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NMPEOVNCI1IOBUE

HacTtosiuee yuebHoe nocobue «MaTemaTmueckas fiormka.
Kypc nekuuii n 3agayHuUK-NpakTUKym» npegHasHavyeHo 4ns
CTY[eHTOB YHMBEPCUTETOB U Mefarormnyeckmx MHCTUTYTOB,
n3yyalLlimx martemaTuyecKyo 0rnKy.

OHO coCcTOUT M3 [BYX 4acTen.

YacTb nepeasa «Kypc fekumii no mateMaTuUyecKor no-
ruKe» BK/OYaeT B Cebs TeopeTMYECKUA maTepman rno pas-
Jenam:

Anre6pa fornku.
NcuncneHve BbiCKa3blBaHUMA.
Jlornka npegnkartos.
MaTtemaTunyeckme Teopuwn.
ANropUTMel.

YacTb BTOpasa «3afayHUK-NPaKTUKyM Mo martemaTuyec-
KO NOrnke» cofepXXuT Habop ynpadkHeHWid MoyTyn Mo BCEM
nepevyncrieHHbIM pasgenam.

B 3aBMCMMOCTM OT cofep>KaHus nporpamMmm Kypca marte-
MaTUYECKOM NOrMKU Ha KOHKPETHbIX CrneumanbHOCTAX, OT-
fenbHble pasfienbl Nocobns MoryT 6bITb UCKAKOYEHBI U3 pac-
CMOTPEHMA (Hanpumep, UCUYUCIEHMEe BbiCKa3blBaHW, maTe-
MaTuyeckne Teopuu), a U3 Apyrux pasfenos Mcnonb3oBaHa
NMWb 4yacTb Marepuana.

YuuTbiBas, YTo B OTAE/bHBIX Cyyasx cTyfieHTaMm Tpeby-
eTcs NUWb «3afavHUK-NPaKTUKYM», B KaXKA0M ero pasgesne
NPUBOANTCA MUHUMYM TEOPETUYECKUX CBeAieHU Heobxoam-
MbIX 419 pelleHns npegsaraemblX 3agau.

CTyAeHTbl MaTeMaTUyecKMUX crneuuasnbHOCTEN YHUBEP-
CNTETOB U Mefarorm4yecknx MHCTUTYTOB MaTepuasibl pasfe-
nos 1, 3 u 5 moryT BrnocneacTBun NCrosib3osaTb B NOAMOTOB-
Ke LUKOJ/IbHOro (haky/ibTaTUBHOIO Kypca «3/IeMeHTbl Marte-
MaTUYeCKol NOrnuKn».

akwNE
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Kypc nekumnii
No mMaTemMmaTuyecKou
NOrnKe



BBegeHune

MaTtemaTuka siBNsieTCs HayKoli, B KOTOPOW Bce yTBep-
XXAEHUS [0Ka3blBalTCA C MOMOLLb0 YMO3aK/luyYeHU, To
ecTb NyTeM WCMN0/1b30BaHUS 3aKOHOB Y€e/I0BEYECKOr0 MblLL-
neHnsa. M3yyeHne 3aKOHOB 4e/I0BEYECKOr0 MbILLIEHUSA AB-
nsieTca NpeaMeToM NIOTUKMU.

Kak camocTosiTeslbHasi Hayka /normka odopmMmusiach B
Tpygax rpedeckoro cgunocoga Apuctotens (384-322 r. go
H.3.). OH cuctemaTmn3npoBasl U3BeCTHblE 40 HEro CBeAeHus,
M 3aTa cucTema ctana BrMocNeAcTBMM HasbiBaTbCA hopmasib-
HOM NN ApPUCTOTENEBOI NOTMKOIA.

dopmanbHasi orukKa npocyuiecTsoBasna 6e3 cepbe3HbIX
M3MeHeHNIN 6onee aBaguatTu cTonetuin. EcTecTBeHHO, 4TO
pa3BuTMe MaTemMaTUKW BbISBUAO HeAOCTATOYHOCTb ApPUCTO-
TeNeBoW /IOTUKK 1 NMoTpeboBasio fasibHellero ee pa3BuTus.

BnepBble B UCTOPUU UAEUN O MOCTPOEHUU NOTUKU Ha
MaTeMaTM4YecKon OCHOBe 6bl/IM BbiCKa3aHbl HEMELKVUM Ma-
TemaTmnkom . JleibHnuem (1646-1716) B koHUe XV I Beka.
OH cunTasn, YTo OCHOBHbIE MOHATUS NOTUKU [O0/XKHbI ObITh
0603Ha4YeHbl CMMBOIAMM, KOTOPbIe COEAUHSATCS N0 0CO6bLIM
npaBunamM. 3TO MO3BO/IUT BCSAKOE pacCyXAeHWe 3aMeHUTb
BbIUMCNIEHNEM.

«Mbl ynoTtpebnsieM 3HakKu He TO/IbKO AN TOro, 4To6bI
nepeAatb HallW MbICN APYTUM NWLAM, HO U A5 TOro, 4YTo-
6bl 061erunTbL caM NpoLecc Hawero MbilneHnsa» (JleinbHul).

MepBas peanusauunsa ugen JleibHMUa NPUHAONEXUT
aHrnuiickomy yuyeHomy . bynio (1815-1864). OH co3gan asn-
rebpy, B KOTOpoW 6yKBamMu 0603HaY€Hbl BbiCKa3blBaHUSA, U
3TO NpuBeENO K anrebpe BbiCKasblBaHU. BBegeHMe CUMBOMN-
YeCKUX 0603Ha4YeHU B TIOTUKY MMEJI0 AN 3TOM HAayKW Takoe
XXe pellarllee 3Ha4YeHUe, KaK 1M BBeAeHWE OYKBEHHbIX 060-
3HaYeHU Ans maTemaTuku. VIMeHHO 6narogapsi BBeAEHUIO
CMMBOJIOB B /1I0TMKY Oblfla MoslydeHa OCHOBa AJ/1 CO34aHUs
HOBOI HayKM - MaTeMaTU4YecKOW SIOTUKMU.

MpuMeHeHe MaTeMaTUKM K /IOTMKe MO3BOJINIIO NMpej-
CTaBUTb JIOFTUYECKME Teopuwu B HOBOM ypobHOW chopme u
NPUMEHUTb BbIYUC/UTE/bHbIM annapaT K pelweHun0 3agad,
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MasfiofoCTYMHbIX Ye/I0BEYECKOMY MbILWIIEHUIO, U 3TO, KO-
HEeYHOo, pacwmpunao obnacTtb NOrMYECKNX nccnefoBaHuU.
K koHuy XIX cTonetua akTyasibHoe 3HadyeHue ANA maTe-
MaTUKWN rnpuobpesin BONPocbl 060CHOBAHUSA ee OCHOBHbIX MO-
HATUW 1 ngein. DTN 3ajadun UMeNu NOorM4YecKy npupoay
N, eCTECTBEHHO, MPUBE/N K AasbHelWeMy pa3BUTUIO MaTe«
MaTU4eCcKon NOrmku. B 3TOM OTHOLWEHUU MNoKasaTefbHbI
pa6oTbl HemeuKoro matemaTtuka II. dpere (1848-1925) n
nTanbsaHCKOro marematmka [. lNeaHo (1858-1932), KoTo-
pble MPUMEHUNN MaTeMaTUYecKy 0rnMKy Ans obocHoBa-
HUA apuMeTUKN N TEOPUN MHOXECTB.

Oc06eHHOCTN MaTemMaTUYecKoro MblLL/IEHUSA 06 bACHAOT-
Csl 0COGEHHOCTAMU MaTeMaTU4ecKMx abeTpaKuuii U MHOro-
obpasnem ux B3aummocBa3eir. OHM OTpaXkawTcs B Jlornyec-
KOW cucTemaTusauum matemaTuku, B foKasaTeNbCTBe Ma-
TeMaTNnyecKUX TeopeMm. B cBA3U C 3TUM COBPEMEHHYI MaTe-
MaTUYecKyl NOrMKY onpeaensalnT KakK pasfen maremMaTwu-
KW, NOCBALWEHHbIA WN3YYEeHUID MaTeMaTUUYecKMX pokKasa-
Te/IbCTB M BOMPOCOB OCHOBAaHWU MaTeMaTUKMU.

OfHOV N3 0OCHOBHbIX MPUYUH Pa3BUTUS MaTeMaTUYECKO
JIOTUKN ABNAETCA LWMPOKOE pacnpocTpaHeHre akcuomaTmnyec-
KOro Metoza B MOCTPOEHUWN pPas3/INUyHbIX MaTeMaTU4YecKnx Te-
OpuviA, B NEPBYIO oYepesb, FreOMeTpumn, a 3aTemMm apuPmMeTuKu,
Teopun rpynn v T. 4.

B akcmomaTMyeckoM MOCTPOEHUU MaTeMaTU4eckol Teo-
pvn npeaBapuTenbHO BbibMpaeTcsa HEKOTOpas cucTema Heor-
peaensieMbiX NOHATUA WU OTHOLIEHUA MeXAY HUMWU. ITU Mo-
HATUA N OTHOLIEHWS Ha3blBaKTCA OCHOBHbIMW. [arnee 6e3
JoKasaTesibcTBa NMPUHUMAIKOTCA OCHOBHblE TMOJIOXKEHUA pac-
cMaTpuBaemMoi Teopum - akcmombl. Bce pganbHeliwee cogep-
>KaHue Teopun BbIBOAUTCA NIOTMYECKM U3 akcuom. Briepsble
aKcmomaTuyeckoe MOCTPOEHME MaTeMaTUYeCKolr Teopun Obl-
no npeanpuHATO EBKAMAOM B MOCTPOEHUU FreOMeTpUN.

M3no)keHune aTolh Teopun B «Havanax» EBknmaga He 6e3s-
yrnpeyHo. EBKAVA 340eck NbiTaeTCAa AaTb OnpefeneHne NcxXom-
HbIX MOHATUA (TOYKK, NPAMON, NAOCKOCTWU). B AokasaTesib-
CTBe TeopeM UCMNO/Ib3YITCA HUTAE SABHO He ChOpMY/IMPOBaH-
Hble MOJIOXKEHUSA, KOTOPble CHMUTAKTCA 04eBUAHLIMU. Takum
o6pas3om, B 3TOM MNOCTPOEHUM OTCYTCTBYET Heobxogumas
normyeckasi CTporocTb, XO0TS MCTUHHOCTb BCEX MOJIOXKEHUM
Teopun He BbI3bIBAET COMHEHUA.
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OTMeTMM, YTO Takoi Noaxon K akcMomaTuyeckKomMy noc-
TPOEHMIO TeopuUWU ocTaBasica eAUHCTBEHHbLIM A0 XIX Beka.
Bonbwylo posib B MU3MEHEHUU TakKoro noaxoga cbirpanu pa-
60Tbl H. V. JlobauveBckoro (1792-1856).

J1obaueBCKMNIA BriepBble B IBHOM BUAe BbicKa3as ybexxje-
HMe B HEBO3MOXXHOCTW foKa3aTeNbcTBa NATOro nocrynarta Es-
Knnga v nogKpenun ato ybexkaeHne co3faHnem HOBOW reomeT-
pun. Mo3sxe HeMeuknini matematuk @®. Kneiin (1849-1925)
[oKasas HeNpoTUBOPEYNBOCTb reoMeTpumn J1o6avyeBCcKOro, Yem
(hakTnyeckn Oblna fokasaHa U HEBO3MOXXHOCTb AoKasaTeslb-
CTBa NATOro nocrtynarta EeBknnpa.

TakK BO3HUKAM U 6bl/IN pelleHbl B pabotax H. W. Jlo6a-
yeBCKOro n ®. KnerHa BNepBble B UCTOPUN MaTeEMaTUKN NPO-
6/1eMbl HEBO3MOXHOCTM foKa3aTeNbCTBa U HeNnpoTUBOpeYun-
BOCTU B aKCMOMAaTUYECKON Teopumn.

HenpoTnBOpe4YMBOCTb aKCMOMAaTU4YeCKOW Teopuu SABMA-
eTcs O4HMM W3 OCHOBHbIX TpeboBaHWM, NpeabABMAEMbIX K
cMcTeMe aKCMOM fJaHHoWM Teopuun. OHa 03Ha4vaeT, YTo U3 AaH-
HOM CMCTeMbl aKCUOM Hesib3s SIOTMYECKMM MNyTeM BbIBECTU
ABa rnpoTuBopeyaliux ApYyr ApYyry YTBepXXAeHUs.

Joka3aTenbCcTBO HEMPOTUBOPEUUBOCTM aKCMOMAaTUUYECKUX
TEopUi MOXKHO OC3MLECTBUTbL pPas3/iNyHbIMK MeTogamMn. OgHUM
N3 HUX ABMSETCA METoA MOAE/MPOBAHNSA NN UHTepnpeTaumii.
30ecb B KayecTBe OCHOBHbIX MOHATUA W OTHOLLUEHU Bbl6Mpa-
IOTCHA 3/1IEMEHTbl HEKOTOPOro MHOXECTBA U OTHOLLUEHUS Mexay
HUMW, a 3aTeM NnposepseTcs, 6YAYT /N BbINOMHATLCA AN Bblb-
paHHbIX NOHATUIA N OTHOLUEHWI aKCUOMbI AAHHOW Teopuu, TO
eCcTb CTpOUTCHA MoAenb A1 AaHHOW Teopuun. Tak, aHanUTu4ec-
Kas reoMeTpus sBASETCS apudMeTUYECKOn MHTepnpeTalme
reometpun EBkIMga. FCHO, 4YTO MeTOA4 MOAENPOBAHUSA CBO-
AWT BONPOC 0 HEMNPOTUBOPEYUBOCTU OAHOW Teopun K npobaeme
HernpoTUBOPEUMBOCTU APYroi Teopuw.

BONbWNHCTBO MHTepnpeTaunin Ana mMareMaTnyecKmux
Teopuin (1, B 4aCTHOCTWU, ANA apuPMeTUKU) CTPOUTCA Ha
6ase TeOpuUM MHOXECTB, B CBA3W C 3TUM Ba)KHO AoKa3saTtb
HENpPoOTUBOPEUMBOCTb TEOPUN MHOXECTB.

OpHako B KOHUe XIX Beka B TeOpUU MHOXXECTB Oblsin
o6Hapy>XeHbl NpoTUBOpeyYns (napafokcbl TEOPUU MHO-
XKEeCcTB). FApKMM MNpumMepomM TaKoro napajokca siBfsieTcs
napagokc 6. Paccena. Pa3o6bem Bce MbIC/IMMble MHOXeCTBa
Ha ABa Ksiacca. Ha3oBeM MHOXECTBO «HOPMasibHbIM», €C/N
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OHO He COAEepP>XXUT cebs B Ka4yecTBe CBOEr0 3/iIeMeHTa N «He-
HOpMa/ibHbIM» B MPOTUBHOM cnydyae. Hanpumep, MHOXe-
CTBO BCEX KHUI — «HOPMasJibHOe» MHOXeCTBO, a MHOXe-
CTBO BCEX MbIC/IMMbIX BELLEN - «HEHOpPMas/ibHOE» MHOXe-
cTBO. lycTb b - MHOXeECTBO BCeX «HOPMasibHbIX» MHO-
»ecTB, K KakoMy Kjiaccy OTHOCUTCA MHOXeCTBO b?

Ecrm £ - «HOpMasibHOe MHOXecTBO», TO beb, T e.
coAepXXUTCs B Kjlacce «HOPMaslbHbIX» MHOXeCTB, HO Torga
OHO COAEPXXUT cebsi B Ka4yecTBe CBOEr0 3/1IEMeHTa, 1 N03TOMY
«HEHOPMasibHO».

Ecnun b - «HeHopmasibHOe» MHOXecTBo, To kr X, T. e.
He COAEPXXUTCSA Cpean «HOPMasibHbIX» MHOXeCTB, HO Torga

He coaep>XXUT cebss B KayecTBe CBOEro 3jleMeHTa, U MoaTo-
MY OHO «HOpManbHO». Taknm o06pasom, NOHATUE «HOPMasib-
HOro» MHOXeCTBa MPUBOAUT K MPOTMBOPEYUIO.

MonbITKM YyCTPaHUTb NPOTUBOPEYUS B TEOPUN MHOXXECTB
npueenun Liepmeno K Heo6Xo0AMMOCTU MOCTPOUTbL akcmoma-
TUYECKYl Teopui MHOXecTB. [locnegyouwune BUAOU3MEHE-
HUS N YCOBEPLUEHCTBOBAHUSA 3TOW Teopuu NMpuBesun K cosga-
HUI0 COBPEMEHHOW Teopun MHOXecTB. OQHAaKO0 cpeacTBa 3Ton
aKCcMomMaTU4YecKol TeopuMn He MO3BOMIAKT AOoKasaTb ee He-
NMPOTMBOPEUNBOCTD.

Apyrve metogbl 060CHOBaHNS MaTeMaTMKN 6biNN pPasBuTbI
A, Tnnbbeptom (1862-1943) 1 ero WKoNoi. OHU OCHOBbLIBAKOT-
CS1 Ha MOCTPOEHUN MaTEMATUYECKNX TEOPUI KaK CUHTaKCcu4yec-
KNX TEOpWii, B KOTOPbIX BCE aKCMOMbl 3anuncbiBalOTCA JOpMy-
flaMn B HEKOTOpPOM asihaBmnTe M TOYHO YyKasbiBalTCA npaswuia
BblBOAA OAHUX (POPMY M3 APYTUX, TO €cTb B TEOPUK KaK Co-
CTaBHas yacTb BXOAMUT MaTemMaTmyecKkas /iormka.

Takmm obpasom, maTemaTmyeckas Teopusi, HENPOTUBO-
peynmBoCTb KOTOPOM TpeboBasioCcb AoKaslaTb, cTasna npegme-
TOM APYro matemMaTu4veckol Teopun, KoTopyk [mnbbepT
HasBa/1 MeTamMaTemMaTMKON, UM Teopuen AoKasaTefbCTB,

B cBSI3M C 3TUM BO3HMKaET 3a4ava NoCTPOEHUSA CUHTAKCK-
YecKoW, TO ecTb (hopmanmM3oBaHHOM aKCMOMaTUYeCcKoW Teo-
pun camoii mMaTeMaTM4YecKol fornku. Bbibupas mno-pasHomy
CUCTEMbI aKCMOM M npasBuia BbiBoAa OAHUX OpPMYA U3 ApYy-
rmx, Noay4varT pasfiNyHble CUHTAKCUYecKmne /0rmyecKkue Teo-
pn. Kaxkayto M3 HUX HasblBatOT /IOTMYECKUM WUCUYUCNEHUEM.

B gaHHOM Kypce 6ygeT pacCMOTPEHO Kaccu4yeckoe mc-
UncneHne BbICKa3biBAHWIA.
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ANTEBPA NTOTMKW®

§ 1. NMoHATMe BbICKa3biBaHUS

OCHOBHbIM (HeornpeaensemMmbiM) MOHATUEM MaTemMaTmyec-
KOW NOrMKN SABNAETCA MOHATME «MNPOCTOr0 BbiCKa3biBAHUSA».
MoA BbiCKa3blBaHMEM 06bLIYHO MOHMMAlOT BCAKOE MOBECTBO-
BaTesibHOe NpeasioKeHWe, yTBepXKjawlliee 4TO-NM60 0 YeMm-
nnéo, U Npu 3TOM Mbl MOXEM CKa3aTb, UCTUHHO OHO WM
JIOKHO B fa@HHbIX YC/IOBUSAX MecTa U BpeMeHU. J1ormyecku-
MW 3HAYEeHUSMW BbICKa3blBaAHUM SABAAKTCA «UCTUHa» W
«JTOXKb».

MpuBeaeM npumepbl BbiCKa3blBaHWUIA.

1) HoBropoa cTouT Ha Bonxose.

2) Mapwmx - cTonuuya AHIAnN.

3) Kapacb He pblba.

4) Yucno 6 genntca Ha 2 n Ha 3.

5) Ecnn 10HOLWA OKOHYMWIT CPEAHION LLKOAY, TO OH Mosy-
YyaeT aTTecTaT 3pPesioCTu.

BbElcka3biBaHUs 1), 4), 5) UCTUHHbI, a BbiCKa3biBaHUSA
2) n 3) NIOXHHbI.

OueBnAHO, NpeanoXxxeHne «J[a 34paBcTBYOT HaLIX CNOPT-
CMEeHbI!» He sIBNSIeTCA BblCKa3blBaHWEM.

BbicKa3biBaHWe, npeacTaBnstouee cobo 0gHO yTBEPXK-
JeHne, NPUHATO HasbiBaTb MPOCTbIM WU 3/IEMEHTAPHbIM.
MpumMmepamun 3/1eMeHTapPHbIX BbiCKa3blBaAHUIA MOTYT C/Y>XUTb
BbiCKa3biBaHUA 1) n 2).

Bbicka3blBaHUA, KOTOPble NOMyYaloTCsa U3 a/ieMeHTapHbIX
C MOMOLLLbIO FPAMMAaTUYECKNX CBA30K «HE», «U», <UIN», «eCc/n

TO ...», «TOFA4a W TO/IbKO TOrAa», MPUHSATO Ha3bIiBATb C10XK-
HbIMU NN COCTaBHbIMMW. Tak, BbiCKa3biBaHMe 3) nosy4daeTcs
M3 MPOCTOro BbiCKa3biBaHUA «Kapacb - pblba» ¢ MOMOLLbIO
0TPULAHUA «HE», BbiCKa3biBaHMe 4) 06pa3oBaHO U3 3/1EMEH-
TapHbIX BblCKa3blBaHU «Yucnio 6 genutesa Ha 2», «Hucno 6
genntca Ha 3», CoOeAUHEHHbIX COO30M «U». BbicKa3biBaHUe 5)
nosyvyaeTcs U3 NPOCTbIX BbiCKasbiBaHUN «HKOHOLWA OKOHYUN
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cpeaHo0 WKoNy», «KOHoWwa nony4vaet aTTecTaT 3penocTu» ¢
MOMOLLI;bl0 TPpaAMMATUYECKOl CBSAISKN «ec/n ..., TO ...». AHa-
JIOTMYHO C/TOXKHble BbICKA3blBaHUsI MOTYT 6bITb MOSyUYEeHbl U3
MPOCTbIX BbiCKa3blBaHM C MOMOLLbIO FrpaMMaTUUYECKUX CBS-
30K «MTN», «TOFAa U TOSIbKO Torgan.

B anrebpe NOrMKu BCe BbICKa3biBaHUS paccMaTpuBaloT-
CA TO/TbKO C TOYKW 3PEHUS UX JIOTMUYECKOro 3HAYeHus!, a oT
NX XKNTelcKoro cogepyaHus oTeriekalTcs. CumMTaeTcsl, UTo
KaXX[0e BbICKa3blBaHUe NU60 UCTUHHO, NM60 /IOXKHO U HU
0[lHO BbICKa3blBaHWe He MOXET 6blTb 0HOBPEMEHHO UCTUH-
HbIM W NOXHbIM.

B pganbHeilweM 6yaeM afieMeHTapHble BbiCKa3blBaHUS
0603HaYaTb M~bIMU 6yKBaMMK NaTUHCKOro andasuTta: X, Y,

[ a, b, ¢, ..., NICTUHHOE 3Ha4YeHMe BbiCKa3biBaHUA - OYK-
BOA M unu uudgpon 1, a NoXKHoe 3HayeHue - 6YKBOW /1 UK
undgpon 0.

Ecnn BbiCKasbiBaHMeE a UICTUHHO, TO bygem nucaTtb a = 1,
a ecqim a NnoxXkHo, To o = 0.

§ 2. Jlornuyeckue onepaunn Haj BbiCKasbiBaHMAMMU

1. OTpuuyaHue. OTpULAHNEM BbICKa3blBaHUSA X Ha3blBa-
eTCA HOBOE BblCKa3blBaHWe, KOTOpPOE SIBASETCS WUCTUMHHBIM,
€C/MIN BbICKa3blBaHWE X JI0XKHO, U JIOXKHbIM, €c/IN BbiCKa3bl-
BaHWEe X WCTUHHO.

OTpuuaHne BbiCKa3blBaHUS X 0603HayaeTcss X W uuTa-
eTca «He X» WM «HEBEpPHO, UYTO A».

Nornyeckne 3HauyeHUs1 BbICKA3blBAHUSA X MOXHO OMMU-
caTb C MOMOLWbI0 TaGAuubl

X X
1 0
0 1

Tabnmubl Takoro Bua NPUHATO HasbiBaTb TabMLamu
WCTUHHOCTMU.

MycTb /T BbiCKa3biBaHWe. Tak KakK X TakKxXe siBNsieT-
CA BbiCKa3sblBaHWEM, TO MOXHO o6pa3oBaTb OTpuuaHue

BbliCKa3blBaAaHNA X , TO €CTb BbICKa3blBaHMe X , KOTOpoOe
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Ha3blBaeTcA ,CI,BOI7IHbIM oTpuuaHueM BbiCKa3biBaHUA X. ACHO,

4YTO JIOTNYECKMe 3HaueHUs BbiCKasblBaHWIA X U X coBnaja-
I0T.

Hanpumep, ans BbickasbiBaHUA «Peka Bo/iXoB BbiTeKa-
eT n3 o3zepa MnbmeHb» oTpuuaHuem Oy[eT BbiCKasblBaHWe
«HeBepHO, 4UTO peka BosxoB BbiTeKaeT 13 o3epa VInbmeHb»
nnu «Peka BoxoB He BbiTeKaeT U3 03epa MibMeHb», a ABON-
HbIM OTpULaHVeM 6yaeT BbicKa3biBaHMe «HeBepHO, YTO peka
BonxoB He BblTekaeT U3 o3epa VnbMeHb»

2. KOHBIOHKUMA (flornyeckoe yMHOXXeHMe). KOHBIOHK-
umeli oBYX BbICKa3blBaHWUI X, Y Ha3blBaeTCA HOBOE BbICKAa3bl-
BaHVe, KOTOpOe cyYMTaeTcss WUCTUHHbIM, ec/in 06a BblCKas3bl-
BaHUA X, Y UCTUHHBbI, N JIOXKHbIM, €C/In X0TS 6bl 04HO U3 HUX
JTOXKHO.

KOHBIOHKLUMNA BbICKa3biBaHU X, Yy 0603Ha4aeTcad CUM-
BOMIOM X&,y nnu {x Ay), yntaetca «1. n y». BbicKkasbiBaHUA
X, Y Ha3blBAOTCA Y/leHAMN KOHBIOHKLUN.

Jlornyeckne 3HayeHUs KOHBIOHKLWUW ONUCBLIBAKOTCA Clie-
aywouwen Tabnuuen UCTUHHOCTW:

X Yy X&y
1 1
1 0 0
0 1 0
0 0 0

Hanpumep, Ans BbicKasbiBaHU «6 gennTcsa Ha 2», «6 ge-
NNTCA Ha 3» UX KOHBIOHKLMEN ByaeT BbickasbiBaHWe «6 AennT-
cA Ha 2 u 6 genutca Ha 3», KOTopoe, 04eBUAHO, NCTUHHO.

M3 onpegeneHus onepaumy KOHbLROHKLNN BUAHO, YTO COHO3
«N» B anirebpe NOrmKN ynotpebaseTcs B TOM XKe CMbIC/e, YTO
M B NoBCeAHEBHOW peun. Ho B 06bIYHOW peyn He MPUHATO Co-
e0VHATb CO30M «W» [Ba BbICKa3blBaHUA JasleKUX APYyr oOT
Apyra no cofep>kaHuio, a B anrebpe I0rMKu paccmaTpuBaeTcs
KOHBIOHKLMSA ABYX NM06bIX BbICKA3blBAHWIA.

M3 onpeaeneHusa onepaumm KOHBLIOHKLUW U OoTpULaHNA

ACHO, 4YTO BbICKa3blBaHue X8r,x Bceraga Jio>KHo.
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3. AN3BIOHKLUMA (Norvyeckoe cnoxkenuie). JU3blOHKLWER
OBYX BbICKa3blBaHW X, y Ha3blBaeTCA HOBOE BbiCKa3blBaHUe,
KOTOpOe cUMTaeTCcad UCTUHHLIM, ecnn XoTA 6bl 04HO U3 BbIC-
Ka3blBaHUM X, y WCTUHHO, W JIOXHbIM, ecnm oHU oba
JNIOXKHBbI.

JAV3bIOHKLUMSA BbiCKa3blBaHWIA x, y 00603Ha4YaeTcs CUM-
BO/IOM XV y, unTaetTcs «x WAM y». BbiCKasblBaHUA X, Yy
Has3bIBATCA Y/IEHAMU AU3BIOHKLUN.

Jlornyeckune 3HaYeHUsI AN3BIOHKLMU OMUCLIBAOTCSA Cre-
aywulen Tabnnuein MCTUHHOCTK:

X XVy

O O

Hanpumep, BbicKasbiBaHne «B TpeyronbHuke OPE yron
B wan yron E ocTpbii» UCTUHHO, TakK KaK 06s13aTesibHO
WCTUHHO XOTSA 6bl 04HO M3 BbiCKa3blBaHU: «B TpeyroabHW-
ke BEE yron O ocTpblii», «B TpeyronbHuke BPE yron E
OCTPbIN».

B noBcegHEBHOW peyun cow3 «UNU» YyrnoTpebnsieTca B
pasnnMyHoM cMbICNe: UCK/lYalWeM U He UCK/YaloWweM.
B anrebpe NorukKu cow3 «Uuv» Bcerga ynotpebnsietcsa B He
UCKJ/loYalwLwem cmbicne.

M3 onpepeneHuna onepaumn AU3bIOHKLUW U oTpULaHUA
ACHO, 4YTO BbiCKa3sbiBaHUe XV X Bcerga UCTUHHO.

4. Mmnnunkaymsa. Mimnnnkaymeidn AByX BbiCKa3biBaHWUM
X, Y Ha3blBaeTCA HOBOE BbICKa3biBaHWe, KOTOPOE CYMTAaEeTCH
JIOXKHbIM, €C/IN X UCTUHHO, &Y - JIO)KHO, N UCTUHHBLIM BO
BCEX OCTas/IbHbIX cay4asax.

Mmnnnkauusa BbicKasblBaHWA x, y 0603HayYaeTcs CUM-
BOJIOM X Yy , UATAETCHA «eC/IM X, HOY» WU «U3 X cnepyet
y». BbICKa3blBaHWE X Ha3blBalOT YC/A0BMEM WM MOCLINTKONA,
BbiCKa3blBaHWe y - CNefiCTBUEM WU 3aK/IHOYEHUEM, BbiCKa-
3blBaHMWe X->Yy - c/fiefoBaHUEM WU UMMNKaLUuen.
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Jlornyeckme 3HauyeHUs onepaunum UMMAAUKALUN OMUCHI-
BalOTCA cneaylolelii Tabnuueii UCTUHHOCTU:

y o x->y
0 o)
o) 0

Hanpumep, BbicKasbiBaHUe «Eciu uncno 12 genuTcsa Ha
6, TO OHO gennTca Ha 3», O4eBUAHO, UCTUHHO, TaK Kak 3[4ecb
WCTUHHA nocbisika «Yucno 12 genntca Ha 6» N UCTUHHO
3akno4dyeHve «4ucno 12 genutca Ha 3».

YnoTtpeb6neHne CnoB «ecnu TO ...» B anrebpe Noruku
OT/IMYaeTcs 0T ynoTpebsieHUs Ux B 06bIAEHHON peyn, rae Mbl,
Kak npaBnio, cYMTaem, 4YTO, €C/IN BbiCKa3biBaHME X JI0XKHO,
TO BbICKa3blBaHWe «Ecnun &, To y» BoO6LLE He UMEET CMbICNa.
Kpome Toro, cTpos nNpeasioxkeHne Buaa «ecnm X, To y» B 00bl-
OeHHOl peuun, Mbl Bcerga nogpasymeBaem, UYTO MNpeanoXxkeHue
Yy BbITeKaeT U3 MpefioXXeHUs X. YrnoTpebneHue cnoB «ecsu
.., TO ...» B MaTeEMaTU4eCKON NOrMKe He TpebyeT 3TOro, no-
CKOJIbKY B HEW CMbIC/T BbICKa3blBaHU HE paccMaTpuBaeTCs.

MmMnnnkauma urpaet BaXKHY posib B MateMaTuyeckux
JoKasaTenbCTBax, TaKk Kak MHOrve Teopembl hopmynunpy-
loTCA B yc/0BHOW dopme «Ecnm X, To y». Ecnm npm aTtom
M3BECTHO, YTO X WCTUHHO U AOKa3zaHa WUCTUHHOCTb UMMN-
Kauum x-”~ 'y, TO Mbl BNpase cAenaTb BbIBO4 06 UCTUHHOCTYU
3aK/Io4eHNns .

5. OKBUBANIEHLUUS. DKBMBAsIEHLEN (NN 3KBUBANIEHTHO-
CTbl0) ABYX BbICKasblBaHWUi X, Yy Ha3blBaeTCs HOBOe BblCKa-
3blBaHME, KOTOPOEe CcYMTaeTcsd UCTUHHBLIM, Korga oba BbiCKa-
3blBaHUA X, y 1160 04HOBPEMEHHO UCTUHHBI, IN60 O4HOBpE-
MEHHO JI0XKHbl, M NOXHbIM BO BCEX OCTasIbHbIX CAy4Yasx.

OKBMBaneHuUusa BbiCKa3blBaHU X, Y 0603Ha4YaeTcs CUM-
BO/IOM X <>y , ynTaeTcs «Anas Toro, 4ytobbl X, HEOH6XO0AMMO
MU A0CTaToyHO, YTobbl I/» nnn «x TOrga WM TO/BLKO TOrAa,
Korga y». BbicKa3blBaHUSA JT, y Ha3blBalOTCA YeHaMn 3KBU-
BaNleHUUN.
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Jlornyeckme 3HauYeHUS onepaumm 3KBUBaSIEHLUN OMKU-
cbiBalOTCA cneaywouwein Tabnnuyen NCTUHHOCTK:

X X<~y
(@]
O (@]

Hanpumep, skBuBaneHuna «TpeyrosibHuUK C Bep-
WMNHOMN 5 n ocHoBaHMeM paBHOb6eApeHHbI Torga n ToNb-
Ko Torga, kKorga ZP = ZQ » ABMsAeTCA UCTUHHOW, TaK Kak
BblCKa3biBaHNUA «TpPeyrosibHUK C BepwwuHOh 5 mn oc-

HoBaHMeM P~ paBHob6egpeHHbI» 1 «B TpeyronbHuke 5P0
C BepwmnHo A n ocHoBaHuem PQ ZP =ZQ » nnubo oaHO-
BPEMEHHO UCTUHHbLI, TM60 OAHOBPEMEHHO NTOXKHBbI.

OKBNBAJIEHTHOCTb MUTpaeT Ba>KHYl pPoJib B MaTtemMa-
TUUYECKNX JoKa3aTenbcTBax. VI3BeCTHO, YTO 3HAYUTENb-
HOe Yucno Teopem opmynupyetca B popme Heobxoau-
MbIX WU A0OCTATOYHbIX YC/I0BUW, TO ecTb B (hopMe 3KBUBaA-
NeHTHoCcTU. B 3aTom cny4dae, 3Hass 06 UCTUHHOCTU WU
JTO)KHOCTM OLHOr0 U3 ABYX YJ/IEHOB 3KBUBA/IEHTHOCTUN W
[O0Ka3aB UCTUHHOCTb CamMoi 3KBUBa/IEHTHOCTU, Mbl 3aK-
noyvyaem 06 UCTUHHOCTU WAM JIOXKHOCTU BTOPOro 4seHa
3KBWUBANIEHTHOCTMU.

§ 3. dopmynbl anrebpbl JIOTUKN

C nomoublo NorMyecknx onepaumnii Hag BbicKasbiBaHUSA-
MW N3 3ajlaHHO COBOKYMHOCTU BbICKa3blBaAHUIA MOXXHO CTPO-
NUTb pasfinuyHble CMOXHble BbicKasblBaHWA. [pu 3ToM nops-
[L0K BbIMO/THEH WS oNepauunii yKasbiBaeTcsi cko6kamu. Hanpu-
Mep, U3 TPEX BbiCKa3biBaHWUI X, Y, T MOXXHO MOCTPOUTL BbIC-
KasblBaHUS

&y)yr wn X [y V(ie&r)).

MepBoe M3 HUX eCTb AU3BIOHKUUA KOHBIOHKUUU X, Y U
oTpnyaHuna BbiKasblBaHUA T, a BTOPOE€ BbiCKa3bliBaHWE €CTb
nvnankKauma, MocbINIKOM KOTOpOI7I ABNAETCA BbiCKa3blBaHWE JE
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a 3aK/IlYeHNEM —OTpULaHMe AN3bIHKL NN BbICKa3blBAHUA Y
N KOHBIOHKLUWNN BbICKa3blBaHWUM X, T.

BcsAAKoe C/10XKHOEe BbICKa3biBaHMe, KOTOPOe MOXET ObiTb
Nnosly4eHO N3 3N1eMeHTapHbIX BbIiCKa3biBaHWUW MOCPEACTBOM
NPUMEHEHNS 10TMYEeCKUX onepaunini oTpULaHUSA, KOHbIOH-
KUWUUW, OAU3BIOHKLUUN, UMMJINKAUUU U 3KBUBAJIEHLUN, Ha-
3blBaeTCcA hopmysoli anrebpbl JIOMUKMU.

dopmynbl anrebpbl 0rvukn 6ygem obo3HayaTb 60/1bLIN-
Mn 6ykBamnm flaTUHCKoro andasuta A, B, C,

Ana ynpow;eHna 3anucn opmMya NPUHAT psajg cornatue-
HUM. CKOGKM MOXHO OnyckaTb, NpuiepXmBascb crefyio-
Lero nopsigka feicTBUA: KOHBIOHKLMSA BbIMO/THAETCA PaHb-
e, Yem BCe OCTasibHble onepauun, AN3bIOHKLWSA BbIMOMHS-
eTcs paHblle, YEM MMMNKALUSA N 3KBUBAJIEHTHOCTb. Ecnu
Hag (OpMyJIO CTOUT 3HaAK OTPULAHUSA, TO CKOBKW ToXe
onyckarTcs.

B cBA3W ¢ 3aTUM POpMY/ibl

[X&Y)™T 1 v(Nn:&z))
MOryT 6bITb 3anucaHbl Tak:

X&YAT N X-"Yy"Xx&r.
Jlornyeckoe 3HayeHue GopMynbl anrebpbl NOrMKN MNOJI-

HOCTbIO onpegensieTcs MOrMYeCKUMN 3HAYEHUSIMU BXOASLLLMX
B Hee 3/IeMeHTapHbIX BbiCKasblBaHWii. Hanpumep, fornyec-

KUM 3HauyeHuem dopMynbl X&Yyy I B c/ydae, ecnm =1,

y =1, 2 =0 6yaeT UCTUHA, TO eCTb X&Yyy r =1.

Bce BO3MOXXHble norvyeckue 3HavyeHUs popmysbl, B 3a-
BMCMMOCTU OT 3HAYeHMUl BXOAAWMUX B Hee 3N1eMeHTapHbIX
BbICKa3blBaHW, MOryT ObiTb ONWCaHblI MOSIHOCTHIO C MOMO-
Wbl Tabnuubl UCTUHHOCTW.

Hanpumep, gna gopmynbl xyy->x&y Tabnuuya wc-
TUHHOCTN NMeeT BUA:

X Y% X y Xyy X&Yy XVy x&y
1 0 0 1 0 0
1 0 0 1 0 1 1
0 1 1 0 1 0 0
0 0 1 1 1 0 0
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J1erko BnaeTb, YTO, ecnm popmyna CoAepP>XUT M 3/IeMeH-
TapHbIX BbIiCKa3blBaHW, TO OHa MPUHUMAaeET 2" 3HaAYEHUIA,
COCTOSAWMX U3 HYNEA U efuHUL, UAN, 4TO TO XXe, Tabnuua
COLEPXKUT 2" CTPOK.

8§ 4. PaBHOCU/IbHbIe hOpMYybl anrebpbl NOrMKK

OnpegeneHune. ABe chopMynbl anrebpbl normkn A n B
Ha3bIBAK T CA PABHOCUJIbHLIMMW, €C/IN OHN NPUHUMAKT 0AN-
HaKO0Bble /IOTNYECKNe 3Ha4YeHUs Ha ftobom Habope 3Haue-
HUI BXoAsSWMUX B (POPMY/ibl 3/IeMeHTapHbIX BbiCKa3blBa-
HUIA.

PaBHOCMNBbHOCTL hopmysl1 6ygem 0603HavYaTb 3HAKOM
=, a3anucb A =B o03HauvaeT, uTO hopmynbl A u B paB-
HOCU/bHBbI.

Hanpumep, paBHOCUbHbI (HOPMY/Ibl:

X =X,
XV X =X,

{x&x)yy=y.

CDOpmynaA Ha3blBaeTCA T 0>KAeCTBEHHO NCTUHHOM (I/II'IVI
TaBTO/I0TNEIA) , ECNIN OHA NMPUHMMAET 3HayYeHMe 1 Npu Bcex
3Ha4YeHnAX BXoaAauwunx B Hee NnepemMeHHbIX.

Hanpumep, TOXXECTBEHHO WUCTUHHbI opMynbl X VX ,

X (y Xx).

dopmyna A HasbiBaeTCsd TO>XXAECTBEHHO JIOXKHON, ecnum
OHa NpunHMUMaeT 3HavyeHne O Npu BCeX 3HAYEHUAX BXOASALLNX
B Hee MnepemMeHHbIX.

Hanpumep, TOXAeCTBEHHO /io/icHA hopmyia X& X .

ACHO, YTO OTHOLUEHME PaBHOCUJ/IBHOCTU PedIEKCUBHO,
CUMMETPUYHO U TPaH3UTUBHO.

Mexay MOHATUAMW PaBHOCUJ/IBHOCTU N 3KBUBAJIEHTHO-
CTWU cyulecTBYeT crefylouias cBA3b: ecinm dopmynbl A n B
paBHOCUNbHBLI, TO hopmyna A o B - TasTosnorusa, n obpart-
Ho, ecnu copmyna A o B - TaBTOnorus, 1o opmynsl A n
B paBHOCWU/IbHBbI.

Ba)kHelLne paBHOCUNLHOCTU anrebpbl SIOTUMKU MOXHO
pa3buTb Ha TpW rpynnbl.
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1. OCHOBHbIE PABHOCU/IBHOCTU:

1 n&n=p]

Ny = X,\@ —3aKOHbl NAEMMNOTEHTHOCTMU,

3. X&1n =X

4, XVu=mn

5. x&n=n

6. XVn=X

7. X& X~ n - 3aKOH MpoTuBopeyund.

8. JTV)>X = bl - 3aKOH WCKJ/IIOYEHHOr0 TPeThbEero.
9. N~ =X - 3aKOH CHATUSA [ABOWHOr0 OTpPULAHUA.
10. Vm=nl

11. nV(y&x) = “ 3aKOHbl MOrsoweHns.

JokKaXxemMm oAVH M3 3aKOHOB norsoweHna. PaccmotTpum

dopmyny A =x&(yVx). Ecnu B atolh dhopmyne g =1 To0,

oyeBngHo, yVX=1 un torga Xx&(/VpE)=1KaK KOHbIOHK-

UMa ABYX WUCTUHHbIX BbiCKa3dbiBaHWi. INycTb Tenepb B hop-
Myrie A >k= 0. o Torga no onpegesieHN0 onepauny KoOHb-

HHKUMUN 6yAeT NOXKHOM N KOHBbIOHKUMA X& (y V Ac). NTak,

BO BCeEX Cllydyasx 3HadyeHus opmysibl A coBnajatT cO 3Ha-
yeHMAMN X, a NosTomy A = [r.

2.

PaBHOCM/ILHOCTU, Bblpa)kawuiue ogHU fIOrMYeckue

onepauuun 4yepes apyrue:

1.
2.

3.
4,
5.

6.

qo y=(x-ay)&[y ->Xx)

X->y =x Vy

X&y =xXyy e r
XVy =x&y 1 b O
X&y =XVy

XVy =x&y

FACHO, YTO paBHOCU/ILHOCTU 5 M 6 MoslyyarTCca N3 paBHO-
cunbHocTe 3 U 4 COOTBETCTBEHHO, ecnu 0T 06emx uyacteii
rnocnegHNx B3sATb OTPULAHUA U BOCMOJ/1b30BaTbLCA 3aKOHOM
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CHATUA ABOWHOro oTpMuaHus. Takmum o6pasom, B foKasaTeslb-
CTBE HYXXAAlOTCS MepBble YeTbipe paBHOCUILHOCTU. JLoKaXkem
[lBe N3 HUX: MepBYI0 N TPETbIO.

Tak Kak Mnpuv 0AUHAKOBbIX NTIOTMUYECKUX 3HAUYEHUSX X U

Yy UCTUHHBLIMU ABAAKTCA PopMynbl X >y, X->y ,y X,

TO UCTUHHOM 6YyAeT N KOHbOHKUNA {X -> r)&(y -> nc). Cne-

foBaTesibHO, B 3TOM c/flydae 06e 4yacTu PaBHOCU/IBHOCTU
MMelT OANHAKOBbIE UCTUHHbIE 3HAYEHUS.

MycTb TeNepb X HY UMEIOT pas/INyHble IorMyeckme 3Hade-
HUs. Torga 6yayT NOXHbIMU 9KBUBAMIEHTHOCTbL /B0 Y M 0fHa

M3 ABYX MMMOAMKauuii x y wunnm y ->x . o npu aTom

OyOeT NIOKHOM N KOHBHOHKUUA [X ->Y)&(y Xx). Takum

06pa3omM, B 3TOM c/lydae 06e YacTu PaBHOCUIbLHOCTU UMET
0QMHAKOBble JIOTMYECKNE 3HAYEHMUs.

PaccmMoTpUM paBHOCUIBHOCTL 3. ECIM X H'Y NpUHUMA-
0T OAHOBPEMEHHO UCTUHHbIe 3HAaUYeHUs, To GyAeT UCTUHHOA

KOHBIOHKUNA X&Y W NO0XHbIM OTpULUAaHWE KOHBIOHKLUN

X&Yy. B To xe Bpemsi 6yaAyT NOXKHbIMW U X , N Yy , a N03To-

My 6yAeT NIOXKHOW U AU3BIOHKLUUA XYY .
MycTb Tenepb X0TSA 6bl 0AHA U3 MEPEMEHHbIX X WN Yy
NpUHMMaeT 3HauYeHMe NoXKb. Torga 6yAeT NI0XKHOM KOHbBIOH-

Kunsi X&Yy U UCTUHHOWM ee oTpuuaHue. B To e Bpems OT-
pulaHne XoTsa 6bl 0A4HOM N3 MepeMeHHbIX 6yAeT UCTUHHbIM,
a noaTomy 6yaeT UCTUHHOM U AU3BIOHKLUUA X Y Y .

CnepoBaTenibHO, BO BCEX C/ydasix 06e 4acTu paBHOCUSIb-
HOCTM 3 MPUHUMAKT OAMHAKOBbIE JIOTMYECKME 3HAYEHMUS.

AHaN0rM4yHoO [A0Ka3biBATCA PaBHOCU/IBHOCTU 2 U 4.

M3 paBHOCUAbHOCTeM 3Tol rpynnbl cnegyeT, 4yTo BCS-
Kyt ¢Gopmyny anrebpbl JJOTMKU MOXHO 3aMeHUTb paBHO-
CUMbHOW el hopMyoii, cofeprkallenn TONbKO ABe NOrnyec-
Kue onepauuun: KOHBIOHKLMUIO U OTPULLAHUE WU AU3BHHK-
LUK 1 oTpuUuaHue.

[JanbHelee UCKOUYEHUE NOTUYECKUX onepauuin He-
BO3MOXHO. Tak, ec/im Mbl 6yAeM MCNO/b30BaTb TO/IbKO
KOHBIOHKLMIO, TO y)Xe Takas opMysia KaK oTpuuaHue X
He MOXEeT ObiTb Bblpa)KeHa C MOMOLLb0 onepauun KOHb-
IOHKLUWU.
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OpfHaKo CyLecTBYHOT ornepauun, ¢ NMOMOLLbI0O KOTOPbIX
MOXET 6bITb BblpaykeHa nbas M3 NATU NOrMYecKMX onepa-
LM, KOTOpbIMW Mbl MoMb3yemcsi. Takoli onepaumueii ABnsieT-
csl, Hanpumep, onepauusa «WTpux LWeddgepa». ITa onepa-
uma obos3HavaeTcss cMMBosiIoM X\y U onpefesniieTcs cnenyto-
e Tabnnuen NCTUHHOCTK:

x\y
]

O
O O

OueBUAHO, MMEKT MecTO PaBHOCUJ/IbHOCTU:
1) X3 Njn..
2) X&YNM(X\Y)\{x\y).

N3 3TuX ABYX PaBHOCWU/IbHOCTEl cnepyeT, 4TO BCsKas
thopmyna anrebpbl /TOrMKN MOXKET 6biTb 3aMeHeHa paBHO-
CUAbHOW cdopmynon, cogepXxauleh TOMbKO onepauuto
«WTpnx LWeddepanr.

OTmeTuM, 4To X\y = X&Yy

AHaNOrMYHoO MOXKET 6bITb BBEAeHa onepaumsa ~{x,y) =xyy.

3. PaBHOCUNBLHOCTY, BblpaXkakLliMe OCHOBHble 3aKOHbI
anrebpbl N0rMKK:

1. x&Yy =y&X - KOMMYTATUBHOCTb KOHBIOHKLUW.

2. XVy=yy X - KOMMYTaTuUBHOCTb AU3bIOHKLUN.

3. X& (Y&T) = (x&Yy)&2 - accouymaTuBHOCTb KOHBIOHK-
Lun.

4. aV(yVr)=@3Vy)Vr - accoumaTMBHOCTb AN3bIOHK-
Lun.

5. X&{y Vr) = (m&y) V (m:&r) - ANcTpnbyTUBHOCTb KOHb-
IOHKL MW OTHOCUTE/IbHO AU3BIOHKLUN.

6. TV (/&) = (MmVy)&(0N:Vr) - ancTpnbyTUBHOCTb AN3b-
IOHKLWW OTHOCUTE/IbHO KOHBHHKLUK.
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Jokaxkem I'IOCI'Ie,CI,HVII7I M3 MnepeyncneHHbIX 3akoHoB. Ecnu

n=1, 1o 6yayT UCTUHHbIMK (opMy/bl X V (Y&T), XV vy,

nV2.Ho Torga 6ynet UCTUHHOM N KOHBIOHKLMSA (CV Y)&(KV ).

Takum o6pasom, npu =1 ob6e yacTM PaBHOCM/ILHOCTU 6
NPUHMMAIOT OANHAKOBbIE NIOrTMYecKne 3Ha4YeHnst (UCTUHHbIE).

MycTtb Tenepb /1= O. Torga x v (Y& z) =y&r, XVvy =y u

nV2=r, anostoMy U KOHbIOHKUNA {XV Y)& OKV 2) = /&2 .
CnepoBaTenbHO, 34ecb 06e 4acTu PaBHOCU/IBHOCTU 6 paBHO-
CUNbHbI 04HON N TOM >Xe opMyne y& z, U MNO3TOMY MPUHU-
MakT O4MHAKOBbIE NIOTMYECKME 3HAYEHUS.

§ 5. PaBHOCU/IbHbIe Npeobpa3oBaHUs hopmyn

Mcnonb3ya paBsHocunbHocTv I, 11 v 11 rpynn Mo>KHO 4yacTb
thopmy bl nnn opmyny 3aMeHUTb PaBHOCU/IbHOM el hopmy-
noii. Takne npeobpaszoBaHUA hOPMy/1 Ha3blBaOTCA PaBHOCUb-
HbIMU.

PaBHOCU/bHbIE Npeobpa3oBaHUA UCMNONb3YKTCA AN1A
[oKasaTenbCcTBa PaBHOCUbLHOCTENM, ANA NpuBeaeHUs (hopMyn
K 3agaHHOMYy Buay, 405 ynpouwieHus dopmys.

dopmyna A cumTaeTcsa Npolie paBHOCUIbHOW el op-
Mynbl B, ecnu oHa coAep>XXWUT MeHblle 6YKB, MeHblUle f10-
ruyecknx onepayuini. Mpu 3ToM 06bIYHO OMepauun 3KBU-
Ba/IEHTHOCTb U MMNAUKAUUA 3aMeHATCA onepauusammu
OVN3BIOHKUMN U KOHBIOHKLUUMK, a oTpuuaHme OTHOCAT K
3/IeMeHTapHbIM BbiCKa3blBaHUAM. PaccmoTpum pag npu-
MepoB.

1, JokasaTb paBHOCU/ILHOCTb X y ~X&Yy VX&Y.

Mcnonb3ya pasHocusabHoctu I, 11 v 11 rpynn 3anunwem
LenoyKy paBHOCUbHbIX (HOpPMY:

X y={x y&ly x)={xyy)&{"Vx)Hi
= X&Yy VX& XVy&y Vy& X =
=x&Yy VOVOVI/&X =x&Yy YYy&X =x&Yy Vx&Yy.

2. ¥Ynpoctutb gopmyny ~xvy  xv l/j&y.
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3anvilem LenoyKy paBHOCU/IbHbIX JOpMy:
Xs/yvxv yj&y = (KVyVnVy)&y s OKvy)&y =y.
3. [okasaTb TOXXAECTBEHHYK WUCTUHHOCTb (POPMY/ibl

(Bcy)((y->2)->0kVyr)).
3anuuwem LenoyKy paBHOCUbHbLIX QOPMYII:

E->y)->y->n”" (rVy->r1)=

NXVy)v N VIVXVYyV SX&Y Vy&zZvVX&YyvVrT=
= Ac&y vy &z VX&Y VI = [x&yvx&y)v{iy&g va)s
=& XVje)V(yVz)&(rVz)=y&Ilv(yv z)&l =
=yvyvz =(yvy)vz =lvz =1.

§ 6. Anre6pa byns

PaBHocunbHocTK I rpynnbl FOBOPAT 0 TOM, 4YTO asrebpa
norvkun obnagaet KOMMYTaTUBHbIMW U accoLMaTUBHbIMU 3a-
KOHaMW OTHOCUTENIbHO oMnepaunii KOHBIOHKLUUM U AUN3BIOHK-
LUN N ANCTPUB3ITUBHBLIM 3aKOHOM KOHBIOHKLIMM OTHOCUTE b-
HO AM3BIOHKLUU, 3TN XXe 3aKOHbl UMEKT MecTo U B anrebpe
yucen. Moatomy Hag dopmynamu anrebpbl OTUKN MOXHO
Npon3BOAUTL Te XKe npeobpasoBaHUs, KOTOpPble MPOBOAATCS B
anrebpe umcen (packpbiTUe CKOOOK, 3aK/lloUeHMe B CKOOKM,
BblHECEHMe 3a CKOOKN 06W,Eero MHOXNTENS).

Ho B anre6pe 0rmMku Bo3MOXXHbI 1 Apyrue npeobpasosa-
HWUS, OCHOBAHHbIE Ha UCMO0/Ib30BAHNN PABHOCU/IbHOCTE:

[X&Y) VI A {XVr)&{y V),

x&{yvx) = X,

ar.

XV (Y& x)

X&y S Xvy,

Xyy =x&y wnT.4.
3Ta 0C06eHHOCTb MO3BONSAET MPUATM U K [aneko ugy-
Wwum 0606w eHNSM.
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PaccmoTpum HenycToe MHOXKeCcTBO M 3neMeHTOB /to6oii
npupoabl { X , , B KOTOPOM onpefesieHbl OTHOLLUEHMWE

«=» (paBHO) N TpW onepauun: «+» (CNoOXKeHune), «=» (YMHO-
XXeHne) N «-» (oTpuuaHue), NoAYnHSALIMEC CriefyoWwnm
aKcmomMam:

KoMMyTaTuUBHbIE 3aKOHbI:

la X+y=y+X, 16. Xmy =y mX.
AccoumaTmBHbIE 3aKOHbI:

2a.x +{y+r)=(x+y)+r, 26. x-{y-r) ={x-y)-r.
ANcTpnbyTUBHbIE 3aKOHbI:

3a. (X+y)-2=(A:-2)+(y-2) 36. (xsy)+0=(r+r)-(y +n).
3aKOoHbl NAEMMNOTEHTHOCTU:

4a. x +x =X, 46. x-X =X.
3aKoH ABOMHOr0 OTPULLAHUS:

5, X=X
3aKoHbl ge-MopraHa:
6a. X+y =Xey, 66. Xmy =X +vy .
3aKoHbl NoraoweHuns:
7a. x +(y-x) =X, 76. x-[y +x) = X.
Takoe mMHOXecTBO M Ha3blBaeTCcA 6yneBoii anre6poii.
Ecnn nog oCHOBHbLIMUW 3/ieMeHTaMu x, y, I, ... nogpasy-

MeBaTb BbICKa3blBaHUA, Mo onepauusaMm «+», «mB», «-»
ON3BIOHKLUNIO, KOHBIOHKUUWIO, OTPULAHME COOTBETCTBEHHO,
a 3HaK paBeHCTBa paccMmaTpuBaTb KaK 3HaK pPaBHOCUJ/IbHOC-
TV, TO, KakK ciegyeTt n3 paBHocusbHocTe I, Il v 11l rpynn,
BCE aKCUOMbl 6ynieBoii anrebpbl BbIMOSIHAKTCA.

B Tex cny4asx, Korga gnas HeKoTOpoM CUCTEMbl aKCUOM
yfaeTcsa nopobpaTtb KOHKpPeTHble 00beKTbl U KOHKpPEeTHble
COOTHOLUEHNA MeXXAY HUMW Tak, YTO BCE aKCMOMBbI BbIMOJI-
HAOTCHA, FOBOPAT, YTO HaljeHa uHTepnpeTauumsa (Mam Mo-
[efib) faHHOW CUCTEMbl aKCUOM.

3HauuT, anrebpa fOrvKu ABNAETCA NHTepripeTauunein by-
neBoi anrebpbl. Anrebpa byns nmeeT 1 gpyrue nHteprnpeTa-
unun. Hanpumep, ecnv nog OCHOBHbIMUW 3/1IEMeHTaMn X, y, T,

. MHOXXecTBa M nogpasymeBaTb MHOXeCTBa, Mo onepauu-
AMN «+», «®», «-» 00beAUHEHWNE, NepeceveHne, AOMNOHEHNE
COOTBETCTBEHHO, a Moj 3HAKOM paBeHCTBa - 3HaK paBeHCTBa



AJITEBPANOTNKN 23

MHO>EeCTB, TO Mbl NPUX0AUM K anrebpe MHoXecTB. HeTpya-
HO y6eaunTbCcs, 4TOo B anrebpe MHOXXECTB BCe aKCUOMbI anre6-
pbl Bynsa BbINOMHALTCS.

Cpenu pasnMuHbIX WHTeprnipeTauuii 6ysieBot anreb6pbl
MMeTCa MHTepnpeTauum N TeXHU4Yeckoro xapakrtepa. OgHa
13 HUX bygeT paccMoTpeHa HuXke. Kak 6yeT nokasaHo, oHa
nUrpaeTt BaXKHY poJib B COBPEMEHHOW aBTOMaTUKe.

§ 7. ®YHKUUM anrebpbl JIOTUKN

Kak y>ke oTmevasiocb, 3Ha4yeHue hopmynbl anrebpbl fo-
MKW NOSTHOCTbIO 3aBUCUT OT 3HAUYEHUI BXOAALWMX B 3Ty hop-
MYJ/ly BbiCKa3dbiBaHWIA. [M03ToOMy hopMyna anreépbl /1I0TMKK
ABNseTCA PYHKUMEN BXOAALWMX B Hee 3/IeMEHTapPHbIX BbICKa-
3bIBAHUIA.

Hanpumep, dopmyna (x&y)->2 aBnsetcsa QyHKUMeNn

Tpex nepemeHHbIX /(K,y,r). OCO6EHHOCTbIO 3TON (PYHKLUN

ABNAETCA TO 06CTOATE/ILCTBO, YTO €e aprymMeHTbl NMpUHUMa-
I0T O4HO U3 ABYX 3HAYEHWIA: HOMb UNW eQUHULY, N MPU 3TOM
PYyHKLMA TakKe MNPUHMMAET O4HO U3 ABYX 3HAYEHW; HOMb
Unn eguHuULYy.

OnpepgeneHve. ®PyHKUMENR anrebpbl SIOTUKN N NEPEMEH-
HbiIX (MNn yHKUMeld Byns) Ha3biBaeTcss QYHKUMA N rnepe-
MeHHbIX, FAe Kaxjasa nepemMeHHas NpuHMMaeT ABa 3Haude-
HUa: On 1, u Npu 3aToM PYHKUUSA MOXKET NPUHUMATbL TONb-
KO OAHO W3 AB3TX 3HaueHun: O unn 1.

ACHO, UYTO TOXAECTBEHHO WUCTUHHbIE U TOXAECTBEHHO
NOXKHble (hopMynbl anrebpbl JOrMKW NpeacTaBasioT coboi
MOCTOSAHHbIe (QYHKLUUW, a ABe paBHOCWUJ/IbHble (HOPMY/bl Bbl-
paXkalT 04HY U Ty e (PYHKLMIO.

BbISICHMM, KaKoBO YMNC/0 PYHKLUUIA N nepeMeHHbIX. Oue-
BUAHO, KaXXAY YyHKLUI0 anrebpbl normku (Kak u opmyny
anrebpbl OFTMKW) MOXXHO 3afaTb C MOMOLLbI Tabnuubl nc-

TUHHOCTU, KoTopast 6yaeT cogepyaTb 2” cTpok. CrnefoBaTtesib-

HO, KaXfas PyHKUMS N NepeMeHHbIX MpuHUMaeT 2" 3Haue-
HW, COCTOSALWMX U3 HYNeh n eagnHny,. Takum obpas3om, QyH-
KLMS M NepeMeHHbIX MOTHOCTbIO onpejensieTcd Habopom 3Ha-

YeHWii 13 Hynen n eguHUL, 4NUHBLL 2", O6LLee Xe YMC/Oo Ha-

60poB, COCTOSILUX W3 HyNeil U eauHUL, ANVHLI 2" paBHO
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27V . 3HAUUT, YMC/O Pa3/INYHBLIX PYHKLMWI anrebpbl 0FMKK

M nepemMeHHbIX paBHoO 27V .

B yacTHOCTU, pasnnyUHbIX PYHKLMWI 0AHON nepeMeHHOoN
yeTblpe, a pPasfINUYHbIX (PYHKUWA ABYX MepeMeHHbIX LecT-
Hajuatb. Bbinuviwem Bce yHKLUUM anrebpbl TOTMKU 0AHOW ”
ABYX MepeMeHHbIX.

PaccmoTpum Tabnuuy UCTUHHOCTU ANA pas/INYHbIX
PyHKUMIA ogHOM NnepemeHHOW. OHa, 04eBUAHO, UMEET BUA;

X /x 24X Lix) /4(™)
1 1 1 0 0
0 1 0 1 0

M3 aToi Tabnuubl cneayet, UTo ABe PYHKLUUM O4HON Me-
pemMeHHOW 6yayT nocTosHHbIMKU: [I(m)3 1, /43)=0 a
=m n B30)=X

Tabnuua UCTUHHOCTU A1 BCEBO3MOXKHbIX (YHKUMIA ABYX
nepeMeHHbIX NMeeT BUA;

fl=fi{x,y)

Xy A m n 4 A r. Al A, A- A, ALA. Ac
1 111110 1 1000 100010
1 01 11011001 1 0007100
0 1110110011 0 101000
0o 0101110 1 10 1 010000

MVCHO, 4TO aHa/IMTUYECKNE BbIPAXKEHUS 3TUX (YHKL WD
MOTyT 6bITb 3anmucaHbl cregylowmumMm o06pasoMm:

/5= x&y, ™ =x<MNvy, /13 =Y->x,
f. = XVYy, 16 = X ho =Y, 14 =X vy,
b=y-"x, /T=Xo vy, M /15 = x&Yy,

/4 =X . /B

X, /12 = XVy, A6 - 0.
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§ 8. MpeacTaBneHne NPOU3BONbLHOM PYHKLMN
anre6pbl IOTUKN B BUAe OpMYybl anre6pbl IOrTMKK

MycTb - MpOou3BO/IbHAas PYHKLMNA anre6-

pbl NOTUKW M MepeMeHHbIX.
PaccmoTtpum dopmyny

VAOL,...,0)&XX&X2&...&X,,

KoTopasi cocTaB/ieHa crefyluwnmMm o06pa3om: Kaxkjoe cnarae-
MO€e 3TOM /I0rMYeCcKOoi CyMMbl NMpeacTaBnseT co60M KOHDBIOH-
KLU0, B KOTOPOI NepBblA YfieH ABngeTca 3HaYeHnemM PyHK-
uun P npy HeEKOTOPbIX oNpeAeneHHbIX 3HAYEHNAX NepeMEH-
HbIX X,, X3,..., X,, , OCT&/IbHbI€ XX€ Y/ieHbl KOHBHHKLU YW Npes-
CTaBNSAT C060 NepeMeHHble NN NX OTPpULaHus. Mpu aTom
nof 3HaKoM OTpUL@HUS HaxoaaTcs Te U TO/AbKO Te nepe-
MeHHble, KOTOpble B MepBOM 4Y/leHe KOHBIOHKLUN UMEKT 3Ha-
yeHwue 0.

BmecTte ¢ Tem chopmyna (1) coaep>XuTt B BUAE Nornyec-
KNX CrliaraemMmbiX BCEBO3MOXHbl€ KOHBIOHKLMW YKa3aHHOro
BMAa.

AcHo, uTo cbopmyna (1) monHoOCTbIO onpegensieT PyHK-
ynwo NM(x1,x2,...,X,). VHa4ve roBops, 3Ha4yeHnss pyHKumm P
n copmysnbl (1) coBnagatoT Ha BCeX Habopax 3Ha;YeHuin nepe-
MeHHbIX XI, X3,...,X,,.

Hanpumep, ecnm x, npuHuMmaeTt 3HavyeHue O, a ocTanb-
Hble MepeMeHHble MPUHMMaOT 3HayeHne 1, To pyHKuUa P

npuHuUmaeT 3HayeHne ~'(0,1,1,...1). MNpu 3aTOM Nornm4yeckoe
cnaraemoe P(0,1,...1)&X1&X2&...&X,, , BX0AsiW,ee B opmy-

ny (1), npuHumaeT Tak>e 3HadeHue ”(0,1,...1), BCe OcC-

Ta/nbHble NOrnyeckne crnaraembole opmynbl (1) NMeT 3Ha-
yeHue 0. [OeNCcTBUTENbHO, B HUX 3HaKWU OTpULAHUA Hag
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nepemMeHHbIMW pacnpeensitoTcsa MHade, YeM B PACCMOTPEH-
HOM Cc/flaraeMom, HO Torga npu 3aMeHe NMepeMeHHbIX TEMU XKe
3HAUYEHUSAMU B KOHBIOHKL MO BoiaeT cumBos O 6e3 3HaKa oT-
puuaHus, cMMBO/T 1 Moj 3HAKOM oTpuuaHusi. B TakoMm cny-
yae 0fMH M3 UNEHOB KOHBLIOHKLUW MMeeT 3HadeHue O, a no-
3TOMY BCSl KOHBIOHKLMWSA MMeeT 3HayeHue 0. B cBA3U ¢ aTUM

Ha OCHOBaHUWM paBHocuAbHOCTU gV O= T 3HavyeHWeMm op-
mynbl (1) asnsaetca ~'(0,1,...,1).

AcHO, 4To BUA popmMysbl (1) MOXKeT 6bITb 3HAUUTENBLHO
yMpoLleH, eciv B HEM 0TO6POCUTL Te SIOTUYEeCKUe criaraemsie,
B KOTOPbIX MEPBbIA Y/leH KOHBIOHKLNU MMeeT 3HadeHue O
(n, cnepoBaTenbHO, BCA KOHBHOHKLUUA MMeeT 3HayeHue 0).
Ecnun ke B 10rMyeckom cnaraeMom rnepBbii Y1eH KOHBbHOHK-
UMM uUmeeT 3HayvyeHue 1, TO, NO/b3YSACb PABHOCUBLHOCTbIO
1& £ = Ar, 3TOT Y/leH KOHBIOHKLUUN MOXHO He BbIMUCLIBATS.

Takum obpasom, B pesysibTaTte nosiydaetcs opmyna (1),
KoTopasi coAep>XUT TO/IbKO 3/IEMEHTapHbIe MepPeEMEHHbIE BbIC-

KasblBaHUA U o6nagaeT cnegywwymu CBOCTBAMMU:
1) Kaxkgoe siornyeckoe cnaraemoe (OpMysibl COAEPXUT

BCe MepeMeHHble, BXoasuime B dyHKumw P(g:l,n2,...,n:,

2) Bce normyeckue craraemble opMysibl pasfiYHbI.

3) Hu ogHO norunyeckoe criaraemoe hopMy bl He coaep-
>XUT OAHOBPEMEHHO MEPEMEHHYI0O U €e OTpUuLLaHue.

4) Hn ogHO nornyeckoe cnaraemoe opmysbl He cofdep-
XUT OQHY U Ty >XXe MepeMeHHYH ABaXKAbl.

MepeuncneHHble cBokcTBa OyAemM Ha3blBaTb CBOWCT Ba-
MW COBepLUeHCTBa WKW, KOpPOTKO, cBokcTBamun (C).

M3 npuBeAeHHbIX pacCy>XAeHUA BUAHO, UTO KadKAOW He
TOXXAECTBEHHO N1I0XKHOW (PYHKL MM COOTBETCTBYET eANHCTBEH-
HasA opmyna ykasaHHOro suja.

Ecnu dyHkuna 2Yacl,ac?,...4?7,) 3agaHa Ttabnuuen wmc-

TUHHOCTU, TO COOTBETCTBYlOWLAA el opmyna anre6pbl f0-
TMKN MOXeT 6blTb MoslydyeHa npocTo. [AeAcTBUTeNbHO, ANs
KaXK0ro Habopa 3HauyeHWin NepemMeHHbIX, Ha KOTOPOM (pyH-

kuna P(aclar2,...,Ac,) NpUHUMaeT 3HayeHue 1, 3anuiiem
KOHBIOHKLMIO 3/1IEMEHTAPHbIX MEPEMEHHbIX BblCKa3biBaHUIA.
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B35IB 3@ Y/IEH KOHbIOHKLMNU , €C/IN 3Ha4yeHMe XN Ha yKa-
3aHHOM Habope 3HauyeHWl NepeMeHHbIX ecTb 1 n oTpuuaHue
X, ecnn 3HayveHue x* ectb 0. AU3BbIOHKLUUSA BCEX 3aMMCaH-
HbIX KOHBIOHKUUA N 6yaeT WCKOMON (hOpMYJ/ION.

MycTb, Hanpumep, PyHKuna ~N(x1,X2,X3) nmeet cnepy-
oWy Tabnmuy MCTUHHOCTW:

X. X, P[Xy, X2,Xg)
o}
o}
o}
0]
0
0]
o} o} 0]
o} o} 0

[Ans HabopoB 3HayeHWit nepemeHHbIX (1,1,0), (1,0,1), (0,1,0),

(0,0,0), Ha KOTOpbIX (YHKLMSI IPUHUMAET 3HaueHWe 1, 3axrailem

KOHBIOHKL NN X1&X2&X3, X1&X2&1:3 X1&X2&X3,

X1& X 2& X 3, @ UCKOMas hopmMmyna, obnagatwlias cBoicTBamum
(C) , nmeeT BUA:

X1& X2& X3 V XXx& X2& X3 V X1& X2& X3 V X1& X3& X3 .

§ 0. 3aKOH ABOMCTBEHHOCTHU

MycTb copmyna J1 cooep>XUT TONbKO onepauun KOHb-
IOHKUUW, AU3BIOHKLUXM U OTpULaHUA.

Byaem HasbiBaTb onepauuio KOHbIOHKLUWUW [ABOWCTBEH-
HOW onepauun AN3BHOHKLUKN, a onepauuio AU3bIOHKLUN
[OBOMCTBEHHOMN onepaunn KOHBHHKLUN.

OnpegeneHne. d®opmynbl A U A* HasblBalOTCs ABOI-
CTBEHHbIMU, ecnn opmyna A* nonydaerca u3 opmMynbl A
NyTeEM 3aMeHbl B Hell KaXAoW onepauun Ha ABOMCTBEHHYIO.

Hanpuwmep, ansa gopmynbl A = (X Vy)& r 4BONCTBEHHON

thopmynon 6yaet cdopmyna A* = (x&y)Vr.
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Teopema. Ecnn dopmynbl A 1 B paBHOCUAbHLI, TO
paBHOCU/bHbBI U UM ABOMCT BEHHble (GOpMYy/ibl, TO €CThb

A*=B*.
MpeaBapuUTeNbHO AOKaXKEM fIeMMY.

Nemma. Ecnn gnsa gopmynbl A{X",Xz,,...X"") ABONCTBEH-
HoIA chopmynoint aensieTca A* (XN, Xz,...xN), T 0 cnpaBeainea
paBHOCUNBLHOCT b

AN, )N A*{XY XN, LX),

[loka3aTenbcTBO. AN anemeHTapHoli opmynbl yTBep-
YXAEHMeE /IeMMbl 04eBUAHO. [leicTBUTEsNbHO, ecnn ~ («1) = i,
TO = A*(acl) = n AGkl) = A *0K) .

MycTb Tenepb yTBepXAeHWe NeMMbl ClpaBefsiMBo AJ1s
BCAKUX (hopMyn, cofep>aliux He 6onee K onepauunii. [oka-
XKeM, YTO MpU 3TOM MPEeANoNIoKEHNN YTBEPXKAEHNE CripaBej-
nvBo 1 ona GopMynbl, cogepxalen A+1 onepauuio.

MycTtb hopmyna A(XNXz,...X,) cofepXxut A+1 onepa-
uuio. Torga ee MOXKHO NMpeacTaBUTb B OA4HOM U3 Tpex BUAOB:

1) A[x1,X2,...X"N)TAL1{x1,X2,...Xn), n
2) A{x™"x"N..x,)=A1(n:1l,«r.n:,)V Xr,...X,),

3) AT JT2,. . . = AMYXN X2, A20kIN 2, ...,

rae popmynbl ANXNXz,...X,) N AMXMXNY.-XN) cogepXkaTt
He 60nee K onepauuii, 1, cnefoBaTelbHO, A1 HUX YTBEPXK-
[JeHne cnpaseasiMBo, TO €CTb

afac,, xN,...x,) = al{x, x™,...x").
A2{x",X2,...X,) = AMx1,X2,...X,,).
B cnyyae 1) numeem A* = Ax, a nostomy

Ao X2,.. XN = AL{XL,X2,.. XN) = Alfo X2,...Xn) = A*{x1,X2,...Xn)
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B cnyvae 2) umeem A* = \Y/ A2, a nosatomy

— AN X X )& A{XL, Xe ... X)) -

= [Xx1,X2,..Xn)& a 1{xx,X2,...Xn) = A*(X1,X2,... X,,) .

AHaJI0rM4yHoe [10Ka3aTe/IbcTBO MNPOBOAUTCS U B c/iydae 3).
Jokaxkem Ternepb 3aKoH [ABOWCTBEHHOCTU.

Myctb dopmynbl A(x1,X2,...x,) n B(x1,x2,...x,) paBHO-
CWJIbHBI:

N(x1,x2,...X,) 3 B(x1,x2,...X,,).

Ho Torpa, oyeBMAHO.

A(x1,X2,...X,) - B(x1,X2,...x,,). (1)

B TO >Xe Bpemd, corsiacHo neMmme.

A{XN Xz, .ex,N—A (X],X2,x,),
N A2 X,) = B (X1,X2,...X,). (2)
N3 paBHocunbHocTel (1) n (2) nonydyaem
A (XNX2,..X,) = B (X],X2,..X,),
W, cnegoBaTtesibHo,
A*(x1,X2,...x,) = B*(x1,X2,...x,,).
§ 10. AV3bOHKTUBHAA HopMasbHas Gopma u

COBEpLUEHHAs AM3BIOHKTMBHAA HopManbHas
opma (AHD v COAH®D)

OnpegeneHne 1. 3nemMeHTapHOW KOHbIOHKLUMEN M nepe-
MEHHbIX Ha3blBaeTCs KOHbIOHKLNS MepeMeHHbIX UIn UX OT-
puuaHuni.

3ﬂ9MEHTapHaFI KOHBHOHKUWA N NepeMEHHbIX MOXXeT 6bITb

3anvcaHa B Buje: XN EX]| &... & XN,
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n o [x», ecnn =1,

roen:~=n"* *

pr*, ecnn 3™ =0.

OnpegeneHvie 2. OWU3blOHKTMBHOM HOpMasibHOW ¢hopMoii
(AH®) dopmynbl A HasblBaeTcs paBHOCM/bHAsS e hopmy-
na, npeacTaBnsiowas cobol AN3BIOHKLUIO 3/IEMEHTapHbIX
KOHBIOHKLWIA.

Ona nwb6oii dopmynbl anrebpbl IOTUKWA NyTeM paBHO-
CU/bHbIX MpeobpaszoBaHUn MOXHO nNonyynTb ee AH®, npu-
UeM He eAUHCTBEHHYH.

Hanpumep, ana gopmynbl A = X& (/1. -> y) UMeeM:
A =X&[x Vy) = (n:&5¢) V (3;&y) = X&Yy , TO eCcTb
OAH® A = {Xx& X) V(0:&Y),

AHDPArnr&r/.

Cpefn MHOrouncneHHbix JH® A cyuiecTByeT eUHCTBEH-
Has OH® A, AN KOTOpPOW BbIMOMHAKTCS MEpPeyYnc/ieHHbIe
BbllLIE YeTbIpe CBOMCcTBa coBeplleHcTBa (cBoiicTBa (C)).

Takasa OH® A HasblBaeTCcHA COBEPLUEHHOM AN3bIOHKT UB-
HOWM HopMasibHOM dhopmoii hopmynbl A (COHD A ).

Kak y>xe ykasbiBasiocb, CAH® A MoXeT 6bITb nony4e-
Ha C nomowbio Tabnuubl NCTUHHOCTN.

Ap3moii cnocob nonyvyeHua COH® dopmynbl A ocHoBaH
Ha paBHOCWUJ/IbHbIX Mpecbpa3oBaHUAX (HOPMY/bl U COCTOUT B
cnepyowem:

1. MNyTeM paBHOCUJ/IbHbLIX MpeobpasoBaHuii opMynbl A
nonyyarT ogHy ns AH® A.

2. Ecnu B nosydyeHHoih OH® A Bxopgsuias B Hee 3fe-

MeHTapHas KOHBIOHKLUUA B He Coaep>XUT MepeMeHHyl X7

TO, UCNOJIb3ydA PaBHOCUJILHOCTb VX()=b, anemeH-
TapHY KOHBIOHKUMIO B 3aMeHAT Ha [ABe 3/IeMeHTapHbIX

KOHBOHKUUN (B&N:N) n (B&X”N), Kaxaasa M3 KOTopbIX CO-

OEPXUT nepemMeHHy X,
3. Ecrin B AH® A BX0[AT ABe OAMHAKOBbIX 3/1IEMEHTap-
HbIX KOHBOHKUUKN B, TO NNLLIHIOK MOXHO 0TOPOCUTL, MNO/b3Y-

SACb paBHoCcUNbHOCTBIO B\ B =B .
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4. Ecnn HeKoTopas 3fieMeHTapHasd KOHbHOHKUUA B, BX0-
pauwaa 8 AH® A | cogep>XuUT nepemMeHHy L ee oTpuua-
Hue , TO B =0, n B MOXHO UCKNOUYNTL U3 AH® A |, Kak

HY/N1eBOI Y/ieH AU3BIOHKLWN,
5. Ecnu HekoTopasi 3/IeMeHTapHass KOHbBIOHKLUS, BXO-

AAawaa B AHD A, cogep>XnUT nepemMeHHy x* ABaKAbl, TO
04 HY MepemMeHHYI0 MOXXHO 0T6POCUTb, MNOMb3YACb PABHOCU/Ib-

HOCTbO Xi&Xi1 = XI.

ACHO, 4YTO Mocsie BbIMOMTHEHUS] OMUCAHHOW Mpoueaypbl
6yget nonsryeHa CAH® A .

Hanpumep, gna gopmynsl A =xv y&(@tVy) OAHDPA N

= xv X&,YYy Y&,y .

Tak Kak anemMeHTapHas KOHbOHKUNA B = x, Bxogsuwias
B AH® A, He coaep>XWUT nepemMeHHOW Yy, TO, MO0J1b3ySACb

paBHOCUILHOCTLIO B = B&(Yyvy) = X&{y v y) = X&y v X&Yy ,
3aMeHVM ee Ha [1Be 3/1IEMEeHTapHbIX KOHBIOHKUNN X&Y U X&Y .

B pesynbtate nonswmmMm JHP A = X&yv X&Y v X&Yy v y&Yy .

Tak kKak Tenepb [AH® A coaep>XWT ABe O0AVHAKOBbIX
3/1eMEHTapHbIX KOHBIOHKUUM X& Y, TO JIMLWIHIOW 0T6poCcUM,
NoNb3yACb PABHOCUJ/ILHOCTLID X&Y v X&Y = X&Y . B pe3ynb-
Tate nonyumm AH®P A =x&yy x&y v y&y .

Tak KakK 3fieMeHTapHas KOHBHOHKUNA Y&Y COLEPXUT
rMepemMeHHylo y 1 ee oTtpuyaHmne y , To y&y 3 O, 1 ee MOXHO
0TOPOCUTL KaK Hys/eBOi UsieH AU3BHHKLUUN.

Takum obpasom, nosyyaem

COAHDA =x&Yy v X&Y .

§ 11. KOHBbIOHKTMBHAasA HopMmanbHasa gopma
M coBeplleHHas KOHBLIOHKTMBHAasA HopMmasibHasa gopma
(KH® n CKH®)

OnpegeneHve 1. neMeHTapHO! AM3bIOHKUMel N nepe-
MEHHbIX Ha3bIBAeTCA AN3BIOHKLUA NEePEMEHHbIX UIN NX 0T-
pULaHWIA.
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SnemeHTapHaﬂ AN3BIOHKLNA N NMEPEMEHHbIX MOXXET 6bITb
3anncaHa B Bupge:

Xf vx~v...vxf”,

- Axi,, ecnn & =1,
roex/=-~_
XN, ecnu =0.

OnpegeneHne 2. KOHblOHKTUBHOW HOpPMasibHOW ¢hopMoii
(KH®) dopmynbl A Ha3blBaeTca paBHOCUNbHAA el hopmy-
na, npeActaBnsouias cob0li KOHBHHKLUIO 3/IEMEHTAPHbIX
ON3BIOHKLNA.

[Ans no6on hopmMynbl anredpbl IOFTMKN MyTEM PaBHOCU/b-
HbIX Npeobpa3oBaHUn MOXKHO NonyunTb ee KH®, npnuem He
eJMHCTBEHHYIO. -

Hanpumep, ana dopmynbl A's XV I/ x&y WMEEM:

AmMAXVY -> X&YJ&MX&Y -> XVy) =

= (XVy VX&Y)&NXE&Y V X VYY) =
=(XVXVIN&XVYVY)&(X VY VX)& (X VYyVYy), TO ecTb

KH® A =(XVXVY)& (X VY VY)&(X VY VX)& (X VyVYy).
Ho Tak Kak XVX =X, yVy =y, XVX =X, YVySVy,
T0 KHO A = (X VY)&(X VY)&(X VV)&(X Vv ¥).
A Tak KaKk (XVY)&(XVvYy)=(XVYy), (Xvy)&(xVvy)=(xvy),
T0 KH® A = (X Vy)& (X VV).

OnpegeneHne 3. KH® A HasblBaeTcss COBepPLUEHHON
KOHBIOHKTMUBHOW HOpMasibHOW dopmMoin dopMynbl A
(CKH® A ), ecnn gns Hee BbIMO/IHEHbI YCNOBUS:

1. Bce 3/1eMeHTapHble AU3BIOHKUWKW, BXxoasduine B
KH® A , pa3nuyHsbl.

2. Bce 3nemMeHTapHble AUW3BIOHKUWN, BXOoAALULME B
KH® A , cogep>kaTt Bce NnepemMeHHbIe.

3. Kaxpgas anemeHTapHas AU3BIOHKUWUA, BXoAsAWwas B
KH® A , He cogep>XnT ABYX OAMHAKOBbIX MNepeMeHHbIX.

4. Kaxkpas 3fieMeHTapHas OU3BIOHKUNA, BXogdAwas B
KH® A , He cofep>XUT MNepeMeEHHYI0 U ee oTpuuaHue.
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MO>XHO foKa3aTb, UTO KaXKas He TOXXAECTBEHHO UCTUH-
Hasa opmyna nmeet eguHCTBEHHYIO CKH®,
OanH n3 cnocobos nonyvyeHmss CKH® coctomnT B ncnonb-

30BaHMM Tab6/ULbl UCTUHHOCTM ANs opMybl A .
[elicTBUTENbHO, MO/TYyUYMB C MOMOLLLbIO Ta6AULbl UCTUH-

Hoctu COH® A |, mbl nonyunm CKH® A | B3AB oTpuuaHue

COH® A , 10 ectb CKH® A =COH®P A .

Apyroii cnoco6 nonyyeHns CKH®, ncnonb3ywuwnii pas-
HOCU/IbHblE Npeobpa3oBaHUSA, COCTOUT B ClIefylOLLEM:

1, MyTem paBHOCU/IbHbIX Mpeobpa3oBaHnii opmyibl A

nony4yawT ogHy ns KH® A,
2, Ecnn B nonyyeHHo KH® A Bxogsuias B Hee afe-

MeHTapHas AU3BIOHKLUNA B He cogep>XUT NepeMeHHyl X%,

TO, NCNO/Ib3YSA paBHOCU/IbHOCTL B V(11 :; & = B, anemeHTap-
HYI0 AU3BIOHKUWIO B 3aMeHAI0T Ha ABe 3/1leMeHTapHble AN3b-
lHKUMNM By XI m BV | Kaxgad M3 KOTOPbIX COAEpPXUT
nepeMeHHylo x~.

3, Echm B KH® A BX04AT ABe 04VMHAKOBbIX 3J/IeMeHTap-
HbIX AW3BIOHKUUM B, TO NULWHIOK MOXHO O0TO6POCUTH,

nonb3ysAcb paBHOCU/IbLHOCTLIO B&B N B .
4, Ecnn HeKoTopas 3fieMeHTapHas AU3bIOHKLUWSA, BXO-

pAawaa B KH® A | cogep>XUT nNepeMeHHy Xj ABaxkabl, TO
NINWLHIOK MOXHO O0T6pPOCUTbL, MOMb3YSACb PaBHOCUJ/IbHOCTbIO
M YX, = X,.

5, Ecnn HekoTopas anemMeHTapHas AU3bIOHKLMWA, BXO-
pawasa B KH® A | cogep>XuTt nepemMeHHy x™ 1 ee otpuua-
Hue, To X™\/Xxj=l n, cnepoBatenibHO, BCA 3fieMeHTapHas

ON3BIOHKLUNA MMeeT 3HadyeHue 1, a No3TOMY ee MOXHO OT-
6poCnUTb, KaK eAVWHWYHbIA 4YfieH KOHBIOHKLUUN.

FACcHO, 4YTO nocne onMcaHHOW Mpoueaypbl 6ygeT nonyde-
Ha CKH®A,

Hanpumep, ana dgopmynbl AN XVy&(Vy) KH® A 3

= (nVIY&@EVXVY).

2 3ak. 1229
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Tak Kak 06e anemMeHTapHble AU3bIOHKLUUW pas3/inyHbl 1
cofep>KaT BCe rnepemMeHHble (JT 1Y), TO NepBoe N BTOPOE YC/10-
Bus CKH® A BbINOJ/IHEH®I.

dnemMeHTapHas AM3blOHKUMA XV XVy codep>XUT nepe-
MeHHY X aBaxabl, HO XV XTX, ®Hnoatomy KH® A =

= (TVYy)&(a; Vy); npnyemMm HU o0HAa U3 3fleMeHTapHbIX AN3b-

IOHKUWI He cofep>XXUT NepeMeHHy U ee oTpuuaHue. 3Ha-
YNT, Ternepb BbIMONHEHbI BCe ycnoeusa CKH® A |, n, cnepo-

BaTenibHo, CKH® A = (Tt Vy)& [XV y).

§ 12. MNpo6nema pa3pewinmocTu

Bce chopmynbl anrebpbl 10rMKK AeNATCA Ha TpU Kiacca:

1) TOXXAECTBEHHO WCTUHHbIE,

2) TOXXAECTBEHHO NOXHblE U

3) BbINOSIHUMBIE.

