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Preface

This book is devoted to students enrolled in Bachelor’s or Master’s degree
programs or in engineering schools. By combining step-by-step approaches to
theoretical aspects and practical exercises accompanied by solutions, this book
facilitates the reader’s knowledge assessment and understanding of the phenomena
presented.

It is worth noting that circuit design and realization require knowledge on the
behavior and interconnection of devices. Providing such knowledge is the aim of
this book, which deals with certain aspects of the nonlinear domain, a very broad
domain with a wide range of applications.

This book deals with several subjects that definitely require prior knowledge on
analog electronics. However, the didactic approach to these subjects is gradual.

Subjects that are hardly covered by other books are presented here, for example,
a comprehensive presentation of oscillators: low frequency, high frequency,
amplitude and frequency stability, the nonlinear approach and the determination of
oscillation amplitude. Several astable circuits are presented in order to illustrate their
broad range and the various possibilities offered by wave generators in terms of
design and realization.

This book is organized into six chapters and contains more than 40 exercises and
solutions covering a large part of nonlinear electronic circuits.

Chapter 1 deals with nonlinear two-terminal devices. Chapters 2, 3 and 4 focus
on the generation of sine wave signals, from low-frequency oscillators to high-
frequency oscillators and quartz oscillators.
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Chapters 5 and 6 are complementary, as they deal with the commutation and
response of RC circuits to pulse input and astable circuits.

Each chapter is followed by a series of exercises and solutions aimed at helping
the reader enhance his/her comprehension and knowledge on the subjects presented.

Brahim HARAOUBIA
June 2018



Nonlinear Two-terminal Devices

1.1. Introduction

The study of nonlinear devices involves complex calculation that requires
approximations.

When dealing with nonlinear two-terminal devices, graphical methods based on
the study of their characteristics are used. The most commonly used example is the
voltage—current or current—voltage characteristic, as shown in Figure 1.1.

i

b

v

Vi Vs

Figure 1.1. Nonlinear “current—voltage” characteristic

The “current—voltage” characteristic provides information on quantities such as
static resistance in a well-defined point or dynamic resistance of nonlinear
two-terminal devices.

It is possible to conduct a piecewise and approximation-based study of the
characteristic in order to deduce the behavior of the nonlinear element.
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1.2. Example of a nonlinear two-terminal device — the diode

It is worth recalling that a diode is a pn junction. It results from joining two
semiconductors, one p-type and another n-type. The diode is a device with two
poles, anode and cathode (Figure 1.2).

Cathode
Anode iand e e —

Figure 1.2. Diode

The diode conducts current in only one direction (forward direction), provided
that the voltage applied between the anode and cathode exceeds the threshold
voltage V.

This threshold voltage is imposed by the potential barrier that emerges when the
p-doped and n-doped semiconductors are assembled.

When negative voltage is applied (Vanoge = Veathode) < 0), the diode is blocked
and allows no current flow. In this case, the diode is said to be reverse biased.

When the voltage across a diode ranges from zero to the threshold voltage, the
diode allows a very small current to flow through it. Given its importance for
detection in the field of very high frequencies and also the specificity of the diode
characteristic in this region, this aspect will be revisited.

The electric diagram of a diode is represented in Figure 1.3.

o—Pp—5

Figure 1.3. Electric diagram of a diode

Va— Vi > 0: The diode is forward biased

Va— Vi <0: The diode is reverse biased
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1.3. Characteristic of a diode
1.3.1. Real diode

The characteristic of a forward biased diode is described by the following
equation:

nVD

V.
Ip=Ipge T -1
where Ip is the current across the diode, n is a constant that depends on the diode-
manufacturing process (1< n < 2; generally, n =1), Vp is the voltage across the

diode, Ips is the reverse current and V=26 mV at 300 K.

The representation of the diode characteristic Ip = f(Vp) is shown by the plot in
Figure 1.4.

VMAX

v

Figure 1.4. Diode characteristic Ip = f(Vp)

The above representation of the characteristic evidences at least four distinct
regions as follows:

Region 1: Vy, > V,: the diode is forward biased. The characteristic is actually
linear, and the diode is practically equivalent to its dynamic resistance “R4”. This
part serves for detecting high-amplitude signals.
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Region 2: 0 < V| < V,: the diode characteristic can be assimilated to a curve
resembling a parabola. In this region, the diode is used for the detection of weak
signals. This is called quadratic law detection.

Region 3: Vyux < Vp < 0: the diode is reverse biased. There is practically no
current across it. In this case, the diode is equivalent to its reverse resistance “R;”.
This resistance is very high, and in the ideal case, it is infinite.

Region 4: | Vo | > |VMaX: the diode is destroyed under this condition.

Given the complexity of the real characteristic of the diode, far simpler models
are used in order to facilitate the study, comprehension and also the possibility to
rapidly design circuits, especially for the non-specialist. For this purpose, a certain
number of approximations of the real characteristic of the diode can be adopted.

In this context, two approximations, which are in our opinion the most relevant,
will be presented here.
1.3.2. Diode in first approximation

In the first approximation, a quite accurate rendering of the diode behavior

(especially for high-amplitude signals) is represented by the characteristic
schematically shown in Figure 1.5.

v

of Vv, Vs

Figure 1.5. 1st approximation of a diode characteristic: Ip = f(Vp)

It should be noted that in the given approximation the curvature evidenced on the
characteristic when 0 < V<V, is no longer present. Based on this characteristic, an
equivalent diagram of the diode can be realized, which will allow for a very simple
analysis of electronic circuits containing diodes.
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The diagram in Figure 1.6 summarizes the behavior of the diode and its
equivalent diagram in relation to the characteristic shown in Figure 1.5.

A Rd V K
O—l:l—oi —0
¢ / Forward biased diode vp> 0

N Ao K

Reverse biased diode vp <0

Figure 1.6. Equivalent diagram of the diode in 1st approximation

When the diode is forward biased (Vp > 0), it behaves as a voltage V in series
with a (dynamic) resistance Ry, which is the slope of the characteristic of the diode
in first approximation:

AVp
d= 5
Alp
When the diode is reverse polarized (Vp < 0), it is equivalent to its reverse

resistance (R;), which is considered infinite for the approximation in this case. The
diode remains a nonlinear element despite the approximation made.

1.3.3. Ideal diode — second approximation

In this case, the diode is considered an ideal component. This is reflected by the
following characteristics:

According to this approximation, the potential barrier V, created by the internal
field is considered zero. Similarly, when the diode conducts, the resistance Ry that it
opposes to current flow is considered zero and the resistance R; that it presents when
reverse biased is infinite.
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This allows for deduction of the static characteristic related to an ideal diode
(Figure 1.7).

AL,
_ A K
Vp=Va-Vk o .I o
A K=
~ - | 4 K
T A K o—eo—s
—a0—e
Vp
= >

Figure 1.7. Characteristic Ip= f(Vp) of an ideal diode

When the ideal diode is forward biased, it behaves as a short circuit or as a
closed switch. When a weak voltage is applied (Vp = V5, — Vg > 0), the current
across the diode is very strong. On the contrary, when the diode is reverse biased
(vp = va — vk <0), no current flows through it, regardless of the value of the reverse
voltage applied. The diode can be assimilated to an open circuit.

1.4. Design of a thresholdless diode

An ideal diode has the following characteristics: threshold voltage V, = 0;
dynamic resistance Ry = 0 and infinite reverse resistance R;.

The practical approach to an ideal diode uses an operational amplifier circuit, as
shown in Figure 1.8.

A0  SeePpl— -
Ve

Vs

2

A

Figure 1.8. Practical circuit for an ideal diode

For the sake of clarity, the input voltage is assumed sinusoidal: v, = V,,.sin(2xft).
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1.4.1. Positive input voltage

Initially, voltage vg is zero. When voltage v, is applied, the potential at the
non-reverse input of the operational amplifier is higher than that at the reverse input.
Therefore, the amplifier output is saturated (high state) and forces diode D to
conduct, thus inducing a current across resistance R;. The circuit equivalent to the
one schematically represented in Figure 1.8 is shown in Figure 1.9.

Ve

Vs

=]

Figure 1.9. Behavior of a “thresholdless diode” circuit when input voltage is positive

The operational amplifier has very high differential impedance. The current
going in or out of the two inputs ¢ and e (non-inverting and inverting input,
respectively) is practically zero. Load resistance (Ry) is chosen very high compared
to the dynamic resistance (Rq) of the diode. Then, the following relations can be
written:

Ve = Ve = Rei; va= Vo + (ReAR)L va = Vo + vy

1.4.2. Negative input voltage

When voltage v, is positive, output voltage follows input voltage. Before passing
to the negative state, v, necessarily passes through zero, and the same applies to
output voltage v,. Voltage v, = 0 serves as reference for comparison with respect to
ve < 0. In this situation, the output of the operational amplifier passes to low
saturation: v, = — V..

Diode D is blocked. The diagram of the “thresholdless” diode with operational
amplifier is shown in Figure 1.10.
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ke

Figure 1.10. State of the “thresholdless” diode when input voltage is negative

There is no current across resistance Ry: v;=0

Various signals involved in the circuit of a “thresholdless” diode or ideal diode
are presented in Figure 1.11.

AVe

NANN

AVs

'VCC

Figure 1.11. Various signals involved in the “thresholdless diode” circuit.
For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

1.5. Load line and operating point
When a nonlinear component is inserted in an electronic circuit, it is important to
know the voltage at its terminals and also the current across it. For example, when

considering the circuit in Figure 1.12, which contains a diode (nonlinear element),
the following equation can be written:

Ve = RID + VD
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This equation with two unknowns should be solved in order to deduce I, (current
across the diode) and Vp, (voltage at the diode terminals).

This ambiguity can be clarified using the relation that defines the variations of I,
as function of Vp, for a diode:

nVD

v
Ip=Ips(e T =1

Reaching a result requires several calculation stages. A simpler approach is
possible however, and this involves a graphical solution to the problem. This
approach uses the equation of the load line resulting from the circuit shown in
Figure 1.12. At the level of the circuit mesh, the equation of the static load line is
defined by the following relation:

_ Ve—VD

I
b R

Figure 1.12. Basic circuit for the definition of the load line equation

If v, and R are considered constant at a given instant, then the plot of I, as a
function of voltage Vp represents a line with negative slope, as shown in Figure
1.13. This is the load line. In order to draw this line, it is sufficient to know the
coordinates of two points A and B as follows:

Ip =& Ip =0
Al P Ry, and B[ b= ]
VDZO D_Ve

1
M( DM j
Vbm
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Ip Load line

Ipm [--------- M : operating point

Vo Vpm B

Figure 1.13. Load line and operating point. For a color version
of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

The intersection of this load line with the forward characteristic of the diode
allows for the definition of the operating point of the diode (point M). Current Ipy is
the current across the diode, and Vpy, is the effective voltage at its terminals.

1.6. Other nonlinear components

1.6.1. Thermistors or NTC (Negative Temperature Coefficient)

A thermistor is a nonlinear component, the resistance of which varies
as a function of temperature. When temperature increases, resistance decreases
(Figure 1.14).

This type of component is used as a temperature sensor for various applications.
Resistance variation as a function of temperature T approximately follows the
following relation:

B

R =AeT

where A and B are two constants.
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v3

Figure 1.14. Variation of the resistance of an NTC as a function of temperature

1.6.2. Photoresistors

Photoresistors, also known as LDR (light-dependent resistors), are components
made of semiconductors.

A photoresistor is sensitive to light. Its resistance decreases when lighting
increases (Figure 1.15). Photoresistors have multiple uses, for example, automatic

door opening.

AR

Illumination

[
»

0

Figure 1.15. Variation of the resistance of an LDR as a function of illumination

A further application is for illumination control.

In order to illustrate the functionality of a photoresistor (LDR), the latter can be
used for voltage control by light intensity, as indicated by the circuit shown in
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Figure 1.16. The photoresistor (LDR) is inserted in a very simple circuit. The output
voltage vg varies as a function of the resistance of the photoresistor.

R

Vg=—"—

R <<Rppg, vs=0

R>>Ripr, vs=E

\l\l Light

Figure 1.16. Voltage vs varies with LDR resistance

1.6.3. Varicap diodes or variable capacitance diodes

The “varicap” diode is a junction diode. It is a device whose capacitance varies
with reverse voltage “vg” across its terminals.

The electric diagram representing a “varicap” diode is shown in Figure 1.17.

A l R
—P—

VR

Figure 1.17. Electric diagram of a variable capacitance diode

The variation of capacitance as a function of voltage vy is nonlinear:
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where Cj is the junction capacitance in the absence of external voltage; V, = 0.7 V
(for silicon) and n is a constant that depends on the diode fabrication process:
n = 0.36 (diffusion diodes), n = 0.50 (planar diodes) and n > 0.50 (diodes made by
special fabrication processes). Variable capacitance diodes are widely used in VCO
(voltage-controlled oscillator). An example of the characteristics of MV1401 and
MV 1404 (Motorola) varicap diodes is shown in Figure 1.18.

Capacitance (pF)
500
——
[~
200 MIV1401
\ J
100 ~ s
S \\
1\1\/1404\ \\
30 L
20
N
10 —
1.0 20 3.0 4050 7.0 10

Reverse voltage Vi (V)

Figure 1.18. C-V characteristic of Varicap diodes MV1401 & MV 1404
(Motorola) - Source: Motorola Datasheet. For a color version of
this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

The variable capacitance diode MV 1401 has a maximal capacitance (Cp.x) of
about 600 pF and a minimal capacitance (C,,) of about 25 pF.

This results in a very significant ratio (above 20). It has a quality factor “Q” of
about 200.
1.7. Nonlinear applications of the diode
1.7.1. Half-wave rectification

It should be recalled that the characteristic of the diode in the first approximation
is very close to the characteristic of a real diode (at least for signals with high

amplitude). Therefore, the study model to be considered here is that of the diode in
the first approximation. It is known that the diode features a threshold voltage Vo,
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dynamic resistance Ry and reverse resistance R; (very high resistance compared to
the load resistance. The reverse resistance R; can be assimilated to an open circuit).

A half-wave rectification circuit and the diode operation conditions are
schematically presented in Figure 1.19.

4— V() Rd
o—N—o H——=o
Forward biased diode Vb > 0 and
equivalent diagram

Vb .
< Ri

Reverse biased diode Vp< 0 and
equivalent diagram

Figure 1.19. Half-wave rectification circuit and equivalent
diagram of the diode depending on polarization

1.7.1.1. Forward-biased diode

A forward-biased diode is equivalent to a voltage source V, in series with a
resistance Ry. The detection circuit of a conducting diode is schematically presented

in Figure 1.20.

R
D

/.

Figure 1.20. Equivalent circuit of half-wave rectifier for a forward biased diode

The definition of the output voltage vg will be deduced from the equation
governing voltages across the mesh. For the sake of simplicity, let us assume that the
input voltage is a sine wave voltage of the form v, = Vy.sin(ot+¢), where ¢ = 0.
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According to the circuit shown in Figure 1.20, the following relations can be
written:

Ve=VotRy.ip+ve and v,=R;ip
It should be recalled that the dynamic resistance Ry of the diode is very low, of
the order of a few tens of ohms. Resistance Ry is chosen sufficiently high compared
to Ryq (RL >>Ry; >>: much greater).

The expression of current ip as a function of input voltage is:

iD — Ve _VO = Ve _VO
Ry +Ry R

Under these conditions, when the diode conducts, the output voltage is defined
as:

Vs = Ve~V

The output voltage vy practically exists only when v, > V,. As long as
0<v.<Vy vs=0. Whenv,=V,, vi=V,— V,.

Thus, the peak value of the output signal equals the difference between the peak
value of the input signal and the threshold voltage of the diode.

1.7.1.2. Reverse-biased diode

When the diode is reverse biased, it is equivalent to its reverse resistance. Under
these conditions, the diagram of half-wave rectification is presented in Figure 1.21.

Figure 1.21. Half-wave rectification circuit and
its equivalent diagram for reverse biased diode
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The following is the expression of output voltage (reverse-biased diode):

ve. R

V =
STRL+R,

Since R; is very high, it can be considered that R; >> R :vg =0

A plot of the evolution of output voltage versus the evolution of the input voltage

is presented in Figure 1.22.

Figure 1.22. Evolution of the output voltage for a half-wave rectification circuit. For a
color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

A°C

Vi

v~

1.7.2. Full-wave rectification with diode bridge

1.7.2.1. Principle

The full-wave rectification circuit (Figure 1.23) uses a diode bridge.

When a sine wave voltage is applied at the input of the rectification device, the
resulting signal has its positive half-cycle preserved, but negative half cycle
reversed.

For the sake of simplicity, let us consider two ideal diodes (threshold voltage and
dynamic resistance are considered zero, while reverse resistance is assumed
infinite).
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1.7.2.2. Operation
Case of v > 0

Initially, the output voltage is zero. When the input voltage is positive, diodes D,
and D; conduct, whereas diodes D, and D, are blocked.

Under these conditions, the equivalent diagram of a full-wave rectification
circuit can be presented as shown in Figure 1.24.

Ve
A V.2
t
D, D, R, v 0
Ve s 'vm
D, Ds
Vs
VA
L
0 »

Figure 1.23. Full-wave rectification circuit. For a color version
of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

A.x.{“: ..... T ¢
VAVAVAVS

Figure 1.24. Rendering of the positive half cycle at output. For a color
version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

Therefore, the positive half cycle is rendered at the output. It can be readily
noted that when input voltage is positive:

Vs = V.
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Case of v <0

When submitted to the negative half-cycle of v., the diodes D, and D; are
blocked and diodes D, and D, conduct, as shown in Figure 1.25. Under these
conditions, the following relation can be written:

Vs = — Ve

VmAVe
VA
TVV V"
Ve
Vs
A
Vm
AWAWAWAR
0 »
Figure 1.25. Negative half cycle rectification. For a color version
of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
IN SUMMARY .—

Since diodes D, D,, D3 and D, operate simultaneously, full-wave rectification is obtained
at output (case of ideal diodes).

v, >0 Vg =V,
v, <0 Vg = —V,
Vs =|Ve|

NOTE.— For the sake of simplicity, and in order to facilitate understanding of circuit
operation, this study of the full-wave rectification circuit does not mention the
conduction threshold of the various diodes involved. Nevertheless, each rectified
half-cycle is influenced by the conducting diodes. Thus, the amplitude of the
half-cycle recovered at the output is reduced by twice the threshold voltage of a
diode (the diode bridge is assumed to use four identical diodes).
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1.7.2.3. Full-wave rectification with thresholdless diodes

To avoid the diode threshold problem and allow for full-wave rectification of
low-amplitude signals, the circuit shown in Figure 1.26 can be used.

e ]

Figure 1.26. Full-wave rectification circuit with thresholdless diodes

The circuit is composed of two thresholdless detectors similar to those studied in
section 1.4 (design of thresholdless diode).

One of the detectors recovers the positive half-cycle and the second the negative
half-cycle. The detection circuit is followed by a subtractor assembly, the role of
which is to reverse the polarity of the negative half-cycle.

The signals involved in the circuit are presented in Figure 1.27.
A
Nz N N7 WA &

VYV

Figure 1.27. Signals involved in the full-wave rectification circuit

A

Vm
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NOTES.— Unlike the rectification circuit with diode bridge, the device presented in
Figure 1.26 does not require a floating ground and avoids the diode’s threshold-
related problem.

Proper functioning of circuit 1.26 requires R; = R,.
Resistance R; must be very low compared with resistance R. Otherwise, the
rectified half-cycles will not have the same amplitude simply because resistance R,

is loaded by a resistance equal to 2R.

The response curve of the full-wave rectification circuit shown in Figure 1.26 is
presented in Figure 1.28.

AV

Slope: -R1/Rg Slope: Ry/Ro

0

Figure 1.28. Response curve of the full-wave
rectification circuit with thresholdless diodes

Full-wave rectification obviously requires R; = R, = R,. This yields at the
output: vg = |Ve|

In order to avoid the problem of dynamics of resistances and to have a perfect
full-wave rectification, the diagram shown in Figure 1.26 can be modified to a
certain extent, to result in Figure 1.29. All resistances have been chosen equal. The
operation of the full-wave detection circuit (or of the absolute value of the input
voltage) will be explained in the following. For the sake of simplicity, the signal v,
applied at the detection circuit input is assumed to be a sine wave signal.
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Figure 1.29. Circuit for detecting the absolute value of a signal

When the voltage applied at input is positive, diode D; is conductive and diode
D, is equivalent to an open circuit. Therefore, the diagram of the detection circuit is
as shown in Figure 1.30.

Figure 1.30. State of the circuit for the detection of the absolute value for ve > 0

Ve >0

An analysis of the circuit shown in Figure 1.30 reveals that voltage at point C is
zero. The same is valid for voltage at point A.

The following relations can be written: v4 = 0; vy =—vg and vg =—v,
Finally, vy = v,
When input voltage is negative (v, < 0), diode D, conducts and diode D is

blocked. Therefore, the circuit for the detection of the absolute value is reduced to
the circuit schematically shown in Figure 1.31.
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Figure 1.31. State of the circuit for the detection of the absolute value when ve < 0
Ve <0

According to the diagram in Figure 1.31, it can be noted that voltage at point C is
zero. Similarly, the following can be written:

VA ="Riy;va =VA; vp = VTA s Ve =R T ip);1= (1) + ip);

v —iv

e B A>
vy=—Ril +vp;
Vg =—Vj

Finally, v, = —v..

IN SUMMARY .—
The following can be written:

Ve <0 vg=-v,
= vg=|v,]
>0 vi=v
Ve S (S

When a sine wave signal v, (see Figure 1.32(a)) is applied at input, the output
signal has the form schematically presented in Figure 1.32(b).
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AN
HRVAVATAY
0] >

Figure 1.32. a) sine wave input signal; b) signal at the output of
the detector of absolute value. For a color version of this figure,
see www.iste.co.uk/haraoubia/nonlinear1.zip

1.7.3. Peak clipping

If one part of the signal has to be eliminated (nonlinear transformation), for
example, when transforming a sine wave signal into a signal that closely resembles a
square wave signal, the diode is a component that can meet this specific need. The
levels of peak clipping can therefore be adjusted as shown in Figure 1.33. Proper
operation of the peak clipping requires the amplitude of the signal to be clipped to
be above the amplitudes V; and V,. In this approach, the conduction threshold of
diodes D; and D, has been neglected.

Vi Vv, AVs

B E N AvAvATATA
T 7T

B

V, [ —

Figure 1.33. Principle of signal peak clipping. For a color version
of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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1.7.4. Peak detector

To be able to detect the maximal value of an alternating signal, the circuit shown
in Figure 1.34 can meet this need in a satisfactory manner. For an easier
understanding of the operation of this device, let us suppose that the diode is ideal
and the input signal is a sine wave: v, = Vp.sin(wt).

VmuVe
t
IRVAVAVAVE
Vs
Vm“
L
O L

Figure 1.34. Principle of peak detector and signals involved. For a
color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

During the positive half-cycle, the diode is in conduction state. Capacitor C
charges very rapidly through the dynamic resistance of the diode at peak value V.

The result at the output is vg =V,

In the presence of the negative half-cycle, the diode is blocked and the capacitor
tries to discharge through R;. The value of this resistance is chosen high in order to
avoid the capacitor discharging during this negative half-cycle.

Thus, the result at output is a continuous voltage, the amplitude of which is equal
to that of the peak value of the input signal. The arrival of the second positive half-
cycle allows the capacitor to resume charging and thus compensate for the possible
partial ensuing discharge.

When the detection of the peak value of a variable signal of constant amplitude
is intended, the discharging time constant (tq = R.C) should be far greater than the
period of the input signal.

However, if this time constant is too high and the signal amplitude at input
decreases, then there is a risk that the circuit does not follow this change and
detection is erroneous.
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A too low time constant will not allow for the detection of signal peak at input.
There will be ripples connected to the discharging and charging of capacitor C and
across the load resistance R and the dynamic resistance of the diode.

Therefore, a compromise is needed with respect to the discharging constant of
the capacitor. The conduction threshold of the diode should also be taken into
account in practice.

As indicated, and in order to facilitate simplification and understanding, the
diode has been assumed ideal. In reality, a continuous voltage vg slightly lower than

V., is obtained:

vs = Vi, — V, where V is the threshold voltage of the diode.

1.7.5. Recovery circuits

1.7.5.1. Principle

A recovery circuit allows a continuous component to be added to a variable
signal, as shown in Figure 1.35.

2V
A% . .
m Positive MV'“ Negative
0 — recovery |— 0 —  recovery (—0
circuit circuit
Ve Vs Ve Vs
2V

o

Figure 1.35. Principle of the recovery of a continuous component. For
a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

The continuous component can be positive or negative.

The example of how one of the two circuits in Figure 1.36 is used allows a
positive or negative continuous component to be rendered depending on the diode
connection direction.
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o

Ve DY |'s

Positiverecovery Negativerecovery

Figure 1.36. Circuits for the recovery of the continuous component of diodes.
For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

For a simpler explanation of the operation of these circuits, let us assume that the
input signal is a sine wave and its average value is zero. The circuits for the recovery
of the positive component and the negative component have the same operating
principle.

1.7.5.2. Operation

Because of the similarity of their operation, only one of the two circuits will be
studied. Let us consider the example of the circuit that allows for the recovery of the
negative continuous component.

For this purpose, the diode will be assumed ideal. The input signal is a sine
wave: Ve = V,sin(mt)

When voltage v, is positive, the diode is in conduction state. For the sake of
simplicity, it can be assimilated to a short circuit (ideal diode), as indicated in the
circuit shown in Figure 1.37.
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1
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— v D v
e S
(b)
R e e rrrrp i p ]

Figure 1.37. Circuits for the recovery of the negative continuous
component and equivalent diagram when the diode conducts

Ve >0

Under these conditions, the following relations can be written:
0 Ve = VC +vg= Vc, Vg = - Vc.

Capacitor C charges to the peak value V,, (V. = +V,,). When voltage v, drops
slightly below the peak value V,,, the voltage between the anode and the cathode of
the diode is negative and, consequently, the diode is blocked. The equivalent
recovery circuit at this moment is schematically presented in Figure 1.38. It can then
be written that:

Vs = Ve — VC’ VC Vma Vs = Ve — Vm

]l
LS
C C
TT NI § N
. L
) '2Vm

Figure 1.38. The equivalent recovery circuit when the capacitor charges and output
signal. For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

It can thus be noted that the output signal is none other than the input signal, to
which a continuous negative voltage of amplitude equal to “—V,,,” is added.
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1.7.6. Influence of dynamic and reverse resistances on the recovery of
the continuous component of a signal

1.7.6.1. General context

In this context, let us suppose that the diode introduces a direct resistance Ry and
a reverse resistance R;. The excitation source has an output resistance R, (internal
resistance). The diode operation characteristic can be schematically presented as
shown in Figure 1.39.

For the sake of simplicity, the threshold voltage V of the diode is assumed zero.
The recovery circuit is represented in Figure 1.40. Load resistance R is chosen so
that:

R;>> R, >>Ry

The diode can be alternatively conducting or blocked depending on the state of
the input signal, and the diagrams for each case (conducting or blocked diode) are
given in Figures 1.41(a) and 1.41(b), respectively.

Alp

Figure 1.39. Characteristic of the diode. Threshold
voltage Vy is assumed zero nulle

R, C

@ ¥ ]
R;)
or(Rd)

O—

Figure 1.40. Recovery circuit
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(a) (b)

Figure 1.41. a) Equivalent diagram of the recovery circuit when the diode conducts;
b) equivalent diagram of the recovery circuit when the diode is blocked

Dynamic and reverse resistances are defined by the following relations:

_AVy | R AV;

R ]
A AL

The circuits presented in Figure 1.41 are first-order systems.

Time constants (T, and T,) are defined as follows:

— Conducting diode: T, = (R, + Ry).C

Resistance Ry is assumed very high compared to Ry.
— Blocked diode: T, = (R, + R).C

Resistance Ry is assumed low compared to reverse resistance R;. The input
signal is assumed rectangular with non-zero average value (Figure 1.42).

Y~

_/ - +
0 T T

Figure 1.42. Signal applied at recovery circuit input



30 Nonlinear Electronics 1

The capacitor tends to get charged during the high state of the input signal and
discharges during the low state. It should be noted that the studied circuit allows for
the recovery of the negative continuous component. Therefore, it can be assumed
that the form of the output signal is almost similar to that schematically shown in
Figure 1.43.

[

[

[
Ve

Figure 1.43. Shape of the output signal

The values or expressions of voltages V|, V’|, V, and V’, will be provided with
precision upon the following calculation.

In order to find the expression and the exact shape of the output signal, the effect
of the source resistance R, must also be taken into account. It is worth recalling that
a choice has been made to consider:

R, >> R >>Ry

The diagrams used for determining the exact shape of the output signal are
shown in Figures 1.44(a) and 1.44(b).

| |
CII R

(b) R

Figure 1.44. State of the recovery circuit for a) conducting
diode; b) blocked diode if R >> R, >> Ry
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Att=0", v(t) = VA (see Figure 1.42), and the diode is blocked. The expression
of the output signal is given by v4(07) = V’,.

Voltage V., across the capacitor is defined as:

Ry +Rp

LR j—
Ve = Vs = Vel = Ve~V
Ry

R,+R
8 L
Vc1=VA—V2—R
L

At t =0T, the amplitude of the input voltage is defined as Vi. At this moment,
the diode becomes conducting:

Vs(t) = Vl
The value of the output voltage presents an abrupt shift: V', — V.

The new voltage v, across the capacitor is now defined by the following
relation:

Rg+Rd
ll —_ j— —_—
Ve =V =Vep =Ve = Vg R
d
R, +R
_ g d
Voo =Vp =V —5—
Ry

It should be noted that the voltage across the capacitor can in no way vary

instantaneously between instants t = 0~ and t = 0" Therefore, the following can be
written:

Vel = Ve

R, +R R,+R
g L g d
VA_VZR— :VB_VI—
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R, +R R, +R
Vg-Vy=v—& 4y, e L
R4 Rp

At t = Ty, the same calculation as the previous one can be performed. Thus, at
instant t = T, ", the diode is conducting: v, = Vg; vy =V’

R, +R

' v o8 d

Vc1=VB—V1—R
d

where v’ is the voltage across the capacitor at instant t = T; . On the contrary, at t
=T,™, the diode is blocked: v, = VaA;ve=V,

Ry +Rp

Vi =Va -V, R
L

As has already been noted, the voltage across the capacitor cannot vary
instantaneously: v’ = v’

R,+R R, +R
VB —Va :V'l g d—VZ g L
Ry Rp
In the time period (07 <t < T,"), the diode is conducting and the capacitor

charges with a time constant equal to (Rg;+Rg4).C. The variation in output voltage
evolves according to an exponential law, the value of which at t =T} is:

_TI

Vo(T) = V' = Ve BT ReC

In the interval T, <t <T; + T,, the diode is blocked. The capacitor discharges
with a time constant equal to (R, + Ry )C. At T,, the output voltage has the value
vi(To) =V’

_T2

Vo(Ty) = V= Vy e e ROC
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It can thus be noted that using only the amplitudes of the input signal (V5 and

Vp) and the value of resistances R,, R4 and Ry, the various amplitudes of the output
signal, namely V;, V’;, V, and V’,, can be determined accurately. The relationship
between V’; and V; as well as that between V’, and V, provide the exact shape of
the output signal.

1.7.6.2. Specific cases

Let us assume that the source resistance (or internal resistance of the generator)
has no influence: R, = 0. Under these conditions:

VE=VA=V=V, = V,=V’ -V,

The amplitudes of the output signal discontinuities are equal to the amplitudes of
the input signal discontinuities.

On the contrary, when R, # 0, it can be noted that the amplitudes of the output
signal discontinuities (V; — V’,) and (V’; — V,) are smaller than the amplitudes of
the input signal discontinuities (Vg — V,). Attenuation has therefore taken place.

Let us consider:
AVd:VI_V‘l; AVi:V'z—Vz

where AV, is the amplitude of the discontinuity when the diode is conducting and
AV; is the amplitude of the discontinuity when the diode is blocked.

It can be noted that:
Ry +R o

Ry +R,
V-V |———E=[V,-V
[ 1 1] Rd [ 2 2] RL

R; +R R
AV =AV;| ——& _—d
R, Ry+R,

In practice:

R
RL >> Rg: AVd = A\II |:ﬁ:|
dtRg

when Ry >>R,, AVy =AYV,
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1.7.6.3. Necessary conditions for perfect recovery

For perfect recovery of a continuous component, a capacitor C with high
capacitance must be employed.

This is a necessary condition for avoiding the capacitor C having the time to
discharge when the diode is in blocked state.

On the contrary, the capacitor should be able to charge instantaneously (that
imposes R, = R4 = 0) during buildup time (diode in conducting state).

The conditions set forth cannot be simultaneously achieved. Thus, in order to
obtain an acceptable form of output signal, it is important to adopt a compromise for
the charging and discharging time constants of the capacitor C.

T = (R, + Ry)C<<T,, where 7, is the charging time constant

T, = (R, + R )C>>T,, where 1, is the discharging time constant.

Durations T, and T, are two time intervals imposed by the shape of the signal
applied at the input of the recovery circuit (Figure 1.45).

Ay

\ 2

Figure 1.45. Input signal and durations of the high state Ty and low state T>

When this signal is applied at the input of the studied recovery circuit, and
depending on the conditions imposed on the charging and discharging time
constants, the shape of the output signal can be approximated as schematically
represented in Figure 1.46.
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Y~

i
N

v

21—~ '
Vi

Figure 1.46. Output signal of the recovery circuit when: t; << Ty and 7, >> T,

The capacitor charges very rapidly (t; << T;), which leads to V’; = 0. The
previously established relations are simplified: V’; =0 and AVy4=V;:

R, +R R, +R
g d—V g L

VB_VA :V’l

2
Ry Ry
R
V) =~(Vg = Va) ot
Ry +Rp
Furthermore, it is known that:
_TZ
(R,+R)C

Vg (Tz) = V'z = Vz.e
Time constant T, is very big compared to the small state duration.

T, =R, +R).C>T,

T T
v(T)) =V, =V, | 1l-—2— |=V, [1--2
(Rg+Rp)C 7,

The amplitude of the output voltage variation when the diode is blocked is
defined as AV; = V’, — V,. The positive amplitude of the output signal can be
expressed as a function of AV;

(V,=V3)

R; +R, R R4(R; +R
VlevdzAv{ L™ e } VI_M

Ry Ry+R, " RL(Rg+Ry)
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Finally, the amplitude of the positive part of the output signal is related to the
amplitude of the input signal discontinuity, the discharging time constant and the
duration of the low state of the input signal:

Rg T

Vi=(Vg=Vp) — 7+
(Rd +Rg) )

When T, << 1,, perfect recovery will ensue, since V| — 0.

NOTE.— Even when a capacitor of very high capacity is chosen, it is impossible to
obtain R,= Ry = 0.

When the diode is conducting, the output signal is expressed as the sum of a
fraction of the input signal and a constant:

Ry
vo(t) = v () —— +cst.
s(V) e()Rd+Rg

1.7.7. Logarithmic amplifier

The diode is a nonlinear component. The current—voltage characteristic is
Vi

expressed as I = Ipg(e V™ —1)

where I is the current across the diode, Vp, is the voltage across the diode, Ipg is the
reverse current and V=26 mV at 300 K.

When operating at high values, the expression of the current I across the diode
V.
as a function of voltage Vp, across the diode can be reduced to I, = Ipg.e **

In order to realize a logarithmic amplifier, a circuit with operational amplifier
and diode shown in Figure 1.47(a) is used.

Point M’ is a virtual ground (specific to operational amplifiers). When the input
voltage is positive, the expressions of input voltage and output voltage are given by:

ve=RIp and vg=vp

I
vp = Vp.Ln(=2--1)

Ips
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Figure 1.47(a). Logarithmic amplifier with diode

It is worth noting that large values are involved. The direct current I is very
high compared to the reverse current Ipg:
v v
) and vg=-Vr.Ln(—=
Rlipg Ripg

I
vp = Vp.Ln(—2-) = Vy.Ln( )
S

Ip

It is quite obvious that this circuit cannot operate as logarithmic amplifier unless
Ve 1s positive. When v, is negative, the direction of the diode should definitely be
reversed if the circuit is to operate as logarithmic amplifier.

Figure 1.47(b) shows an example of signals employed in a logarithmic amplifier.

AV

2V Fom
/\A/t
0 >
A
0.6V T T Y
V
Vsat|> t;

Figure 1.47(b). Signals employed in a logarithmic amplifier with diode

1.7.8. Anti-logarithmic amplifier

In order to realize an anti-logarithmic amplifier, it suffices to reverse the roles of
resistance and diode in the logarithmic amplifier. The connection of the diode
depends on the sign of the input signal to be processed. For example, when the
signal of “v.” is positive, the diagram in Figure 1.48 is used.
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Figure 1.48. Anti-logarithmic amplifier with diode ve > 0

Point M’ is a virtual ground. It is for this reason that the input voltage should be
positive for the circuit to operate as an antilog amplifier.

Otherwise, the output will be zero, as the diode remains blocked.
v>0:
v¢=—RIp and v,=Vp
Ve Ve
vg=—RIpg(e"" —1)=—RIpge "

If the input voltage “v.” is negative, the connection direction of the diode will be
reversed, as shown in the diagram in Figure 1.49.

Figure 1.49. Anti-logarithmic amplifier with diode when ve < 0

The following relations can be written as:
vg=RIp and v,=-Vp;
~Ve -Ve
vg =RIpg(e 7 —1)=RlIpge '"
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1.7.9. Logic functions with diodes

Logic functions can be readily built using exclusively diodes. The focus here will
be on simple functions, such as “OR” or “AND”.

1.7.9.1. Principle of a logic function OR

The logic function “OR” is represented by the electric diagram and its truth table
is shown in Figure 1.50.

Figure 1.50. Representation of the logic ‘OR’ function and its truth table

The representation from a potential perspective is shown in Figure 1.51 (TTL
circuits).

Va
Vs
Vb

Va Vi Vs
Ov ov ov
Ov Sv Sv
Sv Ov Sv
S5v S5v S5v

Figure 1.51. Representation of the logic ‘OR’
function and its truth table: voltage perspective
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1.7.9.2. Logic “OR” function with diodes

The circuit shown in Figure 1.52 plays exactly the role of a logic “OR” function.

Va A\ Vs
Ov Ov Ov
Ov Sv Sv
S5v Ov Sv
Sv Sv Sv

Figure 1.52. Logic ‘OR’ gate with diodes

In fact, it can be noted that when v, = Ov and v, = Ov, the two diodes D, and D,
are blocked and there is no current across R: vg = Ov.

When v, = 5v and v, = Ov, diode D; conducts and diode D, is blocked:
Vg =V, =5v.
When v, = 0Ov and v, = 5v, diode D, is blocked and diode D, conducts:
Vg =V, = 5V.
When v, = 5v and v, = 5v, the two diodes D, and D, conduct and vg = 5v.
Furthermore, a summary of the above can be drawn, evidencing that the circuit with

diodes is quite representative of a logic “OR” function.

1.7.9.3. Principle of a logic AND function

The representation of the electric diagram of an AND gate and its truth table are
shown in Figure 1.53.
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Vs
Vb
o R
Va Vb Vs

Figure 1.53. Representation of the logic ‘AND’ function and its truth table

1.7.9.4. "AND” gate with diodes

The circuit to be studied is shown in Figure 1.54. To facilitate understanding of
the circuit operation, the diodes employed are considered ideal.

When v, = v, = 0, diodes D; and D, are conducting. Then, vg = v, = v,= 0
(Figure 1.54).

Vee
R

KDI D,
el = [=

Vs Vs=

Vee
R

Va

Vb

7,

Figure 1.54. Left: logic ‘AND’ gate with diodes.
Right: state of the circuit when v,=v,=0
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When v, = 0 and v, = V¢ (v, = Ve and v, = 0), diode D, is conducting and D,
is blocked (diode D; is blocked and D, is conducting). Then, vg = 0.

When v, = V¢ee, vy = Ve, diodes Dy and D, are blocked (as shown in
Figure 1.55), and there is no current across resistance R. Then, vg= V¢c.

Vee
R
Dy

D,

vV, TVb

P P P P P P s

Figure 1.55. State of the circuit when V,=Vp=V;¢

Summarizing the operation of the circuit shown in Figure 1.54 and considering

all the states related to voltages v, and vy, the voltage v, can be defined, as shown in
Table 1.1.

Table 1.1 is quite representative of the function realized by a logic “AND” gate.

Va Vp Vg
Ov Ov Ov
Ov Sv Ov
Sv Ov Ov
Sv Sv Sv

Table 1.1. Table related to the state of the circuit shown in Figure 1.54

1.8. Exercises
EXERCISE 1

The diode circuit shown in Figure E1.1 is the object of our study. As a first step,
the diode is represented by its real model. The following are given: Is = 10> A
(reverse saturation current); (KT/e =26 mV); “K”, the Boltzmann constant, “T”, the
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temperature and “e”, the elementary charge. The expectation is to have a current
I; = I mA across the circuit from a voltage v.=2 V.

Figure E1.1.

1) Calculate the voltage across the diode when it is represented by its exponential
model.

2) Determine the expression and value of R that would impose the current I;.
3) Calculate the dynamic resistance Ry of the diode.

4) The diode is represented by a simplified model (Vp= V(= 0.6 V, R4 = 0 and
R; is infinite), where V, is the threshold voltage, Ry is the forward dynamic
resistance and R; is the reverse resistance. Calculate the current I, that flows through
the mesh (the value of resistance R calculated at point 2 will be used). Compare the
currents I, and I,. Draw the conclusions.

5) Using the diode model described at point 4, v, = 4sin(2nft+@), represent v, vg
and vg.

EXERCISE 2

The circuit is given in Figure E2.1.
1) Write the equation of the load line.

2) Plot the direct characteristic of the diode together with the load line and
evidence the operating point in the following cases:

2.1) Real diode; 2.2) diode in second approximation (Vo =0.6 V; R4=0 and R;
is infinite).

3) The diode is considered ideal (V, = 0; Rq = 0 and R; is infinite). The studied
circuit is shown in Figure E2.1. The voltage v, is sinusoidal (v, = V,,.sin(2rft)).
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[—

| IS |

SRS

Figure E2.1.

3.1) Find the expression of vy(t) and represent vi(t).
3.2) Represent v, = f(ve).

4) Let us consider that the diode is represented by its model in Figure E2.2.
Answer the same questions as those in question 3.

