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Preface to Second Edition

There are two more chapters in this edition.

The one on conformal mapping is by readers’ request. Hopefully this means that
the subject is important and my leisurely approach is appealing. I must confess that
I taught these materials only once before. They are mostly my personal notes.

There were three chapters on determinants and matrices. Together they form the
body of linear algebra. However, I found it easy to get lost in the details of calculations.
So I wrote a summary of the computation aspects and gave a simple geometrical
description of linear algebra in terms of vector space. These are the contents of
Chap. 5. Because of the time line they were written, there are some overlaps with
the following chapters. Since pedagogically a certain amount of repetition is not
necessarily bad, I did not remove them.

I'want to thank all those who pointed out the mistakes of the first edition. Especially
I want to thank my colleagues Professor Richard Louie who gave me a list of errors,
and Prof. Chang-li Yiu who wrote part of the vector space. I must also thank my
wife, Pauline, who has taken up all house chores. Once again I want to thank Mattew
Hacker for his help with computer problems.

May this set of books be an acceptable offering in the eyes of my Lord Jesus
Christ.

Tacoma, Washington Kwong-Tin Tang
March 2022
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Preface to the First Edition

For thirty-some years, I have taught two “Mathematical Physics” courses. One of
them was previously named “Engineering Analysis”. There are several textbooks of
unquestionable merit for such courses, but I could not find one that fitted our needs.
It seemed to me that students might have an easier time if some changes were made
in these books. I ended up using class notes. Actually I felt the same about my own
notes, so they got changed again and again. Throughout the years, many students and
colleagues have urged me to publish them. I resisted until now, because the topics
were not new and I was not sure that my way of presenting them was really that
much better than others. In recent years, some former students came back to tell me
that they still found my notes useful and looked at them from time to time. The fact
that they always singled out these courses, among many others I have taught, made
me think that besides being kind, they might even mean it. Perhaps it is worthwhile
to share these notes with a wider audience.

It took far more work than expected to transcribe the lecture notes into printed
pages. The notes were written in an abbreviated way without much explanation
between any two equations, because I was supposed to supply the missing links in
person. How much detail I would go into depended on the reaction of the students.
Now without them in front of me, I had to decide the appropriate amount of derivation
to be included. I chose to err on the side of too much detail rather than too little. As
a result, the derivation does not look very elegant, but I also hope it does not leave
any gap in students’ comprehension.

Precisely stated and elegantly proved theorems looked great to me when I was a
young faculty member. But in later years, I found that elegance in the eyes of the
teacher might be stumbling blocks for students. Now I am convinced that before the
student can use a mathematical theorem with confidence, he must first develop an
intuitive feeling. The most effective way to do that is to follow a sufficient number
of examples.

This book is written for students who want to learn but need a firm hand-holding. I
hope they will find the book readable and easy to learn from. Learning, as always, has
to be done by the student herself or himself. No one can acquire mathematical skill
without doing problems, the more the better. However, realistically students have a
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finite amount of time. They will be overwhelmed if problems are too numerous, and
frustrated if problems are too difficult. A common practice in textbooks is to list a large
number of problems and let the instructor to choose a few for assignments. It seems
to me that is not a confidence building strategy. A self-learning person would not
know what to choose. Therefore a moderate number of not overly difficult problems,
with answers, are selected at the end of each chapter. Hopefully after the student
has successfully solved all of them, he will be encouraged to seek more challenging
ones. There are plenty of problems in other books. Of course, an instructor can always
assign more problems at levels suitable to the class.

On certain topics, [ went farther than most other similar books, not in the sense of
esoteric sophistication, but in making sure that the student can carry out the actual
calculation. For example, the diagonalization of a degenerate Hermitian matrix is of
considerable importance in many fields. Yet to make it clear in a succinct way is not
easy. [ used several pages to give a detailed explanation of a specific example.

Professor I.I. Rabi used to say “All textbooks are written with the principle of
least astonishment”. Well, there is a good reason for that. After all, textbooks are
supposed to explain away the mysteries and make the profound obvious. This book
is no exception. Nevertheless, I still hope the reader will find something in this book
exciting.

This volume consists of three chapters on complex analysis and three chapters
on theory of matrices. In subsequent volumes, we will discuss vector and tensor
analysis, ordinary differential equations and Laplace transforms, Fourier analysis
and partial differential equations. Students are supposed to have already completed
two or three semesters of calculus and a year of college physics.

This book is dedicated to my students. I want to thank my A students and B
students, their diligence and enthusiasm have made teaching enjoyable and worth-
while. I want to thank my C students and D students, their difficulties and mistakes
made me search for better explanations.

I want to thank Brad Oraw for drawing many figures in this book, and Matthew
Hacker for helping me to typeset the manuscript.

I want to express my deepest gratitude to Professor S.H. Patil, Indian Institute of
Technology, Bombay. He has read the entire manuscript and provided many excellent
suggestions. He has also checked the equations and the problems and corrected
numerous errors. Without his help and encouragement, I doubt there is this book.

The responsibility for remaining errors is, of course, entirely mine. I will greatly
appreciate if they are brought to my attention.

Tacoma, Washington K.T Tang
October 2005
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Part I
Complex Analysis



Chapter 1 ®)
Complex Numbers ez

The most compact equation in all of mathematics is surely
€™ 4+1=0. (1.1)

In this one equation, the five fundamental constants coming from four major branches
of classical mathematics: —arithmetic (0, 1), algebra (i), geometry (7), and analysis
(e) ,—are connected by the three most important mathematic operations:—addition,
multiplication, and exponentiation,—into two nonvanshing terms.

The reader is probably aware that (1.1) is but one of the consequences of the
miraculous Euler formula (discovered around 1740 by Leonhard Euler)

¢ = cosf +isinf. (1.2)

When 6 = 7, cosm = —1, and sin7 = 0, it follows that ¢/™ = —1.

Much of the computations involving complex numbers are based on the Euler
formula. To provide a proper setting for the discussion of this formula, we will first
present a sketch of our number system and some historic background. This will also
give us a framework to review some of the basic mathematics operations.

1.1 Our Number System

Anyone who encounters for the first time these equations cannot help but be intrigued
by the strange properties of the numbers such as e and i. But strange is relative, with
sufficient familiarity, the strange object of yesterday becomes the common thing of
today. For example, nowadays no one will be bothered by the negative numbers,
but for a long time negative numbers were regarded as “strange” or “absurd”. For
two thousand years, mathematics thrived without negative numbers. The Greeks did
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 3
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4 1 Complex Numbers

not recognize negative numbers and did not need them. Their main interest was
geometry, for the description of which positive numbers are entirely sufficient. Even
after Hindu mathematician Brahmagupta “invented” zero around 628, and negative
numbers were interpreted as a loss instead of a gain in financial matters, medieval
Europe mostly ignored them.

Indeed, so long as one regards subtraction as an act of “taken away”, negative
numbers are absurd. One cannot take away, say, three apples from two.

Only after the development of the axiomatic algebra, the full acceptance of neg-
ative numbers into our number system was made possible. It is also within the
framework of axiomatic algebra, irrational numbers and complex numbers are seen
to be natural parts of our number system.

By axiomatic method, we mean the step by step development of a subject from a
small set of definitions and a chain of logical consequences derived from them. This
method had long been followed in geometry, ever since the Greeks established it as
a rigorous mathematical discipline.

1.1.1 Addition and Multiplication of Integers

We start with the assumption that we know what integers are, what zero is, and how to

count. Although mathematicians could go even further back and describe the theory

of sets in order to derive the properties of integers, we are not going in that direction.
We put the integers on a line with increasing order as in the following diagram.

012 3 4 5 67---

\ 1
R

If we start with a certain integer a, and we count successively one unit b times to the
right, the number we arrive at we call a + b, and that defines addition of integers.
For example, starting at 2, and going up 3 units, we arrive at 5. So 5 is equal to 2 + 3.

Once we have defined addition, then we can consider this: if we start with nothing
and add a to it, b times in succession, we call the result multiplication of integers;
we call it b times a.

Now as a consequence of these definitions it can be easily shown that these
operations satisfy certain simple rules concerning the order in which the computations
can proceed. They are the familiar commutative, associative, and distributive laws:

a+b=b+a Commutative Law of Addition
a+b+c)=(@+b)+c Associative Law of Addition
ab = ba Commutative Law of Multiplication  (1.3)
(ab)c = a(bc) Associative Law of Multiplication

a(b+c) =ab+ac Distributive Law
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These rules characterize the elementary algebra. We say elementary algebra
because there is a branch of mathematics called modern algebra in which some of
the rules such as ab = ba are abandoned, but we shall not discuss that.

Among the integers, 1 and 0 have special properties:

a+0=a

a-1=a.
So 0 is the additive identity and 1 is the multiplicative identity. Furthermore,
0-a=0,

and if ab = 0, either a or/and b is zero.

Now we can also have a succession of multiplications: if we start with 1 and
multiply by a, b times in succession, we call that raising to power: a’. It follows
from this definition that

(ab)¢ = a‘b°
abac — a(bJrc)

(ab)c — a(bc).

These results are well known and we shall not belabor them.

1.1.2 Inverse Operations

In addition to the direct operation of addition, multiplication, and raising to a power,
we have also the inverse operations, which are defined as follows. Let us assume a
and ¢ are given, and that we wish to find what values of b satisfy such equations as
a+b=c, ab=c, b* =c.

If a+ b =c, bis defined as ¢ — a, which is called subtraction. The operation
called division is also clear: if ab = ¢, then b = c/a defines division—a solution of
the equation ab = ¢ “backwards”.

Now if we have a power b* = ¢ and we ask ourselves, “ What is »?”, it is called
ath root of ¢ : b = /c. For instance, if we ask ourselves the following question,
“What integer, raised to third power, equals 8?”, then the answer is cube root of 8; it
is 2. The direct and inverse operations are summarized as follows:

Operation InverseOperation
(a) addition : a+b=c (a)subtraction: b=c—a
(b) multiplication : ab = c (b)) division : b=c/a

(c) power : b =c (c") root : b=4%/c
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Insoluble Problems

When we try to solve simple algebraic equations using these definitions, we soon
discover some insoluble problems, such as the following. Suppose we try to solve the
equation b = 3 — 5. That means, according to our definition of subtraction, that we
must find a number which, when added to 5, gives 3. And of course there is no such
number, because we consider only positive integers; this is an insoluble problem.

1.1.3 Negative Numbers

In the grand design of algebra, the way to overcome this difficulty is to broaden the
number system through abstraction and generalization. We abstract the original
definitions of addition and multiplication from the rules and integers. We assume the
rules to be true in general on a wider class of numbers, even though they are originally
derived on a smaller class. Thus, rather using the integers to symbolically define the
rules, we use the rules as the definition of the symbols, which then represent a more
general kind of number. As an example, by working with the rules alone we can
show that 3 — 5 = 0 — 2. In fact we can show that one can make all subtractions,
provided we define a whole set of new numbers: 0 — 1, 0 —2, 0 —3, 0—4, and
so on (abbreviated as —1, —2, —3, —4, ...), called the negative numbers.

So we have increased the range of objects over which the rules work, but the
meaning of the symbols is different. One cannot say, for instance, that —2 times 5
really means to add 5 together successively —2 times. That means nothing. But we
require the negative numbers to obey all the rules.

For example, we can use the rules to show that —3 times —5 is equal to 15.
Let x = —3(-5), this is equivalent to x 4+ 3(—5) = 0, orx + 3 (0 — 5) = 0. By the
rules, we can write this equation as

x+0—-15=x+4+0)—-15=x—-15=0.
Thus, x = 15. Therefore negative a times negative b is equal to positive ab,
(—a)(—b) = ab.

An interesting problem comes up in taking powers. Suppose we wish to discover
what a®~> means. We know that 3 — 5 is a solution of the problem, (3 — 5) +5 =

3. Therefore

aG=9+5 — 3

Since

a(3—5)+5 — a(3_5)a5 — a3’
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it follows that

Thus, in general

an—m — a_
am
If n = m, we have
=1

In addition, we found out what it means to raise a negative power. Since
3-5=-2, d’Ja’ ==

So

If our number system consists of only positive and negative integers, then 1/a>
is a meaningless symbol, because if a is a positive or negative integer, the square
of it is greater than 1, and we do not know what we mean by 1 divided by a number
greater than 1! So this is another insoluble problem.

1.1.4 Fractional Numbers

The great plan is to continue the process of generalization; whenever we find another
problem that we cannot solve we extend our realm of numbers. Consider division:
we cannot find a number which is an integer, even a negative integer, which is equal
to the result of dividing 3 by 5. So we simply say that 3/5 is another number, called
fraction number. With the fraction number defined as a /b where a and b are integers
and b # 0, we can talk about multiplying and adding fractions. For example, if A =
a/b and B = c¢/b, then by definition bA = a, bB = ¢, so b(A + B) = a + c.Thus,
A+ B = (a +c)/b. Therefore

a+c_a+c
b b b
Similarly, we can show
a ¢ ac a ¢ ad + cb
- X - = —, -4 — =
b d bd b d bd
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It can also be readily shown that fractional numbers satisfy the rules defined in
(1.3). For example, to prove the commutative law of multiplication, we can start with

ac

=’

a ¢ c a ca
e - X - =—.
b d d b db

Since a, b, c, d are integers, so ac = ca and bd = db. Therefore Z—; = %. It follows
that

X X

SR
Ul e
Ul o
S

Take another example of powers: what is a*>? We know only that (3/5)5 = 3,
since that was the definition of 3/5. So we know also that

@C19)5 = gB/9® = g3

Then by the definition of roots we find that
a9 — I

In this way we can define what we mean by putting fractions in the various
symbols. It is a remarkable fact that all the rules still work for positive and negative
integers, as well as for fractions!

Historically, the positive integers and their ratios (the fractions) were embraced by
the ancients as natural numbers. These natural numbers together with their negative
counter parts are known as rational numbers in our present day language.

The Greeks, under the influence of the teaching of Pythagoras, elevated fractional
numbers to the central pillar of their mathematical and philosophical system. They
believed that fractional numbers are prime cause behind everything in the world,
from the laws of musical harmony to the motion of planets. So it was quite a shock
when they found that there are numbers that cannot be expressed as a fraction.

1.1.5 Irrational Numbers

The first evidence of the existence of the irrational number (a number that is not a
rational number) came from finding the length of the diagonal of a unit square. If
the length of the diagonal is x, then by Pythagorean theorem x2> =12+ 1> =2.
Therefore x = +/2. When people assumed this number is equal to some fraction, say
m/n where m and n have no common factors, they found this assumption leads to a
contradiction.

The argument goes as follows. If v/2 = m/n, then 2 = m?/n?, or 2n? = m?.
This means m2 is an even integer. Furthermore, m itself must also be an even integer,
since the square of an odd number is always odd. Thus m = 2k for some integer k.
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It follows that 2n” = (2k)?, or n> = 2k*. But this means 7 is also an even integer.
Therefore, m and n have a common factor of 2, contrary to the assumption that they
have no common factors. Thus ﬁ cannot be a fraction.

This was shocking to the Greeks, not only because of philosophical arguments,
but also because mathematically, fractions form a dense set of numbers. By this we
mean that between any two fractions, no matter how close, we can always squeeze
in another. For example,

1 2 2 2 1
— = > — > —— = —
100 200 201 202 101

2 1 1 1
So we find — between — and ——. Now between — and ——, we can squeeze
201 100 101 100 201
in —, since
401

1 4 4 4 2
—_— = > —— > — = —
100 ~ 400 ~ 401 ~ 402 201

This process can go on ad infinitum. So it seems only natural to conclude—as the
Greeks did—that fractional numbers are continuously distributed on the number line.
However, the discovery of irrational numbers showed that fractions, despite of their
density, leave “holes” along the number line.

To bring the irrational numbers into our number system is in fact quite the most
difficult step in the processes of generalization. A fully satisfactory theory of irrational
numbers was not given until 1872 by Richard Dedekind (1831-1916), who made
a careful analysis of continuity and ordering. To make the set of real numbers a
continuum, we need the irrational numbers to fill the “holes” left by the rational
numbers on the number line. A real number is any number that can be written
as a decimal. There are three types of decimals: terminating, nonterminating but
repeating, and nonterminating and nonrepeating. The first two types represent rational

numbers, such as % = 0.25; % = 0.666--- . The third type represents irrational

numbers, like v/2 = 1.4142135 - - - .

From a practical point of view, we can always approximate an irrational number
by truncating the unending decimal. If higher accuracy is needed, we simply take
more decimal places. Since any decimal when stopped somewhere is rational, this
means that an irrational number can be represented by a sequence of rational num-
bers with progressively increasing accuracy. This is good enough for us to perform
mathematical operations with irrational numbers.

1.1.6 Imaginary Numbers

We go on in the process of generalization. Are there any other insoluble equations?
Yes, there are. For example, it is impossible to solve this equation: x> = —1. The
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square of no rational, of no irrational, of nothing that we have discovered so far, is
equal to —1. So again we have to generalize our numbers to still a wider class.

This time we extend our number system to include the solution of this equation
and introduce the symbol i for «/—1 (engineers call it j to avoid confusion with
current). Of course someone could call it —i since it is just as good a solution.
The only property of i is that i> = —1. Certainly, x = —i also satisfies the equation
x? 4 1 = 0. Therefore it must be true that any equation we can write is equally valid
if the sign of i is changed everywhere. This is called taking the complex conjugate.

We can make up numbers by adding successively i’s, and multiplying i’s by
numbers, and adding other numbers and so on, according to all our rules. In this way
we find that numbers can all be written as a + ib, where a and b are real numbers,
i.e., the numbers we have defined up until now. The number i is called the unit
imaginary number. Any real multiple of i is called pure imaginary. The most
general number is of course of the form a + ib and is called a complex number.
Things do not get any worse if we add and multiply two such numbers. For example:

(a+bi)y4+(c+di)=(a+c)+ (b+ad)i. (1.4)

In accordance with the distributive law, the multiplication of two complex number
is defined as

(a + bi) (c +di) = ac + a(di) + (bi)c + (bi)(di)
=ac + (ad)i + (bc)i + (bd)ii = (ac — bd) + (ad + bo)i, (1.5)
since ii = i> = —1. Therefore all the numbers have this mathematical form.

It is customary to use a single letter, z, to denote a complex number z = a + bi.
Its real and imaginary parts are written as Re(z) and Im(z) , respectively. With this
notation, Re (z) = a, Im (z) = b.

The equation z; = z; holds if and only if

Re(z1) = Re(z2) and Im(zy) =1Im(z2).

Thus any equation involving complex numbers can be interpreted as a pair of real
equations.

The complex conjugate of the number z = a + bi is usually denoted as either
z*, or Z, and is given by z* = a@ — bi. An important relation is that the product of a
complex number and its complex conjugate is a real number

722* = (a + bi)(a — bi) = a*> + b.

With this relation, the division of two complex numbers can also be written as the
sum of a real part and an imaginary part

a+bi a+bic—di ac+bd bc—ad.
- = - - = —+ L.
c+di c+dic—di c2 +d? c2 +d?
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Example 1.1.1 Express the following in the form of a + bi,

(a) (6+2i)— (1+3i), by 2-3i)(+1),
1 1
@ (573) (i57)

Solution 1.1.1

(@ 6+2)—(1+3)=06-D)+i2—-3)=5—i.

b) 2-30)1+i)=20+i)—3i(1+i)=2+2i —3i — 3i*
=Q243)+i2-3)=5—1i.

1 1 1 1
(©) <2 3)< .>= - ~ = ,
—3i 141 2-=-30)1+10) 5—1

S5+ S5+ 5 1,

S G-nGt+) Y- 26 26"

Historically, Italian mathematician Girolamo Cardano was credited as the first to
consider the square root of a negative number in 1545 in connection with solving
quadratic equations. But after introducing the imaginary numbers, he immediately
dismissed them as “useless”. He had a good reason to think that way. At Cardano’s
time, mathematics was still synonymous with geometry. Thus the quadratic equation
x? = mx + ¢ was thought as a vehicle to find the intersection points of the parabola
y = x?andtheline y = mx + c. Foran equation suchas x> = —1, the horizontal line
y = —1 will obviously not intersect the parabola y = x? which is always positive.
The absence of the intersection was thought as the reason of the occurrence of the
imaginary numbers.

It was the cubic equation that forced complex numbers to be taken seriously. For
a cubic curve y = x>, the values of y go from —oco to 4+00. A line will always hit
the curve at least once. In 1572, Rafael Bombeli considered the equation

x3 = 15x + 4,

which clearly has a solution of x = 4. Yet at the time, it was known that this kind of
equation could be solved by the following formal procedure. Let x = a + b, then

3= (a+b)=da®+3aba+b)+ b,
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which can be written as
x3 = 3abx + (a3 + b3).

The problem will be solved, if we can find a set of values a and b satisfying the
conditions
3ab=15 and o’ +b* =4,
Since a3b® = 53 and b® = 4 — &3, we have
ad—a’) =5,

which is a quadratic equation in a?,

(a®)’ —4a® +125 = 0.

The solution of such an equation was known for thousands of years,

1
@ = (41«/16—500) —2411i.

It follows that
P=4—a’>=2F11i.

Therefore
x=a+b=Q+11)"P+2-11)"3.

Clearly, the interpretation that the appearance of imaginary numbers signifies no
solution of the geometric problem is not valid. In order to have the solution come
out to equal 4, Bombeli assumed

Q+ 1D =2+0bi; @—-11)"3=2—bi.
To justify this assumption, he had to use the rules of addition and multiplication of

complex numbers. With the rules listed in (1.4) and (1.5), it can be readily shown
that

Q2+ bi)® =8+ 3 (4) (bi) +3(2) (bi)> + (bi)®
= (8 —60%) + (126 — 1) .

With b = %1, he obtained
Q2+i)=2+11i,

and
x=Q4+11)"P+2-11)"P=24i4+2—-i=4.



1.2 Logarithm 13

Thus he established that problems with real coefficients required complex arithmetic
for solutions.

Despite Bombelli’s work, complex numbers were greeted with suspicion, even
hostility for almost 250years. Not until the beginning of the nineteenth century,
complex numbers were fully embraced as members of our number system. The
acceptance of complex numbers was largely due to the work and reputation of K.F.
Gauss.

Karl Friedrich Gauss (1777-1855) of Germany was given the title of “the prince of
mathematics” by his contemporaries as a tribute to his great achievements in almost
every branch of mathematics. At the age of 22, Gauss in his doctoral dissertation gave
the first rigorous proof of what we now call the Fundamental Theorem of Algebra. It
says that a polynomial of degree n always has exactly n complex roots. This shows
that complex numbers are not only necessary to solve a general algebraic equation,
but they are also sufficient. In other words, with the invention of i, every algebraic
equation can be solved. This is a fantastic fact. It is certainly not self-evident. In fact,
the process by which our number system is developed would make us think that we
will have to keep on inventing new numbers to solve yet unsoluble equations. It is a
miracle that this is not the case. With the last invention of i, our number system is
complete. Therefore a number, no matter how complicated it looks, can always be
reduced to the form of a + bi, where a and b are real numbers.

1.2 Logarithm

1.2.1 Napier’s Idea of Logarithm

Rarely a new idea was embraced so quickly by the entire scientific community with
such enthusiasm as the invention of logarithm. Although it was merely a device to
simplify computation, its impact on scientific developments could not be overstated.

Before seventeenth-century scientists had to spend much of their time doing
numerical calculations. The Scoltish baron, John Napier (1550-1617) thought to
relieve this burden as he wrote: “Seeing there is nothing that is so troublesome to
mathematical practice than multiplications, divisions, square and cubical extractions
of great numbers,.......I began therefore in my mind by what certain and ready art I
might remove those hinderance”. His idea was this: if we could write any number as a
power of some given, fixed number b (later to be called base), then the multiplication
of numbers would be equivalent to the addition of their exponents. He called the
power logarithm.



In modern notation, this works as follows. If
b =N;; b* =N,

then by definition
x1 =log, Ni;  x2 =log, N.

Obviously,
x1 + x2 = log, N, + log, N».

Since
b 1T = ppY = N|N,,

again by definition
X1 +x = logh NiN,.

Therefore

log, NiN, = log, Ny + log, N,.

1

Complex Numbers

Suppose we have a table, in which N and log, N (the power x) are listed side by
side. To multiply two numbers N; and N, you first look up log, N, and log, N, in
the table. You then add the two numbers. Next, find the number in the body of the
table that matches the sum, and read backward to get the product Ny N;.

Similarly we can show

N
log, L log, N1 —log, Na,
N

log, N
log, N" =nlog, N, log, N'/" = 26 7

Thus, division of numbers would be equivalent to subtraction of their exponents,
raising a number to nth power would be equivalent to multiplying the exponent by
n, and finding the nth root of a number would be equivalent to dividing the exponent

by n. In this way the drudgery of computations is greatly reduced.

Now the question is, with what base b should we compute. Actually it makes no
difference what base is used, as long as it is not exactly equal to 1. We can use the
same principle all the time. Besides, if we are using logarithms to any particular base,
we can find logarithms to any other base merely by multiplying a factor, equivalent
to a change of scale. For example, if we know the logarithm of all numbers with base
b, we can find the logarithm of N with base a. First if a = b*, then by definition,

x = log;, a, therefore
a= blog,,u.

(1.6)
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To find log, N, first let y = log, N. By definition a” = N. With a given by (1.6),
we have

(blog,,a)y — bylog,,a — N.

Again by definition, (or take logarithm of both sides of the equation)

ylog,a =log, N.

Thus
= log, N.
y log, a =0
Since y = log, N, it follows
1
log, N = log, N.
log, a

This is known as change of base. Having a table of logarithm with base b will enable
us to calculate the logarithm to any other base.

In any case, the key is, of course, to have a table. Napier chose a number slightly
less than one as the base and spent 20 years to calculate the table. He published his
table in 1614. His invention was quickly adopted by scientists all across Europe and
even in far away China. Among them was the astronomer Johannes Kepler, who
used the table with great success in his calculations of the planetary orbits. These
calculations became the foundation of Newton’s classical dynamics and his law of
gravitation.

1.2.2 Briggs’ Common Logarithm

Henry Briggs (1561-1631), a professor of geometry in London, was so impressed
by Napier’s table, he went to Scotland to meet the great inventor in person. Briggs
suggested that a table of base 10 would be more convenient. Napier readily agreed.
Briggs undertook the task of additional computations. He published his table in 1624.
For 350years, the logarithmic table and the slide rule (constructed with the principle
of logarithm) were indispensable tools of every scientist and engineer.

The logarithm in Briggs’ table is now known as the common logarithm. In modern
notation, if we write x = log N without specifying the base, it is understood that the
base is 10, and 10* = N.

Today logarithmic tables are replaced by hand-held calculators, but logarithmic
function remains central to mathematical sciences.

It is interesting to see how logarithms were first calculated. In addition to historic
interests, it will help us to gain some insights into our number system.
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Table 1.1 Successive square roots of ten

x (logN) 10° (N) (10 — 1)/x
1 10.0 9.00
3=05 3.16228 4.32
(5)?=0.25 1.77828 3.113
(33 =0.125 1.33352 2.668
(5)* =0.0625 1.15478 2.476
(5)° =0.03125 1.074607 2.3874
(5)% =0.015625 1.036633 2.3445
(3)7 =0.0078125 1.018152 2.3234
($)8 = 0.00390625 1.0090350 2.3130
(5)? =0.001953125 1.0045073 2.3077
(110 = 0.00097656 1.0022511 2.3051
(H' = 0.00048828 1.0011249 2.3038
(512 =0.00024414 1.0005623 2.3032
(51 =0.00012207 1.000281117 2.3029
()™ = 0.000061035 1000140548 2.3027
(5 =0.0000305175 1.000070272 2.3027
(5)'6 = 0.0000152587 1.000035135 2.3026
(H'7 = 0.0000076294 1.0000175675 2.3026

Since a simple process for taking square roots was known, Briggs computed
successive square roots of 10. A sample of the results is shown in Table 1.1. The
powers (x) of 10 are given in the first column and the results, 10*, are given in
the second column. For example, the second row is the square root of 10, that is
10'/2 = /10 = 3.16228. The third row is the square root of the square root of 10,
(101/2)1/2 = 10"/ = 1.77828. So on and so forth, we get a series of successive
square roots of 10. With a hand-held calculator, you can readily verify these results.

In the table we noticed that when 10 is raised to a very small power, we get 1
plus a small number. Furthermore, the small numbers that are added to 1 begins to
look as though we are merely dividing by 2 each time we take a square root. In other
words, it looks that when x is very small, 10* — 1 is proportional to x. To find the
proportionality constant, we list (10* — 1)/x in column 3. At the top of the table,
these ratios are not equal, but as they come down, they get closer and closer to a
constant value. To the accuracy of 5 significant digits, the proportional constant is
equal to 2.3026. So we find that when s is very small

10° =14 2.3026 s. 1.7)

Briggs computed successively 27 square roots of 10, and used (1.7) to obtain
another 27 squares roots.
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Since 10* = N means x = log N, the first column in Table 1.1 is also the loga-
rithm of the corresponding number in the second column. For example, the second
row is the square root of 10, that is 10'/? = 3.16228. Then by definition, we know

log(3.16228) = 0.5.

If we want to know the logarithm of a particular number N, and N is not exactly the
same as one of the entries in the second column, we have to break up N as a product
of a series of numbers which are entries of the table. For example, suppose we want
to know the logarithm of 1.2. Here is what we do. Let N = 1.2, and we are going to
find a series of n; in column 2 such that

N =nnynsz----.

Since all n; are greater than one, so n; < N. The number in column 2 closest to 1.2
satisfying this condition is 1.15478, So we choose n; = 1.15478, and we have

N 1.2

n, 115478

= 1.039159 = nyns - - -

The number smaller than and closest to 1.039159 is 1.036633. So we choose n, =
1.036633, thus

N = 1039159 = 1.0024367.
nin, 1.036633
With n; = 1.0022511, we have
N 1.0024367
= = 1.0001852.

ninans  1.0022511

The plan is to continue this way until the right-hand side is equal to one. But most
likely, sooner or later, the right-hand side will fall beyond the table and is still not
exactly equal to one. In our particular case, we can go down a couple of more steps.
But for the purpose of illustration, let us stop here. So

N = ninans3(1 + An)
where An = 0.0001852. Now
log N =logn; + logn, + logns + log(1 + An).
The terms on the right-hand side, except the last one, can be read from the table. For
the last term, we will make use of (1.7). By definition, if s is very small, (1.7) can

be written as
s = log(1 + 2.3026s).
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Let An =2.3026s, s0s = ;5 = 290182 — 8 04 x 107. It follows

log(1 + An) = log[1 +2.3026 (8.04 x 107°)] = 8.04 x 107°.

With logn; = 0.0625, logn, = 0.015625, logn; = 0.0009765 from the table, we
arrived at

log(1.2) = 0.0625 4- 0.015625 4 0.0009765 + 0.0000804 = 0.0791819.
The value of log(1.2) should be 0.0791812. Clearly if we have a larger table we can
have as many accurate digits as we want. In this way Briggs calculated the logarithms
to 16 decimal places and reduced them to 14 when he published his table, so there

were no rounding errors. With minor revisions, Briggs’ table remained the basis for
all subsequent logarithmic tables for the next 300 years.

1.3 A Peculiar Number Called e

1.3.1 The Unique Property of e

Equation (1.7) expresses a very interesting property of our number system. If we let
t = 2.3026 s, then for a very small z, (1.7) becomes

10705 = 1 + 1. (1.8)
To simplify the writing, let us denote
107305 = e. (1.9)
Thus (1.8) says that e raised to a very small power is equal to one plus the small
power

=1+t for t— 0. (1.10)

Because of this, we find the derivative of e” is equal to itself.
Recall the definition of the derivative of a function:

df @) _ O 80 = f()

lim
dx Ax—0 Ax
So
de* eerAx — e ex(eAx _ 1)
= lim —— = lim ———.

dx Ax—0 Ax Ax—0 Ax
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Now Axapproaches zero as a limit, certainly it is very small, so we can write (1.10)
as

e =1+ Ax.
Thus
ef(e™ —1) _e(l+Ax-1)
Ax - Ax -

Therefore

de’ _ o (1.11)

=€ . .
dx

The function e* (or written as exp(x)) is generally called the natural exponential
function, or simply the exponential function. Not only is the exponential function
equal to its own derivative, it is the only function (apart from a multiplication constant)
that has this property. Because of this, the exponential function plays a central role
in mathematics and sciences.

1.3.2 The Natural Logarithm

If ¥ = x, then by definition
y = log, x.

The logarithm to the base e is known as the natural logarithm. It appears with amazing
frequency in mathematics and its applications. So we give it a special symbol. It is
written as In x. That is

y=log,x =Inx.

Thus
Furthermore,
Ine* =xlne = x.

In this sense, the exponential function and the natural logarithm are inverses of each
other.

Example 1.3.1 Find the value of In 10.

Solution 1.3.1 Since

1
1023026 = e, = 10 = 62'3026,
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it follows
In 10 = In ¢>3926 = 2.3026.

The derivative of In x is of special interests.

d(Inx) . In(x+ Ax) —Inx
—— = lim
dx Ax—0 Ax

’

x + Ax

Ax
In(x + Ax) —Inx =In =In(1+ —).
X

Now (1.10) can be written as
t =In(1+1¢)

for a very small ¢. Since Ax approaches zero as a limit, for any fixed x, % can
certainly be made as small as we wish. Therefore, we can set % = t, and conclude

Ax Ax
— =In(1 4+ —).
X X

Thus,
d(Inx) . 1 Ax . 1 Ax 1
= lim —In(l4+ —)= lim —— = —.
dx Ax—0 Ax X Ax—0 Ax X X
This in turn means
dx
d(lnx) = —,
x
or 4
/—lenx—i—c, (1.12)
X

where c is the constant of integration. It is well known that because of

dxn+l
dx

= (n+ DHx",

we have

xn+1
x"dx = +c.
/ n+1)

This formula holds for all values of n except for n = —1, since then the denominator
n + 1is zero. This had been a difficult problem, but now we see that (1.12) provides
the “missing case”.
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In numerous phenomena, ranging from population growth to the decay of radioac-
tive material, in which the rate of change of some quantity is proportional to the
quantity itself. Such phenomenon is governed by the differential equation

dy_

=k
dt 4

where k is a constant that is positive if y is increasing and negative if y is decreasing.
To solve this equation, we write it as

d
D kdr
y

and then integrate both sides to get

Iny =kt +c, or y=e""=¢elle.
If yo denotes the value of y when ¢t = 0, then yy = ¢ and

y = )’oek’-

This equation is called the law of exponential change.

1.3.3 Approximate Value of e

The number e is found of such great importance, but what is the numerical value of
e,which we have, so far, defined as 10(1/2-39299 We can use our table of successive
square root of 10 to calculate this number. The powers of 10 are given in the first
column of Table 1.1. If we can find a series of numbers ny, n,, n3 ---in this column,
such that

23026 M TmREmA

then
10730 = 10 Hmdmt = 101107 -

We can read from the second column of the table 10", and 10”2, and 10" and so
on, and multiply them together. Let us do just that.

1
> = 0.43429 = 0.25 + 0.125 4 0.03125 + 0.015625

2.3026
-+0.0078125 + 0.00390625 + 0.00048828 + 0.00012207
-+0.000061035 + 0.000026535.
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From the table we find 1092 = 1.77828, 10%!% = 1.33352, - . - etc., except for the
last term for which we use (1.7). Thus

e =107% = 177828 x 1.33352 x 1.074607 x 1.036633 x 1.018152
x 1.009035 x 1.0011249 x 1.000281117 x 1.000140548
x (14 2.3026 x 0.000026535) = 2.71826.

Since 231W is only accurate to 5 significant digits, we cannot expect our result to
be accurate more than that. (The accurate result is 2.71828. - - ) Thus what we get is
only an approximation. Is there a more precise definition of e? The answer is yes.
We will discuss this question in the next section.

1.4 The Exponential Function as an Infinite Series

1.4.1 Compound Interest

The origins of the number e are not very clear. The existence of this peculiar number
could be extracted from the logarithmic table as we did. In fact there is an indirect
reference to e in the second edition of Napier’s table. But most probably the peculier
property of the number e was noticed even earlier in connection with compound
interest.

A sum of money invested at x percent annual interest rate (x expressed as a
decimal, for example, x = 0.06 for 6%) means that at the end of the year the sum
grows by a factor (1 + x). Some banks compute the accrued interest not once a
year but several times a year. For example, if an annual interest rate of x percent is
compounded semiannually, the bank will use one-half of the annual rate as the rate
per period. Hence, if P is the original sum, at the end of the half-year, the sum grows
to P (1 + %) , and at the end of the year the sum becomes

[P(1+2)](+3)=r(1+3)"

In the banking industry one finds all kinds of compounding schemes — annually,
semiannually, quarterly, monthly, weekly, and even daily. Suppose the compounding
is done n times a year, at the end of the year, the principal P will yield the amount

X
S=P(+>).
n

It is interesting to compare the amounts of money a given principal will yield after
one year for different conversion periods. Table 1.2 shows that the amounts of money
one will get for $100 invested for one year at 6% annual interest rate at different
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Table 1.2 The yields of 100 dollars invested for one year at 6% annual interest rate at different
conversion periods

n x/n 100(1 4 x/n)"
Annually 1 0.06 106.00
Semiannually 2 0.03 106.09
Quarterly 4 0.015 106.136
Monthly 12 0.005 106.168
Weekly 52 0.0011538 106.180
Daily 365 0.0001644 106.183

conversion periods. The result is quite surprising. As we see, a principal of $100
compounded daily or weekly yield practically the same. But will this pattern go
on? Is it possible that no matter how large n is, the values of (1 + 7)" will settle
on the same number? To answer this question, we must use methods other than
merely computing individual values. Fortunately, such a method is available. With
the binomial formula,

—1
n(n )a”’zbz

(a+b)" =da" +na"'b + o

+n(n —1D(n-2)

3 an73b3+._.+bn’

we have

(H;ﬁ)":lﬂ(;ﬁ)ﬂg—j“(;ﬁ)z

L= D —2) (3)3+...+ (Y

3! n
1-1 1—-1 1-2 n
IR Gl VAN RN Gl VDI /n)x3+._.<)_6) '
2! 3! n
Now as n — 00, % — 0. Therefore
. X\ xr X Xt
nlggo(wr;) =ldat S F g+t (1.13)

becomes an infinite series. Standard tests for convergence show that this is a conver-
gent series for all real values of x. In other words, the value of (1 + 7)" does settle
on a specific limit as n increase without bound.
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1.4.2 The Limiting Process Representing e

In early eighteenth century, Euler used the letter e to represent the series (1.13) for
the case of x =1,

1\" 1 1 1
e EEO(JF,,) Hlt g+t (1.14)

This choice, like many other symbols of his, such asi, 7, f (x), became universally
accepted.
It is important to note that when we say that the limit of % asn — 001is 0, it does

not mean that % itself will ever be equal to 0, in fact, it will not. Thus, if we lett = %
then as n — o0, t — 0. So (1.14) can be written as

e=1lim(1+n'".
t—0
In words, it says that if ¢ is very small, then
e =[0+nV] =141, 1-0.

This is exactly the same equation as shown in (1.10). Therefore, e is the same number
previously written as 10'/23926_ Now the formal definition of e is given by the limiting

process
1 n
e = lim <1 + —> ,

n— 00 n

which can be written as an infinite series as shown in (1.14). The series con-
verges rather fast. With seven terms, it gives us 2.71825. This approximation can
be improved by adding more terms until the desired accuracy is reached. Since
it is monotonously convergent, each additional term brings it closer to the limit:
271828 --- .

1.4.3 The Exponential Function e*

Raising e to x power, we have

] nx
e’ = lim <1 + —) .
n— 00 n

X 1 .
Let nx = m, then — = —. As n goes to 0o, so does m. Thus the above equation
m n

becomes
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. X m
e¢* = lim (l—l——) .
m— 00 m
Now m may not be an integer, but the binomial formula is equally valid for non-
integer power (one of the early discoveries of Isaac Newton). Therefore by the same

reason as in (1.13), we can express the exponential function as an infinite series,
2 3 4
X _ rorr
e—1+x+2!+3!~|—4!+ . (1.15)

It is from this series that the numerical values of e* are most easily obtained, the first
few terms usually suffice to obtain the desired accuracy.

We have shown in (1.11) that the derivative of e* must be equal to itself. This is
clearly the case as we take derivative of (1.15) term by term,

2 x3

LRSS S S ST
dx’ = S TRREY ¢

1.5 Unification of Algebra and Geometry

1.5.1 The Remarkable Euler Formula

Leonhard Euler (1707 — 1783) was born in Basel, a border town between Switzerland,
France, and Germany. He is one of the great mathematicians and certainly the most
prolific scientist of all time. His immense output fills at least seventy volumes. In
1771, after he became blind, he published three volumes of a profound treatise of
optics. For almost 40 years after his death, the Academy at St. Petersburg continued
to publish his manuscripts. Euler played with formulas like a child playing with toys,
making all kinds of substitutions until he got something interesting. Often the results
were sensational.

He took the infinite series of e*, and boldly replaced the real variable x in (1.15)
with the imaginary expression ;6 and got

. 2 . 3 . 4
(i) +(zt9) +(19) e

i _ .
e’ =1+1i0+ 2 3 o

i3

Since i? = —1, i* = —i, i* = 1, and so on, this equation became

0 _ 110 0 i o
e’ =1+1 —E—?‘f‘m‘f‘
He then changed the order of terms, collecting all the real terms separately from the
imaginary terms, and arrived at the series
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2 4 3 5
eiez<1_9_+9_+...>+i<9_9_+9_+...>_
20 4 315!

Now it was already known in Euler’s time that the two series appearing in the paren-
theses are the power series of the trigonometric functions cos # and sin 6, respectively.
Thus Euler arrived at the remarkable formula (1.2)

e = cosf +i sin 0,
which at once links the exponential function to ordinary trigonometry.

Strictly speaking, Euler played the infinite series rather loosely. Collecting all the
real terms separately from the imaginary terms, he changed the order of terms. To
do so with an infinite series can be dangerous. It may affect its sum, or even change
a convergent series into a divergent series. But this result has withstood the test of
rigor.

Euler derived hundreds of formulas, but this one is often called the most famous
formula of all formulas. Feynman called it the amazing jewel.

1.5.2 The Complex Plane

The acceptance of complex number as a bona fide members of our number system
was greatly helped by the realization that a complex number could be given a simple,
concrete geometric interpretation.

In a two-dimensional rectangular coordinate system, a point is specified by its
x and y components. If we interpret the x- and y-axes as the real and imaginary
axes, respectively, then the complex number z = x + iy is represented by the point
(x, y) . The horizontal position of the point is x, the vertical position of the point is
v, as shown in Fig. 1.1. We can then add and subtract complex numbers by separately
adding or subtracting the real and imaginary components. When thought of in this
way, the plane is called the complex plane, or the Argand plane.

Fig. 1.1 Complex plane, y
also known as Argand
diagram. The real part of a
complex number is along the
x-axis, and the imaginary
part, along the y-axis

Z2=T+1Y
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This graphic representation was independently suggested around 1800 by C. Wes-
sel of Norway, J.R. Argand of France, and C.F. Gauss. The publications by Wessel
and Argand went all but unnoticed, but the reputation of Gauss ensured wide dis-
semination and acceptance of the complex numbers as points in the complex plane.

At the time when this interpretation was suggested, the Euler formula (1.2) had
already been known for at least 50years. It might have played the role of guiding
principle for this suggestion. The geometric interpretation of the complex number
is certainly consistent with the Euler formula. We can derive the Euler formula by
expressing ¢'’ as a point in the complex plane.

Since the most general number is a complex number in the form of a real part
plus an imaginary part, so let us express ¢'? as

e’ =a@®)+ib@®). (1.16)

Note that both the real part @ and the imaginary part » must be functions of §. Here
0 is any real number. Changing i to —i, in both sides of this equation, we get the
complex conjugate

e =a@) —ib®).

Since

it follows that o
¢ = (a+ib)(a —ib) = a®* + b> = 1.

Furthermore
—é? =i =i(a+ib)=ia—b,

but d d d
i0 . ’ Lyl

— o = — b= b,

96‘ 9a+l 0 a +1

equating the real part to real part and imaginary part to imaginary part of the last two
equations, we have

d
A . N
=" a9” = ¢
Thus
adb=—-b* ba=d,
and

ba—db=d>+b*=1.

Now let a (0) represent the abscissa (x-coordinate) and b (6) represent the ordinate
(y-coordinate) of a point in the complex plane as shown in Fig. 1.2. Let o be the angle
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Fig. 1.2 The Argand Y
diagram of the complex
number z = /¥ = a + ib.
The distance between the
origin and the point (a, b)
must be 1

X

between the x-axis and the vector from the origin to the point. Since the length of

this vector is given by the Pythagorean theorem

rr=d +b =1,

clearly
0 b b
cosa:ﬁza(e), sina:ﬁzb(e), tana:ﬁ.
1 1 a(6)
Now
dtana_dtanada_ 1 da_ 1 da
dd ~— da df  cosladf a?db’
but

a0~ do

dtanae d (b ba—ab 1
a
It is clear from the last two equations that

da

— =1
do

In other words,
a=0+c.

(1.17)

To determine the constant ¢, let us look at the case # = 0. Since ¢® =1 =a + ib
meansa = 1 and b = 0, in this case itis clear from the diagram that o = 0. Therefore

¢ must be equal to zero, so
a=46.
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It follows from (1.17) that
a(@) =cosa =cosfl, b(f) =sina =sin.

Putting them back to (1.16), we obtain again

¢!’ = cosf +isin6.

Note that we have derived the Euler formula without the series expansion. Previ-
ously we have derived this formula in a purely algebraic manner. Now we see that
cos 6 and sin 6 are the cosine and sine functions naturally defined in geometry. This
is the unification of algebra and geometry.

It took 250 years for mathematicians to get comfortable with complex numbers.
Once fully accepted, the advance in the theory of complex variables was rather rapid.
In a short span of forty years, Augustin Louis Cauchy (1789-1857) of France and
Georg Friedrich Bernhard Riemann (1826—-1866) of Germany developed a beautiful
and powerful theory of complex functions, which we will describe in the next chapter.

In this introductory chapter, we have presented some pieces of historic notes for
showing that the logical structure of mathematics is as interesting as any other human
endeavor. Now we must leave history behind because of our limited space. For more
detailed information, we recommend the following references, from which much of
our accounts are taken.

Richard Feynman, Robert B. Leighton, and Mathew Sands, The Feynman Lectures
on Physics, Vol. 1, Chap.22, (1963) Addison Wesley

Eli Maor, e: the Story of a Number, (1994) Princeton University Press

Tristan Needham, Visual Complex Analysis, Chap. 1, (1997) Oxford University
Press

1.6 Polar Form of Complex Numbers

In terms of polar coordinates (r, ¢) , the variable x and y are
x =rcosf, y=rsiné.
The complex variable z is then written as
z=x+iy=r(cosf+isind) =re’. (1.18)

The quantity r, known as the modulus, is the absolute value of z and is given by

r=lzl = (%) = (2 +?)"2.
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Fig. 1.3 Polar form of i
complex numbers. The unit
circle in the complex plane is
described by ¢’?. A general
complex number is given by

ret?

The angle 6 is known as the argument, or phase, of z. Measured in radians, it is given
by

0 = tan~! X
X

If z is in the second or third quadrants, one has to use this equation with care. In
the second quadrant, tan 6 is negative, but in a hand-held calculator, or a computer
code, a negative arctangent is interpreted as an angle in the fourth quadrant. In the
third quadrant, tan 6 is positive, but a calculator will interpret a positive arctangent
as an angle in the first quadrant. Since an angle is fixed by its sine and cosine, 6 is
uniquely determined by the pair of equations

X .
cosf = —, s1n9=1.
|z] |z]

But in practice we usually compute tan~' (y/x) and adjust for the quadrant problem
by adding and subtracting 7. Because of its identification as an angle, 6 is determined
only up to an integer multiple of 27r. We shall make the usual choice of limiting ¢
to the interval of 0 < § < 27 as its principal value. However, in computer codes the
principal value is usually chosen in the open interval of —7 < 6 < 7.

Equation (1.18) is called the polar form of z. It is immediately clear that the
complex conjugate of z in the polar form is

) =z (r,—0) =re?,

In the complex plane, z* is the reflection of z across the x-axis.

Itis helpful to always keep the complex plane in mind. As 6 increases, ' describes
an unit circle in the complex plane as shown in Fig. 1.3. To reach a general complex
number z, we must take the unit vector ¢/’ that points at z and stretch it by the length
lz| =r.
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It is very convenient to multiply or divide two complex numbers in polar forms.
Let

0, 0,
) ’

71 = l”1€i ) = rzei
then

2122 = 11 1 = rire @1 = riryfcos (01 + 62) + i sin (6 + 62)],

itg]
a_ne _ M io-6) _
2 ne n

" [cos (6, — 6,) + i sin (6; — 6,)].
)

1.6.1 Powers and Roots of Complex Numbers

To obtain the nth power of a complex number, we take the nth power of the modulus
and multiply the phase angle by n,

"= (reia)n =r"e™ = 1" (cosnf + i sinnb).

This is a correct formula for both positive and negative integer n. Butif n is a fraction
number, we must use this formula with care. For example, we can interpret z'/* as
the fourth root of z. In other words, we want to find a number whose 4th power is
equal to z. It is instructive to work out the details for the case of z = 1. Clearly

The multiplicity of roots is tied to the multiple ways of representing 1 in the polar
form: €0, €27, 47 etc. Thus to compute all the nth roots of z, we must express z
as

el 0tikem

7= , k=0,1,2...n—1)
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and 1 -
zn Z\V;elﬁ/rH»lkZﬂ'/n’ (k=0,1,2n—1)

The reason that k stops at n — 1 is because once k reaches n, ¢'¥>™/" = ¢/ = | and

the root repeats itself. Therefore there are n distinct roots.
In general, if n and m are positive integers that have no common factor, then

2 = e RO — /| cos L (0 + 2kx) + i sin = (0 + 2km)]
n n

where z = |z] ¢’ and k = 0,1,2,...n — 1.

Example 1.6.1 Express (1 + i) in the form of a + bi.

Solution 1.6.1 Letz = (1 +i) = re'?, where
1
= (zz*)l/2 =2, f§=tan"! 1= %

It follows that
(1 +l)8 — Z8 189 = 16e i2m - 16.

Example 1.6.2 Express the following in the form of a + bi
3 3:\°
(5\/§ + 31)

Solution 1.6.2 Let us denote

where

NE

1
(Z Z1)1/2 =3, 6, =tan"! (ﬁ) =
= (2223)"* =5, 6y =tan"' (1) =

N

Thus
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6
((V5+1) 4 e v

(\@H\@f B (ﬁemm)B - (@361-377/4
Eei(ﬂfhﬂt) — Eemm

55 5v5

729 729

:—(cosz+isinz):—(l+i).
5V5 4 4/ 510

Example 1.6.3 Find all the cube roots of 8.

Solution 1.6.3 Express 8 as a complex number z in the complex plane,
z=8eM", k=0,1,2,....

Therefore
/3 — (8)1/3eik27r/3 — Zeik27'r/3’ k = 0’ 1’ 2.

200 =2, k=0
L3 = 26"2”/3—2(cos—+tsm—)=—1+l\/_ k=1
2473 =2 (cos & +isin ) =—1-iv3, k=2

Note that the three roots are on a circle of radius 2 centered at the origin. They are
120° apart.

Example 1.6.4 Find all the cube roots of ~/2 + i~/2.

Solution 1.6.4 The polar form of /2 4 i+/2 is
7= ﬁ+ iﬁ — Dpim/Atik2T
The cube roots of /2 + i+/2 are given by
(2)'3 ™12 = (2)!73 (cos & + i sin 12) k=0
B =] ()13 N12421/3) — (9)1/3 (COS 3 4 isin _) k=1

(2)1/3 i(m/12447/3) _ (2)1/3 (COS 117271' +isin 7r) , k=2

Again the three roots are on a circle 120° apart.
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Example 1.6.5 Find all the values of z that satisfy the equation z* = —64.
Solution 1.6.5 Express —64 as a point in the complex plane

—64 = 64 ™Rk =0,1,2,....

It follows that

7= (—64)1/* = (64)/4 ! THAD/A -} =0,1,2,3.

2V/2(cos T +isini) =242, k=0
_ 2\/_(cos—+zsm—)_ 242, k=1
°= 2«/_(cos—+ls1n—)——2 2i, k=2
2f(cos7”+131n Ty=2-2i, k=3.

Note that the four roots are on a circle of radius /8 centered at the origin. They are

90° apart.

Example 1.6.6 Find all the values of (1 — i)*/?.

Solution 1.6.6
(I—-i)= V26, 0= tan"'(—1) = —%'
(1 —i)3 _ 2[ i39+ik27‘r k=0.1.2.....
(1 1)3/2 fez(39/2+kw) k=0, 1.

.3/2 V38 [cos —5) +isin(—3 k=
=¥ :{ [[co((%%izsmg )])] k=1.

1.6.2 Trigonometry and Complex Numbers

Many trigonometric identities can be most elegantly proved with complex numbers.
For example, taking the complex conjugate of the Euler formula

(€'%)* = (cos 6 + i sin 0)*,
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we have
e = cos —isinf.

It is interesting to write this equation as
e 0 = D = cos(—0) + i sin(—0).
Comparing the last two equations, we find that

cos(—0) = cos @
sin(—60) = —sinf
which is consistent with what we know about the cosine and sine functions of

trigonometry.

Adding and subtracting ¢’? and "7

, we have

e + e % = (cos® +isinf) + (cosf — i sinf) = 2cos¥,

e — 7% = (cos @ +isinf) — (cos® — i sinf) = 2i sin 6.

Using them one can easily express the powers of cosine and sine in terms of cos nf
and sin nf. For example, withn = 2

2
cos2 0 — [% (eia n e—i9)i| _ % (ei%) 1260 4 e—i2€)
= l l (em9 + e”'ze) +60 = 1 (cos26 + 1)
22 2 ’
2
. i —i L. if —i —i
sm29=|:2i (e —e 0)} 2—2(629—2606 4 e

1 1, . . : 1
= — |:_§ (e’29 + 6—126) + e’0i| =3 (—cos20+1).

To find an identity for cos (6, + 6,) and sin (6, + 6,), we can view them as com-
ponents of exp[i(6; + 6,)]. Since

el = !+ — cos (0, + 0,) +isin (6 + 6>),
and

et = [cos @) + i sin 6 ][cos b, + i sin 6,]

= (cos B cos B, — sin 8 sin6,) + i (sin B cos B + cos # sin b,) ,
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equating the real and imaginary parts of these equivalent expressions, we get the
familiar formulas

cos (01 + 6») = cos By cos By — sin B sin 6,

sin (67 + 6,) = sin 6, cos 6, + cos 0 sin b,.
From these two equations, it follows that

sin (0 + 6,) __sin 01 cos B + cos By sin 6,
cos () +0,)  cosfcost, —sinf; sinb,

tan (0, + 6,) =

Dividing top and bottom by cos ¢, cos §;, we obtain

tan 6, + tan 6,

tan(0) +60) = ————.
an (01 + 62) 1 — tan 6; tan 6,

This formula can be derived directly with complex numbers. Let z; and z, be two
points in the complex plane whose x-components are both equal to 1.

9 Y1

Z1=1+iy1=rlei‘, tan01=T=y1,
7 = l—i—iyz:rzemz, tan@zz%zyg.
The product of the two is given by
. Im
2120 = et @ tan (0, + 6,) = M
Re (z122)
But
ziz2={0+iy) (A +iy) =10 =yy2)+i O+ y2),
therefore

Im(z1z2)  yi+y»  tanf +tan6,
Re(ziz2) 1—yiy» 1—tanf tanb,’

tan (0, + 6,) =

These identities can, of course, be demonstrated geometrically. However, it is
much easier to prove them algebraically with complex numbers.

Example 1.6.7 Prove De Moivre formula
(cos 8 +isin )" = cosnd + i sinnb.

Solution 1.6.7 Since (cos 6 + i sin 0) = ¢'?, it follows that



1.6 Polar Form of Complex Numbers 37

(cos@ +isinf)" = (ei9)11 S
= cosnf +isinnb.

This theorem was published in 1707 by Abraham De Moivre, a French mathematician
working in London.

Example 1.6.8 Use De Moivre’s theorem and binomial expansion to express cos 46
and sin 46 in terms of powers of cos # and sin 6.

Solution 1.6.8

cos40 + i sin4f = ¢4 = (ei9)4 = (cos 0 + i sin 9)*
= cos* 0 + 4 cos’ A(i sin ) + 6 cos> A(i sin 0)* + 4 cos A(i sin 0)* + (i sin H)*
= (cos4 0 — 6 cos’ 0sin” 0 + sin* 9) +i (4 cos® fsin @ — 4 cos 6 sin’ 0)

Equating the real and imaginary parts of these complex expressions, we obtain

cos40 = cos* @ — 6.cos” O sin” 0 + sin* 6,
sin460 = 4 cos’ 0sin @ — 4 cos O sin> 6.

Example 1.6.9 Express cos* § and sin* § in terms of multiples of 6.
Solution 1.6.9

4 Lo o]
cos*h = 3 (¢ +e)
— % [(6149+ 7!49) +4( l20+87i20) +6]
3

1 1
gcos40+ 500529—{— e

1

_ % [(eme + eﬂ40) ( i20 429) + 6]
1 3
= gcos40 — ECOSZG + 3
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Example 1.6.10 Show that

cos(f; + 0, + 03) = cos 0, cos 8, cos B3 — sin 6 sin 6, cos 05

— sin # sin 65 cos 6, — sin 0, sin 65 cos 64,
sin(#, + 6, + 63) = sin f; cos O, cos O3 + sin B, cos 6 cos 63

+ sin 03 cos B, cos O, — sin @ sin 6, sin 5.

Solution 1.6.10

cos(B) + 05 + 03) + i sin(B; + 05 + 03) = 'O H02H0) — 101102103

e'%e%¢'% = (cos @ + i sin6;) (cos B + i sin 0>) (cos 03 + i sin 63)
=cosf; (1 +itanf;)cosb, (1 +itanb,)cosb; (1 +itanbs).

Since

I4+a)(14+b)y(14+c)=14+(@+b+b)+ (ab+ bc + ca) + abc,

(1+itan#y) (1 +itan6,) (1 +itanf3) = 1 + i (tan 0 + tan O, + tan 63)
+i? (tan 6, tan 6, + tan 0 tan 63 + tan 65 tan 6,) + i3 tan 0, tan 6, tan 05

= [1 — (tan 6, tan 6, + tan 0, tan 03 + tan 63 tan ;)]

+ i [(tan 6 + tan 0, + tan f3) — tan 0, tan 6, tan 5] .

Therefore

ee!% 6% — cos 0 cos 0, cos b5

[1 — (tan #; tan 6, + tan 6, tan O3 + tan 65 tan 6;)]
+i [(tan 8 + tan 6, + tan f3) — tan O tan G, tan 5] | °

Equating the real and imaginary parts,

cos(f; + 0, + 03) = cos 0, cos 0, cos 63
x [1 — (tan 6, tan 6, + tan 6 tan 65 + tan 03 tan 0)]
= cos 8 cos 6, cos ;3 — sin 01 sin 0, cos 05

— sin @ sin 65 cos #, — sin @, sin 05 cos 64,
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sin(f; + 6, + 63) = cos 0 cos 0, cos 03
X [(tan 8] + tan 6, + tan #3) — tan #; tan 0, tan 6]
= sin 07 cos 0, cos 03 + sin G, cos 6; cos 65

+ sin 03 cos 0 cos O, — sin A, sin 0, sin 5.

Example 1.6.11 If 6, 6, 05 are the three interior angles of a triangle, show that
tan 0; + tan 6, + tan #; = tan 0, tan 6, tan 65.

Solution 1.6.11 Since

sin(¢91 + 92 + Qg,)

tan (0 + 0, +603) = ————
0 2403 cos(t) + 6, + 63)

using the results of the previous problem and dividing the top and bottom by
cos 6 cos 0, cos 03, we have

tan 6, + tan 6, + tan 63 — tan ¢, tan 6, tan 6;

tan (6, + 0, + 63) = .
an (01 + 62 +0) 1 — tan 6; tan 6, — tan 0, tan 63 — tan 03 tan 6,

Now 6y, 6,, 05 are the three interior angles of a triangle, so 6, + 6, + 63 = w and
tan (0, + 0> + 65) = tan ™ = 0. Therefore

tan ¢, + tan 6, + tan 63 = tan @, tan 6, tan 6;.

Example 1.6.12 Show that

inné 0
cosf + cos360 +cos50 + - 4+cos(Rn —1)0 = w
sin

sin? né

sinf 4+ sin30 +sin50 4+ --- +sin(2n — 1) = — .
sin 6

Solution 1.6.12 Let

C =cosf + cos30 +cos50 +---+cos(2n — 1) 86,
S =sinf +sin360 +sin50 4 --- +sin(2n — 1) 6.

Z=C+1iS = (cosf +isinf) + (cos360 + i sin 36)
4+ (cos50 +isin50) +---+ (cos(n — 1) 0 +isin(2n — 1) 0)

— o 4 30 4 0 .. i@
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207 — o0 4 iS04 4 Gi@n=10 4 iCnt1)0

7 — eiZGZ — eiﬁ _ ei(211+1)9

ei0 _ ei(2n+l)9 ei0(1 _ ei2n6) eine (efin(i _ ein())

1 —ei20 T L0 (e—ie _ em) o (e—m — em)

e sinnd  cosnfsinn®  sinnfsinnd

= " = . l "
sin sin 6 sin
Therefore 5
cosnf sinnf sin“ n6
o sinf T sinf

Example 1.6.13 For r < 1, show that

2 2
1

o0 o0

E r?cosnf | + E r?sinnd | = 3 T
’ ’ 1—2r%2cosf +r

n=! n=!