OnpeaeneHNs TOXAECTBEHHO WCTUHHOM W TOXXAECTBEH-
HO JIOXKHOU (hOpMYy/1 AaHbl BblLle.

dopmyny A HasblBalOT BbIMNOJIHUMOW, €CIN OHAa MPUHU-
MaeT 3HayeHMe «MCTMHa» X0TsA 6bl Ha 0AHOM Habope 3Haue-
HUA BXOAAWMX B Hee NMEePeMEHHbIX U He ABNSeTCa ToXAe-
CTBEHHO UCTUHHOIA.

B cBA3M Cc 3TUM BO3HWMKaEeT 3ajava; K Kakomy Kjaccy
OTHOCUTCA AaHHas dopmyna?

JTa 3ajaya HOCUT Ha3BaHWe MpobsieMbl pa3peLinMocT U.

OueBngHO, nNpobnema paspeLinmMocTh anrebpbl NOruKu
paspewinma.

AeicTBNTeNbHO, ANa KaXKaon opmMysibl anrebpbl n0rn-
KN MOXeT 6bITb 3anucaHa Tabnuua MCTUHHOCTU, KoTopas u
JacT OTBET Ha MOCTaB/IEHHbIA BOMpPOC.

OfHaKo NMpaKTUYecKoe MCMosib3oBaHMe Tabnuubl UCTUH-

HocTW Ana dopmynbl A[XNXz,...,X,,N nNpn 60nbWNX N 3aT-

PYAHUTENBHO.

CyLiecTByeT ApYyrov crnoco6, No3BoNALWNIA, HE UCMOSb-
3ys Tabnumubl UICTUHHOCTU, ONpeaennTb, K KakoMy KJjaccy
oTHOCUTCA hopmyna A. OToT cnocob OoCHOBaH Ha npuBsege-
HUX opMyabl K HopManbHoi dopme (KH® unnn AH®D) n
MCMOoMIb30BaHUN asiropUTMa, KOTOPbIA MO3BOSIET ONPEeAenUThb,
SABNSETCA NN faHHasi hopMyia TOXKAECTBEHHO NUCTUHHOWA nan
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He aABnsetca. OQHOBPEMEHHO C 3TUM peluaeTcss BOMPOC O
TOM, G6yaeT nn dopmyna A BbINMOTHUMOIA.

MpeagnonoXXnum, 4To Mbl MMEEM KPUTEPWUI TOXKAECTBEH-
HOM WCTUHHOCTU ANA opmyn anrebpbl Aormku. PaccmoT-
pyUM MexaHWu3M ero NpuMeHeHUs.

MpUMEHNM KPUTEpUin TOXXAECTBEHHOM WUCTUHHOCTU K
opmyneA. Ecnin okaxkeTcsl, 4To hopmyiaA - TOXKAECTBEHHO
UCTUHHasA, TO 3afava pelwleHa. Ecnu ke okaxeTcs, 4To qop-
Myna A He TOXXAECTBEHHO WUCTUHHAsA, TO NPUMEHUM KpuTe-

puiA TOXXAECTBEHHOM UCTUHHOCTU K chopmyne A . Ecnum oka-

XKeTca, uTo hopmyna A - TOX/AECTBEHHO UCTUHHASA, TO ACHO,
uTo (hopMynaA - TOXKAECTBEHHO JIOXKHAs, 1 3afada pelleHa.

Ecnu e hopmyna A He TOXAECTBEHHO UCTUHHANA, TO ocTa-
eTca eJMHCTBEHHO BO3MOXHbIM pe3ynbTat: opmyna A Bbl-
noaHuma.

YcTaHOBUM Tenepb KPUTEPUM TOXAECTBEHHOM UCTUH-
HOCTW MPOW3BOIbLHONM opMynbl anrebpbl ornku. C 3Tom
Lenbio npeaBapuTesibHO CHOPMYNUPYEM U fOKAXKEM KpU-
TEPUIA TOXKAECTBEHHOW MCTUHHOCTWU 3/IeEMEHTapHOW AN3b-
HKLNN.

Teopema 1. Ans TOro, 4T ob6bl 3N1eMeHTapHas U3bIOHK-
Lnsa 6blna TOXKAECTBEHHO UCTUHHOM, Heob6Xo4MMO 1 foCcTa-
TOYHO, YTO06bl B HEl cofep>Kasnacb nepemMeHHas 1 ee oTpu-
LaHue.

[okasatenbcTBo. Heo6xognmocTb. [MycTb anemMeHTapHas
OVN3BIOHKLUNSA TOXAECTBEHHO UCTUHHA, HO B Hee 04HOBPEMEH-
HO He BXOAUT HeKoTopas nepemeHHas 1 ee oTpuuaHue. Mpu-
LJaanM KaXK[AOoW NepemMeHHOW, BXOAsLLer B 3NeMeHTapHYH
OV3BIOHKUMIO 6e3 3HaKa 0TpULaHNSA, 3HaAUYeHMe NI0XKb, a KaX-
OO MepemMeHHOM, BXoAALWEN B 3/IEMEHTAPHYI0 AN3bBHOHKLUIO
noj 3HaKoM OTPULAHUA - 3HayeHue «UCcTUHa». Torga, ode-
BUAHO, BCSA 3/ieMeHTapHas AU3BIOHKUUA NPUMET 3HayeHue
N0XKb, YTO NPOTUBOPEYUT YCNOBUIO.

JocTaTo4vHocTb. MNycTb TeNepb asieMeHTapHasa AU3bIOH-
KLUMA COAEPXUT MepeMeHHY U ee oTpuuaHue. TakK Kak

V & =1, To 1 BCcS aneMeHTapHast AU3bIOHKLUS 6yaeT TOX-

[EeCTBEHHO UCTUHHOA.
Kputepuii ToXXaecTBEHHOW UCTUHHOCTM 3/1IEMEHTapPHOM
ON3BIOHKLMN MNO3BOMSET cHOpMysiMpoBaTb U gokasaTb
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KPUTEPUU TOXKAECTBEHHOW UCTUHHOCTU MPOU3BOJIbHON hop-
MY /bl anrebpbl IOFTNKU.

Teopema 2, Ana Toro, 4Tobbl hopmyna anrebpbl 10rn-
KU A 6blna TO>XX[eCTBEHHO UCTUHHA, He0b6X0AMMO U [ocC-
TaTo4yHo, YTO006bl Nto6as aneMeHTapHas AN3bIOHKLUSA, BXO-
fawaa B8 KH® A, cogep>kana nepemMeHHy U ee oTpuua-
Hue.

[JokaszatenbctBo. HeobxoaumocTsb. IMycTb A - TOXKAe-
CTBEHHO UCTUHHa. Torga 1 KH® A —T0>XAeCcTBEHHO UCTUH-

Ha. HoO KH®P A =& A2&..& [,,, rae A - afneMeHTapHble
ansbloHKuun (1=1,2,...,n). Tak kak KH® A =1, 10 31
(1=1,2,...re). Ho Torga no Teopeme 1 Kakgas 3nemeHTap-

Has AM3bIOHKUUA AN COAEpPXXUT MepeMeHHYl U ee oTpuua-

Hue.
JocTaTouyHocTb. MycThb Mo6ast afiemMeHTapHas AU3b-

IHKUMA AN, Bxogdawas B KH® A, cogep>XnUT nepeMeHHy um
ee oTpmuyaHue. Torga no Teopeme 1 =1 (1=1,2,..,ra).

Mpn atom 1 KH® A =1.
Hanpumep, BbisCHUM, ABAdeTcsa nu dopmyna A =
=y VY& XV X&Y TOXAECTBEHHO WCTUHHOMN.

Tak kKak A =y Vy&Nn:Vx)=(rIVy)&(UV nVx), To
ACHO, YTO KaXjas 3neMeHTapHas AU3bIOHKUMA YyYy W
y VXV X, Bxogawasa B KH® A, cogep>XuUT nepemMeHHy u ee

oTpuuaHue. CriegoBaTtesnibHo, A =1.

AHaNoOrM4YHO MOXXHO YCTAaHOBWUTb KpUTepuii ToxXpae-
CTBEHHOMN NOXXHOCTU (hopmynbl anrebpbl AOrMKU, UCNOSb-
3ya ee AH®.

Teopema 3. 18 ToOro, 4To06bl 3/1eMeHTapHas KOHbIOH-
KUMSA 6bl/la TOXXAeCTBEHHO /I0XKHOM, HE06X0ANMO M AoCT a-
TO4YHO, YTO00bl B HEM cogep>kanacb nepeMeHHas n ee oTpu-
LaHwue.

Teopema 4. 4ns Toro, 4T06bl hopmyna anrebpbl 10rMKN
A 6blNa TOXXAeCTBEHHO /I0XKHOM, HE06X0AMMO M JOoCTaTOou-
HO, YTO06bl N06ast KOHBbIOHKUWA, BXogsawas B AH® A, cogep-
>Kasa NnepemMeHHy 1 ee oTpuLaHue.
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§ 13. HeKoTopble NPUIOXKEHUS anre6pbl JIOTUKN

1. MpunoxxeHns anrebpbl IOrMKU B TeEXHUKe (peneiHo-
KOHTaKTHbIE CXEMblI).

Cpean TeXHUYECKNX CpeAcTB aBToMaTmM3auLnm 3HaunTe lb-
HOe MeCTO 3aHMMawT YCTpoicTBa pesieriHO-KOHTAKTHOrO
genctemsa. OHU LLUMPOKO UCMNOMb3YIOTCA B TeXHUKe aBToMa-
TUYECKOro yrnpas/ieHUSA, B 3/1eKTPOHHO-BbIYUC/IUTENbHO
TEXHUKE U T.A4.

OTu ycTpoiicTBa (MX B 06LLEM c/ydae HasblBalT nepe-
K/tloyaTesibHbIMU CXeMaMun) cofep>KaT COTHW perie, 3/eKT-
POHHbLIX Namn, NOoNAYyNPOBOAHWUKOB W 3/1EKTPOMarHUTHbIX
anemeHTOoB. OnNucaHMe U KOHCTpyuMpoBaHMe TaKUX CXeM B
CUAYy UX rPoOMO3AKOCTU BecbMa 3aTpPyAHUTEsIbHO.

Ewe B 1910 rogy cdunsuk M. C. IpeHdecT ykasas Ha B03-
MOXHOCTb MPUMEHEHNA annapaTta anrebpbl JOTMKU MpuU
ncecnefoBaHUM penemHo-KoOHTaKTHbIX cxeMm (PKC). OgHako
ero ngeun ctanm peanmsoBbiBaTbCA 3HAUUTEIBHO MO3Xe, Korga
co3gaHme obwen Teopmun KoHcTpyupoBaHus PKC ctano ocT-
po HeobXo4UMbIM.

Mcnonb3oBaHue anrebpbl /IOTUKM B KOHCTPYMPOBaHUU
PKC okasasiocb BO3MOXXHbIM B CBA3U C TeM, UYTO KadKAoii
CXemMe MOXXHO MOoCTaBUTb B COOTBETCTBME HEKOTOPYH dop-
Myny anrebpbl NOTUKN, N Kaxkaasa dgopmyna anrebpbl noruv-
KN peasin3yeTcsl ¢ NOMOLLb0 HEKOTOPOM CXEeMbl.

OT0 06CTOATENLCTBO MO3BO/ISAET BbIABUTb BO3MOXHOCTU
3a[aHHOM CXeMbl, MU3y4das COOTBETCTBYHLLY ¢dopmyny, a
ynpoLuieHne cXeMbl CBECTU K YMpoLweHuo (popmyibl.

C apyroii cToOpoHbI, A0 NOCTPOEHUSA CXEMbl MOXXHO 3apa-
Hee onmucaTb C NMOMOLLbI hopMynbl Te (PYHKLUKN, KOTOpble
cxXema [0/1KHa BbINOSTHATD.

PaccMoTpuM, KakK ycTaHaB/IMBaeTCA CBA3b Mexnay ¢op-
My/famu anrebpbl NOTMKU N NepekYvaTesibHbIMU CXeMaMU.

Mopg nepektoyaTeNbHON CXEMOM MOHMMAKT cXxemaTumyec-
Koe n3obpakeHne HEeKOTOPOro YCTPOWCTBa, COCTOSALLEro U3
crefynuwmnx afneMeHTOB:

1) nepekYvaTenieid, KOTOPbIMU MOTYT 6bITb MeXaHUN4Yec-
Kue AelicTBylOLMe YCTPOACTBA (BbIK/OUaTeNn, nepekya-
loLLMe KAKYM, KHOMOYHbIE YCTPOMCTBA U T. 4.), 3N1eKTpomar-
HUTHbIE pesie, 3/1eKTPOHHbIE saMnbl, NOMAYNPOBOAHUNKOBbIE
3N1eMeHTbI U T.NM.;
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2) coegnHALWNX UX MPOBOAHUKOB;

3) BXOAOB B CXEMY U BbIX0O40B M3 Hee (K1eMM, Ha KOTOo-
pble nogaeTcs afieKTpuyeckoe HanpshkeHume). OHU Ha3biBa-
IOTCA MosilocamMu CXeMbl.

ConpoTmB/iIeHUA, KOHAeHcaTopbl U T.4. Ha CXemax He
n3obpaxkarwTcA.

MepeknwyaTesibHOW CXEMOW MNPUHMMAETCs B pacyeT
TO/IbKO [Ba COCTOSAHUA KaXK[Ooro nepeksioyvartesnis, KoTopble
Ha3blBAOT «3aMKHYTbIM» N «PA30MKHYTbIM».

PaccmoTpuM npocTerwyo cxemy, cofepykallyt oAuH
nepeksawyartens P n nmewwyto oguH Bxoq A 1 04UH BbIX0[
B. lMepekntwoyaTtento P noctaBMm B COOTBETCTBUE BbiCKa3bl-
BaHue p, rnacaulee: «lepeknwyartens P 3aMKHYT». Ecnuv p
UCTUHHO, TO MMMY/bC, NOCTyNawuWmMini Ha noatc A, MOXeT
6bITb CHAT Ha nostoce B 6e3 noTepn Hanps>keHusd. bygem B
3TOM CN3Taae roBOpUTb, YTO CXema MnpoBoAuT ToK. Ecnu p
NOXXKHO, TO MepeksilyaTtesnib Pa3oOMKHYT, U CXemMa TokKa He
NnpPoBOAUT UM Ha nontce B cHUMaeTca MMHUMasIbHOe Hanps-
XKeHVe npu nogaye Ha nosiloc A MakKCMMasibHOro Harnpsxe-
HUA.

Ecnn npuHATL BO BHUMAaHWE He CMbIC/1 BbiCKa3blBaHUA,
a TO/IbKO €ro 3Ha4deHue, TO MOXHO cCYuTaTb, 4YTO N06OMY
BbICKa3biBaHUO MOXET OblTb MOCTaB/leHa B COOTBETCTBUE
rnepeksyartenoHaa cxema 1.

A B
Cxema 1.

dopmysiam, BK/KYAKLWMUM OCHOBHblE JIOTMYECKUE one-
pauuun, TakXe MOryT 6biTb NocTaB/fieHbl B COOTBETCTBME Me-
peknioyaTenbHbIE CXEMbl.

KOHBIOHKLMSA ABYX BbICKa3blBaHUp LW 4 6yaeT NpeacTas-
NleHa OBYXMOJIOCHOM cXeMOW ¢ nocnefoBaTenbHbIM coeguHe-
HWeM ABYX nepektoyartenein P n N (cxema 2) .

Cxema 2.
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JTa cxeMa NponyckKaeT TOK Torga v TosbKo Torga, Korga
WCTUHHbI WP, U [ OAHOBPEMEHHO, TO €CTb UCTUHHA KOHbIOH-
Kunsa p&p.

[AV3bIOHKUNSA ABYX BbICKa3blBaHUA p s 4 un306pasmntcs
[ABYXTOJIIOCHOM CXEMOW € napasifie/ibHbIM COEANHEHVEM ABYX
nepeknwyatenein P n © (cxema 3).

Cxema 3.

JTa cxemMa nponyckaeT TOK B c/y4yae, eC/iM UCTUHHO
BbICKasblBaHWe P WMAM WUCTUHHO BbiCKa3blBaHWe [, TO eCTb
WCTUHHA AU3BIOHKUUA pY 4.

Ecnun BbicKasbiBaHWe p €eCTb OTPMLaHME BbiCKa3blBaHUSA
p, TO TOXKAECTBEHHO UCTUHHAA opMy/ia py p u3obpaxkaeT-
Csl CXeMOW, KoTopasi MpoBOAMT TOK Bcerga (cxema 4), a ToxX-
[OEeCTBEHHO NOXXKHas dopmyna p&p Kn306pa3nTca CXemon,
KoTopas Bcerga pasoMmkHyTa (cxema b).

Cxema 4.

Cxema 5.
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N3 cxem 1, 2 n 3 nyTemMm nocnefosaTesibHOro U napan-
NenbHOro MX coeguHeHUs MOryT 6biTb MOCTPOEHbl HOBbIE
OBYXMOJIIOCHbIE Mepek/toyaTesibHble CXeMbl, KOTOPble Ha3bl-
BalT [l1-cxemamu.

Kak 6b1/10 MoKa3aHo, Bcsikasi hopMysia anrebpbl OrMKN
nyTeM paBHOCWU/IbHbIX MpeobpaszoBaHU MOXeT 6biTb npeg-
cTaB/ieHa B BUAe (hopMy/bl, cogepXKalle ToNbKO ABe ornepa-
LUN: KOHBIOHKLUMWIO U oTpuuaHue uUav AU3BIOHKLUIO U OT-
puvuaHue. M3 aToro ciegyeT, UTo Bcsikasa dopmyna anrebpbl
NIOTUKN MOXeT 6blTb M306parkeHa [1-cxemoil u, obpaTHo,
Ans noboli M-cxeMbl MOXET 6ObITb 3anMcaHa gopmyna, Ko-
Topas m3obpa)kaeTcss 3TOM CXEMOWA.

Mpumep 1. ®opmyne b = (x&y)y (Xx&y) coOTBETCTBYET
cxema 6:

Cxema 6.

Mpumep 2. Ana M-cxembl 7

Cxema 7.
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cooTBeTCTBYlOW A hopmysia anredbpbl OTMKN MMeeT BUA:

YRpoCTAM 3Ty (hopMy/Ty CeaytoLiM 06pasom:
1= Yy&N)V(X&Y&T))V[{X&Y&T) V (r&y& 1)) V
V((r&y& 1) V (m&y& r)) w (X VX)) V
V((n&n& [y Vy)) V((n&y)&[rVr)) =
= [y&r] V(x&r) V(x&y) = ((m Vy)&r) V (x&y).

MocnegHeii chopmyne cooTBeTcTBYET [-cxema 8:

Cxema 8.

M3 npumepa 2 cnepyeT, 4To Ans HekoTopbiXx PKC nytem
paBHOCUJIbHBLIX MpPeobpa3oBaHUii COOTBETCTBYHOLLEN DOPMY-
Nibl anrebpbl N0rMKM MOXHO nonyunte PKC, cogeprxaluyto
MeHbLLEee YNC0 nepekntovaTenein. Mpobnema peLieHnNs 3ToOM
3a/a4” HOCUT HasBaHMe NpobsieMbl MUHUMU3ALUN.

Mpueegem npumep noctpoeHnsa PKC no 3agaHHbIM yco-
BUSIM C OLLEHKOWM Ymcna KOHTaKTOoB.

Mpumep 3. MNMoCTPOUTL KOHTAKTHYH CXEMY A/ OLLEHKN
pe3y/ibTaToB HEKOTOPOro CrOPTMBHOINO COPEBHOBAHWUA Tpe-
MSA CYyAbSAMW MPU CNefyowmnx yecnoBusaxX: cyabs, 3acunTblBa-
OWKUA pe3ynbTat, HaXKUMaeT MMELWYICa B ero pacnops-
XXEHUN KHOMKY, a CcyAbs, He 3acYUTbIBAWOLWMWA pe3ynbTar,
KHOMKW He HaXxnumaeT. B cnyuae, ecnim KHOMKW HaxXkasin He
MeHee ABYX CyAei, fo/MKHa 3aropeTbecsa naMmnoyka (Noaoxu-
TeslbHOE pelleHUe cyaer NMPUHATO NPOCTbIM 60/1bLUINHCTBOM
ronocoB).
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Mpumep 2. XXnnum 4detbipe Manbuuka: Anbbept, Kapn,
Avapux n ®pugpux. ®amunum gpysei Te e, UTO U UMeHa,
TO/IbKO TakK, YTO HU Y KOF0 N3 HUX NMA" U haMnunmsa He 6b1um
ogmHakoBbl. Kpome T0ro, thammnua Ougpunxa He 6blna Anb-
6epT. TpebyeTca onpegennTb haMUIN0 KaXKgoro N3 Masab4u-
KOB, €C/IN U3BECTHO, YTO MMSA ManbyMKa, y KOToporo amm-
nna ®pugpux, ectb pamMmuing Toro Masibuymka, MMs KoTopo-
ro - thamunua Kapna.

PeweHne. lNMocTtaBnM B COOTBETCTBME KaXKgoOMy Masib-

UMKy cmmBon Xy, rge X - uMmsf, a Y - amMunma manbymka.

Torpa nmo ycnosuio 3ajaydn fIOXKHbI BbiCKa3biBaHUSA:

4a, e, 4An,

HO eCcTb Maslb4ynK TakoM, YTO UCTMHHA KOHBIOHKLUA
XPh&Yx&Ky.

OueBNAHO, UTO X ®P, X PK, Y OP, ¥ OK.

Torga BO3MOXHbI ABa cny4as:

)X =Awnl =14,

2y X =4 nTl=A.

Ho nepBbIN cny4dyalh HEeBO3MOXXEH, TaK KaK 3[4ecCb

Yx = [a »a no ycnosuto AN = 0.

CnepoBaTenibHO, UMeeT MeCcTO BTOPOW cnydail. 3HauuT,
Anapux nmeet pamunnio ®pugpux, AnbbepT nmeeT pamu-
nvio Anpgpux, Kapn nmeet damunnio AnbbepT, a Ppunapux
nmeeT gamununio Kapn.

Mpumep 3. o NOA03PEHNIO B COBEPLUEHHOM MpPECTynJie-
Hun 3agepxann bpayHa, [>koHa u Cmuta, OAUH N3 HUX
OblN1 yBaXKaeMblM B ropofe CTapukom, ApYroi 6bis1 manons-
BECTHbIM YNHOBHUKOM, TPETUM - N3BECTHbIM MOLUEHHWKOM.
B npouecce cneactsmnsa ctapuk roBopus npasfy, MOLWEHHUK
nran, a TpeTuin 3agep>XaHHbIA B 04HOM c/iyydae roBopwun
npasfy, a B APYromM - J10XKb. BOT, 4TO OHM yTBEpXAaNnu:

BpayH: «A coBepwunn 3To. [>KOH He BMHOBAaT».

J>xoH: «BbpayH He BumHoBaT. [pecTynsieHWe coBepLUn
CMUT»,

CMuT: «5 He BMHOBAT, BUHOBEH BpayH».

Onpegenute NMa cTapuka, MOLWEHHUKA U YMHOBHUKA U
KTO M3 HUX BUHOBAT, €C/IN U3BECTHO, YTO NPECTYMHUK OL4UNH.
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PeweHune. O6o3Haunm 6yksamu b,/ 11 C BbiCKa3blBaHUSA:
®unHoBaT bpayH, BuHoBaT [>KOH, BnHoBatr CMUT COOTBETCT-
BEHHO. Torga yTBepXfeHUs, BbiCKa3zaHHble 3afep>XXaHHbIMU,

bloskHO 3anucaTtb B BUAe KOHblOHKUMn: B& A, B&C, B&C,

**3 KOTOPbIX, MO YCMOBMIO 3afjauyun, fBe JIOXKHbI, a 0gHa WUC-
TUHHA.

MoaTomy 6yaeT WUCTUHHOW copmyna
X=(6&pa)v(6&c)Vv (6&cC).

Tabnunua NCTUHHOCTU 3TOM (hOpMY/ibl UMEET BUA;

O, B&J  C&B B&C
0 0 (0]
o)
0
10 0 o
_on 0
o) 0 0 o) 0
0 0
@) 0 (0] (0] 0 0 0

OTcoga BMAHO, 4TO hopmyna b MCTUHHaA B NATUM K3
BocbMWM 3aHymepoBaHHbIX criydyaeB. Cny4yail 4 cnepyeT uc-
KNnK>rlnte nm3 paccMOTpPeHUA, TakK KaK 3[eCb 0Ka3blBalTCA
MCTUHHBIMU f[Be KOHBIHKLUWK, a 3T0O NPOTUBOPEYUYUT YC0-
BUIO 3ajgauun. B cnydaax 2, 3 n 5 okasbiBalTCA UCTUHHbLIMN

ABa BbickasbiBaHnA: bu i, buC,[4 unC cooTBETCTBEHHO,

Tak>e MpoTMBOPEeYUT ycnoBuio 3agayn. Cneposartesib-
HO, cnpaBeAgNuB caydyai 7, TO eCTb MPecTYnHUK - CMUT.

— MN3BECTHbIi MOWEHHUK, N 06a ero BbiICKa3blBaHUA NTI0X-

N1: B&C =0. lNpu 3aTtoM BbicKasbliBaHNA B 1 [ N0XHBbI.
3HauunT, UCTUHHa Napa BbicKasblBaHW [xoHa, a y bpayHa
MepBoe BbiCKasbiBaHMWe NOXXHO, a BTOpPoe MUCTUHHO. OTcloga
AcHO, uTo [)KOH - yBa)kaeMblii B ropoge cTapuk, a bpayH -
AManon3BecTHbI YNHOBHUK.
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NCUNCNEHWE BbICKA3bIBAHUNN

[aBas onucaHme anrebpbl BbiCKa3blBaHUM, Mbl M0/b30-
Ba/INCb JIOTMYECKMMU 3HAYEHUSIMU BbICKa3biBaHUM (MCTUHA,
NoXb). HO NOHATUA UCTUHHOCTU U SIOXKHOCTU He mMaTemaTtu-
yeckme. 3TN MOHATUA BO MHOMMX CN3TYasX CyObEKTUBHbLI U
CKOpee 0THOCATCA K puocopmu.

B cBA3M C 3TUM >XenatesibHO MOCTPOUTbL MaTemMaTuyec-
KYI JIOTUKY, He N0JIb3ySiCb MOHATUAMU UCTUHHOCTU N J10XK-
HOCTU. Heobxo4MMOo Tak>Ke Npu 3TOM NOCTPOEHUMU He NpUMe-
HATb CaMMX 3aKOHOB JSIOTUKMW.

McuncneHune BbiCKa3sblBaHWI - 3TO akcnmomaTmyeckas no-
rmyeckas cuctema, UHTepnpeTaLmeil KOTOPOK ABnsAeTca an-
re6pa BbiCKa3blBaHUIN.

§ 1. MoHATMe DOPMYNbl UCHUCEHUSA BbICKa3blBaHWUIA

OnuncaHne BCAKOro UCYMUCAEHUS BKAKYAeT B cebsa onu-
caHMe CMMBO/IOB 3TOr0 ucuucneHus (andasuTta), opmyn,
ABNAKLWMNXCA KOHEYHbIMU KOH(UTrypaumsmu CUMBOJIOB, U
onpegesieHe BbIBOAUMbIX (hopmyI.

AndaBnT MCUMCEHUNA BbiCKa3biBaHU COCTOUT U3 CUM-
BOJIOB TPex KaTeropwii;

1. CumBOnblI NepBOW Kateropuun; X, y, T, XN, XN,
9T cuMBONblI GyaemM HasblBaTb NMepeMeHHbIMU BblCKa3blBa-
HUSAMMN.

2. CnmBOMblI BTOpOW KaTteropumn; V, &, . OHM
HOCAT ob6lee Ha3BaHWE NIOTMYECKUX CBA30K. [epBbiii 13
HNUX - 3HaK AU3BIOHKLUUW WM NIOTUYECKOro CAIOXKEHUA,
BTOPOM - 3HAK KOHBHHKLUWW WAN NOTMYECKOro YMHOXe-
HUA, TPeTUM — 3HaK UMNAUKaUUM WA N0TNYeCcKoro cne-
OO0BaHNA N 4YeTBepTblA - 3HAK OTpuUaHUA.

3. TpeTblo KaTeropui coctaBfaseT napa cMmBonoB ( ),
HasblBaemass CKobKaMu.

Apyrnx cMMBOJ1I0B UCHUCNIEHNE BbiCKa3blBaHNA He NMe-
eT. dopMy/ibl UCUMCEHUSA BbICKA3biBaHU NMPeacTaB/isoT Co-
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601 nocnefoBaTesIbHOCTU CMMBOJIOB andasnTa UCUHUCEHUSA
BbICKa3blBaHW. [na 0603Ha4vyeHUs ¢opmyn 6yaem Mosib30-
BaTbCA 60NbWIMMKM BYKBaMN NaTUHCKOro angasuta. 9T 6yK-
Bbl He AIBNSATCA CMMBONaMU ucumcrieHusi. OHU npeacTaBns-
I0T CO60W TOMBbKO YC/I0BHble 0603HAYeHMA hopmy.

OnpegeneHne GopMyibl UCHUCTIEHUS BbiCKa3bIBAHUA.
1. Bcakasa nepemMeHHas X, y, T, ... ABnseTca QOpMYJI0ii.

2. Echm A n B - dopmynsl, To cnoBa (A&B), (A v B),

(a ->B),A - Takxe opmynbl.

3. Hukakas gpyras cTpoyka CUMBOJIOB He SIB/sSieTCA
dhopmynoi.

MNepemMeHHble BbICKa3blBaHUSA OyAeM HasbiBaTb 3/1EMEH-
TapHbIMKU hopMynamu.

MpuBegeM npumMepbl (GOPMYST UCUUC/IEHUS BbICKa3blBa-
HUIA.

MNMepemMeHHble BbICKasbiBaHUA X, Y, z ABNATCA QOpMy-
namu corsiacHo n. 1 onpegeneHus dopmysbl. Ho Torga cnoea

{x&y), (jcv2), {y~z), X asnawTca fopMyaamm cornacHo
n. 2 onpegeneHusi. Ho 3TolA e NpuuMHe 6yazrr hopmynamm

cnoBa: (k&Yy), ((Xv0)& (y->2)), ((x&y)-"(y-"z)).

OueBMAHO, He ABNATCA opMysamMu cfoBa:

Xy, &x, (xX&y, XVy.
(B TpeTbeM U3 3TUX C/I0B COAEPXKUTCA He 3aKpbiTasd cKobka,
a B YeTBEPTOM - HeT CKO6O0K).

OfHOBPEMEHHO C MOHATMEM (QOPMYJibl BBOAUTCS MOHS-
TMe noAd)opMYy/ibl UKW YacTu (POPMYISib.

1. Moacopmynoi 3nemeHTapHoOW opmynbl ABAsSeTCA
TO/IbKO OHa cama.

2. Ecnn dopmyna nmeeT Bug A, To ee nogdopmynamun
ABMAAKTCA: OHa cama, gopmyna A v Bce nogdopmysbl op-
Mynbl A.

3. Ecnu chopmyna nmeet Bug (A * B) (34ecb U B fasnbHe-
wem nog CUMBOSIOM * ByaeM NMOHMMATL M1l060A N3 Tpex CUM-
Bon10B V,& ,->), To ee noagcdopMysiamun SBMAKOTCA: OHa cama,
thopmynbl A u B 1 BCce nogopmynbl opmyn A n b.
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Hanpumep, gnsa dopmynbl > ee noacop-

Mynammn 6yayT;

v - noadopmMysia Hy/fieBo raybuHbl,

(X&T/), \zvyj noacdopMynbl NepBO F1y6UHBI,

X, vy, [rVy) - noadopMysibl BTOPOW T1y6uHBI,
y, T - noatopmynbl TpeTbell rNy6UHbI,
r - noAadgopmysia YeTBepToO FAy6UHbI.

OueBMAHO, YTO Ha caMoii 6onbLIOl rNy6uHe HaxoaaTcs
NULWb 351ieMeHTapHble hopMysibl. OfHAKO 3/ieMeHTapHble op-
My/bl MOTYT 6bITb M Ha Apyrux rayGuHax.

Beegem B 3anucb (opMyn HeKoTopble yrnpolweHus. by-
[eM onyckaTb B 3anucy hopmysl CKOGKW Mo Tem >Ke MnpaBu-
flam, 4yTo 1 B anrebpe BbiCKA3bIBAHWIA.

B cBA3u ¢ atumm npaBunamun gopmynsl ((A&B)y C),

((a VB) -> (C&I))) 6ypem nucatb A&BVC,

AyB, AyB C& O co0TBETCTBEHHO.
§ 2. OnpeaeneHne gokasyemoil opMysibl

Crefywuwmm 3TanomMm B NMOCTPOEHUM UCYUCTIEHUS BbIC-
Ka3biBaHWli SABNSETCA BblfeNeHUe Kiacca f[0oKasyeMblx
dopmyn.

OnpegeneHne fokasyeMblX (HOPMYsT MMeeT TOT >Ke Xa-
pakTep, YTo W onpegeneHne opmMysibl.

CHauana onpefensoTcsa UCX04Hble foKa3yeMble DOpMYy-
Nbl (aKCMOMBbI), a 3aTeM OMpefensoTcsa npasuia BbiBOAA,
KOTOPble MO3BOJISAOT U3 MMEKLLMXCA AOKa3yeMblX (popMyn
non3”~nTb HOBble foKa3yemble (OPMY/ibl.

O6pasoBaHue [oKasyemoli (hopmysibl U3 UCXOL4HbIX [0-
Kasyemblx (hopMys1 NyTemM MPUMEHEHUs NpaBwu/ BbiBoAA, Ha-
3bIBAETCHA BbIBOAOM [aHHOW (hopMyJsibl U3 aKCUOM.

1. CuctemMa aKCMOM WCUYUC/IEHUNA BbiCKA3blBAHWUIA.

Cuctema akKcuMOM WCYUCMEHUS BbICKa3blBAHU COCTOUT
n3 11 akcuom, KOTOpble AefiATCA Ha 4YeTbipe rpynnbi.
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MepBas rpynna akcuom:

L(a:r)) ((x->y)>(x->2).
BTopas rpynna akcuom:

M x&y X.

M x&y-~y.

M3 (r->x)->((r-»y)-> (r-> x&y)).

TpeTba rpynna akcuoMm:
X->XVrl.
Ws y->xyy

Mz (x >r)->(y->r)->XVy ->r)).
UeTBepTas rpynna akKCUOM:

V! (X-> 1/)-> (JF HKKx),

1Y ,x-~TA

1Y3 X -> X.

2. MpaBuna BbIBOAA.

1. MNMpaBWsO0 NOACTaHOBKM.

Ecnu dopmyna A pokasyema B MCHUCNIEHUN BbiCKa3blBa-
HUA, X nepemeHHasl, B - npousBonbHas dopmyna ucuucre-
HMA BbICKa3blBaHWM, TO hopMyfia, NoslydyeHHasi B pesynbTaTe
3amMeHbl B hopmysie A NepemMeHHON X BCHOAY, FAe OHa BXOAUT,
thopmynoii B, saBnseTcsa TakXXe A0Ka3yeMol (hopMysoiA.

Onepauus 3amMeHbl B hopmyie A nepeMeHHoON X opmy-
nov B HOCUT Ha3BaHWe NOACTAHOBKU U CUMBOJ/IMYECKUN 3anu-
CblBaeTCs Tak:

" -

YTOUHUM chopMynMpoBaHHOe MpaBuso.

a) Ecnn chopmyna A ecTb NepemMeHHast X, TO MoACTaHOBKA

B
I(A) paet B.
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6) Ecnn chopmyna A ecTb nepeMeHHasi y, 0T/iIM4Has oT X,

B
TO MoACTaHOBKa faeT A.

X
B) Ecnn A - copmyna, Ana KOTOpoW MoAcTaHOBKa YXKe
onpefeneHa, To noactaHoBka B BMecTo X B oTpuuaHume A
B

€CTb OTpuUAHMEe MOACTAHOBKW, TO €CTb nogctaHoBka |[(-7)
X

0aeT 1y -

X
r) Ecnn AMMAN- hopMybl, ANS KOTOPbIX MOACTAHOBKN
B
y>Xe onpegeneHbl, To nogctaHoBka \N{~\*pgaerT
X

X X

Ecnn A - pokasyemasi popmyna, 1o 6ygem nucatb \-A-
Torga NpaBusio NOACTAHOBKM MOXHO 3anucaTb CXemaTu4ec-
K1 cneaylouwmum obpasom:

X

M uMTaeTca 3Ta 3anuchb Tak: «Ecim dopmyna A fokasy-
B

emMa, To gokasyema copmyna |(")».

X

2. lMpaBunno 3akoyYeHUs.
Ecnn dopmynbl A >K A -> B pgokasyemMbl B UCHUCTIEHNN

BbiCKasblBaHUN, To hopmynia B Takxke Aokasyema.
CxemaTunyeckas 3anucb 3TOro npaeswaa MMeeT BUL!

\-A; \-A->B
\-B
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3. OnpepeneHne gokasyemon opMy/ibl.

a) Bcskas akcuoma siBnsieTcs gokasyemoii hopmyioii.

6) ®opmyna, noslyvyeHHas 13 gokasyemon opmynbl Ny-
TeM MPUMeHeHUs NOACTAHOBKM BMECTO MePEMEHHON X npo-
M3BOJIbHOM hopmynbl B ecTb gokasyemas gopmyna.

B) ®opmyna B, nony4vyeHHas M3 gokasyembix opmyn A
n A->B nytem npuMeHeHUs npaBuaa 3aK/lOYeHUs, ecTb
Jokasyemasi chopmyna.

r) Hukakas gpyras gopmyna MCYUCNEHUSA BbiCKa3biBa-
HWUA He cyMTaeTcsa AOKa3yeMmoi.

Mpouecc nonyyeHnsa gokasyembix opmys 6ygem Hasbl-
BaTb A0Ka3aTe/ibCTBOM.

MpuBegeM NpuMepbl AoKa3aTesNbCTB.

1. [JokasaTb, 4UTo \-A A (ped/IeKCUBHOCTb UMMIMKA-

umn).
Bocnonb3yemMcsi aKCMOMOWA

1(oc-> (r/ -> 1)) Ex y)-» Ok->7T))

X

M BbIMNOAHUM MOACTAHOBKY “N”°r) « Torga nony4vum
r
L@ -» (/->x))  ((n:->y)-> 0k->53)). D

MpumeHasa nNpaBuao 3aklUYeHUsa K akcnmome 1™ un dop-
myne (1), nonyymm

b -»1/)->m («->«). (2)

B dopmyne (2) ocyuw,ectBuM MNOACTAHOBKY

le)

B pesynbTate monyuum gokasyemyk opmyny
L ->X (kK-> X). (3)

MpyMeHNM NpaBUIO0 3aK/IUYEHUSA K aKcuoMe XY3 1 hopMy-
ne (3). 3To NpUBOAUT K AoKa3lyeMol opmyne

\-X-"X. (4)
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HakoHel, ocyu,ecTBMB NMoACTAaHOBKY B dhopmysie (4) Bme-
CTO X hbopmysibl A, NoNy4YUM

[-ANA.

2. fQokaszaTtb, uto VI 3Ry .

Bo3bMeM aKcuomy M BbIMO/IHUM B Hel nocnegosa-
Te/lbHO ABe NOACTAHOBKM, 3aMeHss cHayanax Ha X , &3atem
y na y . B pesynbtare nonyymm gokasyemyro opmyny

1-(2->x)->((2-"y)->(r-» x&y)). (1)

B ¢opmyne (1) BbINOAHUM NOACTAHOBKY Te» noayvnm
r

I-xvy X)) > ((Xvy->y)» (Xvy->x&y"~. (2)

Jokaxkem, 4T0 hopMynbl

XVYy X (3)
n
XVy 'y 4)
AoKa3syeMbl.
Bo3bmem aKcnomy BbIMO/THUM NOACTaHOBKY
XV1/
| 1), nonyunm
[-(x->xyy)-> ]| xyy->x). (5)

MpumeHasa k cdopmyne (5) n akcnome 1111 npaBwuao 3ak-
noyeHnsa, nonSaem pgokasyemocTb opmynbl (3). AHano-
rMYHO ycTaHaB/MBaeTCA A0Ka3lyemocTb opMysbl (4).

MpuMeHUM MpaBuIo 3akal4vYeHUsa K copmynam (3) u
(2), nonyunm pokasyemyto dopmyny

1-(xy YN Y AN (XYY x&yY (6)

MpumeHAa npaBwuo 3aknw4yeHUsa K gopmynam (4) wn
(6), monyyaem A0Ka3yeMOCTb WUCXOAHON hopmMmy/ibl.
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§ 3. MpounsBogHble NpaBuia BbIBOAA

Mpon3BoaHbIe NpaBwuia BbiBOAA, KaK WM pPacCMOTPEHHbIe
rnpasuia rnoAcTaHOBKU U 3aKJ/10UYEeHUA, NMO3BOIAKOT Mony4vaTtb
HOBble AoKa3yemble opMybl. OHM NOIYyYaTCHA C MOMOLLbIO
npasua NMoACTaHOBKU M 3aKJ/IlOUYEHUA, a NO3TOMY ABNAKTCA
MPOM3BOAHLIMU OT HUX.

1. MpaBnno o4HOBPEMEHHOW MOACTaHOBKMW.

MycTbA - pokasyemas opmyna,; ooy XN - NEPEMEH-
Hble, a B, B™, .., - nwbble opmMynbl MCUYUCNEHNSA
BbiCKa3blBaHWW. Torga pesynbTar O4HOBPEMEHHOW noAcTa-
HOBKW B A BMeCTO X, X, ..., COOTBETCTBEHHO (hopmyn B,
B, B™ aBnseTca gokalyemoi (hopMyoiA.

[Ansa pokasaTenbCTBa 3TOro npasuia BbloepemM MepemeH-
Hble 27 25 ..., rnonapHo pas/inyHbie U OT/INYHbIE OT BCEX
MepeMEHHbIX, BXoAAWMNX B hopmynbl A, BN, BN, ..., BN Tenepb
nocnefoBaTesibHO caeniaeMm B hopmysie A N NOACTAHOBOK, 3a-
MeHSs cHavaa Ha 27 3aTem Ha W Tak fjanee u, Hako-
Hey, X Ha 2 . 9TW NOACTAHOBKW AalT AoKasyeMble )opMy/ibl:

r.
b |(a) paet I- [(A™) paet [-Ar

[anee nposegem nocsnefosaTeslbHO elie M NOACTAHOBOK
B hopmyny A%, 3ameHss cHadana 2 Ha B?, 3aTtem Ha B™ n
Tak fjasee W, HaKoHeL, Ha B~ 39Tu noactaHoBKW pakoT
Jokasyemble (hOpMYyI/ibl

B B, B,
- (A,) paet [-[Cx, } I(A) paet [-C2, ..., F [(C,_1) paeT |]-C,.
22 r,

FAcHO, 4YTO gokasyemas qopmyna rnosiyyaetca B pe-
3ynbTaTte 04HOBPEMEHHOW MoACTAHOBKM B hopMysly A BMecC-
TO NepemMeHHbIX X X/, X,, opmyn BN, BN, ..., BN

CxeMaTuU4HO onepauunsi 04HOBPEMEHHOW MNOACTaHOBKW
3anuncbiBaeTca B BUAE:
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[-A

2. TpaBWA0 C/I0XKHOI0 3aK/IH0YEHMS.
BTopoe Npou3BOogHOE MPaBWUI0 MPUMEHSIETCS K hopMmy-
nam Buga

Ax -> |a2 -> (A3 -> (...(Ag -> 'm)..)

n opmynupyeTcsa Tak:
Ecnn cdopmynbl AN, N2, .» AN n
AoKasyeMbl, TO U

thopmyna b pokasyema.
JT0 yTBEPXAEHME JIerKO [J0Ka3blBaeTCs nocsefoBaTesb-
HbIM MPUMEHEHMEM MpaBuia 3aK/IYeHUs.
[eicTBnTenbHO, ecnn opmysibl

AN AAA (A3 (A3~ ((O, -» 4..)))

[0KasyeMbl, TO MO MpaBuy 3ak/ilueHUs aokasyema (op-
myna

Ar -> (A3 -» (...(A, £)...)).
Ho Tak kak opmynbl A A3 -> (Ag -> (...(A,, ->

Aokasyembl, TO gokasyema copmyna Af -> (...(A, -» b)...).
Mpogomkasa 3aTU paccy>XAeHUs, Mbl SOKaXXeM HaKoHel,
yTo (hopmyna X pokasyema.
MpaBXA0 CNOXHOMO 3aK/IYEHUSA CXEMATUUYHO 3aruchbl-
BaeTcs Tak:

[-AN, |-A2,..., 1~A,, \-Ax-> a2 -> MA3 -> (...(A, >
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3. lNpaBuno cunanormsma.
Ecnn gokasyembl oopmynbl A -> B n B -> C, T0 goka-
3yema topmyna A -> C, TO ecTb
1-A~B, {-B-~C
1-A~C
Ana pokasaTtenbcTBa 3TOro npaswuia cheniaem criefyio-
wme oAHOBPEMEeHHble MOACTaHOBKMU:

A ,B,C B-2CA
1(12) n /(11).
X,y,r X,y
Monyumm pokasyemble (OpMYy/ibl
l-a "(B->C))->((A->B)->(A->C)), (1)
|-(B~"C)->(a *(B->C)). (2)
Kpome TOro, no ycsiioBuio fokasyembl QOpMybl
\-A"B, (3)
\-B-"~C. (4)
M3 copmyn (4) n (2) no npaBuay 3aK/IlOUYEHUS NOMyvaem
1-A->(B->C). (5)

Mo Torga n3 cdopmyn (5) , (3) n (1) No NpaBnay CA0XKHO-
ro 3aknwo4veHmss mveem \ - AC =
4. TpaBuni0 KOBTPMNO3ULUN.
Ecnn pgokasyema copmyna A-> B, To gokasyema ¢op-
\-A-"B
Myna B -> A, To ecTb no

[Ons gokasaTesibcTBa 3TOro MpaBu/ia caenaem oAHOBpe-
MEHHY0 MOACTAHOBKY:

X,y
nosyumMMm Aokasyemyt Gopmysy

1-(1-~B)-~|-(B-"a). (1)
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Ho no ycnosuio gokasyema cgopmyna
[-A->B. (2)
M3 dopmyn (2) n (1) no npaBuy 3akJYEHUSA UMEEM
\-B-"A.

5. MpaBnIo CHATUA ABOMHOIo OTPULAHUS.

a) Ecnn pokasyema dopmyna A ~ B, To gokasyema
thopmyna A-> B .

6) Ecnn pokasyema copmyna A —B, T0o gokasyema
thopmyna A-~ B .

ToecTtb L:™ N n t-1->B

[Ana gokasartesnibCTBa 3TOr0 npasuia BbIMNO/IHUM MoAcTa-
HOBKW

A B
1Y2) n |(1Y3),
X X
nony4ynm gokasyemble QOpPMYJibl
\-A"1 , (1)
1K™ B. (2)

Ho no ycnosuio a) gokasyema copmyna
(3)
a no ycnosuto 6) gokasyema copmyna
1-1-~ B. (4)
Taknum 06pa3om, ecnu BbINOSIHEHO YCNOBWE a), TO U3
dopmyn (3) n (2) no npaBuay cunsorndma nosyvyaem

1-A-»B.
Ecnu ke BbINosiHeHO ycnosue 6), To 13 gopmyn (1) u (4)

nonyyaem \-A-" B.

8 4. MNMoHATMe BbIBOAUMOCTU (DOPMYSibl
M3 COBOKYMHOCTU (hopMyn

Byaem paccmaTpuBaTb KOHEYHYH COBOKYMHOCTb ¢hop-
myn A ={~1,A3,...,A,}
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OnpegeneHve opMy/bl, BbIBOAUMON U3 COBOKYMHOC-
™ H.

1) Becakasa dopmyna E.H siBnsietca ¢opmysnoi, Bbl-
Bogumoii n3 H.

2) Bcakasa gokasyemas opmyna BbiBoguma 13 H.

3) Ecnn dopmynbl Cun C”™ B BblBOAMMbI U3 COBOKYI-

HocTu H, TO dhopmyna B Takxe BbiBogMMa n3 H.
Ecnn HekoTopas copmyna B BbiBogMMa M3 COBOKYIMHO-

ctu H, 10 3anucbiBatotT H\-B ,

HeTpygHo BMAeTb, 4TO Knaacc QOpMysi, BbIBOAUMbIX W3
COBOKYyMNHOCTM H, coBnagaeT ¢ Kjiaccom foKasyemblx ¢op-
My/1 B C/lydae, Korga COBOKYMHOCTb H coAep>XWUT TO/1bKO
AoKasyeMble hopMysnbl, U B ciy4vae, Korga H nycTa.

Ecnu >e coOBOKYMHOCTb dhopmys1 H cogep>XUT XoTsa 6bl
04HY He AoKasyemyto chopMyny, To Knacc hopMmys, BbIBOAU-
MbIX N3 A, WKUpe Knacca AoKasyeMbix qopmy”.

Mpumep. [oKasaTb, YTO W3 COBOKYMHOCTM hopmyn

H = {A,B} BbiBogMma ¢opmyna A& B .

JAoka3aTtenbLcTBo. Tak kKak A eH n B eH , 10 no on-
pegeneHno BbIBOAUMOM DOpPMYIbl

H\-A, (1)

H\-B, )

Bo3bmem akcumombl g un N BbIMO/IHUM MOACTaHOBKMU

AB,A B.A
[(M3) n (1x). B pesynbTate Noayymm pokasyemblie
Xy.r Y

hopmy/ibl, KOTOpble BbIBOAWMbI M3 H Mo onpefesieHuto Bbi-
BOAMMOI (hopMy/bl, TO €CTb

H\4A -> A)  ({A ->8) -» (A ). @

HbB~(A->B). (4)
Tak Kak thopmyna A ~ A pgokasyema, TO

H[-A-"A. (5)



58 Kypc nekumii no MaTemaTN4YeCKon normke

M3 copmyn (5) n (3) no npasBuny 3aKNOYEHUSA NOSTyYaeM:

H\-{A ->B) ->(A A&B). (6)
M3 copmyn (2) n (4) no npaBuay 3aka4eHUs Mnoayvaem:
H[-A->B. (7)
M3 copmyn (7) n (6) no npaBuy 3aKNOYEHUS NOay4vaeMm:
H\-A-"A& B. (8)

M, HakoHey, n3 gopmyn (1) n (8) nonyvaem
H\-A&B. (9)

ACHO, UTO NPU A0Ka3aTeNbCTBE BbIBOAUMOCTU (DOPMY /bl U3
COBOKYMHOCTW (POPMY/T MOXXHO M0/1b30BaThLCSA HE TO/TbKO OCHOB-
HbIM MPaBU/IOM 3aK/IIYEHUS, HO U MPaBUIOM C/I0XKHOTFO 3akK-
noyeHns. Torga, Nofib3ysAck 3TUM NpasBuiom, NpeasoxeHme (9)
MOX>XHO NoAy4YnTb N3 npeanoxenunii (5), (7), (1) n (3).

§ 5. MoHATKeE BbIBOAA

OnpepgeneHuve. BbiBOgOM M3 KOHEUYHO COBOKYMHOCTU dhop-
Myn H Ha3blBaeTca BcsKas KOHeyHas nocsefoBaTe/lbHOCTb
dopmyn B ,B,, ...,B, BCAKUI 4fieH KOTOPOW yA0BNETBOPSET
0AHOMY M3 cnegyruInx TPex YCroBuii:

1) oH aABnsieTca 04HOM M3 (hopMysT COBOKYMHOCTM H,

2) OH ABNSeTCA AoKalyemor opmyion,

3) OH nony4vaeTca No NpaBwy 3aK/IlOUYeHUsS N3 ABYX JH0-
6bIX NMpeAaLecTBYOWMX YIEHOB nocnegoBaTesibHocT BA BA,
ey BN

Kak 6b1/10 NoKasaHo B nNpeAblayliemM npumMepe, BbIBOLOM
M3 CoBOKYynHocTU dopmyn H = |A,B} sBNAeTca KoHeyHasd

nocnefoBaTesibHOCTb hOPMYII:
AB,{A™ a) ((a->B)”™ (a-» A&B)),B ->(a B),
A->A (A->B)-> (A~ A&B),A->B,ANA&B,A&B.

Ecnun >xe 34ecb BOCMO0/1b30BaTbCA MPaBU/IOM CJ/1I0XKHOTO
3aK/Il04eHNA, TO BbiBOA4 MOXXHO 3anuncaTtb TakK:

AB,(A->a)-» ((a->B)->(a” A&B)),B~ (a B),
A —2AyA —2B, AScB*
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M3 onpeneneHuii BoiBOAMMOM (DOpPMY/bl N BbiBOAA U3
COBOKYMHOCTU hopMy CAeAyrT o4eBUAHbIE CBOACT BA Bbl-
Boja:

1) BcSIKMI Hava ibHbIA 0TPE30K BbiBOAA U3 COBOKYMHOC-
™M H ecTb BbiBOA 13 H.

B camom pgene, Bce JopMyJibl Ha4YaIbHOro 0Tpe3Ka BbIBO-
Ja yaoBNeTBOPAT ONpefeneHU0 BbiBOAA.

2) Ecnun mexay AByMs cocefHMMU YsleHaMu BbiBoda U3
H (wnn B Hayane, UM B KOHLE ero) BCTaBUTb HEKOTOPbIM
BbIBOA U3 H, To nonyvyeHHasa HoBas nocsiefoBaTebHOCTb hop-
Myn 6yfeT BbIBOAOM M3 H.

[elicTBUTeNbHO, HAaNpUMep, eC/IN COBOKYMHOCTU (hopMyn
BN BN ..., B, B™M ..B*nCNCH L AB/AITCA BbIBOAAMU
M3 A, TO COBOKYMHOCTb B™, ..., BNCY CY, L, CN BB,
no onpegenieHUo BbIBOAA, ABNSAETCA BbIBOAOM M3 H.

3) Bcsikuii uneH BbiBoga U3 COBOKYMHOCTM H sBnsiercs
hopmyrioii, BbiBOAUMOW 13 H.

Bcakunii BbiBo4 U3 H aBnseTcsa BbIBOAOM ero nocnegHemn
hopmynbl.

4) Echv H ¢.W , To BcAAKUiA BbiBOA U3 H siBNsieTcs Bbl-
BoAoM mn3 W.

5) Ona Toro, 4To6bl hopmyna B Obisia BbiBOAUMA U3
COBOKYMHOCTM H, Heob6xoAuMMO M A0CTATOYHO, YTO6bI cyLlle-
CTBOBaJ/1 BbIBOA, 3TON hopMysibl 3 H.

§ 6. NpaBuna BbIBOANMOCTH

Myctb H NnW - gBe COBOKYMHOCTU (hOpMYy/1 UCUMUCAEHUNA
BbICKa3blBaHN. byaem o6o3HavaTb yepe3d H, W unx obbegun-
HeHue, To ecTb HW =Hu W.

B uvacTHoOCTK, ecnm coBoKynHOCcTb W COCTOUT M3 04HOW
dopmynbl C, To 6ygem 3anucbiBaTb 06begnHeHne A un{c} B
Buge H,C.

PaccmoTpyM OCHOBHble Mpaswu/ia BbIBOAUMOCT U.

H\-A
H,W\-A"

3To NpaBWIo credyeT HemnocpefAcTBEHHO U3 onpegene-
HUS BbIBOAA M3 COBOKYMHOCTU (hOpMYII.
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H,C\-A H[-C
H\-A
JokasatenbcTBo. Tak Kak Mo yc/ioBUK U3 COBOKYMHOCTU

dhopmyn H, C BbiBogMma hopmysiaA, TO CyLLLECTBYET BbIBOZ, 13
H, C, nocnegHen hopmysioil KOTOPOro SBAsSieTcA A:

BN BN .., BANA. (1)
Tak Kak Mo yc/IoBU0 M3 COBOKYMHOCTU (DopMy/1 H BbIBO-

avma gopmyna C, To CyLeCTBYeT BbIBOA U3 H, nocnegHei
chopmyrioli KoToporo siBnsietca C:

(SR C. (2)

Ecnu B BbIBOAE (1) oTcyTtcTBYeT ¢hopmyna C, To OH
ABMIAETCA BbIBOAOM TOJ/IbKO W3 COBOKYMHOCTU J1, W, 3HAUUT,
n3 H BbiBOgMMA A.

Ecnm B BbLLOZE (1) oaHa 13 chopMy ecTb chopmyia C (Hanpu-
mMep, hopmyna B;), To BCTaBuUM Mescay hopmynamm 1 B¥BblI-
BoA 13 A (2). B pesynbTare nosyymm BbIBOA, TOSTbKO U3 H:

Bl BA, ..., BM CN CN, Ch C, B™M, ... BAYA.

W, cnepoBaTensHo, opmyna A BbiBoguMa U3 A.

H,C1~A,TY~C
H,W\-A '

JokasatenbcTBo. Tak kak H,C\-A, To no npasuny (1)
H,MI,C\-A,

Tak Kak W\-C, 10 Takxe no npasuny I A, TN-C «

Vcnonb3ysa Tenepb npaswso 1, nonyyaem A, TN -A.

IV H\-C-~"A

° H,C\-A °

JokasaTenbcTBO. Tak Kak M3 # BbiBOAUMMA hopmyna
C —A » TO cyLlecTBYeT BbIBO4 U3 A, Ha KOHLE KOTOpOro
cTouT hopmyna C-» Ar

B" BY, BN C->A. (1)

MpucoeanHVM Ternepb K COBOKYMHOCTU dhopmyn A dhop-
myny C. MOJBOVM coBokynHocTb copmyn A, C. Mpwn aTom,
po6aesnsaa K BbiBoAy (1) copmyny C, Mbl MOSTyYUM BbIBOJ,
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B~,BA, C-> A,C. (2)
KOTOpPbI/ SAABMSETCA BbIBOAOM U3 H, C.

Ho B KoHLe BbiBOAa (2) MOXHO 3anucaTb opmyny A,
KoTopas nosiydaetca u3 gopmyn C-> A u C no npasuny
3aKJ/TYEHMA.

CneposaTenbHO, MMeeM BbIBOJ, U3 COBOKYMHOCTU H, C

B®, BN, ..., C-~A, CA,
nocnegHeli opmynor KoToporo sBnsieTca dopmyna A, To
ectb A,C1A.

A€ -
Joka3aTtenscTBo. [peaBapuTenbHO AOKaXkKeM, 4TO 4N1A
noboro BbiBOga BN, BN, ..., M3 COBOKYMHOCTU H, C cnpa-

BEA/IMBO yTBepXKaeHne: H \-C B ~. [loka3aTenbCTBO MNpo-
BEAEM METOAO0M MaTeMaTUYecKor WHAYKUUW.

1. Mpwu k = 1 yTBEP>KAEeHWE cnpaBeanneo. eincTentesb-
HO, ec/n B~ eCTb BbIBOA M3 H, C, TO BO3MOXKHbI TpU Criyyas:

a) B, e,

6) B™ - pokasyemasi chopmysna,

B) B ecTb C.

B cnyyaax a) n 6) MOXXHO 3anucaTb BbIBOL U3 HA: BN,
B1-> (c-» BY), B 1, cnegoBaTenibHo, H\-C B~

B cnyuyae B) (pakKTUUeCKU HYXHO [0OKa3aTb, 4TO
A[-C -> C. Ho chopmyna C -> C gokasyema U MnosToMy Bbl-
BOAMMA M3 060 COBOKYMHOCTMU.

2. Mpepnonoxknm Ternepb, YTO YTBEPXKAEHME crpases-
N1BO ANA M60ro BbIBOAA ANVHBI T'< A N JOKaXKEM, YTO OHO
cnpase4/IMBO 4719 BblBOAA OJ/IMHbI K.

Mycts BN BN, ..., BM - BbiBog 13 A, C. AcHO, 4TO 34ecb
A>1, N NO3TOMYy OTHOCUTENBLHO (QOPMYJ/ibl B~ BO3MOXHbI
YyeTblpe cny4as:

a BMeH,

6) B~ - pokasyemas dopmyna,

c) BN ectb C,

HT) B™ nosydyaetca no npaswuiy 3ak/lOYeHUA U3 [OBYX
dhopmyn, NpeaLIecTBYOLWMX €A B BbIBOAE.
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[Ans nepBbIX TPex C/Ny4yaeB [0Ka3aTesIbCTBO YTBepXKie-
HUsE H\-C -> MOJIHOCTBLIO COBMajaeT ¢ A0Ka3aTe/IbCTBOM,

nposefeHHbIM Npu fe= 1.
PaccmoTpum 4eTBepThii cnYaii. Tak Kak 3gecb dop-

Myna nonyvaetcst U3 AByx copmyn B u B. npu i <k u
j <k wn, To dpopmynia B. fo/DKHA MMETh BUA B B, npu-
yeMm CnpaBea/INBbl YTBEPXKAEHUS

H\-C-"Bi, (1)

H1-C->(B,->B)). )

Bocnonb3yemMcsi akcmomoii 1, BbINOIHUB B Hell nopcTa-
HOBKY

b)-

X,y,r

Monyunm pgokasyemyr dopmysny
I~ (6,->B))->(C B) (C B)). (3)
dopmynbl (2) , (1) v (3) BbiIBOAUMBbI N3 H. MNMpuMeHAN K
HVM MNPaBUIO C/IOXKHOI0 3aK/1YeHUd, NMonsyyrum H\-C -> B
BepHemca Tenepb K obuwiemy cny4vaw. Mycts H,d[-A.
Torpa cywectsyeT BbiBO4 BN BN, ..., B A n3 H, C. lNpn
3TOM M0 JOKa3aHHOMY CNpaBef/IMBo yTBepXKaeHne H\-C A =

Ba)kHbIM CrieACTBMEM M3 TEOPEMbI AEAYKLUN ABNSAETCSA
O606LeHHan TeopeMa AefyKunn:

hCi -> (Cg -> (C3 ->a)..))
JokasaTtenbcTBo. O603HA4YMM 4epes COBOKYMHOCTb
thopmyn
Mo ycnosnio HA\-A nn C”™\-A. Ho Torga no Te-

opeme AefyKLMW CripaBeIMBO YyTBEPXKAEHWe A.
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Tak Kak A* 1 =H~"-2,Ck-1» ™ cnpaBeanvBo yTBEPX-
JeHue

Mcnonb3ys 1 34eck TEOPEMY AeAYKLMU, NOyUnm

"> 4
Mpoaenas 3Ty npoueaypy K pas, Mbl MPUAEM K YTBEpPX-
OeHNIo:
Ao =0bC1 -> (c, N (C3 A)...).

Ho 13 nycToro MHOXecTBa BbIBOAMMbI TOMIbKO A0Ka3ye-
Mble (hopMy/bl, TO €CTb

N (C3-> (C3 > 4--))-
B yacTHOM o/13™yae npn k=1, 04eBUAHO, UMeeM
C\-A
lc->a'

H\-n1,H\-B
V1. MNpaBnno BBefeHNA KOHBIOHKUMK: g l.a &B
Joka3aTtensctso. Mo ycnosuto
H\-A, (D)
H[-B. (2)
Kak 6bl/10 foKa3aHO paHee, M3 COBOKYMHOCTU hopMy/l
{a ,B} BbIBOAMMA KOHBIOHKLUUA A&.B> TO eCTb

(A,B}(-A&B. (3)

|/|CI'IOI'Ib3yFI npasunsio | BbIBOAMMOCTU, MOXXHO 3annmcatb
H,ABAA&B, (4)

S,A]-B. (5)

Tenepb, ncnonb3ya npasuno Il BbiIBogUMOCTU, U3 (4) ”
(5) nonyuyaem

H,A\-A&CB. (6)

Tawoke no npasnny Il n3 (1) un (6) nonyyaem H\-A&.B.
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™o, H,A\-C;H,B\-C
VII. MNMpaBwo BBegeHNA AN3BIOHKUNN: —H  jAsy B\-C "

Joka3atensctso. U3 ycnosma H,/1\-C\H,B\-C no Te-
opeme AefyKUUM NMEEM

H\rA C, (1)

A[-B->C. (2)
Bo3sbmem akcuomy LN OHa BbiBOAMMA M3 COBOKYMHOC-
™ H Kak pokasyemas copmysia, TO ecTb
Hb(A->C)-~((j3->C)->(AvB->C)). 3)
MpumeHaa K opmynam (1) , (2) n (3) NpaBuao CAOXKHO-
ro 3ak/o4veHus, Mnosyymm
H]-AvB->C. (4)
Mcnonb3ya Tenepb npaswsio 1V BbIBOAUMOCTU, MOSYUYUM
H,AvB\-C.
§ 7. [lokasatesibCTBO HEKOTOPbIX 3aKOHOB JIOTMKW

MpaBuna BbIBOAUMOCTU, U 0COBEHHO TeopemMa AefyKLuu,
rno3BOMIAKDT f0Ka3aTb PsAf 3aKOHOB JIOTUKWU.
l. 3aKOH HepecTaHOBKW MOCLIJIOK:

i-(n:->» (IF-> 1)~ (y -> (K-> z)). (1
JokaszaTenbcTB0. TakK KakK M3 COBOKYMHOCTU opmMyn
H ={x" {y->2),y,x] cnegyet BbiBog X [V z), V¥, X,
' r, Z TO 1”3 coBOKYynHOCTM H BbiBOAMMA hopmyna z.
Torga no 0606LLEeHHOM Teopeme AefyKuunm gokasyema op-
myna (1).
M3 3aKoHa MnepecTaHOBKW MOCLINIOK BbITEKAET Mpasusio
rnepecTaHOBKM MOCbIIOK B [0Ka3yeMblX (hopMyriax:

Hx ™ (y %)
| -(r/(x-»r))

[encTBnuTenbHo, ecnun

|st-> [y -> 2), (2)
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TO 13 dopmyn (1) n (2) no npasBuny 3aklYeHUA cnepyet
\-y->{x->r).
Il. 3aKoH coegVHEHMA MOCbISOK:
1-(x N) (x&yn. (3)
JokazaTtenbcTBo. TakK KakK U3 COBOKYMHOCTU (hOpMY
H=[x->{y r,x&.y\ cnegyet BbiBog x ~ {y ™ r), x&y,
X&y X, X&y y, X, y, y->r,r, Toun3 COBOKYNHOCTUA

H BbiBoguMa dopmysa r. Torga no 0606LieHHON Teopeme
Jenykuunm pokasyema dgoopmyna (3).
M3 3akoHa COeAVHEHMS MOCbIJIOK BbITEKAET MpaBusio
COeAVHeHUs1 MOCbINIOK B J0Ka3yeMbiX opMyax:
-0k (y->n)
\-X&yTr
JencTBUTeIbHO, €cnn
\-x->{y-"2) 4)
TO 13 dopmyn (3) u (4) no nNpaBusly 3aK/lOYEHUA crepyeT

L. 3akoH pa3befUHEHUA MOCbIIOK:
n&y ->r1) {x->{y->1)). 5)
JokasatenbcTBo. Tak KakK M3 COBOKYMHOCTWU hopmMyn

H = {x,y,x&y -> r} cneayet BbIBOA X, Yy, X&Y r, x&y,
r, TO U3 COBOKYMHOCTM (hopmyn H BbiBOAMMA hopmyna r.
Torpa no o6o6LLeHHOM Teopeme fefyKuunm fokasyema dop-
myna (5).

N3 3akoHa pasbefUHEHUNA MOCLIJIOK BbITEKAET npaswusio
pasbefuiHeHMs MOCbUIOK B J0Ka3yeMbIX hopmMmynax:

[-X&/ r
\rX-My-~ry

[JencTBnUTEeNbHO, €cn
(6)
TO0 13 dopmyn (5) n (6) No npasBusy 3ak/OYEHUNA crneayeT
\-x-My"r).

3  3ak. 1229
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IV. \-x-"{x"y). @)
Joka3aTtensctBo. Caenaem noACTaHOBKY B akCUoMbl | v
v,
y Y X
J(n)-
Yy X,y

B pe3ysbTate MoslyuynMmMm fAokKasyemble hopMy/ibl
(8)
[-(y (9)

M3 dopmyn (8) u (9) no npasuny cunnornsma crenyet
bn:(xy).
Mcnonb3ys 3akoH COeAUHEHUST MOCbIJIOK, MOy4YMM
|-n&c >y .
Mcnonb3ysa npaBuio CHATUS ABOMHOIO oTpULaHus, Mo-
nyynm
\-X&X ->y .
W, HakoHeL, MPUMEHSs 3aKOH pasbefMHEHUS MOCLIIOK,
nonyuum dopmyny (7).
5. 3aKOoH UCKJ/TIOYEHHOro TpeTbero:(-Xy x
JokasatenscTBo. Bocnosb3ayemcesi gokasyemoii hopmysion

\-x\/y -*x&,y (10)

K )
W, cgenas B Hell moacTtaHoBKy | (HO), nony4ymm

|-n:yx->x&X- (11)
Takoke caoenaem nNofActaHoBKY B popmyne (7), 3aMeHsAs X
Ha X,ayHay:

(12)
Mcnonb3ya 3akoH coeguiHeHMS MOocblIoK, OyaemMm MMeTb
| - X&Xx->y. (13)

M3 dopmyn (11) n (13) no npasusly cuorn3ma nosy-

yaem
b xyx y . (14)

M3 dopmynbl (14) no npaBusly KOHTPNO3ULUW criefyeT

[-p"-> XV X'
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Ncnonb3ya o6a npaBuna CHATUS [ABOAHOI0 oTPULAHMS,
noslyyaem

\-y-AXYX. (15)

MycTb Tenepsb I/ - Nbas gokasyemasn gopmyna i , Torga

13 popmyn \-E, |-/ -> XV X no npaBusy 3ak/t04eHUS MNo-
nydaem

|-nyX.
VI. \-x&y -> XVI/.
JokasatenbcTeo. Caenaem NoAcTaHOBKY B akcmome LLg,

3aMeHsisl B Heli  Ha X&Y

[-(x  x&y)->([y->x&y) (xVy x&y)|. (16)

N3 akcrom " NMEEM:
[-X&y->X, a7)
| -x&y-"y. (18)

MpumeHaa Kk cdopmynam (17) v (18) npaBuio KOHTpMo-
31LMK, NONYUYUM

\-x -> xX&y 9 (19)
\-y -> X&Yy * (20)

Vcnonb3ys npaBu/io CHATUSA ABOWHOr0 oTpuuaHus, 6y-
JeM VIMETb!

Ix ->x&y 9 (21)
I-y-»x&y* (22)

MpumeHsa K dopmynam (16), (21) v (22) npaBuIo CNoX-
HOro 3aKJ/Il0YeHUS, Mostyyaem

(-xy¥->x&y. (23)

MpumeHasa K dopmyne (23) npasusio KOHTPNO3NUUK, a
3aTeM MNpaBWIO CHATUSA ABOWMHOr0 OTPUUAHMA, MNoslyyYaem

1-X&Y -> X&Yy.
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§ 8. CBA3b Mexay anrebpoii BbiCKa3blBaHWUI
N MCYUC/IEHUEM BbICKa3blBaHW

dopMy bl UICHUCNEHUSA BbICKA3bIBAHUI MOXHO WHTep-
npeTMpoBaTb Kak (popMysibl asirebpbl BbiCKasbiBaHUA. [ns
atoro 6ygem TpakToBaTb MEPEMEHHble MCUYMC/IEHUS BbICKa-
3bIBaHU KaK NepeMeHHble aslrebpbl BbICKa3blBaHWA, TO €CTb
nepeMeHHbIe B COAep>KaTeNlbHOM CMbIC/e, NMPUHMMaloLL e asa
3HaueHus; uctmHa u noxxs (1 u 0).

Onepaunn &, v, — N —onpegenmmMm TaK >e, KaK B
anrebpe BbickasbiBaHW. [Mpn 3aToM BcAkaa dopmyna wmc-
UYMCNEHUA BbICKa3blBaAHWUIM Npu AO6bIX BXOAALLMX B Hee ne-
peMeHHbIX 6yaeT NpUHUMAaTb OAHO M3 3HaveHwur 1 wam O,
BblUMC/ASSEMOE MO MNpasunam anrebpbl BbICKa3blBaHWIA.

BBegem noHATME 3HaYeHUA QopMysbl UCHUCIEHUS BbiC-
KasblBaHWA.

Mycte A - dopMyna ncUUCIeHNS BbICKa3bIiBaHWIA,

X7, ..., X - TONApPHO pasfiMyHble NepemMeHHble, cpean KOTo-
pbIX Haxo4ATCA BCe MepeMeHHble, BXoAsLWMe B hopmysy A.
O603Ha4YnM yepes «2» *== «/1 HAOOP 3HAYEHWI 3TUX Nepe-

MEHHbIX, cocToAWwunm n3 1 n O, anuHbl n. O4YeBUAHO, YTO
BEKTOP 2" 3Ha4YeHUA.
Onpepgenvm 3HaveHne popMysibl A Ha 0AHOM TakoM Habo-

pe 3HauYeHWU NepeMeHHbIX, 0603Havas ero yepes -
1. Ecnu gna dopmynbl A ee noadopmyna camor 60s1b-
WOW rnybuHbl ecTb x» 170 p"ol.oNm) = w,.

2, Ecnn onpegienieHbl 3HaUYeHWs Beex Noacopmys riy6u-
Hbl K+ 1, TO NnoadopMysbl ry6uHbI K, MOSyYEHHbIE B pe-

3ynbTate onepaumini AN&Aj, AuyAl, AN->Aj, AN ByayrT,
VIMETb 3HAYEHUS;

n, a)= w .. () *
n,,,.(1vn)=n, ,,.01)V

o (1 - (A > 1),
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Hanpumep, dopmyna  V «4 Ha Habope 3Ha-
yeHuii (O, 1, 1, O) NePEMEHHBIX JT;,, X7, X, X UMEET 3Ha4YeHmne

Borno{x1 V™ -> X2&X3) = 1.
[erictBuTeNbHO, 3Ta dopMyna VMeET:
XIV x?, X2&X3 - noathopmysbl NepBon riay6uHsl,
x4, X1&X3 - noAadopMysibl BTOPOA Fy6UHBbI,
M, N2, Xn - nopcopMynbl TPETbEN TyOuHbI,
Xo - noadopmynia 4eTBepTOi ryO6UHBI.

Otcroga Jlono("3) = 1» Q3) = mKono(*3) = 20N = 1>
mH110(N4) = 0> Nono{N27N3) = Mouo(M2) N Mno{N3) - ®»

w0 = wallo™¥) = 1» ") = 0>

mKol10(*1 ~ ) = [ollo(™)  [lollo(™) = 1»

MN11o("2V3) ~ N2 8) ¢

Boro(x1 V X4 N x2&x"3) = Oollo(ml V) A 2rolio(*2&"3) = 1

Jloka>keM Tpu TeopeMbl, KOTOpble yCTaHaB/INBAIOT CBA3b
MEXAY OCHOBHbIMM (pakTaMu anrebpbl BbICKa3bIBaAHWUIA U UC-
UYMCMEHNSA BbICKa3bIBAHWIA.

Teopema 1. Kavkgasa dopmyna, fjokasyemas B mcuucsie-
HUN BbICKa3bIBaHI/II7I, ABNAETCA TOXKAECTBEHHO NCTUHHOW
B anre6pe BblCKa3bIBaAHWUIA.

JokasaTtenbcTBo. [ns fokasaTenbCTBa 3TOW TEOPEMbl,
04YeBUAHO, cneayeT A0KasaTb TPU MOSIOXKEHUS:

1) Kaxkgasa akcruoma MCHMC/IEHUS BbICKa3bIBaHUM - TOXK-
OECTBEHHO MCTMHHaA (opmysia B asirebpe BbiCKa3biBaHWIA.

2) MNMpaBnno NoACTaHOBKMW, MPUMEHEHHOE K TOXXAECTBEH-
HO WUCTUHHbIM QopMysiam, MPUBOAUT K TOXKAECTBEHHO WUC-
TUHHBIM hopMyIam.

3) MpaBuio 3akOYeHUS, MPUMEHEHHOE K TOXKAECTBEH-
HO MCTUHHBLIM QopMy/iam, NPUBOAUT K TOXAECTBEHHO WUC-
TUHHBLIM hopMy/iam.

1) ToXxpgecTBEHHAst UCTUHHOCTb aKCUOM MCYMC/IEHNS BbIC-
KasblBaHU MOXKeT ObiTb MpoBegeHa nepebopom Bcex BO3-
MOXXHbIX 3HAYeHUI BXOASALWMX B HUX MEPEMEHHbIX, TO €CTb C
NOMOLLbIO TabnnL, UCTUHHOCTU, KOTOpble MMEKT BUA:

a) 4NA akCMOoM, COAep Kallnux OAHY MepeMeHHyH

X V2 V3
1 1 1
0 1 1
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6) AN aKCUOM, CoAep KallnX ABe NnepeMeHHble

X y 1 1 n. I, V.

1 1 1 1 1 1 1 1

1 0 1 1 1 1 1 1

0 1 1 1 1 1 1 1

0 O 1 1 1 1 1 1

B) A1 aKCMOM, codep Kalmx TpU MepemMeHHble

X y T 15 Vi3 s

2) Jlemma. MycTb X7, X nepeyeHb nepemeHHLCX.

KOTOpPbI COAEP>KUT BCE MepeMeHHbIE, BXOAsILLME B (DOPMY/bIA 1
B, unycTb «1, «2» === QC - MPOWV3BOSIbHBIV (PUKCUPOBAHHbIN

Habop 30 un!. Torga, ecrim 17ee...a,a{fP*=P,To

A n

JlokasaTenbCTBO /IEMMbI MPOBEAEM MO MHAYKLUMWU, YUU-
ThiBalOLLIE MOCTPOEHME (hOPMYIIbI.
a) MycTb A ecTb MepemMeHHasi X, oT/IM4YHas oT x. Torga

B (B '
Ly, : MNaa,..aa | N =1,

= «I'»TO eCTb yTBEpP>XAeHWe IeMMbl crnpaBeasinBo.
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6) MycTb A ecTb nepeMeHHast x. Torga nogctaHoBKa

(a) paet B, «a

X \ X y
YTBEPXKAEHWNE /IeMMbl Cripasei/MBo.

B) MycTb Tenepb hopmyna A UMeET BUA: AN* AN, U 4N1F
thopmyn A, n AN yTBepXAeHne nemMmmbl cnpasennveo. Ee
cnpasef/INBOCTb A1 OpMy/ibl A crieflyeT M3 LEenoyku pa-
BEHCTB!:

Jw =4

X

B

- Jan.-o0,.« 1(™")* Apt.aa |(2) = 0udh..a/NAD* ooV (-A2

- nefet.aAp( L Y) = eyt p() «
AHaI0rMYHO NPOBOANTCH A0Ka3aTeNbCTBO JIEMMbI B C/Y-
yae, Korga oopmysia A UMeeT BUg AN.
Jokaxkem Terepb yTBep)KAeHue M. 2 TeopeMmbl.
MycTb A - pgaHHasa dopmyna, X - nepemMeHHas, a B -
nobas hopmyna NCHUCNEHNA BbiCKa3blBaHU. ECAMA - Toxk-
B

[eCTBEeHHO UCTUHHasA hopmyna, To U  (a) - TO>KAECTBEH-

HO UCTUHHasA doopmyna. n
JokasarenbctBo. MNycTb X~ x*, ..., X~ X - MOMHbIA nepe-
YeHb MepeMeHHbIX, BXOAALWMX B hopMyibl A n B. Hy>Ho no-
KasaTb, 4TO Ha BCex Habopax 3Ha4YeHWN MepemMeHHbIX
B
(«1,«2,...,a,,a) dopmyna (a) npuHMMaeT 3Ha4eHue 1. Mpea-
B N
NOJIOXKUM, YTO TOXKAEeCTBEHHas UcTuHa. Torga cy-

LecTBYET Habop 3Ha4yeHWii rnepemMeHHbIX (a®,a®,.

(B
TaKoi, uTo Roe 00 N = O. Ho Torga cornacHo nemme
\X
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=0, a 370 NPOTUBOPEYUT TOMY, UTO A - TOX-

[eCTBEHHO UCTUHHas dopmMyna.
3) Ecnn dopmynbl Cn C-> A - TO>XKAECTBEHHO
TWHHbIe, TO N dopmMmyna A - TOXKAECTBEHHO UCTUHHasA.
JlokasaTenbCcTBO NPOBEAEM METOAOM OT MPOTUBHOrO. MycTb
XN, XN, ..., X - TOJIHbIA Habop nepemMeHHbIX, BXOAALLMX B qop-
Mysbl C n A. TpennosioXkum, 4to A - He TOXKAECTBEHHO UCTUH-
Hasi coopmyna. Torga cyllecTByeT Habop 3HaYEeHWI NepeMeHHbIX

«1.«2 eee") TaKoi, 4TO ~o(a) =0. Ho npu atom
0 o(C—>a):|/|,,OO o(c) = o o@)=1—-0=0

UTO NpoTUBOPEUYNT TOXKAECTBEHHOW MCTUHHOCTM (hOopMY/ibl
C-> A.

Teopema 2. (0 BbIBOAUMOCTU). MycTb A - HekoToOpas
dopmMyna ncumcieHNs BbiCKasblBaHUM; x», XA, ..., XN - Habop
nepemMeHHbIX, coAep>Kalliuii Bce MepeMeHHble, BXoAsLine B

dopmyny A; anaz,...,a,, - MPON3BOJIbHbIA (PNKCUPOBAHHbIM
Habop 3HaYeHUn 3 TUX nepemMeHHbIX. Ob6o3Ha4YMm uepe3 H
KOHEYHYIO COBOKYMHOCTb hopmyn H = X\ xp,...,Xx“", rge
_ X1, ecrm @7 =1,
[Xr, ecnv w, =0.
1) Ecnn T0 H\-A.
2) Ecnn Kaa,...a(A) =0, To H\-A.
,ﬂ,OKa3aTefIbCTBO. ,ﬂ,OKa3aTeJ'IbCTBO TeopeMbl NpoBeaem no

VHAYKUUN (MHOYKUNSA N0 NOCTPoeHU0 hopMynbl).
1. MycTb hopmMyna A ecTb MepemMeHHas X..

a) Ecnn Jo.c™..cMxr) = «/ =1 To, 04eBUAHO, , nnu,
YTO TO XKe XM \-x?, TO ecTb xfA[-A, U TeM 6onee, H\-A.

6) Ecnn =« =0 ™, oueBUOHO, X.[-K;, Un,
4uTo TO XKe Xxp\-LL,, To ecTb x~\-A, 1 Tem 6onee, A|]-A.

2. MpepnonoXxum Tenepb, 4To hopmyna A nMmeeT oAnH
U3 cnefywuwmx yetblpex BuMaos: I. n. B~yB~H,

1. B~-> B2, IV. Bx v ansa cdopmyn BN n BN Teopema cnpa-
BeA/IMBa. PaccMOTpUM KadKaplii M3 4YeTblpex Cly4aes.
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I. MNycTb A nmeeT BUAg B1&B2-
a) Ecnm TO =1 n

, HO TOorga no npeanonoXXeHmio H\-B1 n H\-B2.

OTciofa nMo npaBusly BBEAEHUSI KOHBIOHKUMKM H\-B1&B2, T0
ectb H\-A.

6)Ecnnb,N ,~Bl&BE2) = O, Tom6o .a (Bl = O5nmnbo
= 0. MycTb, Hanpumep, ToTT no

NpeanosIoXKEHWNIO
H\-B,. (D)
Bocnonb3yemca akcuomoii ML 16 1&B2-~B1, OTcioga
no npasw/ay KOHTPNO3Muumn
bb1->61&B2. (2)
M3 dopmyn (1) v (2) no npaBuy 3ak/loveHUs Mnosyya-
eM A161&B2, To ectb H\-A.
Il. Myctb A nmeet Bug blv B2

a) Ecnun Ba~,,a~ (61 V B3) = 1, TO UCTUHHO XOTSA 6bl 04HO U3

3HAUYEHUIA «,,..«,(N]) nnn »N(B3), MycTb wm(B1) = 1.
Torga Mo npearosioXeHno
A1-B1. 3)
Bocnonb3yemca akcmomoli
[-Bl1-» Blybr, (4)

M3 copmyn (3) u (4) no npasuy 3ak/oveHUs nosyya-
em A|blyb3s, 1o ectb A[-A.

6) Ecnn ®~vb2 =0, TO (B)=0 n
Jal..a,(”2) = 0. Otcioga cnelyet, uto A[-B1l n A~bpa, Ho
Torga no npaswuy BBEAEHUS KOHBIOHKLMN

A16 1&B2. (5)

Bocnosnib3yemcs foka3syemoii hopmysioi

[(B1&B2-"B1 y B2- (6)
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M3 copmyn (5) u (6) no npasuiy 3ak/lOUeHUS UMeeM
H\-Bi v B2, T0 ecTb H\-A.
1r. Myctb A nmeeT Bug Sj -> Bge

a) Ecrm B2 =1, To fimbo =0,
nn6éo =
Ecnn L {Bp =0, TO
H\-B,. (7)

Bocnonb3yemcs gokasyemoii chopmysont |-Bj -» (BN -» Bj).
N3 aToin dropmMy/ibl MO Npasusly MepecTaHOBKM MOCbISIOK MO-
nyyum
bri-~(Bi-~B?2). (8)
M3 copmyn (7) m (8) no npasBuny 3akNKYEHUS MOSYHUM
Jij-Bj -> B2, 10 ecTb H\-A.

Ecnun ~JB2) =1, 10
HI-B2. (9)
Bocnonb3yemca akcuomoit |,:
FB2->(Bi-~"B2) (10)

M3 copmyn (9) m (10) no npaBwny 3akK/IOHeHUS NMEEM
H\-B~ -> B3, T0 ecTb H\-A.

6) Ecnu ~NJBi->B2) =0, 1o ~Jb,) =1, a
mL..I1,(B2) = 0" OTcloga Mo MNpPeanosioKEHUD
A]81 (11)
"
A1B2. (12)

Bocnonb3yemcst fokasyemoil hopmysion:
i-(B,-"B2)~ (B i~ B 2).

M3 3Toii (hopMysibl MO NPaBW/Ty MEPECTAHOBKM MOCLIIOK
nosyyaem

1-Bi ~((Bi~B2)->B2). (13)
M3 gopmyn (11) n (13) no npasusy 3ak/I0HEHNUS MONYUUM

ii[-((Bi-~"B2)-)"B2). (14)
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M3 dopmynbl (14) no npaBusly KOHTPMO3ULUU UMEEM
(15)
M3 copmyn (12) n (15) no npaBwuny 3akt0UeHUs Nosy-
yaem H\-{B1 -> B2), T0 eCcTb H\-A-
IV. Myctb A nmeet BUg BN

a) Ecrm SND) =1, To AANL.(BY) =0, 1, 3HaAUUT,
H\-B,, To ecTb H[-A-
6) Ecrn SED=0, 10 =1, 1 3HaUUT,
H\-B,. (16)
Bocnonb3yemcss akcnmomoim
H\-B""%. (17)

M3 copmyn (16) n (17) no npaswuny 3ak/oveHUs Mosy-
yaem H\-B™, To ecTb H\-A.

Teopema 3. Kadkpgaa TO>KAECTBEHHO UCTUHHAaNA dop-
My/na anre6pb| BblCKa3blBaAHUA AoKa3syema B CHNCJ/1IEHNU BblC-
KasblBaHWUIA.

Joka3aTtenbcTtBo. ycTb A - TOXOECTBEHHO UCTUHHAA B
anrebpe BbICKasbiBaHM hopMyia, a x», X™,..., XX MepeyeHb
BCEX MepeMEHHbIX, BXOAALLUX B hopmyny A.

Bo3sbmeM 0600 Habop 3HAYEHUI 3TUX MNEPEMEHHbIX

Tak kak opmyna A — TOXXAECTBEHHO WUCTUHHasA, TO
LNMA) = 1. OTcloga no Teopeme 2 cnefyeT, yTo
H,\~A. (1)

roe 4, =

Tak Kak Bcero Ha6opos (0MNor2,...,a,) 2", ToO COOTHOLUe-
Hue (1) cnpaeegmeo B 2" cny4asx.

Ecrm H, 1 =[X\x",...,x“ ], T0, 04YeBUAHO,
A, 1x,1A v H,_1,x,\-A. Torga no npaswusy BBeAeHUS

AnsbioHKuMn A, _1,x, VXn\-A. Ho popmyna x,, Vx, [oOKa-
3yemMa MU ee MOXHO OMyCTUTb M3 COBOKYMHOCTU QOpPMY
A, 1X, 3HaunTt, A, _1[-A.



76 Kypc nekuuii no MaTemMaTUYeCKON 10T Ke

AHanornyHo, obosHavas uepes A,, 2 = [x1\X2‘,...x"Ir™ ,

A = , A1l= 7|, nocnenoBaTenibHO OOKaXKEM,
yto H,_2\~A, A3]-A, A% A. Ho cooTHoweHne AN =
= x” \-A cnpasegsiMBo npu =1 wnpu =0, TO ecTb

JItA n XII-A. OTtcioga no npaswuy BBEAEHUS OU3BIOHKLUUN
umeeM XANYXxN-A. Ho dopmyna x”yx! pnokasyema, M no-

3TOMY ee MOXXHO OonycTuTb. CnefoBaTenbHo, O\-A, a 3To
O3Ha4aeT, uTo hopmyna A foKasyema.