Al
VD VO
4—
o= o
Vb
ol v, "
Figure E2.2.

5) Let us now consider the circuit shown in Figure E2.3. The diode is assumed
ideal.

v

U=2V T

Figure E2.3.
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5.1) Fill in Table E2.1.

Ve State of the Vs
diode

0

1
1.5

3

4

6

Table E2.1.

5.2) Plot v, = f(v,).

EXERCISE 3

Let us consider the circuit shown in Figure E3.1. Diodes D, and D, are identical.

Figure E3.1.

Voltages v, and v, are continuous. The following are given: v =12 V, v, =8 V and

V; =5 V. The threshold voltage of the diodes is Vo =0.6 V and R; =R, =R = 10 k.

1) Determine the operating state of the two diodes and find the expression of the
current through load resistance Ry and its numerical value. Determine the expression

of v, and its value.

2) Now, voltages v; and v, are sinusoidal. They have the same frequency and
their initial phase is zero. Their amplitudes are different.
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v, = 12sin(2wft) and v, = 8sin(2nft) and V; = 5 V. Find the expression of the
output voltage and its representation as a function of time.

EXERCISE 4

Let us consider the circuit shown in Figure E4.1. The diode has the following
characteristics: threshold voltage Vo= 0.6 V, forward dynamic resistance Rq = 0 and
infinite reverse resistance.

A R, D R, B

— 1+ —

Vi R3 V3 V2
Figure E4.1.

1) As a first step, let us have vi =1 V, v =4 V and R, = R3 = 1 kQ. Find the
expression of voltage v; as a function of the circuit elements and the value of the
current across resistance Rj.

2) The following are given: vi =3 V, v; =3 V and R; = R, = R; = 1 kQ. The
same question formulated at point 1 should be answered.

3) Let us now set R, = 5 kQ and R; = R; = 1 kQ. Points A and B are joined and
the periodic signal s(t) is applied (Figure E4.2). Draw the graphic representation of
signal v;(t).

)

ANNA A
WAVAVAYA

Figure E4.2.

4V

EXERCISE 5

An ideal diode D (Vo = 0, Ry = 0 and R; is infinite) is inserted in the circuit
shown in Figure E5.1.
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| S
R
b £
s
Figure E5.1.

1) Draw the representation of its characteristic Ip = f(Vp).

2) Assuming that voltage v =12 V and R = 1 kQ, find the expression and the
value of the maximum current flowing through diode D.

3) Write the equation of the load line and represent it on the same diagram as the
characteristic Ip = f(Vp).

4) Let us now consider the diagram in Figure E5.2. The task is to fill in Table
E5.1, knowing that diodes D, and D, are considered ideal (for the diodes: evidence
B for blocked state and P for conducting state).

T e L L L L L

Figure E5.2.
Vi v, State | State | vg; | Vs
D, D,
2V 5V
ov 2V
-4V -2V
4V 2V
-1V -3V
4V ov

Table E5.1.
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5) Signal v, is sinusoidal with peak amplitude 3 V; v, = 2 V. Represent the
evolutions of vg; and vg, as functions of time.

EXERCISE 6

In the circuit shown in Figure E6.1, D and D, are assumed ideal (Vo =0, R4=0
and R; is infinite) and v; = S5sin(2mft).

@ w|le a0t

Figure E6.1.

1) Find the expression of voltage across R;.

2) Represent the evolution in time of the voltage across resistance R;.
EXERCISE 7

Let us consider a forward-polarized PN silicon junction. The direct characteristic
VD
of this junction follows the equation: I, = I, {e\’m —1] ; Vip=26 mV at T =300 K.
At T, =350 K, the following values are noted: Vp =0.3 V, I, =20 mA.
1) Calculate V.

2) Calculate the reverse saturation current Ig;. Compare Ig; and I, and draw the
conclusions.

3) Knowing that Ig =1Ig [ea(T_T")J, where a = 0.06 for the semiconductor

employed, calculate the reverse saturation current Igo for a temperature Ty = 300 K.
Compare Ig; and Ig.

4) Calculate the temperature variation AT in °C so that the reverse saturation
current Ig doubles its value.
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EXERCISE 8

The circuit schematically represented in Figure ES.1 is given in which R} =R, =
100 Q.

Figure E8.1.

1) Represent on the diagram voltages Vgi, Vg, and Vp (across R;, R, and D,
respectively), as well as currents Iy, I, Ip (across Ry, R, and D, respectively).

2) Find the value of v, starting from which D is conducting.

3) Resistance R, is removed (Figure E8.2). Under these conditions, determine the
equation of the load line, its graphic representation and the coordinates of the
operating point for ve; = 1.2 V.

Figure E8.2.

4) v, is a triangular voltage (Figure E8.3). D is considered ideal (Vy =0, R4 =0
and R; is infinite) in this case. Represent one below the other the evolutions of v,
VR1 and Vp.

5v T e

Figure E8.3.
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EXERCISE 9

Let us consider the circuit shown in Figure E9.1.

R; =800Q; R, = 1.2KQ

Figure E9.1.

1) Initially, v. is a continuous voltage, the diode is considered ideal (threshold
voltage V, is zero, forward dynamic resistance Ry is zero and reverse resistance R;
is infinite). Calculate the current I across the diode for the following cases: ve =2V,
Ve=4V,v.=—0.5V,v.=-2Vand v.=—4 V. Then, deduce the curve I = f(v,).

2) Now, the diode features a conduction threshold V, = 0.6 V, resistance Rq = 0
and R; is infinite. Calculate the current I across the diode for the cases: v. =4 V,
Vve=2V,v.=1V,v.=-0.5V,v.=-2Vand v, =—4 V. Then, deduce the curve
I =f(ve).

3) The input voltage considered in this case study is sinusoidal (v, = 4sin2nFt).
Draw the representations of the variations of voltage across R, in correspondence
with the input voltage.

EXERCISE 10

Given is the circuit shown in Figure E10.1.

R, =100Q
RZZSOQ

v Ri=1000Q
V=2v

The diode is ideal.

Figure E10.1.

1) Input voltage v, has two values: v, = 1 and 4 V. Determine for each value of
v, the equivalent diagram of the circuit shown in Figure E10.1, as well as the
expression of the output voltage vs.
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2) Output voltage ranges between —10 and 10 V and varies in 1 V steps.
Represent v, = f(v.).

EXERCISE 11

Let us consider the circuit shown in Figure E11.1. Diode D is assumed ideal.

Figure E11.1.

1) Find the equivalent Thévenin generator (Rry and Vrpy) between points A
and M.

2) Determine the expression of current I as a function of V, R;, R, and Rs.
Numerical application: V=10 V; R; =R, =20 kQ; R; = 10 kQ.

3) Let us now consider the circuit shown in Figure E11.2. Diode D is assumed
ideal. Find the Thévenin equivalent generators between B and M and then between
N and M. Draw the equivalent diagram under these conditions.

Figure E11.2.

4) Then, deduce the value of current I; and the state of diode D.
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EXERCISE 12

The circuit to be studied is schematically shown in Figure E12.1. The signal in
Figure E12.2 is applied at circuit input.

Figure E12.2.

1) On the same diagram, draw the evolution of the output signal v, in
correspondence with signal v, applied at the input assuming that the switch K is
open.

2) The same question as 1), but now the switch K is closed between t; and t,.
EXERCISE 13

The circuit to be studied is presented in Figure E13.1. The voltage applied at
input is sinusoidal.
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Figure E13.1.

1) Find the expression of the output signal.
2) Represent the evolution in time of voltages v, and vs.

3) Find the circuit function when R, = 0.

4) Let us now consider that R, = R; = R; represent in this case the evolution in
time of voltages v., v and v;.
5) Represent v = f(v.) and deduce from it the function performed by this circuit.

Ve = Vu.sin(2mFt)

EXERCISE 14

Let us consider the circuit shown in Figure E14.1. The input voltage is
sinusoidal: v, = Vysin(wt).

R>>R

R
- 1]

Ve

7

G e S S S e

Figure E14.1.
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1) Find the definition expressions of voltages v A and v,.

2) Represent one below the other the evolutions in time of signals v, v and v,.

1.9. Solutions to exercises

SOLUTION TO EXERCISE 1

1) Calculation of the voltage drop across diode (exponential model)
Vb b

=1 =I.(" —1); =1 =l.e"

I I
Vp = Vg .Ln(I—l) . Vp= VT.Ln(I—l) =539 mV
S S

2) Expression and value of R in order to impose

Ve _VD

Rl =ve—Vp; R= =1.46 KQ

1

3) Dynamic resistance Ry of the diode

Y o »
R, = dID I,=1 =I.(" -)=I.e"
D
V
. 1 =1
Finally, di, =LIS.¢3VT =L
v, V; V.,

Hence, the expression and value of the dynamic resistance Ry of the diode:

V.
Rd=I—T=26Q
1

4) The diode is represented by a simplified model (Vp =V, =0.6 V, R4 =0 and
R; is infinite); calculation of current I, and comparison with current I; (resulting
from the use of the exponential model).
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Let us recall that I, = 1 mA

Ve—Vp 2-06
R 1.46

I 107 =0.96 mA

There is a 4% difference with respect to the exponential model. This indicates
that the value of I, is an approximate value linked to an approximate model.

5) Representation of v,, vg and vs. The diode is represented by the simplified
model described at point 4 (Vp =V, =0.6 V, Ry = 0 and R; is infinite).

Ve = 4sin(2nft+o).
When the diode is conducting, the studied circuit is represented by its equivalent

diagram in Figure E1.2 (left diagram). On the contrary, when the diode is blocked,
the corresponding equivalent diagram is presented in Figure E1.2 (right diagram).

|—|I;1

e »
—
VR
Vs
R I R
— : —

VR

VR
Yo '|' v (W) Vs

Figure E1.2. Top: study diagram. Left: equivalent diagram,
conducting diode. Right: equivalent diagram, blocked diode

Consequently, it can be noted that the diode enters in conduction state as soon as
the input voltage exceeds the threshold voltage V.

It can then be written as: v, > V:

vs = Vy and vy = v; — Ve = V — 4sin(2nft+@)
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On the contrary, when voltage v, is lower than the threshold voltage V,, the
diode is blocked. There is no current flow through resistance R.

Ve < V():
VR = 0
Vs = Ve — VR = V, = 4sin(2wft+o)

Figure E1.3 shows the graphic representation of the evolution of various voltages
applied to the studied circuit (v, vg and vg).

AANN
NAVAVAY \/

AV
anini fntnind su—" iniaialy Sutnte nikeky SSstati

JAIAY

AT

Figure E1.3. Representation of ve, Vg and vs. For a color
version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

4V‘

Vo

V«-*

<
R

SOLUTION TO EXERCISE 2

1) Load line equation.
The load line equation expresses the relation between the current flowing

through the diode and the voltage across it:

Ve_VD
=R
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2) Plot of the direct characteristic of the diode with load line and operating point
for the following cases:

2.1) Real diode:

When the diode is represented by the exponential model, Figure E2.4 shows the
plot of the characteristic, the static load line and the operating point.

Load line Operating point

0 Vo

Figure E2.4. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip

2.2) Diode in second approximation (Vo= 0.6 V, Ry = 0 and R; is infinite).

For the diode considered in the second approximation, the plot of various curves
is shown in Figure E2.5.

Operating point

Load line

Figure E2.5. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip



58 Nonlinear Electronics 1

3) The diode is considered ideal (V= 0, Rq = 0 and R; is infinite).
3.1) Expression of v(t) and representation of v(t):
3.1.1) Expression of v(t).
ve=0forv.,>0

Vs = Vp.sin(2rft) for v, <0

L 1
R
| ¥l

3.1.2) The representation of vy(t) in correspondence with the input voltage is

shown in Figure E2.6.

Vmﬂ
[\ ¢
’ VAV
AVs
0 t
Vo VALV,

Figure E2.6. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip

3.2) Representation (Figure E2.7) of the evolution of output voltage as a function

of input voltage v, = f(ve).
Vs

......................... Vi

Figure E2.7.
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4) The diode is represented by the model shown in Figure E2.8.

Vp Vo
4—' I = 0—| I—O = o——<
(@) ()

Figure E2.8. Equivalent model of the diode,
a) conducting direction and b) blocked direction

4.1) Expression of vg(t), representation of vy(t):
4.1.1) Expression of vg(t)

vg =V, for v, >V,

Vs = Vp.sin(2xeft) for v, <V,
4.1.2) Representation of v(t)

A
Vi

'V

c?

VAYAYA

For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

4.2) Representation of v, = f(v,)

Vo .
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5) The circuit shown in Figure E2.9 is considered. The diode is assumed ideal.

I ? D}LIVS

U=2V T

Figure E2.9.

5.1) Filling in the table:

Ve(V) State of the vs(V)

diode
0 Blocked 0
1 Blocked 1
1.5 Blocked 1.5

3 Conducting 2

4 Conducting 2

6 Conducting 2

5.2) Plot of vy = f(v.) (see Figure E2.10):

Ay,

2v

Figure E2.10.

SOLUTION TO EXERCISE 3

1) State of the two diodes, expression of current I across Ry, expression of v and
calculation of v,.
1.1) State of diodes D; and D..

The voltages of diode D, at the anode and cathode are 12 and 5 V; therefore, it is
conducting.
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At the anode of diode D,, there is a voltage of 8 V, but at its cathode, the voltage
is approximately:

Vi—Vo=(12-0.6)=114V

Hence, the diode D, is blocked and only the diode D, is conducting.

1.2) Expression of the current across Ry, expression of v and calculation of their
value:

1.2.1) Expression of the current across Ry, and numerical value of this current.

When diode D; is conducting and diode D, is blocked, the equivalent diagram of
the studied circuit in Figure E3.1 is shown in Figure E3.2.

R1 VO V3

Figure E3.2.

VI_VO_V3 _ 12—06—5
R +R;  (10+10).10°

Iy, = =0.325.10° A =325 pA

1.2.2) Expression of v and numerical value of vy,

Vi —VO—V3 2104 12-0.6-5

V. = RL'IR = RL
) L R; +R, (10+10).10°

=325V

2) Voltages v, and v, are sinusoidal, expression of the output voltage v, and time
representation of vj.

2.1) Expression of vy:
v = 12sin(2rft) and v, = 8sin(2nft) and V3 =5 V.

It should be noted that only diode D, is conducting and D, is blocked, since v; is

always above v,. As long as v, is below V3 + V,, diodes D; and D, are blocked and
voltage vy is zero: v =0
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As soon as v; exceeds voltage (V3 + V), diode D; becomes conducting and
diode D, remains blocked. Then:

-Vy-V .
\A :RLM; Vg = 6sin(27ft)—2.8
Ry +R;

2.2) Time representation of v, (see Figure E3.3):

®

/] N\ N
I [N

3

©
|
it
I~
|

Vi \

/
A 788 NG [ AN

L1
.

LA
L
Tt
™~
L1

]

™

|

i

B

L1 4

Lt

L

r—

B
=
|

|
]
[
|
[~

,’-;/

B g
™~
m—

\
I VN

N

I N - R I N NI

=
] M~
B

" R NHHES
12 i N LA

Figure E3.3. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip

SOLUTION TO EXERCISE 4

1) Expression of the value of voltage v; and value of the current across resistance
R3Z
vi=1V,v,=4Vand R, =R;=1kQ.

Under these conditions, diode D is blocked and the equivalent circuit is shown in
Figure E4.3.
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Ry
L
V) R3 V3
2
Figure E4.3.
The expression of voltage v; is:
R v
V:},=V2—3 5 V3=—2:2V
R, +R; 2

V3
I =—==2mA
R3 R3

2) Expression and value of voltage v; and value of the current across resistance
R3whenV1=3V,V2=3VandR1=R2=R3= 1 kQ.

Under these conditions, the diode enters a conduction state and is equivalent to
its threshold voltage V. The equivalent diagram in Figure E4.4 is obtained.

R, Vo R,
— —1
] e d
\2 R; V3 V2
i
Figure E4.4.

Applying Millman’s theorem or Kirchoff’s theorem, the following relation is
obtained:

_ (Vi =Vo)RoR3 + VR R
R;Ry +RjR3 +R,HR5
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Whel’lVl:4V,V2:4VandR1:R2:R3:le

va = (Vl—V0)+V2 =4—0.6+4 —046V
3 3 3

The current across Rj is defined as:

Ip; =2 _246 2.46 mA
R3 10°

3) Representation of the signal vs(t). Points A and B of the circuit shown in
Figure E4.1 of exercise 4 are joined.

Furthermore, R, = 5 kQ and R; = R;= 1 kQ. The signal s(t) applied at points A
and B is triangular.

Let us recall that when diode D enters the conduction state s(t)>V,, the
expression of signal v;(t) is given by:

(vi() = Vo)RoR3 + v (HR Ry
R;R; +R{R3 +R)R;

v3(t) =
Since vi(t) and v,(t) are identical (vi = v, = s(t)), R, = 5 kQ; Ry =R3 =1 kQ and
V,=0.6V, the following can be written:

(Vl(t)—Vo)R2R3+V2(t)R1R3 6V1(t) 3 6S(t) 3
RR, +R R +R,R; 11 11

vi(t)=

When the diode is blocked, v;(t) is defined as:

V3O =52 — R3 ?

Hence, the evolution of voltage v;(t) in correspondence with signal s(t) is shown
in Figure E4.5.
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AVoltage (in volts)

Figure E4.5. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip

SOLUTION TO EXERCISE 5
1) Representation of the characteristic (Figure E5.3) of an ideal diode:

A,

Vo

v

Figure E5.3. Characteristic Ip = f(Vp) of an ideal diode. For a color
version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

2) Expression and value of the maximum current across diode D:

I :l;lmax=l2mA
R

max
1

3) Equation of the load line and its representation in the same diagram with the
characteristic:

ID = (V - VD)/R
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The specific points of the load line are the following:

point A: Vp =0; Ip = (V/R) = 12 mA; point B: I =0; Vp = V.

Representation (see Figure ES.4):

Alb

12 mA QA Load line
| B Vp
! v

Figure E5.4. Direct characteristic Ip = f(Vp) and load line. For a color
version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

4) Filling in of Table E5.2 (Figure ES.2; D; and D, are assumed ideal).

5) Representation of vs; and vs, when v; is sinusoidal with peak amplitude equal

to3Vandv,=2V.

v = 3sin(2nft)

It is sufficient to note that when v; > v,, diode D, is conducting and diode D, is

blocked and therefore:

Vg1 =V and Vgr = Vi.

Vi v, | State D, | State D, | vg; | Vs2
2v Sv B P 2v Sv
Ov 2v B P Ov 2v
—4v | —2v B P —4v | —2v
4v 2v P B 2v 4v
—1v | =3v P B =3v | —lv
4v Ov P B Ov 4v
Table E5.2.
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On the contrary, when v| < v,, diode D, is blocked and diode D, is conducting;
then, Vs1 = Vi and Vg2 = Vo.

Hence, vg; and vy, are represented in Figure E5.5.

AVs1 AV,

X z _________ MJJJ

2Vf_\l_\l_\l_\

TVVVV? |

Figure E5.5. Representation of vsi(t) and vsa(t). For a color version
of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

v

SOLUTION TO EXERCISE 6

1) Expression of voltage across R;.

When v, <2V, diode D; is blocked and D, is conducting:
Vrpi=E=2V

When v, >2 V, diode D, is conducting and D, is blocked:
VeI =V

2) Representation (Figure E6.2) of the evolution of vg;(t):

A vri(t)
R ARANANA
V=2 N R I I
0T >
-Sv

Figure E6.2. Evolution of vrs(t) in time. For a color version of
this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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SOLUTION TO EXERCISE 7

1) Calculation of Vr;:
VT = KT/C, VTl = KTl/C and VT() = KT()/C,
VTI = (VTO~T1/TO); AN: VTI =30.3 mV

2) Calculation of reverse saturation current Ig;:

Vv
v I .
I, =1 [ev“ —1}; I, :h—D;A.N: I =10°A=1pA

Reverse current Ig; remains very small compared to Ip even though temperature
is above 50°C with respect to ambient temperature. It can be negligible with respect
to Ip under all operating conditions.

3) Calculation of reverse saturation current Igy at To = 300 K and comparison
between Ig; and Igp.

o 18 .
S0~ |:ea(T_T0):| ’
AN: Igy at Ty =300 K; Iy =49.78.10 7 A = 49.78 nA,
Ig; >> Ig; I increases when temperature T rises

4) Calculation of temperature variation AT required for the reverse saturation
current Ig to double its value.

Ig =I5 [ea(T_TO)J 3 Is =2 Igo;

|:ea(T—TU):|=2; |:eaAT:|=2;

AN: AT=In(2)/a=11.55 °C
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SOLUTION TO EXERCISE 8

1) Representation of voltages vgi, Vo and vp and currents I;, I, and Ip (Figure
E8.4):

Figure E8.4.

2) Voltage v, from which diode D conducts.

The diode conducts from voltage equal to its threshold voltage:
vp=>0.6V;
Vp=Vr2>0.6 V.

Just before the diode conducts, the following can be written:

RZ _ Ve

VRy =————V, =—
R2TR,+R, ¢ 2

The diode conducts provided that:
1
VR2 20.6V = Eve >0.6V;

ve>12V

3) Equation of the load line, the plot and the coordinates of the operating point.

3.1) Equation of the load line:

I _Ve1~VD
D™ R
1
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3.2) Plot of the load line (Figure ES8.5):

Ip

12mA

Figure E8.5. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip

3.3) Coordinates of the operating point A (Ipa, Vpa)
VpaA = V()

Vel =VDA _ Vel = Vo
R, R,

Ipa

Threshold voltage V= 0.6 V
Ip=6.10" =6 mA

4) Representation of v.;, vg; and vy, (Figure E8.6):

Vcl
SV
tL
0 >
5V
A Vb
tL
= >
s Vi
R1
sve
t

Figure E8.6. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip
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SOLUTION TO EXERCISE 9

1) Calculation of the current I across the diode for the following cases: v, =2 V,
Ve =4v, v, =—0.5v; v, = —2v and v, = —4v and curve: [ = f(v,).

1.1) Current across the diode:

In order to simplify the circuit, Thévenin’s theorem is applied between points A
and M (Figure E9.2):

R, = 800Q;
R, = 1.2KQ

Figure E9.2.

R,
Vg = Ve —2—=0.6V,
TH eR1+R2 e
R,.R
RTH:RI—2:480§2
1+ Ry

When the diode is blocked, 1=0.

When the diode conducts:

[=YTH™VD _ VTH _ ¢ Ve
Rty Rt Rt

The various values of current I as well as the operating state of diode D
depending on the value of input voltage are given in Table E9.1.
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Ve (V) —4 -2 0.5 2 4
Vi (V) 2.4 -1.2 0.3 1.2 2.4
State of the | Blocked Blocked | Conducting | Conducting | Conducting
diode
1= Vi 0 0 625 pA 25mA 5mA
RtH
Table E9.1.
1.2) Representation of the variations of I = f(v,) (see Figure E9.3):
A 1 (MA)
b
4 ]
2
- Ve(V)
43 2 10 1 2 3 4 5

Figure E9.3. Representation of | = f(ve)

2) Calculation of the current I across the diode (Vo = 0.6 V) when: v, = 4V,
Ve=2V,ve=1V,v.=-0.5V, v.=-2V and v. = —4 V. Graphical representation

of I =f(ve):

2.1) Calculation of current I:

= Y~V
Rty

| 06(Ve—1)
Rty

The values of current I depending on the value of v, are summarized in

Table E9.2.
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Ve (V) —4 -2 0.5 1 2 4
vru (V) 2.4 -1.2 0.3 0.6 1.2 2.4
State diode B B B B C C
1= V1 —0.6 0 0 0 0 1.25 mA 3.75 mA
RtH

Table E9.2. (B: blocked; C: conducting)

2.2) Representation of current I across the diode depending on voltage input (see

Figure E9.4):

a 1 (mA)
=
4
S5
- ve(v)
| I
4 3 2 -1 0 1 2 3 4 5
Figure E9.4.

3) v, is a sinusoidal voltage (v, = 4sin2nFt). The diode has a threshold equal to

0.6 V. Voltage variations across R, (see Figure E9.5):

4

3

4v

2v
0.6v

A AN A A
AN ANAY

-2.4v

-4v

VEVAVAVE
VARV VARV

Figure E9.5. Evolution of vgry(t) in correspondence with ve(t). For a
color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip



74 Nonlinear Electronics 1

SOLUTION TO EXERCISE 10

1) Equivalent diagram of the circuit, expression and value of v;.
1.1) Case of v.=1V:

The voltage (v. = 1 V) applied at the anode of diode D is below the voltage
applied at its cathode (v=2 V).

The diode is blocked, and the equivalent diagram is shown in Figure E10.2:

| S|
R
6%) R[‘ T Vs

Figure E10.2. Equivalent diagram of the circuit
in Figure E10.1 when the diode is blocked

Rp

=—L v =091V
R; +R,

Vs

1.2) Case of ve =4 V.

Diode D conducts, and the equivalent diagram of the circuit studied is shown in
Figure E10.3.

Figure E10.3. Equivalent diagram of the circuit
in Figure E10.1 when the diode is conducting

R{ R v+R;R
vg=— L VTRV o2 ) 58 Volts
RiR, +RjR +RHR
2) Representation of v, = f(v.) (see Figure E10.4):

o R
v, <2 The diode is blocked: vg=——"—.v, =0.91.v,
R; +Ry
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Ve 2 2 conducting diode:

Rp (Rjv+R,ve)
V =
ST RR, +RR| +R,R;

: vg =0.3225.v, +1.290

y vs(Vv)

8

4 —_—

0 — W

| 1 2 4 6 10
-
//"i/ -4
€

Figure E10.4. Representation of vs=f(ve). For a color version
of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

SOLUTION TO EXERCISE 11

1) Equivalent Thévenin generator (Figure E11.3):

Figure E11.3. Diagram of equivalent Thévenin
generator of the circuit shown in Figure 11.1

RR
Ry = 122 _10KQ
1R,
R, \Y
TH = =-=5V
Ri+R, 2
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2) Expression of current I as a function of V, R, R, and Rj, and numerical
application.

The diode D is considered ideal: V, = 0 and Ry = 0, and reverse resistance is
assumed infinite.

R2
. Vi, _ R +R, VR,
Ry +Ry  RR, o RR,+RR,+R.R,
R,+R, °

Numerical application: V=10 V; R; =R, =20 kQ; R; = 10 kQ; [ =250 pA

3) Equivalent Thévenin generators between B and M and then between N and M
and equivalent diagram:

Equivalent Thévenin generator Equivalent Thévenin generator
between B and M between N and M

RTHI B N l{THZ
TH2
TVTHI T
o -

RTHI =R/2 RTHI =R/2

VTHI =V/2 VTHI =V/4

4) Deduction of the value of current I;.

The overall equivalent diagram of the circuit shown in Figure E11.2 is presented
in Figure E11.4.

Rry=R/2 D Ry =R/2

—|:I—o—|<—1<-o—|:I—

B N
e — Vmp=V/A4
VTH1: V/Z e
M M

Figure E11.4.
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Since Vs < Vrui, diode D is blocked. There is no current across it:
I1=0
SOLUTION TO EXERCISE 12

1) Evolution of the output signal v, in correspondence with the signal v, when
the switch K is open (see Figure E12.3).

A /v,
A
oY 4ty i L
1)

Figure E12.3. Evolution of the output voltage in correspondance with input voltage.
For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

The capacitor charges rapidly through the dynamic resistance of the diode with a
time constant that is practically zero when the diode is in conduction state.

When the diode is blocked, the capacitor cannot discharge, given the high input
resistance of the follower circuit (follower circuit A;).

2) Evolution of the output signal v, in correspondence with signal v, when the
switch K is closed between instants t; and t, (see Figure E12.4).

I~

€

A v/v,

Figure E12.4. Evolution of the output voltage in correspondance with input voltage.
For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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The voltage across capacitor (v.) and consequently the output voltage (v) follow
the ascending form of v.. Between t; and t,, the voltage across the capacitor is zero
(short-circuit capacitor): v, = 0. Starting from t,, the voltage v, instantaneously takes
the value of v, until t;. From this instant on, the voltage maintains the value v.(t;),
since the diode is blocked and the capacitor cannot discharge, given the high
impedance of the follower operational amplifier.

SOLUTION TO EXERCISE 13

1) Expression of the output signal:

Since the input voltage is sinusoidal, this problem is approached by separating
the positive half-wave from the negative half-wave.

1.1) Case of v, > 0:
The diode is blocked: vy = ve.

1.2) Case of v, < 0:

Lo . -R
The diode is conducting: vy = —2v,

1
2) Representation (Figure E13.2) of the evolution in time of voltages v, and vs.

R, A

Vu

Ve

Figure E13.2. Evolution of vs in correspondence with ve. For a color
version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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3) Function of the circuit when R, = 0.

When R, = 0, the following expressions of the output voltage are found:
Ve >0: vy = v,
Ve<0:v,=0

The circuit assures the function of half-wave rectifier.

4) Evolution of voltages v., v and v; when R, = R; = R (see Figure E13.3):

v Ii 7\ 7\ VartVo
M

JAVAVAYAYAYAW
\/

A Vs

Vm W\
0 5

>

Figure E13.3. Representation of ve, va and vs. For a color version
of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

4.1) Case of v, > 0.

The diode is blocked: vy = v, and vy = =V, V. is the voltage of symmetric
supply of the operational amplifier

4.2) Case of v, <0.

The diode is conducting: vy = —v, and v, = —v, +V,, where V| is the threshold
voltage of the diode.
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5) Representation of vy = f(v,) and function fulfilled by the circuit.

Let us recall that when voltage v, is positive, vy = v,, and when voltage v, is
negative, vy = —V,

Thus, the representation of v as a function of v, is given in Figure E13.4:

AV,

Vs = -V Vs = Ve

Ve

v

Figure E13.4. Representation of vs as a function of ve

The function performed by the circuit is full-wave rectification without
thresholds.

SOLUTION TO EXERCISE 14
1) Definition expressions of voltages v and vg:
1.1)v.>0

Under these conditions, diode D, is conducting and diode D, is blocked.
Therefore, the following can readily be noted:

Va="Veand v =~V =V,
1.2) ve<0
Diode D, is blocked and diode D, is conducting:

Va=Veand vy =—V, = —V,
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2) Representation as a function of time of signals v., vp and v, (see Figure

E14.2)
G
Vu
O \/ \/ \/ ”
AVA t
0 >
Vu LN N N N N NL...
Vi ALY e
0 :t

Figure E14.2. Representation as a function of time of signals Ve; Va; Vs.
For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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Low-frequency Oscillators

2.1. Feedback study

Whenever the output influences the input, there is feedback. This involves loop
systems, as indicated by the diagram shown in Figure 2.1.

Returning of a fraction of the signal from the output to the input constitutes a
“feedback” assembly.

Amplification
Gain A
T T
Y

Feedback
B(w)

Figure 2.1. Feedback loop system

Feedback can be positive or negative. Positive feedback involves adding to the
input a fraction of the output voltage.

Negative feedback allows taking out a fraction of the output voltage returned by
the feedback circuit from the input voltage “v.”.
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2.1.1. Negative feedback

The assembly shown in Figure 2.2 is used for the study of negative feedback. It
can be seen that the part of the output voltage “vy” that is returned to the input is
taken out from the input voltage “v.”. Under these conditions, the following can be
written:

VI=Ve—V, = VT‘?
_’®T_ Amplification
Ve Vi { TVS
e &= _—
Feedback
P(w)
Vi

o
B

Figure 2.2. Organization of negative feedback

Voltage “v,” returned from the output to the input is out of phase with the input
voltage “v.”. Therefore, these two signals are subtracting their effects. They produce
an output signal that is less than that existing in an open loop.

Vs__A

R
Vr=Byss ve-Pvs =-F = 7 T 1+ AB
&

Negative feedback is also called inverse feedback. Its role is to modify the
performances of a system (e.g. an amplifier).

The properties of a negative feedback amplifier are modified as follows:

— stabilization of the gain value;

— reduction of nonlinear distortion;

— reduction of the internal noise effect;

— increase of the amplifier bandwidth with respect to its open-loop bandwidth;

— control of the value of input and output impedances.
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Thus, the superposition of the input signal and of a fraction of the output signal
leads to modified performances of the amplifier or of any other device.

2.1.2. Positive feedback

In a device with a positive feedback loop, the part of voltage returned from the
output to the input is added to the input voltage, as shown in Figure 2.3.

Amplification

Feedback
B(w)

Figure 2.3. Organization of positive feedback
This system may very rapidly become unstable, since with each feedback loop, a
part of the output voltage is added to the input voltage and amplified.
Vi =V, TV,
The following is the relation between input and output:

Vs _ A
1+ AB

Ve

This process leads to a destabilization of the output signal. This effect is sought
for by a great number of electronic devices such as oscillators, comparators, astable
multivibrators, or triggers.

2.1.3. Oscillators and positive feedback

A very relevant example, namely that of oscillators, will be studied subsequent
to this presentation.



86  Nonlinear Electronics 1

An oscillator is by definition a device that generates on its own a periodic
alternative output voltage without any input excitation.

The device using a positive feedback can be modified and, under a certain
condition, can operate as an electrical oscillator, as shown in Figure 2.4.

Amplification Amplification
Gain A TVS ve=0 Gain A Tvs
- -
5 ]
Feedback Feedback
B(w) T B(w)
Vi
T Vr e Oscillator

Figure 2.4. Positive feedback in an electrical oscillator

The generated wave can be sinusoidal, rectangular or triangular. Oscillators can
deliver voltages with very broad frequency ranges, from a few tens of hertz to tens
of gigahertz.

Thus, depending on the shape of the wave to be generated or the expected
frequency, there can be radically different approaches to the study and design of an
oscillator.

Oscillators can be classified into two large families depending on the shape of
the wave they generate, as shown in Figures 2.5(a) and 2.5(b).

NI h ANA «
Relaxation outpout Sinusoidal

——o0

oscillator /\/\/ oscillator output

(@) (b)

Figure 2.5. Principle of a) a relaxation oscillator; b) a sinusoidal oscillator

Devices that deliver waves with a frequency range rich in harmonics are called
“relaxation oscillators”.
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On the contrary, systems that generate waves containing only one harmonic are
called “sinusoidal oscillators”.

2.2. Principle of sinusoidal feedback oscillator

Irrespective of its type, the block diagram of a sinusoidal feedback oscillator is
shown in Figure 2.6. The feedback network is a passive dissipative oscillating
circuit. Its role is to fix the oscillating frequency. Left on its own, this network
(feedback network) cannot produce sustained oscillations.

Amplifier Limiter output

Feedback network

Figure 2.6. Block diagram of a sinusoidal feedback oscillator

Thus, in order to produce and sustain an oscillation, this network must be
supplied with external energy. This role can be ensured by an amplifier circuit,
for example. The limiter circuit stabilizes the amplitude of the output signal at a
well-established limit.

2.3. Oscillator parameters

The study of sinusoidal oscillators is a delicate task. In the most general case, an
oscillator is described by a differential equation, the order of which is greater than
or equal to two. In order to design and realize an oscillator, the following four
parameters should be thoroughly defined:

1) oscillation frequency;
2) condition for sustained oscillation;
3) amplitude of the output signal;

4) distortion factor of the output signal.
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The first two parameters (oscillating frequency and condition for sustained
oscillation) can be defined using the linear theory. This is sufficient for a brief
description of an oscillator. When accurate information on the amplitude and the
distortion factor of the output signal is required, nonlinear theory should be
employed. Herein, the focus is on how to determine the oscillation frequency and
the condition to sustain it.

The nonlinear aspect of oscillators will be addressed at the end of the Chapter 3,
which is dedicated to high-frequency oscillators.

2.4. Linear mode oscillator operation
2.4.1. Introduction

To deliver sustained oscillations, an oscillator must receive external energy. The
latter can be supplied by one of the following elements:

— amplification of the damped oscillating signal;
— external voltage source;

— negative resistance.

An amplifier element is very often used in order to sustain low- or high-
frequency oscillations. The type of oscillator circuit that uses an amplifier circuit
and an oscillating circuit on a feedback loop is called a “feedback oscillator”. In this
chapter, we study this device in the field of low frequencies. There is no interest in
using an external source for oscillators. Oscillators with negative resistance
generally employ the specific characteristics of certain diodes (e.g. tunnel diodes) to
sustain sinusoidal oscillations. Furthermore, negative resistances can be artificially
realized by means of active components, such as operational amplifiers.

2.4.2. Feedback oscillator

A feedback oscillator is essentially constituted of two quadripoles assembled as
shown in Figure 2.7.

The amplification element takes into account the nonlinearity aspect previously
represented by an amplitude limiter.

As already mentioned, the study is conducted under linear conditions (steady
state). This means that the nonlinear element has already performed its task and it
consequently introduces only a constant coefficient included in the amplification
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term. Its existence can be completely ignored in this steady-state (linear conditions)
context.

A TVI Amplifier TVS output
(A) 4
Ve
\l/ V. F eedbac(lé ;1etwork ¢Vs

Figure 2.7. Principle of feedback oscillator

In Figure 2.7, v, is the voltage returned from output to input in order to sustain
the oscillations; vy is the output voltage applied to the load; v, is the input voltage
applied to the amplifier and v, is the voltage applied at oscillator input (v, = 0 for an
oscillator).

An oscillator is an unstable system. Let us now write the analytical equations
defining the operation of the oscillator and find under what condition the latter
becomes unstable.

V. =Bvg vy = (VJA); Ve =V, T Vs v = BV (V/A)

To reach system stability, according to Nyquist, the condition A.f3 < 1 should be
met. It is our objective to render the system fully unstable. For this purpose, let us
have A.p=1.

i v
Under these conditions, — — oo

Ve

This is equivalent to voltage v, (supposed input voltage of the system) being
zero (see Figure 2.7) and the existence of an output voltage v,. This is how a voltage
v, is generated without applying any input voltage. For the oscillation to be
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sinusoidal, it is sufficient to use the feedback circuit (of transfer function B) to select
a properly given harmonic.

IN SUMMARY.—

A device such as the one shown in Figure 2.7 operates as an oscillator provided that A.

B=1.

This is called the Barkhausen condition and, in reality, it covers two conditions: one
relating to the phase and the other to the module.

Arg(A)+Arg(B)=0 [27]

AP= AB=1

The condition imposed on the argument allows the determination of the
oscillation frequency (f;) of the circuit. The condition imposed on the module leads
to determining the condition for sustained oscillation.

Gain A is generally real, which is the case of low-frequency amplifiers.

The Barkhausen condition comes down to:

ArgB)=0 [2x]; if A>0

Afe |A~B|=1
ArgB)=n [2n]; if A<O
APe |A-[3|=1

If the argument of (B) is zero or equal to (), then the imaginary part of the
transfer function  must necessarily be zero.

When the imaginary part of B is zero, the expression of the oscillation frequency
f,) can be deduced.

The condition on the module can be reduced to:

A(fy) B(fy) = 1 < AB(fy) = 1 (if A is real)
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2.5. Phase-shift oscillators
2.5.1. Schematic diagram and equation

This type of oscillator is constituted of an amplifier and a certain number of
“RC” cells. Most commonly, three cells are used (Figure 2.8) for the following two
essential reasons:

1) three cells easily allow a phase rotation of 180°. This result cannot be obtained
with only two cells; and

2) a phase rotation of 180° can be obtained with four cells or even more, but this
increases the number of components, and the overall size is bigger than that for three
cells.

| — | I 1 I 1
| I | 1 J 1 J

Figure 2.8. Cells in the phase shift network

The phase rotation of 180° is required due to use in the chain that comprises the
oscillator of a real gain amplifier.

Thus, using three low-pass or high-pass cells connected to an amplifier, a
low-frequency phase-shift oscillator with reduced overall size can be realized, as
suggested in Figure 2.9.

Tve Amplifier T\,s output
gain (A) S

V. Zs Zs l . Zs I \"
or 2 or
Z Z Z
p P P
Vi ) Vs

Figure 2.9. Schematic diagram of the phase shift oscillator

.
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To operate as an oscillator, this circuit must fulfill the Barkhausen condition:
AB=1 = Arg(A)+ Arg(B)=0+2knand |AB|=1

where A is the gain introduced by the amplifier and B is the transfer function of the
feedback circuit represented by the phase-shift network.

As a first step, and for the sake of simplicity, let us suppose that the input
impedance of the amplifier is very high. Consequently, it does not charge the
feedback circuit. To ease calculation, the circuit can be opened at point N, as shown
in Figure 2.10.

TVC Amplifier ﬁ output
gain (A)

N

orvz IZSI ZIZS. Z.Zs. orVI
%) L ‘® 1 Ve

Figure 2.10. Opening of the circuit at point N in order to
separate the amplifier and feedback circuits

This enables the separate calculation of the amplifier gain A and of the
expression of transfer function [3.

NOTE.— If the input impedance of the amplifier is not high, it is imperative to restore
the impedance balance after cutting off, but before making all the calculation. The
separation of amplifier and feedback circuits facilitates calculation, especially for the
transfer function of the feedback circuit.

For the calculation of [, let us use the most classic method, which involves
writing the equations for the three circuit meshes in Figure 2.11.
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A A 7,
| —| | | —
Vv, . . . 2
or 1 Z, - zZ, Z, | or
v, v,
Mesh 1 Mesh 2 Mesh 3

Figure 2.11. Feedback phase-shift circuit for the calculation of S

Mesh 1: vy=Z_i; + Zp.(il — i) [2.1]
Mesh 2: 0= Z,,.(iy = i}) + Zg.iy + Zp.(iy — i3) [2.2]
.V
And also:iy = =% [2.4]
Zp

The system of equations allows the determination of the (v,/v,) ratio. In equation
[2.3], i3 is replaced by its equivalent expression and then i, is deduced:

. : . (QZy+Zy)v,
QZy+2)i=Zyly = b=
p

From equation [2.2], the expression of i; is deduced as a function of v;:

2V .
(2Z,+Z,) Z—; —v; = Zpiy
p

2
07,520y,

1=\~ 2 -
(Zy) Z,

This leads to deducing the expression of the output voltage as a function of the
voltage returned to the input.

27 +7Z.)° 27 +7Z.)
vo=[2,+2.] %_1 Ve 2Ly *Zo)
(Zp) ZP Zp

T
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Finally:

1

v 3 2

S +5 Zs +6 Zs +1
Zy Zy Zy

As already noted, RC cells can be of a high-pass or low-pass type. Two cases can
therefore be presented for impedances Z, and Z;:

1) purely reactive Zp and purely resistive Z_ (low-pass cells); and

2) purely resistive Z, and purely reactive Z (high-pass cells).

