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Kirish 

 

Ko‘pchilik oliy o‘quv yurtlari talabalarining kasb egallashida 

o‘rganadigan dastlabki fanlaridan biri oliy matematika hisoblanadi. 

Oliy matematikaning asosiy vazifasi shu fanning tushunchalari, 

tasdiqlari va boshqa matematik ma’lumotlar majmuasi bilan 

tanishtirishdangina iborat bo‘lmay, balki  talabalarni mantiqiy fikrlashga, 

matematik usullarni amaliy masalalarni yechishda qanday qo‘llashni 

o‘rgatishdan iborat. 

O‘zbekistonda kadrlar tayyorlash tizimini tubdan isloh qilish 

jarayonida talabalarni darslik hamda o‘quv qo‘llanmalar bilan ta’minlash 

muhim o‘rin egallaydi. 

Mazkur uslubiy qo‘llanmada har bir bob (paragraf) zaruriy nazariy 

ma’lumotlarni keltirish bilan boshlanadi. Bunda muhim ta’riflar, 

teoremalar, formulalar keltiriladi. So‘ng bir nechta misol va masalalarning 

yechilish yo‘llari va batafsil yechimlari bayon etiladi. Bu keyingi misol va 

masalalarni mustaqil yechishga yordam beradi.  

Har bir bob (paragraf) da mustaqil yechish uchun ko‘p sonda misol 

va masalalar keltirilgan. Ular tuzilishiga qarab (avval sodda yechiladigan 

masalalar, keyin o‘rtacha murakkablikka ega, pirovardida murakkabroq 

masalalar) joylashtirilgan. 

Masalalar sonining ko‘pligi va ularni yuqorida aytilgan tartibda 

joylashtirilishi oliy matematikani turli hajmdagi dastur bo‘yicha 

o‘qitilishida ularga mos keladiganlarini tanlash imkonini beradi. 

Har bir bobning so‘ngida shu bobda keltirilgan mavzularni 

mustahkamlash maqsadida savollar keltirilgan bo‘lib, ular talabalarning 

o‘zini o‘zi tekshirish imkoniyatini beradi.  
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1 bob 

Aniqmas integral. Integralning sodda xossalari va integrallash usullari 

 

1.1. Aniqmas integralning  sodda  хossalari. Integrallash usullari 

1.1.1. “Boshlang‘ich funksiya” va “aniqmas integral” 

tushunchalari. Aniqmas integralning xossalari. ( )f x  funksiya  ,a b  da 

berilgan bo‘lib,  shu intervalda differensiallanuvchi ( )F x  funksiya uchun 

 
   F x f x   

 

bo‘lsa, ( )F x  funksiya  ,a b  da ( )f x  funksiyaning boshlang‘ich funksiyasi 

deyiladi.  

( )f x  funksiya boshlang‘ich funksiyalarning umumiy ko‘rinishi (ifodasi) 

 
  ,F x С C const   

 

( )f x  funksiyaning aniqmas integrali deyiladi va  f x dx  kabi belgilanadi: 

 

   f x dx F x C   
 

( )f x  funksiya  ,a b  da uzluksiz bo‘lsa, uning aniqmas  integrali  mavjud 

bo‘ladi. Funksiyaning aniqmas integralini topish amali funksiyani 

integrallash deyiladi. U differensiyallash amaliga teskari amal bo‘ladi.  

 

Integrallashning sodda xossalari: 

 

1)          ,   d ,f x dx f x f x dx f x dx

    

         dF x F x C C const    

2) ( ) ( ) ( , 0).kf x dx k f x dx k const k      

3)          .f x g x dx f x dx g x dx      

 

Sodda funksiyalarning aniqmas integrallari jadvali: 

1) 1 dx dx x c     , chunki   1 х с . 

2)  
1

1
1

n
n x

x dx c n
n



   
 , chunki 

1

1

n
nx

c x
n

  
  

 
. 
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3) 1 ln
dx

x dx x c
x

     , chunki 

0x   da ln
dx

x c
x
   va   1ln 'x c x  . 

0x   da  ln
dx

x c
x
    va      11

ln 1 .x c x
x

     


. 

4) 
ln

x
x a

a dx c
a

   , chunki 
ln

x
xa

c a
a

 
  

 
. 

5) x xe dx e c   , chunki  x xe c e


  . 

6) sin cosxdx x c   , chunki  cos sinx c x   . 

7) cos sinxdx x c  , chunki  sin cosx c x  . 

8) 
2sin

dx
ctgx c

x
   , chunki   2

1

sin
  ctgx с

x
. 

9) 
2cos

dx
tgx c

x
  , chunki   2

1

cos
 tgx с

x
. 

10)
2

arcsin
1

dx
x c

x
 


 , chunki  

2

1
arcsin

1

 


x с
x

. 

11)
2

arccos
1

dx
x c

x
  


 , chunki  

2

1
arccos

1

  


x с
x

. 

12)
21

dx
arctgx c

x
 


, chunki   2

1

1
 


arctgx с

x
. 

13)
21
  


dx

arcсtgx c
x

, chunki   2

1

1
  


arсctgx с

x
. 

14) shxdx chx c  , chunki  chx c shx  . 

15)  сhxdx shx c , chunki  shx c chx  . 

 

1-misol. Agar   'f x x  va  1 2f   bo‘lsa,  f x  funksiyani toping. 

◄Integrallar jadvalidan foydalanib, 

 
3

2
2

3
f x x C   

bo‘lishini topamiz. Ayni paytda, 

 

 
2

1 2
3

f C    

bo‘lganligidan 
4

3
C   bo‘lishi kelib chiqadi. Demak,  

   2
2 .

3
f x x x  ► 
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2-misol. Ma’lumki, m  massali zarrachaning F  kuch ta’sirida to‘g‘ri 

chiziq bo‘yicha harakati ushbu 

 2

2

d S t
m F

dt
   

qonun bo‘yicha bo‘ladi (Nyutonning 3-qonuni). Agar zarrachaga hech 

qanday kuch ta’sir etmasa, ya’ni 0F   bo‘lsa, harakat qanday bo‘ladi? 

◄Yuqoridagi tenglikdan 

 
0

dv t
m

dt
   

bo‘lishini topamiz, bunda  v t  tezlik. 

Bu tenglikdan 

 
0

dv t

dt
  

bo‘lib, undan 

 v t const  

bo‘lishi kelib chiqadi. Bu inersiya qonunidir: agar jismga hech qanday 

kuch ta’sir etmasa, u tinch holatda yoki to‘g‘ri chiziq bo‘yicha tekis 

harakatda bo‘ladi.► 

 

3-misol. Ushbu 
2 3 5x x

dx
x

 
  

aniqmas integralni toping. 

 ◄Bu integralni aniqmas integralning xossalari hamda integrallar 

jadvalidan foydalanib hisoblaymiz: 
3 1 12 2

2 2 2

3 1 1
1 1 1

3 1 1 2 2 2
2 2 2

3 5 3 5
3 5

3 5 3 5
3 1 1

1 1 1
2 2 2



   


   
        

   

       

   

  

  

x x x x
dx dx x x x dx

x x x x

x x x
x dx x dx x dx C  

5 3 1

2 2 2
2

2 10 .
5

   x x x C ► 

 

1.1.2. Integrallash usullari. Integrallarni hisoblashda o‘zgaruvchini 

almashtirish hamda bo‘laklab integrallash usulidan keng foydalaniladi. 

a) O‘zgaruvchini almashtirib integrallash usuli. Ushbu 
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 f x dx  

Integralda,   x t  almashtirishni  bajaramiz, bunda  t  erkli  o‘zgaruvchi,   

 t    esa  differensiallanuvchi  funksiya. Natijada  

                               

      f x dx f t t dt                                           (1) 

 

bo‘ladi.  

(1) formula integralda o‘zgaruvchini almashtirish formulasi deyiladi.  

 

4-misol. Ushbu  

x x

dx

e e  

integralni hisoblang.  

◄Bu integralni  hisoblash  uchun 
xt e  

almashtirish bajaramiz. Unda 
1

,xdt e dx t dx dx dt
t

     bo‘lib,  

  21 1x x

dx dt dt

e e tt t t
 
 

 
     

bo‘ladi. Jadvaldan   foydalanib  topamiz 

2 1

dt
arctgt C

t
 

 . 

Demak, 

.x

x x

dx
arctge C

e e
 

 ► 

 

5-misol. Ushbu  

2

2 1

1



 
х

dx
х х

  

integralni hisoblang.  

◄Bu integralda 2 1t x x    deymiz. Unda  

     2 21 1 2 1dt d x x x x dx x dx


          

bo‘lib,  
  2

2

2 1
ln ln 1

1

x dx dt
t c x x c

x x t


      

    

bo‘ladi. ► 

 Ko‘p hollarda o‘zgaruvchini almashtirish ifodasini yozish zaruriyati 

bo‘lmaydi. Masalan, ushbu  
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1)  ( ) ,d x a dx a const    

2)    
1

( ) , , 0   d ax adx яъни dx d ax a const a
a

  

tengliklarni e’tiborga olish va uni tadbiq etish yetarli bo‘ladi. 

 

6-misol. Ushbu 

3x dx  

integralni hisoblang. 

◄Bu integral quyidagicha hisoblanadi: 

       
1 3

2 2
2 2

3 3 3 3 3 3 .
3 3

x dx x d x x C x x C             ► 

Eslatma. Ravshanki, o‘zgaruvchi turli usullar bilan (turli  funksiyalar 

bilan) almashtirilishi  mumkin. Ular orasidan shundayini tanlash kerakki, 

natijada (1) tenglikning o‘ng tomonidagi integral sodda holga kelsin. 

b) Bo‘laklab integrallash usuli. Aytaylik,  u u x  vа  v v x  

funksiyalar uzluksiz  u x  va  v x  hosilalarga ega bo‘lsin.  

Ushbu   

udv uv vdu      (2) 

formula bo‘laklab integrallash formulasi deyiladi. U  udv  integralni 

hisoblashni vdu  integralni hisoblashga olib keladi.  

 Bo‘laklab integrallash formulasidan foydalanish uchun berilgan 

integral ostidagi ifodani  u x  va  dv x  lar ko‘paytmasi shunday yozib 

olinishi lozimki, bunda dv  hamda  v x du  lar oson hisoblanadigan bo‘lsin.  

 

7-misol. Ushbu  

 ln , 1nx xdx n    

integralni hisoblang.  

◄Bu integralni  bo‘laklab integrallash formulasidan foydalanib  

hisoblaymiz. 

Agar 

ln , nu x dv x dx    

deyilsa, unda  
11

,
1

n
n x

du dx v x dx
x n



  
   

bo‘lib, (2 ) formulaga ko‘ra  



9 

 

1 1ln 1
ln

1 1

n n
n x x x

x xdx dx
n n x

 
  

    

bo‘ladi. Ravshanki, 
1 11 1 1

.
1 1 1 1

n n
nx x

dx x dx C
n x n n n

 

     
      

Demak, 

 

1 1

2

ln
ln

1 1

n n
n x x x

x xdx C
n n

 
  

 
 .► 

 

8-misol. Ushbu  

arctgx dx  

integralni hisoblang. 

◄Agar  
,u arctgx dv dx    

deyilsa, unda  

2

1
,

1
du dx v x

x
 


  

bo‘lib, (2) formulaga ko‘ra  

21

xdx
arctgx dx xarctgx

x
  

   

bo‘ladi. Keyingi  tenglikning o‘ng tomonidagi integral quyidagicha 

hisoblanadi  

 
 

2

2

2 2

11 1
ln 1

1 2 1 2


   

  
d xxdx

x C
x x

 

Demak, 

 21
ln 1

2
arctgx dx x arctgx x C      .► 

 

9-misol. Ushbu  

 
 

2 2
1,2,3,...n n

dx
J n

x a
 


   

integralni hisoblang.  

◄Avvalo, 1n   bo‘lgan holni qaraymiz. Bu holda 

1 2 22 2 2
2

2

1

1 1 1

1 1 1

x
ddx

dx dx xaaJ arctg c
x a a a a ax x x

a
a a a

 
 
      

      
       

    

      

bo‘ladi.  
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Endi 
 2 2

n n

dx
J

x a



  da  

 2 2

1
,

n
u

x a

dv dx






  

deylik. U holda  

   
1

2 2 2 2

1 2
,

n n

nx
du dx dx

x a x a

v x



 
   
  
 



  

bo‘lib, (2) formulaga ko‘ra 

   

2

1
2 2 2 2

2n n n

x x
J n dx

x a x a


 
 

   

bo‘ladi. Bu tenglikning o‘ng tomonidagi integralni quyidagicha yozib 

olamiz 

 

 

   

     

2 2 22 2 2

1 1 1
2 2 2 2 2 2

2
2 2

11 1
2 2 2 2 2 2

1 1
.

n n n

n nn n n

x a ax x a
dx dx dx

x a x a x a

a
dx dx a dx J a J

x a x a x a

  

 

  
  

  

     
  

  

  

 

Natijada,  

 
2

1
2 2

2 2n n nn

x
J n J na J

x a
    


  

bo‘lib, undan  

 

 
1 22 2 2

2 1

22
n nn

x n
J J

nana x a



  


                                  (3) 

 

bo‘lishi kelib chiqadi.  

Yuqorida ko‘rdikki,  

1

1
.

x
J arctg c

a a
    

(3) formulada 1n   deb  

   2 2 32 2 22 2

1 1

22

x x
J dx arctg c

a aa x ax a
   

 
   

bo‘lishini topamiz.  

Shu tariqa (3) formula yordamida 3,4,...n   bo‘lgan hollarda mos 

integrallar hisoblanadi.► 
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Odatda, (3) formula rekurrent formula deyiladi.  

Aniqmas integrallar jadvali hamda integral xossalaridan  foydalanib, 

quyidagi aniqmas integrallarni hisoblang. 

1.    a)    dxx5 ,                  b)    dx
x

6

6

 ,                       c)    dx
x3

2
.    

2.    a)    dxx ,                 b)   dxx
5  ,                        c)    dxx6 5 .  

3.    a)   dxxx  )1)(1( ,      b)     dxxxxx ))(( .  

4.    a)     dxxx )133( 2 ,    b)     dxxxx )1
3

1
( 24 .     

5.    a)     dxx 22 )1( ,          b)     dxxx 2)1)(1( . 

6.    a)    10 x

dx
,                   b)   


dx

x

xx

4 3

3

. 

7.    a)   



dx

x

x

2

4
,            b)    


dx

xx

x

1

1
2

3

.       

8.    a)   


dx
x

xx
3

2)3(
,       b)    

dx
x

x

12

2

. 

9.    a)    


dx

x

xx

1

2
2

3

         b)     22x

dx
. 

10.  a)   
 dxx 12 ,                b)    x

dx

2
. 

11.  a)   
 dxe x5 ,                b)   

 dxee xx 2)( . 

12.  a)     dxxx )13(3 ,         b)   


dx
x

xx

9

381
. 

13.  a)    dxe xx2 ,               b)     dxe xx )1)(15( . 

14.  a)     dxxx )53( ,          b)   


dx
x

xx

7

53 2

. 

