHEHUSA U pa3BUTUS Moaesiv. OCO6eHHO BaXKeH 3KOHOMET-
pUYECKUIA aHa/IN3 B MaKPO3KOHOMMKeE, FAe B3aMOCBSA3U BESINYNH 3a-
4acTyl HeouyeBUAHbI U U3MEHUMBbLI. HepeaKo BCTpeYvaeTca cUTyaLus,
Korga Mogesib nepectaeT “paboTaTb” B CBA3W C NOSB/IEHNEM WM aKTU-
BU3aLMEIA KaKOro-To (pakTopa, U Takue cUTyau iy 06ycrioB/INBalOT pas-
BUTVIE MAKPO3KOHOMMYECKOIA Teopun. [Mo3ToMy npef/iaraeMbIiA MaTepu-
an “npuBsa3aH” K MaKpOSKOHOMMYECKUM Mpobsiemam 1 mogensim. JKo-
HOMETPUYECKUNIA aHa/IM3 OaeT BO3MOXXHOCTb 060CHOBaTb U YTOYHUTDb
(hopMy 3aBMCUMOCTEIA B pacCMaTpUBaeMbIX MaKpO3IKOHOMUYECKMNX MO-
[ensx, nydule NoHATbL MeXaHM3Mbl B3aMMOCBA3M MaKPO3IKOHOMUYECKUX
rokazaresieiA.

OCHOBHbIM 3/1EMEHTOM 3KOHOMWYECKOr0 MUcC/iefoBaHUA ABMNSETCA
aHa/IM3 M NOCTPOEHME B3aUMOCBS3EIA SKOHOMUYECKNX MEPEMEHHBIX. M3y~
YeHWe TakKuX B3aMMOCBSA3EIA OC/TOKHEHO TeM, YTO OHW, 0COGEHHO - B
MaKpO3KOHOMMUKE, He ABASKTCH CTPOrMmMu, GyHKLUNOHa/IbHbIMU 3aBU-
cumocTamMmun. Bo-nepBbix, Bcerga odeHb TpyAHO BbIABUTL BCE OCHOBHbIE
(hakTOpbI, BAMSAIOWME HA JAHHYK MNepeMeHHYH. Bo-BTOpbIX, MHOrue
Takune BO3AEIACTBUA ABNSAIOTCH C/yYalAHbIMW, TO eCTb coaepXaT Crly4aia-
HYI0 COCTaB/IAOLLY0. B-TpeTbnX, 3KOHOMUCTbI, KakK MpaBwnio, pacrnosa-
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raiot opaHMYeHHbIM Hab0POM AaHHbIX CTATUCTUYECKUX Hab/IOAEHNIA,
KOTOpble K TOMY Xe cofepXaT pas/IM4yHOoro poga olwnbku. MaTtemaTtu-
yeckas cTaTucTumka (To ecTb Teopust 06paboTKM 1 aHa/IM3a JaHHbIX) U
ee MpPUMEHEHVE B 9KOHOMMKE — 3KOHOMETPUKA — MO3BOISIKOT CTPOUThb
9KOHOMMYECKME MOAENN U OLeHMBaTb MX NapamMeTpbl, NPOBEPSATb rUMo-
Te3bl 0 CBOMACTBAX SKOHOMMUYECKUX MOKasaTesield U hopMax UxX CBA3N,
UYTO B KOHEYHOM CYETE C/TY>KUT OCHOBOIA OJ19 9KOHOMMYECKOro aHa/m3a
M NPOrHO3UpOBaHUSA, co3daBasd BO3MOXHOCTb /19 MPUHATMSA 060CHO-
BaHHbIX 3KOHOMMNYECKNX PELLEHUIA.

Jo60e 3KoOHOMETpPUYECKOe mccriefoBaHNE BCera nNpearonaraet 06b-
eaVHeHVe Teopnmn (3KOHOMUYECKOIA MoaeNn) U NPakKTUKKU (CTaTucTuyec-
KNX AaHHbIX). Mbl UCMOSIb3YyeM TeopeTuyeckme Moaesiv 418 onucaHmns m
06BbACHEHUNS HAGIIOAAEMBIX MPOLLECCOB U COOMpPaeM CTaTUCTUYECKME AaH-
Hble C LIe/1bl0 SMMAVPUYECKOro NMOCTPOEHUS U 060CHOBaHUS MoAeSeiA.

14.1. BBeaeHWe C/TyHalAHOIO KOMIMOHEHTa B 3KOHOMUYeEC-
Kyl0 Moae/ib

O6bI4YHO MNpeanosiaraloT, UYTO BCe (haKTOpbl, HE YUYTEHHble SIBHO B
3KOHOMUWYECKOA MOAENN, 0Ka3bIBalOT Ha 06bEKT HEKOTOPOE pe3y/ibTu-
pytoLliee Bo3OELACTBYE, BE/IMHMHA KOTOPOro HEM3BECTHA 3apaHee U Mo-
YKET ObITb ONMcaHa Kak cily4yaiaHas PyHKUmMA. Ons ee onncaHus B Mo-
Aenb 0o6aBnsAoT (06bI4YHO aAANTVBHBLIM 06pa3oM) C/yHaiaHbIA NapamMmed
8, UHTErpUpyIoOLLIMIA B cebe BIIMSIHME BCEX HEYUTEHHbIX SBHO ()aKTOPOB.
Hanpumep, B Mogenu cripoca

(i=Np, O +E ! 0)

‘a mm - -— .om -

{4 - KonnyecTBO 6Mara, p —ueHa, / —goxon NoTpedbuTens) rnepemMmeH-

Hasd e YyunTbiBaeT B/MSHME BCEX MNpoumx (hakTopoB (LeH Ha apyruve

ToBapbl, UBMEHEHULA MOAbl, MOrodbl U T. A.), He YYTEHHbIX ABHO B 0yH-
KUMn cnpoca.

14.2. CtaTuCTUYECKME OaHHble U CTOXacTU4yecKass Mo-
[enb. OKOHOMeTpUuYecKas Moaesib

BBefgeHVe c/lyyalAHOr0 KOMMOHEHTA B 3KOHOMUYECKY0 MoAesb Mpu-
BOAVT K TOMY, YTO B3aMMOCBSI3b OCTa/IbHbIX €e NepeMeHHbIX MepecTaeT
6bITb CHOT 0 AETEPMUHNPOBAHHOIA M CTAHOBUTCS CTOXAaCTUUECKOIA, YTO U
HabMoaaeTes B peasibHOMA AeACTBUTEBHOCTU. 3TO 0TUacTU AesaeT Mo-
[OeNb [OCTYIMHOIA A1 SMMNUPUYECKOIA MPOBEPKN Ha OCHOBE CTaTUCTUYEC-
KNX OaHHbIX 0 KOHKPETHOM 3KOHOMMYECKOM o6bekTe. Ecnn npoBepka
rnokasasia aAeKBaTHOCTb MOAE/IN, TO MHOFAA YOAETCs OLEHNTb NapameT-
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pbl (hYHKLMOHMPOBaHWS1 KOHKPETHOI0 3KOHOMUYECKOr0 06beKTa 1 chop-
MYy/IMpoBaTh pPeKOMeHAaumMn A8 NPUHATUA MPaKTUYECKUX PELLEHNIA.
PaboTa ¢ 3KOHOMETPUYECKUMIN MOAeNAMU TpebyeT NUCMo/1b30BaHUSA NH-
CTPYMeHTapus OLeHMBaHUA N CTaTUCTUYECKOIA NpoBepku mMoaenn (“Ha-
yKa” MOAesINpoBaHNns), a Takke pelueHms npobsiem Bbibopa Tuna moae-
nn, Habopa 06BACHAKLINX NepeMeHHbIX U BUAA CBA3EIA MexXay HUMU
(“nckyccTBO” MOAE/INPOBaHNSA).

14.3. 3KOHOMUYECKNE OdaHHble: TMepeKpecTHble AaHHble
(cross-section data) v BpemMeHHble psAabl (time series)

CTaTuctnyeckme AaHHble B 3KOHOMETPUKE SABJISAIOTCH OCHOBOA A/1A
BbISIB/IEHNA 1 060CHOBaHUSA 3MMNUPUYECKNX 3aKOHOMEPHOCTEIA. be3 KoH-
KPETHbIX KO/IMYECTBEHHbIX AaHHbIX, XapaKTepn3yoLwmx gyHKLMOHNPO-
BaHMe mccenyemMoro SKOHOMMYECKOro 06beKTa, He Bcerga BO3MOXHO
onpeaesiTb NMPaKTUYECKYH0 3HAYMMOCTb MPUMEHSEMOIA 3KOHOMUYECKOIA
MOAEe NN, AaKe ecriN LeSIbto SIBMISETCA BbISB/IEHME MPENMYLLECTBEHHO Ka-
YeCTBEHHbIX 3aKOHOMEPHOCTEIA.

JKOHOMMYECKME daHHble 06bIYHO Ae/AT Ha ABa BUAA: MEPEKPECTHbIE
OaHHble (cross—section data) n BpeMeHHble psgbl (time series). Mepe-
KpecTHble AaHHble — 3TO AaHHbIe MO0 KaKoMy-/1M60 3KOHOMUYECKOMY
rnokKasaTesito, NoslyYeHHble 418 pa3HbIX OAHOTUMHbLIX 06BEKTOB ((hpM,
pervoHoB). Mpu 3TOM SIN6G0 BCe AaHHbIE OTHOCATCA K 04HOMY U TOMY XKe
MOMEHTY BpPeEMEHU, TGO NX BPEMEHU A MPUHAAIEXXHOCTb HECYLLECTBEH-
Ha. BpeMeHHble psabl —3TO AaHHble, XapaKTepUyrowme oANH 1 TOT Xe
06BEKT, HO B pa3/iInyHble MOMEHTbI BpeMeHW. K riepBomy Tuny, Harnpu-
Mep, 0THOCATCS AaHHble GHOMKETHLIX 06C/1eA0BaHUIA HacefieHUs Bornpe-
[eneHHbIIA MOMEHT BPeEMEHUN; KO BTOPOMY —AaHHbIe 0 AMHAMUKE YPOBHS
VHIAUMK 3a onpedesieHHbliA nepuog,. JaHHble BpeMeHHbIX PSA0B Xa-
paKTepu3ylTcs onpeaesieHHbIMM 3aBUCUMOCTAMW 1 3aKOHOMEPHOCTAMMU
VX roc/ienoBaTesIbHbIX 3HaYEHNIA, Hanpumep, MOryT ObITh CBSA3aHbI MeXay
coboi4 nocrefoBaTesibHbIE OTK/IOHEHNS OT 06LLUeiA TeHAEHLUNN pa3BUTUS;
B 3TUX CBA3AX 3KOHOMUYECKUX MoKasaTesiein MoryT npucyTcTBOBaTb 3a-
OePXKN (BpeMeHM e narn) n T. 4. 3To 06yc/ioB/iMBaeT HEOOX0ANMOCTb
cneuyasibHbIX METOAO0B MX 06paboTKM M aHasIM3a Mo CPaBHEHMIO C AaH-
HbIMU MepPeKPeCTHbIX BbIGOPOK.

14.4. Lenim v meTogbl cbopa CTaTUCTUYECKUX OaHHbLIX

Llesibio c60pa 3KOHOMUYECKUX AaHHbIX SBASETCS MosTyveHne UHGop-
MaLMOHHOIA 6a3bl 415 MPUHSATUA PeLLeHNIA. ECTECTBEHHO, YTO aHaIM3
[LAaHHbIX U MPUHATUE peLleHNIA NPoBOANTCSA Ha OCHOBE KaKOMA-/IM60 WH-
TYUTVBHOI (HESIBHOIA) WM KOJIMYECTBEHHOA (SIBHOIA) 3KOHOMUYECKOIA
Mogenn. MoaTomy cobmpatoT MMEHHO Te AaHHble, KOTopble HEO6X0AMMbI
[J15 COOTBETCTBYIOLLELA MOAE/N.
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CyLLecTBYIOT pa3/IMyHble METoAbl c60pa 3KOHOMUYECKUX OAHHbIX;
nyTem ornpoca, aHKeTUPOBaHMSA N MHTEPBbIONPOBaHUS, NOSTyYEeHUS 0 -
LMa/IbHOA CTaTUCTUYECKOIA O0TYETHOCTU U T.4. B 6oMblUMHCTBE cTpaH
CYLLIECTBYHOT CTaTUCTUYECKME OpraHbl, 3aHUMarLLmecs cbopom, obpa-
B60TKOIA, pacnpocTpaHEHNEM U MYO/IMKaLMEA BaXKHEMLLNX OaHHbIX. JTOM
[eATeNbHOCTHI0 3aHMMAKOTCS TakKe MHOrme cneumuasim3mpoBaHHbIe ro-
Cy[apCTBEHHbIE N YaCTHble areHTCTBa.

14 5. MoaroroBKa CTaTUCTUYECKUX OAaHHLIX U UCMOJ1b30-
BaHVe X B MOAe N

Mpy NoAroToBKe CTaTUCTUYECKNX AaHHbIX /19 paboThl C 3KOHOMUN -
UECKOLA MOZES b0 BO3HUKAKT ABe npobsieMbl. Bo-nepBbIx, MOFyT OTCYT-
CTBOBaTb HeobxoAMMble A/19 MoAenn faHHble. Bo-BTOpbIX (eC/M BCe AaH-
Hble eCTb), HY>XHO MpaBU/IbHO 0TO6paTh MX A/19 KOHKPETHOA Moaenu —
TaK, YToObl OHU BbUIX COr/1acoBaHbl U UMEN 06LLYI0 MEeToaUYECKYHO
6a3y oueHKW. Tpn OTCYTCTBUN HYXHbIX AaHHbIX OHWU HepeaKo MoryT
ObITb paccUMTaHbl M0 UMEeLLMMMKCA. Hanpumep, ecsiv OTCYTCTBYHOT AaH-
Hble 0 TeMne nHpAAuMK (1MP), HO MMeKTCA AaHHble 0 gedsaTope Ba-
N0BOro BHyTpeHHero npoaykTa (BEP), To nHhnauusa (no BBI) moxeT
6bITb paccunTaHa (B %);

DEF _ J
INFA gep u100 2)

(MHAEKC -1 03HaYaeT MpeALIECTBYIOLWMIA Fof).

Ecnn Bce Hy)XHble daHHble eCTb, TO AJ19 MOAE/IM HEeO6X0AUMO WX
npeobpa3oBaTb B HEKOTOPbLIIA B3aMMHO COrJ1acoBaHHbIIA Habop. Ecnuv aTo
JaHHble B AeHEXXHOM BbIpaXXeHUN, TO 3TO A0/DKHbI 6bITb BCOAY O4HU 1
Te e TeKylme, mbo PUKcmMpoBaHHble (04HOIO M TOFO Xe roga), ae-
HeXHble eANHULLI. PeasibHbIM 06beMHbIM MoKasaTensam (To ecTb B (hUK-
CMPOBaHHbIX LieHaxX) O0/KHbI COOTBETCTBOBAaTb peasibHble 0THOCUTE/1b-
Hble NoKasaTenun (Hanpumep, NMpoLEeHTHbIE CTaBKN HY>XHO CKOPPEKTUPO-
BaTb Ha TeMn MH(pASLMN). B COOTBETCTBUM C peLLAaEMOIA 3aa4ueii onpe-
0ensoT 1 0606LWatoLLMe NMoKasaTe v, BasloBOA HaUMOHa TbHBIA NPOAYKT
(BHM, nim GNP), Bas10BOA BHYTpeHHUIA npoaykT (BBI, nin GDP),
Ba/10Bble BHYTPEHHME WM HauVoHasbHble coepexxeHuns, aeqasTtop BHIM
wwm BBl nT. 4.). Hanpnmep, ecnu peysb UOET 0 BHYTPEHHEM MPOU3BOA-
CTBE N 0 B/IUSHUMN Ha HEro BHYTPEHHUX VHBECTULUIA, TO B KayecTBe
o6o6LaloLero nokasaTesns, Ha KOTOpbIiA BAMSAKOT 3TU MHBECTULLAN, [40-
JDKeH BbicTynaTtb BBI1, a He BHIT.
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14.6. Pa3ninyHble cnocobbl MpeacTaB/ieHNss 3KOHOMUYeC-

KX AaHHbIX: TabMupbl, AvarpamMmmbl, FpagdnKkm

CobpaHHble gaHHble MOFYT ObITb MpeAcTaB/1eHbI B pa3/INYHOIA hop-
Me: B BUAe Tabnuu, amarpamm, rpagmkoB. ChopmMyimMpoBaB B SBHOM
BUAE 3KOHOMMYECKYHO MOAE b, Harpumep, rnpearosiokme, YTO COBOKYTI-
Hoe noTpebeHne SIMHEIAHO pacTeT ¢ POCTOM COBOKYMHOI0 [0XoAa, Mbl
[0/KHbI cobpaTh AaHHbIe M0 TeM 9KOHOMMWYECKUM MNoKasaTesisim, KoTo-
pble BXOOAT B Ucc/leayeMyto MoAesib, TO eCTb AaHHbIe M0 COBOKYMHOMY
noTpeb/1EHNIO N COBOKYMHOMY A0X04y. 3TO MOXHO cAefiaTb, Hanpumep,
B351B rofoBble AaHHble 13 HaLMOHa/IbHbIX CHETOB KakoA-/IM60 CTpaHbl
33 HEKOTOPbIA NMPOMEXYTOK BpeMeHU. ITU AaHHble MOryT ObITb npej-
CTaB/1eHbl B BUAe Tabnuupbl: Tak, B Tabnuue npmBeaeHbl AaHHbIe o BB
(“poxoA4’™) n 06bemMy JSINUHbLIX NOTPEOBUTESTILCKUX pacxoaoB (“noTpebsie-
Hue”) B CLLUA, B Mnpa. [oM11apoB B LieHax 1987 r.

lon 1983 1984 1985 1986 1987 1988 1989 1990 1991 1992
[oxopn 3860 4114 4243 4362 4497 4674 4801 4840 4784 4907

n]?eTHp;:- 2533 2657 2772 2878 2961 3075 3141 3178 3161 3243

3TV JaHHble MOryT ObITb MpeAcTaB/ieHbl TAKXKe B BUAE TOYEK Ha
KOOpPAMHATHOA MJI0CKOCTU (guathaMMbl paccemBaHUs):
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MoaroToB/EeHHbIE AaHHbIE MOMYT ObITb MOACTaB/IEHbI B TeopeTuyec-
Ky MoZesb, NpeACcTaB/IEHHYIO aHA/IUTUYECKU (B BUAE HEKOTOPOLA MaTe-
MaTUYeCKOI Mogenun, Hanpumep ypaBHeHUs CONS = a + b GDP+e)
wn B rpauyeckoMm Bugae (Hanpumep, MNpSMOLA JIMHUU Ha MJI0CKOCTU
CONS GDP). 3gecb CONS - noTtpeb6neHne, GDP - BBIM (goxog). Mpn
3TOM BO3HMKaeT psf, npobsiem, BaXXHEMLUMMUN U3 KOTOPbIX ABAAKOTCA
rnpoBepKa Cors1acoBaHHOCTU TEOPETUYECKOIA MOLE/ I C AaHHbLIMU, OLLeHKa
napameTpoB MOAESIM M NPoBepPKa MpeanosiokeHUIA (rmnoTes), Siexallumx
B OCHOBE MOAESIN.

14.7. TpoBepKa 3KOHOMUYECKUX MOAESENA: OLeHVBaHVe
KO3(h(hMLIMEHTOB, MpoBepKa rumrores

MpoBepUTb 3KOHOMUYECKYIO MOAENb —3TO 3HAYMT, B MepByto ouve-
peab, onpeae/Tb, HaCKO/IbKO OHa CorslacyeTcsl C peaslbHbIMU AaHHLIMU
06 M3y4yaeMoM 06bEKTE. 19 9TOro rno SMNUPMYECKUM AaHHbIM BbIUNC-
NISI0TCA pas/inUHble CTaTUCTUUECKNE XapaKTepuUcTUKKX, Mo3Bosisiolme
OLIEHMTb KOJ/IMYECTBEHHO MapamMeTpbl MOAEM, MPoaHaIN3MPoOBaTb Hag-
€)KHOCTb 3TMX OLEHOK, MPoBEepUTb pas/inyHble FMMoTesbl, ieXxallne B
OCHOBE uccsieayemoiA Mofenn.

14.8. TocTpoeHMe TeopeTUYEeCKUX MOOESIEIA Ha OCHOBEe
3KOHOMMYECKMX OaHHbIX

Pacnosarasi 3KOHOMUYECKUMWU OaHHbIMW, MOXXHO He TO/IbKO OLie-
HUTb NapamMeTPbl B YXKe MMeoLEACca Mogeiv, HO U BbISBUTb IMMUPU-
YEeCKN HEU3BECTHbIE paHee 3aKOHOMEPHOCTU. A 3aTEM YXXe, Ha 0CHOBe
BbISIB/IEHHbIX 3aKOHOMEPHOCTEIA MOCTPOUTb COOTBETCTBYHOLLYHO TEOPETU-
YecKyl Modesb.

14.9. CtaTtucTUyeckme MeToadbl

33034ei/i 3KOHOMMYECKOr0 UCC/IeA0BaHWS SIBNSETCS YSCHEHWE NpUpo-
bl 9KOHOMUNYECKOT0 06EKTA, PAacCKpPbITUE MEXaHM3Ma B3aUMOCBSI3N MeXay
BaXKHEMLUMMM €ro nepemMeHHbIMU. Takoe rMoHMMaHMe Mo3BOSISIET pa3pa-
60TaTb W OCYLLECTBUTb HEOGX0AMMbIE Mepbl MO YNpaB/ieHUIO AaHHbIM
06BEKTOM, WM 3KOHOMUYECKYHO MOMUTUKY. [/ 3TOr0 HY)XKHbI afeK-
BaTHble 3aJa4e MeTobl, yunThIBaloLmMe NMpUpoay U cNeuugmrKy sKoHo-
MMYECKUX AaHHBIX, C/TYXKaLLMX OCHOBOIA /19 Ka4eCTBEHHbLIX U Kosinyec-
TBEHHbIX YTBEPKOEHNIA 06 M3yYaeMOM 3KOHOMWUYECKOM 06bekTe Win
ABSIEHUN.
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14.10. CroxacTmyeckas npmpoaa 3KOHOMMUYECKMX OaHHbIX

JTiobble 3KOHOMMYECKME AaHHble NMPeAcTaB/IAaT CO60IA KONTMYeCTBEH-
Hble XapaKTEPUCTUKN KaKNX—/INGO IKOHOMUYECKUX 06BEKTOB. OHU (hop-
MUPYIOTCS Mog, AeVACTBMEM MHOXECTBa PaKTOpPOB, He Bce U3 KOTOPbIX
[OCTYMHbI BHELUHeMY KOHTPOJs1t0. HEKOHTpPOo/IMpyeMble (haKTopbl MOryT
MPUHUMAaTb C/lyYaiHble 3HAUYEHUST U3 HEKOTOPOro MHOXEeCTBa 3HaueHWIA
1 TEM caMbIM 06YC/I0B/IMBATb C/TyHYalAHOCTb AaHHbIX, KOTOPbIE OHW onpe-
penstoT. CToxacTuyeckasi Nprpoaa SKOHOMUYECKNX AaHHbIX 06YC/10B-
NIMBaeT HEOBX0AUMOCTb MPUMEHEHUS CNeUMaIbHbIX aAeKBaTHLIX UM CTa-
TUCTUYECKMX METOAOB /151 X aHa/In3a 1 06paGoTKMU.

14.11. MoHATME CyHalAHOIA MEepeMEHHOLA

®PyHAAMEHTA/IbHBIMU NOHATUAMN CTaTUCTUYECKOI0 aHas/1M3a ABAKTCA
MOHATUNSA BEPOSTHOCTU U C/TyHal/IHOA BeTMHMHBLI (MepemMeHHoiA). Criyyain-
HOIA MepeMeHHO Mbl Ha3biBaeM MepeMeHHYH0, KoTopas nof Bo3aeii-
CTBMEM C/TyualAHbIX (PAKTOPOB MOXET C onpeaesieHHbIMU BEPOSTHOCTAMU
MNPUHUMAaTb Te WM MHbIe 3HAYEHNS U3 HEKOTOPOr0 MHOXeCTBa uncen.
3T0 nepeMeHHas, KOTopoia (aaxe npm UKCUPOBaHHbIX 06CTOATENBbCT-
Bax) Mbl He MOXeM MpunucaTb onpeaesieHHoe 3HavYeHne, HO MOXeM
npunmucaTb HECKOSIbKO 3HaYEeHUIA, KOTOpble OHa MNpUHMMAaET ¢ onpeae-
NEeHHbIMN BEPOATHOCTAMM. o4, BEpPOSATHOCTbIO HEKOTOPOro CobbITUSA
(Hampumep, cobbITUSA, COCTOALLEN0 BTOM, UTO C/lyvaliHasA nepemMeHHas
npuHaNa onpeaesieHHoe 3HayeHre) 06bIYHO MOHUMaeTCa 4018 Y1cna nc-
X0[0B, 6/1aronpuUATCTBYIOLLNX AAHHOMY COObITUIO, B 06LLLEM YKCSIe BO3-
MOXXHbIX paBHOBEPOATHbIX NCX0A0B. KaTeropus “paBHOBEPOSATHbIE MUC-
Xo4bI'™* He onpeaensaeTcd, %NpUHUMaeTCa UHTYUTUBHO. Hanpumep, npu
6pocaHUN MOHETbI BbIMageHve opsia N peLlKn cCHNTaeTCs paBHOBEPOAT-
HbIM (BEPOSATHOCTb KaXKA0ro paBHa Yr), a c/lyyaliHas Be/IMUMHa Yuncra
"op/10B" Mpy 04HOM 6pOCaHNN MOHETbI MOXET ObITb paBHa O wm 1c
BEPOATHOCTAMU M.

COBOKYMHOCTb 3Ha4eHUIA {X} crlyualAHOIA BENMMUMHBI X U BEPOSTHOC-
Tei1 {P"}, ¢ KOTOPbIMU OHa UX MNPUHUMAET, Ha3bIBAKOT 3aKOHOM pacnpee-
NEHVST CIyHalAHOA Be/IMMHBL PYHKUMA P{X), Kak 1 ntobas pyHKLMO0-
HaslbHas 3aBUCMMOCTb, MOXET ObITb NpeAcTassieHa B hopme Tabnvupl,
thopmMy bl Wwm rpadrka. Hanprumep, 3aKoH pacnpefesieHns Yncsia 04KoB
npu 6pocaHUn NrpasibHOr0 Kybmka MoXeT ObITb MpeacTassieH B BUOE
Tabnmubl:

A 1 2 3 4 5 6
P ‘A ‘A ‘A ‘A -\ ‘A



252 MaTemaTunyeckme MeToabl 4/ SKOHOMUCTOB

O4yeBUMAHO, YTO CyMMa BCEX 3TUX BEPOATHOCTEIA A0/1KHA PaBHATbLCSA
eauHMLE, MOCKO/bKY CUMTaeM, YTO C BEPOSATHOCTbIO "eAMHMLA" nepe-
MeHHas NPUHUMAET X0Tb Kakoe-HUbyAb 13 3TUX 3Ha4eHUIA. ObblvHas
(HecnyyvaiAHas, WM AeTepMUHUPOBaHHas!) rnepemMeHHas ABAsSieTca npes-
€/TbHbIM C/TyYaeM C/TyHalHO MepPEMEHHOIA, MpUHUMas eauHCTBEHHoe (Mpur
(prKcMpoBaHHbIX 06CTOATE ILCTBAX) 3HAUEHWE C BEPOSTHOCTLIO "eANHNLA".

PasnuuatloT AUCKPeTHbIe N HenpepblBHbIE CrlyYaliHble Be/INYUHBI.
Cny4aiiaHas BesIMuMHa ANCKPETHaA, ec/n pesysibTaTbl HabNaeHNIA npea-
CTaB/IAOT COBOLA KOHEUHbIIA WU CYETHBILA HAaBG0p BO3MOXKHbIX YMCES.
Cny4yaiHas Be/IMYVHA HeNpepbIBHA, €C/IVN ee 3HAYEHUS MOTYT JIeXaTb B
HEKOTOPOM KOHTUHYYMeE BO3MOXHbIX 3HaUeHWIA. (3TO npeAanosiaraeT, YyTo
VX Heslb3s NepecynTaTh, CTaBA B COOTBETCTBME UM HaTypasibHble uncna
1, 2,....) 3Ha4YeHUs HeNpepbIBHOIA C/TyHalAHOIA BETMUMHBI MOTYT /1IEXaTh
Ha 0Tpe3Ke, UHTepBase, J/iyye N T. L,

14.12. MOHATNA reHepasIbHOA COBOKYMHOCTU U BbIOGOPKU
(BbIGOPOYHOLA COBOKYMHOCTW)

B ocHOBe MaTemMaTU4eCKOIA CTaTUCTVIKU JIeXaT MOHATUSA reHepasibHOA
COBOKYMHOCTU 1 BbIGOPKN (BbIGOPOUHOIA COBOKYMHOCTN).

Mop, reHepa/1bHOLA COBOKYIMHOCTBLIO Mbl M0oApasyMeBaeM BCE BO3MOXK-
Hble Hab/loOeHNS UHTEPEeCyoWero Hac nokasaTesns, Bce UCXoAbl Cy-
YaAHOI0 UCMNbITaHUA WA BCHO COBOKYMHOCTb peasin3aunia CriyyalAHoN
Be/IMUMHBI X. MprmMep reHepasibHOIA COBOKYMHOCTU —AaHHbIE 0 A0X04aX
BCEX XUTESEIN KaKOM—-/IMB0 CTpaHbl, 0 pe3ysibTaTax ros10coBaHUs Hacesle-
HUS MO0 KakoMy-nu160 Bornpocy U T.4. OAHaKo B 60/IbLUMHCTBE C/lyYaeB
MbIl IMEEM [e/10 TO/IbKO C YacTb BO3MOXKHbIX Hab/IIOAEHMIA, B3SATbIX U3
reHepa/ibHOIA COBOKYMHOCTU, U Ha3bIiBaeM 3TO MHOXeCTBO (TouHee noa-
MHOXeCTB0) 3Ha4eHWIA BbIOGOPKOA. Takmm 06pa3om, Bblbopka - 3TO
MHOXECTBO Hab/MHOAEHMIA, COCTaB/IAIOLLMX NTNLLb HYacTb FeHepasibHOLA Co-
BOKYMHOCTW. Bbibopka 06bema n —3To pe3y/ibTaT HaboaeHus cryYaia-
HOLA Be/INUYMHbI B BEPOSSTHOCTHOM 3KCMEpPUMEHTE, KOTOPbIA MOBTOpsSeTCs
npas BOAHUX U TeX Xe YCs10BUAX (KOTOpble MOryT KOHTPO/IMPOBaTbCS),
a crieaoBaTesibHO, U MpY HEM3MEHHOM pacnpeesieHn C/ly4aliHoIA Be/n-
unHbI X. MpoLuece, KOTopbIA NPUBOAUT K MOSTYHEHWIO BbIGOPOUHbIX AaH-
HbIX, Ha3blBalOT BbIGOPOUHbLIM UCC/1Ie40BaHVEM.

MbI 06bIYHO FOBOPUM O FeHepasIbHOIA COBOKYTMHOCTU, KOrAa UCMosb-
3yem onpeaesieHHble TeopeTudeckme Moaesiv, HO Ha NpakTMKe B Hallem
pacropsKeHN UMEeKTCS /UL Bbl60POYHbIE AaHHbIE, 1 NMO3TOMY Mbl
MOXXEM CTPOUTb OLLEHKM TEOPeTUYECKMX XapaKTePUCTUK, OCHOBbIBAsCb
MWL Ha AaHHBIX BbIGOPOYHBbIX Hab/oaeHUEA. Mbl 06Cy VM COOTHOLLe-
HMe MeXay TeopeTUYECKUMMN XapaKTepucTuKamMmu m nx BblGOPOUHbIMUA
oLeHKamu nosgHee. MNMoAvepKHEM MNLLb, YTO Lie/1bi0 MaTEMAaTUYECKOIA
CTaTUCTUKM SIB/ISIETCA MOJTyHEHVE BbIBOAOB O MapameTpax, BUAE pacripe-
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[eneHnsa N apyrux cBoACTBax C/lydaliHbIX BE/IMUYMH (FreHepasibHOIA COBO-
KYMHOCTW) MO0 KOHEYHOA COBOKYMHOCTU Hab/iiogaeHMiA — BbIGOpKe.

Bbl60pKY Ha3bIBalOT pernpeseHTaTUBHO (NpeacTaBUTESIbHOLA), ecin
OHa A0CTaTOYHO MOJIHO NPeACTaB/ISET N3yvaeMble NPU3HAKK U NapameT-
pbl reHepasibHOIA COBOKYMHOCTU. [/ penpe3eHTaTUBHOCTU BbIGOPKUN
BaXKHO 06ecrneunTb C/lyyalAHOCTb 0T6opa, C TeM YTOObl BCE 0OGBEKTbI Fe-
HEepPasIbHOIA COBOKYMHOCTU MMESN paBHble BEPOSSTHOCTM MOMacThb B Bbl-
60pKy. 15 o6ecnevyeHUs1 penpe3eHTaTUBHOCTU BbIGOPKU MPUMEHSIIOT
cnenyrowme cnocobbl 0T6opa: NpocToia oT60p (MocsieaoBaTesIbHO 0OTOU-
paeTcs MepBbliA C/Ty4HalAHO MOMaBLUMIACS 06bEKT), TUNMYECKNIA 0T60p (06b-
€KTbl 0TOMpaloTCa MPOMNopPLLMOHa/IbHO NPeACTaBUTENBCTBY Pa3/INUHbIX
TUMOB 06BHEKTOB B MEHEpPa/IbHOA COBOKYMHOCTW), C/lyualAHbIA 0T60p —
Harpumep, ¢ NOMOLLbIO Tab/nLbI C/yYalAHbIX Ymicen 1 T.0.

14.13. O6paboTKa 3KOHOMUNYECKNX AaHHbIX

Lienblo cTaTUCTUYECKOr0 UcC/1eA0BaHUA ABMSETCA 06Hapy>XXeHue n
uccneaoBaHMe COOTHOLLEHUIA MeXay CTaTUCTUYECKMMU (3KOHOMUYECKU-
MW) OaHHBbIMU U UX NCMN0JIb30BaHWE O/1 NPOrHO3MPOBaHUA U MPUHATUA
NyULINX pelleHniA. Mog TeEPMUHOM “CTaTUCTUYECKUE JaHHbIE” Mbl By-
[eM nogpasymeBaTb Habop Hab/IHOAAEMbIX 3HAUEHNIA OAHOA WM HECKOS1b-
KNX MepeMeHHbIX, XapaKTepusyloLmyx nlydaemoe sBfieHNe Win paccMmaTt-
pVIBaEMbIi/l 3KOHOMUYECKN A 00EKT.

3KOHOMMYECKME AaHHble, 3anucaHHble B NMopsaKe UX perncrpauun,
06bIYHO TPYAH00603pMMbI U HeYA06HbI /19 AabHeALLIero aHasim3a. 3a-
[ayeii CTaTUCTUYECKOro OnucaHusa AaHHbIX SB/ISETCA MoslydeHme Takoro
UX NpeacTaBsieHUsl, KOTOpPOoe MO3BOSISET Harf94HO BbISBUTb X BEPOST-
HOCTHbIe XapaKTepuUcTUKN. [/ 3TOro NPUMEHSIOTCA pa3/inyHble Gop-
Mbl YNopsaA0uMBaHUA AaHHbIX — N0 BO3pacTaHWIo, Mo CoOBMaAaroLLmnm
3HaYeHMAM, No UHTepBa/1IaM U T.M.

14.14. OUCKpeTHble C/lyYaliHble Be/IMUYMHbI

Mpouenypy 06paboTKU ANCKPETHBIX BbIGOPOUHbIX AaHHbIX pacCMOT-
pyM Ha npumMepe o06bema Npoaak XoN104UTbHUKOB B cyrepMapKkeTe 3a 10
pabounx gHeiA. MNMycTb 06bEMbI NMPOAAXK YKa3aHbl B MEPBOIA CTPOUKE HU-
YKEMPUBEAEHHOLA Tab/Mupl.

JaHHble HabMoAeHVIA NpeacTaBnsaoT cO60IA BbIOOPKY, COCTOSLLYHO
u3 « = 10 HabnoaeHWIA. MNpocTelALIMM CNoco60M opraHM3aLmn AaHHbIX
B BblOOpKe ABMSETCS UX FPYNnUpoBKa Mo BO3pacTaHMIO —AaHHble Mpy
39TOM YMopAA0UYMBAOTCA MO BESIMYMHE, T.e. 3arnucbiBaloTca B BUAE NoC-
nepnoBaTesibHOCTU JK' JT1-,..., B KOTOpOIA <...< [Mocnepo-
BaTe/IbHOCTb YNopsA0YeHHbIX N0 Be/IMYMHE AaHHbIX NpyBeaeHa BO BTO-
POLA CTPOYKE TabsvLbl. Pa3HOCTb MEXAy MakKCUMaslbHbIM Y MUHUMa 1b-
HbIM 3/71eMeHTaM1 BbIGOPKU Ha3bIBaeTCs pa3MaxoM BbIOGOPKN.
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1,5,5,6,2,56,2,6,5 Mfrn =10 1
<ML _<pd 1,2,2,5,5,5,5,6,6.6 1 s=5
™ 1 2 5 6 E
a6CoMI0THbIE YacToThl 1 2 4 3 031N I
O0THOCUTE/IbHbIE YacTOThI 0.1 0.2 04 0,3 1
HaKOM/IEHHbIE YacTOTbl 0,1 0.3 0,7 1 -
DyHKUMA pacnpeneneHns PM) 0 0,1 0,3 0,7 -

Cnegyowpm aTarnom opraHu3aLmm Bbl6opKM SIBASETCA MoAcyeT Yac-
TOT, C KOTOPbIMW BCTPEYAOTCH pa3/INYHbIE 3/IEMEHTbI BbIGOPKM r,

Te K <N - 4KuC/I0 pa3/INYHbIX 4YunCes], coaepXXalmxcs B BblOGOpKe.
JaHHasa BblbopKa COAEPXUT 4 pas/iINyHbIX vncna: r, = 1, r, = 2, =5,
™M= 6.

MycTb uncno |- BCcTpeyaeTcs B BbIOOPKE «. pa3, Torga Yn1csio n. Hasbl-
BaeTCs 4acTOTOA WM abCO/MFOTHOIA YacTOTOM 3/1eMeHTa BbIGOpKM 3T
YacToTbl MpuBeAeHbl B YETBEPTOIA CTpoUKe Tabsmubl. O4eBMAHO, YTO
CyMMa abCosTIOTHbIX YacTOT paBHa YMC/ly Hab/IHOOEHMIAL

E«y = @

OT abCcoMNTHbIX YacToT yA06HEee MEPEIATU K OTHOCUTE IbHbIM, OMnpe-
AeNiieMbIM M0 0OTHOLLEHUIO K 06beMY BbIGOPKU «:

¢ n
OueBUAHO, YTO CyMMa OTHOCUTE/IbHbIX YacTOT paBHa eauHuLE, T.e.

E “s= 1-

MocnepoBaTenbHOCTL Map (M ca) Ha3bIBAKOT CTATUCTUYECKMM pacnpe-
[eneHeM Bbl6opKn. OBbIYHO CTaTUCTUYECKOE pacripeaesieHre 3anucbl-
BaeTCA B BUE Tab/MLbl, NepBasi CTPOKa KOTOPOIA COAEPXKUT pas/INyHble
3/1eMeHTbI BbIGOPKN @ BTOpasi — X OTHOCUTEJIbHbIE YacTOThl K.

Mpy Heor paHNYEHHOM pPocTe Ync/Ia Hab/IKOAEHNIA OTHOCUTESTbHBIE Yac-
TOTbI 3HAYEHUNIA  CTPEMSATCS K BEPOATHOCTAM HA. = Prob{JT=<y}, a cTaTuc-
TUYECKoe pacrnpeesieHne BbIGOPKM NePexXoanT B 3aKOH pacrpenesieHuns
[OVCKPETHOI C/Ty4YalAHO BE/TUUNHBI X.

MoslyyYeHMe CTaTUCTUYECKOT0 pacnpeaesieHns o6bema NpoaaK BaxKHO
0151 onpefienieHns Hanbosiee BEPOSITHLIX 06bEMOB MPoAaX W, criefoBa-
TesIbHO, COOTBETCTBYHOLLMX 3aracoB ToBapa.
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Hapsaay ¢ yactoTamMm noAcyHUTLIBAOTCA TaKXKe HAaKOMJ/1eHHbIe YacToThbl,

:
i = Mo

KOTOpbIl€ NMOKa3bIBakT, CKOJIbKO pa3 B BbI60pKe BCTpPEeYarTCA 3Ha4e-

HNA, MEéHbLUME WM paBHbIE ,Cl'aHHOI‘/JI BE€/INYMNHE, N HaKOlMJ1eHHbIE (KyMy-

]'IFlTI/IBHbIe) OTHOCUTEJIbHbIE 4YaCcTOTbl;

T
E “/=U,.

rnpmBedeHHble B NATOA CTPOUKe Tabnvupl.

BMecTo KyMy/IATUBHbIX YaCcTOT YacTo MOACYUTLIBAOT BbIGOPOYHYIO
(QYHKUUIO pacnpegesieHns *,(X), onpegensemMyto no sHa4eHMAM Hakon-
JIEHHBIX YacToT;

L) =ECTN = ©)
rge CYMMUPYIOTCSA 4acTOTbl TOJ/IbKO TeX 3/1eMEHTOB BbIGOpKU, AS1A
KOTOPbIX BbINO/IHAETCA HEPAaBEHCTBO < X. 3HA4YE€HUS BbIGOPOYHOIA (PYH-
KUWK pacnpegenieHnsa npuBedeHbl B Moc/ieqHEM CTpouke Tabnmubl. Ee
0T/IYMe 0T KYMYNSTUBHOIA YacTOTbl COCTOUT B TOM, YTO OHa MNoOKa3bliBa-
€T, Kakoe 0THOCUTEesIbHOE YNC/10 Pa3 B BbIGOPKE BCTPevatoTCsA 3Ha4eHUs,
MeHbLLMe JaHHOIA BeMMUMHBI (& He MeHbLUNE WX paBHble). Bbl6opoyHas
(DYHKUWA pacnpenesieHVs npeacraBsiseT C060MA KYCOUHO-TMOCTOAHHYHO
Hey6bIBaloLL, Y0 PYHKLUIO, 06paLlalowyocs B HY b MpU JT<X<> U Mnpu-
HYIMalLLLY0 3HadeHue "egmnHuua” npm x >

14.15. CpaBHeEHMEe 0THOCUTE/IbHbIX YacTOT B BbIOGOpPKe 1 B
reHepa/1bHOA COBOKYTMHOCTU. Penpe3eHTaTUBHOCTb BbIOOPKU

MpoBoAs Kakoli-rM6o BEPOATHOCTHBLIA 3KCMEpUMEHT, HanpuMep Mnoa-
6pacbiBasi MOHeTY J1/\pa3 U MoACUNTbIBas YUCSI0 ONpeaesieHHbIX NCX0A0B
3TOr0 3KCMepMMeHTa, CKaXeM, YUC/I0 BbiMaaeHuia opaia ¥/ Mbl Mo-
>KeM OMpesesiTb YacToTy MosIBIEHNS AaHHOTo uexoda (“opnTO Bcepun
MCMbITaHNIA KaK 0THOLLEHUS YMC/1a VCTIbITaHUIA, B KOTOPbIX BbiNas “open”,

K 06LLEMY YMCITy UCMbITaHNIA . B 06wem cniyyae Mbl MOXXeM AaTb

cnepytoLliee onpenesieHve.

OTHOCUTESTbHOIA YacTOTOM NosiB/eHUSA cobbITUSA Y(/17Y) Ha3blBaeTcsA OT-
HOLWEeHWe 4yucsa onbIToB B KOTOPbIX MPOM30LW /10 cobbiTHE K
MOSIHOMY YMC/Y UCMbITaHNIA

>na) = (4)
npOBO,ﬂ,ﬂ A0CTaToO4vYHO 00/1bLLIOE YKNC/0 onbITOB, Mbl MO>XXEeM 3aMeTUTb,
4TO BHayasie, Npm MasioM 4ucsie onbIiToB, YacToTa NoABJ/IEHNA KaKOoro-
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nn6o cobbITNA, Kasasiocb Obl, BeAET cebs C/lyyaidHbIM 06pa3oM, HO C
yBeSIMYEHNEM YMCa UCTIbITaHUIA ee 3HaUeHne CTabun3npyeTcs, cTpe-
MSICb K orpeaesieHHoOMY rpeesy, KOTopbliA 1 Ha3bIBaeTCA BEPOSSTHOCTbIO
3Toro cobbITUA. PopMasibHO, TaKoe, BO0OOLLE FOBOPS, HeCTporoe onpeae-
NeHne BepossTHOCTK /°(™4Y) cobbITMS  3anuncbIiBaeTCH Tak:

- N ®)

€C/N YKa3aHHbIA npeaen CyLlecTByeT.

Takoe onpefesieHe BEpPOSTHOCTM MMEET CMbIC/1 TO/TbKO MPU YCTOIA-
UMBOCTU YacToTbl. Tak, aHIIMIACKMIA CTaTUCTUK MnpcoH, noabpocms
MOHEeTY 12000 pas, Halles, YTo YacToTa MnosiB/IeHnNa “peLyKn’ cocTasuia
npu aToM Npubn3nTenbHo 0,5069, a g/is 24000 6pocaHMiA —0,5005, 4To
npuénmxkaeTcsa K Kraccuyeckomy pesysnbtaty 0,5.

PaccmoTpynm cneayowmia NpocToiA npumep —6pocaHe UrpasibHOro
Kybuka. B aTom cnydae BeposaTHocTu (P) BbInageHusa nto6oro yucna
04KOB (AD oT 1 40 6 0AVHAKOBbI U paBHbl '/6. TycTb reHepasibHOLA
COBOKYMHOCTW COOTBETCTBYET pacripeiesIeHVe B BEPXHEIA TabsvLg, a HEKO-
Topasi BbIGopKa 13 Hee NpeacTaB/ieHa SMNMPUYECKUM pacrpeesieHUsIMmN
- B HWXHEW:

1 2 3 4 5 6
p 76 ‘A ‘A -\ ‘A -\
X* 1 2 3 4 5 6

0,16 0,17 0,17 0,16 0,17 0,17

M3 Tabnu, BUOHO, YTO OTHOCUTESIbHbIE HYacTOThl B BbIGOPKE G/IN3KU
K OTHOCUTE/IbHbIM YacTOTaM—BEPOSATHOCTAM reHepaslbHOA COBOKYMHOC-
TW. Tpeb6oBaHWe 6/IM30CTU COOTBETCTBYHOLLMX HYAaCTOT COOTBETCTBYET MOo-
HATUIO PEnpe3eHTaTUBHOCTU BbIGOPKU.

AHaI0rM4yHoO MOXHO paccy>aaTb B pacCMOTPEHHOM BblLLIE MPUMEpE C
[OHEeBHbIMY 06BbEMaMM MPOAAK X0/M0ANTbHUKOB. Ecnv paccmaTpmBaTh 2=k
(aHeBHOE 4KMCN0 NPoAaXK) B KAYeCTBE 3HAYEHUIA C/TyHalAHOIA NepeMeHHOA
Z, TO Npy AOCTaTO4YHO 60/1bLLIOM YMC/Ie HAaG/IHOAEHNIA 0THOCUTE/IbHbIE
YacTOTbl MOSAB/IEHUS 3HAYeHUIA  ByayT CTPEMUTBLCA K BEPOSATHOCTU

Prob{7= r} = N (6)

a 0THOCUTEJ1bHbIE HaKOrMJs1eHHbIe YacTOTbl — K BEPOATHOCTU
m{r <

At<i=E RN (7)
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KOTopas SBNseTcs (hyHKUMEIA KOHKPETHOr0 3HaueHus I 1 Ha3bIBaeT-
¢ yHKUME pacnpefenieHNs OUCKPETHOMA C/Ty4ai/iHOIA BeSIMYMHBI Z

30ecb 1 ganee HAeEKe 2 (6onblias 6ykBa SIaTUHCKOro andaBmnTa)
MOSICHAET, KaKyH C/TyHalAHy0 BE/IMYMHY OMNUCBLIBAET COOTBETCTBYIOLLIASA
yHKUMA (Mbl ByaeM UCMOSIb30BaTb €ro BOCHOBHOM B onpeAesieHnsx n
[Jariee onyckaTb, ec/iM 3TO He BbI3bIBAaET HeAopasyMeHuiA), a 1 (Manas
OyKBa NIaTUHCKOro anaBmTa) — aprymeHT yHKUUN, NPUHUMAIOLNIA
3HAYEeHUsA M3 MHOXECTBA BCEBO3MOXHbIX peasnN3aLmia c/lyqaiAHoA Ben-
UnNHbI Z

14.16. HenpepbiBHbIE CTyyalAHble Be/NYMHbLL. ['pynnmpoB-
Ka BbIOGOPOYHbIX AaHHbIX MO WMHTEpBasilaM 3HadYeHUIA. [loc-
TpOeHne rucTorpaMmmbl

Mpun 60NbLUNX 06bEMAaX BbIGOPKU, codepkalleil 3HaUeHNS HEKOTO-
PO/l HEMpPEPLIBHOIA C/TyHalAHOA BE/INUYMHBI, €€ 3/1EMEHTbI FPYMNMPYOT Mo
VIHTepBa/1aM 3HaveHWIA. [I19 3TOro MHTepBasl BblOOPKY, COAepKalLuia
BCe ee 3Ha4YeHUs1, pa3brBaloT Ha K HeNEpeceKatoLLMXCA NHTepBas10B, 4/IMHa
KOTOpbIX 4/19 yA06CTBa pacHeTOB Yallle BCEr0 BbIGMPaeTCs 0ANHAKOBOIA U
paBHOIA pa3mMaxy BbIGOPKW, Oe/TeHHOMY Ha Xesflaemoe YNCI10 UHTePBasIoB:

"=l — Y = ®

Mocne Toro, Kak YaCTU4YHble MHTepPBa/1bl BblOpaHbl, TaK XXe, Kak U B
“ToyeyHOM” csiyyae, OMnpefensaT YacTOTbl — KOJSIMYECTBO 3/1EMEHTOB
BbIOOPKN /?, MoMaBLUNX By-i/A MHTEPBas1, MPUYEM 3/1IEMEHT, COBMaaro-
LLWIA C BEpXHELA MpaHULIEIA MHTEPBCLLA OTHOCAT K MNoc/ieaytoLemMy nHTep-
Ba/1y.

Hapsgy ¢ yacToTamu noAcYMTbLIBAOTCA OTHOCUTESIbHbIE YacTOThbl, Ha-
KOMJ1EHHbIE YaCTOTbl M HAKOMJIEHHbIE OTHOCUTESIbHbIE YacToThl. [Mosy-
YeHHble pe3ysibTaTbl Takoke 3anucbiBalOT B BUAE Tab/mubl, nepsas CTPo-
Ka KOTOPOIA COAEMKUT rpaHMLbI nocsieAoBaTe/IbHbIX MHTEPBA/10B, a BTO-
pas — COOTBETCTBYHOLLME MM 4acTOTbl (a6CONOTHbLIE, OTHOCUTESIbHbIE,
HaKOmM/JIeHHbIE N HaKOMJ/1eHHbIe 0THOCUTE/IbHbIE YacToThbl). Kak v ans
“TOYEUHOIA” BbIOOPKU, 4519 BbIGOPKU, CIPYMNMPOBaHHOIA MO0 UHTEepBa-
/1aM 1o 3Ha4YeHUAM HaKOM/IEHHbIX YacTOT, MOXET ObITb MOCTPOEHA Bbl-
6opoyHan yHKUMA pacnpegeneHns. Ana HarsagHoro npeacTaseHns
BbIOOPKM 4acTO UCMOSIb3YIOT ee rpafmyeckoe oTobpaeHUe — rucTor-
paMMy 4acToT M FMCTOrpamMMy OTHOCUTE IbHbIX YacToT. Jllo6as 13 aTux
rucTodamMm npeacTaBsiseT co60iA KyCOUHO—MOCTOSAHHYO (YHKLLMIO, Mpy—

HMMaIOLLYIO 3HAUYEHNsT ~ WM~ Hay—-M MHTEepBasie YropsiAoueHHoM Mo

BO3pacTaHuI0 BbIGOPKN. ITY (PYHKLMIO MPeacTaBnsaioT B BUAE CTYMNeH-
YaToi/ PUrypbl, COCTOALLEIA U3 MNPAMOYFO/IbHUKOB LUMPUHOIA XU BbICO—

9 3amkoB
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TolA .+ MOCTPOEHHbIX Ha COOTBETCTBYIOLX MHTepBasiax. Mno-

s

LWaab y-ro NpsiMoyrosibHMKa paBHa Ax I.E'X (W1 cop, a nowaab BeeiA

CTyNneH4aTol/ (mrypbl Nog, rpaddkomM rMcTorpaMmvbl paBHa 06beMY Bbl-
60pKU (419 rUCTOrpaMMbl YacToT) Win eamHuLe (41a rmcToamMmbl OT-
HOCUTESTbHbIX YacToT).

B KauecTBe nMpvMepa paccCMOTPUM FUCTOrpamMMy pacrnpefesieHus o
pOCTY /HOAEIA B KaKOA-/IM60 BbIOOPKE, HanpuMep CTYAEeHTOB 04HOIM0 13
VHCTUTYTOB:

PocT h 155-16 160-16 165-17 170-17 175-18 180-18 185-19

Mr/n 0,07 0,15 0,20 0,25 0,18 0,10 0,05

BbicoTa KaxkAoro cTosfibrkKa B U306paXKeEHHOIA Ha pUCYHKe FUcTorpam-
Me MponopLMOHasibHa KOIMYECTBY JI0ALIA, POCT KOTOpbIX MNonajaeT B
COOTBETCTBYHLMIA MHTepBan. JonyctuMm, uto y 250 n3 1000 BbIGpaH-
HbIX 419 06cneoBaHUs CTYAEHTOB POCT HaxoamMTces B npedeniax oT 170
0o 175 cm (170 </? < 175 ). Torga Ha ructorpamMmme BbicoTa CTOSIOMKa.

OTHOCUTENIbHAasA
yacToTa

155 160 165 170 175 180 185 190

S,,=0,07+0,15+0,20+0,25+0,18+0,10+0,05-1
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/1170 < N1 < 175)

COOTBETCTBYHOLLEN0 3TOMY UHTEpBasly, paBHa
nAH Iir

= 0,05, a nnowaab Nof 3TUM CTONIGMKOM - = 0,25.
AHa/10rM4yHO B PacCMOTPEHHOM BbilLE MPUMEPE, EC/IN pacCMaTpUBaTb

POCT CTYAEHTOB B KauecTBe 3HAUYEHUIA C/TyYalAHOIA NepeMEHHOI A, TO
Mpv A0CTaTOYHO 60/1bLLIOM YUC/Ie HAGMKOAEHUEA OTHOCUTESTbHbIE YaCTOTbl
nosiBSIEHNST 3HAaUYeHNIA /I B HTepBasie H <H < JIH[/1 GyayT cTpeMuUThbCs
K BEPOSITHOCTW MOMNaZaHus 3Ha4YeHVIA pocTa B BbllLeyKa3aHHbILA UHTep-
Bas1 Prob{/1 <A < JI+[/T}, a 0THOCMTESIbHbIE HAKOMJIEHHbIE YacTOoThbl K
BeposiTHocTU Prob{A< JT}, KoTopas ABnseTCcA PyHKUNEIA KOHKPETHOIO
3Ha4veHUs J1n HasblBaeTcs (yHKLMEIA pacnpenenieHns HerpepbIB-
HOA CJTyualAHOM BESTMYMHBI .

Ecnn pnnHy nHtepeana JA yCcTpeMUTb K HYJ 110, TO BEPOSTHOCTb MO-
najaHvsl B KKObILA KOHKPETHBIM MHTEPBaJT Takke byAeT CTPEMUTBLCA K
Hy/o. O4HaKO0 0THOLLEHME STOIA BEPOSITHOCTU K A/IMHE UHTEepBasl1a CTpe-
MUTCS MPU 3TOM K MOCTOSHHOIA BEeJIUVHE, Ha3bIBaeMOUA MJIOTHOCTLIO
BEPOSTHOCTUW. MNOTHOCTL BEPOSSTHOCTM MOXXHO MHTEPNpeTUpoBaTh Kak
BEPOSITHOCTb MoMnaZaHus peaiv3aumn c/lyHalAHoiA BeMvmHbl 1 B 6eckKo-
HEYHO MasbIA MHTEPBaSI, COAEPKALLUIA TOUKY Jl, B pacyeTe Ha eauHULY
ero 4/WHblI:

any = ©
Ao an

Mpadhmk pyHKLMn OJ1) 6yaeT rnagkum (408 riagkux P), B oTinune
0T (pahr Ka OTHOCUTESIbHOIA YacTOThbI MonadaHns B eANHNYHBIA NHTEPBaUI.

Bosiee cTporo, ecsiv criyvaiAHas BesIMYMHa SBSISETCA HEMNPepbIBHOMA,
T.e. MPUHMMAET J100ble 3HAYEHUS U3 HEKOTOPOro MHTepBas1a, TO /19 Hee
y>Ke He b3S onpeaesinTb BeposaTHOCTb TOr0, YTO OHa MPUHMMaeT HeKo-
TOpoe KOHKpPeTHoe 3HayeHue (TOYeYHYH BEeposTHOCThb). MocKoNbKy B
N060M KOHEYHOM WHTEpBasie CoAepXUTCs 6eCKOHeYHO0e YMC/0 3HaYve-
HWIA, TO BEPOATHOCTb BbIMageHUs 04HOI0 U3 HUX BCerga paBHa HyJIio.
OfaHaKo (hyHKLMS pacnpenesnieHns cryyatiHoiA Be/indmHbIl Ppc), onpeae-
nsemMasi Kak BepoSiTHOCTb TOr0, YTO C/lyYaliHas BeSinduHa npuHUMaeT
3Ha4YeHne MeHbLLUe JaHHOI0 YnUca X.

/m/x) = Prob{A'<x}, (20)

COXpaHSeT CMbIC/T U 419 HEMPEPbLIBHOIA ClyuaiAHoiA BeNNYnHbIL. B AaH-
HOM CJly4Yae 3TO HEKOTopasi HenpepblBHas HeybbIBaloLWasa PyHKLUMS OeiA
CTBUTE/IBHOIO apryMeHTa X.

9»
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1417, OCHOBHbIE XapaKTEPUCTUKMN C/TyHalAHbIX BesIMYMH
(“cTatncTnkn™)

[ns no6oiA cryyaiAHoiA BeNMUMHBLI BXKHYIO posib, MOMUMO (hYHKLAN
pacnpefiesieHunsl, UrpatoT YMC/I0Bble XapaKTepPUCTUKN ee pacnpedesieHus,
BaXKHEALLMMY 13 KOTOPbIX SIBASIIOTCS cpeaHee 3HadeHre (MaTemaTumyec-
Koe OXXuAaHue c/lyqaliHoiA Be/iurHbl) 1 gucnepcns. CpedHee 3HauYeHve
AB/ISIETCS XapaKTEPUCTUKOIA MOMOXKEHWS YaCTOTHOIO pacrpegesieHus, a
[VCrepcust — MepoiA LUMPUHBLI WK pa3dpoca pacrnpegeneHns. Bo MHormx
MPaKTUYECKMX CIy4Yasix MHGOopMaLMs 0 C/TyHaiAHbIX MepeMeHHbIX, Co-
Aep>Kalllasicsl B YaCTOTHOM pacnpefesieHnun siBnsieTcs M3bbIToYHOIA. Ha-
npumep, 4715 NPUHATUS pelleHnst 0 NOKYNKe aKUMiA BaXKHO, B NepBYHo
oyepeib, 3HaTb CPeAHUIA A0X04, Ha HUX U PUCK MHBECTUPOBAHUS B HUX
[eHer, xapakTepusyeMbli CTerneHbio pasbpoca cpegHero aoxoaa (guc-
repcueii), UTo SKBMBASIEHTHO 3HAHWUIO MOJIOXKEHMWS U LUMPUHBI YacToT-
HOro pacrnpeaesieHUs1 BO3MOXKHbIX 40X040B Ha aKLMW.

