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So‘zboshi

(>)'lingizdagi ushbu kitob, “OWy matematikadan individual
iM]i',hiiiglar” nomh o‘quv qoilanmalar majmuasining ikkinchi gismi
Im 1y, u oliy o‘quv jairtlarining mxxhandis-texnik mutaxassislari
IIl. Imii moijallangan 380-450 soatlik dastur asosida yozilgan.
Miiiningdek, mazkur majmuadan, oliy matematika fanini o‘qitish
M him ajraiilgan soatlar anchagina kam boigan boshqga yo‘nalishdagi
imiIMX\VSsislar tayyorlaydigan oliy o‘quv yurtlarining talabalari ham
hivilaliinislilari mumkin. (Buning uchun taqdim etilayotgan
iniilci iiillardan kcraklilarini tanlab olinishi lozim).

i'iivsiya etilayotgan ushbu o‘quv goilanma, auditoriyada amaliy
imr.ligiilothir va mustaqil (nazorat) ishlami oikazish uchun hamda
nliy matematikaning barcha boiimlari bo'yicha individual uy
in]i.";liiriglarini bajarish uchun moijallangan.

O'quv majmuaning ikkinchi gismida kompleks sonlar, anigmas
\i iinici integraliar, ko'p o‘zgaruvchili funksiyalar va differensial
UMliitilialarga  bagishlangan mavzular bo'yicha materiallar
Kfliiiilgaii.

Kitobning ikkinchi gismi tuzilishi ham uning birinchi gismiga
iiviMii  o'xshash koiinishda yozilgan. Boblar, paragraflar va
i.i'mlamitig ragamlanishi birinchi gismga mos ravishda davom
iiliiiij'aii.

Kitobning yaxshilanishi borasidagi bebaho koisatma va
miisliiiuiilarini ayamaganliklari uchun mualliilar jamoasi, mazkur
mii.xhir a’'/.osi, rizika-matematika fanlari doktori, professor S.I.
lii.\oj:iycv  rahbarligidagi “Oliy matematika” kafedrasining
liimoiisiga, Minsk radiotexnika institutining “Oliy matematika”
I N ('hcrkasga hamda shu kafedraning dotsentlari, ilzika-
miili-m.itika lanlari nomzodlaii L.A. Kuznetsov, P.A. Shmelyov,

kiloit lor;isiilagi barcha ftkr-mulohazalaringizni quyidagi
iii.iii,'il|4i yiihaiisiilarinigizni iltimos gilamiz; 220048, Minsk,
Mii'.iu iuv sli(lik()'chasi, 11, “Bbicwias wkona” nashriyoti.

<).-b'k liliilagi tagimasi bo‘yicha Toshkent, Universitet
M, INnM  wl: 246-83-62 Mualliflar.
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USLUBIY TAVSIYALAR

Tavsiya etilayotgan goilanmaning shakii, undan foydalanish
uslubi, talabaning ko‘nikma va bilimlarini baholash mezonlarini
tavsiflab chigamiz.

Oliy matematika kursi bo‘yicha barcha ma’lumotlar boblarga
tagsimlangan boiib, ularning har birida masala va misollami
yechish uchun zarur boiadigan nazariy bilimlar (asosiy ta'riflar,
tushunchalar, teoremalar va formulalar) keltirilgan.

Ushbu maiumotlar yechilgan mashqglar yordamida
mustahkamlanadi. (Misollar yechishning boshlanishi - va oxiri
- M belgilar yordamida berilgan.) So‘ngra auditoriya mashg'ulot
(AT) va oikazilayotgan mashg'ulotlarda 10-15 minutga
moijallangan mustaqil (kichik-nazoratli) islilar uchun javoblari
bilan birgalikda masala va misollar tanlab olingan. Va nihoyat 30
variantdan iborat haftalik individual uy topshiriglari (IUT),
namunaviy misollar yechimi bilan birgalikda berilgan. WT
maium qgismining javoblari ham keltirilgan. Har bobning
nihoyasida amaliy ahamiyatga molik, darajasi yuqori
giyinchilikka ega boigan go‘shimcha topshiriglar joylashtirilgan.

llovada muhim mavzular bo'yicha bir va ikki soatga
moijallangan (har biri 30 varianthk) nazorat ishlari keltirilgan.

AT topshiriglarining ragamlanishi uzluksiz boigan ikki
sondan iborat: birinchi-gismi bobni aniglasa, ikkinchisi ushbu
bobdagi AU tartib ragamini belgilaydi. Masalan AT 9.1 shifri
ikkinchi  bobga tegishli  birinchi  topshirigni  aniglaj™di.
Qoilanmaning ikkinchi gismida 26 AT va 12 LU T berilgan.

IUT wuchun ham boblar bo'yicha ragamlash Kkiritilgan.
Masalan WT 9.2 belgisi beshinchi bobdagi ikkinchi 1UT
ekanligini ta’kidlaydi. Har bir IUT ning ichida esa quyidagicha
ragamlash Kiritilgan: birinchi son topshirigdagi masalaning tartib
ragamiga tegishli boisa, ikkinchisi variantning tailib ragamini
aniglaydi. Shunday qilib, IUT 9.2:16 shifri talabaning LLUT 5.2
dan 16 variantdagi topshiriglarini bajarishini belgilab, ushbu
variantda 1.16, 2.16, 3.16, 4.16 masalalar borligini ta’'kidlaydi.
IUT bo'yicha variantlami tanlab olishda oldingi topshirigdan
kejdngisiga o‘tganida tasodifiy yoki boshqga usulda almashtirish



Il iiliiii i]i>'Niisli iminikin. Bundan tashaqari, ixtiyoriy taiabaga IUT
Eiili' Iml.t Imi xil liiidiigi masalalarai har xil variantlardan olish

l...... Miisiilim, liri' -3.1;1.2;2.4:;3.6 shifri talaba IlUT -3.1 dan
e we diizciling 1 variantdan, ikkinchisini 4 — variantdan,
W liiiii liMiu - < variantdan yechishini ta’'kidlaydi. Bu

11 i \LiMiillai liosil gilishni ta’minlaydi.
nil  LiMii hii’fi oliy texnika o‘quv yurtlari (Belorussiya
i[iitiliii] - sn'l;»li)'Mii iiKv\:iiii/,a(siyalash instituti, Belorassiya

LIE v il Hlslilni cioMIlaimiaga nuivoliq talabalar bilan ishlashni
tr iUl ch'li 1)0 yii-lia iiiiunniy Uivsiyalarni beramiz.

| Qliy o'(]iiv vyiirlhiiiiiiiij.', 2'S talik guruhlari uchun har
liiiHiiilii  ikkila auditoriya uiaslig‘ulotlari, talabalar erkin
........... li,iili[,an inaNlalial darslaii rcjalashtiriladi va haftalik 1uT
ikl L5010 ladbirlami saiiuiiali tashkil etish maqsadida,
Liliili.iliii biliuiim, xato va kanicliiliklarini aniglash va tuzatish
Hillaiiiii - ko isatgaii  holda, tizimli baliolash uchun kafedra
l...... . olditidiui tayyorlaagan professor-o‘gituvchilarga IUT
iiini' iiiMililai vaiatjasi va yechimlar majmuasi beriladi (talabalar
mil limit Jliivoblar varaqasi har bir topshiriglar uchun
Lr, \Hl lilili.,1, voi’liiiiilar majrnuasi fagat yechish usulini, amallar
I ini I 1'lii".i va liisobiashlardagi ko‘nikmalaraing to‘g ‘riligini
ml Imi.h luhull /Zarur bo‘lgan imihim bo‘lgan masala va
>MiiiiiikiiJvi  ishlab cliigiladi. Kafedra tomonidan yechimlar
v.ii.ii] 1. q.iysi Il1) r lar uchun zarurligini belgilanadi. Yechimlar
i.n,ii],r,i (Dii(a variant bitta varagda joylashadi) talabalar
......... . hajaiilgan topshiriglar bajarilishida o‘z o‘zini nazorat
iplr.li iiiliiiii, lalabaliu- o‘rtasida o‘zaro nazorat tashkil etishda
I liLiiiladi Lckiii  ko‘pchilik hollarda yechimlar varaqasi
\nidaimdn o'qgituvchi usulning to‘g‘riligini tekshirsa, talabalar

i .iiimi'  liisob-kitoblari to‘g‘riligini nazoratdan o‘tkazishi



mumkin. Ushbu usullar 25 talabaning IUT larini 15-20 mimil
davomida tekshirib baholash imkonini beradi.

2. Oliy o‘quv yurtlarining 15 talik gurahlarida esa
haftada ikkita auditoriya mashg‘ulotiari, gurahlar dars jadvalida
mustagqil tayyorlanish uchun, o‘gituvchi nazorati ostida haftalik
yuklamaga kiritilgan ikki soatlik maslahat darslari rejalashtiriladi.
Dars jarayonini ushbu taxlitda tashkil etish (Belorussiya gishloq
xo'‘jaligini mexanizatsiyalash instituti), talabalaming mustaqil va
ijodiy ishlashlari hamda bilim sifatini o‘qgituvchilar tomonidan'
tezkor ravishda nazorat qilish darajasi sezilarli tarzda oshishi
kuzatiladi. Yuqorida tavsiya etilgan usullar bu yerda ham o‘zining
samarasini beradi. Lekin, ushbu guruhlarda AT va IUT lami
tekshirish tezlashadi va topshiriglami bajarishda nazariy
bilimlami nazorat gilish iinkoni oshadi, o‘zlashtirmovchi
talabalardan mavjud garzdorliklarni kamaytirish imkoniyati paydo
boiadi. Shuningdek, yana LWT, mustaqil va nazorat ishiari
bo‘yicha baholar jamlamasi yordamida o‘quv jarayonini
boshqgarish, nazorat qilish, talabalar olgan bilimlari sifatini
baholash imkoni ham paydo boiadi.

Yuqorida aytilgan tadbirlami amalga oshirish natijasida
semestr mobaynida o‘rganilgan bilimlar bo‘yicha an’anaviy
semestr (yillik) imtihonlardan voz kechish, hamda talabalar
ko‘nikmalari va bilimlarini baholash bo‘yicha blokli-siklik
(modulli-siklik) deb ataluvchi usuldan foydalanish mumkin
bo‘ladi. Ushbu usulning mohiyati quyidagilardan iborat: Fanning
semestidagi (jallik) yuklamasi 3-5 ta blok (modul) larga bo'linadi
va ulaming har biri bo‘yicha AT, IUT bajarilib, sild yakunida esa
ikki soatlik yozma nazorat o‘tkazilib, bu yerda 2-3 ta nazariy
savollar, 5-6 ta masala va misolllar beriladi. AT, IUT va yakuniy
nazorat ballarining yigindisi talabalaming har bir blok (modul)
va semestr (o‘quv yilida) hamma bloklar (modullar) bo'yicha
olgan bilimlarini ham alohida obektiv baholash imkonini beradi.
Shunga o‘xshash usul Belomssiya qishlog xo‘jaligini
mexanizatsiyalash institutida tadbiq qgilingan.

Fikrimiz yakunida, ushbu qo‘llanma o‘rtacha imkoniyatli
talabalarga mo'‘ljallanganligini va bu yerdagi bihmlami egallash



"b' iMiiii niMiikii goniqarli va yaxshi ko‘nikmalarga ega
In. HLhi,ymn  lii'miiiiiisliiiii ta’kidlashimiz mumkin. Iqgtidorli va
11" bilmi'ii o'i]iivflii (alabalar uchun esa, rag‘batlantirishning
"l ... miubllmr 1lilwrga oigan holda alohida murakkab
i"ji Imi.Jliii (};F1J;] individual yondashuv) tayyorlanishi zarur.

i iliii, ny iiilithiilaiga, o‘z ichiga ushbu qo'llanmadagi yugori
H him. Misiisiiii, liar bir bob oxiridagi qo‘shimcha topshiriglar
n(n I]ilLiii)'im) liiium scinesir uchun ishlab chigilishi lozim.
H qiHiMlii L/ililiu U)])sliiiiglarni semestr boshida berib, ulaming
i .ifiiiili~.1i kfimn kclligini belgilab (o0'zining shaxsiy nazoratida),
Mhilniliiic.ii uliy malcnialikadan ma’'ruza va amaliyot darslarida

mm iilliii Jiv.iili hiijarilgandan so‘ng sessiyada aio baho go‘yiladi



1. KOMPLEKS SONLAR VA ULAR USTIDA AMALLAR

7.1. ASOSIY TUSHUNCHALAR. KOMPLEKS SONLAR
USTIDA AMALLAR
Kompleks son deb, z = x + iy turdagi songa aytiladi. Bu
yerda, x vay lar haqigiy soniar i —V—1 esa, mavhum birlikdir,
ya'ni, kvadrati -1 ga teng boigan son yoki +1 —0
tenglamaning ildizidir. Odatda, x ni kompleks sonriing haqiqiy
gismi, y ni esa, uning mavhum qismi deb yuritiladi. Ular uchun
quyidagi belgilashlar kiritilgan: x —Rez va y= Imz. Agary = 0O
unga z = x E R agar x = 0 boisa, z = iy ni sof mavhum son
deyiladi.

Geometrik nugqgtai nazardan

garalganda, har ganday z ~ x +

iy kompleks songa tekislikning

biror M (x,y") nugqgtasi (yoki OM

Z=x+i vektor) mos keladi va aksincha,
tekislikning har ganday M (x,y)
nugtasiga z —x + iy kompleks

son mos keladi. Umuman,
kompleks soniar to‘plami bilan

Oxy tekislikdagi nugtaiar orasida

o'zaro bir qgiymatli moslik

] o'matilganki, Oxy  tekislikni
Z%ly  kompleks tekisligi deb yuritiladi
va uni z kabi belgilanadi (7.1-

1.1 rasm rasm)_

Barcha kompleks soniar
to‘plamini C harfi bilan belgilanadi. Har doim, R a C ekanligini
ta’kidlaymiz. Barcha z —x haqigiy sonlarga mos Kkeladigan
nugtaiar Ox o‘gida joylashadi, shu boisdan. Ox o‘qini kompleks
soniar tekisligidagi haqiqiy o‘q deb yuritiladi. Barcha z —iy
mavhum sonlarga mos nugtaiar Oy o‘gida joylashadi va kompleks
soniar tekisligining mavhum o‘qi deb ataladi.

Agar ikkita kompleks sonlaming haqiqgiy va mavhum gismlari
o‘zaro teng boisalar, ulami o‘zaro teng kompleks soniar deb
yuritiladi.



jc+ iy va z = X —iy turdagi sonlar o‘zaro tutashgan
(Imi'iangan) kompieks sonlar deb ataladi (7.1-rasm).
Avifda, = xi + iyi ~2 —X2 + iy2 ikki kompieks sonlar
ho' Isii, ular ustidagi arifmetik amallar quyidagicha bajariladi:
/. 172 = (xi + iyi)+(x2+ iyz) = (Xi + X2)+i(y-i + y2),
- R = (Xi+iyi)-("2 + iyz) = (XI - XQ+i(yi - yz).

(X, + iyi)(X2+ = (M2 ~ yiy2) +i(yiX2 + y2Xj,
£l — + X2 +yiVe N L Xeyi-XNy2
2~ X+  N2n xl+yl xl+yl

(oxirgi amal Zj * ~ boisagina o'rinli boiadi). Yuqorida
lid]iirilgan amallar natijasida, umuman yana kompieks sonlar hosil
Dni;idi  Shuningdek, kompieks sonlar ustidagi mazkur amallar,
li;i(liifjiy sonlar ustidagi arifmetik amallarga o‘xshash barcha
xosisalarga egadir, ya’'ni, go‘shish va Kko'payiirish amallari
kdininiitativ va assotsiativdir, hamda ular distributivlik xossasiga
i>>ii hoiib, ular uchun teskari amallar boigan ayirish va boiish
(iidl]',Yi boiishdan tashgari) amallari ham mavjuddir.

(-misol. Zi= 2+ 3i,22= 3- 4i va Z3= 1+ i kompieks

Noiihir berilgan. 2 = topilsin.
» Ketma-ket hisoblaymiz:
+23=(2+3i)+ (1 +0 =3+ 4i,
/"2 —(2+ 3i)(3 ~ 4i) = (6+ 12) + ¢(9—8) = 18 + i,
= (3-41)2"~ g _ 245 _ 16= -7 - 24j,

/] +ZjZ22+ z] = 2+ 3i+ 18+ i —7 —24i = 13 —20i.
............. . 13-201 (13-200(3-40 _ (39-80)+i(-60-52) _
v ~ “  (3+40(3-40 m- -

UnilgiiM 2 —x + iy kompieks sonning moduli deb, r =
\/zf songa a>'tiladi. OM vektoming Ox 0‘gning musbat
vii'uiilislii bilan tashkil etgan (p burchagi ni kompieks sonning
A |-imun(i deb ataladi va = Argz kabi belgilanadi.
1 (landay kompieks son uchun quyidagilami yozish
Inumk 111 (V.1 lasmga garalsin):
X = rcos(p,y = rsin(p,

coscp sirup

= yfx~y~-



Bu vyerda, kompleks son argumentining bosh giymati
< — argz uchun quyidagi shaitlar o'rinli boiadi: mmK<argz<n yokKi
0”rgz<2n.

Har ganday z —x + iy kompleks sonning tiigonometrik
shakli deb,

z = r{cos(p + isin<p) (7.2)
ifodaga aj™iladi. Agar Eyler formulasi deb ataluvchi =
cosq} + ising) ni inobatga olinsa, (7.2) dan kompleks sonning
ko‘rsatkichli shakli deb ataluvchi
(7.3)
ni hosil boiadi.

Yugqorida keltirilgan (7.2) bilan (7.3) formulaiami kompleks
sonlarni ko‘paytirish va ulaming darajasini oshirishda goilash
magqsadga muvofiqdir.

Agar = ri(cos(pj”® H- isiiKpj), Z2 = rz2icos(p2 + isiri(p2)
ifodalar berilgan boisa, uholda quyidagilar o‘rinli boiadi:

z7zi = riT2icos{(p-y + ~2) + isin((pi+<p2}} —
— = U (cos(®i “ (P2) + isini®i - (P2)) = — (z2™0)_
22 12 ~n

z” = r™Mcosn(p + isinrup) = (7.4)

(7.4) formuiani Mmana: formulasi deb ataladi.

Agar (7.2) kabi berilgan kompleks sondan wun-darajali (n>l1,
n E Z) ildiz chigarish lozim boisa, ushbu ildizning n ta gi)/matini
beruvchi quyidagi formuladan foydaianiladi:

Z,=Vi- VM(cosN-I"N+ isinn~n) =
n"™iicp+2nk)/n NOoAN-NY N (7.5)

V r- arifmetik ildiz deb tushuniladi.
2-misoL (1 + i)™ hisoblansin.

> (7.1) formuladan foydalanib, z = 1 + i ning trigonomet
yoki kc‘rsatkichli shakllami yozib olamiz: r —VTh-1 =
M2,cos(p = sin(p =j~.(P=~

z = V2 ("cos—+ isin™ -~

Muavr formulasiga binoan,

10



;- (cos (12 mo + ISIN (12 mo j = 42+ 6ann =

(.1{(«viivr + +isin3n') = —64 .~
.Uinisol. z¥ + 1 -- 0 tenglamanmyg ildizlari topilsin.

> Berilgan tenglamani z® = -lyokiz = kabi yozib
tilish mumkin. (7.1) formulaga binoan, -1 ning trigonometrik
shillh — = I-(cosn + isimr) kabi yoziladi. (7.3) formulaga
kn'ia, qaralayotgan tenglamaning ildizlarini

=Vv=1l=1(coi” + isinlliil) = bu

yri'dii k = 0,S

dan foydalanib aniglaymiz. k ga ketma-ket 0,1, ..., 5,
iJiyinatlarni berib + 1 = 0 tenglamaning barcha mumkin
ho'lgan 6 taildizlarini topamiz:

n n 23 1 m

/, -cC0s-+ isin-=~ +-i = 66,

n n
COS-- + isin—= i =
2 2

5 .5 Vs 1 - sni
ros-n +isin—m = -+ - - ¢ s
6 5 2 2
7 7 V3 . o Csni
COS-K+isin-n = — —~7/= s 6 = ¢ s
6 6 2 2
3 3 3ni 3ni
e 2 = e 2
1 ... ey i
4-inis<)l. ~ 1+ i3 — 0 tenglamaning ildizlari topilsin.

» /M= 1—;Vs = 2(cos| —isin™') boiganligi uchun (7.5)

N+ 20k AN+2n k

Inimiil:i).",ii bmoan, Z~=" \z — v2{cos- iSin-——) ni
yn/ii olamiz (/t=0,2).
Dcinak, berilgan tenglamaning ildizlari quyidagicha boiadi:

Z(=V2(cos--isin-),z~ = V2 ~cos = —isinj,

137r\

722 - VZ ncos*'l —jsin A}, ~



AT-71
1 Agar =2+ 3i, zj= 3+ 2i, zi — S—2i boisa,
(zi + 2z2)zg hisoblansin. {Javob: 54+19I).
2. Zi= 3+ 5i,22= 3—4i, Z3 = 1~ 2l kompieks sonlar
. = S ilsin. A s )
berilgan. z J3 ni yo™jj topilsin. {Javob . 5 i)

3. Zj=2—2i,22=—1+i, Z3=—iva Z4= -4 lami
trigonometrik va ko‘rsatkichli shakllarda ifodalansin.
4. z~ —1= 0 tenglamaning ildizlari topilsin. {Javob:

~ vz , ., V2 . . a2, v2 .

Zo = Zi o= Y -r = - — —-V~1,z~ = ~1, 25 =
Mustaqil ish
1. 1 Agar Zi=4+5i,22=1+i, 2= 7—9i boisa,
z = ifodaning giymati topilsin. {Javob: 40—320-
2. Zj=V3+i , Z2=— + 73 va Z3=—~ laming
trigonometrik va ko‘rsatkichli shakllari keltirilgan.
2. 1 Agar =448/,22=1—i,2Z3= 9+ 13i boisa,
w9 giymati topilsin. {Javob: 7+190-
2. z2—i=0 tenglama yechilsia. {Javob:
+
\
3. 1l AgarZi = 2—i,Z2= —1 + 2i,Z3= 8+ 12i bo'lsa,
(21+Z2+23)

topilsin. {Javob: 2+20-

2. Zi = 2/(1 +i), Z2 = —VV3 —c kompieks sol
trigonometrik va ko‘rsatkichli shakllarda ifodalansin.

7,2. 7- bobga qo‘shimcha mashqglar
1. Quyidagi kompieks sonlar ko'rsatkichli shaklda
ifodalansin
a) z ——vT2 —2i, b) z = -cos- + isin™. {Javob: &

4e™'/6,b)e"” A).
12



I. Ishollansin (1 + cosa + isinaY” = {icos-" (n G
n.i (/0.
Yig'indi topilsin Yk=0~  m{Javob: —p--— )
ml n ning ganday butun giymatlarida quyidagi tenglik
It iinli bo'ladi?
(11 = (1 - i), {Javob: n = 4k, k € Z.)
S.  liyler formulasidan foydalanib
( \ 1 c.0os2x + cos3x + — hcosnx &dg‘indi hisoblansin.
i.hnok: rK<’\o§—+\|(—xtlsin->~(.)
4  Ayniyal isbotlansin
» I (x ~ D(x™ —2xcos72° + I)(x™ —2xcosl44° + 1).
\ \iy nugtalarda ko‘rsatilgan shartlami
i]minall.inliriivclii sohalami (z) kompleks tekisligida topilsin va
niiii 1I".vil lansin.

7. IV Xl < 4, bu yerda; ~ 3 —5i. {Javob: markazi
| ho'iih, radiusi /?=4 boigan ochiq doira.)
H - I Xl «6,bu3erda —I| —i. {Javob: markazi —
mi.Ji.nin 111! 1), ladiiisi R “6boigan doiraning tashgarisi.)
N /] < 3. {Javob: markazi z —i nuqgtada boiib,
Liiliiit.l )| I var, = 3 boigan aylanalar orasidagi halga.)

Id (I [/ I-(] < 1. {Javob: radiusi R -1 doiraning z =
I (iu JLi(Jiiti niarkaZ.ini chigarib tashlangan ichki gismi.)
1 @ - w{M.7.)<2 . {Javob: y =0,y = ~™ to‘g‘ri

V4 const;,aER . {Javoh: agar a=0
m 1.1 1 limilii (- 0, ya'ni, clicgarasiz o‘ng yarim tekislik; agar
K 0 \Niibi 1l 0 boisa, I' holda, “ V2a) ~ NAdan

i\ Linaniii), icliKi v,i lasliiji gismlari nuqgtalarini hosil gilamiz.)

| » il N 0, bu yarda a = const,a GR {Javob: z ~ at
nili]l;l )

14. Ini{iy.)< 2 {Javoh: x —2 to'g'ri chizigdan chapda
Iis lii'.lipaii yai'iin tekislik.)

3



8: ANIQMAS INTEGRAL

8.1. BOSHLANG'ICH FUNKSIYA VA ANIQMAS
INTEGRAL

Faraz qilaylik, (a; h) oraligda f(x ) ftmksiya berilgan boisin.
Agar shu oraligning barcha nuqtalarida F'(x) = 7/ (x) kabi tenglik
o‘rinli boiadigan boisa, u holda, F(x) funksiyani /(x)
funksiyaning (a;b) oraligdagi boshlangich funksiyasi deb
yxiritiladi. Berilgan /(x) funksiyaning har ganday ikkita
boshlangich funksiyalari bir-biridan ixtiyoriy o‘zgarmas son
bilan farq giladi.

Agar C ixtiyoriy o‘zgarmas son boiganda, (a; ¢) orahqda
berilgan 7/ (x) funksiyaning F(x) + C kabi barcha boshlangich
funksiyalari to‘plamini / (x) funksiyaning anigmas itegrali deb
ataladi va u quyidagicha yoziladi;

ff(x)dx = F(x) + C.

Integrallashning asosiy qoidalarini keltiramiz-,

1)3/7'{x)dx =3d/(x) = /(x) + C,

2)d /7 f{x)dx = d{F{x) +C) = /7(x)dx;

3)/[/W = <p(X)]dx = j fix)dx = f <p(x)dx;

4) /af(x)dx = aJdf(x)dx (a = const);

5)/f(x)dx - F(x) + Cboiib, a va b (ai™O) lar o‘zgarmas
soniar boiganda, har doim quyidagi munosabat o ‘rinli boiadi:

J/(ax + b)dx = + b) + C;

6) agar J/(x)dx = F(x) + C boiib, u= <p(®) , ixtiyoriy

differensiallanuvchi ftmksiya boisa, u holda;
j f{u)du = F(u) + C.

Integrallash  natijasining to‘g‘riligini tekshirish uchun,
topilgan boshlangich  funksiyaning hosilasi  hisoblanadi,
ya'ni:(F(x) + Cy-/(x).

Anigmas integralning ta'rifiga ko‘ra, integrallashning asosiy
goidalari va asosiy elementar fimksiyalar hosilalar jadvaliga
asoslanib, asosiy anigmas integrallaming jadvalini tuzish

mumkin:
a+l

DNfudu=~ +C{an-I);

14



} i~ = In\u\+C;

Mla'du = -~ +C;

Ina

4) [ rulu :=enr + C]
'S I -'inudu = —cosu + C;
( I cos udu = sinu + C;
1,)7-7 =1 N N = -\arcctg~+C (an0);
T Y + G
H) H‘Vifl‘" /u n u-a B ---Zan u+a ’
*i) Siie 1 ~ln ou + ta” + C(a?n);
i*
ini
Il r = arcsin- + C = -arccos - + C (a>0);
WrIiUI’l* a a
IS H- tfl a+ C]
Il l”fl (i(/u + C;
L 1 un s )
M1 NV In I,|t/ \C —In QU St Y + C;
Hi Ith . M " m ' kUt

11 s ul 1AL 1),
1L 11 mill i |

1/. - \ 1w 1 C]
Mil .mlu 1 C
.]“ “ It + .

NiM[nii(Jji  ki-lliiilgiwi munosabatlar integrailar jadvali deb
ii.iliiili

I *Liiil) ~ (i*liiiii/Zki, keltirilgan jadvaldagi u haifi, erkli
MZi-aiii\'i i h;ini  boMishi yoki uzluksiz differensiallanuvchi
I iM\) limksiyii ham boiishi mumkin.

I 'liiikol. J dx hisoblansin.

» f - 2VXN-l-NM+ ijdx - 4f x™Mdx ~ 2F xs dx +
|

YN X E +/dx = AN —2-A+ 28+ X+ C—XN—

"Vv' ﬁ_~+x+C.W"
15



2-misoL f ~dx hisoblansin.

> NlERSL 97 = JUEEY X Sbiha &
/g++/ ~ =-Uarctbh%+ Cc.»

3-misol. / hisoblansin.

» / S"he™Mdx = J/(,Se",}/dx = in(se}) + C.l

4-misol. /(2x — 7)~dx hisoblansin.

» J(2x - 7)"dx = ;/ (2x - 7)" m2dx = + C=
¢(2x-7)"0 + +C.N

5-misoL / cos(7x - 3) dx hisoblansin.

» / cos(7x —3)dx = "/ cos(7x —3) d(7x m3) =
~sin(7x —3) + C

6-misol. / --—— dx hisoblansin.
m 1+X2
> =1lriflin
a [+x2 1+x2 * |+:c2 2 1+x2

—/ arctgxd(arctgx) = -In(l + --arctg”™x + C.A
7-misol. / ctgSxdx hisoblansin.

>/cthxdx=f’\dx =Nf . =i/m

B sm3x 3n sin3x 3  sinSx

AIN\sIin3x\ + C*<

Yugqorida keltirilgan 4-7 misollardagi integrallarni hisoblash
jarayonida .5-qoidani qoilash magsadida integral belgisi ostida
gatnashgan ayrim ko‘paytuvchilami differensial bSlgisi ostiga
Kiritilib, imdan keyin esa, kerakli jadval integralidan foydalanildi.
Bu xildagi almashtirishlami differensial belgisi ostiga Kiritish
usuli deb wyuritiladi. Masalan., differensialluvchi boigan har
ganday / (x) funksiya uchun

deb yozish mumkin.

8-misoi. j ZEin'Zx_dX hisoblansin.
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w ., ' s r 2xinxcosx , r 2sinx n

J--———-d x = f - — d(sinx)-
Hsm2x 4+sm2A:
] ! lii(4 1-¢-¢n™x) + C<S
- iHlittl 1,14 —dx hisoblansin.
i _irisfx*Ax + S+ C.AN
.......... XN+4x+5
_ AT-8.1
......... . n|_I. i,]l'l lillcgrallarni hisoblang va integrallash natijasini
. H Tilliili Uksliiring.
| ( < rVvV F + 7. — o+
3NN —— sin* X QOB X)dX.
1 | 8. J tg3xdx.
) eeeerneen In"*.»" f Varcsinx-x J
* (M.luM 9. J—n -dx.
10. /7 -~dx.
. } ‘ 11- /7 Arfx. -
« o0 2. (K%
It 1 M +
1 <.

il\./lliislaq'il ye.chis.h uchuH tops_hiriqlar L
\H..|hn, iiilf]'tillarni hisoblang va integrallash natijasini
oHL 1o Lillil) 1ksllilillg.

. Vx-" + 2sinx - 3)dx; 6j/(sin3x +
................... li] [ — dx.
(o + 2-7Ndx; b) £ (x” dx;
| Jih
’ [-7xM-M)dx:&;
M, , HIl')» «/ix)dx;c)/ctg(3x —2)dx.

TerDU ARM |

v i Ne {



8.2 FUNKSIYALARNI BEVOSITA INTEGRALLASH

Ko‘plab funksiyalaming anigmas integrallarini topisl
masalasida, ulami jadval integrallaridan biriga keltirish usulidan
foydalaniladi. Uning uchun esa, integrallanuvchi funksiyalar
ustida aigebraik ayniy almashtirishlar bajariladi yoki ayrim
ko‘pad*vchilami differensial belgisi ostiga kiritish yoii
tanlaniladi.

1-misol. f tg”~xdx hisoblansin.

>jtg™M"xdx =S(~ - 1) tyxdx =j ~ tgxdx -
f tgxdx = Jtgxd(tgx) =

~Ntg~Xx + Znicosxi + C.-4

2-misol. fx 3dx hisoblasin.

X +5

> =fArnNr"dx =fdx -f-~d x =x -
X+ S " X +5 L[] X +5
2 = X- -2/njx + 5i + C.M
3-misol. r ---—--—-- hisoblansin.
~ r dvaA,AX:B d x __ ¢ d x _
o XN-4x+8 XN-4x+4+4 (x-2)2+4

r d (x -2) 1 x -2 5 n
| —(— —=-arctg-—-- VC. <
4+ (x -2)2 2 ~2
f sinmxcosnxdx, f sinmxsinnxdx, f cosmxcosnxdx kabi
integrallami hisoblashda, mos ravishda quyidagi formulalardan

foydalaniladi:

1
sinmxcosnx = - [sin(m + n)Xx + sin(m —n) x],
) ) 1
sinmxsinnx = - [cos(m —n)Xx —cos(m + n) X],
cosmxcosnx = - [cos(m —n) X + cos(?n + n) X],

4-misol. / cos(2x — 1) cos(3x + 5) dx hisoblansiji.
>/ cos(2x - 1)cos(3x + 5)dx = -j'(cos(x + 6) +
cos(5x + 4))dx = = T/ cos(x F6) d{x + 6) + E‘J cos(5x +
4)d(5x + 4) = isin(x + 6) + +-“ Sin(bx + 4) + C. <
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LI (.7 Nidy (A, n E Z) kabiko‘rimshdagi integrallami

< t hollarni ko‘rib o‘tamiz:
h Il \1 It soiilaridan biri tog son bo‘lsin, masalan,
m ... I H 1l holda:

l. \siu"xdx —f cos™ xsin”™xcosxdx = /(1 —
sin™x)' si7I™Mxd{sinx).
el. 4 eliiiii]iili lunksiyalaraingintegrallaridir.
"1 m Nii H sonlarining har ikkalasi ham juft sonlar

HI'[ .11 hii  lioldii, I\'/rsr)T’\x: 1-eosex va cos'z‘x = easi kabi
I"...... It Il dii():ili, trigonometrik Ainksiyalaming darajalari
|i>iNiiiiil<iiti
A Httiol 1 ciis'*xsin”xdx hisoblansin.
> / cos"xsin™xdx —J cos™xsin™x sinxdx =
(I NN nis'*x)d(cosx) == - Jcos”xd(cosx) +
[ """ e » > . \) --Caos"x + -16COS"°X + CA
d Milmil 1 ( S{xdx hisoblansin.
-, s r 1+ C0S6X ,
"1i/i | "Jcoséxdx = “X + ~/cos5xd(6x) =~x +
ni, 1 1i »
Cimliit 1 "X -hisoblansin.

"I'l 11l tilrj>ralni hisoblash uchun kasr maxrajidagi kvadrat

1.1 i 9~(x"N+4x+4)
il 1 1 ) X+2+3 X+5
‘n + C~™-ln
....... S X+2-3 6 X -1
w mi -kl | | MI dx hisoblansin.
I ' Jtmilm kt) ]iiadga boiish qoidasidan foydalanib, integral
h' ' iitiiilii[4 funksiyaning suratini maxrajiga boiamiz.
'L mi. Plitlhiiujvehi funksiya butun darajali ko‘phad bilan
. .l kasrning yigindisi koiinishida ifodalanadi.
w'l I' ihihi iliiii ishlami bajarib, qujidagini hosil gilamiz.
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X4 m
STl + M Mdx=:7-2x" + 8Mx~+4)+iarctsl +
C. <

AT-8.2

Berilgan anigmas integrallarni hisoblang.

1. /(™M + e-2Mdx. a.

2. / VI — 7x~x~dx.

3. fg~dx. 4.

/ cos™ 2x sin™ 2xcix.

.

5, 6. /ctg”~2xdx.

j cos”™ 3x msin”™ 3 xdx. 0.
rx~-9 rx. 8. Jsin7x e
X9 sin 9xdx.
O.
dx

.

9. f XN +6x+13"

10. o

X?-6X+7"
11. /-¢irrfx. fx~r+x + 1
¢ o. max.

X+ 1

Mustagqil yechish uchun topshiriglar
Anigmas integrallarni hisoblang.

1. a)J-—- dx;, b), f cos 2x esin IOxdx;
c J

osX

c) ftg”ixdx.

2. n si~"7x - 1) sin Sxdx:
o % ax

3. f - 3x)dx;

o) idx.
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H\ KVADRAT UCHHADQATNASHGAN
HIN IVSIYALARNI INTEGRALLASH

| Sy (KLi)
mil I'i.iliii hisoblash lozim bolsin.
Nm.mlil, 1/o boMsin. Intégral belgisi ostida ba’'zi ayniy
IIMi'tdiKit LI hajiirib, quyidagini hosil gilamiz.
«.ld A r(~-x+b)+(2j-b) A rd(x~+bx+c)
I. “n= 2n
I "ftl\x’\+ex+c'++(&-v)/“ —
1 L A x’\+bx+c
(|| i |I|u||||Iag| integralni hisoblash uch un + bx + cdan
I’ I Fiiiliii Mladiiniz, ya'ni; x» + 6x + ¢ = (x + ) + c—4
I'l.i.h | ning ishorasiga garab, 7/ '72+~2 jadval
i. Jii.ill.imiiii)', hiriga kelamiz.

I HiUitl | . — — dx hisoblansin.
cMx+13

-, d 3 f23:+4-4-- 3 . 2x+4
> X = = ————e ~dx = ——mme- —
1. M ( 2- X"N+4x+13 2i X"N+4x+13
I 'Ix-h I\ —8warctg”™ + C.»
I iiluitl II ,_—_7dxhisoblansin.
n>:--
5 .2X-8+8-—
> w1 T 2w xRaxar 9% T
Dol — ----------:-—-7n|X2 8x + 7] +
o o»- 'n -2-4x+16-9
Mp = 8x + 7| + 13—/72X43 ++C—
2-3 X-4+3
X-7
_ - v + N\
(m-h m ||>I/|I(1/nX_1 C.

| )i (S.1) iniegraidagi kvadrat uch hadning
Mill lu .(» ' | Zir mf (ti:*0) kabi boiadigan boisa, u holda u
lu' li..lmi liriuliliishda a koeffitsientni gavsdan tashgariga

F1"l.n.iyiii T mm r” H-¢)x + ¢ = a(x™ + +-X 4--).
a a
" tMI-ol | , ' — dx hisoblansin.
~ > , 1f 4x-3
> (/X - dx =
' .11, 10 2"x2-6%45

2



2x~6  _ 9 dx

moX = -
J x2- 6x+ 5 23 "~“-3)2 - 4
= —n\x» —6x + 5| + I” 2+;e-3 + C.oi
2-X+3
{Ax+B)d
J - kabi integrallarni hisoblashda ham j/iiqorida

bayon etilgan usuldan foydalaniladi, ammo bu yerda,
yuqoridagidan boshgacharoq jadval integrallari hosil boiadi.
Agar ~ 90boisa,

iAx+B}dx A iH{tax+b b+ 7~ )dx d(ax~+bx+c)

\fax~+bx+c 2a" «Jax"+bx+c 2a /al*"Tbx+c
+f5--)/ — # A= VA" + to+ CcH+ (5-— f
Vv 7 < yiad e~ a R L
ni hosil gilamiz. U holda, oxirgi integral yoki,
f +C

dx

yoki.
. % = arcsin- + C
integrallaming biriga keltiriladi.

4-misol. f dx hisoblansin.
i VXx2-4x+8

it ypx-dxte 2 jXAx+8

dx
2-'V x2-4x+8 /(~-2)2+4
= 3Vx2 - 4x+ 8- 5/njx- 2+ Vv'(Xx - »)2 + 4

5-misol. f7—’\ 4 r=dx hisoblansin.

XN+2x+3
V-X2+2X+3
5 f.-2x+2+’\d2 5/ 2X+2 d ] dx
- N = N X - - X =————
V -x2+2x+3 V-x2+2x+3

—A4AV—"+ 2x+ 3 arcsin—~+ C.-
endi
Ax+B i i
o xaapresyy O
ko‘rinishdagi integralni garaymiz, bu yerda, fc0 butun so
boiib,p” - 4i? < 0 dir.
Agarda, va boiadigan boisa, aTiaii (8.1) holga
0‘xshash ayniy almashtirishlardan foydalanib.
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Ar {7xX'\-p)dx _ A jx"+px+q)
¢ (MpeHAN 2 -fc+l

n

I MI. I'L.iliii Llilcgralhishga keltiriladi:

Ux __ f dx I- du
RVETS VPN | - J
. Vip ( 4 g — > 0) deb
tirlptl t 101 TSI
o HH liiiiiihi, (iS..3) ko‘rinishidagi integrallami hisoblash
Il Int.l ii. 1 ia]inii)> darajasini pasaytirishga asoslangan quyidagi
(I ~wn. iiM.iiiimlii(laii ibydalaniladi;
| u 2fc-3 r du s n
moH”  za£k-N)(it2+a2)fcti  2an(fe-l)-' (ij2+a2)fe-i »
it Meviic | dx hisoblansin.
jlr - r 27+2 -2+10/3 . ~ 3 d(x"-+2x+5)
' Ly “O2N (x~+2x+8)2 2% (x2+2x+5)2
él (14" = - - i T [ —— f
‘M 2XN—+2Xx+5 \8((Z2+1)2+4)
| I ' | ' > 1}___ x+1
‘e " J\'i2x+5

1 x+1
¥+ -arctg
4 x2+2x+5 8 ‘mm’

5 .
Mi'ni nhi)ti (H.'1) kabi yozuv, keyingi hisoblashlarga o‘tishda

[H 11 i..MiMil,iil(iii loyilalanganlik belgisini anglatadi. (Bu xildagi

I" 'I" m Ml I. vH/iivdaii bundan keyin ham foydaianamiz).
AT-8.3

it ildvob: +arctgcC)

Y N\(/\ {Javoh: Ain|XA + X+ 11- arctg +

(Javob:-In\x» ~8x + 7\+ — In

2
. | | |, {Javoh: + ~Mn\x~ + 2x + 2] --
"l 1)1 Q)
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5. I\)4 LA=dx. {Javob: 3y/x~ - 6x + 18 +

XN-6x+18 -
SInx-3 + +/x*-.6 x + 18 +C)
- - — XN i
6. fv5+2x-x2dx' [Javob-, -SVS + 2x —x 3arcsin Ve +
C)
7. J— 2k Tavob 1 T arcig i hg)
(x2+2x+10)2 Xx2+2x+10 54 h3
8. Aj=~dx. [Javob: 2In\x + VT+ x* |—3slA + x™ + C)

Mustaqil yechish uchun topshiriglar
Anigmas integrallami hisoblang.

1. a)/-/it~dx; h)~r-j4~dx.

X2-6x+12 TR VX2+2Xx+2
2. a)f .— dx; b)/-i=I"=J=dx.
N x2-10x+9 n \/5"4x-x2

3. a)/-fiRdx; b)/-~=Ei§rndx.
' 2X"N+4x+9 o Vx2+10x+29
8.4. 0'ZGARUVCHINTALMASHTIRISH YOKTO‘RMGA
QO'YISH USULIDA INTEGRALLASH

Agarx = (p{t) fimksiya uzluksiz differensiallanuvchi boisa,
u holda, berilgan /f(x)dx integralda hai doim yangi t
0‘zgamvchiga nisbatan integralga kelish mumkin boiadi, ya’'ni;

j f(x)dx = ff[(p(t)] m(p'(t)dt (8.5)

0 ‘ng tomondagi integralni hisoblab, ?jatijada eski x
0‘zgaruvchiga gaytsak, berilgan integral hisoblangan boiadi.

Anigmas integrallami bu usulda integrallashga o zgaruvchini
almashtirish yoki o rniga qo Yyish usuli deb yuritiladi.

Bu yerda, shuni ta’kidiash kerakki, x ~ (p(t) almashtirish
kiritilayotganda, (p(t) bilan / (x) funksiyalar orasida o‘zaro bir
giymatli moslik boiishi va (p(t) fimksiya o'zgaravchi x ning
barcha giymatiarini gabul qgilishi lozim.

l-misol. / xVx —Idx hisoblansin.

> t = Vx —1 almashtirish kiritamiz, u holda, x = + 1
dx ~ 2dt

Natijada,
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| X\IX —Ildx = J(t“ + 1) mt «2tdt — 2 j(t+ M) dt =

V'l in+C =="(x-15+"x- 12+ C

2-iiiisol. hisoblansin.

» Bu yerda, x = a mtgt < t <~) aknashtirishdan
lit\il;il;uiamiz. dx = boMganligi uchun, (8.5) formulaga

lilunim quyidagini hosil gilamiz;
jS£Sd;t =/ S p!jliL =jV»pdt ==
] ¢

antg”t cos”t & sint
1 | ke cost+sin”t j-cost 2 1
—'7-rdt = =t Pr—dt = T g1+ [ —= dt==
(osl.sin”t ¢ costsm”t Nsmft__ ~ cost

— *+ In tgt + ———hC

sin

— + In tgt +
cost tgt

IyM + tgM\ + C = — + In\x + NeM~T-x™\ + C.<

(-iiiis»!. I Va~~-~dx hisoblansin.

> Bu yerda, x = asint almashtirishdan foydalanamiz.
ih iicostdt (— <t<~va —a<x<d) gako'ra,
iMi(L:i}>,iui yoza olamiz;

I M/ —x"dx = /Van - a”sin“tacostdt =
Il dt == f dt ——t + —sin2t+ C ——t 4

] 2 2 4 2

u llIIIDSi ]-C.

Ai'.u i :arcsin 2 vacost = vl —sin~t= 1-—"

I ~Ainlif un iiiohalgaolsak,natijada,
f V&t --x~dx = -_ arcsin-+ --- || —" +C =
1] 2 a 2

-;_arcsin -+ +-;\ia’\ —X"+ C.<
lii’il birhidi.
A\lun (imksiyalami integrallashda, ko‘pincha, x — (p(t)

«tlin.ti.iiin p.li fiiwis, baiki, t = (p{x~) aimashtirshdan foydaianish

MKii| uiiivoliqg boMadi.

i MiUol. j yN + sinx cosxdx integrallansin.
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> Yechish: | + sinx~t kabi almashtirish kiritamiz.

holda, cosxdx = —dt boiganligi uchun,
4

JV TTsinxcosxdx —ft3dt =~ + C=
n + sinxy + C.<

5-misol. / *x~dx hisoblansin.
» Yechish: —x” = t deb olsak, —3x~dx = dt yoki x*dx —
—~ boiadi. Natijada,

/ e~"xNdx = J dt = —ig*' + C = + C
hosil boiadi.

6-misol. § FEAPRAMEXE10 hisoblansin.

» Bu yerda, t = — almashtirish kiritish magsadga muvofiq
boiadi. U hoida, x = ’t‘—lva dx = —7 boiadi. Natijada esa,
quyidagini yozamiz:

dx 1 dt dt
Dt vsee2xHs NI D)242(]-)H0 T tve2+9 “
= .kn\3t+ "TWTI\ + C= -iln — + 1 -~+1 +C¢C."
3 ' . 3 x+1 AN (x+1)2

Eslatma. Anigmas integrallarni o‘miga go'yish
(o‘zgaruvchini almashtirish usuli) usulidan foydalanish jarayonida
go‘'yidagicha sxemani goilash tavsiya etiladi. Bu sxemaning
goilanishini yuqoridagi 3-misolni yechish jarayoni uchun bayon
etamiz:

» /Van - x~dx = X = asint
dx = acostdt
f —a”sint acostdt = i\cost\ costdt =
= Jcos~tdt = anf dt=Y Jdt+y /cos2tdt ==

—t+—sin2t+ C=" t+ " sintcost + C -
2 4 2 2

t = arcsin-,Sint - x/a .
@ ——arcsin -
cost —V | —sin~t —yjl —x~/an : a

1-~ +C=—arcsin-+-"~Ja" - + C.<
a. 2 a 2

26
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liiiiukin keyin ham barcha oraligdagi hisoblashlami yozish
<i liim iiliirni vertikal chiziglar orasigajoylashtiramiz.

AT-8.4
L. J7| 7]— 43 D {Javob: 2{\Ix+ 3—In 1+ Vx + 3) + C))

;. /I Xy(Sx™ - sy dx. {Javob: ~ y{Sx™ - 3Y™+ C))

| r dx /T T vx~+a? o, o,

t f nyVdX' {Javob: 2”1 + Inx —InInx +
VI + 1nx - 1+ ¢l

(Javod; 27NN - AW + 4 (1 + VN + C)

‘_7:d = {\Javoé _| l‘f_z_f_z_ff’_‘f_t’_‘f_'__h CJ
¢ X XA+X+I X
7 V1,44 —Xdx. {Javob: 72arcsin1~2+ 2V|44 XN +
|
N | wlisg Wavob: € — o
» f dx. {Javob: " (e* —2)Ve™ + 1+ C))

dx

I+Var™+
Mustagqil yecMsh uchun topshiriglar

I 1) j x*V4 —3x~dx ;b)/j~ d x . {Javob: a) —

I {x")"+ C; b) — X+ A/X—41n(l + Mx)N + C)

i 1) f VI + cos™ Xsin 2x dx; b)/ ~ dx. {Javob:
s .
@ 1cos™Mx)»+ C;h)C —--m- arcsin X.)

K5. BO'LAKLAB INTEGRALLASH
Lil- liih integrallash usuli deb ataluvchi usul, quyidagi

/ udv = uv —f vdu (8.6)
2



formulaga asoslangan. Bu yerdagi, u(x) bilan v(x) lar
uzluksiz differensiallanuvchi funksiyalardir. Ushbu (8.6) formula,
boiaklab integrallash formulasi deb yuritiladi. (8.6) tenglikning
o‘ng tomonidagi integral, chap tomondagisiga nisbatan soddaroq
integrallanadigan hollarda ushbu formuiani goilash magsadga
muvofigdir. Shuningdek, ayrim hollarda, (8.6) fomiulani bir
necha marta qoilash kerak boiadi.

Boiaklab integrallash usulini,
X'Asinax,xMcosax,xe™, xNIn"x,x”chax, x~shax,

ancosax, an™sinax, arcsinx, arctgx (n, k lar butun
musbat sonlar boiib, a,§8§ ER) va boshga xildagi funksiyalami
integrallash uchun goilash tavsiya gilinadi.

I-misol. f xe~~"dx hisoblansin.

> Boiaklab integrallash usulidan foydaianamiz. u = x
dv == e~"dx deb olsak, du=dx va v =f dx =
_ig=-x~~n (jojjn C = Odeb hisoblash mumkin). U holda,

(8.6) foiTaulaga binoan quyidagini hosil gilamiz:
7 xedx = X ~ 2x

-e + C. ™M
4

2-misol. f(x™ + 2x)cos2xdx hisoblansin.
u= + 7x du —(2x + 2)dx,
dv = cos2xdx,
V —J cos2xdx = "sin2x
u= X+ 1du= dx,
mm " + 2x)sin2x - Jix + I}sin2xdx = dv —sinZxdx,

V= —) COS2X

= i(x™ + 2x)sin2x + (x + I)~cos2x - ~Ncos2xdx -
-0 (XN + 2x}siri2x + i (x + I)cos2x +-sin2x + C.
3-misol, / xarctgxdx hisoblansin
_ t du = dx
u = arctgx, du = | n
2

» / xarctgxdx — ——arctgx —
dv = xdx, V—
1 rx n 1+ N 1f 1r
Adx:- arct*x --J -~ .d x =-arctgx—Jdkx +-7/ ox

l+x



4-inisoi. / e™sinxdx hisoblansin.
u —sinx, du —cosxdx, X
» / e™Msinxdx — \ ce™Msinx ~
dv - e™Mdx.v = -e/™M errsinx

u —CosX, du ——sinxdx,

- - - ARNeai _

'ﬁfe cosxdx v—edl( v _l X = ‘e~”sinx

-jQenncosx —freMsinxdxj = NeMsinx —eMcosx +
-f.1j g2xsinxdx.

()xirgi integralni chap tarafga o ‘tkazsak
-/ sinxdx = -e"sinx--e~"”cosx + -C.
4-! 2 4 4
Natijada,
s e™Msinxdx = é-e’\’\sinx —ée""cosx + C.-N
S-misol. f x n”™xdx hisoblansin.

u = In”™x,du = 2Inx --dx,
» / xNnxdx - ==-ln~x-
dv = xdx,v ——

u —Inx, du —
dv = x~dx,v = x/3
XA 2(x~ rxm d\ I~ A
J— _— ——— = — -- +
\3 inx T >5 3 n™x 9x nx

Tw N\ =N N N _ N\ N
+ JdX dx= X In X--% Inx+,J7x + C

AT-8.5
Aiii(]nias integrallami hisoblang.
I x cos 3xdx. {Javob: sin 3x + ~cos 3x + C.)
f arccos xdx. {Javob: x arccosx —Vi — + C))

f{x» —2x + 5)e~"dx. (Javoh: —e“~x™ + 5) + C))
j Lmxdx. (Javob: xIn® x ~2x Inx + 2x + C.)
"X cos X dx. (Javob: — ——f1In tg- + C.)

sin™ X

fxhrn'dx. (Javob: -~"e-"\x™ + 1) + C))

LI c¢™dx. (Javob: 2eM{\fx -- 1) + C)
N | ".iiuln x)dx. {Javob: ~(sinlnx —cos Inx) + C.)
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Mustagqil yechish uchun topshiriglar
Anigmas integrallami hisoblang.

1. a)l~dx; b)jxe~"~dx; c)f x arcsin xdx.
2. a)/ xeM-dx; b) f In(l + x~dx); c¢) f x cos dx.
3. a)/In(x 3)dx; b)JxCOS(ZX - dx; c)jx m2Mdx.

8,6.RATSIONAL FUNKSIYALARNI INTEGRALLASH
Ratsional funksiya deb, ikkita ko‘phadning nisbatini
ifodalaydigan funksiyaga aytiladi, ya'ni:
Vyi_ b’\x’\+b’\x’\ ..bBin M1\
A ppix) Ta0x"HaIX"-It..,.4,
bu yerda, m va n lar butun musbat sonlardir: 0;,aj ER (i =
O,m;j = 0,n).
Agar m<n boisa, R(.x) ni to‘g‘ri kasr, aksincha, m>n
boiganda esa, uni noto‘g‘ri kasr deb yuritiladi.
Har qganday noto‘g‘ri  kasrning suratidagi ko‘phadni
maxrajidagi ko‘phadga boiib, uni biron bir ko'phad bilan to‘g'ri
kasrning yig‘indisi shaklida ifodalash mumkin boiadi, ya'ni:

?W . Qi(x)

bu yerda, M,,_ " (x) va Qj(x) lar ko‘phadlardir; esa,
to'g‘ri kasr (/<n).
Masalan, ko‘rinishidagi ratsional funksiya, noto‘g‘ri

kasrdir. Ko‘phadni ko‘phadga boiish qoidasidan foydalanib,
suratni maxrajga boisak, quyidagini hosil gilamiz:
XN+ 4 , -33x + 14
= x2-3x4-10 +
XN+ 3x —1 + 3x—1
Ma’'lumki, ko‘phadni osongina integrallash mumkin, shu
boisdan, har ganday ratsional fimksiyani integrallash, to‘g‘ri
kasmi integrallashga keltiriladi. Bundan buyon, m<n shartni
ganoatlantiruvchi R (x) funksiyalami integrallash masalasini
0‘rganamiz.
Eng sodda kasr funksiya deb, quyida keltirilgan 4 xildagi kasr
funksiyalaming biriga aytiladi:
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Mx+N  _ Mx+N
K2pxHij " N (x+px+a)*
DU yerdagi ™4, a, M, N, p, g lar ixtiyoriy sonlar boiib, k esa
[k 2), butun son hamdap”™~4g<O0.
liirinchi va ikkichi xildagi eng sodda kasrlami integrallash
lu'vosita integrallash yoii bilan amalga oshiriladi, ya’ni:

—AIn\x - a\+ C,

Sluiningdek, uchinchi va to‘rtinchi xildagi eng sodda
kiisrhirni integrallash usullari esa, §8.4 da garalgan edi.

Dcraak, har ganday eng sodda kasmi integrallash, elementar
luiiksiyalar orqali amalga oshirilar ekan.

Ma’'lumki, koeffitsientlari haqigiy sonlardan iborat boigan
liii ganday P,(x) kabi ko'phadni hagigiy sonlar sohasida
i Jilyidagicha ifodalash mumkin boiar edi:

o(x™ + PjX + .. (X + PsX + gsY” (8.8)
hii yerda: ai, a2, ..., aplar Pji(x) ko'pxadning mos ravishda K\,
A) karrali haqiqiy ildizlari boiib, Py —4qy < O (y = 1,s)

I+ 24 .. +/cp+ 2" 4-2t2+ mm+ 2tg —n,.

(AlLA, ..., /p tj, t2, ,tp lar manfiy boimagan butun
(oiihiidir). U holda, quyidagi teorema o‘rinlidir:

Teorema (to*g‘ri kasrni eng sodda kasrlar yigHndisiga
yoyish).

Maxraji {8.8) kabi ko'rinishda tasvirlanadigan har ganday
(S O lo'g'ri ratsional kasrni har doim yuqorida keltirilgan 1-4
\ihl<n'J eng sodda kasrlaming yig'indisi shaklida yoyish mumkin
I>(ifi/di. Xususan, {8.8) ifodadagi har bir k. karrali ar ildiz
(' /0 ((® ~ ko paytmaga) ga, yoyilmada quyidagicha
k,i nnishda bo'lgan Kkasrlaryig‘indisi mos keladi:

x-ay * (x-ar-Y * {x-ay)r 8.9)
I'i,{x) ko'phadning har bir ty karrali juft o'zaro go'shma
kompieks ildizlar
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((x™ + Ppyx + qyY~ ko'paytuvchilarga) ga esa, quyidagicha ty

dona elementar kasrlarningy ig ‘indisi mos keladi:
MiX+Nj M2X +N?2 _~ MtyX+Nty

N\
XN+pyx+qy \x"M+VyX+qyY {x"+pyx+qy”~v

Yugorida keltirilgan yoyilmalardagi A, M, iV laming
giymatlarini aniglash uchun ko‘pincha nomaium koeffitsientlar
usulidan foydalaniladi.

Mazkur usulning mohiyati quyidagichadir:

Berilgan to‘g‘ri ratsional kasr R (x) ni (8.9) va (8.10) kabi eng
sodda kasrlarning yig‘indisi ko‘rinishida yozib olamiz. 1J esa, 0‘z
navbatida ajaiiyatdir. Shuning uchun, barcha kasrlami umumiy
maxrajga keltirsak, suratda {n~\) darajali Q n-i(x) kabi ko‘phad
hosil bo‘ladiki, u esa, 0‘z navbatida (8.7) ning suratidagi
Qmi”~) ko'phadga aynan teng bo‘ladi. Ushbu ko‘phadlar oldidagi
koeffitsientiami x ning darajalariga nisbatan tenglashtirib. A, M, N
(indekslari  bilan) nomaium koeffitsientlarga nisbatan n
nomaiumli n ta algebraik tenglamalar sistemasini hosil gilamiz.

Hisoblash ishlarini soddalashtirish magsadida ayrim hollarda
quyidagi mulohazadan foydaianish ham mumkin, ya’'ni,
Qmix) bilan ko‘phadlar ayniy teng boiganliklari
sababli, x ning har ganday sonli giymatlarida ham. uiaming
giymatlari o‘zaro teng bo‘ladi. x ga muayyan giymatlari berib,
noma’lum  koeffitsientiami aniglash  uchun  tenglamalar
sistemasini hosil gilamiz. Mazkur usulni odatda, xususiy
giymatlar usuli deb yuritiladi. Agarda, x laming tjiymatlari
maxrajning hagiqiy ildizlari bilan bir xil bo‘ladigan bo‘lsa, bitta
noma’lum koeffitsientga nisbatan tenglamaga ega bo'lamiz.

I-misoL f—zxjg - dx hisoblansin.
X(Xx-1Xx-2)
» (8.9) formulaga binoan, quyidagini yozamiz;
f  (2x- 3)dx C(A B c \
=Jt+ N

Agarda, mazkur yoyilmadagi kasrlarda umumiy maxrajga
keltirilsa, u umumiy maxraj integrallanuvchi fimksiyaning
maxraji bilan bir xil bo‘lib, (1) forrnulaning chap va o‘ng
tomonlaridagi integral ostidagi ifodalaming ham suratlari aynan
bir xil bo'ladi, ya’'ni:

2x-3 = A(x~ I)(x - 2)+ Bx(x- 2)+ Cx(x - 1) (2)
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Mii/kur ayniy tenglikning har ikkala tomonida x ning bir xil
ihiiiijalari  oldidagi  koeffitsientlarni tenglashtirib  quyidagi
i"ii)’ lainalar sistemasini hosil gilamiz:

x2 0="A+B+C
Xx-2=-3A ~2B~C
-3 - 21

MI uni yechib, A=-3/2, B=I, C=I/2 lami topamiz.

| indi, yoyilmadagi koeffitsientlarni xususiy giymatlar usuli
\nul:imida aniglaymiz. Shu rnagsadda, (2) ifodadagi x ning
n'liliga maxrajning ildizlari boigan =0,«2 ~ l.vaa”™ = 2
Misiisiy giyniatlami go‘yamiz. Natijada, -3=2M, -1=-5, 1=2C lar
\iiKi iilardan A--3/2,5=1, C=1/2 lami topamiz.

lIsliibu topilgan giymatlami keltirib, (1) tenglikka go'ysak,

/_3 P~
mix = 2, 1.2

N

2T —3
XX - D(x - 2)

- ~™MN\x\ + In\x - 11 +~In\x -2\ + C*

ni iiosil gilamiz (bu yerda, C*, integrallashdagi ixtiyoriy
Il /], annasdir).

2-misol. f T (X+1)2 hisoblansin.

» ro‘g'‘ri kasrni eng sodda kasrlaming yigindisi ko'‘rinisliida
lldlinlash haqgidagi teoremaga ko‘ra, quyidagini yozamiz:
r xdx _r/~
J {x-IKX+ir © \x-I {x+1)2" x+1)
i liuumiv maxrajga keltirilgandan so'ng,
X =AX+ iy*+B{x-1) + C{x™- 1) (1)
ni liosil gilamiz.
Agar X —1va X= -1 deb olsak, 44 = 1va -2B ~ —1 ni
Vi /1 1/4, 3 = 1/2 larni topamiz. Uchinchi nomaium C
Liu irilsiL'ntni anigiash magsadida (1) tengUkdagi  ning oldidagi
kiu-Hi(sicntlarni tengiashtu'ib, 0-A+C ni va undan, C = —/4ni
in]>iiiui/. Natijada,
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xdx

Cx-iX x +ir
1/4
Ix 1
f .
f 4 1 11
+ -d x -in\Xx -11- - =T - - mix + Il
X -1 1 1 o
+r n+
4  x+ | 2x + 1
ni hosil gilamiz.
hisoblansin

3-misol. ‘(Xl X+
> Yugqorida keltirilgan (8.9) bilan (8.10) fonnulalarga bino
integral ishorasi ostidagi ratsional kasrni eng sodda kasriaming
yig‘indisiga keltiramiz.
/ xdx

(x-i)(xZ+1)
N —_
* RQ)-E/X - (X-1)(X2 #1)

Bundan esa, x = AX + 1) + (Mx + A/)(x - 1) ni hosil
gilamiz.

Ushbu tenglikda x — 1 deb olsak, 1=2A yoki”=1/2 ni
topamiz. M=-1/2 biianiv=1/2 lami topamiz.
U holda: »

uf =/ (f+ - AL R+ i+
-arctgx + C

4-misol. 1)) I 3+2X2+S(dx hisoblansin.

> Integrallanuvchi funksiya noto‘g‘ri ratsional kasr
boiganligidan, surafaii maxrajga boiib, uning butun gismi bilan
to'g‘ri kasr gismlarini ajratib olamiz:
X"N+3xM-5 54 2x +10x-5
X3H2XMSX = X- YA+2X 245K
Endi. (8.9) va (8.10) formulalarga binoan,

R



{(x-2Y

VX XN+2x+5]
Il hosil gilamiz.
Oxirgi integral ostidagi ifodada umumiy maxraj topib,
it'iichkiiing chap va o‘ng tomonlaridagi suratlami teiiglashtirsak,
-fWx ~ 5= AXN + 2x -f 5) + Mx”™ + Nx ni hosil
o/,
It yerda, x ning darajalariga qai'ab ular oididagi
liiiclliisientlami tenglashtirib, quyidagiga ega boiamiz:
2-" +M]
10 = 2A + n\

5=51 9
Ma/kur sistemani yechib, A = -1, M=3, A"=12 1ami topamiz. U

i ililii:
e XN+2X+Sj X = —(,anI *
! | = | | Z A ,j 1. 3 A2x+2%dx , , @ dx..
¢ p.-——— Nijinra, {-2x + ~ +C <
P SN g %E—{ X + 5| a rcég C2
AT-8.6
(. f_~+ dx. {Javob: In + C))
i X"N-5x+6 N \Xx-3i !
2. J—1—dx. {Javob:— k---h4 + in Xx2)S C)
XN-4x 3 2 (x+2)3
311 1 A A2
o AN dx. (Javoé: X+ i +2zn ~ +C)
XN-xN X iXj
r XA-2x+3 S | AN
x—N34x2+3A)
(2x)’\-§x-3)d’x , ., JTB(’U-EYHSy’\ ,
£ /;
i//Cij[—Z—————}— C.\
& /Jer- I N je:l o)

2xtix

7. /(x+1)(x2+1)2' {‘JaVOb:

Ym(l  |-x")-1-C.)
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Mustaqil yechish uchun topshiriglar

Jf dx . Foo4dx
J. J (x-1)(x+2)(x+3) " ~Ax(x2+4)
(Javob-ii~] +C;b)to”™ +1i,)
r 2x°-+4ix-91 i_dx
2. J (X-IXx+3)(x~4) X(X+)" m
(Nwb: a)1tnji:=g|?ii + C;b)¢j+ br|~] + C.)
f dx r 13dx
3. Jz(x2-i)N NI a:(n:2+6n:+13)"

(Nyo*:a)'n ~ + G,b);,,~"5=]=+ BarrtijiS + C))

87 ayrim irratsional funksiyaiarni
INTEGRALLASH

Har irratsional fiinksiya uchun elementar fixnksiyalar
orqgali ifodabii~digan boshlang'ich fimksiyani topish har doim
ham mumkiii boiavermaydi.

Quyida, ayrim irratsional fiinksiyalarning integrallarini garab
o ‘tamizki, navbatida biron bir o'rniga qo'yish usuli orqali
yangi o0‘zg”"™vchiga nisbatan ratsional funksiyaiarni
integraitasnga Keltiriladi.

Quyidagi /7 R(x. dx bbi integralni
qaraylik.
Bu yerda- ratsional fiinksiya bo'lib, a, b, ¢, diar ixtiyoriy
sonlar, Tj,Si G ~ 1'/) butun musbat sonlar.
Mazkur integralni almashtirish orgali yangi
o‘zgaruvchi nisbatan ratsional fiinksiyani integrallashga
keltiriladi. Bu yerda, m=EKUK (~1,52,. m..¢jy) dir.

Xususan, / [ dx kabi integral X=w""’

almashtirish orgah ratsionallashtiriladi.
hisoblansin.

» Bu ysrda, EKUK(2,4)=4 boiganligi uchun x=u”®
aim asnurisn Kiriiiladi, ya’ni:

36



1

yixiK f x2ax _ X="u*
o VP'+4 dx ~ 4u~du
2 4un ~ 4
i-- —vidu—4 du = —u»
1 +4 + 4

16
~— Im\ur+ AN+ C=

44/-~ 16 .
=fVF-fZn | \/F + 4i + C.

(i luiiiki, u m=Vx edi).-»

/ iiiisol. / — hisoblansin.
VX+I+vx+Il
» Hii yerda, EKUK (2,3,6)=6 boiganligi uchun
Vx'nclx X+ 1= ru-éu~du ,ru*du
\])/1- 1+ Vx+1 dx = 6u~du N ~u™Mu2~~  J'u+a
ef (U™ —iin+u —I + du = "uN —2uN + 3u —

(.1 1inmMu+ 1j+ C=~I/ix + 1)2 - 2VXTT + sVXx + 1-
6V AT+~1 + + 6iit]ad”™+~1+ 1 + C."i
I'.sliilni»: Vax”™ + éx + ¢ ga nisbatan ratsional boigan ayrim

<.>iividagi koi'inishdagi integriilni garaylik f -j*"===.

Itu lulcgralni har doim quyidagicha yoyish mumkin boiar

L
- . dx

JiN\ixtc ‘C’Jt"w Vo™ b x +c+ b amaxnrbxec

Mu yorda, AER hamda Qn-i(x) esa Kkoeffitsientlari
"Miiiirliliu  boigan («-!) darajali ko‘phad boiib, uning
| "w ilii'-iiiiitlarini  aniglash uchun (8.11) ni differetsiallab
MiM ilmli. Natijada hosil boigan ayniyatdan, ham Cn-i(") i“ng
t Kii.siciiUari, ham X ni aniglanadi,

semiscl. / hisoblansin.
» (H.I 1) formulaga binoan.
dx
' = N o+ N+ + AXN + + ..
( Vy\14dx (Ax Bx Cx + D)"x 4+ Al Vio+d

Il vo/ib olamiz.
<iMij-i (cnglikni differensiallab, quyidagini hosil gilamiz
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X HAXA
2 (BAXM + 2Bx + C)/x2 + 4+

+(/tx=+Sx""+& + D);gf5j+ ;¢ = (1)

Tenglikning har ikkala tomonini Mx~~+~4 ga ko‘paytirsak, u

holda;
N N AND N + 2Bx + C)(x™ + 4)
+ (AXN + Bx™ + Cx + J5) mX + A

Nomaium koeffitsientlar  usulini  qoilab, quyidagi
tenglamalar sistemasini aniglaymiz, ya'ni;

X 1= 3"+ 4

0=2B+8B
4=12A + C+.

XN 0=4B+D

xf 0=4C+ A

Bu sistemani yechib, A=\!A, 5=0, C=1/2, Z)=0 va ).=-2 lami
topamiz.

Natijada,

XN+ 4xn

/ -dx = -2In X+ /xM+4 +C
Vx© + 4

ni hosil gilamiz.