2.5.2. Low-pass cells

The series impedance comprises a resistance, and the parallel impedance
comprises a capacitance:

Zg=Rand Z, = (1/jCw)

2.5.2.1. Calculation of the oscillation frequency

For the sake of simplicity, let us suppose that the low-frequency amplifier
element has a purely real gain contribution to the working frequency (which is
generally the case in practice for low frequency).

The condition on the argument related to the oscillator operation is defined as
follows:

Arg(A) + Arg(B) = 0 [2m]

Since the amplifier gain A has been supposed real, the transfer function B must
necessarily also be real for a certain frequency f; (oscillation frequency). The

transfer function {3 has already been expressed. In the present case, replacing Z, and
Z, by their equivalent relation is sufficient:

p=-r- 1
Vs —j[RCo] —5[RCw)* +6j[RCo]+1
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B must be real. Its imaginary part must therefore be zero. The annulation of this
imaginary part leads to finding the expression of the oscillation frequency f, of the
concerned oscillator:

Im*(B) =RCoy[6 — (RCw)*] = 0; Im™: imaginary part

J6

" 27RC

2.5.2.2. Condlition for sustained oscillation

At the oscillation frequency f;,, the feedback network introduces an attenuation
equal to B(fy): B(fo) = —(1/29).

It can be noted that besides a (1/29) attenuation, the feedback network introduces
at frequency f; a phase rotation equal to 180°.

Voltage v, returned from output to input undergoes a phase shift by an angle of

7 radians with respect to voltage v,.

The role of the amplifier is therefore to ensure, besides amplification, an
additional phase turning of 180°, in order to meet the Barkhausen condition on the
phase.

ABl=1 AP(@=w0)=1
Therefore, the amplifier must bring a gain A so that A = —29.

A=-29 & |A|=29and Arg(A)=Tn

The oscillator circuit can then be schematically represented in Figure 2.12.
TN Amplifier TVs /\/\/
(A =-29)

oer J_IRI_LlR'J_lRITO\rIl
V; ‘|_c Tc ®) ‘I’c Vs

Figure 2.12. Oscillator circuit with low-pass cells

M
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2.5.3. High-pass cells

The series impedance comprises a capacitance, and the parallel impedance
comprises a resistance:

Z,=Rand Zy = (1/jCw)

p
2.5.3.1. Oscillation frequency

It is worth recalling that the amplifier gain is assumed real. In order to find the
oscillation frequency of the circuit, it suffices to cancel out the imaginary part of the
transfer function (B) of the feedback circuit.

po Ve

[RCo]
Vi [RCo] - 5[RCw]—6j[RCa] +

If © = @y, then: Im(B) = 0 & [1 — 6.(RCay)* ] =0

The expression of the oscillation frequency fi, of the oscillator is subsequently
determined:

% _ 1

gm0
"o 2nrcVe

2.5.3.2. Condlition for sustained oscillation

In order to find the condition required for sustained oscillation, the following is
written:

AB(®=0g) = 1; B(®= 1y) = ~(1/29) = A =29

This type of oscillator can be schematically represented by the circuit shown in
Figure 2.13.

TN Amplifier TVS /\/\l
(A=-29)

e ez |

v A C C C v,
or R R R or
Ve ® Vs

Figure 2.13. Phase-shift oscillator circuit with high-pass cells

N
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2.5.4. Phase-shift oscillator with operational amplifier

An operational amplifier can be proposed as an amplifier element in order to
obtain a phase-shift oscillator. An example that uses low-pass cells as feedback
elements is schematically presented in Figure 2.14. The operational amplifier is
connected in closed loop. This offers the possibility to fix the adequate
gain in order to meet the oscillation condition. The operational amplifier must
introduce a phase inversion and a gain equal to 29. The input resistance
of the amplifier must not disturb the feedback circuit. The choice R; >> (1/Cwy)
must be made for this purpose. The case of a phase-shift network with high-pass
RC cells is schematically presented in Figure 2.15. The calculation of oscillator
parameters is similar to that previously presented. The result for two types of
oscillators will be given here.

| S |
R, 29R,

Figure 2.14. Phase-shift oscillator (low-pass cells)
and operational amplifier

Figure 2.15. Phase-shift oscillator (high-pass cells)
and operational amplifier
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2.5.4.1. Oscillation frequency
®) _ \/g

— Case of phase-shift network with low-pass RC cells: fy = —=

2n 2nRC
, 1
— Case of phase-shift network with high-pass RC cells: f, = e AP
s *"2n 2nrCV6

2.5.4.2. Condlition for sustained oscillation

According to the Barkhausen condition: AB(® = wy) = 1 ; B(® = ®y) = —(1/29).
For the two types of oscillators (phase-shift network with high-pass cells or low-pass
cells), the amplifier gain must be equal to A =—29:

In order to avoid the problem of the limited value of R;, an operational
amplifier-based follower circuit can be inserted between the feedback circuit and the
amplifier.

2.5.5. RC oscillators with transistors

2.5.5.1. Generalities

It is worth seeing how phase-shift oscillators can be designed when the active
element is a discrete component, such as a bipolar transistor. Such a circuit that uses
a series of high-pass cells as phase-shift network is shown in Figure 2.16.

output signal

%
vl
[

| |
I IC

IR

Figure 2.16. RC oscillator with bipolar transistor

The feedback network is formed by RC cells. It introduces a phase shift of 180°.
The transistor is connected as a common emitter. It consequently introduces a
second phase rotation of 180°. The overall phase shift of the loop that realizes the
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oscillator is zero. This arrangement is required by the Barkhausen condition. The
elements of the oscillator diagram are the following:

— Cg: decoupling capacitance, which is equivalent to a short circuit at oscillation
frequency (eliminates the effect of Rg in dynamic state)

—R;; Ry; Ry and Re: polarization resistances; Ry +h;; =R

The calculation procedure is similar to the one employed in the previous cases.
Therefore, only certain additional aspects are considered here. In fact, when the
active element is a bipolar transistor, it is worth taking into account the polarization
resistances and especially the limited value of the input resistance and the non-zero
value of the output resistance of the amplifier element.

2.5.5.2. Calculation of the oscillator

2.5.5.2.1. Determination of the parameters related to the Barkhausen
condition

In order to write the equation of the oscillator circuit and to determine its
oscillation frequency, as well as the condition for sustained oscillation, it is
important to use the equivalent diagram of the low-frequency transistor.

To reduce the calculation without introducing sensitive errors in the final result,
hybrid parameters h;, and h,, are considered negligible. Only the simplified

equivalent diagram of the transistor is taken into account (see Figure 2.17).

Figure 2.17. Equivalent diagram of the RC oscillator with transistor

Let us consider that the values of polarization resistances R; and R, are high
compared to the value of input resistance h;; of the transistor.

RiR,

1 2
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Resistances R; and R, are chosen so that R, >>h;
In the figure, v, is the voltage returned from output to input.

The equivalent diagram of the oscillator can be transposed in a new form, as
shown in Figure 2.18 (the effect of R, is considered negligible).

| |
l'l¢c

hy; 1y

Figure 2.18. Equivalent simplified diagram
of the RC oscillator with transistors

The voltage returned from output to input through the feedback circuit is
expressed as v, = hy.i,

The Thévenin generator between points S and M (see Figures 2.19(a) and
2.19(b)) is characterized by: Ry =R and Vi =R .hyp.ip = vy

S

h21 ib Rc
(a)

Figure 2.19. a) Circuit seen between points S and M;
b) equivalent Thévenin generator

If the circuit seen between points S and M is replaced by the equivalent
Thévenin generator in the simplified overall diagram of the oscillator, then the
device shown in Figure 2.20 is obtained. This will be the basis for calculating the
definition parameters of the oscillator.
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///////////Cp[//////////////////////1

Figure 2.20. Basic diagram of the RC oscillator with transistor

To operate as an oscillator, the circuit must imperatively meet the Barkhausen
conditions:

where voltage v, at the amplifier input is equal to voltage v, returned from the
output to the input by the feedback phase-shift network.

Ve = Vg Ve = hyjiy and vy = —hy Redy
AzYs _ThaiRe
Ve hyy

According to the previous relation, it can be noted that the amplifier with a
transistor introduces a phase inversion.

This is perfectly normal, since the transistor is connected as a common emitter.

At oscillation frequency, the feedback circuit must therefore also introduce a
second phase inversion in order to meet the Barkhausen condition on the argument.

The expression f=-= is determined using the circuit shown in Figure 2.21.

N
Ry+h;;=Rand Z, = (1/jCw)

Mesh 1: v =(Z,+R).ij +R(i; —iy)
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Mesh 3: 0 =R.(i3 = ip)*+ (Z, + R)is

v

= v, =hyi
R0+h11’ r 11°3

iy

Zs ZS ZS

Figure 2.21. Schematic diagram for the calculation of

This leads to:

V.= Vhll
" hy+R

The expression of v, as a function of current i; can be deduced from the
equations for meshes as follows:

2
R, Z z
VS:13[[?°+ES+IH4ZS+3R+( 1;) :l—ZS—2R]

If current i; and impedance Z are replaced by the equivalent expressions, then

the relation between v, and v, is obtained.

Therefore, the expression of the transfer function of the feedback circuit is
obtained:

hyy

v .
" 3R,+R- Re SR J e 1 4

[RCo)* [RCo) [Col| R [RCo]
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2.5.5.2.2. Oscillation frequency

Using the condition on the argument, the oscillation frequency f; is obtained:
Arg(A) + Arg(B) =0
For this condition to be verified, the imaginary part of the product A.} must be

zero. A is real. Therefore, the annulation of the imaginary part of B is sufficient to
deduce the oscillation frequency (fy = wy/27) of the circuit:

4R 1
Im(B)=0 < —  _+61|=0
[ R [RCO)()]2 ]

P S SR
0 o 4R
27RC { R°+6}

2.5.5.2.3. Condition for sustained oscillation

At oscillation frequency: A.B(w = 0,) = 1

v h

Blo=0, =—L = 1
Vg 3R, +R - R, - 5R .
[RCwy ] [RCay]

The relation that defines the oscillation pulsation has already been established
above; therefore:

_hn
A R
Blo=w, =L =—
s 23+2§—R+4RC

C

The negative sign indicates that the feedback phase-shift network introduces
a phase shift equal to m. As already noted, this phase shift is complementary to
that introduced by the transistor connected as a common emitter. The condition
A.B(w= ;) =1 can this way be met:

h
AB‘(D:(DO =21
234 PR 4R,

C
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Finally, this leads to the relation that ensures sustained oscillation:

29R 4R,

h21 :23+

C

The minimum gain required for obtaining an oscillation at the output of the
oscillator with a transistor can be defined as follows: h,; is minimum when the sum
“29(R/R;) + 4(R/R)” is minimal. As it can be readily noted, the expression
“29(R/R,) + 4(R/R)” is minimal when the two component terms are equal. Indeed,
this relation is the sum of two terms whose product is constant and equal to 116.

This is evidenced by the direct calculation of the conditions for which the expression
“29(R/R,) + 4(R/R)” is minimal. For that purpose, let us have: (hy; — 23) = y and

(R/R.) =x. Hence, y = 29x+i
X

X—=0iy Soo; X ooy oo

The function “y” has a minimum when its derivative is zero. The calculation of

the derivative of “y” yields b =29 _ 4
dx x2

[ 1}

The function “y” is minimal for:

x= b R4 Re 00 R 437
29" R, V297 R R,

Hence, the minimum gain for which the oscillation is sustained:

NOTES.—

1) It is worth noting that the oscillation frequency found when the active element
is an operational amplifier differs from that obtained when the amplifier circuit is
centered on a bipolar transistor (this obviously supposes that the RC phase-shift
circuit that fixes a priori the oscillation frequency is identical in both cases).

2) This difference stems from the fact that the output resistance of an operational
amplifier is zero, which is not the case when the amplifier element is a bipolar
transistor.
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3) The output resistance of the amplifier with transistor is equal to R¢. If R¢ is zero,
then the same oscillation frequency should be found in both cases (amplification with
operational amplifier or amplification with transistor). This is certainly true. Then, the
question is: why not render everything, including calculations, simpler and consider
R¢ = 0, which would yield uniformity between the operational amplifier and the
bipolar transistor in the generation of sinusoidal signals?

4) Unfortunately, setting Rc = 0 and analyzing the condition for sustained
oscillation if the amplification element is a transistor led to noting that the gain in
transistor current must be infinite, which is impractical. If Rc = 0, the oscillation will
never emerge.

5) A further difference between an operational amplifier and a bipolar transistor
is the input resistance hy; of the latter. To eliminate its effect, it should be integrated
in the last “RC” cell that constitutes the feedback phase-shift network. This has been
done for the studied case.

2.6. Bridge oscillator

2.6.1. Principle

This type of oscillator involves two feedback loops instead of one, as shown in
Figure 2.22.

Feedback B, (@)
(")
loop:3, (@)
+
Amplifier of >
/ gain: A Ay
V, Vs
Feedback
b B ——
loop: B,

Figure 2.22. Principle of a bridge oscillator

The feedback loops formed by B(®) and B; constitute the four branches of the
bridge that, together with an amplifier of very high gain A,, forms the oscillator to
be studied here.

Here, A, is the amplifier gain; B, is the negative feedback loop and P, is the
positive feedback loop.
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One of the two feedback loops depends on frequency. For example, B,(w). The
equation that governs the operation of the oscillator is:

Ao~[B2((D) - B]] =1

At oscillation frequency f;, (fixed by B,), B,(®,) is real. Certainly, the gain A
and the transfer function 3, are supposed purely real (independent of the frequency

parameter).

2.6.2. Principle of the bridge oscillator with operational amplifier

When the operational amplifier is considered an amplification element, the
structure of the bridge oscillator in a general context is schematically presented in
Figure 2.23.

Feedback
loop: B, (®)

Vet \
gain: A g Output
Ve- /
Vs

Feedback
loop: B,

Figure 2.23. Principle of a bridge oscillator whose
active element is an operational amplifier

According to Figure 2.23, the following relations can be established:
Ver = B2((D)'VS and v, = BI‘VS = Ve =Ag(Vey — Vo)

where A, is the open-loop gain of the operational amplifier. If the latter is
considered ideal, then A is infinite.

Z—Z:[Bz(w)—ﬁl]Vs

Hence, the final relation is A [B2 (0)—B, ] =1



Low-frequency Oscillators 107

In the presence of a normally operating oscillator circuit, the output voltage v, at
oscillation frequency f;, (fy = wy/2m) is not zero. The gain A, of the operational

amplifier is very high and it can be considered infinite in the ideal case. Under these
conditions:

Thus, at the oscillation frequency, the difference between B, and [3; is practically

Z€ro.

2.6.3. Study of the bridge oscillator in the general case

Let us consider the circuit shown in Figure 2.24. The nature of impedances Z;,
Z,, Z5 and Z, that form the branches of the bridge is not a priori defined. The

condition for circuit oscillation is given by:

Ag-(By(w) —Bp =1

_Ooutput

Figure 2.24. Bridge oscillator in the most general case

For the sake of simplicity, let us have B = (B,(®) — B;),

Ve Vi
Ap==-1
V1 Vg
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The function B can be expressed by the following relation:

VMi_Va-VB_Va-Vp  Vp-Vp

B_Vs Ve-Vp Ve-Vp Ve-Vp
B= Vap _ Vep
Vep  Vep
Zz Z4
Vap = V, and Vpp = V,
D=7 7, Ve BD =7 7, D

Finally, for any circuit represented by a bridge, such as the one shown in
Figure 2.24, the general expression of 3 is obtained:

1 1
B=[Br(m)-P;]= -
1+ﬁ 1+é
2 Zy

2.6.4. Study of Wien bridge oscillator

One of the most commonly employed oscillators at low frequency is the one that
uses the Wien bridge (see Figure 2.25) as a feedback circuit.

Figure 2.25. Representative circuit of Wien bridge
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Impedances Z,, Z,, Z; and Z, that form the various branches of this bridge are
defined by the following relations:
1 R,

Zl = Rl +—

. Z,=— 2 . 7.-R,. Z,=R
_]CI(J) 2 1+_]R2C2(0 3 3 4 4

The relation that defines [ is:

1 1
B—[Bz(w)_Bl] - 1+[R1 +(1/jC1w)][1+jR2C2‘”] _1+&
R, R4

where 3,(®) and B, are readily identified.

When the aforementioned bridge is properly connected to an operational
amplifier, a Wien bridge oscillator is obtained (see Figure 2.26).

Figure 2.26. Wien bridge oscillator

Having presented the diagram of the bridge oscillator in the general case and the
Wien bridge oscillator in a specific case, the next step is to calculate the elements of
this oscillator. For this purpose, the relation that defines the oscillation frequency
must be established, as well as the condition for sustained oscillation.

2.6.4.1. Oscillation frequency of the Wien bridge oscillator

To calculate the oscillation frequency, the oscillator definition equation must be
employed: Ag.p = Aq.(By(wy) —By) =1

By(@)—B =—— ——0
0



110  Nonlinear Electronics 1

The above can be summarized by stating that the imaginary and real parts of the
difference (B,(00) — B;) must be zero.

The annulation of the imaginary part of this difference allows determination of
the oscillation frequency, and the annulation of the real part yields the condition for
sustained oscillation.

1 .
Im@B)=Im [ By(w () — B ] =~ +JR1R,Cr00 =0
1Co

Hence, the oscillation frequency is:

¢ 1

0 2TC\IR1R2C1C2

IfR; =R, =R and C; = C, = C (very frequent case), the oscillation frequency is
defined by the following relation:

1
"~ 2nRC

fo

2.6.4.2. Condition for sustained oscillation of the Wien bridge oscillator

In order to find the condition for sustained oscillation, the real part of B (Re (B))
is annulled.

Re (B) = Re [By(wp) — B;1=0

R R
ReB)=— L g p R, G_Rs
1+&+& 1+& R2 Cl R4
> G Ry

If Ry =R, =R and C; = C, = C, then the condition for sustained oscillation

comes down to the following relation:
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2.6.5. Study of the Wien bridge oscillator as one feedback branch
oscillator

As already noted, bridge oscillators have two feedback branches. The previous
study has evidenced a certain calculation approach to this type of oscillator.

This type of circuit can nevertheless be dealt with as a classic oscillator, with
only one feedback branch and an amplifier circuit with purely real and well-defined
gain A, as shown in Figure 2.27.

Figure 2.27. Wien bridge oscillator treated as
one feedback branch oscillator

For the sake of simplicity, let us consider that the input impedance of the
amplifier is very high and does in no way charge the feedback circuit.

There is sustained oscillation provided that relation A;.p = 1 is verified, where
B is the transfer function of the feedback circuit. Since the input impedance of the
amplifier has been supposed high, a cutoff at point “N” can be done, followed by the
calculation of 3.

_Vr _ ZP _ 1

B= p=B =L
Vg ZS + Zp 1+7s

Zp
Zg=Rj+——: Z, - R
JCI(D 1+_]R2C2(D

1
B=

1+&+2+j(R1C2w— )
Ry G

1
RrCio
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The amplifier gain A, is assumed purely real (which is generally the case for all

types of low frequency amplifiers). Under these conditions, the transfer function 3
should also be purely real.

2.6.5.1. Oscillation frequency

In order to calculate the oscillation frequency, it suffices to annul the imaginary
part related to the transfer function B of the feedback circuit.

Imaginary ()=0 << (R;Cy0 —;) =0

R,C 0
Hence, the oscillation frequency is:
P
2 RRGC
1

2.6.5.2. Condition for sustained oscillation

For this purpose: A.B (0= m,) =1

R, C
A =1+—L4+22
R, G

Thus, the existence of sustained oscillation requires a closed-loop gain of the
amplifier equal to 3. This compensates the attenuation introduced by the feedback
circuit. At oscillation frequency, the transfer function of the feedback circuit is
positive, and consequently, there is no phase shift between the output voltage and
the voltage returned to the amplifier input. Therefore, the latter should introduce no
phase shift in order to meet the oscillation conditions of the circuit. Thus, a type of
amplifier can be designed that meets the already mentioned specifications using,
for example, an operational amplifier connected in closed loop, as indicated in
Figure 2.28. It is worth noting that the voltage at the input of amplifier of gain A is
equal to the voltage returned from the output to input.
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Ve=Vr R3

Amplifier of Ve

gain A

Figure 2.28. Amplifier of gain A, for the Wien bridge oscillator

The calculation of gain A, introduced by this amplifier is given by:

sustained oscillation imposes Ry =2.R,

2.7. Band-pass filter oscillator
2.7.1. Feedback circuit

Let us consider the cascade of two RC cells, the first being connected as a
high-pass filter, while the second plays the role of a low-pass filter of the first order,
as schematically represented by the circuit shown in Figure 2.29.

|
||C | A

Figure 2.29. High-pass and low-pass cells assembled
in cascade to obtain a band-pass filter

The transfer function of this circuit is expressed as:

Y2 By Be)= Reo .
Vi RCox(1+2a)—j(1-a(RCw)")

where “a” is a real positive parameter.
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The overall frequency response of the filter thus realized is represented in
Figure 2.30.

\ B(w)

— Response of low-pass filter
=== Response of high-pass filter
=== Overall response (of the pass-band filter)

A

yeé

‘0)0 ;
Figure 2.30. Frequency response of the band-pass filter
realized by cascading a high-pass filter and a low-pass filter

It can be noted that this circuit favors the passage of a certain frequency f;, (with
fy = wy/2m) with respect to any other frequency. It can therefore be used as a
feedback element of an oscillator operating at frequency f,,.

2.7.2. Oscillator circuit

Based on the previously presented feedback circuit, an example of an oscillator
with an operational amplifier is schematically shown in Figure 2.31. The amplifier
element has a high input impedance. It does not charge the feedback network.

Vi

aC
Vg= V]
Amplifier

e Gain: R,
A=(Vs/Vr)

Figure 2.31. Oscillator with elementary band-pass filter
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After the presentation of the oscillator, the next step is the calculation of the
oscillation frequency and the condition for sustained oscillation.

2.7.3. Oscillation frequency

In order to find the oscillation frequency of the circuit shown in Figure 2.31, the
Barkhausen condition on the argument should be verified:

Arg(A)) + Arg(B) =0 [27]
The closed-loop gain A, of the amplifier is given by:

A =
1 R,

Vi

The gain A, is positive real. The amplifier introduces no phase shift between
output and input [Arg(A;) = 0]. It can therefore be stated that the feedback circuit

should introduce no phase shift between its input and output at oscillation frequency

Otherwise, the circuit cannot operate as an oscillator. The transfer function of the
feedback circuit has already been calculated. It is worth recalling its expression:

2oy o= Rew .
Vi RCox1+2a)— j(1 —a(RCw)?)

The oscillation frequency f;) is obtained as follows:
Arg(B) = 0 & imaginary part () = 0;
Im(B) = 0 & (1-a(RCay)*) =0

Hence, the oscillation frequency of the circuit is:

£y = _ v
27 27RCa
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2.7.4. Condition for sustained oscillation

The condition for sustained oscillation applies to the expression represented by
the product A1.B(wy). This product should verify the following equality at oscillation
frequency: A.p(w=0)) =1

The calculation of the expression of the transfer function of the feedback circuit
at oscillation frequency yields:

R, +R 1
AI'B((D: 0)0) 27t 5

B(m:w"):(uz.a) R, (+2a)

Finally, this leads to the condition to be met for sustained oscillations:

_ R
2R,

2.8. Generator of sinusoidal waves with shaper
2.8.1. Principle

This type of circuit has no direct relationship with feedback oscillators.
Nevertheless, it allows the generation of sinusoidal waves in the low-frequency
domain. The principle of this device is schematically represented by the block
diagram shown in Figure 2.32.

Triangle /\/\I [\/\}

wave Shaper |—op

generator

Figure 2.32. Principle of sinusoidal wave generator with shaper

The sinusoidal wave generator with shaper is limited in terms of spectral range.
Indeed, it can only generate signals, the frequency of which rarely exceeds the
megahertz range. The sinusoidal wave is reconstructed by approximations from a
triangle wave.

This role is ensured by the shaper circuit. The positive and negative slopes of the
triangle wave must have the same amplitude.
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2.8.2. Generation of the triangle wave

2.8.2.1. Definition

There are many circuits that can generate a triangle wave. For the case in point,
and in order to facilitate knowledge acquisition and comprehension, a simple device
elaborated on the basis of classic circuits, such as operational amplifiers, will be
studied (see Figure 2.33).

Vsi

Comparator Integrator

Figure 2.33. Generator of triangle waves with operational amplifiers

This circuit is in fact formed of a comparator, the reference voltage (threshold
voltage) of which is fixed at 0 V, and an integrating circuit.

2.8.2.2. Operation
The comparator output only takes one of two possible states: “high state or low
state”. In order to explain the circuit operation, voltage v, is assumed at its high

state (assuming the opposite is also possible, in order to reach the same result).
Operational amplifiers are supplied at +V .. It can be written with approximation

VA= +VC(;.

High or low saturation of operational amplifiers rarely reaches the value + V¢
because of a waste voltage. As a first step, output voltage v,; can be expressed by

the following relation:

-1 J-t -1
Vagg=——| Vpadt=> vy =——V_ .t
sl R1C1 0 A sl R1C1 cc
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Each operational amplifier is considered ideal. Resistances R, and R5 are crossed
by the same current. It can then be shown that:

_Ryva +R3vy
R, +Rj3

If R, = R; (for the sake of simplicity, only this case of equality will be

. . . Va T Vg

considered in the following): vg = B
As already mentioned, the threshold of the comparator is fixed at zero. The shift

of the state of its output depends on the direction of passage through zero of voltage
vg applied at the input of this comparator.

-1
RC. Vee t+ Ve,

-1 161
VA=tV Vi == Veets VB =
RiG

2

Voltage v evolves in time according to a negative slope, starting from value
(Vee/2).

Att=1=R,.C,, voltage vg reaches and drops below zero (vg becomes slightly < 0).
The output state of the comparator shifts from the high state to the low state.

Moreover, at this precise instant, the value of voltage vg goes to —V¢c due to the
abrupt passage of v, from +V¢c to —Vee.

Starting from this instant, which has been chosen as the origin of time for the
steady state, voltage v will increase linearly in time with a positive slope (initial
voltage is equal to =V ).

1
e Vet =2Vec

1 16
VA~ _Vcc; Vsl = R,C, Veet=Vees VB = 5

When voltage vy reaches and slightly exceeds zero, in the increasing direction,
the output of the comparator shifts from low state to high state.
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Voltages va, vs; and vg take new values, and the previously described cycle is
repeated indefinitely.

-1
VA=V i Vg = mvcc A+ Ve

-1
E VCC .t + 2VCC

2

Signal v at generator output has a triangular form. It is effectively ready for
being processed by the shaper in order to obtain the desired sinusoidal wave.

The various signals employed at the level of the generator of the triangle wave
are given in Figure 2.34.

Av,
VCC e e e ———— - — e
T > t
0 »
Vee f-- T 1T T T
T e e T
N NN\
Ve |- VL NN,
Ao | | | | |
Vee F-Byoooo- R R -
N I
0 l/ I/ J/ g
LV D " R A [ ” N

Figure 2.34. Signals employed at the level of the
generator of the triangle wave. For a color version of this
figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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2.8.3. Shaper circuit

The role of the shaper is to reconstruct by approximations, starting from a
triangle wave, a practically pure sinusoidal wave. The electric circuit representative
for a type of elementary shaper with diodes with three thresholds is shown in
Figure 2.35.

Figure 2.35. Elementary shaper with diodes

2.8.4. Shaper operation

For a simpler explanation of the operation, all the diodes that constitute the
shaper circuit are assumed ideal. The diagram in Figure 2.36 explains the operation
of this device. The circuit involves a certain number of symmetrical levels of
positive and negative voltages (V, V,, V5 and —V;, =V,, =V3), which are used as
references. The charge of the shaper must be high with respect to resistance R.

Av. /v
L/ S Vs

VNN

Y v

Figure 2.36. Sinusoidal wave emerging from a triangle signal. For a color
version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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Only the positive half-cycle will be studied. The negative half-cycle can be
treated similarly.

The shaper circuit operates as follows:
Ve <V ivg=V,
When V, <v, <V,, diode D is conducting and then:

_ RIVC + RV]
®  Ry+R
Between V; and V,, the input voltage can be written in the following form:

v, =V, + Av,, where Av, is a linear variation.

Therefore:

V. = Rl(V1+AVe)+RV1 Y +1{1AVe
s R, +R "R, +R

The variation of output voltage v, is always a linear function of v, but it is
slower than that of input voltage v, due to the intervention of attenuator network
R — R;. Now, the input voltage v, exceeds the value V, and becomes V, <v, < V;.

Diodes D; and D, conduct and bring in resistances R; and R,. They send the
input voltage toward the output, but with an attenuation coefficient that is more
significant than in the previous case. The same is applicable when voltage v,
exceeds the value Vj; all the diodes are conducting and the transfer from the input
voltage to the output is done with a higher attenuation due to the intervention of
resistances R;, R, and R;. Thus, at each variation beyond the reference voltages, the
input voltage is transmitted to the output with an increasingly weaker coefficient
(increasingly stronger attenuation). This leads to the sinusoidal form that is
schematically represented in Figure 2.36.

2.8.5. Frequency of the output signal

The frequency of the sinusoidal output signal is the frequency of the generated
triangle signal. Therefore, it is sufficient to calculate the frequency of the latter.
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The calculation of the period T of the triangle signal requires the calculation of
durations T; and T, (see Figure 2.37).

A
VCC ------------------------------

T, t

Vee f T K

Figure 2.37. Correspondence between the period of the triangle signal
and the period of the output sinusoidal signal. For a color version
of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

Calculating the period of the sinusoidal signal requires the calculation of T,
and T,.

— Calculation of T;:

For the calculation of Ty, it is sufficient to revisit the expression that defines the
triangle signal v, or vg; (v, = V) applied at the input of the shaper. Let us recall that

when the triangle signal evolves with a positive slope, the various existing signals
have the following expressions:

1
VA= 7VCC and Vg1 = WV

cct
1™~1

t=V,

cc

The signal of interest is v ;. Att =0, v;; = —V_.. On the contrary, at t = T,
Vo1 = Vv,

cc’

This allows writing at t = Ty:

1
Ve = Vg =——V,

T -V
R1C1 cc 'l

ce = Vee s T, =2RC,
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— Calculation of T,:

The expression that defines v ; when the evolution of its slope is negative is:

-1

-y
RiG

cc

t+V,

Vs1 cc

Att=0, vy = V. Onthe contrary, att=T,, v;; = -V

cet

-1
Ve =Vs1 =WVCCT2 +Vee =—Vee; = Tp=2R|C
1~1

0.25

. . . . 1
The frequency of the output sinusoidal signal is then defined as: f = T RC
1“1
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High-frequency Oscillators

3.1. Elementary high-frequency oscillator
3.1.1. Equation

Let us consider the circuit in Figure 3.1. Capacitor C is first charged at voltage
V. At instant t = 0, switch K is closed.

Figure 3.1. RLC circuit, C is charged at continuous voltage Vy

When the switch K is closed, a current “i” flows across the RLC circuit and the
following equation can be written:

coodi 1
R1+L—+—J-1dt =0
dt Cy
By hypothesis, it is known that: v(0) = V,, ((11—:(0) =0andi(0)=0

v=ijidt:>i=cd—v
c? dt
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2
ReYyrcdYyvoo
dt i

Finally, the following differential equation is obtained:

d’v Rdv 1
Dyl v=o0

_2+_
dt©= L dt LC
It is a second-order differential equation with constant coefficients. Let us

d’v Rdv 1 v dv . R 1
—+——+—v=—F+a—+bv=0;witha=—;b=—
dt® Ldt LC dt dt L LC

The characteristic equation of this differential equation is:

analyze and solve this equation. This involves writing:

r’ +ar+b=0
This characteristic equation has two solutions:

p_atya’-4b R JR® 1

In order to find the solution to the differential equation, several cases should be

considered:
R* 1 R*> 1 2
RO R R
4L LC 4L LC 4L LC
rR? 1

3.1.1.1. First case: ————>
4 LC

The differential equation admits the following aperiodic solution:

v(t) = Ae"™ +Be™

A and B are two constants that can be determined using boundary conditions, as

follows:

v(0) = A+B = V,and %(0) =0
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dv_ rAe" +r1,Be™

dt

™o =0=1A+r1,.B
dt

Based on these equations, the relations that define constants A and B and the
expression of voltage v(t) are determined.
r2 VO

vV V,
and B=r1—°; v(t)=—2
LT L1 L—r

.oant It
A= [rze +1e J

As can be recalled:

R R? 1 R R 1
L= +y—— and 1=————-—

2L V4L LC

R*> 1
Since — > ——, then necessarily: r; < 0 and r, <0.
4L LC

The representation of the evolution of voltage v(t) across capacitor C is given by
the diagram in Figure 3.2.

A V(D)
Vo

v

Figure 3.2. Evolution of voltage v(t) across capacitor

R 1 _
3.1.1.2. Second case: ———=0
4L LC

Under these conditions, a critical solution is obtained, with:
R

I’l =T :ro :—Z
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The differential equation admits the following solution:
v(t)= Ae" + B.te"

Constants A and B can be determined using boundary conditions, as follows:
v(0)=A=V,

dV I I I
— =1,Ae" +Be" +Bu.tr,e™
dt

Based on the first derivative of voltage across the capacitor, a second equation
allowing the determination of constant B can be found:

dv(0)
dt

=0=r,A+B = B=-rA=-1V,

v(t)=V,e" (1-r,t)
It is also an aperiodic solution.

. R 1
3.1.1.3. Third case: — <—
4L LC

The solution to the characteristic equation of the differential equation is given by
the following complex roots:

R .|]1 R R .[1 R
[=——+j/——— and r=—-—j|———
2L LC 4L 2L LC 4L

having: , =o+jB and 1, =0-jB

2
with: oc:—i and B= L_R_
2L LC 4L

Let us recall that the solution to the differential equation has the following form:

v(it)=Ae" + Be™
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The determination of constants A and B yields:

Vo

L-rn

v(t) =

. oant Bt
[ re" +re ]

After replacing r; and r, with their equivalent expression, the final relation that
defines the evolution of voltage v(t) across the capacitor is obtained:

v(t)= % e [Beos(Bt) —asin(Bt)]

2
Let us recall that: o = —i and B= L _R_
2L LC 4L

In the present case, o is a negative quantity and P is a positive quantity. In a
theoretical context, it can be assumed, for example, that resistance R can also be
negative and, consequently, parameter o can be positive. This has quite interesting
consequences.

After trigonometric transformation, the following relation is obtained:

v(t) = %e“‘ [./az +B.sin(Bt + ¢)J

B

—); o>0 and ¢=Arctg(B)+n; a<0
o

with: ¢ = Arctg( =
(04

3.1.2. Study of the evolution of output voltage: sinusoidal condition

In order to determine the evolution of the output voltage v(t) across the
capacitor, it should be noted that resistance R (which is obviously positive) is the
energy consumer element. Resistance R is a disturbing element.

As already mentioned, it can also be considered that resistance R has a negative
value (negative resistances can be realized in practice). This case is also worth
studying. The absence of R (R=0) should also be considered. These three cases will
be studied separately and the evolution of voltage v(t) across the capacitor will be
given for each of them.
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3.1.2.1. A case when resistance R is present

When resistance R is present, parameter o is negative, and the expression that
defines v(t) is:

v(t) = %em [\/ocz +P* .sin(Bt + (1))} and
p

0 =Arctg(—)+m o<0
o

The term € represents an attenuation that increases in time. The representation
of voltage v(t) across the capacitor (Figure 3.3) is a damped sinusoid. Damping
depends on the value of R. The more significant the value of resistance R, the more
rapid the attenuation of v(t).

4 v(t) A v(t)

1©

R = R2 with R2< R]

Figure 3.3. Evolution of voltage v(t) across the capacitor when o < 0

3.1.2.2. A case when negative resistance R is present

The voltage across the capacitor verifies the following relation:
Vo a 2, Q2 o
v(t) :?e [\/oc +B .s1n(Bt+¢)}

0= Arctg(E); a>0
o
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The elements that have changed with respect to the previous case are the signs of
parameter o and the value of the initial phase. The term e® represents an
exponential growth of the sinusoid that represents v(t) as a function of time.

———<0 and R<O0

It is true that resistances known and employed in everyday life are components
with positive values.

Nevertheless, as already noted, there are electronic devices whose characteristics
are equivalent to those of negative resistances.

For example, the characteristic of the tunnel diode features one part where the
latter behaves as a negative resistance.

The representation of voltage v(t) across the capacitor is given by the diagram in
Figure 3.4.

\ v(t)

Figure 3.4. Evolution of voltage v(t) across capacitor when « is positive

The resulting sinusoidal signal has a nonlinear increase. Its increase rate depends
on the value of negative resistance “R”.

3.1.2.3. A case when resistance R is zero

The expression of voltage v(t) comes down to:

v(t)=V,sin(Bt+¢) and ¢ =g
v(t) =V, cos(Bt)
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The energy dissipating resistance no longer exists (it is assumed that its effect
has been eliminated). When the LC circuit is closed, an exchange of electric energy
(across the capacitor) and magnetic energy (across the self-inductance) takes place
without losses. This leads to the creation of a sustained sine wave, as shown in
Figure 3.5.

b

JLC

A V(D)

v(t) =V, cos( t) =V, cos(mt) = V, cos(2mft)

Vo

9]

-V,

Figure 3.5. Evolution of the signal v(t) across capacitor when R=0
The peak amplitude of the generated signal is equal to V, and the oscillation
frequency fj is equal to:

1

f
Y NiTe

It can also be found that, at instant t = 0, the voltage across the capacitor is
effectively V.

Thus, if an ideal capacitor and an ideal (without losses) self-inductance were
available, a high-frequency oscillator would be readily available, just by charging in
the beginning the capacitor at a given voltage (here Vj) and connecting it to the self-
inductance. However, ideal components do not exist. Therefore, the losses of an LC
circuit (represented here by resistance R) will have to be compensated by an
associated active circuit, in order to be able to realize an oscillator that delivers a
sinusoidal wave of fixed amplitude.
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3.2. High-frequency oscillators with discrete components
3.2.1. Introduction

In order to realize high-frequency oscillators and compensate the losses related
to feedback circuits generally composed of passive components, discrete active
components are used, such as bipolar transistors or field-effect transistors. Integrated
circuits generally have limited bandwidth, which is the reason why they cannot
satisfy the demands of high and very high-frequency oscillators. Integrated circuits
are generally used in low-frequency circuits. There are however several integrated
circuits that can reach several hundred MHz. An example is the integrated circuit of
Motorola, MC 1648, whose fabrication uses ECL technology.

This section focuses on oscillator circuits with discrete components, and mainly
on the bipolar transistors.
3.2.2. Equivalent diagram of the bipolar transistor

The equivalent diagram of a bipolar transistor in high and very high frequencies

(or equivalent Giacoletto diagram) is shown in Figure 3.6. The transistor is
considered connected as a common emitter.

B C
o 1 ] | o
VBE Rpe —Cge  8mVee Ree | vee
E

Figure 3.6. Equivalent diagram of a bipolar transistor in high and very high frequency

Capacitance Cpp is a diffusion capacitance. It is equivalent to the diffusion
capacitance of a diode with forward polarized junction. The element Cp:c represents
the transition capacitance. It is similar to the transition capacitance of a reverse
polarized PN junction. Its value is generally below a hundred picofarads (10'*F).
The element Rpp: represents the resistance between the base and point B’, which
is at the limit of the emitter’s junction. There are also the other elements that
are normally found in the weak signal and low-frequency models: Rpp = hyye;
Reg = 1/hyse and g, = hyie/hye.
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In general, the frequency provided by datasheets is the transition frequency fr.
The reason is very simple. The measurement of this frequency involves no great
difficulty. At this frequency fr, the current gain (hy) is equal to 1. The Giacoletto
diagram is valid only at working frequency f.

With: £ <0.5f7

When operating at frequencies much lower than the transition frequency, the
equivalent low-frequency model can be used as an equivalent diagram for the
bipolar transistor, since the influence of elements (Cp, Cpc Rpp:) that are
represented in the Giacoletto diagram remains negligible.

In order to avoid rendering the study of high- and very high-frequency oscillators
too complicated, the present case involves bipolar transistors that have very high
transition frequency compared to the working frequency of the oscillator.

Under these conditions, the following approximations can be made: Rpg= 0,
capacitors Cgg and Cp-c have very high impedances at working frequency, and they
can be assimilated to open circuits with respect to the resistive impedances
employed (internal to the transistor and polarization resistances). The equivalent
diagram of the transistor comes down to the circuit shown in Figure 3.7.

B C
Vbe s ha iy h ;; Vee
E

Figure 3.7. Simplified equivalent diagram of a bipolar transistor when
transition frequency is very high compared to working frequency

3.3. Study of oscillators with bipolar transistors
3.3.1. Operating equation

The input impedance of a transistor has a limited value, which is generally low.
This impedance may present the risk of loading the feedback circuit. Under these
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conditions, it is not possible to study the amplification circuit separately from the

feedback circuit in the absence of impedance balance.

In what follows, another methodology (different from that proposed in chapter 2)
will be proposed for the study of oscillator circuits, one that can take into account
the problems related to the input impedance and even to complex parameters of the
amplification circuit, if necessary (when the transition frequency is not very high
compared with the oscillation or working frequency). The general design of the
oscillator circuit is represented by the structure schematically shown in Figure 3.8.

Iy

Active
Vi T quadripole

I &

Pl

Feedback
quadripole

iy

B

Figure 3.8. General structure of an oscillator

Proper operation of the oscillator requires the existence of v, and v,.

v Z0and vy #0

When operating at high and very high frequency, the bipolar transistor (active
element) is defined by admittances Yj;.

The following can be written for the active quadripole:

L=Y,v,+Y,v,
L=Y,v,+Yy,v,

The passive feedback quadripole can be defined either by its impedance
parameters or by its admittance parameters. A choice has been made to define it by

its impedance parameters.