§ 9o lNpobnemMbl aKCMOMATUYECKOr0 WUCUYUCIEHUS
BbICKa3bIBaHUN

Bcsakasa akcmomaTuueckas Teopusi Ans ee 060CHOBaHMA
TpebyeT paccMOTPEHMUSA 4eTbipex Mpobem:

1) npo6rieMbl paspeLurmocTy,

2) npob6sieMbl HEMPOTUBOPEUYMBOCTH,

3) npobsiembl NOAHOTHI,

4) npobnembl He3aBUCMMOCTM.

1. Mpobnema paspewnmMocTU MCUHUCTTIEHUSA BbICK:
3bIBAHUN.

Mpo6sieMa paspelimmMmocT UCHUC/IEHUS BbICKA3blBaHWIA
3aK/1lo4aeTca B JoKasaTesibCTBe CYLLEeCTBOBAHUA anropuT-
Ma, KOTOpbIii no3Bonwua 6bl Ana nwoboi 3agaHHON opmy bl
WCUYMNC/IEHUS BbICKa3blBaHW OMpeaennTb, SABASETCA /1N OHa
[OKa3yeMoir uUnun He sABNSETCA.

Teopema. Mpo6nema paspeliMMocTU A1 UCUUCTIEHUS
BbICKa3bIBaHW pa3pewinma.

JokasatenbcTBo, J1tobas opmyna McHUCIEHUSA BbICKa-
3bIBaHMIN MOXKET paccMmaTpuBaTbCcs KakK gopmyna anrebpbi
BbICKa3blBaHW, W, crefoBaTeflbHO, MOXHO paccMaTpuBaThb
ee /IOFrNYecKne 3Ha4YeHNs Ha pas/INyHbIX Habopax 3HauYeHW
BXOAALLMX B HEe NMEpPEMEHHbIX.

MycTtb A - ntobas hopmyna UCHUCTIEHNS BbiCKa3blBaHUIA,
ax® Xg, ..., X - nepeyeHb BXOAALIMX B Hee MepemMeHHbIX.

Bbluncinm Ha BCex Habopax 3HaudeHwii
BXOJALLMX B Hee rnepemMeHHbIX. Ecnn npu atom
(a) =1 Ha Bcex Habopax o1,a2,...,a”, TO hopmyna

A - TOXOECTBEHHO UCTUHHAA, W, 3HA4YUT, Mo TeopemMe 0 AoKa-
3YEMOCTUN TOXXAECTBEHHO VCTUHHOWA qJOpMyJ'IbI OHa AoKasyema.
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Ecnm ke cyllecTByeT Habop 3HAYEHWUI MepeMeHHbIX

ai,az,...,a° Takoi, 4To ...”o(n) = O, To thopmyna A -
He TOXKAECTBEeHHO WUCTUHHasA, W, 3HauuT no Teopeme 1 § 8
OHa He [oKasyema.

2 Mpo6nema HernpoTUBOPEUYMBOCTU WUCUUCNIEHUA BbiC-
KasblBaHWi. J1ormyeckoe mcuHmcrieHWe Ha3blBaeTCA Hemnpo-
TUBOPEUMBbLIM, €C/IM B HEM He AoKasyeMbl HMKakue ase gop-
My/bl, U3 KOTOPbIX OAHAa SBNSETCA OTPULAHVEM [PYrOW.

MHaue roeops, akcMomMaTU4yecKoe UCUMC/IEHME Ha3blBa-
eTCA HenpoTMBOPEUMBbLIM, €C/IN B HEM He CYLLLeCTBYET Takas
hopmyna A, 4TO JokaszyemMa A U Jokasyema A .

Mpobsiema HenNpPOTUBOPEYMBOCTU 3aK/IOYAETCA B BbIAC-
HEHWW Bomnpoca: ABMAETCA AaHHOe MCYUCNEHWE HerpoTUBO-
peunBbIM NN HET?

Ecnu B ucumcneHnm obHapy>kmsatoTca fokasyemble op-
My/bl BUga AT A, To Takoe UCYUC/IEHNE Ha3bIBAeTCA mpo-
TWBOPEYHNMBbLIM.

Ecnn 6bl B McUMCNEHUM BbICKa3blBaHWNIM HEKOTOPbIe hop-
MyNbl ATa A 0Kasa/Incb A0Ka3yeMbl, TO B HEM Obl OKasanacb
fokasyemon nobasa gopmyna B. [okaxkem 3To.

Bygem B ganbHeliwem o603Hadvatb vepe3 E nwbyto fo-
Kasyemyto copmysny, a yepes P - copmyny g .

Bo-nepBbIX, AOKaXkeM, 4To Ans nwboi dopmynsl B Ao-
Kasyema copmya

1-B->1, (1)
[elicTBUTENbHO, MOACTAHOBKA B akcnomy N gaet:
b-K (8™ 4). (2)
Ho no ycnosuto
[-n. (3)

M3 chopmyn (2) n (3) no npasuny 3akaoHeHUa nosyya-
eM crpasegmeocTb (1).
Jokakem Terepb, UTo Ans fo6oi hopmysnbl B gokasy-
ema hopmyna
(4)
JenicTBuTeNIbHO, MOACTAHOBKA B akcMomy 1Y naet:
|-(B-> 1?)-> (2?-> B). (5)
Ho no gokasaHHoMy
bB-»/J1. (6)
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M3 dopmyn (6) u (5) no npaBuy 3ak/IlOUEHNS MoyyHaem
(7)
Mcnonb3ysa npaBuio CHATUA ABOMHOMO OTpMLUAHUA U 3a-

MeHAA K na P, nonyunm (4).
M, HakoHel, AOKaXKeM, 4To Ansa nbon gopmynibl A
Jokasyema dopmyna
(8)

CornacHo akcmomam Il 1 Y1 gokasyembl hopmynbl

I-A (4 —a), (9)

A)-»(AN25"). (10)

M3 copmyn (9) u (10) no npaswusy cusiormamMa nosyyaem
|-A->(A-» £).

OrTcroga no npasn/y CoOeANHEHNA MOCbLISIOK MNPUXOAUM K

thopmyrne (8).
N3 copmyn (4) n (8)no npasuny cunaornaMma MMeem

[-A&ANB. (11)

Ho Tak Kak ro npegnonoxxeHuio \-A n [-A , 10 |-A&A,
W, cnegosartenibHo, gokasyema dopmyna B,

Teopema. VcumncneHve BbiCKasblBaHUIA HeEMpPOTUBOPEYMBO.

Joka3aTtenbcTBo. JoKaXem, YTO B MCUYMUC/IEHUN BbICKa-
3blBaHWU HeT Takou opMysibl A, ANS KOTOPOKM AOKasyembl

Awun A.

Myctb A —nwbas dopmyna mMcHUCIeHNs BbiCKa3bliBa-
Huin. Ecnn A pokasyema, To ncTeopeme 1 § 8 oHa ToxKae-
CTBEHHO UCTMHHA, W, 3HaAUUT, A - TOXAECTBEHHO JI0)KHas
thopmyna, a noaTomy He Aokasyema.

3. Mpob6riema MOAHOTbI UCYUC/IEHNS BbICKA3blBAHWIA.

OnpegeneHve 1. AKCMOMATU4YeCKOe UCUUC/IEHMEe Has3bl-
BaeTCA Mos/iHbIM B Yy3KOM CMbIC/1e, €C/TN ,u,o6aBneH|/|e K cnuc-
Ky ero akcmom Jito60ii HeLoKa3yemoi B ncumuciaeHum qopmy-
Nbl B KayeCcTBe HOBOM akCUMOMbl NMPMBOAUT K MPOTUBOPEYMn-
BOMY WCUUC/IEHMIO.

OnpegeneHve 2. VcuncneHue BbICKa3blBaHWUIM Ha3blBa-
€TCA NoJ/iHbIM B LLIMPOKOM CMbIC/1e, €C/TN nobdast TOXKeCTBEH-
HO MUCTUHHaA opmysa B HEM [oKasyema.
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N3 aTux onpegeneHunii cnegyeT, 4To npobsieMa rnosiHOThI
WCYNC/IEHUS BbICKa3blBaHWI [0/KHA PenTb ABa Bornpoca:

1) MOXHO N1 pacLliMpuTb CUCTEMY aKCMOM akcuomaTu-
YEeCKOro MCUUCNeHNS nyTem [o6aBneHMs K Hell B Ka4decTse
HOBOI aKCMOMbl KaKOW-HWOYAb HeAoKa3yemor B 3TOM wcr
yYUCTIEHUN POPMYIIbI?

2) fABndaeTca 1M BcAKas TOXAECTBEHHO UCTUHHAA dop-
My/fia asiredbpbl BbICKa3blBaHMI [0KA3yeMOW B MCHUCIEHUW
BbICKa3blBaHWIA?

OTBeTbl Ha 3TW BOMPOCLI JalT Criefylome TeOpeMbl.

Teopema 1. VcuucrieHne BbiCKasblBaHWIA MOSIHO B y3-
KOM CMbIC/1€e.

JokazaTtenbcTtBo. NycTb A —ntobas Hegokasyemas op-
Myfia UCHNCAEHUS BbICKa3blBaHUM, a X, ..., X —MNO/IHbIA
nepeyveHb BXOAALLNX B (HOPMY/ly A MNEPEMEHHbIX.

Tak Kak A —Hefokasyemas opmysa, TO OHa He ABJis-
€TCA TOXAECTBEHHO UCTUHHOIM. CnepoBaTefibHO, CYLLECTBY-

eT Ha60p 3HAYEeHUI rnepemMeHHbIX ai,az,.--,cc,, TaKuUX, 4TO

Myctb BN B, ..., B™ - niobble TOXAECTBEHHO UCTUHHBIE dop-
My/bl, 3aBUCALLME OT TEX XKe MepemMeHHbIX ST\ x 7, ..., x~. PaccmoT-

- B, ecnn @; =1,
PUM Habop ... B,*, r* B, . A

OCyLLeCTBUM C/IeflytoLLy0 MOACTAHOBKY B hopmyny A:

. Monyuum copmyny

a{s"\B?,...,B:-). (2)
Jokaxkem, uTo dopmyna (2) - TOXKAECTBEHHO JIOXKHAS.

Bo3bmem 060 Habop  , Cr3,..., <i,, 3HA4YEHW NePEMEHHbIX
X, ..., XN\ Tak Kak qopmynsl BN BN, ..., BN - TOXAeCTBEHHO

WUCTUHHBbIE, TO ..BY=1.HoTtorga ...... (8")=

n, cnegoBartesibHo,

-»a(BriB“%...,s8:”) = A{a,,a,,...,a,) = 0.
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OTctoga cnegyeT, uto oopmyna A { B y \ B ~ - ToxXKfie-

CTBEHHO WCTUHHAs, W, 3Ha4uT, nMo Teopeme 3 § 8 aBndetcA
AoKasyeMmoin,

C Apyroli CTOpPOHbI, €c/IM K CAWCKY aKCMOM UCUUCIEHWS
BbICKa3blBaHU MPUCOEAVHUTL B Ka4yecTBE HOBOW aKCMOMbI

chopmyy TO OHa B HOBOM McUMCNeHUn 6yaeT
[0Ka3yeMoli Kak akcvMoma. B To ke BpemMsi B HOBOM MCYUC/Ie-

HUM OyaeT pokasyemoi n gopmyna a {s “*,B/"",...,B"") Kak

chopmyna, noslyyeHHas 13 [0Ka3yeMoil B pesysibTaTte mnogcra-
HOBKW.
MTakK, B HOBOM WCUYMC/IEHUN OKa3blBAKTCS [0KAa3yeMbl-

MU hopMYyibl " uTo

MPUBOANT K MNPOTMBOPEUMBOMY WCUUCIIEHUIO.

Teopema 2. VcuucneHuve BbiCKa3blBaHU MOMHO B LUU-
POKOM CMBbIC/1€e.

CnpaBef/IMBOCTb 3TOM TEOPEMbI CrIeAyeT U3 Teopembl 3 § 8.

4. Mpobnema He3aBUCUMOCTU aKCUOM UCHUC/IEHUSA BbIC-
KasblBaHUINA.

[ns BCAKOro akCMomMaTuyeckoro UCUYUCNEHNA BO3HUKA-
eT BOMpPOC 0 HEe3aBUCMMOCTU ero akCcMom, BOMpPOC 3TOT CTa-
BUTCSA TaK: MOXXHO /I KaKyl-HMOyab aKCMOMY BbIBECTU U3
OoCTasIbHbIX aKCUOM, MPUMEHSS MpaBuiia BblBOAA OaHHOM
cucTemMbl?

Ecnn pns HeKoTOpoi aKCUOMbl CUCTEMBbI 3TO BO3MOXKHO,
TO 3Ty aKCUOMY MOXXHO UCK/IOUYUTb U3 CMUCKA aKCUOM CUC-
TeMbl, U JIOTNYECKOe NUCHUCTIEHME NPU 3TOM HE N3MEHUTCSH, TO
eCTb KJ/lacc AoKasyeMblxX (DopMys1 OCTAHETCA 6e3 U3MeHEeHUs.

OnpepgeneHve. Akcoma A HasblBaeTCS He3aBMCUMO
OT BCeEX OCTasiIbHbIX aKCUMOM WCUUC/IEHMS, ecnn oHa He MD'
XKeT 6bITb BblBEAEHA M3 OCTas/IbHbIX aKCMOM.

CucTema aKCrMoM WCUYUCIIEHNA Ha3blBaeTCA He3aBUCU-
MOV, eCIM KaXKaasi akcmoma CUCTeMbl He3aBUCUMA.

Teopema. CucTemMma akCMoM MCUHUCNEHUS BbICKa3biBaHU
He3aBncmma.

JokasaTtensctBo, Ana gokasaTesibCTBa HE3aBUCUMOCTU
aKCNOMbl A NCYUC/IEHNA MPOBEAEM HEKOTOPYO MHTEpnpeTa-
LU0 NCHNCNEHUS BbiCKa3biBaHWA. Byaem nHTepnpeTnpoBarb
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NnepeMeHHbIE UCHUCNEHNS KaK MepeMeHHble, MpUHUMaloLLLne
[ABa 3Ha4deHusi, KoTopbie byaem obo3Ha4daTb 6ykBamu a, P,

rge a Urpaet posib UCTUHLL, & - JDKWU.

Onepaunn &, V» ->» “ onpefesimMm ¢ TakKMM pacyeTomM,
4YTOObI COBNIAANNCL CrieayoLme YCI0BUS:

1. Bce aKCMOMbI, KpOMe aKCUOoMbl A, MPU BCeX 3HaYeHU-
AX MepemMeHHbIX MPUHMMAIOT 3Ha4YeHne a.

2. Kaxkgaa chopmyna, BbIBOAUMAs N3 COBOKYMHOCTU BCeX
OT/INYHBIX OT A aKCUOM CUCTEMbI, TaKXe NMPUHUMAET 3Haue-
HMe a Npu BCeX 3HaYeHUSX BXOAALLUUX MNepeMeHHbIX.

3. Akcmoma A NpUHMMaeT 3HayYeHVe p Mpu HEKOTOPbIX
3HAYEHUAX BXOAALLUX B Hee NepeMeHHbIX.

FAcHo, 4YTO, ecnn yaaeTcs NMpPoBecTU TaKylt UHTepripeTa-
UM, TO HE3aBUCUMOCTb aKCMOMbl A OT APYrMX akcuom
ncuncrieHnsa byneT AokasaHa. [encTBuTenbHo, ecnun Obl ak-
cuomMa A 6blna BblIBOAMMA U3 OCTasIbHbIX aKCUOM McYuUce-
HUS, TO OHa COr/1acHO MYHKTY 2 NpuHMMasia 6bl 3Ha4YeHVEe a
MpW BCEX 3HAYEHUSIX MEPEMEHHbIX, a 3T0 6bl MPOTUBOPEUNIIO
NyHKTY 3.

YcnoBumcs, 4Tto opmy/sibl, B KOTOPbIX BMECTO Mnepe-
MEeHHbIX MoACTaB/IeEHbl HEKOTOPbIE UX 3HAYEHUSA, TaKXKe UMme-
0T cMmbIcl. Hanpuwep, a&.,p, a A w T.4.

dopmysibl, KOTOpble MPUHUMAKT O04MHAaKOBble 3HAYeHUS
Mpu BCEX 3aMeHax BXOAALWMX B HUX MepeMeHHbIX Ha 3Haye-
HUA a, P, 6yaem cumTtaTb paBHbIMU. A = B.

Mpu 3aTom 6ygem cumTarb, YTO 3HAK paBeHCTBA CBSA3bI-
BaeT criabee SIOTMYECKNX CBA3OK &, V,

Tenepb fOKaXKeM He3aBUCUMOCTb akcuombl Il,.

C 3710l Uenbl onpegesiuMm Bce SIOTMYECKUe onepauuu,
KPOMe KOHBHHKLUWN, KakK B anrebpe BbicKkasbiBaHW. One-

pauyvio KOHBIOHKLUMW OMNpPeAesiM PaBeHCTBOM y-y.
Bbinvwem 3Ty MHTEpNpeTauuto nogpo6Ho:

a->a=a, p p=a P a=a a P=P
ay a = a; ay p= a; py a=a\ Py Pp- P\
a =p\ P =a,

a&ar = o, alcP = P\ P&a = a; P&P =01



82 Kypc nekuuii no MaTemMaTUYeCHOM Noruke

Mokaxkem Tenepb, YTO TPU MeEPEYMC/IEHHblE YC/10BUA
(cM. Bblle) Npwn 3TOM MHTepApeTaLnn BbINOSHAKOTCS.

Jlerko BuAeTb, 4YTO BCe aKCMOMbl UCUYUCNEHUA BbICKa-
3bIBaHW, KpoMe akKcmombl YN Npu 3TOM MHTepnpeTayunmn
NPMHMMAKOT 3HaYeHVE a .

[enictBuTeNnbHO, Bo Bce akcmombl rpynn I, 1M u IV
onepauus KOHbIOHKLWA He BXOAMUT; OCTallbHble XXe onepa-
LM onpejesieHbl Tak Xe, Kak B asirebpe BbliCKa3biBaHMWIA.
Tak Kak B anrebpe BbiCKa3blBaHW 3TN hOpMY/bl ABMASA-
I0TCA TOXAECTBEHHO UCTUHHbLIMWU, TO N B JaHHOW UHTepnpe-
Tauum OHU MPUHMMAIT 3HAYEHMEe a MNpPU BCEX 3HAYEHUAX
nepemMeHHbIX.

PaccmoTpum akcuombl TV THY, 113

Akcuombl llg n 113 B gaHHO nHTepnpeTaunum npuHnNMa-

RTBUA Y >y U (& -»Y)-> (K-> 2)-> (1->T)). 3TM dop-
My/ibl He cofep>KaT onepauutid KOHBHHKUUK N ABMAKTCA
TOXKAECTBEHHO UCTUHHBLIMW B asirebpe BbiCcKasbiBaHWii. [Mo-
3TOMY OHW BCerga MpuUHUMAalT 3HayeHVe a.

Akcuoma llj He paBHa TOXAECTBEHHO a, TaK KaK B AaH-
HO MHTepnpeTauMu OHa paBHOCW/bHA dopmyne y ~ X,

KOTOpada rnpm x =p, y = a NPpUHNMaET 3HaA4Ye€EHNE p.

Tenepb ocTaeTca fokasaTtb, UTO QOPMY/bl, MONYYEH-
Hble NyTeM MpaBu/ BblBOAA U3 TakKuX, KOTOpble ToXxKAe-
CTBEHHO paBHbl a, caMu paBHbl a . Ho paHee 6blN0 Aoka-
3aHO, YTO MpaBu/ia MoACTaAHOBKM U 3aK/IOYEHUdA, npume-
HEHHbIE K TOXKAEeCTBEHHO UCTUHHbBIM hopMysiam, NPUBOAAT
Hac K TOXKAECTBEHHO UCTUHHBLIM OopMyaM.

CnepoBaTesibHO, YyCN0BUE NYHKTA 2 BbIMOJSIHAETCA.

Taknm 06pa3om, HE3aBUCUMOCTb akcmombl M fokasaHa.

Mo aHanornyHoli cxeme AoKa3biBaeTCA HE3aBUCMMOCTb
0CTaNlbHbIX aKCMOM WUCHUC/IEHUSA BbiCKa3biBaHUi rpynn 11,
Il n IV. HeckonbKo C/0XXHee [0Ka3blBaeTCA He3aBUCU-
MOCTb aKcuom rpynnel |I.
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NOIrMKA MPEOVNKATOB

§ 1. MNoHATME npegmkKaTa

B anrebpe Norvkm BbiCKa3blBaHUS paccMaTpumBatoTca Kak
HepasZzesibHble Liesible U TOIbKO ¢ TOYKU 3PEHUSI X UCTUHHO-
CTU WM NOXXHOCTU. Hn CTpyKTypa BbICKa3biBaHUA, HWU, TEM
6onee, UX cogep>kaHve He 3aTparvealTcs. B To ke Bpems 1
B HayKe, U B NpaKTUKe WUCMOMb3YTCA 3aK/OHEHUS, Cylie-
CTBEHHbIM 06pa30M 3aBUCALLME KaK OT CTPYKTYpbl, Tak 1 OT
COAEPXKAHUS MCMO0/b3YEMbIX B HUX BbICKa3blBaAHUA.

Hanpumep, B paccy>kgeHun «Bcsakuin pom6 - napanne-
norpamm; ABCO - powmb; cregoBartesisHo, ABCO - napan-
nenorpaMmm» MOCbIIKM W 3aK/l0UeHUe ABNSIOTCHA 3/1eMeH-
TapHbIMWN BbICKa3blBAHMSAMMW JIOTUKU BbICKa3biBaHUA n ¢
TOYKM 3PEHUSA 3TOW JIOFTMKM paccMaTpmBaloTcs Kak Lesble,
Hegenvmble, 6e3 yveTa X BHYTPEHHeN CTPYKTypbl. Crnefosa-
TesibHO, anrebpa NorMkn, 6ygyym BadKHOM 4acTbi J10TU-
KW, OKa3blBaeTCs HefOCTaTOYHOM B aHa/iM3e MHOrMx pac-
CY>KAEHU.

B cBAA3M ¢ 3TMM BO3HMKAET HEOOXOAMMOCTb B pacLLUMpeHnn
JIOTUKN BbICKa3blBaHWA, B MOCTPOEHUM TaKOW JIOFTMYECKOA
CUCTEMbI, CpeaAcTBaMM KOTOPOM MOXXHO 6bl10 6bl MccriegoBaTb
M CTPYKT3dDy TeX BbICKa3bIBaHWIA, KOTOPbIE B pamMKax JIOTVUKU
BbICKa3blBaHWUIM paccMaTpuBaloTCA KakK 3fieMeHTapHbIe.

TaKkoW JIOrM4YecKo CUCTEMOI ABNSAETCA JlorMKa npegu-
KaToB, cofepkalias BCH JIOTMKY BbIiCKa3biBaHU B Kade-
CTBE CBOeW uvacTu.

Nlornka npegMkaToB, KakK N TpaguumoHHas dopMasib-
Has norvkKa, pacysieHsieT 3/IeMeHTapPHOE BbICKa3biBaHME Ha
cyovekT (OyKBasIbHO - Mnog/iexkawee, X0TS OHO N MOXKET
urpatb posib OOMNosHeHUs) U npegukaT (OyKBasIbHO - CKa-
3yemoe, XO0Ts OHO MOXET urpaTb U Posib OMNPefesieHus).

Cy6beKT - 3TO TO, 0 YeM UTO-TO YTBEPXKAAeTCA B BbiC-
KasblBaHWW; npegukaT - 3T0 TO, YTO yTBepXzaeTcs O
cybbekTe.
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Hanpuvmep, B BbiCKa3blBaHUM «7 - MPOCTOE YUCAO», «7» -
CYOBEKT, «MPOCTOE YMCNO0» - MpeamkKaT. 3T0 BbiCKa3blBaHME
yTBEpPXKAaeT, UTO «7» 06/1a4aeT CBOMCTBOM «ObiTb MPOCTbIM
YNCITIOM».

Ecnu B paccMOTpeHHOM MNpuMepe 3aMeHUTb KOHKPeTHoe
4YnCo 7 NepemMeHHOM X M3 MHOXEeCTBa HaTypaslbHbIX ymcen,
TO MOJSIYYMM BbICKa3biBaTESIbHYIO hOpMYy «X —TPOCTOE YuC-

no», MNMpu ogHUX 3HavYeHUAX x (Hanpumep, X =13, x =11)
aTa dopma [aeT UCTMHHbIE BbICKa3blBaHWUA, a npu Apyrmnx

3HaveHnAX x (Hanpumep, s=10, s1=18) ata dgopma gaet
NOXKHbIE BbICKa3blBaAHUS.

FAcHO, 4TO 3Ta BbICKasblBaTeNbHasaA opma onpegenser
PYyHKUMIO 0OHOM MepemMeHHOW X, OnpeaesieHHOM Ha MHOXe-
ctBe N, M NpuHUMaOLLY0 3HadeHUs M3 MHoxectsa {I>0}.

3peck NpeguMkaT CTaHOBUTCA (DYHKUMENA Cyb6beKTa U Bblpa-
>KaeT CBOMCTBO CybbeKTa.

OnpegeneHvie. OgHoMecTHbIM nNpegnkaTom P(n) Ha-

3bIBAETCS MPOU3BO/bHAA (BYHKLUMUS NEPEMEHHOr0 X, orpeje-
NIeHHas Ha MHOXecTBe M M MPUHUMALLAs 3HayYeHUs u3

MHOXecTBa {1>0].

MHo>kecTBO M, Ha KOTOpOM ornpefenieH npegmkat P(x),

Ha3bIBaeTCA ob6s1acTbio onpefesieHUs npegMkaTa.
MHO>KeCcTBO BCEX 3/IEMEHTOB X e M NMpu KOTOpPbIX rnpegn-
KaT NMpUHMMaEeT 3Ha4vYeHne «MCTUHa», Ha3blBa€TCA MHO>KeCTBOM

WCTUHHOCTUY npegmkata P (1), To eCTb MHOXECTBO UCTUHHOC-
TV npegmkaTa P(X) - 3TO MHOXXecTBO 1p = x: x eM, P(ac) =1
Tak, npegmkatr P(X) - «T - MPOCTOe YMCNO» ornpeaeseH

Ha MHOXXecTBe N, a MHOXKecTBO Jp [J/Is1 HEro ecTb MHOXECT-

BO BCeX MNpPOCTbIX yumcen. Mpegukatr Q(X) - «sinx =O»
onpejenieH Ha MHOXeCcTBe R, a ero MHOXeCcTBO MCTUHHOCTU
Ig = eZ]. Mpegukat P[x) - «duaroHanu napasne-
norpammMa X NepreHanKynapHbl» onpeesieH Ha MHOXKeCTBe
BCEX Mapasi/iesiorpaMMoB, & €ro MHOXXeCTBOM WCTUHHOCTU
SABMIAETCSA MHOXXECTBO BCEX POMOOB.
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MpuBefeHHbIE MPUMEPbLI OAHOMECTHbLIX MPeaVKaTOoB Bbl-
paxkaloT CBOWCTBA NpPeaMeToB.

OnpegeneHwne. Mpegukar , OnpefeneHHbIn Ha MHO-
>XectBe M, Ha3blBaeTcd TO>KAECTBEHHO NCTUHHBLIM {TO)K-
[EeCTBEHHO JIOXKHbIM), ec/in 1p =M [1p = 0).

EcTecTBEHHbIM 0606LIeHMEM MOHATUA OLHOMECTHOrO
npegnKarta AB/IAETCA MNOHATUWE MHOIOMeCcTHOro npegunka-
Ta, C NOMOLLbIO KOTOPOro BblparkalTCA OTHOLUEHUSA MeXX-
4y npegmetamu.

Mprmepom GMHAPHOro OTHOLLEHUS (OTHOLLEHUS MeXay
OBYMS nNpegMeTamMin) BMIeTCA OTHOLLIEHME «MeHbLue». TycTb
3TO OTHOLLEHWE BBEAEHO Ha MHOXecCTBe 2 Lesbix yncesn. OHo
MOXeT OblTb OXapaKTepm30BaHO BbiCKa3blBaTes/IbHOW ¢hop-
MO «x<y» , re x,y , TO eCTb fABNAsAeTcA (PYHKUMEN
ABYX nepemeHHbIX P{x,{/), onpeaeneHHoi Ha MHOXeCTBe
r XE ¢ MHOoXecTBOM 3HadeHuin |10].

OnpegeneHvie. iyxmMecTHbIM npeagmkaTom P[x,y) Ha-
3blBaeTCcd PYHKUMA OBYX MepeMeHHbIX X >Ky, OrnpegesieHHas

Ha MHOXecTBe M = X M3 ©n npuHuMawwas 3HayeHus

n3 MHoxectea {1,0).
B uucne npumMepoB ABYXMECTHbIX MPeauKaToB MOXHO
HasBaTb npeaukatbl: Q(X,Y) - «X =Yy » NpeauKaT paBeHCTBa,

onpeaeneHHbIA Ha MHOXXECTBE =K xK; P{x,y) ~ *xLly»

npsMas X napasinenibHa NpsiMoi y, onpeaeneHHbIA Ha MHOXXe-
CTBe MpPSAMbIX, JIEXKALNX Ha AAHHOW MJI0CKOCTMU.
AHanNornyHo onpeaensieTcs ra-mMecTHbli NpeauKar.

§ 2. Jlornuyeckue onepauumn Hag npeauKaTamu

MpeaukaTbl, Tak >Ke, KaK BbICKa3blBaHWSA, MPUHUMAIOT
[Ba 3HadveHUss n 1 n (1, 0), N03TOMY K HMM MPUMEHUMbI BCE
ornepaumn NOrMKN BbICKa3bIBaHWIA.

PaccMOTpMM MpUMEHEHWE OMepauuii oMKW BbiCKa3biBa-
HUA K npeavkaTam Ha npriMepax OfHOMECTHbIX MPeAMKaToB.

MycTb Ha HEKOTOPOM MHOXecTBe M onpefesieHbl ABa

npegnkata P{x) n B(*)-
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OnpepeneHve 1. KoHbloHKUMEN ABYX NpeaukaToB P(X)

n ©(X) HasbIBaeTCsl HOBbI/ MpeavKkar KOTOpbI

NPUHNMAET 3HAYEHUE «UCTUHA» MPU TeX U TOMbKO TeX 3Ha-
YeHUsIX X e M , MpU KOTOPbIX KaXKabliA N3 NpesuMKaToB npu-
HUMAET 3HAYEHNE <UCTUHAY, N MPUHUMAET 3HAYEHUNE «/1I0XKb»

BO BCEX OCTa/IbHbIX Cr3”"asiX.
OueBMAHO, 4YTO 06/1aCTbi0 UCTUHHOCTM MpeanKaTa

P{x)&A{x) sABnseTca obuiaa 4yacTb 06nacTeil UCTUHHO-

CTV NpeamkaToB P{x) 1 A{x), To ecTb nepecevyeHne IpMNIQ.
Tak, Hanpumep, Ans NpeaMkKaToB P{x): «x - YeTHoe

uncnio» N A{x): «X KpaTHO 3» KOHBHOHKUMel

ABNAETCA npeanKart «X - 4YeTHOe 4YMC/10 N X KpaTHO 3», TO
€CTb npegmkat «X Oe/INTCA Ha 6».

OnpegeneHvie 2. An3bioHKUMe ABYX npegukaTtoB P(X)

n 6(X) HasbiBaeTCA HOBbIN Npegukat P(Xx) V A[X), KOTOPbIii

MPUHUMAET 3HAYEeHME «10XKb» MPU TeEX U TOSIbKO TEX 3Haue-
HMAX X eM , npu KOTOpbIX KaxKabli U3 npeamMkaToB Mnpu-
HUMaeT 3HauYeHUe «J10XKb» U MNPUHMMAET 3HAYEHUE «UCTU-
Ha» BO BCEX OCTasIbHbIX Cfi3™asx.

FAcHOo, 4UTo 06NacTbio NICTUHHOCTU NpeaukaTta P(x) V ©(x)
ABnsgeTca 06beAnHEHMe 06n1acTell MCTUHHOCTM NpeaMKaToB

" , TO ecTb 00beANHEHNE
OnpegeneHve 3. OTpuyaHvem npeavkata P(X) Hasbl-
BaeTCA HOBbIA Npegukar , KOTOpbI/i NpUHMUMaET 3Haue-
HVYe «UCTUHa» MPU BCEX 3HAYEHMAX X e M , MPU KOTOPbIX
npegukat P(X) NpuHUMAaET 3Ha4YeHWe «10XKb», U MPUHUMA-
€T 3Ha4eHVe «10XKb» MNPU TeX 3HaYeHUsAX X e M , Mpu KOTo-

pbIX npegukat P(X) MPUHUMAET 3HAYEHUE <UCTUHA».

W3 aToro onpegeneHns cnegyeT, uto 1p = M\1p = Clp.
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OnpegeneHne 4. Nmnnukauueii npegukatos P{x) u

©(ac) HasbiBaeTcHA HOBbIM npegmkaT POK) -> ©(X), KOTOpbIiA
SABMSETCA SIOKHbLIM MPU TEX U TOIbKO TEX 3HAYEHUAX X e M

NpU KOTOPbIX OAHOBPEMEHHO P(c) NpUHUMaeT 3HaueHue

«UCTUHa», a - 3Ha4yeHune «10XKb» U NMPUHUMaET 3Ha4ye-

HUe «MCTUHa» BO BCEX OCTA/IbHBIX C/y4YasX.
Tak Kak npu KaxkgoM (hMKCUpoOBaHHOM x eM chpa-

BEA/IMBA PaBHOCU/IbHOCTb P{x) ->
IPAQ=I1pUIQ=CIp\JIQ.
8 3, KeaHTOpHbI[e onepauuu

MycTb UMeeTcsA nNpeaukaT P[x), onpeaeneHHbIi Ha MHO-
»KecTBe M. Ec/iv a - HeKOTOpbIA 9/1IEMEHT N3 MHOXECTBA M,

TO NOACTAaHOBKa €ro BMECTO X B npeankKar P[x) npesBpallaeT

3TOT rnpegunkKart B BblCKa3biBaHUE P(a), Takoe BbICKa3blBa-

HMe Ha3blBaeTCA €ANHUYHbIM. Hapﬂ,qy C o6pasoBaH|/|eM n3
npegnkatoB egUMHMYHbIX BbICKa3blBaHWIN B JIOTUKE npegn-
KaToB pacCMaTpuMBaeTCA elle aOBe onepauyunn, KOTOpble rnpe-
BpawarT OAHOMECTHbIVI rnpeankKat B BbiCKa3biBaHUE.

1, KBaHTOop BceobuwHocTu. MycTb P(1:) - npegukart,
onpefeneHHbIr Ha MHOXKecTBe M. Mo BbipadkeHMeM Yok P(r:)

NMOHNMMaKT BbICKa3bliBaHME, UCTUHHOE, Koraa P(X) NCTUHHO

OJ1S1 KaOKAO0T0 3/IeMEHTA [, U3 MHOXECTBA M 1 JIOXKHOE B Mpo-
TUBHOM C/lydae. JTO BbICKA3blBaHWE YXXE He 3aBUCUT OT X.
COOTBETCTBYHLLEE EMY C/IOBECHOE BblpaXkeHue GygeT «[ss

BCAKOro X P{x) UCTUHHO». CumBOoNn V Ha3bIiBalOT KBAHTO-
pomM BCeOOLLHOCTU.

MepemeHHYO x B npeaukaTe P(r) HasblBalOT cBO6OAHOM
(e MOXHO npugaBaTb pas/iIMYHble 3HA4YeHUA N3 M), B
BbiCKa3blBaHUM \/x P[X) MepemMeHHYI0 X Ha3blBatOT CBSA3AHHOIA
KBaHTOpOM V.
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2. KBaHTOp cyuiectBoBaHus. Mycts P{x) - npeaukar,
OnpefeneHHbI Ha MHOXKeCTBE M. TMof BbIpakeHVieM K P(rr)
MOHMMAIOT BbICKa3bIBaHWE, KOTOPOE SIBMISIETCS UCTUHHBIM, €CN

CYLLECTBYET 3/IEMEHT X e M , A/19 KOTOpPoro P(/1:) WUCTUHHO, w

JI0XKHBIM B MPOTUBHOM C/lydae. 3T0 BbICKa3bIBAHUE Y)KE He 3aBU-
cuT 0T x. COOTBETCTBYHOLLEE EMY C/IOBECHOE BbIpaXKEHWE ByneT:

«CyLLIecTBYET X, NpU KOTOPOM P (X) UCTUHHO». CMBON 3 Hasbl-

BalOT KBaHTOpOM cyriiec T oBaHus1. B BbickasbiBaHUM 3T P(K) ne-

pemMeHHas x CBsi3aHa KBaHTOpoM 3,
MpuiBegem Npumep ynoTpeb/ieHMsa KBaHTOPOB. MNycTb Ha

MHOXKecTBe N HaT3asibHbIX yucen 3afaH npeaukat P(ar):
«Hmeno x KpatHo 5». Mcnonb3ya KBaHTOPbl, U3 AaHHOr0

npeavkarta MoXKHO MoJsly4mTh BbicKasbiBaHUs: ¥Yx e N P(n) -

«Bce HaT3dasibHble yncna KpatHbl 5»; 3x eK P{x) - «Cy-

LLlecTBYeT HaTypasibHOe umnco, KpaTtHoe 5». OueBmngHo, nep-
BOE M3 3TUX BbICKA3bIBAHWI /10XKHO, @ BTOPOE WUCTUHHO.

FACHO, 4YTO BbICKa3biBaHWe Yx P(K) MCTMHHO TO/IbKO B
TOM eAWHCTBEHHOM c/lydae, Korga P[x) - TOXAECTBEHHO
WCTMHHBIN NpeamKart, a BbickasbiBaHue 3T P{x) /I0XKHO TO/Ib-

KO B TOM eQVUHCTBEHHOM cfiydae, Korga P(K) - TOXAeCTBeH-
HO NIOXKHbIW Npeaukar,

KBaHTOpHbIE omnepaunm MNPUMEHATCA U K MHOMOMECT-
HbIM npeankatam. MycTb, Hanpumep, Ha MHOXecTBe M 3a-

JaH OBYXMECTHbIN npeamkart P[x,y). NpumeHeHne KBaHTOp-
HOW omepaumn K npegmkaTty P{x,y) N0 MepemMeHHon x cTa-
BUT B COOTBETCTBME ABYXMECTHOMY npeaukaty P{x,y) oa-

HOMECTHbIV npeaukat Yx P{x,y) (Wnn OAHOMECTHbI Mpe-

avkat 3n:P(n:y)), 3aBUCAWMIA OT NEPeMEHHON Yy N He 3a-

BUCALLMIA OT NepeMeHHoM x. K HUM MOXXHO NPUMeHUTb KBaH-
TOPHbIE OMepaLMn Mo NePEMEHHO y, KOTOpPbIE MPUBEAYT YXKe
K BbICKA3bIBAHWAM C/lefylOLMX BUAOB:
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\/yYxP{x,y), 3y*xP{x,y), Yy3xP{x,y), 3y3xP{x,y).

Hanpumep, paccmoTpum npeamkar P[x,y): «x':y», on-
pegeneHHbIi Ha MHoXKecTBe N. [NpuMeHeHME KBaHTOPHbIX
onepauuii K npegukaty P{x,y) NpuBOAUT K BOCbMW BO3-
MO>XHbIM BbICKa3bIBAHUSAM:

1 YyYxP{x,y) - «[na BCAKOro y n A1s BCAKOro Xy
ABMIAETCA [Ae/INTENEM JI».

2. 3y\/xP{x,y) - «CyllecTByeT y, KOTOpoe £BJisieTCcA
JenvitesieM BCAKOr0 Ju».

3. "Ny3xPAXry) - «[1na BCAKOro y CyLLeCTBYeT X Takoe,
4YTo X AENUTCHA Ha y».

4. 3y3xP{x,y) - «CyllecTBYeT y U CyLUlecTByeT x Ta-
Kve, 4YTo y SABNSAETCA AeNINTeNeM X».

5. >Ix'"yP[x,y) - «[N1A BCAKOro x W O/ BCAKOIO y y
ABNAETCA [eNUTeNnemMm J».

6. '"x3yP{x,y) - «[nsa BCAKOro X cyLiecTByeT Takoe y,
4YTO X OEeNINTCA Ha y».

7. 3x3yP{x)y) - «CyllecTByeT x W CyLWlecTByeT y Ta-
Kuve, 4YTo y ABNAETCA AenuTesiem [o».

8. 3xYyP{x,y) - «CyLllecTByeT x Takoe, 4YTO AN BCA-
KOro y X OefnnTcs Ha y».

Jlerko BMAeTb, YTO BbIiCKasbiBaHUA 1, 5 1 8 NoXKHbI, a
BbICKa3biBaHUA 2, 3, 4, 6 N 7 UCTUHHBbI.

M3 pacCMOTPEHHbIX MPUMepPOB BUAHO, YTO B 06LLEM CNy-
yae VU3MEHeHue MopsfKa c/iefoBaHUA KBAHTOPOB WU3MeHSAeT
CMbIC/1 BbICKa3biBAHWNA, a 3HA4YUT, N ero JIornyeckoe 3Haue-
Hune (Harpumep, BbicKasbiBaHUA 3 U 8).

PaccmoTpum npegukaT -P(n;), onpeaesieHHblAi HA MHO-
xectBe M = |al,az,...,are}» cogeprkawiemM KOHeYHOe 4ncnio
anemeHToB. Ecnu npegukat P(T) ABASAETCA TOXAECTBEHHO
WUCTUHHBLIM, TO UCTUHHbIMK 6yAyT BbICKa3sbiBaHUA P{(™)r
P{n~, P{on)’ Mpn 3TOM UCTUHHbIMWN GYAYT BbICKa3blBa-

HVYe YnP(1) n KoHbloHKUMA P(al)&P(a2)&...&P(a,,).
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Ecnu >ke xoTsa 6bl ANs 04HOro aneMeHTa eM P(a*)
OKaXKeTCs JIOXKHbIM, TO NIOKHbIMW 6yAyT BbIiCKa3blBaHWe

\/xP(x) U KOHBbOHKUUA P(cl)&P(ii2)&...& P(a,). CnepnoBa-
Te/IbHO, CrpaBea/iviBa PaBHOCKM/IbHOCTb
YxP(x) = P(al)&P(a2)&...&P(a,,).
HeTpyaHo nokasaTb, YTO crnpaBef/iMBa U PaBHOCUJIb-
HOCTb
3x P(x) = P{a1) VP(a2)™...yP(a,,).

OTcloga BUAHO, YTO KBAHTOPHbIE Orepaummn MoXHO pac-
cMaTpmBaTb KaK 0606WeHMe onepaunii KOHBbIOHKLUU U
AN3BIOHKLUMM Ha c/ly4dail 6eCKOHEYHbIX 06s1acTeid.

8 4. MoHATKE hopMy/ibl SIOTUKX NPeanuKaToB

B norvke npegukartoB 6yAem Mosib30BaTbCs CreAyHoLEein
CUMBOJINKOM:

1. CumBONbI p, A4, T, ... - NEPeMeHHble BbiCKa3biBaHUA,
npuHUMalrLLve asa 3HadyeHuUs: 1 - nctmHa, O - 0Xb.
2. MNpegmMeTHbIE NEpPeMeHHble - X, Yy, T, ..., KOTOpble Mpo-

6eratoT 3HauYeHNA U3 HEKOTOPOro MHoXKecTea M; MR y® 2®) ... —
NMpeAMeTHbIe KOHCTaHTbI, TO eCTb 3HaUYeHUS NpeaMeTHbIX repe-
MEHHbIX.

3. P(), P(') ~ ogHOMeCTHble NpefnKaTHbIE NepeMeH-

Hble; MU-MeCcTHble npeguKaTHble
MepemMeHHbIe.

Pe( e)» ) ” CUMBOJIbI MOCTOAHHBIX NpeauKa-
TOB.

4. CUMBO/bI /1I0TNYECKMX onepauni: &, V,

5. CMMBO/IbI KBAHTOPHbIX onepauuii: Yx, 9X.

6. BcriomoraTenbHble CMMBO/IbI: CKOOKWM, 3anATble.

OnpeneneHve opMy/ibl JIOTUKU MPELNKATOB.

1. Kaxkgoe BbiCKa3blBaHMe Kak MepemMeHHoe, Tak WU Mno-
CTOsIHHOe, fABnsAeTcs opmyson (31ieMmeHTapHON).

2. Ecom P (- n-mecTHas npegukaTHasa ne-

pemMeHHas WM MOCTOSAHHBLIA npeguKkar, a X x», ..., X" npeg-
METHbIE MepeMeHHble WU/IN NPeAMeTHbIE MOCTOAHHbIE (He 0643a-

TeNbHO BCe pas/inyHble) , To P(xXx,X2,...,X,) ecTb hopmyna.
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Takas chopmysia Ha3blBaeTCs 3/IEMEHTAPHO, B Hel npea-
MeTHble MepemMeHHble SIBAAITCS CBOOOAHLIMU, He CBA3aHHbI-
MU KBaHTOpaMMU.

3. Ecnu An B - ¢opmMy/ibl, NPUYEM Takue, YTO ofHa u
Ta Xe npeAmMeTHas NepemMeHHas He ABNSETCA B O4HOM U3 HUX

CBSI3aHHOW, a B APYro - cBOb6OAHOM, To cnoBa Ay B, A&, B,

A-~ B ecTb hopmysbl. B 3TuX opmysiax Te NMepeMeHHbIE,
KOTOPbIE B UCXOAHbIX (hopMysax 6bisiM CBOGOAHLIMU, SB/S-
loTCA CBOGOAHLIMK, @ Te, KOTOpble BblIN CBA3AHHBLIMU, SIB-
NSATCS CBA3AHHBIMU.

4. Echm A - dopmyna, To A - dopmyna, U xapakrep
npeiMeTHbIX MepeMeHHbIX MNpuU repexode oT OPMy/ibl A K

dopmynie A He MEHSIETCS.
5. Ecnn - (bopMyna, B KOTOpPYH NpegMeTHas nepe-

MeHHas X BXO4MT cBOOOAHO, TO C/i0Ba n 3XA(K) aB-

nawTea opMysiaMun, NpuyYeM npegMeTHas nepemMeHHas
BXOAMT B HUX CBSA3AHHO.

6. Bcskoe €/10BO, OT/IMYHOE OT TEX, KOTOpble Ha3BaHbl
dopmynamMm B NyHKTax 1-5, He siBAsieTcA hopmysioii.

Hanpwuwmep, ecnu P(i:) n A{x,y) - 0AHOMECTHbI 1 ABYXMe-
CTHbI/i Npeavikatbl, & A, r - MNepeMeHHble BbiCKa3biBaHWSA, TO

thopmynamm 6ypyT crosa: 9, P{x), , "\IXP(x)->

Ixa(x,y), AXxr)ya

He siBnsetca opmynoin croso: \/xA(X,y) -> P{x). 3gecb
HapyLleHo ycnoBue .3, Tak Kak B opmyny YnO(kr/) ne-

peMeHHasi x BXOAMT CBA3aHO, a B opMmyny P{x) nepemMeH-

Has x BXOAWUT CBOGOAHO.

N3 onpeneneHnsa opmysbl JIOTUKA MPeanKaToB SICHO,
4yTo BcAKasa opmysia anrebpbl BbiCKasblBaHW SABMSETCS
thopmynoii normMkn npegunkaTos.
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§ 5. 3HauveHuMe hopMy/bl JIOTUKN MpeguKaToB

o NOrMYecKOM 3Ha4YeHUn QopMysibl JIOTUKWU Mpeaui
TOB MOXXHO FOBOPUTb NULIbL TOrAa, Korga 3agaHo MHOXe-
CTBO M, Ha KOTOPOM orpejesieHbl BXoAsLue B 3Ty opmy-
ny npepukatbl. Jlornyeckoe 3Ha4veHve QOpPMyJibl JIOFTUKU
npeauKaToB 3aBUCUMT OT 3HAYEHWI Tpex BUAOB nepe-
MeHHbIX: 1) 3Ha4YeHM BXOAALWMNX B POPMYNY NepeMeHHbIX
BblCKa3blBaHUN, 2) 3Ha4YeHWUn CBOOOAHLIX MNpeaMeTHbIX
nepemMeHHbIX M3 MHOXecTBa M, 3) 3HaudeHWli npegukat-
HbIX NepPeMeHHbIX.

Mpy KOHKPETHbIX 3HAYEHUAX KaXKAoro M3 Tpex BUAOB
NepemMeHHbIX opMyna /I0rMKU NpesuKaToB CTaHOBUTCSA
BbICKa3blBAHMEM, VIMEKLNUM WUCTUHHOE WM JI0XKHOEe 3Ha-
YeHue.

B kauyecTBe npumepa paccmMoTpum opmyny

3y¥r(p{x.,y)->P{y,r). (1)
B KOTOPOW OBYXMECTHbIA npegukaTr P{x,y) onpegeneH Ha
MHOXXecTBe M xM , rgpe M =

B copmyny (1) BXxoauT nepemeHHbI npegukaTt P{x,y),

npeamMeTHble NnepemMeHHble X, y, r, ABé U3 KOTOPbIX ¥ b I -
CBA3aHHbIE KBaHTOpamu, a X - CBOGOAHaﬂ.

Bo3bMeM 3a KOHKPETHOe 3HayeHue npegukara P{x,y)
(bukcmnpoBaHHbIv npegukaT P“(x,r/): «x<y», a cBobog-
HOW MepeMeHHO X Npugagum 3HaveHne xX®=5e M . Torga
npu 3Ha4YeHUsx y, MeHblINX X® = 5 npegukatr P&™»®y| npu-

HMMaeT 3HaueHue /10XKb, a umnamkaums P(X,y) -> P{y, )

npy Bcex 2eM NPUHMMAKT 3HAYeHME UCTUHA, TO eCTb

BbiCKa3blBaHMe 37Y2 P“(x,y) -> PR(I/,T) wnmeeT 3Ha4deHue

«UCTUHa».
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§ 6. PaBHOCWU/IbHbIE (HOprry/ibl NIOTUKN MPeguKaToB

OnpepeneHve 1. e hopMy/ibl NOTUKA NpPeankKaTos A
M B Ha3bIBalOTCA paBHOCWU/IbHbIMU Ha 06/1acTu M, €C/In OHU
NPUHUMAIOT OAWNHAKOBbIE JSIOTUYECKNE 3HAYEHUA MpPU BCEX
3HaYeHUAX BXOAAWMX B HUX MNEPeMeHHbIX, OTHECEHHbIX K
obnactm M.

OnpepeneHve 2. Oee dopMy/ibl JIOTUKU MpegukaTtos A
n B HasbIiBalOTCA paBHOCU/IbHBIMMW, €C/IN OHU PaBHOCUJIbHbI
Ha BCAKOW 06/1acTw.

3pecb, Kak B anrebpe BbICKa3sblBaHW, A1 paBHOCUSb-

HbIX (POpMy/T MPUHSTO 0603HaYeHNe A =B .

ACHO, UTO BCe PaBHOCU/ILHOCTU asirebpbl BbiCKa3blBa-
HWIi ByoyT BepHbI, €C/IM B HUX BMECTO MEePEMEHHbIX BbICKa-
3bIBaHWIA MOACTaBUTL (hOPMYSbl JIOTMKK MnpeankaTtoB. Ho,
KpOMe TOro, MMEKT MeCTO PaBHOCU/ILHOCTU CaMoli JIOruKu
npeanKaToB. PaccMOTPUM OCHOBHbIE U3 3TUX PaBHOCUSIb-

HocTeld. MycTb a(:) v B{x) - NepemMeHHble npeankaTsl, a C
- MepemMeHHOe BbiCKa3biBaHWe. Torga

1. YrA(r) 3 31A(T

2. 3A(r) = YA(r)

3. YsA(r1) 3 3nA(n),

4. 3 (1) = YriA(a) ,

5. YrA(n)& YsB(r1) 3 Yna (1)&B(x)
6. C&YnB(m) ~ Yx[c& B{x)],

7. CVYnB(m) = ¥k CVB(X) ,

8. C~ ¥yxB{x)=Yx[C B()],

©

. Y[B(K) -> C] = DKB(K) -> C,
10. 3x[a{x) VB(K)] = DKAMK) V3xB{x),

11. 3x CVB(EK)] = CV 2xB(m),
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12. 3x[c&B(n)] = C& anb() ,

13. 3xA{X)&3yB{y) ™ Ix3U[A(:)&B(r/)],

14. On[c-> Bp)]=C  9nB(),

15. one(m) -> ¢] = ¥xB(a) -> C

PaBHOCMABHOCTE 1 03HA4YaeT TOT MPOCTOMA (paKT, 4TO,
€C/in He ONA BCEX X UCTUHHO A[x), TO CYLIECTBYeT X, Mnpwu
KOTOPOM OyAeT WUCTUHOW J1[X).

PaBHOCMNBLHOCTL 2 03Ha4dYaeT TOT MPOCTONW (hakT, 4To,
€C/IN He CYLLLeCTBYeT X, NPU KOTOPOM UCTUHHO A(r), To ANs

BCeX X OyAeT WUCTUHOM J1[x).

PaBHocunbHOCTM 3 1 4 NoNyvalTcs M3 PaBHOCU/ILHOCTEN
1. 1 2. COOTBETCTBEHHO, ECIN OT 06ENX MX YacTell B3ATb OTPU-
LaHns 1 BOCMO/b30BaThCA 3aKOHOM [ABOWHOr0 OTPULLAHMS.

Jokaxkem paBHOCUNbLHOCTL 5. Ecnn npegmnkatbl A[x) ©
B(x) 04HOBPeMEHHO TOXXAECTBEHHO UCTUHHbIE, TO ByAeT TOX-
[eCTBEHHO UCTUHHBLIM U npegnkat A(X)&B(x), a noatomy

6y,qu NCTUHHbIMW BbICKa3blBaHUA:

YxAGY, YdB(r), Yr[a.(m&B(a)

To ecTb B 3TOM C/iy4ae 06e 4acTu paBHOCUABHOCTM 5
NPUHUMAalOT 3Ha4YeHue «UCTUHa.
MycTb Tenepb XoTA 6bl OAMH W3 MpPefuKaToB, Hamnpu-

mMep, A(s1), byneT He TOXKAECTBEHHO WUCTUHHLIM. Torga He

TOXIECTBEHHO UCTUHHBLIM 6yaeT n npeamkatr A(1)&B(A), a
MoaTomMy JI0XKHbIMU 6yAyT BblCKa3blBaHUA

YxA(r), YxAm& YxB(r), Y A(4)&B(a) ,

TO eCTb M B 3TOM C/lydae 06e yacTu paBHOCWU/IbHOCTU 5 npu-
HUMAKT OAUHAKOBbIE (JIOXKHbIE) 3HAYeHUA. IDTUM UCYepnbl-
BaeTCA [oKasaTes/IbCTBO PaBHOCW/IbHOCTU 5.

Jokaxkem paBHOCU/ILHOCTL 8. INMyCcTb NepemMeHHoe BbICKas3biBa-
Hue C nNpuvHUMAaeT 3HayeHMe «0XKb». Toraa ToXKAEeCTBEHHO
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VCTIVHbM bypgeT npegmkatr C-> M, OYEBUAHO, UCTUH-

HbIMW ByayT BbiCKasbiBaHUA C -> ¥YXB(xX) n YXx[c -> B(r)],

TO €cTb B 3TOM c/lydae 06e 4acTu pPaBHOCUMLHOCTU 8 NMPUHU-
MalT 0AVHAKOBble (MCTUHHbIE) 3HAYEHUS.

MycTb Tenepb NMepemMeHHOe BbiCKa3biBaHWE C MPUHUMAET
3HauYeHne «UCcTUHa». Ecnn npy aToM nepeMeHHbI npeankaT
AB/IAETCSH TOXKAECTBEHHO UCTUHHLIM, TO BYAeT TOXAECTBEHHO

NCTUHHbBIM 1N Npegnkar cC-> B{X), n, 3Ha4YNT, UCTUHHbLIMWN

6yayT BbickasbiBaHMA \nB(m), C-> YxB(x), ¥Yx C-> b(t) ,

TO €CTb W B 3TOM C/lydyae 06e 4acTy pPaBHOCUILHOCTM 8 npu-
HVUMaKT OAMHAKOBbLIE (UICTUHHbBIE) 3HAYEHUSI.

Ecnm ke npegnkaT B(X) He sIBNsieTCA TOXAECTBEHHO
WUCTUHHBIM, TO He GyAeT TOXKAECTBEHHO UCTMHHbLIM U Npeau-
KaT C B[x), a Mo3ToMy JIOXKHbIMWU 6yayT BblCKa3blBaHMUs

YxB{x), C-» ¥xb(n), Yx[c Bb(r) .

CnepoBatenibHO, M 34ecb 066 4acTu paBHOCUBHOCTU 8
MPUHMMAIOT OAVHAKOBbIE (JIOXKHbIE) 3HAYEHUSA. DTUM McHep-
NMbiBaeTCA [0Ka3aTes/IbCTBO PaBHOCUILHOCTW 8.

AHa/I0rM4YHO [A0Ka3blBaKT OCTas/IbHblE N3 MEePeYUC/IeH-
HbIX PaBHOCUJIbHOCTEN.

B 3akntoueHmne otmeTuMm, 4To dhopmyna Yx A(x) V b(m)]
He paBHoOcUNbHA dopmyne YA(T)V YXB(n), a dopmyna

A A(M&B(K] He paBHocuibHa opmyne 3x A(r)& Irib(r) .
OpHako, cnpasefIMBbl PaBHOCUIBHOCTYU

YxAQT) V YnB(m) = YxJI{x) V YyB{y) =

= Yni(a(m) V YyB{y)) = YxYy{A{x) VB(y)) ,

SHAM&IAB() = 3nAX)& 3UB(L) =

3 3X(AX)&3r/b(r/)) N 3x3y(4x)& b (y)).
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8 7. lNpepBapeHHas HopMasibHas opma

OnpepgeneHne. OBOPAT, 4TO hopmysia SIOFUKWU npegu-
KaTOB MIMEET HOpMaUlbHYH hopMy, €C/IN OHA COAEePXXUT TOSb-
KO onepauun KOHBIOHKUWWN, OU3BIOHKUUN N KBaHTOPHbIE
onepauunmn, a onepauua oTpuLaHUA OTHeceHa K 3fieMeHTap-
HbIM hopMy/am.

OueBMAHO, 4YTO, MCMNOMb3YA PAaBHOCU/IBHOCTWU asirebpbl
BbICKa3blBaHUM U JIOTUKWN MNPEeAMKATOB, KaXkaykl gopmyny
NOTVKN NpeanKaToB MOXXHO MPUBECTU K HOpMasbHOWM dop-
mMe. Hanpumep, npmBesem K HopmasibHOW dopme opmyny

3n:P() -> Yrig(rh) ~ A(r).
Monb3yscb paBHOCU/IbHBIMI NPec6Pa3oBaHNAMMN, MOAYUNM

@a:P(n)  YyA{y))  K{r) = 3nP@) Vv Yysa{y)y B{r) =

3 KPIMN&YYyA{y) VH{r) 3 3xP{x)& dyA{y) V K{2).

Cpean HopMasibHbIX (GopM hOpMy NOrMKK NPeanKaToB
Ba)XKHOe 3HayeHVe MMET TakK HasblBaeMble npefBapeHHble
HopMasibHble chopmbl (M.H.().). B HUX KBaHTOPHbIE ornepalnu
160 MOSTHOCTLIO OTCYTCTBYIOT, /IGO0 OHWM NCMOMNBL3YIOTCA Nocsie
BCEX OMmepauuii anrebpbl 10rVMKM, TO €CTb NpeaBapeHHas Hop-
MasibHas gopma opMysbl JIOTMKU MPeanKaToB UMEET BUA:

{ox1){ox2)...{oXn)a{x1,X2,....,.x), nN<T,

rge nog CMMBOJIOM NMoOHMMaeTcA OogH U3 KBaHTOPOB

VX1 uan 3x1>a opmysia A KBAHTOPOB HE COAEPXKUT.

Teopema. Becsikas chopmyna fIOrMkKn NpeankaToB Mo>KeT
6bITb MpUBeAeHA K MpeABapeHHOV HopMasibHOW hopMeE.

Joka3zatenbcTBo. Byaem cumtaTb, 4UTO hopMmysia yxke
npusefeHa K HOPMasibHOM (hopMe 1 MOKaXKeM, HYTO €e MOXHO
NpMBECTN K MpeaBapeHHON HOPMasibHOW ¢opMe.

Ecnn paHHas opmyna saiBnsieTca afieMeHTapHoOM, To oHa
KBaHTOPOB He COAEPXKUT, U, CrIef0BaTeslbHO, Y)Ke NMeeT npes-
BapeHHYI0 HOPMasibHY hopMmy.

Mpegnonoxxum Tenepb, YTO Teopema cnpasefnnsa 41
thopmyn, cogepxkawmx He 6osee K onepauunii, N LOKaKEM,
4YTO MPU 3TOM NpPeanosioXkeHUN oHa 6yaeT crnpasenveBa U
ana dopmyn, cogepxkalimx poBHO M+1 onepaumio.
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MycTb hopmyna A coAepXXUT k+\ orepauuio 1 MmMeeT
BUA ax b{x), rae ax 0603Ha4YaeT OAMH M3 KBAHTOPOB.

Tak Kak b(x) COAepXWUT K onepauuii, u, crneposartesib-
HO, ee MOXXHO CYUTaTb MPMBELAEHHON K MpeaBapeHHON Hop-
MasibHOW ¢hopme, TO Y Hee BCe KBaHTOPHble onepaLun cToAT

Brnepean. Ho Ttorga copmyna ax b[x) , 04€BUAHO, UMEET Npes-
BapeHHY0 HOPMaslbHYI0 opmy.

MycTb hopmyna A nmeeT BUA b , rae dopmyna b npu-
BefeHa K npeABapeHHOl HOpMasibHOM (hopMe M CofepXnT K
onepaumii. Torga ¢ NOMOLLBI paBHOCUbHOCTEN 1 1 2 oTpu-
LaHMe MOXXHO BBECTM Mo 3HaK KBAHTOPOB, U 3TO MpuBEAET
hopmyny A K MpeaBapeHHOW HopMasibHOM (opme.

MycTb hopmyna A nmeet BUA V12, rge 7] npu-
BeAeHbl K npeaBapeHHON HopMasibHOW opme.

MepenmeHyem B dhopmysie CBA3aHHble npegMeTHble
nepemMeHHble Tak, 4Tobbl B (hOpMy/1lax WM BCe CBA3AHHbIE
npegMeTHble NepeMeHHble OblIn pasnuyHbIMKU, pu 3TOM
hopmynebl 1 1,2 moryT 6bITb 3anucaHbl B BuUAe

IN = (okl) (0K3)... {ax™N)«! (g2, «2,..., ), T<n;

N2 ={oY1){oy2)...(ayp)az{y1,¥2,.--,YnyY
Vcnonb3ya paBHOCWU/IBHOCTU 7 1 1, 3anuviiem copmyny A,

BBOZA chopmysy 1-2 nog, 3Hakm kBaHTopoB (0X1), (0x2), (oXn):
A = (0x1) (0x2)... {faxM(ax{xx, X 2 , V

V (e1/1) (01/2) -m{0y/,) «2 (/L. 1/2. ==.Yp)).
3atem BBeAEM Mof 3Haku KBaHTopoB (0N1), (oT/r)»*'*»
(°r/;>) dopmyny «1(x1,x2,...,x,). Torga ana copmysnbl A
noslyYnMM npefBapeHHYd HOpMasibHYK opmy:

A = (0X1)(0X2)...(0XT)(ca/1)(0T1/2)..-(0T/p)(al(x1,X2,...,X,) V

va2(r/l,i/2.e==.ilg)).

4 3ak. 1229
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AHaNOrM4yHO NpPoOBOANTCHA [0KA3aTeNbCTBO U B Cy4ae,
Korga copmyna A UMeeT BUL bx&b2 .

3ameuaHue. Ecnn B npouecce npueeneHNsa (opmysbl J1o-
MKW MpegukatoB K M.H.(h. MpuxoamMTca paccMaTpuBaTh Bbl-

paxkeHue 3x4.(r) V 3nB(g) vnn BbipadkeHve YrA ()& YaB(r),

TO CflieflyeT BOCMO0/1b30BATLCS PaBHOCU/IbHOCTAMU 5 1 10.
Hanpumep, npvBegemM K rnpeABapeHHoOM HOpMasibHOM

thopme dopmyny A = 3acWYP{x,y) VYx3y A{X,y).

A =3xYyP{X,y) v 3x¥Yy A[x,y) w3x Yy P[X,y) V Yy ©(n:,y)

33X Y yPOGY)YYr A r) = YXYyYrr*P(x,y) v 9{x,

-

§ 8. O6LLEe3HAYMMOCTb N BbIMOSHUMOCTb (DOPMYN

OnpepgeneHve 1. dopmyna A JIOTUKN NpeguKaToB Ha-
3bIBAeTCA BbINOSIHUMOW B o6siacTn M, ecnu CyLecTBYIOT
3HaYeHUA rnepemMeHHbIX, BXOAALWMX B 3Ty (GOPMyNny MU OTHe-
CEHHbIX K 0651acT M, Npu KoTopbiX opmyna A NpuHUMaeT
WUCTUHHbIE 3HAYeHUs.

OnpegeneHve 2. ®opmMmysia A Ha3blBaeTCA BbINMOSIHUMOWA,
€C/IN cyLlecTByeT 06/1acTb, Ha KOTOpoOW 3Ta chopmyna Bbl-
nosiHUMa.

M3 onpefdeneHuns 2 crefyeT, 4To, ecnv opmMmyna BbIinos-
HMMa, TO 3TO eLle He 03Ha4aeT, YTO OHAa BbIMOSHMMA B J1t0-
6o obnacTu.

OnpegeneHne 3. dopmyna A HasblBAETCH TO>KAECTBEH-
HO UCTWHHOM B o6nacTwm M, ecqin oHa NPUHUMAET UCTUH-
Hble 3HAYeHUA 4715 BCeX 3HAUeHW nepemMeHHbIX, BXOAALLNX
B 3Ty (QOPMYNY U OTHECEHHbIX K 3TOW obnactu.

OnpepgeneHve 4. dopmyna A Ha3biBaeTCA obLie3HauYU-
MOMA, €CNIN OHA TOXAECTBEHHO UCTMHHAA Ha BCAKOW 061acTu.

OnpegeneHve 5. dopmysia A Ha3bIBAaeTCA TO>KAECTBEH-
HO JIO>KHOW B o6flacTm M, ecnu oHa NPUHUMAET J1I0XKHble
3HaueHUs 415 BCcex 3Ha4YeHU nepemMeHHbIX, BXOAALLNX B 3Ty
thopMyny m OTHECEHHbIX K 3TOW o6s1acTu.

M3 npuBeaeHHbIX onpeaeneHvin criefyert:

1. Ecnn hopmyna A obiesHauymma, TO OHa W BbIMO/H
Ma Ha BCAKOW o6nacTu.
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2. Ecnn doopmyna A TOXKAeCTBEHHO UCTUHHAasA B 06/1acTun
M, TO OHa M BbINO/IHUMA B 3TOI obnacTu.

3. Ecnu chopmyna A TOXAECTBEHHO NIOXKHAaA B 06/1aCTn
M, TO OHa He BbIMOJIHMMA B 3TOl 061acTu.

4. Ecnv coopmyniaA He BbINOSIHUMA, TO OHA TOXKAECTBEHHO
NOXKHa Ha BCAKOW obnactu.

B cBA3KM ¢ JaHHbLIMW onpejesieHNsAMN ecTeCTBEHHO Bblje-
NVTb ABa Knacca oopmysi SIOTUKN NPEefNKaTOoB: BbIMOSHU-
MbIX U He BbIMOSIHUMbIX DOPMYJI.

OTMeTUM, 4TO 06LLe3HAUNMYI0 (POPMY/y Ha3blBAKOT so-
rM4yeckmmMm 3aKOHOM.

MpvBegeM COOTBETCTBYHOLLME MPUMEPDI:

Mpumep 1. dopmyna Yx3yP{x,y) BbiMosiHUMa. [eii-
CTBUTE/IbHO, ecnu P(x,yN - NpeamkaT «Xx <y», OrpeaeseH-
HbIA B 06/lacT M = E XE, rge E = , TO hop-

Myna Mx3yP[x,y* TOXAECTBEHHO WUCTUHHas B o6nactu M,

N, cfiegoBaTesibHO, BbIMNOMIHMMA B 3Toi o6nacTu. OaHako,
ecnu MpeauvkaT « 1<y » paccMaTpUBaEeTCsl B KOHEUHON 06-

nactm Mx= E~x.E1, rge Ex =]0,1,2,...,~}, 10 hopmyna
\/x3yP{x,y» Oy[eT TOXXAECTBEHHO SIOX)KHO B 06n1acTu ",
cnepoBaTesibHO, HEe BbIMOSIHMMA B 06/1aCTU Mpwn atom

ACHO, 4TO opmyna Yx3yP{x,y» He obLlie3Ha4nma.

Mpumep 2. ®opmyna Ix3r/P(X)&P(y) BbINONHUMA.

[elictButenbHo, ecnn P(x) - npegukaT «Yucno x - 4et-
HO», OMpefefieHHbIN B ob6aactu M =ExE> rpge
E =]0A4,2,...,n,...}, ToO 3Ta hopmysia TOXKAECTBEHHO UCTUH-

Has B 06/1acTv M, U, criefoBaTesibHO, BbINO/IHUMA B 06/1aCTU
M. OfHako, ec/iM npeaukaT «4uco x - 4eTHO» paccmatpu-

BaTb B 061acTun = Exx Ex, rge E® - MHOXXeCTBO YEeTHbIX

yumcen, To opmyna 3x3y P{x)&P{y) 0yfeT TOXAeCTBEHHO

JIOXKHOW B o61actm M., 1, cnegosartesibHO, He BbIMO/THNMOIA.
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Mpumep 3. dopmyna ¥x p{x) v p[x) ToXKAeCTBEHHO UC-

TUHHas B NGO ob6nactm M. 3HauuT, OHa sBASeTcA obLe-
3HAUYMMOM, TO eCTb ABASAETCS JIOTMYECKMM 3aKOHOM (3aKOH
VUCKJ/TIOYEHHOr0 TPETLEro).

Mpumep 4. ®opmyna Vx POK)&P(n:) TOXAECTBEHHO
noXkHas B 060 0651act M, 1 NO3TOMY OHa He BbINOSTHUMA.

J1erko ycTaHOBUTb CBA3b MeXAy 06Le3Ha4YMMOCTbio Y
BbINMOSHUMOCTBIO (POPMY/T NIOTUKU MNPEeaNKaToB.

Teopema 1. Ansa Toro, yTo6bl chopmyna A 6biia obLe-
3Ha4YnMMma, H906XO,£I,I/IMO n gocTrarTo4yHo, 4yTOoObI ee oTpunya-
HMe 6bI10 HEe BbIMO/IHNMO.

JokasatenbcTBo. Heo6xogumocTb. [ycTb copmyna A

obule3HaumMMa. Torga, oueBMAHO, A - TOXKAECTBEHHO J10XK-

Has copMyia B Nt06oi obnactmn, 1 nostomy opmyna A He
BbIMO/THUMA.

JocTaTouHocTb. ycTh hopmyna A He BbIMOSIHUMA B
nobor obnactn. Torga Mo onpefesieHU0 HEBbLIMOSTHUMOWA

thopmynbl A — TOXKAECTBEHHO JI0KHas B 1060 obnactu.
3HaunT, opmyna A - TOXAECTBEHHO UCTUHHAasA dopmysia B
nboii obnactu, n, cregoBaTesibHO, OHA 06LLE3HaYMMA.
Teopema 2. Ains Toro, 4To6bI thopmynia A 6blnia BbINOsI-
HVMOIA, HEOBXOAMMO U JOCTaTO4YHO, YTO06bI hopmysia A 6Gblia

He obLle3Haynma.

JokasaTtenbcTBo. HeobxoaumocTb. [ycTb opmyna A
BbIMNO/IHMMA. DTO 03HAYaeT, 4YTO CyLleCTBYeT o06s1lactb M U
Habop 3HaYeHU NepeMeHHbIX, BXOAALWMX B hopMyny A, npu
KOTOpbIX hopMy/ia A MPUHUMAaET UCTUHHOe 3HayeHue. Oue-
BMAHO, 4YTO Ha 3TOM Habope 3HayeHWulr nepeMeHHbIX hopmy-
na A TMpUHMMAET JI0XKHOe 3HauveHue, W, CrefoBaTeslbHoO,
hopmynia A HeobLle3HaUMMA.

JocTaTouHocTb. lycTb dopMmyna A He obLiesHauu-
mMa. Torga cyuiecTByeT 06nacTb M 1 Habop 3HaYeHW Mnepe-
MEHHbIX, BX0AALWMX B (HOPMY/y, MpU KOTOPbIX hopmyna A
npUHMMaeT fIOKHOe 3HayeHue. Ha aTom Habope 3Ha4eHWi
rnepemMeHHbIX opmyna A MpUHUMAET 3HaYeHe <UCTUHa», U
noatomy diopmynia A BbINOSTHUMA.
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§ 9. MNMpumep opmy/ibl, BbLUOSHMMOM
B 6ECKOHEYHO 061acTu U HEBbINO/THUMOW
HU B KaKoOW KOHe4YHol o6nacTtu

Mokaxkem, yTo hopmyna

YXYyyr M&(PEy)  [ply. ) -> P{x, ND&P{x, M~ (1)

BbINO/THUMA B 6€CKOHEYHOW 06/1acTu M HEeBbIMOIHMMA HU B
Kako KOHeYHoW obnactu.

Jonyctm, 4Tto dopmyna (1) BbINOSIHMMA B HEKOTOPOM
obnlactm M. B TakoMm criyyae A0/DKEH CyLlecTBOBaTb (PUKCU-

poBaHHbI npegukat ans kotoporo dopmyna (1)
npuHUMaEeT 3HadeHve 1. Torga ond Bcex 3/1IEMeHTOB X, Yy, T U
X0TS Obl. 411 0QHOr0 3/IeMeHTa 1 13 obnactm M dopmyna

P*(n:,m)& P*{x,y) -> (p*{y,r) P*{x,nN" &P*{x,n)

NPVHYMAET 3HadyeHre 1. Ho B 3TOM c/lydyae NpUHUMAKT 3Ha-
yeHvie 1 n opmy bl

P*(n:,1/) -> (P*(r/,r) -> , (2)

P\x,x). (3)

Kpome Toro, anst no6oro x u3 o6n1actm M cyliecTByeT
X0TS1 6bl OANH 3/1EMEHT 1, A7 KOTOPOro

P*{x,n) (4)

TOXKE MPUHUMAET 3HadeHue 1.
HeTpygHo y6eamThesi, UTO B TaKOM C/lyyae npeaukar

P*{x,y) npeacTaBnsieT co6oii NpeanKar, ycTaHaB/MBAIOLLNIA

OTHOLLEeHMe MopsafKa MexAay anemeHTamu obnactm M. [eii-
CTBUTE/IbHO, N3 UCTUHHOCTU chopmyn (2) u (3) cnepyeTt, 4To

npegukar YAOB/IETBOPHAET akcuomam ropsagka:
1. P*[x,X) - J10Xb,

2. P*{x,y) -> r)->P*{x,r) - UCTUHAa.
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B cBA3N Cc aTuUM ycnosumca P*{x,y) Bblpa)KaTb C/i0Ba-

MW «T NPeaLlecTBYeT r/». Kak BUAHO N3 UCTUHHOCTU (hOpMYy-
Nbl (4), A8 KaXKAOro X A0/DKHO CyLLEeCTBOBATb TaKoe u, YT

UCTUHHO P*{X,n”, TO eCTb «Xx MpeALlecTBYeT un*. Bosbmem

MPON3BO/IbHbIA 371IEMEHT 061acTn N1, cpean anemeHToB obna-
CTW [O/DKEH HAWTUCb TAKOWM 3/1IEMEHT X7, UYTO <X npepLue-
CTBYeT X™0 . TOUHO TakXKe A0/DKEH HaMTUCb TaKOW afieMeHT
Xg, uTo «2 npefwectsyet x™ n T. 4. MNonyyaem nocnegosa-
TENbHOCTb 3/71EMEHTOB
Ny N2 “o

B cuny akcmom 1 1 2 KaxKAaplii 3/1eMeHT 3TOM nocnegosa-
TENbHOCTU OT/INYEH OT KaXKAOoro 3/IeMeHTa C MEHbLUUM WH-
[leKCOM, TaK Kak 6byfeT MMmeTb MecTo npegaLuecTeyeT
Ho 3To o3HauvaeT, 4TO M06ble ABa 3/IEMeHTa nocsefoBaTesb-
HocTu (5) pa3ninuHbl U 061acTb M 6ecKoHeuHa.

MokakeM, 4uTO cyn”ecTByeT 06/11aCTb, Ha KOTOPOW dhop-

mMyna (1) BeinonHuma. Mycts M = ]0,1,2,...1,...|, a P[xy"
o3Ha4vaeT «x>y». Torga P{x,y~ 03HayaeT «Ji;<y». [lpun

Takoii 3ameHe npegmkata P{x,y) dopmyna (1) npuHumaeT
BUL

YXYYYr3m X < X&((n: <y)-~{y<r-~x< NN&(X <n)

OueBnAHO, 4TO Ha MHOXectBe M = ]0,1,2,....1,... 3Ta

hopmyna MCTUHHA.

M3 pokasaHHOro sicHo, 4To, ecsim 06nacTb, Ha KOTOPOIA
paccmatpuBaeTca opmyna (1), kKoHedHa, To dopmyna (1)
TOXXAECTBEHHO NIOXKHA Ha M, K1, 3HAUUT, He BbINOSTHUMA.

8 10. MNpobrema paspeiMocT ANs 06Le3Ha4YUMOCTU
M BbIMNO/IHUMOCTU, HepaspelunmMocTb ee B 06LLeM cinydae
(6e3 pokasaTenbcTBa)

Mpo6reMa paspeLnmocTi B JIOTUKE MPeAVKaTOB CTaBUT-
CA TaK e, KaK U B anrebpe JIOTUKK: CYLLECTBYHOT NN asro-
pUTMbI, MO3BOMSAIOLWLME AMS Nto6ol hopMyibl A JIOTUKK Mpe-
[MKaTOB YCTAaHOBUTb, K KaKOMY Kjlaccy OHa OTHOCMTCS, TO
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eCTb SB/IAETCA /1M OHA WX 06LLE3HAUNMOM, NN BbLLO/HUMOIA,
WM TOXXOECTBEHHO IOKHOW. Ecnn 6bl Takoi anropntm cy-
LecTBoBan, T0, Kak 1 B anrebpe BbiCKa3blBaHWIA, OH CBO-
Anncs 6bl K KPUTEPUK TOXXLECTBEHHOW UCTUHHOCTU /10601
thopmynbl NOrMKKM NpeanKaTos.

OTMETMM, UTO B OT/INUME OT asirebpbl IOTVUKN, B JIOTUKE
npegukaToB He NPUMeHUM MeToA nepebopa BCceX BapuaHTOB
3HAYEHUI MepeMeHHbIX, BXOAALWMX B (Gopmyny, Tak Kak
TakMx BapnaHToB MOXKeT 6biTb 6eCKOHeYHOoe MHOXKecTBO.

B 1936 rogy amepukaHcKuii matematuk A.Uepu pgoka-
3aU1, 4TO npo6nema paspewinMocTn JIOTUMKN TNnpegnkaToB B
06LL|,eM BNAE a/TTOPpUTMUNYECKN He paspeLunmMma, TO eCTb He
CyLLEeCTBYeT a/iropuTMa, KOTOpPbIii 6bl M03BOINA YCTAHOBUTD,
K KakoMy knaccy hopMmysi oTHocuTca nobas opmyna no-
TMKU NpeanKaTos.

§ 11. AnroputmMbl pacno3HaBaHuUs
06Le3HaYMMocTn QopMy/T B YaCTHbIX Cly4dasax

1. Mpo6rieMa paspewinMocTN B Crlyvae KOHEYHbIX 06-
nacTei.

OueBngHO, 4TO Mpobsiema paspewnmmocTu B cliyyae
KOHEYHbIX o0b6nacTen paspewnma. JeincTBnTeIbHO, B 3TOM
c/lydae KBaHTOPHble onepayum MOXHO 3aMEHUTb onepa-
UMMM KOHBIOHKLUUN WU AN3BIOHKLUUN U TEM CaMbIiM CBe-
CTM hopmyny NOrMKW MpeankaToB K dopmyne anrebpbl
NIOTUKW, ANs KOTopow npobsiema pas3pewivMocTu paspe-
wuma.

Hanpwumep, dopmyna \/x3y P(x,!)yP(n:,af;) B obnactu
M ={a, , cocTosLel U3 ABYX 3/1IeMEHTOB, NMPUBOANTCA K
BMAY:
Yx3y p{x,y) Vp{x,x) =¥x p{x,a)Vp{x,Xx) VP{x, b

P(a,a) VP(a,a) VP(a,b) & P(b,a) VP(b,bV P{b,b) .

TaK KaK KaXKAaplii uneH nocrnefHeil KOHbIOHKUUW ABNS-
eTcA AN3BIOHKUMEN, cogep>Kaweil BbiCKa3blBaHMe U ero oT-
puuaHue, To opMyna UCTUHHA.
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2. Mpo6nema paspelmMocTn A1 Popmy/i, cofep>KaLLy
B NMpeABapeHHor HOpMaUsibHOM (hopMe KBaHTOPbl O4HOM0 TMMa.

OnpepeneHne 1, dopmyna SIOrMKU MpeauKaTos Hasbl-
BaeTCH 3aMKHYTOI, €C/IM OHa He COAEPXKUT CBOBOAHbIX Npes-
METHbIX MepeMeHHbIX.

OnpepeneHvie 2. Ecnu dopmyna norvku npeamkartos C
COLEePXUT CBOBOAHbLIE MEPEMEHHbIE XA, ..., X\, TO (hopmyna

A = ¥x1\/x2..¥YXn C{x1,x2,...,X,,)
Ha3bIlBaeTCA 3amMblikaHnem obLyHocTr hopMysibl C, a dopmyna
B = 3X13X2... 3x,c(x1,Xx2,...,X,

Ha3bIBAeTCA 3aMblKaHMEM CyLLecTBOBaHUA qopmynbl C.

Teopema 1. Ecnu 3aMKHyTas copmMysia /I0ruKU npeau-
KaTOoB B NMPeABapPEHHO HOPMasIbHOM hopMe Coaep>KNT TOJ1b-
KO KBaHTOpPbI CyLLecTBOBaHUA, UNC/I0 KOTOpPbIX paBHO M, U
TO>XKAECTBEHHO MCTUHHaAa Ha no6on obnacTwu, COCTOFlLLI.EI‘/’I
N3 oAHOro asieMeHTAa, TO OHa 06Lu,e3Haqmma.

JokaszaTtensctBo. lNycTb hopmMmyna fiorMkn npeanmkaTos
B MpeABapeHHoOr HOpMasibHOW (hopMe VIMEET BUf

B = 9x13x2...3X%,, (D
roe C KBaHTOPOB He COLEPXKUT; - Jlornyeckume nepemeH-
Hble, P. - OQHOMECTHbIe NpeanKaThbl, Q. - ABYXMECTHble npe-
AonkaTtbl.

3HayeHVe MCTUHHOCTU 3TOM (OPMY/ibl 3aBUCUT OT BXO-
OALWLUX B HEe NepeMeHHbIX ..., NpegukaTos P, PA, ...,
(048 == || TaK fasiee.

Mo ycnoBumio TeopemMbl Ha 060l obractu M = , CO-

Jep>kalleil TONbKO OAMH 3MIEMEHT &, AaHHas dopMyna ToX-
[eCTBEeHHO UCTUHHA, TO eCTb TOXKAECTBEHHO UCTUHHOW ABNSA-
eTca opmyna
C[ab(12, === A(a). P2{a\---, Ql(a, a), A2{a, a),...) (2)
dopmyna (2), oueBugHO, ABNAeTcs opmynoli anrebpbl
NOrnKun.
Mpegnonoxxum, uto dopmyna (1) He sBnseTcA 06LLEe3HA-
yumoii. Torga cywecTByeT Takasi 061acTb 1 Takoi Habop
3Ha4YeHWIN NEPEMEHHbIX an, - Q2,...,

Ha KoTopom ¢opmyna (1) NpUHUMAET 3HayYeHUE «J10XKb»,
TO ecTb
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3xx3x2...3x,,c{qlql....P~PI...,QlQ°2,,.~ =0 (3)

PaccmoTpum oTpuuaHue dopmynsl (3).

3NM3X2... 3XnC{a1, a1,...,P~,P1 ..., A1,41,. "

= YX1¥X2..¥%,¢c(91,92,-.P1,P2.-.«<b«2—) =1

OTctoga cnegyeT, uTo dopmyna

c(a?,41,....P1P1...,A1a1.1 (4)

TOXXAECTBEHHO WCTMHHA, He3aBUCUMMO OT Bbl6opa npegmeT-
HbIX MEepPeMeHHbIX 13 06n1acTu

Bo3bmeMm m3 obriactu KaKoW-HMbyab 3M1eMeHT "
noactasMm ero B opmyny (4) BMecTo BCeX MNpeaMeTHbIX
nepemMeHHbIX. Torga

92ve ws>A  (WT0)» 2 (WAQ)>=me>1 (10> SIN0)>A2(*10> A Q) eee = 1

N, 3HauuT,

c(n?,92. == (aro>PLIx0),.... Qr(xo, X0),«] (x0,Xo),...) = O,

a 3T0 NMPOTUBOPEYUT TOXKAECTBEHHOW WCTUHHOCTWU hopMmy-
nbl (2).

Teopema 2. Ecnu 3aMKHyTas copmMysa JIOrMK1 npeau-
KaTOoB B NMpeABapeHHo HopMasibHOM OOpME COAEP>KUT TOJ1b-
KO KBaHTOpPbI 06LLI,HOCTI/I, HUMCJ/10 KOTOPbIX paBHO M, N TO>XK-
AeCTBEHHO NCTUMHHa Ha BCAKOM MHO>XeCTBe, cogep>Kallem
He 60nee, 4yemM n 3/71IeMeHTO0B, TO OHa 06LLI,e3Hal—II/IMa.

JokaszaTtensctBo. lNycTb hopmyna /0rMku NpeanKaToB
B MpeABapeHHO HOpMasibHOM (hopme nmeeT BUA

A = ¥Yxi\/x2..¥XnC{a1,42,....,P1,P2,...,.41,492,-)" (1)

rae, Kak u paHblue, g o, ... —/10TMYECKUE MEPEMEHHbIE, PA,
P~ ... - OAHOMECTHble nNpeguKaTbl, QN ... = DBYXMECTHblE
npegvikatbl 1 T.A4.

Mpeanonoxnm, 4to dopmyna (1) He sABnseTca 06LEe3Ha-
ymmoii. Torga cyuwiecTByeT 06s1acTb C YNC/IOM 3/1EMEHTOB,
60/1bLLIMM 3, Ha KOTOPOM OHa He ABMSAETCHA TOXAECTBEHHO
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WCTUHHOW, TO €CTb CYLLECTBYET HAbop 3HAYEHUIA NepeMeHHbIX

91y P2 >&> »ap ' e ' ©2' ==  KOTOPOM (hopmysia

YX1YX2... ¥ x,c(ar, (2)

NPUHUMAET NIOXKHOoe 3HadeHue. OTcroga

Yx{"X2...¥x"c{a1 .POP i, ..., 3

A3X13X2-.3 X ,c (g1 ,PAP],...,Q1,...) =1
Takum 06pasom, cyllecTByeT Habop MPesMETHbIX Mepe-

MEHHBbIX Xl , X2 » e== Xr 13 061actm M”, Npu KOTopom ¢op-
Myna c\"1,82,...,P\,P2,-..,A1,49"--- uMMeeT 3HaueHue 1, a

thopmyna C~1,42y...,P\,P2~..,A1,42,-~ nMeeT 3Ha4eHue 0.

3HaunT, U3 obnactn MOXXHO BblAeNnNTb 06/1acTb MM,
cogep>kalyro He 6osiee N 3/IEMEHTOB, Ha KOTOPOW AaHHas
thopmyna He ABNSAETCA TOXKAECTBEHHO WUCTMHHOM, a 3TO MNpo-
TUBOPEYUT YC/IOBUIO TEOPEMbI.

