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So‘zboshi

Qo‘lingizdagi ushbu Kkitob, “Oliy matematikadan individual
topshirigiar” nomli o‘quv go‘llanmalar majmuasining ikkinchi gismi
bo'lib, u oliy o‘quv yurtlarining muhandis-texnik mutaxassislari
uchun mo‘iiallangan 380-450 soatlik dastur asosida yozilgan.
Shuningdek, mazkur majmuadan, oliy matematika fanini o°‘gitish
uchun ajratilgan soatlar anchagina kam bo‘lgan boshga yo nalishdagi
mutaxassislar tayyorlaydigan oliy o‘quv yurtlarining talabalari ham
foydalanishlari mumkin. (Buning uchun taqdim etilayotgan
materiallardan keraklilarini tanlab olinishi lozim).

Tavsiya etilayotgan ushbu o‘quv qo‘llanma, auditoriyada amaliy
mashg‘ulotlar va mustaqgil (nazorat) ishlami o‘tkazish uchun hamda
oliy matematikaning barcha bo‘limlari bo‘yicha individual uy
topshiriglarini bajarish uchun mo'ljailangan.

0 ‘quv majmuaning ikkinchi gismida kompleks sonlar, anigmas
va aniq integrallar, ko‘p o‘zgaruvchili funksiyalar va differensial
tenglamalarga bag‘ishlangan mavzular bo‘yicha materiallar
keltirilgan.

Kitobning ikkinchi gismi tuzilishi ham uning birinchi gismiga
aynan o‘xshash ko‘nnishda yozilgan. Boblar, paragraflar va
rasmlaming ragamlanishi birinchi gismga mos ravishda davom
ettirilgan.

Kitobning yaxshilanishi borasidagi bebaho ko‘rsatma va
maslahatlarini ayamaganliklari uchun mualliflar jamoasi, mazkur
majmuaning taqrizchilari bo‘lgan Moskva energetika instituti, FA
muxbir a’zosi, fizika-matematika fanlari doktori, professor S.I.
Poxojayev rahbariigidagi “Oliy matematika” kafedrasining
jamoasiga, Minsk radiotexnika institutining “Oliy matematika”
kafedrasining mudiri, fizika-matematika fanlari doktori, professor
L.A. Cherkasga hamda shu kafedraning dotsentlari, fizika-
matematika fanlari nomzodlari LA. Kuznetsov, P.A. Shmelyov,
A.A. Karpuklarga, o‘zlarining minnatdorchiliklarini bildiradilar.

Kitob borasidagi barcha fikr-mulohazalaringizni quyidagi
manzilga yuborishlaringizni iltimos gilamiz: 22004S, Minsk,
Masherov shohko‘chasi, 11. “Bbicluas wkona” nashriyoti.

0 ‘zbek tilidagi taijimasi bo‘yicha Toshkent, Universitet
ko‘chasi 2: tel: 246-83-62 Mualliflar.



USLUBIY TAVSIYALAR

Tavsiya etilayotgan goilanmaning shakli, undan fbydalanish
uslubi, talabaning ko‘nikma va bilimlarini baholash mezonlarini
tavsiflab chigamiz.

Oliy matematika kursi bo‘yicha barcha ma’lumotlar boblarga
tagsimlangan bo‘lib, ularning har birida masala va misollarni
yechish uchun zarur bo‘ladigan nazariy bilimlar (asosiy ta'riflar,
tushunchalar, teoremalar va formulalar) keltirilgan.

Ushbu ma’lumotlar  yechilgan  mashqglar yordamida
mustahkamlanadi. (Misollar yechishning boshlanishi - » va oxiri
- -4 belgilar yordamida beriigan.) So‘ngra auditoriya masbg'ulot
(AT) va o‘tkazilayotgan mashg‘ulotlarda 10-15 minutga
mo‘ljallangan mustaqil (kichik-nazoratli) ishlar uchun javoblari
bilan birgalikda masala va misollar tanlab olingan. Va nihoyat 30
variantdan iborat hafitalik individual uy topshiriglari (IUT),
namunaviy misollar yechimi bilan birgalikda beriigan. 1UT
ma’ium gismining javoblari ham Kkeltirilgan. Har bobning
nihoyasida amaliy ahamiyatga molik, darajasi  yuqori
giyinchilikka ega bo‘lgan go‘shimcha topshiriglarjoylashtirilgan.

llovada muhim mavzular bo‘yicha bir va ikki soatga
mo‘ljallangan (har biri 30 variantlik) nazorat ishlari keltirilgan.

AT topshiriglarining ragamlanishi uzluksiz bo‘lgan ikki
sondan iborat: birinchi-gismi bobni aniglasa, ikkinchisi ushbu
bobdagi AU tartib ragamini belgilaydi. Masalan AT 9.1 shifri
ikkinchi  bobga tegishli  birinchi  topshirigni  aniglaydi.
Qo‘llanmaning ikkinchi gismida 26 AT va 12 IUT beriigan.

IUT wuchun ham boblar bo‘yieha ragamlash Kkiritilgan.
Masalan IUT 9.2 belgisi beshincbi bobdagi ikkinchi 1UT
ekanligini ta’kidlaydi. Har bir IUT ning ichida esa quyidagicha
ragamlash kiritilgan: birinchi son topshirigdagi masalaning tartib
ragamiga tegishli bo‘lsa, ikkinchisi variantning tartib ragamini
aniglaydi. Shunday qilib, IUT 9.2:16 shifri talabaning IUT 5.2
dan 16 variantdagi topshiriglarini bajarishini belgilab, ushbu
variantda 1.16, 2.16, 3.16, 4.16 masalalar borligini ta’kidlaydi.
IUT bo‘yicha variantlami tanlab olishda oldingi topshirigdan
keyingisiga o‘tganida tasodifiy yoki boshqga usulda almashtirish



usulini go‘llash mumkin. Bundan tashqari, ixtiyoriy talabaga IUT
berilishida bir xii turdagi masalalami har xil variantlardan olish
mumkin. Masalan, IUT -3,1;1.2;2.4;3.6 shifri talaba IUT -3,1 dan
birinchi masalani 1 - variantdan, ikkinchisini 4 - variantdan,
uchinchisini 6 - variantdan yechishini ta’kidlaydi. Bu
ko‘rinishdagi kombinatsion usul 30 ta variantdan keng gamrovli
ko‘p variantiar hosil gilishni ta’minlaydi.

IUT lami ba’zi oliy texnika o‘gquv yurtlari (Belorussiya
gishlog xofaligini mexanizatsiyalash instituti, Belorussiya
politexnika instituti, Uzoq sharq politexnika instituti v.b.) ning
o‘quv jarayonida goTlanilishi, IUT ni har bir haftalik auditoriya
topshiriglaridan keyin alohida har safar berishning o‘miga, ikKi
haftada bir marta, ikki haftalik auditoriya mashg-‘ulotlari
mazmuniga mos ravishda berish magsadga muvofiq ekanligini
ko‘rsatdi. Ushbu goTlanmaga muvofiq talabalar bilan ishlashni
tashkil etish bo‘yicha umumiy tavsiyalami beramiz.

L Oliy o‘guv yurtlarining 25 talik guruhlari uchun
haftada ikkita auditoriya mashg‘ulotlari, talabalar erkin
gatnashadigan maslahat darslari rejalashtiriladi va haftalik IUT
beriladi. Ushbu tadbirlami samarali tashkil etish magsadida,
talabalar bilimini, xato va kamchiliklarini aniglash va tuzatish
yoTlarini ko‘rsatgan holda, tizimli baholash uchun kafedra
tomonidan oldindan tayyorlangan professor-o‘gituvchilarga IUT
ning javoblar varagasi va yechimlar majmuasi beriladi (talabalar
mustasno). Javoblar varagasi har bir topshiriglar uchun
tayyorlansa, yechimlar majmuasi fagat yechish usulini, amallar
ketma-ketligi va hisoblashlardagi ko‘nikmalaming to‘g‘riligini
tekshirish uchun zarur boTgan muhim bo‘lgan masala va
variantlarga ishlab chigiladi. Kafedra tomonidan yechimlar
varagasi gaysi IUT lar uchun zarurligini belgilanadi. Yechimlar
varaqgasi (bitta variant bitta varaqda joylashadi) talabalar
tomonidan bajarilgan topshiriglar bajarilishida 0‘z o‘/ini nazorat
gilish uchun, talabalar o‘rtasida o‘zaro nazorat tashkil etishda
ishlatiladi. Lekin ko‘pchilik hollarda yechimlar varagasi
yordamida o‘gituvchi usulning to'g'riligini tekshirsa, talabalar
0‘zining hisob-kitoblari to‘g‘riligini nazoratdan o‘tkazishi
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mumkin. Ushbu usullar 25 taiabaning IUT larini 15-20 mumt
davomida tekshirib baholash imkonini beradi.

2. Oliy o‘quv vyurtlarining 15 talik guruhlarida esa
haftada ikkita auditoriya mashg‘ulotlari, guruhlar dars jadvalida
mustaqil tayyorlanish uchun, o'gituvchi r.azorati ostida haftalik
yuklamaga kiritilgan ikki soatlik maslahat darslari rejalashtiriladi.
Dars jarayonini ushbu taxlitda tashkil etish (Belorussiya gishloq
xofjaligini mexanizatsiyalash instituti), talabalaming mustaqil va
ijodiy ishlashlari hamda bilim sifatini o‘gituvchilar tomonidan
tezkor ravishda nazorat qilish darajasi sezilarli tarzda oshishi
kuzatiladi. Yugorida tavsiya etilgan usullar bu yerda ham o°‘zining
samarasini beradi. Lekin, ushbu guruhlarda AT va IUT lami
tekshirish tezlashadi va topshiriglarni bajarishda nazariy
bilimlami nazorat qilish imkoni oshadi, o'zlashtirmovchi
talabalardan mavjud qarzdorliklami kamaytirish imkoniyati paydo
bo‘ladi. Shuningdek, yana IUT, mustagil va nazorat ishlari
bo‘yicha baholar jamlamasi yordamida o‘quv jarayonini
boshqgarish, nazorat qilish, talabalar olgan bilimlari sifatini
baholash imkoni ham paydo bo‘ladi.

Yuqorida aytilgan tadbirlami amalga oshirish natijasida
semestr mobaynida o°‘rganilgan bilimlar bo‘yicha an'anaviy
semestr (yillik) imtihonlardan voz kechish, hamda talabalar
ko‘nikmalari va bilimlarini baholash bo‘yicha blokli-siklik
(modulli-siklik) deb ataluvchi usuldan foydalanish mumkin
bo‘ladi. Ushbu usulning mohiyati quyidagilardan iborat: Farming
semestrdagi (yillik) yuklamasi 3-5 ta blok (modul) larga bo‘linadi
va ulaming har biri bo‘yicha AT, IUT bajarilib, sikl yakunida esa
ikki soatlik yozma nazorat o‘tkazilib, bu yerda 2-3 ta nazariy
savollar, 5-6 ta masala va misolllar beriladi. AT, IUT va yakuniy
nazorat ballarining yig‘indisi talabalaming har bir blok (modul)
va semestr (o‘quv yilida) hamma bloklar (modullar) bo‘yicha
olgan bilimlarini ham alohida obektiv baholash imkonini beradi.
Shunga o‘xshash usul Belorussiya qishlog xojaligini
mexanizatsiyalash institutida tadbiq gilingan.

Fikrimiz yakunida, ushbu go‘llanma o‘rtacha imkoniyatli
talabalarga mo‘ljallanganligini va bu yerdagi bilimlami egallash
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oliy matematika fanidan qonigarli va yaxshi ko'nikmalarga ega
bo'iishlarini ta’minlashini ta’kidlashimiz mumkin. Igtidorli va
a’lo bahoga o‘quvchi talabalar uchun esa, rag‘batlantirishning
chora-tadbirlarini e’tiborga olgan holda alohida murakkab
topshiriglar (ta’limda individual yondashuv) tayyorlanishi zarur.
Masalan, bu lalabalarga, oz ichiga ushbu qo‘llanmadagi yuqori
murakkablikka ega masalalar va nazariy mashqlar (ushbu magsad
uchun, xususan, har bir bob oxiridagi go‘shimcha topshiriglar
mo‘ljallangan) butun semestr uchun ishlab chiqilishi lozim.
0 ‘gituvchi ushbu topshiriglami semestr boshida berib, ulaming
bajarilish ketma-ketligini belgilab (o‘zining shaxsiy nazoratida),
talabalarga oliy matematikadan ma’ruza va amaliyot darslarida
erkin gatnashishga ruxsat berishi mumkin va hamma topsliiriglar
muvaffaqiyatli bajarilgandan so'ng sessiyada a’lo baho qo‘yiladi



7. KOMPLEKS SONLAR VA ULAR USTIDA AMALLAR

7.1. ASOSIY TUSHUNCHALAR. KOMPLEKS SONLAR
USTIDA AMALLAR
Kompleks son deb, z —x + iy turdagi songa aytiladi. Bu
yerda, x vay lar haqiqiy sonlar i = n/— esa, mavhum birlikdir.
ya’ni, kvadrati -1 ga teng bo‘lgan son yoki z2+1 =0
tenglamaning ildizidir. Odatda, x ni kompleks sonning hagiqiy
gismi, y ni esa, uning mavhum qgismi deb yuritiladi. Ular uchun
quyidagi belgilashlar kiritilgan: x = Rez va y—Imz. Agary = 0
ungaz = x £ R agar x = 0 bo‘lsa, z —iy ni sof mavhum son
deyiladi.

Geometrik nugtai nazardan

garalganda, har ganday z = x +
iy kompleks songa tekislikning
biror M (x,y) nugtasi (yoki OM
vektor) mos keladi va aksincha,
tekislikning har ganday M(x,y)
nuqtasiga z = x + iy kompleks
son mos keladi. Umuman,
kompleks sonlar to‘plami bilan
Oxy tekislikdagi nuqtalar orasida
o‘zaro  bir qgiymatli  moslik
o‘matilganki,  Oxy tekislikni
kompleks tekisligi deb yuritiladi
va uni z kabi belgilanadi (7.1-
rasm).

Barcha kompleks sonlar
to‘plamini C harfi bilan belgilanadi. Har doim, R ¢ C ekanligini
ta’kidlaymiz. Barcha z = x haqgigiy sonlarga mos keladigan
nugtalar Ox o‘gida joylashadi, shu boisdan, Ox o‘qini kompleks
sonlar tekisligidagi hagigiy o‘q deb yuritiladi. Barcha z —iy
mavhum sonlarga mos nugtalar Oy o"qgida joylashadi va kompleks
sonlar tekisligining mavhum o“gi deb ataiadi.

Agar ikkita kompleks sonlaming haqiqiy va mavhum gismlari
o‘zaro teng bo'lsalar, ulami o‘zaro teng kompleks sonlar deb
yuritiladi.



Z =X +1iy va z =x —iy turdagi sonlar o‘zaro tutashgan
(bog‘langan) kompleks soniar deb ataladi (7.1-rasm).

Agarda, zx = XX+ iyx; z2 = x2 + iy2 ikki kompleks sonlar
bo‘lsa, alar ustidagi arifmetik amallar quyidagicha bajariladi:

zt +z2 = (xt +iy)+(x2+iyz) = (xt + x2)+i(yj +y2),
zi~z2="fa +iyi)-(*2+ i>2) = (*i - x2)+i(yt- y2),
ZjZ2 = (xx+ iyx){x2+ iy2) = ("x2-yiy 2+iCyiJf2 +y 2"i).
£l ~i+Q4 _ EVE2 _ xIxr+Yry2 +
z2 X2+iy2 x1+yl x\+y\

(oxirgi amal z2 @ 0 bo‘lsagina o‘rinii bo‘ladi). Yuqorida
bajarilgan amallar natijasida, umuman yana kompleks sonlar hosil
bo‘ladi Shuningdek, kompleks sonlar ustidagi mazkur amallar,
haqiqiy sonlar ustidagi arifmetik amallarga o°‘xshash barcha
xossalarga egadir, ya’ni, qo‘shish va ko'paytirish amallari
kommutativ va assotsiativdir, hamda ular distributivlik xossasiga
ega bo‘lib, ular uchun teskari amallar bo‘lgan ayirish va bo‘lish
(nolga bo‘lishdan tashqgari) amallari ham mavjuddir.

1-misol. z1= 2+ 3i, z2= 3 —4£ va z3= 1 +i kompleks
sonlar berilgan. z = Z>—Z+Z—, ni topilsin.

» Ketma-ket hisoblaymiz:
zx+23=(2+3i)+ (140 = 3+ 4j,
zxz2=(2+ 3i)(3- 40 =(6+12)+i(9- 8) = 18 + i,

= (3- 4i)2=9- 24i- 16 = -7 - 24i,
Zx+zxz2+z2f = 2+ 3i+ 18 + i —7 —24i = 13 —20i.
U holda’z — 13~20t —(13~2°0(3~40 _ (39-80)+t(-60-52) _
3+4i (3+4i)(3-4i) 25

41 ..112 .
-------- i—.M
25 25

Berilgan z = x + iy kompleks sonning moduli deb, r =
\OM\ = -Jzf songa aytiladi. OM vektoming Ox o‘gning musbat
yo‘nalishi bilan tashkil etgan ¢ burchagi ni kompleks sonning
argument! deb ataladi va § = Argz kabi belgilanadi.

Har ganday kompleks son uchun quyidagilarni yozish
mumKkin (7.1 rasmga garalsin):

X —rcos(p,y —rsin<p,

cos(p —~,sincp = p Ny
r—yjx2+y?2
9



Bu yerda, kompleks son argumentining bosh giymati
<p = argz uchun quyidagi shartlar o‘rmli bo‘ladi: -n<argz<n yoki
O<argz<2u.

Har ganday z = x + iy kompleks sonning trigonometrik
shakli deb,

z = r(cos<p + isinq)) (7.2)
ifodaga aytiladi. Agar Eyler formulasi deb ataluvchi el(p —
coscp + ising} ni inobatga olinsa, (7.2) dan kompleks sonning
ko ‘rsatkichli shakli deb ataluvchi
Z=rekp (7.3)
ni hosil boiadi.

Yugorida keltirilgan (7.2) bilan (7.3) formulalami kompleks
sonlami ko‘paytirish va ulaming darajasini oshirishda qo‘llash
magsadga muvofiqdir.

Agar zx = r1(cos<plT ising.%), z2 = r2(cosq)2 + isin<p2)
ifodalar beriigan bo‘lsa, u holda quyidagilar o‘rinli bo‘ladi:

ZjZ2 = rlr2(cos((pl + 2) + isin(<pl+<p2)’) = rir2elfsi+*4

> = —(cos(x—(p2) + isin(q)1—0)2)) = —el(<P~P2)(Z22":0.

1Y
zn = rn(cosn<p + isinng}) = rnellip (7.4)
(7.4) formulani Muavr formulasi deb ataladi.
Agar (7.2) kabi beriigan kompleks sondan w-darajali (n>1,
n 6 Z) ildiz chiqgarish lozim bo‘lsa, ushbu ildizning n ta giymatini
beruvchi quyidagi formuladan foydalaniladi:

- 20k s 2nk
zk = Y7 —Yirfcos®r vism &2 =

nppe i(cp+2Kk)/nrk = 0,71-1) (7.5)
VP- arifmetik ildiz deb tushuniladi.
2-misol. (1 + )12 hisoblansin.
> (7.1) formuladan foydalanib, z = 1 + ining trigonometrik
yoki ko‘rsatkichli shakllami yozib olamiz: r = VI + 1 =

ni2,cos<p = -j=;sin(p =-j=,<p="

z=V2 glcosI+ |5|nz) = \rem”
Muavr formulasiga binoan,
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z12 = (n[2) ~cos (12 w0 + isin M2 <0 j = \~212eJHl =

64(cos37r + +isin3n) = —64./1

3-misol. z6 + 1 = 0 tenglamaning ildizlari topilsin.

> Berilgan tenglamani z° = —lyokiz = V— kabi yozi
olish mumkin. (7.1) formulaga binoan, -1 ning trigonometrik
shakli —1 = 1- (cosn + isinn) kabi yoziladi. (7.3) formulaga
ko‘ra, garalayotgan tenglamaning ildizlarini

zk=V=l=1(cos”™~ +isin®— "j = ekptznk)/nbu

yerdak = 0,5

dan foydalanib aniglaymiz. k ga ketma-ket 0,1, ..., 5,
giymatiami berib z6+ 1 = O tenglamaning barcha mumkin
bo‘lgan 6 ta ildizlarini topamiz:

T .. T n3 1 ni
z0=cos-+isin- =— +-i = 66,

6 2 2

m .. n i .o
ZXx = cos—Hisin—= i = eml/i,

.. V3 . —5ni

z2=cos-n +isin— = ——+i-=¢e 6 (

6 6 2 2

7 T V3 1. 77m -5iri
Z3= COS- 7r+ ISIN-N = — -— -1 =¢e 6 ==¢ 6

6 6 2 2

3 .. 3 . 3d 34
ZzZ4=cos-n +isin-n = -1 = e 2 =¢e 2,

z5=coszn +isinn —22_'ize 6 =e%.<

3 6 6 2 2
4-misol. r3—1 + r/3 = 0 tenglamaning ildizlari topilsin.
»z3=1—tV3 = 2(cos| —isin®') bo‘lganligi uchun (7.5)

. 3 3 ~2jTk | | DK
formulaga binoan, zk = nfz —V2(cos isin2-2—) ni

yoza olamiz (&= 0,2).
Demak, berilgan tenglamaning ildizlari quyidagicha bo'ladi:

z0=V2(cos™ —isin®), z1= V2 ~cos™ —(Sin

i}



AT-71
1 Agar zt =2+3i, z2=3+ 2i, z3=5—2i bo4sa.
(zt + 2z2)z3 hisoblansin. (Javob: 54+19i).
2. Ix=3+5r,22=3—4i, z3=1—2i kompleks sonlar

berilgan. z = ~—, ni yoni topilsin. {Javob: 5 s 0-

3. zx=2-—-2i, 22=—1 +i, z3=—i va z4= —4 lami
trigonometrik va ko'rsatkichh shakllarda ifodalansin.
4. z8—1= 0 tenglamaning ildizlari topilsin. (Javob:

. iz, ,v2. . 2 . V2. 1
20=1, ZX=Y+ +~1"22=1>3=--T+Y 1'24~ _1’7ZS=

A2 A2, : V2 V2 .
2 2 1 2 2 7
Mustaqil ish
1. 1 Agar Zj=4+5i,22=1+1i,23=7-—9i bo‘lsa,
z = 2+—ifodaning giymati topilsin. (Javob: 40—32i).

2. 22zx=n/_3+i . z2=—1 + q3E va z3=J laming

trigonometrik va ko ‘rsatkichli shakllari keltirilgan.
2. 1 Agarzx=4+8/,22=1-1i,2z3= 9+ 13i bo‘lsa,

—& ning giymati topilsin. (Javob: 7+19i).

22
2. 7z —i=0 tenglama yechilsin. (Javob:
(

+ @+o/

N 2
3. 1 Agarzx=2—£22=—1+ 2i,23= 8+ 12i bo‘isa,
-z-4zz+"3) topilsin. {Javob: 2+2Q.
Z22. zx=2/(1 +1), 22 ——V3 —i kompleks  son
trigonometrik va ko‘rsalkichli shakllarda ifodalansin.

7.2. 7- bobga go‘shimcha mashqlar

1. Quyidagi kompleks sonlar ko‘rsatkichli  shaklda
ifodalansin
a) z ——/12 —2i, b) z ——€o0s- + isin- . (Javob: a)

4e7'/6,b)e" Y
i)



2n
2. Isbotlansin (1 + cosa + isina)2n —EZcos-j ema.(n G
N,a GR).

3. Yig‘mdi topilsm Y,k=0e v-(7avo6: -mg- —

4. n ning ganday butun giymatlarida quyidagi tenglik
o‘rinli bo‘ladi?

(1 +t)n=(1—0n.{Javob\n = K GZ)

5. Eyler formulasidan foydalanib

cosx + c0s2x + cos3x + — hcosnx yig‘indi hisoblansin.

{javob: ysin ™ cos T~i37|~x\) sm )5)
6. Ayniyat isbotlansin
x5—1= (x —I)(x2—2xco0s72° + V){x2 —2xcosl44° + 1).

Z=X+1y nugtalarda ko‘rsatilgan shartlami
ganoatlantiruvchi sohalami (z) kompleks tekisligida topilsin va
ular tasvirlansin.

7. jz—zx\< 4, bu yerda: zr = 3 —Si, {Javob: markazi
z, nugtada bo‘lib, radiusi R=4 bo‘lgan ochiq doira.)

8. |z + zx| > 6, buyerda: rr = 1 —i. {Javob: markazi —zx
nuqtada bo‘lib, radiusi R=6 bo‘lgan doiraning tashqarisi.)

9. 1< jz—ij < 3. {Javob: markazi z = i nugtada bo‘lib.
radiuslari r£= 1var2 = 3 bo‘lgan aylanalar orasidagi halga.)

10. 0< |z4i\N< 1. {Javob: radiusi 1 doiraning z =
—i nugtadagi markazini chiqgarib tashlangan ichki gismi.)

11. 0 <Re(Biz) <2 . {Javob: y =0,y = — to‘gTi
chiziglar orasidagi gorizontal tasma.)

12. Re™ > aa=const,a GR . (Javob: agar a=0
bo‘lsa, u holdax > 0, ya’ni, chegarasiz o‘ng yarim tekislik; agar
a> 0 yoki a <O bo‘lsa, u holda, (x — Q +y2—"/"az
aylananing ichki va tashqi gismlari nugtalarini hosil gilamiz.)

13. Re eai T 0,buyerda a —const,a GR {Javob: z = ai
nuqta.)

14. /m(iz) < 2 {Javob: x —2 to‘g‘ri chizigdan chapda
joylashgan yarim tekislik.)

13



8. ANIOMAS INTEGRAL

8.1, BGSHLANGTCH FUNKSIYA YA ANIQMAS
INTEGRAL

Faraz qgilaylik, (a; b) oraliqda/(x) funksiya beriigan bo‘Isin.
Adgar shu oraligning barcha nuqtalarida F'(x) = f(x) kabi tenglik
o‘rinli boTadigan bo‘lsa, u holda, F(x) funksiyani f{x)
funksiyaning (a; b) oraligdagi boshlang'ich funksiyasi deb
yuritiladi. Beriigan f(x) funksiyaning har ganday ikkita
boshlang‘ich funksiyalari bir-biridan ixtiyoriy o°‘zgarmas son
bilan farqg giladi.

Agar C ixtiyoriy o‘zgarmas son boTganda, (a; b) oraliqda
beriigan /(x) funksiyaning F(x) + C kabi barcha boshlang‘ich
funksiyalari to'plamini /(x) funksiyaning anigmas itegrali deb
ataladi va u quyidagicha yoziladi:

/ f(x)dx = F(x) + C.

Integrallashning asosiy qoidalarini keltiramiz:

Dff'(x)dx =f df(x) =/(x) +C,

2)df f(x)dx =d(F(x) + C) = f(x)dx;

//(F) 1 <p(X)]dx = I f(x)dx =/ <p(x)dx\

4) [ af(x)dx = aj f(x)dx (a = const);

5/ f{x)dx = F(x) + Cho‘lib, a va & (<#0) lar o‘zgarmas
sonlar bo‘lganda, har doim quyidagi munosabat o‘rinli boTadi:

j f(ax + b)dx =~F(ax +b) +C;

6) agar / f(x)dx = F(x) + C bo‘lib, m=d(x) , ixtiyoriy
differensiallanuvchi funksiya bo‘lsa, u holda:

ff(u)du —F(u) +C.

Integrallash natijasining to‘g‘riligini  tekshirish uchun,
topilgan  boshlang‘ich  funksiyaning hosilasi  hisoblanadi,
ya’ni:(F(x) + C)' —/(x).

Anigmas integrating ta’rifiga ko‘ra, integrallashning asosiy
goidalari va asosiy elementar funksiyalar hosilalar jadvaliga

asoslanib, asosiy anigmas integrallaming jadvalini tuzish
mumkin:

1)/ vadu — +C(a -1);

14



2)gU=In\u\+C
3)4 audu —1540
4) / eudu = eu+Q

5) / sinudu ——cosu + C,

6) f cosudu = sinu + C;

N1/ =aqarctdl + C=-\arcctg ~+ C(alll:

8)53’2\4 = Inl— I+C- 'ZI JI“—+a + C

)f U +a InLM4~Juzi a2iL+ C (a#0);

10) f-f=:= = arcsin- + C = -arccos- + C$a>0):
Jya2-u2 a a

HYy §-6%T=tou +C

12> f£ k = -ct#u+C:
13) f-2L =M Ce|]| +C=/n|*I- Cu| + C

Jsmu

14) f~™~L =h ~+ - _ i .
) J Tosu tg ('2 * 4)J —In ||§ htg m) +C
15) Jshudu =chu + C;

16) Jchudu =shu +C;

17) f ~ =thu +C;

58) f-;‘z- = -ct/iu + C

Yugorida keltirilgan munosabatlar integrallar jadvali deb
ataladi.

Eslatib o‘tamizki, keltirilgan jadvaldagi w» barfi, erkli
o‘zgaruvchi ham bo‘lishi yoki uzluksiz difterensiallanuvchi
u~(p(x) funksiya ham bo‘lishi mumkin.

Quyida, anigmas integrallami hlsoblashga doir ayrim
misollarni keltiramiz:

I-misol. / (Ax3—24x2+ ~ + 1j dx hisoblansin.

»/ (4x3—iVx2+~ +1jdx - 4/ x3dx —2f x3dx +
5
2/ x'3dx +4fdx —4 —27-+2 + X+ C—x4—
J
-VxZ " +x +C.B 4

15



2-misol. I d x hisoblansin.
J x2(1+x2)

r 1+2)Q J r fl+-XN+X /- 1+
> By X 9 IRy ax - { x201+x2)

[TEN*-/5++/E£«:*-* N+«
3-misol. / 3xe2xax hisoblansin.
> Jf 3*e2xde = .f(|3e2)xdx = In(zen)
4-misol. / (2x —7)9dx hisoblansin.
»f(2x - 7)9dx =-J(2x - 7)9«2dx = +C=
%SZX- 7)I0+ +C .~
5-misol. / cos(7x —3) dx hisoblansin.
» / cos(7x —3) dx = cos(7x —3) d(7x —3) =
Asin(7x —3) + C. A
6-misol. Jf* larct29’? dx hisoblansin.
+X
fx-arctgx , _ rarctgx , _ 1 fd(l+x2)
J 1+x2 J 1+x2 J 1+X2 ax 2] 1+x2
—J arctgxd{arctgx) = -In(l + x2) —arctg2x + C.-"
7-misol, f ctg3xdx hisoblansin.
A’; ctgéxd'x — ifos_3x 1 rcos3x-3dx_ 1.r d(sm3x)

jIn\sin3x\ + C.-4

+ C,0<«

J stn3x _5J sin3x 3J " sin3x

Yugorida keltirilgan 4— misollardagi integrallami hisoblash
jarayonida 5-goidani go‘llash magsadida integral belgisi ostida
gatnashgan ayrim ko‘paytuvchilami differensial belgisi ostiga
kiritilib, undan keyin esa, kerakli jadval integralidan foydalanildi.
Bu xildagi almashtirishlami differensial belgisi ostiga kiritish
usuli deb wyuritiladi. Masalan, differensialluvchi bo‘lgan har

ganday f(x) funksiya uchun

deb yozish mu/mI::dCZIW:-HI\N-IC

8-misol. f sin>~ dx hisoblansin.
J 4+sm zx

16



r sin2x . _ T 2sinxcosx [ 2sinx _
¥ g < ey — ilamdem ) =

fomdi*+ frd-=\infA* Bin2x) + C. ~

9-misol. f—------ dx hisoblansin.
J X2+4n
I- *+—dx--J dx = InyJx2+4x + 5+ C.»
J XZ+4x+5 2 A-+4)XK+5

AT-8.1
Ko‘rsatilgan integrallami hisoblang va integrallash natijasini
differensiallab tekshiring.

5 1. é(45x7-3VF+ 7. fse-3*-§+2+
—)dx. 32 - sin3x cos x)dx,
2. [ cos2x 8. [/ tgZxdx,

J c0s2*sin2x r Varcsinx-a;
3. J(3sinx + 9. J— - dx.
2X32x—--- ~")dx. 10 I*~ *3 dx
- 1u> ] V P x
fY(5x+3)3 dx. 11 J-f|=dx.

5 ok 2"
6. /(sihlx —e3 Zx+
-) dx.

c0s2Ax

Mustaqil yechish uchun topshiriglar
Anigmas integrallami hisoblang va integrallash natijasini
differensialiab tekshiring.

1. a)f(3x —Vx’\ + 2sin x —3)dx; b)f(sin 3x +
XV1+ x2)dx c)J IR dx.

2. a)f (x7+ =+ 2r)dx; b) f (x2n/4 —x" + dx;
o § iz I

3. ay/ (x-2 + 7x6 —"F)dx; b)
J (7=5 —cos7xsinxj dx; c) J ctg(3x —2)dx.

17



8.2 FUNKSIIALARNIBEVOSITA INTEGRALLASH

Ko‘plab fimksiyalaming anigmas integrallarini  topish
masalasida, ulami jadval integrallaridan biriga keltirish usulidan
foydalaniladi. Uning uchun esa, integrallanuvchi funksiyalar
ustida algebraik ayniy almashtirishlar bajariladi yoki ayrim
ko‘paytuvchilami differensial belgisi ostiga kiritish yo‘li
tanlaniladi.

1-misol. / tg3xdx hisoblansin.

>/ tg3xdx =/ - 1) tgxdx =f m
f tgxdx =f tgxd(tgx) - - f~d x =
Atg2x + injcosjc| + C.<

2-misol. f dx hisoblasin.

> f— dx:fx+-dx:!'dx—!'— dx = x —
J *+5 J x+5 X+5

2 ,d(x+5) = x _ _2/n|x + 5j+ ¢ 7
J X+5
3-misol. f—------ hisoblansin.
J X2-4x+8
Noor dx _r dx T dx

X 2—4x+S o X 2~4x+4+4 A (x=2)2+4
d{x-2) _1 X-2 ;
] E(ng—éarctaq ----- hé.
[ sinmxcosnxdx,/ sinmxsinnxdx, / cosmxcosnxdx kabi
integrallami hisoblashda, mos ravishda quyidagi formulalardan
foydalaniladi:

1

sinmxcosnx - —[sin(m + n) x + sin(m —n) x\,
1

sinmxsinnx = - [cos(m —n)Xx —cos(m + n) x],

cosmxcosnx = 1—[cos(m —n) x + cos(m + n) x].
4-misol. J cos(2x —1) cos(3x + 5) dx hisoblansin.
»/ cos(2x —1) cos(3x +5)dx =  (cos(x + 6) +
cos(bx + 4))dx — cos(x + 6) d{x + 6) + ~ / cos(5x +
4)d(5x + 4) = -sin(x + 6) + + —sin(bx + 4) + C. <

18



f cosmxsinnxdx (m, nE Z) kabi ko‘rinishdagi integrallami
hisoblashda quyidagi holiami ko ‘rib o ‘tamiz:
1) m va n sonlaridan biri tog son bo‘lsin, masalan,
m=2k+l bo"lsin. U holda:
/ cosmxsinnxdx —/ cosZk xsinnxcosxdx = /(1 —
sin2x)k sinnxd(sinx).
Bu esa, darajali funksiyalaming integrallaridir.
2) m va n sonlarining har ikkalasi ham juft sonlar

botsh. Bu holda, sin’x = 1°252% ya cos’x = ZE°28ZX Kapj
formulalar orgali, trigonometrik funksiyalaming darajalari

pasaytiriladi,
5-misol. f cos7xsin3xdx hisoblansin.
> Jcos7xsin3xdx = Jcos7xsin2x sinxdx =

—/ cos? (1 —cos2x)d(cosx) == —f cos7x dfcosx) +
cos9x dfcosx) = —gcos& +mcoslox + C.Y

6-misol. f cos23xdx hisoblansin.

» f COS23xdx = J I+cos6* "
J 2

I‘dx + -2..I'0056xdx =- 4—123‘ cos6xd(,6x:3 =X -f
-—5|nbx + C *4
12 Ny

7-misol. Jf T —hlsoblansm

Mazkur mtegralnl hisoblash uchun kasr maxrajidagi kvadrat
uchhaddan to‘la kvadrat ajratamiz. Natijada:

dX dx
>J 5-4x—xz 9-(n:2+4x+4)
= G-dXi'2) 1 g gx+2+3 =-In\— + C.M
J 3z-(x+2)2 23 X+2~3 +C 6 \X-l '

8-misol. Jf I dx hisoblansin.

Ko‘phadni ko‘phadga bo‘lish qoidasidan foydalanib, integral
belgisi ostidagi funksiyaning suratini maxrajiga bo‘lamiz.
Natijada, integrallanuvchi funksiya butun darajali ko‘phad bilan
to‘g‘ri ratsional kasming vyig"indisi ko'riaishida ifodalanadi.
Kerakli almashtirishlami bajarib, quyidagini hosil gilamiz.
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> [MN-rr-dx = fgxs— 4x + 6I+)dx = f(/xS- 4x)dx +
J x2+4 J X +4 J

8F AN + + dx =--2x2+ 81n02+4) +;,—arcthf* +
J x2+4 “ X +4 4 2 2
C.
AT-8.2
Beriigan anigmas integrallami hisoblang.
1. J(e2x+ e~2x)dx. r.
2./ VI —7x3x2dx.
3 fif r 4. )
Vi+x2 j €c0s32x sjn4 2xdx.
b
5. 6. / ctg32xdx.
j cos23x «sin23 xdx. |
7. f~d x. 8* /sin7x
* 49 SiN9X<=r.
o f_~»~ 0.
J X2+6X+13

o
| V4i=a

Mustagil yechish uchun topshiriglar
Anigmas integrallami hisoblang.

1 | "ULAX. )\ fcos 2x msin 10xdx\

'J cosx

c) Jtgz7xdx.

j X + |

2 —m— dx, b)fsm(?x—l)sm 5xdx;
g x2+2 +5

< J Xih dX'
3. a) JfQZJﬁdx; b) fsin3(1- 3x)dx;
c) f — dx.

J x+1
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8.3. KVADRAT UCHHAD QATNASHGAN
FUNKSIYalarniintegrallash

f g1kl dx (81>
kabi integralni hisoblash lozim bo ‘Ism.
Aytaylik, A0 bo‘ILsin. Integral belgisi ostida ba’zi avniy
almashtiiishlarni bajarib. quyidagini bosil gilamiz.
X = t(2*~Wdx = - f + (B -

d
j Xx2+bx+c 2] X"N+bXx+c 2N x2+bx+c

—) -1 — = ) f e
27 - x2+bx+c 2 27 - x2+/jt+c
Oxirgi ifodadagi integralni hisoblash uchun x2 + bx + c dan

b
to‘la kvadrat ajratamiz, ya’ni: x2+bx + c= (x +-)2+ ci

+ bx + c| + + (B ~
v

Natijada, ¢~ ~ ning ishorasiga qarab, Ju2+s2 kabi jadval
integrallarining biriga kelamiz.
1-misol. ~ ***?_dx hisoblansin.

J X2+4X+13
Lor 3x-2 , 3 r2*+4-4— _ 3 2x +4
Y T et T ents
J (x+2)2+9
- Mn\x2+ 4x + 13| ~ 8 '" circtg"™ + C.Y
Sx-7 . .
[ _SxT dx hisoblansin.
x 2—8x +7
r Sx-7 , 5 M2X-8+8—
I dk — Sl 2dx —
J XA-3x+7 2J x2-8x+7
5 %@-8 dx + 13 f -----=—-In\x2 8 X +7\+
X j X2-2-4x+16-9
1331{ 9 -—-In\x2 Sx+7L+ 13 Inll_43||++0—

-2In\1x2-8x + 7}+ G—In = +C. <

Eslatma. Agar (8.1) integraldagi kvadrat uch hadning
ko‘rinishi ax2 + bx + ¢ (apO) kabi boMadigan bo‘lsa, u holda u
integralni  hisoblashda a koeffitsientni gavsdan tashqariga

chigariladi, ya’ni: x2+ bx + ¢ = a(x2+ +-x +-).

4x—3
[ o2 dx hisoblansin.
—2x2+12x—10
wor o 4X-3 1r_4x-3

[--===-m-- X —— ——mmmme- X —
J 2x2+12x 10d 2J x2 6X+5d
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[2x—6+6—§‘ o [ =6 9T dx

— Lh
~J XZ=BX¥5 Y j XZ—BX ¥ 5 _ZJ x=3)2—
= —ZNp2—6x + 5 +--Zn b——+
f kabi integrallami hisoblashda ham yuqorida

bayon etilgan usuldan foydalaniladi, ammo bu yerda, -
yuqoridagidan boshgacharoq jadval integrallari hosil bo‘ladi.
Agar AiS) bo‘lsa,

r (Ax+B'jdx __ A r\2ax+b b+-2~)dx _ A rd(ax +bx+c)

N vax2+bx+c 2a” eJax2+bx+c 2a ~ Yl pix2+bx+c
d
(8 =) gy —AX2HDX e+ (B 1T~ X
Vol pdshge @ A
ni hosil gilamiz. U holda, oxirgi integral yoki,
du
Ju2+q2
yoki,
Y= arcsin? + €
~ -Jgd-u* q
integrallaming biriga keltiriladi.
4-misol. f dx hisoblansin.
V*z-4;t+8
4X2- 4x+8 2 SIx2—4x+3 -
2%-4
=" —dx- 51 L
2  Vx2-4ar+8 ' V(x-2)2+4

= 3VX2—4x + 8 —BIn\x —2 + AJ(x —2)2 + 4[+ C.4
5-misol. f - 45— dx hisoblansin.
V-x2+2x+3

=S gy =
J yj-x2+2x+3
~2x+2+ 2 2x+2 f dx
—2|: s dx ——2J- ] X - = m===
J V-X2+2443 n/x2+2x+3 § N4-(x-1)2

—4n/—2 + 2x + 3 —arcsin - + C4

endi
f nx+8 rg2)
(x2+px+q)fc
ko‘rinishdagi integralni garaymiz, bu yerda, k>0 butun son
bo‘lib,p2—4q < 0 dir.
Agarda, A#) va ki\ bo‘ladigan bo‘lsa, aynan (8.1) holga
0 ‘xshash ayniy almashtirishlardan foydalanib,
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A1 (2x+p)ux __ A (x2+px-t-q)~k+1 ~ ~
2 (x2+px+(j)k 2 -K +1
ni ajratib olamiz. Natijada, (8.2) kabi integralni integrallash,
guyidagi integralni integrallashga keltiriladi:
r dx _r dx _r du In i\
J (x?+px+q)k -*I'(Xle t4q-ijf3 A (U2+82)k"@

Buyerda:n = x + 1,a2=4? » (4&<?—p 2> 0) deb
belgilash kiritilgan.

O'z navbatida, (8.3) ko‘rinishidagi integrallami hisoblash
uchun maxrajning darajasini pasaytirishga asoslangan quyidagi
rekurrent formuladan foydalaniladi:

f du S “ L 2fe~3 f du /0 nn
* (u2+a2)fc 2az(fe—l)(u2+a2)k_1 ' 2a2(te-1) » (uz+az)k_1 "

6-misol. f, dx hisoblansin.
N (x2+2x+5)2

3 3x+5 3, 2X+2-2+10 3 Fd(x2+2x+5
P- dx | Bax ~ 2jie "

(X2+2X+5)2 2 (x2+2x+5)2 23 (x2+2x+5)2
PR S—— (G 10) T I Y | U ——
3 ((kinzeay2 =27 2Xz+2x+5 \8((x+|)2+4)
1 dx \ 3 1 1 x+1
. —_——t 1 ______ N
8 4+ (x+1) /) 2x242x+5  Ax+2x-t-5 arct/g (C

Bu yerdagi (8.4) kabi yozuv, keyingi hlsoblashlarga o0‘tishda

(8.4) formuladan foydalanganlik belgisini anglatadi. (Bu xildagi
aisga va qulay yozuvdan bundan keyin ham foydalanamiz).

AT-8.3
1. [ — dx— .gJavob: -arctg— + C)
J X2+4x+20 4 4 !
2. 3 y +le-dx {Javob: 5 in!xz +x + 1 —\I75=arctaq
O
3. szjgxzE dx. (Javob\ In\x2 —8x + 7|1+ —ml—-l +
O)

4. -5 dx (Javob-——— + In\X2+ 2x + 2j —

X2+2Xx+2

—9arctg(x —1) + C)
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5 |/ dx. (Javob: 3V.T2- 6x + 18 +

J \Ix2- 6X+18 e
SIn\x m8 + +n/x2- 6x + 18j+ Q)
6. f dx. (Javob: -8n/5 + 2x —x2 —3arcsin— -+
J US+2x-x2 V6
0
3x— | 40r+13
oAk Ravobi— 22051 barctg S Ho

8. f ZJMLdx. (Javob: 2In\x + V4 + x21—3n/4 + x2 + C)

Mustagil yechish uchun topshiriglar
Anigmas integrallami hisoblang.

L. a)/ -3 9— dx; b)J " - dx.
x+12 j Vx2+2x+2
2. a)é 12' 7—dx b)f J - deX
3. a)f 3 dx; b)J| ------ dx
J 2x2 +4x +9 VX2+Wx+29

8.4.0 ‘ZGARUVCHINI ALMASHTIRISH YOKI O'RMGA
QO“YISH USULIDA INTEGRALLASH

Agar x = <p(t) funksiya uzluksiz differensiallanuvchi bo‘lsa,
u holda, berilgan Jf(x)dx integralda har doim vyangi t
0°‘zgaruvchiga nisbatan integralga kelish mumkin bo‘ladi, ya’ni:

[ 1(x)dx =/ f[(p(t)] =<p'(t)dt (8.5)

0 ‘'ng tomondagi integralni hisoblab, natijada eski x
o°‘zgaruvchiga gaytsak, berilgan integral hisoblangan bo‘ladi.

Anigmas integrallami bu usulda integrallashga o zgaruvchini
almashtirish yoki o rniga qo yish usuli deb yuritiladi.

Bu yerda, shuni ta’kidlash kerakki, x = <p(t) almashtirish
kiritilayotganda, <p(t) bilan /(x) funksiyalar orasida o‘zaro bir
giymatli moslik bo‘lishi va <p(t) funksiya o‘zgaruvchi x ning
barcha giymatlarini gabul gilishi lozim.

1-misol. / xXVx —1dx hisoblansin.

> t = n/x —1 almashtirish kiritamiz, u holda, x = t2 + 1 v«

dx - 2dt
Natijada,
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J xyfxMldx = f(t2+ 1) et tdt —2J(t4 + t2) dt =

15+ ;t8+ C== (1 —)f +:(X- 1)?+C4

2-misoL f-~x5~dx hisoblansin.
» Buyerda, x = a etgt (-- <t < -) almashtirishdan

foydalanamiz. dx = ~ ~ bo‘lgan3igi uchun, (8.5) formulaga
binoan quyidagini hosil gilamiz:

rvx2+a2” _ rJa2tg2t+a2 adt _ /Mm\Jl+tg2t”

A X2 J a2tg2t cos2t J  sin2t

7;'““— -dt = :/s_m4 dt+j]C_OStdt=:

castsin”t J costsin/t

— —+ 1In tgt +—M+C= —-+e -+ Inltgt +
sent | tgt 1

cost

+JT+1tg4\ +C=— +injx + Va2 + n2j+ C.-4

3-misol. / Va2 —x2d.x hisoblansin.

> Bu yerda, x = asint almashtirishdan foydalanamiz.
dx = acostdt (—* <t <| va—a < < a)gakoTa,
quyidagini yoza olamiz:

Jn/a2 —x2doc = J Va2 —azsin2t acostdt =
azzg cos2tdt == gzg -+‘2’-—dt —t +Tsin2t +tC—t +

TSintcost + C

Agar t = arcsin~vacost —VI| —sin2t =
ekanligini inobatga olsak, natijada,

J Va2 —#2dx = —arcsin- + —- 1l + C=
- 2 a 2 a\ a2

Tarcsin ; + +'2V a2 —x2+C. 4
hosil bo‘ladi.
Ayrim funksiyalami integrallashda, ko‘pincha, x = (p(t)

almashtirish emas, balki, t = <p(x) almashtirshdan foydalanish
magsadga muvofiq bo‘ladi.

4-misol. / V1 + sirue cosxdx integrallansin.
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»Yechish: 1+ sinx =t kabi almashtirish kiritamiz. U

holda, cosxdx == dt bo‘lganligi uchun,
4

&V1+sinxcosxdx = Atsdt = -x-FC=
Ay (1 + sinx)4+ C.<

5-misol. j e~% <x 2dx hisoblansin.
» Yechish: —x 3 = t deb olsak, —3x2dx = dt yoki x2dx —

—j bo‘ladi. Natijada,

/ e~x3x2dx —/ e£ dt = —"et+ C=—7"e~*2+ C

hosil bo‘ladi. -4

6-misol. j"@:_-l_i-)ﬁ)-é:&::[ohlsot)lanﬂn.

»Bu yerda, t —— almashtirish kiritish magsadga muvofiq
bo‘ladi. U holda, x = ! —Ilvadx = ——bo‘ladi. Natijada eséj,t
quyidagini yozamiz:

f ok o ~Trdc — r —_ jr dt —

e iX+iyjx2+2x+10 ~ J | j(I_i)2+2(i_i) +io “ 1 ~ v'otz+I

—In[3t+VoR2+ 1|+ C=--1n -+ I-~+ 1 +C.<

Ix+1 nl(*+1)2
Eslatma. Anigmas integrallami 0‘miga go‘yish
(o‘zgaruvchini almashtirish usuli) usulidan foydalanish jarayonida
go‘yidagicha sxemani qo‘llash tavsiya etiladi. Bu sxemaning
go‘llanishini yuqoridagi 3-misolni yechish jarayoni uchun bayon

etamiz: IE " I :| -
J \dx = acost!ti l

f Va2— a2sin2t acostdt = a2/|cost| costdt =
:2 azg (;OStht = azg 21+q)52§dt =5 J1 dt + 5 f cosltdt =—
— £+ —sin2t+ C= — t +—sintcost + C =
2 4 2 2

t = arcsin”, sint = x/a a2 oy
= 7arcsm; +
cost = VI —sin2t = V1 —x2/a
+-x 1 —-+ C=—arcsin- +-Va2—x2+ C"

2 sj a2 2 a 2
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Bundan keyin ham barcha oraligdagi hisoblasblami yozish
uchun ulami vertikal chiziglar orasiga joylashiiramiz.

AT-8.4
1. Jn-p==. (Javob: 2(n/x + 3 —In\l + n/x + 3]) + C)
2. j x\j(5x2—3)7dx. (Javob: M \I(Sx2—3)12'+ C)
3. |-T4 (Javob:
ﬂ2yx2+a a2x

4. “f---r;;(- dx. (Javob: 271/1 + Inx —InInx +

21n\n/1 + Inx —I| + C))
5  J-L-yL.. Javob: 2\Ix —AVx + 4 (1 + n/x) + C)

X+2+2/NIx 2+ X+ 1
% JX\/)Q+X+| JaVOb —'n """" )-(- -------- I- C)
7. V144 —e2dx. (Javob: 72arcsin— + V144 —x2 +

C)

8. é 249 (Javob: C- 7~ o )7

9. f dx. (Javob: | (e* —Z)n/ex +1+C)

10. 3 x*&he-(Javob: In | +C)
Mustagil yechish uchun topshiriglar
1. a) / x3v4 —3x4dx ;b)|"p=dx. (Javob: a) —
—\8
-V(4 —3x4)3+ C; b) "Vx3—x + 4\x—4In(l + n/x) + C)

2. a)/ )(/—n—idx b)/ 7:3.$Javob:
9-2X3 W 4-x2
a)-1 V(O" 2x3)2+ Cb)- j/In|r=i!] +C)

3, a)/ VI + cos2xsin2x dx; b)J vi 2 dx. (Javob:

a)—aq/(l + c0s2x)8+ C; b) C e arcsin x.)

8.5. BO'LAKLAB INTEGRALLASH
Bo‘lak!ab integrallash usuli deb ataluvchi usul, quyidagi
/ udv —uv —j vdu (8.6)



formulaga asoslangan. Bu yerdagi, u(x) bilan v(x) lar
uzluksiz differensiallanuvchi funksiyalardir. Ushbu (8.6) formula,
bo'laklab integrallash formulasi deb yuritiladi. (8.6) tenglikning
0‘ng tomonidagi integral, chap tomondagisiga nisbatan soddaroq
integrallanadigan hollarda ushbu formulani go‘llash magsadga
muvofiqdir. Shuningdek, avrim hollarda, (8.6) formulani bir
necha marta qo‘llash kerak bo‘ladi.

Bo‘laklab integrallash usulini,
xksinax, x kcosax, xkeax, xulnkx,xkchax, xkshax,

aPxcosax, a@xsinax, arcsinx, arctgx (n, k lar butun
musbat sonlar bo‘lib, a,(3 £ R) va boshga xildagi funksiyalami
integrallash uchun go‘llash tavsiya gilinadi.

L-raisol. / xe~2xdx hisoblansin.

»Bo‘laklab integrallash usulidan foydalanamiz. n = x va
dv == e 2xdx deb olsak, du=dx va “2X dx

—'ze 2x + S (har doim C = 0 deb hisoblash mumkin). U holda,
(8.6) formulaga binoan quyidagini hosil gilamiz:
f xe 2xdx =x (— —/(— : 2x)dx = —xe XK—
e 2+ C <
2-misol. f(x2+ 2x)cos2xdx hisoblansin.
n =x2+2x du = (2x + 2)dx,
> (X 2+ 2x')cos2xdx dv = cos2xdx,
v—l cos2xdx = s sin2x
m—x+1du=dx
= -(x2 +2x)sin2x —J (x + 1-)sin2xdx = dv =sin2xdx,
V= —;cost
=i(x2+ 2x)sin2x + (x + 1)*cos2x - fAcos2xdx =
—i (X2 + 2x)sin2x + ~(x + i)cos2x +~sin2x + C. M
3-misol. f xarctgxdx hisoblansin
n = arctgx, du m 1f)x(

»f xarctgxdx = T ——arctgx —
dv -
1rxdx_ ><+11 * 1"dx
I arc’t‘qx ZJ| o = Zarctgx — ! Tax +

= y arctgx ~\x +\arctgx + C <
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4-misoL f e2xsinxdx hisoblansin.
n =sinx, du = cosxdx, .
dv =ezxdx, v =seX 2% SInX
n —cosx, du = —sinxdx, | 3, *
dv —e2xdx, v —e X 28 SInK —
-- (& 2xcosx —f-e &sinxdx) = -e2sinX —~e2xcosx +
+- ge2xsinxdx.
Oxirgi integralni chap tarafga o'tkazsak
- fesinxdx = 5€ 2xsinx —¢© 2XCOSX + ZC'
Natijada.
f e2xsinxdx —5e2xsinx —5e2xcosx + C.-4
5-misol. f x 2In2xdx hisoblansin.
n —In2x, du = 2Inx = dx,

»/ exsinxdx

— er 2xcosxdx —

»f x2In2xdx = ==--In“x -
dv =x2dx,v =— 3
FX3INK —-dx =—In2x — = fx2nxdx =— " = ™M=
J " ’ du —x2dxv—xy3
2(mr Fx31 N X
_X AT _ 3
_§In5< 3\3 Inx- 173x }” X 6qnx+

+-9fode - -x3in2x—x3|nx +—x3+C A
3 9 27

AT-8.5
Anigmas integrallami hisoblang.

J x cos 3xdx. (Javob: ~x sin 3x + ~cos 3x + C)

f arccos xdx. (Javob: x arccos x —VT" x2+ C)
f (x2—7x+ 5)e~xdx. (Javob: —e~x(x2+ 5) + C))
f In2xdx. (Javob: xIn2x —2x Inx + 2x + C)
Sé?ﬁ’! dx. (Javob: —simx ¥ In}tg- + C)
f x3e~x2dx. (Javob: —e~x2(x2+ 1) + C)

1

o AN

~

/ enrdx. (Javob: 2ex2 (n/x —I) + C)
J sin(In x)dx. (Javob: - (sin Inx —cos Inx) + C)

©
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Mustaqil yechish uchun topshiriglar
Anigmas integrallami hisoblang.

1. ab )/ x e ~7d, c)fxarcsin xdx,
2. a)/ xellx~1dx; b) J In(l + x2dx); c) J x cos dx.
3. a)f In(x —3)dx; b)Jxcos(2x —)dx; c)/ x m3xdx.

8.6. RATSIONAL FUNKSIYALARNI INTEGRALLASH
Ratsional fiinksiya deb, ikkita ko ‘phadning nisbatini
ifodalaydigan funksiyaga aytiladi, ya’ni:

ft(x) — — bO&xm+blxm~1+--bm /o -j,
Pnix} a0*n+aix:n- 1+ .ON
bu yerda, m va n lar butun musbat sonlardir: ht,a; £ R (i =

0,m;j =0,n).

Agar m<n bo‘lsa, R(x) ni to‘g‘ri kasr, aksincha, m>n
bo‘lganda esa, uni noto‘g‘ri kasr deb yuritiladi.

Har ganday noto‘g‘ri  kasming suratidagi ko‘phadni
maxrajidagi ko‘phadga bo‘lib, uni biron bir ko‘phad bilan to‘g‘ri
kasming yig“indisi shaklida ifodalash mumkin bo‘ladi, ya’ni:

Qmix) Qdx)
M(x) ~ Mn-m(x) + F(x)
bu yerda, Mn_m(x) va Qi(x) lar ko ‘phadlardir; - esa,
nix
to‘g‘ri kasr (/<«).
Masalan, x2+3x t ko‘rinishidagi ratsional funksiya, noto‘g‘ri

kasrdir. Ko‘phadni ko‘phadga bo‘lish qoidasidan foydalanib,
suratni maxrajga bo‘lsak, quyidagini hosil gilamiz:

x4+ 4 ) oy 10y 33X 14
________ = J— + + ————————
Vel e X2+ 3x —1

Ma’lumki, ko‘phadni osongina integrallash mumkin, shu
boisdan, har ganday ratsional funksiyani integrallash, to‘g‘ri
kasmi integrallashga Kkeltiriladi. Bundan buyon, m<n shartni
ganoatlantiruvchi R(x) funksiyalami integrallash masalasini
0°‘rganamiz.

Eng sodda kasr funksiya deb, quyida keltirilgan 4 xildagi kasr
fimksiyalaming biriga aytiladi:

!) x—a ' ' (x-a)k
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3) Mx+N , \ Mx+N
X2+px+q ' (x2+px+q)k
bu yerdagi A, a, M, N, p, q lar ixtiyoriy sonlar bo‘lib. k esa
(k>2), butun son hamda p 2~4q<0.
Birinchi va ikkichi xildagi eng sodda kasrlami integrallash

bevosita integrallash yo‘li bilan amalga osbiriladi, ya’ni:

Jh = = Aln\x —a\ + C,
E - jkIdX = AJf(X —a3~kd sX — J E-E-Z\-) -1-(]-;53“ -C

Shuningdek, uchinchi va to'rtinchi xildagi eng sodda
kasrlami integrallash usullari esa, 88.4 da garalgan edi.

Demak, har ganday eng sodda kasmi integrallash, elementar
funksiyalar orgali amalga oshirilar ekan.

Ma’lumki, koeffitsientlari hagiqiy sonlardan iborat bo'lgan
har ganday P(x) kabi ko‘phadni hagigiy sonlar sohasida
quyidagicha ifodalash mumkin bo‘lar edi:

M(x) = a0(x - . (x- ap)ke -
*(x2+ prx + . (X2+ psx + Qgs)ts (8.8)

bu yerda: af, a2 ..., aplar P (x) ko‘pxadning mos ravishda k\,
K), ...,k$ karrali haqiqiy ildizlari bo‘lib, py2—4qy < 0 (y = 1,5)

Ki+k2+ .. + 2t2+ mm+ 2ts=n,.

(kltk2,...,/cp,ti,t2/ "-/tp lar manfiybo‘lmaganbutun
sonlardir). U holda, quyidagi teorema o‘rinlidir:

Teorema (tog‘ri kasmi eng sodda kasrlar yig‘indisiga
yoyish).

Maxraji (8.8) kabi ko'rinishda tasvirlanadigan har ganday
(8.7) tog Ti ratsional kasmi har doim yuqorida keltirilgan 14
xildagi eng sodda kasrlarning yig indisi shaklida yoyish mumkin
bo ladi. Xususan, (8.8) ifodadagi har bir k- karrali ar ildiz
(r = 1,/?) ({x —ar)kr ko'paytmaga) ga, yoyilmada quyidagicha
Ko Tinishda bo 1gan kr kasrlaryig indisi mos keladi:

— t)l + - Akr (8.9)
X-ar (>< ary2 (x-ar)kr
M (x) ko'phadning har bir ty karrali juft o'zaro qoShma
bo ‘lgan kompleks ildizlar
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((x2 + pyx + qy) 7ko’paytuvchilarga) ga esa, quyidagicha ty
dona elemental’ kasrlarningyig‘indisi mos keladi:
MjX+ N+ s M2X+N2 t | MtrX+Nty (3 10)
X 2+pYx+qY (x 2+pyx+4y)r (xr +PyX+LyYY

Yugorida keltirilgan yoyilmalardagi A, M, N laming
giymatlarini aniglash uchun ko ‘pincha noma’lum koeffitsientlar
usulidan foydalaniladi.

Mazkur usulning mohiyati quyidagichadir:

Berilgan to‘g‘ri ratsional kasr R(x) ni (8.9) va (8.10) kabi eng
sodda kasrlarning yig‘indisi ko‘rinishida yozib olamiz. U esa, 0 z
navbatida ayniyatdir. Shuning uchun, barcha kasrlami umumiy
maxrajga keltirsak, suratda (u-1) darajali Qn-i(x) kabi ko‘phad
hosil bo‘ladiki, u esa, 0‘z navbatida (8.7) ning suratidagi
Qm(x) ko‘phadga aynan teng bo'ladi. Ushbu ko‘phadlar oldidagi
koeffitsientlami x ning darajalariga nisbatan tenglashtirib, A. M, N
(indekslari  bilan) noma’lum koeffitsientlarga nisbatan n
noma’lumli n ta algebraik tenglamalar sistemasini hosil gilamiz.

Hisoblash ishlarini soddalashtirish magsadida ayrim hollarda
guyidagi mulohazadan foydalanish ham mumkin, ya’ni,
Qm(x) bilan Qn-i*(x) ko‘phadlar ayniy teng bo‘lganliklari
sababli, x ning har ganday sonli giymatlarida ham ulaming
giymatlari o‘zaro teng bo‘ladi. x ga muayyan ghonatlari berib,
noma’lum  koeffitsientlami  aniglash  uchun  tenglamalar
sistemasini  hosil qilamiz. Mazkur usulni odatda, Xxususiy
giymatlar usuli deb wyuritiladi. Agarda, x laming gqiymatlari
maxrajning hagiqiy ildizlari bilan bir xil bo‘ladigan bo‘lsa, bitta
noma’lum koeffitsientga nisbatan tenglamaga ega bo‘lamiz.

. 2X—3 . .
I-misol. —— -——---- dx hisoblansin.

J x(x-i)(x-2)

» (8.9) formulaga binoan, quyidagini yozamiz:

f  (2x —=3)dx rrA B C\
IX(XA"T)(x-2)=J {x+MY +/ 2 jdx(1)

Agarda, mazkur yoyilmadagi kasrlarda umumiy maxrajga
keltirilsa, u umumiy maxraj integrallanuvchi funksiyaning
maxraji bilan bir xil bo‘lib, (1) formulaning chap va o‘ng
tomonlaridagi integral ostidagi ifodalaming ham suratlari aynan
bir xil bo‘ladi, ya’ni:

2Xx - 3=A(x- D(x- 2)+Bx(x- 2)+Cx(x- 1) (2
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Mazkur ayniy tenglikning har ikkala tomonida x ning bir xil
darajalari  oldidagi  koeffitsientlami tenglashtirib  quyidagi
tenglamalar sistemasini hosil gilamiz:

2 0=A+B+C )
x3 2= -3A-2B -d
X° -3 = 2A J

va uni yechib, A=-3/2, B -1, C=1/2 lami topamiz.

Endi, yoyilmadagi koeffitsientlami xususiy giymatlar usuli
yordamida aniglaymiz. Shu magsadda, (2) ifodadagi x ning
o‘miga maxrajning ildizlari bo‘lgan a} = 0,a2= 1,vaa3= 2
xususiy giymatlami qo‘vamiz. Natijada, -3=2A, 1=2C lar
yoki ulardan A=-3/2, B=1, 0=1/2 lami topamiz.

Ushbu topilgan giymatlami keltirib, (1) tenglikka go'ysak,

J x(x —1)(x —2) x—1 x —=21

—~"n\x\ + In\x —1] + *n\x —2\ + C*

ni hosil gilamiz (bu yerda, C*, integrallashdagi ixtiyoriy
0‘zgarmasdir). 4

2-misol. f— — -hisoblansin.

J (x-1)(x+132

> To‘g‘ri kasmi eng sodda kasrlaming yig‘indisi ko ‘rmishida

ifodalash hagidagi teoremaga ko ‘ra, quyidagini yozamiz:
J[_ xdx — I-rl( A 1 B L C
(Ok—1)(n:+1)2 s \n:-1 (x+1H)2 x+1)
Umumiy maxrajga keltirilgandan so‘ng,
X =A(x+1)2+ B(x —1) + C(x2—1) (1)

ni hosil gilamiz.

Agar x —1va x ——1 deb olsak, 4A = 1 va —dB ——1 ni
va A - 1/4 , B =1/2 lami topamiz. Uchinchi noma’lum C
koeffitsientni aniglash magsadida (1) tenglikdagi x 2 ning oldidagi
koeffitsientlami tenglashtirib, 0=A+C ni va undan, C = —1/4 ni
topamiz. Natijada,
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— +
TLo—gin Cw+1  2x+1
ni hosil gilamiz. /1

3-misol. '—  —- hisoblansin
» Yugorida keltirilgan (8.9) bilan (8.10) formulalarga binoan

integral ishorasi ostidagi ratsional kasmi eng sodda kasrlarning
yig‘indisiga keltiramiz.

r xdx
J 0t-1)Orz+l)
r( A Mx+N\ _ fFAMX2+I)HMx+N)(x-1I)
J \x -1 x2+1J > (x-1Xx2+l)
Bundan esa, x = A(x2+ 1) + (Mx + N)(x —1) ni hosil

gilamiz.
Ushbu tenglikda x = 1 deb olsak, 1=2A yoki A—1/2 ni

my‘e al«/_nn

topamiz. 0 A NZOr dan esa, M=—1/2 bilan N=1/2 lami topamiz.
U holda:

_FArTF{i4 ) delM> 12+

4-misol. ng) =f — dx hisoblansin.
J x3+2x2+Sx

» Integrallanuvchi funksiya noto‘g‘ri ratsional kasr
bo‘lganligidan, suratni maxrajga bo‘lib, uning butun gismi bilan
to‘g‘ri kasr gismlarini ajratib olamiz:

X*+3x2-S , 2Xz+10x-5
— X =2+
. x 3+2x2+5x .x3+2x2+5x
Endi. (8.9) va (8.10) formulalarga binoan,



XY A i x- Ddx + JRB5E) dx = L%+
f(+ fyiv)dx

XZ+2x+5

ni hosil gilamiz.

Oxirgi integral ostidagi ifodada umumiy maxraj topib,
tenglikning chap va o‘ng tomonlaridagi suratlarni tenglashtirsak,

2x2 + 10x —S = A(x2+ 2x + 5) + Mx2+ NXx ni hosil
gilamiz.

Bu vyerda, 5 ning darajalariga qarab ular oldidagi
koeffitsientlami tenglashtirib, quyidagiga ega bo'lamiz:

2—A+M]
10 = 2A + N\
-5 =5A >

Mazkur sistemani yechib, A=—1, M=3, N~ 12 lami topamiz. U
holda:

n (x—2)2 , fr 1, 3x+12 \ , (x-2)2

3 2X+2+6 , (x—2)2 . J ., 3 T (2x+2jdx , r dx

------ In\x\ +*In\x2+ 2x + §| +*arctg~- +C A

AT-8.6
X —dx. sJavob\ In<x A +C)
Xx2-5x+6 \x—3\

2. JUUdk (Javob-ha+ 'X2 20ogdsly )

J x3-4x 2 (x+2)3 1
3. f % Jrdx. (Javob: x + - + C.)

J r3- x \
. r x2-2x+Z , , T L 1 11 wvU_1X"-3) . rn
4- [ (, -01 , N Javo»i—i+ P — £t-—- +C->

@2 H0C - ghop: nLOE2D

J {x-1)(x*-2x+5) Ax-1\

-Carctg"z-+C.)

6- f77? (Javob:larct9x+ \In|i*| + c-)
- f (x!|)(*2+|)2.£‘]a\/0b pInx + 1)+

ALn(l + x2) -f C)

2(x2+1)
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Mustaqil yechish uchun topshiriglar

, T dx 1 r 40*X
J (x-1)(x+2)(x+3)” AN X(X2+4)
(Javob: LU o\ AR K IR
_ nr 2xr+41x-91 , , - - dx
f o(x-1)(x+3)(x~4) AN ar(x+1)2m
(Mtob:a) | Y |+Cojij+Injrj+cC)
3 af__— e«p) f— 13dx-----

J- X(x2-T)' "7J x(x2+6x+13)"
SJavob: a)/n W TG b) Zn X T=+ Barctg — + C)

x++6x+\3
8.7. AYRIM IRRATSIONAL FUNKSIYALARNI
INTEGRALLASH

Har ganday irratsional funksiya uchun elementar funksiyalar
orqgali ifodalanadigan boshlang‘ich fiinksiyani topish har doim
ham mumkin bo ‘lavermaydi.

Quyida, ayrim irratsional fimksiyalaming integrallarini garab
o‘tamizki, ular 0‘z navbatida biron bir o ‘miga qo‘yish usuli orgali
yangi 0‘zgaruvchiga  nisbatan ratsional funksiyalami
integrallashga keltiriladi.

Quyidagi J R(x, (77" ) 11.- -(f™ ) Sy dx kabi integralni
garaylik.
Bu yerda: R- ratsional funksiya bo‘lib, a, b, c, d lar ixtiyoriy
sonlar, ri(Si (i = 1,y) lar esa, butun musbat sonlar.
Mazkur integralni = um almashtirish orqgali yangi

o‘zgaruvchi un ga nisbatan ratsional funksiyanj integrallashga
keltiriladi. Bu yerda, m=EKUK (s\,s2. ...,sy) dir.
r+
Xususan, JRgar,*S*, jdx kabi integral x=u
almashtirish orgali ratsionallashtiriladi.

1-misol. !] Vo hisoblansin.

> Bu vyerda, EKUK(2,4)=4 bo‘lganligi uchun x=u

almashtirish Kiritiladi, ya’ni:
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¢ 'Ixdx _ rx2ix _ 1 Xx=wund 1_
1\'"3+4 xA+4  ldx = 4u3dit’
f/ , 4u2 \ 4

16 .
—/njulJ+ 4| +C=
= ~Vx3—"1n\¥Yx3+4j + C
(chunki, n - Vx edi).M

-misol. nyx il ] hisoblansin.

»Bu yerda, EKUK (2,3,6)=6 bo‘lganligi uchun

- %'x+1dx

J TIx+1+Yx+1 dx = 6u5dut y *3+2 u+i
:Gj_(}l3- u2+u - u_|_|J|du u4—2u3+ 3u2 —

6u H-6>Inu+ 11+ C= —V(x + I)2—2Vx+ 1+3Vx+1—
6VX + 1 H{(-6Vx + 1+ Ij +

Eslatma: Vax2+ bx + ¢ ga nisbatan ratsional bo‘lgan ayrim
irratsionalliklarai integrallash 88.3 va 88.4 larda bayon etilgan
edi.

Quyidagi ko‘rinishdagi integralni garaylik / t= j=——.

Bu integralni har doim quyidagicha yoyish mumkin bo"lar
ekan:

3]Vax2+bx+c - Qtl_l(X) mVax2+ bx +c+ é Vax2+bx+c (8'11)

Bu yerda. A6 R hamda On_1(x) esa. koeffitsientlari
noma’lum bo‘lgan (n-1) darajali ko‘phad bo‘lib, uning
koeffitsientlarini  aniglash uchun (8.11) ni differetsiallab
yuboriladi. Natijada hosil bo‘lgan ayniyatdan, ham <h_i(x) ning
koeffitsientlari, ham ~kni aniglanadi.

3-misol. I \;\ — dx hisoblansin.

»(8.11) formulaga binoan,

I Xpo+a = (AX3+ B2 + Cx + DJVix2 + 4 § S:ijA o4

ni yozib olamiz.

Oxirgi tenglikni differensiallab, quyidagini hosil gilamiz
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= $3Ax2+ 2Bx + C)sz + 4 +
VX +4

H(IX3+Bx2+Cx + D)5, + 47 U)

Tenglikning har ikkala tomonini Vx2 + 4 ga ko‘paytirsak, u
holda:
X4+ 4x2 = (3Ax2+ 2Bx + C)(x2 + 4)

+ (Ax3+Bxz + Cx + D) ox + /1

Noma’lum  koeffitsientlar  usulini  qo‘llab,  quyidagi
tenglamalar sistemasini aniglaymiz, ya’ni:

x4 1=3A+A ~

x3 0=2B+B

x2 4=12A+C+

x1 0=4B+D

X° 0=4C+ 4

Bu sistemani yechib, A=1/4, 5=0, C=1/2, D=0 va X.=-2 lami
topamiz.

Natijada.
4+ 4x2 x3 + 2x t .
/-—-- dX = ——--——-yx2+ 4 2Injx+ n/x2+ 4i + C
V A+ 4 4 | |

ni hosil gilamiz.

Differensial binom deb ataluvchi ifodaning integrali,
Jxm(a + +bxn)pdx ni (bu yerda, a va b lar noldan fargli
bo‘lgan o‘zgarmas sonlar bo‘lib, m, n, p lar esa, ratsional
sonlardir) integrallash uchun uni Chebishev almashtirishlari
yordamida ratsional fimksiyalaming integrallariga keltiriladi.
Quyidagi uch holni garaymiz:

1) agar p butun son bo‘ladigan bo‘lsa, yuqorida ko‘rib
o‘tilgan eng sodda irratsional funksiyalami integrallash holiga
kelinadi;

2) agar (m+ 1)/n butun son bo‘ladigan bo‘lsa,

a+ bxn=it5p =j,s > 0kabi almashtirish go‘llaniladi;

3) agar + p butun son bo‘ladigan bo‘lsa, a + bxn =
usxn kabi almashtirish kiritiladi.

4-misol. f , f- Ahisoblansin.
J x14i+x*
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> Bu yerda, m = —7,n =4,p = -1/2 bo‘lganligi uchun,

IHii. + p — 5> = —2 butun sonair. Shu boisdan,
yuqorida garalgan 3-holdan foydalanamiz:
1+ X~ —U2X4
[ dx X= (u2—-1)
X"\I1+ x4

dx = —(mn2—1) 5udu
—j (U2—1)5+u-1 m(u2—1)5 — M2—I)~?udu =

= —zf(/u2—1)du ——6M3+iu +C—un-= _XI_\'L
(% zxVT*r*+C<

AT-8.7
Anigmas integrallami hisoblang.

dx .
1. A (Javob: -1m\n[3x + 4| + C))
2. 7 xdx .. (Javob: - Vx5+ —rUx* + ~ 1n\B[xX* —I| + C))
VPn/i
3. v3x+4+_2€73x+4 . (Javob.é(d-fz<13x +4 —2y3x + 4+

+4Zn(V3x + 4+ 21)) + C)
4- | j-_d)éy- m (Javob: 4("-yfx + 7\Ix + 49In\Vx - 7| + C)

5 J [ E E (javoft;;n|~_- ~ i+ 2arctg
J yJl+x x IVT+*-fVix\ y1+*

6. [/ XsV(L+ *3)2d*. (Jawfe: - VICl + x3)8- 77 (1+*35+ C)

+C)

Mustaqil yechish uchun topshiriglar
Anigmas integrallami hisoblang.

1. a)‘]r|;\>6_+ X ; b)/é\ll)’(‘z’l;l2
(Javob: a) N(UxA —1n(yx? + 1)) + G by ¥4M22 4 )
Axdx
VX b) J»\(x+l)2+>/x+1+r’
(Javob: )2 V/x8 —21/x13 ¥ € b)3¥x + \ —4(x + 1) + C)
" 4r dx . Xr 4xdx
3m TT— : V'(3X-8)2- 2v3X-8+4 "
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(Javob'. a) 6 — + %x—In(l + -4 + Cj ;

b)- §/7(/:\%7>Z'-'§W + ﬁ(ﬁx - 95'+' 6}

8.8. TRIGONOMETRIK IFODALARNI
INTEGR4LLASH
J R(cosx\'sinx)dx (8.12)
integralni garaymiz. Bu yerda, R ratsional funksiya. Bu
xildagi integralni integrallash, universal almashtirish deb
ataluvchi tg - = n kabi almashtirish yordainida yangi W©

o‘zgaruvchiga nisbatan ratsional funksiyani integrallashga
keltiriladi. Bu yerda,

_l—u2 20 dx = 2du 8.13
oS R TSI = s T T 8.13)
belgilashlar inobatga olinadi (88.6 ga garalsin).
1-misol. f ---——-—-- hisoblansin.