Vi =21+ 7,1,

Vo =2Zy1,+ 2y,
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The analysis of the diagram in Figure 3.8 shows that:
vi=vsand v, = v3
il = —i4 and iz = —i3

When currents i; and iy are replaced by their equivalent expressions in iy and i,,
and voltages v; and v4 by their equivalent expressions in v, and v3, the relation in
impedance for the passive quadripole can be written as:

1,—7Z,1

v, ==Z,1, 121

V) ==Zyi, = Zi
The expressions of currents i; and i, are given by the definition of the active
quadripole using parameters Yj. When these two currents (i and i,) are replaced by
their equivalent expression in the above relation, this yields:
Vo ==Z, (Y v + Yy v,) = Z, (Y, v, +Y,7,)
Vi =2y (Yy v, + Y, v)) = Zyy (Y, v, + Y, v5)

Hence:

A [ZII'YZI +le'Y11)]+Vz [1+Zu'Y22 +leY12] =0
Vi [1+ZZI'Y21 +ZzzY11]+V2 [ZZI'YZZ +Zzzle] =0

It is a homogeneous system of equations that admits nonzero solutions v, and v,
provided that the determinant (A) of this system is zero.

It is worth noting that when the passage of just one frequency through the
feedback circuit is given preference, v, and v, are sinusoidal signals.

The active element is a nonlinear device and may present parasitic elements. The
circuit is designed to generate a sine wave of angular frequency , (frequency
fo=wy/2m). This requires the use of complex notation.

— Calculation of determinant (A)

— ZII'YZI + ZIZ'Yll 1+ le'YZZ +ZIZY12 =0
1+ ZZI'YZI + ZZZYll ZZI'YZZ + ZZZYIZ
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A= [(Zu Yo +Z, Y N2y Yy +2,,Y, )] -
[(1 +2,,. Y +2,Y, )+ 2. Y, +2,Y, )] =0
A=Z2,2,Y, Y +2,2, Y, Yy +2,2,)Y,\ X, +Z,,.2,,.Y,,.Y},

-1- Zzl 'Y21 - ZzzYu - le'Yzz - lele - ZII‘ZZI 'Y21 'Y22 - ZIZ‘ZZI 'Y21 'Y12
_ZII'ZZZYII'YZZ - le'zzzYn'le =0

The underlined terms cancel each other out. Therefore, the determinant “A” has
the following expression:

A= le'Zzz 'Y12Y21 + le -ZzlYll-Yzz -1- Z21 'Y21 - Z22Y11
_Zn'Yzz - Z12Y12 - ZIZ'ZZI 'Y21 -le - Zn 'ZzzYn 'Yzz -=0

knowing that the matrix [Z] of a quadripole is given by:

Z, Z
[z]:{ ! "} = A2=27,,7,,~2,7,
ZZ] 22

The same applies to parameters Yj. The matrix [Y] and the determinant are
defined as follows:

Yl 1 Y12
Y21 Y22

¥)-|

i| = AY=Y,.Y,-Y,.Y,,

The product AZ.AY is defined by the following expression:
AZAY =(Z,,Z,, = Z,,.Z,, ) (Y, Yo, = Y,,.Y,,)
AZ'AY = Zl 1 'ZZZ 'Yl 1 'Y22 + ZIZ 'ZZIYIZ 'Y2] - Zl 1 'ZZZ 'Y12 'Y21 - ZIZ 'ZZI Y] 1 'Y22

Resuming the definition equation of determinant “A”, the presence of the product
represented by AZ.AY can be noted.

The elements that define this product AZ.AY are underlined below.

A= Zn-Zzz 'Y12Y21 + ZIZ‘ZZIYII‘Y22 -1- ZZI 'YZI - Z22Y11
_erYzz - Z12Y12 - Z12~221~Y12~Y21 - Zn~ZzzYn~Y22 =0
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The operating equation of the oscillator is consequently obtained:

1+ 20, Yy +Z2,,Y, +Z,, Yy, +Z,,Y,, +AZAY =0

In order to find the oscillation frequency, the imaginary part (or at least the part
that contains the angular frequency ® and not the element that contains the
amplification parameter) should be cancelled out.

In order to find the condition for sustained oscillation, the real part of the
operating equation of the oscillator should be cancelled out. The feedback
quadripole is a passive linear quadripole, therefore: Z,; = Zy,.

3.3.2. Example of passive linear quadripole

To illustrate that Z;, = Z,, for a passive linear quadripole, let us consider the
example shown in Figure 3.9.

o —

Vi R vV,

Figure 3.9. Example of linear passive quadripole
The definition of “R-C” quadripole by its impedance parameters is given by the
following system of equations:

Vi =Z,1,+Z,1,

Vy =21, + 2,
The capacitor impedance is equal to Z¢. Subsequently, it can be written:

v, =(Z.+R)i, +Ri,
v, =Ri, +Ri,

As a result of identification, it can be found that:

Z,=(Z.+R); Z,=72Z,,=R and Z, =R
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This simple example can be used to verify that the passive linear quadripole
indeed presents the characteristic: Z,, =Z,,.

Thus, for any passive linear quadripole, the following equalities can be stated:

Z,=2, and Y, =Y,

3.4. Oscillator case study: Colpitts oscillator
3.4.1. Presentation

The feedback quadripole in case of a Colpitts oscillator (Figure 3.10) is a passive
linear quadripole. The operating equation of the oscillator is defined by:

1+ 7, (Y, + Y5 )+ Z0, Y, + Z,,.Y,, +AZAY =0

Figure 3.10. Colpitts oscillator

Parameters Z;; represent the passive quadripole and parameters Yj; represent the
active quadripole.

It is also possible to define the passive quadripole by means of its admittance
parameters. This can be done using the relations of passage between impedance and
admittance parameters and rewriting the operating equation of the oscillator.

Similar to the active quadripole, hybrid parameters could be employed instead of
admittance parameters (this can be done when the transition frequency fr is very
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high compared to oscillation frequency fy). In this case, too, it is sufficient to use the
relations of passage between these various parameters.

The transition frequency of the chosen transistor is assumed to be very high
compared with the frequency of the signal to be generated. This hypothesis is simply
needed in order to simplify the calculations and facilitate the comprehension and
knowledge acquisition of how high-frequency oscillators operate. The equivalent
diagram of the transistor is therefore limited to the use of hybrid parameters.

The transistor is connected in “common emitter” configuration. For the sake of
simplicity, parameter hy, is considered zero (which is practically the case).

Resistances R;, R, and R serve for the proper polarization of the bipolar
transistor.

The capacitor Ccc is considered a short-circuit at working frequency. Its role is
to ensure that the polarization of the collector does not disturb the polarization of the
base or vice versa, given that in static mode self-inductance L is a short circuit.

3.4.2. Operating equation of Colpitts oscillator

The amplifier is defined by its hybrid parameters and the feedback circuit is
defined by its impedance parameters.

The equivalent diagram of the oscillator circuit is shown in Figure 3.11.

B C . :
¢ H——T—
i L !
i :
v hy; o =L 10
r Rl RZ h22 RC Vs :——Cz C1 ——:
! 1
hayi i :
i b ]
1 a
i :
Amplification circuit Feedback circuit

Figure 3.11. Equivalent diagram of Colpitts oscillator
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The equivalent diagram of the oscillator circuit can be simplified as shown in

Figure 3.12.
B C rEEEas :
f 1
1
el
i I !
Vi . —1 : :
B hyiy iz Vs i = - ¢ i
! :
: :
| E !
Amplification circuit Feedback circuit
Figure 3.12. Simplified diagram of Colpitts oscillator
with:

RIRZhll

h,=R,//R,//h, =
R1R2 +R1h11+R2h11

R h,, +1
R

h22 ==
C

In the operating equation of the oscillator, the active quadripole is defined by its
admittance parameters. The relations that ensure the passage between hybrid
parameters and admittance parameters should be used in order to find the new
operating equation of the oscillator.

The relations for passage from admittance parameters to hybrid parameters and
conversely are as follows:

\% 1 i 1
h,, :(_IJ = Y, z(_lj =
L v,=0 Yu \f v,=0 h11
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The operating equation then becomes:

1+ le.(h)+ Z,, L+ Z”.£+ A, By _ 0
hll hll hll hll

with: Ah =h, .h,, —h,,.h,, =h, .h,,
The operating equation of the oscillator can thus be deduced.
h,+Z,h, +Z,,+Z, ,Ah+A,h, =0

For the circuit that is of interest here, and in order to take into account the
polarization resistances, h;; should be replaced by h’;; and hy, by h’,, with:

R1R2h11

B __ Rihy, +1
RIRZ + th]l+R2h]]

R¢

" and h,,

These two parameters are real.

If the amplifier is defined by its hybrid parameters and the feedback circuit is
defined by its admittance parameters, the relations of passage between admittance
and impedance parameters of a quadripole, and conversely, should be used in order
to redefine the operating equation of the oscillator.

This work aims at facilitating the calculation of parameters that are most of all
related to the passive feedback quadripole if each time a bipolar transistor whose
transition frequency is very high compared to the intended oscillation frequency is
used.

The relations for the passage between impedance and admittance parameters are
as follows:

Y.
y, =[ 22 z, =(£J
AZ AY
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z -y,
Y”:_[A;j Z”:(ml(zj

-7 Y.
e z=(2)

V4 Y,
(%) %)

When parameters Yj; are used for the feedback quadripole and hybrid parameters
h;; are used for the amplification quadripole while taking into account polarization
resistances, the operating equation of a Colpitts oscillator is defined by the following
relation:

h,, = Y,.h,, +Y, +Y,,,Ah +A, h}, =0

3.4.3. Parameters of feedback quadripole

The feedback circuit can be schematically represented as shown in Figure 3.13.

i

V2

VI | e

Figure 3.13. Feedback circuit in a Colpitts oscillator

The active quadripole is defined by its corrected parameters h; (covering
polarization resistances).

The feedback quadripole can be defined by its impedance parameters (Z;j) or by
its admittance parameters in order to find the operating equation of the Colpitts
oscillator and to define its operating characteristics, namely the oscillation frequency
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and the condition for sustained oscillation. Based on the diagram in Figure 3.13, the
following can be written:

L=Y,v, +Y,v,

L=Y,v,+Y,v,

In sinusoidal mode:

V,—V 1 \Y
i, =iC, v, + 1—2 i, =i(C,0——)v, ——2
| =1LV, iLo =G, ij)l iLo

V,—V \ 1
i, =iC,ov, + =—1 i,=—""4+j(Co——)v
2 = MOV jLo ’ jLe 1€ L(x)) :

By identification, the following are obtained:

Y, = jCz(:Hr.L and Y, =._—1
Lo Lo

=i and Y22=jC10)+.L
jLo JLo

21

3.4.4. Oscillation frequency and condition for sustained oscillation

The operating equation of the oscillator is defined by:
h, =Y, h, +Y,, +Y,.Ah +A, h, =0

C,0+C,0-LC,C,»’

with: AY =YY ,,-Y,Y,, = L
®

The operating equation as a function of the parameters of the feedback circuit
can be written as follows:

, 1 1 1 ,
h,, +—h, +(jC,0+ —)+(jC,0+—).Ah +
2 jLo a6 jL(o) (G cho)

C,0+C,0-LC,C,0’

Lo hyy =0
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jLoh,, +h,, +(-LC,®" +1)+(-LC,®* +1).Ah +
i(C,0+C,0-LC,C,)h,, =0

3.4.4 1. Oscillation frequency

Cancelling out of the imaginary part yields the oscillation frequency, and
cancelling out of the real part yields the condition for sustained oscillation.

_o, _ 1 [Lhy,+(C,+C))h,
 2n 2m LC,C,h),

Admittance h’;, is generally very low and can be neglected (h’y, = 0). This
allows the deduction of the oscillation frequency of the Colpitts oscillator as a
function of the parameters of the feedback circuit.

po®_ 1 JGC+CH 1 | 1
* 2m 2m\ LCC, 2m\LC,

with: €, =€
(G +CY)

3.4.4.2. Condition for sustained oscillation

Canceling out of the real part yields:
h,, +(-LC,®" +1)+(-LC,0" +1).Ah =0
Ifh,=0and h’5, =0, Ah’ = 0.

C, +C,

h,, +(-LC,®; +1); and h,, + (- +1)=0

1

Thus, the gain in transistor current should satisfy the following condition for
sustained oscillation:

h, =—2
21 C]
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For the oscillator to effectively operate, the current gain is chosen as follows:

&

1

h

21

For the study of the Colpitts oscillator, the focus has been on determining the
oscillation frequency and the condition for sustained oscillation.

These two parameters exist for steady state.

The study of transient state (start of oscillation and stabilization at given
amplitude) requires nonlinear theory and introduces slightly more complex concepts
that will be approached in chapter 4 of this book.

3.5. Hartley oscillator

3.5.1. Schematic diagram

The Hartley oscillator is schematically represented by the circuit in Figure 3.14.
In order to simplify the study, the elements of polarization have been omitted.

; .
N [ 2
> 1 | <

C
Vg: output voltage Ampli

v;: voltage returned v . Vs

from output to input : Ly L, s

(positive feedback)

B S

Figure 3.14. Schematic diagram of the Hartley oscillator

Similar to Colpitts oscillator, they can be readily integrated.

The amplifier involves a bipolar transistor connected to a common emitter whose
transition frequency is very high compared with the oscillation frequency.

This amplifier element can then be represented by its hybrid parameters, while
the feedback circuit (Figure 3.15) will be represented by its admittance parameters.
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1; 1 ) 1

Figure 3.15. Diagram of the feedback circuit of Hartley oscillator

3.5.2. Parameters of the feedback circuit

It is worth recalling that the definition of parameters Yj; is given by the following

system of equations:
=Y, v, +Y,v,
L =Y, v, +Yy,V,

Since this is a sinusoidal oscillator, the following can be written:

i, =1 +iCo(v,~V,)
.]Llwl

i, =jCa(v, —v))+ .Vz
JL,o

The arrangement of these equations yields:

i, = v, (jCo+——) - jCav,
JLo

. . . 1
1, ==jCov, +v,(jJCo+ T )

2

In order to find the parameters Yj;, it is sufficient to apply identification, which

leads to:

Y, :jCo)+.L and Y, =-jCo
Lo

Y, =-jCo and Y, =jCo+

jL,o
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3.5.3. Operating equation

Parameter h;, is considered equal to zero. Therefore, the following system of
equations can be written for the amplifier element:

Vg = _hlllz +h12Vs Vo = _hlll
—i, =h,,v, +h,,vg -1, =h,v, +h,,vg

The operating equation of the oscillator is defined by:

h,,-Y,h, +Y,,+Y,,, Ah+A,h,, =0

CcC C 1
AY =Y,Y,,-Y,Y,, :L_+L__LL 2
1 2 1 Z(D
The operating equation as a function of the parameters of the passive feedback

circuit is given by:

h22+jC(oh21+(ij+.;)+(ij+ - ! ).Ah +
Lo JL,o

This yields:

jL,.L,oh,, -L L,Co’h,, +(-L,L,Co’ +L,)+(-L,L,Ce’ +L,).Ah +

cC C 1
iL,L,Coh, (—+—-— =0
L, 11(L L LILZ(,OZ)

1 2

3.5.4. Oscillation frequency

In order to find the oscillation frequency, it is sufficient to cancel out the
imaginary part of the operating equation of the oscillator:

c C 1
LILZO‘)OhZZ + LlLZC(DOhll (L_+L__ LILZ(D(Z)

1 2

)=0
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Consequently, the oscillation frequency fy can be defined as follows:

oo _ 1 1
N L

2 2 h,L.L

T n\/[C(L1+L2)]—2}21‘C2

11

If parameter hy, is zero, then:

O _ L !
* 2rn 2m\[C(L,+L,)]

3.5.5. Condition for sustained oscillation

The condition for sustained oscillation can be found by cancelling out the real
part of the operating equation of the oscillator.

-L,L,Caoxh,, +(-L,L,C} +L,)+(-L,L,Cay +L,).Ah =0

! )+(—1+;)Ah

h,, =(-1+——
n=( L.Cw! L,Co!

[ 1
W, =
h,L,L
C(L L _ 22172
e -tk

If hy, is assumed small and can be neglected (which is valid in most cases), then:

Ah=0 and @ = — 1
* e, +L,)]

1

hy, = (14—
2 =( L,Cw;

)

This leads to the condition that the current gain of the bipolar transistor has to
satisfy in order to have sustained oscillations.
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3.6. Clapp oscillator
3.6.1. Schematic diagram
The schematic diagram of a Clapp oscillator circuit is shown in Figure 3.16. The

polarization resistances of the bipolar transistor that serves as an amplifier element
have been omitted.

A

i

! s on—] |
>

1 1

| ! L C
Ampli 1
; Ivi|—= ¢ c, ==
v | 1 1 - 1 2

B

Figure 3.16. Schematic diagram of Clapp oscillator
The approach is similar to the one taken for the two previously studied
oscillators (Colpitts and Hartley oscillators).

The active element is represented by its hybrid parameters and the passive
element (feedback circuit) is represented by its admittance parameters.

For the active element, parameters h;, and hy, are considered negligible (h;, = 0
and h22 = O)
3.6.2. Operating equation
The operating equation of the oscillator is defined by:
=Y, h, +Y,, +AYh, =0

Parameters h,; (gain in current) and hy; (internal impedance of the transistor) are
given by the manufacturer.

It remains to determine the parameters Y;; of the passive feedback circuit
schematically represented in Figure 3.17, in order to fully define the operating
equation.
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o —] e

e e e i,

Figure 3.17. Feedback circuit of Clapp oscillator

In sinusoidal mode, the following can be written:

jCo

i, =jC,0ov, + —
1= IO 1-LCw’

(V1 _Vz)

. jCo
1, = _]Cz(,l)Vl ‘|‘m(Vz _Vl)

The arrangement of this system of equations yields:

. . Co jCo

1, =v,.J(C,0+ -V

Gt e ) T e

. jCo . Co

L, =-v,—+V,.J(C,o+——
= e TGOt T

By identification, the expressions of various parameters Yj can readily be
obtained.

. C iCo
Y, =j(Co+——— Y, =——2
n =46 1—LC<D2) 2 1-LCe’
. Co jCo
Y, =j(C,o+—— Y, =
2 =G, 1—LC032) ' l-LCw?

It should be recalled that the operating equation of the oscillator according to the
formulated hypotheses satisfies:

~Y,.h, +Y,, +AY.h,, =0 with AY =Y,,Y ,—-Y,,Y,,



152  Nonlinear Electronics 1

Co Co (Co)?

AY =—(C,o+——)(C, o+ +
(‘ l—LCu)z)( : 1—LC0)2) (1-LCw?)?

CCow  C,Cw

AY =—(C,C,00 +
GG 1-LCe* 1-LCw’

)

The operating equation as a function of the parameters of the feedback circuit is
then:

Cw

m.hﬂ + (CI(D+

—(D) +

1-LCw’

C,Cw’ C,Cw’
+

i(C.C,o0° +
U 1-LC®»’ 1-LCw’

).h, =0

3.6.3. Characteristic parameters of the oscillator

3.6.3.1. Oscillation frequency

Oscillation frequency f; (or angular frequency @) is obtained by cancelling out
the imaginary part.

C.Cw; . C2C0)§2):0

C,C,o; +
(G0 1-LCw} 1-LCw?

[(1-LCw})C,C, +C,C+C,C | =0
Solution wy = 0 should be rejected. The following can then be written:
[(1-LC})C,C, +C,C+C,C =0

Based on this equation, the angular frequency ®, or the oscillation frequency f
can be deduced.

®. = CC,+CC+CC, f :i l L.}.L.}.l
o Lcc, " o2m\L|C, C, C
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3.6.3.2. Condition for sustained oscillation
In order to find the condition for sustained oscillation, it is sufficient to cancel

out the real part of the operating equation at the oscillation frequency.

Cw,
1-LCw,’

Co,

b, +(Co, + —
2 +(C0, - LCo,’

)=0

This leads to:

h,, :%
2

It should be recalled that this value of the gain in current of the bipolar transistor
is a minimum value for the oscillation to start.

3.7. Quartz crystal oscillator

Quartz crystal is used in oscillators when there is a need to generate a wave with
very high-frequency stability.

All the devices that require very stable frequencies in order to properly operate
use quartz crystal oscillators (for example, microcomputers and emission and
reception devices in telecommunication). Quartz crystal stability is due to its very
high-quality “Q” factor (Q = 10°).

3.7.1. Frequency stability of an oscillator

In order to generate a sustained sinusoidal wave, an oscillator must necessarily
satisfy the Barkhausen condition and the structure schematically shown in Figure 3.18.

The amplification part is represented by the voltage gain “A” and the feedback
circuit is represented by its transfer function “B(w)”. For the sake of simplicity, the
gain “A” is supposed to be positive real.

Barkhausen condition is defined by: A.p(w)= 1. As already explained, this
relation contains a condition for the module and a condition for the phase.

Arg(A)+Arg()=0 [2n]

AP=le |A.[3|=1
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Amplification >
TV' Gain A TVS
Feedback
B(w)

Figure 3.18. Structure of feedback oscillator

Assuming that the gain is positive real, the focus will be on the study of the
argument “@” of the feedback circuit B(w).
This phase can vary due to several causes:

— poor insulation of the oscillator circuit, parasitic capacitances and influence of
temperature;

— aging of components and variation in their characteristics.

The assumption is made that there are two possibilities for the variations in the
argument “@” of the feedback circuit.

First case: Slow variation in “@” around the oscillation frequency f; (Figure 3.19).
The slope (do/df) is small around f;.

AO
S V%lriation of phase
\ /
A
0

Figure 3.19. Variation of the argument of the transfer function of the
feedback circuit of a harmonic oscillator around the oscillation frequency

When for whatever reason there is a variation in the argument of the transfer
function of the feedback circuit, there is an incidental variation in the oscillation
frequency, which ensures that the Barkhausen condition is still verified, and the
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oscillator delivers a sinusoidal wave. It can be seen that when the slope (do/df) is
small around fj, the oscillation frequency goes from f; to f}. This variation Af = f}-f;
can be very harmful. Af should be reduced as much as possible, so that the
oscillation frequency is maintained as close as possible to fy and thus ensure its
stability.

Second case: “@” varies rapidly around the oscillation frequency (Figure 3.20).
The slope (d/df) is large around f;.

__________ . Variation of phase

v

Figure 3.20. Rapid variation of the argument of the
transfer function of the feedback circuit around fo.

As can be noted in this case, when the phase related to the argument of the
transfer function of the feedback circuit varies rapidly around the oscillation
frequency, the stability of this oscillation frequency is reached. Frequencies f; and f;
are practically identical.

Af = fl-fo -0
Thus, the frequency stability of an oscillator can be defined by the expression:

s = 1, 40
df

The size of S is an indicator of the stability of the oscillation frequency “fy” of an
oscillator. An oscillator with good frequency stability should necessarily have a
feedback circuit with a phase that varies very rapidly around the oscillation
frequency. The larger the slope of the phase around “fy”, the better the frequency
stability of the oscillator.
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3.7.2. Quartz crystal operation

3.7.2.1. Piezoelectric effect

Quartz crystal has a very high quality factor. It has the characteristic that
when mechanical stress (compression or stretching) is applied to its two faces
(Figure 3.21), a potential difference V is generated across it.

Figure 3.21. When compression force is applied on the
faces of a quartz crystal, a potential difference is generated

On the other hand, when an electric potential difference is applied across the
quartz crystal, the latter undergoes deformation. As soon as there is no voltage
across it, the quartz crystal regains its initial shape.

These properties are known as the piezoelectric effect.

Owing to the piezoelectric effect, the quartz crystal behaves as a resonant “RLC”
circuit.

3.7.2.2. Equivalent diagram of a quartz crystal

The equivalent electrical diagram of a quartz crystal is shown in Figure 3.22.

=

/

A |:| B A B

Figure 3.22. Equivalent electrical diagram of quartz crystal

i
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The equivalent diagram of quartz crystal involves a series RLC circuit due to the
piezoelectric effect and a parasitic parallel capacitance Cy related to the connecting
wire. Resistance R is related to mechanical losses, with the value of R approaching
one hundred Ohms. In most cases, this resistance is neglected.

The value of capacitance Cy is of several pico-Farad (10™'? Farad). The value of
capacitance C is of the order of femto-Farad (10™'° Farad).

In general:

R <<

27FC, F being the working frequency of quartz crystal.

3.7.3. Equivalent impedance of quartz crystal

The impedance of quartz crystal consists of two parallel impedances Z; and Z,,
as shown in Figure 3.23.

i

L

1
EE=T
C R

Co

11
1T
2

Figure 3.23. Impedance of quartz crystal

Thus, it can be written:
Zw=21/Z,

with:

Z]=(R+jL0)+;) and Z,=
jiCo
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This leads to the expression of overall impedance of quartz crystal:

w

AB

1 LCw —1-jRCw
RCC,m+ j(LCC,0" —(C+C,)

When the influence of resistance R is neglected, the expression of the impedance
becomes:

.1 LCw* -1
Zyy=-]— 3
o| (LCC,o" - (C+C))

It is a pure reactance. This impedance could also be written as follows:

1 |- LCo’
Zw =700 LCC.o |’
C+C,)(1——==09
( o)( c+C, )
(DZ
1 s
. (V)
Zy=-]— . >

®lcrc)a-2y
()

P

with:

f f +
W, =5 = 1 w, =L = G +C
o \LC 2n |\ LCC,

The two frequencies that have been defined represent:

fs— Series frequency: the resonance frequency of the series circuit formed by the
two dipole devices related to self-inductance “L” and capacitor “C”.

fp — Parallel frequency: the resonance frequency of the parallel circuit formed by
the dipole devices related to self-inductance “L” and capacitor “C” and capacitor
‘6C097.
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The relation between the series frequency “fs” and the parallel frequency “fp”
can be defined as follows:

fo=t L ang = [StC
2 \LC 2m\ LCC,

1

~GC F |
f, |[LC+C, _{ C, }z
f, (Lc)g C+C,

The value of capacitance C is known to be very small compared with the value
of capacitance C,.

1 1

2 2
AU SRS 1+£ =1+ ¢
f, C, C, 2C,

fo= g 14—
2C,

Thus, it can be very easily noted that parallel frequency fp is very close to series
frequency fs. It should be recalled that capacitance C is of the order of femto-Farad
and that capacitance C, is of the order of pico-Farad. Then it can be deduced that:

fp = fS

Parallel frequency fp is very close to series frequency f;. However, frequency
“fP” is Sllghtly above frequenCy “fS”.

3.7.4. Frequency behavior of a quartz crystal

As already mentioned, when the influence of resistance R is neglected, the
impedance of a quartz crystal can be written as follows:

0)2

1 s

. . .

Zs =% —sz =-JX
(C+C0)(1_E)

P
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The expression of reactance X is given by:

0)2
I-=
0‘)5

2

x=1L
*lc+epa-2H
()]

P

The plot of the evolution of reactance “X” as a function of frequency is shown in
Figure 3.24.

v

Figure 3.24. Evolution of reactance “X” as a function of frequency

It would also be interesting to plot the impedance of quartz crystal in terms of
module and of phase (Figure 3.25). This graphical representation provides very
interesting information on the benefits of using quartz crystal for stabilizing the
frequency of the signal to be generated.

Indeed, much can be learned from the analysis of the variations in phase within
the very narrow range of frequency between fs and fp.

It can be noted that in the frequency range Af = (fp - f5), the phase varies very
rapidly. Af is practically zero (fp = fs).
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4. |z| Inductance
¢
/2
\ frequency
Capacitive fs fp Capa0§t2ive >
= (p:_n
a2 |2 m/2

Figure 3.25. Evolution of quartz crystal impedance
in terms of module and phase. For a color version of this
figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

Consequently, the quartz crystal has very high stability, since this is a situation
where:

o
df

This rapid variation in the phase of quartz crystal impedance between parallel
frequency and series frequency is an incentive to use the quartz crystal in the
vicinity of these frequencies.

The quartz crystal has various behaviors depending on the frequency range in
which it is used. The analysis of quartz crystal impedance shows that it is possible to
have three remarkable frequency ranges (Figure 3.26):

— f<fs: quartz crystal is equivalent to a capacitance;
— fg < f < fp: quartz crystal is equivalent to a self-inductance;

— > fp: quartz crystal is equivalent to a capacitance.
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tz Quartz crystal

._||:||_

—

—
Frequency

fs' : fp "

Figure 3.26. Behavior of the quartz crystal depending on frequency evolution

The series frequency “fs” and the parallel frequency “fp” are very close, if not
virtually equal. Consequently, the frequency range within which the quartz crystal
behaves as a self-inductance is very narrow. The self-inductance in question has a
very high quality factor.

For the quartz crystal, since there is a series resonance and a parallel resonance;
the series and parallel quality factors can be defined as follows:

As it is known that o, = m,, the following can be written:

Lw
Qs :_RS
L = Qs=0Qp
Wp
Qp :T

Example: Let us have a quartz crystal with the following characteristics:
L =0.5H; C = 50fF; Cy = 8pF
The calculation of the series frequency and of the parallel frequency yields:

fs =1.007 MHz; f, = 1.01 MHz; R several tens of Ohms.
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It is possible to obtain a very high-quality “Q” factor for this type of quartz
crystal, compared with a classic RLC circuit.

Therefore, due to its spectral purity properties, the quartz crystal can be used as a
resonant circuit, for example, in a Colpitts oscillator.
3.7.5. Example of quartz crystal oscillator

Let us consider the circuit that is schematically shown in Figure 3.27. The

amplifier element is a bipolar transistor. A quartz crystal has been inserted in the
feedback circuit and the task at hand is the study of this device as an oscillator.

——0

Vs _.: C] Cz :_

S S S S oS i

Figure 3.27. Example of quartz crystal oscillator

To facilitate comprehension and for reasons of simplicity, the transistor
polarization elements have been omitted.

The objective is to determine the oscillation frequency and the condition for
sustained oscillations of this oscillator.

It is possible to assume that transition frequency is very high compared with
working frequency and to focus on using hybrid parameters for the bipolar
transistor.

3.7.5.1. Expressions of admittance parameters of the feedback circuit

The diagram of the feedback circuit is shown in Figure 3.28. In the diagram of
the quartz crystal, the effect of resistance R has been neglected.
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Y
1 - i 2 1 —| CI 1 iz
e < > -
= I|:|I < B 1 <
Quartz S

— — |V Ao .

Vs — C] CZ —_ r Vs | C1 C2 e Vr
Y 1 Y2

] FRFFrri PP PP r e PP PP Fr e PP P Fraa s,

josnre

Figure 3.28. Equivalent diagram of the feedback
circuit in which a quartz crystal has been inserted

Based on this diagram, the admittance parameters of the quadripole will be
calculated.
L =Y ve+Y(vg—V,)
L=Y,v. = Y(vg—-V,)
with:
Y = jCo; Y, =jCym;
. 1 . 1
Y =jCio+—; Z=jLo+——:;
Z jCo

=M +Y)vg=Yv,
The above-mentioned system of equations leads to the parameters Yj of the

feedback quadripole:

Y=Y +Y);, Y,=-Y
Yy =-Y; Yy =(Y,+Y)
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The expressions of admittance parameters as a function of the elements of the
feedback circuit are as follows:

. 1 . 1
Y =jo(C +Cy)+—=; Y, =—(Cio+—);
Z Z
. 1 . 1
Yy =-(Co0+—); Yo, =Jo(Cy +Cy) +—
Z Z
AY =Y,Y, +Y,Y +Y,Y = Y, Y, + Y(Y, +Y,)

AY =§(C1 +C2)—0)2 [Co(C, +Cy)+C,C, ]

3.7.5.2. Operating equation and parameters of the quartz crystal

The operating equation of the oscillator is given by the following relation:

If parameters h;, and hy, are assumed to be equal to zero, the operating equation
of the oscillator is simplified and becomes:

=Y, h, +Y, +A,h, =0

. 1
Y, = ja(C, +C°)+E;

Replacement of various parameters by their equivalent expression yields:
. 1 . 1
(JCyo+ E)hzl +Jo(C, +Cp) +E +

j
{J?(q +C2)—002 [Co(c1 +C2)+C1C2]}h11 =0
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. jCo . jCw
—(jCyw+———)h,, +jo(C, +C) + ——
(G 1—LC0)2) 21 HJo(Cy 0) _LCw?
—C(,O2 2
+ m(cﬁ‘cz)_w [Co(C, +Cy)+C,Cy ] |hy; =0

C C
&(Cy +———h +0)[(C +C )+—}
O —Lcw?” L _Lew?

2| —JC .
+of | —(C, +C,)—j[Cy(C, +C,)+C,C }h =0
|:1—LC(D2( 1 2) [ 0 1 2 1 2] 11

In order to find the oscillation frequency, it is sufficient to cancel out the
imaginary part of the operating equation of the oscillator.

[ C }
o | —(C,+C,)+|C,(C,+C,)+C,C, | |h;; =0
|:1—LC(1)2( 1 2) [ O( 1 2) 1 2] 11

Solution ® = 0 should be rejected.

_ 2
[ C__cireysl LCOJO)[CO(CI+C2)+C1C2]}hn:0

1-LCw; 1-LCw;
Hence:
LCw = C,C +C,C,+CC,+CC, +CC,

0

C,C +C,C,+CC,
Finally, this yields the relation that defines the oscillation frequency:

LC  L(C,C,+C,C, +C,C,)

2 _
0\)0—

It should be recalled that C, is a parasitic capacitance. The following
approximation can be written:

Co(C, +C,) << C,C,
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Under these conditions, the relation that defines the oscillation frequency is
given by:

LG+

0 =—
" LCc LG,

, 11 1 111 o1
0y =—F—F——=—| —+—+—
LC LC, LC, L|C C G,

Hence, it can be inferred that the feedback circuit that contains the quartz crystal
comes down to a parallel resonant circuit formed of the self-inductance “L” of the
quartz crystal and three capacitors C, C; and C, connected in series (Figure 3.29).

_||—tmm_
C L
”co N

ra'se

—C C, -

S ]

Figure 3.29. Equivalence between the feedback circuit connected
to a quartz crystal oscillator and the parallel resonant circuit

It is worth recalling that the unit of measurement of capacitance C is the

femto-farad (10™"° Farad). Therefore, this capacitance is very small compared with
capacitances C; and C,.

Hence, the oscillation frequency of the quartz crystal oscillator is defined as
follows:

i1 1 1] [1
0y =,—|=F+—+—|=,/—:
L{C C cj LC

1 1

*"om\Le
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This frequency is none other than the series resonance frequency of quartz
crystal.

In order to determine the condition for sustained oscillation, the real part of the
operating equation of the oscillator should be cancelled out.

(C0+L2)h21+ (C1+C0)+L2 =0
1-LCauy 1-LCay

It should be recalled that:

, 1[1 1 1
Wy =—|—=+—+—
LIC ¢ G,

Replacing o, with the equivalent expression leads to:

C C

)h,, +(C, +C,)+ =0
1-C. i+i+—
cC C G,

C,C c,C
2 )h,, +(C +Cy)———2—=
C, +C, C,+C,

(C, +

(Co -

Co(C +C) - (GG )h,, + C +Cy(C+Cy)
C +C, ! C +C,

( =0

Simplifications are possible, knowing that:
Co(C, +C,)<<(CC, and Cy(C +Cy)<< C12
Then:

—(C,C C?
e )h,, + !
C +C, C, +C,

( =0
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Finally, the condition that current gain should meet in order to ensure the proper
operation of the quartz crystal oscillator is:

This is the same condition as the one obtained for a Colpitts oscillator that uses
an LC circuit in 7 as a feedback circuit.

The same statement is applicable to the current gain. The calculated gain is a
minimum value.

The condition required for oscillations to start is:

h21 >&

2
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Oscillator as a Nonlinear Device

4.1. Introduction

Let us recall that an oscillator is a loop device (Figure 4.1).

Amplifier
T Gain: A
VR TVS

T e

Feedback circuit:

B(w)

Figure 4.1. Principle of feedback oscillator

In order to have an oscillator, the condition for stable oscillations (Barkhausen
condition) must be satisfied:

ABGw) =1

This condition cannot be verified very rigorously. Indeed, it is possible to have
either:

AB(jw)=1-¢cor AB(jw) = 1+¢
where € is a positive real.
In the first case, the amplifier can be thought of as not being able to compensate

the losses of the feedback circuit, and consequently, if an oscillation emerges, then
its attenuation is an exponential decrease, as shown in Figure 4.2(a).
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If AB(jo) = 1 + ¢, then the oscillation increases until saturation (Figure 4.2(b)).

If € is zero, then a sustained sinusoidal oscillation of angular frequency wy is
obtained (Figure 4.2(c)).

A v(t)
sin(ot).e ™5 o> Q

A (1) A v(t) 1
. sin(mot).e™; 00> 0

sin(wpt); ou=0

Ve~

=)
=)

L«
<
<]
]
]

(a): AB(jm)=1-¢ (c): AB(jm)=1 (b): AB(jw)=1+¢

Figure 4.2. Evolution of the output signal of an oscillator in relation with the
Barkhausen condition. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip

Signal disappearance in case of a damped oscillation is not of significant interest
for the study of the behavior and operation of oscillators.

However, when the signal is increasing (AP > 1), the amplifier output will go
into saturation mode (signal peak clipping) and the amplifier will consequently leave
its linear operation domain.

The output signal is no longer sinusoidal, but rather resembles a
pseudo-rectangular signal (distortion of the output signal).

Given the above, the study of the oscillator should make use of nonlinear theory
instead of linear theory.

An example of a method involving a nonlinear approach of oscillators is the first
harmonic method.

When the Barkhausen condition is met, the power supplied by the amplifier
compensates the feedback circuit losses, which can be represented as dissipation
across resistor R (the reader is referred to the study on the RLC oscillator circuit in
Chapter 3).
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Therefore, the following three possibilities can be considered in terms of power:
— consumed power (P¢) is lower than supplied power (Pr):

(Pc) < (Pr)
— consumed power (Pc) is higher than supplied power (Pg):

(Pc) > (Pr)

— consumed power (P¢) is equal to supplied power (Pg):

(Pc) = (Pp).

Since the focus is here on a sinusoidal oscillator, the output voltage has the
following form: vy = Vy.sin(2nfot), where V) is the peak voltage and f; is the
oscillation frequency.

The power dissipated or consumed across the feedback circuit, which can be
represented as loss resistance R, is given by the following relation:

%L}T V%R(t) dt = 1 ITM& _ 1 J~T vl%,l.(l—cos(4nf0t) i@t

P = L 1
¢ Tdo R Tdo 2R
YN
C7oR

The representation of various cases of supplied power and consumed power is

shown in Figure 4.3.
" /\/

Pce Pce Pce _
Py P, Pc Pr Pc=Py
v V%/[ v%,[

(Pe) < (Pp) (Pc) > (Pr) (Pc) = (Pr)

L £

Figure 4.3. Evolution of the signal at oscillator output as a function of powers
supplied by the amplifier and consumed by the feedback circuit. For a color
version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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4.2. Stability of an oscillator
Let us recall that an oscillator consists of two quadripoles, an amplification
circuit and a feedback circuit (passive linear circuit), which enables setting the

oscillation frequency.

The power consumed (Pc) or dissipated across a loss resistance can be expected
to vary linearly with the peak amplitude of the signal to be generated.

Given the mentioned reasons, the power supplied (Pr) by the amplifier cannot be
linear.

Under these conditions, it is important to consider all the possibilities related to
the (nonlinear) power supplied with respect to the (linear) power consumed.

The simplest case to be studied is when the supplied power is lower than the
consumed power. In this case, oscillation cannot start.

Even if oscillation starts, it will very rapidly dampen, since it is not sustained.

4.2.1. Static stability

Static stability can be defined as energy balance between supplied power and
consumed power in a given point.

Getting away from this point leads to full balance disruption.
In case of oscillators, at static equilibrium, oscillation is sustained.

As soon as the system gets away from the static equilibrium point, in either
direction, the oscillation is no longer self-stabilized in terms of amplitude.

To further clarify this aspect, let us suppose that the supplied power (Pg) and
consumed power (P¢) evolve according to Figure 4.4.

Supplied power is nonlinear, whereas consumed power is a linear function of the
peak amplitude of the generated signal.
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Pce

(Pc) < (Pr)

(Pc) > (Py)

vi

Figure 4.4. S is the point of static equilibrium. For a color
version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

At point “S”, supplied power is equal to consumed power. If the oscillator
operation can be maintained at point “S”, then the output will be a sustained
sinusoidal oscillation. However, this cannot be permanent, since for various reasons,
the components can drift and the equilibrium is disrupted in any direction (above or
below point S). The following two areas should therefore be considered:

VM<V1: PF<PC
VM>V1: PF>PC

In both cases, the oscillation obtained has no constant stable amplitude. It is
divergent (the amplifier goes to saturation) if Vy; > V. The oscillation does not start
if Vu<V,.

This leads to the conclusion that point “S” is a point of energy balance and
ensures only static stability.

Because of this, the oscillator based on the variation of supplied and consumed
powers is rendered useless, since it does not meet the need to generate a sustained
sinusoidal wave.

4.2.2. Dynamic stability

Dynamic stability can be defined as the energy balance between the supplied
power and the consumed power at a given point. In contrast, with static stability,
when getting away from this point, the balance is not fully disrupted. In fact, as
shown by the analysis of the curves in Figure 4.5, at point D, oscillation is sustained.
When getting away from point D, the following two directions are possible:

Vum > Vi supplied power is lower than consumed power, and consequently, the
output signal is damped until its peak amplitude reaches the value V.
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Pce“
b Pe (po)> (Pp)
Py
(P(, < (PF) Vlz\/f
vi

Figure 4.5. Point D is a point of dynamic equilibrium. For a color
version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

V1 < Vi: supplied power is higher than consumed power, and consequently, the
peak amplitude of the output signal increases and reaches the value V.

Thus, the amplitude of the generated signal is stabilized at the level of value V;.
Point D is a point of dynamic stability.

4.3. Nonlinear phenomena in oscillators

As already highlighted, the study of oscillators requires the determination of the
following four parameters:

— oscillation frequency;
— condition for sustained oscillation;
—amplitude of oscillation;

— distortion factor of the generated signal.

It has already been shown that the oscillation frequency and the condition for
sustained oscillation can be determined by analyzing the oscillator as a linear device
and applying the Barkhausen condition. As for the amplitude and the distortion
factor, it is practically impossible to predict them without resorting to the nonlinear
theory of oscillators. Let us suppose that the oscillator operates under conditions of
self-stabilization of the amplitude of the generated signal (dynamic equilibrium). To
illustrate the problems related to the nonlinearity of the active element, let us
consider the example of the Wien bridge oscillator, as schematically shown in
Figure 4.6.
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Figure 4.6. Wien bridge oscillator
Let us calculate separately the amplifier gain and the transfer function of the
feedback circuit. Amplification (Figure 4.7(a)) is given by:

Vs _Ry+Ry
V Rl

A

(5

It is worth recalling that in this case it is possible to separate the amplification
and feedback circuits without taking into account the impedance balancing, given
that the differential impedance of the operational amplifier is very high. It does not
charge the feedback circuit.