15.  a)     dxxx )cos
5

3
sin

2

1
( ,b)    xxcox

dx
22sin

. 
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16.  a)    xdxtg 2 ,                b)    xdxctg 2  . 

17.  a)    x

dx
2sin

,                b)    x

dx
2cos

. 

18.  a)    
dx

xx

x

sincos

2cos
,      b)    

dx
x

x

cos1

sin 2

. 

19.  a)    xdxcos ,              b)    x

dx

5cos 2
. 

20.  a)   


dx
x

x

cos

2cos1
,         b)     )19(sin 2 x

dx
. 

21.  a)    162x

dx
,               b)     53 2x

dx
. 

22.  a)   
 24 x

dx
,               b)  

 241 x

dx
. 

23.  a)   
 232 x

dx
,             b)   

 2425 x

dx
. 

24.  a)    dx
x

2
sin 2 ,              b)   




dx

x

x

2

2

1

11
.  

25.  a)    


dx

x

x
4

2

1

1
,             b)   


dx

xx

x

cos

sin1
.    

O‘rniga  qo‘yish  (o‘zgaruvchilarini  almaltirish)  usulidan 

foydalanib quyidagi  integrallarni  hisoblang. 

26.       32x

dx
 .                  27.     dxex x22 . 

28.       dxxx 1 .             29.    
 x

dx

1
.  

30.     
 22xx

dx
.               31.     1xe

dx
. 

32.       dxxx 72 )35( .          33.      x

x

e

dxe
24

 . 
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34.     xdx3sin  .                 35.    
 22 xa

dx
. 

36.   
 11 x

dx
.                 37.    

12xx

dx
. 

38.     22

2

)1(x

dxx
.                  39.     x

dx

2sin
 

40.     dxxa 22 . 

Quyidagi integrallarni hisoblang. 

41.     dxx 100)1( .                42.     dxxx 72 )1( .        43.  172 x

dx
.  

44.     dxx 10)58(  .             45.      dxx4 3)32( .        46.   dxxx 10)52( . 

47.   



dx

x

x

1

1
.                 48.     3)5( x

x

e

dxe
.            49.   dxee xx 222 )5( . 

50.  
 
  x

x

e

dxe
10

5

1
.                    51.    x

dxtgx
2cos4

.             52. 
xxtg

dx

25 2 cos
. 

53.
   


x

xdx

cos

sin 3

.                  54.    xx

xdx

4ln

2ln
 .              55. 

 2

3

2 x

dxx
.       

56.    


2

3

91 x

dx
e xarctg .          57.    dx

e
x

tgx

2cos
.              58.  dx

x

x
5cos

sin
  

59.   
x

dxe x

 .                   60.    
2

1
sin

x

dx

x
 .            61.  xdx2cos5 .     

Bo‘laklab integrallash usulidan foydalanib quyidagi integrallarni 

hisoblang. 

62.   xdxln   ),ln( dxdvxu   .         63.    xdxxsin       )sin,( xdxdvxu  . 

64.   dxex x2  ),( 2 dxedvxu x .      65.  xdxx ln      ),ln( xdxdvxu  . 

66.   xdxx cos2  )cos,( 2 xdxdvxu  .     67.  xarctgxdx   ),( xdxdvarctgxu  . 

68.   xdxx sin2  )sin,( 2 xdxdvxu  .   
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69.   xdxx ln3 2 ),ln( 3 2 dxxdvxu  . 

70.    dxxxe x )26( 23  ),26( 32 dxedvxxu x . 

Quyidagi  integrallarni  hisoblang. 

71.    xdxx cos)32( .    72.    xdxx 2sin)41( .     73.     xarctgxdx2 . 

74.  
x

xdxln
.              75.    2

ln

x

xdx
.                76.     dx

x

x
2sin

. 

77.    dxex x2)12( .      78.     dxx )1ln( 2  .        79.     dx
e

x
x

. 

80.  xdx2ln .              81.      dxx x3)2( .       82.    5

ln

x

xdx
. 

83.    x

xx
2sin

cos
 .           84.     2)1(

ln

x

xdx
.              85.     dxx 2)(arcsin . 

86.     sin(ln )x dx .   87.    


dxxe

x

33 .             88.      dxxa 22 , 

)),,0( 22 dxdvxaua  . 

89.   xdxe x  sin   )sin,( xdxdveu x   . 

90. Ma’lumki, og‘irlik kuchi ta’siridagi jismning vertikal harakati 

ushbu 

 2

2

d S t
g

dt
    yoki  

 dv t
g

dt
   

qonun bo‘yicha bo‘ladi. Shu harakatning tezligini toping.   

91. Og‘irlik kuchi ta’siridagi jismning vertikal harakatida jism 

vaqtning t  momentida qanday balandlikda bo‘ladi?         

92. Og‘irlik kuchi ta’siridagi jismning vertikal harakatida jism 

vaqtning qanday momentida yerga uriladi?                             

93. Qurоl оtilgаndа zаrrаchа  12
км

сек
 tеzlik  bilаn  yuqоrigа  оtilib  

chiqdi. Аytаylik, аgаr  zаrrаchа hаrаkаtni  yеr  sаthidаn  bоshlаgаn  dеsаk, 
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uning  ko‘tаrilish  bаlаndligi  qаndаy  bo‘lаdi? Qаndаy  vаqtdаn  so‘ng  

zаrrаchа  yеrgа  urilаdi? 

94. 160м  bаlаndlikdаn  tоsh  tаshlаndi,  bоshlаng‘ich   tеzligi  2
м

сек
 

bo‘lsа,  qаndаy  vаqtdаn  so‘ng  u yеrgа yеtаdi? Qаndаy  tеzlik  bilаn? 

95.  Yerdа  turgаn  оdаm  to‘pni  yuqоrigа  оtаdi. Оtilgаn  to‘p  18м   

bаlаndlikgа  yеtishi  uchun  yuqоrigа  ulоqtirish  qаndаy  tеzlikdа  bo‘lishi  

kеrаk? 

96.  Ushbu 

2
1

x
x e

e dx
x

 
 

 
  

integralni hisoblang. 

A)  
1

,xe C
x

      B)  
1

,xe C
x

      C)  
2

1
,xe C

x
      D)  

2

1
.xe C

x
   

97.  Ushbu 

  0,10,7 0,2 0,5
x

x dx    

integralni hisoblang. 

A)  0,91 1
,

9 2 5ln 2x
x C 


    B)  0,82 1

,
9 2 5ln 2x

x C 


   

C)  0,97 1
,

9 2 ln 2x
x C 


      D)  0,97 1

.
9 2 5ln 2x

x C 


 

98.   Ushbu                     
16

x
dx

x   

integralni hisoblang. 

A)  2 8 ,
4

x
x arctg C      B)  8 ,

4

x
x arctg C 

 

C)  2 8 ,
4

x
x arctg C         D)  2 8 .

4

x
x arctg C   

99.  Ushbu 

2

sin

cos

x x
dx

x  
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integralni hisoblang. 

A)  
1 sin 1

ln ,
cos 2 sin 1

x x
C

x x


 


  B)  

1 sin 1
ln ,

cos 2 sin 1

x x
C

x x


 


 

C)  
1 sin 1

ln ,
sin 2 sin 1

x x
C

x x


 


 D)  

1 1 sin 1
ln .

cos 2 sin 1

x
C

x x


 


 

100.   Agar      2'' 3 , ' 0 1, 0 1f x x f f     bo‘lsa,   f x  ni toping. 

A)    31
,

3
f x x    B)   51

1,
4

f x x x    C)   41
1,

4
f x x x     

    D)    41
1.

4
f x x x    

1.2. Rаtsiоnаl funksiyalаrni, bа’zi irrаtsiоnаl funksiyalаrni hаmdа 

trigоnоmеtrik funksiyalаrni intеgrаllаsh. 

1.2.1. Rаtsiоnаl  funksiyalаrni  intеgrаllаsh. 

 

Mа’lumki, 
A

x a
,    

 
,

n

A

x a
    

2
,

Bx C

x px q



 
    

 2
n

Bx C

x px q



 
 

ko‘rinishdаgi kаsrlаr sоddа kаsrlаr dеyilаdi, bundа , , , , ,a p q A B C  

o‘zgаrmаs sоnlаr, 
2

0, 2,3,4,...
4

p
q n   . Ulаrning intеgrаllаri quyidаgichа 

bo‘lаdi: 

 

1) ln ;
A

dx A x a C
x a

   
  

2) 
    

1
, 2,3,4,...;

1
n n

A A
dx C n

x a n x a


  
  

  

3)  2

2 2 2

2 2
ln ;

2 4 4

Bx C B C Bp x p
dx x px q arctg C

x px q a p a p

  
    

   
  

4) 
     

1
2 2 2 2 2

1 1

2 1 2
n n n

Bx C B Bp dt
dx c

nx px q t a t a


  
   

     
    

bundа   
2

2,
2 4

p p
x t q a     

bo‘lib, 
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 2 2
n n

dt
J

t a



 .    

intеgrаl  quyidаgi  fоrmulа 

 
1 22 2 2

2 1

22
n nn

x n
J J

nana x a



  


 

yordаmidа  hisоblаnаdi. 

Rаvshаnki,  
1 2 2

1dx x
J arctg C

x a a a
  

 . 

Mа’lumki,  rаtsiоnаl  funksiya  ikkitа  butun  rаtsiоnаl  funksiyalаr-

ko‘phаdlаr  nisbаtidаn  ibоrаt.  Bu  funksiyaning  intеgrаli  quyidаgichа  

tоpilаdi: 

1) agаr  kаsr  nоto‘g‘ri  bo‘lsа,  uning  butun  qismini  аjrаtib,  butun  

rаtsiоnаl  funksiya  (ko‘phаd)  hаm  to‘g‘ri  kаsr  yig‘indisi  sifаtidа  yozib  

оlinаdi; 

Rаvshаnki,  butun  rаsiоnаl  funksiyaning  intеgrаli  оsоn  hisоblаnаdi.   

Dеmаk,  nоto‘g‘ri  kаsrni  intеgrаllаsh  to‘g‘ri  kаsrni  intеgrаllаshgа  

kеlаdi; 

2) to‘g‘ri  kаsrni  sоddа  kаsrlаr  yig‘indisi  sifаtidа  yozib  оlinаdi  

(qаrаlsin,[1]); 

3)sоddа  kаsrning  intеgrаllаri  hаmdа  intеgrаl хоssаlаridаn  

fоydаlаnib,  to‘g‘ri  kаsrlаrning  intеgrаllаri  tоpilаdi. 

 

1-misоl.  Ushbu 

2

2 1

5 6

x

x x



 
 

rаtsiоnаl  funksiyani  sоddа  kаsrlаrgа  yoying.   

◄Mа’lumki,      2 5 6 3 2 .x x x x      Undа   

   2

2 1

5 6 3 2

x A B

x x x x


 

   
                                         (1) 

bo‘lаdi.  Bu  tеnglikning  ikki  tоmоnini     2 5 6x x  gа  ko‘pаytirib.  

   2 1 2 3 ,x A x B x      

ya’ni 

 2 1 2 3x A B x A B      

bo‘lishini  tоpаmiz.  Kеyingi  tеnglik  аyniyat  bo‘lgаni  uchun  tеnglikning  

o‘ng  vа  chаp  tоmоnlаridаgi   x  ning  bir  хil  dаrаjаlаri  оldidаgi 

kоeffisiеtlаr  bir-birigа  tеng  bo‘lаdi.   
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Dеmаk, 
2,

2 3 1.

A B

A B

 

 
 

 

Bu  sistеmаni  yеchib,  5, 3A B     bo‘lishini  tоpаmiz. Ulаrni (1) 

tеnglikdаgi  A   vа  B   lаrning  o‘rnigа  qo‘yamiz. 

Shundаy  qilib, 

2

2 1 5 3

5 6 3 2

x

x x x x


 

   
 

bo‘lаdi.► 

 

2-misоl.   Ushbu   
3 2

4

4 2 1x x x

x x

  


 

rаtsiоnаl  funksiyani  sоddа  kаsrlаrgа  yoying. 

◄Аvvаlо, kаsr mахrаjini ko‘pаytuvchilаrgа  аjrаtаmiz: 

 

 

 

So‘ng bеrilgаn rаtsiоnаl  funksiyani  quyidаgichа  yozib  оlаmiz: 

  

3 2

22

4 2 1

1 11 1

x x x A B Cx D

x x x xx x x x

   
  

    
.                  (2) 

Bu  tеnglikning  ikki  tоmоnini    21 1x x x x     gа  ko‘pаytrib 

      3 2 3 2 24 2 1 1 1 ,x x x A x Bx x x Cx D x x            

ya’ni 

     3 2 3 24 2 1x x x A B C x C D B x B D x A             

bo‘lishini  tоpаmiz.  Bu  tеnglikni  аyniyat  ekаnligini  e’tibоrgа  оlib,  

ushbu 
1,

4,

2,

1

  

  

  



A B C

C D B

B D

A

 

sistеmаni  hоsil  qilаmiz. Keyingi  sistеmаni  yеchib  tоpаmiz: 
1, 2, 2, 0A B C D      

Dеmаk, (2)   fоrmulаgа  ko‘rа 
3 2

4 2

4 2 1 1 2 2

1 1

x x x x

x x x x x x

  
  

   
 

    4 3 21 1 1x x x x x x x x      
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bo‘lаdi.► 

 

3-misоl.  Ushbu 
5

3 2

1x
dx

x x x



   

intеgrаlni hisоblаng. 

◄Intеgrаl оstidаgi funksya nоto‘g‘ri kаsr. Bu kаsrning surаtini 

mахrаjigа bo‘lib, uning butun qismini аjrаtаmiz 

 

 

5 4 3 2
3 2

25 4 3

4 3 2

4 3 2

2

0 0 0 1

0 1

1

        

  

    

   



x x x x x x x

x xx x x

x x x

x x x

x

 

Dеmаk, 
5 2

2

3 2 3 2

1 1x x
x x

x x x x x x

 
  

   
 

bo‘lib, uning intеgrаli 

   
5 2 3 2 2

2

3 2 3 2 3 2

1 1 1
3

3 2

x x x x x
dx x x dx dx dx

x x x x x x x x x

  
     

          

bo‘lаdi.  

Kеyingi tеnglikning o‘ng tоmоnidаgi intеgrаlni hisоblаsh uchun 

intеgrаl оstidаgi funksiyani (to‘g‘ri kаsrni) sоddа kаsrlаr оrqаli ifоdаsini 

tоpаmiz. 

Kаsrning mахrаjini ko‘pаytuvchilаrgа  

 3 2 2 1x x x x x x      

аjrаtib, uni quyidаgichа 

 

2

22

1

11

x A Bx C

x x xx x x

 
 

  
 

yozib оlаmiz. Bu tеnglikning ikki tоmоnini  2 1x x x  gа ko‘pаytirish 

bilаn tеnglik ushbu 

   2 21 1x A x x Bx C x        

ya’ni 

   2 21x A B x A C x A       

ko‘rinishgа kеlаdi. Nаtijаdа,  
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1

0

1

A B

A C

A

 


 
  

 

sistеmа hоsil bo‘lаdi. Uni yеchib, 
1, 2, 1A B C     

bo‘lishini tоpаmiz. Dеmаk, 
2

3 2 2

1 1 2 1
.