Differensial binom deb ataluvchi ifodaning integrali,
fz~r(a + +6x”)2dx ni (bu yerda, a va é lar noldan farqli
boigan o‘zgarmas soniar boiib, m, n, p lar esa, ratsional
sonlardir) integrallash uchun uni Chebishev almashtirishlari
yordamida ratsional funksiyalaming integrallariga keltiriladi.
Quyidagi uch holni garaymiz;

1) agar p butun son boiadigan boisa, yugorida ko'‘rib
oiilgan eng sodda irratsional fonksiyalami integrallash holiga
kelinadi;

2) agar (m + 1)/n butmi son boiadigan boisa,
a+ bx™ = unMp = -,s > 0 kabi almashtirish qoilaniladi;
+
3) agar m 4-p butun son boiadigan boisa, a + ¢(x™ =

u™x” kabi almashtirish kiritiladi.
4-misol. / dx hisoblansin.

3



» lki yerda, m = ~7,n = 4,p = -1/2 boiganligi uchun,
\ -———- = —2 butun sondir. Shu boisdan,

tM]a ida garalgan 3-holdan foydaianamiz:
1+ XA unx*

X A~ (un 1)~4
+X*
dx = --(u”™ —1) MN*udu
5
(UA --1)4 =1t ~Ae(ur - 1)2 (ur - ne Mudu =
\ 2/
= —fur--1)du = -Aur+iuscnr u—H
AT»8.7
Aiiigmas integrallarni hisoblang.
‘e (NewgNN|A/N + 4] + C)

(-~ovofciVF +H-Vii+ Htai-VF-il +c)

1 1//i(V3x + 4+ 21)) + C))

4. {Javob: AMyjx + IVX-\-AMInY~Mx—I\ +C )
1—x dx ’3_ B i Yitx—/i—F + 2 g~ & C
e x {Javob: in VitxtVin arctg )

*.  /z®I1j{l + x~y-dx. {Javob: ~lj{I+x~y - - \i{l + x~Y + C)

Mustagqil yechish uchun topshiriglar
Anigmas integrallami hisoblang.

l. a)/-.~dz; b)J ™ .
W+1 V xn

Uavoh: a) *(I'F - In(V™ + I)) + C b)lilzj~/z+! + ¢.)

> a) [P ax; B)'" 3

V’\+ |)24 VB

(LN N + Cb)3VXTI- 4{x + 1) + C)
,r dx 1, r 4xdx
VX+MX V(3x-8)Z-2"NV3xN+4 m

3



{Javob: a) 6 + VX —In{l + yx) + C.j ;

b)iV(3x -8)4 +-(3x- 8)+ C)

88. TRIGONOMETRIK iFODALARNI
INTEGRALLASH
f R {cosx; sinx)dX (812)
integralni garaymiz. Bu yerda, R ratsional funksiya. Bu
xildagi integralni integrallash, universal almashtirish deb
ataluvchi tg ~ = u kabi almashtirish yordamida yangi u

o‘zgaruvchiga nisbatan ratsional funksiyani integrallashga
keltiriladi. Bu yerda,

= 2ud 2du 813
COSX = _]:_-;_U’\ ,SINX = _]:IU;{ X - '"1“_'{1]5 (v\ . )\
belgilashlar inobatga olinadi (§8.6 ga garalsin).
1-misol. r------—---—- hisoblansin.
# l+sinx+cosx
> tg- = u deb olib, (8.13) lardan foydalansak, quyidagig
ega boiamiz:
c dx f 2du/(1+u”) f du N
Ji+sinx+cosx - & =l 2t 1.u -JikL- +C -
"l+u
In
2

Agarda, R (—cosx,—sinx) ~ R(cosx,sinx) kabi ayniyat
o‘rinli boisa, integi-al belgisi ostidagi funlcsiyani ratsional
ko‘ri;aishga keltirish uchun nisbatan soddaroq boigan tgx = u

almashtirishni qoilash mumkin. Bu yerda esa,

u 1 du
sinx - ,COSX - ,dx = s r (8.14)
ym ? ym ?
kabi ifodalar inobatga olinadi.
2-misol. f— | hisoblansin.
3+sin”™x
» tgx = u deb olib, (8.14) lardan foydalanamiz:

du
7172 r du 1 A 2u

C dx r B
. - ) o« - +
wfiS S S / 14D SS 5 v i S
1 N2 LA
arctg 2Ry Cl<
2v3 /3

3-misol. J tg”~Ixdx ni hisoblang.
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> Bu integralni hisoblash uchun tg Ix —u almashtirish
wii ilamiz. U holda, x ~ ~arctgu va dx = i inobatga
iilil), quyidagiga ega boiamiz:

/ tg"2xdx 1/ ij ur- u+ du=»n -

lir F+;in(l +u”) + C= Itg*2x -\tg'"*2x + ~In(l + tg"2x) + C.»

ff (cosx”sinxdx va Jf(sinx)cosxdx kabi integrallami
hisoblash uchun mos ravishda cosx =t va sinx =t
iilmashfirishlardan fo3dalanish magsadga muvofigdir.

4-mlsoL f hisoblansin.

cos*x
» cosx = t deb olamiz, u holda:

rsinAXx re 1 -coms™x ].—t" y s rdt cdt

— —dx —J -—- —smxdx Mo =-3%+57 -
® COS*X m cos'™™ ’
S 1> 3 1Jdr -~ - m+C.M
d 3 COSX CcosX
... cosZxdx . .
5-misoi. 1=/ * hisoblansin.
» 2+ 3sin2x =  deb olsak, cos2x --t”~ d t boiadi. U holda:

/=ijArM1/dt=it +C=fV(2T37~+C.<i

AT- 8.8
Berilgan anigmas integrailar hisoblansin.
R (o A
1 ~{Javob: i in + C)
2. > (Javoh:Marctgh A+ S)
3sin® x +5 COS'
3. o .@avob: In 77 )
8-4sin3i:+7 cosx
asVd as?
4, cos™ Xsin™® xd x. (Javob: 11 X
13 ' o+
hgx+3-\/3
5. 7 r~ ~.(Javob:-~AIn —— —j= + C)
sm/\x+3sma cofz+cos”a: %/I3 2tgx+3+y 3
Q. sin'~ 3xdx. (Javob: ~ "sin 6X + ;sin 12x + C)
o+ + ..
7. GB”}(S”EB? tJava - In 1T 4 i sinXcosx + C)
COS* x—sin'™ x 1-tgx
K . (Javob: In\tgx\ ZSrf\errC )

4



Mustaqil yecMsh uchun topshiriglar

Vcos-~i ! 4-5smx =

{Javob: a)| cosn/s x —3c0s ~3x + O\b) 15 m 4 C)

2. a/-I~rdx;b)i»

m\I3-¥4sin2x sinr+l
{Javob :a)iVTTTsIlnZx + C; b ) + z+ 17)

X ~or sin 3xdx _ p sin” srdlC
\r(i+2cos'Sx)™" I-vcos”x*
(Javob: a)~V3 + 2cos 3x + C; h)™arctg - x+ C)

8.9. 8-BOBGA DOIR INDIVIDUAL UY TOPSHIRIQLARI
IUT-8.1
Anigmas integrallami hisoblang (1-5 topshiriglarda
integrallash natijasini differensiallab tekshiring).

1.
i.i./ JiH ci:*. 1.12./(xV JI-~+i)<i*,
IAi. Hx”~r~"-3)d x.
2X 3
1.3. 1.14.
1A /7 -NiN*-dx. 1.15. / (™~ + 2*~-4)4r.
1.5./-32X2X° gy Ples, JYIA3X0%2 g0
1.6. j 117, Jx- SVAS +
/ 04/- X t io r2x~~y”~+\
1.7. fte-i~ + 3 )d x
,  r--n «< fSXN-V+y,
1 . 8 . 1 . 1 9 . / dx
19, f 1.20. f dx.
J N
L10. 7 ditfil* . [ (A -:2 +7)*m
n rv/A-2x"™6
VXS-5x™+3 / |
1.11. dx. (574

1.23. 4 .i~)"~d x
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/ (f

I». |"(Vx-N+ 2)iii.

1-19. 7 (G -;’i+s)dx.
IM,, ..

- R 130. /(y - + 3 dx.
2.1. 7/ V3 Y xdx. 217, /IT+3xdx.
2.2. 3 VI + xdx. 2.18, / VT4 3xdx.
23./Y(1 + x)2dx. 219, 7 ¥

J(3=3"5n
2.4 Apxe 220 43
2.5. L
2.2 243
269 \oix 222 | V5 —2x dx.
27./7(1 - 4xMN)dx. 223. IV5-4xdx.
28. /(1 + 4x)™dx. 2.24.
29. /(1 - 3x)™dx. fA - 5x)2dx.
2.10. /vTTSxdx. 295  fV T:Sxdx.
2,il. / VS - 4x dx. 2.26. f Vd4-~~dx
2.12. 2.27.  f V3™ 4xdx
213. J dx 2.28. / V3~+ 2x dx.
V(1-4X)S ' 229
dx
2.14. f V(3-4X)2 J V(3 + 5x)3dx.
dx
2.30. [/ y™M2 - x)2dx.
215 f e m yX( )

216. f §)3 —2x dx.

3.
u.s* 3.4.7R8 37.7 %
sdx' laaz:x 3(>j<)-(z
~2.3 35./ 38. f
33;9 2;3)}( DK+3
V3. f Siax’ 3.6.7 b ex 3.9. /3_X-4'
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31 3.17. 3.24.

dx dx + dx

f 4-3x 5+3x" 2+7x’

3.11. 3.18. 3.25.
dx dx r dx

f 3x+4 3-Sx" ,  7-3x'
3.12. 3.19. 3.26.

r dx dx r dx
4X-2' f 5+4X 5~2x"
3.13. 3.20. 3.27.

I dx I dx dx
5-3x 6-3X 2X+7"
3.14. 3.21. 3.28.

I dx dx d.x
4-7X f 6+5x 2x+9
3.15. 3.22. 3.29.

dx r dx d.x

f Sx-3 1-7 x* f 7X-3
3.16. 3.23. 3.30.

r dx r dx dx
3~2x’ I+6x* f 6x+1

4.
4.1. / sin(2 —3x) dx. 4.16. / sin(4x + 3) dx.
4.2. f sin(3 —2x) dx. 4.17. / sin(5 - 3x) dx.
4.3. / sin(5 —3x) dx. 4.18. / sin(3x + 6) dx.
4.4. f cos(2 + 3x) dx. 4.19. / cos(5x —8) dx
45. / cos(3 + 2x) dx. 4.20. / cos(3x ~7) dx.
4.6. / sTn(4 —2x) dx. 4.21. / cos(5x —6) dx
4.7. / cos(5 ~ 2x) dx. 4.22. Jsin(7x + 1) dx.
4.8. / cos(7x + 3) dx. 4.23. Jcos(7x + 3) dx.
4.9. / sin(8x —3) dx. 4.24. f sin(7 — 4x) dx.
4.10. / sin(3 + 4x) dx. 4.25. T cos(3x - 7) dx.
4.11. f sin(3 ” 4x) dx. 4.26. f sin(8x — 5) dx.
4N2. / cos(4x + 3) dx. 4.27. Jcos(8x —4) dx.
4.13. / cos(3 —4x) dx. 4.28. /sin(9x ~ 1) dx.
4.14. / cos(2 + Sx) dx. 4.29. / cos(10x — 3) dx.
4.15. J cos(3x + 5) dx. 4.30. /sin(9x + 7) dx.
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51 $8.03

529 \oxnai

dx
53.f 9243
dx

55/ \iing

2xdx

6.1. /
V5-4x2
xdx
‘m'e/vi=iP
r 3xdx

6.3 4

4xdx
6.4. /
V3-4x2

r 2xdx

6.
¥ V4x2+3

6.7/ a0

6.4,
v3x2-2

2xdx
6.9./7-
V3x2-2°
A 2xdx

6.10. \/7/\2

5.12.

513.
5.14.
5.15.
5.16.
5.17.

5.18.

5.19.
5.20.

5.21.

6.11.
6.12.
6.13.
6.14.
6.15.
6.16.
6.17.
6.18.
6.19.
6.20.

5.
dx
V4-7x2

r VSdx

V'3-4x 2
dx

V2;c2-9"
dx
22+ 7m
dx

‘JIsxN+1
dx

3X2+2m
V2dx

V7-2x2"

JIAdX.

2x2-7"
dx

8x2+9
dx

3x2-2m

6.
xdx

2x2-7m

xdx

3x2+8"
2xdx

3x2-7m
2xdx

V2x2+5"
N oxdx

7T=3P'
r xdx

2X2+9'
A 5xdx

V3/"5P¢

xdx

/ n3x2+8

r 5xdx

n/5x2+3'
xdx

/ 3x2-6m

45

5.22.
5.23.
5.24.
5.25.
5.26.
5.27.
5.28.
5.29.

5.30.

6.21.
6.22.
6.23.
6.24.
6.25.
6.26.
6.27.
6.28.
6.29.

6.30.

r_~L_
4x2+3 =
A dx

n/4x2+3*
f-gf-.-

é%—4x2—
r dx

V9-8x2Z2
dx

r xdx
5x2+1 "

r

i 5x2-3 =
< xdx

2x2-7'
r 9xdx

VI-9x2'

3xdx

Ox2+2*
5xdx

3xdx

'/9x2+5'
2xdx

SxN-3m

xdx

3x2 -2
7xdx

7*2+1m



32 7m

8.1.7 "Ndx.
8.2. / eN+sndx.
8.3. f enN~"dx.
8.4./e2"+idx.
8.5. f e™M--dx.
8.6. f eNN-Ux.
8.7. f eNM+Ux,
8.8. f eN~"-Ndx.
8.9. f en-~dx.

7

TNn2.
dx
f

3IxXN+T7"
7.13.
dx
f

6XN—7 m

7.14.
dx
mn2+6"

7.15.

dx

ViN3x2m

7.16.
dx

6x2+1 m

7.17.

I dx
-J5x™-1
7.18.

dx

f 3xo-5

7.19.
dx

f V2/\3/\'

7.20.
dx

I onvacz
7.21.

f dx

V3x2+8'

8.
8.10.

8.11.
8.12.
jeMA+Y X,

8.13.
/ e/ dx.

46

7.22.
dx
/ n/3xn'
7.23.
r dx
2X2+7"
7.24.
dx
4x2-3m
7,2S,
dx
3x2+4m
7.26.
dx
/ \/82-9
7.27.
dx
VS-4x2
7.28.
dx
vT=3x2'
7.29.
dx
/ \ax2+5
7.30.
I _ dx
XN
*

8.14.

f enn~4x.
rnns.

/ en~"ndx.
8.16.

f e ™~"Mdx.
8.17.

/eN-s-dx.



N.18.
K 19.
f en~""dx.
K.210).
ce™M~"dx.
8.21.
f emM+Yx,

dx
‘.01

(2x+21)Y In7ilx+1)
4.2.j~sSs~d x.
X-ld
>3/ X

dx

)41 (1->kYrn3(1-n:) m

X-1

2X-1
lea I3|;|1I 4(,1-.
.8, [Mommmmmm e .
(x+1)1n"(x+1)
9y, T ifL -

X+ Mn(x+D) ¢
9.10.

] xX+1
f& illa x .

_xX+1__

Ji:~d x.

X+1

411 fi~~d x .
X+1

<,Jl.

4.12. i

dx
».14. f-—-- S7=T.
" (xH)VAne

150 jI N & d x .

= X +1

— |
Ny 1)

8.22.

fen-~rndx.
8.23.

/ en~""dx.
8.24.

/
8.25.

f en-~Ndx.
8.26. / en-"dx.

9.

9/16.

9.17.
9.18.

9N19.
9.20.
9.21.
9.22.
9.23.

9.24.
9.25.

9.26.

9.27.
9.28.

9.29. g
9.30.

41

8.27.

8.28.
H.29.

f en"+4x.
8.30.

dx
/ (x+2)MIn(x+2)"

3x+l1
dx
¢ (x-3)In'"M(x~3) "
¢ dx

(X+5)EN3(x+S) '

S -~d x.

fa~r~dx.
] X+4

frrndx.
X-7

X+3

im/AE seUd™,
u x-5

dx
f (x+3)In*{x+3)"

f

X-S

f& ~d x .
X+6
dx

f

(x-4)In~(x-4)"
In°(x+9)

X+9
in(3x+5)

3x+S



t- j‘ V_é;\cco_slx d 12 27 / arctg”'ix

A O l+9x"
12 24 HT f_0-rccos™7x
o s 9% fnar=-
1225 osen 12.29. | E S fidx.
1226 12.30. /& | 0% dx.

/ Vi-2 5p:2arcsin5x *

13.

131, 13.17. j ennernsnsinxdx.

13.18. jre™Min-~cosxdx.
13.2. 13.19. J en~~"xdx.
133 R84 13.20. / e~-AA\dx.
13.4. / en°Msinxdx. 13.21. /e 4-3"2, dx.
13.5. / ennnnxndx. 13.22. J e MoAAAgin2xdX.
13.6./ = dx. 13.23. f xdx.
187, 1 e, 1324, 3 errena
13.8. / e~-~\dx. 13.25. | -qxa—dx.
13.9. / e*M+~xdx. 13.26. f e~M\~"dx.
1310 Jf ~N_7~Zgarcsinx 13.27. JI' 5;2:-
13.11.  J eMAAxdx. 1328, xdx
13.12. 7/ eN-47N"xdx. 1320, g xdx
13.13. / X1 m

-\
13.14. 7/ eN"/~N"Acosxdx. 13.30. 3645”' xdx.

13.15. /e™-N xdx.
ts'sr.
13.16. /e oo dx.

14.
x-1
14.1.7 —g—, dx. 144. f R x.
N
142.f4 d.x . 14.5.3 ;7 d x .
14.6. J X .

3’\2+
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,4.20.

14.8./-1]idx 4.2,

14.9. .fv’;zggx . A4.22. Jf~\/s,—\3>$x .
4. «. JRd x . '4.23. toRert N
412, /™M d x . 4.25. ;™M d x .
1413. /7~ 1d x. 1426, J~dx.
Seeld, fjg-dXx. 4.27. /ig];dx.
14.15,

14.16.

14.17. /gidx. 143«. J ~d x .

10 r 2X+S

VANVN

14.19. J X .
o V3x2+2

Namunaviy variant yechimi

Anigmas integrallami hisoblang (1-5 topshiriglarda
iii(cgraliash natijasini differensiallab tekshiring).

, r3-2xN+yn

. j—

» Integral ostidagi funksiya suratini maxrajiga boiamiz va
Mi(cgrallash usulining ikkinchi va uchinchi goidalarini qoilaymiz.
Aiiigraas integraliar jadvalini goilasak;

r 3- 2x* + Vx2 1 15 r 5
-dx = Bj X 4dx —2 X4dx + /X12dx=

4.3/4 +c=4V" - ¢ + C

llosii boigan natijani tekshiramiz;
(4x1 - +0-4-"x-V4 A. +

(4-8j:)2m

il



*»fV0OS? -« -0 W - =
=~y i*-»xy +c

Hosil bo'lgan natijani tekshiramiz;

(_ i (4-8*)l+c) =-¢ ! (4- 8%-iC-8) = (4- a*)-W t
3- I~ -
f  dx 1
» j 6 - 7Xx +
Jiosil bo‘lgan natijani tekshiramiz:
NIANEY SN +C2, Jo (= T =i

4. /cos(2 —5x) dx.
p.J cos(2 - 5x)dx = --sin(2 - 5a) + C.

jjosil bo‘lgan natijani tekshiramiz:
(-isin(2 - 5N + C)' = -icos(2 - 5.r) «(-5) = cos(2 - Sx). <

jlosil bo'lgan natijani tekshiramiz:

e /24
0 /n|2x + V4x2 - 3j + cj
I 1T el s
272x+VSN-3)V4a4x2n N4 XN -0
J 3r2+4
r 7xdz 7 r 6xdx 7, 2, A
»ma/ |~ = 6-fiisr; + »l+ Cc.-«
p dx
T7* Ve-sxz l
ax (Vs VX
>|ITT’\_‘E{P )\ arcsm— + & oon
gjen-'"~dx.
A - j/ ennd(5 - 4x) = + c.
r vMHEHId;,.
J a+2

%2



myin\x + 2)
dx
X+ 2

r 3 7 10
=j Im{x+2)d(n(x+2) =—in7x+2)+ C=
A~yin™{x + 2)+ C <

n

r cosZxdx

10. s7==.
i Vsin3a:-4

> /--— =
¥

-/ (sm3x - 4)~s m3cos3xdx = -j(sin3x —
m3x-4 3 3

4)"Nd(si>i3x - 4) =i mJ(sinSx - 45+ C- N V(sin3x - 4™+ C. <

11. f

' sin™4xyctg”N4x
f dx 1r 2

/ 4
J B3BBG AK= - #j sin24x
= - ci5~4xci(ct54x) = - jcifii34x + C= - M\jctgAx + C. <
12. AR
r yfcircctg”2x 1
144x2 ~ - arcrt.gl2x(-""™)dx=::

S 1 3
arcctg32xd(arctgZx) - --m -arcctg32x + C=
2} g ( 9Zx) 5 g

= yarcctgnZx + C. <
13./7/7en°" +2smxdx.

N[ g3coSx+2NMNN = - J/ e+~ di3cosx + 2) =
,ig3co«+2 + +c_ ~

3X+10
14. J A

m r da: __
Vi (\/to)2-22 ~
V-2
V6X+Z
IUT-8.2
Anigmas integrallarni hisoblang
1
11./

{Javob: V2 arctg ~ ~

53

AN njx™ + 2] + C)



1.2. f ~~:d x. {Javob: 3arcsinx + SVI —x» + C))
1.3. {Javob: 8tn\x + VXN —ij —IsVx" —1+
{Javob: M"In\2x” - I\ + 72 In + C)
a2 yax+1
15 J-~"~dx. {Javob: —~fz~Ax”~ —2arcsin™+ C))
16. /-~==dx. {Javob: “arcsinZx + - 4x™N + C)
1.7./73 =d x . (favofe; injv2;c + + ] -
W2a;2 + i + C.)
1.8./ ~ ~ dx. {Javob: arcsin™ —V2 — + C))
19 f dx. {Javob: Mn\2x" + 1] + yf2.arctg V2x + C.)
1.10.7 14252 dx. {Javob: {* arctg Sxx— " In\l + 26x*1 + C.)
111.7~~rgx. {Javob: Mn\3x" —4] —"*Zn \\//;;22 +C)
1-12. / (Javob: MNIN\9x™ + N-~arctg”™ + C))
1.13. / —" —dx. {Javob: -*arcsin ™ + V4~-3 "~ + C))
1.14. /-~~=dx. (Javob: 2arcsin2x +iV T —Ax™ + C.)
N arctg”™ - i Zni2 + + C.)
1.16. /-~ =d x . (Javob: M In\2x + VI + 4x™\+ "VI + 4x™ + C))
1.17. /-~==dx. (Javob: Sarcsinx + 4VI|I —x™ + C.)
1.18. f-j==d x. (Javob: SVx~ - 3- Inlx + Vx* _ 3j+ c.)

2X-1

1.19. f ~  dx. (Javob:-In oy T ¢nj4x2 - 11+ C)
X+
X-S —
~ Si/n)3 - 2+~ In P 4y
V'2x+V3
1.21. /-~=dx. (Javob: XN + 4arcsi'n- + C)
vo-nn 2 A

1.22. /7 ~Adx. (Javob: /n|x” - 51— In g +C)
1.23. /~0:d x. (Javob: - 2In\x + yfx~"~\ + C)

1.24. ~~=d x. (Javob: In\x + + 1] +3vz~ + 1+ C)

o4



dx. {Javob: M In\x" + N arctg”™ + C)
1.26. /7~ dx. {Javob: 3arctgx ~™In\Il + x\ + C.)
1.27. / —~d x. {Javob: arctgy/3x ~~In\Il + 3x*] + C))
1.28. /-3~ ~dx. {Javob: SVX™ + 4 +7 Znjx + +a4j 1
1.29. /7 dx. {Javob: -sfSx —4 — In V3% 4- VSX™ —41+ C)
1.30. /-~""dx. {Javob: SVXM—6 + Znjx + Vx —6j + C.)

+ 3cos2x] + C)
22.f -~dx. {Javob: -hn\ I ~ x*\ + C))
/¢ S i -- cos3x| + C)
f £~ - iJ™ob: \In\2e- + 3! + C))
25. /7 {Javob: —In\cos™ x —4] + C))
2-6- - 3e"l + C)
2.7. /7"—"dx. {Javob: — 1—5"——|n|7 “ BxM + C.)
/ 3 r+ M- AMI3sin™x -f4] 4- C))
23.rirr{Javob:\In\S + e™ + C)
2.10. /~~d x . {Javob: ~JN\7 + 2x\ + C.)
2.11. / 2ic> 5t n7 {Javoh: ¢njzx™ —5x -f 17] + C.)
2.12. /:» —dx. {Javob: ~In|2x™ —5] + C))
£% ~5 8
2.13. j-jrannrdx. {Javobi-4sm3x - 24 C)
WSMTj X ~ 3
2.14./ dx. {Javob: —2V'| + cos™x -I- C.)
(./mob6: -~Znjl + 3cosxi + C.)
2.16. 7/ A-sm2X {Javob: -- Zn]4 —sin”xj 4- C.)

2-17. {Javob:\In\e”- - Sj-F C))
-5 3

5%



2.18. /7:~ d x . (Javob: Mn\7 + 3x\ + C)

+ 2x! + C))
2-20-/7 £ = m (JiK'ob- + C)
2-21. *ma™Mypitdx. (Javob: In\x™ + x - 10j + C.)

222, j-~ -d x . (Javob: A" In\3x™ ~7\ + C))

2.23. f -~=d x. (Javob: "Vx™ 43 + C.)
2.24. 3 dx. (Javob: NzX"» —4x + C.)
2.25./ dx. (Javob: —VS —sin7x + C))

-"VrasiFTs + C))

227./~ ™ d x . (Javo6: Znjax" + x| + C.)

2.28./ (/fivoz>: -4 V T =~ + C))
2.29./ dx. (Javob: 2V6 —cos™x + C.)
2.30. / dx. (Javob: "vsSxr —4 + C))
3.
3-1. (Javob: - ~ -~In\x”™ + |j + arct™x + C.)

3.2. /~"~dx. (Javob: ~ + x —6In\l —xX\ + C.)
BoNY + AMN\x™ ~I\N + InI~j + C)
3.4. f~ —dx. (.Javob: - XN+ X - Znl2x + 1j + C.)
¢ X'rx 3
3.5. f’\xj"dx. (Javob: \x“ + 2x™ + 8InN\x* -4\ --1n !-—~ + C)
4 2 X+2
o (Javob: -x'~ - 2 x - arctgx + C.)
f No-ein]2x+ 11+ C)
38. /7~ d x . (Javob:-\x™ -~In\Il - x + C)

3.9. /-~"dx. (Javob: x - y/Sarctg~ + C.)
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3.10.

3.12.
3.13.
3.14.

3.15.
3.16.
3.17.
3.18.
3.19.
3.20.
3.21.
3.22.
3.23.
3-24.
3.25.
3.26.
3.27.
3.28.
3.29.

3.30.

/ (Javoh:  + X’ +~In\Zx - 1j + C)

(*waZs ~+3x + -~ln ~AG
A%, ezt + 27} + 1] + C)
/ (Javoh-. x - ~In\x* —4i + arctg ~+ C.)

+C)

/NM~dx. (Javob. Y — + 9x - 28In jx + 3j +C.)
/-~""~dx. (Javob: +~In\x'* —Ii + C))

/~"~dx. (Javob: -x™  x + 2arctgx + C.)

/ {Javob: — ~~3x-\- larctgx + C.)
/7~ d x, (Javob: - -f4x + -foi ~~ +C.)
A T4 3 2 Ar+2
/7N Ndx. Javob- ~ —N + 25x —1287Zn|x + 5] + C)
/ (Javob: ~x~ - + 1j + arctgx + C)
/ dx. (Javob: ~~x”™ + 2x —arctgx + C.)
/% & dx. (Javob-. XN+ 2XN + 8x + 13infx -2 + C.)

j “— —dx. (Javob: 2x + 3arctgx + C.)

/ dx. Javod;y + Ninjx™+ 21+~ arctg + C)
/™ :Ndx. (Javob: —3x —6in|x —2] + C)
fA--d x. (Javoh: x™ + 14x + 10SInjx —7] + C.)

/ ~T/Ndx. (Javob: AxN + x™ + 2X + 5/njx —1j + C))
/ dx. (Javob: —~ + 4x—~arctg”™+ C)
f~dx. (Javob: *+3x4- ISZnix - 3j + C))

J“ ~dx. (Javoi: x + \f2In + C))

4.

4.1. f sin™(I —x) dx. {Javob: ~x + *sin2(l x) + C.)

4.2. J sin™(l —x) dx. (Javob-. cos(l ~ x) - icos™(l ~ x) + C)

o



4.3.
4.4,
4.5.
4.6.
4.7.

4.8.
4.9.

4.10.
4.11.
4.12.
4.13.
4.14.
4.15.
4.16.
4.17.
4.18.
4.19.
4.20.
4.21.
4.22.
4.23.
4.24.
4.25.
4.26.

4.27.
4.28.

/(1 - Zsirijydx. (Javob: 3x + 20cos-- 5sin-+ C))
. 5 5
f cos™ 5x sinSx dx. (Javob: —cos™Sx + C.)
/ cos=(l - X)dx. Javob: - sm(l - x) + *sin”~(l - X) + C))

/(3 - sinlx'fdx. (Javob:~x + 3cos2x - -sindx + C)
/sin"'w’(‘rdx. (Javob:x-x - ’sin3x + CA.)
f(cosx + Sydx. (Javob: -~x + 6sinx + -sin2x + C.)
/ cos™N(x + 3)dx. (Javob: sin(x + 3) -~sin™(x + 3) + C)

/ sin® ™ dx. (Javob: - -cos~ -f™ cosr— + C))

/(1 - cosxYdx. (Javob: ~x - 2sinx + ~sin2x + C.)

/sin2(2x - 1) dx. (Javob: ~- ~sin(4x - 2) + C.)

/ sin™ 6x dx. (Javog: - icos 6x + -~cos”™ 6x + C.)

/ siii™ 0,5x dx. (Javob: A j sinx + C.)

/sin™ (~+ 1) dx. (Javob: ~- ~sin(x -f 2) + C.)

/ cos™ 2xdx. (Javob: | + *sindx + C))

J(l + 2cos~fdx. (Javob: 3x -f 85in£ + 2sinx + C))
f cos™ 3xdx. (Javob: { + :rsStn6x + C.)

/ sin™ 2x dx. (Javob Ax . Asin4x + ~sin8x + C.)
f sin”™ 3X dx. (Javob Z( - I—sin6x + C) :

/(1 - cos3xydx. (Javoh: *x - ~sinSx + ~sin6x + C.)
/cos’\’; dx. (Javob: . + ésin—g + C.)

f sin”™ Sx dx. (Javob: -~cos 5x + ~cos”™ 5x + C.)
/ sin”x dx. (Javob: | x - jSin2x + —sin4dx + C.)
f cos™ xdx. (Javob: | X + jsm2x + ~sin4-x + C.)
/ cos” 4xdx. (Javob: -sin 4x - m-sin~4x + C.)

/ cos”™ 7xdx. (Javob: | -f~ sinl4dx + C.)

/(sinx - sfdx. (Javob:y x - ~sin2x + 10cosx + C.)
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4.29. / sin™ 4x dx. (Javob: —~cos 4x + ~ cos™ 4x + C.)

4.30. f sin*™dx. (Javob: | --~sin”™+ C))

5
5.1. / tg”~xdx: (Javob: tgx — x + C.)
5.2. /ctgNx - 6) dx. {Jauxdb. -~ctg”™(x - 6) - Inlsin(x- 6]+ C)

5.3. J tg*3xdx. (Javob: "tg~3x —"tg3x + x + C.)

5.4. / tg"7xdx. (Javob: *tg7x —x + C.)

5.5. J tg~xdx. (Javob: ~tg'Ax —~tg”~x —In\cosx\ + C.)
5.6. J xtg~x~dx. (Javob: ~tgx™ ~ 2™ + C))

5.7. J ctg~xdx. (Javob: —~ctg'Ax —In\sinx\ + C.)

5.8. 7/ g™ 5 dx. (Javob: 2tg S X+ C)

59.7 ’Z‘dx. (Javob: tg"‘-2 + 2In cos. + C)

5.10. 7 tg~4xdx. (Javob: "tg4x —x + C.)

5.11.j ctg”™xdx. (Javob: —~ctg”~x —In\sinx\ + C.)
5.12. J ctg~"Sxdx. (Javob: —-ctgSx —x + C.)

5.13.j tg™~dx. (Javob: ~tg~~+3In cos- + C))

5.14. J(1 —tg2xY dx. (Javob: In\cos2x\ +~tg2x + C.)
5.15. /7 tg”Ixdx. (Javob: ~“Mgh2x ~~tg”2x ~~n\cosx\ + C.)
5.16. /(2x + tg”"7x) dx. (Javob: +7Mtg7x —x + C))
5.17./ Y dx. (Javo6:~ n f T n

5.18. /(£&( + ctg2xY dx. (Javob: ~tg2x - ~ctglx + C.)

5.19. J(1 —ctgx)™ dx. (Javob: —2In\sinxX\ —ctgx + C.)
5.2®. / ctg”~3xdx. (Javob: - -60tg"\ 3x —-3—In\sin3x\ + C.)

5.21. / ctg'xdx. (Javob: —~ctg”™x + ctgx + x + C.)
5.22. f tg”™ ~dx. (Javob: 6tg ~—x + C.)
5.23. 7 6)dx. (Javob: ~ g™ (x —6) — —6) + x + C)
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5.24. f cp4x dx. {Javob: M tg”™ 4x + ~Inlcos4xj + C.)

5.25. f tg'~- dx. {Javob: Mg™h~ —4tg M+ x + C))
5.26. /tg4x + 5)dx. (J«woA: n +5) AN

5.27. /tg4x - 3)dx. {Javoh. ~tg\x ~ 3) + In\cos{x - 3)j + C.)
5.28./7tg4"x + 1) dx. {Javob: *"tg(5x + 1) -x + C))

529. ftg ™" dx. {Javob: *"tg —~x + C))
5.30. /tgHxdx. (Javob: + tgHX - ¢tgHx +i /]l + tg4x; + c)

6
6.1. / sm3x cosx dx. (Javob: —i cos4x —- cos2x + C)

6.2. / sin™Zx cos2x dx. (Javob: ~sin™2x + C.)

6.3. f sin™Sx cos3x dx. (Javob: *siv?3x + C.)

6.4. / cos”Sx sinSx dx. (Javob: —-- cos"Sx + C)

6.5. /sinj cos”™ dx. (Javob: -~cos”™ ~ 2cos~ + C))
6.6. f cosx sin9x dx. (Javob: -4 coslOx - ¢cosBx + C))
6.7. / sin™2x cos2x dx. (Javob: ~sin”~2x + C.)

(Javob: ~-~cos2x + ~cosx + C.)

*

68.f sin-
6.9. / cos”™x sinx dx. (Javob: ~ ~cos”™x + C.)

6.10. f cos 2x cos 3x dx. (Javob: ~sin Sx + -sinx + C)

6.11/ sin Sx sin Ix dx. (Javob: Jsin 2x sin 12x + C.)
6.12. / sin 4x cos 2% dx. (Javob: - ~ cos6x - - cos2x + C.)
6.13. / cos™ 4xsindx dx. (Javob: - —cos™ 4x + C)

6.14. / cos ~2xsin 2x dx. (Javob: - cos~" 2x + C)

6.15. / cos xsin 9x dx. (.lavob: - £ cos IOx - ~cos 8x + C.)
6.16. / sin 4x cos 2x dx. (Javob: - ~cos6x - i cos2x + C.)
6.17. / sin 3x cos 2x dx. (Javoh: - ~ cos bX - -cosX + C.)

6.18. / sin™ 7x C057x dx. (Javob: 2—85in* 7x + CJ
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6.19. J dx. {Javob: -cos ~x + C)

" W COsM X
6.20. / “4 ~ dx. {Javob: - — V“ + C-)
¢ sm”~2x m? 2x

6.21. {cos 'IX cos 5x dx. {Javob. -65in 3x 4 ﬂsin Ix + C)

6.22. / sin”™Ix cos xdx. {Javob: -sin™ x —-sin™ x + C.)

6.23. f — _dx. (Javob: - —i-- + C)

Sin™X 3sin™ X
6.24. / sin 2x sin 3x dx. (Javob: -sinx ——sin5x + C.)
6.25. f sinx cos”™ x dx. (Javob: + C)

6.26. j sin 5x cos Xdx. (Javob: -1, COS6X ~ 5 cos 4x + C))
6.27. / sin X cos 4x dx. (Javob:———Iacos 5x + cos 3x + C))
6.28. / cos 3x cos x dx. (Javob: ~sin 2x + -sin 4x + C))

6.29. f cos”™ 2xsin 2x dx. (Javob: —cos”™ 2x + C.)

6.30. f cos 7x cos Sx dx. (Javdb: sin 2x +sin 12x +C)

7

L B sna VIO A~ M

12 -~ — . (Javoo: —arctg + C)

739~ (Javob witll | + C)
2x"- 7><+| an: 7+r|/41

74 f— —. (Javob:-In 27 +C)
2n:2+x 2x+4

m;;ﬁmvob- ~—arctg 7! 4C)
[;+-20TT- (lv0d.- arctg(2x - 1) 4-C)
) n 4x-11-v'105 C)

2DK2-11x+2 vVIos 43¢-11+n/105
7 8 J _ dx A4x+1
191 51043 &3  nows T )
7.10. f-AtJavoe. 2n *4-C.)
2n:2+3> 3 X+/\/2

710/ -7A M (BvoA-In 4 )
XN~SXx+6 X~2
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3x+1
X~2
7.14. 58_—2x—<<2 {Javob.—-6|n woa T C.)
\x-3
7.15. / {Javob:— In =g C)
\Xx~2
X+2
v fi Sf+
7.17. f—-i A AN
2)(28 430 (Avo6. j arcts™ + C))
7.18. (]avo% " + C.)
) 3)(29X+6' | ’
dx -
7.19. ‘222 %35 {Javob: arRt93 + C.)
27-4
+ C))
2x+\
2X-3-V7 c)
C)
723.3 _ — .(Javo&; B=zn 2T+ C)
B XA+7X4+X1 W 2X+7+V5
7.24. /7 -. {Javob: In + C.)
2x7N-3x+1 2x-11
7.25. -f 10X o {Javob:— arctg— + C.)
7.26. / — .{Javob:— In + C.)
A 2xnrex+3 2a/3 2X+3+V3
N, N
7.27. £~ 15 6ess - (Javo*.- AL C\
3X-
7.28. / — {Javob:-- In ~ C.)
B 1-2x-3x2 4 3X+3
dx 4x+3
6iC+5-Vi3'
is'" ewsviz * )
8.2. f ¥==—V'.(Javob: -*In X — + X2-ix +-
Si3xN~4x+l V3 3 3 3
83 m ... &Jéiob:‘—Jfr.larcsin'———‘li(—)r—%—hC.)
AVZ-3.T-2xA V2 5 n
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' d
g4l & +3+V XA 6x+ 8+ Cl)

i 0 éksi-(@avob:*arcsini”® + C.)
NBT-¢-2.>-Nevog; 3arcsin’\ + C.)

‘Hwef7 5 = E S 1 - +0C)

‘wre | 7 [ «-«r' Y “**-" garesin + C))

8.9./ jj::’\"l&—— {Javoh: %bl X- 1+ - 2x+r1 + C)
n «rcsin—i + C.)
81,[/ v {Javob:- In %- 1+ __2")'(' -+ C)
'JAx--Sx+3 ’ > 4 '
dx AN N

N = T —i X2 lic+ X
8.13. J,\kﬁcf_w (Javob: 2In X |8+ sl +C)
fee £ iP- iJcivob:~arcsin®~~" + C))

+ C.)

8-16- ?/’Z\arcsin—’\ + C))

\IBX+2~TxN

8.17. f Javob: | ,In X ~ 2 +~AxN mAX+s + C)

B~ | \2
8.18, /;\%(f_%)lazg (Jfivoe.- In X —~+ VxN —5x + 6 + C))

. d
8.19. j * oo (favob.-Marcsift™*”™ + C))

820/ o _(Javob: ~ In X ——4+ AXZ———%)<'+3—2 + C))

\'2XA"-X+3
8-21 /’\2X oy (Javob: ’\arcsm’\v’ﬁ\ + C.)
dx
VPiIiO* N+ 2 “m N
8.23. /_\y5:—§>s<—|'3:er (Javob: an rcsin 4C)
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1
In
4v2

5:c+2

1011 /\/§G:'+3(-4dx' {Javob: Sva™ + 3x —4 —
o X+N+ +3x- 4 +C)
10.11. sS-3~~dx. {Javob:\"\2x~ - X+ 7-

10.12. / @Woh 2 - 3x-f4 4

+2Zn X- MVxN - 3x+ 4 + C)

10.13. /~=i~rdx. {Javob: —4V2 + X — + Sarcsin-  -+C.)
N —~5-

AN/21In X+ 1+ xM+ 2x-- H-+C)

3X+2

10.15. 7\ oo {Javob: —3V4 + 2x —x™ + Sarcsin—ph+ G
10.16. /. *"'  dx {Javob: LBVSX" X+ 1-

\'3x"-2x-H
~33 In + (:)
10.17. /-j==~dx. {Javob: —vS —6x —x" + 2arcsin™ + C)
10.18. J-~~~dx. {Javob: +
10.19. /-J><I/>‘(-52X+i dx.{Javob: 7Vx"- 5x+ 1+
31
In

1020, J Wak X 5-

65, -
X+1+ xM+-x~- +C)

10.21. /-j]=="dx. {Javob: —3"2 + 3Xx — X+ ~arcsin”™-- + C)
10.22. /-~==p:fl'x. {Javob: —43 —2x — ~ 7arcsin™ + C))
10.23. / dx. {Javob: V\2x*—x + 6 +

+ AN +C)

10.24. /-j’\x7\9’\d x. {Javob: -vT + 2x - ¥ - 8arcsi?i.~+ C)
=dx. {Javob: 2" + 5x —4 +
+2in X+~ +\W2 + Sx-4 +C.)
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10.26. / =dx. (Javob: —6x+ 1+
+ C.)

KS.27. / ,—2-(:':5---dx. (Javob: - V3x~ +~90 --4 4

X4-;+ 1x2+3x--2 4-C)

i0.28. /)IZ’)"X+S . (Javob: 2v2x~ —x + 5 -f
+2VV2in +f +C.)
10.29. 1 \Ag_'_'dx. (Javob: sVx~ - 5x + 1+
X- - -f + C)
10.30. dx. (Javob: —7V 2~ 3x —xN —~arcs'inA ™ + C))

Namunaviy variant yechimi
Anigmas integrallarni hisoblang.

37X
I- /s dx
f 3~7x dx 7 xdx
= 5 @2X)2 + (7/5) ’ 4x21-5
2f £5iL
(2x)2+(/\-s)
r
(2%3*)
»M=2- almashtirishdan foydalansak, u holda du =
li* werdxva
f =1r =i g2 e-3lac<
e- nz_e“"j 3I 2-e-3~ 3 ¢

3 [k

» Integral ostida turgan fiinksiyaning suratini maxrajiga
Il lib noto‘g‘ri kasming butun gismini ajratib olamiz, Natijada
iil]i,ebraik yig‘indini integrallashga kelamiz:

/'?” = (I 3x™- 3x ~ dx = - I x2 - izn]x2 4-1i 4-

4. Jcos'3(7x4-2)dx.

P cos™N(7x 4 2) = 1- sin”(7x 4 2) trigonometrik ayniyatdan
loydalansak,

[ c:oiM7x 4 2)dx = / costilx 4- 2)co.s(7x + 2)dx =

= /(1 —sin™(7x 4 2))cos(7x 4 2)dx = /cos(7x 4 2)dx —

~/stn2(7x 4-2) cos(7x !-2)dx = " Sin(7x 4-2)—

- i /,s0t2(7x 4 2) d(si?i(7x 4 2)) = isEn(7x + 2) --~sin™(7x 4 2) 4 C.



5. f ctg”"Sxdx.
> ctg™5x = -1 ekanligidan foydalanib integralni
almashtiramiz

/ ctg*5xdx = j ctg”"5x - 1) dx -
= f - /”NVSxdx = ~i/ dx ~
-/ (N - 1)ydx=-7n -tActgSx + X + C. <
6. j sin~xsin-xdx

» /sin-xsin-xdx = 2 f(cos2x ~ cosSx)dx = -sin2x ——sinSx + C.»
- f2 E_I_z 2 4 10

6x2-3%+Z
» Integral ostidagi funksiya maxrajida io‘la kvadrat
ajratamiz, u holda

f <«x _1r__ 571 =1f B jdl. f x-izi__, "
6XN-3x+2 6-" x2-iir+1/3 6-' ” Sv'o 5 VI3/(4V3) ~
2v3 4x-)%/3 ,
N
8. fz-SX-dxAX

» Integral ostidagi fxmksiyaning suratida maxrajdagi
funksiya hosilasiga teng qo‘shiluvcM ajraiib integralni ikkiga

ajratamiz
f 3x-6 3 r ~2x+4-S+5 , 3f -2x-S , 3 ,.r fte

= — /M2—Bx—xNH— f- ox
2 2 (X-S/2F-2-25/4
- - fnj2- Sx-xNi o+ f2 (X—S/25\2—(V"/2) .
x-5/2~<jtS/2

= lz,j2-sx-x2!+"in waanmp €=

. 2X-S-V33
= -AIN\2-5x-x:M"\+y=In ox.srvas T cA
9 J ax

VSX2+2X N
~ Integral ostidagi fimksiya maxrajida to‘la kvadrat

ajratamiz, u holda
r dx 1 ~of d(x+1/S)

- r .. —
VOE27 ~ Vi “ vfSTA+NPALTPITIS

:;/’S‘Zn X+ 1/5+Ix2+~x-7/5 +CAN

10. NE idc%:& dx.
> Integral ostidagi funksiyaning suratida maxrajdagi ildiz
tagida turgan funksiya hosilasiga teng qo'shiluvclii ajratib
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l)crilgan integralni ikkita integral yig‘indisi ko‘rinishida
Il'odalaymiz;

|' 2x-7 dX— __gyr\ 6.X+21 4+ % =

oo S
—f NX-4 , 25 r dx
B3 V143 3 |r3;’—r~
2 25
= -2V I - 4x - O S —
=--VEBTTET2R | aredif 4=
- - - *_ -
VI-4*-3a:2- 5, .
IUT-8.3

Anigmas integrallami hisoblang.

1

rvi / 1 .
1.1, - dx .iJavob: - In +Vi-z2+cC.
vVri="+i

1.2.3 - dx.(javob: —1- arccos-+ C.j

Vx2T4 ........ A, 2-Vm?
-dx. Javob:a/a+  +in +C
2+ V4 + xn
vTA/ 1J(1-z2)3 \
dx. Javob: C — = =
3 X3

1.5.J YjJA —x7dx . (javob: 2arcsin—+ ~44 —x~ + C.)

rvx2 + 9 3 3- Vx2 + 9
t.6.f -dx. ) + C.
X 3+ Vx2 + 9
rvx2 + 4 X + V4 + x» a/ 4 -xZ
1.7. dx. (avob: In 4+ C
x2 X - Vi+ x»
1.8. J :C—
avob: C 12 “
\
dx X
1.9. . (javob: +C
yO +x2)3 VI + x2 °)
dFT4 1V@4 +z2)3
Javob: C —
12
1V(4-x2)s
dx. Javob: C—20
\%
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dx

1.12.f. i Javob:- + C.
Ko+ MV A/m~n 3”Mr+x”"y
f —9 / (I 3 Y
1-13.J — —--—dx.\Javob-. VX2 - 9- 3arccos-+ C.)
1.14. 1 . (javob: C ———-mem e Jj
J JI(xN = m \% /

1.15.j x~"9-x~dx. (/apob:gV(9-x2)S-3V(9-x2)3 + C.j

lTé.jr N .fJavob’-, c-- X y/xn
V(ir2 - 1)3 mVv
/ -1
1.17.9 REIVZ0] JEnm— 1C.
N S ARY:
fVvx2 -9 / 1 Vx2 - 9+ X
'i — — dx.1Javob:-In -+ C.
Vx2 - 9-X
IS nn N2 -1
1.19.9 . Javob: - arccos{, + ——-z-= -
2 X" T ¢
1V(9-x2)3
1.20 Javob: C - ( )

Vx2 + 9
1 Javob: C — <
A/XN + 9 9l n)

1.22.j x™y/l -x~dx .[javob-.~arcsinx - ~xyjl- x"NiX- 2xM) + C.j
j 4! d j b i j i 2x"™) + C.j

1.23. I x VI -x~dx .iZavob: A2 J{\-x~Y ~ ~V(1 -x~)™ + C.)

LI A—xN X Va4-x2 1V (4-*k2)3
124 J 'J(~~x"ydx Javob: arcsin s x ( ) ‘C
L25. T+ peeeeeoeeeeeee (javob:— — +C

Jv(@4 +x2)3 'V an/4 + x2 m)
27. T -"F—- =. (javob:—m " 4-C.)
/V(9+x2)3 % 9N/ 9+ 7
xUx_
1-28.J -]= .= .(Javob:JarcsinxJ-IJX*/9 - x*+ C J
rvi6-x2 /
1-29.1 — -—-dx .(/avobiC- =
\% 48VvVien

VI16-x2 X X

1.30.J dx .ljavob: C —arcsin-— +C
4 VI6-x2 u)
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dx 1Vi+3?

i :C-~ln
2.1/ (xe1viax= - U3VOP: N 2v2(x+l) m)
+ C.
nx+1 c
-+C.
1+VI-x~
Javob: C - lu -
a
25 f Ein - i+Vi+x?
SN Javob: C-In M
iA T e AN oarcsin/.)
1 A1 NixMx-H
2 z m)

1+ Ix Nax+1 _ 1

uln X 2 -)

1 11 Mbcan
2 4 =m

2-'2- / w fe f m(javob:C-j**arcsin”.)

s+l 2 V3(x+1) W)
1 3 -Jx”™-x-1

x+1 2 x+1
11 WAl
(H)VHXH .[Javob: C—Inyq 2 M
e /BR)WRAG - (- A T B et )
dx

= . (;aLub:arCSLu?ﬁi]" +c )\
. . A J_ 1 VxMx+l
(x-DVxi+x+] -Gavob:C-A My o vape) u)
/4.1 @ L oE
. c-1 2 \I:'l
1,3 Y3
Cnp1 2 1l W

1 1 NYHpgah
x-1 2 x-1
) ) 1 1 ar-x-x»
M TR FERVOP O o
M U emisee - (RVebiC A e sk
. dx

. Javob: ¢ - In
ERLN IO v ")
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/ w fe f m{javob-.C-\arcsin™” )

4 2x

AYANPANIPAN

229 L Fijva-jirg - (BVODIC-TAN o) 2+ AT )

N=N= 1 - - -1 1= |
2.30. ‘x—ﬂ-3x—rx"\f/\?p0|"c bXI |2+ .|EI;|(HH. 11J

m(Javob:tgxIn\cosx\ + tgx-x + C .)
3.2. / cos(Inx)dx . (javob:~(sin(Inx) + cosilnx)) + C.)

3.3.fr-~rdx.{Javob:C-~-~))
3.4./In(x + 2)dx . (Javob:xIn(x + 2) - x+ 2In(x+ 2) + C.)
35.f dx . Qavob:C - ctgxIn\cosx\ -x .)

36.f dx . (Javob:Inx InClnx) —Inx + C .)
3.7. /7 In”™xdx . (Javob:xIn*x - 2xInx + 2x+ C.)
3.8. /~2"dx . (javob: 2\fx Inx—Ayfx + C.)

39./XIn~dx .(yavob:~-a-iin”™ +C.)
3.10. /In(x + VI +x~)dx . (javob: xIn(x + VI + -Vl+x~r+ C)
3.11. fIn(x + 4)dx. (Javob: xIn(x + 4) - m+ 4In{x + 4) + C.)

312, j ~ dx .(javob:yJl + x™ In(x + 1 + —x + C.)
313. f~"~~d x . (Javob: C- x - ctgx - ctgxlIn(sinx).)
314.3Ix™In(x + 1)dx . (javob: AIn(x + 1) - ~ +~ -~ +2n(x+ 1) + C.j
3.15. jiImH~IMNdx . (javob:~In™ x In(inx) ~~In~x + C

3.16. f In(x™ + 1)d x. (Javob: x In(x™ + 1)-2 x + 2arctgx + C .)

3.18. jAIxIn~xdx. (javob: MAINAX - "4 N Inx+ 4 N + CJ

319. fln~dx. (javob:xIn”~ - Inx*- 1)+ C.J

3.20. f(x- X+ 1) Inx dx.(javob: AN
3.21. J4xInxdx. (javob: "4~ Inx-~4 ™ + C.)

3.22. Qavob:tgxIn(sinx)-x + C.)

3.23. /xIn(x™ + I)djc. (javob: Mn(x™ + 1) - y + iin(x™ + 1)+ C.)

3.24. / xIn~xdx .(javob: "n'*x -*"Inx + ~+ C.)
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3.25. JInxdx .(javob: ~N+ CA

3.26. fxIn(x + I)dx .~Javob: M In{x + 1)- y + |-i*n(x + 1)+ C.)
3.27. / sin(Inx)dx , ~"Javob: ~(sinQnx) - cos{lnx)) + C.)

3.28. - 4)sinbxdx . (javob:-"xsinSxcos Sx+ C/»

3.29. /7 XIn(x + 5)dx .(Javob: xIn(x + 5) - x + 5In(x + 5) + C.)
330. / In~Mdx .(javob:xIn”-2In\4-x~"\+C."

4
4.1. JV1 - xarccosyfxdx. (javob: —"yfx —"y{1 —xyarccosyfx + C.)

4.2. / V1 - xarcsin\fxdx . (javob: ~Vx - —~A(ITAIQ esinVx + C-)

/ 2 X i \
4.3.1Xarctglxdx .\Javob: —orctg2x —- + - arctglx + C.j

4.4./ dx . (javob: 2Vx + larcsinx + 4VI - x + C.)
45./ dx . (javob: 4Vl —x —2VI —xarcsinx + C.)
46./ dx . (javob: 2V x - 2Vl - xarcsin-~+ C.)

4.7./"~""~dx. (javob: VI + xMarctgx - InNx+ VTTF|] + C.)

4.8. /7 dx . (javob: x —V I —x”arcsinx + C.)

4.9. / Xarctgxdx .(javob: ~arctgx —| + ~arctgx + C.J

4.10. / X arcctgxdx .(javob: arcctgx + 1+ ~arcct*x + C.)
c-]-iVT=4Farccos2x.)

4.12. / arccoslxdx . (javob: arccos2x —*V I —4x~ + C.)

4.13. / arctgxdx . (javob: xarctgx —In(l + x~) + C.)

4.14. / dx . (javob: C —2yfx —2VI| —xarccos"fx.)

4.15. /~"""~p~dx . (javob: C- x - VI - x™arccosx.)

4.16. / dx . (javob: C—4VI + x —2VI| —xarccosx. )

4.17. / arcctg2xdx . (javob: x arcctgZx + ~In(l + 4x™) + C.)

4.18. f . (Javob: VI + x™arcctgx + In]x + VI -t-x™ + C .)
4.19. f arcsiu2xdx . (javob: x arcsinlx +iV |l - 4x* + C.)

4.20. /» dx . (javob: *x -~V | - 4x™arcsin2x + C.)

4.21. / dx . (Z/aifoé: 2Vméarccosx - 4VT AN +C )

4.22. / x~arctgxdx . (javob: ~arctgx - AN +MIn(x'M + 1) + C )

4.23. / X arctg2xdx . (javob: Marctg2x + 1+ jarct M 2x+ C.)
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4.24. | arctgix + S)dx . (javob: x arctgix + S) + 10Ox + 26] +

+Sarctg{x + 5) + C

4.25. f x~arcctgxdx. gavob: —arcctgx + — -/n(x™ + 1)+ C
3n 6 6 /

4.26. /| Xarcctg”™xdx . (javob: Y~-rcig'~x + Marctg'"x —x arctgx +

+iin(x2+ i) + c.)

4.27. j x™ cosfdx . gavob: 3xXNsin~+18x cos-—54sin-+ C .
3 ~AT3 3 3

)

7

4.28. / X arcctg”™xdx.(javob: ~arcctg”™x +~arcctg”™x + x arcctgx +

+Un(x™ + 1} + C .)

4.29. / x~ sin 2x dx .(javob: | sin 2x —— cos 2x + “cos 2x + C.)
4.30. /(x™ + 4)e2~ dx .(javob: i (x™ + + ixe~x +1 + C.)
5

5.1./ x~coslxdx . (javob: *sin2x + ~cos2x —"sin2x + C.)

52
5.3.
54.

5.5.
5.6.
5.7.
5.8.
5.0.

f x sin™xdx . (javob: » —"sin2x—"cos2x + C
/ X sinx cosx dx. (javob: jsin2x —~cos 2x+ C
JIxN(sin2x —3)dx. (javob: *sin2x—"coslx+”~coslx - + C

/ x~(sinx + l)dx. (javob: 2xsinx - X~ cosx + 2cosx + ~ + ~.)
/(x2 + x)e-~dx . (Javob: C- (x™ + 3x+ 3)g-".) n

/(XN + x)eNdx . (Javob: (x» —x + l)e* + C.)

f(xN-x+ le~"dx . (Javob: C- (x™ + x + 2)g-".)

/(x» —X+ l)enrdx . (Javoh: (x» —3x + 4)e™ + C.) *

5.10. Ixctg”™xdx. (javob: In\sinxX\ —x ctgx—" + C
5.11. / x~e~"dx . (Javob: C ~ (X + 2x + 2)e~".)

5.12. / . (Javob: in]sinx] —x ctgx + C .)
5.13. / . (Javob: x tgx + In\cosx] + C .)
5.14. f Xtg”xdx. (javob: x tgx + Inlcosxl — c.J

5.15. /(x™ + 2)e“~dx. (Javob: C— (X" + 2x + 4)e~* )

5.16.

5.17.

rx”N sin”~xdx. gavob: — ——sin2x + -cos2x+-sin2x + C )
. 6 4 i 8

/ (cos2x + 3)dx. (javob: x*+ " sin2x + 1cos2x - i sin2x + C.)

5.18. /(x™ + 2)e-~dx . (Javob: (x™ - 2x + 4)e* + C.)

5.19. /(x™ + 3)sinxdx . Qavob: 2xsinx —(x™ + 1) cosx + C.)
5.20. J(x —3) cosx dx . (Javob: (x» —4)sinx + 2xcosx + C.)
5.21. f(x™ + l)e“~dx. (Javob: C— ("™ + 2x + 3)e“".)

5.22. /(x™ - l)e~dx . (Javob: (x - + C.)
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5.23. r cos™xdx. gavob) s+ Is,in2x +cos 2x--%i n 2x+ C y
5.24. /(x™ +x) sinxdx . (Javob-. (Zx + 1) sinx —(x™ + x —i) cosx + C.)
5.25. f(x” + x) cos xdx . (Javob-. (x™ + x —I)sinx + (2x + 1) cosx + C.)
5.26. /(x™ + l)e*dx . (Javob: (x» - 2x + 3)e* + C.)

5.27. J(x™ - l)e~"dx . (Javob: C- (x + iye~" )

5.28. jX siti”xdx . (javob: ~ —~sin2x —~cos2x + C

5.29. /arcsin9xdx . (javob: x arcsin 9x + - SIxM+ C.)

5.30. /X arctg 2xdx . (javob: Y~'>'ctg2x —j + ~arctg 2x + C.~

<4i. f(x + e~ dx 6.18. f(x-8)sinx dx.
Q.2 f(x —2)e” dx 6.19. f (x + 4) cos 3x dx .
6.3. f(x —7)cos 2x dx . 6.20. /(z + 8) sin 3x dx .
6.4. f(x — 1) cos 5x dx . 6.21. f(x + 6) cos4x dx .
6.5. f(x + 2)cos3x dx. 6.22. f(x-6)sin~dx.
6.6. f(x - 2)cos 4x dx . ~23. f(x + 1) cos7x dx.
6.7. /(X - 4)sin 2x dx N24. /(X + 2)sin™ dx.
6.H. f(x - 3)cosx dx r . X n

6.9. /(x + 4) sin 2x dx i Xsin”™dx.

6.10. fxsin3xdx. 6.26. J(x + 4) cos”™ dx .
6.11. j(x + 5)sinxdx. 6.27. j(x + I)sin~dx.
6.12. J(x - 5)cosx dx. n 1

6.13. i(x + 9)sinxdx. i(x + 2)cos-dx.
6.14. f(x+ 7)sin2x dx . 6.29. /(x + 3)sin~dx.
6.15. /(x + 4)sin3x dx. 6.30. f(x- 9)sin- dx.
6.16. /(x + 3)sin Sx dx . n

6.17. j(x —4)cos 2x dx.

1.1. fln(x-5)d x. 7.12. fx~e~Ndx.

7.2. f arctg2x dx . 7.13. / x cos(x + 4) dx .
7.3. / x™e~" dx . 7.14. / x cos(x —2)dx
7.4. /(x + 1)6"N'=dx 7.15. /X cos(x + 3) dx
75. 7/ dx . 7.16. / dx .

'?.b. jarctg3xdx. 7.17. [/ xe“ " dx .

7.7. / x cos 8x dx . 7.18. / arcsinZx dx .

7K. / arctg4x dx . 7.19. /X sin(x + 7) dx .
7.9. / arcsinSx dx . 7.20. f xcos(x - 4) dx .
7.10. /(x + l)e“*dx. 7.21. /x sin(x + 4) dx .
7.11. / X arctgx dx . 7.22. /xcos(x + 9) dx.
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7.23.
7.24.
7.25.
7.26.

/(it+ 3)e Ndx.
f arccos x dx.
i{x~-3)enrdx.
JIxe-""dx.

8.1. Jarctgix dx.

8.2. Jx cos 6x dx.
8.3. / arsinzx dx.

8.4. Jarccoslx dx.
8.5. JarctgSx dx.
86.f x sin(x —2) dx.
8.7. f arsinSx dx.
8.8.Jx sin(x + 3) dx.
8.9. Jx cos(x + 4) dx.

8.10.
8.11.
8.12.
8.13.
8.14.
8.15.
8.16.
8.17.

-f

Jarccoslx dx .
/X cos(x —7) dx.
JX sin{x - 5) dx.
/(X - A~)endx .

/ dx.

/ arctgix dx .
JarsinSx dx.
/In(x - 7) dx.

l.n.
7.28.

7.29.
7.30.

8.18.
8.19.

8.20.
821
8.22.
8.23.

8.24.
8.25.
8.26.

8.27.
8.28.

8.29.
8.30.

f X cos(x + 1) dx.
J xe~~~ dx .

/ dx.

/ Xcos(2 - x) dx.

/ X cos(x + 6) dx.
/ arctg | dx .

/ In(x +"8) ax .

i arctg”™dx.

i In{x +12) dx.

j arcsinjdx.
/In(2x- 1) dx.
/ In(2x +7°3) dx .

i arccos”™ dx.

j arcsin”™ dx.
/ arctgb6x dx .

/ arccos - dx .

Namunaviy variant yechimi
Anigmas integrallami hisoblang.

/XN16- x™dx.

4 sint.dx = ~costdt

p. XYi6-x~rdx= N ANMN47t = arcsinx/4

= '16sinhy/I6 -

16sinH4 cos tdt = 256J sinHcosHdt =

= 64\] sin® 2tdt = 32 f(1-cos 4t)dt = 32t-8sin4t + C/

32arcsin£\—24(8 - x™M)vieann- A

dx
Fixexsx+H
dx X=xt=%
n H g = —~dt_

dt

( N

=-In t+i+Vtrrkm
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—Inl+1+
In ol ) +1
3. f(x —7) sin Sxdx.
u= X—7,du = dx’
A f(x —7) sin Sxdx =

dv = sin5xdx,v —--cosSx
7)cos5x + + i/ cos5xdx = - i(x - 7)fos 5x ~ sinSx+ C. <
4. [/ arccos4xdx.
4dx
% j arccos4xdx = VA 16x2
dv = dx,V = x
—Xx arccosAx + 4/ = x arccos4x —jV | — + C.
S. /xer~"dx.
u —x,du = dx
xeN-"dx = ’ =
dv = V= e~ xen
"+ C.<
o] jX arctgx
\/i_l_P- molx.
_ du = dx
X arctgx u = arctgx, du = PPN
X N = vTTIl™Marctgx —
av -\ g~V =\T+P
r dx

7,  /(a™--4x + 3)e
—djc+ 3,du = (2x —4)dx,

dv = e~"dx,v -m—
= - A+ 3)e-2%) + /(2 - Qer="dx =
u=X—2du = dx, )
d7=e-2"dx,v = -ig-2" = -j(x2-4x + 3e
—kx-2)e-27-je-2>: +c. N

—==\_

:cHl

INOn(»:+1)) In(x+1)

X-i-1
dv - dx,V =~ InA(x + 1)

|ﬂ0(+|) fnilniX+ 1)) Alntix + 1)+C.—<
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1UT-8.4
Anigmas integrallarni hisoblang

1.
nl f 3*2+20*+9
C/awb6;6 Inix + 3] - Injx + 1] +
21Injx + 5j + +C.)

(Javob: 31Injx -3 | -4 Zn|x- 2|+

+in|x + 1! + C.
1~ f 43X-67
(x=niyfer ™ 3 (Javob: 2 Injx - li + 5 Injx ~ 4j -
-7In\x + 3! + C.)
14 f2x"+8x"9a;2-7 ,
] Qavob:x™ + 5Zn|x + 3] + Injx + 2! +

+lnjx - li + C.)
J -5 In\x + S\+ 6In\x + 3i --
-Injx + 1j +C.)
1i; f2x"-7a:3+7x2-8x .
i (X2-sx+6)("""~- Oavob: x’\ +X + 2In\x + |j +

4|njx 2j + +3Injx~31 + C.)
f 2xM+8ar™-4Sx-61...cccvvviinennnnn
’ (Javob: x~ - 81Injx - 1]+ 51Injx + 3|+
+In jx+ 21+ C.)
18 f2x M +H7XM32x2-7X . ,
BN+ 4x+3KX+~</x. (Javob: x~ ~ x ~ 51Injx + 5j +
3lnjx + +1!- 3Znjx + 3j + C.)
10 f 6x™M+6x6 ,
s (Javob: 3Zn]x + 1j + In\x - Ij +
+2IniX+ 2]+ C.)
1 1ft r 37a:—85 i
\X-4aXxM2A A )A A - (Javob: 4 Injx - 1] - 7Znx+ 3|+
+3Zn|x-4] + C.)
| A 3IxM3x-24  ,
n 2Zn|x - 2i + 3Zn|x- 3j -
-2 In|x+ Ij + C))

t 1-i f2XM-7x=*+3X+20.ccciiiiiiiinnnnns
¥ XN+ X - 4Znjx - 2j+

~

32n|x 3| + +3Zn|x+1j + c.)
11-1 r 3x2-15
J (XZiXx~ANindx. (Javob: Injx + 2] - Znjx - 1] +
+3Zn|x + 3j+ C.)
114 f ~M-19x+6 s
T (x-i)(X2+sr+6) (Javob: 18In\x + 3j - Znjx - 1j --

-16Zn|x + 2|+ C.)
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(Javob: In\x - 1]+ 3iIn\x + 11-
-4In\x + 2\ + C.}
+ 2In\x + 3! -
-In jic+ 5]+ C))
1-17. (Javob: 41n\x-1\~7 In\x + 3] +
+5 1IniX -- A\ + C.)

X2 - In\x - I\ + In\x + 21 -

-2In\x + 3\+C.)
1 -lil  r 2K*+17a™M+400:2+37>k+36 ,

+31npk+ 3] - 3Zn|x+ 51+ C))

17@*  &M+3M;D(K-1) A- " 1-- 1] - 3Znix + 1! +
+8¢nix + 2]+C.)
1-21. (Javob: 3xN - 12x + in|x - Ij -

-3 Zn|r+ 1] + 32In\Xx+ 2\ + C.)

- 3Znlx + 1+
+3Z272ix + 5i+ C.)
1*173- + 3]- 2Zn|x+1i-
- 2Znix + 51+ CO
- r 2m*-5r N-15x2+40x-70 ,
in~T :;:i-3xy-4 XN - X+ 4Zn)x-1" -
-¢njx + 3j+ 2ZniX - 4+ C))
- n2X*-DRM2XML3 , o L
1-2m" + X+ 2Znjx+ 11+
+Zn|x - 2] + Znjx —3] + C))
r e 2™+ 3ar+24 1~ 7 Mn >
i 3x2 _ + 22Znjx - 1]-
-3 Zn|x+ 11+ 10In X+ 2] + C))
1-27. (Z7ai?006; x™ + x + 4 Znjx - 1] +

+Zn|x+ 3] --22Znjx -4j + C))

1-28. f " INMNE M2~ d x . Qavob: 2lnjx -21 + 3Znlx - 31 +
+2 Zn|x+ 1] + C.)

1.29. ff~ ~d x . Qavob:3x~ - 12x + Zn|x- L -
--3Znjx + li + 2Zn|x+ 2] + C.)
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~N3.10./~r"0"r"dA:.yat;06:3/nix-li +
+ -injx™ + 2x + 5] --arctN'— - hC.)

i;"Td-~-Oavob:In]x\-"-~

1 1 X
- In\x™ + +4] - - arctg N +7-~)

3IN\x + 2|- inix2- 2x +
+10j+ arct~”™ + C.)
3.13. /7 ~"~h+ g™ (Javob:~In\x™ —2x + 4] —2 /n|x +
+2l-iarct/~'+C .)
3Znjx + 1j - inix™ - 4x + 13] -
-arctg © +C.)
3.15. /~~d x . Qavob:In\x™ + x + I3 —21In\x- 1]-
-4"3 arctg+C.)

3.16.
I~~rdx.(Javob:2In\x + 2A—in|x* - 2x + +4j -\f3 arctg”™ + C.)

~ (Javob:~In\x”~ -2 x + 10i - In\x + 2|+

+~arctg~+C.)

AN CX+i)tM\AL+i3) (Javob: 3in\x + 11- ZnIx® + 6x +
+13\-5 arctg”~+C.) .

/(.4)(Xy+s) 2¢nlx- 1l + Jarci®-"~ + C.)

AN (x+i)(Xto+i3 - 4x + 13] - 3inlx +

+1]+3arcts~+C.)
3inlx + 2L +iZnlIx”™ - 2x +

+10\+larctg”™ +C.)
+ - dinlx” + 6x +

+13\-arctg”™ +C.)
3-23-/51|~irdx.(ZaT;0i,:Zn|x + li + jInlx™ - 4x +

+13\+ 3arctg+ C.)



