
'(• cos21
11.8-misol. *t™ xJ .2 cit in tegralni hisoblang.

2 1Yechilishi. Berilgan integralda / ( 0  = cos U g(t) = r^ deb, o ‘rta

qiymat haqidagi teoremaga asosan,

Í COS t у 1 .. 2  f* и, dt -  — 1 -cos ç, x < ç <  1
„ t  X

ni hosil qilamiz. Ve > 0 son berilgan boisin , u holda Vx e 

lar uchun

2 e (  1 Л  cos2¿j 
COS Ç  -------1 >  ’

1+e
V

\  cos21b o ‘lgani sababli x -> + 0  da - Berilgan limitai
I t

hisoblash uchun Lopital qoidasini qoilaymiz:

cos2 X
rcos2i , 2

limx- , a i= lim ——— = umcos x = l
j t - > 0  J  f  x - > 0  1  jc - > 0

X1
11.3. Chegaralanmagan funksiya xosmas integrallarining ba’zi 

bir tatbiqlari.
11.3.1. Yuzni xosmas integral yordamida hisoblash. f ( x )  funksiya 

[a; b) da aniqlangan, uzluksiz va Vx e [a; b) uchun / ( x )  > 0 boisin. 
U nda D = { ( x ;y ) : a < x < b ,  0 < y < /(* )}  sohaning yuzi ushbu

b

S  = J f ( x ) d x  xosmas integral orqali ifoda qilinadi.

11.9- misol. y  = x  3, y  = 0, x = —1, x - \  ch iz iq lar b ilan  
chegaralangan shaklning yuzini hisoblang.

Yechilishi. Talab qilingan yuzni quyidagi xosmas integral orqali 
hisoblaymiz:
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г --S = \ X  Зс/х = limj £->0+0 
77- > 0 - 0-1

= lim I 3 |e 3 +1
e->0+0 
17->0 - 0

1

| x  3dx + Jx  3dx =
- 1  ч ,

j + 3 ( l- i7 1/3) l  = 6(kv.birl.).

11.3.2. Aylanma jismning hajmini xosmas integral yordamida 

hisoblash. Ushbu D = {(x; y ) : a < x < b ,  0<  у < f ( x ) }  egri chiziqli
trapetsiyani Ox va Oy o ‘qlar atrofida aylantirish natijasida hosil 
bo ‘lgan aylanma jismlarning hajmi, mos ravishda,

b b 

Vx = n j f 2(x)dx, Vy -2 n j \ x y \d x  (11-3)

xosmas integrallar orqali hisoblanadi.

11.10- misol. y  = J -— , x e ( l ;  2] chiziq bilan chegaralangan
y  X  — 1

shaklni Ox  o ‘q atrofida aylantirish natijasida hosil bo ‘lgan aylanma 
jism hajmini toping.

Yechilishi. Talab qilingan aylanm a jism ning hajm ini (11.3) 
formula orqali topamiz:

V. =к [ - £ =  = lim n  f =k lim 2л/х-1
\ 4 x ^ 1  £̂ ° i+e "VX — 1

= 2n  (kv.birl.).

11.3.3. Aylanma sirtning yuzini xosmas integrallar yordamida 
hisoblash. f ( x )  funksiya \a;b) da aniqlangan, uzluksiz va uzluksiz 
f ( x ) hosilaga ega bo ‘lib, u / ( x )  > 0 boisin . f ( x )  funksiya grafigini 
Ox  o ‘q atrofida aylantirish natijasida hosil bo ‘lgan aylanma sirtning 
yuzi ushbu formula orqali hisoblanadi:

S = 2n  J  f ( x ) ^ \  + ( f ' { x ) f d x  . (11.4)
a

Shunga o ‘xshash, Oy o ‘q atrofida aylantirish natijasida hosil 
bo ‘lgan aylanma sirtning yuzi ushbu formula orqali hisoblanadi:
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S  = 2л  I  x(y)-Jl + (x'(y))2 dy .
С

(11.5)

Mustaqil yechish uchtin misollar

Xosm as integrallarning yaqinlashuvchiligini k o ‘rsating  va 
qiymatini toping:

r dx г dx г dx \  dx

U 1 - f e '  n -2- u -3- { ж -  " A  ! * + Æ '

r xdx rx  + 1 , r arcsin x
11.5. J j j r j -  И .6. 11.7. J

0 л/ l - x 2
Й?Х.

> dx r x2i/x r arccos x
11.8. I , 2 • 11.9. J г ---- 7 - 11.10. J 7 = 7

Q x ln x о v 9 - x  -i V I- x

о 1 fr e ' ,  r cosx ,
11.11. I — 11.12. I -r-^—dx.