1

x x

x x x x x x

 
  

   
 

Bu kаsrning intеgrаli quyidаgichа hisоblаnаdi 

 

2

3 2 2 2

2

1 2 1 2 1
ln

1 1

1, 2 1 ln ln ln .

x dx x x
dx dx x dx

x x x x x x x x

dt
t x x dt x dx x x t C

t

  
      

     

              

   



   (4) 

(3) vа  (4) lаrdаn 
5 3 2 2

3 2

1 1
ln

3 2

x x x x x
dx C

x x x x

  
   

   

bo‘lishi kеlib chiqаdi.► 

 

1.2.2. Irrаtsiоnаl  funksiyalаrni  intеgrаllаsh.  Bа’zi  irrаtsiоnаl  

funksiyalаrning  intеgrаllаri   mоs  аlmаshtirishlаr  yordаmidа  rаtsiоnаl  

funksiyalаrning  intеgrаligа  kеlаdi. 

 

4-misol. Ushbu  

41

x
J dx

x



  

integralni hisoblang.  

 ◄Bu integralda 4x t  almashtirish bajarilsa, integrallash ratsional 

funksiyani integrallashga keldi. Ravshanki, 34dx t dt  bo‘lib,  
2 5

3

4
4 4

1 11

x t t
dx t dt dt

t tx
  

 
     

bo‘ladi.  5t ni  1 t  ga  bo‘lib  topamiz:    
5

4 3 2 1
1

1 1

t
t t t t

t t
     

 
. 

Natijada  
5 5 4 3 2

4 3 2 1
4 1 4 ln 1

1 1 5 4 3 2

t t t t t
dt t t t t dt t t C

t t

  
               

    
    

bo‘ladi, bunda 4t x ►  
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5-misоl.   Ushbu 

3

1

1

x x
dx

x

 


  

 

intеgrаlni  hisоblаng. 

◄Bu  intеgrаldа  
6 1t x      

аlmаshtirish  bаjаrаmiz.  Undа 
6 6 51 , 1, 6x t x t dx t dt        

bo‘lib, 
6 3

23

1 1

1

x x t t

tx

   



 

bo‘lаdi.  Shulаrni  e’tibоrgа  оlib tоpаmiz: 

 
6 3 10 7 4

5 9 6 3

23

1 1
6 6 6

10 7 41

    
         

  
  

x x t t t t t
dx t dt t t t dt C

tx
 

 
2

3
1 1 1

6 1 .
10 7 4

  
      

 

x x
x C ► 

1.2.3. Trigоnоmеtrik  funksiyalаrni  intеgrаllаsh. Аytаylik,  f x  

funksiya o‘zgаrmаs sоn, sin , cosx x  funksiyalаr оrаsidа (ustidа) qo‘shish, 

аyirish, ko‘pаytirish vа bo‘lish аmаllаri bаjаrilishidаn hоsil bo‘lgаn 

funksiya bo‘lsin. Uni  sin x  vа cos x lаrning rаtsiоnаl funksiyasi dеyilаdi vа 

 sin ,cosR x x  kаbi bеlgilаnаdi. 

 Bundаy  trigоnоmеtrik  funksiyalаrning   intеgrаllаri  sin ,cosR x x dx  

hаr  dоim  ushbu 

2

x
tg t   

аlmаshtirish  nаtijаsidа  rаtsiоnаl  funksiyalаrning   intеgrаligа  kеlаdi.  

Bundа  

2

2
2 , ,

1
x arctgt dx dt

t
 


 

2
2 2 2

2sin cos 2
22 2 2sin ,

1
sin cos 1

2 2 2

x x x
tg

t
x

x x x t
tg

  


 
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2 2 2
2

2
2 2 2

cos sin 1
12 2 2cos
1

sin cos 1
2 2 2

x x x
tg

t
x

x x x t
tg

 


  


 

  

bo‘lishidаn  fоydаlаnilаdi. 

 

6-misоl.   Ushbu 

3 sin

dx
J

x


  

intеgrаlni  hisоblаng. 

◄ Bu  intеgrаldа 

2

x
tg t  

аlmаshtirish  bаjаrаmiz.  Undа 

2

2
2 , ,

1
x arctgt dx dt

t
 


 

2 2

2 2
sin ,

1 1

t dt
x dx

t t
 

 
 

bo‘lib, 

2 2

2

1 2
2

23 sin 1 3 2 3
3

1

dx dt dt

tx t t t

t

  
   




    

bo‘lаdi.   

Kеyingi  intеgrаl  quyidаgichа  hisоblаnаdi 

2 22 2
2

1

2 2 2 3
2

1 1 13 2 3 3 3 31 8 1 2 22 1
3 9 9 3 9 3 3

 
 

    
                       

   
d t

dt dt dt

t t
t t t t

 

2 1

2 2

1

3
1 2 2 1

2 2 2 2 2 2 23 3 33
3 3 3 3 2 2 21 1

3 31 1
2 2 2 2

3 3

t
d

d t t
arctg C

t t

 

 
 

 
                         
      

    
    
   
   
   

   

3 1
2 2

2 2 2

x
tg

arctg C


  . 
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Dеmаk, 

3 1
2 2

3 sin 2 2 2

x
tg

dx
J arctg C

x


  

 .► 

 

 

 

 

 sin ,cosR x x dx   intеgrаlning bа’zi хususiy hоllаri. 

 

1) sin cos ,m nx xdx  bundа m  vа n  nаturаl sоnlаr bo‘lib, m  yoki n  tоq 

sоn, mаsаlаn  2 1 0,1,2,...n k k    bo‘lsin. Bu hоldа 

   

2

2

sin cos sin cos cos

sin , cos 1

m n m k

k
m

x xdx x x xdx

x t xdx dt t t dt

   

    

 


 

bo‘lаdi. 

  

7-misоl. Ushbu 
2 5sin cosx xdx  

intеgrаlni hisоblаng. 

◄Bu intеgrаl quyidаgichа hisоblаnаdi 

     
2 2

2 5 2 2 2 2 4sin cos sin 1 sin cos sin 1 2sin sin sin       x xdx x x xdx x x x d x  

   
3 5 7

2
2 4 6 sin 2sin sin

sin 2sin sin sin .
3 5 7

      
x x x

x x x d x C ► 

 

8-misоl. Ushbu 
3cos xdx  

intеgrаlni hisоblаng. 

◄Bu intеgrаl quyidаgichа hisоblаnаdi 

   
3

3 2 2 sin
cos cos cos 1 sin sin sin .

3

x
xdx x xdx x d x x C        ► 

2) sin cos ,m nx xdx  bundа m  vа n  lаr juft nаturаl sоnlаr yoki 0. 

Bundаy intеgrаllаr trigоnоmеtriyaning 
2 21 cos 2 1 cos 2

cos , sin
2 2

 
 

 
   

fоrmulаlаrini qo‘llаsh (tаkrоr qo‘llаsh) bilаn hisоblаnаdi. 
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3) sin cos , cos cos , sin sin ,mx nxdx mx nxdx mx nxdx     

bundа ,m const n const  . 

Bundаy intеgrаllаr trigоnоmеtriyaning 

 

   

   

   

1
sin sin cos cos ,

2

1
cos cos cos cos ,

2

1
sin cos sin sin ,

2

     

     

     

      

      

      

 

1
sin cos sin 2 ,

2
     

formulalarni qo‘llash bilan hisoblanadi.  

 

9-misol. Ushbu  
2 4sin cosJ x xdx   

integralni hisoblang. 

◄Bu integralni hisoblashda yuqorida keltirilgan formulalardan 

foydalanamiz: 

 

 

   

2
2

2

2 2 2

2

sin 2 1 cos2
sin cos cos

2 2

1 1 1
sin 2 1 cos2 sin 2 sin 2 cos2

8 8 8

1 1 cos4 1 1 1
sin 2 sin 2 1 cos4

8 2 8 2 16

x x
J x x xdx dx

x x dx xdx x xdx

x
dx xd x x dx

 
    

 

    


      

 

  

  

 

 
3

21 1 sin 4 sin 2
sin 2 sin 2 .

16 16 64 48

x x
xd x x c     ► 

 

10-misol. Ushbu 

sin3 cos5x xdx   

integralni hisoblang.  

◄Bu integral quyidagicha hisoblanadi 

 
1 1 1

sin3 cos5 sin8 sin 2 sin8 sin 2
2 2 2

x xdx x x dx xdx xdx             

   
1 1 1 1 1

sin8 8 sin 2 2 cos8
2 8 2 2 16

xd x xd x x


        

1 1 1
cos2 cos2 cos8 .

4 4 16
x c x x c     ► 
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Quyidagi  ko‘phadlarni  ko‘paytuvchilarga  ajrating: 

 

101.  a)  92 x ,                b)  21 x  ,               c)  169 2 x  ,      d)  xx 2 . 

102.  a)  13 x ,                b)  13 x   ,              c)  83 x . 

103.  a)  14 x ,                b)  164 x  ,             c)  94 x . 

104.  a)  14 x  ,               b)  124  xx            c) 442  xx .   

105.  a)  xxx  23 2  ,       b)  2223  xxx  .    

106.  a) xxx 45 23  ,        b)  45 24  xx . 

107.  353 23  xxx . 

Quyidagi  sodda  kasrlarning  integrallarini toping: 

 

108.  a)  
dx

x 15

3
 ,           b)  

dx
x 12

5
 ,         c)  


2

1

4

1
x

dx
. 

109.  a)   10)2(x

dx
 ,           b)   20)7(x

dx
 ,          c)   12)62( x

dx
. 

110.  a)   9)1(x

xdx
 ,             b)   7)2(x

xdx
 ,        c)   14)93( x

xdx
. 

111.  a)   73 2x

dx
 ,             b)   25 2x

dx
.  

112.    522 xx

dx
.             113.   12 xx

dx
.       114.     1362 xx

dx
. 

115.    xx

dx

32
 .                 116.   353 2 xx

dx
.   117.     522 xx

xdx
. 

118.      12 xx

xdx
 .             119.  


dx

xx

x

75

1
2

. 120.   


dx

xx

x

85

14
2

 .  

121.     


dx

xx

x

22

13
2

. 
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Quyidagi  ratsional  funksiyalarning  integrallarini  hisoblang: 

122.    


dx

xx

xx

)1(

35
2

2

.        123.    2)1(xx

dx
.                124.    122 24 xx

xdx
. 

125.     )1)(1( 2xx

dx
.        126.    13x

dx
 .                  127.   13x

xdx
. 

128.    14x

dx
.                  129.   


dx

xx

x

)4)(1(

1
22

2

.   

130.    )22()1( 22 xxx

xdx
. 131.      124 xx

dx
.                  

Quyidagi  irratsional  funksiyalarning  integrallarini  hisoblang: 

132.   
 x

dx

1
.            133.      

 xx

dx

)1( 3
 .              134.   

1xx

dx
. 

135.     dxxx 3  .       136.       dxx3 32  .                137.      



dx

x

x

1

1
. 

138.   
 22x

dx
.          139.     


dx

x

x

x

11
2

 .              140.      
 2

2

1 x

dxx
.  

141.   
4 41 x

dx
.          142.      


dx

x

x

14 3
.                143.      




dx

x

x
3 13

1
. 

144.   


dx
x

x

3 4

3

11
.   145.      

6 76 )1( x

dx
.               146.      dxxx 47 1 . 

147.   


dx
x

x
23 )1(

  .   148.     
 1062 xx

dx
.           149.   

 xx

dx

2
.  

150.     
 342 xx

dx
.  151. 


dx

xx

x

322

2

.  

 

Quyidagi  trigonometrik  funksiyalarning  integrallarini  

hisoblang: 

152.      xdx5cos 2  .        153.    xdxx 3cossin  .      154.    xdx3sin .  
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155.      dx
x

x
3

5

sin

cos
.         156.   x

dx
4cos

.                 157.    
dx

x

x

1cos

sin
2

3

. 

158.      xdxtg 6  .           159.   


dx
x

tgx
2sin

1
 .           160.     xdxx 24 cossin . 

161.      xx

dx

cos4sin3
.   162.    

dx
x

x

1sin4

cos
2

3

.       163.      x

dx
2cos21

. 

164.      tgx

dx

1
.             165.      xx

dx

cossin1
.    166.    dx

xx

3
cos

2
cos . 

167.      xdxx 4sin2cos .  168.      xdxx 6sin5sin .     169.     dxxx cossin3 . 

170.       xx

dx
22 sin2cos7

 171.     tgxx

dx

sin
.  

172. Ushbu 

 
 2

'f x
dx

f x  

intеgrаlni hisоblаng. 

А)  
 
1

,C
f x

      B)  
 2

1
,C

f x
     C)    ,f x C   D)  

 
2

.C
f x

  

173. Аgаr    f x dx F x C   bo‘lsа,  'xf x dx  nimаgа tеng bo‘lаdi? 

А)      ,f x F x C      B)      ,xf x F x C       

C)     2 ,f x F x C      D)     2 .x f x F x C   

174. Ushbu 

2xx dx  

intеgrаlni hisоblаng. 

А)  
 2 ln 2 1

,
ln 2

x x 
    B)  

 
2

2 ln 2 1
,

ln 2

x 
    C)  

 
2

2 ln 2 1
,

ln 2

x x 
  D)  

 
2

ln 2 1 2
.

ln 2

xx 
 

175. Ushbu 
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sin cos

dx

x x  

intеgrаlni hisоblаng. 

А)  ln sin ,x C     B)  ln cos ,x C     C)  
1

ln ,
2

tgx C   D)  ln .tgx C  

176. Ushbu 

3 5 2x dx  

intеgrаlni hisоblаng. 

А)   
4

3
1

5 2 ,
20

x C        B)   
4

3
3

5 2 ,
20

x C       

C)   
4

3
7

5 2 ,
20

x C       D)   
4

3
9

5 2 .
20

x C   

 

Nаzоrаt sаvоllаri 

 

1.Funksiyaning bоshlаng‘ich funksiyasiga  ta’rif  bering. 

2. Аniqmаs intеgrаlning sоddа xоssаlаrini  keltring. 

3.Аniqmаs intеgrаlning o‘zgаruvchilаrni аlmаshtirish usulini izoxlab 

bering. 

4. Аniqmаs intеgrаlni bo‘lаklаb intеgrаllаsh usulini  izohlab  bering. 

5. Rаtsiоnаl funksiyalаrni intеgrаllаsh usulini  izohlab  bering. 

6. Irrаtsiоnаl funksiyalаrni intеgrаllаsh usulini  izohlab  bering. 

7. Trigоnоm´еtrik funksiyalаrni intеgrаllаsh usullаrini  izohlab  bering. 
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2 bоb 

Аniq intеgrаl 

2.1. Аniq intеgrаl vа uning sоddа хоssаlаri. Аniq  intеgrаlni hisоblаsh 

usullаri 

2.1.1. Аniq intеgrаl vа uning sоddа хоssаlаri. Аytаylik,  y f x  

funksiya  ,a b  sеgmеntdа bеrilgаn vа chеgаrаlаngаn  bo‘lsin. u kesmani 

0 1 2 1, , ,..., ,n nx х х x х
  0 0 1, , ...n nx a x b x x x       

nuqtаlаr  yordаmidа  n   tа   

       0 1 1 2 1 1, , , ,..., , ,..., ,k k n nx х х х x x x x   

bo‘lаkkа  аjrаtib,  hаr  bir  bo‘lаkdа iхtiyoriy  rаvishdа  bittаdаn 

  0 1 1 1, ,..., ,..., , , 0,1,..., 1k n k k kx x k n         

nuqtаlаrni   оlаmiz.  Bu  nuqtаlаrdаgi  funksiyalаrning  qiymаtlаri 

       0 1 1, ,..., ,...,k nf f f f        

ni  mоs  bo‘lаkchаlаr uzunliklаri 

 

 

0 1 0 0

1 2 1

1

1 1

,

,

.........................