+olio-- + 61+
I3] +~arctg”~  +C.)
3.25. | —~~~dx. (Javob:2In\x + A+ in|x*- 2x + 4 |+
1\/3arct.9” + C.)
(J57~8;7) Oavob: 2inlx - I\ + In\x*+ 2x + 5] +
\jarctg”™"+C.)
327. /r~"~dx. (Javoh:2In]x - Ij +MNn|x™ +x +
afli+~arrt™Ji + C.)

3.28.
i'-~--dx.Qavob:2In\x~- 1 |-Znjx™ + x+ +lj +2\f3a rc tg +

3 Znjx + 1|+ Znjx™ + 6x + ISj -
mMarctg'r+C.)
Oavob, in\x + 2 |- \InN\x*-2 x +

I +larcts5~+C.)

~AnABAIOavob-Mrt\x - I\ +~In\x + I\-jinjx™ +4j +
liz,)
42./ dx (Javob:~n\x + 1 - Aln\x - L]+
"arctgx + +C.)
a5 jf XX DX dx (Javob: x + -larctgx " }Inj’x" + 4 -

larctg™ + +C.)

Ng AN (L«vo*ite ]| x - I ~i/n]x + ij-larct~f+C,)
4-5. (Javoh: 2In\x\ + ~ - + 4j - jarct™l + C)
J +4]-~+3 1+C)

4-'7. [/~ - 1;-cix (Javoe: ¢nIx] - 5 - in\x - Ij +1Inx+ 1j + C))
(Javob: AlIn\x + 1j - Ninjx --1] + i/njx™ + 4] +

I~arct.g”+ C.)



4.9, {Javob: InN\X\ - —AIN\X —1] +7InIX + 1j + +cC )
(Javob:~MIn\x™ + 4] - In\x - 1] -
N+ +arctg!l + C))
(.Zavofc: Znjzl -~-~Zn | x™ + 4j - jarct™-1 +
+C.)
4.12./~~~d x (Javob: INN + 2 + —1] — +1j + C.)
mi | riBT+4M (Jwvo2):i/n|x2 + 1] + arci™x -iinjx™ + 4] +

+C-) N N N
4.14. /2illglild x C/ai70i:*Znlx + 1j - iZnjx - 1] -

—~Narctgx + C.)
i (ZiiTOft;x +iarct~Ax-~arci5j+ C .)
4.16. / (Javob: InN\x - 1j - jZnjx + 1j + +~In\x™ +
lj-—- ~Narctgx + C.)

Inndx(Javob:In\x\+~+ ”“arctg ~"+C.-)

{iavob:In\x - Ij -¢-lzn jx”"™ + 4j -
arctg”n++C.»
n j xj2njax-2 _ ij +lin\x + 1 farctg~+ C.)
4.20. (javob: In\x “ i “ " MNx+ 1] + C.j

(JavoZ>"Znjx + 1j -~¢njx - 1]+ ¢njx™ +

+A\+~arctg”™ + C)

¢l "2
TN+£+4 3 f - iarctgx + C.)
4.24, / dx (Javob: In\x™ + 4] - 2 In\x\ ~ +arctg N +
+c.)
4.25.1 - ~ i -dx (javob:In\x- Ij + Nin|x + 1]- j/njx" + 1j -

—~"arctgx + C.j

(Javob: In\x™ + 9j -+arctgj + C.)



{Javob-\IN\x™ + 9 + In\x™ + |j -
arctgx + -f-C.)
4.28. (Javob: Unix - 1] -Un\x + I\-x~ +

T In\x™ + 1\+ ~arctgx + C.)

XXX
N EXNEXNN (Javob: -In\x” + 4\+~ arctg- - - arctgx +

+C.)

430 / &:1)(;2\:')‘(2_-‘:4-5\:“5 NaVOb: —*—_-I—-— Iz’irctgz + C)

5

5.1.J o Javob: 2MX + 3 - 4Zn Nx+ 3+ 2 + C

1. 2+d +3.( avob: - n "ix )
Xax

5.2. i (Javob: ~-/~+3)3 - 6V«c+ 3 + C.)

5.3. /\X~ (Jaw6 m - A-MX-3Y + ISV F~™ + +C))

S.4. / (Javob: M-J(x+Ay - 2(.r+4d) + 2"Ix+ 4 -
-4Zn|VF+~+2] + C)

S.5.7 (Javob: i VC x+ir - 7 7A1)A + +9V (i+iF ~
r.4avTTl + C)

56.J (Javob: 24x + 2+ ~1n WTz\V2

w2t
5.7. /-— % _(Javob: _In NGNS c)
i (x+t)vr+d A /3 VXFAFV3

58. f dx. (Javob: 2Vx + 2 £VSZn

c)

Vx+2-Vs
Vx+2+\'s
59./ (Jaw&; 2Vx - einjVx+Sj + C)

+C)

VX(x+3) ' V3 '
5.11.7 u~rndx. (Javob: ~Vx~ —a + 4Vx —4Zn|Vx+I] + (7.

xdx ;2 A
5J2./ (Javob: A~ (x -iy + 2Vx - 1+ C)

5.13,7 (Javob: 2\[x + In + C))

Vx+1
5.14. 7/ % (Javob: 2VFT5 - 6ZnjVF+T+3i + C)
5.15. /y:ﬂ(:— (Zavoi; 2a/F=" - 2In\l+v'*~ 1] + C)
5.16. J )Q(/ix {Javob: larctg”"x — 7+ C.)

1
5.17. 227d x . (Javob: 2-\fx~ 1+ 2arctg4” 1+ C)
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5.18. / {Javoh: ~4{x~iy + f

2Vx - 7+ C))
5.19. 7/ {Javob:\4[f™ +i + 2VFN:4 + +C.)
5.20. 7 {Javoh: 2\/x + 4 —2arctg\ix + 4 + C.)

521./ f + +2VCA+/N-

2yfx + 2+ C.)

5.22./ {Javob: 2yfx —ZVIQarctgJ”™ + C.)

ne23- / ¢ 1+ c)

5.24. / Jfvazs; : VAT - 2Znjl+VvVIN] + C)

5.25. / . {Javob: ~j2arctg + C)

5.26. /" fV(i=2)5"+~ {x -iy + Q~fr=I. + +C.)
527. dx. {Javoh: 2~x —2 —\f2arctgJ -~ + C)

5.28. / i/ (x+6r + ++8~/"6P +

16V7+6 + c.)

5.29./ {Javob : 2-\fx~" - ¢ /njVi - 6+3] + C)
5.30. / {Javob: : X - 4ZnjVX- s+2j+ C))
6.

6VF+1 - -3Zn|VXTT+I| - 6arctgvV¥+'i+ C)

6.2. / dx. {Javob: X + MVP* - 2V~ 4VX + +2injVx+I

NarctgXfx + C)

JV O™ +¢c)
6.4. / dx. {Javob: x + - + 2Vi+sVx+ C)

6.5. / m— dx. {Javob: | VX + Garctg\fx + C)
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66.7 i+ Trdx. {Javob: - (2x+1) + - A[{2x+1Y + C))

V21l
6.7./ 3— . Nwo6.-s - (x-1)+fVix-iy -
gﬁ_l,x-iy + 2Vir-BWA+6VIN-6Zn | VF=n;+ii +c.)
\KN-2N/F?
6.8.7 Ay dx. {Javob: x —1 —~ Y{x—1Y + 12\J{x—IY +
bOeVN- 1- 384V x- 1+ 768ZnjVF-1+2] + C)
ofx+3dx
6.9./ /ETSHVidf

AY{X+3Y + 20/x+ 3 - 3YATT3 + 6YXx + 3 - 6In\W+ 3+I] + C))

6,10. / (Javob: | Y (x-{y - 2n/x-1 +3Yx-1 -
-BVXx=T + 6Zn|Vx"+1] + C))

6-11. / (Javob.-"Y (x+3Y - 1Y (x+3Y + 2vx + 3 -
-eVx + 3- arctgVx + 3+ C).)

6.12. / \]>(+VXdX' (Javob-. x + g - 4N - 2\fx + 3W +
4-6N'X —~NZnjvN+1j —barctgVx + C.)

(Javoft.- A" j(x+3Y - 20/XT3 + 3W + 3 -

6u/F+S + +6ZnjV x~+1] + C.)

4. S 7avo*.-

6 { (x+i)(i+Vi+]) f(avo
ANY(x+2Y + BaTaAYX + 1+ C)

6.15. / sxrljvz dx. (Javob:-zy N —3VX —(j%fx + Sin VX+I|I +
+6airctgVex + C.)

616 J -T=Anrg=: ' (. — N i
) y;l;x+l+20}3!3x.+dix - (Javob: 3/\(3x+|})\ \JINx+iy +

2y(Bx+iy - -4V3XTT + 12VSFf'T - 48Y3xTrl +
96in|V3x + 1+2] + C)

6.17. / T77===-7=.- (Javod = 4-14- 3y2x + 1
fSZniv2x+ 1-1j + C.)

6.18. /7 AVXN + ~VUXN + JVXN 44X 4
91/74-4-30°/~+ ™ in %\ﬁt\\g + 24in|\/x_Vx—1] + C)
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i-w
4injl-vxj + +C.)
Vsx+l+
. / .. R A i -
VéI+I—VST+%dX {Javob: "\ [{3x+iy + -n/3x + 1+
iMWn + +4VWTI+ 4int/3I1TI-ii + C.)

021./ ™™ avob: 2x + 24%fx + 24in \?\/Cfé + C)

XHAX+\N

6.22. 7 _Xﬁ'Ti:_);X\dX' {Javoh: 3+ 6x 6 -- Sarctg%fx + C.)
\[xdx ] W-1

6.23. / {Javob: 2ylx + 6\/i+ Vi+1 +C)

~ 2-S

6.24. / {Javoh:gvx— iVI+ —orapy” + C)
Bx-"YjXA 3

6.25. 7 {Javob: 3In e

+C.)

6-26. / U~~~ x. {Javob: AVXxA -V x + In\\fx+I\ + C.)

6.27. / /t\+v'\ (Z«v0é; IVF - X+i - 2VXx+ 4V -

-W\Yx+1\ + C.)

-V(@Bx+1)2-—-"V3x + 1+ 2V3Xx +i - 4V3x"+ 1+

4/n|V3F+T+Ij +C.)

*JIxdx 20v-1
6.29. / AXND- {Javob: \ix -{--Vx + 0
Var+l-I

6.30. / -dx. {Javob:-\j{x+'*y -- SVx + 1 -

(V3i+i+HjAE
6VXx + 1+ +3¢nj%/xTT+Ilj + 6arcirV 2" + C.)

1.

71./m

a0 *ATTOM I V3 \

A (-~) +C)
3sinx-2cosx
9. : \- 1 - -
73./ Lrcoex X (Javob: 2tg -\-3In v al Aarctg - + C.)
8"

7.4./ — _ __{Javob: ; In +C)

5-73cosx-Ssinx 3 tsrn



75 _ tg— 2-V5
ST shaimvems WA (e, 1N ipoavs * C)
7J3J o (Javoh: arctg 1-J+C.)

3+2cosx—sinx

dx
7.7.3 . s in
5-S oosa: (/avoé&; 1arci

dx
78./ eMastixToosd JAVOD: In I+ C)
d
7.9./ * (Javob:i— In a +c.)
3+ Scosx 4
7.10. / ——- Javob: ~ In 2tgn+3 +C.)
Zsmx+3cosx+3 2
ERVAN
7.11. /7 S dsing (Javob: arctg{ N + C.)
d
7.12. / *  (Javoh: — arctg + C.)
8+4C0OSX

7.13. / o m(Javob: 3 In iz, C.)

3sinx-4cosx

d Stfll+y-vaS
7147 & (Javoh: in y + C)
7sinx-3cosx 3tfl-+7+\/58
dx -4N21
7.15. / 244sinx+ 3cosx (Javoh: ~_\_/Z_:I_In m4+\f21 * C')
dx .
7.16./ _ m(Javob: — in |Tj + C))
4cosx+3sinx ta
2~si 3
7/17. 7 “TSTTIOOS g (Javoh: 3x -t g - —In tg”~;+1 + C.)
I+casx 2
718./ — .(Javoh: -1=arctg . + C.)
5+sinx+3cosx Vis V Vis J
719./ — ———— (Javoh:C- -4-.)
4sinx+3cosx+S " t,g-+2
7+6sinx-S
7.26. /7 TPV 4y (Javob: 12tgA-+ 6In —5x+ C)

1+cosx

dx .
721/ 3+co.sx+sm'(\‘]a\/0b' \-/9 arctg I\_\);_/ * )

osi
7.22. 7 ST g (Javob: 6in tg”~-+1 mtg~+ x + C.)

1+COSX

7.23./ ox \(Javob: C — In

3cosx~4sinx

dx 3t.g-+2-%/T3

7JS. f .(Javob: ~ I'n + C)

4sinx-6cosx 3tfl]|+2+VI3
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7.26. / ~ {Javob: ~AIn Stg”~+3 + C.)

3+5si71”+3cosj:
dx
00K {Javob: ~arctg

7.28. /7 - —— . {Javob: - In + C)

4-4smx+3cosx’

7.27. 3 + Cl)

tg-+3-yR3S

7.29.f | m{Javob: . In g yM + C)
3sinx-cosx vio te| +3+v"70
5ii(] +1-V6

7.30. f —— ——— (Javob: __In . + C)

2-3cosx+smx V5 st f+i+Ve

88.1.f —~ e .(Javob: ~In 9% c.)

8sm”~x-16sinxcosx 16 tgx
+ C.)
/\.3_ fT~AX ANVVNY
J' ~tg~Mhx+2\ +Marctg (-G ) + C)
scos™NZsinx- (J”\ob:-¢f=arctg (~ ) + C.)

T AXxA~AN- (I<ryob:lIIn\tg”™x~I\ + C.)

2tgx+yfs
88./ 70052(+2sr‘r’r‘x' --arcth (4) + C)
8-9./ SThextcosx arctg{tg”™x) + C.)
8.10. / m(Javob: ; A m+In\tgx\ + C.)
cosxsin”x' 2tgn™x

{Javob:’\‘éra,q{n[21gx) + C.)
812/ o (Javob o C.)

4S|n/‘x+85|nxcosx tgx+2

dx

8.14. / gin-x~4sinxcosx+sc"x <~rctg(tgx-2) + c.)
8.15. / W&Lm Qavob™ a rctg (-~) + C)
o S\X_ C A 1+V 2tflxr
8.16. ‘iJ cos“x-z'{JaVOb' 2V2I n l—\ma' * C)
8.17. / o SO e
77 Grysasinizc . (Javob: ~aretg + C)
dx Vst,g3C-\/3

8.18. f in ARAAN DS \ISIgeNT3 + C)
2t,gx+3-VI3!
Lk R
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«xm21./ (J-~oh: ¢ .arctg (™ f) + C))

ne22./ (Z/avoft; -~arctg (~ i) + C))
Ne23-/i = S ; 5 ~ - (© +c.)
«e24./ + 4) -iarctg (if) + C)
«w25-/i;-"~ - (favob; “arct”™ (28 ) + C)
2N j=circtg{s/2tgx) + C.)
f “nctb (265x-D + C.)
8.28. f (Javoh: ~arctg(2tgx) + C.)
«®29- i’ (Jctvob:Ibi\tg”™x + 3] + C.)

T™IM ‘'-cos™x™M- (Javoh: \tgx + "arctg(\f3tgx) + C.)

9.1. fcos*3xsin” 3xdx. (Javob .— x ——=sinl2x + — siv?6x + C.)
16 192 144

9.2. 7 'Jsin”~xcos”xdx. (Javoh: A Vsin'Ax - ~ VsirO-~x + C.)
9.3. f cos™xsin~xdx. (Javob: Asui*x ——siri™x + C.)

9.4. / cos~xsin”xdx. (Javob: -cos~"x --cos”~x + C.)

9.5.j ~llf-~rdx. (Javob: C —-rF= ~ ~Vsin”x.)

-Jsin”x \fsinx 5

9.6. J Vsin~Ixcos~Zxdx. (Javob: -l%'Vsin®2x —% Vsin'A " 2x 4 C.)

9.7.J - ALiLidx. (Javob: sVsinx - -Vsiri®x + C.)
7

mJsinX

9.8. 7 -~p~rrdx. (.Javob: 3 + --Vcos"x + C.)
~CosnX \-\Icosx/ 5

9.9. fr-~ndx. (Javob - "o+ C )
COsS”™X Cos”™X cosx

9.10. 7/ sin~xcos'*xdx. (Javob:-cos"x —~cos*x —~cos™x + C.)

9.11. J ~ p -~ dx. (Javoh: — Vcos™x —- \lcos”x + C.)
12 2

mJcos™X

9.12. f \fcos'*xsiv}xdx. (Javob: ~ Vcos~~ —~Vcos”™x + C.)
9c.13. / vsm~xcos~xdx. (Javob: MVsinA~x — \lsiri-~x + C.)

9.14. 7 ycos~"Zxsin~2xdx. (Javoh: ~ Xjcos'™Ix - ~Mcos~Ix + C.)

9.15.J .(Javob: -2Vsi’\x -5 Vsin™x 4- C.)

\lsin”x
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9.16. / sin~2xcos*2xdx. {Javob: — X — —sinQx + —sin*4x + C))

16 128 B
9.17. / A~ dx. {Javob : - Vcos”Me ~ 3%fcosx + C.)
V cos™x 7
9.18. / Vcos~xsin~xdx. {Javob: 1 %lcos”x + C.)

1 1 * N L —_— 1 - J— 1N\ +
9.19. | sin*2xcos”~2xdx. {\Javob.lex 128sme % Sin 4x + C.)
9.20. J TF~~~ dx. {Javob: - Vsinlx —— %[siv72x + C.)
Nsintx 2 14

9.21. / dx. {Javoh: — Vcos""2x —-_yfcoslx + C.)
yjcos”"2X 14 2

9.22. f sin*xcos”xdx. {Javob: Asin*x —~sirdx + C.)

9.23. J sin”xcos*xdx. {\Javob:Tﬁx —asin4x + 4—83in’\2x + C.)
9.24. f sin”xcosxdx. {Javob: X~ Sindx - ggsin2x+ C)|
9.25. / sin~xcos”xdx. {Javob: — cos™x — cos”™x + C.)

9.26./ » dx. (Javob: ~ + C)»

sin*x smx sin™x

9.27. / sin”x Vcos”~xdx. (Javob: |VCOS"®_X —] Vcos~x ~
ASX +
28Vcos Sx + C.)
9.28. / sin*xcos~xdx. (Javob: -sin”~x - -siv7x + -sin~x + C.)

9.29. / sin*3xcos"3xdx. {.Javob:-*x —-"*sinl2x —-"sin~6x + C.)

9.30. j dx. (Javob: 3-== + ~Vcos~x + C.).
Vcos™x -Vcoi-r 5
Namunaviy variant yechimi
Anigmas integrallami hisoblang. *
1 i x-x"N-4

(x+1)(x2-5x+6)
integral ostidagi ftinksiya ratsional kasrdan iborat. Uning

maxrajini ko‘paytuvchilarga ajratamiz: (x +1)(x —2)(x —3) .
(8.9) formulaga asosan maxrajdagi har bir (x ~a) ko‘paytuvchiga
bitta " go‘shiluvchi mos keladi. Shuning uchun bizning
holimizda
7X-X"N-4 TX-XN-4 A c
{x+IKx"-5x+6} (x+1)(x-2)(x-3) x+1 x-2 x-3
Oxirgi tengliioiing 0‘ng tomonini umumiy maxrajga keltirib
va kasrlaraing suratlarini tenglashtirib topsak,
X - X" - 4= A(x~2){x-3) + B(x+1){x-3) + C(x+1){x-2)

92



a)miyaini hosil qilamiz. A,F,s Kkoffiisientlami xususiy
giymatlar usuli bilan topamiz (§88.6 ni garang);

X— / -12----12A.
X -2 6=-3V,
X=3 8=4S,
Bu yerdan A=-1, v=-2, s=2. Topilgan koeffitsientlami

integral ostidagi iltnksiyaning eng sodda kasrlarga yo3d!masiga
go'yib integrallasak

/ cmd X =1 (— ~ _ o+ = -In\x-i-1\, +
i Cx+I)(x"-5x+6) ¢ g\ X+1 X-2 X-3- ! '

2/njx-3] - -2In\x-2\ + C*=1n ~ ~ + C*ni hosil

&

gilamiz.

Bu yerda C’ - integrallash doimiysi. <

n r 15x-x"-11 )

1. J ——-t-t;-----—--d X.

(x-)Cx"+x-2)

N ISx-x"-11 f ISx-x~-11 (S9) Cr A s B

al G 3P«-nN“=-1 - +T7TAN +
X2

15x - ~II=A(Xx~IXx+2) + B(x+2) + C(x~1)"
| x=1 3=3V, v=l,
= x=-2 -45=9S, S=-5, =
-1="A+S, A=4

= -5In\x+2\ + 4In\x-I\ -~ + C * .

Shuni ta’'kidlash lozimki, koeffitsientlami topish uchun
xususiy giymatlar usuii va noma’lum koeffitsientlar usuli

go'llanildi. (8 8.6 ni garang).
\ r X“-8x"N+23xN-43x+27

>m Integral ostidagi funksiya noto‘g‘ri kasr bo‘lganligi uchun
kasming suratini maxrajiga bo‘lib, uni butun ko‘phad va to‘g‘ri
kasrlar yig‘indisi shaklida ifodalash mumkin;
'W =/ n f - +
Bx+C . _
ol 9% =
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—2x~ + 3Xx —13 = JI(xN* 2x+5) + (Bx+C)(x~2),
= x=2 -15~5A,A=-3, =
XN-2=A+V, V=I,
/ -13=5A-2S, S=-1

=£ 4x I (1 +—T-T—)dx =-— 4ax —3Zn|x—2;j +

2 ¢ y-2 XN-2X+S 2
AIN\XNA—2x+S\ +(7*

r 2x7-5x2+8x-22 J
I -iw TIT-"*~"

» +9,12+20 B (32+4)(x2+5) B AXN+4 XS

2XN - BXM+ 8x - 22 = iAX+B)ix"N+5) + (Cx+DXxN+A),
XN2=A+S,A=0

= x"-5=V+D, V=-2, =

X8=5A+4S, S=2,

/ -22=5V+4D, D=-3

6 ) + "<\x™+5\) -j~rarctg (~) + C\ <

N

» f_£IL _ciz=V™--2 =t X- 2=

3-VF:2 A 2n 2 dx= 2tdt
N-2FfNMN 8 i --25(,+3,+ 12+ M )d t.
=-2 3 2t4|2t+36iji(||-3|)'},+ C=

=-N7(X - 23- 3(Xx~2)- 24V X"N-T72Zn|VF=I'-3] + C ~
i :

/KE2+2-Y A
N favasnan=2 M A m

= EKUK(2,3,6) = 6, X- 2= N
AEN2+2VI=2 ~

X = th+ 2, dx = 6t~dt
=f(ifin=.6f~rdt=
N th+2f2 t+2

=6/ (4t" - 8t~ + ISt™ - 30t2 + 60t - 120+ ~)d t=

=6(240in(It+2]) + +ii- - lot" + 30t" - 120t) + C=

=4(x-2) - M MCV¥-2)S+ilyCx-2)n- 60Y ?2~ -7 2 0 +
+180V x ™ + 1440injVF="+2] + C

dx

3sinx-2cosx+|
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dx

>/ 2sinx-2cosX"\-I 2dt
dt dt . dt lit
=2/ ee22042 = 2/ 3054600 = Bl =1/
_ 23 wl2/vs L 43Mgh-JIZ-Z
34 i+1+2/\/3 T 2v3 T \/3til|+v3+2
dx

2sin”x-sin2x+3cos”x'

o
>/ 2NirDx-sinde+300s2x
t —tgx, sin™x ~ 1-|f¥\ cos™X —

sm Xcos X _'l_f2 dx = -I—té‘

dt

—_ +C =
T 2th— 2143
2
@ .
9Js n%& .
Vsindx
cosNiX | ~ 5in4x = i Al (I-t~M)dt 1
- dx= ’ - .£/\dt:
Msirdx at — 4cosaxdy A* vVt 4
:iQ—tS— — + C= —VsinMx - —Vsmi*Mx + C
4 \4 14 7/ 16 56

/ 8.10 8 -bo Himga doir go ‘shimcha topshiriglar
Anigmas integrallarni hisoblang.

1. f xM\I4 —x~dx. (Javob; M(x*—2)\4 - x™+ Zarcsin™+ C))

BBV AT s wsauxen T
3. ] (X+)Vx™ + 2xdx. (Javob: -*(X™M+SX)N + C)
/ Zn(x+VI + x~Ndx. (Javob: XZNn(X+VI + x) —V I + x* + C)

5. / arccosJ-~d x. (Javob: xarccosJd '~ + "VA~ arctg”Nfx + C.)

x-1
;kx+|6g\+}§ WANob: 2 (x M «) In\x+IN+hn\Il+X~A\+C.)

in(x+l)

7 f dx. (Javob: 2VXx + I(Znjx+I]|—2) + C)

<& / e '~dx. (Javob: 3e 2Vx+2) + C.)
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9. Aniq integral

9.1. Aniq integral tushunchasi. Aniq integrailarni hisoblash
y=f(x) fiinksiya [a;b] kesmada aniglangan bo‘lsin. Ushbu
kesmani ixtiyoriy usul bilan a=xo< Xi< X2 <... x,,=b nugtalar
orgali uzunligi A xj= Xj — X,.i , i=1,n bo‘lgan bo‘lakchalarga
bo'‘layiik. Har bir bo'lakchada bittadan , Xj.a< X, nugtani

ixtiyoriy tanlaymiz (9.1-rasm). Quyidagi yig‘indini

n

S.
r=l
y=f(x) fiinksiyaning [a,b} kesmadagi n-integral yig‘indisi
deyiladi. Geometrik nugtai nazardan S,-yig'indi 9.1-rasmda
tasvirlangan to‘g‘ri to‘riburchakiar yuzalarining yig‘indisi bo'lib,
ulaming asoslari A x; kesmalardan, balandligi esa/f'4™ ga teng.

A vl

telmitKi, |

AV t\

|~ u S
a X, N X, o .,''4 R

9.1- rasm

S,,integral yig‘indining gismiy kesmalaraing eng kattasi 0 ga
intilgandagi limitif(x) fiinksiyaning x=a danx=b gacha aniq
integral deyiladi va ushbu ko'‘rinishda belgilanadi

Zf=i /(fi)Axi = 4" fix)d x (9.1)

Bu yerdaf(x) integral ostidagi fimksiya, {a;b"\ -kesma
integrallash oralig‘i, a va b sonlar integi-allashning quyi va yuqori
chegaralari, x-integrallash o‘zgamvchisi deyiladi.

Teorema. Agarf(x) fimlcsiya [a;b] kesmada aniglangan, ham
uzluLsiz bo‘lsa, u [a,b] oraligda integrallanuvchi boiadi, ya'ni
(9.1) integral yig‘indining limiti mavjud va u [a;b] kesmani
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lio'lish usuliga, gismiy kesmalardan nugta tanlashga bogiiq
li()* Imaydi.

Agar f( ) x€[a'b] boisa aniq integralning geometrik
Ok O q| b|Ian chegaralangan flguranlng yuzini anglatadi. Bu
ligura egri chizigli trapetsiya deyiladi. Umumiy holda, f(x)
limksiya [a;bj kesmada turli ishoraga ega boisa, aniq integral Ox
o'gqning yuqori gismida va quyi gismida joyiashgan egri chiziqli
Irapetsiyalar yuzalarining ayirmasini bildiradi, Ox o‘gidan pastda
joyiashgan y-uzalar minus ishorasi bilan olinadi. Masalan grafigi
.2 rasmdagi funksiya uchun

INfix)dx”NS,-S2+S,

9.2-rasm

Aniq integralning asosiy xossalarim keltirib oiamiz (f(x) va
(p(x) funksiyalami mos kesmalarda integrallanuvchi deb faraz
gilamiz)

1) /a(fW £ 9ix))dx = jAf(,x)dx =+ (p{x)dx

2) C = cMf{x)dx (c = consty,

3) /*/Wdx = - j~f(x)d x]

4) Cf(x)dx = fAf(x)dx +  Ff{x)dx;

5) agar[a 6] kesmadaf(x)>0 va a<b boisa, u holda
.Cfix)dx > 0

6) agar g>(x) < f(x), x[a;b], a<b u holda
Ccp{x)dx<fj{x)dx
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7) agar m=min”era;j,]f (x ),M = f(x) vaa<b
bo‘lsa u holda
m(b - a) < /*f{x)dx < M(b - a)
8) agarf(x) funksiya[a;b] kesmada uzluksiz bo‘lsa kamida
bittax=c, x< nugta topiladiki, quyidagi tenglik bajariladi
SIf{x)dx = f{c)(b-a)
9) agarf(x) funksiyamiz uzluksizva 0 (x)=  f(t)d t tenglik
o‘rinli bo‘lsa u holda
i>'(x) = f(x)
ya’'ni aniq integraldan yugori chegarasi x o0‘zgaruvchi
bo'yicha hosila, integral ostidagi fiinksiyaning jaiqori
chegarasidagi giymatiga teng.
10) agar F (x)- birorta boshlangich funksiya bo‘lsa, quyidagi
tenglik o‘rinli
irf(x)dX = Fib)-F(a)*F(x)\~~
va bu formula Njoiton - Leybnits formulasi deyiladi. Uni F(x)
boshlang‘ich funksiya ma’lum bo‘lgan holda jc=a vax=6
giymatlarda hisoblash giyinchilik tug‘dirmaydigan shartlarda
qo'‘llangan maquil.

1-misol. Aniq integral hisoblansin
fA3dx-iydx
» 3x- IMdx=(x-D3j2=2- 1)3- (1- Y3 =1n

2-misol. Hisoblang
i;(vr+vi)d x

» fA(Ni2x + VX)dx = ~Nd o x + Mxdx =

i(16)5 + ~(8)3 =33<

3-misol. Hisoblang

sin” (p d(p
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sin” (pd(p ~ — —cos”(p)d{cos(p’) —

cos”cp

—Cos q)

4-m soi. Hisoblang
22x-1

X"+ X dx

integral ostidagi fiinksiya to‘g‘ri ratsional kasr, uni sodda
kasrlarga ajratib olamiz

— ,2x ™M1 = A(x+ 1) + Bx™ + Cx

XN 0=A+B
XN -1=A
x"2=C

bundan®=-7, B=1, C=2. Demalk,

R N . i - N
Pl ></(E‘+xx - icl( X * [EE dx 1\:_“”'J"tl' * 2“’1’(I XN+

I+x"J

‘carctgxj = +

-InZ + i/n5 + 2arctg2 -~),n2 - Zarctg 1 =
2{arctg 2- arctg 1) » » 0.38
Faraz qilaylik, y=f(x) fimksiya [a;b] kesmada uzluksiz,
x=(p(t) ftmlisiya o‘zining hosilasi bilan [a; B] kesmada uzluksiz,
monoton va ¢j(ci) —a, (piR) — b tenglik o‘rinli, mmahkabff¢ftj)
funksiya [a; R3] kesmada uzluksiz bo'lsin. U holda aniq integral
uchun o‘zgaruvchini almashtirish formulasi o‘rinli

inf(x)dx - jAf{(pit)<pXt)dt (9.2)
5-misol. Hisoblang
j 8 xdx

i»Quyidagi VI + X = t ahnashtirishni bajaramiz. U holda
x-("*~1, dx=2tdt. x=3 boiganda giymatidat = 2 = a,x = 8da

t — 3 = R bo'ladi. Yugoridagi (9.2) formula uchim hamma
shartlar bajarilgan. Demalk,
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2(9-3)-2g-2)= =f~n

6-misol. Hisoblang

0 2COSX+3

» integral ostidau = tg almashtirishni bajarsak cosx =

I-u “ d 2du ta0= 0
Fu2 @ e @ 9v=5p
2du 1
dx l+u™ _ I]' 2 , M1
2cosx+3 ‘o 2(l-u2) o u2+S
(1+u2)
1
0-38n
Agar

va Vg funksiyalar [a;A] kesmada uzluksiz xususiy
hosilalarga ega boisa, u holda

u(x)dv(x) = xi(x) mi;(x)i™ - v(x)du(x) (9.3)

7-misol. Integralni hisoblang  xcosxdx

u-- X du dx
» xcosxdx — . -
dv —cosxdx V = sinx

_ n . n <
Xsinx 2~ sinxdx = = “sin- —0 + cosx
0

8-misol. Integralni hisoblang /, xIn~"xdx

u == IriY~x du = 2Inx-;<dx
>jirxIn~Axdx =

dv = xdx V = ~x~
u = inx
du = -dx
-éan’\ xInxdx = = dv = xdx -e" -
v~ X2
(Z I T =Exn 5d%) 5 87— # flixdx ~ Xyt =
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9.1-AT
Aniq integral hisobiansin.

1 (272 + dx (/avoh :

2. Vxdz (Javob ;

A'""w H s Oavob : 2)

™

5. i\'>jcosx —cos”~xdx (Javob :

«m Jo* ' 2- 1n2)
7. XNjl +x~dx (Javob :

8. jAN-i —x™dx (javob n)

» « Q2 ng it 2)

Mustagqi! ish
Aniq integrallarni hisoblang

1 a ){ix + dx; )~ » dx (Javob: a)21; b)
7+2In2)
2. a)/;~dy; b)s/~"~ (/avoi; aji?/5; b)16/3-2In3)

3 (Javob:a)3/16; b) 3+4In2)

9.2 Xosmas iniegrailar
Agar>>=/fxy ftmksiya a < x < + 00, oraligda uzluksiz bo‘lsa,
Il holda

i,f/ (x)dx = /(/?) integral /i ning uzluksiz funksiyasi bo'ladi.
(9.3-rasm)
U holda quyidagi limit

/7 (x)d x (9.4)
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f(x) iunksiyaniiig [a; +co] oraliqda yuqori chegarasi cheksiz
boigan xosmas integrali deyiladi.
C~/(x)dx (9,5)

9.3-rasm
Demak, ta'rifbo‘yicha
fA"f(x)dx = f(x)d x

Agar (9.4) limit mavjud boisa, u holda (9.5) integral
yaginlashuvchi, agar (9.4) limit mavjud boimasa, xususan
cheksiz boisa uzoglashuvchi deyiladi.

Quyi chegarasi cheksiz boigan xosmas integrailar va yuqori,
quyi chegarasi cheksiz boigan xosmas integrailar ham shu kabi
aniglanadi:

rnrf(x)dx = limAr_ o /W
INNf(x)dx = lim™ 00 j~f(x)d x + lims_+«, /7®/(x)dx
bu yerda -o0 < c< +00 . Agar JI~MNM\f(x)\dx integral

yaginlashuvchi boisa u holda (9.5) integral absolyat
yaginlashuvchi deyiladi. Xosm>as (9.5) integralning
yaginlashishini tekshirish uchun quyidagi taggoslash belgilaridan
foydalanish mumkin.

1-teorema. Agar barcha x > a uchun 0 < f(x) < (p(x)
tengsizlik o‘rinh boisa, u holda:

1) agar g)(x)dx integral yaginlashsa f(x)d x
integral ham vyaqginlashadi shu bilan birga f(x)dx <

fAe"N (x)d x
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2) agar /Y¥'/ (x)d x integral uzoglashsa u holda (p(x)dx

integral ham uzoglashuvchi bo‘ladi. Absolyut yaqinlashuvchi
xosmas integral yaqinlashuvchi bo‘ladi.

1-misol. Xosmas integral (a > 0) berilgan. Ushbu

integral a ning ganday gqiymatlarida yaginlashuvchi, ganday
gil‘iatlarida uzoglashuvchi bo‘ladi?
~Faraz qilaylik, a~1 bo'‘lsin, U holda;

Demak, agar a>1, bo‘lsa

r+Qdx _ 1
| X« 7 a~l
ya'ni integral yaginlashuvchi, agar a<I, bo‘lsa
f+<x> dx
- - +00

ya’'ni integral uzoglashuvchi bo‘ladi.

Agar a=1, bo‘lsa
f+codx . fBdx
., — = lim !"— = hm InB ~ +o00
'l X g->+o00"l X B-~+oa

ya’'ni integral uzoglashuvchi bo‘ladi.

2-iiiisol. Xosmas integralni hisoblang

r+co dx
ml x2+4x+13
yoki uning uzoqglashuvchi ekanligini ko‘rsating
f+co dx f+oo dx 1 X+2
ilim~-,+, (arct.g”™ - arctg1l) =; (f“ f) =

3-misol. Xosmas integralni yaginlasliishini isbotlang.
r+ oo dx

p2+l)e*
» X > 1 giy-matda tengsizlik o‘rinli bo‘ladi va

integral
C+oc  dx fjS dx

JrCarctgfi - arctgl) - | -J=
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yaginiashuvchi, demak 1-teoremaga ko‘ra berilgan integral
yaginlashuvchi boiadi.
Eslatma. Integrallash oraligi cheksiz boigan xosmas

integrallami hisoblashda quydagi tenglikdan foydaianamiz

+00
= F{x)\

b da F'(x)=f F(+as) - Jim. F
u yerda F'(x)=f(x) va F(+aS) X_l»rrl00 (x)

Faraz gilaylik fiinksiyaZa;67 kesmaning x=c
nugtasidan tashgari barcha nuqtalarida uzluksiz boisin. U holda
ta'rifga asosan;

Cf{x)dx =
f(x)dx + f(x)d x (9.6)

Bu yerda, £1,£2 > ~ A nugta ikkinchi tur uzidsh nugtasi.
Yugqoridagi (9.6) integral uzulishga ega boigan funksiyaning
xosmas integrali deyiladi. Agar (9.6) tenglikning o‘ng tomonidagi
limitlar mavjud boisa, bu integral yaginlashuvchi, agar ulardan
kamida bittasi mavjud boimasa, integral uzoglashuvchi deyiladi.
Uzilish ¢ nugtasi s uchun c=a yoki c=b boisa, (9.6) tengliknixig
0‘ng tomonida fagat bitta limit boiadi.

\'«s

< AAVN

9.4-rasm
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4~misol. Xosmas integral uchun yaginlashish va uzoglashish
shartiarini aniglang

~ntegral ostidagi funlcsiya x=0 nuqgtada ikkinchi tur
uzlishga ega. Agar a ~ 1 boisa u holda

fidx fldx
Jo ~ *mgno+o]] - A E - A0+ 0 -
i roo” B4y (nnac]
=M ORI TR ((ed,a > 1

Agar a=1 boisa - i Inlxi = ~ Um Ins - +o00 .
g ) X E’@O I £ E~NO

Demak, ushbu hosmas integral 0<a<I da yaginlashuvchi a>1 da
esa uzoglashuvchi boiadi.

S-misol. Xosmas
rl dx

[ 19]
integralni hisoblang
i~Integral ostidagi funksiya x =1 nuqgtada cheksiz uzilishga
ega. Demak, ta'rifbo‘yicha

ion = - X)~2dx = lim ,~o(-2)(I -

0 .
= -2 limg_,o(VlI- 1+ e+ Vi- 0)=2limEgno(l - Vej =
2 (s > 0) ya'ni bu integral yaginlashuvchi boiadi.”
2-Teorema. Agar [a;b] kesmada x=c nuqtadan tashqar
ibarcha nuqgtalarda <p(x)~'(x)>0 tengsizlik bajarilsa, vafagat x=c
nugtada bufunksiyalar cheksiz uzilishga ega bo ‘Isa, u holda.
l)agar

i"<p{x)dx
integral yaginlashuvchi bo ‘Isa,
ilfix)d x

integral ham yaqginlashuvchi bo 'ladi.
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2) agar
ilf(x)d x
integral bo Isa,
JN(p(x)dx
integral hat* uzoglashuvchi bo ‘ladi.
Bu lva 2 tasdiglar tagqoslash teoremalari deyiladi.

6-Misol. Xosmas
rl dx

€O Vx+2x~
integralning y™I"lashishini tekshiring:
» Integral ostidagi funksiya x=0 nugtada uzilishga ega
1 1
VX + 2x° 1fx
\a x>0 da yugondagi tengsizlik o‘rinli boiadi. Bundan
xosmas
4 S Vi) =
f (£E>0)
integral yaginlashuvchi va 2 teoremaning 1ltasdigiga ko‘ra

berilgan xosmas integral yaginlashuvchi boiadi.
9.2- AT

Berilgan xosnias integraliar hisoblansin.
1. Inxdx (javob : 1)

2. cosxdx QcLvob m —2n)
3. i f cosyfxdx (Javob : -4)
4. xarctgxdx (Javob ¢ ~ ~ ~)

5. fAXNeNdXUNMYAN 1 N~ 2
Xosmas integrallami hisoblang yoki ulaming
uzoglashuvchiekanini ko'rsating.

6. . (lavob: 0,5)
-'e X(iTiX)3
7. fAx~e--"dx (Javob: 0,5)

8. (Javob: uzoglashuvchi)
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~aU ~ ~ Vovob: I)

n.il~™Uavob:n

Mustaqil ish
i.1) Integralni hisoblang

xe~"dx (Javob: I-2/e)

2) Integralni hisoblang yoki uning uzoglashuvchi ekanligini
ko‘rsating

Sitn, 2)
2.1) Integralni hisoblang
xsinxdx; (Javob: n)

2) Xosmas integralni hisoblang yoki uni uzoglashuvchi
ekanligini ko‘rsating

3.1) Integralni hisoblang
A xendx; (Javob:

2) Xosmas integralni hisoblang yoki uning uzoglashuvchi
/ ekanligini ko‘rsating

Oavob: Uzoglashuvchi)

93 Aniq iiitegraliiing geometrik masalalarga iatbiqi
X 6 [a;b]), geometrik nuqtai nazardan (9.18) egri chiziqu
trapetsiyaning yuziga teng bo'lar edi. Yassi figuraning yuzini esa
egri chizigli trapetsiya yuzlarining yig‘indisi va ayimiasi sifatida
garash mumkin. Demak, aniq integral yordamida turli yassi
figuralaming jaizaiarini hisoblash mumkin.

I-misol. Ushbu y=y?~-2x egri chi.zig, x=-1, x=1 to‘g'ri
chiziglar va Ox o‘qi bilan chegaralangan yassi figuraning yuzini
hisoblang.

> Dastlab berilgan chiziglar bilan chegaralangan figurani
chizib olamiz (9.5-rasm). Qidirilayotgan yuza 5=|S;i+]|52]|=5;-52
dcmak,
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s = “2x)dx - INMxN - 2x)dXx =

(£ -*013 =(;-1i)=2<
Umumiy holda berilgan figam y=fj(x), y=f2(x) egri chiziglar,
x=a, X=b to‘g‘ri chiziglar bilan chegaralangan bo‘lsa, bu yerda
fi(x)™2(x), x[a;bj, (9.6-rasm) u holda
s= C (f2i~)~fi(x))d x (9.7)
2-misol. Quyidagi j);=5x-x" vay=-x chiziglar bilan
chegaralangan figuraning yuzasini hisoblang.

> Egri cMziglaming kesishish nugtasini topib olarniz va
yuzasi qidirilayotgan figuraning rasmini cliizib olamiz (9.7-rasm)
y = 3x~x"M|__"~M oy — —x
y = -X l-x = 3x - x°

Sistemani yechib: X}=0, X2=4, yi=0, y2=~4 giymailarga ega
bo‘lamiz, u holda (9.7) fonnulaga ko‘ra

S = -X N - i=X))dx = ji;(4x - x’\)dxz(Zx’\-7)ié= 3

Agar egri chizigli trapetsiyani chegaralovchi AV egri chiziq
parametrik ko'‘rinishda berilgan boisa x=f(t), y=y/(t) u holda
uning yuzasi

S=ijl"mv'(.t)dt (9,8)
bu yerda a va y5 (p(a)=a, y/(ji)=b tenglamadan aniglanadi
{y™(t)>0, [a;P] kesmada), formula bilan aniglanadi. .

3-misol. Berilgan” 7\2 ~ " ellips bilan chegaralangan
yuzani hisoblang

> Ellipsning parametrik tenglamasini yozib olamiz; x=acost
y=bsint. Figuraning simmetrik ekanligini hisobga olib va (9.8)
formuladan (9.9~rasm)

5 = 4jrydx = 4/5 asint(-bsint)dt ~ 4ab  sirtMtdt = =

ar A I
4ab M- —dt —2ab (t —~sinlt) j2 = nab -4

Egri chizig qutb koordinatalar sistemasida p =p (f) tenglama
bilan berilgan boisa, egri chizigli oMM 2 (9.10-rasm), egri
chizigning yoyi va OMj va OM2 fi va f2 gi>Tiiatlarga mos
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kciuvchi qutb radiuslari
ushbu fonnula bilan hisoblanadi.

9.5-rasm

9.7-rasm
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bilan chegaralangan sektorning yuzi

(9.9)

-v - 11
T >m
ii. b X:
9.6-rasm
9.8~rasm
LA
u/my N N
\
9.10-rasm



4-misol. (x~+y™MN A an(x~-y~) Bemulli  lemniskatasi
bilan chegaralangan figuraning yuzini hisoblang

PEgri chizigning  tenglamasini qutb  koordinatalar
sistemasida yozib olamiz. Tenglamada x = pcos”,y = psing?
almashtirish bajarsak, = a”cos2

yoki p = an™Jcos2(p . Figuraning simmetrikligini hisobga
olsak, qgidirilayotgan yuza (9.9) formula bilan hisoblanadi;

1~ m
S = 4r--j*a~cos2(pd(p = 2a™ **sin2(p\'i =

Egri chizig yoyining uzunfligini hisoblash. Agar egri
chizigning AB yoyi (a:b) v&y=f(x) tenglama bilan berilgan bo'lib,
/("™x-differensiallanuvchi  funksiya boisa, u holda AB yoyning
uzunligi (9.12-rasm)

(9.10)
formula bilan hisoblanadi.
yf yf
C
a X
a (018 X
9.11 rasm 9.12 rasm

Agar egri chiziq o‘zining parametrik tenglamalar! x =
(p(t),y = xp(t) lar bilan berilgan boiib, x = (p(t),y - lar
differensiallanuvchi funksiyalar boisa, u holda I yoyning uzunligi
n + ylint (9.11)

formula bilan hisoblanadi, parametr tning av& R giymatlari
yoyning chekka nugtalari A vaB ga mos keladi.
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Agar sillig egri chizig qutb koordinatalar sisteiriasida
p = pi<p) tenglama bilan berilgan bo‘lsa, MjMj j~oyning /
u/iinligi ushbu formula bilan hisoblanadi:

N o
/= 4p"+p" oo (9.12)
Bu yerda yz. (p~ giymatlari yoyning boshi va oxirgi

luigalari Mj va M j ga mos keladi.

5 ~ misol. Egri chiziq j = tenglama bilan berilgan,

yojming boshi va oxirgi nuqtalari abssissalari Xj=V3 va xX*= 4%
bo‘isa, yo3riing uzunligini toping.

i“Yoyni uzunligini hisoblash uchun (9.10) formuladan
Ibydalanamiz;

F=YMliafux) ax=Talrx ah- L & 34,
n5 v3 3
2

6“misoL Sikloidaning birinchi arkasi yoyining uzunligini

loping
y = a(l --cost), X = a(t - sint)

A Sikloidaning hamma arkalari bir xil, birinchi arkada t
parametr 0 dan 1K gacha o'zgaradi. U holda (9.11) formulani
go‘llaymiz;

.2 2 2 2 e 2 2.
1= J yré (1-cosi) *a sin i dt"'a] -)I/I-Zcosi+ cos i+sin | Of-

0 0
In 2T n n

2 ~2(1- cos/) dt=2aj sin--dt=-Aa cos—2(;)r = 8a

7-misoL Logarifinik spiralning bitta aylanishda hosil
boiadigan yoyining uzunligini toping, p =
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________ _2'*;7 =1 y = const

("N 3 y
ya’'ni, yarim o‘qglari boigan

ellipsni hosi] gilamiz.
Bu kesimlaming yuzi:

n holda (9.13) formuladan
b 2 b 2 3

V=~A\mc{\-~)dy =2mcJI(1- dy = 2mc{y - bc
Ib b I b

= —m
0o 3
2
9-misoL Oxy tekislikda yotuvchi va vy —4 —x,x =0
chiziglar bilan chegaralangan figurani Oy o0‘qi atrofida
aylantirishdan hosil boigan jismning hajmini hisoblang,

» Rasmdan (9.16-rasm) ko‘rinib turibdiki:
r

2 r
X'dy=>rj(4-y™dy = 2irjd-y~Mcfy =2n (168 +y ) =2®

=29-(32-— +—)=— n-»107,23 A
3 5 15

y*

~4*

~2T

9.16-rasm
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Aylanish jismlarining sirtlari yuzini hisoblash
Agar y = f (x) flmkssiya uzluksiz differensiallanuvchi

N0isa, shu egrichizigning AB gismi yoki
/((a;f (a)), B(b;f (b)) Ox o‘qi airofida aylanishidan hosil

hoigan sirtning yuzi:
Ox = 27tf~f(x)JIT'+ (f'(x)f dx (9.15)

formula orqali topiladi.

9.17-rasm

10-misol. = 2X+ 1 parabolaning Xj —1 va Xj =7
abssissalar oraligidagi yoyini (9.17) aylantirishdan hosil boigan

sirtning yuzasi hisoblansin.
» Rasmdan va (9.15) formuladan quyidagiga ega boiamiz:

X=27tMN2xTT1JIl + ((§y==~) dx=2n V2x+ 1+17 dx =

.. 112n
2n yRA Tl dx = 2nn \- \ni6A- 8) - u

AT-9.3.
1. Ushbu y™ =9 x,y = 3x chiziglar bilan chegaralangan
soxaning yuzasini toping ( Javob:0,5 ).

2, y = Xr+4X, y= X+ 4 chiziglar bilan chegaralangan

soxaning yuzasini toping ( Javob
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1
3. Ushbuy = y ~ ~~ chiziglar bilan chegaralangan

soxalaming yuzasini toping {Javob: — —).
2 3

4. Yopiq y 2 _ x2 —x4 chiziq bilan chegaralangan soxaning
yuzasini toping {Javob: 4/3).

5. Sikloidaning birinchi arkasi >=a (1- cosi),
x-a{t-smt)*/SL Ox o0‘gi bilan chegaralangan soxaning yuzasini

hisoblang {Javob: ).
6. Paranietrik ko‘rinishdagi x-zt~ = chizig bilan

chegaralangan soxaning yuzasini hisoblang {Javob:
5

7. y=xe™ egri chiziq va uning asiraptotasi biian
chegaralangan soxaning yuzasini hisoblang {Javob: 2).

8. Kardioida bilan chegaralangan soxaning yuzasini
hisoblang; p -a {\ - cos¢>). ( Javob: /2).

9. Ushbu XN+y~N-4, xN+y~r=9, y-x, Yy =-x%3
chiziglar biian chegaralangan soxaning jmzasini hisoblang

(Javob: 25"
24 *
Mustaqil ish
1. Ushbu chiziglar bilan chegaralangan soxaning yuzasini

hisoblang;

a) y~N-x+5, yr=-x +4, b)p = acos2” {Javob:

2. a)y=(x-4) y=\6~x~ chiziglar bilan chegaralangani

soxaning yuzasini hisoblang:
b) Arximed spiralining birinchi va ikkinchi o‘ranii orasidagi,

p=al (a>0) yuzani hisoblang (Javob: a) hy— )m
3"
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3) Ushbu egri chiziglar bilan chegaralangan soxalaraing

yuzasini hisoblang:
3. a)dyN'éex-xN, 4y=x+6; b)y =4t~-bt, x”~2t va Ox

nqi(./avob: 2,047 b))-

AT-9.4

1. Berilgany=2 4 x paraboianing xi=0 va X2=1 abssissalari
<Q'rtasidagi. yoy uzuniigini hisoblang. (Javob: +In (1+42)
« 2,29;

2. Astroidaning uzunligi hisobiansin x=a cos™t, y~a sin.
(Javob: 6a)

3. Kardiodaning uzuniigini hisoblang p =a (1- cos (p).
(Javob: 8a)

4- chizigning xi=1, X2=9 abssissalar
o‘rtasidagi yoy boiagining uzunligi hisoblansin. f Javob: ~ )

5. Ushbu z= -—b — , z=1 sirtiar bilan chegaralangan
4 2

jisimiing hajmi hisoblansin. (Javob: ti42)

6. Oxy tekisligida yotgan va y=x?, x=)/ chiziglar biian
chegaralangan figuraning Ox o0‘'gi atrofida aylanishdan hosil
boMgan jisnining hajmini hisoblang

(Javob: L£)

i

7. Sikioida x=a (t-sint), y=a (l-cost) birinchi arkasini Ox
o'qi atrofida aylantirishdan hosil bo‘lgan jismning hajmini
hisoblang.

(Javob: 5an 7in)



8. y= ~J4x-1 egri chizigning xi=1 nuqgtadan

nugtagacha bo‘lgan yoy boiagini aylantirishdan hosi
boigansirtning }aizini toping (Javob: 104 >«/3)

9. y=a ch— chizigni xi=0 nugtadan xr=a nugtagachi
a

bo‘lgan gismining Ox o‘qi atrofida aylantirishdan hosil boigai

sirt, katenoidning ywT\ hisoblang. (Javob: 4n)
4

Mustaqil ish
1. 1Ushbu y= i.~(2x-1)~ egri chizigning abssissalar
Xj=2 va X2=8 ga teng boigan M M 2 nugtalar orasidagi yoO]
boiagining uzunligi hisoblansin (Javob:56/3).
2. y =3x to‘g'ri chizigning xi=0 va xr=2 abssissaga eg<

nuqgtalari bilan chegaralangan kesmasini Ox o‘qgi atrofidi
aylantirishdan hosil boigan aylanish sirtining yuzasi hisoblansin

(Javob: 12y[iOn:)
2. 1 Tenglamasi y = —x boigan chizigning x/=2 va X2=I

nugqtalar orasidagi yoy uzunligi hisoblansin. {Javob: 5).
2. Tenglamasi y = —+ --,y = | boigan sirtlar bilar

chegaralangan jismning hajmi topilsin. (Javob: n) =
3. I. y=Inx tenglama bilan berilgan egri chizignin]

abssissalari xi=-yj3 va jc2= ¢/8 nugqtalar orasidagi yoy uzunlig:
hisoblansin.
{Javob:\ + -2\n 2" \2 )

2. Oxu tekislikda yotgan y=2x-jc™ va y=0 chiziglar |
chegaralangan figurani Ox o‘'gi atrofida aylantirishdan hosii

boiganjismning hajmi topilsin. {Javob: T5 o)



>4. Aniq integralni fizik raasalalarni yechishga qoilash.
Tezlik bo‘yicha bosib o‘tilgan yo‘Ini hisoblash.
Agar v = f{t) moddiy nuqgtaning to‘g‘ri chiziq bo‘'yicha
li.ilakatidagi tezligini ifodalasa, u holda [tj;t2] vaqt oralig‘ida
liDsib o‘iilgan yoi.

5= [f{t)dt
h
(9.16)
formula bilan ifodalanadi.
1-misoL Moddiy M nugta v (i) = +1 mv/s tezlik bilan
to'g‘ri ciiizigli harakat qilsin. Nugtaning [0;3] sekund oralig‘ida
liosib o‘tgan yoiini toping.
N (9.16) formulaga asosan
3
S= +2t+ I)dt = (™ + + t) =39 M~
0
0 ‘zgaruvchi kuchning bajargan ishini hisoblash
Moddiy M nugta F(s) kuch ta’siri ostida OS to‘g‘ri chiziq

lio'yicha harakatlansin. Bu kuchning yoining gismida
b
liajargan ishi A=\ F (s)ds formula bilan hisoblanadi.
/ i

2-raisol. Agar prujinani Jsm cho‘zish uchun IkN kuch sarf
ijilinsa uni 10sm cho'zish uchun bajariladigan ishni hisoblang.

~aGuk gonuniga asosan, prujinani cho‘zadigan kuch, uni
olio‘zilishiga proporsional, ya'ni F=hc, bu yerda x-prujinaning
cho‘zilishi (metrda), A-proporsionallik koeffitsenti. Masala

shartiga ko‘ra x=0,01m, F=1 kn, 1=0,01 k tenglikdan k=100
ekanligi kelib chigadi va F=100x bajarilgan ish.
N I00xdx = 50x2 104 ~ 0,5 kDj. <

x2 2
3-misol. Qozon ~ ! elliptik paraboloid shaklida

boiib, balandligi H=4m va zichiigi S=0,8t/ni® boigan suyuqlik
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bilan ioidiriigan. Qozon chetidan suyugliloii haydab chigarishda
bajarilgan ishni hisoblang.
» z. balandlikda qalinligi is.z- (9.18-rasm) boigan suyuqlik

gatlamini ajratamiz, ko‘ndalang kesimda yarim o‘glari a=2

h=3 ga teng boigan ellips hosil boigani uchun, bu
gatlamning massasi Ismi”~ 6kSZ-Kz- va hajmi
AV] =7T-2j~-3~Az, ga teng boiadi. SuHdglikni haydab

chigarish uchun bajarilgan ish;

N = lim,~00 Sf=i 6ngSzi(H - z{)Azi = SngSziH -
z)dz = 6ngsS = -——-- N = TcgSHN = 64girS ~
IS7S,S3kDj. <
4v
H
-6
/4
9.18- rasm

Suyugllkning plastinkaga bosim kuchini hisoblash

Bu masalani yechish usulini aniqg misolda ko‘rib oiamiz.

4-misol, Asosi a=3m va balandiigi N~2m boigan
uchburchakli plastinka suyuglikka uchi bilan vertikal botirilgan va
asosi suyuglikning sathiga parallel boiib, undan Im uzoglikda
joylashgan. Suyuglikning zichligi

S = 0,9 tm boisa, uning plastinkaning har ikki tomoni
bosim kuchini hisoblang.
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Suyuqukning bosim kuchini hisoblash uchun Paskal
gonunidan ibydalanamiz, unga ko‘ra suyuglikning h chugqirlikdagi
A S yuziga bosim Ap = Sgh A S fomiula bilan aniglanadi. Bu
yerda S -suyuglikning zichligi, g-jismning erkin tushishdagi
tezlanishi.

Suyuglik satxiga parallel to‘g‘ri chiziglar bilan, uchburchakni
eni dy ga teng boigan kesimlar (9.19-rasm)

9.19- rasm

bilan boiib chiganiiz va u suyuqiik satxidan y+d masofada
boisin. AVS va A, V, S, uchburchaklarning o‘xshashligidan;

, ya'ni kesimning yuzi:

ds~j-~{H-y)dy,

Uchburchakii piastinkada kesiigan kesim yuzining har bir
tomoniga bosimi

dp=— ~{d +y){H —y)dy ga teng boiadi. Oxirgi
H

tenglikning ikki tomonini integrallab, quyidagini hosil gilamiz
P -j~ag(d->-y)(ff-y)dy =Is g j(2+y-yNdy ="Sgf2y -> -~ - ]| =S5g<=>44,IKB

Inersiya momentini hisoblash
Anig integral yordamida vyassi figuralaming inersiya
momentini hisoblash mumkin.
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5-misoi. Massasi M ga radiusi R ga teng boigan bir jinsli
doiraning markaziga nisbatan inersiya momenti hisoblansin.

I»-Massasi Af boigan moddiy nuqtaning O nuqgtaga nisbatan
inersion momenti, shu nugta massasining, undan O nugtagacha
boigan masofa kvadratining ko‘paytmasiga teng. Moddiy
nugtalar sistemasining inersion momenti, shu nugtalar inersion
momentlarining yigindisiga teng.

Konsentrik aylanalar yordamida doirani n ta, eni d ga teng
boigan halgalarga

9.20- rasm

boiamiz, Bu xalqalaming yuzi ds = 27Urdr , massasi
dm — 2.Trrdrd zichiigi 0 =M (tR”) ga teng (9.20-rasm).

Ajratilgan xalgalaming elementar momenti dI~™InSr'dr

Elementar inersion momentlami integrallab *
r 1 4R | M 1
I=\27rSr”dr =2nS"- = — -=-M R\
40 2 nR™ 2

Yassi figuraning ogirlik markazini hisobiash

Quyidagi hollarni ko‘rib chigamiz.

1 u=f(x) iimksiya grafigining, zichiigi 6=6(x) boigan, AV
yoy boiagining ogirlik markazi koordinatalari c(Xc,yc) ,
guyidagi formulalar yordamida aniglanadi (9.12-rasm):

_ N JINY6jX).i TA™NdX
fAS(x)-Jl+yrdix ’ O(x)VI+y'2<ix
2. Agar vyassi figura qu>idan f(x ) , yugoridan /jCXx) ,

fy (x)< fjix), chiziglar bilan [a,6] kesmada chegaralangan va

122



figuraning zichligi 6=6(x) bo‘!sa, u holda uning og‘irlik markazi
S(xs:Us)

NN CAS(xmix)-A(x))dx N ligS(xXfi[x)-fhx))dx
ian~(x)(12ix}-fi(x))dx Ja 6x(/2(x)-/i(x))dx
fornaula orqgali topiladi
6- masala. Markaziy burchagi 2a, radiusi R ga teng boigan

aylananing birjinsli yoy boiagining ogirtk markazi fopilsin.
» Koordinatalar sistemasini 9.21 rasmda

ko'‘rsatilgandek tanlab olamiz. U holda yoyning bir jinsli va
simmetrik ekanligidan «.,=0 kelib chigadi. Yuqoridagi formuladan

Xs ni topib olamiz (S = const)

Aylananing parametrik tenglamasidan foydalanamiz x-R
cost, y=R sint,

costdt _ _ sint _Z X _ ~ sina
xr = - R t O; —a — a
1- misol. Birjinsli, y=6~~, y-2 chiziglar bilan chegaralangan
yassi figiu'aning ogirlik markazi topilsin.
> Bu figuraning bir jinsli va simmetrik ekanligidan (9.22-
rasm) Xc = 0 koordinatani topish uchun (9.17) formuladan

foydalanamiz;
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1 - 29dic 1fA32- 12x2 A A4)AA
2 JIN(4-x2)dn 2fAN(4-x")d X
(32X-4.3+1-)

(4x - xV3)
1192/5 _ 36.
2 16/3
y
4
-V6]-2 0 |6,
9.22-rasm
AT-9.5.

1 To'‘g‘ri chizigli harakat gilayotgan nuqgtaning tezligi
m/s ga teng. Nuqtaning toia to‘xtaguncha bosib

oigan masofasini hisoblang (Javob:10"m)
2.  Uzunligi 1| ga ogirligi R ga, teng boigan bir jinsli
sterjenning oxiriga nisbatan inersiya momenti topilsin. (Javob:

37
3. Bir jinsli, zichligi 5=2,5 t/m~ qurilish materialidan,
radiusi R=2m, balandligi H=3m boigan konus koiinishdagi
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go‘rg‘onni qurish uchun sarflangan ishni hisoblang. {Javoh:
N TNS = 48;" « \411,%kII3k)

4.  Yuqori asosi sujmgiik sathiga parallel, 5m chuqurlikka
vertikal cho'ktirilgan, asosi 8m, balandiigi 12m boigan to‘g‘ri
to'rt burchakka suvning bosim kuchi aniglansin. Suvning zichligi
O =1t/m\ {Javob: 656 g~6428,8kN)

5. Zanjir y~ach~— chizigning x= -a nugtadan x=a
a

nugtagacha boigan bir jinsli yoy boiagining ogirlik markazini
toping.
a 2+sh™

4 shi1’

6. x=a (t-sint), y=a (1l-cost), (0<t< 2n:), siklonda birinchi
arkasiniog bir jinsli yoy boiagining ogirlik markazini toping
(Javob: Xc=tva yc=4a/3)

(Javob: x,=0,

7. Yassi u=x va u=x"~2x chiziglar bilan chegaralangan
birjinsli figuraning ogirlik markazini toping. (Javob: (312,3/5))

Mustaqil ish

1 1 Asosi suv sathiga parallel, balandiigi H=3 m, asosi
a=2m va 4m chuqurlikka tik tushirilgan paralelogramm
ko'rinishdagi plastinkaga beradigan suvning bosim kuchini
aniglang. Suvning zichligi 1/m~. (Javob: 16g « 156,8 kH)

2. Radiusi R ga markazi koordinata boshida boigan
aylananing birinchi kvadratda yotgan bir jinsli yoy boiagining
ogirlik markazi topilsin.

(Javob: 2R/ 71, 2R/ /t).

2. 1 Moddiy nugtaning tezligi o —Ate® m/s boisa, nugta
harakat boshlagandan to‘xtaguncha qancha yoi bosib o‘tadi
(Javob:2m)
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2.  Bir jinsli y=sinx, y=0 (0 <x < u) chiziglar bilan
chegaralangan figuraning og‘irlik markazi topilsin. {Javob:
n Jlj
7’ s

3. 1 Agar suvning zichiigi 6=1 t/ni, boisa diametri 20m
yarim sferik ko‘rinishdagi idishdan suvrd haydab chigarishda

bajarilgan ishni hisoblang. {Javob: 2,5gl0";r «<76969

2. Bir jinsli yassi u”=20x, x”-20u chiziglar bilan
chegaralangan figuraning og‘irlik markazini toping. {Javob:
(9,9)).

9.5. 9 bo‘limga doir indiyiudal uy topshiriqiari
IUT-9.1.
Aniq integralni verguldan keyin 2 ta ragqam anigligida
hisoblang.

y A—
XMI + x~dx.
1.1. « {Javob: 1,78.)
\2x U x
1.2. 0O {Javob: 2,60.)
* X~dx

1.3. O~ 1 {Javob: 0,21.)

TaH
sinx Q08 xdx.
14. O (Javob: 0,33))
nil
COSX
—————————— dx.
1.5. + (Javob: 0.57.)
dx

1.6. Javob: 0,41))
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dx

1.7. oV25 + 3jc (Javob:-0,67.)

I x~dx

1.8. OVx +4 (jayob: 1,24)

fl + Injc ,
19.1 ~ (Javob: 1,50.)
1.10. on (Javob: 0,20.)
m2 J
dx
LII. ‘WA ( Javob: 0,50.)
f dx

1.12. 24"+4x-x” (Javob: 1,57.)

\ N
kN A + 5x U x.
1.13. ® ( Javob: 0,63.)
Sr‘nzid’x.
L14. N (Javob: 3,14))
—Ydx.
1.15. P A (Javob: 1,07.)
xdx
1.16. «V I~ (Javob: 0.13))

|3(X™ +x~e" Jbae.
1.17. 0 (Javob: 2,72))



2.10.

2.11

2.12.

2.13.

2.14,

2.15.

2.16.

2.17.

2.18.

2.19.

2.20.

dx.
n (Javob: 0,16.)

mJXiSXxdXx.
(Javob: 18,33)

arctg4x dx.
(Javob: 0,57)

x +2)cos>fa’x.
0 N (Javob: 6,28.)
Xis
j  sin4xdx.
(Javob: 0,17)

Inyify.
(Javob: 1,07)

(Javob: 0,15.)

1
artg {2x - 3)dx.
a/2 (Javob: 0,21.)
N2
| (X +3)sinx"k.
(Javob: 4,00.)

XIn™ xdx.
(Javob: 1,60.)

{x-iy"rrdx.
3 (Javob: -19,32.)
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2.21.

2.22.

2.23.

2.24.

2,25,

2.26.

121

2.28.

2.30.

|
tc!9 dx

(Javob: 0,12)
1

arcsm(l-x)iic.

12 (Javob: 0,13)
Vi

1
arctg ~dx.

1 N (Javob: 1,37)
0

4 (Javob: -025)
murcsin (x/2)
—dx.

o YJ-X (Javob: 2,32)

2
bi.(3x +2)dx.
i (Javob: 1,87.)

X VXN +9dx.
(Javob: 282,40.)

4 (Javob: 1,10)
TA

Xtg” xdx.
(Javob: 0,13)

IX arctg xdx.
0 (Javob: 0,29)

°SX" +3x" +1

e (Javob: 1,79))
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3.4.

3.5.

3.6.

37

3.8.

39

3.10.

3.11.

3.12.

zdx.
xNXx~\) (Javob: 0,53)

dx
2" 0 (Javob: 0,12)
o £ .
+~ (Javob:-0,09)
f3xN +2x—3 ,
N

2 NN (Javob: 1,62)

i /(8-Vir ,(Javob: -1,25)

dx
4(~* 0(™ +2) (Javob: 0,04)
dx
i (x+1)(x-2) 0J6.)
\2x +i)dx

0 (»“2) (Javob: -1,63)
[ dx

2("-0"'("+0 (Javob: 0,15)
O™ +2)dx

3(*+1) -1) fJavo6; 0,50.)
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3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

XN +3xM - |

B]_.nx My (Javob:-0,20)
®X'-2X'+3 |

—_— - — dx
|1 (Javob: 9,38)
) Xadx

XIHIX+2 qavob: 012)

e (X' +3)i&

XN —xN —

6% (Javob: 029)

%dx

% AN
17 X% (Javob: 0,16)
X\Ix

217X (javob: -1534)
dx

N _
2" 1 (javob: 002)
Xdx

12X (avob: 037)
2x +4

XN =xN +X +

1 (savob: 088)
dx

4 0 (Javob: 0,02)
dx

o(x-hi)(7“ +4) (j*»,~*.Q23.)
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3.24.

3.25.

3.26.

3.27.

3.28.

3.29.

3.30.

4.2

43.

44. »

X'-X +2
dx.

n 5x +4  ~Javob: 004)

‘s Xdx

{x" -6x" +16 -6 ~Javob: 0,51)
dx
(Javob: 0,25)

XN +1
dx

X5 X (Javob:
XN XN +2
i —-—-——= dx
2 x(x'-1j (Javob:-032)
e XN =2X"N +4
-dx.
3 x'(x-2) (Javob: 0,35)

Mde

0 (Javob: -0,0s-)

XN A=xMdX.
4.1.0

(Javob: 3,14.)

—dx.
(Javob: -047)

% (Javob: 0,02))

44 -xNdx.

(Javob: 1,91)
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45, IxXW4-xn" (Javob: 1,02)
S
J mNi-x"dXx.

46. 0 (Javob: 2,36.)
3

X mN9—x"dXx.
4.7.-3 (Javob: 31,79)

4.8. n (Javob: 0"53)

N{ = xMJ dx.
49. 0 (Javob: 0,59.)
n dx

4..0. (Javob:-0.62)
412. J ~ (Javob: 0,68.)

412. o(-NM+3) (Javob: 0,27)

([
yll-x~dx.
4.13. 1 (Javob: 1,29)
r X"dx

My, o(X'+1)" (avob: 0,14)

1 dx |
4.15. (Jmah:0,04]
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4.16.

4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

J

+ (Javob: 0,59.)