§ 12. lpuMeHeHMe A3blKa JIOTUKN MPeanKaTos
ANnA 3anmcn maTteMaTUyecKux mnpensioKeHui,
onpegesieHn, NOCTPOEHUS OTPULLAHUA NPEeasIoKEeHUN

1 3anncb MaTeMaTUYeCKX NPeaIoKeHUl B BULE oy
MY/ NIOFTUKN MPeauKaToB.

A3bIK MIOTMKN NPeAMKaToB YAo6eH ANs 3anMcu Matema-
TUYECKUX MpeasioKeHNn. OH faeT BO3MOXKHOCTb BblpaXkaTb
JIOTMYECKME CBA3N MEXAY MOHATUSMU, 3anucbiBaTb OMNpeje-
NIeHVs, TeOopeMbl, foKasaTtesibCcTBa. [puBefemM psg npume-
POB TaKux 3anucei.

1. Onpe,qeneHme npeagena UKIC/I0BOM rnocsiegoBaTes/IbHOCTW.

= lim o VFf>03ng Vn e N[n > a, - ac<
a= lim na [n>wug B

34ecb UCMOSIb30BaH TPEXMECTHbIN mnpeankaTt Q[e,n,nQ”x

{ntnQ-> a, - <
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2. OnpegeneHve npefgena OYHKLUUN B TOUKE.

B= lim /(jc) <>VE>03">0Vg 6£ io< |g- M <"=f{x)- b<gj

X —Xq
34ecb UCMOMbL30BaH TPEXMECTHbIV npegukat

MN< x- Xo <S7™N f(xj-1? <sj.
3. OnpepgeneHne HernpepbIBHOCTU (PYHKLMU B TOYKeE.

dyHKUMA /(X), onpeaeneHHaa Ha MHOXeCTBe E, Henpe-

pbiBHa B TOYKe Xg eE , ecnm
VE>032>0Vx e£ (x- 0] <5  f{x)- [("o)] <

3[ecb TaKXKe MCnonb3oBaH TPexMecTHbIN npegukart /'(r, S, X ).
4. OnpepgeneHne Bo3pacTaroLllein yHKLNN.
dyHKUUA /(X), onpefeneHHas Ha MHOXecTBe E, BO3pa-
CTaeT Ha 3TOM MHOXECTBe, ecnu

Vxi eEVX2 6£ (xi <X2 /(X]j) </("2)).
34ecb MCNosib30BaH ABYXMECTHbIN npegmkatr W (xj,x2):

(xi <X2 =>/(xi)</(x2)).
5. OnpepgeneHve orpaHUYeHHOW OYHKLUWN.

dyHKUMA [(K), onpeaenieHHasdA Ha MHOXKecTse E, orpa-
HUYEHa Ha 3TOM MHOXXeCTBe, ecnu

3M eR+Yxe E ()] <m) .

34ecb MCMNonb30BaH [ABYXMECTHbIM npegukat X(x,M):

(K*)|am).

Kak M3BecTHO, MHOrve TeopeMbl MaTeMaTUKU [OMNyCKalT
(hopMy/IMPOBKY B BUAE YC/IOBHbIX NMPEASIOKEHWNA. Hanpvmep,
paccMoOTpUM crieflyloulyto Teopemy: «EC/M Touka NeXUT Ha
BucceKTpuce yrna, To OHa paBHOYasieHa 0T CTOPOH 3TOro yriay.
YcnoBrem 3Toii TeopeMbl SBMSIETCS NpeiokeHne «Touka ne-
YKUT Ha BUCCEKTpUCE Yrna», a 3aK/loUeHeM - MNpeasioXKeHue
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«ToyKa paBHOyAaleHa 0T CTOPOH yria». Buamm, yto u ycno-
BME, N 3aK/II0YEeHVEe TeopeMbl NMPeACTaBNAT co60i npeavka-
Thbl, 3aaHHble Ha MHOXXecTBe R™N. O603Hauas aTu npegmKathbl

COOTBETCTBEHHO 4epes3 n Q(Xx), roae x , Teopemy
MOXeM 3anucatb B BUae popmMy/ibi:

Vx eR” (p(x) >Q(X)) .

B cBA3W C 3TVMM, FOBOPS O CTPOEHUU TEOPeMbl, MOXHO
BbIJE/INTb B HEW TpM yacTu: 1) ycrioBUE Teopemsbl: Npeankat

P (x), 3agaHHbIi Ha MHOXeCTBe R, 2) 3ak/iloueHue Teope-

Mbl: npeamkat Q(x), 3a4aHHbI Ha MHOXXeCTBe R, 3) pasbsic-

HUTENIbHAsA 4YacTb: B HEll OMUCLIBAETCS MHOXECTBO 06bEK-
TOB, 0O KOTOPbIX MAET peyb B TeOpeEME.

2. MocTpoeHe MPOTUBOMOMOXHbIX YTBEPXKAEHWN
MycTb AaHO HeKOTOpoe MaTeMaTUUeCKoe YTBEPXKAEHUE A.

EMy NMpoTUBOMOMIOXKHLIM 6yAeT yTBEPXKAEHUE A .
Norvka npeaMKaToB MO3BOJIAET MYTeM PaBHOCUJIbHBIX

npeobpasoBaHuii hopmysibl A NpugaTtb el XopoLwuo 0603pu-
MbI BUA.

Tak, HanpuMmep, onpeeneHne orpaHNYeHHoW YHKLUMN
paetcsa chopmysioi

3M 6 R+ \/xeE (Jm]<m ).

OnpegeneHve HeorpaHMYeHHOW YHKLMN Mbl MONy4MM, 6eps
oTpuLaHne 3Tol hopMysibl U MPOBOAS PaBHOCU/IbHbIE Mpe-
obpasoBaHus:

3M eRM\/xeE ()] < eBrYx eE (X)) <m ) =

=YM e 3x ef£ (X)) <M)=YM e 3x e £ (I"'KY] > M).

MocnefHAs opMysia AaeT He HeraTtvMBHOE, a MOMIOXKUTESb-
HOe orpeaesieHne HeorpaHMYeHHo MYHKLUUN.

13 npuBefgeHHOro onpeaeneHns BUAHO, YTo A4S MocTpo-
€HUS MPOTMBOMOMOXKHOIO YTBEPXKAEHUSA K YTBEPXKAEeHMUIo,
3aaaHHoMy (POpMy/I0i NTOrMKK NPearKaToB, cogepyKalleli Bce
KBaHTOpPbI Brepean, Heo6X04MMO 3aMeHUTb BCE KBAHTOPbI
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Ha MpPOTUBOMOJIOXKHbIE N B3ATb OTpUUaHWME OT Nnpeaukara,
CToAWEero nog 3HakoMm KBaHTOpPOB.

Tak, ytBepxkaeHue, uto b lim /(>k), gact dopmyna:

Vf>03J>0Vx ef£N0 < 1- <™ [t)-B <fjs
r3r'>0yY5>09n:e£]0< x-nro <<6=> f{x)-b <r|]=

=3£>0 >03refN0< X Xo <a&. f(xN-b > 7 .

Ocobblii MHTEpeCc MpeACcTaBMsiET MOCTPOEHME YTBEPXKAE-
HWS, OTPMLAIOLLErO CrpaBeA/IMBOCTb HEKOTOPO TeopeMbil:

Yx e £(p(ac) -> . 910 OyHeT yTBEpPXKAEHWUE:

Yx eE(p(n:)->e(nr)) A3t e £ (p(n:)-> ) N 3x e £ (p{X)&0(N)).
CnepoBatesibHO, 4T06bl foKasaTb, YTO Teopema

HeBepHa, 4OCTAaTOYHO yKasaTb TaKoli ane-

MeHT x e E , onig kotoporo P(X) - UCTUHa, a " NI0Xb,

TO eCTb MNPUBECTU KOHTPMpUMep.

3. I‘Ip;uvlaﬂ, o6paTHa;| N MNPOTUBOMNOJIOXKHAaA TEOPEMbI.
PaCCMOTpI/IM YeTblpe TeEOpPEMbI:

Yx6£(p(x)-"A(X)), (1)
Y xef£(e(x)-"P(x)), (2)
Yx e£ (P(x)-»€(x)), (3)
Yx eE (&(x)-»P(x)). (4)

Mapa TeopeMm, y KOTOpPbIX YC/I0BUE OAHOW ABNSETCA 3akK-
N0YeHVEM BTOPOM, a yCc/n0BME BTOPOI ABASETCA 3aK/IH0YeHU-
€M MepBol, Ha3blBAKTCA B3aMMHO 06GpaTHLIMW APYr APYry.

Tak, Teopemsbl (1) n (2) , a Takxke (3) n (4) - B3aMMHO
obpaTtHble Teopembl. [Mpu 3TOM, ecnu 0AHY M3 HUX Ha3blBa-
0T MPSAMON TeOopeMoii, TO BTOpas Ha3blBaeTcs 06paTHO.

Mapa Teopem, y KOTOPbIX YC/I0BME U 3aK/KOUEHME O4HOW
ABMISIETCA OTPULAHMEM COOTBETCTBEHHO YC/10BUS U 3aK/loye-
HUA ﬂ,perVl, Ha3bIBalOTCA B3aMMHO TMPOTMBOMOJ/I0>KHbLIMW.
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Tak, Teopembl (1) n (3), a Takke Teopembl (2) u (4)
ABNAKOTCA B3aMMHO MPOTUBOMONIOXKHBLIMU TeopemMaMu.

Hanpumep, ona teopembl «Ec/M B YeTbipexyrosibHUKe
AnaroHasin paBHbl, TO YeTbIPEXYT0/IbHUK ABNAETCA NPAMOY-
ronbHMKoM» (1) obpaTHoOM sBNseTca Teopema «Ecnu yetbl-
pPexXyroNbHUK ABNAETCA MPAMOYroSIbHUKOM, TO €ero gumaro-
Ha/M paBHbl» (2). Ona Teopembl (1) NPOTUBOMOIOXHOW SAB-
nsetca Teopema «Ecnu B YeTbIpexyrofibHUKe AuaroHaan He
paBHbI, TO YeTbIPexXyrosibHUK He AB/IAeTCA MPAMOYrofibHU-
KoMm» (3), a gna Teopembl (2) NMPOTUBOMOJIOKHONA ABNSAETCA
Teopema «Ec/n YeTbIpexyrosibHUK He ABNAETCA NPSAMOYro/ib-
HWKOM, TO €ro guaroHanu He pasHbl» (4).

B paccmoTpeHHOM npumepe Teopembl (1) n (4) aBnsawT-
€A OHOBPEMEHHO JIOXKHbIMU, a TeopeMbl (2) 1 (3) ogHoBpe-
MEHHO NUCTUHHBLIMW. KOHTPrpMMepoM K Teopeme (1) ABnseT-
CA paBHOGOYHasA Tpareuus.

FAcHO, 4TO NpsiMasd 1 obpaTHas TeopemMbl, BOOOLLE rOBO-
pA, He paBHOCU/IbHbBI, TO €CTb OAHA M3 HUX MOXET ObITb
WUCTUHHOI, a apyras no>kHon. OfHaKo fierko nokasaTb, 4To
Teopembl (1) u (4), a TakxKe Teopembl (2) 1 (3) Bcerga pasHo-
CUbHbl. [eNCTBUTESIbHO,

Yx eE (p(1) ©0CK)) =Y¥x eE (P(K)V ©(K)) =

=YxeE p(n:))VP(K) =YxeE ((K)-> P(X)) .
AHaJIOrMYHO [0Ka3biBAeTCA PaBHOCUJ/ILHOCTb
Yx eE (*n:)-> PU)"YxeE

M3 3Tnx paBHOCUMbLHOCTEN criedyeT, 4TO, ec/iv fokasa-
Ha Teopema (1), To goka3aHa U Teopema (4), a ecnu gokasa-
Ha Teopema (2), To goka3aHa n Teopema (3).
4. Heobxogumble N gocTaTo4vHbIe YC/0BUSA.
PaccmoTpum Teopemy
Yxer?(p(x)->e(x)). (D
Kak oTmeyanocb, MHOXeCTBO WUCTUHHOCTW Mpeaukarta
€CTb MHOXKecTBO CIp\JIQ.llo Torga MHOXecT-
BOM JIOXKHOCTWU 3TOro npegukarta éypetr c(c/pul/”) =
= 1pM\CIQ. lNMocnegHee MHOXeCTBO OyAeT MyCTbIM fiMlb B
cnlydyae, Korga 1ip c Tn.
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NTak, npeamkat P[x) -» Q1) ABMASETCA UCTUHHbLIM A/1s
BCEX X eE B TOM M TO/IbKO B TOM C/lyyae, KOrfa MHO>KeCTBO

NCTUHHOCTU npeankarta COAEPXXNTCA B MHOXXeCTBE UC-

TUHHOCTU npegukata ©(nc). Mpwn
.D.LLI.LU 3TOM TrOBOPAT, 4TO npeaukar
N

I, JIOrM4eckun crnieayeTt U3 rnpe-

r r .. Ankata P(ac), v npegnkat C()
Ha3blBalT Heo6X04MMbIM YC/10-

BMeM pnna npegukarta P(ar), a

npegvikaTt P(m) - AocTaTouvHbIM YC/I0BUEM A1t . Tak, B
TeopeMe «EC/IM x - UUCMIO HaTypasibHOe, TO OHO Liesioe» mpe-

anKart ; WL - 4MUCNO uenoe» yiorndeckn cnenyert ms npe-

avkata P{x): «T - 4YMCM0 HaTypasibHOe», a Npeavkar «i. -

UYNCNO HaTypasibHOE» SAB/SAETCA AOCTATOYHbLIM YC/I0BMEM O/15
npegukara «T - YUCO Lesoe».

YacTo BcTpevaeTcs cUTyauusi, Npy KOTOPOW WCTUHHBbIE
B3aMMHO 0bpaTHble TEOpPEMbI

Yx eE (p{x)"51{x)) (1)

Yx eE(a(x)-"P(n:)). (2)

370, 04E€BMAHO, BO3MOXKHO MpPWU YyC/A0BUMK, 4YTO 1p = 14.

B Takom cnydae u3 Teopembl (1) criefyeT, 4TO yC/oBUE
P(n:) aBndaetca pgoctaToyHbIM AnA ¢ ), a M3 Teopembl (2)
cnepyet, uTo ycnosue -P(™) aBnsaeTcsa HeobxoauMbIM as1s1 ©(nc).
Takum o6pasoM, ecnu UCTUHHBLI Teopembl (1) n (2), To
ycnosne P(X) SABNSETCA M HEO6XOAVMMbBIM, W AOCTaTOYHbIM

anst Q(m:). AHaNornM4YHo B 3TOW C/lyyae ycrioBue ABNS-

eTcsl Heo6XoAVMbIM W A0CTATOUHBLIM ANst P{x) .

MHoraga BMeCTo JIOTMYECKOl CBSI3KM «HE06X0ANUMO U A0-
CTaTOYHO» YNOTPE6NSAIOT NIOFMUYECKYHO CBS3KY «TOrAa U TO/b-
KO Torgan.
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Tak Kak 30ecb UCTWHHbI BbicKa3sbiBaHUA (1) n (2), TO
WCTUHHO BbICKa3blBaHue

Yx eE (P(x) -> Q(XJj& Wx eE > AMx)j = YXxeE

PaccmoTpum npumepsl.

Mpumep 1. Teopema «Ecnu uncno ™ genutceda Ha 12, 10
OHO AennuTca Ha 3» WUCTUHHA. M03ToMy 34ecb AeMMOCTb
yncna £ Ha 12 ABNsSeTCA AOCTATOYHbLIM yC/10BUEM AN AeNnu-
MOCTU umncna £ Ha 3, a 4eNIMMoCTb yncna ™ Ha 3 ABniAeTcA
HeobX0ANUMbIM YCNI0BMEM AN Ae/IMMOCTU ynucnia £ Ha 12. B
TO >Xe BPeMsi obpaTHas TeopeMa «Ecnm umcno £ genutcsa Ha
3, TO OHO fenuTca Ha 12» He BepHa. [Mo3ToMy AeMMOCTb
yncna £ Ha 3 He ABNAETCA AOCTATOYHbIM YC/I0BUEM e/ IMMO-
CTW uncna £ Ha 12, a JennMmocTb yncna £ Ha 12 He aABnA-
eTca HeobXo4MMbIM YC/IOBMEM [e/IMMOCTU vucna £ Ha 3.

Mpumep 2. Teopembl «B onMMcaHHOM YeTblpexyrosibHUKe
CYMMbI AJINH MPOTUBOMOIOXHBLIX CTOPOH pPaBHbl MeXAy COo-
60ii» n «Ecnn B 4eTbIPEXYTrO/IbHNKE CYyMMbl A/INH MPOTUBO-
MOJIOXKHbIX CTOPOH PaBHbI MEXAY CO60M, TO B 3TOT YeTbIpeXy-
roO/IbHUK MOXHO BrMucaTb OKPY>XXHOCTb» B3aMMHO 00paTHbI.
O6e OHW WUCTMHHBI, W, C/efoBaTeslbHO, 34eCb MOXHO ynoTpe-
6UTb JIOTNYECKYIO CBA3KY «HE0OX0AMMO U A0CTaTOYHO»:

«Ana TOro, 4YTo6bl B YETbIPEXYro/IbHUK MOXHO Obl/10
BNMCaTb OKPY>XHOCTb, HEOO6XO4MMO W [OCTATOYHO, YTOObI
CYMMbl A/IMH €ro MPOTMBOMO/I0XHbLIX CTOPOH Obl/IN PaBHbI
MeXAay Co60i».

5. [oka3aTtesibCTBO METOAOM OT MPOTUBHOIO.

JokaszaTesnibCTBO METOAOM OT NPOTUBHOr0 06bIYHO MPOBO-
ONTCA MO CNeayoLwen cxeme: mpegnonaraeTcs, 4To Teopema

m Yxe£(p(n:)-"a(x)) 1)
He BepHa, TO eCTb CyLEeCTBYeT Takoi 06beKT X, YTO YC/I0BME

P(X) wucTUHHO, a 3akoyeHne AN - 0KHO0. Ecnv 3 atux

NpeanosioXKEHNIA NyTeM JIOTUYECKUX PacCy>KAEeHU NpuxogaT
K NPOTUBOPEYMBOMY YTBEPXKAEHMIO, TO AeNaloT BbIBOL 0 TOM,
UYTO UCXOAHOE MPeanonokeHne He BepHO, N BepHa Teopema (1).

Mokarkem, 4TO TaKoi noaxon AaeT AoKas3aTeNbCTBO UC-
TUHHOCTU Teopemsbl (1).
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[elicTBUTENLHO, MPeAnosioKEHNE 0 TOM, UTO Teopema
(1) He cnpaBeg/MBa, 03HAYAET UCTUHHOCTb (DOPMY/Ibl

Yx 67;(p(x)->"(x)).
MpoTMBOpPEUMBOE YTBEPXKAEHNE, KOTOPOE MO/3ryaeTcs 13

[ONYLLEeHHOro MpeanosioXkKeHUs, ecTb KOHbIOHKUMA C&C
roe C - HeKOTOopoe BbiCKasbiBaHMe. Takum obpa3om, cxema
JoKasaTesibCTBa OT MPOTUBHOMO CBOAUTCA K AOKa3aTenbCcTBy
UCTUHHOCTN (hOpMY/ibl

Yxef (PX)™ ax) ™ C&C.

Jlerko BMAeTb, 4TO 3Ta (hopmyna paBHOCUIbHA (op-
myre (1).
[elcTBUTeNbHO,

Yxef (P(x) 4x) C&C=Yxef (p(x) QKX)VC&C"
=Yx eE(p(x)->e(x)).

§ 13. 3ameuyaHue 06 akKCMOMATUYECKOM WCUUCIEHUWN
npeankKaToB

AHanornyHo TOoMy, Kak Oblsla NOCTpoeHa akcumomaTwu-
yeckasi Teopusi BbICKa3blBaHW, MOXET ObITb MOCTPOEHa U
akKcuomaTuyeckas Teopus npegukatoB. [pu 3TomM Heobxo-
OVNMO OTMETUTL CnefytoLLee:

1. OnpegeneHve opmysbl NCHUCIEHUA MNPeSNKATOB CO-
BnagaeT ¢ onpegesieHNneM OpMybl JIOTUKN MNpeanKaTos,
KOTOpOEe BBOAW/IOCH HaMn paHee.

2. Bbl6op cuUCTEMbl aKCUMOM WCHUCIEHUS MNPeaNKaToB,
KakK 1 B C/lyyae MCUYUCNEHNS BbICKA3blBaHWA, MOXXET OcCyLLle-
CTBNATbCA M0-pasHoMy. OAHOW M3 TakKMX CMUCTEM aKCMOM
MOXeT ObITb CUCTeMa, B KOTOPYK BKIHOYEHbI OAVHHAALATH
aKCMOM VICHUCNIEHUS BbICKa3blBaHW, UCMO/Ib30BaHHbIE HAMN,
W [Be [0MNO/HUTENbHbIE aKCUOMBbI:

Yx(p(x)->p(r/));
P (#)"3xP(x),

rae t He COAEPXXUT MEPEMEHHON X.
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3. K npaeviam BbIBofa, KOTOPbIE MCMOMb30BA/IUCL B UC-
YnC/IEHUW BbICKa3blBaHWA, A06aBASIOTCA elle ABa MpaBuUNa;
a) MpaBno BBEAEHUS KBAHTOPaA 06LLHOCTU

@)
PYxO{x)"

6) MpaBnso BBEAEHUS KBAHTOpa CyLLLEeCTBOBAHUS

o(x)-» P
anCyr)-> P »

ecnn P He 3aBUCUT OT X.

4. MoHATMe BbIBOAA N A0Ka3yeMol (hopMysbl onpeaens-
I0TCA @aHa/I0MMYHO 3TUM MOHATUAM B UCHUCAEHUN BbICKa3bl-
BaHWN.

5. Kak n BO BCSAKOIi akKcMoMaTM4ecKoi Teopuun, pac-
cMaTpuBarTcs npobsemsl;

a) paspeLumMmocTu,

6) HenpoTMBOPEUNBOCTH,

B) MOJIHOTHI,

r) He3aBUCUMOCTMU.



MMABA IV

MATEMATUNYHECKME TEOPUN

B anrebpe BbICKa3blBaHWI M WUCUUCMEHUN BbiCKa3blBa-
HUA 1cnosb3oBaHWe Tabauly, UCTUHHOCTU Jasasnio [ocTaTou-
HO 3(P(DEKTMBHBIV CMocob peLleHMs BoMpoca O TOM, SBMSIET-
cA N1 faHHasa gopmyna TaBTOsI0rmed.

Cutyaumsa nNpuHUUNMaTIbHO MEHSIETCA Mpu nepexoge K
nornke npegukartoB. 34ecb HET ahPeKTUBHOIO cnocoba, Mno-
3BO/IAIOLLEr0 A19 KaXXAol hopMynbl pelinTb BOMPOC 0 TOM,
ABMAETCA NN OHa 06Lie3HayYMMoin. B ¢BA3M ¢ 3TUM B Matema-
TUYECKUX TeOpUAX, KOTOpble MCMOMb3YIT MOHATUE Npeau-
Kata u CBA3aHHble C HMM MOHATUSA KBaHTOPHbIX ornepauui,
HeobXoAMMbIM CTAHOBUTCA aKCMOMAaTUYeCKUn MeTos.

MNmetoTca 1 gpyrue foBoAbl B MoSIb3Y aKCMOMaTUYeCKo-
ro MeTofa, M OHU COCTOAT B C/eAyHOLWEeM: aKCUOMATUYeCKNi
MeTog 6a3upyeTcs Ha MPOCTbIX OTHOLWIEHUAX MeXay CUMBO-
NaMyn 1 BblPaXKEHUSMWN TOYHbIX POPMasIbHbIX A3bIKOB N UC-
NnoNnb3yeT A0CTATOYHO MPOCTble apudMeTUHecKnue MeTobl.
3T0 06CTOATENLCTBO 0b6ecnevymBaeT HaAEXKHOCTb akcmoma-
TNUYECKOro metoa.

B aTolh rnaBe paccmaTpuBaeTCs CYLLHOCTb akKcmomMatu-
YecKOro Metoda M Te Npobraembl, KOTOpble BO3HUKAKT MpuU
ero 1Crosib30BaHuw.

Moa akcMomaTuueckol Teopueii, MOCTPOEHHOM Ha OCHO-
BE AAHHOM CMCTEMbl aKCUMOM, MOHUMAETCHA COBOKYMHOCTb BCEX
TeopeM, [0Ka3biBaeMbIX UCXOASA U3 3TOM CUCTEMbI aKCUOM.

AKCMOMaATUYECKNE TeOpUU [EeNATCA Ha dopMasibHble Y
HehopMasibHbIe.

HedopMasibHble akcomMaTUHeCcKUe Teoprn HarnosIHEHbI
TEOPETUKO-MHOXXECTBEHHbIM COfEpP)XaHWeM, MOHATUE BbIBO-
AVMOCTM B HUX JOBOJIbHO Pacrn/blBYaTO M B 3HAUUTESIbHOMN
CTeneHM onmpaeTcs Ha 34pasblil CMbICA.

dbopmaanaﬂ aKcnmomaTunyecKast Teopmsa CHUTaAETCA On-
pefeneHHoM, ecriv BbINOJSIHEHbI CreAylowmne YyCoBUs:

1. 3agaH A3bIK TeopuUw.

2. OnpegeneHo MoHATVE YOPMYSbl B 3TOW TEOPUMN.
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3. BblgeneHo HEKOTOPOE MHOXeCcTBO (hopmysi, HasbiBae-
MbIX akcuomamu,

4. OnpegeneHbl Npasuia BbiBOAA B 3TOM Teopuu.

Cpean matemaTuyecKmnx Teopuii BblAENAT Teopum nep-
Boro nopsigka. OHW OTNIMYAKTCA OT TEOPMIA BbICLUMX NOPSAS-
KOB TeM, YTO He [O0MNYCKAalT B CBOEM W3JI0XKEHUU Npeauka-
Thl, KOTOPble MMEIT B KAYeCTBE BO3MOXHbIX 3HAYEHWI CBO-
VX apryMeHTOoB Apyruve npeankarsl N QyHKUnn. Kpome Toro,
OHW He JOMyCKalwT KBaHTOPHbIe orepauun Mo npegvkaTam
Unn YyHKLUAM.

Teopwii NepBoro nopsaka AOCTaTOYHO A/ BblipadKeHWUM
60NbLUNHCTBA W3BECTHLIX MaTemMaTU4yecKuxX TeOpUiA.

B Hawem Kypce mMaTeMaTU4ecKoi SIOTMKW Mbl OrpaHu-
YMMCA TOJSILKO MaTeMaTUYeCKMMU TEOPUSMU MepBOro ropsa-
Ka, KOTOpble Ha3blBaOT UHOIga ssnieMeHTapHbIMU TeopusamMun.

§ 1. fAA3bIk NepBOro nopsigka

OnpegeneHve 1. AncdasmTom A Ha3bIBAeTCA BCAKOE He-
MycToe KOHEYHOE MHOXXECTBO CMMBOI0B. CMMBONLI asldaBu-
Ta Ha3sblBaloTCA OyKBaMW.

OnpepeneHvie 2. Cnosom B asipaBuTe A Ha3blBaeTCA BCA-
Kas KoHeyHas nocrefosatefnibHOCTb 6ykB andasuta A. [y-
cTasa nocsiefoBatesibHOCTb OYKB HasbliBaeTCA MYCTbIM C/10-
BOM 1 0603HayaeTcsa yepe3 J1.

Bygem rosopuTh, UYTO ABa KOHKPETHbLIX c/oBa atat.. at
7 andasnTa A paBHbl N NucaTtb aa™.. a* = BB\
ecnnm = &u , Q= 8% eomy Mpwu aTom yncno

A Ha3bIBalOT A/MHOKM 3TOr0 C/ioBa.
Myctb ' HekoTopas Teopuda. O603HAUMM Yepe3

anaBnT 31O Teopmu. MHOXXeCTBO E(T) cnoB andasuta
A(T) HasblBalOT MHO>XeCTBOM BbIpa>KeHU Teopun T.
Mapy {a{r).E{T)), cocTosAwyo mn3 andasuta A(r) "

MHO>XeCTBa Bblpa)KeHI/IIZ E(T) Teopun T Ha3bIBAOT A3bIKOM

Teopun T.

A3bIKM NepBoro nopsigka 06cNy>kKmMBalT Teopun MNepsBoro
nopsgka. B andasuT BcsAKoiA Teopmn T MepBOro nopsifka BXo-
OAT N0 CyWecTBY Te >Xe CMMBOJIbl, KOTOpble OblIN BBeAEeHbI
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paHee. 3TO CUMMBOJIbI JIOTUYECKUX onepaunin &, V,

CMBOJ1bl KBAHTOPHbIX onepaLu/l|7| V, 3, BcriomoraresibHble
CMMBOJIbl —CKOOKM, 3ansiTble; CYETHOE MHOXECTBO M-MecCT-

HbIX MpeanKaTHbiX 6ykB A" (@ Y1), rae BepXHUA MHOEKC

YKa3bIBaeT Ha YNC/I0 MECT, a HVDKHWUIA - HOMEpP MpeanKaTHOMN
6YKBbl; KOHEYHOe (BO3MOXHO, M MYCTOE) WA CHETHOoe

MHOXXECTBO (DYHKLMOHabHbIX OykB N (ray> 1), roe Bepx-

HUWIA MHOEKC YKa3bIBaET Ha YMC/0 NepeMeHHbIX, BXOASALWNX B
PYHKUNIO, @ HMKHUIA - HOMep (PYHKUMOHa/IbHOW 6YKBblI;
KOHEeYHOoe (BO3MOXKHO MYCTOE) MM CHETHOE MHOXECTBO MNpes-

MeTHbIX KOHCTaHT all/ > 1).

B yacTHocTW, nof hyHKLMOHaILHOW GYKBOW MOXET Mo-
HUMAaTbLCS LEenoyKa sIorMYecKux onepawumii.

MHOYKECTBO MpeAMKaTHbIX GYKB BMECTe C MHOXKECTBOM
(PyHKUMOHANIbHBLIX GYKB M KOHCTAHT Ha3blBaeTCs curHaTy-
poli si3blKa JAaHHOW TEOPUWN U ABJSIETCSA €ro crieunduyeckoi
yacTbHo.

Takum o6pa3om, B Teopuu T MEPBOro nopsigka Morarr
OTCYTCTBOBATb HEKOTOPbLIE UMK AaXe Bce (PYHKUWOHAsIbHbIE
6YKBbl N MpeAMeTHbIE KOHCTAHTbI, & TAKXKe€ HEKOTOPbIE, HO
He BCce MpeaunKaTHble GYKBbI.

Pas3/iMyHble TEOPUM MEPBOro MopsgKa MoryT OT/iMyatb-
csl Apyr OT Apyra no coctaBy 6yKB B andaBuTe.

§ 2. TepMbl 1 hopmMy bl

JanbHeliwee onvcaHne Teopun T TpebyeT npexkae Bce-
ro MHAYKTUBHbIX OonpedeneHnin Tepma 1 opmysbl. Tepmbl

A dopmMysibl - 3TO ABa Kracca C/10B MHoXecTBa £ (r).

OnpegeneHne Tepma. 1. lNpegmeTrHada nepemMeHHas w
npegmMeTHasas KOHCTaHTa CyTb TepMbl.
2. Ecrm ™, ™, ..., - TepMbl U A - CUMBOJT Fa-MecTHOW

onepaumun, To0 A" (rL,r2,...,r,) TepM.

3. Hnkakunx gpyrmux tepmoB, Kpome orpefesnieHHbIX B
n.lwn 2,81l HeT.

CornacHo ecTecTBEHHOM MHTeprpeTaummn, TepMm - 3TO UMSA
HekoToporo npegmMeta. Kpome nepemMeHHbIX W MNpegMeTHbIX
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KOHCTaHT, TepMaMn ABNAKOTCA LEN0YKM, 06pasoBaHHble U3
nepemMeHHbIX U NPeAMETHbIX KOHCTaHT MOCpeacTBOM CUMBO-
JI0B onepauuii, T. K. B N0gpasyMeBaeMor NHTepnpeTaunum oH
WCTO/IKOBbIBAETCHA KaK 3HauyeHue HEeKOTOPOM (OYHKLMUW.
OnpepgeneHve topmynbl. 1. Ecnn A - CUMBOJST ra-MecTHO-
ro oTHoweHuA (NpegukaTt WM yHKUmA ), a M m .., -

TepMmbl, To AT\I?2,...,'N) - dopmyna. B yactHocTn, ecnn A -

npegvkatHas 6ykea A”, To A’ (rl,[2..... Ha3biBaeTcA
3neMeHTapHoli hopMysoi.

2. EchuA v B chopmynel, To A& B, AyB, A->B, A -
hopmyibl.

3. Ecnu A - dopmyna, a I/ - npegmMmeTHasi nepemMeHHas,
KOTOopas BXoAUT B A CBOGOLHO MM HE COAEPXKUTCA B A, TO
BblpaxkeHMA YYA , 3r/A - dopmynsbl. MNpu aToM A Ha3biBaeT-
cs 06/M1acTbi0 OENCTBUS KBaHTOpa.

4. Hukaknx ppyrux qopmyn, Kpome ornpefesieHHbIX B
n.1- 3, HeT.

§ 3. Jlornyeckue u cneymasbHble akKCUOMBbI.
MpaBnna BbiBOAA

AKCUOMBbI TEOPUM MepBoro nopsgka T pasbuBatoTcsa Ha
[Ba K/acca: JIoTUYeCKMe akCUOMbl W crieynasibHble (Henoru-
YecKne WNU CobCTBEHHbIE aKCUOMbI).

Nornyeckne akcnmombl. Kakosbl 6bl HU 6bln hopMy bl
A, B u C Teopun T, cnegyrouwme Gopmysibl ABMAKTCA N0MU-
YeCKMMMN akcmomamm Teopumn T :

1) A->(B-"MA);

2)(@a->G->c)” (@a>6) (a «0);

3) (6 ->a)™ (6 ->a)->6);

4) VniAlme) -> A<), roe ecTb chopmynia Teopun T
n #ecTb Tepm Teopum I, cBo6oAHbIV B A(r;). OTMeTUM, 4TO
1 MOXXET coBMagatb ¢ X 1 Torga Mbl NPUX0AMM K aKcrome
ynrrA:(r)-=> A(xr.);

5) YXxr(A6)(ayYxrb), ecnm X He BXOgUT CBO-
6o4HO B hopmyny A.



TTEMATUYECKWE TEOPUN 119

3ameyaHue. PaHee B rniase Il 661710 NOCTPOEHO Knaccu-
YecKoe MCUMUC/IEHME BbiCKasbiBaHWUi, cogeprkallee 11 akcu-
oM. OfHaKO MOXXeT ObITb MOCTPOEHO UCHUC/IEHME BbICKa3bl-
BaHUA C MEHbLUMM YMUC/AOM aKCMoMm (B 4YacTHOCTW, C slOru-
yecKMMU akcuomamm 1) - 3).

CneuyasibHble akcMombl. OHW He MOryT ObiTb chopmy-
NvpoBaHbl B 06LLEeM cnyyae, Tak KakK MeHSTCA 0T Teopuun
K Teopuu.

Teopus nepBoro nopsiika, He cogepykallas CO6CTBEH-
HbIX aKCMOM, O4YeBUAHO, MpeAcTaBnseT cobor 4YMCTO Noru-
yeckylo Teopumio. OHa HOCUT HasBaHWe UCHUCEHUSA MNpeau-
KaToB MepBoro nopsgka.

Bo MHOrmx Teopmsx, KOTopble MOryT 6biTb akcuomaTu-
31MpoBaHbl KaK TeOpUWM MEePBOro MOpsAKa, WUCMO/b3yeTca Mo-
HATMe paBeHcTBa. OHO BBOAUTCA MyTeM fob6aBsieHUSa BYyXMe-
CTHOrO npegmMkKaTta «X =Yy » UB CBSA3N C 3TUM [06aBns0TCA

[Be crieymanbHble akcnmombl; 1) Ym(m =) ; 2) Ecm x, y, T, -

pas/iMyHble NMPeaMETHbIE MEPEMEHHbBIE U - (hopmyna, TO

Vx¥y{x =y  F{x)=F{y)).

MpaBuna BbiBoga. Kak v B MCYUC/IEHUN BbiCKa3blBa-
HWIA, Byaem MNo/b30BaTbCA MOHATUAMM BbIBOA4A M3 COBOKYM-
HOCTM thopmyn (BbiCKa3biBaHW) H. BbicKasbiBaHWUS, BX0As-
wue B H, 6yaem HasbiBaTb A0NYLIEHUAMU (MU MOCbISIKa-
Mun). Ecnn nocnegHUM BbiCKa3blBaHWEM B BbiBoAe 13 H cTo-
UT BbiCKasblBaHWe A, To 6yJemM roBopuUTb, UYTO NpeasioXKeHue
A BbiBoguMo 13 H un 3anuceiBath: H\-A. B yacTHoM cny-

yae, ecim H =0 » To nUWyT \-A e

B uncno npaBun BbIBOAA TEOPUK MEPBOro NopsiaKa BKIH0-
yalTca Agsa npaBvna;

1. MpaBunio 3akiydeHus (MM modus ponens);

[-A\-A-"B
\B '

2. MpaBwnno cBA3bIBaHNSA KBAHTOPOM BCe06LLHOCTU (MK
npasusio 0606LWeHNSRA):

1-A
-VjCFA'
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§ 4. Mpumepbl MaTeEMaTUYECKUX Teopuii
uU3 anrebpbl, aHannsza, reomeTpumn

1. Teopuda 4acTUYHOro ynopsagovYeHUd.
MycTe Teopus T COAEPXXUT OAHY MNpeguKaTHyl 6yKBy

@]
AX 1 He cofepXMUT PYHKUMOHaNbHBLIX 6YKB U NPeaMeTHbIX

KOHCTaHT. BmecTo dropmMynn AX(XX,x2) 1 AX{xx,X2) 00bI4YHO
nUWyT X <X2 n Xx 1X2.

Myctb T copepXXUT ABe crneunasibHble akCMOMbI:

a) yml(nl ~Ql) - nppedneKTUBHOCTD;

6) YXXYX2™"X3 ((x! < X2)&{X2 < X3) -> (Xl < gr3)) - TpaH-
3UTUBHOCTb.

Bcakast Mmogenb 3Tol Teopun HasbiBaeTCs YacTUYHO YNo-
PALOYEHHOM CTPYKTYPOA.

2. Teopua rpynnm.

Myctb Teopna T coaepXXUT OAHY MNpeAnKaTHY OyKBy
AX , ogHy (DyHKUWOHa/bHY0 6ykBy ff 1 ogHY NpegmeTHyH
KOHCTaHTy o™ lMonb3ysAck NPUHATLIMU B asirebpe 0603Hauve-
HUAMKY, 6ygeM nucatb:

b= 8 BMecTO B),

¢+5 BmecTo fx{t,s),

O BMecTO a™
CneuvasibHbIMX akcoMamu Teopun T 34ecb SABNSAKOTCA

hopmynbi:

a) + (X2 +x0)] = A+ X2) + Xs) - accoyu-
aTUBHOCTb;

6) Yx1(0+x~=Xl) - cBOWCTBO HyNS;

B) YXX3X2("% + X2 = 0) —CylLLlecTBOBaHWe 06paTHOro ane-
MEHTa;

r ¥Yxl(xl = XxX) - peh/ieKCMBHOCTb PaBEHCTBA,;

o) Yx1yx2((xl = X2) -> (x2 = XI)) - CMMMETPUYHOCTb pa-
BEHCTBA;
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A VBV X2VXB((XL = x2)  ((X2 = X3) -> (X] = X3))) -
TPaH3UTUBHOCTb PABEHCTBA;

X) VxiVxgVxgfjxa = X3) -> (XL + X2 = XI + x3)&{x2 + XI =

= X3 +Xi)) - noAcTaHOBOUHOCTL PaBeHCTBA.
Bcsikas mogesib 3TO TeopuUKM HasbiBaeTcs rpynmnon. Ecnm
B rpynne ucTuHHa dopmyna VxivVx2(xi + X2 = X2 + Xj), To

rpynrna HasblBaeTcsl abesieBO WM KOMMY T aTUBHON.

Mprmepamu rpynn ABMAIOTCA:

1) MHOXEeCTBO Bcex B3aMMHO OfHO3HAYHbIX 0TOGpaXke-
HUIM MHOXXKecTBa M Ha cebs, paccmaTpmBaemMoe BMeCTe C
onepaumer cyneprnosvunn 0TOBPadKeHWUI;

2) MHOXKeCTBO Z BCeX LesibIX Yucesl, paccmaTpuBaemoe
BMeECTe C ornepauuneinn CAI0KEHNS LEeSbIX YUCEST;

3) MHOXXEeCTBO BCEX BEKTOPOB MJI0CKOCTU, paccmart-
puBaemMoe BMecTe C orepalueri C/io)KeHNs BEKTOPOB Mo npa-
BUJTy TPeyrofibHUKa WNu napassienorpamva;

4) npocTpaHCTBO iZf BCeEX BEKTOPOB ra-MepHoro nNpocTpaH-

cTBa C orepauuein C/I0KEHNS BEKTOPOB, OMpeaesiiemMoin Kak
NMOKOOPANHATHOE C/I0XKEHUE;

5) - MPOCTPAHCTBO HEMpPepPbIBHbIX HA 0,6] (PyHK-

umit f ¢ Hopmoti f - max f(x~ 1 obbluHO onepauuein co-
a<x<p "
YKEHUS.

Teopusi 4aCTUUYHOr0 YNOPSAAOYEHUA W Teopus rpynn
ABNATCA 3PEKTUBHO aKCMOMATU3MPOBAHHBIMU, TO eCcTb
MMeeTCs1 BO3MOXHOCTb ANnsi /11060 gaHHOM chopmynbl 3dh-
(PEKTUBHO BbIACHUTb, MNPUHAANEXUT NN OHa K 4YnUCay orn-
YECKUX aKCMOM.

3. AdbduHHaa reomeTpus.

MepBUYHBbIMM TEPMUHAMW 3TO TEOPUN ABASAIOTCA: MHO-
)KecTBO  (3/71eMeHTbl KOTOPOro, HasblBaemble ToUKamu, Oy-
AyT 0603HavaTbCcA MPOMUCHBLIMU NlaTUHCKMMKU bGykBamu P,
Q, ...), MHOXKecTBO/ ’ (3/1eMeHTbl KOTOPOro, Ha3biBaeMble Mps-
MbIMU, 6yayT 0603HAYaTLCA CTPOUHBLIMU JTATUHCKUMU OYK-
BamMu £, T, ..) U MHOXecTBO J, Ha3blBAeMOE OTHOLUEHUEM
VHUWNOEHTHOCTU.
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CneuuanbHbiMM akcuomamu Teopumn I 3a4eck ABNAKOTCA
hopmynbl:
a) JcPxL(<P,i>ed) uutaerca «P nexuT Ha i»,

iy COAEPXUT P», nnun npoxoauT 4vepes P», nnu «P
n | VHUMOEHTHbI»

6) Ana nobblx ABYX pasnuyHbIX Touek P n Q cyliecTBy-
eT B TOYHOCTW ofHa npsamas, npoxogawas vepes P u Q.

(Bynem o6o3HauvaTb Takyl npsamMyto depes P + Q).

B) [l Mo60oi Toukm P 1 no6oli npsmoit 1 cyuiecteyet
B TOYHOCTWM OfHa npsamas Tr, npoxogdauias yepes P n napasi-
nenbHasa npamoi | (T.e. nM6o T =1 , IN60 He cylLlecTByeT
TOYeK, SieXalmnx Ha 06enx npsMbix | un or).

r) EchrmA, B, C, D, E, u F - wWwecTb pa3/IMyHbIX TOYEK,
npuyem A +B napannensHa C+D, C+D mnapannenbHa
E+F, A+C napannensHa B+D un C+E napannensHa
D+1J, To A+E napannenbHaun B+F .

) CyllecTBYeT TPU pas/iNyHbIX TOUKU, He Nexxaline Ha
O4HOW MNPSAMOIA.

4. T'eomeTpusa (Teopusi paBeHCTBA OTPE3KOB).

MepBUYHbIE TEPMUHBI: MHOXECTBO S - MHOXECTBO BCeX
OTPE3KOB, U «=» - OTHOLUEHME PaBEHCTBA, TaK YTO Bblpaxke-
HMe « L=y » unTaeTcsa TakK: «0TPe30K X paBeH OTPE3KY Y».

CneunasibHble aKCUOMBbI:

a) YmeS(@r=x);
6) VxVilV2(x =2)&[y =2 > (x =Y)) .
5. AKcmomaTtuyeckas Teopusi HaTypasibHbIX Yncen, no-

CTpOoeHHaA UTa/IbAHCKUM MaTteMaTMKOM J>x.[NeaHo.
I'IepBOHaqaanble MOHATUA. HENyCctoe MHOXXeCTBO N,

OTHOLLUEHWE C/IeA0BaHNS « '» W BbIAENEHHbIV 3/ieMeHT 1.
CneupyasibHble aKCUOMbI:

a) Vx e N(x' ®l) ;

6) VxVy eN(x =i/~ x" =il');

B) VXVy eN(x'=y'-> X=Y);

r Myctb M ¢ N eTorga (I eM)& (VxeM ->x'eM) -»
->M =N.



MATEMATUYECKUVE TEOPUWU 123

§ 5. [lokasaTesibcTBO B Teopuu

JlokazaTeNnbcTBO B LUMPOKOM CMbIC/1e 3TOF0 C/10Ba eCTb
crnoco6 060CHOBaHWUSA MCTUHHOCTW HEKOTOPOr0 CY>KAEHWS.
CTteneHb ybeamMTeNbHOCTU AOKasaTeNnbCTBa pellawLlimm 06-
pasoM 3aBUCUT OT CPeAcCTB, MCMOMb3yeMbIX A/1s1 060CHOBA-
HUSA UCTUHHOCTW,

Tak, B TOYHbIX HayKax BblpaboTaHbl OnpeaesieHHble Tpe-
60BaHMA K 3KCMEPUMEHTY, MPW KOTOPbIX (haKT, MOJyYeH-
HbIli B pe3y/ibTaTe 3KCNEPUMMEHTA, MOXXET CuYMTaATbCA [A0Ka-
3aHHbIM. B martematuke, Afis1 KOTOpOW XapaKTepeH aKcuo-
MaTUYECKUIA MeTof, B3rnsg Ha gokasaTesbCTBO onpepens-
€TCs B3rNA40M Ha akCcMoMaTuyeckyto Teoputo. CroBo «Teo-
puvsi» NOHMMAETCS 34€eCb B ONpeaeIeHHOM cneLmnasibHOM CMblC-
ne. TepMUH «Teopusi» MPUMEHSIIOT MO OTHOLUEHWK K ABYM
MHOXECTBaM BbICKa3blBaHWA, 04HO M3 KOTOPbIX €CTb CO6-
CTBEHHOE MOAMHOXXECTBO Apyroro. Bonblioe (06bEMAIOLLIEE)
MHOXECTBO BbICKa3bIBaHWI onpeaensieT npeAMeTHY 061acTb
TEOPUU, 3/IEMEHTbI XXE MEHbLLIEr0 (0XBaTbIBAKLLEN0) MHOXE-
CTBa BbICKa3blBaHUI - 3TO BbICKa3blBaHUS TeOpUU, KOTO-
pble cuMTalOTCA B HEM UCTUHHBLIMU WUAN AOKA3yeMbIMU (M
Teopemamm). OHM onpefensioTca KaK BblCKa3blBaHWS, Bbl-
BOAMMbIE UMCTO SIOTMYECKUM MYyTEM M3 HEKOTOPbIX 3apaHee
BblOpaHHbIX U (PUKCUPOBAHHbLIX BbICKa3biBaHW, Has3blBae-
MbIX aKcuomamu,

B akcnomaTMyeckKown Teopuu MOHATUI UCTUHHOCTM HET
MecTa - MOHATUE MCTUHHOIO BbICKa3blBAHUS WMEET CMbIC/I
NIVLWb B CBSI3N C BO3MOXXHbIMU MPUSIOXKEHUSIMU TEOPUMN.

OnpegeneHne 1 (gokasaTenbcTBa). [oKasaTeNbCTBOM
Ha3bIBalOT KOHEUHYIO MOoC/ef0BaTes/IbHOCTb «1, ..., 3BbIC-
Ka3blBaHUI paccMaTpPUBAEMO TEOPUN, KaXKA0e U3 KOTOPbIX
NiNbo sIBNSETCS aKCMOMOIA, NnMbo BbIBOAUTCA U3 OAHOM0 UU
6o/ee nMpeablayLMX BbiCKa3bliBaHWI 3TOW Moc/efoBaTesibHO-
CTW MO JIOTMYECKMM MpaBuiiam BbiBOAA.

Onpegenenvie 2 (TeopeMbl). TeopemMor 1M fJoKalyeMbIM
BbICKa3blBaHMEM Ha3bIBAETCA BbiCKa3blBaHWE, SABASAHOLLEECH
nocnegHMM BbICKa3biBAHWEM HEKOTOPOro AoKasaTesibeTBa.

AcHo, uTo NobasdA akcMoma SABNAETCA TEOPeMoid, npu-
Yem ee [0KaszaTesib,CTBO COCTOMUT M3 OA4HOrO Liara.

BbiBog, BbicKasbiBaHMSA C M3 NMyCTOro MHOXecTBa Mocbl-
NOK ecTb, 04YeBMAHO, O0Ka3aTeslbCTBO BbiCKa3sbiBaHUs C.
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§ 6. [lokaszyemMoCTb YacCTHbIX C/lyyaeB TaBTOMOrUIA

Teopema. Ecnu chopmyna A Teopuu repBoro nopsgka T
€CTb YacTHbIA cny4yanm TaBTos/10rMmM, TO A eCTb Teopema
B T 1 MOXKeT 6blTb BblBeAeHa C YNoTpebsieHnemM cxem soru-
yeckmx akcmom (1), (2) wn (3) v npaBuna 3akK/IOUeHUS.

JokasatenbcTtBo. NycTb hopmyna A nosiyvyeHa N3 HeKo-
TOPO TaBTO/0rMM B ¢ MOMOLLbIO MOACTAHOBOK, U X°, XN, ...,
X - Habop rnepemeHHbIX, BXoaauwmx B B, Kak n3BecTHO, B
3TOM cJ/lyyae CywecTByeT BbiBOL B K13 COBOKYMHOCTMW

H = ™,X2,...,x,1". Caoenaem B 3TOM BbIBOJEe BClOA4Y MOACTa-

HOBKMW MO c/iedyowmum npasuiam:

1) ecnn Kakaa-HMByab NepemMeHHas X BXoauT B B, To Ha
MeCTa BCEX ee BXOXKAEeHWI B Kaxkaytlo hopmyny BbiBoga Nog-
cTaBnsieM Ty hopmysny Teopun T, KoTopas MoAcTasnsanacb B
B Ha mecTa BXOXXAeHUS ToM >Ke OyKBbl MpW MOCTPOeHUn A.

2) ec/in HeKoTopasa nepeMeHHas  He BXoAuT B B, To Ha
MecTa BCeX ee BXOXAEeHW B hopMy/ibl BbiBOAA MOACTaB/SET
NPOM3BOJILHYIO (OAHY M Ty XXe AN AaHHol 6yKBbl) hopmysy
Teopun T.

MonyyeHHas Takum o6pa3om nocnegoBaTesibHOCTb hop-
My/T 1 6yfeT BbIBOAOM hopMynbl A B Teopumn Mpwn aTnx
paccy>XAeHUsX NCMNo/b30BaIUCh TOSTIbKO akcmomsl (1), (2), (3)
M NpaBuIo 3aKYEHUS.

§ 7. Teopema [fefyKuum

Kak W3BecTHO, B UCUMUC/IEHMN BbiCKa3blBaHW cripasBes-
nuea
H,C\-A
H\-C-> A"

OTa Teopema 6e3 COOTBETCTBYHLLUX U3MEHEHWIA He cripa-
BeA/IMBa 4/ MPOU3BOJbHbBIX Teopuii nNepBoro nopsigka T.

Hanpumep, B nio6oii Teopum MNepBOro mopsigka Bcerga
A]-VTA, HO He Bcerga gokasyema gopmyna A -> \/xA. Oei-
CTBUTE/IbHO, PAacCMOTPUM 006/71acTb, COAepP>Kallylo Mo Kpawi-

Teopema fgefyKuuu:

Heli mMepe gBa anemeHTa M = |a b,...l.
MycTb T - vcuucneHve NpeanuKaTos, N NycTb hopmyna

A ecTb . MpounHTepnpeTMpyemM al KakKuUM-HUGYAb
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CBOMCTBOM, KOTOPbIM 06/1a4aeT TO/IbKO 3/ieMeHT 0. Torga

BbIMOJ/IHAMa Ha MHO>XECTBE, KOTOPOE COAEPXKUT a, MNMpn

aToM chopmyna YXA(X) He BbIMO/IHUMA Ha MHOXecTBe M.

OpHako TeopemMa fefyKUMW B TEOPUU MEPBOro nopsgka
1“MeeT MEeCTO, HO B HeCcKONbKO ocnabneHHon cgopme. Mpex-
e, yeM hopmMynuMpoBaTb TeopeMy AeAyKUMW A/ Teopui
nepBoro Nopsigka, yTo4HUM MOHATUE BblBOAA U3 COBOKYMHO-
CTU hOPMy/1 B 3TOM CN3ryae 1 JOKaXkeM 0HO BCIOMOrartesibHoe
npeasioKeHue.

PaccmoTpum coBoKynHOCTH hopmyn H, A v BblBO4 U3
3TOl coBOKynHocTu B?, BA ..., BN Byaem roBopuTb, 4TO
thopmyna B* 3aBucUT oT hopmMysibl A B 3TOM BbIBOAE B ABYX
cayyvasax:

1) chopmyna ecTb A, N OHa BKJI0YEeHa B BblBOJ, Kak
thopmyna, cogepxkaljascsa B COBOKynHocTu H, A;

2) chopmyna B nonyyeHa No npaBunaM 3ak/louUeHUst U
CBA3bIBAHMSA KBaHTOPOM W3 hOpMys, MpeaLlecTBYOLWMX el
B BbIBOAE, M3 KOTOPbIX MO KpaliHel Mepe ogHa 3aBuUCUT OT A.

Hanpumep, n3 coBokynHoctu copmyn {¥mA-> C, Al
MOXXHO MONIyUYUTb BbIBOS,

A, YnA, YxA C , C, ¥xC,
Kaxkgasa hopmMyna KOToporo 3aBuUCUT OT A.

NNemma. Ecnu B BbIBOgE BN BA,.... BM N B 13 COBOKYIMHOC-
T1n H, A dopmyna B He 3aBucnT oT A, TO H\-B.

Jloka3aTenibCTBO JSIeEMMbl MPoBeAeM MEeTO40M MartemaTu-
YECKON MHAOYKLUUWN.

1. Mpn =1 yTBepXXAeHWe crnpasen/MBo. [ecTBUTENbHO,
ecnu B ecTb BbIBog 13 A, A 1 He 3aBUCUT OTA, To n6o B eH
o B - pokasyemasa dopmyna, n B 0bomx cnydasx H\-B.

2. TpegnonoXXum Tenepb, 4YTO YTBep>XKAeHWe crpasef-
NvBO 4715 Mo6oro BbiBOAA AJ/IMHLI M < @ U LOKaXKEM €ro ans
BblBOAA AMHbLI ra Ecnu npn atom B eH wan B - pfokasye-
Mas popmyna, To H\-B . Ecnu >xe B nosiyyeHa U3 Kaknx-To
(ogHOM nnn AByXx) hopMyn, NPeaLLIEecTBYIOLLMX € B BbIBOAE,
TO OHAa He 3aBUCUT OT QOpMy/ibl A, TaK Kak Mo MHOYKTUBHO-
MY MNPeAnosIoXKeHNI0 He 3aBUCAT 0T A Bce hopMysibl, npes-
LecTByloLME el B BbiBoge. CriegoBatesibHo, H\-B.
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Teopema pgepykuyn. MycTb H, A.1-B, n Npy 3TOM NycTb
CylLlecTBYeT Takoi BbiBog B 13 H, A, B KOTOpOM HU Mpu
KakKoOM MPUMEHEHUU MpaBu/a CBA3bIBAHUA KBAHTOPOM K
dhopmynam, 3aBUCALLMM B 3TOM BbiBOAe 0T A, He CBA3blBa-
eTCA KBAaHTOPOM HMKakas cBobogHasi rnepemMeHHas, BXOASA-
wasa B A. Torga H\-A -» B.

[okasaTtensctso. Nycts B BA, ..., BM\ B ecTb BbIBOj,
n3 H, A yaoBneTBopsoWmMiA ycnoBmio Teopembl. [lokasa-
TeNbCTBO MpOoBedeM MeTOAOM MaTeMaTU4eCKOW MHAYKLUUWN.

1. Mpn n =1 yTBepXaeHWe cnpasefIneo. [eicTBntesib-
Ho, ecnn B ecTb BbiBOA 13 H, A, TO

a) nméo B eH

6) nnéo b - pokasyemasi hopmyna,

B) Nnbo b ecTb A.

B cnyyasx a) n 6) Tak kak H\-B, n popmyna b -> (A. B)
JoKasyema, TO Mo rnpasusy 3aksoyeHns nonyyaem H\-A -> B .
B cnyuae B) hopmyna A-~ B ectb dopmyna A-~ A, TO
ecTb JoKa3yema, W Mo3ToMmy BbiBoAMMA M3 H.

2. lMpeanonoXum Tenepb, YTO YTBEpPXKAeHWe cnpases-
NVBO A4NA No60ro BbiBoAa A/IMHbI K <M W JOK&XKeM ero crnpa-

Be4/IMBOCTb 419 BbIiBOAA A/IMHbI M. Tak Kak B¥ B, ..., BM A
B ecTtb BbiBOg 13 H, A, TO BO3MOXHbI NATbL C/1ly4aes:

a) BeH ,

6) b - pokasyemasn chopmyna,

B) B ecTb A,

r) B nonyyaeTca u3 npefLUIecTBYWOLUWMX eli B BbiBOAe
topmyn B., n BN (1 <y < ®) no npasuny 3aknoueHus,

4) B nony4daetca u3 dopmynbl BN npealuecTBytoLLleii e
B BbIBoZe (| <«) Mo mpaBuny cBsA3bIBAaHUSA KBaHTOPOM.

Aans NMepBbIX TPeEX CnydaeB O0Ka3aTesIbCTBO YTBEPXKAe-
HMA MOJ/TIHOCTbK COBMagaeT C AOKa3aTesibCTBOM, MpoBeeH-

HbiIM gna N =1. PaccmoTpum 4veTBepTbiii cnydail. Tak Kak
3fecb hopmyna b nonyyaetcs n3 asyx dgopmyn BN v B. npu
| <] <n, 710B. gomkHa nmetb Bug B1 B, npudem cnpa-
Be/IMBbl YTBEPXKAEHUSA

HAA-~Br @

ALA->(B4-»6). (2)
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Vcnonb3ys akcuomy 2), noaydum
H\-{a->{B1 B))->((a -> (a -> B)). (3)

M3 copmyn (3), (2), (1) no npaBusy CNOXHOIo 3ak/oye-
HUa nonydyaem H\-A->B .
PaccmoTpum, HakoHel, NATbIA ciy4yain. [ycTb B BbIBO-

be n3 H, A ectb chopmyna B (r<n) Takas, 4to B ecTb

Yn~Br. Mo npegnonoxxeHuto H\-A -> B; n nn6o B He 3aBu-

cuUT 0T A, NMB0  He SABNSAETCS CBOGOAHOMN nepemMeHHon op-
My”nbl A.

Ecnun B™He 3aBucuT oT A, T0 cornacHo nemme, H\-B1, n
Torga, MPUMeHss1 MpaBU/I0 CBA3bIBAHUS KBAHTOPOM, MONYy-
yaem H\-Yxd1, 1. e. H\-B . Janee, ncrnonb3ys akcmomy 1),
umeem H\-B -> (A -> B) u, cnegosatenbHo, H\-A->B.

Ecnu  He sBnseTca cBo6OAHOM MepeMeHHOW hopMysibl
A, TO Ucnonb3yem akcnomy 5): Ynl(A -> BY)-> (A -> Yr1lB;).
Tak kak H\-A B”, T0o no npaswiy CBA3bIBAHUSA KBaHTO-
pom nonydyaem HLYmrl(A  B) u Torga no npasusy 3aksio-
yeHusa nmeem: H\-A -> YnIB; nim H\-A -> B .

Cnepcteme. Ecim H, A\-B wu cylwiecTBYyeT BbIBOA, AN
Nosly4YeHUs1 KOTOPOro He MCrosib30BasioCh NPasusio CBA3bLIBA-
HUS KBAHTOPOM K CBOGOAHbIM MepeMeHHbIM, BXOAALUM B

dopmyny A, To H\-A->B.
§ 8. VMHTepnpeTauusa sA3blka Teopuu

Moa vHTepnpeTaymen sA3bika Teopun T MOHMMAKT BCS-
Kyl CUCTEMY, BKJ/IOHAIOLLY B Cebs:

1. Henyctoe MHOXecTBO M, HasbiBaeMoe 06/1acTbio
UHTepnpeTayun.

2. Kakoe-nnbo co0TBETCTBMUE, KOTOpPOe KaXkAoMmy ase-
MeHTY si3blka Teopuu T CTaBUT B COOTBETCTBUE €AUHCTBEH-
HblA 31eMeHT MHoXecTBa M, To ecTb hyHKumo f ¢ obnac-

Tbl0 onpefeneHus M MHOXECTBOM 3HA4YeHUiA,
cogep>xawmmed B M.
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B yacTHOCTU, KaXpoi npeguMkaTtHon 6GykBe A” e

e(A(r).£(r)) ctaBuTCA B COOTBETCTBME HEKOTOPOE M-MeCT-
HOoe OTHOWeHue B M, KaxAoh (pyHKUWOHa/bHOW 6yKBe

CTaBUTCA B COOTBETCTBMUE HEKOTOpPaA N-me-

CTHas onepauusa B M, 1o ecTb yHkuma JII' M n Kax-
[0V NpeaMETHOM MOCTOSHHOM a. - HEKOTOPbI 3/1IeMeHT 13 M.

Mpu 3agaHHON MHTepnpeTauMm npegMeTHble MepemeH-
Hble paccMaTpMBalOTCA KakK MepemMeHHble, npoberawowme
o6bnactb M, a cuMBO/IaM /IOFMYECKMX U KBAHTOPHbLIX ornepa-
UM NpugaeTcs X 0ObIYHbIM CMbICA.

[Ans Takol uvHTepripeTauun Bcsikas opmyna 6e3 cBo-
604HbIX NEpPeMeHHbIX, T. €. 3aMKHyTasa opmyna, npeacras-
nseT coboli BbiCKa3blBaHWe, KOTOPOE UCTUHHO UKW JIOXKHO, a
BCAKas hopmyna co cBO60AHLIMW MEPEMEHHbLIMW BblpakaeT
HEKOTOpOe OTHOLWEHME Ha o6nacTu uHTepnpetauyuun. 3TO
OTHOLUEHME MOXET ObITb UCTUHHO AJ/19 O4HUX 3HAYeHWU 13
06nacTu uHTEpnpeTaumm 1 A0XKHO ONs OPYrux.

Hanpwvimvep, ecnv B3ATb B KauecTBe 061acT MHTepRpeTaLmm
MHOXECTBO Lie/IbIX MOSIOKMTENbHBXX YMCENT U MHTEPMPETMPOBaTb
A1[x1,X2) Kak OTHOLUeHVe < frr, T0 WUCTUHHO
Ana Bcex ynopsfodeHHbIX nap (@,6) MonoKuTesibHbIX 4umcen
Takux, uto a <b, a diopmyna Yx2Al (nil,n:2)npeacraesnsieT co-
601 OTHOLLEHME «O/1S Ka>KAOr0o LesIoro rMosIoXKUTENbHOIo X2
X1 < X2 », KOTOpPOe MCTUHHO TOMbKO A/1s1 ofHoro uvcna 1.

W, HakoHel, dopmyna 3x{"X2Ax{x1,x” yTBepxjgaeT
CyLLIeCTBOBaHME HaUMEHbLLIEro MOMOXUTENbHOr0 Yncia 1 ABMs-

€TCsl UICTUHHOM Ha MHOXKeCTBe LIETBIX TOSTOXKUTEJIbHbIX YWCES.

8 9. VICTUHHOCTHbIE 3Ha4YeHNA opmyn
B MHTepnpetaunn. Mogesb Teopum

MycTb AaHa HekoTopas MHTepnpeTauma ¢ obnactobio M,
a C - MHOXXeCcTBO BCeX CYHETHbIX MocsefoBaTesibHOCTel ane-
MeHTOB 13 M. OnpefesMM NOHATME BbINOIHUMOCTU (hOPMY-
Nbl A Ha nocnegosatesibHocTU 5 = (61, 62» ~C.

dYHKUMS 8 ofHoI nepeMeHHO, onpeaesieHHasi Ha MHO-
)KecTBe BCEX TepMOB CO 3HaudeHusMU B M, onpegensiercs
VHOYKTMBHO CNeaylowumMm o6pas3om:
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1. Ecnn TepMm t ecTb npegmMeTHas nepemeHHas x» TO
S\t) = bi.

2. Ecrim Tepm t ecTb npeaMeTHas KOHCTaHTa, To 5
coBMafjaeT C MHTeprnpeTaumein 3To KOHCTaHTbl B M.

3. Ecnu fj”ecTb (hyHKUMOHaIbHAA ByKBa, UHTepPrpeTun-

pyemas onepauueid n b M n TepMbl, TO

Takum o6bpa3omMm, B* - 3T0 (DYHKUUA, onpepensiemas
rnocsiefoBaTesibHOCTLIO 5 1 0To6parkaroLlasd MHOXECTBO BCEX
TepmoB B M.

MpocTo rosops, Ans 6ol nocnegosatenibHoCTU 5 =

= n ana nboro 1 8 (<) ecTb 3/1IEMEHT MHO-
>xectBa M, KOTOpbIi nonyyaetcs B pe3ysbTaTe MoAcTaHOB-
KN npu Kaxgom | anemeHTa b Ha MecTa BCEX BXOXAEHWUN
nepemMeHHor x*B TepM t 1 3aTeM BbINO/IHEHUS BCEX oOnepa-
UMA MHTepnpeTaumm, COOTBETCTBYIOLWMIA YHKLMOHA/TbHLIM
bykBam Tepma t.

Hanpumep, t ectb 12{x"x{Xx1,ax”, 06/1acTbl0 UHTEpP-

npeTauum CAy>KUT MHOXECTBO Liefbix umcen, /2 viHTepnpe-

TUPYETCS KaK 0BblMHOE YMHOXEHMNE, - Kak Cc/IoXeHue, a
Kak uucno 5. Torga fsis BCSKOW MOC/ef0BaTE/IbHOCTU

8 - (b,b2,...,bu,...) uUenbix uncen 5*(<) npeacTaBnsieT co-

6o uenoe uncno & x (@ +5).

Onpefenvv Tenepb MOHSTWE BbINOSIHEHHOW hopMynbl,
cneflyst MHOYKTVMBHOMY OMpeAeneHnio hopMybl.

1. EcnnA ecTb anemeHTapHas opmyna A” (41#2>---*n)

M B” eCTb COOTBETCTBYHLLEE € OTHOLIEHWE B UHTep-

npetauuMun, To ¢opmysia A cuMTaeTcsl BbINMOSIHEHHOM Ha
nocnepoBaTenbHoCTM $ Torga M TONbKO Torpga, kKorga

NMPUHAANEXUT OTHOLWEeHNIO B™ .

5 3ak 1229
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2. ®opmyna A BbINOMHEHa Ha 5 Torga v TOMbKO TOrAa,
Korga hopmynia A He BbIMo/sIHEHa Ha 5.

3. ®opmyna A —B BbINo/IHEHA Ha 3 Torga v TO/IbLKO
Torga, Korga chopmyna A He BbINOJSIHEHA Ha 5 wnim Korga
thopmyna B BbInosiHeHa Ha 5.

4. dopmyna BbIMOJSIHEHA HAa 5 Torga v TOJIbKO
Torga, Korga chopmyna A BbiMosiHeEHa Ha /060 nocnefosa-
TenbHocTK K3 O, oTnYaroLleinca ot 5 He 6onee, YeM CBOEWA
l-oli KOMMNOHEHTOA.

OTcroga SAACHO, 4TOo (hopmMysia A BbINOJIHEHA Ha Moc/eso-

BaTeslbHOCTN 5 = Torga M TOMILKO TOrAa,
Korga nofActaHoBKa npu Kaxgom | cmmBona, npeactasrisio-
wero b, Ha MecTa Bcex CBOGOAHbIX BXOXAEHWI X .BA MpUBO-
ANT K UICTUHHOMY B AaHHO MHTepnpeTaunn npeasioXkeHuto.

OnpegenerHne 1. dopmyna A HasblBaeTCs UCTUHHOW (B
[aHHOM nHTepnpeTauun) Torga M To/IbKO Torga, Korga oHa
BbIMO/IHEHA Ha BCAKOWM nocnegosaTesibHOCTU 13 O.

OnpepgeneHne 2. dopmyna A HasblBaeTcs JIOOKHOA (B
[aHHOW WHTepnpeTaymun), €c/ii OHa He BbIMOSIHEHA HU Ha
ofHol nocnegoBatenibHocTn u3 O.

Mogenb Teopun.

Mogenbio Teopuu HasbiBaeTcs MHTeprnipetauns A3blka
3Tol Teopuw.

lMpolle rosops, vMes HeKOTopyk Teopuio T, Mbl npu-
MMcbiBaeM MepBOHAYasIbHbIM MOHATUSAM 3TOW TEOPUM HEKO-
TOpbI HOBbINV CMbIC/. Ecim HekoTopas COBOKYMHOCTb Mpea-
METOB M OTHOLUEHUI MeXXAy HUMW, BblOpaHHbIX B KayecTBe
3HAYEHNII MepBOHAYASIbHbIX MOHATUI aKCUOMaTU4ecKoi Te-
opun, T. €. B KayecTBe ee MHTepnpetauuu, yaoBeTBOPSAET
BCEM aKCUOMaM TeOpUW, TO OHA Ha3bIBAeTCA MOLESbI0 AaH-
HOW aKCUOMaTU4ecKol Teopuw.

Tak, paHee Mbl onpeaenvnu anrebpy byns n nonyunnm
[ABe ee Mopgenn: anrebpy NorMku U anrebpy MHOXecTB. nn
B § 4 ObI/IN PacCMOTPEHbI pasvyHbIe MOAENV TEOPUMN TPYNI.

§ 10. N3omopun3m mMHTeprnpeTauuin.
KarteropnyHoctbs Teopuu

OnpegeneHvie 1. VHTepnpetauma 1 paHHon Teopumn T
nepBoro nopsgka wusomopHa Apyroi wuHTepnpetauum 1/
Teopun T, ecnn CyLLecTBYeT TaKoe B3aMMHO OfHO3Ha4Hoe
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oTobpavkeHne g (HasbiBaemoe M30MOPIN3MOM) 06/1aCcTU
VHTepnpeTaumm Ha obnacTtb VHTepnpeTaumm 1% 4To

1. Ecrm " VIHTepnpeTauun npegnKaTHom 6yk-

Bbl AJ COOTBETCTBEHHO B M 1 TO KaKoBbl 6bl HX 6biN B

& n3 M, I , &, == 1) BbINO/IHEHO TOr4a U TOSb-

KO Torja, Korja BbIMO/IHEHO a ;)" ™(br)...... é{bm)\
/ a | \
2. Ecrm fPM w fp - wHTepnpeTaummn YyHKUNOHAIBHO

GYKBblI COOTBETCTBEHHO B 1M 14 TO A1 Mo6bIX 6 ...,

3 M, [ff'Mh,b2,....,bn) = [fAf(g{bl),8{br),...,a{bn))",
3. ecnm n a] —uHTepripeTauMm npegmMeTHON MOCTO-

SIHHOIA COOTBETCTBEHHO B U 11 T0 a] =

FACHO, YTO ecnu uUHTepnpetTaymn 1™ n 1™ N3oMopgHbI, TO
Mx 061acTM MMeT OAVNHAKOBYH MOLLHOCTb.

OnpegeneHve 2. MaTtemaTtunyeckasa Teopusa T Ha3biBaeT-
CA KaTEeropu4yHon, ecniv Bce ee MoAenn N30MOPdHbI.

OnpegeneHve 3. MNMycTb U - MOLLHOCTb HEKOTOPOr0 MHO-
»xectea. Teopusa T nepBoro nopsgka HasbiBaeTca M-kaTero-
pUYHOIA, ecnu

1) Teopma T nmeeT XoTA 6bl 0AHY MoAes b MOLWHOCTU U,

2) BCcAKMe ABe Mofenu Teopuu T, UMelOLMEe MOLLHOCTb
L, mn3omMopdHbI.

Hanpumep, Teopma rpynn HekaTeropmyHa, T.K. Cy-
LecTBYHOT Hen3omMopHble rpynnbl. OAHAKO MOXXHO roBO-
pPUTbL, 4YTO TEOPUSA TPYMN KaTeropnyHa B HEKOTOPbIX MOLL-
HOCTAX, B 4acTHOCTM, B mMouwiHocTKn // =3.

MleomeTpua EBkInpa ABASETCA KaTeropuvyHonh marte-
MaTM4ecKon Teopuei. Jlobble ee gBe mMogesnuv usomopg-
Hbl. [elicTBUTeNIbHO, HETPYAHO MoKasaTb, 4TO /0b6as Mo-
fenb reomeTpun EBkNnga m3omopcHa apudmeTUYecKoi
MoZenn.
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Bo3sbmem B faHHOM MoAem NpsSMY0 U Ha Hell (huKempy-
eMm Touky O, 3aTeM Ha 3TO NPSAMOIA BblbMpaeM TOUKY ™ » OT-
JIn4Hyo oT Toukun 0. OTpe3ok O£ npumem 3a eanHULY. Bbli-
6rpas NonoXKmnTesibHOe HarnpasfieHVe Ha NPSAMON, MoNy4YUM
4YMC/I0BYHO OCb.

[Be B3aMMHO nNeprneHANKYNspHbIE YUC/I0Bble NPsSMble
(npamoyronbHas AekapToBa cucTeMa KOOpAMHAT) ro3Boss-
I0T KaKaoi TOYKe MJI0CKOCTM MOCTaBUTb BO B3aMIMHO OOHO-
3HauyHOe COOTBETCTBME KOOPAUHATLI 3TOM TOUKM, a Kaxkaown
MPsIMOA Ha MJIOCKOCTU - YypPaBHEHMEe 3ToW MNpsAMOoi. TO4HO
Takke noctynaem v B Apyroi mogenu reometpun EBknvga
Ha MJ0CKOCTMU.

YCTaHOBUTb M30MOPMU3M MeXAy pasHbIMU MOAENSAMU
reomeTpun EBkNuga no3sonseT 0gHO3HAYHOE BBeAEHME aHa-
JINTNYECKON FeoMeTpun.

§ 11. MNMpobsieMbl HEMPOTUBOPEUYNBOCTN,
MOJIHOTbI, paspeLnmocTy Teopumn

1, Mpobnema HenpPOTUBOPEUUBOCTU.

Teopus T HasbiBaeTcAd MNPOTUBOPEUMBOA (MM HECOB-
MeCTHOI), eCfin OHa COAEPXKUT TaKoe BbICKa3blBaHue 5, 4To
n /8, n ero oTpryuaHne 8 sIBASAOTCA TeopeMamu. B npoTue-
HOM cnyvae Teopms T HasblBaeTCcA HenpoTMBOPeYMBON. Ta-
KUM o06pasom, Teopuss T HasbiBaeTcAd HEMNPOTMBOPEUUBOMN,
€C/IM B Hel HeT TaKoro BbICKasblBaHWSA 8, YTO U 8, U 8
ABNAOTCA TeopeMaMu.

Tak Kak Teopusi T 0OfHUM M3 NPaBW/ BbIBOLA COAEPXKUT
npaBu/o 3aK/Il0UeHNs, TO B NPOTUBOPEYMBOI Teopun ntoboe
npegsioXkeHve TakoW TEOpUWU sIBNSieTCs Teopemoi. [lelicTBu-
TeNbHOo, ANA N060ro NpegsiokeHNAA teopum 5 (B -=> a)
€CTb TeopeMa, T.K. 3TO BbICKa3blBaHWEe TaBTOMOMMNA. YUNUTbI-
Bas, YTO 34eCb 8 U 8 - TeopeMmbl U MOMb3YACh ABaXKAbI Npa-
BWJIOM 3aK/1H0YeHUs, NPUXOAUM K BbIBOAY, 4TO A - Teopema.

[Ana akcnmomaTmyeckmnx Teopuin BONpPoc 06 MX HenpoTu-
BOPEYMBOCTM BO MHOMMX CrAyYasx yAaeTcs pelumTb C MOMO-
Wb NOHATUA Mogenn. B camom gene, ecnu Teopus T npo-
TMBOpeYMBa, TO Kaxkfas ee Mofesb COAEPXXUT MpoTUBOpe-
yme, T.K. Napa npoTuBopevalmMx Apyr ApPyry Teopem Teo-
pyn. NepeBOAMTCA B [Ba NPOTMBOpeYalmMx Apyr ApYyry Bbic-
KasblBaHWA 0 Mogenn. 3HauuT, Teopus HenpoTMBOPEYUnBa,
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€Cnun A/17 Hee MOXKHO yKasaTb CBOOOAHYI0 OT MPOTMBOPeYUnii
MoZesb. VIMEHHO TaK [oKasblBaslaCb HamMu HernpoTUBOpeYun-
BOCTb WCYMC/IEHUA BbICKa3blBAHWUIA.

Ecrn gnsa Teopyn T MOXKHO HaiTu TaKyl MHTepnpetal
LMo, 4YTO uHTepnpeTaumeri T ABNSAETCA KOHEYHOE MHOXKe-
CTBO, TO BOMpOC 06 OTCYTCTBMW MPOTUBOPEUYN B MUHTEprpe-
Tauuu pellaeTcsa NPAMbIM PacCMOTPEHWEM KOHEYHOro MHO-
»xecTBa. Tak, Of4HO3/IEMEHTHOE MHOXXEeCTBO, cofepykallee
€[NHCTBEHHbIN 3/1IEMEHT 1, BMECTe C OMpeaesnieHHON Ha HeMm
onepauveir Lk1 =1 saBnseTca mogenbio Teopun rpynn, au-
LLIEHHOM MpPOTUBOPEYUiA, W, CriefoBaTeNlbHO, Teopusi rpynn
HenpoTmeBopeumBa. OfHaKO 4acTo J0Ka3aTes/IbCTBO HEMpoTu-
BOPEUYMBOCTU MOeNN TpebyeT o4YeHb CNOXHbIX paccyxXae-
HWA. B yacTHOCTW, 3TO 6biBaeT B C/13™dae, Korga Teopmsa T
MMeeT TOJIbKO 6eCKOHeuHble MOAeNMu.

Tak, BOMpPoOC 0 HENPOTUBOPEYUUBOCTU reomeTpun Jloba-
YEBCKOI0 MOXHO CBECTM K BOMPOCY O HEMpOTUBOPEYMBOCTU
reometpun EBkNMga, ecnu ucrnosib3oBatb AN MHTeprpeTta-
umMn reometTpum JlobaveBcKoro cpegctsa reometpun Esknu-
Ja, nnn K BOMpocy 0 HEMNPOTMBOPEYMBOCTM MHOXECTBA Aeli-
CTBUTENIbHbIX YMCEN, ecn UCMOob30BaTb COOTBETCTBYHOLLYIO
MHTeprpeTauuio.

KctaTy ckasaTtb, YTO HEMNPOTUBOPEYUYMBOCTL FeoMeTpumn
EBknga n HenpoTVUBOPEYUBOCTb TEOPUWN AeNCTBUTESbHbIX
yucen [0 CMX MOp He JoKasaHa.

2. Mpob6nema nonHOTLI. B npegnono>xeHmm, 4To Hempo-
TUBOPEUNBOCTb HEKOTOPOM Teopuun gokasaHa (MM cumtaeT-
CA, 4YTO MOXeT ObITb [OKa3aHa) MMEeeT CMbIC/T MOCTaBUTb
npo6siemy MO/IHOTbI TEOPUN.

OnpegeneHve 1. Teopua T Ha3biBaeTCA abCoOMOTHO MoOJI-
HOM, ecnun ans no6oro BbicKasbiBaHUA 8 3TOM Teopuun Uam
wnn 5 ectb Teopema.

JT0 ornpefeneHve yunTbiBaeT TO 06CTOATENbCTBO, 4TO
nioboe BbicKasbiBaHVe A Teopun T 6yAy4M UHTEPNPeTUpPO-
BaHHO B HEKOTOPOWM MOZENN 0Ka3blBaeTCsA WM UCTUHHbBIM,
U1 NoXXHbIM. Ho Torga vnm <8 wnn A [A0/HKHO 6bITh Teo-
pemoi B Teopumn I .

Teopus, ABAAOLWAACA 04HOBPEMEHHO HEMPOTMBOPEUNBOL
1 NONHOM, 6yaeT MakcMMasibHOW B OTHOLLEHUW HEMPOTUBOpE-
4YMBOCTU - B TOM CMbIC/ie, YTO fo6aBfieHMe K Takoli Teopun B
KayecTBe akCUOMbl II060ro npeanoXeHusi, KOTOpoe MOXXHO
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chopmynmMpoBaTh B 3TOW TEOPMW, HO He ABASIOLLErOCA ee Te-
OpeMOIA, NPUBOAUT K MPOTMBOPEUMBOIA TEOPUMN.

OTMETUM, UTO A/1I9 MHOMMX MaTeMaTU4ecKnx Teopuii Ha-
nnyve o4HOBPEMEHHO 060MX Ka4yecTs (HEMpPOTUBOPEYMBOCTU
M MONIHOTbI) HE UMeeT MecTa.

OnpegeneHne 2. AKcnomaTmyeckasa Teopus HasblBaeT-
CA MOMHOM B Y3KOM CMbIC/e, ecnun fobasfieHne K ee akcuo-
Mam 11060ro HeloKa3yemoro B Heil YTBEPXAEHUSA C coxpaHe-
HVEeM B Heli BCEX Npasw/l BbIBOAA NPUBOAUT K NMPOTUBOPEYUU-
BOW Teopuun. Bcsikas abcosiioTHO nosiHas Teopust 6yget nosi-
Ha N B Y3KOM CMbic/ie. [eicTBMUTeNbHO, MyCTb HeKoTopas
abCco/lTHO MosIHasA Teopusi He MosiHa B Y3KOM CMbicsie. Tor-
[a HalpgeTcs Takoe yTBepxKaeHne V 3To Teopun, HefokKasy-
€MOoe B Heli, YTO HoBasi Teopus, NMOCTPOEHHAas Ha OCHOBe npe-
XKHUX aKCMOM UV YTBEPXKAEHMS M B KayecTBe HOBOM aKCcuo-
Mbl, HenpoTuBopeuuBa. Torga V MpuUHaAIeXXUT HOBOW Teo-
pun. Kpome TOro, B cBA3M C abCO/IOTHOM MOSTHOTOM MCXO4-
HOV TeopMn 1 HeJoKa3yeMOoCTbio B HEM yTBepXKaeHUs V 6ygeT

Jokasyemo yteepxaeHue |l . Takum o6pas3om, B HOBOW Teo-
pun okasanncb gokasyembimu Il ® Il , T.e. nonyumnnu npo-
TUBOpeYue.

3. Mpobnema paspeLlrimocTu.

Mpo6riema paspelunMocTn SBASETCA a/lroPUTMUYECKOIA
npob6siemMoii, B KOTOpPOIA An1s1 3agaHHOro MHoXkectsa A Tpeby-
eTCs MOCTPOUTb aSIrOPUTM, paspeLlatolimii A OTHOCUTESbHO

apyroro mHoxkectsa B, Bkntovarowero A{A a B), T.e. Takoi

anroputM W, KOTOPbIA MPUMEHNM KO BCAKOMY 3/IEMEHTY U3
B, npnuem n{x) =1, ecrim x BA nun[x) =0, ecnu x eB\ A.
MpocTerwmm npmepom MpobsiemMbl paspeLlrmocTm SB-
naetca npobnema paspemMocT asirebpbl JIOTUKKU, B KOTO-
poii OHa COCTOMT B OTbICKAHMUW afropuTMa, MO3BONSIOLLENO
Ansa Kaxkaol opmynbl anrebpbl IOTMKU YCTAHOBUTb, ABAS-
eTCsA /1N OHa U TOXKAECTBEHHO UCTUHHOM, NN TOXKAECTBEH-
HO JIOXKHOM, WA BbINO/IHUMOW. Ba>KHbIM KNaccoMm anropuT-
MUYeCKUX Npobsiem sABMseTca npobriema paspeLimmocTn ais
thopmasnibHbIX TeopuiA, TO ecTb Npobaema paspeLunmMocTy 45
MHOXECTBa BCEX [0Ka3yeMbIX (BblBOAMMbIX) B Teopun ¢hop-
My (MHOXXeCTBO A) OTHOCUTE/IbHO MHOXEeCTBa Bcex hopmyn
Teopun (MHOXXecTBO B). Bbiwe oHa 6blna paccMoTpeHa g/isi
aKCMOMaTUNYeCKOM TeopUn WCUYUCTIEHUS BbICKa3blBaHWUIA.
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§ 12. HenpoTnBOPEeUMBOCTb NCHUCNEHUSA MPeSUKaToB
(Teopum 6e3 cneymasibHbIX aKCMOM)

Teopema. Bcakoe ucumcneHne rnpegukaToB MepBoro no-
psgka T HenpoTUBOPEYUBO.

[JokazaTenbctBo. [15 Npom3BonbHON dopmysbl A 0603Ha-
ymMM Yepe3 H { Bblpa>keHMe, KOTOPOe noslyyaeTcs 13 opmy-
Nbl A nyTeMm crefytoLLero ee npeobpasosaHvsa: B dopmyne A
OMYCKalTCA BCe KBAHTOPbl U TEPMbl BMECTE C COOTBETCTBYIO-
WMMU CKOOKaMM 1 3anaTbiMn. Tak, Harpumep, dopmyna

-> B pe3y/nibTaTe TaKoro npeo6pas3oBaHus

npumeT Bug Ax ->al, T.e. HAYxAM(n:,!/)A](r) ecTb
-> adopmynaH(3tAi[x,y, ->="3(2" ecTb A

U T.4. FcHo, uTo H{") = n WA 8)=H{a)-> H(B).
Jlerko BUAETb, UTO 4715 (hOPMY/Ibl UCHUCTIEHNA NPeaUKaToB A

dhopmyna ecTb hopMysia UCHUC/IEHNS BbICKa3blBaHWIA, a
151 BCAKOM aKCMOMbIA, MOJTyHeHHOM N0 KaKoW-HMbY b U3 CXEM

¢ nomoubto akcuom 1) - 5), H{a) sABnseTca TaBToM0rnen. 37o
0YeBUAHO N akcuom 1) - 3). OAns akcnombl YxA(9

thopmyna H ™ xA (x> ectb A-> A, T.e. TaBTo/I0rMA, a
ONA akcnombl  YactA -> -> (a YxB(n:)) ¢dopmyna

Ny a ->B(w)-> (a -» ¥xBX) |, ecTb {a B ) {a B),

TO €CTb TaK>XKe TaBTOJ10I'nA.
Kak 13BeCTHO, B UCUMC/IEHNW BbICKa3bIBAHWUI rnpasnso 3ak-

JI0YEHNS, MPUMEHEHHOe K TaBTonorusim A, A -» B npusogut

K TaBToslorvM B. Takum ob6pasom, ecim -HYA) U s (a -> B)
ABNATCA TaBTo/0rMamn, 1o H{B) - TasTOMOrUSA.

N, HakoHel, ecnu H(a) TaBTONnorms, 1o u A(YnA) -
TaBTO/IONNA, TaK KaK pe3ynbTarbl NMPUMEHEHUS orepauun
A KA 1 YA coBnagator.
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CnepoBatesibHO, ecqin A ecTb Teopema B UCYUCIIEHUU

npegvkartos, To0 H(a) - TasTONOrMUA.

M3 ckaszaHHOro cnegyet, 4To ecsin 6bl B UCHUCNIEHUN
npeavkatos cyulecTsoBasia opmyna B Takas, 4uTo B 37O
Teopun 66N 6bl fokasyembl B n B, To BblpaxkeHus H(B)

n H{B”™ 6blNN 6bl TABTONIOTUAMN B UCUYUC/IEHUUN BbICKA3bl-
BaHW, TO eCTb A0KAa3yeMbIMU POPMYiamMun, HTO HEBO3MOXKHO.
3HauuT, ucymMc/eHne MpeguKaToB HerpoTVBOPeYMBO.