Solution 1.6.13 Let

o0 o0
Z = E r? cosnf + i E r2" sinnf
n=0 n=0

o0 o0
= E r?*(cosnb + i sinnf) = E P2 et
n=0 n=0

— 1 4120 4 4620 4 16130 4
Since r < 1, so this is a convergent series.
rze,‘eZ — rzeia + r4ei29 + r66i30 R
Z — 127 = 1,

7 1
T 1 — p2ei0”
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1 1
= — X N
1 —r2eit = 1 —r2e-it
1 _ 1
1—r2ei? + e 0) +r% ~ 1 —2r2cosl + r*’

|1Z)> = 22"

But
o0 o0 o0 o0
|Z]> = (Z r¥ cosnf + i Z r sin n9> (Z r¥cosnf — i Z ¥ sin n0>
n=0 n=0 n=0 n=0
= (Z 2 cos n9> + (Z r2" sin n9> .
n=0 n=0
Therefore

1

2n 2n
E cosnb E sinnf | = .
(,,:or " ) + <n=0r mr ) 1 —2r2cosf +r*

This is the intensity of the light, transmitted through a film after multiple reflections
at the surfaces of the film and r is the fraction of light reflected each time.

1.6.3 Geometry and Complex Numbers

There are three geometric representations of the complex number z = x + iy :

(a) as the point P (x, y) in the xy-plane,

(b) as the vector O P from the origin to the point P,

(c) as any vector that is of the same length and same direction as O P.

For example, z4 = 3 + i can be represented by the point A in Fig. 1.4. It can also
be represented by the vector z4. Similarly zg = —2 + 3i can be represented by the
point B and the vector zz. Now let us define z¢ as z4 + z3,

Zc=z2a+z23=0C+i)+(-2+3i)=1+4i.

So z¢ isrepresented by the point C and the vector z¢. Clearly the two shaded triangles
in Fig. 1.4 are identical. The vector AC (from A to C) is not only parallel to zp, it
is also of the same length as zp. In this sense, we say that the vector AC can also
represent zg. Thus z4, zp, and z4 + zp are three sides of the triangle O AC. Since
the sum of two sides of a triangle must be greater or equal to the third side, it follows
that

lzal + 1z8l = |za + z8!.
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C
4
B
3 ZB
2/ AC
Zp

Fig. 1.4 Addition and subtraction of complex numbers in the complex plane. A complex number
can be represented by a point in the complex plane, or by the vector from the origin to that point.
The vector can be moved parallel to itself

Since zg = z¢ — z4 and zp is the same as the AC, we can interpret z¢c — z4 as
the vector from the tip of z4 to the tip of z¢. The distance between C and A is simply
lzc — zal .

If z is a variable and z 4 is fixed, then a circle of radius r centered at 74 is described
by the equation

|z —zal =1

If the two segments AB and C D are parallel, then
g —z2a =k (zp — z20),

where k is a real number. If k = 1, then A, B, C, D must be the vertices of a
parallelogram.

If the two segments AB and C D are perpendicular to each other, then the ratio
DT ustbea pure imaginary number. This can be seen as follows.
iB — <A

The segment AB in Fig. 1.5 can be expressed as

28 — 24 = |28 — zal €7,

and segment C D as
Zp —zc = lzp — zcl €',



1.6 Polar Form of Complex Numbers 43

Fig. 1.5 Perpendicular
segments. If AB and CD are
perpendicular, then the ratio
ofzpg —zaand zp — z¢
must be purely imaginary

So )
[Xe3

ip —z2c _ lzp —zcle™  lzp — ZClei((y—ﬂ)
B —2A lzg — zale? |z — zal .

It is well known that the exterior angle is equal to the sum of the two interior angles,
that is, in Fig. 1.5 o« = 4+, or v = a — 3. If AB is perpendicular to C D, then
s

=g o
61(07/3) — ¢ = 6171'/2 =i
Thus
zp—zc _ lzp _ZC|i
5 —24 |z — zal
. lzp —zcl . Zp —Zc L
Since ——— is real, so ——— must be imaginary.

iB — XA <B — XA o
The following examples will illustrate how to use these principles to solve prob-
lems in geometry.

Example 1.6.14 Determine the curve in the complex plane that is described by

1
z+ ‘ Y
z—1
. z+1 . .
Solution 1.6.14 =2 can be written as [z + 1| =2|z —1|. Withz = x +
7 —

iy, this equation becomes
[((x +1) +iy|=2](x—1)+iy],

I+ D +iyl[(x + D —iyl}'? =2{[(x — D) +iy] [(x — 1) —iy]}'/%.
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Square both sides,
x+ D> +y? =4 — D> +4y°

This gives
3x2 —10x +3y> +3=0,

which can be written as

or

4 5
This represents a circle of radius 3 with a center at <§, O) .

1

Complex Numbers

Example 1.6.15 In the parallelogram shown in Fig. 1.6, the base is fixed along the
x-axis and is of length a. The length of the other side is b. As the angle 6 between
the two sides changes determine the locus of the center of the parallelogram.

Solution 1.6.15 Let the origin of the coordinates be at the left bottom corner of the

parallelogram. So A
a=a, zp=Dhbe"’.

Let the center of the parallelogram be z which is at the midpoint of the diagonal OC.

Thus
1( +2p) Lo Lpeit
= - = —a+ =be'’.
z ZZA ZB ) 5
Or
l_lbi9
z 261—26’

Fig. 1.6 The curve is
described by the center of a B

parallelogram. If the base is
fixed, the locus of the center
is a circle e
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It follows that

Therefore the locus of the center is a circle of radius %b centered at %a. Half of the
circle is shown in Fig. 1.6.

Example 1.6.16 IfE, F, G, H are midpoints of the quadrilateral ABCD. Prove that
EFGH is a parallelogram.

Solution 1.6.16 Let the vector from origin to any point P be zp, then from Fig. 1.7
we see that

1
ZEZZA+§(ZB_ZA)a

1
ZF:ZB+§(ZC_ZB)-

1 1 1
ZF_ZE—ZB+§(ZC_ZB)_ZA_E(ZB_ZA)—E(ZC_ZA)~

1
ZGZZD+§(ZC—ZD),

1
ZH:ZA+E(ZD_ZA)~

1 1 1
ZG_ZH—ZD“FE(ZC_ZD)_ZA_E(ZD_ZA)—E(ZC_ZA)-

Fig. 1.7 Parallelogram C
formed by the midpoints of a
quadrilateral
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Thus
Ir —2E =26 —ZH-

Therefore EFGH is a parallelogram.

Example 1.6.17 Use the complex number to show that the diagonals of a rhombus
(a parallelogram with equal sides) are perpendicular to each other (Fig. 1.8).

Solution 1.6.17 The diagonal AC is given by z¢ — z4, and the diagonal DB is given
by zp — zp. Let the length of each side of the rhombus be a, and the origin of the
coordinates coincide with A. Furthermore let the x-axis be along the line AB. Thus

z24=0, zg=a, zp=aé’.

Furthermore,
Zc =2+ 2ap =a+ae’€.
Therefore
Zc — 24 =a+aei9=a(1 —|—ei9),
ZB — ZD :a—aei(’:a(l—em).
Thus

Zc —ZA a (1 + em) (1 4 eib‘) (1 . e*"e)

-2 a(l—e’  (1—e) (I—e)
_ —e® . sing

B 2—(em+e*”’) T T cost

ez9

i sinf c—2ZA . L . .
Since —— isreal, is purely imaginary. Hence AC is perpendicular to
1 —cosf Zp — ZB
DB.

Fig. 1.8 The diagonals of a D C
rhombus are perpendicular to
each other
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Example 1.6.18 In the triangle AO B, the angle between AO and OB is 90° and
the length of A O is the same as the length of O B. The point D trisects the line AB
such that AD = 2D B, and C is the midpoint of O B. Show that AC is perpendicular
to O D (Fig.1.9).

Solution 1.6.18 Let the real axis be along O A and the imaginary axis along O B.
Let the length of OA and O B be a. Thus

1
20 =0, zy=a, zp=ai, 2c = ai,

2 2 1
ip=z2a+=-@p—za)=a+ =(ai —a)=-a(l+2i),
3 3 3
1 1
=20 =3a(1+2) —0=za(l+2i).

The vector AC is given by z¢ — z4,

1 1
zc—zA:Eai—aziza(l—i—%).

Thus
Zc — XA _ ig
Zp — 20 2

Since this is purely imaginary, therefore AC is perpendicular to O D.

Fig. 1.9 A problem in
geometry. If OA is
perpendicular to OB and

OA = OB, then the line CA
is perpendicular to the line

O D where C is the midpoint
of OB and DA =2BD
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1.7 Elementary Functions of Complex Variable

1.7.1 Exponential and Trigonometric Functions of z

The exponential function e* is of fundamental importance, not only for its own sake,
but also as a basis for defining all the other elementary functions. The exponential
function of real variable is well known. Now we wish to give meaning to e* when
z = x +iy. In the spirit of Euler, we can work our way in a purely manipulative
manner. Assuming that e* obeys all the familiar rules of the exponential function of
a real number, we have

e =" =¢%e”V = ¢ (cosy +isiny). (1.19)
Thus we can define e® as e* (cosy + i siny) . It reduces to ¢* when the imaginary
part of z vanishes. It is also easy to show that

elle?r = eZl+Z2_

Furthermore, in the next chapter we shall consider in detail the meaning of derivatives
with respect to a complex z. Now it suffices to know that

d
—et = ¢,

dz

Therefore the definition of (1.19) preserves all the familiar properties of the expo-
nential function.
We have already seen that

1 . . 1 . .
cos = = (" + %), sinf = —('? — 7).
2 2i

On the basis of these equations, we extend the definitions of the cosine and sine into
the complex domain. Thus we define

1 . . 1 . .
cosz=—(e*4+e7%), sing=—(e'* —e ).
Z 2( ) z 2i( )

The rest of the trigonometric functions of z are defined in a usual way. For example,

sin z CcoS Z
tanz = , cotz=——,
CoSs Z sin z
1 1
secz = , Cscz=——

COoSs Z sinz’
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With these definitions we can show that all the familiar formulas of trigonometry
remain valid when real variable x is replaced by complex variable z :
cos(—z) =cosz, sin(—z)= —sing,

cos?z +sin’z =1,

cos (z1 £ z2) = cos z; cos Zp F sin z; sin 23,

sin(z; & z3) = sinz; cos z; & cos z; sin z3,

— 0SSz = —sinz, — Sinz =COSZ.
dz dz

To prove them, we must start with their definitions. For example,

1, 1T N
COSZZ + Sil’lzz — |:§(elz + e—lZ)] + [T(elz _ e—lZ)]
l

| ; 1 . .
= Z(eﬂz + 2 + e_lzz) — 1(6‘12z -2 + 6_121) = 1.

Example 1.7.1 Express ¢!~ in the form of a + bi, accurate to three decimal places.

Solution 1.7.1

el =ele =e(cosl —isinl).

Using a hand-held calculator, we find

e'= ~2.718(0.5403 — 0.8415i)
= 1.469 — 2.287i.

Example 1.7.2 Show that
sin2z = 2sinzcos z.

Solution 1.7.2
) | A I
2sinzcosz =2—(e'* —e ") =(e'* + %)
2i 2

1 . .
= T(e’2Z —e7%) =sin2z.
i
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Example 1.7.3 Compute sin(1 — ).
Solution 1.7.3 By definition

sin(1 —i) = 2% (eiﬂfi) — e*i(lfi)) - 2% (el+i _ 6714)

% {e[cos(1) +isin(1)]} — 2—ll {e7" [cos(1) — i sin(1)]}

= % (e —e ") cos(l) + % (e + e ") sin(1).

We can get the same result by using the trigonometric addition formula.

1.7.2 Hpyperbolic Functions of z
The following particular combinations of exponentials arise frequently,

(eZ — e_z) .

They are called hyperbolic cosine (abbreviated cosh) and hyperbolic sine
(abbreviated sinh) . Clearly

N =

(¢“+e7), sinhz=

N =

coshz =

cosh(—z) = coshz, sinh(—z) = —sinhz.

The other hyperbolic functions are defined in a similar way to parallel the trigono-
metric functions:

sinh z
tanhz = , cothz = ——,
cosh z tanh z
1 1
sechz = , cschz = — .
cosh z sinh z

With these definitions, all identities involving hyperbolic functions of real variable
are preserved when the variable is complex. For example,

cosh? z — sinh? 7 = i (ez + e_z)z — ‘1—‘ (ez — e_z)z =1,
sinh2z = % (gzz _ 6721) — % (ez _ efz) (ez + efz)

= 2sinh z cosh z.
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There is a close relationship between the trigonometric and hyperbolic functions

when the variable is complex. For example,
siniz = l (ei(iz) — e—i(iz)) — l (e—z B eZ)
2i 2

lz (¢° —e™%) =isinhz.

Similarly we can show

cosiz = coshz,
sinhiz =isinz, coshiz = cosz.
Furthermore,
sinz = sin(x 4+ iy) = sinx cosiy + cosx sin iy
= sinx cosh y + i cos x sinh y,

cosz = cosx cosh y — i sinx sinh y.

Example 1.7.4 Show that

d i d .
d_ coshz = sinh z, — sinh z = cosh z.

Z z
Solution 1.7.4
i __l z —z _1 =7 — o
dzCOShZ_d12(e +e )—2(6 e )—smhz,
S B
Zsmhz_dzz(e e )—2(6 +e )_coshz.

Example 1.7.5 Evaluate cos(1 + 2i).

Solution 1.7.5

cos(1 4+ 2i) = cos 1 cosh2 — i sin 1sinh 2
= (0.5403) (3.7622) — i (0.8415) (3.6269) = 2.033 — 3.052i.
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Example 1.7.6 Evaluate cos (7 —i).
Solution 1.7.6 By definition,
o o 1
i(m—i) —i(m—i) [
(¢ o) = 2
5(—e —e )= —cosh (1) = —1.543.

cos(m —i) = (em+1 + e—m—l)

We get the same result by the expansion,

cos(m — i) = cosmcosh (1) + i sin 7 sinh (1)

= —cosh (1) = —1.543.

1.7.3 Logarithm and General Power of

The natural logarithm of z = x 4 iy is denoted In z and is defined in a similar way
as in the real variable, namely, as the inverse of the exponential function. However,
there is an important difference. A real valued exponential y = ¢* is a one to one
function, since two different x always produce two different values of y. Strictly
speaking, only one to one function has an inverse, because only then will each value
of y can be the image of exactly one x value. But the complex exponential ¢* is a
multi-valued function, since

P=e"" =" (cosy +isiny).

e
When vy is increased by an integer multiple of 27, the exponential returns to its
original value. Therefore to define a complex logarithm we have to relax the one to
one restriction. Thus,

w=Inz
is defined for z # 0 by the relation
eV =z
If we set
w=u-+iv, z=re'’,
this becomes
¥ equlv etV = rng
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Since
|ew| — [(ew) (ew)*]l/z — (equiueufiu)l/2 — eu
. 2 A a1/2
|ew| — I:(relﬁ) (rel{})*:l _ [(rezé‘) (re—lé‘)] / =

Therefore

e'=r
By definition,

u=Inr.
Since e =z,

elelV = reiv — relﬂ

it follows that

v=20.

Thus
w=u+iv=Inr+i6.

Therefore the rule of logarithm is preserved,
Inz=1Inre’ =Inr +i6. (1.20)

Since 6 is the polar angle, after it is increased by 27 in the z complex plane, it
comes back to the same point and z will have the same value. However, the logarithm
of z will not return to its original value. Its imaginary part will increase by 27i. If
the argument of z in a particular interval of 27 is denoted as 6, then (1.20) can be
written as

Inz=Inr +i(@y+27n), n=0, =1, £2, ....

By specifying such an interval, we say that we have selected a particular branch of ¢
as the principal branch. The value corresponding to n = 0 is known as the principal
value and is commonly denoted as Ln z, that is

Lnz=1Inr+i6,.

The choice of the principal branch is somewhat arbitrary.

Figure 1.10 illustrates two possible branch selections. Fig.1.10a depicts the
branch that selects the value of the argument of z from the interval —7m < 6 < 7.
The values in this branch are most commonly used in complex algebra computer
codes. The argument 6 is inherently discontinuous, jumping by 27 as z crosses the
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Zo=—3—4i | Zo=-3-4i

(@ (b)

Fig. 1.10 Two possible branch selections. a Branch cut on the negative x-axis. The point —3 — 4i
has argument —0.7057. b Branch cut on the positive x-axis. The point —3 — 4i has argument 1.2957

negative x-axis. This line of discontinuities is known as the branch cut. The cut ends
at the origin, which is known as the branch point.

With the branch cut along the negative real axis, the principal value of the logarithm
of 7o = —3 — 4i is given by In(|zo| ¢’’) where 6 = tan™! % — m, thus the principal
value is )

4 4
In(—3 —4i) =In5¢"’ =In5 +i(tan™" 3 7) = 1.609 — 0.7057i.

However, if we select the interval 0 < 6 < 2 as the principal branch, then the
branch cut is along the positive x-axis, as shown in Fig. 1.10b. In this case the principal
value of the logarithm of zj is

4
In(=3 — 4i) = In5 + i(tan' 3 +m = 1.609 + 1.295i.

Unless otherwise specified, we shall use the interval 0 < 6 < 27 as the principal
branch.

It can be easily checked that the familiar laws of logarithm which hold for real
variables can be established for complex variables as well. For example,

Inzjzo=1n rlem‘ ;’26"92 =Inrirn+i@ +6)
=Inri+Inr+ib +i6,
= (lnr1 +l€1) + (1117‘2 +l€2) = 11121 +1n22.
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This relation is always true as long as infinitely many values of logarithms are taken
into consideration. However, if only the principal values are taken, then the sum
of the two principal values In z; + In z; may fall outside of the principal branch of
In(z122).

Example 1.7.7 Find all values of In 2.

Solution 1.7.7 The real number 2 is also the complex number 2 + i0, and
24i0=2¢"", n=0, £1, £2, ....
Thus

In2=Ln2+n2xwi
=0.693 4+ n27i, n=0, 1, £2, ....

Even positive real numbers now have infinitely many logarithms. Only one of them
is real, corresponding to n = 0 principal value.

Example 1.7.8 Find all values of In(—1).

Solution 1.7.8
In(=1) =™ = (x+27n), n=0, 1, £2, ....

The principal value is i7 for n = 0.

Since Ina = x means e* = a, so long as the variable x is real, a is always posi-
tive. Thus, in the domain of real numbers, the logarithm of a negative number does
not exist. Therefore the answer must come from the complex domain. The situa-
tion was still sufficiently confused in the eighteenth century that it was possible for
so great a mathematician as D’ Alembert (1717-1783) to think In(—x) = In(x), so
In(—1) = In(1) = 0. His reason was the following. Since (—x) (—x) = x2, there-
fore In[(—x) (—x)] =Inx> =2Inx. But In[(—x) (—x)] = In (—x) + In(—x) =
2In (—x), so we get In (—x) = Inx. This is incorrect, because it applies the rule
of ordinary algebra to the domain of complex numbers. It was Euler who pointed out
that In(—1) must be equal to the complex number i7, which is in accordance with
his equation ¢/™ = —1.
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Example 1.7.9 Find the principal value of In(1 + 7).

Solution 1.7.9 Since ‘
1+ =~/2e,

In(1+i) = Inv2 + %i — 0.3466 + 0.7854i.

We are now in a position to consider the general power of a complex number.
First let us see how to find i’. Since

i = el(7+27rn)’

it =[eGP™] = G =0 41,42, ..

We get infinitely many values—all of them real. In a literal sense, Euler showed that
the imaginary power of an imaginary number can be real.
In general, since a = €™, so
b ( 1na)b _ blna
e = e’ M,

a =

In this fqrmula, both a and b can be complex numbers. For example, to find
(14 0)'=", first we write

(1+ l-)H‘ _ [eln(1+i)]1_i — (=D In(+i)
Since
In(1 4 i) = In /26! G2 — In /2 + i(% +2mn), n=0,+1,42, ...,

now

(14 = o (V24 (§+2mn) i In 2+ (§ +27n))

— eln ﬁ+%+27m ei (%“1’27“1711’1 \/5) )

Using
ei27Tn — 1 elnﬁ — ﬁ
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we have
-\ 1—i T+2mn T - T
(1419 =2 cos Z—ln\/i + i sin Z—ln\/i .
Using a calculator, this expression is found to be

1+ =e* (2.808 +1.318i), n=0,+1,+2, ....

Example 1.7.10 Find all values of i /2.

Solution 1.7.10
. 1/2 . :
l-l/2 — I:ez(i+27rn)i| — 6171'/4em71" n = 0’ :|:1, :|:2, .

Since ¢"™ = 1 for n even, and ¢"™ = —1 for n odd, thus

. 2
iV = 44 = i(cos% +isin%> = :I:% 14+1i).

Notice that although 7 can be any of the infinitely many integers, we find only two

values for i /2 as we should, for it is the square root of i.

Example 1.7.11 Find the principal value of 2'.

Solution 1.7.11

2" = [é"?] =™ = cos (In2) + i sin (In2)
= 0.769 + 0.639i.

Example 1.7.12 Find the principal value of (1 4 )>7".

Solution 1.7.12 '
A4+ " =exp[@2—i)In(1+1)].

The principal value of In(1 + i) is
In(1+i) =Inv2e™* = Inv/2 + i%.

Therefore
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(14> = exp [(2 —i) (m V24 i%)]
= exp (2111\/54— %) exp [i (g —In ﬁ)]
= 2¢™/* [COS (g —In ﬁ) + i sin (g —In ﬁ)]
= 4.3866 (sin 0.3466 + i cos 0.3466) = 1.490 + 4.126i.

1.7.4 Inverse Trigonomeric and Hyperbolic Functions

Starting from their definitions, we can work out sensible expressions for the inverse
of trigonometric and inverse hyperbolic functions. For example, to find

w = sin”! Z,

we write this as 1
z=sinw = — (e”” — e_”").
i

Multiplying e, we have
1, .
w i2w
ze” = — e —1).
5 )
Rearranging, we get a quadratic equation in ",

(e""’)2 —2ize'™ —1=0.
The solution of this equation is
eV = % izt V=42 +4) =iz (1-29)",
Taking logarithm of both sides,
iw=n[iz+(1-2)"].

Therefore -
w:sin_lzz—iln[iz:t(l —z2) / ]

Because of the logarithm, this expression is multi-valued. Even in the principal
branch, sin~! z has two values for z # 1 because of the square roots.
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Similarly, we can show

cosT'z=—iln [z + (2 - 1)1/2] ,

_1Z_£1nl.+z
2 i—z

tan

’

sinh™'z = In [z +(1+ 12)1/2] ;
cosh™'z =1In [z + (12 - 1)1/2] ,

1 1
tanh~! 7z = zln te

1—z

59

Example 1.7.13 Evaluate cos™! 2.

Solution 1.7.13 Let w = cos™' 2, so cosw = 2. It follows

1 i w —iw

_ 1 l — 2
e o)
Multiplying e, we have a quadratic equation in ¢'*

@™ +1 =4e™.

Solving for e,

o
e’w=§(4zl:«/l6—4)=2zl:«/§.

Thus
iw=1In (2 + ﬁ) .
Therefore
cos ' 2=w= —iln(2:tx/§).
Now

@+ +/3)=1317, In (2 - «/5) — 1317

Note only in this particular case, —In(2 + +/3) = In (2 — ﬁ) , since

1 2-.3

—In(2 3) = In(2 H=1 =1
n(2 ++/3) = In@2 + v/3) N AT e

=1n(2 — /3.
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Thus the principal values of In (2 + ﬁ) = +1.317. Therefore

cos ' 2=F1317i +2mn, n=0,+1,42,....

In real variable domain, the maximum value of cosine is one. Therefore we expect
cos~! 2 to be complex numbers. Also note that # solutions may be expected since
cos (—z) = cos (z) .

Example 1.7.14 Show that
tan~'z = %[ln(i +2)—In(@ —2)].

Solution 1.7.14 Let w = tan"! z, so
sin w é'

z=tanw = = —
cosw i(el” +e i)

iz (eiw +e—iw) — eiw _ e—iw’

(iz—1De" 4+ (iz+ De ™ =0.
Multiplying e* and rearranging, we have

_1+iz

ei2w_ ay
1—iz

Taking logarithm on both sides,

. .
w=In—"% =%
1—-iz i+z

Thus . o o
1 i—z i i—2z i i+z
- In - =—=In- =-In—r1,
20 i+z 2 i+4z 2 i—z

1

tan_ z=w = %[ln(i +z2)—In@ —2)].
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Exercises

1. Approximate +/2 as 1.414 and use the table of successive square root of 10 to
compute 10v2.

Ans. 25.94
2. Use the table of successive square root of 10 to compute log 2.

Ans. 0.3010
3. How long will it take for a sum of money to double if invested at 20% interest rate
compounded annually? (This question was posted in a clay tablet dated 1700 B.C.
now at Louvre.)

Hint: Solve (1.2)" = 2.

Ans. 3.8 years, or 3 years 9 months and 18d.
4. Suppose the annual interest rate is fixed at 5%. Banks are competing by offering
compound interests with increasing number of conversions, monthly, daily, hourly,
and so on. With a principal of $100, what is the maximum amount of money one can
get after one year?

Ans. 100e*% = 105.13
5. Simplify (express it in the form of a 4 ib)

cos2a + i sin 2«
cosa+isina

Ans. cos o + i sin .
6. Simplify (express it in the form of a + ib)

(cos § — i sin §)?
(cos@ +isinf)3’

Ans. cos 50 — i sin 50.
7. Find the roots of

x*+1=0.
N2 N2 V2 N2 N2 i 2 V2 N2
AHS.T-FZT, —7-1-17, 5 Ty, =5 — .
8. Find all the distinct fourth roots of 8 — i8\/§.

57 . s 5T 117 . s 1w
Ans.2(cosﬁ+lsmﬁ), Z(COSW-l—lSan),

177 . s 177 237 . s 237
2(cosv+ls1nv), 2(cosv+lsmﬁ).

9. Find all the values of the following in the form of a + ib.
(@ 7, (B (=D'?, (o) G+4i)*.

Ans. (@) — 1, (1 £i/3)/2, (b) —1, 1 £iv3)/2, (c) =527 — 336i.
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10. Use complex numbers to show

c0s30 = 4¢cos> 6 — 3 cos b,
sin36 = 3sin 6 — 4 sin’ 6.

11. Use complex numbers to show

1
cos’ f = 3 (cos20+1),
1
sin @ = 3 (1 —cos20).
12. Show that

n . AW
ZCOSk@z 1+M
= 2 2sin 50

! 1 1
inkf = = cot =6 —
ZSIH 200 2

1
P 25sin 50

cos[(n+ 1) 0]

1

Complex Numbers

13. Find the location of the center and the radius of the following circle:

z—1
z+1

=

Ans. (=3, 0) r=13.

14. Use complex numbers to show that the diagonals of a parallelogram bisect each

other.

15. Use complex numbers to show that the line segment joining the two midpoints
of two sides of any triangle is parallel to the third side and half its length.

16. Use complex numbers to prove that medians of a triangle intersect at a point
two-thirds of the way from any vertex to the midpoint of the opposite side.

17. Let ABC be an isosceles triangle such that AB = AC. Use complex numbers to
show that the line from A to the midpoint of BC is perpendicular to BC.

18. Express the principal value of the following in the form of a + ib :

im In2 . .
(a) exp(z + T)’ (b) cos(m —2iIn3), (¢) In(—i).

Ans. (@) 1+i, (b) — %, (0) —i% or i3

19. Express the principal value of the following in the form of a + ib :
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1+i«/§)i

(@), (b) 2", (c)( 3

Ans. (a) —0.20788i, (b) — 0.2657 + 0.3189i, (c) 0.35092.
20. Find all the values of the following expressions:

in (i L= b) tan~'(2i ht (L
(a) sm(z n1+i>, (b) tan™ " (2i), (c) cos <§)

Ans. (a) 1, (b) 27 +iiIn3, (¢) i (£ +2nm).

21. With z = x + iy, verify the following

sinz = sinx cosh y + i cos x sinh y,
cosz = cosx cosh y — i sinx sinh y,
sinh z = sinh x cos y + i cosh x sin y,

coshz = coshx cosy + i sinhx sin y.
22. Show that

sin2z = 2sinz cos z,
cos2z = cos? z — sin’ z,

cosh?z —sinh?z = 1.
23. Show that
cos'z=—iln [z + (z2 — 1)1/2] ,

sinh™'z = In [z +(1+ zz)l/z] )



Chapter 2 ®)
Complex Functions ez

Complex numbers were first used to simplify calculations. In the course of time, it
became clear that the theory of complex functions is a very effective tool in engi-
neering and sciences. Often the most elegant solutions of important problems in heat
conduction, elasticity, electrostatics, and hydrodynamics are produced by complex
function methods. In modern physics, complex variables have even become an intrin-
sic part of the physical theory. For example, it is a fundamental postulate in quantum
mechanics that wave functions reside in a complex vector space.

In engineering and sciences the ultimate test is in the laboratory. When you make
a measurement, the result you get is, of course, a real number. But the theoretical
formulation of the problem often leads us into the realm of complex numbers. It
is almost a miracle that, if the theory is correct, further mathematical analysis with
complex functions will always lead us to an answer that is real. Therefore the theory
of complex functions is an essential tool in modern sciences.

Complex functions to which the concepts and structure of calculus can be applied
are called analytic functions. It is the analytic functions that dominate complex anal-
ysis. Many interesting properties and applications of analytic functions are studied
in this chapter.

2.1 Analytic Functions

The theory of analytic functions is an extension of the differential and integral calcu-
lus to realms of complex variables. However, the notion of a derivative of a complex
function is far more subtle than that of a real function. This is because of the intrinsi-
cally two-dimensional nature of the complex numbers. The success made in analyzing
this question by Cauchy and Riemann left a deep imprint on the whole of mathe-
matics. It also had a far reaching consequences in several branches of mathematical
physics.
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66 2 Complex Functions

2.1.1 Complex Function as Mapping Operation

From the complex variable z = x + iy, one can construct complex functions f(z).
Formally we can define functions of complex variables in exactly the same way as
functions of real variables are defined, except allowing the constants and variables
to assume complex values.

Let w = f(z) denote some functional relationship connecting w and z. These
functions may then be resolved into real and imaginary parts

w= f(x+iy) =ulx,y) +iv(x,y)
in which both u(x, y) and v(x, y) are real functions. For example, if
w= f(z) =2,

then
w=(x+iy)? = x> =y +i2xy.

So the real and imaginary parts of w (u, v) are respectively

u(x,y) = (x* —y%, (2.1)
v(x, y) = 2xy. 2.2)

Since two dimensions are needed to specify the independent variable z(x, y) and
another two dimensions to specify the dependent variable w (u, v) , a complex func-
tion cannot be represented by a single two or three-dimensional plot. The functional
relationship w = f(z) is perhaps best pictured as a mapping, or a transformation,
operation. A set of points (x, y) inthe z-plane (z = x + iy) are mapped into another
set of points (#, v) in the w-plane (w = u + iv). If we allow the variable x and y to
trace some curve in the z-plane, this will force the variable u and v to trace an image
curve in the w-plane.

In the above example, if the point (x, y) in the z-plane moves along the hyper-
bola x> — y? = ¢ (where c is a constant), the image point given by (2.1) will move
along the curve u = c, that is a vertical line in the w-plane. Similarly, if the point
moves along the hyperbola 2xy = k, the image point given by (2.2) will trace the
horizontal line v = k in the w-plane. The hyperbolas x> — y?> = ¢ and 2xy = k form
two families of curves in the z-plane, each curve corresponding to a given value of
the constant ¢ or k. Their image curves form a rectangular grid of horizontal and
vertical lines in the w-plane, as shown in Fig.2.1.
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z-plane w-plane

Fig. 2.1 The function w = z> maps hyperbolas in the z-plane onto horizontal and vertical lines in
the w-plane

2.1.2 Differentiation of a Complex Function

To discuss the differentiation of a complex function f (z) at certain point zg, the
function must be defined in some neighborhood of the point zy. By the neighborhood
we mean the set of all points in a sufficiently small circular region with center at
z0. If zo = x0 +iyo and z = 79 + Az are two nearby points in the z-plane with
Az = Ax + i Ay, the corresponding image points in the w-plane are wy = ug + i vy
and w = wy + Aw, where wg = f (z0) and w = f (z) = f (z0 + Az) . The change
Aw caused by the increment Az in zg is

Aw = f(z0+ A7) — f (20) -

These functional relationships are shown in Fig.2.2.

dw
Now we define the derivative f (z) = e by the usual formula
z

f/(Zo)=A1im ﬂ= lim f(Z0+AZ)_f(Zo).

2.3
0 Az Az—0 Az 2.3)

It is most important to note that in this formula z = z9 + Az can assume any position
in the neighborhood of z(y and Az can approach zero along any of the infinitely many
paths joining z with zo. Hence if the derivative is to have a unique value, we
must demand that the limit be independent of the way in which Az is made to
approach zero. This restriction greatly narrows down the class of complex functions
that possess derivatives.
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u

Fig. 2.2 The neighborhood of zp in the z-plane is mapped onto the neighborhood of wy in the
w-plane by the function w = f (z)

For example, if f(z) = |z|?, then w = zz*, and

A_w Iz + Az|* — |z)? @+ A+ AZ") — 22"
Az Az o Az

ZAZ* v+ A Ay + ( +_)Ax—iAy
=X —1 X —1 X l _—.
Az Y Y YAx+idAy

T+ AT+

For the derivative f’(z) to exist, the limit of this quotient must be the same no matter
how Az approaches zero. Since Az = Ax +iAy, Az — 0 means, of course, both
Ax — 0 and Ay — 0. However the way they go to zero may make a difference.
If we let Az approach zero along path I in Fig.2.3, so that first Ay — 0 and then
Ax — 0, we get

Fig. 2.3 To be differentiable y
at z, the same limit must be
obtained no matter which
path Az is taken to approach 1 z+Az
Zero
Ay
\ B AX
7 <




2.1 Analytic Functions 69

fim 2% = fim | i b Ax — Ay 4 (x 4 iy ST AY

m —— = l1im m |x—1i X —1 X i _—

Az—0 Az Ax—0 | Ay—0 Y Y Y Ax +lAy
= 2x.

But if we take path II and first allow Ax — 0 and then Ay — 0, we obtain

. x —iAy
1 1 — Ax —iA _—
A;TO Az A;lglo{A;rB [x iy +Ax —i y—i—(x—i—ly)A +1Ayi|}

= —2iy.

These limits are different, and hence w = |z|? has no derivative except possibly at
z=0.
On the other hand, if we consider w = 72, then

w+ Aw = (z + A2)> = 22 + 2247 + (Az)?,

so that
Aw  2zAz + (Az)?

— =274+ Az.
Az Az et Az

The limit of this quotient as Az — 0 is invariably 2z, whatever may be the path
along which Az approaches zero. Therefore the derivative exists everywhere and

D im A% lim 2z 4 A7) =2
dz A;IBOAZ Alm ¢ =2z

It is clear that not every combination of u(x, y) + iv(x, y) can be differentiated
with respect to z. If a complex function f(z) whose derivative f’ (z) exists at zo and
at every point in the neighborhood of zy, then the function is said to be analytic at
Zo- An analytic function is a function that is analytic in some region (domain) of the
complex plane. A function that is analytic in the whole complex plane is called an
entire function. A point at which an analytic function ceases to have a derivative is
called a singular point.

2.1.3 Cauchy-Riemann Conditions

We will now investigate the conditions that a complex function must satisfy in order
to be differentiable.
It follows from the definition

f@Q=FfE+iy)=ulx,y)+iv(x,y),
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that

f @+ A7) = f((x+ Ax) +i(y + Ay))
=u(x+Ax,y+ Ay) +iv(x + Ax, y + Ay).

Sincew = f(z) and w + Aw = f (z + Az), so
Aw=f(z4+ Az) — f(2) = Au+iAv
where

Au=u(x+Ax,y+ Ay) —u(x,y),
Av=v(x+ Ax,y+ Ay) —v(x,y).

We canadd 0 = —u(x,y + Ay) + u(x, y + Ay) to Au without changing its value

Au =u(lx + Ax,y + Ay) —u(x, y)
=ulx+ Ax,y+ Ay) —u(x,y + Ay) +u(x,y + Ay) —u(x, y).

Recall the definition of partial derivative

1 Ju
lim — A Ay) — Ayl = —.
Jim [u(x + Ax,y + Ay) —u(x,y + Ay)] o

In this expression only x variable is increased by Ax and y variable remains the
same. If it is implicitly understood that the symbol Ax carries the meaning that it is
approaching zero as a limit, then we can move it to the right-hand side,

ou
ulx + Ax,y+ Ay) —u(x,y+ Ay) = a—xAx.
Similarly, in the following expression only y variable is increased by Ay, so

Ju
u(x,y+ Ay) —u(x,y) = —Ay.

ay
Therefore 5 5
Au=2px + 2 py, 2.4)
ox dy
Likewise,
Av=Lax+ 4
V= —AX —_—
P oy

Hence the derivative given by (2.3) can be written as
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Fig. 2.4 Infinitely many y
paths Az can approach zero,
each characterized by its
slope VAZAY/
Z.
X
. u 4 ;0vy A Qu 4 ;0vy A

dw . Au+iAv i GGy Tigo)Ax + (G5 +igp) Ay

— = IIm —)— = lim .

dz  4>0 Ax +iAy  Az—0 Ax +iAy

Dividing both the numerator and denominator by Ax, we have
dw . @i+
— lim " -
dz  4z-0 143
du | s d )
- (9e 4 3u) [1 (5 +i5) Ay:|

=1l : -
I N (94 i) Ax

There are infinitely many paths that Az can approach zero, each path is character-

ized by its slope A—y as shown in Fig. 2.4. For all these paths to give the same limit,
X

A
A—y must be eliminated from this expression. This will be the case if and only if
X

u )
e = b (2.5)
u v
(ﬁ + la)
since then the expression becomes

A (2.6)

d du 4 jou A 9 9
W i G IR [ A o oy
0x dIx

. Ay
Az—0 22
dz z 141 =

L Ay
which is independent of —.
Ax

From (2.5), we have
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du  0dv ou  dv

=]— — —

—t+i— .
ay ay dx  0x
Equating the real and imaginary parts, we arrive at the following pair of equations:

Ju dv ou v

ax ay 9y  ox
These two equations are extremely important and are known as Cauchy-Riemann
equations.

With the Cauchy-Riemann equations, the derivative shown in (2.6) can be written

as
dw v du ou L ov

- —— =

az "oy oy oy ey @D
The expression in (2.6) is the derivative with Az approaching zero along the real
x-axis and the expression in (2.7) is the derivative with Az approaching zero along
the imaginary y-axis. For an analytic function, they must be the same.

Thus if u(x, y), v(x, y) are continuous and satisfy the Cauchy-Riemann equa-
tions in some region of the complex plane, then f(z) = u(x,y) +iv(x,y) is an
analytic function in that region. In other words, Cauchy-Riemann equations are nec-
essary and sufficient conditions for the function to be differentiable.

2.1.4 Cauchy-Riemann Equations in Polar Coordinates

Often the function f (z) is expressed in polar coordinates, so it is convenient to
express the Cauchy-Riemann equations in polar form.
Since x = r cos @ and y = r sin 6, so by chain rule
0 du d du 9 0 0
I D T ose + —usine,
ar dx dr  Jy dr ox dy

ou du 0x  Ju dy u . au
— = ——rsinf + a—rcos@.
y

90 0x30  9yd0  ox

Similarly,
ov v dx av dy v Jv .
— = —— 4+ — - = —cosf + —sinb,
or 0x or ay or 0x ay
dv  Jdvdx  dJvdy av

0
= ——rvrsinf + —vr cos 6.
dy

90 " 9x90  9y90  ox

With the Cauchy-Riemann conditions
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u v u v

ax 9y’ dy  ox

we have
v ou u .
— = ——co0S0 + —sind,
ar ay ax
ov d d
— = —ur sin @ + —urc0s9.
a0 dy ax

Thus,

ou 10v 1 du ov

5_ —

ro0’  r o6 or

are the Cauchy-Riemann equations in the polar form.

It is instructive to derive these equations from the definition of the derivative

(o) = lim 2¥
= iumm —
¢ Az—0 Az

In the polar coordinates, z = re'?,

Aw = Au (r,0) +iAv (r,0),
Az = (r + Ar) &' OF29 _ pelf

For Az — 0, we can first let A0 — 0 and obtain
Az = (r+ Ar)e'’ —re' = Are'?,

and then let Ar — 0, so

Au(r,0) +iAv(r,0) 1 <8u

"(7) = lim : — | —
/@ Ar—0 Arei® e? \ 9r

But if we let Ar — 0 first, we get

Az = re! @49 _ el
Since 0
. . de' .
61(9+A9) _ et@ — A = ielQAQ,
do
so Az can be written as
Az = rie? A9,

and when we take the limit A6 — 0, the derivative becomes

Lov
i—
ar

)

73
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f/(Z)ZAlgI_I}O Au(r,0) +idv(r,0) 1 (8u .31)).

! - (&%
riei? Af ire® \ 30 ' ' 90

For an analytic function, the two expressions of derivative must be the same,
1 [/0u n D) 1 ou n ov
—_— | — 1 — = - —_— I— 1.
e \ or or ire? \ 00 060

ou 1dv v 1 du

o rae’  ar  rae’

Therefore

which is what we obtained by direct transformation.
Furthermore, the derivative is given by either of the equivalent expressions

. [ 0u ov
/ __—if .
F@=e (8r+18r>

1 _,(0u n Lov
= —e¢ — +i— .
ir 00 00

2.1.5 Analytic Function as a Function of 7 Alone

In any analytic function w = u(x, y) +iv(x, y), the variables x, y can be replaced

by their equivalents in terms of z, z* :

1
x==(z+z") and yzz(z—z*),

1
2
since the complex variable z = x 4+ iy and z* = x — iy. Thus an analytic function
can be regarded formally as a function of z and z*. To show that w depends only on z
and does not involve z*, it is sufficient to compute gw and verify that it is identically
zero. Now by chain rule,

ow d(u +iv) ou L ov
Tt i
az* dz* dz* dz*

du dx du dy . f dv 0x av dy
=\— +——ti|\ T+ .
dx dz*  dy dz* dx dz*  dy dz*

Since, from the equations expressing x and y in terms of z and z*, we have

ox 1 ay i
— == and — = —,
az* 2 az* 2
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we can write
Jw 18u+i8u L 18v+i8v
(=242 ==+ 2=
az* 29x 20y 20x 20y
L fou v n i [Odu n av
S 2\ox 9y 2\9y  ox/’
Since w, by hypothesis, is an analytic function, # and v satisfy the Cauchy-Riemann

conditions, therefore each of the quantities in parentheses in the last expression

vanishes. Thus
ow

dz*

=0. (2.8)

Hence, w is independent of z*, that is, it depends on x and y only through the
combination x + iy.
Therefore if w is an analytic function, then it can be written as

w= f(z),
and its derivative is defined as

dw . fz+ A2 - f(2)
— = lim .
dz Az—0 Az

This definition is formally identical with that for the derivatives of a function of a real
variable. Since the general theory of limits is phrased in terms of absolute values,
so if it is valid for real variables, it will also be valid for complex variables. Hence
formulas in real variables will have counterparts in complex variables. For example,

formulas such as
d(w1 + U)Z) N dw1 + dw2

dz - d_z d_z

d (wws) dw, dw;

—_— = w— ——

dz dz dz

d(wi/wy)  war(dwi/dz) — wi(dw,/dz)

y = 5 , wy#O0
z w3

d(w") a1 dw
=n _—
dz dz

are all valid as long as w;, w,, and w are analytic functions.
Specifically, any polynomial in z

w (Z) - anzn "'an—lzni1 + -+ a1z +a()
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is analytic in the whole complex plane and therefore is an entire function. Its derivative
is
w (2) =na, 2" '+ (- Day_12" 2+ -+ a.

Consequently any rational function of z (a polynomial over another polynomial) is
analytic at every point for which its denominator is not zero. At the zeros of the
denominator, the function blows up and is not differentiable. Therefore the zeros of
the denominator are the singular points of the function.

In fact we can take (2.8) as an alternative statement of the differentiability condi-
tion. Thus, the elementary functions defined in the previous chapter are all analytic
functions, (some with singular points), since they are functions of z alone. It can be
easily shown that they satisfy the Cauchy-Riemann conditions.

Example 2.1.1 Show that the real part « and the imaginary part v of w = z° sat-
isfy the Cauchy-Riemann equations. Find the derivative of w through the partial
derivatives of u# and v.

Solution 2.1.1 Since
w=2z"=@x+iy)?’= (x2 - y2) +i2xy,
so the real and imaginary parts are
u(x,y) =x*—y> v(x,y) =2xy.
Therefore

0 a a a
u 2y — v u v

7 =

Tay oy T Tax
Thus the Cauch-Riemann equations are satisfied. It is differentiable and

dw 8u+,8v 2 42 )
— = —4i— =2x+i2y =
dz  ax | ox Y=

which is what we found before regarding z as a single variable.

Example 2.1.2 Show that the real part # and the imaginary part v of f (z) = ¢€*
satisfy the Cauchy-Riemann equations. Find the derivative of f (z) through the partial
derivatives of u# and v.
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Solution 2.1.2 Since

z

e =" =¢" (cosy +isiny),

the real and imaginary parts are, respectively,
u=ce*cosy and v=e"siny.

It follows that

ou " av ou . ov
— =e¢'cosy=—, — =—¢'siny=——.
ox dy ay ax

So the Cauchy-Riemann equations are satisfied, and

, ou _0dv o
@) =—+i— =e"cosy+ie'siny =¢,
ox ax

which is what we expect by regarding z as a single variable.

Example 2.1.3 Show that the real part ¥ and the imaginary part v of In z satisfy the
Cauchy-Riemann equations, and find diz In z through the partial derivatives of u and
v. (a) use rectangular coordinates, (b) use polar coordinates.

Solution 2.1.3 (a) With rectangular coordinates, z = x + iy,

1/ 1Y

Inz =u(x,y) +iv(x,y) =In(x*+y? > 4ittan~' 2 4 2nm).
x

So
12

u=In(x*+y*)"", v=(an™ Yy 2n7),
X

ou 1 2x X

ax T 2(24+y) T (24
ou 1 2y . y
24y ()
v —y/x? _ y

ax 1+ (y/x)? __(xz—i-yz)’
av 1/x X

By 1+G/x)° (242

Therefore
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ou ov ou ov

8x 9y’ a8y  ox’

The Cauchy-Riemann equations are satisfied, and

d1 3u+,8v X . y
—Inz=—+i—= —1i
dz dx  dx  (x2+)?) (x2+»?)

x —1iy x —iy 1 1

T2y GGy Gty 2
(b) With polar coordinates, z = re?,

Inz=u(r0)+iv(r,0) =Inr+i (6 +2nm).

u=Inr, v=80+42nm,

0 1 0
u_ 1w
ar r or
0 0
u o
00 a0

Therefore the Cauchy-Riemann conditions in polar coordinates

u 1 1dv 18u_0_ v
S o

o r rae’  rae

are satisfied. The derivative is given by

d In _io Ou n Lov _ip 1 1 1
— =e — I— || =e -_=— =,
dz ' ° or " or

as expected.

Example 2.1.4 Show that the real part # and the imaginary part v of z" satisfy the

Cauchy-Riemann equations, and find dizz” through the partial derivatives of « and v.

Solution 2.1.4 For this problem, it is much easier to work with polar coordinates
with 7 = re'?,
"=u(r0)+iv(r,0) =r"e" =" (cosnb +isinnd) .

u=r"cosnd, v=r"sinnb,
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ou nel u n o

— =nr"" " cosnf, — = —nr"sinnd,
or a0

ov . ov

— =" 'sinnd, — =nr*cosnd.
or d

Therefore the Cauchy-Riemann conditions in polar coordinates

ou el 10v

— =nr"""cosnf = ——,

or r 06
10u el s ov
—— = —nr sinnf = ——,
r 06

are satisfied and the derivative of 7" is given by

d _io <8u v
e 41—

_Zn — J—

dz ar or

i 1 1 i(n— io\n—1 _
—e tOnrn lem0 = nr" let(n 1)6 :n(ret()) =l’lZn 1

) = ¢ (nr""' cosnf + inr" "' sinno)
b

as one would get regarding z as a single variable.

2.1.6 Analytic Function and Laplace’s Equation

Analytic functions have many interesting, important properties and applications. One
of them is that both the real part and imaginary part of an analytic function satisfy
the two-dimensional Laplace equation

92 92
_¢ + _¢ =0.
axz = 0y?
A great many physical problems lead to Laplace’s equation, naturally we are very
much interested in its solution.

If f(z) = u(x,y)+iv(x, y)isanalytic, then # and v satisfy the Cauchy-Riemann

conditions
ou ov u ov

ax 9y’ 9y ax

Differentiate the first equation with respect to x and the second equation with respect
to y, we have
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?u 3%
axz dxady
8%u 9%v
3y? - Cayox

Adding the two equations, we get

3%u n 3%u 9%v 9%v
ax2 9y dxdy dydx’

As long as they are continuous, the order of differentiation can be interchanged

0% . 0%
dxdy  dydx’

therefore it follows that
?u  d%u _0
dx?2 + ay2
This is the Laplace equation for u. Similarly, if we differentiate the first Cauchy-
Riemann equation with respect to y, and the second one with respect to x, we can
show that v also satisfies the Laplace equation

%v % 0
dx2 + ay2

Functions satisfying the Laplace equation are called harmonic functions. Two
functions that satisfy both the Laplace equation and the Cauchy-Riemann equations
are known as conjugate harmonic functions. We have shown that real and imaginary
parts of an analytic function are conjugate harmonic functions.

A family of two-dimensional curves can be represented by the equation

u(x,y) =k.

For example if u(x, y) = x> + y? and k = 4, then this equation represents a circle
centered at the origin with radius 2. By changing the constant k, we change the
radius of the circle. Thus the equation x> 4+ y*> = k represents a family of circles all
centered at the origin with various radii.

Each of the conjugate harmonic functions forming the real and imaginary parts
of an analytic function f (z) generates a family of curves in the x-y-plane. That is, if
f@=u(x,y)+iv(x,y), thenu(x,y) =k and v (x, y) = ¢, where k and c are
constants, are two families of curves.
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If Au is the difference of u at two nearby points, then by (2.4)

Au=—A — Ay.
" ax x+8y Y

Now if the two points are on the same curve, that is
ux+ Ax,y+ Ay) =k, u(x,y) =k,

then
Au=u(x+ Ax,y+ Ay) —u(x,y) =0.

In this case,

0 auA n BuA
= —Ax + —Ay.
dx ay Y

To find the slope of this curve, we divide both sides of this equation by Ax

ou Ju Ay

0= ,
dx  Jdy Ax

therefore the slope of the curve u (x, y) = k is given by

Ay| _ Ou/dx

Ax " T du/dy’
Similarly, the slope of the curve v (x, y) = ¢ is given by

Ay| av/ox
=, =—-—1=

Ax VT 9v/dy”
Since u and v satisfy the Cauchy-Riemann equations

ou ov ou ov

ax _ay ay  ox’
the slope of the curve v (x, y) = ¢ can be written as

Ay~ Ou/dy
Ax " du/dx’

which, at any common point, is just the negative reciprocal of the slope of the curve
u (x,y) = k. From the analytic geometry, we know that the two families of curves
are orthogonal (perpendicular) to each other. For example, the real part of the analytic
function z2 is u(x, y) = x> — y?, the family of curves of u = k is the hyperbolas
asymptotic to the line y = +x as shown in the z-plane of Fig.2.1. The imaginary part
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of z2is v(x, y) = 2xy, the family of curves of v = c is the hyperbolas asymptotic to
the x- and y-axes, also shown in the z-plane of Fig. 2.1. It is seen that they are indeed

2 Complex Functions

orthogonal to each other at the points of intersections.

These remarkable properties of analytic functions serve as basis for many impor-
tant methods used in fluid dynamics, electrostatics, and other branches of physics.

We will go into more details of solving specific problems in a later chapter.

Example 2.1.5 Let f(z) = u(x, y) + iv(x, y) be an analytic function. If u(x, y) =

xy, find v(x, y) and f(z)

Solution 2.1.5

8u_ _8v ou v
8x_y_8y’ dy ox’

Method 1: Find f(z) from its derivatives:

df du dv . . . .
d_zza tazy—zxz—z(x+zy)=—zz
1
f(z):—i§z2+c.
i ) i
f(z)=—§(x+ly)2+C=xy—E(xz—yz)—i-C,

__l 2,2 /
v(x,y) = 2(x y)+C.

Method 2: Find v(x, y) first:

v 1,

—=y = v,y =[ydy=;y +k),

ay 2
v dk(x) R )
e a - h = k(x) = % + C;

vy = v~ Ly
,Y)—2y 2x+ M

f(z)=xy+i%(y2—x2+2C)

1 * 1 * 12- /
x==@+z), y==—¢z-7) = [f@@=—-=zi+C.
2 21 2

Example 2.1.6 Let f(z) = u(x, y) + iv(x, y) be an analytic function. If u(x, y) =

In(x? + yz), find v(x, y) and f(z)
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Solution 2.1.6

ou 2x v ou 2y v
aIx  (x2+y) 3y dy  (2+yH ax

Method 1: Find f(z) first from its derivatives:

df ou _ 0v 2x 2y
— = —+4i— = —1
dz  ox ox  (x2+y?) (x2+y?)
x —1iy X —1iy 1

~N N

21+yY) iy (xtiy)  x+iy

f(z)=2Inz+C=Inz>+C.
z=ré", r:(x2+yz)1/2 9=tan’12
X

Inz? = In(x? + y*)e'? = In(x? + y?) + i2 tan™"

==

Y

v(x,y) =2tan ' = + C.
X

Method 2: Find v(x, y) first:

ov 2x s uxy) / 2 gy =260 Y 4+ k)
—_—=— v(x,y) = | ———dy =2tan"' = X).
By T+ SR RCER x
av(x,y) —y 1 dk(x) —2y dk(x)
— 2 =2 = + = + :
dx xz ) (1+y?/x?) dx x2+y? dx
v —2y dk(x)
w_ T =0, kx)=C.
ox  (x2+y?) — dx )
1Yy
v(x,y)=2tan" = +C
x

f(2) =@+ ) +i2tan ' 2 +ic
X
= In(x? + y»e? +iC
f@) =l +C.

1
Example 2.1.7 Let f(z) = — =u(x,y) +iv(x,y), (a) show explicitly that the
z

Cauchy-Riemann equations are satisfied; (b) show explicitly that both real part
and imaginary part satisfy the Laplace equation; (c) Describe the family of curves
u(x,y) =kand v (x,y) = ¢ and sketch them; (d) show explicitly that the curves
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u(x,y) =kandv (x, y) = c are perpendicular to each other at the points they inter-
sect.

Solution 2.1.7

@ 1 1 1 x —1iy X —1iy X Ly
— — = — . = = —1 .
973 x+iy x4iy x—iy 124y x2+y? x24y?
Therefore
- _ Y

u(x,y)—m, v(x,y)——m.
(@)

ou 1 2x? _ y2 —x?

ax  x2 +y2 (x2 + y2)2 - (x2 +y2)2’

ou  —2xy

dy (24 yHY

v 2xy

ax  (x2+y2)2’

av —1 2y? y? — x?

— = + = .
3y x243y2 (22 (k24 y2)2
Clearly the Cauchy-Riemann equations are satisfied

u v ou ov

ax dy Ay  ox

)
3%u _ —2x (2 —x%) (=2) 2x) _ 2x3 — 6xy?
ox2 (x2 +y2)2 (x2+y2)3 - (x2+y2)3 ’
3%u B —2x —2xy(=2)(2y) _ —2x3 + 6xy?
8y2 - (x2 +y2)2 (x2 +y2)3 - (x2 +y2)3

Thus the real part satisfies the Laplace equation

9%u 9%u

@4’8—))2:0.
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Furthermore,
9%v _ 2y (2xy) (=2) (2x) 2y3 — 6x2y
9x2 (xz + y2)2 (xz 4 y2)3 - (xz =+ y2)3 ’
v 2y (=x*+y) (=2) 2y) =2y’ +6x%y
ayz - (xz + y2)2 (xz + y2)3 - (xz + y2)3

The imaginary part also satisfies the Laplace equation

9% n 9% _0

axz = ay2
(c) The equation

X
9 = = k
wC ) = 5
can be written as
2 2 X
XT+yt = R

or
1)’ PRI
o) T Tae
which is a circle for any given constant k. Therefore u (x, y) = k is a family of circles
1 1
centered at (E’ O) with radius % This family of circles is shown in Fig.2.5 as
solid circles. Similarly
Y

U(X,)’)=—x2—+y2=c

can be written as

y 1\ 1
x2+y2=——, or x2+(y+—) = —.
c 2c

1 1
Therefore v (x, y) = cis afamily of circles of radius 20’ centered at (0, — 2—). They
c c

are shown as the dotted circles in Fig.2.5.

(d) On the curve represented by

X
) P a——
u(x,y) 21
9 9
du=ax+ Lay =0
ox ay

which is given by
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Fig. 2.5 The families of A%
curves described by the real
part and imaginary part of

the function f(z) = —
z

d 1 2x2 d 2xy d
u = — X — =
24y 2+ y2)2 2+ 22

It follows that

dy L = y? — x?

dx " 2xy
Similarly, with

v(xay) Z_L =,
x2 +y2
2 1 2y?
v = de — — Y dy =0,
(x2 + y2)2 X242 (x2 + y2)2

and

dy = 2xy

dx ' x2—y2

Since the two slopes are negative reciprocals of each other, the two curves are per-
pendicular.

Those who are familiar with electrostatics will recognize that the curves in Fig. 2.5
are electric field lines and equipotential lines of a line dipole.
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2.2 Complex Integration

There are some elegant and powerful theorems regarding integrating analytic func-
tions around a loop. It is these theorems that make complex integrations interesting
and useful. But before we discuss these theorems, we must define complex integra-
tion.

2.2.1 Line Integral of a Complex Function

When a complex variable z moves in the two-dimensional complex plane, it traces
out a curve. Therefore to define a integral of complex function f(z) between two
points A and B, we must also specify the path (called contour) along which z moves.
The value of the integral will be dependent, in general, upon the contour. However,
we will find, that under certain conditions, the integral does not depend upon which
of the contours is chosen.

We denote the integral of a complex function f(z) = u(x, y) +iv(x, y) along a
contour I" from point A to point B as

B
I = f (@)dz.

Al

The integral can be defined in terms of a Riemann sum as in the real variable inte-
gration. The contour is subdivided into n segments as shown in Fig.2.6.
We form the summation

Fig. 2.6 The Riemann sum
along the contour I” which is y
subdivided into n segments
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n n
L= f@)G—zu10)=Y fE&) Az,
i=1 i=1

where zo = A, z, = B, and f (;) is the function evaluated at a point on I” between
zi—1 and z;. If I, approaches a limit as n — oo and |Az;| — 0, then we can define
the integral as

A"

B n
dz = li i) Az;.
f (Z) N |Az,v|»1(¥lnﬁoo Z]: f (Z ) <

Since Az; = Ax; + i Ay; as shown in Fig. 2.6, the integral can be written as

B B B
/ f(@dz = / (u+iv)dx +idy) = / [(udx — vdy) + i(vdx + udy)]
A, T’ A, I’ A, T’
B B
= / (udx — vdy) + i/ (vdx + udy). (2.9)
AT AT

Thus the complex contour integral is expressed in terms of two line integrals.

Example 2.2.1 Evaluate the integral / = ff 2dzfromzys =0tozg =141, (a)
along the contour I} : y = x2, (b) along y-axis from 0 to i, then along the horizontal
line from i to 1 + i, as I shown in Fig.2.7.

Solution 2.2.1

f@=2"=@x+iy)? = (x> —y*) +i2xy = u+iv.

Fig. 2.7 Two contours I

and I from A (z4 = 0) to y
B (zp = 1+1i), I : along

the curve y = x2, I : first

along y-axis to C (z¢ = i), B(1,1)
then along a horizontal line CO,1)k 4 ’
to B

A(0,0) X
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B B

AT
(a) along I, y= x2, dy = 2xdx,
B

AN

1 1 2 2
= / (x2 — 5x4)dx + i/ (4x3 — 2x5)dx = ——4 —i.
0 0 33

(b) Let z¢ =i as shown in Fig.2.7. So
B c B
/ f(z)dz=/ f(z)dz—i—/ f()dz
A AD c.n
FromAtoC :x =0, dx =0,
C 1 1
. 2 .
f@dz =lf (=y)dy = —3h
A 0

FromCtoB: y=1,dy =0,

B 1 1
2
f(Z)dz=/ (xz—l)dx+i/ 2xdx = —= +1i.
C,.I; 0 0 3
Y orodee L2 22
=—zl—zTl=—57T 3zl
AD L 3 3 3 3

The integrals along I} and I are observed to be equal.

B
Fdz= f [ — y)dx — 2xydy] +i / 2xydx + (> — y)dyl.
AT AT

1 1
f@dz = / [(x2 — xH)dx — 2xx22xdx] +i / 2xx2dx 4+ (x2 — x*)2xdx]
0 0

89

2.2.2 Parametric Form of Complex Line Integral

If along the contour I', z is expressed parametrically, these line integrals can be
transformed into ordinary integrals in which there is only one independent variable.