Jin
J Jl-x~dx.
“2 (Javob: 0,26.)
. dx
L] J N
rJc ik
2 A (Javob: 0,68.)
dx
-1 (Javob: 1,16))
dx
° (Javob: 0,20.)
X~dx
Javo6; -0,20.;
2 dx
\Vea (Javob: 0,05)
jJI6 —x»
2 A (Javob: 0,11)
4T —_—

X\ +xM dx.
f/avo6.- -J02,0P.;

N OVXN-8
———5— dx.

n (Javob: 0,01)
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4.27.

4.28.

4.29.

4.30.

51.

5.2.

5.3.

54.

5.5.

5.6.

5.7.

-1 (Javob: 0,29)
3

X""xh-x"dx.
0 (Javob: 71,53)
3 X?’aZ(

oxf9 +x (Javob: 5,31)
J6

| V6-x"ife.

« (Javob: 4,71)

-dA CCS3X ’
rax.

-2 (Javob: 0,26.)
W /2

Ux
1 2+ cosx

TA
sin Ixdx.

0 (Javob: 0,33)

« n (Javob: 1,18)

cos™ Xsin 2xdx.

0 (Javob: 0,39)
Tin
tg'xdx.
0 (Javob: 0,68.)
sinx

————— v
wal cosx]

(Javob: 0,38))
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/4
2cosxsm3xi/x.

58. « (Javob: 1,00.)
T

X X,
COS — COS—ax.
(Javob: 1,80.)

N3
32cosM4x —INd x.
510. O (Javob: 1,41)
nil
cos xdx
in\
511, 0 ™ X1 Gavob: 3.14)
ff/3
(pdcp.
5.12. (Javob: 0,93)
X 3x &
cos—cos— dx.
(Javob: 0)
sin 3x cos 5xdx.
5.14. 0 (Javob: -0,25)
3 At 3
f SIn” X
dx.
515, 0%  (Javob: 1,33)
nib
dx
516. 0 °%%* (Javob: 055)
it2
ctg”xdx.
517. "6 (Javob: 0,81)
nil

cos X cos 3x cos 5xdx.
5.18. 0 (Javob: 0,16.)
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5.109.

5.20.

521.

5.23.

5.24.

5.25.

5.26.

5.27.

5.28.

5.29.

Jcos" xsin”™ xdx.

sin” xdx

(Javob: 0,20.)

(Javob: 0,49.)

J | +sinxdx.

N2
l+ig X
sin2x

S/3 . A
sm2x

(Javob: 2))

(Javob: 0,38)

dx.

6COS X
Ko
sinx sin

(Javob: 1,69)

3Xi/x.
(Javob: 0,05)

sin Xsin 2x sin 3xiix.

r/4

A2 dx
AN SInX

nil

(Javob: -0,21))

cos' xdx.

nil dx

(Javob: 0,53)

7 * 4 »
Cos Xsm  Xdx.

(Javob: 0,10)

(Javob: 0,60.)
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530. « N (Javob: 1,18)

dx
6.1 » 2" +37-2 Q 06)
° dx

6.2. 2MX* +2x +4 (Javob: 1,10)
6.3. n (Javob: -0,14)
"r X"dx

6.4. klfi’.—6x’\+x’\ (Javob: 0,26.)

6.5. 1 (Javob: 0,29.)
dx

6 . 6 . + 0,20,;
dx

6.7. U258 +2x-x" (Javob: 0,52.)
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6.11.

612.

6.13.

6.14.

6.15.

6/16.

6.17.,

6.18.

6.19.

6.20.

6.21.

dx

->X“"F2X'+5'(Javob:039)

dx

+2X | Javob: 0,03)

) dx
| 1
12V

t2vx X (Javob: 1,57)
0

2x-8

Nf2'd .- X = XN (Javob: 3,99))

dx
314 V2 +3x 2x (Javob: 1,11)
2 dx
w3 x| Gavob: 077)
N XX
N
X"=6x+10 1avob: 9.35)
xdx

—— +
X 77X H13 (Javob: 4,94)

3

3x-2
X% =4X +5 (javob: 3,19)
- 3 /2 +4 2J1)
N xdx
AX +3 0,02.)
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—ax.

6.22. X+l (Javob: 0,08)
XY x
o —3XY2
623. 70 ° (Javob: 3867)
x~dx
n/8x-x"-15 (Javob: 51,81)
dx
6.25. + (Javob: 0,14)
dx
6.26. -1B8V2-6Xx-9x" Javoo;
i&
6.27. 4% *3%-10 f5y06; 0,00;
4/3 .
172,
6.28. 1" +6x -9x" (Javob: 0,52)
dx
6.29. "¥Ax—3—X (Javob: 157)
dx
6.30. 4 +2~+3 (Javob: 0,61)
740 A3 ATix-2) Javo6-1616.)

dx

7.2. 1 "7 (3+«")
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73. 02T+ +1 .gg"j

74.3 +1-1 (Javob: 11,77)

* o xXIX
7.5. 3VXTT ~AjivQfy- j0,67.)
P o rhet -1
— ;————dx.
76. 0 (Javob: 0,86.)
21n2 dX

7.7. 2™~ Navob: 041)

Y |
nle”-blx
78. 0 (Javob: 0,43)
e xdx

7.9. oa/A+4 (Javob: 4,67.)
dx

7.10. on NJavoeé;

7.11.  2/3V2T 3X (Javob: 0,96.)
in3 dl
X

7.12. (Javob: 0,20)
j o xNiix

7.13. (Javob: 0,04)
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8.5. a)

8.6. a)

8.7.a)

8.8.a)

89.a)

8.10.

8.11.

8.12.

8.13.

8.14.

xdx b) -In(3x—|),_dx

i3 3x-1
x"dx b) 1 dx
14 20X" =9x +1
xdx ! In 2dx
g6 +x7y ez @I (=)
xdx By 3-3x")
JX.
VX - Ax+L 2-3x
i"~ 4 x +5)
4 m
ol—x
XUiX "% cos3x
a) 5
i,X +4x+5 4{\ -sm3xf
e arctglx - 2Xi&
47 4 %
a) o b) nr
16¢fc ¢dx
a) ilzﬂ(4x’\ +4x +s)’  _//31/TT3x
Xi/x iC
4x™ +4x +5’ V3 —4x
a)
(x +Ddx
i(? o . ’
a) {i(?70r+ jr " J) _dx

CDS 2X

146



8.15.

8.16.

8.17.

8.18.

8.19.

8.20.

8.21.

8.22.

8.23.

8.24.

f3-x" A . - 2 e

a) B¢ 4 M dwl=x?

mi2 -Jarctg 2x dx
a) b) 1 ~4
4dx "m sin xdx
x(l +In x) 2Xeost X
dx
b) 3714 V4AX +3

JXsinxax;

a) o
-1

ldx

a)l(»~4x)hs' ™ xdx

1/3

Tuk dx
a) 131+9 ~ N A3x’ {9x" -9x +2"

dx

r X
(4 +x)Anarctg - ntl o .
a) Vi 2 b) 3sin® )@(x
Veos.
1A p

kX o N\ jOxdx
-
(xV2x)InA? ) i VI-x'-

e xJx;

a) b)
0r 2 X X dx

. X,

a)—‘@V( -1 1+x b) ©

147



dx dx

825. ay0 X tlipev T ixr
dx ' V
826. a) By
dx 3z dx
8.27. ;b)
X(Inx-1)" VSX-X" -2
dx
S ’
1(6x" -5x +1)In- \Oax
8.28. a) b)j
i"N(6-xy -
dX 1/4
8.29. a)l ; b)
OXN -9X +2 VI-4x
X Y2

_ N _ \2
130. a) 3X 3X +2 (2x-1)

Namunaviy varianini yechish
Aniq integralni verguldan keyin 2 ta ragam aniglikda
hisoblang *

dx
X (I +x7)
N Nyuton -Leybnits fonnulosidan foydalanib

f(x)dx =F(b)—F(a) , kasr-ratsional funksiyadan integral

hisoblaymiz;
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e A(] +x7) +iBx +C)x

(A RX+CAdx— x=0 WA A=l

'|'d+)<) \__'___ T x* 0=A+B 5=-|

X 0=C Cc=0

=N
N -
>

lii2-#x!'Nn5 +xln2 = xln2-4xln5 = 4--0,69-5 1,61=0,24
2 2 2 2 2 2

e
2. I In™ xdx

Boiaklab integrallash formiilasini ikki marta qoilaymiz
1 e
h<dk=r~ " X du=2\sx—dx :X‘ta"x Inxife =
dv=dx v=x 1

u=Jnx duzxdx—e\n"e—Z(xlnx—x) =e-2e+2e-2=0,72
dv=dx v=x
f 9x'-14x-fl

3. dx
~2XN=-X +2

“Integral ostidagi ftmksiya to‘g‘ri ratsional kasmi bildiradi.
Mahrajni oddiy ko‘paytmalarga ajratib hosil gilingan kasrlami
oddiy kasrlarga ajratsak

A x=f "+, fa g_ -
?)(zM(ILI__Zd {(A +)(ii=i)(Ar-2) UuH 21 X 2 o=

-14x+I = A{x-i){x-2)+B(x+1)x
'h<f{x-2) +C{x +H){x-I| 4 +_g_+_ 3 dx—

Xgi_;;- _ﬁm xH x~l x-2°

Ly 9=3Cc |cC=3
= (Anjx-HIHRLi i BINIx-2]) ~=4b5 +21n3-f31r2-4k4-21r2=Ii(5"-3'-2)-Ind" =

IV wC L 378. ~
256

e X dx

ovx™ +1
>

FN®_ A\ =t, xr )=, xiix=tdt N2 _
! =0.20,
XM t=1, x=0, t=4i, x=I T * 1
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5. dx
4-3cos™x +5sinjc
N Integral ostidagi funksiya sinx va cosx ga nisbatan juft

boMgani uchun (sin*x va cos™x ga ratsional bogMiq) t=tgx ((8,14)
formula) almashtirish bajaramiz.

, 1
£ dx t = tgx, ldx = 1+t
J 4 ~3cos™ X H 5 sin~ X . t m
simx =-—T, 1t =0,Ix =0,11=1,IXx = =
1 | +f2 4
dt
1
dt Q——i("arcth—arcth) =0,42.
6 2x-ll
M3-2x-x"
> Berilgan integralni, ikkita integralga shunday ajratamizki

suratida maxrajidagi ildiz ostidagi uchhadning birinchi tartibli
hosiisi tursin. Natijada quyidagiga ega boiamiz:
2N “2x-2 o r=—M-2x-x" (I)—Iyarcsh']'—.l.—;l

=STB—;\;rH%R),r=-6(B

7. 10/3 xdx

2a@x - 1)al3;c-1

> Ushbu integral \PTx—1 = t almashtirish orgaii ratsional
funksiyadan integralga keltiriladi,

¢lo/3 xdx

2/3 (3x-1)V3x-1 ~
V3X-T=1t3x~1= =~ (E£2 +1),d2:

t=1x 2/3,t"3,x = 10/3

2f --9J1 3 *“E J
8. Xosmas integralni hisoblang yoki ulaming
uzoglashuvchi ekanligini ko‘rsating
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dx f3:¢'+2

i) , b) —7=—dx
+AX +9 X
. ix ax f__dk __ lim r im
K NXHAX+HY  JAX™ +4X+9 @XV'-QIIHQ _>mf—/
i ey X2 im 1 x+2 1 2 1, a2
im | et2 1 21 1 2 lrst 1t 1 2 tc,
e
b)
VX -1 \x 0 vx n =1 a
g i
"o 7">"ﬁ’J -ra —’U’B—é%m{\ y 30+

141 Q—ealead <
7 7 7

NT-9.2
1, Berilgan chiziglar biiau chegaralangan figuraning yuzini
verguldan keyin ikkita ragam anigligida hisoblang

il " (Javob: 9,00.)
1.2, YN\ Y==3-X. 3av0b: 10,67)

13. y- y - (Javob: 0,42)

14, X=1cos ty=1Isin t 5,0h 5730
15. P =4cos3". .2256.)

1.6. P = 300s2i2).

1.7. P =2(l-cos?). i5.84.;

1.8. 2 Nevo6:100.)

X-4(i -sin4 J =4(l-cosi). (Javob: 150,72.)

1.10. A~ fravaix= /5, S¥.;
1.11. P =2sm3 (jayob: 3,14)

151



112, P =2+cos™ 14,13)

113 V=EI{I+> y=x /2. ("yoh: 1,23)
114, 1 =X/ =9-x 290,.87)
115 Y =X »x=0,y —A (jizyob: 6.05)

1.16. P = As\a<>-(Javob: 18,84.)
117. x”"3cest,y” 2smt. i9 g7

118 vy y (Javob: 0,50.)

1.19. N X / -\
x = 3{cost +tsmt), y = 3{smt-tcostl y = 0{0<t<?).
(Javob: 29,25))
|20 y'-Ax,x ~Ay- (Javob: 533)
121. 'y -X ,x-2. (Javob: 4,51)
J2. y—~~ 5=2-—X. (Javoh: 2,67.)

123 3=(@4- N = 0 (Javob: 25,60.)
1.24. = 3sin A(). 141s,)
125. vy =1, X-0. (Javob: 0,75.) *

126. N =6,x +3-7=0.(jMM. N

/Ii,le y =27 V=2X—x , x‘ =0, x - 2. (Javob: 3,02)
1.28. =4y, y =S/(X" +4) (PN

1.29. =cosx, y=0. j™NiN jjol)

130. ~—2cos i, == 2sin t. (Javob: 4,71)

2, Berilgan chizigning uzursligini verguldan keyin ikkita
ragam aniqgligida hisoblang.
X=2cos"t, 3;=2sin't. ("N, 12700.)
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2 2 X-2lcosi+isini), y =2(smi-icosz)(0<i<;r)
(Javob: 9,86.)
23" p = m\ ") (Q<"<7TI2). (Javob: 0,14.)

IA. P =2smA(i*/3)(0<"<;r/2). (ja*0i,-0,27))

25. flavoé; i5,00.;
2/3 , in , ~2/3
2.6." m(Javob: 24,00.)
1J. = (X +1)\, X=4to g i chiziq bilan kesiigan (Javob:
24.81)

2.8. >=I|-incos”™ (0<x<;r/6). g*yob: 0,55.)
[/>=--6cos™("/3)(0<i*<;r/2) (Javob: 8,60.)

210. » y = L flijvoe; 24,00]

2.11. =(=-"~" (™M nugtadan V \6,*i25)
nuqtagacha (Javob: 8,27.)

212. >~= | X=51019 i chiziq bilan kesiigan (Javob:
2481)

213. P" (Javob: 9,42)

2.14. P =3(l - cos#). 24,00.;

215. P (Javob: 942))

2.16. £=5co0sMi,>'=5sm"K0 <;2/2).
2.17. 9/=4{3-x)V Oy Gqibilan kesishgan nuqgtalar
orasida) (Javob: 9,33.)

218. ~ ~» (Javob: 942))
2.19. = Insinx(7T/3 < X< .t/2) 0550

220. "~=9(i-sind j =9(i-cos4(0<i1<24
72,00,
221. P 2{l-cos4\ (Javob: 16,00.)
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2.22. ={x-\f A (2,-1) nugtadan V (5,-8). (Javob:
7,63.)
223 x=Ht—siat),y =7(l—cost){27r<t< 47}

(Javob: 56,00.)
224. J = (O<x< 2). . j

225, ~ XTTACOSN, Y =4SNt (55000 24,00)
2.26. x =43ty =t-t~ (sirtmoq). (Javob: nugtagacha
4,00.)

2.27. =5 S m vg.)
228. » (Javob: 12,56.)
2.29. = 51 +cos QQj

2.30. 3" =x~ A (0, O)nugtadan V (4, 8) nugtagacha.
(Javob: 9,07.)

3. Berilgan o‘g bo‘yiclia F shaklni aylantirishdan hosil
boigan jismning hajmini (verguldan keyin 2 ragam aniqgligida)
hisoblang.

3.1F;, =4-x,x=0, Oy. iQ il

32F: VA+Vi=V2,x"0,y =0, Ox.

33.F: xM9+//4 =1, Oy. (Javob: 150,72.)

34.F-/ = X"y =1 OX (3ay0p: 359)

35, F: x=6{t-smt\y~ 6(l - cost\ Ox. (Javob:
1064,88.)

3.6.p. x=3cost,y =4sm*t{O<t<nil), Oy.
37,68.)

3.1.F: Ny> (Javob: 0,94.)

38.F: =(*- ~"=2 Ox y9i
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-
, M= yrn ~x,y"0, Ox.

3 - 9 . n (Javob: 1,24))

3M0. F: y =sinx,y =0{0<x<Tr), Ox.

311, F: y*"=4x,x"=4y, Ox. 60,29.)

3.12. F,”=2cos/,j;:=5smi, Oy.

3N3. p.y---~M =y\ Oy. (ja*b: 1507)

3.14. = = = Ox
315 k- = Ox 90,43)
3.16. f.y ="2-x-x\y”"0, Ox.

3.17. F: p =2(l +coHp), polyarnaya os. (Javob: 66,99.)
3.18. FE-~='7cos'l,j =7sin'i, 0);. Cavob: 328,23)
3.19. i, n-"6+//1 =1 Ox 16,75))

320. [A'={Y~AT>"A=(y=" Ox

321. F. "N =4,2x+j-6 =0, Ox.

3.22. F.-~=>/3cosi,j=2sini, Oy. (j™ob: 2512)
323. EF-J=2-x"J,=x" Ox

324. F; = +8 >=m" Ox (Javob: 535,89.)
3.25. p.y*={x +A),x:*"Q, Ox. (j"""i,. 200,96.)
3.26. = = =  Oy. (™"b:60,29)
3.27. i7.2=cos'A>;=sm'i, Ox. (j*,,": 0,96.)

328. /r.2);=x"2x +2)J-3 =0, Ox (j,”":57,10)
3.29. =

330. F:y=2-x"/2,x+y =2, Oy. j
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4, Berilgan o‘q bo‘yicha L egri chizig yoyini aylantirisiidan
hosil boiganjismning hajmini (verguldan keyin 2 ragam
anigligida) hisoblang.

41. N 1y =JcV3 (-1/2 < X< 1/2), Ox. ghvoh: 4,25.)

4.2, I\ p —20jQ%(j), qutb o ‘gi. (Javob: 12,57.)

A5 Z:x =10(if-siiii), y=10(l--cosi)(0<i<2”"), Ox.
(Javob: 6698,67.)

44. I\y = x"i 2,0y.y=3/2 to g ri chiziq bilan
kesilgan.(Javoh: 14,65.)

45,1 :3>=X" (0<x<2), Ox. g*voh: 24,09

46. L my —m5 OX. y-X chizig bilan kesiigan.
(Javob: 5,34)

AN X i X=2(i—sini), 7 =2(I--cosi)(o<i < 2/r), Ox.
(Javob: 267,95.)

48 Z:x =cosi,y =3+sini, Ox.

AN Z3x=/ (o<y <2), Oy. ¢jayob: 24,09.)

410. " :y=xV3(-1<X<i), Ox. (jayob: 1,27))
411. /-”" =cosi, v=1I+sini, Ox. (Javob: 32,28.) "
412. ~mN'AN+y’ Ay-y =Nof richizigbilan
kesiigan.(Javob: 259,57.)
413 A~ = 3(i—sini), y - 31 —cost){0<t< 2¥), Ox.
(Javob: 602,88.)
L:x =ces=l,y =sin=i, Ox

415. ~-P giith o‘qi. (Javob: 14.82)

416. L :y*"—A+X, Ox.x-2 to g 'richizig bilan
kesiigan. (Javob: 64,89.)

417. L:yM—2x, Ox.2x =3 ta g i chiziq bilan
kesiigan. (Javob: 14,65.)
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418. L-3y--x"Q<x<l), Ox.

4.19. = 4 cos 1(f), n

420. L:p--"6smg, n

421 L;x=t-smt,y=I-cosi(0<?<lu), Ox.

(Javob: 66,99.)
422. L:p =2sinququtb o‘gi. (Javob: 39,44.))

2
L:p =—cos<q
4.23. 3 qutb o ‘gi. (Javob: 7,07.)
424, L:x =3cos™,y =3sm’t, Ox.
4.25, = 2COSI, j; - 3+2sini, Ox
426. L:p =9cosz(p. n .

427. L:y=x" 0x.x==x2/3 tog i chizig bilan
kesilgan. (Javob: 0,84.)

4.28. L-x=2cos't.y =2sm’ I, Ox

4.29. i:x =cosf> =2+smi,

436. L :p =Aun (p, qutb o‘gi. Javob: 157,76.)

Namunaviy variantni yechish

i y =Inx va y =)n"X (9.23-rasm) egri chiziglar bilan

chegaralangan figuraning yuzi hisoblansin

y f y~ T 0%
| /m

N/ A4
e Slltt

fi e X

;o "y"inX
9.23" rasm
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AN Egri chiziglaming kesishish nugtasini topamiz: Mj(1,0),

M zieJ) va (9.7) formuladan foydalanamiz, Natijada:
S™ iM(Inx-In~x)dx
/ Xrax = u="\\Xdu 2Inx—adx _ AN

= xIrix —2j Inxdx,
dv dx,v = X

1
M= hix, du = —dx
X

InxtU: = = x\nx-"dx = X\rix-x+C .
dv=dx v=x
U holda
S= Inxdx — In*xdx = {xXIn x —x) ~ - {xIv} x - 2xIn x +

Zx) "~ =
= elne—e+1—(eInfe—2eine+2e) +2=3—e~ 0,28. 4
2. Parametrik ko‘rinishda berilgan x = - 2smt+2tcost,
y = i" — “sost+2tsintiO <t <7i) chizigning yoy uzunligi

verguldan keyin ikki ragam aniglikda hisoblang.
» (9.11) formuladan foydalanamiz:

x
dx) Kdt)
Integral ostidagi funksiyani topamiz:

m" = 2isin +(i* -2)cosi +2cosi-2?sin/ = /* cosi,

it = —2|'cosi—(I2—|"‘)|sin|'+ 2sini +2icosi =  sing,

.d 'A2

. = N ~cos T+7~sif =

{dt, Jt)
Yakunda quyidagiga ega boiamiz:
/= edt=n~K

s

3. Yassi y=3-xj" va y—"+1 parabolalar bilan chegaralangan

figuraning Ox o‘qgi atrofida aylantirishdan hosil boigan jisroning
hajmini hisoblang
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AN Parabolalaming kesishish nugtalarini topamiz; Mj (-1;2),

M2 (1,2). Jismning hajmini (9,14) formulaga ko‘ra hajmlar
ayirmasi V2-V] ko‘rinishda hisoblaymiz.

Demak

V=~V =1ij(2 -xMdx - j{x "+ Ifih=xj( +)~ dx=n: (B-8MA:=
-1 1 ' '

=8+"; -5 =16t «33,50 <

Quyidagi 9.24 rasmda Oxu tekislikda yassi figura va uning
Ox o‘qi atrofida aylantirishdan hosil boigan jism (uning chorak
gismi kesib olingan ) keltirilgan.

n
3i

9.24- rasm

Qutb koordinatalar sistemasida p = 10 sin (p aylananing

qutb o‘gi atrofida aylantirishdan hosil boigan sirt (9.25 rasm)
ymm\ verguldan keyin 2 ta ragam anigligida hisoblang.
A Qutb koordinatalar sistemasidagi (9.18) va (9.15)

formulalardan foydalanamiz.

5= P,
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Bu yerda y = p&mqg?. Bundan
/™ =10 cos y = psm(p = 1Qun*(p,
@ =0, (p"=TT,
S =2k ICsiii™ (@™N00ass™ +100sim* pd(p- 200;ir|sm (dp=

=200 —MYWAO = (p-"sm2(p Q« 98596 <

IUT-9.3

1 R rezerv-uardan suv haydab chigarish uchun bajariiagn
ishni hisoblang. Suvning solishiirma og‘irligi 9,81 kH/m", 7t=3,14.
(natijani butun soniga yaxlitlang).

11. R; Asosi 2m va balandligi 5m boigan to‘rtburchakli
inuntazam piramida (Javob: 245kDj)

1.2. R: Uchi pastga yo‘naltirilagan asosi 2m, balandligi 6m
boigan to‘riburchakli muntazam piramida (Javob: 118 kDj)

1.3. R: Balandligi 1,5m, radiusi Im boigan sferik segment
ko‘rinishdagi qozon (Javob: 22 kDj)

14. R; Asosining radiusi Im, balandligi 5m boigan yarim
silindr. (Javob: 33kDj)

15. R; Yuqori asosining radiusi Im, quyi asosining radiusi
2m, balandligi 3m boigan kesik konus (Javob: 393 kDj)

16. R; Ko‘ndalang kesim parabola, uzunligi 5m, eni 4m,
chuqurligi 4m boiagan tamov. (Javob: 837 kDj)

1.7. R: Asosning radiusi Im, uzunligi 5m boigan silindrik
sistema (Javob: 154 kDj)

18. R: Asosi 2m, balandligi 5m boiagn muntazam
uchburchakli piramida (Javob: I06kDj)

19. R: Asosi 4m, balandligi 6m uchi pastga garatilagn
uchburchakli muntazam piramida. (Javob: 204 kDj)

1.10. R: Asosning radiusi 3m, balandligi 5m uchi pastga
garatilagn konus. (Javob: 578 kDj)

1.11. R: Yugori asosning radiusi 3m, quyi asosning radiusi
Im, balandUgi 3m boigan kesik konus. (Javob: 416kDj)
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1.12. R: Asosning radmsi 2m, balandligi 5m boiagn konus.
(Javob: 770 kDj)

1.13. RrYugori asosning tomonlari 8m, quyi asoshing
lomonlari 4m, balandligi 2m bo‘lagn muniazam kesik piramida.
(Javob: 576kDJ)

1.14. R;Asosining radiusi 2m, chuqurligi 4m boigan
uylanma paraboloid. (Javob: 329 kDj)

1.15. R: Asosning radiusi Im, chuqurligi 2m boigan
aylanma ellipsoid. (Javob: 31 kDj)

1.16. R; Yuqori asosning tomoni 2m, quyi asosning tomoni
4m, balandligi Im boigan muntazam to‘rtburchaklikesik
piramida. (Javob: 56kDj)

1.17. Asosning tomoni Im, balandligi 2m boigan
muntazam olti burchakli piramida (Javob: 26kDj)

1.18. R; Asosning tomoni 2m, balandligi 6m, uchi pastga
garagan olti burchakli muntazam piramida. (Javob: 306 kDj)

1.19. R; Asosning radiusi Im, balandligi 3m boigan
silindr. (Javob: 139kDj)

1.20. Yuqori asosning tomoni Im, quyi asosning tomoni
2m, balandligi 2m boiagn muniazam oltiburchakli kesik
piramida. (Javob: 144 kDj)

1.21. R: Ko‘ndalang kesim radiusi Im ga teng yarim
aylana, uzunligi 10 m boigan tamov. (Javob: 65kDj)

1.22. R: Yugori asosning tomoni 2m, quyi asoshing tomni
Im, balandligi 2m boigan muntazam oltiburchakli piramida.
(Javob: 93kDj)

1.23. R; radius 2m boigan yarim sfera. (Javob: 123kDj)

Solishtirma ogirligi y boigan rnaterialdan Q inshootni
qurishda ogirlik kuchini bartaraf etish uchun bajarilgan ishni
hisoblang.

1.24. Q: yugori asosning tomoni 2m, quyi asoshing tomoni
4m, balandligi 2m boiagn muntazam to‘rtburchakU kesik
piramida: y=24 kn/m”. (Javob: 352KkDj)

1.25. Asosning tomoni Im, balandligi 2m boigan
muntazam oltiburchakli piramida; y=24 kn/m\. (Javob: 21kDj)
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1.26. Q: Asosning tomoni 2m, balandiigi 4m boigan
muntazam toitburchakli piramida: y=24 kn/m". (Javob: ]128kDj)

1.27. Q: Yugori asosning tomoni Im, quyi asosning tomoni
2m, balandiigi 2m boigan muntazam oltiburchakii kesik
piramida; y=24 kn/m. (Javob: 229KkDj)

1.28. Q: Asosining tomoni 3m, balandiigi 6m boigan,
muntazam uchburchakli piramida; y=2¥ kn/m". (Javoh: 234kDj)

1.29. Q: asosning radiusi 2m, balandiigi 3m boigan konus
y=20 kn/m”~ (Javob: ISSkDj)

1.30. Q: Yugori asosning radiusi Im, quyi asosning radiusi
2m, balandiigi 2m boiagn kesik konusi; y=21 kn/m*. (Javob:
SSkDj)

2. Vertikal cho‘ktirilgan plastiiikaga, suvning solishtirr
ogirligi 981 kH/m" deb hisoblab, suvning bosim kuchini
aniglang (natijada butun soniga yaxlitlang). Plastinkaning
joylashishi, shakli va oichami rasmda koisatilgan.

2.1. 9.26. rasm. (Javob: 98 kH)

2.2.9.27. rasm. (Javob: 85 kH)

2.3. 9.28. rasm (Javob: 248 kH)

2.4. 9.29. rasm (Javob: 105 kH)

2.5. 9.30 rasm (Javob: 167 kH)

2.6. 9.31 rasm (Javob: 26 kH)

2.7. 9.32 rasm (Javob: 131 kH)

2.8. 9.33 rasm (Javob: 23 kH)

2.9. 9.34 rasm (Javob: 523 kH)

2.10. 9.35 rasm (Javob: 33 kH)

2.11. 9.36 rasm (Javob: 31 kH)

2.12. 9.37 rasm (Javob: 62kH)

2.13. 9.38 rasm (Javob: 24 kH)

2.14. 9.39 rasm (Javob: 22 kH)

2.15. 940 rasm (Javob: 239 kH)

2.16. 941 rasm (Javob: 123 kH)

2.17. 942 rasm (Javob: 78 kH)

2.18. 9.43 rasm (Javob: 13 kH)

2.19.9.44 rasm (Javob: 52 kH)

2.20. 9.45 rasm (Javob: 3 kH)
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2.21. 9.46 rasm (Javob: 23 kH)
2.22.9.47 rasm (Javob: 16 kH)
2.23. 948 rasm (Javob: 251 kH)
2.24.9.49 rasm (Javob: 31 kH)
2.25. 9.50 rasm (Javob: 13kH)
2.26. 9.51 rasm (Javob: 6kH)
2.27. 9.52 rasm (Javob: 6kH)
2.28. 9.53 rasm (Javob: 39 kH)
2.29. 9.54 rasm (Javob: 20 kH)
2.30. 9.55 rasm (Javob: 272 kH)

M....5m-..

Paralleiogramm Teng yonli trapetsiya
9.26- rasm 9.27- rasm
U—4AvsiH

m
Teng yonli ixapetsiya Teng yonli trapetsiya
9.28- rasm 9.29- rasm
22—
Parabola Yarim ellips

9.30- rasm 9.31- rasm
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Teng yonli trapesiya
9.32- rasm

n 10m H
Teng yonli uchburchak
9.34- rasm

11 H
2S5 AV m..

doira
9.36- rasm

Yarim aylana
9.38- rasm

Yarim aylana
9.40- rasm
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Halganing to‘rtdan bir gismi

Teng yonli uchburchak
9.35- rasm

<
t

doira
9.37- rasm

Im

Yarim aylana
9 39- rasm
z::!

2« .
i 'm

ellips
9.41- rasm



. 2m

Romb
9.42- rasm

Yarim aylana
9.44- rasm

NM* ¢

'2m

To'g‘ri burchakli uchburchak
9.46- rasm

Parabola

Lol IIm*

ilm-

To'g‘ri burchakii uchburchak
943- rasm

To'g‘ri burchakli uchburchak
9.45- rasm

To'g‘ri burchakli uchburchak
947- rasm

Parallelogram



9.48- rasm

Yarim ellips
9.50- rasm

To'g‘ri burchakli uchburchak
9.52- rasm

|</

Kvadrat
9.54- rasm

9.49 rasm

fM-k...

W~

To‘g‘ri burchakli uchburchak
9.51- rasm

r<-

y 4>

Parabola yoyi
9.53- rasm

H.. 4m
r-—+4 mof

Parabola
9.55- rasm

3. Birjinsli yassi egri chizigning ogirlik markazi topilsin.

3.1. L:Ox o‘qgi ustidajoylashgan yarim aylana:

(Javob: y 2;,,°



3.2. L: Sikolidaning birinchi arkasi x=a (t-sint), y=a (1-cost)

O<t<lw. Javob: -m, 4
2 2 2

3.3. ¢.astroidaning x~+x”=a” uchinchi kvadrantidagi
bo'lagi.

(Javob: x*=jc= - 0,4a.)

3.4. L: Radius R ga teng boigan aylananing x ga teng
markaziy burchakni tortib turgan yoy boiagi. (Javob: ogiriik
markazi yoy iortib turuvchi markaziy burchakning bissektrisasida
inarkazdan 2i"sm(ji:/2) masofada joylashgan).

X
3.5. L: Zanijir chizigning yoy boi*agi y=a (x-a), (-a <x <a).
(Javob: X, =0, = N+H12
4 s\
3.6. L: Kordiodaning yoyi p=a(l +cos”)(0<"<;r). {Javob:

4

3.7. Z;Logarifmik spiralining yoyi p“a-e'™

3.8. .L: Sikloidaning bitta arkasi x=3(t-sint), y=3 (1-cost).
{Javob:=3k, y*~4)

3.9. i.-Astroidaning yoyi Xx=2cos® . = 2sin®
Ay vay

(Javob: x"=y® =1)
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3.10. L:x=e'sint y=écost (< < N egri chizigning yoyi

P2 N |
ye” fr
5 en-| 5 4
\ V y vV oy

311, L; kardipigg =20+cos@.X*=16 =0)
3.12. L: p-2smqg> egri chizig (0:0) nugtadan \,o._

2
nugtagacha. (Javob:x = —, ={*"~'2)Iw)
n
3.13. L: Aylana o‘ramasining yoyi (cost+ t sint), y-=
(sint-tcost), (0 </ < 7I).(Javob: =2n"+4)la™\y" =—)
r

314. Lgy=0vacg= 4 nurlar orasidagi p 2\/’1;,005(? egri
chizigning yoy boiagi. (Javob: =S{n 42)/n, =273/n.)

3.15. i-Egrichizigx=Vs |y —t— O</<]I).

(Javoh. x ,=~,~ =i, (0<i<lI))

3.16. L;-tomonlarix+j;=fl, x—0, va y=0 to'giri chiziglarda

yotgan uchburchak. (Javob: =y~ ~)

3.17. L: koordinata o‘glari (x>0, y>0)va *+ ’E) =1
a

ellips bilan chegaralangan.

( T U 4a 4h
Javob:
3" 3"

3.18. L:- Sikloidaning birinchi arkasi x=a (t-sint), y=a (1-

cost) va Ox o‘qi bilan chegaralangan. (Javobx® =m,y” 6 n
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3.19. L: y =X y = slx egri chiziglar bilan
chegaralangan; Javob m/~=y"- 290
3.20. F:. y=sinxSinusoidaniag 3//oyi va OX o‘qi“ing

(0O <X<;rkesmasi bilan chegaralangan: Javob x* —

2 8
321. F Yarim aylana y=4R"-x" va OX o‘qi bilan
chegaralangan. Javob x*=Q, = 4R’
3r
3.22. F. Parabolaning yoyi y-b-Jx/a {a>0,b>0),0x

o‘gi va X=Db tog‘ri chizig bilan chegaralangan.

3a 3«
Javob x, = =TT

3.23. . F; Parabolaning yoyi y =b4xJa {a>0,b> 0), OU

o‘gi va y-—b io‘g‘ri chizig bilan chegaralangan.
Javob x. = 3a 3
avo .X(,( = :I__O Y Z,

'3.24. F;Yopiq y2 —ux° —x* chiziq bilan chegaralangan.

Javob =0
8

3.25. F: Koordinata o‘giari va astroidaning birinchi
kvadrantga joyiashgan yoy bo‘lagi bilan chegaralangan.

2
Javob x =y" S6a
(315;?)
3.26. F; Radiusi R markaziy burchagi 2a boigan doiraning

sektori: (Javob: Og‘irlik markazi sektoming siriirnetrik o‘gida
doiraning markazidan 2 * Sna masofada boiadi. Agar doiraning
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markazi koordinata boshida, sektorning simmetrik o‘gi Ou o‘gida
boisa, =0y,=-i?" gateng).
3 a

3.27. F. Kardoida /?=a(l +cos”) bilan chegaralangan.

Javob :xM = %a,y’\zQ

3.28. F.  Bernulli lemniskatasining birinchi boiagi
cos2\3 jNavob =72 )ta! 8, =0j.
3.29. F. Koordinata o‘glari va + parabola

bilan chegaralangan. javob : =- .

3.30. F:Yarim kubikparabola ay” = va X = a to‘g'ri

chiziq bilan chegaralangan (a> 0). Javob > =0

Namunaviy variantyechish.

1 Uzunligi L, asosining radiusi R boigan doiraviy silindr
(9.56-rasm) koi'inishidagi rezervuaming yuqoridagi suvni haydab
chigarish uchun bajarilgan A ishni aniglang. Suvning solishtirma
ogirligi Y = 9,81 kN/m”. Bajarilgan” islmi L=5m, R=Irn
boigan hoi uchun hisoblang.

Z balandlikda suvning dz qatlamini ajratamiz (9.56-
rasm). Uning hajmi:

dv = 2|0iS|Ldz = 2L*"R*-(R-zydz = 2L "7{2R - z)dz.

~ MiHE
A
i iriii 14k H N
A m , N\ C¥-.R)2R
* & ' AN
/0 Y e e

9.56- rasm
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Bu qgailamni H=2R-z balandlikga ko‘tarish kerak, dz
gatlamdagi suvni haydab chigarish uchun bajariladigan elementar
dA ish quyidagi formula orgali topiladi:

dA -Hjdv =2]i{2R - zUz{2R~2) dz.

Butun surai haydab chigarish uchun bajariladigan ish

elementar ishlaming yigindisiga teng:
IR

A= K- i2F {2R-2)4 "7 - 2) d=—2id \ZM{IR-2)" dit 0
o] 0 (0]

Yugoridagi differensial binomdan olingan (1) integralni
hisoblaymiz” =%’j W == —2-—M’\+ p =3eZ Boigani uchun (1)
integralni hisoblashda a +bx" =u‘x" (8.7 paragraf) almashtirish
bajaramiz. Almashtirishni qoilab:

K 2R-z-u"z, <e=-4Au(@ H) "du
A=2"\7'{2R-zfdz= z2RU" 1&gz Ou~ Uur+iy
azapz =2i?, w=0
ega boiamiz.

Oxirgi xosmas iniegralda, integral ostidagi funksiya io‘g‘ri
ratsional kasr boiib, (8.10) formulaga ko‘ra uni soda kasriaming
yigindisi koiinishida yozilishi mumkin (8.6). Bu kasrlardan
integraliar (8.4) reklcurent formula orgali oson topiladi. Rekkurent
formuiani qoilab:

2 I N NN

u- N NN
uul4____ :414:!/\6|4l4—

uholda: A-yijXi?V/32 = TgLR"Agax: L=5m, R=Im boisa
N =3,14-9,81-5-1«154/c3c <

2. Suvning solishtirma ogirligini 9.18 kh/  deb hisoblab,
suvga vertikal cho‘ktirilgan plastinkaga ta’sir etayotgan suvning
bosim kuchini hisoblang. Plastinkaning joylashishi, oichovi,

formasi (9.57 rasm) da keltirilgan.
~Koordinata sistemasini 9.57 rasmda koisatilgandek tanlab

olamiz. U holda paraboianing sodda tenglamasi x*=-2py
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ko‘rinishda boiadi. Parabola A(I/2,-1) nugtadan o‘tgani uchun,
p —/8, x~=-—7/4 gateng boiadi.

Kengligi (ic va yuzi ds = (i_Jv] )dx boigan gorizonial kesimni
X chuqurlikda a,jratamiz. Suvning bu kesimga bosimi:

&= (1-lyj Yo&= >g;(—d)cfaga teng boiadi.

9.57- rasm

U holda suvning butun plastinkaga bosimi ushbu formula
orgali topiladi;
P=rx(-4xifes; oy
Agar va / =981 KH! boisa bosim
2

p=gg 1--L 98i Q6ll<hgatengboiadi. N
8 16 - 16

3. Bir jinsli figura y= eay=4x egri chizit[lar bilar
chegaralangan boisa, uning ogirlik markazini toping.

AN Figuraning ogirlik markazi ( 9.58 - rasm ) (9.17) formula
orqgali hisoblanadi, bu yerda;

/1(x)=x"
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X i X

9.58- rasm

Egri chizigiarning kesishish nugtalari 0 (0,0) va B (1,1)
boigani uchun a=1, b=I. U holda;

. 21 13i_2

jE2->h " =| =5 5 o
1 2.0, X

A
x{y"-y™)dx- 1X(y?— fdx = '
. . 5 4 0 20

(J2+H\2-y Jdx =N\ fx-x0i&=" - 6='2°b

bundan =
20

9.6 9 - bo‘Miriga go‘shimcha masalalar.
1 Tenglamani yeching;

. dx n A =— (Javob: a) x=2; b)
’.j? n"Tr -1 6
x=1n4)
2. Tenglikni ishotlang;
7 dt /

3. Agar j*= tg™xdx {n>\,n-hutun)  boisa, ushbu
0

L + - tenglikni isbotlang.

n-I
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4, Berilgan chiziglar bilan chegaralangan egri
trapetsiya yoki figuraning 53zini toping?

c p :tg(p,p=&—;3;d(pe
d) y=x-e”xe[0;co);

y=7"M="e[l;co);

(x-fl)
f) =8 - 4x vauning asimptotasi;
g X+)yr ~ (X < 0) va uning asimptotasi;

(Javob: &) 39;r/2; b)2; c) n!'A d) L, e) il H. f)dyr; s)
4 2
8/3.)

chizit

5. Berilgan chiziglami aylanishidan hosii boigan sirt bilan

chegaralangan jismning hajmini toping:
a y= vay = 0,0y o"\gi atrofida;
b) (@ -Xx)y" -x*=0uning asimptotasi atrofida; ,

c) y—__| uning asimptotasi atrofida;
I3

d J= SinCva x> 0, Ox o‘qi atrofida.
(Javob:a) b) 16™; ¢c) TCY/2; d) /(4@ + )

6. Silindrik bak veitikal joylashgan boiib suv bilan
toidirilgan, tubida kichik tirgish bor. Bakdan suvning yarim “f’
vagt ichida ogib chiqdi. Hamma suv gancha vaqt ichida oqib

chigadi?

Bu vyerda //=1 va v=jujlgh, o - tirgishdan oqib

chiqayotgan smiling tszligi. {javob:i*-+*"]Tmm).
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7. Qarshiligi o‘zgarmas R bo'lgan rezisiorga o‘zgardvchan
U kuchlanish  berilgan.. Rezistorga ganchalik

0‘zgarmas kuchlanish berish kerakki, j =AC} vaqgt ichida ajralib

chiggan issiglik, o‘zgaravchi laicblanish bergandagi shu vagt
ichidagi ajralib chiggan issiglikga teng boiishi kerak. (Javob:
uinz).

8. Elektr zanjir boshlangich pa)4ida R cm qarshiiikga ega
va u tekis vomlc tezlik bilan o‘sadi. Zanjirga o‘zgarmas Ue
kuchlanish berilgan. Elektr zanjirdan tc. vaqt migdorida oigan

zaryadni aniglang (Javob : ).
a R

9. Yer atmosferasi massasini uning zichiigi, balandlik
oshishi bilan p ~ P¢, & qonun bilan o'zgarsa, bu yerda h- yer
sirtidan garalayotgan nugtagacha boisa, hisoblab toping. ( Yer
radiusi “R” boigan shar deb hisoblanadi).

(Javob: +2aR +2))/a").

10. Jism temperaturasi T=20°C boigan muhit bilan
goplangan.  Sovutish  natijasida jismning temperaturasi
100“6af/60" ga tushgan. Sowvutish boshlanishidan gancha vaqt

keyin jismning temperaturasi 30”C ga tushadi? (Javob: Isoat).

11. Massasi “r0” boigan moddiy nugta chizigli zichiigi p
boigan cheksiz sterjendan “ 1 ” masofada joyiashgan. Qanday
kuch bilan sterjen nugtani tortadi? ( Javob: nypm/l,)y -
gravitatsion o‘zgarmas).

12. 0°‘q galinligi “h” boigan taxtani teshib oigandan keyin
tezligi danv2 ga o‘zgaradi. Qarshilikni tezlikning kvadratiga
proporsional deb hisoblab, o0‘gning taxta ichidagi vagtini toping?

(Javob:h{t\ —o™M!(0j In-") m
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10. BIR NECHA O”ZGARUVCHILI FUNKSIYALARMING
DIFFERENTSIAL HISOBI
10.1.BIR NECHA 0 ‘ZGARUVCHILI FUNKSIYA
TUSHUNCHASL XUSUSIY HOSILALAR

A/taylik, biror D(x)y) sohada har bir tartiblangan (Xxyy)
juftlikka aniq zEEczR son mos qo‘yilgan boisin. U holda z, x vay
larga bog'lig bo'lgan ikki o zgaruvchili funksiya deyiladi. X va y
o‘zaro bogiiq boimagan o‘zgaruvchilar yoki argumentlar
deyiladi. D to‘plam funksiyaning mavjudlik yoki aniglanish
sohasi, E to‘plam esa funksiyaning giymatlari sohasi deyiladi.
Simvolik ravishda ikki o‘zgaruvchili funksiya z =f(xy)
ko‘rinishda yoziladi, bu yerda/ moslik gonuniyatini belgilaydi.
Bu qonuniyat analitik koiinishda (formula orqali), jadval
yordamida yoki grafik ko‘rinishda berilishi mumkin.

Umurnan olganda dekart koordinatalari sistemasi Oxyz
kiritilgan fazoda har ganday z - f (X,yj tenglama biror sirtni
aniglaydi, ya’'ni ikki o‘zgaruvchili funksiyaning grafigi deganda
koordinatalari z =f(x,y) tenglamani ganoatlantiruvchi fazodagi
M(X,y,z) nugtaiar to‘plamidan hosil gilingan sirtni tushunamiz.
(10.1 - rasm).

Geometrik nuqgtai nazardan, funksiyaning aniglanish sohasi
D, odatda shu sohaga tegishli yoki tegishli boimagan chiziglar
bilan chegaralangan Oxy tekisliloiing biror gismini tasvirlaydi.
Birinclii holatda D soha yopiq soha deyiladi va D bilan
belgilanadi, ikkinchi holatda esa ochiq soha deyiladi.

1 - misol. In(y-x"+2x) fiinksiyaning D aniglanish sohasini
vaE - giymatlar sohasini toping.
> Berilgan funksiya Oxy tekislikning >->x2x> 0 yokKi

y> x*-2x o‘rinli boiadigan nugtalaridagina aniglangan.
Tekislikning y=x"~2x tenglikni ganoatlantiradigan nuqgtalari D

sohaning chegarasini tashkil giladi. y=x"~2x paraboladir. (10.2 -

rasm.) Parabola D sohada yotmaganligi uchun shtrixli chiziglar

bilan tasvirlangan). y>x"~2x tengsizlik o‘rinli boiadigan nuqtaiar
paraboladan yuqorida yotishini tekshirish oson. D soha ochiq
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atrof boiib, (10.2 - rasmda y shtrixlangan) uni quyidagi
icngsizliklar sistemasi bilan aniglash mumkin:
D: {—co < X < +00, —2X< U< +00}

10.1. rasm. 10.2. rasm

Ikki o‘zgaruvchili funksiyaning tarifmi uch va undan ko‘p
o‘zgaruvchilar uchun umumiashtirish giyin emas.

Agar biror n - oichamli fazoda 0‘zgaruvchilaming
har bir {xj,...x n) to‘plamiga, y ning biror aniq gi3niati mos
go‘yilsa, u holdaj kattalik xj,...,x,, 0‘zgaruvchilaming funksiyasi
deyiladi va simvolik ravishda ko‘rinishda yoziladi.

0‘zaro bogiig boimagan xj,...,x,, 0‘zgaruvchilaming
giymatlari to‘plami n oichamli fazoda M (Xi,...x" nugtani
aniglaydi, u holda har ganday ko‘p o‘zgaruvchili funksiyani
odatda mos oichamli fazodagi M nugtaning funksiyasi deb
garaladi: y-f(M)

Agar har qganday £ > 0 son uchun, shunday 5> 0O son
maNjud  boiib, \x— XgN 5va ju—Uq <5 shartlarni
ganoatlantiruvchi x vay lar uchun

N\{xy)~A\ < £

terigsizlik o‘rinli boisa, u holda A soni z=f(x,y) funksiyaning
Mo(xo,uo) nuqtadagi limiti deyiladi.

Agar A soni f(x,y) flmksiyaning Mo(xoy0) nuqtadagi limiti
boisa, u holda quyidagicha yoziladi:

M=o
¥y0
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2 — misol. A = limarlo — limitni hisoblane.

3_0 Vity2+1-1
> Limit belgisi ostidagi ifodada almashtirishlar bajarib,
qujadagiga ega boiamiz.
n 1-fl
4=tm X7 T -
Jisyxft+yn +i - +1+1)
y 0 XMy - VAN
) =2~

Agar Iimx—’\\>;of(x,y)=/(xo,yo) tenglik o‘rinli boisa,
(o]

z=f(x,y) fiinksiya Mo(xo,yo) nugtada uzluksiz deyiladi.

Masalan, z=I/(2x"+y”) funksiya cheksiz ko‘p uzilishga ega
boiadigan M(0,0) nugtadan tashqgari, tekislikning barcha
nuqgtalarida uzluksizdir.

Biror D atrodiing barcha nuqtalarida uzluksiz boigan
funksiya, berilgan D sohada uzluksiz deyiladi.

Agar y ni 0O‘zgarmas deb olib, x o‘zgaruvchiga biror
AXx orttirma bersak, u holda z= f(x,y) fiinksiya x o‘zgaruvchi
bo‘yicha z funksiyaning xususiy orttirmasi deb ataluvchi
A’z orttirma oladi.

Az = fix +Ax)y) - fix.y)

Xuddi shu kabi, z= f{x,y) fiinksiyada x ni a‘zgarmas deb
olib, u ga Ay orttirma bersak, u holda y o‘zgaruvchi bo‘yicha z
fiinksiyaning xususiy orttirmasi quyidagicha boiadi.

AyZ = fix,y + Ay) - fix,y)

Agar
A"z  dz
AYZ _dz _ _ .
hL;/’\mo-A; Cay Zy= yixy)

limitlar mavjud bo‘lsa, bu ifodalar z= f{x,y) fiinksiyaning
mos ravishda x va y o'zganivchilar bo‘yicha xususiy hosilalari
deb ataladi.
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Ixtiyoriy sondagi o‘zaro bogiiq boimagan o‘zgaruvchilarga
i"'ga boigan fiinksiyaning xususiy hosilalari ham shu kabi
iinigianadi.

Ixtiyoriy 0‘zgaruvchi bo‘yicha olingan xususiy hosila, golgan
o'zgaruvchilami o‘zgannas degan shartda shu o‘zgaruvchidan
olingan hosiiaga teng bo‘lgani uchun bir o‘zgaruvchih fiinksiyani
differensiallasiming barcha qoidalari va formulalari ko‘p
o‘zgaruvchiii fiinksiyaning xususiy hosilalarini topish uchun
oi'inlidir.-"

3 —misol. Z=arctg” fimlcsiyaning xususiy hosilalarini toping.

» Xususiy hosilalami topamiz;

dz 1 - i Y\ y
dx 1+(y/xY N xv
= I X-= - .-<
dy TFYAR X xtHy
4 - misoL W=In"(x"+}/+ fiinksiyaning  xususiy

hosilalarini toping.
AN Xususiy hosilaiarini topamiz.

N = 210I(x2 +y2 +122) X -YT~2"T~2 7

dx
= 21ln(x™ +y -+ X~~— ——=-X2y
,(\jZ = 2an(A _!_y/\ + ZAJ x JCZ+)}+Z’£ x 22_,\

Bogiig boimagan o‘zgamvchilardanbiri o‘zgarmas,
ikkinchisi o‘zgaradi degan shartdagi z= f{x,y) fiinksiyaning
differensiali xususiy differensial deb ataladi, yani tarifbo'yicha

d~z = X, y)dx, dyZ = fy (x,y)dy

bu yerda, dx=AXx, dy= Ay lar o‘zaro bogiiq boimagan
o‘zgaruvchilaming ixtiyoriy orttinnalari boiib, uiaming
differensiailari deb ataladi. Bu uch o‘zgamvchili v<=f(xy2)
fiinksiya uchun ham o‘rinlidir.

5-misol. w —(xy”y funksiyaning xususiy differensiallarini
toping.

Berilgan fimksiyaning xususiy differensiali
d'w = © X y"dx,dyw = X Ixydy
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d'w - (xy?y? XIn(xy”™) X3zrdz »
6 -misol. w = +yM + —Xxyz ninksiyaning M(2,-2|
nugtadagi xususiy hosilalarining giymatiarini toping.
» Xususiy hosilalami topamiz:

dw X dw Yy
— S e zZ — = ————— _——
dx Ax~N+y2 +z2 Y 'dy
dw 7z
ey
Hosil qgilingan ifodaiarga berilgan nugtaning koordinatalarini
go‘yamiz.
dw 2 8 dw
=—_+4+2=
dz Afo 3 ~ 3
dw
dz
10.1.- AT
1 Quyidagi fiinksiyalaming aniglanish sohasini toping,
a)z = yjur—2x +4) b)yz = u
V) Z =In x+Incosy ¢)z = +yr~9

2. Ko'rsatilgan funksiyalaming xususiy hosilalarini toping,

a)z =(x" +y" ~xy~f b) z =arcsin®

C)z=x"+" d)z = In(x +i/x™ +y™)

0)z = In(x Xy + Inx Xy) e) u=arctg(xy/z)

f) u=In +y2)(X2 + z) 2) u=(xy) ~1

3. Agar u-In(I+x+y™ + z") boisa + Uy +  ning
M o (1,1,1) nugtadagi giymatini hisoblang. (Javob: 3/2)

4.z = x + 1 + -Ix+y” funksiyaning xususiy hosilalarining
Mo(3,4) nugtadagi giymatiarini hisoblang. {Javob: 2/5, 1/5)

5. Quyidagi funksiyalaming xususiy differensiallarini
toping:

a)z =In -3x* +y* b)z = arctg

€) Usx> d) Us
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Mustagqi! ish

i. Quyidagilami toping;
a) ftinksiyaning aniglanish va giymatlar sohasini;

z=In(4-x™ +y™);

b) funksiyaning xususiy hosilalarini

= sin”(x cosMy+y sin”™x);

v) fimksiyaning xususiy differensiallarini

u=t-

Quyidagilami toping;
funksiyaning aniglanish va giymatlar sohasini
z="N4 - +u
funksiyaning xususiy hosilalarini
u=arcsin msjxy”z"\)
fimksiyaning xususiy differensiallarini
Z=T7(x2+ y2)_
Quyidagilami toping:
funksiyaning aniglanish sohasini va giymatlarini
zZ= + VX —u;
fimltsiyaning xususiy hosilalarini
U=tgN(x-y2 +2%);
fimksiyaning xususiy difierensiallarini
zZ - -yy.

10.2. TO'LA DIFFERENSIAL. OSHK.ORMAS VA

MURAKKAB FUNKSIYALARNI DIFFERENSIALLASH

Az = fix +Axy +Ax) - f{x,y)

ayimiaga z= fix,y) funksiyaning to‘la orttirmasi deb

aiiiladi.

z — f{x,y) fimksiyaning toia differensialining, o°‘zai'o

bogiig boimagan Ax va Ay o‘zgaravchilaming orltirmasiga
chizigli
differensiali deb ataladi va quyidagicha belgilanadi dz.

bogiig boigan bosh qismi, funksiyaning tola
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Agar funksiya uzluksiz xususiy hosilalarga ega boisa, u
holda toia differensial mavjud boiadi va quyidagiga teng
boiadi.

i/z = ’éx dx +5y dy (10.1)

bu yerda dx —Ax,dy = Ay - o‘zaro bogiig boimagan
o zgaruvchilarning differensiallari deb ataluvchi ixtiyoriy
orttirmalardir.

n o'zgaruvchili u= f(x jx2..%,) fiinksiya uchun toia
differensial quyidagi ifoda bilan aniglanadi.

I-misol. z = x» —xy +  funksiyaning toia orttirmasi va
toia differensialini toping

» Tarifga asosan

hz - {X + Axy-(x+\X)(y+Ly)+ (y +A>)"-x" +xy - y?
XPH2XAXHAXN-XY-XAY -UAX-AXAY+Yy+2ydy + Ay -
= XY =Y =2XAX-XAYH2YAY -YAXHAXN-AXAY+HAY=("2X-Y] AX+
+@2y-xJ Ay+AXM-AXAy+Ay™

2xy) AX H2y-X) Ay ifoda Ax va Ay Ia@a nisbatar]7 chizigli
boiib dz HHT fiIH(])()epeHUHgji0;iHp, a=AXx -AxAy+Ay kattalik
esa Ap = i/AX"T"™ ga nisbatan yuqori tartibli cheksiz
kichikdir. Shunday qilib, Az = dz+a<

2 - misol. u=sIn(x*+ y» —zn ) fiinksiyaning toi:
differensialini toping.

» Awal xususiy hosilalami topamiz:

& = 2|I']Q(’\ -+ A))§‘/‘\3':§/_’\5:_Z_/\7;
=2 X X 2y
A= 2InGr +y" - 2 X X (-22).

(10.2) formulaga asosan quyidagiga ega boiamiz.

du = 4In(x» + “ zM) x x (xdx +ydy - zdz)

Az « dz boigani uchun ko‘p hollarda toia differensial
funksiyaning giymatini tagribiy hisoblashda qo*‘Uaniladi, yani
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f(xo+Ax,y+Ay) f(xo,yo)+ dz(xo,yo)
3 - misol (1,02/"* ni tagribiy hisoblang.
N z=xy fimksiyani garaymiz. xo=I vayo=3 da quyidagilarga
egaboiamiz.
zo=f=I; Ax=1,02-1=0,02, Ay = 3,01 - 3= 0,01
z=x" fiinksiyaning ixtiyoriy nuqtadagi toia differensialini
(opamiz.
dz = yx“ Ax+x"/fix Ay
Berilgan Ax=0,02 va Ay = 0,01 orttinnalami etiborga oigan
holda buning M (I;3) nuqgtadagi giymatini hisoblaymiz.
dz =3-12-0,02+13Inl-0,02=0,06
U holda z=(1,02f"  zo+dz=1+0,06=1,06 <
z — f(u,v) funksiya, bu yerda u=(p(x,y), v= @(Xy) X vay
0 zgaruvchiJarning murakkab funksiyasi deb ataladi. Murakkab
lunksiyaning xususiy hosilalarini topish uchun quyidagi
(brmulalardan foydalaniladi;
dx = ditdx Favdx (10.3)
dz _ dzdu” dzdv
dy dudy dvdy
u-:(p(x), v=}/(X) boigan holda (10.3) forrnulaning ikkinchisi
aynan noiga aylanadi. Birinchisi esa quyidagi koiinishga ega
boiadi.
dz dzdu dzdv
dx dxdx M av dx'
Oxirgi formuladagi “ ifoda fun.ksiyaning toia hosilasi deb

ataladi (~ xususiy hosiladan fargli ravishda.)
4 - misol. z =sin(uv) fimksiyaning xususiy hosilalarini

toping, bu yerda u=2x+3y, v=x-+y.
Quyidagiga ega boiamiz:

— = Vcos(iiv) ® +u cos(zt Xxv)-y = cos (2xy+3xy™)
(@xy+3y")

dy = V COS(uv) M8 + U COS(u X V) = = COS {2XYy+3xy")-
(6xy+2x)
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5 - misol t/=x+w"+ fiinksiyamng to‘la hosiiasini toping,
bu yerday-sinx; z=cosx
» Quyidagiga ega bo Tamiz
dz du ,du"dy Ndz ~nn
= It IZ A G =iH2y cosx"3Z7\(- sm>g)—
1 + Zsm X COSX —3 cos™xsin X A
Agar F(x,y) ~ 0 tenglama oshkormas ravishda ikki
o‘zgaruvchili z(x,y) funksiyani ifodalasa va F*(x,y,z) * 0boisa,
u holda qu}ndag! formulalar o‘rinlidir;
£i= n o PYUXYZ) moT
dx P (xy,2) du F.¢{xy.2) A
6-misol. Oshkormas ravishda berilgan X +y*—€y5=0
tenglamadan y funksij‘aning hosiiasini toping.
» (10.6) formulaga asosan, quyidagiga ega boiamiz.

du _ 3xN-—-eNyxy N
dx miy"-e Myxx
7 - misoi. Oshkormas ko‘rinishda berilgan xyz—\-x*-y-z"5-

tenglamadan z funksiyaning xususiy hosilalarini toping.
» (10.7) formuladan foydalanib, qujadagiga ega boiamiz;

dz _ yz+3x" _ Xz-3y"
dx Xy~3 dy Xy-3 XN
10.2-AT

1. Quyidagi ftmksiyalaraing toia differensiahni toping.

a) z=xX"+xy”; b)z=e™M; v) U=sin\(xy"\z"")

2. Funksiyalaming mos ortlirmalarini ularning toia
differensiallari bilan almashtirib, berilgan ifodani tagribiy
hisoblang;

a) (1,02/' (097/;b)~ (4 ™ + (2,93)2 (Javob: a)0,97;
b)4,998.)

3. Agar u=x siny, v=ycosx boisa, z="u” + v” funksiyaning
Xxususiy hosilalarini toping.

4. Agar u=xy, v=x/u, t=e” boisa, w = lu (U H"-")
funksiyaning xususiy hosilalarini toping.

5. Agary=sinyfx boisa, z= tg"(x*-y") funksiyaning hosiiasini
toping.
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6. sinxy-x"-y"=5 tenglama bilan oshkormas ravishda berilgan
u funksiyaning hosilasini toping.

7. Xyz— si™ xuz-+x"+y"+z" 7 tenglama bilan oshkormas
ravishda berilgan z funksiyaning xususiy hosilalarini toping.

8. +z" —xyz = 2 tenglama bilan oshkormas holda
berilgan z funksiyaning xususiy hosilalarining M f(1JJ)
nuqgtadagi giymatlarini hisoblang.

Miisiaqil Isfe

1.  Quyidagilami toping;

a) u=z marctg(xly) fimksiyaning toia differensialini;

b) sinxy+coyx*--=I tenglama bilan berilgan vy
fiiriksiyaning hosilasini.

2. Quyidagilami toping:

aj ZctgNxy"~y"+x"y) fiinksiyaning toia differensialini;

agary = boisa,

b) z mmarctg-J”+ y” fiinksiyaning hosilasini.

3.  Quyidagilami toping;

a) z = Qoos—(xX--y ) funksiyaning toia differensialini;

b) x"“y~z™ + - 8xz"» + - 10 tenglama bilan
berilgan z fiinksiyaning xasusiy hosilalarini.

10.3. YUQORI TARTIBLI XUSUSIY HOSIILALAR
UMNMA TEKISLIK VA SIRTNING NORNALI

Birinchi tartibli xususiy hosiladan olingan hosila ikkinchi
tartibli xususiy hosila deb ataladi.

a7z d @\
Y2  dy\y

2 d i\

dxdy dy ok XY fey),
dz  didn

dydx  dx Ny XXy,
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Uchinchi va undan yuqori xususiy hosilalar aynan shu iiabi
d/\
aniglanadi. ’W\gy?i—k yozuv z fiinksiya x o‘zgaruvchi bo‘yicha k
marta, y 0‘zgaruvchi bo‘yicha n~kmarta differensiyallanganligini

bildiradi. fxy(x,u) vafyx(x,y) Xususiy hosilalar aralash xususiy
hosilalar deb ataladi.

Aralash xususiy hosilalar uzluksiz boigan barcha nugtalarda
uiaming giymatlari teng boiadi.

1 - misol.z — funksiyaning ikkinchi tartibli xususiy
hosilalarini toping.

» Avwval birinchi tartibli xususiy hosilalarini topamiz:

XNy,
Yana bir marta differensiallab quyidagiga ega boiamiz:

dy2
drz
dxdy = L G mixy,
dAu C]\X X YN Xy
Oxirgi ikki ifodani solishtirib, ekannligini
ko‘ramiz.
2 -misol z = arctg " funksiya— +~ = 0 Laplas

tenglamasini ganoatlantirishini isbotlang.
» Quyidagilami topamiz:

dz y dz X
dx X2 +y2'dy  xN+y2
TTL o’z 2yx

, 2xy ”
holda +Qy2 - 2+y2)2 (x2+y2)2 “ O
z=f(x,y) funksiyaning ikkinchi tartibli to‘la differensiali d"z
quyidagi formula bilan ifodalanadi.

N N AN

dnz z
d}z = — ~dx® +2— —dxdy +— -dy"
¥ dxn x dxdy Y dy” Y
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3 ~ tniso! z=x"+y+xy funksiyaning ikkinchi tartibii toia
differensialini toping.
» ikkinchi tartibli xususiy hosilalami topamiz.

dz

= 3k R dz_3‘+2 )
o= ZXY'\)@— % .y,

dxn =6X + 2;/25_3y2 n 6¥ + ;Qny - 4xy.
Shunday qilib,
drz — (6X +2yM)dx + Sxydxdy + (6y + 2x m)dy" =
Agar sirt z=f(x,y) tenglama bilan berilgan boisa, berilgan
sirtga Mo(xo,y0,z0) nugtada o ‘tkazilgan urinma tekislik tenglamasi
quyidagicha boiadi:
z-Z0=fx(x0.yo0)(x-X0)+fyiXo.yoXy~yo)-(10.8)
Sirtga Mo(xo,yoJ nugta orgali oikazilgan normalning kanonik
tenglamasi esa quyidagicha boiadi.
X-Xa _ y-yp " Z-Iq
fxiXoyo) fy ixo.yo) -1m N\ m]
Sillig sirt tenglamasi oshkormas holda F(xy, z =0 va
F(Xo0,yo>Z0)=0 koiinishda berilgan boisa, u holda Mo(xo.yo,)
nugtadagi urinma tekislik tenglamasi quyidagi ko‘rinishda
boiadi.
Pxix0,y0,Z0){x - Xo) ~ Fy (x0,y0,Z0)(y - yo) +

Pz ixQ,y0,Z0)iz —zo0) = 0, (10.10)
normalning tenglamasi esa:
X-Xq _ y-yo _ Z-Zq n (10 11)
p'xiXQ.yo.Zo') Fy Cxo,y0.”0) f 'z (X0,y0.Z0)

4-misoL x™+ y™"xyz-6=0 sirtga Mo(l,2,-1) nugtadagi
xususiy hosilalaming giymatiarini hisoblaymiz:
» Ki*rQ.ya.Zo) = (3x" +yz) Inp = 1,
Fy (xo,yo>Zo) = (3y2 +xz) = 11,
Fz (Xo,yo>Zo) = (3z2 +yXx) = 5
Bularai (10.10) va (10.11) tenglamalarga qo‘yib, mos
ravishda urinma tekislik tenglamasi
(x=N+Ili(y-2)+5(z ~ 1)=0

va normalning kanonik tenglamasini topamiz:
x-1 y-2 z+1 A
n
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10.3- AT
1. Quyida ko‘rsaiilgan fUnksiyaiamiiig ikkinchi tartibli
xususiy hosilalarini toping va uiaming aralash hosilalarini
tengligini tekshiring.

a)z =
b) Z = In(x + + 3/2) ;
V) z = e”(siny + cosx)]
g) z-arctg

2. z = (xcosy—ysiny) fonksiyaning g\é+—
tenglamani ganoatlantirishini isbotlang.

3. z= funksiyaning 9 x 0 =0 tenglamani
ganoatlantirishini isbotlang.

4., xyzM +2yN +3y z +4 = Q sirtga Mo(0,2,-2) nugtada
o‘tkazilgan urinma tekislik tenglamasi va normal tenglamasini
toping.

5, z="x"— sirtga Mo(3J,4) nugtada o‘tkazilgan
urinma tekislik va normal tenglamasini toping.
{Javob: 3x~y-z=4,— =~ =7 )
6. x +2y+ z =1 ellipsoid uchun x-y+2 z = o tekislikka
parallel urinma tekislik tenglamasini yozing. .
Miistaqil ish

1 1 z=In(x"+y) funksiyaning ikkinchi tartibli
hosilalarini toping.

2. X 2y™+ 3z *=6 sirtga Mo(l,-1,I) nugtada oikazilgan
urinma tekislik va nzormalning tenglamasini yozing.

2. .z = fimksiyaning ikkinchi tartibli hosilalarini
toping.
2Z2=1+ sirtga M o(l,l,zo) nugtada o‘tkazilgan urinma

tekislik va normalining tenglamasini yozing.
3. lz=(x+y)/(x~y) funksiyaning ikkinchi tartibli xususiy
hosilalarini toping.
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2. X"z—-xyz+y"-x-3=0 sirtga Mo(-2,3,z0) nugtada o‘tkazi'gaB
iimima iekislik va normalming tenglamasini yozing.

10.4. IKKT0 ‘ZGARUVCHILI FUNKSIYANING *
EKSTREMUMI

Agar Mo(xsyo,) nugtadan fargli va uning yyetarlicba kichik

alrofiga tegishli barcha M(x,y) nugtaiar uchun
f(xo.yoM(x,y) (f(x0.y0)0'(x,y))

tengsizlik o'rinli  bo‘isa, Mo(xoyo) nugta z= f(xy)
funksiyaning lokal maksimumi (minimumi) deb ataladi.
I'unksiyaning maksimum yoki minimumi uning ekstrernumi
deyiladi. Funksiya ekstremumga. erishadigan nuqta, fimksiyaning
ckstremum nugtasi deb ataladi.

1—teorema. (Ekstremum zururiy sharti).

Agar M()(xoyo,) nugtaf(x,y) fimksiyaning ekstremum nugtasi
bo‘lsa u holda ¢(%yo) = fy{xo,yo) = 0 bo‘ladi yoki bu
liosilalardan birontasi mavjud bo‘lmaydi.

Shu shart bajariladigan nuqtaiar statsionar yoki kritik
nuqgtaiar deb ataladi. Eksti'emum nuqgtasi har doim statsionar
nugta bo‘iadi, ammo statsionar nuqgta ekstremum nugtasi
bolmasligi ham mimikin. Statsionar nuqgta ekstremum nugtasi
bo‘lishi uchun, ekstremum mavjudligining yyetarli sharti
bajarilishi kerak. Ikki o‘zgaruvchili funksiya ekstremumining
mavjudligining >yetarli shartini tariflash uchun quyidagicha
belgilashlar kiritamiz;

A=/xx (%y0), B = 'y (x0>), C = fyy (x0jo). Ax C- B\

2-teorema. (Ekstremum yyetarli sharti).