J 1+sinx+cosx

> tgz( = 1 deb olib, (8.13) lardan foydalansak, quyidagiga
ega bo‘lamiz:

R = In\l +u[ +C==

J 1+sinx+cosx J Jl 1_%52 D]I+u
In|l +tg~"+ C.-4

Agarda, R(—cosx,—sinx) = R(cosx, sinx) kabi ayniyat
o‘rinli bo‘lsa, integral belgisi ostidagi funksiyani ratsional
ko‘rinishga keltirish uchun nisbatan soddaroq bo‘lgan tgx = u

almashtirishni go‘llash mumkin. Bu yerda esa,
n 1 du

sinx = ,— ,cosXx = , . . ,dX = =———-- (8.14)
vm ? vitif i +u2
kabi ifodalar inobatga olinadi.
2-misol. Jf3_+ﬁ§x' hlsoblansm. _
» tgx —MW deb olib, (8.14) lardan foydalanamiz:
du
f— = f-ixd4_=f *L_=
J 3+Sin2x J 3,,u J3+4u2 2vy ' v3
1I+ u2
— arctg A2 + C. <

3-misol. J tg52xdx ni hisoblang.
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» Bu integralni hisoblash uchun tg2x —w almashtirish
kiritamiz. U holda, ;t = ~arctgu va dx — lami inobatga
olib, quyidagiga ega bo ‘lamiz:

ﬁtgstdx = -2_fus-l’;aédu —-yf(}JS—VI B, ) du = u4—
Ju2+ + 4—lnfl +u2 +C= Stg42x —-tq22x + Zln(l + tH22X)J + C*4

J f(cosx)si.nxdx va Jf(sinx)cosxdx kabi integrallami
hisoblash uchun mos ravishda cosx =t va sinx =t
aImashtirishlardapﬁtoydalanish magsadga muvofiqdir.

al
4-misol. qu_ —dx hisoblansin.
C0S4X

»cosx =t deb olamiz, u holda:
[sin** | r l-cos i

- X m*d*—/—(*):-/7+/
_-t 3-I+C :;ggg_ cos* +CH
5-misol. 1=" COSZXdX- hisoblansin.

n y(2+33 in2x)2
» 2 + 3sin2x = t3deb olsak. cos2x — t2dt bo'ladi. U holda:

I=+f" =xfdt ="t + C=%\j(2 + 3sin2x) + C.<

AT-8.8
Beriigan anigmas integrallar hisoblansin.
2Hg
L. T, 1Javob: -In 21g- + C)
dx , T , o, sipm, A A
2' 3sin2X+5 cos
dx
3. -4sinar+7cos x t*r 3 + C)
4. | cos3xsinl0xdx. (Javob: “***'F coig” + C)
dx -tgx+3-y/3
C +
5. sin2*+3 sinx cos x+c0s2 X.'{JaVOb. v'13 n Itgx+3+n/3 )
6. stin4 3xdx. {Javob: ;X —Esin 6Xx + TR 12x + C)
r cos™z +sin X
7. 3 cos2x—sin2x dx. SJavob I1—tg h smxcosx + C)
8. J COSXSm3*' {Javob: In\tgx\ -+ C)
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Mustagqil yechish uchun topshiriglar

, T §in3f_dxl b)i_ dx
Vcos4 X 4

—5sinx '

- i -2
f-cos™3x —3cos 'fax + G b)-In\ 9z, C)
5 3 2tg~

2. Gy, cos m—ax;ﬁvﬂ[‘i‘.’f.-

V3+4sm2x sin x+1

{Javob :ahV3 + 4sin2x + C;bj— +x + C)
4 i+tg-

3. a (™ n—dx
J V(3+2co0s3x)2

m b)f-sin2®

“* |+cos2*

/

(Javob: a)AV3 + 2cos3x + C,bWlarcta ("4?) —x + C)
2 N Vvz

8.9. 8- BOBGA DOIR INDIVIDUAL UY TOPSHIRIQLARI
IUT-8.1
Anigmas integrallami hisoblang (15 topshiriglarda
integrallash natijasini differensiallab tekshiring).

1.
11 dx.
12 / dx.
" 5 3n/*+4x2-5
i~*. J — T dx.

1-4./-N1 * +3dx,

16. S~ f**dx.

VX

1.7. f(Vx- — + 3)dx.
3 /-7

1.8./25

Z Sr-
1.9./2 ~ *

1.10. (2dE £1dx

* X2
111, 7 R BB ax
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1.12. /| (xVx- ~ +1) dx.

1.13. /(x2- - 3)dx.
LA4. "rxldxesyy

X

1.15. /(— + 2x3 —4)dx.
,.16.

1.11. S(2x*-*& +$dx.
e2X3-Y M+ 1

1.18./: dx.

11, r 3xz-Vx3+7

114"/

1 r 3x4->/r*+| J

,20- [ -—--- T3----dxm

IM. s(V P -+ +i)dx.

150, IR gy

bos JNIT2GH,



124.¢(ymIx-"+2)dx. 1.28.f(:}k 6j dx
1.25. j (\fx — + 2™dx. 1.29. / (N - —+ 5Jdx.
126 f~ 7~ d x . 130. f - VF +2)dx
1.27. J (N -i+ 1)d * .
2.1./ n/3 + xdx. 217. | VI + 3xdx.
2.2. 1 VI + xdx. 2.18. [/ VI + 3xdx.
2.3. 1 V(1 + x)2dx. 2.19. |/
2.4.]- . dx
7 Vi+x 220- Jv -~
2. '/y7cq9-€X)1 221. / (2?1()
d x
Z'G*XZTS' 2.22. /| V5~"2x dx.
2.7.1(1-4 x 7)dx. 2.23. | V5 —4x dx.
2.8. /(1 + 4x)sdx. 2.24.
2.9./ (1 —3x)4dx. | V(6 —5x)2dXx.
2.10. /gl + 3xdx. 2.25. | V2 - 5xdx.
2.11. fV§j—4de- 2.26. | V4 —2xdx.
r
212. 227. | V3 —4x dx.
2.13. dx 2.28. /| W+ 2x dx.
Y(1-*x)5" 2.29.
2.14 ox
dx
215 | yrpy 2.30. /V (2 -x)2dx.
2.16. [ v3 —2x dx.
3 dx
34. 13 37.1
R 3d_>)<( 1d§1(x 3:1()(—2
3.2, / 3x+9 3.5, é 2+3x 38./ 2x+3"

dx dx

33.J, 3.6, /— . 3.9./3

-3x J 2-5x% x—4'
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3/0. 3.17. 3.24.

dx - dx dx
I 4-3x - 5+3pr foine
3.11. 3.18. 3.25.
dx r dx
I 3x 44 " 3-5x° 5773><'
3.12. 3.19. 3.26.
m dx r dx dx
4x-2' S+4X 5—2n"
3.13. 3.20. 3.27.
dx dx dx
s 3y S 6-3x 2x+7~
3.14. 3.21. 3.28.
dx dx dx
I 4 _ox f 6+5x 2X+9
3.15. 3.22. 3.29.
r dx m dx dx
* 5x—3' 1 7x—3%
3.16. 3.23. 3.30.
dx r dx m dx
f 3-2x' J 1+6x' 6x+1
4,
4.1. J sin(2 —3x) dx. 4.16. J sin(4x + 3) dx.
4.2./ sin(3 —2x) dx. 4.17. / sin(5 —3x) dx.
4.3./ sin(5 —3x) dz. 4.18. Jrsin(3x + 6) dx.
4.4.] cos(2 + 3x) dx. 4.19. / cos(5x —8) dx
4.5./ cos(3 + 2x) dx. 4.20. / cos(3x —7) dx.
4.6. f sin(4 —2x) dx. 4.21. | cos(5x —6) dx.
4.7. 1 cos(5 —2x) dx. 4.22. Jsin(7x + 1) dx.
4.8.J cos(7x + 3) dx. 4.23. | cos(7x + 3) dx.
4.9. Jsin(8x —3) dx. 4.24. | sin(7 —4x) dx.
4.10. / sin(3 + 4x) dx. 4.25. f cos(3x —7) dx.
4.11. / sin(3 - 4x) dx. 4.26. f sin(8x —5) dx.
4.12. | cos(4x + 3) dx. 4.27. f cos(8x —4) dx.
4.13. f cos(3 —4x) dx. 4.28. / sin(9x —1) dx.
4.14. | cos(2 + 5x) dr. 4.29. f cos(10x —3) dx.
4.15. / cos(3x + 5) dx. 4.30. / sin(9x + 7) dx.
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6.7 oz

6.8./-" =
J V3xz--2
69/ 2xdx

" 4rx1-2

610. 4 "
V7-2X2

5.12. /V,4(_jzx7xi'
5.13. _r_vr?fixxz
5.14. vzi);-g
5.15. § o

5-16. ¢ Vx24I
5.17. ' 3X"AX+2

518 V\?—iiz'
5.19. 2'“;"_7
5.20. 8x:2x+g'
521 O

6.

611 £\
6.12. 531‘28

6.13. } 32XX2d_X7

6.14. jvzzidjs
6.15. n/’;_:xz
6.16. jzi‘;iy
6.17. V53X_<’5XXZ‘
6.18. jr \!:xdrx+3v
6.19. jn/5)><<2i3‘
6.20. 31‘2:
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522. T
Ji 4n:(2&3
523. J o
5.4, ¢ &
'fV3d;1(x2
5.25. ‘
rV9d—X8x2
5.26. ; iXd2X'3'
5.27. ) 8X&X;g
5.28. | -——--
M
5.29' J 4ﬁif;'
5.30. P
J V4xz-3
621, "
7’%£5;k|
6.22. | 5))((5;(3
6.23. /r 23&_7
X
6.24. 5 "3%9XX2
6.25. 9>§252'
6.26. xax
Ve
6.27. ">
6.28. /C5)>(<d2;(3'
6.29. Jr 37)(X2d;2|
6.30, S o1



7.1.

f _dx
J V7xS-3
7.2, « .
J 2x2~5
7.3.
f dx
V2-5xJ

J 5xz+2 ™

751 ¢ .
J 2x2+3
|- dx
i V5x2+1"

7.7.] f .
J 2x2+9
fo dx

V9-2x2
7.9.

r dx

J VoxJ+2"
7.10.
/o dx

5x2—4"

7.11.
C dx

J 3x2—7"

8.1./ e2*-7dx.
8.2. | e3+5*dic.
8.3. fe 2~3xdx.
8.4. ] e2*+1dx.
8.5./ eT*-2dx.
8.6. / eSx~7dx.
8.7. | e5*+7dx.
8.8. 1 e 7~2xdx.
8.9. / e3-4*dx.

7.
7.12.

r dx
o, 3x2+7"

7.13.
C dx

6xz— *
7.14.

J 7x2+6

7.15.
r dx

J V73x2

7.16.
C dx

6xz+1 *
7.17.

r dx
N VbExz-i!

7.18.

J 3x2—5
7.19.

f dx
J V2-3xS

7.20.
f dx

N VB-3X2'
7.21.
/o dx

¥ V3x5+8'

8.

8.10.

/ el0*+2d:t.
8.11.
| e2x~10ax.

[ edx+3ux.
8.13.

[ e Ax+5dx.
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7.22.

V3x2+2'
7.23.

n 2xdzr+7 '

7.24.

J 4x2-3"
7.25.

3x2+4*
7.26.
C dx

\/8xS—9’
7.27.

V5-4X2'
7.28.
f dx

* V1-3xz
7.29.

< dx
V4x2+5*
7.30.

f to

J 3x2—=2"

8.14.

/ ebx~"dx.
8.15.

[ e5-2xdx.
8.16.

[ e4~3xdx.
8.17.

[ e3~5xdx.



8.18.

[ el-4*dx.
8.19.

f e2~Sxdx.
8.20.

f e 6x~4dx.
8.21.

/ eBx+1dx.

9 f

(2x+1)'V*n2(2x+1)’

u fJS .ﬂFAl fc
9.3./

(1-3C)V (n2(1-X)
94 f dx

* m) (I-x)V2n3(l-x) '

95./sfea.te.

9.6.
'V SEndt

J 3x+1

98. f .
(x+1)in2(x+1)

9.9 '(!(4-1-)"//\1n(x+1)'

9.10. f dx.

X+ 1

911. J~ A~ d x .
*+l

9.12. 37 X@f---dx.
rS5H 5dx.

9.13.

AN

X+ 1
9.14 o

9.15. f y—x7$>f+1) dx.

' r(x+i)7inJC"+i)

8.22.
f e 2~6xdx.
8.23.
| e 2~*xdx.
8.24.
| e3~6xdx.
8.25.
| e4-5*dx.
8.26. / e5~*dx.
9.
9.16.
9.17.
9.18.
9.19.
9.20.
9.21.
9.22.
9.23.
9.24.
9.25.
9.26.
9.27.
9.28.
9.29.
9.30.

a7

8.27.

[ e7+3*dx.

8.28.

f e 7*+3dx.

8.29.

J gS-t+1In

8.30.

J e4~7xdx.

dx
(x+2)Mn(x+2)
Jn4(3x+1)

3x+1
dx

(X-3)2dn«(x-3)
(x+S)In3(x+5) *

x-5
VIirt(X+4)

X+4
ins(x—)

Y dx.

* > V]

Yy LI)_(I,_5 nX.
dx
(x+3)In4(x+3)

in5fx—8
)-dx.
t-8

X+6
dx

(X—4)tns (x—4'

AN

X+9
in(3x+5) dx

3x+S



10.

10.1. J sin42xcos2xdx. 10.17.
10.2. | =22 4y / v cos32xsin2xdx.
mJ2x sInAx
103,/ A d x . 1018/ gy X
J €c0s33x 10 19
N
104. 1 ycgsxx ' fsin35xcosSxdx.
C0S SXx
105 dx.- 10.20. /\Sin35X
10.6./ cos72xsin2xdx. 10.21. f SrBX dx.
cos45*
107, T oosxdx 10.22.
10.8. Jf%E;EI;‘Xf f Vcos?xsin7xdx.
10.23.
10.9. f;@@’égﬁ / sin63xcos3xdx.
10.10. \COSX+ 1 10.24. " p-dx,
10.11. /m cos*d* 10.25.
W(sinx-4)3 | Vcos32xsin2xdx.
1012, g, O 10.26.
10.13. ;35'2 X x / sin48xcos8xdx.
\/cos5x 10.27.
10.14. *f-sﬂwux.dx. / sm54xc0s4;rd;r.
10.15. 10.28. [~ 7 d x
fsin35xcos5xdx. Veoslx
10.16. 10.29. s I'Px dx.
i * v'cos42
/ Vcos2xsin2xdx. 10.30. //\ 1dx.
sin 6x
11.
thBx 3
11.1./7 ) 11.6
COSZ;X cos25a:
112 / cos2Xyjtg3x n. 7 ' J " S * '
113./ 11.8./ , 2d* 3 .
siri2xctg*x - sin®-xctg”x
sin22x 11.9.1 cosésqgt(g43x '
tg 34x
11.5./ cos24x dx. 11.10.
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1111 sin 3x
1112 Sc/0\52d7xx
ctg56x
11.13. sin26x
1114 (Y
) J cos24x
rctg43x
11.15 A ﬁnZ%&
11.16 I 0s24x.JtgA X’
dx
11.17 I 3in23xctg33x’
11.18 Jlr-c‘ogézgxdx
X
11.19 o sin2xctg3x
1120 1 & x .
J sin*4x
r ctg”Ax
1121 3 qrmg dx-
14912
1225-’\Hl|gd*.
arccos23x
12.3.f 2 s
arcctg22x
12407
12.5. j yJI—ng
X
126.J (1+x2)arctg3x
arccos3x
127.37°,, 4., d
A
128.J 8 1+Xg X .
arcsin32x
12.9./ i tx2
12.10. é \H x+arcswvx
arccos32x
1211 § Gz

12.

11.22. co2Tx dx.
tg23x
11.23. cosoay X
11.24. TH"IQAO X.
11.25.
c\,IctgA
11.26. o
cos2x\jtg 2x
,062x
11.27. Losaox
11.28. 19 dx.
11.29. dx.
_A
11.30. j-"d x
arcctg' 3x
J I+-9xf
12.13. j M dx.
r arcsin
1214 70
arCS|n32x
12.15. §°77 b Zdx.
12.16. J (L+x*-)arctg'x
N
12.17. r)/l Izl;Qe nx.
arccos63x
12.18. Troxa dx
Jarctg3x
12.19. 1+X%x dx.
12.20. {I+x2)"arctgx
dx
12.21. (1+x2}arct.gsx ’
1222 arccos7xdx

« Jtg7x



/ yarccoslx

V1-4X2
arcctg’bx

12.23.

12.24. | dx.

1+25X2
12.25.
12.26,

V1—=25X2

dx
25x2arcsinb5*

xdx
,3X2+4

13.1J
13.2.) "™

13.3./
13.4. ] e cosxSinxdx.
13.5./ e 2x3~ix 2dx.
136/ °™ dx.

,COSX

13.7. ] €7x +2x dx
13.8. / e3~*2dx.
13.9./ edx2+5xdx.

dx
f- Co
13.10. * yTi=x2earcsinx

13.11. [/ eSx2~3xdx.
13.12. f el-4x2xdx.

13.13. /| e3x2+4xdx.

x 2dx

13.14. | estnx+1cosxdx.

13.15. /| e4~x2xdx.
13.16. retgx—-dx.

1227,  areosx
1+9X2

12.28. égvgllgxrzfs.

12.29. T~ {24 x .
12.30. | @rectonéx gy

1+64X2

13.
13.17. | e3cosx+2sinxdx.
13.18. / elismx~1cosxdx.
13.19. | e Sx2~3xdx.
13.20. [/ es~2eXxdx.
13.21. f e4-3x2xdx.
13.22. [ ecos2xsinlxdx.
13.23. / el-6*Xdx.
13.24. f ex3+1x 2dx.

parctgx
13.25. é';xédx
13.26. | e3x3x 2dx.
13.27. S
1328 |
13.29. xdx

13.30. ¢ *"S*%xdx.

14.

14.4. f £Ldx.
v2+4

14 5. é rx2+l

14.6. [ -"~-dx.
J 3x2+1
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14.7 ’; fjx 14.20. } ~ ~ Ei X

14.8. f fgé:s: dx. 421, 1%="d x.
J\7x +3 J V4-X2
14'9'5 6)(’\259 dx. 14.22. ] \5_3x2dx.
14.10. f-~d x 1423. f~d x .
J 3x2+1 J 5-2x2
1411, J~*d 4. "1m24. T 3x~3Fdx.
J 5-Tx2 Jvi-
14.12. JFI 2 "2 dx. 14.25. f Vx2+9
14.13. TI~p-dx. 14.26. f~dx.
J 5x2+2 J X2-8
1414, f~-d x. 1427, f~-dx,
J 4*2+1 J 8-4x2
14.15. f~-~dx. 14.28. [N -
J 1-4x* J 7x2+3
14.16. f" ~ d X. 14.29. J NLdx.
V2x2-1

14.18. ] </I§I;<l,2+—l

1419. T4 =dx
J m3x2+2

Mamunaviv variant yechimi
Anigmas integrallami hisoblang (1-5 topshiriglarda
integrallash natijasini differensiallab tekshiring).

_ryAgA
1 /C3 rXy:'- dex.

> Integral ostidagi funksiya suratini maxrajiga bo‘lamiz va
integrallash usulining ikkinchi va uchinchi goidalarini go‘llaymiz.
Anigmas integrallar jadvalini qo‘llasak:
3-2X* + Vx2 R f s N
-------- doc = 3j X 415 —2J x+ (it+ j zi2 dx =
8 12 i7 4 — 84/ — 1212/
4x3/4™ 19X4 +Y7*12+ C=4V*3 “ i9VxI9 +i7 Vx17+ c-
Hosil bo‘lgan natijani tekshiramiz:
(4%5 - —n'9'4+ H Xi7/12 + Cy=4. £*-1/4 iL +
v 4

+—l—X5/12 —3x-1/4 2XT+ X, ~
17

2 I X

= ) %'(4-8x)2 ¢
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> j'%-t”z,\&@: M4 - 8x)~2/5dx = - R('A' -8m=+C=
=-|jV (4-8x)3+C
Hosil bo‘lgan natijani tekshiramiz:

(_IL(4-8x)f+C) =-~ (4- 8x)4(-8) = (4- 8x)“2'5«
3.
6 -7n:
f dx 1,
AjoA =-7fel6- T*I+C |

Hosil bo‘lgan natijani tekshiramiz:
f--Inl6 - 7*+¢c| =
4. | cos(2 —5%) dx,
>\] cos(2 —5*) dx = —sin(2 —5*) + C.

Hosil bo‘lgan natijani tekshiramiz:
(—sin(2 —5x) + cy = —cos(2 —5x) m(—5) = cos(2 —Sac). -4

55 1y
> kg Y s g P Ve st

Hosil bo‘lgan natijani tekshiramiz

_ 2+ &
g in|2x + n/4x2-3| + c) :-f\-ZZX‘JrMX%_?’/

u(-7) =, "

7 6-7X X

3 2(YAx2rA+2x) 3 m

2 (2x+V4x2-3)V4:*:2-3 _ al4x2-3*
r

J 3w2+4¢
> A1 = ZFINL=Z/n|3x2+ 4]+ c_N
J 3x2+4 6 3x2+4 6 1

f-M = .

J V6-5)2
»f =~ [—CVSL- =zxarcsin*-+Cc.TM

A~g*2 N J(V6B)ANT S A
8./ es~4xdx.
» feb 4*d* = e5-4*d(5 —4*) = - i e5-4*+ C. A
J vio
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J{LLI Ww s
X +2
r 3 7 10
— Vlrp(x + 2)d(In(x + 2)) = — In7-(x+ 2) + C=

AV OM10(K+ 2) + Co<
< cos'ixdx
fo. &~
Vsin3x-4

» f 005~ ax- = -[(.sinSx —4)~"m3c0s3xdx — (sin3x —
Usi.nd3x—4 3%V 3

—4)~5d(5En3x —4) = -m-(s/rr3m: —4)s -f C =

' sin"AS%/Jctg"lx

\sin3x —4)4 4 C.

4 \.
>i --------- =-- I(I<7"34 l----; dxj=
d5|n24xyjct924x ~J V sin ,x )
= —f ctg~4xd(ctgdx) ——~ctg34x + C= —\jctgdx + C. M
12.
- L tI?
r{Iarcctg52xd I f taso 2\ Jdx =
[*ax2 7 Jarccags X _""&éa
I f S 3
= ————2jj arcctg?>2xd(arctg2x) = —2-—8arcct932x +C=

= —~ ijarcctg82x + C. <
13. / e3oosx+sinxdx.

» f e3oosx+2sinxdx = —  e3cos*+2d(3cosx + 2) =
_ie3co«+2 + +¢c "
314 s
A c3x+10 r 3xdx , , ., r dx lc I12xdx
*foA4dx=f7 A~ +10f A 5 =~ J A+
io r dx

712f fubx)2-22

:-In\6x2—4|1+ Inh— 2i+ C
4 1 I\ 6x+21

IUT-8.2
Anigmas integrallami hisoblang
1

1.1. f ~=dx. (Javob: n/2 arctg — — " in|x2+ 2| + C)
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C))

1.2. f -4J=dx. (Javob: 3arcsinx + 5V1 —x2+ C)
1.3. j2j*=dx. (Javob: 8 In\x + Vx2 —ij —13n/x2 —1 +

*4-JM~dx. (Javob: Un\2x2-1\+ ~-1In + C)
1.5. | j—=dx. (Javob: Af2 —x2 —2arcsin-* + C)

1.6. F\ﬁ_‘l--dx sJavob: éarcsian +ov | —4x2+ C.)
1.7. /- = — dXx. (fflvofc: *fn|V2x + V2x2 + 1)] -

Zn/2x2 +1+C.)

18. 1 dx. (Javob: arcsin®=—V2 —x2 + C.;

J V2-X2 v V2
1.9./ ~*77dx. (Javob: *Zn|2x2 + 1| + y[2arct g yf2x + C.)
1.10. f (Javob: A arctg 5x ~ ~In\l + 25x2\+ C))

1.11. Jf é’;;(_zdx. SJavob: 5In\3x2- 4] - Tin N +C.)

1,12 fA T Adx-(Javob: A <nigx2+ 71% j2arct5~Af + ¢

1.13. g \/'454|’;2 dx. sjavob: ]-173:arcsin -t n/4 —3x2 + C.;
1.14. J -~===dx. (Javob: 2arcsin2x + "VI —4x2+ C.)
1.15./ A :dx. (Javob: ~ arctg— — " fo|2 + x2| + C)
1.16. J -j====dx. (Javob: MInjZx 4 V1+ 4x2|+jV | + 4x2+ C)
1.17. ] ezzdx (Javob: 5arcsinx + 4Vl —x2+ C.)

1.18. / ~L-L.dx. (Javob: 5Vx2 —3 —injx + Vx2—3| + C))

1.19. f L35 dx. (Javob: 5 In injax2—1] + C)

hz_;cili BE
L2°- Aavoi; ~ ;Znf3 ~ 2*2i+ A Znlfefl T C)
1.21. j L dx (Javob: -9 —x2+ 4arcstn +C)

1.22. f dx. (Javob: In\x2—5j —  In jM~=j+ C)
1.23. fyj’%_% dx. (Javob: 7n/x2—1 —2inlx + Vx2—I| + C))

1.24.] dx. (Javob: In\x + x2+ || +3VXx2+ 1+ C))



1.25.] dx. {Javob; M In\x2+ 7] — arctg~ + C)

1.26. f~"d x. {Javob: 3arctgx —"In\l + x2\+ C)

1.27. j ~~d x . {Javob: -j=arctgV3x —In\l + 3x2| + C)

1.28. Fv*2+4 dx. (Javob: 3n/x2+ 4+7 £njx + n/x2 + 4] + C)

1.29. f _— dx. {Javob: -V3xz—4 —FinV3jc + V3x2—4| + O
v_3x2—4 3 1

1.30. ra s dx. {Javob: 5n/x2—6 + £njx + Vxz —6! + C.)

2.
2.1. r—sm2 iJavob\ —éanll + 3costL+ C)

J 1+3 co

22. f j~rdx. {Javob: - j/In|l - x4]+ C)
23.f : ~~ - dx, {Javob: A ft|3 —cos3x| + C)

2A (JavoZ,: 1*n|2e* + 3| + C)

2.5. fco‘;lzxz* dx. {Javob: —Znjcos2x —4| + C)

2.6.1 {Javob: - ~In\A - 3e*|+ C)

2.7.J 7 3dx. {Javob: —~1In\7 —5x3| + C))

2.8. J —sin2t dx. \{)Javob: -In\3sin2x+4]| + C))
J 3SIil X+4 3 1 1 7

29./ (Javob: Mn\S + e2*| + C)

2.10./ -~~dx. {Javob: Ain\7 + 2x4| + C)

2.11. J 2xz-sx+i77x" (Jav®b: " 2x2 —5x + 17| + C)
212.J d x , (Javob: ~in|2x4—5| + C)

213./, — 2dx. (Javob: sin3x - 2+ C)

2.14. j VI4COSIX —dx. fJavofc: - 2V1 + cos2x + C%
2.15./ _sm* dx. SJavob. —gln}l + 3005x\1+7C.)

J 1+3cosx

2.16. / st* dx. (Javob: —In\4 —sin2x| + C.)

-sinzx

217.J— 1 (Javoi:*n[e3x- 5| + C)
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2.18./ j~ d x . (Javob: Un\7 + 3x3\+ C)

219- (Javob:l Inix2 + 2x\+cm®
2.20. JN====-(Javob: nfe2* + 3 + C)
2.21. / dx. (Javob: In\x3+ x —101+ C)

2.22. J~~"dx. (Javob: £In\3x6-7\ + C)
2.23.j -j==dx. (Javob: ‘n]xb+ 3+ C)

2.24. f 1 X3 ~ dx-(Javob: V2x3- 4x + C)
2.25. f-"~=dx. (Javob: -~AV5 - sin7x + C)
2.26. Jf ngOS[XX— dx. gJavob: _EV cosdx + 3'+ C)
2.27. T2 0 -d x . (Javob: In\4x3 + x5j+ C)
2.28.J£=jj. (Javob: -4V |-e 2+ C)

2.29. f s J=dx. (Javob: 2V6 - cos2* + C)

J V6-Cc0s2
2.30. f7= =dx. SJavob: -n/bx2—4 + C)
J vbx2—4 5
3.
3.1, /" ?‘Xj —dx. (Javob: —£ + 1 + arctgx +C))

3.2. f-~-dx. (Javob: —m+ x —6In\l —x\ + C)
33.fA~dx. (Javob: j +4n\x2- 1j +In|™ | + C)
3.4. f-—"-dx. (Javob: -.r3—x2+ g—Znj2x + 1| + C)
3.5. f ~-"dx. (Javob: x4+ 2x2+ 8/n|*2- 4| — +C)

3.6./ 22+13dx. (Javob: ~x 3—2x —arctgx + C.)

3.7. hyrzpdx. (Javobi-x3—x 2+ -x —=In\2x + 1] + C)
3.8. J~ —2dx. (Javob: —x3—/n|l —x3| + C)

3.9.f -~rdx. (Javob: x —n/3arctg 4=+ C))
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3.10.
3.11.
3.12.
3.13.

3.14.
3.15.

3.16.
3.17.

3.18.
3.19.

3.20.

3.21.
3.22.

3.23.
3.24.

3.25.
3.26.
3.27.
3.28.
3.29.
3.30.

| — $xJ X—dx. Qavob:x 3+ x2 +\In\2x - Ij +C)
F-4-dx. (Javob- o+ 3x +5 In |:J|'c/-\+vl

JAr~dx. (javob-. Y + 27nj*2+ 1|4—C)

fr (Javob\ X —In\x2—4| + arctg | + C)
fA~dx. (Javob: Y ~ I x2 + 9x “ 2lLUn T+ 3i+c-)

J d x , (Javob: ~xz +*In\x2—1| 4 C)

/ (Javob: "x3 —x + larctgx + C)
j(Javob: —3x + larctgx + C)

Jn , dx, (Javob: -4 -4 x +-In §?2}+C')

f— dx, (Javofe: —- -x 2+ 25* - 1281n\x + 5| + C)
JANdx. (Javob: Ax2—"/njx24-1j 4-arctgx + C,)
J dx. (Javob: —|x 3 + 2x —arctgx + C))
J~rdx. (Javob: \Xx 3+ 2x2+ 8x + 13in|x - 2| + C)

J dx. (Javob: 2x + 3arctgx + C)

| * ldx. (Javob: +~m|x2+ 2|+~ arctg +C)
jA~dx. (Javob:-3x~ 6In\x-2 1+ C)
JANd x . (Javob: x2+ 14x + 103In\x - 7| + C)
J~"~dx. (Javob: |x 34-x24 2x 4 5mjx —Ij 4 C))
J dx. (Javob: — + 4x —~ arctg| + C)
Jf—rfx. (Javob:y + 3x + 13Jnjx - 3| + C)
/g~dx. (favofc: x 4v™AIn |~ | 4C)

4.

4.1. fsin2(l —x) dx. (Javob: X + -sin2(| —X) 4 C))
4.2. J sin3(1 —x) dx. (Javob: cos(l —x) —cos3(l —jc) 4 C)
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4.3. /(1 —2sin”™)zdx. (Javob: 3x + 20cos™—5sin™- + C)

4.4. ) cos35x sinSx dx, {Javob: —co0s45x + C)

4.5. J cos3(l —x) dx. (Javob: —sin(1 —x) + ~sin3(l —x) + C)
4.6. /(3 —sin2x)2dx. (Javob: ~jx + 3c0s2x —sin4x + C.)

4.7. fsin27dx. (Javob: 5X —Esin3x + C)

4.8. f(cosx + 3)2dx. {Javob: —x + bsinx +-sin2x + C))
4.9,/ cos3(x + 3)dsr. (Javob: sin(x + 3) —sin3(x + 3) + C)
4.10. _fsin3?dx. gJavob: —; Cos—+ ECOS3?+ C)
4.11. /(1 —cosx)2dx. (Javob: -x —2sinx + -sin2x + C))
4.12. / sin2(2x —1) dx. (Javob: -2—ésin(4x —2) + C)
4.13. / sin36x dx. (Javob: — C0S 6x4—18 cos36x + C)
4.14. f sin20,5x dx. {Javob: | —"sinx + C.)

4.15./ sin2(“+ 1) dx. (JQavob: | — n(x + 2) + C)
4.16. / cos22xdx. (Javob: | + ~sindx + C)

4.17. /(1 + 2cos”)2dx. (Javob: 3x + 8sin| + 2sinx + C.)
4.18. J cos23xdx. (Javob: | + —sin6x + C)

4.19. Jf sin4 2x dx. SJavob: X —gsin4x +asin8x + C.)
4.20. / sin23x dx. (Javob: ~--*sin6x + C.)

4.21. /(1 —cos3x)zdx. (Javob: ~Asin3dx +-~sin6x + C)
4.22. fcosz?dx. gjavob: 5t ésin? + C.;

4.23. / st'n35x dx. (Javob: - -cos 5x + —c0s35x + C)
4.24. JFsin4x dx. SJavob: X —4~sin2x + 3—25in4x + C.)
4.25. Jf cos4xdx. A(Javob: SXt Zsian H—32 sindx + C._)
4.26. / cos34xdx. {Javob: - sin 4x —~ 5M3 4x + C))

4.27. ] cos27xdx. (Javob: ~ ~ sEnldx + C)
4.28. f (sinx —5) 2dx. (Javob: y x —"sin2x + lOcosx + C)

58



4.29. f sin3Ax dx. (Javob: — cos 4x + ~ c0s34x + C)
4.30. fsin2—dx. (Javob'. - — sin — + C.)
4 2 3 2

5
5.1. J tg 2xdx. (Javob\ tgx —x + C))
5.2. / ctg3(x —6) dx. (Javab: —2ctgz(x —6) —Zn|sin(;t —6)| + C)

5.3./ tg43xdx. (Javob: - tg33x —tg3x +x + C))

5.4./ tg27xdx. (Javob: "tg7x —x + C)

5.5. J tg5xdx. (Javob: “tg”x ~\tg 2x —In\cosx\ + C))
5.6. f xtg2x2dx. (Javob: *tgx2—x2+ C)

5.7./ ctg3xdx. (Javob: — ctg2x —In\sinx\ + C)

5.8. J tg2| dx. (Javob: 2tg | —x + C)

5.9. f tg3jdx. (Javob: tg2” + 21 n Jcos™) + C))

5.10. f tg24xdx. (Javob: "tgAXx —x + C.)

5.11. J ctg3xdx. (Javob: —ctg2x —In\sinx\ + C)
5.12./ ctg25x dx. (Javob: —ctgSx —x + C))

5.13. J tg3~dx. (Javob: *tg2” + 3Injcos|j + C)

5.14. J(1 —tg2x)2dx. (Javob: In\cos2x\ + ~tg2x + C))
5.15. J tgb2xdx. (Javob: Mg42x —tg22x —"In\cosx\ + C))
5.16./ (2x +tg27x) dx. (Javob: x2+"tg7x —x + C))
5.17. f tg4y dx. (Javob: "tg3”--~tg”- +x + C)
5.18./ (tg2x + ctg2x)2dx. (Javob: “"tg2x —ctg2x 4- C)
5.19. f (I —ctgx)2dx. (Javob: —2In\sinx\ —ctgx + C.)
5.20. f ctg33xdx. (Javob: --1ctg 23x —-In\sin3x\ + C)
5.21./ ctg”™xdx. (Javob: —ctg3x + ctgx +x + C)
5.22./ tg21dx. (Javob: 6tg * —x + C)

5.23. f tg4(x —6)dx. (Javob: Mg 3(x —6) —tg(x —6) + x + C)
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5.24. f tg34x dx. (Javob: ~tg24x + ~In\cos4x\ + C)
5.25. J tg4~dx, (Javob: ~tg3~—atg ~-f X + C)

5.26. / tg4(x + 5)d*. (Javob-. “g3(x + 5) —tg(x + 5) + x + C)
5.27. / tg3(x —3) dx. (Javob: “tg2(x —3) + In\cos(x —3)j + C)
5.28. f tg2(Sx + 1) dx. (Javob: ~tg(Sx + 1) —xX + C)

5.29. f tg2 dx. (Javob: ztg~~ —x + C))
5.30. / tgb4xdx. {Javob\ -~ tg*4x —tg24x +/n\l + tg24x\ + C)

6.1. J_sin?,x cosx dx, (Javob: —’100541x —cos2x + C)

6.2. J sins2x cos2x dx. (Javob: ~sin62x + C.)

6.3. / sin23x cos3x dx. (Javob: - sin33x + C.)

6.4. f cos35x sinbx dx. (Javob: —co0s45x + C.)

6.5. fsin- cos- dx. (Javob: - -cos— —2cos-+ CJl
3 2 4 3 4 4

6.6.3f cosx sin9x dx. SJavob:---z-acoslQx----l-écos8x + C)

6.7. / sinl2x cos2x dx. (Javob: —sin52x + C.)

6.8. fsin- cos— dx. (Javob: —~co0s2x +-cosx + C)
3 2 2 4 2

6.9. / cos5x sinx dx. (Javob: — cos6x + C.)

6.10. / cos 2x cos 3x dx. (Javob:isin 5x + -1sinx + C)
6.11. / sinSx sin 7x dx. (Javob. *sin2x —j”sin 12x + C)

6.12. / sin 4x cos 2x dx. (Javob: — cos6x —"C052x + C.)
6.13. Jf cos34xsin4dx dx. (Javob:?cos4 4x + C)

6.14. J cos 32xsin2x dx. (Javob:-cos 22x + C)

6.15. f cosx sin 9x dx. (Javob: ——cos 10* —-cos &1 + C)

. 1
6.16. fsm 4x cos 2x dx. (Javob: —- cosﬁlx —"cos2x + C)
6.17. / sin3xcos2*dx. (Javob: ——cosSx —cos* + C)

6.18. Jsin31x coslx dx. (Javob: ~sin41x + C)
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6.19. / dx. (Javob: -cos 2x + C)
6.20. f co£|2 dx (Javob\-—---- -- +C)

bsin32

6.21. Jscos 2X €0s 5x dx. (Javob: -sin 3%( +~sin 7x + C)
6.22. / sin22x cos x dx. (Javob: ~sin3x —*sin3x 4- C)

6.23. JsTnJllx dx. (Javob:----- —Ip C)
6.24. / sin2x sin 3x dx. (Javob: -sinx —~sin 5x + C)
COSa X

6.25. j sinx cos3x dx. (Javob: + C)

6.26. j sin 5x cos x dx. (Javob: — L cosbx'— cos 4x + C)
6.27. / sinx cos 4x dx. (Javob: —~ cos 5x + i cos 3x + C.)
6.28. / cos 3x cos x dx. (Javob: 1sin 2x + ~sin4x + C)
6.29./ cos4 2xsin 2x dx. (Javob: ——cos52x + C)
6.30./ cos7xcosSxdx. (Javob:l-sin 2X +isin 12x + C)

71/ _“*— (Javob: ;g‘g:arct,g '%,-5‘ + C)

J 4x2-5x+4 V
— - = ~+
7.2. g <04y Ty - (Javob: jg=orctg ~ 4 C.)

7.3. /2—2 7—+1 \(JaVOb' \'/]4? + C)

Ix-T+) 4r|1|

7-4/ o2 (Javob -In I— |+ C)

5.1+ 5x2+2x+7 . {favob: %zarmg AR

7.6. /2 . (Javob arctg(2x —1) + C)

7.7.1 o . {Javob: B A o))

2x21x+2 VI05 " 14x—11+VIOSI
dx 2 . 4X#1
7-8-1 iJavob: ~marctgi r + c)
IS- f (Javob: + C)
x-2+ /3!

7.10. éx@is_x'(\ﬂaVOb: ;In 43 + C)
711 [ 2= (Javob: In — b C)
J Xz-5x+6 v X—21
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- = N—=
7.12. J/ T Javob: /erarctga It + C))
7.13. Jf—xg_Bx—_3. \(/Javob: 10 in 61t +4-Cn
7.14. 5—_2—_—)(2 g/Javob:— gln sqal + C)
7.15. }‘ x x5 6 £Javob — In()‘< Al + C.)
7.16. / —-dx (Javob. ~ arctg’\ + C)
J R+ x + V H 21
7.17. N S g;la vob: S arctg o+ C)
7.18. Iz o6 \(/Javob: gln lx_—l|| + C.)
749"/ ~ ~ S L C(—favofe: “arctg » + C.)
2x—4\ C)
720— fz"bi—- (Jmob”™ In 2x+11 '
7.21. / — . (Javob: —7—In IZ—3-\4+ C)
2xz Gx 1 v 12r-3+/71
722" N oYrete N + c >
j — ox— . i + +
7-23-'5 x2+9§<(+ll \(/JaVOb \7!):"'1 |\29>§+Z+\>/5\|I C)
7.24. / (Javob In 1— 1+ C)
2x2 3x v
725—- /" +25—-Javo6; Noarcla "t + C)
7.26. f . (Javob: In 2x+34Y + C?
J 2x2+6x+3 v 2t/3 2x+3+V3|
*
7.27. / ZIGX . \(/Jaw ‘3 Inllx—_2|+ C.?/
7.28. / — (Javob:—— Inl= 1+ C))
1-2X-3X2 v 4 13x+31
729- @<lvoi’ VP am ®x + c >
7.30. T — . (Javob: Inlg' ~H I+ C))
J 3x2+5x+1 v VI3 16x+5+V13]|
8

81. f , dx _.(Javob: arcsin 4—C.Z
J V4+8X—-X2 yi20

dx T 1
A Z 1¥2 L .
8.2. f . (Javob: L Z +hn/f 347(‘\44 1 +0C)

J V3x2-4x+1

[* Javob: zarcsin™— + C.
83!yz ?E‘X—ZXZ\(/a nlg 5 )
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8.4./;

InN\X + 3 + VX2+ 6X + 8] + C.)

dx
29+ G+ 8" (Javob:

e T — in— — C.
8-5. g v’2+se>l<x—2x2 SJavob v2 arcsin V5 )

86,/; =*— gJavob: ~ arcsin LLI,=’¥~+ C)

V3+2X—2X2
m C dx r+1
8.7. ; = (Javob: —arcsm—— + L)
J - ox—8x2 V w7
J— A —
8.8./ tJ|d>2< Z(Javob arcsin \% + C.)
8.9.J &% _ (Javob: — 7Zn 1+ W-2x+”" +C)
ni5x2-101+4 V5
8.10./ (Javob: arcsin— + C.)
\/2x+3-%x2 v 2
8.11. /\/4)(r Ox43 (Javob:=In x —1 + \/x2—2x + 2 + C.)
x—1
12, + C.
8.12 {]Vl+2X %o G (Javob: arcsin V2 C.)

8.13. /V4>25y m . (Javob: Eln x—g+ M/X2——x+ 1 + C)

. 3x=2
8—14./ V2t4%3-X2 &Javob. 4=arcsin vig * C.)

8.15. / \';'EXESX:M \(/Javob —In X + z+ n)XZT EX +1 + C)
8.16. / Vs 2 2% (Javob: —arcsin— ™~ C))

8.17./ V-G (Javob: ﬁZn X —2+ )JXZ_4X+_2 + C.)

8.18. / VX2_5X+6,(Javob: In + C.)

dx ,r s 1 . 43

8.19. / 73x—2x2" ("avoe CLTCSin—p C)

8.20./ Wb o, (avob: Fin x — 2w ix2 — x5 — + C)
8.21./ — .g‘]avob: —Uarcsin®— 1+ C.)
J J2-X-2X2 V2 vVI7
8.22. / "p===.—(Javob: In \x 2+ Vx2+ 3x —1 + C.)
————— gJavob: “=arcsin —==+ C.)
3 nrs—7x—3x2" " 3 \109
8.24./ X ————h xZ lx C.)

V3X2—X+5 v 3
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8.25. I {Javob: arcsin + C)
" VI=X=X2 Vs

8.26. T —,—d— \gJavob: arcsin—
J \4~2x-x2 v2

8.27. f d- —(Javob: arcsin + C.)
J \4-3x—-x2 v 5 y

8.28./ "p===. (Javob: InJx + *+ Vx2+ 5x 41j + C.)

+ C)

8.29. Jrv = == (Javob: arcsin~=- + c_)]

8.30. f .(Javob: In\x+ 2 + n/x2+ 4x + 1| + C.)
J \x2+4x 1'v 1 1 7

9

9.1.J— — dx. (Javob —In\2x2+ 3x—4| 4— J:an

J 2x2+3e—-4 x+3+V4II )7

9.2. J 32+ 1dx—~(Javob: —IN\3x2 + x + 1] + *=arctg + C)
9.3. j 3-?*X+6"x" (sfav°b' [N 13x2 —2z + 6] — arctgll=—+ C.)
9'4" / (Javob: i Zn|2x2 + x + 5] —~ arctg + C)

9.5. f~7 5 dx. (Javob —In\x2+ x—2\+—|n 1—2—Il+ C.
Xz+ Ix+
96—/ dxm{Javob:TO 1™ x2~ bx+ 2~ Y W arctgh + C)

9.7. 5 —,dx. (Javob: —In\2x2—6x —81+ S Ink= 1+ C)
J 2x2-6x T

9.8. I— — dx (Javob: —In\2x2—|x + 1| *7 3 Z 4 7 Y4 j £)
J 2x2-Tx+ Hx—7+V4ll

9.9. = — dx. (Javob: —In\2x2—Sx + 2L+ S In=—1+C)

2xz— 5x+2 Ux—11

9.10. / 4g5*4*+s (Javob: M Inj4axz —4x + 5j+ i arctg —+ C)

A1,/ XM x+iAX'Vaveb' AN 2x2+ x + 1) + arctg + C)

12,/ dx Javob: ZnJ3x2—2x—3 - ~1In Ij+ (D)
S Fvzorr 3avlo |3* 1+VI5

— + P —
.13.émx_l3cb< g\]avd)c In\4x2 + 6x —13| -f—ZVSTI ﬁﬁawen c.)

14,/ — dx. SJavob:—zln\x2—4x + 1|1+

—-InX = + C }
J x2—4x+1 2T1/3 [x—2+\"3]

A5 f2» +s m(Javob: ~ fn|2x2+ 2x + 5] —~arctg ~ ~ + C.)
.16. / x21 ™+4 ax —(Javob: MInIx2 —Sx + 4] — jJj—"J+ C)
17. I— — dx. (Javob: —In\2x2 + 8x—6\— n 2 |+ C.)

J 2xr+ax—6 Ix+2+>/7|

.18. f dxgavr;b —~In\4>Q+ 16x—121+~|n +C.)

J 4n2+167°—12 v7 154-2+-V7 1

© © © O O O O O ©

19, f WX dx. (Javob —In\3x2— 6x — 9|1+ —Ink I+ C)
J 3x"—6x—9 ix+l1
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9.20 rdx. (Javob: —In\2x2—x —3lH-—=In — + C))
‘ 10 [2x+21
9.21 —7 dx {.Javob: —In\3x2+ X—N\——<=InNr ' + C)
6vI3 16jr+1+Vv131
X—2-V61
9.22 X+1 —dx. {Javob: —In\x2—4x —2] + 55zIn «onvei + c)
X 5 ; 21 |4X+I—v33
9.23 27,7~ dx-U™°b:\IN\2x* f* —4j +~ toj~"~ ~ j + C)
R 3HVT~
9.24 J 3’2‘+r>3( /dx. gavob! ngh}ﬂ)@#-zxfi‘lhf /D (3,\_'_'_&)22,@ c))
9.25 | *3 dx. (Javob: FIN\D2 + 2x —3] — in =j + C.)
4x’\+2r|r 3 13 M V+1+V13
9.26 f r*—x+sdx—(Javob ~INM\3x2~x + 5| + ~arc tg Tic. )
9.27 f-g3x  rix (Javob: ~Znp2+ 5x —1 » , ~bn ! +c)
J x2+Sa:—I 2V29 2x €5+V2!
9.28 £3<2+3ar_| dx. (Javob —|n\4x2 +3r—1j—— I uX+4E’ + Cl
9.29 1‘5)( +2;L<+1o dx. (Javob: —In\5x2+ 2x—10| Swdrctg-+ C)
9.30 f—— —dx. gJavob.— IN\5x2 —x + 7\—=1= arctgd=—+ C.!
- 52— x+7 10 1 1 50539 a VT39

10

10.1. / — ===== dx (Javob: SV3X2—3x —16 —
/3:7r2-3n:-16

—W3 In x—2+ Ix2—x~—3 + C.)

N P —1 —

10.2. VZtMIM dx. (Javob: "VZx2 —4x —1
—V2 in\x—1+ Jx2—2x—= + C.

J n 2+
10.3. /- dx (Javob: —V3x2—x + 5—
_— Ji+

G'Bm & i 3 37 c.)

10.4. ,_—Zf—' sdx. (Javob: —VI + X —3%x2 -f— 7:arcsin A+ C.;

\i+Xx—3x V3
10.5. f-7————-—— dx. (Javob —V4x2+ 8x + 9 +

M \4x2+Bx+9

+§/|_|x+ I+ IJx2+2x+"j + C.)

10.6. §V:|+XHI!* dx. (Javob: —2VT+ x —x2 —9arcsm~\\/]S— + C.)7
10.7. f—=—=dx. (Javob: 2Vl —x + X2 —
—7In x —=+ VX2—x + 1 +C)
10.8. / r=3—— 7, gJaVOb 3Vx2 4-6x + 13 —
J Yot +6a:+13
—5Jan+ 3+ Vx2+ 6x + 13j+ C))
10.9. x 1 —dx (Javob —V2x2—5x + 1+

"V2|z S*+
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n

w2 7 TS +c)
Ss+2 .
10.10 X2e3xd dx. (Javob: 5Vx2 + 3x —4 —

—Zin Pt o+ b2+ 3jc—4;i+ C)

10.11. / " dx. (Javob: 5V2x2-x f 7-
V2x2—-x+7
L In +C)
4>/2
10.12. f—2« —dX \gJavob A/X2—3x+ 4 +
J VX2 3X+

+2 In|x —j + n/ix2—

e+ 4] + C.)

10.13. /—=£ dx. (Javob: —4V2 + x—w2 + 3arcsin®j—+ C)

J V23,
10.14. f— f‘~3—

J2x 2+4x —

dx sJavob —V22+ 4X—B—

—4>2In x+ 1+ IX2+ 2X -3+ +C.)7
10.15. f—342 mmix. (Javob: —3V4 + 2X —x2+ Sarcsim—"—+ C.)

J vai2xcx v Vs
10.16. J- * dx (Javob: AV3x2—2x + 1 —

3x2-2x+l 3

—\,;Qb):in X — Ix2— + C)
10.17. f S==dx. SJavob: —/'3 —6x —x2+ 2arcsin® + C.)

J V3-6X—X2 -
10.18. / dx. (Javob: ~V3x2+ x —5 +

V3x2+x-S
+C)

10.19. f7=====dx. (Javob: 1I'Ix1 —5x + 1+

J V:r*—5x—fl Y .
+y In|x—j + Vx2—Sx + 1]+ C))

1020. /

V4x 2+x =5

dx. (Javob: 4—V4x2 +x—5—

65,
——In T+ X2+—-x —— + C)
16 4 4

10.21. 3x+4-
J \/2

dx. gJavob —3V2+ 3Xx —x2+ —arcsin’\:—+ C)

10.22. / ax. (Javob: —V3 —2X—X2— 7arcsin®~ + C)
J V3-2X-X2
10.23. / —zF+3 —dx. (Javob: V2x2—X + 6 +
J V2xz—-x+6
H— =7n +3 +C.)
X-9 L &1
10.24. / dx. (Javob: —V4 + 2x —x2 —8arcsin—j=— + C.)

V4+2%—*2

10.25. /~~ASU==dx. (Javob: 2/Vx2 + 5x —4 +
+2 Zn X+ 1+ X2+ 5x —4] + C.)
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10.26. 3 — dx, (Javob: —v2x2—6x+ 1+

J \/2x2 6x+i
+ —Mn x—§+ V2x2 —6x + |_]|+ C.)7
10.27. f_, =*'—dx (Javob —V3Xx2+ 9x —4 +
\'3x 2 9x —4

+4Ein X+ —+ X2+ 3x ——+ C)

10.28. J—¥%Hi dx. (Javob: 2V2xz—x + 5+

+2V2in X - -r-l_;_ JME_—; + b + C.)

10.29, f¥I'm7 dx. (Javob: 3Vx2—5x + 1+
J Vx2-5x+1

+ Fin [x—"+ Vx2—5x 4-1j + C))

10.30, vaz 1 1 dx. sJavob —7V2 —3x —X2—2arcsm 2>d— +C)

Naitumaviy variant yechimi
Anigmas intesrallami hisoblang.
1. f— dx

— 4x*+5

f 3—7x f zdx
> JZxow 59X = 3J anz——"‘zl —1IBFF5T

2 (2x)2+(V5) SJ 4xz+S 2 S Vs 8 1
dx

2- /:e3x(2—e~sx)'
» n =2 —e-3* almashtirishdan foydalansak, u holda du —
3e~3xdx va

f n =1irlg-t—= Ifa|2 g-3xit C<
J TN 2-e—%) 3J Z-e—*x 1

N
3. f Xglx

» Integral ostida turgan funksiyaning suratini maxrajiga
bo‘lib noto‘g‘ri kasrning butun gismini ajratib olamiz. Natijada
algebraik yig'indini mtegrallashga kelamiz:

F3,, 4dx = Sf3x3 —3x—;)dx = 4—x4—2—x2—2—in|x2+ Ij + C.<

4. / cos3{7x + 2)dx.

» cos2(7x + 2) = 1 —sin2(7x + 2) trigonometrik ayniyatdan
foydalansak,

/ cos3(7x + 2)dx —j cos2(7x 4-2)cos(7x + 2)dx =

= f(l —sin2(7x + 2))cos(7x + 2)dx = f cas(7x + 2)dx —

—/sin2(7x + 2) cos(jx f 2)dx = ~sin(7x+ 2) —

—  sin2(7x + 2) d(sin(7x + 2)) = Asin(7x + 2) —*—sm3(7x + 2) + C,
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5. f ctg*5xdx.

> ctg2sx = ekanHgidan foydalanib integralni
almashtiramiz
fctg*Sxdx = f ctg25x - Ddx =
= chthSx;nEX dx —J ctg2Sxdx = —E;/ cthng—S—iVJ—Sx) dx —
—fg—i—— dx = ——ctg35x + icto5x + x + C. =
J \sIn25x ) 15 Ta 5
6. fsin~xsin™xdx
- - - — - - A
» fsinsjn->ak =3 flaosix—eos5)ak = zsirdx—sinbx + C
7 J 6x2—3x +2

» Integral ostidagi funksiya maxrajida to'la kvadrat
ajratamiz, u holda

r dx 1 N dx 1f da* _ 4v3 x—1/4 J .
mOC-3¢2 6B JTHR~ 6/ 12 /B\! “ &3  ~VI3EA)
3 @hH3 , _
=5nlarcc3—-7?3— + c4
8. AN
2~Sx—x2

» Integral ostidagi funksiyaning suratida maxrajdagi
fiinksiya hosilasiga teng go'shiluvchi ajratib integralni ikkiga

ajratamiz
r 6 , 3r 2455 , 3r 25 , 3

J = -23J ~iJ5=5n"e " 2
_L.,nj2-s*

r ox
9l
- XZ’ + fz' J (x—5/2}2—2-25/4

= ——In|]2 —5x —x2|+ —/ ————— =
2 2 (r—5/2)2—V33/2)

= _Zinpz —Bs - A\ of’ mUTEERY 4 ¢ =

= = 3HIN2 = 5X =" LR EAMY + CM
% fadk—=
> Integral ostidagi fiinksiya maxrajida tola kvadrat

ajratamiz, u holda
~ da: 1 f d * f dQr—H/5)
o V5.r2+2'i=7 7 VFfJ JX2+IX_7/S ~ V5 WAx+1/5)2-7/5-1/25 ~

= 4=injx+ 1/5 + /x2+"~x —7/5 +C.—4
V5 \ 5

10. f 1' A
»1=40—3X
> Integral ostidagi funksiyaning suratida maxrajdagi ildiz
tagida turgan funksiya hosilasiga teng qo sbiluvchi ajratib



berilgan integralni ikkita integral yig‘indisi ko‘rinishida
ifodalaymiz.—

X = 1 r|—6X+21—4+4 _
JVI—4*—3X2 T3 Vi-4x—3x2
1{  Zoxda 25 A dx
VI-4x—-3X2
B3
dx

——V1 —4x —3x2 — —-=rrarcsm’§/ 13

+C:

= — VI —4x —3x2 —% arcsm—=—+ c.<
3 3\3 v7

IUT-8.3
Anigmas integrallami hisoblang.

1
rvi — x2 / 1 vl —x2—1 ———
1.1.1 ——— dx . Javob: —In +V1—x2+C,
R X 2 VIT A I Il

1.2. [———— dx .vavob: Jx2—1—arccos—+ C. |
J X * 1

rvx2+4 / ——— 2-Va+x2|
1.3. ] ——— dx.lJavob: V4 + x2+ In +c.)
J X \ 2+ V4 + x2
fvi- -
1.4 1 7% 4 1avob:c W @ —*23
"Vx2+ 9 -— 3 3—Vx2+ 9
2+ 9+ —In +c.)
3+ Vx2+ 9
rvx2+ 4 / X+V4 +x2 V4—x2
1.7.J ——— dx.l1Javob: In
X —V4 + x2 X
Va4 _%9\-
1.8.J dx.”Javob:C 1V(4 2) )
dx /
19. f . Javob: + C
JV@+*2)3 V VTTr =
2+ 4 1J@4+ x2
1.1o|j_ AN @+ x93y
Cc- 12
V(4 —x2)3 / 1 /(4 -x2)5
LiLJI"4 ™ — C-20
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12 r dx ( X 1 X3 \
i yI(I14X2)SV A'VTT?  370(1+x2)3+C'j

1.13.j ———— dx ./}avob:ij2 —9 —3arccos— + C N

1.14. .(Javob:C—-~"=.)

fyj(xZ -3 vx*x— 17
1.15.J3 x3V T—x~dx . (Javob\—7 (9 —x2)5—37¥(9 —x2)3 + C.~

C dx f X yx2—1 \
1.16. I — Javdb—. C —— —_———— . J
J x24(x2 - 1)3 \Y vx2-1 o /
f dx Vx2—1 \
1.17. 1 ——. . PJavob—.————— RC. ]
IXV NT X X )
fr/x2 -9 1 Vx2—9+Xx Ax2—9
1.18. | — =— -dix. Izlavob— -n +C
Jx2 2" vx2—9—
1.19. dx J/ b ! :l-H—VX2 pul hG }
. avob—.—arccos—H— — r——
/x3\/'13TI_ 2 X 2x2 j
fn/9— 2 / 1100 —x23
1.20. 1 j— dx .1Javob: C— i Z
r dx ( Vx2+ 9 \
1.21. i , — mlavwob-.C—-— .
J xzZVx2+ 9 V 9x J

1.22.j x2v1 —x2dx .(javob:—arcsinx —— xf1—x2(1 —2x2) + C.j

1.23.J x3ifl*—=x2dx .(Javob:— (1 —x2)5—~V (1 —x2)3+ C .j

(4 —A3dx ( X V4-=x2 14 —x2)3 i

1.24. A — 4 - S

f dx ( X \
1.25. 1 —— . Javob:—, +C.)

J V(4 +x2)3 4V4 + x2

fvx2+ 9 / 179 +x2)3
1.26.
1.27. f mdX- -. (Javob:—fJL=+2C.)

J y/(9 + x2y \% 95¥9 + x2 /

x 1
vah: —arcsmx———JcV9 — 4-C.
1.28. JV9 a5 \/a 3TV }

VI6—x2 / 1 x3 \
1.29./— 7——dx .jJavob:C - - _ = .j
*4 v 48V16-X2 ¥
rn/16—x2 / X X \
1.30. | — r——dx .(Javob:C —arcsin——= =+ C.)

X2 4 V16-X2 >
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1./ -(X_+L%TX§. (javob: C — =

172{x+1)\
22.3 ¢ “Javob: +C
(x+1l)vx2-1 i x+1
dx
23.1 o+nve- — {Javoh® +C-
1+VI1-x2
2.4.J ¢ )é-Qavob C .
- . 1+VI+X2 N\
25.J X\>1+x2 anOb' ¢ X )
26 [ — gavob: C arcsin_
X 1 1 2
B ) ¥
2.7 f B (Javob: C — N )
dx - . I+vxA-x+T
2.8./ xzael (Javob: C — - 1)
dx - ) -
2.9./ e (javob: C —arcsmVSX,J
2.10. jg=. (Javob,C—arcing.)
- . 4 4 Viex-x2
2.11. W lxx Qavob. C—Inlx+ +
dx \
2.12. XXX g;lavob Ce \Zarcsm 3
213. o (javob: C — zn ' —! Ve
’ (X+1)Vx2-x + | / ’ x+1 2 nl3(x+1)
dx - . - 1 3 j_ Vx2-x-I
2.14. (VX2 x -] (yai7ofo. C ——=In T
2.15. o giavob: C—In b——* |)
(x+DVx2+x+1
dx
2.16. DV x 25 x-1 (javob:C—a r c s i n )
d
2.17. X (;aUOb: arcsin™ _ + C .)
(x+1)VI+x-x2
dx - i 1 Vx2+ x + 11
2.18. DV x 26551 (javob: C — 1 2wk |
2.19. o (javob: C —In A gVexs!
(x—)V x2—x+1 x—1 2 x-=1 .)
dx . ) 3N Vx2+x—-1
2.20. (X-1)V x 2+ x -1 (avob: C In x-1 2 x—1 L)
dx
C_ inA
2.21. (r-hvxz.x.1 (d\avob:C-arcsin T])y)
dx _ i 1 1A VT+x-x2
222 X—DVI+x—x2 (javob: C — 1 2 x-1
)
2.23. 7——IX . (javob: C m tool Vixex2
(X+1)VI” X~X2 X+l 2 x+1
dx - )
2.24. e , \(’|avob. Cc— arcsan : ﬁ-]l) ;
i C— | i+
2.25. VRV E \(’|avob. C—iInl_ 5 !I)
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2.26. I'— fx —.S}avob\c —S—arcsin’)znl3 3

J xVx2+x—-3
2.27. f— - (Javob: C arcsin "+5 Q
J (ar+)n/xe+x—-2 V/ n2 3(x+
\1>Q
228 t— ~ . (jJavob—.C—=In\-—— + iz \
J XbIxr— 13><+2 4 2X ')
2.30. -gavob— C—in l———+ \a 3*~2**’ |
A X<1-3x-2Xr 2

3
3.1f~~T~dx m(Javob: tgxIn\cosx\ + tgx —x + C .)
3.2. J cos(Inx)dx . (Javob:~(sin(Inx) + cos(Inx)") + C
3.3.f~-dx. (favob- .Cwm
3.4./ In(x + 2)dx. (Javob—xIn(x + 2) —x + 2In(x + 2) + C.)
35./ ' Uav°b'.C ~ ctgxIn\cosx] —x .)
3.6. T In(*x)dx. (Javob: InxIn(Inx) —Inx + C .)
3.7./ In2xdx . (Javob: xIn2x —2xInx + 2x + C.)
3.8. fA=—dx . (Javob: 2y[x Inx—4rjx + C.)
3.9. 5 X In:dx. \(,i_avob:? Inﬁ—1 —X —2—Inl’:; +_C./)
3.10. In(x+ VI + x2Jdx . (javob: x In(x + VI + x2) —VI + x2+ C.)
3.11. In(x+ 4)dx. (Javob:x In(x + 4) —x + 4 In(x + 4) + C.)
3.12. XIn(£ £i2dx .(javob=Al + x2In(x + VI + x2) —x + C.)
3.13. insm)”~ (Javob: C—x —ctgx —ctgx In(sinx) .)
3.14./ 2in(x+ Ddx. (javob: In(x+ 1) — +/~— ~+~inQc+ 1)+ C
3.15. Ixinin) N ' (javob:AIn2x In(Inx)—*In2x+ C
3.16. In(x2+ 1)dx . (Javob: xIn(x2+ 1) —2x + 2arctgx + C .)

3.17. '—~dx. (javob: C ~ ~ )
3.18.  *IxIn2xdx . (javob: AI3IN2X —=JIXMNX + —=Vx3 + C.)
3 9 27
3.19. In~~dx. (Javob: x —Inx2—1) + C
3.20. (x2—x + 1) Inxdx .(javob: (y —Y + X) Mmx x+ C.)

3.21. yfxInxdx. (javob: jVx/~Inx —yfx*+ C.j

3.22.  wgoghe'~ t (Javeb—*9X in(sinx) —x + C.)
3.23. xtnaz + lcbe. (javob: y Zn(x2+ 1) —y +iin(*2+ 1)+ C.)
3.24.  x In2xdx .(Javob: ~In2x —*Inx +y + C.)
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3.25. / x2Inxdx.(javob: y Inx —m C.)
3.26. IJxIn(x+ 1)dx .(Javob: y /n(x+ 1) =~ + f~"~In(x + 1) + C.)
3.27. / sin(Inx)dx . (javob—. | (sin(Inx) —cos(Inx)) + C. j

3.28. /(x2—4) sin5xdx . (javob: —xsin 5x ——~cos 5x 4-C.J
3.29. fxIn(x+ 5)dx .(Javob: X In(x + 5) —x + 5In(x + 5) + C.)
3.30. f In*dx . (Javob: x In?*~ —2 InNd —x2\+ C.)

4

4.1. f npr™xaTcoos—4xdx . (javob: "Vx7 —YVx —V(1 —x)3arccos\fx + C.)
4.2. J Al —xarcsiri'Ixdx . (Javob: \X—"Vx3—" -J(I —x)sarcsin\[x + C. j
4.3. / x arctg2xdx . (javob: y arctg2x —| + jarctg2x + C.)

4.4. gal\'/’;_'_q rfx. (Javob: 24x~+\arcsinx + 4V1 —x + C.g/

45./y =pdx . (javob: 4vV1 —x —2VI1 —xarcsinx + C.)

4.6./ &N fxdx . (Javob: 2/x —2VI —xarcsin™*fx + C.)

47.3 . (jJavob: sil + x2arctgx —Mm|x + /T+x7 + C.)

4.8. fx@~4 cdx . (Javob: x —Al —x2arcsinx + C.)

4.9. / x arctgxdx . (Javob: —arctgx —| + —arctgx + C.)

4.10. / x arcctgxdx .(javob: M—arcctgx +~ + "arcctgx + C.1

4.11. é *ﬂg}g—dx _(Javob: C—2——4d| —4x2arcc032x.)

4.12. Jarccos2xdx . (Javob: arccos2x ——VI1 —4x2+ C.j

4.13. / arctgxdx . (javob: xarctgx —In(l + x2) + C

4.14. / a® ~ dx. (javob: C —2\Jx—2V1 —xarccos\fx.)

4.15. Jxaffrx . (javob: C —x —VI1 —x?2arccosx.)

4.16. f a™MIxdx . (Javob: C—4n/TTx —2\V1 —xarccosx.)

4.17. Jarcctg2xdx . (javob: x arcctg2x + ~n(l + 4x2) + C.)

4.18. fx dx. (Javob: Al + x2arcctgx + In|x+ Al + x2|+ C .)
4.19. / arcsin2xdx . (favob: x arcsin2x + *VI —4x2+ C.)

4.20. /yj|==|"dx. (javob: *x —jVI —4x2arcsin2x + C

4.21. Ja ~ Xdx . (javob: 27v1 + xarccosx —4//1 —x + C.)

4.22. / x2arctgxdx . (javob: y arctgx —jx2+ ~In(x24-1) 4-C.)

4.23. / x arctg2xdx . (Javob: y arctg2x + | —ttarctg 2x + C.)
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4.24. J arctg(x + 5)dx . (Javob: x arctgix + 5) —" InN2 + 10x + 26] +
+5arctg(x+ 5) + C/
4.25. J x2arcctgxdx . g/.]avd)— ?arcctgx + e 8—In(x2 +1+C J)
4.26. J x arcctg2xdx . Uavob: —arctg2x + —arctg2x —x arctgx +
'éln(xZ +1)+C
4.27. I'x2 cos—dx . gavob: 3x2sin—+ 18x cos— —54sin—+ C J]
J 3 3 3 3 /
4.28. Jx arcctg2xdx .(javob: y arcctg2x + “arcctg2x + x arcctgx +
I
S Inx2+ 1)+ C.)
4.29. Jx2sin2x dx .(Javob: "sin2x —"—cos 2Xx + ~cos 2x + C.)

4.30. f(x2+ 4)e2xdx .(Javob: i(x2+ 4)e2x+ ~xe2x+ "e2x+ C.j

5

5.1. / x2cos 2x dx . (javob: —sin2x + 1cos 2x —sin2x + C.)

5.2. / x sin2xdx . (Javob: ~ —"sin2x —"cos2x + C.j

5.3. Jx sinx cosxdx . (Javob: *sin2x —cos 2x + C.)

5.4. f x2(sin2x —3)dx . (Javob: Asin2x —y cos2x +7cos2x —x3 + C.j

5.5. / x2(sinx + i)dx . (javob: 2xsinx —x2cosx + 2cosx +y + C.)
5.6. f(x2 + xX)e~xdx . (Javob: C —(x2 + 3x + 3)e~x.)

5.7. 1 (X2 + x)exdx. (Javob: (x2—x + l)ex+ C.)

5.8. f(x2 —x + 1l)e—xdx . (Javob: C—(x2 + X + 2)e~X.)

5.9. f(x2—x + )exdx . (Javob: (x2—tx+ 4)e* + C.)

5.10. / x ctg2xdx. (javob: In\sinXX\—x ctgx —y + C .)

5.11. / x2e~xdx . (Javob: C —(x2+ 2x + 2)e~x.)

5.12. / ~{'X. (Javob: in|sinx] —x ctgx + C .)

5.13. f . (Javob:x tgx+ InM\cosx\ + C .)

5.14. fxtg2xdx. (javob: x tgx + In\cosx\—— + C mlj
5.15. / (X2 + 2)e~xdx . (Javob: C —(x2 + 2x + 4)e~x.)

5.16." fx2sin2xdx . \gjavob: — —sinlx +-co0s2x +—=sin2x + C.)
J 6 4 4 8 /

5.17. fx2(cos2x + 3) dx. (Javob: x3+ N—sin2x +*cos2x —"sin2x + C.)
5.18. / (x2+ 2)e~xdx . (Javob: (x2—2x + 4)ex+ C.)

5.19. /(*3+ 3) sinx dx . (Javob: 2xsinx —(x2+ 1) cosx + C.)

5.20. / (x2—3) cosx dx. (Javob: (x2—4) sinx + 2x cosx + C.)

5.21. f(x2+ 1l)e—xdx . (Javob: C—(x2 + 2x + 3)e~x.)

5.22. f(x2—I)exdx . (Javob: (x —1)2ex+ C.)
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5.23. 1fx2 cos2xdx . s,lavob: -+ 4—sin 2x + 7cos 2x — 8—sin 2x+ C J;I
5.24. J(Xx2+ Xx) sinxdx . (Javob: (2x + 1) sina—(x2+ x —2) cosx + C.)
5.25. /(x2+ x) cosxdx . (Javob: (x2+ x —1) sinx + (2x + 1) cosx + C.)
5.26. J'(x2+ I~"d x . (Javob: (x2—2x + 3)6* + C.)

5.27. f(x2—1)e—xdx . (Javob: C—(x + 1)2e_x .)

5.28. f x sin2xdx . (Javob: ~ —"sin2x —"cos 2x + C

5.29. Jarcsin9xdx . (javob: x arcsin9x+"tJ1 —81x2+ C."j

5.30. fx arctg2xdx . (Javob: “arctg2x —" + Marctg2x + C

6
6.1. f(x + IDe2xdx. 6.18. f(x —8) sinx dx.
6.2. f(x —2)exdx . 6.19. / (x + 4) cos 3x dx .
6.3. f{x —7) cos 2x dx . 6.20. / (x + 8) sin3x dx .
6.4. f(x — 1) cos 5x dx . 6.21. f{x + 6) cos 4x dx ,
6.5. f(x + 2) cos 3x dx . 6.22. fix— 6)sin—dx.
6.6. f(x —2) cos4x dx . 6.23. f(x + 1) cos 7x dx.
6.7. f{x —4) sin2x dx . 6 U f(x + 2)sin~dx.
6.8. f{x —3) cosx dx . % 2
6.9. f{x + 4) sin2x dx. 6—2S— J xsin-—dx.
6.10. f xsin3* dx. 6.26. f(x + 4) cos —dx .
6.11. f(x + 5) sinx dx . 6Jn /(x + i)sirnld>*.
6.12. f{x—- 5) cosx dx. . |
6.13. f(x+ 9)sinxdx. 6 XK S(x+ Vcos—dx.
6.14. f{x + 7) sin2x dx . 6.29. f(x + 3)sin” dx.
6.15. f(x + 4) sin 3x dx . 6.30, f(x —9)sin—-dx.
6.16. f(x + 3) sin5x dx . 2
6.17. f(x —4) cos2x dx.

7
7.1./ In(x —=5)dx . 7.12. JIx2e3xdx .
7.2. J arctg2x dx . 7.13. fx cos{x + 4) dx.
7.3. ) x2e~x dx . 7.14. / x cos(x —2)dx.
7.4. fix + Ne~4xdx . 7.15. / x cos(x + 3) dx.
7.5./ x2e~2xdx . 7.16. f xex+2 dx .
1.6. f arctg3x dx . 7.17. | xe~7xdx .
7.7. f x cos 8x dx. 7.18. [/ arcsinlx dx.
7.8. f arctg4x dx . 7.19. fx sin(x+ 7) dx .
7.9./ arcsinSx d x. 7.20. fxcos(x —4) dx.
7.10. f{x + De—~xdx. 7.21. fx sin{x + 4) dx .
7.11. J x arctgx dx . 7.22. |/ xcos(x + 9) dx.

75



7.23.
7.24.
7.25.
7.26.

8.1.
8.2.
8.3.
8.4.
8.5.
8.6
8.7.
8.8.
8.9.

8.10.
8.11.
8.12.
8.13.
8.14.
8.15.
8.16.
8.17.

—f—

./ x sin(x —2) dx.

f(x + 3)e~xdx . 7.27. Jx cos(x + 7) dx

f arccosx dx. 7.28. fxe~5xdx.

/ (x2—3)exdx. 7.29. Jxex+3 dx.

J xe~4x dx. 7.30. / xcos(2 —x) dx.
f arctg2x dx . 8.18. Jx cos(x + 6) dx
f x cosbx dx. 8.19. / arctg — dx .
f arsiriix dx.

8.20. JzZn(x + 8) dx.
8.21. farctg| dx.
8.22. JIn(x+ 12) dx.

f arccos2x dx.
/ arctg8x dx.

/ arsin8x dx. 8.23. farcsin - dx.

fx sin(x + 3) dx. 8.24. JIn(2x —1) dx.

Jx cos(x + 4) dx. 8.25. f In(2x + 3) dx.
/ arccoslx dx . 8.26. Jfarccos T dx.

fx cos(x—7) dx.

8.27. [/ arctg —dx.
f x sin(x —5) dx.

f(x —4)exdXx. 8.28. farcsin—7 dx.
f xe—6xdXx. 8.29. / arctgbx dx .
f arctg7x dx . 8.30. Tlarccos—dx.

/ arsinSx d x.
fIn(x—7) dx.

Namunaviy variant yechimi
Anigmas integrallami hisoblang.
1. /X 25V/16 —x2dx .
2. —T. _ Ix—4sint,dx = 4 costdt, | _
> J(XIJ o= Jax = {sint = x/4,t = arcsmx/ax ~

= J 16sin2tJ 16 — 16sin2t4 cos tdt =256 J sin2tcos2tdt —

= 64J sin22tdt = 32 J (1 —cos4t)dt = 32t —8sin4l+ C =
= 32arcsin—, (8 —)VI6—x2+ C. N
2-
XAX2+5X+1

i~ 1
X_tt_x dt dt

dx
QBN S IO Vizssti

= —Int+ —+ Vt2+ 5t+ 1 + C=
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= —In —+ —+ /]:I+_+1 +c <
X 2 YIX X

3. J (X —7) sin 5xdx.
n=x—7du = dx,

> J(x—7) sin 5xdx dv = sin5xdx,v = —~cos5x s 4 -

7) cos5x + + g,;[fcosSxdx —;(x—?) cos 5x +%sin5x+ C.M

4. / arccos4xdx.

4dx
n = arccos4x du = —
J arceos4xdx = VI —16x2
dt = dx,p = x
d
= X arccob4x + 4Jf 22 _= x arccosdx ——VI —16x2+ C. «<
VI-16x2 4

5. / xex~7dx.
| n=x,du —dx i
— - 7dx

mfxe ldp = ex_7,v = e*_7i
= xex~1—ex~7+ C+4
6 o,

v i+jc*

u = arctgx, du ldx )

q X2 = V1 + x2arctax —
X = X 2= VI + X2

V7"

—j\"« 2=VI + x2arctax—ln}_x+ VI + x2}+ C. M
/ (X2 —4x + 3)e~2xdx.

o]

) bl= X2—4x + 3 ,du = (2x —4)dx,|
> j(X2—4x + 3J)e 2Adx = dv = e~Xdx,v = _Ze~2x {
——((x2—4x + 3)e 2X) + j(x —2}e 2xdx

n=x—2,du = dx,
dv = e~dx, v = —e~X = e ax T emx—
—1(X —2)e~2x -\e~X%+ C.<
g Finanx+1) In(x+i)y »
xX+1

dx
n = In(In(x + 1)),du = .
dx = (GeHh InGe+)

dae? = J;ﬂ—cfo,v —2-fr12(>|<+ 1)

rIn(In(x+1)) +

=Aln(In(x+1))23 &g 7

_in2(x+1) in(ln(X + 1)) —\In2(x + 1) + C4

7



IUT-8.4
Anigmas integrallami hisoblang
1.

11"~ W ~ r +5)dx—oavobm@Inl*+ 31— fal*+ +
2 Zijx 4-5j H—hC.)
12

12, F(7-2)ixz-2x+3)dx-Vavoh: 3InX — 3] —4 Inx — 21 +
+Zn|x + 1j + C.

1,3t / (x-Dfaz—"-iz) F'wv,; 2Zn1*" 1i+ 5 inl* ~4i
—7InN\x + 3] + Cp

1;ﬂ-‘ i] "QQ.F’-@)C"+3)7dY—U avob: X2 + SInN\x + A\ + In\x+ 21+
+/n|x —1] + C.)

15 -3FU2+6n )(y+3ddx—«/«vob:" 5"nI*+ 51+ 6N * + 31 —
—cAa+ 1] + C)

L6'~r C Hx1-¥ N — aal7ob: + %+ 2 + 11+
4 INNK—2A\+ +3In —3j+ C.)

1,7/~ xCel+o)ld—Vavob: *2~8InXx — il + 51 + 3] +
+hi \x+ 2\ + C.)

L 8 —fgi +X + r dx-Uavob[ x2~x ~5m}* + 5! +
3In\x+ +1] — 3 In\x+ 3] + C.)

1,9/ (XTH(*k+x—=2) dX-0 av°b— 3In\x + 11— In\x — 1] +
+2 In\Xx+ 2] + C.)