For if z = z (¢) , where t is a parameter, and A = 7 (f4), B = z (t5) , then

B tg d
/ f@)dz= / rean Car
A ta t

(2.10)
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For instance, on I'j of the previous example, y = x2, wecansetz (t) = x (t) + iy (¢)

d
with x(¢) = ¢ and y(z) = ¢2. If follows that d—j =1+41i2t, and

B 1
/ zzdz=/ (t+it?)> (1 +i20) dt
A 0

VA

: 2 2
= / (2 = 5t% +i(43 —26%))dt = —Z + =i
0 3 3

Similarly, on I, of the previous example, from A to C, we can set z (t) = it with

dz .
0<t< l,andd—j=i.FromCtoB,wecansetz(t)=(t—1)+iw1th1 <t <2,

d
and @« 1. Thus,
dt

B 1 2
/ zzdz=/ (it)zidt—i—/ (t—14+i)dt
A 0 1

1, 2 2 2,
= 31 3 +1 = 3 + 31.
Parametrization of a Circular Contour A circular contour can be easily param-
eterized with the angular variable of the polar coordinates. This is of considerable
importance because through the principle of deformation of contours, which we will
soon see, other contour integrations can also be carried out by changing the contour
into a circle.
Consider the integral [ = 9§c f (z) dz, where C is a circle of radius r centered at
the origin. Clearly we can express z as
z2(0) = rcosf +irsin® = re'?,
dz
deo

= —rsin® +ircosf =ire’.

This means dz = ire'?dé, so the integral becomes
2 ) )
1 =/ f (re’e)ire’QdQ.
0

The following example will illustrate how this is done.

Example 2.2.2 Evaluate the integral fc 7"dz, where n is an integer and C is a circle
of radius r around the origin.
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Solution 2.2.2

2 o ) 2 )
f anZ — / (}”619) ire’9d0 — i}"n+1 / el(n+l)0d9
C 0 0

Forn # —1,
2
. 1 . . 1
f Ftige — [e:(nﬂ)é)]é = [1—1]=0.

o in+1) i(n+1)

Forn = —1,
2 on ) 2
/ (re'”)"ire®ds = i/ do = 2ri.
0 0
This means

f 'dz =0, for n#—1,
c

d
 _oni,
c %

Note that these results are independent of the radius 7.

Some Properties of Complex Line Integral The parametric form of the complex
line integral enables us to see immediately that many formulas of ordinary integration
of real variables can be directly applied to the complex integration. For example, the
complex integral from B to A along the same path I" is given by the right hand side
of (2.10) with 74 and ¢p interchanged, introducing a negative sign to the equation.

Therefore
B A

f@dz=- f(2)dz.

Al B, I’

Similarly, if C is on I, then

B c B
/ f(z)dz=/ f(z)dz+/ f (2 dz.
AT AT c.r

If the integral from A to B is along I} and from B back to A is along a different
contour /5 , we can write the sum of the two integrals as

B A

f@dz+ f(z)dz=¢.f(z)dz
I r

AT B,I»

where I = I' + I'; and the symbol §,. is to signify that the integration is taken
counter clock wise along the closed contour I". Thus
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B A

7{ f@dz= f@dz+ f(@)dz
c.cow. AN B,
A B
= - f@dz — f(z)dz=—?§ f(2)dz,
B. I AT cow.

where c.c.w. means counter clock wise and c.w. means clock wise.
Furthermore, we can show that

B

f(2)dz

AT

<ML (2.11)

where M is the maximum value of | f (z)| on I" and L is the length of I'. This is

because . J .
B Z B

£ Zan < f

/,A dt th

which is a generalization of |z; + z2| < |z;| + |z2| . By the definition of M, we have

/ tﬂ
7

Thus, starting with (2.10), we have
B
‘ f f()dz
A

2.3 Cauchy’s Integral Theorem

f(z)% dt

dz B
—ldt=M |dz| = ML.
dt A

f()dZ dt<M/ZB
T - t

<ML.

/;AB f @ Z—jdt

As we have seen, the results of integrations of z> along Iy and I'> of Fig.2.7 are
exactly the same. Therefore a closed-loop integration from A to B along I and
returning from B to A along I, is equal to zero. In 1825, Cauchy proved a theorem
which enables us to see that this must be the case without carrying out the integration.
Before we discuss this theorem, let us first review Green’s lemma of real variables.

2.3.1 Green’s Lemma

There is an important relation that allows us to transform a line integral into an area
integral for lines and areas in the xy-plane. It is often referred to as Green’s lemma,
which states that
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y

Fig. 2.8 The closed contour C of the line integral in Green’s lemma. C is counter clock wise and
is defined as the positive direction with respect to the interior of R

%[P(x, y)dx + Q(x, y)dy] = // |:3Q(x, ) 9P, y)] dxdy, (2.12)
c R ox ay

where C is a closed curve surrounding the region R. The curve C is traversed counter
clock wise, that is with the region R always to the left as shown in Fig.2.8.

To prove Green’s lemma, let us use Fig.2.9, part (a) to carry out the first part of
the area double integral

P , d r=£0) g ,
// O y)dxdy :/ |:/ O y)dx] dy
RO ¢ Lhr=gin  Ox

d
- / [QCx, WI'ZE0) dy.

(a) (b)

Fig. 2.9 Same contour but with two different ways to carry out the area double integral in Green’s
lemma
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Now
d _ , d d
f (00, NI dy = / 0(82(5). y)dy - f (1), y)dy
d c
=/ Q(gz(y),y)dy+/d 0@g1(y), y)dy

The contour of the last line integral is from y = ¢ going through g,(y) to y = d and
then returning through g;(y) to y = c¢. Clearly it is counter clock wise closed-loop

integral
// 90 1y =?§ 0 (x, y)dy. (2.13)
R ox c.c.ow

Next we will use Fig.2.9, part (b) to carry out the second part of the area double
integral

IP(x,y) / /y L p(x, y) / y=/2(x)
——dxdy = [P(x,¥)] dx.
/./R dy = [y Ay 0y @ h=nw

b b b
/ [P, IR dx = / P(x, fo(0))dx — / PG, fi(o)dx
b a
=/ P(x, fz(x))dx-i-/ P(x, fi(x))dx.
a b

In this case the contour is from x = a going through f>(x) to x = b and then returning
to x = a through f;(x). Therefore it is clockwise.

oP(x,y)
a—dxdy = P(x, y)dx = — P(x, y)dx. (2.14)
R y cw. c.caw.

In the last step we changed the sign to make it counter clock wise.
Subtracting (2.14) from (2.13), we have the Green’s lemma

Il [3Q(xvy> _ ap(’“”]dxdyzf [0, y)dy + P(x. y)dx].
ol ox dy e,

2.3.2 Cauchy-Goursat Theorem

An important theorem in complex integration is the following:
If C is a closed contour and f(z) is analytic on and inside C, then
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f f(@dz =0. (2.15)
C

This is known as Cauchy’s theorem. The proof goes as follows. Starting with

% f@dz = f(udx —vdy) +i f (vdx + udy), (2.16)
c c c

making use of the Green’s lemma of (2.12) and identifying P as u and Q as —v, we

have
%(udx—vdy) // |:_8_v_8_ui| dxdy.

Since f(z) is analytic, so u and v satisfy Cauchy-Riemann conditions. In particular

ov ou

ax  ay’

therefore the area double integral is equal to zero, thus

f(udx —vdy) = 0.
c

Similarly, identifying u as Q and v as P, from Green’s lemma we have

%(vdx + udy) = /f — = —]dxdy

Because of the other Cauch-Riemann condition

ou ov

ax  ay’
the integral on the left-hand side is also equal to zero

f(vdx + udy) = 0.
c

Thus both line integrals on the right-hand side of (2.16) are zero, therefore

ff(z)dz=0,
C

which is known as Cauchy’s integral theorem.
In this proof, we have used Green’s lemma which requires the first partial deriva-
tives of u and v to be continuous. Therefore we have implicitly assumed that the
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derivative of f (z) is continuous. In 1903, Goursat proved this theorem without
assuming the continuity of f’ (z). Therefore this theorem is also called Cauchy-
Goursat theorem. Mathematically Goursat’s removal of the continuity assumption
from the proof of the theorem is very important because it enables us to rigorously
establish that derivatives of analytic functions are analytic, and they are automatically
continuous. A version of Goursat’s proof can be found in Complex Variables and
Applications, by J.W. Brown and R.V. Churchill, 6th Edition, McGraw-Hill, 1996.

2.3.3 Fundamental Theorem of Calculus

If the closed contour I is divided into two parts '] and I, as shown in Fig. 2.7, and
f () is analytic on and between I'| and I, then Cauchy’s integral theorem can be
written as

B A
?{ f@dz = f(@dz + f(2)dz
r AT B I
B B
= fdz — f()dz =0,
AT AD

where the negative sign appears since we have exchanged the limit on the last integral.

Thus we have
B B

f()dz = f(2)dz, (2.17)

AT AD

showing that the value of a line integral between two points is independent of the
path provided that the integrand is an analytic function in the domain on and between
the contours.

With this in mind, we can show that, as long as f(z) is analytic in a region
containing A and B,

B
/ f@)dz=F (B) - F(A),
A

where
dF (z) lim F(z+4 Az) — F (2) _f )
dz T Az50 Az - 25
The integral
F(z) = / f()dZ (2.18)
20

uniquely define the function F' (z) if z is a fixed point and f (z/) is analytic through-
out the region containing the path between zo and z. Similarly, we can define
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z+Az z +Az
F(z—i—Az):/ f(z/)dz’=/: f(z’)dzur/ f()d7.

20 <0 z

Clearly,
z+Az
F(z4+A42) — F (2) = / f()dz.
z

For a small Az, the right-hand side reduces to

z+Az
/ f(Z)dd — f(2) Az

which implies that
F(z+Az) — F (2)

Az

=f(2).

Thus JF (2)
2= fo,

dz

and the fundamental theorem of calculus follows:

B B
/ f(Z)dZ=/ dF (z) =F(B)—F(A).
A A

97

Example 2.3.1 Find the value of the integral [, "' z%dz.

Solution 2.3.1
1+i 1 1+i 1 2 2
2 3 .\3 .
[ [31}0 U=

Note that the result is the same as in example 2.2.1

Example 2.3.2 Find the values of the following integrals:
i 4-3mi
I = f cos zdz, L= / edz.
—mi 44mi
Solution 2.3.2

i
I, = / coszdz = [sinz]f"m» = sin (i) — sin (—mi)

—mi

= 2sin (i) = 2% (e — 7MY = (¢ — &™) i ~ 23.097i.
l
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4-3mi

_ 2 g /2743w 2-i37/2 2+im/2

12_/4+A et dz—[ZeZ ]4+m. —2(6 —e )
Tl

=2¢* (e7/? — &™?) = 2e%(i — i) = 0.

Example 2.3.3 Find the values of the following integral:
dz
i Z '

Solution 2.3.3 Since z = 0 is a singular point, the path of integration must not pass
through the origin. Furthermore

d
/—Zzlnz+C,
z

where In z is a multi-valued function, therefore there is a branch cut. To evaluate this
definite integral we must specify the path of z going from —i to i. There are two
possibilities as shown in (@) and (b) of the following figure:

1 i
2 -1 1 2
-1 _i
(a) (b)

(a) To go from —i to i in the right half of the complex plane, we must take the
negative real axis as the branch cut. In the principal branch, —7 < 6 < 7. Thus

P dz ,. 19161 T U S
/_i ? =[nz]’;, = [lne 9]9252” = [19]9:;7;T = zzn +z§n =im.

(b) To go from —i to i in the left half of the complex plane, we must take the positive
real axis as the branch cut. Therefore 0 < 6 < 2m. Thus

"dz i i910=1 g=1
P o i01v=37 __ . =T _ 4.2
[i - [Inz]";, =[lne ]9=gn =[i0],_;, =izm —izm = —im.
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2.4 Consequences of Cauchy’s Theorem

2.4.1 Principle of Deformation of Contours

There is an immediate, practical consequence of the Cauchy Integral Theorem. The
contour of a complex integral can be arbitrarily deformed through an analytic region
without changing the value of the integral.

Consider the integration along the two contours shown on the left side of Fig. 2.10.
If f(z) is analytic, then

f f(z)dz=0
abcda

yg f(z)dz = 0.
efghe

Naturally the sum of them is also equal to zero

55 F@dz + f Fo)dz = 0.

abcda efghe

Notice that the integrals along ab and along he are in the opposite direction. If ab
coincides with he, their contributions will cancel each other. Thus if the gaps between
ab and he, and between cd and fg are shrinking to zero, the sum of these two integrals
becomes the sum of the integral along the outer contour C; and the integral along
the inner contour C, but in the opposite direction. If we change the direction of C,,
we must change the sign of the integral. Therefore

jg f()dz + 7{ f()dz = 7§ f@dz — jg f(z)dz =0.
ol G

abcda efghe

&> (=

Fig. 2.10 Contour deformation
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It follows

?{f(z)dz = ?gf(z)dz.
Cy Cy

Thus we have shown that the line integral of an analytic function around any
closed curve C; is equal to the line integral of the same function around any other
closed curve C, into which C; can be continuously deformed as long as f (z) is
analytic between C; and C; and is single-valued on C; and C,.

2.4.2 The Cauchy Integral Formula

The Cauchy integral formula is a natural extension of the Cauchy integral theorem.

Consider the integral
L= f /@) dz,
c, 2~ 20

where f(z) is analytic everywhere in the z-plane, and C; is a closed contour that
does not include the point zy as shown in Fig.2.11a.

Since (z — z0)~! is analytic everywhere except at z = zg, and zo is outside of
C,, therefore f(z)/(z — zo) is analytic inside C;. It follows from Cauchy’s integral
theorem that

f@

c; 2—20

11= dZIO.

(a) (b)

Fig. 2.11 Closed contour integration. a The singular point z is outside of the contour Cy. b The
contour C; encloses zg, Cy can be deformed into the circle Cy without changing the value of the
integral
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Now consider a second integral

similar to the first, except now the contour C; encloses z, as shown in Fig. 2.11b. The
integrand in this integral is not analytic at z = zo which is inside C,, so we cannot
invoke the Cauchy integral theorem to argue that I, = 0. However, the integrand is
analytic everywhere, except at the point z = zo , so we can deform the contour into
an infinitesimal circle of radius ¢ centered at zg, without changing its value

L=lm¢ L
e—0 Co 2 — 20

dz.

This deformation is also shown in Fig.2.11b.

This last integral can be evaluated. In order to see more clearly, we enlarge the
contour in Fig.2.12.

Since z is on the circle Cy, with the notation shown in Fig.2.12, it is clear that

z=x-41y
X = xo9+ ecosf
Yy = yo +&siné.
Therefore
z = (xo 4+ iyog) + &(cosf +isinb). (2.19)
Fig. 2.12 Circular contour
for the Cauchy integral y
formula
Z
€
Xy Zy 0
G
Yo
X
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Since

Zo = Xo + iyo,

e = cos® +isin,

we can write ‘
7 =270+ €. (2.20)

On Cy, ¢ is a constant, and 6 goes from O to 2. Therefore
dz =iee'’do. (2.21)
and

2 i0
20 + e
f@ dz f (20 : )
CoZ—20 0 ge'

2w
ice'do =i / [ (z0+ee)do. (2.22)
0

Ase >0, f (zo + sei(’) — f(z0) and can be taken outside the integral:

h=¢ L9 timd L9
¢ 2—20 =0 Jc, 2— 20
2 ) 2
= lin%)i / f (Z() + 8610) do = if(Z())/ do =2mif(z0). (2.23)
E—> 0 0

where C is any closed, counterclockwise path that encloses zg, and f(z) is analytic
inside C. This result is known as Cauchy’s integral formula, usually written as

1
Flzo) = — ¢ L@

2mi cl—20

dz. (2.24)

2.4.3 Derivatives of Analytic Function

If we differentiate both sides of Cauchy’s integral formula, interchanging the order
of differentiation and integration, we get

d 1 1 f@

= — .
dzo (z — 20) 2ri Jo (z — 20)?

1
f/(ZO) = Z_f f @
Tl Jco

To establish this formula in a rigorous manner, we may start with the formal expres-
sion of the derivative
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f(zo + Azo) — f(z0)

1
! =1 = lim — Azp) —
S (z0) Aim Ao Aim Ao [f(zo + Azp) — f(20)]
1 1 1
~ lim __dez——. J@ 4.
Azg—0 Azg | 2mi C 77— 20— A2 27 cZ—20
Now

f f(@) dz — f(@) dz=7§f(z)( 1 1 )dz
cZ—20— Az cZ—20 c 7—20— Az Z—20

Azo y{ f(2)dz
= d = A ’
%C 1@ (z — 20 — Az0)(zZ — 20) ‘ “ c (z—=20 = Az20)(z = 20)

Therefore

f(z0) = lim L[ﬂyg f(2)dz }
C

Az—0 Azg | 2mi (z — 20 — Az0)(z — 20)

f(@dz 1 £

= lim - = — dz.
A20~0 27wi Jo (2 — 20 — Az0)(z —z0)  27mi Jo (z — 20)?

In a like manner we can show that

f(@)

2
"(20) = —— dz, 2.25
fzo) =5~ Gz " (2.25)
and in general
|
wey M@ d 2.26
F(0) = 5— fc Ty (2.26)

Thus we have established the fact that analytic functions possess derivatives of all
orders. Also, all derivatives of analytic functions are analytic. This is quite different
from our experience with real variables, where we have encountered functions that
possess first and second derivatives at a particular point, but yet the third derivative
is not defined.

Cauchy’s integral formula allows us to determine the value of an analytic function
at any point z interior to a simply connected region by integrating around a curve C
surrounding the region. Only values of the function on the boundary are used. Thus,
we note that if an analytic function is prescribed on the entire boundary of a simply
connected region, the function and all its derivatives can be determined at all interior
points. Cauchy’s integral formula can be written in the form of

1
f(Z):T ()
Tt Jc § — 2

de (2.27)

where z is any interior point inside C. The complex variable ¢ is on C and is simply
a dummy variable of integration that disappears in the integration process. Cauchy’s
integral formula is often used in this form.
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Example 2.4.1 Evaluate the integrals

(@) fz S“””dz, ®) y{CZiZdz

around the circle |z] = 1.

Solution 2.4.1 (a) The singular point is at 7 = % which is inside the circle |z| = 1.
Therefore

2
Zsinnz ) . (Y. 1 1.
S =2 — i~ N_1..
f 1 mi[z s1nrrz]z:1/2 i (2) sin <n2) S

(b) The singular point is at z = 0 which is inside the circle |z| = 1. Therefore

. d2
(:Z#dz =5 [d 3 cosz]z_o =ni[—cos(0)] = —mi

Example 2.4.2 Evaluate the integral

2
-1

< 2dz

(z—2)

around (a) the circle |z| = 1, (b) the circle |z| = 3.

Solution 2.4.2 (a) The singular point is at z = 2. It is outside the circle as shown
is analytic, therefore

in Fig. 2.13a. Inside the circle |z| = 1, the function = @ 2)2
2
-1
2= _dz=0.
(z=2)

(b) Since z = 2 is inside the circle |z| = 3, as shown in Fig. 2.13b we can write the
integral as

2 -1 f (2)
where
f@Q=2-1, fl(z)=2z and [ (2)=4
Thus

2 —1 . .
f —zdz =2mi4 = 8mi.
(z—=2)
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(a) (b)

Fig.2.13 alz|=1,bz| =3

Example 2.4.3 Evaluate the integral

2
z
——d
?g 2+1°°
(a) around the circle |z — 1| = 1, (b) around the circle |z —i| = 1, (c) around the
circle |z — 1| = 2 (Fig.2.14).

Solution 2.4.3 Unless the relationship between the singular points and the contour
is clear as in previous examples, to solve problems of closed contour integration,
it is best to first find the singular points (known as poles) and display them on the
complex plane, then draw the contour. In this particular problem, the singular points
are at 7 = +i, which are the solutions of z2 + 1 = 0. The three contours are shown
in the following figure (Fig.2.14).

(a) It is seen that both singular points are outside of the contour |z — 1| =1,
therefore

J | |
2 1 £ 21 |1 2 2 \\\ly
-1 -1@ 1@

(a) (b) (©)

Fig.2.14 a|z—1|=1,blz—i|=1,¢clz—1] =2
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2
f ——dz =0.
722+1

(b) In this case, only one singular point z = i is inside the contour, so we can write

j£ % dz f(Z)
z+1 (Z—l)(Z+l) z—z

2

40

where

f@=

Thus, it follows

2 f@ iy
fzz_'_ldz: '—dz—2 wif (i) = 2mwi- i

(c) In this case, both singular points are inside the contour To make use of the Cauchy

integral formula, we first take the partial fraction of 1 +1 ,

1 _ 1 . A B
#+1_Kz—0&+0__Q—D_F&+U
_ A(z+i)+ B(z—1i) _ (A+ B)z+ (A— B)i
o @-DE+) @—iDEA+D)

So

A+B=0, (A—B)i=1,
B=—A, 24i=1,

It follows that
2 . .
Z i 1 i 1
—dz=?€z2<—— — + = .)dz
?gzz—i—l 2(z—1) 2(z+1i)
. 2 . 2
i z i z
= —— d - dz.
2%Z—iz+2%z+iz

Each integral on the right-hand side has only one singular point inside the contour.
According the Cauchy integral formula,
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Zz
f dz = 2mi (i)? = —2mi,
Z—1

Z2
?g ~dz = 27i (—i)? = —27i.
Z+1

Therefore

2 i Lo d .
mdz = —E (—27'[1) + 5 (—27'[1) =0.

Example 2.4.4 Evaluate the integral

f ==t 4

272 4+3z -2

around the square whose vertices are (1, 1), (—1,1), (-1, —1), (1, —1).

Solution 2.4.4 To find the singular points, we set the denominator to zero
272437 -2=0,

which gives the singular points at
1 1
2= (-3£V9+16) = {_22 .
The denominator can be written as

1
272437 -2=2(z — 5)(z+2).

The singular points and the contour are shown in the following figure:

o

e ol
21 71 2

Since only the singular point at 7 = % is inside the contour, we can write the integral

as
z—1 z—1 f (@) e
E— — _— el =2 -
5£2z2+3z—2dZ §'€2(1—§)(z+2)dZ - nh=r <2>
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where

_oz—1 1
o= 6)w

f z—1 J |
———dz=——mi.
22432775

Several important theorems can be easily proved by Cauchy’s integral formula
and its derivatives.
Gauss’ Mean Value Theorem If f (z) is analytic inside and on a circle C with
center at zp, then the mean value of f (z) on C is f (z9) .

This theorem follows directly from the Cauchy’s integral formula

Therefore

1
fz0) = =— f(Z)

2wi Jo 7z — z()

Let the circle C be |z — zg| = r, thus
z=20+ ré?. and dz = ire'do.

Therefore

L I@ 1 [ fGotre?).

cZ— zO 2ri Je ret?

o i f (Z() +rei9) do

which is the mean value of f(z) on C.
Liouville’s Theorem If f(z) is analytic in the entire complex plane and | f (z)] is
bounded for all values of z, then f(z) is a constant.

To prove this theorem, we start with

f(z0) = ret’do

, 1 f@
7)) = — ——dz.
1@ mi b oo
The condition that | f(z)| is bounded tells us that a nonnegative constant M exists
such that | f(z)| < M for all z. If we take C to be the circle |z/ — z’ = R, then

1
2mi
1

< ——M2nR =
2w R? R’

e a2/
c @ =27

|f'@)]
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Since f (z’) is analytic everywhere, we may take R as large as we like. It is clear

M
that = — 0, as R — o0. Therefore \f’(z)| = 0, which implies that f’ (z) = 0 for

all z, so f (z) is a constant.
Fundamental Theorem of Algebra The following theorem is now known as the
fundamental theorem of algebra. In the last chapter we mentioned that this theorem
is of critical importance in our number system.

Every polynomial equation

P,(2)=ao+az+---a,2" =0
of degree one or greater has at least one root.

To prove this theorm, let us first assume the contrary, namely that P, (z) # O for
any z. Then the function

f@= e

is analytic everywhere. Since nowhere will f (z) go to infinity and f (z) — O as
Z — 00, s0 | f (z)| is bounded for all z. By Liouville’s theorem we conclude that
f (z) must be a constant, and hence P, (z) must be a constant. This is a contradiction,
since P,(z) is given as a polynomial of z. Therefore, P, (z) = 0 must have at least
one root.

It follows from this theorem that P, (z) = 0 has exactly n roots. Since P, (z) = 0
has at least one root, let us denote that root z;. Thus

P, (2) = (z— 21) Q-1 (2)

where Q,_1(z) is a polynomial of degree n — 1. By the same argument, we conclude
that Q,_1(z) must have at least one root, which we denote it as z,. Repeating this
procedure n times we find

Po(2)=G@—-z)(@Z—22) - (z2—2z,) =0.

Hence P, (z) = 0 has exactly n roots.

Exercises

1. Show that the real and the imaginary parts of the following functions f(z) satisfy
the Cauchy-Reimann conditions

@ 2, (e, (o L

z+2




110 2 Complex Functions

2. Show that both the real part u(x, y) and the imaginary part v (x, y) of the analytic
function e* = u (x, y) +iv (x, y) satisfy the Laplace equation
9° 02
L)
axz  0y?

3. Show that the derivative of

calculated in the following three different ways
z
gives the same result.

(a) Let Ay = 0, so that Az — 0 parallel to the x-axis. In this case

au av

(b) Let Ax = 0, so that Az — 0 parallel to the y-axis. In this case

u Bv

f()— ay

(c) Use the same rule as if z were a real variable. That is

fe=2 f

4. Let 7> =u(x,y) +iv(x,y), find the point of intersection of u (x, y) = 1 and
v (x, y) = 2. Show that at the point of intersection the curve u(x, y) = 1 is perpen-
dicular to v (x, y) = 2.
S.Let f(z) = u(x, y) +iv(x,y) be an analytic function. If u(x, y) is given by the
following function

(a) x*—y% (b) é€’sinx,

show that they satisfy the Laplace equation. Find the corresponding conjugate har-
monic function v(x, y). Express f(z) as a function of z only.
Ans.(Qv(x,y)=2xy+c, f(2) = 2 +c. (b)v(x, y)=-¢ecosx +c, f(2)
=ie " +ec.
6. In which quadrants of the complex planeis f (z) = |x| — i |y| ananalytic function?
Hint: In first quadrant, x > 0, so g:‘c = 33"? g; =1, in the second quadrant,
x <0, so g” 3(3' = 3(9 2 — _1, and so on.
Ans. f (z) is analytic only in the second and fourth quadrants.
7. Express the real part and the imaginary part of (z + 1)? in terms of polar coordi-
nates, that is, find u (r, 6) and v (r, ) in the expression

G+ D>=u(r0) +iv(r0).
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Show that they satisfy the Cauchy-Riemann equations in the polar form:

8u(r,0)_18v(r,9) 13u(r,9)_ dv (r, 0)
ar  r 30 r 30  ar

8. Show that when an analytic function is expressed in terms of polar coordinates,
both its real part and its imaginary part satisfy Laplace’s equation in polar coordinates

2o 109 199
arz  ror  r29er

9. To show that line integral are, in general, dependent on the path of integration,
evaluate )
1
/ |z|*dz
-1

(a) along the straight line from the initial point —1 to the final point i, (b) along
the arc of the unit circle |z| = 1 traversed in the clockwise direction from the initial
point —1 to the final point i.

Hint: (a) Parameterize the line segmentby z = —1 4+ (1 +i)f, 0 <t < 1. (b)
Parameterize the arc by z = ¢/, 7 > 6 > /2.

Ans. () 2(1 +i)/3, (b) 1 +1.
10. To verify that the line integral of an analytic function is independent of the path,

evaluate
3+i
f Z2dz
0

(a) along the line y = x/3, (b) along the real axis to 3 and then vertically to 3 + i, (c)
along the imaginary axis to i and then horizontally to 3 + i.

Ans. (@) 6+ 2i, (b)6+Fi, (c)6+ Li.
11. Verify Green’s lemma

B A
f[A(x,y)dHB(x,y)dy]=//[8 g; »n_d (x’y)}dxdy,
R

dy

for the integral
?g [(¥® + y)dx — xy*dy]

taken around the boundary of the square with vertices at (0,0), (1,0), (0,1), (1,1).
12. Verify Green’s lemma for the integral

f[(x —y)dx + (x + y)dy]

taken around the boundary of the area in the first quadrant between the curve y =
x? and y? = x.
13. Evaluate
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3ti
2
/ z°dz
0

with fundamental theorem of calculus. That is,

dF ()

if dz

B
—f . then/ F()dz=F(B)— F(4),
A

provided f (z) is analytic in a region between A and B.
Ans. 6 + 23—61'.
14. What is the value of

32247741
%Z‘}'Z‘i‘dz

z+1
c
(a) if C is the circle |z + 1| = 1? (b) if C is the circle |z +i| = 1? (¢) if C is the
ellipse x> + 2y? = 8?
Ans. (a) —6mi, (b) 0, (¢) — 6mi.

15. What is the value of
?{ z+4
—dz
242745
C

(a)if Cisthecircle |z] = 1?7 (b)if Cisthecircle |z + 1 — i| = 27 (c) if Cis the circle
lz+141i] =27
Ans.(@)0, (b)1@B+2i)m, () 1(=3+2)m.

16. What is the value of i
P
—dz
f (z+1)?

c

around the circle |z — 1| = 3?
Ans. 2mie™ .

17. What is the value of
741 d
3 _22%
c

(a) If C is the circle |z] = 1? (b) If C is the circle |z — 2 — i| = 2? (c¢) If C is the
circle |z — 1 — 2i| = 2?

Ans. (a) —3mi, (b)3mi, (c)O0.
18. Find the value of the closed-loop integral

3,
7€ 7+ s%n b4 dz
(z — i)}
taken around the boundary of the triangle with vertices at £2, 2i.
Ans. (e - e’l) /2 — 6m.
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19. What is the value of
tan z
?é _z > dz
c

if C is the circle |z| = 1?
Ans. 27i.

20. What is the value of
Inz

——dz
(z —2)?
C

if C is the circle |z — 3| = 2?
Ans. mi.

113



Chapter 3
Complex Series and Theory of Residues

q

Check for
updates

Series expansions are ubiquitous in science and engineering. In the theory of complex
functions, series expansions play a crucial role because they are the basis for deriving
and using the theory of residues, which provide a powerful method for calculating
both complex contour integrals and some difficult integrals of real variable. Before

the formal development, we will first review a basic geometric series.

3.1 A Basic Geometric Series

Let
S=l+4z++27+ - + 7"

Multiplying by z,
S=z+2+2 4 + 7" + ",

and subtracting the two series
(] _Z)S — ] _Zl‘l+l’

we get

1_n+l
§—_-_%
11—z

Now if |z] < 1, z"t! — 0 as n — oo. Thus, if n goes to infinity,
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and it follows from (3.1) that

1 o]

— 2 3 _ k
i Bk kR R KRR => (3.2)

Clearly, it will diverge for |z| > 1. It is important to remember that this series con-
verges only for |z| < 1. Under this condition, the following alternative series is also
convergent,

11
l+z 1—(=2)

=Y =1+ =+ . (3.3)
k=0

3.2 Taylor Series

Taylor series is perhaps the most familiar series in real variables. Taylor series in
complex variables is even more interesting.

3.2.1 The Complex Taylor Series

In many applications of complex variables, we wish to expand an analytic function
f(z) into a series around a particular point z = zo. We will show that if f(z) is
analytic in the neighborhood of z including the point at z = zg, then f(z) can be
represented as a series of positive powers of (z — zp).
First, let us recall
f@= L Malt, (3.4)

S 2mi Jot—z

where # is the integration variable and it is on the enclosed contour C, inside which
f(z) is analytic. The quantity (z — z¢) can be introduced into the integral through
the identity

1 1 _ 1
t—z (t—2z0)+(z0—2) (I_ZO)<1_z—Zo)
t— 20
It
LTl g, (3.5)
t—20

then by the basic geometric series (3.2)
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1 Z—2 z—z20\° z—2\
L =1+< °>+< °>+(—°) +on (36)
1_z 20 t—20 t—20 I —2o

r—20

Therefore, (3.4) can be written as

Fo = ——¢ L0

2mi clt—2
I ; _ N2 \3
_ L £ @) [H_(z Z0)+<Z Zo) +(z ZO> —|—~--}dt
2wi Jot — 20 t— 20 t— 20 t— 20

=L f(t)dt+[ ! ?gﬂdt}(z—m)
C

27i Jot — 20 2mi (t — z0)?

LI S QP PR S L SR AQ R P I
+[2m.ygc(t_20)3dt:|(z Z0) +|:2mygc(t_20)4dl:|(z 20) .

(3.7)
According to Cauchy’s integral formula and its derivatives
!
Wy L SO
;7 @0 27 fc (t =zt
the above Eq.(3.7) becomes
_ F® (20) 0
f@=), | o @20
U(Z )
= f(z0) + f'(z0)(z — 20) + f > Yz —z0) 24 . (3.8)

This is the well-known Taylor series.

3.2.2 Convergence of Taylor Series

To discuss the convergence of the Taylor series, let us first recall the definition of
singular points.

Singularity. If f(z) is analytic at all points in the neighborhood of z; but is not
differentiable at z;, then z; is called a singular point. We also say that f(z) has a
singularity at z = z,. For example:

has singularities at z = i, —i.
241
sin z . . T 3 Sm
tanz = —— has singularitiesatz = +—, +—, +—, ...
cos zZ 2 2 2
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Fig. 3.1 Radius of
convergence of the Taylor
series. The expansion center
is at zg. The singular point at
s limits the region of
convergence within the
interior of the circle of radius
R

142z
2—-57+6
has singularities at z = +im, +i3w, %i5m,....

has singularities at z = 2, 3.

e+ 1

Radius of Convergence. The Cauchy integral formula of (3.4) is, of course, valid for
all z inside the Contour C, if f(¢) is analytic in and on C. However, in developing the
Taylor series around z = zp, we have used (3.6), which is true only if the condition
of (3.5) is satisfied. This means |z — zo| must be less than |t — zg]|. Since ¢ is on the
contour C as shown in Fig. 3.1, the distance |t — zp| is changing as ¢ is moving around
C. With the contour shown in the figure, the smallest |t — z| is |s — zg| , where s is
the point on C closest to zg. For |z — z¢| to be less than all possible |t — zo|, |z — zol
must be less than |s — zg|. This means the Taylor series of (3.8) is valid only for those
points of z which are inside the circle centered at zo, with a radius R = |s — zp|.

If f(z) is analytic everywhere, we can draw the contour C as large as we want.
Therefore, the Taylor series is convergent in the entire complex plane. However, if
f(z) has a singular point at z = s, then the contour must be so drawn in such a way
that the point z = s is outside of C. In Fig. 3.1, the contour C can be infinitesimally
close to s, but s must not be on or inside C. For such a case, the largest possible
radius of convergence is |s — zg|. Therefore, the radius of convergence of a Taylor
series is equal to the distance between its expansion center and the nearest singular
point.

The discussion above applies equally well to a circular region about the origin,
zo = 0. The Taylor series about the origin

, f"(©0)
f@=fO)+f©Oz+ Tz2+~--
is called the Maclaurin series.
Even in the expansion of a function of a real variable, the radius of convergence
is equally important. To illustrate, consider
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=1-2+7' =0 ...

f@ = 1422

This series converges throughout the interior of the largest circle around the origin
in which f(z) is analytic. Now, f(z) has two singular points at z = +i, and even
though one may be concerned solely with real values of z, for which 1/(1 + x2)
is everywhere infinitely differentiable with respect to x, these singularities in the
complex plane set an inescapable limit to the interval of convergence on the x-axis.
Since the distance between the expansion center at z = 0 and the nearest singular
point, i or —i is |[i — 0| = 1, the radius of convergence is equal to one. The series is
convergent only inside the circle of radius 1, centered at origin. Thus, the interval of
convergence on the x-axis is between x = %1. In other words, the Maclaurin series

1 2 4 6
1+x2:1_x +xT=x"- -

and its derivatives of all orders are

2
X

well defined along the real axis x. Now if we expand the real function 1/(1 + x?) into
Taylor series around x = xp, then the radius of convergence is equal to |i — xo| =

J1I4+ xg. This means that this series will converge only in the interval between

x=x0—+/1+x3and x = xp+,/1+ x3.

1
is valid only for —1 < x < 1, although T

3.2.3 Analytic Continuation

If we know the values of an analytic function in some small region around z(, we
can use the Taylor expansion about zy to find the values of the function in a larger
region. Although the Taylor expansion is valid only inside the circle of radius of
convergence which is determined by the location of the nearest singular point, a
chain of Taylor expansions can be used to determine the function throughout the
entire complex plane except at the singular points of the function. This process is
illustrated in Fig.3.2.

Suppose we know the values around zy and the singular point nearest to zq is So.
The Taylor expansion about z( holds within a circular region of radius |zg — so|. Since
the Taylor expansion gives the values of the function and all its derivatives at every
point in this circle, we can use any point in this circle as the new expansion center. For
example, we may expand another Taylor series about z; as shown in Fig. 3.2. We can
do this because f”" (z;) is known for all n from the first Taylor expansion about z;.
The radius of convergence of this second Taylor series is determined by the distance
from z, to the nearest singular point s;. Continue this way, as indicated in Fig. 3.2, we
can cover the whole complex plane except at the singular points sg, s1, §7 - --. In other
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Fig. 3.2 Analytic
Continuation. A series of
Taylor expansions which
analytically continue a
function originally known in
the region around zg. The
first expansion about z is
valid only inside the circle of
radius |zg — so|, where sq is
the singular point nearest to
z0. The next Taylor
expansion is around z|
which is inside the first
circle. The second Taylor
expansion is limited by the
singular point s, and so on

words, the analytic function everywhere can be constructed from the knowledge of
the function in a small region. This process is called analytic continuation.

An immediate consequence of analytic continuation is the so-called identity the-
orem. It states that if f(z) and g(z) are analytic and f (z) = g (z) along a curve L in
aregion D, then f (z) = g (z) throughout D. We can show this by considering the
analytic function % (z) = f (z) — g (z). If we can show that A (z) is identically zero
throughout the region, then the theorem is proved.

If we choose a point z = zp on L, then we can expand 4 (z) in a Taylor series
about z,

1
h(z) = h(z0) + h' (z0) (z — z0) + Eh// (20) (2 —2z0)* +- -+

which will converge inside the some circle that extends as far as the nearest point
of the boundary of D. But since zg is on L, h (z9) = 0. Furthermore, the derivatives
of h must also be zero if z is approaching zo along L. Since & (z) is analytic, its
derivatives are independent on the way how z is approaching zg, this means

W (z0) =h" (z0) = --- = 0.
Therefore, h (z) = 0 inside the circle. We may now expand on a new point, which

can lie anywhere inside the circle. Thus, by analytic continuation, we may show that
h (z) = 0 throughout the region D.
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3.2.4 Uniqueness of Taylor Series

If there are constants @, (n =0, 1, 2,...) such that
o0

f@=) a,(z—z)"
n=0

is convergent for all points z interior to some circle centered at zg, then this power
series must be the Taylor series, regardless of how those constants are obtained. This
is quite easy to show, since

f@ =ay+a(z—2z0)+ar(z—20)* +as(z—20)° + -,
F(2) = a1 + 2az (z — 20) + 3a3 (z — 20)* + 4aus (z — 20)° - -,
f" @) =2a4+3 2a3(z—z20) +4-3(z — 20>+ - -

clearly

fzo)=ao, f'(z0)=a1, f"(20)=2a, f"(20)=3"2a3,

It follows that {
ay = — " (z0),
n!

which are the Taylor coefficients. Thus, Taylor series is unique. Thus, no matter
how the power series is obtained, if it is convergent in some circular region, it is the
Taylor series. The following examples illustrate some of the techniques of expanding
a function into its Taylor series.

Example 3.2.1 Find the Taylor series about the origin and its radius of convergence
for
(a) sinz, (b) cosz, (c) €.
Solution 3.2.1 (a) Since f (z) = sinz,
f'(z) =cosz, f"(z)=—sinz, f”(z)=—cosz, f*(z)=singz,
Hence,
fO=0, ffO=1, f"©=0, f"©0)=-1, f*(©0) =0,

Thus,
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=1
sinz = Z mf(n) (0) Zn
n=0 "

This series is valid for all z, since sin z is an entire function (analytic for the entire
complex plane).

(b) If f (z) = cosz, then
f'(z) =—sinz, f"(z) =—cosz, f”(z)=sinz, f*(z) =cosz,
fFO=1 fO©=0 f"©=-1 f"©O=0 f'©=1

Therefore,

1, 1,
cosz:l—z—!z +4—!z -

This series is also valid for all z.
(c) For f (z) = €7, then

dn

e =¢ and f™ (0) = 1.
az"

7@ =

It follows
ez—l+z+iz2+iz3+--~~
- 2! 3! '

This series converges for all z, since e® is an entire function.

Example 3.2.2 Find the Taylor series about the origin and its radius of convergence
for

Solution 3.2.2 The singular points of the function are at the zeros of the denominator.

Since cos Z = 0, the singular point nearest to the origin is at z = +Z. Therefore,
2 g p g 2

the Taylor series about the origin is valid for |z| < %. We can find the constants a, of

eZ
=aytaiz+azt +- -

COs

from £ (0), but the repeated differentiations become increasingly tedious. So, we
take the advantage of the fact that the Taylor series for e* and cos z are already known.
Replacing e* and cos z with their respective Taylor series in the equation
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¢ = (ap+ a1z + a2” + asz> + - - -) cos z,

we obtain
1 1 2 1 3 _ 2 3 1 1 2 1 4
+z+51 +§z +~~-—<ao+a1z+a2z +a3z +) ~ 5 +Iz )
Multiplying out and collecting terms, we have
L R +az + L)+ L)+
J— —_ e =q a ar» — —da az — —da =
TR TR 0 1z 275402 37502
Therefore,
_1 _q 11 11
ap =1, a =1, QZ_EQO—E, a3_§al_§a e
It follows that
1+1 ] 1 +1 2
ap = do =1, d3 = 7+ 5d1 = 7.
and
et 2 24 b4
=l4z4+27+-27+--- |zl < 3.
cos z 3 2

Example 3.2.3 Find the Taylor series about z = 2 for
1 1
(@ -, () =.
z z

Solution 3.2.3 (a) The function % has a singular point at z = 0, the distance between
this point and the expansion center is 2. Therefore, the Taylor series about z = 2 is
convergent for |z — 2| < 2 and has the form

1
Z=ao+al(z—2)+a2(z—2)2+....

We can write the function as

1 1 1 1

z 24(z-2) 2]+(z—2>'

2
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7 —

For |z — 2| < 2,

)Y

2

< 1. Therefore, we can use the geometric series (3.3) to

expand

It follows that for |z — 2| < 2

[ ) ) ()

=D E =D G2 s (=)
¢ 8" T 2 '

2 4
(b) Since
1_ d 1
2 dzz
therefore
Lo e oy b Lamapy Laooy
2 a’z24Z g~ 16 - 3 ¢
1 1 3 1
= — -4+ —z-22—=@-2>+ -
i 4(z )+16(z ) 8(Z )+

Example 3.2.4 Find the Taylor series about the origin for

1
TO=

Solution 3.2.4 Since 1+ z — 27> = (1 — z)(1 + 2z), the function f (z) has two
singular points at z = 1 and z = —%. The Taylor series expansion about z = 0 will

be convergent for |z| < % Furthermore,

1 13 2/3

1+z—212_1—z+1+2z

For |z] < 1 and |2z] < 1,

v _ 2, ,3
=l+z+z+z7+----- )
11—z

=1-2z+427 -8 +----- .

142z
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Thus,

1 2
f(Z)=g(1+z+zz+z3+---)+5(1—22+4z2—813+---)
=1—z4+37 =57 +-.

Example 3.2.5 Find the Taylor series about the origin for
f@=In1+2).

Solution 3.2.5 First note that

d1(1+) !
— In ZZ_,
dz 1+z

and

s0
din(l+4z2)=(1—-z+22 -2+ )dz.

Integrating both sides, we have

1, 1
1n(1+z)=z—§z2+§z3+---+k.

The integration constant k = 0, since at z = 0, In(1) = 0. Therefore,

(142 =z—22 412+
n —'__' —Z LR
< Z 22 32

This series converges for |z| < 1, since at z = —1, f (z) is singular.

3.3 Laurent Series

In many applications, it is necessary to expand functions around points at which, or
in the neighborhood of which, the functions are not analytic. The method of Taylor
series is obviously inapplicable in such cases. A new type of series known as Laurent
expansion is required. This series furnishes us with a representation which is valid in
the annular ring bounded by two concentric circles, provided that the function being
expanded is analytic everywhere on and between the two circles.
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Fig. 3.3 Annular region between two circles where the function is analytic and the Laurent series
is valid. Inside the inner circle and outside the outer circle, the function may have singular points

Consider the annulus bounded by two circles of C, and C; with a common center
zo as shown in Fig.3.3a. The function f(z) is analytic inside the annular region;
however, there may be singular points inside the smaller circle or outside the larger
circle. We can apply the Cauchy’s integral formula to the region which is cut up as
shown in Fig. 3.3b. The region is now simply connected and is bounded by the curve
C' = C; + C; + C3 + C4. Cauchy’s integral formula is then

_ LI
f(Z)_Zﬂl C/t_Zdt
_L( FD g [ FD g [ TD f(t)dt>7
2mi \Je, t —z o t—1z at—1z alt—z

where ¢ is on C’ and z is a point inside C’. Now let the gap between C, and C4
shrink to zero, then the integrals along C, and C, will cancel each other, since they
are oriented in the opposite directions, if f (z) is single valued. Furthermore, the
contour C; becomes C, and the contour Cj3 is identical to C; turning the opposite
direction. Therefore,

L0, 1 g0
f(Z) o 2mwi c, t —Zdt 2mi C, t—Zdt,

(3.9
where C, and C; are both traversed in the counterclockwise direction. The negative
sign results because the direction of integration was reversed on C;.

We can introduce z, the common center of C, and C;, as the expansion center.
For the first integral in (3.9) with # on C,, we can write
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1 1 1

t—z t—zo+Zo—Z: (t —z0) — (z — z0)
1

(t_zo)<1_z—Z0>
r—20

Since t is on C, and z is inside C,, as shown in Fig.3.3a,

(3.10)

’
=— <1,
o

Z—20
r—20

Z—20

-1
so we can expand <1 — ) with the geometric series of (3.2), and (3.10)

t— 29

1 1 Z—20 Z—20 Z—20 2
-+ +( )+( )
t—2z t— 20 t— 20 r—20 r—20

3
—l—(ﬂ) e 1, for tonC,. (3.11

t— 20

becomes

For the second integral with ¢ on C; and z is between C, and C;, we can write

I I 1
t—z  z—t Z2—20+20—t
. 1 . 1
B —z0)—(—z20) t—z
(z = 20) = (t = 20) (2 — 20) [1_ o}
Z— 20
Since
1 — 20 ri
=— <1
Z— 20 r

r—20

—1
as shown in Fig.3.3a, we can again expand (1 - ) with the geometric

Z— 20
series, and write

1 1 t—z t—z20\° [(t—20)\"
—=- [1+ °+( °>+< °> +] (3.12)
r—z Z—20 Z—20 Z—20 Z—20

for t on C;.
Putting (3.11) and (3.12) into (3.9), we have

f@) =g, + I,
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where
1 t - —20\? —20\°
Iey = —— f()[l+z zo+<z zo> +<z zo>+ ..... i|dt
2mi Je, t =20 t—20 t—2z0 t—20
1 §i0) 1 yg f(@)
= — dt — dt -
2mi c,t—20 + (271i c, (t— 20)2 (z = z0)

RS [ R Lyg f® 203+
+(27Ti ?gcn (t—zo)3dt) (@ =z0) +(2m’ c, (t—zo)4dt> (€ =200+,

and
2 3
Ic,-zi. @) [1+z—zo+<t—zo) +<t—z0) b ]dr
27 ¢, 2= 20 Z—20 Z—20 Z—20
1 1 1 1
= (2—7” 72 f(t)dt) - + <2—m f;} f(t)(t—zo)dt> m
+ L‘(f f(t)(t—z)zdt ;_’_ ..........
27i Je 0 (z —z20)° .

Therefore, in the region between C; and Cy, f(z) can be expressed as

f@) = Zan(z —z20)" + Z

"z - zo)k’

where

1 J@

a, — — - v -
" 2w c, (t— Z0)"H!

by = if f ()@ —z9)"dr.
2mi C;

Because of the principle of deformation of contours, we can replace both C; and
Cy by a closed contour C between C; and C, without changing the values of the
integrals. Thus, we can write this series as

f@ =) az—z0)",
with | £
a, = % fé Wdt (3.13)

This expansion is known as the Laurent series which contains both negative and
positive powers of (z — zp).
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It should be noted that the coefficients of positive powers of (z — zg) cannot be
replaced by the derivative expressions, since f(z) is not analytic inside C. However,
if there is no singular point inside C;, then these coefficients can indeed be replaced
by £ (z0)/n!, at the same time the coefficients of the negative powers of (z — 7o) are
identically equal to zero by the Cauchy theorem, since f(¢)(t — zo) ™"~ ! forn < —1
are analytic inside C. In such a case, the Laurent expansion reduces to the Taylor
expansion.

3.3.1 Uniqueness of Laurent Series

Just as Taylor series, Laurent series is unique. If a series

(o]

> an(z—ZO)”=Z(Zi—;0)n+;an(z—20)”

n=—00 n=1

converges to f (z) at all points in some annular domain about zg, then regardless
how the constants a, are obtained, the series is the Laurent expansion for f (z) in
powers of (z — zp) for that domain. This statement is proved if we can show that

1 f @

=—¢ —L——ar 3.14
2wi c (t_ZO)nH ( )

n

We now show that this is indeed the case. Let g, () be defined as

1 1
1) = —_—
8k (1) 271 (1 — 2

where k is an integer, either positive or negative, or zero. Furthermore, let C be a
circle inside the annulus centered at zo and taken in the counterclockwise direction,
SO

1
fansoia=_¢ L0 a (3.15)
c c )

2mi (t — 20
Now if f (¢) is expressible as

oo

f@O=Y at—z)",

n=—0o0

then
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n=—0o0

1 1 = .
igk(t)f(t)dtzﬁ CW(Z an(t—ZO)>dt
B SR g —
"2mi Jo (t — zo) !

n=—oo

The last integral can be easily evaluated by setting t — zo = re'?, so dt = ire'’d6

and
1 4 m ire' »
o (t — )" t= ) rkentleitkntDo

. 2
= / G0 = 2705, ={ 0 n#k 316
0

rkfn 2ni n=k
Thus,

> 1
fcgk ) f()dt = n;ooa,,%zmank = q. (3.17)

It follows from (3.15) that

1 f @

Since k is an arbitrary integer, (3.14) must hold.

Thus, no matter how the expansion is obtained, as long as it is valid in the specified
annular domain, it is the Laurent series. This enables us to determine the Laurent
coefficients with elementary techniques, as illustrated in the following examples.
The integral representations of the Laurent coefficients (3.18) are important, not as
means of finding the coefficients, but as means of using the coefficients to evaluate
these integrals. We will elaborate this aspect of the Laurent series in the following
sections on the theory of residues.

Example 3.3.1 Find the Laurent series about z = 0 for the function

f(z) =e'~

Solution 3.3.1 Since f (z) is analytic for all z, except for z = 0, the expansion of
f (z) about z = 0 will be a Laurent series valid in the annulus 0 < |z| < oo. To
obtain the expansion, let % = t, and note

1 1
r_ Sty a3
e _l+t+2!t +3!t +
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oy by ] 12+1 13+
oz 21\z 3t \z

Example 3.3.2 Find all possible Laurent expansions about z = 0 of

Therefore,

14272
B +75

f@=

and specify the regions in which they are valid.

Solution 3.3.2 By setting the denominator to zero z° +z° = z* (1 +z2) = 0, We
get three singular points, z = 0, and z = +i. They are shown in Fig. 3.4. Therefore,
we can expand the function about z = 0 in two different Laurent series, one is valid
for the region 0 < |z| < 1 as shown in (a), the other is valid in the region |z| > 1 as
shown in (b).

The function can be written as

£ @ 1+222 14222 200+H) -1 1( 1 )

) = = = = — —_— .
P2+ P+ 2(1+2%) Z3 1422

In the case of (a), |z|] < 1,s01s |z2| < 1. We can use the geometric series to express

1

=1-224+ -2+

1422

(b)

Fig. 3.4 If the function has three singular points at z = 0 and z = =i, then the function can
be expanded into two different Laurent series about z = 0. a One series is valid in the region
0 < |z| < 1, b the other series is valid in the the region 1 < |z|
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132
Therefore,
1 2, .4 6
f(z)=§(2—[l—z +=2+])
11 s
==+-—z+27+---, for O0<|z| <l
Pz

z2| > 1, we first write

In the case of (b),
1 1
I+22 2(1+2%)

Since ]le] < 1, again we can use the geometric series

NN B N BN
(1+%) 2 & 2
Thus,
1 1 11
f(Z)—Z—3 2—2—2 l—Z—2+Z—4—Z—6+"'
2 1+1 1+ 7 2> 1
== =4+ =——=+4---, or |Z| > 1.
#? 7 2

Example 3.3.3 Find the Laurent series expansion of
1
f&D=55"17 3.2

valid in each of the shaded regions shown in Fig.3.5.
Solution 3.3.3 First, we note that z2 — 37 + 2 = (z — 2)(z — 1), so the function has
two singular points at z = 2 and z = 1. Taking the partial fraction, we have
@) = 5— 1
Z — =
2?2=3z+2 (z-2)(z—1)
1 1

Tz=2 z-1

(a) In this case, we have to expand around z = 0, so we are seeking a series in the

form of
o0
f@= ) a".

n=—0oQ
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@ (b)

7 1

(© (d)

Fig. 3.5 The function with two singular points at z = 1 and z = 2 can be expanded into different
Laurent series in different regions: a expanded about z = 0 valid in the region 1 < [z] <2, b
expanded about z = 0 valid in the region 2 < |z|, ¢ expanded about z = 1 valid in the region
0 < |z—1| < 1, d expanded z = 2 valid in the region 1 < |z — 2|

The values of |z| between the two circles are such that 1 < |z| < 2. To make use of
the basic geometric series, we write

1 1

Since |z/2] < 1, so

As for the second fraction, we note that |z| > 1, so |1/z] < 1. Therefore, we write
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Il
|
2| =
1
—_
N | =
_|_
7N
2| =
N———"
(5]
+
N
2| =
N———"
w
+
| |

(b) Again the expansion center is at the origin, but in region (b) |z| > 2. So, we
expand the first fraction as

Il
N = 2|
[
_l’_
S
+
N
(NS
N———"
(3]
+
7N
AR
SN———"
(98]
+
| I

Note that the expansion of the second fraction we worked out in part (a) is still valid
in this case

Thus, the Laurent series in region (b) is the sum of these two expressions

1 1

f(z)=z_2—z_1
1 3 7
:Z—2+Z—3+Z—4+ .....

(c) In this region, we are expanding around z = 1, so we are seeking a series of the

form
o0

f@ =) az=D"

n=—0o0
Since in this region 0 < |z — 1| < 1, so we choose to write the function as

1 1 1

S e TG Dlc-H-1 G-DI-G-DI
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and use the geometric series for

1

N —_ — 2 — 3
oo = e e D D

Therefore, the desired Laurent series valid in region (c) is

f@) =~ I+G=D+GE=-1D+G—1)7+--)

1
(z—1
_ 1 —1l—-@GZ-D—=@E=-D>=---..
e 2z Z .

(d) In this region, we are seeking an expansion about z = 2 in form of

o]

f@ =) az=2"

n=—00

that is valid for |z — 2| > 1. So, we choose to write the function as

1 1 1
f(z) = = = .
—D(z—2 —2)+11(z—2 1
=DE=-2 [G-2+1E-2) (1_2)2[1 + }
z2—2
Since < 1, we can use the geometric series for
7 —

[1+ 1}1—1— Lt L,
=21 (z—2) (z—=2? (z-2)

Therefore, the desired Laurent series valid in region (d) is

1 1 1 1
ro=—m(-cr ey et )
1 1 1 1
DR RCE e U LR
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3.4 Theory of Residues

3.4.1 Zeros and Poles

Zeros. If f (zo) = 0, then the point z¢ is said to be a zero of the function f (z). If
f (z) is analytic at zp, then we can expand it in a Taylor series

f@)= Zan(z—zo)" =ag+ai(z—20) +ar(z —z0)* + - - -.

n=0

Since zg is a zero of the function, clearly ap = 0. If @ # 0, then z; is said to be a
simple zero. If both ag and a; are zero and a, # 0, then zg is a zero of order two,
and so on.

If f (z) has a zero of order m at z¢, thatis, ag, ay, . . . a,,—1 are all zero and a,, # 0,
then f (z) can be written as

f@D=z—-z20"¢g @),

where
8 (Z) =da, + Am+1 (Z - ZO) + am+2(z - ZO)2 + -

It is clear that g (z) is analytic (therefore continuous) at zg, and g (z9) = a,, # 0. It
follows that in the immediate neighborhood of z, there is no other zero, because
g (z) cannot suddenly drop to zero, since it is continuous. Therefore, there exists a
disk of finite radius § surrounds zp, within which g (z) # 0. In other words,

f@#0 for 0<|z—1z <.
In this sense, zg is said to be an isolated zero of f (z).

Isolated Singularities. As we recall, a singularity of a function f (z) is a point at
which f (z) is not analytic. A point at which f (z) is analytic is called a regular point.
A point z is said to be an isolated singularity of f (z) if there exists a neighborhood
of zp in which zj is the only singular point of f (z). For example, a rational function
P (2) /O (2), (the ratio of two polynomials), is analytic everywhere except at zeros
of Q (z).If all the zeros of Q (z) are isolated, then all the singularities of P (z) /Q (z)
are isolated.

Poles. If f(z) has anisolated singular point at z(, then in the immediate neighborhood
of zg, f (2) can be expanded in a Laurent series

a_l a_z a_3 o ..
(z—2) (z—2z20> @—z2)

f@ =) az—z2)"+

n=0
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The portion of the series involving negative powers of (z — zg) is called the principal
part of f (z) at zo. If the principal part contains at least one nonzero term but the
number of such terms are finite, then there exists an integer m such that

a_y, 75 0 and A_(m+1) = A—(m+42) =+ = 0.

That is, the expansion takes the form

a_q n a_p a_,
(z—20)  (z—20)° (z—z0)™’

f@ =) anz—20)"+
n=0

where a_,, # 0. In this case, the isolated singular point z is called a pole of order
m. A pole of order one is usually referred to as a simple pole.

If an infinite number of coefficients of negative powers are nonzero, then zg is
called an essential singular point.

3.4.2 Definition of the Residue

If zo is an isolated singular point of f (z), then the function f(z) is analytic in the
neighborhood of z = z( with the exception of the point z = zj itself. In the immediate
neighborhood of zy, f(z) can be expanded in a Laurent series

[ee]

f@) = Z an(z —z0)". (3.19)

n=—0o0

The coefficients a, are expressed in terms of contour integrals of (3.13). Among the
coefficients, a_; is of particular interest,

ay = — 7§ f@)dz, (3.20)
2mi C

where C is a closed contour in the counterclockwise direction around zg. It is the
coefficient of (z — zg) ™' term in the expansion, and is called the residue of f (z)
at the isolated singular point zo. We emphasize once again, for a_; of (3.20) to be
called the residue at z, the closed contour C must not contain any singularity other
than zo. We shall denote this residue as

a_; = Res,—, [f (2)].

The reason for the name “residue” is that if we integrate the Laurent series term
by term over a circular contour, the only term which survives the integration process
is the a_; term. This follows from (3.19) that
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ff @dz= ) a y{(z — 20)"dz.

n=—0o0

These integrals can be easily evaluated by setting z — zo = re'’ and dz = ire'?d®,

2w
%(Z —z0)"'dz = f i HlgintDe g { 0 n#-1
0

2wi n=—1.

Thus, only the term with n = —1 is left. The coefficient of this term is called the

residue, .
—.}Igf(z)dz =a.
2mi

3.4.3 Methods of Finding Residues

Residues are defined in (3.20). In some cases, we can carry out this integral directly.
However, in general, residues can be found by much easier methods. It is because of
these methods, residues are so useful.

Laurent Series. If it is easy to write down the Laurent series for f (z) about z =
zo that is valid in the immediate neighborhood of z, then the residue is just the
coefficient a_; of the term 1/ (z — zp). For example,

3
f@=——

z—2
is already in the form of a Laurent series about z = 2 with a_; = 3 and a,, = 0 for
n # —1. Therefore, the residue at 2 is simply 3.

It is also easy to find the residue of exp (&) at z = 0, since

1 11 11
/22 _ 44—
R P T
There is no 1/z term, therefore the residue is equal to zero.

Simple Pole. Suppose that f(z) has a simple, or first-order, pole at z = z¢, so we

can write
a

f@)= ——+ay+arz—z0)+ - -
Z— 20

If we multiply this identity by (z — zo), we get

(z—z20)f(x) =a_i +ao(z —2z20) +ai(z —z0)> + - - -
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Now if we let z approach zo, we obtain for the residue
a-y = lim(z — zo) f (2).
Z—a

For example, if
4 -3z

TO= e

the residue at z = 0 is

. 4 -3z 4 -2
€8:=0 f(Z) Q Z(Z_ ])(Z_z) (_])(_2) -

the residue at z = 1 is

Res._y [f ()] = lim(z — 1)—— =32 _ 473 _
= T Y e T he—2 1y

and the residue at z = 2 is

4 -3z _4-6_
2z—-D@E-2) 2(0)

Res;= [f ()] = lim(z —2)

These results can also be understood in terms of partial fractions. It can be readily

verified that
Flo) = 4 -3z 2 n —1 n —1
TE I Y} Sl ey P

Intheregion |z| < 1, both — and — are analytic. Therefore, they can be expressed
in terms of Taylor series, Wthh has no negative power terms. Thus, the Laurent series
of f (z) about z = 0 in the region 0 < |z| < 1 is of the form

f@@)= —+ao+alz+azz + -

It is seen that a_; comes solely from the first term. Therefore, the residue at z = 0
must equal to 2.

Similarly, the Laurent series of f(z) aboutz = 1 intheregion0 < |z — 1| < 1is
of the form

fl@)= —11 +a+az—D+a(z— D>+

Hence a 1 is equal to —1. For the same reason, the residue at z = 2 comes from the
term ——;, and is clearly equal to —1.
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Multiple Order Pole. If f(z) has a third-order pole at z = z, then

a_j a_p a—i
(z—2z0% (@—z20? z—20

f2)= +ag+ai(z—2z0)+---.