Figure 4.7. a) Amplifier element of the Wien bridge oscillator.
b) Feedback circuit of the Wien bridge oscillator

For the feedback circuit (Figure 4.7(b)), the following relation is obtained:

M _ 1 =B
Vs 34 j(RCm—é)
®
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Operating in the Laplace domain and considering:
Wy = L and p=jo
0 RC p=1]

Grouping the amplifier gain and the transfer function of the feedback circuit
leads to:

Me_VeVs_ o A PAG

Ve VsVe 3, P @ p2+3pc00+(x)(2)
@ P

2 2
(p” +3pwy + )V, = (PAWY)V,
Writing this equation in terms of a differential equation leads to:

d*v
dt?

dv, dv

L +30)
0 dt

+03v,) = Ay —S

(

It can be noted that v, = v, (see Figures 4.6 and 4.7(a)). Hence:

d%v
dt?

&

d
+(3—A)o)0%+m%ve =0

It can be noted that there are three possibilities for voltage v, and consequently
for the output voltage (v,) of the oscillator (Figure 4.8) depending on the value of
gain A.

(a) (b) (c)

Figure 4.8. Evolution of the output voltage depending on the gain value:
a)A>3:b)A<3andc) A =3. Fora color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip
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There is a nonlinear aspect to the amplifier gain A. The variation of output
voltage “vs” of the amplifier depends on its input voltage “v.” (Figure 4.9). It is a
function of the gain of the amplifier in question.

-------- “Vee

Figure 4.9. Response curve of the amplifier

When the oscillator starts operating (oscillator supply), the transients or the noise
existing in the circuit allow the generation of a signal of frequency f; (frequency
selected by the feedback circuit).

In order to initiate the generation of the output signal, it is absolutely necessary
to have A.B(f) >1.

R,=102KQ Vs
R=50KQ

s

Figure 4.10. Wien bridge oscillator with gain A slightly above 3

To ensure the start of oscillations, a gain A that is real and slightly above 3 will
be fixed (Figure 4.10).

_Ri+Ry
Ry
A =304

A
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fO = 1
2nRC

The simulation of the response of this circuit is shown in Figure 4.11, in which
output voltage vs and voltage vy returned by the feedback circuit to the
non-inverting input of the operational amplifier are simultaneously represented.
Imposing AB(fy) > 1 at the beginning indeed shows the start of oscillations.

Vs

N

it

Figure 4.11. Evolution of signal vs at the output of Wien bridge oscillator and of
voltage vr returned to the input by the feedback circuit with A = 3.04. For a color
version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

Output voltage increases exponentially until its amplitude reaches the value of
the supply voltage. At that moment, it gets stabilized and the signal is no longer
perfectly sinusoidal (Figure 4.12). Its peak is clipped around the supply voltage of
the operational amplifier. Distortions are therefore evident in the output signal.

I Distortion |

| Lt
:;*—-———.
N

\
/ \
7 \
v N

4"/

—

Lol |

i

~
1
~

Figure 4.12. Distortion problem when the loop gain is above 1. For a
color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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The spectrum of the output signal contains not only the oscillation frequency
(first harmonic f;) to be generated but also a certain number of higher harmonics.

It can be shown experimentally that during the stabilization of the output signal
amplitude (peak clipping), the gain of the first harmonic is no longer equal to 3, but
below this value.

IN SUMMARY .—
1) An oscillator with a loop gain AR < 1 cannot operate, as oscillations cannot start.

2) An oscillator with a loop gain A. > 1 cannot generate a purely sinusoidal oscillation,
because the oscillation increases to signal peak clipping and the spectrum of the output signal
contains several harmonics. When Af > 1, the generated signal is rather similar to a
square-wave signal than to a sinusoidal signal.

3) The Barkhausen condition (AP = 1) is very difficult to obtain with satisfactory stability
due to the accuracy of components and especially their derivatives.

4) Proper operation of an oscillator requires its loop gain to be slightly above
1 (AB > 1) for low-amplitude signals, to ensure the start of oscillations.

5) When the signal reaches too high an amplitude, the amplifier gain “A” must decrease in
order to obtain a loop gain below 1 (AR < 1).

6) Amplitude stabilization requires having such a gain “A” at oscillation frequency that
the loop gain is close to 1 (AP = 1): point of dynamic stability.

4.4. Stabilization of the amplitude of output voltage

As shown above, the oscillator is a nonlinear device, the loop gain of which
depends on the amplitude of the signal to be generated (Figure 4.13).

A|
$
Amplifier
............... gain: A
AB>1 VR T TVS
7777, -
Ap=1 Feedback circuit: f(jw)
AB<1
Amplitude of v;

Figure 4.13. Nonlinear variation of the loop gain of an oscillator
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In addition to a selective feedback circuit, generating a sinusoidal wave requires
meeting the previously described conditions:

AP > 1 to trigger oscillations. For the present case, A is positive real (Wien
bridge oscillator), and it should satisfy the relation: A = A, > 3;

AR < 1 for high amplitudes (A = A, < 3);
AR =1 for the amplitude expected to be generated A = Ay = 3.

Figure 4.14. shows an example of a circuit that could meet these three
conditions.

A classic Wien bridge oscillator can be noted, to which nonlinear elements have
been added in order to provide the nonlinear aspect of the oscillator and stabilize the
amplitude of the output signal.

Certainly, some other methods can be used to stabilize the output signal at
well-determined amplitudes.

In our opinion, Figure 4.14 illustrates the simplest didactic approach.

]
LT 11

VR

Figure 4.14. Control of the amplitude of the output signal by the
introduction of nonlinear elements in the feedback loop of the oscillator

The signal that can be obtained is schematically shown in Figure 4.15. Initially,
the amplifier gain is above 3, which triggers the oscillations. If the diode circuit is
not activated, the output signal goes to saturation and is peak-clipped.

As soon as the diode circuit is activated, amplitude is stabilized at V), and the
signal is sinusoidal.
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Peak clipping of the ‘
output ig I SMERIEEE ‘=.‘
H} Auﬂﬂiiu.m
A>3 il stabilization
Hhifin I HEAE AR
ikt L i
Start of ' Il
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i

Figure 4.15. Evolution of the output signal as a function of the amplifier
gain. Stabilization of the amplitude by activation of diodes D and D»

4.5. Amplitude of the output signal: first harmonic method
4.5.1. Principle of the first harmonic method
As already mentioned, oscillators are loop devices. Feedback is positive.

Amplification contains a nonlinear element for the stabilization of the amplitude of
the output signal (Figure 4.16). In an oscillator, voltage v, is zero.

Vi =V, TV,
Nonlinear
amplification T
Vs
L/
777
Feedback
B(w)

7777

Figure 4.16. Nonlinear amplification in an oscillator
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Voltage v, is sinusoidal, but voltage vy may not be sinusoidal due to the
nonlinearity introduced by amplification. However, vy is periodical. Therefore, this
voltage can be expanded in terms of Fourier series as:

V= VMSin(anot)
Vg =ag+ Z a, sin(2nnfyt+¢)

where “ay” is the continuous component of the signal at the amplifier output and
“a,” are the amplitudes of various harmonics that constitute the output signal.

The first harmonic method involves retaining only the first harmonic (n = 1)
constituting the output signal “vy”. Consequently, the expression of the output signal
is given by:

Vs = a;sin(2nfot+)

In an oscillator, this is explained by the fact that the feedback circuit is very
selective and allows only the passage of the oscillation frequency “fy”.

4.5.2. Study of amplitude stabilization

In steady state, the nonlinearity of the amplifier is manifest. The amplifier output
is influenced by the nonlinear aspect introduced by the amplifier limits. The output
is no longer sinusoidal. To obtain a sinusoidal signal, the first harmonic must be
extracted. This nonlinearity is modeled by an equivalent nonlinear gain denoted by
AnL, which is the ratio of the first harmonic of the output signal to the input signal of
the amplifier. Ayy is the steady-state gain that should replace the gain A existing
upon oscillator start.

The condition for sustained oscillation is then given (established steady state):
Anr.B(jw) = 1: Barkhausen condition.

The solutions to this equation allow the determination of the oscillation
frequency and of the amplitude of the generated signal.

A simple oscillator such as the Wien bridge oscillator will be used to illustrate
the nonlinear effect in an oscillator, the choice of the first harmonic method and how
the amplitude of the output signal in an oscillator can be stabilized.
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It should be recalled that the operation of this Wien bridge oscillator is
characterized by the following second-order differential equation:

d%v
dt?

d
s +(3—ANL)(DO%+(D%VS =0

When the feedback circuit is quite selective, a limit solution can be obtained at
output:

Vs = ap sin(@et+@)  with: @y = !
SIH = 41 LWy = —
RC

This solution is obtained for:
3- ANL =0.

The response curve (Figure 4.17(a)) of the amplifier can be identified with the
curve described by the mathematical relation y = tanh(x) shown in Figure 4.17(b).

A A

1 ........
0 Ve of >

(@) (b)
........................................... “Vee ] -1

v

Figure 4.17. Similarity between a) the response vs = f(ve) of the amplifier
related to Wien bridge oscillator and b) the plot of function y = tanh(x)

Given the above, the following relation can be written:
vs = attanh(yv,); with oo = Ve and Y= (A/V¢c)

This allows the deduction of the output voltage expression as a function of input
voltage:

A
Vg = Vcc. tanh(

Ve)
Vee
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The expansion of function tanh(x) to the third degree yields:

A A
VS:VCC~tanh(V_Ve):VCC|:V e—g(v Ve) }
cc cc cc

The wave v, is sinusoidal and can be written as:

Ve = V.sin(gt)

vg = Ve {VLVM sm(u)ot)——( ) sin ((1) t)}

CcC CC
.3 3. 1.
sin” (wyt) = Zsm(wot) —Zsm(3mot) +....
When the expansion is limited to the third degree, the following is obtained:

A AV,
vs = Vee {_V VM -sin(@yt) —g( v M)
cc cc

[— sin(wpt) —%sm(3(00t)ﬂ

When only the first harmonic is considered, the following can be written:

Vs, = = Ve {VLVM s1n(0)0t)—z( v ) s1n(0)0t)}

cc CcC

The nonlinear gain is given by:

V . .
Ay =A ——( M ) : Approximate relation.
4 Vee

This relation has been reached in an approximate manner, which evidences the
nonlinear aspect of oscillators.

To obtain a sustained sinusoidal wave at output, the Barkhausen condition
should be verified:

3
V
ANL~B:1<:>A_A_(_M)2 =3
4 Ve
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A% AV,
ANL'B=1<:>(A_3)=VCC'_ M

)2
4 Ve

Based on this equation, peak amplitude V) related to the first harmonic of the
returned signal and, consequently, that of the output signal can be readily
determined:

/A—3
VM = 2VCC —3
A

where A is the gain required for the oscillations to start, which should imperatively
be above 3.

A=3+a;a>0

(a)
(3+a)’

VM = 2VCC

4.6. Exercises
Exercise 1

The task is to realize an oscillator based on the feedback circuit schematically
shown in Figure E1.1.

Figure E1.1.

1) Find the expression of the transfer function (B = v,/v;) of this circuit.

2) The active element used in the amplification has a real gain. It is built around
an operational amplifier. Given these conditions, determine the overall electric
diagram of the oscillator.

3) Find the oscillation frequency and the condition for sustained oscillation of
this oscillator.
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EXERCISE 2

Let us have an amplifier A of gain G and input resistance R.: R, —— oo. This
amplifier is associated with a feedback loop formed of a passive quadripole B that
introduces attenuation B (Figure E2.1).

' Amplifier A
Gain: G TVS
Feedback network B

Attenuation: B(w)

Figure E2.1.

1) Find the expression of ratio (vy/vy).

2) What condition should be met for the voltage v, to maintain a finite value
when v; — 0?

3) What is to be said about this system when the previous condition is verified?

Let us consider the passive quadripole in Figure E2.2.

Figure E2.2.

4) Find the expression that defines the transfer function of this circuit. This
quadripole occupies the position of the passive circuit designated by B in Figure
E1.1 in order to realize an oscillator. Draw the diagram of this oscillator.

5) Find the oscillation frequency and the condition for sustained oscillation of
this oscillator.

Numerical application: R; =R, =2.2 kQ; C, = C, =0.22 pF.
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EXERCISE 3

Given the circuit in Figure E3.1, the task is to study it and make it operate as
an oscillator.

Figure E3.1.

1) Separate the amplification circuit and the feedback circuit, which sets the
oscillation frequency, and draw the diagram of each of these circuits.

2) Find the expression of the transfer function of each of these two circuits:
feedback circuit, denoted by B, and amplification circuit, denoted by A.

3) What form does the expression of B take if: R, =R, =R and C, = C, =C?

4) Is it possible to apply the Barkhausen condition directly? Find the oscillation
frequency of the output signal and the condition for sustaining these oscillations if
R1:R2:RandC1:C2:C.

5) Given these conditions, plot the voltages v, and v, on the same diagram. What
conclusions can be drawn?

EXERCISE 4
An oscillator (Figure E4.1) is formed of an amplifier and a feedback circuit. The
Bode plot of the feedback circuit is shown in Figure E4.2.

1) Assuming that the amplifier has a positive real gain, determine the oscillation
frequency and the amplifier gain required to sustain this oscillation.

2) Considering now that the amplifier used has a negative real gain, answer the
same questions formulated at point 1.
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|-‘ A Blw)

VS

Figure E4.1.
|B (O] |d
20 dB
0 {KHz)
20 dB =
-40 dB N

-60 dB

0.0 0.1 1 10 100

Figure E4.2(a). Bode plot (module)

Phase (degrees)

80°
407 I (KHz
0° )
-40°
-80°
-120° .
-160° I
-200°

0.01 0.1 1 10 100

Figure E4.2(b). Bode plot (phase)

EXERCISE 5

The operational amplifier circuit shown in Figure 5.1(a) is the object of our
study.

1) Find the expressions of ratios (vi/ve) and (vo/v;). What is the overall voltage
gain of the circuit shown in Figure E5.1(a)?

2) What is the phase shift introduced between v; and v, and then between v,
and v.?
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3) Calculate the input resistance of the circuit shown in Figure E5.1(a).

4) The task is to realize an oscillator by connecting the circuits shown in Figures
E5.1(a) and E5.1(b), as indicated. Find the oscillation frequency and the condition
that R, and R, should satisfy for sustained oscillation.

Figure E5.1.

EXERCISE 6

Let us consider the circuit shown in Figure E6.1. The operational amplifier is
assumed ideal.

Ro
A —

S

Jl
Mv

Figure E6.1.

1) Prove that the impedance seen between the points A and M is negative.

2) The diagram (Figure E6.1) is transformed in order to realize the oscillator
schematically presented in Figure E6.2. Find the oscillation frequency and the
condition that R should satisfy in order to sustain this oscillation. Draw a simplified
diagram of this oscillator.

3) Draw the curve of the output voltage when R = (Ry/2).
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Ry

LEUT

Figure E6.2.

EXERCISE 7

Let us consider the passive circuit shown in Figure E7.1.
1) Calculate the ratio (v¢/v.)

2) It is our intention to use this circuit to build an oscillator. Suggest an oscillator
circuit whose feedback is the passive device shown in Figure E7.1.

3) Find the oscillation frequency and the condition for sustained oscillation of
the suggested oscillator.

Ve I G &} I Vs
Figure E7.1.

EXERCISE 8

The circuit to be studied is schematically shown in Figure ES.1.
1) Calculate the ratio (vy/v,) putting it in the following form:
Vs k

2
‘ 1+j“’(x—k)—{°’}
() o

2) Find the expressions of x, k and .
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3) Draw the variations of the curve Agg = 20.log; | V/Ve | and then deduce the

condition that this circuit should meet in order to become an oscillator.

4) Let us now consider the passive circuit shown in Figure E8.2. Write its
transfer function.

5) The passive circuit shown in Figure ES8.2 is associated with an amplifier in
order to obtain the circuit schematically shown in Figure E8.3. Find the relation
between R; and R, that allows this device (Figure E8.3) to operate as an oscillator.
Determine its oscillation frequency.

Figure E8.1.

HF——
F <L

Figure E8.2.

Figure E8.3.
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EXERCISE 9

Let us consider the two circuits schematically shown in Figures E9.1 and E9.2.
.V \
1) Express the ratios —<L and —<2
Vs1 Vs2

2) Since these two circuits are oscillators, calculate the oscillation frequency and
find the condition for sustained oscillation for each of these two circuits.

3) What conclusion can be drawn concerning this type of oscillators?

Vs1

Vs2

Figure E9.2.

EXERCISE 10

The task is to study the circuits represented in Figures E10.1, E10.2 and E10.3.

1) Calculate the ratio (vy/v.) for the circuit shown in Figure E10.1.
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2) Determine the gain for the circuits shown in Figures E10.2 and E10.3.

3) Determine a diagram of an oscillator that uses the device shown in Figure
E10.1 as the feedback circuit and the appropriate circuit chosen among those
represented in Figures E10.2 and E10.3 as the amplification element.

4) Calculate the oscillation frequency and find the condition for sustained
oscillation of the chosen device.

Figure E10.2.

¢ Vs2

Ry
M

Figure E10.3.

Numerical application:

C;=2nF; C,=100nF; C;=200 pF; L =100 pH and R, = 100 kQ.
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EXERCISE 11

Let us consider the device shown in Figure E11.1. The blocks B, and B, are two
passive quadripoles, the transfer functions of which are the quantities B; and [,
respectively. A; is an ideal operational amplifier. Its open-loop gain is equal to Ay,
the value of which is very high and therefore can be considered infinite.

B,
L o

B,

Figure E11.1.

1) Establish the relationship among Ay, B; and [3,.

The quadripoles B, and B, are replaced by their equivalent circuit, as indicated in
Figure E11.2.

Figure E11.2.

2) Find the expressions that define 3, and 3,.

3) Considering that the circuit shown in Figure E11.3 replaces the two feedback
networks By and B,, establish the diagram of the oscillator circuit obtained and
determine the oscillation frequency and the condition for sustained oscillation.

4) Let us now consider that the bridge represented by the circuit schematically
shown in Figure E11.4 takes the place of the bridge formed by B, and B,. Determine
the diagram of the obtained circuit as well as the oscillation frequency of this circuit
and the condition for sustained oscillation.
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L

Figure E11.3.

Figure E11.4.

EXERCISE 12

Let us consider the passive circuit schematically shown in Figure E12.1.

Figure E12.1.

1) Find the expression of the ratio vy/v.

2) Represent the variations of the ratio (vy/v.) as a function of module and phase.
What conclusions can be drawn?

3) Let us now study the low-frequency oscillator circuit of the circuit

schematically shown in Figure E12.2.

Determine the oscillation frequency and the condition for sustained oscillation of
this device.
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Figure E12.2.

EXERCISE 13

Let us consider the network shown in Figure E13.1.

= —
kZ kZ kZ
Vi 7 Z Z T"Z
Figure E13.1.

1) Using Kirchhoff’s second law, find the parameters Z;; of the quadripole Q, as
a function of k and Z (k is an imaginary number).

This device serves for building an oscillator as schematically shown in
Figure E13.2. The active quadripole Q, is represented by its parameters Y;, which
are real numbers (with Y;; =0 and Y, = 0).

L
B

Qa Qr

Figure E13.2.

The operating equation of the oscillator is given by:

with AZ = 211.222 - 212.221 and AY = Y“.Y22 - Y12.Y21
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2) Let us consider Z = R; kZ = —jaZ (a#0) is the impedance related to a capacitor
C. Under these conditions, find the expression of k and a.

3) Write the impedances Z; as a function of “a” and of R. Write the operating
equation of the oscillator as a function of “a”, R and Yj.

4) Assuming that Yj are real parameters, find the oscillation frequency of this
circuit. Determine its expression when Y, R >> 1.

EXERCISE 14

Let us consider the oscillator shown in Figure E14.1. The capacitor C, is
considered a short circuit at working frequency. Resistance Rg is very high
compared to hy;.

Figure E14.1.

The operating equation of the oscillator is:
~Yai(har —hpp) + Y1y +hyy + AhYp + AYh;; =0
The active element is represented by parameters h, and the passive element is
represented by parameters Yj;. Let us assume that hy; = 0 and hy, = 0.

1) What is the type of oscillator studied and what is the role of self-inductance
L,? What is the role of capacitor Cy?

2) What is the configuration in which the transistor is connected (common
emitter, common base or common collector)? Justify your answer.

3) Find the dynamic equivalent diagram of this circuit evidencing the amplifier
chain and the feedback loop. Let us assume that hi, = 0 and h,, = 0.
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4) Calculate the parameters Yj; of the passive quadripole.

5) Write the operating equation of this oscillator and determine the oscillation
frequency.

EXERCISE 15

Let us consider the diagram in Figure E15.1, which is the equivalent diagram of

a quartz crystal.
CI C2 L R

Figure E15.1.

1) Find the admittance of the quartz crystal.

2) Find the condition that allows us to write this admittance in the following
form:

1-(F/£,)?

Y = j2nF(C + Cz)—2
1-(F/fg)

3) Find the expression of frequency f;, as a function of frequency f; as well as the
values of f; and f,,. Given: R =10 Q, C, = 1 {F, C, = 5pF and L =250 mH.

4) The quartz crystal operates at a frequency Fy, with f; < Fy <f,. Given these
conditions, find the expression of the reactance presented by the quartz crystal,
indicate its sign and deduce its nature.

5) The quartz crystal is used in oscillation; its quality factor (series resonance) is
given by Q = (1/2rRC,F;). What can be deduced from this, given that a good LC
circuit has a quality factor Q. c = 100?

EXERCISE 16

Let us consider the diagram of the sinusoidal oscillator in Figure E16.1. The
transistor quadripole is represented by its hybrid parameters, and the passive
feedback quadripole is represented by its impedance parameters.
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VCC
Rg Re
0111118
L

Ce —
G ‘I‘cl

Figure E16.1.

Without introducing the influence of Rc and Rg, the operating equation of the
oscillator is given by ZZl(hZI - hlZ) + Zzz + h11 + Athl + Athz =0.

1) Find the equivalent diagram of this circuit. Explain the role of capacitor C..
(hy; = 0 and hy, = 0 for the transistor).

2) An equivalent diagram of this oscillator is shown in Figure E16.2. Identify the
elements of Figure E16.2 with the elements of the equivalent diagram you have
proposed.

3) As indicated, the transistor is represented by its hybrid parameters and the
passive quadripole by its Z parameters.

3.1) Find the Z;; parameters of the passive quadripole as a function of Z,, Z, and
Z, then of Cy, C,, L and ®.

3.2) Write the operating equation in the presence of Rg and R..

3.3) If the influence of Ry and of R¢ is now neglected (the values of resistances
Rc and Ry are chosen sufficiently high), then find the oscillation frequency under
these conditions.

Figure E16.2.
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EXERCISE 17

Let us consider the circuit shown in Figure E17.1, related to the equivalent

diagram of a quartz crystal:
T L, G I

G

Figure E17.1.

1) Calculate the impedance of this circuit and show that it can be written in the
following form:

7 1+ jCo(r + jLw)
J(Cs +Cp)o—CyCoo’ (r+ jLw)

with  C, >>C

2) If resistance r is neglected (r = 0), then find the simplified expression of the
impedance of quartz crystal as well as its value for a continuous signal.

3) Prove that the simplified expression can be written in the following form:

4) Find the expressions of Cq, ®; and . Prove that o, < ,. What is the
significance of m; and ®,?

5) Study the variations in terms of module and phase of the impedance Z as a
function of ® and indicate the nature of Z in the various ranges separated by ®; and .

EXERCISE 18"

Let us consider the circuit shown in Figure E18.1, which is intended to be used
in an oscillator circuit, where “m” is a positive constant.

1) Calculate the ratio (v,/v;) using Kirchhoff’s second law.

2) Plot the evolution (v,/vy) in terms of module and phase as a function of

frequency. Indicate the sign of (v,/v;) when its imaginary part is zero.

1 No solution has been provided for this exercise in order to allow the reader to test themselves.
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3) This circuit is used in the realization of an oscillator that uses an operational
amplifier or a bipolar transistor as amplifier element. Draw the diagram of this
oscillator for each type of active component. Find the oscillation frequency and the
gain of the amplifier that has been proposed for the two types of active components.

Figure E18.1.

EXERCISE 19°

Let us consider the circuit shown in Figure E19.1 and the block diagram shown
in Figure E19.2. The operational amplifier is ideal and operates under linear
conditions.

1) Identify the amplifier and feedback blocks by drawing them separately, while
indicating the position of voltages schematically shown in Figure E19.2 in the
diagram shown in Figure E19.1.

2) Calculate the ratios (v,/v;) and (v3/v,) and find the relationship between R,
and R, so that this circuit is an oscillator.

3) Under these conditions, find the oscillation frequency.

V2
Amplification

Feedback circuit

Figure E19.2.

2 No solution has been provided for this exercise in order to allow the reader to test themselves.
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4.7. Solutions to exercises
SOLUTION TO EXERCISE 1

1) Expression of the transfer function of the circuit shown in Figure E1.2

Vi Zp+Zs . Zs
Zp
RCo

3RCo+ j(RCw)?)-1)

2) Diagram of the oscillator

Figure E1.2.

The gain A of the amplifier is real. The condition for operation is A.f = 1.
Consequently, B must also be real (the imaginary part is zero). Under these
conditions, P is > 0 and equal to (1/3). The gain A must also be real and equal to 3.

V2

Figure E1.3. Diagram of the designed oscillator

For the amplifier element and for the oscillator, this leads to the diagram in Figure E1.3.
3) Oscillation frequency and condition for sustained oscillation

3.1) Oscillation frequency

1 1
Im(PB) =0 < (RCoy)> —1=0; wy =—— f, =
($)) ( o) 0=%c 0 5 Re
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3.2) Condition for sustained oscillation

_Ra*R g

APy, =1 R

A:3 and R2 :2Rl
SOLUTION TO EXERCISE 2

1) Expression of the ratio (vy/v;)

2) Condition that allows vs to maintain a finite value when v; — 0
The following condition should be met: G.p = 1.

3) Under these conditions, it can be stated that the system is unstable. It will
therefore oscillate.

4) Expression of the transfer function and diagram of the oscillator

4.1) Expression of the transfer function

8o 1

R .
R, G J(R{CL0—

)

4.2) Diagram of the oscillator

The diagram of the oscillator is shown in Figure E2.3.
5) Oscillation frequency and condition for sustained oscillation

1

- 2TE«IR1R2C1C2 ’

fo G=1+[R,CHR,Cy)/R,Cy]
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B (“ R,
Ampli
<[ ne [
c, R, Gain G

Figure E2.3.

Numerical applications: R; =R, =2.2 kQ; C; = C,=0.22 puF
f=329Hz; G=3.
SOLUTION TO EXERCISE 3

1) Diagrams of the amplifier and feedback circuits

It can be readily noted that the amplifier circuit is represented by a non-inverting
amplifier with the operational amplifier schematically shown in Figure E3.2(a). The
feedback circuit is shown in Figure E3.2(b).

2) Expression of the transfer function of the two circuits

2.1) Amplifier circuit
_ Ry +Ry

R;

A=Ys

Vy

2.2) Feedback circuit

Vs RI CZ Vi

(b)

Figure E3.2.
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In order to find the transfer function of the feedback circuit shown in
Figure E3. 2(b), Kirchhoff’s second law is used.

Vs:(Zl +R1)i1 _Rliz; Zl :(1/_](:10))
0=-Rii; + R+ Ry + Zy)ip;  Z,=(1/jC,)

Vi = Zoly

Then, i; is expressed as a function of v, and the relation connecting v, and vy is
deduced:

_ RiZ,
2172y +RRy +Z1R; +Z1R» +RZ,

A\

-

B=

Vs

Replacing Z, and Z, by their equivalent expressions then leads to:

B 1

o R
j(R,Cro— ! )+(1+&)+—zg
R,C,0 C,” Ry G

3) Expression of B whenR; =R, =R and C;=C,=C
1

B = 1
3+ j(RCO——
i( RCm)

4) It is possible to apply the Barkhausen condition directly. Oscillation frequency
and condition for sustained oscillation: Ry, =R, =R and C;, =C,=C

It should be noted that the amplifier exhibits a very high input resistance. It is
practically equal to the differential resistance of the operational amplifier, which is
generally very high. Therefore, the amplifier does not load the feedback circuit, and
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the Barkhausen condition A.p=1 can be applied directly without seeking to
reestablish the impedance balance.

4.1) Oscillation frequency

The gain provided by the amplifier is real, at oscillation frequency, and so should
be the transfer function of the feedback circuit. Hence:

1
e

RC(DO - ! =0 5 FO
RC(DO

4.2) Condition for sustained oscillation

R3 +R4 1

AB () =1= R, 3

=1 = R,=2R,

5) Representation of voltages v and v, and conclusion

It can be noted that voltages v, and v, are in phase. This is in agreement with the
theoretical aspect, since the feedback circuit introduces no phase shift between its
input and output at oscillation frequency (B is positive real and equal to 1/3 at the

WMWAKAAAA
kL

(For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip)

A

Voltage v, is attenuated by a ratio of 1/3 with respect to v, which is utterly
predictable, since at oscillation frequency, B(wp) = 1/3.

SOLUTION TO EXERCISE 4

1) The amplifier has a positive gain. Determine the oscillation frequency and the
amplifier gain in order to sustain this oscillation.

The amplifier has a real gain.
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According to the Barkhausen condition:
AP(w)=1
A positive real = Arg(B(o)) = ¢ = 0.

The analysis of the curves (see Figure E4.3) relative to Bode plots evidences
zero phase for a frequency equal to 2 kHz.

__ @l Phase ¢ (in degrees)
- Ill.:l slololg bl . S
| i flkHz)
- >
o
Bos=-10 e I TR
p
-30 [ 20" = M
>N
-50 51N
Bo2=-60 |-120° L
o o 1 ‘.
e
| -200° d 7
LT
0,01 0,1 1 fo 10KHz fo2=100KHz

Figure E4.3. Bode plot and determination of the characteristics of the oscillator. For
a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
Let us see what the value of  corresponding to this frequency is.

It can then be deduced: fy; =2 kHz = B(®¢;)qg = —10 dB;

Bae
B(wo1)as = 20.log (B(eo1); P(wy;) =102

B(wo) =10""2°=0.316.
This yields: A.f(wy)=1 = A=3.16.

2) Oscillation frequency and amplifier gain in order to sustain this oscillation.
Case when the amplifier used has a negative real gain.
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The previous approach is also applicable here, but now A is negative real. In
order to meet the Barkhausen condition A.B(®) = 1, when the gain A is negative
real, the argument of P at oscillation frequency should be equal to & radians (180°).

A negative real = Arg(B(o¢,)) =m;

As a result of the analysis of curves relative to the Bode plot, the following can
be deduced:

Arg(B(mpz)) =m = f, = 100 kHz

Once the frequency has been determined, it is sufficient to note the
correspondence between this frequency and the value of B in terms of module. This
yields: B(®g,)qg = —60 dB = A = 1,000.

SOLUTION TO EXERCISE 5

1) Expressions of ratios (v/ve) and (v,/v.) and overall voltage gain of the circuit
shown in Figure ES.2

Figure E5.2.

The following results are obtained after calculation:

ﬁ=—3 and V—Zz—&

Ve Vi R1

2) What phase shift is introduced between v, and v, and then between v, and v,?

The phase shift between v, and v, is equal to T due to the negative sign existing
in the relation between v, and v.. The same is applicable to the phase shift between
vy and vy.

Arg(vi/ve) = Arg(vo/v)) =t + 2kn
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The overall phase shift between v, and v, is zero, due to the double phase shift of
7 each time.

Arg(va/ve) = 0 + 2knt

3) Input resistance of the circuit shown in Figure E5.2

R.=R

4) Calculation of the oscillation frequency and the condition for sustained
oscillation

It is sufficient to calculate the gain A of the amplifier and the attenuation [ of the
feedback circuit and to apply the Barkhausen condition A.f=1.

In order to calculate the transfer function of the feedback circuit, impedance
balance should be restored (the input resistance of the amplifier (R, = R) is
connected in parallel with resistance R of the feedback circuit in order to achieve an
overall resistance R/2).

In the first stage, the calculation yields a relation that defines the overall gain
brought by the amplifier: A = 3(R,/R)).

The calculation of B relies on the diagram of the feedback circuit shown in
Figure E5.3 (after restoring impedance balance):

2
\&) .R°Coo 2
3R + -
J( B Cw)

R/2

-F

Figure E5.3.

In order to calculate the oscillation frequency, it is sufficient to cancel out the
imaginary part of the transfer function of the feedback circuit, since the amplifier
gain is positive.



212 Nonlinear Electronics 1

2
R°C 2 1
®__= _ 0 = Fy=—— (oscillation frequency)
2 Cay R
1 R, 1
B(wg)== AB(@)=1e 3—2x-=1=R, =R,
3 R; 3

(condition for sustained oscillation).

SOLUTION TO EXERCISE 6

1) Impedance (Z,\) seen between points A and M

V
ZAM =_—e

le

=R,

2) Oscillation frequency and condition that R should meet in order to sustain this
oscillation, and simplified diagram of this oscillator

1
2.1) Oscillation frequency: fy =
EYNIVe

2.2) Condition on R for sustained oscillation: R =R,.
2.3) Simplified diagram (see Figure E6.3) of the studied oscillator (when R = Ry)

1

f, =
0" HndLC

3) Curve of the output voltage vq (see Figure E6.4) when R = (Ry/2)

Figure E6.3.
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Figure E6.4. The output wave is damped

The output wave is damped, as the losses related to the presence of R = (Ry/2)
are only partially compensated.

SOLUTION TO EXERCISE 7
1) Ratio (VS/Ve)i

-1
2
Vg C2C3OJ

V =
¢ _]R L(D—l i_,.i.,.i +L L(D—l L+i
(0] Cl C2 C3 C3(D (O] Cl C2

2) Proposed oscillator circuit

It should be noted that when the imaginary part of the transfer function of the
feedback circuit (see the above ratio vy/v.) is cancelled out, this transfer function is
negative.

The feedback circuit introduces a phase rotation equal to ®. A choice should
therefore be made for an amplifier that can also introduce an additional phase
rotation equal to m in order to meet the condition for sustained oscillation
(Barkhausen condition). The use of an operational amplifier connected as inverter is
an appropriate solution to the problem posed.

The diagram of the oscillator is shown in Figure E7.2, with R, >> (1/C,m)

3) Oscillation frequency and condition for sustained oscillation

3.1) Oscillation frequency

1 J1|1 1 1
fo =— |—|—*+t—+—
2n\|L Cl C2 C3
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3.2) Condition for sustained oscillation

G _R
G, Ry

Figure E7.2. Diagram of the oscillator

SOLUTION TO EXERCISE 8

1) Ratio (v¢/ve)

2) Expressions of k, x and m,

k=(R; + Ry)/Ry; x =3 and w, = (1/RC).
3) Variation of A 5
The variation of A = (vy/v,) expressed in decibels is shown in Figure E8.4.

The circuit can become an oscillator provided that (vy/v.) — e (and consequently
the ratio A = (v¢/ve)).

For this purpose, it is sufficient to find a gain k related to the amplifier in order
to get (Vg/Ve) — oo.
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AAgg

20logl)<4—
0

Figure E8.4. Variation of the ratio (vs/ve) as a function of frequency
It can be readily noted that this happens when k = x = 3. The circuit oscillates at
the frequency fy = (0y/2m).

4) Transfer function of the passive circuit:

VSI _ 1

Vel 24 j(RCo-

-
2RCw

5) Relation between R; and R, so that the system oscillates and oscillation
frequency:

(R +Ry)/R; =2;

1
nRC\/g

RZZRI; fO =

SOLUTION TO EXERCISE 9

1) Expression of ratios (v¢/vy) and (Ve/ V)
1.1) Ratio (ve/vs)

A'B:E:+
Vi1 a

1+72
j1—6a”)—5a
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where a=RCw®

1.2) Ratio (Vey/vy)

1
. S
ja(a2 -6)+ 5a2

Ve2
B:—e =
Vs2 14

where a=RCwo

2) Oscillation frequency and condition for sustained oscillation

2.1) Case of the circuit shown in Figure E9.1

| 30
fp=——; AB(®=my) =
0" 2rrCV6 g 077 29

2.2) Case of the circuit shown in Figure E9.2

J6 30
R AP(w=wy)=—
2nRC Plo=a) 29

0:

3) Conclusion to be drawn

It can be noted that it is possible to realize oscillators using only amplifiers with
unity gain. Indeed, in both studied cases and according to the proposed
configurations, the passive feedback circuit brings a voltage gain that is slightly

above 1.

The choice of an amplifier with gain equal to unity having a high input resistance
(in case of an operational amplifier connected as voltage follower) and connected
according to Figure E9.1 or E9.2 enables the realization of an oscillator circuit.

SOLUTION TO EXERCISE 10

1) Expression of ratio (vy/ve)
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2) Gain of the circuits schematically represented in Figures E10.2 and E10.3
2.1) Case of the diagram shown in Figure E10.2

Vs _ Ry
e TR
Vel 1

2.2) Case of the diagram shown in Figure E10.3

\Y% R;+R
Gz — s2 — 3R 4
Ve2 4

3) Diagram of the oscillator

It can be noted that the two amplifier circuits introduce a real gain. However, one
introduces a phase rotation equal to m (the one shown in Figure E10.2). On the
contrary, the circuit shown in Figure E10.3 introduces zero phase rotation. The
feedback circuit has a complex transfer function. When the imaginary part of this
function is cancelled out, it can be noted that it becomes positive real. In conclusion,
the adequate amplifier circuit for realizing the oscillator in question is shown in Figure
E10.3. The oscillator that can be realized is schematically shown in Figure E10.4.

4) Oscillation frequency and condition for sustained oscillation
4.1) Oscillation frequency

1 1 1 1 1
with ——= +

f:— _+_ —_
* o fic, Cy G G G

4.2) Condition for sustained oscillation

Rs+R; C+GCy

Figure E10.4. Oscillator circuit
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Numerical application: f; = 1.18 MHz; ~ R; = 50R,.

SOLUTION TO EXERCISE 11

1) Relationship among A,, B; and B,

AgBr =By =1
2) Expressions that define B; and B,
Z Z
Py = 7 K > By = :
3+7Zy L +2Z,y

3) Diagram of the oscillator when the bridge schematically shown in
Figure E11.3 is used; oscillation frequency and condition for sustained oscillation

3.1) Diagram of the oscillator (see Figure E11.5)

Figure E11.5. Oscillator using as a feedback circuit the
elements of the bridge shown schematically in Figure E11.3

3.2) Oscillation frequency:
1

2n/LC;

3.3) Condition for sustained oscillation:

fO =

R2 = 3R3

4) Diagram of the oscillator when the bridge schematically shown in Figure
E11.4 is used, and oscillation frequency and condition for sustained oscillation

4.1) Diagram of the oscillator (see Figure E11.6)
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1

2TE\IR1C1R2C2

4.2) Oscillation frequency: fj; =

4.3) Condition for sustained oscillation:

Figure E11.6. Oscillator using as a feedback circuit the
elements of the bridge shown schematically in Figure E11.4

SOLUTION TO EXERCISE 12

1) Expression of the ratio vg/v,

Vg chl(,l)

€ - (D(RICI +R2C1 + R2C2) +j(R1C1R2C2(,02 —1)

2) Representation of the module and phase of the ratio (VS/Ve)

2.1) Module:
‘\:_S =|B| _ R,Cim .
e \/[o)(RlCl +R,Cy +R,Cy)) +[(R1C1R2C2m2 —1)J
2.2) Phase:
b= —Arctg R,C,R,C,” -1

o(R;C; +R,C; +R,C))
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The variations of the module of 3 and its phase ¢ are shown in Figure E12.3.

| Beo) |‘E|E_| ___________ . 40 (in degrees) |

(o /@) (o /@)
> -90 »

i

0.1 10 0.1 1 10

Figure E12.3. Variation of the ratio (vs/ve) in module
and in phase as a function of frequency

It can be noted that the studied passive circuit can be used as a feedback element
in an oscillator. This passive circuit allows the selection of frequency f; = (®y/27).
At this frequency, it can be noted that this circuit introduces a certain attenuation
B(wy) and zero phase shift.

3) Oscillation frequency and condition for sustained oscillation
3.1) Oscillation frequency

fo 1
ZTCRICI

3.2) Condition for sustained oscillation
SOLUTION TO EXERCISE 13
1) Parameters Z; of quadripole Q, as a function of k and Z; applying Kirchhoff’s

second law to the circuit schematically shown below leads to the following
equations:
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v, =KZi, + Z(i,—i3) [4.1]
0= Z(i3 —i;) + kZi + Z(i3-iz) [4.2]
0=2Z(iy —i3)+kZiy + Z(i 4+i») [4.3]
vy = Z(i4 +iy) [4.4]

Here, i4 is determined as a function of i3 and i, from equation [4.3]. It is then
inserted in equation [4.2] in order to determine i3 as a function of i; and i,. Then, i3 is
replaced in equation [4.1], which yields v, as a function of i; and i,. This allows the
determination of Z,, and Z,, of quadripole Q,,. This yields:

2,13
:Z(l+6k+5k +k )i N Z

Vi 1 I
3+4k+k2 3+4k+k?
2,13
Z11=Z(1+6k+5k -;k ) and Z =%
3+4k+k 3+4k+k

Equation [4.4] is used in order to find Z,, and Z,,. i, is replaced by its equivalent
expression in i3 and i,. Then, i; is replaced by its equivalent expression in i; and 1.
This leads to the expression of v, as a function of i; and 1.