_1 X ^л/sinx

Xosmas integrallarning uzoqlashuvchi ekanligini isbotlang:

r с/х V dx г xdx > cos x ,
11.13. I— ■ 11.14. К  г  11.15. I 2 , 11.16. I r - T - dx

i *  0 е “ 1 3 х - 1 о л/sin x

i
J  1 ï  1 тах Гe > Ce

j x lnx

Xosmas integrallarni hisoblang:

11.17. 11.18. \ ^ d x .  1 1 .19. f— dx. 11.20. jtgx«fe.j r nr J  Y  J  Y  J

f2 — V x - x 3 f dx
11.21. J ---- ---------  H -22- J Г  / T ~ V

0 л/х y/ï (x  —1)л/х - 2

11.23 } r ^ p -  11.24. J Æ * .  1 1 .25. Jlncos
0 \ J X \ X  0 0

î
11.26. jxlnsinxi/x. 11.27. J ^Jctgxdx.

о 0
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„ .2 8 . f -------- f t , ------- „ .2 9 .  f * *
- i  ( 1 6 - x 2 ) a / i - x 2 { yj{x-a){b — x)

r x 3arcsm x ,
11.30. J ,— — dx.

0 v l - x 2 
Limitlarni hisoblang:

JVl + i ’V i j r ' e - d t
11.31. Hm " 11.32. lim

X —> +co  X —>+°<>

■*”  i n i
X

 ̂ " 0 ■f * —■
11.33. l im x 2 f Sm, d t . 11.34. lim%/x f -e,,- d t . x~>0 J ( x—>o J t

B e r ilg a n  fu n k s iy a n in g  g r a f ig i va  a b ss is sa la r  o ‘qi b ila n  
chegaralangan shaklning yuzini toping:

11.35. y =  r~~T ’ xe (~1; o ].Vx + 1

11.36. y  = ’ x € № ° ’ 4)-

JC
11 37 7  =  i ? 3 ’ x G (2; 5)11~37- ^ (x -2 ) (5 -x )

11.38. 7 =  7̂ -  , * e [ 0 ; l )
V l-x

arcsinVx rA
11 .39 .7  = — f = —> x e  [0; 1).

VI —x

11.40. y  = J - X-  , x e [0 ;2 a) .
V 2 a - x

1 -j-
1 1 .4 1 .7  —•* In , , x e [ 0 ; l )  .

1 —x
Berilgan chiziq  va uning asim ptotalari bilan chegaralangan  

shaklning yuzini toping.
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n
Yechilishi. x ~ 7j' nuq ta atro fida  integral ostidagi funksiya

K
chegaralanm agan. Berilgan in tegra lda  x = - - - t  alm ashtirish  

bajaramiz. Natijada
n_ n
2 2

J  ln cos xdx = J  ln sin tdt (*)
0 0

hosil b o ‘ladi. Tenglikning o ‘ng tom onidagi integral ostidagi
n
2

f u n k s iy a  u c h u n  t - 0 n u q t a  m a x s u s  n u q t a  b o ‘la d i .  J l n s i n tdt
0

integralning mavjudligini ko ‘rsatish uchun bo‘laklab integrallash 
form ulasidan  foydalanam iz: w = ln s in i, d v - d t ,  du  =  ctg tdt,  

v = t , u holda

l
J ln s in i i / i  =  i - ln s in i

2

- 11 ■ ctg tdt = lim(i • ln sin t) -
o J  t-+ 0

2 L
-  J  t • ctg tdt = -JY - ctg td t .

t-ctgt funksiya 

mavjud.

da chegaralanganligi uchun oxirgi integral

2

Demak, Jlnsiniifr integral ham mavjud bo iad i, (*) ga asosan
o

n2
berilgan integral ham  mavjud. J  = J  ln sin tdt integralda t = 2u

0
almashtirishni bajaramiz:
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k¡ 4 it IА
J -  2 I  \ns\n2udu =  2 I  ( ln2  +  lnsinw +  lncosw)¿/w =

о 0

я/4 n¡ 4
= — ln 2+  J In sin иб/и + 2 j" lncosM<ÍM.

2 л

Я ’
K eyingi in teg ra ld a  w = —- z  a lm ash tirishn i b a ja rib , uni

z

Jln(sinz)¿/z ko‘rinishga keltiramiz. Natijada
0

£ £
7Г 2 2J  — — ln2 + 2j" In sin mí/m + 2 j  In sin zc/z :
2 n

2

= — In 2 + 2 f In sin zdz = — In 2 + 2 J .о J ?