3ameyaHue. Onepauma H paBHOCUIbHA WHTeprpeTa-
UMM NCUUCIEeHNA MNpeanKaToB B 06nacTu, COCTOSALLEN U3
0AHOro 3snieMeHTa. Bce Teopembl vcuMCMeHUSA MNpeanKaToB
WUCTUHHbI B TaKOW WHTeprnpeTayuu.

§ 13. Teopusa HaTypasibHbIX YuCen

B nocTtpoeHMn Teopuu HaTypasibHbIX 4dmcen 06bIYHO pac-
cMaTpuBaeTcsa ABa noaxoda: MepBbii M3 HMX OCHOBaH Ha pac-
CMOTPEHUN HaTypaslbHbIX YNCEST KaK MOLLHOCTEN KOHEYHbIX MHO-
)KEecTB, a BO BTOPOM MCMO/Ib3yeTCS aKCMOMAaTUYeCKUA MeToA.

AKCUOMaTNUeCcKoe MOCTPOeHME apuUPMeTUKU HaTypaslb-
HbIX 4yuncesl 06bIYHO CBSA3bIBAKOT C MMeHeM [leaHo, XOTA ak-
cmomaTuyeckasl XxapakTepucTMka HaTypasibHOro psiga He-
MHoOro paHee (B 1888 r.) 6blna gaHa JefeKNHAOM.

A3bIK Hambosiee ynoTpebumoro BapuaHTa akcuomaTu-
KN HaTypasibHbIX 4ucesl COAEPXXUT KOHCTaHTy O, YMcnoBble
rnepemMeHHble, CUMBOJT paBeHCTBa, (PYHKLMOHa/IbHbIE CUMBO-
Nbl ' (NnpubaBneHne egMHULbI) N NOTUYECKNE CBA3KM.

TepMbl CTPOATCA N3 KOHCTaHTbl O NepeMeHHbIX ¢ MOMO-
Wb (PYHKLUWOHaIbHBIX CMMBOIOB. B yacTHOCTW, HaTypasib-
Hble YMcna nlobpadkawTca Tepmamm Buga O, O', O", ...

nemMeHTapHbIMM hopMyfiaMu 34ecb SABNSAKTCA paBeH-
CTBa TEPMOB, OCTaslbHble (DOPMYJSIbl CTPOATCA N3 3/1eMeHTap-
HbIX C MOMOLLbIO JTIOTMYECKMX CBA30K &, V, vV, 3.
dopmMynbl B aKCMOMaTUYECKOW TEOPUU HaTypasibHbIX YUCEN
HasblBalT apudmeTUdecKUMu opmMmynamMmu.

Takum ob6pas3om, 3Ta Teopus NepBoro nopsigka vMeet
OfHY nNpeanKaTHY 6YKBY , EANHCTBEHHYI0 NPeAMETHYI0
KOHCTaHTy O 1 Tpu (PYHKLMOHa/IbHbIX OYKBbI .
Ho nonb3ysacb NpMBbLIYHBIMW B apuMeTUKe 0603Ha4YeHUs-
Mu, 6ygem nucathb:
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t =8 BMecTO ,
1" BmecTo //(<)»
t+s Bmecto fl{t,sY

t"s Bmecto f2 {t,s".

CneumnasibHble aKCUOMBI.

Cuctembl akcnmom [leaHo BMecTe C HEKOTOPbIMW MOJ10-
YKEHNAMWN TEOPUN MHOXKECTB BMOJIHE JOCTATOYHO He TOJIbKO
ONA MOCTPOEHUA TEOPUU HaTypasibHbIX YMCesl, HO U Teopun
paunoHanbHbIX, AEACTBUTENbHBIX U KOMMEKCHbIX YUCeS.
OpgHako B akcnmomax [MeaHo cogep>kaTcd MHTYUTUBHbLIE MO-
HATUA, Takue, KakK Hanpumep, «CBOMCTBO», 4YTO AuwaeT
cMcTeMy CTpororo copmasibHoro nogxoga. B cBA3n ¢ 3TuMm
bygem paccmaTpuBaTb TEOPUIO HATypasibHbIX 4YMCesn, KOTO-
pas ocHoBaHa Ha cucTeMe akcmom NeaHo, HO HECKO/1bKO 6osiee
KOHKpeTu3npoBaHa. JTa Teopusa COAEPXKUT criefytoLive cne-
UMasibHble aKCUOMBbI:

1 =3 -> (1 =00 «2 =X3);

2. M ="2->x{=x2;

3. 0(rl) ;

4, Xl =X -> ="2;

5. +0=/%

6. XX +x'2= (X1 + X2) ;

7. «0=0;

8. X{-X2= X1-X2+XL,

9. A(o) -> -> -» YA()],

roe A(y9 - npomsBosibHas qopmyna Teopuu HaTypasbHbIX

yucen.
OTMeTUM, 4YTO akCnombl 1-8 ABNANTCA KOHKPETHLIMU
thopmynamn, a akcmoma 9 SABAAETCA CXEeMOM akKCcMom, Mo-
poXkaaroLleri 6eCKOHeYHOe MHOXKECTBO akKcMoM. Ee 06bluHO
HasblBaT MPUMHLUMMNOM MaTeMaTu4yeckoi WHAYKLUNN,
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Akcnombl 1-2 obecneumBaloT HEKOTOpble HE0OXoAUMble
cBoOlicTBa paBeHCTBa (B MCXOAHOW cucTemMe akcmom [leaHo-
JefeknHia aTu CBOMCTBA paBeHCTBA Mpeanonaraincb UHTY-
WTMBHO OYeBUAHbIMMN).

AKcuombl 5-8 mpeacTtaBnsOT co00 pPEKYPCMBHbIE pa-
BEHCTBA, C/yXallne onpeaesieHVUs MU onepauunii CrIoKeHUs
N YMHOXeHUs (B MCXOAHOW cucteme akcmom [MleaHo-Iepne-
KWHAa nofobHble akCUOMbl He POPMY/IMPOBasIUCL, T.K. A0-
NycKanocb UHTYUTUBHOE UCMO/Ib30BaHNE TEOPUM MHOXECTB,
B KOTOPOIi CyLlecTBOBaHWE onepaunii + n e yaooBfieTBOPSO-
WMx akcuomam 5-8, BbIBOAUMO).

M3 akcnombl 9 MOXKHO MOMYyUUTb U criefytoLlee npasuio
nHoykumn: Ecinm A.(0) n Yx{a (x) -> , TO .

CpeacTtBa chopMyIMPOBaHHOM TeopUn HaTypasibHbIX UYM-
cefl 0Ka3blBalTCA AOCTATOYHbIMU 415 BblBO4A TEOpeM, ycTa-
HOBJ/IEHHbIX B CTaHAApPTHbIX Kypcax 3fieMeHTapHoi Teopuu
yucen. B HacToslLLlee BpemMsa HEM3BECTHO HW OAHOW cofepika-
TeNIbHOW TEOPEeTUKO-YUC/I0BOM TeopeMbl, KoTopasi He Oblia
6bl BbIBOAMMA B aKCMOMaTMYECKOW TEOpUM HaTypasbHbIX
yucen.

8 14. Teopema 'égena o HenosiHOTE

Mog Teopemow Méaenst 0 HEMOSTHOTE NOHUMAETCA 06bIYHO
obulee HasBaHue ABYX Teopem [Mégens.

MepBan Teopema Mépena (o HenosiHOTE). B nwo6oii
HEMPOTMBOPEUYNBOI (DOPMasIbHOM cCUCTEMe, cofep>Kallein
MWHNMYM apI/ICbMeTVIKI/I, a, csziegosaTesibHO, U B Teopun
HaTypasibHbIX ynces, HalgeTcAa dopMasibHO Hepa3peLurimMmoe
Cy>KeHue, T.e. Takaa 3aMKHyTas copmyna A, 4TO HU A,
HN A He AB/AK0TCA BbIBOAMMbBIMIN B CUCTEME.

Btopasa Teopema lNénena (0 HenonHoOTe) yTBepXKAaeT,
YTO MPW BbIMOJIHEHUN ECTECTBEHHbIX AOMOJIHUTESIbHbIX YC-
NOBUI B KaYecTBe A MOXXHO B3SITb YTBEPXKAEHWE O HEernpoTu-
BOPEYMBOCTM paccMaTtpmBaemMoin CUCTEMBbI.

MepBas Teopema [€nens o3HauvaeT, YTO Kakas Obl cuc-
Tema akcuoMm Ans apudmMeTUKM HU Oblna BblbpaHa, Bcerga
HalifeTca TaKoe BbICKa3blBaHME 0 HaTypasibHbIX 4YUC/ax,
Bblpa>KEHHOE Ha fA3blKe 3TOM (hopMasibHOM TeopuK, KOTOopoe
B [JaHHOW Teopun He MOXeT 6bITb HW [0KAa3aHo, HW OMpo-
BEPrHyTO.
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ANTOPNTMBbI

§ 1. MoHATWE anropuTMa M ero XapakTepHble YepThbl

MoHATMe anropnTmMa NPUHALNEXMUT K UYMCAY OCHOBHbIX
MOHATWIA MaTeMaTMKW., OHO MpoLio 60MbLUOK MyTb pasBu-
Tna. Euwte B nepuog 3apoXKaeHUs MaTeMaTUKK B Hell cTaim
BO3HMKATb pas/inyHble BblUUC/INTESIbHbIE MPOLECCHI YUCTO
MEXAaHWNYECKOro Xapakrepa, C MOMOLLbI0 KOTOPbIX WUCKOMble
BE/IMYMHBI LIe10ro K/iacca 3a4ay BblYUCASINCH MOC/1eA0BaTeIbHO
13 JaHHbIX UCXOAHbIX BEMYMH MO OnpejesieHHbIM npasuniam.
Co BpeMeHeMm Takue MpoLeccbl B MareMaTuke MOSy4YUaIN Ha-
3BaHMe asiropuTmoB. lMprimepamn asiropuTMOB SBNSKOTCA:

1. MNpaBwna BbIMOSIHEHNSA apUPMETUYHECKNX AeACTBUN
Haf 4yMcnamm.

2. MNpaBwnio oTbiICKaHUA HanbosibLLUero obLero aenntens
(anroputm EBKNMAA).

3. MNpaBnno n3BnevYeHUs1 KBaApaTHOro KOPHS.

4. TMpaBuio O0TbICKAHMSA PeLUEHUIA KBaApaTHOro ypaBHe-
HUA.

5. MNpaBnio 0TbICKAHNSA NPOM3BOLHOIA MHOrOYsIeHa U-0W
cTeneHwu.

6. MpaBuo0 NHTErPUPOBaHNSA paLUOHasIbHON (YHKLWN.

B Ka>kil0M 13 NpuBEAEHHBIX MPMMEPOB MPUX0ANTCHA UMETb
[eN0 C K/1accoMm OAHOTUMHBIX 3a4ady, WiW, KakK roBOpsAT, C
MaccoBo npobnemoil. 3ajadnm Takoro Knacca oT/M4yalTcs
Apyr OT Apyra 3Ha4yeHUsMW BXOAALWMX B HUX MapameTpoB.
Tak, B 3afa4e O0TbICKAHWUA peLLUeHNs KBapaTHOro ypaBHeHUs
ax™ +bx + ¢ =0 yuacTByeT Tpu napameTpa a, &MU c; MeHsAA
MX, MoslyyaemMm pasfinyHble 3ajayn 0OfHOro Kslacca.

B cBA3M co cKasaHHbIM MOXHO AaTh CriefytoLee onpeae-
NeHVe NOHATUA anropuTMa.

ANropn TMOM Ha3bIBaeTCA 06WMIA eguHO06PasHbIiA, Tou-
HO onpegesieHHbIN cnocob pelleHMsA 60 3agayun U3 gaH-
HOA MaccoBoi Mpobaemsbl.

Takoe onpegesieHne Hemb3s cunuTaTb CTpornm. [eincTeum-
TeflbHO, B HEM BCTPeYaloTCcs C/10Ba, TOUHbIN CMbICA KOTOPbIX
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He ycTaHoB/IeH. B yacTHOCTK, 3TO KacaeTcs C/i0Ba «Crocob».
B cBA3W ¢ 3TUM 3TO He CTporoe oripefeneHne aaroputma Ha-
3bIBAOT MHTYUTUBHBIM.

OTMeTUM XapaKTepHble 4epTbl MOHATUA asiropuTMa.

1. AncKpeTHOCTb anroputMma. ASIropuTM - 3TO MpoLiecc
nocsiefoBaTesIbHOro MoCTPOEHUA BESIMUMH TakuMm 06pasom,
UYTO B HaYaslbHbIi MOMEHT 3ajaeTcs MCXOoAHas KOHe4yHas
CUCTEMA BE/IMUMH, @ B Ka Kbl Criefytolwnii MOMeHT cucTe-
Ma BefIMYMH MoJslyvaeTcs no onpegesieHHoOMY 3aKOoHY U3 Cuc-
TeMbl BE/IMUYNH, UMEBLLUNXCA B MpeablayLimii MOMEHT.

2. [etepmunHupoBaHHOCTL anroputma. Cucrtema Benu-
UYMH, MONyHaeMbIX B KaKOW-TO He HaYa/lbHbIA MOMEHT, OAHO-
3HA4YHO onpefensieTcss CUCTEMOW BefIMYMH, MOJSIYYEHHbIX B
npegLecTByOLWMEe MOMEHTbI BPEMEHW.

3. DnemMeHTapHOCTb LIaroB asiropyutMa. 3akoH nosydye-
HUA MocneayloLWeil CUCTeMbl BETMUYNH N3 NPeALLECTBYIOLLEN
[O/DKEH ObITb MPOCTHIM.

4. MaccoBoCcTb anroputma. HavanbHasa cuctema Besu-
UMH MOXEeT BblIOMPAaTbCA N3 HEKOTOPOro MoTeHuuanbHo bec-
KOHEYHOro MHOXXecTBa.

5. Pe3ynbTaTuBHOCTb anroputma. [locnenoBaTesibHbIi
npoLecc MOCTPOEHUA Be/IMUUH [O/DKEH OblTb KOHEYHbIM U
JaBaTb pe3ynbTar, TO eCTb peLleHue 3agadu.

ANTOPUTMbI, B KOTOPbIX OCHOBHYH POJib UrparT maTte-
MaTu4eckme AelicTBMA, Ha3blBATCA UYMCNEHHBIMU anropuT-
Mamu. OT YUCMAEHHLIX aITOPUTMOB OTAE/NANT JI0rnyecKue
aqiropuTMbl Urp. B KavecTse npumepa, AatoLLero siormyec-
KU afiroputM, paccMOTPUM CNEeAYIOLLYI0 UTpY.

MmeeTca 15 npeameTtos. B urpe yyacTsyoT ABoe: Hauu-
HawLWMin N NPOTUBHUK. Kadkabili UTPoOK Mo o4vepegn 6epet
O4VIH, ABa VN Tpu npegMmeTta. BoimrpbiBaet TOT, KTO 6epeT
nocrefHWi npeamet. Kakoli cTparernm B urpe Ao/HKEH Npu-
Jep>XXMBaTbCA HayMHaLWmMii, 4To6bl BblUrpaTb?

BbiurpbilHasa cTpaterns HayMHawoLWero MoXxxeT ObiTb
onucaHa B hopmMe crnefytoLlein Tabnmubl:

Homep xofa Xof HaunHawwero Xog nNpoTMBHMKA

1 3 n
2 4-n T
3 4-1m P
4 4-17 0
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[elicTBMTENbHO, B UTOrE TAKOM cTpaTermm HauMHaLmin
BO3bMeT 3+ (4- @A+ (4- m)+(4-/?) =15-(n + T +p) npeg-
MeTOB, a MPOTMBHWK BO3bMET M+ T +p TMPeameToB, T.e. B
CymMMe OHW BO3bMyT 15 npeameToB, M MocnegHWiA npegmet
Oyaer B3AAT HauYMHAKLUM.

CnoBo «anropntm» MNPOUCXOAUT OT UMeHWN Yy36eKCKOo-
ro matematuka XIIl Beka Aby Abnanna Myxamme[n W6H
Myca an Xopesmun an Mepxycu. OHO npeTepnesio 3B0J0-
uuo: an Xopesmu - as Fopesmu - anropuTm.

8§ 2. Pa3peLIJI/IMbIe n nepedmncsimiible MHOXXeCTBa

MycTb UMmeeTcs HeKOTopbI andasnTt. O603Ha4YMM 4vepes
S MHOXeCcTBO BCeX C/iI0B B faHHOM asndasuTe, a yepes M —
nogMHOXXeCcTBO MHOXXecTBa S.

OnpegeneHvie 1. MHoXecTBO M Ha3blBaeTcA paspeLuu-
MbIM, €CNU AJ/18 HEro CyLLeCTBYeT as/irOpUTM, peLlarolunii
npobsaemy BXOXAEHUS coBa X B M.

OnpegeneHne 2. MHoXXecTBO M Has3sbiBaeTcA adhpeKTUB-
HO MepeyncNIUMbIM, ec/iN CYLLEeCTBYeT afiropuTM, Mo3BOsIO-
WK NepeyuncnnTb BCe 3/IEMEHTbI 3TOF0 MHOXecTBa (BO3MOXX-
HO C MOBTOPEHUAMM).

Teopema 1. Ecnn mHo>kecTBa M 1 L adhdheKTUMBHO nMe-
peuynciMmbl, TO 3PPEKTUBHO MEPEUNC/TMMbI MHOXKeCTBa
MKIL n MMX.

JokasatenbctBo. NMycTb MHOXecTBa M n L apekTns-
HO nepeyncnumebl. Torga Af19 KaXkaoro U3 HUX cyLlecTByeT
CBOI a/IrOPUTM, MO3BOMSAIOLWMNIA MEPEUNC/TUTL BCE 3/IEMEHThI
OAaHHOro MHOXXecTBa. AMroputM Ans 3geKTUBHOro repe-
yucnieHusa MHoxectB MN\JL m Mf\L nonyyaetca nyrtem
OJHOBPEMEHHOI0 MPUMEHEHUA a/IrTOPUTMOB A1 3hheKTUB-
HOro nepeyncrieHns MHoXKectB M i L.

Teopema 2 (IMocta). MHO>XecTBO M paspelumo Torga
M TO/IbKO TOrja, Korja OHO camo M ero fonosiHeHWe adpdoek-
TUVBHO MEpPeYnC/INMBbI.

JokasartesnbcTBo. MycTb MHOXKECTBO M U ero JornosiHeHve
CM 3ththeKTMBHO MepeyuncIMmMbl, TO eCTb CYLLECTBYIOT aifopuT-
Mbl A 1 B, ¢ MOMOLLbIO KOTOPbIX MOXHO MEPeYnC/INTb 3/1eMeH-
Tbl 3TUX MHOXXeCTB. Ho Torga npv nepeyvvcsieHnn 3MemMeHTOoB
MHO>XecTB M 1 CM B UX CNUCKe BCTPETUTCA as1eMeHT X. Cnego-
BaTe/IbHO, CyLlecTByeT asiroput™m C, Mo3BOMAKLWMIA Y3HATb,
NPUHALIEXUT 3/1IEMEHT X MHOXECTBY M 1AM He NpUHALNEXUT.
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Myctb MHOXXecTBO M paspewnmo. Torga cyuiecTtByeTt
anropuTM, peLuarwmnii npobemy BxoxkaeHUsa x 8 M. Monb3y-
ACb 3TUM anropuTMOM, COCTaBUM CMUCOK 3/IEMEHTOB, BXO-
AAawmnx B M, 1 cnucok asiemMeHToB, Bxoadawmnx B8 CM. Cnepo-
BaTesibHO, Mbl Monyyum gga asnroputma A-a B, nossosisto-
WKUX nepeuncnanTb MHoxectea M u CM. lMpumepamun 3p-
(PeKTUBHO NepeyUnCcrIMMbIX MHOXECTB ABJIAIOTCA:

1) mHoxecteo M = 1.4.9,...,«2, KBaApaToB HaTy-

pasibHbIX UUCEN,
2) MHOXECTBO YMOPSiLOYEHHbIX Map HaTypasibHbIX Y-
cen.

JencTtentenbHo, MHOXecTBO JT = |rt=32 nepevyncsinmo.

T.K. AN NOSIyYEeHUs ero 3/1IeMEHTOB HY>XHO Moc/ieoBaTe lb-
HO 6paTb HaTypasibHble YMc/ia U BO3BOAUTbL MX B KBagpar.
Bonee TOro, aTo MHOXXECTBO SAB/ISIETCS TAKXKe U paspeLuu-
MbIM: A1 MPOBEPKWU TOro, MPUHALMEXUT NN HEKOTOPOe Ha-
TYpPa/IbHOE YMCM0 X MHOXECTBY M, HY>XHO pPasfioXXuTb YuC-
710 Ha MpoCTble MHOXUTE/N, U 3TO AACT BO3MOXHOCTb ycTa-
HOBWTb, SIBNSIETCS /I OHO TOYHLIM KBaApPaTOM.

MHO>XKeCTBO YMOPSA0YEHHbIX Map HaTypasibHbIX 4unCen
MOXKET ObITb 3(NMEKTUBHO MEPEUMC/IEHO C MOMOLLbIO TaK
Ha3bIBAEMOr0 AMaroHasibHoro metoga. [eliicTBUTENbHO, Bbl-
nuLlemM Bce YMOpsiAOYEHHbIE Mapbl HaTypasibHbIX YMCEN B
criefytolem BUAE:

0,0, (031), (0,2), (03), (04),
(1.0),"~ (1,1),~ (1,2),-~ (1,3),'~ (1.,4),
(2.0),'~ (2,1)," (2,2),'~ (2,3),  (2.4),
(3.0),-" (3.1),-* (3.2), (3.3), (3.4,

MepeumncrieHne ocyLLLeCTB/IAeTCA Noc/iefoBaTes/IbHbIM MpPo-
XOXKAEHNEM MO AuaroHanAM, HadunHas, C BepXHero JieBoro
yrna. HavyanbHbIii CINCOK 3TMX Nap 3anuileTcs Tak:

(0,0), (1,0), (0,1), (2,0), (1,1), (0,2), (3,0), (2,1), (1,2),
(0,3), (4,0), ..

Teopema 3. CylecTBYyeT MNEPeUYMUCSIMMOR, HO Hepaspe-
LWMMOEe MHOXXECTBO HaTypasibHbIX 4uces.
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Ana gokasaTesibCTBa TEOPeMbl, KaK 3T0 crneayet U3 Te-
opembl MocTa, AOCTATOYHO MPUBECTU MPUMEP TaKOro MHO-
YKeCTBa HaTypasibHbIX yncen 17, KoTopoe camo 6b1s10 6bl Me-
peync/iMMbIM, a ero gornosiHeHne Cu nepeyunuc/iMmmMbiM He 6b110.

Mycte Mu, M™, MY, ... - 3adh(heKTUBHOE MepeyuncrieHne
BCEX MEPEeUYUC/TUMbIX MHOXECTB HaTypasibHbIX 4ucen, T.e.
Takoe rnepeyncrieHne, 4To no sirobomy M e vV MOXKHO BoccTa-
HOBUTbL CamM0 MHOXecTBo M.

PaccmoTpum Tenepb aniropyt™ A, KOTOPbIA nocnefoBa-
Te/IbHO MepeyvuncsseT Bce 3/IeMeHTbl MHOXKecTBa V. Ha ware
C HOMepom (T,ra) 3TOT as/IrOPUTM BbIYUCIISAET 3/IEMEHT C HO-
MepPoOM T MHOXXecTBa M, 1 ecnv 3TOT 3/1eMEHT coBMnajaeT ¢

M, TO OH OTHOCUT €ro B MHOXecTBO 17, T.e. ke U«e ke M ,,.

OTctoga AcHo, 4To MHOXKecTBO CIl oT/niMyaeTcs oT f1t060-
ro NepevymncsIMMoro MHOXKecTBa X0Ts 6Gbl OOQHUM 3/IEMEHTOM,

T.K. CU COCTOUT M3 BCEX TaKUX 3/IEMEHTOB M, YTO M VA

MoaToMy cn He ABNAETCA nepevyncnvmbiM. CnegosartesibHO,
corsiacHo Teopeme [Mocta 1T He paspeLLnmo.

JokazaHHaa Teopema (haKTUUYeCKU BKKYaeT B cebs B
HesABHOM Buge Teopemy [éaens 0 HenonHoTe (hopMasibHOW
apnMeTUKKN, NpPUBEAEHHYIO paHee 6e3 AoKaslaTefibcTBa.

§ 3. YTOouyHeHMe MoHATMA asroputma

B nctopmn matemaTmkmn HaKonma0Cb MHOFO C/ly4aes Anu-
TeNbHbIX N 4acTo 6e3pe3yibTaTHbIX MOUCKOB TEX WU MHbIX
anroputmoB. NMpn 3TOM ecTecTBeHHO BO3HUK&a/I0 COMHEHUE B
CyLLLeCTBOBAHUM aropmuTma.

OfHNM N3 APKUX MPUIMEPOB TAKOro crlyyas ABSAETCsA UC-
TOopuA pewleHus gecAaTton npobnemsl . MmnbbepTa.

B 1900 rogy Ha BTOPOM MeXXAyHapogHOM mMaTtemMaTumyec-
KOM KOHrpecce B lNMapwmke Hemeukunii matemaTvk [Jasug
MMnbbepT ornacuna cnMcok 23 TpyAHbIX Npobraem, Ha BaX-
HOCTb peLUeHNs KOTOPbIX OH obpalian BHUMaHve maTtemaTu-
4yecKoi obuiecTBeHHOCTU. Cpegn HMX Oblia M cnepyrowas
10-aa npobnema Munbbeprta: TpebyeTca BbipaboTarb anro-
pUTM, M03BOMALWMA A1 Awboro gmoaHToBa ypaBHEHUS
BbIACHUTb, MIMeeT /1N OHO LEesIo4YNC/IeHHOe peLLeHMe.

PaccMOTpUM BCEBO3MOXHblE ANO(PAHTOBbI YPaBHEHUS,

T.e. ypaBHeHund suga P = O, rae P ABnsAeTcA MHOroUY1€HOM
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C LE/I0UUC/IEHHBIMU KoadpdhmumeHTamn. Takumun 6yayT, Ha-
npuMep, ypaBHeHUs

+yN - 2X2=Q

Kn®+ 7nN+5=Q
M3 KOTOPbIX MEPBOE C TPEMA HEU3BECTHbIMW, a BTOPOE C Of-
HUM HEN3BeCTHbIM. B o06wem cnyyae paccmatpmsaroT ypas-
HEHMS C NHOObIM YMC/IOM HEW3BECTHbIX. Takue ypaBHEHMUS
MOTYT UMEeTb Le/IO4YUCNEHHbIE PeLLIeHUs, a MOTYT U He UMETb.

Tak, ypaBHeHUVe +y/N - 2xr = O uMeeT 6eCKOHe4yHoe
MHOXECTBO L,E/IOYNCIEHHbIX PELIeHN, a ypaBHeHue
Kop® + 1xN +5=0 Takux peLueHunn He VMEET.

[Ana yacTtHoro cnyyaa anogaHToBa ypaBHEHUSA C OOHUM
HEN3BeCTHbIM [JAaBHO W3BECTEH anropuTM, MO3BOMASAKOLWNINA

HaliTK Bce ero LeoYnC/IeHHbIE PeLLEHWs. YCTaHOB/IEHO, UTO
€c/I ypaBHeHUe

P,(nc) = +aln"~"..+a, 1ln:+a, =0

C LEeN0YMNCNEHHbIMU KO3(PPULMEHTAMMN UMEET LIeIblii KOPEHb,
TO OH 00s13aTesiIbHO SIBNSIETCA AenmTenemMm & B cBA3M € aTUM
MOXHO MPeaNOKUTb TakKoM aropuTM:

1) Haiitn Bce genutenu umcna o™ @ ...,

2) Bblumcnants Pn{x) ana Kakaoro vu3 genmtesnieil yumc-

na a
3) Ecim npu HekoTopoM | M3 coBoKynHocTu 1,2,...,1

® ™ KOpeHb ypaBHeHUA. Ecnu npun Bcex

¢=1,2,...,* Pn{di)O, TO ypaBHeHMe He MMeeT Leno4vunc-
NEHHbIX PeLUeHuiA.

Monckm peLueHns gecator npobrembl MMbbepTa NpUBEK-
NI BHAMA@HWE MHOTUX MaTeMaTMUKOB U A/IN/INCL 0KOoo 70 neT.
Tonbko B 1968 rogy monogbim matemartukom KO, MaTtusicesu-
Yyem 6blN0 AOKA3AHO, YTO HeT a/iropuTMa, Jalollero peLleHue
nocTas/IeHHOM 3agaun.

MNHTYUTMBHOE onpegesieHne airoputMa XoTs U He CTpo-
roe, HO HacTOMIbKO SICHOe, YTO He AaeT OCHOBaHM ANs co-
MHEHWUI B TEX C/AyYasix, Korga peyb naet o HalgeHHOM asiro-
pUTME peLleHNs KOHKPeTHOW 3adaun.
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MonoxxeHne CywleCTBEHHO MEHSIETCS, KOorja BO3HUKaeT
asIropuTMUYECKasi Npob/ieMa, peLUeHMEe KOTOPOM He Haiige-
HO, N TpebyeTcs YCTaHOBUTb, MMEET JIN OHAa peLLeHNUe.

JencTBnTEeNIbHO, B 3TOM C/ly4ae HYXXHO /inbo gokasartb
CyLLEecTBOBaHMe asiropuTtma, NMbo fokasaTb ero oTCyTCTBUE.

B nepBom cnyyae [OCTATOYHO AaTb onucaHwe akTu-
YecKoro rnpouecca, pellawllero 3agady. B atom cnydvae fo-
CTaTOYHO M MHTYUTUBHOIO MOHATUA anNroputMa, 4Tobbl yao-
CTOBEPUTLCA B TOM, UYTO OMUCAHHbIV MPOLLECC ecTb aJIrOPUTM.

Bo BTOpOM criyyae HY>KHO [0OKasaTb HecCyllecTBoBaHWe
anroputMa, a 415 3T0ro Hy>KHO TOYHO 3HaTb, YTO Takoe asiro-
putm. Mexay Tem Ans o6Lero noHATUSA anropmMtMa TOYHOro
onpefeneHva 4o TpuauaTtbix rogos X X Beka He 6b1s10, U NO3TO-
My BblpaboTKa TaKoro onpefesieHus ctana OgHOM U3 BaXKHbIX
33fa4 coBpemMeHHOW matemMaTuku. [Mpu dopmyMpoBKe 3TOro
onpegesieHst NPULLIOCL NPEeoAosieTb MHOrme TPYAHOCTU.

Bo-nepBbIx, Takoe onpegesieHne AO/HKHO 6bIs10 MPaBu/bHO
OTpaKaTb CYLLHOCTb MHTYUTUBHOIO OMpeAesieHns anroputma.

B0-BTOpbIX, OHO AO/DKHO 6b1/10 6bITb COBEPLUEHHBIM C
TOYKWN 3peHUs (DOpPMasibHOM TOUYHOCTW.

M HakoHeL, pasnu4yHble uccneaoBaTteniv 3Tor npobsembl
VCXOAUMN U3 pasHbIX TEXHUYECKUX U JI0TMYECKUX coobpadke-
HUWIA, 1 BCNeACTBME 3TOr0 ObLI0 BbIpaboTaHO HECKO/IbKO Onpe-
JeneHwii anropytma. OfHaKo CO BPeMEHEM BbISICHWOCh, UTO
BCE 3TV OnpeAeneHns paBHOCW/IbHbI, T.e. ONPeaensoT 04HO U
TO XK€ MOHATUE. DTO N ecTb COBPEMEHHOE MOHATUE anropuTma.

B noaxogax K onpefeneHuio NOHATUS anroputma Mox-
HO BbIAeNUTb TPU OCHOBHbIX HAarMpassieHUS.

MepBoe HanpassieHWe CBA3aHO C YTOYHEHMEM MOHATUSA
3(p(heKTUBHO BbLIYNCAUMONK (YHKUUU. ITUM 3aHUMasIUCh
A. Yepy, K, legenb, C. KnuHn. B pesysibTaTe 6blN BbleseH
KNacc TakK Ha3blBaeMbIX HaCTUUYHO-PEKYPCUBHbIX (YHKLMWIA,
MMEKLLNX CTPOroe mMareMaTuyeckoe onpegeneHne. AHanu3
naen, NpMBeaLLINX K 3TOMY Kraccy yHKUUi, Aan UM BO3-
MO>XHOCTb BbICKa3aTb FmnoTe3y 0 TOM, UYTO Ksacc adek-
TUBHO BbIYMCAUMbIX (DYHKLUMWI coBMajaeT C Kaccom 4ac-
TUYHO PEKYPCUBHbIX (PYHKLNIA.

BTopoe HanpasfieHne CBA3aHO C MalUMHHOW maTtemaTtu-
Koli. 34eCb CYWHOCTb MOHATUA anroputMa pacKpbiBaeTcs
nyTeM paccMOTPEeHUA MNPOLECcCoB, OCYLLEeCTBMSAEMbIX B Ma-
wunHe. Bnepsble 3T0 6b110 caenaHo TbIOPUHIOM, KOTOPbIA
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npeanoXXusi camyro o6LLy0 1 BMECTe C TEM CaMyto MPOCTYHO
KOHLIEMUWIO BbIYMCNTENbHOW MallnHbl. Ee onucaHue 6b11o
gaHo TbropuHrom B 1937 rogy. Npu aTom TbOPUHT UCXoann
nvwb 13 obwein ngen paboTbl MalUMHbI KakK paboTbl BbIYUC-
nnTensa, onepupylowero B COOTBETCTBUM C HEKOTOPbLIM CTPO-
ryMm npegnvcaHuem.

TpeTbe HanpassieHNe CBA3AHO C MOHATVEM HOPMasIbHbIX
anropuTMoB, BBeAEHHbIM N pa3paboTaHHbIM POCCUACKUM Ma-
Tematnkom A. A. MapKoBbIM.

8 4. Bbluncnnmble yHKUNN.
UacTMUYHO peKypCUBHbIe
M obLepeKypcuBHbIE YHKUNN

Ana anropuTMMYecknx MNpobsieM TUMWUYHBLIM ABSAETCA
TO 06CTOATENbCTBO, UYTO TpebyeTcsa HaiTu anroputm gns
pelleHnsa 3ajadun, B YCN0BUS KOTOPOWM BXOAAT 3Ha4YeHUs
HEKOTOPOA KOHEYHOW CUCTEMbI LLeSIOHYUCIEHHbIX NapameT-
pos A2 ..., X, a UICKOMbIM pe3ynbTaToM TakxXke SBMSeTcs
uenoe ymcno y. CnegosatesibHO, CTOUT BOMPOC O CYLLLECTBO-
BaHUW anropuT™Ma A/19 BblYUCNEHUSA 3HAYEHWUIA YUCII0BOM
(byHKUMN Y, 3@BUCSLLEA OT LLesIOYUC/IeHHbIX 3Ha4YeHwui ap-
rymMeHTOB XA X7 ..., XN

Onpegenerne 1. dpyHkuma g = f{xl,X2,..,.X3™) HasbiBa-

eTcs 3PeK TUBHO BbIYNC/IMMOM, €C/MIN CYLLLECTBYET afiropuTM,
NO3BOMAILWMNIA BbIYUC/INTL €€ 3HAYEHUS.

Tak Kak B 3TOM OrpejesieHun asiroputMm NoHUMaeTcs B
WHTYUTUBHOM CMbIC/E, TO U MOHATME 3(PHPEKTUBHO BblUMC-
MOV YHKLWW ABNSETCA WHTYUTUBHbIM.

OpfHako nepexof 0T a/iropyUtMa K 3(p(eKTUBHO BblUUC-
NUMoO yHKUMM AaeT onpegeneHHble npevmyllectsa. [eno
B TOM, UTO Te TpeboBaHMA, KOTOpPble NPeAbABAAITCA K al-
ropuTMy B €ro XapakKTepHbIX 4YepTax, BbIMOJHATCA ANSA
COBOKYMHOCTU BCEX BbIYMCAUMbIX (PYHKLWI, KOTOpas HO-
CUT Ha3BaHWe COBOKYMHOCTU PEeKYPCUBHbIX (YHKLWIA.

"épenb Bnepsble onucasl Knacc BCeX PeK3dCUBHbLIX (hyH-
KUMIA KaK KacC BCEX YMCA0BbIX YHKUMIA, ornpeaesnsieMbixX
B HEKOTOPOW chopmasibHOM cucteme. Yepu B 1936 rogy npwm-
Wwen K TOMY >Xe Knaccy yHKLUWA, Ncxoasa U3 gpyrux npeg-
NoCbI/I0K. 3[ecCb MNOCTPOEHME Kacca BbIYUCUMbIX QPYHKUMUIA
CTpOUTCA Ccneayrowmm 06pasom.
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BbibmpatoTca npocTeime yHKUMN
=n+1 (onepaTtop caswura),

0(n:) = O (onepaTtop aHHY/IMPOBaHUS),

in N2, )= 1< 71<re (onepatop NpPoeKTUpPO-

BaHUA).

FAcHo, UTO Bce TpWU npocTeliline PyHKUUM Bcogy onpe-
JeneHbl U NHTYUTUBHO BbIYUC/IUMBI.

[anee BBoAATCA onepauun Hag PYHKLUAMN.

1. Cynepno3viuns hyHKLNIA.

PaccmoTpum oyHKUmm /1(X1,X2,...,X,,), f2{xuX2,m,Xn),
«MIT{XbX2,...,XNn) 1 dpyHKuuno [>K,X2,...,Xaa); hyHKLUNIO
{0 Xa,..., X,,), onpeaensieMyto paBeHCTBOM

2(x1,X2,...,X,) =
= ([EipmN2.... x,),/12(n:1,n:2,...,%,,),...,/n(X1,X2,...,X,)).

Bynem rosoputb, 4To PyHKUMA Ll nonyveHa n3 yHK-
unii V n /1, /2. /T cynepno3unumeil.

Ecnn mbl KaknM-7in6o 06pas3om ymeeM BbIUUCIATL (DYH-
Kumm L, 2>« fm n , To QyHKUMS Y/ MOXET 6bITb Bbl-
yucneHa Tak: npugaguM nepemMeHHbIM X~ XN, ..., X HEKOTO-

pble 3HaYeHUA &\ ..., @\ Bbluucnaa sce //(al,a2>-"»®n)*
Haligem  =/r(al, 02, Bbmucnsas Teneps &L ,&2,...,&,,)

Haigem c = Y[ax,a2,...,an).
AcHo, uTo ecnu Bce yHkumm O, ..., fAIs.(p Bclogy
onpegesieHbl, TO PYHKLNSA BCIOAY onpefeneHa. ®yHKUUA
6ynet He BCHOAY ONpeaesieHHON, ecniv XoTA Obl ogHa M3

byHkuun N, ..., He BClOAy onpegeneHa, Uan ecnv Mox-
HO HaTU TakKMe 3Ha4yeHus aprymeHToB &\, &\ .., a", 4To

=/r(«l»«2>"uBn) > Ho “Ybl,b2.....bll) He onpeaeneHo

(r =1,71r).
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Taknm 06pas3om, ecnm PYHKLUK 7\, P nHTYU-
TUBHO BbIYUC/IUMbI, TO ByAeT UHTYUTUBHO BblYUCUMA U (PYH-
Kuma .

OTMeTUM, UTO BO3MOXKHbI C/fi3an, Korfja He Bce (PyHK-
umm 4, /2 3aBUCAT OT BCeX rAaprymeHToB X7, x™, XN,
B aTux cnydasax gna nosyyeHUs cyneprnosviuyn UCronb3y-

I0TCA (PUKTUBHbIE apryMeHTbl N PYHKLUUU 17N [X1,X2,---,X, .
Hanpumep, dyHkumna y/{xy,r) = q:{fl[x),f2{x,y,z),y,x™ no-
n3™uaeTes cynepnosvuuviein n3 yHkumin %, X2,X3,X47, n
Pi{x,y,2) = {x), P2{x,y,r) =12{x,y,r), P3{x,y,2) =4 {x,y,r),
Pa{x,y,r) = 11{x,y,r).

2. Cxema NMpUMUTUBHOW PeEKypCcUN.

MycTb nmeeTca pBe QPyHKUUM  "9(X2,1:3,...00,) U
y/{x1,X2,...,.Xn,Xn"y) (ra>1). PaccMoTpM HOBYK (YHK-
LMo, KOoTopasi YAOBJ/IETBOPSAET C/efyloWMM paBeHCTBaM:

f{0,X2,X3,...,Xn) = *X2,X3,...,Xn),
fly + 1,X2,X3,...,.Xn)= y/(y, f{y, X2,...,Xn),X2,..., XnL} ©)

OTMEeTUM, 4YTO PYHKLUMA ~ 3aBUCUT OT rA-1 aprymeH-
TOB, pyHKUMA { - OT @+l aprymeHToB, a yHKUMA [ - OT
ra aprymeHTOB.

Ecrm dyHKuma  f[x1,X2,..,XI™M nonydaetca n3 QyHK-

Unii p M y/ ¢ MOMOLLbIO paBeHCTB (1), TO roBOPSAT, YTO (PYHK-
uma f nonz™ueHa U3 PyHKUMA P ¥ MO CXeMe MpUMUTUB-
HOIi peKkypcum.

Ecnv dyHKuMM (P W ¥ WHTYUTMBHO BbIYUC/IUMbI, TO
OygeT MHTYUTUBHO BbluMcnmma u yHkuma f. OelicTtBu-
TesfibHO, NycTb &, a ..., - Habop 3HauYeHu aprymeHToB
XN, XN L., XN Torga nocnefoBaTtesibHO Haxogmm

/(0,2 a3,...,a,)="Y(C2,a3,...,a,) = o¢
/(1,02,03.....0,,)= y/0,bo,a2,as...... «n) = 61,

/(2,02,a3,..,,a,) = (& ,a2,as,...,0,) =& un T.4.
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OuyeBMAHO, UTO ec/M OYHKLMN ¢ N BCHOAY onpejene-
Hbl, TO OyaeT BcloAy onpefesnieHa U PyHKUUSA /.

PaccmoTpum npumepbl MoayyveHUs (QyHKUWI No cxeme
NPUMUTUBHON PeEKYpPCUN.

Mpumep 1. Myctb yHKUMa f{y, JT) 3anaHa paBeHCTBaMU:

f{o,x) =X, 1
(i +1,x) =/(i/,x) + 1.3

3aecb pyHKUMA =n,a t//[xyz)=y+1.
Bbluncnimm 3HadeHve yHKUuM f{y,xX) npuy =5, x = 2.

T.k. f{0,2) =¢{2) =2, TO n3 BTOPOro paBeHcTBa rocnesosa-
TeNbHO VMeeM:

/(1,2) =~0,2,2) =2+1=3
/(2,2)="(1,32)=3+1=4
/(3,2) ={"2,4,2)=4+1=5
/(4,2) = ti.(3,52)=5+1 =6
/(5,2)= iM4,6,2) =6+1 =7
HeTpygHo nokasatb, 4to fly, x) =y +x . JelcTButens-
Ho, f{y + z,x) =f{y,x) +z . Nonarasa B aTom paBeHcTBe y = O,
nonyumm /(z,m=/(o,m)+r nim f[z,x) =x +z.
Mpumep 2. MycTb (3wkuya f{y, ) 3anaHa paBeHCTBaMU:
/(0,%) =0,
fly +1,x) =f{y,x) +x."
3peck ¢[x) =Q, y/[xy.z)=y+z.
Bbluvcnum 3HaveHme yHKuum /(i/x)npny =2, x = 2.
Tak kak /(O, )= f[x) =0, T0 a 3HayeHua /(1,2)
n /(2,2) HaxoAuMm rocnegosaTesibHO:

I(1,2)= {"1,02)=0+2=2"
1(2,2) =7~(2,2,2)=2+2=4
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N\

Jlerko nokasaTtb, 4TO B 3TOM npumepe f(y,x =x-y .
[encteutensHo, f{y +r,x) =f{y,x) +r- X. Nonaras B aTom

paseHcTBe Yy = 0, nonyumm f{z,x) =/(O,xj +r-x wnm {r,x) =
=2-X.

3. Onepauua MuHuUMM3aumm (//-onepatop).

MycTb 3apgaHa HekoTopas yHkuma f{x,y”. 3atukcn-
pyem 3HayeHue X U BbIACHUM, npu Kakom y f{x,y) = O.

Bonee cnoxkHOM 3anauyeli ABASeTCA OTbiCKaHWe NS AaH-
HOW doyHKUuMn f{X,y n (PUKCUPOBAHHOIO X HAMMEHbLLIETO

M3 TeX 3HaYeHU y, Npu KoTopbix hyHkuma f{x, r/)= O. Tak
Kak pesysnbTar pelleHus 3agayn 3aBUCUT OT X, TO HaUMEHb-

Llee 3HayeHuWe Yy, npu KoTopom pyHkKuma f[x,y) =0 ecTb
byHKuma x. FMpuHATO 0603HaYeHne

(30K = juy™f(x,y) = o].

(YuTtaeTca: «HauMeHbLUee y Takoe, YTo =0O».)
AHanornyHo onpegensietca QYHKUMA MHOIMX nepemMeH-
HbIX:

N1, X2, XM= MYNF{xx, X2,...,XN,y) =0

Mepexon oT pyHKUMNK K yHKUUMN

NMPUHATO HasblBaTb MNPUMeEHeHUEM W'-ore-
paTopa.
[N BbluncneHNs YHKUUK (P MOXXHO MPESJIOXKUTL crie-
LyOLWMA anropuTM:

1. Bblumenum  /(xi,x2,...,x,,0). Ecnn ato 3HadveHue /
paBHO Hynw, To nonaraem Hmi,n2,..n:)=0. Ecnu
/(xi,JC2,...,X,,0) 3’0, To nepexogum K cnegywoliemMy Luary.

2. Boiuncnum f[xi, X2..... 2Kn,1). Ecnn f[xx,X2,...,Xn,i) =0,

To nonaraem (N "2,..., =1. Ecrmxe /(x], X2,...,X,,,1)p O,
TO nepexogum K cnegyiouwiemy wary. U 1.4.
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Ecnn okaxeTcA, 4TO0 [ONd  BCex y QyHKUUA
f[x1,X2,...,Xn,y)dhQ, ToPyHKUUIO NX1,X2,...,XM) B ITOM CNYy-
Yae CUMTAIOT HeorpeaesieHHoW. Ho BO3MOXXHO, UTO CyLLecTByeT
Takoe yo, uto f{xl,X2,...,.Xn,yQ) = O w1, 3Ha4nNT, eCcTb N Han-
MeHbLLIee y, NMpu KoTopoM /(~1,«2,..., X,,,y) = O; 1 B TO Xe Bpe-
MS MOXKET C/IyUYUTbCA, YTO Npu HekoTopoM (0 < r < r/o) 3Have-
HUe (yHKUMMK /X1, «2>===  »™) He onpegeneHo. OYeBWAHO, YTO
B 3TOM C/ly4ae MNpOoLEeCC BbIYUCNEHUS HAMMEHBLLIErO Y, MPY KOTO-
pom f{xx,X2,...,Xn,y) = 0 He gongeT 8o y™ WM 3gecb QyHKLUIO
pP[X1,x2,....x " cunTaloT HEONPELEIEHHONA.

Mpumep. Paccmotpum dyHkuyuwo f{x,y) =x-y , KO-
Topasd MOXeT ObITb MOJsyYeHa C MOMOLLbLIO orepaTopa MUHU-

Mu3aLnm

f{x,y) =/Ir(r/ +r =x) = /mr 1M{X,y,r) + 1M{x,y,r) = 11{x,y,r)

Bbiuncnum, Hanpumep, /(7,2), To eCTb 3Ha4YeHMe (PyHKLUN

npuy =2, X=7. /04 3T0oro NnoNoxxum y =2 mbygem npu-
JaBaTb X nocsefosaTesibHO 3HaYeHUs:
2=0, 2+0=2n7,

2=1, 2+1=39%,
2=2, 2N2 =4 p 7,
2=3, 2+3=577,
2=4, 2+4=6%7,
2=5 2+5=7=T.

Taknm obpasom, /(7,2) =5.
OnpegeneHve 2. dyHkuma f{xI,x2,.mx ™ Ha3biBaeTCs

YaCTUYHO PeKYPCUBHOM, €C/IM OHa MOXET 6biTb MoslyyeHa B
KOHEYHOe 4YMCNO LaroB M3 NpocTemnx QyHKUWA npu no-
MOLLIM onepauuvii cyrneprosnumnm, cxem nMpUMUTUBHON PeKyp-
cuM N -oneparopa.
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OnpepgeneHve 3. ®yHkuusa /(x1,n2,...,x,) HasbiBaeTcs

006LepeKYPCUBHOM, ec/in OHa 4acTUYHO PeKypCMBHA W BCHO-
[y onpefeneHa.

Mpumepamun o06uWepeKYPCUBHDBIX (PYHKUNI ABNAIOTCA
pyHKUUU:

1)%), 2) o{x), 3)/™(x),

MNAyx)=y+x, 5 Myx)=xy, WZAHyx)=x+n.

Te3suc A. Yépua. Kadkpgas MHTYWTUBHO BbluMC/iMasd
hYHKUMSA ABNSETCA YacTUYHO PeKYyPCUBHOIA.

OTOT Te3UC Hesb3A [oKasaTb, T.K. OH CBA3bIBAeT He-
CTporoe mMartemMatuyeckoe MOHATUE WMHTYUTUBHO BbIYUCNU-
MOWM (PYHKLMWM CO CTPOrMM MaTeMaTU4ecKUM MOHSATUEM 4Ya-
CTUYHO PEKYPCUBHOM (YHKLUN.

Ho 3T0T Te3nc MoXKeT 6bITb ONMPOBEPTHYT, €Cnn MOCTPO-
UTb NpuMep (YHKUUU VMHTYUTUBHO BbIYUCMMONA, HO HE
ABNAOLWENCA YaCTUUYHO PEKYPCUBHONA.

8 5. MawwuHbl TblOpuHTa

Ecnun ona pelleHns HeKOTOpPOW MaccoBoii Npobnembl U3-
BEeCTEH a/iropuTM, TO ANA ero peasamsaunn Heob6Xo4UMO
NULWb YeTKOe BbIMOMIHEHWE MPeanucaHnin 3TOro anropuTMa.
ABTOMaTM3M, Heob6X0AMMbIA MNpyu pean3auun anroputma
€CTeCTBEHHO NMPUBOAUT K MbIC/IN 0 nepegadve PyHKLUUN Yeno-
BeKa, peaniM3yloLlero anaroputMm, mawuvHe. Mgew Takomn
MaLIVHbI NPeSsIoKUAN B TpuauaTble rofbl amepuKaHCKui
MaTemaTuk . MNoCcT 1 aHININACKUIA MaTeMaTuK A. TbHPUHT.

PaccmoTpyM 0AWH M3 BapuMaHTOB YKa3aHHOW MalluWHbI,
KOTOpasA HOCUT HasBaHWe MallWHbl TblopUHra.

YcTpoiicTBO MawuHbl ThlOpUHra BKOYaeT B cebs;

1. BHewHwnii andaBuT, TO €CTb KOHEYHOE MHOXXECTBO

cmmBonoB A= {ao,al,a2»-">0Oun} «® 3Tom ancasute B Buie
c/noBa KoampyeTca Ta MHQopmauus, KoTopasa rnogaeTcs B
MalnHy. MawmnHa nepepabaTbiBaeT MHGOpPMauuio, nogaH-
HYyl0 B BMfe C/10Ba, B HOBOE C/I0BO.

2. BHyTpeHHWIA antaBnT MalluHbl, COCTOALLMA N3 CUM-
BOJ10B 2 n, n, H. CUMBO/IbI
Bblpa>KalOT KOHEYHOE YMC/0 COCTOAHWI MallumHbl. Ons nio-
60/ MaLlMHbI YNCN0 COCTOSAHUI (hMKCcMpoBaHo. [Ba COCTOSAHUSA
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MMelT 0coboe HasHayeHue: —HayanbHoe COCTOSAHWE Ma-
LWMNHBI, —3aKJ/1lunNTEeNIbHOE COCTOSAHME (CTOM-COCTOSAHUE).
CuM:BOMbI M, N1, H - 3TO CUMBOJILI cABuUra (BNpaso, BNEBO, HA
MecTe).

3. beckoHeuyHasA B 06e CTOPOHbI fileHTa (BHELUHAS na-
MATb MawwnHbl) . OHa pa3buTa Ha K/1eTku, B Kaxxaylo Kiet-
Ky MOXEeT ObITb 3anmcaHa TO/IbKO ogHa 6ykBa. [MycTyiwo
KNeTky bygem o0603Hayatb CUMBOMIOM a™

4. Ynpasnsawwana rosioeka. OHa nepeasuraeTcs BA0/b
NEeHTbl N MOXKeT OCTaHaB/MBaTbCA HAMpPOTUB KaKoii-1nm6o
K/IeTKW, T.e. BOCAPUHMMATb CUMBO/. B 0gHOM TakTe paboThbl
MaLUVHbI yNpas/aloLwWasn rofloBKa MoXeT CABUratbCa TObKO
Ha 04HY KNeTKy (BNpaBso, BIEBO) UMM OCTaBaTbCA Ha MecTe.

Kaxkgoe cBefeHMe, XpaHsLleecs Ha /1ieHTe, n3obpaxkaeT-
CA KOHeYHbIM Habopom cMMBO/0B (BYKB) BHeLIHero asdasu-
Ta, oTIMyHoro ot Qu K Hayany paboTbl MalUWHbI Ha NIEHTY

nogaetca Ha-

YyasibHOe CBe-

a. feHne  (Ha-

— yYasibHaaA WH-

hopmayns).

B atom cnyuae

Puc. 1 ynpasndio-

Wwaa ronoBka,

KaK NpaBu/io, HaxoAUTCHA Yy KpawHero f1eBoro 3Haka ¢ yka-

3aHMEM HayaslbHOro coctosiHust  (puc. 1) (HavanbHast KOH-

thurypaums), Pabota MallnHbl CKIaAbIBAeTCA N3 TaKTOB, MO

X04y KOTOpbIX MPOMCXOAUT MpeobpasoBaHme HadaslbHOW WH-
thopmaunm B MPoOMedXXyTouHble MHopMaLnu,

B KauecTBe HayasnbHOW MHJOPMaUUM HA JIEHTY MOXHO
rnogatb N6y KOHEUHYI CUCTEMY 3HaKOB BHeLUHero anda-
BuUTa (/11060€ €/10BO B 3TOM asihaBuUTE), paccTaB/IeHHY NMPon3-
BO/IbHbIM 06pa3om Mo Ayeikam. Ho B 3aBUCMMOCTM OT TOrO,
Kakas 6bl1a nofaHa HavasibHas MHGoOpMauUda, BO3MOXHbI
ABa crnydas:

1. Mocne KOHEYHOro ymMcna TakKToB MalluvHa ocTaHaB/n-
BaeTcA (NepexoguT B CTOM-COCTOSAHME A7), U NpW 3TOM Ha
JleHTe OKa3blBaeTCs M306padkeHHOW MHpopmauma B, B Ta-
KOM C/lydyae ropopsT, YTO MalivHa NpUMeHVMa K Havyaslb-
HOM MH(opMauum A 1 nepepabaTbiBaeT ee B Pe3y/ibTUPYIO-
Wyt MHopmaumio B,
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2. MalurHa HMKorga He octaHaBnmMBaeTcs (He nepexoauT
B CTOM-COCTOSAHME). B TaKOM c/iyyae roBopAT, 4TO MallMHa He
NPUMEHUMA K HavasibHOM MHopMaumn A.

B kakgom TakTe paboTbl MallUVHbl OHa AEWCTBYET Mo
(byHKUMOHa/IbHOM cXeme, KoTopas WMMeeT BUA;

n
H

3peck a., — 6YKBbl BHeLWIHero angasuta; 4., —
COCTOSAHWUA MalUWHbI; M, N, H — CMMBO/Ibl cABUra.

B 3aBucumocTM OT TOro, Kakas 6ykBsa Ha fieHTe 060o3pe-
BaeTCA ynpassioweil rosioBkon (B Hawei 3anucyu a™) n B
KaKoM COCTOSHUM (B HaLUEeW 3anmncu 4.) HaXo4uTCca MallnHa,
B AaHHOM TaKTe BblpabaTbiBaeTcs KomMaHAa, coctoswas u3
Tpex 3/IEMEHTOB:

1) bykBa BHelLUHero angaBsnTa, Ha KOTOPY 3aMeHseTcA
obo3peBaemas byksa (a). .

m

2) Agpec BHeLLHe NamMaTy 4as cneayowero Takra

3) Cnepytolee cocToAHME MalUUHbL (47).

COBOKYMHOCTb BCEX KOMaHfA obpasyeT nporpammy ma-
WwnHbl TelopyHra. Mporpamma npeacTasnseTca B BUAe OBY-
MEpPHOM Tabnuubl M HasblBaeTcA TbHPUHIOBOW (YHKLMO-
Ha/IbHOW CXEMOIA.

Mpumep Takol cxembl M306padKeH Ha puc. 2 (MawunHa
TbhlopuHra 1).

«0 «1 «2
<a «2 153 «1M52 ~2 151
aoH 52 «2 H 01H52
% ao n 50 alns4 a2H51
% alH53 aon 54 «2 n54
Puc. 2

FAcHO, uTo paboTa MalUHbI TbOPUHra MO/IHOCTBK Of-
pefensieTcst ee nporpamMoii. IHbIMKW cnoBamu, fiBe MallWHBbI
TblopyHra ¢ obweii PyHKUNOHAIbHOM CXEMOM Hepasnyu-
Mbl, N pa3/IMyHble MalluHbl TbOPUHIa VMEKT pas/inyHble
nporpamMmei.
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J151 NpocToThbl N306paXKeHUs pas/IMyHbIX KOHUIypauuia
MalUnHbI ThlopyHra 6yaem B JasibHeWLLEM 3anucbiBaTb WH-
chopmaumio B BMAE CMoBa, He u3obpakas fIeHTbl U ee pas-
6MBKM Ha K/IETKW, a BMECTO M300padKeHWUs ynpasrisioeii

roJ;1I0BKN " COCTOAHNA MallWHbI 3annucbiBatb TOJIbKO COCTO-
AHNE MallUHbI.

PaccmoTpumM, Kak paboTaeT mawuvHa TblOpuHra, 3ajaH-
Has (PyHKLUMOHas/IbHOM cxemoin 1.
Mpumep 1. MycTb HavaslbHas KOHMUr3hauma nmeeT BUA:

«0 N2 ®o*
a1

Tak Kak ynpas/isiloLLeli rosioBKoii 0603peBaeTcs GykBa
02, a mawvHa HaxoguTcst B COCTOSIHUM TO MalluHa Bbl-

pa6atbiBaeT kKomaHgy 0251 , n B pe3ynbTate mnosyyaem
BTOPYIO KOH(UTypawuuto

OCo 02 02 Oo-
91

OueBNAHO, crefyoume KOHDUrypaunum nUMerT BUA;

OCo 02 02 Oo - TpeTba KOH(Urypauus,
9

Oo 02 o2 02 L —ueTBepTast KoHUrypaums,
93

()

G 02 02 V2 <0 - nATaa KoHdurypauus.
9

Tak Kak npu nATol KOH(Urypaumm mMalivHa HaxoauT-

cs B cocTosiHMM fAo>™ crioeo 02 0202 sBnsieTcsa pesynbTa-
TOM.

Mpumep 2. MNycTb HaYaNbHaa KOHPUIypauusa nmeeT BUA!

G 01 0l 02 02 o
91
Vcnonb3ys IyHKUMOHa/IbHYO cXemy 1, Mbl NMPUAEM K
cnefyowmmMm KoHUrypaumsam:

G 01 0l 02 02 Oo - BTOpast KOH(Mrypauus,
91
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TpeTbA KOH(Urypauus,

2

41

®R “ yeTBepTas KOH(Urypauus,
42

Co «l «l 02 Qo - nATaA KoHduUrypaums,
12

® % % 7”2 72 ® - wecTtaa KOHQurypauus.
21l

Kak BMAHO 13 BTOPOWM W LUECTO KoHduUrypauuii, npo-
Lecc paboTbl MaLUMHbLI Ha4Yas1 NOBTOPATLCA, W, criefoBaTeslb-
HO, pe3ynbTarta He OyaerT.

Peanusauma anropyutma B MawivHe TblOpuHra.

Ha psage npumepoB MOKadKeM, Kak CTPOSATCA TbOPUHIO-
Bbl MalUMHbI, peanusylolime HeKOTOpble MpocTble apudme-
TUYECKME a/IropUTMBbI.

Mpumep 1. Peasindauud B MmawnHe TblOpUHra asiropuT-
Ma nepexofa 0T N K N-\-1 B AeCATUYHOWN CUCTEME CUUCIIEHWS.

MycTb gaHa fecATMYHAas 3anmcb HaTypasibHOro yucna n
n TpebyeTca ykasaTb LeCATUYHYK 3anucb uucna ratl, T.e.

BblUMCAUTL yHKUMo f{n) = re+1.

FACHO, 4YTO 34eCb BHELIHWUI andaBUT MalUWHbI JO/DKEH
cofep>kaTb Bce ungpsl O, 1, 2, 3, 4, 5, 6, 7, 8, 9 1 cumeon
nycTon knetkn &\ Ymcno n bygem 3anucbiBaTb B AeCATUY-
HOM cucTeme Ha fieHTe, NpuyeM UMdpbl 6yayT nomMeLLaTbes
rno O4HOWM B KadKAoW KieTKe noapszn 6e3 nmponycKoB.

UT06bI pewnTb MocTaBNEHHYIO 3adady, MallnHa [0J1K-
Ha B NepBOM TaKTe paboTbl cTepeTb MOCAeAHI00 Lndpy Ymc-
nan, 3aMeHUTb ee UMMPPOIA Ha egUHNLY 60MbLUER N NepeiiTn
B CTOM-COCTOAAHME, €Cc/in nocsegHAN undpa Oblna MeHbLle
ungpbl 9.

Ecnn ke nocnegHaa uudpa ymicna n 6oina 9, To MmalumHa
[0/DKHa, cTepes undpy 9, 3anmncaTb B 0CBO60AMBLLYIOCH K/1eT-
Ky umdpy O U Npom3BecTu CABUT BEBO K cocefHeMy 6ornee
BbICOKOMY pa3psify, ocTaBasiCb B TOM XK€ Hayas/lbHOM COCTOS-
HUWN. 34ecb BO BTOPOM TakTe paboTbl MallumMHa Jo/mKHa npu-
6aBNTb eaUHNLY K Ludpe 60/1ee BbICOKOro paspsja.

OueBnaHO, YTO B cnYMae capura BEBO, yNpaBsiBLIas ro-
NOBKa MallVHbl MOXKET BbIATU Ha NYCTYI0 K/EeTKy B cryvae,
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Korga umdpbl 6osiee BbICOKOro paspsaga Het. pum atom ma-
LUMHAa BMNUCLIBAET B MYCTYI0 K/IETKY undppy 1.

M3 cka3aHHOro cregyet, 4To NpU peanusaunn asiropuT-
Ma BblUUCeHNA PYHKUMK /(«) = @+l mawimHa MOXeT npe-
6biBaTb NULLb B ABYX COCTOSAHUAX "

Takum o6bpasom, MawuHa TblOpUHra, peanusyolas
anropuTMm nepexofa oT K ratl B AeCATUYHOW CUCTEME CUUC-
neHns 6yget UMeTb BUA:

o] 2 6 8 9
1H?0 1H90 2HAO 3H90 4HA0 5H 90 6H Aa 7TH30 8H fo 9Hgo Onar
Punc. 3

Ha puc. 4 u 5 BbiNucaHbl COOTBETCTBYHOLLME KOHUrY-
paumn gna ra= 183 n ra= 399:

ao 3981 «0
ao 390 ao
0] 1881 ay, al
ao 300 ao
ao 184 ao a
9
ao 400 ao
0
Puc. 4 Puc. 5

Mpumep 2. AAropnTM CMO>KEHUSA HaTYypasibHbIX YunCces.

MycTb Ha NeHTy nogaeTcs Aga 4yncna, 3ajaHHbIX Habo-
pamu nasoyvek; Hanpumep, 2 U 3. Hy>XHO CNOXWUTb 3TN
yucna.

Bynem 0603HavaTb CMMBOJ CNOXKEHUS 3Be3[04Kon. Ta-
KUM 06pa3om, Ha JsieHTe MalluHbl ByJeT 3anucaHo C/10BO

aol1*l 1]ao. (@)

TpebyeTca NpeanioKNTb (PYHKLNOHAIBHY CXeMy, KO-
Topas 6yayun NMPUMEHEHHOW K cnosy (1), gaBana 6bl B pe-
3ynbTate Cymmy ymcesi 2 m 3, TO eCcTb C/I0BO

OoM I 11«0 (2)
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Onuwem npouecc pa6oTbl MalVHbLI A5 PELLEHMS 3aja-
yn. MycTb B HayasibHbIE MOMEHT 0603peBaeTCs camasi yieBast
nasiouka. Ee Hy>XHO cABVMHYTb BMpaBo, MUHYSI BCE MasIOHKU
N 3BE3/I04KY [0 TEX MOP, NMoka He 6yAeT AOCTUTHYTa nepBas
nycTasi Knetka. B 3Ty nycTyio K/eTKy BAUCLIBAETCS MnepBast
nasiouka. 3aTem HY>KHO BEpPHYTbCS 3a BTOPOW MasiouKon u
ee MepeHEeCT! BMpPaBO TaK >e, KakK 3TO AeNasiocb C MepBoi
nasoykoli. Mocne 3Toii Npoueaypbl HY>KHO BEPHYTLCS K 3Be3-
[OYKe, CTepeTb ee U 0CTaHOBUTLCH. M306pasvm Bce TaKThl
paboTbl MalUUHbI B BUZE COOTBETCTBYHOLLNX KOHUIypauwii;

aol hmM ko aol*l 11ko 00*]1M ko
1) n) 21)
91 93 92
aol*1l 1Ko aol*1 1Mao 0o*| MMoo
2) 12) 22)
Q2 93 93
Ool*1 1Ko Ool*] 1Mao ao*1 N 1k
3) 13) 23)
A2 93 93
aol*] Mao aol*11Mao ao*1l M 1ko
4) 14) 24)
42 93 93
aol*| 1ko aol*M Mao ao*1l IMiao
5) 15) 25)
92 91 93
aol*|] Mao ao0o™*| 11 ko ao*1l MMao
6) 16) 26)
92 92 93
aol*1 1ko ao *M 1ko ao*M MKo
7 17) 27)
92 92 93
aol*| M ko ao *M 1lko ao*! MMao
8) 18) 28)
93 92 93
aol*1l M Ko ao *M 1ko ao*1l MMao
9) 19) 29)
93 92 91
aol* MMao Co *M 1lko aoaoM 11 ko
101 20) 30)

93 92 90
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JTOT Npouecc No3BosISeT 3anucaTh a/ITOPUTM B BUAE ABY-
MepHoOl Tabnnubl, N306padkKeHHol Ha puc. 6.

a aoH90 «0 92
H93 o2 o2
Con 91 n9s 193

Puc. 6.

Takum 06pa3om, 34ecCb MCMOMb30BaH BHELLUHWI andasuT

(a0.*. 1) 1 cocTosiHMA MalMHbl gQ 9 92, 93.

Mpumep 3. AnropnTm™m EBKAMga.

Anropntm EBK/InAa pellaeT 3agayuv Buga: ons AByx gaH-
HbIX HaTypasibHbIX YUCEN HaWTU MX 06WUA HambonbLuniA
JenuvTesb.

Kak mn3sectHo, anropntm EBkinga cBogutca K rocrtpoe-
HUI0 y6blBaloLLEe MocnefoBaTesIbHOCTU Yncesn, U3 KOTOPbIX
rnepBoe AB/SAETCA 60NbLLINM U3 ABYX AaHHbIX YMcen, BTOPOe -
MeHbLUNM, TPETbE MoJIyHaeTCs KaK 0CTaTOoK OT JefieHna nep-
BOr0 Ha BTOpOe, YeTBEPTOE - KaK OCTaToK OT [eNleHuns BTO-
poro Ha TpeTbe U TaK Jasiee, Nnoka He byfeT coBepLUeHo fe-
NeHuve 6e3 octatka. [enuTtenb B 3TOM MOCMeAHEM [e/IEHUN U
Oy[eT pe3ynbTatoM peLleHus 3ajadu.

Hawm TpebyeTtcs 3agatb anropytm EBknuvga B Buge npo-
rpaMmbl MawWVHbl ThlOpMHIra. 3Ta nporpaMmma fo/kHa obec-
neynTb MnonepemMeHHoe yepefoBaHWE LIMK/0B CpaBHEHUA W”
LMK/I0B BblUMTAHUA YMnCe.

Bygem mcnonb3oBaTb BHELWHWA andasuT, COCTOALL NI
M3 4eTblpex 6yks: (ao» 3pecb @ - cMMBON MNyCTOM
Knetku, |- nasoyka, a > p - OYKBbl, UrpawLime posb
BPeMeHHbIX nasnoyek. MycTb, ANA KOHKPETHOCTW, TpebyeT-
ca HaiTtu MO/A uucen 4 n 6 Npyn HavyaslbHOM KOH(MIypauum

aolMMIMIMMao.
91
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CHavasia MallnHa [O/DKHA CpaBHUTb YnC/a, N306pakeHHbIe
Ha nieHTe. C 3TOM LEMblo OHa [JO/HKHA 3aMeHATb MasiouKwy,
n306paykarLy,;ue nepeBoe 4mcsio, bykBamm a , a nasiovuku,
n3obpaxkawlime BTOpoe umcno, —b6yksamu p. [Mpu 3ToM

KOH(Mrypauum, CooTBETCTBYHOLLNE MEPBbIM YETbIPEM TakK-
Tam paboTbl MalUUHbI, 6yayT MMETb BUA:

«l THTTTTTT1«O0. 3) «0l kM 1111«0.
a n 2%

Ool Ikl 11 111«0. 4) ol lvapoy L1I11«oO-
92 n a1

Mocne 3TUX 4yeTbipex TaKTOB YyMnpas/isiowas rosioBKa
JO/DKHA ABUraThCs B/IEBO B MOMCKAX elle He OTMeYeHHO
GnviKaiileli nasouky Nepeoro Yncsa, Kotopas Ao/HKHa 6biTb
3aMeHeHa Ha a , a 3aTeM HauMHaeTcsa ABMYXKEHME YTpaB/isio-
Leli rofIoBKM BNPaBO B MoOMCKax 6auvxkaiilieli nasiovyku BTO-

POro 4uncrsia, KoTopasa OO0/DKHa 6bITb 3aMeHeHa Ha P. Mocne

COOTBETCTBYHOLLIEN0 YMC/Ia TAKTOB PaboThbl MalUUHbI Ha JIEH-
Te BO3HWKHET KOH(MIypaLuus

ao aaaapppp\\ ao.

91

Ha aTom 3akaH4uMBaeTcA LUK CpaBHEHUA NCXOOHbIX YUCES
M HaYMHaETCA UUKJ/1T BblUUNTaHUA, B pPe3ysibTaTte KOTOPOro
MEHbLLUEE YNC/1I0 AO0J/TKHO ObITb CTEPTO LEJIMKOM, MNasI0HKN

BTOPOro 4yucsa, rnome4veHHble OYKBOW P, 3aMeHATCA Ha

06blYHblE MasiovuKW, W, ciepoBaTesibHO, 60/bLLUee 4YKUCI0 6
6yfeT pa3buTo Ha ABa uucna 4 u 2.

OTnM onepauusim COOTBETCTBYET psf KOHUrypauui.
BbinuLemM HEKOTOpble M3 HUX, NPOMNYyCKas 04eBUAHbIE KOH-

urypauumn.
a™aaaapppp\ \(4
91

aoaaaapppp\ \ao
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aouQaaapPfipW (q
(03

«0 «0 «0 «0 % PPPP\ 1 0

93
Ooao «0 «0 «0 | «O
93
®0“0®ROROII I'1li«0

93

«0 «0«0«0«01l11111 «0
92

Ha aTom 3akaH4MBaeTCA MepBbiii UUKA BbluMTaHus. Te-
nepb MallnHa fo/KHa cpaBHUTL uncna 4 v 2, Llukn cpasHe-
HUA 3TUX YnUCesT NPUBOAUT K KOHQUrypauum;

Co 1\aap$a”,
24

a UMKn BblYNTaHNA - K KOHqJI/IpraLI,I/II/IZ

« |11 «o-
91

TpeTuii UMK CpaBHEHUS Yuncen 2 U 2 NPUBOANT K KOH-
hurypayumn
a“aappa”,
93

a UMK/ BblHUTaAHUA K 3aKNio4YnTesIbHOM KOHdJVIpraLU/II/I
aollao-

90

6 3ak. 1229
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B cBs3M ¢ 3TUM DYHKLMOHasIbHAsS cxema ThlopUHra nme-
eT BUA;

| a
®0 93 a Ha an
ao n 54
23 ao HAo H?2 ao ns3 n«3
ao H o HAT Oo n 54

Puc. 7

OcHOBHaA rurnorte3a Teopun asiropMTMOB.

MawmnHa TblopuHra gaeT oAuH U3 nyTeli yTOUHEHWS Mo-
HATUA anroputma. B ¢BA3M € 3TUM BO3HWMKAKT BOMPOCHI:
HaCKO/1bKO 00LNM AB/IAETCA MOHATUE MalWHbI ThlopuHra?
MOXHO An cyuTaTb, YTO CNOCO6 3a4aHWA anropuTMoB C
MOMOLLbI0O MalWHbI ThHOPUHIa ABNAETCA YHUBEPCA/IbHbIM?
MOXKeT /N BCAKUI a/lropuTM 3ajaBaTbCa Takum 06pa3om?

Ha aTn Bonpockl COBpeEMeHHasA Teopus asiropuTMOB Npes-
naraet OTBeT B Bufe crefyloLleii rmnotesbl:

Bcsakuin anroputm MOXKeT 6bITb 3a4aH NOCPeACTBOM ThiO-
PUHIOBOM (PYHKLUMOHa/IbHOW CXeMbl W peasin3oBaH B COOT-
BETCTBYIOLLEN MalwnHe TblOpUHra.

OTarunotesa HasblBaeTCA Te3MCcoM ThiopuHra. Ee Henb3A
JoKa3aTb» TaK KaK OHa CBA3bIBaeT HecTporoe orpegerieHue
MOHATUA ~TOpUTMa CO CTPOrMM OrnpeesieHNEM MOHATUA
MaLUMHbl ThlOpPUHTa.

3OTa rvnotesa MOXKeT ObITb OMPOBEPrHyTa, €Cnn yAacTcs
NPUBECT NPUMEP a/TTOPUTMa, KOTOPbIA He MOXET 6bITb pea-
NIN30BaH C MOMOLLbI0 ThIOPUHIOBOM (PYHKLMOHA/IbHOM CXEMBI.

OpHako Bce M3BECTHbIE 0 CUX MOp aroputMbl MOryT
6bITb 3afaHbl NOCPEACTBOM ThHOPUHIOBbIX (PYHKLVOHATbHbIX
CXeM.

HanoMHMM Tak>ke, 4TO Apyrme cnocobbl YTOUHEHUSA MO-
HATUA anropuTtma (NOHATME HOPMasIbHOro asropmTma
A. A. MapkoBa, MOHATUE PEKYPCUBHOIO asiroputma (pekyp-
CUBHOW (hyHKLMK), BBeAeHHOro Yépuem, Mégenem n KnmHm)
oKasas/InCb PaBHOCU/IbHBIMM.

OTOT (haKT ABNSAETCH Ba>KHbIM A0BOAOM B MOJib3y cdop™
MY/IMPOBAHHOW rMMoTesbl.
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Kpome Toro, criefyeT ckasaTb, UTO BHYTPWU camoii Teo-
pUn anropuTMOB 3Ta FMMoTe3a He MPUMEHSIETCSH, TO ecTb
npwu AokKasaTesibcTBe TEOPEM TeopuUM asIrOPUTMOB HUKAKMX
CCbIZIOK Ha runoTe3y He AenaeTcs.

8 6. HopmasibHble anroputmbl Mapkosa

Kak n paHee, 6ygem HasbliBaTb asihaBUTOM A BCAKOe
HernycToe KOHe4YyHoe MHO0XeCTBO CMMBOJIOB, a caMu CUMBOJIbI
ancaeuTta bygem HasbiBaTb GyKBamu.

Cnosom B angasmnte A Ha3sbiBaeTCA BCsKas KOHeyHasi
nocnefosaTtesibHOCTL 6YKB andasuta A. Tyctas nocregosa-
TeNbHOCTb OYKB Ha3sblBaeTCA MNyCTbIM CMOBOM M 0603HaYa-

eTca yepes [O.
Ecnn P o6o3HauaeT cnoBO 8i'8 n N obosHauva-

eT C/I0BO 0 , To PQ o0603HauyaeT 06beguHEHME
81M...8178M..8™ . B yactHoctu, PJ1=JIP =P . Kpome ToOro,

(P1P2)P3=P1(P2P3).

AndasnTA HasbiBaeTCcApacllvpeHvem andasurtaB, ecnn
B ¢ A. OueBngHoO, 4TO B 3TOM C/lydae BCSAKOe C/10BO B aslha-
BUTe B aBnsieTca cnosom B asihasute A.

AnropnTmMoM B anasnte A HasblBaeTcs 3PPEKTUBHO Bbl-
ynucmmasa (QyHKUWS, 06/1acTbio OnpeaeneHns KOTopon cny-
XXUT Kakoe-HMbyAb MOLMHOXECTBO MHOXXeCTBa BCEX CMOB B
angasnte A 1 3HAYEHUSMU KOTOPOM ABASAKOTCA TakXKe cnoBa
B andgasute A. INycTb P ecTb €/10BO B anhaBuTe A; roBopsr,
4YTO asIropUTM V MpUMeHUM K crioBy P, ecnin P cogepy>kuTcs B
obniactn onpepeneHuns Il. Ecnv andasut B asnseTcs pacluu-
peHvem ancasuta A, TO BCAKWI anroputm B andasute B
Ha3bIBaeTCA a/IropuTMOM Haj andasnTom A.

BOMbLWWHCTBO M3BECTHbLIX a/IrOPUTMOB MOXHO PasbuTb
Ha HekoTopble npocTenrwue warn. Cnegysa A. A. Mapkosy,
B KayecTBe 3/71leMeHTapHOM onepauuun, Ha 6a3e KOTOPOW CTpo-
ATCA a/ITOPUTMBbI, BbIAEIUM MOACT aHOBKY 0HOr0 C/10Ba BMe-
cTo gpyroro. EcnmP n Q - cnosa B andasnte A, TO Bblpaxe-
HMa P->Q n P-~Q 6yaem HasbiBaTb (hopMynamu nog-

cTaHoBKM B andasute A. lNpu 3TOM npeanonaraercsi, 4To
CMMBOJIbI CTPE/SIKa -> U TouKa < He SABNSATCS GyKBaMu
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angasuta A, a Kaxkgoe cnoso P 1 ™ MOXKeT 6bITb U NYCTbIM
croBoM. dopmysia noactaHoBKM P — Q HasblBaeTcs npoc-

TOW, a hopmyna noactaHoBkM P Q HasbiBaeTcs 3ak/ito-
YNTEe/TLHOA.

Myctb P-> (-)A o0603HavaeT oAHY U3 hopmyn noacTa-
HOBKM P ->Q mnn P Q. KOHEeuHbI CAMCOoK hopmy/ Nog-
CTaHOBKW B anasute

P2~>()"2

Pr-~{)Ar

Ha3blBaeTCs CXeMOW anropyTMa W MopoXKAaeT CrefytoLmii
anroputm B andasute A.

MpUHATO roBOpUTb, 4YTO C/I0BO T BXOAWUT B CfI0BO A,
€C/IN CYLLLEeCTBYIOT Takue (BO3MOXHO nycTble) cnosa TY, F,
yto Q=WTV.

Myctb P - cnoBo B andasute A. 3aecb MOXKET 6bITb 04HO
n3 OByX:

1. Hn ogHo u3 cnoB Px,P2,...,Pr L, Bxogut B cnoso P
(o6o3HauvaeTca: 17:P

2. Cpegn cnoB P1,P2,...,Pr cywectByT Takme, KOTO-
pble BXogAaT B P. INycTb T - HaMMeHblLee Lefioe Y1uco Ta-
Koe, yto 1<»l<r,u BxoguT B P, n [l - cnoso, KoTtopoe
nosly4aeTcs, ecnu camoe fieBoe BXOXKAeHwe cnosa P B €noBo

P 3ameHUTb c/10BOM ToT chakT, uto P 1 [ HaxogoATca B
OMMCAHHOM OTHOLLUEHUWU, KOPOTKO 3anuulem B Bufie
nxP\-K, (@)

ecnu dopmyna noactaHosku PN -> {)AT ~ npoctad, vnu B
BUae
Tp\-n (b)

ecnm chopmyna —3aK/ounTeIbHas.

B cnyuae (a) roBopAaT, 4TO anroputM U npocTto nepes(Sy
ant cnoso P B cnoso LW, B cnyyae (b) roBopAT, UTo asiroputm
M 3aK/1l04nTes/IbHO nepesoguT cnoso P B cnoso B.
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MycTb panee, U.F\=R o03HayaeT, 4TO CyLWeCTBYeT Takas
rnocsiefoBaTesIbHOCTb cnos B asipaBuTe A, 4TO

P =Rq, R-Rk, URj\-Rj+i gna y=0,l,...,fe-2 u nnéo
meo U'.Ri™ ™ <Rfi (B aToM nocnegHem cnydvae

Bmecto U:PMR nuwyt UP\=-R).
Monoxxum Tenepb U(PN =R ToOrga v To/bKO TOrAa, Kor-

fa nnéo 17P]= R, nméo U'P'"R n U:R=>.
AnropuTtm, onpegeneHHbli TakuMm 06pa3om, HasblBaeT-
CA HOPM&JTbHbIM &/ITOPUTMOM WU asropyuTMoM Mapkosa.
Patota asropytmMa TIMOXKET 6bITb OnmMcaHa CriegyoLmm 06-
pasom. MycTb gaHo cnoBo P B andasute A. Haxogvm nepsyto B

cxeme anropytMa U copmyny nogctaHoskn Puy  (O™NT »
Kyto, 4to P, BxoauT B p. CoBepLuaem MoACTaHOBKY C/10Ba
BMECTO Camoro J/1IeBOro BXOXAEeHWs CroBa B cnoso P. MycTb
iij - pesynbTar Takoih nogctaHoBkn. Eciv PA -> (H)Qnt “ 3ak-
nounTensHas dopMysia NoAcTaHOBKW, TO paboTa anroput-
Ma 3aKaH4uMBaeTcs, U ero 3HadeHuem asnsietca Jij. Ecnm
thopmyna nofacTaHOBKM - npoctas, 10 [Mprmve-
HUM K [1, TOT >Ke MANACKA, KOTOPbIM Obl1 TOSIBKO YTO NpuMe-
HeH K P n 1.5. Ec/im Ha KOoHe4yHOM éTane 6yaeT Mosly4eHo
Takoe cnoso [,, uto U:Ri rs, To ecTb HM ogHO M3 cnoB Pi,
..., P™ He Bxognt B Ri, T0 paboTa asiropntma 3akaH41BaeT-
cda, n [, byfeT ero 3HayeHuEM.

Ecnun onncaHHbIM npoLecc Ha KOHEYHOM 3Tarne He 3akaH4u-
BaeTCA, TO FOBOPAT, YTO ayiropyUt™m U He nNpuMeHuM K cnosy P.

Mpumep 1. Myctb A ecTb andasut {b,c} . PaccmoTpum
CXemy

& J
c->cJ*

Onpegensiemblin 3TOW CXEMOW HOpMasibHbIA anroputm U
nepepabartbiBaeT BCAKOe c/10B0 P B andasuTte A, cogepka-
Lee XoTA 6bl OAHO BXOXAeHMe 6YKBbl b, B C/10BO, KOTOpOe
nosyvaeTcs Bbl4ePKUBaHVEM B P camoro neBoro BXoXKaeHus
6yKBbl b,
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[enctBuTtesnibHO, BcAKas GykBa ¢, Haxoasawascs B C/10Be
NleBee camoi f1eBoi 6yKBbl b, MpocToii NOACTAHOBKOM C €
nepesognTca B OyKBY C, a camas nieBas 6yksa b 3akoun-
TeNbHOM MOACTAHOBKOW MepeBoauTCA B MyCToe €080 [

Hanpumep, ecnim P =ccbbe, To P MQ, rae Q =ccbc.

MycToe cnoBo M nepepabaTbiBaeT B camo ceobs.

MU He NPUMEHMM K HenyCTbIM C/10BaM, He COAep Kallum
BXOXXAeHUs 6ykBbl 6 . [elicTBUTeNnbHO, ecnin cnoso P cogep-
XXKUT TONbKO 6YKBbI C, TO MPOCTOM NMOACTAHOBKOW C -> C OHO
b6yneTt nepepabaTbiBaThCcA B cebsl, HO Torga Bcerga P -> P
Mbl He MPUXOAUM K 3aKM4YnUTesIbHOM MOACTAaHOBKeE, T.e.
npouecc 6ygeT NpogosKarTbesi 6eCKOHEYHO.

Mpumep 2. MycTb A ecTb andaeut {00,04,...,a,} . Pac-
CMOTPUM CXemy

Yr (™ -> n) ea).

JTa cxeMa onpegensieT HopMaslbHbIM anroputm 17, nepe-
pabaTbiBaloLLMiA BCAKOE C/0BO B anpaBute A B MycToe C/0-
B0. Hanpuwmep,

Cl; 01a2ala30o[-a”030xa3[-a2«1«3[~«2«31-031-J1.

W, HakoHel, 17./71=>. CneposatensHo, U (01020x0300) = /1.

§ 7. Hepaspewumble anropuTMmyeckme npobaemol
(0630p)

Mepexof, OT MHTYUTUBHOIO MOHATUA anroputMa K Tou-
HOMY MOHATUIO Manurabl TbIOPUHIa Mo3BosiieT YTOYHUTbL U
BOMpoc 06 a/iropuTMMUYecKoi paspelmmMocTM AaHHOM Mac-
coBoW npobsiembl. Tenepb 3TOT BOMPOC MOXXHO COPMY/INPO-
BaTb TaK: CYLWEeCTBYeT /I MallmHa TblopuHra, pellaroLas
OaHHYK MaccoByH MpO6SIEMY WM >XKe TaKoi MalluHbl He
cyuwectByeT?

Ha sToT Bonpoc Teopusa asroputmMoB B psfe Cryyaes
JaeT oTpuuatenbHbll oTBeT. OAMH M3 NepPBbIX Pe3ys/ibTaToB
TaKoro tuna non3”™eH amepmkKaHCKUM MaTtemaTukom Yép-
yem B 1936 rogy. OH KacaeTcsa npobsieMbl pacro3HaBaHUS;
BbIBOAMMOCTM B MaTtemMaTU4ecKowr /oruke.
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1. HepaspelwwmmocTb Npobsembl pacno3HaBaHUSA BbIBO-
AVMOCTM B MaTteMaTUyecKom SorunkKe.

Kak 13BeCTHO, akcMoMaTU4YeCcKUii MeToj B MaTeMaTuke
3aK/1l0yaeTca B TOM, UYTO BCe MpensioxkeHUs (Teopembl) faH-
HO Teopuun NosyvarTcs NocpeacTBOM JOpMasibHO-M0rnyec-
KOro BbIBOJA W3 HECKOJIbKUX MpPeasioKeHU (akcmom), npu-
HYMaeMmbIX B AAHHOM Teopuun 6e3 gokasaTe nbCTBa.

B maTtematn4eckoi NorvkKe onmcbiBaeTCsl CneuvasibHbIn
A3bIK (hOpMyN, MO3BONAKLWMNI M060e NpeanoXkeHMe mate-
MaTUYecKol Teopumn 3anucatb B BUAe BMOJIHE onpeaesieHHo
thopmynbl, a Mpouecc SIOrM4ecKoro BbiBOAa M3 MOCbUIKM A
cneacteus B MoxkeT 6bITb onmcaH B BuAe rpouecca dop-
Mas/ibHbIX MpeobpasoBaHni UCXO0AHOM (OpMysbl. ITO JOCTU-
raeTca NyTem MCMosib30BaHWsA JI0rMYecKoro VUCUUCNEHUS, B
KOTOPOM YyKasaHa cuctema JonyCcTMMbIX MpeobpasoBaHuii,
n3obpadkarolmx sneMeHTapHble aKTbl JIOFUMYECKOro yMmo3ak-
JIIOYEHNS, M3 KOTOPbIX CKIaAblBaeTcs 060, KakK yrogHo
CMIOXKHbIA (hOPMasIbHO-NI0TMHYECKUIA BbIBOA,

Bonpoc 0 norvyeckoil BbIBOAMMOCTU NpeanoXkeHns B
13 NOCbIIKN A B N3O6paHHOM I0rMYECKOM MCUHUCIEHUN ABIISA-
€TCA BOMPOCOM O CYLLEeCTBOBaAHUW AeAYKTMBHOM LIeMouyKu,
Beayweii ot copmynbl A K dopmyrne B.