1-10° / (x-4)(2H-3)dx'0 avob: 4 Znl* —1| —7N * + 31+
+3 in\x—4] + C.)

1-11, / o@3xx?—x—2) dx' (Javob: 2In\x — A + 3 ini* — 3j —
—2In\x+ 1] + C))

1n2,/ (T=2X~-22—3)d*’C/a”ob: x2+ x — 4 in|x — 2| +
3Z2n|it—3] + +3 In\x+ 1j + C.)

1N3-J fr- i)SL +6)dx-v avobmn'x + 2' — ini* — +
+3 In\x+ 3] + C.)

1N4— f (Xx—v(XZ s L 6)dx# ayob-18In\x+ 3] — In\x — 1]
—16 In\x + 2| + C.)
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1.15./ - dx. (Javob: /nl.r —1] + 3 In\x + 1] —
—4 In\x+ 21+ C.)

1.16. I(T(F%m+5)(x+3) dx. (IJavob: 3InY + 1\1+ 2 In}x f 3|!—
—In \x+ 5] + C.)

1,11 M {xXrx—Wx—4H) Auma™ b: 4inx “ 1] — 7 In\x + 3\ +
+5 In\x—41+ C.)

1.18. / 14— 1 n_"dx. SJavob: X2 —In\x — Ij + In\x + 2|i—
J ((t2+2x-3)(*+2) 1 1 i

—2 in\x + 3] + C.)
N1 —n F27AH17x3+H0x2+37x+36 , .. , ? . ,
119-3J—TA/TT skx™) N obi* —x + 1 +
+3 Zn]x + 3] —3in |x+ 5] + C.)

1-20# c2+3+2(*—i) dx-UavobmnX ~ Il ~ 3 In\x+ 1]+
+8 i jx+ 21+ C))

1,21 fZxN(x+i)dx-Uavob-3x2 ~ 12x + Ink — 1| «
—3 + 1] + 32 In\x+ A\ + C))

1>22—f("+1t+3)0t+5) dx«{Javob: 2lv-X + 3| — 3 fn|x + 1] +
+3 In\x+ 5 + C.)

L23*/ (x—vaxtrabr—)® QaVOb: bl ® + 31" 2 Itjx+ 11 —
—21In\x+ 5] + C.)

r ZX4-SX', ~15jr2+40jf-70
1.24. J— o ——-——s dx. (Javob X —X + 4In\x—1 -
(X2—-r2x—-3)(x— 4)

—InN\x+ 3] + 2In\x—4] + C.)

1.25. f Vavob:*2+ * + 2Zn|x + 1] +
+Zn|* — 21+ Zn[* —3j + C)

126— dx—Javob: 3x2 ~ 12x + 2 bl x — if —
—3In\x+ 1] + 10 In \x+ 2| + C.)
1.27. 1 2x 23x —n dx.SJavob: X2+ X + 4In\x —1|1+
J  (x2- 5x+4) x+3) 1

+/n]* + 3] —2 In1* —4] + C))

1228 T (2x=3)(x2)dx-"Uavob: 2InX — 21+ 3 InN\x - 3| +
+2 Znji+ 1] + C))

1.29./*“ dx. (Javob: 3x2 —12x + In\x —1] —
—3IN\X+ 1j+ 2/n1*+ 21+ C)
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1.30. / ;-2 c','VY'5 dx—-(Javob: 20In\x + 3] — In\x — 1] —
—A6 InJx+ A+ C.)

2
2.1, fp— dx, (Javob: x +— —INA + 2 in|Jx —1] + C)
2.2. /] — ~2— dx(javob: x + Znpg -~ — 2Znjx —1] + C.)
23— (z—bpo*-1)dx'Vavob-2 Inx - ~ =~ +N* + 1]+ C)
2.4. fr~dx. (Javob41—3/njx] + 3Znjx—1] + C.)
2.5. J—4—~uy"—iix. Javob—. 2x2—3 INjx] —injx+ 1] — + C.)
2.6. / x1 ~2dx. (Javob: hinx + 1] —In\x) —*+ C.)
2,7¢ 7hy7TT,dx«Javob: 3 Inlkk ~ *1 “ ~I{+ tnl*+ 11+ C.)
2.8.3J dx.(Javob: *—3/n|x| + Znjx—1j +C.)
29. f~_2%+1  (Javob: INA+ Innx—1j + ~ + C))
2.10. / ~ @X12—dx. (adb—2x2 —2 Znpx| —2In\x + 1] —A"~+ C.)
2.11.3 —*)2((|+ler J¥-1dx. (Javob: x2 4-In\NA\ —Zn|x —1] + =+ C)

2-12, A7 +iw dx-Javob-dnX + 21_ 2InM _ ~7 + cH

2.13.j (Javob:2x —bijxj —*—in|x + 1] + C.)
2.14./ ~x+Javob: x + N+ 2injx—1j — In\x+ 1] + C.)
2.15. j ~~~~dx.(Javob:2In\x\ + — —Inx + 1]+ C.)
2.16./ 3" + xdx. (Javob: 2 Zn|x] —2fn|x -1 ——~ +C.)
2-17" 1 (Mxke+iN\ dx' (Javob: 2x2 — InM ~ 3 Ii\x+ 1] —— + C.)
2.18. / "r_yprrydx—Javob: InNx — 1] — In\x+ 1] =~ + C.)

2.19. / — —.(Javob: InN\x + 1] —INN\—"+ C.)

2.20. / —** *** 1dx. (Javob: X — INNA\ ———2 InN\x —1] + C.)
221 (Javob:—In\X\ — In\x — 1] — ~ + C.)

2.22. ] —*—-;Z*;‘ét"— dx. (Javob: 2x + in|x| —X——bi|x+ 1]+ C)
2.23./ ma 5-dx. (Javob: x —Injx—1] — —+ 2/n|x+ 1] + C.)
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2.24. ~Tdx. (Javob:2 INNA + In\x + 1j + +C)

2.25.j j;=;L— dx. (JQavob: In\x + 1] —ImM\x — 1] — + C.)
2.26./ —~~~dx. @avob— 2 INNA + INNx —1j +  + C.)
2.27. (Javob: 2 InN\x + 1] —InN\—"+ C.)

228.j(Javob JI—InNA+ InNNx—1] + C.)

2.29. j x* 2~~dx. (Javob: I'lN\ + I'\x —1] — + C.)

2.30. 3 * Ndx. (Javob: 2x + Zn|xl + A+ 2in|x + 1] + C.)
3
3L~ 0 k N }dx-Vavob:2In]lx -1 -
s x + 1
—IN\x* + 2x + 5] —arctg—-— -C.)

3.2. / » x3**8dx. (Javob: 2 IN\X + 2 J—"IN\Xx2 —2x + 4] —

— 4, arct +C.
V3arcgv3 )

3 /W in S ;»)dx-VavOb: InX + 1i~2In%X2 ~4x + 131 _
— arctg +C.)

3’4,/ (dix"ENiidz+HJavob-3 ~ il “ \In\2 + 2x + 5] —
r+l
—2 arctg—— hC.)

35.jJ V HRrTT—13) (avb—In\x+ 6x + 13j—zn|x + 1] +

o 1 X OX+3 .,
+-—arctg— + L.)

3.6.
f - —dx. (Javob: 2 InNN\x — 1| —— 5 InN\Xx2 + x + 1] +—V;=arctg’\’\— +
C.)

31— 2'n'x+ 2L —“ mig2- 2* +
10] + 2arctg— + C.)

38. f— ————— dx.({aTOb:—[l'l|X2—4x + l3j1_

J (x+1)(x2—4xc+13) 2= )
X --

—InN\x+ 1]+ 2arctg—-——hC.)

3.9./ dx. (Javob: 1n{xr —2x + 4] —2 Zn|x + 2| +

1B
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NAA T 3T, LT ) )
310 —F ZX—1X+2x+S) axX-U avobl 3 bl 'X

+ lin]x + 2x + 51—§arctg Irl rc)

311" 1N b ' dx—Oavob:In\x\ —

1 1 X
— —In\x2 + +4] ——arctg— + C.)

312> f NER —-~t0) d**~avob: 3zZnl* + 21— nir2-2* +
+ 10|+ arctg +C.)

3.13. / = r~"Trdx. (Javob:AIN\x2 — 2x + 4] —2/njx +
+2]|——=arctg”™ + C.)

3nn A r 13) ~ C/avob:3 In\x + 1] — Zn|x2 — 4x + 13j —
—arctg — m+ C.)

3.15. / A —dx. (Javob AN\X2 + x + IN=2 InN\x — 1] —
—4n/3 arctg + C.)

3.16.
fArrdx.(Javeb:2In\x + 2\—In\x2 — 2x+ +4| —>j3arctg—— + C.)

317" f(i+£ — 1 +io)dx' (Javob:+HIn\2 —2x + 10j — In\x+ 2} +
+3arctg”™ +C.)

318—FM*XE£Li3jdxmwavob: 3inkx + "~ — 1M r+ 6x+
+131-5 arctg— + C.)

319/ Tx— dx—/avob: 2 In[x ~ 11 + \arct9 T + C*)

320-FWifIJ-Zli3)dxYavob: Ink 2 - 4x + 13! - 3 In\x+
+1] + 3arctgy—- + C.)

321" dx-V avobmBIn\x + 2\+xIn\x2 — 2x +

+101+ —arctg——+C.)

3,22 f Fx+1)(x*Er6x+13) dXmf]CIMOL’' b X + 11 ~ + 6* +
+131l—arctg— +C.

%f MM x*xZs)dx-vavoh: |rb(+1|+lln|x2 ¢<+

+131+3 arctg— + C.)
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3.24. ———5"13———dx. (Javob In\x+ j— —In\x2+ 6x +
J (x+1")(x2+6x+13)

131+ Marcty + C.)

3.25. S*\:Z'—dx. (Javob: 2 In\x + 2] + In\x2 —2x + 4| +
+V3 arctg +C.)

3.26. f AXuO avob: 2 frijx—Ij + Inn@ + 2x + 5) +
+ arctg + C.)

3.27. £3'y; M1 dx. (Javob: 2 In\x — 1] +~MIn\X2 + X +
+ 1] +j=arctg” + C.)

3.28.
J ~~~dx. (Javob: 2 im\x — 1] —In\x2 + x + +1] + 2n/3 arctg +
cyl

3.20. f dx. (Javob: 3 hixx + 1] + In\x2 + 6x + 131—
—iaarc’igi"3 + C.)

3.30. — —dx. (Javob In\x + 2\— —In\x2 —2X +

J (x+2) X2-2r+10)
10]+~arctg”j— + C.)

4.
4.1, 3 x4~ 2_4 (Javob: NIm\x —1 [ +~In\x + 1] —In\x2 + 4] +
+c.)

4.2.1 dx (Javob: MIn\x + 1j —x2 — Im\x —1] +
—arctgx + +C.)

43./ * ¥4~ +2  (Jav’b:x + Marct9x + ~In\2 + 4] —
zarctg?+ +C.)

4.4,/ Yanad—nX ~ 1] —\InX + 1] —turctg—+ C.)

45. f dx (Javob: 2INNX\ + ~~~1In\xz + 4j—iarctg]| + C.)

4'6' fu—i~Uld¥@avon: In® +41_ ITi +\arctg”+C.)

Ne7" i ~N~~"r~dx (Javob: INNN\ — —iIin\x— Ij + in|x + 1] + C.)

4.8./ SAdx (Javob: Mn\x + 1] —In\x —1] +~In\x2 + 4] +

i *
+ —arctg— + C.)
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4.9./ ~7~~dx (Javob\ I'NA\ —~—j;In\x — 1] +~In\x + &\ + +C.)

4.10. f dx (Javob: "In\x2 + 4] —inM\x — 1] —
"++arctg” + C.)

4.11. / —~~-"dx (JGavob\ INN\ —~ —~In\x2 + 4] —~arctg” +
+C.)

4.12. 7 %=1 dx [@avoo— INA + 7~ + In\x — 1] — In\x + Ij + C.)

4.13. / *n~*2Mdx (Javob: MIn\x2 + 1] + arctgx —~In\x2 + 4j +

+ A x A2

O4.14. / 2x dx (Javob:—"IN\x + 1] —"In\x — 1j —xz —
—Marctgx + C.)
4.15.J -7"It‘)1(i—dx /[]avob:x + j—arctgx—garct.g)l(—+c.3
4.16./* dx (Javob: INNx — 1] —jIn\x + 1] + +~In\x2 +
11——arctgx + C.)
4.17. / %X xr dx (Javob: I'lNA\ + — + \arct-9\ + £.)
4.18. Jf(_x—l)(xrzl) dx (javob: IMWX — 1] — -———In\2 + 4] —
arctgN++C."j
4.19. j x dx (Javob:AIm\x —1j + ~fn|x 4-1]+ arctg™ + C.)
4.20. f~~dx (avob: Im\x—1] ——In\xx + 1] + C.)
4.21. 2 \dx @avob:AIn[x + 1]—"~Im\x — 1]+ In\x2 +
+4] +~arctg | + C))
4.22. 5 &:I?fz(x%ﬁ)_dx (Javob: In}x—l[l+ x_—T__zln\f(z + 4|-ll- C.),
4.23. / dx (Javob: j arctg® ——arctgx + C,)
4.24. 7 3™ * 2dx (Javob: IN\X2 + 4] —2 inj*] —~  “arctg | +
+C—) n
4.25. [ — (Javob: IM\x — N+ AImM\Xx + N—"In\x2 + 1j —

—Narctgx + C. j

2x3+ax—3x,i-27
4.26, | ZCTIOIE g (Javob: In\x2 + 9] —~arctg | + C.)
X*+13x2+36



4.27. 3 (Javob: ~IN\x2 + 9) + In\x2 + 1] —
arctgx + —-rC.)
428, J ~~~~~ dx (Javob—"Inix — 1] —~In\x + 1]—x2 +

- Injx2+ Ij + ~arctgx + C.)

4.29./ dx (Javob: i in\x2 + 4] + —arctg —"arctgx +
+C.)

4.30. J (x_—l):(l%3‘—11%2+4c W (Javob — g arctg -+ C.)

5.

51. f . (Javob: 2Vx + 3 —4Zn|Vx + 3 + 2] + C)

52.3 (Javob: |nAx+3)3 —6yx + 3 + C.)

5.3.J (Javob :\J(x—-3)s — 4 (x-3)3+ leV x”™ + +C)

54.3" (Javob: yJ(x+4")N —2(x+4) + 2VX + 4 —
—4ZnjV*T4+2] +C.)

55. f (« : "MU+1y —~AVC*+i)= + +9VCX+T)1 —

54Vx + 1 -fC)
* _ . —_N—= N=er
5.6. f xv}gFZdX’ (7Javob. 2Vx + 2172 Inll/x+2'+vTI| + C)

5.7./ &&= Uavob: -zInj _  pij+ C)

C+1)Y*+4
5.8. / — _dx. Uavob; 2Vx + 2 + v'SZn + C.?/
J x—3 ; IVX+2+V5!
5.9. J i=—— (Javob: 2s[x —6ZnjVx+3| + C.)

[

5.10.J - \gJavob: 4=arctg !-+ C.;

Vxfx+3) V3 “n/3
5.11. J —~~dx. (Javob: "V x3 —x + 4Vx —4Zn[Vx+I1] + C)
5.12. / w—=— (Javob: M1](x—1)3 + 2n/x —1 + C.)
5.13./ (Javob: 2Vx + InJ*=~j + C.)
5.14. J t~| —mNevo6; 2i/Xx + 5 — 6Zn|Vx+"+3] + C)
5.15. / yyt=== (Javob: 2/x —1 —2Zn|l+vX —1j + C.)
5.16. / X—fx—7 (Javob: 2arctgyjx —7 + C.)

vX—

5.17. ~==dx. (Javob: 2Vx — 1 + 2arctg™Jx — 1 + C.)
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5.18./ ~ (Javob: F/OC—-7)7 + ++ 2~ 7 f+
2Vx =7+ C))
5.19. / ~==. (Javob: (x—4)5+ (Xx—4)3+ 2Vx —4 + +C.)

5.20. / "’;+4 dx. (Javoh: 2Vx + 4 —2arctg\>x + 4 + C.)

5.21./ ~ (Javob: ;/(XT2Y —|v(x+2)5+ +2~+2~7
2A\'x+ 2+ C)
5.22./ (Javob: 2sfx —2\/TOarctgJ~ + C.)

523-—"v fe (Yayoi; Hi~l +c-=
5.24./ 1+ ~ (Javob: 2Vx —2 —2Znjl+Vx —~] + C.)

5.25.7/ (Javob: \[2arctgJ—~~ + C.)
2
5.26. / X2 (Javofc; zI(x=2)s+5J(x—-2)3+ 8n/"2 + +C)
5.27. / Jj-L—dx. (Javob: 2vx —2 —\f2arctgl~~+ &)
5.28./ » Javob: N/ (x+6)7+ "V (X+6)5+ +8V "+ 6 F +
ieVxT6 + c.)

5.29. / 3+*L_. (Javob : 2n/x —6 —6/njVx —6+3 j+ C.)
5.30. / 2+ _. (Javob: 2Vx —8 —4/njVx — 8+2j+ C.)

6.1./ 17— dx. (J b: 3Vx + 1 —=-n/(x+1)2+
(TS jvzf 4% (Javob: 3Vx G+ 1)

6VXx + 1 ——3Zn|Vx + 1+11— 6arctgVx + 1 + C.)

6.2./ "j=~rdx. (Javob: X +MVX* —2-Ix — 4X[x + +2Zn|Vx+1]| +
4arctgXfx + C.)

6.3./ YOerzrVx NQTVOGZGf slfT ANPF = (x+1) +
fv(*+IF+co

6.4. / -——%———dx. (Javob: x + EVX2+ 2VX + 6°x + C)

6.5./ dx. (Javob: ~ Vx~ + BGarctgyfx + C))
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6.6. T —Xx+I1* dx. {Javob: —(2x+1) + ~v (2x+1)5+ C)

6.7./ Javob:#*Vcriy —(*—i) + =viNiF —
—i"X—-i)2+ 2VSA—-3V*r+6V X" "—6in|V*:~+i]| +c)

6.8.f ~ * *@L=Ldx. (Javob: x —1 — \J(x—I)s+ \2%j(x—I1)2 +
+96V X ™ — 384VxzrT + 768£n|Vx — 1+2j+ C)

6.9. f (Javob: "A(x+3Y — (x+3) + "N/ (x+3)5 -
—y (X+3)z+ 2Vx + 3 —3Vx + 3+ 6Yx + 3 —6IN\YX + 3+11+ C))

6.10. j jv—zz_zl’:;;iz (Javob: 3—\j(x—| 12 —2Vx —1 + 3Vx —1 —
—bYX —1+ 6In]Vx —1+1j+ C)

6.11. f (Javob: — (x+3)7 — —n/(x+3)5+ 2Vx + 3 —
—6Yx + 3 —arctg\Vx+ 3+ C.)

6.12. f ’\I+CXZdX. (Javob. X + 5—Vx5—2—Vx2—2Vx + 3n/x +
+6V* ——fri|Vx+l] —6arctg\fx + C.)

6.13. / (Javob: I\I1(X+3)2 - 2\rx T3 + 3V X+T —
6yxT3 + +6Znjv~rT3+1| + C)

6.14. J » "~ W 0™ x . (Javob:
37 2+ U+ YFFI) v

ANY(x+22+ 6arctgyYx + 1+ C)
6.15. f <b. (Javob: "VXN —3YX —€YX+ 3Zn| Vx+1j +

+6arcbayx + C.)

6.16. / *ArHl— (Javob:—(@x+1) ——1/(3x+1)5+
J V3x+1+23/3x+1 3v ' s v

2¥(3x+1)2— —4y3x + 1+ 1233x + 1 —484/3M+T +
96Z?i|V3x + 1+ 2j+ C)
6.17. J 3, , =.(@@avob : —YTXTT + 3V2xTT +
J V(2x+1)2-VZx+1 ' 2
+3in|] V2x + 1—I] + C))

6.18. J dx. (Javob: —Yyx1+ —v ? + —Vx5+ 4n/x +
Vx—Vx-—1 7 5 2

9VX++30VXx+ 11+ t 24fn[V*—V*—-1] + C.)
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MXIAX

6.19. / (Javob —~4x~ -(—3Vx3—2vx—4\|x-
AFn | 1I—\RA + +c.)
. 13-
6.20. J/ ;. \_7\?3,,;L+T fir. (Javoby ;!‘f(3x+,l)2§ -y3x+ 1+
2V3* + 1+ +4V3X + 1+ 4tnjV3x + 1—Ij + C.)

6.21. / (Javob: 2\'x + 24%ix + 244n |

1—4\*2 r\.er+2 +C)

6.22.j ~ dx. (Javob: x5 + 6x° —6arctg yfx + C.)

. 2
6.23. / O (Javob: 2VX + 6v? + 3In VB4 »

6.24. / (Javob: —\fx——Vx + — arctgv9x + C)
3X+ n/*

6.25. / 1-Vi* (Javofe.— 3Zn §6
+C.)

6.26. / \*zjdx. (Javob: —'fx2 —V* + fa|Vx+I[ + C.)

6.27. 1 ATN" (Javob: =V F —x + =V x3 — 27i/x + 4n[X —
—4in|Vx+I| +c.)

Y3x+1-1
6.28. / A1 +V3z+

\MBX+\)2 — M/3x + 1+ 2V3x + 1 —4V3x + 1+

dx. (Javob: 7 (3x+1) —*"V(3x+1)s+

4in|"3x + 1+1] + C)
i P
6.29. / « (Javob: —n/x + —v'x + vl + C)
ax—Vx 32 264F

6.30. / M2 _+rs1 _ dx. (JQavob: —n/(x+1)2 —3V* + 1
(V*+T+ijVF+i 2 .

6VXTT + +3in|]Vx + 1+1j+ Barctgvx + 1 + C)

7.
7.1./ —{ﬁvog —J'zarctg VS C.)\
5+2simc+3CcosX Vv V3 v3 /
7.2.] ——— ———— . (Javob: l:arctg + C)

S~4smx+2cosx

7.3, B gy (Javob: 2tg —+ 3In kth + lj—4arctg —+ C.)

I+cos*

i

dx

7.4./ —(@Javob: —In, n_ + C))
5+3 cosx 55Tt 3 jtr——1
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7.5./ (Javob: /—— n |-&—— 4-C.;

dx
Scosx+ICsmx £0~2+V5

dx
7.6 f 3+2 cosx—sinx J -I.c)

dx -
7.7.1 5-3 . (Javob: rarctg (2tg—j + S.)

tx Kk
7.8./ . (Javob: In kN c)
8—4sinx+7 cosx
ax 1,
7.9./ 3—?5——{ vob—4n +c)
7.10. o (Javob: ~In 12to—+3j + C.)
2smx+3cosx+3

2 /5tpT+4AN\
7.11. r—=J* m(Javob: -arctg th—/ +

7120 L o -(Javob'. ——arcty (/}g} + C.)

Lo

7.13. +cC)
3ta—+7-V5S
7.14. ,(Javob: == In + C.)
7Smx—38cosx Vs 3 7+V58
dx ) /N 4V
7.15. A3 (Javob: I +Q
dx
7.16. A 43t »(Javob: — In 7 xT + cC)

7.17 28 dx. {Javob: 3,;t —tg”™ — In |t$z—+| + C
17. ! x. {Javob: 3;t —tg” — In |t$z | )
dx z [218j+1

7.18. vty (ngob. iz arctq o C)
7.19. ASiNet300EXt5" (Javoft: C —
T+6str—500sx -
7.20. 1-4o08¢ dx. (Javob: 12tg | + 6In\1lgr—+1j—5* + C.)
dx
7.21. ]
3+cgsx+smx
7.22. L dx. (Javob: bin —tg| + x+ C)
1+COSX
dx . o
7.23. 3COSX_4Sinx (Javob: C — In
dx A fr i
7.24. S+3c0sx" (Javob: Marctg + C)
dx 3t.<J—+2-yi3
7.25. 4smx~6Cosx -(Ja VOb 3ta’\"'2+\/Tgl + C')
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7.26. j . {Javob: E'n I!.Stgz+3l!4—C.)

3+ Bsi fix+3cosx

7.27. j —————_.(Javob: Farctg (753 + O\

Ccosx—Hsmx

7.28. f ———.(ran: iz,,

4—-4stnA:+3cosx

11+ c.)

7.29. /] —————.(Javob: =In tg—+3-yio
VIO

H +
3sinx—cosx C0—+3+V10

Stg™MH-VE
7.30. f ——— -— (Javob: —In _ 3 + C)
2—3cosx+sinx Vs 5tj—++Vs

88.1./

— ———.(Javob: — in_i’\——| + C.;
8smzx~16smxcosx 16 tgx 1

8 2 —f lesin’sinxcosx— Ne°b:—eln|-g~| + C)

83-1 (Jwoltarctgt—f+C.)

81 f sJIx+71'-xdx—Javob: in\tg2x+2\ + j=arctg (¥ ) + C)
85—-{d k ' Nevo/,; rJfarct® fif) + cH

86T i—ctuxdx—Javob: ~In\tgdx~I\ + C)

84*1 "x—scA—- @awb-2 In1s11 +CH
88-JwvLrn** arctg( ™) + C)
89 4 SinClcokrf%~(Javofc; arctg(tg2x) + C.)

8.10. f ESQSFASI' gJavob: 2_tgl2x + injtgx| + C)

811~/ l+sin2x—(Javob: j=arctg(V2tgx) + C,)

812, J —- fin] ~] +cC)

813 -J sJTcos'dxdx—(Javob:\arctg(2tg2x) + C.)
8na y arctg(tgx—2) + C.)
8715 f 4co,£3mn** (Jav°b:~arctg (- ) + C)

846- J '~ ~ A H 3 S 1 +c¢)

8n7'f N arct*r (M}r) + co
8.18. f N . (Javob: —4=in gc VW |+ C)
Ssm”Njc—3cos2” v 2V15 V5tai+V3l
— - - = _g*~ +
8 19 J s.m/2!3C+35iru:c0530—c053x. (\]aVOb- V_:I!?S II’ll £gx+:§+\>{;ll CI;
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8.20. 5 dx. g\]avob: Z—arctg sql[-} + C._L

SMAx+4coi'4x
8-21. § oY iem HAVOD: i arctg (p + ©)
8.22. ] (Javob: ——arctg (—3-\+ C.)

Zcos2x+3”

823~/ i“h—x—}Javob: 7farctg Ll  + C]
824/ v™>pb:\ln(tg2x + 4) —iarctg (if) + C.)

825-f rEb;—Vavob: i k arctg(4 r ) + c=+
826" J TAM hdx' {Javoh: j=orctg(yj2tgx) + C.)

8.27. 1 o o (Javob: arctq(2tgx—I3+ C.)
828-/ Javob: \arctg(2tgx) + C.)

829*/ sin2X+300s2x V<™>b:\In\tg2x + 3| + C.)

8%30*/ Hin"x—a,sN"dx-V™>b:\tgx + * arctg(~tgx) + C.)

9.1. fcos43xsm2 3xdx. (Javob :— x — —sml2;r + — sinlbx 4—C.;
v 16 192 144
9.2. f Vsindxcos3xdx. (Javob: 9—Vsin9x T Vsini9x 4-C.)
Y
9.3. / cos3xsin8xdx. (Javob: —sin9x ——sinll* + C.)
9.4. Jrcos4xsin3xdx. \gJavob: 7—cos7x ——5~c035x + C.;
* . — N i
9.5.3 fggimdx. (Javob: C %%nx 5Vsml‘x.)
9.6. f Vsini2xcos32xdx. gJavob: I Vsin82x T Msinle2x 4-C.)

9.7. £/°5* dx. (Javob: 3%Jsinx ——Vsin7x4-C.)
y/sin2x 7

9.8. J Y~==dx. (Javob: 3 f3 4--\Vcossx + C.;
Vco \V 5

s'x cosx/
9.9./"n*,(Nn«6:— A~ —4-C))
9.10. Ismsxcos4xdx. k]avob: 7cos7x —5c035x —9 cos9*: 4—C.g,
9.11. ¥ rSA-X-dx. (Javob: — Vcos12x ——Vcos2x 4—0.%
J ycos3x \ 12 2

9.12. fVcos2xsin3xdx. (Javob: » Vcos”x —”" Mcos5x 4-C.)
9.13. f ¥sin2xcos3xdx. (Javob: | %jsin5x —"y/sin~x 4-C.)
9.14. f Y cos32xsin32xdx. (Javob: EVcosiaZX —I Y cos82x + C.)

9.15. f ¢? xdx (javob: 2—Vsin2x —EMsin12x 4-C))

Vsin3r
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9.16. J sin22xcos*2xdx. SJavob: —X

—02s sinSx + —sin34x + C)

9,17. j dx. (Javob : "Vcos?x —3¥Ycosx + C)
9.18. / %oosélxsm%xcb(’ G avo'b. 2 Yeosty —2XNicosx fC.)

9.19. fsinl2xcosz2xdx. {Javob: — x ———sinQx —96—3|n34’“ + C)

16 128

9.20.J ™ dx. (Javob: —\jsin2x —— ¥ sin72x + C.)
2 14

\lIsin22x

9.21./ 3 dx. (Javob: — yfcos72x ——\fcos2x + C.)
14 2

—Jcos22x

9.22. f sindxcos3xdx. (Javob: —sinbx ——sin7x + C.)

9.23. fsin2xcos*xdx. (Javob: —x — —sin"x + —sm32x + C)

64

9.24. fsinixcos2xdx. (Javob: —x — —sin4x — —sin32x + C.)
J v 64 48

16

9.25. J sin3xcos8xdx. (Javob: — cosllx ——~cos9x + C.)

9.26. / dx. (Javob:

—_— + C
sinx SII’]"X 9

9.27. fsinsx \Tcoszxdx. (Javob: 9—V00318x —EVCosﬁx -

—Vcos28* + C.)

28

1 2
9.28. / sindxcosbxdx. (Javob: —sinbx ——-sin7x +—sin9x + C.)

9.29. stin43xc0523xdx. sJavob: —X ———sinl2x — —sin36x + C.)
16 192 144

9.30. f = dx. (Javob: t~ = + —Vcosbx + C.).
5

1

>

— \lcos*x Wosx

Namunaviy variant yechimi
Anigmas integrallami hisoblang.

f Tx —x2-4
— (x+1)(x2-5x+6)

Integral ostidagi funksiya ratsional kasrdan iborat. Unin

maxrajini ko‘paytuvchilarga ajratamiz: (x+1)(x —2)(pc —3) .
(8.9) formulaga asosan maxrajdagi har bir (x—a) ko'paytuvchiga

bitta a go‘shiluvchi mos keladi. Shuning uchun bizning

holimizda

TX—X —4 7x—X —4 A, B~ C
(r+1)(x2=5x+6)  (x+1)(x—2)(x—3)  x+1 x—-2 ' x—3

Oxirgi tenglikning o‘ng tomonini umumiy maxrajga keltirib
va kasrlaming suratlarini tenglashtirib topsak,
X —X2 —4 = A(X=2)(x=3) + B(x+1)(x—3) + C(x+1)(x—2)
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ayniyatni hosil qilamiz. A, V,S koffitsientiarni xususiy
givmatlar usuli bilan topamiz (88.6 ni garang):

xX=~1 —12=12A,
X=2 6=-3V,
X=3 8=4S,
Bu yerdan A=—1, V=—2, S=2. Topilgan koeffitsientlami

integral ostidagi funksiyaning eng sodda kasrlarga yoyilmasiga
qgo‘yib integrallasak

b e TexanfdX=U = 55 — 5o + gdX = —Inkx+l L+
2In\x—3 | — 2In\x—2\+ C* dn— —T + C*ni hosil
\X+1\(X-2)Z
gilamiz.
Bu yerda C* — integrallash doimiysi. 4
2 roIsx—~-11

(x l)(x 2+x~2)

> 3: (x!?ﬁ%&r_‘m dx = T (x=1)2(x+2) dx :Bg):;f (;—_1 + Gcgﬁz +

—N—)dx=SSA=
X+2J

15% —x2 —11=A(*—1)(*+2) + B(x+2) + C(x—1)2,
x=1 3=3V,  Vv=I,

= X=—2 —45=9S, S=-5, =
X2 -1=A+S,A=4

=fw + b=& —X )dX = =5InX+21+ 4"n1*~11 — +c*

Shuni ta’kidlash lozimki, koeffitsientlami topish uchun
xususiy qiymatlar usuli va noma’lum koeffitsientlar usuli
qo‘llanildi (8 8.6 ni qarang). 4

r x4-3xb+23x2—43x+27
3. stg (x—2)(x2—2x+5)r dx.
» Integral ostldagi funksiya noto‘g‘ri kasr bo‘lganligi uchun
kasming suratini maxrajiga bo‘lib, uni butun ko‘phad va tofy‘ri
kasrlar yig‘indisi shaklida ifodalash mumkin:

w =1/ (» — 4+ — Ff — fa+j (£+

f*+c 3dx =
—2X+S,
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—2n2+ 3x —13 = A(Xx2—2%x+5) + (Bx+C)(x—2).
=x=2 —5=5A, 1=—3, =
2=1+7, K=7.

X& —73-5A—-2S S- -1

=— 4n—+ f -+ * 1—2/dx = — 4x —3Zn!x—2|l+
2 J 4-2 *2—-2:c+5 2
iZn|*2—-2x+5] + C\<
i I 2x3—b6xr+8x—22

3 T xa+oxb+20

N r 2k3-5x2+8x—22 . r 2x3—Sx2+8x—22 r ,AX+B .

3 T eRgi20 T cezeayoeriyy X7 Y Gaigh T R

2x3 —5x2 + 8x —22 = (AX+B)(x2+5) + (Cx+D)(x2+4),
x32=A+S, A=0

= X2-5—V+D, V=-2,
X 8=5A+4S, S=2,

X —22=5V+4D, D=-3

Cx+D-

=/ + —r~)dx=—arctg (]) + Zn(]x2+5]) — jzarctg + C*.
5. / —"~=dx.
3-VX-2Z
AN foxH]_dx—=V*-2=1t x—2=12=
J 3Vi2 x="212 = 2tdt
= _2j (tz+3)tdt = _2j N2+ 3f+ 12 + _31jdt =

=—2 A 3+/E2+12t+36Zn(|t=3])) + C =

= —\y/{x — 2)3 - 3(x — 2) — 2Anlc——2 — 721n\4x*2-3\ +C. *
[ 4VX=2+%X-2
J 4=—5/— dx.
J N/x=2+2¥Yx-2

Nor 4ilx=2+8xN2

_m = EKUK{2,3,6) = 6, x—2= t6,
Wel+23%x=2 x x = th+ 2, dx = 6tsdt
= [ (IE1ZE>E1E£=6] | £ 1 ~ dt,
J t3+2t2

J t+2

=5/ (4ts — 814 + 15t3 — 30t2 + 60t — 120 + — )dt=

=6(240Zn(|t+2]) + x “ V + “ 10tS + 30(2 * 120t~ + C=

=4(x—2) -y Y(x—2)5+y yCt—2)2 - 60—Ix"2 — 720VF "2 +
+1809 T~2 + 1440Zn|V*—~"2+2j + C. 4

ax

3xinx—2cosx+l
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t= ig—, sinx = 21 cosx
fr r g;(/ - 92’ T o1tz

_ 1+t2"' _
N 3sinx—2cosx+l i 2dt.
dx = 2Si>x — 2arctgt
r dt —off & —2p¢p dt _2p dt
6t—2+2t2+1+t2 3i2+6t—1 3J t2+2t— 3J ft+j~)2—~3

2\3..  t-rl-2/V3 1 <B0i+/3-2
= —In ———=1+C In ] +C. 4
34 1t+1+2/V3I zvg V5tf7j+V3+2

ol . A Sorerriye
r dx {S.1-1)_.

2sin2x~sin2x+3cos2x

t= £0x,srﬁ%! = — cosgx —
_ a 1+t2 1+t2 _
. , d
SINXO0SX = —  ‘dx —— r
1+t2 1+t2
_c dt 1r dt 1f dt _1/2\v ( t—4\
Motz 2143 2 t2-teo, | (t é 2vvsJVICTA k;is >1
=tarctg( ~ ) +C M
9.f~:dx.
MsinAx R
. r cos3ax ,SInNdX = t, 1 f (I_— dr 1 @ i .2 ts)dit=
> J Ygindat = dcosaxdx 43 -V 574y =) (1 S—te)dt=

:—g—ts ——ts‘p + C= —Vsind44x —— Vsinld4« + C.
4 44 14 16 56

8.10 8-boHimga doir qo‘shimcha topshiriglar
Anigmas integrallami hisoblang.
1. f x2JA—x2dx. (Javob: » (x2—2)\'4 —x2 + 2arcsin —+ C.)
o WI5+2v4*2+1
(x2+4)n/4x2£‘]1a\/0b' _pZ\!?s xAT6—2-d4x 2+1 c)
3. f (x—rl)Vx2 + 2xdx (Javob: (X2+bx9)r + C)

4. f In(x+V 1+ x2)dx. (Javob: x/n(x+VI1 + x2J—VI + x2+ C)

5. J’ arccos A;(—’;de. (Javob: xarccos m+ ix —arctg’\fx + C)

6' (’\.—"ij—jtalx+ll+itoll_|7‘l_lT:.)

7. f N}%(%_]’Ilr%x (Javob: 2VXTT(/n|x+1]-2) + C))

8. f el'xdx. (Javob: 3e” {4~ - 2Y¥Yx+2) + C)
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9. Aniq integral
9.1. Aniq integral tushunrhasi, Aniq integrallarni hisoblash
y=f(x) funksiya [ab\ kesmada aniglangan bo'lsin. Ushbu
kesmani ixtiyoriy usui bilan a=x0< x;< <... X,,=b nuqgtalar
orgali uzunligi A x—= X, — x*i , =1, n bo‘lgan bo‘lakchalarga
bo‘laylik. Har bir bo‘lakchada bittadan Q@ , Xt;< Q< x; nuqtani
ixtiyoriy tanlaymiz (9.1-rasm). Ruyidagi yig'indini

Sn =
i=1
y=f(x) funksiyaning [ab] kesmadagi «—integral yig‘indisi
deyiladi. Geometrik nugtai nazardan #,—-yig‘indi 9.1-rasmda
tasvirlangan to‘g‘ri to‘rtburchakiar yuzalarining yig‘indisi bo‘lib,
ulaming asoslari A xtkesmalardan, balandiigi esaf(£) ga teng.

A N

9.1- rasra

Snintegral yig‘indining qismiy kesmalaming eng kattasi 0 ga
intilgandagi Mrmt\f(x) funksiyaning x=a dan x=b gacha aniq
integral deyiladi va ushbu ko‘rinishda belgilanadi

= £f(.x)dx @)

Bu yerdaf(x) integral ostidagi funksiya, [a;b\ —kesma
integrallash oralig‘i, a va b sonlar integrallashning quyi va yuqori
chegaralari, jc—integrallash o ‘zgaruvchisi deyiladi.

Teorema. Agarf(x) funksiya [a;b] kesmada aniglangan, ham
uzluksiz bo‘lsa, u [a,b] oraligda integrallanuvchi bo‘ladi, ya’ni
(9.1) integral yig‘indining limiti mavjud va u [a;b] kesmani
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bo‘lish usuliga. qismiy kesmalardan nuqta tanlashga bog‘liq
bo‘Imaydi.

Agar f(x)>0, x€[a;b] boisa, aniqg integralning geometnk
ma’nosi, y=f(x) funksiyaning graftgi, x—a xX=b to‘g‘ri chiziglar va
Ox o‘gi bilan chegaralangan figuraning yuzini anglatadi. Bu
figura egri chizigli trapetsiya deyiladi. Umumiy holda, f(x)
funksiya [a,b] kesmada turli ishoraga ega bo‘lsa, aniq integral Ox
o‘gqning yuqori gismida va quyi gismida joylashgan egri chizigli
trapetsiyalar yuzalarining ayirmasini bildiradi. Ox o‘gidan pastda
joylashgan yuzalar minus ishorasi bilan olinadi. Masalan grafigi
9.2 rasmdagi funksiya uchun

1*f(x)dx = 5, —S2+S3
an

Aniqg integralning asosiy xossalarini keltirib o‘tamiz (f(x) va
h(x) funksiyalami mos kesmalarda integrallanuvchi deb faraz
qilamiz)

5) /., (/'(*) £ <p(xj)dx = T; F(x)dx %= f* (p(x)dx—,

2) f* cf(x)dx = cJIhf(x)dx (c = const);

3) Ja/00dx = —4 f(x)dx;

4) f(X)dx = f{x)dx + fix)dx;

5) agar[a;6] kesmadaf(x)>0 va a<b bo‘lsa5u holda

&/ (X)dx > 0
6) agar >p(x) < /(k), X[a;b], a<b u holda
Ij <p(dx < I f(x)dx
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7) agar in=T T xe[ab] F(x) ,M = maxxe[ab] f(x) va a<6
bo‘lsau holda
m(b —a) < f(x)dx < M(b —a)
8) agarf(x) fiinksiya [a;b ] kesmada uzluksiz bo‘lsakamida
bittax—c, X< c<b nugta topiladiki, quyidagi tenglik bajariladi
J (*)d* = /(0(b —a)
9) agarf(x) funksiyamiz uzluksiz va ¢ (x):fdxf(t)dt tenglik
o‘rinli bo‘lsa u holda
®’'CO =/CO
ya’ni aniqg integraldan yuqori chegarasi X o ‘zgaruvchi
bo‘yicha hosila, integral ostidagi funksiyaning yuqgori
chegarasidagi giymatiga teng.
10) agar F(x)—birorta boshlang‘ich funksiya bo‘lsa, quyidagi
tenglik o‘rinli
J*f(x)dx = F{h)-F(a)=F{x)\h
va bu formula Nyuton — Leybnits formulasi deyiladi. Uni F(X)
boshlang‘ich fiinksiyama’ium bo‘lgan holda x=a va x=b
giymatlarda hisoblash giyinchilik tug‘dirmaydigan shartlarda
go‘llangan maqul.

1-misol. Aniq integral hisoblansin
/j23(x —1)2dx
» F*3(x —D2dx = (Xx— 1)3|J=2 -1)3- (1 -1)3= 1<

2—misol. Hisoblang
/B(V2x + \[X)dx

3 4

» fO7v2x + XEJx = 36 yIRdx + & Nixdx = 1 @2 S

o+ T
[(16)1 + F(8)F = 33|~

3—misol. Hisoblang
7

M sin3 (p d(p
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T N
» J2sin3(dp = — Jp(l — cos2(p")d{cos(p)

T
2 2
3

—COS@ +m

0
4—misol. Hisoblang

2 2x—1
dx

Integral ostidagi funksiya to‘g‘ri ratsional kasr, uni sodda

kasrlarga ajratib olamiz
2X—1 Bx+C
= —+

= - — 1= + + fi +
X34 xz+|’2x 1 Nn(x2+ 1) fix2 + Cx

x~0-A+B
x! —1=A
x°2=C

bundan A -1 B=I1, C=2. Demalk,

g%zdx —JI? (- >?H—I+,q2H—I+?5) dx = (—Inix] + 5In(l + X2) +
2arctgxj |2 = —zZn2 + ~26 f2arctg2 —In2 —2arctg 1 = +
2(arctg 2 —arctg 1) 0.38

Faraz gilaylik, y=f(x) funksiya [a;6] kesmada uzluksiz,
x=<p(t) funksiya o‘zining hosilasi bilan [a; /7] kesmada uzluksiz,
monoton va ¢ (a) = a, <p(/?) = b tenglik o‘rinli, murakkab f(<p(t))
funksiya [a; /7] kesmada uzluksiz bo‘lsin. U holda aniq integral
uchun o‘zgaruvchini aimashtirish formulasi o‘rinli

J* f(x)dx = J* /(<p(t))cp'(t)dt (9.2)
5-misol. Hisoblang

rg xdx
J3 VI+x
> Quyidagi V1 + x = t aknashtirishni bajaramiz. U holda
x=t2~l, dx=2tdt. x—3 boMganda giymatidat= 2 = a,x = 8d&
t — 3 = /?bo‘ladi. Yugoridagi (9.2) formula uchun hamma
shartlar bajarilgan. Demak,
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P = T2zt _ 5 (5 - pyde = 2 (f_o
J3 Vx+1 f 17
2(9 —3) —2(~—2) —=

6—misol. Hisoblang

rf*
JO 2ccsx+3
» Integral ostidau — tg almashtirishni bajarsak cosx =
ok = 2 A= tgo=0,2= tgf) = 1bo‘ladi. Demak
1+u2’X_1_+mra_g = ,.—g\z)— o‘ladi. Demak,
n 2du
+G* 1 2du 2 n.l1l
Jo 2cosx+3 = 90 2(1-42), = /10 u*+5 n =
a+u2)

1
—j=arctg—j=— 0.38-4
Agar u(x) va funksiyalar [5;A] kesmada uzluksiz xususiy

hosilalarga ega bo‘lsa, u holda

/ bu(xX)dv(x) = u(x) *v()|J] — F\(x)du(x) (93)
a
n
7—misol. Integralni hisoblang j 2xcosxdx

u —Xx du = dx
» M xcosxdx = )
=0 dv = cosxdx Vv = sinx
xsinx 2 — M2sinxdx = = —sin——0 + cosx 2= “_ n
0 2 2 0o 2

8—misol. Integralni hisoblang J xIn2xdx

n mmln2x du = 2Inx —dx
> jlxlnzxdx =

dt? = xdx
u = Inx
du = —dx 1 %
—x21In2 — f. xInxdx —= —e“ —
1 dv = xdx 2
v lx*g
T2
Inx f — fe-x2 —d = —e2——e2+ — dx = =x2j~r ==
\2 [ —Iegx2 5d%) 7 —e2—ze2+ J4pxdx = 7x2

;(e2 -m<c«
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9.1-AT
Aniq integral hisoblansin.

1. r2f2x2 + —3 dx (Javob : —)
=\ X 4
r4e — 14

2. Vxdx (Javob : —)

3 -1 xy|+lnx gJaVOb -23

4. Fl——— \V mar
JO x2+4x+ (Ja ob a Ctg 3

5. J2,Acosx —cos3xdx (Javob -
~2

6. f4— (Javob ; 2 — In2)
JO 1+V2X+1 =

7. j f X5VT + x2dx g‘]avob :
0 105

8. fy V4 —x2dx (Javob ¢ K)

10. ff— (Javob : |«nII2)]
JO 2x+V3x+l v

Mustaqil ish
Aniq integrallami hisoblang

1. a)/da(2x + dxb)/®—r-7dx (Javob: a)21; 6)
7+2bl2)
2. a)/®;|~dy; b)/at~ ~ (Javob: aj23/3; b)16/3~2In3)

3« a)-C ; b)/09 dx (Javob:a)3/16; b) 3+4bl2)

9.2 Xosmas integrallar
Agar y—f(x) funksiya a < x < +», oraliqda uzluksiz bo‘lsa,
u holda

f(x)dx = /(/?) integral /? ning uzluksiz funksiyasi bo‘ladi.
(9.3—rasm)
U holda quyidagi limit
b T~"+cc/MN/ (X)X (9.4)
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f(x) funksiyaning [a; +co] oraliqda yuqori chegarasi cheksiz
bo‘lgan xosmas integrali deyiladi.

fAW d x 9,5)

9.3—rasm
Demak, ta’rifbo'yicha
f~f{x)dx = 1im~+00/j*/(x)dx

Agar (9.4) limit mavjud bo‘lsa, u holda (9.5) integral
yaqginlashuvchi, agar (9.4) limit mavjud bo‘lmasa, Xxususan
cheksiz bo‘lsauzoqlashuvchi deyiladi.

Quyi chegarasi cheksiz bo‘lgan xosmas integrallar va yuqori,
quyi chegarasi cheksiz bo‘lgan xosmas integrallar ham shu kabi
aniglanadi:

S—~fMdx = HTn" oo /m Fix) dXx,

/[ +* /(x)rfx = O™ —-o00 jBf(X)dx + IIimB"+D0OJI® f(x)dx

bu yerda —c< c< +q0 . Agar FAX\F(X)\dx integral
yaginlashuvchi bo‘lsa u holda (9.5) integral  absolyut
yaqginlashuvchi deyiladi. Xosmas (9.5) integralning

yaqinlashishini tekshirish uchun quyidagi taqqoslash belgilaridan
foydalanish mumkin.

l-teorema. Agar barcha x > a uchun 0 < f(x) < <p(XX)
tengsizlik o ‘rinli bo‘lIsa, u holda:

1) agar /J” <p(x)dx integral vyaqginlashsa /a°>f(x)d
integral ham vyaqginlashadi shu bilan birga f*°° f(x)dx <

f j m<p(x)dx
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2) agar f*'*' f(.x)dx integral uzoglashsa u holda JatC (p(x)dx

integral ham uzoqglashuvchi bo'ladi. Absolut yaqginlashuvchi
xosmas integral yaginlashuvchi bo‘ladi.

1-misol. Xosmas integral /x *— (a > 0) berilgan. Ushbu

integral a ning qanday giymatlarida yaqginlashuvchi, ganday
giymatlarida uzoglashuvchi bo‘ladi?
»eFaraz qilaylik, a®l1 bo‘lIsin. U holda:
C WX 1 4 jy.B 1 ™MLYy S
hT*®=—«x 1j

Demak, agar a>7, bo‘lsa
+@dx 1

J xa a-l
ya’ni integral yaginlashuvchi, agar a<l, bo‘lsa

r+@dx
— = +00
J1 xa
ya’ni integral uzoqlashuvchi bo‘ladi.
Agar a—1, bo‘lsa
—+o00dx_ fBAi= jm InB = + oo
J1i X + 1 X B—>+@0

ya’ni integral uzoglashuvchi bo‘ladi.

2—misol. Xosmas integralni hisoblang
r+m

w1l X2+4x4 13
yoki uning uzoglashuvchi ekanligini ko‘rsating
W c+o00 dx - r+oo dx .. 1 x+2 ,0

#1 XZ+4X+13 © J (x+2f+9 ~ 3a Y ~\=zx
\\\ra*+,(arctg*~ — arctgl) =i (J -0 n

3—misol. Xosmas integralni yaginlashishini isbotlang.
r+oo  dx

w1l (x2+1)e*

1
» X > 1lgiymatda— —— < — —tengsizlik o‘rinli bo'ladi va
x2+1)e* (1+x2)
integral
moc  dXx . rfi dx
/1 ii 1IT? = [im" « arctfifX4 =

Jim(arctflr/? — arc”~l) =\
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yaqginlashuvchi, demak 1-teoremaga ko‘ra beriigan integral
yaqinlashuvchi bo‘ladi.

Eslatma. Integral lash oraligli cheksiz bo‘lgan xosmas
integrallami hisoblashda quydagi tenglikdan foydalanamiz

Ce°f(x)dx = F(x)!+g°
bu yerda F'(xX)~f(X) va F(+c3) = !'im F(X)
X—=>Jo
Faraz qgilayliky=f(x) funksiya [a;b] kesmaning x=c

nuqtasidan tashqgari barcha nugtalarida uzluksiz bo‘lIsin. U holda
ta’rifga asosan:
L f(x)dx =

limifro A L fOOdx + lime2 ,0/cH2F(x)dx (9,6)

Bu yerda, elre2 > 0 va s nuqta ikkinchi tur uziiish nugtasi.
Yuqgoridagi (9.6) integral uzulishga ega bo‘lgan funksiyaning
xosmas integrali deyiladi. Agar (9.6) tenglikning o‘ng tomonidagi
limitlar mavjud bo‘lsa, bu integral yaginlashuvchi, agar ulardan
kamida bittasi mavjud bo‘lmasa, integral uzoglashuvchi deyiladi.
Uziiish ¢ nugtasi s uchun c—~a yoki c=b bo‘lsa, (9.6) tenglikning
o‘ng tomonida fagat bitta limit bo‘ladi.

9.4—rasm
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4—misol, Xosmas integral uchun yaqinlashish va uzoglashish
shartlarini aniglang

clax ,
Jo~ = const > °)
> Integral ostidagi funksiya x=0 nuqtada ikkinchi tur
uzlishga ega. Agar a ® 1 bo‘lsau holda
ri dx rldx
JE xa —a+l £

Aear «=/ bo‘lsa C~ — lim InIxl 2 = —lim Ins = +co.
‘0 X £->0+0 £ —+0

Demak, ushbu hosmas integral O<a<| da yaqinlashuvchi a>I da
esa uzoglashuvchi bo‘ladi.
5—misol. Xosmas

ri dx
30 v'I -X
integralni hisoblang
> Integral ostidagi funksiya X~ I nuqgtada cheksiz uzilishga
ega. Demak, ta’rifbo‘yicha
/, — = = 1lime>0/A_c(1l — x)_5<fx = Zime *0(-2)(1 -
1
X)2 =

0
= =21mE,O(VI —1+ £+ VI —0) = 2 lime>)(1 —sf) =
2 (e > 0) ya’ni bu integral yaqginlashuvchi bo‘ladi. 4
2-Teorema. Agar [a;b] kesmada x=c nuqtadan tashgar
ibarcha nuqtalarda <p(xX)>f(x)>0 tengsizlik bajarilsa, vafaqgaix—c
nuqtada bu funksiyalar cheksiz uzilishga ega bo ‘Isa, n holda
1) agar
J°(p(x)dx
integral yaqinlashuvchi bo ‘Isa,
fa f(x)dx

integral ham yaqginlashuvchi bo ‘ladi.
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2) agar

J* fix)dx
integral uzoqglashuvchi bo ‘Isa,

J* (p{x)dx
integral ham uzoqglashuvchi bo ‘ladi.

Bu 1 va 2 tasdiglar taqqoslash teorevmlari deyiladi.

6—Misol. Xosmas
rl  dx

JO ¥YX+2x3
integralniag yaqinlashishini tekshiring:
» Integral ostidagi funksiya x=0 nuqtada uzihshga ega
1 J_

YX + 2x3 —YX

va x>0 da yuqoridagi tengsizlik o‘rinli bo‘ladi. Bundan
xosmas

ClU = lim—° C+e”dx = UTeoo|n/x|" = - nP) =
i (S>0)

integral yaginlashuvchi va 2 teoremaning 1 tasdig‘iga ko‘ra
beriigan xosmas integral yaqginlashuvchi bo‘ladi. 4

92— AT
Beriigan xosmas integrallar hisoblansin.

1 Inxdx (Javob « 1)

2. x2cosxdx (Javob : —2n)
3. j" cosy/xdx (Javob : —4)

4, xarctgxdx (Javob e —)

5.  x2exdx (Javob me —?2)

Xosmas integrallami hisoblang yoki ulaming
uzoqlashuvchiekanini ko‘rsating.

6— Javob: 0’5)
I.f™x3e~x2dx (Javob: 0,5)

8. f” 2+*™cdx (Javob: uzoglashuvchi)
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—N .
9. ng(lnx)g‘]vovob. 1)
J? N VM»—— J)

Mustagqil ish
1.1) Integralni hisoblang
JQxe~xdx (Javob: 1-2/)

2) Integralni hisoblang yoki uning uzoglashuvchi ekanligini
ko‘rsating

f’ u avob: 2)
2.1) Integralni hisoblang

f xsinxdx; (Javob:n)

2) Xosmas integralni hisoblang yoki uni uzoglashuvchi
ekanligini ko‘rsating

(Javob: 0.5)
3.1) Integralni hisoblang
fO' xe3xdx; (Javob: ~—~—)

2) Xosmas integralni hisoblang yoki uning uzoglashuvchi

ekanligini ko‘rsating
2 d
J1 X ; (Javob: Uzoglashuvchi)

9.3 Aniq integralning geometrik masalalarga tatbiqi

Yassi figuraning yuzini hisoblash. Aniq integral (f(x)>0
x e [a;b]), geometrik nugtai nazardan (9.18) egri chizigli
trapetsiyaning yuziga teng bo‘lar edi. Yassi figuraning vuzini esa
egri chizigli trapetsiya yuzlarining yig‘indisi va ayirmasi sifatida
garash mumkin. Demak, aniq integral yordamida turli yassi
figuralaming yuzalarini hisoblash mumkin.

l1-misol. Ushbu y=x2-2x egri chiziq, x=—1, x-1 to‘g‘ri
chiziglar va Ox o‘qgi bilan ehegaralangan yassi figuraning yuzini
hisoblang.

> Dastlab berilgan chiziglar bilan ehegaralangan figurani
chizib olamiz (9.5—rasm). Qidirilavotgan yuza 5=|5;)+|5".2]=5;—*&
demak,
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S —J (x2—2x)dx —f*(x2—2x)dx = —x2j | —

Umumiy holda berilgan figura y=fi(x), y=/r(x) egri chiziglar,
Xx=a, X=b to‘g‘n chiziglar bilan chegaralangan bo‘lsa, bu yerda
fi(x)Sf2{x), x[a;b]. (9.6—rasm) u holda

s=ClW x) —h(x))dx (9.7)
2—misol. Quyidagi y=3x—x2vay=—X chiziglar bilan
chegaralangan figuraning yuzasini hisoblang.

» Egri chiziglaming kesishish nuqgtasini topib olamiz va
yuzasi qgidirilayotgan figuraning rasmini chizib olamiz (9.7—rasm)

y = 3x — X2) f Yy =X
y=—xX ] I—X = 3Xx —x2

Sistemani yechib: xi=0, xz~4, yi=0, y2—-4 giymatlarga ega
bo‘lamiz, u holda (9.7) formulagako‘ra

S = fo(3x — X2 — (=x))dx = JA(4x — x2)dx = (zx2-7)Ig=7 *

Agar egri chizigli trapetsiyani chegaralovchi AV egri chiziq
parametrik ko‘rinishda berilgan bo‘lsa x=cp(t), y—y/(t) u holda
uning yuzasi

S = (9.8)
bu yerda a va [!, (p(@)=a, u/d)=b tenglamadan aniqglanadi
y/(1)=0, [a;[i] kesmada), formula bilan aniglanadi.

. i X2 y2 ) )

3—misol. Berilgan — + — = 1 ellips bilan chegaralangan
yuzani hisoblang

» Ellipsning parametrik tenglamasini yozib olamiz. x*acost,
y=bsint. Figuraning simmetrik ekanligini hisobga olib va (9.8)
formuladan (9.9—rasm)

0 . . — .
S=4 fﬁ ydx = 4 Jt asint{—bsint)dt —4ab /J sin2tdt = =

«y ' 77
4ab 1 ©L-dt —2ab (t—"sin2tj 2= nab 4

Egri chiziq qutb koordinatalar sistemasida p=p((p) tenglama
bilan berilgan bo‘lsa, egri chizigu OM M2 (9.10-rasm), egri
chizigning yoyi va OMj va OM2 <i va (@ giymatlarga mos
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keluvchi qutb radiuslari bilan chegaralangan sektoming yuzi
ushbu formula bilan hisoblanadi.

s = ~C*(p(<P))20<P (9.9)

s. ft

é s/sj 1 Ws=tA
* / 4 4
o] a — «* Xr e n n
1 e 4H 4y
9.5—rasm 9.6—rasm
Y7
9.7—rasm 9.8—rasm
> M,
"
K
Khin Mtvi X
N
g
» LLI
\ oj ' 7 X

9.9—-rasm 9.10—rasm
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4-misol. (xX2+ y2)2 —a2(x2—y2) Bemulli Ilemniskatasi
bilan ehegaralangan figuraning yuzini hisoblang

> Egri chizigning tenglamasini qutb koordinatalar
sistemasida yozib olamiz. Tenglamada x = pcos(p,y = psinip
almashtirish bajarsak, p2 = a2cos2(p

yoki p = atjcos2(p . Figuraning simmetrikligini hisobga
olsak, qgidirilayotgan yuza (9.9) formula bilan hisoblanadi:

S = 4 m- f4a2cos2<pd(p = 2a2 m-sin2(p\4 = a2M

2 2 0
Egri chizig yoyining uzunligini hisoblash. Agar egri

chizigning AB yoyi (a:b) vay—f(x) tenglama bilan berilgan bo‘lib,
/('xy—differensiallanuvchi funks /a bo‘lsa, n holda AB yoyning
uzunligi (9.12—rasm)

I= fdbJ1l+y'2dx (9.10)

formula bilan hisoblanadi.

9.11 rasm 9.12 rasm

Agar egri chiziq o‘zining parametrik tenglamalari x =
V&lhy = V'CO larbilan berilgan bo‘lib, x ~ <p(t),y — ip(t) lar
differensiallanuvchi funksiyalar bo‘lsa, u holda |l yoyning uzunligi

I= fajX*+y ’tdt @-411)
formula bilan hisoblanadi, parametr tning a va/? giymatlari
yoyning chekka nugtalari A va B ga mos keladi.
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Agar sillig egri chiziq qutb koordinatalar sisternasida
p — p(<f>) tenglama bilan berilgan bo‘lsa, M ,M 2 yoyning |
uzunligi ushbu formula bilan hisoblanadi:
or
/= Jyjp'—+p 2 K (9.12)
Or
Bu yerda q) va (p giymatlari yoyning boshi va oxirgi

nugalari Mj va M, ga mos keladi.

5 — misol. Egri chiziqg ¥ = —n/? tenglama bilan berilgan,

- -~
yoyning boshi va oxirgi nuqgtalari abssissalari Xj=V 3 va x2—V8
bo‘lsa, yoyning uzunligini toping.

> Yoyni uzunligini hisoblash uchun (9.10) formuladan
foydalanamiz:
VH_ 4

n”™_34
1= I\jl+ (n/x)2 dX= | *\+x dx—

6—misol. Sikloidaning birinchi arkasi yoyining uzunligini
toping
y = a(l —cost),Xx = a(t —sint)
~  Sikloidaning harnma arkalari bir xil, birinchi arkada t
parametr 0 dan 2 Jl gacha o‘zgaradi. U holda (9.11) formulani
qo‘llaymiz:
N 2 2 2 | 2 2
/= }% —ya{‘(l—cos£) +a%T 171 =p]j M-2cosE+cos £+sin t dt=
0 0
ar
=a| <2(1-cos0 dt=2aj sin—dit= —4acos—

7—misol. Logarifmik spiralning bitta aylanishda hosil
bo‘ladigan yoyining uzunligini toping, p = eV



> Qutb koordinatalarida yoyning uzunligini hisoblash (9.12)

forrnulasidan
[=J\le-a + ¢ 28 dep - J Ilerdip — V| =v2(e” —4)~'0816
o o] 10

kelib chiqgadi.
Jismlarning hajmini hisoblash. Fazoda berilgan jism Ox

o‘qidagi [ a. b ] kesmaga proeksiyalansin. Har ganday Ox

o‘giga perpendikulyar x £ [a, b] nugtadan o‘tuvchi tekislik, jism

bilan kesishganda, yuzi S(x) ga teng figura hosil qgiladi (9.13

rasm). Bunda jismning hajmi quyidagi formula bilan hisoblanadi:
\Y,

V = | $(x)dx (9.13)

Xususan O x o‘qi atrofida egri chizigli aABh (9.14—rasm)
trapetsiyani aylantirsak. ko‘ndalang kesimning yuzi: S(X) = n

(/(X)Y éa ten8 bo‘ladi. Shuning uchun egri chizigli trapetsiyani

Ox o‘qgi atrofida aylantirishdan hosil bo‘lgan jismning hajmi:
n

Vx=n-]({/(x))2dx (9.14)
a
formula orgali ifodalanadi.
yf

9.13-rasm
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y1i

9.15—-rasm

8—misol. Ushbu sirt bilan chegaralangan jisiiming hajmi
hisoblansin

> Beriigan tenglama bo‘yicha ellipsoidning rasmini chizib
olamiz (9.15—-rasm). Oy o'giga perpendikulyar va y e[—b\b\
ixtiyoriy nuqtadan o‘tuvchi tekislikni qgaraymiz. Ko ‘ndalang
kesimda:

X: V2 y2
~7" 7 - 1~ “T', Y — const5yoki agar 1——r >0 bo‘lsa
a c 6
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-2 Tn

Cf~ b2

ya’ni, yarim o‘glari a, =a’\j_l —~, e =c/jl L bo‘lgan
ellipsni hosil gilamiz.
Bu kesimlaming yuzi:
y2
5,(j)= /Ttfj «Cj = MAL‘C (1~ ~r)—
b

U holda (9.13) formuladan

4 i2 * 2 .3
M= ]aHc 1- dy=2meJ@1-?—)dy=2wc (y—-—— ) g_ég_mlﬂ:

2
9—misol. O¢— tekislikda yotuvchi va y —4 —X, X —Q
chiziglar bilan chegaralangan figurani Oy o‘gqi atrofida
aylantirishdan hosil bo‘lgan jismning hajmini hisoblang.

» Rasmdan (9.16—rasm) ko‘rinib turibdiki:

.a [ * * (8 yJl
W=jcjxldy=aj(4-}-2)2rfy=2irj(4-y2)2dy =2xJ(16—8 yz+y*)dy~2n\"16v - - /' +A7j- |L =

=2/Ir(82—— +—)=— K« 107,23"
3 5 15

y*
2.
- NN § 84
&k *
X w4 X
. 2
9.16—rasm
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Aylanish jismlarining sirtlari yuzini hisoblash
Agar v —Tf (jt) funkssiya uzluksiz differensiallanuvchi
bo‘lsa, shu egrichizigning AB qismi yoki
A(a: T (a)). B(b; f (b))Ox o‘qi atrofida aylanishidan hosil
bo‘lgan sirming yuzi:
X=nR/W j1+ (F0)) ox (9.15)

formula orqgali topiladi.

10—misol. y2 —2X + 1 parabolaning —1 va X2—7

abssissalar oralig‘idagi yoyini (9.17) aylantirishdan hosil bo‘lgan
sirtning yuzasi hisoblansin.
» Rasmdan va (9.15) formuladan quyidagiga ega bo‘lamiz:

Qx=2tiV2TTIJIl + (i==)2dx= 2/TMV2F+TTT dx =

2nj; V27Tl dx == 21 \mf*(64-1Q —285~"

AT-9.3.

1. Ushbu V2 = 9x, V= 3X chiziglar bilan ehegaralangan

soxaning yuzasini toping (Javob:0,5).

2. y =X2+4X, y —X+ 4 chiziglar bilan ehegaralangan

soxanmg yuzasun top.mg (Jravob:£2—5)’.
6
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1 X
3. Ushbu y = Y —— chiziglar bilan chegaralangan

1
soxalaming yuzasini toping (Javob: ——).

4. Yopiq y2 = X2 —X4 chiziqg bilan chegaralangan soxaning
yuzasini toping (Javob: 4/3).

5. Sikloidaning birinchi arkasi y =a(l-cost),
X =a(t—smt)va Ox o‘qgi bilan chegaralangan soxaning yuzasini

hisoblang (Javob: baa2).

6. Parametrik ko'rinishdagi x=3tl,y =3t—ti chiziqg bilan
chegaralangan soxaning yuzasini hisoblang (Javob: 72%/3n

5
-

7. y =xe 2 egri chizig va uning asimptotasi bilan
chegaralangan soxaning yuzasini hisoblang (Javob: 2).

8. Kardioida bilan chegaralangan soxaning yuzasini
hisoblang: p = a(\ —cos ¢p). (Javob: bna2/ 2).

9. Ushbu X2+y2=4, x2+y2=9, y=X, y——xX4b
chiziglar bilan chegaralangan soxaning yuzasini hisoblang
(Javob: ).

24
Mustagil ish

1. Ushbu chiziglar bilan chegaralangan soxaning yuzasini
hisoblang:

a) y2=x+5 y2=—Xx+4, b)p = a cos2” (Javob:

a9 n b)”N )m

2. a)y = (jc—4)2, y=16—x2 chiziglar bilan chegaralangani
soxaning yuzasini hisoblang:
b) Arximed spiralining birinchi va ikkinchi o‘rami orasidagi,

p=ap (a>0) yuzani hisoblang (Javob: a)— m /,).?£ ).
3 ab
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3) Ushbu egri chiziglar bilan ehegaralangan soxalaming

ynzasini hisoblang:
3. a)dy =8x—x2, 4y =x+6 ; b)y—Atl-bt, x-21 va Ox
oqi mavoir. a) 197 2,04; b)—)e
24 2

AT-9.4
1. Berilgan>>=2six parabolaning Xj=0 va ;t2=7 abssissalari

o‘rtasidagi yoy uzunligini hisoblang. (Javob: 41 +In (1+ )
*2,29;

2. Astroidaning uzunligi hisoblansin x=a cos5t y=a sin3r.
(Javob: 6a)

3. Kardiodaning uzunligini hisoblang p (1- cos ¢ ).
(Javob: 8a)
2 b—r1 o . o
4. S{_X'-l) e8n chizigning xj—~1, x? "9 abssissaiar

o‘rtasidagi yoy bo‘lagining uzunligi hisoblansin. fJavob: ~ )

2 2
5. Ushbu z= — b— , z=Il sirtlar bilan ehegaralangan
2

4
jismning hajmi hisoblansin. (Javob: n J2)

6. Oxy tekisligida yotgan va y—Xx2 X-—y2 chiziglar bilan
ehegaralangan figuraning Ox o°‘qgi atrofida aylanishdan hosil
bo ‘igan jismning hajmini hisoblang

(Javob: ~L)

10

7. Sikloida x=a (t-sint), y=a (l—cost) birinchi arkasini Ox
o‘gi atrofida aylantirishdan hosil bo‘lgan jismning hajmini
hisoblang.

Javob:5a2 n2)
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8. = —n/4n—1 egri chizigning x/=Z nugtadan n2=9
2

nuqtagacha bo‘lgan yoy bo‘lagini avlantirishdan  hosil
bo‘lgansirtning yuzini toping (Javob: 104 »/3)

9. y-a ch—~ chizigni Xx—=0 nugqtadan X2=a nuqtagacha
a

bo‘lgan qismining Ox o‘qgi atrofida aylantirishdan hosil bo‘lgan

2
sirt, katenoidning yuzini hisoblang. (Javob: (e2-e2j.4%)
4

Mustaqil ish
1. 1.Ushbu y—14(2x—-1)3 egri chizigning abssissalari
x/=2 va x2=S ga teng bo‘lgan M/Mr nugtalar orasidagi yoy
boiagining uzunligi hisoblansin (Javob:56/3).
2. 7 = 3x to‘g‘ri chizigning x/=0 va x2=2 abssissaga ega

nugtalari bilan chegaralangan kesmasini Ox o‘qi atrofida
aylantirishdan hosil bo‘lgan aylanish sirtining yuzasi hisoblansin.

(Javob: 12410 n)

2. 1. Tenglamasi y=—X bo‘lgan chizigning Xxt=2 va x—>=5

3
nugtalar orasidagi yoy uzunligi hisoblansin. (Javob: 5).
XN g2
2. Tenglamasi = —+ J—,y = 1 boigan sirtlar bilan

chegaralangan jismning hajmi topilsin. (Javob: re
3. 1. y=Inx tenglama bilan beriigan egri chizigning
abssissalari x/==\J3 va X2= js nuqgtalar orasidagi yoy uzunligi

hisoblansin.

(Javob: I+ 1in— *1.2)
2 2

2. Oxu tekislikda yotgan y=2x—x2 va y—0 chiziglar bilal
chegaralangan figurani Ox o‘qi atrofida aylantirishdan hosil

boigan jismning hajmi topilsin. (Javob: — n)
15
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9.4, Aniqg integralni fizik masalalarni yechishga qo‘llash.
Tezlik bo*yicha bosib o‘tilgan yo*Ini hisoblash.
Agar v —f () moddiy nuqtaning to‘g‘ri chiziq bo‘yicha
harakatidagi tezligini ifodalasa, u holda vaqt oralig‘ida
bosib o‘tilgan yo‘l.

S =} f(t)dt
A
(9.16)

formula bilan ifodalanadi.

1-misol. Moddiy M nugta v (t) = 312 +2t + \m/s tezlik bilan
to‘g‘ri cliizigli harakat qilsin. Nugtaning [0;3] sekund oralig‘ida
bosib o‘tgan yo‘lini toping.

» (9.16) formulaga asosan

S= m(312+ 21+ Ndt= 3+ 2+ 1) = 39 M. *

0
0 ‘zgaruvchi kuchning bajargan ishini hisoblash

Moddiy M nuqta F(s) kuch ta’siri ostida OS to‘g‘ri chiziq

bo'yicha harakatlansin, Bu kuchning yo‘lnmg [ab] qismida
b

bajargan ishi A = J F(s)ds formula bilan hisoblanadi.

2—misol. Agar prujinani Ism cho‘zish uchun IkN kuch sarf
giiinsauni 10sm cho‘zish uchun bajariladigan ishni hisoblang.

» Guk gonuniga asosan, prujinani cho‘zadigan kuch, uni
cho‘zilishiga proporsional, ya’ni F=kx, bn yerda Xx—prujinaning
cho‘zilishi (metrda), /c—proporsionaliik koeffitsenti. Masala
shartiga ko‘ra x=0,01lm, F=1 kn, 1=0,01 k tenglikdan k=100
ekanligi kelib chigadi va F=100x bajarilgan ish.

A = £A100xdx = 50x2 %1 = 05 kD]
jo 0

X2
3—misol. Qozon z = —+y— elliptik paraboloid shaklida

bo‘lib, balandligi H=4m va zichligi 5=0,St/m* bo‘lgan suyuqglik
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bilan to‘ldirilgan. Qozon chetidan suyuqlikni haydab chiqgarishda
bajarilgan ishni hisoblang.

» ztbalandlikda galinligi Az, (9.18—rasm) bo‘lgan suyuqlik
gatlamini ajratamiz, ko‘ndalang kesimda yarim o'qlari a 2JT,
b=3 mlzi ga teng bo‘lgan ellips hosil bo‘)gani uchun, bu
gatlamning massasi Attli ~ 6ft5 z; &2Z, va hajmi

A¢. —n m Mo/z Azt ga teng boMadi. Suyuglikni haydab
chigarish uchun bajarilgan ish:

A = NTn"ooEf=i |6ngSz~"H — zi)Azi= J® 6ngSz{H —

z)dz = 6ngS(HY —7) |]o = ndSH3= 6AgnS *
1575,53 kDj. <

/4

9.18— rasm

Suyuqlikning plastinkaga bosim kuchini hisoblash

Bu masalani yechish usulini aniqg misolda ko‘rib o‘tamiz.

4—misol. Asosi a-3m va balandligi N—2m bo‘lgan
uchburchakli plastinka suyuqglikka uchi bilan vertikal botirilgan va
asosi suyuqglikning sathiga parallel bo'iib, undan Jm uzoglikda
joylashgan. Suyuqglikning zichligi

S = 0,9 m3 bo‘lsa, uning plastinkaning har ikki tomonig
bosim kuchini hisoblang.
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> Suyuqglikning bosim kuchini hisoblash uchun Paskal
gonunidan foydalanamiz, unga ko'ra suyuglikning h chuqirlikdagi
A S yuziga bosim Ap = Sgh A S formula bilan aniglanadi. Bu
yerda S —suyuglikning zichligi, g—jismning erkin tusbishdagi
tezlanishi.

Suyuqlik satxiga parallel to‘g‘ri chiziglar bilan, uchburchakni
eni dy ga teng boigan kesimlar (9.19—-rasm)

...... 3M
O' i X
Yy
A- Br 1 H~2u
Ci
Y
9.19— rasm

bilan boiib chigamiz va u suyuqglik satxidan y+d masofada
boisin. AVS vaA, V, S, uchburchaklarning o‘xshashligidan:

i4B.1 H— 2B —H—) > yani kesinmmg
a H 1 H

dS=4z(H-y)dy,
H

Uchburchakli plastinkada kesilgan kesim yiizmmg har bir
tomoniga bosimi

dp—— Sg(d + v)((H—y)dy ga teng boiadi, Oxirgi
H

tenglikning ikki tomonini integrallab, quyidagini hosil gilamiz
H - 2
P=\~Sg (d+y)(H-y)dy ="~Sg\(,2+y -y 2dy=-5g\ ly+~ r-~ jH=5% , 44,1KH

Inersiya momentini hisoblash
Aniq integral yordamida vyassi figuralaming inersiya
momentini hisoblash mumkin.
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5—-misol. Massasi M ga radiusi R ga teng bo‘lgan bir jinsli
doiraning markaziga nisbatan inersiya xnomenti hisoblansin.

> Massasi M bo‘lgan moddiy nugtaning O nuqgtaga nisbatan
inersion momenti, shu nugta massasining, undan O nuqgtagacha
bo‘lgan masofa kvadratining ko‘paytmasiga teng. Moddiy
nugtalar sistemasining inersion momenti, shu nuqtalar inersion
momentlarining yig‘indisiga teng.

Konsentrik aylanalar yordamida doirani n ta, eni d ga teng
bo‘lgan halgalarga

-'SrjT ' =
VAR

.( tf»(\

9.20— rasm

bo‘lamiz, Bu xalqalaming yuzi ds = iTirdr , massasi
dm = 2nrdrS zichligi 8 = M{fiR2) ga teng (9.20—rasm).
Ajratilgan xalgalaming elementar momenti t//0= 27n5r'dr

Elementar inersion momentlami integrallab

I =12n5rwWr —27i8T =—tR4— —-=—MR2
0 o 2 4R 2

Yassi figuraning og‘iriik marka/ini hisoblash

Quyidagi hollarni ko‘rib chigamiz.