Z . (1+3k+k?).
V2= 211+ 2l
3+4k+k 3+4k+k
2
Zo= P amd 2y, =z
3+4k+k 3+4k+k

2) Expression of “k” and “a”

Let Z =R and kZ = —jaZ be the impedance related to a capacitor C.
Z=R; kZ =(1/jCw):

g:k: 1 :_']az7 k:;'] and a:#
Z jRCo  Z RCw RCw

3) Expression of impedances Z; as a function of “a” and R, and operating
equation of the oscillator as a function of “a”, R and Yj;
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3.1) Expression of impedances Z;;

k =—ja;

1- j6a—5a’ + ja’ R
:R( J6a 22 +Ja) and le :ZZIZ

le o
3—4ja—a2 3—4ja—a2

a2 Q. a2
=Z(1 3ja a)=R(l 3ja—a”’)

Z2 2 2
3+4k+k 3—4ja—a

3.2) Operating equation
Z21(Y21 —Y12)+ Yl 1222 + Y22211 +AYAZ+1= 0,

According to the given data: Y, =0 and Y;; =0 = AY=0

221Y21 +Y22211 +1 = 0

R R.(l—j6a—5a2+ja3)+3—4ja—a2 B

2 3—4ja—a2 3»—4ja—a2

3-4ja—a
RY,; + Yy R.(1—j6a—5a +ja’)+3—-4ja—a’ =0
RY,; + Yy R.—5Y,, R+3—2a% =0 and — j6aYy, R +jY,, Ra® —4ja =0

4) Expression of the oscillation frequency of the circuit

ja[~6Y5 R + Yy, Ra% —4]=0

RCo’ (RCay)? Y,5,R

_ L | YpR
RCV6Y22R +4

When: Y,oR >>1; N - L YooR = !
RCV6Y22R+4  J6.RC

@
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SOLUTION TO EXERCISE 14

1) Type of oscillator, role of the self-inductance L, and role of capacitor C,

The oscillator under study is a Colpitts oscillator. The self-inductance L, is a
choke: it allows the protection of supply against rapid variations. The capacitor of
capacitance C, is a short circuit at the working frequency.

2) Transistor circuit configuration

The transistor is connected in a common base. The capacitor Cy provides the
grounding of the base under dynamic conditions.

3) Dynamic equivalent diagram of the circuit — amplifier chain and feedback
loop (see Figure E14.2)

Vi

=
m
1
| S
1
| S
5=
s
5
=
@]
11
11

Amplifier chain Feedback loop
Figure E14.2. Equivalent diagram of the proposed circuit
Since resistance Ry is considered very high compared to the input impedance hy;

of the transistor, its effect is negligible and the equivalent diagram comes down to
the circuit shown in Figure E14.3.

______:<______
—
LI
=
Balaiatab EL
w
[l
@}
11
11

Figure E14.3. Simplified equivalent diagram
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4) Calculation of the parameters Yj; of the passive quadripole

The passive feedback circuit is represented in Figure E14.4.
L=Yvi=Ynv,

L =Yy vi+ Yov,

. \4 .
i =——+jCa(v; = vy)
jLo

iz = jC(DVz +jC(D(V2 _Vl)

Figure E14.4. Diagram of the passive feedback circuit

Based on these equations, the following can be deduced:
. 1 .
Y11 =jCo+—: Yy =2jCw
jLo

Y)p =Yy =-jCo;

5) Operating equation of the oscillator and determination of the oscillation
frequency

5.1) Operating equation
=Yyi(ha; —hpp) + Yy +hyy + AhYy + AYhy; =05 hy; =05 hyy =0, Ah=0

The operating equation is then reduced to the following relation:

_Y2|h2| + Y[] + AYh]l = 0, with: AY = Y11Y22 - Y12Y21

AY = HJC(M L} Zij} +[Col’ =-2[caf + 2% +[Col’ =—[Caf* + 2=
JLo L L
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The operating equation finally becomes:

2C

1 . 2
h,Co+Cw——+jh;;| —|Co|"+—|=0
21 Lo ] 11[ [ ] L}

5.2) Oscillation frequency F

In order to find F, it suffices to cancel out the imaginary part of the operating
equation:

0

iy ~[Con P25 | =02 | {cap P +2C

o, zzi; = F, = i
0 LC 0

SOLUTION TO EXERCISE 15

1) Admittance of quartz crystal

Given the equivalent diagram of the quartz crystal (see Figure E15.2), the
following can be noted:

ZIZR‘f‘j L(O—L 5 Zzz - ! 5
Cl(D _]Cz(l)

Z,

Figure E15.2. Equivalent diagram of quartz crystal

The quartz crystal is formed by the parallel connection of two impedances Z,
and Z,.

7,7
12y _y_4+2
VAR YD) VAVZ)

7=
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CI(D _]Cz(l) _ 10

- - . 1
R+j Lu)—L L R+j| Lo———
Cl(,l) _]Cz(,l) Clm

2) Condition for the simplification of the expression of Y according to the given
model

Rosfto- ool Reo-coof Lo- L
Y_

In order to obtain the desired expression of Y, it is sufficient to neglect the effect
of resistance R (R = 0).

IRCIC,07 +Cy0(1-LC107 )+ Co j[(czm Clo))—LCZCl(mJ

RCj0-j(1-LCy0? (1-LC10?)
The expression of admittance Y can be written in the following form:

L LC,C,0°
(C1+Cy)

Y = jo(C, +C
( 1 2) I—LCI(DZ

3) Expression of f, as a function of f; and value of f;, and f;

3.1) Expression of f, as a function of f;

I_LC1C20)2
Ci+C 1-(F/f,)?
Y = jo(C; +C )M Y = j2nF(C; +C )M
1+ > 1+ P
I—LCI(D 1—(F/f5)

Identification between the previous two relations yields:

f, _ 1 G+C . £ R L SN f, :fs(l+—Cl
21 LC1C2 21 LC] 2C2
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3.2) Values of f,, and f;

It should be recalled that: C; =1 {F, C, =5 pF and L = 250 mH

p oL G*G 1L LT
P Tom\ LCC,  2m\ LG 21\ 250.10718

fp

n

f, f, =f; =10MHz
4) Expression of reactance, its sign and nature

The quartz crystal operates at a frequency F, with f; < Fy, <f,. Under these
conditions, the expression of reactance presented by the quartz crystal will be
searched for. Since the two frequencies f;, and f; are close (f; = f;)), the following can
be written:

1 - (Fy/f,)’ =eand 1 — (Fy/f)* = —e withe >0

Consequently, the following can be written:

1-(Fy /£,)?
Y = j2nF(C, +C2)M

S = J2MF(Cy +Cy) =
1-(F, / fg) €

Y=jX=—j(D(C1+C2) X=—(D(C1+C2)

Since m, C, and C, are positive quantities, the sign of reactance is negative. It
can then be deduced that this reactance has a self-inductance nature.

5) Calculation of the quality factor of quartz crystal and comparison to an LC circuit

The quality factor of quartz crystal is given by Qquar, = (1/2TRCFy).
R=10Q,C,=1fF and F, = 10 MHz: Qquar, = 16.10’

Qquarz >> Quc: The quartz crystal-based oscillator exhibits better frequency
stability than an oscillator based on a simple LC circuit.

SOLUTION TO EXERCISE 16

1) Equivalent diagram of this circuit and role of the capacitor C,

1.1) Equivalent diagram (Figure E16.3)
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1.2) Role of the capacitor C,

Figure E16.3. Equivalent diagram of the oscillator
The capacitor C, prevents the continuous voltage applied to the collector from
being transmitted to the base and thus disturbs the polarization of the transistor.

2) Identification of the elements in Figure E16.3 with the elements of the
proposed equivalent diagram (Figure E16.4)

Figure E16.4.

The analysis of the two diagrams (Figures E16.5) allows the identification of
various parameters:

RB hll

Figure E16.5.

In fact, it can be readily noted that:

h;.Rp 1
=——2 7 =R¢: Zj=——
hy +Rp STTC T

¢
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3) Parameters Z;;, operating equation and oscillation frequency
3.1) Parameters Z;; of the passive quadripole

The passive quadripole is represented by the diagram shown in Figure E16.6:
Vi =Z1.1) + Zi2.15
Vo =214 + Zgr sy
Vi = Zoicy = Z(1y — ico) + Zy(iy + iz — ic2)

vy =Zy. (i) + 1 = ic2) = —Z(11 — ic2) + Zo.ic2

Figure E16.6. Diagram of the passive feedback quadripole

The impedances Z,, Z, and Z have already been defined:

Zl :L’ Z2 =- 1
(S G0

; Z=jLo

Zz.icz = Z(l] - icg) + Z[.(i] + i2 - icz) = icz.(Z + Z] + Zz) = (Z + Z]).i] + Z[.i2

_ (Z+7Zy) - 7
(Z+Zl+Zz)1 (Z+2Z,+2Z,y)

1c2 %)

Using the expression of ic,, v; can be determined as a function of i, and iy:

2y2+2) . 12y .
(Z+21+2y) ' 2+ 2,+2,y) °

Vi =2yl =

The expressions of Z;; and Z;, can then be deduced. The focus being here on a
passive linear quadripole, Z,; can also be deduced:

2y (Z+ 7)) 7,.7,

= N Z :Z ==
H Z+27Z,+2Z,) 12l (Z+2Z,+7Z,)
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Using the expression of voltage v, as a function of i; and i, facilitates the
determination of Z,, and verification that Z,, = Z,;.

+
(Z+2)) - Z

Vvo=71. (i1 + 1y —i); Vo = Z4iy +Z4i,H —
2=Zy. (h iy~ ) Vo =2y + 241 (Z+Zl+Zz)l (Z+Z,+2Z,)

i

vo= G-y L L2+ D) .
2= 1 2
(Z+2Z,+1Z,y) (Z+ 272+ Zy)

7. Z 2,.(Z+Z
Hence: Z,, __ G2y Zy, and Z,, _42+Zy)
The following are finally obtained:
: 2 . 2
~j1-LCy0?) ~ji1-LCy0%)
Zy = ;o Ly =

m[(Cl +C2)—LC1C2(02J m[(c1 +C2)—LC1C2032]

-]
m[(c1 +Cy)— Lclczmz]

Zip=17Zy =

3.2) Operating equation featuring Rg and R,
Zyi(hy —hyp) +Zyy + 0’y + AR°Zy + AZBy, = 0

h]g =0= 221_h21 + ZzQ”‘h’“ + Ah’.le + AZ.h’22 =0
The following should be noted in this equation:

. h| Rp . 1 , oo
hll:h—; h22 =— al’ld Ah“:hll.hzz
11+tRp Re
Finally, taking into account the bias resistances, the operating equation of the
oscillator can be written as follows:

hll.RB + hll.RB h]l.le) + £ =0
hj;+Rp Re(hy+Rp) Rc

Zy1hoy + Zoyt
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3.3) Oscillation frequency and condition for sustained oscillation

The influence of Ry and R¢ is considered negligible. Since hj; = 0 and h,, = 0,
Ah=0.

Under these conditions, the operating equation of the oscillator becomes:
Zyi(hay —hyo) +Zy +hyy + AhZyy + AZhyy = hyy.Z5) + Zy; +hy =0
hy1.Z51 + Zy+h;; =0

When Z,, and Z,, are replaced by their equivalent expression, the following
relations are obtained:

. 2
—J(l—LCzO) )
Zy = s Lip =12y =

m[(c1 +C2)—LC1C2(02J

-]
w[(cl +C2)—LC1C2(02J

by, - L i1-LCe?)
m[(c1 +C2)—LC1C20)2] (o[(Cl +Cy) —Lclczoﬂ

+h11 =0

hy, +(1—LC2co2)+jh”(o[(C1 +C2)—LC1C2(1)2J =0

In order to obtain the oscillation frequency, it is sufficient to cancel out the
imaginary part of the operating equation:

hy, +(1—LC2c02)+jh11(o[(C1 +C2)—LC1C2(1)2J =0
[(Cl +C2)—LC1C20)%J )

(DO C1+C2 1 CI'CZ
o 2m LC,C, “on /LCeq C1+C2

0~

SOLUTION TO EXERCISE 17

1) Calculation of the impedance of the quartz crystal
1+jC,0(r + jLw)

Z =
J(Cs +Cp)o—CyC oo’ (r+ jLw)
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2) Simplified expression of Z (r = 0) and value under steady-state condition

2
7= 1-CiLw
J(Cg+Cy)o—jCC Lo

N Z(J):O —> oo

3) Simplified and developed expression

2

7= 1-CiLw
. . 3
J(Cs+Cp)o—-jCC Lo

el ]

i(Cs +Cp)w[1_c5cpm2] Ceq@ 1—{ o T

G +GC, ,

4) Expressions of C.q, 0; and ,. Let us prove that ®; < m,. Significance of ®,
and ;.

1 (G +Cp)
Ceq = (Cy+C,); = @m0
eq (s p) oy LCS 2 LCSCp
C,>>C,
1 (G +Cp)
A, ™ LC,C,

The two angular frequencies can then be expressed as functions of each other:

C +C 1/2
W, = T 145 | |14
) =0 =oy I+ > = lo ), o>
p p

where ; is the resonance angular frequency of the LC; circuit (series circuit) and o,
is the resonance angular frequency of the L-Cp-C; circuit (parallel circuit).

5) Variations of the module and argument of Z as a function of ®. Natures of the
impedance of the quartz crystal in the various ranges separated by ®; and ®,.
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5.1) Module of the impedance of quartz crystal
2

,

7= !

jCeq® o 2 Ceq® | 2
1) 1)

b) Argument of the impedance of quartz crystal

0=-m/2 o<

Arg(2) o0=m/2 o <0<,
T =
g 0=-1/2 >0

0=0 w=0, e 0=

¢) Representation of the module and phase of Z (Figure E17.2) and nature of the

impedance Z

A | 7 | /(P
Inductive
acitive Capacitive
¢ =n/] -A-
Frequency
T T >
¢o=n/f-------l L= ¢ =-n/2

Figure E17.2. Evolution of the impedance of quartz
crystal in module and phase. For a color version
of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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Circuits in Switching Mode

5.1. Basic elements

The reaction of circuits to square or rectangular pulsed signals is a major
preoccupation. Therefore, it is worth recalling several fundamental notions related to
this type of signal.

A square or a rectangular signal (Figure 5.1) is defined by several parameters,
the most important of which are as follows:

— high state and low state duration;
— cyclic ratio;
— average value;

— frequency, rising edge, falling edge, etc.

s(t) s(t)

T LR

(a) IT, (b)

—

Figure 5.1. a) Square signal and b) rectangular signal

High state and low state durations for each type of signal (square or rectangular)
are defined by quantities T and T, respectively. The relation T, = T, is always valid
for the square signal.
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1

The cyclic ratio (r) is defined by: r =
T +T,

For the square signal, the value of the cyclic ratio is equal to 50%.

In the general case of an arbitrary signal v(t), whose period is T, the average
value (V) is defined by the following relation:

1 pvtT
Vo=g [ v

For the signals represented in Figure 5.1, period T and the average value (V,,)
are expressed by the following relations:

T,
T=T,+T, and \Y =E?'

For a unidirectional square signal, the average value is half the maximal value of
the signal in question (case of the signal in Figure 5.1(a)): V,, = (E/2).

5.2. Behavior of a capacitor in a circuit

The simplest circuit that comprises one capacitor is represented by the diagram
in Figure 5.2. The objective is to find how the voltage across capacitor “C” evolves

in time.
F R 1

Figure 5.2. RC circuit and charge of capacitor C

When switch K is closed at instant t = 0, capacitor C charges through resistance R.
Hence, the following can be written as follows:

E=Ri+lj‘idt; vs=lj‘idt
Clo C o
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[33%1)
1

Replacing the current with its equivalent expression as a function of output
voltage v, yields the following expression:

dv,

E=RC
dt

+ Vv

A particular solution is vy = E. The solution to the differential equation without
the second member:

d
RC:4v, =0
dt
yields
s
v,=Ae RC

“A” is a constant that can be determined according to the initial conditions. The
general solution is:

t
v,=Ae +E

att=0;v,=0=> A=-E

t

vs=E(l-e *)

The evolution of voltage across the capacitor is shown in Figure 5.3.

I
vg(valts) P T

/
o/
/

t(us)l,,

Figure 5.3. Charge of capacitor C through resistance R and evolution
of voltage across C. E=5V, R=1002and C=10nF, t=R.C=1pus
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The capacitor is charged at voltage E, equal to the voltage supplied by the
generator. When the capacitor is fully charged, the current (i) across the mesh is zero.

It should be noted that the capacitor is fully charged after a duration that is nearly
five times its time constant T = RC.

This parameter is a very important data in the circuits that have capacitors and
resistances in their structure.

From now on, it can therefore be stated that a capacitor charges rapidly when its
time constant is small.

When the capacitor is first charged at a potential equal to E and is connected in
the circuit as shown in Figure 5.4 (the switch is closed at an instant chosen equal to
zero), the capacitor discharges across resistance R according to the law:

t

v.=E.e RC

s

| p— | - ——
K R
i S Vg

Figure 5.4. Circuit for the discharge of capacitor C

The variations of discharge voltage are schematically represented in Figure 5.5.

A
> Its
A \vs(vo
3
21\
N
~N
0 N~ t(us .

o 1 2 3 4

Figure 5.5. Evolution of discharge voltage across capacitor C
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5.3. RC circuits in switching mode
5.3.1. Case of a low-pass cell — integrating circuit

A square signal (Figure 5.6(a) is applied at the input of a low-pass RC circuit,
Figure 5.6(b)). The task at hand is to determine the nature and the shape of the signal
at the output of this RC circuit (voltage across the capacitor). As already noted, the
charge and discharge voltages of capacitor C evolve according to the following

relations:

—t
=V, =E(1-eX°)

Vch arge
—t
Vdisch arge = Vdec = E‘e ke
V. (0 @)
E

T 1 Tz T3 T4 TS Te T7 TR T() T 10

Figure 5.6(a). Square signal applied at the input of an RC circuit

— | Vg

Figure 5.6(b). A low-pass RC circuit under study

These relations are only valid for the fixed initial conditions, as follows:

— for the charge, the capacitor is considered to be fully discharged at the initial
instant;

— for the discharge, the capacitor is considered to be charged at potential +E at
the start;

— when a unidirectional square signal of amplitude E (Figure 5.6(a)) is applied to
a low-pass RC circuit (Figure 5.6(b)), it is important to rewrite the equations for
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the capacitor’s charge and discharge, taking into account the possible initial voltages
that may exist;

— the shape of the output signal depends on the time constant (T = R.C) of the
circuit in question and on the initial voltages, taken during successive charges and
discharges of capacitor C. A capacitor charges according to a law of which the
general expression is:

—t

— — A@RC .
v, =V, =Aer¢ +B;

—“A” and “B” are two constants that depend on the boundary conditions of the
charge. Thus, at instant t = 0 (for the charge), an initial voltage denoted Vi, is
assumed to exist;

-A+B= Vic;
—when the time “t” tends to infinity, the charge of the capacitor tends to the

maximal value of the voltage applied;

—in the case that is of interest here, this value is equal to E, which is the
amplitude of the square signal;

-B=E,A=(Vi-E);

— finally, the general expression related to the charge of a capacitor submitted to
a square signal of amplitude E is defined by:

—t

Vs :Vch :E_(E_Vlc)eﬁﬂ

— the same type of relation is applicable to the discharge of the capacitor:

—t

v, =V, =Def +F

s

— quantities “D” and “F” depend on the boundary conditions related to capacitor
discharge;

— thus, for an infinite time, the capacitor tends to fully discharge and reach the
lowest value applied to it. In this case, this value is zero: F = 0;

—on the other hand, for the instant when discharge starts, the initial voltage
related to discharge should be taken into account (this voltage is in fact the final
voltage of the charge that preceded this discharge): D = V,g;

— This leads to the relation for discharge voltage in the general case:

—t

— — RC -
Vs_v _\,ide >

dec
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— to accurately follow the evolution of voltage vy, let us set the numerical values
of the quantities involved;

— for example, the following values have been chosen: E = 5 volts; R = 1 KQ;
C =1 pF; 1=RC = | ms) and the frequency “f” of the square signal is set at 500 Hz

(T =2 ms).
— Table 5.1 indicates the variations of output voltage in time:
Capacitor state | Time evolution | Evolution of the values of voltage v, (in volts)
Initial 0 0
Charge T,=1ms 3.16
Discharge T,=2ms 1.16
Charge T;=3ms 3.58
Discharge T,=4ms 1.32
Charge Ts=5ms 3.64
Discharge Tes=6ms 1.34
Charge T;=7ms 3.65
Discharge Tg=8 ms 1.344
Charge To=9 ms 3.655
Discharge Tio=10ms 1.345

Table 5.1. Variations of the output voltage
(across the capacitor) in time for RC = T/2

— the variations of the output signal in relation with the input signal are shown in

Figure 5.7:

ﬂﬂﬂ

Experimental approach

V,(1)
| |_‘
o T T,

1\’J3<\— EEEEET
~'~ \ AT il

‘ \
L, Tt Tp T, Tg Ty Tn'o :V" \f L)\/ /
Ny Theoretical approach \ 7 1
(1) \ » %
E (b) =l /1
X ,/ I\ /"
- t) Transient state
T T, T T, Ty Ts T, Tt Ty Ty

Figure 5.7. (b) Evolution of the output voltage in relation with (a) input
voltage when: E = 5 Volts; R = 1KQ; C = 1uF and f = 500 Hz
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—it can be noted that after a limited time (related to the transient state), the
capacitor charge and the discharge voltages evolve around the average value (E/2) of
the input square signal,;

—for a better study of this phenomenon, let us consider two values of time
constants T; and T, which are very distant from one another and which also meet
certain conditions with respect to the period of the input signal;

-7 <<Tand 1, >>T

— T is the period of the input signal.

5.3.1.1. Case where the time constant is very low compared to the period
- T << T (T] =RC=0.10 mS).
— The following are given: E =5 Volts; R =1000 Q; C=0.1 uF and T = 2 ms.

—The values taken by the output voltage in time under these conditions are
summarized in Table 5.2.

Capacitor state | Time evolution | Evolution of voltage values v, (in volts)
Initial 0 0
Charge T, =1ms 5
Discharge T,=2ms 0
Charge T3 =3 ms 5
Discharge T,=4ms 0
Charge Ts=5ms 5
Discharge Te=6ms 0

Table 5.2. Variations of the output voltage (across
the capacitor) in time for RC << T

— It can be noted that the output voltage evolves around the average value of the
input signal. This is also the average value of the output signal. Furthermore, the
extreme values of the output signal (see the diagram in Figure 5.8) are similar to
those of the input signal. Given the low value of the charge and discharge time
constant, the capacitor has the time to fully charge and discharge.
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Figure 5.8. Evolution of the input voltage (a) in relation with the signal across
capacitor (b), when the time constant is small (z; = RC =0.10 ms); T =2 ms

5.3.1.2. Case where the time constant is very large compared to the period

— Ty >> T (T2 =RC=4.7 ms).

— In this case, the following values are chosen: E=5 V; R =47 KQ; C=1 pF
and T =2 ms. The values taken by the output voltage are summarized in Table 5.3.

Capacitor state | Time evolution | Evolution of the values of voltage (in volts)
Initial 0 0
Charge Ti=1ms 0.96
Discharge T,=2ms 0.77
Charge T;=3ms 1.59
Discharge Ty=4ms 1.28
Charge Ts=5ms 1.99
Discharge Tg=6ms 1.6
Charge T;=7ms 2.26
Discharge Tg=8ms 1.82
Charge To=9 ms 2.43
Discharge Tip=10ms 1.96
Charge T;;=11ms 2.54
Discharge Tp=12ms 2.05
Charge Ti3=13ms 2.61
Discharge Tiy=14ms 2.11

Table 5.3. Variations of the output voltage (across

the capacitor) in time for RC >> T
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— The evolution of the output signal in time is represented by the diagram in
Figure 5.9. In this case, it can be noted that reaching a steady state requires time.
The voltage across the capacitor tends to stabilize around a value that is very close
to the average value of the input signal. If the time constant of the RC circuit is
further increased and for a steady state that has been reached, the curve of the
obtained signal is piecewise linear (charge and discharge of the capacitor).

Av
«© @

LT

T, LT T T T
\ V,(® (b)

Transient state

E2 \/\/\/\/\/ T

0 T LT, T, Ts Te T Tg Ty TioTi TiaTis

)

N,

\ 2

Figure 5.9. Evolution of the input signal (a) in relation with the signal
across the capacitor (b) if o, =RC =4.7msand T =2 ms

Indeed, an integration of the input signal has occurred. Let us therefore write the
relation between the input voltage and the resulting output voltage:

— Case of the charge: v.=E

—t
Vs = Vg, =E —(E = Vjc)eRC

When the time constant 1, = R.C is very large compared to the signal period and
consequently to the duration of the high state, the exponential term can be expanded.
A first order expansion yields:

t t
v.=V, =E-(E-V )(l-——)=V_+(E-V, )—
s ch ( ic )( RC) ic ( 1c) RC
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It should be recalled that V; is the initial voltage across the capacitor when the
latter starts to charge.

— Case of discharge: v, =0

—t

— — RC
v, =V, =V,e

dec

An expansion of the exponential term, similar to the above, leads to the
following:

t
Vs = Vdec = \]id (I_R_C)

It can be noted that the output voltage is a linear function of time. An integration
of the input signal has occurred. When the time constant of the RC circuit is large,
the circuit realizes the integration function.

A representation of the output signal in a steady state in relation with the input
signal applied to an integrating circuit is shown in Figure 5.10.

ORAQ)

E (@)
T
4
0
A V() (b)
Steady state
E
ERe < ~ Anvas
t
0 Y

Figure 5.10. The input signal (a) and the output signal
(b) of an integrating circuit in a steady state

5.3.2. Case of a high-pass cell — differentiating circuit

The RC circuit to be studied in this context is a high-pass cell. It is schematically
represented in Figure 5.11. In this case, the output is taken across resistance R. The
input signal is a square signal. The shape of the output signal depends on the
constant T = R.C of the circuit in question.
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Figure 5.11. Differentiating RC circuit

Three cases can be considered with respect to the time constant and to period T
of the input signal, as follows:

T,=RC<<T;
7, =RC=T;
73 =RC>>T.

5.3.2.1. Case of a very small time constant
T=17<<T:

Under these conditions, the capacitor has the time to fully charge and discharge. At
the arrival of the first rising edge (zero transition time), the capacitor instantaneously
transmits this variation across the resistance and then starts to charge.

Kirchhoff’s second law for the RC circuit under study yields:

V.=V, + Vg and vg = Vv, - V,

v. and vy are voltages across the capacitor and the resistance, respectively.
Naturally, the voltage across the resistance is the output voltage:

E for 0<t<(T/2)
—+ =
TR for (T/2)<t<T

The expression of the evolution of voltage across the capacitor has been
previously defined:

—t
E-(E-V,)eR¢ for 0<t<(T/2)

v, = .

V, k¢ for (T/2)<t<T

Let us recall that V,. and Vi are the initial capacitor charge and discharge
voltages, respectively.
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These two voltages depend on whether the capacitor is able or not to charge rapidly.

The expression of the output voltage (voltage across resistance R) is defined as
follows:
-t
_J(E=V,)e*¢ for  0<t<(T/2)
R —t

~V, e for (T/2)<t<T

If the capacitor has the time to fully charge and discharge (the time constant is very
small compared to the value of the period of the input signal), it can be stated that:

Vie=0; Vig = E;

-t
Ee®  for  0<t<(T/2)
Vg =

-t
—EeR¢) for (T/2)<t<T

The representation of the output signal in relation to the input signal in the case
when the time constant is small compared to period T of the input signal, is shown
in Figure 5.12. There has been a derivation of the input signal.

P Ve® (@)
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Figure 5.12. A representation of the input signal a) and the
output signal b) when the time constant t; = RC << T

5.3.2.2. Case of a very large time constant
T="1,>>(T/2):
The capacitor does not have enough time to either charge or discharge.

Consequently, the capacitor will partially charge. The output voltage depends on this
partial charge.
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The output voltage is defined by the following relations:

—t
(E-V,_)eR¢ for 0<t<(T/2)
vV, =V, = .

~V, e’ for (T/2)<t<T

In view of an overall representation of the evolution of the output voltage v, the
various values that this voltage takes in time are calculated (see Table 5.4). For this
purpose, the following values are set: E =5 V; (T/2) = 1 ms; t; = 4.7 ms.

Initial value of the | Time evolution | Evolution of | Evolution of voltage v
voltage involved v, (in volts) in volts
Initial 0 0 E=5
Vic=0 T,=1ms 0.96 4.04
Vid = 0.96 T,=2ms 0.77 -0.77
Vic =0.77 T3 =3 ms 1.59 3.41
Vid = 1.59 T,=4ms 1.28 -1.28
Vic =1.28 Ts=5ms 1.99 3.01
Vid = 1.99 Te=6ms 1.6 ~16
Vic = 1.60 T;=7ms 2.26 2.74
Vid =2.26 Tg =8 ms 1.82 -1.82
Vic =1.82 Ty =9 ms 243 2.57
Vid =2.43 Tio=10 ms 1.96 -1.96
Vic=1.96 Ty =11ms 2.54 2.46
Vid = 2.54 T, =12 ms 2.05 -2.05
Vic =2.05 T3=13 ms 261 2.39
Vid=2.61 T4 =14 ms 2.11 -2.11
Vic=2.11 Tis=15ms 2.66 2.34
Vid =2.66 T =16 ms 2.15 -2.15
Vic=2.15 Ty, =17 ms 2.70 2.30
Vid =2.70 T =18 ms 2.18 -2.18
Vic=2.18 Ti9=19 ms 2.72 2.28
Vid =2.72 Ty =20 ms 2.20 -2.20
Vic =2.20 Ty =21 ms 2.73 2.27

Table 5.4. Variations of the output voltage (across
the resistance) in time for RC >> T/2
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It can be noted that the following relation is verified at any moment:
Ve T VR = Ve

This is quite normal, since it is the law that governs the circuit under study. It
should be recalled that

e

E for 0<t<(T/2)
0 for (T/2)<t<T

The curves of the input and output signals are represented in Figures 5.13(a) and
(b), respectively.

A V(1)

LTI,

9\ T, T, § Ty TsTg T; Ty Ty Tyo
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Figure 5.13. a) Variation of the input signal and b) variation of the output
signal of a high-pass RC circuit when the time constant RC >> T

It can be noted that the continuous component of the input signal has not been
transmitted toward the output, being blocked by the capacitor. The shape of the
output signal closely resembles the shape of a square signal. Its average value is zero
(it is perfectly square if the value of the time constant is further increased compared
to the period of the input signal). It can therefore be stated that the capacitor
transmits the rapid variations of a signal instantaneously and blocks any continuous
component. This circuit is generally used in coupling functions. For this purpose, the
time constant has been chosen to be sufficiently large in order to avoid the possible
amplitude distortions of the output signal. An example of the output signal when the
time constant is very large compared to the period (for example, RC = 20T) is
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shown schematically in Figure 5.14. This represents the curve of the output signal
under an established steady state. The transient state has been omitted.

/\V(t)
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B N
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0 1 _ _ 7
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Figure 5.14. a) The input signal and b) the output signal under
a steady state (the time constant of the RC circuit is very
large compared to the period of the input signal)

IN SUMMARY .—

1) An integrating RC circuit favors the transfer of the continuous component with respect
to a high frequency signal. An RC circuit is qualified as an integrator when its time constant is
large compared to the period of the input signal. The output is considered across the capacitor.

2) A differentiating RC circuit does not allow the passage of the continuous component
from the input to the output. The output of a differentiator is considered across the resistance.
The RC circuit cannot be a differentiator circuit, unless its time constant is very small
compared to the period of the input signal.

3) A capacitor instantanecously transmits abrupt variations of a signal. It opposes the
passage of a continuous current.

5.4. Bipolar transistor in switching mode
5.4.1. Bipolar transistor characteristics
The transistor used in switching mode must uniquely operate either in a blocked

state or in a saturated state. The transistor used for this function is generally
connected as a common emitter (Figure 5.15).
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Figure 5.15. A bipolar transistor connected as a common emitter

The static load line is defined by the following relation:

Vcc _VCE

c

I

The only states of the transistor that operates in switching mode are:

Ic =0 and Vg = V. (blocked transistor)

\Y%
I. = R—“ =Iyax and V., =0 (saturated transistor)

C

These two points are in fact the two extreme points of the load line (Figure 5.16).

oo
aturation region
Ve Ay

Load line

V,
Blocking region \A CE
| V.

cc

Figure 5.16. Load line and operating points of a transistor in a switching mode

The blocked state of the transistor can be obtained when a base-emitter voltage (Vgg)
below the threshold voltage is applied. For an NPN bipolar transistor, the threshold
voltage is around 0.6 volts.

This is the minimal voltage required for the forward bias of the base-emitter
junction of the transistor.
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Therefore, for an NPN bipolar transistor, the following can be written with
approximation:

Ve <0.6 volt; Iy =0; Ic=0 and Vg = V..

The saturated state is reached when the base-emitter voltage is greater than or
equal to the threshold voltage. For the NPN transistor:

v
Vee20.6 V;Iz#0; ICZICMAXE I{CC andVCE =0

C

5.4.2. Operation in switching mode

The passage from a blocked state to a saturated state (or vice versa) takes place
abruptly and practically instantaneously. When a sinusoidal signal is applied to the
base of a transistor that is connected as a common emitter (Figure 5.17), the output
signal has a square form.

R VCC
/\/\/ Tr _I_|_|—|

Figure 5.17. A transistor in a switching mode with a sinusoidal input signal

Each time the input voltage is above the threshold, a transition from one state
to the other occurs at the output, as shown in Figure 5.18.

\A V,,> 0.6v
VmT/\ N\
N Y Y4
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vV,
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Figure 5.18. Shape of the output signal in relation to the input signal
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The curve of the output signal cannot be perfectly square, and the rising and
falling edges are not as steep as suggested by the diagram shown in Figure 5.18.

The curve of the output signal is rather that defined in Figure 5.19(b). The rising
and falling times and the various characteristic times are not zero. The values of
these times depend on the technology employed.

\ 2

VAV A AV 4 4 4 & 4 4 4 & & & &

Figure 5.19. a) Switching circuit and b) real curve
of the output signal and characteristic times

The various characteristic times are defined as follows:

tg, delay time; t,, rise time; t,,, setting time; t;, storage time; t;, fall time and
tofr, lagging time.

5.4.3. Logical functions with a switching transistor

Several logical operations can be realized with bipolar transistors operating in
switching mode. As a reference, let us provide several examples of these functions.
Among the simplest operations to be realized, the following are worth mentioning:
inverter gate, NOT AND or NAND gate, ctc.
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5.4.3.1. Inverter gate

The representative diagram of the inverter gate and the signals involved is shown

in Figure 5.20.
Ve T B

| >

—

VA

5

Figure 5.20. /Inverter gate with a bipolar transistor and the signals involved

When the input is in a low state, the output is in a high state, and vice versa:

A=B

5.4.3.2. NOT AND or NAND gate

The electric diagram of this gate using bipolar transistors is shown in Figure 5.21.

output
signal C

Figure 5.21. NOT AND or “NAND” gate with a bipolar transistor
This gate uses two bipolar transistors. With another type of technology, and for
reasons of consumption, field effect transistors can be employed.

When choosing one gate and its technology, there is always a compromise to be
made between gate rapidity and energy consumption.

Hence: C = A.B
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Astable Multivibrators

6.1. Introduction

Similar to any unstable system, an astable circuit requires no input voltage to
generate a generally rectangular or square wave, as shown in Figure 6.1. The astable
multivibrator uses a positive feedback in order to introduce the instability

phenomenon.
Astable HHHH

output

multivibrator| signal

Figure 6.1. Principle of astable multivibrator

The Fourier series expansion of the output signal evidences its spectral richness.
This can be explained by the fact that the condition for sustained oscillation, also
called the “Barkhausen” condition, is met for a wide range of frequencies, hence the
name multivibrator.

6.2. Astable multivibrator with transistors
6.2.1. Introduction

It is worth noting that the study of a multivibrator realized with bipolar
transistors (discrete components) is of very high didactic interest. On the contrary,

the practical realization of astable multivibrators with transistors is out-of-date.
There are integrated circuits such as operational amplifiers or logic circuits that
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allow the design of astable circuits that are both very simple and high performing.
Furthermore, the development of electronics has allowed the marketing of
specialized astable circuits. The operation of these circuits requires only few
external passive components (in general, few resistances and capacitors). Therefore,
the astable multivibrator with transistors is highly recommended for teaching
purposes and for first studies and realizations. The objective is the proper
understanding of various phenomena involved in signal generation by this device,
which presents a very strong didactic interest. An example of an astable
multivibrator with transistors is schematically shown in Figure 6.2.

Figure 6.2. Astable multivibrator with transistors

6.2.2. Principle

Two capacitors C; and C, are used for the coupling between the base and the
collector of two transistors Trl and Tr2.

The operation of this circuit relies on the following principle: if one of the two
transistors, for example, Trl, is blocked, then transistor Tr2 is saturated (or vice
versa). In fact, when there is a decrease in the collector current I¢; of transistor Trl,
there is an increase in collector—emitter voltage.

Icy (decreases): Vg = Ve, — Ryl (increases)

Any abrupt variation of V(g is instantaneously transmitted through C; to the
base of Tr2.

Vg increases; Vig, increases; I, and I, increase and then Vg, decreases.
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The increase in collector—emitter voltage Vg, of Trl leads to the decrease in the
collector—emitter voltage of Tr2, as described above.

This cumulative phenomenon goes on until Vcgy =V, and Ve =0

Under these conditions, transistor Trl is blocked and transistor Tr2 is saturated.
The system can by design maintain this state during a certain time and then undergo
a switch to reach Vg, = 0 and Vs = Ve

Saturated transistor Trl (Vcg; = 0) Blocked transistor Tr2 (Vcgz = Vo)

The output can be on the collector of either Trl or Tr2. The signal obtained at
one of these outputs is rectangular or square. The amplitude of the high level is +V,
and that of the low level is around 0 V (in reality, several hundreds of mV). The
principle for obtaining a square or rectangular signal is examined in detail in the
following section.

6.2.3. Operating condition

For the device to really operate as an astable multivibrator, the values of
resistances must be appropriately chosen.

For example, when transistor Trl is saturated, Vcg; =0 and V. = RiI¢.

I
The base current Ig; is defined as Iy, :% , where B is the current gain of the
transistor Trl.

The base current of transistor Tr1 at saturation is expressed as follows:

L Ve Ve Lo _ Ve
Bl — - -
R, B BR,
Hence:
R Vv
B—L= = >1
R3 Vcc - VBEI

It can be readily noted that transistor Tr1 cannot reach saturation unless R; < BR;.
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If the value of Rj is excessively high (R; > BR;), the maximum base current of
Trl will be low, similar to the collector current required for bringing transistor Trl
into the saturation region.

Obviously, the same reasoning applies for transistor Tr2, and the overall
operating condition of the astable system is given by:

R3 < BRI and R4 < BRQ

6.2.4. Operation
For a more simple explanation of the operation of the astable device with
transistors, let us assume that Trl is blocked and Tr2 is saturated, but that before
reaching saturation, it was in a blocked state.
Tr2 blocked - Tr2 saturated
VCE2 = Vcc - VCEZ =0V

This sudden shift of Vg, from +V to 0 V is instantaneously transmitted to the
base of Trl through the capacitance C,. This is reflected by a voltage drop across the
base of transistor Trl.

Trl saturated — Trl blocked
Veei =20 - Ve £ Ve
The instant when transistors shift from one state to the other is chosen as the time

origin (tp = 0). In the following, we analyze the shape of signals at various points of
the astable device.

When t=1t,=0:
Tr2 blocked - Tr2 saturated
VBE2 <0 4 VBE2 =0.6V

Transistor Trl is blocked and Tr2 is saturated. The right plate of capacitor C, is
at ground potential.

Therefore, this capacitor charges through resistance R3 (from ty), trying to reach
the supply voltage V. applied via R; (see Figure 6.3).



Astable Multivibrators 259

Figure 6.3. Charge of capacitor C, when T is blocked and T, is saturated

Capacitor C, charges until voltage Vg, exceeds the threshold voltage (about
0.6 V). At “t = T,”, transistor Trl becomes conductive and, by cumulative effect, it

rapidly saturates. Therefore, Vg = 0.

Before this, we had Vg, = +V,, which means a sudden variation of about —V,
(shift from +V to 0 V). This abrupt variation is instantaneously transmitted to the
base of transistor Tr2 through capacitor C;. It should be recalled that Vg, was equal
to 0.6 V. For the sake of simplification, let us consider Vgg, =0 V. At t =T, voltage
Vgg; has a variation of —V.. Then, Vgg, = —V, (in fact, Vg, = —V . + 0.6 V).
Transistor Tr2 is instantaneously blocked. Starting from instant t = T, the astable
circuit (Figure 6.4(a)) is equivalent to the diagram shown in Figure 6.4(b).

v R R R
oot R R e
| 4 !
e — ¢ == [ Vi
ﬁn{/. \ IL ®

777

Figure 6.4. a) State of the astable circuit and b) equivalent diagram of the
astable circuit when transistor T, is blocked and transistor T, is saturated

Under these conditions, capacitor C, charges through resistance Ry starting from
an initial voltage equal to approximately —V... When the voltage across the capacitor
reaches 0.6 V, transistor Tr2 conducts and rapidly reaches saturation. Its
“collector—emitter” voltage suddenly shifts from Vg, = Vi to Vg, = 0.
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This sudden variation (—V,.) is instantaneously transmitted by capacitor C, to the
base of transistor Trl. Hence, Vgg; = 0.6 V(=0 V) = Vg = —Vt+ 0.6 V (=—V,.).

Then, transistor Trl is blocked (Tr2 is saturated), and the circuit is in the state
that is schematically shown in Figure 6.3. The cycle thus described repeats
indefinitely, and a rectangular or square signal will be obtained at the output of the
collector of Trl or Tr2. For a better understanding of the operation of astable device
with transistors, the evolution of various signals present in bases and collectors of
two transistors Trl and Tr2 is shown in Figure 6.5.

AV

CEl
V.. _
Tl
T,
- ‘
A | | |
V., |- wce2 _
0 5
0,601 VEEL : i L
ly } N 1 -
1 T, =R, C,
Ve foooo- P o oo e
0. 6V/\VBE2 } } | ! ;
1, =R, C
~N -t ]

Figure 6.5. Evolutions of signals Vce1, Vcez, Veer and Ve

Choosing the output on the collector of transistor Trl yields:

\A t, <t<T,
v, = Ve :{ . ’ 1

0 T <t<T,+T

The initial state t, is chosen equal to zero (t, = 0).
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6.2.5. Period of the output signal

In order to calculate the period of the output signal, it is important to establish the
equations for the charge of capacitors C; and C,. The duration of the high state of the
output signal (e.g. on the collector of Trl) is the time needed for the capacitor C, to
charge from the initial value (—V, + 0.6 V) to the final value of + 0.6 V (for the sake
of simplicity, the initial voltage can be considered equal to —V . and the final voltage is
0 V). The duration of the low state is the time needed for the charge of capacitor C; to
pass from an initial voltage of =V to a final voltage of the order of 0 V.
6.2.5.1. Calculation of the duration of the high state

The following equation defines voltage V, of the charge of capacitor C,:

—t

Vy =V, =Ae” +B  with 1, =R,C,

where “A” and “B” are two constants that are determined using boundary conditions
and T, is the charging time constant of capacitor C,.