14.17.1. CpepgHee 3HadeHVie. MaTemMaTUYeCKoe OXXuaaHue

MycTb nmeeTcH, Hanpumep, BbIGopka 06 bEMOB NPOAAXK X0SI0AUSTbHU-
KoB 3a 10 gHeii: {x'} = {1,5,5,6,2,5,6,2,6,5}. CpefiHEE 3HAUYEHME 06bEMA
npoAaXx 3a oAWVH AeHb /19 3TOA BbIGOPKN Mbl MOSTyUUM, €C/IN CIT0XKUM
BCe BbIOOPOYHbIE AaHHbIE U pa3fesiM CyMMY Ha UX YUCII0:

14 1+5+5+6+245+6+2+61+5 . -
= e 10———————

Ecnn Mbl nocMmoTpyM Ha cymMmmy B I'IpaBOI\/’I 4acTun paBeHCTBa, TO 3aMe-
TUM, YTO MHOIME Ymnc/ia B HeA nosTopATCcA. py 3TOM YKMCM0 NOBTOpe-
HVIA, AesleHHoe Ha 06L|.|,ee YNC/10 JaHHbIX B BbI60pKe, AB/1AETCA HN YeM
MHbIM, KaK 4aCTOTOIA MOsIB/IEHUS COOTBETCTBYHOLNX 3Ha4YeHVIA B Bbl60p-
Ke. CnepoBaTesibHO, cpeAHee 3Ha4YeHMe MOXXHO onpeaesiTb U Tak:

| = = 101 + 20,2 + 50,4 +'60,3 = 4,3, (11)

rJe CyMMMpOBaHWE BEAETCS MO BCEM Pa3/INUHbIM 3HAYEHVSIM C/TyqaiA-
HOA BeNIMYUHBI X, BCTpevaroLLmmMces B Bblbopke (B AaHHOM nipymepe {x*
= {1,2,5,6}), a B po/&in BECOB BbICTYNaOT YaCTOTbl 3TUX 3Ha4eHnIA (Npu-
YeM CyMMa BEeCOB paBHa eAMHULIE).

B nipegene AocTaTouHO 6O/LLUIONO YMc/1a Hab/IIAEHUEA YYUacToThbl
3HadyeHUiA X, nepexodsT B COOTBETCTBYHOLUME BEPOATHOCTU =
Prob{"=x"}, n anckpeTHasa cny4yaiiHas Be/siM4nHa X MOXeT ObITb Npea-
CTaB/ieHa B BUAE Tab/mLbl 3Ha4YeHNA {X}, KOTOpble MOXET NPUHUMATb
CnyyvaiAiHas BesIMYMHa, U COOTBETCTBYIOLIMX UM BeposTHOCTelA =
Prob{A'=x,}:
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X X
n

MaTeMaTmnyeckoe oxugaHme wm cpegHee (N0 reHepasibHOA COBO-
KYMHOCTW) 3HAYEHME TaKOI C/TyHalAHOI BESIMUYMHBI ONpeaensieTcs Kak
B3BeLUeHHas CyMMa BCEX BO3MOXKHbIX peas3aLmiA Crly4alaHoiA BeInun-
Hbl X, B p0J/11 BECOB B KOTOPOIA BbICTYMal0T BEPOATHOCTU 3TUX peasin3a-
LMIA, NMpMyeM CyMMa BecoB paBHa eauHULIE:

M= X F, +X'P, +.. +X 9 =E P/l. (12)

3TO0 —4mnCcoBast XapaKTeEPUCTUKA (a He YHKLMSA, Ha YTO YKasblBaloT
KBapaTHble CKOGKN) C/TyualAHOMA BE/IMUMHBLI X, YTO 03HAYaeT, YTo OHa
COOTBETCTBYET BCElA Be/IUMHe X, a He pas3/INUHbIM KOHKPETHBLIM ee 3Have-
HUsM. [pyrve 0603HaYeHUs cpegHero 3HadeHnst: MNQ\= <X> =T/ =p.

MaTemMaTnUecKoe OXXMAaHNe HEMPEPbIBHOIA Crly4YalAHOA Be/INUMHDBI
onpenenseTcs c/ieayowmM 06pa3om:

M= xdFx) =  xf{X)dx (13)

CBOIACTBa MaTeMaTMYECKOr0 OXKUAaHUS:
MO\ = c;

MNAHBN = MNQA\+ B\

MNaX\ = aVINX\

MNaXb\ = aMPX\ + b,

— A8 NobbIx uncen (KOHCTaHT) a, bu c

3T CBOIACTBA BbITEKAKOT U3 OMpeaesieHNss MaTeEMaTUYECKOro OXXnaa-
HUA. Ecnn Xn Y- c/lydaiAHble Be/IMYMHDBI, TO MOXXHO OMpeae/ITb HoBble

c/lyyaiaHble BennuvHbl (JT+ >0, (X-Y), (XV), -y, paccuMTaB BEpPOATHOCTU
APUHATUA UMM KOHKPETHbIX 3HaYeHWiA (X+op), {x-Y), (Xy) n

Lns nobbixX cryyYaiAHbIX BENIMUUH X1 Y

MNEYN = VN + MW 14)
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MaTemaTunueckoe oxunaaHme (OxnaaemMoe, WM cpegHee, 3Ha4eHue)
4YacTO paccuUNTbIBaeTCs MpPU CPaBHEHUUW 3aTpaT M BbIrog, ASVACTBUS CO
C/yYalAHbIM UCXOZI0M, HarpyMep 0XnaaemMoro Bblvdblilla BsioTepee Wi
0XXMAaeMoro Aoxoda Ha akuuu Win Aapyrme puckoBble LieHHble BGymari.

Bb160pKa MOXET paccMaTpMBaTbCA KaK AUCKpeTHas C/lyyaiaHas Be/v-
UMHa, NpUHUMaKOLLLAA 3HaYeHUs ¢ BeposiTHocTsiMU '/ (ecriv
HEKOTOpPble 3HaYeHWA X COBMaJatoT, TO /151 pacyeTa BbIGOPOYHOI 0 cpeiHero
MU OpYrux XapaKTepUCTUK OHM MOFyT YC/IOBHO paccMaTpuBaTbCA Kak
pasHble, YTO He MeHSIET pe3ysibTaTa), TO ecTb p='/nNansa Bcex 1<K<f.
O603Hayvas BbI6OPOUHOE cpeHee Kak /4, nMmeem

(15

HWKHMIA nHAeKce N nokasblBaeT 06beM BbIOGOPKU, A/1 KOTOPOIA Bbl
UNCSIAOTCA BbIGOPOUHbIE XapaKTEPUCTUKMN.

[nA pa3HbIX KOHKPEeTHbIX BbIGOPOK, COOTBETCTBYHOLLMX OAHOIA 1 ToA
)K€ TeHepasibHOIA COBOKYMHOCTU, Bbl6OpPOUHbIe cpeaHUe byayT, BoobLle
roBopsi, pa3/INYHbI.

14.17.2. Oycnepcns

Korga mMbl MeeM [ieso o C/TyHalAHOA BE/TMUVHOIA, TO, KaK MpaBuJio,
He[0CTaTo4YHO OMnpeaesITh TOSTbKO ee cpefiHee 3HaYeHne, HO 1 criedyeT
BBECTU Mepy ee pa3bpoca BOKpPYT CpeHEro 3Ha4eHUs, XapaKTepuayo-
LLYH BapnaTMBHOCTb 3HAYEHWIA C/TyualAHOA Be/IMYMHBIL. Tak, Hanpumep,
0151 BbIGOPKY 06bEMOB MPOoAaXK X0J/I0AU/IbHUKOB BaXXHO 3HaTb He TO/1b-
KO CpefHUIA 06bem MpoAaX, HO M TO, B KaKMX Mpeaesniax OH MOXeT
M3MEHSITbCS 0TO AHS KO OHI0.

OnHoIA 13 Mep BapuaTUBHOCTU SIBISIETCA AMCNepcUsi, onpeaensiemMas
KaK CpeOHUIA KBaapaT OTKJIOHEHUS C/TyHalAHOIA Be/IMUYMHbI OT CpeaHEro
3HayeHus. 1 ee onpeaesieHnst Mbl HAXOAVIM 0TKJ/1I0HEHMS1 06 EMOB Mpo-
[K B KKOBIA 13 HelA 0T cpegHero 3Ha4yeHus, Bo3BOAUM UX B KBaapaT
1 ycpeaHsieM (Ck1aapbliBasi U e Ha YNC/I0 HabIloAEHUIA, YMEHbLLEHHOe
Ha eaVHNLLY):

.3,57.

Vcnonb3ys onpeaesieHne YacToT MosiB/IEHUST Pa3fIMUHbIX 3HaUeHNIA B
BbIGOPKE, Mbl, TaK >X& KaK W B C/flydyae CpeAHero 3Ha4yeHus, MOXem
nepenucaTb opMy 1y O/19 pacdeTa AUCNepPCUn B BUOE

B npegerne 4ocTaTOYHO 60/1bLLOIO YKMC/1a HAbTFOAEHUIA N YacTOTbl
3HauyeHNIA X" MnepexognaT B COOTBETCTBYOLWME BEPOSATHOCTU =
Prob{A'=x"}, 1 gns aHasnm3a 0TK/IOHEHWUIA C/Ty4YalAiHOI Be/INYMHBI OT cped-—
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Hero 3HauyeHusi MosiIe3Ho BBECTU B PaCCMOTPEHUE HOBYIO CTyYaiAHyto
BENMMUMHY 2 = (X - L)-, 3HaYeHUs] KOTOPOIA MpeacTaB/sAOT KBaapaThl
OTKJ/IOHEHUIA C/lyqaiAHOIA BeNTMUNHBI A'0T cpeAHero 3HaueHus AN
PacnpegenieHre 3ToiA C/TyYaiAHOA BeSTMUNHBLI TaKke MOXHO MpeacTaBUTb

B BUAE Tab/mupl;

V-

MaTemaTunyeckoe oXxngaHve Takoi Cﬂy‘—lal7lHOI7l BEJTMYNHDbI

M\ = zP, +z,P, + .. +27P, = (16)
= A = M[{x-M[x\y-\.

XapakKTepusyeT cpefiHee 0TK/I0HEHMe (TouHee, CpeHNIA KBaapaT oT-
KJTIOHEHMNSA) MUCXOAHOA C/yYalAHOA Be/InuMHbI X 0T cpegHero 3HavyeHums
LLX\ = L1 Ha3bIBaeTCA AUCTIEPCUEIA CITyualAHOIA BE/TMUMHBI X, 0603HaYa-
emoi1 JA) wm 0=

WMTak, o6Liee onpeaenieHe OANCMEPCUN KaK /18 ANCKPETHOM, TaK U
U151 HENpPepbIBHOIA C/Ty4alAHOIA Be/TMUMHBI UMEET BUL,

DNA= M\{X- MLLY] a7)

CBOIACTBa AMCMEPCUM:

ar] = o;
O[X+b] = AN\
ONaxX\ = atO\X]:

ONaX+b\ = a-OPX\
- AN MobbIX uncen (KOHCTaHT) a, bu c.

37U CBOMACTBa MOIYT 6bITb A0Ka3aHbl M3 onpeaesieHns AUcnepcum m
CBOMACTB MaTeMaTUYECKOI0 OXKUAAHUS,

14.17.3. CBs3b OAMCnepcUn ¢ MaTeMaTUHECKVUM OXXUOAHVEM

[N NpakTUYecKoro pacyeTa ANUCMEPCUN C/TyHalAHBbIX BE/IMUMH HYacTo
6bIBaeT YA06HO MCM0/1b30BaTb CrIeAyoLLYyH0 opMyy;

DN\ = MNXN\ - IMNXNY. (18)
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3Ta hopMy/ia Sierko BbIBOAUTCS U3 onpeaesieHns 1 CBOACTB guchep-
cun. PacKkpbliBasi KBafpaT pasHocTu B (18) M Mosb3ysck CBOMACTBaMU
MaTEMaTUYECKOro 0XKUAaHUSA, UMEEM:

S = MV{X- MIX\Y\ = M{X'- - 2M\X\X+ (1/[Y)-1 =
2 MU - IMUGMD + (M) = MW - (MR-

CTaHOapTHOE OTKJ/IOHEHVE UTyHalAHOA Be/IM4MHbI & — Mepa pasbpoca
C/Ty4alAAHOA BESIMUMHBI BOKPYT CPpeHEero 3Ha4eHusi, MMeroLLast pasmep-
HOCTb AaHHOIA C/TyHalAHOIA BeMUMHbLIL. Ecnn criyydaiiHas BeimumnHa .y 13-
MepsieTc B $, TO Be/IMUMHA 0 U3MepsieT ee pa3bpoc BOKPYr cpefiHero
Takke B $. CTaHOApTHOE OTK/IOHEHWE — 3TO CpefHee KBaapaTuyeckoe
pasbpoca C/ly4atAHOIA BeIMYMHBLI, WM KBaapaTHbIA KOpeHb U3 ee AUC-
nepcun:

(19)

KoathdmumneHT Bapmauym criyHail/HoiA Be/HHBbI V- Mepa 0THOCUTE N b-
HOro pa3sbpoca c/lyualAHOM BeNMUYVHBLI (6e3pa3mMepHas Be/IMUNHA).

= (20)
Imn] -
KoathpuuymeHT BapraLmm NoKasbIBaeT, Kakyto 0110 cpegHero 3Ha-
YeHUs C/TyHalAHOIA Be/IMUMHBI COCTAB/ISET ee CpeaHNIA pa3bpoc.
[Aucnepcus v gpyrmne mepbl pa3bpoca 4acTo NPUMEHSOTCA MNpy aHa-
n3e puckKa pas/iMyHbIX aKTUBOB B MnopTgesie 1 nopTdesnis akTBOB B
LesioMm B (OMHAHCOBOM aHasin3e, a Takke Mpu aHasimse pucka Apyrmx
[LEVACTBUIA CO C/TyYalAHbIM UICXOZ0M.
Mpumep pacyeTa YMCNOBbIX XapaKTEPUCTUK AUCKPETHOIA CTy4ailiHoIA
BE/IMUMHBI: CrlyYalAHas BesIuYMHa X — KO/IMYecTBO "'pellek”, BbIMaBLUNX

0 1
npy 6pocaHUN MOHETbI, pacripeaesieHa no 3aKoHy R Ana Hee LXK\

= 0Y2+1Yr=Y2, OpX\ = MIX-\-MXY = (0™M2-\Y2)-(Y2¥-= N\ a =
=Y P\ = Y2iy2=l

14.18. O6LIMe CBOIACTBA C/TyHalAHbIX BE/INYMH

Hes3aBMCMMO OT KOHKPETHOI0 pacripefesieHns CrydalAHoA BeSTMUMHBI
VIMeloT MECTO 06LLMe CBOMACTBA BEPOSTHOCTHLIX pacripedesnieHniA. K HUM
OTHOCATCS pa3/IMYHONo poAa HepaBeHCTBa, onpeaesisiolpe rpaHuLbl Be-
POSITHOCTW MOMaZaHns CrTyHYalAHOA Be/TMUNHBI B 33jaHHbLIMA HTepBasl, a
Takke YyTBEPXKAEHWS, Kacalolmecs CBOMACTB A0CTATOUYHO 60/1bLUON0 YmMc-
na cryYyaiHbIX BeJ/IMUMH, —TaK Ha3biBaeMble 3aKOHbI 60JTbLLINX YKCeS.
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14.18.1. HepaBeHCcTBO YebblilLeBa

HepaBeHCTBO YebbllleBa A3eT OLeHKY BEPOSTHOCTM MonagaHus npo-
W3BO/1bHOM C/TyualAHOMA BESIMUUNHBI C U3BECTHBIMUW CPpeaHMM 3HAYEHNEM
JYUT] v gucniepcueid B 3afaHHbIA MHTepBasT BOKPYT CpeAHero 3Have-
HUs. CorslacHo 3TOMY HEpPaBEHCTBY

P(JX - M[X]] > aa) <\ Va > O0wm
« (21)

P(]X - M[X]1 < aa) > 1—/; Va>0.

To ecTb BEpOSAITHOCTb NoMafaHns C/ly4alAHOLA BEJ/IMUVHbI BHE UHTEp-
Bas1a BOKPYT ee cpegHero 3Ha4eHu s, NponopLMoHa/IbHOI0O cpeAHEKBaa-
paTu4HOMY (CTaHOAPTHOMY) OTKJ/I0HEHUIO 0, BbICTPO YObIBAET C YBe/IU-
YeHMeM KoappumumeHTa NponopumoHasibHocTK (a) 1, COOTBETCTBEHHO,
O/IMHbI 3TOr0 HTepBasia 2aa.

Taknm 06pa3omM, HepaBeHCTBO YebbilleBa HarIsAHO AeMOHCTPUPYeET
3Ha4eHMe CTaHAAPTHOro OTK/IOHEHUS Y KaK XapaKTepUCTUKN pa3bpoca
C/ly4aiAHOA BETMUNHBI BOKPYT CpeAHEero 3Ha4YeHus.

Hanpumep, npm a=2 PONX- MXN\> 2a) < ¥4, a PONX- MX\\< 2a) >
V4 pna no60oro pacnpeaesieHus.

[lnsi HopMasibHOr 0 pacnpeesieHust:

O X- MX\ >a) = 0,32<1; P{X-WX\ <cT) = 0,68 >0;
P{X-M{X\ >2a) = 0,05<¥4; P{X-M[X\ <2a) = 0,95>Y4;
P{X-M[X\ >3a) = 0,003 <'/9; O X-M[X\ <3c1) = 0,997 >79.

Mosib3ysicb HepaBeHCTBOM YebbllleBa, MOXHO OLIEHUTb BEPOSITHOCTb
TeX WM VHbIX OTK/I0HEHUIA OT CpeaHEero 3Ha4YeHusl, He3aBMCUMO OT NpU-
poAbl C/TyHalAHOIA BE/TNUUHDI.

14.18.2. 3akoHbl 60/1bLLMX Ymcen. Teopembl BepHysrvm, J1a-
MyHoBa, YebblLLEeBa

OcHOBHas 0C0B6EHHOCTb C/Ty4alAHOA BeSIHMHBI COCTOUT B TOM, YTO
Hesb3s NpeABNAETb, KaKoe 3HaYeHWe OHa NpUMET B pe3y/ibTaTe UCTbITa-
Hus. OgHaKo Mpy A0CTaTOYHO 60J/IbLLIOM YKMC/IE UCMbITaHUEA 0606LW,at0-
Lipe XapaKTepUCTUKN BbIBOPOK CyHaAHbIX BE/IMUYUH MPaKTUYECKN YT-
paumBaloT C/lyHalAHbIA XapakTep. To ke BEepHO 1 B 0THOLUEHUU CYMMb
[0CTaTOYHO 60/1bLIOF0 YKMCIa CyYalAHbIX Be/IMUMH. [pu yBeiMyeHnn
yucna claraemMbiX B CyYMMe MPOTMBOMOJIOKHbIE C/lyvaliHble KosiebaHns
0TAe/MbHbIX BE/IMUUH Cr/IaXUBAKTCH, W 3aKOH pacnpenesieHusi CyMMbl
nprnbAvXaeTcs Npy ornpefesieHHbIX YCII0BUAX K HOPMaslbHOMY pacripe-
[eneHvio. PaznnuHble yTBEKAEHUS, OTHOCALLMECS K 3TUM MNpeae/ibHbIM
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C/1yyasiM, HOCAT Ha3BaHVe 3aKOHOB 60/bLIMX vmcen. [NMepBbIiM yTBepKae-
HMeM Takoro poga 6buia Teopema bepHyn, fokasaHHasa nm elle B 1713

roay.
Teopema BepHy/un

Mpw A0CTaTOUYHO 60/ILLLOM UMCSIe HE3aBUCUMbIX UCTIbITaHUIA I Bepo-
ATHOCTb TOr0, YTO CKO/1b YFOAHO MasibiM OYAET OTK/IOHEHME YacTOThl
T/N HEKOTOPOro cobbITUA  OT BEPOSITHOCTU HAaCTYMNJIEHUSI 3TOr0 CObbl-
TUs /* (NpY YCMOBUM, YTO OHa MOCTOSIHHA B K&KA0M UCMbITaHWK), cTpe-
MUTCA K eauHuLE, T.e. SIB/ISETCS MoUTU A0CTOBEPHBIM COObITUEM:

NagProb - - P <e =1 VEsoO (22)

3JTa TeopeMa UMEET BaXKHOE 3HaAYeHVE /151 CTAaTUCTUKN N SKOHOMET-
pUKKN, 060CHOBbIBas BbIOGOP HYaCTOTbI OCYLLECTB/IEHNS HEKOTOPOro CO6bI-
TVSl B KQ4ECTBE OLLeHKN BEPOSTHOCTU 3TOro CoObITUS.

Teopema flanyHoBa (LeHTpaslbHas Npeae/ibHas TeopemMa)

PacnpegesieHne cyMMbI M MPou3B0osIbHO pacnpeaesieHHbIX Y B3aMMHO
HEe3aBUCUMBbIX CTydaiAHbIX BE/IMUUH NPU U [ACTPEMUTCH K HOPMaslb-
HOMY pacnpefesieHu1Io, ec/iM BK/AL, OTAEMbHbIX C/laraeMbIX B CyMMY paB-
HOMEpPHO Masl.

VIMeHHOo 3Ta TeopeMa 060CHOBbLIBAeT Ty OFPOMHYI0 posib, KOTOPYHO
WrpaeT B CTAaTUCTMKE, SKOHOMETPUKE M BO MHOFUX OPYruX 06/1acTsiX
3HaHUs1 HopMasibHoe pacnpeaernieHe. MHOXecTBO (haKkTopoB, orpeaessi-
IOLWMX TOT WM UHOA SKOHOMMYECKUIA MoKasaTeslb, Kak MpaBusio, A0-
CTaTOYHO BEJIMKO, U MPU BbIMOSTHEHUN YCMOBUIA TeopeMmbl crydaiAHoe
OTKJ/I0HEHMEe 3TOro rMokasaTesisi 0T CpeAHero 3Ha4YeHWs MOXKeT GbITb Npun-
G/IMYKEHHO OMWCAHO HOPMasIbHBIM pacrpeaesieHEM.

Teopema YebbIeBa

Mpu AocTaToYHO 60/1bLLOM YKUCSIe M MONapHO He3aBUCUMbIX Crly4aiA-
HbIX BE/INYMH C OpaHMYEHHbIMU Aucnepcuamu M < C, K - \,..,MN)
BEPOSATHOCTb TOr0, YTO CKOJ/1b YIOAHO Masio OTK/IOHEHWE cpeiHero apud-
MeTUYECKOIr0 3TUX BESIMUYUH OT CpeaHEro apuMeTUUYeCKOro nx Marema-
TUYECKUX OKUOAHUIA, CTPEMUTCH K eQNHULLE:

_ JVIX]
N\imProb < e (23)

VE>Q
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CorsiacHo 3TolA TeopeMe, cpeaHee apuhMeTUYECKOe A0CTaTOUHO 60/1b-
LLOro yuncsa c/lyHaiAHbIX BE/IMUNH YTpaumMBaeT XapaKTep C/ly4aiAHOA Be-
JINYMHBbI 1 BedeT cebst MoYTU KaK MOCTOsIHHAasA BesniMumHa. lMocnenHss
TeopemMa MMeeT 0CO6EHHO BaXKHOe 3HadeHue A1 CTaTUCTUKU N 3KOHO-
MeTpPUKMN, 060CHOBbLIBas BbIGOP cpeHEro apniMeTNUYEeCKOro BbI60opoY-
HbIX BE/IMYVH B Ka4YeCTBE OLLeHKM MaTeMaTUYECKOro OXKUAaHus (cpeaHe-
ro 3Ha4YeHns) BCEIA COBOKYMHOCTU BESINUMH.

Bonpocbl Krnase 14 < 2

1 lMpuBeguTe nNpumMepbl CIyYalAHbIX COOLITULA B 9KOHOMUKE. MOXHO
SV OaTb UM BEpOSTHOCTHOE onuncaHne? Kakoii BUf BEPOSITHOCTY Bbl
npuv aToM ucnosib3yeTe?

2. MepeuvicnnTe pa3/IyHbIE MOAX0AbI K OMpefesieHno BepoSTHOCTU. UTo
obLero Bo Bcex aTuUx noaxoaax? Uem oHU pasnnyaroTca?

3. [atate onpepnernieHvie c/iyqalAHOIA Be/iMuMHbL. KakoBa CBSi3b MexXay
C/TyHYaliHbIMA BE/TMUYMHAMW U CITYHaAHBIMU COOLITUSMIN?

4. B 4eM 0T/INuMe C/TyHalAHOI MeEPEMEHHOIA 0T HEC/TyYalAHoIA (aeTepMu-
HMpoBaHHOIA)? Kakue BMAbl C/lyYaiAHbIX rMepeMeHHbIX Bbl 3HaeTe?
MpuBeauTE NMpUMepBbI.

5. TepeuncyinTe 0OCHOBHbIE BEPOSATHOCTHbIE XapaKTepUCTUKU OMNCKPET-
HbIX C/Ty4YalAHbIX BE/IMUVH Y JaATe Ux onpefeneHus. Kakosa ¢op-
MasibHas (aHa/IMTUYecKas) 1 reoMeTpuyeckas CBA3b MexXay aTUMU
XapakTepucTnkammn?

6. lMepeuncninTe 0OCHOBHbIE BEPOSTHOCTHBIE XapaKTEPUCTUKN HEMNPEPbIB-
HbIX C/Ty4YalAHbIX BE/IMYMH U datATe nx onpenesieHns. Kakosa gop-
MasibHas (aHa/INTUYecKasl) M reoMeTpuyeckas CBsi3b MeXAy 3TUMMU
XapaKTepucTukamm?

7. Kakasa n3 BenmuuH 6onblie: Prob(o < X< b) wm Prob(a <X<b)1l

8. Kak paccuMTaTb BEpPOATHOCTb MonagaHus ANCKPETHbIX U HernpepbIB-
HbIX C/ly4aliHbIX Be/IMYNH B MHTepBasl: Prob(a <A'< H\

a) ¢ MOMOLLBI (BYHKLMW pacnpeneneHuns;

6) C NOMOLLbLIO M/IOTHOCTU BEPOATHOCTM A/151 HENPEPbLIBHOIA Cryyain-
HOLA BE/INYMHbI 1 C MOMOLLBbI0 (hYHKLIMU BEPOSTHOCTY A/19 ANCKPET-
HOLA C/TyualAHOA BE/TNUNHBI?

9. Kak M0XHO0 0XapaKTepu3oBaTb CpeaHee 3HaYeHVe C/TlyHalAHoLA Be/n-
UYMHbI? JatATe onpeaesieHne MaTeMaTUHeCcKoro OXXuaaHus.

10. MepeuncnTe 0CHOBHbIE XapaKTEPUCTUKKM pa3bpoca crlyHalaHbIX Be-
NINUNH 1 JatATe X ornpedesnieHns. KakoBa 1x CBSI3b MeXAy CO60IA?
11. KakoBO pas/finume Mexay Bbluuc/IeHMeM MaTeMaTU4ecKoro oxxuaa-
HUS o1 AUNCKPETHBIX U HEMpepbIBHbIX Cy4YalAHbIX BeMUuMH? UTo

06LL;ero B 3aTUX onpeaesieHnsx?

12. loKaXXnTe 0CHOBHbIE CBOIACTBa MaTEMaTUYECKOr0 OXXUAaHUSA, UCXO0-
OS5 Vi3 ero oripegenieHus.
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13. JaivATe noapo6GHoe onpeaesieHne AUcrepeun 4718 ANCKPETHbIX N He-
MpepbIBHbIX CITyYalAHbIX BETUUMH.

14. [loKaXXnTe 0CHOBHbIE CBOMACTBA AMCMEPCUIN MCX0Qsa N3 ee ornpeaene-
HUA.

15. BbiBeauTe opMy 1y CBA3U AMUCMEPCUN C MaTeMaTUYECKUMN OXXuaa-
HUSIMU C/Ty4alAAHOIA BE/IMUYVHBI U ee KBaJpaTa.

16. B yem COCTOMUT OCHOBHasa mAaes 3aKOHOB 60/1bLLUNX Yncen?

17. B KaKux cny4yasix npyvMeHnMo HepaBeHCTBO YebbiweBa?

18. CchopmynupyiaTe Teopembl BepHynnun, SlanyHoBa 1 Yebbilwesa.



'TTABA 15
PACMPEAENEHUA U B3AUMOCBA3N
CNYYANHBIX BENVNYNH B SKOHOMUKE

15.1. TeopeTUyecKMiA N SMNNPUYECKUIA MOAXoabl K aHa-
I3y 3KOHOMUYECKUX OAaHHbIX: reHepasibHas COBOKYMHOCTb
1 BblOOpKa

Bbl6paB npobaemy 4ssi N3yydeHns U chopmMysinpoBaB 3KOHOMMYEC-
Kyl Mofeslb, KOTopasi MOXeT MOMOYb B peLleHun 3ToiA nNpobsieMbl. Bbl
npuxoanTe K HEO6X0AMMOCTU MPOBEPKM COBMECTUMOCTU MOAE/N C pe-
aIbHBIMU 3KOHOMUYECKUMU AaHHbIMKU. [pn 3TOM crielyeT pa3indaTb
[1Ba YPOBHS aHasIM3a: TeOPETUYECKUIA 1 SMMUPUYECKUIA. Ha TeopeTuyec-
KOM YpOBHE Mbl MpeArnosiaraeM, 4YTo HaM M3BECTHbl BCE BO3MOXHbIE
peaninzaumn MHTEPECYIOLLMX Hac 3KOHOMWYECKUX MokKasaTesiein — Bcs
reHepasibHasi COBOKYMHOCTb. 3Has WM npeariosiaras craTUcTUYecKue
CBOACTBA FeHepas/1IbHOIA COBOKYMHOCTU, Mbl MOXEM Te0peTUYECKU ornpe-
[enTb 3HaYEHUST MapaMeTpoB B MOAE/W, U, COOTBETCTBEHHO, paccuMTaTb
Mo Heli Hy)XHble 3KOHOMUWYECKMe roKasaTesiIM. Ha npakTuke Mbl He
3HAaEM MHOXECTBA BO3MOXHbIX UCX0A0B, a Hab/loaaeM TO/IbKO C/Ty4alAHo
BblOpaHHbIe 3HaYEHM MHTEPECYHOLLMX Hac MoKasaTesieiA. Pacronaras nuilb
BbIGOPOUHBLIMY 3HAYEHUAMUN, MOXHO OLLEHUTb, a He OnpeaeInTb TOYHO
3HauyeHUs1 NapamMeTpPoB MOAESIN; 3TU OLLEHKU ByayT crlyHalAHbIMA U Me-
HATbCS OT BbIOOPKU K BbIOGOpKe. [103TOMY BaXKHO He TOJ/IbKO 3HaTb
cpefHWe OLLEHKW MapameTpoB, ornpefesieHHble Ha OCHOBE BbIGOPOUHbIX
[JaHHbIX, HO 1 MOHNUMAaTb MepPbI UX HaJeXXHOCTU 1 C/lyyalAHoro pasbpoca,
06YC/10BJ/IEHHOI0 C/Ty4alAHOCTLIO Npouecca hopMMPOBaHUS BbIGOPKMU.

Ecnun, Hanpumep, MMEKTCS CBeAEHUS 0 A0X0AaX M pacxodax Bcex
XUTESIEMA HEKOTOPOIA CTpaHbl, COCTABJ/ISIOLLINX FeHepasibHYH COBOKY-
HOCTb, TO MOXHO pacCUMTaThb pa3/IMyHble CTaTUCTUYECKUE XapaKTepuc-
TUKN /19 FeHepa/IbHOA COBOKYMHOCTU: CpefiHMe A0X0Abl U pacxoibl,
rnokasaresiv Bapuauymn (gucrepcuio, CTaHgapTHoOe 0TK/I0HEHMe, KO3 -
(DULMEHT BapmaLnun) A0X0A0B U pacxooB.

Ecnn ke cobpaTb cBeAEHUs 0 A0X0AAX U pacxodax YacTu XXUTENetA,
COCTaB/ISAOLLNX BbIGOPOUHYH COBOKYTMHOCTb, TO HAATU UCTUHHbIE CTa-
TUCTUYECKVE XapaKTEPUCTUKN WM pacrpeferieHnst OoX0A0B U pacxoaoB,
BOOGLLE FOBOPsi, HEBO3MOXHO. Mbl CMOXXEM JIMLLb OLLEHUTb 3TU Be/n-
UMHbI, a TaKKe OLEHUTb HETOYHOCTb HALUMX OLLEHOK, 00YC/I0B/IEHHBIX
C/TyyalAHoOIA NpUPoAoIA mpouecca MoslyHeHUs BbIOOPOUHbIX AaHHbIX.
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CyLLeCcTBYHOT pa3/inyHble cnocobbl cb60pa CTaTUCTUYECKUX AAHHbIX:
rnepenncb, CTaTUCTMYECKas 0THETHOCTb MNPeanpuATUIA 1 OpraHu3auuiA,
OMpocbl, aHKeTMPOBaHME, TaMOXXEHHbIA N HAJIOMOBbILA KOHTPOS1b U T.4. B
KabKZ0M MeToAe c6opa AaHHbIX CYLLIECTBYHOT CBOUM HEAOCTATKU, 06yC/10B-
nBaroLLme NMoeLLHOCTb B 3HAUEHMAX AMMUPUYECKNX MOKasaTesieil. 3Tun
nodeLiHOCTM MOXKHO YC/TI0BHO pa3buTb Ha TpU Pynnbl: cucTemaTmyec-
Kne oWn6KM, Hanpumep 3aHWKeHne noslyydeHHbIX A0X040B, C/lyYaiiaHble
OLNBKM, 06YC/I0B/IEHHbIE KaK BbIOOPOYHOIA MPUpoa0iA cobmpaembix gaH-
HbIX, TaK WU HETOYHOIA (MO pa3/INYHbIM MpPUYNHaM) peakUMeli CyobeKToB
Ha BOMpPOCbI, a TakkKe OWMOKU OKpyrsieHus. Bce sTm owmbkm Hago
OLEHMBATb U YUNTbIBATb MPU CTAaTUCTUYECKOIA 06paboTKe AaHHBIX.

Llenb no60ro oUgHMBaHUS — NOSTYYMTb Kak MOXHO 60siee TOUHOe
3HaYeHMe Hen3BECTHOIA XapaKTepUCTUKN FeHepasIbHOA COBOKYMHOCTN.
VIHhopmaLe A, KOTOpPOEA Mbl MpY 3TOM pacrosiaraem, ABSOTCA AaHHbIe
BbI6OPOYHOI0 Hab/IioAeHNS. B 3TUX YC/I0BUSIX €OVHCTBEHHbLIM CMOCO60M
MOCTPOEHUS NCKOMOLA OLLEHKU MOXET ObITb HaxoXaeHne TakoiAa PyHK-
LM BbIGOPOUHbIX AaHHbIX, KOTOpasi C HaMbosIbLLEIA TOYHOCTbIO annpok-
CUMUPYET OLEHMBAEMYIO XapaKTePUCTUKY reHepasibHOA COBOKYMHOCTMU.
B 3aBMcMMOCTU OT criocoba BbIpaXKeHUS OLLeHKN AeNSTCA Ha ToYeUHble
OLLEHKMW, BblpaXXaeMble 0AHUM YUC/I0M, N UHTEPBasIbHbIE OLLEHKN, ornpe-
OensoLine YMC/0BOMA NHTEPBaST, BHYTPM KOTOPOr0 MOXET HaxoAUTbCH
OLIEHVBaeMbIA NapamMeTp FreHepasibHOA COBOKYMHOCTU.

MbITascb BOCCTaHOBUTb XapaKTEPUCTUKN FreHepasibHOMA COBOKYMHOC-
TN, Mbl CTaJ/IKMBaeMCS C ABYMsi Mpo6/ieMamMmn: HEN3BECTEH KaK BuUA pac-
npeaeneHns reHepasibHOA COBOKYMHOCTU, Tak M ero napameTpbl. B co-
O0TBETCTBUM C 3TUM CYLLECTBYIOT [1Ba K/lacca OLLeHOK: OLLeHKW BuAa pac-
rnpegesieHNst U OLEHKW ero rnapamMeTpoB. B KauecTBe OLLEHKM BMAa pac-
npeaeneHns (Y4nTbiBas 3aKOH 60/1bLUMX YMCEsT) MOXKHO B3STb BbIGOPOY-
HOe pacrpefesieHve, NoACcHUTbIBasA YacToTy NoNafaHVs BbIGOPOUHbIX AaH-
HbIX B33JaHHble NHTEpPBa/1bl, & B Ka4eCcTBe OLL,eHOK NapamMeTpoB pacnpe-
[eNeHVsi reHepasibHOLA COBOKYMHOCTY —COOTBETCTBYHOLLME MM BbIGOPOY-
Hble 3HaYeHus. Tak, B KaueCTBe OLLeHKN MaTEMAaTUYECKOr0 OXXUAaHUS
reHepasiIbHOIA COBOKYMHOCTM MOXHO B3Tb BbI6OpOYHOE cpefHee, a B
Ka4yecTBe OLLeHKM ANCMEPCUN — BbIGOPOYHYIO ANCTIEPCULO.

C MOMeHTa CBOEero BO3HVMKHOBEHUS CTATUCTUKA C/TYXXMN/1a MHTepecam
B/flacTU. Takue AaHHble, HanpuMep, Kak YMC/IEHHOCTb HacesieHus, npu-
ro4HOro K BOEHHOIA ciyxbe, ABNSASINCE OCHOBOIA A1 NPUHATUS BOEH-
HbIX PELLEHVIA U PELLEHMIA 0 KOJSIMHECTBE OPY>XXUS, KOTOpoe criefyeT npo-
n3BecTU. [aHHble HaUMOHa IbHbIX CHETOB 3KOHOMMUKM C/Ty>XaT OCHOBOIA
015 BbIpaboTKN 3KOHOMMYECKOA MOSIMTUKN NpaBUTeIbcTBOM. CTaTuc-
TUYECKMIA aHASTN3 04EHb BXKEH U O/ MPUHSITUSA PeLLeHNIA SKOHOMUYec-
KUMU cyb6bekTaMU. Tak, AaHHble Mo o6bemMam Mpogax v Apyrum gpu-
HaHCOBbIM TOKa3aTesIsIM AeSiTE/IbHOCTU (PUPMbI C/Ty>KaT OCHOBOA A/15
MPUHATUS CTPATErNMUECKNX N TaKTUYECKUX PELLEHVEA PYKOBOACTBOM (UpM.
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15.2. OcHOBHbIE CTaTUCTUYECKUE pacrpenesieHns

Mpu 06paboTKe BbIGOPOUHbLIX AaHHBLIX, B CUJTY C/IyHalAHOIA Npupoabl
rpowiecca Nosly4eHus BbIGOPKN, BaXKHO 3HaTb, KaKMM BEPOSITHOCTHbLIM
3aKOHaM MOAUYUNHSAKTCA BbIOOPOYHbIE 3HAYEHUST UCC/1eAyeMOro 3KOHO-
MurYecKoro rnokasartens. CylecTBYeT LUe/bIiA psAg, pacrpeaesieHniA Bepo-
ATHOCTW, KOTOPble UIpaloT Posib 3TasloHa B CTAaTUCTUYECKUX BbIBOAAX.
3To npexae BCero paBHOMEpPHOe pacrpeaesieHne, HopMaslibHOe pacrpe-
AeneHvie (pacnpegesnieHune Maycca) v pacnpegeneHue CtoiogeHTa (/-pac-
npedenieHve).

15.2.1. PaBHOMepHOe pacrnpenesnieHve

Ecnn 3HaueHUs CryyalAHOM BesIMYMHbI U3 HEKOTOPOro MHTEpBasla
MOXXHO CUMNTaTb PaBHOBEPOATHbLIMU, TO Mbl NPUXOAUM K paBHOMEPHOMY
pacnpefesieHno CrlyualiHoA Be/InvmHbL. PaBHOMepHoe pacnpenesieHmne —
3T0 TaKoe pacripefie/ieHVie BEpPOATHOCTH, M/I0THOCTb KOTOPOr0 MOCTOSH-
Ha B 33JaHHOM VHTEepPBasie U3MEHEHUS C/TyHalAHOA Be/INUMHBI X: a <X<b.
PaBHOMepHO pacripegesieHHast c/ly4ai/iHaa BeinydnHa 0603HadvaeTcs K{a,b).
Tam, roe BcTpedvaeTcs K 6e3 ykasaHMS napameTpoB, MoapasymMmeBaeTcs
CTaHAapTHOe paBHOMEpPHOe pacrpefesieHMe Ha nHTepBale O < X < 1
Tn).

M0THOCTL BEPOSATHOCTM PaBHOMEPHOI0 pacrpefiesieHns Ha UHTEepPBa-
e [a, b] NnocTosiHHA Ha 3TOM MHTepBasie:

1

(X) b-a
(0} X < a X > b

a < b

a (hyHKLUMSA pacrnpeaeneHus:

0 X< a
X - a
b -a

1, X > b

a<x=<b

[na pasHomepHoro pacnpeneneHms MX\ = BPA\. =
CooTBeETCTBYHOLME 3TUM PYHKUMAM DadnKn npmBedeHbl Ha pur-
CyHKe 15.1.

Ha nprmepe paBHOMEPHOI0 pacrnpeesieHnst NpoLLe BCero nokasaTb
KaK (haueckn 1 aHa/IMTUUYECKN paccCUMTbIBaTb BEPOSITHOCTL rMonaja-
HUS B 33[1aHHbIA UHTEPBaST, T.e. Prob{m, </1°< X"}, UCnosib3ysl COOTHOLLe-
HVe MeXay NSI0THOCTLIO pacnpedesieHns U yHKUMelA pacnpeaesieHus.
Moao6GHO TOMy, KaK Macca (P13n4veckoro Tesa, paBHOMEPHO pacrpene-
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PucyHok 15.1. MA0THOCTb BEPOSATHOCTU U YHKLUUA pacnpefesieHnsa pas-
HOMEpPHOro pacrnpegesieHns.

NeHHas no 06beMY, HaxXOAUTCA Kak rnponsseneHue naoTHocTU (Macchbl B
eQVHVLEe 06beMa) Ha 06bEM, TaK 1 BEPOATHOCTb MNoMaaHNst paBHOMEPHO
pacnpeAesnieHHoM C/ly4aiAHOA BesIMUVHbI B 33[aHHbIMA UHTepBas1 paBHa
npon3BeAeHUI0 MIOTHOCTY BEPOSITHOCTU Ha A/IMHY NUHTEPBa/1a, U, TaKUM
o06pa3om, BesIMUMHA BEPOSTHOCTU JIMHEIAHO pacTeT € yBesSIMYEHUEM O/1nN-
Hbl MHTepBasia (BHYTpW 061acTu onpeaeneHus [IAA]).

B o6Lem cnyyae, pa3bmBas MHTEPBas 3HA4YEHUIA HENpepbIBHOMA Befv-
yuHbIl (O, X,) Ha ABa nHTepBasia (-0, X,) N [X,, XV (04HOBpPEMEHHbIE
nonagaHuns c/TyualiHoOA Be/IMUMHBI B KOTOPbIE SABASAIOTCA B3aUMOUCKITHO-
YarLMMK COBbITUAMU), Mbl MMEEM

Prob{-00 < A'< X,} + Prob{x, <A'< X,} = Prob{-00 <X< x,}.
OTcroga Haxo4MM, YTO MCKOMasi BEPOATHOCTb NornagaHus HenpepbIs-
HOIA C/Ty4aliHOIA BeNYMHBI B UHTeEpBa/T X, < A' < X* paBHa pa3HOCTM

DYHKUMIA pacnpeaeneHns 3ToiA C/Tly4YalAHOIA BeSIMUNHBI:

Prob{X] <X < X} = Prob{-00 <X < x,}-Prob{-o00 < A"< x,} = P"x,) -
1=*%,).
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MpoBoAsA Takue Xe pacCy>XAeHUs!, Mbl MOXXEM HaATU BEPOSITHOCTb
nonagaHns HenpepbIBHOA C/Ty4alAHOA BE/IMUYMHBLI B 6ECKOHEYHO MaslbliA

VHTEpBa/T X< X< X7 IK:

Prob{: < X < X + (jX) = Prob{-00 <JT'< x4cIx} - Prob{-00 <X < X) =
=P/x + 1} - P*X) =clPX) = P"X)clx.

B rocsiefHX AByX paBeHCTBaxX Mbl UCMOSIb30Bas/IN onpeesieHne 6ec-
KOHEYHO Masloro nameHeHuss PyHKumm pacnpegeneHunsa (mnn gnddge-
peHymana atoti GyHKuUMmM). 13 HalAdeHHOro COOTHOLWEHNST BUAHO, YTO
BEPOSATHOCTb MONagaHnsa HernpepbIBHOM CTyualAHOMA Be/INYUHBLI B 6eCKO-
HEYHO MasbIA UHTepBa1 X< X < X+ dx6eckoHe4vHa Masa 1 nponopuu-
OHaJIbHa BefINUYMHe 3Toro nHTepBana (k. OTHOLLEHMe 3To/i 6eCKOHEYHO
MasI0LA BEPOSSTHOCTM K 6ECKOHEYHO Masioi1 Be/IMUNHE MHTepBas1a UMeeT
KOHEeYHOoe 3HaYeHMe 1N XapaKTepusyeT MN/I0THOCTb BEPOSSTHOCTU B TOUKE X.

MTaK, Mi0THOCTL pacrpeferieHnst BeposiTHOCTU

IPX) _ +/1) - P"x)
<Ix clx
M, HaobopoT,
pp) = \ w <

-00

Ha puc. 15.2a npuBefeH XapaKTepHbIMA rpaduk N/0THOCTY BeposT-
HOCTU, a Ha puc. 15.26 - rpahkK coOTBETCTBYIOLLEIA (DYHKLIMN pacnpe-
LeneHus.

Vicnonb3ys BblBeAEHHY0 HaMW B3aMIMOCBS3b M/I0THOCTU BEPOATHOC-
TV U QYHKLNN pacripegesieHnsl, HeC/I0KHO MoKasaTb, YTO HAKJ/I0H rpa-
hrka yHKLUNM pacnpenesnieHns XxapakTepmsyeT Nf0THOCTb BEPOATHOCTU
(4em 601bLLIe MIOTHOCTb BEPOSITHOCTU, TEM BbICTPEE MEHSETCS (PYHKLMSA
pacrnipegeneHuns) (ToduHeeY (1) = 18(a)), a nnowaab noa hahnKom PyH-

I
KLUWW MJI0OTHOCTU BEPOATHOCTU Ha MHTepBane /1 <JT' < n, f X)dX

XapaKTepusyeT BeposiTHOCTb MoMnafaHus HemnpepbIBHOIA cryuyaiiHolA Be-
JINUMHbI B COOTBETCTBYIOLLMIEA UHTEPBAST.
Mpy 9ToM cyMMapHasi nsiolwaab nog, haprKom yHKLUUW MI0THOCTU

BEPOATHOCTU Ha BCEM UHTepBasie —oo <A'< +o00 paBHa Mo OMnpeaesieHmIo
eaVHULE:

*00

iYW = 1
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15.2.2. HopmasibHoe pacnpenesnieHvie

Ecnu cnyvaiiHas BenvyvHa hopMmpyeTes noa AetACTBMEM 60/1bLLIOMO
KO/IMYecTBa He3aBUCUMbIX (PaKTOpPOB, BK/IaL KaXX[O0ro U3 KOTOpbIX B
3HayeHue C/ly4HalAHOA Be/IMUMHBI Masl, TO B CUJ1Y LIEHTPa/IbHOMA Npeaesib-
HOIA TeopeMbl 3Ta crlyHatiHas Be/IMvmMHa 6yAeT UMeTb HOPMasibHOe pac-
npefeneHve. B posin Takux BeSIMUMH MOTYT BbICTYMaTb: 06beM Npoaax B
KOHKYPEHTHOIA 0Tpac/ v Wi B NPOMbILL/IEHHOCTMW B LIESIOM, CyMMapHbIe
VHBECTULNU, CyMMapHoe NoTpebsieHme AOMALLHUX XO3AIACTB U TOMY Mo-
[06Hble BeIMUVHBI, MelowWve afaAnTUBHYIO Npupoay, TO eCTb CK1aabl-
BaloLLMECH N3 MHOIMX MaslbIX B3aMMHO HE3aBUCUMbIX BESTUYUH.

OCHOBHast 0CO6EHHOCTb C/TyHalAHOA BeSIHMHbBI COCTOUT B TOM, UTO
Hesb3A NpeaBuaeTb, Kakoe 3HaYeHue oHa NMpUMET B pesysibTaTe UchbITa-
HMA. O4HaKOo Npy A0CTaTOYHO 60/1bLLIOM YMC/1e UCMbITaHUEA NnoBedeHme
CYMMbI HE3aBUCUMbIX C/TyHalAHbIX BE/IMUUH MNOYTU yTpaunBaeT c/lyyaia-
Hbli/ XapaKTep U CTaHOBUTCS MOYTU 3aKOHOMEPHbIM. [pu yBenyeHnn
yucna craraemMbiX B CyMMe MPOTUBOMOSIOXKHbIE C/lyvaiiHble KosiebaHns
OT,AE/bHbIX BE/INYVH Cr12XXUBAKOTCA U pacrpeaesieHne BeposaTHOCTelA CyM-
Mbl CTAHOBUTCS BeCbMa NPOCTbIM, MPUGMKasaCb NPy onpeaesieHHbIX Y-
N0BUSAX K HOPMasIbHOMY pacrnpenesieHuio.

PaccmMoTpyM OCHOBHbIE CBOIACTBa HOPMasibHOIO pacrpeaesnieHus. nas-
HOE M3 HUX — ec/n pafd, CyYalAHbIX BeSIMYUH (X7, v, XN NvieeT
HOpMas1bHOe pacnpefesieHne, To ux cymma (1, + X +...+ X) wim nobas
JIMHEMHan KOMBUHaumsa (a, XX + aX™ + ... +a, X) Takxke OyaeT UMETb
HOpMasIbHOE pacrpeesieHue.

HopmasibHoe pacnpegesieHme 0OHOM C/TyHalAHoIA BeSTMYMHbI J1'Xapak-
TepmsyeTcs NMLWb ABYMS NapamMeTpamMun: cpeaHMM 3HaYeHMeM, 06bI4YHO
0603Ha4YaeMbIM 11, U CTaHAAPTHBIM OTKJ/IOHEHMEM, 00bIYHO 0603Havae-
MbIM a. 3T0 06bIYHO 0603HavYalT Tak: X = MO\Xa).

n

PacnpegeneHve BeunHbl X = ¢™-XY, NpeaCcTaBIsoLIEIA Co60iA B3Be-
H

LLEeHHY CyYMMY N HE3aBUCUMbIX HOpMaJ1bHO pacrnpeaesieHHbIX Cﬂy‘-laﬁ-
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HbIX Be/IMUMH = 7Y(UN\&Y) ¢ napameTpamu [ n a®, Takke byaeT MMeTb
M
r 2
HOopMasibHOe pacnpefesieHve ¢ napameTpamu jo=52 na= \ g

B yacTHoCcTH, ecnim Bce BCce (' OAMHAKOBbI U paBHbI L, U a,

COOTBETCTBEHHO, TO U=L,, a a = ~/= O6o3Hayaa " nmeem,

oT
Takum obpasom, Mx] = MX], cX] = {n— OTcioga BUAHO, 4TO pa3b-

poc cpefHero apnMeTNYeCKOro He3aBUCUMbIX HOPMasibHO pacnpese-
NEHHbIX C/TyYalAHbIX BETMUYMH CTPEMUTCSA K HY/1H0 MpU HEOrpaHUYEHHOM
yBeNIMYeHUn yncna 3Tnx BeNnYmH. Ecnun, Hanpumep, B3ATa A0CTaTOYHO
60/1bLLIasA perpe3eHTaTMBHasA BbIGOpKa HacesieHUs, To CpeaHUEA A0XoA, B
BbI6GOpKe MOYTW HaBepHsIKa OKaXKETCS 6/IM3KUM K ASACTBUTESTLHOMY Cpes-
HeMy floxoay HacesieHus.

MpahMK NAOTHOCTY BEPOSATHOCTN HOPMasIbHOI0 pacrnpeaesieHns nme-
€T TUMNMYHBIA KOJ10K0/1000pa3HbliA BUA U MoKasaH Ha-puc. 15.3. Makcu-
MYM 3TOM OYHKLMN HaxoguTea B TOUKE X = L, & “pacTAHYTOCTb” BOO/Ib
ocn A'onpeaesniaeTca napamMeTpoMm Cr. HeM MeHbLLe 3HavyeHue 3Toro napa-
MeTpa, Tem 60os1ee OCTPbIiA 1 BbICOKUIA MaKCMMyM UMEET N/I0THOCTb HOp-
MaJs1bHOr 0 pacripefesieHns. AH/IMTUYECKU MJI0THOCTb BEPOATHOCTY HOP-
MasIbHOI0 pacrpefesieHus Ha uHTepsasie (-00, +00)

a (hyHKUMS pacripeaesieHnst

(—«5

) = Eﬁ‘zz'll' -'»A )

M\ = m OPX\ =
MA0THOCTb BEPOSTHOCTY HOpPMasibHOro pacnpeaeneHus (1) nponop-
LMoHa/IbHa BESIMUNHE eXp , Tae | —6e3pa3mepHasi BE/IMYNHA, On-

peanesrnidemMas BblpakeHNEM I = A NMo3TOMY MJI0THOCTHL HOPMasIbHO-

ro pacrnpeneneHunst A0CTaTOUYHO GbICTPO (3KCMOHEHUMASIbHO) YEbIBAET Mpun
yAaIeHUM X 0T cpefHero 3HadeHus U, CriydyaiAHas Be/IMunHa Z UMeeT
Hy/1eBoE MaTEeMaTUUYECKOoe OXXMaaHue 1 eaUHNUHYIO ANCHEepPCUto; 3T0 Bbk
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PucyHok 15.3. ®yHKUMS MIOTHOCTU BEPOSTHOCTM HOPMasIbHOIO pacripe-
JeneHns

TeKaeT N3 nx Oﬂpep.erIEHl/ll\/'l M CBOMACTB, YUnTbIBadA, 4To I' = *OHa,

KaK 1 MCX0AHasn c/lydaiiHas BeIMUYnHa X, HOPMasibHO pacnpeesieHa, Ho
YXXe He 3aBUCUT 0T KaKnX—/1nbo napameTpoB. MoaTomy ee pacripegene-
HVe MOXeT ObITb MpPoTaby/IMpPoBaHo, TO €CTb 3HAUYEHUs eé MI0THOCTU
BEPOATHOCTU MOryT ObITb NpeAcTaB/ieHbl B BUAe Tabnvy, 3T1a PyHKLUUS
Ha3blBaeTCA MJIOTHOCTbIO CTAHA4APTHOI0 HOPMas/1bHOI O pacrnpeneseHus.
CTaHaapTHoe HopMasibHOe pacrpefiesieHne —3To HopMasibHOe pacnpese-
neHuve ¢ napameTpamn U= Owna=1(Z» ¥0,1)).
Ha npakTunke yatle Mcnonb3yrT Tabnubl 3Ha4YEHUEA He NJ10THOCTH,
a PyHKLMM pacnpeneneHns ctaHaapTHOIA HopMasibHOIA BenUmHbI P(r).
VIHTepecyscb, Harpumep, BEPOSTHOCTbIO TOro, YTO HOPMasIbHO pacnpe-
AeneHHas clyvaiAHas BesimyuvHa X nonagaeT B UHTepBas1 XA < X< J1 Mbl
BHa4as1e Haxo4MM COOTBETCTBYIOLLMIA MHTEPBas1 /19 HOPMaslbHO pacrpe-
- X
[eNeHHOIN CTaHOaPTHOIA C/Ty4atAHOIA BESTIUYMHBI <7<MN:r=——
X, - u
ur, = - 3aTem o Tabnmie Haxogum 3HavyeHUs yHKLUUKW pacrpe—
neneHnsa P{1,) n 1 onpeesiieM BeposATHOCTb MornafaHus cryYaia-
HOIA Be/INUUHBLI 7 B 330aHHbI MHTepBan Prob{r, <Z"} = -Aar),
COBMafatoLLyt0 C MCKOMOLA BEPOSTHOCTbLIO NONaAaHns C/TyualiHoA Besv-
YMHbI X B 33[aHHbIIA nHTepBan Prob{x, <X < s1,}. FeomeTpmnyeckun aTa
BEPOSATHOCTb U306paXKaeTcs MIoLWaabio nof, rpaukomMm yHKLUUN NIoT-
HOCTW BEPOATHOCTU B MHTepBasie OT X, A0
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AHaSTIOrMYHO MOXHO peLlaTb 1 06paTHYHO 334a4y — HAXOXAEHUS UH-
TepBasia, B KOTOPbIA HOPMaslbHO pacrpeesieHHas CrlydaliHas BesinuvHa
rnonafaeT C 334aHHOLA BEpPOSITHOCTLIO. 3Ta npoueaypa 4acTo UCrosib3y-
eTcs B 3a4a4ax TeopuUn OLLeHMBaHUSA WM MPOBEPKN runoTes. Tak, Hanpu-
Mep, MYCTb Mbl XOTUM MPOBEPUTbL MMMOTE3Y 0 paBEeHCTBE CpeaHero 3Ha-
YeHUa HOpMasibHO pacnpeaesieHHO C/yHatAHoA BeNIMUYMHBI M (419 FeHe-
pasibHOLA COBOKYMHOCTU) HYJIO, A0MYyCcKas BeposaTHOCTb owmnbokm 0,05 B
c/ly4ae, ecsiv aTa rmnoTesa BepHa. B aTom cryyae BbIGOPOUHOE 3HaYeHue
CTaHOapPTHOA HOPMasTbHO pacrnpefesieHHOIA C/ly4alAHoIA Be/INUYVHbI ZO0-
JDKHO MonafaTh B TakOA MHTEPBasI, YTO BEPOSATHOCTb Prob{r, <Z< r} =
0,95. /13 3TOro ycrsioBUsi U COOBPaXKEHUIA CUMMETPUN MOXHO HaATU
rpaHvLbl MHTEPBa/IA — KPUTUYECKUE 3HAYEHUS =T, = Takue, 4To

BeposaTHOCTb Prob{r2<2} = Prob{Z<r} = = 0,025. CpaBHuBas

Bbl60p0‘-|HO€ 3Ha4vyeHne BeJINMYUHbI T = —— Ha3blBaemMoe r-crarmctm-
o

KOIA C KPUTUYECKNUM 3HAYeHVEM  , Mbl MpUHUMaeM (ecnu )
wnn oreepraem (ec/im r* r, wim N <r) NpoBepsieMyto rmrnoTesy ¢ Tou-
HOCTbIO (YPOBHEM 3Ha4mMmocTu) s = 0,05 (5%).