1. u=f(x) fiinksiya grafigining, zichligi S=S(x) bo‘lgan, AV
yoy bo'lagining og‘irlik markazi koordinatalari c(xc,yc)
quyidagi formulalar yordamida aniglanadi (9.12—rasm):

_ M"xS(xyi+y, 7-dx

_ yS@ngl+yndx
C JAWi/l+y'2~n 'AC £ S(xUl+y'2dx
2. Agar yassi figura quyidan f](x) , yuqgoridan f2(x) ,

/j (c) < f2(x), chiziglar bilan [a,b] kesmada chegaralangan va
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figuraning zichligi S=S(x) bo'lsa. u holda uning og'irlik markazi
Stnbd)

XS(x)(f2(x)—f1jx))dx _ \S()i)ifigl—_fZ{i)_)d_x (9.17)
la SXCfzM-fAx"dx
formula orqgali topiladi
6— masala. Markaziy burchagi 2a, radiusi R ga teng bo‘]gan
aylananing bir jinsli yoy bo‘lagining og‘irlik markazi topilsin.
» Koordinatalar sistemasini 9.21 rasmda

a
C
’ /
/
_a
9.21— rasm

ko‘rsatilgandek tanlab olamiz. U holda yoyning bir jinsli va
simmetrik ekanligidan us=0 kelib chiqgadi. Yuqoridagi formuladan
Xxsni topib olamiz (3 = const)
“axjl+x’2dy
nc r<*
L aVl+xFzdy
Aylananing parametrik tenglamasidan foydalanamiz x—R

cost, y=R sint,

i aR2costdt _ ns>nt]j,a|]a _ nsina »
yt —n oy i | A
r,Rdt n I—a a
7— misol. Bir jinsli, y=6—x2, y=2 chiziglar bilan ehegaralangan
yassi figuraning og'irlik markazi topilsin.
> Bu figuraning bir jinsli va simmetrik ekanligidan (9.22—

rasm) Xxc = 0 yc koordinatani topish uchun (9.17) formuladan
foydalanamiz:
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9.22-rasm

AT-95.
1 To'‘g‘ri chizigli harakat gilayotgan nugtaning tezligi
o0 =te—"Qum/s ga teng. Nugtaning toia to'xtaguncha bosib

0‘tgan masofasini hisoblang (Javob: 104m)
2. Uzunligi | ga ogirligi R ga, teng boigan bir jinsli
steijenning oxiriga nisbatan inersiya momenti topilsin. (Javob:

3. Bir jinsli, zichligi 5=2,5 t/m3 qurilish materialidan
radiusi R=2m, balandiigi H=3m boigan konus ko‘rinishdagi



go'rg'onni qurish uchun sarflangan ishni hisoblang, (Javob:
= NgSH2R2=48" « 1477,8K[X)

4. Yuqori asosi suyuglik sathiga parallel, 5m ehuqurlikka
vertikal cho'ktirilgan, asosi 8m, balandiigi 12m boigan to‘g’n
tofit burchakka suvning bosim kuchi aniglansin. Suvning zichligi
8 =1i/m3 (Javob: 656 g~ 6428,8kN)

5. Zanjir Y —ach — chizigning x= -a nuqtadan x=a
a

nugtagacha boigan bir jinsli yoy boiagining ogirlik markazini
toping.

(Javob: xc=0, yr = —————-
c

6. Xx=a (t-sint), y=a (1-cost), (0<t < 2%z), sikionda birinchi
arkasining bir jinsli yoy boiagining ogirlik markazini toping
(Javob: xc= na yt—~4a/3)

y

1. Yassi u~x va u=x22x chiziglar bilan chegaralangan
birjinsli figuraning og‘irlik markazini toping. (Javob: (3/2,3/5))

Mustagqil ish

1. 1 Asosi suv sathiga parallel, balandiigi H=3 m, asosi
a=2m va 4m ehuqurlikka tik tushirilgan paralelogramm
ko‘rinishdagi plastinkaga beradigan suvning bosim kuchini
aniglang. Suvning zichligi It/m3. (Javob: 16g ~156,8 kH )

2. Radiusi R ga markazi koordinata boshida boigan
aylananing birinchi kvadratda yotgan bir jinsli yoy boiagining
ogirlik markazi topilsin.

(Javob: 2Rik,2R in ).

2

2. 1 Moddiy nugtaning tezligi n = 4te~* m/s boisa, nugta
harakat boshlagandan to‘xtaguncha gancha yoi bosib o‘tadi
(Javob:2m)
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2. Bir jinsli y=sinx, y=0 (0<x<n) chiziglar bilan
chegaralangan figuraning og‘irlik markazi topilsin. (Javob:
n K
1 ¥

3. 1 Agar suvning zichligi d=1 m3 bo‘lsa diametri 20m
yarim sferik ko‘xinishdagi idishdan suvni haydab chigarishda
bajarilgan ishni hisoblang. (Javob: 2,5g1Q3n ~76969K/[1X)

2 Bir jinsli yassi u2=20x, x2=20u chiziglar bilan
chegaralangan figuraning og‘irlik markazini toping. (Javob:

(9,9)).

9.5. 9 bo‘limga doir indiviudal uy topshiriglari
IUT-9.1.
Aniq integralni verguldan keyin 2 ta ragam anigligida
hisoblang.
S

| NN+ x 2dx.
11. O (Javob: 1,78)

Rx5dx
1.2. sft +1 (Javob: 2,60.)

r x2dx
IJx2+ f
13. 0 (Javob: 0,21.)
A2
J sin* cos2xdx.
14. O (Javob: 0,33)
nt2
fsS ~rd x .
15. 0 1+C0sX (Javob: 0,57.)
4/3
dx
1.6. +1 (Javob: 0,41)
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' N
1.7. 0V25+3* (Javob:-0,67.)
X Tdx

1.8, 0 mx +4 (Javob: 1,24.)
19. i (Javob: 1,50.)

1.10. O 1 (Javob: 0,20))

al2 dx
111 r/4l cor X (Javob:0 50)
dx

1.12. hls +4x -x  (javofr: ]>57]
i I
J jc3d4 +5x4<n

1.13. (Javob: 0,63.)
J sirr —dx.
1.14. (Javob: 3,14.)
115, I (Javob: 1,07.)
xdx

1.16. 0 Wit % (Javob: 0.13)

|3(x" +x2ex Jee
1.17. (Javob: 2,72)
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cosylX 7

118. P kX (Javob: 1,73)

x20x
1.19. i1+x “"Javob: 0,20.)
Inx ,
LI
120, i X (Javob: 0,46.)
r dx

121. ixvl—n x (Javob: 0,52)

8

| -Ix +Idx.
122. 3 (Javob: 12,67.)
a2
Jsina cos3ada.
1.23. 9b (Javob: 0,14.)
/6
[Ylctg 3xdx.
1.24. "8 (Javob: 2,77.)

-! N\
1.5, >/4-3x (Javoh: 067.)

j  xdx

126. ,V4-x2 (Javob: 0,32)

A2
Tln X i
X,

1.27. X (Javob: 0,33)
dx

1.28. 4x2 9 (Javob:-0,13)
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1.29.

1.30.

2.1

2.2.

2.3.

24.

2.5.

2.6.

2.7.

2.8.

29.

nil
j cosa sin3ada.
/6 (Javob: 0,23)

JH 4 r
r Xax
| 2/ 2j’

' CS\A 1(Javob: 0,50.)

y In(y -1)dy.
2 (Javob: 1,02)

| X 2e~>/2dx.
2 (Javob: 5,76.)

wl2

| X cos xdx.

0] (Javob: 0,57.)
a8
j X2sinxtix.
0 (Javob: 5,86.)
12

| arccos 2xdx.

r (Javob: 3,14)
2
J(y-Diny<l/y.

1 (Javob: 0,25)
0

| xe—2dx.
-12 (Javob: -0,25))

n

Jxsinxcosxd!x.

(Javob: 1,57)
23

—ine {"Javob: 0,52.;



2.10.

211.

212.

2.13.

2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

220.

e 2

x*

1x (Javob: 0,16.)
e2

JYX Injadx

Il (Javob: 18,33)
J arctg4x dx.

0 (Javob: 0,57))

i
j(x +2)cos —dx.

0 2 (Javob: 6,28)
nil

J X 2sindxcfcc.

0 (Javob: 0,17.)

2
N\yZ2\nydy.

1 (Javob: 1,07))

|bl r-1iA

1X+1Y (Javob: 0,15)
lrtg (Ix - 3)ax.

32 (Javob: 0,21)
n2

J {X+3)smxdx.

0 (Javob: 4,00.)
€
JxIn2xadx.

1 (Javob: 1,60.)

0

J(X —2)e~x A

3 (Javob: -19,32)
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K/9 ?

Xart

2.21. c08" 3* (javob: 0,12))
| arcsin (I - x)dx.
222. w2 (Javob: 0J3.)
jarctg ~dx
2.23. ! X  (Javob: 1,37.)
0
IxIn(I-x)<ix.
224, - (Javob: -0,25))
raresin(x/2) o
225 0 V2-X (Javob: 2,32))
2
j In(3x +2)<fc.
2.26. 1 (Javob: 1,87.)
4
\.1<1Vx2 +9dx.
227. O fJavob: 252,40.)
J(x +De ~dx.
2.28. (Vavofc: 7,70.;
A/4
JIx/g2xdx.
229. n (Javob: 0,13)
i
jx arctg xdx.
230. O (Javob: 0,29.)
i
X4 +3x2+1
Pty
31.0 ** (Javob: 1,79)
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__________ ok

3.2.2 x -1 (Javob: 9,67.)

3.3.

34.

3.5.

3.6.

3.7.

3.8.

3.9.

3.10.

311

3.12.

}-*+2 A.
2X X 1) (Javob: 0,53)
f dx

2*2(x 0 (Javob: 0,12)

—>"+2 (Javob:-0,09)

f3x2+2x—3,

| —— M ———dx-
' X X /Navoft; 162.)

12 xdx

13X~ (Javob:-1.25)

5

r dx

N(x +2) (Javob: 0,04.)
e dx
3(X+N(X_2) (Javob: 0,16.)
*(2x +3)dbc
1- (-
0 fx-2)3 (Javob: -1,63)
r dx
2(*“0 (*+0 (javoh: 0,15.)
r (x2+2)dx

(Javob: 0,50.)
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3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

X4 +3x3—1
- % — dx -
= (Javob: -0,20.)
5—zx +95 ,

J T \B-tX

QO =—mmrte

-0

4 1*-2/ (Javob: 9,38)
r _ xdx
%ﬂ—lrJ-lYtlzuavob;OlZ_)
r (x2+3]dx

¥x3—x2—6x (Javoh: 029)
r dx

147727 Gavob: 016)

C x 7rfx

i o 4 m

21 * (Javob:-1534-)

f dx

2X ~ 1 (Javob: 0,02.)
| xdx
-1*’ -1 (Javob: 0,37.)
Srs  2x2+4
o r3— +¥+1(javob: 0,88)
r dx
4x*(x-1) (javoh: 0Q2.)

f \%
bdC/+i)(X- +4j (Javoh. Q23]
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9 —z-x+2
i

j';'V4—

3.24. *  Bx2+4 (Javob: 0,04)
r xdx

325. 4* ~bx +lb-b (Javob; 051)
j dx

3.26. i*3+1 (Javob: 0,25)

xX5+1 dx.

327. i* +X (Javob: 1,44)

i
‘[L+jc2+2

328. 2 w* v (Javob: -0,12)

N u 2X2 Y~dx.
329. 3 x X~V (Javob: 0,35)

11/3 X2dx

3.30. 0 x * (Javob: -0,08)

JX 2NX = X 2dx.
41. 0 (Javob: 3,14.)
myl4-.
r2
42. N (Javob: -0/47.)
nix2—9 dx
43. 3 X (Javob: 0,02)
| _
jn4 - x 2dx.
44. 0 (Javob: 1,91)
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4.5.

4.6.

4.7.

|—  —dx

1x "M —x (Javob: 1,02)

V3

jyj3- x2dx.

0 (Javob: 2,36.)
3

| ic219 - X 2dx.
3 (Javob: 31,79)

48. v2 X fJavob: 0,53.)

V(L - x2)310k

49. 0 (‘Javob: 0,59.)

4.10.

4.11.

4.12.

4.13.

4.14.

4.15.

- dx

-b'>X21} +X2} (Im>b: _g62)

1 x (Javob: 0,68.)
F o odx

J ryr

VX +i; (Javob: 0,27.)
[

Jv2 —x2dx.

1 MNavob: 1,29.)

X 2dx

HG2AD2 (Javob: 0,14)
r dx

2Sx4 x2~9 (javob: 0,04)
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4.16.

4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

dx

1'3x'4l+ x2 (Javob: 0,59.)
V3R

[ yi\-x2dx.
12 (Javob: 0,26.)
?ﬁ dx

0(9 +Xr)4¥+xr (Javob.008)

Kl-4 dx.
2 (Javob: 0,68.)
i2

dx

i
N\x2)Al-x2 (Javob: j j6j

T o

J |
0 H5—~x2) (Javob: 0,20.)

1/2
X 4dx

° "Ml (Javob:-0,20)
2
f dx

~3 (Javob: 0,05.)
rn/16-jc2 ,

1 4 N
2 (Javob: 0,11.)

J
x3y/l +x2dx.
0 (Javob: -502,09.)

473 (Javob: 0,01)
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l:]:ax
5 /2

-
4.27. IX vx -1 (Javob: 0,29)
3

j X4V9 - xJdx
428. O (Javob: 7i,53.J
dx

429. o0oV9+x (Javob: 531)

| V6 —x"dx.
4.30. 0 (Javob: 4,71)

5.1. (Javob: 0,26.)

J
82, 027X 1l on: 060

ni4
| sin32xdx.
53. I‘IO fJavob: 0,33))
| sind—dx.
54. o 2 (Javob: 1,18)
3
Jcos3xsin 2xdx.

55. 0 (Javob: 0,39.)
B
I (@ \vox
56. 0 (Javob: 0,68.)
sinx ,
Fg.om &

57. -2\ cosx' (Javob: 0,38.)
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nla
12cosxsin3xiilc.

58. 0 (Javob: 1,00.)

f cos —cos —dx.
5.9.‘b 2 3 (Javob: 1,80)

/32

| (32 cos 24x —16]dx.

5.10. 0 (Javob: 1,41))
2 cosxdx
) —win2 jc+1

5.1. ° (Javob: 3,14.)
K!3

5.12. ~Javob: 0,93;

5 X 3x
cos—cos — dx.

513. O 2 2 (Javob: 0)
n/4

J sin 3jc cos 5xcEc.
5.14. 0 (Javob: -0,25)
V sin3je
1=~ -
5.15. 0axs * fJavob: 7,33
B by
5.16. 'J cos;c (Javob: 0,55.)
AP
J ctg3xdx.

517. ff/6 fJavob: 0,81)
K2

| cos x cos 3x cos 5xdx.
5.18. 0 (Javob: 0,16.)
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5.19.

5.20.

5.21.

5.22.

5.23.

5.24.

5.25.

5.26.

5.27.

5.28.

5.29.

Jcos4xsin2xdx.

0 Javob: 0,20.
v ( )
| sin6xdx.

0 (Javob: 0,49)

et

J yfl +sinxdx.

12 (Javob: 2)

s sm2x (Javob: 0,38.)

"2 sin2x
—ax.

6C0S 3x (Javob: 1,69.)
8

| sinxsin3jccfx:.
0 (Javob: 0,05.)

| sinx sin 2x sin 3xdx.

ni4 (Javob: -0,21.)
njil *
13 SINC (Javob: 0,55))
nil
Jcos5xdx.
0 (Javob: 0,53)
ilos?x sindxdx.
ar (Javob: 0,10.)
ni2 j

N\

—3Sin x (Javob: 0,60.)
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jFsind—dx.
530. B 2  (Javob: 1,18)

j dx
! dx
|t .

6.2.-2 VX +2x+4 (javob: 1,10)
r dx
* X2+4x—21

6.3. 5 * (Javob: -0,14.)
w x'dx

6.4. i 13- 6"3+76 (Javob: 0,26)

f dx

Jr2+Xx'
6.5 1 (Javob: 0,29.)

floc

4-4

6.6. F«* %3 (Javob: 0,20.)
dx

6J ' -i/r /8+2x - x2 (javob: 0,52))

dt

6.8. i* +5/+4 ~Javob- 0,07.)

j Xdx

6.9. o0x2+3x +2 (Javobh: 0,28))

r x-5
{12

6.10. - Q(—ll—% (Javob:-2,79)
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6.11.

6.12.

6.13.

6.14.

6.15.

6.16.

6.17.

6.18.

6.19.

6.20.

6.21.

L —
=
O
(J‘)

- * (Javob 0,39

' +2x (Javob: 0,03)
r dx

J r

V2N\X x (Javob: 1,57.)

j 2x -8

~n —x—x (Javob: 3,99.)

1 N

314 v2 +3x-2x" (Javob: 1,11)

f dx

f@' F2=> =1 javob: 077)

r x1dx

3x2-6x +]0 (Javob: 9,35)
xdx

] y2—yx4'13
35 (Javob: 4,94)

< 3x—2
i Xx2~4x +5 (Javob: 3,19)

T
32*2+3x+4 (javob: 2,41)

» xdx

_4x +3 flavob: 0,02)
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6.22.

6*23.

6.24.

6.26.

6.27.

6.28.

6.29.

6.30.

J 2

i'2x +x+I (Javob; 0,08)
Ir xdx

TX2=3X 42 151 ok 38,67)

f X 20x

31/Bx-X2-15 (35y0b: 51,81)
1
dx
|_
(Javob: 0,14.)

dx
-13V2 -6x-9x2 ryavo6.02]}
p rfr

& +3x~1° (Javob: 0,09)

AFI dx
i3V8+6X-9x2 r

/AN

J
iV4x-3-x2 (Javob:U7)

b

+]2-l\4 3 (javoll; ofrij

.V R |

73 33+V(x 2) (Javob: 16.16)

T
ax

72. o e*{3+ex) (Javob:013)
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Ny dx

7.3. 02x +"3x+1 (Javob: 0,94)

r-ox+1 +1
j 1= T— ax.

74. 3~ +1~1 (Javob: 11,77-)
xdx

7.5. h/x +1 wW>67)

In5 x j x 7

f<LIE_ZI*.

76. 0 6+3 (Javob: 0,86.)
202
J

£V

77. i _1 (Javob: 041)
In2

JVe* -I<ir
78. 0 (Javob: 0,43.)
5 xN
7.9. oVX+4 (Javob:4 67)
c dx
? 10 01+n/2x+T (javob: 1)3JJ

" X&

711 n2+3x (javob; 0,96)
iJn3 di(

7.12. b2e 6 flavob: 0,20)
j Xx20%

7.13. o0l1+x) (Javob: 0,04)
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i dx

7.14. 4 | +~x+| (Javob: 0.58)

—In2

2] exdx
7.15. o e +e (Javob: 0,20)
j z"dz

7.16. 0 +z+ (Javob: 0,67)

5 xdx

|-

7.17. oVI+3x (Javob: 4,00.)
I "X

7.18. »Vx+1l+pg/(x+1)3 (Jayob: 0J2)
01

7.19. =l+e" (Javob: 0,29)

7112 - i
I cosjay

7.20. 04+~ Y  (Javob: 0,22)

r X X
7.21. (javob: 8,44.)
N
7.22. o e'4\"e X (javob: 1,05))
dx

7.23. 1X*1+Inx (Javob: 2,00.)
L[N d7X

724, bvite  Javofe: 0.47.J
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+ Inxdx

725. «J1(1* In x) (Javob: -0,49.)

47 x 1  (Javob: 8,39)
*s/26

17° x°xd

727. A i*2+1)" (Javob: 22,88)

f xX+\ &
n - dx
728. 0 2x+1 (Javob: 38,06.)
ni2 J
N\ -4=-
7.29. l&ve +4 (Javob: 0,26.)
i xdx

7.30. 145-4x (javob:0j7.)

8
Xosmas integrallar hisoblansin yoki ulaming uzoglashuvchi
ekanligi isbotlansin.

f xdx r dx

81.a) 016 +1 b) ® ~4x

@&?;Jﬁr.%} 2-6x+9

ToxCax B x',
-—— —dx.
</- 4 J

8.3.a) 0\/6v +1 b) O

M‘-M@l__| j
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85.a) |

Yoseo va2 1 m
86. a) f X X r dx
oOV(x! +8),; i/420x2 -9x" 1"

j Xc/X W In2ak
8.7.
Ogl(I6 +X2] * U

______________ mX—

88. a) 4f/x2—4X +1 o 2 —3X
?2 dx
A[X2+4x +5) ~ f xX*x
01—x4

XX b,)l-l r!|/,6 cos 9x

89.a) 4

8.10. 10 [-=—————- j
X +HAX+5 0 M(l-sm3x)5
* arctg2x r 2xdx
811, DUr(1+4x2) "b) W I-x4
r 16dx f dx
g12. "w2? +4x +5) ~ _if3 Al +3x
r Xiix F dx
813 @ 04x +4x+5 N A453—4xX

1 (x+2t6c

8.14. o3~ +4x+4 b) j - N —dx
D cos2x
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%S—XZ I—Ze'/: L &

815 @ ox +4 b) 0 -WI-x2

r [2 "arctg 2x r dx
e X T
8.16 a)P\k | +4xz 1\ j4x~x2-4
. 4dx .. I sinxdx
81l7. a)j
1AVA' 1 <V raNSos x
X ) dx
X sin xdx; f
818. a) 0 b) -34
| Idx

819. a L(*2-4x)in5*kn f  xdx
17(x2-1)31In2
jvdx 13 dx
a) M1l +9x2)arcz723x A *9x2-9x +2

8.20.
f dx
. f J’
(M+x*Lx arctg-
8.21. a) \Y; z b)) J————o
vCOS X
809 r dx @\I9xdx
a)J(*2+2x)Ing;
oc 1 4
[e'dmé, [ *
J J 3/i 5
823. a0 b) Ov* =

(I)/ x2 X \I‘ £ xzzix

8.24.
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r dx r J

825 a) o222 FL -
o §f B fHE- o
o ~ximsx=1y27 7 3 y13x-x -2
r dx ’
1(6x —5x+)In— 4 joxdx
8,28. a) 4 pyr - -
DV (16-x2)3
S dx
i.29. a — D X
' H@)ﬁ, @kJ’Q’) VT- 4x
dx \Y/ dx

830. a)3*2 3*+2 b) o”2x
Namunaviy variantni yechish

Aniq integralni verguldan keyin 2 ta ragam aniglikda
hisoblang

A

ANyuton -Leybnits formulosidan foydalanib

|f(x)dx=F(b)-F(a) , kasr-ratsional funksiyadan integral

hisoblaymiz:
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17 /1 1 %) +(Bx +C)x

rodx IfA Bx+CQ, x=0 1=A A=l
WH—)E‘) —_|U TEr J© x2 o=A+B N8=-1
0o=c lc=o0

dAn2-—In5+—Jn2=—In2- —In5=—+0,69 - —1,61 = 0.24
2 2 2 2 2 2

2. jIn"xdx

Bolaklab integrallash formulasini ikki marta qo‘llaymiz

a

f3T|><dX=!|V|=th du=21nx_dx1:xirrx
ldv=dx u=x ( 1

w=Inx du :;dx =eln e—2(xInx—x)i, =e—2e+22—2=072

Nv=dx v=x

F Ox2-14x +1
XJ-2X -X+2

A.Integral ostidagi funksiya to g‘ri ratsional kasmi bildiradi.

3. dx

Mahrajni oddiy ko‘paytmalarga ajratib hosil gilingan kasriami

oddiy kasriarga ajratsak
f Ox*—14x+I| ) 4 B ____9_,|
X+2 ) (x-1)(x-2) ‘IxH x-1 r-2/
9xz - 14x-t 1= yl(x-1)(x-2) +i?(x-t-1)x
Za vi)ix-) _
X—1j 24-60111 =4| (A O

Ax +l x-1 x-2)
x=11—-4—25kS=2>

Ix—21 9=3C IC=3

= (41n]|x +l]+21n|x-1]+31n|x-2] )M-: 4fc5+21n3+3h2- 41r.4-21n2 = In(54-32'2)-1ti44=

= + _2' d HH H - . -
T (210, e et 1 iidila=] _D1=g.i Jjn=0D
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5. dx
J4- 30X +bsin’' X
AN Integral ostidagi funksiya sinx va cosx ga hisbatan juft

boigani uchun (sinX va cosX ga ratsional bogiiq) t=tgx ({8.14)
formula) almashtirish bajaramiz.

t = tgx, 1dx = at 1 !
dx BT e P
T, 3cos2x + 5sin2x . t2 n
sin=x = -—-—-It = 01x =0,11= 11X —
1+t2 4
dt
- f 512
"A+2KA'TTF +TTF
W] 1
-t——_ = Zarctgit gq=-(arctg3—arctg0) =042. ~
i9i2\ 3 ’ (arctg %0)
6. 2-N\\
*j3-2X —¢*
> Beriigan integralni, ikkita integralga shunday ajratamizki,

suratida maxrajidagi ildiz ostidagi uchhadning birinchi tartibli
hosilsi tursin. Natijada quyidagiga egaboiamiz:

[ 'fl v-4_| 1
L 2u 4,-u4 M-"-2 n-blL * = -8v3-2jc-x* | -19arcsin— -
W 3 - 2x-x> W3-2* i M-(x+If 1° 2 r
= ——K « -6,05.
2 6
10/3 de
‘J,_(SX- Dnf3x-T *
> Ushbu integral \f3x—1 = t almashtirish orqali ratsional
funksiyadan integralga keltiriladi.
10/3 xdx

2/3
V3x - 1=1t,3x —1=t2,£="(t2+ 1), dx —~tdt,
t=1,x =2/3,t=3,x =10/3
L _ileE«* i(t.i)IB. oM. <
9V

Ji t2t T 9li t3 t/ 1l

8. Xosmas integralni hisoblang  yokiulaming
uzoglashuvchi ekanligini Ko ‘rsating
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IUT-9.2
1 Berilgan chiziglar bilan ehegaralangan figuraning yuzini
verguldan keyin ikkita ragam anigligida hisoblang

1.1. P =3No0s2” (Javobh: 9,00.)
12. ¥Y~x' xm(Javob: 10,67.)

1.3. ¥ = VXj ¥ = x3-(Javob: 0,42.)
14 x=1cos"f, y=7sm3f. (Javob: 57 70)

1.5. P = 4cos3~-flarvob: i.2,56.;
16. P = 30c%2¢. (Javob. J4j 3j

1.7. /?=2(" cos”) fTavob. /5,54.;

1.8. pL = 2sm2P; (7avob: i.00.;
19 x=</-sinf), v=4(1-cos4 (Javob: }50,72.)

1.10. ~ =2'5+cos/1 flavob: 18,84.)
1.11. P =2sm-¥ (Javob: 3,14.)



1.12. + (ja\bb: 14,13)
L1300 y =111 +xN\y =*112-(Javob: 1,23)
114. Y =x+H, y—=9-x. (Javoh: 2987)
115. ~ =)3'X=07?= (Javob: 6.05)

1.16. P~ 4sin ¢ (jdyofe. ig gjj
, 17 x=3cost,y =2smt. (Jayob.JgM)

1.18. Y =9x’ Y =3x-(Javob: 0,50.)
1.19.
x = 3(cosf +fsinj), >= 3(sinf —/cost), y =0 (0<?<;T)
(Javob: 29,25.)

1.20. ¥Y*=4x' [ =4Ye (Javob: 533))
121. Y =x'*=2"'(Javob: 4,51)

122. Y=x,y =2~x2 (Javoh.2i67j

123. WM2=(@~x) x=0. (Javob. 25t6())

124, P =3sm (Javob: 14,13)

125, >=X5=1x=0. # 75

126. XY =6, x+y—1=0.(javob: B 76)

127. ¥Y=2 > =2X-X ,X-0,x=2. 02)
128. ** =4~ Yy =8lix2 +4) (Javob: 4,95.)

1.29. Y=x+1l,y=axx,y =0. (Javob.]JO)
1.30. x=2cos4 >=2sin3/. (Javob: 4 7L)

2. Beriigan chizigning uzunligini verguldan keyin ikkita
ragam anigligida hisoblang.
21 x=2cos t, y =2sm31l (Javob; 1200)
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2 2 X = 2(cost +tsmt), y = 2{smt -tcost) (O<t <n\
(Javob: 9,86.)
r3. p="™4d/3)(o<h<x12\Jawvob. 014)

24 p =2$TU/3)(0<p<7r/2} (Javob.027)

25. 0 +V /  {Javaob: ISM)
2/3 2/3 n2/3
26. T > ' m(Javob: 24,00.)
2.7. >2 = (x+1)3, x —4to'g'ri chiziq bilan kesilgan (Javob:
24.81)

28. 3 -1-b cosx (0<x<r/6). (Javob.055)
29 p =6c0s3"/3) (O<” </1/2) (javob;S 60j

210. x=W N =/{4sitl4m

211.  y2—x- if ~ (7, nugtadan r(6,-4/125)
nugtagacha (Javob: 8,27.)

212. ¥ —x ,x=5 tog i chizig bilan kesilgan (Javob:
24.81.)

2.13. P =3008 9,42))

214. />=3(l-cos”?) (javob: 24,00.)

2.15. P =2cos3("/ (Javob: 9,42)

2.16. "~ =5c0S82/,7 =5Sn2K0<t<”"2) rJflw6. 705J

2.17. 9/=4(3-x)3I0y o ‘gi bilan kesishgan nuqtalar
orasida) (Javob: 9,33.)

2.18. P =3sm” (Javob: 9,42))

2.19. >=fosinx0r/3 <x<nil). (JavQb: 055)

2.20. A~9(/—sint\ > =9(l—cos?)(0 <t< 2K\ (Javob:
72,00.)

221. P =2"~ cosdY (Javob: 16,00.)
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2.22. y* —(X—1Y A ( 2,-1) nugtadan V (5,-8). (Javob:

7,63)

223 x=I(t—sin?),y =?(1 - cost) {2n:<t< 4n)

(Javob: 56,00.)

224, Y=¢*2+e x2(0<x<2\ (Javob: 2j 5)

225. x= 4c053 >—4surL (Javob: 24.00.)
226. Xx= V3r y —t—t (sirtmoq). (Javob: nugtagacha

4,00.)

2.27. P =5sm”™ (Javob: 15,70)

2.28. P =4cos” (Javob: 12,56.)

229. A= +0BN Yayoir: 40,00

2.30. >2=X3A (0, O)nugtadan V (4, 8) nugtagacha.

(Javob: 9,07.)

3. Berilgan o‘q bo‘yicha F shaklni aylantirishdan hosil

bo‘lgan jismning hajmini (verguldan keyin 2 ragam anigligida)
hisoblang.

3L F: 2w 4~x x=z° °Y- (Javob: 107,17.)
32.F: "x+yy =42 ,x=0,y =0, Ox. (Javoh.j 68)
3.3.F: x2/9 +y2/4 =1, Oy. (Javob: 150,72.)

34.F: ¥ =x2>¥=1 0x-(Javob: 3,59.)
35.F: x=6(t—sin?), y —6(I—cost\ Ox. (Javob:

1064,88.)

36.F: x=3c0os2 Y =4sin21(O<t<n/2), Oy. (Javob.

37,68,

3J.F:y =X"X =7’ °x-(Javob: 0,94.)
38.F: v2=(x-1)3,x=2, OX (Javob: 0>78j
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N = ~
39 F AN V1 ,J =y—x y—~0, Ox.
(Javob: 1,24))

3M10. F:yY=Sin-¥=00O<x<t). Ox.,t |,

- y2 4 4 T [Javob: 4,93.)
3.11. : = X =4y, aX. , Im

’ % Y (Javob: 60,29.)
3.12. jv. x-2cost, y=5sint, Ov. /T

; & 2 @ " (Javob: 83,73)
313. J. VX, &K=V -

- (Javob: 15.07)

314. 17y=exx=0y=0x=I, Ox n . ,.

2 2 Ix/3 3 ox /T (Javob: 10 05.)
315, m —4axX/o X= )

Y (Javob: 90,43)
316. F:Y=2-x\y=0, Ox /r ,
217 E Y (Javob: 3,33))
T P - 2(1 r cos®). polyamaya os. (Javob: 66,99.)

F.x=7c0s3Ly=7sin3l, Oy. , T ,
(JavGh: 328,23.)

3.19.
(Javob: 16,75.)
320. F.m3=(y~I)~,x=0,y=0, Ce 5 6.44)
I avon:
. . . :4, 2X+ = =V, X y ,
32l By y-6 0 O ?Javob: 4,19)
- X=M3cost, > = 2sliu, Ov

3.18.
2 2 1

E.X /1T6+y 41=1 Ox.
3 .

322. F , ’
5 ox /T (Javob: 2512
.23. - Y=2-X,y =X
sz F y =x2 (Javob: 16 75)
324, F: Y=-x24%y-X2 OX ,r
2 : {Javob: 535,89.)
325. F: Y2={x+4)\x=0. Ox. , T
(Javob: 200,96)

L n

k=cos3Ly=sin3, Ox r
s2r. Fr y (Javob: 0,96)
328. F; 2y=x\2+2y-3=0, Ox /T u
Y N » (Javob: 57,10.)
329. F: a=X—X"y=0
. » X'(Javob: 0,10)
330. Fr v—2—X /2, x+y =2, :
' Y el (Javob: 41 7)



4, Berilgan o‘q bo‘yicha L egri chiziq yoyini ayiantirishdar
hosil bo‘lgan jismning hajmini (verguldan keyin 2 ragam
anigligida) hisoblang.

41. 1:¥Y=x /3 (-1/2<m<12), Ox. (Javob: 425)

42. L :p =2cost, qutb o gi. (Javob: 12,57.)

42 L :x=10(?—sin?),y =10(1-cos?) (0<?<2n\ Ox.
(Javob: 6698,67.)

44. L :y =x2/2,0y.y=3/2 to g 'ri chiziq bilan
kesilgan. (Javob: 14,65.)

45 L '3y=x2(°-x-2) °x-(Javob: 24,09.)

46. L my —VX, Ox. y —Xx tQ «j cfczig buan kesilgan.
(Javob: 5,34.)

4 7 L:x=2(f—sin?), y=2(l—co0s?)(0<£ <29-), Ox
(Javob: 267,95.)

48. N 'x ~cos?, y —3+sin?, Ox avo6.us,32)

49.1:3x=" (°-~-2» "~ (Javob: 24,09.)

4.10. L:y-x3/3(-I<x<l), Ox. "avofe. 1>27)

411 L:x =cost, y = \smt, Ox. (Javob: 32>K)

4.12. NEX ~4+Y y ~ 2tog ‘ri chiziq bilan
kesilgan. (Javob: 259,57.)

413 L:x = 3(t-sint), j =3(l-cos?)(0<?<2,t), Ox.
(Javob: 602,88.)

4.14. £:* =cosd4y =sin4 Ox.(Jamb.7M)

415. ~ <P jcoslip. Qgqj (Javob: 14,82)

416. L.y-=4+x, Ox.x=2 tog'ri chiziq bilan
kesilgan. (Javob: 64,89.)

417. L :yz=2x, Ox.2x =3 to g ‘ri chiziq bilan
kesilgan. (Javob: 14,65.)
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4.18.

4.19.

4.20.
42i

L 3% = 330<X<D. % (avob: 063)

1:p2=4cos2”’ qutb o gi. (Javob: 14,80.)

NP =6sin™ qutb o ‘gi. (Javob: 354,96.)
L\x =t-smt, > =I--cos? (0<f <2x\. Ox.

(Javob: 66,99.)

4.22.

4.23.
4.24.
4.25.
4.26.

4.27.

L: p =2sin(p, qutb o ‘gi. (Javob: 39,44.)

L: p =—cos(p,
3 qutb o'gi. (Javob: 7,07.)

L : x =3cos3E, y = 3sin3?, Ox. (Javob: 67,82)
L :x=2cost, y - 3+2sint, Ox. (Javob: 256,64.)

AP 9cos2$>, q”b 0‘gi (Javob: 16,38.)
L: y =x3, Ox. x==%2/3 tog 'ri chizig bilan

kesilgan. (Javob: 0,84.)

4.28.

4.29.
4.30.

1

L :x=2co0s3l, y =2sm3/, Ox. “Javofo.
L :x=cost,y = 2+sinl;, Ox. * vo06. 7988]

/-:/? = 4sin$>, gurf? o ‘gi. (Javob: 157,76.)
Namunaviy variantni yechish

V=1InX va > =1n2X (9.23-rasm) egri chiziglar bilan

ehegaralangan figuraning yuzi hisoblansin

yf y- trix
it / n .
y=inXx

9.23-rasm
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~ Egrni chiziglaming kesishish nugtasini topamiz: m>(1,0),
M2(e,l) va (9.7) formuladan foydalanamiz. Natijada:
S = A(In;x —In2x)dx
M —\Rx,du = 2\nx-)—de\I

j In2xdx = = xlirx —ijf'm xdX,
dv = dx, v —X
[Inxdx="7 Inx, du- ;dx =xlnx-J
=03 = ¥
U holda
5= InxdXx—f"In2xdx = (XIn Xx—x) —(XIn2x—2xIn x +
2x) If =

= elne—e+1—(eln2e—2elne+2e) +2 —3—e ~0,28. <
2. Parametrik ko‘rinishda berilgan x = \2—2)sint+2icost,
y = (I —t2"jsost+2tsint (O < t < A1) chizigning yoy uzunligi

verguldan keyin ikki ragam aniglikda hisoblang.
» (9.11) formuladan foydalanamiz:

/: ) dx
Integral ostidagi funksiyani topamiz:

— = 2isin +(rJ -2)cosf +2co0s?-27?sin/ =t2cost,
t

— = -2icosf-(2-7?2)sinf +2sin? +2?cosf = t2sini,

t cos t+t sin t=1t"

Yakunda quyidagiga ega bo‘lamiz:
K 4
3

3. Yassi y=3-x2va y=x2+I parabolalar bilan chegaralangan
figuraning Ox o‘qgi atrofida aylantirishdan hosil bo‘lgan jismning
hajmini hisoblang
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A Parabolalaming kesishish nugtalarini topamiz: M/ (~1;2),

M2 (1,2). Jismning hajmini (9,14) formulaga ko‘ra hajmlar
ayirmasi \%—\/, ko‘rinishda hilsoblaymiz.

V2=K|B— )dx, V,.=njXx2+if dx
Demak
=Xjfl-Xx2) dx-xj"x2-rl) dX=X]j | (3-*2) -(*2+ If )dx=Xj(8-8jt2)dx
:8';||(x—)(c 4).3 Vo <
N3

Quyidagi 9.24 rasmda Oxu tekislikda yassi figura va uning
Ox o qi atrofida aylantirishdan hosil bo‘lgan jism (uning chorak
gismi kesib olingan ) keltirilgan.

**/e iA AR /p-  1vX4N\*\
%x:. f t
SN
2 Kiai W
N> m\ -/
9.24- rasm 9.25- rasm

Qutb koordinatalar sistemasida /? = 10 sin (p aylananing
qutb o‘gi atrofida aylantirishdan hosil bo‘lgan sirt (9.25 rasm)
yuzini verguldan keyin 2 ta ragam aniqligida hisoblang.

N Qutb koordinatalar sistemasidagi (9.18) va (9.15)

formulalardan foydalanamiz.
@
S-2mjyy j+pl dy
(0N
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Bu yerda V= /9sin (p. Bundan
pth=10cos®; y=psm(p="\E2({p
qx=0, h2=T,

S = 27rj 10bin2cpoocoa2y>+100sin 2 dip = 200/T Jsin~ <pdtp=

= 200/t3-— cHs™ dcps 100HL (p-"bT2<p q*985,96 <

IUT-9.3

1 R rezervuardan suv haydab chigarish uchun bajarilagn

ishni hisoblang. Suvning solishtirma og‘irhgi 9,81 kHM3 7r=3,14.
(natijani butun soniga yaxlitlang).

1.1. R: Asosi 2m va balandligi 5m bo‘lgan to‘rtburchakli
inuntazam piramida (Javob: 245kDj)

1.2. R: Uchi pastga yo‘naltirilagan asosi 2m, balandligi 6m
boigan to‘rtburchakli muntazam piramida (Javob: 118 kDj)

1.3. R: Balandligi 1,5m, radiusi 1m bo‘lgan sferik segment
ko‘rinishdagi qozon (Javob: 22 kDj)

14. R: Asosining radiusi 1m, balandligi 5m bo‘lgan yarim
silindr. (Javob: 33kDj)

15. R: Yuqori asosining radiusi Im, quyi asosining radiusi
2m, balandligi 3m bo‘lgan kesik konus (Javob: 393 kDj)

1.6. R: Ko‘ndalang kesim parabola, uzunligi 5m, eni 4m,
chuqurligi 4m bo‘lagan tamov. (Javob: 837 kDj)

1.7. R: Asosning radiusi Im, uzunligi 5m bo‘lgan silindrik
sistema (Javob: 154 kDj)

18. R: Asosi 2m, balandligi 5m bo‘lagn muntazam
uchburchakli piramida (Javob: 106kDj)

19. R: Asosi 4m, balandligi 6m uchi pastga garatilagn
uchburchakli muntazam piramida. (Javob: 204 kDj)

1.10. R: Asosning radiusi 3m, balandligi 5m uchi pastga
garatilagn konus. (Javob: 578 kDj)

1.11. R: Yugori asosning radiusi 3m, quyi asosning radiusi
Im, balandligi 3m bo‘lgan kesik konus. (Javob: 416kDj)
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1.12. R: Asosning radiusi 2m, balandiigi 5m boiagn konus.
(Javob: 770 kDj)

1.13. R:Yugori asosning tomonlari 8m, quyi asosning
tomonlari 4m, balandiigi 2m boiagn muntazam kesik piramida.
(Javob: 576kDj)

1.14. R:Asosining radiusi 2m, chuqurligi 4m bo‘lgan
aylanma paraboloid. (Javob: 329 kDj)

1.15. R: Asosning radiusi Im, chuqurligi 2m bo‘lgan
aylanma ellipsoid. (Javob: 31 kDj)

1.16. R: Yuqori asosning tomoni 2m, quyi asoshing tomoni
4m, balandiigi Im boigan muntazam to‘rtburchaklikesik
piramida. (Javob: 56kDj)

1.17. Asosning tomoni Im, balandiigi 2m boigan
muntazam olti burchakli piramida (Javob: 26kDj)

1.18. R: Asosning tomoni 2m, balandiigi 6m, uchi pastga
garagan olti burchakli muntazam piramida. (Javob: 306 kDj)

1.19. R: Asosning radiusi Im, balandiigi 3m boigan
silindr. (Javob: 139kDj)

1.20. Yuqgori asoshing tomoni Im, quyi asosning tomoni
2m, balandiigi 2m boiagn muntazam oltiburchakli kesik
piramida. (Javob: 144 kDj)

1.21. R: Ko‘ndalang kesim radiusi Im ga teng yarim
aylana, uzunligi 10 m boigan tamov. (Javob: 65kDj)

1.22. R: Yugqori asosning tomoni 2m, quyi asoshing tomni
Im, balandiigi 2m boigan muntazam oltiburchakli piramida.
(Javob: 93KkDj)

1.23. R: radius 2m boigan yarim sfera. (Javob: 123kDj)

Solishtirma og'irligi y boigan materialdan Q inshootni
qgurishda ogirlik kuchini bartaraf etish uchun bajarilgan ishni
hisoblang.

1.24. Q: yugori asoshing tomoni 2m, quyi asosnhing tomoni
4m, balandiigi 2m boiagn muntazam to‘rtburchakli kesik
piramida: y=24 kn/m3 (Javob: 352kDj)

1.25. Asosning tomoni Im, balandiigi 2m boigan
muntazam oltiburchakli piramida; y-24 kn/m3 (Javob: 21kDj)
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1.26. Q: Asosning tomoni 2m, balandiigi 4m boMgap
muntazam to‘rtburchaldi piramida: y=24 kn/m3 (Javob: 128kDj)

1.27. Q: Yugori asoshing tomoni Im, quyi asosning tomoni
2m, balandiigi 2m bo‘lgan muntazam oltiburchakli kesik
piramida: y=24 kn/m3 (Javob: 229KkDj)

128. Q: Asosining tomoni 3m, balandiigi 6m bo‘lgan,
muntazam uchburchakli piramida; y=24 kn/m3 (Javob: 234kDj)

1.29. Q: asosning radiusi 2m, balandiigi 3m bo'lgan konus
y=20kn/m3 (Javob: 188kDj)

1.30. Q: Yuqori asosning radiusi Im, quyi asosning radiusi
2m, balandiigi 2m bo‘lagn kesik konusi; y=21 kn/m3 (Javob:
88kDj)

2. Vertikal cho‘ktirilgan plastinkaga, suvning solishtirma
ogirligi 9,81 kH/m3 deb hisoblab, suvning bosim kuchini
aniglang (natijada butun soniga yaxlitlang). Plastinkaning
joylashishi, shakli va o!lchami rasmda ko‘rsatilgan.

2.1. 9.26. rasm. (Javob: 98 kH)

2.2.9.27. rasm. (Javob: 85 kH)

2.3.9.28. rasm (Javob: 248 kH)

2.4.9.29. rasm (Javob: 105 kH)

2.5. 9.30 rasm (Javob: 167 kH)

2.6. 9.31 rasm (Javob: 26 kH)

2.7.9.32 rasm (Javob: 131 kH)

2.8. 9.33 rasm (Javob: 23 kH)

2.9. 9.34 rasm (Javob: 523 kH)

2.10. 9.35 rasm (Javob: 33 kH)

2.11. 9.36 rasm (Javob: 31 kH)

2.12. 9.37 rasm (Javob: 62kH)

2.13. 9.38 rasm (Javob: 24 kH)

2.14. 9.39 rasm (Javob: 22 kH)

2.15. 9.40 rasm (Javob: 239 kH)

2.16. 941 rasm (Javob: 123 kH)

2.17. 9.42 rasm (Javob: 78 kH)

2.18. 9.43 rasm (Javob: 13 kH)

2.19. 9.44 rasm (Javob: 52 kH)

2.20. 9.45 rasm (Javob: 3 kH)
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2 21 .9.46 rasm (Javob: 23 kH)
2 22.9.47 rasm (Javob: 16 kH)
2.23. 9.48 rasm (Javob: 251 kH)
2.24. 9.49 rasm (Javob: 31 kH)
2.25. 9.50 rasm (Javob: 13kH)
2.26. 9.51 rasm (Javob: 6kH)
2.27. 9.52 rasm (Javob: 6 kH)
2.28. 9.53 rasm (Javob: 39 kH)
2.29. 9.54 rasm (Javob: 20 kH)
2.30. 9.55 rasm (Javob: 272 kH)

Parallelogramm Teng yonli trapetsiya
9.26- rasm 9.27- rasm
....... &l=
w - VV'"Ir—_
|
M S
Teng yonli trapetsiya Teng yonli trapetsiya
9.28- rasm 9.29- rasm
I/ YV .
,to»
Parabola
9.30- rasm 9.31- rasm
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0

. ™
iR &
Teng yonli trapesiya Halganing to‘rtdan bir gismi
9.32- rasm 9.33- rasm

ilm

LA -

-10m
Teng yonli uchburchak Teng yonli uchburchak
9.34- rasm 9.35- rasm
doira
9.36- rasm 9.37- rasm
. Im
jrL. .,
> X
Yarim aylana Yarim aylana
9.38- rasm 9.39- rasm
K 2 m
w/mi
Yarim aylana ellips
9.40- rasm 9.41- rasm
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e 1r—
Romb
9.42- rasm

Yarim aylana
9.44- rasm

P

*

-

To'g‘ri burchakli uchburchak
9,46- rasm

Parabola

To'g‘ri burchakli uchburchak
9.43- rasm

AN e

agLss

To‘g‘ri burchakli uchburchak
9.45- rasm

— W —

To'g‘ri burchakli uchburchak

947- rasm
sWm...v -—.
. 11bl....
«Spr-i_-

W - f«

Parallelogram



9.48- rasm 9.49 rasm

S oA L Eg I*f
_ *
e M ey ™
*

. — 1JF -2m -
\Y
I T
Yarim ellips To'g‘ri burchakli uchburchak
9.50- rasm 9.51- rasm
oo . AN ———-F
-0\
i . . §<
2m

1 mry=*=* 49
Yy \ _
r Jdyranapa6ons

To‘g‘ri burchakli uchburchak Parabola yoyi
9.52- rasm 9.53- rasm

— =" 4m —~4 2m ~

Kvadrat Parabola
9.54- rasm 9.55- rasm

3. Birjinsli yassi egri chizigning og‘irlik markazi topilsin.
3.1.L:Ox o‘qi ustida joylashgan yarim aylana: x1+y 1—R\0



3.2. L: Sikolidaning birinchi arkasi x=a (t-sint), y=a (1-cost)
4
O<t<2k). (Javob: xc=m, yc=-—a)

2 2 2

3.3. L.ascroidaning x3+x3=a3 uchinchi kvadrantidagi
bo‘lagi.

(Javob: xs=yc= - 0,4a.)

3.4. L: Radius R ga teng bo‘lgan aylananing x ga teng
markaziy burchakni tortib turgan yoy bo‘lagi. (Javob: og‘irlik
markazi yoy tortib turuvchi markaziy burchakning bissektrisasida
markazdan 2Rsin(:c/2) masofadajoylashgan).

X

3.5. L: Zanijir chizigning yoy bo‘lagi y=a (x-a), (- a < x <a).

(Javob: x2=0, v =—2+s—)
Yc 4 shl

3.6. L: Kordiodaning yoyi p~a( 1+eoscp) (0<(p<s). {Javob:

o

3.7. L.Logarifmik spiralining yovi p —a—e\EI<<p<n\

V2 J
T a 2-e2E+ex a ellr -2e\
b
(Javob: xc=-~ — —yc=- 4 2
5 e —€ 3 e —e

3.8. L: Sikloidaning bitta arkasi x=3(t-sint), y=3 (1-cost).
(Javob: xc= 3K, yc=4)

"t
3.9. Z.Astroidaning yoyi x=Zcof |— , y=2smJ

(Javob: % =v =-)
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3N10. L:x=dsint y=elcost jg<r<—]eSn chizigning voyi
v

1] 2)
f N
Javob :x ,=—I,?e—;.-<_—|-} i\ Vo= (e*l— \,\
5 e2-11 5le2-1i
i Y, i,

3.11. L:kardioida N =2<+cos*.) fe =16, y, =0)
3.12. L: p=2sin(p egri chiziq (0:0) nugtadan j £.j
V 4
2
nugtagacha. (Javob:xc=—, yc - (n —2\in)
n

3.13. L: Aylana o‘ramasining yoyi x=a (cost+ t sint), y=a
(sini-i cost), (0 < t < J'I).(Javob: -i(‘l' =2{n2+4)/ax2,y =— )
; ’ K

3.14. L:gr=0 va T =— nurlar orasidagi p =2v3 cos@ egri
4

chizigning yoy bo‘lagi. (Javob:xc=43(k +2)1n, yc-2v3In. )
3.15. £.Egrichizig x=n/3t2)y =t—3@O<?*1).

(Javob: xc="~ ,y c=7,(0<t<”l))
3.16. i:-tomonlarix+y=<2, x=0, va y-0 to'g’ri chiziglarda

a
yotgan uchburchak. (Javob: xc —yc = — )

3.17. L: koordinata o'giari (x>0, y>0)va . =1
r

ellips bilan chegaralangan,

/T n 4a 4n
(NTbx*=<MYk = Il 1
3.18. L:- Sikloidaning birinchi arkasi x—a (t-sint), y—a (1-

5a
cost) va Ox o‘qi bilan chegaralangan. (Javobxc=m ,yc—6 ).
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3.19. L: Yy —X2; ¥y = - egri chiziglar bilan
chegaralangan; fJavob X =—y = S N.
20)
3.20. F y=sinxSmusoidaning yoyi va OX o0'qining
(O<x< " jkesmasi bilan chegaralangan: iJavob X :i.yr -
v 2 f 81

321. F Yarim aylana y-\IR2-x2 va OX o‘qgi bilan

chegaralangan. fJavob :xc=0, yc= ~ j.

3.22. F: Parabolaning yoyi y =b\x!la (a>0,b>0), OX
o‘gi va X —b to‘g‘ri chizig bilan chegaralangan.

iJﬁvoB Xr=— ye=3J1

3.23. . F: Parabolaning yoyi y -b4xia [a>0, b>0), OU
o‘qgqr va y=b to‘g‘ri. chiziq bilan chegaralangan.

(Javob X =3_a, Y, =ﬂ

v c 10 6 4)

3.24. F:Yopiq y2 —ax—x" chizig bilan chegaralangan.

fJavob :x =— |y =ol
Y, 8 ¢ ;

3.25. F Koordinata o‘glari va astroidaning birinchi
kvadrantga joylashgan vyoy bo‘lagi bilan chegaralangan.
ingob :xc=yc=—25£a—)-

(315M)J

3.26. F: Radiusi R markaziy burchagi 2a bo‘lgan doiraning
sektori: (Javob: Og‘irlik markazi sektoming simmetrik o‘gida
doiraning markazidan \R Sina masofaaa bo‘ladi. Agar doiraning
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markazi koordinata boshida, sektoming simmetrik o‘gi On o‘gida

bo‘lsa, x =o5v = - r Sina gateng).
3 a
3.27. F Kardoida p —a(l +cos<p) bilan ehegaralangan.
( ba \
Javob =K = — Y =01
Vv 6 )
3.28. F. Bemulli Ilemniskatasining birinchi bo‘lagi

p2=a2cos2<p(Javob :xc=yfl na/8, ye=0).

3.29. F Koordinata o‘glari va 4x +Jy —\U parabola

f N\
bilan ehegaralangan. | javob:x =v =- .
I c 'c H
3.30. F:Yarim kubikparabola ay2—x3va X —a to‘g‘ri
chiziq bilan ehegaralangan (a> 0). Navob :x y =0]-
\Y c 7 J
Namunaviy variant yechish.
1 Uzunligi L, asosining radiusi R bo‘lgan doiraviy silindr

(9.56-rasm) ko‘rinishidagi rezervuaming yuqoridagi suvni haydab
chigarish uchun bajarilgan A ishni aniglang. Suvning solishtirma
og‘irligi 7 = 9,81 kN/m 3. Bajarilgan A ishni L=5m, R=Im
bo‘lgan hoi uchun hisoblang.
Z balandlikda suvning dz gatlamini ajratamiz (9.56-
rasm). Uning hajmi:
dv = 2\01B\ldz = 2L"R2 - (R —z)2dz = 2Ly'z(2R - z)dz.

Im * dz H'g R 2R

X

» X 9.56- rasm
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Bu gatlamni H=2R-z balandlikga ko‘tarish kerak, dz
gatlamdagi suvrii haydab chigarish uchun bajariladigan elementar
dA ish quyidagi formula orqali topiladi:

dA =Hydu = 2}.(2R - 2).Jz(2R-2) dz.

Butun suvni haydab chigarish uchun bajariladigan ish
elementar ishlaming yig'indisiga teng:

2R 2R 2R
A= [dA= j2yL{IR —=)8z{IR —z) dz=27¢ [z2(2R—z)1dt 0]

0 0 1

Yuqoridagi differensial binomdan olingan (1) integralni
hisoblaymizm=A n=\p=- +,,=3¢c” Bo‘lgani uchun (1)

2 2 n
integralni hisoblashda a +bxn=u x n (8.7 paragraf) almashtirish
bajaramiz. Almashtirishni qoilab:
u 2R-z-u'2,d: =~ARu[u2+I) du
A 2iijz* QR-2)~'dz-  z-2R1u2+1 arapr=0,u—s o\ +y R
arapr=2R,n=0
egabo‘lamiz.

Oxirgi xosmas integralda, integral ostidagi funksiya to‘g'ri
ratsional kasr bo‘lib, (8.10) formulaga ko‘ra uni soda kasrlaming
yig‘indisi ko‘rinishida yozilishi mumkin (8.6). Bu kasrlardan
integrallar (8.4) rekkurent formula orgali oson topiladi. Rekkurent
formulani qo‘llab:

f udu I\ 1 2 1 \, s« 3
4

0 4

a 5 3 a_ir
4 6 4 4

u holda: A-Z2jLRin!Z2 =JijLR1Agar: L=5m, R=Im bo‘lsa
A=314-981 5-1*1550K: <

2. Suvning solishtirma og‘irligini 9.18 kH/  deb hisoblab,
suvga vertikal cho‘ktirilgan plastinkaga ta’sir etayotgan suvning
bosim kuchini hisoblang. Plastinkaning joylashishi, o‘lchovi,

formasi (9.57 rasm) da keltirilgan.
AN.Koordinata sistemasini 9.57 rasmda ko ‘rsatilgandek tanlab

olamiz. U holda parabolaning sodda tenglamasi x2= —2py

in



ko‘rinishda bo'iadi. Parabola A(l/2,-1) nugtadan o4gani uchun,
p =1/8, x2=—y/4 gateng bo‘ladi.

Kengligi dx va yuzi ds = (i..]M \xkbo‘lgan gorizontal kesimni
X chuqurlikda ajratamiz. Suvning bu kesimga bosimi:

Ap = yx (I - WNdx = yx(I - 4x2)dx ga teng bo ‘ladi.

du
t 0.
H-05v .. e, v X
A 7
XY
9.57- rasm

U holda suvning butun plastinkaga bosimi ushbu formula
orgali topiladi:

P=r]4-4S)dx=r(f-s)" =rfr-H%*j
Agar H =- va 7 =981 KH!MT bo‘lsabosim
2

P=m EJi . H:I\%I =06iNgaten8 bo‘ladi-<

3. Bir jinsli figura y=x2eay=-x egri chiziglar bilan
chegaralangan bo‘lsa, uning og‘irlik markazini toping.

A Figuraning og‘irlik markazi ( 9.58 - rasm) (9.17) formula
orgali hisoblanadi, bu yerda:

f{x)=x2 f2Ax)=Jx.
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y=X

y=rX
¥ 'C
0. x 1 X
9.58- rasm
Egri ehizigiaming kesishish nuqgtalari 0 (0,0) va B (1,1)

bo‘lgani uchun a~1, b=1. U holda:
1 1 /5§ NJ j

| >2 = |(\,Cc—x25dx:| ~X' = =X j 0 3
i o, . 2 5 4 1=
ix(y2-yRdxx[ylx —jcdx= —x2— -
u 0 an . 0 20
/Q_X 1= 3

N GV4+NO02~yhdx=~ | (*~x4)rfr=" T-T o0 20

9.6 9 - bo‘limga qo‘shimcha masalalar.
1 Tenglamani yeching:

a) dx n m f  dx _x (Javob: a) x=2; b)
Fxvim i2’ 6’
Xx=1n4)
2. Tenglikni isbotlang:
r dt v odt . nv
hFid- 1w O

3. Agar In=jtgrxdx ("™\,n-butun) bo Isa,  ushbu

/ + =

tenglikni isbotlang.

« =1
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4, Berilgan chiziglar bilan chegaralangan egri chizigli

trapetsiya yoki figuraning yuzini toping?

R SN CIE SR
b)

VI—x

C) p=tg(p"p=_L_ ye

COs (p

d v=xm 1, xe[0;00);
e) y~)fXA+i§/l xe[lye\

f) xy2~8 —4x vauning asimptotasi;
g X+i)y2-x2 (X < 0) va xming asimptotasi;
(Javob: a) b9x!2; b) 2; c) x/4; d) 1;e) iL+1- ) 4K ; Q)
4 2’
8/3.)

5. Berilgan chiziglami aylanishidan hosil bo‘lgan sirt bilan
chegaralangan jismning hajmini toping:

a y=e X va y =0, Oy o‘qi atrofida;
b) (4-x)v2-x3=0uning asimptotasi atrofida;

c) v=__1 uning asimptotasi atrofida;
1+x2

d) y =e xSin;cc va x>0, Ox o qi atrofida.

(Javob: a) N\b) 16x2; ¢) x"/2; d) x3/@( +)))

6. Silindrik bak vertikal joylashgan bo‘lib suv bilan
to‘Ildirilgan, tubida kichik tirgish bor. Bakdan suvning yarim “t”
vaqt ichida oqib chiqdi. Hamma suv gancha vaqt ichida ogib
chigadi?

Bu vyerda ju=Il va v= 2gh, o - tirgishdan oqib
chigayotgan suvning tezligi. [javob:(2+42)TTwmn).
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7. Qarshiligi o‘zgarmas R bo‘lgan rezistorga o‘zgaruvchan
U=L(sincot kuchlanish beriigan. Rezistorga ganchali®

o'zgarmas kuchlanish berish kerakki, T=~ vaqt ichida ajralib
(ee]

chiggan issiglik, o‘zgaruvchi kuchlanish bergandagi shu vaqt
ichidagi ajralib chiggan issiglikga teng bo‘lishi kerak. (Javob-
Uo/J2).

8. Elektr zanjir boshlang'ich paytida R om garshilikga eg"
va u tekis vom/c tezlik bilan o‘sadi. Zanjirga o‘zgarmas Ua
kuchlanish beriigan. Elektr zanjirdan to. vaqt migdorida o‘tgar,
zaryadni aniglang (Javob : 4. h L+at}.

a R

9. Yer atmosferasi massasini uning zichligi, balandiil®

oshishi bilan p = p 0 e o/igonun bilan o‘zgarsa, bu yerda h- yer
sirtidan garalayotgan nuqtagacha bo‘lsa, hisoblab toping. ( Yg-
radiusi “R” bo‘lgan shar deb hisoblanadi).

(Javob: (4npQ@aR2+2aR +l1))/a3).

10. Jism temperaturasi T=2Q°C bo‘lgan muhit hilar,
goplangan.  Sowvutish  natijasida jismning  temperaturasi

100° paH 60° ga tushgan. Sowvutish boshlanishidan gancha vaqt

keyin jismning temperaturasi 30°C ga tushadi? (Javob: Isoat),

11. Massasi “m” bo‘lgan mcddiy nugta chizigli zichligi p
bo‘lgan cheksiz steijendan “| ” masofada joylashgan. Qanday
kuch bilan steijen nugtani tortadi? ( Javob: Typm/1 .y
gravitatsion o‘zgarmas).

12. 0 ‘g galinligi “h” boigan taxtani teshib o‘tgandan keyiij
tezligi vxdanv2 ga o‘zgaradi. Qarshilikni tezlikning kvadratigh
proporsional deb hisoblab, o*‘gning taxta ichidagi vaqtini toping?

(Javob: h( *—2)/(u, In—) .
v2
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10. BIR NECHA OZGARUVCHILI FUNKS!YALARNENG
DIFFERENTSIAL HISOBI
10.1. BIR NECHA 0 ‘ZGARUVCHILI FUNKSIYA
TUSHUNCHASI. XUSUSIY HOSILALAR

Avytaylik, biror D(x,yJ sohada har bir tartiblangan (xy)
juftlikka anig zEEczR son mos go‘yilgan bo‘lsin. U holda z, x vay
larga bog'lig bo'lgan ikki o'zganivchilifunksiya deyiladi. x va y
o‘zaro bogiig bo‘Imagan o‘zgaruvchilar yoki argumentlar
deyiladi. D to‘plam funksiyaning mavjudlik yoki aniglanish
sohasi, E to‘plam esa funksiyaning giymatlari sohasi deyiladi.
Simvolik ravishda ikki o‘zgaruvchili funksiya z =f(xy)
ko'rinishda yoziladi, bu yerda/ moslik gonuniyatini belgilaydi.
Bu gonuniyat analitik ko‘rinishda (formula orqgali), jadval
yordamida yoki grafik ko‘rinishda berilishi mumkin.

Umuman olganda dekart koordinatalari sistemasi Oxyz
kiritilgan fazoda har ganday z = f (x)y) tenglama biror sirtni
aniglaydi, ya’ni ikki o‘zgaruvchili funksiyaning grafigi deganda
koordinatalari z =f(x,yj tenglamani ganoatlantiruvchi fazodagi
M(X,y,z) nugtalar to‘plamidan hosil gilingan sirtni tushunamiz.
(10.1 - rasm).

Geometrik nuqgtai nazardan, funksiyaning aniglanish sohasi
D, odatda shu sohaga tegishli yoki tegishli bo‘lmagan chiziglar
bilan ehegaralangan Oxy tekislikning biror gismini tasvirlaydi.
Birinclii holatda D soha yopiq soha deyiladi va D bilan
belgilanadi, ikkinchi holatda esa ochiq soha deyiladi.

1 - misol. z= In(y-y?+2X) funksiyaning D aniglanish sohasini
va E —qiymatlar sohasini toping.
> Berilgan funksiya Oxy tekislikning y-x2+2x > 0 yoki

y> x2-2x o'rinli bo‘ladigan nuqgtalaridagina aniglangan.
Tekislikning y=x2-2x tenglikni ganoatlantiradigan nuqtalari D
sohaning chegarasini tashkil giladi. y=x2-2x paraboladir. (10.2 -
rasm.) Parabola D sohada yotmaganligi uchun shtrixli chiziglar
bilan tasvirlangan). y>x22x tengsizlik o‘rinli bo‘ladigan nuqtalar

paraboladan yuqorida yotishini tekshirish oson. D soha ochiq



atrof bo‘3ib, (10.2 - rasmda y shtrixlangan) uni quyidagi
tengsizliklar sistemasi bilan aniglash mumkin:
D: {—o0< X < +00, Xx2—2X < n < +00}

4 *t

10.1. rasm 10.2. rasm

Ikki o‘zgaruvchili funksivaning tarifini uch va undan ko‘p
o‘zgaruvchilar uchun umumlashtirish giyin emas.

Agar hiror n —o‘lchamli fazoda xi,...,x,, 0‘zgaruvchilaming
har bir (xj....x ,) to‘plamiga, y ning biror anig giymati mos
go‘yilsa, u holda y kattalik xh...,xn o0 ‘zgaruvchilaming funksiyasi
deyiladi va simvolik ravishda y=f(xj,...,.xd ko‘rinishda yoziladi.

0 ‘zaro bog‘lig bo‘lmagan Xx,....xn o‘zgaruvchilaming
giymatlari to‘plami n o‘lchamli fazoda M(xi,...,.xr) nugtani
aniglaydi, u holda har ganday ko‘p o‘zgaruvchili funksiyani
odaida mos o‘lchamli fazodagi M nuqgtaning funksiyasi deb
garaladi: y=f(M)

Agar har ganday £ > 0 son uchun, shunday 8 > O son
mavjud  bo‘lib, \x— x0]< 8va Ju- u0Qj < 8 shartlami
ganoatlantiruvchi x vay lar uchun

i f{x,y)-A\<t
tengsizlik o'rinli bo‘lsa, u holda A soni z=f(x,yj funksiyaning
Mo(xo,w) nugtadagi iimiti deyiladi.

Agar A soni f(x,y) funksivaning Mo(xo)yo) nuqgtadagi limiti
bo‘lsa, u holda quyidagicha yoziladi:

A= Imof0ay) = fimpRx.y)
Y~*Yo

111



2 -misol. A = I|m’\o =====— [imitni hisoblarts.
0 VA +y2+i-i

> Limit belg|5| ostidagi ifodada almashtirishlar bajarib,
quyidagiga ega bo‘iamiz.

. Slx2+y2)(\]x2+y2+1+|)
A = lim y vy J
(V'*2+Yy2+1 - i) (v'*2+y2+1+1)

||No OIqu(V’\2+tII2 = limx-.o(V"2+y2+1+

X2+y2+ -1 y->0
1) =24
Agar lim*>x0f(x,y) = f(x0,y0) tenglik o‘rinli bo‘isa,
Y-*Yo

z=f(x,y) funksiya Mo(x0,y0) nugtada uzluksiz deyiladi.

Masalan, z=J/(2x*+yJ funksiya cheksiz ko‘p uzilishga ega
bo‘ladigan M(0,0) nugtadan tashaari, tekislikning barcha
nugtalarida uzluksizdir.

Biror D atrofning barcha nugtalarida uzluksiz bo‘lgan
funksiya, berilgan D sohada uzluksiz deyiladi.

Agar y ni o‘zgarmas deb olib, x o‘zgaruvchiga biror
Ax orttirma bersak, u holda z= f(x,y) funksiya x o‘zgaruvchi
bo‘yicha z funksiyaning xususiy orttirmasi deb ataluvchi
Axz orttirma oladi.

A = f(x +bx.y) -f(x,y)

Xuddi shu kabi, z= f(x, y) fiinksiyada x ni o‘zgarmas deb
olib, u ga Ay orttirma bersak, u holda y o‘zgaruvchi bo'yicha z
funksiyaning xususiy orttirmasi quyidagicha boiadi.

Ayz = f(x,y ¥ y) - f(x,y)

Agar

Az dz
Havlhe = 8% = 7% =
I|m A';)\/ij)z/ —z,. —fv(xy)

limitlar maVJud bo‘lsa, bu ifodalar z=/ (x,y) funksiyaning
mos ravishda x va y o‘zgaruvchilar bo'yicha xususiy hosilalari
deb ataladi.
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oriy sondagi o'zaro bog‘lig bo‘lmagan o‘zgaruvchilarga
ega bo'igan funksiyaning xususiy hosilalari ham shu kabi
aniglanadi,

Ixtiyoriy o'zgaruvchi boyicha olingan xususiy hosila, golgan
o‘zgaruvchilami o‘zgarmas dcgan shartda shu o‘zgaruvchidan
olingan hosilaga teng bo'igani uchun bir o‘zgaruvchili funksiyani
differensiallasimmg barcha qoidalari va formulalari ko‘p
o‘zgaruvchili funksiyaning xususiy hosiialarini topish uchun
o rinlidir. N

3—misol. Z=arcigj funksiyaning xususiy hosiialarini toping.
» Xususiy hosilalami topamiz.

dz= 1 / Y\ Yy
dx 1+ (y/x)2 ‘m x2' X2 +y2
dz 1 X n

X o= — -4
Gy 1+ty/xy X X

4 - niisol. W=In2x2H/2+ z-) funksiyaning Xususiy
hosiialarini toping.
» Xususiy hosiialarini topamiz.

dw 1
— = 2In(x2+y2+22)x_________ X 2%
dX X2+y2+22
1
=2In(x2+y2+r) X ———:c——=
$< y % X2+y2+2z2 x 2y
-~ = 21“5)}(2+¥2+r23 X —fF—-X 27<
dz X2+y2+72

Bog‘liq bo‘Imagan o‘zgaruvchilardan biri o‘zgarmas,
ikkinchisi o‘zgaradi degan shartdagi z—fix, y) funk,,yaning
differensiali xususiy differensial deb ataladi, yani tarif bo‘yicha

dxz = fX(x,y)dx, dyz = fy (X, y)dy

bu yerda, dx=Ax, dy= Ay lar o‘zaro bog‘liq bo‘lmagan
o‘zgaruvchilarning ixtiyoriy orttirmalari  boiib, ularning
differensiallan deb ataladi. Bu uch o‘zgaruvchili w-f(x,y,z)
funksiya uchun ham o ‘rinlidir.

5-misol. w —(xy 2)z‘ funksiyaning xususiy difFerensiallarmi
toping.

» Beriigan funksiyaning xususiy differensiali

dxw = 73(xy2)z3"1 Xy2dx,dvw = z3(xy2)z3 1 X 2xydy
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dzw — (xy2)2* X 1n(gry2) x 3z2dz <
6 -misol. w = a/x2 +y 2+ r2—xyz funksiyaning M(2,-2.1)
nugtadagi xususiy hosilalarining giymatlarini toping.
» Xususiy hosilalami topamiz:

dw X dw y
FX _’\J‘xz y2 _22_y27_d1:/__J_x;ij2_+_12_X27
dw z
Ay
n/x2+y2+z2

Hosil gilingan ifodalarga berilgan nugtaning koordinatalarini

go‘yamiz.
2 8 dw

G M=3agpa
&Uo=3+4=t "

H0.1.- AT
1 Quyidagi fimksiyalaming aniglanish sohasini toping,
a)z= gu2—2xXx +4) byz="==+ —u

V) z =lnx+Incos>c)z = g/x2+y2—9

2. Ko‘rsatilgan fimksiyalaming xususiy hosilalarini toping,

a)z =(x2+Yy 2—my2)3b) z =arcsin®

c)z=Xply+ d)yz=In(x+pa/x2+y?2)

0)z = In(x Xy +/nx X y) e) u=arctg(xy/zj

) u=ln n/(xX2+y2)(x2+ z2) z) m=(xy) —1

3. Agar u=In(l+x+y2 + z2) bo‘lsa Ux + Uy + Uz ning
M1,1,1) nugtadagi giymatini hisoblang. (Javob: 3/2)

4.z = X +u + o/x2 +y 2 funksiyaning xususiy hosilalarining
Mo(3,4) nugtadagi giymatlarini hisoblang. (Javob=2/5, 1/5)

5. Quyidagi fimksiyalaming xususiy differensiallarini
toping:

a)z =In p/x2+y2b)z = arctg

Ko X2

c)U=xyzd) U 2 v2 e

X+y
-XV
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Mustaqil ish

1. Quyidagilami toping:
a) funksiyaning aniglanish va giymatlar sohasini:

z=In(4-x2+y2;

b) funksiyaning xususiy hosilalarini

Z —sin2Xx cos/+y sinX);

v) funksiyaning xususiy differensiallarini

u=ln- "Y*
X2 +y2+/2
Quyidagilami toping:
funksiyaning aniglanish va giymatlar sohasini
z = \4—x2 fu;
funksiyaning xususiy hosilalarini
u=arcsin s¥xy 2z 3;
funksiyaning xususiy differensiallarini
z=3y[PR+y2/(x2—y?2).
Quyidagilami toping:
funksiyaning aniglanish sohasini va giymatlarini
Z = nXx N+ \XX—u;
funksiyaning xususiy hosilalarini
u=tgAx-y2 +z3);
funksiyaning xususiy differensiallarini

z=Mix2-y22

10.2. TO‘LA DIFFERENSIAL. OSHKORMAS VA

MURAKKAB FUNKSIYALARNIDIFFERENSIALLASH

Az = f{{X + AX,y +AX) —/(X,y)

ayirmaga z= fix,y) funksiyaning tola orttirmasi deb

ataiadi.

z —fix,y) funksiyaning to'la differensialining, o‘zaro

bog‘lig bo‘lmagan Ax va Ay o‘zgaruvchilaming orttirmasiga
chizigli
dtfferensiali deb ataiadi va quyidagicha belgilanadi dz.

bog‘lig bo‘lgan bosh qismi, funksiyaning to‘la
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Agar funksiya uzluksiz xususiy hcsilalarga ega bo‘lsa, u
holda to‘la differensial mavjud bo‘ladi va quyidagiga teng
bo‘ladi.

dz = (—;de+ @dy (10.1)

bu yerda dx = Ax,dy = Ay — o zaro bog‘ig bolmagan
0 zgaruvchilaming differensiallari deb ataluvchi ixtiyoriy
orttirmalardir.

n o‘zgaruvchili u= / (x i,x2..x,) funksiya uchun to‘la
differensial quyidagi ifoda bilan aniglanadi.

= N N _ —_ ~
du = derx%+dxzdx2+ *+<n dxr71l 210.2)

1-misol. z = x2—xy +Yy 2 funksiyaning to‘la orttirmasi va
to‘la differensialini toping

» Tarifga asosan

Az = (X + AX)2-(X+AX)(Yy+AY)+ (y +Ay)2-x2 +xy —y 2
X242XAX+AX2-XY-XAY-UAX-AXAY+y2+2yAy + Ay2-
— X2+XY-Y2=2XAX-XAY+2Y Ay -y AX+AX2-AXAy+Ay2=(2x-y) On+
+(2y-X) Ay+AxX2-AxAy+Ay?2

(2x-y) Ax H2y—X) Ay ifoda Ax va Ay larga nisbatan chizigli
bo‘lib dz HuHr guddepeHumansanp, a=Ax2-AxAy+Ay?2 kattalik
esa Ap = jJAx2+Ay ga nisbatan yuqori tartibli cheksiz
kichikdir. Shunday gilib, Az = dz+aA

2 — misol. u=In2(x2+ y2—z2 ) funksiyaning tola
differensialini toping.

» Awal xususiy hosilalami topamiz:

du

—=2 2+y2- z2) X ———
dx nx y 22) X2+y2—1z2

— =2In(x2+y2- z2) X —— 5-——- X 2V,
dy ( y Z X2+y2- 72 4

du 2 In(x2+ y2- z2 ! 2
2 "2 N2 Y2 2D Xo o e €2

(10.2) formulaga asosan quyidagiga ega bo‘lamiz.

du —41n(x2+y2—z2) x 22 ' X i7dx +ydy —zdz) <

Az * dz bo‘lgani uchun ko‘p hollarda to‘la differensial
funksiyaning giymatim taqgribiy hisoblashda qo‘llaniladi, yani
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f(xO+Axy+Ay)  f(xQyo)+dz(xQyQ
3 - misol (1,02)3(l ni tagribiy hisoblang.
» z=xy fimksiyani gqaraymiz. x0=1 va yo=3 da quyidagilarga
egabc‘lamiz.
z0=13=1; Ax=1,02-1=0,02, Ay = 3,01 - 3= 0,01
z=x1 funksiyaning ixtiyoriy nuqtadagi tola differensialini
topamiz.
dz = yx"1Ax+xunx Oy
Beriigan Ax=0,02 va ly = 0,01 orttirmalami etiborga olgan
holda buning M (1I;3) nugtadagi qiymatini hisoblaymiz.
dz =3-12-0,02+13bl-0,02=0,06
U holdaz=(1,02)3al. z0+dz=1+0,06=1,06 <

z - f(u,v)funksiya, bu yerda u=(p(Xx,y), v= <p(xy) X vay

o0 zgaruvchilarning murakkab funksiyasi deb ataladi. Murakkab

funksiyaning xususiy hosiialarini topish uchun quyidagi
formulalardan foydalaniladi:

dz _ dzdu dz dv

dx du dx dv dx’
dz _ dzdu dz dv

dy dudy dvdy"
u=cp(X), v=yj(X) bo‘lgan holda (10.3) formulaning ikkinchisi
aynan no‘lga aylanadi. Birinchisi esa quyidagi ko‘rinishga ega
bo‘ladi.

dz dzdu dzdv
dxd dxdx dvdx
Oxirgi formuladagi 2 ifoda funksiyaning to‘la hosilasi deb
ataladi (d—Z xususiy hosiladan fargli ravishda.)
4 - misol. z =sin(uv) funksiyaning xususiy hosiialarini
toping, bu yerda u=2x+3y, v=x+y.
» Quyidagiga egabo‘lamiz:
= vcos(uv) 2 +ncos(u X y) s —cos (2x3/+3xy2
(4xy+3y2
—~ v cos(uv) m8 +u cos(u X V) & = cos (2x3/+3xy?
y
6xy+2x3 N
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5-misol. U=x+uz+ z3 funksiyaning to‘3hosilasini topmg,
bu yerday=sinx; z=cosx
» Quyidagiga egabolamiz:
dz du du (tv , du dz ,, , . .
ix = (TX_ a—yX _d:(_l_CTZX ;‘(:/ +2y(1:9<q—32 (SlnX):
= 1+ 2sin x cos X —3 cosXsin x 4
Agar Ffx,y) = 0 tenglama oshkormas ravishda ikki
o‘zgaruvchili z(x,y) funksiyani ifodalasa va Fz(x,y,z") ® 0bo‘lsa,
u holda quyidagi formulalar o‘rinlidir:
dz _ Fx(xy,z) dz _ Fyu(X,y,z) (107)
dx F7{x,y,z)' du Fz(x,y.z) 5
6-misol. Oshkormas ravishda berilgan x3+y3-e4~5=0
tenglamadan y funksiyaning hosilasini toping.
» (10.6) formulaga asosan, quyidagiga ega bo‘iamiz.

du  3x2-exyxy ‘4
dx 3y2- e xyxx
7 -misol. Oshkormas ko‘rinishda berilgan xyz+x3+3-zZ3+5=0

tenglamadan z funksiyaning xususiy hosilalarini toping.
» (10.7) formuladan foydalanib, quyidagiga ega bo'iamiz:

dz _ yz+3x2 dz __ Xz—3y2 ~
dx Xy—3x2 dy Xy—3x2
10.2-AT

1. Quyidagi funksiyalaming to‘la differensialini toping.

a) z-x3Hy2H;  b) z-ex3; v) U-sin2AxyZ3

2. Funksiyalaming mos orttirmalarini ulaming to‘la
differensiallari bilan almashtirib, berilgan ifodani tagribiy
hisoblang:

a) (1,02)3-(0,97)3 b) V(4,05)2+ (2,93)2 (Javob: a)0,97;
b)4,998.)