Aytaylik z=f(x,y) funksiya Mo(xo,yoJ statsionar nuqtani o2z
ichiga oigan hiror sohada uchinchi tartibli uzluksiz Xxususiy
hosilalarga ega bo ‘Isin. U holda:

1) agar A> 0 bo‘lsa u holda Mo(xoyol nugta berilgan
funksiya uchun ekstremum nugtasi bo ‘1adi, bunda M gnugta

A < 0(C < 0) bo‘lganda maksimum nugtasi va A > 0(C >
0) bo ‘lganda minimum nugqtasi bo ‘ladi;
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2) agar A< O bolIsa, u holda Mo(xo,yo,) nugtada ekstremum
yoq;

3) agar 0 bolsa, u holda ekstremum boiishi ham,
bo Imasligi ham mumkin.

Ro‘rinib turibdiid, iichinchi holda qo*‘shimcha tekshirish talab
etiladi.

1—misoL z= x+y“3xy funksiyani ekstremumga tekshiring.

» Qaralayotgan misolda ~ doimo mavjud boiadi,

shuning uchun statsionar (kritik) nugtalarni topish uchun quyidagi
tenglamalar sistemasiga ega boiamiz (1- teoremaga garang);

— = - 3y = 0,
dx

dz ,

— =3yA~3x=0.
dy

Tenglamalar sistemasini yechamiz;
— = O
2 )):: Qbundanxi= 0, X -1yi=0,yz 1

Shunday qilib, M;j(0,0) va , M2(l,1) ikkita statsionar
nugtalarga ega boiamiz.

Quyidagilami topamiz;

A OI/\72 6x,B a7z 3,C dAZ’\ 0
= — = , = —— = =3, = 0
dx” X dxdy dy” Y

Uhoida =AC-B"=36xy-P.

Mi(0,0) nugtada =-9, yani bu nugtada ekstremum yo‘q.
M2(1,1)) nugtada -27 OvaA = 6> 0, bundan kelib chigadiki,
bu nugtada berilgan yunksiya lokal minimumga erishadi; Zmm =
-1, A

z=f(x,y) funksiyaning <p{Xxy) —0 shartda topilgan
ekstremumi shartli ekstremum deb ataladi. <p{x,y) = 0 tenglama
bogianish tenglamasi deb ataladi.

Shartli ekstremumni topishning geometrik masalasi z=f(x,y)
sirtning <p{x)y") = O silindr bilan kesishgandagi egri chizigning
ekstremal nuqtalarini topishga keltiriladi.
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Agar <p(x,y) —0bog'lanish ienglamasidaii y yfxj ni topib

funksiyaga go‘ysak, u holda shartli ekstremumni topish

inasalasi bir o‘zgaruvchili z=f(x,y(x)) funksiyaning ekstrernumini
lopishga keltiriladi.

2 - misoL z=*-y* fimksiyaning vy 2x-6 shartni
ganoatlantiruvchi ekstrernumini toping.
> Yy 2x~6 ifodani berilgan funksiyaga qo‘yib

o‘zgaruvchili fimksiyaga ega boiamiz:
=X —(2X-6)\. Z=-3x"+24x-36.
Quyidagini topaniiz z' =-6x+24; bundan x=4. Shunday qiiib
z" =-6 0, u holda berilgan fiinksiya Mj(4,2) nuqtada shartli

raaksimumga erishadi:

Differensiallanuvchi ftmksiya, chegaralangan yopig D sohada
0‘zining eng katta (eng kichik) giymatiga yoki D sohaning ichida
yotuvchl statsionar nugtada yoki shu sohaning chegarasida
erishadi.

Funksiyaning yopiqg D sohadagi eng katta va eng kichik
giymatiarini topish uchun, uning berilgan sohaning ichida va
chegarasida yoiuvchi barcha taitik nuqtalami topish zarur,
funksiyaning shu nugtalardagi va shuningdek, chegaralaming
golgan barcha nugtalaridagi giymatlari hisoblanadi, so‘ngra
solishtirish yoii bilan hosil gilingan sonlardagi eng katta va eng
kichiklari tanlanadi.

3 “ misoL z=xX"+y"-xy+x+y fanksiyaning x-0, y=0, x+y=-3
chiziglar bilan chegaralangan sohadagi eng katta va eng kichik
giymatiarini toping.

Quyidagi tenglamalar sistemasidan M] statsionar nugtani
topamiz:

dz 2 1-0
= - + -
ax X -y :
’(\jz 2 =0
= — + = 0.
dy y=x
Bundan x=-i, u~1I. zl=z(-1,-1)=I ho‘lganMi(-1,-I) nugtani

hosil gilamiz.
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Berilgan fijnksiyani chegaralarida tekshiramiz.

x=0 boigan OB to‘g‘ri chizigda

+y ga ega boiamiz va masala
bir oichovli fianksiyaning [3,0]
oraligdagi eng katta va eng kichik X i
giymatlarini topishga keltiriladi.

Quyidagilami topamiz:

1 .,
Zy=2y+1=0x=—2"%y -2
2=z (0; ~~) ~ boiadigan
1"2(0,--" shartli lokal minimum nuqtani hosil gilamiz. OV
kesmaning chekka nugtalarida Z3 = z(0;—3) = 6,z = z(0;0) =

Oboiadi.
Xuddi shu kabi y=0 boiadigan OA kesmada quyidagilarga

ega boiamiz: z=x"+x, zZ’x=2x+I|, x=-1/2, Z”x = 2, yani M s (- oO®
- lokal minimum nugta boiib, bu nugtada Zs=f*, 0*=  boiadi.
A nuqgtada Zg= z*-3;0j=5 boiadi. x+u=3 to‘g‘ri chiziqdagi AB
kesmada y=-x-5 ifodani z fimksiyaga qo‘yib, quyidagilami hosil
gilamiz.
=3 Px+<5, ZX=6x+9=0, x--3/2.
Bundan, 24 = ~ | boiadigan

nugtani topamiz. AB kesmaning chetki nuqtalaridagi funksiyaning
giymatlari topilgan. z fiinksiyaning barcha topilgan giymatlarini
solishtirib, quyidagi xulosaga kelamiz, A(-3,0) va B(0,-3)
nugtalarda o‘zining eng katta giymatiga erishadi —6, Mj(-
1,-1) statsionar nugtada esa z"\j,, —1 boiadi. M

4 - misoi. To‘g‘ri burchakli parallelepipedning toia sirtining

yuzi S ga teng. Eng katta hajmga ega boiadigan oichamlarini
toping.

> To'g‘ri burchakli parallelepipedning hajmi F=xxy X z ga

teng, bu yerda x,y, z- parallelepipedning oichamlari, uning toia
sirtining yuzi esa S=2(xy-+xz-+yz) ga teng.
Bundan z= §__2_Xy\-/": _S0yy=2xty™ V(X,Y)
2(x+y 2(x+y)
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V —V{X,y) funksiyaning ekstrernumini topamiz:
dv  yNM(S-2xN -4xy)

dx 2X+yr '
vV  xMS -2yt - 4xy) o
du 2(X +yy -

X > 0,y >0 boigani uchun oxirgi sistemadan
ekanligi kelib chigadi. F=F(x,yJ funksiyaning maksimumi
boiadigan yagona M ( fi - nugtaga ega boidik. (yani masala

yechimga ega!), shuning uchun maksimum mavjudligining
yyetarli shartini tekshirishning hojati yo‘q.
Quyidagini topamiz:

S
V6

Shunday qilib, girrasi - ga teng boigan kub eng katta

hajmga ega boiar ekan. »

> 10,4-AT.

1. Quyida berilgan funksiyalami lokal ekstremumga
tekshiring:

a) zZ=Y3:0/~15x-12y;

b)  z=XMxy+y-2¢-y;

Cc) z=3Xy-x"-/~10x+b5y;

(Javob: @) Zmin ~(2,1)=-28, = z(-2,-1) =28;

b) —z(1,0) = —1; s) ekstremum nugtalari yo‘q.)

2. z=x+2y fimksiyaning x*+/=5 shartni ganoatlantiravchi
ekstremumlami toping. {Javob: x=-I, y=-2 boiganda = -5
X=i, y=2 boiganda z,/"az

3. =Xy HAX)>-6x+5 funksiyaning, x=0, y=0, x+y=3
to‘g‘ri chiziglar bilan chegaralangan sohadagi eng katta va eng
kichik giymatiarini toping. {Javob:

"ekichik ~ z(3,0) —* 9, Zq jjaff[ —z(0,0) —5"

193



4. z=x"y (4-x~y) funksiyaning, x=0, y=0, x+y=6 to‘g‘ri
chiziglar bilan chegaralangan sohadagi eng katta va eng kichik
giymatlarini toping. {Javob:

"e.kichik ~ -2Y4,2 ——64,Z9 —z{2,V) —A)

5. Hajmi V ga teng to‘g‘ri burchakli parallelepipedning,
sirti eng kichik anzaga ega boiadigan oichamlarini toping.

{Javob: girrasi W gatengboigan kub.)

Mustagqil ish
1. z=y-3x+2y funksiyani ekstremumga tekshiring.
{Javob: z~in = z(l, -1) = 3,
2.  z=xXM-x"-y+6x+3 fimksiyani ekstremumga tekshiring.
{Javob: Zfnax = z(4,4) = 15.)
3. z=3x"-x"+3y"+4y funksiyani ekstremumga tekshiring.
{Javob: z*in = z(0,-2/3) = -1J)

10.5.10 - BOBGA DOIR INDIVIDUAL UY
TOPSHIRIQLARI
1. Ko'rsatilgan funksiyalaming aniglanish sohasini toping.

i.i. z=3xy/f2x-Sy) 12. z =arcsin(x-y)
13. z= 14. z = In(4-x"-/)
15. 2 =22/(6-x"-y) 16. —S
17. z =arcos(x+y) 18. z BxHy/(2—x+y)
19.z=V9 - -y2 LW. z = In(<"+y—3)
111 z=-Jixr — 112, z =4xy/(x-3y+H)
113 z /(XY 1.14. z =arcsin(xfy)
11s. z = Iny™-x") 1.16. z =XVI(E+x-\]
117. z =arcosfx+2yJ 1.18. z =arcsin(2x-y)
119. z =In(9-x"-y) 120.z=/3-x"~"
121. 2 =7/"x2 +y2 - 5 122, z =Ax+yl(2x-5y)
123 1.24. z=5/(4-x"-y)
1.2S. z = In(2x~y) 1.26. z =7xy/(x-4y)
127. z="l-x-y 128. z

1.29. z =l/(x*+y*~6) 1.30. z =Axy/(x" - y"j
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2. Quyidagi funksiya!aming xususiy hosilalarini va xususiy
differensiallariini toping.

21 z = In™-e-x) 2.2. z =arcsin.sjxy
2.3. z =arctg (XY 2.4. z =cos(X"\2xy)
25. z =sin sy 26. z -tgx"+y")
2.7. z=ctghjxy” 28. z
29. z = In(3x"-/) 2.10. z =arcos(y/x)
2.11. z =arcctg(xy?2) 212. z —cas yjX" +
2.13. z =sin -Jx —y" 2.14. z =tg(xY)
2.15. z =ctg(3x-2x) 2.16. z =e™M"—yA
217. zMn (yjxy - 1) 2.18. z =arcsin(2xy)
2.19. z =—arg (xX"y’) 2.20. z =cos (X - Yjxy")
Y2l z =sin®% 222. 7

x-y X
2.23. z —ety Ji(-ls\/ 224. z
2.25. z =In(3x"-/) 2.26'. z =arccos (x=y")
227. z =arcctg” 228. z=co5 ) =1

229. 7 —sn 1 2.30. z =e-(""+y’)
Nix+Y
3. f(x,y,z) berilgan funksiyaning Mo(xo,yo,zo) nugtada (o),
fy {Mo), fz (Mo) xususiy hosilalarining giymatini verguldan
keyin ikki xonagacha aniglikda hisoblang.
3.1.f(xy,2)-"Z/"x" +y\ Mo (0,-1,1). {Javob:  (0,-i,1)=0,
/,,(0,-1,h=1,/z(0,,-1,D)=1.)
3.2.f(x,y,z)=In(x+Vy, Mo (1,2,1). (Javob:  (1,2,1)=0.5,
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/3;(1,23)=0.25,/,'(1,2,1)=-0,5.)

33.f(x,y,zy={sinxy\. Mo (*, 1,2). (Javob: 1,2)=0,87
fy(,1,2)=-0,35f;("",1,2)=-0,17.)

3.4 .f(x,y,z)=In Mo (2,1,0).

{Javob: /; (2,1,0)=1,2, fy (2,1,0)=0,6, /J (2,1,0)=0.)

3.5.f(x,y,2) Mo(l1,0,1).

{Javob:f, {l1,0,iy\ ,fy (1,0,1)=0,/,'(1,0,1)=-1)
3.6.f(x,y,2)=In cos(x +y”~+ z), Mo (0,0,~).

{Javob:  (0,0,2)=0, fy (00—~-=0,/," (0,0,2)=-1i)
3.7.f(xy,2)=27\ f*"+~+ z3 Afo (",<2/

(Javon: f, (34,2)=1,/; (34,2)=8,/, (34,2)-12)
3M.f(x,y,2)-=arctg(xy”"+2z), Mg (2,1,0).

{Javob: /; (2,1,0)=0,2,/; (2,1,0)=0,8,/, (2,1,0)=0,2.)
3.9./f3c,7z;=arc.s'«*x2/7-Mo(2,5,0).

{Javob: /;(2,5,0)=1,33, /7(2,5,0)=-0,27, /;'(2,5,0)=-1,67.)
3.10.f(x,y,2)= yzsin(y/x), Mo (2.0,4).

{Javob: r; {2A4)=0, fy{2fiA"y=I, /,(2,0,4)=0.)
3.11.f(x,y,z)=y/4x*+", Mo (-1,1,0).
Lavob:N-N\XQy-\, f{-\\m=K /(~1,1,0)=0.)
3.12.f(x,y,z)=arctg (xz/y"). Mo (2,1,1).

{Javob: /;(2,1,1)=0,2, /3;(2,1,)=-0,8,/,(2,1,1)=0,4.)
3.13.f(x,y,2)"In sin (x-2y+z/4). Mq(1,1/2,n)

{Javob: f{l,m,n)—-=I, fy{IM2,ny-2, /;(11/12,7r)-0,2.5.)
3.14.f(xy,2)-="+"~ 1Mo (1,1,2).

{Javob: f;fhh2)=-1,5Jy {IX 2y .l, /,(1,1,2)=1,25.)
3.15.f(x,y,z)=/"- +y2- z", Mo (1,2,2).

{Javob: /(1,2,2)=-1,/3;(1,2,2)=-2,/,(1,2,2)=2.)
3.16.f(x,y,2)= In(x+y")- Mo ((5,2,5;.

(Jv0z>; /,(5,2,3)_-1,14, /"(5,2,3)=0,44, " (5,2,3)=0,75.)

3.17.f(x,y,2)=yjzxy, Mo (1,2 4).
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{Javob: 7;f(1,2,4)="4, 1y (1,2,4)-0, /z(1,2,4) 0,25).

3.18.f(x,y,z)=z/4"+ y". Mo (yI2, VX V7j-
{Javob: /1~ (vz vavay=0,25, /7, (v2: VT)=0,25,/,(V~
>/2:V2")=-0,5.
3.19.f(x,y,2)= In (X + ljy-z), Mo (2,1,8).
{Javob: x (2,1,8)=12, /y (2,1,8)=0,33, /z (2,1,8)—1.)
3.20.f(xy,2)=z/(x" +y";. Mo (2,5,25;.
(Javo&: /,(2,3,25)=-1,28,/3:(2,3,25)=-0,24, /, (2,3,25)=0,04.)
3.21.f(x,y,2)=8Il[x* + +2 Mo (3,2,1).
{Javob:fx{~,2,1)=2,1, /y(3,2,1)=0,4, /2(3,2,1)-0,1.)
3.22.f(x,y,2)=In(%jx + \[y- z), Mo(lJ,)-
{Javob: /x(1,1,N=0,2, ~.(1,1,1)=0,25, /z(1,1,I) 1)
3.23.f(x,y,2)=-2x/"M"+ Mo (3,0,1).
(Jci'o6:/x(3,0,1)=-2,/y(3,0,1)=0,/z(3AI1)"6.)
3.24.f(x,y,z)=ze<N" My Mo (0,0,1).
{Javob: /;(0,0,1)=0, 7;(0,0,1)=0, /,(0,0,1)=1.)

3.25.f(x,y,2) Mo Vs)-
(Jovot: ¢(f,j,Vv3)=0.5,/,(f,f,v3)=-0.5,/,"(] ,f,V3)=-
0,17.)

3.26.1(x,y,2)= Az INO\fX + 7~ ), MO (4,1,4).

{Javob: ~(4,1,4)=0,17, /y(4,1,4)=0,33, /2(4,1,4)-0,27.)
3.27.f(x,y,2)=xz/(x-y), Mo(3,1,1).

{Javob: /~(3,1,1)=-0,25, 7y (3,1,1)=0,75, /(3 ,1,1)-1,5.)
3.28.f(Xy,2)=-"x» +y2 - 2xyc”", Mo

(Javo&: /3,4, )=0,6, / (3,4, ])=0,8,/,(3.,4, )=2,4.)

3.29.1(x,y,z)=ze-"y, Mo (0,1,1).
{Javob: ~(0,1,1)=-1, 7y (0,1,1)=0, ~(0,1,1)-1.)

3.30.f(x,y,z)=arcsin(xy[y-y*), Mo (0,4,1).
{Javob: /~(0,4,1)=2, ~(0,4,1)=-1,/z(0Al) ")
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4. Ko‘rsatiigan ftmksiyaiarning toia differensiaiini toping.

41. 7=2xXNy-Axy™ 42. z "Xy sinx — 3y
4.3. z =arctg X 4.4. z =arcsin (xyJ-Sxy
45. z =5xy* 2y 46. z =cos(X" —y"N)+x"
47. z MnBx"N — 48. z =5xy-3)yYy"
49. z =arcsin(x+y) 4.10. z =arctg (2¢x-y)
411. z =YXy 412. z=y +>2 ~2xy
413. z ==*+34 4.14. 7 =00s(3x+y)-x"
415. z =tg((x+y)/(x-y)) 4.16. z =ctg(y/X).
4.17. z “xy™* 3yyN 4.18. z =In(x+xy-y"
4.19. z =2xy+x"-y3 420. z=7"x2 - 2y' " 5
4.21. z =arcsin((x+y)/X) 4.22. z =arcctg (x-y)
423, 7 =N3x" —y2 +X 4.24. z=y"~3xy-x"
4.25. z =arcos (x+y) 4.26. z =In(y"-x"+3)
4.27. 7=2-x"-y"+5x 4.28. 7 =1x- xRN
4.29. 7=6"-X 4.30. z=arctg (2x*y)

5. u=u(x,y), bu yerda x=x(t), y=y(t) murakkab

funksiyaning t=to nuqtadagi hosilasining gij. matini verguldan
keyin 2 xonagacha aniglikda hisoblang.

5.1. u=e"-2y, x=sint, y=t", to=0. (Javob: 1)

5.2. u =In(eM+e~"), x=t"y=t\ to~I. (Javob: -25))

53. u =y, x=In (t~I), y=e72, to=2. (Javob: 1)

54. u =6-2x-"2, x=sin t,y=cos t, to=". (Javob:-1.)

55. u -x" é’, x=cos t, y=sin t, to—n. (Javob: -1)

5.6. u =In(e"+¢"), x=t", y=t?, to=1. (Javob-2,5.)

57. u=y\ x=e" y-In t, to=I. (Javob:l.)

58. u =e-2x, x=sin t,y - f, tg-O. (Javob:-2.)
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59. u =x"e vy, x=sin t, y==sinh, to="\ (Javob:0.)

5.10. u =In(e~" +ey), x=Ff,y=/, to=-I. (Jayob:2,5.)

5.11. u ='-"-2x-l, x=cos t, y=sin t, th="- (Javob: 2.)

5.12. u —arcsin (x/), x=sin t,y=cos t, to=n. (Javob: 1))
5.13. u =arccos (2x/y), X=sin t, y=cos t, to=tt. (Javob: -2)
5.14. u =y?/(y+I), x=I-2t, y=arctg t, to=0. (Javob: -5)
5.15. u =xty, xe\ y=2-e"\ t0=0. (Javob: 3.

5.16. u = In(e"+e?y), x=t", .y-V, to=l. (Javob: -2))

517. u=-x +y” + 3, x-In t y-i*, to=I. (Javob: 1,25)
5.18. u =arcsin XYy, x”sin t, y="cos t, to=n. (Javob: 0.
5.19. u =y/x, x=I-2t, y=Il+arctg t, to=0. (Javob: 4.)
520.u* X-sin t, y=cos t, to=". (Javob: -4.

521, u=gdr+y +3,x=Int 7= to=l. (Javob: 0,5)
5.22. u ~arcsin % X=sin t, y-=cos t, to=n. (Javob: 0,5.)

523. u X—sin 2t, y-tg"t, to=". (Javob: -8)

524, u=y[*+y + 3, x=In t, y-", to=I. (Javob: 0,75.)

5.25. u =y/X, xe\y=l-e t, to=0. (Javob: -2)

5.26. u =arcsin 2x/y, x~sin t, y=cos t, to=n. (Javob: 2.)

527. u - in(e™M+¢), x—, y=", to=I. (Javob: 4.)

5.28. Il =arctg (x+yj, x—2+2, y-4-f, to=I. (Javob: 0.

529.u + 3, x-In t, y-t\ to=I. (Javob: 1,5.)

5.30. u —-arctg (xy), x=t+3, y=e\ to=0. (Javob: 0,4.)

6. Oshkoraids funksiya ko‘rinishida berilgan z(Xx,y)
flinksiyaning xususiy hosilalarining Mo (xo,yo<”0) nugtadagi
giyinatlarini verguldan keyin ikki xonagacha aniglikda hisoblang.

6.1. x"+/+72"3xyz--4, M(2,1,1).

(Javob: z~(2,1,)=3, zJ2,1,)="~-1)

6.2. X +y>M7Nxy"2, Mo(-1,0,1).

(Javob: z'j-1,0,)*-1, zj-1,0,D)=0,5.)

6.3. 3x-2y+z=xz+5, Mo(2,1,-1).

(Javob: zJ2 ,l,-N=4, z'j2,1,-)=-2.)



6.4. eN+x+2y+z=4, Mo(1,1,0).

(Javob: zx(l,1,0)=-0,5, (1,1,0=-1))

6.5. x"+/+2z"-z-4=0, Mo(l,1,-1).

(Javob: z'x(1,1,-N)=0,67, 2 (1,1,-1)==0,67.)

6.6. " +3xyz +3y=7, Mo(l,1,]).

(Javob: z'jlI)-~-0,5, z~ (,1,)=-0,5.)

6.7. cosx+cosy+cos"z=", Mo, ]).

(Javob: zifs, H i1)-1, 4 (f, f,

6.8. e"~"-l=cos X cosy+J, Md0, *1).

(Javob: %0, \.1)=0, Zy (0, %1)=-L)

6.9. x M +)N+z7-6x=0, Mo(l,2,1).

(Javob: z'x(1,2,)=2, zy (1,2,1)*-2))

6.10. xy=z"-1, Mo(0,1,-1).

(Javob: z'x(0,l,-)=-0,5, Zy (0,1,-1)=0.)

6.11. x2y"+32"-yz+y=2, Mo(l,1,1).

(Javob: z~(I,1,h=-0,4, (1,1,1)=0,8)

6.12. xN+y+z7+2xz=5, Mo(0,2,1).

(Javob: zJO,2,h)=-1, Zy (0,2,)=-2))

6.13. X cosy +y cos z+z cos Xx=", Mo(0, n)

(Javob: zx(©, | n)=-0, Zy(©, | n)=1.)

6.14. 3/yM2xyzN~2x"z+Ay™z =4, Mo(2,1.2).

(Javob: z'x(2,1,2)=7, Zy (2,1,2)=-16.)

6.15. X 2y +7"-Ax+27+2 =0, M o (1,1,1).

(Javob: z'x(1,1,N=0,5, zy (1,1,1)=1))

6.16. x+y+z+2=Jlyz, Mo(2,-1 ,-1).

(Javob: z~(2,-1 ,-1)=0, Zy 2-1 ,-1)=-1.)

6.17. x +/+z2"~2xz=2, Mo(0,1,-1).

(Javob: z'x(0.1,-D=I, Zzy (0,1,-1)=1.)

6.18. en-xyz-x+1=0, Mo(2,1,0).

(Javob: z'x(2,1,0)=-1, 2y (2,1,0))=0.)

6.19. X -2y"™+7"-3xyz-2y-15=0, Mo(l,-1,2).

(Javob: z'x(,-1,2)*-0,6, 2y (1,-1,2)"0,13.)
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6.20. X ~2xy-3y"+6x-2yW~8z +20=0, Mo(0,-2,2).
(Javob: z7(0,-2,2)=25, Zy (0,-2,2) =2,5.)
6.21. X +/+z"-=y-z+3, M0o(l,2,0).

(Javob: z'jl,2,0)=-2, Zy (1,2,0) =-3)

6.22. B +22Xy-yz-4x-3y-z=0, M o(l,-1,]).
(Javob: z~(l,-1,D=2, 2y (1,-1,1) =2))

6.23. X" -yW+6z+2x-4y+12=0, Mo(0,1,-1). ,
(Javob: zJO I,-)=-0,25, 2y (0,1,-1) =0,75.)
6.24. V.X2 +y2+2"~3z=3, Mo(4,3)).

(Javob: z'j4,3,)=0,8, Zy (4,3,1) =0,6.)
6.25. "+-2y"+3z/=59, Mo(3,1,4).

(Javob: z'j3J,4)=-0,25, zZy (3,1,4) =-0,17.)
6.26. "+/+72"N-2xXy-2xz-2yz=17, Mo(-2,-1,2).
(Javob: z'x(-2,-1,2)=0,6, Zy (-2,-1,2) =0,2.)
6.27. x"+3xyz-z"=27, Mo(3,1,3).

(Javob: zJ3,1,3)=2, Zy (3,1,3) =1,5.)

6.28. In z=x+2y- z+In3, M(1J,3).

(Javob: z'jI,1,3)=3/4, z (1,1,3) =3/2))
6.29. 2x"+2/+7"~8xz-z+6=0, M¢2,1,1).
(Javob: zJ2,I,D=0, 2y (2,1,1)=0,27.)

6.30. ' =xy-z+x"-4, Mo(2,l1,]).

(Javob: zJ2,I,LI) 167, 2y (2,1,1) 0,67)

Namunaviy variantniEg yechimi

1 z=In(x"'3y+6) funksi8taning aniglanish sohasini toping.
»mlogoriimik  funksiya argumentning fagat

gi>'matlariga aniglangan, shuning uchun x*~3y+6 0 yoki 3y
X*+6. Demak, sohaning chegarasi x“-~3y+6

chizigdan iborat parabola boiadi.
Berilgan funksiyaning aniglanish sohasi paraboianing tashqi
nugtalaridan iborat bo‘ladi. (104 - rasm.)

0 yoki x"=3y-6

2. fiinksiyaning xususiy hosilalari va xususiy
differensiailarini toping.
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> Bir o‘zgaruvchili murakkab fimksiyani differensialiash
formulalaridan foydalanib, awal xususiy hosilalami topamiz;

{a\x " K‘]3 (2 +5 2)—f. 2;53):3_/\e_V/\/\ EZ_AQ_;;,\
y("x"+Sy2p

I£. = e-V+sy" (- i (X2 +5y2)"fel0y) =
1

Endi xususiy differensiailarai topamiz:

dz="dx = N
ax 3 37 ("245y2)2
3y 4 3® Wetg22  ~

3. f(x,y,z)="/" cos z funksiyaning Mq1,1, p nuqgtadagi *

(Mo), fi (Mo), fz (Mo), xususiy hosilalarining gqiymatlarini
verguldan keyin ikki xona aniglikda hisoblang.
Berilgan funksiyaning xususiy hosilalarini topamiz,

so‘ngra ulaming M o(l,l, |) nugtadagi giymatlarini hisoblaymiz:
"xy,z) =~cosz,/™ (I,I,~-) - 0,25,
NX,y,z) —"-"cosZify = 0,25,
xy,z)=-"smz, /z(,I,]] =-086 <
4. z=arctg funksiyaning to‘la differensialini toping.

» Berilgan funksiyaning xususiy hosilalarini topamiz:

Zz 1 1 1 y A~ 1 /%

dx n y X+y 2-xy 2(xX+y)
m ] N
X
1 y W/ %"y __\
3y“i|..i | y2/ Xx+y 2Vx V yv 2K +y)
U
(10.2) formula)éa asosan, quyidagiga ega boiamiz
E I

dz = Axty) dx —2eny) dy
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5. z = arccos—, bu yerda x=I+Int, y="-2e murakkab
funksiyaning to=Il bo‘lgandagi giymatini verguldan keyin ikki
xona aniglikda hisoblang.

>m (10.4) formulaga asosan quyidagiga ega boiamiz:

dz dz dx dz dy 1 2x 1
dt dx dt dy o

y2

_tM—l)(-Zt).
'F
tn=I bo"lganda, x=i. u--2 boiadi.
Bundan,
dz
dt ¢=| \B
6. I3y +2xy z 4x z = 3 tenglarbilan osiikormas
ravishda berilgan z(x,y) v
funksiyaning Xususiy 5.
hosilalarining Mo(0,1,-) ¥ ¥ o
nuqtadagi giymatiarini verguldan 1-1.
keyin ikki xonagacha aniglikda
hisoblang. A
Shartga asosan y
F(X.y,z) =5x"~3y"+2xyz-4xz-3,
Shuning uchun ‘= -

Fx= 12x™ + 2yz —A4z,
Fy = —9y™ + 2xz,
R — 2xy —4X + 2z,
(10.7.) formulaga asosan.

dz Fx 12xN + 2yz —A4z
dx Fz 2xy - 4x + 2z
dz _ F/_ -9y + 2xz

dy Fz 2Xy — 4x +2z'"
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va flam in g Mo(0,1,-1) nugtadagi giymatlarini

hisoblaymiz:
dzjoX-1) _ . dzjox-i) _ C
dx ' du ’

10.2 Individual uy topshiriglari
1 Berilgan S sirtga Mo(xo,y0,z0) nugtada o‘tkazilgan urinma
tekislik va normal tenglamasini toping.
LI. S: My +"+62-4x+8=0, Mg (2,1,-1).

1.8. S: X +yxz-yz"O, Mo (0,2,2).

1.9. S: Xy 2yz-7+y-27=2. Mo (1,1,1).

1.10. S: yW+"~2xz+2x=1z, Mo (1,1,1).

I.IL S: 2y -2y+2x~y, Mo (-1,-1,-1).

1.12. S: z=y"-y+2xy-3y. Mo (1,-1,1).

1.13. S: =y ~2y—x-2y, Mo (-1,1,1).

1.14. S: X2 e-4y—=13. Mo (3,1,2).

1.15. 4y"-7"+4Axy-xz+37=9, Mo (1,-2,1). A

1.2. S: x4y =-2xy. Mg (-2,1,2).
1.3. S: XN+y 2N -xy+3z=7. Mg (1,2,1).
14. S: x"+/+2"+6y+4x=8, Mo (-1,1,2).
15. S: 2"~y ~4z+y=13, Mo (2,1,-1).
1.6. S: X"y +2"-6y+4z+4=0, Mq(2,1,-1).
1.7. S: y~+z"~5yz+3y=46. Mo (12,-3).

S

S:

1.16. S: z=xXy"-3xy—-x+y+2. Mo (2,1,0).
1.17. S: 22Xy 27" +xy+xz=3, Mo (1,2,1).
1.18. S: X~y +7"-4x+2y=14, Mo (3,1,4).
1.19. S: x"+/-"+xz+4y=4, Mo (1,1,2).
1.20. S: /-y -"+xz-v4x"-5. Mo (-2,1,0).
1.21. S: x"+/-xz+yz-3x=ll, Mo (1,4,-1).
1.22. S: ™+2y"W~4xz=8, Mo (0,2,0).
1.23. S: x*y-2/“2v=0, Mo(-I,-1)).

1.24. S: Py ~3:Mxy=—2z, M o(1,0,)).
1.25. S: 2 -y +"-6x+2y+6=0, M o(l,- I).
1.26. S: X?+}-¢™+bxy-z =8, M((1,1,0).
1.27. S: z=2x"-3y"+4x-2y+10. Mo (-1,1,3).
1.28. S: z=xX)Y-4xy+3x-15. Mo (-1,3,4).
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L29. S: z=x"+2/+4xy-5y-10. Mo (-7,1.8).
J.30. S: z==2x"-3y+xy+3x+l. Mo (1-1,2).

2 Koi'satilgan funksiyaiamitig 2-tariibli xususiy hosilalarini
toping. == ekanligiga ishonch hosil giling.
2.1. zze=""-y\ 2.2.z =ctg(x+y).
2.3. z —tg(x/ty). 2.4. z=cos(xy?2).
2.5. z =sin(x-y). 2,6. z =arctg(x+y).
2.7. z =arcsin(x~y). 2.8. z =arccos(2x+y).
2.9. z =arctg(x-3y). 2J0. z =/nf3x2 - 2y™;.
211. z 2.12. z =ctg(y/X).
2.13. z=-tg"xy. 2.14. z =cos(x*y\"'5).
2.15. z =sinjx"y. 2.16. z =arcsin(x-2y).
2.17. z =arccos(4x-y). 218. =arctg(5x+2y).
2.19. z =arctg(2x-y). 220, =In(4x™ —SyN).
221, z=eV ", 2,22, =arcsin(4x+y).
2.23. z =arccos(x-5y). 224. =sinj".
2.25. z ~—cos(3"-N). 2.26. =arctg(3x+2y).
2.27. z "~in(Sx™ - 3yNM). 2.28. z =arctg(x-4y).
2.29. z ~In('ixy —A). 2.30. z =tg(xy™).

3. Berilgan u fonksiyaning ko‘rsatilgan tenglamani
ganoatlantirishini tekshiring.

du 231 _y

BAXGN A DY W j;—y—o,u =

3.2. X —];ydgl‘: 3™ ~yV, u:m)’(‘ . - \_/").

3J Cb?"l} ay.\u = In(x™+(y+l/).

du du
35 X5u : du _ o Xy
gk Ty TN TRy
3.6.x2g2,\/ _Ly/\Zd"u_ 0, u=e
3.7. aZdAu du
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3}’Ix"~—~y Ro—=0.m- ycf\J/

-, a&du,adw. Yu ,,
3xA 3y2  3M2 " TA2+y2+z2 m
J.i6. a "~ = " u=e~"os(x+2yi
92" a2 (x2y
~ oM, ou Y

/-/\- AT,*yTy - W Ll_/\lll_,_
3-13-)7,-x"A

0.u-In(x‘+y9.
3-i4-x'lj - xy 0V *ft u-"+arcsin(xy).

3.15. x’\;X,Z ~ 2Xy + yn Ey+22”1 , H=0, u=e™.
X+y

S + 0 = °>=“=" (i"+Z+A+ZA
508 &, +y|j+u = 0/=2]il"
M= " "TYyT”".
3.20. XN +y~--=24.u =(X" +y~Jtg”".

321.* 1 +0 =0, sin(x + 3y).

3-23"~"~-0,u=x""\
- au _ DX
i.24. )%"+xd—y—0, u-arctg; .
du d*u du d™u N 2/ , i
5155;-5pm
5.76. x'°LLJ +yﬂ =0, u=arcsmx
y
527 X 1_ —Ey~ 7?2 (x/\+y2)S

au du X+y _XNMy2

JZO T;y "“—th—————;_'y
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4. Quyidagi foriLksiyalami ekstremumga tekshiring.
4.1. z =y"x-2y"~x+idy. (Javob: z max(4,4)=28.)
4.2. z = X""8yVexy~r5. (Javob: z mm(L0,5)=4.)
4.3.z = | + IBx-2"~xy-2y"\. (Javob: z max(-4,-)=-97.)
4.4, z = H6x-{"~xy-y\ (Javob: z max(4,-2)=13.)
45. z = X +y-6xy-39x+18y+20. (Javob: z min(5,6)=-86.)
4.6. z = 22X 2y"Nexy+5. (Javob: z mm(1J)'=3.)
4.7. z = X3yVIxy+10. (Javob: z,,in(13)*=7.)
4.8. z = X Hxy+y+x-y+1. (Javob: z mm(-J)=0.)
4.9. z = 4A(x=y)-j?>~y". (Javob: z max(2r2)~8.)
4.10. z = 6(x=y)-3x"3y"\. (Javob: z max(—-I)'-=6.)
4.11. z = xXf+xy+yV6x-9y. (Javob: z min(14)=-21.)
4.12. z - (x-2)2+2y"~10. (Javob: z*"U2,0)=-10.)
4.13. z = (X-5)2+y"+l. (Javob: 0)=1)
4.14. z = Xy-3xy. (Javob: z7i,, (1))=-1.)
4.15. z = 2xy-2f~4y". (Javob: z,,jax(0,0)=0.)
4.16. z ="xsfu-x -u+6x+3. (Javob: Zmax@4)"15.)
4.17. z = 2xy-Bx"-3y+2. (Javob: z,,ax(0,0)=2.)
4.18. z = xy(12-x-u). (Javob: z"ax(4,4)-64.)
4.19. z = xy-y?-/+9. (Javob: z"ax(0,0)=9.)
4.20. z = 2xy-3y~2y"+10. (Javob: z,,ax(0,0)=10.)
4.21. z N X +8y"6xy+I. (Javob: z*i,,(1,0,5)=0.)
4.22. 7z 2-\Px=y >0y, (Javob: znax(4,4)=12.)
4.23. 7 = X-xy+y"+9x-6y+20. (Javob: z,,,i,,(—4J3)~1.)
4.24. 7 = xy(6-x-y). (Javob: z,,ax(2,2)=8.)
4.25. z = X"y -xy+x+y. (Javob: zmm(-1,-1)=~J)
4.26. z = Xy ~2x-y. (Javob: z*in(J,0)=-1.)
4.27. z =(x-If+2y\ (Javob: z~JJ, 0)=0.)
4.28. z = xy-X~2\ (Javob: z,,ax(0,0)=0.)
4.29. z = x"+3(y+2f. (Javob: z ~jin(0,-2)"0.)
4.30. z = 2x+y)->y\. (Javob: z max(iJ)"'2.)
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5. Berilgan chiziglar bilan chegaralangan D sohadagi z =
(x,y) ftniksiyaning eng katta va eng kichik giymatiarini toping.

5.1. z =3x+y-xy, D:y=x, y==4, x=0. (Javob: z engkaita(2,2)=4, z
ergkichik0,0)= Z (4,4)=".)

5.2. z =xy-x-2y, D:x=3, y=x, y=0. (Javob: z (0,0)=z2
(3.3)=0, z "gkickik (3,0)=-3.)_

5.3. z =o™M+2xy-4x+8y, D:x=0, x=1, y=0, y=2 (Javob: Ze,gldta
(1,2)=17, Zgdadik (1>0) 3.)

5.4, z =Sx"N"3xy+y”, D: x=0, x=1, y==0,y=1.

(Javob: z egdlta (1,0)—5, Zp,gddik (0,0)—0.)

5.5. z =x"+2xy-y~4x, D:x-y+1=0, x=0, x=3, y=0,

(Javob: Zedata (M) N egddik (2,0)  4)

5.6. z =x"M+yN"'2x-2y+8, D: x=0, y=0, x+y-1=0, .

(Jdvob: Z eglata (0,0)—8, Zegkidik (0,5,0,5)=6,5.)

5.7. z =2x"-xy™+y”™, D: x=0, x=1, y=0, y=6.

(Javob: Zegatta (0,6) 36, Zeagkddik (0,0)—0.)

5.8. z =3x+6y-x"-xy-y», D: x=0, x=1, y=0, y=1.

(Javob: Zegeatta (1,1) 6, Zeagkidik(0,0) 0.)

5.9. z =x"'~2y+4xy-6x-1, D: x=0, y=0, x+y-3=0,.

(Javob: Zeagata (0,0)— 1, Z¢,gijjdiik (0,0,3)- 19.)

5.10. z =x"+2xy-10, D:y=0, y=x"~4,

(Javob: z egetta N A ergdchik (1,~3j— 1 5.)

5.11. z =xy-2x-y, D: x=0, x=3, y=0, y=4 (Javob: z eg<aita
(3.4)=2, Zagddik* =(_3,0)=-6.)

5.12. z D: y=8, y=2x”" (Javob: z egdta (-2,8)=18, z
egkidik (2,8) 14)

5.13. z =3x"M+3y"~2x-2y+2, D: x=0, y=0, x+y-1=0, .

(Javob: Zegata (*,~) N (20) 3, ~ egkidik
5.14. z =2x™M+3y™+l, D:y="9 -~Ax/™, y=0.

(Javob: Zeadgatta (") 28, Zagddik(M) 1)
5.15. z =x"~2xy-y™+4x+l, D: x=-3, y=0, x+y+1=0.

208



(jJUVob. Z ewbluna 6,Z engkickik (~">0) ~3.)

5.16.z D: x=5, y"O, x-y-I-=0, .
(Javob. Z engkatta (*>”) 115, Z engKkichik 3N

5.17. z =2 M2xy-"""~4x, D: y=2X,y=2, x=0,

(JdVOh.Z engkatta (OjO) Z (1,2) 0,Z engkichik (0"2) 2.)
5.18. z =xX~-2)>+"-2x, D: X0, x=2,y=0, y=2.
(Javob: z engkatta. (0,2)=10, Z engkichik *,"=-1,67.)
5.19. z =xy-3x-2y, D: x=0, x=4,y=0,y=4

(Javob. z engkatta (0,0) O, z engkichik (4,0) 12.)

5.20. z =xy-2, D: y=4x"™"4, y=0.

pavob: z engkatta (~">222) 0,07,z engkichik (">N ) 3,25
5.21. z =xy(4-x-y), D: x=0, y=0, y-6-X.

{Javob. Z engkatta (2 ,i) ~4, Z engkichik (*>") 64.)

522. z =>+y-3xy, D: x=0, x=2, y=-1, y=6.
(Javob.Z engkatta (*>~") Z eng ldchik (0,~1) )

5.23. z =A(X-y)- Xy~ D: x~r2y=4, x-2y=4, x=0.
(JaVOO. Z engkatta 56 30 engkichik (0) 2.) 12.)
524.z =/+2py-/“41, D: x=3,y=0, y=x+1. .
(Javob: z engkatta (3,3)-=6, Z eng~hik (;,0)=-4.)

5.25. z =6xy-9x"~Qy"+4x+4y, D: x=0, x=1, y=0,y-2
(Javob. z engkatta Al ~ engkichik (0,2) 28.)

5.26. z =¢—+2xy-y~2x+2y, D: y-—x+2, y=0, x=2
(Javob: z engkatta (2,3)=9, z engkichik (1,Q)=-L)

5.27. 2 =4-2x"-yi D: y—=) y="-4i —x~.

(Javob: z engkatta f'0,0>= engkichik (-1,0)=z (1,0)=2.)
5.28. z =5x"-3xy+y™+4, D: x=-1, x=1, y=-1, y=1.
(Javob. Z engkatta (~"i 1) Z (1,-1) 13, Z engkichik (0,0) 4.)
5.29. z =" +2xy+4x-y"D: x+y+2=0, x=0,y=0
(Javob. z engkatta (0,0) 0,z engkichik (~ 0~ z (0,-4) 4.)
5.30. z =22X'y-x'y-x , D: x=0, y=0, x+y=6

(Javob: Z engkatta (1,0.5)—0. 25, Z engkichik (4, ") |28.)
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Namunaviy variantlar yechimi
1L S: =0y 3Xy-4x+2y-4  sirtga Mo(-1,0,1) nugtada
o‘tkazilgan urinma tekislik va normalning tenglamasini toping.
» Xususiy hosilalami topamiz:

dz 2 3 4 dz 2 3 2
— = 2X + —4 — = + 33X +
dx y dy Y

Mo(-1,0,l) nugtaning koordinatalarini hosil giJingan ifodaga
go‘yib, berilgan nugtada (10,8) formulaga asosan S sirtga
perpendikulyar  boigan Il vektoming koordinatalarini

hisoblaymiz.
dx Mo = —6,B = — Mo
Bundan, urinma tekislik tenglamasi quyidagicha boiadi.
- 6(x+I)-y-(z —1)=0 yoki 6x+y+ +5=0.

(10.9) formulaga asosan normahiing tenglamasi
X+i _y_ z-I~
6 ~1— 1
ko‘rinishda yoziladi.

2. z™arccos funksiyaning ikkinchi tartibli xususiy
hosiiasini toping.

z'y = Zy" ekanligiga ishonch hosil giling.

» Awal berilgan funksiyaning birinchi tartibli xususiy

hosilalarini topamiz:
111 1

y f[Ii 21w -

Olingan hosilalaming har birini x wva y bo'yicha
differensiallab, berilgan funksiyaning ikkinchi tartibli xususiy
hosilalarini topamiz:

&/7 zTx"-" ZNYy-X _ y-X-X _ y - 2x
Z(y-x) AXMIy=x(y-x)  ANIXY-X)Ny'X
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1/ In i

2K\ 2/ 4Viy - X),yy - X
Il nrirz+_z \
A2V 7TAN Vi(2x + 3y)
2r(3,_Xx)
V v, W
_ 1 2V x 27hy ~X _ y-X +X
2y y - X 4y(y - x)4x"y - X

AVX(y — X))y —X
Ko‘rinib tsiribdiki, aralash xususiy hosilalar teng boiadi, yani
/\Xy'
3. u=ln fjr+y7 funksiyaning
d*u 9™y _ 4y =T
B T Yy e T et
ganoatlantirishini tekshiring.
» Birinchi va ikkinchi tartibli xususiy hosiialarim topamiz.
du 2X du 2y
dx +yrtdy 4-ynN’
du 2(yN —xn) dN . dxy dru_ 2K -y
O (YOI (X YRy Y2 (XYY
Olingan hosiiaiaraing giymatlarini dastlabki tenglamaning
chap tomoniga qo‘yamiz:
2(y" - x") 8xry" 2(x"-y") 8xV
(XN +yMHN (XM H+YyN2 (XN Ay (XN +yION
U holda tenglamaning o‘ng tomonida quyidagiga ega
boiamiz.

9 .
X = tenglamani

ZAVA 2x Sy
X 2 y2 4.y 2 N2 y2
Olingan natijalami soiishtirib, berilgan funksiya dastlabki
tenglamani ganoatlantirmasligini koi‘amiz.
4.  z=xy(x+y-2) funksiyani lokal ekstremumga tekshiring.
Berilgan funksiyaning birinchi tartibh xususiy hosilalarini
topamiz:

W = 2Xy +Y2 - 2y,Zy BX" +2Xy = 2X
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Buiarai noiga tenglab, quyidagi tenglamalar sistemasiga ega

boiamiz.
y(2x +y - 2) = 01
X(X + 2y - 2) - Oj

Bu sistemani yechib, berilgan funksiyaning Mj(0,0,),
M2(2,0J, M3(0,2J, M4(3,2/3,) statsionar nugtalarini aniglaymiz.

10.4 dagi 2 teoremadan foydalanib, bu nugtalaming qaystari
ekstremum nugtalari ekanligini aniglaymiz.

Buning uchun awal berilgan fimksiyaning ikkinchi tartibli
Xususiy hosiiasini topamiz;

Zxx — 23/, = 2X +2y ~ 2,Zyy = 2X

Hosilalar uchun olingan ifodaga statsionar nugtalaming
koordinatalarini go‘yib va ekstremum mavjudligining yyetarli
shartidan foydalanib, (8 10.4 ga gqarang) quyidagilarga ega
boiamiz;

MI nugta uchun A= —4 < 0, yani ekstremum yo‘q,

M2 nugta uchun A= —4 < 0, yani ekstremum yo‘q,

M3 nugta uchun A= —4 < 0, yani ekstremum yo‘q,

M4 nuqgta uchun A= 2 0,M=4/3 > 0,yaniz n
(2/5,2/5, =<S27boigan fiinksiyaning lokal minimumiga ega
boiamiz.

5. x=0, y=0, x+y-1=0 chiziglar bilan chegaralangan D
sohadagi z=xy-y"+3x+4y fimksiyaning eng katta va eng kichik
giymatiarini toping. (10.5 - rasm.)



> Berilgan D soha ichida yotuvchl, yani OAB uchburchak

ichida  statsionar nugtalaming  mavjudligi® aniglaymiz.
Quyidagiga egaboiamiz.
"=y +3=0, I

Z"=x-2y +4 = 0l

Olingan tenglamalar sistemasini yechib, M(-"0,-3) statsionar
nugtani topamiz, Bu nugta D sohadan tashgarida yotganligidan,
masalani yechishda bu nugtani hisobga olmaytniz—

Funksiya giymatiarini D soha chegaralarida tekshiraniiz.
fiinksiya OAB burchakning OA (y=0, 0< x <V tomonida z=3x
ko‘rinishga ega. z ~3 boiganiigidan, OA kesinada statsionar
nugtlaryo‘q.

@] va A nugtalarda mos ravishda z (0,0=0, z (1,0)-3
Uchburchakning OB (x=0, 0 <y <1) towonida z fimksiya
quyidagi ko‘ririishga ega. z = —y"+4y, z"-2y+4=0;2y+4-0
tenglamadan v=2 statsionar nuqta topamiz.

Shunday qiiib, Aij(0,2) nugta D sohada yotmaydi.
Funksiyaning B nugtadagi giymati z(0,l) = 3. AB tomondagi
eng katta va eng kichik giymatiarini topamiz. AB- x+y=I, bundan,
y=l-x, z =-2j"+2x+3, u holda z '=-4x+2 vaz "0 x=1/2
boiadi, yani M2(l/2, 1/2) statsionar nugta D sohaning chegarasida
yotadi. Bu nugtada fiinksiyaning giymati z(1/2,1/2)=3,5 bo ladi. »
Funksiyaning baicha olingan giymatiarini soliswirib, z engkaita-
z (1/2,1/2))=3,5, z engkichik= z (0,0)=0 ekanligini koiamiz.

10.6. 10~bobga qo‘shimcha
1 U=/z(2 2z) +Zn@4 - x2) - 3y fimksiyaning aniglanish
sohasini toping. (Javob: \<2,Q <z <2)

funksiyaning x=u=0 nuqtada uzilishga ega ekanligini, ammo
0(0,0) nugtixda xususiy hosilaga ega ekanligini isbotlang.
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3=\ X
O,agarx =y —Q

funksiya uchun "y(0,0) » tengsizHk bajarihshini
isbotlang.
4.z Xx'Y funksiya (X +y +Inz)z tenglamani

ganoatlantirishini isbotlang.

5.z= jx +yi —y | —x* —ywmfiinksiyaning uzluksizlik
sohasidagi eng katta va eng kichik giymatlarini toping. (Javob: z
eng katta=V2, z eng kichik=-1)

6. Fazoda” (4,1,5) nugtadan 2x+6y+3 -12=0 tekislikka
parallel tekislik o'tkazilgan. z = x* + y” aylanish paraboloididan
shu tekislik bilan ajratilgan sohani, tengsizliklar sistemasi orgali
ifodalang.

{Javob’. x* Ty" < z < 2x + 6y + 3z —29)

7.yZyy + 2Zy = z/x tenglamani u=x/y va v=x-y yangi
o'zgaruvchilar bilan ifodalangan.

{Javob:u/\(u_l) 0=

Zyy +2uzyn +
1Y,
8 — +— ifodani qutb koordinatalarida yozing.
L drz 1 dz ldz
{javob. W’“_ T o2 Pdp )
n2 2,
9. Koordinata o‘glaridan bir xil kesma ajratuvchi ®» "~ +

— = 1 urinma tekislik tenglamasini toping.

{Javob:xx +y +7z —Var + +cN)

10. xyz=a" sirtgaurinma tekislikning sirtning ixtiyoriy
nugtasida koordinata tekisliklari bilan o‘zgarmas hajmli tetraedr
hosil qilishini isbotlang va bu hajmni hisoblang. (Javob: V=-a")

11. Perimetri 2r ga teng uchburchakni biror tomoni orgali

aylantirishdan eng katta hajmli jism hosil boiadi. Shu
uchburchakning tomonlarini toping. {Javob: a=b=3p/4, c=p/2)
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12. -/+4y~=4 ellipsda ikkita 1/2) vaB (I, Nib/2)
nugtaiar berilgan. Bu ellipsda, shunday C nugtani topingki, ABC

uchburchakning yuzi eng katta boisin. {Javob: C

13. 2=y -Oxy+27 funksiyani ekstremumga tekshiring.
{Javob: z min(3,3)"0.)

14. Agar ii=zx+e"+y boisa, - - —7"™ ekanligini
dx~dudz dxdudzdx
isbotlang.
15. xyz=8, xyfz=8 shartlarni ganoatlantiruvchi n —x +y +

z funksiyaning shartli ekstremumini toping. {Javob:x=y=2¥b,

16. Oshkormas ko‘rinishda 33Xy +2xyz" 2x* +4y" -4=0
tenglama bilan berilgan funksiyaning (2,1,2) nuqgtadagi ikkinchi
tartibli d”~z differensialini topmg.

(Javob:-31,5 dx"+206 dxdy—-306 dy™)

17. Kvadrat taxta, shaxmat tartibida joylashtirilgan 2 ta oq
va 2 ta gora kataklardan iborat. Har bir katakning tomoni uzunlik
birligiga teng. Tomonlari taxtaning tomonlariga parallel, bitta
burchagi taxtaning qora biirchagi bilan ustma-ust tushadigan
to‘gi'i to‘rtburchakni qaraymiz. Bu to‘g‘ri to‘rtburchakning qora
gisimning yuzi Sboiib, raiing tomonlarining uzunliklari x va m
ning funksiyasi boiadi. Shu funksiyaning analitik ko‘rinishini
yozing.

{Javob:
Xy,agaro<z<|,0<y<|
) Xagaro<x<l,l<y<2

‘ y,agaro< x<20<yc<|
4(xX - D(y —1),agarl<x<2,l<y<2
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11. ODDIY DIFFERENSIAL TENGLAMALAR

IT.L ASOSIY TUSHUNCHALAR. BIRINCBI TARTIBLI
DIFFERENSIAL TENGLAMALAR

Izoklin usuli.

Agar tenglamada izlanayotgan  funksiyaning  hech
boimaganda bitti hosilasi qgatnashsa, bunday tenglama
differensial tenglama deyiladi.

Differensial tenglamaning tartibi tarifga asosan tenglama
tarkibiga kiruvchi eng yuqori hosila tartibi bilan ustma-ust
tushadi.

Agar izlanayotgan u funksiya bitta argumentli funksiya
boisa, u holda differensial tenglama oddiy differensial tenglama
deyiladi.

Agar izlanayotgan y funksiya bir necha argumentli funicsiya
boisa, u holda differensial tenglama xususiy hosilali tenglama

deyiladi.
Masalan: 2xy'-3y=0 tenglama, bu yerda y=y(x), birinchi
tartibli oddiy differensial tenglama boiadi. —Wy+xy +1=

O, bu yerda u=u(x,y) esa birinchi tartibli xususiy hosilali
differensial tenglama deyiladi. (Bu bobda fagat oddiy differensial
tenglamalar qaraladi shuning uchvin, keyinchalik, gisgalik uchun
“oddiy” degan so‘zni qgoldirib ketamiz.)

Umumiy holda n tartibli differensial tenglagja quyidagi
ko‘rinishda yoziladi.

Fix,yy:y:./"-"\\./"0=0 , (11.1)

Agar (11.1) tenglamani eng yuqori hosilaga nisbatan yecha
olsak, u holda normal formadagi tenglamani olamiz.

(1IL2)

Differensial tenglama yechimianni  topish jarayoni
tenglamani integrallash deb ataladi.

(11.1) yoki (11.2) differensial tengiamaning yechimi (yok
integrali) deb, biror (a,b) oraligda aniglangan va o0°‘zining
hosilalari bilan berilgan differensial tenglamani ayniyatga
aylantinivchi ixtiyoriy haqiqiy y=y(x) funksiyaga aytiladi. (Shu
bilan birgalikda y=vfx) funksiyaning hosilasi mavjud deb faraz
gilinadi.)
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i-misol. Sonlar o‘gida aniglangan y=xe™ funksiya y'-
4y '+4y=0 differensial tenglamaning yechimi ekanligini isbotlang.

» Fimksiyaning o‘zini va uning hosilalarini

J; '=enY/ +2X), y "= 4e™M(1+X)

berilgan tenglamaga qo‘yib, quyidagi a>miyatni hosil gilamiz.

4e™M(HX)~ 4e (J+2X)+AxM=4e™M(I+-X—-I-2x+X)=0.

2-misoL. F(X,y)=In--5+xy=0 oshkormas ko‘rinishda berilgan
y=y(X) funksiya (x+x"y '=y-xy" differensial tenglamani ayniyatga
aylantirilishni yani uning yechimi ekanligini isbotlang.

Hagigatan ham , F(x,y)= O (10.6 formulaga garang)
oshkormas fiinksiyani diffensiallash qoidasiga asosan, quydagiga
ega boiamiz.

_ f;_ 0-1) _y 1-ry i-xy”"
n ~X'[ +Xy~ 7+ %2y

Olingan hosiiay' ni dastlabki differensial tenglamaga qo‘yib,
ayniyat hosil gilamiz.

Agar F(X.y)=0 oshkormas ko‘rinishda berilgan funksiya
differensial tenglamaganing yechimi boisa, u holda F(x,y)=0
berilgan differensial tenglamaning integrali {yechim emas)
deyiladi. Shunday qilib, 1 va 2 misollarda berilgan differensial
tenglamalarning mos ravishda yechimi va integraliga ega
boiamiz.

(11.1) differensial tenglama yechimining (yoki iniegralining)
Oxy tekislikdagi grafigi integral chizig deyiladi. Shunday qilib har
bir yechimga yoki integralga integral chiziqg mos keladi.

(11.2) differensial tenglama yechimining mavjudligi va
yagonaligi qo‘ydagicha hal gilinadi.

1-Teorema (Koshi).
Agar (11.2) tenglamaning o‘ng tomoni
X0,yayo,..... yiim (11-3)

Qiymatlaming biror atrofida uzluksiz funksiya boisa, u holda

(11.2) tenglama

y X0 =yo,y (xohyo., yi =yf (i14)
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boigan xo nuqgtani o‘z ichiga olgan biror (a,b) oraligda
yechimiga ega boiadi.

Agar ko‘rsatilgan atrofda y , y , ..., y*argumentlari
bo‘yicha bu funksiyaning xususiy hosilalari ham uzluksiz boisa,
u holday= y(x) jechim yagona yechim boiadi.

(11.3) dagi soniar to‘plami boshlangich qgiymatlar, (11.4
tenglik esa, boshlang'ich shartlar deyiladi.

n- tartibli differensial tenglama uchun Koshi masalasi
go‘ydagicha ta’riflanadi.

(11.1) vyoki (11.2) differensial tenglamaning, (11.3)
boshlangich qgiymatlarini va (11.4) boshlangich shartlarini
ganoatlantiruvchi, y=y(x) jechimni toping.

Koshi  teoremasini  ganoatlantiruvchi  sohada (11.2)
ko‘rinishdagi ixtiyoriy differensial tenglama cheksiz ko‘p
yechimga ega boiadi. Umuman olganda bu (11.1) differensial
tenglama uchun ham o'rinlidir.

Bu yechimlar to‘plamini tavsiflash uchun umumiy yechim
tushunchasini kiritamiz.

(11.1) yoki (11.2) differensial tenglamaning umumiy yechimi
deb y =9 xC]C>........ ,CJ vyoki qisgacha y= ¢ (X,C"
koiinishdagi funksiyaga aytiladi. Bu yerda C, (i=1,n) qo‘yidagi
ikkita shartni ganoatlantiruvchi ixtiyoriy o‘zgarmas:

1, y=<p(x,c") funksiya C ning ixtiyoriy giym”tida (11.1)
yoki (11.2) differensial tenglamaning yechimi boiadi.

2. Differensial tenglama yechimga ega boiadigan har
ganday Xo,yo ,yo’, yo boshlangich giymatlardan

,Co) = yor, - ., (p"~"(Xo,Co) = (Po shartlarni
ganoatlantiruvchi, C,=Cio o‘zgannaslaming giymatlarini
ko‘rsatish mumkin.

F (x,y,Ci) =0oshkormas ko'rinishda olingan, umumiy yechim
differensial tenglamaning umumiy integrali deyiladi.

Umumiy yechim yoki umumiy integraldan, ixtiyoriy
o‘zgarmas Q ning fiksirlangan giymatlarida olingan yechim mos
ravishda differensial tenglamaning xususiy yechimi yoki xususiy
integrali deyiladi.
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Eslatma: Differensial tenglamaning, ixtiyoriy o‘zgarmas G-
ning hech qganday qiymatlarida umumiy yechimdan oHb
boimaydigan yechimi (integrali) mavjud boiishi mumkin.
Bunday yechim shu ma’noda maxsus deyiladiki, uning ixtiyoriy
nugtasida Koshi teoremasining gandaydir shartlari bajarilmaydi.

Masalan; y" = 3\}{y' —1)" differensial tenglama y —x J+
-(x -fCj'y + +C2 umumiy yechimga ega, bu yerda C/ C2 -lar
ixtiyoriy = o‘zgarmaslar. y=x+C lunksiya ham berilgan
tenglamaning j*echimi boiadi, bu yerda C - ixtiyoriy o‘zgarmas,
ammo bu yechimni Ci va C2 ning hech ganday giymatlarida
umumiy yechimdan olib boimaydi. Bundan iashqari, y =J,
yechimlarning ixtiyoriy nuqgtalarida, Koshi teoremasidagi
yagonalik shartining buzilishiga olib keiadi yoki berilgan
tenglamaning o‘ng tomonidany bo‘yicha olingan xususiy hosila>

=7 da uzilishga ega boiadi. Shunday qilib, y=x+C yechim
mahsus yechim boiadi. Bundan keyin, goida bo‘yicha, mahsus
yechimlar garalmaydi.

Anigmas integrailar nazariyasi, umumiy yechimi y —~
ff (xX)dx = F(x) +C, (buerda F(x) —I(x) fiinksiya uchun
boshlang‘ich fimksiya, ya’ni F (x)=f(x); C-ixtiyoriy o‘zgarmas )
boigan oddiy differensial tenglamalar sinfining nazariyasi

hisoblanadi.
Birinchi tartibli differensial tenglama, umumiy holda

F(xy.y)=Q (11.5)
yoki, agar uni y ga nisbatan yechsak, qo‘yidagi normal
ko‘rinishda yozitishi mumkin.
y="f(x,y). (11.6)
2- teorema (Koshi teoremasi).
Agar/(x,y) fimksiya Mo (g, yo) nugta va uning atrofida

uzluksiz boisa, u holda (11.6) tenglamaning y(xo)=yo shartni
ganoatlantiruvchi y=y(x) yechimi mavjud boiadi. Agar berilgan

fixiiksiyaning “ xususiy hosilasi ham uzluksiz boisa, u holda bu
yechim yagonadir.
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Ba’zi hollarda birinchi tartibli differensial tenglamalami
differensial formada yozish qulaydir:

P(xy)dx +Q(x,y)dy"Q (11-7)

Birinchi tariibli differensial tenglamalar uchun Koshi
masalasi quydagicha ta’rifga ega.

(11.5) yoki (11.6) differensial tengiamalaming (p{x,C{) =
yo(i’CNMo.yo) = 0) boshlangich  shartni  ganoatlantiruvchi
y=<p{X) (X y)=Q integral) yechimini toping. Bu geometrik
nugtai nazardan shuni anglatadiki, berilgan tenglamaning barcha
integral chiziglari orasidan berilgan Mo (xoyo0) nugtadan o‘tuvchi
integral chizigni topish kerak.

(11.6) differensial tenglamaning geometrik talqini
quydagidan iborat. U 2- teorema (Koshi teoremasi)ning barcha
shartlarini ganoatlantimvchi, D sohaga tegishli har bir M(x,y)
(11.6) tenglama yagona integral chizigiga, M(X)y) nugtadan
o‘tuvchiy= tga = k urinmasining yo‘nalishini, ya’ni D sohadagi
maydon yo‘nalishini aniglaydi. (11.1-rasm)

(11.6) tenglama uchun D sohada har biri izoklin deb ataluvchi
bir parametrli f{x,y) = K = const chiziglar oilasini ajratish
mumkin.

11.1-rasm

Izoklinni va u bo‘yicha yo‘nalishni topish, yo‘nalishlar
maydonini hosil gilishga va berilgan differensial tenglamaning
integral chiziglarini tahminan qurish ya’ni bu tenglamani grafik
ko‘rinishda integrallash imkonini beradi.

3-Misol. y = -2y/ differensial tenglamaning integral
chiziglarini izoklin usulida taxminan yasang.
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—— —K{K —const) deb olib, berilgan tenglamaning

y = — =X izokKiinini topamiz. Bular koordinatalar boshidan
o‘tuvchi to‘g‘ri chiziglami ifodalaydi. Bu chiziglar bo‘yicha
y' = K = tga tenglik bilan yo‘nalishlar maydoni aniglanadi. K ga
turli giymatlar berib, ularga mos izoklinlami topamiz. Bu
izoklinlar bo‘ylab integral chizigga urinmaning Ox ugiga
og‘ishgan a burchagi bilan tavsitlanuvchi yo‘nalishlar maydoni
aniglanadi. Kerak boigan hisoblashlarai jadval koiinishida

K 0 +1/V3 +1 +V3 *2 +3 +00
0 +30° +5< « =50 «+64< «*72° « 0=
y = X | 3
k = 1 = - =
Y=0 soys - "X SIS yE ey e 70

Shu jadvalga asosan yo‘nalishlar maydonini yasaymiz va
so‘ngra taxminiy ravishda integraliar chizig‘ini chizamiz. (11.2
rasm) OX o‘gida soat steikasi yo‘nalishi bo'yicha yoki unga
teskari yo‘nalishda hisoblanishi a burchakning giymatlari mos

ravishda musbat yoki manfiy boiishini ko‘rsatadi.
y,» —4X y »<



11.2. 0‘ZGARUVCHILARI AJRALADIGAN
DIFFERENSIAL TENGLAMALAR. BIR JINSLI
TENGLAMALAR

Quyidagi ko‘rinishdagi tenglamalar.

P()dx +Q(y)dy = 0 (11.8%)

@] zgaruvchilari  ajraladigan  differensial tenglamz
deyiladi. Uning umumiy integrali go‘}ddagi ko‘rinishda boMadi.

/ P(x)dx +/ Q(y)dy=C (11,8)
bu yerda C - ixtiyoriy o‘zgarmas.

Qo'yidagi ko'rinishdagi tenglamalar

MI(x) NI(y)dx +M2(xX)N2(y)dy =0 (11.9)
yoki
y'=% = (11.10)
shuningdek, algebraik almashtirishlar yordamida (11.9) yoki
(11.10) tenglamalarga  keltiriluvchi tenglamalar ham
0 zgaruvchilari ajraladigan tenglamalar deyiladi.

Ushbu tenglamalarda o‘zgaruvchilami ajratish qo'ydagicha
bajariladi. 'NIly) 0, M2(X)® Q deb faraz gilamiz va (11.9)
tenglamaning ikkala gismini NI(y) M2(x) ga boiamiz. (11.10)
tenglamaning ikkala gismini dx ko‘paytiramiz va /2(3-) 90 ga
boiamiz. Natijada 0‘zgaruvchilari ajraladigan (ya’ni (11.8%)
ko‘rinishdagi) tenglamani hosil gilamiz.

Wi(x) , N7iy)

Bu tenglama (11.10) formulaga asosan qo'ydagicha
integrallanadi.

I-Misol. Differensial tenglamaning umumiy yechimini
toping.
(xy-+y)dx+(xy+x)dy=Q (1)
> X" 0, y™ 0deb faraz gilamiz va berilgan tenglamanir
ikkala qgismini xy ga bo‘lib, o‘zgaruvchilari ajraladigan
tenglamani hosil gilamiz.
(I+~)dx +(I+")dy =0
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buni (11.8) formulaga asosan integrallab,
/d +1)dx +/ ( 1+ -jdy = InjCj

X+In X +y +Iny —In

In Xy + Inex+y=1n ~xyeMy = C

lami topamiz. (ixtiyoriy o'zgarmasni In ¢ ko'rimshida
yozisb mumkin.)

Oxirgi tenglik (1) tenglamaning umumiy integrali bo‘ladi.
Buni topishda x¢ O, yd Odegan shartlar qo'yilgan edi. Ammo,
jc=0 va 3"=0 funksiyalar ham, dastlabki tenglamaning yechimlari
boia oladi, buni tekshirish oson, ikkinchi tarafdan ular C=0 da
umumiy integraldan hosil gilinadi.

Shunday qilib, x=0, y=0 (1) tenglamaning Xususiy
yechimlaridir.

2-Misoi. (I+eMy2y =¢é tenglamaning y=(0) boshlangich
shartini ganoatlantiruichi xususiy yechimini toping.

> Berilgan tenglamani differensial ko‘rinishda yozib olamiz.
((11.7) formaga garang.)

(I+eM)/dy~endx=0

Endi o‘zgaruvchilarini ajratamiz.

Oxirgi tenglamani integrallaymiz va dastlabki tenglamaning
umumiy yechimini hosil gilamiz.

+oX
Y -—m 3arctge”
Boshlangich shartlardan foydalanib ixtiyoriy o‘zgarmasnhing
giymatini aniglaymiz.

3 3
C+-4,C=1--7c
4 4

Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi koiinishda boiadi.

Agar har ganday teR uchun, f(tx ,ty) funksiya aniglangan
boiib, a-const va f{tx,ty) = t"f(x,y) tenglik oiinli boisa ,
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f(x,y) fiinksiya, X va  argumentlarga nisbatan a o'lchamli bir
jinslifunksiya deyiladi.

Masalan, / (X,y)=3x"x* y*» +5y* fiinksiya to‘rt oichamli
(a = 4) birjinsli boiadi, chunkif(tx,ty)= 3ftx/ - (txf+ Sfiy/?
iU3x”—xN+5/)=ff(x,y).

f(x,y) = fiinksiya  f(tx, ty) =
- 2i/(txjty) + AlityY = - 2\fxy +
AN[>N) = y) boiganligidan a = 2/3 oichamli bir
jinsli boiadi.