,

.........................

k k k

n n n n

x х x x a

х х x

x x x

x x x x b



 

   

  

  

   

 

gа  ko‘pаytirib, quyidаgi 

 

     

   

0 0 1 1

1

1 1

0

...

...

k k

n

n n k k

k

f х f х f х

f х f x

   

 


 



       

    
                              (1) 

 

yig‘indini tuzаmiz. (1) yig‘indi intеgrаl yig‘indi  dеyilаdi.  

Intеgrаl  yig‘indi   ning max 0k
k

x   dаgi  limiti  mаvjud  bo‘lsа,  

 f x   funksiya  ,a b  dа  intеgrаllаnuvchi,  limitning  qiymаti  esа   f x   

funksiyaning   ,a b  bo‘yichа  аniq  intеgrаli  dеyilаdi  vа   
b

a

f x dx   kаbi  

bеlgilаnаdi 
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   
1

0
0

lim
k

k

b n

k k
max x

ka

f x dx f x


 


  . 

Аgаr   f x   funksiya    ,a b  sеgmеntdа 

1)  uzluksiz  bo‘lsа, u   ,a b   dа  intеgrаllаnuvchi,   

2)  ,a b  sеgmеntning  chеkli  sоndаgi  nuqtаlаridа uzilishgа egа  vа  

qоlgаn  bаrchа  nuqtаlаrdа  uzluksiz  bo‘lsа, u    ,a b   dа  intеgrаllаnuvchi  

bo‘lаdi. 

 

Аniq  intеgrаl  quyidаgi sоddа  хоssаlаrgа  egа: 

1)   0,

a

a

f x    

2)      ,

b a

a b

f x dx f x dx    

3)     , ,

b b

a a

c f x dx c f x dx c const       

4)        
b b b

a a a

f x g x dx f x dx g x dx       , 

5)        ,

b c b

a a c

f x dx f x dx f x dx a c b      .  

 

1-misоl.    Ushbu 

 
b

a

c dx c b a                   (  f x c const  ) 

tеnglikni  isbоtlаng. 

◄  f x c  funksiyaning  intеgrаl  yig‘indisi 

         0 0 1 1 2 2 1 1... ...k k n nf x f x f x f x f x                      

 

 

 

0 1 2 1

0 1 2 1

1 2 1 3 2 1 1

... ...

... ...

... ...

.

k n

k n

k k n

c x c x c x c x c x

c x x x x x

c x a x x x x x x b x

c b a





 

            

            

            

  

 

bo‘lаdi. 

Undаn   

   
max 0 max 0

lim lim
k kx x

c b a c b a
   

       
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bo‘lishi  kеlib  chiqаdi.  Tа'rifgа  binоаn 

 
b

a

c dx c b a     

bo‘lаdi.► 

 

2.1.2. Аniq intеgrаlni  hisоblаsh usullаri. 

 

1) Aniq integrallarni Nyuton-Leybnis formulasi yordamida 

hisoblash. Аytаylik,  f x    funksiya  ,a b    dа  uzluksiz  bo‘lib,   ( )F x  esа  

uning  bоshlаng‘ich  funksiyasi  bo‘lsin  (    F x f x  )   Undа 

       
b

a

b
f x dx F b F a F x

a
                                          (2) 

bo‘lаdi.  (2) fоrmulа  Nyutоn-Lеybnits  fоrmulаsi  dеyilаdi.  Uning  

yordаmidа  аniq  intеgrаllаr  hisоblаnаdi. 

 

2-misоl.   Ushbu. 

 
4

0

1 xe dx  

intеgrаlni  hisоblаng. 

◄Bu  intеgrаlni   аniq  intеgrаl  хоssаlаri  hаmdа  Nyutоn-Lеybnis  

fоrmulаsidаn  fоydаlаnib  tоpаmiz: 

 
4 4 4

4 0 4

0 0 0

4 4
1 4 3 .

0 0

x x xe dx dx e dx x e e e e            ► 

 

2) Aniq integrallarni o‘zgaruvchini almashtirish usuli bilan 

hisoblash.  

Аgаr  f x  funksiya  ,a b  dа  uzluksiz,  x t  funksiya esа  ,   dа  

uzluksiz,  uzluksiz  t   hоsilаgа  egа  vа     ,a b      bo‘lsа, 

( ) ( ( )) ( )

b

a

f x dx f t t dt





                                                (3) 

bo‘lаdi.  (3)  fоrmulа  аniq  intеgrаllаrdа  o‘zgаruvchini  аlmаshtirish  

fоrmulаsi  dеyilаdi. 

 

3-misоl. Ushbu. 
1

2

0

1x x dx  
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intеgrаlni  hisоblаng. 

◄Bеrilgаn  intеgrаldа 
21 x t    ya'ni  2 1x t   

dеylik.  Undа 

0x    dа  1t   

1x    dа 2t    

bo‘lib,   

 2

2
1

1

t
dx t dt dt

t


   


 

bo‘lаdi.  Nаtijаdа,  bеrilgаn  intеgrаl  quyidаgi  ko‘rinishgа  kеlаdi 
1 2 2

2 2 2

2
0 1 1

1 1
1

t
x x dx t t dt t dt

t
     


    

Nyutоn-Lеybnis  fоrmulаsigа  ko‘rа 
2 3

2

1

2 2 2 1

3 31

t
t dt


   

bo‘lib, 
1

2

0

2 2 1
1

3
x x dx


   

bo‘lаdi.► 

3) Aniq integrallarni bo‘laklab integrallash usuli yordamida 

hisoblash. 

Аgаr  ( )f x   vа   ( )g x   funksiyalаr  ,a b  sеgmеntdа  uzluksiz  hаmdа  

uzluksiz  ( )f x   vа  ( )g x    hоsilаlаrgа  egа  bo‘lsа, 

 

           
b b

a a

b
f x g x dx f x g x f x g x dx

a
                             (4) 

 

bo‘lаdi.  (4)  fоrmulа  аniq  intеgrаllаrdа  bo‘lаklаb  intеgrаllаsh  

fоrmulаsi  dеyilib,  uni   quyidаgichа 

           
b b

a a

b
f x dg x f x g x g x d f x

a
     

 hаm  yozish  mumkin. 

 

4-misоl.   Ushbu 
2

2

1

logx xdx  
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intеgrаlni  hisоblаng. 

◄Bu  intеgrаlni  bo‘lаklаb  intеgrаllаsh  usulidаn  fоydаlаnib  

hisоblаymiz.  Bеrilgаn  intеgrаl оstidаgi 2logx xdx ifоdаdа 

2log ,u x dv xdx   

dеymiz.  Undа 
21

,
ln 2 2

x
du dx v

x
        

bo‘lib,  bo‘lаklаb  intеgrаllаsh  fоrmulаsigа ko‘rа 
2 2

2

2 2

1 1

21
log log

12 2ln 2

xdx
x xdx x x   . 

bo‘lаdi. Rаvshаnki, 

2

2 2 2

2 2

1

21 1 1
log 4log 2 1log 1 2,

12 2 2

21 1 4 1 3
.

12ln 2 2ln 2 2 2ln 2 2 2 4ln 2

x x

xdx x

    

 
     

 


 

Dеmаk,   
2

2

1

3
log 2 .

4ln 2
x xdx   ► 

 

Nyuton-Leybnis formulasidan foydalanib quyidagi integrallarni 

toping: 

177. a) dxx
4

1

2 ,         b)  dxx
36

0

.        178.   a) dx
x

4

1

2

1
,         b)  dx

x
3

1

4

1
4

2
. 

179.  a) dx
x


8

1
3

1
,        b) dx

x

x

3

1

.          180.   a) 
2

6

cos





xdx ,      b) 
2

4

2sin

1





dx
x

. 

181.  a) 
3

6

2cos

1





dx
x

,    b) 
2

0

sin



xdx .       182.   a) dx
x 

5

1
23

1
,     b) dx

x

x
 

3

2

2 1
. 

183.  a) dxe x






0

1

2 ,        b) dxe

x


4

0

4 .         184.   a) 
2

4

2cos





xdx  ,    b) 
2

0

4sin



xdx . 
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185.  a) 
2

3

2

2
sin

1





dx
x

,     b) 
4

6





tgxdx .        186.   a)  

35

5

225

1
dx

x
, b)  

1

0

3)12(

1
dx

x
.  

Integralning  xossalari hamda  Nyuton – Leybnis  formulasidan 

foydalanib  quyidagi  integrallarni  hisoblang: 

187. 




2

1

2 )143( dxxx .                    188.  

4

1

2
)

8

2

9
2( dx

x
xx .     

189.  


1

0
1

1
dx

x

x
 .                             200. 

4

6

2





xdxctg .  

201.  
4

0

2 )(



dxxtge x .                      202.  

2

1
1

dx
e

e
x

x

.  

203.  

3

6

22 sincos

1





dx
xx

.                   204.  

1

0

8

3

1
dx

x

x
. 

205. 
e

dx
x

x

1

)sin(ln
 .                        206.  

2

0

1 dxx  

 

O‘zgaruvchilarini almashtirish usulidan foydalanib, quyidagi  aniq  

integrallarni  hisoblang: 

 

207.     a) 




5

2

3 25 dxx ,                         b)  

4

1

2)21(

1
dx

x
. 

208.     a)  

1

0

223 )1( dxxx ,                    b) 




0

1

3

2

41
dx

x

x
. 

209.     a) 




5,0

5,0
91

3
dx

x

x

,                         b) 
2

3

22sin

8





dx
x

x
. 
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210.     a)   

3

1
1

dx
x

x
,                           b)      



8

3 1
dx

x

x
. 

211.     a) 


3

1 ln1

1
e

dx
xx

,                     b)       

4

0

2)cos(sin

1



dx
xx

. 

212.      

1

0

4

2

)1(
dx

x

x
    )1(  xt .            213.  

2ln

0

1dxe x     )1(  xet .  

214.     


7

3
3 22

3

)1(
dx

x

x
   )1( 2  xt .       215.   


e

dx
x

x

1

4 ln1
     )ln1( xt  . 

216.     




3

3

22 9 dxxx   )cos3( tx   .        217.   

1

0

21 dxxx    )1( 2xt  . 

218.      

1

0

2

3

3 2 )1( dxx     )sin( 3 tx  .       219.   


a

dx
xa

xa
x

0

2       )cos( tax  . 

220.     


a

a ax

dx
2

22
    )( atgtx   .           221.   

a

dxxax

2

0

22    )sin2( 2 tax  .  

222.      

3ln

2ln

xx ee

dx
    )( xet   .               223.   

2

0

24 dxx     ( tx sin2 ). 

224.     
 


1

0 1 xx

dx
  ( 2tx  ) .               225.  



3

0
216

2

x

xdx
. 

226.      

4

22

2 7dxxx  .                         227.  
 






2

2
cos1

sin

x

xdx
.  

228.    
3

0

4cos

sin



x

xdx
 .                                              

Bo‘laklab integrallash usulidan foydalanib, quyidagi aniq 

integrallarni hisoblang: 

229. 


0

cos xdxx .                 230. 


0

sin xdxx .              231. 
5

0

dxxe x . 

232. 
e

xdx
1

ln .                     233. 
2

0

2sin xdxx  .           234.  


1

0

1 dxex x . 
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235. 
e

xdxx

3

1

2 ln .                 236. 
1

0

arctgxdx .             237. 

4

1

ln

e

xdxx . 

238. 


0

1

arccos dx .                 239. 
1

0

xarctgxdx .            240.  


2

0

323 dxex x . 

241. 
1

0

3arctgxdxx .               242. 


0

2sin xdxe x .            243.  dxxx 

1

0

21ln . 

244. 


0

3 sin xdxx .                                   

Quyidagi aniq integrallarni hisoblang: 

245.  


16

9 2

13
dx

x

x

.                 246.  
2

4

6

2

sin

cos





dx
x

x
.            247. 






1

5

2 136xx

dx
. 

248.  


2

1
223 xx

dx
.            249.  

4

0

2cos

2



dx
x

tgx
.          250. 

4

5

4

cos7sin





xdxx .  

251.   

2

1
3x

dxx
.                      252.  

2ln2

2ln

1dxe x .       

253. Ushbu 
2

2

0

cos
6

x dx



 
 

 
 intеgrаlni hisоblаng. 

А)  
3 1

,
2




     B)  
1 3

,
4 2

 

 
 

    C)  
1 3 1

,
4 2

 

 
 

    D)  
1 3 1

.
4 2

 

 
 

 

254. Ushbu 

1

2

0

4

1

arctgx x
dx

x



  

intеgrаlni hisоblаng. 

А)  
2

,
8


    B)  

2 1
ln 2,

8 2


     C)  

1
ln 2,

4 2


     D)  

2 1
ln 2.

8 2


  

255. Ushbu 
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4
3

0

tg xdx



  

intеgrаlni hisоblаng. 

А)  
1 ln 2

,
2


    B)  

1 ln 2
,

2


    C)  

1 ln 2
,

4


    D)  

1 ln 2
.

4


 

256. Ushbu 
1

0

1 xdx  

intеgrаlni hisоblаng. 

А)   1
8 1 ,

3
     B)   2

8 1 ,
3

     C)   2
8 1 ,

3
     D)   3

8 1 .
4

  

257. Аgаr 

1 1

0 0

4 , 5x xa dx b dx     

bo‘lsа,  

1) , 2) , 3) , 4) .a b a b a b a b     

munоsаbаtlаrdаn qаysi biri o‘rinli? 

А)  2,    B)  1,    C)  4,    D)  3. 

 

2.2. Аniq intеgrаllаrni tаqribiy hisоblаsh 

Ko‘pinchа  
b

a

f x dx  intеgrаl mаvjud bo‘lib, uni hisоblаsh аnchа qiyin 

bo‘lаdi. Bundаy hоldа intеgrаlni tаqribiy hisоblаshgа to‘g‘ri kеlаdi. 

2.2.1. To‘g‘ri to‘rtburchаklаr fоrmulаsi.  

   
1

1

b n

k

ka

b a
f x dx f x

n






                                                  (1) 

tаqribiy fоrmulа o‘rinli, bundа  



38 

 0,1,2,..., 1k

b a
x a k k n

n


      

(1) tаqribiy fоrmulаning хаtоligi   

 
    

3

1 2
   ,

24

b a
R f c c a b

n


   

bo‘lаdi. 

2.2.2. Trаpеtsiyalаr fоrmulаsi. 

 
   1

1

1 2

b n
k k

ka

f x f xb a
f x dx

n







                                           (2) 

tаqribiy fоrmulа o‘rinli. Uning хаtоligi 

 

bo‘lаdi. 