3. Agar u=x siny, v=ycosx bo‘lsa, z=Vw2 + v 2 funksiyaning
xususiy hosilalarini toping.

4. Agar u=xy, v=x/u, t=ex>bo’‘lsa, w = In (U3H/313
funksiyaning xususiy hosilalarini toping.

5. Agary=sin-fx bo‘lsa, z= tgAx2-y3 funksiyaning hosilasini
toping.
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6. sinxy—x: 2=5 tenglama bilan oshkormas ravishda beriigan
u funksiyaning hosilasini toping.

7. Xyz-sin2xuz+x3+y3+z3=7 tenglama bilan oshkormas
ravishda beriigan z funksiyaning xususiy hosiialarini toping.

8.x2+y2+2z2—xyz = 2 tenglama bilan oshkormas holda
beriigan z funksiyaning xususiy hosilalarining M;(L1,1)
nuqgtadagi giymatlarini hisoblang.

Mustaqil ish

1. Quyidagilami toping:

a) u-z mctgfx/y) funksiyaning to‘la. differensialini;

b) sin&ky2+cos3x2=1 tenglama bilan  beriigan vy
funksiyaning hosilasini.

2. Quyidagilami toping:

a z ~ct92{x¥2—36+>@/) funksiyaning to‘la differensialini;

agary = e~x bo'lsa,

b) z = arctg”™Jx2 + yz funksiyaning hosilasini.

3.  Quyidagilami toping:

a) z = eax2(x2-Y2) funksiyaning to‘la differensialini:

b) Xx2y222+ 7y4—8xz3+ z4 = 10 tenglama bilan
beriigan z funksiyaning xususiy hosiialarini.

10.3. YUQORI TARTIBLI XUSUSIY HOSILALAR
1HINMA TEKISLIK VA SIRTNING NORMALI

Birinchi tartibli xususiy hosiladan olingan hosila ikkinchi
tartibli xususiy hosila deb ataladi.
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Uchinchi va undan yugori xususiy hosilalar aynan shu kabi
aniglanadi. » kg n kyozuv z funksiya x o‘zgaruvchi bo‘yicha k

marta, y o‘zgaruvchi bo‘yicha n-k marta differensiyallanganligini
bildiradi. f Xy{x, u) va fyX(x, y) xususiy hosilalar aralash xususiy
hosilalar deb ataladi.
Aralash xususiy hosilalar uzluksiz bo‘lgan barcha nugtalarda
ularning giymatlari tegg7bo‘ladi.
1 - misol. z = ex y funksiyaning ikkinchi tartibli xususiy
hosilalarini toping.
» Awal birinchi tartibli xususiy hosilalarini topamiz:
|£=e*V .2xy2yx = exX2 mx?2y.
Yana bir marta differensiallab quyidagiga ega bo‘lamiz:
£ £ _ exzy2,4x2y4 + ex2yz.2yr>

= e*2y2 mAx4y2 + e*2y2 m2x2,

ay?2

dz — ex2y2 .4x byb ex2yz . 4Xyi
dxdy
322_ QX'-y-.Axby 3 | ex —Zy 2 4xy
ouox

Oxirgi ikki ifodani solishtirib, % % ekannligini

ko‘ramiz, M
2. misol z = arctg ¥ funksiya>%* + %% = 0 Laplas
tenglamasini ganoatlantirishini isbotlang.
» Quyidagilarni topamiz:
dz y dz X
dx x2+y2'dy x2+y2
U holda dx2  ay2 -(x9+y/;)2 ) (n:lzt%)z =0<
z=f(x,y) funksiyaning ikkinchi tartibli to'la differensiali dZ
quyidagi formula bilan ifodalanadi.
d2z

d dzz’\d 2+ 2 dﬂZz d dy?2
= 7 + +
2z dx1 X axdy xay oyz y
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3 - miso! z=x3+y3+xz 2 funksiyaning ikkinchi tartibli toia
differensialini toping.
» Ikkinchi tartibli xususiy hosilalami topamiz.
o 3x2+ 2xy2)d9§ = 3y:‘ + 2t v;
;x2 —6a: + 2}/2: dyi = 6}/ + 2,c||:2;dxdy = 4x¥.
Shunday qilib,
d2z = (6x + 2y 2)dx + Sxydxdy + (6y + 2x2)dy2-4
Agar sirt z=f(x,y) tenglama bilan berilgan boisa, berilgan
sirtga Mo(xo,y0,z0) nuqgtada o ‘tkazilgan urinma tekislik tenglamasi
quyidagicha bo'ladi.
z-z0=1fx(x0lyQ)(x - x0) +/*(xo#yo)(y -y 0).(10.8)
Sirtga Mo(xo,yoj nugta orgali o‘tkazilgan nomialning kanonik
tenglamasi esa quyidagicha bo ‘ladi.
AN = = 224 qOm
Tx&oYa) fy 00.Y0) -1
Sillig sirt tenglamasi oshkormas holda F(xy, z)=0 va
F(xQyQzQ-0 ko‘rinishda berilgan bo‘lsa, u holda MQ(xo,yo,)
nugtadagi urinma tekislik tenglamasi quyidagi ko‘rinishda
bo‘ladi.
Px(x0,y0,z0)(x - x0) - Fy (x0,Y0.70)0 - Yo0) +

R (x0,y0,z0)(z - z0) = 0, (10.10)
normalning tenglamasi esa:
Xx-x0 = yMo = szp.. N (10.11)

Fy(Xa,yaJ 0) Fy (*0.Yo0”0) Fz (x0,y,,,70)
4-misol. x3+ y3+z3+xyz-6=0 sirtga M(1,2,-1) nuqtadagi
xususiy hosilalaming giymatlarini hisoblaymiz:
» K(x0ly0:Z20) = (3x2+yz) M= 1,
F (x0,y0,z0) = (8y2+xz) \Mb = 11,
FZ (x0y0,zQ = (3z2+ yx) M= 5.
Bulami (10.10) va (10.11) tenglamalarga qosyib, mos
ravishda urinma tekislik tenglamasi
(x-D+1(y-2)+5(z - 1)=0

va normalning kanonik tenglamasini topamiz:
x— _ y—=_ z+1 "

1 ~ 11 ~ 5
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10.3 - AT
1. Quyida ko‘rsatilgan funksiyalaming ikkinchi tartibli
xususiy hosiialarini toping va ulaming aralash hosiialarini
tengligini tekshiring.

a)z=ivA T p7;
b) 2 = In(x + ,/x2+y2);
V) z = ex(siny + cosx);
N, _ Ko Xty
g)z = arctg—"~ .

. L g4, dZ
2. z = e*(xcosy —ysiny) funksiyaning et = 0
tenglamani ganoatlantirishini isbotlang.
3. z = ecos(x+3y) funksiyaning 9 x tenglamani

ganoatlantirishini isbotlang.

4. Xy z2+2y2+3v z +4 = 0 sirtga M</0,2,-2) nugtada
o0‘tkazilgan urinma tekislik tenglamasi va normal tenglamasini
toping.

5, z=jx2 :¥2 & éa MK3,1,4) nugtada o ‘tkazilgan
urinma tekislik va normal tenglamasini toping.

{Javob: 3x-y-z=4, N

6. x2+2y2+ z 2=1 ellipsoid uchun x-y+2 z = 0 tekislikka
parallel urinma tekislik tenglamasini yozing.

Mustaqil isb

1. 1 z=In(x2+y) funksiyaning ikkinchi tartibli
hosiialarini toping.

2. X2+2y~+ 3z 2=6 sirtga Md1,-1,1) nuqgtada o'tkazilgan
urinma tekislik va normalning tenglamasini yozing.

2. 1.z = exy funksiyaning ikkinchi tanibli hosiialarini
toping.

2.z = 1+ x2+}2sirtga Md1,1.zq) nugtada o ‘tkazilgan urinma
tekislik va normalining tenglamasini yozing.

3. Lz=(x+y)/(x-y) funksiyaning ikkinchi tartibli xususiy
hosiialarini toping.
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2. X2Z-xyz+y2-x-3=0 sirtga M0(-2,3,z20 nuqtada o ‘tkazi'gan
urinma Eekislik va normalining tenglamasini yozing.

10.4. IKKI G‘ZGARUVCHILI FUNKSIYANING
EKSTRF.VUJMI

Agar Mo(xo,yo.) nugtadan fargli va uning yyetarlicha kichik

atrofiga tegishli barcha M(x,y) nuqgtalar uchun
f(xG.yoM(x,y) (f(xoyo)<f(xy))

tengsizlik o‘rinli  bo‘lsa, MOXxoyod nugta z= f(X,yj
funksiyaning iokal ~maksimumi  (minimumi) deb ataladi.
Funksiyaning maksimum yoki minimumi uning ekstremumi
deyiladi. Funksiya ekstremumga erishadigan nuqta, funksiyaning
ekstremum nugqtasi deb ataladi.

1 —teorema. (Ekstremum zaruny sharti).

Agar Mo(xo,yo,) nugta f(x,y) funksiyaning ekstremum nuqtasi
bo‘lsa u holda /*(x0Y0) = /y(*o,Y0) = 0 bo‘ladi yoki bu
hosilalardan birontasi mavjud bo‘Imaydi.

Shu shart bajariladigan nuqtalar statsionar yoki kritik
nugtalar deb ataladi. Ekstremum nugtasi har doim statsionar
nugta bo‘ladi, ammo statsionar nuqta ekstremum nuqtasi
bo‘lmasligi ham mumkin. Statsionar nuqgta ekstremum nugqtasi
bo‘lishi uchun, ekstremum mavjudligining yyetarli sharti
bajarilishi kerak. Ikki o‘zgaruvchili funksiya ekstremumining
mavjudligining yyetarli shartini tariflash uchun quyidagicha
belgilashlar kiritamiz:

Abxvva3p) B X (*0¥)/C fyy y0,A AxC B.

2- teorema. (Ekstremum yyetarli sharti).

Aytaylik z—¥x,y) funksiya Mo(xo,yo,) statsionar nugtani o'z
ichiga olgan biror sohada uchinchi tartibli uzluksiz xususiy
hosilaiarga ega bo ‘Isin. U holda:

) agar J1> 0 bo‘lsa u holda Mo(xo,yo,) nugta berilgan
funksiya uchun ekstremum nugtasi bo 1adi, bunda M0Onugta

A < 0(C < 0) bo'lganda maksimum nugtasi va A > 0(C >
0) bo ‘lganda minimum nugtasi bo 1adi;
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2) agar A< 0 bo ‘Isa, n holda Ma(x,),Yo,) nugtada ekstremum
yo 'g;

3) agar A= 0 bolsa, n holda ekstremum bo dishi ham,
bo ‘imasligi ham mumkin.

Ko‘rinib turibdiki, uchinchi holda qo‘shimcha tekshirish talab
etiladi.

1- misoL z= x3+y33¢>funksiyani ekstremumga tekshiring.

» Qaralayotgan misolda ’%Zva — doimo mavjud bo‘ladi,

shuning uchun statsionar (kritik) nugtalami topish uchun quyidagi
tenglamalar sistemasiga ega bo‘lamiz (1- teoremaga garang):

dz
— = 3x2- 3y =0,
0X
dz
— = 3v2- 3x = 0.
dy

Tenglamalar sistemasini yechamiz:

x2—y =0

\y2- x = 0bundan xi= 0»2 -1,yi= 0, M 1.

Shunday qilib, Mj(0,0) va . M2(l,1) ikkita statsionar
nugtalarga ega bo‘lamiz.

Quyidagilami topamiz:

d2z d2z d2z
A=d~”™"6xB=d"y = _3'C=dyl= 6y

U holda =AC-B2=36xy-9.

M}(0,0) nugtada =-9, yani bu nuqtada ekstremum yo‘qg.
M2(1,1) nugtada =27 OvaA = 6> 0, bundan kelib chigadiki,
bu nugtada beriigan yunksiya lokal minimumga erishadi: zmin =
1<

z=f(x,y)  funksiyaning (p(x,y) = 0 shartda topilgan
ekstremumi shartli ekstremum deb ataladi. 9p(x,y) = 0 tenglama
bog‘lanish tenglamasi deb ataladi.

Shartli ekstremumni topishning geometrik masalasi z=f(x,y)
sircning (p{x,y) = 0 silindr bilan kesishgandagi egri chizigning
ekstremal nugtalarini topishga keltiriladi.
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Agar <p(x,y) = Obog’lanish tenglamasidan y yfx) ni topib
z=f(x,y) funksiyaga qo‘ysak, u hoida shartli ekstremurnm topish
masalasi bir o‘zgaruvchili z=f(x,y(x)} funksiyaning ekstremumini
topishga keltiriiadi.

2 - rnisol. z=x2y2 iunksiyaning vy 2x-6  shartni
ganoatlantiruvchi ekstremumini toping.

>y 2x-6 ifodani berilgan funksiyaga qo'yib Dbir
o0‘zgaruvchili funksiyaga ega bolamiz:

z=x2-(2x-6)2 z=-3x2+24x-36.

Quyidagini topamiz z' =-6x+24; bundan x=4. Shunday qiiib

z" ~6 0 u holda berilgan funksiya Mi(4,2) nugtada shartli

maksimumga erishadi: zmax~12. A

Differensiallanuvchi funksiya, ehegaralangan yopiq D sohada
0°‘zining eng katta (eng kichik) giymatiga yoki D sohaning icliida
yotuvchi statsionar nuqtada yoki shu sohaning chegarasida
erishadi.

Funksiyaning yopig D sohadagi eng katta va eng kichik
giymatlarini topish uchun, uning berilgan sohaning ichida va
chegarasida yotuvchi barcha kritik nuqtalami topish zarur,
funksiyaning shu nugtalardagi va shuningdek, chegaralaming
golgan barcha nugtalaridagi giymatlari hisoblanadi, so‘ngra
solishtirish yo‘li bilan hosil gilingan sonlardagi eng katta va eng
kichiklari tanlanadi.

3 - misol. z=x2+y2-xy+x+y funksiyaning x=0, y—0, x+y=-3
chiziglar bilan ehegaralangan sohadagi eng katta va eng kichik
giymatlarini toping.

» Quyidagi tenglamalar sistemasidan M) statsionar nugtani
topamiz:

dz

— = 2X - + 1=
ox XY Q
dz

—2y —x + 1=0.
dy

Bundan x—7, u~1. zl=z(-1,-1)=1 bo‘lgan M 1 ) nuqtani
hosil gilamiz.
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Berilgan funksiyani chegaralarida tekshiramiz.

x=0 bo‘igan OB to‘g‘ri chiziqda v
z=y2+y ga ega bo‘lamiz va masaia
bir o'lchovli funksiyaning [—3,0]

oraligdagi eng katta va eng Kkichik ;o oM
giymatlanni topishga keltmladi. LM
Quyidagilarni topamiz: hm V.

1,
zy=2y+ 1 =0,x= —zyy =2
z2=17(0; —) = —i bo‘ladigan
M20,--r) shartli lokal minimum nuglani hosil gilamiz. OV
kesmaning chekka nugtalarida z3 = z(0; —3) = 6,24 = z(0; 0) =

0 bo‘ladi.
Xuddi shu kabi v=0 bo‘iadigan OA kesmada quyidagilarga

ega bo‘lamiz; z=x2+x, zx=2x+1, x=-1/2, zxx - 2, yani M?(-~,0/
- lokal minimum nuqta bo‘lib. bu nuqgtada z5=(-~,0)=  bo‘ladi.
A nuqtada z6=z(-3;0)=6 bo‘ladi. x+u=3 to‘g‘ri chiziqdagi AB
kesmada y=-x-3 ifodani z funksiyaga go‘yib, quyidagilarni hosil
gilamiz.

z=3X2+9x+6, zx=6x+9=0, x=-3/2.

Bundan, z4 = ~ bo‘ladigan M4(- \".~\)
nugtani topamiz. AB kesmaning chetki nugtalaridagi funksiyaning
giymatlari topilgan. z funksiyaning barcha topilgan giymatlarini
solishtirib, quyidagi xulosaga kelamiz, A(-3,0) va B(0,-3)
nugtalarda o‘zining eng katta givmatiga erishadi zmax = 6. M}(-
1,-1) statsionar nugtada esa zmin =-1 bo‘iadi. A

4 - misol. To‘g‘ri burchakli parallelepipedning to‘la sirtinin
yuzi S ga teng. Eng katta hajmga ega bo‘ladigan o‘lchamlarini
toping.

> To‘g‘ri burchakli parallelepipedning hajmi V=xXy x z ¢
teng, bu yerda x,y,z —parallelepipedning o‘lchamiari, uning to‘la
sirtining yuzi esa S=2(xy+xz+vz) ga teng.

S—2xy_, v Sxxx.y-Z‘nyZ: fo,y)
2(x+y) 2(x+y', v
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V = V(x,y) funksiyaning ekstremumini topamiz:
dv  y2(S —2x2—4xy) _

dx 2(x +y)2
dv.  x2(S —2y2—4xj") ~
du 2(X +y)2 -

x > 0,y > 0 bo‘lgani uchun oxirgi sistemadan x=y=

ekanligi  kelib chigadi. V=V(xy) funksiyaning maksimumi
boiadigan yagona M('SIFS 'Z) nugtaga ega bo‘ldik. (yani masala
yechimga ega!), shuning uchun maksimum mavjudligining
yyetarli shartini tekshirishning hojati yo“q.
Quyidagini topamiz:
S-f r

Shunday qilib, girrasi \t—jga teng bo‘lgan kub eng Kkatta

hajmga ega bo‘lar ekan. M

10.4-AT.

1. Quyida beriigan funksiyalami lokal ekstremumga
tekshiring:

a) z=Xx3t3xy2-15x-12y;

b) z=x2+xy+y22x-y;

C) z=3xy-x2y2 10x+5y;

(Javob: a) zmin = z(24) = -28;zmax =z (-2,-1) = 28;

b) zmin = z(1;0) = —; s) ekstremum nugqtalari yo:q.)

2. z=x+2y funksiyaning x2+v2=5 shartni ganoatlantiruvchi
ekstremumlami toping. (Javob: x=~1, y=-2 bo‘lganda zmin —25;
x=J, y=2 bo‘lganda zmax —5).

3. z—x2y2+4xy-6x+5 funksiyaning, x=0, y=0, x+y=3
to‘g‘ri chiziglar bilan chegaralangan sohadagi eng katta va eng
kichik giymatlarini toping. (Javob:

zekichile Z"3,0) 9, Ze.katta  ~(0>0)
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4.  z=-x y (4-x-y) funksiyaning, x=0, y—Q Xx+y=6 to‘g’ri
chiziglar bilan ehegaralangan sohadagi eng katta va eng kichik
giymatlarini toping. {Javob:

ne kichik ~ 2(4,2) = —64,zekatta = 2(2,1) =4,

5. Hajmi V ga teng to‘g‘ri burchakli parallelepipedning.
sirti eng kichik yuzaga ega bo‘ladigan o ‘Ichamlarini toping.

(Javob: girrasi W ga tengbo‘lgan kub.)

Mustagil ish
1. z=x3+y33x+2y funksiyani ekstremumga tekshiring.
(Javob. zmin  z(1, 1) 3)
2. Z=X]Jy-x2y+6x+3 funksiyani ekstremumga tekshiring.
(Javob. Zmax z(4,4) IB))
3. z=3x2x3+3y2+4y funksiyani ekstremumga tekshiring.

(Javob-. zmin = z(0,-2/3) = - J)

10.5.10 - BOBGA DOIR INDIVIDUAL UY
TOPSHIRIQLARI
1. Ko‘rsatilgan funksiyalaming aniglanish sohasini toping.

1.1. z=3xy/(2x-5y) 1.2. z =arcsin(x-y)
13. z =ply2—x2 14. z = In(4-x2y)

15. 7 =2/(6-x2y) 16. z=jx2+y2—5
1.7. z =arcos(x+y) 1.8. z =3x+y/(2-x+y)
19 z=4~r~- 1.10. z =In(x2+y2-3)
1.11. 7 =42x2—y 2 1.12. z =4xyl(x-3y+l)
1.13. z —Jxy /(x2+y) 1.14. z =arcsin(xly)
1.15. z = In(y2x") 1.16. z =x3/(3+x-y)
1.17. z =arcos(x+2y) 1.18. z =arcsin(2x-y)
1.19. z = In(9-x2y2 1.20. z =t/3 —x2—y 2
1.21.z=1/Jx2+y2-5 1.22. 7 =4x+yl(2x-5y)
1.23. 7 =V3x —2/ (x2+y2+4) 1.24. z =5/(4- xf-y)
1.25. 7z = In(2x-y) 1.26. z —Ixyl(x-4y)
1.27. 7 =91 X —y 1.28. z =eJ*2+y2-1
1.29. z=1/(x 2+y~6) 1.30. z =4xy/(xr my2
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2. Quyidagi funksiyalaming xususiy hosiialarini va xususiy
differensiallarini toping.

2.1. z = In(u"-e-x) 2.2. z =arcsinfxy
2.3. z =arctg (x2+\?) 2.4. 7 =cos(xi~2xy)
2.5. z=sin”jy/x3 2.6. 7 =tg(x3+y)
2.7. z=ctg”xy3 2.8. 7 =e~xr+¥2
2.9. z = In(3xAy) 2.10. z =arcos(y/x)
2.11. z =arcctg(xy2) 2.12. z =cos yIx2+ y?2
2.13. z =sin -Jx —y 3 2.14. 7 =tg(x3/9
2.15. z =ctg(3x-2x) 2.16. z =e2xl~y5
2.17. z =In (ninry —1) 2.18. z =arcsin(2xy)
2.19. z =arctg (x2A/) 2.20. Z =cos (x —J{xy3)
221. 2 =Si71§-((:_'-5 222 7 _gggz(_:z'y_z

2.24. 7 =e-"xUY2
2-23-
2.25. z =In(3x2-y2 2.26. z -arccos (x-y")
2.27. 7 =arcctg— 2.28. z =cos x yI

2.29. 7 =sin |-¥— 2.30. z

yIx+y
3.f(x,v,z) beriigan funksiyaning Mo(xQyo,zo) nugtada fx (MOQ,
fy (Mo), fz (M0 xususiy hosilalarining giymatini verguldan
keyin ikki xonagacha aniglikda hisoblang.
3.1.f(x,y,z)=Z/-jx2 + y 2. Mo (0,-1.1). (Javob: fx (0,-1,1)=0,
/U(0,-1,1)=1,/20,-1,1)=1))
3.2.f(x,y,z)=|ri(x+E), Mo (1,2,1). (Javob: fx (1,2,1)—0.5,
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fy (1>2,1)=0.25, 4. (1,2,1)=-0,5.)

3.3.f(x.y,z)=(sinxyz. Mo  1,2). (Javob: fx£ , 1,2)=0.87,
fy (f, 1,2)=-0,35, /I(t> 1.2)=-0,17.)

3.4.f(x,y,2)=In (x3+ 2y3—z3), Ala(2,1,0).

(Javob: fx (2,1,0)=1,2, fy (2,1,0)=0,6, fz (2,1,0)=0.)

3.5.f(x,y.z) =x/"Jy2 + z2. M((,1,0,1).

(Javob:fx (1,0,1)=1, fy (1,0,1)=0,/2(1,01)=-1.)

3.6.f(x,y,z)=In cos(x2 +y 2 + z). M0 (0,0,%).

(Javob: fx (0,0,5-0, fy (0,0,f)=0, fz (0.0])=-1)

3.7.f(x,y,2)=27\jx +y 2+ z3, Mn(3,4,2).

(Javob: fx (3,4,2)-1, fy (3,4,2)=8, fz (3,4,2>=12))
3.8.J(x,y,z) =arctg(xy2+z), M0 (2,1,0).

(Javob: fx (2,1,0)=0,2, fy (2,1,0)=0,8, /z (2,1,0)=0,2.)
3.9.1(x,y,z) =arcsin(x2/y- z), M0(2,5,0).

(Javob: /*(2,5,0H,33,’/y(2,5,0)=-0,27, /2(2,5,0)=-1,67 )
3.10.f(x,y,z)= vz sin(y/x), Mo (2.0,4).

(Javob: x(2,0,4)=0, /y(2,0,4)=1,/2(2,0,4)=0.)
3.11f(x,y.2)=y/N\jx2 + z 2, Mo (-1,1,0).

(Javob: fx(-1,1,0)=1, fy(-1,1,0)=1,/2(-1,1,0)=0.)
3.12.f(x,y,z)=arctg (xz/yd, M0 (2,1,1).

(Javob: /x(2,1,1)=0,2, /y(2,1,)=-0,8, /Z2,1,1)=0A)
3.13.1(x,y,z)=In sin (x-2y+z/4). Mo (1,1/2,n).

(Javob: /n(1,1/2,7r)=1, [y(1,1/2,7r>=-2, / 2(1,1/2,71)=0,25.)
3.14.f[xy,2)~ - -1 N/, r/.Nn2n

(Javob; /;(1,1,2h 1,5 ,/y(l,1,2H ,/*(1,1,2)=1,25.)
3.75.f(x,y,2)=lly/x2 + y2—z2, M9(1,2,2).
(Javob: /z(1,2,2)=-1, ly(1,21--2, /z(1,2,2)=2.)

3.16.1(x,y,z)= In(x+y2d- yjx2z 2, Mq (5,2,3).
(Javob: /x(5,2,3)=-1,14, /y(5,2,3)=0,44, fz(5,2,3)=0,75.)
3.17.f(x,y.z)= \Jzxy, Mt1(1,2,4).
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@avob: £ (12474, y{\2 n)-<), £(1,2,4)=0,25).

3.18. f(x,y,z)=zlyjx2 -f y 2, Mo (y/2, n/2, n/2).

(Javob: / XX nf2,V2>0,25, fy(v% n/2,V2>0,25, fz(y[2,
VZV2")=-0,5,

3.19.f(x,y,z) —In (x3 + ljy-z), Mg (2,1,8).

(Javob: £ (2,1,8)=12, £ (2,1,8)=0,33, £ (2,1,8)=-1.)

3.20.f(x,y,2)=z/(x4 + y 3, M0(2,3,25).

(Javob: /*(2,3,25)=-1,28, £(2,3,25)=-0,24, /Z (2,3,25)=0,04.)

5.2/./(3cy,z;=<Mx3+y2+z, Mo (3,2,1).

(Javob:fx(3,2,1)=2,7,1y(3,2,1)=0,4, /2(3,2,1)=0,1.)

3.22. Ax,y,nN=n(¥x + \fy —z), Mod,1,1).

(Javob: £(1,1,1)=0,2, £(!,1,1)=0,25, £(1,1,1)=-1))

3.23. f(x;y,z)=-2x \fy 2~+z2, M0 (3,0,1).

(Javob: £ (3,0,)=-2, £(3,0,1)=0, /2(3,0,1)=6.)

3.24 f(x,y,z)=ze<x2+y2*2, M0(0,0,1).

(Javob: £ (0,0,1)=0, fy(0,0,1)=0, £(0,0,1)=1.)

3.25.f(x,y,z)~"™, MO(f,f,6V3>.

(Javob: £ (f  ,v%)=0,5, /y(8*|,v3)=-0,S, £(8,f,V3)=-
0,17.)

3.26.f(x,y,z)= Az In(\fx + M), Mo (4,1,4).

(Javob: £(4,1,4)=0,17, £(4,1,4)=0,33, /2(4,1,4)=0,27.)

5.27.1(x,y,z)=xz/(x-y), Mo(3,1,1).

(Javob: fx(3,1,1)7-0,25, /y(3,1,1)=0,75, £(3,1,1)=1,5.)

5.25.1(x,y,z) =-yjx2 + y 2—2xy cos z, M0(3,4, ~).

(Javob: £(3,4, f)=0,6, /y(3,4, 8)=0,8, £(3,4, 1)=2,4.)

5.29.1(x,y,z) =-ze~xy,M0(0,1,1).

(Javob: £(0,1,1)=-1, £(0,i,1)=0, £(0,1,1)=1.)

5.56. f(x,y,z) —arcsin(x"jy-yz3, M0(0,4,1).

(Javob: £(0,4,1)=2, £(0,4,1)=-!, £(0,4,1)=-8.)
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4. Ko‘rsatilgan funksiyaSarning to‘la differensialini toping.

4.1. 7 =2x3-4xy} 42. 7z =x¥ sinx- 3y
4.3. z Marctgx+ijy 4.4, z =arcsin (xy)-3xy2
4.5. 7 =5xy4+2x 7 4.6. z =cos(x2—y 2)+x3
4.7. 7 =In(3x2—2y 2 4.8. 7 =5xy2-3x3y4
4.9. z =arcsin(x+y) 4.10. z =arctg (2x-yj
4.11. z =7x3-hey 412, 7 =NIx2 + y 2 —2xy
4.13. 7 =ex+Y-4 4.14. z =cos(3x+y)-x?
4.15. z =tg((x+y)/(X-y)) 4.16. z =ctg(y/x).
4.17. 7 =xy&3x3 +1 4.18. z =In(x+xy-y2
4.19. 7 =2x3 2+x3y3 4.20. 7 ="3Xx2—2y2+ 5
4.21. z =--arcsin((x+y)/x) 4.22. z =arcctg (x-y)
4.23. 7 ="3x2—y 2+ X 4.24. 7 =y2-3xy-x4
4.25. z =arcos (x+y) 4.26. z =In(y2x2+3)
4.27. 7=2-x3y3+5x 4.28. 7 =Tx- x3 2+y4
4.29. z=ey-X 4.30. z=arctg (2x~y)

5. u—t(x,y), bu yerda x=x(t), y=y(t) murakkab

funksiyaning t=tOnugtadagi hosilasining giymatini verguldan
keyin 2 xonagacha aniglikda hisoblang.

5.1. u=en-2y, x=sint, y=t3 t(=0. (Javob: 1.)

5.2. n =In(ex+e~y), x=12 y=t, to=-I. (Javob: -2,5.)

5.3. n =yx x=In (t-1), y=e72, to=2. (Javob: 1.)

5.4. n =ey-2x+2, x-sin t, y=cos t, (Javob:-1.)

5.5. n =x2ey, x=cos t. y=sin t, t0-n. (Javob: -1.)
5.6. n =In(et+ey), x-t2 y=t3 to—1. (Javob-2,5.)
5.7. n =xy, x=e, y=In t, t<y=1. (Javob: 1.)

5.8. n =ey-2x, x=sin t,y=t\ tg=0. (Javob:-2.)
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5.9.

5.10.
5.11.
5.12.
5.13.

5.14.
5.15.

5.16.

5.17.
5.18.

5.19

5.20.
5.21.

5.22

5.23.

5.24
5.25
5.26
5.27
5.28

5.29.
5.30.

6.

n =xze y, X=sin t, y=sin2, ?20=A (Javaob. Q)
n =In(e~x+ey), x=t, y~t3 t0=-L (Javob:2,5.)
n-ey-2x-1, x=cas t, v=sin t, to=~ (Javob: 2.)
n —arcsin @y), x=sin t, y=cos t, t0= n. (Javob: 1.)
n —arccos (2x/y), x=sin t. y=cos t, t&= T (Javob: -2.)
n =x2/(y+1), x=1-=2t, y=arctg t, to=0. (Javob: -5.)
n —xly, x=e ,y=2-e2, to=0. (Javob: 3.)
n=In(exted), x-~,y=V, t0=1. (Javob: -2.)
" +y2+ 3 x=Inty=i, t0-1- (Javob: 1,25)
n —arcsin x?/y, x=sin t, y—os t, to=n. (Javob: 0.)
. n=yax, x=1-2t, y~I+arctg t, to=0. (Javob: 4.)
o,y X=sin t.y=cos t, to= (Javob: -4.)

n-yfx? +y + 3, x=In t,y—t2 to=Im(Javob: 0,5.)
. W =arcsin m Xx=sin t,y=cos t, to~ 4, (Javob: 0,5.)

n ~ x=sin 2t, y=tg 2, t<r ™~ (Javob: -8.)

. m=nx~+y + 3, x=In ty=(2 t0-1- (Javob: 0,75.)

. n-yIx, x=el,y=1-e2t, t0=0. (Javob: -2.)

. m=arcsin 2x/y, x-sin t, y=cos t, t0= 4. (Javob: 2.)

. n=In(ex+e), x=f, y=2?, t0=1. (Javob: 4.)

. n-arcig (x+y), x-t2+2, y=4-f, to=Il. (Javob: 0.)

n=yjx2+y2+ 3, x=Int y=I13 io=Il. (Javob: 1,5.)

n-arctg (xy), x=t+3, y=d, t0=0. (Javob: 0,4.)
Oshkormas funksiya ko‘rinishida beriigan

z(x,y)

funksiyaning xususiy hosilalarining M5 (x0,y0,z0) nuqgtadagi

giymatlarini verguldan keyin ikki xonagacha aniqlikda hisoblang.
6.1. x3+y3+z3-3xyz=4, MO(2,1,1).
(Javob: Z2g(2,1,)=3, zu(2,I,1)=-1.)
6.2. X2+-/ +z2-xy=2, Mo(-1,0,1).
(Javob: zx(-1,0,1)=-1, zu(-1,0,1)=0,5.)

6.3.

3x-2y+z=xz+5, Mo(2,1,-1).

(Javob: zx(2,1,-1)=4, zu(2,1,-1)=-2.)
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6.4. ez+x+2y+z=4, Mg(1,1,0).

(Javob: zx(l,1,0)=-0,5, zu (1,1,0)=-J.)

6.5. x2+y2+z2 7 -4=0, M((1,1,-1).

(Javob: zx(l, 1,-1)=0,67, Zu (1,1,-1)=0,67.)

6.6. z3+3xyz +3y=7, M((l, 1,1).

(Javob: zx(I,1,H--0,5, zu (1,1,1)=-0,5.)

8. 7. COS X+COSy+C0S z:?’ M6(:-',:3n —TE

(Javob: zX(= 2 T=-1, 2 (¢ 2 =)

6.8. ez~1-1=cos x cosy+1, mq(o, ~,1-

(Javob: zx(0, *,1)=0, zy (0, ~,1)=-1.)

6.9. x2+y2+22-6x=0, M((1,2,1).

(Javob: zx(1,2,1)=2, zy (1,2,1)=-2.)

6.10. xy=z21. M0O(0,1,-1).

(Javob: zZx(0,1,-1)=-0,5, zy (0,1,-1)=0.)

6.11. x2+2y2+3z2-yz+y=2, Mo(l,1,1).

(Javob: 7x(1,1,1)--0,4, zy (1,1,1)=0,8.)

6.12. x2+y2+22+2xz=5, M0o(0,2,I).

(Javob: zx(0,2,1)~1, zy (0,2,I)ff-2.)

6.13. X COSy +y coS z+z cos X=~, Mo(0, 1t

(Javob: zx(0, n)=0, zy(0, ™ n)=L)

6.14. 3x?y2+2xyz2~2x3+4yZ =4, MQ(2,1,2).

(Javob: 7x{2,1,2)—, zy (2,1,2)=-16.)

6.15. x2~2y2+z2~4x+2z+2 =0, Mq(1, 1,1).

(Javob: zx(1,1,1)~0,5, zy (1,1,1)=1.)

6.16. x+y+z+2= xyz, Mq2,-1 ,-1).

(Javob: zx(2,-1 ,-1)=0, zy (2,-1 ,-1)=-1))

6.17. x2+y2+z2~2xz=2, Mo(0,J,-1).

(Javob: zx(0,1,-1)=1, zy (0,1,-1)=1.)

6.18. ezxyz-x+1=0, Mo(2,1,0).

(Javob: zx(2,1,0)=-1, zy (2,1,0))=0.)

6.19. x3+2y3+23-3xyz-2y-15=0, Mo(l,-1,2).

(Javob: zx(1,-1,2)=-0,6, zy (1,-1,2)=0,13.)
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x?+6. Demak, sohaning chegarasi x2-3y+6
chizigdan iborat parabola bo‘ladi.

6.20. X2 2xy-3y2+6x-2y +228z ' 20=0, Mo(0,-2,2).
(Javob: 7x(0,-2,2)=2,5, zy (0,-2,2) =2,5.)
6.21. x+y2+z2=y-z+3, Mq(l,2,0).

(Javob: zx(1,2,0)=-2, zy (1,2,0) =-3.)

6.22. X*+y2+72+2xy-yz-4x-3y-z=0, Mo(l.-1J).
(Javob: zx(I.-1,1)=2, zy (1,-1,1) =2.)

6.23. X2y2-22+62+2x-4y+12=0, MO(OJ,-I).
(Javob: zx(0,l,-1)=-0,25, zy (0,1,-1) =0,75.)
6.24. yjx2+ vy 2+z2 3z=3, M0(4,3,1).

(Javob: zx(4,3,1)=0,8, zy (4,3,1) =0,6.)
6.25. x2+2y2+322=59, M((3,1,4).

(Javob: zx(3,1,4)=-0,25, zy (3,1,4) =-0,17.)
6.26. x2+y2+22 2xy-2xz-2yz=17, Mo(-2,-1,2).
(Javob: zx(-2,-1,2)=0,6, zy (-2,-1,2) =0,2.)
6.27. x3+3xyz-23=27, M0(3,1,3).

(Javob: zx(3,1,3)=2, zy (3,1,3) =1,5.)

6.28. Inz=x+2y- z+In3, Mo(l,1,3).

(Javob: zx(1,1,3)=3/4, zu (1,1,3) =3/2.)
6.29. 2x2+2y2+22-8xz-2+6=0, MO(2,1,1). .
(Javob: zx(2,1,1)=0, zy (2,1,1)=0,27.)

6.30. z2=xy-z+x2 4, Mq(2,1,1).

(Javob: zx(2,1,1) 1,67, zy (2,1A) 0,67.)

Namunaviy variantning yechimi

1. z=In(x2~3y+6) funksiyaning aniglanish sohasini toping.

> Logorifinik  funksiya  argumentning

fagat

giymatlariga aniqlangan, shuning uchun x2~3y+6 0 yoki 3y
0 yoki x2=3y-6

musbat

Berilgan funksiyaning aniqlanish sohasi paraholaning tasnqi

nugtalaridan iborat bo‘ladi. (104 - rasm.)

2. z=e~vx Y2 funksiyaning xususiy hosilalari va xususiy

differensiallarini toping.
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> Bir cfzgaruvehili murakkab funksiyani differensiallash
formulalaridan foydalanib. awal xususiy hosilalami topamiz;

N N i ~ —_— m—1 --
dx T eV +Sy2$|3 $X2+ 5y2) ‘ZX) 3 3{x2+5y2)2
|f _ e-\fx2+5y2 _ i (X2+ 5y2)" ml0y) =
1

Y(x-+5y2)r

Endi xususiy differensiallarni topamiz:

dz 2x  3C2— 2
dxz —~ d X ~ — e VvX +5> m— - - rfr,
3 \j{x2+ Sy2)2
dyz ~~-dy - ~— e~W+sy‘s . 1 dv,
gf 9y y 3 y M(x +5y )

3. f(x,y,z)=yfxy cos z funksiyaning M0(1J, ~) nuqgtadagi fx

(Mo), /u (MO, fz (MO0), xususiy hosilalarining giymatiarini
verguldan keyin ikki xona aniglikda hisoblang.
» Beriigan funksiyaning xususiy hosiialarini topamiz,

so‘ngra ulaming MO(I,1, 4 nuqtadagi giymatiarini hisoblaymiz:

fXxix,y,z) = ~=cosz,fx = 0,25,
fy(x,y,z) ="~~cos z.fy (1,I,f) = 0,25,
/j(x,y,z) = -jxysinz, =-0,86 4

4. z=arctg  fimksiyaning tola differensialini toping.

» Beriigan funksiyaning xususiy hosiialarini topamiz:

Zz_ 1 11 Y 4y 1 ~NX
dx 1+M 2 jxy Xx+y 2/x Y 2(x+y)’

\Y
E
dz 1 1 (o x\_ y Wy ( x\_ -Jy
dy j+x fx Vyol sdg o V y»I"  ox+yy
Yy ny
(10.1) formulaga asosan, quyidagiga ega bo‘lamiz

_ E n
dz -2(2_'_;5- dX-Z;q_gy-
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5 z = arccos— bu yerda x=I+Int, y--2e 1+1, murakkab

funksiyaning t0=1 boMgandagi giymatini verguldan keyin ikki
xona aniglikda hisoblang.

» (10.4) formulaga asosan quyidagiga ega bo'lamiz:
dz dz dx dz dy 1 2x 1

dt dx dt dy dt A
1~~2

1 -

to-1 bo‘lganda, x=1, u=-2 bo‘ladi.

Bundan,
3

6. 4x3-3ys+2xy z -4x z = 3 tenglama bilan oshkormas
ravishda berilgan z(x,y) S
funksiyaning Xususiy ' é Ly,
hosilalarining MO(0,1,-1) ° . 8
nugtadagi giymatlanni verguldan 24 !y
keyin ikki xonagacha aniglikda jy'-'Y).l,.j\ '
hisoblang. i v A

> Shartga asosan 1 '
F(x,y,z) =5x3-3ys+2xyz-4xz-3, 9

Shuning uchun
Fx = 12x2 + 2yz —4z,
F=-9y2+ 2xz,
Fz = 2xy —4x + 2z
(10.7.) formulaga asosan,
dz Fx 12x2 + 2yz —4z
dx F 2xy —4x + 2z
dz__ B —9Oy2+ 2xz
dy K 2xy —4x + 2z
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— va — laming Mg(0, i,-1) nuqtadagi giymatlarini

hisoblaymiz:
dz(0,1,-1) . dz(0,1-1) T

10.2 Individual uy topshiriglari
L Berilgan S sirtga Mo(xo,y0,z0) nugtada o ‘tkazilgan nrmmze
tekislik va normal tenglamasini toping.

1.1. S: x2+y2+72+62-4x+8=0, M0 (2,1,-1).
1.2. S: x fz 2 4y2=-2xy, M0 (-2,1,2).

1.3. S: X?+y2+z22-x)r+3z=7, Mg (1,2,1).
1.4, S: x2+y2+72+6y+4x=8, Mg (-1,1,2).
1.5. S: 2x2y2+z2-4z+y~13, M0(2,1,-1).
1.6. S: x2+y2+22-6y+4z+4=0, Mo (2,1,-1).
1.7. S: x2+22~5yz+3y=46, M0(1,2,-3).
1.8. S: x2+y2-xz-yz=0, Mg (0,2,2).

1.9. S x2+y2+2yz-z2™y-22°2, M0(1,1,1).
1.10. S:y2z2+x2-2xz+2x=z, Mg (1,1,1).
1.11. S: z=x2+y2-2xy+2x-y, MO(-1,-1,-1).
1.12. S: z=y2-x2+2xy-3y, Mo (1,-1,1).
1.13. S: z=x22y22xy-x-2y, Mg (-1,1,1).
1.14. S: x2-y2+z2+xz-4y"™13, Mg (3,1,2).
1.15. 4y2-72+4xy-xz+3z=9, Mg (1,-2,1).

1.16. S: z=x2+y2~3xy-x+y+2, Mo (2,1,0).
1.17. S: 2x2-y2+2z2+xy+xz=3, M0 (1,2,1).
1.18. S: x2y2+z2~4x+2y=14, Mg (3,1,4).
1.19. S: x2+y2-z2+xz+4y=4, Mg (1,1,2).
1.20. S: x2-y2-z2+xz+4x=-5, Mg (-2,1,0).
1.21. S: x2+y2-xz+yz-3x=Il, Mo (1,4,-1).
1.22. S: x2+2y2+z2~4xz=8, Mg (0,2,0).
1.23. S: x2-y2-2z22y=0, MQ(-1,-1,1).

1.24. S: X2+y2-372+xy=-2z, Mo(l,0,1).
1.25. S: 2x2-y2+z26x+2y+6=0, MQ(I,-1,1).
1.26. S: xX2+y2-z2+6xy-z =8, Mo(l,1,0).
1.27. S: z=2x2-3y2+4x-2y+10, M0 (-1,1,3).
1.28. S: z=x2+y2~4xy+3x-15, M0 (-1,3,4).
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1.29. S: z=x2+2/ t 4xy-5y-10. M0 (-7.1.8).

1.30. S. z=2x~~3y2+xy+3x+1, Mo (1,-1,2).

2. Ko‘rsatilgan fimksiyalaming 2-tartibli xususiy hosilalarini
toping. 7xu == ZUx ekanligiga ishonch hosil giling.

2.1.z=ex -y . 2.2. ctg(x4y).
2.3. z =tg(xty). 2.4. z =cos(xy2).
2.5. Z =sin(x*-y). 2.6. z =arctg(x+y).
2.7. z =arcsin(x~y). 2.8.z =arccos(2x+y).
2.9. z =arctg(x-3y). 2.10. z =In(ix2 —2y 2).
2.11. 7 =e2x2*Y2. 2.12. 7 ~cty(y/x).
2.13. z ~tgyjxy. 2.14. z =cos(x3~5).
2.15. 7 —sitiyjx2y. 2.16. z ~arcsin(x-2y).
2.17. z =arccos(4x-y). 2.18. z =arctg(5x+2y).
2.19. z =arctg(2x-y). 2.20. z =In(4x2 —5y 3.
221.z=¢e " . 2.22. z =arcsin(4x+y).
2.23. z =arccos(x-5y). 2.24. 7 =sinyjxy.
2.25, z =cos(3x2-y3. 2,26. z =arctg(3x+2y).
2.27. z =In(bx2 —3y 4). 2.28. z =arctg(x-4y).
2.29. z - In(3xy —4). 2.30. z =tg(xy3.

3. Berilgan u funksiyaning ko'rsatilgan tenglamani
ganoatlantirishini tekshiring.

ol d2u _ .
3L Xg, * nym4ay2§>lg— o,u=i,

3.2. xé;(+y§;: 3(x2- y 3, u-In)z+(x§- y3

3.3. |d~XE + ’c’iyZ’M —In (X?+(y+1)2-
34 rci(;y:(ﬂy Inx) 3—)(,uy—_-ﬁ

u du _ Xy,
35%+¥E— 2U «_x_y

2d 2, _
3.6. x %—fgiy 72=0. u~edy.
3.7. aza?; = 2?; M--Si-hZ(X-ay).
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20 2d2u 2d2u n fy
3N1x 7?-Y

3-9-,qpi (?LyZ d22 -y'x2+y2+zz

3.10. M u=e-cos{x+2y)
0Xx ay2

W Tx+ TyrMZ=0" u=(x-y)&-z)(z-x).

N

% 7t2n x m—'ciny
y(j = u, msj i

3.14. x2— —xy-j~+y2=0, u=~"arcsin(xy).

335-x2ff ~ 2xyL-Y+y2@ +2xy’ u=0" u=eXy-
d2u X+y
j. /0 = (@ u= arcte-—;-y—.

[-17-"'" + ~® = 0. "=*> (M +Y +2x+/>.
A7*x"+yJI +u=20,u= ZZLgfz
RN 4 24N bl U=ty + 7>
3K XTI, +Y] =243 ="2+y)>4

A= 0, u=e~(x+3ynsin(x + 3y).

3.23,8 47, 2 0, Mejten.
P du
3.24. xA—X+ y——O u= arcté/p

__du 32u du d2u .o V.
*25 to “ b U= In(x+e >

, du _
S7b. X3 ¥ yd—y— n u= arcsm)—(—;y
1 du, 1 du_ u

7. X gx y dy 72’” (x2+y2)5
3_fo du o du x+y U_x2+y2
“dx o ay  x-y’ X-y
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3.29. XAy S |/|=¥/2x§/ + yZ.
330, B2 A - § ypdix? -y g

ox2 dyz

4. Quyidagi funksiyalami ekstremumga tekshiring.

4.1.
4.2.
4.3.
4.4,
4.5.
4.6.
4.7.
4.38.
4.9.

4.10.
4.11.
4.12.
4.13.
4.14.
4.15.
4.16.
4.17.
4.18.
4.19.
4.20.
4.21.
4.22.
4.23.
4.24.
4.25.

4.26
4.27
4.28
4.29
4.30

z =yy[x-2y/-x+14y. (Javob: z naq4,4)=28.)

Z = x3+8y”6xy+5. (Javob: z mn(1,0,5)=4.)

z = 1+15x-2x2-xy-2y. (Javob: z neq(-4,-1)=-97.)
z = [ +6x-x2-xy-y'. (Javob: z mex(4,-2)=13.

Z = X3+y-6xy-39x+18y+20. (Javob: z mn5,6)=-86.)
Z = 2x?+2y3~6xy+5. (Javob: z mn(1,1)=3.)

z = 3x3+3y3-9xy+10. (Javob: z min(1,1)=7)

Z = X2+n1+y2+x-v+1. (Javob: z mm(-1, 1)"0.)

z = 4(x-y)-x2y2 (Javob: z max2,-2)=8.)

= 6(x-y)-3x3 3y3 (Javob: z maq(1-1)=6.)

- X2+xy+y2~6x-9y. (Javob: z min(l,4)=-21.)

= (x-2)2+2y2-10. (Javob: z mn(2,0)=-10.)

- (x-5)2+y2+1. (Javob: z min(5,0)=1.)

= x3+y3-3xy. (Javob: z m{l,1)=-1.)

= 2xy-2x2 4y2 (Javob: z mex(0,0)=0.)
=xXn/n-x2-n+6x+3. (Javob: z na(4,4)=15.)

= 2xy-5x2-3y2+2. (Javob: z maq0,0)=2.)

= xy(12-x-u). (Javob: z max(4,4)=64.)

= Xy-x2y2+9. (Javob: z maq0,0)=9.)

= 2xy-3x2-2y2+10. (Javob: z n@(0,0)-10.)

= x3+8y 36xy+l. (Javob: zmn(1,0,5)=0.)
=u*fx-y2-x+6y. (Javob: z maq4,4)=12.)

= X2 xy+y2+9x-6y+20. (Javob: z mn(-4,1)=-1.)
= xy(6-x-y). (Javob: z mex(2,2)=8.)

= X2+y2-xy+x+y. (Javob: z mn(-1,-1)=-1.)

. Z = X2+Xy+y2~2x~y. (Javob: zmn(1,0)=-1.)

.2 = (x-1)2+2y2 (Javob: zm(1,0)=0.)

. Z = Xy-3x2-2y2. (Javob: z nex0,0)=Q.)

. Z =x2+3(y+2)2 (Javob: z mn(0,-2)=0.)

.2 = 2(x+y)-x2-y2 (Javob: z maq(1,1)=2.)

N N N N N NN N NN N NNNINNINN
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5. Beriigan chiziglar bilan chegaralangan D sohadagi z = z
(x,y) funksiyaning eng katta va eng kichik giymatiarini toping.

5.1. z =3x1ly-xy, D:y-x, y=4, x=0. (Javob: z cnghata(2,2)-4, z
ettgkichik(0,0—Z (4,4)—0.)

5.2. 7 =xy-x-2y, D:x=3, y=x, y=0. (Javob: z eqjaita (0,0)=z
(3.3)=0, z eganik (3,0)=-3.)_

5.3. z =x2+2xy-4x+8y, D:x=0, x=1, y=0, y=2 (Javob: z eqjata
(1,2)=17, z eng kichik (1, 0)=-3.)

5.4. 7 =5x2-3xy+y2 D: x=0, x=1, y—0,y=I.

(Javob. 7 ... kaila (1,0)-5, z @igkichik (0,0) 0.)

5.5. z =x2+2xy-y2-4x, D:x-y+1=0, x=0, x=3, y-0,

(JaVob, Z engkatta (3,3) 6, Z engkichik (2,0) 4.)

5.6. z =x2+y2-2x-2y+8, D: x=0, y=0, x+y-1=0, .

(JaVob, z engkatta (0,0) 8, z engkichik (0,5,0,5) 6,5,)

5.7. z =2x3xv2+y2 D: x=0. x=I, y=0, y=6.

(Javob. z engkatta (0,6)—36, z engkichik (0,0) —6.)

5.8. z N3x+0y-x2-xy-y2 D: x=0, x=I, y=0, y=I.

(Javob. z engkatta (1>1) ~6> Zengkichik (0,0) —8.)

5.9. z =x2~2y2+4xy-6x-1, D: x=0, y=0, x+y-3=0, .

(Javob. Zengkatta (0,0) 1, Z eng kichik (0,0,3)  19-)

5.10. z =x2+2xy-10, D: y=0, y=x2+4,

(Javob. Zeglkata ( i A Zeagkdik (1>3) 15.)

5.11. z =xy-2x-y, D: x=0, x=3, y=0, y=4 (Javob: z engkaita
(3.4)=2, Zegkidik =(3,0)=-6.)

5.12. z =-x?-xy, D: y=8, y=2x2 (Javob: z egaita (-2,8)=18, z
engkichik (2,8) 14.)

5.13. z =3x2+3y2-2x-2y+2, D: x=0, y=0, x+y-1-9, .

(Javob. z engkatta (0,1)—z (1,0)—3, z englachik (~ >4)~ ~)

(Javob. Z eng katta (0,3) 28, Z eng kichik (®j 1.
5.15. z =x2 2xy-y2+4x+l, D: x=-3,y=0, x+y+I1=0,
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(javoh. Z sngkatTa (~*,2) 6, Z engkichik (“2,0) ~3.)
5.16.z =3x2+3y2-x-y+I. D: x=5, y—0, x-y-1=0, .
(Javob. Z engkatta (~>4) 115, Z engkichik Mn A-)
5.17. z 2xX5+2xy-"y2-4x, D: y=2x, y=2, x=0,
(Javob.Z ergkatta (@>0)—2Z (1,2) 0, Z engkichik (0,2) 2.)
5.18. z =x2-2xy+"yc-2x, D: x=0, x=2, y=0, y—2.
(J(IVOb. Z engkatta (0,2) 0 }Z engkichik 8\ >2/\) ”1*67.)
5.19. z =xy-3x-2y, D: x=0, x-4, y=0,y—4
(Javob. z engkatta (0,0) O. z engkichik (4,0) 1z,.)
5.20. z =x2jrxy-2, D: y=4xs4, y=0.
(Javob: z erghiVa (--2,22)=-0,07, z engkdik <U5; - 3)=-3,25.)
5.21. z =x%/(4-x-y), D: x—0,y=0, y=6-x.
(JaVOb. Z engkatta 4, Z engkichik 64)
522. z =x3tyJ 3xy, D: x=0, x=2, y=-1,.y- 6.
(JaVOb.Z eng katta (2,~|j 13, z engkichik (@>~1) 1-)
5.23. 2 ~4(x-y)- x2-y2 D:x+2y=4, x-2y=4, x=0.

6 36
(JavVOO. Z engkatta €7> 5 'Aeng kichik (0>2»)  12.)
5.24. 7 -x 24-2xy-y2-4x, D: x~3, y=Q, y~x+1I.
(JciVOb. Z engkatta (*,3) 6, Z engkichik (2|Q) 4.)
5.25. 7 =6xy-9x2-9y2+4x+4yf D: x~G. x=1, y—Qy=2
(JdVob. z engkatta i N A engkichik fft-j  28.)
5.26. 7z —%2+2xy-y2-2x+2y} D: y~x+2, y=0, x—2
(Javob. z engkatta (2,3)~9,Z engkichik Q fi)  ~m)
5.27.7 -4-2xz-y2 D:y=0}y4 T x*.

(Javob. Z engkatta 4, 7 engkichik (~1,0)~ Z (1,0) 2.)
5.28. 2 =5x2-3xy+y2+4, D: x—1, x~1l, y~ 1, y=1.
(Javob. z engkatta("A// Z (1>1) ~3, Z engkichik 4.)

5.29. z =x?+2xy+4x-y2 D: x+y+2.0, x=0, y*O
(Javob. z engkatta (0,0) 0fz eng kichik (2P0}  z (034) "“4)
5.30. z =2x¥-x¥-x¥ 2 D: x=0, y=0, x+y=6

(Javob. z engkatta (1*0.5) 0.25, z engkichik ("t2) 1zS.)
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Namunaviy variantlar yechimi

1 S: z=x2+y2+3x)'-4x+2y-4 sirtga Mr/-1,0,i) nugtada
0‘tkazilgan urinma tekislik va normalning tenglamasini topmg.

» Xususiy hosilalami topamiz:

dz dz

OX-2x+3y 4dy-2y+3x+2

MO(-1,0,1) nugtaning koordinatalarini hosil gilingan ifodaga
go‘yib, berilgan nugtada (10,8) formulaga asosan S sirtga
perpendikulyar  bo‘lgan Il vektoming  koordinatalarini
hisoblaymiz.

A=l mo=-6.fi =[] mo=-1C-=
Bundan, urinma tekislik tenglamasi quyidagicha bo ‘ladi.
6(x+1)-y-(z — 1)=0 Yyoki 6x-ry-4 +5=0.

(10.9) formulaga asosan normalmng\tenglamam
X+l _y
6 1~ 1
ko‘rinishda yoziladi.

2. z=arccos funksiyaning ikkinchi tartibli xususiy

hosilasini toping.
zxy = zyx ekanligiga ishonch hosil giling.
» Awal berilgan funksiyaning birinchi tartibli xususiy

hosilalarini topamiz: o |
i

n— 21- Y 2 x"Ny- x '

X
] _~ \ Ajy -
Zy yﬁ% M y~A~ 2\xNyx
Olingan hosilalaming har birini x va y bo‘yicha
differensiallab, berilgan funksiyaning ikkinchi tartibli Xxususiy
hosilalarini topamiz:

» _ 2= 2y-X _ y-X-X _ y —2X
Z*X 2x(y—x) Axjy-.jy-x(y-x)  4-Ix(y-x)sjy-x
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11 1\ 1
2n/x\ 2/ 44 x{y-x\1Y

yly- X+
Y2(Y~X) / 2y2(y-x)

VY ~* Yx
1 N 2ly~-~x y —X +X

Nr = — X
2

y- X ay(y - x)\IXyly - x

4\Ix(y - ac)My - X
Ko‘rinib turibdiki. aralash xususiy hosilalar teng bo‘ladi, yani
" =z7" 4
3. u=dn (x2+y3 funksiyaning
d2u d2u d2u 4y 2 du
;(2 - 2XyQX,u,y + d_y" = )(2—:/-sz ﬂ
ganoatlantirishini tekshiring.
» Birinchi va ikkinchi tartibli xususiy hosiialarini topamiz.
du 2x du 2y
dx x2+y2'dy x2+y?2
du  2(y2—x2) da 4xy du 2(x2—y?2)
dx2 (x2+y2)2'dxdy (x2+y2)2’dy2 (x2+y2)2
Olingan hosilalaming giymatiarini dastlabki tenglamaning
chap tomoniga go‘yamiz:
2(y2—x2) 8x2y2 2(x2-y 2 8xy2
(x2+y2)2 "' (x2+y2)2+ (x2+y2)2 (x2+y2)2
U holda tenglamaning o‘ng tomonida quyidagiga ega
bo‘lamiz.

tenglamani

4y? 2X 8xy2
X2+y2 x2+y2 x2+y2

Olingan natijalarm solishtirib, beriigan funksiya dastlabki
tenglamani ganoatlantirmasligini ko ‘ramiz.

4.  z=xy(x+y-2) funksiyani lokal ekstremumga tekshiring.

Beriigan funksiyaning birinchi tartibli xususiy hosiialarini
topamiz:

IX = 2Xy +y2—2y,Zy = X2+ 2Xxy —2X
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Bulami no‘lga tenglab, quyidagi tenglamalar sistemasiga ega

bo‘lamiz.
y(2x +y —2) = 0]
X(x + 2y —2) = 0,1

Bu sistemani yechib, berilgan funksiyaning Mi(0,0,),
M2(2,0,), M3(0,2,), M4(3,2/3J statsionar nuqtalarini aniglaymiz.

10.4 dagi 2 teoremadan foydalanib, bu nugtalaming gaysilar
ekstremum nugqtalari ekanligini aniglaymiz.

Buning uchun awal berilgan funksiyaning ikkinchi tartibli
xususiy hosilasini topamiz:

XX = 2y,zxy = 2x + 2y —2,zyy = 2X

Hosilalar uchun olingan ifodaga statsionar nugtalaming
koordinatalarini qo‘yib va ekstremum mavjudligining yyetarli
shartidan foydalanib, (8 10.4 ga garang) quyidagilarga ega
bo‘lamiz:

Mi nugta uchun = —4 < 0, yani ekstremum yo‘q,

M2nugta uchun = —4 < 0, yani ekstremum yo‘q,

M3nugta uchun A= —4 < 0, yani ekstremum yo‘q.

M4nugta uchun A= 2> 0,A=4/3 > 0, yaniz mrFz
(2/3,2/3)=-8/27 bo‘lgan funksiyaning lokal minimumiga ega
bo‘lamiz.

5. x=0.y=0, x+y-1-0 chiziglar bilan ehegaralangan D
sohadagi z=xy-y2+3x+4y funksiyaning eng katta va eng kichik
giymatlarini toping. (10.5 -rasm.)
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> Berilgan D soha ichida yotuvchi, yani OAB uchburchak
ichida statsionar nuqgtalaming  mavjudligini  aniglaymiz.
Quyidagiga ega bo‘lamiz.

IXx=y+3=0 ]
zu=x —2y+4=0j

Olingan tenglamalar sistemasini yechib, M(-10,-3) statsionar
nugtani topamiz. Bu nuqta D sohadan tashqgarida yotganligidan,
inasalani yechishda bu rmqtani hisobga olmaymiz.

Funksiya giymatlarini D soha chegaralarida tekshiramiz. z
funksiya OAB burchakning OA (y=0, 0< x < 1) tomonida z=3x
ko‘rinishga ega. z * 3 boiganligidan, OA kesmada statsionar
nuqtlar yo‘q.

O va A nugtalarda mos ravishda z (0,0)=0, z (1,0)=3
Uchburchakning OB (x=0, 0<y < 1) tomonida z funksiya
quyidagi ko‘rinishga ega. z = —y2+4y, z --2y+470;2,y+4=0
tenglamadan v=2 statsionar nuqta topamiz.

Shunday qilib, Mj(0,2) nugta D sohada yotmaydi.
Funksiyaning B nuqtadagi giymati z(0;l1) - 3. AB tomondagi
eng katta va eng kichik giymatlarini topamiz. AB: x+y=I, bundan,
v=I-X, z ~2x242x-'r3,u holdaz ~4x+2 vaz —9 dan x=1/2
boiadi. yani M2(1/2, 1/2) statsionar nugta D sohaning chegarasida
yotadi. Bu nuqgtada funksiyaning giymati z(1/2,1/2)=3,5 bo‘ladi.
Funksiyaning barcha olingan giymatlarini solishtirib, z eng katta—
z (1/2,1/2) )= 3,5, z eng kichik=z (0,0) =0 ekanligini ko ‘ramiz.

10.6.10-bobga go‘shimcha masalalar
1 U--yfz(2 —z) + In(4 —x2) —3y funksiyaning aniglanish
sohasini toping. (Javob: \x\ < 2,0<z < 2)

*
2_f(x,y).=(xe+¥/-§agar X6+v2D0
( 0O,agarx=y =0
funksiyaning x=u=0 nuqtada uzilishga ega ekanligini. ammo
0(0,0) nugtada xususiy hosilaga ega ekanligini isbotlang.
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Xy (Xxr-u2) 7,7 &
3-F(xy)~ -]—"7,agarx +y 0
agarx=y =0
funksiya uchun fxy(0,0) ~ /y*(0,0) tengsizlik bajarilishini
isbotlang.

4.2 jc@rfunksiya X—+ I/Id—z = (x +y + Inz)z tenglamani
ganoatlantirishini isbotlang.

5.z= X + y\ —yjl —x2 —y 2 funksiyaning uzluksizlik
sohasidagi eng katta va eng kichik giymatiarini toping. (Javob: z
eng katta=V2, z eng kichik=-1)

6. Fazoda A (4,1,5) nugtadan 2x+6y+3 -12=0 tekislikka
parallel tekislik o‘tkazilgan. z = x2 + y 2 aylanish paraboloididan
shu tekislik bilan ajratilgan sohani, tengsizliklar sistemasi orgali
ifodalang.

(Javob'. x2+y2< z< 2x + 6y + 3z —29)

T.yz'yy + 2zy = z/x tenglamani u=x/y va v~x-y yangi
o‘zgaruvchilar bilan ifodalangan.

Javob. "2V 280 + 2iizav e ¥ 0 2GS a0
2(u-1),

uv

8. i\X+ o ifodani qutb koordinatalarida yozing.

oz 1,37, 1%
{JEVOM' apr ' DA ojzr+ p_?;)
9. Koordinata o ‘glaridan bir xil kesma ajratuvchi X2 vz,

- urinma tekislik tenglamasini toping.

(Javob:tx +y £ z=Va2+ 62+ c2)

10. xyz=aJ sirtga urinma tekislikning sirtning ixtiyoriy
nuqtasida koordinata tekisliklari bilan o‘zgarmas hajmli tetraedr
hosil gilishini isbotlang va bu hajmni hisoblang. (Javob: V="a3)

11. Perimetri 2r ga teng uchburchakni biror tomoni orgali
aylantirishdan eng katta hajmli jism hosil bo‘ladi. Shu
uchburchakning tomonlarini toping. (Javob: a=b=3p/4, c=p/2)
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12. x~+4y?=4 ellipsda ikkita A(-yf3,1/2) va B(7, y[3/2)
nuqtalar berilgan. Bu ellipsda, shunday C nuqtani topingki, ABC

uchburchakning yu/i eng katta bo‘Isin. {Javob: C

13. z=x3+y3-9xy+27 funksiyani ekstremumga tekshiring.
(Javob: z mn(3,3)=0.)

14. Agar «-zx+e'v boisa, 5" = ekanllginj

isbotlang.
15. xyz=8, xy/z=8 shartlami ganoatlantiruvchin = x +y +
z funksiyaning shartli ekstremumini toping. (Javob:x=y=2%][b,

16. Oshkormas ko‘rimshda 3x3/2+2xyz2 2x +4y3 -4=0

teng]ama bilan berilgan funksiyaning (2,1,2) nuqtadagi ikkinchi
tartibli d2z differensialini toping.

(Javob:-31,5 dx2+206 dxdy-306 dy3d

17. Kvadrat taxta, shaxmat tartibida joylashtirilgan 2 ta oq
va 2 ta gora kataklardan iborat. Har bir katakning tomoni uzunlik
birligiga teng. Tomonlari taxtaning tomonlariga parallel, bitta
burehagi taxtaning gora burchagi bilan ustma-ust tushadigan
to‘g‘ri to‘rtburchakni gqaraymiz. Bu to‘g‘ri to‘rtburchakning qora
gisimning yuzi S bo‘lib, uning tomonlarining uzunliklari x va n
ning funksiyasi bo‘ladi. Shu funksiyaning analitik ko ‘rmishini
yozing.

(Javob:
r xy,agar0<x<l, Q<y<|
J x,agar0<x<l, I<y<2
S(x,y) - y(agar0<x<20<y<1

V1+ (x- I)(y —1),agarl<x<2, l<y<?
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11. ODDIY DIFFERENSIAL TENGLAMALAR

11.1. ASOSIY TUSHUNCHALAR. BIRINCHI TARTIBLI
DIFFERENSIAL TENGLAMALAR

Izoklin usuli.

Agar tengiamada izlanayotgan  funksiyaning  hech
bolmaganda bitti hosilasi gatnashsa, bunday tenglama
differensial tenglama deyiladi.

Differensial tenglamaning tartibi tarifga asosan tenglama
tarkibiga kiruvchi eng yuqori hosila tartibi bilan ustma-ust
tushadi.

Agar izlanayotgan u funksiya bitta argumentli funksiya
bo‘lsa, u holda differensial tenglama oddiy differensial tenglama
deyiladi.

Agar izlanayotgan y funksiya bir necha argumentli funksiya
bo‘lsa, u holda differensial tenglama xususiy hosilali tenglama
deyiladi.

Masalan: 2xy'-3y=0 tenglama, bu yerda y=y(x), birinchi
tartibli oddiy differensial tenglama bo‘ladi. ux —uu + xy + 1 =
0, bu yerda u=u(x,y) esa birinchi tartibli xususiy hosilali
differensial tenglama deyiladi. (Bu bobda fagat oddiy differensial
tenglamalar garaladi shuning uchun, keyinchalik, gisgalik uchun
“oddiy” degan so‘zni goldirib ketamiz.)

Umumiy holda n tartibli differensial tenglama quyidagi
ko‘rinishda yoziladi,

FOxyyy",..y0d.y 0)=0 (11.1)

Agar (11.1) tenglamani eng yugori hosilaga nisbatan yecha
olsak, u holda normal formadagi tenglamani olamiz.

yr=f(x,yyy\...I-PB (11.2

Differensial  tenglama  yechimlarini  topish  jarayoni
tenglamani integrallash deb ataladi.

(11.1) yoki (11.2) differensial tenglamaning yechimi (yoki
integrali) deb, biror (a,b) oraligda aniglangan va o0°‘zining
hosilalari bilan beriigan differensial tenglamani ayniyatga
aylantiruvchi ixtiyoriy haqiqiy y=y(x) funksiyaga aytiladi. (Shu
bilan birgalikda y=y(x) funksiyaning hosilasi mavjud deb faraz
gilinadi.)
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1-misol. Sonlar o‘gida aniglangan y=xeX funksiya y
4v w4y =0 differensial tenglamaning yechimi ekanligini isbotlang.

» Funksiyaning o'zini va uning hosilalarini

y —eX(fa-2x), y "= 4e2{1+x)

berilgan tenglamaga qo‘yib, quyidagi ayniyatni hosil gilamiz.

4e2(] 1xj- 4e2q] +2x)+4x2x=4e2(| +x-1-2x+x)-0.

2-misoL F(x,y)=in~5+xy=0 oshkormas ko‘rinishda berilgan
y=y(x) funksiya (x4x2)y-y-xy2differensial tenglamani ayruyatga
aylantirilishni yani uning yechimi ekanligini isbotlang.

Hagigatan ham , F(x,y)= 0 (10.6 formulaga garang)
oshkormas funksiyani diffensiallash goidasiga asosan, quydagiga
ega bo‘lamiz.

F ~~j) y 1—xy_ 1—xy2
y ~ § Mr+Y x 1+Xxy X+Xx2y

Olingan hosilay® ni dastlabki differensial tenglamaga qo‘yib,
ayniyat hosil gilamiz.

Agar F(x,y)=0 oshkormas ko‘rinishda berilgan fiinksiya
differensial tenglamaganing yechimi bo‘lsa, u holda F(x,y)=0
berilgan differensial tenglamaning integrali (yechim emas)
deyiladi. Shunday qilib, 1 va 2 misollarda berilgan differensial
tenglamalaming mos ravishda yechimi va integraliga ega
boiamiz.

(11.1) differensial tenglama yechimining (yoki integralining)
Oxy tekislikdagi grafigi integral chiziq deyiladi. Shunday giiib har
bir yechimga yoki integralga integral chizig mos keladi.

(11.2) differensial tenglama yechimining mavjudligi va
yagonaligi go‘ydagicha hal gilinadi.

1-Teorema (Koshi).
Agar (11.2) tenglamaning o‘ng tomoni
X0, yayo, ... yo(H} (11.3)

Qiymatlaming biror atrofida uzluksiz funksiya bo‘lsa, u holda

(11.2) tenglama

Y fro) =yo,y (xo)=yo , ..> J=Y(IJ (H-4)



bo‘lgan xo nugtani o0‘z ichiga olgan biror (a,b) oraliqda y=y(x)
vechimiga ega bo‘ladi.
Agar ko‘rsatilgan atrofda y , y , yfrd argumentlari

bo‘yicha bu funksiyaning xususiy hosilalari ham uzluksiz boisa,
u holday=y(x) yechim vagona yechim bo‘ladi.

(11.3) dagi sonlar to‘plami boshlang‘ich giymatlar, (11.4)
tenglik esa, boshlang ich shartlar deyiladi.

n- tartibli differensial tenglama uchun Koshi masalasi
go‘ydagicha ta’riflanadi.

(11.1) vyoki (11.2) differensial tenglamaning, (11.3)
boshlang‘ich giymatlarini va (11.4) boshlang'ich shartlarini
ganoatlantiruvchi, y=y(x) yechimni toping.

Koshi  teoremasini  qganoatlantiruvchi ~ sohada  (11.2)
ko‘rinishdagi ixtiyoriy differensial tenglama cheksiz ko‘p
yechimga ega bo‘ladi, Umuman olganda bu (11.1) differensial
tenglama uchun ham o ‘rinlidir.

Bu yechimlar to‘plamini tavsiflash uchun umumiy yechim
tushunchasini kiritamiz.

(11.12) yoki (11.2) differensial tenglamaning umumiy yechimi
deb y = @ (x,Cj,C2........ yoki qgisqacha y= ( (x,C$
ko‘rinishdagi funksiyaga aytiladi. Bu yerda C, (i=1,n) go‘yidagi
ikkita shartni ganoatlantiruvchi ixtiyoriy o‘zgarmas:

1 y=(p(x, c) funksiya C ning ixtiyoriy giymatida (11.1)
yoki (11.2) differensial tenglamaning yechimi bo‘ladi.

2. Differensial tenglama yechimga ega boiadigan har
ganday xq ,yo,yo", Yo~ boshlang4ch giymatlardan
<p("0,Co) = yal, ...., n_1(x0, Co) = P*_1 shartlami
ganoatlantiruvchi, C,=Cl0o‘zgarmaslaming giymatlarini
ko ‘rsatish mumkin.

F (x,y,Ci) ~0 oshkormas ko ‘rinishda olingan, umumiy yechim
differensial tenglamaning umumiy integrali deyiladi.

Umumiy yechim yoki umumiy integraldan, ixtiyoriy
o‘zgarmas C, ning fiksirlangan giymatlarida olingan yechim mos
ravishda differensial tenglamaning xususiy yechimi yoki xususiy
integrali deyiladi.
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Eslatma: Differensial tenglamaning, ixtiyoriy o‘zgarmas G-
ning heeh ganday giymatlarida umumiy yechimdan olib
bo‘lmaydigan yechimi (integrali) mavjud bo‘lishi mumkin.
Sunday yechim shu ma’noda maxsus deyiladiki, uning ixtiyoriy
nuqgtasida Koshi teoremasinmg gandaydir shartlari bajarilmaydi.

Masalan: y" = 3\J(y" —I) z differensial tenglamay - x +
~(x + Cj}4 + +C2umumiy yechimga ega, bu yerda C/ C2 -lar
ixtiyoriy — olzgarmaslar, y=x+C funksiya ham beriigan
tenglamaning yechimi bo‘ladi, bu yerda C - ixtiyoriy o‘zgarmas,
ammo bu yechimni C; va C2 ning hech ganday giymatlarida
umumiy yechimdan olib bo‘lmaydi. Bundan tashqgari, y =1,

yechimlaming ixtiyoriy nuqtalarida, Koshi teoremasidagi
yagonalik shartining buzilishiga olib keladi yoki beriigan

tenglamaning o‘ng tomonidany bo‘yicha olingan xususiy hosilay

=1 da uzilishga ega bo‘ladi, Shunday qilib, y=x+C yechim
mahsus yechim bo‘ladi. Bundan keyin, goida bo‘yicha, mahsus
yechimlar garalmaydi.

Anigmas integrallar nazariyasi, umumiy yechimi y =
ff (x)dx = F(x) + C,(bu erda F(x) —I(x) funksiya uchun
boshlang‘ich funksiya, ya’ni F (x)=f(x); C-ixtiyoriy o‘zgarmas )
bo‘lgan oddiy differensial tenglamalar sinfming nazariyasi

hisoblanadi.
Birinchi tartibli differensial tenglama, umumiy holda

F(x,y,y)=0 (115)
yoki, agar uni y ga nisbatan yechsak, go‘yidagi normal
ko‘rinishda yozilishi mumkin.
y=f(x.y). (1.6)
2- teorema (Koshi teoremasi).
Agar f(x,y) funksiya MO (x0, yo) nugta va uning atrofida

uzluksiz bo‘lsa, u holda (11.6) tenglamaning y(x§=yo shartni
ganoatlantiruvchi y=y(x) yechimi ma\<jud bo‘ladi. Agar beriigan

funksiyaning — xususiy hosilasi ham uzluksiz bo‘lsa, u holda bu
yechim yagonadir.
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Ba’zi hollarda birinchi tartibli differensial tenglamalami
differensial formada yozish qulaydir:

P(x,y)dx + Q(x,y)dy-0 (H-7)

Birinchi tartibli differensial tenglamalar uchun Koshi
masalasi quydagicha ta’rifga ega.

(11.5) yoki (11.6) differensial tenglamalaming (p(x,Ci) =
Yo(®(n'o,Yo) = 0) boshlangich shartni  ganoatlantiruvchi
y—<p{x) (® (X, y)=0 integral) yechimini toping. Bu geometrik
nuqtai nazardan shuni anglatadiki, berilgan tenglamaning barcha
integral chiziglari orasidan berilgan MO (xo,yo) nugtadan o ‘tuvchi
integral chizigni topish kerak.

(11.6) differensial tenglamaning  geometrik  talgini
guydagidan iborat. U 2- teorema (Koshi teoremasi)ning barcha
shartlarini ganoatlantiruvchi, D sohaga tegishli har bir M(x,y)
(11.6) tenglama yagona integral chizig‘iga, M(x,y) nuqgtadan
o‘tuvchi”®= tga = Kk urinmasining yo'nalishini, ya’ni D sohadagi
maydon yo‘nalishini aniglaydi. (11.1-rasm)

(11.6) tenglama uchun D sohada har biri izoklin deb ataluvchi
bir parametrli f(x,y) = K = const chiziglar oilasini ajratish
mumkin.