EcTecTBEeHHO, YTO BbILLEONUCAHHYO MpoLeaypy MOXHO MpUMEHSTb,
TOJIbKO €C/IN U3BECTHO CTaHAapTHOe OTKJ/IOHEHWE a WM JUCTIepCUs CF
vccieayeMoiA C/TyualAHOIA Be/IMYKMHDBI, YTO peaKo UMeeT MecTO Ha npak-
TuKe. [03TOMY MpY OLEHVBAHUK MapaMeTpoB 1 NPOBEPKE MMMoTe3 yallle
MPUMEHSIOT Apyroe pacnpenesieHue, ABASIOLEECS Mo CyTU BbIGOPOHHbLIM
aHa/10roM HopMaslbHOr 0 pacnpefesieHNst 1 nepexoasilee B HEro Npu 6ec-
KOHEYHO 60/1bLUOM Ymc/ie Hab/IioaeHUA. OTo pacnpeaesieHne HasblBaloT
pacnpegeneHviem CTblogeHTa v /—-pacnpeferieHeM.

15.2.3. PacnipepeneHve CrooaeHTa

PaccMoTpMM OCHOBHble CBOMACTBA pacrpegesieHns CTblogeHTa. Bo-

nepBbIX, aHa/10rom 6e3pa3mepH0|‘/’| BE/IMYNHBbI T-CTaTUCTUKW, onpeaesise—
n

X -W
MOWU Bblpa>KEHUNEM Z = ’( cn 11 X N T Takke 6e3pa3M€pHaﬂ BeJ/IN4YMHa

/-CTaTUCTHKa,, onpeaesisemMas BblpaXKeEHUEM /= ————.BaTom Bblpa>ke—

H/ BMecTo CTaHAapTHOM0 OTK/IOHEHWS A1 FeHepasibHOA COBOKYMHOCTM
Y CTOUT BbIGOPOYHOE CTaHAAPTHOE OTKJIOHEHUE 5, AB/ISIIOLLEECS, MO CyTH,
C/Ty4aiAHoIA BeSIMUMHOA (MEHSIIOLLEIACA 0T BbIGOPKU K BbIGOPKE) U onpe-
Aensiemoe nogaHHbIM HabIIOAEHVIA X. C MOMOLLLbIO BbIPXKEHUS:

n -\
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15’\ X", a yepes nobos-
g

34ecb BbI6OpOUHOE cpeaHee 0603HAUEHO X =

HayeHOo YMCsI0 HabIKOAEHMIA.

Bo-BTOpbIX, B 0T/IN4YME OT CTAHAAPTHOI0 HOPMasIbHOI0 pacnpenaene-
HUS, ABMAIOLWErocs (yHKUMEIA NMNLLb 0AHOIA NepeMeHHoA |, /-pacnpepe-
NeHVie SIBMSETCA He TOsIbKO (hyHKUMEIA MEPEMEHHOI /, HO TaKKe 3aBUCUT
0T elle 04HOro napameTpa —uucsia cTerneHei cBobogbl v. Yucno crene-
Hel/ cB060Abl paBHO 06LLEMY UMC/TY HabGMOAEHUIA, YMEHbLLIEHHOMY Ha
UYMCI0 NIMHEIAHBIX CBS3elA MeXay HUMK. Ecnuv n BbIGOpoUHbIX Haboae-
HUIA CBA3aHbl 5/IMHEIAHBIMY YPaBHEHUSIMU, TO WX pacripefiesieHne NveeT
V= rn-$ cTeneHei1 cBo6oAbl. JIMHEAHOIA CBSA3blO SIB/IIETCSA, Hanpumep,
thopMy/sia pacyeTa BbIGOPOUYHOI0 CPpeAHEro X = 1 A Bbl6opoY-—

mag
HOe cpegHee BXOAUT B JOpMY /Ty KaKOM—/IMG0 CTaTUCTUKMN, TO 3TO YMEHb-
LIaeT YMCI0 CTeMeHeM CBo6oAbl Ha eAVHLLY.

PacnpeneneHve CTbloAeHTa UMEET C/lyyaliHasi Be/IMUNHA, paBHasi 0T-
HOLLEHMIO ABYX HE3aBUCUMbIX C/TyYalAHbIX BE/IMUNH: CTaHAAPTHOMA HOp-
MasibHO pacrpeaesieHHOM Be/iUYuHbI Z(C Hy/ieBbIM CpeAHMM 3HAYEHNEM

Y eOUHUYHOIA aycniepcuein) 1 Be/IMUYYHbI BblpaXkatoLLIe ACH vepes

CNYYalAHYI0 BeSIMUMHY, MMEIOLLYI0 pacnpedesieHve Yy} ¢ M cTeneHsaMmn
cBoboapbl. PacripegeneHne X' (X1 —KBaapaT, Wwim pacnpeneneHue MNupco-
Ha), UMeeT CyMMa KBaapaToB M HE3aBUCUMbIX CTaHAAPTHbIX HOPMasibHO
pacnpefenieHHbIX C/lyYaiAHbIX BEMIMUYUH (C HYJIEBLIMU CpeAHUMMN 3HaYe-
HUAMU 1 eOVHNYHBIMU JUCTepCUsIMU).

BBoAA HOBYIO C/lyHalAiHyt0 Be/INUUHY

¢ 0)
1
%\ =
n
Mbl MOSTy4MM /1 Hee /-pacnpeneneHne CTblogdeHTa ¢ N cTeneHsamMun
wooaH
1 +c” wi
cB060AbI C M/I0THOCTLK BEPOSATHOCTHLIX,/?) = B . pachmk

(QYHKLMM NAOTHOCTU BEPOSTHOCTM pacnpeneneHus CTbiogeHTa (puc.
15.4), KaK 1 CTaHAAPTHOro HOPMasIbHOI0 pacnpeaesieHUs, UMeeT CUM-
METPUYHBIIA KO/10K0/1006pa3HbIA BUA, HO siBNseTcA 6osiee “ChnsItoCHY-
TbIM” M0 BEPTUKa/IN.

M3 cuMMeTpuYHOCTU pacnpeneneHns CTbloAeHTa BbITEKAET BaXKHOE
COOTHOLUEHUE MEeXAY KPUTUYECKMMWN TOYKaMn 3TOro pacnpeaesieHus:
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PucyHok 15.4. NOTHOCTL BEPOATHOCTWU pacripefenieHns CTblogeHTa

MXAN=0 0D\ = - 7).

Ha npakTunke 06bI14HO UCMOMBL3YIOT He Tabnvubl PYHKLMKW pacnpeae-
neHunsa CTblogeHTa a TabnMupbl KPUTUYECKNX TOYEK PYHKLIMK pac-
npegeneHns CTbiOAeHTa, TO eCTb TOYEK C 334aHHOIA BEPOATHOCTbIO Mo-
nagaHnA B HaUMHarLLMecsa 0T HUX “XBOCTbI” pacnpeaesieHus.

PacnpegeneHvie CTbiogeHTa UCMOMb3YETCS, Hanpumep, Npy nposepke
rvnoTes:

e 0 CpegHeM 3Ha4YeHMN HOPMasIbHOA FeHepasibHOA COBOKYMHOCTU Mpun

Hen3BeCTHOIA aucnepcum;

e 0 JIMHEMHOA HE3aBUCUMOCTU ABYX C/TyYalAHbIX BE/INUMH (paBEHCTBE

HYIH0 KO3 (MLIMEHTa KOPPesnsaLum) —CM. HUXKE B 3TOIA I/1aBe;

* 0 CTaTUCTUYECKOIA 3HAUMMOCTU KO3(hhULMEeHTa SIMHELAHOIA petheccuin.

15.3. Tabnnupl pacnpefeneHnia U nx MUCNosib3oBaHMe.

MpuMepbl pacyeToB BEPOATHOCTU MOMagaHUs B 330aHHBLIA
MHTEpBas1 C MOMOLLLIO Tabsin,

153.1. PaboTa ¢ Tab/muaMm CTaHOapPTHOIO HOPMasIbHOMo pac-

rpeaeneHs

[ NpaKTMYecKoro NpuMeHeHNs NprBeAeHHbIX Bblle pacrnpeaese-
HUIA K NPoBeAEHNIO CTaTUCTUYECKUX PacHeTOB C/Iy)KaT Tab/nLbI pacrpe-
OeneHniA. PaccMoTpUM 1crosib3oBaHMe Tab/mL, pacrpeaeneHnia Ha npu-
Mepe HOPMaslbHOro pacnpeaesieHus.
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Tabnmua gpyHKUMK pacnpeaenieHns cTaHgapTHOro HOPMasibHOO pac-

npegeneHns Ha nHTepsasie (-00, +00) e "dt veer BUL,

0
0,0 0,500 0,503 0,507 0511 0515 0,519 0523 0,527 0,531 0,535
0,1 0,539 0,543 0,547 0551 0,555 0,559 0,563 0,567 0,571 0,575

4,0 0,999 0,999 0,999 0,999

B npuBeaeHHOM parMeHTe Tab/mubl 3Ha4eHUs PYHKLMKW pacnpene-
JIEHVA NpYBEAEHbI C TOYHOCTBIO A0 MATOr0 4eCATUYHOIO 3HaKa, a 3Haye-
HUA aprymeHTa z - 40 BTOPOro AeCATUYHOro 3Haka. B camom sieBoMm
CTOoN6Le Tabnmubl NpuBegeHbI 3HadYeHns Z oT 0,0 go 4,0 ¢ TOUHOCTLIO A0
LecAaTbIX J0NEA, a B BepxXHelA CTPoKe Tabmubl NpuBeAeHbI COThle A0SV Z-
3HaudeHue hyHKLUUN pacnpenesieHns, CoOoTBETCTBYIOLLEE ornpeaesieHHOMY
3Ha4YeHUo aprymeHTa z (Hanpumep, 0,14), HaxoANTCA Ha NepeceyeHUn
CTPOKU C AecAaTbIMU fonsamu z (B JaHHOM nipumepe —0,1) 1 ctonbua c
COTbIMM gonamn Z (B AaHHOM rnpumepe -4). B paccmaTpvBaemMom npu-
Mepe OHO paBHO 0,55567 1 03Ha4YaeT BEpPOSATHOCTb MomnagaHuns criyyain-
HOIA Be/IMuMHbI ZB nosly6eckoHeuHbliA nHTepBan (-oo, 0,14). 3Ta Bepo-
ATHOCTb paBHa 0,5 nMpy r = O, TaK KaK 3TO 3HayeHue OennT 06/1acTb
M3MEeHEeHUs C/yHalAHOA BE/IMUUHBI Z Ha [ABE PaBHOBEPOATHbIE YacTu, 1
CTPEMUTCA K eOMHULE MPU YBESIMYEHUN Z 1118 TOro, 4Tobbl paccunTaTb
BEPOSATHOCTb MOMaZaHWs Be/INYMHbI Z B KOHEYHbIA UHTepBasi a <r < P,
criefyeT BOCMO/b30BaTbes Gopmysiota: Prob{a <Z < p} = AP) - F{a).
MycTb, K Npumepy, a = 0,1, a p = 0,14. Torga no Tabnuue Haxoaum
A0, = 0,53983, a F(0,14) = 0,55567. CnepnoBaTtesibHO, MICKOMas Bepo-
ATHOCTb NonagaHnsa BennunHbl 1B nHtepsas [0,1, 0,14) pasHa [0, 14) -
[0,1) = 0,55567 -0,53983 = 0,01584.

BcnomMunHas, 4To cTaHAapTHas HOpMasibHas BeEJINUYMHA Z CBA3aHa C

£-w

MOXXEeM 0rnpeaesinTb BepoATHOCTb MnoragaHna I'IpOI/I3BO}'IbHOI7I HOPMaJ1bHO
pacnpe,qeneHHoﬁ Be/IMYMHbI X B UHTEPBa/1 @ <X < b KaK BEpoATHOCTb

MCXOAHOMA C/lyYalAHOA BESIMYMHOW X COOTHOLLEHUEM Z =

— s a-mu
nonagaHmsa CtaHOAPTHOW HOPMas/1bHOWM BEJIMUYNHBLI Z B UHTEPBAV1———— <

r< b -t Onpeaenss NocneqHNIA MHTEPBasT, Mbl MOXEM paccunTaTb

NCKOMYHO BEPOATHOCTb C NMOMOLLbIO TaGl'Il/ILII TaK XXe, KakK B paCCMOTpPEH-
HOM BbllLE rnpumepe.
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PucyHok 15.5. dyHkuum Ar), Ar), ®{1) ctaHAapTHOro HOpMaslbHOIo pac-
npeaesieHVst

OTMEeTUM, UYTO MHOrAa B Tab/MUax cTaHAapTHOrO HOPMasibHOIO pac-
npegeneHust npyBedeHa He PYHKLUMA pacripedesieHns, a BesinumHa 1 -

e onpeAensioLlas BEpOATHOCTb NoNagaHus criyyaia-

/2T =
HOLA Be/IMUMHbI 7 B MpaBbliA “XBOCT” pacnpegeneHns (MHTepBan [z, +00))
U nameHswwasaca ot 0,5 oo O npu m3ameHeHun r ot O oo +00 W

Be/IMUMHa ON(r) = F\(2) - O ! e onpegensowas BeposT-

HOCTb MoMagaHus CTy4alAHOM Be/IMUMHBI ZB CPeAHI0 YacTb PYHKLUMN
pacnipegenennsa (MHtTepsan [O, ~) mn nameHswowasca ot O go 0,5 npn
n3MeHeHUn r ot O 4o —+oo.

CBA3b Mexy Co60IA TpeX BbILLEeYNOMAHYTbIX (YHKLUMIA MoKasaHa Ha
pucyHke 15.5.

[ns Bcex aTUX yHKUMIA BEPOSSTHOCTb MonafaHnst CTyYalAHoIA Besu-
UMHbI Z B 330aHHbLIIA MHTEPBaJT PacCUNTbLIBAETCA KakK pa3HOCTb 3HaYeHUEA
COOTBETCTBYHOLMX DYHKUMIA Ha KOHLLAX 3TOro MHTepBasla.

15.3.2. PaboTa ¢ Tabrwmuamm -pacripeneneHns CTblofeHTa

B Tabnmue yHKUMK pacripegenieHns CTbiogeHTa NpmMBogsTes 06blu-
HO, A/ Pas/INYHbIX Yucen CTerneHei cBo6oabl V, KPUTUUYECKNE TOUKM.
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COOTBETCTBYHOLME MpUBEAEHHbIM B BEpXHEIA CTpPoKe Tabsimubl BeposT-
HOCTSAIM a nonagaHms B MNpaBbliA “XBOCT” pacripegenenmns. VIHbIMu crio-
BaMu, B NpUBEAEHHOA HVKe Tab/ivLbl YAC/0 a —3TO BEPOSTHOCTL Mpe-
BbILLEHNS /-CTaTUCTUKOIA NPUBEAEHHOI0 B Tab/MLEe KPUTUYECKOr0 3Ha-
YeHUs Mpy COOTBETCTBYIOLLEM UmC/le CTerneHel/ cBoboabl V.

Tabnvua pyHKUMK pacnipegenenmns CTblogeHTa UMeeT BUL;

y\a 0,005 0,01 0,025 0,05 0,1
63,657 31,821 12,706 6,314 3,078
10 3,169 2,764 2,228 1,812 1,372
30 2,750 2,457 2,042 1,697 1,310
2,576 2,326 1,960 1,645 1,282

PucyHok 15.6. OOHOCTOPOHHSASA KpUTUYeckas 06/1acTb pacnpeneneHus
CTblogeHTa

KpnTudeckasa Touka  (Hanpumep, /py,) HaXoOUTCA Ha repeceve-
HUW CTPOKW C YUC/IOM CTeneHeta cBobodpbl' (B JaHHOM criydae V= 10) u
cTonbua ¢ 3a4aHHOIA BeposiTHOCTbIO (B AaHHOM criyyae a = 0,05). L3
npuBeAEHHOA Tabfnubl HaxXoauM, YTO = 1,812. HanomMHuM, 4TO
KpUTMYyeckan ToukKa BAAHHOM crlydae UMeeT criedytoWniA CMbICST:

Prob{/ > J = a.

OTMeTUM, YTO MHOrAa Tabnvupl pacnpegeneHus CTbiofgeHTa NpuBo-

OATCA ANA ABYCTOPOHHUX KPUTUYECKUX TOYeK onpenensemMbIxX U3

ycnosus Prob{l/| >/ } = a.
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PucyHok 15.7. [BYCTOPOHHAS KpuUTUYeckas 06/1acTb pacrpefesieHus
CrTblogeHTa

B cuny cuMmMeTpryHocTK pacripegeneHns CTblogeHTa 3TV TOUKN CBS-
3aHbl C O4HOCTOPOHHUMMN KPUTUYECKMMMW TOYKAMU COOTHOLLEHVEM
= 330aHHOIA BEepoATHOCTU a nonagaHus B oba “XBoc-
Ta” pacrnpenesieHnsa BepoATHOCTL nonagaHusa B oAvH U3 “XBOCTOB” pac-
npefeneHusa OyaeT B ABa pa3a MeHbLUE W paBHa a/2.

Kpome Toro, B HEKOTOpbIX Tabnmuax pacnpegeneHns CTbiogeHTa
BMECTO MasibIX uncesi a (BeposaTHOCTEIA nonafaHus B “XBOCT” pacrnipege-
NleHnsa) NpMBOAATCA Yucna 1-a (BepoATHOCTWU MnonagaHus B UHTepPBas1
(00, /,,,) B OAHOCTOPOHHUX KPUTUYECKNX TOYEK N B MHTEpPBaS1
") oA ABYCTOPOHHUX KPUTUYHECKUX TOYEK).

154. CooTHOWEHUA Mexay SKOHOMWUYECKUMUW nepemeH-
HbIMW. JInHelAHasA cBs3b. Koppensums

Pa3finuHble aKOHOMUYECKME MOoKa3aTe/IM Kak Ha MUKpPO—, TakK U Ha
MaKpOypOBHE He SIB/SIIOTCA He3aBUCUMbIMU, a CBSI3aHbl MeXay Co6olA;
HarpumMep, LieHa KaKoro-simbo ToBapa U Be/indmHa crpoca Ha 3ToT To-
Bap, 06beM NPoM3BOACTBA N NpnbbLIb PUPMbI, pacrnosiaraeMbliZ 4oxXo4 U
06bEM JINYHOI0 NOTPebsieHUs, NHPAALUNA 1 6e3paboTuLa.

Ecniv He NpUHMMaTb BO BHMMaHWE CTOXaCTUYECKYH NPUpoay 3KOHO-
MWYECKNX AaHHbIX, TO A/19 ONMUCaHUA B3aUMOCBSA3EIA Pa3/INYHbIX 3KOHO-
MMNYECKNX U (HMHAHCOBbIX MOKasaTesietd Mexay cob0iA npuMeHseTcs yH-
KUWOHa/IbHbIA noaxos,. CBA3b 04HOM0 U3 MNokasaTesiei ¢ ApyrmmMm rno-
Ka3aTes1iM1 OMNUCbIBaeTCs C MOMOLLbI0 (YHKUMIA 0aHOA Yy=[1X) w1 He-
CKOIbKMX MepeMeHHbIX y=[X] 1:2...,.x"). TakotA noaxod, MpUMEHSIETCS TaMm,
r,ie BEPOSITHOCTHbIA XapaKTep 3KOHOMMUYECKUX MPOLLeCCOB MasiocyLLec-
TBEHEH AJ151 MPUHSATUS PELLIEHNIA.
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Ha camom fene B3aMMOCBSI3M MNoKa3aTesiei1 B 3KOHOMUKE peiKo ume-
HOT NPOCTOA PYHKLMOHAIbHBIA BUL, NOCKO/bKY Ha MHTEPECYIOLLNIA Hac
rnoKasaTesib KPOMe SIBHO YUUTbIBaEMbIX 00 bSACHAOLLMX MEPEMEHHbIX BSI-
€T eLlle MHOXeCTBO Apyrux (hakTopoB, CYLLEeCTBYIOLIVX B ASACTBUTE b-
HOCTU, HO HE YUMTbIBAEMbIX IBHO B MOAESIN; YaCTb U3 3TUX (PAKTOPOB —
c/lyyai/iHble. 3TO 00YC/1I0B/INBAET CTOXACTUYECKYIO NPUPOAY KaK HEKOTO-
PbIX 3KOHOMMNYECKUX MEePEMEHHbIX, TaK 1 B3aMOCBS3EeA MeXay HUMWN.
CToxacTMYeCKME B3aMMOCBSI3U MEPEMEHHbLIX MOXKHO OMMCaTh C MOMOLLbHO
YaCTOTHbIX (BEPOATHOCTHbLIX) WM KOPPESIALMNOHHbBIX XapaKTepUCTUK.

154.1. BepoaTHOCTHBLIE COOTHOLLIEHWA: COBMECTHasA 4yacToTa
(BEPOATHOCTBL), YC/10BHasA YacToTa (BEPOSITHOCTb), CTaTUCTUYEC-
Kasi He3aBMICMMOCTb CyHalAHbIX HEPEMEHHbIX

Moa coBMECTHO 4acToTo V{X,y) ABYX C/Tly4alaHbIX BE/IMUMH X 1 Y
Mbl MOHMMaeM O0THOCUTESIbHYIO YacTOTY COObITUSA, COCTOSALLLENO B TOM,
YTO BE/IMYUHBLI XN ~“MPUHUMAIOT 0AHOBPEMEHHO 3HAYEHNUAX U COOT-
BETCTBEHHO. B npeaene, Korga ymcsio HabloaeHNIA CTpeMUTCS K 6ecKo-
HEYHOCTU, COBMECTHas 4acToTa NepexoamT B COBMECTHYIO BEPOSITHOCTb
P(X,y). OgHaKo coBMeCcTHas 4acToTa WM BEepoSTHOCTb He ABASKOTCH Xa-
pakTepucTUKamMm MMEHHO B3aMMOCBSI3M C/TyHalAHbIX NepeMeHHbIX, Noc-
KOJIbKY UX 3HA4YeHUA oMnpeaesnsaioTcs He TO/IbKO CUHXPOHHOCTbLIO n3Me-
HEeHUA nccnenyemMbIx CrydaiiHbIX BESINMUYMH, HO N YaCTOTOIA, C KOTOPOLA
rnepeMeHHbIe MPUHUMAKT PUKCUPOBaHHbIE 3HaYeHUs. Mo3ToMy A/1s Xa-
paKTEPUCTUKUN B3aMMOCBA3N C/TyHalAHbIX MePEMEHHbIX Yalle UCMob3y-
0T OPYTYI0 XapaKTepUCTUKY —YC/I0BHYIO YacTOTY WIN BEPOSTHOCTb.

Mop, yCNoBHOM 4HacToTOM MY[X) ABYX C/lyHaiAHbIX BE/IMUNH YU X Mbl
MOHMMaeM OTHOCUTESTbHYH HYacTOTYy COObITUS, COCTOSILLLEr0 B TOM, YTO
Be/IMUMHA Y NPUHUMAET 3HaYeHre y Npu YCr10BUN, YTO BeSINUMHA X yXkKe
npuHaIa 3HavyeHve X. B npederne, Korga BesiuvHbl X 1 Y NpUHUMAaOT
BCE BO3MOXHble 3Ha4YeHUs U3 reHepasibHOIA COBOKYMHOCTW, YC/I0BHas
YacToTa NepexoauT BYC/I0BHYH BEPOSTHOCTb

Ecnn BennumHbl X 1 KceBsidaHbl (lYHKLMOHa/IbHOIA 3aBUCMMOCTbIO,
Hanpumep. Y=X-, TO YC/10BHasa yacToTa (BeposaTHOCTb) P(y—x\Y) paBHa
eAVHNLE, TaK Kak B 100% criy4yasix (C BEpPOSATHOCTbIO eANHNLLA) 3HaYe-
HUIO X ByAeT CO0TBETCTBOBaTb 3HaUeHne Y=X.

B NpoTMBOMO/IOKHOM Crlyyae, Korga BenmunHbl X n KcoBepLieHHo
He cBsA3aHbl Mexfy C000iA, yc/ioBHas 4vacToTa V(>X) HUKaK He OyaeT
3aBUCETb OT 3Ha4YeHUs X U ByJeT COBMagaTb C YacTOTOLA MOSB/IEHUS
3HauveHnsa y, v(j"N). Mpn 3ToM coBMecTHas 4actoTa OyaeT mponopL,mo-
HaslbHa YacToTam MOoABAEHNSA 3HAYEHNIA X N V(X,3V)=V(X) V(D). To xe
OTHOCUTCH U K COBMECTHOLA BEPOATHOCTU HE3aBMCUMbIX C/TyHalAHbIX Be-
numH P{x,y)=P(x) P{y). JlaHHOe paBEHCTBO ABSeTCS (POPMasIibHbLIM 0 -
peaeneHeM He3aBUCUMOCTU CTyHalAHbIX BESIMUNH XY . OHU Ha3bIBatoT-
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€A He3aBUCUMbIMU, ecnin paBeHCTBO P(X,y) = P{X) P{y) BbinosiHAeTCcA o1
N0BbIX 3HAYEHUIA XHY .

Ecnn Xu T HezaBucnMbl, To MEXYN = LXNMN YN a DPX+HYN\ = DX\
+ DI\

154.2. AHIWM3 JUERIADIA CTATUCTVHECKOIA CBSA3M SKOHOMUYEC-
KX AaHHBbIX. Koppenauys

B 3KOHOMMYECKNX UCC/eA0BaHUSAX 0OHOLA N3 OCHOBHbIX 337134y SAB/SI-
€TCS aHa/IN3 3aBUCUMOCTEIA MeXay MepeMeHHbIMN. 3aBUCUMMOCTb MOXET
ObITb CTPOroiA ((hyHKLMOHa/IbHOIA) SINGO CTAaTUCTUYECKOIA. Arebpa n
MaTeMaTUYECKUIA aHa/IN3 3aHMMAKTCA M3yveHVeM (hYHKLMOHa/IbHbIX
3aBUCUMMOCTEIA, TO ECTb 3aBUCUMOCTEIA, 33flaHHbIX B BUAE TOYHbLIX hop-
Myn. Ho niobas Takas 3aBUCUMOCTb B ONpefesIeHHOIA CTeneHn ABAsSeTCs
abcTpaKkuyeiA, NMocKosbKY B OKpY>XaloLeM Mupe, 4acTblo KOTOPOro siB-
NAeTCs 3KOHOMMKA, 3HaYeHMe KOHKPETHOA BeSIMUYUHBI He ornpefenseTcs
HEM3MEHHOIA (hopMysI0iA ee 3aBUCUMOCTW 0T HEKOTOPOro Habopa Apyrux
BeSIMUMH. Becerga ecTb HECKO/IbKO BE/INUVH, KOTOpbIe ONpeaensoT ras-
Hble TEHAEHUUN U3MEHEHNS PACCMATPMBAEMOIA BE/INUMHBI, N B 3KOHO-
MUYECKOA TEOpUM 1 MPaKTUKE 0rpaHUYMBaOTCA TEM WIM UHbIM KPYToM
TakuX Be/IMUMH (06 BACHSAOLWUX nepeMeHHbIx). O4HaKo Bcerga cyliec-
TBYET 1 BO3AEIACTBYE 60MBLLONO YMCMa APYTUX, MeHee BaKHbIX Wi TPYOHO
UAEHTUDULMPYEMbIX (haKTOpPOoB, NpUBOASLLEE K OTK/IOHEHUIO 3HAYEHWIA
06BbACHAEMOA (3aBMCMMOIA) NEepeMEHHOLA OT KOHKPETHOA (hopMy /bl ee
CBA3N C 0OBACHALNMU MepeMeHHbIMN, CKOJS1b Obl TOUHOIA 3Ta hopMYy-
na HY 6blia. HaxoxaeHuve, oLeHKa 1 aHasIM3 Takux cBsAseid, naeHTngum-
Kauus 06 bACHAOWMX NepeMeHHbIX, NOCTpoeHne (hopMy 1 3aBUCUMOCTU
M OLleHKa MX NapameTpoB ABMIAIOTCA He TOSIbKO O4HUM U3 BKHEIALLNX
pas3fesioB MaTeMaTUYECKOIA CTaTUCTUKN. 3TO CBOEro poJa WCKYCCTBO,
YUNTbIBAIOLLEE B KaXKIOIA KOHKPETHOIA 06/1aCTV 3HaHWIA (B YaCTHOCTWU, B
3KOHOMMKE, 0 KOTOPOMA MAET peyb), ee BHYTPEHHUE 3aKOHbI U NOTPeo-
HOCTU. HO 3TO Takke U HayKa, NOCKO/IbKY BbIOVPaEMbIA U OLeHVBae-
MbIA BUA, POPMYSibl AOSKEH ObITb 06bACHEH B TEPMUHAX JaHHOA 061ac-
TU 3HaHWIA.

MycTb TpebyeTcs OLEHNTb CBSA3b MeXAy rnepemMeHHbIMM X 1 Y (Ha-
nprMep, cBs3b MokasaTesiein 6e3paboTuLbI U MHDAALUW B [AHHOIA cTpa-
He 3a onpefieNIeHHbIA Nepuog, BpeMeHU). B 4aCTHOCTU, MOXEeT CTOATb
BOMPOC, CBSI3aHbl /N MeXAy CO60A 3TW MoKasaTesii, U Npy Mos10Xun-
Te/IbHOM OTBETE Ha Hero, eCTeCTBEHHO, BCTaeT 3a/a4a HaxoxaeHus g op-
My/ibl 3TOIA cBA3W. OCHOBOLA [A/19 0TBETa Ha 3TOT BOMPOC SIB/SKOTCA
CTaTUCTMYECKVE AaHHbIE 0 AVHAMUKE 3TUX MoKasaTesiel4 (rogoBble, KBap-
Ta/lbHble, MecAYHble U T.M.). 3TN AaHHbIe NPeacTaBNAlT CO60A HEKOTO-
P10, MpeanonoXNTENIbHO — C/lyHalAHyI0, BbIOGOPKY U3 reHepasibHOIA Co-
BOKYIMHOCTU, TO €CTb M3 COBOKYMHOCTU BCEX BO3MOXHbIX COMETaHWIA
rnokasaTteneii NHONAUMN 1 6e3paboTULLbl B CIOXKMBLLUUXCA YC/10BUSIX.
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Taknm 06pa3oM, BbIBOL, 0 HASINUMN CBS3U 19 BCEIA MreHepas1bHOIA COBO-
KYMHOCTWN HY>XHO AefiaTb Mo BbIGOPOYHbLIM AaHHbIM, 4YTO caMo Mo cebe
yXXe [enaeT 0TBET Ha MocTaB/IeHHbIA BOMPoc Hebe3ycnoBHbIM. bosee
TOro, No AaHHbIM BbIGOPKW OTBETUTL Ha BOMPOC B NPUBEAEHHOIA NocTa-
HOBKe, TO eCTb 0 Ha/IM4MN CBA3N “B0O0OLLLE”, HEBO3MOXHO. [elACTBU-
TesIbHO, Yepes /1obble  TOYEK Ha MJ/I0CKOCTU BCErda MOXXHO MpoBecTw
nosinHoM cteneHn N-1 1 06bsSBUTB, YTO HalAAeHa ToUHas hopMyia CBS-
31. O HaKO OMbIT MNOACKa3bIBAET, YTO C/IN Obl Mbl MOSYUYNIN eLle 0aHY
TOUKYy-HabNaeHWe, To OHa HaBepHsKa He yA0B/eTBopssia Obl HalAOeH-
HOA (hopmysie. M03TOMy BOMPOC 0 HA/IMYUK CBA3WN MeXAY nepeMeHHbI-
MU (B YaCTHOCTU — 3KOHOMWYECKUMW) crieflyeT CTaBUTb Kak BOMpocC 0
Ha YN KOHKPETHOIA (hopMy /bl (CrieuudmKaLm) TakoiA cBA3N, YCToiA-
UMBOIA K N3MEHEHWNIO Yncia HabmioaeHWIA. Tpn 3TOM HY>KHO NOHUMaTb,
YTO OTBET Ha 3TOT BOMPOC MO AaHHbLIM BbIOOPKU HE MOXKET ObITb 04HO3-
HaYHbIM U KaTeropuyHbIM.

MpocTelilwei (hopMoA 3aBUCUMOCTU MeXAy NepeMeHHbIMU SBISETCA
JIMHEMHaA 3aBUCUMOCTb, U NPOBEPKa HA/INYMA TakoiA 3aB1CMMOCTN, OLe-
HVBaHVe ee MHAWKATOPOB N NapamMeTpoB SBMSETCA OAHUM U3 BKHEIA-
LUNX Harpas/IeHNIA NMPpUIoXKEHUS MaTEMaTUYECKOIA CTaTUCTUKM.

PaccmMoTpuM BHaydasie BOMNPOC 0 J/IMHEIAHOA CBA3W ABYX NepeMeHHbIX

1) CBA3aHbl SN MexXay Co60iA NIMHEIAHO NepeMeHHble A'n }?

2) KakoBa thopmyJsia CBA3N nepemeHHbIX X]n Y1

B nepsom cniyyae nepemeHHble XN\ Y BbICTYMNalOT KaK paBHoMNpaBs-
Hble, 34eCb HET HE3aBUCUMOIA 1 3aBMCUMOIA MNepeMeHHbIX. Bo BTopom
crlyyae pevb MOXET UATU 0 HAXOKAEHUW 3aBUCUMOCTW OfHOIA rnepemMeH-
HOIA OT OpyroiA, Hanpmumep 06 oueHmBaHnn opmy bl Y=a+bX (rgoe a u
b — HemsBecTHble KO3(hULMEHTbI TakoiA 3aBUCUMOCTHN). B 3ToM criyyae
nepemMeHHas X ABASETCA HE3aBMCUMOIA (00 BACHSAIOLWEIA), a NepeMeHHas Y
—3aBUCUMOIA (06BACHSAEMOIA). BOnpoc 0 HaxoXaeHUW hopmMysibl 3aBUCU-
MOCTW MOXHO CTaBUTb MOC/Ie MOSI0XUTENIbHOI0 0TBETA Ha BOMPOC 0 CY-
LLLeCTBOBaHUU TakolA 3aBUCMMOCTU, HO 3TW ABa BOMpoca MOXHO peLlaTb
1 04HOBPEMEHHO.

[na oTBeTa Ha NMocTaB/IeEHHbIE BOMPOCbI CYLECTBYIOT creuyasibHble
CTaTUCTUYECKME METOAbI U, COOTBETCTBEHHO, MoKasaTes v, 3Ha4eHnsa Ko-
TOpbIX onpefesieHHbIM 06pa3oM (U ¢ onpeaesieHHOIA BEPOATHOCTLIO) CBU-
[eTeNbCTBYIOT 0 HAIUYMN W OTCYTCTBUM JIMHEIAHOIA CBA3U Mexay re-
peMeHHbIMU. B nNepBoM cry4yae 3TO KO3PPULMEHT Koppensaunum Benv-
YMH X1 Y, BO BTOPOM C/lyHdae — KoahpuumueHTbI JIMHEAHOIA perpeccun a
U b, X CTaHAAPTHbIE OLLUNGKU N M-CTaTUCTUKY, MO 3HAYEHUAM KOTOPbIX
rpoBepsieTca rmnoTesa 06 OTCYTCTBUNM CBA3U BE/INUMH X1 Y.

BHauasie 06bACHUM JIOFMKY MOSAB/IEHUA TaKOro NnokasaTesis, Kak Ko-
3hpUuMeHT Koppenaumun. NpearnosiokKnm, YTo MeXxay nepemMeHHbIMU X
1 KcylwecTByeT /iHelAHasn cBA3b. Hasnmume Takoia CBSA3UM MOXHO UHTep-
npeTunposBaThb crieaylowmm obpasom. Ecnm nepemeHHas X npuHUMaeT
3HavyeHus 6osibLUMe, YeM ee cpefiHee 3HaYeHMe, 1 CBA3b MOSoOKMUTE TbHA
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(Ha A3blKe GopMys1 3TO 03HAYAET, UTO KOIPPULMEHT b NONOXKNTENEH),
TO 3HaueHWe nepemMeHHoOM KTakke A0/DKHO 6bITb 60sIbLUE ee cpeaHero
3HaYeHUs 1 COOTHOLLEHME OTK/IOHEHNIA X1 KOT nx cpegHMX 3HaUYeHNIA
[0/DKHO 6bITb MOCTOAHHbLIM. EC/M B3TOM cryyae nepemeHHas JYpuHiA-
MaeT 3Ha4YeHWe MeHblle, YeM ee cpefHee 3HadeHue, To U 3HadeHve K
[0J/DKHO 6bITb MeHbLLE ee cpeaHero ¢ Tem e KoahuumeHToM nponop-
LIMOHA/IbHOCTY 3TUX OTK/IOHEHWIA. Ecnv cBaA3b nepeMeHHbIX X n KoTpn-
LaTesIbHa, TO MOSIOKUTESIbHOE 0TK/I0HEHME X OT CpefHero 3Ha4eHus Ao-
JDKHO co4eTaTbCs C OTpULaTe/IbHbIM OTK/IOHEHNEM YOT ee cpefHelA, a
0TpULaTe/IbHOE OTKJI0HEHME JT'0T cpeAHEr0 3HAYEHUS —C MOSIOKUTESb-
HbIM 0TKJ/10HEHMEeM KOT ee cpeHEA — Mpy NOCTOSIHHOM COOTHOLLUEHUM
3TUX OTK/IOHEHNIA. Ecnn NMHEIAHOIA CBA3WM MexXay NepeMeHHbIMU X H Y
HET, TO MOJSIOKUTE/IbHbIE 0TK/I0HEHUSI MepeMeHHOIA X 0T ee cpefHero
3HavYeHnsa MoryT (XO0Ta U He 06513aTesIbHO ByayT) coveTaTbCs Kak ¢ Mosi-
OXKUTE/bHbLIMUW, TakK 1 C 0TpULATESTIbHbIMU O0TK/IOHEHUSAMU KOT ee cpea-
Hero, TO XXe MOXXHO CKa3aTb M Mpo oTpuLaTesibHble 0TK/IOHEHUS X OT
cpeaHero.

154.3.  KoahpmupmeHT Koppersaumm Iy BbIOOpKU 1 reHepasib-
HOIA COBOKYTHOCTU

B kauecTBe Mepbl 4J151 CTEMEHW SIMHEIAHOM CBSA3W OBYX NepeMeHHbIX
MCMoSb3yeTest KO3(PULIMEHT MX Koppensuuu. Mpuseaem BHadare op-
MyJTy BbIGOPOUHOI0 KO3IPMULMEHTA KOPPENSILIMUN MEPEMEHHbIX X1 K

"y)
mN\xY\
€)

«y= >
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Mo dopmyne KoahhmumeHTa Koppensumm BMAHO, YTo OH ByaeT nosi-
OXUTEesIeH, eC/IN OTKJIOHEHUA NepeMeHHbIX X 1 Y 0T CBOUX CpeaHUX
3HAYEHUEA MMEIOT, Kak NpaBuslo, 0AVNHAKOBbIA 3HaK, 1 0TpULaTEeSIbHbIM
- €C/IN pa3Hble 3HaKW.

KoahmumeHT Koppensaummn siBnsieTcs 6e3pasmMepHOiA BE/IMHUMHOM (TaK
KaK pa3MepHOCTU YNC/INTENIA 1 3HaMeHaTe s eCTb Pa3MEPHOCTU MPOU3-
BefeHVsA X Y\ero BesindmHa He 3aBUCUT 0T BblGopa eANHUL, U3MepeHns
06enx nepeMeHHbIX. BenmumHa KoapuLuneHTa Koppensaumnm MeHseTcs
0T -1 B C/lyYae CTPOroitA SIMHEeIAHOA 0TpULATE IbHOIA CBA3WN A0 +1 B C/y-
yae CTPOroiA JIMHEIAHOIA MONOKUTESbHOM CBA3N. Cryvan NoNoXUTe 1b-
HOLA 1 OTPULATESTbHOIA KOppensiumnu nepemMeHHbIX (¢ 6,IM3KUMK Mo Mo-
Oy K eauHnLE KO3Ih(MLMEHTaAMMN KOppensaLumn) rnokasaHbl Ha puc.
15.8. Brin3kaa K Hyso BeSiMYnHa Ko3ah@uLMeHTa Koppensaumnm rosopuTt
06 OTCYTCTBUM JINHELAHOIA CBA3U MNEpPeMEHHbIX, HO He 06 OTCyTCTBUM
CBSI3V MeXay HUMK Boo6LLe. ITO ACHO M3 MpaBoiA YacTu puc. 15.8, roe
XH Y, oueBUAHO, CBA3aHbI ApYT C APYrom (S1eXxaT Ha 0AHOLA OKpY>KHOC-
TN), HO UX KO3D(PMUMEHT Koppensumn 67IM30K K Hyo. [MocregHee
BbITEKaET MX TOro0, YTO KKAOA Mape 04MHaKOBbIX OTK/IOHEHUIA nepe-
MEHHOLA X 0T ee cpeHEro 3HauyeHUs COOTBETCTBYHOT paBHble Mo abco-
JIOTHOIA BeSIYMHE MOJIOKUTENIbHOE U 0TpULaTesIbHOe OTK/I0HEHUS Me-
pemeHHoOA KoT ee cpeaHero. CooTBETCTBEHHO, NPOU3BeAEHUSA 3TUX OT-
KTOHEHNIA “racaT” Apyr gpyra B uicnnTene opMysibl KoapgunumeHTa
KOppensummn, U OH 0KasblBaeTcA O6/IM3KMM K Hy/l0. 3aMeTuMm, 4To B
uncnTesne GopmMysibl 419 BbIGOPOUHOro KoahgmumeHTa Koppenaunn
BeMUnH X U KCToMT MX NoKasaTesib KoBapuaLmn:

cov;ix,j;d = X =-x){y.- y). 4)

3TOT NokasaTeslb, Kak U KO3IP(ULMEHT Koppensaumun, xapakTepusyeTt
cTeneHb JIMHEIAHOIA cBA3N BeNMUMH X W Y, 1 OH TaKke paBeH Hy/o,
ec/IN 3TU Be/INMUYMHBI He3aBUCUMBbI. Of1HaKO, B 0T/InYMe 0T KO3(hdULLn-
eHTa Koppesiauuu, rnokasatesib KoBapuaumym He HOpMMPOBaH —0H UMEET
pasMepHOCTb, U ero Be/IMYNHA 3aBUCUT OT e4UHUL, U3MEPEHUST BETUUNH
XH CTaTUCTUYECKOM aHa/In3e rokasaTtesib KoBapuaumu cam no cebe
MCMONb3YeTCcs peaKo; oH GurypupyeT 006bIYHO KaK MPOMEXYTOUHbIIA
3/IEMEHT pacyeTa KoaphuLMeHTa Koppensaumnn.

MbI Be/M 40 CUX NOpP peyb 0 BbIGOPOHHOM KOIP(ULIMEHTE Koppens-
UM BenMUuH X]n Y, KOTOPbIMA paccunTbiBaeTCs /19 OLEHKU CTeneHn
JIHEIAHOIA CBA3M 3TUX BE/IMYMH MO JaHHBbIM BbIGOPKU. [py 3TOM ucC-
TUHHbIM MOKa3aTesiIeM CTEMEHU JIMHEMAHOM CBA3WM BeNMUMH XN Y s
3aKOHa pacripefie/NIeHns, NMEeIOLLErocsl Ha reHepasibHoA COBOKYMHOCTW,
ABNSETCA TEOPETUHECKNIA KOSPONLMEHT Koppenauunm pty, oLeHKOoIA Ko-
TOPOro ABMASETCA BbIOOPOUHBIA KOathhnumeHT Koppensauun. Koahdun-
LIMEHT Koppenaunm Ana reHepasibHOA COBOKYMHOCTW onpeesifeTcs cre-
AyoLmm o6pasom:



naBa 15. PacrnipedgenieHyst 1 B3aMMOCBSA3N CyHalHbIX Be/UVH. . 289

_ coy(XI)
Far  a{X)a{Y)-
CTOSILLMEA B umc/IUTeEsE STOA (opMy/ibl MoKasaTe b KoBapuaLmn se-
nnunH XN KonpeensieTes ceayowpyM 06pa3om:

coVX, W= LLGX-M{EXN) {Y-M[ K])]. (6)

Mcnonb3ys nokasaTeslb KOBapuaLmm, yao06HO 3anmcaTh hopmy sy A/1s
ONCMEPCUN CYMMbI CIyHalAHbIX BENNUUH XU Y:

DX+ 2= DX\ + MY\ + 1co\[X, ™\ @)

Vicxopa vs onpeaeneHns KoaggpuumeHTa Koppensaumm, rnoKaxkem, HTo
OH paBeH 1wu -1 Npy CTPOroiA JIMHEAHOIA 3aBUCMMOCTM BESTIMUMH A'N Y
M paBeH HYJ/I0 B C/lyyae X He3aBUCMMOCTN.

MycTtb Y=a+bX. Torga

MI(X - MDXD) €Y = MYNJ] = 11 (X~ MDONNa + bX ~ Ll a + BN] =
AMEX = MDONa + bX - lija] - MBXOYN =
= ML{X - LX\Y(a + bX - M[al - MBXN)] =
= MNOX - MDXN) b{X - MDN] = DDA\

ocovif Y
OueBugHo Tarke, 4To O{Y\=0[a+bX\=b"0X\, n A

b
—L, TO eCTb KOI((IULIMEHT KOppesisiLluv paBeH 1 Mpu NosI0KUTE/TbHOM

Koa(hpuumeHTe b v paBeH -1 nNpu oTpuuaTesibHoM b. Ecnm A'vi Y Hesa-
BUCUMBbI, TO

coyTAT, W= M{{X- MDXN) {Y- MYNJT = M [X - MIX\\LLY- LIYN\ =
00 = O,

HO Heob6s13aTesIbHO HaobopoT.

VTak, paBHbIA HY/MO KO3IMULIMEHT KOppensaunm ansa reHepasibHoiA
COBOKYIMHOCTW FOBOPUT 06 OTCYTCTBUWN SIMHELAHOIA CBSA3M paccMaTpuBae-
MbIX BeIMUNH. O4HAKO OH He CBUAETE IbCTBYET 06 OTCYTCTBUM UX CBA3N
BooGLLe. B criyyae paBeHCTBa Hy/1i0 MoKasaTesis Koppensuum, Harpu-
Mep, BESINUNH YPOBHEIA MHDASUMK 1 6e3paboTubl (2 3TO ASACTBUTE b~
HO MpaKTU4YecKn Tak A8 nepmoga 1970-x - 1980-Xx rofoB A/ SKOHO-
MUKK CLLUA) HY>KHO He FOBOpUTb Cpaly 0 HE3aBUCUMMOCTU 3TUX MoKasa-
Tereli B JaHHbIA nepuog, a MonbITaTbCcs MOCTPOUTh 60siee CII0XKHYH
MOAE/Tb VX CBA3U, YUNTbIBAIOLLYO, BO3MOXKHO, KaK HeJIMHeAHOCTb ca-
MOIA 3aBUCUMOCTU, TaK U Ha/lnuve B HelA 3anas3fblBaHUIA BO BpeMeHU
(maroB), a TaKke NHEPLIMOHHOCTb AVHAMUKN COOTBETCTBYHOLLMX BESTNHMH.

10 3amkos
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154.4. OueHVBaHVEe MapaMeTPOB M MNpoBepKa MrnoTe3 0 Kop-
perifiupn CiyHalAHbIX MepeMeHHbIX

Janee, B aHanIM3e KospPpULMEHTa KOPPENAaLMN BO3HUKAET Creayto-
upia Bonpoc. Ecnin oH paBeH HyJsIl0 ANs FeHepasibHOA COBOKYMHOCTU,
3TO0 BOBCE He 3HAYUT, YTO OH B TOYHOCTM OyAEeT paBeH Hys10 415 BblOop-
KN. Hao60opoT, OH 06513aTesIbHO OYAET OTK/IOHATBLCA 0T UCTUHHOIO 3Ha-
UYeHUS, HO YeM 60sbLLe TaKoe OTKJ/IOHEHWE, TeEM MeHee OHO BeposTHO
npu faHHOM o6bemMe BblOOpKU. Takmum 06pa3om, MpU Kadka0M KOHKpeT-
HOM 3Ha4YeHUN KoahMLMEHTa Koppensauum BennmumH X 1 Y ons reHe-
pasIbHOIA COBOKYMHOCTU BbIGOPOYHBIIA KO3WPMLUMNEHT KOoppensymnmn -
NSeTCA CyYalAHOIA Be/IMUMHOIA. CrieaoBaTesibHO, CTyuYailAHOA BESIUNHOIA
ABNSETCA Takke /1tobas ero pyHKLUUs, 1 TpebyeTcsa yKa3aTb TaKyr Dy H-
KUMI0, KOTopas umesia 6bl 04HO U3 M3BECTHBLIX pacrpesiesieHuia, yaobHoe
Ona TabnMyHoro aHanmsa. [1s BbI60poYHOro KoahuumeHTa Koppens-
LMN T TakoiA (hyHKUMEIA SBMSETCH /-CTaTUCTUKE, paccumMTbiBaemMas o

hopmyne t=rils . » un nmerowasn pacnpegeneHne CTologeHTa c (J1-2)

cTeneHsaMu cBoboabl. YMCs10 cTerneHel/ cBo60A4bl MeHbLLEe Yuncia Hab -
[EHNIA Ha 2, NMOCKOSIbKY B hopMys1y BbIGOPOHHOI0 KOathpuLuMeHTa Kop-
pensaunn BXoaaT cpefHMe BblOOpOUHbIe 3HadYeHUs XH Y, Ans pacyeTa
KOTOpPbIX UCMO/b3YKTCA ABe JIMHEMHbIE (hOpMY/ibl X 3aBUCMMOCTU OT
HabAEHNIA CTyHalAHbIX BE/IMUMH. Cpa3y YTOUYHUM, YTO 4719 KO3 hu-
LumeHTa Koppensauum 6yaeT npoBepsAaTbCs HysieBas rmrnoTesa, To ecTb M-
roTesa 0 paBeHCTBE Ero Hy/1t0 B FreHepasibHOLA COBOKYMHOCTU. 3Ta runo-
Te3a 0TBEpPraeTcs, ec/M BblIGOPOUHbIA KO3IW(ULMEHT KOPPensaumn canLl-
KOM [a/1€K0 OTKJIOHW/ICA OT HYJ/1EBOI0 3HAYEHUA, TO eCTb MPOU30LLJSIO
cobbITHNE, KOTOpoe 6b110 6bI MasI0BEPOSATHBLIM B C/lydae py=0.

30ecb, KOHEYHO, 04EHb BaXKHO MOHATb, YTO KOHKPETHO 3HayaT C/10Ba
“CZINLIKOM AasieKo” 1 “MasioBepossTHoe cobbITme”. B nocsieaHeM crydae
HY>XHO 33[aTb BEPOATHOCTb TakKOro cobbITUA, KOTOpas HasblBaeTcs B
CTaTUCTUKe “ypoBeHb 3HaYMMOCTU” . Yalle BCcero 3a43aeTcs ypoBeEHb 3Ha-
ymumocTn 1% wm 5%. Ecnnv onsg HeKOTOPOro rokasaresis npoBepseTca
rmnoTesa 0 ToM, YTO ero UICTUHHOE 3HaYeHMe paBHO HYJ/I0, TO AaHHasA
rmnoTesa 0TBepraeTcs B TOM C/lyyae, ec/iM OLeHKa rokasaresis no AaH-
HbIM BbIGOPKN TaKoBa, YTO BEPOATHOCTb MOSTYYEHUS TaKoro uin 60sib-
wero (Mo mMoA4y/sik0) ee 3Ha4YeHUsA MeHbLue, Yem 1% wnm 5% cooTBeT-
CTBEHHO.

Ha puc. 15.9 gaHa nnnocTpauuys rnpoBepKu Hys1eBOIA MMMoTe3bl /1A
Koa(phmumeHTa Koppensuum, KoTopass MOXXeT ObITb UCMOs1b30BaHa A/
paccMoTpeHUs 06LLEIA CXeMbI MPOBEPKU CTATUCTUYECKNX TMMoTe3. 34echb
fAn - runoTesa 0 ToM, YTO UCTUHHOE 3HavYeHMe KoahhnLmeHTa Koppesns-
LM paBHO HYJ/IO, a/fibTepHaTUBHasA €A rmnoTesa A, —4To OHO He paBHO



MnaBa 15. PacnpeagsieHnst 1 B3aUMOCBS3M C/TyHalAHBbIX BESIHMH.. 201

PucyHok 15.9. MpoBepka Hy/ esoiA MnoTesbl A/ KoathuLmeHTa Koppe-
naum

HyMo. PYHKLUNA/" —DYHKLUMA MSIOTHOCTU BEPOATHOCTU pacnpenenieHns
CTblogeHTa B C/ly4ae, ecsiv Hy/ieBast rmnoTesa BepHa (OHa MakcuMasibHa
npn Z=0, rge Z- c/ny4valiHas Be/indnHa BbI60pPOHHOI0 KoaghduumeHTa
Koppensauun). 3awTpuxoBaHHas 06/1acTb — 3T0 06/1acTb 60/1bLUMX O
abCcoMoTHOIA BennunHe (Mas1i0BEepPOSTHLIX MPU BbINO/IHEHUN TUMOTE3bI
£ 3HaYeHNA BbIGOPOHHOI0 KoahpuumeHTa Koppensauun. Ecnm noc-
NefHee Bce-Taky nonasio B 3Ty 06/1acTb, TO  OTBepraercs. MNnowaab
3alITPUX0BaHHOM 06/1acTW, paBHas a, —ypoBEHb 3HAYMMOCTU, WIN Be-
POSTHOCTb TOro, YTO TyAa NonageT Be/iyuHa Z Npy BbINOHeHN HN,

PaccMoTpmum npouenypy v Npumepbl MPOBEPKW HyJIEBOA IUMOTe3bl
4N KoahhmnumeHTa Koppensaumm Ha KOHKpeTHOM npumepe. 3TOT npu-
Mep MOMOXeT MoKa3aTb JIOTUKY M npoueaypy NpoBepKU cTaTucTuyec-
KUX rvnoTtes Boob6Lle. B3ATbl 10 Hab/oaeHNIA MokasaTesieia MHDISUMN
n 6e3paboTurubl BCLUA 3a 1931-1940 rogpl, 4/19 HAX paccinuTaH Bbl6o-
POYHBIIA KO3(hPULIMEHT Koppesnsaumum, coctaBmBlUMIA —0,227. CBA3b OT-
pyuaTenbHas, YTo COOTBETCTBYET Teopuun (Kpmast dunnunca), HO 3Ha-
ymma siv oHa? lMNposepum runotesy HY. p=0 0 paBeHCTBE HY/ 10 UCTUH-
HOr0 3HaYeHUA Ko3apdpULUMeHTa Koppenaumn. 18 NpoBepKn rmnotesbl
A, KaK y>ke roBopwusiocb, criefyeT MCMosib30BaTb /-CTaTUCTUKY C J1-2
cTeneHsMU cBo6oabl.

nNn - 2

'=7r=7 - ®

CpaBHUBas oripefiesIEHHOE M0 BbIGOPOUYHBIM AaHHbLIM 3HaYeHue cTa-
TUCTUKU / C KPUTUYECKUMWN TOUKaMWU, ornpefesnissieMbIM/ Mo Tabsmuam
pacrnpegenieHns CTbiofeHTa, Mbl MOXXEM MPUHATbL WM OTBEPIHYTb HyJ1e-
BYytO rurnotesy. B Hawem npumepe /-ctatucTuka coctasnseT -0,66. 3aaa-
[VM ypoBeHb 3HadnmocTu a=0,05, To ecTb 5%. Kputundeckasa (3aTpu-
X0BaHHas) 06/1acTb COCTOUT U3 ABYX 04MHAKOBbIX “XBOCTOB”, Msiowagb
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KaXX0ro U3 KoTopbIx cocTasnseT 0,025. PaccMOTpUM TabsiLbl BEPOAT-
HOCTW TOro0, YTO BeSINYUHA /-CTAaTUCTUKU MPEBLICUT YPOBEHDb I, TO €CTb
rnonageT B MpaBbliA “XBOCT” pacrpeaesieHns. BeposTHOCTb NONacTb TOSIbKO
B MpaBbIiA “XBOCT”, TO €CTb B 04HOCTOPOHHIO KPUTUYECKYIO 06/1aCTb,
paBHa a/2, B Hawem criydae 0,025. N3 Tabnvupbl HAKAOEM, YTO KpUTUYEC-
Koe 3HayeHue | coctaBnseT 2,306. 3T0 03HaAYaeT, YTO Mbl OTBEPI/IN Obl
Hy/NeBYO rmnoTesy Tosibko ecnu |/]>2,306, a B Hawem cniyyae |/|-0,66.
VTak, B HaweMm c/lydae He UCKJIH0YaeTCH, YTO UCTUHHOE 3HadYeHue Ko-
aphmumeHTa Koppensaumm paBHO HyJsI0, TO eCTb Ha OCHOBE JaHHOIA Bbl-
60pPKU He yAasoch caenaTb BbIBOA 0 HA/TMUUU CTAaTUCTUYECKN 3HAUNMOIA
JWHelAHOA cBA3U MoKasaTesieid MHpAALmMKn 1 6espabotuubl B CLUA. He-
Nb3s, BApOYEM, 34€eCb cAeMaTb BbIBOAA M 06 OTCYTCTBUU TakoiA CBA3W.

Bonpocbl K rnase 15

1 Kakoi/i ByA (aHJTMTUYHECKUIA U FparyecKnii) MMeoT MSI0THOCTb pac-
npegeneHns BepoaTHOCTU N DYHKLMSA pacripefesieHns cTaHa4apTHOro
paBHOMEpPHOI0 pacnpeaenieHns, onpeaesieHHoro Ha nHTepeasie O<ni< 1?

2. Kakoia BUA (QH/INTUYECKMIA U (hadmyecKnia) NMeroT NSI0THOCTb pac-
npeaeneHns BeposTHOCTUN N (YHKLMSA pacripefesieHns cTaHa4apTHOro
HOPMasIbHOI 0 pacripeseneHns?

3. B yemM BaXXHOCTb HOPMasIbHOI0 pacrnpenesnieHns A/ SKOHOMMNYECKOr 0
aHasnza?

4. YTo Takoe pacripegeneHvie CTeloaeHTa? I'ae N Kak O0HO NpUMeHseTca?
5. YTo Takoe coBMeCTHas, npeaesibHas 1 yc/ioBHas BEPOATHOCTU ABYX
cobbITMiA -~ 1 A? KakoBbl UX onpeaesieHnNs U CBS3b MeXay HUMn?

6. KakonpefenseTcs He3aBUCUMOCTb COObITUIA?

7. YKaXuUTe 0CHOBHble BEPOSTHOCTHbIE XapaKTEPUCTUKIN ABYX CITyYaiA-
HbIX BE/IMYNH U COOTHOLLEHUA MEXOY HUMM.

8. UTo Takoe KoBapuaums N KoahOULIMEHT Koppesnsaumn AByX cryyain-
HbIX BeNMUYNH? Kakoe CBOIACTBO C/lyYaiiHbIX BE/IMUMH OHWN XapakTe-
pusyroT?

9. B KaKux cnyyasix rnoHATUS HeKoppesiIMpoBaHHOCTU U He3aBUCUMOCTI
OBYX C/yYalAHbIX BEJ/IMYNH 3KBUBA/IEHTHbI, a B KaKUX Pa3/INyHbI?
10. MNpuBeaguTe NpPUMeP COBMECTHOLA MJI0THOCTU pacrnpeaesieHus BEposT-
HOCTW ABYX CAyHalAHbIX BESIMUNH N HapUCYIATE UX JIMHUWN YPOBHSA /14

Pa3fINYHbIX 3HAYEHUIA KO3((NLIMEHTA KOPPeNsaumn 3TUX BESIUUYNH.

11. Kak ripoBepsieTca runoTesa 0 HEKOPPesIMPOBaHHOCTU ABYX Crlyyaia-

HbIX BE/INUNH?