Agar a = 0 boisa u holda fiinksiya nol oichamli boiadi.
Masalan, /(x,}?) = ~ In +1j - nol oichamli bir jinsli
fiinksiya, chunki
fitx.ty) =HI2 n(» +i) =£ "1, (EN~+1) =

n tx+ty \ityY / t(x+y) L' )
~ +D = buyerda O

Agar f(x,y) fiinksiya o‘zining argumentlariga nisbatan nol
oichamli bir jinsli fimksiya boisa, u holda normal koiinishdagi
go'yidagi differensial tenglama x vaj o‘zgaruvchilarga nisbatan
birjinsli deyiladi.

y'=% = (li-11)

P("™y) > Q(>y) fimksiyalaming har bin a — oichamli bir
jinsli fiinksiya boisa, ya’ni P(tx,ty) = t"P{x,y),Q(tx,ty") =
"™ Q(x,y) boiganda, fagat shu holdagina differensial formadagi
F(x,y)dx+ Q(x,y)dy =0 differensial tenglama birjinsli bo‘ladi.

Hagigatan ham /fety) =£gig =- | ~ =/(X,y)
boiganligidan, uni qo‘ydagicha nonnal foimiada yozib, y’ —

Qix,y)
f(x,y) funksiya nol oichamli bir jinsli fiinksiya ekan degan

xulosaga kelamiz. Bir jinsli differensial tenglama (11.11) ni har
doim normal formada y' =f(x,y)=f(tx,ty) ko‘rinishida yozish
mumkin, u holda t= 1/ x deb olib, go‘ydagini hosil gilamiz.
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Bundan kelib chigadiki, y —xu(u =" ,y'= n+xu)
almashtirish yordamida (11.11) tenglama va yangi iunksiya ufxj
ga nisbatan 0‘zgaruvchilari ajraladigan tenglamaga keltiriladi.

u+xu =<p(u) , X— —(p{u) —n

3-Mlsoj. 2T y' =x"+y differensial tenglamani integrallab,
uning y(I)=0 boshlang‘ich shartini ganoatlantiravchi xususiy
yechimni toping.

> vax” +y” ikki o‘Ishovli fimksiyalar bo‘lganligidan,
berilgan tenglama ham bir jinslidir.

y=n:V,y '=m + xm -almashtirish bajaramiz.

U holda , 2xMu+xu’) = x2 + (xU)2 , 2x2 (u+xu) = x 1+ If).
x ~ o deb faraz qilib, tenglamaning ikkala qismini x2 ga
gisqartiramiz. So‘ngra quydagiga ega bo‘lamiz.

2u+2x”"™ = 1+un, 2xdu = (1 +V? —2u)dx.

0 ‘zgaruvchilami ajratib, go‘ydagilarai topamiz.

du dx T du fdx
I+unr-2u 2x’']11 +u"-2n 2X

u _11 -;;‘n\ﬂHnC,l =@-uw)In(Ch)

Ohirgi ifodada n ning o‘miga y/x giymatni qo‘yamiz sfa
guydagi umumiy integralni hosil gilamiz.

1 (i-f)In(cVW) ,x = (x—~ y)lnyll]

Bxmi y ga nisbatan yechib, dastlabki differensial
tenglamaning umumiy yechimini topamiz. y = X ~IvGjis])

y(])=0 boshlang‘ich shartdan foydalanib, C ning giymatini
aniglaymiz.

0= i__“I1_eriC =1,C=e

Shunday qilib, dastlabki tenglamaning xususiy yechimi
go‘ydagi ko‘rinishga ega bo‘ladi.
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11.1-AT
1 y=(x,c) funksiya, bu yerda C- ixtiyoriy o‘zgant
go‘ydagi differensial tenglamalaming yechimi (integrali)

boiishini aniglang.
1
a) y =xMl+ce?), xy' +(1—=2X)y - x"
b) y=oe" +e~r, xy'+22y--x -0,
V) +Y”=cy?, xydx N (XN - y'")dy.

{Javob: a) ha; b)yo q; v) ha.)

2. Qo'ydagi differensial tenglamalaming har birining
tahminiy integral chiziglarini chizing va izoklin usulida maydoni
yo‘nalishini yasang.

) y'=X+y;D)2x' =yrxv)xy -1~y

3. Qo‘ydagi differensial tenglamalaming umumiy yoki
Xxususiy yechimini (iimumiy yoki xususiy integralini) toping.

a) xy' —y*+1

b) (x+xy)dy +(y —xy)dx = 0,y(l) —1

v, 3y’'=g +9f+9;

9) xy'=y+/xHy2.,y(l) =0

Mustagqil ish.

1. y = Cx+1/c funksiya xy'—y + 1/y —O0 differensial
tenglamalaming yechimi boia oladimi ? (Javob: yoiq.)

2. Qo‘ydagi differensial tenglamaning yechimini toping.

4(x™ +y)dy +af3 +y2 dx =0

{Javob:y = il"6{(c— arctgxf- - 5)

3. Qo'ydagi differensial tenglama uchun Koshi masalasini
yeching.

xy' = xsinx+y Y(@2) =4

{Javob: y - 2xarctg (x/2).)

1 1 = Cy tenglama bilan oshkormas holda berilc
y = y(x) funksiya xyy’—y” = xy differensial tenglamaning
integrali boia oladimi? {Javob: ha.)
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2. Quydagi differensial tenglamaning umumiy integralini
toping? ydx + (YGey “ -\)dy = O. {Javob:
Mx +,~A=/nC”(c> 0))

3.ydx + {F>y—x-)dy = 0,y (I) = 1 differensial tenglama
uchun Koslii masalasini yeching? {Javob:2 ~ In]y|] = 2-"jyix.)

2. iy= 20 filaksiya differensial tenglamaning yechimi
boiadimi? (Javob: ha)

2. Differensial tenglamaning umumiy yechimini toping?

1 +e)y' —yen {Javob:y — c(l +en).)

3 xy'=y(( +Iny —Inx),y(l) = differensial

tenglama uchun Koshi masalasini yeching ? {Javob: y —xe"")

11.3 BMhclii tartibli chizigli differensial tenglamalar.
BerniiMi tenglamasi
Nomaium fimksiya y va uning hosilasi y' ga nisbatan
chizigli boigan quydagi tenglama
y' +F(X)y = Q(x) (11.13)
(algebraik  shakl almashtirishlar yordamida (11.13)
ko‘rinishga keltirish mumkin bo‘lgan har ganday tenglamalar
ham) birinchi tartibli bir jinsli boimagan differensial tenglama
deb ataladi. Yechimi mavjudligi va yagonaligi haqgidagi Koshi
teoremasining shartiari bajariiishi uchun P(x) » Ova Q(x) » 0
funksiya biror sohada, masaian [a, b] kesmada o°‘ziuksiz boiishi
kerak. (11.11 dagi 2 teoremaga garang.) (11.13) ko‘rinishdagi
tenglamaning umumiy yechimini har doim. quydagi‘koiinishda
yozish mumkin
y Q{x)eMM M dx + C (11.14)
bu yerda C — ixtiyoriy o‘zgarmas. Shunday qilib (11.13)
tenglamaning umumiy yechimi har doim P(x) va Q(x) maium
funksiyalaming integraliar orgali  ifodalanadi. (11.14)
tenglamadagi integrallami hisoblayotganda ixtiyoriy
0‘zganu.aslami, ixtiyoriy o‘zgarmas C ning ichiga kirgan degan
farazda nolga tenglab olish m.umkin.
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Agar (11.13) tenglamada (2(x) = 0 yoki P(x) = 0 bo‘lsa, u
holda, umumiy yechimi Q(x) = 0 yoki P(x) = 0 boigan holda
mos ravishda (11.14) tenglamadan aniglanuvchi o‘zgaruvchilari
ajraladigan differensial tenglamani hosil qilamiz. €(z) = 0
bo‘lgan holda (11.13) tenglama, birjinsli tenglama deb ataladi.

1-misol (X" —x)y' +y = x~(2x —1). Tenglamani umumiy
yechimini toping? KOAMSi masalasini y(—2) = 2 boshlang'ich
shartda yeching.

» Berilgan tenglamaning ikkala gismini x* —x ~ 0 ga
boiib, (11.13) ko‘rinishga keltiramiz.

y XN2x-1)
oy

Bu yerdaP(x) = - xA2x-1)  x{2x-1)

-X X(X-1) n x(x-1) x-1
(11.4) formulaga asosan dastlabki tenglamaning umumiy
yechimi quyidagi ko‘rinishda bo‘ladi.
3 = +C) (11.15)
Bu yechimga kiradigan integrallarni topamiz. Quyidagiga ega
. - dx
bo‘lamiz. | o )
dx ——Inxi + +Injx —1] = In <
X(2x-1) x~-1
J  z-1 . x-1
(XN - X),

Bu yerda modui ichida x

dx = £f (2x ~ )dx =
x-1

va «-» belgilari paydo bo‘ladi.
Topilgan integralni (11.15) ga go'yib, dastlabki tenglamani
umumiy yechimini topamiz.

y = e->""-ji(+(x2-x) +C) = (£(x* - x) +C)

IX-1
Cx
= i'x—l_(ix(x - -1)+C)~ x w1
Bundan y(—2) = 2 boshlang‘ich shartga mos “keluvchi
Xususiy yechimni ajratamiz.

2= 4-
- 2-1
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Ba’zida differensial tenglamay ning ilmksiyasi boigan, x ga
oisbatan ham chizigli boiishini bilish foydadan holi emas, ya’ni
quyidagi ko‘rinishga keltirilishi ham mumkin.

N+ PY)X = aly) (11.16)
Buning umumiy yechimi quyidagi formula bo‘yicha iopiladi.
X= ay)e™y“y dy +C).

2-HSisol. y' 7 A >2x —yMN)y' = 2y tenglamaning umumiy
integralini toping.

> Berilgan tenglama x(y) fimksiyaga nisbatan chiziglidir.
Hagigatan ham, 2x - y*)g = 2y,2x- = 2yf i f,0-

ya’ni (11.16) koiinishidagi tenglamani hosil qiidik. (11.17)
formulaga asosan, dastlabki tenglama quyidagi koiinishiga ega.

X=enf dy +cy—= ( - + C) -

M (“ii¢jily +C) = —ddy +Cy - Cy - iy2
(11.13) chizigli differensial tenglamani Bernulli usulida ham
integrailash mumkin. Bu usulning ma’nosi quyidagicha; y =
u(x)i9(x) formula bo‘yiclia (o‘miga quyishning Bernulli usuli)
"li(x) va 19(x) ikldta noma’lum funksiya kiritamiz. U holda
y' ~u-d +Itd. y vay lar uchun. hosil gilingan ifodalami (11.13)
tenglamaga quyib, u'd +ud"' +P(x)ud = Q(x) tenglamani hosil
gilamiz. Bu tenglamani quyidagi koiinishda yozish mumkin.
(ir +P(x) ml)u +u'd = Q(x) (11.18)
Noma’lum funksiyalardan birini, masalan, -d ni ixtiyoriy
tanlashimiz mumkin (chunki dastlabki (11.13) tenglamani, fagat
u m Kko‘paytma ganoatlantirishi kerak). d funksiya sifatida
(11.18) tenglamadagi u ning koeffitsientini noiga a““lantiravchi
i9' + P(X)i9 = 0 tenglamaning ixtiyoriy Xususiy yechimi i3 =
i9(X) ni tanlaymiz. Shundan so‘ng (11.18) tenglama u'v = Q{xJ

koiinishga keladi. Bu tenglamaning u—u[x,C) umumiy
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yechimini topamiz. So‘ngra (11.13) tenglamaning
\% ko‘rinishdagi iimumiy yechimini hosil gilamiz.
Shunday qilib, (11.13) tenglamani integrallash o‘zgardvchilari

ajraladigan ikkita tenglamani integrallashga keltiriladi.
3~MisoL Quyidagi tenglamani

1
y +ytgx = ——
COsX

Bemulli usulida integrallang va >'(a") =1 boshlang‘ich

shartda Koshi masalasini yeching.
> 0 ‘rniga go‘yishning Bemulli usulidan foydaianami

y =uv, y'=u'v+uv' vaquyidagiga ega boiamiz.

uv +uv +uvtgx = _1 ,
COSX

(V'4VigQu+u'v = —"—
cosx

V' +vtgx =0 tenglamaning xususiy Yyechimini topamiz.

dv +vtgxdx = 0, — 4 tgxdx=0 ,

\
“ +1tgxdx =0, InjMj-Injcosx]=1Inci . c¢c,=1 deb olib,

V= cosx xususiy yechimni taulaymiz. Endi, u'v=1/cosx, bu
yerda v=cosx , tenglamaning umumiy yechimini izlaymiz.
Quyidagiga egaboiamiz

dx
u=-—5—, u= —J—+c=1tgx+c.
cos X cos X
Dastlabki tenglamning umumiy yechimi quyidagicha boiadi:
y = = (igx +c)-cosx . Bundan
y{") =1 1=(0+ =—1 boshlangich  shartlami
ganoatlantiravehi, xususiy yechimni ajratib olamiz. =

giymatni umumiy yechimga qo'yib, dastlabki tenglamaning
xususiy yechimini hosil gilamiz:
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y= ("gx-1)cosx = smji;—-cosx. "
Quyidagi ko'rinishdagi differensial tenglama

y'+P{x)y =Q(X)y\ (il.19)
bu yerda a = constei?, c X1, shuningdek, algebraik

shaki almashtirishlar yordamida (11.19) tenglamaga keltiriluvchi
har ganday tenglama, Bemulli tenglamasi deyiladi.

fonnula bo'yicha yangi Z(x) fonksiya Kkiritish

yoii bilan Bemulli tenglamasi shu funksiyaga nisbatan chizigli
tenglamaga keltiriladi:

Z'+(l-a)P (x)Z m-=(i—a)Q{x). (11.20)

Oxirgi tenglamani yuqorida keltirilgan biror bir usul bilan
yechib, Z —Z (X) ni topamiz, soiigra y = ni topamiz,

Bemulli tenglamasini, (11.13) chizigli tenglama Kkabi,
y =u(Xxj-v(x) Bemullining o‘miga qo‘yish usuli yordamida
ham yechish mumkin (3-misolga garang).

4-misoL Bemulli tenglamasining umumiy yechimini toping.
m y' +2ey =2eMy.

» Berilgan tenglama uchun a =1/2 boigani uchun,
Z = y"~°"=gsjy alro-ashtirishai bajaramiz. (11.20) tenglamaga
asosan, Z'+e*Z e* tenglamani hosil gilamiz. Bu tenglamaning
umumiy yechimi (11.14) formulaga asosan quyidagi ko‘rinishda

boiadi.

-k o
Z=e

- enull j elll‘blll +Xj = e_ly\ - 1+Ceunll-

Dastlabki tenglamaning vimumiy yechimi quyidagicha
boiadi.
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5-misol. Tenglamaning umumiy yechimini toping.
Xy’ +y = Xjp\n.x.

> Berilgan tenglamaning ikkala gismini x #0 ga boi
yuborib, a = 2 boigan Bernulli tenglamasini hosil gilamiz. Uni
Bemuliining o‘miga qo‘yish  usuli bilan  yechamiz.

(7 =uv, y'=uv+w):

X{u'v+Mv)+uv =x(uv)*Inx.

XV'+V=0 tenglamaning xususiy yechimi v=x"' ni
osongina topamiz. Endi xvu’ = xu\" Inx tenglamaning, bu yerda

V= , yani u'=v' tenglamaning, umumiy yechimini
X

topishimiz kerak. Oxirgi tenglamda o‘zgaruvchilarini ajratamiz va
uni integrallab quyidagini hosil gilamiz.
du - dx edu r dx
— =Inx—, X—

In ,
u X  ¢M
1 In'Xx ¢ 2
— , U—— 2
u 2 2 c+In X
Shunday qilib, dastlabki tenglamaning umumiy yechimi
2
quyidagicha boiadi. y =uv = ————-~-1. A
Xic +In'xj *
i.2. AT
1 Differensial tenglamalaming turlarini aniglang va ula
yechish usullai'ini koisating.
a) Xj'+2n =y, d y'-e™-

e) Xy'+y-y”® =0
b) y'cosx—l—’\’
n

y’ i)
2xcosMydx +{ly - 9SB2y)<v=0;
V) V= E;(_IrTy_—l_—_)_/_—“)_( ; z)S 3;2 +X-y ' =XYy-

g) (I +e™M)yyrdy-etdx = 0;



2. Differensial tenglamaning umumiy yechimini toping,
a) y'+—=1+2inx b) y'+ =2xe~" Y[y .

X
(Javob: @) > =XIr.X+c/x; b) j; = /2n)

3. Koshi masalasini yeching.
a) Ixydx +y+x™Mdy =0, y(-2) =4

h) y'=2y-x +e", y(0)=-1I.

(Javob: a) x*-yIn(d4e/y); b))y ="x-e"+-(1-6""")

Mustagqil ish
Koshi masalasini yeching.

La)/ +3y=eV , j(0) =]

b) y +yigx =1/cosx, y(;r) =5.

(Javob: a) y = e b) y = -5cosx +sinx .)

2. a) yhdx = (x +ye"""jdy, y(0) = -3;

b)y-7y =eV , j(0)=2.

(Javob: a) x = (3-y); b)yy=10e"/ -6")

3. a) xify = -y"ndx, y()=1;
2

(Javob: a)y = _If.1+}__Q ; b)y = X3 )
Xv
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11.4. TO'LA DIFFERENSIAL TENGLAMALAR

Agar D sohada P (x,y), Q(x,y) funksiyalaming
aniglanishidan va (!L21) tenglamaning mayjudligidan qujadagi
tenglik bajarilsa,

SPA,_ANdQ (XVY)
dy ax
u holda
P(x,y)dx +Q(x, v)4> - 0. (11.21)

ko‘rinishidagi tenglama to 'la differensialli tenglama deyiladi.

(11.21) tenglamaning umumiy  integrali  quyidagi
formulalaming biri bilan aniglanadi.

x y
[P{x,y,)dx +] Q{x,yYy =cC, (11,23)
0 \4
APLX,y)fix +2Q{x"y)dy =c. (il.24)
0 \H6

bu yerda MM {x",y"&D.

MisoL Tenglamaning umurniy integralini toping.

XN +y-——ANdX +{X +y +e"dy-0.

» P =x")ry-A, Q-x +y+en belgilashlar kiritamiz.

=1, q =1, ya’ni (11.22) shart bajariladi, u holda berilgan
X

8y
tenglama toia differensiaUi tenglama boiadi. Soddalik ucliun
xg=0, 70 uning umumiy integralini (11.23) yoki

(11.24) formulalar orqgali topish mumkin. XQ,jg giymatlami

tanlashimiz o‘rinli, chunki bu nugtada P[x,y) va
funksiyalar va uiaming Xususiy hosilalari aniglangan, ya’ni
Mg(0;0)ez) . (11.23) formulaga asosan quyidagiga ega

boiamiz.
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X 4X +Xy + yl+e* 1=t;
3 2 B

Umumiy integralni (11.24) formula bo‘yicha topamiz.

PN+ y-Ayx+ +y +e My e

— +X-4x +— +ef-1=cC.
3 2
Bu yechim awal topilgan yechim bilan ustma-ust tushadi. <i

11.3. Auditoriya topshiriglari
1. Differensial tenglamalarning umumiy integralini toping.

a) ie* +3; +sinjy”<ix +"eN +x +Xxcos>"<> = (;

b) (2X +E™igx+ 1-7 eNrdyrQ;

Y.
N) y'—-——[y-=-2>xMl(dy-X).
{Javob: a) €"+ +Xxy+xsin>'=c; b) =C, V)

XN —Xy +2yN =c.)
2. Koshi masalasini yeching.

a) edx+"2y-xe~Ndy =0, >(-3)=0;

b) xdx +ydy=-{xdy-ydx)i{x" +y™, y(l) =1,
V)  XM-yé +N\E Ny = j’(0)=4.

{Javob: a) xe+3"+3-0;

+y") +circtg—=1+" ; V) X} +3" +23;M = 24))
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3. Ixtiyoriy M nugtasiga o‘tkaziigan urinmaning burchak
koeffitsieiiti, M nuqgtani koordinata boshi biian tutashtiruvchi
to‘g‘ri chizigning burchak koeffitsientidan uch marta kalta

ekaniigini bilgan holda A{2,A™ nuqgtadan o‘tuvchi to‘g‘ri chiziq

tenglamasini toping (Javob: y )

4. Nyuton gonuniga ko‘ra, jismning sovush tezligi jism va
atrof-rauhit temperaturalari ayirmasiga proporsional. Pechkadan
olingan non temperaturasi 20 minut davomida 100®C dan &@0“C
ga kamayadi. Havoning temperaturasi 25° C. Qanday vaqgt
oralig‘ida (sovish boshlanishidan hisoblab) norming temperaturasi
®C ga pasayadi. {Javob: 71 min.)

Mustaqil ish
1. Koshi masalasini eching.

(2x +y + siny”Mia: +(x + cosy +2y~dy = 0;
y(0)=2
{Javob: X" +xy +~y"+ siny -2))

2. Boshlangich tezligi v(0) = 0 boigan m massali jism
yugoridan tushmoqda. Agar jismga p =mg ogirlik kuchidan
tashgari, proporsionallik koeffitsienti 3/2 ga teng, v (i) tezlikka
proporsional havoniug garshilik kuchi ham ta’sir gilsa, jismning
ixtiyoriy t vaqtdagi v= v (i) tezligini toping.

{Javob: v-"mg{\--" )

2. 1 Differensial tenglamaning umumiy integralini toping.

(Sxny -fs i n —cosy"dy —0 {Javob:

XNYy—-CO0&X-Smy =C)
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2. Radiyning targalish tezligi uning targalmagan soniga
proporsional. Agar 1600-yilda radiyning dastlabki migdorimtig
yarmi tarqalishi aniq boisa, ! kg radiydan 650 g golishi uchun
necha yil kerakligini hisoblang.

(Javob: 1000-yildan keyin.)

3. 1 Differensial tenglamaning xususiy yechimini toping.

—ttgx+ dy=0,y(0) =1

\J
.Javob: x*Iny +ytgx+ =e))
2. Agar to‘g‘ri chizigning ixtiyoriy nuqgtasiga oikazilgan
urinmasining o‘gidan ajratgan kesmasi, urinish nugtasidan

koordinaia boshigacha boignan masofaga teng boisa, ~(1,0)
nugtadan o‘tuvchi shu to‘g ii chiziq tenglamasini yozing. (Javob:

11.5. TARTIBI PASAYTIRILADIGAN TOQORI TARTIBLI
DIFFERENSIAL TENGLAMALAR

Tartibi  pasaytiriladigan  yuqori tartibli  differensial
tengiamalaming ba’zi turlarini ko‘rib chigamiz.

1)=171(x). (11.25)

koiinishdagi tenglamaning umumiy yechimini n — marta

integrallash orqgali topamiz. Uning ikkala qgismini dx ga

ko‘paytiramiz va integrallaymiz, natijada, tartibli

tenglamani hosil gilamiz.
=jy")ife =j/(x)fe =<N(X) +ci. (11.26)

Shu amalni takrorlab, (n —2) tartibli tenglamaga ega

boiamiz.
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U=y = () +GMdx= @{x)dx+ cdx  {N)+ +72

.(11.27)
n - marta integrallashdan keyin esa, (11.25) tenglamaning
guyidagi umumiy yechimini hosil gilamiz.

y = M (x) +gx"" +CX"" + L+ +c,,.(11.28)
bu yerda ci= "\ ci,c2,...c, - ixtiyoriy o‘zgarmaslar
bilan maium ma’noda bogiiq boigan, ixtiyoriy o‘zgarmaslardir.

1-misoL y ~ = 8/(x —3)* tenglamaning umumiy yechimini

toping.
(11.26) formulaga va integrallash qoidalariga asos:
quyidagiga ega boiamiz:
_q_ YK G

-3y [x-if
(11.27) yechimga mos ravishda quyidagini topamiz.
/] = "*=j v OX==
x-4)* 2{x+Hf

Oxirgi tenglikni yana ikki marta integrallab, dastlabki
tenglamaning umumiy yechimini hosil gilamiz:

y = Y= +— HOX+HG-
3(x-3) 2
A
y =\ydx=1 11 Yr?iexa ox=
+l'e,x’+—:I'CjX2+07‘-x+ A= 1 + C XN+ CjX~ + C3X + C4
3(x-3) ‘
Il. Faraz qilamiz, n - ftartibli differensial tenglan

izlanayotgan funksiya va uning (® ~1) - tartibli hosilalarini o‘z

ichiga olmasin. (I <~ <n):
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pIx,y\ = (11.29)
Z(x) =jn~ formula bo'yiclia yangi noma’lam Z(x)
funksiyani kiritamiz va
ekanligini e’tiborga olib, Z(x) funksiyaga nisbatan {n—k) -
tartibli tenglamaga ega boiamiz.
F(xz,z.z",. . ) =0. (11.30)
ya’ni (11.29) tenglamaning tartibini k ga pasaytiramiz. Agar
(11.30) tenglamaning imiumiy yechimini Z = ~(x,c,...,.c™ ")
ko‘rinishida izlashga erishsak, yechimi Kk —marta integrallash
bilan topiladigan (11.25) ko‘rinishdagi quyidagi tenglamani hosil
gilamiz.
Z = yW=f/j(x,Ci,C2,....c,,_ ).
Xususiy holda, agar n=2, k-\ boisa, u holda (11.30)
tenglama birinchi tartibli tenglama boiadi.
2-misol. Tenglamaning xususiy yechimini toping.
xy'=yint-ji(l)-e, Y(l)=e"
I

> Berilgan tenglama 11 tur tenglama boiadi. {fi = 2, K —Y),
ya’ni tarkibida u gatnashmaydi. Z=y' ni qo'yib, bu
tenglamaning tartibini bittaga pasaytiramiz. U holda y"=2"

boiadi va beriigan tenglama izlanayotgan Z funksiyaga nisbatan
birinchi tartibli birjinsli differensial tenglamaga aylanadi.

XZ'=ZIn(Z/x). @

Bu tenglamani ma’lum usullardan biri bilan yechamiz.

Z = xu[x) oiniga qo'yishini bajaramiz. U holda Z' = m-+xm
boiadi va (1) tenglama quyidagi koiinishga keladi

X XU’ = UNNX. )
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()] tenglamada o‘zgaruvchilarni ajratamiz, ketma-ke
quyidagilami topamiz.

du dX ] ") .11 1
— r=--, Ininw-j =Inx +lInc, ;
«(IlUM -1j X
h\u-l=qgx, u= VAR

Z —y ekanligidan, oxirgi tenglama bir marta integrallab
yechiladigan birinchi tartibli differensial tenglama bo‘ladi.

y'= y= =M=Nxd( )=
q J AN N

- - eI = +cC..
e " ARV of
Dastlabki tenglamaning umumiy yechimini hosil gildik.
y () = e, y'(i) =¢e" boshlang‘ich shartiardan foydalanib, c, va
C ixtiyoriy 0‘zgaimaslaming giymatlarini aniglajraiz. Quyidagi
tenglamalar sistemasiga ega bo'lamiz.

_G -1
—é]*qicz e et

Bundan, Cj —1, C2 —e ekanligini topamiz. »

Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi formuladan topiladi.

y = +e. N

3-raisol. y'"'cigx +y" =2 tenglamaning umumiy yechimini
toping.

» Bu yerda n=3, k-2 boiganligidan berilgan tenglama
Il turdagi tenglama bo‘ladi. Z = y" yangi iunksiya kiritamiz va
berilgan tenglamadan Z'+ZtgK = 2tgx ko‘rinishda yoziladigan,
ya’ni Z'ctgx+Z =2 chizigli tenglamani hosil gilamiz. Uning
umumiy yechimi (8 11.2 garang)
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2tgxeMNdX - g

2\ JMdx +q
\V/ COSX /

sinx 1
= 2cosx mk+G/cosx = 2cosX — ~ —+C, COSX = 2 +C, COSX
CosSn X COSX

Z =y" bo‘lganligidan, yechimini oson bo‘lgan, qujddagi |

tip differensial tenglamani hosil gilamiz.
y" = 2+(Q cosxX, = J(2 =, cosx)dx = 2x +q sinx +c,.

y'=  (2X+CjSinx +Qyx = x*—qcosXx +cjx +cj. 4

I1l. X argumentni oshkor holda o‘z ichiga olmagan n -
tartibli differensial tenglamani qaraymiz.

F(y,y,y"....y">) =0. (11.31)

Bu holda har doim, P(y)=y' yangi ftmksiya Kkiritib,
tenglamaning tartibini bittaga pasaytirish mumkin, bu yerda v
uning argumenti sifatida qaraladi. Buning uchun y'y",..y"™"
lami yangi funksiyaning y bo‘yicha hosilalari orqali ifodalaymiz
va murakkab fiinksiyani differensiallash qoidasidan foydalanib
guyidagini hosil gilamiz.

dy » dp dp dy_ dp
Y- P> Y ax dy dx Pdy
dy”_d( dp» dp d an

y=Y’_( p pp+p—p=p P

dx dx dx dy = dxdy dy) d/

va h.k. Yuqoridagi hisoblashlardan ko‘rinib turibdiki, y“**,

tartibi k— dan oshmaydigan, p va y laming hosilalari orgali

ifodalanadi. Natijada, (11.31) tenglama o‘miga quyidagi
ko‘rinishdagi tenglamani hosil gilamiz.

(11.32)
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d™p
(€3] =0. 11.33
yp-. dy” mme dy™ ( )

Agar (11.33) tenglama quyidagicha umumiy yechimga ega
boisa, /~="(>’cj,c2,...cN i), bu yerda P ~ ~ ~ holda

(11.31) tenglamaning umumiy integralini topish uchun, oxirgi
tenglamaning o‘zgaruvchilarim ajratib yechish kerak
dy
(p{y.crCN...C,, "
Agar (11.31) tenglamada n =2 boisa, u holda (11.33)

tenglama birinchi tartibli tenglama boiadi.
4-misol. Koshi masalasini yeching.

/11+1-0, y(h=1, yO\)=1Iv 2.
> Bu tenglama, il =2 va X argument oshkor hold
gatnashmaganidan, Il tip tenglama boiadi. Shuning uchun,
(11.32) formulaga asosan, P{"y*=y"' ahnashtirishni bajarib,

uning tartibini bittaga kamasgtiramiz va yechilishi oson boigan
o‘zgaruvchilari ajraladigan birinchi tartibli tenglamani hosil
gilamiz. Quyidagiga ega boiamiz.

yp prdpt-y™dy, \pdp=~\y"dy.
dv
11 31
2y 2/

d
p—y :d—y ekanligini e’tiborga olib, oxirgi tenglamani
X
guyidagi koiinishda gayta yozib olamiz.
1)
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Bu tenglamani yechishdan awal, boshlangich shartiardan
foydalanib, g ixtiyoriy o‘zgarmasning gqiymatini aniglaymiz.
Ulami (1) tenglamaga qo‘yib, quyidagini hosil gilamiz.

3
- *3c, C,=0-
\/2_._
Shunday qilib, o‘zgaruvchilarini ajratish yoii bilan oson

yechiladigan, y' = tenglamaga kelamiz.

B a Yazge

= o
f3Y Y

18
>'(1) = | boshlangich shartidan  ni topamiz.

1= (1+C2)/18, C2="-1.

bundan kelib chigadiki, izlanayotgan xususiy yechim
quyidagi formuladan topiladi.

5-misoi. Koshi masalasini yeching.
y'-{y""fly' =6{y'fy, >.(2)=0, y(2) =1, y"(2)=0

[» n=~3 boigan, (11.31) ko‘rinishdagi tenglamaga ega
boiamiz. (11.32) tenglamaga mos ravishda, p{y) yangi
funksiyani kiritamiz va ketma-ket quyidagilami topamiz.

c]?p " g

i p

=P Ip —-6pty5
ay® i \p «>/
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-6
df y

N
bu yerdan Fer—-Gy . Bu tenglama birinchi tur tenglama
y

boiib, ikki marta integrallash yo‘li bilan oson yechiladi.

d Nydy=—2yM+ch, p =iy +cyyty"+ cly+cn.

munosabatlami va boshlangich shartlarni hisobga olib,
y'=y*+QgJ +Cj tenglamani hosil qgildik, bimdan,
g ~0, €2 =1 ekanligini topamiz.

Endi y'=  +1 tenglamani integrallaymiz.
- f# - = dX!
dx y +1 ¢ +1 m
2y-1 1 '
arctg y +—In—J+I = X+C3m
3 3

y(2)~0 boshlangich shartiardan foydalanib,
c,=-2- ni topamiz. Bundan quyidagi izlanayotgan

xususiy yechimni hosil gilamiz.

_ >+1
X = -71: arctQI_y N +—l’ln- ———— F+ ai———np:r-
V3 3 Ary~t-y +l 6Y3
11.4. AT

1. Quyidagi tenglamalami integrallang.
a) ;;*=X'=sinx; b) y* =y"/x; V) yy” y'\
2. Koshi masalasini yeching.
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b)xy--y=x*+1I, y()=0 y(-) =1 /{-1)=0;

VY =&, >0=a Y(0)=.

3. Avtomobil yo‘kimg gorizontal gismida v=90 km/s
tezlikda harakterlanmoqda. Vaqtning biror gismida sekinlashishni
boshlaydi. Sekiniashish kuchi avtomobil og‘irligining 0,3 gismiga

teng.
Sekinlashishi boshlanishidan bekatgacha boigan masofani va

bu masofani bosib o‘tish uchun ketgan vaqtni toping.
{Javob: 8,5 sek; 106,3 m.)

Musiaqi! ish

W n2

1.  LTenglamani integrallang. )
2. Koshi masalasini yeching.

y(0)=0, /(0)=1

2. lL.Tengiamaniintegrailang. —y —Xe
2. Koshi masalasini yeching.

yv+1=0, >(0=1 y()=0

3. 1.Tenglamani integrallang. xy”+y"' =y™.

3.  Koshi masalasini yeching.
2/ =3/, 72)=1 y(2)=-I

11.6. IKKINCHI VA YUQORI TARTIBLI CHIZIQLI
DIFFERENSIAL TENGLAMALAR
Umumiy hoi. Quyidagi ko‘rimshdagi tenglamalami
V= +...+ar. {x)y'ra {x)y =/(x)

(11.34)
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bu yerda a. /(x) - biror D sobada berilgiiii
fiinksiyalar n —tartibli bir jinsli ho'lmagan chizigli differensial
tenglamalar deyiladi. Agar D sobada (11.34) tenglamaning o‘nj’
tomoni /(x) =0 bo‘lsa, u holda (11.34) tenglamaga mos

keluvchi, bir jinsli chizigli differsial tenglama deb ataluvchi
qujadagi tenglamani hosil gilamiz.

(11.35)
Agar (Xx), /(x) iunksiyalar D sohadagi {a,h) oraligda

uzluksiz  bo‘lsa, u holda y{\)=vya y'iX0)=yo0,—
x"G{a,bfj (bu yerda ~

ixtiyoriy sonlar) boshlang‘ich shartlar bilan berilgan (11.34),

(11.35) ko‘rinishdagi har ganday tenglamalar uchun yechimning

mavjudligi va yagonaligi hagidagi Koshi teoremasi o‘rinlidk.
(11.34) va (11.35) ko‘rinishdagi tenglamalarning umumiy va

xususiy  yechimlarini topishda ), i (x)
fimksiyalaming o‘zaro chizigli boglig yoki chizigli bogliq
emasligi tushunchalari muhim ahamiyatga ega.
Agar bir vagtda hammasi nolga teng bo‘lmagan
n
o'zgarmas sonlax uchun ixtiyoriy da =0
munosabat o‘rinli bo‘lsa, y*y*,...y" fimksiyalar {a,b) oraliqda
o‘zaro chizigli bog'lig deyiladi. Agar yuqoridagi munosabat fagat
barcha - =0 lar uchun o‘rin}i bo‘lsa, u holda vy (x)

fimksiyalar (a,Z?) oraligda o‘zaro chizigli bog‘liq bo‘lmagan

fimksiyalar deyiladi.
Quyidagi ko'‘rinishdagi determinant Vrmoskiy determinanti
(yoki vronskian) deb ataladi.
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(11.36)

fy ={yiry2"-yn)=

2

l'unksiyalarning chizigli bog‘liq yoki chizigli bogHiq
lui'lmasUk mezonlari.

Agar yY~{i =\ funksiyalar fazolar sinfida {a,b"

nralixfda o'zaro bogliq bolsa, (yani, {a,b) oraligda (*~1I)
iiirlibgacha uzluksiz hosilaga ega boigan funksiyalar bolsa), u
li)i(la {a.b™ oraliqda W =0 boiadi. Agar WO bolsa, u

huida y*(x) funksiyalar chizigli bogliq bo Imaydi.

Masalan: 1,x,x",...,x"” funksiyalar uchun W~ O, shuning
iiclmn ular chizigli bogiiq boimagan funksiyalardir.
(11.35) tenglamaning chizigli bogiig boimagan n

yMX), y2{x",...yx) yechimlar to‘plami fundamental

ycchimlar sistemasi deb ataladi. Uning yordamida (11.35)
koiinishdagi bir jinsli tenglamaning umumiy yechimi tuziladi.
Quyidagi teorema o‘rinlidir.
l-teorema. Agar y-"y"..y* lar (11.35) tenglamaning
ixtiyoriy fundamental yechimlari sistemasi bolsa, u holda
quyidagifunksiya (11.35) tenglamaning umumiy yechimi bo ladi.
n

y=cYy,+  +..+Cy, = (x), (11.37)
-

buyerda cj —ixtiyoriy o 'zgarmas.
1-misoL fimksiyalar sistemasi
y”-2y"~y'+ 2y-0 tenglamaning fundamental yechimi

ekanligini ko‘rsating va uning umumiy yechimini yozing.
N Vise™, = e"" »8= funksiyalar va ularning

hosilalarini berilgan tenglamaga go‘ysa, ularning tenglamaning
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yechimlari ekanligini ko‘ramiz. Uiaming vronskiani quyidagi
ko‘rinishiga ega boiadi (11.36).

& e* & 1 1
e e 22V =¢geeV 11-12 = -7
g e 4en n 14
Bundan kelib chiqadiki, e"e fiinksiyalar chizigli

bogiigmas va ular berilgan tenglamaning ftmdamental yechimlar
sistemasini taslikil giladi. Uning umumiy yechimi, (11.37)
formulaga asosan, quyidagi ko'rinishga ega.

y —Ccet+Ce + A

2-tecerma. ((11.34) tengiamauiug umuBtily yechiminiiig
tuzilishi hagida). Chizigli bir jinsli boimagan (11.34)
tenglamaning umumiy Yyechimi quyidagi ko ‘rinishga ega.
y -y +y =, buyerda y - unga mos keluvchi birjinsli (11.35)
tenglamaning (11.37) ko'rinishdagi umumiy yechimi y* esa
(11.34) tenglamaning xususiy yechimlaridan biri.

2~misoL Xususiy yechimlaridan biri y* =x +1 funksiyadan
iborat boigan, y"'-2y"-y'+ 2y -2x+| tenglamaning

umumiy yechirnini yozing.
> 1-misolda berilgan tenglaraaga mos bir jin sli tenglamaning

umumiy yechimi topilgan edi, u holda berilgan tenglamaning
umumiy yechimi quyidagicha boiadi.
+X +1. 1

Agar (11.35) tenglamaning fundamental yechimlar sistemasi

maium boisa, u holda (11.34) tenglamaning y* Xususiy

yechirnini har ganday holatda ham ixtiyoriy o zgarmaslarni

variatsiyalash usuli (Lagranj usuli) bilan topish mumkin va y *
har doim quyidagi koiinishda ifodalanadi.

=g (X)y (x) +@(x)y2(x) +... +¢,{x)y" (x) .(11.38)
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bu yerda (x) (11.35) tenglamaning fiindaniental
yechimlari sistemasini tashkil giladi, ¢ noma’iurn fimksiyalar esa
quyidagi u - la ¢' noma’lumiarga nisbatan chizigli algebraiic
tenglamalar sistemasidan topiladi.

c>,+ c'j;2+...+ (o}

o,

Sistemaning determinanti, >'(x) fiindamental yechimlar

sistemasi noidan fargli bo‘lgan holda, Vronskiy detenninanti
bo‘ladi. ((11.36) ga garang). Shuning uchun (11.39) sistema

= ko‘rinishdagi yagona yechimga ega. Bu birinchi
tartibli differensial tenglamani integrallab, c. (X) = @ ni
topamiz.
Shunday qilib, (11.34) tenglamaning y* xususiy yechimi
quyidagicha bo‘iadi.
=YNNH{X)dx + j (pi{Adx + {x)dx. (11.40)
l-eslatma. (11.40) formuladan iniegrallami topishda n ta
ixtiyoriy o'zgarmaslar paydo bo‘ladi. Ulami nolga teng deb

hisoblash mumkin.
3-misoi. Quyidagi tenglamaning umumiy yechimini toping.

7'-2/-y +2j=- 7 @

e +I|

> (1) tenglamaga mos, bir jinsli tenglamaning umumiy

yechimi quyidagicha bo'ladi.
y = cie" +Cje“~+
(1-misoiga garang.) (1) tenglamaning umumiy Yyechimini
topish uchun, Lagranj usulida uning y”~ xususiy yechimini
topamiz. (11.38) forrnulaga asosan quyidagiga ega bo‘lamiz.
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y*=gX)e" +Cj[x)e +C3(x)en".
(11.39) sistema bizning misolimizda quyidagi ko‘rinisiida
bo‘ladi.
c,V+c;e-"+c;e--*=0,
cy-c”e-U-Ic”e™ =0, ()
ge* +ce—"'+ =e/(e"+1).

Buning determinanti JV—6e”"*0 (1-misolga garang). (2)
sistemani Kramer usuli bilan yechib, quyidagilami topamiz.

2 e'+r 6 €' +r 3e" +I’
3 ifodani integrallab, quyidagilami hosil gilamiz (1-
eslatmaga garang).
1 edx
2
1 €dx lleWE") im o ows )
e"+i "eJ e+l e'+l 6
1o e —dx=- 1 dx =
3Je*+1 3 er+l| 3 e"+]
2 dfe” +)
«“37 @

(1) tenglamaning xususiy yechimini yozamiz.

y*=--¢€e"In(e" +1) +-g-" -e"™ -e=+In{e" +1)+é xX-In(e" +1))
=_€& —+-Xxe + In(e"+1)"
12 6 3 6 2 3

(1) tenglamaning umumiy Yyechimi quyidagi ko‘rinishda
boiadi.
y=y+y*=ce'+ +HIBY +H\(4xeN +e - 2) N (e” —2e")In(e” +))
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2-eslatma. (11.35) tenglamaning fimdamental echimlar
sistemasini topish usullari mavjud emas. Shuning uchun umumiy

holda (11.34) tenglamaning y* xususiy Yyechimini topish

mumkin emas, demak uning umumiy yechimini ham topish
mumkin emas. (11.34) tenglamani yechimining boshqga usollari
mavjud emas. Fagat xususiy holda, (11.34) tenglamaning barcha

(x) koeffitsientlari o‘zgarmas sonlar boiganda, (11.34)

tenglamaning lundamentai yechimlari sistemasini va umumiy
yechimini topish usuli mavjud.

O ‘zgarmas koeffitsientli chiziqli differensial tenglamalar
(11.34) va (11.35) tenglamalarga aj.(x) = p. = constgR ni
go'yamiz. U holda mos ravishda quyidagilarga ega bo'lamiz.

/») +-+Pn-xy'+Pny = f{x) - (11.41)
y"+ +PIYNT L PPy +pty = Q{IIA2)
(11.42) tenglamaning fundamental echimlar sistemasini, fagat

aigebraik usullardan foydalanib, quyidagicha topish mumkin.
(11.42) tenglamaning xarakteristik tenglamasi deb ataluvchi
guyidagi aigebraik tenglamani tuzamiz.

2" + +pX' A=+ +p,, X +p,, =0. (11.43)

Bu tenglama n ta ildizga ega boiib, bular orasida oddiy va
karrali haqiqiy ildizlar, shuningdek gqo‘shma-kompleks (oddiy va
karrali) ildizlar ham boiishi mumkin.

Agar (11.43) harakteristik tenglamaning barcha ildizlari
hagigiy va oddiy boisa, u holda (11.42) tenglamaning quyidagi
fundamental yechimlar sistemasini hosil gilamiz.

(11.44)

Maiumki, (11.43) harakteristik tenglamasining har bir k
karrali ildiziga (11.42) tenglamaning quyidagi ko‘rinishidagi,
chizigli boimagan yechimlari mos keladi.

J, J, =xeM ...y, (11.45)
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(11.43) harakteristik tenglamaning m Kkarrali qo‘shma
kompleksi har bir a#*/3. juft ildizga quyidagi ko‘rinishdagi
(11.42) tenglamaning o‘zaro chizigli bogiig boimagan 2m
teng yechimlari mos keladi.

= e"“*cos j3X, fix,
A3 = xe"" cos3X, yN = xe*“"sin f3x,
= X" cos j3X, ~5 = xMe“"sin fix, A
Cos J3X, = X" 'e* sinfix.

Yugoridagilami umumlashtirib, quyidagiga ega bo‘lamiz.
(11.43) ning harakteristik tenglamasining ildiziga birjinsli (11.42)
tenglamanmyg, ixtiyoriy koeffitsientlar bilan chizigli kombinatsiya
(11.37) formulaga asosan, (11.42) tenglamaning umumiy
yechimini beruvchi, fundamental yechimlar sistemasini hosil
giluvchi, n ta chizigli bogiiq bo‘lmagan yechimi mos keladi.

4-misol. 0 ‘zgarmas koefGtsientli 4-tartibli bir jinsli chizigli
tenglamaning umumiy yechimini toping.

-167 =0.
> Berilgan tenglamaning harakteristik tenglamasini tuzami
va uning iidizlarini topamiz.

r-16 =0, (1"-4)(a'+4)=0, A'=4, N-x2*
N 4= 22i 2 tasi hagiqiy va 2 tasi qo‘shma-kompleksli, 4 ta ildizni
hosil qildik ("a=0,fi =2j boigan (11.44) - (11.46) xususiy

yechimlami e’tiborga olib, quyidagi undamental yecliimlar
sistemasini hosil gilamiz:
y, = 3= eMVcosIx = cos2x, y" = &®'sin2x = sin 2x

(11.37) formulaga asosan, berilgan tenglamaning umumiy

yechimi quyidagi ko‘rinishga ega boiadi.
y = +C3cos2x +  sin2x. <
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Agar (J1.42) tenglamada n —2 bo‘lsa, u holda o'zgrmas
koeffitsientli 2 tartibli bir jinsli chizigli dijferensial tenglamani
hosil gilamiz.

Y'+pY +P2Y=0- 01-47)
Uning xarakteristik tenglamasi
—+pn +r/=0. (11,48)

ko‘rinishda bo‘Idi.

Bu tenglamaning ildizlari quyidagicha bo‘iishi murakin.

a) haqiqiy va turli;

b) haqigiyvao‘zaroteng: J1 =22 =/

V) qo‘shmakompleksii: J1'2 =0:+ fii.

Ularga (11.47) tenglamaning quyidagi fundamental yechimlar
sistemasi va umumiy yechimlar mos keladi.

\y,—= =qe’™ + ;
2.y, = = ;
3. w=  cosfix, sinfix, y =e“ (cj cosfix + sinfix) m

5-misol« Quyidagi tenglamalarning umumiy yechimini
toping.
a) y"-15/ +26y-—=0;
b) y"+6y'+9y =0
v) j/-2y +10j;=0.
Har bir tenglama uchun xarakteristik tenglamasini tuzamiz

va uning iidizlarini, iundamental yechimlar sistemasini va
umumiy yechimlarini topamiz.

a). -151+26=0, j,=2, =13

>2
= cje™ +C2B8V™\
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6) /IV6/1 +9-0,

y = e~ {cN+C2X).
e) A" -2Ji*+IQ =0, M2=1+3z
=e'cos3x, y" = é&"sin3x
y-e'" {cr cos3x +(Cjsin3x). <

Shunday qilib, o‘zgarmas koeffitsientii chizigli tenglamalami
yechish uchun quyidagilar zarurdir;
1 mos fundamental yechimlar sistemasini topish;

2. bir jinsli (11.42) tenglamaning Y umumiy yechimini
tuzish;

3. Lagranj usuli bo‘yicha (11.41) tenglamaning y
Xxususiy yechimini topish;

4. y =y +y* formula bo'yicha (11.41) tenglamaning y
umumiy yechimini hosil qilish;
Turli injenerlik masalalarini yechishda (11.41) tenglamaning

/ (*) o‘ng gismi ko‘p hollarda quyidagi maxsus ko‘rinishga ega
bo‘ladi.
/! X)=¢e"“( (X)cosbx+ (x)sindx), (11.49)

bu yerda Qs{"} — mos ravishda r \a s darajali

ko‘phadlar. a,b - biror o‘zgarmas soniar / (”) funksiyaning
xususiy hollari quyidagicha bo‘iadi.
/W = PA(x)e* (6 =0); (11.50)

/(x)=/j(x)cos/)x+i2s()smi)x(a = 0), (11.51)
/ (x) = e* (yicoshx +B smbx)["A = const, B - const). (11.52)
/(x) =Acosbx +Bsmbx(a=0, (X)=A, Q{x)=i?): (11.53)
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f{x) =PAx)=PXx) (a=0, 2=0). (1154)
Bu hoilaming barchasida, shuningdek, umumiy holda

((11,49) formulaga garang), (11.41) tenglamaning Xususiy
yechimi, bu o‘ng gismlaming tazilishiga ajman o‘xshashligi

isbotlangan. Umumiy ho! uchun f {x) fiinksiyaning ko‘rimshi

quyidagicha bo‘ladi.

J* = {Pm (x) Cosfix + (x) sin , (11.55)
bu yerda Pm{x), (X)-w = max(r,.c) darajali
ko‘phadlar; k (11.43) z =a +j3 — songa mos keluvchi

xarakteristik tenglamaning ildiziari soniga teng.
Shunday qilib, agar A.{i=1,n" ildizlar orasida Z son
bo‘lmasa, k = Q agar Z bilan mos keluvcM bitta ildiz mavjud

bo‘lsa, k = \, agar Z son bilan mos keluvchi ikki karrali ildiz
mavjud bo‘lsa, k —2, va h.k. Bundan kelib chiqgadiki, (11.55)

formulaga asosan, fagatgina Pm va Qm ko‘phadlaming

koeffitsientlarigina nomaium bo‘lgan, Xxususiy yechimning
inzilishini birdaniga aniglasli mumkin ekan. (11.44) tenglamaga
y* yechimni va uning hosilalarini go‘yib, o‘ag va chap
tomonlarining o‘xshash koeffitsientlarini  tenglashtirib, shu

nomaium kojeffitsientlami topish uchun yyetarliclia sondagi
chiziqgli aigebraik tenglamalami hosil gilamiz. Koeffitsienilami va

y* ni bunday usulda topish, anigmas koejjitsientlar usuli deb
ataladi. Bundan kelib chigadiki, y * ning tuzilishini bilgan holda
((11.55) fonnulaga garang), tenglamani Lagranj usulida yechishda
hosil bo‘luvchi integrallash amalini qoilamasdan, differensiallash
va chizigli tenglamalar sistemasini yechish kabi elementar amallar
yordamida xususiy yechimni topish mumkin ekan,
6~misoi. Tenglamaning umumiy yechimini toping.
/"m -3/ =9x"(])
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> Xarakteristik tenglamasini tuzamiz va uning ildizin

iundamental yechimlar sistemasini, bir jinsli tenglamaga mos
keluvchi y umumiy yechimini topamiz.

AN-3Ar=0, 47(47-3)=0, Ay=A" 0,

y =c,+ gX+ C \3x+

(1) tenglamaning o‘ng tomoni, maxsus (11.54) xususiy
holga tegishli, shuning uchun Z = 0. Xarakteristik tenglamaning
ikki karrali Ar=A~=0 ildizlari, Z =0 bilan ustma-ust tushadi,

bundan k =2 ekanligi kelib chigadi. (1) tenglamaning o‘ng
tomoni ikkinchi darajali ko'phad boiganligi uchun (11.55)
formulaga asosan, y* xususiy yechim quyidagi ko‘rimshga ega
bo‘ladi:
y* -  {AC+Bx+

y* lami (1) tenglamaga qo'yib, ayniyat hosil gilamiz (
y * - (1) tenglamaning yechimi).

Bu yerda va keyinchalik hisoblash qulay boiishi uchun
y* y*y*ty* y*Aifodalaming har birmi alohida gator
yozamiz va vertikal chizigning chap tomoniga tenglamadagi
ulaming oldida turgan koeffitsientlarni mos ravishda

joylashtiramiz. Bu ifodalami koeffitsisntlarga ko‘paytirib, go‘shib
va o‘xshash hadlarai ixchamlab quyidagiga egaboiamiz:

0 y*= Ax +BXx"+cx ,
0 y* = AA +3BX" +Ix
3 y*" = I2AX"+6BXx +2c,
0 Y'"'=24AX+6B,
1 y*'" =24A"
-3V* = —-36A" -18Bx +6C +24A = 9x"
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Oxirgi ayniyatning o‘ng va chap tomonlaridagi x ning bir xil
darajalari oldidagi koeffitsientlarini tenglab, A,B,C lami
aniglash uchun algebraik tenglamalar sistemasini hosil gilamiz:

-36"=9,
-185-0,
-6C +24A=0.

bu yerdan ~=-1/4,5=0, C=-1 Bundan kelib
chiqgadiki,

y'* = N
V 4
(1) tenglamaning umumiy yechimi quyidagicha boiadi.
B SV
4

7-misol. Koshi masalasini eching
y'"-7y'+6y = {x-2)e\ N0)=1 /(0) =3.(1)
N Xarakteristik tenglamasi A*=I, A.*-6 yechimlarga ega, u
holda y”-7y'+6y =0 bir jinsli tenglamaga mos keluvchi
tenglamaning umumiy yechimi quyidagicha boiadi.

y = g™+
(1) tenglamaning o‘ng tomoni, (11.50) ko'rinishdagi
maxsuslikka ega, bu yerda a-1, » =0; (X)=x-2,r=1r

xarakteristik tenglamaning iidizi boiadi, u holda ft=1 va (1)
tenglamaning xususiy yechimi quyidagi formuladan topiladi.

y *-xe"(Ax +B) . (2)

Endi, 6-misoldagi kabi, quyidagilami topamiz:

6 y* = eN(AX"+BX)

=7 y*' = " (Ax"+BXx) +e" (2Ax +B),
1y*=¢e"(AxX*+(2A+B)x +b)+ (2Ax +2A+B).
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y* —7y*+6y* = e ({6A-1A +a) x* +(6B-TB-UA +2a +B +2A)x7B +2A +2B" = e" (x-2)
Oxirgi ayniyatning ikkali tomomnini  ~0 ga bo‘iib >oiboramiz
va o‘ng va chap tomonlaridagi x ning bir xil darajalari oididagi
koeffitsientlarini tenglab, quyidagiga egaboiamiz.
0=0,
x =10"N =1,
2A-5B =-2.

bu yerdan A=-1/10, B -9125, qujadagi funksiya (1)
tenglamaning umumiy yechimi boiadi.

y =y +y*= +e* -———-X +— X

9 ~ 1 gn
y = r——1X2+— X -—X +

Boshlangich shartlardan foydalanib, va C2 ixtiyoriy
o‘zgarmaslaming qgiymatiarini  aniglash  uchun  chiziqgli
tenglamalar sistemasini hosil gilamiz.

y(0)=q +Q=1, (0)=g+6Q2+9/25=3.

Bu yerdan g =84/125, ©=41/125 lami topamiz.

Shunday qgilib, berilgan boshlangich shartlami
ganoatlantiruvi xususiy yechimning Kko‘rinishi qu3ddagicha
boiadi.

. /1 n \
y 84-3'+4'e6x+eX X
125 125 10 25

(11.41) koiinishdagi chizigli differensial tenglamalar uct
ma’nosi quyidagicha boigan, yechimlarning superpozitsiya
prinsipi o‘rinlidir. Agar (11.412) tenglamada

/(x) =/(x) +/2(x) boiib, va y2(-") lar o‘ng
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tomoni mos ravishda ,/j(x) va /2 (*) boigan quyidagi

(11.41) ko'rinishdagi tenglamani >1 va >2(-")
tomoni mos ravishda va boigan quyidagi
(11.44) ko‘rinishdagi tenglamalarning yechimlari boisa,
M) +pryin-») + Ny (11.56)
/) + +.. + =/~ (N). (11.57)

u holda y* = }\+y#% funksiya o‘ng tomoni /(-") boigan
(11.41) tenglamaning yechimi boiadi.

/i(x) va funksiyalar ((11.49) ko‘rinishdagi fagat

turli turdagi (11.50)—(1 1.54)) maxsus ko‘rinishda boiish mumkin.
U holda, har bir turdagiga goilash mumkin boigan va anigmas
koeffitsientlar usiilida (11.56), (11.57) tenglamalarning xususiy
yechimlarim topish imkonini beruvchi (11.55) ko‘rinishdagi
Xususiy yechimning tuzilishidan foydalanish mumkin. Shu bilan
birgalikda (xX) - maxsus ko'rinishda, fj (©) esa maxsus
ko‘rinishda boiasligi mumkin. Bunday hollarda, (11.41)
tenglamaning xususiy yechimi }'* ni, Lagranj usulidan
foydalanib birdanig topish mumkin yoki ikkita bosgichga boiib,
(11.56) tenglamani yechish uchun (11.55) ning tuzilishidan
foydalanib, (11.57) tenglamani yechish uchun esa Lagranj
usulidan foydalanib topish mumkin.
8-misol, Tenglamaning umumiy yechimini toping.
+y = Xsinx +cos2x, Q)

Maiumki, xarakteristik tenglamasi A =i, /L ~~i

yechimlarga ega. U holda >"+>= 0 bir jinsli teoremaning
umumiy yechimi quyidagi funksiya bilan aniglanadi.

7 = C,COSX +C2SinX.
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() tenglamaning o‘ng tomonini (11.51) va (11.53)
ko‘rinishdagit maxsus turdagi ikkita fiinksiyaning yig‘indisi
shaklida yozish mumkin:

(X) = xsinx, /2 (x) = cos2x . Shuning uchun (11.55)
ning tuzilishidan foydalanib, anigmas koeffitsientlar usuH bilan
+j; = ji:sinx. )
tenglamaning yN\ xususiy yechimini, va
y" +y = CcOs2X. 3
tenglamaning y" xususiy yechimini topamiz. (2) tenglama
uchun a=0, b=1Lz=i= , shuning uchun k = \ va
y[ =x((vI\.: +5)cosx4-(cx +Z))smx”

6-misolda keltirilgan sxema bo'yicha A,B,C,D anigmas
koeffitsientiami hisoblaymiz.
Quyidagiga esaboiamiz:

yl = (AXM +5x* cos X + ("o +Dx) sin X,
YN\ = (2Mx +5 ) cos X - {AX +Bx) sinx +
+(2cx +£))sinx +"cxM +£>Xjcosx =
= {oX + 2AX +DX 4-57cosx + M—AXN —BX-?
2cx+D)sinx,
y =(2cx+2) +D) cosX - (ex+2AX +DXx +i?j sinx +
+(-2AX - 5 +2¢)sin X +("-Ax~-Bx +2cx +d) cosX,
ylI' —i—y*=NAX" +BX +2cX +2A +D —AX* —5X +2¢X +Z))cosx +

+(CxN +Dx - Cx* —=2AX-DXx~B-2Ax -B +2c)sinx*= xsinx
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Oxirgi ayniyatda o‘ng va chap tomonlaridagi o‘xshash hadlar
oididagi koeffiisientlarai tenglashtirib, A,B,C,D va y* lami
loparniz:

XCOSX 4c =0,

cosX 2A+2D =0,
Xsinx  ~AA=\
sinx -2B+2c=Q
bu yerdan A="/A, 5=0,c=0,D =1/4.
Bundan kelib chigadiki,
_! XCOSX +is'mx
4 4
(3) tenglama uchun fl= 0, b =2, z = 2z, shuning uchun
A=0va
- M cos2x +N sin2x.
Endi quyidagilami topamiz:
y2=M cos2x +N sin 2x,
=—2Msm2x +2N cos 2,
y®2 = -AM cos2x —4N sin 2x.
y2 yl —-iMcos2x —3N sin2x = cos2X.
bundan ko'rinib tuiibdiki, -3M =1, -3iY =0 , shuning
uchun

y2=- —]c052x.
Natijada quyidagini hosil gilamiz:
y* = YZ\+y2 =X (SinX-XCc0sX)-"cos2X.

va berilgan (1) tenglamaning umumiy yechimi quyidagi
formula bilan aniglanadi.
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y —y +y* = J cOsx +c2sinx +“ x(sinx-xc0sx)-™c0s2Xx

9-misol. Koshi masalasini yeching.

y'~2y +5j=3j;"+e%2x, j;(0)=3/4, y(0)=2.(D)

> Avval berilgan tenglamaning umumiy yechimini topam
tenglamaga mos  keluvchi -2A+5=0 xarakteristik
tenglamaning ildizlari A*.;*=l+2r boiadi. y*-2y +5y-0 bir
jinsli tenglamaning umumiy yechimi quyidagi funksiya bilan
aniglanadi.

y =& (cjeos2x +Q@sin2x).

(1) Tenglamaning o‘ng tomoni ikkita fiinksiyaning
yigindisi ko‘rinishidan iborat. Ulardan birinchisi  (x) = Se™,
maxsus turdagi (11.50) ga tegishli boiib, bu yerda

(x)=3, a=I, h=0, z-1~ 2 boiadi. Shuniiig ucliun®
y"—=2y'+5M=FH* tenglamaning xususiy yechimi quyidagi
ko‘rinishga ega yj — Ae" , bu yerda A quyidagi ayniyatdan

3 * 3
aniglanadi. (A-2A +5A) ~ Se"™'; bundan * ,yl“nr m

Ikkinchi, /2 (*) = eg2x iunksiya maxsuslikka ega emas va

y"—2y +5y —e"tg2x tenglamaning y Xxususiy Yyechimini
ixtiyoriy O‘zgarmasni variatsiyalash usuli bilan izlash zarurdir
(Lagranj usuli). (11.38) formulaga asosan, quyidagiga ega
boiamiz.
y = (cj(X)eos2x +62(x)sin2x).
Bizning misolimizda, (11.39) ko'rinishdagi sistema ikkita
tenglamadan tashkil topgan # =e‘cos2x, y*~ sin2xj.
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coslx +Cjé"sin2x =0,
(cos2x-2sin2x) +Cx" (sin2x +2c0s2x) = eMglx.
Sistemaning tenglamalarini ga gisqartirib, quyidagini hosil
giiaraiz.
c[cos2x +c' sin2x =0,
c[ (cos 2x - 2sin 2x) +Cj (sin2x +2cos2x) = tglx.
Oxirgi sistemaning determinanti (vronskiani) quyidagicha
boiadi.
C0S2X sin2x
W- =2
COSX-2sin2x sin2x +2co0s2x
Kramer formulasi bo‘yicha quyidagini topamiz.
0 sin2x

C;,=-_ ] =~ Sin2x/'gx.
' 210g2x sin2x +2co0s2x

C0S2X 0] 1
] = Sin2x.
cos2x-2sin2x  tglx

Topiigan tengiiklami integrallaymiz.
1rsin'2x A dx

C,=— ———— dx —+
2* c0s2x 2 ' co0s2x 2 C0s2x
[ 1 71 1
h—}costdx——ln tg(———x +—sin2Xx.
9 14 ) 4

Bundan quyidagi kelib chigadi.

[~ (K: n 1
o -In tg — X C0S2X +—sin 2Xcos 2X —

% ]

sin2xcos2x :Ze 'In tg 4—X COS2X.
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Shunday qilib, berilgan (1) tengiamaning Xususiy yechimi
quyidagicha boiadi.
oy iyl = 3T’)Y+I%th a
=y, , = =1 - . — X moos2X =
YEEY, HY =07 e D 2

R /\71 N
3+in tg ZI___X cos2j

Uning umimiiy yechimi esa quyidagi funksiya bilan
aniglanadi.

y=y+y*-  (C, cos2x +2sin2x) +21e" 3+b tg r_1___x *COS2X
v4

@)
Koshi masalasini yechish uchun y(0)=3/4, y'(0)=2

boshlangich shartlardan foydalanib, (2) umumiy yechimdagi c,
va Cj ixtiyoriy o‘zgarmaslaming giymatiarini hisoblaymiz. y' ni
topamiz.

y' = €é" (c, cos2x +Cjsin2x) +eM (-2c¢, sin Ix +2cj cos2x) +

/

1 n
m——e 3+intg Z__x -C0S2x  +
\Y J
/ ¢ \
/ N\
cos2x n .
/ \ N\ “2Intg -——-X  esin2x
-ﬁ: y N u y
tg ———X -COg———x
\V U H va

y va y' lar uchun olingan ifodaiarga x = O giymatni qo'yib,
boshlangich shartlami e’tiborg oiib, quyidagilaarni hosit gilaceiz.
y(0)=3/4 =q+3/4.
y(0)=2=2c2+3/4-1/2.
buyerdan =0, @=7/4.
Natijada izlanayotgan xususiy 3‘echim quyidagicha boiadi.
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N\

) (% \
3+7sin2x —In —— X *C0S2X
AN u )
11.5. AT

1. Quyidagi ikkinchi tartibli bir jinsli chizigli differensial
tengiamalaming umumiy  yechimlarini va iundamentlar
yechimlari sistemasini toping.

a/-2/-4>"=0;

b) y"+6y+9y =0;

V) y'-6y'+18y =0.

(Javob: a) =gv* y- ;
b) = xe-""; Y=e""(q +c"x);
V) cos3x, y2= sinx; y =(qg cos3x+ sin3x).)

2. Quyidagi yuqori tartibli bir jinsli chizigli differensial
tengiamalaming umum yechimlarini va flmdamenial yechimlari
sistemasini toping.

aj'"-5/+16y-12>'=(;

/ h)/~"-8y”"-7y =0
v)/-6/" +9j" =0;
g)/"-3/+3/"=0.
(Javob: a) COS2//2X, >3
y -gd"+ gcos2™/2x +CjsinInflxj; b)
y=ce' +
c'e +C_,e—§5(+c,\er"ix 7 Vv) J, =], yA'X, V3=xN y'=e™\

Js= 3 y=Ci+C2X +Cjx +{c M+ X)-eM\ 0)
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V¢ = sin~"'> y =i+ +OXN +o + (c, coslBX+C, s'm\—BX

Mustagqil ish

Quyidagi bir jinsli chizigli differensial tenglamalarning
umumiy yechimini va fundamental yechimlari sistemasini toping.

1 a)3y"-2/-8y=0;b) v"+9/-=0;

{Javob: a) J = ,

b) y =g +c, cos3x+Cjsin3x.)

2. ay"-6y"+\3y=0; b) y'* -8v’ ®16y =0.

{Javob:a) y = &" {cjcos2x +c2sin2xy,

b) y=(c. +C)e™ +(c3+CX)e.)

3. a)4j;"-8y +5;;=0;b) j’"-3/+3/->"=0.

/

{Javob: a) 3=e o, cosi (-c'ts'mx—
~ 2 2
b) y-e™ (q +CjX+Cjx)™)

11.6. Auditoriya topshiriglari

Quyidagi, bir jinsli boimagan tenglamalarning ko‘rsatilgan
boshlangich shartlami ganoatlantiruvchi, xususiy yechimlarini
toping. (Koshi masalasini yeching.)

1 f-3y'+2y=eMX"-X), 7(0)=1 >;(0)=-2.

(Javob: y =4[er-eM) XN -2X +2)e™.)

2 y-y=-2¢%j(0)=0y(0)=/(0)=2
(Javob: y = é" - e“"+jc')m
3_ yr-y =2e\y{Q)=Q y(0)=1I, 3*(0)=0
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(Javob: y —2xe* —  +e ™+cosX +2sinx )
n y”-ly'+ 2y = Ag“ cosx, y{7u) = Tie", y'[n:)-e"

(Javolla" y = eMN((2x-7r-"\)sinx-n:cosx)

g >"+4y=4(sin2x +cos2jiz), yi*Tv)-y *Tt)=ZIr

(Javob: y—~37tcos 2x +” sin X +(sin 2x — cos 2x).)

Mustagqil ish
Ko‘rsatilgan  quyidagi  tenglamalaming  boshlangich
shartlarni ganoatlantimvchi xususiy yechimlarim toping.

/1-22y =2e,y(D=-1, y(l)=0
(Javob: y = —2eM +e +1.)

f +dy=X>(©0)=1] (0)="
2. 2

1
(Javob: y =X +cos2x +

3 / +6/+9j;=10sinx,y(0)=-0,6,y(0)=0,8

(Javob: 7 =0,8sinx-0,6cosx.)

11.7. Auditoriya topshiriglari
Quyidagi berilgan bir jinsli boimagan chiziq differensial
tenglamalaming har birining xususiy yechimini aniglang va uning
tuzilishini yozing.
« y" ="y +\ey=e"™ (I-x)
/-3Y =e"-28x
2 >"+16y = xsinx

4. y” +y" =2x +e
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5. y'-4y =2cosMx

6. ~y = 3xe* +sinX
y-7/=(x-if

g F +y"=x"+2x

» Y'-4y +13j = e cos3X +Ssin3xXj

19. /- /'N =2xe"-4_

Berilgan chizigli tengiamalaming umumiy yechimini toping.
11. y +4y = cos™x

12. y"+5y'+6y=  +6M
13. 4y->"=x'-24x
14. y"+y =6x+e™
j5 7"+4y=1/sin"X

16.
Mustaqil ish
1 y+ 4y +43,=e"bix
{Javob: y - fc, +c—,X+ix" InX _3 XN »
I " 2 4

2, y+ 3N+cgvX=0
. X
{Javob: 7 =2+ cos X +Q2sin X +cos In ) )
«

3 y -2y +j =e"/(X"+1)

{Javob: y = eM|c, +( - Ina/?+ T +xarctg Xj .)
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11.7. DIFFERENSIAL TENGLAMALAR SISTEMAS!

Quyidagi ko'rinishdagi sistema

y[ = f,(*,yx,y2,-,yn)
y2=fl{x,y\,y2 (11.58)

y'n=fn{x,yi,y2>- my,)
(bu yerda x,yy,y2,...,y" o‘zgaruvchili fj("i =1i,n) fiinksiya

(/z+1) o'ichamli biror D sofiada aniglangan) >\(X) |,

F2(X),..., (X) nomaTum fixaksiyali n - ta birinchi tartibli

dijferensial tenglamalarning normal sistemasi deb ataladi.
(11.58) sisiemaga kiruvchi tenglamalar soni uning tartibi deb
ataladi.

(11.58) sistemaning {a,b) oraligdagi yechimi deb, ia,b)
oraliqda uzluksiz differensiallanuvchi va o‘zining hosilalar bilan
(11.58) sistemaning hai- bir tenglamasini ayniyaiga aylantiravchi
31— (X), 2=x2("M)"e3«= () funksiyalar to‘plamiga
aytiladi.

Birinchi tartibli differensial tenglamalar sistemasi uchun
Koshi masalasi quyidagicha ta riflanadi.