11.1-rasm

Izoklinni va u bo'yicha yo'nalishni topish, yo'nalishlar
maydonini hosil qgilishga va berilgan differensial tenglamaning
integral chiziglarini tahminan qurish ya’ni bu tenglamani grafik
ko'rinishda integrallash imkonini beradi.

3-Misol. 'y = -2y/x differensial tenglamaning integral
chiziglarini izoklin usulida taxminan yasang.
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—— = K{K = const) deb olib, berilgan tenglamaning

y - —K—x izoklinini topamiz. Bular koordinatalar boshidan
o‘tuvchi to‘g‘ri chiziglami ifodalaydi. Bu chiziglar bo'yicha
y' = K = tga tenglik bilan yo'nalishlar maydoni aniglanadi. K ga
turli giymatlar berib, ularga mos izoklinlarni topamiz. Bu
izoklinlar bo‘ylab integral chizigga urinmaning Ox ugiga
og ishgan a burchagi bilan tavsiflanuvchi yo'nalishlar maydoni
aniglanadi. Kerak bo‘lgan hisoblashlami jadval ko‘rinishida
yozamiz. (1-jadvalga garang).

K +1/n/3 +1 +n/3 +2 +3 +00
a 0 +30 +45° W +60°  » +64°  » +72° 5 +90c
y = X y Y 3
:___Ifx rRe Y- toE ni3 y=+Xx y=7%F-x X =0

2V3 2 - :F/\z.x

2
Shu jadvalga asosan yo‘nalishlar maydonini yasaymiz va
so‘ngra taxminiy ravishda integrallar chizig‘ini chizamiz. (11.2
rasm) OX o‘gida soat stelkasi yo‘nalishi bo‘yicha yoki unga
teskari yo‘nalishda hisoblanishi a burchakning giymatlari mos
ravishda musbat yoki manfiy bo ‘lishini ko ‘rsatadi.
yndX  y*&



11.2. 0 ‘ZGARUVCHILARI AJRALADIGAN
DIFFERENSIAL TENGLAMALAR. BIR JINSLI
TENGLAMALAR
Quyidagi ko‘rinishdagi tenglamalar.
P(x)dx + Q(y)dy =0 (11.8%)
0 zgaruvchilari  ajraiadigan  differensial  tenglamalar
deyiladi. Uning umumiy integrali qo‘yidagi ko‘rinishda bo ‘ladi.
/ P(x)dx +/ Q(y)dy=C (11-8)
bu ysrda C - ixtiyoriy o‘zgarmas.
Qo‘yidagi ko ‘rinishdagi tenglamalar
MI(x) N1(y)dx + M2(x)N2(y)dy =0 (11.9)
yoki

I = = AW/2(y) (ii-io)

shuningdek, algebraik almashtirishlar yordamida (11.9) yoki
(11.10)  tenglamalarga  keltiriluvchi ~ tenglamalar  ham
0 'zgaruvchilari ajraiadigan tenglamalar deyiladi.

Ushbu tenglamalarda o‘zgaruvchilami ajratish qo‘ydagicha
bajariladi. NIfy) 0, M2(x) ® 0 deb faraz gilamiz va (11.9)
tenglamaning ikkala gismini NIfy) M2(x) ga bo‘lamiz. (11.10)
tenglamaning ikkala gismini dx ko‘paytiramiz va /2(y) ® 0 ga
bo‘lamiz. Natijada o‘zgaruvchilari ajraiadigan (ya’ni (11.8%)
ko‘rinishdagi) tenglamani hosil gilamiz.

Mroo0 , N2(y) j
m d dx+-m dy=*Mx)dx~ m =a

Bu tenglama (11.10) formulaga asosan qo‘ydagicha

integrallanadi.

1 M2(*) +!/l\\lt(9) Ys —C,(h(x)dx—3vy!

1-Misol. Differensial tenglamaning umumiy yechimini
toping.

(xy+y)dx+(xy+x)dy=0 (1)

> X 0, ydp 0deb faraz gilamiz va beriigan tenglamaning
ikkala qismini xy ga bo‘lib, o‘zgaruvchilari ajraiadigan
tenglamani hosil gilamiz.

(I+1)dx+(l+x)dy =0
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buni (11.8) formulaga asosan integrallab,
j(l+—3dx +J +—dy =1In|g

x+Injxj+y+Injyj=Injcj

Injxy | 4+ Inex+y = In|c|,xyexty =C

lami topamiz. (ixtiyoriy o‘zgarmasni Z/r|cj ko‘rinishida
yozish mumkin.)

Oxirgi tenglik (1) tenglamaning umumiy integrali bo‘ladi.
Buni topishda x® 0, ygp 0 degan sbartlar qo‘yilgar> edi. Ammo,
jc=0 va j'-=0 funksiyalar ham, dastlabki tenglamaning yechimlari
bo‘la oladi, buni tekshirish oson, ikkinchi tarafdan ular C~0 da
umumiy integraldan hosil gilinadi.

Shunday qilib, x=0, y=0 (1) tenglamaning xususiy
yechimlaridir.

2-Misol. (I+eXy2y =e tenglamaning y=(0) boshlang‘ich
shartini ganoatlantiruichi xususiy yechimini toping.

> Berilgan tenglamani differensial ko‘rinishda yozib olamiz.
((11.7) formaga garang.)

(I+eXy2dy- exdx =0

Endi o°‘zgaruvchilarini ajratamiz.

ex
Y dy 1+ apxdX =0

Oxirgi tenglamani integrallaymiz va dastlabki tenglamaning
umumiy yechimini hosil gilamiz.

f roen Cy3 C
jydy~JTT7”dx=r T "arctee =7
y = \[C~+ 3arctgex

Boshlang‘ich shartlardan foydalanib ixtiyoriy o0’zgarmasning

giymatini aniglaymiz.

1= jC+ -31'C,C: 1—mn
J 4 4
Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi ko‘rinishda bo“ladi.
Agar har ganday teR uchun, f(tx ,ty) funksiya aniglangan
bo‘lib, a-const va f(tx, ty) - taf(x,y) tenglik o‘rinli boMsa ,
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f(x,y) fuiiksiya, jc va y argumentlarga nisbatan a olchamli bir
jinslifunksiya deyiladi.

Masalan, f (x,y)=3x4x2 v2 +5y4 funksiya to‘rt o'lchamli
(a = 4) birjinsli bo‘ladi, chunki f(tx,ty)= 3 (tX)4—(tx) 2+ 5'(ty) 4=
t4 (3x"x2y 2+5y4)= t4f(x,y).

fC%,y) = 'fx2 —2\[xy + 4tjy2  funksiya  f(tx, ty) =
\j (tx)2 —2y(tx)ty) + 4y{ty)2= Vt2(4x2—2yicy +
4Y'y2") = t2/3f(x,y) bo‘lganligidan a = 2/3 o‘lchamli bir
jinsli bo‘ladi.

Agar a = 0 bo‘lsa u holda funksiya nol o'lchamli bo‘ladi.
Masalan, f(x,y) =~plIn (-7+ 1j - nol olchamli bir jinsli
funksiya, chunki

ntx, ty) = tx+ty  \(ty)2 + I) = !zlx:-\y)ln (tl’!’g'z + I%’ =

|~ In + X) = /(*.y).buyerda Ne °-

Agar f(x,y) funksiya o‘zining argumentlariga nisbatan nol
o‘lchamli bir jinsli funksiya bo‘lsa, u holda normal ko ‘rinishdagi
go‘yidagi differensial tenglama x vay o‘zgaruvchilarga nisbhatan
birjinsli deyiladi.

y'=¢€é =4a*.y) (ii-i1)

P(x.y) , Q(x,y) funksiyalaming har bin a —o‘lchamli bir
jinsli funksiya bo‘lsa, ya’ni P(tx,ty) = taP(x,y),Q(tx,ty) —
taQ(x,y) bo‘lganda, fagat shu hcidagina differensial formadagi
P(x,y)dx+ Q(x.y)dy =0 differensial tenglama bir jinsli bo‘ladi.

Hagigatan ham f(tx,ty) =igjg = - = f(x,y)
bo‘lganligidan, uni go'ydagicha nonnal formada yozib, y!=
P(x.y)

f(x,y) funksiya nol o‘lchamli bir jinsli funksiya ekan degan
xulosaga kelamiz. Bir jinsli differensial tenglama (11.11) ni har
doim normal formada y' =f(x,y)=f(tx,ty) ko‘rmishida yozish
mumkin, u holda t—1/ x deb olib, go‘ydagini hosil gilamiz.
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Bundan kelib  chigadiki, y = xu(u = - ,y" —n + xu)
almashtirish yordamida (11.11) tenglama va yangi funksiya u(x)
ga nisbatan o‘zgaruvchilari ajraiadigan tenglamaga keltiriladi.

utxu =<p(u) , x = <p(u) —n

3-Misol. 2x2y !=x2+y2 differensial tenglamani integrallab,
uning y(1)=0 boshlang‘ich sbartini ganoatlantiruvchi xususiy
yechimni toping.

> 2x2va x2+y2ikki o‘lshovli funksiyalar bo‘lganligidan,
beriigan tenglama ham bir jinslidir.

y=xu,y =u+xu' almashtirish bajaramiz.

U holda , 2x2(u+xu’) = x2 + (xU)2 , 2x2 (u+xu) = x1(1 +UD.
X @0 deb faraz qilib, tenglamaning ikkala gismini x2 ga
gisgartiramiz. So‘ngra quydagiga ega bo‘Jamiz.

2u + 2xd—X: 1+ u2 2xdu = (1 + u2—2u)dx.

0 ‘zgaruvchilami ajratib, qo‘ydagilami topamiz.

du dx f du rdx Td(u—1) 1
1+u2—2u 12x mJrTS”rJ 5 J&™M3-=2,nx’

1 . In|x| + InC,1 = (1 —u)In(CY%x])
Z

Ohirgi |fodada |/| ning o‘miga y/x giymatni qo‘yamiz va
quydagi umumiy integralni hosil gilamiz.

1=(lI-In(CVW) ,x = (x-y)ZnTM

Buni y ga nisbatan yechib, dastlabki differensial
tenglamaning umumiy yechimini topamiz, y = x —

y(7)==0 boshlang‘ich shartdan foydalanib, C ning giymatini
aniglaymiz.

0=1 = InC—1.C —e

Shunday qilib, dastlabki tenglamaning xususiy yechimi
go‘ydagi ko ‘rinishga ega bo‘ladi.

VA g—— Xp=<
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nn - AT
1. y=(x,c) funksiya, bu yerda C- ixtiyoriy o0'zgarmas.,
go‘ydagi differensial tenglamalaming yechimi (integral!)

bcflishini aniglang.
I

a) y =x™M\+cex), x'+(1- 2x)y =x2,
b) y =cex+e~x, xy"+22y'-xy =0,
V) X2+y" =cy2, xydx = (xz- y")dy.

{Javob: a) ha; b)yo T; v) ha.)

2. Qo‘ydagi differensial tenglamalaming har birining
tahminiy integral chiziglarini chizing va izoklin usulida maydoni
yo‘nalishini yasang.

a y —x+y;b2x =y2ix;v)xy' —1 —y

3. Qo‘ydagi differensial tenglamalaming umumiy yoki
xususiy yechimini (umumiy yoki xususiy integralini) toping.

a xy'=v2+1

b) G+ xy)dy + (y- xy)dx =0,y(l) =1,

v; 3y’=g + 9N+ 9;

9 xy'=y+naxr+y2,y(l) =0

Mustaqil isfa.

1. y = Cx+ 1/c funksiya xy' —y + 1fy = 0 differensial
tenglamalaming yechimi bo‘la oladimi ? {Javob: yo 1.)

2. Qo‘ydagi differensial tenglamaning yechimini toping.

4(x2+y)dy +yjS+y2dx =0

{Javob:y = + E((C —arctgx) 2 —5)

3. Qo‘ydagi differensial tenglama uchun Koshi masalasini
yeching.

xy' = xsini/—+ y,y(2) —n

{Javob: y = 2xarctg (x/2).)

1 1ey!x = Cy tenglama bilan oshkormas holda berilga

Y —Y60 fiinksiya xyy —y 2= xy differensial tenglamaning
integrali bo‘la oladimi? {Javob: ha.)
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2. Quydagi differensial tenglamaning umumiy integralini
toping? ydx + (nxy —yjx)dy —O0, {Javab:
\fx + -Jy=InC~fy(c> 0).)

3.ydx + (n/xy —x)dy = 0,y{1) = 1 differensial tenglama
uchun Koshi masalasini yeching? (Javob:2 —Inly| - 2sjy/x.)

2' Ny= arex funksiya differensial tenglamaning yechimi
bo‘ladimi? (Javob: ha)

2. Differensial tenglamaning umumiy yechimini toping?
(1 + ey =yex (Javob:y —c(1 + e*).)

3. xy"—=y(l +Iny —Inx) ;y(l) = e2 differensial
tenglama uchun Koshi masalasini yeching ? (Javob: y = xe2x)

11.3 Birinchi tartibli chizigli differensial tenglamalar.
Bernulli tenglamasi
Noma’lum funksiya y va uning hosilasi y' ga nisbatan
chizigli bo‘lgan quydagi tenglama
y'+ P(x)y = Q(x) (11-13)
(algebraik  shakl  almashtirishlar ~ yordamida (11.13)
ko‘rinishga keltirish mumkin bo‘lgan har ganday tenglamalar
ham) birinchi tartibli bir jinsli bo‘lmagan differensial tenglama
deb ataladi. Yechimi mavjudligi va yagonaligi hagidagi Koshi
teoremasining shartlari bajarilishi uchun P(x) ~ 0 va Q(x) ®0
funksiya biror sohada, masalan [a, b] kesmada o‘zluksiz bo‘lishi
kerak. (11.11 dagi 2 teoremaga garang.) (11.13) ko‘rinishdagi
tenglamaning umumiy yechimini har doim quydagi ko‘rinishda
yozish mumkin
y = e-SpW*x(f Q(x)e-fpWdxdx + C (11.14)
bu yerda C - ixtiyoriy o‘zgarmas. Shunday qilib (11.13)
tenglamaning umumiy yechimi har doim P(x) va Q(x) ma’ium
fimksiyalaming  integrallar  orqali  ifodalanadi. (11.14)
tenglamadagi integrallami hisoblayotganda ixtiyoriy
0°‘zgaimaslami, ixtiyoriy o‘zgarmas C ning ichiga kirgan degan
farazda nolga tenglab olish mumkin.
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Agar (11.13) tenglamada Q(x) = 0 yoki P(x) = 0 bolsa, u
holda, umumiy yechimi Q(x) = 0 yoki P(x) = 0 bo‘lgan holda
mos ravishda (11.14) tenglamadan aniglanuvchi o°‘zganjvchilari
ajraladigan differensial tenglamani hosil gilamiz. Q(x) = 0
bo‘lgan holda (11.13) tenglama, bir jinsli tenglama deb ataladi.

1-misol (x2—x)y"' +y = x2(2x —1). Tenglamani umumiy
yechimini toping? Koshi masalasini y(—2) = 2 boshlang'sch
shartda yeching.

> Berilgan tenglamaning ikkala qismini x2—x ®0 g
bo‘lib, (11.13) ko‘rinishga keltiramiz.

<+ _Y_ _ xzt2x-i)

Bu Xerda P(X)_XZ x x(x-1) ,Q(X2] -x~(xXT)A T oxe
(11.4) formulaga asosan dastlabki tenglamaning umumi
yechimi quyidagi ko‘rinishda bo‘ladi.
y = e~#*¥( J e”cx-i)dx + C) (11.15)
Bu yechimga kiradigan integrallami topamiz. Quyidagiga ega

bo‘lamiz. j;(r_11) =+ 5= ;[(J__I,I) A=-1.B=1lj=f(-; +
dx = - In|x| + +In|x - 1| = In|~ |
iye, || dx = [fzij dx = = f(2x - 1)dx =
+(x2- X), o .
Bu yerda modul ichida — = X—Xr tenglamaga ko‘ra «+»

va «-» belgilari paydo bo‘ladi.
Topilgan integralni (11.15) ga qo‘yib, dastlabki tenglamani
umumiy yechimini topamiz.

y = e~blX~x\£(x2—x) + C) = j-— -| (+(x2—x) + C)

X 1 c ) Cx
—t - ~(£x(X---—-- + ~ X2+ m
v 1( ( )+ C) .

Bundan y(—2) = 2 boshlang‘ich shartga mos keluvchi
xususiy yechimni ajratamiz.

2 = —-- g_q_.d]: B?y —X z____3%X M
-2-1 J X -
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Ba’zida differensial tenglamay ning funksiyasi bo‘lgan, x ga
nisbatan ham chizigli boiishini bilish foydadan holi emas, ya’ni
quyidagi ko'nnishga keltirilishi ham mumkin,

dx
&y + P(y)x = q(y) (11.16)
Buning umumiy yechimi quyidagi formula bo‘yicha topiladi.

x = e-fP(y)*y(J a(y)e{py.dydy + O

2-misol. y' = — ,(2x —y 2)y' = 2y tenglamaning umumiy
integralini toping.

> Berilgan tenglama x(y) funksiyaga nisbatan chiziglidir.
Hagigatan ham, (2x- y2)£ =2y,2x- y2=2yg ,g ="-y -

y=-fP(y) =% .9(y) =-|
ya’ni (11.16) ko‘rinishidagi tenglamani hosil gildik. (11.17)
formulaga asosan, dastlabki tenglama quyidagi ko‘rinishiga ega.

Xx=¢e*y -e 'vdy+ =elnyl(—fje~Inyldy+ =

lyl ¢ - dy+C=-i/dy+Cy=Cy-jyz@"

(11.13) chizigli differensial tenglamani Bemulli usulida ham
integrallash mumkin. Bu usulning ma’nosi quyidagicha: y —
u(x)i9(x) formula bo‘yicha (o‘miga quyishning Bemulli usuli)
u(x) va js(x) ikkita noma’lum funksiya kiritamiz. U holda
y' = un'g + me.y vay' lar uchun hosil gilingan ifodalami (11.13)
tenglamaga quyib, u'g + ud' + P{x)ud = Q(x) tenglamani hosil
gilamiz. Bu tenglamani quyidagi ko'Tinishda yozish mumkin.

(0" + P(x)-0)u + u'0 = Q(x) (11.18)

Noma’lum funksiyalardan birini, masalan, 9 ni ixtiyoriy
tanlashimiz mumkin (chunki dastlabki (11.13) tenglamani, fagat
n 9 ko‘paytma qanoatlantirishi kerak). d funksiya sifatida
(11.18) tengiamadagi u ning koeffitsientini nolga aylantiruvchi
d' + P(x)d = 0 tenglamaning ixtiyoriy xususiy yechimi d =
i19(x) ni tanlaymiz. Shundan so‘ng (11.18) tenglama uv —Q(x)

ko‘rinishga keladi. Bu tenglamaning wn—u{x,CJ umumiy
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yechimini topamiz. So‘ngra (11.13) tenglamaning
y =u(x,C)-v(x) ko'rinishdagi umumiy yechimini hosil gilamiz.
Shunday qilib, (11.13) tenglamani integrallash o°‘zgaravchilari

ajraiadigan ikkita tenglamani integrallashga keltiriladi.
3-Misol. Quyidagi tenglamani

"+ytgx = -N—
VYR Cosx

Bernulli usulida integrallang va y{n) — boshlang‘ich
shartda Koshi masalasini yeching.

> 0 ‘miga go‘yishning BemulH usulidan foydalanamiz.
y =uv, y =uV+uv vagquyidagiga egabo‘lamiz.
7+ W+ uvtgx 1 ,
COSX

1
(V+vigx) u+unvV=m
COSX

V +vtgx =0 tenglamaning xususiy yechimini topamiz.

dv + vtgxdx —0, — +tgxdx =0 :
%

| — +1tgxdx =0, Inlvf]—n|cosx\=1Inc, . ¢, =1 deb olib,

v = cosjc xususiy yechimni tanlaymiz. Endi, uv —Mcosx , bu
yerda v=cosjc, tenglamaning umumiy yechimini izlaymiz.
Quyidagiga ega bo‘lamiz

, rdx
Uu=s—7—, u=\—— +c=1gx+c.
COS™ X Jcos X
Dastlabki tenglamning umumiy yechimi quyidagicha bo‘ladi:
y =u v~(tgx+c)‘cosx . Bundan

y{n} =\, 1=(0+c)(—), c=—2 Dboshlang‘ich  shartlami

ganoatlantiruvchi, xususiy yechimni ajratib olamiz. c¢=—
giymatni umumiy yechimga qo‘yib, dastlabki tenglamaning
xususiy yechimini hosil gilamiz:
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y = (?gx-l)cosx =sinx-cosx. <
Quyidagi ko‘rinishdagi differensial tenglama

y'+P{x)y =Q(x)ya. (11.19)
bu yerda a =conste R, a ®0, a ®1, shuningdek, algebraik

shak! almashtirishlar yordamida (11.19) tenglamaga keltiriluvchi
har ganday tenglama, Bemulli tenglamasi deyiladi.

Z= formula bo‘yicha yangi Z (xj funksiya Kiritish

yo‘li bilan Bemulli tenglamasi shu funksiyaga nisbatan chizigli
tenglamaga keltiriladi:

Z'+{\-a)P(x)Z =(l1-a)Q{x). (11.20)

Oxirgi tenglamani yuqorida keltirilgan biror bir usul bilan
yeehib, Z = Z (x) ni topamiz, so‘ngra y =z {-~&"ni topamiz.

Bemulli tenglamasini, (11.13) chizigli tenglama Kkabi,

rl- u(x)- v(x) Bemullining o‘miga qo‘yish usuli yordamida

ham yechish mumkin (3-misolga garang).
4-misol. Bemulli tenglamasining umumiy yechimini toping.

Y +2exy = 2exMy .
> Beriigan tenglama uchun a =1/2 bo‘lgani uchun,
Z - y'~a=sjy almashtirishni bajaramiz. (11.20) tenglamaga

asosan, Z'4-exZ - extenglamani hosil gilamiz. Bu tenglamaning
umumiy yechimi (11.14) formulaga asosan quyidagi ko ‘rinishda
bo‘ladi.

Z=e— dx+c\ =e~-T + =

=e* {Jeedex+xJ =e~tr [f* +Cc) —|l+ce em

Dastlabki tenglamaning umumiy yechimi quyidagicha
holadi.

y=22=(l+ce~ej .<
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5-misol. Tenglamaning umumiy yechimini toping.
xy'+y =xy2lnx .

> Berilgan tenglamaning ikkala gismini x ~0 ga bo‘lil
yuborib, a —2 bo‘lgan Bemulli tenglamasini hosil gilamiz. Uni
Bemullining o‘miga qo‘yish  wusuli  bilan  yechamiz.

=uv, y'=uv+uv):
Xx(U'v+uv)+uv=xmv) Inx.

xv'+v=0 tenglamaning xususiy yechimi v=x~" ni
osongina topamiz. Endi xvu =xu2v2Inr tenglamaning, bu yerda

v=jc'l, yani n —v2 tenglamaning, umumiy yechimini
X

topishimiz kerak. Oxirgi tenglamda o‘zgamvchilarini ajratamiz va
uni integrallab quyidagini hosil gilamiz.

, u
n 2 2° c + In2x
Shunday qilib, dastlabki tenglamaning umumiy yechimi

quyidagichabo‘ladi. y =uv = y \ =
.Uc + In XCj

11.2. AT
1 Differensial tenglamalaming turlarini aniglang va ularr
yechish usullarmi ko ‘rsating.

b) y cosx = --y---;
In>>
2mcos2ydx +j2y - x2sin2yjdy =0,
2xIny +y —x' Z) y2+Xy’=xyp’
g) (I +eX)y dy —exdx = 0;

232



2. Differensial tenglamaning umumiy yechimini toping.
b
a)y F=1RiInx b)y +4x)>=2xe~x {fy .
X
(Javob: a) y =xInx+c!lx; b))y = +**(c +x2/2j )

3. Koshi masalasini yeching.
a) 2xydx + (y +xMdy =0, y (m-2) = 4;

by / - 2y-x +ex, y(0)=-1.

(Javob: a) x2-y In(4e/>);b) y =~ x~ex+ -"-(1-e2A).)

Mustaqil ish
Koshi masalasini yeching.

la) y"+3y=e2y2, y(0)=1,

b) y' +ytgx =l/cosx, y(n") =5.

(Javob: a) y =e'2%;b) y =-5cosx +sinx \)

2.a) yx - (x +ye~by}dy, y (0)=-3;

b)y'-1ly =ewy\ y(0)=2.

(Javob: a) x =e~W(3-y); b) y =10e 1/ (elx- 6).)

3.a) xdy - [e~x-y}dx, y(I)- %

(Javob: a) y = It 1+ _1_____1J'I; b) >- )_(-:.%-_)4
x\ e eJ) X
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11.4. TO‘LA DIFFERENSIAL TENGLAMALAR
Agar D sohada P(x,y), Q[x,yJ funksiyalaming
aniglanishidan va (11.21) tenglamaning mavjudligidar. quyidagi
tenglik bajariisa,
uP(x,y) 6Q(x,y)
(2= - —" - (H.22)
0y.
u holda
P(x,y)dx +Q(x,y)dy ~0. (11.21)
ko‘rinishidagi tenglama to ‘la differensialli tenglama deyiladi.
(11.21) tenglamaning  umumiy  integrals  quyidagi
formulalaming biri bilan aniglanadi.

x y

AP{x,y0)dx+"Q{x,y)dy =c, (11.23)

X0 Y

X y

AP(x,yyh+2Q{xby)dy =c. (11.24)
)]

bu yerda MO(jcOj 0)eD .

MisoL Tenglamaning umumiy integralini toping.

(x2+y —jdx + {x+y +eyNdy=0.

» P=x2+y—4, Q=x+y+ey belgilashlar kiritamiz.
— =1, —2 =1,ya’ni (11.22) shart bajariladi, u holda berilgan
oy 0X
tenglama to‘la differensialli tenglama bo'ladi. Soddalik uchun
x0=0, y0=0 deb olib, uning umumiy integralini (11.23) yoki

(11.24) formulalar orgali topish mumkin. x0,y0 giymatlami
tanlashimiz o‘rinli, chunki bu nugtada P(x,yJ va Q(X,y)
funksiyalar va ulaming xususiy hosilalari aniglangan, va'ni

(0;0)e D . (11.23) formulaga asosan quyidagiga ega
bo‘lamiz.
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n
[1x2+0- 4jdx+j(x+y +ey)dy=c,
0 0

Umumiy integralni (11.24) formula bo‘yicha topamiz.

X Yy
| "x2+y - 4jjx +] (O+y +ey)dy - c,
0

3 2

\
Z(é-- bXy —4X 4—--2--- VG —l=c.

Bu yechim awal topilgan yechim bilan ustma-ust tushadi. -4

11.3. Auditoriya topshiriglari
1. Differensial tenglamalaming umumiy integralini toping.

a) (ex+y +siny)Jx +{eJ+x+xcosy”y =0;
b) (2x +exly)dx +[1- -\e xidy = 0;

V) Y =(y-3x2)/(4y-Xx).
(Javob: a) ex+ey+xy+xsiny —¢; b) x2+ye*y=c: V)

x3—xy +2y2=c.)
2. Koshi masalasini yeching.
a) ewydx+(2y-xey)dy=0, y(-3)=0;

b) xdx+ydy-{xdy-ydx)/(x2+y?2),
v) x+yex+{y +ex}y' =0, >(0)=4.
(Javob: a) xey+y2+3=0;

b) —(x2+ v2)+arctg—=1+—; v) X* +y2+ 2yex= 24.)
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3. Ixtiyoriy M nuqtasiga o‘tkazilgan urinmaning burchak
koeffitsienti, M nugtani koordinata boshi biian tutashtiruvchi
to‘g‘ri chizigning burchak koeffitsientidan uch marta Kkatta

ekaniigini bilgan holda /1(2,4j nugtadan o‘tuvchi to‘g‘ri chiziq
tenglamasini toping (Javob: y = -j x'1.).

4. Nyuton gonuniga ko‘ra, jismning sovush tezligi jism va
atrof-muhit temperaturalari avirmasiga proporsional. Pechkadan
olingan non temperaturasi 20 minut davomida 100° C dan 60° C
ga kamayadi. Havoning temperaturasi 25° C. Qanday vaqt
oralig‘ida (sovish boshlanishidan hisoblab) nonning temperaturasi
30° C ga pasayadi. (Javob: 71 min.)

Mustaqil ish
1. Koshi masalasini eching.

[2x +y + 3x2sm vMitc + (X +Jc3cos™ + 2>7 N = (;
y(0)=2
(Javob: x2+xy +My2+x3sinv=2.)

2. Boshlang‘ich tezligi v(0) =0 bo‘lgan m massali jism
yugoridan tushmoqda. Agar jismga p —mg og‘irlik kuchidan
tashqari, proporsionallik koeffitsienti 3/2 ga teng, v(?) tezlikka

proporsional havoning qarshilik kuchi ham ta’sir gilsa, jismning
ixtiyoriy t vaqtdagi v =v(t) tezligini toping.

(Javob: v= mg(\ —eY2et)

2. 1 Differensial tenglamaning umumiy integralmi toping.
(3x2™ +sinx)<ix + (x3—cosv)</_y =0 * .(Javob:

X3y —cosx —siny =c )
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2. Radiyning targalish tezligi uning targalmagan soniga
proporsional. Agar 1600-yilda radiyning dastlabki migdorining
yarmi tarqalishi anig bo‘lsa. 1 kg radiydan 650 g qclishi uchun
necha yil kerakligini hisoblang.

(Javob: 1000-yildan keyin.)

3. 1 Differensial tenglamaning xususiy yechimini toping.

2xIn>u— Y — dx +1---- htgx+e dy- 0,y (0)=1

.(Javob: x2Iny +ytgx+ey=¢e )

2. Agar to‘g‘ri chizigning ixtiyoriy nugtasiga o ‘tkazilgan
urinmasining Ov o‘gidan ajratgan kesmasi, urinish nugtasidan
koordinata boshigacha bo‘lgnan masofaga teng bo‘lsa, ~(1,0)
nugtadan o‘tuvchi shu to‘g‘ri chiziq tenglamasini yozing. (Javob:

Y \[x~x")

115 TARTIBIPASAYTIRIJLADIGAN YUQORI TARTIBLI
DIFFERENSIAL TENGLAMALAR

Tartibi  pasaytiriladigan  yuqori  tartibh  differensial
tenglamalaming ba’zi turlarini ko ‘rib chigamiz.

VW =/(*)m (M.25)

ko'rinishdagi tenglamaning umumiy yechimini n —marta

integrallash orgali topamiz. Uning ikkala gismini dx ga

ko‘paytiramiz va integrallaymiz, natijada, (a- 1) tartibli
tenglamani hosil gilamiz.

Y-)=ly*W =|/(x)c& ="1(x) +cl. (11.26)

Shu amalni takrorlab, (n—2) tartibli tenglamaga ega
bo‘lamiz.
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y” Ax =M<plyx) +cMdx =Np[[x)dx + cldx*<p2{x) +c.xFc2

. (11.27)
N - marta integrallashdan keyin esa, (11.25) tenglamaning
quyidagi umumiy yechimini hosil gilamiz.

Y=®dnM + cix” 1+ c2xn~2+ - + Cn-1X + cn Wm(H-28)
bu yerda cAr = 1n”, cl,c2,....cn - ixtiyoriy o‘zgannaslar
bilan malum ma’noda bog'liq bo‘igan, ixtiyoriy o‘zgarmaslardir.
1-misol. yn =8/(x —3y tenglamaning umumiy yechimini
toping.
(11.26) formulaga va integrallash qoidalariga asosan,
quyidagiga ega bolamiz:
y* »fy\fc = emeen- —j +c.’
J J("-3) (L8
(11.27) yechimga mos ravishda quyidagini topamiz.
ax =- —+C.X+c,
3(x+3)
Oxirgi tenglikni yana ikki marta integrallab, dastlabki
tenglamaning umumiy yechimini hosil gilamiz:

{ 2 1 I dxm 1 —+lé,x2

+€,X +C,
W 3(ac—3, 3(je-3y 2
\
ym2dx=\\- 1 1

1 3(c—3) 2

1 1 1 .
+ X8+ ¢, X" + C, X+ C. —F~— I+ C,Xb+C,X2+€,X + ¢,
3(x-3) 6 2 3(x-3)

Il. Faraz qilamiz, n - tartibli differensial tenglama

izlanayotgan fimksiya va uning (&-1) - tartibli hosilalarini 0‘z

ichiga olmasin. (I <k <nj:
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F(x,y\ yfc),....y"))=0. (11.29)
Z,{x)-yk formula bo'yicha yangi noma’lum 7 (x)
ftmksiyani Kkintamiz va yk#>=2', Y*)—=Z",...yln=Z el
ekanligini e’tiborga olib, Z(jc) funksiyaga nisbatan (n~k) -
tartibli tenglamaga ega bo‘lamiz.
f (*,2,2,2",...ZM)) =0. (11.30)
ya’ni (11.29) tenglamaning tartibini Kk ga pasaytiramiz. Agar
(11.30) tenglamaning umumiy yechimini Z = <p(x,c,...,cnk)
ko‘rinishida izlashga erishsak, yechimi k —marta integrallash
bilan topiladigan (11.25) ko‘rinishdagi quyidagi tenglamani hosil
gilamiz.
Z = =p(x,cl,c2...,c,,).
Xususiy holda, agar n=2, k —1 bo‘lsa, u holda (11,30)
tenglama birinchi tartibli tenglama bo‘ladi.
2-misol. Tenglamaning xususiy yechimini toping.
Xy"=¥lIn~ (l)=e y(l)=e2.

> Beriigan tenglama Il tur tenglama boladi. (n =2, k = 1),
ya’ni tarkibida u qatnashmaydi. Z=y ni qo‘yib, bu
tenglamaning tartibini bittaga pasaytiramiz. 1l holda y'" =Z"

bo‘ladi va beriigan tenglama izlanayotgan Z funksiyaga nisbatan
birinchi tartibli bir jinsli differensial tenglamaga aylanadi.

XZ'=ZIn(Z iXx). (D

Bu tenglamani ma’ium usullardan biri bilan yechamiz.

Z —xu{x) o’rniga go‘yishini bajaramiz. U holda Z' = u+ xii
boTadi va (1) tenglama quyidagi ko‘rinishga keladi

X+ xu’=ulnx. (2
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(2) tenglamada o‘zgamvchilarni ajratamiz, ketma-ket
quyidagilami topamiz.

e 7=—, In'Intt—1 = mx + mc,
u(\nu-\) X 1
Inn-1 =c,c, n=ehx, Z = xelc¥x,

Z =y ekanligidan, oxirgi tenglama bir marta integrallab
yechiladigan birinchi tartibli differensial tenglama bo‘ladi.

/ =xelux, y =jxe-*xdx = —\xd (e Xx) =
ci

=j(xelx- Je'rdx)= ]S AV 40+c2.

Dastlabki tenglamaning umumiy yechimini hosil gildik.
y(\) - e, v'(l) =elboshlang‘ich shartlardan foydalanib, cxva
c2 ixtiyoriy o‘zgannaslaming giymatlarini aniglaymiz. Quyidagi
tenglamalar sistemasiga ega bo ‘lamiz.

e=azie'«r+c e2=e

C,

Bundan, C, = 1, C2 —e ekanligini topamiz.

Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi formuladan topiladi.

Y- {*—lelx+e. 4

3-misoL y''ctgx+y” =2 tenglamaning umumiy yechimini
toping.

» Bu yerda n=3, k=2 bo‘lganligidan berilgan tenglama
Il turdagi tenglama bo‘ladi. Z = y" yangi funksiya kiritamiz va
berilgan tenglamadan Z'+ Ztgx = 2tgx ko‘rinishda yoziladigan,
ya’ni Z'ctgx+Z =2 chizigli tenglamani hosil gilamiz. Uning
umumiy yechimi (8 11.2 garang)
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Z=«** fjW * * * 4ci1=r X

(ZJAAC "V*" (/tic |- lcosxIf 2f ,dx 4ct
JQOSX X
[ sinx 1 ™
=2co0sX —————d’x+cxcosx 2COSX------- +C, COSX = 2 + C, COSX
cos" X COSX

Z - y" bo‘lganligidan, yechimini oson bo‘lgan, quyidagi |
tip differensial tenglamani hosil gilamiz.

y'"=2+q cosx, y'=J(2+q cosx)c& =2x + ctsinx +¢c,.

= |(2x+cTsinx + c2)dx = Xx2—gCcOSX + CX + 3.
TIT, x argumentni oshkor holda oz ichiga olmagan n -
tartibli differensial tenglamani garaymiz.
Fly.y".y",....,y{n) =0. (11.31)

Bu holda har doim, P(y) =y"' yangi funksiya Kiritib,
tenglamaning tartibini bittaga pasaytirish mumkin, bu yerda y
uning argumenti sifatida garaladi. Buning uchun y\y"
lami yangi funksiyaning y bo‘yicha hosilalari orgali ifodalaymiz
va murakkab funksiyani differensiallash goidasidan foydalanib
quviaagini hosil gilamiz.

=N = : ":i :£ .i = + 11.32
dx P dx dy dx P y ( )

_df_=_df dp)=® P+ dIP _ fd T+ 2
n cxy dyj dx dy dxdy \dyJ dy2
va h.k. Yugoridagi hisoblashlardan ko‘rinib turibdiki, y*
tartibi k—1 dan oshmaydigan, p va y laming hosilalari orgali

ifodalanadi. Natijada. (11.31) tenglama o‘miga quyidagi
ko'nmshdagi tenglamani hosil gilamiz.
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o yp o2 40 g (MN.33)
ay ay

Agar (11.33) tenglama quyidagicha umumiy yechimga ega
bo‘lsa, p = (p(y,cxc2,....cnJl , bu yerda p =%‘\~ . u holda
X

(11.31) tenglamaning umumiy integralini topish uchun, oxirgi
tenglamaning o ‘zgaruvchilarini ajratib yechish kerak

f—+ M- !']dx, \i/(y,c,,c2,....cnA) = X +cn.
J (p{y.C,.C2,...t" )

Agar (11.31) tengiamada n=2 bo‘lsa, u holda (11.33)
tenglama birinchi tartibli tenglama bo‘ladi.
4-misol. Koshi masalasini yeching.

[ 11 +1=0, y(I)=1, /(1)=~T2.

> Bu tenglama, n =2 va X argument oshkor holda
gatnashmaganidan, LU tip tenglama bo‘ladi. Shuning uchun,

(11.32) formulaga asosan, P(y) =y"' almashtirishni bajarib,

uning tartibini bittaga kamaytiramiz va yechilishi oson bo‘lgan
o‘zgaruvchilari ajraladigan birinchi tartibli tenglamani hosil
gilamiz. Quyidagiga ega bo ‘lamiz.

y®- +1=0, paip=—y-3y, fpaip=-ly-3ly,
ay J

i -1r
933: |2yl +ci> p =§/€7 +3ci’
p—y'—d ekanligini e’tiborga olib, oxirgi tenglamani
X

quyidagi ko‘rinishda gayta yozib olamiz.

W ~
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Bu tenglamani yechishdan awal, boshlang‘ich shartlardan
foydalanib, cx ixtiyoriy o'zgarmasning giymatini aniglaymiz.
Ularni (1) tenglamaga qo‘yib, uyidagini hosil gilamiz.

3j_=3—3c, ¢c,=0m
V2 V

Shunday qilib. o‘zgamvchilarini ajratish yo‘li bilan oson

"3
yechiladigan, y'=1—y2 tenglamaga kelamiz.
v2 y
j (3 2Y3, dy jm
dy={2y J dX (T7i

bYj
Ny~ 23y =jdx.
fEZ-By)\(:xH:,, (x+c2)3

y (1) = 1 boshlang‘ich shartidan c2 ni topamiz,
1=(1+c2)3/18, c2= 1, -1.

bundan kelib chigadiki, izlanayotgan xususiy yechim
quyidagi foimuladan topiladi.
=—(x+IfI8-if. <
¢ 18 (. >
5-misol. Koshi masalasini yeching.
yT(y’py" =6(?)ry, y(2)=0 y(2)=1 >"(2)=0

> 77= 3 bo‘lgan, (11.31) ko‘rinishdagi tenglamaga ega
bo‘lamiz. (11.32) tenglamaga mos ravishda, p{v) yangi
fimksiyani kiritamiz va ketma-ket quyidagilarni topamiz.
2d fdpy“f dpV r

P17+~ ~T
« \%
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or | bya=0 (720),

yvdyl j

d2
bu verdan EFI)_—: 6y . Bu tenglama birinchi tur tenglama
y
bo'lib, ikki marta integrallasb yo‘li bilan oson yechiladi.

A =J6ydy =3y 1+c, p =j(3y2+q'jdy=y3+cy +¢c,,

/(2)=p(0)=1 >(2)=/%0 )"~ =0-

munosabatlami va boshlang'ich shartlami hisobga olib,
y'=y3+Cjy+02 tenglamani hosil gildik, bundan,

¢, —0, c2=" ekanligini topamiz.
Endi y' = y3+1 tenglamani integrallaymiz.

et 4 FrEr=1H*-

—}—arete - 1=—I- In—f-(|=:|-- =X+c,m
ni3 dy-y+1

y(2)=0 boshlang'ich shartlardan foydalanib,
c3=—2-—- p ni topamiz. Bundan quyidagi izlanayotgan

xususiy yechimni hosil gilamiz.

- 7 N
~Tewray Y L it L ez T
Vs "33 6V3

11.4. AT
1. Quyidagi tenglamalami integrallang.
a) ym=x2-sinx; b) yw =ynlx; v) yy"=>2.
2. Koshi masalasini yeching.
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a) v =3 V()=
X

b) xyT- y1=x2+1 y(1)- 0, ¥ (-)=1 = 0:
v) y*=e2y, y(0)=0, y (0)=1.
3. Avtomobil yo‘lning gorizontal gismida v =90 km/s

tezlikda harakterlanmoqda. Vaqgtning biror gismida sekinlashishni
boshlaydi. Sekinlashish kuchi avtomobil og‘irligining 0,3 gismiga
teng.

Sekinlashishi boshlanishidan bekatgacha bo'lgan masofani va
bu masofani bosib o‘tish uchun ketgan vaqtni toping.

(Javob: 8,5 sek; 106,3 m.)

Mustaqil ish
1. 1Tenglamani integrallang. X2V M= "2
2. Koshi masalasini yeching.
2y'2=(y-1)/, 7~(0)=0, y(0) =1
XVa—y' = X2 X

2. Ll.Tenglamani integrallang.
2.  Koshi masalasini yeching.

YY +1=0, >({)=1 /(i) =o

3. L1l.Tenglamani integrallang. xy" +y' =y 2m

3. Koshi masalasini yeching.
21 =317, y{2)=1 y'(2)=-1

11.6.1KKLWCW VA YUQORI TARTIBLI CHIZIQLI
DIFFERENSIAL TENGLAMALAR
Umumiy hoi. Quyidagi ko‘rinishdagi tenglamalami
y{D+a (x)/D+az(x)yfrd +.. +an. (x)y" +an(x)y =/ (x)
o (11.34)
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bu yerda a,(xa/=1,nj, /(x) - biror D sohada berilgan
funksiyalar n -tartibli bir jinsli bo'lmcigan chizigli differensial
tenglamalar deyiladi. Agar D sohada (11.34) tenglamaning o°‘ng
tomoni f(x) =0 bo‘lsa, u holda (13.34) tenglamaga mos
keluvchi, bir jinsli chizigli differsial tenglama deb ataluvchi
quyidagi tenglamani hosil gilamiz.
yl+aj(x)/m}+a2(x)y(~2Z+... +anx(x)y’4an(x)v =0.
(11.35)
Agar a. (x), /(x) funksiyalar D sohadagi (a,b) oraligda

uzluksiz ~ bo'lsa, u holda v(x0)=\, Y'(xa)*“ Yo—

Y N)("o E*o" I» xoe(a,/?)) (bu yerda y0,yD -

ixtiyoriy sonlar) boshlang‘ich shartlar bilan berilgan (11.34),
(11.35) ko‘rinishdagi har ganday tenglamalar uchun yechimning
mavjudligi va yagonaligi hagidagi Koshi teoremasi o'rinlidir.

(11.34) va (11.35) ko‘rinishdagi tenglamalaming umumiy va
xususiy  yechimlarini topishda  y{(x), y2(x),..., yn(x)
funksiyalaming o‘zaro chizigli bog'lig voki chizigli bogliq
emasligi tushunchalari muhim ahamiyatga ega.

Agar bir vagtda hammasi nolga teng bo‘Imagan jw /i2,...,/un

n

0‘zgarmas sonlar uchun ixtiyoriy xe(a,b) da ¥]a>',(x) =0
i

munosabat o‘rinli bo‘lsa, y1y2,...,yn funksiyalar (a,b) oraligda
o‘zaro chizigli bog1iq deyiladi. Agar yugoridagi munosabat fagat
barcha - 1 =0 lar uchun o‘rinli bo‘lsa, u holda yt(x)
funksiyalar {ii,b) oraligda o‘zaro chizigli bog‘lig bo‘Imagan

funksiyalar deyiladi.
Quyidagi ko finishdagi determinant Vmoskiy determinanti
(yoki vronskian) deb ataladi.
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>t y 2 yn
r

Wove o (11.36)

n'=(n\, n)=

< ) (=)
y1 y2 Yn

Funksiyalarning chizigli bog‘iq yoki chizigli bog‘iqg
bo ‘Imaslik mezonlari.

Agar y\x){i = I,n” funksiyalar c"* » fazolar sinfida {a,b)

oraliqda o zaro bog'lig bo'lsa, (yahi, (a,b) oraligda (n—)
tartibgacha uzluksiz hosilaga ega bo ‘1gan funksiyalar bo ‘Isa), n
holda {a.b) oraligda W sO bo'ladi. Agar W ¢ O bo‘lsa, u

holda y,- (x) funksiyalar chizigli bog'lig bo 1maydi.

Masalan: 1,x,x2,...,x1 funksiyalar uchun W ¢ O, shuning
uchun ular chizigli bog‘lig bo‘Imagan fimksiyalardir.

(11.35) tenglamaning chizigli bog‘lig bo'lmagan n ta
Y, (X), y2(x),...,yn(x) yechimlar to‘plami  fundamental
yechimlar sistemasi deb ataladi. Uning yordamida (11.35)
ko‘rinishdagi bir jinsli tenglamaning umumiy yechimi tuziladi.
Quyidagi teorema o ‘rinlidir.

1-teorema. Agar yry2...,yn lar (11.35) tenglamaning
ixtiyoriy fundamental yechimlari sistemasi bolsa. u holda
guyidagifunksiya (11.35) tenglamaning umumiy yechimi bo ‘ladi.

n
y =cxl+cy2+...+cryl = Y~ciyi(x), (11.37)
A
buyerda c, —ixtiyoriy o 'zgarmas.
1-misol. ex,e~x,e X funksiyalar sistemasi
ym=2y"—y’+2y =0 tenglamaning fundamental yechimi
ekanligini ko ‘rsating va uning umumiy yechimini yozing.
> y, =eX, y2—e~Xx, y3—e2x funksiyalar va ulaming
hosilalarini beriigan tenglamaga qo‘ysa, ulaming tenglamaning
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yechimlari ekanligini ko‘ramiz. Uiaming vronskiani quyidagi
ko‘rinishiga ega bo‘ladi (11.36),

ex e* * i w

ex -eX 2eX=e‘e€*e™un -12

el ex 4deX n 14

Bundan kelib chigadiki, e e>e'x funksiyalar chizigli
bog'ligmas va ular berilgan tenglamaning fundamental yecbimlar
sistemasini tashkil qiladi. lining umumiy yechimi, (11.37)
formulaga asosan, quyidagi ko‘rinishga ega.

y = oeX+cexX+cE2x. M

2-tecerma. ((11.34) tenglamaning umumiy yechimining
tuzilishi hagida). Chizigli bir jinsli bo'Imagan (11.34)
tenglamaning umumiy yechimi quyidagi ko rinishga ega.
y =y +y*, buyerda y - unga mos keluvchi birjinsli (11.35)
tenglamaning (11.37) ko‘rinishdagi umumiy yechimi y* esa
(11.34) tenglamaning xususiy Yechimlaridan biri.

2-misol. Xususiy yechimlaridan biri y* = x +1 funksiyadan
iborat bo‘lgan, ym—ly”—y'+2y =2x+1 tenglamaning
umumiy yechimini yozing.

> 1-misolda berilgan tenglamaga mos bir jinsli tenglamaning
y umumiy yechimi topilgan edi, u holda berilgan tenglamaning
umumiy yechimi quyidagicha bo‘ladi.

Yy =y +y* = eX+cx +cIX+x +Hl. <

Agar (11.35) tenglamaning fundamental yechimlar sistemasi
ma’lum bo‘lsa, u holda (11.34) tenglamaning y* Xususiy
yechimini har ganday holatda ham ixtiyoriy o zgarmaslarni
variatsiyalash usuli (Lagranj usuli) bilan topish mumkin va y *
har doim quyidagi ko‘rinishda ifodalanadi.

V*=q (*) 7, (X) +c2(x)y2(x) +... +cn(xX)yn(x) .(11.38)
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bu vyerda yt(x) (11,35) tenglamaning fundamental
yechimlari sistemasini tashkil giladi, ct noma’lum funksiyalar esa
quyidagi n - ta E\.noma’liimlarga nisbatan chizigli algebraik
tenglamalar sistemasidan topiladi.
h," cy2+.. .+ chyn= 0

c{yl[+ 0

J
Sistemaning determinanti, v(x) fundamental yechimlar
sistemasi noldan fargli bo‘lgan holda, Vronskiy determinanti
bo ladi, ((11.36) ga garang). Shuning uchun (11.39) sistema
c'= @ (X) ko‘rinishdagi yagona yechimga ega. Bu birinchi

tartibli differensial tenglamani integrallab. c, (x) =j w, clx ni

topamiz.
Shunday qilib, (11.34) tenglamaning >* Xususiy yechimi
quyidagicha bo‘ladi.

Y* = YN\ (x)fa +y2f<P2(*)<& +- +y\J<Pn(x)<K m114°)

l-eslatma. (11.40) formuladan integrallami topishda n ta
ixtiyoriy o'zgarmaslar paydo bo‘ladi. Ulami nolga teng deb
hisoblash mumkin.

3-misol. Quyidagi tenglamaning umumiy yechimini toping.

m-2y* -y'+2y~ ~ -, 1
ym=2y*-y'+2y~ = 1 (€]

> (1) tenglamaga mos, bir jinsli tenglamaning umumiy
yechimi quyidagicha bo‘ladi.

Yy = eX+CcxX+CcFR2X,

(1-misolga garang.) (1) tenglamaning umumiy Yyechimini
topish uchun, Lagranj usulida uning y * Xususiy yechimini
topamiz. (11.38) formulaga asosan quyidagiga ega bo‘lamiz.
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y* - ¢, (jo)ex+c2(x) e x+c3(x)e2x,

(11.39) sistema bizning misolimizda quyidagi ko'rmishda
bo‘ladi.

e +c22x+C&* =0,
c[ex—C2ex+2cleZ = 0, @)
oNex+c2  +4clex=e/(VI +1).

Buning determinanti W —-6ezZ® 0 (1-misolga garang). (2)
sistemani Kramer usuli "bilan yechib, quyidagilarni topamiz.
11
7 C':__ e 3
2 ex+l 6ex+1 3ex+l ®
(3) ifodani integrallab, quyidagilarni hosil qgilamiz (-
eslatmaga garang).

(od __I r e_f_ :_1 r_d_(sii_l)L:_l Inle +1 ,
1 2)Je +l 2] ex+l 2 Vv '
2 6}ex+Hl 6 ex+1 6JI ex+l1) 6\ 2 \% D)

1re* +\-ex, )
=1 ———= ax = ifl- odx—
3 3Je*+l 3] ex+1 B ex+1

ex+l
(1) tenglamaning xususiy yechimini yozamiz.

y* = -fex\(ex+1l+~e zh en—e—+In(ex+I1) +"e2 (x —nje* +1)"j =

S lec Ll Lz lx 1oy
12 6 3 U 2 3 ;

(1) tenglamaning umumiy yechimi quyidagi ko‘rinishda
bo‘ladi.

y =y +y* =ce* +C2X+eF2*+ bIxeX+ex—2j +" (e~x- 2elxj In (ex+1)
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2-eslatma. (11.35) tenglamaning fundamental echimlar
sistemasini topish usullari mavjud emas. Shuning uchun umumiy
holda (11.34) tenglamaning y* Xususiy yechimini topish
mumkin emas, demak uning umumiy yechimini bam topish
mumkin emas. (11.34) tenglamani yechimining boshga usullari
mavjud emas. Fagat xususiy holda, (11.34) tenglamaning barcha

ax) koeffitsientlari o‘zgarmas sonlar bo‘lganda, (11.34)

tenglamaning fundamental vechimlari sistemasini va umumiy
yechimini topish usuli mavjud.

0 ‘zgarmas koeffitsientli chizigli differensial tenglamalar
(11.34) va (11.35) tenglamalarga a. (x) - pt—conste R ni
go‘yamiz. U holda mos ravishda quyidagilarga ega bo‘lamiz.
SW+ayY " +PY{)+..+paly' +p,y =f(x). (11.41)

Yn+pY M) +P2Y[2) mmmtPn-Y +PnYy = 0 mC1142)

(11.42) tenglamaning fundamental echimlar sistemasini, fagat
algebraik usullardan foydalanib, quyidagicha topish mumkin.
(11.42) tenglamaning xarakteristik tenglamasi deb ataluvchi
quyidagi algebraik tenglamani tuzamiz.

A" +pXAn1+praAn2+... +Pn-i+p,, —0. (11.43)

Bu tenglama n ta ildizga ega bo‘lib, bular orasida oddiy va
karrali haqgiqiy ildizlar, shuningdek go‘shma-kompleks (oddiy va
karrali) ildizlar ham bo‘lishi mumkin.

Agar (11.43) hara'kteristik tenglamaning barcha Ai ildizlari
haqigiy va oddiy bo‘lsa, u holda (11.42) tenglamaning quyidagi
fundamental yechimlar sistemasini hosil gilamiz.

ev ,ev ,...ev . (11.44)

Ma’lumki, (11.43) harakteristik tenglamasining har bir k
karrali ildiziga (11.42) tenglamaning quyidagi ko‘rinishidagi,
chiziqgli bo‘lmagan yechimlari mos keladi.

Yy, =<J1 y2=xesN\..YK=XK-'ex*. (11.45)
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(11.43) harakteristik tenglamaning m karrali go‘shma-
kompleksi bar bir a=+ fit juft ildizga quyidagi ko‘rinishdagi
(11.42) tenglamaning o‘zaro chizigli bog‘lig bo‘lmagan 2m ga
teng yechimlari mos keladi.

yXx= eax cosfix, y2= eaxsinfix,
y3- xeaxcosfix, y4 = xeaxsin fix,
y5- x2eax cosfix, = x2Zeaxsin fix, n

Y2ml = xm cosfix, y2an= xmleaxsin fix.

Yuqoridagilami umumlashtirib, quyidagiga ega bo‘lamiz.
(11.43) ning harakteristik tenglamasining ildiziga birjinsli (11.42)
tenglamaning, ixtiyoriy koeffitsientlar bilan chizigli kombinatsiya
(11.37) formulaga asosan, (11.42) tenglamaning umumiy
yechimini beruvchi, fundamental yechimlar sistemasini hosil
giluvchi, n ta chizigli bog‘lig bo‘lmagan yechimi mos keladi.

4-misol. 0 ‘zgarmas koeffitsientli 4-tartibli bir jinsli chizigli
tenglamaning umumiy yechimini toping.

y/v-16y =0,
> Berilgan tenglamaning harakteristik tenglamasini tuzamiz
va lining ildizlarini topamiz.

Nna-16=0, (02-4)(12+4)=0, 12=4, "=+x2, J2=-4,
A 4= A2i 2 tasi haqgigiy va 2 tasi qo‘shma-kompleksli, 4 ta ildizni
hosil qildik (&r=0,fi =2j bo‘lgan (11.44) - (11.46) Xxususiy

yechimlami e’tiborga olib, quyidagi undamental yechimlar
sistemasini hosil gilamiz:
=e2x y2=e2x y3=edcos2Xx = cos2x, y4=eXsin2x = sin 2x

(11.37) formulaga asosan, berilgan tenglamaning umumiy

yechimi quyidagi ko‘rinishga ega boiadi.
y —CONdX +cré~2X +c1cos 2X +c4dsin2x, 4
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Agar (11.42) tenglamada n —2 boisa, u holda o zgrmas
koeffitsientli 2 tartibli bir jinsli chizigli dijferensiai tenglamani
hosil gilamiz.

Y*+PY +P2 =0. (11.47)
Uning xarakteristik tenglamasi
4-pX+pl=0. (11.48)

ko‘rinishda boidi.

Bu tenglamaning ildizlari quyidagicha bo‘lishi mumkin.

a) haqiqiy vaturli: A*®

b) haqiqgiy va o‘zaro teng: Ax=AR—n

V) qo‘shmakompleksli: O 2=a+/3i.

Ularga (11.47) tenglamaning quyidagi fundamental yechimlar
sistemasi va umumiy yechimlar mos keladi.

1.yi= eAx, y2=ev, y= +cxv ;

2. yx—eXX y2=xeJk y = cxsrk+cxellx;

3.y, =eaxcosfix, y2=eaxsinfix, y =eax(C. cosfix +c2sinfix) -

5-misoL Quyidagi tenglamalaming umumiy yechimini
toping.

a) y" —15v*+26y = 0;

b) /U 6/ +9y =0;

V) y’—=2y'+I10y —0.

> Har bir tenglama uchun xarakteristik tenglamasini tuzamiz

va uning ildizlarini, fundamental yechimlar sistemasini va
umumiy yechimiarini topamiz.

a). N2-154+26=G, A-2, AM=13,



6) 1 +6N1+9—0, a =Jy=-3;

> = e3x, Y2~ xe-iX

y = e3x(q +cX).
B) 12-2~+10=0, N,2=1+3%

yt = e* cos3X, y2= exsin3x.
y = ex(cj cos3x +c2sin3x). <

Shunday qilib, o‘zgarmas koeffitsientii chiziqii tenglamalami
yechish uchun quyidagilar zarurdir:
1 mos fundamental yechimlar sistemasini topish;

2. bir jinsli (11.42) tenglamaning y umumiy yechimini
tuzish;

3. Lagranj usuli bo'yicha (11.41) tenglamaning Y
Xususiy yechimini topish;

4. y =Yy +Yy™* formula bo‘yicha (11.41) tenglamaning Yy
umumiy yechimini hosil qilish;
Turli injenerlik masalalarini yechishda (11.41) tenglamaning

/ (*) o‘ng gismi ko‘p hollarda quyidagi maxsus ko‘rinishga ega
bo‘ladi.

/(x) =e“ ("(x)cosfo +6s(X)sin&t), (11.49)

bu yerda pr(-"); Q% (x) - mos ravishda r va y darajali

ko‘phadlar. a,b - biror o‘zgarmas sonlar f {*) funksiyaning

xususiy hollari quyidagicha bo‘ladi.

f(x) =Pr(x)<T{b =0); (11.50)

f{x) =i"(x)cosbx +g 5(x)smfex(a = 0), (11.51)

/ (x)=e" ( cosbx+Bsinbx)[A = const, B - const). (11.52)
f(x) = Acosbx+Bsmbx(a =0, Pr(x) = A, Q(x) =b): (11.53)
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/(X)=POX)=POX) (a=0’ &=0)- (11.54)

Bu hollaming barchasida, shuningdek, umumiy holda

((11,49) formulaga garang), (11.41) tenglamaning Xususiy

yechimi, bu o‘ng gismlaming tuzilishiga aynan o‘xshashligi

isbotlangan. Umumiy hoi uchun f funksiyaning ko‘rinishi
quyidagicha bo‘ladi.

y* — xkeax |Pm(x)cos fix + Qm(x) sin/?xj, (11.55)

bu yerda Pm(x), Qm(x)-m =max(r,s) darajali

ko‘phadlar; k (1143) z —a +[, - songa mos keluvchi
xarakteristik tenglamaning ildizlari soniga teng.

Shunday qilib, agar ~{i = ildizlar orasida Z son

bo‘lmasa, k =0 agar Z bilan mos keluvchi bitta ildiz mavjud

bo‘lsa. kK = 1, agar Z son bilan mos keluvchi ikki karrali ildiz
mavjud bo‘lsa, k —1, va h.k. Bundan kelib chigadiki, (11.55)

formulaga asosan, fagatgina Pm (x) va Qm(x) ko‘phadlaming

koeffitsientlarigina noma’lum bo‘lgan, v* xususiy yechimning
tuzilishini birdaniga aniglash mumkin ekan. (11.44) tenglamaga
y* yechimni va uning hosilalarini go‘yib, o'ng va chap
tomonlarining o‘xshash koeffitsientlarini  tenglashtirib, shu
noma’lum kojeffitsientlarni topish uchun yyetarlicha sondagi
chizigli algebraik tenglamalarni hosil gilamiz. Koeffitsientlami va
y * ni bunday usulda topish, anigmas koeffitsientlar usuli deb

ataladi. Bundan kelib chigadiki, y * ning tuzilishini bilgan holda

((11.55) formulaga garang), tenglamani Lagranj usulida yechishda
hosil bo‘luvchi integrallash amalini qollamasdan, differensiallash
va chizigli tenglamalar sistemasini yechish kabi elementar amallar
yordamida xususiy yechimni topish mumkin ekan.

6-misol. Tenglamaning umumiy yechimini toping.

yIv—3y"=9x2. (1)
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> Xarakteristik tenglamasini tuzamiz va uning ildizin

fundamental yechimlar sistemasini, bir jinsli tenglamaga mos
keluvchi y umumiy yechimini topamiz.

N4-3M12=0, N2(N12-3)=0, N1=N2=0, N3=/14=%y/3;

y =¢, +Cc2X +cry/3x +cx " Xx.

(1) tenglamaning o‘ng tomoni, maxsus (11.54) xususiy
holga tegishli, shuning uchun Z = 0. Xarakteristik tenglamaning
ikki karrali J1=12= 0 ildizlari, Z —0 bilan ustma-ust tushadi,

bundan k=2 ekanligi kelib chigadi. (1) tenglamaning o‘ng
tomoni ikkinchi darajali ko'phad bo‘lganligi uchun (11.55)
formulaga asosan, y* xususiy yechim quyidagi ko‘rinishga ega
bo‘ladi:
y* = x2{Ax2+Bx +c},

y* lami (1) tenglamaga qgo'yib. ayniyat hosil qilamiz (
y *—(1) tenglamaning yechimi).

Bu yerda va keyinchalik hisoblash qulay bo‘lishi uchun
Y Y*,y*7 y*my * IV, — ifodalaming har birini alohida qator
yozamiz va vertikal chizigning chap tomoniga tenglamadagi
ulaming oldida turgan koeffitsientlarni mos ravishda

joylashtiramiz. Bu ifodalami koeffitsientlarga ko‘paytirib, qo‘shib
va o‘xshash hadlami ixchamlab quyidagiga egabo‘lamiz:

0 y*=Ax4+BxJ+cx2,
0 y* =4Ax3+3Bx2+2x
-3 y** = 12Ax2+6Bx +2c,
0 y*a=24Ax+6B,
1 y*IV=24A.
y*N_3y*' = —36A2-18Bx +6¢ +24A = 9x2
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Oxirgi ayniyatning o‘ng va chap tomonlaridagi x ning bir xil
darajalari oldidagi koeffitsientlarini tenglab, A,B,C lami
aniglash uchun algebraik tenglamalar sistemasini hosil gilamiz:

x2 -36A=9, ]
x  =185=0,
O _6C+24A=0,t

bu yerdan A=-1/4, B=0, C=-1 . Bundan kelib
chiqgadiki,
/* =x2F -1x2-1 .
V 4 J
(1) tenglamaning umumiy yechimi quyidagicha bo‘ladi.
> =>+y*=¢, +cX+cwe™* +che-X- x4—x2. 4
7-misol. Koshi masalasini eching
y’-ly+ 6y =(x-2)e\ >(0)=1 /(0) =3.(1)
» Xarakteristik tenglamasi /n=1, \ = 6 yechimlarga ega, u
holda y”—y'+6y —0 bir jinsli tenglamaga mos keluvchi
tenglamaning umumiy yechimi quyidagicha bo‘ladi.
y = clex+c2e6x.
(1) tenglamaning o‘ng tomoni, (11.50) ko‘rinishdagi
maxsuslikka ega, bu yerda a =1, /5=0; PI(xJ=x—2,r=1. r

xarakteristik tenglamaning ildizi bo4adi, u holda k—1 va (1)
tenglamaning xususiy yechimi quyidagi formuladan topiladi.

y *—xex(Ax +5) . (2)
Endi, 6-misoldagi kabi, quyidagilarni topamiz:
y* = ex(Ax2+BX)
y>= ex(Ax2+Bx) +ex{2Ax +B),
y*” = ex(x£c2+(2A +B)X +B) +ex(2Ax +2A +B).
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y*a—1y *+6y* - ex ("6A-1A +A)x2 +(6B-1B-\4A +2A +B +2A)X1B +2/1+2B} = ex(x—z)

Oxirgi ayniyatning ikkali tomomnini ex® 0 ga boiib yuboramiz
va 0‘ng va chap tomonlaridagi x ning bir xil darajalari oldidagi

koeffitsientlarini tenglab, quyidagiga ega bo'lamiz.

0=0,
-UM =1,
2A-5B = -2.

bu yerdan A=-/10, 5 =9/25
tenglamaning umumiy yechimi bo'ladi.

quyidagi funksiya (1)

1
Y=y+y —Cx +c2¥ +e  —--X H--X
v 10 25

Koshi masalasini yechish uchun y' ni topamiz.
/1 Q \ (1 9

y'=cex+6ckex+ex\  X2+— X |- r —x-
1 2 L 10 25 3 v 5 25

Boshlang‘ich shartlardan foydalanib, C va C2 ixtiyoriy
o‘zgarmaslaming qgiymatlarini  aniglash  uchun  chizigli
tenglamalar sistemasini hosil gilamiz.

j>(0)=g+c2=1 Y(0)=q +6c2+9/25=3.

Buyerdan c, =84/ 125, c2=41/125 lami topamiz.

Shunday qgilib, berilgan boshlang‘ich shartlami
ganoatlantiruvi xususiy yechimning Kko‘rinishi quyidagicha
bo‘ladi.

y=—e +-—e + e —1 % 9,
125 125 VvV 10 25 |
(11.41) ko‘rinishdagi chizigli differensial tenglamalar uchun
ma’nosi quyidagicha bo‘lgan, yechimlaming superpozitsiya
prinsipi o‘rinlidir. Agar (11.41) tenglamada

f{x)-fi{x)+fi(x) bolib, (x) va y2(x) lar o'ng
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tomoni mos ravishda fx(x) va f2{x) bo‘lgan quyidagi
(11.41) ko‘rinishdagi tenglamani }'m(x) va v2(x) lar o‘ng

tomoni mos ravishda | X(x) va f2(x) bo‘lgan quyidagi
(11.44) ko‘rinishdagi tenglamalaming yechimlari bo‘Isa.

YPO+PYIM)+..+Pry=f1IM (11-56)

+P y N +.. +Pry =f2(x). (11.57)

u holda y* = y[ +yr funksiya o‘ng tomoni f (x) bo‘lgan
(11.41) tenglamaning yechimi bo‘ladi.

/ W wva funksiyalar ((11.49) ko‘rinishdagi fagat

turli turdagi (11.50)-(11.54)) maxsus ko‘rinishda bo‘lish mumkin.
U holda, har bir turdagiga qo‘llash mumkin bo‘lgan va anigmas
koeffitsientlar usulida (11.56), (11.57) tenglamalaming xususiy
vechimlarini topish imkonini beruvchi (11.55) ko‘rinishdagi
xususiy yechimning tuzilishidan foydalanish mumkin. Shu bilan

birgalikda fx(x) - maxsus ko‘rinishda, f2(x) esa maxsus
ko‘rmishda bo‘lasligi mumkin. Bunday hollarda, (11.41)
tenglamaning xususiy yechimi y * ni, Lagranj usulidan
foydalanib birdanig topish mumkin yoki ikkita bosgichga bo'iib,
(11.56) tenglamani yechish uchun (11.55) ning tuzilishidan
foydalanib, (11.57) tenglamani yechish uchun esa Lagranj
usulidan foydalanib topish mumkin.
8-inisol. Tenglamaning umumiy yechimini toping.
/ ,+j>=Xxsinx +cos2x. @)

» Ma’lumki, xarakteristik tenglamasi \ =i, —

yechimlarga ega. U holda y" +y = 0 bir jinsli teoremaring
umumiy yechimi quyidagi funksiya bilan aniglanadi.

N-cjcosXx +c.sinx.
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(1) tenglamaning o‘ng tomonini (11.51) va (11.53)
ko‘rinishdagit maxsus turdagi ikkita funksiyaning yig'indisi
shaklida yozish mumkin:

/1W = xsinx, f2{x)—cos2.x . Shuning uchun (11.55)
ning tuzilishidan foydalanib, anigmas koeffitsientlar usuli bilan
V' +y = Xsinx. 2)
tenglamaning y* xususiy yechimini, va
y" +j = cos2x. (©))
tenglamaning y2 xususiy yechimini topamiz. (2) tenglama
uchun a=0, b=Nz —i = , shuning uchun k =1 va
¥* = x {{AX +i?) cos X +(cx +£>)sin x}

6-misolda keltirilgan sxema bo‘yicha A,B,C,D anigmas
koeffitsientlami hisoblaymiz.
Quyidagiga esaboiamiz:

YN\-{AX2+5x)cosx + (cx2 +DXjsinx,
y[ = (2AX +B'Jcosx - (Ax2+BXxjsinx +
+(2cx+D) sinx +{cx2 +Dx} cosx =
= {ext + 2AX+ DX+ bicosx + r-Ax2—BxX+
2cx+2Z))smx,
Y[ = (cx +2A +D) cosx —{cx2 +2AX +Dx +B)smx +
+(-2AX—B +2¢) sinx +{—Ax2—Bx +2cx +D j cos X,
¥ +Y* = {AX2+Bx +2cx +2A +D - Ax2—Bx +2cx+  cosX +
+{Cx2+DX—Cx2—2Ax-Dx —B —2Ax—5 +2c)sinx = xsinx
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Oxirgi ayniyatda o‘ng va chap tomonlaridagi o'xshash hadlar
oldidagi koeffitsientlami tengiashtirib, A,B,C,D va y* lami
topamiz:

X COS X 4c =0,

cosx 2A+2D =0,

xsinx —4A =1,

sinx -2B+2c =0,
buyerdan A=—1/4, B=0,c=0,D =1/4.

Bundan kelib chigadiki,

1 Lt T s )
— X COS X H— SIn —X(SINX-XCO0OSX),
X=X g 4 4 v '

(3) tenglama uchun a —0, b =2, z = 2i, shuning uchun
K=0 va

y2=Mcos2x +N sin2x.

Endi quyidagilami topamiz:
yr—M cos2x +N sin 2.x,

y2 = —2M sin2x +2jVeos2x,
y2 = —4M cos2x —4N sin 2x.
y2 +y2 = —3M cos2x —3N sin2x = cos2X.

bundan ko‘rinib turibdiki, —bM =1, —3N =0  shuning
uchun

y* = —-C0S2X.
2 3
Natijada quyidagini hosil gilamiz:
y*—W\+Y2 ="“ A(sinXx-XCc0sX)-"cos2X.

va berilgan (1) tenglamaning umumiy yechimi quyidagi
formula biian aniglanadi.
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Y - Y +¥Y* —c\cosx +c2sinx +*x(smx-xcosx)--"CGs2x
<

9-misol. Koshi masalasini yeching.

y'-2y'+by = 3yx+extg2x, >>0)=3/4, /(0) =2. Q)

> Avval beriigan tenglamaning umumiy yechimini topamiz:
tenglamaga mos keluvchi Al-2A+5=0 xarakteristik
tenglamaning ildizlari AI2=1x£2i bo'ladi. y"-2y +5y =0 bir

jinsli tenglamaning umumiy yechimi quyidagi funksiya bilan
aniglanadi.

y~ex(q cos2x +G2sin2x).

(1) Tenglamaning o‘ng tomoni ikkita fiinksiyaning
yig‘indisi ko‘rinishidan iborat. Ulardan birinchisi fx(x) = 3ex,
maxsus turdagi (11.50) ga tegishli bo‘lib, bu yerda
Pr(x)=3, a—1, b=0, 2 =\d\r bo'ladi. Shuning uchun,
y"—2y'+5y = 3ex tenglamaning Xxususiy yechimi quyidagi
ko‘rinishga ega y* = Aex, bu yerda A quyidagi ayniyatdan
aniglanadi. (A —2A +5A)ex= 3ex; bundan ~ 3, y5<g -

Ikkinchi, f2(x) = exg2x funksiya maxsuslikka ega emas va
y"—2y +5y = extg2x tenglamaning y2 xususiy yechimini

ixtiyoriy o‘zgarmasni variatsiyalash usuli bilan izlash zarurdir
(Lagranj usuli). (11.38) formulaga asosan, quyidagiga ega
bo‘lamiz.

Y = e*(ci(x) cos2x +c2(x)sin2x).
Bizning misolimizda, (11.39) ko‘rinishdagi sistema ikkita

tenglamadan tashkil topgan * = excos2x, sin2x).
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C\E cos 2.x + CXsm2x mO.
c,ex(cos2x — 2sin2x) +c2Zx(sin 2x +2 cos2X) = extg2x.\

Sistemaning tenglamalarini ex ga gisgartirib, quyidagmi hosil
gilamiz.

c[ cos2x +c2sin2x = 0, ’ ]
d (cos2x -2sin2x) +c2(sin2x +2co0s2x) = tglx.J

Oxirgi sistemaning determinant! (vronskiani) quyidagicha
ho'iadi.

€c0s2x sin2x 5
" cOoSx-2sin2x  sin2x +2cos2x
Kramer formulas! bo‘yicha quyidagini topamiz.
0 sin2x
c?= .
tg2x sin2x +2co0s2x
C0S2X 0 .
C, - . = —sin2x.
cos2x-2sin2x  tg2x 2
Topiigan tengliklami integrallaymiz.
1 sin22x 1rl—cos"2x , 1 dx
‘s —xXm — ————I———axm -
2" cos2x 2 C0S2X

X .
+—fcos2xdx = —In tgl(—-x +—sin2x.
2] 4 14 4

C, —Sm.2xdx = —-Co0s2X.
2 4

Bundan quyidagi kelib chigadi.

* 1.
Y2=6 (Zh tg en——xﬂcost +—sin2Xcos2x m
w 14 ] 4



Shunday qilib, berilgan (1) tenglamaning xususiy yechimi
quyidagicha bo‘ladi.

5. . . v | [
)’*ZXI.+Y2:1-e +Te A *COS2X =
* 7 -X
3 {A N\ \
3+In tg ———=X *cos?2jc
4 n J

Uning umumiy yechimi esa quyidagi funksiya bilan
aniglanadi.

(

y =y +y* —ex(C, cos 2x +C2sin 2x) +—exj 3+In tg\)l(— X Cos2X
n

J I
@
Koshi masalasini yechish uchun 7 (0)=3/4, Y(0)=2

boshlang‘ich shartlardan foydalanib, (2) umumiy yechimdagi ¢
va c2 ixtiyoriy o‘zgarmaslaming giymatlarini hisoblaymiz. y' ni
topamiz.

Y =e (q cos2x +c2sin2x) +ex(-2c, sin 2x +2¢c2c0s2x) +

f K _
3+In tg— x ecos2x j+

\% | 4 J
Cos 2X o b f N\ o
2bl @ — T esin2x
w 1 T )
— X |-cos N\ ’
A ) N\ J

y va y' lar uchun olingan ifodalarga x —0 giymatai qo‘yib,
boshlang‘ich shartlami e’tiborg olib, quyidagilaami hosil gilamiz.
y(0)=3/4=q +3/4
Y(0) =2=2c2+-3/4-1/2,
buyerdan c, =0, c2=7 14.
Natijada izlanayotgarx xususiy yechim quyidagicha bo‘ladi.
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/

y- —e 3+7sm2jc-In]?g-] —X cos2x I. ~
4 V4

11.5. AT
1. Quyidagi ikkinchi tartibli bir jinsli chizigli differensial
tenglamalaming umumiy yechimlarini va fundament!ar
yechimiari sistemasini toping.
a) y"—2y'—4y =0;
b) y'+6/ +9y =0;
V) y’—6y'+18y = 0.

(Javob.-a) y e {pBx y2=eM >; y=c /P NX+C jN X

b) yi =e* y2=xe3¢ y =eX(q +cX);

V) y. = eixcos3X, y2=exsinx; y —(cj cos3x +c2sin3x).)

2. Quyidagi yuqori tartibli bir jinsli chizigli differensial
tenglamalaming umum yechimlarini va fundamental yechimiari
sistemasini toping.

a) ym-Sy”+16y'—2y =0;

b) y'V-8y*-7y =0;

V) yv—6y v +9ym=0;

g) yn -3yv+3ylV=0.

(Javob: @) =ex, y2=eco0s2>/2x, Y\= eXsin2n/2x;

y = oex+eXx  cos2sflx +c2sin 2*j2xj : b)
% y2=e - ya=e M y -oe +
cx +ce V) yl=1, y2=x, y3=x2 vy4

y = +c2X +cX2+(c4+Cc5K) *e3x, 0)
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e3.T/2 00513 X,

YN= 1 Y2 = X>Y3 = X2 >4 = ¥5
3x/2 n/3 2 3 X/
ye=e sm2x; y = ct4+cx+on +caxd+e® 2{7, cos— x+e¢si.ril3jt I
- 2]
Mustaqil ish

Quyidagi bir jinsli chizigli differensial tenglamalaming
umumiy yechimini va fundamental yechimlari sistemasini toping.
1 a)3y’-2y'-3y=Qb)/4 9/ =0;

(Javob: a) y —C\e&X+c2 Adb
b) y = ¢, +c2cos3x +c3sin3x.)
2. ay”-6y’+13y=Q b) y"-8y" +I6y =0.
(Javob:a) y — e3(qg cos2x +c2sin2x);
b) ¥ =(cj +cX) elx +(c3+cAX) e2X)
3. ad4ym-8/+5y=0;b)ym-3/ +3/ ->=0.