[TJTABA 16
MOAOENb TIMHEMNHOW PEFPECCUN

16.1. Mpo6siemMa OLUEHVNBAHUST JIMHELAHOIA CBSI3U 3KOHOMU-
YECKUX TMEPEMEHHBbIX

MNpo6ema n3yyeHUs B3aMMOCBSI3EiA 3KOHOMMYECKUX MoKasaTesiein
ABMSETCH OOHOIA M3 BaXXHEMLIMX Mpob/ieM 3KOHOMMYECKOro aHasin3a.
JTto6an aKoHoMMYecKas MosIMTUKA 3aK/TIH0YaeTCs B peryinpoBaHMM 3Ko-
HOMUYECKNX MepeMeHHbIX, U OHa [0J/IKHA OCHOBbIBATbCA Ha 3HaHUU
TOro, Kak aTu nepemMeHHble B/NSIOT Ha Apyrve rnepeMeHHble, ABASILWM-
ecs K/IoYeBbIMN 415 MPUHMMAIOLLIEN0 peLleHns nosinTuka. Tak, B pbl-
HOYHOIA 3KOHOMVKE Heslb3s HEeMocpeACTBEHHO perysimpoBaTb TEMIM NH-
hASLUN, HO Ha HEro MOXKHO BO3AEIACTBOBaTb CpeAcTBaMU GHOOKETHO-
Ha/1I0ro0BOIA U KPeAUTHO-AEHEXHOIA MNONIUTUKU. [103TOMY, B YaCTHOCTW,
[0/DKHA ObITb M3y4deHa 3aBUCMMOCTb MeXay npeasiokeHnem OeHer r
YPOBHEM LieH. HEBO3MOXKHO CTPOUTb, MPOBEPSATb WM YJTyUllaTb 3KOHO-
MUYecKMe Mogenn 6e3 cTaTUCTUYECKOr0 aHasIn3a UX NMepemMeHHbIX ¢ Uc-
nosib30BaHMEM peasibHbIX CTaTUCTUYECKUX AaHHbIX. Bcsa chepa aKoHO-
MWNYECKUX UCC/IEA0BaHNEA MOXET 6bITb B OrpeesIeHHOM CMbIC/1e OXapak-
Tepu3oBaHa Kak MU3y4YeHne B3aMMOCBA3EiA 3KOHOMUYECKNX MepeMEHHbIX,
U HCTPYMEHTapmeM 1x 6a30B0Or0 aHasiM3a BASKOTCA MeToabl CTaTUCTU-
KN 1 3KOHOMETPUKMN.

V3yyeHue 3aBMCUMOCTEIA SKOHOMUYECKMX MEePEMEHHbIX HAYHEM CO
cnydyasi ABYX MepemMeHHbIX (0603Ha4YUM UX X NY). STOT c/ly4Haii Hanbosee
MpoCT U MOXET ObITb pacCMOTPEH haduueckn. MpearnosioXkum, 4To ume-
H0TCA psabl 3HAYEHMIA NepeMEHHbIX, COOTBETCTBYIOLLME MM TOYKU HaHe-
CeHbl Ha had K 1 coeANHEHbI JIMHVEIA. Ecnn 3To peasibHble CTaTUCTU-
yeckue AaHHbIe, TO Mbl HUKOrAa He MoslyYuM MpoCcTYHO SIMHUKO —/NHEIA-
HYH0, KBaApaTU4HYH, 3KCMOHEHLUMaNbLHY0 1 T.4, Becerga 6yayT npucyT-
CTBOBaTb OTKJ/IOHEHUS 3aBUCUIMOLA NMEPEMEHHOIA, Bbl3BaHHbIE OLLIOKaMMy
M3MepPEeHUS, BSINAHNEM HEYUYTEHHbIX BE/IMHUH WA C/lyYalAHbIX PaKTo-
poB. HO ecnn Mbl He NOSYYUSIN, HarpuMep, TOYHYIO NPSAMYHO JIMHUIO,
3T0 elle He 3HaYUT, YTO B OCHOBE paccMaTpMBaeMOiA 3aBUCMMOCTN Sle-
XUT HefHelAHaa PyHKLUMA. BO3MOXHO, 3aBUCUMOCTb NepeMeHHbIX S1n-
HeliHa, U UL CrlyYalAHble hakTopbl MPUBOAAT K HEKOTOPbIM 0TKJ/I0HE-
HUAM OT Hee. TO XKe camMoe MOXXHO CKa3aTb U Mpo Jio6oiA apyroia Bug,
hyHKUMKN. CBA3b NepeMEHHBbIX, HA KOTOPYH Hak/1aabIBaloTCA BO3AEACT-
BUS C/Ty4YalAHbIX (haKTOpoB, Ha3bIBaeTCHA CTaTUCTUYECKOIA CBA3bIO. Hanu-
yve TakoiA CBA3M 3aK/I0HaeTCs B TOM, YTO M3MeHeHMe 0aHOIA nepemMeH-
HOA NPMBOAAT K M3MEHEHUIO MaTeMaTUYecKoro oXXmnaaHus apyroia ne-



294 MaTemaTunyeckue MeToab! A/1H SKOHOMUCTOB

pemMeHHOIA. MOXXHO yKa3aTb ABa TuMa B3auMocBA3ei Mexay rnepemeH-
HbIMM X1 Y. B 0gHOM c/lyyae MOXeT ObITb HEM3BECTHO, Kakas 13 AByX
rnepeMeHHbIX SB/IIETCS HE3aBUCUMOIA, U KaKasi — 3aBUCMMOLA. B 3Tom
cflydae nepemMeHHble paBHOMpaBHbl, U UMEET CMbIC/1 FOBOPUTL O CTaTUC-
TUYECKOIA B3aMMOCBSA3U KOPPESLMOHHOI0 TuMna. OLeHKa 1 aHa/n3 rnapHoLA
KOppensiLmnmy yxe pacCMaTpMBa/IUCh B MpeablayLLeia rrase. Jpyras cuTty-
auma BO3HMKaEeT, ec/iv ABe uccrieayemMble nepeMeHHble He paBHOMpPaBHbI,
HO 0[1Ha U3 HMX paccMaTpuBaeTCs KakK 0O0bACHALWaA (W He3aBUCK-
Masl), a apyras Kak o6bscHsemMasi (Mnn 3aBuUcsiLLLas 0T nepeoiA). Ecnim aTo
Tak, TO U3MEeHeHVe 0AHO N3 NepeMeHHbIX CAYXUT MpUUUHOIA ONna N3-
MeHeHUs OpyroiA. Hanpumep, pocT Aoxoda BeAET K yBesSIMYEHWUIO Mo-
TpebneHns; CHMKEHME MPOLLEHTHOIA CTaBKU YBEIMYMBAET NHBECTULLU;
yBeJIMYEHME BaJTIOTHOIO0 Kypca COKpallaeT YUCTbIA 3KCMopT. ITO —TOT
C/y4aiA, Korga A0/1HKHO ObITb OLLEHEHO ypaBHeHWe perpeccun y=/[x).
YpaBHEHMe perpeccun - 3To (popMysia CTaTUCTUYECKOIA CBA3U MeXay
nepemMeHHbIMW. Ecnv aTa hopMyna SIMHeAHa, TO peyb UAET 0 JIMHEIAHOA
perpeccuun. ®opmMmysia CTaTUCTUYECKOIA CBA3U ABYX MepeMeHHbIX Ha3blBa-
eTCA MapHOLA perpeccuein, 3aBUCMMOCTb OT HECKOSIbKUX NEPEMEHHbIX —
MHOXECTBEHHOM perpeccueii. Hanpmumep, KeiHcom 6bl1a npeasioXkeHa
NHelAHasA hopMyia 3aBUCMMOCTU YacTHOro noTpebrieHns CoT pacrona-
raemoro goxona C=C"+b roe Cu>0 - BeniumMHa aBTOHOMHOI O
noTpebneHns, 1>~>0 - npefesibHasg CK/IOHHOCTb K MOTpebsieHunto.

Bb160p thopMysibl CBA3M MepeMeHHbIX Ha3bIBaeTcs creunpukaymein
YpaBHEHUSA perpeccumn; BAaHHOM C/lydae BblGpaHa JIMHEMAHas (hopMyia.
OAHako A0 Tex nop, Noka He oueHeHbl KOSIMYeCTBEHHble 3Ha4YeHUs na-
pameTpoB QiU b, He NpoBepeHa HaAEXHOCTb cAe/laHHbIX OLLeHOK, 3Ta
thopmyia ocTaeTcs NNWb rmnoTe3oin. OueHKa 3HadYeHUEA napameTpoB
BbIOpPaHHOIA (POPMYJibl CTATUCTUYECKOA CBA3U MepeMeHHbIX Ha3blBaeTcs
napamMeTpusauueii ypaBHeHUs perpeccnm. Kak e OLeHUTb 3HayYeHuns
napamMeTpoB M NPoBepUTb HaAEXHOCTb OLEHOK? PaccMOTpUM BHavase
puc. 16.1.
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Ha pucyHke 16.1 n3obpaxkeHbl TpU CUTYaLK:

e Ha rpajguke (a) B3aMMOCBSI3b X Uy 6/In3Ka K JINHEAHOIA; npsmMas
NnHMA (1) 30ecb 6/1M3Ka K TouKam HabniogeHUEA, 1 nocsegHue oT-
K/IOHAOTCA 0T Hee SMLb B pe3ysibTaTe CpaBHUTESIbHO HEe60MbLUINX
C/TyHalAHbIX BO3OEIACTBUIA,

e Ha rpaguke (b) peasibHas B3aMMOCBSI3b BE/IMUMH X HY OMNUCbIBaeTCA
HESMMHEMHOMA (hyHKUMER (2), 1 KaKyto Obl Mbl HA MPOBE/IN NPSIMYHO
NUHMIO (Hanpumep, 1), 0TK/I0OHEHUS TOYeEK Hab/loAeHUIA 0T Hee Oy-
OyT CYLLECTBEHHbLIMN U HEC/TYHaAHbIMY,

* Ha rpadmke (C) ABHasd B3aMMOCBS3b MeXAy MepeMeHHbIMU X N Y
OTCYTCTBYET; KaKyto Obl Mbl HU Bbl6pasin hopMy sy CBSA3U, pe3ysibTa-
Tbl ee NapameTpu3aumn byayT 34ecb HeyaauHbIMW. B yacTHoCTU, Nps-
Mble IMHUM 1 N 2, NpoBeAeHHbIe Yepe3 “LeHTp” “ob6/1aka” Tovek
HabloAEHVIA N MEIOLLIME MPOTUBOMOSIOKHbIA HaKJ/10H, 04MHAaKOBO
MnsI0xXv 4719 Toro, 4YTo6bl AeraTh BbIBOAbI 06 0XXMAAEMbIX 3HAYEHUAX
rnepemMeHHoIA Y 1Mo 3HaYeHUAM MepemMeHHOIA X.

16.2. MapHasa fvHelHas perpeccusi. MeToq, HaMeHbLLNX
KBaapaToB

HavyasibHbIM MYHKTOM 3KOHOMETPMYECKOr0 aHasIM3a 3aBUCUMOCTelA
006bIYHO ABAETCA OLEeHKa SIMHEIAHOIA 3aBUCMMOCTU NepeMeHHbIX. Ecnn
MMeeTCc HeKoTopoe “06,1aK0” ToveK HabrioaeHWIA, Yepe3 Hero Becerga
MOXXHO MOMbITAaTLCA MPOBECTU TaKyt MPSAMYIO JIMHUIO, KOTOopas ABAseT-
CA HaWyuLLIelA BONpeaesIEeHHOM CMbIC/1e cpeay BeeX MpsMbIX JIMHUEA, TO
eCTb “Onmkaiilei’” K To4KaM HabsIioAeHWIA Mo UX COBOKYMHOCTW. A5
3TOro Mbl BHayasie 4O/DKHbI onpeaesinTb MOHATME 6/1M30CTU MPSMOIA K
HEKOTOPOMY MHOXXECTBY TOYEK Ha MJI0CKOCTUW; Mepbl TakoA 6,11M30CTU
MOMyT ObITb pa3/IMyHbIMN. OAHAaKo fobast pasyMHasi Mepa 40/TKHA ObITh,
04YEBUHO, CBAI3aHa C pacCTOSTHUSAMM OT TOYEK Hab/IKOAEHUEA [0 paccMaT-
pvBaemMoiA NpsAMoiA NIMHUN (334aBaeMoiA ypaBHEHMEM Y = a + bx).

O6bIYHO B Ka4yecTBe KpUTepus 6/IM30CTU UCMOSIb3YETCHd MUHUMYM
CYMMbI KBaZlpaTOB Pa3sHOCTEIA Hab/IHOAEHNIA 3aBUCMMOIA MEPEMEHHOIA Y. 1
TeopeTUUHEeCKNX, pacCUMTaHHbIX MO0 YpaBHEHUIO perpeccuun 3Ha4veHniA (a
+ bx):

0= , :EIC'EI:', —(« +L||))' TT. (1)

30ecb cUMTaeTes, YTOY. U X. — U3BECTHbIE AaHHble HaboaeHWIA, anb
- HEM3BECTHbIE NapaMeTpbl JIMHUW perpeccumn, MockoNbKy PYyHKLMA Q
HenpepbIBHA, BbINyK/1a U orpaHU4YeHa CHU3Y HyJsieM, OHa UMeeT MUHU-
MyM. 119 COOTBETCTBYHOLLMX TOUKE 3TOF0 MMHMMYMa 3Ha4YeHNiA an b
MOryT ObITb HalAAEeHbI MPOCTE™MO M YA06HbIE hopmMy bl (OHU ByayT Npu-
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BeAeHbl HUKe). MeTon oueHMBaHUA napamMeTpoB JIMHEAHOM pedeccum,
MUHUMU3NPYIOLLMIA CYMMY KBaApaToB OTK/IOHEHNEA HabNoAeHNIA 3aBU-
CUMOIA NepPeMEHHOIA OT MCKOMOIA SIMHEAHOM (DY HKLMN, Ha3biBaeTcs Me-
ToA0M HauMeHbLLMX kBaapaToB (MHK), wn Least Squares Method (LS).

“Hannydwasa” no MHK npsamas /iIMHUA Bcerga CyLecTByeT, HO Jaxke
Hanydllas He BCerda siB/ifseTcs [0CTaTOUYHO XopoLleia. Ecnn B AetACTBU-
TeSIbHOCTU 3aBUCUMOCTb 7 =Y(X) IBISIETCS, Hanpumep, KBaapaTU4HoIA (Kak
Ha pucyHke 16.1(b)), To ee He CMOXeT afeKBaTHO OMmucaTb HUKaKas
JINHEMHan PYHKLMSA, XOTS cpean BCeX TaKux (PyHKUMIA 06a3aTesibHO
HalAgeTea “Hannydwas”. Ecnn BeNIMUMHbI X Uy B0OO6LLE He CBA3aHbl
(puc. 16.1(c)), Mbl TaKKe BCerga CMOXXEM HaATU “HausTyuLllyro” JIMHEN-
HY0 QYHKUMIO Y = a+bX 4/159 A4aHHOIA COBOKYMHOCTMW Hab/IlogeHNIA, HO
B 9TOM CJlydae KOHKpeTHble 3HadyeHUs a U b onpenensnTcs ToSIbKO
C/Ty4aliHbIMWN OTKJTOHEHUAMMW NepeMEHHbIX U camMun ByayT 04eHb CUJ1bHO
MEHATbLCA O/19 pa3/INYHbIX BblOGOPOK M3 OOHOMA U TOM Xe reHepasibHOA
COBOKYMHOCTU. BO3MOXHO, Ha puc. 16.1(c) npamas 1lsaBnseTca Hauyd-
L cpean Bcex NpsAMbIX SIMHWIA (B CMbIC/1E MUHUMa/IbHOIO 3Ha4YeHUS
(hyHKUMK O , HO foban apyras npsamasi, NpoxoasLlas yepes LUeHTpasIb-
HYI0 TOUKY “06/1aKa” (Hanpumep, JIMHUA 2), HEHAMHOI0 B 3TOM CMbIC/1e
XyXXe, YeM npsiMas 1, 1 MOXeT cTaTb HauslyulleiA B pesysibTate Hebo 1b-
LIOro U3MEHeHUs BbIGOPKN.

PaccmoTpum Tenepb 3adady OLLeHKM K03(h(ULIMEHTOB MapHOIA in-
Hel/iHoA petheccnm 6onee hopmMasibHO. MpeanonoXXmm, YTo CBSA3b MexXay
XN Y NMNHEHA: Yy = a+pX. 34ecb UMeeTCa B BUAY CBSA3b MeXAy BCeEMU
BO3MOXHbIMMW 3HaYEeHUSIMU BESIUYMH X UY, TO €CcTb A1 FeHepasibHOMA
COBOKYMHOCTU. Hanmume cryyaiAHbIX OTK/IOHEHNIA, BbI3BaHHbIX BO3OELA-
CTBMEM Ha MEPEeMEHHYI0 Y MHOXeCTBa ApYrmx, HeyYTEeHHbIX B Hallem
ypaBHEHUN (PAaKTOPOB M OWIMOBOK U3MepeHUs, NpUBEAET K TOMY, 4TO
CBA3b HabslloaaeMbIX BE/IMUNH X UY. NpUobpeTeT BUAY. = a + pX + e.
34ecb e. — c/yYaiiHble OLMGKN (OTK/IOHEHUS, BO3MYLLEHMS). 3adada
COCTOUT B C/leAyHOWEM: M0 MMELWMMCS AaHHbIM HabioaeHuia {x}, &'}
OLLEeHUTb 3HaYeHMs NapamMeTpoB aiaB, obecneymparoLe MUHUMYM Be-
AnunHbl Q. ECnn 6bl 6bUIN M3BECTHBLI TOUYHbIE 3HAYEHUS OTK/IOHEHWIA €.,
TO MOXHO 6bU10 6bI (B C/TyYae MpaBU/IbHOCTY MPeArioNiaraeMoiA JIMHeA-
HOA (hopMY/ibl) paccumTaTb 3HaYeHUs napameTpoB amp. OAHAaKo 3Ha-
YeHUA C/TyYalAHbIX OTK/IOHEHNEA B BbIGOPKE HEU3BECTHLI, U MO Habnoae-
HMAM X MY. MOXKHO MO/TYYNTb OLLEHKM NapamMeTpoB anp, KOTopble caMiu
ABNIAIOTCA C/yYalAHbIMN BEIMYMHAMM, MOCKO/IbKY COOTBETCTBYIOT C/1y-
yaiAHoiA BblOopKe. TMycTb a —OLeHKa napameTpa a, b- oLeHKa napameT-
pa p. Torga oueHeHHOe ypaBHeHWe perpeccun OyaeT MMeTb BUA;
y=a-+bx.+e., rge e — HabngaeMble 3HaYEeHNS OLLINGOK €.

A5 oueHKM MnapamMeTpoB aia B Bocnosib3yemcss MHK, KoTopblii
MUHUMU3NPYET CYMMY KBapaToB OTK/IOHEHUA PaKTNUECKUX 3HAYEHUIA
j;- OT pacyeTHbIX (cM. (16.1)). MUHMUMYM ULLETCA MO NEPEMEHHbLIM aun b.
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Mpwn ncnonbsoBaHn MHK K owmnbKkam S. npegbsaBnsaoTcs crle-
aywuwure TpeboBaHMA, HasbiBaeMble ycnoBusamu [Maycca—MapkoBa:

1) BeninumHa G . ABNSIETCA C/TyYalAHOIA NEPEMEHHOIA;

2) mMaTemaTumyeckoe oxmaaHume G. paBHO Hyswo: M(G ) = 0;

3) ancnepcus noctosiHHa: Z2)(g.) = D(e” = ansa’ecex /, J;

4) 3HayeHus e . He3aBUCUMbI Mexay coboin. OTKyaa BbITEKAET, B
4YacTHOCTU, 4TO
_ Onpmi j,

ONSH) = o npu i =J. n2)

5) BE/IMUNHBbI €. CTaTUCTUYECKN HEe3aBMCUMbl CO 3HAYEHUAMU X..

13BeCTHO, 4TO,' ecnu ycnoBus 1)-5) BbINO/HAIOTCHA, TO OLEHKWU,
caoenaHHble ¢ nomowbio MHK, 06M1a0al0T criefyrovMn CBOIACTBaMA:

1) OueHKN ABAAITCA HECMELLEHHbIMU, T.€. MaTEMaTUYECKOE 0XU-
[daHve OUEeHKW KaxXAoro napamerpa paBHO ero UCTUHHOMY 3Hade-
Huto: M(a) ~ a; M{b) = p. 3To0 BbITeKaeT 13 Toro, 4to M{&) = O
MU roBOpuUT 06 OTCYTCTBUM CUCTEMATUYECKOIA OLLIUGKW B onpegene-
HUWU MOSIOKEHUA JIMHUN perpeccuu.

2) OueHKM cocToATE bHbI, TaK Kak Aucriepcms oueHoK rnapamMmeT-

poB MNpwn Bo3pacTaHWUW Yuncia HabIAEHNIA CTPpEMUTCA K Hy/MH0: limZ)(a)
jege o)

= 0; limE>(i?) = 0. MIHaye roBops, ecNU N A0CTaTOYHO BESIMKO, TO
n-*oo

npakTUYecKn HaBepHsKa a 6/1IM3Ko K a, a 6 6/IM3K0 K pP: HaAEeXHOCTb
OLLEHKN MpU yBefIMYeHUN BbIOGOPKU pacTeT.

3) OueHKU 3PPeKTUBHBLI, OHU UMEKT HaMMEeHbLUYI Auncnep-
CUI0 MO CPaBHEHMUIO C /1I0ObIMM APYTMMU OLeHKaMW OaHHOro rnapa-
MeTpa, JIMHEMAHBbIMU OTHOCUTE/IbHO BEJINYMH Y.. B aHr1053bI4HOMA Nn-
TepaType Takue oueHKM HasbiBatoTcad BLUE’ (Best Linear Unbiased
Estimators — Haunyulline SiMHEMHbIE HECMELLEHHbIE OLLEHKM).

MepeunicieHHbIE CBOLACTBA He 3aBUCAT OT KOHKPETHOro B1UAa pac-
npegeneHvs BenunH G., TeM He MeHee 006bIYHO MNpeAarosiaraeTcs,
4YTO OHM pacnpegenieHbl HopMasibHO MO; cT). 3Ta NpeanocbLUKa He06-
xoAMma 419 NpoBepKu CTaTUCTUYECKOIA 3HAUMMOCTU cAeNaHHbIX oLLe-
HOK 1 onpeAesnieHnsa Afsa HUX AoBepuUTesibHbIX MHTepBasioB. Mpu ee
BbIMOSIHEHUN OLEHKU MHK MMET HaMMeHbLUYH AUCAEPCU0 He
TO/IbKO CPeAu JIMHEMHbIX, HO cpean BCeX HEeCMELLLEHHbIX OLLeHOK.

Ecnn npeanonoxeHus 3) u 4) HapylleHbl, TO eCTb AuMcrepcus
BO3MYLLEHNIA HEMOCTOSAHHA W/WUIN 3HAYEHUST €. CBS3aHbl Apyr ¢ Apy-
roM, TO CBOIACTBa HECMELLLEHHOCTUN U COCTOATE/IbHOCTU COXPaHAOT-
Csl, HO CBOMCTBO 3(DeKTUBHOCTU - HET.

Mpy HeBbINOSIHEHUWN MPeanosiIoXkKeHNA 5) MOXeT HapyllaTbCcs U
CBOIACTBO HECMELLEHHOCTU OLLEHOK, SIBMiSilOLLEecs Hanbosiee BaXKHbIM
B 9KOHOMETPUYECKOM aHasimsze. 3HaunTeslbHas 4acTb COBPEMEHHOM
9KOHOMETPUYECKOIA Teopuu MocBslleHa aHasIn3y BbIMNOSIHEHUS AaH-
HOro cBOIACTBa (B COBOKYMHOCTU C OCTa/IbHbIMU) B pa3/INYHbIX KOH-
KPEeTHbIX CUTYyauusaX, a TakkKe BbISCHEHUIO M KOPPEKTUPOBKE MoO-
CNeACTBUIA ero HEBbIMOJSTHEHUS.
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PaccmoTpuM Tenepb Mnpoueaypy OueHUBaHMA MmapameTpoB nap-
HO/ NMHeAHoIA perpeccun a Tib. [nsa Toro, 4Tobbl GyHKUMA O =

E - (a + bx)Y pgocTurasia MUHUMYMa, HE06X04MMO paBeH-

CTBO HYJIHO ee 4YaCTHbIX NMpPon3BOAHbIX;

2« ==-2". -a-bx) =0 E3', - =0 3)

G =-2, ¢ -a-bxX=o0 E M «En< =0

Ecnn ypaBHeHue (16.3) pa3gennTb Ha M, TO Mo3WMM y=a-+bx

E3” _ E~™.
(3oecb y = — ;X = _!ﬁ__ cpegHme 3Ha4vYeHus X A y). Takmm obpa-—

30M, JIMHUA perpeccuu npoxoauT vepe3 TOYUKY CO CpeAHUMMU 3Haue-
HUuAMM X ny. MNMoactaBme BesMunHy a 13 (16.3) B (16.4), nonyyaem

EI N :E/A/(y - ())9 +bAAX! =nx(y - bx) + b'AX-.
« *

OTKypa
Eyn -7 E(- -Y)
b
NXN-TOT 6)
/ <
a—y-bx.
MHaye MOXXHO 3anucaTb, YTO b = (roe r - Ko-

ahPMUMEHT Koppensaumm X u y). Takum o06pas3om, KoapPUuUeEHT
perpeccuu nporopuuoHasieH MNokasaTesto KoBapnaumn U Koahpu-
LUMEHTY Koppensaumm X vy, a KoahhuumeHTbl 3ToA Nponopuuo-
Ha/TbHOCTU CY>XKaT OJ19 COM3MepPeHUS rnepedncsieHHbIX pasHopasmep-
HbIX Be/IMUYMH. OLEeHKM a U b, oueBNAHO, ABAAIOTCA JIMHEIAHBIMUY OT-
HOCUTEsIbHO Y (EC/TN X. CUNTaTb KO3IhPMLUMEHTaAMMN) — Bbllle 06 3TOM
YMoMMHaNocChb.

MTak, ecrin KoapULUMEHT I yXe paccyuTaH, TO JIErKO paccyu-
TaTb KO3DPULIMEHT MapHOIA perpeccnmn, He pellas CUCTEMbI ypaBHe-
HUIA. ACHO TaKXXe, YTO ec/in paccHuTaHbl JIMHeMHbIe perpeccumn X(Y)
n y(X), To npousBefeHne KO3IPULMNEHTOB U paBHO

bb = (b

T
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16.3. AHa/IM3 CTATUCTUYECKOIA 3HAYMMOCTU KO3(hPULLM-
EHTOB JWHELHOIA perpeccumn

BesiMuvHbI y., COOTBETCTBYIOLLME AaHHBLIM X MpU HEKOTOPbIX Teope-
TUYECKNX 3HAYEHUSAX aup, ABNAIOTCA CrydaiHbIMU. CnefoBaTeslbHo,
C/TyYalAHbIMM SABJISAKOTCA U pacCUMTaHHbIE MO HM 3HaYeHUs Koadhpuuu-
eHTOB au b./X MaTemMaTuieckmne oxxXmngaHusa npy BbIMoSIHEHUN Npesno-
CbIIOK 06 OTKJ/IOHEHUSIX €, paBHbl, COOTBETCTBEHHO, aup. [pu 3TOM
OLLeHKN TeM Hafie)xxHee, YeM MeHbLLe UX pa3bpoc BOKpYr a U p, TO eCTb
auvcnepcnsa. o onpegenenuvio aucnepcun D(b) = M(b-"Y; D(a) = M(a-
a)-. HagexHocTb noslyyaembIX OLEHOK a U b 3aBUCUT, 04eBUAHO, OT
Aucrepcnu criyyaiiHbIX OTK/IOHEHUEA €., HO MOCKO/1bKY MNOAAaHHbLIM Bbl-
B60pPKWN 3TU OTKJI0HEHUSA (N, COOTBETCTBEHHO, NX AUCMNEPCUS) OLLEeHEHbI
6bITb HEe MOryT, OHM 3aMEeHSAITCA MNP aHasIN3e HaAEeXHOCTU OLLEeHOK
KO3(h(hMLIMEHTOB pPerpeccun Ha OTK/IOHEHWUS MepeMeHHOIA Y OT OLLeHeH-
HOLA JIHUN perpeccun gj=y-a—bx..

MOoXXHO [oKa3aTb ([oKa3aTesnibcTBO onyckaem), 4To D(b) = =

T (1 D{a) = S; = ., _-y.,.roe = _j - Mepa pa3bpoca
i > -2

3aBUCUMOIA NEePeMEHHOA BOKPYT JIMHUW perpeccun (HeobbscHeHHas amc-

nepcusl). U —CTaHAAPTHbIE 0TK/IOHEHUS C/TyYalAHbIX BE/IMYNH an b

Mosy4YeHHbIA pe3ysibTaT MOXXHO MPOMHTEPNPETUPOBATL CIeAYOLLMM 06-

pa3om.

KoahpmumeHT b ecTb Mepa Hak/o0Ha IMHUK perpeccnn. OueBUaHO,
yeM 60s1bLLE pPa3bpoC 3HAUEHNIA Y BOKPYT JIMHUU pedeccum, Tem 60sibLLe
(B cpegHem) owinbKa BonpeaesieHN Hak/oHa MHUK pedeccrnin. Ecnn
Takoro pas6poca HeT coBceM (e. = Ou, criegoBaTesnibHO, a*=0), To nps-
Mas onpeaenifeTca ogHO3Ha4YHO M OLMOKKM B pacHeTe KoahpuumMeHTOoB a
M b OTCYTCTBYIOT (a 0TClo4a U 3Ha4YeHue “3amMeLtaroLlee” a®, paBHoO
HY/110).

Ha puc. 16.2a 0TKJ/IOHEHUS B 3HAYEHUSX MEPEMEHHOIA Y 0T JINHUMN
perpeccuun OTCYTCTBYIOT, U Yepe3 TpU TOUKU MPoBOAUTCA TaXKe npsamas,
UTO U Yepes Nlobble ABe 13 HMUX. Ha puc. 16.2b vepes hu TOUKM NPOBO-
OVTCA TaKas e /IMHUA perpeccmmn, Ho KonebaHus 3HayeHUIA nepemMeH-
HOA Y BOKPYT 3TOA JIMHUU 3Ha4nTesIbHbI. [03ToMy 4epes3 mnapbl ToYeK
(1,2) n (1,3) NpoxoasT COBEPLUEHHO pa3Hble MpsiMble, OT/INYHbIE OT 06-
et npsmoia. CriegoBaTesibHO, CTaHAAPTHbIE OLLUMOGKN KO3 (MLIMEHTOB
perpeccun B3TOM c/lyyae 6yayT 3HaYMTE IbHbIMU.

B 3HameHaTesie Be/iuvHbl D(b) cTONT cyMMa KBaapaToB OTK/IOHEHWIA
X 0T cpefHero 3HadyeHus X. JTa CymMMa BefiMka B TOM C/ly4yae, ec/u
perpeccus ougHeHa Ha A0CTaTO4YHO LUMPOKOM AuarasoHe 3HauYeHUEA rne-
PEMEHHOLA X, U B3TOM C/lydae, NMpy AaHHOM YpoBHe pa3bpoca Y., 0ueBna-
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HO, OLLINOKA B OLLEHKE BE/IMUYMHbI HAKJ/I0HA NPAMOIA GyAeT MEHbLLE, YeM
npy MasloM AnanasoHe N3MeHeHUs nepemMeHHolA X. MonpobyiiaTe nposec-
TV NpAMYIO MO ABYM TOYKaM: €C/M X, U X, JIeXaT paaoM, TO Aadke
Heb0/1bLLIoe N3MEHEHNE 04HOI0 M3 Y. CYLLEeCTBEHHO MEHSIET HaKJ10H nps-
Mo (ecnun X] n X, gariekn gpyr oT gpyra —cuTyaums obpaTHas).

Tak, Ha pucyHkKe 16.3 yepe3 napbl To4vek (1,2) u (1a,2) npoxogaT
OOHU M Te e MnpsiMble, B TO Xe BpemMs pa3bpoc nepemMeHHoIA X O/iA
nepBoiA 13 nap 6osibLle. Ecnm y BTOPOIA TOUKU U3 KaXKOOIA Napbl n3me-
HUTb 3Ha4YeHne MepeMeHHOI y (MepeBecTu ee B TOUKY 2a uam 2b), To
HakKJ/10H NpAMOLA Ans Napbl (1,2) USMEHUTCH 3HAYNTESTIbHO MEHbLLE, YeM
404 napbl (1a,2).

Kpome Toro, yem 6osibLue (Mpy NPoYMX paBHbIX) YNC0 HabIOAeHNIA

n, Tem 60/bLue I/‘ W, TEM caMbIM, MeHbLLE CTaHAApTHasi oLUIMGKa
oLEeHKN. Oucnepcus cBo60OAHON0 UsieHa ypaBHEHUS perpeccuun paBHa

Aa) = B{b)_n —0Ha nponopunoHasibHa 0{b) 1, Tem cambIM, TaKxe

COOTBETCTBYET Y)XKe cAe/1aHHbIM MOSCHEHUSIM 0 BAUSIHUM pa36poca;;, Bo-
Kpyr pedeccuoHHOA MpsSMOIA U pa3bpoca X. Ha CTaH4apTHYH OLUMOKY.
UeM cu/ibHee MeHSeTCS HaK/10H MPSMOIA, MPoBEAEHHOIA Yepes3 JaHHYI0
TouKy (X,y), Tem 60s1bLUe pa3bpoc 3HaYeHUIA CBOGOAHOIO YsleHa, Xapak-
Tepum3yIoLLEro TOUKY MepeceyeHus 3TokA NpsMola ¢ ocblo  Kpome Toro,
aucnepcns 1 ctaHaapTHas owmnoKa cB0604HOI0 YseHa TeM 60sibLUe, Yem
60/1bLLIE CpeAHASA BesinydmHa x/. Mpu 601bLLIMX N0 MOAYJIHO 3HAYEHMAX X
[axe Hebo/bLIoe U3MEHEHME HAK/IOHA PErPECCMOHHOIA MPSIMOIA MOXET
BbI3BaTb 60/1bLLIOE N3MEHEHME OLLEHKN CBOGOAHOI0 U/ieHa, MOCKOSIbKY B
3TOM C/lyyae B CpeiHEM BEJIMKO paccTOssHME OT ToYeK Hab/oaeHUIA [0
ocn y.



MnaBa 16. Mopesb JVHELAHDIA perpeccumn 301

Puc. 16.3

Ha puc. 16.4 yepes napbl Touvek (1,2) n (3,4) Npoxo4AnT ogHa U1 Ta e
npamas AnHUs. Ee cBo60AHbIA YneH paBeH a. [1a BTOPOLA M3 aTUX Mnap
3HauYeHNs NepeMeHHoOA X 60/bLue Mo abcosItoTHOM BeninvmHe (Mpu oau-
HaKoBOM pa3bpoce 3HauYeHWiA X UYy). Ecn B nepBoiA 13 aTux nap oT
TOUKM 1 nepetAT K Touke 1a, a BO BTOPOLA - OT TOYKM 3 K 3a, 4TO
BbI3BaHO OANHAKOBbIMU U3MEHEHUAMUW O4HOI0 U3 3HAYEHNEA nepemMeH-
HOLA  TO 06€ SIMHUM CTaHOBSTCH FOPM3OHTa/IbHbIMU. MI3MEHEeHUs KO-
athhmeHTa HaK/I0Ha NPSMOLA 0MHAaKOBbI, HO CBOGOAHLIEA YsIEH B nep-
BOM CJTyYae CTaHOBUTCSl paBHbIM @ BO BTOPOM —&", —TakuM 06pa3om,
OH MeHsleTCsl 3HauUMTesIbHO 6osibLLe TaMm, rae 6o/bLue abCo/oTHbIE 3Ha-
YeHUs NepeMeHHOIA X.

®opmMasibHO 3HAUMMOCTb OLLEHEHHOI0 Ko3ghuLMeHTa perpeccum b
MOXeT ObITb NMpoBepeHa ¢ NOMOLL b0 aHasIM3a ero OTHOLIEHNS K CBOEMY

CTaHAapPTHOMY OTKJIOHEHWIO 5 = ¢ ¢ ). ITa Be/IMUMHA B C/lyyae Bbl-
MOSIHEHUS UCXOAHbIX MPeAnocbi/IOK MOAEN UMeET 1-pacnpenesieHne
CtblogeHTa ¢ {nN-2) cTeneHamn ceBoboabl (1 —uuncsio HabnoaeHniA). OHa
Ha3blBaeTcst 1-CTaTUCTUKOLA:

®)

[N r-CTaTUCTVKN NpoBepsieTCs HysieBast rmroTesa, To ecTb FMnoTesa
0 paBeHCTBe ee Hy/i0. OUeBMAHO, 1= OpaBHO3HAUYHO b = 0, MOCKO/IbKY
t nponopuMoHanbHa b.
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Puc. 16.4

PaccMOTpUM KOHKPETHLIIA MpUMeEp, Y)XKe 3aTparvBaBLUNIACA B npea-
biayweii rnaee. MNyctb INF- Temn nHpnaumn, 1'- ypoBeHb 6e3paboTun-
ubl BCLUA B 1931 - 1940 roabl (10 HabnoaeHWiA). ToOYKM HabntoaeHUiA
rnokasaHbl Ha puc. 16.5.

M3 puc. 16.5 MOXXHO BUAETb, YTO, BO3MOXXHO, €CTb HEKOTOpas O0Tpu-
LuaTeslbHas CBfA3b MoKasaTesneii u W, HO Bpsig, /1M 3TOT PUCYHOK
MOATBEPKAAET Ha/INUME CTATUCTUYECKU 3HAYMMOIA JIMHELAHOIA cBA3n. s
MNpPoBePKUY 3TOro BbIBOAA OLleHeHa napHas perpeccus W P= 5,07 -0,31 n.
OueHeHa Be/IM4vnHa

=0,236:
{n-2)""x1-x" E_. ’

0,486
[BYCTOPOHHEIA a/lbTepHaTUBHOIA rvnoTese (To ecTb ec/v BesindurHa bpO,
TO OHa MOXET ObITb KaK MOSIOKUTESIbHOIA, TaK 1 0TpULIATENbHOIA). Tab-
ubl a8 /-CTaTUCTUK 06bIYHO MY6SIMKYHOTCA O/159 OAHOCTOPOHHEIA afib-
TepHaTuBHOA rmnoTesbl (/>0), MO3TOMY HalAOEM KPUTUYECKOe 3HaYeHe
015 ypoBHA 3HadumocTu 0,05 (goBepuTesibHass BeposiTHocTb 0,95) ¢
(«—2)=8 cTeneHsaMn cBoboabl ,5= 1,860 1 cpaBHUM ¢ HUM |/]=0,658.

OTcropa 1= i—0,658. 3agaanm yposeHb 3HavumocTu 0,1 npu
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PucyHok 16.5. YposeHb uHpNaumm {LLUP) n 6espabotuupl {L}) B CLUA B
1931-1940 .

Mockonbky YK1,860, Hynesas runotesa {/= 0} He MOXeT ObITb 0TBEp-
rHyTa NpyY 3a4aHHOM YPOBHE 3HAUMMOCTU. VIHbIMWM C/rioBamMu, Hesb3st
cuntaTb (rpybo roeops), YTo ypoBeHb MHDIALMN B pacCMaTpUBaeMbIiA
rnepmog, 3Ha4MMO 3aBuces1 0T MokKasaTesis 6e3paboTuubl. Ecnmn ypoBeHb
3HA4YMMOCTM 330aTb paBHbIM 0,3, TO = 1,108 > 0,658, —paxe npu
TaKoiA c/1abo/ 3HAUYMMOCTU Hy/1eBast FMMNoTe3a He MOXET ObITb OTBEPrHYyTa.

MpoBepKa 3HaYMMOCTU KO3(hULMEeHTa NapHOIA NINHEIAHOA pedec-
CUM 3KBMBa/IEHTHA MPOBEPKE 3HAYMMOCTU KO3(h(MLIMEHTa Kopperaumm
rnepemMeHHbIX /1N Y. B 3TOM MOXHO y6eamnTbCs, CpaBHUB 3HavyeHUs /-
CTaTUCTUK A1 KO3(h(MLMEHTa Koppensiunu B Mpedblayllieii rriase u
KoathhnumeHTa perpeccun b (Npymep paccMaTpuBaeTCs OAUH U TOT XKe).
3Tn 3HayYeHUs 0A4MHaKOBbl M paBHbl -0,658. COOTBETCTBEHHO, U YPO-
BeHb 3HAYMMOCTMN Y HNX OANHAKOB.

Mpun oLeHKe 3HAYMMOCTU Ko3h(hULMeHTa SIMHELAHOA pethecCi MOXXHO
1CMoMb30BaThL crieaytollee rpy6oe npaBuio. Ecnv ctaHOapTHas owmbka
KoahmumeHTa 6osblue ero moayns {L < 1), TO OH He MOXeT ObITb
MpuU3HaH XopownM (3Ha4MMbIM), MOCKOSIbKY [JOBEPUTESIbHAA BEPOAT-
HOCTb 34€eCb Mpy ABYCTOPOHHEIA a/IbTEPHATMBHOIA FUMOTe3e cocTaBseT
Nb MeHee, YeM NMpubmn3nTesibHo 0,7. Ecim cTaHgapTHas oLurbKa MeHb-
e mMoayns KoappuuneHTa, HO 60/bLUe ero NosoBUHbI (1 < /< 2), TO
caenaHHas OLLeHKa MOXET paccMaTpmBaTbCs Kak 6os1ee Win MeHee 3Ha-
unmas. JosepuTesibHas BEpPOATHOCTb 34ecb npumepHo ot 0,7 o 0,95.
3HaueHVe roT 240 3 cBUAETE/LCTBYET O BECbMAa 3HAUMMOIA cBA3W (aoBe-
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PucyHok 16.6. O6beM yacTHOro norpebsieHus (CONS, Q u pacnonarae-
moro goxona (DINC, YJ B CLUA B 1971-1990 rr. (mpa.nonn., 1982 r.)

puTenbHaa BepoATHocTb OT 0,95 ao 0,99), n / > 3 ecTb NMpakTUYECKN
CTOMNPOLLEHTHOE CBUAETENBCTBO ee Hainuus. KOHEUYHO, B K&XA0M crlyyae
WIpaeT posib YMC/I0 Hab/IIOAEHNIA; YeM KX 60Jiblle, TeM HadexHee Mnpu
NnpoYnx paBHbIX BbIBOAbI 0 Ha/INYUU CBA3N U TEM MeHbLUE BepxHAS
rpaHvLa A0BepUTEIbHOI0 MHTepBasa 4/19 AaHHbIX YMC/a CTerneHeiA CBo-
604b1 1 YPOBHS 3Ha4YMMOCTU. O4HAK0 3TW pa3/inyms CyLlecTBEeHHbI JILLb
418 MabIX N, a Npy n nopsaka 10 n 6onee chopmMyIMpoBaHHbIE NpaBu-
71a NpU6.N3NTESTIbHO BEPHBI.

Ana nnnctpaumn AeiACTBUTENIbHO 3HAUNMOIA JIMHEIAHOA CBA3U MOo-
KazaTesietd paccMOTPUM Be/INUMHBI YaCTHOIO NOTpe6s1eHns 1 pacronara-
emoro goxoga B CLUA 3a 1971-1990 rogpl. nHaMuKa 3TUX MnokasaTe-
e/ nokasaHa Ha puc. 16.6.

Ha pucyHke 16.6 ABHO npocMaTpMBaeTCa YeTKas JIMHEIAHas 3aBUCK-
MOCTb 06beMa YacTHOro MoTpeb/IeHMs 0T Be/IMYMHBLI pacrnosiaraemMoro
goxoga. YpaBHeEHME MapHOIA SIMHEAHOIA pedheccin, OLLEHEHHOE MO 3TUM
OaHHbIM, nmeeT BUa; C= -217,6 + 1,0 0 7 CTaHAapTHble oWnb6KM ans
€cB06OAHOI0 YsieHa 1 KoapnymeHTa NapHOIA perpeccun paBHbl, COOT-
BETCTBEHHO, 28,4 1 0,012, a /-ctaTucTnkn - -7,7 n 81,9. 06e oHM No
MOAY/ 10 CYLLIECTBEHHO MPEBbILIAIOT 3, c/leAoBaTesIbHO, UX CTaTUCTUYeC-
Kas 3Ha4YMMOCTb BeCbMa BbICOKa. Bripouem, HECMOTPSA Ha TO, YTO 34eCb
YAa10Cb OLLEHUTb CTaTUCTUYECKU 3HAYUMYIO JIMHEAHYIO YHKLUIO MO0-
TpebneHus, B HeiA HapyLleHbl cpasy ABe npeanocbiikn KeiAHca - ypo-
BEHb aBTOHOMHOI0 MOTPEG/IEHNS  OKasasica OTpULATE IbHbIM, a Mpeae/ib—
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Hasl CKJ/TIOHHOCTb K MOoTpebsieHM0 npeBbicuia eaviHnLy. OueBUAHO, B
paccMaTpMBaeMbIlA nepuog, Habioaasics npowece “BbITECHEHUST” NOTpe6-
NIeHVeM HEKOTOpbIX Apyrux cocTaBistowmx BHIM (B 4acTHOCTW —4unCTO-
ro 3KCMopTa).

16.4. CpaBHeHMEe UCTUHHBIX U OLEHEHHBbIX 3aBYCUMOCTELA

CooTHoLLeHUE MeXay UCTUHHOIA 3aBUCMMOCTbLIO MeXay nepeMeHHbI-
MU (B reHepasIbHOIA COBOKYMHOCTMU) U 3aBUCUMOCTbIO, OLEHEHHOIA Mo
BbIGOPOYHbLIM AaHHbIM MpPOLLLEe BCEro NokasaTb Ha NpUMepe COOTHOoLLe—
HUA MeXay AoXo4aMn 1 pacxogamu. MycTb, K NpyUMepy, B HEGO/bLLIOM
ropoaKe MpoXMBalOT CTO ceMeIA (reHepasibHasi COBOKYMHOCTb), A0X0A4bl
KoTopbIX (JTY) MOXXHO OTHecTU K ogHoiA m3 maTu rpynn {K = 1,...,5).
MpeAnonoxum Takke 4715 NpocToThl, YTO pacrnpeaesieHve Soagia no [o-
Xo4amM - paBHOMEpPHOe, TO eCTb B KaxAyl (ynny BXoAAT 20 cemMei.
Cob6paB AaHHbIe MO0 pacxofamM Ha 4sieHa ceMbW, HaHeceM WX B BUOE
TOYeK Ha rpadmk, No BEPTUKa/IbHOIA 0CY KOTOPOIr0 OTJIOKMM pacxofbl, a
Mo ropM3OHTa/IbHOA —A0X0Abl.

Ha puc. 16.7 BuaHo, 4To, BO—MEPBbIX, AaXKe BHYTPM PyrMbl C OAHUM
[I0X040M pacxoAbl SIQOEA pa3nyHbl, YTO 06 bACHAETCA pa3/IMvnemM BKy-
COB, MOTPEOHOCTEIA, KOJINYECTBOM Y/1EHOB B CEMbE M APYrMU (haKTopa-
MW, KOTOpble He BXOOAT B YUC/10 NepeMEHHbIX, 06 bACHSAIOLWNX pacxoabl,
1 MpeacTaBsisieMbIMU B BUAE C/TyHalAHOro (Mo 0THOLLEHUIO K 40X0AaM)
KOMIMOHEHTA pacxoAoB. Bo-BTOpbIX, MOXHO 3aMETUTb, YTO, B CPeAHEM,
pacxoAbl pacTyT C YBe/IMYEHNEM [0X00B.

O603Ha4vasa cpegHue no A4 rpynne goxoga (B reHepasibHOMA COBO-
KymnHOCTK) pacxoabl M\ MO>XHO MpeAcTaBuUTb TeHAEHLMIO YBe inye-
HNSA pacxofo0B C A0X04aMW B BUAE MOSIOKUTESTbHOLA JIMHELAHOIA 3aBUCK-
MOCTU

11 3amkoBs
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MIYN\X\"a + ~X, 9)

KoTopas npeArnosiaraeTcst UCTUHHOEA 3aBUCUMOCTbIO MEXAY cpeHN-
MW pacxofamMn 1 goxoaamu. 18 HeycpeAHEHHbIX PacxXofoB B 3Ty 3aBU-
CUMOCTb C/leflyeT [06aBUTL C/TyHalAHbIA Y/ieH e, OnUCbIBaIOLWMIA pa36poc
pacxof0B BHYTPY (hyMMbl C 04HUM A0X040M, 06YC/I0B/IEHHBLIIA ASIACTBY-
€M BCEX OCTa/IbHbIX ()aKTOPOB, KpoMe [0X0Z0B.

K=a + p/l'+ e (19

3Ta 3aBMCMMOCTb NpearonaraeTcsd UCTUHHOA 3aBUCUMOCTbBIO MeXay
VHAOVBMAYaTIbHbIMW pacxogamMu 1 aoxogamu (B reHepasibHOIA COBOKYT-
HOCTW).

Tenepb 06paTUMCA K BbIGOPOUHBIM AaHHbIM 0 pacxofax, cobpaHHbIM
nyTemM BbIGOPOYHOI0 0Npoca YacTu XuTerneia ropogka. CunTas BblI6OpKY
penpe3eHTaTMBHOM, NpeanosioXkKMM, 4719 NpocToThbl, OHa BKJIOYaeT Mo
04HOMY Yesl0BEKY M3 KaXXAOM (hynnbl goxoaa. OTobpaxas BbI6OPOUHbIE
TOUKM Ha (pahrKe, Mbl MOXXEM MPOBECTU Hepe3 HUX JIMHUIO pedeccumn,
COOTBETCTBYIOLLYIO YpaBHEHUIO Y —a + b-X Ko3ah(nUMeHTbl a U B
KOTOPOM pacCHNTbIBAKOTCS MO 06bI4HbLIM (hopMYyJsiaM JIMHEMAHOMA pedec-
cmn. Ecnv yyecTb, 4TO HabsilogaeMble 3Ha4YeHUs /.He fiexaTt Ha IMHUU
petgeccun (a+"1”"), To B3TO ypaBHEHME HaAo A06aBNTb BbIGOPOUHbIE
C/Ny4YaiHble BO3MYLLEHUS € = YM-a-bX?, asnawowmecsa aHasioramu
Cry4aliHbIX BO3MYLLEHWNIA € B reHepasibHOA COBOKYIMHOCTN;

(12)

Takum 06pa3om, Mbl
vMeeM fABe JIMHEMHbIX y K.t
peq)eccmv\ll: OOHY o114 Te- M [X]=0+p X ; —
Hepas1bHOLA COBOKYMHOC-
™, KOapuuMeHTbI B

KOTOpPOiA 06bIYHO 0603- 5 ¢
HayalTCs FpeyYecKuMun
6yKBamMu, 1 Apyryto onsi X

BbIOGOPKU, KO3(DULNEH-
Tbl B KOTOPOA 06bIYHO

o0603HayvalTCA JlaTUH- - (02,bA
CKUMM BykBamu. Koad-
PULNEHTbI JIMHEIAHOA X1 Xr X3 X4 X5 X

3aBMCMMOCTU /19 FeHe-
pasibHOA COBOKYMHOCTM
HaM Hen3BECTHbI, N Mbl Pvc. 168

L0J/DKHbI UX OLEHUTb, MO/Ib3yAChk BbIGOPOHHbIMU AaHHbIMW. Koaddun-
LMEeHTbI BbIGOPOUHOIA JIMHEIAHOA perpeccmu 4,1 6 aBNsTCcs BblI6G0poY-
HbIMW OLLeHKaM1 KO3(P(PULMEHTOB a U p B FeHepasIbHOLA COBOKYMHOCTN.
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N3 puc. 16.8 BUAHO, YTO BbIGOPOYHbIE SIMHUM peteccun UMEKT
pa3HbIiA HAK/10H U pa3Hble TOUKM MepeceyeHunsi C 0Cblo Y18 pa3finyHbIX
Bbl60OpPOK. Boriee Toro, Npy NOSI0KUTESIbHOM HaK/1I0HEe reHepasibHOIA per-
peccmun HakJ1I0H BbIBOPOYHOIA NNHNKN peeccn MOXET OKasaTbCsa O/15
HEeKOTOpbIX BbIOOPOK OTpULLATE IbHBIM, YTO, 04HAKO0, He ByAeT cBuae-
TeNbCTBOBaTb 06 MCTUHHOIA OTPULIATE/IBHOIA CBA3U Ucc/ledyeMbIX Besn-
UYMH. [15 TOro 4Tobbl y6eanTbCsa B 3TOM, c/ieayeT NMoOMUMO KoaghdpuLu-
€eHTOB pethecCnn HaxoauTb UX CTaHAAPTHbIE OTKJ/IOHEHUS N /-CTaTuUCTu-
KW, MO0 KOTOPbIM MOXHO CyANTb O CTaTUCTUYECKOIA 3HAYMMOCTU MNOAY-
YEHHbIX BbIGOPOUHbIX KOIPPULIMEHTOB pedeccni.

16.5. MHO)XKecTBeHHast JIMHelHasA perpeccus

3HaueHNsA 3KOHOMUYECKUX NepeMEHHbIX OMNpeaesisioTcs 06bIUHO B/V-
AHWEM He O4HOro, a HeCKO/IbKNX 06BbACHAKLWMUX PaKTopoB. B Takom
cny4ae 3aBMCUMOCTb Y =/[1X) 03Ha4aeT, YTO X — BEKTOP, COAEPXKALLNIA T
KOMMOHEHTOB: /+= (X, X,, ... , XJ. 3afaya OUeHKN CTaTUCTUYECKOA
B3aMMOCBA3M MEpPeMeHHbIX Y N X = (X,, X,, ... , X,,) opMmynumpyeTcs
aHas1I0rM4YHO C/yyaro NapHoiA perpeccmun. 3anmncbiBaeTcs PYHKLUMA Y =
[a,x)+€, roe a - BeKTop NapamMeTpoB, € —c/lydaliHas ownbka. Mpea-
rnosiaraeTcsl, YTo 3Ta (PYHKLUA CBA3bIBaeT MepeMeHHY Y ¢ BEKTOPOM
He3aBUCUMbIX NepeMeHHbIX X /19 AaHHbIX FeHepaslbHOA COBOKYMHOCTU.
Kak u B c/lyyae napHoiA pedeccum, npearnosiaraetcs, YTo OWN6KK e.
ABMSKOTCSA C/IyYaAHbIMU Be/IMUMHAMU C HYJIEBbIM MaTeMaTUYECKUM
OXMOaHVEM U MNOCTOSIHHOIA ANCTEPCUEI; €. M CTaTUCTUYECKN He3aBU-
cuMbl npy /y. Kpome Toro, A9 NpoBepKy CTaTUCTUYECKOIA 3HAYUMOCTU
OLLeHOK a 06bIYHO NpeaosiaraeTcs, YTo OLLMOKK e. HOPMasIbHO pacrnpe-
neneHbl. Mo faHHbIM HabMAEHNEA BbIGOPKU pa3MepHOCTU N TpebyeTcs
OLEHUTb 3HAYEHMWS MapamMeTpoB &, TO eCTb MNPOBECTU MapaMeTpu3aLuio
BbIGpaHHOA (hopMy /bl (cneundukaunmn) 3aBUCUMOCTU.

Mbl 6yaemM roBopuTb O JIMHEIAHOIA 3aBMCUMOCTU ™ 0TX, TO eCTb O
MHOXKECTBEHHOA JIMHELAHOA pedeccun. TeopeTudecKoe ypaBHEHME per-
peccun MMeeT BUL;

P=a, +a,x, +a,X3 + ... +a,,X, + e. (12)

34ecb a — BEKTOpP HEN3BECTHbLIX NnapameTpoB pasmepHocTu {T + 1).
MNycTb MeeTcs N HabMAEHNIA BEKTOPA X 1 3aBUCMMOIA NEPEMEHHOIA Y.
[Ana Toro, 4Tobbl hopMasIbHO MOXHO ObII0 PeLnTb 3adady, TO ecTb
HaATN HEKOTOPbIA HauyyLLMIA BEKTOP MapamMeTpoB, A0/HKHO ObITb >
T+\. Ec/1 370 ycnoBue He BbIMO/THAETCS, TO MOXHO HalATN 6eCKOHEYHO
MHOI0 pasHbIX BEKTOPOB KO3(PULIMEHTOB, MPU KOTOPbIX JSINHEIAHas
thopmyna cBA3bIBaeET MeXAy co60iA X U N ANsi UMEOLMXCA HabtoaeHNIA
abCco/IIOTHO TOYHO. Ecnun, BuYacTHOM cnydae, n= /u+l (Hanpumep, Npu
[BYX 00 bACHSAOLLNX MepeMeHHbIX BYypaBHeHUN Y = au+a|X]|+aX, n Tpex

1*
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HabIAeHNAX), TO OLLEHKN KO3(P(ULIMEHTOB a pacCuMTbIBaOTCA e4UNH-
CTBEHHbLIM 06pa30M - MyTeM peLLUEHUNS CUCTEMbI JIMHEMHBLIX YpaBHEHWNIA
{y=ar+axN+a™Mf .. +axm J=|,2,....n - nHAeKC HabnwaeHus}. Tak,
yepes TpY TOUKU-Hab0AEHNS B TPEXMEPHOM MPOCTPaHCTBE MOXXHO Mpo-
BECTU €QVHCTBEHHYI0 MJI0CKOCTb onpeAesisieMyto napameTpamu iALL.apa’.
Ecnn uncno HabnoaeH A 60/1bLle MUHUMasIbHO HE06X0AMMOr 0, TO eCTb
n > /a+1, To y)ke Henb3A Noao6paThb MHEAHYO (opMYyy, B TOUHOCTM
y0B/IETBOPSIOLLYO BCEM Habl0AEHUSAM, U BO3HMKAET HEOOX0ANMOCTb
ONTUMM3ALMN, TO ECTb BbIGOpa HAW/TyULLIEEA (HOPMY/IbI-NPUBIVKEHNS /1A
MMetoLmMxXcsa HabroaeHUIA. MononTesibHasa pasHoCcTb (M-T-\) B 3TOM
C/lyyae Ha3blBaeTCs YMC/I0M CTerneHelA cBoboabl. Ecnuv uncno creneHein
cB060AbI Masio, TO CTaTUCTUYECKast HAAEXHOCTb OLIeHVBaeMOA hopMy/ibl
HeBbIcoKa. Tak, ec/in nposefeHa NnJ10CKoCTb “B TOYHOCTU” yepes MMelo-
Lmecs Tpy TOUKN HabioaeHWiA, nobas YeTBepTas TouKa-HabwaeHne
13 TO e reHepasibHO COBOKYMHOCTU OyAeT NpakTUYecKy HaBepHsKa
NexaTb BHE 3TO /T/IOCKOCTU, BO3MOXHO —A0CTaTOYHO AaSIeKO OT Hee.
O6bIYHO NpU OLLEHKE MHOXECTBEHHO peteccum a5 obecrie4eHnUs cTa-
TUCTUYECKOA HaeXXHOCTU TpebyeTcs, 4Tobbl YMC/10 Hab/oAeHNEA Mo Kpaia-
Hel/l Mepe B 3 pa3a MpeBOCX0ANs10 YMC/0 OLEHVBAEMbIX MapamMeTpoB.
3aaada NocTpPoeHUs MHOXECTBEHHOIA JIMHEAHOIA pedhecCcnm CoCTOUT B
HaxoXXaeHUn (/u+1)—-MepHOro BeKTopa a, 3/1eMeHTbI KOTOPOro eCTb OLLEHKM
COOTBETCTBYHOLLMX 3/1IEMEHTOB BeKTOpa a. Kputepum oLeHNBaHUSA, Kak
M B C/ly4ae MapHOIA perpeccum, MoryT ObITb pa3/iINyHbIMU; Mbl 6yaem
BHOBb MCMN0/1b30BaTb MeToA, HaMMeHbLUMX KBaapaToB (MHK).
YpaBHeEHMWE perpeccumn ¢ oLLeHEeHHbIMM NapameTpamMu UMeeT BUL,

y=a", + + ... +ax,, +e 13)

N KpUTeprem O/ HaxoXAeHusi BekTopa (a) siBnsieTcs

1

OueHeHHoe ypaBHeHVe O0/IKHO onucaTb Kak 06LWmMiA TpeHsd (TeHaeH-
LIM0) U3MEHEHNS 3aBUCUMOIA MEPEMEHHOIA Y, TaK U OTK/I0HEHUS OT 3TO-
ro TpeHga. MNpobema 34ecb COCTOUT He TO/IbKO B TOM, YT0Obl 06bSC-
HUTb BO3MOXXHO 60/1bLLYIO 40110 Kosle6aHNIA MepeMeHHOI Yy, HO M oTAae-
JNTb BIVSIHNE KaXKA0r0 13 (haKTOopoB, pacCMaTpMBaeMbIX KaK 00 bACHS-
towye nepemMeHHbIe.