(11.58) sistemaning

yYiM =ym’ y2("0) = yio*-"y. (Mo) = o+ (11-59)

bu yerda yYg, y2,-,y*0 - beriigan sonlar: x,,G(a,b)
boshlang'ich shartlami ganoatlantinivchi
>i= A2 (X),-,yn =yn (") yechimlari topilsin.

Quyidagi o‘rinlidir.

Teorema. (Koshi masalasining mavjudligi va yagonaligi
hagida).



Agar f.("i=In} funksiya xo,yy<*y2Q,-,y,,n)"D

nugtaning atrofida uzluksiz bo‘lsa va ""[i —,n\ uzluksiz
N >

xususiy hosilalarga ega bolsa, u holda har doim shunday

markazli integral topiladiki, (11.58) sistemaning (11.59)
boshlang'ich shartlami ganoatlantimvchi yagona yechimi
mavjud bo ladi.

(11.58) sistemaning umumiy yechimi deb, quyidagi
boshlangich shartlami ganoatlantimvchi va n ta cM\cA,...ct

ixtiyoriy o‘zgarmaslarga bogiiq boigan, n ta
Y. =R = \m funksiyalar to‘piamiga aytiladi.

1) @ funksiya x,cj,c2,...c,, 0‘zgaravchihning biror
o‘zgarish sohasida aniglangan va K uzluksiz  xususiy

hosilalarga ega boisa;

2) to‘plam c¢ ning ixtiyoriy qiymatlarida (11.58)
sistemaning yechimi boisa;

3) Koshi teoremasi o‘rinli boiadigan c¢ sohadagi har
ganday (11.59) boshlangich shartlar uchun har doim
CJoCo,—c,,0 boshlangich shartlaming shunday* giymatlari
topiladiki, ~,0 = #;(xo,c,(,,C2,...,c,,0) tenglik o'rinli boidi.

(11.58) sistemaning xususiy Yyechimi deb, ixtiyoriy
o‘zgarmaslaming biror xususiy giymatlarida umumiy yechimdan
olingan yechimga aytiladi.

(11.58) sistemani yechish usullaridan bin, uni yuqori tartibli
bitta yoki bir necha differensial tenglamalami yechishga olib
kelishdir. (Nomaiumni yo‘qotish usuli).

Yuqgorida aytilganlaming barchasi, quyidagi ko‘rinishdagi,
(11.58) sistemaning hususiy holi boigan chizigli differensial
tenglamalar sistemasi uchun o‘rinlidir.
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s=a,i(x) H2>-2+.+ (X)y* +f, (X)

yi = «2l (™) + @22 (M).V2+ - +«2» (M) I« +72 (11 60)

= @@ ()TN RH+-+ (N>« +< (M)

bu yerda (x), jT(x)™l,j =1,nj fiinksiyalar odatda, biror
(ci,b) oraligda uzluksiz deb fiiraz qilinadi. Agar barcha
(x) = 0 boisa, u holda (11.60) sistema birjinsli, aks holda bir

jinsli ho'Imagan deyiladi. Agar ajj(x) = const boisa, sistema

0 zgamias koeffitsientii chizigli sistema deyiladi. Bunday
sistemalami integrallashga imkon beruvchi usullar mavjuddir.
Shulardan ikkitasini ko‘rib chigamiz.
1 Xarakteristik tenglamasini tuzamiz.

Uu *n
a a, -A a
A %2 o (11.61)
1 70 NG

bu yerda a. = const . Determinantni ochib chigib, n ta
yechimga ega boigan (uiaming Kkarraliklarini hisobga oigan
holda), 2 ga nisbatan darajali, haqgigiy o'zgarmas koeffitsienli
algebraik tenglamani hosil gilamiz. Shu bilan birgalikda qu>adagi

holatlar boiishi mumkin.
1 (1L61) xarakteristik tenglamaning lidizlari turlicha va

haqgiqgiy. Ulami deb belgilaymiz. Maiumki, har bir
A-(j. = L, wj ildizga quyidagi ko'rinishdagi xususiy yechimlar mos

keladi.
(11.62)
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bu yerda koeffitsientlai- quyidagi chizigli
algebraik tenglamalar sistemasidan topiladi.

«U -A)«fn +- 4+ «l««? =Q
H 22— padlhs n (1163)
+ @ +-+ -A) =0

Barcha (11.62) ko‘rinishdagi xususiy yechimlar fundamental
yechimlar sistemasini tashkil giladi,

Uy=const, /j(x) =0 bo‘lgan holda (11.60) sistemadan

olingan bir jinsli o‘zgarmas koeffitsientli tenglamaning umumiy
yechimi, (11.62) yechimining chizigli kombinatsiyasini tashkil
etuvchi quyidagi fiinksiyalar to‘plamini ifodalaydi.

m=,C,>'{"" =C,«,"M'+ " 2«IV-"+...+c.ai’>eN
H
= +C2«fe" +...+cd..
y2 H oA . (11.64)
yn =cave'-"+C 2 « f +. ..+

i=l
bu yerda ¢ - ixtiyoriy o‘zgarmaslar.
1-misol. Birjinsli sistemaning umumiy yechimini toping.
YL="yi-y2 +y, °
y'it-yi +Myi-ys

» Berilgan sistemaning xarakteristik tenglamasi

3-A -1 1
-1 5-/1 -1 =o. )
1 -1 3-1
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y2 = " -2ce™\
y' = —c.e™ +Cje’™ +ce™\
2. (11.61) xarakteristik tenglamalari ildizlari

turlicha, ammo ular orasida kompleks ildiziar mavjud. Maiumki,
bu holda (11.61) xarakteristik tenglamaning har bir juft go‘shma -
kompleks 1,2=/1+z>9 ildizlariga juft xususiy yechim mos

keladi.
y'Yraye® (11.65)
yf? = af? @ (11.66)
bu yerda X = X#ij3 va A=2”= X~ifi lar uchun mos
ravishda (11.63) sistemadan af”, koeffitsientlar aniglanadi.
ay\ koeffitsientlar, qoida bo‘yich, kompleks sonlardir,

ularga mos keluvchi yy\ yj» fiinksiyalar ega, kompleks

fiinksiyalardir. y" va y¥* fimksiyalaming mavhum va haqiqiy

gismlarini ajrutib va hagqigiy koeffitsientii chizigh tenglamalar
uchun yechimlarining mavhum gismi ham, haqiqiy gismi ham
yechim ekanligidan foydalajiib, bir jinsli sisternaning Xxususiy
haqiqiy juft yechimlarini hosil gilamiz.

2-misol. Sistemaning umumiy yechimini toping.

y'i=-"y,="yi
(1) sistemaning xarakteristik tenglamasi

N =1N +12/1+437 =0.
-2 -5-1

12=-6+2 ildizlarg ega. (11.63) formulaga asosan,
quyidagini hosil gilamiz:
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(-7-A)a,+ «=0
-2a, +(-5-x)«2 =0
lami hisoblash uchun \. = —6+i ildizga quyidagi
sistema mos keladi.
(-7-yi,)aw +aw =0,

-2«W +(——5—->ii)aW = o. -2aW +(I-/)aw=0." af =i
(11.65) formulaga asosan, quyidagi xususiy yechimini hosil
gilamiz.

(cosx+/sinx),
= 2N W = (|- et = (cosx-sin+z(cosx +sinx)). (2)
(Bvi vyerda biz Eyler formulasidan foydalandik;
=e“'(cos/?x +/siny0x) ) (2) yechimdan mavhum. va

haqigiy gismlarini alohida olib, (1) sistemaning fundamental
yechimlar sistemasini hosil qiluvchi, 2 ta hagigiy ko‘rinishdagi
yechimni hosil gilamiz.

n yfr = e**"cosx, yj = (cosx-sinx),
=0 =
yi' = sinx, y2 = d&®(cosx +sinx).

U holda (1) sistemaning umumiy yechimi quyidagi
ko‘rinishda boiadi;

J, Y\ +cry” =e  (cjcosx +Cjsinx), @)

yi ~\y? +22yi —~ (™M (cosX - sinx) +;2 (cosx +sinx)).

Endi, A"=-6 — ikkinchi ildizni foydalanish ortigchadir,
chuiiki yana (1)-(4) yechimlami olamiz. Bu mulohaza barcha bir
jinsli chizigli differensial tenglamalar uchun o‘rinlidir.

3. (11.61) xarakteristik tenglamaning ildizlari

orasida kanalari mavjud. Bu holda quyidagicha yoi tutamiz.
Faraz qgilaylik, A - (11.61) xarakteristik tenglamaning k - karrali
ildizi boisin. U holda (11.60) sistemaning
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{aj=const, f£.{x*=Q{i,j =\n)* k karrali ildiziga mos
keluvchi yechimini quyidagi ko‘rinishda izlayiniz.
3= («10 +« 1P+ M2 +— +
EN

ND— rON ' e“.
32=(«20" "2r 2 XX ) (H.67)

arni=1f7, e=0,k-1j sonlami quyidagicha topamiz.

(11.67) dan y. fimksiyani va uning hosilasini ajj va fj{x)
larga ko'rsatilgan cheklanishlarda dastlabki (11.60) sistemaga
go‘yamiz. So‘ngra (eM ~0 gisqartirganimizdan keyin) olingan
tenglikni o‘ng va chap tomonlarida X ning bir Xxil darajalari
oldidagi koeifitsientlarni tenglashtiramiz. 0 ‘tkazilgan
protseduralar natijada barcha sonlardan ixtiyoriy o‘zgarmas
sifatida gabul qilinuvchi k soni har doim erkin o‘zgaruvchi

sifatida goladi.
(11.61) Xxarakteristik tenglamaning oddiy (karrali boimage

yechimlariga mos keluvchi fiindamental sistemaning yechimlari,

1va 2 hollarda ko‘rsatilganday aniglanadi. .
3-misol, Sistemaning umumiy yechimini toping.
Ni= 32+33.
32 =31 +32~3"3 )

3N3= 72433
» (1) sistemaning xarakteristik tenglamasi
A 1 1
1 1-a -1 =-(/1-1)a=0- )

0 1 1-A
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ikki karrali 1,2=1 va bir karraii Aj —O ildizlarga ega.
(11,67) formulaga asosan, ikki karrali A 2=1 ildizga quyidagi
ko'rinishdagi yechim mos keladi.

= («10 + = («20 + (3)
={a,, +a,,) e\

a™Mi=13, e=0,l) koeffitsientlar y\y2,y3,y[,y2*y3 I'r
uchun olingan ifodalami (1) dastlabki sistemaga qo‘yishdan hosil
boigan sistemadan aniglanadi. s" ~0 ga qgisgartirilgandan so‘ng,
quyidagiga ega boiamiz.

a,i +a,0 +a,ix = +« 2N +«30 +« 3
«2, +«@0 +<2N MO +MIN 20 + /21N N0 —
3l +730 +/31" "0 +1" 21N+ D+
0 ‘ng va chap tomonlaridagi x ning bir xil darajalari oldidagi
koeffitsientiami tenglashtirib, quyidagi sistemani hosil gilamiz.
MO ~720 N30’
«1, =« +H"30
A21  A20 ~ A0 A20 M3
«2, —«ii+«21-""3.P
an, =« +~3In
"3l *P~"20 ¥0
bundan «0=731-"1 ~30“ MO> 21 A

ekanligini
topamiz. «JO va

sonlarai ixtiyoriy parametrlar deb hisoblash
mumkin. Ulami mos ravishda c, va Cj deb belgilaymiz. U holda
(3) yechim quyidagi ko‘rinishda yoziladi.

=(q +&X)e", =(q +c”x)e". (4)

(11.62) fomiulaga asosan, A*= 0 ildizga quyidagi yechim

mos keladi.
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yf>=i4V'=«» ~<>=aSV-=af),(5)

bu yerda ,af? — sonlar quyidagi sisiemadan iopiladi
((11.63) sistemaga garang).
Grir+3@™ = 0,

af> +af> -af® =0,

+a«=0.
Uning yechimi quyidagicha boiadi.
--ch, Natijada ildizga mos

keluvchi (1) dastlabki sistemaning (5) ko'rinishdagi yechimi
quyidagicha boiadi.
2Cj, y2'=—
bu yerda Cj - ixtiyoriy o‘zgarmas.
Dastlabki  sistemaning umumiy Yyechimi quyidagicha
ko‘rinishda yoziladi.

yl= +yi'"h = (c] +C2-X)e" +2cj,

V3Nyi™M+y? = (M + +i3-
Agar sistema bir jinsh boimasa, u holda bir jinsli sistemaga

mos keluvchi (11.64) ko‘rinishdagi umumiy yechimni bilgan
holda, dastlabki bir jinsli boimagan sistemaning umumiy

yechimini (11.64) yechimdagi ixtiyoriy
o‘zgarmaslami variatsiyalash usuli bilan topish mumkin. Bu
savolni toiaroq ko‘rib chigamiz. Bir jinsli bo‘lmagan sistemaning
yechimini c,,c2,..,c,, ixtiyoriy o‘zgarmaslami, ularga mos

keluvchi g (x),C2(X),...,c" (x) fonksiyalarga almashtirib, har

doim (11.64) ko‘rinishda yozamiz mumkinligi isbot giliiigan. Bu
fimksiyalar berilgan bir jinsli boimagan sistemalar yordamida
quyidagicha aniglanadi. Berilgan sistemaga
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Vi, y20->yfi  laming ifodalari qo‘yladi va
ci'(x), g (x),...,c" (X) larga nisbatan, yechimi har doim mavjud
va quyidagi ko‘rinishda tasvirlash mumkin boigan:

Ci(X)=q(x), c;(x)="2(x),(x) =% (X).

bu yerda (xX)(/=1,nj - maium fiinksiyalar, n ta
algebraik tenglamadan iborat chizigli tenglamalar sistemasi hosil
gilinadi. Bu tengiiklami integrallab quyidagilami topamiz.

c{x) = Mp™{x)dx +c.

bu yerda c - ixtiyoriy o‘zgarmas.

(11.64) yechimga cj=const lar o‘miga topilgan c¢(x)
laming giymatlarini qo'yib, bir jinsli bo‘lmagan tenglamalar
sistemasining um*umiy yechimini hosil gilamiz.

4“mlso!. Koshi masalasini yeching.

Y[*"Ayy-5y2+4x +\
y QMY {Q)"7. y @)
YiIry X ="Nyi +X

» Awal, bir jinsli- sistemaga mos keluvchi umumiy

yechimni topamiz.

y[=4y,~5y"
(@)
Uning xarakteristik tenglamasining ildizlari:
=-1, ~2=3 umumiy yechimi esa quyidagi ko‘rinishda
izlaymiz (1 holga garang):
y,=C,e~"- +5c"e™\
_y2=c,e’ -fCje
(3) yechimda ¢ va lami Cj(x) va Q@(x) nomédium
junlisiyalar deb hisoblaymiz (o‘zgarmasni variatsiyalash usulini
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ma’tiosi ham shunda), va y" lami (l) dastlabki sistemaning
yechimlari boisin deb talab gilamiz va quyidagilami topamiz.
yl=c;(x)e"" -¢c,( x ) +5~( x ) +ISc™ (xX)e™,
=c;(X)e~" -c, (X)e-" +4 (x)e™ +3cj (X)e™\

(1) sistemaga >',>2, yi,y2 uchun olingan ifodalami
go‘yamizyu. 0 ‘xshash hadkmi ihchamlab, quyidagi sistemani
hosil gilamiz;

c;(X)e-" +5cN(x)e™M =4x +I,'
c,'(X)e-"+cx)e"'=x.

bundan,

c;(X)="(x-De", c™x)="(3x +he-"".
Oxirgi tenglikni integrallab, quyidagiga ega boiamiz.

= c,(X) =-"(3X +e-""+H2

G (x) va @(x) lami (3) tenglikdagi va ¢2 laming
o‘miga qo'yib, dastlabki (I) bir jinsli boimagan sistemaning
umumiy yechimini topamiz.

N (x-2)-"(3x +2),

Yy, =¢c,e-"+C,eM H(x-2)-"(3x+2)

Boshlangich shartiardan foydalanib, c, va Cj 0‘zgamiaslami
topish uchun quyidagi sistemadan
I=c,+5cj-1/2-5/6"
2=¢g+C2-1/2-1/61J
C, =11/4, €=-—1/12 qiymatlami hosil gilamiz. Shund
gilib, Koshi masalasining yechimi quyidagi ko‘riaishda
aniglanadi.

4 12 4" NN A
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V,= - g-"-J-e" +- (x-2)--i-(83x +2) m"
4 12 4 A12n ’

Il. (11.60) sisiemaning integrallashning ikkinchi usuli
(noTalumlarni yo 'gotish usuli) quyidagilardan iborat. Ba’zi
shartlami bajarishda, bittadan boshga, masalan y, dan boshga,
barcha noma’lum funksiyalami yo‘qotish mumkin va yi{x)
uchun bitta n - tartibli (agar (11.60) sistemada const
boisa) o‘zgarraas koeffitsientli bir jinsli boimagan chizigli
differensial tenglama hosii qilish mumkin. Uni echib, golgan
barcha ¥Y2{x),...,v,, (X) nomaium funksiyalami differensiallash

amali yordamida topamiz. Bu quyidagicha bajariladi. (11.60)
sistemaning ( W, =const deb hisoblaymiz). Birinchi

tenglamasining har ikkala tomonini X bo‘yicha
differensiallaymiz. So‘ngra y',7',...,/ laming oiniga (I1.60)
sistemadan ulaming giymatiarini qo'yamiz va quyidagini hosil
gilamiz.
+A272+— +«1, X +/1{xX) =b{¥Y1,Y2,-;¥Yn)" p2{xX)" (11.68)
bu yerda 4 (>p>25-»n) YX,Y2"Yr’-~yn ftmksiyalaming
o‘zgarmas koeffitsientlar bilan maium chizigli kombinatsiyani,
K(x) esa /,(x), va fl{x) fimksiyalaming

chizigli kombinatsiyasini ifodalaydi. (11.68) tenglamaning ikkala
tomonini X bo‘>acha differensiallab, yana bir jinsli boimagan
chiziqgli tenglamani hosil gilamiz.

Bu jarayonni davom eitirib, quyidagini topamiz.

Natijada, n —ta tenglamadan iborat sistemani hosil gilamiz.
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yi =« <1282 4=+« 1 + 11 (P).

Y1=r2{YAY2 - YR)+M )’ (11.69)

=A- (n .21 )+ -1(X),

(11.69) sistemaning birinchi n-i tenglamasini, ¥2,¥3,—Yn
iunksiyalarga nisbatan yechib olamiz (bu qoida bo‘yicha
roumldn). Ko‘rinib turibdiki, bu fimksiyalar
lar orqgali ifodalanadi.

yz=(p2{"\yvy'vy¥ -"/""%
y7:(Pl(iXiy11 y11y/\---1y1"_ll\y (1170)

Yn=n {x,Y1ylYl-yl[ =
(112.70) sistemadan y2,y*,,...y,, ifodalami (11.69)

tenglamalar sistemasining oxirgi tenglamasiga qo'yib, n - tartibli
o‘zgarmas koeffitsientli, bir jinsli bo‘hnagan chizigli differensial
tenglamaga kelamiz.

= F%yNYLYi,...y \"“~"Y

Buning umumiy yechimi maium metodlar yordamida
aniglanadi (§ 11.5 ga garang).

y,=y/,(x,c,,c2,....c,.).{\LID)
Oxirgi ifodani x bo'yicha n-1 marta differensiallab,
VIVL—Y™\ hosilalami topamiz. Ulami (11.70) sistemga

go‘yamiz va (11.71) funksiya bilan birgalikda dastlabki
sistemaning umumiy yechimini topamiz.

Y2/72(x,C,,C2,...C.),
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(Ji,71)"(11.72) sistemalami va beriigan boshlangich
shartlarni e’tiborga oigan holda, Koshi masalasini yechish uchun

ixtiyoriy 0‘zgamiaslami topamiz va ulami (11.71)-

(11.72) sistemalarga qo‘yamiz.
5-misoL  Nomaiumlami yo‘qotish wusuli bilan quyidagi
sistemaning

0)
y'3="yi~y2+"y3- ~
y,(0)=0,34, >.,(0)=-0,16; y,{0)=0,n 2

Boshlangich shartlarini ganoatlantimvchi umumiy va
Xususiy yechimlami toping.

N (1) sistemaning birinchi tenglamasini X bo'yicha
differensiallaymiz va vy[,y2,y'i lar o‘miga uiaming shu
sistemadagi ifodalarini qo‘yamiz.
yi=3=-y +y +e"=3(3y, - +e") - (y, +y, +X% ") +

HyN - +4>3+6" = 12], - SyN +6y" +4e™ +X .
y” ni X bo'yicha differensiallab va yana yij,y2,yi lami
uiaming (1) sistemadagi ifodalari bilan almashtirib, quyidagini
hosil gilamiz.

LjNi =57 46,y +4e" +1=12([>>, - s +€")~5(Mi +2 +M - X) +
+6(4/, +4j 3) +4e" -X = 55j, -23"2 +313"3 + 16" +6X.

Bu holda (11.69) sistema quyidagi ko'rinishga ega boiadi.

Yi =3y,-y2+y3+e\
Vi = 12> - 552 +6"3 +4eM +X )
y"—55Y ~23y2 “mBly" +165" +6X.

Birinchi 2 ta tenglamadan ~ va y* lami topamiz.

yi =yi-"y". + - X% @
y3=y"-5y[ +iy,+e"-x.
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va ¥3 ifodalami (3) sistemadagi uchinchi tenglamaga
go‘yamiz.
55y, - 23(y; - 6y; +6Y1+26"~ - x) +31(yf- Sy; +3y, + -X)+
-fiee™ +6x = 8y"—17y[ +IOy™ +e* —2X.
Quyidagi 3-tartibli o‘zgarmas koeffitsientini bir jinsli
boimagan chizigli tenglamani hosil gilamiz:
-0y, = -2x. ®5)
Uni maium usulda yechamiz (8 115 ga garang).
Xarakteristik tenglamasini tuzamiz.

1~-8A44170-10=0.(6)

Buning yechimlari #j=1, ~=2, /=5 boiadi. (5
tenglamaga mos keluvchi bir jinsli tenglamaning umumiy yechimi
yj quyidagi ko‘rinishda boiadi.

yi = :

(5) tenglamaning o‘ng tomoni (11.50) va (11.51) maxsus
koiinishdagi 2 ta fuiiksiyaning yigindisidan iborat.

/(x) =/,(x) +/2(x), f,(x)=e\ M {x)=-2%x, f{x)=e\
uchun Z =1, yani =1 ildiz bilan ustma-ust tushadi,

shuning uchun k=\. fA{x" —x uchun Z =I*va y (6)

xarakteristik tenglama ildizlari orasida yo‘q, shuning uchun k = 0

Shunday qilib, (5) tenglamaning xususiy yechimi y* ni

quyidagi ko‘rinishda izlash kerak.
y* = Axe™ +Bx +cC.

bu yerda A,B,C noaniq son anigmas koeffitsientlal® usuli
yordamida topiladi. ¥*,Y ¥ Y)*' lami aniglab, y* bilan birgalikda
(5) tenglamaga qo‘yamiz va quyidagiga ega boiamiz.

y* = A" +AxeM +B, yj' = 2Ae" +Axe”,

y* = 3Ae™ +Axe?,
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+Axe™ - 8(2Ae™ + Axe™) +\I[AeM +AxeN +B)-
I0iNAXe'™ +Bx +c) = e — 2X,

4Ae" +11B - 105x - 10c - e" - 2X,
AA=N\, -105=-~2, 175-10c=0,
buyerdan ~ =1/4, 5 =1/5, ¢=17/50.

Shunday qilib,

.1, 1 17

V, =—xe +-X+— .

4 5
(5) tenglamaning umumiy yechimi quvidagi formuladan

topiladi.
A | 2 e e Agx g
y[.y" hosilalami topamiz va ulami (4) tenglikka qo‘yamiz:
Vi —dr+2che * +5cs N ’
Yy = +4c2Cv +25¢ +-e" + "xe\

X, T HGC! +ZE" gt e Bl 42 45" e e

+6 ce-' +C¢ e2(4—c e5 + lxe + 1x 417
\Y; 4 5 50;
-X=ce"-2cx™ +ce -c"+-xc" +-x + .
‘ N 4 5 ) 25
1 1 / J
y. -G Hce +2ce +z<'i+zjcé'—5,\c,e‘ Vil 0% CARS 131 At +Aé +ZECE
1 17
+3 e " ver-x=
4 5 50
J_X ] 15 __Xe"_ 2 1
4 4 -5 50

Shunday qilib, (1) sistemaning umumiy yechimi topiladi.
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y.= qe2r+c"e fop- LM "ch‘—

omof -2+ e et X

X » o QA
y, =-c,e -ic,e +3c,e +—e +-xe ,
“ ) 4 4 5 50

Koshi masalasini yechish uchim boshlangich shartlardan
foydaianamiz. c,,c2,c, ixtiyoriy o‘zgarmaslami anigiash uchun
quyidagi sistemani hosil gilamiz
i cj+c2+ 3+ 1Z
50~

R c,—2c2+C3—1’+2i,

27 il
EO_ -c, -3¢, 30 & 4+—50.

Bundan ¢, =0, =0, G3=0.

Izlanayotgan xususiy yechim quyidagi ko‘rinishga ega

boiadi.

1,1 17
y, = —xe +-X+—,
© 4 5 50
X,:lxe — X+ —, 2l
4 5 25
1 1 1

y3=— xe +—e — X+t
50"

11.8. AT

Nomaiumlarni yo‘qotish

1 foydianmasdan,
quyidagi bir jinsli tenglamalar sistemasining umumiy yechimini

usulidan

toping.
b'i =.yi-3>2. ) ]
V) Vi = yN\+y2~yi,

y\/\_._ ’/\yX+yi s b)
AN ySyn | =34+J2;

y ySy yl=34 y3r2y_y2,
{Javob:
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a)y, cosx+ @sinx), yy=e™"“{(“cM+c")co&x-{ci-c.*)5mxy,

b) J, =e"(cj sin3x+J cos3Xx); y2= e*(cisin3x - c2c0s3X);

v) jj =Qg" +ceM + \2 = Ce* — ,
J3=c,e"4-c2e"™-5c3e"".)

2. Quyidagi har bir tenglamalar sistemasining umumiy
yechimini nomaiumlarni yo‘gotish usuli bilan toping.

a) k =-5>"+2j+e\ |,) b;-3y,-2;;, H-X, Y[ =5y"+2y,-?y.,
y[ =5y, +5y."~Ay,,

yl=yi +6y,+e \ J2=3>V*“4j ;
y', =6y, +4y”-4y,.
(Javob: a) =—ce“+ce-" 0
b) V=2ce™+ —2X—5, V, < +3ce  -~x --
" 3 18 ’ 2 12’
V) >> =c,e* +c.e " =c,e" +2c3eM*; jn3 = 2c,e” + f2«nt +2C,eN"-)
3. Quyidagi differensial tenglamalar uchun, Koshi
masalasini yeching.
h'izy2/
“J2= (0)=J2(0)=y8(0) =1
Js
>i=>"2+J'3.
N2 =Ji g Ji(0)=“1 *2(0)=!, >30)=0-
/3 =Ji+"2-
(Javob: a) y, =y*y~=¢"; b) =e"™, J3=0))
Miistaqii isli

Differensial tenglamalar sistemasining umumiy yechimini
toping.
yl = y2+tg"x—~I,

1 | y'2=-yi+tgx.
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{Javob:
y-~-c”cosx +c/siax +tgx, N —e”‘sinx +c”cosx +|

3N1=7i“ 2>
2 y =>i+i2+e-\
N N tasepe2sink- ~(N —C200S)iI?Y) N
[i="1+3"2—cosX,
3 y[ =-2J"-  +Sinx + cosx.

{Javob:

=C] COSX +CjSinX-XCOSX, 72 =(c2-q)cOS.T-(c, +c2)smx +x(cOsx +sinx)-)

11.8.11 BOBGA INDiVIDUAL UY VAZIFALARI

IUT-11.1.
Differensial tenglamaning umumiy yechimi (umumiy
integral) ni toping.
1

1.1. eM'Mdy”~xdx. eryN.=3{c-xe-"-e-").)

12 y'~nanyny LJavob:]ny:AMe*tg{x/2).)

13. y'=(ix-ljctgy . {Javob: In COS) —X-X +cC )

14. sec"xtgydy +s@-ytgxdy = 0. {Javob: ~” "Sy"S" )

(1 +e")y£fy-e"dc=0

. ? Y N\
15. {Javob: -e\yH)=N— fc-)
N

(y +3)dx-—ydy=0
16,7~ X .Qavor.iri(ty+3) = 2(c-xe "-e ™))

1.7. sinJ cosxdy = cos 7 sinxdx:. {Javob: » —~ A A )
1.8.y' = (2y +tgx. {Javob: "2y H =d cosx.)
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13, {sinix +y) +sin(x - y))dx +* =0 .(Javob:
tgy = c-"2c0sX)
1710. 1 +eMyy' = {Javob: y* = 2InC{l +e"))
|
sinxtgydx— "~ =0 In smy :c+5(_' sin2x
111, ' smx . {Javob: 2 4 :
1.12. 3e*smydT+(l-e”N)cosyc?y =0 siny =c(e”-1)
113 = {Javob: y(wy-1)e-"+c-)
1.14. y " ’dy +xdx”O 3./13-/MM1n3-)
2
(ca.(X-2y)+Cos(X +2y))y' =SeCXN_MAN NNy NN
1.16, » A {Javob: arctgy = c+72—e" )
1.17. cos™ ydx +sin® xtgydy =0 . gty =ctg™x+2¢c"
J jg sinx-y = vcosx+2cosx y=Csinx—2
119. c{e'-1)=e\)
1.20. >m"«*+>"=2 , Y=CCOSX+2]j
N _o0
121. ~ .Mvoe.- ly +isin2y =c--e™
( ly +isin2y 3 )
1.22. My dx +tgydy = Q
2j
| +eM)Xi¢x: = eMii 1 / 3N
L23. ( Riex y.{Javob:T:éln(|+ j+c)
(sm(2jc +jv)~sm(2": -~y))dx~ —d;/ A
1.24, .(Javob:ctgy-=C -sinlx.)
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1.25. 2n/TjV dy +cosyyjl+T-dy Cfrvob: lug 2 1?\@

y=Inx+vi+ 4
L26. y'""\-x" —cos” yy=0.{Javob: tSy ="osmx +c &
1.27. D)

128. y + + =

{Javob: In =c—2sinx.)

129, cos” 7 W' - COS(2.X+j) =cos(2X ~j)

{Javob: iy +is'm2y =sm2x +c.)

130. Y  =yy’lx_gavob: 3 =3“" - 2¢In3.)

2
2.1. Cx="1lL, T+ 7))
2.2. 3. {Javob: Nb-7"" +cin7.)
2.3. = + (yvoft; y =C x /~ 2lr +2)
24. 3~ =1+ "V ' (avoe.- y=Gc/ (x +1)+1)
2.5. =" .(Javob: y-Ce-1{x"if

2.6. y'+y +y? {Javob: y/(y +N=C -x.)
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- +1p"=C +51r|"x.)

(X+xy~)dy+ydx-/dx=0

2.8.
I —av
7 +Inr——— -~ =c+Inx.)
y
2.9. +2] +3r=0 AL T A =Cel)

210. (M+M)>"F4 ([ +1) =0
Amny=c-T- X
(y +x)dt+(xy-/)dy =0
+1 = Csjx* -1 )
212, (+/)n-(>'+:*")" =0

+i) = c +arctgx)

2.13. ~ A {Javob:  In 2x +1]=ar/2+ce)
2.14. “3(l+ay)*®Wayoh: y ==c /"N | =y
2J5. 2:w'=Il-x\ y2 A~ )

2.16. -Dy-xy-0 ANCc 4N e

2.17. {y"/\/\y"yy/\/\dx — I)

Y =3(c-x +In]x+I])

)
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{I+X' Ay dXy-1y -x~iiv = 0

{Javob:
1
\ny + -;:1’\ =ctx— J-)
2y X
219. ~» y-y _{Javob: y I{y +1)=Cx.)
2.20. "W+Ildx = xydy. {Javob: )

221. Y -Xy =2xy (Jayob: In ¥ (y +2) =c +x")
222. "y +/ -2 (Javob: \n2-y™ =c +1/x.)

2.23. y =+ )11+ .{Javob: arc.)

224, y 'MNfN =~M\y,gavob: J (U N =c+xM)

(y+i)/=-~ =Xy
2.25. {Javob:

y +Iny = arcsinx +x/2 +c.)

+xNjy +yM+x0 =xy

2.26. {Javob:
+VI -+
1452
xXyy =
2.27. {Javob: 2y~r-yN =4Inx +2x" +C.)
R VEA N\ —

0og DY XN AYHY{NXAX=Q {Javob:
1 -~ 1
— 2y +\j = In]xj +—+c )
2 X

0o, XTYYTY =Xty -y xt-l {Javob:

x-1 +d)
X +1
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230 MN-yndx+ysjl-x~dy =0 {Javob:

- arcsinx +c
y-x>’ ——xsecL ]
3.1. . {Javob: sin¥-=In— )
Bl (y*-3xM)dy +2xydx = 0. {Javob: Nl

3.3.,|,x+2y)dx—xdy =Q

{Javob: y = exz—fi.)

{x-y)dx +{x+y)dy =Q

arctg -4~ in R :.)q
X+ X
3.5. yi(x-y)=a.)
36.y'+ =W ’.{Javob: *" =0")
3.7. = My !Ir) =Cx,)
3.8. =inCt.)
3.9. NoYITAN+HYIL{N*Y)LN)
In}id-y/,xj = Cx.)
/1 \

2 Xy

('+n/Nj ke= xcly

3.11.

3.12.

V

.{Javab: y = —In"Cx.)
Yy

(/fev(b— (y/c)=Ilna )
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y--X
3.13. .(Javob: -e  =laCx.)

314. vy A {Javob: y = x\n{clx).)

A JN = 7=
315. A +M+ (y»06:7 " {)

3.16. =

VX X

317. xdy-ydx=J7"/dXx
y+P N = O\

3.18. {Ax"+3xy +y™Mdx HAYM+3X +xMdy-=Q .{Javob:

-In A AN
5 +g|n /+4Xx 3 y , C
5 10 2X X
3.19. = L=x/In&))
Xyr-y" =(2x" +Xy)y
3.20.
X
f _2 '
3.21. (x Y)Y A oA {Javob:—+2\n—= -\nCx.)
Yy X
3.22.
X/ +y InlI-1 =0
3.23. .{Javob: y = Xi?""*)
3.24. = / =31y )

3.25. = —=Xx/InCx.)
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3.26. = .(Javob: -cV (3.")-x/3.)
3 N\ 2x-y)dx+[x+y)dy =Q

1 N n VY
Javob: -In ——r— +arctg—=1InCx.)
2 i, X ~ X

3.28. /=.VIn(G)*,)
3.29. =y("+vy). (Javob: I-= &))"
, X
/ =-+ 4
3.30. y " . {Javob: yM~x*In(Cxf.)
4, Differensial tenglamaning xususiy hosilasini (xususiy

integralini) toping.

4.1 {M+Ny'+*V =X y(0) =0

(Javob: ~ =

4.2. -v{0)=0 "
4j. (I-*)(y->")-«". >0)=0

{Javob: j = e“*In-"—)
1- X

44,V -2x =2x", yiO "“. (jivo*;, y="x' ~x\)

4.6N-~="- HO)=1(",,,4, v=(v+1ID.",

2 . 1 y
47. xy'+y +xe * =0, y(i) =— .{Javob: 2X )
2e
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cosdx = (x +2cosy)smydy, y(0) = A/4

4.8.
/= 1IN 1
{Javob: X ~ )
m 2Jcosy
4.9, x\y'+xy—+| =0, y{l)=0.QJavob: » j

4.10. >'M+~=V +3/. A2)=t

4.11. (2»+>"4'->*+4ta,”, y{0)" | +

4.13. (I-2xv)/ =>m>-1), >—0)=1.

, 2 3
.{Jravob: X=Yy -y )

4.14. =®’ »()=* (Javob: y =e‘bix.}

415. y= {Javob: = )
4.1«. (Javob: , =(ta=,-W,)/3.)
4.17. = "W=0.Nev,4; Xx=

4.18. V + (M +)>'=3xV~A 7(1)=0
(avaZ2— y="(x" -11x)e~"))

4.109. = N =
420 (sin"j*+xcigy)y =1, 3N0)=;r/2
(Jflvoi.x=-sinycosj.)

4.21. 7(0)=0

3IXN4xN
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4.22. + =0. ~0=0.
423. xy'+y'=sinx, yi*nl2)=211T

(Javob: y =

4.24. N ER

{Javob: y = x* -\)

425, (1-xMy +xy=1y(0) =1 {avob: y=x+
VT=n)

425 -7 =2cos"xQgx, 7(0)=0

{Javob: y = 8sinx-2sin"x y

427. [ +2~+3, >'()= =

4.28.

N0)=0,(a .«6;v=0,5;cV'-

429. /-3.rV-xV=0, ;<(0)=0
{Javob: 7 =x"e" )

430, YV FTEIXHL TADEO ravob: 7 = liix )
5. Differensial tenglamaning umumiy yechimini toping.
5.1. .{Javob: 7 =(xe"" - 2e"+c)'e™)

g2 +2xdy = lyyfx sec' ydy

{Javob: x = (7?2 +Incos7 + /7')

53.j'+27 =7"e" _gavob: 7 =/(Ce"™ +e")))
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5.4. y'=y"rcosx+ ytgx iJ ,
y =y YO azi- 3 = 1/ (cosx A tg x ) )

AN

5.5. xydy = (y*+x:jdx. (Javob: »

? ——

56. V +2j;+x-VV=0 , I’ .
eKlavob: y = 1! (xy2(e" +c)j.)

5.7.7X|Sinj;= -~ . y r —
«{Javob: x ="y/[c~ cosy) .)

CO ("-x"yhly-x)y'=y
mJavob: x =1/("y*c~In™ | )

2y-- =-39L_
n —4NATANT ZH)
5’71"

311. A ] -X +3; SA=XAN(c-17".)

512, (A+1)(/ +/)==-]

Gavazs; 3 = 1/((x +1)(c +li|x+I1])).)

5.13. =

514. y'-""-yA~r"r-\X (Javob:e”r-riry,

5,16. y +jg;__"3y"
/' dxVNE? - +C

y =fer-V;; o
mJavob: y = "jr+c)

5.18. X X=1/(;(c +Iny)) )
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5.19. +/ =Xy _
{Javob: y = (x-i)/"2(x -Inx+c) )

5.20. =1=0_ [HE /X-="
\

o --2X dx
5.21. 3 {Javob: x~ yi iy +cj )

TANN=AN . — -2X X
5M.y =7y.(Javob: y= Ee +ée +c )
5.23. a). y=1/(]n;t+1 +C*).)
5.24. = (Javob: x=

525. y +2y=2XYy.

(Javob: y = e—**/a/2xVA™ +e" =

526. y +y—xly ,(/avo6; +c )
5.27. AL {Javob: y —H ("(x+c)cosx).)
5.28. as-X
cosx +c
x o

529 y-y +y cosx=0

{Javob: y =2e"/  (cosx +sinx) +cj.)
y.l =X nF "

5.30. x" -1

1113

1)

fil AV
{Javob: y = —(x"*-1j +c ~wX"
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Namunaviy variantlarning yechilishi

Differensial tenglamaning umumiy yechimini (unmmiy
integralini) toping,

1 (XY+HX)dx+y(y-x"y)=0.

» mBerilgan tenglamani quyidagi ko‘rinishda yozib olamiz.

y (1= dy=—-x(y"H)dx.

But englama o‘zganivchikri ajraladigan tenglamadir.

0 ‘zgaruvchilarini ajratamiz.

ydy - xdx
Jv 1 1-
Oxirgi tenglikning iklcala tomonini integrallaymiz.
/id? 1X_d)>((‘, 5Un(/+l)5—ln +-InC,
/+1-dx'-I], /=Cx'-1_1

Shunday qilib, dastlabld tenglamaning umumiy yechimi
quyidagicha bo‘ladi.
Y= CN\NX-iN\-L<
2. sec"xtgy dx+secy tgx dy=0

> Berilgan tenglama o‘zgamvchilari ajraladigan differensial
tenglamadir. Ulami ajratib, integrallaymiz va differensial
tenglamaniag umumiy yechimini hosil gilamiz. *
seCMydy  sec“xdx  r(tgy) ditgx)
oy o "y o
lutgy = -Ini/gxl +In cl, tgy = Cltgx,tgy-tgx=r. c.

dy _ dy
3 X o
» Berilgan tenglamadan fE ni topamiz;
dx dx x+y

Dastlabki tenglama 1-tartibli bir jinsli tenglamadir. Uni
o‘miga qo'yish yordamida yechamiz y=xu(x) va quyidagini
topamiz.

UX—X u-\

y=ux+u, ux +u=- ux +u= -
X +UX NFU
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U-i -UnN-i du +1
M= - X

u+\ u+l EX u-+\
0 ‘zgaruvchilari ajraladigan tenglamani hosil qildik. Uni
yechamiz.

u-+l d +I d
de X U du— _rdx

u-+ I X  ut+l

1 2udu du
—

=—nx +In]C,
u +1 ur+1

—\n{u* +1) +arctgu —]nC!x, arctgu=1In
2 Xsfur+I

C
X /\jX/\+y/\

Shimday qilib, dastlabki tenglamaning umumiy yechirnini
topdik. ~

4. Differensial tenglamaning xususiy yechimini toping.

dy —e"™Mdx +ydx - xdx = xydx’, y(0) = In5.
Berilgan tenglamani hosilaga nisabatan yechib, quyidagini

hosil gilamiz;

dy xy+e -y dy I-x e
dx 1-x dx  I-x Y= 1-x (1)
dy L : :
d_ hy—I ———tenglama |-tartibli chizigh tenglamadir. Uni
X - X

y=u(X)v(x) ko‘rinishidagi almashtirish yordamida yechamiz va
quyidagiga ega bo‘iamiz.

dv ~ e
y -uv+uv', uv+icv' +UV-———"uv +u hvl-
l-x"' dx ) I-mx
jv +V= 0 shartdan v(X) funksiyani topamiz.
X
n/ av. d¥, cdv dx, kiv --X, v-e"
dx dx \Y,
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bu ifodani (1) tenglamadagi wv(x) fiinksiyaning o‘miga
go‘yamiz:

du _ e du 1
dx i-x’ dx I-x,
dx dx
du du - M=-lii Lx+Inc, u="n
1-X 1-x
C

uholday =uv=e"h.
1-x

Bu dastlabki tenglamaning umumiy yechimidir. Boshlang‘ich

shartdan foydalanib, C ni topamiz.
y(0)=InCc=In5, G5

Shunday qilib, dastlabki tenglamaning xususiy yechimi

quyidagi ko‘rinishda bo‘ladi. y =e*" hi—I
-Xj

5. Differensial tenglamaning umumiy yechimini toping.
DX =Xy +XY™
dx

» Tenglamaniag turini aniglash uchun uni quyidagicha yozib
olamiz:
dy X 2
dx 1+x’\_y_ 1+X_¥
Butenglama Beraidli tenglamasidir. Bu tenglamani
y=u(X)v(x))io‘rinishidagio ‘migaqo ‘yishyordamidayechamiz.
Uhoida
XI-V X2
I+ 1+
uv-+u v N x W @
dx I+ 1

v(x) ni & X =0 ghartdan topamiz. Bu tenglama
dx N\

0‘zgaruvchiiari ajraladigan differensial tenglamadir. Bundan

Yy =uv +vu, uv-+vu-
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e T X\
v(X) ning hosil gilingan ifodasini (1) tenglamaga qo‘yamiz;

dv xV dv xdx dv
( Inv—]1n(|+x)v \/rl+x

dx 1+ [

rdu xX"dx du

¢ xNdx
¢ xdx =X\ +  —fn+ dX~ XX X — [F— —d XA

VA v 5 VETS

dx

VX' Wi+ X
Oxirgi tenglikdan quyidagini hosil qilamiz.
2 N\ =&\ XxHN\eE -2C, 5 ==XV! +x~—5in X+Vi+?\-C
slUx j b2 3 2 T

Bundan
M 2 XN - —InXx - ‘gI+X'\—C, ﬁ:%lnx+\‘+x _Iy\]I+X“+C,

—AInx+\Mx ™ --x-\/l +x~+CT .
2 2 y
Shunday qilib, dastlabki tenglamaning umumiy yechimi

quyidagi formuladan topiladi.
yil

-2Ia/x +V-I+X"'/--2xVI +x"'+C

11.2. - IUT
1. Differensial tenglamaning xususiy yechimini toping va
hosil gilingan y ="(x) funksiyaning giymatini x=xo da verguldan

keyin ikki xona anigligida hisoblang.

11 y™ "0=7/2, y@ =1 y(0)=0 y{Q=0
{Javob: 1,23).
12, = X,=2, X1)=1/4, y(I)=/(1) =0.

(fivo6.-0,38).
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= A(0) =3/5.

"® = "® =" ""0)=b
4.36)."* Actts= =  (Ja,b:
" M=t SNY=0./(0) =00 b
18.
—4 . 90=], /() , ~0)_1
{Javob:l,22). n 2
1.9.

(il-Ssx JOFO

111, A >'(fl=f, YN =1
{Javob:3,93). Viy 4 4
1.14. ANLCOSA2XT «NO-A/'N P=1/2, Y(0)=0.

(Javoé;-0,39).
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1.15.
= X, =2, 7(0)=8, y(0)=5 /(0)=2
{Javob:25fi%).
1.16,
y'="xle™\l Xo=-1/2, Jo(0)=1/4, /(0) =-l/4.
iJavob:0,34).
1.17.
y"=sin"3x, Xg=.t/12, >(0)=-71*/16, j'(0) =0.
{Javob: i8,01).
1.18.
y"="xsmx, Xg—tiH, >-(0)=0, y (0)=0, j"(0) =0.
{Javob:0)\A).
1.19.
V'=8in'™X =siii2x, xf=s5Tri2, y{n:i2) =770, /(;r/2) =ly"(7r/2) =-1.
{Javob:! %5).
1.20. / =cosx+e“\ Xo=;r, >(0)=-e"" y(0)=1
{Javob
1.21.
=sm'X, Xo=257¢ y{7/V2)=-7/9, y'("/2)=0.
(/avo5.--0,78).
1.22,

i" =\x-sin2x, Xq=1 >0 =-1/8 y(0)= 50082, y"(0) = >
(/ivo6.-G,08).

y =—Xo-4;r, j- 0, y(0)-1I.
123 cos (x/2)
(Javofe.-12,56).
1.24,
V" = 2sinxcos”™X, j(0)----5/9, y(0)* -2/3.
(Javo6.—1,00).
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ces o Y"==2smM Xcos X, X =T, y(0) “~ = 1.
(Javob:4,14).
1.26.
j" = 2smA:cosMx-siii“x, XN=x!2, j;(0)=0, j'(0)-1I.
(Javoe; 1,90).
1.27.

>" = 2cosxsinx-es™x, X*"~n!2, yp)~NDb, Y(0)-2.
(Javob:3,41).

1.28. = N0 =2, A1) =-5/12, Y(1)=3/2.
(Javob:l,62).

129. / = n"0=2, A1)=3, /(1)~1.
(JavobA,31).

1.30.

j;"'-cos4x, Xo-nr, y(o)~2, >;'(0)=15/16, j;"(0)=0.
(Javob.-S,14).

2. Tartibi  pasaytirish murnicm bo‘lgan  differensic

tenglamaning umumiy yechimini toping.
2.1 (Il =My" —xy = 2.

(Javob:y = c,.A

29 2XyY =y~-L

(Javob:QKy="C'2=2 4(C, X3 |)\y "£x +C/
2.3. "mJavob:Y = Qlnx +1/x +C")
24. /] +/ifeMN =sia2x.

(Javob: > = C, sinX - X-"sin 2x +Cj.)

25 VXinX=y'" -1)+Q )
26.V -y = = + +Cj.
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77 y’X\Inx = 2y'.

(Javob: 7 2xAnX+2n) +Q).
2.8. "mfJavob; = (to"N)/2 +C,Inx+CJ.
29.

C . X X
{Javob:y - 5 arcsin— 1?— N —xN +C2).

2.10. = = /2 +Q).

2.11. {Javob: y = /2-x+C,e™+Q).

2.12. «{Javob: J /3 +Q XV 2+Ch).

213. V =yin(,y'/x),

b; C,

2.14. {Javob: Y * (x +C;)\nx-2x +C2).

2.15. = > +1e+(Javob: Y="~C\1nx~x +C,).

2.16. {Javob:y =— In +C.).
2Ci x+C, n

2.17. +is(Javob:y = -— {C ,x-if'* +Q ).
JCi

/- — ¢ - =x(x-1).
2.18. N

(Javoé; 7 =x\'8- XV 6 +C X" 12-C\X +C").
2.19. y"™+y’Igx = seex.

{Javob:y = —sinx —C. COSX+ C2X+ C3).

220 y”~"2~yctgx —sinmX

(Javob:J = -sin?*X/3+Qx /2-Cjsin2x/4+Q ).
221. V'"+4Y =2x7
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(Javob:y =~
222. V -y =2iV.
(Javob: Y =7 " (x~I) +c / +Q).

2.23.
224, yrH+NY' ~ 2X
1 . 1 Q R N AN
{Javob:y = — sin2x —— —-cos2x e +C2).
10 20 n
225, J"+3¥=sinx.
(Javoe;j =-"co8n:- —
226. -V'=y~rni N= * Cr>—

227. 2W =y'-4.4_,,Ni,y =7 (C ,x +4)=" +Q).

2.28. =
C rs
{Javob:y =~ ~ (2Inx - 3) +" 224 n

l«g .+ =2.23,b:Y=2xXx+C, AX +C,),

2.2,.
2.30. =2,y.Mr,b:>=CXV 3+Qx +C,).
3. Tartibi  pasaytiriish muffikm bo‘lgan differensial

tenglamalar uchun Koshi masalasini
3N. y"=yr XO)=o0, /(0) =i
{Javob: jy= - Injl - xj, 7 = Q).
3.2. y"+2.KF'=0, X0)=1 /(0)="-
(Javoi,;>' = (I+3j=/2)"", ~ =D-
3.3. AV + /N =0, X0)=), Y(Ol="m

(Javob:y = 7i2x +Y,y = 1),

308



+ y(0) =2, y(0) =1/3.

(Javob: £= /3-j -2/3, j -2).
3.5. 7\ =2, y'(l) =2
(Javo6; -2X), yMtv1i2\
¥
3.6. 2.»'m=Y".I'(0)=Ly",,r,3,= +1

3j,yy’-y"--y\ J(0)=1 /(0)=1

(Javob: X =In(i + V2)xIn———......)
1+V>" +1

37g_/=~=1/(2]), 7(0)=1/2, /(0)=V2

(0flvo6.—> = M'An2 +1/4)
39.y =l-y% J(0)=0, y(0)

(Javob: X = xin M +

3.10. [/ Ko)=2/3, y(o)=1.
= + >=2/3).
311. 2V =y '+l y0)=2, /(0)=1
>
X+2
(Javob:y = M +1)

312. y =2-j,><0).=2,y(0)=2
(/fav06.-3" = 2smx +2.)
313. / =1//-X0)=1~/(0)=0 LA
3.14. >7""-2y~n0,.K0) =1y (0) =2
(Javob:y - 1

' l-2x' D
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/ =/ +y\>'(0)=0,y(0) =1.

3.15.
{Javob: X = In » y-0.)

y'+~ay~=o0, y(0)=0, y(0)=i.
3.16. L2

e Loa=0)

y ’
(Javob: X+l
317. y"(*+M) = =0,;;'(0) =1-
(Javob:—-— ——- y=0)

4 Al+yy

3.18. /(27+3)=-2y” -0,><0) = 0,y(0)==3.
(Javob: j; = ] -1), y =0.)
319 AYM1+Y">+(0) = 1,Y(0)=:0.
(Javob: X=2In" y +1 +4i"\X f- A, )
300, 2Y"=(>"-1=y.j(0) =2y(0)-2.
1

(Javob:y —1+ , 7=2)

I—2x
301 1+ Y =iyii(0)=iy(0)=0.
(Javob: X = Iny )
302 Y +yy'~"0, y(0)=1, y(0)=2.
(Javob:y = \j6x+I,
323. Jy"-y'=0> J(0)=1 y(0)=2

(Javob: y = /A
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3.24. Inj*,.y(0) =1,/(0) =1.

(Javob: X=1InInj +yjhAy +1)

3.25. +0+ =0,40)=1Y(0)=1
{Javob: X= — —— 1, y =Y\

I-hxy
326. /0 +3)=y" +y.50)=2,Y(0)=2.
{Javob: Y —

327. Y =Y//9>'(0) =1,Y(0)=2.
{Javob: y—={x+iy, j =1)
328. y =i/0 +y'). 4A0)=0, Y(0)=0.

{Javob:x = 2arctg-Je™ -1.)
3X  yy"-2yy"™My =y\ V(O0)=1 y'(0) =1

{Javob: A~ A
3.30. = 3(0>=J"(0)=«-(/<.voi:x=] /-)

4. Quyidagi tenglamalarai integrallang.

-dy-~dx =0.

41. ~ n {Javob:y /X=C.)
xdy-ydx

4.2. {Javob: arctg{x/y) = C.)

{2x-y+])dx +{2y-~x-I"dy.
{Javob:A"-Ay" A Ay = AN

+4 A= 0
4.4, tE 43
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+(n

(Javob:

45. =
N X N — y ____y/\

(Javob:AMA-yn ~x =C.)

2x(l-e™)
4.6. o e
6. + +dy =0 et ~]
{Javob: ----=c.)
/\
2x y"=3x” A
[0 ) G i — dy =0. 1
4.7 y STo=9)
{Javob:y y

4.8. i"N-eM)dx+eNy{I"xly)dy )"

{Javob:" +ye™r =C.)
+Y) +;(xX" +2jM)y =0.

49.
{Javob:  +x"y" +y* =C.)
410. (3™ ="NADN +(BxNy +4y")D = o.
{Javob: A +y =C)
4.11.
X
Vo y dx + dv=0
2+ y y Reiyr y yr V=

{Javob: *x*+ y™ +injxyj +~ = C)
y

178V - X' se'ynrdy+
412, Peserynay

{Javob: xtgy44 4~ \
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2x + dx=--~"~dy
4.13. Y ) Xy
{Javob: x* H-----~ = C.)
y N
_S_!D__Z_?E__h dx + V_-_Sm‘ X dy =0
414, 3 y
(Javob: =
2 y
4,15. 2 %2 _y)dx + (2y —X+ 3y )dy = 0.
{Javob: A
xdx +ydy xdx- ydy _ 0
416. v
(Javob: » + W =C))
X

(BxNy +yM)dx+{xN+3xy~)dy~0.
{Javob: xy(x™' +y~) = C.)
4.18. + an)dy + x(x» ~y™ —aN)dx = 0.

{Javob: A +3MIA + 2 ()N -x ) = C)

419.  sm>+j;sth x+-Llgx+ xcos>n-cosx- dy
X y
(Javob: Ny oA
i {
+
4.20. z____S_lnLC__O__S_ lX dk + ____X5_ _____ sm:; dy -
COS yX Acos  yx

(Javob:ig”™-cosx-cosy - C.)
A2X  (3x™ —y cos Xy +y)dx + (x —x cos xy)dy = 0.
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! dx + dy~O.

422, ~ A - Y

(Javob: 3x~ + 877 =C)

4.23.

—~="+ 2xysmxNy + 4 dx + +x"sm.x"y dy =0
[27:cy J

(Javob:-cosxMy+4x- C)
424, y37bi3dx + (x3721n3-3)dy = 0.
(Javob:~AN-Ny-C)
4.25.

e+ 3x>" dx+  IxAyA dy = 0.
X -]

(Javob: in X- V+ XV’ =C)

f2¥ +>’COSX>" dx + -X + cosx>' dy - O.
4.26. 3 W

y
(Javob: sin Jiy—4r = C.)

y -2 X
4.27. Xy 7
(Javob: arcsinxy-x~ = C.)
4.28. +28x")ife + (4xV' - Ay™)dy = 0.
(Jevo™r.-M"V -[+4x"=C.)
4729, (2xe"™M' +2)dx + - 3)dy = 0.

(yavofc"'**"” +2x-3y =C.)
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4 30 cos 3x + I")dx + (3y” sin3x - 2y)dy --0.
(v oaov oo ¢ o | 4T7x+C)

S.  Agar y ning ixtiyoriy nugiasidagi burchak koeffitsiyenti,
shu nugtanirig k marta kattalashtirilgan ordinatasiga teng ekanligi
ma’lum bo‘lsa, A(xo, yo) migiadan o‘tuvchi egri chiziq
tenglamasini yozing.

5.1. A(0,2), k=3. (Javob: y-2en).

5.2. A(0,5), k=\7. (Javob:y="5e™).

5.3. A(-1,3), k=2. (Javob: y=3eM").

5.4. A(-2,4j, k=6. (Javob: y=4e

5.5.A(-2J), k=5. (Javob: y=-eM*1°),

5.6. A(3,-2), k=4. (Javoh: j=-2¢

Ixtiyoriy mjgtasidagi urinmaning burchak koeffitsiyenti, shii
nugtani koordinata boshi biian tutashtiruvchi to‘g‘ri chizigning
burchak koeffitsiyentidan n marta katta ekaniigi ma’lum bo‘lsa,
A(xo_yo) nugtadan o‘tuvchi egri chizig tenglamasini yozing.

5.1. A(2,5), n=8.{Javoh:y=5x"1256

5.8. A(3J), n=3/2.(Javobh:y=-xy”" /(3"3))

5.9. A(-6,4), n=9.(Javob:y=-x"/11664.

5.10. A(-8,-2), n=3.{Javob:y=-x"1256.

E"i chizigning ixtiyoriy nuqtasiga o‘tkazilgan normalning
ordinata o‘gidan ajratgan kesmasiningning uzunligi shu nuqtadan
koordinata boshigacha bo‘lgan masofaga tengligima’lum bo‘lsa,
\(x0,y0) nuqtadan o‘tuvchi egri chizig tenglamasini yozing.

5.11. A(0,4), (Javob: y™-x"/16+4).

5.12. A(0,-8), (Javob: y=x"/32-8.

5.13. A(0J), (Javob: y=-x"N4+1.

5.14. A(0,-3), (Javob: y="x"/12-3.

A(xo,yo) nugtadan o‘tuvchi va quyidagi xossaga ega boigan
to‘g‘ri chizig tenglamasini tuzing: koordinata boshidan egri
chizigning uiinmasiga o ‘tkazilgan perpendikulyaming uzunligi,
urinish nugtasining absissasiga teng.

5.15. A(2,3), (Javob: (x-13/4fW=169/16).

5.U.A(-4J), (Javob: (x+17/8fW=289/64).

5.11. A(l,2), (Javob: (x-.2,5/+u”=6,25).
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5A8,A(-2,-2J, (Javob: (x+2fW =4).

5.19. A(4,-3), (Javob: (x-25/8/+u”=625/64).

5.2Q.A(5,0), (Javob: (x-2,5fW=6,25.

A(xo”yo) nugtadan o‘tuvchi va quyidagi xossaga ega bo‘lgan
egri chiziq tenglamasini tuzing.

Egri chizigning ixtiyoriy nugtasining urinmasining Ou o‘qdan
ajratgan kesmasi, urinish nuqtasi absissasining kvadratiga teng.

5.21. A(4,1), (Javob:y=17x/4-x\

522. A(-2,5), (Javob: y=~9x/2-x".

5.23. A(3,-2), (Javob: y=7x/3-x").

5.24. A(-2,-4), (Javob: y=4x-x").

5.25. A(3,0), (Javob: y=3x-x"J.

5.26. A(2,8), (Javob: y=6x-x").

Egri chizigga urinmaning ordinata o‘gidan ajratgan kesmasi,
urinish nuqtasining koordinatalari yig‘indisining yarmiga teng
ekanligi ma’lum bo‘lsa, A(xo, yo) nugtadan o‘tuvchi egri chiziq
tenglamasini yozing.

-4 xX-X)
5.11. A(9,4). (Javob:y= 3
5.28. A(4,10), (Javob:y=7 4x-x)

5.29. A(18,-2), (Javob:y= 44 x~Xx)

5M.A(l,-7), (Javob:y=-6Jx - Xx) *
Namuaaviy variantlar yechimi
1 Differensial teuglamaning xususiy yechimini toping v

hosil gilingan fiinksiyamng x=-3 dagi giymatini verguldan ke>in
ikki xonagacha aniqlikda hisoblang:
yU(x+2/-~=l, y(-1)-1/12, y(-1)=-1/4.
> Berilgan tenglamaning umumiy yechimini topami
(811.5ga garang, 1xildagi tenglama):
1 I dx 1

Y xwoyn Y wx+2)  4(jc-l-2)
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Boshiang‘ich ~ shartiardan  foydalanib, C/ va
laminggiymatlarinianigiaymiz:
y(-1)=- 1/12-Ci+C2=1/12, Cl- C2=0,
y'(-1)= -1/4+Cin-1/4, Ci=0, C2"0.
Boshlangich shartlarni ganoatlantiravchi, dastlabki
tengiamalaming xususiy yechimi quyidagi ko‘rinishda bo'ladi;
y=1/(12(x+2y)
y(x) ftinksiyaning x=-5 dagi giymatini hisoblaymiz.
- - = - — = - <
y(-3) 130357 T 0,08
2. Tartibi pasaytiriiish mirnikin bo‘lgan differensial
tenglamaning umumiy yechirnini toping.
y ("D y'=0.
Berilgan tenglama 1l xildagi tenglamadir. (811.5. 2-misolga

garang).
Shuning uchun y'=z(x) almashtirish bajaramiz. U holda 3, -

dz
dx
dx dx
dz _ dx ¢z F dx
Z +V A +1.

va e‘+l=t o‘zgamvchilami almashtirish yo‘li bilan
quyidagini topamiz.
In/z/ = In (eN+])-In e™+In C
Oxirgi ifodani potensirlab, dastlabki tenglamaning umumiy
yechirnini topamiz:

z=Ci dx = Ci(xeM+C2 y = CAj"~dx =
Ci(x- e-M) + Q@2 <

3. y(Dh=ly '(1)=0, boshlang‘ich shartlarni
ganoatlantiravchi, tartibi pasayuvchi, y™ y'=l differensial

tenglamaning yechirnini toping.
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> Berilgan tenglama HI tip”~a tegishlidir. (8ii.5. 2-misol
garang). Shuning uchun, y '=p(y) almashtiristi yordamida
tenglamaning tartibini pasa>airamiz. U holda,

LTy dp
y"Ep-
dy
Bundan,
pdpn~*"
dy yr
pap =1~ Z-=J_C°*
y" 2 2yN
=+
dx y ’ N+ 2CyN

x=t . T» +CAr=f(1+2Cy) -"dd+Qy),
yll+2Cy *C

X=t"iTcy Q.

ya’ni, dastlabki tenglamaning ummniy yechimirii hosil gildik.
Endi boshlang‘ich shartlardan foydalanib, Q va C2 laming
giymatlarini aniglaymiz. x=1, y=1 va y'=0 da quyidagiga ega
bo‘lamiz.

1212— AN+ 2Ci +C2,0=1yjl+2Q
q
bundan, 1+2C,=0, Ci=-1/2, €2=1.
Natijada, dastlabki yechim quyidagi ko ‘rinishga ega bo‘ladi;

x=+§jl-y +1
Geometrik nuqgtai nazardan bu yechim (x-If+y~=I
aylananing o°‘ng yoki chap tomonining yarmini tasvirlaydi. <
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4. Tenglamani integrallang.

(1 _"3 +4)d™+(. 1 -3xy™)dy=0.
X y
Quyidagi belgilashlami kiritamiz:
P(x,y)=l/x-y~+4,  Q(x,e)™-lly-3xy™  (11.26) tenglamaga
garang.

U holda, =-3yN N =-Sj;
dy Y dx :

; ] bo‘lganligidan, berilgan tenglama to‘la differensial
y X
tenglamadir. Uning umumiy integrali (11.24) forrnuladan topiladi:

Ndy 7 +apx+f (--1-3x,, yN) dy = C,
nUK y

Quyidagiga ega bo‘lamiz;

dx X .
‘ dx- ri”™-3xJ y~rdy="CH,
0 X, YOy yit
X X
In [X| +¥X mn 3 N -3X y y

Jo
In \X\-In\xo\-xy"+xoy+4x-4x(rin\y\+In\yo\-Xoy~+Xo y I = Co,

n|- \-x/+4x=C,

y
bu yerda,

C=C,+In +4xg 3o
>0

S. Agar koordinaia o‘glari bilan hamda egri chi/i(jiiin)>
ixtiyoriy nugtasiga o°‘tkazilgan urinma va urinish nuqgtasinin)’
son bo‘lib, 3 ga teng ekanligi ma’lum boisa, (11.3-rasm)'i
garang) A(2,2) nuqgtadan o‘tuvchi egri chizigning tcnglaiiiasiiii
yozing.

Quyidagiga ega boiamiz;
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MC + DC\

Sdmco- ocC
2

IMCi=y, |DO01=
+DB +BO DB + MC\=+DA +y.

OC|=x, + DB|=-|BMltga=-IBMiy’=xy’.

bu yerda, agar y'= tga< 0 bo'isa, (x<xi, 11.3-rasmga garang)
IpB\ oliga “+” belgisi qo‘yiladi, agar y'= tga> 0, bo‘lsa, (x>xi)
¢idiga  belgisi go‘yiladi.

Shuning uchun ikkala holda ham jDO|=-xy "+u. Shularni
~’tiborga olib, quyidagilami topamiz:

Sdmco= N mxX = 3 + No= 3,

2 6 .
Xy'+2xu=6,y‘— y~ — r-Xi"0.
X X

Birinchi tartibli chizigli tenglamani hosil qiidik. Buni
AAlfamiz;

u=u3, y'=u3+u3d’, "
X
2
. 0)
dx X X
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ds 23 _ 2dx

3 x [ 7 S —~ X L ]
'd3  ~ fdx

=2 J— w9 =2nx|,.9 =X

Topiigani9— ifodani (1) tenglamaga go‘yamiz: u :)Z
M=-6 *=-4+¢
U holday”~u-3 = (4/\- +C)x" =- +CX'
X

Egri chizig A(2,2) nugtadan o‘tganligi uchun, 2=2/2+4C,

C=l/4.

Manayotgan egri chiziq teiiglamasi quyidagicha bo‘ladi.

u—2H2% 0exAXq —~16
X 4

Uslibu chizig 11.3-rasmda tasvirlangan boiib, X j=I1" da
minimumga ega bo‘ladi.

K

1.1
1.2.
1.3.
1.4.
1.5.
1.6.
1.7.
1J.
1.9.

11.3. iHdividiial (ly vazifaiari
Differensial tenglamaning umumiy yechimini toping.
a)y"'+4u--=0; b)y" -10y+25u-0; v) V'+iy" +2y=0.

a) y''-y'-2y=0; b) y"+9y=0; v) y "+4y" +4y=0.
a)y"-4y’=0; b)y''-4y'+13y=0; v)y "' =3v"' +3y=-0.
ajy"-5y'+6y=0; b) y"+3y'=0; v) y"+2y" +5y=0.
a)y"-2y+]0y=0; b)y"+y=2y=0; v) y"-2y=0.
a)y"-4y=0; b)y"y"+2y'+17y=0; v) y"-y'-12y==0.
a)y™ +y'-6y=0; b)y™+9y'=0; v)y ™4y +20v=Q.
) y'"-49y--"0; h)y "4y'+5y=0; V) y"'+2y'~3y=0.
a)y"+7y'~-=0; b) y"-5y"+4y=0; v)y"+16y"0.

1.10. a)y -6y +8y=0; b) y"'+4y'+5y=0; v) y"'+5y'-=0.

1.11. a)y™8y'+3y=0; b) y"3y=0; v) y"-2y'+10y=0.

1.12. a)y "+4y’+20y=-0; b) y*'-3y=10y-"0; v)y'-16y=0.
1.13.a) 9y "+6y'+y=0; b)y’=4y'-2ly=0; v) y"+y="0.

1.14. a) 2y" +3y'+y=0; b) y"+4y'+8y="0; v) y'"-6y'+9y=0.
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1.15. a)y"-10y'+21y=0;b)y" ~2y'+2y=0; v) y"+4y'=0

1.16. a)y"+6y'=0; b)y+10y'+29y=-0; v)y"-8y'+7y=0

1.17. a)y""~-25y=0; b)y"+6y+9y=0; v)y"+2y'+2y=0.

1.18. a)y"-3y'=0; b)y"-7y'-8y=0; v)y"+4y'+13y=0

1.19. a)y"-3y'-4y=0; b)y"+6y'+13y=0; v)y"+2y'=0

1.20. a)y"+25y'=0; b) y"'-10y'+16y=0; v)y"-8v+16y=0

1.21.a)y"-3y'-18y=0; b) y'-6y'=0; v) y"+2y'+5y=0.

122.a)y"-6y'+13y=0; b)y"-2y'-15y=0; v)y"-8y=0.

1.23. )y +2y’+y~0; b)y"+6y'+25y=0; v)y"-4y'=0.

1.24. a)y"+10y'=0; b) y"-6y'+8y=0; v) 4y" +4y'+y~0.

1.25. a)y"+5y=0; b) 9y"'-6y'+y=(); v)y" +6y'+8y=0.

1.26. a)y”+6y+10y=0; b)y"-4y'+4y=0; v)y'-5y'+4y=0

1.27. a)y"'ry™O; h) 4y"+8y'-5y=0; v)y"-6y+10y=0.

1.28. a) u-"8y+25y=0; b)y"+9y'=0: v) 9y"+3y'-2v"--0.

1.29. a) 6y"+7y-3y=0; b))y +16y=0; v) 4y"-4y'+y=0

1.30. a) 9y"-6y'+y=0; b))y "+I12y+37y=0; v)y'-2y'=0

2.2.1.y"+y=2x-l. (Javob: j=C;+Q e M+™3x)

2.2. y"-2y'+ 5y =10e'‘cosx. (Javob: y=é"(Cicos 2x + C?
sin2x)+e''c0s2x).

2.3. y’:2y' -8y =12sin2x-36c0s2x. (Javob: y=Cie~+C2e™
+3c0s2X).

2.4.)"- 12y" +36y =14e™ (Javob:y-Ci eM+C2e

2S.y"-y'+2y =(34-12x)e"". (Javoh:y"Ci(?+C2™ +(472x)é'N).

1.6.y""-6y" -\-10y =51é\ (Javob:y=e"(CtCOSx+C;}Sinx)+3é").