{Javob: a) y = eXJ("c, cos£+c23inx—]] ;
b) y = ex(c, +c2x +cX)2.)

11.6. Auditoriya topshiriglari
Quyidagi, bir jinsli bo‘lImagan tenglamalaming ko‘rsatilgan
boshlang‘ich shartlami ganoatlantiruvchi, xususiy yechimlarini
toping. (Koshi masalasini yeching.)
1 / -3y’ +2y=eX(x2-x", y(0)=I, >0)=-2.

(Javob: y - 4(el - e n~[x2-2x+ 2jed)
2 ymy’=-2x, >>0)=0, y(0)=/(0) =2
(Javob: y —ex—ex+x2).

3 ynr-y=8ex /(0)=0, /(0)=1 /(0)=0
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(Javob: y —2xex—3ex+e x+cosXx +2sinx .)
y"'—2y'+2y =4excosx, y(s) xe*, y'(a) =€T

(Javob: }/ ee((2x K-\)smx-n: cosx)1 )

y f-i4y= 4(sm2x +C0S2x), _y(;r) =>>'(#) =2

(Javob: y = 3/rcos 2x +j sin x +(sin 2x —c0s 2x).)

Mustaqil ish
Ko‘rsatilgan  quyidagi  tenglamalaming  boshlang‘ich
shartlami ganoatlantiruvchi xususiy yechimlarini toping.
L f-2ly =2e\dA0 =-1 ¥Y(1)=0
(Javob: y = e2r1—2eA+e+1))
il +4y =x,>(0)=1y'(0) '
2. 2.

(Javob: y=—x +cos2x +f —- —1sin2x)
y 4 J

N yT+6y’+9j=10sinx, ~(0) =-0,6,/(0) =0,8
(Javob: y =0.8sinx —0,6cosx.)
11.7. Auditoriya topshiriglari
Quyidagi berilgan bir jinsli bo‘lmagan chizig differensial
tenglamaiaming har birining xususiy yechimini aniglang va uning
tuzilishini yozing.
y”-8/ +16y = et (l - x)

2 y"3y' —eX—28x
2 7f+16y = xsinx

4, YT+Y'=2X +eX
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U y"-4v'=2co0s24x

$ yn —y = 3xex+sinx
y'-7y'=(x-1)2

§ yII+y”=x2+2x

0 y”’-4y'+13y = e2x(x2c0s3X +sm3Xx]j

10. YI—YIT = 2xBx—4 "

Berilgan chizigli tenglamalaming umumiy yechimini toping.
11 YY" +4y = cos2x

12. Y*+5y'+6y = ex+e<
13. 4y”-y =x3-24x
14. Y"+Y =6xX+exX
15. Y"+4y=1/sin2x

16. Y7+ Y'= &x

Mustaqil ish
1 y"+4y'+4y = e2xkix

(Javob: y = Jct+c2X +—x2In X - —x21e~2X.)
\Y; 2 4

2. y’+y+ctgx =0

(Javob: y ~2 +cxcosx +c2sinx +cosin x »

3 y"-2y'+y=e*

(Javob: y = ex]c, +c2- In n/x2+1 +xarctg Xj .)
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11.7. DIFFERENSIAL TENGLAMALAR SISTEMASI

Quyidagi koTinishdagi sistema
Y[ =

yr=/r(x>¥Y»¥Yr>->¥n)\ i s9)

yn=/,{X'YNY2"- "¥n),
(bu yerda x,yl,y2,...,yn o‘zgaruvchili f. [i =1,n) fimksiya
(n +1) o‘lchamli biror D sohada aniglangan) W(x) ,

y2(X),.,,,>"'n(x) noma’lum funksiyali n - ta birinchi tartibli
differensial tenglamalaming normal sistemasi deb ataladi.

(11.58) sistemaga kiruvchi tenglamalar soni uning tartibi deb
ataladi.

(11.58) sistemaning (a,b'j oraligdagi yechimi deb, (a,b)
oraliqda uzluksiz differensiallanuvchi va o‘zining hosilalar bilan
(11.58) sistemaning har bir tenglamasini ayniyatga aylantiravchi
IWN=YNM» Y2=2W ....J1 =Y¥»(x) ftmksiyalar to‘plamiga
aytiladi.

Birinchi tartibli differensial tenglamalar sistemasi uchun
Koshi masalasi quyidagicha ta riflanadi.

(11.58) sistemaning

Y\ (xo0) = YI0> Y2(0)=Y20>->YN (x0) = no mc1159)

bu yerda yw, y20...,yr0 - berilgan sonlar: x0e(a,b)
boshlang‘ich shartlami ganoatlantiruvchi
W =>1(*)> Yr (*)»-,v» = Y« M yechimlari topilsin.

Quyidagi O‘rinlidir.

Teorema. (Koshi masalasining mavjudligi va yagonaligi
hagida).
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Agar /m/ =1/) funksiya xXO0ymy2...,yn0) e D

nuqtaning atrofida uzluksiz bo‘lsa va — (r=1,n) uzluksiz
oyrv ’

xususiy hosilalarga ega bo‘lsa, n holda har doim shunday xu

markazli integral topiladiki, (11.58) sistemaning (11.59)

boshlang'ich shartlami ganoatlantiruvchi yagona yechimi

mavjud bo ladi.

(11.58) sistemaning umumiy Yyechimi deb, quyidagi
boshlang‘ich shartlami ganoatlantiruvchi va n ta cl.c2...,.cn
ixtiyoriy 0‘zgarmaslarga bog‘liq bo‘lgan, n ta
yt = qt{x,cl,c2....cn){i - I,n]j funksiyalar to‘plamiga aytiladi.

1) (@ funksiya x,clc2....cn o‘zgaruvchilming biror
o‘zgarish sohasida aniglangan va $d£c<) uzluksiz  xususiy

hosilalarga ega bo‘lsa;

2) @ to'plam cf ning ixtiyoriy aiymatlarida (11.58)
sistemaning yechimi bo‘lsa;

3) Koshi teoremasi o‘rinli bo‘ladigan ¢ sohadagi har
ganday (11.59) boshlang'ich shartlar uchun har doim
cw,c".,cr0 boshlang‘ich shartlaming shunday giymatlari

topiladiki, 0= qt(x0,c10c..,,cn0) tenglik orinli bo‘ldi.

(11.58) sistemaning Xxususiy yechimi deb, ixtiyoriy
o‘zgarmaslaming biror xususiy giymatlarida umumiy yechimdan
olingan yechimga aytiladi.

(11.58) sistemani yechish usullaridan bin, uni yuqori tartibli
bitta voki bir necha differensial tenglamalami yechishga olib
kelishdir. (Noma’lumni yo‘qotish usuli).

Yuqorida aytilganlaming barchasi, quyidagi ko‘rinishdagi,
(11.58) sistemaning hususiy holi bo‘lgan chizigli differensial
tenglamalar sistemasi uchun o‘rinlidir.
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y[= LXN +an(x)y2+ - +ain{x)¥n +fx (x)

2sazonn s 200y - samoovn o1 () (1] 6)

Yn =am(x)y,a,2(x)Yr +- +am(x)yYn +/J1 (*)
bu yerda afj(x), ft(x)(l,y = \,nj funksiyalar odatda, biror
[a,b) oraligda uzluksiz deb faraz gilinadi. Agar barcha
ft(x) ~0 bo‘lsa, u holda (11.60) sistema birjinsli, aks holda bir

jinsli bolmagan deviiadi. Agar (X) =const bo‘isa, sistema

0 zgarmas koeffitsientli chizigli sistema deyiladi. Bunday
sistemalami integrallashga imkon beruvchi usullar mavjuddir.
Shulardan ikkitasini ko‘rib chigamiz.
1 Xarakteristik tenglamasini tuzamiz.

| A 2
" a
1 «2 "N A (1161)
i an\ a'rQ a _X

bu yerda a&= const . Determinantni ochib chigib, n ta

yechimga ega bo‘lgan (ulaming Kkarraliklarini hisobga olgan
holda), X ga nisbatan darajali, hagigiy o‘zgarmas koeffitsienli
algebraik tenglamani hosil gilamiz. Shu bilan birgalikda quyidagi
holatlar bo‘lishi mumkin.

1 (11.61) xarakteristik tenglamaning lldizlari turlicha va

haqgigiy. Ulami X,,X2,...,.Xl deb belgilaymiz. Ma’lumki, har bir
Xt[i = l,«j ildizga quyidagi ko‘rinishdagi xususiy yechimlar mos

keladi.
"=a\'e", yy =cdem “manVvys, (l62)
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bu yerda 0o™\dR,...,a}" koeffitsientlar quyidagi chizigli
algebraik tenglamalar sistemasidan topiladi,
(a,,~Ty + anaf +..+ alm” =0

yO ©
(11.63)

aniai + a> +
Barcha (11,62) ko'rinishdagi xususiy yechimlar fundamental
yechimlar sistemasini tashkil giladi.
ay—const, ft(x) =0 bo‘lgan holda (11.60) sistemadan

olingan bir jinsli o‘zgarmas koeffitsientli tenglamaning umumiy
yechimi, (11.62) yechimining chizigli kombinatsiyasini tashkil
etuvchi quyidagi funksiyalar to‘plamini ifodalaydi.

A=2>N10=ck”*"+ cZav'+...+da;-"

1=1

N — — AN " ' A
2—214.C/ =Cl< e +C22 +-"4+CAarl e (11.64)

N =2Z ci®")=ch®e*x+cZa®ebx+..+csa<se "

=
bu yerda ci - ixtiyoriy o‘zgarmaslar.
1-misol. Birjinsli sistemaning umumiy yechimini toping.
H=3Y1-Y2+¥3"'
Yr=~Y1+5y2-yb
y3=Y,~Y2+3Y¥Y3 .
» Beriigan sistemaning xarakteristik tenglamasi
3-Nn -1 1
-1 5-1 -1 =0. (1)
1 -1 3-/
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Jy=2, JB=3, /u=6 bo‘igan turli haqiqgiy iidizlarga ega.
Ularning har biri uchun (11.63) ko‘rinishdagi sistemani tuzamiz.

aP -afl+a\>=0, —-a2}+afr =0,
—a, ®Wat—«jI=0> -al@+mIJ 4.2 @)
ail+ =0, a®@_4d:9 o

a2 al m
LLlf3) mf —3af’ =0.

Bu sistemalarning determinantlari, (1) formulaga asosan,
nolga teng, u holda ularning har biri cheksiz ko‘p yechimga ega.
Bunday holda. Shunday yechimni tanlash mumkinki, ular uchun

ap =& =al3=1bo'ladi. U holda (2) sistemaning quyidagi
yecbimlarini hosil qgilamiz: agar ax=2 bo‘lsa, u holda

aP' =1, -0, af*=1 agar cij=3 bo‘lsa, u holda
af? 1 afr =1 afr agar a=6 bo‘lsa, u holda
3(3) i &) -2, =1.

Bundan quyidagi fundamental yechimlar sistemasini hosil

gilamiz.
~
>7=<>, Y1(:]) ~—~e

ve 'C, y2 &1 W £ 2

Y?=ebx, yf=-2ee\

(11.64) funksiyalar to‘plamini e’tiborga olgan holda bu

yechimlaming chizigli kombinatsiyasi dastlabki sistemaning
umumiy yechimini beradi.



yx=cx"" +c2™¥ +cF
) cxe™ 2c,e
yr=-c»x X+czIx +c36x

2. (11.61) xarakteristik tenglamalari Al,A2,...,An ildizlari

turlicha, ammo ular orasida kompleks ildizlar mavjud. Ma’lumki,
bu holda (11.61) xarakteristik tenglamaning har bir juft qo'shma —
kompleks A2 = A+ip ildizlariga juft xususiy yechim mos

keladi.
y f=afe " p>, (11.65)
= a {iefaip)x, (11.66)
bu yerda A= Al = A+ifi va a=A2=A -ip lar uchun mos

ravishda (11.63) sistemadan aj\ koeffitsientlar aniglanadi.
aj\. d f1l koeffitsientlar, qoida bo‘yich, kompleks sonlardir,
ularga mos keluvchi y”1 yj"” funksiyalar ega, kompleks

funksiyalardir. y® va y” ftmksiyalaming mavhum va haqiqgiy

gismlarini ajrutib va hagigiy koeffitsientli chizigli tenglamalar
uchun yechimlarining mavhum gismi ham, haqiqgiy gismi ham
yechim ekanligidan foydalanib, bir jinsli sistemaning Xususiy
haqiqiy juft yechimlarini hosil gilamiz.

2-misol. Sistemaning umumiy yechimini toping.

YXAYX +Yr 1
Y2 =~2Y1-5y2y
» (1) sistemaning xarakteristik tenglamasi

1—X 1
=A2+124+37 = 0.
-2 -5-A

All=-6+xi ildizlarg ega. (11.63) formulaga asosan,

(i)

quyidagini hosil gilamiz:
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{-1-X)ai+ a2=0
-2a, +(-5-n)az2=0
N\aP lami hisoblash uchun /n=—6+/ ildizga quyidagi

sistema mos keladi.
( aj)+aw_ |
-2a® +(-5-\N)a® =0.] {-2orfim-(I1-i)a® =0.
(11.65) formulaga asosan, quyidagi xususiy yechimini hosil

\a® =1

jarl =1+

F-1-/)a;1+a® -0

gilamiz.
vt —afe§ o =eK "™ —ey*"™ =e ™ (cosx +zstnx],
vfj —a®e'-atx=(1- z)e N+ = e-6(cosX — sin+i (cosx +sinx)). (2)

(Bu yerda biz Eyler formulasidan foydalandik:

eat>x=eax[cosfix +ism f3x) ) (2) yechimdan mavhum va

hagigiy gismlarini alohida olib, (1) sistemaning fundamental
yechimlar sistemasini hosil giluvchi, 2 ta hagiqgiy ko‘rinishdagi

vechimni hosil gilamiz.

YN\ = e~xcos X, yn:e"‘fcosx—sinx),
“4 Y )
yj =efsinx, y2=e-6x(cosX+sinx).

quyidagi

U holda (1) sistemaning umumiy yechimi

ko‘rinishda bo‘ladi:
Y, = ¢, v,(0+02yx =e {c cosx+1;,,an.xj,

y2=c{y f +c2y2 =e~6"'(cl(cosx-sinx) +c2(cosx +sinx)).
Endi, & =—6—i ikkinchi ildizni foydalanish ortigchadir,
chunki yana (I)-(4) yechimlami olamiz. Bu mulohaza barcha bir
jinsli chizigli differensial tenglamalar uchun o‘rinlidir. 4
3. (11.61) xarakteristik tenglamaning A1/12,...,nn ildizlari
orasida karralari mavjud. Bu holda quyidagicha yo‘l tutamiz.

Faraz gilaylik, A - (11.61) xarakteristik tenglamaning k - karrali
holda (11.60) sistemaning
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{ccy=const, f](x) =0(/,/=14)) k karrali ildiziga mos
keluvchi yechimini quyidagi ko‘rimshda izlaymiz.

Y1 =(«10 +cenx +anx +... +alk*xkJ)e Ax

y2=(aD+aAx+a,x2+..+a™_xkpex\
’ (11.67)

Y=(+ amMX+a-X2+ X Deb
af =10, e=0,k—lj sonlami quyidagicha topamiz.

(11.67) dan y. funksiyani va uning y\hosilasini au va f:(x)
larga ko‘rsatilgan cheklanishlarda dastlabki (11.60) sistemaga
go‘yamiz. So‘ngra ( ® 0 qisgartirganimizdan keyin) olingan
tenglikni o‘ng va chap tomonlarida x ning bir xil darajalari
oldidagi koeffitsientlami tenglashtiramiz. Q'tkazilgan
protseduralar natijada barcha Aie sonlardan ixtiyoriy o‘zgarmas
sifatida gabul qilinuvchi Kk soni har doim erkin o‘zgamvchi
sifatida goladi.

(11.61) Xarakteristik tenglamaning oddiy (karrali bo‘Imagan

yechimiariga mos keluvchi fundamental sistemaning yechimiari,
1va 2 hollarda ko‘rsatilganday aniglanadi.
3-misol. Sistemaning umumiy yechimini toping.

Y[= Yr—+ys>
Y2 =yn +y2-y3> (D
Y3= Y2 +Y3-
» (1) sistemaning Xarakteristik tenglamasi
-Nn 1 1
1 1-n -1 =-(O-1)21=0- @

0] 1 1-n
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ikki karrali =1 va bir Kkarrali /=0 ildizlarga ega.
(11.67) formulaga asosan, ikki karrali A 2= 1 ildizga quyidagi
ko‘rinishdagi yechim mos keladi.

vi') = (aD+anx)e\ >{"2 = (adD+a2x)e*,

>12 =(«,,, +«3)e-
a;ar=13, e=0,l) koeffitsientlar lar

uchun olingan ifodalami (1) dastlabki sistemaga qo‘yishdan hosil
bo‘lgan sistemadan aniglanadi. ex ® 0 ga gisgartirilgandan so‘ng,
quyidagiga ega bo‘lamiz.
OTjj + Qg + CtjjX = @20 + (24X + 6f3g + oc3X,
al+c20 + «21* =«10 + ANX+ «20 + A2AX~«30 ~ «31%"
«n +crd+a3lx = a0+ aZX+aD+ a3lx.

0 ‘ng va chap tomonlaridagi x ning bir xil darajalari oldidagi
koeffitsientlarni tenglashtirib, quyidagi sistemani hosil gilamiz.

an +0j0=aD+a3n
Gij = @ +C2,
a2l +ctr —ad0 +ac)—a 0,
>

«21 «ll «21 «3i?
3 —@x+<3],
«31 «30 — «20 «30’
bundan ad=ald=au. ad=a0 a22=0 ekanligini
topamiz. a0 va an sonlami ixtiyoriy parametrlar deb hisoblash
mumkin. Ulami mos ravishda c}va c2 deb belgilaymiz. U holda
(3) yecliim quyidagi ko‘rinishda yoziladi.
vfd = (c, +c2x)el, =cel, yf2=(c, +cXx)ex. (4)

(11.62) formulaga asosan, A, - 0 ildizga quyidagi yechim

mos keladi.
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® .03 _ . ©». K L(3)0.
q (3) »(3ed‘ a, y(z ax( e - a.(?') y3(3) _ (3) (3)’ (5)

buyerdadp ,a2\ dp - sonlar quyidagi sistemadan topiladi
((11.63) sistemaga garang).
% 8w
a® +a® mf1=0
dp +ap O
Uning yechimi guyidagicha bo‘ladi.
U —2c3 dp =—3 ap=cb. Natijada AL- 0 ildizga mos
keluvchi (1) dastlabki sistemaning (5) ko‘rinishdagi yechimi
quyidagicha bo‘ladi.
y9=2¢3 yo-—1, y9_
bu yerda c3 - ixtiyoriy o‘zgarmas.
Dastlabki sistemaning umumiy yechimi quyidagicha
ko‘rinishda yoziladi.
y1 =YW = (ci +c2)ex+2c3
Yr=Y§29+Y? =citX~c3>
yszyz«;(]’3 +y9 = (c1+ CX)EX 3

Agar sistema bir jinsli bo‘lmasa, u holda bir jinsli sistemaga
mos keluvchi (11.64) ko‘rinishdagi umumiy yechimni bilgan
holda, dastlabki bir jinsli bo‘lmagan sistemaning umumiy
yechimini (11.64) yechimdagi CVC2...,cn ixtiyoriy
o‘zgarmaslami variatsiyalash usuli bilan topish mumkin. Bu
savolni to‘larog ko‘rib chigamiz. Bir jinsli bo‘Imagan sistemaning
yechimini cvc2....cn ixtiyoriy o‘zgarmaslami, ularga mos

keluvchi cx(xj,c2{x),....cn(x) funksiyalarga almashtirib, har

doim (11.64) ko‘rinishda yozamiz mumkinligi isbot gilingan. Bu
funksiyalar beriigan bir jinsli bo‘lmagan sistemalar yordamida
quyidagicha aniglanadi. Beriigan sistemaga
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vi,y2-.¥Y,, Y\=>yr—yn Naming ifodalari qo'yiladi va
c[(x), \(Xj,...,cn(x) larga nisbatan. yechimi har doim mavjud
va quyidagi ko‘rinishda tasvirlash mumkin bo‘lgan:
q (x) - (X(x), c2(x)=92(x),....Cn(x) - (N(x) .

bu yerda (@ (X)(/=i,nj - ma’'lum funksiyalar, n ta
algebraik tenglamadan iborat chizigli tenglamalar sistemasi hosil
gilinadi. Bu tengliklami integrallab quyidagilarni topamiz.

AX)=JM(X)N +cC-
bu yerda c - ixtiyoriy o‘zgarmas.
(11.64) yechimga c, =const lar o‘miga topilgan ci(x)

laming qiymatlarini qo‘yib, bir jinsli bo‘lmagan tenglamalar
sistemasining umumiy yechimini hosil gilamiz.
4-misol. Koshi masalasini yeching.
y[=4yl -5y2+4x +1]

IN(C)=1I""2()=2 > J)
Y2=yY1~-2Y2+X-
> Awal, bir jinsli sistemaga mos keluvchi umumiy
yechimni topamiz.

yi =4y1-5y2]

o f- &
Y2=y1-2Y¥2]

Uning xarakteristik tenglamasining ildizlari:

A(=-1, /12=3 umumiy yechimi esa quyidagi ko‘rinishda
izlaymiz (1 holga garang):
V, = ce~X+5c,e3n

3, <3>

Yo —
(3) yechimda cxva c2 lami c, (x] va c2(x) noma’Sum

funksiyalar deb hisoblaymiz (o‘zgarmasni variatsiyalash usulini
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ma’nosi ham shunda), y, va y2 larni (!) dastlabki sistemaning
yechimlari bo'lsin deb talab gilamiz va quyidagilami topamiz.
y[ = ¢,'(X)e: —¢, (X)e~x+5C2(x)eix +15c2(x)e X,
y2 = c[(X)e~x-c, {X)e~Xx+C2(Xx)eX+3e2(x)eX
(1) sistemaga yty2 Yy[,y2 lar uchun olingan ifodalami
go‘yamizyu. O ‘xshash hadlami ihchamlab, quyidagi sistemani
hosil gilamiz:
d (x) ex+52(x) ex=4x +11
c,'(X)e x+c2{x)erx~X. j
bundan,
W ="GT-Der C(x)="(3x +)e-3X
Oxirgi tenglikni integrallab, quyidagiga ega bo‘lamiz.

cd(X)=\(x-2)e*+c> c2(x)=-IN3x +e~XK+c2

c\(X) va c2(n:) lami (3) tenglikdagi C\va C2 laming
o‘miga qo'yib, dastlabki (1) bir jinsli bo‘lmagan sistemaning
umumiy yechimini topamiz.

W~ ciexX+5c2 X+ —-(X—2) - (3x +2),

y2=CeX+c2X+~(X-2)-" (3x-+h2)

Boshlang‘ich shartlardan foyaalanib, c, va c2 o‘zgarmaslami
topish uchun quyidagi sistemadan
1=c,+5c2-1/2-5/61
2=cl+c2-1/2-1/61
c,=11/4, c2=—1/12 giymatlami hosil gilamiz. Shunday
gilib, Koshi masalasining yechimi quyidagi ko‘rinishda
aniglanadi.

M=—e'X-—e3x+-(X-2)— — (3x+2).
4 12 43(/ ) 12§< )
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= —eX-—eX+-(X-2)-m (3Xx+2)<
Yy =7 o 4( 2) 12( )

Il. (11.60) sistemaning integrallashning ikkinchi usuli
(noma lumlarni yo'qgotish usuli) quyidagiiardan iborat. Ba'zi
shartlami bajarishda, bittadan boshga, masalan y{ dan boshga,
barcha noma’lum funksiyalami yo‘qotish mumkin va
uchun bitta n — tartibli (agar (11.60) sistemada aif = const

bo‘lsa) o‘zgarmas koeffitsientli bir jinsli bo‘lmagan chizigli
differensial tenglama hosil gilish mumkin. Uni echib, golgan

barcha y7(xj,....yn(x) noma’lum funksiyalami differensiallash

amali yordamida topamiz. Bu quyidagicha bajariladi. (11.60)
sistemaning ( au=const deb hisoblaymiz). Birinchi

tenglamasining har ikkala tomonini X bo‘yicha
differensiallaymiz. So‘ngra y[,y2...y'n laming o‘miga (11.60)
sistemadan ulaming giymatlarini qo‘yamiz va quyidagini hosil
gilamiz.
>[=«ntf +«i2r2 +— +amyn +1(X) = L,(yl,y2....y,,) +F2(X), (11.68)
ba yerda L2(yl,y2i...,yn) yl,y2,y3...,yHfimksiyalaming
o‘zgarmas koeffitsientlar bilan ma’ium chizigli kombinatsiyani,
F2(x) esa /i(*)> /2 (*)>->/«(*) va f'(x) fimksiyalaming
chizigli kombinatsiyasini ifodalaydi. (11.68) tenglamaning ikkala
tomonini x bo‘yicha differensiallab, yana bir jinsli bo‘lmagan
chizigli tenglamani hosil gilamiz.
y’=L,(yvy2...,yn)+RXX).
Bu jarayonni davom ettirib, quyidagini topamiz.
Y? =k(¥Y»Y 1’ ->Yn)+PXx)-
Natijada, n - ta tenglamadan iborat sistemani hosil gilamiz.
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Y[=a\MH-a\Nf+- +alif1+/1 (*)>
> [=L2{yi>}2>—>yn) +R2{Xp> - (11.69)

>f~l) = 4-i (yiy2>->y*)+FH (%)>

(11.69) sistemaning birinchi n-1 tenglamasini. y2,y3,..,,yn
funksiyalarga nisbatan yechib olamiz (bu qoida bo'yicha
mumkin). Ko‘rinib turibdiki, bu funksiyalar x, wy[,y",..., y X
lar orqgali ifodalanadi.

(re— \

/ t it
Y2=<Pr\X>Y1*¥Y1>Y1>->Y  |.

yi=9i(x,yi,y[,yb~,y{ D> (11.70)

W= <m{xYLY[LY*1,-Y( D)-

(112.70) sistemadan y2,y3,...yn ifodalami (11.69)
tenglamalar sistemasining oxirgi tenglamasiga qo‘yib, n - tartibli
0‘zgarmas koeffitsientli, bir jinsli bo‘lmagan chizigli differensial
tenglamaga kelamiz.

y 7 = p {X,ylvyLyl,_ny'n)),

Buning umumiy yechimi ma’lum metodlar yordamida
aniglanadi (§ 11.5 ga garang).

v, =y/i(x,cl,c2,...,cn). (11.71)
Oxirgi ifodani x bo‘yicha n—1 marta differensiallab,
yL.y*,...yin™ hosilalami topamiz. Ulami (11.70) sistemga

go‘yamiz va (11.71) funksiya bilan birgalikda dastlabki
sistemaning umumiy yechimini topamiz.

y2 —Yy {x,Cl C2,....Cn"
y3=Vy3 (X,£7,C2...,Cn),

, ~r11.1l)
W =Vvn{X'ov ->)
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(11.71)“(' 1.72) sistemalami va berilgan boshlang‘ieh
shartlami e’tiborga olgan holda, Koshi masalasini yechish uchun

CLC2,...,cnixtiyoriy o‘zgarmaslami topamiz va ulami (11.71)-

(11.72) sistemalarga qo‘yamiz.
5-misol. Noma’lumlami yo‘gotish usuli bilan quyidagi
sistemaning

M =3yl-y2+yb+e\

Y2=YI+Y2+Y3 + 0)
¥3=4>]—y2+4y3 |
Y0) = 0;34, >2(0) = -0,16,  (0) =0,27 @)

Boshlang‘ich  shartlarini ganoatlantiruvchi umumiy va
xususiy yechimlami toping.
> (1) sistemaning birinchi tenglamasini x bo‘yicha
differensiallaymiz va y[,y2y3 lar o‘miga ularning shu
sistemadagi ifodalarini go‘yamiz.
y”= 3yl - W+Y3+ex= 33yt - y2+y3+ex)~ (y. +y2+y3-X) +
+Ayx- y2+4y3+ex=12j, —by2+6y3+4ex+Xx .

y” ni x bo‘yicha differensiallab va yana y[,y'2,y3 lami
ularning (1) sistemadagi ifodalari bilan almashtirib, quvidagini
hosil gilamiz.
y"= 1[ - 5y2+6\\+4ex+1= 12(3y, - y2+y3+ex) - 5(yt+y2+y3-x) +
+6(4yx-y2+4y3) +4ex—-x = 55v, - 23>2+31y3+16ex+6X.

Bu holda (11.69) sistema quyidagi ko‘rinishga ega bo’ladi.

y[ = 3Y1-Y2+Y3+eX>
y*=12jj —by2+6y3+4ex—+X, ©))
yI- 55yj — 23y2+3ly 3+16ex+6x.

Birinchi 2 ta tenglamadan y2 va y3 lami topamiz.

Y3 =yl-5y[ +3yi+<? ~x-
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y2 va V3 ifodalami (3) sistemadagi uchinchi tenglamaga
go‘yamiz.
y”= 55y, - 23 (Y[ - 6y[ + 8y, +2ex- jc) +31(y”-5y[ +3y, +ex-Xx) +

+16e* +6xX = Y —N\A[ +10jj +ex—2x .

Quyidagi 3-tartibli o‘zgarmas koeffitsientini bir jinsli
bo4magan chizigli tenglamani hosil gilamiz:

y' -8y’ +17y[-10yl =ex-2X. ®5)

Uni ma’ium usulda yechamiz (8§ 115 ga qarang).

Xarakteristik tenglamasini tuzamiz.

A3-842+17/1-10= 0. (6)

Buning yechimiari \=1 \ =2, /B3=5 boMadi. (5)
tenglamaga mos keluvchi bir jinsli tenglamaning umumiy yechimi
y, quyidagi ko‘rinishda bo‘ladi.

y) = clex +c22X+c3R5i.

(5) tenglamaning o‘ng tomoni (11.50) va (11.51) maxsus
ko‘rinishdagi 2 ta funksiyaning yig‘indisidan iborat.
f(X)=M x)+f2(xp> fi{x)=e* fi{x)=-2>fi(x)=eX-

uchun Z =1, ya’ni \ =\ ildiz bilan ustma-ust tushadi,
shuning uchun k—1 f2(x)=—2x uchun Z=1 va y (6)
xarakteristik tenglama ildizlari orasida yo‘q, shuning uchun k= 0

Shunday qilib, (5) tenglamaning xususiy yechimi y* ni

quyidagi ko‘rinishda izlash kerak.
y* = Axex+Bx +c.

bu yerda A,B,C noanig son anigmas koeffitsientlar usuli
yordamida topiladi. y*',y*' y*' larni aniglab, y\bilan birgalikda
(5) tenglamaga qo‘yamiz va quyidagiga ega bo‘lamiz,

y[ - Aex+ Axex+ B, y* = 2"ex+ Axe\

y'=b Aex+Axex,
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3Aex+Axe -8(lAe +Axex)+17(Aex+Axex+b)-
10\Axex+Bx +c) = ex- 2X,

4Aex+175-\QBx-Wc=e -2x,
A =1 —105=-2, 175-10c=0,
buyerdan A=1/4, B =1/5, c¢=17/50.
Shunday qilib,
.1 x 1 17
V, = —Xe +-X+— .
4 5 50
(5) tenglamaning umumiy yechimi quyidagi formuladan
topiladi.
17

1 1
— _ Tk Xy yepx 4
- y = }(I +§/j ciex+cie +03e +4 Xe +5—X 50"

hosilalami topamiz va ulami (4) tenglikka gqo‘yamiz:

WA= c¢,cx+Ic 2Ix +5c3X +lee’é 4!—_—;-,

Jyl': cle* +402e2* 4-25¢c,e5* +5 e* 4'Z Xe*,

\Y/ :C4+4(‘éQ +25c.e5<+~2e*+zxex—6Q:/e*+ xe2 4‘5:£L+Ze +er' +5]I+

48 c.e’ 4ce™ 4-—c,e9(4—1 xeX +xh-174
v1 2 3 4 5 50J

2e* —x = c,ex—2c,e* 4-c,e5 —e* 4— xe* 4— x4— .
1 2 4 5 25

N 1 1 A
yb—c,e' +4c,e2l +25c,eM +Ee1+:1’\xe’ —5|I Clex4 2c22192 4 5c&5° +Iex+4—xe‘ 14

N\

4-3Fc.exdcX4ce5 +-xex+-x +— +ex-X
V1 2 3 4 5 50y

=c/- 3c,e243ce54-e--xe*--x4— .
5 2 4 4

5 50
Shunday qilib, (1) sistemaning umumiy yechimi topiladi.
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1,1 17

N=c.e x+czx+cie~ +—xe" +—x1— .

4 5 50'

y2- oex- 2c2IX+cFX5 - €’ +Lxé §|-—x +31
4 5 25

y, =-Ce - 3c,e>+3ce” N O N
4 4 5 90,
Koshi masalasini yechish uchun boshlang‘ich shartlardan

foydalanamiz. c},cz,cs ixtiyoriy o‘zgarmaslarni aniglash uchun

)

quyidagi sistemani hosil gilamiz.
17

17
m =g +c, +e, g—o—

—-——=¢ —2C, +C, —1H——.
25 1 2 25

27 —¢ - 3c, +3c, H——l—l—:L ,

100 1 1 4 50

Bundan g =0, c2=0, c3=0.

Izlanayotgan xususiy yechim quyidagi ko'rinishga ega
bo‘ladi.
vm Lo S
1 5 50
1, , 6 21
y7=—Xe — +—X+—_—_,
4 5 5
1,1,

ygz —4xe +Ze —5»\?0.

11.8. AT

1 Noma’lumlami yo‘qotish usulidan foydlanmasdan,

quyidagi bir jinsli tenglamalar sistemasining umumiy yechimini

toping.

'v1=Y1~-Y2 +Y3>

Y2=Y1+Y2-Y3’
Y3=2¥Y1~Y¥Y2-

[, =-7T*+7?, U =vy,-3y,,
"\?2=-2y-5yv  'b;=3Nn+n; ;

(Javob:
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a) j,j = e-6°(q cosx +c2sinx), y2=e”x((cj +c2)cosx-(c,-c2)sinx) i
b) y, ~ex(c, sin3x+c, cos3xX); ¥r = ecNT3* - c2c0s3X) ;
V) \f =c,ex+ceX+CcEX, Yy2=CxeX—3CcEX,

y3=ctex+c2lx —bc3Ek J.)

2. Quyidagi har bir tenglamalar sistemasining umumiy
yechimini noma’lumlami yo;qgotish usuli bilan toping.

(Javob: a) ,, =ce” +ce—+l e*+Hlet*
11 2 40 5

V) yl=ce* +@Z+c23X y. =C,elLH2c23" y3=2cax/HIelX+2cE30)
3. Quyidagi differensial tenglamalar uchun, Koshi
masalasini yeching.
N\= Y7,
a) 1 =n. YX0)=Yr@©)=vy3(0)=1; b)

Y=Y 5%
W=V W)= W) =1 B() =
Y=Y \HT-
(Javob: @) y, =y2=y3=ex; b) n = -e“x, y2=ex%, y3=0.)

Mustaqil ish

Differensial tenglamalar sistemasining umumiy yechimini
toping.
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(Javob:
YX= ( COSX +c2sinX +tgx, y2=—¢€, sinx +c2cosx +2 *

1 Y[ = Yx~Y2>

x 1/ =>1+>2+€e3-

(Javob' vi =((cicosx+ ~0e’ 2=(c;snx™ cosx)€e'j j
I =/1+y, ~OBG

2 [y2= -2y\-y2+sinX +cos X
(Javob:

Y, - ¢, cos X+c2sin x- lcosx, Y2=(c2-cl)cos.T-(cl+c2)smx +~(cosx +smx)-)

11.8.11 BOBGA INDIVIDUAL UY VAZIFALARI

IUT-11.1.
Differensial tenglamaning umumiy yechimi (umumiy
integral) ni toping.
1

1.1. ~ wdy =xdx. {Javob; eiy="c-xe’ -e*).)
12. Y -YAY .(Javob: In.y=c*fg(jc/2).)

13. y'= (2x-\)ctgy.(Javob: }
1.4. sec2xtgydy +sec2ytgxdy = 0. (Javob: 0 ~*EY*EX )

15V K = . (Javob: -e-2(y +N=bI D)
e+l

(y2+3)dx—--ydy =0
X (Javob: \&{y2+3' = I{c —e———e*j )

1.7. siny cosxdy —cosy sin xdx. (Javob: » ~cosx”cosY .)
18.y' = 2y + Dt*x. (Javob: "2y +1 =c/cosxm
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1.9. (sin(x +y) + s'nix —y))dx + ¥ =0 (Javob:
tgy = c=2c0sX)
1710. (1 +ex)yy' = ex (Javob:y2= 2InC(l + ex)J
. v . .

sinxtgydx— — =0 Inlsin = c+—31—=sin 26
1.11- ~ sinx . (Javob: ! 2 4 )
112 3essmydx +(\—ex)cosydy =0 (javofo- siny =cjVv —-Ij »
113 Yy=e [/blyu(javob: yNnv_T="e2 +c.)
114 SXRAYHXAX=0 50000 3n= 30+ c\n3
1.15 fOB(x —2y) +cos(x+2y))y" = secx .(Javob: sin2y = tgx+c
1.16 , Javob: arctgy =c +”" ex )
117 Ctgxcos2ydx +sin2xtgyay =0 (/avo/j mft"y =dgx+2c "
118 sinx-j'= vcosx+2cosx “avof. y =Csinx—2 "
1.19 1+(1+y)e,=0.(jeMob. c ("~ 1) =e-))
120 Yctgi+y-2 {Javob.y =ccosat+2 }

g dy dx
121 * 4o . (Javob: 5I|v+/2\sin2y:c— ?e"Q-)
1.22. sinydx+tgydy=0 (Javoh: ta ,»n ¥y c—e 9

*>4 2
| +e3j)xdx = e* vy ., X1

103 ¢ i) ydy

{gin (2X+y)—sin @jc—y))dx: -7dv .
1.24. .(Javob: ctgy - C - sin2x.)
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1.25, Cosydx=2-J77dy +oosy,/Thx dy {Javob: 2% | |

By 2
y =In|x+VI+X .+ cv
126./vI-V -cos'y=0 tgy — arcsinr+c j
1.27. ®’'=c'(e*-,).)

128 / +sra(x+j;) = sm(x;—-y)

(Javob: In = c—2sinjc.)

129 QO3y 'yI~Q05(2x +Y) = cos(2x ~Y)
(Javob: My +i sin2y =sin2x +c .)

130. y X=yy’'/x.(javob: y-r =3-2_2dn3.)

2

21.( ~ ) / =1+/ Nevo6, Cx=" LU Ny 3,

22. N J . (Javob: =3e7"X+clIn7.)

3.7 N 2(1+X Y Y (Javob: >=Cx/n/T+2? +
24. X —1+x jy (Javob: y =Cc/(x+1)+1)

25. (*+ 4)4 -~ =0 (Javob: ¥=CeY(x+4) }
26. /7 +3>+/ =0_(/aw6." +J)=c_x1}

290



yl \nxdx—[v—l))xdg =0

2.7. (Javob:
—+Inv=C +—in2x.)
Yy 2
2.8. (X+Y)p +71 - r* =0 pawb:
——+)1
v+|n—(¥—— )—:c+lnjc )
Yy
29. +2’;+/ =0.(avob: "(y-2)h? =Cex.)
X2+X)yrfx +(y2+1 =0
2.10. {/ §§/ {y )df/ .(Javob:
2 2 X 2
— hlnv=c---——---)
2
n "+pa)&+H(xy-/)r=o0 {javob:
f/ +1l=c\jx-1))
212, ("+¥)*-(.«.™ 2)4'=0 (yavo(,

~"mlIn(yz +1) = c +arctgx)

213. / =2v-+x_(QJavob. | in|3c+1=x212 +c.)

214. , -, -3(I+x y) {Javob: y = +3)
2.15. -1-—x (Javob: y2=In|x]-— +c.)
x2-1) y'-—xy=0 r+—r
2.16. & )Yy .(Javob: y - cyx —1.)
2.17.

y =3(C~x+nlx+1f}
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518, (1+x3)yAdxy-[y 2- 1)x3y =0

b+ s et f
X

219. XY'-Y-¥ .(@Javob: y/(y +1)=Cx))

220. jy 2+ldx =xydy. (Javob: # +1=blICx.)
221, y'-xy2=2xy' (javob. w, y ¥ +2" =¢ +x2.)

222, 2X1YY'+Y¥Y2-2.(Javob: In[2-y2l=c +1/Xx )

2.23.
224, V/+y2=*21W (javob: M (1 +y )J=c- x0)
(YHY' =- Y mxy
\4

2.25. .(Javob:
y +\ny = arcsinx +x2i 2 +c .)

| +x2}y" +y*Jl +x2 =x
2.26. ( iy Y (Javob: y_ BN +x
X +-JL+X
1+x
Xy
2.27. X~Y .(Javob: 2y2-y4=4In|x] +2x2+c )
228 (xy-xfdy+y(\-x)dx=0 (Javob:
7 . 1
T - 2V+injy] = In|x] +—+c )
Ry 34
- = -V + =
2.29. (XQY yry x2y y .(Javob:

1 —1
% y+HN+HNe<bi © +c)

X +1
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230, Yl—y2x+ywi-px2dy =y {Javob:

-y1l- arcsinx+c

)
— Yy
y —Xy =Xsee— \% c
3.1 x . {Javob: sin—=In¥¥.)
X

2\

| 2 2 2 3
3.2. </{y1'—3x914dy +2xydx = 0 . {Javob: ){(_y . Xy )

gy, X H2YICETXAY =0 v Lop: y = oxo x

3.4. (X=-y)N +X+rfy=0 {Javob:
Yy 1. V + X* C
arctg— —ll— — =1In—)
X 2 X" X

35 (/ -2xy}dx+x2dy=0 (Jamb: y, (x_y) =Cx:)

36. N +*V =W ', (Javob: n)

37.7 =N~ 'Y (N1 ToEsind'/*) =& )

3.8. =Y ~x<?X, (JT-0K e"yg=inCx.)

3.9. x/ - ? =(*+y)H (x+y)1lx) (Javob:

Injl +y /x] =Cx.)

3.10. ~ "~ cosIn0 'M).(Jawi.c J Ito~l =ina.)
N2 X)
+JIxv\dx = xd %
\\/\y 4 "' > y.(Javob: y=—oln2Cx.)
3

3.11.

312. *y 4* Y +Y.{Javob: (y/x) =1nCx.)
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y =xly,-yiey)

3.13. (Javob: —e yx=1InCx.)

314. Y —¥Y>x 1 _(Javob: y =nin(c/x).)
315, YXx+x+y=0 (Jlyob.y=c_X 1}
X 2

I67I ydx+i2/Nity —\dy = 0 Iy

il
3.1 . (Javob: ~ —InCx.)
U X

317- xdy-ydx=J77/dK {Jmob
y +n2+Y =Cx27

3.18. (4x2+3xy+/ )dx+(4y2+3x+x2)dy =0 .(Javob:

y +4X 3 v , ¢C
————————— — =ln—.
5 *xp 10 2x x)
3.19. , =,/hCt.)
3.20. “(2x +p5">’ . (Javob: —+2In—-1In—))
X X X
321. N - 2XY)Y'=X/-¥Y\ (Javob: i +2 hi=-hC).)
Yy X

3.22. (2'/7~ ~ ) * N =0 Ne wv,,4: v=xIn2]|Cxj.)

xy'+y] In—11=0
3.23. K X J (javob; y = )

324.~ +im)* +1 =10 (Javob: / = /3'- [/3)

-2 A - = 174
3.25. 51/ Xy)" =X 2p 0.(Javoo:y:x/Ian.)
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3.26.

377

y =c!/(3*2)-*/3.)

(2x-y)dx +(x +y)dy = ©

AN Y VAN
Javob: —\In( AR \50(—” +arctgl: InCx )N
? vV I y r
J
A ~ ) (Jovoi: y2=x2/In(Cx)4))

3.28.

3.20.

3.30.
4.

N —

y=-~1n(&) }

+- . ,
y X .(@Javob: y* = x"In(Cx)".)
Differensial tenglamaning xususiy hosilasini (xususiy

mtegralini) toping.
4i (x2+1)/+4p0y=3, y(0)=0

(Javob:

y = (X3+3x)/(xT +1)
\V; ¢ v ;)

42./+ No =»**> g °)=° {Javob: y =sinx,)

43. (1-

(Javob:

44, Xy — 2X = 2x4, yg):O

x)0/“>)=er’ >(°)=0.

v=exXln——-)
1-x

(Javob: y = x4—x2.)\

45 [ =2*(*2+y), 7(0)=0 {Myob: y=xI+1_¢,))

46. Y'~-y=*"' y~ =].Jav°bh: Y=(X+1Y )

4.7. xy'+y +xe x =0, j(I) :? .(Javob: 2x )
e
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4g cos<& = (x +2cos>")sinyflfy, y{0)=n74

{Javob: x = fsm2y——|—— )
2j cosy

49. x2 +xy+1=0, y(l)=0. {Javob: ¥Y=~(InA 1 X))
210, yXEx = ay3+3y2 y(Z?J =1 .{Javob: x=y' ' +y’)
4n (2x+y)dy=y*+4bydy, y{0)=1 (Javob. lly +1 y}
AN1T'Yy=y1(3X~T), Y(0)=0.(Mwb:x=yl1_/:)

4.13. (\-2xy)y =y(y-\), y(0) =1

414. x(y'-y) =e-. y~O.tjavob: y =e-Inx.)
4.15. Y=x{?—xc<**), y(*12)=0.(javob: Y=Ne *-1)* j

4.16. (Y-1)b*-2/1 2(*) =«AJavob:

(2" =9 v'=1 v(0)=0

4.17. {Javob: x=e'—e y.)

4.18. +(X +tyy ~*x2e%, y(l) =0

(Javob: y = {x2-1/x)e~Xx.)

4.19. = Y(°) =\ (Javob: , =
420 (sin2>+xcdg>?)/ =1 >'(0)="/2
(Javob:x= —siny cosy.)

421. (X+1)Y +¥Y =xb~x1" Y (°)="

L 3x4+4x3
{Javob y——X ———X—)
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422 W -"~Y )~ =0, V(D=0 (Javob: > W Inr }
423. xy'+y =sinx, y@#:/2)=2/k.

(Javob: S}/: \(/I— cosx)/ X

X2-1N-xy =xJ-X, "2 =1
4.24, ( Y y :

(Javob: y =x2—1.)
425, (1 —x2y'+xy=1y(0) =1 (Javob: y=x+
Vi-x7)

426 ~ =20=x2xC" ' 4 0)=0

(favod: y = §§|_n_x_—:§§|_n_32<)

428. [ + =N (Javo6; y = 0B xV

'—3Xy ~x2Xx3=0, 0)=0
4.29. Y Y y(©

(Javob: y ~§x e )

430. N ’+>=ta*+1> y{l)=°;M y =Inx.)
5. Differensial tenglamaning umumiy yechimini toping.
5.1. Y +¥]); _(Javob: y = (xe*'2—2exX2+cj e X))

g2 yd—*+2xdy = 2y*Jx sec2ydy

(Javob: x = (y*gy +Injcosy] +c) /y2)

53. N +2y= V .(/aT06/ y =i(Celx +ex}.)
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54.Y Y cosx+Y"B*. (Javob: y = 1/jcos xLlc —tgx),)

55. xydy = (y2+xjdx. (Javob: ¥ ~AV2"  1/X) )

56. x>"+2¥Y+*¥ vV =0, (/ayoo: y I {x~\Il(e’ +c) |,

5.7. ~XY 2¥,(Javob: x ="y /(c —cosy) .)

5.8. =y Nevo6.x=1!," (c_to,™ }
2y -£=_2L

5.9. AN x _*.(Javob: y =e/c -n/x"Tn/x2-1))

510. W —-2x \/y=4y (javob: y =?L(c_inx)2)
511. XYY — +Y .(javob:y —x"/3(c-1/x) )
512. (p+H)(y +/)=-3

(Javob: y =1/Mx +1)(c +In [x+1])

5.13. + 3y (Javob: y =1/(x(c +Inx)).)
5.14. N~ Ye .(Javob: exR/"2(c +Xx) )
515. ~ 24*~y ~Y . (Javob: y = x{x2/2+cf )
516. y'+ny=x3/3.

(7avo&; " =e *N 1"x2e X +e7* +cCj

, X X
y =—€- +y
5.17. A .(Javob: y = ex\x2+c )

518. "~ +x— . (Javob: x=1/(y (e +Iny)).)



519. XX~DY,+/=*Y
(Javob: y = (x—1) /™ (x —nx +c) )

5.20. 2x3y/ +3x2y2=1 = O. (Javob: Y A[c —X7x3 )
~2X dx
5.21 A4 .(Javob: x = y/(>2+cj.)

5.22. y'+xfy~y.(Javob: y=e> - (N +Le* .
523. A'"+Y=/ 1mM*. (JavoA: j =1/(inx +1+Cx).)

5.24. <w ,,=,"17.)
525. Y +2xy = 2x3)3.

(Javob: N =2e"R1 )

526. vy'+y =xly\ (javob. e~*ijxeX—"e x+c .)

527. Y'-yYN+Y2cT”™ . (Javob: y =1/((x +c)cosx).)

y +2 Ay
528 X Cos X

( XEgx +Injcosxj +c
(Javob: y )

529. y'—} +y2cosx=0
(Javob: y = 2ex/ (e* (cosx +sinx) +c).)

yf=xjy + Y
5.30. x2-1

(Javob: y —f~ (x2—I) +cl n/x2-1.)
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Namunaviy variantlarning yechilishi

Differensial tenglamaning umumiy yechimini (umumiy
integralini) toping.

1 (y*)dx+yy-x3/)=0.

» Berilgan tenglamani quyidagi ko‘rinishda yozib olamiz.

Y (I 2Qdy=-x(y2-H)dx.

But englama o‘zgaruvchilari ajraladigan tenglamadir.

0 ‘zgaruvchilarini ajratamiz.
ydy _ —xdx
y2+i~ i-x2'
Oxirgi tenglikning ikkala tomonini integrallaymiz.

y2+l=cjx2-ij, f =cjx2-1]-1.
Shunday qilib, dastlabki tenglamaning umumiy yechimi
quyidagicha bo‘ladi.
y =+ e\o-I\-1-<

2. secXtgy dx+sec? tgx dy=0
» Berilgan tenglama o‘zgaruvchilari ajraladigan differensial
tenglamadir. Ularai ajratib, integrallaymiz va differensial
tenglamaning umumiy yechimini hosil gilamiz.
sec2ydy _  sec2xdx  r((ey) rd(tgx)

tgy tgx ' J tgy = tgx
ANgyN\= - InJ*ox] +I|C]5 tgy = C/tgx, tgy migx - C. <

y .x*x = x+y=+

3.
» Berilgan tenglamadan ni topamiz:
dx dx x+y
Dastlabki tenglama 1-tartibli bir jinsli tenglamadir. Uni
o‘miga qo'yish yordamida yechamiz y=xu(xX) va quyidagini
topamiz.
— , u—\

) nx
y'=uX +u, uX-+u=----, UX +U=-
X +UX 1-mm
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_n— = —n — du_ n +1
n+1 n+1 - dx n+1
0 ‘zgaruvchilari ajraladigan tenglamani hosil qildik. Uni
yechamiz.

nXx

X_ = ————

n+1l dx ru+\. rdx
———du=-—, —5— du=-\ —,
U2+1 X U +1 J X
1 udu r du i1y

> HT I +dpTER=-K +N 4

—\n(2+1) +arctgu —n\C/ x|, arctgu =1In
2 X\'U  +

alXZe—~In -
* ’/* * + /
Shunday qilib, dastlabki tenglamaning umumiy yechimini
topdik. 4
4. Differensial tenglamaning xususiy yechimini toping.
dy—e=>dx +ydx—xdx = xydx; j>(0) = In5.
> Beriigan tenglamani hosilaga nisabatan yechib, quyidagini
hosil gilamiz:
dy xy+ex-y dy™\—x e
dx I —x dx I-x 1-x
7 g-X

d_ +y —I—— tenglama 1-tartibli chizigli tenglamadir. Uni
X - X

y=u(X)v(x) ko‘rmishidagi almashtirish yordamida yechamiz va
quyidagiga ega bo‘lamiz.

X (dv_ ., ex
y'=u'v+uv’, U'V+uv'+uv:_B__AJO'_|lu +v
I-x dx J 11—
g +v = 0 shartdan v(X) funksiyani topamiz.
X
g\—/—V : av. dx, fav_ —\fdg(, ||n|IV'| =-X, v—e

dx dx 1v J
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bu ifodani (1) tenglamadagi v(X) funksivaning o‘miga
go‘yamiz:

du r ex du 1
- =
dx 1—x dx 1—x,
d r rd C
du= -2 Ndu=\——, u=—In1-x +InC, u=in
1-x J J1-x I-x]

u holda y = uv = exlIn
I-xI

Bu dastlabki tenglamaning umumiy yechimidir. Boshlang‘ich
shartdan foydalanib, C ni topamiz.
y(0)=InCc=In5, C=5
Shunday qilib, dastlabki tenglamaning xususiy yechimi

quyidagi ko'rinishdabo‘ladi. y = e Sin-——- rAl
—9
5. Differensial tenglamaning umumiy yechimini toping.

(I +x2) N =xy+x2y2.
dx

> Tenglamaning turini aniglash uchun uni quyidagicha yozil
olamiz:
dy X X2 2
Yy~ Y o
dx 1+xT 1+x
Butenglama Bemulli tenglamasidir. Bu tenglamani

y=w(")v(xjko‘rinishidagio‘migaqo‘yishyordamidayechamiz.
Uholda

VUYy+W, W+in-2227= 22 qi\F
1+X  1+Xx
ufdv XV XM
& 1+82) 1+

v(X) ni dv xv -qgq shartdan topamiz. Bu tenglama
dx |+x2

o‘zgaruvchilari ajraladigan differensial tenglamadir. Bundan

uv+
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dx 1+n2° v 1 +x2'myv  AN1+x2' 12
V(X) ning hosil gilingan ifodasini (1) tenglamaga qo‘yamiz:
du b p? = XA X9 du _ xadx
dx 1+X u V1+X

(du_f xax fdu_ 1

Vv~J7n7’ jm u

irfx) = x, duL= dx )
L xdx ro e -xVI+x' —| 6= XNN\+x' —1-Ti - dc=
HNeo V1065 +X vt
X dx

V1+X N\1+x"
Oxirgi tenglikdan quyidagini hosil gilamiz.

quoxzjx - xyﬁT>J"-hb'f+vﬁ‘T1”fl-£c,Jf o é(yir%? — ghfﬁvf';; HEC
+X
Bundan

1 .
—= —xX-JI+x2—njx +v| +x2I—C, —= EInlx + I +x21—— VI+x2+C,
n 2 2 1 | m 2 1

M= b—]nx +vi +x2!—2xVI +x2+C] .

Shunday qilih, dastlabki tenglamaning umumiy yechimi
quyidagi formuladan topiladi.
1 +x2

In/x +% +xz/ - EX\[I +Xx2+C

11.2. - IUT
1 Differensial tenglamaning xususiy yechimini toping ve
hosil gilingan y — d(x) funksiyaning giymatini x=x0da verguldan
keyin ikki xona anigligida hisoblang.
Njooyn=sink, x0=nil, >0)=1 /(0) =0, y'(0)=0
(Javob: 1,23).
12 y”=1/x, x0=2, y()=1/4, /(D=y\D)=0.

(Javofe.0,38).



j3 y" =1/cos2x, x0=ar/3, v(0)=1 /(0) =3/5.
(Javob: 2,69)

14. N =6/*3 X°=2" y(P=° =5 = 1.
(Javob: 6,07).

15. v'=4cos2x, x0="4/4, >0)=1 v'(0)=3. (Juvob.
4,36).

16. / =1/@2+"), x0=I, j(0)=0, /(0)=0. {Javob.
0,44).

L?_ *yw=2, x0=2, X1)=1/2, /(1) -y”(l) =0.
(Javob: 0,77).

1.8.

*

£! Y(0)=(I), ywy =~ yul =~ .
(Javob: 1,22).

109.
j7=cos2x, xa=1a, 3OQ=1 /(0)=-1/8, /(0) ="

(Javob:3,58).

110. / ='/ VIi-* | *0=1. 7(0)=2, /(0) =3

(Javob:5,51).
1 5 (ann 4 LA

1y v - sin? By 0= g "Rajc g
(Javob:3,93).

1.12. N =x+sin* x° =5 =3 y'N =°
(Javob:5,31).

113. y”=arctSX’ xo=1D J(°) =¥ (0) = 0.
(Javob.0,15).

=1.

y'"~tgK---*0=qa74, y=1/2, /(0) =0.
1.14. Ccos 2X
(Javo6>0,39).

304



1.15.
yT~exi1+1, x0=2, A0)=8, Y(0)=5 /(0) =2
(Javob:25,0E).
1.16.
y"=x/e2\ x0=-1/2, >0(0) =1/4, ¥Y(0) =-1/4,,
(Javob.Q,34).
1.17.
W' =sin23jc, x0=7i/12, >(0) = -n2/16, ¥ (0) =0.
(Javob: -0,01).
1.18.
— xsinx, x0=a72, 7(0) =0, y'(0)—o0, y(O)= 0.
(Javofe;0,14).
1.19.
yTmindx=sin2x, x0=5872, y(a/2)=n/2, /(a72) =1y’ (817) =-\
(Javob:!,85).
1.20 =cosx+e "5 xo=17, j(0) =-e~n, >'(0) =1
(Javob: 1,00).
1.21.
y”=sin3x, x0=25m y(k12)=-1/9, y(k1T)=0.
(Javob:-0,78).
1.22.

ym= VX-sin2x, x0=1 >0 —41/8, ¥(0) zgc052, 2Y(O) =—

(Javob.0,08).
y”=—17—z:, x0=4x v=0, /(0) =1
j 23 cos (x/2)
(Javob: 12,56).
1.24.

= 2sinxcos2x, x0=x/2, >(0)=-5/9, ¥ (0)=-2/3.
(Javob;-1,00).
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j 25

y = 2sin2xcosx, X0=7r, ~(0)=1/9, ¥(0)=1

(JavobA.IA).

1.26.

y" = 2sinxcos2x-sin3x, x0=a72, y(0)=0, ¥Y(0) =1
(Javob: 1,90).

1.27.

y" = 2cosxsin2x-cos3x, x0—n!2, j(0) -2/3, ¥Y(0)-2.
(Javob:bA4l).

1.28.

y"=x-bix, x0=2, j(l) =-5/12, /(1) =3/2.

(Javob: 1,62).

1.290.

/ =1/x2° x0=2>X1) =3, Y(1)=1

(Javob:4,31).

1.30.

ym—cosdx, x0=", jy(@©)=2, ¥(0) =15/16, >>"(0)=0.
(Javob:5,14).

2.

Tartibi pasaytirish murakin  bo‘lgan differensia

tenglamaning umumiy yechimmi toping.
21 1—x2)y"—xy —2.

{Eavob

:}/ =arcsin +Cf1rcsinX+C<19.5§l

22>2*vyy =/ 2-1.

(/avo6;9C20'-Q )2-4(Cx+1)3y =xx+C.}
23. x3"'+x2y’=1(javob: Y =C, Inx +1/x +C2)
24 y"+j//gx = sin2x.

(Javob:y = Cxsinx —x — sin2x +C2)

2.5.

26. "

= X- (Javob:Y = Qx(Inx-1) +C2).
- X =xV e(Javob: > =**(*-1) + +C2)m
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257, ¥YR\AX = 2y .

(Javob: 7 = Ci (xIn2x - 211In x +2x) +C2).

2.8. x?y +xy'="m{Javob:y = X)/2 +C, 1nx+ C2).
1.9.Y"=~,y-

2
Javob:y = —-arcsin— +* n/C,2- x2 +C2).
{ y > c s o/ )

2.10. = >" (Javoi; > = C,x2/2 + C2).
211. "~ =¥YI+x-(Javob:Y = N—x +Cx* +C2).
212. N =Y'+x2mavob: Y = x?1b+ci*212 +c 2.
213, xy" =y \m{y' x).
Qavob: v =— e@x#-— '&e CD€H+C9.

' C C

214, & =T = Mx{Javob:Y = (X +Cx\nx-2x +C2).
215, 7'-&* =/ +1(javofe;J = -Ctinx-x +C2).

216. N +2x¥'2=°-(Javofe:>=— InZzSil.+c.).
2Cj x+C,

2.17. =>"2+1'(Javob: y = (C.x-132+C2).
3C,

/ — —=x(x—D.

2.18. X-1

{Javob:y —x4/8 —x3/6+C,x2/2 —C,x +C2).

2.19. + = SecX.

{Javob: y —sinx —C. cosx +C2x +C?3).

220 ~—2y'ctgx = sin3x.

{Javob-Y = “ 8M3x/b +Cjx/2 —C, sin2x/4 +C2).
221, y"+4y' =2\

307



(Javob-Y=x? /6 —x2/8 +x/16 —C ,e~x/4 +C-).

222. ny"-Y =2x2\

(Javob: Y = 2e‘'(* ~*) +Ci*2/2+C?2).

223. *(/'+1)+Y =0.(Javo/r Y= 14 +Ci Inx +C2m
224 N+ = cos

1 1 C
(Javob:y - — sin2x—-——cos2x----e Jk+C/1.
10 20 4 2

225 Y Y —sinx

(Javob:y - cosx - " sinx - Cex+C2).

2.26. X2Y*=Y'2«(Javob:Y =C'x~C> +Ci) +Q)-

227. Ixy"y'“y'2~A-(Javoby = -~ (CIx +4 fn-+C2).
2.28. Ysxb.x = y*.

C x2
(Javob:y = —1 m2Inx—3) +C2 +C3).

229. Y c&*+Y =2Javob:J = 2x +Cssinx +C?2).

230. (@+-+2)>"=20-(Javob:y = C*%?/3 +C;x +C2).
3. Tartibi pasaytirilish mumkin bo‘lgan differensia
tenglamalar uchun Koshi masalasini yeching.

31 Y =Ye>> X0O)=o0, y(0)=i.
(Javob:y —Injl - x|, y =0).
32.Y2+2Kky'=0, y(0)=1 Y(@O)=1
(Javob:y —3-*2)2/3, 3,=1).

3.3. +y'2=°" -K0O)=J> Q) =1
(Javob:y = -32x+1,y —1).



3n y'+2}'3=0, ><0)-2, Y(0)=1/3.

(7toob:x =¥313-Y-21b Y=2¥
35 Y™ =2y'2 Y& = 7"2? /CDH)=2
(Javob:Y —arctS(2 —2x), y =1a/2).

3.6. 2=y 2" =1'(Javob:y = +1 7=1)
y
bNYY"-Y'r=y4’ = /(°) =
(Javob: x = xIn(l + /2% 1N——— r——~"e)
1+\Y +1

3AY =-1/2y), S(0)=1/2, Y(0)=n2

(Javob: - mW2 +1/4.)

39.y =i-y2 7(0)=0, Y(0)

(Javob; x = 1nje) +n/ey -1.)

310. / 2=~ K°)=2/3" ~°) =L
(Javob;~(- +2)3/12° >=2/3>

311 2Ty" =Y 2+1, >'0)=2, 7'(0)=1
X+2- N
~2~]
312. [/ =2-7»7(0)=2,Y(0)=2

(Javob:y = 1)

(Javob: Y = 2sinx +29

313. / =1; ><>=17 =°-(Javob: x =V7+1-)
3.14. 73r—27'3=0,70)=1,¥(0) =2.

1
(Javob:y L Y =1)
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315y ~y'+ /25() =0Y(0)=1

2
{Javob: x = In---=----- , y=0)

316 A~ +07~2Y2=°" 90)=0" /(0)

=17 —, Yy =0.
{Javob:y X +1 y
3.17. +Y>=5Y2X°)=Q/(0) = 1m

{Javob: —-------e-— -y
4 41+y)4 Y

=0)
}

3.18. Y*2y+3)=~2yn= >(°)=QY(0)

3

(Javob:y - —(ex-1), =0)

3.19. 47 21+¥2>(0)=1,¥(0)=0.

(Javob: x = 2In2—3;+ 1+ V(j,+D2~4-)

3.20. 2YN=(Y-1)=Y\Y(0)=2,¥'(0)=2.

1

(Javob:y =1+ L A=2)
1—2x

321, 1+¥Y2- ¥¥,v(0)=1Y(0)=0.
(Javob: X = Ny yi (y; - 1) 4)

322, Y"tYy*=°" >(°)=Db >"0)=2
(Javob:y =\16x+ 1, J =1.)

323. ~"-¥Y2=0, j(0)=1 ¥Y(0)=2
(Javob:Y ~e > 37=19)



324, YY"-y2=251Y,>(0)=hYL, = 1m

(Javob: x - Injllny +yjklz2y +1.)

3.25. y(i~my)y'+ 1+~ y)y2= £°)=1Y(0)=1

(Javob: x = 1 ------ 1L y=1)

3.26. Y'O-+yY=y2+Y'>N)=2']JN0)=2-
(Javob: Y =2eX5 ¥ =2,

3.27. Y"=y'1M"Y’'Y(°) =DbY(0) =2

(Javob:y - (n+1)2, y=1)

328. / =1 (1+Y2. X0)=0, /(0)=0.
(Javob: x = 2arctg-Jey —1.)

3.29. y3-2yybxy=y2, A0)=1 ¥Y(0) =1
(Javob: Y Y=1n

3.30. y'=1/Jy> Y(0)=Y'®)=0. iJavob:x =

4. Quyidagi tenglamalami integrallang.

1 y
—dy — ~dx- 0.
4.1, x X (Javob:y /x - C.)

42. x +Y (Javob: arctg(x/y) = C.)
43 (e2x—y +)dx+(2y - X - Ddy.
(Javob: X2 + ¥2-XY + X-¥Y =C.)
xdx + ydy + yax - xgy _ 0.
44. *
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X" 4y X
(Javob:-------*---- tarctg— bC.)
y

\

45, ax. YV

V1X2 _y 2

0.

(Javob: V"2~ 2-x =C.)

2X(\'ey)dx+ -dy = 0. ey -1

46. (1+*2)2 1+x (Javob: =C))
1+ x2

2X y2- 3X2 x2 1
X+ : y =0. 3

47. Y Yy (Javob: Y Y

49 (1- eXY)dx +exty(1- x/y)dy =0.

(Javob: x + ¥YeX'Y=C)

40 X(z2x2+y2)+y(xz2+2y2y =0,

Noeob:Xx*+x2Y2 +¥Y4=C-)

42Q (3x2+6xy2)dx+ (6x2y +4y3)dy = 0.

(Javob: *3+3*Y +/ =Q
4.11.

_ 1] Y +1 1
+y2 x Y yyxz+yz2 Y Y

N C

i

]

]

i
[N

1

1
o
X
+

dy =0

X
XN+

(Javob: "\x~+y2 + Injxyl H— —C.)

(¢ i -
bx2Agy - 2y dx + stee7y +4y*H—aZidy —0.

(Javob: x3gi+yA+ =C)
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/ 2 2 2, 2

2n+ T A Xy,
413. V. xF+> Xy
{Javob: xr st-----—=C.)
Y X
n 2
(sin2x " (y_sm X 4y =,
414, ~ vy J
X2+X2 sin2x
{Javob:---- 5 ........ =Q
y
415 TL2x2 ~YAx+  ~x+3y~)dy =0.

{Javob:x*+ys-x 2-xy +y2=C.)
xdx +ydy  xdx —ydy

/2 2

416. "~ +Y

0

(Javob: X—+ Jx +y =C)

417 (3x2y +y 3)dx+ (x3+ 3xy2)dy =0.

(Javob: xy(x2+y 1) =C.)

418 Y(x2 +Y2+a2)dy+x(x2~Y2-al)r —0-
(Javob:'(”2+y2)2 +2.a2(y2—x2)=C)

\
4.19. Isin7+7sinx+— + XCOSY-COSX- dv=0.
%
(J«vo6: W -cosx-cosv C))
4.20. 7 ESINXCOS Wyt - -sinj; dy = 0.

cos yx vcos yx

(Javob: t™"xy ~cosx~008y =C™"™
421 (3x2->-cosji7 +>) ™ + (x —xcosxy)”™ = 0.
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{Javob:x s*n Jty -*-xy ~ C.)

Jiaxs - e’ + 1lev+~"-exiy)dy - O.
422. N yij \ Yy )
(Javob: bxsa +8>2-¢e xly = C.)

4.23.
r \

m2Xysmxzy +4 dx+{—' =+ x2sinxz2y [dy =0
\AJxy j 2Ny j
(Javob: ijxy - cosx +4x=C)
424,  Y3™MIIIx+ (x3x1n3-3)p =0
(Javob: " ¥~  =C))
4.25.
u Po+3xAyh dx+ (7@’)’6' hesin VT dy = 0.
- J X~y ]
(Javob: Injx - y\ + xiy1 —C.)

2y \ A
'T +¥Ycosxy dx+ —x+cosj® \dy- 0.
426. V* J

(Javob: sinxy — =C.)

Y X dx+ y —=0

427. 'pPTYye Yy ab

(Javeb: arcsin xy —x2 = C.)

428, (5x4j 4+28x6)Efe+ (4x5 3-3y2)dy = 0.
(Javob: xsYs -Y 3 +4x? = C.)

429. (2xeJr &' + 2V& + (2vex2+ - 3)dy = 0.

(Javob:e +2x —3y =C.)
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430 O j3cos3x+T)dx+ (3y2sin3x —2y)dy = 0.

(Javob:yssiasx~y2+7"+C.)

5. Agar y ning ixtiyoriy nuqtasidagi burchak koeffitsiyenti,
shu nugtaning kK marta kattalashtirilgan ordinatasiga teng ekanligi
ma’lum bo‘lsa, A(xih yQ nugtadan o‘tuvchi egri chizig
tenglamasini vozing.

5.1. A(0,2), k=3. (Javob: y=-2e3).

5.2, A(0,5), k=7. (Javob:y=5e%).

53. A(-1,3), k=2. (Javob: y=3e /D).

5.4. A(-2,4), k=6 . (Javob: y=4e 6<\u)_

5.5. A(-2,1), k=5. (Javob: y=-e5¢0).

5.6. A(3,-2), k=4. (Javob:y=-2e4xn).

Ixtiyoriy nuqgtasidagi urinmaning burchak koeffitsiyenti, shu
nuqtani koordinata boshi bilan tutashtiruvchi to‘g‘ri chizigning
burchak koeffitsiyentidan n marta katta ekanligi ma’lum bo‘lsa,
A(xo,yo0) nugtadan o‘tuvchi egri chiziq tenglamasini yozing,

5.7. A(2,5), n=¢.(Javob:y —5x8256

5.8.A(3,1), n=3/2.(Javob:y=-X*x /(3V3)>

5.9. A(-6,4), n=9.(Javob:y=~x911664.

5.10. A(~8,-2), n=3.(Javob:y=—x3256.

Egri chizigning ixtiyoriy nuqtasiga o‘tkazilgan normalning
ordinata o‘gidan ajratgan kesmasmingning uzunligi shu nugtadan
koordinata boshigacha bo‘lgan masofaga tengligima'lum bo‘lsa,
A(xn,Y0) nugtadan o‘tuvchi egri chiziq tenglamasini yozing.

5.11. A(0,4), (Javob:y=-x2/16+4).

5.12. A(0,-8), (Javob: y=x?/32-8.

5.13. A(0J), (Javob: y=-x2/4+1

5.14. A(0,-3), (Javob: y=x2/12-3.

A(xo,y0) nugtadan o‘tuvchi va quyidagi xossaga ega boigan
to‘g‘ri chizig tenglamasini tuzing: koordinata boshidan egri
chizigning urmmasiga o ‘tkazilgan perpendikulyaming uzunligi,
urinish nugtasining absissasiga teng.

5.15. A(2,3), (Javob: (x-13/4)2+u2=--169/16).

5.16. A(-4J), (Javob: (x+17/8)2+u2=289/64).

5.17. A(1,2), (Javob: (x-2,5)2+u2=6,25).
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5.18.A(-2,-2), (Javob: (x+2)2+un2=4).

5.19. A(4,-3), (Javob: (x-25/8)2+12=625/64).

5.20. A(5,0), (Javob: (x-2,5)""+n2=6,25.

A(xo0,yo0) nuqgtadan o‘tuvchi va quyidagi xossaga ega bo‘lgan
egri chiziq tenglamasini tuzing.

Egri chizigning ixtiyoriy nugtasining urinmasining Ou o‘qdan
ajratgan kesmasi, urinish nuqtasi absissasining kvadratiga teng.

5.21. A(4,1), (Javob: y=17x/4-x£

5.22. A(-2,5), (Javob: y=-9x/2-x2.

5.23. A(3,-2), (Javob: y=7x/3-x3.

5.24. A(-2,-4), (Javob: y=4x-x2.

5.25.A(3,0), (Javob:y =3x-x9.

5.26.A(2,8), (Javob: y~6x-x2.

Egri chizigga urinmaning ordinata o‘gidan ajratgan kesmasi,
urinish nuqgtasining koordinatalari yig‘indisining yarmiga teng
ekanligi ma’lum bo‘lsa, A(xo, yo) nuqtadan o‘tuvchi egri chiziq
tenglamasini yozing.

— X —X)
5.27. A(9,4), (Javob:y= 3
5.28. A(4,10), (Javob:y=7 -Ix —x)
5.29. A(18,-2), (Javob:y=44x —x)
5.30. A(l,-7), (Javob:y=-s ¥x—X)
Namunaviy variantlar yechimi

1 Differensial tenglamaning xususiy yechimini toping va

hosil gilingan funksiyaning x=-3 dagi giymatini verguldan keyin
ikki xonagacha aniglikda hisoblang:
y"(x+2)s=1,y(-D)=1/12, y*(-1)=-1/4.
» Berilgan tenglamaning umumiy yechimini topamiz
(811.5ga garang, 1 xildagi tenglama):
1 it dx 1



Boshlang‘ich  shartlardan  foydalanib, C/ va C:
laminggiymatlarinianiglaymiz:
y(-]1)= 1/12-Ci+C2=1/12, Cj- C2=0,
y'(-1)=-1/4+C,=-1/4, CH i C2=0.
Boshlang'ich shartlami ganoatlantiruvchi, dastlabki
tengiamalaming xususiy yechimi quyidagi ko ‘rinishda bo ‘ladi:
y=1/(12(x+2)3
y(x) fimksiyaning x=-3 dagi giymatini hisoblaymiz.
- e - T = - <
ye-3) P(3+2) 12 0.08
2. Tartibi  pasaytirilish mumkin bo‘lgan differensial
tenglamaning umumiy yechimini toping.
y'(e*+l)+y —s.
> Berilgan tenglama Il xildagi tenglamadir, (8 11.5. 2-misolga

garang).
Shuning uchun y ‘=z(x) almashtirish bajaramiz. U holday -

dz
dx
-C}/~(ex+l)+ Z~o, ~ (e x+l)=~z,
X dx
dz _ dx rgz _ § dx
“ex+1 IT - "Jex+l..

va e*+I=t o°‘zgaruvchilami almashtirish vo‘li bilan
quyidagini topamiz.
Inbl = In (ex+l)-In ex+In C
Oxirgi ifodani potensirlab, dastlabki tenglamaning umumiy
yechimini topamiz:

z—€Ci Elxl dx = C(xey+Cz y-~ Ox{- ~ dx —
ex e
Qx—e~x)+ C -4
3. y(h)=1y "(1)=o, boshlang‘ich shartlami

ganoatlantiruvchi, tartibi pasayuvchi, ys y=I1 differensial
tenglamaning yechimini toping.
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> Berilgan tenglama Il tip”a tegishlidir. (811.5, 2-misolg
garang). Shuning uchun, y =p(y) almashtirish yordaraida
tenglamaning tartibini pasaytiramiz. U holda,

y 4
dy
Bundan,
d
yp Py pap ~— ¥
dy
\pdp=J4: — 1l-c1
y" 2 2y
I
p2y +2C* p:t"\r-r+20|,
dy JIi+icy" dx =+~ ~
dx y ’ W1+2C.y2’
*=+f-p 4 -—- +C2= f(1+2CY ) -~dfl+Cjy2,
3r1+2CY 4C

X=+-">[1+C1¥Y2 +cC2-

ya’ni, dastlabki tenglamaning umumiy yechimini hosil gildik.
Endi boshlang‘ich shartlardan foydalanib, C, va C2 laming
giymatlarini aniglaymiz. x=I, y=1 va y -0 da quyidagiga ega
bo‘lamiz.

1=+ 2 F " 1+ 2ClI
bundan, 1+2C}=0, Ci~1/2, Cz=1I.
Natijada, dastlabki yechim quyidagi ko ‘rinishga ega bo‘ladi:
x=+yjl-y2+1
Geometrik nuqtai nazardan bu yechim (x-Jd)2+y2=1I
aylananing o°‘ng yoki chap tomonining yarmini tasvirlaydi. <
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4. Tenglamani integrallang.

(- -/ +4)dx+(-- -3xy2)dy=0.
X y
Quyidagi belgilashlami kiritamiz:
P(x,y)=l/x-ys+4,  Q(x..e)=-l/y-3xy2 (11.26) tenglamaga
garang.

Uholda, ap =-3v 2 dQ

dy dx
— = bo‘lganligidan, beriigan tenglama to‘la differensial
dy dx
tenglamadir. Uning umumiy integral! (11.24) formuladan topiladi:

—%v

--/ +4)dx+ I (---3x0y2 dy=C0
To G Jax+ [ (-7 -3x0y 2) dy

Quyidagiga ega bo ‘lamiz:
ax - frxygd’x + 4(T:X 9 Ej-y---3x0 ryy 2djy = (90,
0 X 0 «0 e Y \o
AN +4 i H D=
In I x2V y X ro- i n |3 iyO_ cq,
In \x\-In\xo\-xy3+x0y3+4x-4xo-In\y\+In\yO\-xoy3+xo y* = C 0,

In\- Exv*+4x=C,

bu yerda,
C—€o+In  °1"-4xo - X oy 8.
Yo 4
5. Agar koordinata o‘glari bilan hamda egri chizigning

ixtiyoriy nuqtasiga o‘tkazilgan urinma va urinish nuqgtasining
koordinatasi bilan chegaralangan trapetsiyaning yuzi o'zgarmas
son bo‘lib, 3 ga teng ekanligi ma’lum boisa, (11.3-rasmga
garang) A(2,2) nugtadan o'tuvchi egri chizigning tenglamasini
yozing.