Mpy BbINO/IHEHMN NPeANoCcbIIOK 1)-4) OTHOCUTESTbHO OLLUNGOK €. OLLEH-
KV napameTpoB MHOXECTBEHHOIA JSIMHEIMHOIA perpeccumn SBASOTCS He-
CMeLLEHHbIMU, COCTOATE/TbHLIMU U 3hheKTUBHbIMU. OTK/I0HEHME 3aBU-
CVIMOIA MNEPEMEHHOIA  BY-M Hab1l04eHMN 0T JIMHUN peq)eccvm, e, 3anu-
CbiBaeTcs criegylowmm obpa3om: e. = y* —at- 0,X, - - -
0603Ha4YMM CyMMY KBagpaToB 3TUX BESINUNH, KOTOPYHO Hy)KHO MUHUMWU-
31poBaThb B COOTBETCTBUM C METOAOM HaMMEHbLLMX KBaApaToB, vepes Q.

0O=E =EO0--E A min, (14)
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MunHUMM3MpyemMast hyHKLMSA 6sa/1sieTc KB3ApaTUYHOIA 0THOCUTESTbHO
HEN3BECTHbIX Be/IMYUH a.. HeobxoaMMbIM yCrI0BUEM €€ MUHUMYMa SB-
NSeTCA paBEHCTBO HY/ 110 BCEX €e YaCTHbIX MPOM3BOAHbIX MO a.. YacTHble
npon3BoAHbIE KBaAPaTUYHOM (YHKUUWU SABAAIOTCA JIMHEAHBbIMU (YH-
KUUAMU, W, MpUpaBHUBaS UX BCEX K HY/H0, Mbl NOAYYUM CUCTEMY U3
{T+\) /IMHeAHbIX ypaBHEHNI C (/U+1) HeM3BeCTHbIMU. Takasa cmcTema
VIMeET 06bIYHO eAMHCTBEHHOE peLleHVe (3a UCKITIUYEHNEM 0COB0ro Cry-
yasi, Korga cTosbubl ee JIMHEMAHO 3aBUCUMbl U PELLEHUS HET WM UX
6ECKOHEYHO MHOr0; 0HaK0 AaHHble peasibHbIX CTaTUCTUYECKUX Habs1to-
[EHVIA K TakoMy 0c060MYy crlyyato, BoobLLEe FoBOps, HUKOr4a He NMpuBo-
08T). [laHHasa cucTeMa Ha3bIBaeTCH CUCTEMOIA HOPMa/IbHbIX YPaBHEHUIA.
Ee pelleHVe B SIBHOM Buae yA06Hee BCero BbIMMcaTb B BEKTOPHO-MaT—
pUYHOIA hopMe, MHAYe OHO CTaHOBUTCS C/TULLIKOM FpoMOo3AKMM. BekTop-
HO—MaTpUYHas 3anmcb U BbIBOA PELLUEHUS CUCTEMbI HOPMasIbHbIX YpaB-
HeHWiA npuBeaeHbl B MpuaokeHUN; Npyu HavyasIbHOM 03HAKOMJ1IEHUN C
npo6/1EMOI/I OHO MOXET ObITb OMNYLLEHO.

[N aHanM3a CTaTUCTUYECKOIA 3HAYMMOCTM MOSTyHeHHbIX KO3phnLu-
€HTOB MHOXKECTBEHHOI JSIMHEIAHOM pehecCnn He0BX0AMMO, KaK U BCI1y-
Yae MapHOM peeccum, OLLEHNTb OUCTMEPCUIO U CTaHAAPTHbIE 0TK/10He-
HNSA KO3(hPULIMEHTOB a .

E

B cny4ae napHoia perpeccumn 0{b) = 5= _ 2B2('c - °
wem cnyyae AOa.) = n rtOR” * praroHasnbHbIIA 3/1IEMEHT

MaTpuubl (AMA) ' -cm. TMpunoxeHue). CooTBETCTBEHHO, CTaHAapTHOE

O0TK/IOHeHWe 5% = ~0{ap, 1 A/ NpoBepKM HysIeBOIA rMnoTe3bl A/18 Kax-
[0ro 13 KoahhULMEHTOB a. pacCUMTbLIBAIOTCS, KaK U B C/lyyae MapHoIA

pegeccumn, /-CTaTUCTUKK: 1= v nMetoLLme pacripegesieHe CTbloaeHTa

¢ (/1-W1) cTeneHsmm cBo6oabl.

Ecnn (M-T-\), TO ECTb YMC/I0 CTEMEHeLA cBo60AbI, [0CTATOUHO BE/IMKO
(He meHee 8-10), To Npu 5%—-HOM YpOBHE 3HAYMMOCTU U ABYCTOPOH-
HelA a/TbTEPHATVIBHOIA rMMnoTe3e KpUTUYECKOE 3HaYeHme /—CTaTUCTVKA Npu-
6/1M3UTeNIbHO paBHO ABYM. 34€Cb, Kak U B c/lydae MapHoiA pedeccuu,
MOXXHO NPUBAVIKEHHO CUUNTATb OLLEHKY HE3HAUMMOIA, ecsiv /-CTaTUCTUKa
no MoAyst0 MeHbLUe eANHMLbI, U BeCbMa HaZeXHOIA, ecqin Moaysb /-
CTaTUCTUKN 6oNblue Tpex. [pyrve KpUTepum KayecTsa MoslyHeHHOro
YpaBHEHUSA perpeccmmn GyayT pacCMOTPEHbI B C/IeAYHOLEIA rriaBe. TaMm e
6yayT npuBeAeHbl U MpUMeEpPbl CTaTUCTUYECKOro aHa/IM3a 3HaYMMOCTU
KO3 MNEHTOB MHOXECTBEHHOA JIMHELAHOI pedheccni.
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MPNNOXEHWME
PacueT BekTOpa KO3PPULIMEHTOB MHOXXECTBEHHOIA JIMHELAHOI peeccnmn

Myctb e. = y. - Oi—ax”™ - -...-0 roe / - nHaekc Habnwae-
HMs. CyMMa KBapaToB OTK/IOHEHUIA €. MOXXET ObITb 3arnmcaHa Kak npo-
13BeaeHVe BEKTOP—-CTPOKU

{efl = e”Ha BekTop-CcTO/16eL, {e} —e{e” - BeKTOop-CTON6EL, TPaHCMO-
HUPOBaHHbLIA B CTPOKY). BekTop-cTonbel, e, B CBOKO o4vepedb, MOXET
ObITb 3aMncaH Kak e = y —-Xa, rgey - BeKTop—-CTos16el, HaboaeHuiA
3aBUCUMOIA MEPEMEHHOIA, X —MaTpuua N (/u+1), B KOTOPOIA Kaxxdasi U3 n
CTPOK NpeAcTaB/sieT HabIloAeHWe BEKTOPa 3HAUYEHNIA He3aBUCUMBbIX Me-
PEMEHHbIX X:

1 X X

N ap1oan2 ATn

a - BekTop-cTosibey (", a,,..., al.

OTcioga Q= e = (y-XaY{y-Xa) = y'y —a™Xy -y"™Xa+ a~Xa =
Yy -2a’X"y+ aTX”a Mbl BOCM0/1b30Ba/INCh 34eCb TeM, UTo (y —XaY =
yr =Y\ {XayY = a¥\ay = y™Xa.

Bce 3T CBOIACTBA JIErKO NMPOBEPUTD, pacrmcaB Mo3SIEMEHTHO BCe MaT-
pyiLbl U BbINO/IHMB C HAMWU HYXXHble OeIACTBUS.

Tenepb HY>HO 3anMcaTb HE0BX0ANMbIE YC/10BUS IKCTPEMYMaA Bbipa-
»XeHna O- OHO COCTOUT B paBeHCTBe HyJ1t0 BeeX YacTHbIX Mpon3BoaHbIX

BeKTop ~ MOXHO 3anmcaTb KOMMNAaKTHO Kak = -2X"y + 2(X"X)a.
Aa

3T0 MOXHO MoKasaTb c/iegylowmm o6pasom; nycTb (ANA) = X —maTpu-
ua (T+1) (/m+1);

Xn -

! y|

Aletl.l  m*»1¥1,2  m
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OTcloga nerko BUAHO, 4TO =27 ap', Toectb A = 2(X™X)a.

ACHO Takke, UYTo ec/im 0603HaUNTb BEKTOp X% = y’, To ay'= 5%’ 1n
XNy,

MockonbKy 0-y*y-2aryY+0”", n - N —0 (TaK Kak>»"y— KOHCTaHTa),

m"= 0= -2y + 2(A"A)a = 0=> X"y = X"Xa, 0TKyda

= (X*X) ' X7y.
3pecb (XMX)-' —maTpuua, obpaTHasa K (X*X), To ecTb TaKasl, KoTopasi
npy YMHOXeHUU Ha MaTtpuuy (X*X) OaeT eAUHUYHYI0 MaTpuLy. Takum
06pa3omM, Mbl MOAYYUIM POpMYJsTy pacyeTa BeKTopa Ko3ahpMuMeHTOB
pegeccumn B BEKTOPHO—MATPUUHOLA 3armcu.

Bonpockl K rnase 16

1 YTo TaKoe /iMHelAHasA perpeccus?

2. YTo Takoe cneunukaumsa n napameTpmsauna ypaBHeHUs perpec-
cnn? Kak OHW OCYLLeCTBATCA?

3. Kakmmm MOryT 6bmb KPUTEPUM KavecTBa OLIEHKN JIMHEIAHOIA perpeccumn?

4. B 4yeM CyLHOCTb MeToAa HauMeHbLMX kBaapaToB (MHK)?

5. CdopmynupyiiaTe 06LLyH0 33a4y CTaTUCTUYECKOLA OLLEHKU MapameT-
poB Ha MpUMepe OLLEHKM NapamMeTpoB SIMHEIAHOA pedeccui.

6. KakoBbl NpeAnocbIsIKM 0 CBOLACTBaX OTK/IOHEHWIA 3aBMCUMOIA Nepe-
MEHHOIA 0T TeopeTUYECKOIA SINHUN pedeccnin?

7. CchopmynumpyiAaTe CBOMACTBA HECMELLEHHOCTU, COCTOSATEIbHOCTU U 3 (-
(heKTMBHOCTM OLLEeHOK NapameTpoB. O6/1a4al0T /M 3TUMN CBOIACTBa-
MW OLLEHKM MapamMeTpoB SIMHEAHOIA perpeccumn, noslyyeHHble ¢ no-
mMoubio MHK?

8. B uem pasniMuuve, CMbIC/I0BOE U KOSINYECTBEHHOE, TEOPETUYECKUNX 3Ha-
YEHMIA KO3hPULLMEHTOB perpeccnum a N p N NX OLLEHOK a u b?

9. Kakue (hakTopbl BANSIOT Ha BE/IMYNHY CTaHAAPTHbLIX OLLUMGOK KO3(d-
(ULMEHTOB a n b?

10. Kak cBsizaH KO3(hpULMEHT perpeccum ¢ KoaphnumeHToM Koppe-
NAUMN BESIUYVH X U Y?

11. meloT /N KO3hPULIMEHTBI a U A pa3MepHOCTb?

12. Kakoi/ nokKasaTesib XapakTepusyeT A0/1H0 06 bSACHEHHOA C NMOMOLLbIO
pedeccuun gucnepcnn BoOLLEEA AMCMEpCUN 3aBUCUMOIA NepeEMEHHOIA?

13. Kakum 06pa3oM npoBepsieTcs HysieBas rmnoTesa g/ KoahpuumeH-
Ta perpeccum ¢?

14. CtaHgapTHasa ownbka KoahhmumeHTa b paBHa b/2. MOXHO /it B
3TOM C/lyyae roBopuUTb 0 HA/INYUKU 3aBUCUMOCTU >'0T/1:? EC/in Mox-
HO, TO YTO UMEHHO?



['JTABA 17

NNHENHASA PEFPECCUA: CTATUCTUUYECKIA
AHANTN3 MOAENN. MPOTHO3NPOBAHWE

B rfase 16 paccMoTpeHa nocTaHoBKa 3aa4um OLeHNBaHNSA ypaBHEHUS
JHEIAHOIA perpeccumn, rokKasaH crnoco6 ee peweHus. O4HaKo OLeHKa
napameTpoB KOHKPETHOI0 YpaBHEHUS SBISETCA SILLb OTAeSIbHbIM 3Ta-
rMoMm J/INTESIbHOI0 U C/I0KHOM0 npouecca NocTpoeHNs 3KOHoOMeTpuyec-
KO/ Mogenu. NepBoe ke oL eHeHHO0e ypaBHEHME 0YeHb pPeaKo AB/ISeTes
YA0BMETBOPUTE/IbHLIM BO BCEX OTHOLLEHUSAX. OBbIYHO MPUX0AUTCS Moc-
TerneHHo NoA6MpaThb HOPMYJ1y CBSI3M U COCTaB 00 bACHAKLMX MepeMeH-
HbIX, aHa/IM3NPYS Ha KKA0M 3Tarne KavyecTBO OLEHEHHOIA 3aBUCUMOCTU.
3TOT aHa/IN3 KadecTBa BK/IOYaET CTATUCTUYECKYIO U cofepXXaTesIbHYH
COCTaBMANOLLYI0. [MpoBepKa CTaTUCTUYECKOI0 KaYecTBa OLEHEHHOI 0 YpaB-
HEHUA COCTOUT U3 CeflytoLLMX 3/IEMEHTOB:

*  rpoBepKa CTaTUCTUYECKOIA 3HAUNMOCTU KKA0ro KoaphuLmeHTa ypas-

HeHuns pedeccuu;

* npoBepKa 06LLero KayecTsa ypaBHeHuUs peeccni;
* MpoBepKa CBOCTB AaHHbIX, BbIMOSIHEHNE KOTOPbIX Npeanosarasiochb
rnpy OLLEHVNBAHUU YpaBHEHUS.

Mo, coaepXaTesibHOA COCTaB/IAOLLEIA aHa/IN3a KayecTsa NOHUMaeTCs
paccMoTpeHne 3KOHOMUYECKOT0 CMbIC/1a OLLeHEHHOI0 YpaBHEHUS per-
peccumn: AeACTBUTESBHO JIN 3HAUUMbIMU OKa3a/IUCb 06 bACHSALWME haK-
TOpbl, BXHbIe C TOYKN 3peHUS Teopumn; MNoMoKUTENbHbI WA oTpuLa-
Te/lbHbl KO3((ULMEHTbI, MOKa3bIBatoLLMe HarpaBsieHVe BO3AEACTBUSA
3TUX ()aKTOPOB; Monasiv Siv OLEHKN Ko3h(hnLMeHTOB peeccnin B Npea-
rnosaraeMble U3 TEOPETUYECKUX COOOPaKEHUNIA NHTEPBAIbL.

MeToauvKa NPOBEPKM CTaTUCTUYECKOA 3HAUYMMOCTI KaXKA0ro oTAe b-
HOro Koa(dumumeHTa ypaBHEHUS SIMHEIAHOIA perpeccun 6buia paccMmoT-
peHa B npeabiaylleia rnaee. MNepelAnem Ternepb K ApyrvuM sTanam npo-
BEPKM Ka4yecTBa ypaBHEHMS.

17.1. MpoBepKa 00LLEero KayecTsa ypaBHEHUS perpeccuy
KoaghdmumeHT aetepmuHauyn B?

s aHanmsa 06LLero KadecTsa OLEHEHHOA JIMHEIAHOIA pedheccnn UC-
Mnosib3yOT 06bIYHO KO3DPULUMEHT geTepmMmHaumn O, Ha3bIBaEMbIA TaK-
Ke KBaapaToM KoapdhuumneHTa MHOKECTBEHHOIA Koppensauun. Ons cny-
Yasi MapHOLA perpeccuun 3To KBaapaT KoaduLmeHTa Koppensuum nepe-
MEHHbIX X ny. KoathnLmneHT geTepMMHaLMM pacCcUnTbIBaeTCs Mo pop-

Myrie
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1 &

(OM xapakTepm3yeT Aonto Bapmayumn (padbpoca) 3aBUCMMOIA MeEpPEMEH—
11111, 06bACHEHHOIA C MOMOLLLbI [AHHOI0 YpaBHeHUS. B kauecTBe Mepbl
IMm1)poca 3aBMCMOIA NepeMeHHOIA 06bI4YHO UCMONbL3YETCs ee AMCnepcus,
A1 11104Han BapMaLvsi MoXeT ObITb M3MepeHa Kak AUCrepcust 0TKI0—
T WA BOKPYT JIUHUW perpeccuun. Ecan uncnurtesib 1 3HaMeHaTe b Bo-
un LI(>VDIA U3 eANHULUBI APo6U pa3aenvTbh Ha YNC0 HabMoaeHNEA M, To
rnopy4u”M, COOTBETCTBEHHO, BbIGOPOYHbIE OLLEHKM OCTAaTOYHOIA Ancrep-
| WV v prcnepcumn 3aBUCUMOIA NepeMeEHHOIA Y. OTHOLLLEHWE OCTaTOYHOA U
1 Avcnepcnia npeacTassisieT coboiA [0/10 HEOObACHEHHOM Ancnep—
1M Zcnm XXe 3Ty O0/110 BbIMECTb U3 eAVHULBI, TO MOJTy4YUM A0S0
/NK'CpCUM 3aBUCUMOIA NEPEMEHHOIA, 06BSCHEHHOIA C MOMOLLLbHO perpec—
1un. NHorga npu pacveTe KoahpuumeHTa AeTepMUHALLIUM OIS MosTyye—
UMY HECMELLIEHHbIX OLLEHOK ANCTEPCUN B UUC/IUTESE N 3HAMEHATE e Bok-
w1 |;cMoiA 13 eaMHULLI APp06UM AenaeTcs nonpaBKa Ha YMC/Io cTeneHelA
I T)(toabl; Torga

E cy. my)'
1 1 1 ; 2)

n-T1-1 n-1
Wnn, A1 NapHoiA pegeccumn, rae YMcso He3aBUCUMbIX MepeMEHHbIX
T |atio 1.

o Ele.' [I% 0'.-3%1 3
n-2 n-1

H uvcnuTtene aopobu, KoTopas BblUMTaeTCa N3 eAVHULBI, CTOUT CyMma
| ;| ApaToB OTK/IOHEHUEA HAGIIOAEHWIA Y. OT IMHUU pedeccuu, B 3Hame-
Ha T/IC —0T cpeHero 3Ha4yeHns1 NepeMeHHoIA y. Takum 06pa3om, Apobb
1) mana (a KoshpuumeHT o4yeBMAHO, 6/IM30K K eAnHULE), ecnn
pa (6poc ToYeK BOKPYT SIMHUU pedecCUn 3HAYUTESIbHO MEHbLUE, YeM
VIOKpYT cpefHero 3HadeHuss. M HK no3BonsieT HalATY NpsSMyto, AJ151 KO-

IO cyMMa MWUHUMasIbHA, a Yy = Yy NpeacTaB/seT co6oiA OHY U3
MMIMOXXHBIX MHNEA, AN KOTOpbIX BbIMNO/HAETCA yc/ioBUEe y = a + bx

¢l O a=y). NoaTomMy BeSINYMHA B YMC/INTESIE BbIMUTAEMOMA U3 ean-
HULbI Ap06M MeHbLLEe, YeM BesindMHaA B ee 3HaMeHaTersie, — MHade Bbibn—

pu-voia no MHK nuHuvein pedeccun bbuia 6bl NpaMas y = y. Taknum
nbpatom, KoahUUMEHT geTepMmnHaLUnm /2 aBnsieTca MepoiA, No3Bo/sS—
VLA onpeaenvThb, B KakO CTerneHn HalAaeHHas pcheccMoHHas npsamas
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[RET NYULLMIA pesybTaT O/1s 06 bACHEHUs MoBeAeHNA 3aBUCUMOIA repe-
MEHHOIA Y, YeM MPOCTO FopU3oHTa IbHAs npsiMast y —Y.
CMbICN KO3(MUMEHTA AETEPMUHALIUN MOXKET 6bITb MOSICHEH U He-

MHOIro nHaye. Mo)XXHO0 NnokasaTb, L|T0EI -~ N | I/I1 , Toe K,

—O0TKJIOHEHNE /HATOUKM Ha IMHUK pedeccum oTYy. B gaHHoiA dopmy e
Be/INYMHA B JIEBOLA YacTU MOXET MHTEPNPETMPOBATbLCA KakK Mepa 06LLero
pasbpoca (Bapuauunn) nepemMeHHoIA y, NepBoe CrlaraemMoe B MpaBoiA YacTu

- KaK Mepa pa3bpoca, 06bACHEHHOr0 C MOMOLLbIO pedeccuu,

BTOpoe cnaraemoe Li — KaK Mepa 0CTaTO4YHOro, He06bACHEHHOI 0 pa3—

I
6poca (pasbpoca ToUeEK BOKPYT SIHUM perpeccun). Ecnu pazgennTb 3Ty
hopMyJly Ha ee JIeBYK 4acTb M MeperpynnupoBaTb 4sieHbl, To O =

E (y " ™ eCTb 4015 06bAC-
|

HEHHOIA YacTu pa3bpoca 3aBUCUMOLA MepeMeHHOA (Un Ao 06 bACHEH-
HOA [ucnepcnn, eciiv pa3aesiTb YAC/IUTE b Y 3HaMeHaTeslb Ha MW -\).
YacTo KoahpuumMeHT geTepMmuHaummn /- nnnoctTpmpyroT puc. 17.1.

3pecb TSS (Total Sum of Squares) —06LWmMiA pa3bpoc NEPEMEHHOIA Y,
ESS (Explained Sum of Squares) —pa3bpoc, 06bACHEHHbIA C MOMOLLLbIO
perpeccumn, USS (Unexplained Sum of Squares) —pa36poc, HEOOBbACHEH—
HbIA C MOMOLLLbIO perpeccumn. U3 pycyHKa BUAHO, UYTO C YBE/IMUYEHUEM
06bACHEHHOA Oo/n pasbpoca KoaghpuumeHT R- mpubamkaeTca K egn-
Huue. Kpome Toro, U3 pycyHKa BUAHO, YTO ¢ A06aB/IeHNEM eLle 0OHOIA
rnepemMeHHoIA R- 06bIYHO YBE/IMUMBAETCH, 04HAKO eC/IM 06 bACHSOLWNE
nepeMeHHbIe X, U X, CU/IbHO KOpPPesMpyoT Mexay coboiA, To OHU 06bsIc-
HSIOT OA4HY M Ty Xe 4YacTb pasbpoca NMepemMeHHOM j', 1 B 3TOM cly4ae
TPYAHO NAEHTUDULMPOBaTb BKIaA KOKOOIA N3 MepeMeHHbIX B 06bsACHe-
HVe NoBeaeHUs Y.
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Ecnn cylecTBYeT CTaTUCTUYECKM 3HAUYMMas JIMHEMAHasA CBS3b BEsN-
UMH XNY,TO KO3IGPUUUEHT JI? 6/1M30K K eguHULE. O4HAKO OH MOXeT
6bITb 6/IN3KNM K e4MHUMLE NPOCTO B CU/Y TOr0, YTO 06€ 3TU BESIUYUHbI
VMEIOT BbIPKEHHBLILA BPEMEHHOA TpeH[, He CBSA3aHHbIA C UX MNPUYnH-
HO—C/IeACTBEHHOIA B3aMM03aBUCMMOCTbIO. B 3KOHOMUKE 06bIYHO 06 bEeM-
Hble MokasaTesiv (4oxoa, MoTpebsieHVe, MHBECTULMV) UMEIOT TakoA TpeHs,
a TeMroBbIe M 0THOCUTESTbHbIE (MPOM3BOAMNTE/IBHOCTU, TEMIbI POCTa, A0/,
OTHOLLLEHNA) — He Bcerda. MoaTomMy npy oLeHUBaHUU JSIMHEIAHbIX per-
PECCUIA MO BPEMEHHbLIM psigaM 06bEMHbIX MoKasaTesneta (Hanpumep, 3a-
BMCMMOCTU BbIMyCKa 0T 3aTpaT pecypcoB wWin obbema noTpedbsieHns oT
Be/INUYMHBbI [0X0A4a) BefiMYMHa F- 00bI4HO 04eHb 6/11M3Ka K eauHuLEe. 3TO.
roBOPUT 0 TOM, YTO 3aBUCUMYIO MepeMeHHYI0 Heslb3sl onucaTb MpocTo
KaK paBHYH CBOEMY CpeAHEMY 3HAUYEeHMIO, HO 3TO U 3apaHee 04YeBUAHO,
pa3 OHa VMeEeT BPEMEHHOLA TPEHA.

Ecnn nmeloTca He BpeMeHHbIe psafbl, a nepekpecTHas Bbl6opKa, TO
eCTb AaHHble 06 0AHOTUMHBLIX 06bEKTax B OAVNH U TOT XXe MOMEHT Bpe-
MeHM, TO A/19 OL,EeHEHHOro Mo HUM YpaBHEHUS JIMHELAHOIA perpeccuu
Be/INYMHA Sr He npeBblWaeT 00bIYHO YpoBHSA 0,6-0,7. To e camoe
06bI4YHO MMEET MECTO W [J151 PEFPECCUM MO BPEMEHHbLIM psiiaM, eC/iv OHU
HE UMEKT BbIPaXKEHHOI0 TpeHAa. B MaKpoaKoHOMUKe mpumMepamMu Ta-
KUX 3aBUCUMOCTEIA ABJIAKOTCA CBA3WN OTHOCUTENbHbIX, YAEMbHbLIX, TeM-
MoBbIX MoKasaTesieiA: 3aBUCUMOCTb TeMMa MHGASLMN 0T YPOBHS 6e3pa-
60TVLbI, HOPMbI HAKOMJ/1IEHUS OT BE/IMUMHBI MPOLIEHTHOA CTaBKU, TeMna
npmpocTa BbirycKa 0T TEMMOB MpUpocTa 3aTpaT pecypcoB. Takum obpa-
30M, MpU MOCTPOEHUN MAKPOIKOHOMMYECKUX MofesieiA, 0CO6eHHO — o
BPEMEHHbIM psfaM AaHHbIX, HY)KHO YUNTbIBaTb, ABMSAIOTCS BXOASALLME B
HUX MepeMeHHbIe 06 bEMHbLIMU WM 0THOCUTESTIbHBbIMU, UMEKT /11 OHU
BpeEMEHHOA TpeHA,'

' B Teopum uHOrga BCTpevyaloTcs MoAenu, CBsA3biBalolive 06beMHbIe U OTHOCUTESTb-
Hble MoKasaTenn mexgay coboid. Hanpumep, 3TO 3aBMCUMOCTb peasibHbIX WHBECTULMIA
/ oT peanbHoli cTaBkM npoueHTa A. | = a - bR. OTmMeTum, 4TO 3Ta 3aBUCUMOCTb
MOXET WCMosIb30BaTbCs TOMIbKO B CTATUYECKOIA, KpaTKOCPOUHOUA Mogenu. Ecnm 3ty
3aBMCUMOCTb OLLEHWUTb M0 BPeMeHHbIM psfam, HUYEero Xopowero 06bIYHO He Mosiyya-
eTca. lMokasaTesib / B HelA - 06bEMHbLIA, W, crefoBaTesibHO, 3aBUCUT OT MacliTaba
3KOHOMUKW B LesioMm. MokasaTesib J1 — OTHOCUTE/IbHBIMA, 1 ¢ MacluTaboM 3KOHOMWKM
npsamMo He cBasaH. CrieAoBaTeslbHO, €C/IM 3TOr0 He y4ecTb, TO MokasaTesiM MHBEeCTU-
LA 6yayT YCTOMUMBO OTKJ/IOHATBLCSA OT JSIMHUM Perpeccum Ha pas/INyHbIX CTaamax
pacyeTHOro nepuoga (HarpaB/IeHUs OTK/I0HEHUS 3aBUCAT OT AMHaMUKM paccMaTpuBa-
eMbIX MepeMeHHbIX). TakuM 06pa3oM, B KayeCcTBe OODBACHALEro akTopa HYXHO
BK/IOYMTb HEKOTOPbILA MoKasaTeslb, 0TPaXAWMIA MaclwTab 3KOHOMUKKW (Hanpumep,
BHMM), nn6o npocTo A06aBNTb 3aBUCMMOCTb WHBECTULMIA OT BpemMeHW. Kpome mac-
WTaba 3KOHOMUKW, BaOXHOM /19 MHBECTUPOBaHWUA ABASETCA U NpefesibHas Mpon3Bo-
OVTeNbHOCTb KanuTasla, KoTopas MeHsieTcs BO BpeMeHW. Takum 06pa3om, CBA3b 3KO-
HOMMUYECKMX MepeMeHHbIX, KOTopas afieKBaTHa /19 CTaTUYecKoiA Mogenu, Aasieko He
BCErfa MOXeT ObITb OLleHeHa Mo psfgaM AaHHbIX ANHAMUKWN.
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ToYHYIO FpaHuLy NpremMIeMOCTU MoKasaTesis B? ykaszaTb cpasy A/is
BCEX C/TyuyaeB HEBO3MOXKHO. HY>XHO MPUHUMAaTb BO BHUMaHME M YMCISI0
cTerneHeli cBo60Abl YpaBHEHWS, N HaIMuMe TPEHAOB NepeMeHHbIX, U Co-
[epXaTesIbHYH NHTeprnpeTauuio ypaBHeHuUs. NokasaTesib /P MOXeT oKa-
3aThCA AaXe oTpuuaTesibHbIM. Kak npaBusio, 3To C/lyyaeTcs B ypaBHe-

HUK 6e3 cBOGOAHOrO0 YneHay = EM x.. OueHMBaHMe TaKoro ypaBHeHM s

npon3BoaMTCA, Kak 1 B 06LLeM c/ydae, Mo MeToAy HaMMeHbLUUX KBaa-
paToB. O4HaKO MHOXeCTBO Bbl6opa Mpu 3TOM CYLLECTBEHHO CY)>KaeTCs:
paccMaTpuBalOTCS He BCE BO3MOXHbIE MpsiMble WA FUMEPJsIocKoCcTU, a
TO/IbKO MpoXoAsLime vepes Hadas10 KoopauHaT. BenuuvHa P? nonyuntces
oTpULATESTIbHOA B TOM C/ly4ae, ecsim pa3bpoc 3Ha4eHWIA 3aBUCMMOIA Mepe-

MEHHOIA BOKpPYT MPSIMOIA (FMMNeprslocKoCTU) Y = Y MeHbLUE, YeM BOKPYT
[ake HanTydweia NpsamMoiAa (rneprnsiockocTn) 13 NPOXo4saLWmMx Yepes Ha-

Yas10 KoopanHat. OTleu,aTeanaﬂ BEJ/INHNHaA BypaBHeHUN Yy = E«,—«,

roBOPUT O LLe/1eco06pa3HOCTU BBEAEHUS B HEr0 CBOOGOAHOIO YsleHa. 3Ta
cUTYyaums NMpounIloCcTpupoBaHa Ha puc. 17.2.

JInHnAa 1 Ha HemM - rpaduk ypaBHeHUs perpeccumn 6e3 cBo604HOI0
ysieHa (OH NPOXOoAUT Yepe3 Havyasio KoopAMHaT), JIMHUA 2 —Cco CB060-

HbIM Y/1eHoM (OH paBeH &), MMHUA 3 -y = Y. [0pU3OHTa/IbHas INHUS 3
[aeT ropasfo MeHbLLY CyMMY KBaZpaTOB OTK/IOHEHUIA €., UeM JSIMHUSA 1,
1 rMoaToMy A/1a rnocsieaHein KoahduumeHT geTepmuHauum /P 6yaeT oT-
pULATEsSTbHBIM.

Puc. 17.2. uHWUN ypaBHEHWUIA JIMHEIAHOMA perpeccumn 6e3 cB060HO-
ro uneHa (1) n co cBo6oAHbIM YsieHOM (2)
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MNonpaBKa Ha 4ncsio cTeneHel/ cBo60AbI BCerda yMeHbLUaeT 3HaueHne
K=, nockonbky (/7-1)>(A7-T-1). B pe3ysibTaTe Be/InunHa P? Takke MOXeT
CTaTb OTPMLIATE/TLHOIA. HO 3T0 03Ha4YaeT, YTo 0Ha 6bu1a 6/IM3K0IA K HY/1H0
[0 TaKoiA MOoMNpaBKKW, N 06bACHEHHAs C MOMOLLIbIO YpaBHeHUS pedeccuu
[0 ANCIepCUM 3aBUCUMOIA MEPEMEHHOIA 04eHb Masia.

17.2. /"~cTaTuctuka. PacnpeneneHne duuwepa B perpec-
CMOHHOM aHasIn3e

[n1s onpeaenieHns CTaTUCTUYECKOA 3HAUMMOCTU KoaddpuLmeHTa ae-
TepMuHaumm /P NpoBepsieTcs HysieBasi rMnoTesa gfia Y —CTaTuUcTUKK, pac-
CUMTBLIBAEMOA MO hopmyie:

Co0oTBETCTBEHHO, 4/11 MapHoiA pedeccum -y—. CMbIC/ Mpo-—
1-n

BEPSIEMOIA rUMoTe3bl 3aK/IH0YAETCA B TOM, YTO BCE KO3IPPULMEHTbI /N-
HelAHOA perpeccum, 3a UCK/TIUYEHMEM CBOGOAHOI0 Ys1eHa, paBHbI HYJSTHO.
Ecnu oHW AeACTBUTESIBHO PaBHbI HYJIHO AJ151 FeHepasibHOMA COBOKYMHOC-

TN, TO ypaBHEHMNE pPeErpeccun JO/HKHO UMETb BUAY = Y,& KO3PhUmMeHT
getepmmHaumm K- n /A—ctatnctrka durwepa Takke paBHbl Hys0. [pn
3TOM WX OLLEHKWN A1 C/TYHalAHOIA BbIGOPKM, KOHEYHO, OT/INYaloTCA 0T
Hy/15, HO YeM 60/IbLUE TaKoe OT/INUne, TeEM MEHEE OHO BEpPOSiITHO. Jlormka
NPoBepKU Hy/IEBOIA rvnoTesbl 3aK/10HaeTCA B TOM, UTO €C/Iv MPOomn30LLI0
cobbiTne, KoTopoe 6b110 Obl C/INWKOM MasloBEPOSTHLIM B TOM C/ly4ae,
€C/IN JaHHasi TUrnoTesa AeCTBUTESTbHO Obl1a Obl BEPHA, TO 3Ta rmnoTesa
0TBepraeTcs.

BennunHa  ecsim npegnosioKNTb, YTO BbIMOSTHEHbI MPeAMnoCLI/IKA
O0THOCUTE/IbHO OTK/IOHEHUEA €., UMeeT pacnpedesieHne duwepa c (/m; -
T-\) cTeneHaMu cBo6oAbl, IAe T —4UNC/10 OO BACHAIOLLNX MEePEMEHHbIX,
M —4K1c0 HabMKAeHWIA. PacnpenernieHre duwlepa —aByxrnapaMmeTpuyec-
Koe pacrpefesieHne HeoTpULATE/TbHOI C/Ty4HalAHOIA BE/TMYMHDI, SBJISIHO-
LLEIACA B YaCTHOM Cny4ae, Npy T=\, KBaapaToMm C/ly4aiiHOA Be/INUMHbI,
pacnpeaeneHHoiA no CTeloaeHTy. [ pacnpegeneHns duiepa MMetoT-
€ TabnuUbl KPUTUYECKMX 3HAYEHUIA, 3aBUCALLIMX OT UKMCesl CTerneHein
€B06OAbI T U N-T-\, NPY pa3/INYHbIX YPOBHAX 3Ha4MMocTu. B Mpuso-
YKEHUM daHa HeKOTopas BCrioMoraTesibHast MHGopMauus 0 pacnpegesne-
HUN ®urLepa M NoKasaHo, Kak Mosib30BaTbCA Tabsmuamm aToro pacnpe-
[eneHvs.

MTak, nokasatesiv PN\ paBHbI WX He paBHbI HYJIH0 04HOBpPEMEH-

HO, MoaToMy = O paBHO3HAuYHO TOMY, UTO SIHUS pedeccun y =y
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aBnseTca Haunydweia no MHK n, cnegoBaTesnibHo, BeiMUMHA 'y cTaTumc-
TUYECKU He3aBucuMMma oT X. [1o3ToMy mpoBepseTca HysieBad runoresa
[/15 NokasaTens F, KoTopbli/i MMEeET X0pPOoLLO U3BECTHOE, Taby/IMpoBaHHOE
pacnpeaeneHve —pacrpegesieHe duiepa. 19 NpoBeEpPKM 3ToiA rmnoTte-
3bl MpU 334aHHOM YPOBHE 3HAYMMOCTW MO TabMUaM HaxoaMTCs KPpUTU-
yeckoe 3HaveHue F VN Hy/1eBas rUNGTesa 0TBepraeTcsy ecm F> F‘F"«
MycTb, HaNnpuMep, Npu oLeHKe NapHoOLA pedeccun no 15 HabnwaeHUSM

R- = 0,7. B atom cnyyae F = 0,7 m0,3 » 30,3. o Tabnuuam ans

pacnpeneneHns ®duwepa ¢ (1; 13) cTeneHsaMn cBo6oAbI HALAAEM, UTO MNpy
5%-HOM ypOBHE 3HaUMMOCTM ([oBepUTesibHasA BEPOSITHOCTb 95%) Kpu-
Tunyeckoe 3HayeHune F paBHO 4,67, npu 1%-Hom - 9,07. locKoNbKy
F=30,3>F",,,™, Hy/fieBas rmnoTesa B 060MX clyyasix oTBepraeTcs. Ecan B
To Xe cuTyaummn /P = 0,5, To F = 13, 1 npe4nosiokeHne 0 He3Hauu—
MOCTU CBA3M O0TBepraeTcs U 34ecb. Takmm 06pa3om, 419 Toro, YTobbl
OTBEPrHyTb MMMOTEe3Y 0 PaBEHCTBE HYJ10 04HOBPEMEHHO BCEX KO3 U-
LIMEHTOB JIMHEIAHOA perpeccumn, KoaphuumeHT aeTepMmuHaumm He ao-
JDKEH ObITb 04eHb 6/IM3KUM K eINHULIE; ero KPUTUYECKOe 3HaYeHme 414
[AaHHOI0 Yuc/la cTerneHei/ cBo6oabl yMeHbLLIAeTCA Npy pocTe Yuca Ha-
6/1100EHVIA U MOXKET CTaTb CKOJ1b YIOAHO MasibiM. B TO Xe Bpems Besn-
UMHa KoahpurumeHTa R- (TouHee, paccuMTaHHOA N0 HEMY ACTaTUCTU-
KW, MOCKO/IbKY MOC/IeAHSSA YUNTBIBAET YMCSI0 HABIKOAEHNIA 1 YnCI0 00b-
ACHALLNX NepeMeHHbIX) MOXET CY)XXUTb 0TPaXKEHMEM 06LLEN0 KayecT-
Ba PErpeccUoHHOIA Moae .

OTMeTUM, YTO B C/lyyae MNapHOA pedeccuun npoBepka HysiesoiA runo-
Te3bl 415 / - CTaTUCTUKM KO3 MEHTa perpeccmm paBHocUIbHa npo-
BepKe Hys1eBoiA rmnoTesbl 4ns / -cTaTUCTUKN (1, COOTBETCTBEHHO, MOKa-
3atens R-). B aToM c/nyyae /A-CTaTUCTVIKA paBHa KBaapaTy /-CTaTUCTUKU.
B cnyyae napHoiA pedeccnin ctaTUCTUYECKas 3HAYMMOCTb BEIMUUH /P 1
/-CTaTUCTNKN KO3hULMEeHTa peheccrmn onpeaesnfaeTcs KoppesimpoBaH—
HOCTbIO NepeMeHHbIX XHY. CaMOCTOSATE IbHYH0 BaXKHOCTb MokasaTesib R?
npuobpeTaeT B C/TyHae MHOXXECTBEHHOIA JIMHELAHOIA perpeccui.

PacnpegeneHve duwwepa MOXeT ObITb UCM0/1b30BAHO He TOS1bKO /1A
npoBepKn runoTesbl 06 04HOBPEMEHHOM paBeHCTBE HY/1t0 BCeX K03(-
PULNEHTOB SIMHEIAHOLA perpeccmn, HO M runoTesbl 0 PaBEHCTBE HY/I0
YacTU 3TUX KOAPULMNEHTOB. 3TO 0CO6GEHHO BaXKHO MPU pasBUTUU Sin-
HEI/IHOA PerpeccUoHHOIA Modesin, Tak Kak Mno3BosisieT OUEeHNTb 060CHO-
BaHHOCTb MCKJTIOHEHUS O0TAE/bHbIX NepeMeHHbIX Wn ux ynn u3 4ymc-
Na 06 BACHALWNX NEePEeMEHHbIX, UM XXe, HAa060poT, BK/IKYEHUS UX B
3TO YmMCO.

MycTb, Hanpumep, BHayasle 6bula oL eHeHa MHOXEeCTBEHHas /INHEIA-
Has pedeccua y= + v+ M+ ... +a no N Hab/togeHnaAM ¢ T
06 BACHAILWMMUY NEPEMEHHBLIMU, N KO3IMMULMEHT AeTepMUHaLmMy paBeH
J1,-. 3aTem nocneaHne K nepeMeHHbIX UCKHYEHbI U3 Yncsia 06 bACHS0-
WMX, M MO TEM Xe AaHHbIM OLLeHeHO ypaBHeHue y=" B + +
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. [ KoToporo KoahhnuUmMeHT AeTepMMHALLAA paBeH (oH
0653aTesIbHO YMEHbLUW/CS, NMOCKOSIbKY Kaxaas [OMOoNTHUTe IbHas nepe-
MeHHas 06bSACHSIET YacTb, MyCTb HEGO/IbLLYIO, BapMaLn 3aBMCUMOIA Me-
PEMEHHOIA). 1151 TOro 4To6bl NPOBEPUTL FMMoTEe3y 06 04HOBPEMEHHOM
paBeHCTBe Hy/ 10 BCEX KOIMPMNLMEHTOB pedhecCcuin npmu UCKIHYEHHbIX

- n~-1 -1
rnepemMeHHbIX, paccunTblBaeTcd Be/imunHa M = - ————————— r-——, nve-

towas pacnpegeneHue duwepa c (K, N-T1-1) cteneHaMmun cesoboabl. Mo
Tabnuuam, Npy 3a4aHHOM YPOBHE 3HAYMMOCTU, HaX0AUTCA KPUTUYECKOe
3HayeHue /"-CTaTUCTUKU, U eC/IN ee pacCUMTaHHOoe 3HaJYeHne NpeBoCcXo-
OUT KpUTuyeckoe, To HyseBas rmnoTesa oTBepraeTcs. B Takom cryyae
UCK/II0YaTb Cpa3y M3 ymcsia 06 bACHALWNX BCe K NepeMeHHbIX HeKop-
PEKTHO. /A-CTaTUCTMKA OKa3blBaeTCs OTHOCUTEsIbHO B0/bLLUOLA, ecnin Be-
nnka pasHocTb (F~—R-). B aToM cnydae mckoveHne gaHHoro Haéopa K
06BACHALWNX NepeMEHHbIX NPMBOANT K C/INLLKOM 60/1bLLIOMY COKpa-
LLEeHWNIO A0NN 06BACHEHHOA ANCMEpPCUN 3aBUCUMOIA NepeMeHHOIA, U Mo-
3TOMy HegonycTumo. Ecnin, Hao6opoT, 3Ta [o/1s COKpaLlaeTca He3Ha4vn-
TesibHO, TO /A-CTaTUCTMKA HEBESIMKaA, Hy/1eBasl rmnoTesa He 0TBepraeTcs,
M yKa3aHHble K NepeMeHHbIX MOryT ObITb UCK/IOYEHbI U3 YpaBHEHUS
petheccuun. AHarIornMyHble paccy>XAeHUs MoryT ObITb MpoBeAeHbI U MO
rnoBoAy 060CHOBaHHOCTMW BKJ/IIOUEHUS B ypaBHeHWE pedeccuun oaHoIA
WM HECKOJIbKUX (K) HOBbIX 06 bACHAOLWMX NepeMeHHbIX. B aTom cry-
A -a1ln-T-K-\

Yae paccumnTbIlBaeTCA r-CcratucTrka P = —I———;'_Y ————— Bb-—-—-—->nwveto-

Wwas pacnipegeneHme P(K,N-T-K-1), U ec/in OHa MpPeEBbILLAET KpUTMYeC-
K/IA ypoBeHb, TO BKJ/IlOUEHME HOBbIX MepeMeHHbIX 06bACHSET cylec-
TBEHHYIO YaCTb HEO6bACHEHHOIA paHee AMCMepcun 3aBUCUMOIA NepeMeH-
HoiAdy. OTMETUM NULLb, YTO A06aB/STbL HOBbIE MEPEMEHHbIE Liesiecoob-
pa3Ho, Kak rnpaBwuso, no oaHoiA.

B Bonpoce 0 A06aBf1EHNN 06bSACHAIOLNX NEPEMEHHBLIX B ypaBHEHMe
perpeccum nosie3HbIM MOXKET 0Ka3aThCsl paccCMOoTpeHne S? ¢ rMonpaBKoiA

i /

Ha 4nco cTeneHeta ceoboabl: /M= 1 - )
n-1tv -1 n-i

O6bI4HbIA T (6e3 NonpaBKW) Bcerda pacTeT npu AobaBsieHUN HOBOMA
nepemMeHHOI; B 9 ¢ MOMpaBKOIA pacTeT BesinuMHa T, YMeHbLUaloLas
ero. Ecnn yBenuueHme onm o6bCHEHHOIA aucnepcmn npu fobasrieHnn
HOBOIA MepeMeHHoIA Masno, To N ¢ MOMpaBKOIA MOXET YMEHbLUMTHLCS.
Ecnv 370 Tak, To 406aBNSTb NEPeMeHHY0 HeLiesiecoobpasHo.

F-cTaTucTuka duLlepa UCMosb3yeTecs Takke 419 MPOBEPKM runoTe-
3bl 0 COBNAAEHUN YPaBHEHUIA perpeccmmn 18 oTAe IbHbIX YN Habsio-
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OeHniA. TycTb UMeloTcs ABe BbIGOPKKN, coadepalliye, CO0TBETCTBEHHO, M
1 1, HabaeHNIA. [Na KakaoiA U3 3TUX BblIOOPOK OLLEHEHO YpaBHEHMWE
perpeccun BUAda y = + ...+ MNycTb cymMMmbl
KBaZlpaTOB OTK/IOHEHMIA Y. OT J/IMHUIA perpeccun paBHbl /i1 HUX, COOT-
BETCTBEHHO, 1 S'. MNpoBepsieTcs HysieBas rMoTesa, 3aK/sitoyaroLLascs
B TOM, YTO BCE COOTBETCTBYHOLIME KOIPPULUUNEHTbI 3TUX YpaBHEHWUIA
paBHbI Apyr Apyry, TO eCTb YTO ypaBHeHMe pedeccumn ana sTux Bblbo-
POK 04HO M To Xe. MyCcTb OLEeHEeHO ypaBHEHME peheccnm TOro XXe B1aa
cpasy ana secex (Mt HabaeHWIA, N cyMMa KBaapaToB OTK/IOHEHN A
y. 0T IHUM pedeccumn paBHa Ans Hero 5N Torpga paccunTbiBaeTcs F
Bi-5 -5) G +W - 21 -2)

cTaTUCTMKa Mo opMysie I = —(0——+—éT ——————— G0 MHa

MMeeT pacrnipegeneHne dunuiepa ¢ (/m+l, /i,+«j-2/n-2) cteneHsammn cBobo-
Obl. F-cTaTuUcTnKa 6yaeT 6/IM3KOIA K HY/110, ec/in ypaBHeHUe pedeccum
419 06enx Bbl6OPOK 04MHAKOBO, MOCKOSIbKY B 3TOM c/iyyae .S'g=5',+5,.
Ecnu e ee pacueTHoe 3HauYeHWe Be/IMKO (TO eCTb 60JIbLLe KPUTUYECKOTO
3Ha4YeHnsa Npu AaHHOM YpOBHE 3Ha4YMMOCTW), TO Hy/1eBasd rmnoTesa oT-
BepraeTcda. OnuvcaHHas npoueaypa BaXKHa /15 0TBETA Ha BOMPOC, MOXHO
/M 3a BECb pacCMaTpMBaeMbIIA B MOAE/IN Mepuos, BpEMEHN MOCHOUTb
eINHOe ypaBHeHME pedecCnn, UK e HYXKHO pasbnTb ero Ha Yactu um
Ha KaXXO0IA M3 YaCTeiA CTPOUTb CBOe ypaBHeHUe pedeccuu.

17.3. MpoBepKa YC/oBMIA, BbIMNO/THEHME KOTOPbIX Mpea-
nosiarasiocb Mpuv OLUEHUBaAHWW YpaBHEHUSA perpeccuu, T ATo-
Koppensauma octaTkoB. CTtatuctmka apbvHa-YoTcoHa

Bnuskoe K eauHuLE 3HaYeHMe Ko3aghuuMeHTa AeTepMUHaLLUM
ellle He CBUAETEIbCTBO BbICOKOI0 KavecTBa ypaBHeHUs pedeccmnmn. Pac-
cMoTpum puc. 17.3. Ha Hem nokasaHa 3aBUCMMOCTb peasibHOro o6bema
rnoTpebeHns {CD\B, MpA. 401, 1982 I.) 0T YNC/IEHHOCTU Haces1eHus
(Rﬁ:), M/IH.) B CLU A 3a 1931-1990 rT., a TakKKe JIMHUSA OLLEHEHHOr 0 Mo
STUM AaHHbIM YpPaBHEHWS MapHOIA JIMHEMAHO pedeccumn. dopmyia 3To-
ro ypaBHeHus crieflytoLLas;

CONS= -1817,3+16,7 POP. (5)

CTaHOapTHbIe OLMOKK CBOGOAHOI0 YsieHa N KoahpuLmeHTa perpec-
CUN paBHbl, COOTBETCTBEHHO, 84,7 n 0,46; ux /-ctatuctnkn - (-21,4 n
36,8). Mo abCcosIOTHOIA BE/TMUYNHE /-CTaTUCTUKN HAMHOI0 MPEeBbILAOT 3,
M 3TO CBUAETENBLCTBYET O BbICOKOIA HaZEXHOCTU OLEHEHHbIX KO3 dhu-
uueHToB. KoahpuumeHT geTepmMmHaumm  ypaBHeHUs paseH 0,96, To
ecTb 06bACHEHO 96% ancrnepcnu obbema NoTpebneHus. V1 BTo e Bpe-
M$S1 YoKe M0 PUCYHKY BUAHO, YTO OLLleHeHHas peeccus He 0YeHb XOpo—
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PucyHok 17.3. 'padik 3aBMCUMOCTU peasibHOro ob6bema MnoTpebsieHus
(CONS, mmpa. ponn., 1982 r.) oT uucseHHocTu HaceneHuss (POP, mnH.) B
CLWA B 1931-1990 rT.

La: 3aBMCUMOCTb Be/iunH POPu COM 35w o0 HesiHeHa. Ecnn wvc-
Nnosb30BaTh NMPOBEAEHHYHO MPSAMYHO, CKaXKeM, 4/19 Npor HO3MpoBaHWS fasib-
HELLEIA AMHaAMVKWN N0TpebieHns], pe3ysibTaT 6yAeT Hey40B/1eTBOpUTE b~
HbiM. CyLLIEeCTBO BOMpoca 34eCb MOHATHO — B TEYEHWE pacCMaTpYBaeMOro
nepmoga 3HauMTesIbHO BbIpoc 06beM MoTpebsieHNs B pacHeTe Ha gyLly
HacesieHus. UncneHHocTb HacesieHns CLU A pocsia BO BpEMEHU MoYTHr
JIMHeAHO (TO eCTb C NOCTOSHHBbIMW FOA0BbLIMU MPMPOCTaMU), a 06bem
noTpeb/1eHNs — N0 3KCMNOHeHTe (TO eCTb C MPUMEPHO MOCTOSAHHbIM TeM-
rnom). 3TO ACHO K 6e3 ypaBHEeHUS SIMHEIAHOIA pedeccnn, HO Mbl crieum-
a/1IbHO OLLeHWAU ero A1 WKCTpaLmn.

Kak >ke MOXXHO0 BbIpa3uTb (hopMasibHO HeY0BIETBOPUTESTIbHOCTL MO-
NYYEHHOr0 ypaBHEHMUS perpeccmn? MoXXHO BUAETb, YTO HE BbIMOSIHEHbI
HeobxoanMble MPeanocbI/IKN 06 OTKJ/TIOHEHUSX OT JIMHUW perpeccumn e..
3TN BENUYMHBI ABHO HE SIBASKOTCA B3aMMHO HE3aBUCUMbIMW, U AUcCrep-
CUSA UX He NOCTOSIHHA. HapyLueHUs UcXoAHbIX NPeanocbisI0K He TOSTbKO
CBUAETENbCTBYIOT 0 HETOUHOM cneumpuKaLum ypaBHeHUs pegeccuu,
HO M AenalT HETOUYHbIMU MNOJSTyYEHHbIE OLEHKN KO3hPMLMNEHTOB per-
peccnn n nx cTaHOapTHbIX OLLWMG0K. Mo3aToMy criedytolnia aTan npo-
BEPKM Ka4yecTBa ypaBHEHUSI perpeccmn — npoBepkKa HEKOTOPbIX BaXKHbIX
CBOMACTB, BbIMO/IHEHME KOTOPbIX Npeanosiarasioc npy oLeHUBaHUW ypaB-
HEHUA perpeccuu.

MNpucTynas K ougeHKe JIMHEIHOIo ypaBHEHUA perpeccumn, Mol Npea-
nosiarasim, YTo peasibHas B3aMMOCBS3b MepPeMEHHbIX JIMHEMHA, a 0TKJ10-
HEHUA OT PerpeccnoHHOA MPSIMOIA C/yYaiAHbI, HE3aBUCUMbI MEXAY CO-
601 N UMEIKOT HYJIEBOE cpeaHee U MOCTOSAHHYIO AMcnepcunto. Tak /i 3To
Ha caMoM faene? Ec/n HeT, TO Hall aHa/IM3 CTaTUCTUYECKOLA 3HAUYNMOCTI
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KO3(hPMLMNEHTOB PErPeECCUMN HETOUEH M OLEHKN 3TUX KOIPHULLMEHTOB
He 06/1a4a10T TaKMMMU XXeslaTesIbHbIMU CBOLACTBaMM, KaK HECMELLEHHOCTb,
COCTOSATE/IbHOCTb U 3(h(heKTUBHOCTb.

MonbITaemMcsa OTBETUTL Ha BOMPOC, B KaKUX C/lyvasiX 0TK/IOHEHUS He
0611apaloT NpeanosiaraBLUMMUCA CBOLACTBaMU. Bo-nepBbIx, ecniv B OeiA-
CTBUTE/IbHOCTU mUccieayemMast B3auMOCBSA3b HelMHeHa. Mbl BUAUM, Ha-
npumep, Ha puc. 17.3, 4TO B 3TOM C/ly4yae OTKJ/IOHEHUSI OT JIMHUU per-
peccun He cryyaiAHo pacrnpefiesieHbl BOKpYr Hee, a 06/1a4al0T onpege-
JNIEHHOIA 3aKOHOMEPHOCTbIO. 3Ta 3aKOHOMEPHOCTb, B YaCTHOCTU, Bbipa-
KaeTcs B OAVMHAKOBOM, KaK MpPaBU/I0, 3HaKe KaXAbIX ABYX COCEAHUX
OTKJ/IOHEHMIA. 3TO MOXET ABNSATHLCA C/IEACTBUEM HESTMHEIAHOIO XapakKTepa
CBSI3M MepeMeHHbIX, JIN60 BO3OEMACTBMEM KaKOro—TOo (PakTopa, He BKJIO-
UYEeHHOro BypaBHeHMe pedeccnin. BeimumHa Takoro Hey4YTeHHOro hak-
Topa MOXEeT MEeHSTb CBOKO ANHAMUKY B pacCMaTpuUBaeMbIiA nepuoa, oT-
K/1I0HSASICb B A0CTATOYHO A/IMTE/bHbIE MPOMEXYTKN BPEMEHU B TY Wn
VHYI0 CTOPOHY OT CBOEro cpegHero 3HayeHus. 3T0, 04EBUAHO, MOXET
CY>XXNTb MPUYNHOIA A/ NTESbHbIX YCTOMUMBBLIX 0TK/IOHEHMIA 3aBUCMMOIA
nepeMeHHoOM OT nHUK perpeccun. Obe yKasaHHbIe NPUYUHbLI CBUAE-
TeNbCTBYKOT 0 TOM, YTO CyLLECTBYET BO3MOXHOCTb Y/IYULUTb YpaBHEHME
perpeccun nyTem OLLEHNBAHUS KaKOIA-TO HOBOIA HESIMHELAHOIA (hopMYy /bl
WM BKJTHOYEHUST HEKOTOPOIA HOBOIA 06BACHAIOLLEA NEepeMEHHOIA.

3aBUCMMOCTb, MOKa3aHHasA Ha puc. 17.3, oueBMAHO, HeNMHelAHa. Ho
3TO - KpalAHUIA c/yyaii. [laneko He Bcerga 6biBaeT CTos1b XKe 0YEBUAHO,
YTO OTKJIOHEHUS OT PErPECCUOHHOA NPSAMOIA UMEIKOT HeC/TyYalAHbIA, 3a-
KOHOMEpHbIIA XapakTep. /19 OLeHKU CTeneHN TakoiA Hecsly4YatAHOCTU
HeobXx04MMO BBECTU KOSINYECTBEHHYIO Mepy.