B cBA3M ¢ 3TMM BO3HMKaeT npobrema pacno3HaBaHUSA
BbIBOAMMOCT ", AN Mobbix AByX dopmyn A u b B fiornyec-
KOM WCYUCMIEHUWN Y3HAaTb, CYLLECTBYET /N AeAYKTUBHAA Le-
rnoyka, seayuias ot A K B, nnm Her.

PeweHune aToil npo6iembl MOHMMAETCA B CMbIC/1e BOMPO-
ca 0 CyLeCTBOBaHWM anroputma, JaloLlero oTseT MNpw -
66X A n B. Pesynbtat Yépua hopmynupyeTtca cnegyowmm
obpasom:

Teopema Yépua. MNMpobnema pacrno3HaBaHUsA BbIBOAVUMO-
CTU aJIropUTMUYECKU HepaspeLunma.

2. HepaspewwunmocTb npobaembl pacrno3dHaBaHMUsA camo-
NPUMEHNMOCTMU.

Beegem npeasapuTenbHO NOHATUE WMgpa MallrHbl Tbio-
puHra. [lo cux nop Mbl 3anucbiBasiM NporpaMmy MallunHbI
TblopyHra B BuAe ABYMepHOW Tabnuubl T Xx n. OgHako ee
MOXHO M300pa3nTb B O4HOMEPHOM BapuaHTe, 3anucbiBas
nocnegoBaTesibHO MNATEPKU CUMBO/OB Tak, YTO NePBbIA CUM-
BOJ1 MATEPKM yKa3biBaeT CTos6el, Tabnuvubl, BTOPOi - CTpPOY-
Ky Tabnuupl, a nocneas”Nuime Tpu - CMMBOJIbI TON TPOAKMU.



168 Kypc nekuuii no MaTemaTunyeckoliiormHe

KoTOopas pacrnosiaraetca B Tabnvue Ha nepeceyeHUU yKa-
3aHHbIX CTPOKW U CTOM6LA.

Tak, Hanpumep, BMeCTO CXeMbl, MU306pa>keHHOW Ha
puc. 7, 6ygeT rnony4vyeHa ofHOMepHasa CTpoKa:

«091«0 n $B 191« H 92«91« n gla?ly6n p~aograo ngt... (1)

MocTynasi aHa/IorMyHO, MOXHO MpPK PacCMOTPEHUM KOH-
hurypaumii ycnoBnTLCA 0 TOM, UTOObI 6YKBY COCTOSIHUS NcaTb
He rog, o6o3peBaemoli ByKBOM, a HEMOCPEACTBEHHO fleBee ee.
Hanpumep, paHee BCTpeYaloLLyloCsl KOH(UIypaumio

A

6yaem 3anuceblBatb B Buae 111174 11

FACHO, UTO KaxKay 6ykBY CTpoku (1) MOXKHO nepenme-
HoBaTtb. Caenaem 3To, cob/ofas cnepylolime ycsioBUA:

1) ctpoka (1) go/mkHa ogHO3HAYHO pas3bmBaTbCcA Ha OT-
JenbHble KOAOBble rpynnbl;

2) Ko4oBble CUMBOJSIbI AO/DKHbI ObITb TPEX BUAOB:

a) ona 6yks N, N, H;

6) ons 6yKB BHelUHero andasuTa;

B) oA 637B, M306parkatOinuiix cocTbsAlHMSA MalLWHbI.

B cBA3M ¢ 3TMMm 6ydem nonb3oBaTbCsA Credytowein Tab-
Nuuer KogMpoBaHUS:

Andasut BykBa KopgoBsasa rpynna MpumeyaHun
BykBLy, n 101 OnviH HyNb Mexay 1
ajzpecos H 1001 OBa HVIA mexnv 1

n 10001 TpW Hyna mexxay 1

BHeLwHwWi «0 100001 4 Hyna YeTHOE YMC/I0 HyNewn.

andasut 10000001 6 Hyneli 6Gonbliee ABYX

10...01 2(n+2) Hyneii

BHyTpeH- 9, 1000001 5 Hyneil  HeYeTHOE YMC/O Hy-
HWIA an- 100000001 7 Hyneii neii, 6onbluee Tpex
haBUT .

0p 10..01 2(n+1)-(-1 Hyneii

Ecnu B cTpoke (1) cumtatb | a, P COOTBETCTBEHHO
bykBamn a,, &\, &\ TO Npu Takoii cUCTemMe KOAMpOBaHUS
cTpoka (1) 3anuwieTca Tak:

10w110007ol10wwi10(100(toww!1000w!1L()00001100000(t00L;,..  (2X
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Mofo6HY CTPOUKY U3 eAMHUL, U Hyfeld, CoCTaBMeHHY0 1A
(PYHKLUNOH&/TbHOM CXEMbl UMW AN 0TAeNbHOM KoHdurypa-
LMW Ha3bIBalOT LWMGPOM (PYHKLMOHABHOM CXeMbl AW LWN-
poM KOHdMrypaumm.

MycTb Tenepb Ha NIeHTe MaxnuHbl ThlopUHra n3obparkeH
€e >Ke COOCTBEHHbI Wndp, 3anmcaHHbI B anithaBmTe mallu-
Hbl. BO3MOXHbI ABa cn3”as:

1. MawwvHa npMMeHMMa K CBOeEMY LWNQpPY, T.e. OHa
nepepabaTbiBaeT 3TOT LWUMGP W MOC/Ie KOHEYHOIO Yncna Tak-
TOB OCTaHaBNuMBaeTcs.

2. MawwnHa He nMpuMMeHMMa K CBOeMY LIngpy, T.e. Ma-
WMHa HUKOTrAa He NepexoinT B CTOM-COCTOSIHME.

Takmm o06pas3om, camu MalimHbl (X Wndpbl) pasbdmsa-
I0TCA Ha [Ba K/lacca: Kacc caMornpuMEHMMbIX U K/acc He-
CaMOnNpPUMEHNMbIX TbOPUHIO0BbIX MaluuH. [103TOMY BO3HU-
KaeT c/egyowias maccoas npobnema: npobsiema pacnosHa-
BaemMocTW camonpumMmeHMmMmocTu. Mo nwbomy 3agaHHOMY
WNpy yCTaHOBUTb, K KaKOMy KacCy OTHOCUTCA MalluHa,
3awmgpoBaHHas MM: K Kriaccy camornpuMEHUMbIX WU He-
camonpuMeHUMbIX?

Teopema. lMpobriema pacno3HaBaHWsA camMonpUMEHNMO-
CTW a/ITrTOPUTMUYECLIL, He paspeLunma.

JokasatenbctBo. [MpeanonoXxum npoTtmeBHoe. [ycTb
Takas MawuHa A cyulecTByeT. Torga B A BCSKWIA caMonpu-
MEHUMBbIA LWINGP NepepadaTbiBaeTcs B KaKoM-TO |ciliBeln <r
(MmerLWwmin cmbicn YTBEPAMUTENBHOINO OTBETA Ha MOCTaBMEHT
HblA BONPOC O CaMOMPUMEHMMOCTM), a BCAKMIA Hecamonpu-
MEHVMbIA WNpp - B APYror cMmBoa T (MMEKLWWUIA CMbICA
OTpuuatenibHOro oTBeTa Ha MocTassfieHHbI Bonpoc). B Ta-
KOM C/lyd4ae MOXXHO 6bI10 MOCTPOUTL M TaKy MawiunHy B,
KOoTopas no-rpexxHemMy repepabaTbiBaeT HeECAMONPUMEHUMbIE
Wwnpbl B I, B TO BpeMsi KakK K CamMONpMMeHUMbIM LLMpam
B y>ke He npuMeHMMa. ITOro MOXHO 6bIN10 4OBUTLCA NyTeM
TakKoro M3MeHeHUs CxeMbl MalnHbI B, 4To6bI Nocne nosene-
HUA CMMBONA C BMECTO MOSAB/IEHUSA CTOM-COCTOSAHUSA, Malluun-
Ha Hayana 6bl HeorpaHMYeHHO MOBTOPATb 3TOT XK€ CUMBOJI.

Takum obpasom, B nprMeHMMa KO BCSAKOMY Hecamornpu-
MeHVMOMY LLUNAPY (BblpabaTbiBaeTcA Npy 3TOM CUMBO/T ) U
He NpyUMeHVMa K camonpuMeHUMbIM LWndpam. Ho aTo npuso-
/U k npoTmsopeunto. [eiicTBATENbHO:
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1) nycTb MawmHa B camonpumMmeHuma, Torga oHa npume-
HMMa K CBOeMmy WNgpy B n nepepabaTtbiBaeT ero B CUMBOJI
T\ HO MNOSAIBNIEHME 3TOr0 CMMBOMIA KaK pa3 U [O/HKHO 03Ha-
yatb, YTo B HecamonpumeHnma,;

2) nycTb B HecamornpumeHMMa, Torga oHa He NpUMeHU-
Ma K B, 4To go/mpKHO o3HavaTb Kak pas, 4to B camonpume-
HuMa. [MoslyyeHHOe MNPOTUBOPEYMNE [OKa3blBAeT TEOpemy.

3. Mpob6nema 3KBMBa/IEHTHOCTU C/1I0B A/19 accoumart
HbIX UCYUCTEHWUA.

MepBble pe3ynbTaTbl 06 a/IFTOPUTMUYECKON HepaspeLun-
MOCTWM 6blNIN YCTAHOB/IEHbI A1 Npo6siem, BO3HUKAKOLWMX B
camoil MaTeMaTM4ecKon Nornke 1 B Teopum anroputmos. Cioga
OTHOCATCA W paccMOTPeHHble nNpobnembl «Mpobiema BbIBOAW-
MocTu» n «lpobnema camonpuMeHUMocTu». Ho rnoske Bbl-
ACHUMOCb, YTO aHa/I0rMYHble NPOB/IEMbI BOSHUKAIOT B CamMblX
pasnnyHbIX cneuvasibHbIX pasgenax maremaruku. Cioga oT-
HOCATCH, B MEPBYH o4epedb, asirebpanyeckue Mpobiembl,
NpUBOAALLME K pa3/IMyHbIM BapuaHTam npobremsbl C/10B.

PaccmoTpum HekoTopblii andgasut A = {0,6,c,...} 1 MHo-

>XeCcTBO C/10B B 3TOM asndasute. Ecnu cnoso b aBnsaetcs ya-
CTblO c/10Ba M, TO roBOpAT, UTO C10BO b BXOAUT B €/10B0 M.
Tak, C/10BO aca BXOAWUT B CNOBO bcacab, HauMHasA ¢ 6yKBbI a.

Bynem paccmatpmBath NpeobpasoBaHme 04HUX C10B B ApY-

rme C MOMOLLIbIO HEKOTOPbLIX A0MYCTUMbIX MOACTAHOBOK BMAa
P—Q vwm P-"Q,
roe P n Q gBa cnosa B TOM e andasute A.

MprMeHeHWe OpMeHTMPOBaHHOM NoacTaHoBKN P -> Q K
cnosy B BO3MOXXHO B TOM c/lyyae, Korfja B HeM MMmeeTcH
X0TA 6bl O4HO BXOXAEHMe NeBoi YacTn P; 0HO 3ak/ioyaeTcs
B 3aMeHe /11060ro 04HOro Takoro BXOXXAEHWSA COOTBETCTBYIO-
e npa.Boi yacTbio Q.

MprMeHeHe HEOPMEHTMPOBAHHOM NoacTaHoOBKN P — Q
[OMNyCKaeT KaK 3aMeHy BXOXKOEHMWS JIEBOW 4acTu MpaBoi,
TaK 1 3aMeHy BXOXXAEHWUS MpaBoii yacTu J1eBOWA.

Bbygem paccmaTpmBatb, B OCHOBHOM, HEOPUEHTUPOBAH-
Hble MOACTAHOBKMW.

Mpumep. MofcTtaHoBKa ac - aca MpUMEHUMa K Cr/10BY
beacab ByMSA criocobamu; 3ameHa BXOXKAEHMA aca B 3TO C/10BO
JaeT cnoso bcacab, a 3aMeHa BXOX[AeHWUS ac [aeT C/i0BO
bcacaa’b.



ANTOPUTMbI 171

K cfioBy abcab 3Ta noactaHoBKa He MpuUMeHmMMma.

OnpegeneHve. AccounMaTUBHLIM NUCYUCIEHMEM Ha3biBa-
€TCA COBOKYMHOCTb BCEX C/IOB B HEKOTOPOM asndyaBuTe BMeEC-
Teé C KaKOoM-HMOyab KOHEYHOW CUCTEMOW [OMYCTMMbIX MOA-
CTaHOBOK.

Anu 3agaHnAa accoumaTMBHOIO UCHUCNEHUA LOCTATOYHO
yKasaTb COOTBETCTBYIOLLME a/ihaBUT U CUCTEMY MOACTAHOBOK.

Ecnn cnoBo R MoXkeT 6bITb nMpeobpas3oBaHo B C/10BO S
MOCPeACTBOM O4HOKPATHOI0 MPUMEHEHMS JONMYCTMMOW noga-
CTaHOBKW, TO U S MOXeT 6bITb NpeobpasoBaHo B R Takub
Xe npteM. B Takom cniydae R >K S Ha3blBaOT CMEXKHbLIMI
cnosamu. lMocnegoBaTtesibHOCTb C/I0B

RI> 72 e N1y K
Takux, 4YTo Kaxkjasa napa cnos J°, m RM™ (r=1,2,...re- 1)

AB/IAOTCA CMEXHbIMUW, HAa3bIBAKT AeAyKTWUBHOM LENoYKoii,
BefyLlen oT cnoBa R k cnosy S.

Ecnn cyuwecTByeT AefyKTMBHaA Lenoyka, sBegywias ot
cnosa R K cnosy S, To, 04eBUAHO, CYLLLECTBYeT N AeAyKTUB-
Had uenoyka, Befylias oT cnosa S K c/oBy R, B aToM cny-
Yyae c/oBa R WS Has3biBaOT 3KBMBa/IEHTHLIMWU U 0603HaYa-
oT: R~S.

[na Kaxkgoro accoumaTMBHOIO MCUYUC/IEHUS BO3HUKAaET
CBOA creuyasibHasA npobsiemMa 3KBMBasIEHTHOCTU C/10B"™

[na nobbix ABYX CNOB B JAHHOM MCYMCNEHUN TpebyeT-
CA y3HaTb, 3KBUBAJIEHTHbI OHU W/IN HET.

Mpobriema 3KBMBANEHTHOCTU C/10B /1S accoumaTUBHbBIX
vcumncneHnin boelna copmynmposaHa B 1911 rogy. Torga >xe
6bl51 NpeaiokKeH anropuTm Ans Pacrno3HaHUsl 3KBUBAJIEHT-
HOCTWN C/I0B B HEKOTOPbIX accoumaTUBHbIX MUCUYUCITEHUAX
cneunasibHoOro BuMaa.

EcTecTBeHHO BO3HUK/Ia 3afjaya 06 OTbICKAHUU Takoro
obLLero anropnTmMa, KoTopblii 6bis1 661 NPUMEHUM K S1060MY
accounaTMBHOMY UCHUCIIEHUIO.

B 1946 n 1947 rogax poccuiicknia matematuk A. A. Map-
KOB N aMepuKaHCKuii Mmatematmk 3. NocT, He3aBUCUMO OAUNH
OT ApYyroro, rMocTpou/IN KOHKPEeTHbIe MPUMEepPbI accouuaTmB-
HbIX MCUYUCEHWIA, ANS KaXKA0ro U3 KoTopbiX npobnema sKkBu-
Ba&UIEHTHOCTW C/10B aJ/ITOPUTMUYECKN He paspelunma, u, cne-
JoBaTesibHO, He CYLLEecTBYyeT anroputma A/ pacrno3HaHus
3KBUB&/IEHTHOCTU C/10B B JIIOO60M MCUUCIEHUMN.
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B 1955 rogy poccuiicknii matematuk . C. HoBnKoB goka-
3a1 a/ITOPUTMUYECKYIO HEPa3peLIMMOCTb Npobsembl ToxXae-
cTBa rpynn, gopmasibHO 3Ta npobsema npeacTasiseT coboi
YacTHbIA cry4vali Npo6aemMbl 3KBUBAJIEHTHOCTU C/I0B B acco-
LNaATUBHOM WUCUYUCNEHUN.

Mpumepsbl, nocTpoeHHble A. A. MapkosbiM 1 I1. C. Ho-
BMKOBbIM /7151 OMPOBEPXXEHUS anropUTMMUYECKON paspeLumn-
MOCTU mccnesyembix rnpobnem 6o111 rpomMo3gKMMU 1 HacUK-
TbiBa/IM COTHWU [OMYCTUMBbIX MOACTAHOBOK.

MeTepbyprckomy matematuky . C. LleidTnHy ypanocb
NOCTPOUTb MPUMEP aTropuUTMUYECKN HepaspeLirMmoro uc-
YMC/IEHNSA, H KOTOPOM MCMoJib3yeTca /INLb CeEMb OOMYCTU-
MbIX MOACTaHOBOK.

4, HepaspelwwnmocTb gecAatonr npobnewsl[ Mmibbepta C
OVOaHTOBbLIX ypaBHeHUAX.

CyLLHOCTb 3TOW MNpo6aemMbl M3naraiacb Hamu Bbllle B
8 3 1 TaMm e yKasblBas10Cb, YTO A0Ka3aTe/NlbCTBO a/lropuT-
MWYECKOW HepaspeLumMocTh 3TOW MNpobnembl O6bLIO JaHO B
1960 rogy monogbim MeTepbyprcknum marematnkom HO. Ma-
TUACEBUYEM.
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AJITEBPA NNTOIr'MKN

§ 1. BbIcKasbiBaHUS1 1 flOrMYeckne oriepaunm Hag HUMWN.
®opmybl anrebpbl JIOMMKN

MoHATME BbiCKa3blBaHWNA ABNSETCA OCHOBHbIM Heorpe-
JensieMbIM MOHATUEM MaTeMaTuyeckoi norvku. Mog Bbic-
KasblBaHVeM MoHMMatoT Nt060oe NnoBecTBOBATE/IbHOE Mpeasio-
YKeHVe, 0 KOTOPOM MOXXHO CKa3aTb UCTUHHO OHO W/ JIOXKHO
B OaHHbIX YCNOBUAX MecTa M BpeMeHW. Jlormyeckoe 3Haue-
HMEe BbICKA3bIBaHUSA «MCTMHAa» («/10XKb») 0603HAYaeTCs1 NN
6ykBon u, (1) nan ymgponi 1, (O). BbickasbiBaHUsS 06bIYHO
0603Ha4YalT MaIbiMU NTATUHCKUMWU OGyKBaMWU.

OTpvuaHeM BbICKa3biBaHUA a Ha3blBaeTCHA BbICKa3bl-
BaHVEe a , KOTOpoe UCTUHHO, ecnun a /I0KHO, N NIOXKHO, ecnu
a UCTMHHO. BbiCcKasbiBaHMe a uunTaeTca Tak: «He a». Tab-

nmya UCTUHHOCTM OANA a WMEET BUA!

a a

0

KOH'bPOHKLI.I/IEVI BbiCKa3blBaHWA a,b Ha3blBaeTCA BbICKa-

3blBaHVEe afib (a&b), KOTOpPOE NUCTUHHO, ec/i1 a B bUCTUH-
Hbl U NT0XKHO, €C/IN XO0TS Obl 0AHO U3 HUX TOXKHO. BbiCKa3bl-
BaHVe afib uunTaeTca. «a u 6».

JAN3blOHKLUMEN BbiCKa3biBaHWUI a, b Ha3blBaeTCA BbiCKa-
3biBaHWE a Vb, KOTOpoe UCTMHHO, ecnn XoTs 6bl 04HO U3
BbICKa3biBaHU a WM b UCTUHHO, U JIOXKHO, ec/in 0ba OHK
NOXXHbI. Yutaetcsa: «a mnm &».

Mmnnvkauvel BbicKasblBaHU a, b Ha3blBaeTCs BbiCKa-
3blBaHME a->b, KOTOPOE J/IOXKHO, ec/iM a UCTUHHO U box-
HO, N UCTUHHO BO BCEX OCTa/IbHbIX crlydasaX. Yntaetcs: «Ecnu
a, To 6».
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SKBMBAJIEHTHOCTbLIO (MM 3KBUBANEHLMEN) BbICKA3bl-

BaHWIi a b HasbiBaeTcs BbiCKasbiBaHME a <r“b, KOTOpoe uc-
TUHHO, ecnv o06a BbICKasbiBaHMA a W b ogHOBpeMeHHO uc-
TUHHbI UMW NI0XKHbI, U JIOXKHO BO BCEX OCTaSIbHbIX CN3ryasx.
UuTaeTtcsd; «a Torga v To/IbKO Torga, Korga b».

Tabnuua UCTUHHOCTU A/18 3TUX JIOTMYECKNX onepauunii
Takosa:

a anb aVVb a b a<->b

(0] (0]
(@) (0] (0]
(0] (@] (0] (0]

Bce BbiCKa3bIBaHMA MOXXHO pa3fe/iuTb Ha rnpocTble (Unn
3/1eMeHTapHbIe) N COCTaBHble (U CIIOXHbIE).

Bcsikoe cnoXkHoe BbiCKa3blBaHWE, KOTOPOe MOXKeT 6bITb
Nnosly4eHO W3 3/1eMeHTapHbIX BbICKa3biBaHWUM MNOCPEACTBOM
NpUMeHeHNS BbilLe onpeaeneHHbIX NATU JIOFTUYECKMUX orepa-
LM, HasblBaeTcs oopMynon anrebpbl NOrMKN.

dopmynbl anredbpbl NOrMKM 6ygem 0603HavaTb 601bLLIN-
MW NaTUHCKUMU 6yKBamu. J1ormyeckme 3HaydyeHus qopmy-
Nbl NpU Pa3NUYHbIX KOMOUHAUMAX 3HAYEHWU BXOOALMX B
Hee BbICKa3blBaAHWN MOXXHO onucaTb NocpeacTBOM Tabnuupl,
KoTOpas HasblBaeTcs Tabnmueil MCTUHHOCTU (hopMynbl.

dopmyna A, Bcerga UCTUHHAaA, HasblBaeTcA TO>XKAe-
CTBEHHO UCTWUHHOW hopmMyoA UM TasToNorveii n 3anu-
cbiBaetca A = 1. ®dopmyna b, Bcerga noxkHas, HasblBaeTcs
TO>KAECTBEHHO JIOXKHOM hopMyoii 1 3anucbiBaetca B = 0.

Mpumep 1. Cpegyn cnefyowmx NpeasiokKeHnin BolgennTb
BbICKa3blBaHUSA, YCTAHOBUTb, UCTUHHbI OHU WAW JIOXKHBbI:

1) peka BosixoB Bnagaet B 03epo UNbMeHb;

2) BCSAKMWI 4YenoBeK MMeeT bpara;

3) neriTe TOMaTHbI COK!;

4) cywiecTBYeT YesI0BEeK, KOTOPbI/i MOJI0XKe CBOEro 0Tua;

5) KoTopbIli 4vac?;

6) HM oouH 4YenoBeK He BecuT 6Gosiee 1000 Kr;

7) 23<5;
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8) oA Bcex AeUCTBUTEsIbHbIX YMNCEN X U [/ BEPHO paBeH-
CTBO X+y =Yy +X;

9) n:"-7n:+12;

10) x2-7x +12=0.

PeweHne. Jlerko BuaeTb, 4TO BbiCKasbiBaHusA 4), 6),
8) - NCTUHHbIE, a BbiCcKasbiBaHUA 1), 2), 7) - noxHble. Mpea-
noxxeHus 3), 5), 9), 10) He ABNAIOTCA BblCKa3blBAHUSAMMU.

Mpumep 2. MNMycTb a - BbicKasbiBaHWe «CTyAeHT VBaHoB
n3y4vyaeT aHIIMNCKNIA A3bIK», b- BbiCKadbiBaHWe «CTyAeHT
MBaHOB ycneBaeT N0 MaTeMaTuU4ecKol nornke». Jatb cno-
BECHY (DOPMYNMPOBKY BbIiCKa3blBaAHWIA:

1) anb; 2) 0-»&; 3)b<™a.

PeweHune, a) «CTyaeHT VBaHOB M3y4yaeT aHrNUNCKUNA
A3bIK W He yCreBaeT Mo MaTeMaTMUeCKOM Normnkes; 6) «Ecnu
CTYLEeHT VIBaHOB M3y4vaeT aHI/IMNCKUIA A3blK, TO OH ycnesa-
eT Mo maTeMaTuyeckoll noruke», B) «CTyaeHT BaHOB He
ycrneBaeT Mo mMaTteMaTU4ecKoi Nnoruke Torga M ToNbKO TOr-
0a, KOorga OH He u3y4daeT aHI/IMWCKUIA S3blK».

Mpumep 3. CocTaBUTb Tabsnuy UCTUHHOCTU A1 BblC-
KasblBaHUA a V&.

PeweHne. Tabnmua UCTUHHOCTU ANA BbICKa3biBaHUS
a V& nveet Bua:

B b b avb
1 1 0 1
1 0 1 1
0 1 0 0
0 0 1 1
1.1. Kakue 13 cnegyrouwmux npeasiokeHnm siBNATCA

BbICKa3bIBAHUSAMMN:
1) MockBa - cTonuua Poccuu;
2) cTyaeHT (PhU3MKo-mMaTemMaTUyecKoro pakysbTeTa,;

3) Nl3+2T7-28;
4) JlyHa ecTb cNYTHMK Mapca;
5) a>0.
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1.2. MpuBeanTe NpuMepbl NpeasioKeHNA, a) ABNALLUX-
CSA BbICKa3blBAHUAMMU; 6) He ABAAKLIMXCA BbICKa3bIBAHUAMMN.

1.3. BepHbl 11 yTBEPXAEHUSA:

1) cymMmMa KOpHel npuBefeHHOro KBaApaTHOro ypaBHe-
HNA paBHa CBOBGOAHOMY UYsIEHY;

2) cymMMa KOpHew Nnwboro npmBefeHHOro KBagpaTHOro
ypaBHeHUA paBHa CBOG0AHOMY Y/EHY;

3) cyuiecTByeT NpuBefeHHOE KBajpaTHOe ypaBHeHMue,
CyMMa KOpHEe# KOTOporo paBHa CBOGOAHOMY UneHy?

1.4. YcTaHOBUTE, UCTUHHO WAW JIOXKHO BbICKa3blBaHUE:

1) 2e{T|2n®- X*+1 =0, 1 eK};

2) -36 <-2, E
) Eonyo ne

+
3) 3e 2ra llIa
3ra- 2
4) {13 K;

5) {I}eP(N),raei>(N) - MHO>XXeCTBO BCEX MOAMHOXXECTB
MHOXecTBa N ;

6) 0 eO;

7) 0 e{0};

8) {L-12}c x\xx*+xr-x-1 =0, Xer
9) xX\xM+xM-X-1=0, xe2 1-12};
10) 0 < N:

m{ ©0

12) {0

1.5. dBndaeTca M BbiCKasblBaHWEM criefylolliee npeasio-
XKeHne: «3ITO NpPensIoKeHUe JSTIOXKHO»?

1.6. Cpean cnepyouimx BbiCKasblBaHWU ykKasaTb afne-
MeHTapHble N cocTaBHble. B cocTaBHbLIX BbiCKa3biBaHUAX
BblAENIUTb rpaMMaTUyecKne CBA3KW:

1) uncno 27 He genntca Ha 3;

2) uncno 15 pgenutcs Ha 5 n Ha 3;

3) ecnu yncno 126 genutca Ha 9, TO OHO AeNuTcs Ha 3;

4) yncno 7 aABNgeTca genutesieM ymcna 42;
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5) yucno 1269 pgenutca Ha 9 Torga v TONbKO TOrga,
Korga 18 pgenutca Ha 9.

1.7. O603HaubTe 3fieMeHTapHble BbiCKa3blBaHUA OyKBa-
MW W 3anuwnTe cnepylowne BbiCKa3biBAHUA C MOMOLbIO
CMMBO/1I0B anrebpbl JOrUKN:

1) 45 kpaTHO 3 N 42 KpaTHO 3;

2) 45 kpatHO 3 1 12 He KpaTHO 3;

3) =5 unwm 4 =-5;

4) 2<5;

5) ecnn uncno 212 penutcs Ha 3 n 4, TO OHO AennTes Ha 12;

6) uncno 212 - Tpex3Ha4yHoe U KpaTHo 3 mnau 4.

1.8. MNMycTb p M.q 0603Ha4YalT BbICKA3bIBAHUS:

p - «4 ydycb B LUKOJIE»,

g - «5 nbnw mMatemaTuKky».

MpouTuTe criegylowme CA0XKHbIE BbICKa3blBaHUA:
1) ;2)p;3) p&A;4) p&a;5) p&a; 6) p&a; 7) p&a .

1.9. Kakuve 13 cnefyroumx UMNANKaunii NCTUHHDI:

1) ecnn 2x2 =4, 170 2<3;

2)ecnn 2x2 =4, 10 2>3;

3)ecnm 2x2 =5, 10 2<3;

4) ecnn 2x2 =5, 10 2>37

1.10. BblAcHUTE, B KaKUX criydyasax MNpuBedeHHble HUXKe
OaHHble MPOTUBOPEYUBLI:

l)a =1la&& =0; 2)a =l,avb =0;
3) 0=1 a&& =1, 4) 0=1,«V 6=1;
5)o =0,a&& =1; 6)a =0,avb =1;
7) 0 =0 0&b =0; 8 o0=0o0V6=0.

1.11. MycTb X, X', Yy, y' 03HAyalT COOTBETCTBEHHO «7 -
MpPoCToe Yncno», «7 —COoCTaBHOE YMNC0», «8 —MpoCToe Ync-
no», «8 - cocTaBHOE YUC/O¥:

1) Kakne n3 NpegnoXeHUn x&y, x&y', x'&y, x'&y"'
UCTUHHbI N KakKue NOXXHbI?;

2) TO >Xe C 3aMeHOM KOHBHHKLMUM Ha AU3BIOHKLMNIO;

3) T0 XKe Ansa nNpegnoXeHunin x, vy, 1c,~y.
1.12. lNpoBepuTb, He cocTaBNAsa Tabsny MCTUHHOCTMU,

ABAATCA NN cnegywowime opMysbl TOXKAECTBEHHO UCTUHA '
HbIMMW: !
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1) p-»_p; 2) pvpj,

3) pnp; 4) p<r~p;

5) p->p; 6) pop;
7){pvp)-"p; 8)p&(p<”p);

9) (i»>p)Vp; 10) p<r> p &{p-" p&p);
11) PY(P-"P); 12) p-"p;

13) pop; 14) {pv p)-~{pAp).

1.13. HaignTe nornyeckue 3HavyeHms X My, Npu KoTO-
pbIX BbIMO/IHATCA PaBEHCTBA:
1) (I->x)->y =0; 2) XVy =X.
1.14.
1) N3BECTHO, YTO MMMNAMKAUMA X~>Y WUCTUHHA, a K-

BUBAJIEHTHOCTb JTO Y JIO)KHA. YTO MOXXHO CKasaTb 0 3Ha-
YeHUM UMNANKAUUKN y -> X ?
2) MN3BECTHO, YTO 3KBUBANIEHTHOCTb X <>y WCTUHHA.

UTO MOXXHO CKa3aTb 0 3HAYEHUU XX OY M T oYy ?
3) NI3BECTHO, 4TO X UMeeT 3HayYeHne 1. YUTo MOXXHO cKa-

3aTb 0 3HAYEHUAX UMNIMKauMn X Ny r; X ->(yvr)?

4) N3BECTHO, YTO [ ->Yy WMeeT 3HadeHne 1, YUTo MOXXHO

CKasaTb 0 3HAYEHUAX r ->{x y); X y y;[x->y)->r?
1.15. MNyctb x =0, y =1, 2=1. Onpefenntb slornyec-

Kue 3HaYeHUS HWKECNEeAYLWNX C0XKHbIX BblCKa3biBaAHWIA:

1) xn{yAr); 2) {xny)ny;

3) &> (] ->r1); 4) xny”r;

5 (nny) (rvy); 6) ((n:ylHn2)o((n:n 2)y(1/n2)).
1.16. Tlloka3aTb, 4YTO NOTMYECKUe CBA3KM b-"a >

a&b ->a, a&b->b, a&b N, rge n- ¢QuUKcupoBaHHoe

JTI0OKHO€ BbICKa3biBaHWe, UMEKT Ty XXe Ta6I'IVILI,y NCTUHHOC-

TW, YTO U UMMINKaAUUA a->b .

1.17.

1) MocTpoiiTe ¢ MOMOLLbIO OTPULLAHUA U AU3BIOHKLUN
hopmyny, Tabnnuya NCTUHHOCTU A/151 KOTOPOW coBnajasia 6bl
c Tabnuueii AN MMNANKaLUWN.
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2) AHaNOrM4yHo 3ToOMy MNOCTPONTE C MOMOLLbI OoTpuua-

HUSA N uMnankKaumu dopmyny, Tabnuuya Anst KOTOpPOW co-
BNagaeTt ¢ Tabnuueil oNs GU3bIOHKLKU, 1 BTOPYI dopMyny
¢ Tabnuuei, coBnagawwweli ¢ Tabnnuen AN KOHBIOHKLUN.

1.18. CocTtaBUTb Tabnunuybl UCTUHHOCTM ANA HOPMYII:
1) YIr ;

2) {xyy)->{xny ¥X y);

3) ««1 n arr)V ars;

4) xny -"yy:x->r);

5) (1 =2 ,Ep';)'» W!VAZ I‘IJ'|3);

6) xyr)n(y-~(u”nn;));

7) >(xaxX,)...);

8) x1vXx.y..¥x, y, Ny2n...ny,, .

1.19. YcTaHOBUTb, Kakume uU3 caepyrwowux gopmyn

ABNAKTCA TOXAECTBEHHO MCTUHHBLIMW, TOXXAECTBEHHO J10XK-
HbIMW:

1) Xvy -> xay 't
2) (x h->(y ->x);
3)A N (P2 A);
AN (a->a)'
5) ((pnp)<H-p)™(A-> p);
6) (p->m&@ " r);
7 x->1)-» ((y->2)->(XVYy->T1));
8) (a ™ Pr)-» ((a *p)-" (pP2VD));
9) (a > (P2 P3) ((a a)-» (a ™ P3)}

10) (A >mA) ((A A (a ap)).
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§ 2. PaBHoOCU/IbHbIE YOPMYbl asiredbpbl JI0rMKU

Onpepgepésne. OBe opMynbl anrebpbl AorMkn A n B
Ha3bIBATCA PaBHOCU/IbHLIMU, €C/IN OHU MPUHUMAKT 0AU-
HaKoBble IOrn4yeckne 3Ha4YeHUs Ha ft6bom Habope 3HavYeHW

BXOASALWMX B HUX BbiCcKa3dbiBaHUii (A = B).

BaxkHelwne PaBHOCUJ/IBHOCTN MO>XXHO pa36I/ITb Ha Tpun

rpynnoi:
I. OCHOBHble PaBHOCU/ILHOCTMU.

1 ar&nar™n: = 3aKOHbI

2. xvx =X (XVXV...vx =)/ AJeMMnoTeHTHOCTN.
3. A8 =1 !

4, gV1=1

5. &= 0.

6. TVO=X

7. x&,x = O ~ 3aKOH MNPOTMBOPEYUIA.

8. nivac =1 “ 3aKOH WUCK/IIOYEHHOro TPETbEro.

9. 'x =X ~ 3aKOH CHATUSA [ABOWHON0 OTpULLAHUSA.

10. n:&(lyn:)=n
11, %V (y& x) i ;1 ™ 3aKOHbI NOT/IOLEHNS.

I1. PaBHOCMNbHOCTU, Bblpa)kawuiue oAHU slorUYeckune

onepauuun 4yepes gpyrue.
L x< Ay~ {x-"y) &[x-"y).
2. X-Ny=xvy.
3. X&Y Mxvy
- 3aKoHbl ge MopraHa. i
4. x vy =X&Yy
5 X&Yy N XVy.

6, xv y=x&Y.

II. PaBHOCMNLHOCTKU, BbipaXkall,Me OCHOBHble 3aKo-

Hbl anreépbl NOrNKWU.
1 x&y = Y&X4
2. XVYy=YyV X

3. X&((I1&2) =



182 ~__3afavyHUK-NpakTUKyM No MaTeMaTUYeCKON Noruke

4. pViyVvVr)=@Vvy)Vr.
5 ni&(yvz) S (n&y)

6. XV (y&r)S (nrVy)&(nrVr).

Mcnonb3ya paBHocunbHocTu rpynn I, 11, 111, MOXHO
yacTb (hopMy/bl anrebpbl NOTUKN UMW BClO GopMyny 3ame-
HUTb PaBHOCU/bLHOWM el chopmynoii. Takne npeobpasoBaHUsA
Ha3blBaKTCA PaBHOCUJ/IbHbIMW. PaBHOCU/IbHbIE Npeobpaso-
BaHUA (OpMyN MNPUMEHSTCA ANA foKa3aTeNbCTBa paBHO-
CUNbHOCTEN, ANA npuBefeHUs (OpMya K 3afaHHOMY BUAY,
4NA ynpoweHns Gopmyi.

Mpum:ep 1. JoKasaTb pPaBHOCUJILHOCTb X y =X&Yy.

PeweHne. Ona pokasaTesibCTBa PaBHOCUJ/IbLHOCTWU MOA-
BEPrHEM ee J1eBYH 4aCTb paBHOCUJ/IbHbIM I'Ip806pa3OBaHVIFIMZ

Mpumep 2. YNPOCTUTb QOPMYNY A = (XYY - XYy Y)&Y .
PelweHune. MoaseprHem opmyny A paBHOCUJ/IbHbIM Mpe-
o6pa3oBaHUAM:

A =\XYYy ->X VY &Yy WANXYYYXY y &Yy A

=(xVy VXV =(@Vx)Viyyy)& li=
= (lyy)&y =1&Y =y.

Mpumep 3. AokasaTb, 4To opmyna AN x ->{y X)
TOXAEeCTBEHHO WCTUHHAaA.

PelweHune. MoaseprHem opmyny A paBHOCUbHbLIM MNpe-
obpa3zoBaHUAM

A=pg->F—g)=8V VE|=/gV VIIN
=MydiryY¥=1y 13 1.
1.20. OokasaTb PaBHOCU/IbHOCTb;
1) (mcyrH&(x B
2) Xy"X&Yy'3 Xyy;

3) X<y = x</y;
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4) Xy Vv XyV X Y w X

B) wony — iy
6) XM (yr)"~ x&yr;

7 x =

8) [XVY)&{r Vi)=xrVyrVxrVyp,

9) xyvrt ={XVr y Vr)[x V) V=,

10) x~ n X2A...ax,, V= ->"2->(..-> (1, ->Yy)..).
1.21. YnpoctuTb Gopmyny:

Dok W ox

2) x-~{x"y);

3) XNyv{x-" y)-X;

4) {x<7y)&[xvy);

5) ok->y)&(y->r1)-> (r-> X);

6) "xvy->|"2->myvyv Via-» (m->X ->vy;
7) IN&X& x->y&Yy 28V XV (Y& T) V (Y& T);

8) (X&(YyVr->yv zAv{y&x&y~" VXV
9 (m  y)&{y->Tr)->(K->71);

10) mnn)Vian Vynn)Vv. nlinr].

1.22. [oka3aTb TOXAECTBEHH3MH UCTUHHOCTb WU TOX-
[EeCTBEHHYIO JIOXKHOCTb (hOPMY/I:

1) xny-~x;

2) x-> (kVy);

3) k™) (y ->K);
4y X Ok->y);
5) Ok Y)&(K ->y) -> X

‘' 3[eck U B AabHEILLIEM 3aXLLICk Xy{x W) 03HAYaeT x &Yy, MoA0GHO TOMY,
KaK B a/repe He NMLLIETCS 3HAK YMHOXKEHS (WM MIALLIETCS X <y BMECTO XX Y).
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6) X&{X ->y)&(Xx ™ Y\

7) XV x A~ yny;
8) [x~ {yr)) ((u->y)->(n->n);
9) (m->x) [{r->£/)-->(r ->nr)),
10) (x~ >Ny 1) ((x VI)->n);
1) {x-~y"r))->{xny->r},

12) [xny ->n” {x[y ~ n)

13) (mAn...nn;,)&(acly...ya;,

14) ., -» (K3 > (0K, ->yy

15) xnx-~ynAnyn Vo N>, (rnan

1.23. TycTb P - TOXAECTBEHHO sI0)KHas ¢opmyna. [o-

Kas3atb, UTo X&y-"P =x-"y.
1.24. Haiignte x, ecnn XV ay™xrVv. — =6.

1.25. MNMocnepoBaTenibHOCTb BbiCKasbiBaHWU (a”) onpege-
nseTca cnegyloWMM pPeKYPPEHTHbIM COOTHOLUEHUEM;

« =«n-1 («n-2 Va,,_3). « > 3.

Bbicka3biBaHUA a,, ah, 3a/aHbl, NMpuyem n Qquc-
TUHHbI, a NOXXHO. VICTUHHO MNKM NOXXHO BbiCKa3biBaHUe
a"? Kak BblpakaeTtcs yepes a\ ah

1.26. Bblpa3nTb BCe OCHOBHble onepauuu:

1) yepes3 onepayun AN3BIOHKLNIO, KOHBIOHKLUNIO N OTT
puuaHwue;

2) 4yepe3 KOHBLIOHKLMI U OTpULaHUE; »

3) yepe3 AU3BIOHKLNIO N OTpULAHUE; -,0

4) yepe3 MMNAMKayuuw n oTpuyaHue. ;T
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1.27,
1) BblpasnTb O0TpULAHUE UMMNJINKALUM Yepe3 OCHOBHbIEe

onepauun Tak, 4Tobbl OTPULLAHMSA CTOSANN TONbKO Haj apry-
MeHTamu,

2) Bblpa3nTb onepaumio AU3bIOHKLWIO Yepe3 Umnanka-
uuio,

1.28, Ucknovaton;eii AU3bHOHKLMENA [BYX BbiCKa3blBa-
HUIM a n 6 Ha3bIBaeTCs HOBOE BbiCKa3biBaHWe, 0603HavYaemoe
a”b (4uTalwT «1Mb60 a, NM60 &»), KOTOPOe UCTUHHO, Korga
O4HO N TO/IbKO 0A4HO M3 AAHHbIX BbiCKa3biBaAHUM UCTUHHO, U
NOXKHO B OCTasIbHbIX cny4yasax. CocTtaBUTb Tabnuuy UCTUH-
HOCTU UCKAKYaKLWen AN3BIOHKLUN U Bbipa3uTb ee yepes
OCHOBHble onepauun Hafj BbiCKa3biBaAHUAMM.

1.29, WTpnxom Lleddepa ABYyX BbiCKasbiBaHWUN a U &
Ha3blBaeTCHA HOBOE BbiCKa3biBaHMe, 0603Havyaemoe alb (Unta-
0T «@ He COBMECTHO C &»), KOTOPOe JIOXKHO TOJIbKO Torga,
Korga o6a gaHHble BbiCKa3biBaHUS UCTUHHLI. COCTaBUTb Tab-
nnuy UCTUHHOCTU WwiTpuxa Leddepa n BbipasnTb ero vepes
OCHOBHble onepaunu Haj BbiCKasbiBaHUAMU. JokasaTb, UTO
BCe OCHOBHble onepauunm Hafj BbiCKa3blBAHUAMU MOXXHO Bbl-
pasutb yepe3 wTpux Lledepa.

1.30, WTpuxom JlykaceBm4a BYX BbICKa3biBaHU a N &
Ha3blBaeTCA HOBOe BbiCKa3blBaHMe aXb (YNTAT «HWU 0, HU
b»), KOTOPOE UCTUHHO B TOM U TO/IbKO B TOM C/ly4yae, Korga
06a AaHHble BbiCKa3blBaHUA NI0XKHbLI. CocTaBUTb Tabnumuy umc-
TUHHOCTWU WTpuxa JlykaceBm4ya v BblpasnTb ero Yyepes 0CHOB-
Hble onepauun Haj BbiCKasblBaHMAMUW. [lokasaTb, YTO BCe
OCHOBHbIe orepaunn Haj BbiCKa3blBAHUAMW MOXXHO BblpasnTb
yepes WITpUX JlyKaceBumya.

1.31, AokasaTb, 4YTO onepauns OTpULAHUSA HE MOXeT
6bITb BblpaXkeHa 4Yepe3 OCHOBHble ornepaumnmn (buHapHble) Hag,
BbICKa3blBaHUAMMU,

1.32, MOXXHO NN ANns Kaxaoh (opmynbl HaTU paBHO-
CUMbHYI0, He cojepXallyl 3Haka oTpuuaHmsa?

1.33, ManbuuK pewwna B BOCKPeCeHbe 3aKOHUYUTb 4Te-
HMe KHUIU, CXO4UTb B My3el UM KMHO, a ecnv 6yaeT Xopo-
Wwasa noroga - MoiTU Ha peKy BbiKynatbcsa. B Kakom criyyae
MOXHO CKa3aTb, UTO pelLleHne MasibunmKa He BbINOSIHEHO? B
0TBETE OTPULAHUSA AO0/DKHbI COAEPXKATHCA MINLb B MPOCTbIX
BbICKa3blBaHUSAX.
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§ 3. ®YHKUUN anrebpbl NOTUKMU.
CoBeplUeHHble HOpMasibHble OPMbI

OnpepeneHve 1. dyHKUMeN anrebpbl JIOTUKW N NepeMeH-
HblX Has3blBaeTcaA nAwbasa GPYHKUUA N NepeMeHHbIX

F[x~,X2,...,X,”, aprymMeHTbl KOTOPOW MPUHUMAOT ABa 3Ha-

yeHnss 1 n O, n cama PYHKLUUSA NPUHUMAET OAHO M3 ABYX
3HaueHuin: 1 nam 0.

Bcskaa dopmyna anrebpbl NOrMKW ecTb (PyHKUMA an-
rebpbl NOrMKN. TOXAECTBEHHO UCTUHHAS U TOXAECTBEHHO
noXkKHas opMybl €cTb MOCTOSIHHbIE (QYHKLUN.

MO0>XXHO MokasaTb, YTO BCAK3TO (QYHKUMUIO anrebpbl /0-
F’MKWU MOXHO NpeacTaBuUTb B BUAe JopMysibl anrebpbl noru-
KW, N 3TO npeacTaBfeHne TaKoBO;

P{xi,X2,...,Xn) = \Y;

VF(LL...,00& &I&..& V..V

dopmyny (*) MOXXKHO nNpeobpasoBaTb K opmysne, Ko-
Topas COAEPXXUT TOMbKO 3/IEMEHTAPHble MepeMeHHble BblC-
KasblBaHUS 1 o6nagaet cnegyouwmMMmm CBOMCTBAMU COBep-
weHcTBa (Mnn ceolicteamum (C)):

1) kaxkgoe normyeckoe crnaraemoe GopmMysibl COAEPXKUT

BCE MepemMeHHble, BXoAswWmne B PyHKLMIO

2) Bce /normyeckue cnaraemble OPMYJibl Pas/INYHbI;

3) HM oAHO noruvyeckoe cnaraemoe OpMyfbl He cofep-
>XUT O4HOBPEMEHHO MEPEMEHHYH U ee 0TPULaHME;

4) HM ofHO normyeckoe cnaraemoe opMysbl He Coaep-
XXUT 04HY N Ty >XKe NepeMeHHYH ABaXKAbl.

C nomoubio Tabnumubl NICTUHHOCTU, onpegenstoLwienn QyH-

kKuno "Rgln2,...,4:,), Nerko NoayyYynmTb COOTBETCTBYIOLLYIO
hopmyny anrebpbl norukn, obnagatuwyto cesoicteamm (C).
JlecTBUTENbHO, A1 KaXAoro Habopa 3HaAYeHW MNepemeH-
HbIX, Ha KOTOPOM (DYHKLUNA FAXNyXA...... X,,) NPUHUMAET 3Ha-

yeHue 1, 3anuwem KOHBHOHKLUWNK 3/1IEMEHTAPHbLIX MNMepemMeH-
HbIX BbICKa3blBaHW, B35sIB 3a Y/1EH KOHBIOHKUUN X, ec/in
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3HayeHue Ha ykKaszaHHOM Habope 3HauyeHU NepeMeHHbIX
ecTb 1, n oTpuyaHue ecnu 3HavyeHme x ectb 0. A N3 bIOH-
KLUWSA BCEX MOJIYYEHHbIX TakKuUM 00pa3oM KOHBIOHKLUUA ©
O6yneT WCKOMOW (hopMynoii.

OnpepgeneHvie 2. 3neMeHTapHOW KOHBIOHKLMENW M Mnepe-
MEHHbIX Ha3blBaeTCA KOHBIOHKLUA MepemMeHHbIX WUIn Knx
oTpULaHWA.

OnpepgenerHne 3. AN3blOHKTUBHOW HOpMasibHOW ¢hopMmoii
(AH®P) cbopmynbl A HasblBaeTCsd paBHOCM/IbHAA el opmy-
Nna, npeacTtaBnswowas coboii AU3BIOHKLWIO 3/IeMEHTapPHbIX
KOHBIOHKLNA.

OnpegeneHne 4. CoBeplLUEHHOW AWN3bIOHKTUWUBHOW HOpP-
MauibHol coopmoii (COH®) chopmynbl A HasbiBaeTca HD A,
obnapatouian csoncteamu (C).

COH® A MOXXHO NoNyyYnTb ABYMS cnocobamu: a) ¢ no-
MOLWbO Tabnmubl MCTUHHOCTU (CM. Bbile); 6) C MOMOLLbIO
paBHOCU/IbHbIX Npeobpas3oBaHWUiA.

MpaBuno nonyyvyeHua COAH® n3 dopmynsl A ¢ NOMO-
Wb pPaBHOCUJ/IbHbIX Mpeobpas3oBaHUA.

1. Onsa cdopmynbl A nosydyaem nwbywo AHD.

2. 13 OAH® A nyTem paBHOCWU/IbHbIX MpeobpasoBaHUii
nonyvyaem CAH®, nocnegosaTesibHO f06MBasACh BbIMO/THEHUSA
yeTblpex concTes CAH®:

1) MycTb B ecTb cnaraemoe OH®, He cogepxxaliee x°\

Torpga Hago 3aMeHUTL cnaraemoe B B AH® A Ha cnaraemoe
B&(,V =(B&n)V(B& ,

2) Echv B AH® A BCTpeTuTCcA ABa OAMHAKOBbLIX cnara-
eMblX B/ BT TO /INWIHEE HYXHO OT6pOCUTL, TaK Kak
ByB =b.

3) Ecnn B HekoTopoe cnaraemoe B B JH® A nepemen-
Hasa X BXOAUT ABaXKabl, TO JIMLIHIOW MNMepeMeHHY Hajo oT-
6poCUTb, TaK KaK X"N&X, = X7,

4) Ecnn cnaraemoe B B AH® A cofep>XXUT KOHDBHOHK-

LU x~&X1, To 3TO c/laraeMoe MOXXHO O0TOPOCUTh, TaK Kak

X"&Xj = 0, U cnegosaTtesibHo, B r O, a /10)KHOe BbiCKa3blBa-
HUE N3 ON3BIOHKLWUW MOXXHO BbIGPOCUTL (B CU1Yy PaBHOCU/Ib-
HocTn CyO =C).
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OnpegeneHvie 5. dnemMmeHTapHO AU3bLIOHKUWE M Mnepe-
MEHHbIX Ha3blBaeTCA AN3BIOHKLNA NePEMEHHbIX U UX OT-
puuaHuin.

OnpegeneHne 6. KOHbIOHKTUBHOW HOpMasibHOM chopMmoii
(KH®) dopmynbl A HasblBaeTca paBHOCU/IbHAA el hopMy-
na, npeacTaBnslowasi coboli KOHBbHOHKLUIO 3/1EMEHTAPHbIX
ON3BIOHKLUNA.

OnpepgeneHne 7. CoBepLleHHOM KOHBIOHKTUWBHOW HOpP-
ManbHoii copmoli cpopmynbl A (CKH® A), Ha3sbiBaeTcs
KH® A |, yaosneTsopsiowas 4eTblipemM CBOMCTBaM:

1) Bce anemeHTapHble AU3BIOHKLUMK, BXoAAwMe B
KH® A | cogep>kaT Bce nepemMeHHble;

2) Bce 3NeMeHTapHble AU3BIOHKLWUK, BXoAdAlUiMe B
KH® A, pasfinyHsl,

3) KaXkpas anemMeHTapHas AU3BIOHKUMWA, BXoAswas B
KH® A, cofep>XnUT nepeMeHHylo0 oAVH pas;

4) HU ofHa 3neMeHTapHas AU3bIOHKLUMWA, BXogslw,as B
KH® A , He cogep>XUT NepeMeHHYI0 N ee oTpULLaHUe.

CKH® A MOXHO nonyynTb ABYMS cnocobamu: a) ¢ no-
MOLL b0 Tabaunubl NICTUHHOCTU (MCNONb3YS 3aKOH ABOMCTBEH-

HocTh CKH® A = CAH® A, nonyyaem ¢ nomowbio Tabnun-

ubl UcTUHHocTM CAOH® A, u, B3aB oTpuuyaHne CAOH®P A,

nonydyaem CKH® A ); 6) ¢ NOMOLLbIO paBHOCUIbHbLIX MPeo6-
pa3oBaHWiA.

MpaBuno nons~eHua CKH® u3 cdopmynbl A ¢ Mnomo-
Wbl paBHOCUJIbHbLIX MPeobpa3oBaHUIA.

1. Ana gopmynbl A nony4vaem ntobyiw KHO.

2. 13 KH® A nyTem papHOCUMbHbIX Mpeobpa3oBaHUi

nonyyaem CKH® A, nocnepoBaTesibHO f06MBasiCb BbIMOA-
HEHNA 4eTblpex cBocTB CKH®.
1) Ecnn anemeHTapHas AuU3blOHKUMA B, Bxogdauwasa B

KH® A , He cofep>XXUT MepemMeHHy x° Torga samMeHsiem B
Ha BV =(BV«j)& (B V

2) Ecnn B HEKOTOPYH 3/leMeHTapHYyl AU3bIOHKUUIO B
nepemMeHHasi x“BXOAMT ABaXKAbl, TO SINLIHIOW MNEPEMEHHY!IO,

HY>XHO O0T6POCUTL, TaK KakK X Vx™ = Xj.
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3) Ecin KH® A cofep>XUT ABe OAMHAaKOBbIX 3/1eMeH-
TapHbIX OU3BIOHKLUW, TO OAHY MOXXHO OT6POCUTL, TakK Kak

B&B=B,

4) Ecnu B 3fieMeHTapHyl AU3BIOHKLUWIO BXOAWUT Napa
TV JCj, TO ee MOXHO O0TBpOCUMTbL, TaKk Kak V=1, a uc-
TUHHOE BbICKa3biBaHNE N3 KOHBIOHKLMWUN MOXXHO BblIOPOCUTH
(8 cmny paBHocuibHOCTM C&1 = C).

Mpumep 1. Haitn dopmyny, onpeaensowyo ¢GyHK-

yuto d(ac,y,r), no 3agaHHOW Tabsmue UCTUHHOCTU:

JL P(x,y,r)
O O
(@] (0]
(0] O (0]
(@]
(@]
O
(@] (0] (@]

PeweHwne. Mcnonb3ysa npaBuao non3™ueHust hopmybl
anrebpbl I0rMKKU N3 Tabnuubl UCTUHHOCTU AAS QYHKUUN

h{x,y,r), nonyymm:

GOK Y, ) = Xyr VXYyr VXyr vx y zvx y r.
Ynpoctme 3Ty gopmyny, Mnonswmm:

YI(XVAIOVK T (YN/ANIXYTAYT\N/XTYyXyr =
=yry x(2vyr)=yry x(rvy)(rvr)=yrVvx(rVvVy)n
=(yrVx)& (yrVrVy)=(yVx)(r V) {y V? Vy)(rvVr Vy) =
=(yVX2VX) =xVy2= 5> yr.

Taknm o6pa3om, UCKOMON (QOpMY/oi, onpeaensitoLllei
pyHKuno dOc,y,r), MOXKHO cuutTatb X  yr, wam x/~/yr,

UM KaKyl-HNOyAb APYrYy U3 paBHOCU/IbHBLIX UM (hOPMYII.
Mpumep 2. Cnepytowyio opmyny npmeectu K CAHD,
npegsapuTesibHO NMpuBeAs ee paBHOCUbHbIMU Mpeobpasoisa-

HUaMnM K AH®: A = a(lic->a&).
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PeweHne. A =af{bc-> ab) = a{bc v afe) = a(b ve v ab™ =
= abvdev ab=[H® A.
A=JHPA =ab(cVc)Vacbvb)v abcv c) =

= abcv abc v abc v abc v abcv abc =
= abc Vabc v abc vabc=CAOHD A.

OTBeT: CAB® A = abcv abc v abc v abc.

Mpumep 3. Ona dopmynbl U3 Npumepa 2 Hantn COAH®
nyTem cocTaBfieHUsa Tabsunubl MCTUHHOCTW.

PeweHune. CoctaBuM Tabnnuy UCTUHHOCTU ANA OpMy-

nol A walbc ab).

O o o
o O
0]

O (6] (0] o
O (6] (0] (6] o

Torga COH® A = abcv abc v abcv abc .

Mpumep 4. Ana dopmynbl U3 npumepa 2 HaTn CKH®
nyTeM pPaBHOCWUJ/IbHbIX Mpeobpa3oBaHWii, NpeaBapUTEsIbHO
npueegsa ee K KH®. _

PeweHne. 3 npumepa 2: A =abvéacvab. [Oanee

A = a[bvcvb)Ma&l =asKiidA.
A =KH® A =av(fc&b) =(av6)&(aVvF) =
= ((av&)vc&c)&((a v&)vec&ecj =
=(aV&Vc)&(avbv c)&(ovb ve)&(avbvc)=CKHDA.

OtBeT: CKH®As{avbvc)&(avbvc)&(avbvie)&

&(aVeé Vo).



ANTEBPANOrukn ' ~ 191

Mpumep 5. Ana dopmynbl 13 npumepa 2 Hantn CKH®,
3anucas npegsaputesibHo COAH® ee oTpuuaHusa, a MnoTom
BOCMO/1b30BaBLUMCb (POPMYIOA [BOMCTBEHHOCTU.

PeweHne. CKH® A =abcvabcvabcvabc.

CKH® A s COH® A =abcv abcvabcv abc s
={avb vc)&(av& vc)& (avbvc)& (avbvec).

Bce chopmMynbl anrebpbl 10rMKU AeNdaTca Ha Tpu Kiac-
ca: 1) ToXKAeCcTBEHHO UCTUHHbIE; 2) TOXKAECTBEHHO JIOXKHbIE;
3) BbIMOSIHUMBIE.

dopmMmysly A HasbiBalOT BbIMNO/IHUMOW, €C/IN OHa MPUHMU-
MaeT 3HauyeHMe 1 xoTsa 6bl Ha 04HOM Habope 3HAYEHWUIA BXO-
OAWNX B Hee MepeMeHHbIX N He ABNAETCA TOXAECTBEHHO
WCTUHHOMN.

Teopema. AnA Toro, 4T06bl hopMyna anrebpbl IOTNKU
6bl/la TOXKAECTBEHHO UCTUHHA (J10>KHA), HeobxoaumMo u
[OCTaTOo4YHO, YTOObl /to6as aneMeHTapHas AN3bIOHKLUSA
(KoHbIOHKLWMA), BXoaawas 8 KH® A (OH® A), coaep>kana
nepemMeHHyI0 1 ee oTpuLaHue.

Mpumep 6. BygeTt nn opmyna (i ->y )W yy ToX-

[EeCTBEHHO WCTUHHOW, TOXAECTBEHHO JIOXKHOW WM BbIMOJI-
HUMOW?

PelwieHuve. MpuBegem hopmyny K KaKon-nm60 Hopmanb-
HO hopme:

[X->y)->Xyyy=Xyy->Xyyy Xyyyxyyy~"

NXYYXYyyy.
MonyyeHHasa AH® He aBnSeTCs TOXAECTBEHHO JIOXKHOWA,
TaK Kak KaXkfgas aneMeHTapHas KOHBIOHKLUWUA He Coaep>XuT
rnepeMeHHy un ee otpuuaHue. CriegoBartesibHO, McxogHas
hopmyna TOXKAECTBEHHO MCTUHHA WNM BbiNosiHUMA. [Mpeob-
pasyem daHHyt dopmyny K KH®,

XN y)-~"Xyyy =xy yxyyy ~"(xy yuyxy =yyxy =
= {yyx)&.(y\/y) = y\/x.

3710 nponssegeHne He ABNAETCA TOXXAECTBEHHO WMCTUH-
HbIM, TakK Kak 3fieMeHTapHas cymma y VK He TOXXAEeCTBEeHHO
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NCTUHHA. Takum 06pa3om, ucxogHas hopmysia He TOXKAECTBEH-
HO /IOXKHA M He TOXAeCTBeHHO WCTUHHA, C/lefoBaTe/lb-

HO, OHa BbINO/IHMMA.
1.34. o Tabnuyam UCTUHHOCTU HangnTe OpPMYy/ibl, Or-

pegenson:~ e yHKLUUK PAX,y,r), PANXy,r),

PA{x,y,r*, n npungate nm 6osee NpocTon BUA:

v y, ) PNx,y, ) P™x,y, 1) PM,vy,r)
O
0 O
O O
O O 0]
O O o] O
O O
o] O
O O O 0] O O
1.35. TycTb - byneBa (hyHKuunA, KoTopas

npuHUMaeT 3HavyeHne 1 Torga M TOMIbKO TOrga, Korga TOUYHO
ofHa N3 nepemMeHHbIX NpUHMMaeT 3HadeHue 1. CocTaBbTe
T:abnuuy gna QyHKumm N BblpasnTe 3Ty (OYHK-
LU0 4Yepe3 OCHOBHbIE SIOTMYECKME omepayun.

1.36. Ha3oBem dyHKuUMel 6onblinHeTBa “11/2 '3 6yneBy
(hyHKLMI0O OT Tpex MepeMeHHbIX, 3HA4YeHUe KOTOpPO coBMa-
[aeT c TeM 3HA4YeHMeM, KOTOpoe MPUHMMAaET 60/1bLUVMHCTBO
nepemMeHHbIX.

a) CoctaBbTe Tabnuuy, onpegensaowyo PyHKUMIO 601b-
WMHCTBA U Bbipa3uTe 3Ty PYHKLIMIO Yepe3 OCHOBHbIe onepa-
Lun.

6) YnpocTuTe BbipakeHue ¢11/2 178*

1.37. byneBa thyHKUMNA Ha3bliBaeTcH ABON-

CTBEHHOI MO OTHOLIEHUIO K 6Yf1IeBOA (hYHKLUN ,
ecnm

Ana Kaxgon 6yneBon (PYHKUMM OT ABYX MEPEMEHHbIX
HalguTe ABOMCTBEHHYH el 6yneBy (YHKLMUIO.
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1.38. byneBa (yHKUUA Ha3blBaeTcA:
a) coxpaHsawouwen O, ecnn i(0,0,...,0) = O;

6) coxpaHsawowen 1, ecnn F(1,1,...,1)=1.

Cpeau 6yneBbiX (QYHKUWIA OT OA4HOW M ABYX MNepeMeH-
HbIX HalTLU Bce (hYHKLUMU, coxpaHsawwme 1, n Bce PYHK-
unmn, coxpaHswwume 0.

1.39. Ansa cnepyowmx gopmyn Haitu CAH® n CKH®,
KaXxayt AByMs cnocobamm (nyTemM paBHOCWU/IbHbIX Npeobpa-
30BaHN U MCnonb3ya Tabnuubl MCTUHHOCTWN):

Dn:&(acry>
2)(acy->n:)&(n;r/-»rl);

A NNy x);

HhrAxvzN->y&z;
5)[XVY->XAzZ)->AXAXAVYyAzZ;
6) [ab -> &) -> ((a -»&)-> (¢ &)
7Y(a ¢)-> ->30j;

8) (4 -> 6) -)m{bc -> ac);

9) (M2-> (... " {X,,_1 -> X)),

10) Xi V X2V..vX»™ -> 1/l A1/2/1.. ]y,

1.40. Hangute CAH® ana BCAKOI TOXXAECTBEHHO MC-
TUHHOW opMy/ibl, codepXkalien: 1) ogHO MepemMeHHoe,
2) ABa nepemMeHHbIX, 3) TpU NEPEeMEHHbIX.

1.41. Haiante CKH® gna BCAKOW TOXXAECTBEHHO NOX-
HoM hopmynbl, cogepXxawen: 1) ogHO nepemeHHoe, 2) ABa
nepeMeHHbIX, 3) TPU NEepPeMEHHbIX.

1.42. JokaXXnute paBHOCUbHOCTb hopmyn jey (¥ -» )

M X->yVXVYy CpaBHEHMEM UX COBEPLUEHHbIX HOPMasbHbIX
hopM (KOHBHHKTUBHbIX WA AN3BIOHKTUBHbIX).

7 3ak. 1229
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1.43. Hax3gute 6os1ee NpocToi BUA hopMys, MMEKLNX
creayroLme CoBepLUEHHbIE HOpMasbHble DOPMBbI:

D) Xyvxyv Xxy;

2){xvy)[xvy){xvy);

3) xy3 Vxyz Vxyz;

4)[xvyVv 2){x vyv 2(jiVy V2).

1.44. Vicnonb3ya KpuUTepuii TOXKAECTBEHHOW MCTUHHOC-
TN W TOXKAECTBEHHOM NIOXXHOCTU (POPMY/ibl, YCTAHOBUTL OY-

OeT N1 gaHHas qopMyria TOXKAECTBEHHO UCTUHHOW, ToXxae-
CTBEHHO JIOXKHO WX BbINO/THUMOA:

1}xy <r>x Vxy;

2)(x N Y)&.{xywxy);

) xy M {x-"y);

4)xXvy ->[x<Ny);

b XVy z;

6) (k->z){y->z)" (x ).

§ 4. MNpunoxeHusa anrebpbl /I0FNKN

1 MpunoxeHne anrebpbl BbiCKasbiBaHUN K peneiiHo:
KOHTaKTHbIM cxemam (PKC).

PeneiHo-KOHTaKTHbIe CXeMbl (MX 4acTO Ha3blBaWT Me-
peksioyaTeslbHbIMU CXeMaMu) LWMPOKO UCNOJb3YTCA B Tex-
HUKe aBTOMaTM4ecKoro yrnpasieHUs.

Moa nepekntYyaTesibHOM CXEMOW MOHMMAKT CXeMaTu-
yeckoe M306pakeHMe HEeKOTOpOro ycTPOMCTBa, cocTosiliee
M3 cnefyrumnx 31emMeHTOB:

1) nepekntovaTeneil, KOTOPbIMWU MOryT 6bITb MeXaHU-
YecKue YCTPOMCTBA, 3/1EKTPOMArHUTHbIE pese, MoaynpoBoj-
HUKWU U T.4.;

2) coeguHSAKLWME NUX MNPOBOAHUKMY,

3) BX0oAbl B CXEMY U BbIxoAbl U3 Hee (K/1IEMMbl, Ha KOTO-
pble nogaeTca afleKTpuyeckoe Hanps>xkeHue). OHU Ha3blBa-
l0TCA NoJsilocamu.

MpocTeiilwan cxema COAEPXXUT OAMH NepeknwyvaTens P u
nMmeeT oguH BXo4 A v oAuH BbixXond B, lNepeknwyatenwo P
noctaBuM B COOTBETCTBME BbiCKasbiBaHUe p, rnacsuwee: «le-
peksioyatenb P 3aMKHYT». EC/iv p UCTUHHO, TO MMMY/bC,
nocTynawLwimMi Ha nonc A, MOXeT ObITb CHAT Ha nositoce B
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6e3 noTepn HanpsHKeHUs, T.e. CXema nponyckaeT ToK. Ecam
p N0XHO, TO MepeksiyaTenb Pa3oMKHYT, U CXema ToKa He
npoBoanT. Taknm 06pasom, ec/iv MPUHATb BO BHUMaHUE He
CMbIC/N1 BbICKa3blBaHUA, a TOMIbKO ero 3HayeHWe, TO MOXXHO
cunTaTb, YTO NO60MY BbiCKa3blBaHUIO MOXET ObITb MOCTaB-
NleHa B COOTBETCTBUE MepeksiloyaTesibHaa cxema € ABYMSA
nontcamun (4ByXnosilocHasi cxema).

B

dopmynam, BK/OYAKOLWMUM OCHOBHbIE JIOFMYECKME Orle-
pauuun, TakxKe MOryT 6bliTb MOCTaBfieHbl B COOTBETCTBUE Me-
peknoyaTesibHble CXeMbl.

TakK, KOHbIOHKLUUW ABYX BbiCKa3blBaHWN p&f CTaBUT-
CS B COOTBETCTBME CXEMa:

a AN3BIOHKLUNN cXemMa:

T.K. nobasa dopmyna anrebpbl NOrMKN MOXET 6bITb 3anu-
caHa B AH® nnu KH®, 10 ACHO, 4TO KaXkaoi hopmyie anreb-
pbl SIOFMKU MOXHO NOCTaBUTb B COOTBETCTBUE HekoTop3mnio PKC,
a Kaxxaoh PKC M0O>XHO MocTaBuTb B COOTBETCTBME HEKOTOPYIO
thopmyny anrebpbl NOrUKW. MO3TOMY BO3MOXHOCTU CXEMbI
MOXXHO BbISIBUTb, M3y4as COOTBETCTBYIOLLYIO el dhopmyny, a
YrMpoLeHne CXeMbl MOXXHO CBECTU K YMNPOLLEHMIO (hOPMYISIbl.

Mpumep 1. CoctaButb PKC gnda dopmynsbl
Ckny) -> (r V).

PeweHve. YNpocTuM JaHHYK (OpPMYJ/ly C MOMOLLbIO
paBHOCUbHbLIX Npeobpa3oBaHUii:

XAyN™N{ryx) =xny\/2¥X =xyy\/ryx =xyyyr,
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Torga PKC gnsa gaHHo qopmynbl nmeeT BUA™;
_____ ) an—

N&- -y- R

-r-

Mpumep 2i Ynpoctutb PKC:

A" T

PeweHue. CoctaBuM no gaHHoii PKC dopmyny (QyHK-
LU0 NPOBOAMMOCTU) U YNPOCTUM €€:

{X&. YNty {Xyy)&r =x&y Vr
(K nmocnegHUM ABYM cnaraembiM MNPUMEHUIN 3aKOH MOro-

naeHus).
Torpga ynpouwieHHas cxema BbIrAAUT Tak:

) G — -y —

M. PeweHne nornyecknx 3zagay ¢ nomMou,bi anrebépsbl
NIOTNKMN.

YcnoBme NOrMYecKom 3afayn ¢ MOMOLLbI0O COOTBETCTBY-
LW mMx 0603HaAYEHNA 3anncbIBalOT B BUae hopmy/ibl anrebpsbl
nornku. locne paBHOCUNBbHBLIX MpeobpasoBaHUn POPMYJibl
nons”alwT OTBET Ha BCe BOMPOChblI 3ajayu.

Mpumep 3. TMocne obcyXaeHUa coctaBa y4aCcTHUKOB
npegnonaraemMon akcneanuum 6b110 PeLLeHO0, YTO AO0JDKHbI
BbIMOMTHATLCA ABa YC/0BUSA:

a) ecnuv noeget Apb6y30B, TO A0/DKHbI NoexaTb eule BprokK-
BUH N1 BuULLHEBCKWIA;

6) ecnn noepayT Apby3oB M BulHEBCKWI, TO noegeTt um
BpHOKBUH.

TpebyeTcs:

1) BBECTU KpaTKme 0603HavyeHUs Ansi chopMysiMpoBa
HbIX YC/TOBUIA N COCTaBUTb SIOTUYECKY OpMyy, BblpaXka-
LY MPUHATOE pelleHWe B CUMMBOJIMYECKONW hopme;

* ANA NpocToTbl YacTo nepekatoyatens —I p | wn3obpaxaloT B BUae

_p_ .
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2) AnA NoayyYeHHOM OpMy/bl HaWTU BO3MOXXHO 6osiee
NMPOCTY pPaBHOCU/IbHYIO dopMyny;

3) Nonb3ysch HageHHOW 6osiee NPOCToN hopMy o, AaTb
HOBYI 1 60s1ee MPOCTYH C/I0BECHYH DOPMYIMPOBKY MPUHS-
TOro peLleHnst 0 COCTaBe YYaCTHUKOB 3Kcneauuuu.

PeweHne. HaszHaueHne B akcnegmumio Apbysosa, Bplok-
BMHa U BuHeBcKoro 0603Haumm 6ykesamu A, 5, B cooTBeT-
CTBEHHO. Torga ycnoBuve a) MOXHO 3anucaTb B BufAe
A~> B v B, aycnosne 6) B Buge A& B->b . Tak kak oba
YCMI0BUST AO/IXKHbI BbINOMHATLCA 04HOBPEMEHHO, TO OHU [0/1-
>KHbl ObITb COEAVHEHbI JIOTMYECKONM CBA3KOW «u». Mo3aTomy
MPUHATOE peLleHWe MOXHO 3anucaTtb B BUAe CriefyloLLei
CMMBOJINYECKOW (hOPMYIbI:

(A->BVB)& (A&B©6)
2. (A-» BVB)&(A&B ->B)=(AVBVs)&(a vBve6)s

=(AvB)v(b&b)=A->B.

3. CumBoOAMYecKyl0 opMyny ymTaem Tak: «Ecnu
efeT Apby30B, To NoefeT U BpPOKBUH». ITO U ecTb Haunbonee
npoctas cnosecHas (QOPMY/IMPOBKA MPUHATOrN0 peleHUs o
cocTaBe 3aKcneanuun.

1.45. CoctaButb PKC pgnsa dopmynbi:

1) VnVy),

2) xyz VLT vxy;

3) x{yzvyz)vx{yzvyz);

4) ixv y)&(zy vx)vu;

5)(xy)&{y”"™ A

6) Pk y) > (x&(y V2)j;

7) ((x-» y) Ny -> ))-> (x> 1);

8) n:(r/r))->(r/-» xX.

1.46. TloCcTpOUTL CXeMbl, peanusyloline crnepywuwme
6yneBbl onepauunn:

1) vmnavkaumw x y

2) 3KBUBANIEHTHOCTb X<->Y;

3) anbTepHaTuBy (cm. 3agadvy 1.28);

4) wTpux Wedpepa (cm. 3agauvy 1.29);

5) wTpux Jlykacesuya (cm. 3agadvy 1.30).

1.47. Moctpoutb PKC ana P("X,y,z), eCNv N3BECTHO, YTO:

1) i’'(0,1,0 =F(1,0,1) =F (1,1,1) = 1;

2)i’(1,0,) =i’(1,1,0) =1,

no-
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3)20,0,1)=F(0,1,1) =i'(l,on0) =i-il,1,1) =1,
4)2i(1L,1,0) =i'(1.1,1) =1;

5) F(0,0,1) = P(1,0,1) = 2?(1,0,0) = 1,

6) F(0,0,1) = F(0,1,0) = F(0,1,1) = {'{l.O,1) = 1,

a ocTasibHble 3HauYeHUs PYHKUUM F paBHbl HY/H0.

1.48. Ynpoctutb PKC:

7
) A~ r C ¥— , -wB
x-y-D-
-X-
2) ﬂ » =——= - -»S
[ VR
3) N
_____ 2
L—y— J
4)
L ez g — ey 7
Aty 0 —Z— 1X—y-—7—i A8
—3
— X-
.y 1
5 AOB- mf?
LbJ Lc J
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— X— y-
- « y.  a-
6) A/\ 'X_ -y_ a'
-3—1
1_y_
7)
8)
*__ X
n X A b uB
1.49. Mo gaHHOM cxemMe HanTu PYHKLMIO NPOBOANMOCTU
M ycnoBusi paboTbl:
________ y-l
1) A
— 2 X
) G
2 Ax»- -B
_y_____2_
ly~n
3 A7 = 2—1 "B
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3ajlayHuK-Npak TUMyM o maTemMaTu4veckol norllé
= Xey—1 Xeoree
4 B*“ —n— ;
) As* oo v BB
5) .D' ' — 2 X—l_ Vl_p Y _—X—
"""" Y- 22—y -
6) N -uB
1.50. MNMpoBepnUTb PaBHOCU/ILHOCTb CXEM:
1)
=Xt _
————— X2 r-Xt— x»
uB —Xa——
-X2
-Xr-
2)
h ' -XI-
- »B Al Xa- g
-X3-
n
3)
_r‘;XA r2H p>y(_| rXn -X- B
124 Lz LAy ¥ —®  As-Y-
4)

Ja-------y-—-aB
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1.51. DnekTpuyeckasa Uenb, NU300paKeHHass Ha puc.

COAEP>XUT TOMbKO ABYXMO3ULMOHHbIE BbIK/AOYaTenu (npu
0fHOM COCTOSIHWM MepeksiyaTens TOK 4Yepe3 Hero npoxo-
ANT, NpU APYrom He NPoxoAanT). MOXHO Nu 3Ty Lenb 3ame-
HUTb 6051ee NpocToli Uenblo, N306paXKeHHOMW Ha puc. 2?

«V
A A
Al
n" - * B A B
S
Aa
mal”
puc.1 puc. 2

1.52. B wkKone, nepewlefliein Ha camoobeny>kKnsaHue, ye-
Thipem cTaplueknaccHMkam: AHapeeBy, KocTuHy, CaBesibeBy U
[aBblgoBy nopyunnn ybpatb 7-oi, 8-oi, 9-bIi n 10-blii Knac-
cbl. MNpn npoBepke okaszanocb, 4To 10-blii Knacc ybpaH maoxo.
He yweawine AoMoi y4eHUKN CO0BLLUMN O CriefyloLLem:

1. AHapeeB: «5 ybupan 9-biih Y nacc, a CaBesibeB - 7-01i».

2. KocTuH: «5 ybupan 9-blih knacc, a AHApPeeB - 8-0M».

3. CaBenbeB: «HA ybupan 8-on knacc, a KoctmH - 10-
bli».

[JaBbifoB yxe ywen gomoi. B pganbHelillem BbISACHU-
N0Cb, UTO KaXKAbli Yy4eHUK B O4HOM U3 ABYX BbICKa3blBaHWUIA
roBopun npasgy, a BoO BTOPOM N0Xb. Kakoi knacc ybupan
KaXKabli yYeHUK?

1.53. MATb WKO/MBbHUKOB N3 MNATU pas3/IMYHbIX FOpPOA0B
BpsHCcKoW o6niacTu NpubbIM ANs yyacTus B 06/1aCTHOW
onnMmnuage no maremartmke. Ha sonpoc: «OTkyaa Bbi?» Kax-
OblA pan oTBET:

MBaHoB: «A npuexan u3 KnuHuyos, a AMUTpUEB - U3
HoBo3bl6KOBa.

CugopoB: «A npuexan u3s KnnHuos, a lNetpos - 13 Tpyb6-
YyeBCKa».

MeTpoB: «A npuexan m3 KnuHuos, a AMUTpUEB - U3
AAaTbKoBa».

Omutpues: «H npuexan mu3 Hoso3bli6KoBa, a Ecumos -
n3 XXYKOBKU».

Edunmos: «A npuexan n3 XXyKoBku, a ViBaHOB XXNBET B
[AATbKOBEY.
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OTKyAa npuexan KaXabli N3 LWKOAbHUKOB, eC/in 0f4HO
ero yTBep>XaeHue BepHO, a Ap3”~0oe J1I0X)KHO0?

1.54. Cembs, cocToduwasa 3 otua A, marepn B n Tpex
poyepeii C, B, E kynuia TeneBu3op. YCAOBUNUCb, YTO B
nepBbIii Beuep 6yayT CMOTpPeThb Mepefayn B TaKOM MopsifKe:

1. Korga otey A CMOTPUT nepegadvy, To MmaTb B genaet
TO >e.

2. Oouepu B M E, 06e nam ogHa n3 HUX, CMOTPAT nepe-
gauvy.

3. V13 ABYX Y/1€HOB ceEMbW - MaTb B n gouyb C —CMOTPAT
rnepejayy ofHa uM TOJIbKO OAHa.

4. Oovepn C M B wnnum obe cMoTpAT, UanM obe He CMOT-
pAT.

5. Ecnu goyb E cMOTPUT nepepavy, To oTey, A 1 oy B
AenatwT To >e.

KTO 13 uneHoB ceMbUM B 3TOT Beyvep CMOTPUT nepegady?

1.55. Ha Bonpoc: «KT0 13 Tpex CTyAeHTOB M3yyan ma-
TeEMaTMUYeCKy NOrMKy?» MNONyYeH BepHbIA oTBeT - «Ecnu
n3y4as nepsblii, TO N3yyan U TPeTUn, HO HEBEPHO, YTO €C/In
n3yyan BTOPOW, TO u3ydan m TpeTuii.». KTo nss™an marte-
MaTUYEeCKY J10TUKy?

1.56. OnpegenvTe, KTO U3 YeTbipex CTYAEHTOB cAas 3K-
3aMeH, ecnM U3BECTHO:

1. Ecnwv nepsblii cgan, T0 U BTOPOW caan.

2. Ecnwn BTOpOW cpan, To TpeTuii caan WAM NepBblid He
caan.

3. Ecnuv 4eTBEPTHINA He cgan, To NepBbli caan, a TpeTuii
He caaJ.

4. Ecnun yeTBepThlii caan, ToO U NepBbIr caan.

1.57. N3BecTHO cnepyouwee: ecim Heta He Bugen Konio
Ha ynuue, 170 nn6o Konsa xoamn B KUHO, N1bo MNMeTa ckasan
npaspgy; ecnn Kona He xoAun B KUHO, To [leTa He Bupgen
Konio Ha ynuue, n Kona ckasan npasgy; ecnv Kona ckasan
npasay, 170 AM60 OH X04WN B KWUHO, nubo [lMeTa conran.
BbiacHUTe, xoaun nun Konsa B KUHO.

1.58. YeTbipe CTYAEHTKMW, MMeHa KOTOpPbIX HayuHa-
loTca 6ykBamum A, E, C, P nocewarT UHCTUTYT N0 o4epe-
AN 1 BeAyT 06WMA KOHcNeKT nekuuii. Heobxoammo co-
CTaBUTb rpauK MOCEWEHNS Ha 6NuvdKaNlylo HeApento,
yyuTbliBas, 4TO:
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1. MoHeaenbHNK - [AeHb CaMOCTOATENIbHOM paboTbl Ha
K3(hce, U B MHCTUTYT He XO4UT HUKTO, a B cy660Ty Heobxo-
OAUMO ObITb BCEM.

2. Cn P He cMoOryT noiiTM Ha 3aHATUS BO BTOPHUK B
CBSA3UN C 6O/bLUON 3arpy>eHHOCTbI0 B MOHeAesSIbHUK.

3. Ecnm C BbIngeT B cpegy wianm P - B uyeTBepr, T0 E
corsiacuTcs NobbiBaTb Ha 3aHATUAX B MATHULY.

4. Ecnn A He noigeT B BY3 B ueTBepr, To E nNo3BoauT
cebe cxoanTb Tyda B cpeay.

5. Ecnhm A nan P 6yayT B MHCTUTYTe B cpegy, To C
CMOXEeT MOWTM B MATHULY.

6. Echm P B NATHULY BMECTO MHCTUTYTa noigetr Ha
cBagbOby nogpyru, To A NpuAeTcs CXO04UTb B MHCTUTYT BO
BTOPHUK, a C - B yeTBepr.

1.59. YeTblpe gpyra - AHTOHOB (A), BexoB (B), ComoB
(C), [Oees L) pelunnm NpoBecTU KaHWKYNbl B YeTbipex pas-
NINYHLIX ropogjax - MockBe, Opgecce, KueBe n TallkeHTe.
OnpenennTe, B KaKoW ropof A0/DKEH MoexaTb KaXKAbli 13
HUX, ec/in MMEeKTCA Ccredytow;ue orpaHnyYeHuns:

1. Ecnn A He egeT B MockBy, To C He efeT B Opeccy.

2. Ecnn B He egeT HM B MOCKBY, HU B TawKeHT, To A
enet B Mockay.

3. Ecnin C He epeT B TalwkeHT, T0 B eget B Kues.

4. Echn [, He epeT B MockBy, TO B He efeT B MoCKBY.

5. Ecnn 4, He epeT B Ofeccy, To B He efeT B MocCKBY.

1.60. OgHaxkabl cnefoBaTento NPULWIOCL O4HOBPEMEHHO
ponpawinBatb Tpex cBugetenen; Knoga, >Xaka n Auka. Nx
noKasaHns NPOTUBOPEYUIN APYT APYTY, N KaXAbIA U3 HUX
06BUHAN KOFo-HMOYAb BO JIKW.

1. Knog ytBep>pgan, uto >XakK JiKer.

2. XKak 06BUHAN BO /XN OuKa.

3. AnK yroBapusan cnegosaTtenia He BepuUTbL HU Kroay,
Hn >Kaky.

Ho cnepoBatesnb 6bICTPO BbiBE/T UX Ha YNCTYIO BOAy, He
3a/i@aB UM HU ogHoro Bonpoca. KTo M3 cBuaeTeneit rosopusi

npasay?
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NCUMNCNEHUE BbICKA3bIBAHUNI

AndaBunT MUcUYMCMEHUA BbiCKa3blBaHUM COCTOUT N3 CUM-
BOJIOB Tpex KaTeropuia:

1. x,y,r, XN, XN, XL, ... - MNepemMeHHble.

2. &, V, - JIorN4YecKume CBA3KU.

3. () - ckobkwnu.

MoHATME OPMY/bl UCUUCNEHUSA BbICKa3blBaHUM

1. BcAAKkoe nepemMeHHOe BbiCKasbliBaHME X ecTb hopmyna.

2. Ecrim A - dopmyna, To A - dopmyna.

3. Ecnn A n b cdopmynbl, To A'AB - dopmynbl, rage *
0603Ha4yaeT 0AVUH M3 CMMBOJIOB: &, V,

4. Hukakas gpyras cTpo4yka CMMBOJIOB He sBseTcs
thopmynoii.

MoHAaTMe noadopmy bl

1. Ecnn copmyna A ecTb NepeMeHHas >, To ee noadop-
MYy/o ABNSeTca X,

2. Ecnn A - copmyna, To ee noadopMysiaMn ABAAOTCA

A, A s Bce noacdopmynbl popmynbl A.

3. Ecim A* B - dopmyna, To ee nogdopmynel A* B,
A, B wBce nogdopmynsl opmyn A un b,

Mpumep 1. BbinucaTb Bce noadopMysibl GopMynbl
ANX-"y&{xXVYy).

PeweHne, ®opmyna A - nogdopmyna HyneBow rnyéou-
Hbl; X Yy} xyy - nogdopmysibl NEPBOM rMy6uHbl; X Ny,

X, Y - noadopmysibl BTOPOW ry6uHbl; X, y - nogdopmMynbl
TpeTbeil rny6uHbI.
AKCMOMbI NCHUCNEHUSA BbICKa3blBaHUMN

I x-~{y-" x);

U (x-~My-2 )~ (k->y)-> 0k 1)
Ml x&y-"x;
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w x&y-"y;

Mz (r™ m->{r y) {r->x&y));
HIj x-"xwy;

M2 y->xvy;

1113 (jc-> 2) A~ ((y -> 2) A~ (mVy -> 2));
Vil (xy ) -» (y->X),

VI2 ni->x;

VI3 X X
AKCMOMbI UCUUCNEHUS BbICKa3blBaHW onpegensiioT uc-
X04HbIA Knacc gokasyembix hopmyn. Jokasyemas opmyna

A o0603HauvaeTca [-A .

MpaBuna BbIBOAA

1. MpaBwno noactaHoBKU. MycTb A - Aokasyemas op-
My/sia UCYUC/IEHUS BbICKa3blBaHUN, X - MNepemMeHHasds, B —
nwbasa gopmMyna ucHMCeHUs BbicKadbiBaHWIA; Torga gop-
Myna, KoTopasa nonyaercsa n3 gopmynbl A nyTem nojcra-
HOBKM B Hee BMecCTO X (hopMysibl B, fokasyema.

MoactaHoBKa 0603Ha4YaeTcsa Tak:

14

X

KopoTKo npaBw/0 NOACTAHOBKWM 3anucbiBaeTcA Tak;

M

X

2. MpaBnno 3aknt4veHnsa. Ecnn dopmynsl B, B->C -
[oKasyeMble JOPMY/ibl MCHUC/IEHUS BbiCKa3blBaHWUN, TO hop-

myna C gokasyema.
KopoTKo 3TO MpaBW/io 3anucbiBaeTcsl Tak:

\-B, \-B->cC
c -
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B panbHenwem ycnoBumcsa ANA KpaTKOCTU MNpasusio
3aKnyeHna 3anucbiBatb Kak 3.