» Quyidagiga ega bo‘lamiz:
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IMCj=y. |DOJ=
+ ol + BO = + db\+ |mc|=x\BL, +Yy.

OCj=x, + DB|=-|BM|tga=—BMjy’=xy\

11.3-rasm

bu yerda, agar y'= tga< 0bo‘lsa, (x<x1, 11.3-rasmga garang)
|DB| oldiga “+” belgisi go‘yiladi, agar y ‘= tga> 0, bo‘lsa, (x>xJ)
oldiga  belgisi go‘yiladi.

Shuning uchun ikkala holda ham \DO\--xy '+u. Shularni
e’tiborga olib, quyidagilami topamiz:

Sdmco~ —— — —*X = 3,— X2}'1+ Xy —3,

- Xoy'+2xu=e,y - —y =—"rXO.
X X

Birinchi tartibli chizigli tenglamani hosil qildik. Buni
yechamiz:

U:U&,y':U'&+U&, na+m3'— — =—r,
X X



Topilgan it = X ifodani (1) tenglamaga qo‘yamiz: w-~ 2 ,

U holda *$ = (-4-+ C)x2=—+Cx2
X X

Egri chiziq A(2,2) nugtadan o‘tganligi uchun, 2=272+4C,
C=I/4. lIzlanayotgan egri chiziq tenglamasi quyidagicha bo‘ladi.

u= —+— ,Q<x<x0=M™M
X 4

Ushbu chizig 11.3-rasmda tasvirlangan bo‘lib, xx~\[4 da
minimumga ega bo‘ladi. /1

11.3. Individual Hy vazifalari
1. Differensial tenglamaning umumiy yechimini toping.
1.1. a)y"+4u=0; b)y"-10y'+25u-0; v)y"+3y" +2y=0.
1.2. a) y"-y'-2y=0; b) y"'+9y=0; v) y "+4y" +4y=0.
1.3. a)y""-4y'=0; b)y'-4y'+13y=0; v)y"-3y’ +3y=0.
1.4. a)y ~5yr6y=0; b) y"+3y'—0; v) y*'+2y’+5y=0.
1.5.a)y m2y'+10y=o0; b)y"+y'-2y=0; v)y"-2y=o.
1.6. a) y"'-4y—0; b)y"'y"+2y'+1 7y=0; v)/ '- | -12y=0.
1.7.a)y" +yt6y=0; b) y"+9yf0; v) y ndy'+20y=0.
1.8. @) y"-49y-0; b)y'"-4y'+5y=0; v) y""+2y'-3y=0.
1.9. a)y"+7y'=0; b)y"-5y'+4y=0; v)y"+16y=0.
1.10. a) y*-6y'+8y=0; b)y "+4y'+5y=0; v) y"'+5y'=0.
1.11. a) y"'-8y'+3y=0; b}y"-3yEO0; v) y*"-2y'+10y=0.
1.12. a)y™+4yH#20y=0; b))y’ -3y40y=0; v)y"-16y=0.
1.13. @) 9y"+6y’'+y=0; bjy"-4y'-21y-0; v) y"'+y-0.
1.14. a) 2y" +3y'+y=0; b)y"+4y'+8y=0; v) y* -6y'+9y=0.
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1.15. @) y"-10y'+21y=0; By"-2y"+2y=0; v) y"+4y'=0.

1.16. a)y"'+6y'=0; b) y"'+10y'+29y=0; v)y sy ,+ 7y=0.

1.17. a)y"'+25y=0; BHy"+6y'+9y=0; v)y" +2y,+2y=0.

1.18. a)y"-3y'=0; By"'-7y'-8y=0; V) y" +4y'+13y=0.

1.19. @) y"'-3y'-4y=0; B y"'+6y'+13y=0; v) y"'+2v'=0.

1.20. a) y"'+25y'=0; b) y"-10)>'+ 16y=0; v) y*'-8y'+16y=0.

1.21. a)y'-3y'-18y=0; b)y"-6y=0; v) y''+2y'+5y=0.

1.22. a) y '>6y™+13y=0; b)y "=2y'-15y=0; v) y**-8y'=0.

1.23. a) y"'+2y'+y=0; By +6y'+25y=0; v)y'-4y=0.

1.24. a)y"+10y'=0; By'-6y'+8y=0; vj 4y" +4yry=0.

1.25. a)y""+5y=0; b) 9y""-6y'+y=0; v) y"'+6y'+8y=0.

1.26. a)y""+6y+10y=0; BHy"-4y'+4y=0; v)y'-5y'+4y=0.

1.27. a)y"'ry=0; b) 4y"+8y'-5y=0; v) y"'-6y'+10y=o.

1.28. a) n+8y'+25y=0; B)y"+9y'=0; v) 9y"'+3y'-2y=0.

1.29. a) 6 y"+7y'-3y=0; b)y"+16y=0; v) 4y""-4y'+y=0.

1.30. @) 9y'"-6y'+y=0; b)y H+12yH37y=0; v)y"-2y'=0.

2.2.1. _y"+y'= 2x-1. (Javob: y=C/+C2e *+x2~3X)

2.2. y"-2y'+ 5y =10exosx. (Javob: y~e*(C/cos 2x + C?
Sinzx) +excosz2Xx).

2.3. y"-2y' -gy =12sin2x-36c0s2x. (Javob: y=-C]éxx+C2e4x
+3C052X).

2.4.y"- 12y" +36y =14ebx (Javob: y=Cj eex+C2e 6x+7x26).

2.5.y"-y" +2y =(34-12x)ex (Javob:yrCiN+CA2+(4—2X)83.

2.6.y"-6y" +10y —516x (Javob:y=esqC[Cosx+Casinx)+3e .

2.7. y"+y=2c0s x-(4x+4)sin x.(Javob: y=C]Cosx + Czsinx
+(X2+2X)COSX).

2.8. ytey' +10y =74e3X (Javob: y=e3x+(Cjcos x+C? sin
X)+2e3.

2.9.y"'-3y'+2y =3cos x+19sin x.(Javob: y=C;ex-bC"e”+6 cos
X + sin x).

2.10. y"+6y'+9y = (48x+8)ex. (Javob: y—€ ;83X +C2*e
3x+(3x-1)ex.

2.11. y™5y,=72e2x (Javob:y =C, "C2e 'sx+3eX).

2.12. y"-5u'-6y =3cos x+19sin x. (Javob: y=:C/éx
+C2e6¢Cos X -2 Sin X).
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2.13. y"-8n'+12y =36x-96x2 + 16x-2. (Javob: y=C\e*
+C,eex+ 3X-X3.
2.14. y"-8n'+25y =18e> (Javob: y=e -4(Cjcos 3x + CXin

3x)+\ey

2.15.  y"~9n'+20y =126e2x (Javob: y=C, edx+ Sz esx+3e)

2.16. y ™36y =36+ 6x-36x3 (Javob: y=Cjcos sx+Cz2sin 6x
—X3z+2X+1).

2.17. y"+y -=-4cos x+2 sinx-36x*.(Javob: y=C}cos x+CXin
X + x(cos x -2sin x).).

2.18. y"-t-2y'-24y =6cos 3x-33 sin 3x.(Javob: y=Cjeex+C2
edxt+sin 3X).

2.19. y"+6y'+13y =-75 sin 2x.(Javob: y=e X (Cj cos2x+C2
sin2x)+4co0s2x- -3sin2x).

2.20. y"+5y'=39c0s3x-105sin3x. (Javob: y=(Ci +Cz2e 5+
4c0s3x+5sin3x).

2.21.  y"-4y'+29y=104 sin5x.

(Javob: y=e2(Cj coss x+C2sinsx)+ 5c0s5x+sin5x).

2.22. v"-4y'+5y=(24sinx+8cosx)e~2

(Javob: y=e*x(C] cosx+Czsinx)+ C9+e 2(cos x+sin X).).

2.23. y"+16y=8cos 4x. (Javob: u~Cj cos 4x+Cxin 4x+x
sin 4x).

2.24.y "+9y=9x4+12x2~-27. (Javob: Ci cos 3x+Csin 3x+x*~3).

2.25.  y"~12y'+40y=2etx (Javob: y=e®&(Cj cos 2x+Casin

2X)+£e69.

2.26. y"+4y'=ex(24cos 2x+2sin 2x).(Javob: Ci+C2 es+2ex
sinz x).

2.27.  y"+2y'+v=6eR.(Javob: y=Citex+C2 xes+2ex+3x2
.

2.28.  y"+2y'+37y=37x? 33x+74.  (Javob: y=ex(C;cos
6X+C2SIN 6x) + x2-x +2).

2.29. sYy"-yry=3eX (Javob: y=Cj ex+Ceexs+e2).

2.30. 2y"+7y+3y=222sin3x. (Javob: y=(C;eX +C:2 e
X2 +7c0s3X+55iN3X).
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3.3.1.y"- 8y' + /& = 10e2¢(Javob: y=edx(CiCOS+CXSin x)+212)

3.2.y"+y'-ey= (sX ¢ 1)esx (Javob: y=C; e sx+C2 e2¢+(x-1)e3n)

33.y’* K+ 12y = 3edc(Javob: y= C, e n-C2 eax+3xedx)

34.y"- 2y~6 + |2y = 24x2;(Javob: y- C/ +Q e2x+4x3+
3x2+3X.

3.5.y™sy" + 34y = 18 cos 5x+60 sin 5x;

(Javob: y=e3q(Cicos 5x1 C's'in 5x)+2 cos 5x.)

3.6.y"- 2y'= (4x+4)eax(Javob: y= C/ +C2 e2x+ (X2 +x)e2x)

3.7.y"+ 2y'+y= 4x3 +24x2+22x-4;(Javob: y= C;ex+Caxex+
4x%2X.)

3.8.y"- 4y'= 8-16x;(Javob: y= Cj +C2 edx+ 2x2-X.)

3.9.y 7-2y'+y= 4dex(Javob: y= Ci ex+C2 ex+2X2ex)

3.10. y"-sy'+ 20y = 16 sin 2x-cos 2X;

(Javob: y=e4xCicos 2x+CxXin 2x)+sin 2x.j

3.11.  y"-ey" + 13y = 34e3sin 2x;

(Javob: y=e3qCiCos 2x+Ca2sin 2x)+2—x0s 2x.)

312, y"™ 2y'-3y = (12x2+6x-4)ex;(Javob: y=Ciesx+C2
£ +(x3-x)ex)

3.13.y"+ 4y" + 4y = e 2x(Javobi:y=Cielx+CaxexX+3Xx22 &)

3.14. y"+ 3y' =10-6X;(Javob:y~Ci+C2esx-x24X.)

3.15.  y"+ 10y'+25y =40+52x-240x2~200x};(Javob: y=C,e
X+ C2e X-8x3+4X.)

3.16. y"+ 4y'+20y -4cos 4x-52 sin 4x;

(Javob: y=e 2(Cjcos 4x+Czsin 4x)+3 cos 4x-sin 4x.)

3.17. y"+ 4y'+by =5x2-32x+5;(Javob: y~-e2x(CiCOSX+C:
SinX)+x2~8x+7.)

3.18. y"+ 2y'+y = (12x-10)ex(Javob: y=C; ex+C2 xe
X+(2x3 5x2) e x)

3.19. y"-4y = (-2x-10)e2x(Javob: y-Cjcos 2x+Cz sin
2x+(3x2+x)eX)

3.20. y"+ 6y'+9y = 72e3¢(Javob: y=C:eax+Caoxesx+2e3)

3.21. y"+ 16y = 80eX;(Javob: ,y=Cicos 4x +C2 sin
4x +4e2X)

3.22. y"+ 4y' = 15ex (Javob: y=Ci+C2e 4x+3e\)

3.23. y"+ y =2y = 9cos x-7 sin x; (Javob: y=CieX +C2
ex+3sin X-2cos X.)
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3.24. y"+ 2y'+y = (18x+8)ex:(Javob: y=Cj e +C? xext
(3x'+4x2 e x)
3.25.  y"-14y'+49y = 144 sin 7x;(Javob: y=CieX +C" xeh¢t

2 CcoS 7x.)
3.26.  y"+9y=10 esx(Javob: y=Ci cos sx+Cz2sin 3x +e3x)
3.27. 4y"-4y'+y —25 cos x;(Javob: y—€i~ 2 X+3

cos X + 4sinx.)

3.28.  3y"-5y-2y -6 c0s 2x+38 sin x 2X;

(Javob: y=C;e w3 +C2ex2 +C0S 2X -2sin 2X.)

3.29. y"+4y'+29y =26ex (Javob: y=e2 (Ctcos 5x +Cxin
5x)+ex)

3.30. 4y"+3y'-y =11 cos x-7 sin x;

(Javob:y=e2(C}e +C?ex+2sinXx- COSX.)

4. Boshlangich shartlami ganoatlantiruvchi differensial
tenglamaning xususiy yechimini toping.

4.1.y"-2y"+y=-12co0s 2x-9sin 2x, y(0)=2, y'(0)=0.

(Javob: y=-2ex-4xex+3sin 2x.)

4.2.y -6y'+9y= 9x2 39x+65, y(0)=-1, y*'(0)=L

(Javob: y=-6esx+22xesx+xz2 3x+5.)

4.3.3"+2y'+2y= 2x2+8x+6, y(0)=I, y'(0)=4.

(Javob: y — x(cos x+3sin x)~x2+2X.)

4A.y"-6y+25y= 9sindx-24 cos 4x, y(0)=2, y'(0)=-2.

(Javob: y=e X(2cos 4x-3sin 4x)+sin 4x.)

4.5,y "~14y'+53y= 53x3M2x2+59x-14, y(0)=0, y'(0)=7.

(Javob: y=3e 7sin 2x+x3+X.)

4.6.y"+ey= e x(cos 4x-8 sin 4x), y(0)=0, y'(0)=5.

(Javob: y=sin 4x-cos 4x + e?cos 4x.)

4.1.y"-4y'+20y= 16xe2 y(0)=I, y (0)=2.

(Javob: y=e 2(cos 4x-1/4 sin 4x) +xe2x)

4.8.y"-12y*+36y= 32 cos 2x+24 sin 2x, y(0)=2, y'(0)=4.

(Javob: y=e 6-2xex+cos 2X.)

4.9.y"+y=x3-4x2+7x-10, y(0)=2,y (0)=3.

(Javob: y —4cos x+2 sin X+Xx3~4x2+x-2.)

4.m.y"-y=(14-16x)exy(0)=0,y,0)=-I.

(Javob: y=ex-ex+(4x2~3X)e~x)

4.n.y"+8y+16y=16x216x+66, y(0)=3,y'(0)=0.
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(Javob: y=-2e~4x-6x84x+X7 2X+5.)
4.12.y"+10y+34y=-9¢€3xy(0)=0, ?(0)=6.

(Javob: y=e Bqcos 3x +2sin 3x)-85)
4.13.y"-6y"'+25y- (32x-12)sin x-36x cos3X, y(0)=4, y ’(0)=0.
(Javob: y=e ax(4cos 4x -3 sin 4x) 2xsin 3x.)

4.14. y*""+25y= ex (cos5x-10sin 5x), y(0)=3, y (0)=-4.
(Javob: y-2cos 5x - sin 5x+excos 5x.)
4.15.y"+2y'+5y=-se sin 2x. y(0)~2,y ’(0)=6.
(Javob:y = e x(2cos 2x +3 sin 2x)+2xe Xcos 2X.)
4.16.y"-10y'T25y=e % y(0)=1,y 1(0)=0.

(Javob: y - 3esx-2xe5x+ x2e5¢)
4.1.y"+y'-12y—(16x+22)e4x y(0)=3, yLL| =5.
(Javob: y= eX+ex+ (2x+1)edx)

4.18.y""-2y'+5y= 5x2+6x-12, y(0)=0, y'(0)=2.
(Javob: y= ex(2 cos 2x-sin 2x)+x2+2x-2.)

4.19. y"+8y'+16y= 16x3+24x2-10x+s,y(0)~1, y'(0)=3.
(Javob: y=4x@ax+x2-x+1.)

4.20.y"-2y"'+3y= 36excos 6x, y(0)=0, y'(0)=6.
(Javob: y=exsin 6x+3xexsin 6x.)

4.21.y"-sy'= 16+48x2-128xxy(0)=-1, y'(0)=14.
(Javob: y=2esx-3+4x4~2X.)
4.22.y"+12y"+36=72x3-18, y(0)=-1, y*{0)=0.
(Javob: y=cos 6x+ s sin 6x+2x3~2X.)
4.23.y"+3y'=(40x+58)e y(0)=0, y (0)=2.
(Javob: y=4eax7+(4x"3)e)

4.24.y""-9y'+18y=26 cosx-s sinx, y(0)=0,y (0)—2.
(Javob:y=2eex-3e3%sin x+cos X.)
4.25.y"+8y'=18x+60x2 32x3  y(0)=5, y'(0)=2.
(Javob: y=3+2&sxXxs+3%x3)

4.26.y"-3y'+2y=-sin X-7 cos x, y(0)-2, y'(0)=7.
(Javob: y=ex+2e2¢cos x+2 sin x.)

4.27.y "+2y'=6x2+2x+1, y(0)=2,y'(0)=2.
(Javob:y=3-82x+x3-x2)

4XKy"+16y=32e4 y(0)=2,yLL=2.

(Javob: y=cos 4x+sin 4x+e4x)

4.29.y"+5y+6y=52 sin 2x, y(0)--2,y'(0)=-2.
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(Javob: y=2eax+esx5cos 2x+sin 2x.)

4XKy"-4y=8e2xy(0)=I, y'(0)=-8.

(Javob: y=3eax+2e2x+2xe2X)

5. [ (x) funksiyaning ko‘rinishi bo‘yicha chizigli bir jinsli
boimagan differensial tenglamaning y* xususiy yechimning
tuzilishini aniglang va yozing.

5.1. 2y~ 7y' + 3y=f(x); a)f(x)42x+1)eix; b)f(x)=cos3x.

52. 3y"- 7y + 2y= f(x); a) f(x)=3xe2 b) f(x)=sin 2x -
3C0S2X.

5.3. 2y +y'-y=f(x); a) f(x)=(x2~5)ex b)f(x)=x sinx.

5.4. 2y’~9y"+ 4y—f(x); a)f(x)=- 2e4x b)f(x)=excos 4x.

5.5. 2y"H49y=1(x); a)f(x)= x’+4x; b)f(x)= 3sin 7x.

5.6. 3y"+10y'+3y=fix); a)f(x)=e3x b)f(x)= 2 cos 3x-sin 3x.

5.1,y"-3y'+2y=1(x); a)f(x)=x+2ex b)f(x)= 3cos4x.

5.8.y"-4y X4y=F(x); a)f(x)=sin2x+2exh)f(x)=x?~4.
5.9.y"-y'+y=f(x); a)f(x)="cosx; b)f(x)= 7x+2.
5.10.y"-3y=F(x); a) f(x)"2x2 5x; b)f(x)= exsin 2x.
5.11.y"+3y"-4y™M(x); a) f(x)=3xedx b)f(x)= xsinx.
5.12.y""+36y=f(x); a)f(x)=4xes; b)f(x)= 2 sin sx.
5.13.y"-6y"+9y=1(x); a)f(x)=(x-2)e3x b)f(x)= 4 cosx.

5.14. 4y"-5y'+y~f(x); a)f(x)=(4x+2)e"; b)f(x)= exsin 3x.

5.15. 4y +7y'-2y=f(x); a) f(x)=3e 2¢ b)f(x)~ (x-1) cos 2x.

5A6.y""-y'~6y=f(x); a)f(x)=2xe3x b)f(x)= 9cosx-sinx.

5ALy"-16y"-f(x): a)f(x)=-3e4x b)f(x)= cosx-4sinx.
5.18.y"-4y-f(x); a)f(x)-(x-2)edx b) f(x)= 3cos 4x.

5A9.y"-2y'+2y=1(x); a)f(x)=(2x-3)esx b)f(x)= elsin x.

5.20. 5y"*-6y'+y=f(x); a)f(x)=x2ex b)f(x)= cos x -sin x.

5.21. 5y"+9y'-2y= f(x); a) f(x)=x3-?; b) f(x)= 2sin 2x-
3C0S2X.

5.22.y "~2y'-15y=1(x); a)f(x)=4xe3k b)f(x)=x sin 5x.

5.23.y"-3y=1(x); a)f(x)=2x3~4x; b)f(x)= 2e xcosx.

5.24.y"-7y'+12y=f(x); a)f(x)=xeX+2exb)f(x)= 3xsin2x.
5.25.y"+9y=f(x); a)f(x)=x2 +4x-3; b)f(x)= xe2sinx.

5.26.y "-4y"+5y=f(x); a)f(x)—2xex b)f(x)= xc0s2x - sin2x.

521.y""+3y"'+2y=f(x);a)f(x)=(3x-7)ex b)f(x)= cosx-3sinx.

5.26.y""-8y"'+16y- f(x); a)f(x)=2xedx b)f(x)= cos 4x + 2sin 4x.
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5.29. y"+y'-2y=f(x); a)f(x)=(2x-1)ex; b)f(x)= 3xco3 2x.
5.30.y"+3y"-4y=f(x); a)f(x)=sxex; b)f(x)=xZm 2x.

Namunaviy variant yechimi.

Differensial tenglamalaming umumiy yechimlarini toping.

1 a) 4y*-lly'+6y=0; b) 4y**-4y'+y=0; v)y '-2y'+37y=0;

Beriigan har bir tenglama uchun xarakteristik tenglama
tuzamiz va uni yechamiz. Xarakteristik tenglamaning olingan
ildizlarining ko‘rinishiga qarab, differensial tenglamaning
umumiy yechimini yozamiz (11.48 formulaga va 8 11.6 dagi 5-
misolga garang).

a) 4A2111+6=0, \ =3/4, =2 ildizlar har xil va
haqigiydir, shlining uchun tenglamaning umumiy yechimi
quyidagicha bo‘ladiy” C 1e3xa+C2e2¢

b) 4 N2~4A+1 =0, Az =-1/2 - ildizlar bir-biriga teng va
hagigiydir, bundan Kkelib chigadiki, tenglamaning umumiy
yechimi quyidagicha bo‘ladi.

y=C "2+Caxr 2

V) A2-2 A+37=0, \ 2=A>=1%6i - ildizlar go‘shma
kompleksdir, shuning uchun tenglamaning umumiy yechimi
quyidagicha bo‘ladi.

y = ex(Cicossx+C2$ineXx).

2.y". 3y'-4y=6xex

> A 23 A—4 =0 xarakteristik tenglamasi A i=4,A =
ildizlarga ega. Bundan kelib chigadiki, bir jinsli tenglamaning
umumiy yechimi quyidagi formula bilan aniglanadi.

y = Cleax+Cae X

Tenglamaning o‘ng tomonida joylashgan f(x)=exexfunksiya
bofyicha xususiy yechim tuzilishini yozib olamiz ((11.50)
formulaga garang).

y =(Ax+B)e~x-x

Bu yerda, z=a+ib=-1 xarakteristik tenglamaning ildizi
bo‘lganligidan (Ax + Bx)e~xifodani x ga ko'paytirdik. A va V
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koeffitsiyentiami  noma’lum  koeffitsiyentlar  usuli  bilan
aniglaymiz. Buning uchun quyidagilarni tuzamiz,

y * = (2Ax-hB)e~x- (Axz2+ Sx)e_lI

y*n=2Ae~x+ (Ax2 + Bx)el'x-2 (2 Ax + B)e~x;

y *',y*" lar uchun topilgan ifodalarni berilgan tenglamaga
go‘yib, uning ikkala tomonini e xga bo‘lib, x2 x va x° iar oldidagi
koeffitsiyentlarini tenglashtiramiz va A va V lami topish uchun
sistema hosil gilamiz. Shunday qilib, yuqorida bayon
gilinganlarga mos ravishda quyidagilarga ega bo‘lamiz:

2A +AX2+Bx-4AX-2B-6AX-3B+3AX2+3BX-4AX ‘~4BX=6X,

A+ 3A- 4A =0 »
B-4A-6A-3B —4B =0
X 2A-2B-3B =0
BuyerdaA=-~ B=- —.
5 25
U holday*= e’

Berilgan, bir jinsli boimagan tenglamaning umumiy yechimi

quyidagi formuladan aniglanadi.
y=y+ y* =Ciedx+ Créx—(j* 2 + p x) ex.M

3.y +y =5x+cos2x.

» Tenglamaning J12+/1 =0 xarakteristik tenglamasining
ildizlarini topamiz. \ —0, = —1. Bundan kelib chigadiki, bir
jinsli tenglamaga mos keluvchi umumiy yechim quyidagi
ko‘rinishga ega bo‘ladi.

y=Ci+C2ex

Tenglamaning o‘ng tomonidan turgan f(x)=5x+cos2x
funksiya, >(x)=-5x va f2(x)=cos2x funksiyalaming yig'mdisidan
iborat. Ularga quyidagi 2ta xususiy yechim mos keladi:

y\ =Ax2+B, y * =Ajcos 2x+B]Sin 2x,

ya’ni, y*=y* +y\ Quyidagilarni topamiz.

y*'=2Ax+B-2A]Sin2x+2Bicos 2x, y* =2A-4A;cos 2x-4B}
sin2x.

y*’va >*" lar uchun olingan ifodalarni dastlabki tenglamaga
go‘yamiz va A, B, AbB, koeffitsiyentiami hisoblaymiz.
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2A-4AjCos2x-4Bisin2x+2Ax+B-
2Aisin2x+2Bic0s2x=5x+Cc0s2X,
Xj 2A=5 ]
X°\2A +B = 0]
cosz2 X\ —4Ar+ 2Si = 1) 10Bi = 1, |
sin2xl —2At —4B1 —Q)’Al= —2B1]
bundan A=5/2, B=-5, Ai=-]/5, B’=I/1().
Shunday qiiib, dastlabki tenglamaning xususiy yechimi
quyidagi ko‘rinishga ega boiadi:
5 ;1 R
y*= —xf 5x-—c0s2jch-— sin2jc
2 5 10
uning umumiy yechimi esa quyidagicha bo‘ladi

y=y+y*~Ci+Cz2e x+ 5—x ’ 5>1<— costH---% sin 2x. <
2 5 10

4. Beriigan boshlang‘ich shartlami ganoatlantiruvchi,
differensial tenglamaning xususiy yechimini toping.

y"+16y=(34x+13)ex y(0)=-1, yLLL =5.

A +16=0 xarakteristik tenglama A i2 £4i rnavhum
yechimlarga ega, Bir jinsli tenglamaga mos keluvchi umumiy
yechimi quyidagi formula bilan aniglanadi.

y=Cj cos 4x+Cz2 sin 4x,

Uning xususiy yechimi esa quyidagi ko‘rinishda bo‘ladi.

y*=(Ax+B)ex

Quyidagilami tuzamiz:

y*' =Aex(Ax+B)ex y*"'=-2Aex+(Ax+B)ex

y*' vay*" laming ifodalarini dastlabki tenglamaga qo ‘yamiz.

- 2A+Ax+B+16Ax+16B=34x+13, hosil gilingan ayniyatdan
A=2, B=1 lami tuzamiz. U holda

y*—2x+1)ex

bo‘ladi va dastlabki tenglamaning umumiy yechimi quyidagi

ko‘rinishda bo‘ladi
y=Cicos 4x+CxXin 4x+(2x+1)ex

y(0)=-1, y "(0)=5 boshlang‘ich shartlardan foydalanib, C/ va
Cz laming qiymatlarini hisoblash uchun quyidagi sistemani
tuzamiz.

y(0)=-1=Cj+l
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y '(0;=5=4Co+2—1
bundan c,=-2, c2=1. c: va c2laming giymatlarini umumiy
yechimga qo‘yib, dastlabki tenglamaning xususiy yechimini
topamiz.
y=sin 4x-2cos 4x+(2x+l)ex *4

5. f(x) funksiya ko‘rinishi bo‘yicha y'-9y=f(x) chiziqli bir

jinsli bo‘lmagan differensial tenglamaning y* xususiy }'echimini
aniglang va ko ‘rinishini yozing

a)f(x)=(5-x)eix; V)f(x)=xsin 2x.

» A2-9=0, tenglamaning yechimlari Ar=—3, A2=3 lardir.

a) f(x)=(5-x)eX bo‘lganligidan, uning xususiy yechimi
guyidagi ko'rinishida bo ‘ladi.

y*=(Ax+B)eax=(Axz2+Bx)ex

Bu yerda, z=a+ib=3 va k=l bo‘lganligidan x ko‘paytuvchi
hosil bo‘ladi.

b) f(x)=xsin 2x Dbo'lganligi uchun xususiy yechim
quyidagicha bo‘ladi:

y*=(AIx+B])cos 2x +(A2x+B32sin 2x.A

11.4-1UT

. Chizigli birjinsli differensial tenglamaning xususiy

yechimini toping.

1.1y "-7y"+6y'=0, y(0)=0, y 10)=0, y "(0)=30.(Javob: y=5-
6N +edk)

1.2.yv9y n¥0, y(o)=1,y'(0)=-1, y"'(0)=0, y "LLL=0, f(0)=0.

(Javob:y=I-x.)

1.3.y"-y"=0, y(0)=0, y(0)=0, y "(0)=-1. (Javob: y =1 +x-ex)

1.4.y "-4y-0, y(0)=0, y'(0)=2,y "(0)=4. (Javob: y=e 2x1.)

1.5. y"'+y'=0, y(0)=0, y (0)=I, y’(0)=I.(Javob: y=I-cos x-
sin x.)

16. y"-y-0, y(0)=0, y'(0)=2, y"(0)—4.(Javob: y=-4+e
x+3ex)

1.7 Fray "2y = y y(0)4).y'(0)=2,y"(0)=0,y ""0)=s.

(Javob: y=2éx-4xe %-4x2€ x-2ex)

1.8.y""+y"-5y'+3y=0, y(0)=0, y*(0)-1, y"(0)=-14.

(Javob: y=ex-3xex-eix.)
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1.9.y I'"+y,=0, y(0)=0, y'(0)=1, y*"*(0)=-1.
(Javob: y=1-éx)
1.10. vy /*-5y"+8y'~4y=0, y(0)=1, y'(0)=-1, y "1(0)=0.

(Javob: y= —ex+ —eIx—xelx.
2 2 8

1.11.  y/'+3y"+2y'=0, y(0)=0, y'(0)=0, y"*(0)=2.
(Javob: y=1—=2ex+ € %)

1.12.  y/["+3yrM+3y'+y=0, y(0)=-1, y'(0)=0, y"(0)=L
(Javob: y--éx(1+x).)

1.13.  y™2y"+9y'-18y=0, y(0)=-2,5, y'(0)=0, y**(0)=0.

(Javob:y= 45§x ----- ! 90052xH-—-1-§sin2x).
26 13 13

1.14. 'y 9y'=0,y(0)=Qyro)=9,y"(0)=-18.

(Javob: y~-2+2 cos 3x +3 sin 3x.)

1.15. y"-13y"+12y'-0, y(0)=0, y'(0)=1, y"(0)=133.

(Javob: y=10—1ex+elX)

1.16. y~ -5y"+4y=0, y(0)=-2,y'(0)=1,y "(0)=2, y 7(0)=0.
YV— e?7- e~X+— + -

(Javob: y — e7 3e X o e2* 4 )

1.17. J v-10y"'+9y=0, y(0)=0, y*(0)=0, y"*(0)=s, y T0)=24.

(Javob: y=-2e?+éx+eX)

1.18. yy"+y'-y=o,y(0)=0,y'(0)=1,y"(0)=0.

(Javab: y-sin x.)

1.19. y "-3y"+3y'-y=0, y(0)=0, y'(0)=0, y"'(0)=4.

(Javob: y=12x2ex)

1.20. y"-y"+4y'-4y=0, y(0)--1, y'(0)=0, y**(0)=-6.

(Javob: y~-2ex+cos 2x+sin 2X.)

1.21. yer2 y+y"=o0,y(0)=0,y (0)=0,y"(0)=1,y "™(()=.

(Javob: y=1-ectxek)

1.22. -f-y=0, y(0)=0,y'(())=0,y "(0)=0,y0)=-4.

(Javob: y=e %x+2 sin x.)

1.23.  y*v-16y=0, y (OM), y'(0)=0, y*"(0)=0, y

(Javob: y = —e2X——e X+ —sin 2X.)
4 4 2
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1.24. y Ty’ 4y'-4=0,y(0)=0,y L, =0,y "(O=12.

(Javob: y~e ax+3e2x4ex)

1.25. y "+y"+9y’+18y=0, y(0)=1. y'(0)=-3, y "(0)=-9.

(Javob: y=cos 3x-sin 3x.)

126. V -f-9 y" =0, y(0)= y'(0)= y"(0)= y"(OM,
Yy(0)=27.

3 - : :
(Javob: y=1 +2x+ —xL—e~Xx+xe x)

1.27. 'y "™+2y"+y'+18y=0, y(0)=0,/®d M , y (0)=-3.
(Javob: y=1-ex+xex)

1.28. y"™-y"-y'+y=0, y(0)=-1,/(O M, y"(0)=1.

(Javob: y=-4ex+7xex+3ex)

1.29. ylv+5y"+4y=0, y(0)=1, yLLL =4, y"(0)=-1, y T(0)=-16.
(Javob: v-2 sin 2x + cos X.)

13b./+10}™'+9y=0, y(0)=1,y (OM, y"'(0)~-9,y A0)=-27.
(Javob: v= cos 3x+sin 3x.)

2, Differensial tenglamalar sistemasini ikki usulda yeching:
a) yugqori differensial tenglamaga keltirish yo'li bilan;

b) xarakteristik tengiama yordamida.

..... (Javob:
tEX- fx = QeI +2CE
b=x-y, (Javob Q! 2
9o 1YE-AXAY! ly =—=2C,e +2Ciet
fx'=-x +8y x =C,e3+2Ce~3
’ (Javob :
\y' =Xy, y =1Qe*— te?
2.3. 2 1 4
X'= 2% - 3 x=C /3AC,e'
v (Javob :
V'=-X. y e —Coe'

2.4,
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2.5.

2.6.

2.7.

fx'=4x+2j,
[>" = 4x + 6p
2.13.
[x"=8x-3_y,
\y '=a2x+y.

[x’=3x+.y,

2.14.

[>"=x+3v.

(Javob:«<

fx —C, + CrB-1 )
[y=Cl-4C2%

(Javob Yy =

(Javob:

(Javob

[y =3Cer—C=
[x = C"el + Cze3
y=3Cer- C2

T C*+CA }
[y =-2C;-3Cze->

Ix=Cé+Ce *

(Javob-

()

[y = C%¥ —3Cae~"

X =Cx¥ +Cee2

(Javob :1I

9 )

y =€ —Cea

(Javob:\

fx:C+Cze~2t)
U=-cy+c2

ly =~qe2t+2C28

X=qe2+Cz27

(Javob :

y =2Qe2+=3Coe7t

[x = Ce'r+ Coed

(Javob :
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2.15.

[x ’= 2x + 3.y,
[y '=5x+4y.
2.16.
X'=X+2y,
[y’=3x+sy.
217. %
2.18.
X'=x+2y,
[>"=4x+3y.
2.19.
fx'=x+4y,
[J'Mx +y.
2.20.

fx' =3x =2y,
jl =2x+8"
2.21.
fX'--x + 4,
\y ’=2x + 3y.
2.22.
[x'=7x+3y,

| y'=x+5v.

(Javob:

(Javob:

5x +4v,

(Javob:
- 4x+ 5y.

x = Cte *+C2"

X —Cx' +C3

V=--C,+3C,e

[x = Cje* + C2e2
[y =—€»x‘+C2

fx=Cx‘+C3

(Javob :\

2
[y=—C,e' +2C2%

X =Cx “+C2e3

(Javob:<

1

Y~~2

(Javob :

(Javob :

1 )
ie 2 2

X=Cx 1+C2 1

y=-iCc,e4-2CeT)

x =Cle-, +C2

Yy

—Cxe~+Crex
2 2

1

i’x= Cedt +C 2%

(Javob <

4 1 &

IY~~Ce +—C2

335

)



[V=4x-y,

jx=CAt+ G2\

. ' (Javob:e
o3 W EoX F4y. {y = Cleit-C ,e5i"
2.24.
X' =2x + 8y,

) (Javob : 2 1 |)
[y' =x+4y. y :—A:‘CX+?Czeb’
2.25.

X'= 5+ 8y x=Ce 1+C2 !
. ' (Javob : 3 1 )
[y" =3x+3y. >=— Ce'U:-Ce9
4 1 2
2.26.
X'=3x+y, x=Cel+Cefx
J (Javob [ il 2
[Y =8 +>\.... [y=-~Cle“4 2 C 2e&
2.27.
X' = X —by X = Cle"*+ Ceexn
' (Javob:
[y'=-x-byrlr y=Ce-4t+éQe
2
2.28.
[X' = —5x + 2y X —Cxe™* + Coe~Tr
’ (Javob : it
y'=x-6y. y:—C>1e mCx
2
2.29.
X' = 6x + 3y x—Ce +C-e”

. ’ (Javob : 8
[y'=-8x-5y. y=--3C P 2(-C 23
2.30.
fx'=4x-Sy, x:Ce"+C2’e/2i<

(Javob:# 4 A 1)

—8x +4>\
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3, Differensial tenglamani ixtiyoriy 0‘zgarmasni
variatsiyalash usuli bilan yeching.
X

e
3.1 y'-y= EX+ 1
(Javob:y —(— +/~b (& +1)+ &) —e x+(-*bi ~ -+e2ex)

1
3.2. y"tay= €0Ss2X

1
{Javob:y —(—lnBcost\ + C2)cos2x + (ix + C2)sin 2x.)

3.3. v'H4y+5y’ =

(Javob:y - (In]cosxj+ CYe®kcosx + (x + C2)e*xsin2x.)

sin*
N — COs X
(Javob:y = — Cx+ (Injcosxj + C2) cosx + (x-tgx + C3)sinx.)
cos
1
3.5. y"'+9y C0s3X
1 1 . i
(Javob :y = (—x + C\)cos3x+ (—lnﬁsm 3x| + C2)sin 3x.)
xe' +—=
3.6. y"-2y ~y Xe
(Javob:y —Cx x+ C2(e x+ ex——ex—xe x+xe xInx.)
3.7. "+2y 2
yrreyRey COSX

(Javob:y = (In cosxj+ Che~xcosx + (x + C 2)e~xsin x.)
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3.8. y"-2y+2y = sm X

{Javob:y = (\n(ctg)z(ﬂ + C,)eXcosx + (-}_ ----- bC2)e' sinx.)
sin x

3.9.y"+2y'+2y =e~xctgx

{Javob:y - Cxe~xcos jc+ C2~xsind+e xsinx mn|?g(x/ 2)J.)
3.10.  y"-2y'+2y =ex/sinx

{Javob:y = {-x + CXexcos x + (Injsinx\+ C2)exsinx)
311, yU-2y'+y =<2,

{Javob:y = (—dnx+ C,)ex+ (—4/x + C2)xex.

3.12. y"+y=tgx'

{Javob:y - C cosn+ C2sinx - cosx mnjtg{x 12 + n! 4)|).
3.13. y"+4y =ctg 2x'

Javob \y = C, cos2x + Cz2sin2 X+ ~-sin2x-In J/gxj.).
3.14. y"+y-ctgx

Javob :y = C] cosx + C2sinx + sinX «Inj"gx(x/ 2)j.).
3.15.  y"-2y'+y —#¥x

Javob:y = (—x+ C.)ex+(Inx+C2)xex).

3.16. y™+2y'+y = e XX

Javob:y = (—x+ CXe~x+ (Inx + C2)xe~x).

3.17. y"+y'=l/cos x.

Javob:y = (InJcosx\+ Cj) cosx + (x + C2) sin x).

3.18. y"+y =l/sinx.

Javob:y =(-x +G) cosx + (InJsinxj + C2) sinx).
3.19. y"+4y =l/sin 2x.

338



1 1. .
Javob:y = (-'2(+ CX cos 2x + (—Injsin 2x\|+ C2)sin2x).
3.20. y"+4y =tg 2x.
1
Javobv =C, cos2x + C, sin 2x—4 In tgix +-) C0S2X).

3.21.  y"+4y'+4y = eN/X5.

Ja\'ob:y = Cj + C2x +1/(2x))x_20.
3.22.  y’r4y’+4y = e 2AX3.
Javob: y= Cje+ C2xe2+ eZT/ 2X).
3.23.  y"+2y'+y =3ex4x +1

Javob'.y —{- --aJ(x+1)5+ 2«/(x+1)3+Cj)e *+(2\J(x+1)' +C2)xeXx).

3.24. y"+y = -cfg2n.

Javob:y = C cosx -fC2sinx + cosx «In|?g(x/ 2)| +2.)

3.25. =e2*cos(e*).

Javob :y —C; + C2ex—€0s(e"T).)

3.26. y"-y'=e2-sin(ex).

Javob:y = Cx+ Cxx—sin(e').)

3.27. y"+y=tg*x,

Javob:v=C, eosx + C, sinx + smx-In = -2.)
N2 4

3.28. y"+y -2/sin2x.

mJavob:y = Cxcosx + C2sinx + 2 cosx mMn\ctg(x!2)j- 2).

3.29. y"+2y'+5y = sin2x

T . ,
Javoi:y - (~—+C\)e~xcos2x + (-in|sin2x| + C2)e“Tsm2x)
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1
3.30. y"+9y = cos3*
Javob:y = (é—lnicosf3x\+ C,)cos3x + (:—+ C2)sin 3x.)

4.  Quyidagi masalalami yeching:

4.1. Quyidagi xossaga ega bo‘lgan egri chizig tenglamasini
yozing: Egri chiziqga urinma, urinish nuqtasidan abssissa 0‘giga
tushirilgan perpendikulyar va abssissa o‘gi bilan chegaralangan
uchburchakning yuzi o‘zgarmas kattalik bo‘lib b2 ga teng.

(Javob:y=2bd(C—)).

4.2. Egri chizigga ixtiyoriy urinmaning abssissa o‘gi bilan
kesishish nuqtasi, urinish nugtasi va koordinata boshidan bir xil
uzoqglikda ekanligi ma’lum bo‘lsa, egri chizig tenglamasini
yozing.

(Javob:y=C(x2+y3).

4.3. Quyidagi xossaga ega boigan egri chizig tenglamasini
yozing: koordinata o‘glari, egri chizigga urinma va urinish
nugtasidan abssissa o°‘giga tushirilgan perpendikulyar bilan
chegaralangan trapetsiyaning yuzi o‘zgarmas kattalik bo'lib, 3az
ga teng.

(Javob:y=Cxz+2a4x")

4.4, Quyidagi xossaga ega bo‘lgan egri chizig tenglamasini
yozing: urinma, abssissa 0‘gi va koordinata boshidan urinish
nugtasigacha bo‘lgan kesma bilan chegaralangan uchburchakning
yuzi a2ga teng bo‘lgan o‘zgarmas kattalikdir. (Javob:x=azy+Cy).

4.5, |Ixtiyoriy urinmadan koordinata boshigacha bo‘lgan
masofa, urinish nugtasining abssissasiga tengligi ma’lum bo'lsa,
egri chizig tenglamasini yozing. (Javob: Cx=x2+y2)

4.6. Quyidagi xossaga ega bo‘lgan egri chizig tenglamasini
yozing:

ixtiyoriy urinmaning abssissa o‘gi bilan kesishish nugtasi,
urinish nuqtasining abssissasidan ikki marta kichik bo‘lgan
abssissasiga ega.

(Javob:y=Cx3.
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4.7. Urinma, urinish nugtasidan abssissa o°‘giga tushirilgan
perpendikulyar va abssissa o0‘gi  bilan  chegaralangan
uchburchakning katetlari yig“indisi o‘zgaraias kattalik bo‘lib, agar
teng bo‘lgan xossaga ega egri chiziq tenglamasini yozing: (Javob:
tx—C+alnv—v(0<y <a

4.8. Ixtiyoriy urinmasining abssissa o‘qi bilan kesishish
nugtasi, urinish nuqtasi abssissasining 2/3 gismiga teng abssissaga
ega bo'lgan egri chiziq tenglamasini yozing. (Javob:y=Cx3

4.9. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini
yozing:

Egri chizigning ixtiryoriy nuqtasidan o‘tkazilgan urinma va
normalning abssissa o°‘gidan ajratgan kesmaning uzunligi 2 1ga
teng.

(Javob:x=C+l-In(l+ *Je2 —y2) = (e1—y2).)

4.10. M2,4) nuqgtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chiziq tenglamasini yozing: Egri chizigning ixtiyoriy
nugtasiga o‘tkazilgan urinmaning abssissa o‘gidan ajratgan
kesmasining uzunligi, urinish nuqtasi abssissaning kubiga teng.

(Javob:y=2V3 x Isix2 —1)

4.11. A(l,5) nugtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chiziq tenglamasini tuzing: ixtiyoriy urinmaning
ordinata o‘gidan ajratgan kesmasining uzunligi, urinish nugtasi
abssissasining uchlangani ga teng.

(Javob:y—3xInx+5x.)

4.12. A(l,2) nugtadan o‘tuvchi va quyidagi xossaga ega
boigan egri chiziq tenglamasini tuzing: ixtiyoriy nugtasining
ordinatasining shu nuqta abssissasiga nisbati, izlanayotgan egri
chizigga shu nuqgtada o‘tkazilgan urinmaning burchak
koeffitsiyentiga proporsional. Proporsionallik koeffitsiyenti 3 ga
teng. (Javob:y2=sx.)

4.13. Ixtiyoriy nugtasidagi urinmaning burchak
koeffitsiyenti, urinish  nuqtasi  ordinatasining  kvadratiga
proporsional ekanligi ma’lum bo‘lsa, A(2,-1) nugtadan o ‘tuvchi
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egri chiziq tenglamasini tuzmg. Proporsionallik koeffitsiyenti 6 ga
teng. (Javob.y =e6¢12)

4.14. Ixtiyoriy nugtasidagi urinmanmg burchak
koeffitsiyentining urinish nugtasi koordinatalarining yig‘indisiga
ko ‘paytmasi, shu nugta ordinatasining ikkilanganiga teng ekanligi
ma’ium bo‘lsa, A (1,2) nugtadan o ‘tuvchi egri chiziq tenglamasini
yozing. (Javob.y=2(y-x)1)

4.15. Ixtiyoriy nugtasiga urinmaning burchak
koeffitsiyenti, shu nugta ordinatasining uchlangar.iga teng
ekanligi ma’ium bo‘lsa, A(0,-2) nugtadan o‘tuvchi egri chiziq
tenglamasini yozing. {Javob:y=-2e**.)

4.16. Quyidagi xossaga ega boigan egri chizig
tenglamasini yozing:

Urinmaga koordinata boshidan tushirilgan
perpendikulyaming uzunligi urinish nuqtasi absissasiga teng.
(Javob:y2=Cx-x2)

4.17. Biror nugtasiga urinmaning burchak koeffitsiyenti,
shu nugtani koordinata boshi bilan tutashtiruvchi to‘glri
chizigning burchak koeffitsiyentidan n marta katta boigan
X0ssaga ega egri chizig tenglamasini yozing. (Javob:y-~-Cxn

4.18. Quyidagi xossaga ega bo‘lgan egri chiziq
tenglamasini tuzing:

Egri chizigga urinmaning koordinata o‘glari bilan
chegaralangan kesmasi, urinish nugtasida teng ikkiga bo‘linadi.
(Javob :xy=C)

4.19. Egri chizigning biror nuqgtasiga o‘tkazilgan
normalning ordinata o‘gidan ajratgan kesmasining uzunligi, shu
nugtadan koordinata boshigacha bo‘lgan masofaga teng degan
xossaga ega egri chiziq tenglamasini tuzing.

(Javob:y=| (Cxz- -").)

4.20. Egri chizigning biror nugtasining abssissasining shu
nugtaga o‘tkazilgan normalning OU o‘gidan ajratgan kesmasi
uzunligiga ko‘paytmasi shu nuqtadan koordinata boshigacha
boigan masofa kvadratining ikkilanganiga teng boMadigan egri
chiziq tenglamasi tuzilsin.
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(Javob:x“+y2=Cx4.)

4.21. Ou o‘qgi, urinish nugtasining radius vekton va
urinmasidan tashkil topgan teng yonli uchburchak uchun egri
chizig tenglamasini tuzing.

(Javob:xz2+y2=Cy, y 2=C2-2Cx, xy=C)

4.22. A(2,0) nugtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chizig tenglamasini tuzing: Urinish nugtasi va Ou
0‘qi orasidagi urinmaning kesmasi, 0 ‘zgarmas kattalik bo‘iib, 2 ga
teng. {J-'a_lvof):i V= \}Z' x4 |n(2--_-3|4ﬁ()

2 + NJIX-X1

4.23. Barcha urinmalari koordinata boshidan o‘tuvchi egri
chiziq tenglamasini yozing. (Javob:y=Cx.)

4.24. Har bir urinmasi. urinish nuqtasi abssissasining
ikkilanganiga teng abssissali nugtada u=1 to‘g‘ri chizigni kesib
o0‘tuvchi egri chiziq tenglamasini yozing. (Javob:y=C/x+l.)

4.25. Quyidagi xossaga ega bo‘lgan egri chizig
tenglamasini tuzing: Agar ixtiyoriy nuqgtasidan koordinata o‘glari
bilan kesishguncha, ularga parallel to‘g‘ri chiziglar o‘tkazilsa, u
holda hosil bo‘lgan to‘g‘ri to‘rtburchak yuzi egri chiziq bilan ikki
gismga ajraladi va ulardan birining yuzasi ikkinchisming
wzasidan ikki marta katta bo‘ladi.(Javob:y=Cx2.)

4.26. Agar egri chizigga urinmaning Ou o‘gidan ajralgan
kesmasi uzunligi bo'yicha wurinish nugtasi koordinatalari

yig‘indisining —ga teng. bo'lsa. egri chizig tenglamasini toping.
n

(Javob:y=C-x(H/n-x.)

4.27. M(x,u) nugtadagi normalining Ox o‘gidan ajratgan
kesmasining uzunligi u2x ga teng bo‘lgan egri chiziq
tenglamasini yozing.

(Javob: y=x7"21n(C/x))

4.28. Urinmasining Ou o‘gidan ajratgan kesmasining
uzunligi, urinish nugtasi abssissasining kvadratiga teng bo‘lgan
egri chizig tenglamasini yozing.

(Javob:y"=Cx-x2"}
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4.29. M(x,u) nuqgtadagi normalining Ou o‘gidan ajratgan
kesmasining uzunligi x2u ga teng boMgan egri chiziq
tenglamasini yozing.

(Javob: C=x2/(2y2d +Iny.)

4.30. Egri chiziq, ordinatasi 2 ga teng nugtada Ou o‘giga
45° ostida og‘gan. Uning ixtiyoriy urinmasi abssissa o°‘gidan,
uzunligi bo‘yicha urinish nuqgtasi ordinatasining kvadratiga teng
kesma ajratadi. Berilgan egri chiziq tenglamasini yozing.

(Javob:x=(5-y)y.)

Namunaviy varianiniyechish.

1 Chizigli bir jinsli differensial tenglamaning xususiy
yechimini toping.

S Vy-0,y(0)=5,y 1(0)=3, y"(0)=y"(0)=0.

Xarakteristik tenglamasini tuzamiz va uni yechamiz:

A-1=0, (A2-1) (A2 +1)=0, Al=-1, A2=1, A 4 ==i.

Berilgan tenglamaning umumiy yechimi quyidagi ko ‘rinishda
bo‘ladi.
y=CiextC2M+C2Cosx + Casinx.
Quyidagilarni topamiz:
v'=-C/éx+C28-Cr$T X+Cs QBX,
y"'=Cle~x+C2€ -Cssin x-C4sin X,
y "'=-Ciex+C2e?-Cssin x-Ca4 COS X.
Boshlang‘ich shartlardan foydalanib, Cj, C2, C3 Ca laming
giymatlarini topish uchun sistema tuzamiz va uni yechamiz:
C+ C&4C—5\
-Ca+ &+ 4= 3] 2CX+ 2CG = 51
G+ G-C3=0\ -2Ct+ 2C = 3)
-Cr+c2- c4=15s)
buyerdan C{=1/2, C2=2, C3= 5/2, C4=3/2.
Berilgan tenglamaning xususiy yechimi quyidagi ko‘rinishda
bo‘ladi.

y:lex+ze +5—cosx+ 3—sih X.
2 2 2

2. Quyidagi tenglamalar sistemasini 2 xil usulda yeching.
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a) yuqori tartibli differensial tenglamaga keltirish ycfli
bilan;

b) xarakteristik tenglama yordamida.

'=-TX+Y, X=X(1). x'= dx\dt,

y'=-2Xx-5y, y=y(t), y =dy\dt.

Beriigan sistemaning birinchi tenglamasini differensiallab,
quyidagini hosil gilamiz. x"'=-7x"+y"

So'ngra oxirgi tengiamada y"' ni beriigan sistemadagi ikkinchi
tenglamasidagi ifodasi bilan almashtiramiz: x ”=-7x"-2x-5y. Oxirgi
tengiamada y ni sistemasining birinchi tenglamasidan topilgan
y=x'+7x ifoda bilan almashtiramiz. Natijada, ikkinchi tartibli
differensial tenglamani hosil gilamiz.

X" =-TX-2X-5(X"+7X),X""+12x"+37x=0.

Oxirgi tenglamani ma’ium wusulda yechamiz (§ 11.7ga

garang)

R2+12N1 +37=0, \ 2=-6%*s/36-37 =-6=i,

X~@ @(C]Cost+C"sint).

Bundan quyidagini topamiz.

x'=-6 & 6{(CiCos t+Cazsin t)+e(-Cisin t+C2Cos t).

X va X' lar uchun olingan ifodalami y=x'+7x ga qgo'‘yib,
qguyidagini hosil gilamiz.

y'=-6e B(CiCos t + C2 sin t)+e@(-Ci sin t+C2 cos t)+7e
6t(C}Cos t+CXin t).

Shunday qilib, izlanayotgan yechimlar quyidagi funksiyalar
bo‘ladi.

x=eQ(Cicos t+C2sin t),

y=eet(Ci(cos t-sin t)+Cz(cos t+sin t)).

b) xarakteristik tenglamasini tuzamiz va uni yechamiz:

774 *=0, (7+AX5+A)+2=0
22 -5- A

A2+12/1+37=0, Ah2=-6%i, Aa=-6+i,

AX = —6 + i uchun quyidagi sistemani hosil gilamiz. (§ 11.7
dagi 2-misol bilan solishtiring)
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(—~+6—i)a+”?7=0n
-2a + (-5 +6- Od=0|
-(L +i)ecc+?7=0 |
—2a+ (1—i)3=0 J
a—, /? =1+/ deb olib, dastlabki tenglamaning birinchi
Xususiy vechimini topamiz.

Ai = —6 —i uchun
(—+6+i)a+ft=Qn
—2a+ (—5+6+i)/?=0I
(L+or+/?2=0 r
—2a+ Q1+Dfi=0
a=lvap = | —ideb faraz gilib, dastlabki tenglamaning
ikkinchi xususiy yechimini hosil gilamiz.
x2=e(@»y2=(bl)ew)
Quyidagi formulalar bo‘yicha yangi fundamental! yechimlar
sistemasiga o ‘tamiz.

X r-(Xi+x23/2, x 2=(xi-X2)/(2 i),

Y1=(Y1+Y9) /2, Y 2=(yi-v2)/(2 i),
Eyler formulasidan foydalanib, ©(api)* = eat (cosp t +
isinpt), quyidagilami topamiz

X i=estcost, X 2=-eslsint,

y i=eot(cost-sint), y 2= esl(co$t+$int),
Dastlabki sistemaning umumiy yechimi quyidagi ko‘rinishga
ega bo‘ladi.

X—Cj X1+C2X2Y=C]y 1+C2y 2T

ya’'ni,

x=e@(Cicos t+CxXin 1),

y=eestC)(cos t-sin t)+C2(cos t+sin t)).

3. Differensial tenglamani ixtiyoriy 0°‘zgannasm
variatsiyalash usuli bilan yeching
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2e

ex -1

» Berilgan tenglamaga mos keluvchi bir jinsli tenglamani
yechamiz.

y'y=0, A2—1=0 /1 =-1, M2=1

Bir jinsli tenglamaning umumiy yechimi quyidagicha bo‘ladi.

y=C ,ex+C2

Civa Cziarni x ning funksiyasi deb hisoblaymiz, ya’ni,

y= Ci (X)ex+C2 (X)ex

quyidagi sistemadan Ci(x) va C2(x) lami aniglaymiz ((11.39)
sistemaga garang).

CI(xX)} +C2(x)y2 =0

Y ¥

CI(x)y[*+Ca(x)yz =/(*)._
berilgan tenglama uchun bu sistema quyidagi ko ‘rinishga ega.
Cl[(x)e~x+C"2(x)ex =0,

T C;(X)e~x + Cz2(x)ex = 2exi(ex- 1)J

Bu sistemadan awal C2(x), C!(x), lami, keyin esa Cz(x) va
C;(x) lami topamiz.

2C2(x)ex= -~ | C 2(x)= 1
4 ex- |
d -eXx, X =]nt dt ‘dt
)=\ X ] .
V-~\ dx = dtft |
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In tj—npp+c2=1n'" s =& 2ico

t e

C(x) =-Cl{x)e2x = e-x !(ex- 1),

fML=-[-— = ~t+Cx=-ex-Ine”-1j+Q.
it~\ 1 t-1 1 1 1 |
Shunday qilib, (11.38) formulaga asosan, dastlabki

tenglamaning umumiy yechimi quyidagicha bo ‘ladi.

y=(-exInex- I+ Ct)ex+(In - —- + C2
=C,extCoextexdn —-———- - exlnex- 1 - 1
4. R(1,2) nugtadan o‘tuvchi va quyidagi xossaga ega

bo‘lgan egri chiziq tenglamasini tuzing.

Egri chizigning ixtiyoriy nugtasining radius-vektori, shu
nugtaga urinma va abssissa o‘gidan tashkil topgan
uchburchakning yuzi 2 ga teng.

11,4-rasmdan ko‘rinib turibdiki, \OAj= jOSj + \AB\ - x + \AB\
. BMA uchburchakdan quyidagini hosil gilamiz.
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11.4. -rasm

* " =ctg(t-a) =-ctg a, jiMj =—yctg a,
Yy

[0)
dx

CQVa=0,5/07| \MB\ —2.

Oxirgi tenglikka \OAwa \MW lar uchun hosil gilingan
ifodalami qo‘yib, quyidagi differensial tenglamani hosil gilamiz.

\BA=—Y-=-/~ =-y"M"\0oA =\0K+\BA=x-y —,
11 dy 1.~ 1 11 1 ]

dx 2dx
-](k-y~—3(y =2, Xy~y — =4,
2 ay
r— =xy-4 ,Ej_)_(____z(.: _____4T

dy dy 'y y

ya’ni, x=x(y) funksivaga nisbatan chiziqgli, 1-tartibli bo‘lgan
tenglamani hosil qildik. Bu tenglamani x=y d almashtirish
yordamida yechamiz va quyidagiga ega boiamiz.
& 4 d 4
v i9+ UPQ--H--— —uni9+ w(---l-J-----% — 2,
Yy y dy vy y
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ax9 $_q dS dy rd& tdy
dy ¥ °* 3 vy

+C, x=(~ +C)y=Cy+~
2 M

Izlanayotgan egri chizig R(l,2) nugtadan o‘tadi. Shuning
uchun 1=2C+1, C—0. Natijada, uning tenglamasi x=2/y yoki
Xy=2 boiadi, ya’ni berilgan egri chiziqg giperboladir.

11.9 11-bobga qo‘shimcha masalalar
L Lokomativning tezlanishi tortishish kuchi F ga to‘g‘T
proporsional va poezd massasi m ga teskari proporsional.

Lokomativning boshlang‘ich tezligi 19, tortishish kuchi F=b-k. 9

, bu yerda. 9 -tezlik b, &0‘zgarmas sonlar. Agar boshlang‘ich
vaqtda t=0 da F=Fo=b-k3 $bo‘Isa, lokomativning t vaqt ichidagi
tortishish kuchini aniglang.

(Javob :F=Foe'k/im)
2. Uzunligi 1va ko‘ndalang bo‘lgan kesim yuzi S bo‘lgar

po‘latsim giymati R gacha o‘suvchi o‘zgarmas kuch bilan
cho‘zilmogda. Agar simning cho‘zilishi quyidagi formula bilan

simning boshlang‘ich uzunligi bo‘lsa, cho‘zilish kuchining
bajargan ishini aniglang.

(Javob:A="~-P2)
2F

3. Motorli gayig ko‘lda 9 0=20 km/'s tezlik bilar
harakatlanmogda. Motori o‘chirilgandan so‘ng 40 sekund o’tgach

350



gayigning tezligi 3 0=8m/s gacha kamayadi. Motor o'chirilgandan
so‘ng 2 minutdan keyingi qgayigning tezligini aniglang? (suvning
garshilik kuchi gayiq harakatining tezligiga proporsional)

(Javob: 1,28 km/soai)

4, Suv bilan to‘ldirilgan balandiigi N va asosining yuzasi
Ci ga teng silindrik idishning asosida yuzasi Cz ga teng teshik bor.
Suvning teshikdan to‘la ogib tushib ketish vaqgtini aniglang, (Oqib

tushish tezligi quyidagi formula bilan aniglanadi: 3 = ~j2gh bu

yerda h-o‘sha vaqtdagi suv gatlami balandiigi, g-erkin tushish
tezlanishi)

5. Zanjirli ko‘prik argonining uchlaridan biri R=5m
balandlikda, uning o ‘rtasi esa, ko‘prikdan o‘tish gismidan N=4m
balandlikda joylashgan. Ko‘prikning uzunligi 21=20m. Argonning
egilish egri chizig‘ini toping.

(Javob: y-4=x/100.)

6. Tog" jinsining bo‘lagida I00Omg uran va 14 mg uranli
go‘rg‘oshin bor. Agar uranning yarim tarqalish davri 4-5-109
yildan iborat va 238 g uranning to‘liq targalishida 206 g uranli
go‘rg‘oshin hosil bo‘lsa, tog* jinsining yoshini aniglang. (tog*
jinsining paydo bo‘lishi tarkibida qo‘rg‘oshin bo'Imagan va tezda
tarqaladigan oralig birikmalarda uran va go‘rg‘oshin targalishi
e’tiborga olinmagan deb hisoblansin)

(Javobh:975-104il.)
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7. Raketaning massasi to”iq yonilg‘l zahirasi bilan M ga,
yonilg‘isiz esa m ga teng, yonilg‘l mahsulotining tugash tezligi -
s. raketaning boshlang‘ich tezligi 0 (nolga) teng. Raketaning
og‘irlik kuchini va havoning garshiligini e tiborga olmagan holda,
uning yonilg‘i yonib bo‘lgandan keyingi tezligini aniglang.

(Javob: C-In(M/m).)

8. Jism yer sathidan 18m balandlikdan 30m/s tezlik bilan
yugoriga vertikal holatda tashlangan. Balandlikni vaqtning
funksiyasi deb garab, jismning t vaqtdagi balandligini toping.
Jism ko‘tarilishining eng katta balandligini aniglang.

(Javob: S—h=-~gt2 + 30*+ 18,fteMta=63,9m.)

9. Ma’lumki, havoda jismning sovush tezligi jism va havo
temperaturalarining ayirmasiga proporsional. 20 minut davomida
jismning temperaturasi 100°C dan 60°C gacha kamayadi.
Havoning temperaturasi 20°C ga teng. Jism temperaturasining
250°C gacha kamayish vagtini aniglang.

(Javob: 1 soat 20 min.)
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ILOVA

1. Nazorat ishi. “Anigmas integrallar” (2 soat)
Anigmas integarallarni toping.

j 2 -321dx.
1.1
sin xdx
12 . "7+ 2008X
}\/sinxcosSxdx
1.3.

j X+ (arccos 3x)2_
1.4 m'1-9x2

o

rvi+ Inx dx
15 ' *

narctgx
16. Ji+-2

dx

17. 370+ %)

f COS Xtfo
18 'L -

sinxdx
bl
-dx.
1.10. J*3-*
gxaarctg xdx

r =

Mx2-4 x+17
dx

2sin X-3COSX

j-rJzL ™ X
V3 +2Xx —

111

1.12.

1.13.

t 14

m i’

1716,

1.17.

1.18.

1.19. J

1.22.

1.23.

1.24.

1.25.

1.26.

1.27.

1.28.
129

1.30.
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. :fil+ c0sS25x

dx

‘W I-1n2x
r dx
X202+1
<X
"W I +4tal.

fsin5xcosx<ix

X+ 2 dX

. I x3-2x2+2x

sinbx

dx

j3-2c?gz>(dx
J cos?2y
{3x2+x2+5x+| ,

dx

f dx
N+04"(@rctg x93 .
<c
_ Y
Ja®x(l+%)
I"elxdx
*e'* -5
5 &xz + J)e~2*dx.

JX )
8r-31
o*



| arcsin xdx
2.1

IxIn(x2+\)dx

2.2
fosxa
2.3 J-\}50+2)Z-_)_(_2
5x-11
2.4, 3x t2+1
dx
2.5. SM2XC0S2X
\ x Z2~x12x.
26.
~x1cosixdx
2.7. m
{ .
aesin X g
28  NIT+x
inx
f moix.
2.9.
X+2
2.10. h
2.11.
3x—4
2.12. X—X2-
r sin2xrfx:
2.13. "3sin2x +4
2+n/T+:
2.14. VI+x
X3+ 2 dx
2.15. X +3x2

=4
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2.16.

217

2.18.

2.19.

2.20.

2.22.

2.23.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

h"Xz +2X+2

]

j(I-x)smxdx.

J

1
f

r

3x-1
-d

__?%9£:‘VA

. -dx
x -1

arctsJ*dx-
X+2

V4x2-4x +3
5x-3 __
VB +8x+1

X.

dr.

fife

J(x2+3)cosxdx

r

r

r

f

f

3x +2
X2+4x +12
Xx+4
nT+6x-x2
dx
Xa-X2'
dx

dx.

j3 —xX—x2

X "hX+5
x (Xx+3)(x-2)

T 2x + 1
IFonr-3x

2 dx.



3,1.

3.3.

3.4.

3.5.

3.8.

3.9.

3.10.

3.11.

3.12.

3.13.

3.14.

3.15

X4~1
-ax
JB% +3x+1

. T73x2+6x+1

f X+1
. Y4x -12x+3

X2 —
+ 2X—X2

i
r
Mx2-x'

X Ax
(n+2)2(x+4)
r b3n*,
V1-4x2
I xdx

-X

3x—

N X~+4X+4

f2x0-x-1

J e sin(e 2X)dx.
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3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

3.24.

3.26.

3.27.

3.28.

3.29.

3.30.

r sin4x
1+ cos4x
r X+5

-dx.
*2X +2x+3
r dx rolx
V r3x2-1
f 2x-10 dx
JI\)-IrJrrx-xz .
J\Jarclg X-dx
"R+ x2
r x—4
-2X+3

dx
VX

xdx

5ah x

J &
+ AN

f*fl-x_2+:V2+X2dx

'M-x*

fIri X
molx,

| e2xsm2xdx.

F 5x+3
J>/4nT75MT
r dc
xIn5x ¢
F o 2x+3
X~—5X +7

d
I xax dx.

V2X+T+T



4.
}J X+3 dx
41 Mx+2)(x2+x+1)
(Ve —D)(Ux +1) 4,
4.2. 7x2
X10X
W4
dix

4.4. A3+4x-x2-4

r‘31~1
45.3x - 6x+i0

r dx
46. N 7"
r 2x2+1 dx.
4.7, X3+ X2+ 2X + 2
\ 2X2+1 d .
48. ' x3+2xA+ 2x
dx
4 9#J 3sinx + 4cosx
JX2c0s 6xdx.
4.10.
f 2x -1 g
4.11. 5x2- X + 2
f —-dx
412. J * +8
3x -7

ax.

4.13. x3+x2+4x +4
rx-arctg2xdx

414. J 1+4*
fsin2x .

4.15. 3505 x %

4.16.

2xdx
(*+IX*2+x +2)
a dx

5-4sinx

x2-5xl2dx.

4.18. J

4.19.

dx
la"3x+|-|

VX2 Inx<&

4.20. 1

4.21.

4.22.

4.23.

424,

4.25.

4.26.

4.27.

4.28.
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¢

dx
1 X+vX
dx

h4sinx+3(:osx+5
xdx

f.4

X +2X+5

ro2x X ax

J (7T—x)

<€« X2—2x+1

J X3+ 2x2+ X

dx.

xsl2x-9
dx

- X4-6X +9x
dx



5.3, ltsitiA-
54./«*3«0SA

f  x+2
e "3 n'2+2x

5.10. fx5ffi+x~fdv

511. i* 1" **-

5.12. 1008 cos2xdx.

rex+l
5.13. *~FZldx-

514 fx 2 2dx.

5.15. / X 2 Sin xdx.

5.18. J smxsm 3xdr.

sio [(l-sin2)J*.

r*&
5.21.
522’ \CthXdX

‘. xdx
5.23. 2x4+5'
f va

5.24.

5%6* 5~ 3cos.r

5.27.

F—X~I
528. JV2H*

5.29, VU-x0arcsinx



6.
f sinxdx

\A +2C0SX

J-x4+2>g-2 ,
td_j <&

6.1,

6.2.

6.3 J(x2+1)-3scti

6.4. jj4 -x 20x
f nalx41 ,

N
f

6.6. i+VE

6.5.

67 Jcos2xsinzjcrfr.

6 8 fsin2 XCOS2X&
2X -1

6.10. Jsin23xcos23x'

6jj Jsin 2xcosb5xdx.
X+1

6.12. pV3x+|

6.13. \ x 5X(k-
X+

6.14. "X f1

6.15.
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6.16.

6.17.

6.18.

6.19.
6.20.

6.21.

6.23.
6.24.

6.25.

6.26.

6.27.

6.28.

6.29.

6.30.

JVvI1+x - vT+X

I _gx

f~ dx

X4+ 2x3+2x2°
r Px2-5x +1 d
AN 2 x24T
Jsin5xcos3xA.
/sin3x +1

COS2X

f X241

.JM V 3)

f(x+1)eXk-

{ sinz2xcosa xdx.

J(1+Sing* )~
R

X(yx+\[bx)

i dx

' 3+5sinx+3cosx
sm x
1+cosx

r dx

& Bx

I dx

~2simYX=cosx




2. Nazorat ishi,
“Differensial tenglamalar” (2 soat).
Berilgan differensial tenglamalami yeching,

1.
1.1. y"-y/x-1/ (sin(v/x))=o.

1.2.xdy-ydx="X +Y¥ dx-
1.3. xeu Exy+y2

1.4. xdy=(x4 2y)dx.
1.5.y"+3y/x-2/x3=0.

1.6. xady+y20x=3(x2-y2dx.
1.7.y'=4+y/x+(y/x)2

1.8. (x2+y2dx-xydy=o.
1.9. Xy ~y=x2Z0s X.

3
—y =X

1.10. y'- *
1.11. y'+2xy=2xy3
1.12. xy xXy+x+I1=o.

1.13. S'+2y/x= *

2.
2.1.y'co,x+y=lgx
2.2.Jy'+y eos X= C0s X.

2.3. In conydx tx tgydy=0.
2.4.y =tgx-tgy.
2.5.y'cos x Iny=y.

el+xltg ydx = *— -dy.

2.6.
J0*-?
27.v =2

2.16. y dx=(xy-x3Jdy.

1.14.
1.15.
1.16.
1.17.
1.18.
1.19.
1.20.
1.21.
1.22.
1.23.
1.24.
1.25.
1.26.
1.27.
1.28.
1.29.
1.30.
1.31.

2.9.

y'+2xy=xe 1.
XP>+y2=(2X2+XYy)yr
Xy

Xy *y=sinx.
Xy'-y=x tg (y/x).
y'-y/x=ew

y'+y tgx = 1/cosx.

y 'C0S X-Yy Sin X =sin X,
Xy'=y+X evx
y'+xy=x3

X In (x/y)dy-ydx=0.

(xy eN+ygjdx~-x2 € fy dy.
Xy'=2xy+3.
dy=(y+x2dx.
(x2-D)y"-xy=xax.
y'-2Xy=Xe-x2
Xy'~3y-Xay 2

y'-y= €.

3extg ydx = (1+ ev)sec2ydy.

2.10.
2.11.

2 j2

2.13.
2.14.

YY,~x+ey=o.
[ +>="sinx.

(x +y)dx 4-x&y= 0.
1+(1+y)é=0.

xcos%(jo* +XW) = xzsin;dx.

2
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2.18.

2.19.
2.20.
2.21.

2.22

LY X
2.23.

4xy _ 1
[+*2+1
XYy'=y-Xxy.
(x2-2y9dx+2xydy=o.
X+y-xy'.

3 2

x3
Yx+y—ny2

xz +I

3

3.1.y'cos2x=i.
3.2.y"tgy = 2(y)2
3.3.¥Y'x Inx=y".

3.4. (I+x2y"=3.
3.5.y"+2y(y)s=0.
3.6.y "ty tgx=sin 2x.
b.1.y""=4 cos 2x.
3.8.yy"+y2=0.

3.9. xy"+xY=I.

3.10.
3.11.
3.12.
3.13.
3.14.
3.15.

Xy W=6.

y “'sinax=sin 2x.
yyr+l=y2

Xy ~y"2
y'2+2yy''=0.
y'=2yy".
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2.24.
2.25.
2.26.
2.27.

—=X+>1n—m
xyla * X
Yy 2+Xy'=xyy".
y=y'iny.
(x2x29/+Y+AY=a

2.28* 3
e*Ygydx = (1- e*)sec2ydy.

2.29.
2.30.

3.16.
3.17.
3.18.

3.19.
3.20.

3.21.

3.22.

3.23.
3.24.

3.25.
3.26.
3.27.
3.28.
3.29.
3.30.

(I+y9dx-J*dy =Q
X+xy+Y (y+x¥y=0,

2xy'y" =y e-l.
2yy"=l+y'd
y'o=yatl.
XyNy-x2N nm
X2y +y'2=0.
X(y™+1)+y'=0.
xy''=y'+x2

—y'=0.
y'+x’
x2y''=4.

y"=nl~y =
yay ''-3=0.
Xy"'+2y'=0.
[+y'2+yy"'=0.
yy'=y'2
y''=2-y.



4
4.1.y’*5y"'+6y=x, Yy(0)=0,y'(0)=1,

4.2. 4y-8y'+5y=5 cos x, y(0)=0, y'(0)=-1/13.
4.3.y"+ey "+13y=26x-1,y(0)=0, y'(0)=1.
4.4.2y"-y=1+x, y(0)=0, y'(0)=1.

4.5,y "-4y=2-x. y(0)=11/2,y'(0)=1/4.
4.6.y"-y=cos 2x,y(0)=-1/5, y'(0)=1.

4.7.y "'-2y' 15y=5x2-4x+2, y(0)=0, y {0)=2.
4.8.y"+3y"'-10y=xe-2x, y(0)=0, y (0)=0.
4.9.y"-2y'=ex(x2 +x-3),y(0)=2, y'(0)=2.
4.10.y""-4y'+4y=sin x,, y(0)=0, y'(0)=0.
4.11,y"-3y'+2y=- e~2x,y(0)=1, y*(0)=0.
4.12.y"+y=-cos 3x,y(n/2"=4,/C*72) =1.
4.13.y"-y= ez, y(0)=1,y (0)=2.
4.14.y"-4y= 3e~x,y(0)=0, y'(0)=0.

4.15.y ""+4y=sin x, y(0)=0, y'(0)=0.
4.16.y""-2y"+2y=2x, y(0)=0, y'(0)=0.

4.17. 2y"+yty=2ex,y(0)=0, y'(0)=1.

4.18.y *4y'+3y=2e5,y(0)=3, yLL| =9.
4.19.y"+4y=5ex,y(0)=0, y'(0)=1.

4.20.y "+0y'+8y=3x2+2x+1, y(0)=17/64, y*(0)=0.
4.21.y"+y=xex, y(0)=0,5, y 1(0)=1.
4.22.y"-y=2(1-x), y(0)=0, y'(0)=1.
4.23.y"~y=9xe2x, y(0)=0, y'(0)=-5.
4.24.y"-6y,+9y=erx, y(0)=1,y (0)=0.
4.25.y "+4y=xe~2x, y(0)=0, y (0)=0.
4.26.y"-4y+5y=xe2x, y(0)=-1, y'(0)=0.
4.21.y "-3y'-4y=17sin x, y(0) =-4,y '(0)=0.
4.28.y"-3y'+2y=eB(3 - 4x),y(0)=0, y'(0)=0.
4.29.y1+2y'+y=9eA+x,y(0)=1, yro)=2.
4.30.y"+y=sin 2x, y(0)=0, y (0)=0.
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5T .ymdy'+4y=e X X
52.y"+3y"+2y=Il/eX + 1.
1

5.3,y"+4y= c0s2x
54.y"™\y=-. ..

Vcos2x

1

5.5.y"+5y+6y=- 1+e2
5.6.y"+4y~ctg 2x.
5.7.y"-y=sh x.
5.8.y"-3y'+2y="?

5.9.y"-4y'+5y= c0OsX.
5.10. y"+4y=cos2 x.
5.11. y"-6y+9y=
Ox2 + 6x+ 2
Xn(3x-2)
5.12. y "+2y'+y=3 X'Ix+I'
5.13. y"+y-tgXx.
1

5.14. y"+4y= c0sS2 X

eX

5.15. y y- ‘€X- 1’

5.16. y /-6y,+9y=36/1xe3X
1

5.17. y"'+y= co$2x
5.18. y"+4y=2 tgx.

1
5.19. y"-y=1 +¢€*
1
5.20. y""+y=sinx
e~

5.21. y"+2y'+y= X
5.22. y"-2y'+y=n"

V4-X2
2 + C0S3X
B b y"+y= cos2nr
5.24. y'+v=zg2jc

1+ :
5.25. >>"-3/+2y=  1+«4
4
5.26. /I'+4>’=sin2x
ex
5.27. v'-2/+y= X
1

5.28. y""+y= cos3x
5.29. _y"+y=cf,gx.

5.30. y"+4y'+4y=e~2x]nx-
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