MTaK, 04HMM 13 OCHOBHbIX MPeAroslaraeMbixX CBOLMACTB OTK/TIOHEHUIA
€. 3HaYeHMIA Y. OT PerpeccMoHHOIA hopMy bl >~ a+pX ABMISETCA UX CTa-
TUCTUYECKAs HE3aBMCUMOCTb MeXay CO60IA. MOCKO/IbKY 3HaueHus e. 0C-
TalTCA HEM3BECTHLIMUN BBUAY HEM3BECTHOCTU UCTUHHBLIX 3HAYeHWIA 6 1
B, TO MpoBepsieTCA CTaTUCTUYECKAs HE3aBUCUMOCTb MX aHaslIoroB —o0T-
KJTOHEHWEA e. TMpu 3ToM NnpoBepsieTcs 06bIYHO X HEKOPPEsIMPOBaHHOCTb
(aBnsaOWAAca He06XoAUMbIM, HO HEAOCTAaTOYHbLIM aTpMbyTOM He3aBUCU-
MOCTWN), NPUYEM HEKOPPEIMPOBAHHOCTL He /I00bIX, a CoceAHUX BESTNYNH
e. CoceAHNMU MOXKHO CUMTaTb cocegHMe BO BpeMeHU (B Crlyvae BpeMeH-
HbIX PAA0B) WX N0 BO3pacTaHMIO NMepeMeHHOIA X (B C/lyyae nepekpecT-
HbIX BbIOOPOK) 3HauyeHus e. [ 3TUX BE/IMYMH MOXKHO paccunTaThb,
Hanpumep, Ko3ahpuumMeHT Koppensaunn (HasblBaeMbliA KO3HULIMEHTOM
aBTOKOppeISiLMY NMEPBOIo NMopsaKa):

E

A (cunTtaem, uto M[eM = 0). MpakTn4vecku, ogHa-
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KO, MCMO/b3YT TECHO CBSA3AHHYIO C T ., CTaTUCTUKY JapbuHa-YoTcoHa
/K, paccumTbiBaemMyto No gopmyne:

E "A-D)
16
E -2E”a-. "E"m
e/ -~ 25" 7
OueBungHo, /)N"= ANAD , N, MOCKOJIbKY MNpun 60/1b—
wmx 9 EA' ~ BEYW-', nonyyaem 2(1-r Ecnn e. B TouHOCTU

paBHO € , TO 01Y = O; ecqin e. = —e.,, TO ¢))XK= 4, BO BCcex Apyrux
cnydasax 6 < 01y < 4.

B cniyyae, Korga kaxkaoe 0TK/I0HEHVE e MPUMEePHO CoBMagaeT ¢ rnpea-
bLLYLLIM OTKJIOHEHUWEM €.,, K&KJ0e C/laraemMoe B UnCnTesie BeSIMUUHbI
/)Hebn3ko K Hymo. CyMmma KBagpaToB pasHOCTEIA OTK/IOHEHUIA B YUC-
nvtene 6yaeT HaMHOIM0 MeHbLUE CYMMbI KBapaToB OTK/IOHEHUIA B 3Ha-
MeHaTe e, U Mo3ToMy cTaTucTuka JapbrHa—YoTcoHa oKaxeTcst 6/11M3KoiA
K Hy/ 0. Puc. 17.3 nNpeAcTaB/isieT TakoM Crlyyaid —3T0 C/ly4aiA nosoXku-
TeNIbHOIA aBTOKOPPesiaLMM 0CTaTKOB MepBoro nopsaka. 3HayeHue cra-
TUCTNKKN apbuHa-YoTcoHa 3aeck paBHo 0,045, 4To o4eHb Masio U Moa-
TBEPXKAAET CTaTUCTUYECKYIO 3aBMCMMOCTb OTK/IOHEHUIA €. 6e3 BCAKUX
Tabrmy,. Jpyroii KpalAHWiA c/lyYaiA BO3HMKaeT, Korga TouKu Habnoge-
HVIA NooYepeaHO OTK/IOHAKTCA B pa3Hble CTOPOHbI OT JIMHWUN pedeccuu,
M KaKao0e criefytollee 0OTK/I0HEHVIE e UMEEeT, KaK npaBwusio, NMpoTuBorno-
JIOKHBIA 3HaK, YeM npeablayllee 0TK/IOHEHME €, ,. B aToM cnydae

E ? E”

=4 o~ o~

«2e, " - C/lyYai1 oTpULaTeSIbHOA
im /

aBTOKOppesALMM 0CTaTKOB MepBoro nopsaka. MocregHas AocTaToOYHO
peKo BCTpeyaeTca B 3KOHOMUYECKOM aHanm3e. Eciiv paccmaTpuBaroTca
BpeMeHHbIe psabl C roAoBbIMU AaHHbIMW, TO MOA00HYK 3aKOHOMeEp-
HOCTb MOBeAEHWA MocsieAoBaTe TbHbIX OTK/I0HEHWEA A0BO/IbHO TPYAHO Mpo-
MHTepnpeTnpoBaTb. O4HAKO 0Ha MOXET BCTPETUTLCA Npu paboTe, Ha-
npumMep, ¢ MosyrofoBbIMU AaHHbLIMU MOKa3aTes1ei ¢ CE30HHbIM XapaKTe-
pOM U3MEHeHUs. HakoHeL,, ec/in xapaKTep NoBeAeHWSI OTK/IOHEHUIA CrTy-
YaeH, MOXHO MpPeanosioKUTb, YTO B NOSIOBUHE C/1yYaeB 3HaK rnocsieoBa-
TesIbHbIX OTK/I0HEHMIA COBMaAaeT, a B MOJSIOBMHE —pa3/indeH. MoCcKosIbKy
abCconoTHas Be/IHMHA VX B CpeHEM MpearosiaraeTcs 0ANHAKOKIA, MOXHO
CUMTaTb, YTO 30€Cb B MOSIOBUHE C/TYHAEB €. PABHO €.,, & B OCTaBLUELACS
rnosI0BMHE B. paBHO-¢€, ,.
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£0.5-(2e, )"

WTak, npn atom B\Y ® A>A2 = 2, OTO MNOKa-
/ /

3bIBaeT, UTO 6/1M30CTb CTATUCTUKN [lap6Ha-Y0TCOHa K ABYM SIB/ISIETCS
Heo6X0AVIMbIM YC/I0BUEM C/TyHaLAHOI0 XapaKTepa 0TK/I0HEHUA 0T JIMHUU
pegeccuun. HyXHO, 04HaKo, UMETb B BUAY, YTO B MoKasaTtesie cpaB-
HUBAKOTCA TO/IbKO COCEHME OTKJ/IOHEHUS OT pedeccmin, B TO Xe BpeMs
LMK/Ibl U3MEHEHUS1 3KOHOMMUYECKUX MepPEMEHHbIX MOryT 6bITb 6os1ee
WM MeHee 4/IMTesbHbIMW, YeM 0gHa eauHMLA BpeMeHW. Hanpumep, ecnm
paccMaTpuBarOTCs MOKBapTa/IbHbIE AaHHbIE CE/TbCKOX03ACTBEHHOIO Mpo-
n3BoACTBa (MMEKLLEro rodoBOA LUMK/) M OLLEHMBAETCSA UX JIMHELAHast
pedheccna oT BpeMeHU, cTaTucTuka JapbuHa-YoTcoHa MOXKET Obmb 6,113-
KO/ K IBYM MpU BbIpaXXEHHOIA PerysiipHoOCTU OTK/IOHEHUIA 3aBUCUMOLA
MEPEMEHHOIA 0T JIMHUU perpeccun.

Ecnun cTtatucTtuka JapbuHa-YoTcoHa 6/M3Ka K ABYM, Mbl CUMTaEM
OTKJIOHEHUSA OT perpeccuu csiyHaiAHbIMN (XOTS BAEIACTBUTE/IbHOCTM OHU
MOFYT U He ObITb TaKoBbIMMW). OTO 03HAYaeT, YTO JSIMHEHaA PYHKLMSA,
BEPOSATHO, OTpaXKaeT peasibHYI0 B3aMMOCBS3b; CKOpee BCero, He 0cTas10Cb
CYLLLECTBEHHbIX HEYYTEHHbIX (haKTOpPOB, BAUSAIOLLMX Ha 3aBUCMMYIO Me-
PEMEHHYI0, U KaKas—-/IMbo apyrasi, HelimHeiAHasA (opMysia He MpeBOCX0-
OUT N0 CTaTUCTUYECKNM XapaKTepUCTMKaM AaHHYH SIMHeAHY0. Jaxe
€C/IM 0N AUcnepcnn 3aBUCUMOIA NePEMEHHOIA, 06 bACHEHHOEA C MOMOLLLIO
perpeccumn, npy 3TOM Masia, MOXKHO OXMAAaTb, YTO Apyras 4yacTb 3ToiA
aucnepcumn, ocTaBLlascs HeOObACHEHHOA, NopoXkaeHa ASACTBUEM MHO-
YKECTBA pas3/INYHbIX MasibIX (FaKTOPOB N MOXET ObITb ONMcaHa Kak Ciy-
valiHas HopMasibHas oLIMbka. Ho Kak ornpeaenvThb, A0CTaTo4HO /v 6/1M3Ka
Be/INYMHA CTaTUCTUKU OByM? [1ns 3TOro MMeloTcs cneuyasibHble
Tabnmupl, NO3BOIAIOWME NPU AAHHOM YMC/e HAbIOAEHUIA N 06 bACHSI0-
LWKUX NepeMeHHbIX, 415 334aHHOM0 YPOBHSA 3HAYUMOCTU, HAATU KPUTU-
yecKme 3HayYeHns cTaTucTukM JapbnHa-YoTCcoHa.

WTakK, ctatncTuka JapbuHa-YoTcoHa NpUMeHSeTCcs /1 NPoBepKU
rvnoTesbl 06 OTCYTCTBUN aBTOKOPPEsSISAL MM 0CTaTKOB € NMepBoro nopsa-
Ka (Hy/1eBoiA runoTesbl). 18 aToro no tabsmuam HaxogaTes (Npy gaH-
HOM YPOBHE 3HAYMMOCTM, Yunc/ie HabMaeHNIA N He3aBUCUMbIX Mepe-
MEHHbIX) [A0BepUTESIbHbIE MHTEPBa/Ibl, B MNpedesiax KoTopbiX HysieBas
rvnoTesa NpMHMMaeTCs, 0TBEPraeTcs WM He MOXKET ObITb NMpUHATA Wn
0TBeprHyTa. BaxHo, 4To /19 cTaTUCTUKK JapbuHa-YoTcoHa CyLLLecTBY-
0T ABa KPUTUYECKUX 3HAUYEHUS, MEHbLUME OBYX: HWKHEe  KaK rpaHu-
Lia 4719 NpU3HaHNSA MOSIOKUTENIbHOA aBTOKOPPEsISiLMM 0CTaTKOB N BEpX-
Hee A KaK rpaHuua npusHaHus ee 0TCyTCTBUA. /19 NPOBEPKU TUMOTe-
3bl 06 OTPULATENIBHOLA aBTOKOPPEsISLMN OCTATKOB 3TU KPUTUYECKNE 3HA-
UYEHUS1 0TPaXKaTC CUMMETPUYHO OTHOCUTESTBHO YKnCsa 2:
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Hanpumep, nycTb oLleHeHa napHasa nHelAHasa perpeccus no 15 Ha-
onogeHnsaM, n ON\Y= 1,1. 3agagnmM ypoBeHb 3HAUMMOCTM 5% 1 HaLAOEM

no Tabnmyam = 0,95;

= 1,23. HyneBas runote3a 6buia 6bl NpuHATa npn (/ = 1,23 < DW
<2°N7 = M 0TBeprHyTa npu <095 = wwm 305=4 -
c MNockoNbKy B JaHHOM criyyae NEXUT MexXay é un HyeBas

rmnoTesa He MOXeT ObITb HU MPUHATA, HM 0TBeprHyTa. Ecnuv anbTepHa-
TUBHOA MUMOTE30A SBASETCA rUnoTesa 0 MosIoKUTENIbHOIA aBTOKoppesis-
LM 0cTaTKOB (O0TpuUaTesibHas U3 cofepXaTeslbHbIX CO06paXKeHNIA OT-
6pacbIiBaeTCs), TO KPUTUYECKME 3HaueHMss = 1,23 u = 0,95 cooTBeT-
CTBYIOT 2,5%-HOMY YPOBHIO 3HAUMMOCTH.

Kak B 0o6LemM cny4ae BbIrSOAT NPUMEPHO KPUTUYECKUE BESIMYMHDBI
CTaTUCTUKN OueHb rpy60, B NeEPBOM MPUBAVIKEHNUN MOXHO CKa-
3aTb, YTO NPU AOCTATOYHOM 4umcle HabMloaeHNIA (He MeHblue 12-15),
npy 1-3 06BACHALWNX NEPEMEHHbIX [0JDKHa 6bITb He MeHee 1 (M
He 6osiblie 3). B MpoTMBHOM c/lyyae Mbl NPU3HaEM CyLLIeCTBOBaHMe aB-
TOKOpPpensaumMn ocTaTKoB M NoMbITaemMcs YydlinTb popmyny. Ecnm cta-
Tuctumka /) PKHaxoamTesa npmbansnTesnibHo mexay 1,2-1,3 n 2,7-2,8, Mbl
MOXEM CUMUTAETb, YTO CTATUCTUYECKWN 3HAYMMas aBTOKOPpensaumsa octart-
KOB OTCYTCTBYET. B MpomMexXyTO4HOM C/lyyae A0CTAaTOUHO HaASKHbIIA BbIBOL,
caenaH 6bImb He MOXET. ECnv uncno HabioaeHWIA pacTeT, TO KpUTuYec-
Kue 3Ha4YeHus CTaTUCTUKN JapbuHa-YoTcoHa I/, 1 NpnbnmxalTesa K
OByM: Ani 60-70 Hab/IOOEHUIA ee HWDKHEee KPUTUYECKOe 3HayeHue M,
cocTasfigeT npumepHo 1,4-1,5. 3To0 BEPHO 4719 NPEXHEro 0THOCUTESTbHO
Mas10ro 4Ymcsia 06 bACHALWMNX NMepeMeHHbIX; ec/i 3TO YUC/0 pacTeT, TO
KPUTNYECKoe 3HavyeHune CTaHOBUTCH MEHbLLE.

NTak, 0606was, ecnm ctaTucTmka JapbmHa-YoTcoHa cocTaBnseT 1,5
2,02,5, Mbl XOTS U He MOXXeM ObITb abCO/TIOTHO YBEPEHbI, YTO OTKJI0HE-
HUA OT JIMHUN perpeccmm B3auMHO He3aBUCUMbI, HO 0O6bIYHO YA0BET-
BOpSAEMCH STUM B NPOBEpPKe NX HE3aBMCUMOCTN.

B cnyyae Ha/MumMA aBTOKOPPENALMM 0CTATKOB MoslyyeHHasa opmyna
peeccmmn cumTaeTcs 06bIYHO HEYAOBMETBOPUTESTLHOLA. B3r/isiHyB Ha ha-—
MK MoBeAgHNS OTK/IOHEHMIA €\ MOXXHO MOUCKaTb ApYryk (HENMHELA-
HYI0) hopMy sy, BK/IOUUTL HEYyUTEHHbIe A0 3TOro PakTopbl, YTOUHUTb
rnepuog, NpoBeaeHNs pacieToB Win pa3buTb ero Ha YacTu, JIM60 npume-
HUTb K AaHHbIM YMeHbLUaloLee aBTOKOPpesiaLmvio 0CTaTKOB nNpeobpaso-
BaHWe (Hanpumep, aBTOKOppesiaLMoHHoe npeobpaszoBaHMe Win MeTog,
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CKONMb3AWMX cpeaHnX). Tak, B pacCMOTPEHHOA YXe 3aBUCMMOCTU 06b-
ema peasibHOro NoTpeb/IeHNs 0T YMC/IEHHOCTUN HacesieHns 06 bACHSLLas
nepemeHHast POP goskHa 6bITb 3aMeHeHa Apyroii; 00bI4YHO 3TO 06beM
pacnonaraemoro goxoga Y\ Ecnvn 0o6aBUTb MepeMeHHY0 K OLeHEeH-
HOMY ypaBHEHWIO, NMepemMeHHas /’0/’ cTaHOBNTCA He3HaUYMMOA (ee i—-CTa-
TUCTUKa paBHa 0,16). BbICOKMIA ypoBEHL B NEpPBOHaYa/IbHOM ypaBHe-
HUW 6bU1 00YCI0BSIEH HE TEM, YTO MHAMMKA YNCSTIEHHOCTU HaceslIeHus
onpegensna AMHaMmnky obbema peasibHOro nNoTpebsieHns, a Tem, YTo 06e
3TU NepeMeHHbIe UMESIN BbIpaXXeHHY0 TeHAEHLMIO BO3pacTaHUs B pac-
CMaTp1BaeMbliA Nepuoa,

CrtaTtuctuka /)>Kno3sosifseT npoBepnTb HEKOPPESTMPOBAHHOCTb OT-
KJTOHEHWIA OT INHUK pedeccun. HekoTopble Apyrve CBOLACTBA 3TUX OT-
K/I0HEHUIA (HampuMep, MOCTOSHCTBO MX AUCAEPCUMN) MOFYT ObITb Takke
npoBepeHbl C NOMOLLbIO CneuyasibHbIX CTaTUCTUK. Mbl He Byaem ocTa-
HaB/IMBATbCA Ha 3TOM MOAPO6HO, YNOMSHYB SMLb 0 CYLLLECTBOBaHUM
camoin npo6nembl. PaccyxaeHus npu 3TOM MOryT 6biTb MOA0OGHbIMU
MPeXXHUM: ec/ 3Ha4YeHUs TeCTOBbIX CTATUCTUK “MsioxXme”, To MOXXHO
MonbITaTLCA YTOUHUTL POPMY/1Y CBA3U, HAO0P 0O BACHAIOLWNX NepeMeH-
HbIX WX ApoLeaypy OLeHNBaHUS.

17.4. TporHo3npoBaHue

PaccmMoTprM 3aBUCMMOCTb 06beMa peasibHOro YacTHOro noTpebsieHns
B CLUA (CONS) ot pacnonaraemoro goxoga (DINQ 3a 1971-1990 rr.,
npuBeAEHHYIO B NpeablayLleii rnase (cMm. puc. 16.6). 3Ta 3aBUCUMOCTb
VIMeeT BUA,

COyV6'=-217,6 + 1,0072)/yVC @)
(-7,7) (819

(B ckobKax mpmBeaeHbl /-CTaTUCTUKN)

1'=0,997; DW=\,5&.

CB06OAHBIA UieH U KO3((MLMEHT perpeccum 34ecb CTaTUCTUYECKU
3HaUYUMBbI, a KOIPPULMEHT aeTepMuHauum R* o4eHb BbICOK; /15 aHa -
3a KayecTBa 3TUX MNOKa3aTesieiA HET Hy)XKabl NpmberaTb K Tabnuuam. Mo
Tabnuuam cTaTtucTukn E£)HatAgem, 4To Npy 20 HabAEHUAX, OAHOIA
00BACHAIOLWEIA MepeMeHHOMA N 5%—-HOM ypoBHe 3HauymmocTu A=1,08;
rf=1,28. MockonbKy 2>Z2)W"=1,58>1,28, runoresa 06 oTCyTCTBMN aBTO-
Koppensaumm ocTaTKoB NepBoro ropsigka He oTeepraeTcs. Takmum o6pa-
30M, CO CTATUCTUYECKOIA TOUKM 3pEHUSA [aHHasA 3aBUCMMOCTb Mprvemsiema
no BcemM nokasartesnissM. Ha puc. 17.4 npysefeHbl A/19 Hee padukm pak-
TUYECKNX 3HAYEHNIA 3aBUCVIMOLA NEPEMEHHOLA (CMJI0LLIHASA JINHUS B BEPX-
HelA YaCcTU PUCYHKA), OLEHEHHbIX MO0 YPaBHEHMIO perpeccun ee 3Hadve-
HVIA (NYHKTUPHAaA JIMHNSA) N OTKIIOHEHWIA €. (HWKHSAS 4acTb PUCYHKA).
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PucyHok 17.4. O6beM peafibHoro YacTHoro norpebsieHnss B CLUA (CONS,
mapa.gonn., 1982 r.) B 1971-1990 rr; pakTUYECKMIA 1 OLEHEHHbIA M0 ypaBHe-
HUIO perpeccnun. OTK/IOHEHUA OT JSIMHUU perpeccuun

Ha puc. 17.4 MOXXHO BUAETD, YTO paccHMTaHHbIE Mo YpaBHEHUIO per-
peccun 3HadyeHUs rnepemMeHHoIA [0BO/IbHO 6/IM3KN K (hakTn4ec—

KUM ee 3HavyeHnsaMm. CTaHAapTHas ownbka perpeccuun S = npn-
\n -2
MepHO paBHa 20 Mnpu cpegHeM 3Ha4eHUU 3aBUCUMOIA NepeMeHHOIA 0KO10
2000, To ecTb cocTaB/IAeT 0K0J10 1%. OTK/I0HEHUSA OT JIMHUN perpeccumn
HOCAT C/lyuvalAHbIA XapaKTep, U NX cpegHee 3HadeHne ocTaeTcsa npueam-
3UTESIbHO MOCTOAHHbIM.
OTHoOLUeHWe CTaHOapTHO OLLUMGKM pedeccnin K cpegHeMy 3HaAYEHUIO

3aBMICUMOIA NepemMeHHoIA N MOXET C/Y>XXUTb KpUTEpMeM MporHo3-

HbIX Ka4yeCcTB OLEHEHHOIA perpeccuoHHOMA mogenu. Ecnu BenmnumHa K
Masia M OTCYTCTBYET aBTOKOppesaumsa octaTkoB (TO eCTb cucTeMaTny-
HOCTb OTK/TOHEHMIA 3aBMCUMOIA MEPEMEHHO OT JIMHUK pedeccun), nNpo-
BepsieMasi C MOMOLL, b CTaTUCTUKN TO MPOrHo3Hble KavecTBa Moje-
71 BbICOKWU. ECn ypaBHEHME perpeccnn MUCcnosib3yeTcsl B MporHO3Mpo-
BaHUW, TO Be/inumMHa KuyacTo paccumTbiBaeTCA He 419 Toro nepuoga, Ha
KOTOpPOM 6bL/10 OLLEHEHO ypaBHeHMe, a /19 HEKOTOPOro C/iefyroLero 3a
HUM, “MOCTMPOrHO3HOr0”, Nepmoaa, A/19 KOToporo nMmetoTcs Habsoae-
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HNSA 3aBUCUMOIA N 06 BACHAIOLWNX MepeMeHHbIX. TeM caMbIM NPOrHoO3-
Hble KayecTBa MoJesiv NpoBepATCA Ha MpakTuKe. U yxe ons nocneny-
HoLwero neproaa, ecnu 419 Hero N3BeCTHbI NPOrHoO3bl 3HAYEHNIA 06 bAC-
HSOLWKMX NepeMeHHbIX, MOXEeT ObITb MOCTPOEH MPOrHO3 3aBUCUMOIA Ne-
pemMeHHOIA. CuMTaeTcs, YTOo nepuog NMporHo3npoBaHMS A0/HKEH ObITb Mo
KpalHEIA Mepe B 3 pa3a Kopouye, 4YemM TOT nepumog, A/19 KOToporo 6bisio
OLLeHEHO ypaBHEHMWE perpeccun.

Ana npumepa oueHUM QyHKUMIO 3aBmcnumocTn CONS oT DINC 3a
nepmof He 1971-1990, a 1971-1986 rr., a 3aTeM MocTPOUM MOCTMPOrHO3
(To eCcTb NPOrHoO3, AefaeMbliA “3agHNUM Ync/omM™) Ha nepmog, 1987-1990
IT. YpaBHEHMeE perpeccumn rosiyvaeTcs crieayrollee, rnpuemsiemMoe rno Bcem
rnapameTpam:

CONS= -208,8 + 1,003 v; (8)
(-5,6) (58.8)

(B ckobKax NpvBedeHbl M-CTaTUCTUKW)

/r—-=0,996; /)>K=1,72.

MpahMK “NoCTNPOrHO3HbIX” 3HAYEHUIA 06beMa noTpebsieHnss CONSF
rnokasaH, Hapsay ¢ rpaukom ero akTuyeckmx 3HadyeHnii CONS, Ha
puc. 17.5.

B uesiom NporHo3 okasasncsa A0BOSIbHO YAauHbIM; b B 1987 rogy
ero ownbkKa [0BOSIbHO Be/IMKa U COCTaBAsSeT NpumMepHo 5%.

PucyHok 17.5. TMocTNPOrHoO3 peaslbHOro 4YacTHoro notpe6neHns B CLUA
B 1987-1990 rr. (CONSF) u ero dakTunyeckas anHammka (CONS)
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OueHVM NPOrHo3Hble KayecTBa MoAe M 60/1ee TOUHO, paccunTaB cpef-
HIOK0 OTHOCUTESIBbHYIO OLLMGKY NporHo3a V. MNockosibKy A8 nocTnpor-
HO3HOr0 rnepuoga YMcso cTeneHeii cBoboabl paBHO YNUC/TY ToveK A4,
CTaHAapTHas owmbKa NporHosa Ha 1987-1990 IT. pacCUMTbLIBAETCA KakK

S 25,2
5= J._ = 252. OTHocuTesIbHasA ownmbKa nporHo3a V=~= 2515 3
\ 4 A
= 0,96%. Ecnin oTHOCUTESIbHYH OLUMGKY MPOrHo3a OLEeHUTb Mo pacyeT—
S

HoMy nepuogy 1971-1986 rr., TO OHa OKa3blBaeTCA PaBHOMA V = mE=

17,5
1947" = 0,90%, roe S = _J = 17,5. Takum o06pa3om, oLeHKa

16-2

MPOrHO3HbIX Ka4yecTB YpaBHEHUSI perpeccum AaeT XOpoLUniA, NpUMepPHO
0MHaKOBbIA pe3ysibTaT (MeHee 1% OWMOKMN) KaK Ha pacyeTHOM, TaK U
Ha KOHTPOs/IbHOM (MOCTAPOrHO3HOM) nepuode. 189 NocTpoeHUs npo-
rHosa o6bema nNoTpebsieHnsa Ha nepuog, nocsie 1990 roaa HYXXHO OLEHUTb
ypaBHeHMe pedgeccum 3a 1971-1990 rT. (4TO YXKe cAenaHo BbIlE) U
noAcTaBNTb B HEFO MPOrHO3MPYEMbIE 3HAaUEHUS BE/INUMHbI pacrosiarae-
MOF0 40X0A4a.

17.5. Mogesnib MHDNAUUN. OKOHOMETpUYecKas OLeHKa
NAIRU

B 3aksitoueHme rriaBbl pacCMOTPUM eLle o4AuH NpUMep UCMos1b30Ba-
HNSA MOAEN IV MHOXECTBEHHOIA SIMHEIAHOA pethecCn B MaKpPO3IKOHOMUN-
YecKoM aHanm3se. MNpeanosioKMM, YTO Y Hac ecTb psaabl CTaTUCTUYECKUX
[aHHbIX YPOBHEMA MHMAAUUNM 1 6e3paboTulbl B 3KOHOMUKe CLUA 3a
1977-1990 rT., U YTO Mbl XOTUM OLEHUTb B3aMMOCBA3b MeXAy 3TUMMU
rnokasatensaMn. M3 TeopeTUHecKnx coobpaKeHUIA Mbl MOXXEM Npeanosi-
aratb, YTO TeMMN UHMAALUM oPULLaTENBHO CBS3aH C ypoBHeM 6e3pabo-
TVUbl N, KpOMe TOoro, o6/1afaeT onpeaesnieHHo uHepuyein. Mbl Takoke
npeanosiaraemM, YTo CyLLIEeCTBYET HEKOTOPbILA “eCTeCTBEHHbIIA” YPOBEHb
6e3paboTuLbl, HE BO3AEMACTBYIOLUMIA Ha TEMM UHPAAUMN. ITOT YPOBEHb
HasbiBaeTc NAIRU - Not Accelerating Inflation Rate of Unemployment
( “ypoBeHb 6e3paboTHLbI, HE YCKOPSHOLLMIA MHQIALUMIOY). Mpeanooxmnm B
COOTBETCTBUM CO CKazaHHbIM, 4TO (hopMyia 3aBUCMMOCTUN 3TUX NOKa3a-

Ter e MeeT BUA,

INF=a{n -un + b INF{-1), )
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rae WP - Temn nHpnsauym, INF{-\) —-Temn nHpasymm npeabigylie-
ro roga (MHepLLMOHHas COCTaB/ISAIOLLAS, OMUCHIBAKLLASA 0KMAAEMYHO UH-
hNauuio), n -ypoBeHb 6e3paboTuubl, 1 —NA1RU, a U 6 - HEN3BECTHbIE
KO3thhMUMEHTbI. [ yKazaHHbIX BpEMEHHbIX psA0B 6bU10 OLLeHEHO crie-
Aytollee ypaBHeEHVE MHOXXECTBEHHOIA JIMHEMHOIA pedeccmm:

Tp= 5414 -0,920m + 1,148/11"5-1) (10)
(0,930) (0,154) (0,086)
m=0,942; 01¥= 2,07.

B ckob6Kax yKasaHbl CTaHAapTHbIE OLMOKWM COOTBETCTBYIOLMX KO3 (-
prymeHToB. MOXXHO OTMETUTDb, YTO CTAaTUCTUYECKOE Ka4YeCTBO MoslyyeH-
HOIro ypaBHeHUA pegeccnun NpakTUYeckn naeasbHo. Bece /-cTtaTtucTrkuy
npeBbIWalT 5 Mo abcooTHOIA BesmumnHe (a, hy60 rosops, haHUUEe
/19 0YEHb XOpOLLUEA oLeHKN aBnsieTca 3). OUeHb BbICOKa 4015 Aucnep-
CW 3aBMCUMOIA MEPEMEHHOIA, 06 bACHEHHAs C MOMOLLbIO YPaBHEHMUS per-
peccumn, —94,2% —0co6eHHO C y4eTOM TOro, YTO ypaBHEHME perpeccum
CBS3bIBAET OTHOCUTESIbHbIE BESIMUYMHLI, HE MEIOLLME BbIPaXXEHHOI0 Bpe-
MEHHOro TpeHaa. Ctatuctuka apbuHa-YoTcoHa 04YeHb 6/1M3Ka K 2,
W, AaXe He npuberas K Tabnuuam, 30ecb ACHO, YTO rmrnoTesa 06 oTCyT-
CTBUM aBTOKOPPENSALUMM 0CTAaTKOB MepBOro nopsgka 6yaet npuHATa npu
NH060M pasyMHO MasioM YpOBHE 3HauuMMocTU. MTak, Mbl MMeemM Xopo-
LLMIA NpuUMep JIMHELAHOA peeccum, Koraa MOXKHO OLEHUTb ee CTaTUCTU-
YEeCKYH0 3HaUMMOCTb, He npuberas K Tabnvuam pacnpeseneHnii CTboaeH-
Ta, Pnwepa wm JapbrHa-Y0TCOHa, a NnLlb Mo 06LeMy NopsaKy Mosy-
UYEHHbIX CTaTUCTUK.

Tenepb pacCMOTPUM COAEPKATETbHbLIA CMbIC/T 1 TEOPETUYECKYIO NH-
TepnpeTaumio NoslyyeHHoro ypasHeHnsA. OHO MoKasbIBaeT, YTo MH(IA-
uus ABNSeTCS 04EHb MHEPLIMOHHbBIM MPOLLECCOM, U TO, YTO KO3(hpuLm-
eHT ¢=1,148 npeBblWaeT eaANHULYY, TOBOPUT O TOM, YTO 3TO MpoL,ecc
camoycKopsowmiiaca. MNMocnegHee CyLLecTBEHHO YC/IOXKHSAET 3a4a4y KOH-
TPOSINPOBaHUSA U CAEPXKMBAHUSA UHPAALMN. YUNTbIBAsA,YTO B COOTBETCT-
BUW C Haletd mogensto, 5,414 -0,920 m= a{n -u), nonydaem a = 0,920
M = 5,414/0,920 = 5,885 (%). NTakK, ecsin Mbl MPUHUMAEM UCXOLHYHO
o6y hopMyly Mogenn MHGOAAUUMKU, TO Mbl TEM CaMbIM MNOSTy4YaeM M3
Hee OLLeHKY ecTecTBEHHOro YpoBHsA 6e3paboTuubl (MALKLL) A/1a 3KOHO-
Mukn CLUA B 1977 - 1990 . OHa oKa3aslaCb HECKOJ/IbKO MEHBLLEIA,
yeM 6%, 4TO corsiacyeTcs ¢ ApYrMMK OLLeHKaMM, MOoJSTyYEHHbIMU pa3siny-
HbIMWN METOAaMM.
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MPNNOXEHWE
['-pacnipegeneHve duwiepa

3TO0 pacrnipeaesnieHve (Ha3b|BaeM09 MHOr Aa pacnpeageneHmnem amcrep-

CMOHHOI o OTHOLUGHI/IFI) nveet cnyqal‘/’maﬂ BE€J/IMYMHa, paBHadA OTHOLUEe—
- X

HUIO OBYX HE3aBUCUMbIX C/TyHYaMHbIX BEJIMUYNH. BEJIMUYNHbI —I—, Bblpa—

XatoLLeAcs Yepes CrTyualiHyto BETMUVHY, NMELOLLLYIO pacrnpesesieHne ¢
xUK)
CTerneHsiMn cBo6GOAbI U BE/IMUMHBLI  ~  BblpaxatoLLieiAcsa uepes cy-

Yal/iHy10 BEJ/IMUUHY, MMEIOLLYIO pacnpegesieHne ¢ A, CTerneHsiMn cBo-
604bl.

BBoAs HOBYHO Cry4vaiiHyto Be/inumHy P(K.,K.,) = ke N, Mbl

nostyumm /15 Hee pacripesesnieHne duiepa ¢ J1 u A cTeneHsMmN cBo6oap!
C MJIOTHOCTbHIO BEPOSITHOCTU:

/Ox.n,Nn) = Cg

0(X)=k{K"X).

Mpu GonblMX A, 1 K)3TO pacnpegesieHne NpueanXaeTcss K Hop-
MasTbHOMY.
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KpuTunyeckme Touku pacnpeaeneHns ®duiiepa 06/1a0al0T crieayowmym
CBOLACTBOM:

KBagpat c/1yuaiiHoIA BE/TMUMHBI, MMELOLLIEIA pacnipeaesieHne CTblogeHTa
Cc cTeneHsIMM cBo6oAbI UMeET pacrnpeaeneHne duwepa c (1,kY) cTene-
HAMMK cBO6OAbI.

MoacTaBnssa B onpedesieHNe CryHaiAHoIA BeIMunHbI /

BbI6OpOYHOE

npeacTaBfieHne” C/ly4YalAHOA BeSIMUYUHbI xun - 1) = ———
(r

MOXHO MosTy4UTb “BbI6OPOYHOE MpeacTaBsieHMe” CryualAHoA BeTMUMHDI P.

5.n &Z,
ol

IA, - Nk -1 =

roe S5 n 2 ! j B ncrnpaBsieHHas Bbl6opoY
e -1 n-r P P

Hasi aucnepcus 4719 BbIGOPKU 06bema M.
PacnipepenieHve ®uiiepa UCMosb3yeTcs, Hanpumep, npu:

e CpaBHEHUU ABYX OUCTIEPCUIA;

e MpoBepKe rmnoTesbl 06 04HOBPEMEHHOM PaBEHCTBE HYJ1H0 BCEX WK
YacTn KO3(PULMEHTOB JSIMHELAHOA perpeccuu;

e TpPOBEPKE IUroTe3bl 0 COBMaAeHNN BCeEX KO3I(PULMEHTOB ABYX YpaB-
HEHUIA JIMHELAHOLA perpeccun.

Pa6oTa ¢ Tabnmuammn /'-pacrnpegenenvs duwiepa

Tabnuubl GyHKUMM /-pacnpegenenmns duwepa Ha nHTepsasie [0,+00)
06bI4YHO NPUBOAATCH O0TAESBLHO 415 Pa3/INYHBIX 3HAYEHUEA BEPOSATHOCTU
a nomagaHusa B “XBOCT” DYHKUWW pacnpeaesnieHns. Hanpumep, gnsga =
0,05 Takas Tabnmua UMeeT BUA,

K2 \ K! 1 10 100 00
1 161 242 253 254
10 4,96 2,97 2,59 2,54
.9
100 3,94 1,92 1,39 1,28

00 3,84 1,83 1,24 1,00
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B 31011 Tabmue A8 pasfinyHbIX
coyeTaHMIA uncen cTerneHeiA cBoboabl
A 1N  npvBeaeHbI KPUTUYECKUE TOY-
KM hyHKLMKW pacnpegeneHns duule-
pa, COOTBETCTBYIOLLME BEPOSATHOCTM
a = 0,05 nonagaHusa B “XBOCT” (PYH-
KUMW pacnpenesieHus.
KpunTtunyeckas Touka FJikA k™), Ha-
npumep, /(,6(10, 100), HaxoANTCA B
Tabnve, COOTBETCTBYHLLEIA 3HaYe-
Huto a = 0,05, Ha nepecevyeHUn CTpPo-
Kn (B AaHHOM cnydae K*= 100) U
ctonibua (B gaHHOM cniyyae Jl, =
10). 13 npnBefeHHOA TabnvLbl Ha-
xoaum, 4Tto /005(10, 100) = 1,92.
HanoMHUM, 4YTO KpUTUYECKas ToYKa B AaHHOM C/lyyae UMeeT crieayto-
upia cuwbicn: Probl/A> FJLkMNkMN} = a.
OTMeTUM, YTO MHOrAa Tabnuubl /A-pacnpeneneHns NpuBoaaTCa Ais
[ABYCTOPOHHUX KPUTUYECKUX ToYeK PNKNKY), onpedensieMbIix U3 YCr10BUS

Prob{K/ITkM < PAKM) = 1-a.

MosiBA1eHMe 34ecb BeIMUMHBLI a/2 06bACHAETCS TeM, YTO NMpu 3a4aH-
HOIA BEPOATHOCTM a nonagaHus B 06a “xBocTa” (hyHKLUMU pacripeaese-
HUSA BEPOATHOCTb MonagaHns B KaxXObliA U3 “XBOCTOB” (PYHKLUW pac-
npeaeneHnst 06bIYHO CUNTAETCs OAMHAKoBOM. CrnefoBaTesibHO, OHa B/ABa
pa3a MeHbLLe a 1 paBHa a/2.
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Bonpocbl K rnase 17

1. V13 Kaknx 3TaroB COCTOUT MpoBepKa KayecTsa OLL,eHEHHOI 0 ypaBHe-
HuA peeccnn?

2. Kak paccumnTbIBaeTCa M YTO MoKasbiBaeT KO3PPULIMEHT AeTepMUHa-
umn J1-?

3. KoathpuumeHT geTepMuHaLnmn = 0,5. UTo MOXHO CKa3aTb 0 Ka-
YecTBe OLLeHEHHOM (hopMysibl B LesioM? Kakasi Hy>KHa A0MosSTHUTe b-
Haa Hhopmauna?

4. Yto Takoe pacnpenesieHne duepa? B Kakmx 3agadax SKOHOMETPU-
KV OHO UCIOSTb3YyeTCH?

5. Ecnun HyneBas runoTesa 4/ CTaTUCTUKN PuLLepa 0TBepraeTcs, To
4YTO MOXXHO CKa3aTb MPO OLEHEHHYIO MapHY0 JINHEAHYI0 pedeccunto?

6. Tabnumubl Kaknx pacnpeaesieHiA NCNosib3ylTCA NpU OLLEHKe KadecT-
Ba JWHeAHoOIA pedeccun?

7. Kakue nokasaTesnn XapakTepuayrT He3aBUCUMOCTb OTK/TIOHEHUIA 3a-
BUCUMOIA MEPEMEHHOIA OT IMHUK perpeccun? Kak ocyllecTBnseTcs
npoBepKa 3TolA He3aBUCUMOCTIN?

8. B Kakux cnyyasx HabogaeTces NofokuTe lbHas aBTOKOppensauns oT-
K/IoHeHWIA e? MNpuBeauTe NpUMEpPbI N3 SKOHOMUKM.

9. CratucTtuka apbrnHa-YoTcoHa oKa3asiacb 6/IM3K0IA K YeTblpeM. UTo
3TO 03Ha4aeT?

10. Ecnn y 3aBUCUT OT X KaK KBaapaTuUdHas PYHKUNA Y = X—, HO OLLeHe-
Ha CBA3bIBaloLan MX SIMHEeAHaa perpeccus, To Kakoi OKaXKeTCs Be-
nynHa

11. Kak OCyLLEeCTB/ISIeTCA NPOrHO3MpoBaHE 3KOHOMUYECKUX MNoKasaTe-
JE/ ¢ UCnosib30BaHMEM MOLESIEIA JIMHEIAHOIA perpeccmn?

12. KakK MOXHO OLLeHNTb “eCTecTBEHHbIA” ypoBeHb 6e3paboTuLbl C 1C-
nosib30BaHVeM MOAE N JIMHEIAHOA perpeccmn?



[TABA 18

MOCTPOEHWE N PA3BUTWE MOAENU
NMWHEWHOW PEFPECCUN. SKOHOMETPUYEC-
KN AHANN3 MA1CPOSKOHOMUYECKNX
MOAOENEN

18.1. HanpaBneHus COBEPLLUEHCTBOBAHUSA JIMHELAHOIA per-
PECCUOHHOIA  MOOEe v

Mogesib YMCTOro aKcropTa

Kak y>e oTmMevasniocb B NpeablayLmx rriaBax, nocTpoeHue mn pasBu-
Tve 3KOHOMETPUYECKOIA MOAEeNN - 3TO0 O/MTeSbHBIA U C/I0KHBLIA Npo-
uecc. O4eHb peKo oLeHKa MCX0AHOM crielnpmKaumm 3aBUCMMOCTY AaeT
XopoLive no BceMm napameTpam pesysibTaTbl. [1pegnosioXkmnm, YTo oue-
HeHHass MHOXKEeCTBEHHas SinHeAHasA pedeccmns No pagy cCTaTUCTUYECKNX
xapakTepuctumk (OU”, r-cTtaTUCTUKM, /N-CTaTUCTMKA) OKa3asiacb Hernpu-
eM/1IeMOA 1 TpebyeT yToUHeHUs. HanpaBrieHMs TakKoro yTOMHEHUS MOryT
6bITb CeayoLWUMN:

e BbIBEJEHVE M3 PACCMOTPEHUS HE3HAUMMbIX 06 bACHAIOLWMX MepeMeH-
HbIX U A06aB/1eHME HOBbIX MEPEMEHHbIX;

e pa3brveHne BPEMEHHOr0 MHTepBasia Ha 4acTW U OLEeHKa WUCXOOHOM
WA HOBOA (POPMY/ibl PErpPeccuim Ha Kaxxaoii U3 HUX;

e npeobpasoBaHME UCXOAHbIX AaHHbIX C Lie/1bi0 YCTPaHUTb WX HeXesla-
TeslbHble CBOLACTBS;

* MOCTPOEHME HEJIMHEMHbIX CreLupKauvia ypaBHEHNS perpeccumn ¢
rnocrienyoLein nx nuHeapusauyeil (WM OLEHKOA HeIMHELAHOA per-
peccun);

e yCTpaHeHWe CUSIbHO KOpPesIMpoBaHHbIX MeXay C060iA 06 bACHSAOLLNX
nepemMeHHbIX (6opbba ¢ My/IbTUKO/I/IMHEAPHOCTLIO).

MbI pacCMOTPUM 3TU HarpaBsiIeHUs COBEPLLEHCTBOBaHUS pedeccn—
OHHOA MOAESIN Ha NMpuMepe KOHKPETHOro 3KOHOMETPUUYECKOro 1ccsie-
[0BaHWsA, Aenas no Mepe Heo6Xo0AMMOCTU MOSCHEHUSA U OTCTYN/1eHns. B
KayecTBe 6a30BOro npumMepa pacCMOTPUM MpoLLecc NOCTPOEHNA PYHK-
UMM YNCTOro aKcropTa 4ns sKoHoMukn CLUA. [ns sToro 6yaem umc-
Mnosib30BaTb MacCMB MaKpPO3KOHOMUYECKMX AaHHbIX 3a 1931 - 1990 rr.
B kauecTBe nepBoHaYas/IbHOA crneyunprKauum GyHKLUU YNCTOr0 3K-
criopTa 15 3TOro neproaa B LIESIoM pacCMOMUM BbIpaKeHue

WX =c + b;GNP + bI3K. @
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3necb nepeMmeHHass RN Xo0603HavaeT peasibHbIiA Y/CTbIM akenopT (Real
Net Exports), Wi UACTbIA 3KCMNOPT B NOCTOSAHHbIX LieHax 1982 r., mipa,
nonnapoB; GNP -peasibHbIA Ba/10BOIA HaLWOHA TbHBIA NPOAYKT B TEX XKe
eanHMLax; RSR —peasibHaa KpaTKOCPOYHaA NPOLEHTHAs CTaBKa, B Mpo-
LieHTax. B pa3ninyHble MakpoMoAesiv OTKPbITOMA 3KOHOMWKIN, B YacTHOC-
TV B MoAe/b IS-LM, 06bI4HO BKIHOYAOTCA 3aBUCUMOCTU YUCTOr0 3K-
criopTa Takoro wim nogo6Horo suaa. KoappuumeHT sl 6, 1 Ha3blBa-
eMble YyBCTBUTE/IbHOCTAMY BE/TMUMHBI YUACTOIO 3KCIopTa K rnokasaTesio
o6bema BHI 1 BeniuMHe CTaBKU MPOLLEHTA, CYUMTaloTCA B TEOPUM OTPU-
uaTesibHbIMU. B COOTBETCTBUN C pe3y/ibTaTaMu OLLeHUBaHUSA Ha KaXI0M
oyepesHOM LIare Mbl OyAeM KOppeKTUpoBaTb COBOKYMHOCTb 00 bACHS0-
LWKMX NepeMeHHbIX, NMepuoj, oLleHUBaHWA N Apyre 0c06eHHOCTU ypaBHe-
HUs (BPEMEHHbIE flarn, Hainvme cBO604HOI 0 YeHa U T.4.).

OueHKa nepBoHa4as/1bHOA (hopMy /bl A3ET pesyibTar

RNX= 21,1 -0017-Q\/ - 0,411 /ii'/i )
(8,43) (0,004) (0,947)

(B cKo6Kax NMpuBeaeHbl CTaHAAPTHbIE OLLINGKI)

R = 0,29; DW= 0,43.

OTpuuaTesibHble 3HaKU KO3I((ULIMEHTOB perpeccuy cOOTBETCTBYIOT
3[€ecb TEOPETUYECKUM MNpeacTaBieHnsaM. KoaphuumeHT npy nepemMmeH-
HOA GjV/*3HaunTesIbHO MeHbLLIE MO aGCO/MOTHOMA BESIMUMHE, YEM KO3(-
numMeHT Npy RSR, HO 3TO He 3HAYUT, YTO JaHHasA Be/MYMHa BO3OeiA-
CTBYET Ha 3aBUCMMYIO MepeMeHHyto cfabee. 3aecb Bce onpeaesnisieTcs
eaANHNLAMU n3MepeHus, 1 ecsim BHI namepaTb He B Muavapaax, a B
TPUAIMOHAX [0/1/1ap0B, TO COOTBETCTBYIOLLMIA KO3I((NLMEHT pedeccum
6yaeT paBeH He 0,017, a 17, npu CTaHAapPTHOIA owwnbke 4.

CooTHOLWEHWE Ko3(hpULMeHTa N ero CTaHAapTHOA oWnG6KKU, nnn t-
cTatucTuka (B nocsiegHem crydae 0,017:0,004 = 4,25), BaxkHa 4/1 ornpe-
JeneHnst CTaTUCTUYECKOIA 3HAYMMOCTU 3aBUCUMOCTU (PYHKLIMM OT COOT-
BETCTBYHOLLE 00BACHAOLWEA MepeMeHHOIA. Boobule rosops, HysieBas
rmnoTesa 415 /-CTaTUCTUKN 1, COOTBETCTBEHHO, KO3(hpuuneHTa pegec-
CMK npoBepsieTcs ¢ NOMOLbIO Tabnuvy, pacnpeaenieHns CTblogeHTa. B
OaHHOM c/lyyae sICHO 6e3 Tabsnu, rno obuiemMmy nopsagky uudgp, 4To Ko-
apmumeHT Npmn GNP, paBHbIM 0,017, cTaTUCTUYECKM 3HAYMM (TaK Kak
W ~'25), a KoaphuumneHT npu RSR, paBHbIA (-0,411), cTaTUCTUYEC-
KN He3HauuMm. Ero /-ctatuctuka /A"™“V'=-0,411/0,947 » -0,434 cNNLLIKOM
MaJ1a Mo abcosIt0THOM BeiunHe. Ecnm yToUHUTL No Tabnuuam, ypoBeHb
3HAUYMMOCTM 3[eChb COCTaB/ISeT NpMMepHo . CriedoBaTesbHO, eCNu B AeiA
CTBUTE/ILHOCTM (A/151 reHepasibHOA COBOKYMHOCTMN) 3TOT KO3I(PULMEHT
paBeH Hy/t0, TO BMoJSIHE BEPOSATHO (C BEPOSATHOCTbIO 2/3) A/ JaHHOro
pasmepa BblI6opku (60 HabNAEHUEA) NPy ABYX 00 BACHSAOLWMX MepemMeH-
HbIX MoSy4YnTb Takyto (-0,434) nnm 60nbLIYHO MO MOAY/ IO /-CTaTUCTUKY
OaHHOIro KoagduumeHTa pedeccmn. [N0s OLEeHKN 3HAYMMOCTU KO3(-
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hrymeHTa perpeccmn MOXHO BOCMO/1b30BaThbCA CAeAylWnM pyobIm
npaBUJIOM: ec/iv abcoTtoTHaA Be/IMUMHa KO3ahPULMEeHTa MeHbLUe, Yem
ero ctaHAapTHas ownbKa, TO OH CTaTUCITUYECKU He3HaynMm (ecsiv HeT
MYJIbTUKOSISIMHEAPHOCTU, WM KOPPESTIMPOBAHHOCTU 06 BACHSAOLWMX Ne-
PEMEHHbIX, 0 KOTOPOA peyb MOMAZET Mo3xe). B gaHHOM cryyae 3To
npaBuno cpabaTblBaeT, M Ha crieAyloWeM Ware Mbl 3aMeHUM NepemMeH-
Hyt0 RSR.
Tenepb paccuntaem f —CTaTUCTUKY OLLEHEHHOI 0 YpaBHEHUS:

{n-m-D 029 57
_______ T = O N T “

Mo Tabnvue pacnpegeneHns duwepa c (2; 57) cteneHAMn cBo6oabI
Haxo4uM, YTO KpUTUYeECKoe 3HayeHne HpasHo 3,16 npu 5 %-HoM ypoB-
He 3HaduumocTu 1 5,0 Npn 1%-Hom. Takmm 06pa3om, ruroTesa 0 paBeH-
CTBEe HYJIt0 04HOBPEMEHHO BCeX KO3(h(PULIMEHTOB perpeccmmn 3aBeomMo
oTBepraeTca (4To, BMPOYEM, ACHO U U3 TOro, YTO KO3I(hPULUUEHT Mmpu
GNP yxe fo aToro nony4vmsca 3HaummbiM). VTak, aaxe HebosibLuas
Be/siM4MHa R-—0,29 npu A0BO/LHO 60/1bLLOM YKUC/ie Hab/lOAeHUEA fana
3HAYNMYIO BE/INUUHY /A-CTaTUCTUKX. B TO Xe Bpems ecnu BenmynHa /2
paccMaTpmBaeTCa Kak CaMoCTOATESIbHbIA KPUTEPUIA KadecTBa perpeccum
(a He TONbKO Kak CpeaCcTBO MPOBEPKM Hy/eBOA TUMOTE3bl A1 BCEX
K03(h(pULMEHTOB 04HOBPEMEHHO), MO3BO/ISIOLLMIA OLLEHUTb €r0 B CpaB-
HEHNW C Ka4yecTBOM JIMHUW Y = Yy, TO 3HayeHue R = 0,29 Bpsag /m
MO>XHO CUMTATb XOPOLUNM. 3TO FOBOPUT 0 HEOOX0AUMOCTU fasibHelALLe-
ro NonckKa 06 bACHALWWX NepeMeHHbIX 4719 nokaszaTens RNX.

[n5 oLeHKU KadecTBa MHOXECTBEHHO SIMHeIAHOIA perpeccumn m npo-
BEPKM Ha/IM4ms npeanosiaraBLUMXCS CBOMACTB OTK/IOHEHWIA €. HY)XKHa Tak-
Xe cTaTucTuka dapbmHa-YoTcoHa DW. B paccmaTpmBaeMom npmmepe
OHa paBHa 0,43. HeBOOpY>XEHHbIM B3r/19400M BUAHa MOSIOXKNTENIbHAA aB-

ToKoppenaums e: 61M3Ka K Hyto. MNMpoBepnM cTaTUCTUKy DWno
Tabnmue gna « = 60; /M= 2 npu ypoBHe 3Ha4YnMmocTn 5%. Kpntmnueckune
3HayeHuns = 1,44; = 1,57. Mockonbky DW = 0,43 < 1,44 = 4

MNPMHNMAETCHA rMnNoTe3a 0 HAIMYNKU NOSIOXKUTESIbHOLA aBTOKOppensaumn
OCTaTKOB MepBoro nopsaka. Takmm o6pa3omM, 3HaYeHue cTaTucTukm Oap—
6MHa-Y0TCOHa FOBOPUT 0 TOM, YTO OLleHMBaemMas 3aBUCUMOCTb MMeeT
Opyroin Bua: OEMCTBOBA/IN KaKMe-TO HeyYTEHHbIe (aKTopbl SIN6GO cama
thopmyia cBS3U Oblia HESIMHEIMAHOMA. 3aMeTUM, YTO eC/Iv OLEeHNBaKTCH
pedeccnMOoHHbIE CBA3UM MaKpPO3KOHOMUYECKUX MoKasaTesietd no BpeMeH-
HbIM psgaM Hab/lAEHWIA 3a CTO/b A/TE/bHBIA Nepuo, BpeMeHu, TOo
cTaTucTmka DW yaule Bcero okasbiBaeTcs 6/IM3KOA K Hy 0. MpakTu-
YeCKN Bcerga Kakme-To (pakTopbl ASMACTBYIOT Ha NPOTSXKEHUUN HEKOTO-
pbIX NepuoAoB BpeMeHuU, “yBoaa” 3aBUCMMYIO NMepeMeHHY0 BBEPX WUin
BHN3 OT SIMHUU (MNIN NOBEPXHOCTU) perpeccnn. NaeHTUpmKaumnsa Takmx

12 3amkoB
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........ RESroUAL -ACTUAL -----FITTED

PucyHok 18.1. OeticteutenbHble (Actual) n paccumTaHHble N0 ypaBHEHWIO
perpeccuun (Fitted) BeimunHbl RNXN\ 0TK/10HEHUSA OT IMHUK perpeccun (Resi-
duaf) (CLUA., 1931-1990rr.,ypaBHeHMe: RNX=2\,\ -0,017 GNP-Q,A\\RSR)

(haKTOpOB W ompeaesieHne MepuoaoB UX AEACTBUA SBMSETCA BaXHOIA
3a7a4eil 3KOHOMETPUKM.

YKa3aHHble He0CTaTKN OLLeHEHHOI0 ypaBHEHUS pedeccuin nposiB-
NATCA U Ha rpagmnke. Ha puc. 18.1, rge nokasaHbl 3aBUCUMOCTU OT
BpEMEHU OeACTBUTESIbHbIX U pacCUMTaHHbIX M0 YpaBHEHUIO perpeccmu
3HaueHMiA RNX, a Takke O0TK/I0HEHUIA MEPBbIX 0T BTOPbIX, MOXHO BU-
[eTb, YTO OLLleHEHHOE ypaBHEHME He OMNKnCbIBaeT KosiebaHMIA nepeMeHHoI
KMX, a 06bACHAET NULLb ee 06LWMIA TpeH,. 34€ech e BUAHO, YTO 0TKJ10-
HEHUA 3aBUCUMOLA MEPEMEHHOIA OT JIMHUM PErpeccun He SBASKOTCA He3a-
BUCUMbIMW U, KPOMe TOro, AUcnepcusa Ux O/ pa3HbIX MNepuoaoB He
MOCTOSAHHA.

Bo3aeiAcTBme MpoLEHTHOMA CTaBKU Ha BESIMYMHY YMCTOr0 aKcnopTa
npoucxXoanT € onpeaesieHHbIM BpeMEHHbIM 3anasablBaHvemM (f1arom). 3a-
K/Il04aeMble KOHTPaKTbl OPUEHTUPYHOTCH Ha TeKyLLMIA Ba/IIOTHBIA Kypc
(KoTopbliA, B CBOI 04epedb, C HEKOTOPOIA 3aepKKOIA pearmpyeT Ha U3-
MEHEHUS MPOLIEHTHOIA CTaBKM), a UX UCMOJ/THEHME 06bIYHO MPONCXOANT
MW Yepe3 HeCKOs1bKO MecsiLeB. No3aToMy eCTECTBEHHO B Ka4ecTBe rep-
BOrO Llara B pasBUTUM MOAE/IN YMCTON0 IKCMOopTa He UCKSIYaTb 06bsC-
HAWYyo nepemeHHyo KB$, a BBECTU ee ¢ 1laroM B O4WH oA, TO ecTb
3aMeHUTb Ha KBK(-\). B pesy/ibTaTe pacyeTHbIA Mepuog, coKpalla-
eTCa Ha O04HY TO4YKy, TO ecTb oxBaTbiBaeT 1932-1990 rr. MNMosyyvaeTcs
cneaytollee ypaBHeHVe perpeccun:
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RESroUAL mACTUAL -———- FITTED

PucyHok 18.2. OeiicTBuTesbHble (Actual) n paccumMTaHHblE MO YpPaBHEHUIO
perpeccumn {Fitted) BeniumHbl RNX\ 0TK/10HEHMA 0T nMHUK perpeccun {Residu-
al) (CLUA, 1932-1990 rr., ypaBHeHne: RNX= 189 -0,015 GNP -2,086 /15/1(-1))

RNX= 18,9 - 0.0IS CyVP- 2,086-77j/2(-I) @
(8,30 (0,004) (0,911)

(B cKob6Kax MpuBeAeHbI CTaHAAPTHbIE OLLNGKMN)

R* = 0,35; DH”= 0,46.