OnpegeneHune. lokasyemoii (hopMysioii Ha3biBaeTcsl BCS-
Kas opmyna, Kotopas uUnm fABnsfeTcsa akCUoMoi, uam no-
n3taaeTcsd M3 AoKaslyeMblX (POpPMYys1 C MOMOLLbIO NpPaBu Noa-
CTAHOBKWN W 3aKJ/Il0YeHUd.

Byaem o6o3Ha4yaTb M06OYy0 AoKalyemyk (hopMysly CUM-
BOJIOM J1, a ee oTpuuaHue - cumBoiIoM P.

Mpumep 2. AokasaTb, 4To |1 -> n..

PeweHne. Bo3bMeM akcuomy I u caenaem B Heid nog-

ctaHoBKY 1(12). Mony4yum

-0k ->(*/-> %)) {(m-~y) -~ {x-" x)). (1)
Bo3sbmem akcmomy 1% |UT
M3 (1) n (2) no MN3:
\-{x ->y) -» (K-> X). (3)
B dopmyne (3) caenaem noactaHoBKy x|(3):
1-(n->x)->(n:n). 7 (4)
3anuwem akcuomy
\-x -> T. (5)
M3 (4) n (5) no N3
(6)

Mpumep 3. LokasaTb, UTO [V I/-> XK&N =

PeweHune. Bosbmem M3 un cgenaem |(M3)=A B nony-

X

Yy
YeHHOW copmyne A caenaem noactaHoBky (a) = b. Odanee

y

B NMOMy4YeHHON copmyne B cgenaem nogctaHoBky | (6).
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B wutore
[-okvVIE x) ™ (OkVI ->yl-> (KVy

Xyy
3anvwem /(1N)):

y
I-(x->xvIN™M(xvI/™X).

3anuvem
\-X->XYyYy.
3 (2) n (3) no Na3:

i-XVy->X.
M3 (1) n (4) no MN3:
[-(xvI/->p™)->(xVvy

.
3anviwem /(ry”):

\-{r->1)->(y->2)
yxy
n 1(6):
bxVU”N y)->xXVI->1)).
3anuwem LI \-y ™ x\y.
3 (7) n (8) no N3:
\-X'Ny-Ny,

N3 (9) n (5) no N3: [-n;Vy -> xX&y.

Mpoun3BogHbIE NMpaBuia BbiBOAA

I [A----—-NPaBWI0 OAHOBPEMEHHO MoACTaHOBKU.

Crmmmmmmmmm e npasuio cuUas1I0rM3ma.
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1. \-ATB npaBu/0 KOHTPMNO3ULUN.
e —2A
\->K-~B .
Do a) Iz 9 [ATS4L - MPaBUNO CHATUS ABOV-

HOro OTpuUAHUS.
V.

[-1-
npaBusI0 CNOXKHOI0 3aK/AlYEHUS.

MoHATME BbLIBOAMMOCTU (POPMYNbl M3 COBOKYMHOCTU
hopmyn

MycTb MMeeTcAa KOHe4dYHast COBOKYMHOCTb hopmyn
H=11A2...,A,| . FToBopAaT, uTo chopmyna B BbIBOAMMA U3
coBokynHoctn H{H\-B~, ecnu

a) 6o B eH ,

6) "M6o B —pokasyemas opmysia UCHUCIEHUA BbICKa-
3bIBAHWUN,

B) nn6o B nony4aetca no M3 u3 cbopmyn Cnm C-> B,
KOTOpble BbIBOAMMbI M3 COBOKYMHOCTU H.

Tak>ke roBopsAT, YTO KOHeYyHas COBOKYMHOCTb (hopMy/l
B~, B,...,BblecTb BbIBOA, U3 A, ecnuv onsa Kaxkaow popmynbsl BN
(¢=1, 2, ..., K) 3TON COBOKYMHOCTHU

a) nméo B ,

6) nn6o B™ gokasyema,

B) n1nb6o nony4aetca no M3 mn3 popmyn C, C  BA, KOTO-
pble Haxo4ATCA B BbIBOAE, MpefllecTsys BN

Mpumep 4. [lokasaTb, UTO U3 COBOKYNHocTn H = |A B}
MOX>XHO BbIBeCTU A&.B. 3anucaTb NoAy4YeHHbIA BbIBOA,.

PeweHne. 1. H\-A, TaKk Kak A e H ;
2. H\-B, Tak Kak B eH ;
3. H\-{A-» a) -> |(A->6) -> (a -> A& B)) , Kak fAoKa-

A,B,A
3yemas copmyna (nosyvaetca noAcTaHOBKON | (M3));
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4. H\-A -> A Kak pokasyemas opmyna;
5. H\-{A->B) (a ->A&B) - n3 3. n 4. no 3;

6. H\-B (A ->B) 110

7. A]-A-»B - n3 2. n 6. no N3;

8. H\-A-"A&B - nolN3wmu3 5. n7;

% A]-A&B - no M3 wms 1l u 8.

3anuwem BbiBOA: A, B, {A JI) ((A B)->(A->A&B)),
A->A, (AB)->(A-> A&B), B-~(A~B), A-~B,

A-"A&B, A&B.
MpaBuna BbIBOAA

I H\-A
" H,W\-A
4 H,C\-A, H\-C
H\-A
JIJ H,C\-A, W\-C
H,W\-A
v, n ”
H,C\-A
H.C\-A TeopeMa AeflyKLnK
A]-C-> A '
I-A
VI. - 0606LWeHHasn
[-CI -> -> (Cg (C, > A
TeopemMa AefyKLUUN.
H\-A,H\-B
VIL -—- NpaBnI0 BBeAEeHNA KOHBHOHKLWN.

H,A\-C; H,B\-C

..H O VB n ... -
npaswnio BBeAEHUA AN3BIOHKLUN.
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ba -» (6 ->¢)
IX. A ~ NpaBunI0 NepecTaHOBKN MOCbI/IOK.

1A~ (B ->¢)
X. 4 Q ~ npaBuWI0 COeANHEHUS MOCbIIOK.

\-A&.B->C
Al |~ “ npaBwnao pa3beguHEHNA NOCbI/IOoK.

Teopema (0 BbiBOAUMOCTU). MycTb A - HekoTopas dop-
myna; Xj, XA, ..., X - Habop nepeMeHHbIX, cogep>Kallmxcs B
dopmyne A; avWa2,...,a,- MPOU3BOJIbHbLIA Habop 3Ha4eHW
nepemMeHHbIX. Torga

a) ecnin =1,7170 4

6) ecnun (a) =0, TOmn
Mpumep 5. MycTb A = X1&X2 X 1 Habopbl 3HaYEHN
nepemeHHbIX (1, O, 1) n (1, O, 0). Torga {xi,X2 Xa]\-A, a

3anucaTb BbIBOAbI B 060UX Criydasix.

PeweHwne, a) NMokaxxem, 4uTo

H\-x",X2,X3, m3-> (XI&F2-> X3), X1&X2-» «3 S A.

6) Mokaxem, uTto |51]c2X3]|-A.

H\- Xj, X, X3, Xi& X, (X,& J2-» n3d)-» (m1& ™2 -» a3), no
npasusy nepectaHoBKM NocbloK jCI&3I2-> ((Xi&Xg -> /1) -> XQ),
no M3 (Xi& X2-> X3) -> Xg, No npaBuay KOHTPMO3MUMWK

X3 XI&X2-> X3, no M3 X1&X2-> X3 =A .
2.1. Kakue n3 cnegywoumx BbipaXkeHUn ABnswTCsa gop-
My/laMW UCYUCNEHUS BbIiCKa3blBaHU:

1) (a a P2 ->[Px VP2,

2) (nvp2v(PIP2)->P3;
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3) (P1-> {P2 VP3)) -> P3;

4) {P1->Pa)-> {P1L->Pr) PJ;

5) (pln(-"p29)->(p2

6) {P1-> P3) -> ((P2-> P3)-> ((P1VPr) -> P3))
7) (P1-> Pa) A(P1~ P3))~ (P1 (p2n P3));

8) (P. nPa)->  Vypa))o (yP:.Vpn.

2.2. BbinucaTb Bce MoAdopMysibl hopMyII:

1) n:-~(y->x); 2) ayb->c;
3) a&cyb; 4 x-"y&tr,;
B) XVyr X; 6) X ->y \NVNx&y I

7) (@ar->y)n(r/-» 0) ->(Kyr);
8) {x-"y)->({x"y)-"y).
2.3.4Ana opmyn =(a B)->(B ->a), A\/B,

b3 - A -> By C 3anucaTb pe3ysibTaTbl KaX[oil U3 crefyto-
LWKUX MOACTAHOBOK:

ac A*B B>AKBB
1) (L) 2) I(ta> 3) {(¢3);
«AB A AC
ARBAYB BA ASACA
4) I(E.> 5 i(b,} 6) |(1.>
AB AB ABC,

2.4. MprMeHsa npaBuMno NoAcTaHOBKW, foKasaTb, UTO
Aokasyema opmyna:

) (AMB)&B"B;
2)A&B-> A&ByC;

3(a-»8) ((c->B)" (aVC-»8));

4 cVl) ->CcV;
5) (a&B -> (c -» B&C)) -> (A&B ->¢) -> (a&B -» B&QC)).
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2.5. MprMeHAa nNpaBuio NoACTAHOBKM U MPaBU/I0 3aK-
NIOYEHNs, YCTaHOBUTbL [0KA3yemMoCTb (POpMYyII:

IYAVA-"A; 2)A->A&A;
3) A&RBB &A; 4)ANB-"B"A;
5 (A-»B)N (A A); 6)1" A.

2.6. MpuMmeHss NpPou3BOAHbIE MpaBuia BbiBOAA, MOKa-
3aTb, 4YTO [JoKasyeMbl (HOPMYy/ibl:

1) AyB-"A&B; 2) A->ir;

3) (A~ B)-» (A AvB); 4) P-~A;

5){ A B)~ (A->a); 6) A&A-->P :

7) (a ~ B)&B -> A ; 8) A&B A~"B.

2.7. [JokasaTb, 4TO

1) H={A\TB"A;

2) H ~{A-~ B,BAC]\-A~C-,
3) H={A"C}1-C->A;

4 H ‘'A~B,B]\-A;

5 A4 = an-~B~\-B;

6) H= AAB}\-A&C->B&C;

7A=A->B}3(C->a)->(c->8B);
8) A= A-»B}(-(B”™<c) (A->c);
9) A= A~ (B->C)}-B->(@ ™ c);

10) 4={A-"B}bAyC-~"ByC.
2.8. Moka3saTb A0Ka3yeMoCTb QOPMY/ibl, NCNO/b3Yysi 0606-
LWeHHY TeopeMy AeAyKUUn:

Hon->y) (>~ (x 1))
2) (A-»B)-~(Ay C->ByQC);

3 (A BN ((c A (¢ B).
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2.9. NMokasaTb, 4YTO CrpaBeA/IMBbI 3aKOHbI JIOTUKWN (f0Ka-
3yembl (hOpMYy/ibl):

Dnn->&->1/); 2) XVx; 8) x&y XVy .

2.10. Ncnonb3ysi NpaBuna NepecTaHOBKWM MOCLISIOK, CO-
eAVHEHNST MOCbINIOK U pasbeguMHEHUsT MOCbIIOK, A0KasaThb,
yTo

1) 1-n:->(*/-» n&!);
2) \-(A-*B)&B-"a ;

3) KA —=(a.—=B"
2.11. [oka3aTb Npou3BOoAHbLIe MpaBuna BbiBoAA:

AN . 4 =" . 3% =
\-A&B "’ \-Av B’ \-A->B "’
4) -1 M -; 5) 6)
A-"B \-A \-A&B
|-->B,bB. 04 171 1b. \-A,[-B\
------- P1 ------- p>X B |
10) bl ;b £ ,; 11) 12)
\-A—B \-A 7 [-A

19 \-A>B\-A>B gy \:AB \:A>s

2.12. flaHa chopmyna A = TNV «2 -> X4 1 Habopbl 3Ha4e-
HUIi nepemeHHbIX 1) (O, 0> 1), 2) (1, O, 0). 3anucaTb BbIBOA,
dopmynbl A 1AM ee oTpULL@HUA U3 COOTBETCTBYHOLLEN COBO-
KYMHOCTU opmyn.

2.13. fJaHa copmyna A = X"Nvx2-"X™ 1N Habopbl 3Ha4e-
HWiA nepemeHHbIx 1) (1, 1, 1); 2) (1, O, 1); 3) (O, 1, 0).
3anucaTtb BbIBOA (hOPMY/bl A UK ee OTPULAHUA U3 COOTBET-
CTBYOLWE COBOKYMHOCTU (hopMyi.

2.14. fJaHa popmyna A = [Xvy)->x&.zv” Habopbl 3Ha-
YeHnii nepemeHHbIX 1) (1, O, 0); 2) (O, 1, 1). 3anucaTb Bbl-
Bo4 (hopMysibl A WU ee OTPULAHUSA U3 COOTBETCTBYHOLLEN
COBOKYMHOCTU hopMyi.
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NOTMKA TIPEONKATOB

8§ 1. NoHATMe NpegukaTta. Jlornyeckne
U KBaHTOpPHble onepauun Hag npegnkKatamu

OnpegenerHne 1. OgHOMeCTHbIM npeagmkaTomM P(x) Ha-
3blBaeTCcA BcAKas (PYHKLMS OAHOr0 MepeMeHHOro, B KOTO-
poi aprymeHT X MpoberaeT 3HauYeHUs1 U3 HEKOTOPOro MHO-
xectBa M, a hyHKUMA Mpu 3TOM NpUHMMAaeT 0AHO U3 AB3N
3HAYEHWN; NCTUHA UNN NOXKb.

MHo>KecTBO M, Ha KOTOPOM 3ajaH npeavkar, HasbiBa-
eTca obnacTbio onpegesieHUA npegukara.

MHO>ecTBO /p ¢ M , Ha KOTOpPOM npeauKaT nNpuvHUMa-
eT TO/IbKO WUCTMHHbIE 3HAYEHUS, Ha3bIBAETCA 06/1acTbio UC-
TUHHOCTU npegukara P(x).

MpegnkaT P(K) Ha3biBaeTCcsd TOXXAECTBEHHO WUCTWUH-
HbIM (TO>XAeCTBEHHO JIOXKHbIM) Ha MHOXecTBe M, ecnu

Ip=M{1,=0).

OnpegeneHne 2. N-MeCTHbIM MNpegMKaTOM HasblBaeTcs
BCSIKasA (OYHKUUS M MNepeMeHHbIX onpege-
NleHHasi Ha MHOXecTBe M = K N NpuHUMalo-

uiasi Ha 3TOM MHOXXECTBe OAHO M3 [ABYX 3HaA4YeHWIA; NCTUHA
AN J1I0XKb.

Kak n onst o4HOMECTHbIX NPeAnKaToB, A1 M-MeCTHbIX
npegvMKaToB MOXHO onpefennTb 06/1acTb MCTUHHOCTU, MO-
HATUE TOXKAECTBEHHO UCTUHHOIO U TOXAECTBEHHO JI0XKHOI0
npegukara.

FoBOpAT, UTO npeaukaTr P(r) SBMSeTCS criefcTBUEM
npegukara @ ) {«(*)=>-K*)), ecnu /g ¢ /p/ v npeauka-
Tbl P(x) 1 Q(J) paBHocunbHbI (M(U1:)  -P(N))>ecnn = 1p,

Mpumep 1. Cpegu cnefyumnx NpeaioXKeHUn BblAeNnUTh
npegukKaTbl U A8 KaXKA0M0 U3 HUX yKasaTb 061acTb UCTUH-
HocTu, ecnn M =K [Ana ogHOMECTHbIX MPeauKaToB U

M = E XK pana gByxXMecTHbIX NpegnKaToB:
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1) n+5=1;

2) Nnpn x = 2 BbINO/IHAETCA PaBEeHCTBO -1 =0;
3) Xx-2x +1=0;

4) cywecTByeT TaKoe YMC/0 X, 4To X° - 2x+ 1=0;
5) n+2<3n- 4;

6) oAHO3HA4YHOE YNCNO0 X KpaTHO 3;

7) (c+2)-(3jc4);

8) x™+y” >0.
PeweHwue.
1) MpepgnoXkeHne sBMSAETCSA OAHOMECTHbIM MpPegnKaToMm

P{X)v /p = {_ 4} ;

2) npeanoXXeHMe He ABMAETCA NpegnKaToM. DTO JIOXKHOe
BbliCKa3biBaHWe;

3) npeasio>keHne ABndeTcA OAHOMECTHbIM MpegnkKaTtom

4) npeasioxkeHWe He siBAsSieTcs NpeaukaToM. OT0 UCTUH-
HOe BbICKa3blBaHWUE;
5) npeanoXxeHve SBNSETCA O4HOMECTHbLIM MPeAnUKaTOM

® ), /p=@i+e);

6) npepnoxxeHne sBNSeTCA O4HOMECTHbIM NMpeanKaTom
P(ic), Jp ={0;3;6:9};

7) NpeasioxkeHUe He ABMSAETCA NMpeanKaToMm;

8) npepnoxxeHne ABnAeTCA ABYXMECTHbIM MpeauKaToMm
Q{x,y'j, Jg=RxR\ (0,0) .

Mpumep 2. BbIACHUTb, Kakne U3 cnefyouwmx npeguka-
TOB ABAAKTCA TOXAECTBEHHO UCTUHHbLIMU,

I)xUy~r>0; 2)xX*+y~">0;

3) sin®x +cos™Mm=1; 4) (n+1®>p- 1;

5) n:"+1>(n:+ 17,

PeweHue. OueBngHo, npegmkatbl 1), 3), 4) aABnsawTCcA
TOXKAECTBEHHO UCTUHHbLIMU. B npegmnkate 2) npu n;=0, y=0
HepaBeHCTBO HapyllaeTcsl, a B rnpegukarte 5) HepaBeHCTBO
HapyLllaeTcsa Npu BCeX NOOKUTENbHbLIX 3HadYeHUAX x. Cne-
foBaTenibHO, NpegukaTbl 2) U 5) He TOXAECTBEHHO UCTUHHDbI.
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Tak Kak npegukaTtbl MOryT NPpUHMMaTb ABa 3HayeHus 1
n O, TO K HAM NPUMEHUMbI BCe onepauun anrebpbl BbiCKa-
3bIBAHUNA.

Hanpumep, KOHbBbHOHKUMEN ABYX npeamkatoB P(x) wu
©(n:) HasbiBaeTCs HOBbI npeaukar KOTOpPbI
NnpUHMMaeT 3HadeHue 1 Npm Tex M TObKO TeX 3Ha4vyeHUsX
X BM , Npu KOTOPbIX KaXAabl 13 npegmnkatoB P(x) n ~()
NpUHMMaeT 3HadeHue 1 M NpuHUMaeT 3HadveHne O BO Bcex
ocTasibHbIX cny4yasax. O4eBUAHO, YTO = 1pM\1a.

AHanorn4yHo ornpegensawTcsa onepauynnm AU3bIOHKLUA,
MMNAUKALKWSA, 3KBUBANIEHTHOCTb ABYX MpeAuKaToB U 0TpuU-
uaHue npegukata. Jlerko BUpaeTb, 4TO n o,
Ip =Clp, 1p~g =Clpu/a.

FACHO, YTO NPW BbLINOSIHEHNM JIOTUYECKUX Oonepaunii Haj
npegMkatamm K HAM NPUMEHUMbI N PaBHOCUILHOCTU anre6-
pbl NOrUKWN.

Mpumep 3. MycTb AaHbl Npeaukartbl: P(N:): «ac - 4veT-
Hoe uucno» nm Q(a:): «x KpaTHO 3», onpefesieHHble Ha
MHoXecTBe N. HalTu o6nactu UCTUHHOCTU MpPeauKAaTOB:
1) POk)&e(n:); 2) POk)y«(n:); 3) P(n:); 4) P(x)-> Q(x).

PeweHne. TakK Kak

p—J24,6,...,2r8...], /6 =13 6,9 , 3ra.. ,T0

1) = 6,12,..., 6ra,... ;

2) “p = 2,3,4,6,..., 2n, 3ra,... ;

3) Ip=C/lp=N\I=1{1,35,..., Zra-1,...];

4) lpa=Clpwu/pg ={1,3,6,..., 2n-1....}n{3,6,9,..., 31,...}.

CkaszaHHOe M03BO/IAEeT HaxoauTb 06/1acTU UCTUHHOCTU
6051ee CNOXHbIX NPeaMKaToB, NONYYEHHbIX B pe3ynbTaTe npu-
MEHEHUSI K WUCXOAHbIM MpeAnkKaTaMm J1I0FMYecKMx orepauumia.

Mpumep 4. MNycTb gaHbl NpeankKatbl A[X,y) n B(X,y),
onpeaesnieHHble Ha MHOXecTBe M - M”™X ¢ KxE . Hai-
TU MHOXECTBO UCTUHHOCTU npeaukaTta A(4r,¢n)  B(LY) u
n306pa3nTb ee C MOMOLLbIO KpPYyros Jiisiepa-BeHHa.

PeweHue. Tak Kak A[X,y) <»B[X,Y) ={a [x,y) -> B{Xx,y'*&,

& (B{x,y) -> A{x,y)), TO = (/n.B)M(/B™p) = (C7™n/B)M
M(C/swuin)) =(/In Nis)n(c/n MC/3). n n3obpaxkeHa
3alLUTPUXOBAHHOM 4acTbl pPUCYHKA.
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Mo>XHO paccmaTpuBaTb M obpaTHyl 3agadvy: 3Has 06-
flacTb UCTUHHOCTM Npejukara, MOJIyYEeHHOro B pesysibTtare
NPUMEHEHNS JI0TMYEeCKUX onepauuini K HEKOTOPbIM Mpeau-
Katam, 3anucatb 3TOT Mpeaukar.

Mpumep 5. 3anucatb NpeauKaTt, MOJyYeHHbIA B pe3y/b-

TaTe NIOFMYECKUX onepauunii Hag npeankatamm P{x",

n W{x) , 0651acTb MCTUHHOCTM KOTOPOro | 3aliTpuxoBaHa Ha
pUCYHKe.

PeweHne. Tak Kak 3gecb | = 1pM\1aM\1B >T0 NCKOMbIN
npeankaTt umeet Bug P(ac)&

MycTb nMmeeTcs nNpegukat P(n:), onpeaeneHHblii Ha MHO-
xectBe M. Ecim aeM, To noAcTaHOBKa a BMecTo X B
npegukat P(n:) npeBpauwiaeT 3TOoT NpeankaT B BbiCKasbiBa-
Hue P(0). Takoe BbiCKa3blBaHWE Ha3bIBAETCA eAMHUYHBIM.
Hapsgy ¢ o6pasoBaHveM M3 MpeAuKaToB eaMHUYHbIX BbiC-
KasblBaHWIi B NIOTUKEe MpeauKaToB paccMaTpuBaeTcs eule

[Be orepauuu, KOTopble MpeBpal,alT O4HOMECTHbI npe-
AVUKaT B BbiCKa3blBaHMe.
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OnpegeneHne 3. TycTb npegunkKart, onpepaesneH-
HblA Ha MHOXecTBe M. lMog BbipaxkeHeM \/xP(ar) noHuma-
0T BbiCKa3blBaHWE, NCTUHHOE, Korga P(X') TOXXAECTBEHHO
WCTUHHbIA Ha MHOXXecTBe M npeguKaT N /I0XKHOe B NPOTUB-
HOM cnyyae. OTO0 BbiCKa3blBaHMe y>Xe He 3aBUCUT 0T Xx. Co-
OTBETCTBYIOLLEE €My C/NIOBECHOE BblpaXkeHne byaeT «[na BcAa-
KOro x P{x) uCTUHHO». CMMBO/T V Ha3sblBalOT KBaHTOPOM
BceobLHOCTU. epemMeHHYI0 X B npegukarte P{x) Ha3biBa-
0T cBo6OAHOM (el MOXXHO npuaaBaTb pas3/iMvHble 3HAYEHUSA
n3 M), B BbiCKa3blBaHUN Y X P{x" nepeMeHHyI0 X Ha3blBalT
CBAAI3aHHOW KBaHTOpoM V.

OnpepgeneHne 4. MycTb P(K) - npegmkat, onpenesieHHbI
Ha MHoXxecTBe M. Mo BblpaxkeHuem 3 P(>K) NOHMMaKT BblC-
Ka3sblBaHMe, KOTOPOe ABAETCA WCTUHHbLIM, €C/IN CYLUecTBYeT
X0TS 6bl OAVH 3/1IeMeHT X e M , Ana KoToporo P(ar) UCTWMHHO,
M NOXKHbIM B MPOTMBHOM c/lyyae. 3TO BbiCKasblBaHWe yXKe He
3aBUCUT 0T X. COOTBETCTBYIOLLLEE €MY C/IOBECHOE BbIpaXKeHue
6ypet: «CyuiectByeT X, NPU KOTOPOM P(X) WUCTUHHO». CuUM-
BOST 3 HasbiBalOT KBaHTOPOM CylLlecTBoBaHUA. B BbiCcKasbl-
BaHUN 3JEP{X) nepemeHHasa x CBA3aHa KBaHTOpoM 3.

Mpumep 6. OaHbl npeaukatbl P@r): x*+x+1>0 u
©(nc); x™ -4:X+ 8 = O, onpegenieHHble Ha MHoXKecTBe K. Tpe-
byeTcs yCTaHOBUTb, KaKue M3 CNefynLlmnx BbiCKa3blBaHWU
UCTUHHbI N KaKue JI0XKHbI:

yn:P(n:); 2)3xP{x); 3)¥Yxa(x); 4)3aIxA(x).

PeweHue. Tak Kak xM+x+1=
BCeX X, TO 6yAyT MCTUHHbI BbicKa3dblBaHMA Yn:P(n:) n

3n P(:) . Tak Kak ypaBHeHne xN-4x +8 = O MeeT TOJIbKO

ABa OeNCTBUTeNbHbIX KOPHA XX =3 1 /I3 =1, TOo Nnpeaukar
©(n:) npuHumaeT 3HaveHne 1 Tonbko Nnpn 1=3mn: =1no0
B OCTaNbHbIX cnydasax. Ho Torga BbicKasbiBaHUe Yx Q(X)
N0XKHO, a BbiCKa3biBaHUE DK ®(T) UCTUHHO.

HeTpygHo BMAaeTb, 4To Korga npegukar P(K) onpege-

NleH Ha KOHeYHOM MHoXecTBe M = Mal,a2,...,a,,j, TO

Yx P(x) =P(a)&P(a,)&...&P(a,),a
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3x P[x) = P{w) VP(a2y...yP(a,),
TO eCTb K3aHTOpHble onepayuu o606uialoT onepaLnm KOHb-
IHKUUM N AU3BHOHKUMKM Ha cn3”™all 6ecCKOHeYHbIX obnac-
Ten,

KBaHTOpHble onepauun NPUMEHATCA U K MHOIFOMecCT-
HbIM NpeaukaTtam. Tak, NPpUMeHeHue K ABYXMECTHOMY npe-
ankaty SA{x,yY KBaHTOpa BCEOOLLHOCTU MO MEepeMeHHON X
[aeT OfHOMECTHbIN npeankaTt ¥Yx QUt,y), 3aBUCALWUA OT Y.
K aTomy npeauvkaty MOXXHO NPUMEHUTb KBaHTOPHYlO one-
pauuvio no nepemeHHol y. B pe3synbTate nonyymm uaun Bbic-
Ka3sblBaHMe Yy ¥YX A[X,y) Wiu BbickasbiBaHUe 3y ¥x A(X,Y).

Takum 06pa3oM, MOXKeT ObITb MOA3THEHO OAHO M3 BOCbMU
BbiCKasbiBaHU: YyYxA{x,y), 3yYx A{x,y), Yy3x A[x,y),
3y3xA{x,y), YxYy 0{x,y), ¥Yx3yAlx,y), 3xYydA[x,y),
3x3yA(X,Y),

J1erko nokasaTb, YTO MepecTaHOBKa /1I06bIX KBAHTOPOB
MecTamu, BoOOLLEe roBops, U3MEHSIET JIOTMYECKOe 3HayeHue
BbICKa3blBaHUSA.

Mpumep 7olycTb NpegukaTt A(X,y) : «X:y » onpeneneH
Ha MHoXecTBe N XN . lNoKasaTb, 4TO BbiCKa3blBaHUA
Yy3x n 3xYy A[x,y) MMelT pas/indyHble fiornyec-
Kne 3HayeHus.

PeweHune. Tak KaK BbiCKasbiBaHMe Yy3x A[X, y*03Ha-
yaeT, YTOo A/19 BCAKOro HaTypasibHOro yncna y cCyLllecTByeT
HaTypasibHOe YMNCNO0 JT TaKOoe, YTO y ABJISAETCA Oe/INTENEM X,
TO 3TO BbICKa3blBaHWE MCTUHHO.

Bbicka3dbiBaHUe 3xYy A{x,y" 03Ha4yaeT, 4YTO e€CTb Ha-
T3(hasibHOE 4YuMCMo X, KOTOpoe AeNnTcsa Ha Nnboe, HaTypasb-
HOe Yncno y. ITO BbICKa3biBaHWE, 0YEBULHO, JTOXKHO.

3.1 Cpean cnepywlwmnx nNpeasiokKeHUn BblaenuTe npe-
ANKaTbl, ANA KaXAoro nm3 npegukaTtoB yYKaXXuTe oAHY U3
BO3MOXXHbIX 06/1acTeil onpefesieHUsa U B COOTBETCTBUU C HeA
06n1acTb UCTUHHOCTU:

1) JlyHa ecTb cnyTHUK BeHepsl;

2) MnaHeTbl X Ay NpuHagnexat COoMHEeYHONl cucTeme;

3) 5+~ -~ > 150 ;

4) X +3x+2=0;

5)x*-8x +8;
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6) J1to60e NpPoCTOE YMC/MO P He UMEET AeNnTenen, oTaunu-
HbIX OT ceba n 1;

7) HatypasnbHOe 4Mcno N He MeHblle 1;

8) TpeyronbHUK ABC paBeH TpeyrosibHUKY

9) +2x+1>0;

10) | +tg*x=

aost X

11) Inx <sinx .

3.2. [OaHbl npeankatbl P(X): «x*- 4=0» n Q(x):
«3x- 2<17 ». Haingnte o6nact UCTUHHOCTU 3TUX Mpean-
KaToB, ecfin nx obnacTtb onpegeneHnsa ectb: 1) R; 2) N.

3.3. Ha mHOoXecTBe M = |3,4,5,6,7,8} 3agaHbl gBa npegu-
kata P(x): «X - npocTtoe uncno», Q(X): «x - HeyeTHoe 4unc-
no». CoctaBbTe UX Tabnuubl UCTUHHOCTU. PaBHOCUMbHBLI NK
npeaukatbl P(x) n Q(x) Ha mHOoxecTBe L = {2,3,4,5,6,7,8},
isT={3,4,5,6,7,8,9}?

3.4. byayT nu cnegywoume npeavkatbl paBHOCUbHbI
UNn oguMH U3 HUX ABnsfeTca cneacrevem apSiroro? (Mpea-
MeTHble NepeMeHHble B npeaukaTtax npuHagniexart R).

1)'Ix-yfy=15 7] 7~ =15;
2) lga& =1 7] Iga +1gb =1;
3) sin?x+cos*x =1 n tg™x + 1= n
cos X
4) 2"®@> =y 7 y = X;
5) x*<0O 7] 2% =cos X;
6)x +y=r n [x+y)[x-1=-zy;
7) X®+y® =0 " X®- y* = 0.
3.5. Haitn obnactm MCTUHHOCTU MNpPeaNKaToB:
, XM+ 3x+2 —T
0J/1x"-13x +04>0. XN-6X +6
N[2x*+x-30<0" X*¥-2x-3

3.6. N306pa3nTe Ha AeKapTOBOW MN/IOCKOCTM 06M1actum
WCTUHHOCTU NpeanKaToB:
1) x+1=1, 2) x+3y =3; 3)X-y*>0;

4) sinx =smy; 5) (x-2"+(y+3*=0 6) Igx =lgy.
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3.7. Ha mHoxectBe M = |1,2,3,...,20} 3agaHbl npeau-
KaTbl:

A(L) : ©K HEe AenuTcsa Ha 5»;

B{X)% <IX- 4eTHOe YuncCno»,

C(n:): ©K - 4ucno NpocToe;

1)(1:): «X KpaTHO 3».
Hangnte MHOXecTBa MCTUHHOCTU CNefywWMX npeau-
KaToB:

1) A{x)&B{x); 2) C(nm;)&B(n);

3) C(n)&1)(x); 4) B(a)& A0n);

5) B(x)&1)(n:); 6) AMK)&A(n);

7) WxALLLX)' 8) A()&B(m)&1)(m;);
9) A{X)"B{x)-, 10) B(x)vC(x);

1) C(t)y 1)(n); 12) B(x)vD(x);

13) B(n)yl)(m:); 14) B(m) V :o(nr);

15) A(n)y B(n1)y 1)(s1); 16) C(m~™ A (sm);
17) 1)(n:)C(n3); 18) A(nr)-> B(m;);

19) (a (M&C(1))-~5(4);  20) (N(X)& £>(x))-> C(x).

3.8. V3obpasnTe Ha gunarpammax Oiinepa-BeHHa obnac-
TU UCTUHHOCTWU ANA CAefywwux npegukaTtos:

1) P(xX)&e(n:);

2)P (x)oegs;

3) (P(n:)  ©(m)) V(X)& LU, x);

4) P (x)™(Q (x)vQ (x));

5) P(x)&Q (x)-"LL x).

3.9. 306pa3nTe Ha KOOPAWMHATHOM MIOCKOCTU 06n1acTu
WCTUHHOCTWN MpeauKaToB:

D(x>2)&((n:<]);

2)(n<y)y(IxI<D;

3) ix>3)-~(r/< 5);

4) (m>2)&(y > DI&((x <-1)V(y <-2));

5) ((k>2)V(y > D]&[(x <-1)V(y <-2)].
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3.10. 3anucaTb npegukaTtbl, MNOSYYEeHHble B pe3y/ibTaTe
NIOrMYECKUX oMnepauuii Hag npegmnkatamu P(n;), n«(*).
06/1aCTU UCTUHHOCTU KOTOPbIX (7) 3alUTPpUXOBaHbl Ha crepny-
OLWNX PUCYHKaX:

3.11. YCTaHOBUTb, KaKune M3 cnef300WmnX BbICKa3bIE
HUA NCTUHHbI, a Kakue NOXHbl, Mpu YC/A0BUKU, YTO 06/1acTb
onpegesieHA npegukatos M cosnagaet ¢ K;

1) 3n (m+5 =7+ 3);

2) 3x x‘+x+%:0

3)YX Y+ X +1> 0);

4) ¥Yx (x"-5x + 6> 0);

5) It (- 51 +6>0)& (A®- 21 +1 >0
6) It ((n" - 5M +6 >0)&(N:N - 6/1+8 <0));
7) Yo (0" - 6m:+8>0)V(n;'- 6K+8 <0));
8) 31 (ke {2, 5}) -» (K" - 6+ 8 =0));

9) ¥k (ke |3, 5})-> (k- 6k+8<0) .

3.12. MpuBegnTe NpuUMepbl TaKMX 3HA4YeHUN a, Af
KOTOpPbIX AaHHOe BbiCKasblBaHMe: a) UCTUHHO; 6) /T0XKHO.

(M =k).
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1) 3x <O(x®+an:+a =ol;

2) ¥Yxe[0,1 (x™M+x +a<0”,;
3) Yx>7(x™ +ax +1>0);

4) 3xe a,a+1 (X®- x- 2<0).

§ 2. MoHATUe opMy/bl SIOTUKK MPeanKaToB.
PaBHOCUMbHbIE (QOPMY/bI NIOTUKK MpPeanKaToB

B norvke npegvikaToB MUCMoMb3yeTcsa cneaywouiass CUM-
BONIMKA:

1. CumBONbI p, 4, T, .. - MEepPeMeHHble BbICKa3blBaHUA,
npuHUMarLwmne asa 3HadyeHus: 1 - mctuHa, O - NOXb.

2. MNMpegmeTHble NEPeMEHHbIE - X, Y, T, ..» KOTOpble Npo-
feralT 3HAYeHUs1 U3 HEKOTOPOro MHoXectBa Mr x°, 1/,
2% .. —npegMeTHble KOHCTaHTbl, TO €CTb 3Ha4YeHUs Mnpea-
METHbIX NMepeMeHHbIX;

3. P{ ), (=) “ ogHOMECTHble NpeauKaTHble NepemMeH-
Hble; Q( m...m), !?(e,= ... ) - ra-MecTHble NpeanKaTHble ne-

peMeHHble. CUMBOJIbI MOCTOAHHbIX
npeavKartoB.

4. CMBO/bI NIOTNYECKMX onepauuvii: &, V,

5. CnMBONbI KBAHTOPHbIX onepauunin: Yx, 3X.

6. BcriomoraTesibHble CMMBOJIbl: CKOGKM, 3andTble.

OnpegeneHne 1. (hopmynbl NIOTUKK MPeaUKaTOB).

1. Kaxxpoe BbiCKa3blBaHMe KakK MepemMeHHoe, TakK U Mo-
CTOSIHHOe, sABNseTcsa (hOopMYJsI10i.

2. Ecom P ' (- wn-MecTHasa npegukKaTHasi nepemMeH-
Hasi UM NOCTOSAHHLIN NpegukaTt, a x», X3, .» X, - NpegmeT-
Hble MNepeMeHHble WM NpeamMeTHble MOCTOSAHHbIE, He 0643a-
Te/IbHO BCE pas3fniMyHble, TO N(XX,X2...,X,) ecTb dopmyna. B
aTol dhopmynie npegMeTHble MepeMeHHble SBNATCA cB060A-
HbiMK. ®opMysibl BUAa 1 U 2 Ha3bIBAKTCA 3N1EMEHTapHbIMU.

3. Ecimn An B - ¢opMysibl, NpYyeM Takue, 4To ogHa 1 Ta
Xe npeaMeTHas nepeMeHHas He AABNSIETCA B OAHOW U3 HUX CBSI-
3aHHoOI, a B gpyroi ceobogHon, to Av B, A& B, A-> B ecTb
dopmysbl. B 3Tux dopmMynax Te nepeMeHHble, KOTOpble B UC-
X04HbIX hopmynax 6bln CBO6OAHBLIMU, SABASAKTCS CBO60OAHbI-
MW, a Te, KOTopble OblNn CBA3aHHb!N, ABNAOTCA CBA3AHHbLIMU.

4. Ecnn A - dopmyna, 1o A - dopmya, U xapakTtep
npegMeTHLLC NepeMeHHbIX NpuU nepexoge oT opmysbl A K
dopmyne A He mMeHseTcs.
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5. Ecnn A() - dopmyna, B KOTOPYH npeameTHas nepe-
MeHHasi X BXoAMUT cBobogHO, To crioBa Yn A(n;) v 3x J1(1)
ABNAKTCA GopMynamMu, npuyem npegmeTHas nepeMeHHas B
HUX BXOAWUT CBSA3AaHHO.

6. Hukakada pgpyras cTpoka cMMBOM0B (GOpMYysoii He
ABNSAETCA.

Mpumep 1. Kakne u3 cnefywouinx BbipaKeHUn SABNSA-
loTCA hopmMynaMmu SIOTUKKM NpeankaTos? B kKaxkaon qopmy-
ne BblgennTe cBo60AHbIE N CBA3AHHbLIE MEPEMEHHbIE.

1)3x¥r(p{x,y)"P{y.r));

2){p-"n)&{ryp);

3)P{x) &YxHA{x);

) Yx (P(x) e(x)) BxP{x) Y¥YxB(x,Y));

5) (P(x) o e(x)) Val/(Yy A(y));

6)3xYr(p(x,y)->P(r/,r)).

PeweHwne. BbipaxkeHusa 1), 2), 4), 6) asnatTca popmy-
Namu, Tak Kak 3anucaHbl B COOTBETCTBUWU C ONpefesieHUeEM
hopmMmynbl NOrnMKn npeagukatoBs. BelpaxkeHns 3) n 5) He saB-
nawTca gopmynamu. B BbipaxkeHUn 3) onepauus KOHbBIOH-
KUMsS nNpuMeHeHa K gopmynam P(x) n ¥Yx Q(X); B nepBoii u3
HUX nepeMeHHas X cBO60AHA, a BO BTOPOI cBA3aHa KBaHTO-
pomM 06LHOCTM, YTO MPOTUBOPEUUT OonpefesieHU0 hopMy-
Nbl. B BblpaXXeHNM 5) KBAHTOP CYLLLECTBOBAHUS MO MepPeMeH-
HOW y HaBeweH Ha opmyny Yy JI(y), B KOTOPO/ MepemMeH-
Has y CBAi3aHa KBaHTOPOM OOLWHOCTU, YTO TakXe NpPoTUBO-
peunTt onpeaesnieHU0 QOPMYISib.

B dopmyne 1) nepemeHHas y cBobogHa, a nepemMeHHble X
M r cBaA3aHbl. B hopmyne 2) HeT npeaMeTHbIX MepeMeHHbIX.
B topmyne 4) nepemMeHHas x cBA3aHa, a NnepemMeHHasl y CBO-
60aHa.

O NornmyecKkoM 3HavyeHUM OopMy/bl IOTUKN MpPeauKaToB
MOXHO FOBOPUTb /INLLbL TOrAa, Korga 3afaHo MHOXXeCcTBO M, Ha
KOTOPOM oOnpejenieHbl BXoAslme B 3Ty OpMyny npeamkaTbl.
Jlornyeckoe 3HayeHue QOPMYSbl SIOTUKU MPeAnNKaToB 3aBUCUT
0T 3HAYeHUS Tpex BUAOB MEPEMEHHbIX, BXOAALWMNX B hOPMY/Y:

a) NepemMeHHbIX BbICKa3blBaHWIA;

6) cBO60AHbIX NpeaMETHbIX NePeMeHHbIX U3 MHOXecTBa M ;

B) NpeAnKaTHbIX NepeMeHHbIX.

Mpy KOHKPETHbIX 3HAYEHUAX 3TUX MNepemMeHHbIX op-
My/sia NpUHUMAaeT KOHKPETHOE JI0TM4YecKoe 3HaueHue.
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Mpumep 2. OaHa opmyna -> , roe
npeaukatbl P(OK), Q) n onpegeneHbl Ha MHOXXecTBe N.
HaiiTn ee 3HauveHue, ecnu

1) P(a:): «4mcno X genutca Ha 3», Q{x): «4ucno X ge-
nnTes Ha 4», R(x™: «4NCA0 X AENNTCA Ha 2»;

2) P(x): «4ymcno X genuntca Ha 3», Q{x): «umcno X ge-
nutca Ha 4», I «4UCMI0 X AesINTCA Ha 5».

PeweHne. B 060Mx cnyyasax KOHbHOHKUUA P(X)&Q(x)
eCTb YTBEpPXKAeHMe, 4YTOo 4ynucao x genutca Ha 12. Ho Torpa
npu Bcex X, ec/im YNC/0 X AeNNTCA Ha 12, TO OHO Aes/IuTCA U
Ha 2, u, 3Ha4uUT, B cny4yae 1) chopmyna UCTUHHA.

Tak Kak U3 genmMMocTy ymcna XX Ha 12 He npu BCcex X crie-
AyeT 0enIMMOoCTb Yncna X Ha 5, To B cnydae 2) chopmysia fodXHa.

Mpumep 3. BblUMCAUTbL 3HayveHUe OpPMY/ibl

Vx 3y P(x,y) -> 3x Yy P(n;,y), ecnn npegukat P{x,y)
nMeeT 3HadeHue P°(X,y) — «4UCNO X MeHblUe yucna rh» u
onpegenieH Ha MHoXectBe M =N XN..

PeweHuve. Tak KaK MNpu yKasaHHOM 3HaAYeHUU Mpeanka-
Ta P{x,y BbicKasbiBaHUe Yx3yP(K,y) 03HauaeT yTBeEp>Xae-
HWe, YTO A/ N60ro HaTypasibHOro Yncaa X Hargerca HaTy-
pasibHoe 4ucno y, 6osblUee yncna x, TO 3TO BbiCKa3biBaHWe
UCTUHHO. B TO >Xe Bpemsa BbiCKa3biBaHWe 3xYy PAx,yN 03-
HavyaeT YyTBEPXAEHMEe, YTO CYLLeCcTBYET HaTypas/ibHOE YUC/O
X, KOTOpOe MeHbLlUe filo60ro HatypasbHOro Yncna y, Kotopoe
noxkHo. lMpu aTom mcxogHasa gopmyra, 04eBUAHO, JIOXKHA.

OnpepeneHve 2. e opMy/ibl JIOTUKW MpeankaToB A
1 B Ha3blBAlOTCA paBHOCU/IbHLIMU Ha ob6/1acTu M, ec/nim OHU
NMPMHUMAaKT OAMHAKOBbIE 3HAYEeHUSA MPU BCEX 3HAYEHUAX
BXOASALWNX B HNX MEPEMEHHbIX, OTHECEHHbIX K 06nactn M.

[Be hopmynbl nornkn npegnkatos Avi B HasbiBaloTcA
PaBHOCUJIbHBIMU, €C/IN OHU PaBHOCWUJ/IbHBLI Ha BCAKOM 061acTu.

34ecb, KaK 1 B anrebpe BbiCKasblBaHWUM, ANS paBHOCU/1b-
HbIX QOPMY/T MPUHATO 0603HaYeHNe A =B .

FACHO, 4YTO BCe PaBHOCU/ILHOCTU anrebpbl BbliCKa3blBa-
HWUIA 6yAyT BEPHbI, €CNM B HUX BMECTO MepeMeHHbIX BbICKa-
3blBaHUN MNOACTaBUTb (OpPMY/bl NOrMKK npeaguvkaTos. Ho,
KpoMe TOro, UMeKT MECTO PaBHOCU/IbLHOCTU CaMOl JIOTUKU
npeavkartos. Cwoga, B MepByl oyepenb, cnefyet OTHECTU
PaBHOCUNIBHOCTMU:

VxA(x) = xA(GH 3IH(X) S VxA(i9

8 3ak. 1229
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OHM LUMPOKO MCMONbL3YKTCA B JIOTMKE NpeanKaToB Mnpu
pPaBHOCU/IbHBIX MPeobpasoBaHUAX, eC/IM MPUXOAUNTCA MMETb AeS10
C BbIpadkeHMAMU, cofep>KalmmMmy orepauymio oTpulaHus.

Mpumep 4. Hantn oTpuuaHue criegytowmx gopmyn:

1) ¥x(p{x)&A{x));

2) dai:(p(n:)vQ(n:));
3) ¥x3y(@(,y) -> 1{x, y)'j.

PeweHwne.

1) VX™P(X)& =t = 2X|p(n:) v Q™) ;
2) 3x(p(x) v Q™)) = VM(p(X) v Q(x)) = Q)
3) ¥Yx3y{B(x,y) -» L{x,jl) = y) -> 0K, i) s

= 3xXVY(R[x, y) -» L{x,y)j = 3xVi/i(i;,y) v L(x,y) =

= 3xVi/[12(x, y) & L{x, y)j

Joka3aTenbCTBO PaBHOCUJ/IbHOCTEW JIOTUKWU MpefuKaToB
TpebyeT UNn JeTa/lbHOro PacCMOTPEHUsT 3HAYeHU hopMyI
N NCMOJ/Ib30BaHUA M3BECTHbIX PaBHOCW/IbHOCTEN.

Mpumep 5. [okas3aTb pPaBHOCWJ/IbHOCTb

3x V B(nN™ S 3xXA(X) V 3x

PeweHve. OnAa gokasaTenbCcTBa PaBHOCWUJ/IBHOCTU [0OC-
TaToOYHO paccMoTpeTb ABa cny4as:

1. MNycTb NpegnkaTtbl n -B(X) ToO>KAeCTBEHHO N10XK-
Hbl. Torga 6yaeT TOXAECTBEHHO JIOXKHbIM U Mnpegukar
A{x) Vv . Mpwn atom 6yAyT NOXHbLIMW BbliCKa3blBaHUA
3xNua(x)vs(x)) n IxA(x) V3xB(x).

2. MycTb Tenepb XOTA 6bl OAVH N3 NpeanKaToB (Harnpu-
Mep, M) He TOXKAECTBEHHO /I0XKHbIW. Torga 6yaeT He TOX-
[ECTBEHHO NOXXHbIM U nNpegmnkaTt A(X)v . Mpwn atom 6y-
OYT UCTUHHBIMU BbICKa3blBaHUA IX-<4() n IX (-AX)v B (4 .
a, 3Ha4uuT, 6yayT NCTUHHBLIMW N UCXOAHble (hopMyIibl.

CnepoBatesibHO, 3X (a (x) v B(x)] = 3xA(x) v 3x B(x) .

Mpumep 6. JokasaTb PaBHOCUJ/IBHOCTb

Cc& VX A(X) = VXc&AX)J .

PeweHune. PaccmoTpum gBa criyydas:
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1. MycTb BbICKa3blBaHMe C fIOXKHO. Torga gnga nwb6oro

npeaukara 6yaeT TOXXAECTBEHHO JIOXKHbIM BblCKas3bl-
BaHue c& VX M npeaukat c& A(n), u, cnegoBaTtesnbHO,
BbICKa3blBaHMe 3HaunT, B 3TOM cnyvae 06e

ncxogHble OpMyJibl TOXAECTBEHHO JI0XKHHbI.

2. MycTb Tenepb BbiCKa3biBaHNE ¢ UICTUHHO. Toraa, odve-
BUAHO, 3HaYeHUS UCXOA4HbIX opMyn 6yAyT Le/IMKOM 3aBu-
CceTb OT 3HA4YeHW npegmkKata . Ecnn —TOoXae-
CTBEHHO WCTUHHbLIA NpeaukaTt, To 6yAeT TOXAECTBEHHO WcC-
TUHHbLIM U NpegMKaTt c& , W, cnegoBaTtesibHO, 6yayT TOX-
[ECTBEHHO NCTUHHbBIMW BbICKa3blBaHUA Y X , C& Vjc 4n:),
Vjche& , TO eCcTb TOX[AECTBEHHO WUCTUHHbLI NCXOAHbIE
dopmynbl. Ecnn ke npegmkat He TOXAEeCcTBEHHO uc-
TUHHbIA, Torga OyAeT He TOXKAECTBEHHO MUCTUHHbLIM MNpeau-
KaT c&J1(X), a BbicKasbiBaHNA \/XA{X", c&Vjc ,

6yayT NOXXHbIMU, TO €CTb JIOXKHble 3HAYeHUS
NPpUHNUMalOT 06e McxoaHble POPMY/bl, YTO B UTOre AOKasbl-
BaeT UX PaBHOCULHOCTb.

3.13. YKaxuTe, Kakue U3 CMeAyLl X BblpaXKeHUMn
ABNAKTCA opMysiamMu JIOTMKU NpeaukaToB. B kaxpaoi
thopmyne BbigenuTe cBob6oAHbIE U CBA3@HHbIE NMEPEMEHHbIE:

1) 3x3yP{x,y);

2)Bx,yP{x,y);

3) VXP(X)V Yy q(x,y);

4)Vx3yP{x,yy,

5) jp-> \IXP(x,y);

6) 3xP[x,y*Q(y,z).

3.14. OaHbl yTBEPXKAEHUSA «4ncno n AesnTca Ha
3», B(re): «umncno n genutca Ha 2», <C(re): «4nUCcn0 N AennT-
¢ Ha 4», 1)(ra): «4nucno n genutcs Ha 6», E{n)'. «4mcno n
fenutca Ha 12». YKaXuTte, Kakme n3 crnefyrouwmnx yTeepx-
OEeHNI UCTUHHBI, KaKue JI0XKHbI:

1) Vn (J1(re)& B{n) -> £(ra));

2) \in ({n)&i)(n) -> £(«));

3) Ja(C(ra)& D(ra) -> £(ra];

4) Vra(ij(ra)-» C(ra)&D(ra));

5) \va B(n)&Z>(n)j;
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6) 3a
7)Vn A(n) ->

3.15. MycTb npegukar P{x,yN onpegeneH Ha MHOXe-
ctBe M =N XN u o3HayaeT «x <y ».

1) Kakne u3 cnegywowmnx nNpeanKatoB TOXAECTBEHHO
UCTUHHbIE U KaKne TOXAECTBEHHO JIOXKHbIE:

a) 3xP(x,y); 6) ¥xP(x,y); B) 3yP(x,y); ) \/yP{x,y)?

2) Ona Tex npeaukatoB M3 1), KOTOpble He SABMAKTCA
HU TOXAECTBEHHO WCTUHHbLIMU, HU TOXXAECTBEHHO J10XHbI-
MW, yKasaTb 06/1aCTb UCTUHHOCTU WM 06N1aCTb JIOXKHOCTW.

3) Kakue wn3 cnepgywowl(ux nNpeanoXeHMin UCTUHHBbI U
KaKune JI0XKHbI:

a) 3xYyP(x,y);  6) Vx3yP(x,y);

B) \/y3xplx,y); r) \/x\/yp\x,y);

n) Vy\fxP(x,y); e) 3y\/xP(x,y);

X) 3x3yp(x,y); & 3ydxP{x,y)?

3.16. MNokasaTb, YTO KBAHTOPbI 06LLHOCTN W CYLLECTBO-
BaHWA He MNepecTaHOBOYHbLI, TO €CTb BblICKa3biBaHUA
\/x3yF{x,y) n 3yS/xF{x,y) MoryT, BoobLie roBops, UMeTb
pasnnyHble 3HaAYeHUA.

3.17. Cpegun cnepylowimx nap npeanmkatos BblbepuTte Te,
B KOTOPbIX MpeauKartbl ABAATCA OTPULAHUAMN APYT Apyra:

1) «ka<6»m

2) «TpeyronbHUK ABC NpsAMOYrosibHbIi» N «Tpeyronb-
HMK ABC TynoyronbHbIi»;

3) «Llenoe uncno k yeTHo» 1 «Lienoe 4yncno kK HeHYeTHOY;

4) «dyHKUMA [ HedeTHa» U «PyHKUMA f yeTHa;

5) «HaTypasibHoe uncno n - npocrtoe» U «HaTypasnbHoe

YMCMIO0 N - COCTABHOE.»
3.18. [okasaTb crieflylolime paBHOCUIbHOCTU:

1) ¥Yn: A@:) 3 IeS1();

2)3x A{x) = WUx A (;

3) c& Vjc = Vx (c&a (x));
4) cvVx A(x"= Vjc(c VA());
5) 31 \V s 3x 3k

6) 3x VJI(ic)) = ¢ V3XA(X);
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7) 3a(c&A () = c&3Ine J1(n);

8) 3x A1) & 3y B{y) ~ 3x 3y [a {x) & B{y));

9) \/x (N(:) -> €) = ZCA(x) -> C;

10) 3n:(c A(T)) = c-> 3XA(T);

11) AX A(x) -> ] ™ YXA (x) ->C.

3.19. Halitm oTpuuaHuma cregyrowmnx gopmyn:

1) 3x(a(x)&B(Xx)&C(x));

2) Yxu{x)->YyB{y));

3) ¥x(a(x) V3yB{y));

4) ¥Yx(a(x) ™ B(X))& 3x(5(x)& A,(x));

5) 3x(a(x) o C(x));

6) Yx31¥r(p(x,y,2-»e(x,1,r)).

3.20. Myctb A(X) w B(x) - niobble npeankatbl. Kakne n3
cnegyoLwmnx opmMmya paBHocuAbHbI hopmyne wa,(x)  B(x) (*)?

1) A(x) VB(x); 2) A{x) VB{x); 3) A(X)->B(x);

4)6(5->a(x); 5 a("&B(x); 6)A(X)&B(";

7) B(X) -> A{x).

3.21. [okasaTb, 4TO ANns nbo gopmMynbl OTMKK npe-
ANKATOB MOXHO MOCTPOUTb €l PaBHOCU/IbHYI hOpMYyy, He
coaep kalyio:

1) KBaHTOPOB CYyLLECTBOBAHUS;

2) KBaHTOpPOB 0OLLHOCTN.

3.22. [AokasaTtb, 4T0 opmynbl 3xX(p(X)&O(X)] wn
3XP(X)& 9x”(X) He paBHOCUJ/IbHBI.

3.23. [Ooka3aTb, 4To dopmynbl YX(PQOK)VO(X) wun
YXP(X)v ¥YX/(X) He paBHOCUSbHbI.

3.24. [okasaTb, 4TO

1) 3x Vy (p{x)&C{y)) * Yy 3x {p{x)&0{y));

2) TO XXe C 3aMeHol & Ha V;

3) MOXKHO N1 B 1) n 2) 3amMeHnTb P(X) 1 0{y) OAByXMecT-
HbIMU NpegMkKaTamu, 3aBUCALLUMMK OT X U 1/?

3.25. Myctb -A(x) n B(X) ABa OoAHOMECTHbIX Nnpeavka-

Ta, onpegeneHHbIX Ha MHOXecTBe M TaKux, 4TO BblCKasbl-

BaHME 3X A(x)-> A (x)V (B(x) -> A (x)] WUCTUHHO. [loKa-

3aTb, YTO BbiCKa3biBaHMe YX>1(X* N0OXHO.
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3.26. OaHbl gBa npegukarta $H{x,y) n R{y,r), onpege-
NeHHble Ha MHOXecTBe M XM , rge M = (a bc] . Ana cne-
AYyOLWNX NpeanoXeHUn sanucaTb MX BblpaKeHUsi 6e3 uc-
NMosb30BaHNA KBAHTOPHbIX onepauuii:

1) axa{x,y)&YrB{y,r);

2) ¥Yx3y (a{x,y)"E{y.r));

3) ¥Yx3ye(n,y) -> 3y ¥Yx B{x,y);

4) YE Yy A{x,y) <Yy ¥Yx K{x,y).

3.27. Kakum ycnosBusamMm 6yayT yAoB/eTBOPATbL 06nactu

WCTUHHOCTM npeaukaTtoB A(g;) wn B{x”, onpefefnieHHbIX Ha
MHOXecTBe M, €eC/M UCTUHHbI BbICKa3blBaHUS:

1) Ya;(a(n:)->b(a:))&3n:(a(n:)&5(n:));
2) i4 44 &l &(y»:(a(a:) B(x));
3) Iri(a(x)&B(KY) N (yx(a(n)->B(x)))?

§ 3. O6Wwe3Ha4YMMoCTb MU BbIMOSHUMOCTbL (DOPMYII.
MpepBapeHHas HopmasibHas copMa (H.H.¢h.)

OnpegeneHvie 1. ®opmyna NOrMKU MNpegnKaToB Hasbl-
BaeTCA BbIMNO/HMMOM B ob/iacTm M, ec/im CyLecTBYOT 3Ha-
YEeHUSA nepeMeHHbIX, BXOAALWMUX B 3Ty (QOPMYY U OTHECEH-
HbIX K 06nactm M, npu KOTOpbIX hopmysia NPpUHUMAET UC-
TUHHble 3HAYeHUA.

OnpepeneHne 2. ®opmyna A Ha3blBaeTCA BbIMOSIHNMON,
ecnu cyuwiectByeT o06nacTb, Ha KOTOpoW 3Ta ¢opmyna Bbl-
nofTHNUMA.

OnpegeneHne 3. dopmyna JI0TMKU NpeanKaToB HasblBa-
eTCH TO>KAEeCTBEHHO UCTUHHOW B o6n1acTu M, eciv oHa npu-
HUMaeT UCTUHHbIE 3HAYEHUSA A/1 BCEX 3HAUYEHWI NepeMeHHbIX,
BXOAALWMNX B 3Ty POPMY/ly U OTHECEHHbIX K 3TOl obnactu.

OnpegeneHvie 4. ®opmysia A HasblBaeTcsa obLie3Hauun-
MOV, ec/in OHa TOXKAEeCTBEHHO UCTMHHAasA BO BCSKOW 06/1acTu.

OnpepeneHne 5. ®opmysia A Ha3blBaeTCA TOXKAECTBEH-
HO JIO>KHOW B ob6racTwm M, ecnm oHa NPUHUMAET JIOXKHble
3HAYeHNA 418 BCeX 3HAYEHUI nepeMeHHbIX, BXOAALWMNX B 3Ty
opmMynly N OTHECEHHbIX K 3TOW obnacTu.

M3 npuBefeHHbIX onpefesieHNi cnegyet:

1. Ecnu dopmyna obuesHaymMmMa, TO OHa U BbINOSHMMA
Ha BCSAIKOIM o06nacTu.

2, EcniTa doopmyna TOXKAECTBEHHO UCTUHHa B 06/1acTwy,
TO OHa BbIMO/IHMMA B 3TOMN 06/1aCTU.



NOTrMKA NPEOANKATOB 231

3. Ecnu copmyna HeBbIMO/IHUMA, TO OHA TOXAECTBEHHO
NoXXHa B nwboi obnacTu.
Mpumep 1. [okasaTtb, 4TO opmyna ANIX'Ny P{x,y)

BbIMO/IHUMA.

PelweHuve. Ana gokasaTenbcTBa BbINO/IHUMOCTU POPMY-
Nbl A JOCTaTOYHO HalTW o0b6nacTb onpeaesieHUs ABYXMECTHO-
ro npegmkata P{x,y) 1 TaKoe ero 3Ha4yeHWe, YTO B 3TOW
obnactn copmysia NpUHUMaET UCTUHHbIE 3HAYEeHUS. Takoi
obnacTblo onpegeneHnsa npeankara, B HaCTHOCTU, ByaeT MHO-
»xectBo M = N XN. [JenctBuTenbHo, ecnu P{x,y) - npeau-
KaT «y:X», TO hopmyna A TOXKAECTBEHHO UCTMHHAa B ob6na-
cTu M, n, cneposaTesibHO, BbINO/IHUMA B 3TOW ob6nactn. Op-
HakKo, ecnn B KauyecTBe rnpegmkara B3ATb npeaukar
«y<x», TO popmyna A 6yaeT TOXAECTBEHHO JIOXKHOI B
obnactu M, u, cnepgoBaTesibHO, HEBLINOSIHUMOW B o6nacTum
M. lMpwn 3TOM SACHO, 4TO (hopmysia A He obLie3Havymma.

Mpumep 2. fokasaTb, 4To hopmynia A = -> “m
->39xP(nc)&asnsaeTcs o06wWe3HAYNMON.

PewweHne. Cuuntas, uto copmyna A onpegesieHa Ha Nio-
6o obnactm M, npoBeAemM paBHOCU/IbHbIE Mpeobpa3oBaHUA:

A =\x(pCK)-> o )) AKP{X) & Yx A{x) =
= YK -> MoK v BKPOK)& YKO(K) =

= 3K(POK) v e(K)) v DKPOK) v YKO0{x) T
= IK(POK)& ®(K)) v DKP(K) v IKA@(K) =
= DK(POK)&ADK)) v 3K ) v BKP(OK) a
= 3K(POK)& A(X) V LLL™) V 3xP(K) =
H 3x(P(K) V V 3xP(xK) 3
r (KPOK) V3IKPOK)) VIKNOK) 3 LVIKNK) =1,

T.e. hopMysia A TOXKAECTBEHHO WUCTUMHHA AN N6bIX 0fHO-

MeCTHbIX npegukaToB P(K) >k ~(k) n B nwb6oin obnactu.
Mpnwvep $k /. >
Jdokaszatb, 4T0 dopmyna A =3KLUNOK) "NK) &

& (rp)-,2(*))) ToxAecTBEHHO NOXKHA.
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PeweHwe. .
Tak Kak ¢opmyna p(n:) " -> T}
.M{x) <P, a thopmyna << , 0OY4EeBUOHO, TOX-

[eCTBEHHO N0XKHAa, TO TOXAECTBEHHO JIOXKHa U dopmyna A.

FoBOPAT, UTO hopMya NIOrUKU NpegukaToB MMeEeT Hop-
MasibHYy0 hopMy, EC/TN OHa COAEPXKUT TO/IbKO orepaumm KOHb-
IOHKLNN, OU3BIOHKLMM U KBAHTOpPHbIe onepauuu, a onepa-
LMA oTpULaHUA OTHeceHa K 3/ieMeHTapHbIM (hopMyiam.

Cpean HopMasibHbIX opM opMyn NOTUKU NpeguKaToB
Ba>KHOe 3HauyeHVe MMelT TaK Ha3blBaemble npeaBapeHHble
HopMaUibHble hopMbl, B HUX KBaHTOpHbie ornepaumm nunbo
MOSTHOCTbIO OTCYTCTBYIOT, NIM60 MUCMONb3YOTCA MNoc/ne BCex
onepauunii anrebpbl OTNKWN.

CnpaBeanveo yTBepXAeHne 0 TOM, 4YTO Bcskas opmy-
Na Norvkn npegnkKaToB NyTeM pPaBHOCUIbHbIX Npeobpa3oBa-
HUIA MOXeT 6bITb NMpuBedeHa K MNpeABapeHHOW HOpMasibHOM
thopme (n.H.¢.). Mpn 3aTom cnegyeT MUCMonb30BaTb paBHO-
CUMBHOCTM JIOTUKWN NpeauKaToB, KOTOpble MO3BOASAKT Bbl-
HOCUTb 3a CKOOKWM KBaHTOPbI CYLLECTBOBAHUS U BCEOOLLHOC-
TN, T.e. PaBHOCU/ILHOCTU:

Yn: P(k)& Yn:™Nn:) = Y (p (X) & ©());
&Y n:P(x) = YX(7TI&P());
p VYXP{x)=Yx(p VP(x));
p -> ¥Yx P(X) = ¥x PX)™,
3XP(X) VX Q(x) = 9x(P(x) V 4(x));
cv IXP(x) = Ix(c v P(X));
c& IXP(x) = Ix (c& P(X));
c->39xP(X) =3 -» PX)];
IXP(X)& Ixe(x) N Ix 3y [p{x)&A{y)),
Mpumep 4.
MpuBecTu K N.H.¢. hopmyny A =YXy p{X,y) &3IX\/yHA{x,y) .
PeweHne. MNMpoBoasa paBHOCU/IbHblE MNpeobpa3oBaHUA,
NoayUYNM:

N1 =YXx3yP(X,y)&YXx 3y A[x,Y) ;
=YX 3yP(X,y)&3r™x,r)| =
=YX 3y |p(X,y)&3ro(x,r)] =
=YX 3y 3r™P(x,y) &A{x,r™ .
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3.28. BbINoNHUMbI Nu cregywowme QopMybl:

1) AN3xP{x)-, 2) A =Yn:P(x).

3.29. MOXHO nn NpuBecTn npumep opmynbl -A(r) Ta-
KOW, 4TO BbINOSHUMA opMyna:

1) BAVXAX)-> A®); 2) B =A(®1) -> ¥Yn, A(K).

3.30. AokasaTb, 4To hopmyna 3In:(p(X)&(r

-> -» N r aBnsietcs 06LW,e3HAUYMMON.

3.31. Kakune n3 HXenpuBefeHHbIX GopMysT SABMSOTCSA
o6 e3HaYNMbIMU:

1) Ix (Pi(x)&P2(x)) -> (3xPi(x)& 3x P2(x));

2) 3x Pi(X)&P2(x)j o (BxPi(X)& 3x P2(x));

3)(yxPi(x)vyxP2(x)j Vx(Pi(a:)vP2(x));

4)(yxPi(x)vyxP2(x) o Va:(Pi(i:)vP2");

5) yxig -> Pj(x)) o (g -> yxPj(x));

6) yx(Pi(x) -> P2(jc)) <> (yxPi("x)  YxP2(x));

7) 3x(Pi(x)  P2(x)) -> (3xPj(x) -> 3xP2(X)];

8) yxiPi(x) > P2X) o0 (BxPi(X) YxP2(X));

9) ¥YX(hUX) ->~2(")) (YzchOn:) -> YXDP2X));

10) ¥Yx (®1n:) drw) (OX DMX) -> IX DP2AN));

11) 3x (*i(je) -> ~(N) rer(h);

12) ax O,(x) -> ¥x 4(x);

13) ¥Yx4(x)-™ X E(x);

14) ¥YX A (X)& Vx Q(x) o yxiiT(X)&Q (X)];

15) ¥YxIr(x) VYXxQ(x) o ¥x(6(x) v Q(X)j;

16) 3XR{x)& IXQ(X) 0 3x(4(X)&Q(X));

17) 3xA(x) v 3xQ(x) o 3Ax(iT(x) v Q(X)).

3.32. [lokasaTb TOXAECTBEHHYI JI0OXKHOCTb (QOpMYJibl

A3y ((f(x) ~ F{yN&(p(x) 1(3)& P(x)).

3.33. MpuBecTn K N.H.¢b. cregyouime opMyabl N0rUKN
npeavKaToB:

1) B =2xYy32Yu P(X,y, z, m);

2) B = ¥YxB(X) v 3XQ{x,y);

3)B =p-> 9xB(X);
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4B =YX3r/(4x)NA(Y));
5 b = -» 3y B L ;
6) B = 3xX\/n P{x, y)& 3x\/y Q{X,Vy);
7) B "3x YYyP{X,y)Vv IxYy Q(X,VY);
8) B "3x Yy P{x,y) 3xXYya{x,y).

8§ 4. puMeHeHWe NOTUKWN MpeanKaTtoB B mMaTteMaTuke

1. NMpumMeHeHVe A3bIKa NOTUKW NPeanKaToB AN1A 3anucu
MaTeMaTnyeCcKMX MNpPennoXXKeHwui, onpegeneHuin.

A3bIK NOrMKW npeavkaToB yaobeH A1A 3anvcu maTtema-
TUYecKux npegnoXkeHuii. OH gaeT BO3MOXXHOCTb BblpaXkaTb
NornyeckKkue CBA3N Mexay NMoHATUAMMU, 3anucbiBaTb ornpeje-
NeHns, TeopeMbl, AoKa3aTenbCTBa.

Mpumep 1. 3anuncatb Ha A3blKe NIOTMKW NpeanKartos
onpegeneHne npegena 4YMcnoBOil NocnefoBaTeNbHOCTU.

PeweHwne. Yncno a aBnsgeTcs npegenom YMCNoBOW nocne-
[oBaTeNbHOCTU Torga v ToNbKO Torga, Korga gnsa nio-
60ro MoNOXKMTENbHOrO 4YmMcna e CyL,ecTBYeT TakoW Homep
W, , YTO ANA BCeX HaTypaibHbIX Yncen, 60AbWINX NN paB-
MbiX Mo, cnpaBefiVBO HEPABEHCTBO <£ .

Mcnonb3ysa A3bIK IOTUKUW NMpeankaTtoB, MOXXHO 3anmncaTb
9TO onpejeneHve B KOMMNAaKTHOW copme:

c =lima, Y¥Ys>03n™re N Vrae N (ra> la, - a <r2).
n— Y ~ 1

Kak 13BecTHO, MHOTVe TEOpeMbl AOMYCKalT hopMyaun-
pPOBKY B BUfe YCNOBHbIX MpPeAnoXeHuii: «Ecnu no6oii ane-

MeHT X M3 MHOXecTBa M obnagaeT CBOMNCTBOM TO OH

o6nagaeT CBOICTBOM T.e. Q(X)j -
Hanpumep, ecnn {Xj - MHO>XXeCTBO BCeX TPeyrofibHU-

KOB Ha M/IOCKOCTU, P(Xx) — CBOWACTBO X 6blTb MPAMOYrO/b-

HbIM, Q(X) - cBoOCTBO X MMeTb FMMNOTEHY3Y, KBagpaT A1un-
Hbl KOTOPOW paBeH CyMMe KBaapaToB A/UH KaTeToB, TO dop-
Myna VX/AP(x)-» Q(x)) AaeT 3anucb OpMYINPOBKU Teope-
Mbl Mundharopa.

Mpumep 2. 3anucaTb Ha A3blKe NOTMKW NpeamMKaToB
hOPMYNNPOBKY TeOpeMbl O HEOOXOAMMOM Mpu3HaKe cCXoau-
MOCTM YWUCNOBOro psaaa.

PeweHwue. TlycTb M = |Xj - MHO>XeCcTBO BCeX YWUCIO-

BbIX psAgoB, P(x) - cBoicTBO X 6bITb CXOAALLMMCSA PSAoM,

Q(x) - lima, =0, rge c, - 06w yneH psga X. Torga
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dopmyna «(*)) npeacTtaBnseT cobo popmynm-
POBKY YKa3aHHOI TeopeMbl.

Il. TMocTpoeHne MPOTUBOMONOXKHbLIXX YTBEPXKAEHWA.

MycTb faHO HeKOTOpoe MaTeMaTU4YecKoe YTBep>KAeHue
A. TIPpOTNBOMNONOXHLIM YTBEP>XKAeHUeM Ana A 6yaeT yTBep-
xaeHve A . Jlormka npegukatoB MNo3BONseT MyTEM paBHO-
CUNbHbIX MpeobpasoBaHui hopmynbl A npuaaTb e Xopo-
wo o0603puMbIA BUA.

Mpumep 3. OnpegeneHne npegena 4YMcnoBoli nocnegosa-
TeNbHOCTMN fAaHo B npumepe 1. EMy NMpoTUBOMONOXHbLIM YT-
BepXXgeHnem 6ypeT:

adnTa, Yr>03geN YaeN > n, => =
=3r>0Yo eN 3aeN |Ja>re(,)&a, - a »
OuyeBngHO, ecnu Teopema Yoee -)m He-
cnpasegnmea, To 6yaeT UCTUHHBIM YTBeEpPXAeHUe
Mx e MAP(XN -> =3n; e . CnepoBartenb-
HO, 4TObbI fOKa3aTb, YTO Teopema Y X (P(xY -> Hecrnpa-
Be[/IMBa, HY>XHO yKa3aTb XO0THA 6bl O4AWUH 3NEMEHT U3 M, npu
KOTOPOM Yyc/ioBMe TeopeMbl P (X) MCTUHHO, a 3HayeHue

NIOXKHO T.e. MPUBECTU KOHTPMpuUmep.

Mpumep 4. JokKaXkunTe, 4YTO HeBepHa Teopema: «Ecnwun
yHKUMA /(X) orpaHmyeHa Ha cermeHTe [a,& TO OHa 1
MHTEerpmpyema Ha 3TOM CErmMeHTe».

PeweHne. NMyctb M — MHOXeCTBO Bcex (MYHKUWI, on-
pefeneHHbIX Ha cermeHTe 0,b], P(x) —cBoiictBO / 6bITb
orpaHuMyeHHol Ha a,b , Q(x) - cBoicTBO f 6bITb UHTErpU-
pyemoii Ha [a,bl. YTo6bl goKa3aTb HecrnpaBeA/lMBOCTb TeO-

pembl Y/e m(p(/) ™ Q{/)) Hy>KHO AoKa3aTb CrpaBea/iMBOCTb

yTBep>kaeHus 3f . Hy>KHbIM KOHTprnpume-
poM 34ecb MOXKeT 6bITb (hyHKUUA Aupuxne, paccmaTpuBae-
Mas Ha [a,6]. OHa, Kak M3BECTHO, OrpaHn4yeHa Ha /1r60Mm
CerMeHTe, HO HEeMHTerpMpyemMa Ha 3TOM CEermeHTe.

L. MpsAwasda, obpaTHas M NPOTUBOKOAOXHASA. TEOPEMBI.
PaccMOoTpuM 4eTbipe TeOopeMbl:
yxeJd5;ip(x)->Q(x)); (1)
Yxe£ (d)->")); (2)

Vxef (p(x)*Q (x)j; (3)
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\/xeE (M)-~"l4 Y (4)

OnpepeneHne 1. MNapa Teopem, Yy KOTOPbIX yc/noBue
O4HOV fABNAeTCA 3aK/l4YeHWeM BTOPOM, a yCcnoBue BTOPOW
ABNSAETCH 3aK/lYeHMEM MepBOii, HasblBalOTCA B3aWMHO 06-

paTHbIMWU APYr APYry.

Tak, Teopembl (1) n (2), a Takxke (3) n (4) - B3aNMHO
obpaTHble Teopembl. Mpn 3TOM, ecnn OAHY U3 HUX Ha3blBa-
IOT NPSAMOM TEOPEMOW, TO BTOPYH Ha3biBalOT 06paTHOW.

OnpepeneHve 2. lNMapa TeopeM, y KOTOPbIX YyC/lOBUE U
3aK/Nl0YeHVe OAHOVM ABMAAKOTCA OTPMUAaHWEM COOTBETCTBYHO-
Lero ycnoBmsa M 3aKllO4YeHUA APYroi, HasbiBaloTCA B3auM-
HO MPOTMBOMNONOXKHbIMMU.

Tak, Teopembl (1) n (3), a Takxke (2) n (4) asna0TCA
B3aVIMHO MPOTUBOMONOXKHbLIMMU.

Mpumep 5. Ona TeopeMmbl: «Ecnm 4yeTblpexyrofbHUK
ABNAETCA MPAMOYTro/ibHUKOM, TO B YeTbIPeEXYTrO/ibHUKE Aua-
roHanu paBHbl» cthopmynnpyinte Teopembl (2) —(4).

PeweHne. MycTb E = ~\ - MHOX>XeCTBO BCeX YeTblpexy-
rofbHNKOB Ha MJ0CKOCTU, P(X" —CBOMUCTBO X ObITb MPSMOY-
rofibHUKOM, Q(X) —CBOWACTBO X MMETb paBHble AMaroHanu.
B cdhopmynupoBaHHOI# Teopeme ABNSAETCH YC/NOBUEM,

a (@ ) —s3aknwyeHuem. MNMNoatomy Teopema (2), obpaTHas faH-

HOI, chopMynupyeTca Tak: «<Ecnin B UeTblpexyronbHUKe gnaro-
Hann paBHbl, TO YeTbIPEXYTONbHUK ABNAETCA NPAMOYTO/fbHU-
KOM»; Teopema (3), MPOTMBOMNONOXKHAsA NPSAMO, hopMynnpyeT-
€A Tak: «<Ecnn yeTbIpexyroibHUK He ABNAETCA NPAMOYTrofbHU-
KOM, TO B YeTbIPEXYFOALHUNKE AMaroHanu He paBHbi». M, Hako-
HeL,, Teopema (4), NPOTMBOMNOJIOXKHAasi 06paTHOW, opMynMpyeT-
cA Tak: «Ecnn B YeTbIpexyroibHWKe gMaroHain He pasBHbl, TO
YEeTbIPEX3TONIbHMK He ABAAETCHA MPSAMOYTro/ibHUKOMY.
HeTpyaHO BMaeTb, 4TO nepBas M NOCNeAHAS Teopembl UC-
TWUHHbI, a BTOpas N TPeTbs TeOpeMbl I0XKHbI (MPUBeANTE KOHTP-
npumep!). AcHo, 4TOo NpsAMas u obpaTHas TeopeMbl, BOO6LLUE
roBopsi, He pPaBHOCWU/bHbI (04HA U3 HUX MOXXeT 6biTb UCTUH-
HOI, a BTOpas No>kHa). OgHaKo Nerko rnokasaTtb, YTO TEOPEMbI
(1) n (4), a TakKe TeopeMsbl (2) n (3) BCerga paBHOCUNbHbI.
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IV. Heobxoaumble U AOCTaTOYHble YC/NOBUA.

PaccmoTpum Teopemy

Yxe£E(p(n:)->d)). (1)

MHOXXecTBO UCTUHHOCTWU npeaukarta P(n:) -> ecTb
MHOX>ecTBO ClpY . Ho Torga MHOXEeCTBO JIOXKHOCTU 3TOro
npegukata 6yget C~Clp = 1pMN\Clg . NMocnegHee MHOXKe-
CTBO OyAeT NycTbiM NUWb B cny4vae, Korga 1p ¢ 1a. OTcoga
cnegyet, yuTto npegukart P(x) = ABNIAETCA MCTUHHbIM
Ana Bcex X e.E TOorga v TOMbKO Torga, Korga MHOXEeCTBO
UCTUHHOCTU npeaukara COAEPXXNTCA B MHOXeCTBe UC-
TUHHOCTW MnpegukKaTta T.e. npegukart ABnseTcs

cnegctemem npegukata P (x). Mpu aTom npegmkat ~(n:) Ha-
3bIBAlOT HEO6XO4MMBIM YCNOBMEM ANd nNpegukata P(n:), a npe-
oukat P(x) - pgocTaTtodHbiM ycnoBuem ans Q(n:).

Mpumep 6. PaccmoTpuM yTBepXaeHue: «Ecnm yucno x
OennTca Ha 6, TO uMcno X gennTca Ha 3». 3gecb nNpegukar
P(n:): «<dncno x pgennuTcAa Ha 6 », a npegmkar «Ywucno
X penntca Ha 3». lMpegmkaT ”(n:) nornyeckwn cnegyeTt us
npegnkata P(n;) (P(4:) ©(x)). Mpegnkat P(n:) (gennmocTtb
yucna X Ha 6) ABASieTCA AOCTaTOYHbIM yCl0BMEM ANS Npeau-
Kata ©(n:) (menumocTb yucna x Ha 3). MNpegukart (pne-
NMMOCTb Ymcna X Ha 3) ABnseTcA HeobXO0AMMbIM yC/IOBUEM
ona npegukata P(X) (4enMmocTb ymcna x Ha s).

YacTo BCcTpedaeTcsa cuTyauus, Npm KOTOPOW WMCTUHHBI
B3aMMHO obpaTHble TEOpeMbl

Y xBE P(n:) -> ; (1)

¥Yx BE (e(x) ->P(x)], (2)

3T0, 04YeBUAHO, BO3MOXXHO Mpu ycnosuu, 4to 1p = 1Q,
T.e. Korga npegukatbl -P(™) u pPaBHOCUbHBI

B Takom cny4dae n3 Teopembl (1) cnepyer,
uTO ycnosue P(n;) ABnAeTcA AOCTaTOYHbIM Ana ©O(N)> a um3
Teopembl (2) cnepyeT, 4To ycnoBue P(n:) aBnsieTca Heobxo-
OUMbIM OonA . Takum o6pa3om, B 3TOM cny4yae ycnosue
p(*) aBnaeTca n Heo6XoA4UMBLIM, N [OCTATOYHbIM YCNOBUEM
ons ©(x). AHanorn4dHo, ycnoeme Q(n:) aBnsaeTcsa Heobxoau-
MbIM U AOCTaToOYHbIM Ana P(n:).

Mpumep 7. PaccmoTpuM TeopeMmbl: «B onmcaHHOM 4YeTbl-
pexyrofibHMKe CyMMbl AJINH MPOTUBOMOMIOXHbLIX CTOPOH pas-
Hbl MeXay coboi» n «<Ecnm B 4UeTblIpeXyronbHUKe CyMMbl ANNH
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MPOTUBOMONOXHbIX CTOPOH PaBHbl MeXAy cob0oi, TO B 3TOT
YeTbIPEXYTO/IbHUK MOXXHO BNUCaTb OKPY>XHOCTb». 3TU TEOPEMbI
B3aMMHO o0b6paTHbl. O6e OHM UCTUHHBLI. CnefoBaTe/nbHO, KaxKaoe
M3 ycnoBuii «B yeTbipexyronbHMKe CyMMbl 4NMH NPOTMBOMNOOXK-
HbIX CTOPOH pPaBHbl» U «B 4YeTbIpexXyronbHUK MOXXHO BXLUCaTb
OKPY>XHOCTb» ABNSAETCA U HEOOXOAUMBIM, N AOCTATOYHbIM.

3.34. 3annuwnTte Ha A3blKe NOTUKWN MpeauKaToB onpeje-
neHuvs:

1) TMHENHO YynopsA04YeHHOro MHOXKecTBa (YNnopsaoyeH-
HOe MHO>XeCTBO Ha3blBaeTCHA /IMHEeNHbIM, ecnn AnA nto6bix
3/1EMEHTOB 3TOr0 MHOXecTBa X Uy nméo x -,y , NM6o x <y,
mbéo x> yY,

2) orpaHuyeHHom ¢yHkuun (pyHkuma Ff{x~ HasbiBaeT-
CA OorpaHVU4YeHHOW Ha MHOXecTBe M, ecnu cyuiecTByeT Ta-
KOe HeoTpuuaTenbHOe YNCNIO b, 4YTO ANA BCeEX X e M cripa-
BeA/IMBO HepaBeHCTBO /(PHl<b );

3) yeTHOW yHKUUN (hyHKUMSA f HasbiBaeTCs YETHON,
ecnn obnactb ee onpefeneHNs CUMMeETPMYHA OTHOCUTENLHO
Hayana KoopAuHar v A8 KaXXAoro x m3 obnactm onpegene-
HNA cnpasefinBo paBeHCTBO /(-X) = /{X)Y,

4) nepuoguyeckon yHkuumn (pyHkumsa f HasbiBaeTcs
nepruoanyeckon, ecnn cyuwecTsyeT Takoe ymcno T ®O, yTo
npu nobom X n3 obnactu onpegeneHna f anemeHTbl X -T n
X+ T TakxXe npuHagnexart 3Ton o6nactun, M Npm 3TOM Bbl-

nofiHeHO paBeHCTBO [ {x+T) = {x));

5) Bo3pacTatowen PyHKLUU Ha MHOXKecTBe M (thyHKUMA
f Ha3blBaeTCA BO3pacTalolleii Ha MHOXXecTBe M, ecnm Ang
Mo6bIX ynucen xN M Xa, NnpuHagnexxawmx MHOXXecTBy M, u3
HepaBeHCTBa < X3 cnefyeT HepaBeHCTBO /{X1) < /(xr)) .

3.35. Nonb3ysicb Nonyv4eHHbIMU B 3agade 3.34 chopmyna-
MU, OTBETbTE Ha crefyrolw e Bonpocbl. YTo 3HAYUUT:

1) YnopsgoyeHHOe MHOXECTBO He SBNseTCS NMHENHbIM?

2) PYHKUNA He ABNAETCA OrpaHUYeHHOn?

3) DYHKUNA He ABNSAETCH YeTHON?

4) ®YHKUMNA He ABNAETCA NepuofnNyecKOmn?

5) dyHKLMSA He ABNAETCA BO3pacTatoLLeii Ha MHo>XKecTBe M ?

3.36. [lokasaTb HecnpaBea/IMBOCTb YTBEPXKAEHWIA:

1. «<Ecnn cyHKUMA HenpepbiBHA B TOUKe XA, TO OHa U
onddepeHumpyeMa B 3TOW TOUKe.»

2. «<Ecnn npegen n-To YuneHa YNCNOBOTO PAfa paBeH Hy/o,
TO pAf CXO4UTCA.»



NOTVIKA NMPEANKATOB 239

3. «Ecnn B YeTbIPEXYTONbHUKE AMaroHaan paBHbl, TO
YeTbIPeXyrofibHNK ABNAETCA MPAMOYTO/IbHUKOM .»

4. «<Ecnn yHKUUA MHTerpupyema Ha a,&], TO OHa He-
rnpepbiBHA Ha HEM.»

5. «<Ecnn (yHKuuA mHTerpupyema Ha [a,& , TO OHa
MOHOTOHHA Ha HEM.»

6 . «<Ecnn yncnosasi nocnefoBaTeNbHOCTL UMEET Npeaen,
TO OHa MOHOTOHHAa.»

7. «<Ecnu yncnosas nocnefoBaTe/lbHOCTb OrpaHuYyeHa, To
oHa MMeeT npegen.»

8. «Ecnu copmyna norMkn nNpeankaros BbIMNOAHMMA, TO
OHa obuiezaunma.»

9. «<Ecnn pnddepeHumnpyemasa dyHkUma y = /(X) nveet
B TOUKE X0 NepBYyO MPON3BOAHYIO PaBHYI Hynto (y'("o) = »
TO Touyka M0 - TouKa 3KCcTpeMymMa PYHKLUUNU.»

10. «Ecnu gudbdhepeHumpyemasa yHKUmA y = /(X) nMeeT
B TOUKeE JT,, BTOPYIO MPOU3BOAHYIO, PABHYIO HY/IO »

TO TOUKa X — Touka nepermba rpauka PyHKLUN.»

3.37.

1) Joka>knTe paBHOCUIbHOCTbL TeopeM (1) m (3) (cm. n. LW).

2) JokaxkuTe paBHOCUNLHOCTL TeopeM (2) u (4) (cm. n. LU).

3.38. Ana KaKgoro v3 cnefyrowmnx YyCnoBUiA BbISICHUTE,
ABNAETCA NN OHO HEOOXOAUMbBIM N ABNAETCH /I OHO A0CTaTou-
HbIM 419 TOr0, YTO6bI BLIMOHANOCH HEPABEHCTBO XN -2 X -8 < O

1) x =0; 2) x>-8; 3) x>-2;
4) x>-1 n x<3; 5) x>-1 M n<10;6) -2<n<10.