To obtain the residue a_;, we must multiply this identity by (z — a)?
(z— 20’ f(Q) =a_3+as(z—2z0) +a-1(z—20)* +ao(z —20)° + -,

and differentiate twice with respect to z

%[(z — 20 f ()] = a_s +2a_1(z — 20) + 3ao(z — 20)* +

2
— =20’ f@]1=2a1+32a0(z—z0) +- - -
dz

Next, we let z approach zg

2

d
lim a2 [(z — 20)* f(2)] = 2a_4,

and finally, divide it by 2,

1 d?
— lim —[(Z —20°f(@)] =a_;.

22>z0d

Thus, if f(z) has a pole of order m at z = z, then the residue of f(z) at z = zo
is

1 dm—l "
Res.oq, [f ) = o= lim 2= [ = )" f @)
For example,
1
@)=—""77
/ z(z—2)*
clearly has a fourth-order pole at z = 2. Thus,
R @1 = L iim L - 2y ]
es:= [f (@] = 37 lim 71 G2
1 A1 1. (=D)(=2)(=3) 1
= — ——=—-lim— = ——
6:>2dz3 7 62 4 16

To check this result, we can expand f (z) in a Laurent series about z = 2 in the
region 0 < |z — 2| < 2. For this purpose, let us write f (z) as
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1 1 1 !
1@-2F -2 R2+Ge-2] 2@-2*(1+52)

o

f@=

Since ]%] < 1, so we have

1
f<z>=z<z_z)4[ ()
+

[ !
2(z-2* 4(z—2) 8(z—2) 16(2—2)

L

It is seen that the coefficient of the (z — 2) ™! is indeed — 16"

Derivative of the Denominator. If p(z) and g(z) are analytic functions, and ¢ (z)
has a simple zero at zp and p(zp) # 0, then

26

1=

has a simple pole at zo. As ¢g(z) is analytic, so it can be expressed as a Taylor series
about z

9(2) = q (20) + ¢ (20)(z — 20) + 2 SO) (z—20)%- -
But it has a zero at zg, so g(z9) = 0, and
/ q,/(Zo) 2
q(z) = q'(z0)(z — z0) + (z—z0)" -

Since f(z) has a simple pole at zy, its residue at z is

Res,—;, [f (2)] = lim (z — zo)&
=20 q(2)
. p(2)
= 1 — ~
L Z0)4’(20)(1 —z0) + L (2 — zg)2 - -
_ P(z0)
q'(z0)

This formula is very often the most efficient way of finding the residue.
For example, the function

f@)= 4+4

has four simple poles, located at the zeros of the denominator
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F+4=0.
The four roots of this equation are

2= ﬁeiﬂ/4 =1 + i, = \/iei(ﬂ/4+ﬂ/2) =_1 4 i,
5= ﬁei(n/4+rf) =—1—i 4= ﬁei(n/4+3n/2) - 1—i

The residues at z;, z, z3 and z4 are

L —lim = = lim —
27 (24 + 4) 2>z 47 =171 47

. 1 1 1.
lim — = — =l
>+ 422 4 (1 +10) 8

Il
5

Res,—;, [f ()]

11,

Res.—, [f (@] =

lim —=—7-—-=5=-i
>+ 422 4 (—=140)> 8
R Lf (@] li : :
es;— = m —_—= s = — =1,
e a2 T s C1—i? 8
R [f (@] li : :
es,— = m —=-——== .
=u I ) 42 4(1—i) 8
It can be readily verified that

z  —i/8 i/8 —i/8 i/8
#4472 —(+0) z—(=14+i) z—(=1—-0i) z—>0=-i)

Therefore, the calculated residues must be correct.

3.4.4 Cauchy’s Residue Theorem

Consider a simple closed curve C containing in its interior a number of isolated
singular points, 71, 22, ..., of a function f(z). If around each singular point we draw
a circle so small that it encloses no other singular points as shown in Fig. 3.6, so f(z)
is analytic in the region between C and these small circles. Then introducing cuts
as in the proof of Laurent series, we find by the Cauchy theorem that the integral
around C counterclockwise plus the integral around the small circles clockwise is
zero, since the integrals along the cuts cancel. Thus,

1
2mi

yﬁ F@)dz — i.f FQdit- - —— & Fydz=o0.
c 2mi Je, 2mi

Cy
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Fig. 3.6 The circles

Cy, Ca, ..., Cy enclosing,
respectively, the singular
points z1, z2, . . ., zy Within
a simple closed curve

where all integrals are counterclockwise, the minus sign is to account for the clock-
wise direction of the small circles. It follows that

L,?gf(z)dz=L.}€ f(z)dz+~--+i_y§ f(z)dz.
2mi Je 2mi Je, 2ni Je,

The integrals on the right are, by definition, just the residues of f(z) at the various
isolated singularities within C. Hence, we have established the important residue
theorem:

If there are n number of singular points of f(z) inside the contour C, then

f f(2)dz =2mi {Res.—;, [ f (2)] + Res.—,[ f ()] + - - -Res.—, [ f ()]} .
Cc

(3.21)
This theorem is known as Cauchy’s residue theorem or just the residue theorem.

3.4.5 Second Residue Theorem

If the number of singular points inside the enclosed contour C is too large, or there are
nonisolated singular points interior in C, it will be difficult to carry out the contour
integration with the Cauchy’s residue theorem. For such cases, there is another residue
theorem that is more efficient.

Suppose f (z) has many singular points in C and no singular point outside of C,
as shown in Fig.3.7.

If we want to evaluate the integral fc f (z) dz, we can first construct a circular
contour Cy outside of C, centered at the origin with a radius R. Then by the principle
of deformation of contours,

}g f@dz =7€ f@dz.
C Cr
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Fig. 3.7 If the number of
singularities enclosed in C is
too large, then it is more
convenient to replace the
contour C with a large
circular contour Cg centered
at the origin

Now if we expand f (z) in terms of Laurent series about z = 0 in the region |z| > R,

3

a_
f@=

a_p a_ 2
+Z—2+7+ao+alz+azz +-

the coefficient a_; is given by the integral

1
a1=-—¢ f(dz.
2mi Cr

Note that a_; in this equation is not the residue of f (z) about z = 0, because the
series is not valid in the immediate neighborhood of z = 0. However, if we change
zto 1/z, then

1 a, a
f<g)=~~~a3z3+a2z2+a1z+ao+?l+z—§+~--

is convergent for |z| < 1/R. Itis seen that a_, is the residue at z = 0 of the function
Ziz f (%) since

1 1 a_ a a
—2f<—)=-.-a_3z+a_2+—'+—(2’+—;+~-~
Z Z Z Zz Z

is a Laurent series valid in the region 0 < |z| < %. Hence, we arrived at the following
theorem.
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If f(z) is analytic everywhere except for a number of singular points interior to
a positive oriented closed contour C, then

% f(z)dz =2miRes.— |:l2f (l>:| .
c 27\ 7

Example 3.4.1 Evaluate the integal fc f (z)dz for

5z -2
2(z—1)’

f@) =

where C is along the circle |z| = 2 in the counterclockwise direction. (a) Use the
Cauchy residue theorem. (b) Use the second residue theorem.

Solution 3.4.1 (a) The function has two simple poles at z =0, z = 1. Both lie
within the circle |z| = 2. So

f f (@) dz =2mi{Res,—ol f (2)] + Res=i[f (2)]}.
c

Since
5z -2 -2
R — = 1 = — =
es;=olf (2)] Z%ZZ(Z— D= ,
Resealf @] = lim(z — 22 =2
— = 11m —_ = - = ,
eS;—1| Z s < -1 ]
thus

f f(2)dz =2mi 2+ 3) = 107i.
C

If C is in the clockwise direction, the answer would be —107i.

(b) According to the second residue theorem,

?{ f(z)dz =2miRes.—o |:l2f (l>i| .
c 27\ 7

f<l>_ 5/z—-2 _(5-22)z
z)  1z(l)z—1) 1—-z

lf(l)_ 5-2z
27 \z) z(-2)

Now
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which has a simple pole at z = 0. Thus,
1 1 5—-2z 5
R — — — = ] —_— - 5
€5z=0 |:sz<2)] ZE%ZZ(I—Z) 1

% f(@dz =2mi-5=10mi.
c

Therefore,

Not surprisingly, this is the same result obtained in (a).

Example 3.4.2 Find the value of the integral

%‘ dz
cB@+4

taken counterclockwise around the circle (a) |z| =2, (b) |z +2| = 3.

Solution 3.4.2 (a) The function has a third order pole at z = 0 and a simple pole at
z = —4. Only z = 0 is inside the circle |z| = 2. Therefore,

d
fé ﬁ = 27iRes,—o[ f (2)].

For the third-order pole,

Resecolf ()] = = I Lo ! D im 2 L
_ — im —— = - lim--——- = .
Gt TN 02 T+ 200 +4)° 64

Therefore,
f]g dz 1 T,
—_— =27i— = —i.
c2(z+4) 64 32
(b) For the circle |z + 2| = 3, the center is at z = —2 and the radius is 3. Both

singular points are inside the circle. Thus,

d
?gc Ti@ = 2mi {Res.—o[ f (2)] + Res.— 4l f ()]}

Since
1 1 1

Datd (-4 64

Res,— _4[f (2)] = l_i)n_l4 (z+4)
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SO

d 1 1
f—zzzni —__lt_o
c 2 (z+4) 64 64

Example 3.4.3 Find the value of the integral

% tan wzdz
c

taken counterclockwise around the unit circle |z| = 1.

Solution 3.4.3 Since

sinz
f@)=tanmz = ,
coSmZ
and 1
cos n2 =0, for n=----2,-1,0,1,2--,

therefore z = (2n 4 1)/2 are zeros of cos 7w z. Expanding cos 7z about any of these
zeros in Taylor series, one can readily see that f (z) has a simple pole at each of
1

these singular points. Among them, z = % and z = — 3 are inside |z| = 1. Hence

7{ tanwzdz = 27i {Res.—1 o[ f (2)] + Res.—_12[f (D)1} .
C

The simplest way to find these residues is by the “derivative of the denominator”
method,

sinwz sinz 1

Res—1plf (D] = | ——— = -,

(cosmz) =1 —msinmwz [ _1 T
sin Tz sin Tz 1
Res.—iplf @Dl = | —— A __1
(cosmz) |,_ 1 —msinmz|,_ ) p

=1 =1
Therefore,

1 1
f tanwzdz = 2mwi {__ _ _} — _4.
c T 7

Example 3.4.4 Evaluate the integal ¢, f (z) dz for

f(2) =z%exp <l> ,
z

where C is counterclockwise around the unit circle |z| = 1.
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Solution 3.4.4 The function f (z) has an essential singularity at z = 0. Thus,

% 2 exp <l) dz = 2miRes,—o[ f (2)].
C Z

The residue is simply the coefficient of the z~! term in the Laurent series about

z=0,
2 1 ) 1 11 11 11
zZ7expl - )=z l+—+——+——+—— -
z Z 3173 4174
_ 1 1 1 11
Z +7Z+ = +§_+IZ_2+
Therefore, | |
Res.—ol f (2)] = ; = 6
Hence,

f 2 ex ! d 271'1 s
- =2wi— = —I.
Cz p s z 6 3

Example 3.4.5 Evaluate the integal fc f (z)dz for

f@)=

)

ZIOO + 1
where C is counterclockwise around the circle |z| = 2.

Solution 3.4.5 There are 100 singular points located on the circumference of the
unit circle |z| = 1 and an essential singular point at z = 0. Obviously, the second
residue theorem is more convenient. That is,

% f(z)dz =2miRes.— |:l2f (l>i| .
c 27\

Now
f (1) _ (/7 exp(z) _ zexp(2)
) (141 140
if (1)_ exp (z)
227 \z z(1 +z100)°
So

1
Res.—o |:—2f

Z

1 . exp (z)
-)=limz———— =1
Z z—0 Z(l + ZIOO)
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Therefore,

99 1
z77exp;
f —pde = 27i.
c 7'%0+1

Example 3.4.6 (a) Show that if z = 1 and z = 2 are inside the closed contour C,

then 1
f——————ﬁ:o
cz—=1D(z-2)

(b) Show that if all the singular points sy, sz, ..., s, of the following function:

1

(z—=s)(@—s52)--(2—5n0)

f@=

are inside the closed contour C, then

I=¢f(z)dz=0.
c

Solution 3.4.6 (a) Taking partial fraction, we have

1 _ 4 . B
z-D@E-2 -1 (-2)

So
bt f A f Lo
cc-De-0" T - T e-"
=27i(A+ B).
Since
A N B A@E-2)+B(i—-1) (A+B)z—(2A+B)
-1 (-2  (-DE-2 = (@-D@E-2
and
(A+B)z—(2A+B) 1
z-D@E-2  @-DE-2)
it follows that
A+ B =0.

Therefore,

P
cz=1(z-2)
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(b) The partial fraction of f (z) is of the form

1 L S - TR
(z—s)(@E—5) - (@—s) (@—s) (z—5) (z—s0)

Therefore,

%f(z)dz='¢ n dz+y§ 2 dz+--~+y§ LI N
c c (z—1s1) c (z—52) c (z—s,)
=2mwi(ri+r+---+r,).

Now
noo L o it 4r) T
(z—s1) (z—s5) (z—s0)  (Z—s)(@—s) - (@—s)
and
(r1+r2+-~~+rn)z”’1+--~-_ 1
Z—s)@—s5) - @—s) (@—s)@E—s) - (Z—s)

Since the numerator of the right-hand side has no z"~' term, therefore
(r1+72+"'+rn):07

and

f ! dz =0.
c@Z—=s)(@—s52) - (2—58n)

3.5 Evaluation of Real Integrals with Residues

A very surprising fact is that we can use the residue theorem to evaluate integrals
of real variable. For certain classes of complicated real integrals, residue theorem
offers a simple and elegant way of carrying out the integration.

3.5.1 |Integrals of Trigonometric Functions

Let us consider the integral of the type

2
I:/ F(cos®,sin6)d6.
0
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If we make the substitution

. d .
z=eé", ﬁ:ie‘(’:iz,
then
0 1( i0 4 7[9) 1 4 1
cosf = —(e e = — -
2 A
1 . ) 1 1
inf = — 0 __ —if — -
sin T (e e ") 2 (Z Z)
and 1
d9 = .—dZ.
iz

The given integral takes the form

d
I =y§ F=,
c 1z

the integration being taken counterclockwise around the unit circle centered at z = 0.
We illustrate this method with the following examples.

Example 3.5.1 Show that

2 d@
0 ﬁ—cos@ B

Solution 3.5.1 With the transformation just discussed, we can write the integral as

I = 2.

"jg dz _% —2dz
C[x/_—é(er%)]iz ci(2—2V2z41)
2 dz

ii(z—ﬁ—l)(z—ﬁﬂ)'

The integrand has two simple poles. The one at /2 + 1 lies outside the unit circle
and is thus of no interest. The one at +/2 — 1 is inside the unit circle, and the residue
at that point is

1 1
R = 1. - \/5 l = ——,
es,_ 51 [f (2] lefrzl_l(z + )(Z O, PRIV, R 3




152 3 Complex Series and Theory of Residues

Thus,

Example 3.5.2 Evaluate the integral

4 do
I=/ —, a>b>0.
o a—bcosé

Solution 3.5.2 Since the integrand is symmetric about & = 7, so we can extend the
integration interval to [0, 2],

1_1/2” do
" 2Jo a—bcosh’

which can be written as an integral around an unit circle in the complex plane

1_17§ 1 dz_?{ 1 dz
2 a—b%(z—f-%)iz_ 2az — b2 —b i’

% 1 dz 17§ 1 J
2az —bz2—b i bi 2-2z41 @

taking this seemingly trivial step of making the coefficient of z> to be 1 can actually
avoid many pitfalls of what follows. The singular points of the integrand are at the
zeros of the denominator,

Now

2a
2
< bZ

Let z; and z; be the roots of this equation. They are easily found to be

d= eV —P). n=1(aVa ).

1
b b

Since

2 5, 2a
z—z2)z—)=z (@1 +z)t+tzun=z —71—1-1,
it follows that
7122 = 1.

This means that one root must be greater than 1, and the other less than 1. Further-
more, z; < zp, z; must be less than 1 and z, greater than 1. Therefore, only z; is
inside the unit circle. Thus,
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dz .
% e ———— 2miRes;=;, [ f(2)]

1
=27i lim (z — z =2mi ,
Hzl( D (z—z1)(z—22) (z1 — 22)
and
1 b
(z1 —22) 2Ja2—b2
Therefore,

/= 1 2 ( b ) T
i _.
24/ a? — b2 a? — b?

Example 3.5.3 Show that

m 27 (2n)!
/ cos? 0do = Ln)z
0 221 (n!)

Solution 3.5.3 The integral can be written as

2 1 1 2n d 1 2n d
1=/ c032”0d9=f|:—<z+—>1| —Zz_f ZCZn 2n—k az
0 C 2 Z 14 22nl C =0 Zk z

where C,f" are the binomial coefficients

on 2n)!

LT R =R
Carrying out the integration term by term, the only nonvanishing term is the term of
z~!. Since
] 2n 1
C2n 2n—k — C2nZ2n—2k -,

it is clear that the coefficient of z~!

1 2n—1 2n-3 Cr%n 1
I=22”ifc|: +2nz +"'7+"Zzn+1 dz

is given by term with k = n. Thus,

1 Con 2w (20!
= 22ni2nlcﬂ = 22;1(,1!)2 )
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3.5.2 Improper Integrals I: Closing the Contour with a
Semicircle at Infinity

We consider the real integrals of the type

1= /Z f(x)dx.

Such an integral, for which the interval of integration is not finite, is called improper
integral, and it has the meaning

00 R
/ f(X)dx = lim / f(x)dx.
—0 R—o0 J_p

Under certain conditions, this type of integral can be evaluated with the residue
theorem. The idea is to close the contour by adding additional pieces along which
the integral is either zero or some multiple of the original integral along the real axis.

If f(x) is a rational function (i.e. ratio of two polynomials) with no singularity
on the real axis and

lim zf (z) =0,
7—> 00

then it can be shown that the integral along the real axis from —oo to oo is equal to
the integral around a closed contour which consists of (a) the straight line along the
real axis and (b) the semicircle Cy at infinity as shown in Fig. 3.8.

This is so, because with

z=Reé?, dz=iRe%do =izdo,

< Max|f (z)z| 7,

f(@dz
Cr

= ‘f f(z)izd6
0

which goes to zero as R — oo, since lim,_, o, zf (z) = 0. Therefore,

lim f(z)dz=0.
R—o0 Cr

It follows that

oo R
/ f(x)dx = lim |:/ fx)dx + f@ dz:| = % f(@)dz,
—00 R—o0 —R Cr u.h.p

where u.h. p means the entire upper half-plane. As R — o0, all the poles of f (z) in
the upper half-plane will be inside the contour. Hence,
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Fig. 3.8 As R — o0, the
semicircle Cp is at infinity.
The contour consists of the
real axis and Cg encloses the
entire upper half-plane

o0
f f(x)dx = 2mi (sum of residues of f (z) in the upper half-plane) .
—0Q0

By the same token, we can, of course, close the contour in the lower half-plane.
However, in that case, the direction of integration will be clockwise. Therefore,

/ fx)dx = f(@dz

Lh.p
= —2mi (sum of residues of f (z) in the lower half-plane) .

Example 3.5.4 Evaluate the integral

o 1
I =/ LI
oo 1+ x2

Solution 3.5.4 Since

li =0,
zgrolozl +z2

we can evaluate this integral with contour integration. That is
< 1 1
[ aef
—00 I+x u.h.p I+z

f@)=

The singular points of

1422

are at z = i and z = —i. Only z =i is in the upper half-plan. Therefore,
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1

I = 27TiR€SZ:i[f (Z)] =2mi 11_1’)1’}(1 — l)m =T

Now, if we close the contour in the lower half-plane, then

I = -2miRes.—_;i[f (z)] = —2mi lim (z + i)
z——i

’

GC—iDG+i)

which is, of course, the same result.

Example 3.5.5 Show that

/°° 1 T
—dx = —.
| V2

Solution 3.5.5 The four singular points of the function

1
TO=

are e/™/*, e3T/4 5T/ piTT/4 Only two, e™/*, ¢/37/* are in the upper half-plane.
Therefore,

I |
f 2 = 2 ReS —agins L (D] + Rescpiznsilf Q1)
u.h.p.

For problems of this type, it is much easier to find the residue by the method of
p(a)/q’'(a). If we use the method of lim,.,(z — a) f(z), the calculation will be
much more cumbersome. Since

1 1

1 B
Reszzexp(m“)[f (Z)] = [m} » = [4?] o = _¢ 137‘[/4,
z=e'" z=exp(in
1 1 1.
ResZ:exp(i3n/4)[f (Z)] = [4—Z3} — Ze i9m/4 _ Ze lﬂ/4,
z=exp(i3m/4)

SO

/oo 1 dx = 2ri le_ian/zt + le—iﬂ/4
o X1 4 4

T ; T
= Flemt e = meos (3) =

ﬁ.
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3.5.3 Fourier Integral and Jordan’s Lemma

Another very important class of integrals of the form

I = / ~ e f(x)dx

o]

can also be evaluated with the residue theorem. This class is known as the Fourier
integral of f(x). We will show that as long as f (x) has no singularity along the real
axis and
lim f(z) =0, (3.22)
Z—>00

the contour of this integral can be closed with an infinitely large semicircle in the
upper half-plane if k is positive, and in the lower half-plane if k is negative. This
statement is based on the Jordan’s lemma, which states that, under the condition
(3.22),

lim e* f(z2)dz=0

R—o0 Cr

where k is a positive real number and Cy, is the semicircle in the upper half-plane
with infinitely large radius R.

To prove this lemma, we first make the following observation. In Fig.3.9, y =
sinf and y = %6’ are shown together. It is seen that in the interval [0, Z], the curve
y = sin 0 is concave and always lies on or above the straight line y = %9. Therefore,

. 2 T
sinf > —0 for 0<6 < —.
T 2

With
z=Re'” = Rcos® +iRsinf, dz=iRe’do,
Fig. 3.9 Visualization of the y
inequality sin @ > 26/x for
0<6<m/2

y=28/7

y=sin g




158 3 Complex Series and Theory of Residues

we have
/ X f (2)dz| = ‘/ ¢ f (2)iRe’d0| < / "] 1f @I R €| d6.

Cr 0 0

Since
‘eikz’ — |eik(R0050+iRsin9)’ — ‘eichosé" ’e—kRsin()‘ — e—kRsinG
SO
. T .
/ e f (2)dz| < Max |f (2)] Rf e R0 dp.
Cr 0

Using sin (mr — 0) = sin 6, we can write the last integral as
T ) /2 )
/ e—kR Sm@de — 2/ e—kR sm@de‘
0 0
Now, sin6 > %9 in the interval [0, 7 /2], therefore

/2 ) /2 T
2 / e FRsinbge <2 / e FROITdg = — (1 — e *R) . (3.23)

Thus,

/ e f(2)dz| < Max | f (2)] % (1 —e*F).
Cr

As z — 00, R — oo and the right-hand side of the last equation goes to zero, since
lim,_, « f (z) = 0. It follows that

lim e* f(2)dz =0,

—
ZOOCR

and Jordan’s lemma is proved. By virtue of this lemma, the Fourier integral can be
written as

[ee) R
/ e* f(x)dx = lim < / e* f(x)dx + / e* f (2) dz>
—o0 R—00 \J_R Ck

all

f e*f @)dz=2mi ) Run,[e*f (2)].
w.h.p i=1

where > Ry, [¢*% f (z)] means the sum of all residues of %< f (z) in the upper
half-plane.

Note that if k£ is negative, we cannot close the contour in the upper half-plane,
since in (3.23) the factor e ** will blow up. However, in this case we can close
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the contour in the lower half-plane, because integrating from 6 = 0 to 6 = —x will
introduce another minus sign to make the large semicircular integral in the lower
half-plane vanish. Therefore,

all

o0 i=1

where > Ry, [¢7"¥ £ ()] means the sum of all residues of e~"** f (z) in the
lower half-plane. The minus sign is due to the fact that in this case the closed contour
integration is clockwise.

Since sin kx and cos kx are linear combinations of e
of the form

ikx and e~ | the real integrals

/OO coskxf(x)dx and /OO sinkxf (x)dx

[e¢] [e¢]

can be obtained easily from this class of integrals,

/OO coskxf (x)dx = % [/Oc ™ f(x)dx + /oo e"kxf(x)dx} , (324

/ " sin kxf(x)dx = 2_1l [ / h et f (x)dx — / N €_ikxf(x)dx:| . (3.25)

If it is certain that the result of the integration is a finite real value, then we may
write

foo coskxf(x)dx = Rev/‘<>o eik"f(x)dx, (3.26)
/‘00 sinkxf(x)dx = Im/Oo e f(x)dx. 3.27)

These formulae must be used with caution. While (3.24) and (3.25) are always valid,
(3.26) and (3.27) are valid only if there is no imaginary number in f (x).

Example 3.5.6 Evaluate the integral

*° sin
I:/ x,dx.
oo X 1

Solution 3.5.6 There is a simple pole located in the lower half-plane, and

dx

/"o sin x 1 [ e 1 [® e

-dx = — -dx — — :
o X +1 20 J oo x +1i 20 J_ oo x+1
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(2) (b)

Fig. 3.10 Closing the contour with an infinitely large semicircle. a Contour closed in the upper
half-plane, b contour closed in the lower half-plane

To evaluate the first integral in the right-hand side, we must close the contour in the

upper half-plane as shown in Fig. 3.10a.
Since the function is analytic everywhere in the upper half-plane, therefore

00 eix eiz
f fiX:% -dz = 0.
oo X 1 wh.p 21

To evaluate the second integral, we must close the contour in the lower half-plane
as shown in Fig.3.10b. Since there is a simple pole located at z = —i, we have

o0 efix efiz e*iz
f -dx = f -d7 = —2miRes,—_; |: i|
—co X 1 Lhp 211 7+

—iz
e .

- = —2mie L
i

= —2mi lim (z +1i)

—>—1 Z

Thus,

* sinx 1 . T
1=/_ dx = 5[0~ (-2mie)] = .

0o X +1i

Clearly,

o0 eix
I#Im/ -dx,
oo XTI

this is because there is the imaginary number i in the function.

Example 3.5.7 Evaluate the integral

00 1 )
1 =/ e '""dx, w=>0.
oo X2+ 4
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Solution 3.5.7 |
1= f 5 e %z,
Lhp 25+ 4
The only singular point in the lower half-plane is at z = —2i, therefore
) e—iwz
I = —27TZR€SZ:,2,' [m}
—iwz 672{”

—2w

T
— omi i iy— ¢ _r
i G ) e T T T 2

1

T s we shall see in a

This integral happens to be the Fourier transform of
later chapter.

Example 3.5.8 Evaluate the integral

A 00 eiwt
27 J_oo R+ iwL

forbotht > Oand ¢t < 0.
Solution 3.5.8

Al e8] eia)t Al 0 eiwt

1 - —— -
2w il ,ooa)—i%

For t > 0, we can close the contour in the upper half-plane.

A1 eitz

= —— =
2w iL whp 2 =17

dz

The only singular point is located in the upper half-plane at z = i%. Therefore

itz
e A o itim (=i B) 2 A Ak
2w iL ik z—i% L L

For t < 0, we must close the contour in the lower half-plane. Since there is no
singular point in the lower half-plane, the integral is zero. Thus,
A=t
1) = Tet t>0‘
0 <0
For those who are familiar with AC circuits, this integral I (¢) is the current in
a circuit with resistance R and inductance L connected in series under a voltage
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impulse V. A high pulse in a short duration can be expressed as

A > .
V)= 2—/ edw,

T oo

and the impedance of the circuit is Z = R 4+ iwL for the @ component, and the
corresponding current is given by % Thus, the total current is the integral we have
evaluated.

Example 3.5.9 Evaluate the integral

I—/OO xsinx dx
=Lt ®™

Solution 3.5.9
,:/"" ﬂdx:lm/‘” _xer
oo (x2 + 1) oo (x2 + 1)

/oo xeix J % Zeiz J
—ax = —aZ.
—00 (-)C2 + 1) u.h.p (Z2 + 1)

There is only one singular point in the upper half-plane located at z = i. So,

Zeiz Zeiz
————dz=2miRes,—; | ————
75:”) @+ T T [(ZZHJ

27i lim ( ) ze'? ) e T
= 271 I1Im — 1) =nNl— = —1,
N P 2 e

and

Example 3.5.10 (a) Show that

o0

b

I:/ Cos—xdleefha, a>0, b>0.
o x2+4+a? 2a

(b) Use the result of (a) to find the value of

foo cos bx d
———dx.
0 (x2+a2)2
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Solution 3.5.10 (a) Since the integrand is an even function, so
foo cosbxd 1/‘°° cosbxd
——dx = = ———dx.
o xX+4+a? 2 J_ oo X2+ a?

o0 o0 ibx ibz
cos bx e e
/ ﬁdx = Re/ ﬁdx = Re% ﬁdz
o X2 ta X2 ta whp 2 +a

The singular point in the upper half-plane is at z = ia, so

f ezbz J iR ele
———dz =2miRes,—jy | ———
wh.p ZZ +a2 Z2 +a2
eibz ) eib(ia)

= 27i lim (z — ia) —— Y
z—>ia (z—ia)(z+ia) 2ai a

Thus,
o0 b 1
/ Losox dx = —Re <ze’b“) = ie’b".
0o x%4+a? 2 a 2a

(b) Taking derivative of both sides with respect to a,
d /Oo cos bx d (m _,,
— ———dx = — (—e ) ,
da Jo x*+a? da \2a

-2 b - —b
/‘ a cos bx T ~ba n 7 ( )e_b".
0

we have

(x2 4+ a?)? = 2a? 2a

Therefore,

®  cosbx T
———dx=—(1 b)ye.
/(; (x2 + a?)? * 4a3( +ab)e

3.5.4 Improper Integrals I11: Closing the Contour with
Rectangular and Pie-Shaped Contour

If the integrand does not go to zero fast enough on the infinitely large contour Cg,
then the contour cannot be closed with a large semicircle, up or down. For such a
case, there may be other types of closed contours that will enable us to eliminate
all parts of the integral but the desired portion. However, selecting an appropriate
contour requires considerable ingenuity. Here, we present two additional kinds of
contours that are known to be useful.
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Rectangular Contour. If the height of the rectangle can be so chosen that the
integral along the top side of the rectangle is equal to a constant multiple of the
integral along the real axis, then such a contour may be useful for evaluating integrals
whose integrand vanishes as the absolute value of the real variable goes to infinity.
Generally, integrands containing exponential function or hyperbolic functions are
good candidates for this method. Again the method is best illustrated by an example.

Example 3.5.11 Show that

o0 eax T
I = dx = — , for O0<a<1.
oo 1+ €* sinamw

Solution 3.5.11 First, we analytically continue the integrand to the complex plane,

eaZ
1+ e

f@=

The denominator of f (z) is unchanged if z is increased by 27 i, whereas the numer-
ator changes by a factor of ¢>*. Thus, a rectangular contour shown in Fig.3.11 may
be appropriate.

Integrating around the rectangular loop, we have

%f(Z)dZ=J1+Jz+J3+J47

where

idy,

e R
Ni= / / 1+ e)‘ o
L,
2 a(R+zv)
e
L1 0 14kt
R a(x+127r) ) —R e
J3=/ / (+2)dx_€l2ml/ dx,
L} R 1 + elxtricm R 1 + e

0 a( R+iy)
Jy = idy.
! /;3 Z A l+e R+U y

R etx 00 etx
lim J; = lim dx :/ dx =1,
R—o0 R—oo | _p 14 e oo 14 e

) —R etx ) o pax .
lim J3 = lim ¢*™ dx = —€™ dx = —€*"1.
R—00 R—o0 r l+er oo L €*
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Fig. 3.11 A closed
rectangular contour

—R+2ni L, R+27i

L) 4 i hL,

T

-R 0 L, R

)

Furthermore, since }e“<R+iy)| =eR and the minimum value of |1 + eR+i>'| is |1 —eR
hence

aR 2
lim |J;| < lim 27 = lim —— — 0, since a < 1.
R—>00 R—oo|l —e Ro>oo e(1-@)R
Similarly,
—aR
lim |J4] < lim 27 = lim 2mwe *R — 0, since a > 0.
R—o0 R>oo |1l —e R R—o0

Therefore,

az

dz = (1 — Y],

Rh_)n;o 1+ e
Now inside the loop, there is a simple pole at z = i, since
l+ef=1+e"=1-1=0.
By the residue theorem, we have

az az az
% ¢ dz = 2miRes,—i, £ |= 2mi e—/
1 +e? I +e? (I+e) | _in

ima

=2ri—— = —2mie™.
el7T
Thus,
(] _ 612710)[ — —Zﬂielﬂa,
SO )
—2mie'™ —2mi T

I= 1 — ei2na = e—ima _ gina = sinra’
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Pie-shaped Contour. If the integral is from 0 to oo, instead of from —oo to co and
none of the above methods is applicable, then a pie-shaped contour may work. In the
following example, we will illustrate this method with the evaluation of the Fresnel
integrals, which are important in diffraction theory and signal propagation.

Example 3.5.12 Evaluate the Fresnel integrals

I. = / cos (x*)dx, I, = / sin (x%) dx.
0 0

Solution 3.5.12 The two Fresnel integrals are the real and imaginary parts of the
exponential integral,

/ dx = I +il,.
0

We integrate the complex function ¥’ around the pie-shaped contour shown in
Fig.3.12. Since the function is analytic within the closed contour, the loop integral

must be zero,
£ 2
%e’z dz =0.

This loop integral naturally divides into three parts. First, from O to R along the real
x-axis, then along the path of an arc Cg from R to R’. Finally, returning to 0 along
the straight radial line with 6 = 7 /4.

R .2 . 2 0 : 2
/ e dx +/ et dz +/ e*dz=0.
0 Cr '

In the limit of R — oo, the first integral is what we want to find,

Fig. 3.12 A pie-shaped R’
contour. In the complex

plane, R’ is at

z(R) = Rei™/4

/4
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R + 2 o $ 2
lim e dx = e dx.
R—o0 0 0

On the path of the third integral, with z = re® and 8 = /4,

22 = 12 = y26i7/2 = ;2

dz = e"dr = ™ *dr,

so the third integral becomes

(U N 0 . ) R 7
/ evdz = / e ey = —e”’/4/ e " dr.
' R 0

We will now show that the second integral along C is equal to zero in the limit of
R — 00.0On CR

7z = Reé", dz =iRe"do,
722 = R%*'® = R*(cos 26 + i sin 26),

so the second integral can be written as
2 /A . .
/ P dZ — lR/ etR'(cosZéH—l sm29)ez(9d0
Cr 0
/4
— iR/ ei(Rz cos2€+9)efR2 Si“ZOdG.
0

Thus,

4 2
< R/ﬂ/ e—RZSinZOdG — 5 /ﬂ/ e_stin(I)d¢
—Jo 2 Jo

R’ L
/ P dz
R

where ¢ = 26. According to (3.23) of Jordan’s lemma,

/n/Z R2sin¢ T R
e VMdp < — (1 —e" ).
0 2R?

Therefore, it goes to zero as 1/R? for R — oo. With the second integral equal to
zero, we are left with

I 2 . o0 2
/ e dx — e’”/4/ e "dr=0. (3.28)
0 0

Now it is well known that

/Ooe_xzdx = ﬁ
0 2
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To verify this expression, define

o0 2 o0 2
1 =f e Vdx =/ eV dy,
0 0
s 00 " © 00 oo i)
I° = e Vdx e Vdy = e Ydxdy.
0 0 o Jo

In polar coordinates

oo pm/2 0
I? =/ / e"’zpdgodp = z/ e”zpdp = z,
o Jo 2 Jo 4

sol = /m/2.
It follows from (3.28) that

oo oo
.2 . 2 . T T .. T b
/ etx d.x — elﬂ/4/ e r dr — elﬂ/4_ — (COS Z + 1 sin _) —_
0 0

SO

2 4) 2
1 1
=(—+i—>£= T iz
V2 J2) 2 8 8

Therefore,

o0 o0 T
/ cos (x?) dx = / sin (x*) dx = [ <.
0 0 8

3.5.5 Integration Along a Branch Cut

Some integrals of multivalued functions can also be evaluated by Cauchy’s residue
theorem. For example, the integrand of the integral

I=/Oox_°‘f(x)dx
0

is multivalued if « is not an integer. In the complex plane, z~¢ is multivalued because
with z expressed as

7 = rei(9+n2n)

where 7 is an integer, z~* becomes

Z—Ot — e—alnz — e—a(lnr+10+tn2ﬂ)'
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Fig. 3.13 A contour that y
excludes the branch cut
along the positive x-axis

Cr

It is seen that z7* is a multivalued function. For instance, with o« = 1/3,

e—;(lnr+i0) n=0
_1 1 . . 1 . 1 .

7 i=1e ?(lnr+l'6)et'27r/3 — (_E + l\/;)e ?(lnrﬂ'e) n=1

e 3(nr+if) yidw/3 _ (_% _ i\?)efg(lnﬂrze) n=2.
To define z7* as a single-valued function, the angle 6 must be restricted in an interval
of 27 by a branch cut. If we choose the branch cut along the positive x-axis, then our
real integral is an integral along the top of the branch cut. Very often the problem can
be solved with a closed contour as shown in Fig. 3.13, in which the entire branch cut
is excluded from the interior of the contour. Again let us illustrate the method with

an example.

Example 3.5.13 Evaluate the integral

OOx—Ol
I=/ dx, O<a<l.
0 1+X

Solution 3.5.13 Consider the contour integral

Z—ll
dz
yg 1+z
around the closed contour shown in Fig.3.13. Since the branch point at z = 0 and

the entire branch cut are excluded, the only singular point inside this contour is at
z = —1. Therefore,
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2mi

% < dz =2miRes |: < i| = 27i (=)™ = 27ie ™Y =
1+z 14z

elﬂ(!

This integral consists of four parts,

Z—a Z—ot Z_a Z_a —a
f dZZ/ dz+/ dz—f-/ dz+/ < dz.
I+z rl1+z cp 1 +2z r 14z c. 1+z

€

The first integral is along the top of the branch cut with 8 = 0, the second integral
is along the outer large circle with radius R, the third integral is along the bottom
of the branch cut with & = 2, and the fourth integral is along the inner small circle
with radius €.

With z = re?, it is clear that when & = 0 and 6 = 27, r is the same as x. There-
fore,

—o R —a
/ ‘4z =/ t dx,
Iy 1 +z € 1 +x
—a € y—a,i2n(—a) ) R —a
/ < dz =/ Leﬂ”dx = —e_’z”“/ al dx.
r 14z r 1+ xe? e 1+x

On Cg, z = Ré'?,

—a

27 R

)

—a
/Zdz
ce 1+z

where R~ is maximum of the numerator, 1 — R is the minimum of denominator
and 27 R is the length of Cg. As R — oo,

S ‘

1-R

—o
'1 RZ]TR‘ ~R%“—=0, sincea > 0.

Similarly, on C,, z = €e?,

—o

€
< 2me.

Z*C{
dz| <
/Cgl—i—z 1—e€

Ase — 0,

—o

1—¢

2me ~ e

— 0, sincewa < 1.

On taking the limit R — oo and € — 0, we are left with

qut 0 L —a i 00 —a 27ri
dz = dx —e ' dx = —.
1+z o l+x o 14+x ere
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Thus,

00 L—a .
(1 _ e—iZJ'm)/ X dx — 27‘[1 ,
o 14+x erre

and

dx = — ; = — — = — .
14+ x eina (1 _ 6712710() eime _ p—ima sin T

/°° x“ 2mi 2 b4
0

3.5.6 Principal Value and Indented Path Integrals

Sometimes we have to deal with integrals [ f (x) dx whose integrand becomes
infinite at a point x = x in the range of integration

lim f (x) = oco.

X—>X(

In order to make sense of this kind of integral, we define the principal value integral

as
R Xp—¢& R
P/ f(x)dx = lim |:/ f(x)dx +/ f(x)dxi| .
R e=>0] J g x

ote

It is a way to avoid singularity. One integrates within a small distance ¢ of the
singularity in question, skips over the singularity, and begins integrating again at a
distance ¢ beyond the singularity.

When evaluating the integral using the residue theorem, we are not allowed to
have a singularity on the contour, however, with a principal value integrals we can
accommodate simple poles on the contour by deforming the contour so as to avoid
the poles.

The principal value integral

P/oof(x)dx

can be evaluated by the theorem of residue for a function f (z) that satisfies the
asymptotic conditions that we have discussed. That is, either zf (z) — 0 as z — oo,
or f (z) = e™g (z)and g (z) — 0asz — oo. Let us first assume that f (z) has one
simple pole on the real axis at z = x( and is analytic everywhere else. In this case, it
is clear that the closed contour integral around the indented path shown in Fig.3.14
is equal to zero,

jgf(z)dz=07

since the only singular point is outside the contour.
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Fig. 3.14 The closed
contour consists of a large
semicircle Cg in the upper
half plane of radius R, the Cr
line segments from —R to
xo — ¢ and from xg + £to R
along the real axis, and a

y

small semicircle C; of radius Ce
€ above the singular point xg
/‘\ N
-R X, R
The integral can be written as
xXo—& R
%f(z)dz=/ f(x)dx—i—/ f@dz+ f(x)dx—i—/ f(2)dz.
—R C. Xo+e Cgr

In the limitof R — oo, with f (z) satisfying the specified conditions, we have shown

f(@dz=0.
Cr

Furthermore, the two line integrals along the x-axis become the principal value
integral as ¢ — 0,

lir%[/xogf(x)dx+ h f(x)dxi| =P/wf(x)dx.

—00 Xo+¢€

Since f (z) has a simple pole at z = xp, so in the immediate neighborhood of x,
the Laurent series of f (z) has the form

_ 4 - ey
f(Z)_Z—XO—i_;a”(Z x0)" .

On the semicircle C, around xo,
Z—Xg= e, dz=isce%do,
where ¢ is the radius of the semicircle. The integral around C, can thus be written as
0 (a 00
/ f(@dz = / ;,19 + Za,, (se’e)n ice'’do
Ce T ee' n=0

On taking the limit ¢ — 0, every term vanishes except the first. Therefore
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0
lim/ f()dz = / a_1id0 = —ima_; = —iwRes,—,, [ f (2)].
e—0 C. e
It follows that in the limit R — oo and ¢ — O,
%f(z)dzzP/ f(x)dx —imRes[f ()] =0.
—0oQ0

Therefore,

p/oo fx)dx =inRes[f (2)].

Note that to avoid the singular point, we can just as well go below it instead above.
For the semicircle below the x-axis, the direction of integration is counterclockwise,

2
lirr(l)/ f(@dz = f a_1id6 =ima_; = imRes,—,, [ f (2)].
=0 Jc, .

However, in that case, the singular point is inside the closed contour, and the loop
integral is equal to 2ri times the residue at z = xy. So, we have

7§f (2)dz = P/ f@)dx +imRes,—, [f (2)] = 2miRes.—,, [ f (2)].

Not surprisingly, we get the same result,

P/ f)dx =2miRes,—y [ f (2)] — imRes.—y, [ f ()] = im Res.—, [ f (2)].

Now if f (z) has more than one pole on the real axis, (all of them first order),
furthermore, it has other singularities in the upper half-plane, (not necessary first
order), then by the same argument one can show that

oo
P/ fx)dx =mi (Z residues on x axis)
—0o0

+2mi (Z resudues in upper half plane) .

Example 3.5.14 Find the principal value of

o] eix
P/ —dx,
oo X



174 3 Complex Series and Theory of Residues

and use the result to show

* sin x
dx =.
foo X

Solution 3.5.14 The only singular point is at x = 0, therefore

o0 eix eiz eiz
P/ —dx = miRes,— |:—:| =i |:—/] = mi.
oo X z 7 ]
0 pix ® cos x % sinx
P/ —dx:P|:/ dx—}—i/ dx],
oo X oo X oo X
 din 00 ix
P/ ! xdx:Im(P/ e—dx):n.
oo X oo X

We note that x = 0 is actually a removable singularity of sinx/x, since as x — 0,
sinx/x = 1. This means that ¢, instead of approaching zero, can be set equal to
exactly zero. Therefore, the principal value of the integral is the integral itself,

 sin x
dx = m.
oo X

It is instructive to check this result in the following way. Since sin x /x is continu-
ous atx = 0, if we move the path of integration an infinitesimal amount at x = 0, the
value of the integral will not be changed. So let the path go through an infinitesimally
small semicircle C, on top of the point at x = 0. Let us call the indented path the
path from —oo to ¢ along x-axis, followed by C, and then continue from ¢ to co

along the x-axis. Then
* sin x sin z
dx = —dz.
—00 X Indented <

Now let us make use of the identity

Since

therefore

. 1, . .
sinz = 5 (eF—e™),

SO

* sinx 1 e'’ 1 e iz
dx = — Cdr— — dz.
—c0 X 2i Jindentea 2i Jindentea 2
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(a) (b)

Fig. 3.15 a The indented path from —R to R is closed by a large semicircle C;'e' in the upper
half-plane. b The same indented path from — R to R is closed by a large semicircle C in the lower
half-plane

For the first integral in the right-hand side, we can close the contour with an infinitely
large semicircle C}; in the upper half-plane, as shown in Fig. 3.15a. Since the singular
point is outside the closed contour, so the contour integral vanishes,

eiz eiz
/ —dz = f dz =0.
Indented < wh.p %

For the second indented path integral, we cannot close the contour in the upper
half-plane because of e~2, so we have to close the contour in the lower half-plane
with C,, as shown in Fig.3.15b. In this case, the singular point at z = 0 is inside
the contour, therefore

e iz ez ) eiz )
/ dz = % dz = —2miRes,—g = —2mi.
Indented < Lhp < <

The minus sign accounts for the clockwise direction. It follows that

0 i 1 1
/ smxdx:—,O——,(—27'ri)=7‘(,
_ 21 2i

o X

which is the same as we obtained before.
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Exercises

1. Expand
z—1

z+1

f@) =

in a Taylor’s series (a) around z = 0 and (b) around the point z = 1. Determine the
radius of convergence of each series.
Ans:(a) f(z) =—14+27 22423 —... ... Lzl <1
b) f@=3G-D=3@-1D+3c—1)P—F—D* - [z—1]<
2.
2. Find the Taylor series expansion about the origin and the radius of convergence
for

(a) f(z) =sinz, (b) f(z) =cosz,

1
(©) f)=¢, d f@)=——70-
(1-2)
Ans:(a) sinz=z— 322+ 320 — 427+ Call oz
(b) cosz=1—3224 gzt =56+ all oz
© €=1+z+32+ 5+ oo . oall oz
(@) g = 1+ mg+ MO0 2 | mot oD 3 4 gy o,
3. Find the Taylor series expansion of
f(z) =Inz
around z = 1 by noting that
—Inz=-.
dz Z
Ansilnz=(z—D—3z—-D*+3c-D*—3z—-D*-- [z—-1 <L
4. Expand
1

&= e

in a Taylor’s series (a) around z = 0 and (b) around the point z = 2. Determine the
radius of convergence of each series.
Ans:(@) fR)=31-3z4+12 -2+ . [z <L
®fO=G-D-(F-Pe=-D+GF-—me=2 - [2-2| <
3.
5. Without obtaining the series, determine the radius of convergence of each of the
following expansions:
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(a) tan"'z around z =1, (b) . around z = 4i,
et —

(©) — X around x =0.
x242x+10

Ans: (a) /2, (b) 27 —4, (c) /10.

6. Find the Laurent series for

fl@) =

3

72—3z+2

in the region of

(@) |zl <1, () 1 <]zl <2, (¢) O<|z—1]| <1,
@ 2<lzl, (e |lz—1>1, (f) 0<]z—2| < 1.

Ans:(a) f(2) =343z 4+ 724+ B3+

<b>f<z>=~--~~—z%—z—z—%—%—%z—%z2—%z3
©f@=—ty—1-G-D)—G-1-
@) f(z) = +‘5+ +3+%
(e) f(z) Z 1)4 + Z 1)3 + Z 1)2
® f@) = ——1+(z—2) (z-27+Ez-2°-
7. Expand
1
TO=20
in two different Laurent expansions around z = i and tell where each converges.
Ans: f(z) = ———21+3(Z—l)—4l(z—l)2 .. O<|z—i]l <1
4i 3 .
f(Z) : (Z*i)é - (z—i)® - (Z*i)4 + (Z*i)j‘ |Z - l| > 1.
8. Find the values of 55 f(z)dz where C is the circle |z| = 3, for the following
C
functions
@ @)= ——, ) £ © £ G
a = -, = -, C =,
Y% e+ TR S)) RORRCE  EEE)
1
d f2) = (@) f2) = () f@) =

2(z + 1)2° z+ D?’ 2+ DiEz+4’

by expanding them in an appropriate Laurent series f(z) = > »_ - a,z" and using
a1 = 5§ f(2)dz.
c
Ans: (a) 0, (b) 2mi, (¢)2mi, (d) 0, ()0, (f) ==&
9. Find the residue of
f@) =

2+1
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(a)atz =i and (b)atz = —i.
Ans: (a) 1/2; (b) 1/2.

10. Find the residue of 1
z
f@) = pr—Y
(a)atz =0 and (b)atz = 2.
Ans: (a) —3/4; (b) 3/4.
11. Find the residue of z
IO = a2 +s

at each of its poles.
Ans:r(—1+2i)=Q2+i)/4 r(-1-2)=Q2—1i)/4
12. What is the residue of

1
) = ———=
r@ (z+1)3
at z=-—17?
Ans: 0.
13. What is the residue of
f(z) =tanz
at z=m/27?
Ans: —1
14. What is the residue of .
f@)= -
z—s8inz
at z=07?
Ans: 3/10

15. Use the theory of residue to evaluate 9§ f(z)dz if C is the circle |z] =4 for
C

each of the following functions:

z+1 1
@71 Yy © wo
1 1
@) 24+z+1 @ 2(22+6z+4)

Ans. (a) 2wi, (b)0, ()0, )0, (e)(5— 3«/5)1'71/20.
16. Show that

y{ I L _ i
c @™+ 1) (-4 CE oo

if C is the circle |z| = 3.
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Hint: First find the value of the integral along |z| = 5, then do the integration
along |z| = 5 and |z| = 3 with a cut between them.

17. Use the theory of residue to evaluate the following definite integrals

2 2
do cos 36d6
e b
@) / 24 cos6 ®) ,/ 5 4cos6’
cos 20d6 .
(c) (-l<a<1, @@ s1n"9d9 n=12,... .
1—2acosb +a? 0

18. Show that

~ g

(a)/o x2i1=%, (b)/ dx_fn
)f""d_x_z
@) i@

19. Evaluate

el3x coskx
(a)f X, ()/ dx,
o X — 21

X241

()/ CcoSmx _ cosmx (d)/ cosmx
R N e a2+

Ans. (a) 271/«/3, (b) ©/12, (¢) wa?/ (1 —az), d) = (2n)!/ (22”(n!)2).

T
T 2(@+b)

@ )/ (x2 + az)(x2 bz)

Ans. (@) 27i/e%, (b) Fe M, (o) Fe ™ cosma, (@) 5 (S - ).
20. Use a rectangular contour to show that

©  cosmx T
—x X dx = mi /2 —mm /2"
€ Fte e +e

21. Use the “integration along the branch cut” method to show that

e x1/3 2
/ sdx = .
o (I+x) 33
22. Use a pie-shaped contour with 6 = 2 /3 to show that

foo 1 2/37
— dx = .
0 .X3 + 1 9
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23. Find the principal value of the following

o0 1
Pf_oo crnm+)”

Ans. ﬁn/6.

24. Show that ,
1 — eth
2

Z

has a simple pole at z = 0. Find the principal value of

© 1 _ 2ix
P/ ¢ dx.

2
00 X

°°sin2xd T
X = —.
0 )C2 2

Use the result to show that

Ans. 2.



Chapter 4 ®)
Conformal Mapping ez

Conformal mapping is a powerful technique to solve two-dimensional Laplace’s
equation with complicated boundary conditions. Although with the advent of fast
computers, these problems are increasingly solved by numerical methods. Therefore,
the importance of conformal mapping methods has diminished somewhat. Never-
theless, it is instructive to see the solutions to some important problems expressed in
closed forms, which the conformal transformations can provide.

As we have seen in Chap. 2, a complex function w = f(z) = u(x, y) +iv(x, y)
can be regarded as a mapping from its domain in the z-plane (z = x + iy) to its range
in the w plane. In this chapter, we will analyze the geometrical properties associated
with mappings represented by complex functions. For example, the linkage between
the analyticity of a complex function and the conformality of mapping will be studied.

All these efforts are centered around the idea that we can transform a problem with
an awkward boundary into one with a simple boundary using conformal mapping
w = f(z). We then solve the problem with the simple boundary in the variables u and
v. Then we transform back to original variables x and y to get the desired solution.
That this is possible is underpinned by the invariance of Laplace’s equation under a
conformal mapping.

We live in a three-dimensional world, any solution to two-dimensional prob-
lems can only be an approximation. However, under certain circumstances, they can
be very good approximations. There are three categories of problems that can be
approximated by a two-dimensional formulation and solved by the conformal trans-
formations; namely, electrostatic potentials, steady-state temperature distributions,
and hydrodynamic flows. Among them, the hydrodynamic flow is probably the least
familiar and its characteristics are slightly different; therefore, we have a separate
section later in the chapter to discuss this problem.

We will explore the geometrical structure of various transformations. Three classes
of mappings, the Joukowski transformation, the Mobius transformation (the bilinear

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 181
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transformation), and the Schwarz-Christoffel transformation are particularly inter-
esting. Although the full significance of these famous transformations is far beyond
the scope of this book, hopefully, we can at least learn what they are and how to use
them.

Instead of discussing the procedure in the abstract, we will first use a few specific
examples to illustrate the method before going into the detailed study.

4.1 Examples of Problems Solved by Conformal Mappings

The following examples are chosen to illustrate how conformal mapping is used to
solve physical problems. In the process, we will encounter some multi-valued func-
tions. In such a case, it is understood that the principal (or prominent) branch of values
is taken without further specification to avoid distraction. Of course, restrictions will
be specified if there is a chance of confusing.

When the values of the desired function are specified at the boundary, it is generally
known as the Dirichlet problem. Neumann boundary condition usually means that
the normal derivative of the desired function is zero. Some problems have mixed
boundary conditions. As long as we know what they mean, we will avoid using these
special names as much as possible.

Example 4.1.1 Use the conformal mapping w = % to find the potential between a

long metal cylinder of radius % and a metal plane, touching, but insulating from, the
cylinder. Let the metal plane be held at potential V; and the cylinder at potential V.

Solution 4.1.1 Usually the symbol used for potential is V (x, y). Here we use
P (x, y) for the potential to avoid the confusion with the imaginary part of w. Since

S ' P(u,v)=V

P(xy)=Vo P(u,v)=Vy

(a) (b)

Fig.4.1 The cross-section of a long metal cylinder, touching but insulated from a planar conducting
sheet perpendicular to this page, a in the original x-y plane, b in the transformed u-v plane
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it is known that the potential satisfies Laplace’s equation, so we need to solve the
equation
O?P (x,y) n O*P (x,y) _

0
Ox? 0y?

subject to the boundary condition shown in Fig. 4.1a.

With
w= f(z) =ulx,y) +iv(x,y)

and

1 1 1 x—iy X Ly

w=-= = T oo Yoo

Z x +1y X+iyx —1iy x“+y xX-+y

therefore
u(x, y) = —— v, y) = ——2 . @.1)
’ 2+y2’ ’ x2+y2

It is clear that the y-axis (x = 0) in the x-y plane is transformed into the v-axis
(u = 0) in the u-v plane. Furthermore, the cross-section in the x-y plane is a circle,

and the center is on the x-axis at x = %, SO

(-=2) = (3)

x2—x+y*=0.

which simplifies to

Thus
x=x>+ yz.

Therefore u(x, y) = szT‘z =1.
The circle in Fig. 4.1a is mapped into a straight line u = 1 in Fig. 4.1b. Thus the
problem in the u-v plane

O*P(u, v) n O?P(u, v) _
Ou? o

0 4.2)

becomes trivially simple to solve, because obviously P (u, v) varies with u, but
not with v. The Laplace’s equation becomes a one-dimensional ordinary differential
equation
d*P(u, v)
il St S ot
du?

The general solution is
P(u,v) = A+ Bu,
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The boundary conditions are such that at the metal plane the potential is at V, and
at the metal cylinder the potential is at V;. Now the metal plane is at x = 0, which
corresponds to u = 0, therefore

P(0,v) =V, = A.

The surface of the metal cylinder is given by the circle (x — 1/2) + y? = (1/2)?
which corresponds to u = 1, therefore

P(l,v) =V, =A+ B.
Hence A = Vyand B = V| — Vj, thus
Pu,v) =Vy+ (Vi — Vyu. 4.3)

To obtain the solution in the x-y plane, we simply transform u back to x and y
coordinates. By Eq. (4.1)

Px,y)=Vo+ (Vi — Vo)m. 4.4

X
2
This is the desired solution.

Now we wish to make a few comments about this problem.

Comment 1: This problem is actually already discussed in Example 2.1.7. There
we have explicitly shown that both the real part u(x, y) and the imaginary part v(x, y)
satisfy Laplace’s equation. Since only u(x, y) satisfies the boundary conditions, so
the solution is given by u(x, y). It follows that in Fig. 2.5 the circles of the solid line
on the positive x side are the equipotential lines.

Comment 2: We have implicitly assumed that the solution that satisfies the
Laplace’s equation in the u-v plane will also satisfy Laplace’s equation when it
is transformed back into x-y plane. Later we will explicitly demonstrate this fact.

Comment 3: If the radius of the cylinder is R instead of % what is the solution?
This problem can be easily solved by scaling up the transformation to

2R
W=—.
2z

One can show the solution is given by

P, y) = Vot (V) — Vo)X
xX,y) = - Vo) ——.
y 0 1 0) 3 )
Comment 4: In Sect. 2.1.6, we have shown that if the transformation function
w = f () is analytic, then both its real part u(x, y) and imaginary part v(x, y)
satisfy the Laplace’s equation (That is, they are harmonic). The present example can
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be regarded as the geometrical interpretation of that statement. Later in this chapter,
we will define the term “conformal mapping” more carefully. But before that, let us
look at a couple more examples.

Example 4.1.2 Use the conformal mapping of w = In i’—} to find the steady temper-
ature T (x, y) in the upper half-plane (y > 0) of an infinite thin plate whose faces are
insulated and whose edge y = 0 is kept at temperature zero except for the segment
—1 < x < 1, where it is kept at temperature unity.

Solution 4.1.2 Since the steady temperature satisfies Laplace’s equation, so we need
to solve the equation
T (x,y) N T (x,y)

0
Ox? 0y?

with an awkward boundary condition shown in Fig. 4.2a. To see how can it be
transformed into a simple boundary, it is easier to use the polar coordinates

z—1 rietf o r .
w=In =2 —n L@ — 1L 4, —6,).
z+1 ryeif " r

The geometry of these coordinates is also shown in Fig. 4.2a.

Simple geometry in Fig. 4.2a shows that ; = 6, + ®, so ® = 0; — §,. With

w=u+iv=In"t+io, (4.5)
r

w = Ln((z-1)/(z+1))

n_ T=1
clc B'()
Al- ) E'|A B'(x) U
/
T=0 ° =0

(b)

Fig. 4.2 The boundary conditions for the temperature distribution in the upper half- plane. a In the

. . . _ —1
original x-y plane. b In the u-v plane after transformed by the function w = In i T
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we have -
u=m-, v=0. (4.6)
r

It is clear from Fig. 4.2a that when z falls on x-axis (y = 0),

® =0 for —o0o=<x<-—I,
O=7r1 for —1<x<l, 4.7)
® =0 for 1l <x <o0.

To see the mapping, let us follow z moving from A — B — C — D — E along the
x-axis in the x-y plane (Fig. 4.2a). Their corresponding positions in the u-v plane are
A’, B, C', D'and E’ (Fig.4.2b). When A is at —oco, we write it as A(—o00) and so on.
In that case, both | and r, are very large, sor; &~ r, andu = In(r;/r;) ~ In(1) = 0.
This means that in the image w plane, A’ is at the origin (0,0). At B where r, = 0,
ry =2,sou = In(r;/r;) = In(2/0) — oo, therefore its image B’ is at oo in the u-v
plane (Fig. 4.2b). In this part of the journey, while u changes from O to co, v stays at
0, since v = @ = (. This means the point moves along the v = 0 line as u changes
fromu =0tou = oo. At x = 1, B moves from x < —1 to x > —1, therefore by
Eq. (4.7) there is a discontinuity as ® changes from O to 7. Since ® = v by Eq. (4.6),
this discontinuity also causes B’ jumps from v = 0 to v = 7 in the u-v plane. As z
moves from B to C to D in the z-plane, in the image plane the point returns from B’
to C’ to D’ along a line of v = = parallel to the u-axis (v = 0) . The discontinuity at
D causes D’ (—o0) jumps down from v = 7 to v = 0. Finally from D to E (o) in
the x-y plane corresponds to D’ (—oo) to E’ along the v = 0 line in the u-v plane.

For a conformal mapping, there is a rule about the transformation of a region.
Let A, B, C be on the boundary of the region D, under conformal mapping, they are
transformed to the image w plane. While moving from A to B to C on the boundary,
if the region D lies on the left (or right), then the image region in the w plane will
also lie on the left (or right) of the path of moving from A’ to B’ to C’ on the image
boundary. While this rule can be proved [see Polya [35]], the easiest way to check
is to choose a convenient point in the z-plane and see where it goes in the w plane
under the transformation.