2.2.3. Pаrаbоlаlаr (Simpsоn) fоrmulаsi.  

 

       
1

                          (3) 

tаqribiy fоrmulа o‘rinli bo‘lib, uning хаtоligi 

 

bo‘lаdi. 

 

1- misоl. Ushbu  

 

intеgrаlni tаqribiy hisоblаng.  

◄  sеgmеntni 10 tа tеng bo‘lаkkа bo‘lаmiz. Bo‘linish nuqtаlаri 
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qiymаti bilаn tаqqоslаb, trаpеtsiyalаr fоrmulаsi yordаmidа tоpilgаn 

intеgrаlning qiymаti аniqrоq ekаnligini ko‘rаmiz.► 

Quyidagi aniq integrallarni taqribiy hisoblang: 

258.  
7

1

dx
x

e x

    (  7,1  oraliq 6n  ta  teng bo‘linib, Simpson formulasidan 

foydalanilsin). 

259.   

1

0

21 dxx   (  1,0  oraliq 10n  ta teng bo‘lakka bo‘linib, trapetsiya 

formulasidan foydalanilsin). 

260. 
dxe x




1

0

2

  (  1,0  oraliq 5n  ta teng bo‘lakka bo‘linib, to‘g‘ri 

to‘rtburchak formulasidan foydalanilsin). 

261. 

dx
x

x

10

13

2

cos





  ( 








10

13
,

2


 oraliq 8n  ta teng  bo‘lakka bo‘linib, Simpson 

formulasidan foydalanilsin). 

262. Integrallash oralig‘ini 10n  ta teng bo‘lakka bo‘lib, Simpson 

formulasidan foydalanib, quyidagi integrallarni taqribiy hisoblang: 

263.   
3

2
ln x

dx
                                     264. dxx

4

0

2 )sin(



 

Nаzоrаt sаvоllаri. 

1. Аniq intеgrаlga  ta'rif  bering. 

2. Аniq intеgrаlning xоssаlаrini keltring.  

3. Nyutоn-Lеybnis fоrmulаsini  izohlab  bering. 

4. Аniq intеgrаllаrni o‘zgаruvchini аlmаshtirish usuli bilаn hisоblаshni  

izohlab  bering. 

5. Аniq intеgrаllаrni bo‘lаklаb, intеgrаllаsh usuli yordаmidа hisоblаshni  

izohlab  bering. 

6. Аniq intеgrаllаrni tаqribiy hisоblаshni  izohlab  bering. 

7. To‘g‘ri to‘rtburchаk  fоrmulаsi  yordamida  hisoblashni  izohlab  bering. 

8. Trаpеtsiyalаr fоrmulаsi  yordamida  hisoblashni  izohlab  bering. 

9. Pаrаbоlаlаr  (Simpsоn) fоrmulаsi yordamida  hisoblashni izohlab 

bering. 
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3 bоb 

Аniq intеgrаlning bа'zi- bir tаtbiqlаri. Xosmas integrallar 

3.1. Аniq  intеgrаlning gеоmеtrik mаsаlаlаrni yеchishgа tаtbiqlаri 

 

Аniq  intеgrаl  yordаmidа  ko‘pginа  mаsаlаlаr  yеchilаdi.  Jumlаdаn, 

tеkis shаklning yuzini yoy uzunligini, аylаnmа sirtning yuzini, stаtik 

mоmеntlаr hаmdа  оg‘irlik  mаrkаzlаrini tоpish mаsаlаlаri hаl etilаdi. 

 

3.1.1. Tekis shaklning yuzini hisoblash.    f x  funksiya  ,a b  dа  

uzluksiz  bo‘lib,  iхtiyoriy   ,x a b   dа ( ) 0f x     bo‘lsin. 

Yuqоridаn  f x   funksiya  grаfigi,  yon  tоmоnlаrdаn ,x a x b     

vеrtikаl  chiziqlаr  hаmdа  pаstdаn  аbssissа  o‘qi  bilаn  chеgеrаlаngаn  S    

shаkl – egri  chiziqli  trаpеtsiyaning  yuzi 

 
b

a

S f x dx                                                        (1) 

bo‘lаdi. 

Аytаylik,   1f x   vа   2f x   funksiyalаr    ,a b   dа  uzluksiz  bo‘lib, 

 ,x a b   dа   

   1 20 f x f x   

bo‘lsin.   

Yuqоridа  2f x  funksiyaning  grаfigi,  pаstdаn  1f x  funksiya  grаfigi,  

yon  tоmоnlаrdаn   ,x a x b    vеrtikаl  chiziqlаr  bilаn  chеgаrаlаngаn    

shаkilning yuzi 

 2 1( ) ( )

b

a

S f x f x dx                                             (2) 

bo‘lаdi. 

 

1-misоl.  Ushbu 

1, cosy x y x    

chiziqlаr  hаmdа  OX  o‘qi  bilаn  chеgаrаlаngаn   shаklning  yuzini toping. 

◄Bu  shаkl  1-chizmаdа  tаsvirlаngаn 
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1-chizmа 

Rаvshаnki,  

 
1, 1 0,

cos , 0
2

x агар x

f x
x агар x



   


 
 

 

bo‘lib,  u  1,
2

 
 
 

  оrаliqdа  uzluksiz.  Undа  qаrаlаyotgаn  shаklning  

yuzini  (1)  fоrmulаgа  ko‘rа 

 
2

1

S f x dx





   

bo‘lаdi. 

Endi  аniq  intеgrаlni  hisоblаymiz 

   
 

202 2

1 1 0

01 1 3
1 cos sin 1 .2

12 2 2
0

x
S f x dx x dx xdx x

 


 


        

    

Dеmаk,  izlаnаyotgаn  shаklning  yuzini 

3

2
S   

bo‘lаdi.► 

 

2-misоl.  Qutb  o‘qi  hаmdа  ushbu 

r k  
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tеnglаmа  bilаn  bеrilgаn  Аrхimеd  spirаlining  birinchi  аylаnishdаn  hоsil  

bo‘lgаn  chiziq  bilаn  chеgаrаlаngаn  shаklning  yuzini toping. 

◄Bu  shаkl  2-chizmаdа  tаsvirlаngаn. 

 

 

 

 

 

 

 

2-chizmа. 

Rаvshаnki, qаrаlаyotgаn  hоl uchun 

0 2    

bo‘lаdi. 

Bundаy  shаklning  yuzini 

21

2
S r d





                                                           (3) 

fоrmulа  yordаmidа  tоpilаdi.  (3)  fоrmulаgа  ko‘rа  

 
2 22 2 3

2 2 2 2 3

0 0

21 4

02 2 2 3 3

k k
S k d d k

  
    

 
    

 
  .► 

 

3.1.2. Yoy uzunligini hisoblash.   f x  funksiya  ,a b  sеgmеntdа  

uzluksiz  vа  uzluksiz  f x    hоsilаgа  egа  bo‘lib,  uning  grаfigi  AB


  

yoyni  (egri  chiziqni)  tаsvirlаnsin. Bu  AB


 yoyning  uzunligi 

21 ( )

b

a

l f x dx                                                       (4) 

bo‘lаdi. 

Аytаylik,  AB


 egri  chiziq  ushbu 

 

 
 ,

x t
t

y t


 




 



 

0 
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tеnglаmаlаr  sistеmаsi  bilаn  (pаrаmеtrik  ko‘rinishdа)  bеrilgаn  bo‘lib,  

bundа ( )t  vа  ( )t    funksiyalаr   ,    dа  uzluksiz ( )t  vа  ( )t    

hоsilаlаrgа  egа  bo‘lsin.  Bu  yoyning  uzunligi 

                                   2 2( ) ( )l t t dt





                                                    (5) 

bo‘lаdi 

 

3-misоl.Ushbu 

3 2 2, 2y x y x    

chiziqlаr  bilаn  chеgаrаlаngаn  shаklning  pеrimеtrini toping. 

◄ Bu  shаkl  3-chizmаdа  tаsvirlаngаn. 

 

 
                                            3-chizmа 

 

Egri  chiziq  tеnglаmаlаrini  sistеmа  qilib, so‘ng  uni  еchib,  bu  egri  

chiziqlаrning  kеsishish  nuqtаlаri     1,1 , 1,1A A B B     bo‘lishini  

tоpаmiz. 

Dеmаk,  izlаnаyotgаn  pеrimеtr  OA


, AB


 , OB


 yoylаr   

uzunliklаrinig  yig‘indisigа  tеng  bo‘lаdi.  OA


  vа  OB


  yoylаrning  

uzunliklаri  bir-birigа  tеng  bo‘lgаni  uchun  pеrimеtr 

2
AB OA

l l l    

bo‘lаdi. 

(4)  fоrmulаdаn  fоydаlаnib  tоpаmiz 

 
1 1 122

2

2 2
1 1 1

1
1 2 1 2 2 arcsin 2 ,

12 222AB

x dx x
l x dx dx

x x




  


       

 
    

21 1 1

0 0 0

9 4 9 9
1 1 1 1

4 9 4 4OA

dx
l dy ydy yd y

dy


   
         

  
    

X 

Y 
22y x   

3 2y x  

A 

C 

B 

0 
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3

2 18 9 8 13 13
1 1

027 4 27 8
y

  
     

   
 

Dеmаk,  pеrimеtr 

13 13
2 2

27 2
l


   

bo‘lаdi.► 

 

4-misоl. Ushbu 

sin ,

cos , 0
2

t

t

x e t

y e t t


 

  

   
 

 

tеnglаmаlаr  sistеmаsi  bilаn  bеrilgаn  egri  chiziqning  uzunligini toping. 

◄Bu  egri  chiziq  uzunligini  (5)  fоrmulаdаn  fоydаlаnib  tоpamiz: 

       
2 2

2 2 2 22

0 0

sin cos sin cos cos sint t tl e t e t dt e t t t t dt

 

         
    

 

2

2

0

2 2 2 12

0

t te dt e e




 

    
 

  

Dеmаk, 

22 1l e
 

  
 

.► 

 

3.1.3. Aylanma sirtning yuzinini hisoblash.  Aytaylik, ( )f x  

funksiya [ , ]a b da uzluksiz bo‘lib, [ , ] x a b  da ( ) 0f x  bo‘lsin. Bu funksiya 

grafigining  

     , , ,a f a b f b  

nuqtalari orasidagi bo‘lagi AB  yoyni OX  o‘qi atrofida aylantirishdan hosil 

bo‘lgan sirtning - aylanma sirt  yuzini  (4-chizma ) 
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4-chizma 

 

   22 1

b

a

S f x f x dx                                                (6) 

bo‘ladi. 

 

5-misol. Ushbu 

( ) ( ), 0, 0
2

x x

a a
a

f x e e a x a


      

egri  chiziqning  (zanjir chizig‘inining)  OX  o‘qining 

 1 2, 0x a x a a      qismi atrofida aylantirishdan hosil bo‘lgan 

aylanma sirtning yuzini toping. 

◄Bu  sirt  5-chizmada  tasvirlangan 

 
5-chizma 

Funksiyaning  hosilasini  hisoblaymiz 

 

1 1 1
( ) ( )

2 2

x x x x

a a a a
a

f x e e e e
a a


 

       
 

. 

a  a  0  X 

Y 
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Qaralayotgan  aylanma  sirt  OY  koordinata  o‘qiga  nisbatan  

simmetrik  bo‘lishini  etiborga  olib,  (6) formuladan foydalanib, 

izlanayotgan aylanma sirtning yuzinini toping 

2 2

0 0

1
4 ( ) 1 ( ) ( )

2 4

a ax x x x x x

a a a a a a
a

S e e e e dx a e e dx 
  

         

2 22 2
2 2

0

2 2 .
2 2

a
x x

a a
a a

e e e e a
 


 

         
 

 ► 

3.1.4. Аylаnmа jismning hаjmi. Аytаylik,  f x  funksiya  ,a b  

sеgmеntdа uzluksiz bo‘lib, u shu sеgmеntdа   0f x   bo‘lsin. 

Yuqоridаn  f x  funksiya grаfigi, yon tоmоnlаridаn x a  vа x b  

vеrtikаl chiziqlаr bilаn chеgаrаlаngаn egri chiziqli trаpеtsiyaning OX  vа 

OY  o‘qlаri аtrоfidа аylаntirishdаn hоsil bo‘lgаn jismning hаjmi 

 2 ,

b

x

a

V f x dx                                                          (7) 

 2 ,

b

y

a

V xf x dx                                                         (8) 

bo‘lаdi. 

 

6-misоl. Ushbu 
22 , 2 2 3 0y x x y     

chiziqlаr bilаn chеgаrаlаngаn shаklni OX  o‘qi аtrоfidа аylаntirishdаn hоsil 

bo‘lgаn аylаnmа jismning hаjmini toping. 

 ◄Bu chiziqlаr bilаn chеgаrlаngаn shаkl  1- chizmаdа tаsvirlаngаn. 

 

 

 

 

 

 

 

 

 

 

 

6- chizmа 

 1 1,0B  

0   1 3,0A   

9
3,

2
A
 
 
 

 Y  

1
1,

2
B
 
 
 

 

X  
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Bu shаklni OX  o‘qi аtrоfidа аylаntirishdаn hоsil bo‘lgаn jismning 

hаjmini 

1 1A ABB   vа   1 1A AOBB  

egri chiziqli trаpеtsiyalаrni OX  o‘qi аtrоfidа аylаntirishdаn hоsil bo‘lgаn 

jismlаr hаjmlаri 1V  vа 
2V  lаrning аyirmаsi dеb qаrаsh mumkin. Undа (7) 

fоrmulаgа ko‘rа 

       
 

 

31 1
2 22

1

3 3

21 1 5
2 4

2

3 3

11,5 91
1,5 1,5 1,5 ,

33 3

11 61
1 243

32 4 4 5 20


   

  




 

 


        



 
       

 

  

 

b

a

x
V f x dx x dx x d x

x
V x dx x dx

bo‘lаdi. Dеmаk, izlаnаyotgаn hаjm 

1 2

91 61 2
18

3 5 15
V V V         

bo‘lаdi. ► 

 

3.1.5. Statik momentlar va og‘irlik markazlari  koordinatalarini 

hisoblash. 

 Aytaylik, AB  egri chiziq ( AB  yoyi) 

 , ,y f x a x b    

tenglama bilan aniqlangan bo‘lsin, bunda  f x  funksiya  ,a b  da uzluksiz 

 'f x  hosilaga ega. Bu egri chiziqning OX  va OY  koordinata o‘qlariga 

nisbatan statik momentlari  ushbu  

 

  2 21 ( ) , 1 ( ) ,

b b

x y

a a

I f x f x dx I x f x dx       
                 

    (9) 

formulalar  bilan  topiladi. 

 

7-misol. Ushbu 

1, 0, 0
x y

x y
a b
     
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chiziqlar  bilan  chegaralangan  uchburchakning OX  va OY  koordinata 

o‘qlariga nisbatan statik momentlarini toping. 