3.39. B crnegyrwowinx npepno>KeHnAax BMeCTO MHOroTo-
UMA NocTaBbTe C/MoBa «HEOO6XO4MMO, HO HeAOCTaTOUHO» UK
«40CTAaTO4YHO, HO HE HEOOXOAUMO» UMM XKe «He Heobxogumo
M He[oCTaTO4YHO», a rae BO3MOXXHO «Heo6xoAumMo U JocTa-
TOYHO» TakK, 4T06bl MOAYYMNOCb UCTUHHOE YTBep>XXAeHWe:

1. Ana TOro, YTobbl YeTbIPEXYTO/IbHUK OblN1 NPAMOYTO/b-
HbIM ..., YTOObl AAVHBI €ro guaroHanei 6blIN paBHbI.

2. Ana Toro, 4TOoObLI -5x+6 =0 ..., UTo6blI X = 8.

3. Onga Toro, 4To6bl CyMMa YETHOro Ymncna HatypanbHbIX
yucen 6blna YeTHbLIM YUCNOM, ..., YTOObI KaXkAoe cnaraemoe
6b1N0 YETHbLIM.

4. Ona Toro, 4tobbl PyHKUMA /(X) 6blna nHTerpupyema

Ha cermeHTe a,&], ..., 4To6bl /(X) 6GblNa orpaHmMyeHa.



240 3afavyHuNK-NPaKkTUKYM No MaTeMaTUYeCKol Noruke

5. Onsa Toro, 4to6bl PyHKUUA f{x) Bblna MHTErpupyema Ha
cermeHTe a,b , ..., 4T06bl f{X) 6bINA HenpepbiBHA Ha [a,b].

6. Ana TOro, 4TobbLI UMcnoBoOW psag 5] “a cxoguncs, ...,
|
YTOObI Hm 0 =00
>0

7. Ans TOro, 4To6bl OKPY>KHOCTb MOXXHO 6bINI0 BNMCATb
B YeTbIPeXyrofbHUK, ..., YTOObl CYMMbl A/IMH €ro MpPoOTUBO-
MONOXHbIX CTOPOH 6bIN pPaBHbI.

8. [nsi Toro, 4toGbl MHOXECTBO A Gbl/I0 CYETHbIM......
UTOObI €ro 3NeMeHTbl MOXKHO 6bIJI0 3anucaTb B BUAE 3aHyMe-
poBaHHOV nocnefoBaTeNbHOCTY.

9. insa Toro, 4To6bl YMCcnoBasi Nocnef0BaTelbHOCTb MMena
npegers...... UTO6bl OHa 6blfla OrpaHUYeHHOoN’.

10. Ans Toro, 4To6bI YMcNOBas MocnefoBaTebHOCTL UMe-
na npegen, ..., YTo6bl OHa 6blna MOHOTOHHA U OrpPaHUYeHa.

3.40. CchopmynupyiiTe:

1. HeobxoanMbIii 1 AOCTATOYHbIA NPU3HaK Napannenor-
pamMma.

2. Heob6xoauMbIA, HO HeAOCTaTOYHbIV MpU3HaK Mapan-
nenorpamma.

3. [JocTaTouHblA, HO He Heo6XoAUMbIV Npu3HaK napan-
nenorpamma.

4. Heobxoanmoe, HO HefOCTaTOYHOE yC/IoBUE TOro, 4To-

6bl YpaBHEHME SiN X = a VMeNo peLleHMe.
5. [locTaTouHOe, HO HEe Heo6xoAuMoe ycnoBue ANs TOro,

yTobbl YpaBHEHME SiNX - a UMEeNo peLleHUus.

6 . JJocTaTouHOe, HO He HeobxoaMmMoe ycnoBue ans TOro,
UTo6bl ypaBHEHUE XN+ px +q=0 WNUMeNo BelLLeCTBEHHbIE
KOPHMW.

3.41. Mana ckasan getam: «Ecnm Mbl ¢ MamMoll nmoegem
NneTom B AOM OTAblXa, TO Bbl BCe MoefeTe B AeTCKUI narepb.»
B wkone pgeteit cnpocuan, Kyaa oHU noedyT netom. [MeTs
oTBeTUN: «Ecnn mbl noegem B narepb, TO poauTenn rnoepyTt
B AOM oTAabixa.» lana ckasana: «Ecnm nanma ¢ mamon He
noeayT B IOM OTAbIXa, TO Mbl He MoefeM B larepb.» «HeT, He
Tak, - BMewasnca Kona. - Ecnm Mbl He noefem B narepb, To
KTO-TO N3 poaunTeneil He NoeaeT B AOM OTAbIXa.»

Yeli OTBET paBHOCUAEH TOMY, YTO CKasanum pogutenn?
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AJTTOPNTMBbI

MoHATMe anropyTma NPUHALNEXUNT K YUCIY OCHOBHbIX
MOHATUIA MaTeMaTukKn. MOXXHO AaTb clegytoliee ero Hedoop-
ManbHoe ornucaHue.

ANropnTMOM HasblBaeTcs 06LniA eANHO06pa3HbIA, TOUHO
onpeneneHHbln crocob peweHus n6oi 3agaym U3 faHHON
MaccoBoW npobnembl, T.e. M3 HEKOTOPOro Knacca OA4HOTWUM-
HbIX 3a4auy.

Takoe onpegeneHne Hefb3A cYUTaTb CTPOrMM, T.K. B HEM
BCTPEYaloTCA CN0Ba, TOYHbIN CMbIC/ KOTOPbIX HE YCTaHOB/EH.
B yacTHOCTK, 39TO KacaeTcs cnosa «Ccrnocob». B cBA3UM ¢ 3TUM 3TO
HecTporoe onpegeneHmne anroputmMa HasblBaeTC MHTYUTUBHbIM.

NHTYynTNBHOE onpefeneHue anropntma XoTs U HecTpo-
roe, HO HacTo/bKO SICHOe, YTO He JaeT OCHOBaHWI ONA CO-
MHEHUWIA B Tex ciyyasnx, Korga pedb naeT o HalijeHHOM anro-
puTMe pelleHNs KOHKpPeTHOW 3agaun. [lonoXkeHue cyuie-
CTBEHHO MeHfAeTCcd, Korga uayT MOUCKW anropntma Hepe-
LIeHHOW 3ajaynm n TpebyeTcs YyCTaHOBUTb, MMeEET M OHa
pelwieHve. B aTom cnydae, o4eBUAHO, HY>XHO 60 foKasaTb
CyliecTBOBaHMe anroputmMa, 1M60 gokasaTb ero oTCyTCTBME.

Ana pokasaTefnbCTBa CyLeCTBOBaAHUA anroputma focra-
TOYHO AaTb onucaHue aKTMYeCcKOoro npoiecca, faroliero pe-
LweHve 3agayn. 34ecb [OCTATOYHO U UHTYUTUBHOMO MOHATUA
anroputma. MNMpu gokasatensCTBe HeCyL,eCTBOBaHUA anropuT-
Ma, 04YeBUAHO, HY>XHO TOYHO 3HaTb, UYTO TaKOe alropuTM.

B Tpupguatble rogbl XX Beka WA MNOUCKW CTPOroro
ornpegeneHns NOHATMA anropmtma. B nogxoae K peLleHuto aTow
3aa4ynm MOXXHO BblAe/INTb TPW OCHOBHbLIX HarnpasBneHUs.

MepBoe HanpassieHWe CBA3aHO C YTOYHEHWEM MOHATUA 3)-
PEKTUBHO BbIYNCAUMOW (PYHKUUN. DTUM 3aHUManucb A. Yépu,
K. M'égens, C. KnuHun. B pe3ynbTaTe 6bi/1 BbiAENEH Knacc YacTuy-
HO PEeKYPCUBHbIX PYHKLUWA, MMEKLMX CTPOroe maremarnyec-
Koe onpegeneHne. YacTnyHo pekypcmBHas yHKUUS addek-
TUBHO BblYMCIMMA (MNN MPOCTO BblYUCINMA), T.e. CYLLEeCcTBYeT
anropuTM Ana ee Bbravcnenms. NoaTomy BblABUTaeTcsa rmrore-
3a 0 TOM, YTO KaxkAas UHTYUTUBHO BblYncammMmas O3LKLMA ecTb
PYHKLNA YacTUUHO peKypcuBHaa (Tesuc Uépua).

BTopoe HanpasfeHue CBA3aHO C MalUMHHOW MaTeMaTu-
KOW. 3p4ecb CYyWHOCTb MOHATUA anropmtma pacKpbiBaeTcs
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nyTemM paccMOTPEHUSA NPOLLECCOB, OCYLLECTBAAEMbIX B MaLlW-
He. BriepBble 310 6b110 caenaHo TelopuHrom B 1937 rogy. OH
UCXOANN NNLW b N3 06Wwe naen paboTbl MalLNHbI AN PaboTbl
BbIUNCNNTENA, ONEPUPYIOLWEro C HEKOTOPbIM CTPOrUM npea-
nucaHmem, T.e. C aifTOPUTMOM.

TpeTbe HanpasneHVe CBA3AHO C MOHATUEM HOPMalbHbIX
anropnTMoB, BBe[EHHbIM 1 paspaboTaHHbIM POCCUNCKNM Ma-
Tematukom A. A. MapKoOBbIM.

§ 1. YacTNUYHO peKypCUBHbIe
n obuepeKypCcuUBHbIe PYHKL NN

YacTWYHO peKypCUBHble (PYHKLUUU - 3TO KNacc 4YnCno-
BbIX (QYHKLMUIA, KOTOPbI cTpouTca creaylwmum o6pasom.
BbibupatoTca npocteiiine QyHKLUN

1) N(x)=n+1, - onepatop casura,

2) 0(x) =0, - onepaTop aHHynIMpoBaHus,

3) — = (1 ~T<ra), - oneparop
NPOeKTUPOBAHUA.

ACHO; UTO BCe TpU npocTenwmne PYHKLUN BClOgy ornpe-
AefleHbl N UHTYUTUBHO BbIYNCIUMBI.

[anee BBOAATCA onepauynnm Hag PyHKUUAMN.

1. Cynepno3unyuna QyHKLUWA.

PaccmoTpum (hyHKU UK

NXT,X2,...,XN). n byHKunto NanJr,...,/1C,). hyHKUUIO
y{X,, X", ..., x", onpeneneHHy\paBeHCTBOM Y/{X,Ar3,...,X,,) =
=N UXLX2,.00,%, N 2(X L X2, X0, N N (XL X2, L, XN HaSbI-
BalOT PYHKUMEN, NONyHYEHHOW cyneprno3vumen ns dyHKynii

n Aa, 4, ..,

Hanpunmep, NocTosAHHble (PyHKUMNM 1 1 2 nonyyaroTcs
cynepnosnumen n3 npoctenwinx pyHKUnm Ax™ u o {n:) cne-
gyrwowum obpasom:

N"O(x)) =4 0)=1; d(0(x)))=AA0)) =41) = 2.

2. CxemMma NpUMNTUBHOW peKypcuun.

MycTe ummMewTCA ABe PYHKUUU  O{X2,X",....xN U
YI{XDN X2, XN N XA XA (n>1). PaccMOTPUM HOBYHO (PYHK-
uno f{x",x2,x3,..~,x", KoTopas y4oBNeTBOPSAET ClefyoWwmnm
paBeHcTBaM:

1
fly + I,LX2,x™, ..., x) = {/t/, Ty, X2, XN, ..., XN, XN, XN, ..., OG,) (1)
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OTMeTUM, 4YTO DYHKLUMNA p 3aBUCUT OT fa-1 aprymeH-
TOB, PYHKUMA Ui - OT A+ 1 aprymeHToB, a pyHKUua / - oT
ra apiyMeHTOB.

Ecnn dyHKuuA nonydyaeTrca U3 PYHK-
umii N |y c NOMOLWbIO paBeHCTB {1), TO roBOpPSAT, 4TO
dpyHKuMa f nonydyeHa ns pyHKUuii p m ]/ no cxeme npumMu-
TUBHOW peKypcuu.

Mpumep 1. PyHKUMA ABYX MEepPeMeHHbIX 8 (X,Yy) = X +y
MO>XeT 6bITb MONy4YeHa HO CXeMe MPUMUTUBHON PeKypcuu.
JencTBuTenbHo, Ana QYHKUUM X +Yy BeEPHbl ToXAecTBa

X+0-x",
Xx+{y+1)={x+y)+1;
KOTOpble MOXXHO 3anucaTb B Bufe
5(x,0) = n:.
5(x,r/ +1) =5nL,1/)+ 1,

nnn
® ,0)=/"X)

8{x,y +1) = +yl (1)

N3 paBeHCTB (1') BUAHO, 4YTO (DYHKLUA ABYX MNepemMeH-

HbIX rnofy4vyaeTcs Mo cxeme MPUMUTUBHOW pPeKypcum

M3 PYHKUMM ofHOW mnepeMeHHOM (MX\ = 1}(X) U dyHKLUN
Tpex nepemMeHHbIX ~(X,y,r) = n(8(x,y)).

3. Onepauyus MMHUMM3aLUMM ( M-onepaTtop).

MycTb 3apaHa HekoTopas yHkuua f{x,y”~. 3adukcu-
pyem 3HayeHune X U BbIACHUM, Npn Kakom y f{x,y*=0.

Bonee cNo>KHOW 3ajayei aBnsAeTCA OTbICKaHWe AN AaH-
HOW cbyHKuunM F{x,y™ " (PUKCUPOBAHHOIO X HAUMEHbLLETO
U3 TeX 3HAYEHUW y, MpPSA KOTOPbIX (QYHKUUA i{x,y™-i".

T.K. pe3ynbTaT peweHusa 3agaym 3aBUCUT OT X, TO Haun-
MeHbLUee 3HayeHUe y, NPU KOTOPOM YHKUUA p[x,y™ ecTb
dpyHKUMAa X. MNMpuHATO o6o3HaveHume

~x):= My{f{x,y)="0\.
AHanorn4yHo onpegensieTca (QyHKUMUA MHOMMX MepemMeH-
HbIX:
(i{{X"™, X2, ...,X,,) = r[x~, X2,...,%,,y) = 0
3peck npepnonaraeTcsa BbINOAHEHWE YCNOBUA: ANS N0~
6bIX X1,X",...,X,, CylLecTByeT Mo KpaliHell mepe 04HO 3Haue-
HWe y, ANA KoToporo /{x1,xu,..., X,,,y) = O.
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OnpegeneHve 1. d3wkuma f{x~,x2,...,x”~ HasbiBaeTcd
YacTMWYHO PEKYPCUBHOM, €CNN OHa MOXXeT OblTb MonyyeHa
3a KOHEYHOe 4YMCNOo LaroB M3 NpocTernwunx yHKUUA npwu
nomMoLwn onepaumnim cyneprno3mumn, cxem NPUMUTUBHON pe-
Kypcun un //-onepatopa.

OnpegeneHne 2. dyHKuUmMa f{x",x2,...,x” Ha3blBaeTcA
06LLEepPeKYPCUBHOW, €CNN OHa YaCTUYHO pPeKypcuMBHa U BCHO-
Ay onpejeneHa.

Mpumep 2. MpocTeiwune GyHKUUN ,

YaCTUYHO PEeKYpPCUBHbI, a T.K. OHW BClOAY
onpegeneHbl Ha MHOXXeCTBe BCEX HaTypalbHbIX 4Yucen, TO
OHU 1 06LWepeKYPCUBHEBI.

Mpumep 3. PyHKUNA CM{X) (NOCTOAHHAA N = A) no-
nyyaeTcs KakK cynepno3vums yHKumi N(x~ n 0(x). Aei-
cTBuTenbHo, /1(o(x)) = 1, =2 U T. A4 3HaunT, yH-
Kuma Cj yacTUYHO pekypcuBHa. Ho dhyHKUUA BClOAY

onpegeneHa, a No3aToMy OHa 1 obLLePeKypPCUBHA.

Mpumep 4. dyHKXWA S(X,Yj = X +y Mnony4yaeTcd Mo cxe-
Me NPUMUTUBHOW peKypcun mn3 yHKunii //(jc) n
KOTOpble 06uepeKypcuBHbI. MoaToMy dyHKUNA € (N, yf = X +y

obLepek3cneHa.

Mpumep 5 . dDyHKUMA = /c+ A nonyyaeTcs Kak cyMm-
Ma PYHKLNA =X N C”-k, Kaxpasa U3 KOTopbIX 06-
LW epeKypcnBHa, a rnosTomy v yHkKLmnA = x n-k o6uie-
pekypcumBHa.

Bygem roBopuTb, UTO (PyHKUUA F{XTA,XA,...,.x aBnaeTcs
MPUMNTUBHO PEKYPCUBHOI, €CN OHa MOXXeT ObITb MnosyyeHa
M3 NpocTerwnx yHKUNIA C NMOMOLLbIO KOHEYHOro 4ucna npu-
MeHeHMS oreparopa Cyrneprnosvumn n NPUMMTUBHON PeKYpPCUN.

4.1. [okasaTb, 4TOo ntobas NPUMUTUBHO pPeKypcuBHasA
yHKLUMA BClody onpejeneHa.

4.2. floka3aTb, 4UTO ecnu (pyHKLUUA npu-
MUTUBHO peK3(cmnBHa, To cnegyrowme QyHKUUN NPUMNTUB-
HO PeK3CUBHbI:

1) g{X™, X2, XN, ... XN~ t{xz,Xi,x",...,x (nepecTaHOBKa
aprymMmeHToB);

2) NMX1,X2,Xs,...,"N,) =/(X2,X3,...,X,,Xi) (UNKIn4Yeckas
rnepectaHoBKa aprymeHTOB);

3) B> n+H) ~ »")  (BBegeHUe
(PUKTUBHOIO aprymeHTa);
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4) H[x",X2,...,X,,_") = (oToXKecTBNeHNe
aprymeHTOB).
4.3. JlokasaTb, 4TO U3 PYHKLWUI N AIMXN, XN C

MOMOLLbIO CYMepno3numm n cxem MPUMUTUBHOW peKypcum
HeNMb3A MONYyUYNTb PYHKUMU S+1 U 2X .

4.4. [lokasaTb, 4YTO cregywuwme (pyHKUUM 06LLepeEKYp-
CUBHBbI:

1)P{x,y) =xvy;

2)C[X,y) = X7

|o, ecnm =0

X-y, ecnm > Q0

4) X -y O ecnu n: = O, (yceyeHHas pasHOCTb)
5) X-y;

6)3";\”({'(? = [O, ecnn »x=o;

7) sgn(n;);

8)x1

§ 2. MawunHa TblOpUHra

YcTpoiicTBO MalluHbl TblOpUHra BKAKOYaeT B cebs:

1. BHewHuin andaBnT, TO €CTb KOHEYHOe MHOXXeCTBO
cumBonos A= Co,1,02,...,a,|. B atom andasute B Buae
cnoBa KoaupyeTcsa Ta MHopMauus, KoTopas nojaetcs B
MauwmnHy. MawwunHa nepepabaTtbiBaeT MHpopMayuo, nogaH-
HYIO B BUAe cnoBa, B HOBOE C/I0BO.

2. BHYTpeHHUI angaBnT MalluMHbl, COCTOALWWA N3 CUM-
BosioB Yoyl u2n— Yy~ 1, /1, H. CumBonbI — Bbl-
pa>kaloT KOHEeYHOe YMCMO0 COCTOAHWUIA MalUHbI. ONa Kaxkpon
MaLLUMHbl YXC0 COCTOAHMNI (PMKCUPOBaHO. [Ba COCTOSHUSA UMe-
IOT 0cob0oe HasHa4eHWe: — HavyanbHOe COCTOsAHME MalUWUHbI,

—  3aK/1lounTeNbHoe COCTOsAHME (CTOM-COCTOAHUE). CUMBO/bI
M, N, H - ato cumBonbl casura (BNpaso, BAeBO, Ha MecTe).

3. beckoHe4Has B 06e CTOPOHbLI fleHTa (BHELWHAA na-
MATb MawuHbl). OHa pa3buTa Ha KneTKu. B Kaxkaytlo KheT-
Ky MOXeT 6bITb 3anncaHa ToAbKO ogHa 6ykBa. lNMycTas kneTt-
Ka o0603HauvaeTcs cummBonom Op,

4. Ynpasnstouias rosioBka. OHa nepeasuraeTcsa B40/b NeH-
Thl M MOXKET OCTaHaBIMBaTbLCA HAMNPOTUB KaKo-1Mb0 KNeTKuU,
T.e. BOCMPUHMMATb CUMBO/N. B 04HOM TakTe paboTbl MalUUHbI
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ynpasnsoLwan ronoBkKa MOXeT CABUraTbCA TONbKO Ha OfHY
KNeTKy (Brpaso, BEBO) MM OCTaBaTbCA Ha MecTe.

Kaxkgoe cBefeHne, XxpaHsleecsa Ha NeHTe, n3obpaxaert-
CA KOHeYHbIM Habopom cumBonoB (6yKB) BHELLHero andasun-
Ta, oTAn4yHoro ot Oo. K Hauyany paboTbl MallMHbl Ha NEHTY
nogaeTca HaydanbHOe cBefeHMe (HadanbHas WHdopMaums).
B aToM cnyyae yrnpasnsiowas ronoBka MoXkeT 0603peBath /o -
6yto 6yKBYy CnoBa, 3anMcaHHOro Ha neHTe. Hanpumep, neByto
KpaliHiow 6ykBy ( - HayanbHasa KoHgurypaumns):

0, Coa a, a. a, a
A

FOBOPAT, UTO HeMycToe CN0OBO a B andasuTe A \

= Ja, «2> 4yfAn} BOCOpPUHMMAETCA MalUlVMHOW B cTaHpapT-
HOM TOMIOXKEHUM, ECNN OHO 3anmcaHo B rocfiefoBaTe/bHbIX
KNeTKax NleHTbl, BCe Apyrue KAeTKn nycTbl, U MawmHa 060-
3peBaeT KparHo crnpaBa KAeTKy M3 TeX, B KOTOPbIX 3anu-
CaHo cnoBo a .

CTaHpapTHOE MOoM0XKeHWe HasbiBaeTCA HaydaslbHbIM {3aK-
NYNTEeNbHbIM), ECNN MalluMHa, BOCNPMHMMAaIOLWasa c/lioBo B
CTaHAAPTHOM MONIOXKEHUU, HAXOAUTCA B HayYanbHOM COCTOSA-
HUN (B cocTOAHUN ~o )

PaboTa mMawmnHbI cKnaablBaeTcsd M3 TaKToB, MO X04y KO-
TOpbIX MPOMCXOAMUT MpeobpasoBaHMe HaydanbHOW WHAOopMa-
UMM B NMPOMEXYTOUYHblE MHGOPMaLUN.

B kaudecTBe HayanbHOW WHGOPMAaLUN Ha NEHTY MOXHO
nogartb NO6Y0 cUCTeMy 3HAKOB BHellHero andasuTta (noboe
CNoBO B 3TOM andaBuTe), paccTaBNeHHYIO Mo KneTkam. Ho B
3aBMCUMMOCTM OT TOro, Kakaa 6blia nofgaHa HadanbHas WH-
dopmaumsa a , BO3MOXXHbI ABa cayyas:

1. NMocne KOHEYHOro Yucna TaKToB MallMHa ocTaHaB/n-
BaeTcAa (MepexoauT B CTOM-COCTOsAHMe 34), M Npu 3TOM Ha
NneHTe OKa3blBaeTCs M306pakeHHoW MHgopmauma p. B Ta-
KOM C/y4yae roBOpSAT, YTO MallMHa MNpUMeHMMa K Hauvalb-
HOM MHopMaumm a un nepepabaTbiBaeT ee B Pe3ynbTUPYIO-
Wy WHpopmauuw p.

2. MawwnHa HUKOrga He ocTaHaBnMBaeTCsA (He nepexo-
OWT B CTOM-COCTOSAHME). B Takom cny4dae roBopsaT, 4TO Ma-
WHA HEMPUMEHUMAa K HaydalbHOW MHdopmaumn a.

B KagoM TakTe paboTbl MalwWHbl OHa AeWcTBYeT Mo
PYHKUMOHaNbHOW cXxeMe, KOTOpas WUMeeT BUA:
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n
an,. nz,
H
3pecb w,, Oy —6YyKBbl BHelLUHero andasuTa; * Wy ~

COCTOAHMA MawwuHbl, N, 1, H —cumBoOAbLI caBura.
B 3aBucmMocCTM OT TOro, Kakas 6ykBa Ha neHTe 0603pe-
BaeTCs ynpaBnsloLlLeil rofioBKOW (B Hallel 3anucu a,) U B

KaKOM COCTOSIHMW (B Hallel 3anuvcu ?;) HaxoAuTCcs Mallu-

Ha, B JaHHOM TaKTe BblpabaTbiBaeTcsd KomaHfAa, cocTosw,as
U3 Tpex 3N1eMeHTOB:

1) 6yKBbl BHelLHero andgasnTa, Ha KOTOPYH 3aMeHseT-
ca obospeBaemasi 6ykBa (a) ; A

2) agpeca BHeLLHeN NamMsaTu Ans cnefylouLero Takta J

3) cnefyrollero cocToOAHMUA MallMHbL (4.).

COBOKYMHOCTb BCeX KOMaH[ o6pa3yeT nporpamMmmy maluu-
Hbl TblopuHra. NMporpamma npegcTaBnseTca B BUae ABymMep-
HO Tabnuubl U Ha3biBaeTCs TbOPUHIOBOW (PYHKLVMOHA/ILHOMN
CXeMOW.

AcHO, uTo paboTa MalMHbl TbIOPUHIa MONHOCTbBIO OM-
pepensetcsa ee nporpaMmMoin. IHbIMKn cnoBamu, ABe MallWHbI
TblopuHra ¢ obuieri PyHKLUMOHaNbHOW CXEMOW Hepasnnyun-
Mbl, N pas3/iyHble MaWUVHbl TbIOPUHIa UMEKT pas/indyHble
nporpamMmei.

[A.nAa NpocToThl N306pa>keHNs pasnmMyHbIX KOHurypauymui
MaLUuHbl TbIOPUHIra obbl4YHO 3anncbiBaloT MHGOPMAaLMIO B BUAE
cnoBa, Be n3obpadkasa NeHTbl U ee pa3buBKU Ha KNeTKU, a
BMeCTO MU306pa>keHns ynpaBfslowWweil roNfoBKM N COCTOSHUSA
MalUUHbl 3annCbiBalOT TO/LKO COCTOAHWME MallWHbl B MO3U-
LMW yNpPaBAAIoLLEN FONOBKN.

TaK KaK paccMaTpuMBalrTCA BblYMUCINMble DYHKLUN Ha-
TypanbHOro aprymeHTa, To 06bIYHO HaTypa/bHble YMcna Ha
leHTe MawunHbl TblOpUHra 3anucbiBalOTCA B BUAE COOTBET-
CTBYIOLLNX HABOPOB Nanoyek, U pesynbTaT BblYNCIEHUA PYH-
Kuumn 6yfeT Tak >Ke 3anucaH B Buae Habopa nanoyvek.

Mpumep 1. OnpegenuTb Kaky (YHKLUUIO BbluUciaeT
MawunHa TblOpuMHra co cneAyloLielri NporpaMmMol KoMaHpg:
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IHoo 174,

nporpamma 1.

PeweHune. MNycTb 4NCNO N 3anMCaHO Ha /IeHTe MallWHbI
B BUAE Ha6opa n nanoyek.

a

Torpa ana no 6ok HavyanbHOW KOHGUrypauum, rnpm KoTo-
poili ynpaBnsiouiasi ronoBka o6o3peBaeT OA4HY M3 Manoyek,
MallmHa TelopuHra 6yaet paboTath Tak: B KaXK40M TaKTe OHa
byfeT ocTaBnAaTb 0603peBaeMyto Majoyky Ha MecTe U CABU-
raTbCs BMNpaBO Ha OA4HY KNeTKy. 3TOT npolecc 6yaeT npoaon-
»KaTbCsa 40 TexX Nop, NoKa ynpaBnsawLlLasi rofoBkKa He BbligeT
Ha NycTyl KneTKy. 34ecb, COrfacHoO nporpaMmme, B MycCTYHO
KNneTKy 6yaeT BNMcaHa nanoyka, U MallvHa rnepeigeT B cTon-

coctosiHne. B pesynbTate Ha fleHTe 6yaeT 3anucaHa u+1
nanouyka.

Taknm obpasom, MawlmMHa TblopuHra no nporpamve 1
BbluncnaetT yHKyuo ~(n)=A+1.

Bbinvwem Bce KOHUrypauun 419 yacTHoro cnyyas ra= 3.

1) I 11 ,2)p 1 1 1o , 3)«o I 1 1«0,
4) Co “g b)ao I M «n
21 «1

KoHe4yHO, MOXXHO NpPeano>XmnTb MalivHy TblOpUHra, KoTo-
pasa 6bl NpY BbIYNCNEHUN (DYHKLUWN HaTypasibHOro aprymeHTta
nonb3oBanacb annaparoMm AeCATUYHON CUCTEeMbl CHUCNEHUS.

Mpumep 2. MMocTponTb MawnHy TbHOpPUHra peannsyto-

WY anropuTM BbIYUCIEHUS yHKUUM 7\(ra) = ”+2 ,
PeweHne. Bo3bMeM 3a BHelUHUI anaBUT MHOXECTBO

cumsonos |ao,,1,2,3,4,5,6,7,8,9} n bygem 3anncbiBaTb YnC-

N0 @ Ha NeHTe MallWHbl B AECATUYHOW CUCTEME CUUCNEHUS.
Torpa Ana peannsayum yKasaHHOro anropmtma Heobxoau-
MO0, 4TO6bl MallMHa, HaxoA4sCcb B CTaHAAPTHOM COCTOSIHUM,
3aMeHsina nocnegHwo0 Uudpy uncna m(ecnu ata undpa MeHb-
we 8) uUMdpoi, Ha ABe eguHMLbl 6oMbLUen, N nMepexoguna
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B CTOM-cOCTOsIHMe. Ec/in nocnefHsAs undpa umMcna n paBHa s,
TO ee HY>XHO 3aMeHUTb Ha On NepeiT BNeBO B HOBOE COCTO-

siHMe ~2 » KOTOpoe A06aBnsn0 6bl K CNeAyowemMy paspsagy 1.
AHanornyHo, ecnn nocnegHsAsA uudpa ymcna n paeHa 9, To ee

HY>XHO 3aMEéHUTb Ha 1 U nepe[/’m/l B/neBO B COCTOAHUE
FACHO, YTO 3Ta MalunHa UMeeT TPU COCTOAHUSA: » 91»

§2 , a nporpamMmmMma MalluHbl UMEEeT BUA:

« 0 1 2 3 4 5 6 7 8 9
2Hg,, 3H<r,, 6Ha,, 7HA,, ong, 1Na,
«@ 1Ha,, 1Hp,, 2Ha,, 3Ha,, 4Hs,, 6H<?,, 6H<r,, 7H<Ir,, 8H<T,, onz,
Hanpumep, npun BblYUCAEHNN 6ynem nmeTb cneay-

IoLMe KoHUrypaymum:

1) 09 s ,2)C 9 OC ,

9i 4i
30 00 Og, 4) it 1 O O «o
R 22

4.5. Peanns3oBaTtb Ha MawunHe TblOpPUHra airopuTMm Bbl-
ynucneHna pyHKumMmn <pfp)=n+ 4.

4.6. PeannsoBaTtb Ha MallinHe TblOpPUHra airopuTM Bbl-
yncneHusa cyHkuum ip{n) = O.

4.7. MNocTpouTb MalnHy TblOpUHra, KoTopada 13 rmsanu-
CaHHbIX eMHNL, ocTaBfsAna bbl Ha NeHTe A- 2 eAVHULbI; TakK
>Ke 3anmcaHHbIX noapsg, ecnm > 2 , n pabotana 6bl BEYHO,
ecam =0 vnn ra= 1.

4.8. locTponTb MawnHyY TbOPWUHra, KoTopas npume-

HUMa Ko BceM cfnoBaM B ancasute |ao,Oi,ii2z} n genaet cne-
aytoutee: noboe c€noBo XX/N.-.xNy rge X, = unn  x, = §.

(i =1,2,...,ra), Npeobpasyet B CNOBO X XN.-. XX
4.9. MNocTponTb MawnMHY TbHOPUHra ANA BbIYUCNEHUA
PyHKUNN

[0, ecnn n =0
sgnx =
1, €ecnn x ¢ O
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4.10. MNocTponuTb MaWMHY TbHOpPUHIra ANA BblYUCNEHUA
_ [1, ecnn =0

PYHKUUUN 80X = m
O ecnn x ¢ O

4.11. Y6eanTtbcAa, 4To MawmHa ¢ andpasutom K, |} m
nporpamMmolii:
« 1
«l CoNgs |Nar
@ OoMpa /183
AoMpgs Mol
o1 OoHpgo CoHa®
94 Oollg!
« |Hmo OoHpmo
OoMgas
93 IHA. «oHpB
98 aolls

or \wo IMNg,

KaK/[0e CNoBO ANMHBLI N andaBuTa {BO»1} nepepabaTbiBaeT B

CNOBO ANIMHLI T (I - OCTATOK OT Ae/fleHUs yucna n Ha 3).

4.12. TocTpouUTb MalWlunHy TblOpuUHra ANA peanusayunn

anropuTMa (BblumMcneHnsa yHKUnmM) <pm = 2n .

4.13. 3anucaTtb B andasuTe nporpamMmmMmy mMalluuHbl

TblOpUHIra Ans BblYMCNEHUSA (DYHKLUN

1, ecnn n AennTcAa Hap,

rin) = O, ec/i N He AennuTcs Hap.
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FrNABA |

1.1. BbicKa3biBaHUAMUN aBAdA0TCA 1) n 4).

1.3. 1) YTBep>X[eHNe He ABNSAETCHA BblCKa3blBaHMEM, Ha
3ajaHHbIA BONPOC OTBETUTb HeNb3S;

2) yTBeEpXKAeHVe ABMSeTCA BblCKa3blBaHMEM, OHO NOXK-

HO, 4YTO MNOKa3blBaeT KOHTpMNpumep -1 =0;
3) yTBEPXOEHNE ABNAETCA BbICKa3blBaHUWUEM, Npunyem

< 2 9
NCTUHHBIM, CyMMa KOpHen ypaBHeHUA x”~- —x +—= 0 pas-

Ha cBOGOAHOMY UYneHy,
1.4. Bbicka3sblBaHuA 1), 4), 6), 8) NOXKHbI, a OCTa/lbHble

UCTUHHBI.
1.5. HeT. YkasaHue. lNpegnonoxkeHme 06 UCTUHHOCTU

UNN NOXXHOCTU [AHHOI0o MNpefnoXXeHus npuBogUT K MPOTU-
BOpeuuto.

1.10. MNpoTmnBOpeUmnBbl AaHHble 2) N 5).

1.12. To>XAeCTBEHHO UCTUHHbLIMU ABNAKOTCA (QOPMY/bI
1), 2), 3), s) - 10), 13), 14).

1.13. 1) x=1, /=0;2) m=0, y=1.

1.15. MNCcTUHHBI BbicKasbiBaHuUAa 3), 4), s), a ocTalb-
Hble - NIO>KHbI.
1.19. TOXXAECTBEHHO NIOXKHbI hopmynbl 1), 3), 7), 10), a

OCTa/lbHble - TOXAECTBEHHO WUCTUHHbI.

1.21. 1) X, 2) xyy,; 3) XVI/; 4) x&y; 5) xvr;
6) X->y;7)1;,8) XVy;9) 1 10) xyyr.

1.22. dopmynbl 6), 7), 13), 15) TOXKAECTBEHHO N0XXHHbI,
a ocTa/lbHble -“TOXAECTBEHHO UCTUHHDI.

1.24. x =56 .

1.25. Nicnonb3yAa 3aKoHbl anrebpbl NOrMKW, rnonyyvyaem

Co= a~&(ag V C3) = (a3&(ar Val))&(a3 V«a) =
= (a3& (a3 V a2))& {ar Van) = ar&.[a® V
AHaNOrM4YHoO MOXXHO NokasaTb, YTO Joka>kem, uTo

=a ("> » = 4,5,6 yTBep>aeHue BepHo. Mpegno-
NOXXUM, UTO OHO BEPHO A/ BCEX HOMEPOB, HE MPEBOCXOASALLUX
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n, Torga a,~1 =0,&(0,_.1V a, 2) =ait&(asv an) = . Bbicka-
3blBaHMe , OUEeBUAHO, UCTUHHO, cnepoBaTeflbHO, UCTUHHO
n a,.WWWrtak, «, =1 mn a, = \Y

1.26. 1) a-~b = a\/b, = y a);

2) a b a&b , a\/lb "a&b , a buwa&b &b&a ;
3)a&b =avb ,a~"b~avb, a<-s>s=(av&)v~r&va);
4) avb =a-~b, a&ba->b, =

1.27. 1) a-~b = a&b
2) avb =(a-"b”"->b.

1.28. allbwa<r”b,

1.29. alb=a&k&, a=alo, C&& =(al&l(a lb),

av &= (ala)l(&Ib),

1.30. ai& =avb, a= a, = ft),

a&b= i a)4 4Db).

1.33. PeweHne manbymKa He BbIMONHEHO, €C/N OH He

3aKOH4YnUn 4yteHme KHUrn, mnnm He cxogmn HMN B My3€|7|, HN B
KWHO, Unn, XoTsa 6bina Xopowas noroga, OH He Kynarlncs.

1.34. FAN[X,y,z) = XZvyz\ Fj™X,y,z) = y[x\fz)-,

P3{x,¥,2z) = X'V x{yz Vyz); FMx,/,2) = XzV y(XZ V XZ).

1.35. VIjIrv 4 4 4,

1.36. =ii(Z2vzZ3)vZ213.

1.39. 1) COAH®PA = xy, CKHPA = (X VvV j/)(XV y)(XVY);
2) cm. H. 1);

3) COHPA = xyVxyvx y, CKHPA=xV YV ;
4) COAH®A = xyzv xyzvxyz,

CKH®PA =(Xx VYyVz) X VYyVvzZ)(X VYV Z)(XVYVZ)XVYVZ),
5) COHPA =xy zv Xyz VXYZV XYZ VX YZVXyzZ VXV Z,
CKH®A =XV yvz;

6) COH®A = abc Vabc v a&cv abc v abc v abc v abc

QWidA ={avbvcy,
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7) COAH®A = abc v abc v abcv abc ,
CKH®PA =(aVbyvé)(av fev VvV &V v6vc);
8) CAH®A = abc v abc v abc v a&c s/ab cv abc v a&c v abc >

CKH®A =1;
9) COH®A coaep>xnT Bce cnaraemble Buga X Axf...x"",

KpOMe OHOro , CKH®A s XjV X2V...VX,,_iV X, ®

1.40. 1) xvXx;2) xyvxyvxyvxyl
3) Xy ZV Xyz VXY zZV XYZVXY 2VX YyZVXYyzZVXyZ.

1.41. 1) X&X ;2) (X VY)(Xx VY)IXVY)XVY);

3) XVYyV2)(XVYyVZ)XVYyV ~z2VYyVZ)(XVY V?)&
&(XVYyVaANXVYVI)(Xvyvz).

1.43.1) xvy; 2)xy; 3)z{xvy); 4) x{ywz)vz{x vy).

1.44. dopmyna 1) TOXKAECTBEHHO UCTUHHA, 2) - ToXJe-
CTBEHHO NOXXHa, a oCTa/ibHble —BbINONHUMBbI.

1.45. 1)
B
2)
X 7.
n2 - B
3)
_y_ 7.
X
Sy — Z-
A
—y— z—
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4)
5)
— X- |— y-
B
_y- o
6)
-X- -y-1
— B
-y—1
.r_
7)
X—1
A B nam A B
X —
8)
A B
1 vy 1
1.46. 1)
A — B
—Y
2)
—Xm——— _y_

n-X - Y-
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3)

5)

1.47. 1)

2)

4)

— X-
1 y. -y-
[— X-
y-n
-X— Y—rn
»— y— 2
e
MX— y— 2
N XmmmaN— 2 =%
_X_y_ 2_
_X —_ y_ 2_
-X—y -r
o)(____y_ 2 -
M-X— y— 2n
XY -2 -
MX— y— 2-1
Xy — 2

XeeenY— 2-1

255
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6)
X — Y——2-n
X Yy—2-
-X_-y_z-
1x—.y__2-
1.48. 1)
-X - y B
2\
A B X- B wm A m— —« B
3)
A B wm A= x B
_X_
4)
-K~Y —2-
A B
AXE Y—r-
5)
~a— — =
A B
_X_ y_
1 -b-
-c— X
6)
_a_ - __y_
A B
-a_
-b —
7)
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8)

B

1.49. 1) /(18040)=/(1,1,0)=/(0,1,1) = /(0,0,1) = 1,

2) /(0,01,1) =/(0,0,0.1) =/(0,0,1,0) = /(0,0,0,0) =

=/(1,1,1,1) =/(0,1,1,1) =1,

3) /(0,0,1)=/7(1,1,0)=/(0,1,0)=/(1,1,1) = /(0,1,1) =

=/(1,04) =1,

4) /(1,1,1,1)=/(1,0,1,1) = /(0,1,1,1) = /(0,1,0,1) =1,

5) f[x,y,z,u) =0,

6) PYHKUMA NPOBOAMMOCTU MMeEEeT BUA;

Xw VryyVvxyVru.

1.50. B cny4yae 1) cxeMbl He paBHOCWU/IbHbI, B OCTalbHbIX
cnyyasax paBHOCWU/bHBI.

1.51. Mo>kHo.

1.52. AHppeeB ybupan s -ih knacc, AdaBbigoB - 9-i, Koc-
TUH - 10-1i, CaBenbeB - 7-U.

1.53. EdwumoB - n3 XXykoBku, AMntpmes - 13 OATb-
KoBa, [leTpoB - mn3 TpybueBcka, MBaHOB - u3 KanHUOB,
CunpopoB - 13 HoBo3bl6KOBA.

1.54. MNepepayvy cMoTpAT godvepmn C un 2).

1.55. Jlornky mn3y4daeT BTOPOW CTYHEHT.

1.56. OK3amMeHbl cgann Bce CTYAEHTbI.

1.57. Kona xoamn B KWUHO.
1.58. Npadhuk noceweHNs Takoi: A - BO BTOPHUK, E -

B cpeny, C - B yeTBepr, P - b NATHULY.
1.59. C yueTtom 0603HaveHuns Xy - *X [0O/MKeH noexatb
B ropog y», OTBET 3anuuleTca Tak:
AMAKANT OO0 -*mMoPTAK N mAMAK N O T
1.60. MNMpaBay rosopun >Kak.

YKa3aHue. O603Ha4YNTb MoKaszaHusd CBVI[J,eTeI'Ief/I COO0T-
BeTcTBeHHO XK, K, A. Torga ycnosue 3agayv MOXXHO 3anu-

caTtb B BUAE;
1. (AnXK)y(dnXK),

2. (KnA)y(OKnh),

3. [aaKaX)™ag a{KV

Kaxkgas 13 3Tux opmMyn MCTUHHA, NO3TOMY UCTUHHO
6y,qu N NX KOHBHOHKLUUA. Pe3yﬂbTaT HaxogmnTtcAa nyTtem
paBHOCULHbIX MpPeo6pasoBaHuUii.

9 3ak. 1229
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FrNABA 11
2.1. ®opmynbl - 1), 3), 4), 6), 7)._
A&B.C ACM CvD
2.4.1) Ne 2)s52) J(IH1i);3) | (LU 3);4) /(iVs);
Xy X,y x,y,Z X
A&B.C.B&C
5) K~"3).
2.5. 1) Bo3bMeM aKCUoMy M caenaemMm B Heli noacTa-
ANnN
HOBKY | (LU 3). Monyunm pokasyemyro dhopmyny
X,y,r
b(A->a)->((A a) {Av A~ a)). (1)
Ho
YA —A - (2)

MpumeHAsa kK dopmynam (2) n (1) npaBUIO CNOXHOIO
3aknoyeHnsa (MC3), nonyunm f-AvA->A.
2) Bo3bMeM akcuomy [z U cagenaem B Hel MoACTaHOBKY

ANA
| (M3). Monyuum
X,y,r
|-{A ->A) ->((A a)-> (A A& a)), (1)
HO
bA->A. (2)
MpumeHasa Kk (1) n (2) MNC3, nonyunm [-A -» A&A.
3) Bo3bmem aKcuomy MU choenaem B HeW MoACTaHOBKY
BAN&B

| (M3). Monyuymnm
X,y,r
b(A&B 6) " (A&B ->a) > (A&b ->B&A)). (1)
Ho
|-A&B->b, (2)
|-A&B~>A. (3)
MpumeHas Kk cdopmynam (1), (2) n (3) NC3, nonyymm
|-A&B->B&A.
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4) Bo3sbmem akcmomy L 3 u caenaem B Hell NOA4CTaHOBKY

/(T.).
X,y,r
Monyumnm
|I-A->6 va)->((B->Bva) (a VB ->B Vva)) <1
Ho
+rANBYyA, (2)
\-B->BVA. (3)

MpumeHasa k dgopmynam (1), (2) v (3) NMC3, nonyyum
FAvB =BV A»

5) BosbmeM akcuomy 1M u cpenaemMm B Hell MOACTAHOBKY
AIGA

/("2). Monyuum

b(A-"(B->A))-"({A->B)"(A->A)). (1)
Ho
\-A (B —a) . 2
M3 (1) n (2) no N3 noayumm |-(a ->B)-» (A ->A).
6) BosbMeM akcuomy Xya 1 caenaem B Hell NOACTaHOBKY
n =
Monyuum |-A->A,
A,B,A&B

2.6. 1) B akcuome Mg genaem noAcTtaHOBKY
X,y,r

Monyunm
1-a a>XWw -»s->(>XKB))->(ave ->A&B). (1)

Bo3bMeM aKCHOMBI v M2 n NpUMEHUM K HUM NpasBu-
No KOHTpro3nunn. Monyymm:

bA-~ A&B, (2)
1-B->A&"N- (3)

n3 (1), (2), (3) nonNC3 1-AvB ->A&B .

HA
2) B akcnome 13 cagenaem noactaHoBky 1(17” . Monyyum
(-B-~(ANL). (1)

Ho no ycnosuio
\-E. (2)
M3 @A)wm(2)nonN3 [-A-"B.
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3) T.K. (akcuoma IlIl,), a dopmyna

A -> B ecTb HekoTopas ¢opmyna C, To ucxogHasa opmyna
nmeeT Bng C N R, KoTopasa goKasyema.
4) Bo3bMeM goKasyemyro opmyny

\-A~E. (D

MpumeHnm K_(1) npaBuno KoHTpnosnuyumn. Mon3wum dop-

myny 1-/1 A unnn _
(2)

MpumeHAa K cdopmyne (2) npaBWUIO CHATUSA [BOWHOrO
oTpULLAHNA, MONYyYUM

5 T.k. [-A ™ A., TOo ucxogHas copmyna mmMmeeT BUS
C —J?, KoTopasa pokasyema.

6) T.K. \-A->(a ->B), rge B - nwbaa dopmyna, TO
MCNOoNb3yAa MpaBuNo CoefUHEHUA MOCbINOK W noacTaBnasa F
BMecTO B, nmonyunm \-A&A-N F .

(HB)& A
7) B akcuome I cpenaem noacTaHOBKY K~r) « MNo-
nyuynm: o
b((A ->B)&B (B N 2Z)) ((A ->B)&B B) ->
->((A->B)&B->a). (1)
A-*B,B
B akcunome M cgenaem noactaHoBKY / (N2)*
Xy
h(AMB)&B->B, (2)
1-(A™B)->(8 ™ a). (3)
A->B,B
B aKcuowme [1, caenaem nogcTaHOBKY
Xy
b-(A"B)&B"~.(A->B). (4)
N3 (3) n (4) nonsrumm
[~<(A —=bJ&B —(B = A", (s5)

ns (1), (2), (5) nonNC3 b(A->B)& B"A.

8) YkasaHue. Cm. 87 rnaBbl 2 yactu I.

2.7.1) 3anuwewm BbiBog TN3H.A, A -> (B -> A), B-> A.
2) 3anvwem BbiBOA4 U3 H:
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A->B, B~C, (BA"C)"(A->(B->C)), A-~(B-~C);
(a =(8 ¢))—=(a —=8B)—>(a ->c)), (a =B)—=>(a —c),
A->C.

3) 3anuwem BbiBOA VE H:

A —-C, (a —c)—|c— , C—=A.

4) 3anuwem BbIBOA U3 H: _ o

A->B,B,A-»B->(B->a),B->A, A.

5) “nvwem BbIBOA N3 H:

A, A B ,A—-A,A B ,B.

6) Aokaxkem, 4Tto n3 Aa={A ->B,A&C}1-B&C . Tor-
[a ocTaHeTcAa MPUMEHUTbL TeopeMy AeAyKUMW. 3anuvwiem
BbiBOg. A->B, A&C, A&C->A, A&C—-=C,Ar B, C,
B&C. Torga no teopeme aefykumun

{A->B,A&C} [-B&C
{A-"B}1-A&C->B&C*

7) 3anunwem BbiBOg U3 H:

A-~B, (A-~"B)-~(C->(A-~B)), C-~(A~B),

(c =(a =B)) =((c =a) ~(c ->B)), (c =a)—=>(c =8).

g) U3 Ar={a -» B,B Cl1-A C . Torga no Teopeme
peaykuvm {a ->B}|-{B C} (A ->C).

9) 3anuwem BbIBO4 U3 H : A -»(B -C),
@™ (B C)->(B-»@a->C), " (a->0).

10) CHauvana gokaXkem, 4To
|-(A-~B)-~"(A-~By C). (1)

Ana aToro gokaxkem, 4To = |A->B,A}[-B yC. 3a-
nuwem BbiBog U3 Ji": A->B, A, B, B-¥ByC, ByC.
OTcioga no 0606WeHHON TeopeMe AeAyKLUWUW chpaBenvBo
()™ Tenepb gokaxkem 10). 3anuwem BbiBOA N3 H:

A-"B, (A-»B)-»(A->ByC), A-"ByC,

(a (Bvc)->((c-»Bvc)->(AvC”™ Bv)),

c-~Byc, (C-"ByC)->(AyC->ByC(C),

AyC->ByC.

2.8. 1) Bosbmem COBOKYMHOCTb hOpMYnN

H={xy,yr,x].
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Jokaxem, yto H\-Z‘ 3anuwem BbIBOg M3 if: x-"y,
y Z, X, y, Z Torga no o606LieHHOV Teopeme geAyKuUUWN
I-(x->y)->((r/-> 1)~ 0Ok 1))

2) N3 Er={A-"B}[-AvC -»SvC (cm. No 2.7. 10)).
Torpa no Teopeme geaykumm b (N -> B) (A.vC->BvC).

3Nz d ={A ->6}h(C->a)”™ (c ->6) (cM. Ne 2.7. 7)).
Torpa no teopeme geayxcumm [-(A ->B) -> ((C->A) (C->B)).

2.9. YkasaHue. Cm. 87 rnasbl 2 vactu I.

2.10. 1) \-x&.y X&Yy « icnonb3ysa npasuio pasbeu-
HEHUA NOCbINOK, MOAyYUM \-x->{jj X&YA.

2) -S)-> (6 ~ A”. WNcnonb3ysa npaBuno coegu-
HEeHUA NocbINOK, nonyyum [-(a -> B)& B -» A .
3) (1)
A,B

Mcnonb3ya noactaHoBky JW, noaydymm
ba -»(a ~"6).
Mcnonb3ysa npaBuio MepectaHOBKU MOCLINOK, MOAYyYUM
1-A-> (A -»B).
2.11. 1) Mo ycnosuto

1-A. (1)
Mcnonb3yem akcuomy ™
|-A&B->A. (2)

MpuMmeHnM K dopmyne (2) NnpaBuAO0 KOHTPMNO3ULUN.
Monyyunm:
bA-> A&B. (3)
N3 dopmyn (1) u (3) no N3 nonyumm [-A&B.
2) Mo ycnoButo

bA. (1)
Mcnonb3ya akcnomy IHj:
f-A-~"AvB. (2)

N3 popmyn (1) n (2) no N3 nonydyaem \-Av B .
3) Mo ycnoButo

ba. (1)
3anunwemM gokasyemble hOPMYJibl:
\-A-~"(B -"a), (2)

| -(Ba)-»(a->B). (3)
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MpumeHsaa npaBuno cunnornsma K cdopmynam (2) mn (3),
nonyyumm

1-A -> XK. (4)
MpumMmeHsaa o6a NpaBuna CHATUS ABOMHOINO OTPULLAHUS

K chopmyne (4), nonyunm \-A -> B .
4) Mo ycnoButo

\-B. (1)
Bocnonb3lyemca akcuomon 1J:
1-B-"(A->B). (2)

N3 cdopmyn (1) n (2) no N3 nonyyaem \-A -> B .
5) Mo ycnoButo

ba&sB. (1)
Mcnonb3lyem akcuomy Il1,:

\-A&B-"A. (2)
M3 (1) n (2) no N3 |-A.
6) Mo ycnoButo
{-B. (1)
Mcnonbiyem akcuomy [
\~A&B-"B. (2)
MpumeHnm K dopmyne (2) NMpaBMNO0 KOHTPMNO3ULUN.
Monyyum

(3)
MpumeHsaa kK dopmynam (1) n (3) N3, nonsgium |-A&B .
7) Mo ycnosuto
\-A"B, (1)
\-B. (2)
Bocnonb3yemMmcs akcuomon I1VA:
lL@->8)-»(6 ->a). (3)
MpumeHasa K copmynam (1), (2) n (3) MNC3, nonyuum j-A .
8) Mo ycnoButio
bA, (1)
\-B. (2)
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Bo3bMeM akcuomy llg n caenaem B Heii NoACTaHOBKY

BA

| (N3), nonyunm
Y.r

J-A—=A)—uA —-6)—(a —A&B)| (3)
Bocnofb3yeMcsi foKasyeMbIMU (hopMynamMu;
hA'™-» A, (4)
|-B->(A"B). (5)
M3 (3) n (4) no N3
[-(AN (A-> A&B), (s)
N3 (5) u () No npaBuny cunnornsma
A&.B). (7)

N3 (1), (2) n (7) nonc3 \-A&B . '
9) Mo ycnoButo

hA, (1)
rA” n (2)

Kak 6b1no gokasaHo npu ycnosusax (1) u (2)
1-A& o ; (3)

Bocnonb3ayeMcs gokasyemMoil hopmynoii

|-A&B->Ay B. (4)

N3 3)nm(@4)non3 I-~vB.
10) Mo ycnoswuto

(1)
[->K. (2)

Bocnonb3ayemcs gokasyemoii hopmynoi
(-(a ->B)->(a ->-B), (3)

Mo npaBuny nepecTtaHOBKU MOCbINOK U3 dopMynbl (3)
rnosy4aem

\-A —((a —B) ->B), (4)
N3 copmyn (1) n (4) no N3
1-(A-»8)™ B, (5)
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N3 dopmynbl (5) nMo npaBuay KOHTPMo3nyuu

+6 ->A B. (6)
N3 (1) m((s) Nno N3 1-A™ B.
11) Yka3saHune. B akcuome LA BbINOAHUTL N0ACTAHOB-

AAA
Ky (M13) u 3atem Bocnonb3oBaTbcA MNC3.

Xy.r
12) PeweHne aHalOrMYHO NYHKTY 11).
13) Mo ycnoBuio

\-A-"B, (1)

\-A->B. 2)
Bocnonb3yemcsa pokaslyemoi dhopmynoi

|I-A.—B) —=(B . (3)

N3 (1) n (3) no N3

[-B-~A. " (4)
N3 (4) n (2) no npaBuny cunnornama

\->XK"B. (5)

N3 (5) no paHee gokasaHHomy |-B.
14) Mo ycnosuto

\-A"B. (1)
bA->B. (2)
Bocnonb3yemca pgokasyemoili chopmynon
A b(A->B)->(g ->a). (3)
N3 (1) n (3) no N3
\-B-"A. (4)
N3 (2) n (4) no npaBuny cumnnormsma
(5)
N3 popmynbl (5) no paHee gokaszaHHOMY }-A .
2.12. 1) Booi(a) =1 A = 1~~ e« BbiBOA:

W X2,Xg, X3 -» (T1lV «2 -> Xa),«1 V«3 -> «3 .
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2) Awo(N)=o0o =>A={g:1,0;2,n;3}+tA.BbiBOL:
VXa-> Xg)-> (Xi VXa->X3), XjvX ->((X,vX->X3)->Xg),
->Xi VX2,a" VX2, (X1YX2-»X3)->X3, X3->(x1YX2->X3),
Xj V Xa -> Xg.
2.13. 1) =0 = H= XjX2Xg [-A.J}-Xj, X, X,
(Xi VX2 ->Xg) XiVX->X3), (XiVX)->(xiVX->Xg)"
xX3), X -»NvjiN,NMvan, (XIVX2 -»N)->N7
Xg-> (Xi VX2 X3), Xj VX2 —=Xg, T.e. H\-A .
2) AMOli-N) ~ ~n A = |xj, Xa; Xgj (-A. if|—j, X2, Xg,
(xi VX2 -> Xgj, Xi VX2 -> (xj VX2 -> Xg), Xi * Xi,
9 & X29 & X2 V x29 vV A2 A~ Tse
3)-Roio(®) =1 a = {xi.Xg.Xg} |-A Al-X1,X2,X3,
X3 (Xi Vv Xa~ Xg), XiVXa-» Xg.
2.14. 1)41ooN =0=>A={x,y,2}]-X H[-{xvy-
X&Y) > (XV]|F->X&”"), XVy-»(XVvy->XxX&Yy) ~>x&Y,
X->XVYy, XVvy, (XVvh-> X&Y)->x&Y, X&Y
> (xVy -» x&Y), X-"NXVY, XVy, XVy ->x&Yy.
XVY -> X&Y.
2)i7on(A) = 1=>4 = {x,¥,2}]-A. AG-X,y,2, Xvy ->

> (XVY-rX&2), X&Y, X&YAXVY, XVy, XVy-"X&2.
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’ FrMABA 111

3.1. NMpeankatamu ABAAIOTCA NPeaioXkeHns 2), 4), 7) - 11).

32.1) /p={-2,2}, J !
2. ={-2, , = - co. i
p 9 %3

2)Ip={2, ={1, 23456}

3.3. MpeaukaTtbl P(X) u Q(X) paBHOCWU/IbHbI HAa MHO>e-
ctBe M, a Ha MHOXecTBax L 51 K we paBHOCWU/bHBI.

3.4. 1) MNpegukaTt = 15 gaBnAeTCcA CneacrBveM npe-
Avkata n/x-y/y = 15;

2) npegukat lga& =1 dABndeTcda cneAcTBMEM nNpeaukarta
Ilga +1gs = 1;

3) npegukaTt sSiNn*x + cos™ X =1 ABNAeTCA CcneacTBMEM

1
npeankaTta tg X +1 =
cos™ X
4) npegnkaT y = X SBAsSeTCA cneAcTBUeM MpeaukaTta

2@ =y
5) AaHHble NpeauKaTbl PaBHOCUJbHbI;

6) npegukat (X + r/)(X- r)=-ry <aBnseTcs CcneAcTBUEM
npegukata X +y =r;

7) npeankat xN -y~ = O ABnseTcA cneAcTBUEeM Mpeau-
Kata x™+y” = 0.

35.1) 1p={-2}; 2) 1p=0; 4) 1p=(-1;2).

3.7. 1) /p&B = {2, 4,6.8,10, 12,14,16,18};

2) "™B&C ~ {2}»

3) "c&n = {3};

4) 1B&0 = {6,12,18};

5) & = {3.9.15};

6) 2,4,7,8,11,13, 14,16,17,19};
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7) 7ses5 ={1' 5»701,13,17.19};

8) = {6.12,18};

9) /p,B = M\{5,15};

10) 1B,e=M\{9,15};

11) ={2,3,5,6,7,9,11,12,13, 15,17,18,19};
12) /Br>=-iBU{3. 9,15};

13) A5~ =(M\"3)U{6,12,18};

14) /M5 =/~n{l,5,7,11,13,17,19};

15) /nvBvn = Nf \ {5},

16) /c_n=/é,"=M\{5};

17) /™r = /5,6 = n~M\{3};

18) larB=b.B = 1{1.3.7,9,11,13,17,19
1®) NA&B)->0 ~ ~{" 3,4,5, 6}

20) MARDONC  ARBYC  agnac

3.10. 1) p(x)& apg;
2) P(X)&«(X);

3) P()& W x)y P(x)& A(x);
4) P(x)yf(x);

3) P(x)vQ(X);

6) P(X)ya(x);

) (P(x)&e (7)Y (POK)&A(X)Y(©(n:)&N(n1));
8) (P(X)&(X))y(p(X)&M (x));

9) P(n)ya(n:)yNi(n:) y(p(X)&A(X) y P(x)&B(X) y A(X)&B(x));
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3.11. VIcTUHHBbI BbicKasbiBaHuA 3), 5), 6), 7), 8), a oc-
Ta/lbHble BbICKa3bIBaHUNA JIOXKHbI.
3.12. 1) /[daHHOe BbiCKasblBaHMEe WCTUHHO MNpu

a e(- 00,0 n 4,400) n no>xkHo npn a e (0,4);

15
2) Hanpumep, Npu a = -——- OaHHoOe BblCKasbiBaHMe WC-
4

TWHHO, a npn 1 = O NOXHO;
3) Hanpumep, Npn a = -4 paHHOe BbICKa3sbiBaHWE WUC-
TUHHO, Npn a = -20 N0XHO;

3
4) Hanpumep, Npu a = —é——,anHoe BbiCKa3blBaHWe UC-

TUHHO, a NpU a> 2 UWIn a < -2 J0XHO.

3.13. BbipaxkeHusa 1), 4), 5), 6) apnatTca hopmynamm,
a oCTa/lbHble —HeT.

3.14. WcTuHHble yTBepxgeHus 1), 3), 4), 6), 7), a
NO>XHble - 2) n 5).

3.15. 1) a) - He TOXXAECTBEHHO UCTUHHbLIN N He ToXKAe-
CTBEHHO /IOXKHbIW MNpeaukar;

6) - TOXXOECTBEHHO /IOXKHbIV Npegukar;

B) - TOXAECTBEHHO WUCTUHHBbIA NpegunKar;

r) — TOXXAECTBEHHO NIOXKHbI npeauvkar.

2) Ona npegukata a) IxP{x,y) = ={2,3,4,...}.

3) IcTuHHBLI NpeanoXkeHus 6), >K), 3), a OCTa/lbHbIe - JIOXKHbI.

3.16. Cm. peweHune 3agadunm 3.15. n. 3) (6) n e)).

3.17. Mapoii npegukaToB, U3 KOTOPbIX OAMH SsiBNsieTcA
oTpuUuaHMeM ApYyroro, SABNSAeTCA TONbKO Mnapa nyHKTa 3).

3.19. 1) Yxda (m)y X(n)y C(x)),
2) 3xA{x)&3ylly),
3) 3xA{x)&Yylly),

4) 3x(A(X)&B(X))yYx(d)ylr(n:)),

5) Yx ((A(M)& Wx)) V(e(x)& A(x))),

6) 3xyy32(p(x,",2)&"(x,Y,2)).
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3.20. ®opmyne (*) paBHOCUNbHBI YopMynbl 2) U 7), a
ocTalbHbleé HE PAaBHOCWUJ/IbHbI.

3.21. 1) CnpaBea/INBOCTb YTBEPXKAEHUNA cnefyeT U3 pas-
HocuUnbHOCTU Jn:]P(n:) = Ynr™(n:);

2) cNpaBea/INBOCTb YTBEPXKAEHUSA cnefyeT N3 paBHOCUIb-
HOCTW Yn:~(n:) = 3x ™ (K).

3.22. MpuBegem KoHTpnpumep: MycTb P[x) - nwo6oi
He TOXKAECTBEHHO MCTUHHbIA N He TOXAECTBEHHO NIOXKHbIN

npeankat, a O(OC) ToXKe He TOXKAECTBEHHO WUCTUHHbIA U He
TOXXAECTBEHHO JNIOXKHbIA npeamkaTt. Torga 3xP(x)=1,

OxUx) =1 3IxP(X)&3xe(x)=1 a 3Ix(p(x)&a(x))=0

(Q-PJ.
3.23. [okasaTenbCTBO aHalormdyHo 3.22.
3.24. 1) PaBHOCWUNBHOCTb crnpaseanmea, T.K.

XYY/ (M (X)& D)) = Ix(M(x)&Yye(y)) = 3xP{x)&YyO{y),

Yy 3x("(X)& C{y)) = W/ (3x " (x)& C(y)) = 3x™'(X)& Yy Cly)\

2) AoKasaTeNbCTBO aHalormM4yHo n. 1);

3) cm. PeweHwne 3apayum 3.16.

3.25. YKasaHue. lna gokasaTenscrteBa [OCTATOYHO AaH-
HYI0 POpPMYyNly YNPOCTUTb C MOMOLLLLIO PaBHOCUI/bHbBIX Mpe-
o6pasoBaHUiA.

3.27. 1) e 1

2) =0 , - nwoboe NOAMHOXeCTBO M;

3) c 1u wnam = 0.

3.28. 1) BbiNnonHMMa, ecnm P(X) - He TOXAECTBEHHO /10X -
HbI Mpegukar;

2) BbIMOMHNUMA, ecnn P (X) - TOXXAECTBEHHO UCTUHHbIN

npegukar.
3.29. 1) Henb3{;
2) MOXHO.
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3.30. YkaszaHue. NyTem paBHOCWU/IbHbIX Npeobpa3oBaHunii
JoKasaTb, UTO faHHas popMyna ABNAETCH TOXKAECTBEHHO UC-
TUHHOA.

3.31. O6uwesHaunmbiMu aBngaoTca gopmynsl 1), 3), 5),
9), 10), 11), 13), 14), 17).

3.32. Yka3aHue. lMNoaBeprHyTb AaHHYO popmyny pas-
HOCU/IbHbLIM NpPeobpa3oBaHUAM.

3.33. 1) \/x3yYr3uP{x,y,r,u);

2) Ix(a(n:)ye(n:,v));

3) ¥YX[p&LULx));

4) I, Yr/(A(n;)&A(r/)y

5) Yn:3r/(A(x) yb(r/));

6) 3x3rYy {P{x,y)&Q{z,y));

7) 3n:YyYa2 (p(x,r/)ye(x,2));

8) Yx3yYr (p(x,y) VQ(y,r)).

3.34. 1) YxeMVYy e m{{x =y)y {x>y)" {x<V))
2) 31 enyx €mMI/(K) < b);

3) YxeM [(->xe M)& {r{- x) = /0K)];
4) 3reE\{O)Yn:eM[{xzT eM)&[r{x + T)= /(K)];

5) ¥ eMYXT e M{™" <x7)  (/(M1) < /(nn))-

3.35. 3xeM3y eM ((K=y)& (K> y)& (T <Y));

2) Y1 el 3xe M(|/(m)] > x);

3) 3xBM (- Xo M)V ({/(X)®B/(-X)) ;

4) YT eEN{0}3xeM((x £ M)V ({/(x+T)"/(X);

5) 3XLe M 3X2 e M{™X™ < X2)& (/(X™) > /(™2))).
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3.36. JlokasaTenbCTBOM HecnpaBea/IUBOCTU YTBEPX/

HUI SABNAKOTCA KOHTPNpPUMeEpbI:
1) M{x)=lx} X0 =0;
2) rapMOHWYeCKWU pag;
3) paBHOGOYHaA Tpaneuus;
4) cbyHkumna /=sdAn(x) Ha [-14];

5) dyHKLUUA y - Ha cermeHTe [1,1 ;
6) YMCnoBasA MnocnefoBaTe/NlbHOCTb C OBWMM Y/IeHOM

7) umMcnoBasi MocnefoBaTelbHOCTb C OGLWWUM UYNEHOM

8) thopmyna 3In:P(gn:), oueBUAHO, ABNAETCS BbIMONHUMOWM,
HO Heob6Le3Ha4YnMon;

9) pbyHKUMA /= X®, Xo = O;

10) cbyHKUMA y = X*, Xo=0.

3.38. 1) YcnoBue x = O aABnAeTcA AOCTATOYHbIM, HO He
ABNAETCA Heo6X0AUMbIM;

2) ycnoBue X > -3 4BngeTca Heo6XoAMMbIM, HO He fB-
nAeTca AOCTATOYHbIM;

3) ycnoBue X > -2 gBnsgeTcsa Heo6X0AMMbIM, HO He fAB-
NAeTCcA [OCTaTOYHbIM;

4) ycnoBmne X>-1 N X <3 ABnfeTca AOCTATOYHbIM, HO
He ABNSeTCA HeOoOXOAUMBIM;

5) ycnoBue X> -1 u X <10 He ABAAeTCA HU Heob6XoaUT
MbIM, HW [OCTaTOYHbIM;

6) ycnosue - 2<x <10 saBnaeTcA HEOOXOAUMBIM, HO Hé
ABNAETCA [AOCTATOYHbIM.

3.39. 1. HeobxoanMmMo, HO He HefOoCTaTOYHO.

2. [ocTaTo4yHO, HO He HeobxoaMMO.

3. JocTaToyHO, HO He Heob6xoAuMO.

4. HeobxoAnMmo, HO HefoOCTaTO4YHO.

5. JocTaTo4yHO, HO He HeobxoaunMmO.

6 . Heo6xoanmo, HO HefoCTaTOYHO.
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7. Heo6xogMmo m [OCTaTouvHo.

8 . Heobxognmo n goctaTto4vHo.

9. Heob6xoaumMo, HO HefoCTaTO4YHO.

10. JocTaTO4yHO, HO He Heob6XxoAMMO.

3.40. 1. AnAa TOro, 4TOb6bI YeTblpexyroNbHUK 6bIN na-
pannenorpaMmmMom, Heo6Xo4MMO M A0CTATOYHO OAHO M3 YCNO-
BMIA: NMPOTUBOMONOXKHbIE CTOPOHbLI YeTbIpexyroibHMKa Mo-
napHo napasnnenbHbl NN ABe MNPOTUBOMONOXHbIE CTOPOHbI
paBHbl N NapannefbHbl.

2. Heo6x0AUMbIMW, HO HeAOCTAaTOYHbIMU MPU3HaKaMun
napannenorpaMmma SABAAKTCA: a) napa MNPOTUBOMOOXKHbIX
CTOPOH YeTbIpexyronbHMKa napannensHa, 6) nse NMpPoTUBO-
MONOXXHblEe CTOPOHbLI YETbIPEXYTro/ibHNUKA pPaBHbI.

3. JocTaToYHbIMU, HO He Heob6XoAMMbIMW MpPU3HaAKaMu
napannenorpaMmmMa siBISIOTCA: a) B YETbIPEXYTrOIbHUKE BCE YT bl
npsamble, 6) B 4YeTbIPexXyrofibHUKe AuaroHann B3anMHO-MNep-
NeHANKYNAPHLI U B TOYKE MNepeceyeHUs AefATCA nononam.

4. a<2.
5. a=-.

2
6. 0=0 .

3.41. OtBeT Konu paBHOCW/IEH TOMY, 4YTO CKasanu po-
ouTenu.

FrMTABA 1V

4.1. Nob6aa NPUMUTUBHO pPeKypcuBHaa MYHKUUA Nony-
YyaeTca W3 MpPoCcTeNWwmnx (PyHKUMA C MOMOLLbIO KOHEYHOrOo
yucna NpUMeHeHWs onepayuin cynepnosnyum v NPUMUTUB-

HOW pekypcuu. Ho npocteiiwne dyHkummn n{x), 0(n:) un
BClOAyY onpefefieHbl, a NpUMeHeHe K HUM ore-

pauuu cyneprno3vuum M cxXembl MPUMUTUBHO peKypcumn
npuBOAUT K (MYHKLUSIM, KOTOpPble BClOAY OMpeAeneHsbl.

4.2. dyHKUUN NMm1,X2,X3,...,05,),  (3(x1,r2,>K3,...,X,,),
n /x4, x2,x3,...,X,,_1) nonyyatorcs u3
pyHKunin f{x~,X2,Xs,...,xJ n /“(XL,X2,...,X,,) (T =1,2,...,ra)

cynepno3numsamMin:
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1) ™, X3, K,)= /17, (r,,

ees> /Y] »

4) n(xN\ "2, X3,..., X,_j) = (tj,... X, (XJsees Xpd)s

4.3. Nyctb /(Xi,x2,...,X,) noayydyeHa ns oyHKuUmnin 0(ic) m
/™Xj,«2,..., i,) C MOMOLLbIO orepauunii CyrneprnosnLmm n cXem
npMMNTUBHOW pekypcuun. Torga /(0,...,0)= O, u n3 ycnosus

<1, o <1, ... nx ™1 cnegyet, 4To 1. PYyHK-

UMM x + 1 N2x 3TUM ABYM YCNOBUAM O4HOBPEMEHHO He YA0B-
NeTBOPSIOT.

4.4. 1) dyHKUMA P{x,y) = X ey MOXeT 6bITb MonyvyeHa
M3 MpocTeWnX PYHKUUIA C MOMOLbI CXeMbl MPUMUTUB-

HOW pekypcun. OeicTBUTENbHO, T.K. AnA GyHKuun P{x,y)
BEepHbI TOXAecTBa

P(0,N1:)=X-0 = 0 = 0(/T),

Ply +1,x) = x-{y +l)=x-y + x = x + P{X, y) = S(X, P{x, y)\
To dyHKUMA P{x, y) nonyyaeTcAa Mo cxemMe MPUMUTUBHON
pekypcun n3 dyHKUMiA o(X) 1 s(X,y)-X +Yy, KOTOpble AB-

NATCA 06LEepPeEKYPCUBHBIMU U, 3HAYUT, PYHKLUA P{X,y)
06l EepeKypCcUBHa.

2) ®YyHKUMA g (x,y) = X' yAOBNEeTBOPSAET COOTHOLUEHUSM:

TenbHO, PYHKUMA G(x,y) MOXeT 6biTb MoaydeHa Mo cxeme
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NPUMUTUBHOM PEKYPCUUN N3 06LLepPeEKYPCUBHBIX DYHKLWIA
n P 1 NoaTomy sBAsSieTCsl 06LLepeKyPCUBHOIA.

a0 N , 4 k-1, echmn.>0
3%1 DYyHKUNSA ’\Inr)zi‘tE

oBneTBoOpseT
[O, ecnn >x= 0O YA P
(0)=0 ®)=0{y) 1
COOTHOLUEHUAM: A — '
&{r/+1)=y 3[y"1)=d{y\y)l]

3HaunT, (PyHKUMA 3(X) MonydaeTcs Mo cxeme MPUMUTUB-

HOM peKypcun 13 06LLEPEKYPCUBHBLIX (PYHKLUWUA N MO3TOMY
cama fBneTcsa 06LepeKypPCUBHOMN.

4) YTobbl gokasaTb, UYTO yceyeHHas pasHOCTb ABAsSETCA
06LLIepeKYPCMBHOM (hyHKLUMEN, AOKadKeM rpensapuTenbHO, YTO
06LEepeKYPCUBHOM (hyHKLMEN sABnsieTcAa PYHKLMA OL4HOW nepe-

MEHHOM XK -1 , KOTOpasda nony4vyaeTcda u3 yCG'—IeHHOVI pasHoCTnN
nytem Cbl/lKCI/IpOBaHI/IFl BTOpPOro aprsrmMmeHTa. lEl,el‘/JICTBI/ITEI'IbHO,

YHKUMA >K- 1 YA0BNETBOPSAET ClefyroWMM COOTHOLLUEHUSAM;
0o~r1 =0 =0 (K,
(X+1)-1 =X=12(x,y),1

M, 3HAUUT, MOXeT 6bITb MoslyyeHa U3 MPoOCTelnx PyHK-
UMt Mo cxeme npocTeliweil peKypcum M NoaToMy siBAsieTcs
06LLEepeKYPCUBHOIA.

Tenepb ACHO, 4YTO PYHKUMA X -y MNpU NOObLIX X N Yy
yOO0B/eTBOPAET paBeHCTBaM:
X -0 = x = 17NX,y),
XMy +1) = (x~y)n 1.
OTn ToXAecTBa MokasblBaloT, YTO yceyeHHas pasHOCTb
MO>XeT 6blTb MonyyeHa M3 QYHKUNKA ~0OK)=/20K,y) U

X,y) = N(r) no cxeme NPUMUTUBHOM pPeKypcuUn u, 3Ha-
UNT, ABNAETCA 06LW,epeKypPCUBHOWA.

5) ®YyHKUUSA X -y MOXeT ObITb NMpeacTaBieHa B BUAE:

X-y =(X-y)+(y-x)=3(x-y,y-x).
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T.e. PYHKUMA X -y Nony4dyaeTcs U3 06LLePeKYPCUBHbBIX (PyH-
Kumini 8, X -y, y- X C MOMOLLbIO onepaunuu cynepnosnumm
n, cnepoBaTenbHO, ABAAETCA 06LepeKypCUBHOIA.

6) DYHKLUMIO SgN(N:) MOXXHO onpefennTb € MOMOLbIO
npocTelille peKypcuu, UCMoNb3ys paBeHCTBa:

sgn(o) = O sgn(o) = o (1)
sgn(r/ +1) =1 sgn(r/ + 1)=Cl(y)j"’
0, ecim X ¢ O
7) PyHKUMA sgn(;) = n, cnegoBaTenbHO,
1, ecim n:=0
sgn(a:) = 1- sgn(n:). Takmm obpasom, yHKUUA sgn(1;) nony-
YyaeTCcA C MOMOLLbIO ornepauun cynepno3nuymm m3 yHKLUUR

A osgn(n:), KaxkAasi M3 KOTOpbIX 06LiepeKypcuBHa U Mo-

3TOMY (PyHKUMA sgn(n;) obLiepeKypcuBHa.

8) ®YHKUMA X1 yAOBNEeTBOPSIET paBeHCTBaM

=1, 0!=C (a4

{y + 1) =y\{y +1),] [y + 11 = Zi(p(r/!,;a(r/))x, 17),

T.e. (PYHKUUSA N1 MOXKET 6bITb MOAyYeHa Mo cxeme MPUMUTUB-

HOW peKypcuun mn3 06WEPEKYPCUBHbBIX (MYHKLUN 7

11(P{yly + 1),x,y) 1 noatoMmy pyHKLUMA x1 06LlepeKypCUBHA.

4.5. Mporpamma peanmsaumm Ha MawunHe TblOpUHra
anropnTMa BblYUCNEHUA DYHKLUN MMEET BUA:

« 0 1 2 3 4 5 B 7 8 9

9. 3H30 6Ha,, 7H?,, 8HA, 9Ha,, N, 20193 3173
1Hg,, 1H9,, 2H3,, 3H9,, 6H<r,, 7H<7,, 8Ha,, 9Ha, 0/N2
4.6. Mporpamma peannsaunm Ha mMawlmnHe TblOpUHra

anroputmMa BbluncneHna pyHkumm ~(n)= O vMeeT BUA:
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Co 1

A aollr \LUr
ao/1A3
93 OoHpo ao/1?3

3pecb BHelwHW andaBUT MawWHbI - €CTb MHOXXeCTBO
CUMBO/IOB pgoy M, a Hada/bHas KoHUrypaumsa MoxkeT 6biTb
no6oii, Npu KOTOPOW ynpasnswowas ronoska obospeBaeT
KNEeTKY, cofep>Xallylo Mnanouky.;

4.7. BHelwHW andaBUT MalLMHbI, 04EBUAHO, COCTOUT 13
AByx cumBonoB {s0,!}. MycTb Npu HavalbHOW KOHQUrypa-
LMW 3anN1Cb Ha leHTe BOCNPUHMMAaETCS MallMHOW B cTaHAap-
THOM NONOXK;eHN. CBOEBPEMEHHOM OCTAHOBKM MaLUWHbI MOXXHO
[06UTBCA NYTEM CMEHbl COCTOSAHWIA MalLMHbl NOC/e KaXXAoro
TakTa. OTO MU y4YTeHO NpOorpaMmMol MalliuHbl, BHYTPEHHW
andaBuUT KOTOPOW COAEP>XXUT TPU COCTOAHUSA - , 2> .

«0 1
91 0oMA, gong2
92 aolllr Oo/la3
93 «0H90 |70
4.8. OuyeBUAHO, 4N1A pPelleHnsa 3a4adun MallHe B Havalb-
HOM COCTOSIHUU MpU KOHuUrypaumm
Oo [, .. X, 0o

Heo6XoANUMO 3aMeHUTb BYKBY «1 Ha W, ABUTasicb BMpaBo
[0 MepBoi NycToli KNeTKU, BAUcaTb B Hee GYKBY .TK. B

~thaBuTe Bcero e GYKBbI n 02, To AN NpPaBUNbLHOIO
peweHnsa 3agadyn Heo6xo4MMO elle ABa COCTOSAHMUSA: BNU-
bbBaeN 6ykBy O, ecnm , 73 BnucbiBaeT 6ykBy Cr,

ecnn =«2. No3aTomy nporpaMmma MallvHbl UMeEET BUA:

0o 02
ol onigs a.Mars

¥ a,Ha,
o3 a”n 3 «rfpas
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4.9. ACHO, YTO B Hauya/lbHOI KOH(UIypauumn ynpaess
Lias rofoBKa MallWHbI JO/MKHA 0603peBaTh MYCTYH KIETKY,
nepBylo OT CI0OBaX crpasa, ecnm x ® O, wnbyto, ecim X = O:

B nepBom TakTe paboTbl MallMHblI HEOGXOAMM CABUT ee
BNEBO U Mepexof B HOBOE COCTOsIHUE . Ecnan n 3pecb 060-
3peBaeTcAa nyctas Knetka, 1o x = O, U MawmnHe Heobxoaum
COBUr BNpaBO M Mepexof B CTOM-cocToAHue. Ecnm B cocTosa-
HUN ynpasnswouwasa ronoska obospeBaeT cumBon |, 1o
X O, n nanoyky crnegyeTt ocTaBUTb, Nepexoas BNeBO B HO-
BOM cocTodHUU A3. Ecnv npum aTtom o0603peBaeTca nyctasd
K/leTKa, TO MPOLECC BbIYUCNEHUS 3aKOHYEH, N HYXXHO ne-
peinTn BNpaBO B CTOH-COCTOSAHME. Ecnm >Ke B COCTOAHUMU
0603peBaeTcd BHOBb CMMBOJ |, TO €ro HYy>XHO CTepeTb M ne-
peiiTn BNeBO B TOM >X€ COCTOSHUU . B atom cocTtosiHumn
MalluMHa fo/mKHa paboTaTb A0 Tex Mop, NokKa ynpasnstowas
rofoBkKa He BblgeT Ha MyCcTyk KneTKy. Ha aTom npouecc
BbIYMC/IEHNA 3aKaH4YMBaeTCd M Heob6xoAuMO ANns odopmie-
HUS pe3ynbTaTa NepeiTn B COCTOSAHME A7, KOTopoe GyaeT
coBepLwiaTb CABUMM MallUHbl 00 eAUHCTBEHHOro OCTaBLUero-
Ccs cumBofa |, Ha KOTOpPOM U cneayeT MepeilTn B CTOM-COCTO-

AHNeE. TO, nporpammva mMawnHbI MMeEEeT BUA:
«0 1

Mollo n-2s
daq a.l<74

o4 aolla4 |Hao

4.10. HeTpyaHO BUAETL, YTO, MPOBOAA PaCCYy>KAEHUA KaK
B 3afa4e 4.9., MOXXHO OrpaHNUYnNTLCA TPeMsA aKTUBHbLIMU COCTO-

AHnaAMn g~ a”, 43 1 noas3™MTb nporpamMmmy MallmHbl B BUAE:
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a0 1
1MN2
«2 OOI_IAO I |_||D|3

Uy aoHo4 ao/1n'3

4.12. [Ans pewieHnst NOCTaBNEHHON 3ajayn paboTy Mawiu-
Hbl TblOPUHIra MOXXHO NpPeacTaBUTL CRefylolmnMm ob6pasom: BO
BHELWHUI andaBunT MallMHbl BK/OYEHbl YeTbipe OYKBbI:
an™\,a,p\. CumBon |(nanoyka) ob6o3HavaeT eguHULY, a a 1"
P wurpalT ponb BpeMeHHbIX Nanoyek. Ymcno sanucaHo Ha
NneHTe B BMAe Habopa n nanoyek. 3TO CNOBO BOCMPUHUMAETCS

MaLUVHOW B cTaHgapTHOM MonoXXeHuUn. Hanpumep,

a, ao
a

B nepBom TakTe paboTbl MalLUMHbI OCYL,ECTBNSETCA CABUT
BMpaBso M MallnHa OCTaeTCA B COCTOAHUN . Mpwn atom mawin-
Ha BMUCbIBaeT B NYCTYIO KNeTKY 6sKBY a , CABUraeTcs BEBO U
nepexoauT B COCTOAHUE ~2 * ® COCTOAHUU MalwmHa B Kaxk-
[OM TaKTe CABUraeTcs BAeBO, OCTaB/sAsA 6e3 U3MeHeHU ByKBbl
a > p . MNpun gocTtmkeHMn 6ykBbl 1B COCTOAHUMU 6ykBa |
3aMeHsieTCcA Ha P, OCyLLecTBASIeTCA CABUT BIEBO U Nepexos B
cocTossHUe s53. Ecnm npu aTom ynpasnsaioLas ronoska o6o3pe-
BaeT MyCTYyl K/1eTKY, TO MalluHa NepexoanT B COCTOAHUE
Ecnun >ke ynpaBnstoLiasa ronoBkKa B COCTOAHUMN MaLllUHbI 060-
3peBaeT 6YKBY |, TO, ocTaBasAcb Ha MecTe, MaLlMHa rnepexoanT B
cocTosAHMe ?!. B cocTossHUMU MallMHa ABUXXeTCHA BNpaso [0
rnepBoOV MyCTON KNETKW, OCTaBNsASA Mpu 3TOM Ha MecTe OyKBblI |,
a, P . /loCcTUrHYB NyCTOW KNETKWM B COCTOAHUM MalimHa

BMUCbIBaeT B Hee 6yKBy a W ganee npouecc noBTopAeTcd.
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MawwnHa 6ygeT paboTaTb 40 Tex MOp, MOKa BCe Malioyku He
6ynyT 3aMeHeHbl Ha 6yKBbl P (CTO/bKO >Xe 6yKB a 6yaeTt BNu-
CaHo B NyCTble KNETKM).

Mpu 3ToM MallmHa NepengeT B COCTOAHUE B cocTtos-
HUM ~4 MallnHa ABUraeTcs BNpaBo, 3amMeHss OykBbl a U Ha
nanoykn. JOCTUTHYB NyCTOM KNeTKN B COCTOSAHUN MallunHa
nepexoguT B CTOMN-CcOCTOsHME. CnegoBaTenbHO, nporpaMmma ma-

LLIMHBI UMeEeT BNA:

«0 a P
ix gz |MNox arg®
AN, ofa; /llin3
[Ha,
OoHpo na, s

4.13. Bynem 3anuvcbiBaTb YMC/O M Ha eHTe B Buae Habo-
pa n nano4vyek. PaboTy MawunHbl TelOpHra MOXXHO MpeacTa-
BUTb cnegylowmm obpasom. MNycTb HayanbHas KoHdwUrypa-
umAa cosnagaeT Co CTaHAAPTHbLIM MONOXXEHWEM MalUUHBbI
Torga mMawuvHa HayMHaeT ABUraTtbCA BNEBO, MEHAS COCTOA-
HUA 01 Ha Aa, A Ha nT.A4A., 0~1 Ha A", a g~ Ha g™ Torpga
BO3MOXXHbl ABa cny4as:

1) MawmnHa yBMANT NYCTY KNEeTKY B COCTOAHUMU
(3TO 3HAYUT, YTO YMCNO HENYCTbIX KNETOK 6blN0 KPaTHO p).
Torga mMawwvHa nepexoAuT B COCTOAHME OMX U fanee «CTU-
paeT» BCe «nafo4YKun», CTaBUT OAHY MasiouKy N NMepexoauT B
CTOM-COCTOSAAHNE.

2) MawunHa yBUAUT NYCTYIO KNEeTKY B COCTOAHUN K D 1)
(3TO 3HAYUT, YTO YMCNO HEenycCTbIX sA4YeeK OblN0 He KpaTHO
p). Torga mawimMHa nepexoguT B COCTOoAHME ™3 W panee

«CTnpaeT» BCe «Ma/lOUKN» N OCTaHaB/INBAETCA.



OTBETbI, YKASAHV/A. PELLUEHNA 281

B cBfA3M CcO ckasaHHbLIM NporpaMma MalluHbl 3anunLeTcs
TakK:

1
a 2
or /83
91 s
9p |fl£l,1
o+l Hoo  «oHopt+2
2 a<fAp™l
3 Oollo «oHop+4
fp+4 aol19p+3

B uyacTHOM cnydae npu p =3 3Ta nporpamma 6yget
NMeTb BUZ!

«0 1
a Inad a2
9 aon 9% 183
9; aollls 1114,
4 |Hoo «oHpgh
95 aonpd
96 <090 IHA,

9r oolMa« Oollas

K
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