Notice that the entire upper half-plane in the x-y plane is at our left-hand side
when we travel along its edge from A - B — C — D — E (Fig. 4.2a). The
entire region inside the infinite strip between v = 0 and v = 7 in the u-v plane
(Fig. 4.2b) is also at our left-hand side when we travel along the loop of its image
A’ - B’ — C' — D’ — E’. Thus, the whole upper half-plane in the x-y plane is
mapped unto the infinite strip between u-axis (v = 0) and the line v = 7 in the u-v
plane as shown in Fig. 4.2b.

Now the boundary condition in u-v plane is very simple, clearly 7T (u, v) varies
with v but not with u. Therefore, the Laplace equation becomes a one-dimensional
ordinary differential equation

d*T (u, v)

1 0.
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A general solution is
T (u,v) = A+ Bv.

The condition T (1, 0) = 0 means A = 0. The condition T («, 7) = 1 means B =
1/m. Thus

1
T(u,v) =—v
T

This expression satisfies the Laplace’s equation and the boundary conditions. To find
T (x.y), we have to transform v back to x, y. Since

v=6~)=01—02

and
O =tan 'tan ® = tan"' tan (6, — 6) .

Recall
tan 6, — tan 6,

tan(®y — 62) = ;o
an(0, 2) 1 + tan 6; tan 6,

from Fig. 4.3, we see that

tan 0, = L, tan 6, = L,
x—1 x+1
) ) )
o Sy 2y
tan (0 — 6) = ]
I+ 2+ -1
Thus )
© = tan"! Y
x2+y2 -1
Therefore
T (o) 1 1() 1t . 2y
X, y)=—-v=—-0=—tan ————.
=T 0 T x2+y2—1

This is the desired result. We can arrive at this result in another way. Let us write

—1
T A4iB=+A B}

z+1

so the transformation function is given by

—1 B
w=In2 [ =In(A+iB) =In (4’ + 8% +itan! T
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Fig. 4.3 Relationship 3
between #; and 6, with x, y

Zxy]

/(-,'1}

92 ) / e
-1 1
X >
The imaginary part of w = u + iv is clearly
B
v=tan = —.
A
Since
z—1 z—1z"+1 (2 +y>—1D+i2y
1 zHlzr+1 xX24y242x+1"°
o)
B 2y
A X242 -1
Therefore
T ) 1 1t 1 2y
X,y)=—-v=—tan ——.
V=T T x24+y2 -1

We make a few comments about this problem:

Comment 1: Since the transformation function In ;L;} is analytic on the upper
half-plane except at the singular points on the edge. Section 2.1.6 shows both its real
part and its imaginary part are harmonic (satisfying Laplace’s equation). In case it is
not clear that 7 (u, v) is independent of u, as claimed, observe a posteriori that the
solution does satisfy Laplace’s equation and the boundary conditions.

Comment 2: Since the product of a harmonic function and a constant is also
harmonic, the function

TO 1 2y
T(x,y)=—tan ——F——
. y)=— o1
represents the steady temperatures in the upper half-plane of Fig. 4.2a when the
temperature 7 = 1 along the segment —1 < x < 1 of the x-axis is replaced by any
fixed temperature Tp.
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v
>

=0 -1 T=100 i T=0

Fig. 4.4 Equal temperature lines in the case the segment —1 < x < 1, the temperature is kept at
100 degrees

Comment 3: The best way to develop a general idea of the temperature distribution
is to see the map of isotherms, namely a picture of equal temperature lines. To see
thelineof T(x,y) =Ty, letc=T1/To (0 <c < 1), so

1 2y

e =tan” ——=——
x24+y2—1

or
(x*+y?> = Dtancm = 2y.

Using the relations

1
tancmr = ——, and 1+ cot? ¢ = csc? e
co
we have )
%2 + y2 1= y
tan cm
or

x? 4+ y* —2ycoter = 1.
Completing the square,

2+ y2 —2ycotem + cot? ¢ = 1 + cot? cr.
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SO

x>+ (y — cot c71')2 = csc? e

This is a circle with center on the y-axis at yy = cot ¢ with radius r = csc .
Comment 4: Of course the isotherms are the arc of the circles in the upper half-
plane. The case for 7y = 100 degrees is shown in Fig. 4.4. For example, the isothermal

line of temperature 75 degrees is given by the following: Since ¢ = % = %, S0
cotcm = —1 and csc? e = 2. This means that the center of the circle is at yy = —1

and the radius of the circleis r = \/E . Thus, the circle passes the points (%1, 0) . This
means the isothermal line of 75 degrees passes the points (£1, 0) . This is a general
result in that all isotherms pass the points of (&1, 0) because 1 4 cot? cm = csc? e,
(1 + y3 = r?). For ¢ > 1/2, the center of the circle is on the negative y-axis and the
isothermal line on the upper half-plane is the arc of the minor segment of the circle,
for ¢ < 1/2, the center of the circle is on the positive y-axis and the isothermal line
is the arc of the major segment of the circle.

If we cannot solve a problem by a single mapping, it might be possible to solve
it by a sequence of mappings. In the next example, we show that a problem can
be solved by transforming it into another boundary value problem with a known
solution, although the known solution is obtained by another mapping.

Example 4.1.3 Find the steady-state temperature T (x, y) in a thin plate having the
form of a semi-infinite strip —7/2 < x < m/2, y > 0 when the faces of the plate
are perfectly insulated. The temperature at the bottom boundary is kept at 1 and the
temperature along the vertical boundaries is zero. (Hint: Use w = sin z).

Solution 4.1.3 Since the steady-state temperature 7 (x, y) satisfies the Laplace
equation and the boundary conditions are shown in Fig.4.5a, so our problem is

w=sinz
) i

B C A B ! D'
T=1 I T=0 -1 T=1 1 T=0
2
(a) (b)

= =
2

Fig. 4.5 The mapping w = sin z carries the semi-infinite strip onto the upper half plane
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T (x,y) N T (x,y) _

07
Ox? 0y?

T T
T(=3)=7(5v)=0 sor y=0
Tx,0 =1 for —~<x<Z_

2="=2

We wish to use the transformation w = sinz = u + iv. Let usrecall from Exercise 21
of Chap. 1
sin z = sinx cosh y + i cos x sinh y

with
r ., . r .,
coshy:E(ey—i—e ), smhy:i(ey—e M.

Thus
u = sinx coshy, v = cos x sinh y. 4.8)

With this transformation, the left side vertical boundary of the semi-infinite strip in the
x-y plane is at x = —m/2. Therefore, in the u-v plane, v = cos(—7%) sinh y = 0. The
bottom part of the strip is at y = 0, its image is also at v = cos (x) sinh (0) = 0.
Similarly, the right side vertical boundary of the semi-infinite strip is at x = 7/2, so
it also maps on v = cos(%) sinh y = 0. Let the four points A, B, C, D be all on the
boundary of the semi-infinite strip as shown in Fig. 4.5a, then their corresponding
images A’, B’, C’, D’ are all on the u-axis in the u-v plane as shown in Fig. 4.5b. If A
is at a point where y — oo, then its image A’ is at u = sin (—J) cosh(co) = —o0.
Since B is at (=73, 0), so B’ is at u = sin(—73) cosh(0) = —1. Similarly, C’ is at
(1,0) and D’ is at (00,0). Thus the interior of the semi-infinite strip, which is on the
left-hand side of the loop ABCD, is transformed onto the upper half-plane in the u-v
plane, which is also on the left-hand side of the A’B’C’D’ line. This is shown in Fig.
4.5.

Thus, this problem in the u-v coordinates is exactly the same as the problem of
the previous example. Although another transformation obtained the solution, here
we can use the results directly and write

- 2v

1
T(u,v):;tan m

To transform back to the desired solution, we can simply put #(x, y) and v (x, y) of
Eq. (4.8) in this expression

I 2cos x sinh y
2

1
T (x,y) = ;tan_

sin? x cosh? y + cos2 x sinh? y — 1~
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This is a perfectly legitimate result, but it so happens that it can be simplified some-
what. Recall

cos?x +sin’x =1,
cosh’ y —sinh’ y = 1,
so the denominator can be written as

(1 — cos? x) (1 4 sinh? y) + cos® x sinh? y — 1 = sinh? y — cos’ x,

thus
1 2 cos x sinh 1 2(cos x/ sinh
T(x,y)=—tan ' ———" " 5 Y~ ! ( / - Y) 5
™ sinh®y —cos?x 1 — (cos x/ sinh y)
Let
1 ( cosx )
o = tan - R
sinh y
s0 COS X
tan a = — s
sinh y

and we can write T (x, y) as

1 _1 2(cosx/sinhy) 1 _ Z2tana
T (x,y) = —tan - =—tan~ ———.
™ 1 —(cosx/sinhy)? 1 — tan? o
Recall
2 tan o
tan2a = ————,
1 —tan” «
thus
1 _ 2tana 1 1
T(x,y)=—tan” ———— = —tan  tan2o.
™ l—tan"av @
or

2
T (x,y) = ;a.

Therefore, the final result is

2 _, { cosx
T (x,y) = —tan - :
T sinh y

It is clear that to solve a physical problem with conformal mapping, we have to
first choose a right transformation. This is a nontrivial task. There does not exist a sys-
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tematic procedure that inevitably leads to a suitable mapping function. Fortunately,
there exist extensive tables of conformal maps. [See Kober [26]]

While it is reasonable to rely on a conformal mapping table, we have to be suf-
ficiently familiar with these mappings to be able to use them. In the following, we
will study some of these mappings.

In fact, just with the few examples, we have seen so far, we are able to solve many
similar problems. Again this is best demonstrated with examples.

Example 4.1.4 The positive and negative halves of the x-axis each represent infinite
conducting plates separated from each other by insulation at the origin. The plate
x > 0, y = Ois kept at potential V| while the plate x < 0, y = 0 is kept at potential
V. Find the potential P (x, y) in the upper half-plane (Fig.4.6).

Solution 4.1.4 From previous examples, we learned that logarithmic transformation
could solve this type of problem. So we use

w=In) =u+iv

to transform (x, y) into (u, v). Let the potential in (X, y) coordinates be P (x, y) and
in (u, v) coordinates be P (u, v). They are the same potential P. That is

In(z) = In(re'?) =Inr +i6,
clearly u = In(r), v = 6. The boundary conditions become very simple:

v=0=0, Pu,0) =V
v=0=m, Pu,n)="V,.

Thus the Laplace equation in (u,v) becomes an ordinary differential equation in v
only

Fig. 4.6 At the boundary, y
the potential is kept at V; for A
x >0, y =0; and at V for Z(x.y)

x <0, y =0. Find the
potential P(x, y) in the
upper half-plane r

©
v
=
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d’p
dv?

the general solution of this equation is
P(u,v) = A+ Bv.

The boundary condition at v = 0 leads to A = V;. At v = T, it shows that

V, =V, + Br.
Therefore
Vo — Vi
Pu,v)y =V, + v.
Transform back to (x, y) plane
Vo, =V,
Px,y)=Vi+——19
V, =V,
=V + 2 ! tan™! 4

X .

Example 4.1.5 At the boundary of x-axis, the temperature is kept at T} for x > 1,
at T, for —1 < x < 1, and at T3 for x < —1. Find the steady-state temperature for
the upper half-plane (Fig.4.7).

Solution 4.1.5 This problem is very similar to the Example 4.1.2 of this section,
except in that case, there is symmetry in that the temperatures for x > 1 and for
x < —1 are both kept at T= 0. There we find the transformation function

7 —
w=In
Z+

1
1 =In(z—-1)—-In(z+1)

useful. Now since we lost the symmetry in the present case, it stands to reason that
the coefficients for In(z — 1) and for In(z + 1) should be different. That is, we use

w=a In(z—1)+aln(z+1)

It is clear
w=(a;Inry +aInry) +i(a10, + ax6,).

With w = u 4+ iv, so we have

u=(alnr,+axlnry) 4.9)
v = (61191 +a292). (410)
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The boundary conditions in v is straight forward

0 x> 1 9]:02:0 T:T]

v = am —1<x<160,=m6,=0T=1T, .

ar+ar x<-—-1 O=mbr=nT=T;

The steady temperature in u, v plane satisfies Laplace’s equation

2 2

O o)+ 2T vy = 0
5 L @)+ 55T (w,v) =0.

195

@.11)

Assuming T (u, v) varies with v and not with u, this equation becomes an ordinary

differential equation
2

d
WT(M’ 'U) =0.

The general solution is
T(u,v) = A+ Bv.

According Eq. (4.10),

T(u,v) = A+ B(a10, + a»05).

4.12)

The boundary condition for x > 1is given by the firstequation of Eq. (4.11), T = T,

for 8, = 6, = 0. Thisleads to 7} = A, so

y

A
Z(xy)

r

ﬁ 01)

T, T, ' T

Fig. 4.7 The temperature is kept at T| for x > 1, at T for —1 < x < 1, and at T3 for x < —1.

Find the steady temperature for the upper half-plane
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T(u,v) =T + B(a10; + ax6,).

The boundary condition for —1 < x < 1 is given by the second equation of Eq.
(411), T = TQ, 91 =T, 92 =0.So

T, =T + Bam
which says B = (T, — T1)/a;7. Thus

I, -T
a|m

Tu,v)=T + (a101 + ax0,)

The boundary condition for x < 1 is given by the third equation of Eq. (4.11), T =
T3, 9] 202 =m.So

T, —T
T3=T1-|-2 l

(aym 4+ apm)
apm

a
= T1+T2—T1+<T2—T1)a—2.
1

which gives

ar _ T3—T2
aq o T2—T].
Therefore
T, — T,
T (u,v) =T + ——1(a16) + ax65)
a|m
T —T L-T1T: -1
=T + 0, + 0
! ™ ! ™ Tz—Tl 2
T, — T 5 — T
=T+ —=—"1o + 2220, (4.13)
T T

This is the steady-state temperature in u, v coordinates. Transforming back to the
x, y coordinates, we have

T, —T T; — T
Tx,y) =T+ 2 L tan™! Y + 3 2 tan~! Y .
s x—1 s x+1

(4.14)

‘We can make the following comments.
Comment 1: If T} = T3 = 0, T, = T, these results must reduce to that of Example
4.1.2. Indeed they do. Clearly

T T
u%mzf&—f%
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Since
0, = tan ! , 6, = tan~! ,
x—1 x+1
)
tan 0, — tan 0, y/(x—=1)—y/(x+1) 2y
tan(0, — 6,) = = = .
I+tanftanf, 1+y/(x—1D)xy/(x+1) x24+y2-1
Therefore
0 -1y 0 -1y
T(x,y) = —ta — —ta
. 7) s X — s x+1
T 2
= 2an™! = .
T x2+y2—1

Comment 2: Clearly Eq. (4.12) can be written as
T(u, U) =A + B]Q] + 3202

with B; = Ba;, B, = Ba,. Knowing this result, we can work out a solution for
the case when the temperature at the x-axis is specified in n segments of constant
temperatures, instead of just three segments of constant values. In that case, we can
assume

Tu,v)=A+ B0+ B0, +---+ B,_10,_1,

and use the boundary conditions to work out the coefficients quickly. But it is impor-
tant and instructive to know why we can make such an assumption.

Example 4.1.6 Find the steady-state temperature 7 (x, y) in a thin plate having
the form of a semi-infinite strip —a < x < a, y > 0 when the faces of the plate
are perfectly insulated. The temperature at the bottom boundary is kept at 7> and
the temperature along the right vertical boundary is 7 and along the left vertical
boundary is 73 (Fig.4.8).

Solution 4.1.6 This problem is almost identical to Example 4.1.3 except: (1) The
location of the vertical boundaries is different; (2) The temperature at three segments
of the boundary is kept at different values whereas previously 7} = T3 = 0. The first
difference can be taken care of by a change of variable, that is, instead of using the
transformation function w = sinz, we use w = sin (%) . This will transform the
interior of the semi-infinite strip in the x, y plane onto the upper half-plane in the u,v
coordinates. The problem in the u,v plane is exactly the same as the Example 4.1.5
in the X, y plane. Therefore, we can directly use the result by changing (x, y) into (u,
v). Thus
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y v
A D w=sin(((12)/(2a)))
T:T3 T=T1
B > C X A, E.il 1?' D > U
a  T3T, @ =1 T ! oT=n
(@) (b)

Fig. 4.8 The mapping w = sin(5>) carries the semi-infinite strip in (a) onto the upper half-plane
in (b)

T2 — T1 1 v T3 — T2 1 v
tan @ —— tan .
u—1 T u+1

Tw,v) =T +

Now to transform back to (x, y) coordinates, we recall

mZ\ o (TX Ty ™ Ty
Sm(Za)_Sm(2a>COSh<2a)+lCOS(2a)Smh<2a)

$0 . /TX Ty X Ty
u = sin (—) cosh (—) , UV =Co0S (—) sinh ( )
2a 2a 2a 2a
Therefore
T,—T , cos(3)sinh (2—y)
T =T
(x,y) 1+ tan Sm( Y cosh () —
T3—T, _, cos(5)sinh(3)
T sm( )cosh( )+

Example 4.1.7 Find the steady-state temperature 7 (x, y) in a thin plate having the
form of a semi-infinite strip —7/2 < x < /2, y > 0 when the faces of the plate
are perfectly insulated. The bottom boundary is insulated and the temperature along
the left vertical boundary is kept at 7} and at the right vertical boundary is kept at 7,
(Fig.4.9).

Solution 4.1.7 The bottom boundary is insulated means that there is no heat flow
between y > 0and y < 0. Since the heat flows in proportion to the normal derivative
of the temperature, this condition is equivalent to
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Fig. 4.9 The bottom part of y
this semi-infinite strip is 4
insulated. This condition is A D
equivalent to %T =0at
y=0 “
T=T4 T=T2
B Ci i
_ X000
2 2

oT

0

dy

at y = 0. With this understanding, the solution is very simple, namely

T, + T, T, —T,
2+1+2 lx

Tx,y)=— -

because it satisfies Laplace’s equation and the boundary conditions

s
T(__,,V) = Tla

2
T(5.v) =T
2 9 y - 2;
and it has no y dependence, so
0
—T (x,y)=0.
By (x,y)

Therefore it must be the solution.

Example 4.1.8 Find the temperature distribution in the upper half-plane subject to
the following boundary conditions

T],x<—1
Tz, x>1

T(x,O):{

and the boundary between —1 and 1 is insolated, i.e. (Fig.4.10)
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w =sin’'z
y E— v
A D
T=T; ] T=T>
A, B . c . Dy B L > U
T=Ty -1 1 T=T, - SR/ 2o
(a) (b)

Fig. 4.10 Use f (z) = sin~! z to transform the upper half-plan of the x, y plan (z plan) into the
interior of the strip of the u, v plan (w plan)

oT (x,y)

=0 if -1 1.
By if <x <

Solution 4.1.8 In view of Example 4.1.3, the inverse transformation w = sin~! z

will make the problem identical to the previous example, except the solution is in
terms of u, i.e.

L+Ti T,—-T
2 1, 12 L

Tu,v) = 3 -

Now we must transform it back to x and y coordinates. Since

w=u-+iv =sin_l(x+iy),

SO
sin(u 4+ iv) = x +1iy.
Recall
sin(u + iv) = sinu cosh v 4+ i cos u sinh v,
therefore

x = sinu cosh v, y = cosu sinh v.

Hence
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2

x2 + y? = sin? u cosh? v + cos? u sinh? v

= sin® u cosh? v + (1 — sin® «) sinh? v
= sin” u(cosh? v — sinh? v) + sinh? v

= sin®u + cosh®v — 1.

Thus
x>+ y* + 1 = sin® u 4 cosh® v. (4.15)

Since
2x = 2sinu cosh v, (4.16)

Adding Eq. (4.16) to (4.15),
x> ~|—y2 + 14 2x = sin®u + cosh® v + 2sinu cosh v,

or
(x + 1)* + y* = (sinu + cosh v)>.

Taking the square root, we have

sinu + coshv = \/m
Similarly, subtracting Eq. (4.16) from (4.15), we have

(x — 1)* + y* = (sinu — cosh v)?.

Here we must be careful when we take the square root. Since the maximum value of
sin u is one, and the minimum value of cosh v is also one, therefore

sinu — coshv <0,

SO

sinu — coshv = —/(x — 1)2 + y2.

It follows that

1
sinu =3 (Ve + D747 = V= D7 4+)7).
Thus,
L+Th Th-T . ;1
T(x,y) = 22 l—f- 27T lsm1§<\/(x+1)2+y2_\/(x_1)2+y2)

where the inverse sine function takes values between —g and %
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‘We can obtain the same result through geometry. Note that from x = sinu« cosh v
and y = cosu sinh v, we have

2 2
—— = cosh? v, > = sinh? v.
sin” u cos? u
Since
cosh’> v — sinh?v = 1,
)
2 32

=1

sin2u  cos?u

This is an equation of hyperbola, which has the standard form

x2 y2

a?  b?

Let us recall the definition of a hyperbola: it is a set of points in a plane whose
distance from two fixed points in the plane has a constant difference.
As shown in Fig. 4.11,

r=vx+0?+y2
n=yE—o Tt

Fig. 4.11 Definition of a
hyperbola. The difference
between r and r; is a
constant 2a




4.1 Examples of Problems Solved by Conformal Mappings 203

and
ry—r, =2a. “4.17)

Square both sides of the equation and simplify, we still have one radical remain.
Move it to one side of the equation and square again, we have

LI AT
CZ_aZ

To have the standard form of hyperbola, we write ¢> — a®> = b2, so

c=+va%+ b2
Compare the present equation with the standard equation of hyperbola, we can iden-
tify that

a=sinu, b=cosu,

SO

¢ =+/sin®u +cos?u = 1.

Thus the difference equation (Eq. (4.17)) becomes

Va+D2+y2 = /(x = D>+ y? = 2sinu,

therefore

u = sin"! E (Vo D24y = Vo =12 +y2)} .

The rest follows

L+Th T-T

Ty = 22 B i (Vak 4 - V- 1742

For x and y in the second quadrant, the solution is obtained by making the replacement
x — —x. We must remember that v/ (x — 1)? denotes x — 1 whenx > land 1 — x
when x < 1. Note that the temperature at any point along the insolated part of the
edge is

L+T T,—-T 1

T(x,0) = > + - sin” " Xx.

Example 4.1.9 Find the steady temperatures in a thin plate having the form of a
quadrant if a segment at the end of one edge is insulated, and the rest of the edge
is kept at a fixed temperature. The second edge is kept at another fixed temperature.
The surface is insulated, so the problem is two-dimensional. The scales can be so
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y W =sin_1 z v
D D' A
T=0 T=0 T=1
"G A _C B'

7778 7=\ ST -

Fig. 4.12 Transform from the quadrant in the left of this figure onto the strip on the right of this
1

figure with the transformation w = sin™' z
chosen that this problem can be formulated as follows:
2 82

—T —T =
7x (x,y)+azy (x,y)=0

T@0,y)=0 y>0
T(x,0)=1 x> 1
0
—T(x.0)0=0 O0<x <.
dy

The situation is shown in the left of the Fig.4.12.

Solution 4.1.9 The transformed space is inside the strip shown in the right-hand
side of the above figure. This strip is almost identical to the strip of the previous
problem. Therefore, the required temperature can be written as

T = —u.
T

To transform back to the x, y space, we can take the results of the previous problem
directly:

T = %sin’ll[\/(x+l)2+y2—\/(x— 1)2+y2],
T 2

where both x and y are in the first quadrant.
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4.2 Invariance of the Laplace Equation

So far in all the examples, we have assumed that the solution of Laplace’s equation in
the transformed domain will automatically satisfy the Laplace equation in the original
z- plane (X, y coordinates). In this section, we will explicitly show that this is indeed
the case. A harmonic function in the transformed domain is automatically harmonic
in the original domain (the solution of Laplace’s equation in the transformed w plane
(u, v coordinates) is automatically a solution of Laplace’s equation in the original
z-plane (X, y coordinates)), provided the transformation w = f(z)is analytic and
the derivative of the transformation function does not vanish ( f'(z) # 0) inside the
domain. Note that this does not include the boundary of the domain. In other words,
we will show that

62<p 82<p
ox2 Ty =0
if
8250 8250
oz Tz =0
f'(z) #0.

Note that (x, y) is transformed into the function ¢ (u, v) = p(x(u, v), y(u, v)) by
the transformation w = u +iv = f(z2) = f(x +iy).
We will show this by straightforward differentiation.

agp &p u n dyp Ov
Ox  Oudx  Ovox’
34,0 8<,0 Ou Lo Jp Ov
By T ou 8y v 8y

The second derivatives are

82_@ d cp _2 dp du Bgoav
_8)6 6u8x 3v8x

ox2  Ox
_a (o Pu, 0 (0p) 0 (Dp) Py
T ox ou v ) ox ov ) ox?

3 _ga <p au 0? Oy v

Ox \ Ou Ou? Ox 8v8u Ox’

and )

9 (9
Ox \ Ov

_|._

Since

¢ Ou 3290@
Oudv ox (“)v2 Ox’
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therefore
o) _ 0% Ou n 0% v Ou 830 0u
Ox2 | Ou? Ox  Ovdu Ox | Ox ou ) ox?
0 8_u e P v v n 8_<p &
oudv Ox  Ov? dx | Ox ov ) ox2’
Similarly
Py [Tt P or)on (05 Py
Oyr | ou?dy  Ovoudy | dy Ou ) Oy?
o ou  Foou]ov  (05) P
Oudv dy ~ w2 dy | dy v ) oyr
Thus

o Pp <8u>2 <8u>2 9% (81} ou  Ov 8u>
— 2= =) ) |+ e
Oxr Oy  Ou? [\ 0Ox Oy Ovou \ Ox Ox 0Oy dy
O (0 Dy P (0n ouin)
Ou \ Ox2 = 0y? Oudv \ Ox Ox 0Oy dy

+32<,0 v 2+ ov\? L0 v +(92v
ov? |\ dx Oy ov \ox2 0y )"

Now, if f (z) = u + iv is analytic, then both its real part and imaginary part satisfy
Laplace’s equation, i.e.

0*u . 0*u B *v + 0*v _o
ox2  Oyr  ox2 oy

Therefore, the third and the sixth terms are zero. Furthermore, the derivatives satisfy
the Cauchy-Riemann equations:

ou Ov Ov Ou

ox 0y ox 0y’
thus

vt ovou _ oudu  oudu
OxO0x Oydy  Oyox Oxdy
Oudv  Oudv OvOou Oudv

Sy L T .
Ox Ox + Jy Oy dy dy + dy Oy

Therefore, the second and the fourth terms vanish, what remains is
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Py Po Vel (o) (0] def(ony (ony]
Oxr 0y Ou? | \Ox Oy ov? | \ Ox Oy

In Chap. 2, we have also shown that

£z = Ou +,8v
9= ox lax'

Because of the Cauchy-Riemann equations, we can write

_8v ,8v_8u Ou
T 9y Ox  Ox l@y’

o= () () = (2 (2

Pp 3@ P
8T+— |f()|< (91)2)

therefore

Thus

Clearly, if ¢ satisfies Laplace’s equation in the u, v coordinates, and the derivative
is nonvanishing

Po
w2 Vo =0
f'(@) #0,

then ( automatically satisfies the Laplace’s equation in the x, y coordinates

8 n 8

This completes the proof.
However, there is another point that is worthy of mentioning. Because of the
Cauchy-Riemann conditions

F@f = <a”)+(@> Qudy _ Ovou
ady _8x3y Ox Oy

This expression can be written in the determinant form

du Ou
L2 | ax By (u, v)
Z) = v % = = ,
7@l ‘337‘ d(x.)
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which is known as the Jacobian. This is a very useful, or essential, quantity in coor-
dinate transformation.

It is not always possible to have closed forms of u#(x, y) and v (x, y) . At least we
can seek their Taylor expansions at a point (xg, o) . that is

Ou Ou
u(x,y) =u(xo, yo) + 5= (x = x0) + ==y — yo) + ...
ox ady
Ov Ov
v(x,y) = v (x0, Yo) + 5= (x —x0) + ==y — yo) + ...
0x oy
From linear algebra (next chapter), we know that is possible if and only if its Jacobian
evaluated at (xg, yp) in not zero,
Ou Ou
J=|% 3| #0.
Ox 0Oy

For rigorous proof of this fact, we need to make use of the implicit function theorem,
which can be found in advanced calculus text books [see Hildebrand [18]].

4.3 Conformal Mapping

Although the title of this chapter is Conformal Mapping, we have not yet introduced
the concept of conformality. In the previous section, we have shown that in order
for this method to work, the transformation function f (z) must be analytic and that
f’ (z) # Ointhe given domain. In this section, we will show that such transformation
is conformal. A mapping from the z-plane onto the w plane is said to be conformal
if the angles between the tangents to the two curves in the z-plane are preserved both
in magnitude and in the sense of rotation, when transformed to the corresponding
curves in the w-plane.

As explained in Sect. 2.2.2, a contour in complex plan can be expressed para-
metrically z = z(¢), where t is a parameter. Let C; and C, be the two contours in
the z-plane (x-y plane), they are expressed as z;(¢) and z,(¢), respectively, and they
intersect at zg, corresponding to #y. Under the transformation w = f (z), where f
is analytic and f’ (zo) # 0, C; and C, are transformed into Iy and I'> in the w-plane
(u-v plane), and z is transformed to wy. Conformality means that the magnitude and
the sense of rotation of the angle between the tangents to C; and C, are the same as
to the angle between those to I and I5.

Let us express them in the following way.

Ciiz=2z1(t), ‘%‘ = |%‘| ¢'?1. This means that the contour C; is traced out by z;
as t moves forward, and 6, is the inclination angle of the tangent to Cyat f,.

Cyiz =22(), ddif = |%2| ¢'% have similar meaning to C,.
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Let the angle between the tangents to C, and C; be «a, clearly
o = 92 — 91.

With the transformation w = f (z), let us write

df

=|f'| .

From the chain rule, we have
dw df dz
dt  dzdt

Since f is analytic and f’ # 0, we can carry out this transformation. In the image
w plane, we have

dw1 dw1

F : = T = | i¢17
1w =wi(z1) 7 ar 1€
and d d
wr w7 ;
niw= i vt e
2w = wa(z2) di dr e
Since
dw, _ df dz, = || e le i le RICE
dt dm dt ’
therefore
b1 =p+0:.
\"
X z - plane w - plane
w
CZ — T'2
r2 1
Ts I
CD I
T
Cq
o) X o) / u

Fig. 4.13 Essential characteristic of conformal mapping
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Similarly
=@+ 0,.

Let the angle between the tangents to I> and I be (3, and
B=¢gr=—d1=(p+0)—(p+6)=0—-0 =qa.

Thus the angle and the sense of rotation are both preserved. This is the essential
characteristic of a conformal mapping (Fig.4.13).

Example 4.3.1 Let C; and C, be defined in the upper half of z-plane. Let C; be
represented by the equation x — y = 0 and C; by the line x = 1, as shown in (a) of
the following figure. Find the point zo where they intersect and the angle from C;
to C; at zo. Let 17 and I be the images of C; and C,, respectively, in the w plane
under the transformation of f (z) = 72, as shown in (b) of the following figure. Find
the equations of I} and I in the w plane, and the point wy where they intersect.
Show that wy is the image of zo under the same transformation. Find the angle from
I to I at wy and show that this angle is the same as the angle from C; to C; in the
z-plane (Fig.4.14).

Solution 4.3.1 The equation representing C; is x = y, the one representing C; is
x = 1. Clearly,x = 1 and y = 1 satisfy both these equations, therefore they intersect
at

Z0=Xxo+iyo=1+41.

0 1 i 0 TR
(@) (b)

Fig. 4.14 The curves C; and C; are transformed into Ij and I by the mapping w = z°
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The angle from C; to C; is clearly equal to 7w /4. Nevertheless, it is instructive to see
how formally we get this result. The angle 1, between C; and the x-axis is the slope

of Cy, that is: tan | = % along C;, Since % =1, so ¥, =tan" (1) = w/4. The

angle 1, between C; and the x-axis is clearly equal to 7/2, since C, is perpendicular
to the x-axis. Thus the angle o from C; to C; is

a=0 -V =1/2 —7/4="7/4.
Now under the transformation
w=2z=(x+iy)?=x>—y)+i2xy, w=u+iv,

we have

u=x>—y% v=2xy.

I} is the image of C; on which x = y, therefore the equation for I is
u=x>—y>=0, (v=0).
For I, , we take from C, that x = 1, so
u=1-—y% v=2y.
Combine these two equations, we have the equation representing I:

1
u=1--v2
4

Clearly, u = 0 and v = 2 satisfy the equations for both I} and I; therefore their
intersection point wy must be

wo =0+1i2 =2i.
It can be seen that
fzo)=0+)2=1>42i + (i)* = 2i = wy.
Therefore, wy is indeed the image of zy under the transformation of w = 2.

Let the angle from I to I be o and o = ¥, — ¥]. These angles are shown in
(b) of the above figure. The angle 1] is clearly equal to 7/2, since I'} is perpendicular
to u-axis. To calculate 1), we must take the slope of I, with respect to u. That is,

tan ¥, = ;ﬂ along I, at wy. Take derivative with respect to u# of the equation u =
u

1-— v2/4, wehavel = —1p€2 or 92 = _2 Aty =2 wehave &£ = —1 = tanJ,,.
2% du du v du 2

Therefore ¥, = tan~'(—1) = 37 /4, as shown in (b) of the above figure. Thus
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37
/: 19/ _19/ — _
«a 2 1=y

T ow
2 4’

This is indeed the same as «, the angle from C; to C,.

To emphasize the local nature of conformality, consider the mappingw = f (z) =
72, If the domain of definition D is the first quadrant 0 < x < 00, 0 <y < oo, then
the range D’ is the upper half-plane v > 0 as shown in Fig.4.15. Let the point z in
the x-y plane be expressed in its polar coordinates re'’. Under the transformation
w = 72, it becomes r2¢? in the u-v plane. Therefore, the annulus section ABCD
in the x-y plane is mapped into A’'B’C’D’ in the u-v plane. Since w = f (z) = 22 is
analytic everywhere; and f’ (z) = 2z, so it is zero only at the origin. Therefore, the
mapping is conformal everywhere except at the origin. Note that all the right angles
at ABCD are preserved at their images A’'B’C’ and D’. However, at z = 0, the only
point at which the conformality breaks down, the angle of 7/2 is not preserved, it is
doubled. Thus, conformality is local, not global.

We do not mean to imply that if conformality breaks down at a point, then
angles are necessarily doubled there. That result is specific to the present example
(Fig.4.15).

4.4 Complex Potential

Let ¢(x, y) be harmonic in some domain D and 1 (x, y) is the conjugate of ¢, then

F(z) = ¢(x,y) +iv(x,y)

is an analytic function of z = x 4 iy. This function is called the complex potential
corresponding to the real potential ¢.

y W=fz)=2
— <
Co
D
2
"] s . N ,
(0] A B X c 1

Fig. 4.15 At z = 0, the only point at which the conformality breaks down, the angle /2 is not
preserved, but doubled
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Recall from Sect. 2.1 that for a given ¢(x, y), a conjugate ¢(x, y) can be uniquely
determined through the Cauchy-Riemann equations, except for an additive constant.
Hence, we may say the complex potential without causing misunderstandings.

The use of complex potential has a technical advantage that in complex analysis it
is easier to handle a complex function than its real and imaginary parts separately. The
complex potential has also a physical advantage in that its real and imaginary parts
have physical meanings. For example, if ¢ (x, y) = constant is the equipotential in
electrostatics, then 1(x, y) = constant is the profile of electrical field line (or line of
force), they are the paths of moving charged particles, such as the paths of electrons
in electron microscope. Or in the steady temperature distribution, F (z) represents
the complex heat potential. The real part equals constant represents the isotherms
(lines of constant temperature) and the curves 1 (x, y) = constant is the heat flow
lines. Or in hydrodynamics, ¢(x, y) is called velocity potential and ¢)(x, y) is called
stream function.

This method is most powerful in dealing with fluid flow problems (see next
section), But we will start with some simple examples in the electrostatics, which
are more familiar to most readers.

Before we start, we must make the following point clear. Conceptually, equipo-
tential surfaces and electrical field lines are two different quantities. If ¢(x, y) =
constant represent equipotential surfaces, then ¢ (x, y) = constant can only rep-
resent the profile of the electric field lines, but not their magnitude. Consider, for
example, a capacitor consists of two parallel plates extending to infinity at a distance
d apart, (no infinite extended plate exists, but our solution will approximate the situ-
ation in the section that is far away from the ends of plates). The voltage of one plate
is kept at zero, and the other at V. Let these plates be perpendicular to the x-axis.
In freshman physics, we learned that the equipotential surfaces are planes parallel
to the plates. The electrical field lines are parallel to the x-axis with a constant
strength of V/d. Now with complex potential F' (z) = (V/d)z = (V/d) (x + iy),
the real part ¢(x, y) = (V/d)x is indeed the equipotential surface (planes perpen-
dicular to the x-axis, everywhere on this plane the potential is equal to (V/d)x.
However, we cannot say that the imaginary part (V/d)y is the electrical field.
Although (V/d)y = constant are lines parallel to x-axis, as the electric field lines
should be, the electrical field is, however, not equal to (V/d)y (Given the equipo-
tential surface ¢(x, y), the electric field is a vector and E, (x, y) = —%d)(x, y) and
Ey(x,y) = —%qﬁ(x, v). Inthe presentcase, E, = —V/d, E, = 0. Thatis, the elec-
tric field is a constant everywhere in the x direction). With this understanding, we
can say the real part of the complex potential is the equipotential surface and the
imaginary part represents the electrical field lines (the emphasis is on the lines).

Example 4.4.1 Sketch the equipotentials and the field lines of a long uniformly
charged straight wire.

Solution 4.4.1 With the help of the Gauss law, we learned in freshman physics
that in this case the electrical field is } and the potential is In r, (we have ignored
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Fig. 4.16 The concentric A
circles are equipotential
surfaces, the straight lines
are the field lines

'y

v

the constant coming from the sign of charges and the units we choose to do the
measurements), where r is the distance between the field point and the charged wire.
Now in terms of complex potential we have

F@) =lnz=Inre’ =Inr+i6.

If r = constant, Inr will equal to a corresponding constant. In Fig.4.16, the con-
centric circles represent constant r, therefore they are equipotential surfaces. The
imaginary part is just 6. Therefore, 6 equal to different constant represents different
field line. In Fig.4.16, the straight lines represent § = nw/6, n = 1, ...12. They are
the field lines.

Comment 1: All field lines are perpendicular to all equipotential surfaces.
Comment 2: All points on the same equipotential surface have the same value.
However, different points on the same field line have different values.

Example 4.4.2 Determine the potential of a pair of oppositely charged straight lines
of the same strength at the z = c and z = —c on the real axis. Sketch the equipotential
surfaces and the field lines.

Solution 4.4.2 The solution of this problem can be obtained by superposition. It
follows from the last example that the potential of each of the source lines is

pr=In(z—c), ¢r=—-In(z+0)
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z(x,y)

S e

¥

Fig. 4.17 Two uniformly charged straight wires perpendicular to xy plane with the same amount
of charge density but opposite sign located at x = ¢ and x = —c, respectively

respectively. Hence the complex potential of the combination of the two source lines
is

z—c
F(2)=¢1(2) + ¢2(z2) =ln(z —¢) —In(z+¢) =In
z+c
The situation is shown in Fig.4.17.
Since

z—¢C rie'? Tl i6,—0 r

In = n—.e=ln—e’(‘_2)=ln—+i(91—92).
Z+c¢ ryet r )

The equipotential lines are represented by the real part of F (z) equal to different
constants, that is

;
®=ReF(z)=In -L — constants.
r

These conditions are satisfied if

where k is a constant. Since
rt=@—0*+y, =&+ +y,

therefore
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(x—c)2+y2 12
(x+0)2+y?

’

or
(x — ) +y* =k [(x +o)* + 1. (4.18)

This equation can be written as
(1 =) (x* + 2+ y%) = (kK + 1)2cx.

Let
1 + k2

o=

then
x? = 2xox + 2+ y* =0.

Completing the square, we get

(x —xo)2 —i—y2 :xé — 2.

This is a series of circles with radius of R = (xg — C2)1/2, centered at xy on the
x-axis. Some of them are shown in Fig. 4.18.
The field lines are represented by the imaginary part of F (z) equal to different
constants. That is
W:ImF(z):Gl—Gzza

where o's are different fixed angles and |a| < 7. Let

tan o = tan(6, — 6,)

and 0 g
tan 01 — tan
an(@; — ) = — 2
1 + tan 0; tan 6,
Since y
tan 0, = , tanf, = ,
X —c x+c
Hence y y
tana = x-c _xte _ 2y
- Yoy T2 2 _ 27
1 + x—c x+c X + y ¢

This equation can be written as

2c
PR . M .
tan «
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Fig. 4.18 The circles centered on the x-axis are the equipotential lines and those centered on the
y-axis are the field lines

Let
c

0= ,
4 tan o

and completing the square, this equation is simplified to
(=) =+

These are a series of circles centered on the y-axis with radius R = (c2 + y2)'/>. All
these circles go through =£c¢, because at y = 0, x = £¢. Some of them are shown in
Fig. 4.18.

The circles centered on the x-axis are the equipotential lines and those centered
on the y-axis are the field lines.

We can make some comments about this plot.

1. For the equipotential lines, we see that from Eq. (4.18) thatif k =1, x =0
which is the straight line bisects the line joining the two points x = ¢ and x = —c.
It divides the plane into left and right half-planes.

2. When k ~ 0, again we see that from Eq. (4.18) that the equipotential line
shrinks to a small circle enclosing the point x = c. As k increases, xg also increases.
The radius of the circle becomes larger and larger and tends to the bisector as k — 1.

3. For k > 1, the circle lies in the half-plane containing the point x = —c. As k
increases, xo — c. So the circle becomes smaller and shrinks to the point x = —c
when k — oo.
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4. The symmetry under reflection in the bisector corresponds to the fact that
the equation |z — ¢| = k |z + ¢| remains invariant under simultaneous replacement
c— —c k— 1.

5. For field lines, we note that they are all perpendicular to the equipotential lines.

6. All field lines pass through the two points x = c and x = —c.

7. For av = 7, the field line is just a circle centered at the origin with a radius c.

8. For a = 0 and o = m, both field lines become circles of infinitely large radius,
they coincide with the line joining x = ¢ and x = —c, but in opposite directions.

9. These circles are known as Steiner circles.

10. Finally, we note that when ¢ — 0, this case becomes the line dipole. This
figure becomes identical with Fig. 2.5.

4.5 Flow of Fluids

In this section, we examine the application of analytic function theory to the study
of fluid flow. In general, the real behavior of fluids is quite complicated, most of the
complications are due to the viscosity of the fluids (The so-called “Wet Water Flow”).
However, for many common fluids, like air and water, viscosity effects are negligible
in regions distant from the boundaries of solids. Furthermore, if the velocity of the
flow is below 0.3 Mach number (which is the ratio of the fluid velocity to the speed
of sound), the assumption of incompressibility is acceptable, (for water and oil,
but not for air). Under these conditions, harmonic functions (solutions of Laplace’s
equation) play an important role in hydrodynamics. Here again, we consider only
the two- dimensional steady-state type of problem. That is, the motion of the fluid
is assumed to be the same in all planes parallel to the xy plane, the velocity being
parallel to that plane and independent of time. It is, then, sufficient to consider the
motion of a sheet of fluid in the xy plane.

Fig. 4.19 Computing th
ig omputing the D\i)(ﬂ(&\f’)()li&g})ﬂyc

circulation of the tangential
component of the vector field
V around a small square

Vy Ay | | Vy+((aVy)/(ox))Ax

Vx
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4.5.1 Irrotation Flow and Velocity Potential

In a non-viscous fluid, we can assume the flow is irrotational. By which we mean the
following. Consider an infinitesimal loop ABCD with width Ax and Ay shown in
Fig. 4.19. Let us consider the line integral of the tangential components of V around
this infinitesimal loop ABCD. Let V, and V, be the components of the velocity vector
V in the x and y directions. Starting at the point (x, y) —at A, the lower left corner
of the loop—we go around in the direction indicated by the arrows. Along AB, the
tangential component is V, and the distance is Ax.The first part of the integral is
Vi (AB)Ax. Along BC, we get V,(BC)Ay. Along CD, we get —V, (CD) Ax, the
minus sign is required because the component is in the opposite direction of travel.
Along the lastleg, we have —V, (D A) Ay, again the minus sign is for the same reason.
Now if we take into account of the rate of change of V., we can see that

V.(CD) =V, (AB) + OV
dy

Ay.

Similarly

av,
Vy(BC) = Vy,(DA) + —— Ax.
’ 0x
Therefore, the circulation around the square is
$V-dl =V.(AB)Ax + Vy(BC)Ay — V, (CD) Ax — V,(DA) Ay

oV,
= Ve(AB)Ax + [Vy(DA) + > Ax] Ay~
X

ovy oV,
Ox ady

[V.(AB) + aaVX Ay]Ax — Vy(DA)Ay = (

) AxAy.
y

When we say that the flow is irrotational, we mean this circulation is equal to
zero, or simply
ov, 0V,
0x dy

Before proceeding further, we ask the question, why the name irrotational? (irro-
tational literally mean no rotation.) If a body is rotating around an axis with an angler
velocity w, then every point in the body is performing a circular motion with angler
velocity w as shown in Fig. 4.20. Let the arc distance from A to B be As, then by

definition
As A0 1 As
A= —, w=—=——.
r At r At

It is understood that Ar — 0. The magnitude of the velocity v is equal to
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v

Fig. 4.20 To show that the irrotational condition means there is no rotation in the fluid

As
V]| = — = rw.
At

But velocity is a vector quantity as shown in the figure. Clearly
Ve = —|v[cosp = —rwcosp, V, =rwsingp.

The minus sign is because V, is in the negative direction of x as shown in the figure.
It is also clear from the figure that

y . X
cosp = —, singp = —.
r r
Hence
Vy=—-wy, V,=wx.
Therefore
ov, IV,
—_— — = 2w
ox ady

Thus if this expression is equal to zero, it means w = 0, no rotation.
For those who are familiar with vector analysis, it is easy to show
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V=wxr.

So
VXxV=Vx(wxr)=2w

(See Example 2.7.1 of vol. 2). But in two dimensions

i jk 9
Vy, OV,
VxV=|# 50 =<a»‘— 5 )k
Ve Vy 0 * 4
Thus we get the same thing
ov, oV,
— - k = 2wk.
0x oy

Irrotation condition simply means no rotation. Many books simply define irrotational
condition as
V xV=0.

A simple test is to put a small straw into the flow field. If the fluid is truly irrotational,
the tiny straw will not rotate.

Now if we have a macroscopic closed loop I", which is the boundary of a simply
connected domain D, and suppose that the vector velocity has continuous partial
derivatives in the domain, then by Green’s Lemma (Sect. 2.3.1), we have

dxdy = § (Vedx + Vydy)
T

(% -2%)

To carry out the double integral, we can cut D into many small areas, each approxi-
mately a square. Then the circulation around I is the sum of the circulation around
the little loops. If the flow is irrotational, then we have shown that the integrand of
the double integral is equal to zero. Therefore, the integral around I is also zero

f (Vidx + Vydy) = 0.

Since I' is any closed contour, this means that the integral is independent of the path.
Hence if we integrate from a fixed point (a, b) to a variable point (X, y), the integral
becomes a function of the point (x, y). That is

(x,y)
[ (Vedx + Vydy) = @ (x,y).
(a,b)

That is
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(x,y) (x,y)
[ (Vidx +Vydy) = [ d® (x,y) =D (x,)).

(a,b) (a,b)
Since 5 5
dd = —d —d
ox oy @
therefore
V.= oD . od
T oox YT oy’

We call the function @ (x, y) the velocity potential. The curves @ (x, y) = const.
are the equipotential lines. The vector velocity is the gradient of @. That is

Vo ,6¢+_8<1§ iV, +jvV, =V
= 1— — =1V = .
Ox J@x "
Furthermore, since
oP oP
d® = —dx + —dy =V® -dr
Ox dy

is the difference of @ between two nearby points separated by dr
dr =idx + jdy.
If the two points are on the same equipotential line, then
d® =V .-dr =0.

This means V@ is perpendicular to the equipotential line since dr is on that line.
This also means that the velocity of the flow V is perpendicular to the equipotential
line, Since V@ = V.

4.5.2 Incompressibility of the Fluid

In this section, we will show that the incompressibility of the fluid leads to the
continuity equation. From this we see that the velocity potential satisfies Laplace’s
equation. Let us consider the the flux of fluid flowing into a given infinitesimal
area ABCD with width Ax and Ay shown in Fig. 4.21. Again let V, and V, be
the components of the velocity vector V in the x and y directions. Clearly the flux
of the fluid flowing into or out of ABCD are the component of the velocity of
the fluid perpendicular to its sides. Along AB, the normal component is V, and
the distance is Ax. So the flux flowing into ABCD through the side AB is V, Ax.
Along CD, the normal component is also Vy, but considering the change of V,
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Fig. 4.21 Fluxes across the

four sides of a differential
area in a two-dimensional Vy+((6vy)f(ay)}&y
flow field D. c
VX Ay | Vx+((6Vx)/(9x))Ax
Ax R
A B
Vy

due to the displacement of Ay, we have V, + %—‘;“Ay. So the flux through CD is
—(V, + %—‘;;"Ay)Ax, the minus sign is because this is the flux outflow. Similarly the

flux through DA is V, Ay, and through BC is —(V, + %‘;‘ Ax)Ay. Summing the four
parts, we have the net rate of accumulation (Fig.4.21)

oV + %) Ax)A
Ox Oy Ay

Flux inflow = — <

Since the fluid is incompressible, the net rate of accumulation in any given area
of the flow is zero. Therefore, the condition of incompressibility is given by

av, v,
— =0. 4.1
ot o (4.19)

This equation is called the continuity equation. In three dimensions, this equation is
written as
V.-V=0.

In fact we can use V - 'V as the source or the sink of a flow. For example, if we use
Fig. 4.16 to describe a flow, then it is a flow with a source at z = 0. In other words,
V-V #0atz=0.Everywhereelse V-V =0.

As we have seen in the last section that

0P oP
Vi=——, V,=—,
0x Y Oy
where @ is the velocity potential. Substituting them into Eq. (4.19), we have

0*e o
ot o
Ox?  0y?
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Therefore, the velocity potential is a harmonic function (satisfying Laplace’s equa-
tion).

4.5.3 Stream Function and Stream Lines

In the case of two-dimensional ideal flow of fluids, the velocity potential @ (x, y)
is a harmonic function. By the Cauchy-Riemann Equations, we can construct its
conjugate harmonic function ¥ (x, y). Combine the two, we can form a complex
potential

F(2)=@ (x,y)+i¥(x,y).

F(z) must be an analytic function of z and z = x + iy. We know that the families of
curves ¥ (x, y) = const and @ (x, y) = const are orthogonal to each other. Now the
velocity vector is normal to the equipotential line @ (x, y) = const, thus, they must
be in the tangent direction of ¥ (x, y) = const. Therefore, the curve ¥ (x,y) =
const is called the stream lines, which represent the path followed by the fluid
particles. The conjugate function ¥ (x, y) is known as the stream function. Since it
is also harmonic, so

v vy

— + =5 =0.

oxz  0y?

In the problem of fluid flows in channels and across obstacles, the normal compo-
nent of the velocity along the boundaries is zero. Since the velocity must be tangential
to the boundaries, these boundaries must be stream lines. The stream function must
be constant on the boundary.

Example 4.5.1 Describe the flow represented by
F (z) = Az,

where A is a positive real constant.

Solution 4.5.1 Clearly
F(z) = Ax +iAy,

is certainly analytic. Furthermore, both its real part and imaginary part satisfy
Laplace’s equation. Therefore, we can regard it as a complex potential. The velocity
potential is Ax and equipotential lines are

Ax = const
which are lines parallel to the y-axis, and the stream function is Ay and stream lines

are
Ay = const.
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which are lines parallel to x-axis. Furthermore,
0
Vi= a(Ax) = A,
0
V, = —(Ax) =0.
) 8y( )

Therefore, this represents a uniform flow from left to right with velocity A. This
velocity is the same whether it is in the upper half-plane or in the lower half-plane.
In other words, the flow of fluid is the same whether it is above the boundary line
y = 0, or below this line.

In analyzing a flow in the xy plane, it is often advantageous to first make a
conformal mapping w transforming the complicated boundary conditions in the x, y
plane into a simpler conditions in the u, v plane. Then if @ is a velocity potential and
¥ is a stream function for the flow in the u, v plane, we can transform them back to
the x, y plane.

For example, if f(z) is analytic, and the conformal mapping is

w= f(z) =ulx,y) +iv(x,y).
Now if in the u, v plane, the complex potential is
F(w)=F(f(z)) = Aw = Au +iAv,

then this represents a uniform flow from left to right in the u, v plane with velocity
A, as shown in the last example. Therefore, the stream lines in the x, y plane are

Av (x, y) = const.

This is best illustrated in the following example.

Example 4.5.2 Consider a flow in the first quadrantx > 0, y > 0. Itcomes in down-
ward at velocity v parallel to the y-axis but is forced to turn a corner near the origin,
as shown in the following figure. Find the velocity potential and stream function of
the flow. Sketch the stream lines of the flow.

Solution 4.5.2 First we make a conformal mapping w = z2. In polar coordinates,
the y- axis re'™/? will be mapped into r2¢!™ by w = z2. Therefore, this transformation
will map the first quadrant of the xy plane into the upper half-plane of the uv plane
as shown in Fig. 4.22. The corresponding images of ABC are A’B’C’ as shown in
the figure.

In the uv plane, the complex potential can be written as

F (w) = vow = vo(u +iv)
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Fig. 4.22 The transformation W = z> maps the first quadrant of the xy plane into the upper half-
plane of the uv plane

which represents a uniform flow from left to right with velocity vy Now we want to
transform it back to the xy plane. Since
— 2 SN2 22y _ .
w=z"=x+iy) =" —y)+i2xy=u(x,y)+iv(x,y)

the velocity potential is
vou (x, y) = vo(x* — y?),

the stream function is
vov (x, y) = 2vpxy.

The stream lines are

Xy = const,
which are sketched in Fig. 4.23.
Fig. 4.23 The streaming i
lines corresponding to the Y

stream function
Y (x,y) = 2voxy
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Example 4.5.3 A uniform flow of velocity vy is flowing over a cylinder of radius R
that is perpendicular to the flow. What is the velocity potential and stream function?
Determine the pattern of the flow by sketching some of its stream lines.

Solution 4.5.3 In the table of transformations, one find the following transformation
w=z+ % which maps the upper half-plane with half of a circle of radius one
removed in the xy plane onto the entire half-plane of the uv plane (see Fig. 4.24). It
is not difficult to verify this transformation. It is clear that points on the x-axis with
y = 0 will transform to points with v = 0 on the uv plane. Therefore, the images
of A, B, D, E are A’, B’, D’ and E’. On the circular BCD boundary, we can use
the polar coordinates z = re'?, where r = 1. Since z + 1 = €’ + 7/ = 2cos.
Hence, there is no imaginary part. Point C is mapped to C’ atv = u = 0.

Although this transformation is promising, it is not exactly what we need, since
the radius of the cylinder is R, not one, in our problem. But we can modify this

transformation to
1 N R?
w=-z+—]).
2 Z

With z =Re'’, so B and D are at x = —R and x = R, respectively, their images B’
and D’ are also at u = —R and u = R, respectively. The circular boundary BCD is
also transformed to u = Rcosf withm <60 <0Qandv = 0.

With this transformation, the fluid is flowing uniformly from left to right with
velocity vy on the u,v plane. The complex potential is

F (w) = vow = vy(u + iv).

Fig. 4.24 The transformation w = 1 4 1/z that maps the upper half-plane with half a circle of
radius one removed in Xy plane onto the entire upper half-plane of the uv plane
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Fig. 4.25 Stream lines of a flow over a cylinder of radius R

Now we want to transform back to xy plane. Since

1 +R2 1 + —19

2 & z 2

1 R?
:—< +—)cos0+t—< )sm9

2 r

so the velocity potential is

R2
D (r,0) = > <r+—> cos b,

and the stream function is

R2
¥ (r0) = % (r— —) sin 6.
r

R?
<r— —) sinf =k
r

This is a family of curves, a different constant k will give a different stream line. A
few of the stream lines are plotted in Fig. 4.25.

Note that the stream lines are symmetrical with y-axis, since sin § = sin(7w — 6).
Furthermore, they are also symmetrical with x-axis, changing k to —k, we will have
a corresponding stream line in the other side of x-axis. Even though we mapped from
one upper half-plane to another, the problem is symmetric about the x-axis and so
we show stream lines both above and below the x-axis.

The stream lines are
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4.5.4 Complex Velocity

Velocity is a vector quantity, its x and y components are

V= Vi+V,j

v=,/VZ+ V2

Now if we define a complex velocity as

so the speed is

the speed is also given by Eq. (4.20).
If we have a complex potential

F(@)=&x,y)+i¥(x,y),
then we know

0 0
Vi=—®(x,y), =—o(x,y),
o x,y), V, By (x,y)

so our complex velocity is
0 0
V(z) = a(b (x,y) —{—ia(ﬁ (x,y).
Recall Eq. (2.6) of Sect. 2.1.3 and from Eq. (4.21) we have

iF()—g@( )+'3‘1’( )
dz R PR R P R

Since F'(z) is analytic, so by Cauchy-Riemann equation,
0 v (x,y) 0 D (x,y)
a X, = — = X, )
ox Y dy Y

SO
, 0 .0
F'(z) = afp (x,y)—la—y<D (x,y).

Thus, the complex conjugate of F’,

(F ) = 2 (x,y) + 10 (1. 3)
D= ’ay Y

229

(4.20)

421

(4.22)

(4.23)

(4.24)
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is identical to the complex velocity of Eq. (4.22),
At certain points F’ (z) = 0. This means that at those points, the velocity is zero.
We call those points stagnation points.

Example 4.5.4 Find (a) the complex potential, (b) the complex velocity, (c) the
stream function when a cylindrical pipe of radius “R” is placed perpendicular in a
uniform horizontal flow with velocity vy far from the pipe. Also find the stagnation
points of this flow.

Solution 4.5.4 In the last example of the previous section, we see that the transfor-
mation w = %(z + %) will give us the proper stream lines. Therefore, the complex
potential can be expressed as

A( R2>
Fw=Aw=—|(z4+—).
2 z

Hence the velocity of this flow is described by

' : d[A R?
(F'(w))* = Complex Conjugate of {E [E(Z + 7):“

Ale
2 2)

When it is far from the pipe, z is very large. The velocity is vy, therefore A = 2vy
Clearly when z?> = R?, F'(w) = 0. That means the stagnation points are x = £R,
y = 0. Furthermore, the complex potential is

R2
F(w):vo(z+7>

and
R? R* .,
(F(w)) =U0<1—@>=U0<1—r—26 )
R? R?
= (l - —200520> —ivo— sin 26.
r r
Since

. R?
F (w) = vy |:(x +iy) + (Xle)i|

R? R?
= 1+ - iy (1 — ——
vo[x< +x2+y2)+ly< x2+y2>}

=D(x,y)+iv¥(x,y)
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The stream function is

R2
Y(x,y) = voy (1 )

_x2+y2

Example 4.5.5 Find the complex potential F (z) describing a uniform flow of veloc-
ity vy making an angle of 6 with the x-axis. Let

F@Q=ox,y)+i¥(x,y).
Verify that

0 0
Ve = a@(x, y, V,= a—y@(x, y).

Solution 4.5.5 Figure 4.26 represents this flow.

It is clear that
Vi =Vycosd, and V, = Vysinf.

The complex velocity is therefore

Ve +iVy = Vycos +iVysind = Voeie.

Fig. 4.26 A uniform flow Ay

with velocity Vo making an
) Vo
// >
X

angle of # with the x-axis
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Hence '
(F'(2))* = Vpe'’.

Thus .
F' (2) = Voe ™.

It follows that the complex potential is given by
F (z) = Vyze ™.
It can be expressed as

F(z) = Vo(x +iy)(cos® —isinf)
= Vo[(x cos O + ysin0) + i(y cosf — x sin 0)].

Thus

@ (x,y) = Vo(x cosf + ysin6)
¥ (x,y) = Vo(ycosf — xsin6).

Therefore

0 0
— & (x,y) = — Vp(xcosf + ysinf) = Vycosf = V,,

Ox 0x

0 0 . .

—@ (x,y) = —Vo(xcos0 + ysinf) = Vysinf = V,.
dy dy

4.6 The Joukowski Transformation

The transformation we have used

w:f@=%G+§> (4.25)

is known as the Joukowski transformation, named in honor of Nikolai Joukowski
(1847-1921), who is known as the father of Russian aviation. It has played a venerable
role in aerodynamics. As we will see that by starting with figures in the z-plane that
are circles, it is possible to use this transformation to produce figures in the w plane
that describes a great variety of airfoils.
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=1/2(z+z")

/’_\ _ G HHK\\
(@) &>
NS

Fig. 4.27 The Joukowski transformation takes circles in the z-plane onto ellipses in the w plane.
Any two circles with the product of their radii equal to one are mapped onto the same ellipse. The
unit circle |z| = 1 is mapped onto the line segment (—1 o 1) on the u-axis

4.6.1 Properties of the Joukowski Transformation

The Joukowski transformation is conformal except at z =0 and z = +1. Atz =0,
the transformation is singular. Since f'(z) = %(1 — Ziz), therefore f/(%1) = 0, thus
z = =1 are critical points. In fact, the image of a unit circle passing z = %1 in the

z-plane will collapse into a line from u = —1 to u = 1 in the w plane.
Circles to Ellipses By letting z = ce'’, we see that
1 1 [ 1
w==-|c+ - cos@—i—l— c— —|sinf (4.26)
2 c 2 c

Using the notation w = u + iv, we have

1 1 1 1 .
U= |:§ <c + Z>j| cosf, v= |:§ <c — E>i| sin 6, 4.27)

u? v

- —cos? g, — = sin” 6. (4.28)
[+ O] [ic- b

or

(¥}

Since cos? 6 + sin? § = 1, it follows that

u? v?