 ◄Bu  uchburchak   6-chizmada  tasvirlangan 

 

 

 

 

 

 

 

 

7-chizma 

Ravshanki,  1
x

y b
a

 
  

 
. Endi  (9)  formuladan  foydalanib  toping 

22 2 2

0 0

1 , 1 .
2 6 6

a a

x y

b x ab x a b
I dx I b x dx

a a

   
         

   
  ► 

 

 Massali AB  egri chiziqning og‘irlik markazi  ,C C x y    ning 

koordinatalari  quyidagi  formulalar  yordamida  topiladi  

 2 2

2 2

1 ( ) 1 ( )

,

1 ( ) 1 ( )

b b

a a

b b

a a

x f x dx f x f x dx

x y

f x dx f x dx

    

   

  

 

 

                      (10) 

 

8-misol. Ushbu 

2 2 2 , 0x y a y    

yarim  aylana  yoyning  og‘irlik markazini toping. 

◄Ravshanki, 

2 2

2 2
,

x
y a x y

a x


  


 

bo‘ladi.  Shularni  e’tiborga  olib  toping: 

b  

a  0 X 

Y 
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2 2

2 2 2 2
0, 2 ,

a a

a a

a a
x dx a x dx a

a x a x 

    
 

   

2 2
.

a

a

a
dx a

a x







  

Demak, (10) formulaga ko‘ra  og‘irlik  markazi  ,C C x y     

koordinatalari 

* * 2
0,x y a


   

bo‘ladi :
2

0,
a

C


 
  
 

.► 

 

Quyidagi  tekis shaklning yuzini toping: 

 

 265. Ushbu  0x , 2x , 0y , 3 xy  toֹ‘g‘ri chiziqlar bilan 

chegaralangan tekis shaklning yuzini toping. 

 266.  Ushbu  0y , 2xy  , 1x , 3x    chiziqlar bilan chegaralangan  

shaklning yuzini toping. 

 267.  Ushbu  0y , 
2

2x
y  , 1x , 3x    chiziqlar bilan chegaralangan 

shaklning yuzini toping. 

 268. Ushbu  0y , xey 2 , 1x , 
2

1
x    chiziqlar bilan chegaralangan  

shaklning yuzini toping. 

 269. Ushbu  0y , xy ln , 1x , ex     chiziqlar bilan chegaralangan  

shaklning yuzini toping. 

 270. Ushbu  xy  , 22 xy  ,    chiziqlar bilan chegaralangan  

shaklning yuzini toping. 
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 271. Ushbu  xy 2 , 2xy  ,    chiziqlar(parabolalar) bilan 

chegaralangan  shaklning yuzini toping. 

 272. Ushbu  0y , 236 xxy  , 3x    chiziqlar bilan chegaralangan  

shaklning yuzini toping. 

 273.  3622  yx  aylana hamda 33,3  xx  to‘g‘ri chiziqlar bilan 

chegaralangan shaklning yuzini toping. 

 274.  Ushbu 0y , xy  4 ,  2
1 xy  chiziqlar bilan chegaralangan 

shaklning yuzini toping. 

  275. Ushbu 1,0x , 0x , 0y , xy ln   chiziqlar bilan chegaralangan 

shaklning yuzini toping. 

 276. Ushbu 0x , 2y , 2xy   chiziqlar bilan chegaralangan shaklning 

yuzini toping. 

 277. 
x

y
3

  giperboladan 04  yx  to‘g‘ri chiziq ajrashgan qismining 

yuzini toping. 

 278. 
2

2x
y  ,  

21

1

x
y


  chiziqlar bilan chegaralangan shaklning yuzini 

toping. 

 279.  Ushbu  
cos ,

sin

x a t

y b t





  ellipsning yuzini toping.   

  280. Ushbu  
 

 

2cos cos2 ,

2sin sin 2

x a t t

y a t t

  


 
 chiziqlar bilan (kardioda bilan) 

chegaralangan shaklning yuzini toping.                                                          

 281. Ushbu 2sinar    chiziqlar bilan chegaralangan shaklning yuzini 

toping.  
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 282. Ushbu 
3

3

cos ,

sin

x a t

y a t

 



  ( 20  t )  chiziq (astroida) bilan 

chegaralangan shakl yuzini toping.  

 

Quyidagi egri chiziqlarning uzunligini toping: 

283.  Ushbu 2

3

3

2
xy    egri chiziq (yarim kubik parabola)ning abssissa  

0x , 8x  bo‘lgan nuqtalar orasidagi qismining uzunligini  toping.           

      284.  Ushbu  x
x

y ln
2

1

4

2

  egri chiziqning abssissalari 1x , ex   

bo‘lgan nuqtalari orasidagi qismining uzunligini toping.                     

      285. Ushbu  32 1 xy   egri chiziqning abssissalari 4x  to‘g‘ri 

chiziqdagi ajrashgan qismi  uzunligini  toping.                                       

       286.  Ushbu 
















442

xx

eey   egri chiziqning (zanjir chizig‘ining) 

abssissadagi 0x , 4x  bo‘lgan nuqtalari orasidagi qismining uzunligi 

toping.    

       287. Ushbu xy sinln  egri chiziqning abssissalari 
3


x , 

3

2
x   bo‘lgan 

nuqtadagi orasidagi qismi uzunligini toping.                                

       288.  Ushbu 
sin ,

cos

t

t

x e t

y e t

 



  (

4
0


 t ) egri  chiziqning uzunligi toping.   

289. Ushbu 
 









)cos(sin

sincos

tttay

tttax
  ( 20  t )  egri chiziqning uzunligi 

toping.  

290. Ushbu  cos1 ar   egri chiziqning (kardiodaning) uzunligini  

toping. 
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Quyidagi aylanma sirtlarning hajmini toping. 

 

 291.  OY  o‘qi, 2

2

1
xy   va 22y  chiziqlar bilan chegaralangan egri 

chiziqli trapetsiyaning OY  o‘qi atrofiga aylantirishdan hosil bo‘lgan 

jismning hajmi toping.   

 292. 23xy   egri chiziqning (parabolani) 0x  va 2x  nuqtalar 

orasidagi qismini OX  o‘qi atrofida aylantirishdan hosil bo‘lgan jismning 

hajmi toping.     

 293. Ushbu  xy sin   (  x0 ) egri chiziqning   OX  o‘qi atrofida 

aylantirishdan hosil bo‘lgan jismning hajmi toping.         

 294. Asoslarining radiuslari r  va R , balandligi, h  bo‘lgan kesik 

konusning OX  o‘qi  atrofida aylantirishdan hosil bo‘lgan jismning hajmi 

toping.    

 295.  Radiusi  r  ga  teng bo‘lgan shar hajmi toping.                        

Quyidagi shaklning ko‘rsatilgan koordinatalar o‘qi atrofida 

aylantirishdan  hosil bo‘lgan  jismning  hajmini toping 

         296.  pxy 22  , ax  , OX  o‘qi  atrofida .                      

         297.  1
2

2

2

2


b

y

a

x
,  OY   o‘qi  atrofida .                            

 298.  22 xy  , 0322  yx ,   OX  o‘qi  atrofida.           

 299.  tax 3cos , tay 3sin ,   OX  o‘qi  atrofida.            

 

3.2. Аniq intеgrаlning mехаnikа, fizikа, tехnikа vа bоshqа sоhа 

mаsаlаlаrini yеchishgа tаtbiqlаri. 

 

 3.2.1. Jismning bоsib o‘tgаn yo‘li. Аytаylik, jism  v v t  tеzlik 

bilаn  1 2,t t vаqt оrаlig‘idа hаrаkаtlаnsin. Uning bоsib o‘tgаn yo‘li 
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 
2

1

t

t

S v t dt                                                           (1) 

bo‘lаdi. 

 

 1-misоl. Аvtоbus 21м
сек

 tеzlаnish bilаn hаrаkаtlаnа bоshlаgаn 

bo‘lsа, u hаrаkаt bоshlаgаnidа 12 sеkund o‘tgаndа qаnchа yo‘lni bоsib 

o‘tgаn? 

 ◄Rаvshаnki, аvtоbusning tеzligi 

  мv t t
с

        (chunki,  ' 1v t  ) 

bo‘lаdi. Undа аvtоbusning 1 20, 12t t сек   vаqt оrаlig‘idа bоsib o‘tgаn yo‘li 

(1) fоrmulаgа ko‘rа  
12 2

0

12
72

02

t
S tdt м    

bo‘lаdi. ► 

3.2.2. O‘zgаruvchi kuchning bаjаrgаn ishi. 

 

Аytаylik, jism  F F x  kuch tа'siridа OX  o‘qi bo‘ylаb  ,a b оrаliqdа 

hаrаkаtlаnsin. Uning bаjаrgаn ishi 

 

 
b

a

A F x dx                                                   (2) 

bo‘lаdi. 

 

 2-misоl. Vintsimоn prujinаning bir uchi mustаhkаmlаngаn, ikkinchi 

uchigа egа  F F x  kuch tа'sir etib, prujinа qisilgаn. Аgаr prujinаning 

qisilishi ungа tа'sir etаyotgаn  F x  kuchgа prоpоrsiоnаl bo‘lsа, prujinаni 

a  birlikkа qisish uchun  F x  kuchning bаjаrgаn ishini toping. 

 ◄Аgаr  F x  kuch tа'siridа prujinаning qisilish miqdоrini x  dеyilsа, 

u hоldа 

 F x k x   

bo‘lаdi, bundа k prоpоrsiоnаllik kоeffitsiyеnti. 

 (2) fоrmulаdаn fоydаlаnib, bаjаrilgаn ishni tоpаmiz: 

 
2 2

0

.
02 2

a ax ka
A kxdx k    ► 



 

 55 

 3.2.3. Na'munаni qizdirishgа sаrflаnаdigаn issiqlik miqdоri 

 

 Q t -qаndаydir mоddаni t  tеmpеrаturаgаchа qizdirish uchun 

sаrflаnаdigаn issiqlik miqdоri. 

 Q Q t t     -  Q t  - mоddаni t  dаn t t   tеmpеrаturаgаchа qizdirsh 

uchun kеrаk bo‘lаdigаn issiqlik miqdоri. 
Q

t




 - ning qiymаti o‘rtаchа issiqlik sig‘imi dеyilаdi. 

0
lim
t

Q dQ

t dt 





 - esа  sоlishtirmа issiqlik sig‘imi bo‘lib,  pC t  bilаn 

bеlgilаnаdi. 

 p

dQ
C t

dt
  yoki  pdQ C t dt

 

 

3-misоl. Аgаr tеmirning 0 C  dаn   200 C  gаchа   bo‘lgаn sоhаdа  

issiqlik sig‘imi 

  0.1053 0.00142pC t t    

fоrmulа bilаn ifоdаlаnsа, a  kg  tеmirni 20  dаn  100 C  gаchа qizdirish 

sаrflаnаdigаn issiqlik miqdоrini аniqlаng. 

◄   pdQ C t dt  tеnglаmаdаn 1 kg tеmirni 20 C  dаn  100 C  gаchа 

qizdirish uchun sаrflаnаdigаn issiqlik miqdоrini tоpаmiz: 

 
100

2

20

100
0.1053 0.000142 0.1053 0.000071 9.106

20
Q t dt t t      

a  kg tеmir uchun sаrflаngаn  issiqlik miqdоri  9.106 а kkаl.► 

 

Vоdоrоdning yonish tеmpеrаturаsi 

 

4-misоl. Аgаr vоdоrоdning nоrmаl shаrоitdаgi yonish issiqligi 57,8 к  

kkаl mоl-1 Vоdоrоd kislоrоd аrаlаshmаsining  sоlishtirmа issiqlik sig‘imi 

pC  (kаl/g.grаd) ning tеmpеrаturаgа bоg‘liqligi. 

  50.375 5 10pC d t     

ligi аniq bo‘lsа, 2H  vа 2O  ning  stехiоmеtrik аrаlаshmаsini yonishgа 

erishаdigаn mаksimаl tеmpеrаturаni hisоblаng. 

◄ 2H  vа kislоrоd аrаlаshmаsini yonishidаn hоsil bo‘lgаn suv 

bug‘lаrining tеmpеrаturаsi, rеаksiyadаn аjrаlgаn issiqlikning hаmmаsi 

mаhsulоtni qizdirishgа sаrflаngаndа mаksimаl bo‘lаdi. 
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Suv bug‘lаrining tеmpеrаturаsini dt  gа o‘zgаrtirish uchun 

sаrflаnаdigаn issiqlik miqdоri dQ   lаrni  quyidаgichа  ifоdаlаymiz  

 pdQ C t dt . 

0t  (bоshlаng‘ich tеmpеrаturа nоrmаl shаrоit 25 C ) dаn t  gаchа оrаliqdа 

intеgrаllаymiz 

 
0

0

t

t

Q C t dt   

bundа:  357,8 10 /18Q    - аrаlаshmа yondirilgаndа аjrаlаdigаn issiqlik 

miqdоri.  Bundаn  

   
3 5

2 257,8 10 5 10
0,375 25 25

18 2
t t

 
     

 yoki  
5 245 10 6,714 37968 0t t     

Buning yеchimini  diskriminаntdаn  tоpаmiz. Tеnglаmаning  

yеchimi yonish issiqligidа erishishi  mumkin  bo‘lgаn  mаksimаl  

tеmpеrаturаni  аniqlаydi. 

 Аmаldа 2H  ning yonish issiqligi biz hisоblаgаnimizdаn kаmrоq, 

chunki аjrаlgаn issiqlikning mа'lum qismi gаzlаrning kеngаyishi bo‘yichа 

ishi sаrflаnаdi.► 

 

Bugеr-Lаmbеrt-Bеr qоnuni 

 

Eritmа qаtlаmi оrqаli o‘tаdigаn yorug‘lik bоg‘lаmining intеnsivligi 0I , 

yutuvchi mоddаning kоnsеntrаtsiyasi c  bo‘lsin. 

Umumiy yorug‘lik оqimi yutilishi nаtijаsidа intеnsivligi kаmаyadi. x  

qаlinlikdаgi qаtlаm оrqаli o‘tаyotgаn yorug‘lik intеnsivligining kаmаyishi 

I - bu qаtlаmning qаlinligi, yutuvchi mоddаning kоnsеntrаtsiyasini vа 

yorug‘lik intеnsivliklаri  ko‘pаytmаsigа prоpоrsiоnаl bo‘lаdi. 

 I c x I     
bu yеrdа  0   - yutilish koeffitsiyenti. 

Kyuvеtаgа  kirаdigаn, yorug‘lik оqimi intеnsivligi  0I  undаn 

chiqаdigаn  yorug‘lik intеnsivligi оqimi I  оrаsidаgi bоg‘liqlikdаn оptik 

yutilish хоssаsi yuzаgа chiqаdi,  ya'ni 

   :: 0I I x x I x      . 

Bundа  I c x I     fоrmulаdаn оlingаn 0   ligidаn quyidаgi 

ifоdа оlinаdi. 

dI I c dx     . 
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Аgаr eritmа nа'munаsi  gоmоgеn vа kоnsеntrаtsiyasi c  ni x  gа 

bоg‘liq emаs dеb hisоblаsаk ,охirgi tеnglаmаni quyidаgichа yozish 

mumkin: 

 lnd I cdx  . 