К
Bu tenglamadan J  = ln2 bo'ladi. Shunday qilib,

jlncosxi&: = —-  In 2

1* ¿/x11.7- misol. ---------- -------: integralni hisoblang.
о ( 4 - x ) v 2 - x

Yechilishi. B erilgan xosm as in teg ra ln i h iso b lash  uchun 
o ‘zgaruvchilarnialmashtirishformulasidanfoydalanamiz. 2 - x  = t2 
deb belgilaym iz, t> 0, bu  yerdan  x  = 2 - t 2, dx = 2tdt, 
a  = \Í2, /3 = 0 bo‘ladi. Demak, quyidagiga ega bo‘lamiz:

f dx o f  tdt - o ' f  dt - ^ 7
] (4 -  x) -J l—x  =  t ( f  +2) ~~ J ? + 2 -  4 •

Bu yerda o‘zgaruvchilarni almashtirgandan so‘ng, xosmas integral 
xos integralga aylantirildi.
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rCOS2i
11.8-misol. integralni hisoblang.

2 I
Yechilishi. Berilgan in te g ra ld a /(0  = cos U &(0 = ;2 deb, o ‘rta

qiymat haqidagi teoremaga asosan, 

'• cos21 , f  1 ^i* COS f .  i  1 2 C £ 1— —  d t -  - l  -cos g, x < g < l
i x

'  e ^
0 ;rl + e

V /

ni hosil qilamiz. Ve > 0 son berilgan boisin , u holda Vx e 

lar uchun

2 g (  l , ^ COS2 |
COS £ - l  >

r cos21
b o ‘lgani sababli x —>+0 da j  -  dt->+  ©°. Berilgan limitni

hisoblash uchun Lopital qoidasini qoilaymiz:

cos2 X
l 2 - ---- o--
f C0S I 1 ■ X ,• 2 ilimx- —i— a i= lim —=-— = limcos x = lJ I jt-»0 1 x->0

X2
11.3. Chegaralanmagan funksiya xosmas integrallarining ba’zi 

bir tatbiqlari.
11.3.1. Yuzni xosmas integral yordamida hisoblash. f ( x ) funksiya 

[a; b) da aniqlangan, uzluksiz va V xe [a\b) uchun / ( x ) >  0 boisin. 
U nda D = { ( x ; y ) : a < x < b ,  0 < y < /(* )}  sohaning  yuzi ushbu

b

S = J  f (x)dx  xosmas integral orqali ifoda qilinadi.
a

_2
11.9- misol. y = x  3, y  = 0, x = —1, x = l ch iz iq lar b ilan  

chegaralangan shaklning yuzini hisoblang.
Yechilishi. Talab qilingan yuzni quyidagi xosmas integral orqali 

hisoblaymiz:
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2 2  2

S =  íx  3c¿c= lim \ x  3c/x+[x 3dxJ £->0+0 J •»

= lim
£—>0+0 
77—>0—0  V

Í 3 ^ + l j + 3 ( l - í j 1/3)l=6(kv.birl.).

11.3.2. Aylanma jismning hajmini xosmas integral yordamida 

hisoblash. Ushbu D  = {(x;y) : a < x < b ,  0 < y < f  (x)} egri chiziqli
trapetsiyani Ox  va Oy o ‘qlar atroñda aylantirish natij asida hosil 
bo‘lgan aylanma jismlarning hajmi, mos ravishda,

b b 

Vx = n j f 2(x)dx, Vy =2jcj\xy\dx (11-3)

xosmas integrallar orqali hisoblanadi.

11.10- misol. y =  y - — , x e (1; 2] chiziq bilan chegaralangan 
Vx —1

shaklni Ox o ‘q atrofída aylantirish natijasida hosil bo ‘lgan aylanma 
jism hajmini toping.

Yechilishi. Talab qilingan aylanm a jism ning hajm ini (11.3) 
formula orqali topamiz:

V = n  f -  lim n  í =7tlim 2 V x-1
, V x - l  , :L \/x - l

= 2n  (kv.birl.).

11.3.3. Aylanma sirtning yuzini xosmas integrallar yordamida 
hisoblash. f ( x )  funksiya [a;b) da aniqlangan, uzluksiz va uzluksiz 
f ( x )  hosilagaegabo‘lib ,u  / ( x ) > 0 bo‘lsin. f ( x )  funksiyagrafigini 
Ox  o ‘q atroñda aylantirish natijasida hosil bo‘lgan aylanma sirtning 
yuzi ushbu formula orqali hisoblanadi:

S  = 2 n j  f  (x)yj\ + ( f \ x ) ) 2 dx . (11.4)
a

Shunga o ‘xshash, Oy o ‘q atroñda aylantirish natijasida hosil 
b o igan  aylanma sirtning yuzi ushbu formula orqali hisoblanadi:
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