+ —
[sc+ D] [3e- DT

(4.29)

This is equation of an ellipse. Therefore, Eq. (4.25) maps the circle |z| = ¢ in the
z-plane onto an ellipse with semi-major axis of %(c + %) and semi-minor axis of
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%(c - %) in the w plane. The ellipse degenerates into the line segment from —1 to 1
on the u-axis when ¢ — 1. This can be seen if we let z = ¢’? in Eq. (4.25), and get

1. A
w= 5(e"’ +e7 %) = cos . (4.30)

As 6 varies from 0 to 27 in the circle in the z-plane, its image w = cos# varies from
1 to —1 and then back to 1 along the real u-axis in the w plane.

By the reciprocity property f(z) = f (%), any two concentric circles centered at
the origin with the product of their radii equal to one are mapped onto the same
ellipse. In Fig. 4.27, we show that the two circles |z| = % and |z| = 2 in the z-plane
are mapped onto the same ellipse of major axis 1.25 and minor axis 0.75 in the w
plane. Therefore, both the interior and the exterior domains of the unit circle in the
z-plane are mapped onto the whole w plane minus the line segment from —1 to 1
along the real axis by the Joukowski transformation.

We can get the inverse of the Joukowski function by solving for z. Multiplying
2z to both sides of Eq. (4.25), we get

27w =z + 1.

Solving for z,

r=wtVuwr—1 431

we get a double valued function. Therefore, if we need the inverse map, we must
select a suitable single valued branch to make it a one to one map. This can be easily
done by giving it a specific value. For example, let w = i, then we have

z=i+vVit—1=(1+2)i,
1=i—+it—1=(—-+2)i.

Clearly, the plus sign is associated with the mapping of the exterior, and the minus
sign associated with the mapping of the interior of the unit circle in the z-plane onto
the whole w plane outside the line segment of (—1 to 1) in the real axis.

Rays of Constant Angles to Hyperbolas It is interesting to note that rays of constant
0 in the z-plane is mapped onto the hyperbola in the w plane by the Joukowski
transformation. From Eq. (4.27), we see that

w [l +12 v 1 N7 “32)
cos20 |2\ ¢ ’ sin2@ |2 ‘T e ' ’

Since
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W = 1/2(Z+Z")
y — v
N1/
L/
o N ///
. X pr AR u
/ ¢
/1 \
/ \l

Fig. 4.28 The Joukowski transformation takes the rays of constant angles in the z plane to the
hyperbolas in the w plane. It transforms (either upper or lower) half z-plane onto the whole w plane
minus the slits running from 1 to co and from —1 to —oo along the real axis

therefore

u? v?

cos2f  sin’6 435
This is the equation of a hyperbola. The mapping is shown in Fig. 4.28. The ray of
0 = 0 s the positive real axis that passes the critical point z = 1. As one travels from
0 to 1 and then to oo along the real axis in the z-plane, the image point moves from
w = oo to 1 and back to oo along the real axis in the w plane. Similarly, the negative
x-axis, 6 = m, is mapped doubly onto the line segment running from w = —1 to
w = —o0. Thus, the family of rays with 0 < 6 < 7 in the z-plane is mapped onto a
family of confocal hyperbolas in the w plane. The family of rays with —m < 6 < 0
is mapped onto the same family of hyperbolas.

4.6.2 Joukowski Profiles

We have discussed that circles centered at the origin are mapped into ellipse by the
Joukowski transformation. Now if the circles are not centered at the origin in the z-
plane, you get quite different results. The resultant figures in the w plane are known as
Joukowski profiles. With the present-day computers, it is easy to draw these figures.
Nevertheless, in order to develop an intuitive understanding, it is important to know
the connection between the transformations and their geometric constructions.
First, let us suppose the circle in the z-plane passes through the two critical points
z = =£1 and the center of the circle o’ is at x distance above the origin o, as shown
in Fig. 4.29. We ask the question what figure will this circle be mapped to in the w
plane by the Joukowski transformation. Let us write z = pe'?, then w = %(z + %)
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Fig. 4.29 The Joukowski transformation takes the circle passing both its critical points z = 1 and
with its center at x distance above the origin in the z plane into an arc with its highest and lowest
points at the same x distance above the origin in the w plane

is simply w = 3 (pe’® + %e"")). Geometrically, it is clear from the figure, that p is
just the distance oz, so we draw a line segment of magnitude 1, making an angle —6
with the horizontal, and add it to oz at z, as shown in the figure. Half of this result is
the image w.

With this understanding, it is easy to find the images of A, B, C, D. At the critical
point A, p =1, 8 = 0, therefore 1/p = 1 and —60 = 0. Thus the image of A is at
w = %(1 + 1) = 1. Hence the image A’ is back to A. Similarly, at the other critical
point C, its image C’ coincides with C. Now at B, p = r + x where r> = 1 + x2.
Also 6 = 7/2 and —0 = —x /2, so w is at the vertical axis, and

ol 1 1 1 n 1
= — —_ = = — r —
v P p 2 * r+x

1|:(r+x)2—1] 1 [r2+2rx+x2—li|

\S)

2 r+x 2 r+x
I14+x24+2rx+x2—1 12x2 4+ 2rx

= - == = Xx.
2 r+x 2 r+x

Therefore, the image of B is B’ that coincides with the center of the circle. So whatever
x is, B’ in the w plane is x above the origin of the w plane. It is interesting to note
that the image of D is also at the vertical line, and p for D is r — x and 6 = 37/2.
Thus |w| for D’ is
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Y
w=12z+z")

Fig. 4.30 The Joukowski transformation takes the circle passing one critical point z = 1 symmet-
rical with respect to the x-axis and with its center at (—0.8, 0.0) in the z-plane onto the tear-shaped
image in the w plane

1 1
w‘E[_(’"_xH(r—x)}
IT—(r—x)+1 1 —r24+2rx —x2+1
ZE[T}ZE r—x
1—1—=x24+2rx—x2+1 rx—x2
ZE r—x - r—x -

Therefore, the image of D coincides with the image of B. Thus, the whole circle in
the z-plane is transformed onto an arc in the w plane. Both the major arc ABC and
the minor arc ADC in the z-plane are transformed into the same arc A’'B’C’ in the w
plane. Let the distance between the origin O and B be a,and between O and D be b,
thena =r 4+ x, and b = r — x. Clearly x = (@ — b)/2. Therefore, the coordinates
of B’ and D’ in the w plane are u =0, v = (a — b)/2.

Next we look at a circle that passes only one critical point z = 1 at A and symmetric
with respect to the x-axis. Let the distance between the origin O and the center of
the circle O’ be x as shown in the Fig. 4.30. Let r be the radius of this circle, and
r = 1 + x. Clearly, this circle in z-plane will be mapped unto a figure in the w plane
that is symmetrical with respect to u- axis. Let A’, B’, C’, and D’ be the images of
A, B, C, and D, respectively. A’ is at uy = 1, v4 = 0 for the same reason as before.
(us =1, is the distance of A’ in the transformed u coordinates, similar meaning for
other symbols.) and

1 1 1 1
uc 2|:( +x)+x+(1+x)+x] 2<+x+1+2x>
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W=1/2(z+1z)
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Fig. 4.31 The Joukowski transformation takes a circle passing the critical point z = 1 and with its
center at (—0.3, 0.4) in the z-plane into an airfoil in the w plane

For the point B, pp is the distance of OB and pp = (r*> —x*)!/? =
[(1+x)? - x2]1/2 = (1 4 2x)"/? therefore B’ in the w plane is at ug = 0 and

(o= 5) =3[0+ 29" - g
Vp = — —_—— = — X _—_— .
E=o\PPT L, ) T2 (1420177

The D’ in the w plane is simply at up = up = 0 and vp = —vp. In general, we can
read from the figure that

psind =rsina= (14 x)sina = (1 + x)(1 —cos? w)!/?

pcosf =rcosa—x = (l+x)cosa —x

Thus

p=(1+2x —2x(1+x)cosa+2x>)"?

0 — tan-"! (1 4+ x)(1 = cos?a)'/?

= tan .
(I1+x)cosa—x
Let
w=u-+iv

then
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Since we have expressed p and 6 in terms of cos o, as a moves around the circle,
we can trace its image in the w plane by following the point (u, v). The tear-shaped

image in the above figure is the result of x = —0.8.
Finally, we can look at the general case as shown in Fig. 4.31. The circle in
the z-plane is passing through the critical point z = 1 and its center is at x = —0.3,

y = 0.4.It’simage in the w plane begins to resemble an airfoil. With the two previous
examples, it is not difficult for us to understand that the image of this circle should be
such a figure. The exact locations of A’, B’, C’, and D’ can be determined as before.
In this case, r = [(1 +x)? + yz] "2 To trace out the image, we need to express p
and @ in terms of « (in addition to x and y). These relations can be worked out based
on the conditions

psinfd = rsina+ y,

pcosf =rcosa — x.

Therefore

p=[(rsina+ V)2 + (rcos o — x)z]l/2

! rsimo+y

0 =ta .
recoso — x

To trace out the image of this transformation, as « is moving around the circle, we
can follow the point (u#, v) where

:(r+2)
u=—-\|p+ —)cosé,
2 p

1 1
v= —(p——) sin 6.
2 p

To do this by hand may be tedious, but not difficult. With modern computers, we can
have thousands of such plots in a matter of seconds. By starting with figures in the
z-plane that are circles, it is possible to produce figures in the w plane that describe
a great variety of airfoils. This is the strength of the Joukowski transformation.

4.7 The Mobius Transformation

The mapping
b
w — az +

cz+d’

(ad — bc # 0) (4.34)

where a, b, ¢, and d are complex constants, is called Mobius transformation. Itis called
Mobius transformation because 150 years ago August Ferdinand Mobius first studied
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this transformation. The rich vein of knowledge which he exposed is still far from
being exhausted. It lies at the heart of several exciting areas of modern mathematical
research. These transformations are miraculously connected with the non-Euclidean
geometry, they are also intimately connected with Einstein’s theory of relativity see
[Penrose and Rindler [34]]. Although we will not be able to study these subjects
here, we want the reader to know that the significance of these transformations go
far beyond what they are exposed here.
Multiply both sides of Eq. (4.34) by cz + d, we get

czw—az+dw—b=0. (4.35)

This alternative form is linear in z and linear in w. or bilinear in z and w, so it is also
called bilinear transformation. This name is widely used. Any equation of this type
can be put in the form of either Eq. (4.34) or (4.35).

In addition, this transformation is also called a linear fraction transformation or a
homographic transformation. It is an important mapping, we shall study some of its
rudimentary properties.

Firstif ¢ # 0, we can factor out £ from Eq. (4.34) to get

a z+bj/a

c z+d/c

Add and subtract % in the numerator

.Z—I-d/c—i-b/a—d/c
z+d/c
( b/a—d/c) a a(bc—ad)/ac
=—t-—
_|_

z4+d/c ) ¢ ¢ z+d/c
bc —ad 1

2 z4d/c

SR ol ol

(4.36)

Now we can see if ad — bc = 0, we will have a constant function w = a/c. Thus
the condition ad — bc # 0 is necessary.

Next if ¢ =0, then Eq. (4.35) clearly shows that the transformation becomes
linear. This is a simple case, we can make a more detailed study.

4.7.1 Linear Transformation

If ¢ = 0, Eq. (4.34) reduces to a linear transformation

w=az+b. 4.37)



4.7 The Mobius Transformation 241

Fig. 4.32 Linear
transformation through 6 z%
magnification, rotation, and '
translation

g

Since a and b are in general complex numbers, so a can be written as |a| e'? | thus
the transformation w describes the following alternations in the xy plane (z-plane):
(i) a magnification by the factor |a|,
(ii) arotation through the angle 6,,
(iii) a translation by the vector b.
These are simple processes. The details are illustrated in the following example.

Example 4.7.1 Map the straight line joining A: (1 + 2i) and B: (4 + i) in the z-
plane onto the w plane by the transformation

w= (2 —3i)z — 4 +5i.

Solution 4.7.1 Let the coordinates of A be z4 = 1 + 2i, the coordinates of B be
zp = 4 + i. After the transformation

2=3)(1+2i)—4+5=@+i)—4+5 =4+6i =7,
Q—=3i)A+i)—4+5=11—-10i) —4+5 =7 —5i = 7,

74 is moved to 7/, and zp is moved to zj;. That is, the line AB is mapped to A’
(4 4 6i) and B’ (7 — 5i) . This is illustrated in the Fig. 4.32

The problem is actually solved.
What went on is as follows: After the operation (2 — 3i)zp =8 +i =2/, z4 is
moved to an intermediate position 24, then z!; is moved 4 units to the left and 5
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units upward to z/,. Similarly (2 — 3i)zp = 11 — 10i = z/; and then zi; — 4 + 5i =
7—50 = z/B. All this is clear in the picture.

According to what we have discussed, w = (2 — 3i)z — 4 + 5i = Me'%z — 4 +
5i, where M = /22 + (=3)2 = +/13, §, = tan~'(—3). That is, the length is mag-
nified by M, then rotated by an angle 6, before it is bodily moved 4 units to the left
and 5 units upward. Let the initial length of AB be S45, and the final length of A’B’
be SA’B’ :

Sap = Iz — 24l = 4 = 1)? + (1 =2 = VIO,

SA’B’ — |Z/B_Zf4| =\/(7—4)2+(—5—6)2:V130

So
MSap =+~13v10 =130 = Syp.

The length of AB is indeed increased by a factor of M.
Let the angle 73 — z4 makes with x-axis be 6,

6 = tan~! (1-2 = tan~! (_—1>
@4-1 3

and the angle z; — z/, makes with x-axis be «,

a = tan~! ﬂ = tan~! <_—11) .
(7—4) 3

We want to check if « is indeed the sum of 6 and 6,. There is no problem from a
table or a calculator to find 0, « and 6, in degrees, and to see if « is indeed the sum
of 6 and 6,. However, we can verify this directly in the following way.

_, tanf 4tand,
1 —tan@ - tan 6,
-1 3
=)+ (=3 —11

(G D () -

I-(F) D 3

So the line AB is turned by angle of 6,. Finally, it is clear from the figure that the
line z; — z!, is bodily moved 4 units to the left and 5 units upward to 73 — 7.

In this example, there is no need to analyze the transformation into intermedi-
ate step. In fact, it may even seem cumbersome. However, this is not always the
case. In some other situations, this understanding can be very convenient. This is
demonstrated in the following example.

0+ 6, = tan"' tan( + 6,) = tan

= tan~
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V' \ //

0 1 X 0 1 2 u

Fig.4.33 Mapping the rectangle in z-plane to the w plane with the transformationz = (1 + i)z +2

Example 4.7.2 Map the rectangle shown in the xy (z) plane of the following figure
into the uv (w) plane using the transformation (Fig.4.33)

w={1+4+i)z+2.
Solution 4.7.2 Since (1 +i)z = ﬁexp(w/4), this is an expansion by a factor of

V2, followed by a rotation of /4. Finally the rectangle is bodily translated into two
units to the right. This process is clearly illustrated in the figure.

4.7.2 Inversion
Another special case is so called inversion
1
w=- (4.38)
z

Inversion defines a conformal mapping at all points except z = 0. When the point at
infinity is involved our discussion, we can tacitly assume that

1 1
w(0) = ]irr(l) - =00, w(oo)=lim —=0. (4.39)
=07

—>00 7
If we write z = re'’, we have w = }e’ie. This says that the points exterior to the
unit circle |z| = 1 are mapped onto the points interior to it, then followed by a
reflection over the real axis. This mapping can be also understood in the following
way. Multiplying top and bottom of % by z, we have
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(4.40)

It is this expression that enables us to transform from z-plane z = x + iy to the w
plane w = u + iv. Since |z2| =x2+y2, 50

X —1iy

w = =u-+iv,
x2+y?
therefore
a Y (4.41)
= - —7F, V= . .
x2+y2 )C2+y2
Also because
1 1
i=—=—7 ,
w o wl?
we have )
. u—1iv
¥y = 2 492’
SO
u —v
X=——, = —. 4.42
u? 42 Y u? 4+ 2 ( )

At this point, we notice that a circle or a line in the z-plane can be expressed as
A2+ )+ Bx+Cy+D=0. (4.43)
This can be shown as follows:

Pyl 42
YT RY T AT

Complete the square,

L <x+£>2— (E)z,
A 2A 2A

2 Sy <y+£>2_ (g)
A 2A 2A

so Eq. (4.43) becomes

2
B\? c\* (VB2+C?—4AD
= —) = . 4.44
(x+2A) +<y+2A) ( 24 (“444)
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When A = 0, Eq. (4.43) becomes a line, when A # 0, as seen in Eq. (4.44), it
represents a circle. Equation (4.44) can be written in the form:

(x —x0)° + (v —yo)’ =12 (4.45)
where
5 < I - (4.46)
X0 = — s = — s r, =1Xx - B
0= T T o e 0T Yoy

Substituting Eq. (4.42) into (4.43), we have

Al (=Y (==Y e () e (=) + =0
(u2+v2>+<u2+v2> * (u2+v2>+ (u2+v2)+ -

4.47)
Multiplying (u* + v?), it becomes

D (u* +v*)+Bu—Cv+A=0. (4.48)

Therefore, its image is also either a circle or a line depending if D is equal to zero or
not. Compare this equation with Eq. (4.43), we see that A and D are interchanged
and the sign of C is changed. Thus, the image circle can be written as

(= u0)* + (v =) =ry, (4.49)
where
B B A A _Cc A 4.50)
W="5pT 24 D p "TopT :
AN
2 2

= -=) . 451
r (u0+v0 D) ( )

Notice also thatif D = 0, Eq. (4.43) passes through the origin. If A = 0, its image
in w plane passes through the origin. It is therefore clear that

(1) A circle (A # 0) not passing through the origin (D # 0) in the z-plane is
transformed into a circle not passing through the origin in the w plane.

(ii) A circle (A # 0) passing through the origin (D = 0) in the z plane is trans-
formed into a line that does not pass through the origin in the w plane.

(iii) A line (A = 0) not passing through the origin (D 7 0) in the z plane is
transformed into a circle passing through the origin in the w plane.

(iv) A line (A = 0) passing through the origin (D = 0) in the z-plane is trans-
formed into a line through the origin in the w plane.

In Example 4.1.1, the line x = 0 transformed to the line u = 0 is a case (iv)
mapping, the circle of radius 1/2 transformed to a straight line u = 1 is a case (ii)

mapping.
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Fig. 4.34 The circle defined
by |z — Gexp(in/4)| = 4 Y

AN Z2

Let us see more examples.

Circle to Circle Mapping

Example 4.7.3 Find the mapping of the circle
7 — 6™ =4
under the transformation of {
w=-.
Z
Solution 4.7.3 This is a circle to circle case (i) mapping. The circle in the z (xy)
plane is shown in Fig. 4.34.

We can solve the problem either by analysis or by geometry.
Method 1: By analysis, according to Eq. (4.45), this circle is defined by

@ = x0)* + (y = y0)* = 4.
According to Eq. (4.47),

B C
x0=—ﬂ=6cos%=3«/§, yoz—ﬂ=6sin%=3«/§,

1/2
re= [(—3\/5)2 +(=3v2)* - %] =4.
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Fig. 4.35 The image circle " /(
of [w— e ™4 = 1/5is 9
the resultant ipto which the / = T/4. .
circle |z — 6e”r/4| =4is 7/] &
mapped by the 0o \B 7.
transformation of w = % 2

-V

Y

So
2 D
r;=136—-—|=16
A
Thus
D
— =20.
A

According to Eq. (4.49), its image circle is

= uo)’ + (v —vp)* = |:(Mo)2 + (—vp)* — é] =r,

D
where
B B A A 1 342
Up=—=<=—7—+—==X0= =X055 = —=—»
2D 2A D D 20 20
_CcC _C A A 1 32
W=5p T2 DT DT % T "0
and

18 18 177 1
v =|—+— — — = —.
v 400 400 20 5
Therefore, the image circle is

1
Iw—wo|=§

where Y
342 3 .
wo = ug + ivy = T(l —i) = E(f”/“.
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Method 2: By geometry, according to Eq. (4.40)

This means that any point exterior to the unit circle (» = 1) is mapped inside the
circle and followed by a reflection about the real axis.

So let the images of A, B, and O in the above figure be A’, B’, and O’ in the w
(uv) plane, as shown in Fig. 4.35 (not in the same scale as the above figure).

The lengths O’B’ and O’ A’ are % and % respectively, the distance between A’ and
B’ is therefore equal to % — % = % Since this is the diameter, the radius is therefore
equal to % The center of this circle is at % + % = % from the origin. Therefore, the
image circle is given by

lw —wo| = <
5

where
3 iz
wo = Eé‘ 4,

The same as obtained by method 1.

There is an important point that may have escaped from our attention. The center
of the original circle is C, its image C’ is not the center of the image circle, since
C’isat ée‘i i, not 13_06—1‘}‘ This is because the magnification is different at different
points. Then how do we know that A’B’ is the diameter of the image circle? In the z
(xy) plane, AB is the diameter, it intersects with the circle at right angles. Since the
function % is analytic, so the mapping is conformal. So its images A’B’ must also
intersect with the image circle at right angles. Only the diameter intersects with the
circle at right angles, therefore A’B’ must be the diameter of the image circle. In that
case, how do we know the rest of the images form a circle. Well, we have shown
analytically, the circle must map into another circle. It looks that the algebra that we
went through is necessary.

Example 4.7.4 Find the mapping of the following circle
|Z _ 2ei”/4| —4

under the transformation of w = 1/z. The original circle in z-plane is shown in
Fig. 4.36.

Solution 4.7.4 The only difference of this example and the previous one is that in
this problem the origin is inside of the circle. This results in quite a different map.
The circle in the xy plane is

(x —x0)+ O —y)i=r?



4.7 The Mobius Transformation

249
Fig. 4.36 The circle
|z —2exp(im/4)| = 4 in the y
Xy plane
///_\\ /
c/ 4
4
(¢} X
i
“‘"--.._,\________J_./
where
s B C
= 2 —_ = 2 = 5 — 2 = -
To = 2eosy m 2A
2D D
- 2( 2) _ 2y Z 12
"z V2) -3 A

The image circle in uv plane is

(u —ug)* + (v —vo)* =12

where

2D 2A
C D A 1 V2
W=—=-r-—=—w(-=)=%
2D 24 D 2)" 12
A 2 1 1
2,0 A s b1
r“’_\/”°+v° D 44 1273

Thus the image circle is given by

—_—

le—iSﬂ/4

o
=g

From the geometrical construction, we see that corresponding to the A and B
in the xy plane, their images are A’ and B’ as shown in Fig. 4.38. Therefore, the
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Fig. 4.37 The image circle
in the w (uv) plane of \"}
Example 4.7.4
L}
112
T4 u
1/6

diameter is % + é = %, and the radius of the image circle is therefore equal to % The

center of this image circle is at (ug, vg) Where uy = —(% — %) cos(—%”) = —%,
vy = —(3 — %) sin(—%ﬂ) = ‘]/—25 Here we have to be careful. From Fig. 4.38, we see

that the angle we should use for uy and vy calculation is the angle opposite of —7,
not just — 7. This is where the minus sign in front of the expression from. The result
is the same as obtained analytically.

Although the procedure is the same as the previous example. There is however
a fundamental difference. The interior of the original circle in the xy plane is now
mapped onto the exterior of the image circle. How do we know this? We can see that
z = 0 is inside the circle in the z-plane. Its image, w = (1) — oo must be outside of
the image circle in the w plane.

Circle to Line Mapping If the circle in the z-plane passes through the origin, then
the image of that circle becomes a line. Again this is best illustrated in the following
example.

Example 4.7.5 Find the mapping of the circle
:—ReD| = R

under the transformation

1
w=-.
<

Solution 4.7.5 The situation is illustrated in Fig. 4.38. This problem can be analyzed
as follows. These circles can be expressed as
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0/ ™/2R, 1;2;/ TEe
Mer

12y0

(a) (b)
Fig. 4.38 The circle to line mapping. a Circles with different radius, they all pass through the

origin. b The images of these circles become straight lines, as R becomes larger and larger, the
distances between these lines and the origin 0’ become smaller and smaller

(x —x0)* + (y — ¥§) = y/x3 + ¢
In terms of the quantities of Eq. (4.43),

B C

X0=—ﬁ, }’():—ﬂ-

Since they all pass zero, D in Eq. (4.43) must vanish. This is because x =0, y =0
must be a point on that curve and satisfy that equation. This can be true only if D = 0.
Therefore, the image equation, Eq. (4.48), becomes

Bu—Cv+A=0

which is a linear equation representing a line. Furthermore when v = 0, u = —% =
%, andwhenu =0, v = g = —2#. When we plot it, it is the straight line showing
0 Yo

in (b) of Fig. 4.38 The same figure can be obtained according to geometry as we
discussed before. It is interesting to note that as R becomes larger and larger, the
distances d between these straight lines and the origin 0’ become smaller and smaller.
As R — oo, d approach zero.
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aY AV

y

v

Fig. 4.39 Straight lines are mapped into circles under the transformation w = %

Line to Circle Transformation

Example 4.7.6 Find the mapping of the straight line
x=R
under the transformation of w = 1/z.
Solution 4.7.6 For the case x = R, in the standard equation (Eq. (4.43))
A(®+y) + Bx+Cy+D =0,

we have

Under the inversion, the standard image equation (Eq. (4.48)) is
DWW+ vH)+Bu—Cv+A=0.

Thus
—R(u2 + vz) +u=0.

This equation can be written as
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2 2
u—L +0? = L .
2R 2R

These are circles with radius r = centered at (5, 0) .

L
2R’

Figure 4.39 shows the straight lines of x = % , 1, 2 with their image circles centered
at 1, % i, respectively. . .
Notice that as x — 0, the radius r — 0. Since

X —Y
Uu=———, V= ———70,
x2+y2 x2+y2

clearly for the straight line x = 0, the image is also a straight line ¥ = 0. Therefore
we can regard the straight line as a part of the infinitely large circle.

An Extension In preparation for the truely bilinear transformation, which can be
regarded as a series of transformations, we first look at a simple extension of what
we have just discussed. This extension involves only two steps. Again it is best
illustrated by an example.

Example 4.7.7 Find the image in the w plane of the unit circle |z| = 1 in the z-plane
under the transformation of w = 2%2 (Fig.4.40).

Solution 4.7.7 We can regard this transformation as a two steps process:

, 7z =7-72.

-1 -1/3

s \
$ i]/ xr U i u |
\ /

Fig. 4.40 The unit circle |z| = 1 is mapped into the w plane under the transformation of w = Z_%
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First, the unit circle is moved two units to the left. Then followed by an inversion.
This is illustrated in Fig. 4.40. A’ and B’ in the w plane are the images of A and B
respectively. Since

o 1 1
OA =—:—:—17
-0A -1

1 1

OB =——= .
—OB 3

Therefore, the diameter of the image circle is 1 — L' — 2 Thus, the radius is % and

373
the center of the image circle is at (—%, 0) .

Of course, we should get the same result by the brute force substitution. Since

1
z2—2=—
w
or
+i 2 !
x+iy—2= .
Y u+iv
Thus )
(x—2)+iy= 2%
u? +v?’
$0
5 u —v
x - , =
Wt o2 A SR

Since unit circle is given by

u 2 —v \?
<u2+v2 +2> + <u2+v2> =L

This equation can be simplified to

therefore we have

1+ 4u + 3u* + %) =0,

S at)

We can also find out the image of the point (0, i), it is at w = l_% = (—% — %i),

somewhere in the lower plane. Therefore when we go through AiB in the original

which can be written as
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unit circle, it is counter-clock wise. In the image plane, we go through A’i’B’, it is
also counter-clock wise. So the inside of the unit circle is mapped into the inside of
the image circle.

4.7.3 General Bilinear Transformation

In previous problems and examples, we mapped circular regions under the inversion
transformation w = 1/z. In a same way, we will show how to map regions with the
general bilinear transformation

az+b

cz+d’

We have shown in Eq. (4.36) that for ¢ # 0, this equation can be written as

a+bc—ad 1
c 2 z4d/c

(4.52)

Using this equation, we can reduce this transformation to the following sequence of
simple mappings:

(1) Translate the region by the vector d/c.

(i) Followed by an inversion, just like the previous example.

(iii) Magnify the region by the factor |b0;—2“d | .

(iv) Rotate the region through the angle 6, where = tan~! 254¢

(v) Finally, translate the result of the above processes by the vector ¢.

We see that the general bilinear transformation (Eq. (4.36)) preserves circles, in the
same sense as the inversion transformation preserves circles, that is, lines as circles
with » — o0. This sequence of mappings can be best illustrated by an example.

Example 4.7.8 Find the image of the unit circle |z| = 1 under the bilinear transfor-

mation
.(z—l
w=—i .
z+1

Solution 4.7.8 First we write the transformation as

(5) = (7)== (-)
w = —i = —1 = —1 1—
z4+1 z+1 z+1

1 : 1
—i +i2 = —i 42" ——
z+1 z+1

Therefore, this transformation can be regarded as the sum of the following steps:
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1. The unit circle is moved bodily one unit to the right:

Yy Yy
A\UC X A

B B

e Xl

2. An inversion is shown in the following figure. Notice that A and E are the same
point. Both are mapped to co. Although, for convenience, we put A’ at v = oo and
E’ at v = —o0. Actually both should be at z = co. We can think A’ and E’ are the
same point on the circumference of an infinitely large circle. This includes u — oo.
Thus the lower half of the circle ABC is mapped onto A’B’C’, with B at (1, —1)
being mapped to B’ where B’ = llj = % = (%, %). The upper half of the circle
CDE is mapped onto C’'D’E’ where D’ is at (%, —%).

v| &
y
D
B2
E 2 '
—C'{1/2 D ——
A cX u
0'11/2
B
i
3. Magnified by a factor of two:
vl . v A
Bl1
B2
/2 ¢l —
¥; u u
Di1/2
D-1
e E

4. Rotate by 7/2 :
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5. Bodily move downward by one unit:

v

— 1 n]

The net effect is that the disk inside the unit circle in the xy plane is transformed
onto the entire upper half-plane in the uv plane and the upper half disk is transformed
onto the first quadrant of the uv plane by w = —i % Note that the upper circular
boundary CDE of the original disk is mapped onto the positive part of the real u-axis,
and the lower circular boundary ABC is mapped onto the negative part of the u-axis.
The flat diameter EC that goes through zero is mapped onto the positive v-axis. As we
have discussed, E’ is at infinity, it can be regarded as any point on the circumference
of an infinite large circle, including at v — 0o, u = 0. For the upper half disk to be
transformed onto the first quardrant of the uv plane, EC must be mapped onto the
positive v-axis.

This enables us to solve some interesting problems as shown in the following
examples.

Example 4.7.9 Find the electrostatic potential within the unit disk with the boundary
conditions shown in (a) of Fig. 4.41.

Solution 4.7.9 From the previous example, we know that the inside of the unit disk
is mapped onto the upper half-plane by the transformation
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\
\ w(u,v)

Vi Vi G Vo u

(a) (b)

Fig. 4.41 The unit disk with the prescribed boundary conditions

z—1
z+1

=i

as shown in (b) of Fig. 4.41. From Example 4.1.4, we learned that the boundary
value problem of (b) can be solved by

In(z) =In(re’’) =Inr +i0 = u’ +iv'.
With this transformation, the boundary conditions of v = # becomes very simple,

6=0, V(u',60) =V,
O=mx, V@, 7)) =V.

Thus the Laplace equation in (u, v) becomes an ordinary differential equation in v
only

d*v

dv?

Therefore
V', v)=A+ Bv

The boundary conditions lead to the solution

Vi—W

Vv (u/, v’) =V + v

Since v
vV =0=tan"! =,
u

so we can express the solution as
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V1 — VQ v
tan~! —.
u

Vi, v)="Vo+

Now we must transform back to the (x, y) coordinates. Since

T S T > St W (e Vet s0 (GRS D0
z+1 x+iy+1 (x+1)% +y2
__i[(x—l)(x+1)+y2]+2iy_2y+(1—x2—y2)i_LH_Z_U
(x+ 1) + 2 (x+ 1% + 2 ’
therefore
2y (1—x*—y?)
u= 2 27 v= 2 2
x+D"+y x+D"+y
and ) )
1_ —
tan~! L = tan~! M
u 2y
Thus ) 5
Vi —V, 1 —x*—
Vix,yy=VW+ ! Otan_'( al y)‘
T 2y

This is the solution of the problem. It is interesting to find the potential at the center
of the disk, V (0, 0). In that case

1’1_1 (1 - x2 - )’2)

2y

1 1 ™
ta =tan~ — =tan (00) = >

$0
Vi —V Vi+ V
V(O,O):VO+¥-EZQ,

T 2 2

an expected answer.

Example 4.7.10 Find the temperature inside the semi-circular region with the given
boundary values shown in (a) of Fig. 4.42.

Solution 4.7.10 The transformation function

z—1
1
z+1

maps the inside of the semi-circular region shown in (a) unto the first quadrant of
the w plane shown in (b). The upper circular boundary of (a) maps unto the positive
part of the u-axis in (b). The flat horizontal part of (a) maps unto the positive part
of v-axis of (b). We can solve it in exactly the same way as in the previous example
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y v
TS50 S w(u,v)
= =
. 1]
/ [ r
II X o u
T={100° T=0"
(a) (b)

Fig. 4.42 Semi-circular region in z-plane mapped unto the first quadrant of w plane

except the boundary conditions should be changed to

Thus with
T ,v)=A+ BV,

the first boundary condition leads to A = 0, the second boundary condition shows
that 100 = B%, or B = 29 Therefore

™

/ A 200/
Tw,v)=—v

and
200 /v
T(u,v) = —tan (—) .
T u

In terms of (x, y) coordinates, as shown in the last example,

1— 2 2
tan71 2 = tan71 w.
u 2y
Therefore s o
200 1—x°—
T(xyy) _tan71 M.
s

2y
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4.7.4 Some Properties of Bilinear Transformation

Upper Half Plane to Unit Circle We have just shown that the transformation

z—1
l
z+1

will map the inside of a unit circle in the z-plane unto the entire upper half of the
w plane. Multiply both sides of the above equation by z 4 1, we can easily find its
inverse transformation . .
w—i W —
= — N = e 7.
w +1 w +1

This equation says that the transform

=1 7 —1
w:elﬂ' .:elﬂ' -
Z+1 z—1*

will map the upper half z-plane into the inside of the unit circle in the w plane. But

this is a special transformation, it transforms z = i to w = 0. Suppose we want to

transform any point z¢ in the upper half-plane to w = 0, we might try
— ei al T X0

0. (4.53)
z— ZO

Indeed, this is the general form that will map the entire upper half z-plane unto the
inside of a unit disk in the w plane. Now we want to prove it.
First we notice

ial — 20 Z—20
P

lw| =

9

-2 -2z

and if z is on the boundary between the the upper and lower half-plane, thatis y = 0,
z = x, then

|z — 20l = |z — 2§

s

therefore |w| = 1. Next, if z is on the upper half plane (above the edge), then

lz —z0l < |z — 25|,

therefore |w| < 1. This completes our proof.

One to One Mapping The bilinear transformation is a one to one mapping of the
extended complex plane onto itself: that is

f(z1) = f (zp) ifandonlyif z; = z,.
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To show that, we assume

(1Z1+b
wl—f(Zl)—CZI_i_d,
az; + b
wz—f(Zz)—CZ2+d-

In Eq. (4.52), we have shown

a bc—ad 1
w; = —+

c 2 zi4d/c
Similarly
a bc—ad 1
Wy = — —2—
c c z+d/c
If w; = wy, then
bc —ad bc —ad

7 (@ +d/c) = (z1+d/o).

o2
Since bc — ad # 0, this implies
72 = 211.

This means the transformation maps distinct points onto distinct images. Since it is
a one to one transformation, its inverse always exists. The inverse transformation is
obtained by solving for z from

az+b
w=/@= cz+d’
Thus
w(cz +d)— (az +b) =0,
or
(we —a)z — (b —dw) =0.
This gives
—dw+b
1= —
cw—a

To compute the derivative of f, again we use Eq. (4.52),

f,()_bc—ad -1 _ad —bc
YT @Hde? T @t dr
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This is well defined and never assumes the zero value in the complex plane. Therefore
a bilinear transformation is conformal.

Triples to Triples There are four coefficients in the bilinear transformation, but only
three of them are independent. There exists a unique bilinear transformation that maps
three distinct points z1, z2, z3 in the z-plane onto three distinct points wy, wy, wy in
the w-plane. First we assume these six points are all finite. Let

w'_azj+b
j_CZj-l-d’

j=12,3. (4.54)

We have
" — az+b az;+b (az +b) (cz; +d) — (az; + b) (cz + d)
P cz+d  czj+d (cz+d) (cz; + d)
d—be)(z—z;
_ lad—bo) (2 Z’), =12 (4.55)
(cz+d) (czj +d)
It follows ( )
(ad — be) (z3 — 2
. — s — , = 1.2. 4.56
T T s+ d) ez + d) g (*450)
It is clear that p
wow _ (2-z) (ot )’ 4.57)
w—w, (cz1+d) (z—2z22)
— 3 — 2 d
ws —wi _ (23— 21) (cz2 + )‘ (4.58)
wy —wy;  (cz1 +d) (23 — 22)
Thus
w—w; wy—w  (2—2z21) (23 —21) (4.59)

w—w wys—wy (z—2) (z3—22)

What happens when some of these points are not finite? For example, when
71 — 00, the right-hand side of Eq. (4.59) is then replaced by

(z—z1) (3—21) 23—

— . (4.60)
2> (2 —22) (23 — 22) -2

This means that if any point goes to infinite, all other terms that are grouped with
it can be ignored since they are dominated by the one that goes to infinite. This
can be applied to all limiting cases. Again the details can be found in the following
examples.

Example 4.7.11 Find the bilinear transformation that carries the points —1, oo, i
onto the points (a) i, 1, 1+1i. (b) oo, i, 1.
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Solution 4.7.11 With z; = —1,z; = oo,and z3 = i,
@w=i,wy=1w;=1+1,

w—w; w3z — w w—i (1+i)—1i w—1

w—w wy—w, w-—1 (1+i)—1_ w—1

lim (z—z1) (3—z1) z—z1 _z+1
a-o(z—2) (3—22) zm—u i+1

So
w—1i z+1

w—1 i+1

Rearranging the terms, we obtain

z4+2+1i
w=—>-
z4+2—i
(b) w; =00, wy =i, w3 =1,
. w—w; w3 — Wi w3 — Wy 1—1i
lim = =

wi—00 W — Wy W3 — W) w— Wy w—1i

1—i z+1

w—i i+l

Rearranging the terms, we obtain

iz+2+1i
z+1

4.7.5 Mapping Two Distinct Circles into Concentric Circles

Symmetric Points with Respect to a Circle Given a point A in the complex plane,
its symmetric point B with respect to a circle of radius R is defined as follows: B is
the point on the line joining A and the center of the circle C, (on the extension of the
line, if necessary). Let the distance AC be a, and the distance BC be b, the relation
between a and b is given by (See Fig. 4.43).

R2
a=. 4.61)
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Fig. 4.43 A and B are a pair
of symmetric points with P

265

respect to the circle Cp 2

Geometrically, it has the following meaning: From A, draw a perpendicular line
that intersects the circle Cg at P. A tangent line to the circle is drawn at P. This line

intersects the line CA at B.
It is clear from the triangle CAP that

a
cosp = —,
¢ R
and from CPB R
cosp = —,
¢ b
therefore
R2
a=—.
b

In terms of complex notation, we can write
2e=C0e"% z,=A06"% z5=B0O¢"?

and
a=A0—-CO, b=B0O —CO.

Thus the relation of Eq. (4.61) can be written as

RZ

AO—-CO = ————
BO -CO

Multiply both sides by e'?, we have
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R2 0 RZ

(AO — C0O)e'? = el = _.
(BO —CO) (BO —CO)e 't

Hence the symmetric relation in the complex notation is given by

2
(za —20) = R—* (4.62)
(z — 2¢)

Note that the denominator is a complex conjugate.

The Equation of a Circle in Terms of Symmetric Points Recall Example 1.6.14,

there we learned that
Z—2

=k

Z—22

represents a circle for a constant k. In this section, we will show that z; and z, are a
pair of symmetric points with respect to that circle.
It is more clear if we write it out explicitly. Since z = x + iy, so z; = x; + iy,
and z, = xo + iy,. Thus
|z —z1l = klz — 22|

can be written as
[ —x)? + (v = 0’12 = kl(x = x2)* + (v — y2)°1'2
Square both sides and expand it and collect terms, we have

x1 —kxy  xP— k3
1 —k? * 1 —k?
yi— Ky | yi—ky;
1 —k? 1 —k?

x2 —2x

=0.

+y2—2y

Complete the square, it becomes

X1 —kxn\’ n yi —k*y, g
x — ——————————— — —— pr—
11— YT TR
(—xl — k2x2>2 + <y1 - k2y2)2 _ Xk yi ks

1 — k2 1 — k2 1—k2  1—k2
2

k
= ——— [(1 — x>+ (1 — ). (4.63)

(1-%)

This is a circle since it can be recognized as

(x — xc)z + (- yc)2 = RZ.
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Equation (4.63) is simplified considerably if we write it in terms of complex notation.
Let
x1—kxy oy —ky oz — k2
.= = , 4.64
“ETTe e 1— k2 (464

2 k2 2
R=——ln-zaul, (4.65)

(1-#)

then Eq. (4.63) can be written as

|Z - Zc|2 = st

or
|z —z¢| = R. (4.66)
Note that 5 5
71— k"2 k" (za — z1)
—Z.=2] — = , 4.67
<1 4 <1 1 — 12 k2 ( )
o _zl—kZZQ_Zz—Zl (4.68)
22 e = 22 1—k2 _1—k2 .
Thus
R? k2 ) 1—k2
= 3 lzo — z1]” - T2
(z1 — z¢) (1-k2) k*(z2 — z1)
_ (—z) (2 —z21) o (4.69)

C(1-R) @2 — 2"

satisfying Eq. (4.62). Therefore z; and z, are a pair of symmetric points with respect
to the circle with a radius R centered at z..

Mapping Two Distinct Circles into Concentric Circles Suppose we have two
separate circles, and a pair of symmetric points z; and z, with respect to both circles.

Let
Z—21

=k (4.70)
Z—22

be the first circle. That is, this equation in z (Xy) plane describes a circle of radius
R, with its center at z.,,where

ky 71 — kizy

|z —z1l, 2Z¢ =
) R T

Rl = —r
-k

.71

And let
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Z—21

= ks 4.72)

Z—22

be the second circle. That is, this equation in z (xy) plane describes a circle of radius
R, with its center at z¢,,where

ka 21—k

lzo —z1l, ze, =
] =g

Ry—= —-
-8

4.73)

Now if we make a transformation

-2z
2—2
then the first circle is mapped into
lw| = ki,
and the second circle is mapped into
lw| = k.

In w (u,v) plane, these are two circles with radius k;and k, respectively. But both
circles have their center at w = 0. Thus the two separate circles in z-plane are mapped
into two concentric circles in w plane.

The details of this method are best explained in the following examples.

Example 4.7.12 Find a bilinear transformation that maps the region between two
circles

lz| =1 |-|-1|—5
=1, Iz =3

onto an annular domain between two concentric circles. Determine the radii of the
two image circles with a common center at the origin.

Solution 4.7.12 We shall first find a pair of points z; and z,, which are symmetric
with respect to both circles. The common symmetric pair of points, z; and z, must
lie on the line joining the center of the two circles, which is the real line. Thus z; and
7, must be real and satisfy

5\ 2
2122 =1, @1+ D+ 1) = <5> .

This gives two solutions:



4.7 The Mobius Transformation

269
Y

_ Z-14
Z-4

3
I
<

C1NY M
-3 ky 5

Fig.4.44 The region bounded by the circles |z| = 1 and |z + 1| = 2.5 is conformally mapped onto
ion L 1 i _ =l/4
the annular region 7 < w < 5 by the transformation w = =%

1 1
a=y =4 or z1=4, n=-.

The bilinear transformation w = % will transform the two separate circles into
two concentric circles (Fig.4.44).

Let us first use z; = }1, zo» = 4. For the case |z| = 1, the center is at zero, and the
radius is equal to 1. Equation (4.71) gives us a set of two quadratic equations,

ky 1
1= 4-—-),
1— k2 4

0 T — k4
=k

Each equation gives two solutions, only one is common to both. It is easy to show
that

1
kl:é_l

satisfies both equations. Therefore, the transformation

will map the circle |z| = 1in the z-plane onto the circle [w| = % in the w plane.
Similarly, for the circle |z 4+ 1| = %, the center is at —1 and the radius is 2.5.

1
i3

According to Eq. (4.73), k, = % Therefore, the transformation w = > will map
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Q"
c

Fig.4.45 The region bounded by the circles |z| = 1 and |z + l| = 2.5 is conformally mapped onto

the annular region 2 < w < 4 by the transformation w = 57z /4

the circle |z 4+ 1] = % in the z plane into the circle |w| = % in the w plane. Both
circles in the w plane are centered at w = 0, so they are concentric. This is shown
in Fig. 4.45. The transformation is equally valid if the two concentric circles are
multiplied by the same constant.

Next we take z; = 4 and z, = %. According to Eq. (4.71), the unit circle |z| = 1
in z-plane corresponds to k; = 4. Thus this circle in the z-plane is transformed onto
another circle in w plane with a radius 4. Similarly, the circle |z + 1| = % in the z-
plane corresponds to k, = 2. Therefore, the outer circle in the z-plane is transformed
into the inner circle of |w| = 2 in the w plane, as shown in Fig. 4.45.

Example 4.7.13 Two parallel long conducting cylinders are shown in Fig. 4.46.
Calculate the electric potential in the space surrounding them if the larger one is held
at potential V; and the smaller one held at potential V.

Solution 4.7.13 The first step of solving this problem is to map the profile of the
cross sections of the two cylinders (two circles in the figure) into two concentric
circles. Therefore, we will first find a pair of points that are symmetric to both
circles. This means we will solve the following equations

o )=
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Vo

Fig. 4.46 Find the potential between the two cylinders at V| and V;. The small cylinder has a
radius 1 centered at the origin. The larger cylinder has a radius 2.5 centered at x = 4.5

The solutions are either

1
71 =3, =3

or |
Z1=§, 7y =3.

Let us take first set of solution, and write the transformation as

In the z-plane, the unit circle |z| = 1, the center is at 0 and the radius is 1. According
to Eq. (4.71) k; = 3, therefore this circle is mapped into a circle |w| = 3. That is a
circle of radius 3 centered at 0. The second circle |z - %‘ = (%)2, according to Eq.
(4.73) corresponds to ky = % Therefore, it is mapped to |w| = % in the w plane. This
mapping is sketched in the Fig.4.46.

Now we know the potential is equal to (See Example 4.4.1)
V(w)=Aln|w|+ B
The constants A and B can be determined by the boundary conditions, that is

Vo= Aln3+ B,
3
V1:Aln§+B
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PP
y z-1/3
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Fig. 4.47 The region between the cylinders is mapped into the annular region bounded by the two
concentric circles by the transformation w = ﬁ

Thus 3
V2—V1=A1n3—A1n§:A(ln3—ln3+ln5),
or
W=V
~ In5
and

V-V
B=V,—Aln3=V, — 2 _'n3.
In5

Therefore, the potential between these two conductors is

-3
V()=Aln|w+B=Aln|~—|+B
Z=3
z—3 z—3
=AlIn3 B=AIn3+ Al B
n 3z—1‘+ 3 n3z—1‘+
z—3
=Aln \%
3z—l‘+ :
V2—V1 Z—3
= 1 V
In5 n3z—1‘+ 2
Thus, we have
12
Vo=V (x =3)?+)?
Vix,y) =
=3 |:(3x—1)2+9y2 e

=V |: (x —3)> + 5

Vs
2In5 (3x—1)2+9y2:|+ :
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Fig. 4.48 The region between the cylinders is mapped into the annular region bounded by the two

concentric circles by the transformation w = 22_143

Now we use the other set of data and find the transformation to be

7—1
w = 3
z—3

By the same reason, we find that
z—é 1
z—3 3

describes the other circle |z — %} = % in the z-plane. The mapping is sketched in
Fig. 4.48.

Now the boundary condition is

5
V]ZAIH§+B,

1
Vg:All’lg—}—B

Thus | s
V- Vi=A(lIn-—In=- ) =—AInS5,
3 3
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or vy
Ao 279
In5
and
B=V,—Alnl+AIn3=V,+ Aln3
Now
z—1
V(i)=Aln|lw|+B=Aln §+B
3z -1
= A(ln 3 —In3)+V,+Aln3
Vz—V] 32—1 V2—V1 Z—3
m5 z—3‘+ 2= Ths " 3z—1‘+ 2
Therefore
Vo=V (x—=32%+y* 1°
Vix,y) = 1 V.
7 =3 n[(3x—1)2+9y2 +h
Vo—V —3)2+)?
SLE T A e A
2In5 (Bx — 1)2+9y2

Exactly the same as before. It is interesting to note that the answer to the physical

problem is unique, the intermediate mapping can be different.

4.8 The Schwarz-Christoffel Transformation

In this section, we construct a transformation, known as the Schwarz-Christoffel
transformation, which maps the x-axis and the upper half of the z-plane onto a given
simple closed polygon and its interior in the w plane. The polygon could be closed

at infinity, in that case, it is practically an open polygon.

In the first section of this chapter, we have used many examples to show the
usefulness of the conformal mapping. There the mapping functions are taken from
tables. The selection of a particular function is guided mostly by educated guess. In
this section, we will provide a systematic way to derive some of these functions.
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4.8.1 Formulation of the Schwarz-Christoffel Transformation

Before we start, let us recall some definitions in complex variables. Any complex
quantity A can be expressed as .
A =|A|eP (4.74)
where 34 is given by
Im(A
B4 = tan™! L
Re(A)
The argument of A is defined as 3,4. That is
arg A = (34, 4.75)

thus '
A =|A|e ¥l (4.76)

Note that Eq. (4.74) holds even if A is a pure real number. In that case,
If Ais positive, arg A = 0, 4.77)
If Ais negative,arg A = . (4.78)
Let A = BC, then arg A = arg BC. Since

B:|B|e[al’g3’ C=|c|eiaIgC’

and _ A _
BC = |B|etargB |C|ezargC — |B| |C|ez(argB+argC)7
therefore
arg BC = arg B 4 argC.
Thus

argA = arg BC = arg B +argC. (4.79)

Similarly, if A = £, then

B
arg A = arg = arg B —argC. (4.80)

Our problem is to map n distinct points xy, x3, ...x, on the real x- axis in the z-plane
unto the vertices of the n sided polygon in the w plane. Let the n points be arranged
in such a way x; < xp < - - - < X, and z moves on the x-axis from z < x; to z > x,,.
We want to find a mapping function w = f (z) so that wy = f (zx) , k = 1,2, ...n.
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Wi+t

X4 Xz X1 X Xis1 Xn

Fig. 4.49 The Schwarz-Christoffel transformation carries the upper half z-plane into the interior
of an n-sided polygon. The angle of inclination of the kth side is denoted by (3. The exterior angle
oy at the vertex wy is given by Sr4+1 — Gk

By definition
dw ,
i [ (@), (4.81)
z
or
dw = f'(z)dz.

According to Eq. (4.79), we have
argdw = arg f'(z) + argdz.

Since z is on the x-axis and is moving in the positive direction, according Eq. (4.77).
Therefore
argdw = arg f'(z). (4.82)

Now consider the closed n-sided polygon with vertices wy, w;...w, in the w
plane. The angle of inclination of the kth side joining wy_jand wy is denoted by
Gx, k = 1,2, ...n. For convenience of notation, we also write w,, as wg, so that the
first side of the polygon refers to the line segment joining w, and w;, Hence (3,41 is
taken to be 3 (See Fig. 4.49).

When z moves along on the x-axis in the segment (x;_1, x¢), its image point w
moves along the kth side of the polygon. Therefore, dw is also along this side. Since
dw = |dw| e, so argdw = ;. When z moves across the point x; along the real
axis, arg dw jumps by an amount ¢y, to assume a new value ;. It is clear from the
figure that oy = Brr1 — Ok. In summary: argdw = 3, when z assumes real values
in the interval of (x;_p, x¢), k =2, 3, ...n and argdw = (; when z assumes real
values in the interval of (—o0, x;) and (x,,, 00).



4.8 The Schwarz-Christoffel Transformation 277

This situation can be summarized by the following expression:

argdw: &arg(z—xl)+&argz_x2 ++@argﬂ+
m m X1 ™ 7 — Xp—1
n T — Xp n
...... +5—arg— 6“ Pl e — arg(z — xp)) (4.83)
s 7 — Xp—|

Now we will show that as z moves on the real x-axis, if z is in the segment of
(xx—1, Xx), only the kth term in this expression is nonvanishing and the nonvanishing
term is equal to ;. All other terms are zero.

Forz < x;,wehavez — x; < Oforl =k + 1,k + 2, ....n. According to Eq. (4.78),
arg(z — x;) = m, since z — x; is negative. Therefore

l arg b B @[arg(z —x) —arg(z —x-)] = é[7T —7m]=0 (4.84)

T =X
forl=k+ 1,k + 2, ....n, and the last term

Bt Bt
v iy

arg[m — arg(z — x,)] =

is also equal to zero. Therefore, all terms to the right of the kth term are zero.
Similarly, for z > x4_;,we have z — x,, > 0 form =k — 1,k — 2, ...1. Accord-
ing to Eq. (4.77), arg(z — x,,) = 0. Therefore

ﬂ—mar ST —ﬁ—m[arg(z—xm)—arg(z—xm 1)]—5—'"[0 0] =0 (4.85)

™ = Xm—1
form =k —1,k—2,...1, and the first term

ﬁ'clrg(z—xl) ~ Do
s m

is also equal to zero. Therefore, all terms to the left of the kth term are zero. For the
kth term, we have

Pt g 275 @[arg(z — x) —arg(z — xpp)] = ﬂ—[w— 0] = Bi. (4.86)
T2 — Xp—y

Thus, when z moves along the x-axis from x;_; toward xi, its image in w, moves
along the kth side of the polygon between wy_; and wy, and

argdw = (.

Hence, the validity of Eq. (4.83) is established.
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Now we use Eq. (4.80) to expand Eq. (4.83), we have

argdw = %arg(z—xl)—}—% B2 B

arg(z — xp) — - arg(z — x1) + ?3 arg(z — x3) — ...

@ arg(z — xp) — Bn arg(z — xp—1) + Bpt1 — Puct1 arg(z — xp).  (4.87)
T m m

Collecting terms

argdw = arg(z — x2) + .....

Bi— B are(z — x1) + B2 — B3
i i

..... @ arg(z — xp,) + But1-

Using the notation oy = Bry1 — Ok, We can write this expression as
n ak
argdw = — Z — arg(z — xx) + Bu+1. (4.88)
=1
From Eq. (4.76), we have A = |A| e/ ™24 _ If o is a real number, then

AY — |A|a eiczargA'

Therefore by definition
aarg A = arg A“.

Thus
— agarg(z — x;) = arg(z — xx)~ . (4.89)

It follows that
673 _ %%
—Z—arg(z —Xi) = Zarg(z — )
= k=1

Since 3,41 is a constant, yet to be determined. For convenience, we write it as
Bu+1 = arg A. Thus Eq. (4.88) can be written as

argdw = Zarg(z — xk)_uf?k +arg A.
k=1

By Eq. (4.79), this equation can be written as

argdw = arg[AIT'_, (z — x0) "~ 1. (4.90)
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Since argdw = arg f’ (z), therefore

ag

arg f'(z) = arg[AIT_ (z —x0) " 7 1.

If arg(X) = arg(Y), it means X = kY where k is a real constant. Therefore
fl@=AM_(z—x) * 4.91)

where A’ is another constant, it is equal to KA.
Since w = f (2) ,s0 ‘;—f = f’(z), therefore

w=A’ / (s — x)~ +ds + B, (4.92)

where A’ and B are two constants yet to be determined. This transformation is
known as the Schwarz-Christoffel transformation, named in honor of the two German
mathematicians H. A. Schwarz (1843—-1921) and E. B. Christoffel (1829-1900), who
discovered it independently.

4.8.2 Convention Regarding the Polygon

The point w, on the boundary of the polygon will map onto the point z = oco. This
point may or may not be a vertex of the polygon. If it is a vertex, we call it wg. In
any case, starting from wy, traverse the boundary of the polygon in the sense that
the interior is always on the left, encounter the vertices in succession wj,wa, ....W,.
These will map onto points Xy,X3, ....X,, respectively, of the x-axis in the z-plane.
Thus the upper half of the z plane will be mapped onto the inside of the polygon.

In the case of the polygon illustrated, all exterior angles «; are positive. The
general convention is that if it is a counterclockwise turn, « is positive. If it is a
clockwise turn, « is negative.

Now if x, is moved to infinity, we simply drop the factor (s — x,)~F from
Eq. (4.92) and get only n — 1 factors in the integral, that is

z
w= A[ =} (s — x;)" = ds + B. (4.93)

Open Polygon. In many problems of interests, one or more vertices of the polygon
are at infinity. The polygon “closed” at infinity is practically an open polygon. For
example, the semi-infinite strip in the following figure is a case of a triangle with one
vertex that is taken to infinity in y direction (Fig.4.50).
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o3 |W3

W1 Wa2 W1 Wao

Fig. 4.50 In the triangle wiw>w3, as w3 moves higher and higher, a3 becomes larger and larger,
until w3 — oo, az = 7, the triangle becomes an open semi-infinite strip

Before we see more examples, we would like to make a few remarks:
(i) The sum of the exterior angles of a closed polygon is equal to 2.

ar+or+- -+ a, =27

(i) The constants A and B are in general complex numbers. In the following
examples, we will show how they are determined.

(iii) When the vertices wy,w», ....,W, are given points in the w plane, their images
X1,X2, ....,X, On the x-axis of z-plane cannot be selected in an arbitrary manner. We
can arbitrarily select at most three of these X}, the remainder must then be calculated.

4.8.3 Examples

Example 4.8.1 Find the Schwarz-Christoffel transformation that maps the upper
half z-plane (I/m z > 0) onto the semi-infinite strip of the w plane, such that —7 <

u <5, v>0where w =u +iv (Fig.4.51).

Solution 4.8.1 We consider the strip as the limiting form of a triangle with vertices
Wwi,W,, and w3 as the imaginary part of wj tends to infinity. The limiting values of
the exterior angles are

™ ™
) = —, Q) = —.
2’ 2
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W =1(z) I

NJ’E
-1 1 X -z 0 a2

X1 X2 X3 —» o0 I/ Wz
T2

I
I

Fig. 4.51 Schwarz-Christoffel transformation of the upper half z-plane y > 0 onto the semi-finite

q s ™
stripof w plane -7 <u < 7,v >0

We choose the points x; = —1,x, = 1, and x3 = 00 as the points whose images are
w; = —7, wy = 7 and w3 — 00 as the vertices. Then according to Eq. (4.93), we
have

z
w = A’/ (s+ 1) 2(s—1)"2ds+ B

Since 1 1 1 ‘ 1
-DF=(D -9 =i

so by changing A’ to A, we have

z
w = A/ (14+5)"2(1—s)"2ds+ B

z z ds
:A/ (l—sz)’%ds—i—B:A/ - +B.
V1 —s2

One of the difficulty of this method is to evaluate these integrals, but this one is
relative easy. Let s = sinx, so sin~!'s = x, and ds = cos xdx. It follows that

ds cos xdx cos xdx

= = =dx =dsin" s,
V=52 /1 —sin’x cosx

therefore
1

/Z ds /Z d sin”! sin”
— = s = z.
V1 —s2
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So we have w = Asin~! z + B.We must select A and B so that w; = —% when
z=x;1=—1land wy, = g when z = x, = 1. Since

. T . ™
—1)=—= d 1)=—-.
sin” (—1) > and sin™ (1) 2
Thus the two equations w; = f (z;) and wy; = f (z2) become

Pea(p)en

T Al B
2 T2 T

Add these two equations, we have 2B = 0. Thus B = 0 and A = 1. Therefore the
appropriate transformation is

w=sin"!z.

Example 4.8.2 Use the Schwarz-Christoffel method to map the upper half z-plane
to the horizontal strip 0 < v < 7 in the w plane (Fig.4.52).

Solution 4.8.2 Consider the strip 0 < v < 7 as the limiting form of a rhombus
with vertices wi,w,,w3,and w4 with w, and w4 going to the left and right infinity,
respectively, as shown in Fig.4.52. In the limit, the exterior angles become

011=O, Qy) =T, Ct3=0.

Since we can arbitrary choose three x values, so we choose x; = —1, x, =0,
x3 = 1, and x4 = 0o. The Schwarz-Christoffel transformation is then given by

< iy
w = A/ s+ D%s) = (s — D%s + B

“d
=A/ & B=Alnz+B.
S

y W = f(z) v
Wil i
a1 = “'-._\__H
oWy _ =" T~ [
\/"\v\ﬁh e
5 0 1 . g e mﬂ" .
X4 Xz X3 X4 —» 0 w0

Fig. 4.52 Map the upper half z-plane onto the horizontal strip of the w plane with the Schwartz-
Christoffel method
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A and B can be determined by requiring w; = im at z = x; = —1, and w3 = 0 at
z=x3 =1.Soatx3 =1, we have

ws =0=Aln(l) + B.
Since In(1) =0, so B = 0. At x; = —1, we have

wy =imn=Aln(-1).
Since In(—1) = In (¢'") = im, thus A = 1. Therefore the Schwarz-Christoffel trans-

formation is
w=Inz.

Example 4.8.3 Find the Schwarz-Christoffel transformation that maps the upper-
half z plane onto the unbounded region in the w plane as shown in the following
figure. In particular, the point z = x; = —land z = x, = 1 are mapped on the points
w; = i H and w, = 0, respectively (Fig.4.53).