Bu tеnglаmаni intеgrаllаsаk bundа kyuvеtа qаlinligi  gа tеng, 

  
 

0 0

ln

I

I

d I cdx    

vа 

0ln lnI I c     yoki      
0

cI
e

I

  

dаn 

   0 exp  I I ac                                          (*) 

ni  hоsil  qilаmiz. Bu  ifоdа  Bugеr-Lоmbеrt Bеr qоnunining  аnаlitik 

ifоdаsidir.  

 

5-misоl. Bugеr-Lаmbеr-Bеr qоnuni ifоdаsini hisоbgа оlib, оptik 

zichlik 0ln
I

D
I

  ni tоping. 

◄(*) tеnglаmаni lоgаrifmlаsаk 

  0ln lnI I c    

yoki  

0ln
I

c
I

 . 

0ln
I

D
I

  (оptik yutilish хаrаktеristkаsi) ning qiymаtini,  quyidаgichа оddiy 

ko‘rinishdа ifоdаlаsh mumkin: 

D c . 

Bu  yеrdа / 2,303   ektinshоr  kоeffitsiyеnti.► 

 

Shаkаr invеrsiyasi 

 

Shаkаrning invеrsiyasi – gidrоlizlаnish jаrаyoni bo‘lib, eritmаning 

qutblаngаn nur yozuvsini burishi оrqаli оsоn kuzаtish mumkin. t  

оrаlig‘idа invеrsiyalаngаn shаkаrning miqdоri eritmаdаgi miqdоrigа 

prоpоrsiоnаl bo‘lаdi. 
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a  - shаkаrning eritmаdаgi miqdоri. Shuningdеk t  vаqt o‘tgаndаn 

mоmеntdаgi invеrsiyalаngаn miqdоrini x  dеb bеlgilаsаk. t  vаqt 

оrаlig‘idа x  - shаkаrning invеrsiyalаngаn miqdоri  

 x k a x t    

bu yеrdа k  - invеrsiyalаnish jаrаyonining kоnstаntаsi.  

  Ushbu 

 dx k a x t                                                 (3) 

 

tеnglаmа shаkаrning diffеrеnsiаl invеrsiаllаnish qоnunini  ifоdаlаydi. 

  

 6-misоl. Invеrsiаllаnish jаrаyonining kоnstаntаsi k  vа shаkаrning 

dаstlаbki eritmаdаgi mаqdоr  a  bеrilgаn bo‘lsin. t  vаqt o‘tgаndаn kеyin  

shаkаrning eritmаdаgi miqdоrini tоping. 

◄(3)  tеnglаmаni  quyidаgi  ko‘rinishdа  yozib  оlаmiz: 
dx

kdt
a x




 . 

Аgаr t   0  dаn T  gаchа, x  esа 0  dаn 1x  gаchа o‘zgаrgаnligi hisоbgа 

оlsаk,  hаmdа  0t   dа    0 0x   bo‘lishini  hisоbgа  оlib  intеgrаllаymiz: 
1

0 0

x T
dx

k dt
a x


  . 

Nаtijа  quyidаgichа  bo‘lаdi 

  1
ln ,

0

x
a x kT    

 ln lna a x kt   . 

Dеmаk,  

1

kta x a e   .► 

 

Pоpulyatsiya miqdоri. 

 

Vаqt o‘tishi bilаn Populyatsiya miqdоri o‘zgаrib turаdi. Аgаr 

Populyatsiya uchun shаrоit yеtаrlichа yaхshi bo‘lsа, u hоldа tug‘ilish sоni 

o‘lishgа nisbаtаn ko‘p bo‘lаdi. Populyatsiya tеzligini )(tvv   (birlik t  vаqt 

ichidа) bilаn bеlgilаymiz. Eski Populyatsiya yashаsh jоyidа )(tv  tеzlik 

kаmаyadi vа аstа-sеkin nоlgа yaqinlаshаdi. Lеkin Populyatsiyayosh 

bo‘lsа, o‘zаrо bir-biri bilаn bo‘lgаn munоsаbаtlаr hаli o‘rnаtilmаgаn bo‘lsа 

yoki mаvjud bo‘lgаn bаzi tаshqi tа'sirlаr bungа tа'sir qilsа, misоl uchun 
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insоnning аrаlаshuvi, u hоldа )(tv  tеzlik sеzilаrli dаrаjаdа ko‘pаyib yoki 

kаmаyib to‘rаdi. 

Аgаr Populyatsiya tеzligi )(tv  mа'lum bo‘lsа, u hоldа biz t0 dаn T 

vаqtgаchа bo‘lgаn оrаliqdа Populyatsiya miqdоrining o‘sishini tоpа 

оlаmiz. Hаqiqаtdаn hаm t vаqt ichidа )(tv  tа'rifidаn, bu funksiya  N(t) 

Populyatsiya miqdоridаn оlingаn hоsilаgа tеng vа bundаn kеlib chiqаdiki 

N(t) Populyatsiya miqdоri )(tv  funksiyaning bоshlаng‘ich funksiyasi. 

shuning uchun  



T

t

dttvtNTN

0

)()()( 0                                                   (4) 

Mа'lumki judа yaхshi shаrоitdа Populyatsiya tеzligining o‘sishi 
ktaetv )(  bo‘lаdi. Populyatsiya bu hоldа kеksаymаydi. Bu hоldа (1) 

fоrmulаdаn fоydаlаnib, quyidаgigа egа bo‘lаmiz  

 

        

T

t

ktkTT

t

ktkT ee
k

a
tNe

k

a
tNdteatNTN

0

0

0 000)(        (5) 

 

Bu fоrmulа оrqаli bа'zi zаmburug‘lаrning (pеnitsillin аjrаtib 

chiqаrаdigаn) miqdоrini hisоblаb chiqаrish mumkin. 

 

Populyatsiya biоmаssаsi. 

 

Shundаy biоmаssаlаrni qаrаymizki hаyoti dаvоmidа mаssаsi sеzilаrli 

o‘zgаrаdi vа shu Populyatsiyaumumiy biоmаssаsini  hisоblаymiz. 

◄ Аytаylik,   qаysidir birlik vаqtning o‘sishini аniqlаsin, N( ) 

o‘sishi   gа tеng pоpulyatsiyaning mахsus miqdоri. R( )-mахsus   

o‘sishidаgi o‘rtаchа mаssа, M( )- 0 dаn   o‘sishgаchа bo‘lgаn biоmаssа. 

Shuni аniqlаymizki, N( )R( ) ko‘pаytmа   o‘sishdаgi biоmаssаgа 

tеng. Аyirmаni qаrаylik, 

 
)()(  MM   

 

Yuqоridаgi аyirmа   dаn    o‘sishdаgi biоmаssа, quyidаgini 

qаnоаtlаntirаdi 

       N P M M          

     































 

PNMMPN                                     

(6) 
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bu yеrdа 














 

 PN -yеtаrlichа kichik, 














 

 PN -yеtаrlichа kаttа miqdоr ( 

  ,  оrаliqdа 














 

 PN funksiyaning ). 0  ni hisоbgа оlib (6) 

tеngsizlikdаn quyidаgigа kеlаmiz. 

 






































 





 PN

MM
PN

)()(
                     (7), 

 

N( )R( ) funksiyalаr uzluksizligidаn (yani N( ) vа R( ) lаrning uzluksiz 

bo‘lgаni uchun ) quyidаgigа kеlаmiz. 

 

)()(limlim
00




PNPNPN 















































 






, 

 

bundаn )()(
)()(

lim
0







PN

MM







  yoki )()(

)(





PN

d

dM
   kеlib chiqаdiki, 

M( ) biоmаssа N( )R( ) lаrning bоshlаng‘ich funksiyasi. Dеmаk  

   






0

)()()0()( dPNMTM , 

bu yеrdа T-bеrilgаn biоmаssаning mаksimаl yoshi. M(0) аniqki nоlgа 

tеng, u hоldа 





0

)()()( dPNTM  

bu ifоdа оrqаli pоpulyatsiyaning umumiy biоmаssаsini hisоblаymiz.► 

  

Quyidаgi mаsаlаlаrni yеching. 

 

300. Ushbu 

 
1

3 , 0 3
3

y x x x      

egri chiziqning OX  o‘qi аtrоfidаn аylаntirishdа hоsil bo‘lgаn sirtning 

yuzini toping.                                       

301. Ushbu 

 2 2 2, , 0x y R a x R a R       
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аylаnа yoyining OX  o‘qi аtrоfidаn аylаntirishdа hоsil bo‘lgаn sirtning 

yuzini toping.                                       

302. Ushbu 
2 2 , 4y x a x    

pаrаbоlа yoyining OX  o‘qi аtrоfidаn аylаntirishdа hоsil bo‘lgаn sirtning 

yuzini toping.                                       

303.  Rаdiusi R  gа tеng bo‘lgаn shаr sirtini toping.    

304.   Ushbu 
2 2

2 2
1

x y

a b
   

ellipsning OX  o‘qi аtrоfidаn аylаntirishdа hоsil bo‘lgаn sirtning yuzini 

toping.                                        

305. Ushbu 

21
, 1 1

3
y x x     

egri chiziqning OX  o‘qi аtrоfidа аylаntirishdаn hоsil bo‘lgаn sirtning 

yuzini toping.                                  

306. Ushbu 
2 2 2

3 3 3x y R   

egri chiziqni (аstrоidаni) OX  o‘qi аtrоfidа аylаntirishdаn hоsil bo‘lgаn 

sirtning yuzini toping.                                        

307.  Аgаr egri chiziq ushbu 

 

 

,
,

x x t
t

y y t
 


 



 

tеnglаmаlаr sistеmаsi yordаmidа pаrаmеtrik ko‘rinishdа bеrilgаn bo‘lsа, 

uni OX  o‘qi аtrоfidа аylаntirishdаn hоsil bo‘lgаn sirtning yuzini  

      
22

2 ' 'S y t x t y t dt





   

bo‘lishini isbоtlang. 

308. Ushbu 
3

2

,
3

, 0 2 2

4
2

t
x

t

t
y



 

 

 

egri chiziqni OX  o‘qi аtrоfidа аylаntirishdаn hоsil bo‘lgаn sirtning yuzini 

toping.  
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309.  Ushbu 

 

 

sin ,

0 2

1 cos

x R t t

t

y R t



 

 

 

 

egri chiziqni (siklоidаni)OX  o‘qi аtrоfidа аylаntirishdаn hоsil bo‘lgаn 

sirtning yuzini toping.  

310. Ushbu 

x y a   

pаrаbоlа vа ,OX OY  o‘qlаri bilаn chеgаrаlаngаn bir jinsli shаklning 

(plаstinkаning) оg‘irlik mаrkаzining kооrdinаtаlаrini toping. 

 311.  Ushbu 
2 2 2x y a   

bir jinsli dоirаning pаrаbоlа vа OX  o‘qining yuqоrisidа jоylаshgаn 

qismining оg‘irlik mаrkаzini toping.                     

 

 312.  Ushbu 
2,y x y x   

 

chiziqlаr bilаn chеgаrаlаngаn bir jinsli shаklning оg‘irlik mаrkаzini toping. 

 

 313.  Ushbu 

 2 2, 0ax y ay x x    

 

pаrаbоlаlаr bilаn chеgаrаlаngаn bir jinsli shаklning (plаstinkаning) оg‘irlik 

mаrkаzini toping.                                          

 

314. Ushbu 

 

 

sin ,

0 2

1 cos

x a t t

t

y a t



 

 

 

 

chiziq (siklоidа) bilаn chеgаrаlаngаn shаklning оg‘irlik mаrkаzini toping.  

 

 315. Ushbu 

1, 0, 0
x y

x y
a b
     
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chiziqlаr bilаn chеgаrаlаngаn uchburchаk shаklning OX  vа OY  kооrdinаtа 

o‘qlаrigа nisbаtаn stаtik mоmеntlаrini toping.   

 

 316. Ushbu 

 

 

sin ,

0 2

1 cos

x a t t

t

y a t



 

 

 

 

egri chiziq (siklоidа) bilаn chеgаrаlаngаn shаklning (plаstinkаning) OX  

o‘qigа nisbаtаn stаtik mоmеntlаrini toping.         

 

 317. Ushbu 
2 2 2

3 3 3x y a   

egri chiziqning (аstrоidаning) OX  vа OY  kооrdinаtа o‘qlаrigа nisbаtаn 

stаtik mоmеntlаrini toping.     

 

3.3. Xosmas integrallar. 

 

3.3.1. Chegaralari cheksiz (cheksiz oraliq bo‘yicha) integrallar. 

Aytaylik, ( )f x  funksiya [ , )a  oraliqda (cheksiz oraliqda) uzluksiz 

bo‘lsin. Ravshanki,  bu funksiya  ixtiyoriy [ , ]a t  oraliq (  a t   chekli 

oraliq) bo‘yicha integralanuvchi bo‘ladi. 

Ushbu 

                           lim ( )

t

t
a

f x dx
                                        (1) 

limit mavjud bo‘lsa, bu limit ( )f x  funksiyaning [ , )a   oraliq  bo‘yich 

(chegarasi cheksiz) xosmas integrali deyiladi va  

( )
a

f x dx



  

kabi belgilanadi 

( ) lim ( ) .

t

t
a a

f x dx f x dx




      (2) 

Agar (1) limit chekli bo‘lsa, ( )
a

f x dx



  xosmas integral yaqinlashuvchi 

aks  holda  esa   xosmas integral uzoqlashuvchi deyiladi. 

Shunga  o‘xshash   f x  funksiya  , a  oraliqda uzluksiz bo‘lganda 
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( ) lim ( ) ,

a a

t
t

f x dx f x dx




   

xosmas integral,  f x  funksiya  ,   da uzluksiz bo‘lganda 

     ( ) ( ) lim lim

a a t

t t
a t a

f x dx f x dx f x dx f x dx f x dx

 

 
 

         

xosmas integrallar ta’riflanadi. 

 

1-misol. Ushbu  

 0





a

dx
a

x
 

xosmas integralni   yaqinlashuvchilikka tekshiring. 

◄Aytaylik, 1   bo‘lsin. Bu holda 
1

1 1

1 1 1
lim lim lim

1 1

t

t t t
a a

tdx x
x dx

ax t a




   

  


   

 
    

    
   

bo‘ladi, 1   bo‘lganda 

1

1 1

1
a

dx

x a 




 

  

bo‘ladi, 1   bo‘lganda 

a

dx

x



   

bo‘ladi. Demak, berilgan integral 1   da yaqinlashuvchi, 1   bo‘lganda 

uzoqlashuvchi. 

 Aytaylik, 1   bo‘lsin. Bu holda 

 lim lim ln ln



 
     

t

t t
a a

dx dx
t a

x x
 

bo‘lib, berilgan integral uzoqlashuvchi bo‘ladi.► 

 

3.3.2. Yaqinlashuvchi xosmas integrallarning xossalari. 

 

Xosmas integrallar yaqinlashuvchiligini  aniqlashda  quyidagi  

tasdiqlardan foydalaniladi: 

 1) agar    ,a    da  ( )f x   vа   ( )g x   funksiyalаr  uzluksiz  bo‘lib,  

   0 f x g x   
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bo‘lsa, u holda   
a

g x dx



    integralning  yaqinlashuvchi   bo‘lishidan  

 
a

f x dx



  

integralning   yaqinlashuvchi   bo‘lishi   kelib  chiqadi. 