3aecb 06e 06bACHALLME MepeMEHHbIe CTAaTUCTUYECKN 3HAYUMbI; NX
/-CTaTUCTUKN MpEeBbILWAOT No Moayio 2. OaHakKo o6o6LLatoLlLme noka-
3aTesiM KadecTBa mMogenn RN n DIV no cpaBHEHUIO € ypaBHeHUEM (2)
CYLLLECTBEHHO He yny4dwmnninck. Ha dhaduke (puc. 18.2) MOXXHO BUOETD,
4YTO B HEKOTOPblE MepuoAbl, 0CO6EHHO BO BTOPOLA NosioBUHe 1940-x -
nepeoii1 NosoBuHe 1950-x rofo., aTa MoAE b ONUCLIBAET Y)Ke He TOSIbKO
06LLMIA TpeHA, Be/IMUMHblI RN X, HO U OTK/TIOHEHUS 0T 3TOro TpeHda. B To
)Xe BpeMsi OHa, 6e3yC/I0BHO, He moaxoauT Ana Bcero nepmoga 1931-1990
M. Mbl OTMETUM 3TO /19 AasIbHEIALLEro, Korga oyaem CTpouTb 0TAeSb-
Hble MOAENV A1 pa3/INYHbIX YacTelA paccMaTpuBaemMoro nepuoga, Ho
rnoka Npoao/HKMM NOUCK eauHOIA Moaenn A/i8 BCcero nepmoaa.
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18.2. YTouHeHMe cocTaBa 0OBbACHSAKLUX MNEepeMEHHbIX B
PErPECCMOHHOIA  MoAe v

B kayecTBe o4yepeHOro LWara B pasBUTUM MOAESIVN Mbl 3aMEHUM rie-
pemMeHHy0 RSR B ypaBHeHUM perpeccumn (2) Ha nepemeHHyto ER (Real
Exchange Rate) - peasibHbIA Kypc fonnapa CLUA 1o oTHOWEHWUIO K
“KOp3WHEe” 0CHOBHbIX MHOCTPaHHbIX Ba/IOT. MPUUYMHOIA Takoii 3aMeHbl
ABNISIETCA TO, UTO MPOLEHTHBbIE CTaBKMN B/NAIOT Ha peasibHbIIA SKCMopT U
VIMIMOPT KOCBEHHO, Yepe3 Ba/IOTHbIMA Kypc: YT0Obl MPUHECTU 60/1bLUNEA
MPOLEHT B KaKOM-TO CTpaHe, AeHbIM OO/TKHbI 6bITb 0OMEHSHbI Ha Ba-
NOTY 3TOIA cTpaHbl. [15 o6ecnevyeHNs Takoro o6MeHa yBesIMunBaeTCs
3KCMOopT B 3Ty CTPaHy U coKpaLlaeTcsa nmMnopT. Kpome Toro, cyLLecTByeT
HerocpeAcTBEHHOe B/IMAHWE 0OMEHHOI0 Kypca Ha 3KCMopT 1 UMMOopPT,
He cBA3aHHOe MNPSMO C NPOLIEHTHOA CTaBKoIA. YeM BblLLie Kypc oTeyec-
TBEHHOA B/ OTbI, TeM TpyHee 3KCNopTUpoBaTb U slerye UMMopTumpo-
BaTb, 6€30THOCUTE/IbHO K TOMY, FAE U Mo/, KaKOA NPOLEHT 3aHUMAloTCS
JeHbIrv 019 BHELUHETOProBbIX ornepaumiic 1 B 6aHK KakoiA CTpaHbl OHU
KagyTea. Takum 06pasom, 4719 ABVDKEHUS OeHer B MeXAyHapoOHOA
TOpro.sie NPOLEHTHbIE CTaBKN He TakK BaXKHbl, KakK 0OMeHHbIe KypChbl
Ba/IOT. 103 TOMY MOXXHO OXXMAATb, YTO 0OMEHHBIIA Kypc OKaXXeTcs 6onee
3HaUYMMOIA NepeMEHHOIA B (YHKLIMM YNCTOr0 SKCMopTa, Yem Ta Win nHas
MpoLleHTHasn cTaBKa (KpaTKo—, cpeaHe— Wav J0/IrocpovHasi, HOMUHasIb-
Has WM peasibHast). ViTak, 6b110 OLleHEHO criedytoLliee ypaBHeHMe:

RNX=9A,2-Q,mGNP-0,63\ER )
(36,4) (0,004) (0,309)

(B ckobKax npuBeaeHbI CTaHAAPTHbIE OLLUNGKN)

R*=0,33; DW" 0,41.

KoathpuumeHT npn nepemeHHoiA ER B ypaBHeHUM (5) nMpuMepHO
TOro Xe rnopsgka, 4to uy RSR B (2), HO ero cTaHAapTHas oLMbKa 30ecb
B TpW pa3a MeHblue. A6contoTHasa BennymHa /-ctatuctuku / = 0,631/
0,309 2,04 [0BO/IbLHO 3HAYMMO MOATBEPXKAAET (A0BEpUTESIbHAasA BEPOAT-
HOCTb 95,4%), UTO KOIP(PULMEHT perpeccum He paBeH HyJ 10 U 4TO
CYLLECTBYET CTaTUCTUYECKAs 3aBUCMMOCTb MeXay 06MeHHbIM KYpPcoM U
4nCTbIM 3KcnopTom. Ha rpadguke (puc. 18.3) MOXXHO BUAETb, YTO pac-
CUMTaHHas rno ypaBHeHUIo pedeccnm BenmumHa RN XoTpakaeT He Tosb-
KO 00LMIA TpeHA, OeACTBUTE/IbHONO MoKasaTesis, HO Takke 1 (B HEKOTO-
poiA cTerneHn) 0TK/I0HEHUS 0T 3Toro TpeHaa. O4HaKo B LIeJ/IoM rnoBese-
HMe nokasaTtens ST onncaHo 34ecb HEHaAMHOI O Slyulle, Yem B (2): Jons
06bsACHEHHOIA gucnepcn RN XocTasiacb MPMMEPHO TakoIA Xe, Kak B (2)
wwm B (4): {R- =0,33 = 33%). CtaTucTmnka fapbrHa-YoTcoHa Tak-
e ocTas1acb NPaKTUYECKN Ha MPeXHeM, C/IULLIKOM 6/IN3KOM K HY o (To
€CTb CBUAETE/ILCTBYIOLLEM 0 MOSIOKUTENTbHOLA aBTOKOPpesiaLum ocTaT—
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PucyHok 18.3. OeiAcTBuTesibHble {Actual) n paccumTaHHble M0 ypaBHEHMUIO
perpeccun (Fitted) BesiunHbl RNXN\ 0TKI0HEHUSA OT IMHUKM perpeccun {Resi-
dual) (CLUA, 1931-1990 rr., ypaBHeHue: RNX= 94,2 -0,018 GNP- 0,631 ER)

KOB) ypoBHe. [/15 y/lyuyLlleHUs KayecTBa 3aBUCUMOCTU LiesiecoobpasHo
noncKaTb A0MO/THNTE IbHbIA 00 BACHAIOWMIEA (HhaKTop.

BBefem B ypaBHEHME perpeccmm Kak AOMNOSTHUTENbHYIO 06 bACHSAL0-
LY MepeMeHHYI0 Ba/IOTHBLIA Kypc npeabiayuiero roga EF{-N\). Mpu-
UNHOIA 151 3TOr0 CAYXKUT TO, YTO 3KCNOPTHO—MMMOPTHbIE KOHTPaKTbl B
cpegHeM noAanucbIBaloTCA MPUMEPHO 3a Mosiroda 4o UxX PakTMyecKoro
OCYLLIeCTB/IeHUS. 3Ha4YUT, N B paccMaTpuBaeMoi/i HaMn PYHKLUN 3aBU-
CMIMOCTU YMCTOr0 3KCMOopTa JO/DKEH ObITb NPMMEPHO MOJTyroA0BOLA Bpe-
MEHHOIA Slar Mexay 3KCNOPTHO-MMMOPTHLIMU MOTOKaMU U BSINSIOWUMN
Ha HMX MoKasaTesIs MK, B YaCTHOCTU Ba/IIOTHbLIM KypcoM. B aTom cnydae,
npy ANCKPETHOA OA0BOIA eAViHNLIE BPEMEHU, B KQ4eCTBE 00 bACHSAOLLNX
nepemMeHHbIX JO/DKHbI NpucyTcTBoBaTb EA 1 EK{-\).

NTak, cnegyowmm 3a nepuog, 1932-1990 IT. OLEHEHO cneaytouee
ypaBHeHuve:

RNX= 143,0 -0,m GNP- 1,92£/?(-!) +0,84"/? (6)
(34,4) (0,003) (0,47) (0,46)

(B ckobKax npvBeAeHbl CTaHAAPTHbIE OLLUNOKM)

KO = 0,50; DW= 0,54.



PucyHok 18.4. OetictBuTenbHble {Actual) n paccumTaHHble N0 ypaBHEHMIO
perpeccun (Fitted) BenmunHbl RNXN\ 0TK/10HEHUSA OT NMHKMK perpeccun (Resi-
dual) (CLUA, 1932-1990, ypaBHeHMe: RNX= 143,0 -0,018 C’/TP- 1,92 L} -1) +
0,84£1)

B ypaBHeHUN (6) BCe KOIPPULMEHTbI CTATUCTUYECKU 3HaUUMBbI (/>2),
M 00518 06bACHEHHOMA Aucnepcmn nepemMeHHoiA JTTYA'BbIpocsia fo 50%.
TpebyeT 34eCb MOACHEHNEA MONOKMTESBbHBIM 3HaK KoahhuumeHTa npm
rnepemMeHHoiA EK, rMocKosibKy pocT Ba/TIOTHOI0 Kypca AO0/HKeH NpUBOAUNTL
K COKpalleHMIo, a He K YBE/IMYEHUIO YMCTOro 3kcnopTa. [ia 3Toro
rnepenuLlem ypaBHeHNe perpeccnm B Crieaytoleia gopme:

RN X~ 143,0 - 0,018 <ry¥»— \,WWEK + 1,924M 7
(34,4) (0,003) (0,29) (0,47)

(B ckob6Kax NpuBeAeHbl CTaHA4apTHbIE OLLMOKN)

roe = ER - ER(-N).

B ypaBHeHUUn (7) y nepemeHHoiA EK yxe oTpyuaTesbHbIA 3HaK, a
MOSIOKUTESNbHBIA 3HaK y NepemMeHHoA EK 03HavaeT, UTo yem 6osibLie 3Ta
Be/IMUMHa, TeM (Npu gaHHoA EK) meHbLie EK(-\), ¢ KOTOpoiA BesindmHa
UYMCTOr0 9KCMopTa CBA3aHa OTPULIATESTIbHOLA 3aBUCUMOCTbIO. MOXKHO oLie-
HUTb TI06YI0 U3 3TUX 3aBMCUMOCTEIA (BK/1HOYasA Takke 3aBUCUMOCTb 8),
nonyyasi 3KBMBa/IEHTHbIE Pe3y/ibTaTbl C TEMU e 3HaYeHUAMN CTaHaapT-
HbIX OLUNBOK KO3 MNEHTOB, U TpaHCHOPMUPOBaATbL €e 3aTeM B J1H0-
6y10 ApYryto 3aBUCUMOCTb.

RNX= 1430 -0,018 CY¥P- 1,08 lL| -1) + 0,84 AL/l (8)
(34,4) (0,003) (0,29) (0,46)
(B ckobKax npvBeAeHbI CTaHAapTHbIE OLLNOKMN).
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O6paTnTe TaKke BHMMaHMe Ha COOTHOLLEHMS KO3(ULIMEHTOB W CTaH-
[apTHbIX OWNB0K B ypaBHEHUAX (6)-(8). 3Ha4YeHUS KO3IDPNLMNEHTOB
MEHSIOTCS B3aBUCUMOCTU OT crieymdurKaumm, a 3Ha4eHUsa cTaHaapTHbIX
OLLNBOK coXpaHAKTCA. Takum 06pa3om, A~CTaTUCTUKM Pa3/INyHbI, U MOX-
HO NoAo6paTh TaKylo cneunpuKaLmio U3 HECKOSTbKUX 3KBUBaAJSTIEHTHbLIX
Apyr opyry, KoTopas gaeT HanbobLuve No Moay o Be/IMUYNHBLI ?—CTaTuc—
TUK. C 3TO TOYKU 3peHns ypaBHeHUe (7) nydlue, Yem (6) nam (8), Tak
KaK y Hero Bce /-CTaTUCTUKM MpeBbIWAT no mMoaynto 3. Bbibop ypas-
HeHusa (7) MOXKHO cAefaTb U Ha OCHOBE TpeboBaHUS Hanboee Haru4-
HOA coiepXKaTesIbHOMA MHTeprnpeTauyn.

Jo6aBnM Tenepb BHOBb K HalLEA MOAE/ M 06 bACHAIOLLYIO NMEPEMEHHYHO
K5K{-\), y>ke NokasaBLLUYI CBOH CYLLIECTBEHHOCTb A/15 04HOIr0 13 Npo-
MEeXyTKOB paccMaTpMBaemMoro repmoaa BpeMeHu. MNosnyyaem ypaBHeHMe

KMX= 117,9 - 0,014 (7¥)P - 0,90-"1 + 2,09 AEK - 2\8/I6Tr(-1) (9)
(33,8) (0,003) (0,29)  (0,45) (0,81)
(B cKob6Kax nMpuBeAeHbl CTaHAAPTHbIE OLUNGKN).
= 0,56; 01¥= 0,68.

B ypaBHeHUW (9) Bce NepeMeHHble CTaTUCTUYECKU 3HAUMMbI, YTO
CBfA3aHO C TeM, YTO BHOBb BBeJeHHas nepemeHHasa A5K(-\) 06bscHsAeT
rnoBeAeHMe 3aB1CMMOIA nepemMeHHo/I KMXHa BpeMeHHOM Auana3oHe 1946-
1955 rr., rge He MpocsiIeXXMBaeTCA BIINAHUA APYTUX NepeMeHHbIX. B To
Xe BpeMsi, 4015 06 bACHEHHOIA AUCNepPCUU 3aBMCUMOIA NEPEMEHHOLA He
BO3pOC/ia CYLLeCTBEHHO MO cpaBHEHUIO ¢ (6), a cTaTucTuKa dapbuHa-
YO0TcOHa ocTaeTcs 6/IM3KOA K HY/IH0, YTO FOBOPUT O MOSIOKMUTESbHOIA
aBTOKOPPeNsLUN oCTaTKOB €. U TpebyeT YTOUHEHUS BUAA 3aBUCUMOCTM
WM cocTaBa 06 bACHALWMX NepeMeHHbIX. Te ke BbIBoAbl MOryT ObITb
cadenaHbl U Ha OCHOBaHUK rpaduka (puc. 5).

M3 rpagmka BUAOHO, YTO KosiebaHUA pacCuMTaHHbIX MO ypaBHEHULO
perpeccumn BesINYNH AA/XYaCTUYHO COOTBETCTBYHOT KOs1e6aHMAM haKTu-
yecknx BesimunH ANX B nepmoabl NPpUMEPHO € cepeuiHbl 1940-x no
Hayana 1950-x u ¢ Hadana 1970-x rogos. [o cepegnHbl 1940-X rogos v
B 1950-e - 1960-e rogpl MoAesib MO3BO/ISET OnmMcaThb SINLLb 0OLLMIA TpeHd
rnokasatens ANX, 4yTo BAaHHOM C/lyyae CoBepLUeHHO HeaoCcTaTouHo. PasHoe
noBeAeHVe OTK/IOHEHUIA €. Ha pa3/InYHbIX NPOMEXyTKax paccMaTpuBae-
MOro nepuoga M pasHbliA cocTaB 00BbACHAIOLWMX (HaKTOpPOB FOBOPAT O
TOM, YTO cneumnpmnKaLma Moaenuv Asis aTMX NpoMeXxyTKOB 0/1KHaA bbb
pa3fIMYHOLA.
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PucyHok 18.5. OevicteuTtenbHble {Actual) n paccumTaHHble Mo ypaBHEHUO
perpeccuun (Fitted) BennumHbl RNXN\ 0TK/10HEHUA OT NuHUK perpeccun (Resi-
dual) (CWWA, 1932-1990 rr., ypaBHeHne: RNX= 117,9 -0,014 Cy¥s- 0,90 £'/1 +
2,09£N1-2,18/r5/1(-1))

18.3. KoppeKkTunpoBKa MHTepBasia OLLEHMBaHUA JIMHELHOIA
PEerpeccroHHOIA  Moae v

3 aHa/IM3a oUeHEHHbIX YpaBHEHUIA perpeccum gsas Moaesivi YNCTOoro
3KCMopTa MOXHO cAeriaTh BbIBOA, UTO M3MEHEHUA Bas/IlOTHOro Kypca
CTa/M onpeaensaTb BE/IMUMHY peasibHOro 4mcToro akcropta CLU A nvwb
Ha py6exke 1960-x-1970-x roaos. s CTOMb PE3KOro U3MeHeHUs B3au-
MOAEMCTBMA MaKPO3KOHOMMYECKMX MoKasaTesieti A0/HKHa ObITb Kakasi—
TO 06BEKTUBHAS MPUUMHA, BblpaXKaloLwwlasacs B USMEHEHNN 3KOHOMMUYEC-
KOIA NOSINTUKU WX BHELLHEM “LLoKe”. B AaHHOM cnydae 06 bsacHeHNeM
MOXET C/YXXUTb TOT (hakT, 4To ¢ 1971 roga 6bu1 BBeAeH JlaBaloLMIA
Kypc foJsisiapa no OTHOLWEHUIO K Ba/IKOTaM ApYyrmx pasBUTbIX cTpaH. o
3TOr0 HOMWHa/IbHbIA KypC (OIMKCMPOBASICS, UTO UCKaXXaslo peasTbHbIA Kypc
M ero Bo3AeACTBME Ha 3KCMOPTHO-UMMOPTHbIE MOTOKW. JlInlib BO BTO-
poii nosioBnHe 1940-X rogoB posib Ba/IIOTHOMO0 Kypca B 06bACHEHUU
rnoesefeHVs mnokasarens urpana nNpoueHTHasn ctaBka K3K{-\).

B uenom, roesops 0 pasgesieHUy BPEMEHHOro MHTepBasla Ha yacTu,
OTMETUM, YTO OHO HEOBX0A4MMO B TEX C/y4dasiX, Korga 3HadeHusl napa-
MeTpoB {a MeHSANCb BO BpeMeHW (4TO HapyLuasio nNpearnocbisiky Moge-
71 JIVHEAHOIA perpeccun 06 X HEM3MEHHOCTU). EC/IN M3MeHsIMCb OHU
6o/1ee WM MeHee CKauKoo6pasHo, TO, pa3aesiss BPEMEHHO MHTepBasl
MOMEHTaMUN TakKMX “CKa4yKoB”, MOXHO pa3buTb ero Ha HeCKOJIbKO NH-
TepBas10B, Ha KaXK[AOM W3 KOTOPbIX MNPeArocbIKA MOAENN BbIMOSIHSA-
ncb. ONs NpoBepKU CTaTUCTUYECKOIA 3HAYMMOCTU pa3/inumns Koaggu-
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LMEHTOB Ha O0TAe/IbHbIX 0TPe3Kax paccMaTpuBaeMoro BpEMEHHOro NH-
TepBasia MOXHO UCMOS1b30BaTh /-CTAaTUCTUKY, 0 YeM rOBOPMJ/I0CH B Npes-
bIOYLLIEIA /1aBe.

WTak, Ha c/ieflytoLleM Liare Mbl MeHsieM cTpaTervio; BMecTo BBeAe-
HNSA HOBbIX 06 BACHALWNX NepeMeHHbIX pa3obbeM paccMaTpuBaeMblia
BpeMeHHoIA nHTepBas1 1931-1990 IT. Ha YacTu 1 BydemM JasiblUe COBEp-
LLIEHCTBOBAaTb KaX0e ypaBHeHMe perpeccuu 418 Toro BpeMeHHOro npo-
MEXyTKa, Ha KOTOPOM OHO paboTaeT JlyuLLe.

BHauasnie Bblbepem nepumop 1946-1962 rogoB U OLEHUM A1 HEro
ypaBHeHue Tuna (4):

RNX= 49,9 -0,032 CyVP- 1,538 RSR(-I) (10)
(14,1) (0,010) (0,485)
(B ckoBKax npuBeAeHbI CTaHA4APTHbIE OLLNOKW)
= 0,83; Dfv= 2,10.

YpaBHeHue (10) gaeT npymMep XOpoLUeid No BCeM rapameTpam 3KOHO-
MeTpuYeckoii mMoaenn. KoappuumeHTbl perpeccnmn 3HadunMbl; X /-cTa-
TUCTUKM MO MOAY/I0 MpeBbiwaloT 3. o5 06bACHEHHOA Aucnepcumn
3aBUCMOIA nepemMeHHoM (R-) cocTaBnseT 83%, a crtaTtucTuka JdapbuHa-—
YO0TCcOHa 04eHb 6/11M3Ka K 2, YTO MO3BO/ISET C BbICOKOIA CTEMNeHbIo yBe-
PEHHOCTU MPUHSATL FMMNOTE3Y 06 OTCYTCTBUM aBTOKOPPEISLMN OCTATKOB
nepBoro nopsaka. B 1o xe Bpemsa rpaguk (puc. 18.6) NokasbIBaeT, UTo
[aHHasi MoZeslb AEACTBUTE/IbHO X0pOoLUa SNLLb A/19 NEPBOIA MOS10BUHbI
pacyeTHOro nepuoaa; BO BTOPOIA ero rnosioBMHe MoAesib OMUCbIBaeT ULLb
06LWLMIA TpeHA, nokasaTtens RNX 1 He oTpakaeT OTK/IOHEHWUEA OT 3TOro

TpeHaa.

PucyHok 18.6. OeiAcTBuTesibHble (Actual) 1 paccumTaHHble MO YpaBHEHUIO
perpeccun {Fitted) BeimumHbl RNX', 0TK/I0HeHUs oT nHUK perpeccun (Residu-
al) (CLUA, 1946-1962 rr., ypaBHeHne; RN X= 49,9 -0,022 GNP-1538B-1))
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wr

606 '68'70' 72'74 76'Y8'sb‘8'2'84'85 88"
RESroUAL———ACTUAL ———- FITTED

PucyHok 18.7. OevictBuTtenibHble {Actual) wpaccunTaHHble MO ypaBHEHUIO
pedeccun {Fitted) BesimumHbl RNXN\ 0TK/10HEHUSA oT inHUKU pedeccun {Residu-
al) (CWA, 1965-1990 rr., ypaBHeHMe; RNX-= 393,7 -0,046 CYYP- 2,58 LL| -1))

Tenepb Bblbepem nepmog, 1965-1990 rr. (4TOO6bI MMETb HECKOJIbKO
[0NO/HUTENbHBLIX HabMaAeHNA nepen, 1971 rogom) M HaYHEM OLLEHUBA-
HMe ¢ ypaBHeHUs Tuna (5), BK/IIOUMB B HEM0 BpeMeHHOM ar B 1 roa,
[Monyyaem

RNX= 393,7 - 0,QA&GNP-2,5" ER{-\) (n)
(41,0) (0,007) (0,28)

(B ckobKax NpuBeAeHbI CTaHAAPTHbIE OLLMOKW)

P? = 0,82; DW= 0,89.

JT0 ypaBHEHME HaMHOro siyywie, Yem (5). Bce KOahPpUUMEHTLI CTa-
TUCTUYECKN 3HAYUMBbI, VX KO3(PPULMEHTbI Mo abCco/IOTHOLA BE/INYVHE B
7-10 pa3 NpeBbILLAIOT CBON CTaHAAPTHbIE OLLUMOKWN. YpaBHEHME COOTBET-
CTBYET MaKpO3KOHOMUYECKOIA TEOpUM, FOBOPSILLIEIA 06 0TpULaTEsSTIbHO
3aBMICMOCTU BESTNUMHBI PEa/IbHOI0 YMCTOr0 SKCIopTa 0T peasibHoro BHI
N BaJIIOTHOro Kypca. B3rnsHys Ha puc. 18.7, MOXHO OTMETUTb, YTO
paccuMTaHHble MO ypaBHEHUIO pedeccumn BenMunHbl BHTT 3a 1965-1990
IT. O4eHb 6/IN3KN K PaKTUHECKUM. EAMHCTBEHHOIA NpobsieMoiA ABMsSeT-
€S TO, YTO CTaTUCTUKA JapbruHa-Y0TCcOHa CyLLLeCTBEHHO MEHbLLIE ABYX, —
TakMM 06pa3oM, MOXXHO MOMbITaTbCA Y/YULWMTb 3TO ypaBHeHUe. pun
3TOM Mbl Haeemcs N36aBUTLCSA OT aBTOKOPPENSALMU 0CTaTKOB (TO eCTb,
nony4nTb 60nee 6/IM3Ky0 K AByM DW) 1, BO3MOXHO, YBE/INYUTL A0S0
06BbACHEHHO aucnepcnn RNX, To ecTb XK
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18.4. MynbTUKO/I/IMHEAPHOCTb

Tenepb MbI NpeanpuMemM 419 UASIKOCTPaLMn Lar, KOTopbliA Bnocnea-
CTBUM OK&XXETCS OLUMOGOYHbIM, HO MOMOXET MpPU 3TOM MOKa3aTb 0YEHb
BaXKHOE SiB/IEHME B OLLEHMBaHNN MHOXECTBEHHOIA perpeccum —MysibTu-
KO/ IMHEapHOCTb. MynbTUKO//IMHEAPHOCTb —3TO KOPPEesIMPOBaHHOCTb
OBYX WM HECKOJIbKUX 06 BbSACHALWMNX MepeMeHHbIX B ypaBHEHUN per-
peccumn. Npobaema MyibTUKO/IIMHEAPHOCTU BO3HUKAET TOJIbKO /1 Cr1y-
Yas MHOXXECTBEHHOIA perpeccumn, nockosibKy B MapHOLA pedeccuun Nullb
o4Ha 06bsAcHAOWan rnepemeHHas. OueHKa KoagduumeHTa pedeccun
MOXKET 0Ka3aTbCHA HE3HAUYMMOIA He TOSIbKO M3—-3a HEeCyLLEeCTBEHHOCTU AaH-
HOro )akTopa, HO 1 1U3-3a TOro, YTO TPYAHO pa3haHNUYNTb BO3OEACTBYE
Ha 3aBUCVIMYI0 MEpPEMEHHYI0 ABYX WM HECKO/IbKUX (haKTopoB. 3TO0 6bli-
BaeT B TOM C/lyyae, KOrja Kakme-To (hakTopbl JIMHEIAHO CBSA3aHbl MeXay
co60i/ (KoppesimpoBaHbl) N MEHSAKTCA CUHXPOHHO. CBS3b 3aBUCMMOIA
MEPEMEHHOLA C M3MEHEHUSIMU KaXXA0r0 U3 HUX MOXXHO onpeaesivThb, TOSTbKO
€C/IN B YMC/10 0O BACHSIOLWMX NEePEMEHHbIX BK/IHOYAETCs /UL 0AUH U3
3TUX (PaKTOPOB.

Mpunpoaa MyfbTUKO/IIMHEAPHOCTU Har/isaHee BCEro MOXeT ObITb Mpo-
[eMOHCTpMpoBaHa Ha rnpumMepe COBEPLUEHHOIA MY/IbTUKOI/IUHEAPHOCT,
TO eCTb CTPOrOIA SIMHEIAHOIA CBA3N Mexay 00 bACHALWMMN NepeMeHHbI-
MU. Hanpumep, ecyim B ypaBHEHUM

>=P,+P,x,+ p,X,+6 (12)

06BbSACHSIIOWME MEePeMEHHBIE X, U X, CBA3aHbI JIMHELAHBIM COOTHOLLEe-
Hvem X, = X], TO ncxogHoe ypaBHEHWE CBOAUTCA K YpaBHEHUIO Mpo-
CTOA JWHEIAHOIA perpeccum

= Po+ P M+ PoMAM 6= Pot P ALK

B KOTOPOM MOryT GbITb MO/lyYeHbl OLEHKN KO3IDDULIMEHTOB U p,’
=P|] + Ap,- MNocnegHee ypaBHeHWe MpeACcTaB/isieT coboiA 04HO ypaBHeHVe
C OBYMSl HEM3BECTHbLIMM P, U p,, KOTOpble HalAOeHbl Mo OTAESIbHOCTY,
€CTECTBEHHO 6biTb HEe MOryT. TakuM 06pa3om, CoBepLUeHHasi My/ibTu-
KOJ1/TMHEapHOCTb He MO3BOJISIET OMNpeAe/ T KoahpULMEHTbI perpeccum
(B AaHHOM mipyMepe p, U p,) U pasaesnTb BKMaabl NepeMeHHbIX X, U X, B
06bsICHEHVE MOBEAEHNS MEPEMEHHOIA Y.

HecoBeplUeHHast My/IbTUKO/TIMHEapHOCTb, TO eCTb CTOXacTUUecKast
CBA3b MepeMeHHbIX X, N X\, XapaKTepusyeTcsl Be/IMUMHOIA KoaphuLmneH-
Ta Koppesiaunmv ¢ Mexay HUMm. Yem 6/ivxe 1o abCosTtoTHOIA Be/iMumHe
3HaYeHne Ko3hPULIMEHTa KOppesunn K eavHuLE, TeM 6/Ike My/isTU-
KOJT/TMHEAPHOCTb K COBEPLLUEHHOM M TeM TpyAHee pa3aeniiTb BAVSHUS
06BACHSAIOLWMX MEePeMeEHHbIX U X, Ha MoBeAeHWe NepemMeHHOIA 1 TeM
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MeHee Ha[eXHbIMW ByayT OLIEHKN KO3(h(hULIMEHTOB perpeccum npu aTnx
NepeMeHHbIX.

MpeAnosIoKNM, YTO YACTBIA IKCMOPT 3aBUCUT OT MoTpe6s1eHnst; noc-
KOJIbKY CYLLIECTBEHHAs YacTb UMMOPTUPYEMOIA MpoAyKLUUN NoTPe6siseT-
csl, 419 3TOro ecTb 0CHOBaHUSA. /151 3TOro BBeAEM B Moc/iegHee ypaBHe-
HVe A0MNOSTHATE TbHYIO 06 bACHSIOLLLYI0 NepeMeHHY: BESIMUNHY peasib-
HbIX NoTpebuTenbckux pacxonos CONS (Real Consumption Expenditu-
res). Monyyaem ypaBHeHMe

RNX-- 406,6 - Q,Q1GNP -2M-ER(-\) + 0,035 COYY" (14)
(70,1) (0,110) (0,31) (0,152)

(B ckobKax mpuBeAeHbl CTaHO4aPTHbIE OLLUGKM)

R-= 0,82; DW= 0,87.

Mbl BUOUM 34ecb, YTo R- 1 DW He cTasin nydule - nepemeHHas
CONS He gaeT A0MONHUTENBHOIA UHDopMaLnm /it 06 bACHEHUS MoBe-
OeHnsa RNX. OgHako 34eck cpa3y ABa KoadduumeHTa pedeccmm okasa-
JINCb CTATUCTUYECKN HE3HAUUMbIMU — KO3PULIMEHT MpU nepemMeHHoIA
rnotpebnieHns CONS (4TO MOHATHO) N KO3I(PULIMEHT NpU rnepemMeHHoA
GNP (4o TpebyeT 06bsicHeHUs1). Npobsiema 34ecb COCTOUT B TOM, YTO
nepemeHHble GNPw COMY cubHO KoppesinpoBaHbl MeXay co60iA - 3a
nepmog 1965-1990 IT. UXx KoaphuuMeHT Koppensauun paseH 0,9978.
WTakK, gake ecnn cyLecTBYeT CU/IbHOe BAIMsiHME Ha J11'/T'06enx nepemeH-
HbIX GNPw CONS, Mbl He MOXXeEM pa3fesinTb 3TO B/INAHWE MNPU OLEeHU-
BaHUM pedeccmmn NoAaHHbIM Hallieid BbIGOPKW. M03TOMY Mbl MCK/IOYa-
€M 13 Yncna 06 BACHALWNX TOSbKO YTO BBEAEHHY nepeMeHHyto CONS.

B obLiem cnyyae, ecyivi NMpy oLeHKe ypaBHEHUS pedeccnin HeCcKoslb-
KO (JaKTOpOB OKa3a/INCb HE3HAYUMbIMMW, TO HYXXHO BbIACHUTb, HET SN
cpeamn HUX CUSTbHO KOppesiMpoBaHHbIX Mexay co6oiA. [ aToro pacne-
YaTbIBaeTCA KOppensuuoHHaa marpuua (3To NpeaycMoTpeHo cTaHaap-
THbIMW CTAaTUCTUYECKMMMW MPOrpaMMHbIMU MakKeTamu), 1 npoBepsieTcs
CTaTUCTUNYECKAsA 3HAUMMOCTb KO3(h(MLIMEHTOB NapHOA Koppensauun. Mpu
Ha/IM4YnK Koppensauum oauH 13 napbl CBA3aHHbIX MeXAy coboia haKTo-
poB UCKJIlOHaeTcs, IMbB0 B KavecTBe 06bACHAIOLLEro hakTopa bepeTtcsa
Kakas-To X PyHKUMA. Ecnm ke He3HaunMMbIM 0Ka3asica TOSIbKO OA4UH
(hakTop, TO MOXHO ero UCK/IIUNTb WK 3aMEeHUTb ApYrumMm (XoTS, BO3-
MOXXHO, Ha KakOM-TO 60/1ee KOPOTKOM MPOMEXYTKE BPEMEHW A3HHBIIA
(hakTOp OKasasica Obl 3HAYMMbIM).

18.5. KoppeKTupoBKa MOAEL/IN YUCTOro 3KCnopTa

CrieaytlolpiA - Wwar B pasBUTUN MoZen PYHKLWM YMUCTOr0 3KcropTa
[0CTaTOYHO O4YeBUAEH — Mbl A06aBMSEM 0OBACHAIOLLYIO NepeMeHHYo
/"ER, KOTOpas y)e nokasasia CBOK 3Ha4YMMOCTb B (DYHKLUW YMUCTOrO
3KcrnopTa 3a Becb nepuog 1931 - 1990 rr. Nonyyaem ypaBHeHuMe
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RNX= 370,5 -0,044-gnp - 242-EA(-\) + 0,67 AER (15)
(42.3) (0,007) (0,29) (0,42)

(B cKo6Kax NpuBeAeHbI CTaHAAPTHbIE OLLMOKIN)

& = 0,84; DiVv= 1,32

3aecb KoadmumeHT npu AER He CAVLLIKOM 3Ha4MM, HO ecsin nepe-
nu1caThb TO XXe ypaBHEHMe Mo-Apyromy, oH oKa3blBaeTCcA BrosiHe CTaTuc-
TUYECKN 3HAYNMbIM:

RNX= 370,5 - 0,044-GNP - 2,42 ER + B\DaEP (16)
(42.3) (0,007) (0,29) (0,42)
(B cko6Kax npuBedeHbl CTaHOAPTHbIE OLLMOKN).

CtaTucTmka JapbuHa-YoTCcoHa 34eCb HAMHOIO JlydLle, YeM y npea-
bIAYLLMX YPaBHEHWIA, HO eLlle 0CTalTCA BO3MOXHOCTU YJTyULLEHUA KakK
ee, Tak U 0onm 06bscHeHHo aucnepcun RNX. BBeaeHMe 06bACHAOLLEIA
nepemeHHoA npupocta BHIM AGNP= GNP - GNP(-\) nomoraeT yBe -
UNTb 3HaveHne R-=

RN X= 339,0 -0,0b" GNP - 0,\n-AGNP -2N\5ER + 2,lUAEP (17)
(34,9) (0,005) (0,048) (0,24) (0,35)

(B cKob6Kax npuBedeHbl CTaHAAPTHbIE OLLNOKIN)

/?72=0,90; DW=\,\2.

30ecb KO3hPULMEHT Mpu MepeMeHHoI oTpuyLaTeNEeH, KaK U
KoahpuumeHT npn GNP. 519 nocsiegHero NnpyuynHa acHa: pocT Aoxoaa
B MEepBYI0 oYepeb BbI3bIBAET POCT MMMNopTa. OTpUUATESIbHbIA 3HAK KO-
appumumeHTa nNpu AGNP MOXET 6bITb 06bACHEH C/eayOLWMM 06pa3omMm.
Mpn gaHHOM 3HaveHUN Tekyuwero CYYP6osbwasa sBesinimHa CJ/1do3Ha-
YaeT 60/IbLUMIA ero NPUPOCT, YTO YUNTbIBaeTCS NOTpedGUTeIeM Npy MNpo-
FHO3MPOBaHMKM MpPUpPOCTa Aoxoaa B byayulem rogy. Ecniv oH oxupgaeT,
YTO B C/IEAYIOLLIEM TOAY €ro A0X04 CYLLEeCTBEHHO BO3PaCTET, TO OH MOXET
YBEIMUUTL NOTpebsieHNne NMMMOPTHbLIX TOBApOB YXKe B TeKylleM rogy. B
pe3ysibTaTe COKpallaeTCs UYMCTbIA 3KCMOPT. 34eCb MOXHO BUAETb pa3Hu-
Ly B BO3OEMCTBUM Ha YACTbIA 3KCNOPT NPUPOCTOB BaV/IKOTHOMO Kypca v
o6bema BHI: BaXXHbIMW 0Ka3a/IMCb Ba/IlOTHLIA Kype NpeablayLiero roga
U OXUOAEMbIA 00X0[4, cneaytollero roga. MoaTomMy, XoTsa 3HakKM Ko3ad-
hnumeHTOB nepeMeHHbIX ER 1 GNP o06a oTpuuaTesibHbl, 3HaKu npu
BeJ/INYMHAaX MpMpocTa 3TUX MokasaTesiei1 B ypaBHEHUM perpeccun pas-
JINYHBL.

MonyyeHHoe ypaBHeHVe nNpuemsiemMo o BCeM napameTpam, SiNLLb CTa-
TucTuka apbrHa-YoTcoHa roBOpUT 0 BO3MOXHOM HasIM4MM HEKOTOPOIA
aBTOKOppensAumn 0CTaTKOB. BO3MOXXHOCTb 406aBf1IeHNS HOBbIX 06 bACHS-
IOLLKUX MepeMeHHbIX 34eCb YXKe MpakTUYecKn ucyepriaHHa, U MOXXHO
cUMTaThb, YTO OCTAalLLAACa aBTOKOPPEesisaLMs OCTATKOB 06YC/10B/IeHa
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BHYTPEHHUMIW CBOMACTBaMU PSAOB €. B 3TOM c/lydae, HanpumMep, MOXHO
1CM0/1b30BaTh aBToOpeeccCMoHHOoe npeobpasoBaHMe NepBoro nopsiaka

CMbIC/T KOTOPOI0 B Yy4ueTe JIMHEHOIA pehecCMOHHOA CBSI3U COo-
ceHVX OTK/I0HEHNIA e . 3To 6yaeT caenaHo B riase 19,

18.6. MNpocTerilume MeToabl SIMHeapU3aLLmMn

B mpouecce NOCTPOEHUS U pa3BUTUS MOAE/ N (PYHKLIMM YNCTOrO K-
cnopTa Mbl pacCMOTpPESIN PSA OCHOBHbIX MOAXO0A0B K Y IyULLEHUIO CTa-
TUCTNYECKOro KayecTBa mMogenn. o cux mop Mbl FOBOPWUIN SMLLb O
JMHELAHOIA petheCCMOHHOIA MOAEN, 04HAK0 HEPeaKO CBA3b MeXay 3KO-
HOMWNYECKNMW MepeMeHHbIMN CYLLIECTBEHHO HesMHelHa. B 3aksitoueHve
3TOM I/1aBbl PACCMOTPUM HEKOTOpPble METOAbI CBEAEHNST HEJIMHELAHOIA MO-
Oenn K NIMHeAHoIA, nn ee nuHeapusaummn. Caenaem 3To Ha npvmepe
MOCTPOEHUS MaKPO3IKOHOMMYECKUX MPOU3BOACTBEHHbIX (hYHKLNIA.

Mpeanos1oXkKmnMm, YTo A/19 HEKOTOPOLA MoAeNn NIMHeHas cneumgpnka-
uns He fgasia npuemMmsieMbIxX pesysibTaToB, M U3 aHa/In3a pas/INyHbIX CTa-
TUCTUK U hadh M KOB Mbl YCTaHOBU/IU, YTO CBA3b NEpPeMeHHbIX HeSIMHE-
Ha. 9TO0 03Ha4aeT, UTO HY)XKHO OLIEHUTb YpaBHEHMEe HeSIMHEAHOM pediec-
cuu. 151 OLeHKU He/IMHEAHOIA peeccuin CyLLeCTBYHOT pa3/INyHbIe My T
Bo-nepBbIX, CYLECTBYOT METOAbI 1 a/irOpUTMbI OLlEHUBaHUST HESTMHEIA-
HbIX 3aBUCMMOCTEIA: NpeasioXKeHHas 13 anpuopHbIX co0bpaxkeHNIA dop-
MyJsia OLLleHMBaeTCs, Hanpumep, MeToA0M HauMeHbLUVX KBaapaToB. 34eCh,
TaK Kak peydb UAET 0 JIMHELAHOA perpeccnmn, Mol 3TU MeToAbl paccMaTpu-
BaTb He byaem.

Ecnn HenvHeAHas 3aBUCMMOCTb MOXET ObITb 3anvcaHa B BUAE CYyM-
Mbl (OYHKUMIA OT HEM3BECTHbLIX X. (Hampumep, = M+ (X, + cX,— +
AXj), TO MOXXHO NOCTPOUTb HOBblE psabl AaHHbLIX (419 NpuMepa B CKO6-
Kax —psaf OaHHbIX X,-) W OLLeHUTb C HUMW JIMHEMHYO pedeccuio. Ha-
16osiee pacrnpocTpaHeHHbE BbI DYHKUVEA 1 Npeobpa3oBaHUIA AaHHBIX,
HeobXxoAnMbIe 4715 MOCTPOEHUSA HYXXHOIo Habopa HOBbIX MepeMeHHbIX,
06bIYHO 3a/10KeHbI B NPUKIaAHble perpeccuoHHble NakeTbl. MycTb, Ha-
npumep, TpebyeTcs OLEeHUTb napamMeTpbl NPOU3BOACTBEHHOIA (DYHKLMN
Ko6b6a-Ayrnaca Y - AK”D. 518 nuHeapusaunun nposiorapnpmupyem
0be yacTu:

n = m/A+aln/:+pinl. (18)

MonyyeHHas opmyna JIMHeAHa OTHOCUTESIbHO J1I0rapnMoB BbInyc-
Ka Y, kanntana Kwu Tpyga L, 1 oHa MOXeT ObITb OLeHeHa KaK MHOXeC-
TBEHHasA /IMHelAHas peteccus. bonee cnoxHbie GopmMy bl (Hanpumep,
yHKuuno CES

(M, =*H1-M)X3 *)"/) (19)
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MOXHO OLIEHUTb NyTeM pa3siokeHUs B psd. Kak n3BecTHo, ntobas
andepeHumpyemMas GyHKLNA MOXET ObITb passiokeHa B psf, Mo cTene-
HSIM HE3aBUCUMOLA MEPEMEHHOIA X B OKPECTHOCTMW /10604 TOUKU. 3aTeM
0CTaB/IAIOTCA HECKO/IbKO Hambosiee BaXKHbIX 41eHOB psaa (ocTasibHble
0T6pacbIBalOTCS), U MO HAM OLEHMBAETCS JIMHEAHAs perpeccus.

Ecnn Hy>kHO oueHnTb M® Kobba-Ayrnaca ¢ a+(3=1, To genaetcs
cnepaytolLiee npeobpasoBaHue:

Yy K ¥ K
—_— Ll - 20
—=A 1 “=m = /4 + 1n £ (20)
[Janee oueHVBaeTca NapHas MHeAHan peeccmsa norapmgpma npoms-

BOOUTEJIbHOCTU Tpyda oT norapl/l(bma KarnTas10BOOPY>XEHHOCTU

Hy>HO VMEeTb B BUAY, YTO €c/in C (hopMyJsI0iA CBA3U AenakTcs Ka-
Kre—To npeobpa3oBaHUs, TO MEHSAOTCA CBOMACTBa oLIn6oK e.Ecnuv ans
HUX Mpeanosiarasiocb HopMasibHOe pacripefesieHre ¢ Hy ieBbIM MaTema-
TUYECKUM OXXMAaHMeM, To rocsie, Harpumep, JiorapngMmpoBaHus npa-
BOI/ HaCTM OHO Y)Xe TaKuM He ByaeT. 3To cepbe3Has npobsema, nsydae-
Masi 3KOHOMETPUKOM. Mbl Ha Hell 0OCTaHaB/IMBaTbCs He ByaeM, MpocTo
0TMETUB ee Hannuue. 8 NpocToTbl ByAeM cuuTaTb, UTo (Tam, rae 3To
BO3MOXXHO0) OTKJ/1I0HEHUSA €. 06/184a10T HY)>KHbIMWU CBOIACTBaMU UMEHHO Y
WUTOr0BOIA, JINHEapM30BaHHOIA 3aBMCUMOCTW.

Ecnn 3aBMCMMOCTb OLIEHMBAETCS M0 AaHHbIM BPEMEHHbIX PSA0B, TO
YacTb TPeHAa 3aBUCUMOIA MepeMeHHOIA MOXET 00 bACHUTLCA AeIACTBOBAB-
WM BO BpeEMEHU (haKTOpaMm, KOTOPbIE B COBOKYMHOCTU MOryT yun-
TbIBaTbCA MPOCTO BK/IHOYEHUEM B ypaBHEHME HEKOTOPOIA 3aBUCUMOCTMU
0T BpeMeHU. Takas 3aBUCMMOCTb MOXET ObITb, HanpumMep, JIMHELAHOIA
WM 3KCMOHEHUMasTIbHOM (M3MEHEHME C MOCTOSAHHbIM TemMroMm). B vacT-
HocTn, M@ Kobba-[yrnaca MOKET YUUTbIBATb HEATPa/IbHbIA TEXHUYEC-
K/IA Nporpecc ¢ MOMOLLbI0 MHOXUTeNSA €™

Y= AKN<, (21)

Mocne NuHeapusaumn aTta popmyia CTaHOBUTCSA Creaytoweii: In Y=
In A +«10/" +plnl B 1 MOXKeT ObITb OLEeHEHAa C MOMOLLLLID MoAe v
JWIHELAHOA perpeccum.
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8.

9.

Bonpocbl K rnase 18

B KakuXx c/yyasix He06Xo04VIMO YTOUHEHWE JIMHELAHOIA pedieCCUOHHO A
MOZE/IM U KakK OHO ocyllecTBseTca? Ania nyHKToB 2-5 npuBeauTe
COOTBETCTBYIOLLME MPUMEpPbI C MOAESILIO YACTOr0 3KCMNOoPTa.

Korpa Heob6xo4MMO BbiBeZleHVIE N3 PaCCMOTPEHUS HE3HAUYNMbIX 00b-
ACHSIOLLMX MEPEMEHHbIX 1 A06aB/1EHME HOBbIX MEPEMEHHbIX?

B Kakux crlyyasix ocyLlecTBseTcs pa3brueHne BpeMeHHOro MHTepBa-
12 Ha 4acTu 1 OLLeHKa UCXOAHOIA Wi HOBOA (hopMy /bl peheccuun Ha
KabXKOO0A N3 HUX?

Korga Heob6xoammo rnpeobpasoBaHMe MCXOAHbLIX AAaHHbIX C Lesibio
YCTPaHUTb UX HeXeslaTesibHble CBOMACTBA?

B Kakux clyyasix ocyLLecTB/ISeTCs NOCTPoeHNEe HeSIMHEMHbIX crneLu-
(hMKaLMIA ypaBHEHUS! perpeccuu ¢ MnocsieayoLeiA nx inHeapusaLumvein
(M OLEHKOA HESIMHELAHOIA perpeccmn)?

Kakve 06bACHSALWME NepeMeHHbIe BK/IHYAIOTCA B MOAE b YNCTOIO
akcnopTa? Kakue 13 HUX 0KasaslMcb 3HAYUMbIMU U MoYeMy?
O6BACHNTE SIB/IEHNE MY/IbTUKO/I/IMHEAPHOCTU. UTO Takoe COBEepLUEH-
Hasi My/IbTUKO/I/IMHEapHOCTb?

Kak ycTpaHNTb My/IbTUKO/IIMHEAPHOCTL? [0SACHUTE Ha NpyMepe Mo-
[env YncToro akcnopTa.

Kak nMHeapn3oBaTb Mpou3BOACTBEHHYO hyHKLUMIO Kob6ba—-yriaca?
[ns yero 3To Heo6xoAMMO?

10. Kakue npo6/1emMbl crieuupuKaumm olM60K BO3HMKAIOT MpU JINHea-

pu3auumm ypaBHeHUs pedeccnm?



'TTABA 19
HEKOTOPBIE CMNELUVA/bHBIE MPUK/IALHbIE
METO/Abl 9KOHOMETPUKM

B npeabluyLLMX rfaBax 6bU11 pacCMOTPEHbI MOAESIN MapHOIA N MHO-
YKECTBEHHOIA JIMHEAHO pedeccum, a Takke 3a4a4M 3IKOHOMUYECKOro
aHaIn3a, peLlaemMble ¢ MOMOLLLIO 3TUX Moderiein. O4HaKo AasieKo He Bee
334a4uM nccrief0BaHNS B3aMMOCBSI3EIA 9KOHOMUYECKMX MNepeMEHHbIX 0Mu-
CbIBalOTCS 0ObIYHOIA JIMHELAHOMA perpeccuoHHoiA Mogesnbto. Bo-nep-
BbIX, UICXOAHbIE AaHHble MOryT He COOTBETCTBOBaTb TEM WM UHbIM MNpes-
Mnocbl/IKaM JIMHELAHOIA peheCCUOHHOIA Moaes v 1 TpeboBaTb /160 Aomnos-
HUTENbHOA 06paboTKK, IGO0 MHOM0 MOAE/TIbHOM0 MHCTPYMeHTapus. Bo-
BTOpPbIX, MCC/ieAyeMbIIA MpoLLecC BO MHOIMX C/ly4vasix OrNUCbIBaeTCs He
O0QHVM ypaBHEHWNEM, a CUCTEMOIA, rAe O4HU U TeXKe NnepeMeHHble MoryT
6bITb B 04HUX C/TyYasiX 060 bACHAKLWMMMW, a B APYTrvxX —3aBUCUMbIMUN. B-
heTbuUX, nccrieayemble B3aMMOCBA3M MOMYT 6bITb (M 06bIYHO ABAOTCS)
HeSIMHEHbIMIY, a NpoLeaypa SinHeapm3aLnum He BCeraa Sierko ocylec-
TBUMa U MOXET MPUBOAUTL K UCKAXKEHUAM. B-4eTBepTbIX, CTPYKTypa
OMUCbIBaEMOro MnpoLecca MoOXKeT 00yC/I0BIMBaTL Ha/lnume pa3sIn4HOro
pofa CBA3elA Mexay OLeHNBaeMbIMN Ko3puLmeHTaMun pedeccum, 4To
Takoke npeanosiaraeT Heo6Xxo4MMOCTb UCMO1b30BaHUSA creumasibHbIX Me-
ToAoB. HacTosLwan rnasa nocesLleHa 0630py CUTYaLMIA, TpebyolwmX Bbk
X0Aa 3a paMKW CTaHAapPTHOA MOAEeSI JINHEAHO pedeccnn, U Noaxoaos
K UX UCCNen0BaHMnIo.

Hawnb6onee pacnpocTpaHEHHbIM B MPaKTUKe CTaTUCTUYECKOr0 OLLeHU-
BaHVs rMapamMeTpoB YpaBHEHWIA perpeccuu SIBISieTC METOA HaMEHbLUINX
KBaApaToB. 3TOT METoA 0CHOBaH Ha psiae npeanocbl/I0K 0THOCUTESTbHO
npupoAabl AaHHbIX U pe3ysibTaToB MocTpoeHus moaenn. OCHOBHble U3
HUX —3TO YETKOE pasfesieHne NCXOAHbIX NepeMeHHbIX Ha 3aBUCUMbIE U
He3aBUCUMble, HEKOPPESTMPOBAHHOCTb (DaKTOPOB, BXOAALLMX B ypaBHe-
HWS, JINHEAHOCTb CBSA3U, OTCYTCTBME aBTOKOPPeIsSLMN OCTaTKOB, paBeH-
CTBO MX MaTeMaTUYeCKUX OXXUAAHUIA HY 0 1 NOCTOAHHAA Aucrnepcus.
3Mnupnyeckue gaHHble He BCcerga 06/1a4al0T TakMMn XapakTepucTuKa-
MU, T.e. npegnocbikn MHK HapywatoTca. NpumeHeHMe 3Toro MeToaa
B YUMCTOM BUAE MOXET MPUBECTU K TaKUM HeXeslaTeslbHbIM pe3ysibTaTtam,
KaK CMeLLLeHMe OLeHMBaeMbIX napamMmedoB, CHMKEHME NX COCTOATE 1b-
HOCTW, YCTOMAUYMBOCTU, @ B HEKOTOPbIX C/TyyasiX MOXeT U BOBCE He OaTb
peweHus. ONa cMArvYeHns HexxenaTe ibHbIX 3(MeKTOB NMpy MocTpoeHNn
pedeccMoHHbIX YpaBHEHWIA, MOBbILLIEHWS aAeKBAaTHOCTU MoAE el cyLilec-
TBYET psf, ycoBepLLEHCTBOBaHMIA MHK, KoTopble NpuikeHsaTcs 4715 AaH-
HbIX HECTAHAAPTHOMA MpuUpoabl.
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19.1. B3BelLeHHbIIA MeToA, HauMeHbLUMX KBagpaToB (We-
ighted Least Squares, WLS)

OpHoA 13 0CHOBHbIX runoTes MHK aBnseTca npeanonoxeHwe o
paBeHCTBe ANCMEPCUIA OTKIIOHEHUIA €,, T.e. X pa3bpoc BOKPYT cpeaHero
(HyneBoro) 3HaueHus psga Ao/HKEH ObITb BE/TMUMHOIA CTabUIbHOIA. 3TO
CBOIACTBO Ha3bIBaeTCA roMOCKeAaCTUYHOCTLIO. Ha npakTuke gncnepcum
OTKJ/I0HEHMIA [0CTATOYHO YacTO HEOAMHAKOBbI, TO eCTb Hab/t04aeTcs re-
TEepoCcKeAaCTUYHOCTb. 3TO MOXET ObITb CIeACTBMEM pa3HbIX MPUYUH.
Hanpumep, BO3MOXHbI OLUMOKU B MCXOAHbIX AaHHbIX. Cry4yaiiHble He-
TOYHOCTU B UCXOOHOM MHGOpMaLum, Takme Kak olWn6KU B nopsigke
yumcen, MOryT OKas3aTb OLUYTUMOE B/IMSIHME Ha pe3ysibTaTbl. YacTo 60/1b-
LA pa3bpoc OTK/IOHEHMIA e. HablodaeTca Npy 60bLLINX 3HAYEHUAX
3aBUCUMOIA MepeMeHHOIA (NepeMeHHbIX). Ecnin B AaHHbIX COOEPXUTCH
3HauUUTesIbHas OLLINGKa, TO, eCTECTBEHHO, 60/1bLLUMM BYAET U OTKJIOHEHNE
MOAe/IbHOr0 3Ha4YeHMs, pacCYMTaHHOr 0 Mo OLWMBOYHbIM AaHHbIM. [
TOro, 4Tobbl N36aBUTLCA OT 3TOMA OLUMOKN HaM HY>XHO YMEHbLUNTbL BK/IaS,
3TUX AaHHbIX B pe3y/ibTaTbl pacyeToB, 3304aTb A/19 HUX MEHbLUNIA Bec,
yemM A9 BCEX OCTa/IbHbIX. 3Ta naea peasin3osaHa Bo B3selleHHoM MHK.

MycTb Ha NepBOM 3Tare oLUgHeHa SIMHeAHasA perpeccMoHHas Moaesb ¢
rnomoLbo 06b14HOro MHK. MNpeanonoxum, 4To ocTaTKKU €. He3aBUCK-
Mbl MeXAY CO60IA, HO UMEKT pa3Hble ancrnepcun (NOCKOsIbKY TeopeTu-
yecKMe OTKJIOHEHMS €. Heslb3s paccumTaTb, MX 00bIYHO 3aMEHSHT Ha
(haKTMyecKne OTHOHEHUS 3aBUCMMOIA MEPEMEHHOA OT JIMHUWN perpec-
cumn e, 419 KOTOoPbIX (hopMYJTMPYHOTCA Te Xe UCX0AHble TpeboBaHUSA, UTo
n gna e). B aTom cnyvae KBagpaTHyH MaTpuuy KoBapuauuia co\{e.,e®
MO>XXHO MpeAcTaBuTb B BUAE:

si 0 O 0
0 Si 0 0

K= 0 0 s 0
0O 0 O

roe coy(e.,e.)=0 npn jp\coy(e.,e.)=5/; N —4MHa paccMaTpMBaeMoro
BPEMEHHOI0 psaa.
Ecnn Be/IMUYMHbI 5—- M3BECTHbI, TO Aa/iee MOXHO MPUMEHUTL B3Be-

1
LWeHHbIA MHK, NCrosib3ysa B Ka4yecTBe BeCOB BEJ/IMYMHbI ~ N MUHUMWN-

31pysl cymmy
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-a- b

dopmyna 3anucaHa A4/ NMapHoMA perpeccumn; aHaslornMyHbIA BUL,
OHa UMeeT W 411 MHOXECTBEHHOIA SIMHEeAHo pedeccuu. Mpu ncnosb-
30BaHUU W/150UEeHKN NapamMeTpoB He TO/IbKO MoJslyyaroTcsl HECMELLLEH-
HbIMN (OHW 6yayT TakoBbiMW W Ansa 06blyHOro MHK), Ho v 6ornee
TOYHbIMU (MMEKOT MEHbLUYH ANCMEPCUID), YEM HEB3BELLEHHbLIE OLIEHKMW.

Mpobsiema 3ak1oyaeTcs B TOM, YTOObI OLLEHUTb BESINYUHbI noc-
KOJ/IbKY 3apaHee OHW 00bIYHO Heu3BecTHbl. [03TOMy, UCMOsSib3ys Ha
nepBoM 3Tare 06bMHbIA MHK, Hy>)XHO NonNpo6oBaTb BbIACHUTL NPUYK-
HY 1 XapakTep pas/iMyunia gucnepcnia e.. [N SKOHOMUYEeCKUX AaHHbIX,
Hanpumep, BesiMymHa cpeaHeiA oLNOKN MOXET 6bITb NPOMopLoHasibHa
abCcosII0THOMY 3HAYEHUI0 HE3aBMCUMOA MEePeMEHHOIA. 3TO MOXHO Mpo-

1
BEpUTb CTAaTUCTUYECKUN N BKIOUUTL B pacdeT MHK Beca, paBHble —.

CyLLecTBYIOT cneLpasibHble KpUTEpUM U Mpoueaypbl NPOBEPKU paBeH-
CTBa AUCMNEPCUA OTK/IOHEHNIA. HanprMmep, MOXHO paccMoeTb YacTHoe
0TAeNeHNs CyMM CaMblIX GOMbLLMX U CaMbIX MasIeHbKUX KBaapaToB OT-
KJ/TIOHEHWUIA, KOTOpPOe A0/IKHO UMETL pacrpefesieHve duwiepa Bc/lyyae
roMOCKeJacTUYHOCTU.

Vicnonb3oBaHWe B3BELLEHHON0 METOAA B CTaTUCTUYECKMX MakeTax,
rge rnpefocTaB/fieHa BO3MOXKHOCTb 33/1aBaTb Beca BPYYHYHO, MO3BO/ISET
perynupoBaTb BK/1a4 TeX WM UHbIX AaHHbIX B pe3y/ibTaTbl NOCTPOEHUS
MoerieiA. 3To HeobXoAMMO B TeX Crlyydasnx, Korga Mbl anpruopHO 3HaeEM 0
HETUMNWUYHOCTU KakOIA-TO YacTu MHMOpMaLMK, T.€. Ha 3aBUCMMYIO nepe-
MEHHYI0 OKasbIBa/IM B/USHWE (PaKTOpbl, 3aBe0MO He BK/lOHaeMble B
MoZesib. B KauecTBe npriMepa Tako cUTyauuy MOXHO MpUBECTU CrTyYan
CTUXMIAHBIX 6eACTBUIA, 3acyX. Mpy aHasIM3e MaKpoSKOHOMUYECKUX Mo-
kazatesiein (BHI n ap.) AaHHble 3a 3TU rogpl 6ydyT He COBCEM TUMMU-
HbIMW. B Takoli CUTyauunm HYXXHO MOMNbITaTbCA UCKAUYUTL BSIMSHUE
3TO YacTu MHopMaL MM 3afaHeM BecoB. B pasdHbIX CTaTUCTUYECKUX
rMakeTax NpUBOAMTCS BO3MOXHbILA Habop BecoB. O6bIYHO 3T0 Umcia ot O
00 100. Mo ymMonyaHuUio BCe AaHHbIE YUUTbLIBAKOTCA C eAUHNYHBLIMU Be-
camu. MNMpun ykasaHMM Beca MeHbLUe 1 Mbl CHUXKaeM BK/Iad, aTUX AaHHbIX,
a ec/n 3afaTh Bec 60/1blle eAMHULbI, TO BK/Ia, 3TOA YacTn MHopMaLmn
yBenuuutcs. MNyTem 3a4aHsi BECOBOI0 BEKTOPA Mbl MOXXEM He TO/1bKO
YMEHbLINTb BJIMSIHNE KaKMX —JIN60 JIeT U3 Habopa AaHHbIX, HO N BOBCE
VCK/IHOUUTDL ero 13 aHasinsa. Mtak, KIdeBbiIM MOMEHTOM Mpy npume-
HEeHUW 3TOro0 MeToAa SIB/SIETCA BbIOGOp BeCOB. B nepBoM MpubIKeHN
Beca MOryT yCTaHaB/IMBaTbLCSA MPOMNOPLMOHa/IbHO OLUMOKAM HEB3BELLEH-
HOLA perpeccum.
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19.2. CuCTeMbl OAHOBPEMEHHbIX YpPaBHEHMIA

Mpun cTaTUCTMHECKOM MOAETNPOBAHN SKOHOMUYECKUX CUTYaALMIEA YacTo
Heo6X0ANMO MOCTPOEHME CUCTEM YPaBHEHWIA, KOraa 04HWN U Te Xe rnepe-
MEeHHbIe B pa3/INYHbIX peieCCMOHHbIX YpPaBHEHNAX MOIMYT 04HOBPEMEH-
HO BbICTYMaTb, C OAHOM CTOPOHbI, B POV Pe3y/ibTUPYIOLLMX, 0O bACHSe-
MbIX NepeMEHHbIX, a C ApYroi/ CTOPOHbI — B POSIN 06 bACHALWMX nepe-
MEHHbIX. TakKMe CUCTEMbI YPaBHEHUIA MPUHATO Ha3bIBaTb CUCTEMaMMU
0HOBPEMEHHbIX YPaBHEHWIA. [pn 3TOM B COOTHOLLEHMSA MOFYT BXOAUTb
rnepeMeHHble, 0THOCALLMECS HEe TO/IbKO K TeKyLleMy nepuoay /, HO 1 K
npegLecTByOWMM Nepuogam. Takme nepemMeHHble Ha3bIBaloTCS Slaro—-
BbIMW. [epeMeHHbIe 3a npeawecTByOLMe roabl 06bIYHO BbICTYNaloT B
KauecTBe 00 bACHSOLLMX MEPEMEHHbIX.