Solution 4.8.3 It is clear from the above figure

™ ™
o) = —— Qp = —.
2’ 2

The Schwarz-Christoffel transformation is therefore
< 1 1
w = Af (s+D2(s—1"2ds+ B

ds + B.

w = f(z) v

S,

iH

W .
1 y
0
X1 X2 Wz | (y
1
r
1
I
1

Fig. 4.53 The upper half of the z (x,y) plane (Im z > 0) is mapped onto the unbounded polygon
of the w (u,v) plane as shown in this figure
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Multiplying top and bottom of the integrand with /s + 1, we have

\/s+1d s+1 K 1

N/ RV s v/ RV b

Therefore we can split the integral into two parts

ZJCdS_/J—

< 1
ds—i—/ ——ds
Vs —1

1 _1
The first part can be easily integrated out, since d (s> — 1)> = (s* — 1) 2 sds. The
second part can be evaluated with a substitution. Let s = coshx, so x = cosh~!s
and ds = sinh xdx. Since

ds _ sinh xdx sinh xdx

= = — =dx =dcosh™'s
\/S2—1 Jcoshzx_l sinh x
Thus
AV 1 |
/ St ds = (22— 1)} +cosh '
Vs —1
Or

w=f(z) = A[(z> — 1)? + cosh™' z] + B.

The two constants A and B can be determined by the requirements f (z;) = w;, that
isw; = f(=1)=iH, and w, = f (1) = 0. Recall from Sect. 1.7.4 that

cosh™'z = In [z + (2 — 1)%] .
Thus

wy = f(1) = Acosh™' 1+ B
=Alnl+B
:B:O,

since In(1) = 0. Now
w; = f(—=1) = Acosh™'(=1) = Aln(—1) = iH.

Since —1 = ¢/, and In(—1) = In(e!™) = in. Thus

. . H
Aimr=iH, or A= —.
T
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Since cosh™! z is a multi-valued function, for the mapping, we must select a single
valued branch which is analytic in the upper half-plane. Therefore, the Schwarz-
Christoffel transformation should be written as

f(Z)=%[\/zz—l+ln(z+\/zz—l>].

Exercises

z—1

z+1

1. Show that the transformation w = In
of 0 < v <7and 0 < u in the w plane.

Ans. See Fig. 4.2.
2. Show that the circle (x — %)2 +y? = (%)2 in the z-plane is mapped onto u = 1 in
the w plane by the transformation w = %

Ans. See Example 4.1.1.
3. Show that the transformation w = sin z maps the semi-infinite strip —g <x<
y > 0 in the z-plane onto the upper half (v > 0) of the w plane.

Ans. See Example 4.1.3.
4. The function f(z) = sinz is analytic everywhere and represents a conformal
mapping except at the critical points. Find these critical points.

Ans. z = (2n + D)m/2.
5. Show that x = a and —7 < a < 7 is mapped into a hyperbola by the transforma-
tion w = sin z. Show that if a > 0, then the line x = a is mapped into the positive
branch of the hyperbola.

Hint: Recall sinz = sinx cosh y + i cosx sinh y
6. Show that y = b is mapped into an ellipse by the transformation of w = sin z. If
y = 1 in the z-plane, what are the major and minor axes?

Ans. Semi-major axis: %(e + ¢~); semi-minor axis: %(e —e .
7. Use the function In z to find an expression for the bounded steady temperature in
a plate having the form of a quadrant x > 0, y > 0 if its faces are perfectly insulated
and its edges have temperatures 7 (x,0) = 0 and 7(0, y) = 1.

Ans. T = 2tan~'(2).
8. Find the steady temperatures in a solid whose shape is that of a long cylindrical
wedge if its boundary plane § = 0 and 6 = 6, are kept at constant temperatures zero
and Ty, respectively, and if its surface r = ry is perfectly insulated.

Ans. T = g—gtan_l(f).
9. Find the bounded steady temperatures 7' (x, y) in the semi-infinite solid y > 0 if
T =0 on the part x < —1 of the boundary, if T = 1 on the part x > 1 and if the
strip —1 < x < 1 of the boundary is insulated.

Ans. T = % + % sin”! %[\/(x + D2 432 — J/(x — )2 +y2] (=5 < sin"lu <

).

maps the upper half z-plane onto a strip

)

[STE]

NIE
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Y,
4 T= 0{
7 i
-1 1 o x 2 1 .
T=0 7, T=1 7 7 T=1
Exercise 9 Exercise 10

10. Find the bounded steady temperature in the solid x > 0, y > 0 when the boundary
surfaces are kept at fixed temperature as shown in the figure except for insulated strips
of equal width at the corner.

Ans.T = 1+ Lsin7' I[/(x2 = 32+ D2+ 4x2y2 — /(x2 — y2 — D2 + 4x2)?]
11. Find the electrostatic potential V in the space enclosed by the half cylinder
x24+y? =1,y > 0and the plane y = 0 when V = 0 on the cylindrical surface and
V =1 on the planar surface.

H— <<

1V &

2 2
Ans. V = Ztan™! (1)‘2—y) )
w y

12. Let 1 + i be one of the two points that are symmetric to the circle |z| = 2, find
the other point.

Ans. 2(1 +1)
13. Show that the transformation w = exp(z) maps (a) unto (b) of the following
figure.

"
A
A
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-
<

D EL T F

c p A ! E' D[C' B A
(a) (b)
14. Find the potential V in the space between the planes y = 0 and y = m, when

V = 0 on the part of each of those planes where x > 0, and V = 1 on the parts where
x <0.

: 4

V=1 it V=0

V=1 T V=0

Ans.V = L tan! %
15. Find the electrostatic potential in semi-infinite space bounded by the two half-
planes and a half cylinder, when V = 1 on the cylindrical surface and V = 0 on the

planar surfaces.

nN— <

v=0 -1 1 v=o0

_ 2 -1 __ 2y
Ans. V = P tan m
16. Find the pair of points x;, x, that are symmetric to both circles |z — i| = i and
lz| = 1.
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Ans.x; =2 —+/3, x, =2+ /3.
17. Show that % = k are circles in z-plane. Show that if k =2 — /3, then it is
the same circle of |z| = 1.
18. Let Z:g = kj represents the circle |z — %| = i, find the value of k;.
2
Ans. k; = (2 - ﬁ) —7—4/3=00718

19. Show that w = ;:ﬁl is a conformal transformation, and |w| = k are concentric
circles. Suppose the circle |z| = 11is mapped into |w| = 1, what is the transformation
in this case?

Ans.w = 2+ /3 %

20. Under the transformation w = (2 + +/3)<=%, what is the image of the circle

—x3°

1 _ 1
e—3l=3?
Ans. |w| = (2 — +/3) = 0.268.

21. Determine the temperature distribution in the region shown in the following
figure. Take the inner cylinder to be centered at x = 1/4 and the radius to be
1/4 and the radius of the outer cylinder to be 1.The temperature is kept at 77 at
the surface of inner cylinder and 7, at the outer cylinder. The figure shows that
two distinct circles are mapped into two concentric circles by the transformation
w=C(z—x1)/(z—x) where C = 2+ +3)andx; =2 — V3, x, =2+ /3.

Yy v
w = C(z-X:)/(Z-X2)

e T T, oo e T2

y

< W
N
L

Ans. Ry =1, Ry = (2 —V/3).
2 2
T = 7;11;22 In az(lf;fi)l);:)j\’zl + Thwherea =2 ++/3,x1 =2 — /3,3 =2 + /3.
22. Determine the steady-state temperature distribution in the wedge shown in the

following figure.

y

/

_Lir
g R
P

[

C
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y y

T4

To To

Exercise 22 Exercise 23

Ans. T (x,y) =Ty + @ tan~! 2.

X
23. Determine the steady-state temperature distribution in the region shown in the
above figure. The arc is insulated.

Ans. T (x,y) =Ty + @tan‘l X

X

24, Find the bilinear transformation that maps z; = —1, z, =0, z3 = l onto w; =
—1, wy = —i, ws = 1, respectively.

Ans. w = = _’F
25. Determine the bilinear transformation that maps z; = 0, z; = 1, z3 = 0o onto
w; = —1, = —i, w3 = 1, respectively.

Ans. w = = J’rl
26. Find the b111near transformation that maps z; = —1, zp =i, z3 = 1 onto w; =
0, wy, =i, ws = 00, respectively.

Ans. w = ”1

27.IntheJ oukowskl s profile, find the coordinates of the image point A’, B’, C’, and
D’ of the tear-shaped image of Fig. 4.31.
Ans. A’ (1,0), B’ (0,0.496), C’ (—1.492,0), D’ (0,—0.496).
28. Find the coordinates of the image points A’, B’, C’, and D’ of the Joukowski’s
airfoil of Fig. 4.32.
Ans. A’ (1,0), B’ (0,0.574), C’ (—1.113,0), D’ (0,0.076).
29. In Fig. 4.39, the line joining the points (ﬁ, 0) and (O, —ﬁ) is the image
of the circle |z — Re/™/ 4| = R under the transformation of w = % Show that the
perpendicular distance between this line and the origin is equal to ﬁ
30. Show that arg[z — (1 + 2i)] = —7 represents a line in the z plane. Find that line
in terms of x and y.
Ans. y ++/3x — 2+ +/3) = 0.
31. Find the inverse of the bilinear transformation w =
Ans. z = %.
32. We have shown that a circle C, that has z; and z; as a pair of symmetric points

az+b
cz+d

can be represented as | <=L | = k. Show that this equation implies that | *="1| = k’,

indicating that w; and w, are a pair of symmetric points of C,,. Find k’.
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I czo+d
Ans. k _k‘cm_d‘.

33. Find the bilinear transformation that maps the upper half z-plane onto the upper
half w plane , the point z = 0 onto w = 0 and the point z =i onto w = 1 +i.

Ans. w = Z%
34. Show that the complex potential F(z) = Kz (K positive real) describes a uniform
flow to the right, which can be interpreted as a uniform flow between two parallel
lines. Find the velocity vector, the streamlines, and the equipotential lines.*

Ans. V =K, y=const. x = const.
35. Let the complex potential be F (z) = iz, Find the velocity vector V.

Ans. Parallel flow in the negative y-direction, V = —i
36. Let F (z) = (1 + i)z, Find the velocity vector V.

Ans. Parallel flow in the directionof y = —x, V. =1 — .
37. Let F(z) = 7z°, Find the velocity vector V.

Ans. V = 3(x? — y%) — 6xyi.
38. Find the streamlines of the flow corresponding to F (z) = l

Ans. The streamlines are circles x> + (y — k)? = k°.
39. Find the complex potential for steady flow past a cylinder of radius R if the fluid
flow at infinite is uniform and if the velocity at infinity is vo making an angle o with
the x-axis as shown in the following figure.

Ans. F(z) = vo(ze_i“ + %e—i(r)'

‘:-_-““ -~
id [B Q
R \

> Vg —

e

P A N
Vo 8
Exercise 39 Exercise 40

40. Use the Schwarz-Christoffel transformation to map the problem of flow in a
river, onto the problem of flow in the upper half-plane if the river bed has a jump
discontinuity as shown in the figure. Find the complex velocity if it is given that the
velocity of the fluid tends to vy as x — —oo, and describe how the velocity varies
near the discontinuity.

Ans. The complex potential is F(w) = Az where 4% = ¢ /=L

7= = v/ =31~ The complex

velocity is V = v,/ 5.
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Chapter 5 ®)
Linear Algebra and Vector Space e

Ever since we learned how to solve simultaneous linear algebra equations in high
school, we have encountered this topic in increasing frequency in our study of engi-
neering and sciences. The elementary DC electrical circuit containing any number
of resistors, batteries, and current loops produces such a set of equations on the
unknown currents. Later we learned that many physical problems are stated in terms
of differential equations. The solutions of these equations eventually lead to a system
of linear algebraic equations.

The fundamental theory behind the manipulations we learned constitutes the study
of linear algebra, one of the most sophisticated and beautiful fields of mathematics.
The following chapters embark on a detailed analysis of determinants, matrices, and
eigenvalue problems. They are tools of solving the system of linear equations. This
chapter summarizes the main ideas of linear algebra and relates algebra to geometry.
This leads directly to the concept of vector space.

One of the most valuable aspects of linear algebra is that concepts and results
derived from two- or three-dimensional space can be extended to n-dimensional
space in a straightforward way. For example, while it is difficult to see or even to
imagine a 10-dimensional plane in a 11-dimensional space, in vector space, it simply
means that the vector has 11 components.

As H. Poincare puts it, “mathematics is the art of giving same name to different
things”. Vector space puts linear algebra on an axiomatic basis. Anything that satis-
fies eight simple axioms can be regarded as a vector. Theoretical results developed
in linear algebra are equally applicable to these vectors. Although linear algebra
can be developed abstractly, it does have this connection with the geometric vec-
tor which is easier to grasp. We exploit this connection with concrete examples in
two-dimensional vector space.

Defined axiomatically, we can even have a function space, such as Hilbert space,
as part of vector space. Thus the fundamental assumption of quantum mechanics
that the wave function is a vector in the Hilbert space becomes clear. Although we
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294 5 Linear Algebra and Vector Space

are not able to go too deep in that direction, we want the readers to know that linear
algebra is far more than just solving a system of equations.

5.1 Linear System of Equations

5.1.1 Cramer’s Rule

Since solving a system of simultaneous equations is the central problem of lin-
ear algebra and since this is the place where we first encounter this subject, let us
begin with solving the simplest system of equations, namely, two equations with two
unknowns.

anx +apny = by (5.1
axx +apy = b.

If we multiply the first of these equations by a;, and the second by aj, and then
subtract, we get
(ar1a2 — ainaz))x = axnby — apb;

or ) )
g = G201 7 anb (5.2)

ajjdzy — dpday)

Similarly, if we multiply the first equation by a;; and the second by a;; and then

subtract, we get
axby —anby  anby —axnb

(5.3)

ajpdz) — djpax ajjdzy — dpday)

Note that the denominators of both Egs. (5.2) and (5.3) are the same. We represent it
by
ap an

= aj1an — anay. 5.4
a1 axn

This quantity is known as a 2 x 2 determinant. The reason for introducing this nota-
tion is that it readily generalizes to n equations with n unknowns. An n x n determi-
nant, called an nth-order determinant, is a square array of n? elements arranged in n
rows and n columns. We will represent a determinant consisting of elements a;; by
|A| . Note that the element a;; occurs in the ith row and jth column of |A| . In the next
chapter, we will have a more detailed discussion of general determinants, including
how to evaluate |A| forn > 3.

The reader is probably familiar with this notation and know the following general
properties of determinant. If not, they can be readily verified by its definition of
Eq.(5.4).
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1. The value of a determinant is unchanged if rows and columns are interchanged.
That is
ary dp2

azy ax

apy azy
ap ax

2. If any two rows or any two columns are the same, the value of the determinant
is zero.

3.If any two rows or any two columns are interchanged, the sign of the determinant
is changed.

4. If every element in a single row or column is multiplied by a factor k, the value
of the determinant is multiplied by k. For example,

11

32

11x2
32x2

o33

5. If any row or column is written as the sum or difference of two terms, the
determinant can be written as the sum or difference of two determinants. For example,

12 3-22
34

4-14

32| |-22
447 <14

‘:4—6:—2.

6. The value of a determinant is unchanged if one row or column is added or
subtracted to another. For example,

ajpt+apap| _ |an an ap app| _ |an ap
azr + ax axn azy ax a axn azy a
ap) +nay ap ap ap
Example 5.1.1 Show that = .
ap1 +nax ax ap) axn
Solution 5.1.1
ajp +nap ap| _ |an an napz diz
ax) +nay an az) az nazp dx
__|ai an app ap| _ |ap an
az ax azy a az ax

Now let us consider the system in Equation 1 again,

anx +apny = b;

ayx +axy = b.

The determinant of the coefficients of x and y is
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ap a
1A = nan |
az) ax
According to rule 4,
apnx ap
=x|Al,
az|x ax
according to rule 6,
anx +apyan| __ |anxan = x|A|
ar1x +axny an ar1x axp
Since ajjx + appy = by and az1x + axny = by, so
by a
pan| A
by ay
It follows
by app
by ax
X=+—, (5.5)
ap ap
az ax
Similarly, we get
ay b
azy by
y=—. (5.6)
ap ap
az) an

Notice that Egs. (5.5) and (5.6) are identical to Egs.(5.2) and (5.3). Note that the
determinant in the numerator is obtained by replacing the column in |A| that is
associated with the unknown quantity with the column associated with the right
sides of the equation. This solution is called Cramer’s rule. (Named after Swiss
mathematician Gabriel Cramer (1704-1752).)

This method can be extended to n equations with n unknowns. Suppose we have

anxi +apxs + - - 4ajx; + - - +apx, = by
a1 Xy + anxs + - - +arix; + - - +ayx, = b

ai1X1 + apxs + - - +aijx; + - - +ainXy = b (5.7

amX1 + apaxy + - - +apix;j + - - Faux, = by.

In the next chapter, we will show that
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Xj=—, (5.8)

where D is the coefficient determinant

ajp dyz -~ dyj - Qg
az) axp -+ dzj - dyy

b—| " (59)

a1 iz -+ aij - Qi

Apl Ap - Apj - App

just like the 2 x 2 system, and D) is the determinant D with the jth column replaced
by the column of the right side of the equation

ay ap - by - ay,
ay ay - by - ay,

b= ain aip -+ b - ap | (>-10)

ap1 Ap - bn * App

Clearly, this is valid only if D # 0. Cramer’s rule is of theoretical interest and
in low-dimensional engineering problems, but it is impractical in computation. In
modern scientific computing, n = 1000 is only a moderate size. Solving 1000 equa-
tions with Cramer’s rule would be a total disaster. A better way of handling such a
situation is known as the Gaussian elimination.

5.1.2 Gaussian Elimination

Before we introduce the Gaussian elimination method, we must first explain the
matrix notation.

A matrix is a rectangular array of numbers (or functions) enclosed in parenthesis.
These numbers (or functions) are called entries or elements of the matrix. In the
double-subscript notation for the entries, the first subscript always denotes the row
and the second the column in which the given entry stands.

A row (column) vector is a matrix that has only one row (column). We often want
to switch from one type of vector to the other. We can do this by transposition, which
is indicated by the superscript T. For example,

5
a=(507), a'=]0
7
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A product of two matrices C = AB is defined only if the number of rows of the
second matrix is equal to the number of columns of the first matrix. In that case c;;
is defined as

n
Cik = E aitbie = aibix + ainby + - - +ain bk
=1

If B is a vector, then C is also a vector that has only one column. Thus
n
¢ = Zailbl = aj1by + anby + - - +ainby.
I=1
For example, Eq. (5.7) can be written as

Ax = b,

where
ap ap - aij - di

az) ax - azj - Aoy

A= ,

a1 djp - 4 - dip
Adp) Ap2 * Apj * Qpp

X by

X2 by

X = b=
Xi ’ b,'
Xn by

The Gaussian elimination method is best illustrated by examples.

Example 5.1.2 Suppose we want to solve the following set of linear equations:

3x; +2xy —2x3 =5
2x1 — x4+ 3x3 =5 5.11)
X1+ xp —x3 = 2.

In terms of matrix notation, we have

Ax = b, (5.12)
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where
32 =2 X1 5
A=|2-13 ], x=]|x ], b=|5
11 -1 X3 2

To further simplify the writing, we use the so-called augmented matrix,

32 =2|5
Alb=|2-131|5]. (5.13)
11 —-1|2

It is understood that this matrix contains all the information of Eq. (5.11). It is almost
self-evident that we will create an equivalent system that has the same solution as
the original system if we perform any of the following operations on this matrix:

1. interchange any pair of rows,

2. multiply any row by a non-zero constant,

3. replace any row with the sum of that row and a constant times another row.

Solution 5.1.2 Thus, the following augmented matrices are all equivalent:

32 =25 row 1 intact 32 =2|5
2-13|5|—> row2—2xrowl |0—F 2|2
11 -1]2 row3—§xrow1 041 -1 2
row 1 intact 32 =2|5

— row 2 intact 0 —% 1_%3 %
row3+%xr0w2 00 5 %

Therefore the original set of equations is equivalent to

3x; +2x —2x3 =5

7.1 5
—=X2+ —x3 = =
372 T3 T3
6 12

—X3 = —.

21 21

With back substitution from bottom to top, we have x3 = 2, x, =3, and x; = 1.

This method is known as Gauss elimination. Carl Friedrich Gauss (1777-1855)
is a great mathematician. He made important contributions in almost all branches of
mathematics. In 1801, he used this ancient method in his work on the orbit of the
“planet” Ceres. Somehow his name got stuck with this method.

The system can be overdetermined (more equations than unknowns) or underde-
termined (more unknowns than equations). In each case, Gaussian elimination leads
us to the correct result. This is shown in the following examples.
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Example 5.1.3 Solve the equations

X1 +x, =4
3X1 — 4)62 =9
5x1 —2x, = 17.
Solution 5.1.3
11 4 row 1 intact 11 4
3—41 9 | —> row2—-3xrowl | 0-7| =3
5-21|17 row3—5xrowl \0-7| =3
row 1 intact 11 4
— row 2 intact 0-7| -3

row3 —row2 \0 O 0

The corresponding equations are

X1 +x, =4
—7}(2 = -3.

The solution is x, = % and x; = %

Example 5.1.4 Solve the equations

31 —2x, =2
—6x; +4x, = —4
—3x1 + 2x, = 2.
Solution 5.1.4
3 =2 2 row 1 intact 3-212
-6 4| 4] —> row2+2xrowl |0 0|0
-3 2 2 row 3 + row 1 00 |4

Since it is not possible for 0 = 4, there is no solution.

Example 5.1.5 Solve the equations

X1+x2+x34+x4=0
X1+ 3x +2x3+4x4 =0
2x1 +x3 — x4 =0.
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Solution 5.1.5
111110 row 1 intact 11 1 110
1324 (0] - row2—rowl 02 1 3|0
201 -1(0 row3—2xrowl \0—-2-1-3]|0

row 1 intact 11110
— row 2 intact 0213|0
row3+row2 \0000]| O

The corresponding equations are

X1 +x2+x34+x4=0
2xy 4+ x3 4+ 3x4 = 0.

Solving for x; and x, in terms of x3 and x4, we have x, = —%(}@ + 3x4) and x; =
(x4 — x3)/2. Thus, there is an infinite number of solutions as long as x; and x, are
given by these combinations.

Pivot The essence of the above examples is to keep the first equation intact, and to
subtract ay; /a;; times the first equation from the second, and so on. The first equation
is called the pivot equation, and ay; is called the pivot. Naturally we want a;; # 0.
If it is zero, we have to interchange that equation with the one having a non-zero
pivot. In practice, even a non-zero pivot should be rejected if it is too small. Since
the smaller it is, the more susceptible is the calculation to the roundoff error as the
following example shows.

Example 5.1.6 Solve the set of equations

0.0004x; + 1.402x, = 1.406
0.4003x; — 1.502x, = 2.501

with four-digit floating point arithmetic.

Solution 5.1.6 If we use the first equation as the pivot equation, then we have to
multiply the equation by 0.4003/0.0004 = 1001 and subtract it from the second
equation, thus we

—1.502x; — 1001 x 1.402x, = 2.501 — 1001 x 1.406

or
—1405x, = —1404.

Thus
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—1404
Xy = = (0.9993.
—1405
From the first equation, we have
1.406 — 1.402 0.0050
X = 2 _ — 125,

0.0004 ~0.0004

which is wrong. On the other hand, if we use the second equation as the pivot equation,
and multiply that equation by 0.0004/0.4003 = 0.0010 and subtract it from the first
equation, we get

1.4035x, = 1.4035,
so x, = 1, and from the pivot equation, we have

0.4003x; = 2.501 4 1.502 = 4.003

or
X1 = 10.0

which is the correct solution.

5.1.3 LU Decomposition

In solving the n x n matrix equation
Ax = b,

there are methods to decompose
A =LU,

where L is a lower triangular matrix and U is an upper triangular matrix. Once this
is done, the original equation becomes

One may easily solve these equations with back substitution. There are several dif-
ferent decompositions. They are best illustrated by examples.
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Doolittle’s Method.

Example 5.1.7 Solve for x

2 4 3 X1 4
Ax=| 1 -2 -2 x|=] 0 | =b.
-3 3 2 X3 -7
Solution 5.1.7 Let
A=LU
and
1 00 Uiy Uz U3
L=|05L 10]), U=/ 0 upux
131 1321 0 0 Uuss
Ax=LUx=b
means
Ux=y and Ly =b.
ui uip ui3 2 4 3
LU = | Lbhyuyy biup +uxn buiz + ux = 1 —2-2|=A.
Lyyuyy Iayugn + laougs 31wz + lapugs + usz -3 3 2
Clearly
ui =2 u12—4 M13—3
Li=1 up =-2—34=—4 Uy = — —%3=—%
b= =2l =G = (<2)4)/ (4 =~ un =2— (=33 -3 (-I) = -4
1 00
Ly=| 1 10
_3_9
27 %
)
2)’1+y2
y1 yz+y3
thus

11
=4 y=-2 y3=-—.
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Therefore

x3=4, x, =-3, x1 =2.

Crout’s Method. A similar method, known as Crout’s method, is obtained if U
(instead of L) is required to have 1 in its diagonal.

If A is symmetric, we can do the LU decomposition by what is known as
Cholesky’s method.

Cholesky’s Method.

Example 5.1.8 Solve by Cholesky’s method:

4 2 14\ [x 14
Ax=| 217 -5]|[x|=]|-101 | =b.
14 -5 83 ) \x3 155

Solution 5.1.8 Let
A=LU

ci1 0 0 c11 €21 €31
L=|cycp O , U= 0 cncep |.
€31 €32 €33 0 0 c33

(c11)? c11621 c11631 4 2 14
LU = | caicr (e21)? + (e2)? 21631 + 22032 =|2 17 5] =A.

esicnn e31ean + e (e31)? + (e32)? + (e33)? 14 -5 83

200 21 7
L=[140], u=|o04-3
7-35 00 5
200\ /v 14
y=[140|]%w]|=|-101]=n
7-35) \ 1 155
N 7
»nll=\|-27
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Ux =y
21 7 X1 7
Ux=]|04-3 x |=1-27]=y.
00 5 X3 5
Therefore x3 =1, x, = —6, x; = 3.

5.1.4 Geometry and Linear Equations

To understand the relationship between the geometry and a set of linear equations, let
us return to the simplest system of two equations with two unknowns. For example,
we want to solve the following set of equations

2x+y=3
x —3y =-2.

We can look at it from several perspectives. They should, of course, lead to the same
conclusion.

1. Determinant:

301
23| —942
X = = =1,
21 61
1 -3
2 3
1-2| —4-3
YT T Se—1
1-3

Therefore the solution is (1, 1).
2. Elimination:

21 3 ., row 1 intact 21
1-3| =2 row2—%r0w1 0-1
This leadstoy = 1 and x = 1.
3. Row picture:

Figure 5.1 shows that each row represents a straight line. The line 2x + y = 3 and
the line x — 3x = —2 intersectat x = 1 and y = 1.
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Fig. 5.1 The straight line tY
representing the first row and N\
the straight line representing \
the second row intersect at N\

1, D

4. Column picture:
We can regard each column as a vector, so we can write this set of equations as

() (-(2)
() ()0 (2)

xvi+yvy=Db,

In other words,

and

where x and y are the coefficients of this vector equation. In Fig.5.2, we see that
1vi 4+ 1v, = b.

Therefore x = land y = 1.

Fig. 5.2 Column picture of Y
a set of linear equations:

1(%) + 1(—13) = (32)
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In x, y-coordinates, an equation with two unknowns represents a line, in x, y, z,-
coordinates, the equation with three unknowns represents a plan. If the three-equation
set has a unique solution, then in row picture the three plans intersect at a point. This
is already difficult to draw, but we can at least imagine in this case. For n > 3, it is
even difficult for us to imagine. For example, we cannot tell what a 10-dimensional
plan is in a 11-dimensional space. On the other hand, in column picture, it simply
means that in the n-dimensional space, the vectors have n components. This leads to
the concept of vector space.

5.2 Vector Space

So far we have reviewed some computational aspects of linear algebra, the details
of which will be further explained in the following three chapters. Now we want to
introduce the geometrical aspect of linear algebra. The conceptual framework of this
approach is the vector space.

The first question is “what is a vector?”. As we have seen in the column pic-
ture, a vector can be regarded as a column of components, in two dimensions, it is

X
( ) ; in three dimensions, itis | y | ; in n dimensions, it is a column of n com-
Y Z

ponents. They are equally represented by the row matrix, such as (x y) , (x y z)
and (x | X2+ Xp ) . So a computer scientist could regard a vector as an ordered list
heigt
weight
learned in elementary physics that certain quantities, such as force and velocity, have
both magnitude and direction. Often they are represented by a directed line segment.
The length of the segment is proportional to the magnitude of the vector quantity and
the direction of the vector is indicated by an arrowhead at one end of the segment,
which is known as the tip of the vector. The other end is called the tail. As long as
parallel to itself, this vector can be moved to anywhere in the space. We call it a free
vector. A structure engineer analyzing the stress and strain of a beam knows that the
forces acting on the beam cannot be moved. Vectors representing this kind of force
are known as bound vectors.

of numbers, such as one’s height and weight, ( . On the other hand, we

5.2.1 Definition of Vector Space

The goal of mathematics is to find an axiomatic system that can be generalized to
cover all these cases and more. That is where the axioms of the vector space come
in. A vector space V consists of a set of objects called vectors (with notations such
as u or v) and a set of rules of operations (called axioms) for the vectors. Generally
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we only have to remember that a vector space is closed under additivity and scaling,
by which we mean

(A) If u and v are in that space, then u + v must also be in that space.

(B) If u is in that space then cu must also be in that space, where « can be any
real and/or complex numbers.

To be more precise, these rules can be subdivided as follows:

Type 1: Vector addition: The sum of two vectors u and v, denoted as u+ v, is also
a vector in V (closure rule). The sum satisfies axioms from (i) to (iv) as given below:

(i) Commutative rule:u +v = v + u.

(i) Associativerule: (u+v)+w=u+ (v+w).

Hence without ambiguity the sums above can be simply writtenasu + v + w.
(>iii) Existence of the zero vector o in V such that

u + 0 = u (hence = o + u by (i).)

(iv) Existence of the (additional) inverse vector: For every vector u,, there is a
vector —u such that
u+ (—u) = o (hence = —u+u).

Type 2: Multiplication by scalars: Let «, § be scalars (for us, a scalar is simply a
complex number) multiplication of a vector by a scalar results in another vector in
V (closure rule for multiplication by a scalar). Also the following axioms hold for
multiplication by scalars.

(v) Distribution rule for vector sums: a(u 4+ v) = au + av.

(vi) Distribution rule for scalar sums: (o + f)u = au + Su.

(vii) Associative rule: a(fu) = (af)u.

(viii) Multiplication by the scalar “1”:  lu=u.

Subspace. A subspace of a vector space is a nonempty subset that satisfies the
requirements for a vector space.

For example, consider all vectors whose components are positive or zero. This
subset is the first quadrant of the x-y-plane; the coordinates satisfy x > O and y > 0.
We might think that the first quadrant is a subspace because it contains zero and the
sum of two vectors is a vector in this quadrant. But it is not a subspace because rule
(B) is violated, since if the scalar « = —1 and the vector v is (1, 1), the multiple
av = (—1, —1) is in the third quadrant instead of the first.

If we include the third quadrant along with the first, this will take care of the
scaling since every multiple av will stay in this subset. However, rule (A) is now
violated, since adding (1, 2) 4+ (—2, —1) = (—1, 1), which is not in either quadrant.
The smallest subspace containing the first quadrant is the whole two-dimensional
space.
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5.2.2 Dot Product and Length of a Vector

We are familiar with the dot product in elementary physics and calculus. Given two
vectors u = (uy, Uy, u3) and v = (vy, v, v3) , their dot productisu - v = Z? Uu;v;.
We will generalize this definition to others in the vector spaces. What we’ll do is
to figure out the salient features of the definition above, and canonize them as the
axioms of the scalar product in vector spaces.
The dot product (also known as scalar product or inner product) can be written as

uy U1
uy | - | v2 | = uvr + uzv2 + u3v3
us U3
or
]
(Ml Us Lt3) V2 | = ujvy + urvy + u3vs.
U3

In two-dimensional space, the components are shown in Fig.5.3. Therefore

-V = U,y + uyvy, = ucosbdivcost+ usinbvsin b,

uv(cos 0y cos 6, + sin 0, sin 6,) = uv cos(6, — 6,).

As shown in the figure §; — 6, = ~, which is the angle between u and v. Thus
u-v=uvcosl. (5.14)

We turn around and use this relation as the definition of the dot product. In vector

space, distance and angle are sometimes defined in terms of dot (or inner) products.

Fig. 5.3 Components of y
vectors ;
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Fig. 5.4 The dot product
(A+B)-D=C-D

(@)

For example, the length of a vector (called norm) is defined as

[ull = vu-u
and the angle between two vectors as
u-v
cosy = ,
uv

or the dot product of two unit vectors pointing along u and v. The dot product so
defined has certain properties and we elevate them to axioms that are to be satisfied
by any inner products of vector space.

So we have the following axioms of dot product:

Commutative U.v=V.U

Non negative U-U>0 for U#0
U-U=0 for U=0

Distributive (A+B)-D=A-D+B-D.

They all seem to be self-evident except when we realize that (A +B) - D = C - D as
shown in (a) of Fig.5.4.

Then the distributive property means that CD cosy = AD cosa + BD cos 3. It
does not seem to be very obvious any more. However, the distributive property can
be proved to be true in that C - D is equal to the projection of C on D times D as
shown in Fig. 5.4 (b). That is

C-D =CcosyD =ocD,
where oc is the distance between o and c in the figure. Similarly,

A-D=AcosaD =oaD,
B-D = Bcos3D = obD.

With geometry, it is very easy to show that the two shaded triangles are identical,
therefore
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Fig. 5.5 Law of Cosine:
C? = A2 + B2 —2ABcosy

Since

Thus
(A+B)-D=C-D=0cD = (0a+ob)D=A-D+B-D.

With the distributive axiom, the law of cosine seems to be a trivial consequence.
Let the three sides of the triangle be A, B, C and the angle between A and B be ~,
as shown in Fig.5.5. Let

C=A-B.

Taking the dot product of both sides
C.-C=(A-B)-(A-B,)

we have
C.C=A-A-A-B-B.-A+B-B.

Thus
C? = A> + B> —2ABcos~.

This is the well-known law of cosine.

5.2.3 Essence of Finite Dimensional Vector Space

Linear algebra can be developed abstractly with these axioms. However, to have a
“feeling of understanding”, it is helpful to have some concrete examples in mind.
Therefore, in this section, we will first mostly use two-dimensional vectors, which
can be easily shown on a paper, to describe an overall picture of linear algebra. Then
we will show that the developed concepts can be applied to any objects that satisfy
these axioms.
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Fig. 5.6 The vector | | ! +Y | [ [
3 e e e e e e e e e e e e i

means that the tip of the : ! : | : | :
vectorisatx =2,y =3 and SN DY NN (RN IS N -11) D N
the tail of the vector is at x = : : : : ! : :
- I I I | I I I
0,y=0 R B e B i i i st SR
I I I I I I I

I I I I I I
srsgdlae el oo boae il eale e B ol

i I i i [ I [

I I I I I I I

I I I I I I I

I I I 0,0) | I I Ix

I I I 0.0) I I I I

I I I I I I I
TTTITTTr-TIT T T T T TTTTI T TU T

I I I I I I I

I I I I I I I
—_———-—_——_-—-t+—-—-]——_——_—.—_— | —_—t - — == —— 4 =

I I I I I I I

I I I I I I I

I I I [ I I I
ST T T T T T T T T

I I I I I I I

I I I I I I I

Thus whenever we encounter the word vector, we should have in our mind a
two-dimensional vector that is rooted at the origin. This vector is written as (y > ,

which means that the coordinates of the tip of the vector are (X, y) and the tail of the
vector is at (0, 0). In other words, this vector is shown in Fig.5.6.

Linear Dependence and Linear Independence. Let’s begin with something famil-

. . . X .
iar: On the xy-plane, each point (x, y) is treated as a vector u = ) Now consider

u1=<é), u2=<_12), u3=<2). (5.15)

We ask: Is it possible to find three numbers (or scalars) a, o, a3, not all of them
equal to zero, so that

these vectors

aju; + oy +azuz =0 ? (5.16)

(03] —20(2 50[3 _ 0 9
(30)+ (o) +(6) = (o)
In other words, is it possible that

a) —2ap 4+ 5a3 =0,
201 + ap + 6a3 = 0?

By Gaussian elimination, we have
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Fig. 5.7 The unit vector i is I | Ay | | | |
along the x-axis and the unit “p——_———F—_——_————t—_—————t =
vector j is along the y-axis. I | | I | I
Both are rooted at the origin ! ! ! | | |
' el cnedlo . NEBEL e X
They are the bases of the ] | 1 37 |
xy-space. The following | | | I I I
equation shows that a vector T R A .
can be regarded as a {[_ _: i } T : T
combination of its bases. | | [ 3 |
2\ 1 0y | ] | L_ ]I I
\ . | | | I | I
243 | | J | | | |
t } - '. .* >
I I (0,0)f ! | | Ix
I | 2‘{ I I I
l | | | | |
) I | P! [ A | [T
| | | | | |
1-25-0 1-25 .0
— .
216-0 05 —4-0
So
4 17
Qy = -3, @ =———0as,
5 5

where i is an arbitrary number. Therefore the answer is yes, it is possible. We have
found the solution. In this case, we say that vectors u, u,, u; are linearly dependent.
Why is the name? The reason is this: since not all «'s are zero, lets” assume «; # 0,
then Eq. (5.16) yields

i.e., u; is a linear combination of (therefore depends on) u, and u3.
Now we are ready to give a definition of linear independence:
A set of vectors vy, Vo, ...V, are said to be linearly independent if

aVi +arvo + - - -+ a,v3 =0 5.17)

implies that
ar=oy=---=a, =0. (5.18)

Basis and Span. For the two-dimensional space we introduce the coordinate system
for reference. Let i be a unit vector along the x-axis and j a unit vector along the y-
axis. Both unit vectors are rooted at the origin as shown in Fig. 5.7. They are the bases
of this two-dimensional vector space. Any vector can be written as a combination of
these bases. The picture shows a particular case
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<§)=2<(1))+3<?) =2i+3j.

Inthis case, iis scaled up by a factor 2, and j by a factor 3. Therefore, these coefficients
(2 and 3) are called scalars. They are ordinary numbers and can vary from -oco to co.
Any vector in this space can be obtained by a linear combination of these two vectors.
We say that these two vectors span this two-dimensional space. In fact any two
vectors, as long as they are linearly independent, span this space, because their linear
combinations produce the whole space. If, however, they are linearly dependent, then

they can only span a line. For example, let u; = ( ;) , U = <i) . Clearly they

are linearly dependent and u, = 2u,. Then any linearly combination aju; + apu; =
(a1 + 2a) u; can only produce a vector along the line of u;.Therefore they only
span a line.

Linear Transformation and Matrix Representation. A transformation in the con-
text of linear algebra is a function which takes an input vector and gives an output
vector.

T (W) = Woy,.

It is a linear transformation simply means
T(au+bv) =aT )+ bT (v). (5.19)

Because of these rules, to find the transformation of a vector, we only need to find
what it does to the basis vectors. For example, let

v = xi + yj,

SO
T(v)=xT@®+yT().

Suppose the transformation is a rotation of 90 degrees, then

ro=(3) o= (3)
o= (1) ()= () ()

Thus this operation of turning 90 degrees is represented by a matrix. The first column
of this matrix is where the coordinates of the first basis i after the turn, and the

second column of this matrix is where the second basis j lands. Let T represent the
transformation. For the specific vector v = 2i 4 3j, T(v) = 2T (i) + 37T (j) = 2i' +

Therefore
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Fig. 5.8 The whole space is
turned 90 degrees. The basis

vector i lands at <(1)) and j

becomes ( 0

> . The vector

stz (?)
(3
(1) ()= (%)

0 -1 0-1 2 -3 . .
s/ — —
3j _2<1>+3( 0 >_ (1 0 )<3> _< ) ).Graphlcally, this is shown

in Fig.5.8.

Let us consider another transformation, under which i and j land at (_12> and
(3) , respectively. This is shown in Fig.5.9. The vector v = —1i + 2j is trans-
1 3 -146 5 . .

formed to —1 (_2> +2 (O) = ( 240 ) = <2) . This equation is the same
13 -1\ (5
Bl=20)\ 2 )7 2

Under the linear transformation the coordinate grid lines are stretched and

turned, but they remain evenly spaced and parallel and the origin stays at the same

Fig. 5.9 Under this ' oy
transformation i lands at A
1 . 3 .
_2> and j at (0) This

transformation is represented

. 13
by the matrix <_2 0) . The

vector v = —i+ 2j is
transformed to

ESIERE

> X
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place. Although the whole space is transformed, but the transformation of the two-
dimensional space is characterized by where the basis vector i and j land, altogether
only four numbers. The transformation is represented by a 2 x 2 matrix, the first
column of this matrix is the coordinates of the transformed i vector, and the second
column of this matrix is the coordinates of the transformed j vector. That is, let

Tﬁ):f::(Z), T@):juz(g).

. . x\. x'
Then the process of transforming any input vector <y ) into an output vector (y/ )

()yc> - (Z fz) (;C) (5.20)

It is important to understand this equation. Most of the calculations of linear
algebra are based on this understanding.

can be written as

Matrix Multiplication As Successive Transformations. Let

ac eg
' (bd>’ ’ (fh)
Last section shows that each matrix represents a particular transformation. Now if

we have a vector u, and it becomes v under the transformation M,. Then we apply
the transformation M; to v, it becomes w. That is,

() =(2) ()= G G )

Then MM, must represent the transformation that takes u directly to w. We ask the
question what is the matrix that represents this composite transformation. That is,

Wy [ c1¢3 Uy
wy ) \ec2es uy )’
. . [cc .
and we want to find out what is the matrix (C' C3 ) . First, from

()=(50) (),

e . . . .
we know that < f) are the x- and y-coordinates of i for the M transformation. This

set of components are further transformed by M; to
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(1) (0)=(Ga) (5)= (i)

Similarly, for these transformations j is at

a c\ _ fac g\ _(ag+ch
o(5)+r(a) = (2) (2) - (355
Therefore, the matrix representing the transformation from u to w is

ae+cf ag+ch
be+df bg+dh )’

In other words
ac eg\ _(ae+cf ag+ch (5.21)
bd fh) \be+df bg+dh)’ ’
We “derived” this multiplication rule instead of defining it.

Determinant and Cramer’s Rule. We have defined determinants before. Now let
us look at its geometrical significance. Let

-(2) »=(2)

A= (ll]llz) = (Z;)

The determinant is defined as

and

ac

Al=1, 4

=ad — cb.

It is the area of the parallelogram formed by u; and u, as shown in Fig.5.10.
That is,

1 1
|A| =ad —cb=(a+c)(b+d)—2ch — ZEab — 2§cd.

Clearly, if u, = ou;, then the two vectors are on top of each other, the two-
dimensional space is squeezed into an one-dimensional space and |A| = 0. Another
situation that |A| = 0 is either u; or u, is equal to zero. Here we are only interested
in that u; and u, are still spanning the two-dimensional space and |A| # O.



318 5 Linear Algebra and Vector Space

parallelogram formed by

(Z) and (2) is equal to

1
1
|
the determinant of :
|
|

|A|:(ac

bd

Fig. 5.10 The area of the . DR HOY ROV S PRI ERC S

|
I
- d
-q-
|
|
1
|
|
|
i
Fig. 5.11 When the space is S S SRS
transformed by : : !

A= 30 , the unit area [ 54 S
02 : Qriginal Spaclb
formed by i and j is enlarged S I

to|Al x (I x1)= ! :
‘(3)(2) x1=6 i____‘ (1'11___
|
-
[ _——
] TR
A
B ST DS Ve [ SRR R
! ! :
. . . 30 . .
Let us consider the simple transformation A = 02 . This means that the basis

i is stretched by 3 units and j by 2. This is shown in Fig.5.11. The unit area of the

02
transformed space. When the whole space is transformed, all the square grids are
transformed in the same way as the basis grid. Therefore we can use | A| as a measure
of how any area will change under the transformation A. In other words, if the area
of certain region is S, if the space is transformed by A, then that area will become
|A] S.

Thus the determinant has two meanings:

1.If|A| = Zfl

(5)m(5)

basic grid formed by i and j in the original space is enlarged to ‘ 30 ' = 6 in the

= ad — bc, itis the area of the parallelogram formed by vectors
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2. Under the transformation A, the area S becomes S |A] . In other words, |A| is
the factor by which the area in the original space is scaled up (or down) after it is
transformed by A.

The following example will make these interpretations clear.

Let
(1 (1
Vi = W E V) = 3

and they are transformed and the transformation is represented by A

31
A= (31).
Thus, in the transformed space v; becomes v} and v, becomes V5,
(31 1y (3
=2 o)1)
, (31 1y (6
27\12)\3)7\7)
In the original space, the area of the parallelogram formed by v; and v, is

11

03'23'

[viva| = )

In the transformed space, the area of the parallelogram formed by v} and v} is

[vivh| = ’ig’ = 15.

According to what we have said, the following must hold:
|V’1v’2| = |A| X |viva]|.
This is indeed the case, since

31

|A|=‘12

‘:6—1:5,

and 15 =5 x 3.
Now we are ready to solve a set of linear equations. Suppose we want to solve for
x, y from the set of equations:

3x+y=6,
x+2y=17.



320 5 Linear Algebra and Vector Space

Writing it in the form of

with

and
31
A= .
12
To write the system of equations this way is not only a short hand, it enables us to
see it as to find a vector x that will move to b under the transformation A. If we think
that A is representing a transformation, then the first column is i expressed in the trans-
formed space and the second column is where j is after it is transformed. The unknown
vector X is in the original space, and it becomes the b vector in the transformed space.

Let us sort out those vectors in the transformed space: ( i ) , ( ; ) , (g) . They cor-

respond to those in the original space: i = < é) ,i= (?) and (;C)) . Let us look

at the area of the parallelogram formed by i and x. In the transformed space, it is

36 = y. (From geometry, this

=21 — 6 = 15. In the original space, it is ’ Ix

17 0y
area is the base (i = 1) times the height (y), so the area is y.) The relation between
. 36
these two areas is |A|y = 17| °F
i
17 7 15
= = = —-— = 3
Y 31

These are identiacl to Egs. (5.6) and (5.5) known as Cramer’s rule.
Before we leave this section, we should remark that the determinant can be neg-
ative. In that case, it only means that the paper is flipped over. For example, the

determinant

1 . .
01l = 1. If the two columns are interchanged, then the determinant
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(]) (l) = —1 changes the sign. This is achieved by interchanging i and j, which is

equivalent to say that the paper is flipped along the 45-degree line. Other than that,
everything else we have said so far is still valid.

Change of Basis and Similarity Matrix. We draw the grid lines with i and j as
basis vectors for the coordinate system. Let us call this coordinate system the regular
system. An vector V can be expressed as

. . 1 0
V=v11+v21=v]<0)+v2<1>=(2> (5.22)

in this system. As a matter of notation, when a column matrix is used to represent
a vector, it is understood that the numbers in the column are the components of the
vector. They are also the coordinates of the tip of the vector whose tail is at the origin.
But the space has no intrinsic grids. Any set of two linearly independent vectors can
be used as basis vectors. Let b; and b, be another set of basis. Let us call it the prime
system. The same vector can be expressed in the prime system as

V= Uib] + U;bz.
As long as we know the relationship between the two sets of the basis vectors, we

can find the components of any vector in one system in terms of its components of
the other system. If

b = ai+ bj = (Z) (5.23)
by = ci+dj = 2) , (5.24)

(
(

V = v|b; + vib, = v} <Z> + vy

Therefore by Eq.(5.22)

v\ _ f(ac v
(2)=Ga) (L) 529

ac
= <b d) (5.26)

facilitates the change of coordinates. It is known as the matrix of basis change.

If we know S, we can find its inverse S~'. In Chap. 7, there are several ways to
find the inverse. Nowadays there are many computer routines. Usually with a given
matrix, its inverse is only a stroke away on the computer. Its definition is simply

Clearly the matrix
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s's=1,

where I is the identity matrix. In other words, S —1 is another matrix, its effect is to
undo what § did.
Writing Eq. (5.25) in the form of

(”1>=S<“}), (5.27)
(%) Uy
and applying S~!, we have

S”(Z‘):S—'S(”}):(”}). (5.28)
2 ) vy

Thus, the components of any vector can be written either in the regular system or in
the prime system.

Every linear transformation is represented by a matrix, but the contents of the
matrix depend on the choice of basis. Let the matrix A represent a certain transfor-
mation written in the regular system, we want to know its form in the prime system.

First take a vector in the prime system, then transform it to the regular system as
in Eq. (5.27). Now we are in the regular system, so we can apply A to it directly. After
that, we can change it back to the prime system by applying S~!. This sequence of
operations resulted in another matrix B

B=S""'AS (5.29)

which is called similarity matrix. Thus, the transformation represented by A in the
regular system is represented by S~' AS in the prime system.

Eigenbasis and Diagonalizing a Matrix. If a matrix A is representing a linear trans-
formation, its particular form depends on the basis chosen. Usually, if not otherwise
specified, it is written in the regular coordinate system, that is, with i and j as basis
vectors. If u is a vector, Au = w is another vector. Generally, w is not equal to u.
However, sometimes Au stays on the same span of u, in other words,

Au = A\u,

where ) is a scalar. To find the non-zero u (known as eigenvector) and A (known
as eigenvalue) for this equation to be true is known as the eigenvalue problem. The
whole Chap. 8 is devoted to the details of this problem. Here we only want to mention
some of its salient features.

For this equation to be true, we must solve the matrix problem

(A—ADu=0.
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If A is a 2 x 2 matrix, this means
ay— A ap Uy \ _ 0
any ayxy — A Uy )
This is possible if and only if the characteristic equation is equal to zero.

ail— A ap
a  an—A

=0

In fact, for a large matrix, this is how the eigenvalue is found. The computer gradually
increases A until the right-hand side equals zero. For a 2 x 2 matrix, the determinant
is

(a1 — A) (a2 — A) — anpaz = 0.

This quadratic equation is easily solved to give us the two eigenvalues and two
eigenvectors. The procedure is demonstrated in the following example. Let

19 10
A= <—3o —16)

then the characteristic equation is

19—\ 10 —0
-30 —16=-X|
This means
19—-XN (=16 =X +300=0
or
N —3)1-4=0.
Therefore

A=A =4, A=X=-—1

Let the eigenvector corresponding to the eigenvalue A\; = 4 beu; = (f}l ) , and we
1

19-4 10 7\ _y
30 —16—4)\y, ) ="

3x; 4+ 2y; = 0.

have

or

Thus
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- (2)

or any constant times it. Similarly if A = A\, = —1, the associated eigenvector is

we( )

Now if we use these eigenvectors as the basis vectors, they are called eigenbasis.
It should be clear that the same transformation written in the coordinate system of
eigenbasis is diagonal. If it is not clear, then let us do the following. Let the first

1) and the second one be e, = (?) .

basis of this eigenbasis space be e; = (0

(Just like i = < (1)) and j = (?) in the regular coordinate system.) Let the matrix

. . . .. . . b b
of transformation written in this eigenbasis coordinate system be B = < bl b3> .
2 Dy

Since e, is the first eigenvector, so

Be1=)\1e1,
or
by b3 1y 1
() (o) =2 (o)
That is,
b, b3\ (XM
() +o(2)=(5):
Therefore
by =X\, by =0.
Similarly,
by bs 0 _ 0
byby )\ 1)~ 721
shows that

by =Xy, b3 =0.

(M0
o)

Thus, B is diagonal
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Matrices A and B represent the same transformation. One is written in the space
with i and j as basis, and the other in the same space with eigenbasis. They are related
by a similarity transformation (Eq. (5.29))

B=S""AS,

where § is the matrix of basis change. In this case, it is the change from the eigenbasis
to regular basis. Let us continue with the same example. According to Eq. (5.25), the

. . . . 2
first column of this matrix is the coordinates of the first eigenvector | 3 and the

. . . 1
second column is the coordinates of the second eigenvector ( B

s=(24).

In this case, S~! happens to be the same

2) . Therefore

This can be easily verified in that

s () (3= () -

p=stas= (2 5) (5 ) (5 )
-(55)(53)=62%)-(6 %)

From Two-Dimensional Space to N-Dimensional Space. To avoid getting lost in
the sea of indices, we have mostly used the two-dimensional space to develop some
of the basic linear algebra concepts. Once these concepts are understood, we can
easily switch back to index notation for generalization. For example, we can express
the matrix A in terms of its elements,

Therefore

as expected.

A= (Ay).

If i and j run from 1 to 2, we have a 2 x 2 matrix
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A Ap
A= .
(A21 Azz)

If i and j run from 1 to n, we have a n x n matrix

Ay A - Ay,
Az Ay -+ Ay,
A= e
Anl An2 ° Ann
Similarly, we can write B as
B = (qu) :

In terms of this notation, the matrix multiplication, such as Eq.(5.21), can be
written in the following form:

[AB);] = [Cij]

m
C,‘j = Z AikBkj~
k=1

If m = 2, this can be the multiplication of two 2 x 2 matrices, if m = n, this can be
the multiplication of two n x n matrices.

Next, let us look at the matrix of change of basis. Let the first set of basis be
(a;, ap, - - -a,) where a; =1, a, = j, and so on. Let the second set of basis be
(by, by, - - -b,,). Then Egs. (5.23), (5.24) can be written as

b =cnia + e (5.30)
by = cpa; + cpas (5.31)

with ¢;; = a, ¢ = b, ¢12 = ¢, and ¢»p = d. The § matrix of Eq.(5.26) becomes

C11 C12
S = .
€21 €22
These equations can be summarized as

bj = E C,‘ja[
i

S = (c,-j) .
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If i and j run from 1 to 2, we have what it was before. If it is an n-dimensional space,
we simply let i and j run from 1 to n.

Invariance of the Trace. A very useful quantity is known as the trace. The trace of
a square matrix A is defined as the sum of all its diagonal elements. That is, if

A= (Ay),

then the trace of A is
Tr(A) = Z Aji.
i=1

Let A and B be two n x n matrices, although AB # BA, we can show that
Tr(AB) = Tr(BA).

Since (AB)U = ZZ:] AikBkj and (BA)U = ZZ:l BikAkja

n n n
Tr(AB) =) (AB)i =) ) AuBu,
i=1 i=1 k=1
n n n n

Tr(BA) =) (BA)i =Y > BuAu =y > AuBy,

i=1 i=1 k=1 i=1 k=1

the indexes i and k both run from 1 to n, so their name can be interchanged, therefore
Tr(AB) =Tr(BA).
It also follows that if
B = S"'4AS,

then
Tr(B) =Tr(A).

Since
Tr(B)=Tr(S"'AS) = Tr(ASS™") = Tr(AI).

Therefore Tr(B) = Tr(A).
We have shown in the previous example, if

19 10
A= (—30 —16) ’

- (3)

then
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Clearly
Tr(A) =3 =Tr(B).

5.2.4 Infinite Dimensional Function Space

Now let the vectors be functions. Specifically, let u = u(x) be any continuous func-
tion defined on 0 < x < 1. For addition operation, let

u+v=ulkx)+ vx),

that is, u 4 v is the function whose values are the ordinary sum u(x) + v(x). For
scalar multiplication let
ou = au(x),

and we take the ordinary 0 to be the zero vector
0=0.

For the negative vector —u
—u=—u(x),

we simply mean the negative value of the function u.

With these definitions we can verify that all the vector space requirements are
satisfied, so that this collection of functions is a vector space.

A vector space need not have a dot product (also called inner product) defined.
Therefore the length (or the norm) is not defined. However, to keep the geometry of
ordinary Euclidean space, we should keep the familiar definition of length.

As we have discussed before, geometrical vectors in n-dimensional space have n
components U = u(uy, U, - - U,), v= v(vy, vz, - - v,). The inner product is defined
as

n
u:-v=uv+uyuw +--+u,v, = E U;v;.

i=l1

If u - v = 0 means the two vectors are orthogonal.
The length of the vector is known as its norm ||«|| , the square of it is defined as

n
ll® = uf + w3+ - Huy = Y uf,
i=1

Now vectors are continuous functions, u = u(x) where x is a continuum defined in
the interval 0 < x < 1. Thus u(x) is a vector with a whole continuum of components.
To find the length of such a vector, the usual rule of adding the squares of the
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components becomes impossible. This summation is replaced, in a natural way, by
integration. Therefore we define the length of the function as

1
WmW=/muWw.
0

The same idea of replacing summation by integration produces the inner product of
two functions:

1
(ﬁm=ﬁf@MMM.

This is exactly like the vector dot product.

An infinite dimensional vector space of functions, for which an inner product is
defined is called Hilbert space. Named in honor of the great German mathematician
David Hilbert (1862-1943). He was the creator of the famous Gottingen mathe-
matical school. He made important contributions in algebra, geometry, calculus of
variations, integral equations, functional analysis, and mathematical logic. Hilbert
space is very important in physics. In quantum mechanics, physical observables are
represented by operators in Hilbert space, and physical states are vectors in Hilbert
space.

Now functions are vectors. For example, we can show that the polynomial

Py(x) = 4 + 5x + 6x% + 7x° (5.32)

satisfies all the axioms of a vector, therefore it is a vector. The most familiar trans-
formation in the function space is to take the derivative. In fact, taking derivative is
a linear transformation because it satisfies Eq. (5.19) in that

d d d d d
—Pi(x) =4—1+5—x +6—x*+7—x°
dx 3(0) dx + dxx+ dxx + dxx

=5+ 12x +21x%

To draw a parallel between taking a derivative and the linear transformation of a
vector space, the polynomial needs coordinates, which requires choosing a basis set.
It seems natural to use the powers of x as the basis, that is, the basis set B

B=(,x,x% --x"-).

In a three-dimensional space, we can only have three linearly independent vectors
as basis. In the infinite dimensional function space, we can have infinite many basis,
although for a finite order polynomial, the coefficients of these basis are all zero after
certain order. In terms of these basis, the polynomial of Eq.(5.32) can be written as
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Pyx)=(4567-")

(5.33)

It is not difficult to see that taking derivative of P;(x) is equivalent to evaluate

01000 - 4
00200 - 5
00030 - 6|
00000 - 71
That is,
J 1
—P(x)=(51221) | x | =5+ 12x 4+ 21x%
dx xg

With this as our background, it is not so mysterious in the saying that Schrodinger’s
differential equation formulation of quantum mechanics is the same as Heisenberg’s
matrix formulation. Further details belong to more advanced courses and cannot be
discussed here.

Exercises

1. Use Cramer’s rule to find the inverse of a 2 x 2 non-singular matrix

ap a
A= 11 412 '
az) ax

a» —a
Ans. A”! = ﬁ 2 2.
—ax; ap

2. Find the inverse matrix of

2 1
-1 _
Ans. A7 = <_3 _2>.
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3. In a two-dimensional space, under a transformation, the coordinates of the unit

. 0 .. 1 .
vector i are at ) and j is at 0] so the matrix

01
= (%)
represents the interchange of i and j or a reflection along the line x = y. Show that
this is indeed the case with a matrix equation.

/7 ’
Ans. ();/) = ((1) é) ();,) , x' =y, y =x. Itrepresents a reflection

(x'=y, y'=x)
—————— X=y

7~
AN
/ N

along the line x = y as shown in the following figure.
4. Interpret the actions of the following matrices:

10 -1 0 a0
0-1)/)" 0o -1/’ 01)/"
Ans. A reflection in the x-axis; a reflection over the origin; and a stretch (when
a > 1, or a contraction when 0 < a < 1) in the x-direction.

5. In the transformed two-dimensional space, the coordinates of i are <§> , and j

1 . . . . . .
S Find the matrix A representing this transformation. If a vector v is equal to
v = 2i + 3j, what is its coordinates after the transformation?

21 7
Ans.A=<32), V=<12>.

6. Find the matrix A representing a §-degree rotation of a two-dimensional vector

space.
cosf —sinf
Ans. R(9) = <sin6 cos 6 ) '
7. Use the answer of Exercise 1 to find the inverse of the rotation matrix R~! ()
and show that

is

R7Y(0) = R(—0)

and
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R7'(0) = RT(0).

The superscribe T means the transpose.
8. Show that

R (O) R (§) = R*(0) = R(20)
R (0) R (p) = RO + ¢).

9. Show that the eigenvalues of a two-dimensional rotation matrix are imaginary,
therefore no vector will stay put in a rotation.

Ans. A\ = &i.
10. Find the eigenvalues of the following spin matrices:

01 0—i 10
10)/)° i 0 )’ 0-1)/"
Ans. \ = +1.

11. The matrix representation of the eigenvectors « and /3 is the two-dimensional

column vectors.
o= s =\

In this representation, show the orthonormal relations

(a,3) =0, (B, =0,
() =1, (B,0)=1

Ans. (a,mz(lo)(?> —o, (ﬁ,a):(Ol)(é) —o,
(a,a):(10)<(1)>:1, (5,@:(01)(?):1

12. Solve for x1, x», and x3 using Crout’s method for

2 4 3 X1 4
1 -2-2 x|=10
-3 3 2 X3 -7
Ans. X1 = 2, Xy = —3, X3 = 4.
1 -2 0
13. Letvi=|2]|,v, = 1 ,v3 = | O | be three-dimensional vectors, can
0 0 3

we find some scalars (31, 3, 33, not all of them zero such that

Bivi+ Gava + Biva3 =0 ?
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Are these vectors a linearly independent set?
Ans. No. The only solution of this set of equations is 3, = 3, = (33 = 0. Vectors
V1, Vo, v3 are linearly independent.