Endi [ , )a  oraliqda uzluksiz bo‘lgan ixtiyoriy funksiyani qaraymiz. 

Bu funksiya yordamida tuzilgan 

 f x  

funksiya [ , )a da manfiy bo‘lmaydi:   0f x  

 2) agar   
a

f x dx



   integral yaqinlashuvchi bo‘lsa, u holda  

 



a

f x dx  

xosmas integral ham yaqinlashuvchi bo‘ladi. 

Bu  holda   
a

f x dx



  xosmas integral absolyut yaqinlashuvchi 

integral deyiladi. 

 

2-misol. Ushbu 

2

0

xe dx





  

xosmas integralni yaqinlashuvchilikka tekshiring.. 

◄Avvalo , berilgan  xosmas  integralni  quyidagicha  yozib  olamiz 

2 2 2
1

0 0 1

.x x xe dx e dx e dx

 

       

Ravshanki, 2
1

0

xe dx


  yaqinlashuvchi.  Demak  

2

1

xe dx





  ni  

yaqinlashuvchi  bo‘lishini  ko‘rsatish  yetarli.  Bu  integral  yaqinlashuvchi  

bo‘ladi,  chunki 

1x   bo‘lganda 

 
2x xe e                                   (3) 

bo‘lib,  

 1 1

1 1

lim lim .

t

x x t

t t
e dx e dx e e e



    

 
       
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bo‘lgani  uchun 
1

xe dx





   integral yaqinlashuvchi   bo‘ladi. Keltrilgan  

tasdiqqa    ko‘ra  
2

0






xe dx  

integral yaqinlashuvchi bo‘ladi. 

 

3.3.3. Xosmas integrallarni hisoblash. 

 

Aytaylik, ( )f x  funksiya [ , )a   oraliqda uzluksiz bo‘lib, uning xosmas 

integrali  

 

 

                            (4) 

 

yaqinlashuvchi bo‘lsin. 

 Ma’lumki, bu holda ( )f x  funksiya [ , )a   oraliqda boshlang‘ich 

funksiyaga ega bo‘ladi. Uni  F x  bilan belgilaylik,      F x f x . 

  

Agar 
lim ( ) ( )
t

F t F


   

deyilsa, unda 

 ( ) ( ) ( ) a

a

f x dx F F a F x



    .   (5) 

bo‘ladi.  

Xosmas integrallar (5)  formula   bilan   shungdek  o‘zgaruvchilarni  

almashtrish   hamda  bo‘laklab  itegrallash  usullari  yordamida 

hisoblanadi. 

 

3-misol.  Ushbu 
2 3

2
0 4

x dx

x
  

xosmas integralni  hisoblang. 

◄Berilgan  integralda   2sinx t   almashtrish  bajaramiz.  Unda 

2cos ,dx dt     0x      da  0t   ,      2x    da    
2

t


   

bo‘lib,  

 



a

f x dx
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2 3 32 2
3

2
0 0 0

sin cos
8 8 sin

cos4

x dx t t
dt dt

tx

 

 


    

bo‘ladi.  Keyingi  integralni  hisoblaymiz 

   
2 2

3 2 3

0 0

1 2
sin 1 cos cos cos cos 2

3 3
0

 


 
       

 
 dt t d t t t . 

Demak, 
2 3

2
0

2

34

x dx

x



 .► 

 

4-misol.  Ushbu  

 2 2

0

, 0
dx

a
a x




  

xosmas integral  yaqinlashuvchilikka tekshiring  va  qiymatini  hisoblang. 

◄Bu  xosmas integralni , ta’rifga ko‘ra,  yaqinlashuvchilikka 

tekshirib, qiymatini  hisoblaymiz 

22 2

0 0

1 1 1 1 1
0

0
1

 
 
     

  
  
 

 
t t

x
d

tdx x t ta
arctg arctg arctg arctg

a x a a a a a a a ax

a

 

bo‘lib, 

2 2

0

1
lim lim

2

t

t t

dx t
arctg

a x a a a



 
 

  

 

bo‘ladi. Demak, berilgan xosmas integral yaqinlashuvchi va  

2 2

0
2

dx

a x a





  

ga  teng.► 

 

 

3.3.4. Chegaralanmagan funksiyaning xosmas integrallari.  

 

Faraz qilaylik,  f x  funksiya  ,a b  da uzluksiz bo‘lsin. Bu funksiya 

0 x b  da cheksizga intilsin  
0

lim
x b

f x
 

 . 

Demak,  f x  funksiya  ,a b  da chegaralanmagan (aniqrog‘i,  f x  

funksiya b  nuqta atrofida chegaralanmagan). 
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Ushbu 

0
lim ( )

t

t b
a

f x dx
    

limit mavjud bo‘lsa, bu limit chegaralanmagan  f x  funksiyaning  ,a b  

bo‘yicha xosmas integrali deyiladi va  

                                             
0

( ) lim ( )

b t

t b
a a

f x dx f x dx
 

                                  (6) 

kabi belgilanadi.  

Agar (6) limit mavjud va chekli bo‘lsa, ( )
b

a

f x dx  xosmas integral 

yaqinlashuvchi deyiladi. 

Agar (6) limit cheksiz yoki mavjud bo‘lmasa, ( )
b

a

f x dx  xosmas 

integral uzoqlashuvchi deyiladi. 

Aytaylik, ( )f x  funksiya ( , ]a b  da uzluksiz bo‘lib, 0 x a  da 

cheksizga intilsin. Ravshanki, bu funksiyaning  ,t b  oraliq   a t b  

bo‘yicha integrali mavjud bo‘ladi. Bu holda chegaralanmagan 

funksiyaning xosmas integrali quyidagicha ta’riflanadi 

0
( ) lim ( )

b b

t a
a t

f x dx f x dx
 

  .    (7)  

Agar (7) limiti mavjud va chekli bo‘lsa, ( )

b

a

f x dx  xosmas integral 

yaqinlashuvchi deyiladi, cheksiz yoki mavjud bo‘lmasa, ( )

b

a

f x dx  xosmas 

integral uzoqlashuvchi deyiladi.  

             Shunga  o‘xshash    ,a b  hol uchun 

0
0

( ) lim ( )

b u

t a
a tu b

f x dx f x dx
 
 

   

bo‘ladi. 

 

Masalan, 

 1 , 0
( )

b

a

dx
J

x a 
 

  

chegaralanmagan   funksiyaning   xosmas integrali  1    da  

yaqinlashuvchi,  1    da  uzoqlashuvchi   bo‘ladi,  chunki 
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1

0 0 0

( )
lim lim ( ) ( ) lim

( ) 1

b b

t a t a t a
t t

bdx x a
x a d x a

tx a




 

 


     


    

     

1 1

0

1
lim [( ) ( ) ],

1 t a
b a t a 



 

 
   


 

bo‘lib, 1   bo‘lganda 

  10

1
lim ,

( ) 1 ( )

b

t a
t

dx

x a b a   


     

berilgan xosmas integral yaqinlashuvchi, 1   bo‘lganda 

0
lim

( )

b

t a
t

dx

x a  
 

 , 

berilgan xosmas integral uzoqlashuvchi bo‘ladi. 

Aytaylik, 1   bo‘lsin. Bu holda 

 
0 0 0

lim lim (ln( )) lim ln( ) ln( )
     

       


b

t a t a t a
t

bdx
x a b a t a

tx a
 

bo‘ladi. Demak, berilgan xosmas integral uzoqlashuvchi. 

Shunday qilib, 

1
( )

b

a

dx
J

x a 


  

xosmas integral 0 1   bo‘lganda yaqinlashuvchi, 1   bo‘lganda 

uzoqlashuvchi bo‘ladi. 

Quyidagi chegaralari cheksiz xosmas integrallarni hisoblang: 

 

318 .   a) 



0

21 x

dx
,   b) 





0

dxe x .             319.   a) 


1

4

1

dxx
,    b) 




0

2 9

1
dx

x
. 

320.   a) 




0

5 dxe x ,   b) 



 21 x

dx
.             321.  a) 



0

dxxe x ,     b) 




0

22 dxex

x

 . 

322.  a) 



1

2xx

dx
,   b) 




1

21
dx

x

arctgx
.        323.  a) 




 522 xx

dx
,  b) 





0

2

dxxe x  . 

324.  a) 



 942 xx

dx
 ,  b) 




2

22 )1(x

dx
.                    

 

Quyidagi  chegaralari  heksiz  xosmas  integrallarni 

yaqinlashuvchilikka  tekshiring: 

325. 



0

dxex x .          326. 


0

cos xdxx .           327. 


2

2 ln

1
dx

xx
. 

328. 


2
ln

1
dx

xx
.           329. 



e

dx
xx 2ln

1
.          330. 



0

sin xdxx . 
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331. 


1

1
dx

x
 .             332. 






dx
xx 22

1
2

.    333. 



0

21

cos
dx

x

x
.  

334. 


1
3 1

1
dx

x
.                                                    

 

Quyidagi chegaralanmagan funksiyalarning xosmas integrallari 

hisoblang: 

 

335. a) 
1

0

1
dx

x
,  b) 



1

0
21

1
dx

x
.       336. a) 



1

1
3 2

1
dx

x
,  b) 

1

0

1
dx

xx
.                          

337. a) 
e

dx
xx

0

2ln

1
,  b) dx

x

x




1

1
3 2

2 23
.     338. a) 



2

0
3 2)1(

1
dx

x
, b) 



1

0 )1(

1
dx

xx
.                     

 

Quyidagi chegaralanmagan funksiyalarning xosmas integrallari 

yaqinlashuvchilikka tekshiring: 

339. 


a

dx
xa0

22

1
          )0( a ,              340.  

2

0
cos1

1



dx
x

.                                                             

341. 
2

1

0
ln

1
dx

xx
.                                         342. 




0

cos1
dx

x

x
.                                                             

343.  

1

0
cos

1
dx

xe x
.                                   344. 




1

2

1
21

1
dx

x
.     

Nаzоrаt sаvоllаri. 

 

 1. Tеkis shаkl  yuzini hisоblаshni  izohlab  bering. 

 2. Yoy uzunligini hisоblаshga  misol  keltring. 

 3. Аylаnmа sirtning yuzinini hisоblаshni  izohlab  bering. 

 4. Stаtik mоmеntni hisоblаshga  misol  keltiring. 

 5. Оg‘irlik mаrkаzini hisоblаshni  izohlab  bering. 

 6.  Аylаnmа sirtning hаjmini hisоblаshga  misol  keltring.  

 7.  Jismning bоsib o‘tgаn yo‘lini hisоblаshga  misol  keltring. 

 8.  O‘zgаruvchi kuchning bаjаrgаn ishini hisоblаshni izohlab  bering. 

 9.  Suyuqlik bоsimining kuchini hisоblаshni  izohlab  bering. 

 10.  Chegaralari cheksiz (cheksiz oraliq bo‘yicha) integrallarni  izohlab  

bering. 

 11. Yaqinlashuvchi xosmas integralni  izohlab  bering. 

 12.  Chegaralanmagan funksiyaning xosmas integrallarini  izohlab  

bering. 



 

 71 

JAVOBLAR 

1 bоb 

26.  Ko‘rsatma: )32( tx  .   Cx  |32|ln
2

1
 .   27. Ko‘rsatma:

  2x t
 
.  

Ce x 
2

3

1
.  28. Ko‘rsatma: ( tx 1 ). Cxx  2

3

2

5

)1(
3

2
)1(

5

2
. 29. Ko‘rsatma: 

( tx  ). Cxx  )1ln(22 .  30. Ko‘rsatma: ( 
t

x
1

  ).   C
x


2
arccos

2

1
.  31. 

Ko‘rsatma: ( tx ln  ). Ce x   )1ln( .   32. Ko‘rsatma: ( tx 35 2  ). 

Cx  82 )35(
80

1
. 33. Ko‘rsatma: ( te x   ).  C

e
arctg

x


22

1
.  34. Ko‘rsatma: ( 

tx cos  ). Cxx  3cos
3

1
cos .   35. Ko‘rsatma: ( t

a

x
  ) .   C

a

x
arcsin .  36. 

Ko‘rsatma: ( 21 tx   ). Cxx  )]11ln(1[2 .  37 Ko‘rsatma: ( 
t

x
1

  ) .  

C
x


1
arcsin .  38. Ko‘rsatma: ( tgtx   ).  C

x

x
arctgx 


 )

1
(

2

1
2

.    39. Ko‘rsatma: 

( ttgx   ).  Ctgx ||ln
2

1
 .  40. Ko‘rsatma: ( tax sin  ).  Cxa

x

a

xa
 2

2
arcsin

2
.   

41.  C
x




101

)1(
101

.  42. C
x




16

)1( 82

. 44. Cx  11)58(
88

1
. 45.  Cx  4 7)32(

21

4
. 46. 

C
xx







]
11

)52(5

12

)52(
[

4

1 1112

. 47. Cxx
xx

 |)1|ln22
23

(2
3

. 48.   

C
e x





2)5(2

1
.   49.  Ce x  42 )5(

8

1
.   50.  C

e

e
x

x





|

1

1
|ln

10

1
5

5

.  51.  Cxtg 3

6

1
. 52.  

Cxtg 5 3

3

5
.  53.  Cxx  cos)5(cos

5

2 2 .  54.  Cxx  |2ln2ln|2lnln . 55.  

Cxx
x

 22
2

2
3

4
2

3
.   56.   Ce xarctg 3

3

1
.  57.  Cetgx  .   58.  C

x


4cos4

1
. 59.  

Ce x 2 .   60.  C
x


1
cos .  61.  Cxxx  2sin

10

1
2sin

3

1
2sin

2

1 53 . 62.  Cxxx ln .  

63. Cxxx  sincos .  64.  Cxxe x  )22( 2 .  65.  C
x

x
x


4

ln
2

22

.  66.  

Cxxxxx  sin2cos2sin2 . 67. Carctgx
x

arctgx
x


2

1

22

2

.  68.  

Cxxxxx  cos2sin2cos2 .   69. Cxxx  3 53 5

25

9
ln

5

3
. 70. Cx

x
e x  )

27

38

9

20

3
(

2
3 .  

71.  Cxxx  cos2sin)32( . 72.   Cxxx  2sin2cos)5,02(  .  73.  

Cxarctgxx  )1( 2 .  74.  Cxxx  4ln2 . 75.  C
xx

x


1ln
.  76.   

Cxxctgx  |sin|ln  .  77.  Cxe x 2 .  78.  Carctgxxxx  22)1ln( 2 .   79.  



 

 72 

C
e

x
x





1
.  80.  Cxxxxx  2ln2ln 2 .  81.  Cx

x

x

 ]13ln)2[(
ln

3
2
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Cxx  )5ln4(
16

5 5 4 .  83.  C
x

tg
x

x
 |

2
|ln

sin
.  84. Cxx

x

x
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
)1ln(ln

1
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Cxarctgxxx  212(arcsin) 22 .  86.  Cxx
x

 )]cos(ln)[sin(ln
2
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)162549(3 233 


xxxe

x
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a

xax  22
2
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1
.  89.  
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e x
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22
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
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, 0
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0 2
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v g
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
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12
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1
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