B KaudecTBe wanCcTpaunu npmeeaemM rnpmmep m3 3KOHOMUKK. Pac-
CMOTPMM MOAEe/b CMpoca U npeasiokeHus. Kak nssecTHo, cripoc O Ha
HEKOTOPbIA NPOAYKT 3aBUCUT OT ero UeHbl p. OT 3TOro Xe napamMmeTpa,
HO C MPOTUBOMOJ/IOXKHbBIM M0 3HaKy KO3(h(ULMEHTOM, 3aBUCUT U Mpea-
NoXeHne 3Toro npoaykra. Cusbl pbIHOYHOMO MeXaHM3Ma (oOpMUPYOT
LIeHy TaKnM 06pa3oM, YTO CMPoC U MpeasioKeHe ypaBHUBaOTCA. Ham
HY>XHO MOCTPOUTb MOAESb OMUCAHHOM cUTyaumn. s 3Toro MmerTcs
[JaHHble 06 ypoBHe paBHOBECHbLIX LIeH 1 cripoce (KOTOpbliA paBeH npen-
NoxeHuto). MNpeacTaBieHHYO CUTYaLMIO MOXKHO (hopMasin3oBaTh B BUAE
crenyoLeii IMHEIAHOIA MoOenn:

0,=a"p+b"+e,- €))

Crpoc MpPOnopLMoHasieH LeHe ¢ KoahhULMeHTOM MpornopumoHasib-
HOCTU a,<0, T.e. CBSI3b OTpULIATE/IbHAS;

2) =ap+b,+e\ - (2)

npea/IoKeHne NPOropLMOHasibHO LieHe ¢ KO3PMULIMEHTOM Mporiop-
LMOHa/TbHOCTY O2>0, T.€. CBA3b MOSIOKUTESbHAS,

3)5 =0, ©)

3gecb € e\ (/=!,...,«) —oWwmnbKN Mogesnin, NMeLME HysieBoe MaTe-
MaTmyecKoe oXXuaaHue.

MepBble ABa M3 MpeACTaB/IEHHbLIX YPaBHEHUIA, €C/IN VX paccMaTpu-
BaTb 0TAe/1IbHO, MOFYT MoKa3aTbCsA BMOsIHE 00bIYHbIMU. Mbl MOXEM 0n-
pefenTb Ko3MULUMEHTbI perpeccumy /19 KaxAoro U3 aTux ypaBHeHMIA.
Ho B 3TOM cny4dae ocTaeTcs OTKPbITbIM BOMNPOC O paBeHCTBE cnpoca u
npeasioKeHus, T.e. MOXXET He BbIMO/IHATLCA TPETbe PaBEHCTBO, B KOTO-
pPOM CMpoC BbICTyMaeT B Ka4eCTBE 3aBUCUMOLA MepeMeHHOoIA. osTomy
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pacHeT mapaMeTpoB O0TAE/bHbIX YpaBHEHUIA B TakoA CUTyaunun TepseT
CMbIC/.

3KOHOMMYEeCcKasas Mofesb Kak cucTemMa 0gHOBPEMEHHbIX YpaBHEHMIA
MOXET ObITb NpeACTaB/IeHa B CTPYKTYPHOLA W B NpUBEAEHHOM (hopMe.
B CTpPYKTYpHOU thopMe ee ypaBHEHUS UMET UCXOAHbIA BUA, 0Tpaxas
HernocpeACTBEHHbIE CBA3M MeXAay nepeMeHHbIMU. MpuBeaeHHast hopma
rnoslyyaeTcsa nocsie peLeHmns Mogesii 0THOCUTE N IbHO 3HAO0MeHHbIX (BHYT-
PeEHHUX) MepeMeHHbIX, TO eCTb BbIPAXEHUS 3TUX NepeMeHHbIX TOSIbKO
yepes 3K30reHHbIe (3aaBaeMble U3BHE) MepeMeHHble W NapaMeTpbl Mo-
nenn. Hanpumep, B Mogenn cnpoca u npeasiokeHmst aHA0reHHbIMN B-
NATCA NepemMeHHble /),, ee napameTpbl —-a,, b” a 3K30reH-
HbIX MepeMeHHbIX B Hel/l HET. TakuM 06pa3omM, B NMPMBEAEHHOIA hopme
nepemMmeHHble /?, 5,, /) A0/HKHbI BbIpaXKaTbCs TO/IbKO Yepes3 rapameTpbl
mogenwn. Mogctasue [, n 5 us (1) n (2) B (3), nonyvaem

2 -
+¢, +e=ap +h +e,=>7? = ¢ + V.,

2 - b —hb
A - A A

3pecb V,, V,, Y3 —npeobpasoBaHHble 0TK/I0HEHMSA. Mbl MOXEM OLEe—

b, -b, '
HUTb KaK cpefijHee 3HayeHue (T.e. p), a Takke a™p + b"-0O,

a™p+ b"-5, HO U3 3TUX TPEX COOTHOLUEHNIA HEBO3MOXHO paccunTaTb
napameTpbl MepBoOHaYasiIbHOA Moaenu a,, ab, " (nockosnbKy Mx
yeTblpe). Tem cambIM Mbl NOAOLLIN K MPobsieMe NAeHTUPUKaLN —OLLeHKe
rnapamMmeTpoB CTPYKTYpHOIA hopMbl Moderiv (B YeM, COBCTBEHHO, M COCTO-
WUT Hawa 3aja4ya) No napameTpamM MNpUBEAEHHOA hopMbl. NapameTpbl
npBeAEeHHOM (hopMbl MOIyT 6bITb OLEeHeHbI 06bIMHBIM MHK, Ho Mo
HVM Ja/1eK0 He BCerga MoXeT ObITb UAEHTUGULMPOBaHA NCX0A4HAsA MO-
Oenb (KaK, HanpyMmep, B OMUCAHHOM C/lydae MoAesm cripoca v npeasio-
XXeHuns). 19 Toro 4tobbl CTPYKTYpHas hopmMa Moaesiv Morsia bbb NaeH-
TUULUMpoBaHa, BBOAAT AOMOMHUTE IbHbIE MPeAnocbIIKM (Hanpumep, o
paBeHCTBE HEKOTOPbIX KO3(PPULMEHTOB HY/ IO WM 06 X B3aUMOCBS3M
MeXxay coboiA). HacTo yKe Ha aTarne MocTpoeHUs MoAesin cTaparTcs
BbIGpaTb TaKyto ee hopmy, KoTopasa bbuia 6bl naeHTUPUUMpyema. Ta-
KOIA, Hanpumep, SIBSISIETCA TpeyrosibHas hopmMa Moaenn:

y,=0"); )]

rae X — BEKTOp 06bSACHSIOLINX NMepeMeHHbIX, Y. —/-51 3aBMcUMasi nepe-
MeHHasl. HexxenaTesibHa U CBeEpXUAEH TUPULMPYEMOCTb MoAe N, Koraa
A5 NapamMeTPoB CTPYKTYPHOA (hopMbl MOJSTyHaeTcst C/TULKOM MHOIO CO-
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OTHOLLEHUIA 13 NpMBEAEHHOIA opMbl MoAenn. B aTom cnyyae moaernb
TaKke HYXXA3aeTcsa B YTOUYHEHNN.

[ns oueHMBaHUSA cMCTeM O4HOBPEMEHHbIX YPaBHEHUIA UMeeTCcs psaj,
MeToZoB. B Lenom nx MoXXHO pa3buTb Ha ABe rpynnbl. K nepsoiA rpyn-
rne OTHOCATCA METoAbl, NMPUMEHSAEMbIE K K&XKO0OMY YPaBHEHUIO B OTAE Ib-
HOoCcTW. BTopas rpynna coaepXuT MeToAdbl, npefHasHavYeHHbIe 4J15 oLe-
HWUBaHUA BCEA cUCTeMbl B LiesioM. B nakeTe TSP, B yacTHOCTW, npea-
CTaB/IeHO MO OAHOMY METOAY U3 KOO rpynnbl. [1a oueHuBaHUA
OTAe/bHbIX YPaBHEHMIA MOXKHO MPUMEHATb [BYXULBIOBLIAMETO0 ], HaMEHb-
wmnx kBagpaToB (Two-Stage Least Squares). M3 BTOpoLA rpynrnbl MeTo-
[0B B 3TOM MNakeTe peasin30BaH TpexLLaroBblii MeTO/, HaMMEHbLLMX KBa-
patoB (Three-Stage Least Squares).

OcTaHOBMMCA BHadasie Ha AByxiwiarosom metoge. OH nNpumeHsieTcs
Mpy Ha/IMYMKU B OLIEHNBAEMOLA MOZE N /1aroBbIX MepeMeHHbIX. Coaepxa-
TeflbHbIA CMbIC/T ABYXLWAroBoro MeTofa cocTouT B cneyowem. Kak
n3BecTHo, MHK-0L,eHKM napamMeTpoB ypaBHeHUA paBHbl b= (JTA) "X Y,
HO /1aroBble 3HaYeHUSA Y, UCMO/b3yeMble KakK 00 bACHAIOLWNE rnepeMeH-
Hbie (B 3TOA (hOpMyJ/ie OHU SIBASIKOTCA YacTbio MaTpuubl X), 3apaHee
Hen3BeCTHbI. Mo3ToMYy /11 TOro, 4Tobbl BOCMO/1630BaTHCSA 3TOMA PopMYy-
JI0IA, CHavana, Ha NepBoM Luare, onpeaensioTca HegocTalolme 3HadeHNs
06BACHSAEMbIX NMepeMeHHbIX. 3TO0 BAAHHOM C/lyyae AefiaeTes nyTem pac-
yeTa MU K-0LEeHOK, T.e. CTpouTcs pedeccusi, B KOTOPOLA B posin 06bsic-
HSIeMbIX MEepPeMEHHbIX BbICTYMalT TO/IbKO MMeLLMEecs: B UCXOAHOIA NH-
thopmaumun. Nocne aToro, Koraa ncxogHble amMmnupuyeckme AaHHble [,0-
MOSIHEHbI pacCUMTaHHbIMU 3HAYEHUAMMW 1 CHOPMUPOBAH MOSHLIEA Habop
[aHHbIX, MOXXHO MPUCTYMNaTb K OLL,EHKE MCKOMbIX NMapamMeTpoB.

AByxwaroebliii MHK npuMeHsIeTca U Npu cBepXmMaeHTUhuULmpye-
MOCTW Modesniv. B 3Tom crnyyae Ha NepBoM LUare oLEeHMBAKOTCA MnapameT-
pbl NpUBEAEHHOA (hopMbl Mogenn. C NOMOLLbIO yYpaBHEHUIA MpuBeaeH-
HolA (hopMbl, MpU 3a4aHHbIX 3HAUYEHUAX 00 BACHSALWMX MNEepeEMEHHbIX,
paccunTbIBalOTCA OLLEHKU 3aBUCUMbIX MepeMeHHbIX. Janee 3T OLeHKN
MoACTaBMAIOTCA B MpaBble YacTWU YpPaBHEHUIA MOAE/IV B CTPYKTYPHOIA
thopme, 1 BHOBb UCMOSIb3yeTcs 06biuHbIA MHK 115 oueHKM ee napa-
METPOB.

N5 oueHKM napamMeTpoB BCEIA CUCTEMbl YPaBHEHUIA B LIESIOM UC-
nonb3yeTcs TpexwaroBblii MHK. K ero npymeHeHmio npuberaioT B Tex
cryyasix, Korga repemMeHHble, 06bACHAeMble B O4HOM YpaBHEHUN, B ApY-
roM BbICTYMNalOT B PO/ 06bACHALWMX. Tak 6bI10 B HalleM rnpumepe ¢
MOZie/1bio CNpoca U NPeasIoKeHns, rae crpoc v nNpeasioxkeHve, ¢ ogHo
CTOPOHbI, ONpeaensoTCcs PbIHOUHOIA LIEHOMA, a C ApYroiA CTOPOHbI, npea-
NoXXeHne A0/MKHO 6bITb paBHO cripocy. Mpu pacyeTe NapamMeTpoB TaKmUxX
MoZIesieiA He06X04MMO YUNTBIBATL BCHO CUCTEMY COOTHOLLEHUIA. B Tpex-
LLIaroBoM MeTOAE 3TO peasiM3yeTca B Tpu 3Tana. [lepBble ABa N3 HUX
MOX0XW Ha ABYXLIAroBbIA MeToZ, T.e. MPON3BOAMNTCA OLleHKa rnapameT-
poB B ypaBHEHUSAX C SlaroBbIMU nepeMeHHbIMW. B Hawlem npumepe faro-
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Bble MepeMeHHble B ypaBHEHUS He BKJIHOYEHbI, U Ha 3TOM 3Tane 6yayT
paccunNTbIBaTbLCA 06bIYHbIE KOIPDMLMEHTLI petheccmnm. ocne aToro Ham
HY>KHO YBA3aTbh'BCe YpaBHEHUS CUCTEMbI MeXay co60iA. B kauecTBe Mepbl
CBSI3M 3[4€Cb BbICTYMaeT MaTpuLia KoBapuauuia OLLIN6G0K Modesel, T.e.
YTODbI OLEHNTb, HACKO/1IbKO HECBA3aHHbLIMIM MOJSTyHaTcs ypaBHEHUS cripoca
1 NpeasIokKeHUs Mpu pacdeTe UX 0TAESbHO, HYXHO paccumTaTb KoBapu-
aumio oWnboK e v e'. NS yBe/IMYeHNs 3TOLA CBA3N Ha C/edyloLLeMm
3Tane, Npy o4epeHOM pacyeTe Ko3h(ULIMEHTOB pedeccum yunTbIBaeT-
cA mMaTpuLa KoBapraumia om6oK. TakmmM NpuemMom A0CTUraeTcs B3an—
MOCS13aHHOCTb BCEIA CUCTEMbI YPaBHEHUIAL.

19.3. HenmHelHaa perpeccus

Ha npakTuke 4acTo BCTpeYvaeTca cUTyauns, Korga anpmopHo U3Bec-
TeH He/IHelAHbIIA XapaKTep 3aBUCUMOCTU MeXAay 06BbACHAEMbIMU N 00b-
ACHAKLWMMUN MepeMeEHHbIMU. B 3Tom cnyyae pyHKLMS/ B ypaBHEHUN
y=/1a,X) HeNnHelAHa (4 — BEKTOp napameTpoB (YyHKLMU, KOTOpble Ham
HY>XHO OLIeHUTb). Hanpumep, B1A, 3aBUCUMOCTU MeXAY LIEHOA U KOSU-
4YeCcTBOM TOBapa B TOM Xe MOoAe I crpoca 1 NpeasiokKeHUs: OHa He Bcer-
[a npennosiaraeTcs JIMHELMAHOM, KaK B HallleM npumepe. HennHelAHyo
(PYHKLUMI0O MOXHO npeobpa3oBaTb BJIMHEMHYIO, KaK 3T0 6bL10 cAenaHo,
Hanpumep, fiorapugmmpoBaHnem ¢ gyHkumein Kobba-Ayrnaca. OgqHaKo
He Bce (yHKLMWN MOoAAA0TCS TakoiA HEMOCPeACTBEHHO JTIMHeapm3aLun.
Jobyo anghepeHLMpYeMyo HY>KHOe YMC/0 pa3 PYHKLLMIO MOXHO pas-
NOXNTb B OYHKLMOHA/IbHBIA psg, U 3aTeM OLLEHUTb pedieccuto 06bsc-
HSIeMOIA MepPEMEHHOIA C U/leHaMM 3TOro psiga. TeM He MeHee TaKkoe pas-
NI0XXeHMe Bcera oCyLLeCcTB/ISeTCA B OKPECTHOCTU OMnpeaesieHHOIA TOUKN,
W JIVLLb B 3TOA OKPECTHOCTM A0CTATOYHO TOYHO anmnpoKCUMMPYET oLe-
HMBaeMyl0 PYHKLMIO. B To Xe BpemMsi OLLeHUTb 3aBUCUMOCTb TpebyeTcs
06bIYHO Ha 60s1ee WM MeHee 3HaUNTESIbHOM UHTEpPBas1e, a He TOJIbKO B
OKPECTHOCTU HEKOTOPOA ToukU. [Mpu NnuHeapmsaummn QyHKLNUN WK pas-
NOXeHNN eé B psif, C LesIblo OLLEHKM perpeccum BO3HUKAKT U Apyrue
npob/emMbl: UCKaXKEHWE OTK/IOHEHUIA € U HapyLLeHne nX nepBoHavYaslb-
HbIX CBOMACTB, CTaTUCTMYECKas 3aBUCMMOCTb Y/1EHOB pPsiia MeXay CoGOIA.
Hanpumep, ecnu oueHmnBaeTcs Gopmyia

y = ax + bx* + ¢,

noslyyeHHasl NyTem JiInHeapu3aLny W pa3siokeHus B psig, TOo Hesa-
BUCUMbIEe NEPeMEHHbIE X U X- CBSA3aHbl MeXay C000iA Aaxe He CTaTuCTU-
Yeckn, HO PYHKLMOHaIbHO. Ecnv ncxoaHas owmbka e 34eck cBs3aHa ¢
nepeMeHHoI X, To AobaBsieHne X— MPUBOANT K MosiBSIEHUIO (C COOTBET-
CTBYIOLLMMU KOIPPULMEHTaMN) KBaapaTa 3ToA NepeMeHHoI 1 eé yaBo-
€HHOro NMpomn3BeAeHUs C X, YTO UCKaXaeT UCX0AHbIe NPearocb/IKN MOo-
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Aenun. T1oaTomMy BO MHOIMUX C/TyyasixX akTyasibHa HernocpeACcTBEHHas OLeHKa
HEeSIMHELAHOI hopMy bl pedheccmnmn. 18 3TOro MOXKHO BOCMOJ1b30BaThCS
HeMHeAHbIM MHK. Maes MHK ocHoBaHa Ha TOM, YTO6bl MUHUMMU3U-
poBaTb CYMMY KBaApaTOB OTK/IOHEHUIA pacHeTHbIX 3HAYEHNIA OT aMMNU-
pPUYECKUX, T.e. HY)KHO OLEHUTb MNapameTpbl a QYHKLUU 4 i ,x) TakKnum
06pa3om, UT0bbI OLLNGOKK e= y.-/{a,X), TOUHEee — X KBaapaTbl, N0 COBO-
KYMHOCTU 6bUIN MUHUMasIbHbIMW. /151 3TOr0 HY>XHO pelnTb 3agaqvy
MUHMMU3ALNN

%( y , —=TT. 5)

[nsa peweHuns 3ToiA 3afaun cyLlecTBYeT ABa NMyTu. Bo-nepBbix, MO-
XET ObITb OCyLLECTB/IEHa HernocpeAcTBEHHAA MUHUMM3aLMSA DYHKLNN
C MOMOLLIbIO METOA0B HEJTMHELAHOIA ONTUMU3aLIMK, MO3BOJISIOLLNX HaXo-
OUTb 3KCTPEMYMbI BbINYK/IbIX JIMHUIA. 3TO, HanpumMep, MeTod HanucKo-
peliLLero cnyckKa, Npy UCMosib30BaHMN KOTOPOro B HEKOTOPOIA MCX04-
HOIA TOYKe orpeaensieTcs aHTudaaneHT (HarpaBeHne Hanborsiee 6bic-
Tporo yb6biBaHUSA) PyHKUMK K Janee HaxoguTcsa MUHUMYM /Anipu ABU-
XXEHUN B J@HHOM HarnpaB/ieHUW, N B TOYKE 3TOr0 MUHMMYMa CHOBa
onpeaensieTcs rpaaveHT. Mpoueaypa noBTopsieTcs 40 Tex Nop, NokKa pas-
HULA 3HaYeHNIA  Ha aBYyX MocsieoBaTe TbHbIX LLarax He OK&XXeTCs MeHbLLe
330aHHOA Ma/10i4 Be/INUVHBL. [pyroiA NyTb COCTOUT B pELUEHUN CUCTEMBI
HEe/IMHEMIHbIX YPaBHEHNIA, KOTOpas Mosly4aeTcst U3 Heo6Xo4MMbIX YCr10-
BUIA aKCheMyMa (PYHKLUUN P. 3TU yCNoBUS —paBEHCTBO HY/ 10 HYaCTHbIX
npon3BoAHbIX YHKLUMM PNo KaxaomMy M3 napameTpoB & T.e.

P70,
y= MostyyaeTcs cMcTemMa ypaBHEHUIA
-2E (¥Y™-Nax,)) ™ax). =0,y =1,..., T, (6)

HESIMHEIHOCTbL KOTOPOLA 06yC/i0B/1IeHa HESIMHEIAHOCTBIO (hyHKLUNUK /
O0THOCUTE/IbHO MapaMeTpoB a.. 3Ta cucTeMa ypaBHEHMIA MOXET 6bIThb pe-
LeHa nTepauyioHHbIMM MeTodamMu (Korda nocsieoBaTesibHO HaxoasaTcs
BEKTOPbI MapamMeTpoB, Bce B MeHbLLEA CTENEHW HapyLuallme ypaBHe-
HUS cncTemMbl). OQHAKO0 B 06LLEM C/lyyae peLLeHUE TakolA CUCTEMbI He
ABNseTcsa 6os1ee NPoCTbIM CNOCOO60M HaXOXAEeHUA BEKTOpa a, Yem Heroc-
pefcTBeHHas ONTUMU3aLMA MeTOA0M HaUCKOPEIALLIero CrycKa.

CyLLecTBYIOT MeTOAbI OLLeHVUBaHWSA HeJIMHEIAHOM pedheccum, codeTa-
foLlmMe HernocpeaCcTBEHHYIO ONTUMM3ALINIO, UCMOMb3YIOLLYO Haxoxe-
Hue haaneHTa, ¢ passioXkeHneM B GyHKLUMOHa/TbHLIA psg, (psg, Telanopa)
4N noc/eayoLlein oLeHKU SIMHelAHoA perpeccun. Hanbonee nssecteH
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V3 Hux meTog, MapkBapaTa, CoHeTaloWMIA B cebe AOCTOMHCTBA KaKO0IM0
13 ABYX UCMO/1b3yEMbIX METOA0B.

Mpy NOCTPOEHUWN HENMNHEIAHbIX YpaBHEHWIA Bonee 0CcTpo, YemM B SIn-
HelAHOM crlyyae, CTOUT npobema NpaBusIbHOA OLLEHKU (hOpMbl 3aBUCU-
MOCTW Mexay nepemMeHHbIMW. HeTouHOCTU Mpy Bblbope hopMbl OLLEHU-
BaeMoA PYHKLIMM CYLLLECTBEHHO CKa3blBalOTCHA Ha KauyeCcTBe OTAESTbHbIX
rnapamMeTpoB ypaBHEHUIA pedeccuin 1, COOTBETCTBEHHO, Ha 8AeKBATHOCTY
BCELA MOZENN B LIESIOM.

19.4. ABTOperpeccuoHHoe rpeobpa3oBaHVe

BaxkHOiA npob/1emMoiA npy OLLeHUBaHUN pedeccnin SBASEeTCH aBTOKOp-
pensumsa ocTaTKOB B, KOTOpas FoOBOPUT 06 OTCYTCTBUM NepBOHaYasIbHO
npeanosaraBLUEIACA X B3aIMHOLA HE3aBUCUMOCTN. ABTOKOpPpPeNsaLms oc-
TaTKOB MepBOro NopsiaKa, BbiSB/iseMas C MOMOLLbIO CTaTUCTUKN Jdapbu—
Ha-YO0TCOHa, roBOPUT 0 HEBEPHOM crneumbuKaLnum ypaBHeHUs 6o o
Ha/INYMN HEYUYTEHHBIX PaKTopoB. ECTecTBEHHO, /15 eé ycthaHEHUA HY>KHO
nonbITaTLCA BbIOpPaTL 60/1ee aAeKBaTHYIO (HOPMYJTy 3aBUCUMOCTU, OTbIC-
KaTb N BK/IIOYUTb BaXKHbIE HEYUTEHHbIE PaKTopbl WM YTOUHUTL Nepmos,
OLLEHMBaHUA perpeccun. B HeKOTOpbIX cryyasx, 04HaKo, 3TO He AacT
pe3ysibTaTa, a 0TK/IOHEHUS B. MPOCTO CBSA3aHbI aBTOPe(ecCMOHHOIA 3aBU-
CUMOCTbI0. Ecnu aTo aBTOperpeccms NepBoro rnopsaka, To eé gopmyia
umeeT Bug e=pe. "+ (p —KoahpuumeHT aBTOperpeccuu, |pl<i), 1 Mbl
npegnosiaraem, YTo OCTaTKU W. B 3TOM (hopMysie 06/1a4a0T HY>KHbIMU
CBOIACTBaMM, B YaCTHOCTM — B3aMMHO He3aBUCUMbI. OLLEHVB p, BBEAEM
HOBble MepeMeHHble Y’ =y — p_,; X' =X. - p X, (3To npeobpa3oBaHue
Ha3blBaeTCA aBToperpeccMoHHbIM (AR), wim npeobpasoBaHnem bokca-
J>XeHKunHca). MNycTb Mbl OLleHUBaeM NepBoHaYasibHO PopMy Y SINHEIA-
HOIA perpeccum y= a + bx. +e. Torga

/, =Y -PY,=9+bx +e-pla+hbx, +e.J=
= al® -p) +bXx -px,) +e-pel=a@l -p+AX .Hi.

Ecnn BeNiMUMHbI M AEACTBUTESIBHO 06/134a10T HY>KHbIMU CBOLACTBaMU,
TO B JIMHEIAHOIA perpeccUoHHOIA 3aBUCUMOCTN /. = «, + bX’.+ 1. aBTo-
Koppensaumm ocTaTKOB W yxke He OyaeT, u ctatuctuka DIV okaxkeTcs
6113koi1 K gpyM. KoathgmuymneHT b 3104 hopMy bl NpUHMMaeTCa 415
UCXOOHOM (hopMy i bly = a+bx+e HenocpeACTBEHHO, & KOAWULIMEHT a

paccunTbIBaeTCcA Mo opmysie a=y ™ o

OueHkun KOSCDd)I/ILI,I/IEHTOB an b HY>XHO CpaBHUTbL C MepBOHaYa 1bHbI-
M1 OUEeHKaMK, MNoJtydyeHHbIMU 019 pacyeTa OTK/IOHEHNIA e. Ecnn 3tn
OUEeHKN coBMnagakT, TO MNpoLecC 3aKaH4YMBaEeTCA; eC/in HEeT — TO MNpu
HOBbIX 3Ha4YeHUAX a U b BHOBb pPacCUUTbIBAOTCA OTK/IOHEHUA e.00 TexX
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rnop, rMoka OLEHKN a U 6 Ha OBYX COCEAHUX UTepauusxX He coBnagyT C
TpebyeMoiA TOYHOCTbHO.

B cniyyae, Korga ocTaTKu 17, TaKKe aBTOKOppesSIMpoBaHbl, aBToperpec-
CMOHHOEe npeobpa3oBaHMe MOXET ObITb MPUMEHEHO eLlé pa3. 3TOo 03Ha-
YaeT UCMOsIb30BaHVe aBTopedecCMOHHOro npeobpasoBaHns 6osiee BbICO-
KOro nopsifka, KOTopoe 3aK/1lo4vaeTcsl BOLUEHKE KO3I(h(PMLMEHTOB aBTO-
peteccuun COOTBETCTBYHOLLENO NOPSAKa /19 OTK/IOHEHUIA €. 1 UCMO0/1b30-
BaHUWN UX O/19 NOCTPOEHUS HOBbIX NepeMeHHbIX. Takoe npeobpaszoBaHne
BMecTO /4/1(1) Ha3blBaeTcs /4/?(S) — ecqin UCMosb3yeTCsl aBToperpeccus
nopsaka S

@) Lies1ecoobpa3HoOCTU NMPUMEHEHNS aBTOPErpecCUOHHOI0 Npeobpaso-
BaHWs FOBOPUT HEKOPPEsSIMPOBAHHOCTb MOSTyYEHHbIX OTK/IOHEHNIA W.
OAgHako Aaxe B 3TOM C/lydae WUCTUHHOIA MPUYMHOIA MNepBOHaYasIbHOI
aBTOKOPPesIaLMN 0CTaTKOB MOXET ObITb HESIMHEIAHOCTbL (hOpMY/ibl N
HEYUTEHHbIM (haKTop. Mbl XXe, BMECTO MOoMcKa 3TOA NPUYNHbI, JINKBU-
Anpyem eé bpocatolieecs B rnasa crieacTeme. B aTom —0CHOBHOA Hefo-
CTaTOK MeToAa AR 1 cogepXaTesibHoe orpaH1YeHne 419 ero NpUMeHeHNs.

Kpome aBToperpeccMoHHOro npeobpasoBaHus, 41 ycTpaHeHWs aBTo-
KOppesnsaumn ocTaTKOB N YTOUHEHUS (POpMY bl PEFPECCUOHHOIA 3aBUCK-
MOCTWN MOXET UCMO/Ib30BaTbCA METOZ, CKOMb3ALWmMX cpegHmx {Moving Ave-
rages, wn MJ1). B aToM c/nlyyae cUMTaeTCH, YTO OTKJ/IOHEHUA OT JIMHUU
perpeccmmn e onmcbIBalOTCA Kak CKOJIb3siLLne cpegHue clydaiiHbIX Hop-
MaslbHO pacrnpefesieHHbIX OLLNO0K €. : npeanosiaraeTcs, UTo

e =6, +e€, +.+ 06" @)

370 (hopmya gna npeobpasoBaHua MA g-ro nopsgka, unvi MA{g)-,
MA{N), Hanpumep, nMeeT Buag e = e. + 0 |e., . NapameTpbl 0., Kak N B
C/yYae aBTOperpeccUoOHHOro npeobpa3oBaHUs, MOryT OLLeHMBaTLCA UTe-
paLMoOHHbLIMN METOAAMMN.

Bo MHorux cnydasx couetaHne meTonoB AR 1 MA Mo3BONSET peLUnTb
npo6ieMy aBTOKOPPeISALMM 0CTAaTKOB Aaxe npu HebonbLunx sviq. Eule
pa3 NOBTOPUM, YTO a[eKBaTHbIM Takoe peLleHune MnpobsieMbl SABASETCH
NULLb B TOM C/ly4ae, ec/iv aBTOKOppesisums 0CTaTKOB MMEET COOCTBEH-
Hble BHYTPEHHME NPUUMHbI, & He BbI3BaHa HA/INUYNEM HeyUTeHHbIX (04-
HOr0 WM HEeCKOJIbKUNX) (haKTOopoB.

MeTogbl AR 1 MA MOryT 1CMO0/1b30BaTbCA B COMETAHUU C NEepexoaom
OT 06BEMHbIX BE/INYMH B MOAE/IN K MPUPOCTHLIM, /19 KOTOPbIX CTaTUC-
TUYeckas B3aMMOCBA3b MOXET ObITb 60s1€e TOUHOA U SBHOIA. Moaens,
coyeTarLLlan Bce 3T NoaxoAbl, HasbiBaeTca Moaenbio ARIMA (Autoreg-
ressive integrated Moving Averages). B o6wiem Buge ee opmMmysly MOXXHO
3anucaTb Tak:

/, =P/, +P/,., +P.n,+e +06,, +.+0"6,(8)
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roe {p.} v {0 } —HeunsBecTHbIE NapaMeTpbl, N € — He3aBUCUMble, 0aU-
HaKOBO HOpPMas1bHO pacripegenieHHble CB ¢ Hy/eBbIM cpegHUM. Bennun-
Hbl/ NpeacTaBsOT COG0IA KOHEYHbIE Pa3HOCTY Mopsigka d BESIMUVH Y,
a mMoaesb 0603HadvaeTcs WK ARIMA{p,d,q).

3hheKTMBHOCTb NpeobpasoBaHnii AR u MA gns ycTpaHeHus aBTo-
Koppensaumm ocTaTKoB MNPoAEMOHCTPUPYEM Ha npumepe. Hamun 6buia
OLeHeHa 3aBUCUMOCTb BEJIMYUHBI peasibHOro YMcToro skcropta RNX
ans aKoHOMUKM CLUA 3a 1965 - 1990 IT. 0T rokasaTesieiA peasibHOro
BHIM (GNP), ero npupocta GNP, peasibHOro Bas1toTHOro Kypca ER n
ero npmpocta ER. ®opmyna nonyuunacb cregyowein (RNX, GNP -B
Mp4. Aonnapos; ER- B% K 6a30BOMY 3Ha4€HUIO):

RNX= 339,0 -0,03 GNP-0,n7 AGNP -2,15ER + 2,80aER (9)
(34,9) (0,005) (0,048) (0,24) (0,35)

(B ckobKax npvBeAeHbI CTaHAAPTHbIE OLLMOKMN)

R"=0,90; DIV=\,\2.

3HaveHue DfV=I1,12 roBopuUT 0 HA/IMUNN HEKOTOPOIA MOMIOKUTESTb-
HOIA aBTOKOppensaumm ocTaTkoB. Vicnonb3oBaHne npeobpaszoBaHna/47?(1)
Mo3BOJISIET CYLLLECTBEHHO Y/TYULLIUTb MOJI0XKEHWE; MOsTyHaeM ypaBHeHMe

RNX= 323,3 -0,035-GNP- 0,155 AGNP- 2,1HER + 2,05aER (10)
(67,2) (0,014) (0,035) (0,40) (0,31)

(B ckobKax npvBeaeHbl CTaHAaPTHbIE OLLUGKM)

R-= 0,94; DiV= 1,71

3TO ypaBHEHVe npremMsiemMo Mo BceM MnapameTpam U CTaTUCTUHECKUM
XapaKTepucTukam. EgUHCTBEHHOE, YTO MMEET CMbIC/1 CAEMaTb B HEM, 3TO
3ameHa nepemMeHHbIX ER 1 ER Ha ogHY nepemeHHyto ER{—\). 3T0 moX-
HO cAenaTh, MOCKOSIbKY abCosTOTHbIE BE/IMYMHBLI KO3IPPULMEHTOB Npu
ER v ER nouTn ognHaKoBbl. B Takom criydae MOXHO caesiatb npeobpa-
3oBaHNe {-aER+aAER) = {-aER + a{ER - ER{-\))=-aER{-\), 1 Mbl
MOXEM WNC0/1b30BaTh 3TO PaBEHCTBO /19 COKPALLEHMS YMC/Ia 0O bACHS-
IOLWUX repeMeHHbIX." BkNoums cHoBa npeobpasosaHme ARLN) (418 Ko-
TOpOro KoaPMUNEHT aBTOPErpeccnun coceaHUX OTK/IOHEHUA €. MosTy-
yunncs paseH p=0,71, co cTaHAAPTHOM owmbkoia 0,16), nosilyyaem ypaB-
HeHVe pedeccun:

O6beANHeHVE ABYX WM HECKOSIbKMX MepeMeHHbIX OCYLLEeCTB/IAeTCA B ypaBHEHUN
MHOXECTBEHHOIA NIMHEHOA perpeccnun B TOM crlydae, ecsiv KoappuumeHTbl nx 6ams3-
K/ 1Mo abCco/ioTHO Be/INYMHe, a HoBasi MepeMeHHast MMeeT SICHbIA cofepkaTesibHbIA
cMbICN. Hanpumep, ecn oueHKa MNpPou3BOACTBEHHOA (YHKLMW B TEMIMOBOIA 3anucu
pana pesynstaty= 12 + 0,52 A-0,497 (Y, K, | —Temnbl npupocTa BbIMycKa, Kanutana
M TpyZa), TO MOXHO OLEHUTb Y Kak (pyHKuUMo oT (€ - /). BenmunHa (K - T) - Temn
npupocTa KanuTasioBOOPY>XeHHOCTU Tpyda (NpubnmkKeHHas oLleHKa).
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RN X= 318,6 - QfiZS GNP - O\55AGNP - 2,Q9ER{-\) (D)
(54,9) (0,013) (0,033) (0,28)
(B ckobKax npuBeaeHbl CTaHAapPTHbIE OLLUUGKM)
= 0,94; DW= 1,79.

JaHHoe ypaBHeHMVe perpeccuu NpyUemMsiIeMo Mo BCeM MapameTpam U
MOXET pacCMaTpmMBaTbCS KaK KOHEYHbIIA pe3y/ibTaT Halwlero vuccsieoBa-
HUA. Bce KOah(ULUMEHTbI B HEM CTaTUCTUYECKN 3HAYUMbI: OaXe Ha-
MMeHbLUas U3 r-cTatucTuk (y KoagdhunymeHTa npu nepemeHHoii GNP)
6/11M3Ka K TpeM. YpaBHeHMe pedheccumn o0b6bsacHAET 94% amncnepcumn 3aBu-
CMOI/ NEPEMEHHOIA, a 6/IM3Kas K ABYM cTaTUCTuKa JapbmuHa—-YoTcoHa
He Mo3BOJISET OTBEPrHYTb IMMOTe3y 06 OTCYTCTBMM aBTOKOppensuum
0CTaTKOB MepBoro nopsigka. Jlo6aBsieHNe KakoiA-m6o HOBOIA 06 bSICHS—
OLLEIA MEepeMEHHOIA yXKe MpPaKTUYECKU He CMOXEeT YJlyullnTb KavecTBa
ypaBHeHUs pedeccmu.

KauecTBO ypaBHeHMS MoKa3aHo Ha puc. 19.1, roe dakTudeckne u
paccuMTaHHbIe M0 YpaBHEHUIO peheCcCUU BE/IMHNHBI 04eHb 6/IM3KU ApyT
K Apyry, a 0TK/I0HEHUS OT YpaBHEHUS perpeccumn BbIMIAOAT CITyHalAHbI-
MU 1 HE3aBUCUMbIMW ApYr OT Apyra.

PucyHok 19.1. fevictBuTesnbHble (Actual) n paccumTaHHble MO ypaBHEHUO
perpeccuun (Fitted) BenmumHbl RNX', 0Tk0HeHUsA oT nuHun perpeccun (Resi-
dual). (CLUA, 1965-1990 rr., ypaBHeHne: RN X= 318,6 - 0,035 Q\5 GNP
-2,09 £=/?2(-1), c ucnonb3osaHnem /4/?(1))

[Jo6asneHve npeobpasosaHus MA(N\) No3BOMSET MOBbICUTL BESINUUHY
0]¥no0 1,95, HO He AaeT 3HAUYMMOIA OLIEHKN KOo3hdhuLmMeHTa crnaxusa-
HUA 1 (ero /-cTaTUcTMKa paBHa 0,31), N03TOMYy B J@aHHOM Crlyvae BKJIIO-
YaTb 3TO NpeobpasoBaHMe HeLles1ecoo6pasHo.



Mnasa 19. HekoTopble crelyiaribHbie NPYKIaaHbIE METOALI 3KOHOMETPUKN 365

MpeobpaszoBaHuns AR, MA 1 momnc/tb ARIMA Mos1e3HOo UCMosib30BaTb
B TeX C/lyyasix, Korga yke ficeH Kpyr 0ObSACHAKOLWMX MNepeMeHHbIX Y
06LLMIA BUA, OLIEHVBAEMOIA (hOpMYy/ibl, HO BTO XKe BPeEMS 0CTaeTCs cyLec-
TBEHHasA aBTOKOPPeIALUA 0CTaTKOB. B KauecTBe nprumMmepa yKaxem oLe-
HMBaHME MPON3BOACTBEHHbLIX PYHKLUVIA, rae 00 bACHALWNMMN rnepemMeH-
HbIMW CAYXaT UCMosib3yeMble 06beMbl WM TeMMbl MpUpocTa Tpyada v
KanuTasa, a Tpebyemoia hopMmy/I1oiA ABMSETCS, HanpuMmep, Npou3BoACTBEH-
Has pyHKuus Kobba-Ayrnaca wim CES.

Bonpocbl K rriase 19

1 B Kakux csiyyasix BO3HUKAKT TPYAHOCTU UCMOSIb30BAHUSA MHOXeC-
TBEHHOIA SIMHeIAHOA perpeccum B MOAEINPOBaHNUN? B yem peasibHas
CUTYauUUs MOXET He COOTBETCTBOBATbL MPeArocbu1KaMm Moaesin?

2. YTO0 TaKoe romMockeacTUYHOCTb U reTepockesacTuyHocTb? KakoBbl
pesy/bTaTbl MCN0/1b30BaHUSA JIMHELAHOIA perpeccUoHHOIA Modenn BYyC-
N0BUAX KKAOM M3 HUX? UTO MOXHO cKasaTb MNpy 3TOM 0 Hecme-
LLEHHOCTK, COCTOATESNTIbHOCTU N 3PPEKTUBHOCTU OLLEHOK?

3. B uyem cywHocTbh B3BeweHHoro MHK? Kakune nokasatesnun B3Bely—
BalOTCA MpPU ero UCrosib30BaHMN U KakK MOryT BbloMpaTbCs BeCOBble
KO3(h(pMUMEHTbI?

4. YT0 Takoe CUCTeMbl 04HOBPEMEHHbIX YpaBHEHUIA B 9KOHOMUYECKOM
MoAesnimpoBaHUnN? lNpmBeauTe NpPUMepPbl TaKMX CUCTEM.

5. B uyem pasfimume CTPYKTYPHOM 1 NMpuBEAEHHOIA (hopM 3KOHOMMYecC-
KNX Moaesniein? B yem cMblic/1 nepexoa OT CTPYKTYPHOIA K npuBeaeH-
HO (hopMe B 3KOHOMETpPUKE?

6. KakoueHUTb napameTpbl NpUBeAEHHOM (hopMbl S3KOHOMUYECKOIA MO-
Jenn? B Kakux criyyasix rno HAM MOXKHO paccuMTaTb napamMeTpbl CTPYK-
TypHOIA hopMbI? B yem cocTOUT MNpobsiemMa NAEHTUPUKALIUK B 9KO-
HOMETPUKE U B KaKMX C/lyyasx OHa paspewmma?

7. B uyem 3akntouaeTca AByxwarobitn MHK? B Kakux ciy4vasix OH npu-
MeHseTcA?

8. B uem 3aksitouaeTcs TpexwaroBblii MHK? B Kakux cilyyasix oH npu-
MeHsieTcA?

9. B yem 3akto4aeTcs npobsiema aBTOKOPPesIALMM OCTATKOB U Kak OHa
nposBseTca?

10. YTo Takoe aBTOperpeccnMoHHoe rnpeobpa3oBaHne U B KaKUX CIIy4Hasx
OHO MpUMeHseTcA?

11. B yem cyWHOCTb npeobpa3oBaHUA 0CTaTKOB METOA0M CKO/Ib3ALLMX
cpeAHUX? B KaKux c/y4dasix OHO MnpuMeHsieTca?

12. B yem cmbics1 mogesim ARIMAL Kakumn MoryT 6bITb pe3ysibTaTbl ee
nprmeHeHuA?



B usgarenbcrtee «J/IC» MOXHO npuobpectu
cnegyrowme KHUrn:

1. 3apruyHoi EH. "Nlorvka peun gns meHegxepa". 552 crp.

KHura co3gaHa Ha OCHOBE aBTOPCKOro Kypca, untaemoro B Akagemun Ha-
poaHoro xo3siictea npu MNMpasutensctee PP 1 MY nm. M.B. JlomoHocoBa. Bnep-
Bble JIOTMYeCKMe 3aKOHbl paccMaTpBalOTCA He TOJIbKO C NO3ULMN OCMbICIe-
HMS 4eNOBEKOM MUpa, HO Y C KOMMYHUKATUBHOMN TOUYKM 3peHuns. CoaepxaHue
KHWUTN BXOAMT B 06LWyt0 npobnemaTuky npakTu4eckoro MeHemKMeHTa, KOoTo-
Py YC/TIOBHO MOXHO 6bl10 6bl 06bEeANHUTL HAa3BaHWEM "HayKa U UCKYCCTBO
[enoBoro o6uieHns” 1 B KOTOPYIO peyeBoe AoKa3aTenbCTBO (YMeHue ybex-
[0aTb) BXOOWT B KAYeCTBE BaXKHeNLero KoMnoHeHTa. MsgaHne paccuntaHo Ha
LINPOKUIA KPYT HACTOALMUX 1 ByaywiMx cneuuanncTos, npogpeccroHanbHas
OeATeNIbHOCTb KOTOPbIX CBSA3aHa C yrnpaB/ieHVeM KakK 0cobbiM BUAOM BO3Aeii-
CTBUA Ha Niojeli; MeHeaXepoB, OPUCTOB, NOMTUKOB, NeAaroros.

2. MyHeB B.IN. 'TakTuka u cTpaTerust ynpaBnenus puypmoii”. 254 crp.

KHura nocesiieHa Bonpocam 1 MOAENsIM opraHusaumm 6usHeca, cTpaterum
KOHKYPEHTOCNOCOBHOCTU (h¥PM 1 COBPEMEHHBIM METOAAaM MpUCcnoco6neHns
K BbDXVMBaHUIO B C(pEpPE X035MCTBOBaHUSA, (pakTopaM opraHusauuy npousBoj-
cTBa. Yue6Hoe nocobue SABNSETCS NPAeTUYECKO YacTbio M3aHHOMO paHee Kyp-
ca nekymii "YnpaeneHue 3apy6exHoli NpoMbILLIEHHON (hupMoii* 1 0606LaeT
OMbIT PYHKLMOHMPOBAHUSI 3KOHOMUKM BeAYLIMX 3apy6GEXHbIX CTPaH, a Takke
KpynHeWwux kopnopayuii Mupa. MaTtepvan npegHasHauyeH pyKoBOAWTENsIM
BCEX YPOBHeii, opraHmsaTtopam Npou3BOACTBEHHOIO npouecca. CTygeHTam,

BCEM, KOTO MHTEpecyeT MEHeXXMEHT
3. lony6HoB E.MN. "MOpPKeTUHIoBble UCCNeaoBaHWs: TeOpUs, METOA0/10TUS U
npaktuka”. 416 crp.

BrepBble B 04HOI KHUTe pacCMOTPEHbl BCe BaXHellune TeopeTnko-mMeToa0-
flormyeckne BONPOChbl MApKETUHIOBbLIX MCCEA0BaHNNA, a Takxe pesynbTartbl
UX NpakTu4eckoli peanusauunun. PackpbiBaloTca cofepxXaHue u Hanpasne-
HUA MapKeTUHIOBbIX MCCNeAOBaHUN, ONUCLIBAOTCA NPOLLECC U METOAbl UX
nposefeHus. [laetca xapakTepucTmka 3KCNepTHbIX METOAO0B, MPUMEHAEMbIX
npy NpoBefeHNN MapKeTUHIOBbIX UccnefoBaHunii B 06nactun nccnefoBaHms
pblHKa, noTpebuTeneli 1 KOHKYPEeHTOB. PaccmaTpuBaloTca pesynbTarbl Uccre-
[0BaHNs TOBapoOB, LeH, 3h(heKTUBHOCTY AeATeNbHOCTU N0 NPOABUXEHUIO TO-
BapoB (Npexpae BCero peknambl).

4. Edpemos B.C. “Ctparterus 6usHeca". Yueb6Hoe nocobue. 192 cTp..

nepenser.

BkHure npegnpuHATa nonbITka, BO-NePBbIX, PACCMOTPETbL TEOPETUYECKMNE KOH-
Lenuun, Ha KoTopble ONMparTCs U3BECTHblE MOAXOAbl CTpaTternyeckoro nna-
HUPOBaHWNA 1 ynpasneHus B 6usHece, 1, BO-BTOPbIX, PaCKpbITb COAepXaHne
MEeTOA0B peLleHns CToAWMX B 3TOM obnacTu 3agad. KHura pacuntaHa Ha me-
HexepoB, NPoheccUoHaibHO MHTEPECYIOLWXCS NPo61eMamMmn KOHKYPeHL MK,
pasBuTMA 1 CTpaTerMyeckoro naaHMpoBaHUs AeAaTenbHOCTU upMbl. OHa Tak-
Xe ByaeT uHTepecHa npenogasartesiiM U CTyAeHTaM 3KOHOMMWYECKUX BY30B.

5. P Myapc. “3duchekTBHOE ynpaBneHme. MNpakTnyeckoe pykoBoacTso."
(nep. caHrn.), 128 ctp.
B kHWUre nsnararoTca NpuHUMNb 3hPeKTUBHOr0 pyKOBOACTBA KO/I/IEKTUBOM.
OHa npefcTaBnseT uHTepec 418 PyKoBOAMTENa N060ro ypoBHS, Xxenato-
Liero oTWAngoBaTh HaBbIKN NPUHATUA peLleHns, MOCTaHOBKM 3ajad, ocylle-
CTB/IEHMS KOHTPO/1SA, 0BLLEHNSA C YleHaMU KOI1eKTBa U pa3peLleHns HecTaH-
OapTHbIX CUTyaumni.



6. "lckyccTtBo MeHeaXMeHTa. NpakTuyeckoe nocobue." (nep. ¢ oHrna ), 272
CTp., nepenner.

KHura npegcrasnsieT yuebHO-nNpaeTUyecknii Kypc, ocBeLlalLLnii Bce CTOpPO-
Hbl yNpaB/ieHns KONNEKTUBOM, paboTaloLlmm Ha hupme, NpeanpuaTum, B KOM-
naHum. ApryMeHTMPOBaHO U NOIHO pacKpbITbl DYHKLMM yNpaBieHusi, o0cobeH-
HO MOTMBALMS, COLMANBHO-MCUXONOMMYECKME acnekTbl ynpaB/ieHus nepco-
HasfioM, Mpouecc NPUHATUA pelleHnid. MokasaHbl CyLWHOCTb U (hakTopbl Me-
He[KMeHTa, B/UsSHNE KakK BHELLHEe, Tak U BHYTPeHHel cpefbl Ha BbIGOp cTpa-
Ternm u MeTofoB ynpas/ieHns, no460p 1 06yyeHne Kagpos, co3gaHne nNcuxo-
NI0OTMYECKOro KnumMaTa B KOMeKTMBE, CNOCOOCTBYIOLLErO YCNeLlWHOoW peanu-
3alMmn NOCTaBNEHHON Lenu.

7. [ BaHrs. "PykoBOoACTBO MO COCTOB/IEHUIO 6U3Hec-NIoHa"™ (Nep. ¢ OHrN.),
256 cTp., nepenser.

KHura sBnsieTca cambiM aBTOPUTETHLIM U (DyHAAMEHTa/IbHbIM TPYAOM U3 BCEX
Korga-nn6o m3gaHHbIX Ha 3anage, packpbiBalwWmUM CyTb nepexoja OT He-
hopmMasibHOro K hopmMasin3oBaHHOMY U CUCTEMHOMY NOAXOAY K BONpocam
nnaHuposaHusa 6usHeca. MoApo6HO u3naralwTCs OCHOBbLI COCTaBeHNsA OU3-
Hec-ngaHa manoro nNpeanpusaTMA: NOCTaHOBKa 3a4ayu u BbipaboTka nyTei
OOCTUXeHMA uenu, cogepxaHune n hopma 6usHec-nnaHa, oueHka ero gw-
HaHCOBOW CTOPOHbLI. B KauecTBe NpumMepoB NPUBOAATCA peasbHble GUsHec-
nnaHbl N0 HECKOJIbKMM MpoeKTaM, a Takxke obpasLbl 0hopMIeHNss BCNOMO-
ratesibHol gokyMeHTauun. Mo MHeHWIo XXypHana “d®op6c”, aTa KHUra — ca-
Mas flydias u3 Korga-imbo HanmcaHHbIX Ha 3Ty Temy.

8 3 jpuHonn. "®PUHOHCHI U (hMHAHCOBOE NiaHWpoBaHue 41a pykoBojuTe-
neW cpepHero 3BeHa" (nep. c oHr.). 96 cTp.
B kHUre B fOCTYNHOW chopMe paccmaTpuBatoTCA OCHOBbI hrHaHcoBOl rpa-
MOTHOCTU, NMpoLecc PMHAHCOBOrO NaHNPOBaHUSA U (PUHAHCOBAsi OTYETHOCTb
Ha ypoBHe nojpasfeneHunii npeanpusatns. KHura paccumtaHa Ha MeHemxe-
pOB CpeAHEro 3BeHO, NpeAnpuHUMAaTesnieil U nuu, XXenawwmx NoHsATb CyTb U
nopsiAoK (YUHAHCOBOrO NJIAaHUPOBAHUS.

9. KpeliwHo/V.H. "®UHOHCOBLINMBHEMKMEHY', 320CTp,, NnepenneT

Byuye6HOM Noco6umn paccMOTpPeHbl MeTo/bl yNpasieHus puHaHcamu npea-
NPUATUS: NNATEXEeCNnoCOo6HOCTbIO, (PMHAHCOBOI YCTONUYMBOCTbIO, KpeaMTOC-
Noco6HOCTbI0. MokasaHbl CNOCO6bI yNpaB/ieHUss PUHAHCOBLIM COCTOSIHU-
€M B YC/IOBUSIX M3MEHEHUIA B CNPOCE Ha MPOoAyKUMio NpeanpusaTus. Nanoxe-
Hbl MOAX0Abl K (UHAHCOBOMY M/IAHUPOBAHUIO U ABUXEHUIO (PUHAHCOBBIX W
[EHEXHbIX NOTOKOB C YY4ETOM PbIHOYHOI CUTYyauUUU M B3aMMOOTHOLIEHWIA
npeanpuaTMs ¢ napTHepamu. PaccMoTpeHbl Npo6ieMbl MHBECTULIMOHHOI
[eATeNIbHOCTY C yYeTOM CTeneHu puckoB. aHbl pekoMeHaauny soibopa dm-
HAHCOBbIX PELUEHUI BYCNOBUSIX AeiCTBYIOWEN CUCTEMbI HANTOTOOG/TOXEHNS.

10. (ony6HoB EJ1. "OcHoBbI MapkeTuHra', 656 ctp., nepennet

B ocHOBY y4yebHVKa NOM0XEH MHOTOMETHUIA OMbIT aBTopa No npenogaBaHuio
MapKeTuHra CTyfeHTaM 3KOHOMUYECKMX YYebHbIX 3aBefleHunil, a TaKxe cny-
LwaTensam cMCTeMbl NOBbILWEHNS KBanndukaumm. B kHure paccmaTtpuBatTcs
OCHOBHbIE MOHATUSA MapKeTUHra 1 ero NCnosib3o0BaHne HO Pa3HbIX YPOBHAX Y-
paBneHus, posib MapkeTMHra B cTpaTternyeckoMm naaHuposaHuu. MogpobHo
n3naraeTcsa nocnefoBaTebHOCTb (OYHKLUIA ynpaBieHns: npeaniaHoBbI aHa-
nm3, paspaboTka nnaHa, ero peanusaumsa U KOHTPOSb BbINO/IHEHUS.

CnpaBkn 0 NpnobpeTeHnn KHUT MO NOYTE 1 MOKYMKe 3a Ha/lIM4YHbI pacyeT
BIr. MockBe-no Ten.: (095) 148-81-34,148-95-62.
3asABKN Ha NnpuobpeTeHne HanpasaATb Mo agpecy; 107061,

r. MockBa, a/s 800, VIKL, «ANC». BO3MOXHa Kypbepckas focTaBka.
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B cepun «Y4eObHUKM MOCKOBCKOro
rocygapcTtBeHHOIo yHUBepcuTeTa
nveHn M.B. JlomoHOocCOBa»
B1998-1999 rr. BbILWIN KHUTWU:

. «KYPC 3KOHOMUWYECKOI TEOPUM»
KonnekTvie aBTopoB nog pefakuyeli Cugoposnya A.B., 06bem - 736 CTp.

- «OCYAAPCTBEHHAA SKOHOMWYECKAA NMONNTUNKA»
KonnekTws aBTOpOB - Anberosa .M., Emuos P.I"., Xononos A.B.,
o6bem - 320 cTp.

- «MAKPOSKOHOMWKA», 2-e nsgaHune

ABTOpbI - Aranosa T.A., CepervHa C.®., 06bem -4 16 CcTp.
- <tMMKPO3KOHOMWKAY», 2-e nsgaHue

ABTOpbLI- EMUOB P.I'., JIyKnH M.10., 06bem —320 cTp.

- «MATEMATUYECKNE METO/1bl B QKOHOMWKE», 2-e nsgaHve
AsTOpbl- 3amkoB O.0., ToncTonaTeHkoA.B., UepemHbix FO.H.,
o6bem - 368 cTp.

-«MEXAYHAPOAHAA SKOHOMWKAX

ABTOpbl —Muknawesckas H.A., Xononos A.B., o6bem - 272 cTp.

B nspatenbcrBe TakXXe MOXHO nNpuobpecTun
cnepywouime y4eoHUKN:

. «<KOIMYECTBEHHbIE METO/bI AHANN3A XO3AICTBEHHOW
LEATENBHOCTW», kypc no MBA (nep. c aHrn.)
ABToOp- Pwnuyapa Tomac, o6bem —432 cTp.

-«MEXAYHAPOAHAA CTATUCTUKA»

ABTOPLI- CnoeHKOAB., BallkaTos B.W., MaTeeeBaB.M,, o6bem- 272c1p
«CTATUCTUNKAY

ABTOpbl - CnaeHkKoAB., MaTtBeeBa B. M., bawikatos b. .,
Monos I.10., 06bem —368 cTp.

-«MAKPO3KOHOMWKAY

AsTOpbl - ByHknHa M.K., CemeHoB B.A., 06bem —320 cTp.
-«<KOMMEPYECKWE PACYETbI oTA go A»

ABTOp —Bebep M., 06bem —320 cTp.

CnpaBKu 0 NPNOBPETEHUN KHUT MO NOYTE M NOKYMNKe 3a HaJ/INYHbIN
pacyeT Br.MockBe —noTtesn.: (095) 148-81-34,148-95-62

3asiBKv Ha nprobpeTeHne HanpasnsaTb no agpecy: 107061, r.Mocksa, a/sa 800, UKL, «ONC»

Bo3moOXHa Kypbepckasa gocrtaBka