Fort=0, Vg, ==V and for t— o, Vo — V.
Furthermore:
A +B=-V and B=V_; hence, A =-2V,

Under these conditions, the equation for the charge of C, can be written as
follows:

—t

Ve = Vo, =V (1-2e™)

At t =T, the voltage across capacitor C, is 0 V:

-T

Vo, =V, (1-2e%)=0
Tl = R3C2Ln(2) = 069R3C2

6.2.5.2. Calculation of the duration of the low state

The following is the equation of the charge of capacitor C;:

—t

V,, =V, =De® +E with 1,=R,C,
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where constants (D and E) are determined using the boundary conditions: When
t=0, Vo = —V, and when t — o, V¢ — V. This leads to D + E = -V and
E =V,; hence, D =—-2V,_.

The equation of the charge of capacitor C; in its final form is:

—t

Vies = Ve =V, (1-2.6™)

At t=T,, voltage V¢, =0:

-T,

Vo=V, (1-2e%)=0

T, =R4C,.Ln(2) = 0.69.R,C,
The period of the output signal is: T =T, + T, = 0.69(R;C, + R4C)

NOTE.— In the general case, the signal is rectangular; it can be square when:
R;C, = R4C;. In order to obtain this result, it is sufficient to choose two variable
resistances for R; and Ry, leading to the following equality:

R, C,

R, C
6.3. Astable device with operational amplifier

An astable circuit can be readily realized using, for example, an operational
amplifier, as shown in Figure 6.6.

—
R, R
| — | 9
l—.I ‘ +
Ve+ !
77 —
| 1€ - \Vs
47 L) R, ’
V., 1 77

Figure 6.6. Astable device with operational amplifier



Astable Multivibrators 263

6.3.1. Operating principle

6.3.1.1. First stage

At the non-inverting input of the operational amplifier, there is a feedback
voltage v.+:

Due to the unstable state of the voltage across capacitor C (presence of a positive
feedback due to the return chain ensured by R; and R;), the output of the amplifier
will be in a high or low state. Let us suppose that the output is in a high state:
vs = V¢ where V. is the positive supply voltage of the operational amplifier. It
should be recalled that the latter is symmetrically supplied (+ V) (in reality, the
saturation voltage is slightly below the supply voltage due to the existence of a
waste voltage related to operational amplifiers).

The voltage brought back by the operational amplifier at its positive input is:

R
\/l :V5+ = 1 cC
Ri+R:2

The capacitor C charges through resistance R; in order to try to reach the voltage
V.. applied to it. The law that governs the variations of voltage (V) across the
capacitor can be defined by the following equation:

t

v,=v, =Ae*+B with 1=R,C
where “A” and “B” are constants that are determined using boundary conditions.
As long as the voltage v.+ applied at the non-inverting input is above voltage v.—
applied at the inverting input, the output of the operational amplifier is in high state.
On the contrary, if:

Ve=Ve— 2V,

then vy = -V
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6.3.1.2. Second stage

From the instant when the output voltage shifts from the high state to the low
state, capacitor C starts to discharge across resistance R; in order to try to reach the
voltage applied to it (—V.).

Nevertheless, as soon as the voltage across capacitor C reaches the value —V,
and slightly exceeds it by a lower value, v+ > v.—and v, =V,

R
v, =——V_=V,
¢ R, +R,

The voltage now applied to capacitor C via resistance R; is equal to V.. Then,
the capacitor starts to charge from the initial voltage (—V) in order to try to reach
+Vee.

This leads back to the cycle of the first stage, the second stage and so on.

The indefinite repetition of these cycles generates in the astable circuit the
signals shown in Figure 6.7.

AV

S a
Vv, — (@)
T
1 T2 ¢
>
< T >
(b)
-
N
(©)
t
>
'Rl v A
R+R, «! |

transient
state

Figure 6.7. Signals involved in the astable circuit with operational amplifier:
a) output signal; b) signal across the capacitor; and c) signal at
the non-inverting input
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6.3.2. Period of the output signal
The capacitor charges and discharges with the same time constant: T=R;.C

As already noted, the capacitor charges according to the following law:

—t

v,=Ae" +B

where the constants “A” and “B” are determined by analyzing the evolution of
voltage V. schematically shown in Figure 6.7.

“A” and “B” are obtained for an established steady state. The initial instant t = 0
of this steady state is chosen as indicated in Figure 6.7.

Ry
R1 +R2

Att=0,v,=A+Band V, =

when t — eo; v, =V,

This yields:

R, +R

1 2

B=V, and A=—{l+ R, }VCC

It should be noted that the period T is the sum of the durations of the high state
and low state: T=T; + T,.

Thus, given that the charge and discharge time constants of the capacitor are
identical and that the shift voltages are symmetrical, it can be stated that the duration
of the high state is equal to the duration of the low state, and the resulting signal is in
this case square: T; =T, and T =2T;.
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At t =T, the value of voltage V. across the capacitor is equal to:

-

R R :

V,=—"—V, =V, |1-|1+—1— &%
R, +R, R, +R,

Ti= Rs.C.Ln|:1 + 2&}
R

2

R
T=2R,CLn|1+2—
R2
6.4. Astable circuit with voltage-controlled frequency
6.4.1. Principle and operation
Let us go back to the astable multivibrator circuit with operational amplifier and

slightly modify it in order to obtain the circuit shown in Figure 6.8. The frequency
of the output signal depends on the application of an external voltage V..

—

R, i R

— [ >IN
T Y,

V, ———
77 HC ] TV
S e S N

VA 7

Figure 6.8. Astable circuit with voltage-controlled frequency

The output voltage of the circuit can only have two levels: a high-amplitude level
(+V¢) or a low-amplitude level (=V,.). For a more simple explanation of how this
device operates, let us suppose that the output is at high state: vy =+V..
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The value of the differential input impedance of the operational amplifier is
considered infinite. Consequently, the current “i” is zero. Applying, for example,
Millman’s theorem allows the deduction of the following relation:

R,V +R,V
VBZ\]l: 1 "ce 2 "ex
R, +R,

The capacitor starts to charge across resistance R:

-t

V.o =Ae® +B, with t=RC
where A and B are constants to be determined using boundary conditions.

At the instant when voltage V, across the capacitor slightly exceeds V;, the
output of the operational amplifier shifts from the high state to the low state:
Vs = _Vcc:

V — V _ _Rlvcc +R2ch
S R, +R,

The capacitor then starts to discharge across resistance R according to the law:

-t

V.. =De®+E with 1=RC

Adéc
where “D” and “E” are constants that are determined using boundary conditions.

When the voltage (V) slightly exceeds the quantity V,, the output of the astable
circuit shifts once more, passing this time from the low state to the high state:
VS = VCC

R,V +R,V,
VB — V] — 1 "ce 2 "ex
R, +R,
The capacitor restarts charging until the voltage across it reaches and slightly
exceeds V.

The output will still shift and the cycles described will repeat infinitely in order
to generate in the astable circuit the signals (vs, V4 and V) schematically shown in
Figure 6.9.
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AV,
\N ] —/ @ —
T,
<>
T,
l< > t\
~
< T >
-V,
AVa
t
>
t
S ',
X —
Vv, !
1

transient
state

Figure 6.9. Evolution of the signals involved in the astable circuit at variable
frequency: a) output signal vs; b) signal V4 across the capacitor and
¢) signal Vg at the non-inverting input
6.4.2. Period of the output signal
The period of the output signal is defined as T=T; + T,

where T, and T, are the durations of the high state and low state, respectively.

The calculation of T, involves finding the time required for the capacitor charge
voltage to shift from an initial voltage equal to V, to a final voltage equal to V.

On the contrary, the duration T, relates to a discharge of this capacitor, whose
voltage passes from an initial value equal to V, to a final value equal to V,.

In order to find the expressions of the high-state and low-state durations, the
relations that define the charge and discharge voltages of capacitor C should be
found first.
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6.4.2.1. Duration of the high state

It should be recalled that the capacitor charge voltage across resistance R is
defined as:

t

V., =Ae" +B,

In order to calculate the duration T, of the high state of the output signal, the
expressions that define constants A, and B, must be found.

Att=0;Vo=A,+B,=Vy;

_Rlvcc + RZVex

A +B =V, = R IR
1 2

2R, V_+R,(V, -V,
Whent — oo, Vy=B; =V, and A = 1 ce 2 (Ve cc);
R, +R,

Under these conditions, the equation of the charge voltage can be written as:

2R,V +R,(V, -V,) e%
R, +R,

=V, +

Ach cc

At t =T, the value of the charge voltage corresponds to V;:

_2R1VCC +R2(Vex _Vcc) - Rlvcc +R2Vex
et =V =l 2l

V, (t=T)=V_+
ra(t=T)=V, R, +R, R, +R,

V_(2R, +R,)-R,V
TIZRC.LH|: cc( 1 2) 2 exi|

RZ (Vcc - Vex )

6.4.2.2. Duration of the low state

The expression of the capacitor discharge voltage is:

-t

V., =De® +E

Adec

For the calculation of the duration T, of the low state of the output signal, the
expressions of constants D and E must be defined.
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R,V_+R,V
Att=0,Vygee=D+E=V;; D+E=V =l e’ 22 e
R, +R,

2R,V +R,(V, +V,)

When t — o0, Vpgee =E=—V. and D =
R, +R,

The expression of the discharge voltage in its final form is then defined as:

2]Rl\/cc +R2(Vex +Vcc) -
+ e’
R, +R,

Vi ==V

Adec ce

At t =T, the value of the charge voltage corresponds to V,.

+ 2Ial\lcc +R2(ch +Vcc) e%
R, +R,

VAdec (t = T2) = _Vcc

_RIVCC + RZch

Vit =T,) =V, = R +R
1 2

V_.(2R,+R,)+R,V
TZZRCLH|: cc( 1+ 2)+ 2 ex:|

R,(V,.+V,)

6.4.2.3. Period of the output signal

As previously written, the period T is defined as:

T:T1+T2

The variations of period T as a function of V., are schematically shown in
Figure 6.10.
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Figure 6.10. Evolution of the period of the output signal with external voltage Ve

For V¢ = 0, a similar result to the one already established in Figure 6.3 for the
astable circuit with operational amplifier in the absence of external voltage is

obtained:

T, = ZRCLn[l + (%)}

2

6.5. Timer-based astable circuit (555 integrated circuit)

6.5.1. Presentation of 555 timer

The simplified internal diagram of a 555 circuit is shown in Figure 6.11.
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8| A
(6) Threshold Q["3): Output
( ) "RSH
Control T . (7)
rigger_
(2)Trigge Q Tr
S
|(4): Reset

OL

Figure 6.11. Simplified internal diagram of a 555 integrated circuit

The “DIL” (dual in line) configuration of the 555 package and its pinning are
shown in Figure 6.12 and in Table 6.1.

Figure 6.12. Package of the 555 integrated circuit

Pin No. Function
Ground
Trigger

Output

Reset

Control
Threshold
Discharge

o< BEN I e N IO B S O S

Supply

Table 6.1. Package of the 555 integrated circuit
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6.5.2. Operating principle of the 555-based astable circuit

This circuit is essentially composed of a resistive network of three equal
resistances, two comparators, a set-reset (SR) trigger and a bipolar transistor. The
resistive network allows the division of the supply voltage into two voltages (1/3)V,,
and (2/3) V.. that will serve as reference voltages to the two comparators C; and C,.
The outputs of these two circuits control the inputs R (reset) and S (set) of the SR
trigger.

The output of the SR trigger is the output of the 555 timer. The complementary
output of the SR trigger serves for the operation in switching the mode of the
transistor Tr (called the discharge transistor).

In order to realize a circuit that generates rectangular waves with a 555 timer, it
is sufficient to have few external components, as shown in Figure 6.13.

C 0.1uF

Figure 6.13. Astable device realized with a 555 integrated circuit

Initially, the potential of the positive input of the comparator C, is equal to
(1/3)V.., whereas the potential of its negative input is zero (the capacitor is
obviously supposed to be discharged when operation starts). The potential (2/3)V,
at the negative input of comparator C; is higher than the potential applied at the
positive input. Consequently, the inputs and the output of SR triggers are in the
following states:

R=0 _
Soi }=Q=1 and Q=0; Vo= Ve
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The capacitor C starts to charge, seeking to reach the voltage (+V..) applied to it.
When the voltage across it reaches and slightly exceeds (1/3)V,. the following
states are reached for the inputs and output of the SR trigger:

RZO} Q=1 and Q=0
= = =
S=0 an

The previous state for the output of SR trigger has been maintained.

The capacitor charge voltage continues to evolve, and when it reaches and
slightly exceeds (2/3)V,., the following states are reached for the two inputs and the
output of the SR trigger:

R=1 _
S—0 }=>Q=0 and Q=1; vi=0

The discharge transistor is saturated under the influence of the voltage applied to
its base: Vg = V. (Q =1). Consequently, the potential of pin (7) of the 555 circuit is
Zero.

Therefore, capacitor C starts to discharge through resistance R, until the voltage
across it reaches and exceeds (1/3)V,. by lower values. At this instant, the states of
the inputs and output of the SR trigger become:

R=0 _
So1 }=>Q=1 and Q=0; Ve = Ve

When the voltage applied to its base is zero (Q = 0), the discharge transistor is
blocked and pin (7) becomes an open connection.

The capacitor has no possibility to discharge. It starts its charge through
resistance R; until the voltage across it reaches and slightly exceeds by a (2/3)V.
higher value. At this moment, the inputs and the output have the following states:

! }:}Q 0 nd Q 1
= a =
S=0

The described cycles are indefinitely repeated. The shapes of the signals
obtained across the capacitor and at the output are schematically shown in
Figure 6.14.
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A Vc : Voltage across capacitor

Y

\ AN

or

l Transient state

Figure 6.14. Evolution of a) the signal across the capacitor
and b) the output signal of the 555 astable circuit
NOTE.— To ensure proper operation of the astable circuit, it is imperative that:
R;>2R,.

This condition allows the capacitor discharge voltage to reach and even go below
the threshold voltage value of (1/3)V.. Otherwise, the circuit cannot operate,
because the low threshold voltage cannot be reached. If Ry < 2R,, then there is no
instability phenomenon.

6.5.3. Period of the output signal

In order to calculate the period T of the output signal, it is important to calculate
the duration T, of the high state and the duration T, of the low state of this signal:

T:T1+T2
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6.5.3.1. Duration of the high state

Let us assume that the astable circuit has reached its steady state. The initial
instant is chosen at t = 0 (established steady state) for the calculation of T, (duration
of the high state). The analysis of the shape of the signals involved (see the diagram
in Figure 6.14) evidences that the duration of the high state is the time needed by the
capacitor C to charge from an initial voltage of (1/3)V. to a final voltage of
(2/3)V. A capacitor charge voltage is defined by the following general relation:

—t

V.=V, =Ac*“+B

c charge
where constants “A” and “B” are determined using boundary conditions.
Att=0; V.= (1/3)V,. Whent — oo, V. = V.

Thisyields:A+B=%V; B=V,_ and A=_?2V

cc cc

2;‘

V.=V =Vcc(1—§ef‘lc)

c charge

At t =T, the charge voltage across the capacitor is equal to (2/3)V...

_'T1
Vc(t = Tl) = VCC(I—geR‘C) :%\]Cc

T, =R,C.Ln(2) = 0.69.R,.C

6.5.3.2. Duration of the low state

The duration of the low state is the time needed by the capacitor to discharge
from an initial voltage of (2/3)V, to a final voltage of (1/3)V,.. In order to find the
expression that defines the duration of the low state, it is important to first find the
law of the variation of discharge voltage across capacitor C:

t

Vc :Vdisch :D'eﬁ +E
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where constants “D” and “E” are determined as follows: at t = O (for the discharge),
V.=D+E=(2/3)V,; whent— o, V.=E = 0. Then:

D = (2/3)Vc.
Finally, the discharge voltage is expressed as:

-t

V=V =2V, e

c disch = 3 cc

At t =T,, the value of the discharge voltage is equal to (1/3)V:

'TZ

2 7c 1
Vc (t:TZ ):Vdisch (t:TZ ): E Vcc 'eRZC = g V.

cc

Hence, the expression of T, (duration of the low state) is:
T,=R,.CLn(2)=0.69.R,.C
Finally, the period of the output signal is defined by:

T=(R,.C+R,.C)Ln(2) = 0.69(R,.C+R,.C)

6.5.4. Another possible implementation

Astable circuits can be realized by changing the arrangement of the external
elements with respect to the circuit indicated in section 6.5.2. Figure 6.15 provides
an example. Further implementations are possible.

Vv

cc

R,

C
0,1pF
/7.

Figure 6.15. Another implementation of the design of a (655) astable timer
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The capacitor charges through resistances R, and R, and discharges only through
resistance R,. Consequently, the durations of the high state (T,) and low state (T,)
are expressed as:

T, =(R, +R,)CLn(2)
T, =R,.C.Ln(2)
The period T is:
T=(R,+2R,)C.Ln(2)
NOTE.— It is possible to obtain an output signal of variable frequency. This can be
achieved by replacing one of the two resistances R; or R, by a potentiometer. It is
also possible to vary this frequency automatically by injecting a variable signal in
the control command pin (5) of the 555 circuit.
6.6. Astable multivibrators with logic gates
6.6.1. Principle and operation
Logic gates offer a very simple way to realize astable circuits. An example of an

astable multivibrator designed with “NOT AND” or NAND logic gates is shown in
Figure 6.16.

Vs

m

Figure 6.16. Astable multivibrator with “NOT AND” logic gate

The output voltage is initially zero: vy = 0. Under these conditions, Vg = V,
(Vee: supply voltage) and consequently V, = 0. Capacitor C charges through
resistances R; and R, according to the diagram shown in Figure 6.17. Diode D is
blocked.
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/
Figure 6.17. Charge of capacitor C through (R + R»). The output potential is 0 V

For a more simple description of the operation, let us suppose that the switching
threshold of the gates is (V/2). When the capacitor starts to charge, the potential of
point A tends to increase. When the potential at this point reaches and slightly
exceeds the switching threshold (V./2), voltages at point B and at the output
become Vi =0 and v, =V, respectively.

The sudden variation (from 0 to +V.) of voltage v, is instantaneously
transmitted from the output to point A through capacitor C.

3
Consequently, V, = EV Vp=0and vi=V,

cc?

Voltage V, is directly applied at the input of the first “NOT AND” gate and on
the anode of diode D. The diode is then conducting. It short-circuits resistance R,.
At this precise instant, the astable multivibrator with “NOT AND” gates can be
represented by the equivalent diagram shown in Figure 6.18.

C  veven C Vyoven
\/S(Vcc ) Vs (Vee)
RZ
R,
VB (0 Volt) VB (0 Volt)

Figure 6.18. State of the astable circuit with
Ve=0and vs =V

cc’

logic gates when v, = gv

The capacitor charges, and the voltage across it is maximal. The voltage (V,)
across resistance R; tends to decrease in the same rate as that of the capacitor
charge. The evolution of voltage V obeys the following law:
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-t
Vg, =V, =De"“ +E
where constants “D” and “E” are determined as follows:

At t =0, Vo = (3V./2), and when t — oo, V, = 0 (there is no current flow

through resistance R;). E=0; and D= %VCC

—t

3 -
V, =V, =5Vcc~eR'C

1

The variation of the voltage across the capacitor is defined as:
Vc = Vcc - \/R1

-t

VC = VCC (1 _EGRIC )
2
The voltage at point “A” decreases with time until it reaches V./2 and slightly
exceeds it. At this instant, Vg = V. and v, =0

The output voltage suddenly decreases from V. to 0 V. This sudden diminution
is instantaneously transmitted from the output to point “A” through capacitor C:

Vg=V.,and V;=0

Under these conditions, the operating state of the astable circuit with logic gates
can be summarized by the diagram shown in Figure 6.19. It can be noted that this
diagram is practically identical to the one shown in Figure 6.17.

The only difference is the initial voltage at point “A”. In this case, it is (—V/2),
while initially it was zero (transient state).

R1_ R: (-\7“ 2)
V 5= V. e V.—\
C

Figure 6.19. Astable circuit with logic gates in

the case where Vg = V., vs =0 and V, = ’Tvcc
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From this instant, the steady state is established and the previously described
cycle repeats indefinitely as long as the circuit is powered. The various signals
existing in the astable circuit with logic gates are summarized in Figure 6.20.

Vcc - T
a) T,

¢)

Figure 6.20. Signals involved in the astable circuit with logic gates:
a) output signal; b) signal at point B; and c) signal at point A

6.6.2. Period of the output signal

The period of the output signal is the sum of the duration T, of the high state and
the duration T, of the low state:

T:T1+T2

Therefore, in order to find the period, it is sufficient to express the two quantities
T, and T,.

6.6.2.1. Duration of the high state

The calculation of the duration of the high state T, involves finding the time
needed for voltage at point A to pass from an initial value of 3V/2 to a final value
of V /2. It should be recalled that the law of variation of V, (when vy = V) is
defined as:
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Att=0,Vy=(3Vel2). Att=T,, Vs = (Veo/2).

=T

3 < V
V(t=T)=2V, e ===
A( 1) 2 cc 2

T] = R[CLH(3)

6.6.2.2. Duration of the low state

The duration T, of the low state is the time needed by voltage at point “A” to
pass from a value (—V,/2) to a value (V./2). The output voltage is zero throughout
the duration T,. The law that governs the variation of voltage at point “A” is defined
by the following expression:

—t

V, =V, (1—%&“‘”)

Att=0, Vo = (—V/2). At t = T,, the value of voltage V, is equal to V /2. In
this case, the capacitor charging constant is equal to (R; + R;)C:

-T,

3 ®xroc. V.
V, =V, (1-2e®ml) = T
A u,( 2 ) 2

T2 = (Rl + Rz)CLn(3)
The period is then defined by the following expression:
T= (2R1 + Rz)CLH(?’)

NOTE.— The technology used for the logic gates relies essentially on the expected
outputs and on the use frequency. Thus, when the frequency parameter is relatively
low and quite significant logic levels are expected in terms of voltage, it is
preferable to use “MOS” logic gates. When a compromise must be reached between
the output level and the use frequency, it is advisable to use “TTL” gates. When the
output frequency parameter is expected to be high, “ECL” technology should be the
choice.

M.O.S: Metal-oxide semiconductor
T.T.L: Transistor—transistor logic (use of bipolar transistors in switching mode)
E.C.L: Emitter-coupled logic (this technology employs bipolar transistors with

emitter coupling. The implementation allows a very rapid switch due to the fact that
transistors never reach saturation).
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6.7. Astable multivibrators with specialized integrated circuits

6.7.1. Introduction

As noted above, a rectangular or square wave can be generated in various ways.
In electronics, integration has further opened the door to specialized circuits, in
order to fulfill a quite precise function. Some of these circuits are described in the
following.

6.7.2. Specification of the 74123 integrated circuit

The 74123 integrated circuit (Figure 6.21) uses T.T.L. technology. It is marketed
as a “DIL” (dual in line) package with 16 pins. Its internal configuration is
essentially composed of two monostables.

16 15 14 13 12 11 10 9

— — [ |

|
Vee J |‘ 6 clear

u q o | 74123
clear 0O
1 2 3 5 6 7 8

Figure 6.21. Diagram of the 74123 integrated circuit

The pinning of this circuit is indicated in Table 6.2.

Pin Function

1;9 Inputs 1, and 2

2; 10 Inputs 1 and 2

3; 11 Inputs “clear]” and “clear2”

4,12 Complementary 1 and 2

5; 13 Outputs Q, and Q,

6; 7 with 14 and 15 Connection of external components

8 Ground
16 Supply voltage V..

Table 6.2. Pinning of 74123
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The simultaneous use of these two integrated monostables allows realization of
an astable circuit. First, an overview of these two monostables will be given. To be
implemented, the monostable needs a few external components, such as a capacitor
and a resistance (Figure 6.22).

[:]Rext |Cext
—— N v I

Q‘—l
I MONOSTABLE
trigger pulse 6 ,

Figure 6.22. Operating principle of a monostable circuit

For the case that is of interest here (shown in Figure 6.22), it should be noted that
when a pulse arrives at the input of the monostable circuit, the circuit output
undergoes a transition from a stable state (low state) to a quasi-stable state (high
state).

The duration T, of this quasi-stable high state is set by the external components
Rext and Cey. This duration is generally defined using the following relation:

T1 = Rexl-cext-Ln(2)
As soon as the duration T, expires, the monostable circuit returns to its stable
state. The signals implemented in the monostable circuit are schematically shown in

Figure 6.23.

AVe < Trigger pulse

Y

[r ] ¢

t

Figure 6.23. Signals implemented in the monostable circuit
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6.7.3. Astable circuit based on a 74123 integrated circuit

The schematic diagram of an astable circuit, the design of which relies on a
74123 “TTL” integrated circuit, is shown in Figure 6.24.

R cc Vcc
extl C extl Rext2 C ext2
TN 16 TN
(15) (14) Q, (7 ©)Q |
1/2 "74123") (13 (1/2 "74123")

DA, A ", (5

MONOSTABLE 1_ / MONOSTABLE 2_
(2) B, Q (10)B, Q,

Figure 6.24. Schematic diagram of the astable
circuit with a 74123 integrated circuit

The two “clear” inputs of the two monostables that constitute the 74123
integrated circuit must be brought to a high logic state: “clear = 1”.

The following is the truth table (Table 6.3) that governs the operation of the two
monostables that constitute 74123.

Inputs of one of the monostables | Corresponding output
A B Q 6
1 0 0 1
1 1 0 1
1 0 0 1
0 1 0 1
0 T I L
d 1 I .

Table 6.3. Truth table for 74123 integrated circuit

As this truth table indicates, it can be noted that in order to obtain a high level at
output, it is sufficient to maintain the input “A” at zero and to send a rising edge on
the input “B” (positive pulse). The other solution is to maintain the input B at “1”



286  Nonlinear Electronics 1

and send a falling edge (or a negative pulse) on the input A. The first configuration
(see the schematic diagram of the astable in Figure 6.24) is chosen in this case. In
order to explain the operation of the astable, let us a priori suppose that the output of
the first configuration (1/2 “74123”) is in high state. This output can maintain this
state (quasi-stable state of the monostable) only for a well-determined period set by
the components Cey and Reyq.

At the moment, when this output undergoes a transition from the high state to the
low state, the complementary output Q, shifts from the low state to the high state.

Therefore, there is a rising edge at the input B, of the second configuration (1/2
“74123”). Consequently, the output Q, is brought from the low state to the high
state. The duration T, of this high state is set by the external components C.y, and
Rexpp- After this duration, the output Q, shifts to the low state and the complementary
output (_)2 shifts from the low state to the high state. Therefore, a rising edge is

applied at the input B; of the first configuration (1/2 “74123”). Then, the output Q,
shifts from the low state to the high state and the cycle thus described repeats
infinitely. A rectangular signal is thus obtained on one of the outputs Q; or Q;
(Figure 6.25). The period of this signal is set by the external components Cey1, Rexi,
Ceth and ReX12~

B,

[ I I
B, |

| I I
Q,
T, 2] | | | t
Q!

e e I I .

Figure 6.25. Various signals implemented in the
astable based on the 74123 integrated circuit

The period of the output signal can be approximated by the following relation:

T=T; + T, = (Cext1. Rext1 T Cexp-Rexi).Ln(2)
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6.7.4. Other specialized circuits

6.7.4.1. 4047 integrated circuit

This circuit is obtained by the “CMOS” manufacturing process; it can operate as
a monostable and astable circuit. Its simplified internal block diagram is shown in
Figure 6.26.

14 13 12 11 10 9 8
— || [ | — M —/ —
L
4047
Retrig.
control
]
Logtggl\g er Astable
multivibrator [~ c(%l?ttfol Monostable
| - | - J T - - I
1 2 3 4 5 6 7

Figure 6.26. Internal block diagram of 4047
astable/monostable multivibrator integrated circuit

The pinning of 4047 is shown in Table 6.4.

Pinning Function

13 C,: external capacitor

2-3 R,: external resistance

4-5 Astable operating command

6-8 Monostable operating command
7 Ground (GND) or supply voltage Vg
9 Ext. reset
10 Output of monostable
11 Complementary output of monostable
12 Retrigger
13 Output of astable
14 Supply Ve

Table 6.4. Pinning of 4047
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6.7.4.2. 4528 integrated circuit

This circuit is obtained by the “CMOS” manufacturing process. This integrated
circuit comprises two monostables.

The realization of an astable based on this type of circuit has already been
studied (see section 6.7.3). The internal block diagram of this circuit is shown in
Figure 6.27.

[}

6 1 4

1
—d ] l|_|

4528 |[[Re G @

C

=Pz

ex2

Coi

’Vchl; CaiR

[ T ;
0 0 ) ) )

1 2 3 4 5 6 7 3

ul

Figure 6.27. Internal block diagram of the 4528 double monostable integrated circuit

The functionalities of various pins of the 4528 CMOS integrated circuit are
summarized in Table 6.5.

Pin Function
1-2 Cex1: external capacitor for monostable 1
2 R.x1: external resistance for monostable 1
3 Reset 1 (monostable 1)
4-5 Control inputs of monostable 1 T or |
6 Output of monostable 1
7 Complementary output of monostable 1
8 Ground (GND) or Vgg
9 Complementary output of monostable 2
10 Output of monostable 2
11-12 Control inputs of monostable 2 T or {
13 Reset 2 (monostable 2)
14-15 Cexp: external capacitor for monostable 2
14 R 2 external resistance for monostable 2
16 Supply V.

Table 6.5. 4528 pinning
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6.8. Exercises
EXERCISE 1

Let us consider the circuit shown in Figure E1.1. The capacitors are in each case
assumed discharged at the start.

Figure E1.1.

1) Given are v. = E =5V, R = 1 kQ. Find the expressions of voltages v, and vp
as a function of time (indicating each time the time constant) in the following cases:

1.1) C;=1puFand C;=1nF; 1.2) C; =1 nF and C, = 1 uF;
1.3)C;=C,=C=1puF.

2) Draw the evolutions of v, and vy as a function of time; for the three cases
in1).

3) Let us now suppose that v, is a unidirectional square signal (Figure E1.2) of
amplitude 5 V and frequency 1,000 Hz.

A v, E=5V

-

Figure E1.2.
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Draw the representation in steady state of v, and vy as a function of time in the
following cases (indicating for each the time constant):

3.1)C;=1pFand C,=1nF;3.2) C; =1 nF and C, = | uF;
33)C;=C,=C=1yF.

EXERCISE 2
Let us consider the circuit shown in Figure E2.1. As a first stage, the continuous

voltage v. = E is applied (Figure E2.2) at the input. The capacitor is assumed
discharged at the initial instant.

Figure E2.1.

v

Figure E2.2.

1) Find the expressions and representations of vy and vg under the following
conditions:

I.LHDR,=10Q; R, =100 kQ and C=1 pF,
1.2) Ry =100kQ; R, =10Q and C =1 puF and
1.3)Ri=R,=R=100kQ and C=1 puF.

2) This time, the signal v, is a unidirectional square signal (Figure E2.3) of
frequency f = 10 kHz and amplitude E. Write the expressions of voltages v, and vg
for an established steady state under the following conditions:
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Ve

Figure E2.3.

2.1)R;=10Q; R, =100 kQ and C=1 pF,

22)R;=100kQ; R, =10 Q and C=1 pF and

23)R;=R,=R=100Q and C=0.1 pF.

3) Draw the representation of signals v, v, vp as a function of time for the three
cases mentioned in question 2.

EXERCISE 3

The task is to study the behavior of the circuit shown in Figure E3.1 by applying
at its input the square signal schematically shown in Figure E3.2.

Figure E3.1.

A Aad

Figure E3.2.
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1) Knowing that the time constant T, = R,C is very large compared to the period
T of the signal applied at input, draw the representation of the evolution in time of
the signals across resistances R; and R, and across capacitor C. For the sake of
simplicity, a choice is made for R; = R.

2) Knowing that the time constant T, = (R; + R,)C is this time very small
compared to the period T of the input signal, draw the evolution of signals across
resistances R; and R, and across capacitor C. Describe the function of the circuit
when the output is taken across resistance R,.

EXERCISE 4

Let us consider the circuit shown in Figure E4.1. The voltage v, is a square
signal of frequency F = 1 kHz and amplitude E (Figure E4.2).

Figure E4.1.

Ve

) " T/2

vV —

Figure E4.2.

NOTE.— Only the steady state should be considered throughout the exercise.

1) Express the charge and discharge constants of capacitor C and compare them
to the half-period of the input signal in the following two cases: (a) R; =R, = 1 kQ,
C=25nF and (b) R =R, =10 kQ, C =20 pF. Draw the conclusions in each case.



Astable Multivibrators 293

2) R =R, =1kQ and C =25 nF. Find the expressions of voltages vg;, va and vg
and the voltage across capacitor C. Draw the graphic representation of these voltages
one under the other.

3) Ry =R, =10 kQ and C = 20 pF. Find the expressions of voltages vy, v4 and
vs and the voltage across capacitor C. Draw the graphic representation of these
voltages one under the other.

EXERCISE 5

Let us consider the circuit shown in Figure ES.1, where C; = C, =C =1 pF and
R =1 k€. The capacitors are discharged at t = 0.

4 Ve L VR
C R |
h C Ve
Figure E5.1.

1) Voltage v, is a continuous voltage of amplitude 5 V. Find the expressions of
Vci, Vo2 and VR.

2) Draw these voltages as a function of time and find their final value.

3) This time v, is a unidirectional square voltage of amplitude E = 5 V and
frequency 100 Hz. Find the expressions of v¢y, vg and v¢,. Draw the evolution of
these voltages as a function of time.

EXERCISE 6

The circuit under study is schematically shown in Figure E6.1.

e
R <+
V¢

Ve Va R Vs

Figure E6.1.
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1) v = E = 5V, the switch k is closed at t = 0, with vc(0) = 0. Find the
expressions of vg and v, at t = 0 and throughout time.

2) Draw the evolution of vs and v, as a function of time.

3) This time, the signal applied at the input is a unidirectional square signal
(varying from 0 V to E =5 V) of frequency f= 100 Hz.

The switch is closed at t = 0 with v(0) = 0. Find the expressions of the charge
and discharge time constants of the output voltage vs and of the voltage at point
A (vp) forR=1kQ and C=0.1 pF.

4) Draw the evolution of vs and v, in time.

5) This time, R = 100 kQ and C = 0.5 pF. Answer the same questions formulated
at 3) and 4). Then, deduce the function achieved by the circuit studied at 5). Only
the steady state case is taken into consideration.

EXERCISE 7

Let us consider the signal (Figure E7.1) applied at the input of a circuit
(Figure E7.2).

Ty T, T

v

Figure E7.1.

Figure E7.2.
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Ti=1ms; T,=2ms; R, =5R; =50kQ; C=50nFand E=10V

1) The diode being assumed ideal, find the expressions and the graphic
representation as a function of time of signals vy, and vs.

2) Draw the evolution in time of vg,.
EXERCISE 8

Let us consider the circuit shown in Figure ES8.1. Initially, the output is assumed
to be in a high saturation state. The diode is considered ideal.

1

| S |

Vs

1
R; ‘ bosced
Figure E8.1.

1) Write the expressions of voltages vs-, Ve and vc at this moment.

2) Since voltage v evolves, find its value starting from which the output voltage
switches. Under these conditions, find the expression and value of v.., vc and vg
right after the switching. Draw the evolutions of these voltages. It is assumed that R,
=R, =R3 =R for questions 2, 3 and 4.

3) Let us consider this time that the threshold of the diode is V= 0.6 V. Rewrite
the expression of various voltages (Ve+, V¢ and vg) and draw their evolution in time.

4) What type of signal is obtained at the output and what is its frequency?
EXERCISE 9

Let us consider the circuit shown in Figure E9.1, based on the 555 integrated
circuit, the internal diagram of which is shown in Figure E9.2.
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Figure E9.1.
ﬂR d V.
(6) Threghold ﬁ; Q (3): Output
R
(5) "Rsu
Control ]R trigger )
(2):Trigger] - Cz S 6 Tr
+
J R | (4): Reset
Figure E9.2.

1) Resume the diagram shown in Figure E9.1 and indicate the charge and
discharge paths of capacitor C.

2) Briefly explain the operation of the circuit shown in Figure E9.1, relying on
the internal structure of the integrated circuit and indicate the exact function of this
circuit.

3) Draw the evolutions, one under the other, of various signals at points A and B
and at the output.

4) Find the expressions and values of the output frequency “f” and of the cyclic
ratio. Given are R; = 10 kQ, R, =2 kQ and C =4.7 nF.
EXERCISE 10

The circuit to be studied is represented by the diagram shown in Figure E10.1.
At t = 0, the capacitor C is assumed discharged, the diode has zero threshold and the
output voltage is vg = +V¢c. Given: Vec =14 V.
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12R

Figure E10.1.

1) Determine the state of diode D and the expressions and the values of v, and of
vgat “t=0".

2) Find the expressions of the charge and discharge time constants of capacitor C.
3) Find the expressions and the values of the switching thresholds.

4) Draw the evolutions of signals v,, vg and vg and find the function of this
circuit.

EXERCISE 11

Let us study the circuit shown in Figure E11.1. The NAND gates employ TTL
technology (V.. =5 V).

Figure E11.1.
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1) Write the truth table of the NAND gate.

2) Initially, the output voltage vg is assumed equal to +Vc and capacitor C is
considered fully discharged. The shift threshold of the gates is (Vc¢/3). Study the
operation of this circuit by drawing the evolutions of voltages vg, vp, v¢ and vg and
of the voltage across capacitor C (vc¢).

3) Assuming that steady state has been reached, find the expressions of v,, vp
and v¢ in the following cases:

3.1) vs is at high state (vs = V¢);
3.2) vy is at low state (vs = 0).
4) What is the function of this circuit? What happens if R; = 0?

5) What is the period T of the output signal (T, is the duration of the high state
and T, is the duration of the low state)? Find the expression and the value of the
cyclic ratio. What is the nature of the output signal?

EXERCISE 12

Let us consider the circuit shown in Figure E12.1. It features “NOR” gates,
employing the TTL technology (Vcc =5 V).

Dl 1 B L 5 A
2 6
R
Cr
11
Figure E12.1.

1) Establish the truth table of a NOR gate with short-circuited inputs.

2) Provide a step-by-step explanation of the operation of this circuit, considering
that initially v4 = 0 V. Then, deduce the evolution of voltages at points A, B and D.

3) The output is taken at point A. What is the function realized by this circuit?
Calculate the duration of the high state and of the low state. Then, deduce the
oscillation frequency. Numerical application: R = 10 kQ and C =1 pF

NOTE.— The switching threshold of the gates is assumed to be equal to (Vc/3).
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EXERCISE 13"

The task is to study the circuit schematically shown in Figure E13.1, which
employs a 555 timer.

Vee

Vs

T P e

Figure E13.1.

1) What function does this circuit perform? Explain.

2) Represent one under the other the evolution in time of the signals at point A
and at the output. Find their expression as a function of V and of parameters external
to the “timer” (555).

3) Calculate the durations of the high state and low state. Then, deduce the
period T of the output signal v.

4) Signal vy is applied at the input of the circuit shown in Figure E13.2. Find the
evolution in time of voltages vs(t), vs;(t) and vg,(t) if R,C, is very small compared to
the period T.

Figure E13.2.

1 No solution has been provided for this exercise in order to allow the reader to test themselves.
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EXERCISE 14°

Let us consider the circuit schematically shown in Figure E14.1.

Figure E14.1.

1) Express the pulse repetition frequency of signals at points A and B. What
conclusion can be drawn?

2) Draw the evolution in time of signals V4, V g and Vp and also that of the
output signal.

3) Briefly explain the function realized by this circuit.
EXERCISE 15°

The task is to simultaneously generate a square signal and a triangular signal. For
this purpose, the circuit shown in Figure E15.1 is the focus of interest.

Figure E15.1.

2 No solution has been provided for this exercise in order to allow the reader to test themselves.
3 No solution has been provided for this exercise in order to allow the reader to test themselves.
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Zener diodes Dz and Dy, are identical. Their Zener voltage V, = 5 V.
Furthermore, R; = Rs.

1) Determine the evolution in time of v, vg and v,.

2) Calculate the periods of the square and triangular signals generated.

EXERCISE 16*

Let us consider the circuit schematically shown in Figure E16.1.

V,

cc

R,
D
A

2
FET VAJ_L 6 s

C

1
0.1 pF—I_

Figure E16.1.

1) Find the evolutions in time of signals v, and v,.
2) Determine the charge and discharge constants of capacitor C.

3) Calculate the period of the output signal v.

Given: Rpon = R, and Rpgpr — 0. Rpon and Rporr are the conduction resistance
and the blocking resistance, respectively, of the field effect transistor (FET). The
pinch off voltage V,, of the FET is approximately —8 V.

6.9. Solutions to exercises
SOLUTION TO EXERCISE 1
For a color version of the figures in this solution, see www.iste.co.uk/haraoubia/

nonlinear].zip.

4 No solution has been provided for this exercise in order to allow the reader to test themselves.
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1) Expressions of voltages v, and vy as a function of time and time constants in
the following cases:

1.1)C;=1pFand C,=1nF
—t —t

Vu = E(l—eRTZ); Vg =V, = E(l—eRTZ); time constant T = RC,

1.2)Ci=1nFand C,=1 pF

—t

vV, =E(l- eRT'); V; =0; time constant T =RC,;

1.3)C;=1puFand C, =1 pF

-2t -2t
RC, E RC N\ L
v, =E(1-¢e""): v, = VTA = 5(1 —e®%); time constant T =RC,/2 = RC,/2

2) Evolutions of v, and v as a function of time when the input voltage “v.” is
continuous and its amplitude is 5 V.
2.1)Cy=1puF and C, =1 nF;

Capacitors C; and C, are connected in series. The capacitance of C; is 1,000
times larger than that of C,.

Consequently, the potential drop across capacitor C; can be expected to be
practically negligible compared to the voltage across capacitor C,.