2.7. y"+y=2co0s x-(4x+4)sin x.(Javob: y=C,cosx + C”/sinx
+(XN+2X)Cc0sX).

2.8. y"+6y’ +10y =74 (Javob: y=eNM"+(Cicos x+C-, sin
X)+2e ).

2.9.y"-3y"+2y =3cos x+19sin x.(Javob: y*Cie" +C2e""*H5cos
X + sin. x).

2.10. y"+6y+9y = (48x+8)é‘. (Javob: y=Cie™
N-+(3x-1)en).

2.11. y"->.5y'=72e™ (Javob: y=Q + C2M-"M+3eM).

2.12. y"-5u-6y =3cos x+19sin x. (Javob:
+C2e'M'"+c0oSX-2S5inX).
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2.13. y"-8u'+12y =36x-96x" + 16x-2. (Javob: y=Cie"
+Cle™M+3x-xN).
2.14. y"~8u'+25y =18e™\ (Javob: y=e - (Cicos 3x +

3x)+\e>")

2.1S.  y "Ou'+20y =126eM". (Javob: y=Ci e™+ S2®

2.16. y"+36y =36+66x-36x{ (Javob: y=Cjcos 6x+C2sin 6x
-XNE2X+]). :

2.17. ”+y =-4c0s X+2 sinx-36x .(Javob: y=Ci cos x+C2Sin
X + x(cos X -2sin x).).

2.18. y"+2y'-24y =6c0s 3x-33 sin 3x.(Javob: y=—-Cie +C2
e*'"+sin 3x).

2.19. y"+6y'+13y =-7.5 sin 2x.(Javob: y=e (Cj cos2x+C?2
sin2x)+4c0s2x--3sin2x). . X

2.20. y"+5y'=39c0s3x-105sin3x. (Javob: y=—-(C} +C2e +
4c0s3x+5sin3x).

2.21. y"-4y'+29y=104 sinSx.

(Javob: y=e"""(Ci cos5x+CXin5x) + 5c0s5x+sin5x).

2.22. y-4y'+5y=(24sinx+8cosx)eN'".

(Javob:~'y=eYXCl cosx-~"C2inx)+ "Yco.v X+sin X).).

2:23, y"+16y=8cos 4x. (Javob: u=Ci cos 4x+CXin 4x+x

224 .y "+9y=-9x"+12:~~27. (Javob: Cjcos 3x+CXin 3x+x"3).
2.25. y"-12y'+40y=2eM'. (Javob: y”eN"(Ci cos 2x+C2sin

2X)+NeNN).
2.26. y"+4y'--e™ (24cos 2x+2sin 2x).(Javob: Cj+C2 e'M2e"

sin2>9. L~
27, y"+2y'+y=6e").(Javob: y=C}-e~+C2xe+2e™~ +3x e

2.28. y"™M2y+37y=37"33x+74.  (Javob: y=ex(Cjcos
6X+C2Sin 6X)+"-x+2).

2.29. 6y"-y'-y=3eM". (Javob:y=Cle +C2"

2.30. 2y™+7y'+3y=222sin3x (Javob: y=(Cie'c +C2 e

7c0s3x+5sin3x).

323



3.3.1.8y"+ 17y = 10e™;(Javob:y=e~(CiCos+C2Sinx)+2f\)
3.2.y"+y'-6y= (6x+l)e~"y(Javob: y=Ci ™M+ (x-1)en'y)
33.7"-T7y'+ N2y = ;(Javob:y= C,e™ +C2eM+3xe™N)
3.4, y"- 2y'=6 + J2y = 24x7™;(Javob: y= C, +C2 eM+AxN+
3XM+3X.
3.5.y"- 6y" + 34y = {8 cos 5x+60 sin 5x;
(Javob: y=eNM"(Cjcos 5x+C2sin 5x)+2 cos 5x.)
3.6.y"- 2y’= (4x+4)e™\-(Javob: y= Cj +C2 (xN+x)e™N)
3.7.y"+ 2y'+y= AN +24x7N+22x-4;(Javob: y= CieM+C2XxeN+

47N-2X.)
3.8. 4y'= 8-16x;(Javob:y= Ci +C2 2XN-X.)
3.9.y"-2y"+y= 47;(Javob: y= Ci e"+2xV.;
3.10. 8y' + 20y = 16 sin 2x-cos 2X;

(Javob: ye*"**(Cjcos 2x+C2sin 2x)+sin 2x.)

3.11.  y"- 6y" + 13y = 34e™sin 2x;

(Javob: y=e"'(Cicos 2x+C2sin 2x)+2-""‘cos 2x.)

3.12.  y"+' 2y'-3y = (12x"+6x-4)e.;(Javob: y=Cie'M*+C2
e +(xXN-x)N)

3.13.y"+ 4y' + 4y = 6e/;<Javobi:y=C,eM+C2xeN+3xN2-")

3.14. y"+ 3y' =10-6x;(Javob: y=Ci+C2e™  4x.)

3.15. j"+ 10y'+25y =-40+52x-240x"~200x";(Javobh: y=Cie
AM+C2eN" -8xN+4X.)

3.16. y"+ 4y'+20y =4cos 4x-52 sin 4x; *

(Javob: y=e™\(Cjcos 4x+C2sin 4x)+3 cos 4x-sin 4x.)

3.17. y"+ 4y'+5y =5x"~32x+5;(Javob: y~e~(C]Cosx+C2
SIWC)+XN~8x+7.)

3.18.  y"+ 2y'+y = (12x-10)en;(Javob: y=Ci e™+C2 xe
N+(2xMN-5xM)eV)

3.19. y"-4y = (-2x-10)en";(Javob: y=Cicos 2x+C2 sin
2X+(3xN+x)eN)

3.20. y"+ 6y'+9y = 72e”;(Javob: yNACi eM+C2xeM+2eM)

3.21. y"+ 16y = 80e™;(Javob: y=Cicos 4x +C2 sin
4AxX+4e™M)

3.22. y"+ 4y' = 15e";(Javob: y=Cj+C2e~"+3eM.)

3.23. y"+ y'-2y = 9cos x-7 sin x; (Javob: y=Cie™ +C2
A +3sin X-2C0S X.)
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3.24. y "+ 2y'+y = (JI8x+S)e\'(Javob: y=Cj +C2xe 'l
(XN +4xN) e't)

3.25.  y"-14y'+49y = 144 sin 7x;(Javob: |
2 cos 7X.)

3.26. y"+9y=10 e™(Javob: y=Ci cos 3x+C2sin 3x

3.27. 4y"-4y'+y =-25 cos x;(Javob: y=--Cj™ +C2 x 1/
cos X + 4sinx.)

3.28. 3y "~5y'~2y =d cos 2x+38 sin X 2x;

(Javob: y=Cie™® +C2x" +cos 2x -2sin 2x.)

3.29. y™+4y'+29y =26e";(Javob: y=en" (Cicos 5x +C>///

3.30. 4y"+3y'-y =11 cos x-7sin x;

(Javob: y="e +C? +2sinx- cosX.)

4. Boshlang'ich shartlarni ganoatlantiruvchi differciisinl
tenglamaning xususiy yechirnini toping.

~A\y-2ytAy=-12cos 2x-9sin 2x, y(0)=2,y (0)=0.

(Javob: y=-2e""*-4xe‘+3sin 2Xx.)

4.2.y"-6y'+9y= 9x"~39x+65. y(0)=-I, y'(0)=I.

(Javob: y=-6e/"“+22xeN ‘+:)N"3x-"5.)

4.3.y "+2y+2y= 2/+Sx+i, y(oj=I.y '(0)=4.

(Javob:y=e (cosx+3sin X)+x"+2x.)

4.4.y"-6/+25y= 9sin4x-24 cos 4x, y(0)=2, y'(0)=-2-

(Javob: y=e (2cos 4x-3sin 4x)+sin 4x.)

4.5.y"-J4y'+53y 53xN~42x~N+59x-14, y(0)=0, y'(0)=7.

(Javob: y=3e sin 2x+x"+x.)

4.6.y+6y= e ~(cos 4x-8 sin 4x), y(0)=0, y'(0)=5.

(Javob: y=sin 4x-cos 4x + cos 4x.)

4.1.y"-4y’+20y”™ 16X y(0)=1y'(0)=2.

(Javob:y=e (cos 4x-1/4 sin 4x)

4J8.y""-12y'+36y= 32 cos 2x-'r24 sin 2x, y(0)=2, y'(0)=4.

(Javob:y=e -2xN"“+cos 2x.)

4.9.y"+y=x"Mx"+7x-10, y(0)==2,y (0)=3.

(Javob: y=4c0s x+2 sin x+x"~4x"+x-2.)

4.10.y"-y=(l14-16x)e\y(0)=0, y (0)=-L

(Javob: y="-eN+(4xN~3X)eN.)

4.n.y"+8y'+16y=16x"-16x+66, y(0)=3, y'(0)=0.
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(Javob:y=-2err-6xer™+x"-2x+5.)
4.12.y"+10y'+34y=-9e™\y(0)=0, y'(0)=6.

(Javob: y=e "M\{cos 3x +2sin 3x)-e™\)
4.13.y"-6y+ py= (32x~12)sin x-36x cos3x, y(0)=4, y'(0)=0.
(Javob: _y=e "(4cos 4x -3 sin 4x)+2x sin 3x.)
4.14.y"+25y= e* (cosSx-10sin 5x), y(0)=3, y (0)=-4.
(Javob: y=2cos 5x ~ sin 5x~¢cos 5x.)

4.15.y "+2y'+5y=-8e sin 2%, y(0)=2, y'fO)=6
(Javob: y= e”(2cos 2x +3 sin 2x)+2xe c0S 2X)
4.16.y"-10y"-"25y= e y(0)=I, y*'(0)=0.
(Javob: y= 3e™M-2xeN'+

4.ily"+y'-12y= (16x+22)e\ y(OM, y'(0)=5
(Javob:y= +e™M+ (2x+1)eM)

4.18. y"~2y'+5y= 5x"+6x-12, y(0)=0, y'(0)"2.
(Javob:y= (2 cos 2x-sin 2x)+x"N+2x-2.)
4.19.y"+8y'+16y= 16x"+24x~~10x+8,y(0)=I, y'(0)=3
(Javob: y=4xe'N ‘+x/-x+l1.)

4.20.y"-2y’+3y= 36e”cos 6x, y(0)=0, y'(0)=6.
(Javob: y=e™sin 6x+3xe”sin 6X.)

4.21.y"-8y'= 16+48x"'128x"y (0)=-1y'(0)=14.
(Javob: y=2e""'-3 +4x"~'2X.)
4.22.y"+12y'+36=72x"~18, y(0)=-1, y'(0)=0.
(Javob: y=co0s 6x+8 sin 6x+2x~2x.)

4.23.y "+3y'=(40x+58)e™  y(0)=0,y (0)=2. *
(Javob: y=48"N-7+(4x+3)e™)
4.24.y"-9y"'+18y=26 cosx-8 sinx, y(0)=0,y (0)=2
(Javob:y=2e/M-3eM\-sin X-"-C0S X.)

4.25. y"'-"8y'=18x"N-60xM~32x\  y(0)=5, y (0)=2
(Javob: y=3+2e'M-xU3x{)

4.26.y"-3y"'+2y=-sin x-7 cos x, y(0)=2, y'(0)=7.
(Javob: y=¢é‘+2e™N~cos x+2 sin X.)
4.21.y"+2y"'=6x"N+2x+1, y(0)=2,y1(0)=2.
(Javob: y=3-eM+xN-xN.)

4.28.y "+16y=32eM\  y(0) =2,y '(0)=2.

(Javob: y=cos 4x+sin 4x+eN™)

4.29.y "+5y+6y=52 sin 2x, y(0)=-2,y '(0)=—2.
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(Javob:y=2eM""+eN"'-5¢c0s 2x+sin 2x.)

43Q.y"-4y=8e™M y(0)=1y'(0)=-8.

(Javoh: y=3e/N"‘+2eN"+2xeN'".) _

5,/ (x) funksiyaning ko‘rinishi bo‘yicha chizigli bir jinsli
boimagan differensial tenglamaning y* xususiy yechimning
tuzilishini aniglang va yozing.

5.1.2y"- 7y-+ 3y=m a)f(xH2x+1)e’\- b)f(x)‘ cos3x

5.1. 3y ?y' + 2y= f(x): a) f(x)-3xe*"; b) f(x)-sm 2x -
3c0s2x.

5.3. 2y""+y'-y=f(x); a) f(xHx"-5)e”, b)f(x)"x sin x.

5.4.27" 9y'+ 4y=f(x); a)f(x)=- 2e™'; b)f(x)=e cos 4x.

5.5. 2y”+49y-=f(x); a)f(x)= x"+4x; b)f(x)= 3sm 7x.

5.6. 3y”+10y'+3y="f(x); a)f(x)=e'""; b)f(x)-2 cos 3x-sin 3x..

5.1.y"-3y+2y=f(x); a)f(x)=x+2e"; b)f(x)= 3cos 4x.

S.%.y"-4y+ 4y~ f(x); a)f(x)=sin2x+2e";b)f(x)= XT 4.

5.9, 'Ly+y=f(x); a) f(x) cosx; b)f(x)= 7x+2.

S.m.y"-3y=f(x); a)f(x)"2x"-5x; h)f(x)= e”sin 2x.

5.11.y"+3v'-4y~f(x); a)f(x)"3xe*”; b)f(x)= xsinx.

5.11.y"+hv=f(x); a)f(x)="4xe”; b)f(x)= 2 sin 6x.
5.13.y-6y'+9y=--f(x); a)f(x)=(x~2)e™- b)f(x)= 4 cosx.

5.14. 4/'-5y'+y=f(x); a)f(x)=(4x+2)e\- b)f(x)= e/sin 3x.

5.15. 4y"+7y'-2y=f(x); a) f(x)=3e b)f(x)~ (x-1) cos 2x.

5.16.y"-y'-6y= f(x); a) f(x)=2xe™- b)f(x)= 9cosx-sinx.

S .n.y "-16y=--f(x); a)f(x)=-3e™"; b)f(x)=" cosx-4sinx.

5.18. v''-4y-f(x); a)f(xH x-2)/"; b)f(x)= 3cos 4x

5.19.y"~2y'+2y="1f(x); a) f(xH2x-3)e'M- b)f(x)= e sin x.

5.20. 5y"-6y'+y=f(x); a)f(x)=x"e'; b)f(x)= cos x -sin x.

5.21. 5y"+9y'-2j= f(X); a) f(xX)="x-T; b) f(x)= 2sin 2x-
3C0S2X.

5.21.y"-2y'-15y=f(x); a)f(x)=4xe'” h)f(x)-= xsin 5x.

5.23.y "23y"™M(x); a)f(x)=2xUx; b)f(x)™ 2 cosx.

5.24. y"-7f+12y=f(x); a)f(x)-=xe™'“ +2e”;b)f(x)= 3xsin2x.

5.25.y"+9y=f(x); a)f(x)"x- +4x-3; h)f(x)= xe™hinx.

5.26.y"-4y'+5y=f(x); a)f(x)=-2xe”; b) f(x)= xcos2x - sin2x.
5.21.y"+3y"+2y=f(x); a) f(x)=(3x-7)e""; b)f(x)== cosx-3sinx.
5.2%.y'-8y'r16y=f(x); a)f(x)=2x/"; b)f(x) ~cos 4x + 2sin 4x.

327



5.29.y"+y'-2y=f(x); a)f(x)=(2x-1)e\- b)f(x)= 3xcos 2x.
5.30.y "+3y'-4y=f(x); a) f(x)=6xe”; b) f(x)= x/sin 2x.

Namunaviy variant yechimi.

Differensial tengiamalaming umumiy yechimlarini toping.

1 a; 4y"-lly'+6y=0; h) 4y"-4y'+y=0; v)y"-2y’+37y"0;

Berilgan har bir tenglama uchun xarakteristik tenglama
tuzamiz va uni yechamiz. .Xarakteristik tenglamaning olingan
ildizlarining ko‘rinishiga garab, differensial tenglamaning
umumiy yechirnini yozamiz (11.48 formulaga va § 11.6 dagi 5-
misolga garang).

a) 1+6-0, =3/4, ildiziar har xil va
hagiqiydir, shiming uchun tenglamaning umumiy yechimi
quyidagicha boiadijv=Cie M "+C2'*,

h) 4AN~4Z +\ —Q A, = /12 —1/2 - ildiziar bir-biriga teng va
haqigiydir, bundan kelib chigadiki, tenglamaning umumiy
yechimi quyidagicha bo‘ladi.

y=C,e ™MHCXNN

v) AN2/1+37=0, 2="2 =1-6/ - ildiziar go‘shma
kompleksdir, shuning uchun tenglamaning umumiy yechimi
guyidagicha boiadi.

y = ~(C]COs6x+C2Sin6x).

2.y"- 3y'-4y=6xe”;

1 N3 /1—4 = 0 xarakteristik tenglamasi X \=4,a —
ildizlarga ega. Bundan kelib chigadiki, bir jinsli tenglamaning
Uttiimiiy yechimi quyidagi formula bilan aniglanadi.

ynC,eN+C2CN,

Tenglamaning o°‘ng tomonida joylashgan fiinksiya
bo‘yicha xususiy yechim tuzilishini yozib olamiz ((11.50)
formulaga garang).

y =~{Ax"B)e”™-x

*

Bu yerda, z=a+ib=-J xarakteristik tenglamaning iidizi
t>oiganligidan ("~ + ifodani x ga ko‘paytirdik. A va V
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koeffitsiyentlami ~ noma’lum  koeffitsiyentlar  usuli  bilan
aniglaymiz. Buning uchun quyidagilami tuzamiz.
(2 AX + - (Ajen .

y*"'=2Ae~" +(Ax" +Bx)e~" -2{2AX + B)e-";

y*',y*" lar uchun topilgan ifodalami berilgan tenglamaga
go‘yib, uning ikkala toraonini e'*ga boiib, ¥\ x va x*lar oldidagi
koeffitsiyentlarini tenglashtiramiz ya A va V lami topish uchun
sistema hosil qgilamiz. Shunday qilib, yuqgorida bayon
gilinganlarga mes ravishda quyidagilarga ega bo‘lamiz:

2A+AN+BX-4AX-2B-6 AX-3B+3AXN+3BX-4AXN~4BXx=6X,

A+ 3A-4A -0
x B- 4A- 6A- 3B-4B =6
X< 2A- 2B-3B ==0
BuyerdaA=-~, B=- "
- _ - N
Uholda,,\D f(;xj‘]e

Beriigan, bir jinsli boimagan tenglamaning umumiy yechimi
quyidagi fonnuladan aniglanadi.

y/\y+ y* :CJe&".i. - {/\X/\ + ~ e~/\. <

3. y"+y'=bx+cos2x.

» Tenglamaning A~+A =0 xarakteristik tenglamasining
iidizlarini topamiz. A”- 0, = —f. Bundan kelib chigadiki, bir
jinsli tenglamaga mos keluvchi umumiy yechim qujadagi
ko‘rinishga ega bo'ladi.

y=Cj+C2e”.

Tenglamaning o°‘ng tomonidan turgan f(x)=5x+cos2x
funksiya, fi(x)=5x va f2(x)=cos2x funksiyalaming yig'indisidan
iborat. Ularga quyidagi 2ta xususiy yechim mos keladi:

y I=Ax"+B, y | =Ajcos 2x+B jsin 2x,

ya’ni,y*=;;* + y* Quyidagilami topamiz.

y*'=2Ax+B-2A2SIn2x+2Bicos  2x, y" =2A-4Ajcos 2x-4Bj

Sin2x.
y*' vay*" lar uchun olingan ifodalami dastiabki tenglamaga

go‘yamiz va A, B, A],Bi koeffitsiyentlami hisoblaymiz.
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2A-4Aic0s2x-4B jsm2x+2Ax+B-
2Aisin2x+2Bicos2x=5x+c0s2Xx,
X 2A =5
A+ B =9
C0S2X LGS =
sin2x 2»i,
bundan ~=5/2, B=-5, A,=-1/5, B;=1/I().
Shunday qiiib, dastlabki tenglamaning xususiy yechimi
quyidagi ko‘rinishga ega boiadi:
* N 1 N

1 :
y*=—X 5X--c082X + — sm2x
2 5 1
uning umumiy yechimi esa quyidagicha boiadi
y=y+y"~=Ci+C2 "+ —x"~5x- ~ C0S 2X + — Sin 2X.
2 5 10

4, Berilgan boshlangich shartlarni ganoatlantiruvch
differensial tenglamaning xususiy yechirnini toping.
y"+16y=(34x+13)e\ y(0)=-1, y (0)=5-
+16=0 xarakteristik tenglama A 12 +4i mavhuni
yechimlarga ega. Bir jinsli tenglamaga mos keluvchi umumiy
yechimi quyidagi formula bilan aniglanadi.
y=Ci cos 4X+C2sin 4x,
Uning xususiy yechimi esa quyidagi ko'rinishda boiadi.
y*=(Ax+B)e\ .
Quyidagilami tuzamiz:
y*'=AeN-(Ax+B)e”yy*''=-2 Ae’=+(Ax+B)e™.
y*' vay*" laming ifodalarini dastlabki tenglamaga qo‘yamiz.
- 2A+Ax+B+16Ax+16B=34x+13, hosil gilingan ayniyatda
A=2, B=1 lami tuzamiz. U holda
y*=(2x+1)eN
boiadi va dastlabki tenglamaning umumiy yechimi quyidagi
ko‘rinishdaboiadi
y=C]Cos 4x+C2sin 4x+(2x+l)e”.
y(0)=-1, y*'(0)=5 boshlangich shartiardan foydalanib, Q va
C2 laming giymatlarini hisoblash uchun quyidagi sistemani
tuzamiz.
y(0)=-1=Cj+l
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y'(0)=5--=4C2+2-I
bundan C]=-2, €2=!. Cjva C2laming gijTnatlarini umumiy
yechimga qo‘yib, dastlabki tenglamaning xususiy yechimini
topamiz.
y=sin 4x-2cos 4x+(2x+l)e”. A
5. f(x) fimksiya ko‘rinishi bo‘}ficha y*"-9y=f(x) chizigli bir
jinsli bo‘lmagan differensial tenglamaning y* xususiy yechimini
aniglang va ko‘rinishini yozing
a)f(x)=(5-x)en"; h)f(x)=xsin 2x.
>-A"-9=0, tenglamaning yechimlari X]=-3, A2=3 lardir.
a) f(x)=(5-x)en" bo‘lganligidan, uning xususiy yechimi
guyidagi ko'rinishida bo‘ladi.
1 ¥=(Ax+B)eMx=(AoM+Bx)e™
Bu yerda, z=a+ib=3 va k=1 bo‘lganligidan x ko'paj*uvchi
hosil bo‘ladi.
b) f(x)=xsin 2x bo'lganligi uchun xususiy yechim
quyidagicha bo‘ladi;
y*=(Ajx+Bj)cos 2x +(A2X+B2sin 2x. "

11.4-1UT
1. Chiziqli birjinsli differensial tenglamaning xususiy
yechimini toping.
1.1. y"™'-7v'"+6y'=0, y(0)=0, y'(0)=0, y'Y0)=30.(Javob: j=5-

6en+en)
1.2./-9); "™=0,y(0)=1,y '(0)=-i, ™0)="0,y "™'(0)=0, y~(0)=0.
(Javob:y=I-x.)

1.3.y "y"""0, y(0)=0, y'(O)~Cf, y"(0)=-1.(Javob: y=I+x-e".)

14.y "-4y'=0, y(0)=0, y'(0)=2, y "(0)=4.(Javob: y=e "™-1)

1.5. y"'+y'=0, y(0)=0, y (0)=I, y"(0)-1.(Javob: y=I-cos x-
sin X.)

1.6. y"-y'=0, y(0)=0, y'(0)==2, y"(0)=4.(Javob: y=-4+e
N+38%)

1.7 .+2y "™-2y-y—=0,y(O M, y'(0)=--2. y"(0)=0. y "*(0)=8.

(Javob: y=2en*-4xe -4y ? -28M)

\.%.y""+y'~5y'A3y=0, y(0)=0, y*(0)=1> y"(0)=-I"-

(Javob: y=e"-3xé"-e™M.}



19.y "+y'-0, y(0)=0, y'(OM, y "(0)=-1.
(Javob: )
1.10. y "'-5y"+8y'-4y=0,y(0)=1,y"(0)--1y*"(0)=0.

(Javob:y=\f [ ]

111 y™niy'™2y'=0, y((0)=0,y (OM, y"(0)=2.
(Javob:y=1-2e +e )

1.12.  y""+3y"+3y'+y=0, y(0)=-1, y'(0)=0, y*" (0)=}.
(Javob: y~- (I1™x).)

1.13.  y"'2y+9y'-18y=0, y(0)=-2,5, y'(0)=0, y"(0)=0.

45% 10 . 5
(Javob:y = -~ 2 X -—c0S2X + ™Msm2x).

1.14. y'"+9y-0, y(0)=0, y'(0)=9, y"(0)=-18.

(Javob -y =-2+2 cos 3x +3 sin 3x.)

1.15. 'y "™-13y"+12y'=0, y(0)=0, y*(0)=I, y**(0)=133.
(Javob: y™0-11e +e )

1.16. f-5y"+4y=0, y(0)=-2,y'(OM, y"(0)-2, y "*(0)=0.

7 7 2 3 2,
(Javob:y— ~InA A

1.17. f-10y"+9y=0, y(0)=0, y'(0)=0, y''(0)=8.y "'(0)=24.
(Javob: y~-2/nn

1.18. y"'-y"+y'-y="0,y(0)=0,y(0)=Iy"(0)=0. -
(Javob: y=sin x.)

1.19. y"-3y"+Jy"-y=0.y(0)=0, y'(0)=0, y"(0)=4.
(Javob: v~2x"e.)

120. y'-yW-4y=0, y(0)=-1,y'(0)=0,y"(0)=-6.
(Javob ey=-2(™+cos 2x+sin 2x.)

121. ’/-2y+y"=0, y(0)=0,y"(OM, y"(OM,y"'(0)=2.
(Javob:

1.22. yV ft y'(0)=0, y"(0)=0, y ""(0)=-4.
(Javob: y=e-"""2 sin X.)

1.23. /-16y-0, y(0)=0, y'(0)=0, y"(0)=0, y "'(0)=-8.

(Javob: y" ANt 4N w1
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1.24 y "+y"-4y'-4=0, y(0)=0, y 10)=0, y"'(0)=12.
(Javob:y=e )

1.25.  >"'+y+9y=+I8y=0, y(0)=1, y (0)=-3, y (0)=-9.
(Javob: y—€0s 3x-sin 3x.)

1.26. y” =0, y(0)™ y'(0)= y"(0)= y"(0)=O0.
yV0)----27.
(Javob: y=1+2x+~x" +xe'\)

1.27. y'"+2y'+y'+18y=0, y(0)=0, y'(0)=1 y"(0)="-3.
(Javob: y=1-e"*+xe"))

1.28. y'"-y"y+y=0,y(0)N-1y(OM, y"(0)=I.

(Javob: y=-4é&‘+7xé‘-'<3")

1.29. y'"+5y"+4y=0,y(OM, y'(0)™4, y"(0)=-1, y "(0)="-16.
(Javob: y =2 sin 2x + cas x.)

1.M.f+10y"+9y=0, y(0)=1, y'(0)=3, y"'(0)=-9, y""'(0)=-27.
(Javob: y= cos 3x+sin 3x.)

2, Differensial tenglamalar sistemasini ikki usulda yeching;
a) yuqori differensial tenglamaga keltirish yo‘li bilan;

b) xarakteristik tenglama yordamida.

X =2x+y. 'Xx=CeNM+C,ef
3 +4 (Javob : )
= 3X : = Al
2.1. y y =3Ce
L=x-vy, X= + 2C"en
(Javob:
=-4Ax+y. \y =-2C"e™ +2C%e
2.2,
X = -x +Sy, X=C(g" +2C"e
‘ (Javob:
y =Xty. y~r-cJ-~cn®
2.3. 4
X =-2x-3y, x=Cle-"+Cy
(Javob :
y X
2,4 3 =



fx'=x -~y
25, 1Y’-N-4x+ 4y
_X'=~2X+ )3
26. b’
fX’=:6x~y,
2N [y’=3x+2y....

~3X +2]j.

X"'=2x+Yy,

28. b ~-6x-3j;.-

Xl"ZX!
211, "=l
2.12,
AX'=4x +2j,
[>'= 4x + 6j;.
2.13.
fx' = 8x-3>;,
7'=2x+ Y.
X'=3X+>

214, > EXAIN

{Javop ; X—a+ai

y = BC,e-* ~CNeN N

,/=-29q-3C,e-"

{Javob: X~ ClrC26”
y =C,6-3C,e~"

X=qe'+qeM
{Javob ;

_ ~2t
b:fx_q+re'

j =-cy+,q.

{Javo

)

{Javob X = C.eNyC.e**

X=qe“+qe"
{Javob ;

<=2Ce" + ic IV

xNqgenN'+Cen'

{Javob:
ar)
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2.15.

X" =2x + 3y,
. ' {Javob :
[>""=5x +4y. Y=~C,e-'lc,e"*
2.16.
X=X+ 2y X0 + G
. . {Javob :
j' =3x+6y. V:-Ig,+,3C>l""‘
X'=5x + 4y, Xx-Qe'+Qe
. 4x+5y {Javob : Q Q
217. 7 a
2.18,
X'- X+ 2y, X=cC
) Y {Javob : Y
y '=4x+3y. >=-Ce'+2C,e'
2.19.
"X'=x+4y, x = Cji
. {Javob:
’y :X+y' y:“C,e'A
2 2
2.20.
fx’=3x-2y,
{Javob :
y' = 2x+ 8y.
2.21.
X'=--x+ 4y,
' , {Javob :
y' =2x+3y. .y--BEC,e“LIC,)/"‘
2.22.
g
X"-7x +3y,

Javob :
Ly'=x+5y. =m { y =-C,e"'+-1-Qe*""
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2.23.
2.24.

X'=.-2xX + 8],
y'=Xx+4y.
2.25.

X'=5+8y,

137'-3x +37.
2.26.
, X'=3X+y,
y'=8x+y....
221.
X'=X-5y,
y'="N-x-byl
2.28.
ix' =~5x +2y,
y'=x-6y.
2.29.
[X "' =6x+3j;,
_y'=-8x-5y.
2.30.
'X'=4x-8y,
ly '=-8x +4y.’

ix =qgen+aen’

X-q+c>®'
{Javob :-
X- Ce™ +
{Javob:
(Javob : x=Ce'+qe™

y = ~4Che-* +2Cne )

X~-"ge-"> + CeN
{Javob :
y = Ce-M+~Cen'n

x = C,e-"44cN-N
{Javob :
y=Ilc,e-"-c,e-""

x = C,e-NMC eN
{Javob ;
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3. Differensial tenglamani ixtiyoriy 0°‘zgarmasni
variatsiyalash usuli bilan yeching.

o
3.1.
Javob :y - +1)+e)- e In— ----- he,)e\
( Y 2 2 Are) r Mo
1
3.2. y'+4y= cos2jt
(Javob :y ~(-~in cos2x + C2)cos2x + (™ x + C2) sin 2x.)
3.3. y"'-4y+5y"
COSX
(Javob :y =(Incosx +Q)e cosx+(x+Cj sin2x.)
sm
3.4. y Ty Cos”X
1 . . .
(Javob :y =—Cj+(In cosx + Cj)cosx + (X --tgx + CJ sinx.)
cos
1
35. y"+9y Cos3x
1 1 . o
(Javob :y = (-~ + C]) cos 3x + (—In sin 3x + Cj)sin 3x.)
xe'* +m
3.6. y"+2y+y Xe
(Javob :y =C,e *+C,xe —g"- —-g"- xe *+xe Inx)
3.7.
COSX

(Javob:y = (hi cosx| + C;)e '"cosx+(x+C2)e "'sinx)
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3.8. y"-2y"-V2y sin“x

X 1 .
(Javob;y =(In(c/g 3 + C,)eMcos x + (-~ h )e”sinx.)
2 sinx

3.9.y"+2y+2y =e~"ctgx.

(Javob:y - Q""'cosx + Cje™"sinx +e~**sinx ¢In tg(x/ 2)j.)
3.10. y'"-2y'+2y=e”/sinx.

{Javob:y = (-x+Q)e" cosx + (In sinx\ + sinx.)

3.11.  y"-2y'+y =eVx~

{Javob:y —(—nx + CNeM + (—1/ x + Cxe"".

3.12. y"+y =tgx"®

{Javob :y = Q cosx + C2sinx - cosx mntg{x/2+;r/4)).

3.13. y"+4y=ctg2x-

Javob \y = C*cos2x+  sin2x+ " sin 2x ¢In tgx .).
3.14. y"+y=ctgx

Javob:y = ( cosX + C2sinx+sinx Wn /gx(x/ 2).).
3.15.  y"-2y'+y =eNx

Javob:y = (—x+C, +(Inx+ Cj)xeM).

3.16. y"+2y'+y = eVX

Javob:y = (~x+C,))e~"+ (inx+ )xe~").

3.17. y"+y'=l/cos x.

Javob:3 = (In cosxj + C,) cosx + (x + C )sinx).
3.18. y"+y=l/sinx.

Javob:y - (-x +C,)cosx + (In sinX\+ C™)sinx).

3.19.  y"+4y =l/sin 2x.
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. X 1 L
Javob;j = {---2-- hC]) cos2x+ (21 In sin 2x| + Cj) sin 2x).
3.20. y"+4y=tg2x.

Javob; V= C, cos 2x + G, sin 2x - 4n ! COS2X).

3.21.  y"+4y'+4y = eMYXN

Javob :y = Q + CjX+1/(2x))x"“N™).

3.22.  yU-4y+dy = eNKN

Javob;j - qe'™ +Qxen" +e"™ [ 2x).

3.23.  y"+2y'+y="e-ANXTI

Javof): = (- - Mx+if +22M{x+1f+C))e""+{2{x+If +CNxe"™).
3.24. = -Cig™X.

Javob:>=gcosx Cjsinx+cosxelnig(x/2)|+2.)
3.25.  j/"-T'=e”"cos(e").

Javo&:7 =C, + Q"' - cos(e”).)

3.26. 7’7" ssin(e”).

Javi>Z?y = Cj + - sin(e*).)

3.27. y™My=t"X.

Javob \y = Cycos X+  sinx+sinxein xen -2.)

3.28. =2/sin™X.
Javob:y = C cosx+ Cjsinx+2cosxeln ctg(x/2) - 2).

3.29. >-"+2j'+5j;= sin2x

X 1
Javob :y-(—2- +'C,)e"™ cos2x + (zi insin2x +C2)esin2x.)
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3.30. y"+9y= cosSx
1. o
Javob :_y= (—in cos3x +C”)cos3x + (X—+ Cj)sin3x.)

4. Quyidagi masalalami yeching;

4.1. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini
yozing: Egri chizigga urinma, urinish nuqtasidan abssissa o ‘giga
tushirilgan perpendikulyar va abssissa o‘qgi bilan chegaralangan
uchburchakning yuzi o‘zgarmas kattalik boiib b" ga teng.

{Javob:y===2b"/(C")).

4.2. Egri chizigga ixtiyoriy urimnaning abssissa o‘qgi bilan
kesishish nugtasi, urinish nugtasi va koordinata boshidan bir xil
uzoqglikda ekanligi maium bo‘lsa, egri chizig tenglamasini
yozing.

(Javob:y=C(x+y™)).

4.3. Quyidagi xossaga ega bo‘lgan egri chizig tenglamasini
yozing: koordinata o‘glari, egri chizigga urinma va urinish
nuqtasidan abssissa o°‘giga tushirilgan perpendikulyar bilan
chegaralangan trapetsiyaning yuzi o‘zgarmas kattalik bo‘lib, 3a®
ga teng.

{Javob:y=Cx"+2aVx")

4.4. Quyidagi xossaga ega bo‘lgan egri chizig*tenglamasini
yozing: urinma, abssissa o0‘gqi va koordinata boshidan uiinish
nuqtasigacha bo‘lgan kesma bilan chegaralangan uchburchakning
3zi a*ga teng bo‘lgan o‘zgarmas kattalikdir. {Javob:x=ayy+Cy).

4.5. |Ixtiyoriy urinmadan koordinata boshigacha bo‘lgan
masofa, urinish nugtasining abssissasiga tengligi ma’lum bo‘lsa,
egri chizig tenglamasini yozing. {Javoh:Cx=x"}

4.6. Quyidagi xossaga ega bo‘lgan egri chizig tenglamasini
yozing:

ixtiyoriy urimmaning abssissa o‘gi bilan kesishish nuqgtasi,
urinish nugtasining abssissasidan ikki maria kichik bo‘lgan
abssissasiga ega.

{Javob:y=Cx").

340



4.7. Urinma, urinish nuqgtasidan abssissa o‘giga tushirilgan
perpendiiailyar va abssissa o‘gi  bilan  chegaralangan
uchburchakiiing katetlari yig“indisi o‘zgamias kattalik bo‘lib, agar
teng boigan xossaga ega egri chiziq tenglamasini yozing: {Javob:
tjc- C+abiv -j(0<>’<a).)..

4.8. Ixtiyoriy urinmasining abssissa o°‘gi bilan kesishish
nuqtasi, urinish nugtasi abssissasining 2/3 gismiga teng abssissaga
ega bo‘lgan egri chiziq tenglamasini yozing. {Javob:y=Cx”")

4.9. Quyidagi xossaga ega bo‘lgan egri chizig tenglamasini
yozing:

Egri chizigning ixtiryoriy nuqgtasidan o‘tkazilgan urinma va
normalning abssissa o‘gidan ajratgan kesmaning uzunligi 2 1ga
teng.

(./avoB.-x=C+HAfZ£VEN/") £V 5ANN)->>

4.10. A(2,4) nuqgtadan o‘tuvchi va quyidagi xossaga ega
bo'lgan egri chiziq tenglamasini yozing: Egri chizigning ixtiyoriy
nugtasiga o‘tkazilgan urinmaning abssissa o°‘gidan ajratgan
kesmasining uzunligi, urinish nuqtasi abssissaning kubiga teng.

(Javob:y=2J33 x/V *-1)

4.11. A(l,5) nugtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chiziq tenglamasini tuzing: ixtiyoriy urinmaning
ordinata o‘gidan ajratgan kesmasining uzunligi, urinish nuqtasi
abssissasining uchlangani ga teng.

{Javob :y="3xtnx+5x.)

4.12. A(l,2) nugtadan o‘tuvchi va quyidagi xossaga ega
boigan egri chiziq tenglamasini tuzing: ixtiyoriy nugtasining
ordinatasining shu nuqta abssissasiga nisbati, izlanayotgan egri
chizigga shu nugtada o‘tkazilgan urinmaning burchak
koeffitsiyentiga proporsional. Proporsionallik koeffitsiyenti 3 ga
iQng.(Javob:y™=8x.)

4.13. Ixtiyoriy nuqtasidagi urinmaning burchak
koeffitsiyenti, urinish  nuqtasi  ordinatasining  kvadratiga
proporsional ekanligi ma’lum bo‘lsa, A(2,-1) nugtadan o ‘tuvchi
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egri chiziq tenglamasini tuzing. Proporsionaliik koeffitsiyenti 6 ga
teng. (Javob:y

4.14. Ixtiyoriy nuqtasidagi urimnaning burchak
koeffitsiyentining urinish nugtasi koordinatalarining yig‘indisiga
ko‘paytmasi, shu nuqgta ordinatasining ikkilanganiga teng ekanligi
ma’ium boisa, A (1,2) nugtadan o'tuvchi egri chizig tenglamasini
yozing. (Javob:y=2(y-xy.)

4.15.  Ixtiyoriy nugtasiga iiiinmaning burchak
koeffitsiyenti, shu nuqta ordinatasining uchlanganiga teng
ekanligi maium boisa, A(0,-2) nugtadan o‘tuvchi egri chiziq
tenglamasini yozing. (Javob:y=-2e”.))

4.16. Quyidagi xossaga ega boigan egri chiziq
tenglamasini yozing:

Urinmaga koordinaia boshidan tushirilgan
perpeiidikulyarning uzunligi urinish nugtasi absissasiga teng.
{Javob :y"=Cx-X")

4.17. Biror nugtasiga urinmaning burchak koeffitsiyenti,
shu nuqtani koordinata boshi bilan tutashtiruvchi to‘gri
chizigning burchak koeffitsiyentidan n marta katta bo‘igan
xossaga ega egri chiziq tenglamasini yozing. {Javob:y=C)"")

4.18. Quyidagi xossaga ega boigan egri chiziq
tenglamasini tuzing:

Egri chizigga uiinmaning koordinata o‘gWi bilan
chegaralangan kesmasi, urinish nuqtasida teng ikkiga boiinadi.
{Javob:xy=C)

4.19. Egri chizigning biror nuqtasiga oikazilgan
normalning ordinata o‘gidan ajratgan kesmasining uzunligi, shu
nugtadan koordinata boshigacha boigan masofaga teng degan
xossaga ega egri chiziq tenglamasini tuzing.

{Javob:y="{Cx"-").)

4.20. Egri chizigning biror nugtasining abssissasining shu
nugtaga oikazilgan normalning OU o'gidan ajratgan kesmasi
uzunligiga ko‘pa54masi shu nugtadan koordinata boshigacha
boigan masofa kvadratining ikkilanganiga teng boiadigan egri
chizig tenglamasi tuzilsin.



i.Javob:o”™N+y"=Cx\)

4.21. Ou o‘qgi, urinish nugtasining radius vektori va
urinmasidan tashkil topgan teng yonli uchburchak uchun egri
chiziq tenglamasini tuzing.

{Javob:x*+y"=Cy, y"=C"-2Cx, xy=C)

4.22. A(2,0) nugtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chizig tenglamasini tuzing: Urinish nugtasi va Ou
0°‘gi orasidagi urinmaning kesmasi, 0‘zgannas kattalik bo‘lib, 2 ga

teng. {Javob:zxy -yjA — +\n{— N
2+ Vx-

4.23. Barcha urinmalari koordinata boshidan o'tuvchi egri
chizig tenglamasini yozing. {Javob:y=Cx.)

4.24. Har bir urinmasi, urinish nuqtasi abssissasining
ikkilanganiga teng abssissali nugtada u=1 to‘g‘ri chizigni kesib
o0‘tuvchi egri chiziq tenglamasini yozing. {Javob:y=C/x+l.)

4.25. Qujddagi xossaga ega bo'lgan egii chizig
tenglamasini tuzing: Agar ixtiyoriy nugtasidan koordinata o‘glari
bilan kesishguncha, ularga parallel to‘g‘ri chiziglar o‘tkazilsa, u
holda hosil bo‘lgan to‘g‘ri to‘rtburchak yuzi egri chiziqg biian ikki
gismga ajraladi va ulardan birining yuzasi ikkinchisining
wzasidan ikki marta katta ho‘ladi.{Javoh:y=Cx".)

4.26. Agar egri chizigga urinmaning Ou o‘gidan ajralgan
kesmasi uzunligi bo‘yicha wurinish nuqtasi koordinatalari

yig‘indisining — ga teng. bo‘lsa, egri chizig tenglamasini toping.
n

{Javob :y~CxM~""W'x)

4.27. M(x,u) nugtadagi normalining Ox o‘gidan ajratgan
kesmasining uzunligi uVvx ga teng bo‘lgan egri chiziq
tenglamasini yozing.

{Javob: y—x~21In(C/x))

4.28. Urinmasimng Ou o‘gidan ajratgan kesmasining
uzunligi, urinish nugtasi abssissasining kvadratiga teng bo‘lgan
egri chiziq tenglamasini yozing.

{Javob:y-Cx-x".)
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4.29. M(x,u) nuqgtadagi normalining Ou o‘gidan ajratgan
kesmasining uzunligi xu ga teng bo‘lgan egri chiziq
tenglamasini yozing.

{Javob:C=x"/(2y)+Iny.)

4.30. Egri chizig, ordinatasi 2 ga teng nugtada Ou o'giga
45" ostida og‘gan. Uning ixtiyoriy urinmasi abssissa o°‘gidan,
uzunligi bo'yicha urinish nugtasi ordinatasining kvadratiga teng
kesma ajratadi. Berilgan egri chizig tenglamasini yozing.

{Javob :x=(5-y)y.)

Namunaviy variantniyechish.

1. Chizigli bir jinsli differensial tenglamaning xususiy
yechimini toping.

y~-y-0,y(0)=5, y 10)=3, y'(0)=y"*(0hO.

Xarakteristik tenglamasini tuzamiz va uni yechamiz:

+\)=0, \ =1 ™2 >34 = +i.

Berilgan tenglamaning umumiy yechimi quyidagi ko ‘rinishda
bo‘ladi.

y=Cije"*+C2e™MC:Cosx + Casinx.

Quyidagilami topamiz:

y ~C]Je'*+C2eMCssin X+ Q cosx,

y"'=CjeN+C2e"-Cssin x-Casin X,

y "'--CJe'M+C2-Cssin X-Ca cos X.

Boshlang‘ich shartlardan foydalanib, C;, Cz, Os, Q laming
giymatlarini topish uchun sistema tuzamiz va uni yechamiz:

C+ Q+QG=5
cl+ @+ o= 3l 2Ci + 202- 5
Cl+ - =0 -2Ci+ 2@ = 3

—Cj+ QQ—ct= >

bu yerdan C,=1/2, Ci=2, Ci= 5/2, C4=3/2.

Berilgan tenglamaning xususiy yechimi quyidagi ko ‘rinishda
bo‘ladi.

1 5 3
y=—e+2 @M —C0S X+ —Sin X.
2 2 2

2. Quyidagi tenglamalar sistemasini 2 xil usulda yeching.
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a) yiigori tariibli differensial tenglamaga keltirish yo‘li
bilan;

b) xarakteristik tenglama yordamida.

X'==-7x+y, Xx=x(t), x'= dxjdi,

y--2Xx-5y, y=y(t), y'=dy\dt.

Berilgan sistemaning birinchi tenglamasini ditTerensiallab,
quyidagini hosil gilamiz. x"'=-7x"-"-y"

So‘ngra oxirgi tenglamada j*'ni berilgan sistemadagi ikkinchi
tenglamasidagi ifodasi bilan almashtiramiz: x"'=-7x"-2x-5y. Oxirgi
tenglamada y ni sistemasining birinchi tenglamasidan topilgan
v=x'+7x ifoda bilan almashtiramiz. Natijada, ikkinchi tartibli
differensial tenglamani hosil gilamiz.

X!'=-7x-2X-5(x"+ 7x), X "+12x'+J 7x=0.

Oxirgi tenglamani ma’lum usulda yechamiz (8 H.7ga

garang) -

[-+12;. +37 =0, \

x==eN(Cicost+C2sint).

Bundan quyidagini topamiz.

x'=-6e"*(CiCOS t+C2sin t)+e~‘(-Cisin t+C2Cos t).

x va x" lar uchun olingan ifodalami y=x"+7x ga go‘yib,
quyidagini hosil gilamiz.

y'~6e~“(CiCos t + C2sin t)+e™\-Ci sin t+C2 cos t)+7e
~'(Cicos t+C2sin t).

Shunday qilib, izlanayotgan yechimlar quyidagi fimksiyalar
boiadi.

x=e°‘(Cicos t+C2sin t),

y=e'A(Ci(cos t-sin t)+C2(cos t+sin t)).

b)  xarakteristik tenglamasini tuzamiz va uni yechamiz;

=0, (7+A)GB+1)+2=0
X' +12/1+37=0, M"=—-6+],
= —6 i uchun quyidagi sistemani hosil gilamiz, (8 11.7

dagi 2-misol bilan solishtiring)
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(—+6—i)a+P=0
~2a+ (-5 +6- )" =0
-(1 +i)a+~=0
-2a+ (1-0P =0
ot=l, p =1+7 deb olib, dasilabki tenglamaning birinchi
Xususiy vechimini topamiz.

——6 —i uchun
(-7+6+i)a+©S=0Q
—2a+ (—5+6+i)P~0
(-1 +Cja+/7=0
-2a+(1+0~=0
a=lvap =1 —ideb faraz qilib, dastlabki tenglamaning
ikkinchi xususiy yechimini hosil gilamiz.

Quyidagi formulalar bo‘yicha yangi fundamental! yecMmlar
sistemasiga o ‘tamiz.

X i= (Xi+X2)/2, X 2=(xi-X2)/(2i),

y i=(yi+yd/2, y 27(yi-yd/(2i),
Eyler formulasidan foydalanib, (cos™t +
isinpt), quyidagilami topamiz *

Xi=er*cost, X 2="6 "sint,

y i=e'"M*(cost~sint), y 2~e”‘(cost+sini),
Dastlabki sistemaning umumiy yechimi quyidagi ko‘rinishga
ega bo‘ladi.

X=C; X7+C2X2.y=Ciy 1+C2y 2,

ya’ni,

x=e”*(Cicos t+C2sin t),

y-e” “C](cos t-sin t)+C2(cos t+sin t)).

3. Differensial tenglamani ixtiyoriy 0 ‘zgarmasni
variatsiyalash usuli bilan yeching
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én
e"-1

I Berilgan tenglamaga mos keluvchi bir jinsli tenglamani
yechamiz.

y'-y=o0, -1-0, =-1, "2

Bir jinsli tenglamaning umumiy yechimi quyidagicha bo‘ladi.
yrCjemM-C2en

Cl va C2lami x ning funksiyasi deb hisoblaymiz, ya’ni,
y=C/fxX"+C2fxX

quyidagi sistemadan Ci(x) va Qfx) lami aniglaymiz ((11.39)
sisternaga garang).

c;(x)ji +c;_(x)j2 -0,

CI{x)y\"C\{x)y\= fix)]
berilgan tenglama uchun bu sistema quyidagi ko ‘rinishga ega.
C;(x)e*"+C'(x)e" =0,

- c;(x)e"™+c;(x)e" =2e"/(e" -1).

Bu sistemadan awalC2(x), Ci(x), lami, keyin esa C2(xJ va
Ci{xJ lanii topamiz.

2C(x)en41.Ci(x)= A
ell_

dx t=e", X =\nt. dt dt  Cdd _
Q(x) =

en-\ dx = dtl't

347



In f—1—int + Cy = in | ' +C

c;w=-c;wc''=e-"N"/(e'-i).

jc

t=¢d"dt =e"dx.
q(x)=- dx = € dt = e"dx
e" -1 X=Int
tt '+l = i1 +G=-e"-n  si+C.

17\
Shunday qilib, (11.38) formulaga asosan, dastlabki
tenglamaning umumiy yechimi quyidagicha boiadi.

y=(-eN-In -1 + C[)en+(In +Cc,X=
en-
-Cjen+C-2e"+eMNn eNlne"-1 -1.
4. R(1,2) nugtadan oiuvchi va quyidagi xossaga eg:

boigan egri chizig tenglamasini tuzing.

Egri chizigning ixtiyoriy nugtasining radius-vektori, shu
nugtaga urinma va abssissa o‘gidan tashkil  topgan
uchburchakning yuzi 2 ga teng.

11.4-rasmdan ko‘rinib turibdiki, OA = OB + AB =x + AB

. BIViIA uchburchakdan quyidagini hosil gilamiz.



11.4. -rasm

BA\ - .
— -=ctg{ji~a) =~ctg a, BA Je(i; rl,

y

\BA dx dx

dx
Coma™0,5 OA MB =2.

Oxirgi tenglikka \OAWwi\ \MW lar uchun hosil gilingan
ifodalami go‘yib, quyidagi dilTciciisial Iciiglarnani hosil gilamiz.

Jc-y Dy =2, xv-md K=y
dy dy

2
yZd?(—xy 4 dx X 4
dy 7o tdy oy yES

ya’ni, x=x(y) fimksiyaga nisbatan chizigli, 1-taitibli hul)>an
tenglamani hosil qildik. Bu tenglamani x=y alinasiiliii*li
yordamida yechamiz va quyidagiga ega bo ‘lamiz.
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d& dy tdS  -dy

dy vy 9 vy S y
du 4

dynr~ [

Inig<j = Inlyj, &=y,

A-
du=m dgy X=(~ +C)y=Cy+~.

y y y
Izlanayotgan egri chiziq R(l,2) nuqtadan o‘tadi. Shuning

uchun 1=2C+], C=0. Natijada, uning tenglamasi x=2/y yoki
xy=2 bo‘ladi, ya’ni berilgan egri chiziq giperboladir.

11.9 11-bobga go‘shimcha masalalar
1. Lokomativning tezlanishi tortisliish kuchi F ga to‘g‘ri
proporsional va poezd massasi m ga teskari proporsional.

Lokomativning boshlang‘ich tezligi i9o,tortishish kuchi F=6-/c. 3

, bu yerda. 3 -tezlik b, /t-o‘’zgarmas sonlar. Agar boshlang‘ich
vaqtda t=0 da F=Fo=b-k3a boisa, lokomativning t vaqt ichidagi
tortishish kuchini aniglang.

(JaVOb.—F/\FOe_A----,)

2. Uzunligi 1va koVidalang bo‘lgan kesim yuzi S boigan
poiatsim giymati R gacha o‘suvchi o‘zgarmas kuch biian
cho‘zilmogda. Agar simning cho‘zilishi quyidagi formula bilan

aniglansa; A I'k"/,;L’ bu yerda ~-cho‘zilish koeffitsiyenti; Iqg
simning boshlangich wuzunligi boisa, cho‘zilish kuchining
bajargan ishini aniglang.
(Javob:A= )
2F
3. Motorli qayiq koida 3 0=20 km/s tezlik bilan
harakatlanmogda. Motori o‘chirilgandan so‘ng 40 sekund o‘tgach
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gayigning tezligi >90=-8m/s gacha kamayadi. Motor o'chiriigandan
so‘ng 2 minutdan keyingi gayigning tezligini aniglang? (suvning
garshilik kuchi gayiq harakatining iezligiga proporsional)

{Javob: 1,28 km/soat)

4, Suv biian to‘idirilgan balandiigi N va asosining yuzasi
Cl ga teng silindrik idishning asosida yuzasi C2ga teng teshik bor.
Suvning teshikdan to‘la ogib tushib keiish vagtini aniglang. (Ogib
tushish tezligi quyidagi formula biian aniglanadi; 3 = ~2gh bu
yerda h-o‘sha vaqtdagi suv gatlami balandiigi, g-erkin tushish
tezlanishi)

C
{Javob: T= --

5. Zanjirli ko‘prik argonining uchlaridan biri R=5m
balandlikda, uning o‘rtasi esa, ko'prikdan o‘tish gismidan N=4m
balandiikda joylashgaii. Ko*prikning uzunligi Argomning
egilish egri chizigini toping.

{.Javob: y-4=x"/100.)

6. Tog" jinsining boiagida 100mg uran va 74 mg uranli
go‘rg‘oshin bor. Agar uranning yarim tarqalish davri 4-5-10"
yildan iborat va 238 g uranning toiiq targalishida 206 g uranli
go‘rg‘oshin hosil bo‘lsa, tog* jinsining yoshini aniglang. (tog*
jinsining paydo boiishi iarkibida qo‘rg‘oshin boimagan va tezda
tarqaladigan oraliq birikmalarda uran va go‘rg‘oshin targalishi
e’tiborga olininagan deb hisoblansin)

{Javob:975-10"Yil.)
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7. Raketaning massasi to‘liq yonilg‘l zahirasi bilan M ga,
yonilg‘isiz esa m ga teng, yoniig‘l mahsulotining tugash tezligi -
s, raketaning boshlang‘ich tezligi 0 (nolga) teng. Raketaning
og‘irlik kuchini va havoning garshiligini e’tiborga olmagan holda,
uning yonilg‘i yonib bo‘lgandan keyingi tezligini aniglang.

{Javob:C-In(M/m).)

8. Jism yer sathidan 18m balandlikdan 30m/s tezlik bilan
yuqoriga vertikal holatda tashlangan. Balandlikni vaqtning
funksiyasi deb qarab, jismning t vaqtdagi balandligini toping.
Jism ko‘tarilishining eng katta balandligini aniglang.

1 -
{Javob: S=h=_-—gt '+ 30t + IS,heMtta=63,9m.)

9. Ma’lumki, havoda jismning sovush tezligi jism va havo
temperaturalarining ayirmasiga proporsional. 20 minut davomida
jismning temperaturasi 100"C dan 60*C gacha kamayadi.
Havoning temperaturasi 20RC ga teng. Jism temperaturasining
2500 gacha kamayish vaqtini aniglang.

»

{Javob: 1soat 20 min.)



ILOVA

1. Nazorat ishi. “Anigmas integrailar” (2 soat)
Anigmas integaraliarni toping.

sin xdx
L2. I\fI +2c0sx
vsin Xcos' xdx

1.3
x H(arccos
14.
1.5.
1.6. i
dx
1.7.
'COSx d x
18. Vsin™x _
sin xdx
19 V3+2cosx
x-l_dx
1.10. iX-x
x/Narctg xdx
1.11.
3x-1 dx
1.12. 4x'-4x+17
dx
1.13. 2sin x-Scosx
— a:rSV.T'-TT-t"dX
1.14. ®B+2x-x™"
-IMx.

1.15.

dx
116, cVkIn®

dx
1.17. +1

rax
1.18. AMI+4™

I J, SiNn5x *CoS x d x
X<<A|>7?e N

_ X+2
dx
120. X'-2x +2x
sinSx

1.21. +CC$5"5)(_dX
-j-lctg"?;(\dx
1.22. COs"™X
33X+ + 5x+ | dx
L23. ! x +x
dx
1.24.
dx
1.25. (@+x )(arrtgx-3)
ax dx.
1.26. cos? X(] + tgxf
i™\dx
1.27. €V-5
128 (x* +3)e-""i&.
129
r_ 7
8 |3 X
1.30. g



2.1.

2.2.

2.3.

2.4.

2.5.

2.6.

2.7,

2.8,

2.10,

2.11,

2.12.

2.13.

2,14.

2.15.

2.
arcsin xdx

xIn(x” +\)dx

8x-Il
dx
45 +2X-x"

5x-U

-ax
3x"+2 +1

dx

sin?*xcos™ X
xNe
jc cos3xife

arcsin X

i dx
Vi+ X
ihx
—rdx.

X+2
XN+2X +5

miK
X

3x-4
NEX-XN-
msinixdx
3sin x+4

><2+VT+:i

dx.

&

XN +2
X
xl + 3Xll

2.16.

2.17.

2.18.

2.19.

2.20,

2.21.

2,22,

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.
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3x-1 o
VX' +2X+2

\ix]sxxdx.

dx
(I-x)sinxiix:.
e*-I_dX
arctg-Jxdx.

X+2
V4x"-4x +3

J"EzL=1ifc.
V2x' +8x + |

[(x™ +3)cosxdx

3x +2
X +4x +12
X +4
V7 +6x-x"
o dx

*

dic dx.
j3-x-xn
+

X +X+5 dx
X (x+3)(x- 2)

2+l g
mj\ + 6 X —m8x"



X+1
dx.
3.1, S5x4U3x+1
3.1-13
. dx.
|
. X'
3.3, AA
xdx
3.4, cCo03"X
N
35
X-r5
rife.
N3N +6x + 1
x+1 ife.
3.7. 4x7-i2x+3
; X+2 dx.
3.8. Vs +2x-x"
dx
39. 4x"-x
xNdx
310, (F2Tx+H™
1-2x
dx.
311, VT4x®
xdx
3.12. mA+X
3x-7 ;
313 X +Xeaxed’
A X --
2XN -X 1-efe.
3.14. X -x" --6X
X.5,

3.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

3.24.

3.25.
3.26.

3.27.

3.28.

3.29.

3,30.

sindx
1+ cos4x
X+5

-dx.
m2X +2X+ 3

dx dx.
3x~-1
2x-10

dx.
vI+x-xn

al+x0
{ xX—4
"VX'"-2x+3
@ xdx
Jin”™x'

Mx

dx.
1+Vic

dx.

n/2-x"
n/4-x'
rinx
— Adx.
X/\
sinlxdx.

Sx+3
V4x+5-x"
f dx
w XIri’ x

2X+3

mox.

AxN- Bx +7

xdx

dx.
V2X+1+1

+n/2 +x' .

<IX



4,1, *(x+2)(x=+x +1)

4.2.

4.3.

4.4,

4.5.

4.6.

4.7.

4.8.

4.9.

4.10.

4.11.

4.12.

4.13.

4.14.

4.15.

4.
Je+3

g

xdx
9-xN"
iiC
XN +4X-XN-4
3x-1
XM-6x +10
dx

2X"N+1
XN XN +2X+ 2
2x"+1
XN+ 2XN + 2X
dx
3sin X+ 4 cos X

X\cos6xdx.

2x -1
-dx.

5x"-x +2

X -1
X'+8

33X -7

XM +xN+4X+ 4
x—arcthx_d

1+4xn

msin”® X
S dX_
e'cos X
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4.16.

4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

4.28.

4.29.

4.30.

2 () G

W+ 1)(a +x+2)°

dx
w4sinx
XN-57N'4X.

dx

ibx +1-\"
\i“\nxdx.
dx
X*-16
i odx
+

[ | dx
4smx+3cosx+5

xdx
2XN+2x+5
2 -
x -X dx
(7-x/
- 2x+1
X+ + X
dx

dx.

dx

X"-6x49x"

dx
VX"+T +1

sm(lii x)dx.



5.
Ox
51.
dx
5.2. Sin"x
COSX dx
53 l+siax
5.4 COSSXCOSXir.
X+ 2 dx
55. X'-2x"+2x '
xdx
56. X -\
dx.
5.7. X
X4 X
58 ni(2-xy:
xdx
5.9. 1/i+ 3”
5.10 XM[{i + xydx
£ 11 111" xdx.
512 COS 2Xc0os™ xdx.
e"+1 d
-dx
513. e -1
514 X Brx.
5 15 Jx’\y,mxdx.

5.17.

5.18-

5.19.

5.20.

5J1.

5.22.

5.23.

5.24.

5.25

5.26

5.27.

5.28.

529

5.30.
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dx
-NsSinAXCcoS™MX
dx
V(i+77

sin Xsin 3xdx.

{\-Am2Vdx.

dx
mIx-x" +1

xNdx

ctg'/xdx.

xdx
2xX"+5

X4

——dx
#x"-16

X
dx
5-3COSX

ki(x™ +D)iix.
j-"=i=dx.
dx

n /(1 arcsinX

f_ X'-3 ic
«X"*-5xXN +4



. 6.
sinxdx
6.1. V~+2cosx
rx'*-l;\2x-2 .
A dX
62. Xx"-]
63 i{x~+\yydx.
6.4 -j4-x"Ndx
<6
6.5. VX" +VX?
4.C
6.6. "N
07. Jcostsin’\xifc.
6.0 Jsin”xcosxifc.
2x-1
| X dx.
6,9, "IX"-Ax+]
dx
6,10. XsinA3xcosh3x’
6.11 sin  2xcosbjiy,c
+1
X
6.12.
6.13 X-SdX.
< X+l
6.14. 1x"+x+1
4\+X_dx
6.15. '

6.16.

6.17.

6.18.

6.19.

6.20

6.21.

6.22.
6.23.
6.24.

6.25.

6.26.

6.27.

6.28.

6.29.

6.30.

X
IVT+x ~Vi+X
f5x'-8_
XN -4X
dx
'Jx*+2x/\ +2x°
2x"-5x +1
XN - 22X+ X

Jsmbxcos3xife.

dx.

jsin™x +
] ]-dx
C0S"X

(x-1y(x +3

\x+\)e~dx.
Sirs™ Xcos*xdx.
(+sin™*x)i&.

v
X
x{\x+\ibx)
dx
3+5sinx +3cosx

sin’x dx
1+cosx
dx
tg 3x
dx
2sinX-cosx



2

“Differeiisial tenglamalar” (2 soat).

Nazorat isM.

Berilgan differensial tenglamalami yeching.

T.
1.1.y'-y/x-l/(sin{y/x))=0.

12.xdy-ydx=~""

1.3. xhi=xy+y™.

1.4. xdy=(x"~2y)dx.
1.5.>"'+5y/x-2/r"=ft

1.6. xdy+yMx="3(x -y )dx.
1.1.y"="M+y/x+(yIxy.

1.8. (x™N+y™N)dx-xydy=0.
1.9. xy*y=x"cos X

3
=X

1.10. .y-
1.11. y'+2xy=2xy".
1.12. xy'+xy+x+1=0.

1.13. y'+2y/x= X

2.
2.1. y'co,i"x+y=ig x.
2.2.y'+y COS X= COS X.

2.3. Incosydx 'tgydy=0.

2A.y'=igx-igy
2.5.y" cosx lny=y.

" ig ydjc----—-dy.
1

2.6. X-
2.7. > - .

2.8, 0 + £2YyRdy = e“dx.
2.16. yUix=(xy-y")dy.
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1.14. y'+2xy=xer" .
1.15. xy+y"=(2x™N+xy)y".
1.16. xy'+y=sinx

1.17. xy'+y=sin X.

1.18. xy'-y=xtg
1.19. y'-yix=e>'""

1.20. y'+y tgx - J/cos v.

(¥/%).

1.21. y tos x-y sin x sin \

1.22. xy'=y+x
1.23. y +xy--=x\

1.24. XlIn (x/y)dy-ydx 0O
1.25. (xyc™-"+ybdx V

1.26. xY 2xv I

1.27. dy (y+x")d\.

1.28. (x™-i)y".\y
1.29. y'~2xy xr

aW.

1.3». xy'-"3y-x'y™

1.31. y'-y=e\ '

2.9.

ydx - (11 <')su' " n/i’

2.10. i
211, y +>'=

0.
i’ v.

212 {x+y)dx-hxdy O.
2.13. 1+(3-\-v'y 0.

2.14.

\Y 1
X COS— (ydx -yxdv) \ sm

X

2.15. y"

T
\

A



2.17.y'+
4.xy
2.18.y"+x+1

2.19. xy~y-ny.

XN+

2.20. (x™-2y"N)dx+2:/dy=0.

2.21. x+y=xy".
3 2

222 y+ X X
2.23. y'X+y=-xy",

3.
3.1.j;"co5™x=/.
3.2.y"tgy = 2(y'p,
3.3.y"X Inx=y’.

3.4, (T+xM,.y"=5.
Bb.5.y"+2y(yT=0.
3.6. tgx=sin 2x.
3.7.,y 'ad2x

3.9.xY+xy=1.

3.10.

3.11. y ™sin~x=sin 2x.
3.12. yy"+l=yi

3.13. xy"'=y"i

3.14.

3.15. y"=2yy".

2.24

2.25.

2.26

ANx+yb N
Xy In A X
yA+XY =Xyy".
. y=y'lny.

2.27.

2.28.

3

eMgydx = (1- eM)secMj/h.

2.29

2.30.

3.16.
3.17.

. (|+y/\)dx_/\/\/\y/\
X+xy+y'(y+xy)=0.

2xy'y"'=y4 .
2yyr=lty™.

3.18.

3.19.
3.20.
3.21.
3.22.

3.23

3.24.

3.25
3.26

3.27.
3.28.

3.29
3.30

360

Xy' 'y:X/\/\'/\'
XNy Yy A=0.
x(r'+1)+y=0.
Xy =y'+x\

SAVARE A
XNy''=4,

2
LytJfh~y m
. yNy"-3=0.
Xy"+2y'=0.
1+Y ™ +yy*'=0.
CYYTY
LY =24y,



4
4.1, v"-5v'I6i' n, y{0) ().y'(0)=l.
42.4y"S "1l 5<mx y(0)=0,y Ll =-1/13.
4.3.y"16y" 1i.[V ?.6x-1,y(0)=0,y'(0)=I.
4.4. 2y"-y" | L\ v(0) 0,y'(0)=l.
4.5, V'-4r 72, y(i)) [1/2,y'(0)=1/4.
4.6. y"'-y=cos 2x,y(0) -1/5, y*'(0)=lI.
4.1.y"-2y" 15y=5x"-4x \-2,y(0)=0, y (0)=2.
4.8.3" 13y'-lOy xe  y(0)=0, y'(0)=0.
4.9.3™2y"' N (x"+x-b), y(0)=2,y'(0) =2.
4.n.y'"-4y'+4y=sin x,, y(0)=0, y'(0)=0.
4.1hy™3y'+2y=- e-"\y(0)=1, y (0)=0.
4.12.y"+y=-cos =4,
4.13.y"-y= y(0)=1,y(0)=2.
4.14.y""-4y=3e-\y(0)=0, y'(0)=0.
4.15.y"+4y=sinx, y(0)=0, y'(0)=0.
4.16. y"-2y"+2y=2x, y(0)=(), y'(0)=0.
4.17. 2y"+y~y=2e\ y(0)=0, y'(0)=1.
4.m.y"-4y'+3y=2e\y(0)=3, y'(0) /K
4.19.y"+4y=5e\ y(0)=0, y'(0))=I].
4 XK y"+6y'+8y=3x"+2x+1.y(0)- 17/64.y'(0) O
4.21.y =xe",y(0)=0,5y'()
4.21.y"~y=2(I-x), y(0)=0, y*'(0) /.
423.y "-y=9x ,y(0)=0,y (0) m-5.
4.24.y"-6y'-roy=e™M yd)=1y'(0) O
4.25.y"-\-4y=xe-"y(0)=0, y'(O)™ 0.
4.26.y"-4y+5y=--xe™\y(0)=--1, y'(QY 0.
4.27.J "~3y"-4y=17sin x, y(0)=-4,y W 0.
4XKy"-3y'+2y=r"{3-71x),y(0)=0, y'(0) (m
4.29.y"+2y"+y=9e™M + x,y(0)=1,y'(0) 2
4.3G.y"+y=sin 2x, y(0)=0, y'(0)=0.



Sy +4y'+4y="
52.y+3y'+2y---1/~"
i

53.y"+4y--= c0S2X

54 y"+y=—=L==.
Vcos2x
1
5.5.v"+jy+6iy=1+e"™
5.6.y"+4y=ctg 2x.
5/1.y"-y=sh x.
54A.y" -3y 2y-"2"

e
S3,y"-4y'+5y=Cc0OSX,
5.10. y"*-+-4y~cos™ X.
511, y"-6y'+9y=
OXN'+6X + 2

X"3x-2)
512. y"+2y'+j=3e™V .
5.13. y"+_y'=igx

1

5.14. y "+#);= c0s2x
e
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5.16.

5.17.
5.18.

5.19.

5.20.

5.21.
5.22.

5.23.
5.24.

5.25.

5.27.

5.28.
5.29,

5.30.

X

y''-6y'+9y=--36""

1
j"+y= cos2x
Y'+4y~2 tgx.

1
v'iu>'=| + e"

1

y"+y=smx

y"+2y'y= X
y m2y'+y
2+ cos™ X
y"+y= c0s"X
y "Hy=tgnx.

IH— A
yU-3y'+2y= I+ et

yr-2y'ty= X

1
y"+y=cos’x
y'"+y=ctgx.
y "4y'+4y
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