The two voltages v, and vg are practically zero.

Vo =(Zy+ ZC2)~i
Vg = (Zcz )i

ZCI < Zcz —> VA =Vp

—t
v, =E(1-¢")

—t
v, =v, =E(1-¢e"%)
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t
22)C;=1nFand C, =1 pF
—t
v, =E(1-¢")
vy, =0
A
Sv v ..
4——"_--L-47
2v /
t
0 >

23)Ci;=1pFand C,=1 pF
2t
v, =E(1-¢"")

-2t
Vi :VTA: E(l-¢e")

Time constant T =RC,;/2

val vp

Sv

/
2v

Vs

\ A
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3) v. is a unidirectional square signal. Representation of v, and v and
determination of the time constant.

3.1)C,=1pFand C, =1 nF

Time constant T =RC,
V‘,\/ VB
5VT

2v

Ly

»

The value of the half-period is equal to (T/2) = 0.5 ms. The time constant is:
T=RC,=1ps

Therefore, capacitor C, has the time to fully charge and discharge.

32)C,=1nFand C,=1 pF

Time constant T = RC,

A
sy VA/Vp
2v
(I
0

The value of the half-period is (T/2) = 0.5 ms. The time constant is: T=RC; =1 ps.
Consequently, capacitor C; has the time to fully charge and discharge.
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33)C,=C,=C=1uF

Time constant T = RC/2

A
sy valve
t
0 >
V= Va/2

The value of the half-period is (T/2) = 0.5 ms. The time constant is:
1=RC/2=0.5ms

Consequently, the equivalent capacitor (C/2) does not have the time to charge or
discharge.

SOLUTION TO EXERCISE 2

1) Expressions and representation of v and vg.
I.1H)R;=10Q; R, =100kQ and C=1 puF
1.1.1) Expression

Resistances R; and R, are connected in series (Figure E2.4). The same current
flows through each of them. Consequently, the following can be written:

RZ
R, +R

1 2

Vs = Vg

Figure E2.4.
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R2 >> R]Z
Vg = VB

Capacitor C charges across resistances R; and R,, connected in series. Since
resistance R, is very high compared to Ry, the effect of R; can be neglected.

The charge constant 7 is equal to: T=(R; + R,).C=R,.C

The capacitor charge follows an exponential law. Initially, the capacitor is
assumed to be fully discharged: v(t=0) =0.

—t
Ve =Ae®C 1+ B

Ve(t=0)=0=A + B= A =-B; v(t >=)=E=B

—t —t

Ve = E(1—e®RC) = E(1- ™)

Hence, voltages vy and vg can be determined.

—t —t
_ _ AR +R,)C _ mAR,C
Vg =V, -v. =Ee™ =Ee™

1.1.2) Representation
R;=10Q; R, =100 kQ and C =1 uF;

VS/VB

For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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1.2)R;=100kQ; R, =10 Q and C=1 pF.
1.2.1) Expression

Resistances R; and R, are connected in series. The relation between the output
voltage vs and voltage vg is expressed as:

R,

Ve =V, —//
° PR, +R,

It should be noted that resistance R, is very small compared to R;. Hence:

Vs = Vg

= |3v
n
(e

Capacitor C practically charges through resistance R;. The charge constant is
equal to: 7= (R; + R,).C=R,.C

The capacitor charge follows an exponential law starting from an initial zero
voltage: ve(t =0) = 0.

—t
Ve =Ae®RC 4B

ve(t=0)=0=A+B=A=-B; vc(t—=)=E=B
Hence, the expression of voltage across capacitor C is determined.

—t —t -t -t
Ve =E(1-e®™Y) =E(1-e"%); v, =v, -v. =Ee™™ = Ee¢

vg=0
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1.2.2) Representation

R;=100kQ; R, =10 Q and C =1 uF;

Vs/VB

For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

1.3)Rij=R,=R=100kQ and C=1 pF
1.3.1) Expression

Resistances R; and R, are connected in series and have equal values. The relation
between the output voltage vs and voltage v is expressed as:

Capacitor C practically charges through resistances Ry + R,. The charge constant
tis: T=(R; +Ry).C=2R.C.

The capacitor charge follows an exponential law. The initial voltage is zero:
ve(t=0)=0.

-t
ve=AeMC 4B

Ve(t=0)=0=A+B=A=-B; v(t—«<)=E=B.

The following relations are obtained for the expressions of voltages across the
capacitor and at point B:

—t —t

ve =E(1-e®%) = E(1-e2RC)

—t i
— — Ee®Ri+R)C _ Ra2RC
vy =V, -V, =Ee =Ee
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The output voltage is defined as:

—t

Vg = B _ — o2RC

2
1.3.2) Representation

R; =100 kQ; R, =100 kQ and C =1 pF;

Vs /VB

For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

2) The input signal is a unidirectional square signal of frequency f = 10 kHz and

amplitude E. Expressions of voltages v and vg for an established steady state.

2.)R; =10 Q; R, =100kQ and C = 1 puF

The frequency of the input signal is 10 kHz, and the period is about 0.10 ms. The

capacitor C charges through the series connection of two resistances R; and R, with
the time constant: T= (R, + R;).C = 100 ms.

In steady state, the capacitor blocks the passage of the continuous component

and allows the passage toward the output of the square signal without its continuous
component.

Hence, the expressions of signals v and v, are determined.

RZ
"R, +R,

Vg =V

R2>>R]:>Vs:VB
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)
O

vc = (E/2) is the (continuous) average value of the input signal.

E O<t<T

Vg=Vp =V, = V.=V —Ez 2 2
¢ ° 2 -E T

— —<t<T
2 2

22)R;=100kQ; R,=10Qand C=1 uF

The capacitor still charges and discharges through the series connection of the
two resistances R; and R, with time constant T = (R; + R,).C. The value of the time
constant is very large compared to the half-period of the input signal:

T >> (T/2). The capacitor is applied as the continuous component of the input
signal. Hence:

E R,
Ve =3’ Vg = Vg

E T
. .y _V_E_ E O<t<—
B e C e 2 —E T

23)R;=R,=R=100Q and C=0.1 uF.
The charge and discharge constant of capacitor C is equal to:

1= (R, +R,).C =2.R.C =0.02 ms
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It should be recalled that the half-period of the input signal is 0.05 ms. Therefore,
the capacitor charges and discharges partially.

R v
Vg=vy——=——=—2 and v, =V, -V,
R,+R, 2

In order to find the expression of v, the expressions of v¢ relative to the charge
and discharge of the capacitor should be found.

2.3.1) Charge case

-t
Ve =Ae®C 1+ B

Ve(t=0)=Vie=A +B; ve(t—><)=E=B=A=V,.—E

where Vi, is the initial charge voltage (the capacitor has no time to fully charge or
fully discharge).

In steady state, the voltage across the capacitor has an initial charge voltage
(Vine) and an initial discharge voltage (Vinq)-

It should be noted that the final charge voltage is equal to the initial discharge
voltage (Vina), and the final discharge voltage is equal to the initial charge voltage
(Vinc):

. N
ve =(V,, —E)e®** I+ E=(V, —E)e™* +E

When the input voltage is at high state, the expression of vg is:
Vg T Ve - Ve

—t

v =(v,—ve)=(E-V, )e*¢

inc

2.3.2) Discharge case

—t
Ve =A™ 1B
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The boundary conditions allow the determination of coefficients A and B.
ve(t=0)=Ving=A; +By; ve(t ) =0=B = A=Vjy;
where Vy,q is the initial discharge voltage.

Finally, the voltage across capacitor C is defined by the following relation:

—t —t
— (Rj+Ry)C _ 2RC
Ve = \,inde - \,inde

When the input voltage is in low state (capacitor discharge), the voltage vg has
the following expression:

—t
—v - — v = 2RC
Vg =V, -Ve =-Ve =-V ¢

2.3.3) Determination of Vi, and V4

The initial charge voltage Vi, is also the final discharge voltage:

-T/2

V. = V, € R =0.082V,

ind ind
The initial discharge voltage V4 is also the final charge voltage:

-T/2

—E)e’¢ +E=0.082V, _+0.918E

inc

Via =V,

inc

v,, =0.0067V,, +0.918E = v, = 0.924E

v, =0.076E

The expression of v and vg can then be fully determined. Indeed, when v, = E:

=
Vg =(v, = V) =0.924Ee?*¢ and v, = VTB

When v, = 0:

-t —t

v, = -V, e =-0.924.E.e™ and v, =V7B

in
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3) Representation as a function of time of signals v, v; and vy for the three cases
mentioned in question 2.

3R =10Q,R, =100kQ and C =1 pF,

A Ve

v

VB = Vs

A
E/2

0
-E/2

v

For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

32)R;=100kQ,R,=10Q and C=1 pF

Ve
A
E
t
0 >
AL vg=0
E2
t
0 >

For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

33)R;=R,=R=100Q and C=0.1 pF.

Let us recall that the calculations effected have allowed the definition of the
expressions of various voltages (vg and vs) as a function of time, both during the
charge and the discharge of the capacitor, leading to the following relations:



314 Nonlinear Electronics 1

During the charge:

—t
v, =0.924Ee*C and v, =V7B
During the discharge:
= = v
Vg = -V, €28 =-0.924Ee?*¢ and v, = 7‘3

-E

For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

SOLUTION TO EXERCISE 3

1) Representation of the evolution in time of the signals across resistances R; and
R, and across capacitor C when the time constant T; = R,C is very large compared to
period T.

Writing the voltages in the circuit algebraically yields:
Ve = VR T VR2 + Ve

Given that the time constant is very large compared to the period of the input
signal, when the steady state is established, the average value of the input signal is
found across capacitor C.
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This average value is defined as follows:

lT 1T/2

The determination of voltage across C allows the deduction of the variations of
voltage across R, and the voltage across Rj:

R
ve =(V/2); Ve = Ve =Vri + Vra = Ve — (V/2); sz—l

VR2 2

If, for the sake of simplicity, a choice is made for R; = R,, then:

Ve = Vra =

2

The various relations established can be used to draw the graphic representations
of Vg1, Vg2 and v¢ (R} =R»), as schematically shown below.

A

\%

Ve

T, | T,

\ A

A VR

V/4 T

/4 |

AVRo
V/4 T

Ve

V72

\ A

For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip
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2) Evolution of the signals across resistances R; and R, and capacitor C.
Function of the circuit when the output is considered across resistance Rj.

The time constant is very low compared to the period of the input signal and the
capacitor has the time to fully charge and discharge.

—t
_ V(-e*) charge with T= (R, + Ry)C

—t

Ve© discharge
To simplify, let us consider R; =Ry v, — V¢ = VRy + VRa = 2Vgy
-t
—e" charge
2
R1 —

-t

e discharge

“Ve
v L
) i ‘T‘::T’: t
0 >
L 3%
S N N N \ i
P I S S G e

S
[\
—lr-»
g
;
r-
o
v

vaf -

0

A e O

For a color version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

When the output is taken across R,, it can be said that the function of the circuit
is a high-pass filter.
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SOLUTION TO EXERCISE 4

1) Charge and discharge constants. Comparison with the half-period of the input
signal.

)a)R; =R, =1kQ,C=25nF
The capacitor charges and discharges through the same path.
T.=T¢=(R; +R)C =50 ps
The period of the input signal is given by:
T=(1/F)=1ms; T/2=500 us = 1. =14 << (T/2).
The capacitor has the time to fully charge and discharge during a half-period.
1)b) Ry =R, =10kQ, C =20 puF;
T.=T¢=(R; + Ry)C =40 ms and T/2 =500 ps; t. =14 >> (T/2).

The capacitor does not have the time to fully charge and discharge during a
half-period.

2) Expressions of voltages vg;, v4 and vg and of the voltage across capacitor C,
and their representation when R; =R, = 1 kQ and C =25 nF.

2.1) During charge (v. = E)

The capacitor has the time to charge

t
_ C(R+R,)C _ . _ _
ve=E(l-e ") and v, =vo+vg; Ve =V =V, =V, — (Ve +vg)
Vg = Vg, and Vg +Vp =V, =V Vi, =V, =V et 2vg =v, = v, (R;=Ry)

Finally, the expressions of voltages vg; and vg can be defined as follows:

t

t t
E ~wxoc E wxc I ~®woc
_ (R{+R,)C Y . _ (R +R,)C . _ (R;+R,)C
v =oe MR v = e M) v B e MR
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2.2) During the discharge (v, = 0)
The capacitor has the time to discharge

t t
e (RiFR;)C. E “®irc

ve=E 3y Vp=——.€

E [ —
_ _ (R;+R;,)C
Vo, =Vg+tve=—e

Representation of voltages v., Vg1, Va, Vs and v as a function of time

AVe

A

v

v

E2

v

AV
gt2

\ AN

AVs
E2

o ¥y -

\ A

3) Expressions of voltages vg;, v4 and vs and of the voltage across capacitor C,
and their representation in case R; = R, = 10 kQ and C = 20 pF.
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In steady state, the continuous component (average value) of the input signal is
found across capacitor C.

V, = Vet Vg
Vs = Vg5
Vg + Ve, =V

—Ve

€

R, =R, and R; and R, are connected in series:

Vry = Vg = Vg

This allows the determination of the expression of vs and, consequently, of vg;:

E
— v,=E
Vzl(V —Vo) = 4
S 2 e C -E
— v.=0
4
E
— v, =E
v, = 4
RI ™
_E Ve:()
4
E v.,=E
Vy =Vt vg= g
— v, =0
4



320 Nonlinear Electronics 1

The diagram of various signals (v, V¢, Vi1, Va and vg) is shown in the following
figure:

A

\ An

AVC

E2

\ A

Vi

E/4
0

v

AVA

E
3E/4
E/4
0

I\E

\ Al

E/4

7

v

SOLUTION TO EXERCISE 5

1) Expressions of v, V¢, and vg when the voltage v, is continuous and equal to
E=5V

\ei le and Ve = 221

The capacitances of capacitors C; and C, are equal, and the same current flows
through them. Hence:

Z] = Zz and Vci1 = Ver™ Ve
The two capacitors are connected in series; therefore, they can be joined in only

one capacitor. The studied circuit, which is schematically shown in Figure E5.2(a),
has an equivalent circuit shown in Figure E5.2(b).
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<« <Y \

Vci R R
C R R |
Ve C, Ve = ve=E Ceq Veeq
(@ (b)
Figure E5.2.
C.C C
Cl = CZ) Vc1 = Ve = Ve, Ceq = Cl l+ C22 = 3 .
- . RC
E=2vc +vp. = VRTVCeq and Ve = Ae™ +B with T= T

=0, A+ B =0; t o0, Ve = E

-t Ve E. = -t
VCequ(l_eT)n Var = Ve = eqza(l_et)s VR=E_VCeq=EeT

2) Representation of voltages v¢;, v, and vy as a function of time (see Figure
E5.3) and final values (t —e0) of these voltages.

A

E Ve E=5v

E/2 [rorXreereerrerrasusannarcannannannnan ER2

Figure E5.3. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip

The final value of v, = final value of vc, = 2.5 V; final value of vg =0V

3) Expressions and representation as a function of time of v¢y, vg and vcy,
knowing that v, is a square voltage of amplitude E = 5 V and frequency equal to
100 Hz.
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. . RC
The charge and discharge time constants are equal to T:T=——=0.5ms. The

period of the input signal is: T = 10 ms.

Consequently, capacitors C; and C, have the time to fully charge and discharge.
Since their series connection has a capacitance that is half of C; or C,, the equivalent
capacitance Cq also has the time to fully charge and discharge.

3.1) Expressions of vy, vg and vc

During the charge:
6 Ve _ E - ot
VcquE(l—eT); VCl:VCZZ%:E(l—eT); Vr =Ee-~
During the discharge:
= Ve, -t —t
Ve =BET)s Vo = Ve, :ch:_er ; vg =—Ee*

3.2) Representation of v, v¢y, Ve, and vy (see Figure E5.4)

Ve

o
V+

AVc1 =N

o
\ And

VR

\ And

0
-E/2 f

Figure E5.4. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip
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SOLUTION TO EXERCISE 6

1) Expressions of vg and va
R E E
Att=0,v¢=0; vg=——Vv,=—, v, =V, =—
¢ STR+R ¢ 20 4 82

When time t evolves, the various expressions can be written as follows:

__t __t
ve =E(l—e 2R) ;v :%e 2RCY and

t

V, =Vetvg= E(I—Ee_ﬁ)

2) Representations of vs and v (see Figure E6.2)

A Vs A Va
E E
E/2 E/2
t t‘
0 e 0 g

Figure E6.2. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip

3) Expressions of the charge and discharge constants of vg and v, for the case

when: R =1kQ and C = 0.1 pF. v, is a square signal.
The calculation of the charge and discharge constants yields:

Tcharge :Tdischarge =1t=2RC=0.2 ms; T=10ms =T >> "E)
Capacitor C has the time to fully charge and discharge.

3.1) Case of the charge of capacitor C

t
VC(chargc) = E(l_e ZRC)
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The evolutions of output voltages and of the voltage at point A during the charge
of capacitor C are expressed by the following relations:

t
=—e 2RC

| —
— — — 2RC
VS(charge) 2 > VA(charge) =Ve + Vg = E(l 2 € )

3.2) Case of discharge of capacitor C

t

— Fe 2RC
VC(discharge) =Ee

t t
— _ a 2RC — — & 2RC
VS(discharge) - 2 € ) s VA(discharge) - VC + VS - 2 € )

4) Representation of the evolution in time of vg and v, (see Figure E6.3).

A Va
AVS 444444444 VC ,,,,,,,,,,,,,,,, E /—-I /-l
E2 E2 i
t : :
0 " 0

Figure E6.3. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip

5) Expressions of the charge and discharge constants of vg and v, and
representation of their evolution when R = 100 kQ and C = 0.5 pF, and the function
of the circuit.

5.1) Charge and discharge time constants

Teharge = Tdischarge = T =2 RC =100 ms, T = 10 ms (T period) T >> 7.

5.2) Expressions of vg and v
5.2.1) Case when v, = E
ve=E/2; vi=E/4

VAo =Vetvg= 3E/4
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5.2.2) Case when v, =0
ve=E/2;vg=—E/4; vpa=vc+vs=E/4

5.3) Representations of vg and v, (see Figure E6.4)

A Vg A Va
E ress
3E/4
E/2 E/2
t — t
0 0 -

Figure E6.4. For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip

5.4) Function of the circuit: the circuit studied in question 5 is a coupling circuit.
SOLUTION TO EXERCISE 7

1) Expressions and representations as a function of time of signals vg; and vy

1.1) Expressions of signals vg; and v

The diode is assumed ideal. The negative part of the input voltage is clipped.
Therefore, only the positive part remains.

Signals vg; and vg are periodic

E 0<t<T
Vo, =
Folo T <t<T

—t
E+(V,—-E)e"™ 0<t<T,  charge

Vg .

Vi, et T, <t<T discharge

where V. is the initial charge voltage and V4 is the initial discharge voltage.

In order to find the charge constant (t;) and the discharge constant (1), it is
sufficient to note that the capacitor charges across resistance R, and dynamic
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resistance Ry of the diode (here Ry = 0). On the contrary, it discharges through the
series connection of resistances R; and R,. Hence:

T1= ch and Tr= (R1 + Rz)c
1.2) Representations of vg; and vg (see Figure E7.3)

2 Vi

v

Figure E7.3.

2) Representation of vg,(t) (see Figure E7.4)

A Vr2

E'Vic

-

Figure E7.4.

\ A

It can be noted without difficulty that vg, = Vgy — Vs

—t
(E-V,)e" 0<t<T,  charge
rR2 ~ .

-V, e® T, <t<T discharge
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SOLUTION TO EXERCISE 8
1) Expressions of voltages at points V.., v¢ and vs.

The output of the operational amplifier is assumed at high state, the diode being
considered ideal. Under these conditions: vs = V¢

The expression of the voltage applied at the non-inverting input of the
operational amplifier is:
R R
Ver = —1VS Ver = —1Vcc
R, +R, R, +R,

The capacitor starts to charge from a voltage that is initially zero.

-t
Ve =AeR¢ +B

where A and B are constants that can be determined using boundary conditions.
AttZO,choandWhent—)‘x’, Ve —)VCC;A“FB:O and B :VCC;A:_VCC

—t
Ve = Ve (1—eR3%)

2) Value of voltage v, starting from which the output voltage switches.
Expressions of ve;, v¢ and vg right after the switching and their value and
representation as a function of time.

2.1) Value of voltage v, starting from which the output voltage shifts

The voltage across capacitor increases and is compared at any moment with the
voltage on the non-inverting input of the operational amplifier. The output switches
as soon as the voltage v, reaches and slightly exceeds voltage v,.. The expression of
the switching voltage is:

R V,
Vee =Ve = — v -
R, +R, 2

2.2) Expressions of v, vc and vg right after the switching and their value.
When there is a switching, the output of the operational amplifier passes from

high saturation to low saturation. The presence of diode D (ideal diode) clips the
signal and hence at the output: vg =0
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This yields: ve. =0

The output voltage vs (vs = 0) is applied through resistance R; to the capacitor
previously charged under voltage (V¢c/2). This capacitor starts its discharge seeking
to reach zero value. Since the voltage across C cannot decrease below zero,
switching is no longer possible. The evolution of voltage across the capacitor can be
described as follows:

-t
— R3C .
Ve =AY +B;

Vi \/
fort:oy Ve = ;C andfort—>ooVC=O,B=Oand A:%

—t
VCC

— R3C .
Ve =——eR3C;

2.3) Representations of evolutions of voltages v, vc and vg (see Figure ES.2)

v
A'S

Vce

v

Vet

v

Ve

S
v

Figure E8.2.

3) Expressions of various voltages (v, vc and vg) and representations of their
evolution in time knowing that the diode threshold voltage is Vo = 0.6 V. The output
of the amplifier is assumed at high state:

Rl VCC e

vs = Ve, Ve+:ﬁVCC: 5 Ve = Ve (1-€R)
1 2
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As soon as v¢ reaches (V¢c/2), switching occurs. Hence:
vs ==V, Ve:= —(Vo/2).

The capacitor starts to discharge, and the voltage across it decreases from a value
of (Vcc/2) seeking to reach —V, according to the law:

V, V,
fort=0, v. = ;C and for t — o0, ve ==V, B,=—Vjyand A, =%+VO.
Finally, the voltage across the capacitor during discharge can be written as
follows:

-t

V -
Ve =( ;C +V0)eR3C _VO

The voltage across the capacitor never reaches the value —V,, since at the
moment when it reaches (—V/2) by a lower value, there is a switching of the output
of the operational amplifier from the low state to the high state: vg = Vc.

From this instant, the capacitor starts its charge from an initial voltage of (—V/2)
seeking to reach (+V¢c) according to the law:

— A R )
ve =A™ +B;;

v
for t = 0, VCZTOZA3+B3 and for t — o, v¢ = Vee, By = Ve and

-V
A, = 20 —Vee

-t

v —t
Ve = (—2 0 —V.)eM + V.

The voltage across capacitor (vc = ve-) increases until it reaches (V¢c/2) by
higher value.
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At this instant, there is a switching of the output from the high state to the low
state:

Vg = *V() and Vei+— *(V0/2)
The cycle thus described repeats infinitely.

The representation of signals present at the output, across the capacitor and at the
non-inverting input of the operational amplifier is given by the diagram shown in
Figure E8.3.

AVs
VCC L S—
T >
:TL P T') _ t
v —
A i
Vee/2 = —_ T .
0 -———»
A v
Veo/2 T > t
\ ! \ »
_V0/2 *q/ ......... >

Figure E8.3. Representation of various signals: vs, Ve*, Ve~ (Vc)

4) Type of signal obtained at the output and signal frequency
4.1) Type of signal

The output signal is rectangular. It has a non-zero average value. This signal
evolves between two extreme values (V¢c and —Vy).

The rectangular shape is due to the presence of the diode causing the switching
thresholds to be non-symmetrical. The switching thresholds are (V¢¢/2) and (—V/2).
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4.2) Determination of the frequency of the output signal

In order to obtain the frequency F of the output signal, it is sufficient to calculate
the period T of this signal.

T=T,+T,and F = (1/T)

For the calculation of Ty, it is sufficient to note that this duration is the time
needed by the capacitor C to charge from an initial value of —V/2 up to a final value
of (Vcc/2). Let us recall that the law that governs the charge of the capacitor is
expressed by the following relation:

-t

v i
Ve = (—2 0 —V.)eM + V.

Fort= Tl, Ve = Vcc/z.

-,
-V, R.C V,
Ve = (50 Ve Ve =56

2V +V,
T, =R,CLn {—CC 0 }
cC
For the calculation of T,, it is sufficient to see that this duration is the time

needed by capacitor C to discharge from an initial value of V¢¢/2 to a final value of
(=V/2).

The law that governs the capacitor discharge is expressed by the following
relation:

—t

V _
ve = (= +V,)e" -V,

Fort= Tz, Ve = —V0/2.

-T,

V, Rc -V
VC(Tz):(%"'Vo)eR}C_VO = s

2

V.. +2V,
T,=R,CLn {M}

0
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According to the relations defining T, and T, it can be noted that the duration of
the low state is significantly longer than the duration of the high state.

The period T of the output signal vy is:

2Vee +V, | Vee +2V,
VO

cc

T=T,+T,=R,CLn K H and F = (1/T)

SOLUTION TO EXERCISE 9

1) Diagram and charge and discharge paths of capacitor C (see Figure E9.3)

Discharge

Figure E9.3. Capacitor charges across resistances Ry and Rz
and discharges across R». For a color version of this figure, see
www.iste.co.uk/haraoubia/nonlinear1.zip

2) Operation and function of the circuit

This circuit has two switching thresholds imposed by the internal diagram of
555. These switching thresholds, which are (Vcc/3) and (2Vcc/3), act on two
comparators that in turn drive an SR flip-flop.

The state of the inputs of the SR flip-flop sets the state of the output of the
studied circuit. Capacitor C charges across R; and R, when the output is at high
state. The complementary output of the SR flip-flop is at low state. Transistor Tr is
blocked and has a very high collector—emitter resistance. When the charge of the
capacitor reaches the threshold (2V¢¢/3), the output goes from the high state to the
low state. The complementary output is at the high state.
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Transistor Tr is saturated and its collector is connected to zero potential.
Consequently, capacitor C discharges through R,. As soon as the voltage across the
capacitor reaches the value (Vc/3), the output shifts back from the low state to the

high state.

The described cycle is repeated to allow the generation of a rectangular signal at
the output. The function of the circuit: generation of rectangular waves.

3) Representations of the evolutions of signals v,, vg and vs (see Figure E9.4).

AVs
Vce
T, T, t
0 >
AVA
5/6Vce
t
0 :
Avy
2/3Vee
1/3Vee - I
o >

Figure E9.4. Representations of the evolutions of signals va, vs and vs
4) Expressions and values of the frequency of the output signal and of the cyclic
ratio with R; = 10 kQ, R, =2 kQ and C =4.7 nF
4.1) Frequency of the output signal
T,=(R;+R;).C.Ln(2) and T,=R,.C.Ln(2).
T=(R; +2R,).C.Ln(2)

1
f =
(R, +2R,).C.Ln(2)
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4.2) Duty cycle
T (R+Ry)
T (R, +2R))

Numerical application: f =21.9KHz; r=0.85

SOLUTION TO EXERCISE 10
1) State of diode D and expressions and values of v, and vg at t = 0.

Given the condition imposed on voltage vs = +Vc = 14 V at instant t = 0, the
diode D can only be blocked.

VB:()

R R Vee

= v, = V., =—SC =2y
R+6R ° R+6R € 7

Va

2) Expression of the charge constant (t.) and discharge constant (t4) of capacitor C
The capacitor charges and discharges through the same path:
1. =14=RC
3) Expressions and values of the switching thresholds
3.1) High threshold V,

R

When vg = V¢, the diode D is blocked: v, =V, = ——
R +6R

VCC

\/
V, = =2v
7

3.2) Low threshold V,

-R

=—V,
R+R,

When vs = =V, the diode D is conducting:v, =V, e, With

C=UR6R=ML\g=w= R mxz;%Czaxv
18R R +4R 5
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-V,
V,=— =28V

4) Representation of the evolution of va, vg and vs, and function of the circuit

4.1) Representation of v,(t), vg(t) and vs(t) (see Figure E10.2).

A v

VA e t
0= P e

V2 _S__ / _S* / —&

v

Figure E10.2. Representation of va, vg and vs. For a color
version of this figure, see www.iste.co.uk/haraoubia/nonlinear1.zip

4.2) Function of the circuit: Astable — generator of rectangular wave.
SOLUTION TO EXERCISE 11

1) Truth table of NAND gate

1 >
I
2|

=]

— o= |Oo |

—_—l— OO
O'—"—‘~>

2) Study of the circuit operation by drawing the evolutions of voltages vg, vp, Vg
and vg and of the voltage across capacitance C (vc).
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2.1) Stage 1

Presuming that the output of gate 2 is at the high state:
vs=Vce = Vp=0

Voltage vs was previously in the low state and then it went to the high state.
vs: 0 — +Vc (variation of Avs = +V¢c).

It should be noted that when vg was in idle state (vs = 0), vp = V¢ and
consequently vg = v = Vcc. As soon as voltage is applied at the second input of the
first NAND gate:

vp =0, vs = V¢c and v = vi = 2V ¢ (transient state)

Under these conditions, the diagram of the circuit shown in Figure E11.2 is
applicable.

(es]

Vs R, VB

Vp=— 0

Figure E11.2.

Voltage vy tends to decrease in order to cancel out the current in the circuit
(charge of capacitor C) until vy is slightly below V¢¢/3. At this moment, voltage vp
goes from zero to V¢c and the output voltage vg goes instantaneously from +Vc to

Zero (AVS = —Vcc).

This variation (—V¢) is directly transmitted to point B through capacitor C. This
yields:

vp = Vee, vs =0 and vg = vi = (Ve/3) = Ve = (2Ved/3)

It is the beginning of the steady state. Voltages v and v are equal, there is no
potential drop across R; and the current inflow at the gates is practically zero.

Vi = (—2V/3) = “0” (logical zero)
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2.2) Stage 2

Under the previously mentioned conditions and depending on the values of
voltages existing at this stage, the circuit can be schematically drawn using Figure
E11.3. Voltage vp increases starting from the prior initial value of (—2V¢c/3),
seeking to reach V¢c.

| — B
| |
C VB

Iy

Vg=

Vb

Figure E11.3.

The capacitor seeks to recover all the voltage applied to it through resistance R,
to cancel out the current in the circuit.

Voltage vy (and consequently voltage vr) increases exponentially.

When voltage vy increases and slightly exceeds (Vcc/3), voltage vp goes from
+V¢c to zero and voltage vg goes from zero to +Vc (variation Avg = +Vc). This
variation is instantaneously transmitted to point B. Hence:

vp =0, vs = Vec and vg = vi = (Vec/3) + Vee = (4Vee/3)

2.3) Stage 3

Given the presence of these voltages, the circuit comprising the capacitor can be
schematically shown in Figure E11.4.

11
C

VD:()

Figure E11.4.
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This is the circuit obtained at stage 1. The only difference resides in the initial
value of voltage vg = (4Vcc/3). This voltage v should therefore evolve until
reaching (V¢c/3) by lower value. The system switches and hence:

vp = Vee, Vs = 0; vg = Vi = (Vee/3) = Vee = (=2Ve/3)

Thus, the system goes indefinitely from stage 2 to stage 3, and vice versa, to
allow for the generation of a rectangular signal at the output.

The various signals involved (vs, Vg, Vg, Vc and vp) are schematically shown in
Figure E11.5.

A Vs
Ve
cc T T, | | ¢
0 >
VB=V
4Vee/3 R B ’\
t
0 | J\I /:
2Vedl3 L~
A Vc=Vs-Vp
2Vec/3 t
) >
Voo h Yo
[ ] [,
0 >

Figure E11.5. Evolutions of voltages vs, Vg, VF, vc and vp

3) Expressions of v,, vg and vc when the steady state has been reached:

31) Vs = VCC

-t -t
4 — 4 —
\7 Vcc, Vg = ;VCC' eRZC, Vg =Vg — Vg = Vcc(l - ;) eRzC

32)vs=0

—t -t

5 = 5 —
Va = Vcc, VB = VCC (1 - E) . eRZC, VC = VS - VB = _Vcc(l — 5) eRzC

4) Function of the circuit and its state when R; = 0.

The circuit is an astable multivibrator. When R, = 0, the NAND gate number 1 is
no longer protected in terms of current; therefore, it runs the risk of being destroyed

as soon as the power supply is on.
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5) Period T of the output signal, expression, value of the cyclic ratio and nature
of the output signal

5.1) Period of the output signal

The period can be calculated by determining the duration T; of the high state and
the duration T, of the low state since:

T= T] + T2
5.1.1) Calculation of the duration T, of the high state

The duration T, is the time needed for voltage v to go from (4V¢c/3) to (Vec/3).
Voltage vp evolves according to an exponential law (that follows the charge or
discharge of a capacitor). The charge or discharge constant for this circuit is T = R,.C.

The evolution of vy can then be described by the following law:

—t

Vg = Ae™ +B
where A and B are two constants that can be determined using the boundary conditions.
Indeed, fort =0, vg = (4Vcc/3) = A + B.

Whent — o, vg >0 =B =0and A = (4Vc/3)

—t

- T
Vg = 3 Ve

When t = Tl, VB = (Vcc/3)

4 o,
VB(T1)=§VCC'er = ;C

T, =2.1Ln(2)
5.1.2) Calculation of the duration T, of the low state

The duration T, is the time needed for voltage v to go from a negative value
equal to (—2Vc/3) to a positive value (+V¢/3) following an exponential law:

—t

vy = A et + B,
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where A; and B, are two constants that can be determined using boundary
conditions.

Fort= 0, VB = (_2VCC/3) = A1 + B]

Whent — oo, vg > Vee = By = Vecand A, = (*SVC(;/?))

-t

5 =
Vg = VCC(I—E.e ")

When t = Tz, VB = (Vcc/3),

5 2V,
v.(T,)=V. .(1-=¢ " )=—¢
B( 2) CC( 3 ) 3
5
TZZT.LH(E)
Finally:

T=T, +T, =tLn(10)
5.2) Expression and value of the cyclic ratio

T, _2tln@)_2Ln@2)_

T tLn(10) Ln(10)

5.3) Nature of the output signal
The output signal is a rectangular signal (T, # T,) since r # 0.5.
SOLUTION TO EXERCISE 12

1) Truth table of a NOR gate with short-circuited inputs.

Input Output
1 2 B
0 0 1
1 1 0

It is characteristic of a non-inverting gate.
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2) Stage-by-stage operation of the circuit assuming vy = 0 V and evolution of
voltages at points A, B and D.

2.1) Stage-by-stage operation
2.1.1) Stage 1
va=0=vg=Vc
vp =0,

Under these conditions, the circuit schematically shown in Figure E12.2 is

obtained.
vg =V Vb
C
I v A:O

Figure E12.2.

Voltage vp increases with the charge of capacitor C (charge constant T = RC)

-t
Vp = Ve (1=eR¢)

As soon as vp reaches the value (V¢c/3) and slightly exceeds it, there is a
switching of vg and v,.

2.1.2) Stage 2

vp = (1/3)Vee +Vee = (4/3)Vec; ve = 0 and v = Vc; under these conditions, the
circuit shown in Figure E12.3 is obtained.

v
Va=Vee —I y
C R
VB =0

Figure E12.3.
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The capacitor tends to bring down to zero the current across it. Consequently,
voltage vp decreases from (4Vc/3).

When vp, reaches (Vc/3) and is slightly below this value, there is a switching of
VB and VA.

2.1.3) Stage 3
vp = (1/3)Vee =Vee = (=2Ve/3);
Vg = VCC and \7 N 0.

Under these conditions, the circuit shown in Figure E12.4 is obtained.

vg =V, Vb
C
IVA:()

Figure E12.4.

This time voltage vp increases from (—2V¢/3) seeking to reach V¢, but as soon
as it reaches (V¢/3) and slightly exceeds it, there is a switching of vg and v4.

2.1.4) Stage 4

VB = 0
and \7 % Vcc, Vp = (1/3)VCC +VCC = (4VCC/3)

This leads back to stage 2. There is therefore an indefinite passage from stage 2
to stage 3 and vice versa.
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2.2) Evolution of voltages at points A, B and D (see Figure E12.5)

A Vp
Stage 2 Stage 4= Stage
Vee
Stage 1 Stage 3 <
T, T, t
A vp
4V /3
e \ N \ \
Stage 3 \ \
Vo3 (Stage \‘
< o Stage 2 Stage4=2|  / / t
el /
A Vg
Vee
t
0 P>

Figure E12.5. Evolution of voltages va, vg and vp

3.1) Function of the circuit
Function of the circuit: astable multivibrator

3.2) Calculation of the duration of the high state Ty, the low state T, and the
oscillation frequency

3.2.1) Duration of the high state T,

The output is taken at the level of v4. T is the time needed by voltage vp to go
from the value (4Vc/3) to the value (Vcc/3). It should be recalled that voltage vp
evolves exponentially according to the following law:

-t

— A eRC
v, =Aef +B,
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Boundary conditions lead to:

Fort =0, vp = (4/3)Vcc =A; + By and fort — o, vp — 0: By =0 and A, =
(4Vcc/3)

4w
Hence: v =—V..er¢
3

=Tl

4 - 1
Att:Tl,VD:(1/3)VCC: VD(TI):EVCCGRL ZEVCC

T, =2RC.Ln(2).
Numerical application: R=10kQ and C=1 pF = T, =13.86 ms
3.2.2) Duration of the low state T,

T, is the time needed by voltage vp to go from a value of (—2V¢/3) to (Vec/3).

—t
— RC .
vy =A,eRC +B,;

When t =0, vp = (—2/3)Vcc = A+B and for t — oo, vp — V¢!

—t

5 -
B] = VCC and A1 = (_SVCc/3) Vp = VCC (1_§eRC)

-T,

1
A =T, vp = (13)Vees Vo ) = Vee1= 3% =5 Vec

T, = RCLn(%)

Numerical application: R =10 kQ and C =1 puF
T,=13.86ms, T,=9.16 ms; T=T, + T,=RC.Ln10 =23 ms

3.2.3) Oscillation frequency: F = 1/T =43.5 Hz.
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A B,C

amplifier
anti-logarithmic, 37
operational, 6, 7, 36, 78, 79, 97, 98,
104-107, 114, 118, 177, 180, 187,
190, 191, 196, 203, 207, 213, 216,
262,263, 266, 267,271, 327, 329
amplitude stabilization, 176, 181,
183, 184
astable, 255-260, 264, 267, 271, 273,
275,276, 278-281, 284-288, 338
band-pass filter, 113, 114
Barkhausen, 90, 92, 95, 99, 101, 115,
153,154,171, 172, 176, 181, 186, 189,
207-211, 213, 255
bipolar transistor, 98, 99, 104, 105,
133-135, 140, 146, 149, 150, 153,
163, 203, 250-252, 273
circuit
astable, 256, 277, 278
integrated, 117, 239, 245, 250,
255,283
recovery, 25, 27, 28, 34
clipping, 23
component
discrete, 133, 255
non-linear, 8, 10, 36

coupling functions, 249
cyclic ratio, 235, 236, 296, 298, 333,
338, 340

D,F,G

differentiator, 245, 250
diode

ideal, 5, 6, 8, 26, 46, 65, 327

thresholdless, 6, 19

with variable capacity, 12
distortions, 180, 249
feedback

negative, 83, 84, 105

positive, 83, 85, 86, 105, 183, 255, 263
first harmonic method, 172, 183, 184
frequency

parallel, 159, 161, 162

series, 158, 159, 161, 162

transition, 134, 139, 140, 146, 163
generator, 75, 100, 116, 117

H, L, M

high pass, 91, 94, 96-98, 113, 245, 316

light-dependent resistor (LDR), 11, 12

linear theory, 88

load line, 9, 10, 43, 47, 49, 56, 57, 65, 66,
69, 70, 251
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logic
function, 39
gate, 278, 280-282
low pass, 91, 94, 97, 98, 113, 239
monostable, 284, 286288
multivibrator, 255, 257, 266, 278,
279, 338

N,O, P

nonlinear
devices, 1
theory, 88, 146, 172, 176
nonlinearity, 88, 176, 184
operating point, 8, 10, 43, 49, 57, 69, 70
oscillator
bridge, 105, 107
Clapp, 150
Colpitts, 139, 140, 143, 145, 146, 150,
169, 223
feedback, 88
Hartley, 146, 150
high-frequency, 125, 133, 140
phase-shift, 91
relaxation, 86
sinusoidal, 87, 147, 173, 200
parameters
admittance, 135, 139, 141-143, 146,
150, 163-165
impedance, 135, 138-140, 142,
143,200
passive linear quadripole, 138, 139, 229
peak detector, 24
perfect recovery, 34, 36
phase rotation, 91, 95, 98, 211, 213, 217
photoresistor, see light-dependent
resistor (LDR)
piezoelectric, 156
potential barrier, 2, 5

QR,S

quartz, 153, 156-163, 165, 167-169, 200,
202, 225,227, 231-233

rectification
full-wave, 16-20
half-wave, 14, 15
resistance
dynamic, 28
negative, 88, 129, 131
reverse, 4-6, 14-16, 28, 29, 43, 46,
50, 76
source, 33
response curve, 20, 185
reverse, 29
saturation, 7, 42, 48, 68, 117, 172, 175,
182, 257-259, 263, 282, 295, 327
shaper, 116, 119-122
stability
dynamic, 175, 176, 181
frequency, 153, 155, 227
static, 174, 175
steady state, 88, 118, 184, 244, 245, 250,
265,276, 281, 290, 292, 294, 298, 309,
311, 314, 319, 336
switching, 235, 239, 250-253, 273, 279,
282,297,332,334

T,U,V,W

thermistors, 10
Thevenin, 51, 71, 75, 76, 100
threshold voltage, 2, 6, 13, 15, 16, 25, 28,
45, 46, 50, 55, 56, 63, 69, 70, 79, 117,
251,252, 259, 328
timer, 271, 273, 299
transient state, 146, 242, 250, 336
triangle
signal, 121, 122
wave, 116, 117, 119, 120
unstable system, 89, 255
value
average, 26, 29, 235, 236, 242, 244,
249, 310, 314, 315, 330
peak, 15, 24, 27
Wien Bridge, 108-111, 176, 182,
184, 185
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