14. Let
ay;
a;
a; = : , 1= 1» 27 Tty d
aqi
and

ap a2 - aid

az) dx - ay
R = @, e, ag).
aql aqz - Aqd

Show thatif a;, a,, - - -a, are linearly dependent then the determinant of A, |A| = 0.
Ans. Since a; are linearly dependent, then there are numbers «, s, - - -, a4, such

that
d
Z o;a; = 0.
i

Without loss of generality, let’s assume that oy #% 0. Then

d
1
Al = ‘(Q—Zaiai), a, a4 =0.
14
15. If
| 2
X = (0), Ax1=1|3
4
and

find
Abl and Abg.
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24 6 0
Ans. A=|36]|,Abi=| 9 |, Ab,=1{0
48 12 0
16. Let ¢ be the vector of projection of a, on a; in the direction of a;. Show that
_ (ap-apay
llay|I?

Let d be the component of a, perpendicular to a;, show that
d=a, —c.

17. Continue with the previous problem. Let

1 1
a = 0 , Ay = 0
1 0
and
a d
uy=—:7, u =——-:.
llaill ldll

Find u; and u, and show that u;-u;j=u,-u, = 1, and u;-u, = 0.
1

Si-

2
Ans.uyy=1| O and u, = 0
1 1
V2 T2
18. Let y,(x) =x", n=0,1,2,... be a linearly independent set. Construct

@o(x), ¢o(x), Ppo(x) in the following way (known as Gram-Schmidt procedure):

0o =yo; 0= o (@0, P0) %,
w1 =y1— @0 (¢0, y1): o1 =1 (p1, @1)7% ,
02 = y2 — @1 (@1, ¥2) — Po (¢0, ¥2); P2 = ©2 (2, sﬁz)_% .

Find ¢y (x), ¢1(x), ¢2(x) and show that they are orthonormal.
Ans 000 = /1 10 = \f3x, @ =362 - b

19. We have shown that differentiation can be expressed as a matrix multiplication.

The first column of that matrix comes from dd—xl = 0. Therefore it is all zero. The
d

second column is from KX = 1 and so on, thus we have the differential matrix
01000
00200
Agigp=100030
00004

00000



Exercises 335

Now we can do the same thing for integration. Since [; 1dx' = x, [; x'dx’' =
and so forth, so we have

00000
lOOOO
Aipr = O OOO
OO OO
OOO 20
Show that
00000 4 0
10000 5 4
1 5
05(1)00 6| = Z
00500 7 ;—;
00050/ \0 1
and
1
X
3
/(4+5x+6x2+7x)dx:(04%g%) xi
X
4

20. Show that
AgirAine =1

but
At Agipr # 1.



Chapter 6 ®)
Determinants Check for

Determinants are powerful tools for solving systems of linear equations and they are
indispensable in the development of matrix theory. Most readers probably already
possess the knowledge of evaluating second- and third-order determinants. After
a systematic review, we introduce the formal definition of a nth-order determinant
through the Levi-Civita symbol. All properties of determinants can be derived from
this definition.

6.1 Systems of Linear Equations

6.1.1 Solution of Two Linear Equations

Suppose we wish to solve for x and y from the system of 2 x 2 linear equations (2
equations and 2 unknowns)

arx + by =d, (6.1)
ax +byy = da, (6.2)

where ay, a, by, by, dy, and d, are known constants. We can multiply (6.1) by b,
and (6.2) by by, and then take the difference. In so doing, y is eliminated, and we
are left with

(bya1 — biax)x = bydy — bidy,

therefore dibr — dob
102 — az D

xX= —""" (6.3)
aiby — axb,
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Fig. 6.1 A schematic « ()
diagram for a second-order :
determinant s

% a by —ash

where we have written bya; as a;b;, since the order is immaterial in the product of
two numbers. It turns out that if we use the following notation, it is much easier to
generalize this process to larger systems of n x n equations

a by

a\b, — axb; =
102 201 as by

6.4)

The two-by-two square array of the four elements on the right-hand side of this
equation is called a second-order determinant. Its meaning is just that its value is
equal to the left-hand side of this equation. Explicitly, the value of a second-order
determinant is defined as the difference between the two products of the diagonal
elements as shown in the following schematic diagram (Fig.6.1).

With determinants, (6.3) can be written as

d, by
dy b
Xx= (6.5)
ap b1
an bz
and with a similar procedure one can easily show that
a) d]
as d2
= —. 6.6
y a1 b, (6.6)
as b2
Example 6.1.1 Find the solution of
2x — 3y = —4,

6x —2y =2.
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Solution 6.1.1

—4 -3
2 =2 8+6

x = = =1,
2 -3 —4+18
6 -2
2 —4

B 6 4424

YT 123 “at1s8
6 -2

6.1.2 Properties of Second-Order Determinants

There are many general properties of determinants that will be discussed in later
sections. At this moment, we want to list a few which we need in the following
discussion of third-order determinant. For a second-order determinant, these proper-
ties are almost self-evident from its definition. Although they are generally valid for
nth-order determinant, at this point, we only need them to be valid for second-order
determinant to continue our discussion.

e 1. If the rows and columns are interchanged, the determinant is unaltered,

a by
as by

ay az

b b . 6.7)

=aiby — bia, =

e 2. If two columns (or two rows) are interchanged, the determinant changes sign,

ay by
ax by

by a

by a . (6.8)

= biay — byay = —(a1by — azby) = —

e 3.If each element in a column (or in a row) is multiplied by m, the determinant is
multiplied by m,

ap b

= maby, — ma)by = m(a1b, — arb)) = m @ by

mag b]
may b2
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e 4. If each element of a column (or of a row) is sum of two terms, the determinant
equals the sum of the two corresponding determinants,

+ b
EZ; i 2; b; = (a1 + c1)by — (a2 + c2)by = a1by — aby + ¢1by — c2by
aq b] (&} b]
Clay by cby|’

6.1.3 Solution of Three Linear Equations

Now suppose we want to solve a system of three equations

aix + by +ciz =d, (6.9)
ax +byy + 27 = da, (6.10)
asx + b3y + c3z = ds. (6.11)

First we can solve for y and z in terms of x. Writing (6.10) and (6.11) as

by + 7 =dy — arx
b3y 4+ c3z = ds — asx,

then in analogy to (6.5) and (6.6), we can express y and z as

(dr — ax) ¢
(d3 —a3x) <

y = , (6.12)

by ¢
b3 C3

by (dr — axx)

by (d3 —
o @ —aD] 6.13)
b2 Cc

b3 (%]

Substituting these two expressions into (6.9) and then multiplying the entire equation

by ¢
by by cs |’ we have
by ¢ (dr —axx) c by (da—axx)| _ , |byca
Mhycs|™ + b (ds—asx) c3| " Vby (ds—asx)| b3 c3 (©.14)
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By properties 3 and 4, this equation becomes

a IIZZ x+b1{ 22 - Ziz x}
+cl{ P | x} —a|22]. (6.15)
It follows
Dx = N,, (6.16)
where
Ne=di| 22— |F 2 —a| 22, (6.17)
and
D=ar| 28| —b| B2 a2, (6.18)
Expanding the second-order determinants (6.18) leads to
D = ajbycz — aibzcy — biayes + biazcr, — ci1byas + c1bszas. (6.19)

To express these six terms in a more systematic way, we introduce a third-order
determinant as a short hand notation for (6.19)

a b] C1
D = ay b2 Cy . (620)
az bs c3

A useful device for evaluating a third-order determinant is as follows. We write down
the determinant column by column, after the third column, we repeat the first, then
the second column, creating a three-by-five array of numbers. We can form a product
of three elements along each of the three diagonals going from upper left to lower
right. These products carry a positive sign. Similarly, three products can be formed
along the diagonals from lower left to upper right. These three latter products carry
a minus sign. The value of the determinant is equal to the sum of these six terms.
This is shown in Fig.6.2.

This is seen to be exactly equal to the six terms in (6.19).

Using the determinant notation, one can easily show that N, in (6.17) is equal to

di by ¢
NX = dz b2 . (621)
d3 b3 C3
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Flg 6.2 A sche.matic 26 4O 2O
diagram for a third-order \ N ¥ F_.-
1 (L e . A y
determinant L N AN LI L

\ W "
a, h 2 ex U2 b,
/ ’ ™

A by E_\_;-\ a3 b

) ONE) @)

=abyesy + bycyas + ciazby —ayhsey = byesa) = cyasb

Therefore
d] b] C1
dz b2 C2
d3 b3 c3
X =
aq b] C1
an b2 (6]
az bz c3
Similarly we can define
a; di ¢y ay by d
Ny= a2d2C2, NZZ azbzdz,
az ds c3 az by ds
and show
_N, N
D’ D’

The determinant in the denominator D is called the determinant of the coefficients. It
is simply formed with the array of the coefficients on the left-hand sides of Equations
(6.9) to (6.11). To find the numerator determinant N,, start with D, erase the x
coefficients a,, ay, and a3, and replace them with the constants d;, d», and ds from
the right-hand sides of the equations. Similarly we replace the y coefficients in D
with the constant terms to find N,, and the z coefficients in D with the constants to
find N,.

Example 6.1.2 Find the solution of

3x +2y +z =11,
2x +3y+z =13,
x+y+4z=12.
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Solution 6.1.2

321
D=|231|=36+2+2-3-3-16=18
114

11 21
N,=|1331|=132424413-36—-11—-104 =18

12 1 4
3111
Ny=12 13 1| =156+ 11+24 —13 —36 — 88 =54
1 12 4
32 11
N,=12 3 13| =108 +26 +22 — 33 — 39 — 48 = 36.
1112
Thus
18 { 54 3 36
X = — — , = —_— = . = —_—=
18 YT 18 ‘T8

Clearly, with determinant notation, the results can be given in a systematic way.
While this procedure is still valid for systems of more than three equations, as we
shall see in the section on Cramer’s rule, but the diagonal scheme of expanding
the determinants shown in this section is generally correct only for determinants of
second and third orders. For determinants of higher order, we must pay attention to

the formal definition of determinants.

6.2 General Definition of Determinants
6.2.1 Notations

Before we present the general definition of an arbitrary order determinant, let us
write the third-order determinant in a more systematic way. Equations (6.19) and
(6.20) can be written in the following form:

a; by ¢ 3

3
aybycr| =YY" ejpaibjck. (6.22)

az by 3 i=1 j=1 k=1
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Fig. 6.3 Levi-Civita symbol -1
&ijk where i, j, k take the \ \
value of 1, 2, or 3. If the set / \ \
- ]‘ | | +1
| | |
\ 3 2

of indices goes clockwise,
gijk = +1; if

counterclockwise, &;jx = —1 \/

where

€123 = €231 = €312 = 1,
g132 = €31 = &13 = —1, (6.23)

gijk =0 for all others.

Writing out term by term the right-hand side of (6.22), one can readily verify that
the six nonvanishing terms are exactly the same as in (6.19).

In order to generalize this definition for a nth-order determinant, let us examine
the triple sum more closely. First we note that &;;; = 0 if any two of the three
indices i, j, k are equal, e.g., €112 = 0, €333 = 0. Eliminating those terms, (6.22) is a
particular linear combination of six products, each product contains one and only one
element from each row and from each column. Each product carries either a positive
or a negative sign. The arrangements of (i, j, k) in the positive products are either
in the normal order of (1, 2, 3) or are the results of an even number of interchanges
between two adjacent numbers of the normal order. Those in the negative products
are the results of an odd number of interchanges in the normal order. For example,
it takes two interchanges to get (2, 3, 1) from (1, 2, 3) [123 (interchange 12) —
213 (interchange 13) — 231], and a»bsc; is positive (2317 = 1); it takes only one
interchange to get (1, 3, 2) from (1, 2, 3) [123 (interchange 23) —132], and a;bsc;
is negative (¢13; = —1). The following diagram can help us to find out the value of
&ijx quickly. If a set of indices goes in the clockwise direction, it gives a positive
one (41); if it goes in the counterclockwise direction, it gives a negative one (—1)
(Fig.6.3).

These properties are characterized by the Levi-Civita symbol &;,;,...;,, Which is
defined as follows:

if (i1,iy... 1,) is an even permutation
of the normal order (1,2,... n)

ity = § if (i1,iy... 0y) is an odd permutation
of the normal order (1,2, ... n)
0 if any index is repeated.

An even permutation means that an even number of pairwise interchanges of
adjacent numbers is needed to obtain the given permutation from the normal order,
and an odd permutation is associated with an odd number of pairwise interchanges.
As we have shown, (2, 3, 1) is an even permutation and (1, 3, 2) is an odd permutation.
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1L 2 3 4 After one l2>{\)<3 4|l
_
2341 interchange 2314

Fig. 6.4 Permutation Diagram. The permutation is written directly below the normal order. The
number of intersections between pairs of lines connecting the corresponding numbers is equal to
the number of interchanges needed to obtain the permutation from the normal order. This diagram
shows that one intersection point represents one interchange between two adjacent members

An easy way to determine whether a given permutation is even or odd is to write
out the normal order and write the permutation directly below it. Then connect
corresponding numbers in these two arrangements with line segments and count the
number of intersections between pairs of these lines. If the number of intersections is
even, then the given permutation is even. If the number of intersections is odd, then
the permutation is odd. For example, to find the permutation (2, 3, 4, 1), we write out
the normal order and permutation in (we call it “permutation diagram”) Fig. 6.4.

There are three intersections. Therefore, the permutation is odd and &34; = —1.

The reason this scheme is valid is because of the following. Starting with the small-
est number that is not directly below the same number, an exchange of this number
with the number to its left will eliminate one intersection. In the above example, after
the interchange between 1 and 4, only two intersections remain. Clearly two more
interchanges will eliminate all intersections and return the permutation to the normal
order. Thus, three intersections indicate three interchanges are needed. Therefore the
permutation is odd.

When we count the number of intersections, we are counting the intersections of
pairs of lines. Therefore, one should avoid to have more than two lines intersecting
at a point. The lines joining the corresponding numbers need not to be straight lines
(Fig.6.5).

Example 6.2.1 What is the value of the Levi-Civita symbol &135724¢7

Solution 6.2.1 There are six intersections in the above figure, therefore the permu-
tation is even and £35724¢ = 1.

Fig.6.5 Inthisdiagram, six 123456 7 123456 7
intersections represent that -

six interchanges are needed 1357246 1235746
to obtain the permutation AL

1357246 from the normal
order 1234567
1234567 1234567

1234576 1234567
%
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6.2.2 Definition of a nth-Order Determinant

In discussing a general nth-order determinant, it is convenient to use the double-
subscript notation. Each element of the determinant is represented by the symbol a;;.
The subscripts ij indicate that it is the element at ith row and jth column. With this
notation, a;byc3 becomes aj1axasz; arbscy becomes ayjasais; and a;bjci becomes
ajiajras. The determinant itself is denoted by a variety of symbols. The following
notations are all equivalent:

app apg c - A
a a “ .. a

202 | = |a;| = |A| = det |A| = D,. (6.24)
Aapl Ap2 * - - Qpp

The value of the determinant is given by

n n n
Dn = Z Z e Z Eiliriniy1Gi2 =+ * Qjp. (625)

i1=1iy=1 ip=1

This equation is the formal definition of a nth-order determinant. Clearly, for
n = 3, itreduces to (6.22). Note that for a nth-order determinant, there are n! possible
products because i can take one of n values, i, cannot repeat i, so it can take only
one of n — 1 values, and so on. We can think of evaluating a determinant in terms
of three steps. (1) Take n! products of n elements such that in each product there is
one and only one element from each row and one and only one element from each
column. (2) Attach a positive (4) sign to the product if the row subscripts are an even
permutation of the column subscripts, and a minus sign (—) if an odd perturbation.
(3) Sum over n! products with these signs.

Stated in this way, it is clear that the definition of a determinant is symmetrical
between the rows and columns. The determinant (6.25) can just as well be written

as
n n n
Dn = Z Z e Z 8,~1i2...,~na1i]a2i2 e a,,i". (626)

i1=1i=1 i,=1

It follows that any theorem about the determinant which involves the rows is also
true for the columns, and vice versa.

Another property that is clear from this definition is this. If any two rows are
interchanged, the determinant changes sign. First it is easy to show that if the two
rows are adjacent to each other, this is the case. This follows from the fact that an
interchange of two adjacent rows corresponds to an interchange of two adjacent
row indices in the Levi-Civita symbol. It changes an even permutation into an odd
permutation, and vice versa. Therefore, it introduces a minus sign to all the products.
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Now suppose the row indices i and j are not adjacent to each other and there are
n indices between them:
ia a a --- ay, j.
To bring j to the left requires n + 1 adjacent interchanges leading to
jia a ay --- a,.
Now bringing i to the right requires n adjacent interchanges leading to
ja a a3 --- ap 1.
Therefore, all together there are 2n + 1 number of adjacent interchanges leading to

the interchange of i and j. Since 2n + 1 is an odd integer, this brings in an overall
minus sign.

ary a2
asy ax
determinant, (b) show explicitly that the interchange of the two rows changes its
sign.

Example 6.2.2 Let D, = , use (6.25) to (a) expand this second-order

Solution 6.2.2 (a) According to (6.25)

2 2
D2=E E £i1iy @iy 10052,

i1=1i=1

i1 =1, =1: ¢&,,a;,10;,2 = €n1a1a12
i1 =1, =2 &,,a10,2 = €12011a0
i1 =2, ip=1: &,a;10,0 = &a2a12

i1 =2, =2 &,,08;,10; = €0a02102.

Since e1; =0, e;p = 1, &1 = —1, &3 = 0, the double sum gives the second-order

determinant as
2 2

E g Eii,Ai 14,2 = A11d22 — dz1412.

i1=1i=1

(b) To express the interchange of two rows, we can simply replace a;,1a;,2 in the
double sum with a;,14a;,» (i; and i, are interchanged), thus

azy ax
ap a2

2 2
=E E Eiiy Aiy1442-

i1=1ix=1
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Since i; and i, are running indices, we can rename i; as j, and iy as jj, so
2 2 2 2 2 2
E :E : i Aip1di 2 = § : § : Eppdj1aj2 = § : § :81'2/1“]11“]22'
i1=1i=1 =1 ji=1 Ji=1 jo=1

The last expression is identical with that of the original determinant except the indices
of the Levi-Civita symbol are interchanged.

2 2
azy ax _228_ aia.
a ap ' ' R G162
Ji=1 =1
= ¢gnanai + &xanax + gppaxnapn + exnaraxn
= —apanp +axap = — i
azy axn

This result can, of course, be obtained by inspection. We have taken the risk of stating
the obvious. Hopefully this step-by-step approach will remove any uneasy feeling
of working with indices.

6.2.3 Minors, Cofactors

Let us return to (6.18), written in the double-subscript notation this equation becomes

ap ap a3
D3 = |ap; ax ax
as) aszp ass
ax a ax a a a
— 4 2 a3 | 21 A23 21 a2 | 6.27)
asy as; az| dsz as| as

where we have interchanged the two columns of the last second-order determinant of
azy ax;
asy as;
formed by removing the first row and first column from the original third-order
determinant D3. We call it M;; the minor complementary to a;; . In general, the minor
M;; complementary to a;; is defined as the (n — 1)th-order determinant formed by
deleting the ith row and the jth column from the original n th-order determinant D,,.
The cofactor C;; is defined as (—1)"/ M;;.

(6.18) and changed the sign. It is seen that is the second-order determinant
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Example 6.2.3 Find the value of the minors M;;, M»3 and the cofactors C;, Ca;
of the determinant

2 113
32 50
Da=11 o 22|
4 2 31
Solution 6.2.3
e2 50| [250 e BN EECE
M11= =0—22; M23= =10 2].
x0-22 53 1 10 %2 40
¥2 31 42 %1
250 2-13
Cii=(=D"0-22]; Cu=(=D**|1 0 2|.
2 3 1 421

6.2.4 Laplacian Development of Determinants by a Row (or a
Column)

With these notations, (6.27) becomes

3
Ds = ay My —anMp +aisMiz = Z(—I)H‘jalelj (6.28)
=1
3
=aCy+apCp+apCis = Zalkclk' (6.29)
=1

This is known as the Laplace development of the third-order determinant on elements
of the first row. It turns out this is not limited to the third-order determinant. It is a
fundamental theorem that determinants of any order can be evaluated by a Laplace
development on any row or column,

D, = Z(—l)iJrja,-jMij = Zaijcij for any i, (6.30)
=1 =1

= Z(—l)i+jai_;Mi_/ = ZaijCi_,- for any j. (6.31)
i=1

i=1
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The proof may be given by induction and is based on the definition of the deter-
minant. According to (6.25), a determinant is the sum of all the n! products which
are formed by taking exactly one element from each row and each column and mul-
tiplying by 1 or —1 in accordance with the Levi-Civita rule.

Now the minor M;; of a nth-order determinant is a (n — 1)th determinant. It is
a sum of (n — 1)! products. Each product has one element from each row and each
column except the ith row and jth column. It is then clear that Zl;:l kija;;M;; is a
sumofn(n — 1)! = n! products, and each product is formed with exactly one element
from each row and each column. It follows that, with the appropriate choice of k;;,
the determinant can be written in a row expansion

n
Dn = ZliaUMU (632)
Jj=1
or in a column expansion

Dn = Zk,ja,-jM,»j. (633)
i=1

The Laplace development will follow if we can show
kij — _])i-‘rk'
First let us consider all the terms in (6.25) containing a;;. In these terms i; = 1.
We note that if (1, i», i3...i,) is an even (or odd) permutation of (1, 2,3, ...n), it

means (i, i3, .. .I,) is an even (or odd) permutation of (2, 3, ...n) . The number of
intersections in the following two “permutation diagrams” are obviously the same,

123-nY\. 23-n
Lisiz-iy)’ iy iz i, )’

Eliyeiy = Eipeeviyy »

therefore

So terms containing a;; sum to
n n n n
E T E Eliyiy A114iy2 * * + Gj,p = A1 E T E Eiyeiy Ain2 * * * Qiyns
ir=1 in=1 ir=1 in=1

which is simply a;; M|, where M is the minor of a;;. On the other hand, according
to (6.32), all the terms containing a;; sum to kjja;; M. Therefore

ki =+1.
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Next consider the terms in (6.25) which contain a particular element a;;. If we
interchange the ith row with the one above it, the determinant changes sign. If we
move the row up in this way (i — 1) times, the ith row will have moved up into the
first row, and the order of the other rows is not changed. The process will change
the sign of the determinant (i — 1) times. In a similar way, we can move the jth
column to the first column without changing the order of the other columns. Then
the element a;; will be in the top left corner of the determinant, in the place of a1,
and the sign of the determinant has changed (i — 1 + j — 1) times. That is

apy .- ayj -+ dip ajj ap1 a2 - dp
apj ai a2 - Ain
_ i+j-2
ai - @i - g | = (=D agj az axn - az, .
Adp) ** Apj ** App apj Ap1 A2 Ann

In the rearranged determinant, ¢;; is in the place of a;, thus the sum of all the terms
containing a;; is equal to a;; M;;. But there is a factor (—1)""/~2 in front of the
rearranged determinant. Therefore, the terms containing ¢;; in the right-hand side of
the equation sum to (— 1)i+/ 2q iM;;. On the other hand, according to (6.32), all the
terms containing a;; in the determinant of the left-hand side of the equation sum to
k,-jaij M,'j. Therefore

kij = (=1)T72 = (=1)*, (6.34)

This completes the proof of the Laplace development, which is very important in
both theory and computation of determinants. It is useful to keep in mind that k;;
forms a checkboard pattern:

+1 —1+1
-1 1 -1
+1—-1+1
+1 -1
—1+1
3-22
Example 6.2.4 Find the value of the determinant D; = |1 2 —3|by (a)aLaplace
41 2

development on the first row; (b) a Laplace development on the second row; (c) a
Laplace development on the first column.

Solution 6.2.4 (a)

D3 = ay My —apMpy +aizsMiz =a1Ciy +aiCrp +asCis

2 -3 1-3 12
=1 el eelid]

=3(4+3)+22+12) +2(1 — 8) =35.
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(b)

D3 = —ax1May + annMay — ap My
R
=—(—4-2)+2(6—-8)+33+38)=35.

(©
D3 = an My — ax Moy + a3 M3
I B e R et

=3(4+3) — (—4—2) +4(6 —4) = 35.

Example 6.2.5 Find the value of the triangular determinant

ay ap ag -
0 ax ax -
D,=|0 0 as -
0 0 O
Solution 6.2.5
ax axs -+ aa,
0 asz - a3 a3
» on
D, = ay o =anan| - -
0
0 0 - ap

Ain
ap

azn | -

© Apn

as,

** Qpn

= a11aassz - -App.

6.3 Properties of Determinants

By mathematical induction, we can now show that properties 1 to 4 of second-order
determinants are generally valid for nth-order determinants. Based on the fact that
it is true for (n — 1)th-order determinants, we will show that it must also be true
for nth-order determinants. All properties of the determinant can be derived directly
from its definition of (6.25). However, in this section, we will demonstrate them with

Laplace expansions.
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e 1. The value of the determinant remains the same if rows and columns are inter-
changed.

Let the Laplace expansion of D,, on elements of the first row be

D, =Y (-)'"a;;My;. (6.35)
j=1

Let DI (known as the transpose of D,) be the nth-order determinant formed by
interchanging rows and columns of the determinant D,,. The Laplace expansion of
D on elements of the first column (which are elements of the first row of D,) is
then given by

DI = Z(—1)1+ja1jM1Tj, (6.36)

Jj=1

where M IT] is the minor complement to a;; and is equal to the determinant M;
with rows and columns interchanged. In the case of n = 3, the minors are second-
order determinants. By (6.7), M ITJ = M, ;. Therefore D3 = DI . This process can be
carried out, one step at a time, to any n. Therefore we conclude

D, =D!. (6.37)

e 2. The determinant changes sign if any two columns (or any two rows) are inter-
changed.

First we will verify this property for the third-order determinant Ds. Let E3 be
the determinant obtained by interchanging two columns of D3. Suppose column k
is not one of those exchanged. Using Laplace development to expand D and E3 by
their kth column, we have

3

D3 = (=1 ay My: (6.38)
i=1
3

Es =Y (—)"*ayMj,, (6.39)

i=1

where M/, is a second-order determinant and is equal to M;; with the two columns
interchanged. By (6.8) ,M!, = —M;;. Hence E3 = —Ds. Now by mathematical
induction, we assume this property holds for (n—1)th-order determinants. The same
procedure will show that this property also holds for determinants of nth order.
This property is called anti-symmetric property. It is frequently used in quantum
mechanics in the construction of an anti-symmetric many particle wave functions.
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e 3. If each element in a column (or in a row) is multiplied by a constant m, the
determinant is multiplied by m.

This property follows directly from the Laplacian expansion. If the ith column is
multiplied by m, this property can be shown in the following way:

apy --may; - - - Ay " "
azy - maz; -+ - dyp
S T =) o manCri=m Y ajC
j:l j:l
Apl - MAp; -+ - - App
aiy - di v Qi
a .o a s e e a
=m | . (6.40)
Apl - Api * - App

e 4. If each element in a column (or in a row) is a sum of two terms, the determinant
equals the sum of the two corresponding determinants.

If the ith column is a sum of two terms, we can expand the determinant on elements
of the ith column

ayi - ay +by - ap, . . .
ax -y +boy - ay,
AT =Y ai + b0 Cii = ) ajiCri+ ) biCi
j=1 =1 j=1

Apl - Ay + bni cc o App

ar -+ ay -+ A apy by -+ an,
_ | a2 by - -+ aoy (6.41)

Apl *+ Apj ** * App anpl bni s Qun

From these four properties, one can derive many others. For example:
e 5. If two columns (or two rows) are the same, the determinant is zero.

This follows from the anti-symmetric property. If we exchange the two identical
columns, the determinant will obviously remain the same. Yet the anti-symmetric
property requires the determinant to change sign. The only number that is equal to
its negative self is zero. Therefore, the determinant must be zero.

e 6. The value of a determinant is unchanged if a multiple of one column is added
to another column (or if a multiple of one row is added to another row).

Without loss of generality, this property can be expressed as follows:



6.3 Properties of Determinants 355

air +map ap - - diy app ap - - - din majp ay - - - Ay
ap1 +max ax - - - ay __ | @21 G2+ - A2 + mayp ax - - Ay
an) +may Ay - - - Ay apl Ap2 * * * App mdap2 dp2 -+ App
app apz - - din dajpp dyz * - dip ap ap - - - A
__|a21 Az - Agp +m dpp dp + -+ dyp | _ |A21 A2 - A2y (6 42)
anl Ap * * * App a2 Ap * * * App anpl Ap2 * * * App

The first equal sign is by property 4, the second equal sign is because of property
3, and the last equal sign is due to property 5.

Example 6.3.1 Show that

1a bc 1 aa?
lbac|=11bb*|.
1cab lcc?

Solution 6.3.1

1a bc la (bc+a? 1 a (bc + a* + ba)
lbac|=|1b(ac+ab)|=|1b (ac+ ab+ b?)
1cab 1 ¢ (ab+ ac) 1 ¢ (ab+ ac + bc)

1 a (bc + a® + ba + ca) 1 a a? 1 a (bc 4+ ba + ca)
=|1b(ac+ab+b>+cb)|=|1bb*>|+|1b (ac + ab+ cb)
1 ¢ (ab+ ac + bc+c?) 1ecc? 1 ¢ (ab+ac+ bc)

1 aa? lal 1aa?
=|1bb*|+@b+bc+ca)|lbl|=|1bb*|.
1e¢c? lcl 1c¢c?

First, we multiply each element of the second column by a and add to the third
column. For the second equal sign, we multiply the second column by » and add to
the third column. Do the same thing except multiplying by ¢ for the third equal sign.
The fourth equal sign is due to property 4. The fifth equal sign is due to property 3.
And lastly, the determinant with two identical column vanishes.

Example 6.3.2 Evaluate the determinant

14+a a a - a
a l4+a a3z - a,

a a l4+a; - a,

ay ar a; - 1+a,
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Solution 6.3.2 Adding column 2, column 3, all the way to column n to column 1,
we have

l+a+a+as+---+a, a a - ay
l+ai+a+a3+---+a, 1+a a3 - ay
l4+ai+ay+az+---+a, a 1+a3 - a,

l4+ai+a+a3+---+a, a a; - l1+a,

1 a ay - a

114+a a - a,

1 1 . "
=(+a+mtat+a)| @ T

1 a a; - 1+a,

Multiplying row 1 by —1 and add it to row 2, and then add it to row 3, and so on

1aas - a,

010 -0

001 0
Dy=0+a+a+az+---+a,)

000 -1

=(l+a+ata+---+a,).

Example 6.3.3 Evaluate the following determinants (known as Vandermonde
determinant):

1xy x? - xt!
2 . -l
L xj i 2 x% . x%—l
@ Dy=|lxx|, () D,=| 25 "H
1 x3 x3 '
1 x, x2 - xi1
Solution 6.3.3 (a) Method I.
1 x; x? I x x?
I (x2+x
L 3| = [0 (2 —x0) (0 = xD)| = (2 =) =) | (o2 T2
1 x3 x32 0 (x3 —x1) ()c32 — xlz)

= (x2 — x1)(x3 — x1)(x3 — x2).
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Method II. D3 is a polynomial in x; and it vanishes when x; = x;, since then the first
two rows are the same. Hence it is divisible by (x; — x;). Similarly, it is divisible by
(xo — x3) and (x3 — x1). Therefore
D3 =k (x1 — x2) (x1 — x3) (x2 — x3) .

Furthermore, since D3 is of degree 3in x1, x>, x3, k must be a constant. The coefficient
of the term x2x32 in this expression is k(—1)(— 1)2. On the other hand, the diagonal
product of the Dj is +xzx§. Comparing them shows that k(—1)(—1)? = 1. Therefore
k=—1and

D3 = — (x1 — x2) (x1 — x3) (x2 — x3) = (x2 — x1)(x3 — x1)(x3 — x2).
(b) With the same reason as in Method II of (a),

D, =k(x; —x2)(xp — x3) - -(x1 — X)) (02 — x3) - (X2 — Xp) - (X1 — Xp).

The coefficient of the termx2x32 .- -x,’}’l in this expression is k(=D (=D2--(=D" L,

Comparing this with the diagonal product of D,,, we have
L= k(=D(=1)7 (=)' = k(=] FHEemh,

Since {
1+2+3+-~+(n—1):§n(n—1),

therefore

Dy = (—1)""7D2 (5 — ) (x) — x3) - -(¥] — Xn) (X2 — X3) - -(¥2 — X) - -(Xp—1 — Xn).

Example 6.3.4 (Pivotal Condensation) Show that

ap ap ap a3
apy ap ag 1 |laa1 an| |ax ax
D3 = |ay an axp|= —
asi ap azs| || an an| |an ans
asy asz | |asi as;

Clearly, a;; must be non-zero. If it is zero, then the first row (or first column) must
be exchanged with another row (or another column), so that a;; # 0.
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Solution 6.3.4
ap apz a3 1 app andiz apais
az) dzp 423 | = —~ |d21 dpidan A11dz3
a
as| as ass a3 anasz ajass

| |an (anan —anan) (anaiz —ana)
=7 |9 (anaxn — azian) (anaxs — azai3)
Wlaz (a1az —azian) (anas; — azag)

ay 0 0

1
= —- |aa (anaxn —anap) (anas —axa3)
a
Wlaz (a1az —azian) (anass — azag)
1 | (anaxn — anarn) (anas — axais)
ay | (anasn — azapn) (anas — aziais)
ayp ai| |an a
1 az) az az) as
ag
ap ap ap a3
az1 az | | a1 a3

This method can be applied to reduce a nth-order determinant to a (n — 1)th-order
determinant and is known as pivotal condensation. It may not offer any advantage
for hand calculation, but it is useful in evaluating determinants with computers.

6.4 Cramer’s Rule

6.4.1 Nonhomogeneous Systems

Suppose we have a set of n equations and n unknowns

ayx) +apx; - - - +apx, =d;
axxy + axnxs - - - +ayx, = da

Ay X1 + Ao X2 - - - FappXy = dy. (643)

The constants dj, d,, - - -d, on the right-hand side are known as nonhomogeneous
terms. If they are not all equal to zero, the set of equations is known as a nonhomoge-
neous system. The problem is to find x1, x», . . . x,, to satisfy this set of equations. We
will see by using the properties of determinants, this set of equations can be readily
solved for any n.
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Forming the determinant of the coefficients and then multiplying by x;, with the
help of property 3, we have

ay ap - - Ay apxyp ap - dip
azy dp - - - dyy | |421X1 A2 - - - Aoy
dpl Ap2 * * - Aupp ap1X1 Ap2 * * * App

We multiply the second column of the right-hand side determinant by x; and add it
to the first column, and then multiply the third column by x3 and add it to the first
column and so on. According to property 6, the determinant is unchanged

app ap - A anxy + apxy - - FapXx, a - dip
Az A - -+ Aoy | | G21X1 + AxpXp - - - FA2pXy Q22 - - - Qop
apl Ap2 * * * App ap1X1 + App Xy * -+ * +ann-xn ap2 *+* Aup

Replacing the first column of the right-hand side determinant with the constants of
the right-hand side of (6.43), we obtain

aip ap - A dyap - ap,
ax ax - ay, | |dyaxn - axy
apl Ap2 * * * App ds ayy - -+ app

Clearly if we multiply the determinant of the coefficients by x;, we can analyze the
second column of the determinant in the same way. In general

xiD, = N;, 1<i<n, (6.44)

where D, is the determinant of the coefficients

apy aiz - dip

dap) azy - - Ay
D]’[ = . . ... .

Adp) Ap2 * * * App

and J; is the determinant obtained by replacing the ith column of D,, by the nonho-
mogeneous terms
arp -+ ap-1 dy a1 - - A
a e Qri d . - a
Ni _ .21 o 21' 1 '2 a21.+1 2n . (645)

Apy - - Apj—1 dn Api41 *°* Apn
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Thus, if the determinant of the coefficients is not zero, the system has a unique
solution

xi=—, 1<ic<n. (6.46)

This procedure is known as Cramer’s rule. For the special cases of n = 2 and
n = 3, the results are, of course, identical to what we derived in the first section.
Cramer’s rule is very important in the development of the theory of determinants
and matrices. However, to use it for solving a set of equations with large #n, it is
not very practical. Either because the amount of computations is so large and/or
because the demand of numerical accuracy is so high with this method, even with
high-speed computers it may not be possible to carry out such calculations. There are
other techniques to solve that kind of problems, such as the Gauss-Jordan elimination
method which we will discuss in the chapter on matrix theory.

6.4.2 Homogeneous Systems

Now if dy, d, - - - d, in the right-hand side of (6.43) are all zero, that is,

ayxy +apx; - +apx, =0

a1 X1+ anxs - - - +ayx, =0

an1X1 + appX2 - - - +app Xy = 0,

the set of equations is known as a homogeneous system. In this case, all N/s in
(6.45) are equal to zero. If D,, # 0, then the only solution by (6.46) is a trivial one,
namely, x; = x, = - - -x, = 0. On the other hand, if D, is equal to zero, then it is
clear from (6.44), x; do not have to be zero. Hence, a homogeneous system can have
a nontrivial solution only if the coefficient determinant is equal to zero. Conversely,
one can show that if

app ap - din
az) dx - - - ay

"1 =0, (6.47)
apl Ap2 * * * App

then there is always a nontrivial solution of the homogeneous equations. For a 2x2

system, the existence of a solution can be shown by direct calculation. Then one can

show by mathematical induction that the statement is true for any n x n system.
This simple fact has many important applications.
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Example 6.4.1 For what values of A do the equations

3x + 2y = Ax,
4x + 5y = Ay

have a solution other thanx =y =0 ?

Solution 6.4.1 Moving the right-hand side to the left gives the homogeneous system

(B—Mx+2y=0,
4x + (5 — Ay = 0.

For a nontrivial solution, the coefficient determinant must vanish:

33— 2
4 5-1

'=x2—8x+7=(x—1)(x—7)=0.

Thus the system has a nontrivial solution if and only if A = lor A = 7.

6.5 Block Diagonal Determinants

Frequently we encounter determinants with many zero elements and the non-zero
elements which form square blocks along the diagonal. For example, the following
fifth-order determinant is a block diagonal determinant

ayy apn 0 0 0
azy dx 0 0 0

Ds=JAl=| * % a3y ay asxs|.

ko ko d43 d44 A4s

* ok ds3 ds4 dss
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In this section, we will show that

a3 a4 ass
ai; ap
Ds = “|aa3 ass ags |,
a1 axn
asy asy ass

regardless the values the elements * assume.
By definition

5 5 5 5 5

l|—1 lz—l 13—1 l4—] l5—1

Since a3 = a4 = ajs = axy = axy = axs = 0, all terms containing these elements
can be excluded from the summation. Thus

i1=1iy=1i3=3i4=3is=

Furthermore, the summation over i; and i, can be written as from 1 to 2, since 3, 4,
and 5 are taken up by i3, i4, or is, and the Levi-Civita symbol is equal to zero if any
index is repeated. Hence

2 2
§ E § § § 8i1i2izi4isall1a122a133al44al55
1=1i=1

13—3 4= 3i 15—‘

Under these circumstances, the permutation of iy, iy, i3, i4, i5 can be separated into
two permutations as schematically shown below:

1 2 3 4 5
h=12i=12 i3=3,45 i4=3,4,5 i5=3,4,5

(1 2\(3 45
i i) \s s is )

The entire permutation is even if the two separated permutations are both even or
both odd. The permutation is odd if one of the separated permutations is even and
the other is odd. Therefore

Eiviyizizis =  Eiyiy * Eiigis-
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It follows

2 2 5 5 5
D5=E E E E E Eiviy * EizigisAi1041,203301,4055

i1=1iy=1i3=3i4=3i5=3

ZE E €i1i, i 10,2 * E E E EizisisAiz3Ai 4055

i1=1i=1 i3=3i4=3 is=
asz dsz4 dss
arr an
= ©|A43 A44 dgs
azy ax
das3 ds4 dss

When the blocks are along the “anti-diagonal” line, we can evaluate the deter-
minant in a similar way, except we should be careful about its sign. For example,

0 0 ap au
0 0 axn axy az1 azp | |a;3 ais
= . s (6.48)
asy asy k% asq a4 azs A
aq) Qg * %
and
0 0 0 ay a5 ap
0 0 0 axn axs ax
a4 A4 a43 a4 ais aie
0 0 0 axu ass as
= —l|asy asy as3|-|ax ax ay|. (6.49)

a4 A4y A4z * kX

del de2 Ae3 as4 daszs ase
ds) dsp ds3 ok * *

del dgr dg3  * * %

We can establish the result of (6.48) by changing it to a block diagonal determinant
with an even number of interchanges between two rows. However, we need an odd
number of interchanges between two rows to change (6.49) into a block diagonal
determinant, therefore a minus sign.
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Example 6.5.1 Evaluate

02071
10300
Ds=[00051].
10400
00010
Solution 6.5.1
02071 02071
10300 10300
Ds =|100051|— (Row4 — Row2)=|00051
10400 00100
00010 00010
051
= (1)3 1100 =-2-1=-2.
010

6.6 Laplacian Developments by Complementary Minors

(This section can be skipped in the first reading.)
The Laplace expansion of D3 by the elements of the third column is

aip ar a3 ary axn

asy as

ay ap ay ap
D3 = |ay ax axn | = a3 - .

as) asp az) az

asy ass ass

The three second-order determinants are minors complementary to their respective
elements. It is also useful to think that the three elements a;3, a3, ass are com-
plementary to their respective minors. Obviously the expansion can be written as

ap ar
az) ax

azy ax
asy asp

_|d1 a2

D; =
asy as

(6.50)

In this way, it is seen that the determinant Ds is equal to the sum of the signed products
of all the second-order minors contained in the first two columns, each multiplied
by its complementary element. In fact, any determinant D,,, even for n > 3, can be
expanded in the same way, except the complementary element is of course another
complementary minor. For example, for a fourth-order determinant
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ail diz a1z dig
az| ax ars a
Dy = 21 A2 A3 A4 (6.51)
asy dsp ass dszq
a4q1 A4 A43 Aq4

six second-order minors can be formed from the first two columns. They are

ap ar ary apz ap dapz asy as

as aq

azy ax
asg) agn

azy ax
as) asp

3 3 k] 3 b .

az) ax asy as a4y ag

Letus expand D in terms of these six minors. First expanding D by its first column,
then expanding the four minors by their first columns, we have

Dy =a1Cy1 + anCo 4+ a31C31 + asCa, (6.52)
where
azy a3 a4
Cri = . ass ass4 a3 asy a3 ax4
11 = |a32 433 A34 | = ax -
Q43 a44 Q43 Q44 asz asz4
Q42 43 Q44
app apz a4
Cr — N asz ass apz ais aiz a4
21 = — |A32 033 A34 | = —ap2
a43 aas Q43 a44 asz as4
Q42 Q43 A44
ap apz ays
Cai = . a3z axs aps ais as ais
31 = |dp2 A3 Ap4 | = A2 -
Q43 a44 Q43 Q44 a3 a4
Q42 Q43 Q44
app aps a4
Cu — N azs axs4 aps aig ais a4
41 = — |d22 A3 dp4 | = —dA]2 .
asz ass ass azs a3 ax4
azp azz az4

Putting these cofactors back into (6.52) and collecting terms, we have

assz as4 a3 Ay
= (anaxn — ana — (anaxn — azia
Dy = (anaxn — azarn) (ar1az — azian)
a43 asg a43 Qa4
a3 Az a3 a4
+(aias — ana) + (az1a3 — az1an)
as;z ass a43 Q44
aps a4 aps a4
—(az1a4 — as1a) + (az1a42 — az1a3p) . (6.53)
ass as4 ays ayy

Clearly,
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ajp diz| (433 az4| |41l diz | 423 A4

azy ax a43 dgq asy asp a43 dgq
air a2 | | a3 ax az1 | |a13 d14
aqy a4 ass asq asy as aq3 d4q

_|@21 G| 413 di4 as) dz | | d13 di4 (6.54)
aqy a4 ass asq asy ag azs dzy

If D4 is a block diagonal determinant,

app app Az a4

az) Az azs A4
D, =

0 0 as3as

0 0 ag au

then only the first term in (6.54) is non-zero, therefore

ap a2
az) ax

assz dsq

D, =
as3 asq

)

in agreement with the result derived in the last section.
If we adopt the following notation

A — Qi j, Qi j,

iriz, j1j2

Qiy jy Qiy j,

and M; ;, j j, as the complementary minor to A; ;, j j,, the determinant Dy in (6.51)
can be expanded in terms of the minors formed by the elements of any two columns,

3 4
Dy = Z Z(_1)i1+i2+j1+j2Ailiz,jlszi|i2«j|j2' (6.55)

i1=1iy>i

With j; =1, j, = 2, it can be readily verified, that (6.55) is, term by term, equal to
(6.54). The proof of (6.55) goes the same way as in the Laplacian expansion by a row.
First (6.55) is a linear combination of 4! products, each product has one element from
each row and one from each column. The coefficients are either +1 or —1, depending
on whether an even or odd number of interchange are needed to move i; to the first
row, i, to the second row, and j; to the first column, j, to the second column, without
changing the order of the rest of the elements. Obviously, the determinant can also
be expanded in terms of the minors formed from any number of rows.

For a nth-order determinant D,, one can expand it in a similar way, not only in
terms of second-order minors but also in terms of kth-order minors with k < n. Of
course, for k = n — 1, it reduces to the regular Laplacian development by a column.
Following the same procedure of expanding Dy, one can show that
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— § _ )ittt iAo ML
Dn - ( 1) A1112"lk«]1]2“]kMll’Z"Um]l]l“]k’
@)

where the symbol ) () indicates that the summation is taken over all possible per-
mutations in the following way. The first set of subscripts ii, - - - iy is from n indices
12 - - - n taken k at a time with the restriction i; < i; - - < i;. The second set sub-
scripts jj jo - - - jx are chosen arbitrarily but remain fixed for each term of the expan-
sion. This formula is general, but is seldom needed for the evaluation of a determinant.

2131
1025
2113
1302
the first two columns, (b) expansion with minors formed from the second and fourth
rows.

Example 6.6.1 Evaluate Dy = by (a) expansion with minors formed from

Solution 6.6.1 (a)

D, |21 (13 _|21] |25 21| |25
=110 |02 2117102 137113
+10.31_10'31 21| |31
2117102 13713 13/7(25
=-2-0454+6—24+65=50.
(b)
10| |31 12] |11
_(_1\2+4+1+2 . _1)2+4+143 .
15 |13 02| |21
1\244+144 ) 1\ 2+44243 .
05| |23 25| |21
_1\2+4+2+4 . _1\2+443+4 .
L 32] \21|+< b 2 1 \21\

=-24—-4-6+4+24460—-0=50.

6.7 Multiplication of Determinants of the Same Order

If |A| and | B| are determinants of order n, then the product

|A] - [B] = [C]
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is a determinant of the same order. Its elements are given by

n
cij = E aixby;.
k=1

(As we shall show in the next chapter, this is the rule of multiplying two matrices.)
For second-order determinants, this relation is expressed as

b1 bip
byy by

(anbi + aixbar) (aiibiz + anby)
(a21b11 + anby) (axbia + anby) |

Al 1B = | 912 =

azy a
To prove this, we use the property of block diagonal determinants.

apn adpp 0 0

Al |B| = an ap| |bubp|_|anan 0 0
axi an | | by by =1 0 by b2 |’

Multiplying the elements in the first column by b;; and the elements in the second
column by b,; and then adding them to the corresponding elements in the third
column, we obtain

ayy a (aiby +apby) 0
az1 axn (aybi +axpbr) 0
-10 0 by |
0 -1 0 by

|Al - [B] =

In the same way, we multiply the elements in the first column by b, and the elements
in the second column by b;; and then add them to the corresponding elements in the
fourth column, it becomes

ay aip (anbi + anby) (anbiz + anbxn)

a») ax (ar by + anb ar b1y + anb
Al-1B| = | © 2 (azibi; 2b21) (a21b12 + axbiy)

-10 0 0
0 -1 0 0
By (6.48)
Al |B| = ‘—1 0 ' | (anbi +anby) (anbiz +anbxn)
0 —1| |(a2ib11 + axnbr) (azbix + axbi)

(anbi1 + axba1) (aiibiz + anby)
(a21b11 + anbsi) (azibiz + axnby)

’
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which is the desired result. This procedure is applicable to determinants of any
order. (This property is of considerable importance, we will revisit this problem for
determinant of higher order in the chapter on matrices.)

Example 6.7.1 Show that

V2+c?  ab ca

ab  a’>+b> bc = 4a’b*c*.
ca be  a®+0b?
Solution 6.7.1
bV2+c%  ab ca bcO bal
ab  a*+b> bc =|a0c|-|c0al|=(=2abc)* = 4a*b*c*.

ca be a*+b? Oab Ocb

6.8 Differentiation of Determinants

Occasionally, we require an expression for the derivative of a determinant. If the
derivative is with respect to a particular element g;;, then

aD,
8aij

=C

ijs

where C;; is the cofactor of a;;, since

n
D, = E aijCi_,- for 1 <i<n.
Jj=1

Suppose the elements are functions of a parameter s, the derivative of D, with respect
to s is then given by

n n

dD, oD, da;; "< da;;
& =2 La, 4y 22

i=1 j=I1 i=1 j=I

For example

ap apz a3 3 3 3
Dy = |ay axn ax | = E a1;Cyj = E ay;Crj = E a3;Cs3;,
=1 =1

asy asp ass J=l
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3 3 3
dD3 dalj dazj da3j
— = —C; + —Cy; + —=C3;
ds JX_; ds Y 2_1: ds % JX_: ds
day dap das ap; ap  aps aip ap aps
ds ds ds day day da 4| 921 an ax
ay axn a3 ds ds ds daz; dazy das;
as; asx  ass as; aszx ass ds ds ds
i dD
Example 6.8.1 1f D, = | % S 1 g 22
—Sinx CoSx dx
Solution 6.8.1
cosx sinx

—Cosx —sinx

dD, | —sinx cosx
dx | —sinx cosx

This is an obvious result, since D, = cos? x + sin’x = 1.

6.9 Determinants in Geometry

Itis well known in analytic geometry that a straight line in the xy-plane is represented
by the equation
ax +by+c=0. (6.56)

The line is uniquely defined by two points. If the line goes through two points (x;, y;)
and (x,, y2), then both of them have to satisfy the equation

ax) +byi +c =0, (6.57)
axy + by, +c=0. (6.58)

These equations (6.56), (6.57), and (6.58) may be regarded as a system in the
unknowns a, b, ¢ which cannot all vanish if (6.56) represents a line. Hence, the
coefficient determinant must vanish:

x y 1
X1 »n 1{=0 (659)
X2 y2 1

It can be easily shown that (6.59) is indeed the familiar equation of a line. Expanding
(6.59) by the third column, we have
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x y 1
xyy1 1| = (x1ys —x2y1) — (xy2 — x2y) + (xy1 —x1y) = 0.
X2 V2 1

This equation can be readily transformed into (6.56) with a = y; — y,, b = xp —
X1, ¢ = X1y2 — x2y1. Or it can be put in form

ya—=y

where m = Lis the slope and yp = y; — mx; is the y-axis intercept.

X2 — X1
It follows from (6.59) that a necessary and sufficient condition for three points

(x1, ¥1), (x2, ¥2) , and (x3, y3) to lie on a line is

x 1
X2 V2 1{=0. (660)
x3 y3 1

Now if the three points are not on a line, then they form a triangle and the deter-
minant (6.60) is not equal to zero. In that case it is interesting to ask what does the
determinant represent. Since it has the dimension of an area, this strongly suggests
that the determinant is related to the area of the triangle (Fig. 6.6).

The area of the triangle formed by three points A (x1, y1), B(x2, ¥2),and C(x3, y3)
shown in the figure is seen to be

Area ABC = Area AA'C'C + Area CC’'B’'B — Area AA'B’B.

The area of a trapezoid is equal to half of the product of its altitude and the sum of
the parallel sides:

Fig. 6.6 The area of ABC is
equal to the sum of the
trapezoids AA’C’C and
CC’B’ B minus the trapezoid
AA’B’B. As a consequence,
the area ABC can be
represented by a determinant

Blx2,v2)
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Area AA'C'C = %(xg —x) (O + y3),

Area CC'B'B = %(xz —x3)(y2 + ¥3),

Area AA'B'B = %(xz —x)(1 + ).
Hence

1
Area ABC = 5[()63 —x)(1 4+ y3) + (x2 — x3)(y2 + ¥3)

—(x2 —x)(y1 + »)]
1

=3 [(x2y3 — x3y2) — (x1y3 — x3y1) + (x1y2 — x2y1)]
1 X1 )1 1

== |X2 7 1]. (661)

x3yl

Notice the order of the points ABC in the figure is counterclockwise. If it is
clockwise, the positions of B and C are interchanged. This will result in the inter-
change of row 2 and row 3 in the determinant. As a consequence, a minus sign
will be introduced. Thus we conclude that if the three vertices of a triangle are
A(x1, y1), B(x2,y2), C(x3, y3), then

xpyil
Xy y2 1| =242 x Area of ABC, (6.62)

x3 y3 1

where the + or — sign is chosen according to the vertices being numbered consecu-
tively in the counterclockwise or the clockwise direction.

Example 6.9.1 Use a determinant to find the circle that passes through (2, 6), (6,
4, (7, 1).

Solution 6.9.1 The general expression of a circle is
a(x>+y») +bx+cy+d=0.
The three points must all satisfy this equation

a(x12 +y12) +bxi+cy1+d =0,
a(x% +y§) +bxy+cy, +d =0,
a(x2 + y2) + bxs +cys +d = 0.
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These equations may be regarded as a system of equations in the unknowns a, b, ¢, d
which cannot all be zero. Hence the coefficient determinant must vanish:

24y x oy 1
xi+yr ooyl
X5+y; x oyl
X54+y3 a1

Put in the specific values

4+yrx oy 1
0 26 1|_,
52 6 41|
50 711

Replacing the first row by (row 1 — row 2), the third row by (row 3 — row 2), and
the fourth row by (row 4 — Row 2), we have

x4yt x oy 1 (x2+y2—40) x—2) (y—6) 0
40 26 1] 40 2 6 1
52 64 1| 12 4 -2 0
50 711 10 5 -5 0

(X2 +y2—40) (x—2) (y—6)
- 12 4 -2
10 5 -5

= —10(x>+y*>—40)+40 (x —2) +20(y — 6) = 0,

or
X2 4+y?—40 —4(x —2) —2(y —6) =0.

which can be written as
(x —2)>+ (y — 1)*> = 25.

So the circle is centered at x = 2, y = 1 with a radius of 5.

Example 6.9.2 What is the area of the triangle whose vertices are (—2, 1), (4, 3),
0, 0)?
Solution 6.9.2
211
Area=| 4 31| =-10.
001

The area of the triangle is 10 and the order of the vertices is clockwise.
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Exercises

1. Use determinants to solve for x, y, z from the following system of equations:

3x + 6z =51,
12y — 6z = —6,
x—y—2z=0.

Ans.x =7, y=2, z=25.
2. By applying the Kirchhoff’s rule to an electric circuit, the following equations
are obtained for the currents iy, i», i3 in three branches:

IRy +i3R3 =V,
bRy +i3R3s = V¢
i1 +i, —i3 =0.

Express i1, is, i3 in terms of resistance R, R, Rz, and voltage source V4, V.

(Ro+R3)Va—R3Vc
RiRy+R i R3+RyR3°

(R1+R3)Vc—R3Va i = RyVa+R Ve
RiRAR R3+R:Ry* 3 = RiR+R R3+RoRs°

Al’lS.il = i2 =

3. Find the value of the following fourth-order determinant (which happens to be

formed from one of the matrices appearing in Dirac’s relativistic electron theory)
0100

10 00

00 )

0

Dy = 1
—-10

0
0
Ans. 1.

4. Without computation, show that a skew-symmetric determinant of odd order is
zero

0O a b c d
—a 0 e f g
Dis=|-b— 0 h i|=0.
—c—f—-h 0 j
—d —g —i —jO0
[Hint: DT = D and (—1)" Dy, = DI ]
ad 2a—3d
5. Show that |b e 2b —3e | = 0.
c f2c-3f
1 2 -3
6. Determine x such that | —x 14+ 3x 3 — x | = 36.
0 -6 5

Ans. 13.
7. The development of the determinant D,, on the ith row elements a;y is ZZ=1 a; Cir
where Cj; is the cofactor of a;;. Show that
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Y apCiu=0 forj#i.

k=1

[Hint: The expansion is another determinant with two identical rows.]
8. Evaluate the following determinant by a development on (a) the first column, (b)
the second row

111
123 4
Di=1136 10|
141020
Ans. 1.

9. Use the properties of determinants to transform the determinant in problem 6 into
a triangular form and then evaluate it as the product of the diagonal elements.

10. Evaluate the determinant in problem 6 by expanding it in terms of the 2x2
minors formed from the first two columns.

11. Evaluate the determinant

»)

wn

I
cCoo W
cocoo s |
o
W —= W OO
No oo
—_——1 O O O

Ans. 3080.

[The quickest way to evaluate is to expand it in terms of the 2x2 minors formed
from the first two columns.]
12. Without expanding, show that

y+zz+xx+y
X y z =0.
1 1 1

[Hint: Add row 1 and row 2, factor out (x + y + z).]
13. Show that (a)

Xy z Xy z
x?y? 2=y +yztax) |« y? 2.
yZ X Xy 1 11

[Hint: Replace row 3 successively by x - row 1 + row 3, thenby y - row 1 4 row 3,
then by z - row 1 4+ row 3. Express the result as a sum of two determinants, one of
them is equal to zero.]

(b) Use the result of the Vandermonde determinant to show that
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Xy z
x2y? 22 =@y +yz+z0)x — )y —2)(z—x).
YZ ZX Xy

14. State the reason for each step of the following identity:

a—b—a b 2a —2b —a b
ba —b—-a| |2b 2a —b —a

c—d c —d|” |0 0 ¢ —d
d ¢c d c 0 0 d c

2a —2b C —d‘ _ 4((12 +b2)(6‘2 +d2)

2b 2a |'|d ¢

15. State the reason for each step of the following identity:

abed| |@+b)bc+dd| |@+b) b (c+d d

badc| |(b+a)a(d+c)c| 0O a—-b 0 c¢c—d
cdab| |(c+d)d@+b)b| |(c+d) d (a+b) b
dcba d+c)ycb+a)a 0 ¢c—d O a-b

(@a+b)(c+d) b d
=ttt 4P o e a i -5~ e —ay)

0 0 c¢c—da-»>b

16. Show and state the reason for each step of the following identity:

0 1 2 3 en—1

1 0 1 2 en=2

2 1 0 1 n=3| 2
3002 1 0 ..op—4| =" PT@=D.
n—1n—-2n-3n—-4--- 0

[Hint: 1. Replace column 1 by column 1 + last column. 2. Factor out (n — 1). 3.
Replace row i by rowi — row(i — 1), starting with the last row. 3. Replace row i by
row i + row 2. 4. Evaluating the triangular determinant.]

17. Evaluate the following determinant:

1 2 3 -een
n+1 n—+2 n+3 - 2n

D, = 2n +1 2n 42 2n+3  ---3n/|.
m—Dn+1m—Dn+2m—Dn+3---n?

Ans.Forn=1, D=1, n=2, D,=-2;, n>3, D, =0.
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[Hint: For n > 3, replace rowi by rowi — row(i — 1).]
18. Use the rule of product of two determinants of same order to show the

V2+c?  ab ca b2 +ac be c?
ab  a*>+b*> be = ab 2ac bc .
ca be a*>+b? a? ab b* +ac

bcO| |baO bcO| |bcO
[Hint: [aOc|-|cO0a|=]a0c|-|a0c]|.]
Oab| |0ch Oab| |0ab
19. If f(s) is given by the following determinants, without the expansion of f(x)

d
find —— f )

cosx sinx In|x|

ef e 1 .
(@) fx)=|e" —e*0|; (b) f(x)=|—smx cosx —
et —e x

—Ccosx —sinx -=
X

Ans. (a) —2; (b) 1/x +2/x3.
20. The vertices of a triangle are (0, ¢), (3¢, 0), (¢, 2t). Find a formula for the area
of the triangle.

Ans. 2¢.
21. The equation representing a plane is given by ax + by + cz + d = 0. Find the
plane that goes through (1, 1, 1), (5,0,5), (3,2, 6).

Ans.3x +4y —2z—-5=0.



Chapter 7 ®)
Matrix Algebra i

Matrices were introduced by British mathematician Arthur Cayley (1821-1895).
The method of matrix algebra has extended far beyond mathematics into almost all
disciplines of learning. In physical sciences, matrix is not only useful but essential
in handling many complicated problems. These problems are mainly in three cat-
egories. First in the theory of transformation, second in the solution of systems of
linear equations, and third in the solution of eigenvalue problems. In this chapter, we
shall discuss various matrix operations and different situations in which they can be
applied.

7.1 Matrix Notation

In this section, we shall define a matrix and discuss some of the simple operations
by which two or more matrices can be combined.

7.1.1 Definition

Matrices
A rectangular array of elements is called a matrix. The array is usually enclosed
within curved or square brackets. Thus, the rectangular arrays

4 7 . cosf sinf 0O
X +1y .
12 6], (x—i ) —sinf cos@ 0 (7.1)
-9 3 Y 0o 0 1
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are examples of a matrix. It is convenient to think of every element of a matrix as
belonging to a certain row and a certain column of the matrix. If a matrix has m
rows and n columns, the matrix is said of order m by n, or m x n. Every element
of a matrix can be uniquely characterized by a row index and a column index. It is
convenient to write a m X n matrix as

a ap --- A

azy dx --- Az,
A =

aml Am2 * * * Amn,

where a;; is the element of ith row and jth column, it may be real or complex

number or functions. The elements may even be matrices themselves, in which case

the elements are called submatrices and the whole matrix is said to be partitioned.
Thus, if the first matrix in (7.1) is called matrix A, then A is a 3 x 2 matrix, it has

4 7

three rows: (4 7), (12 6), (—9 3) and two columns: | 12 |, | 6 | . Its elements
-9 3

areay =4, a1 =17, a1 =12, a»» =6, az; = —9 and a3, = 3.

Sometimes it is convenient to use the notation
A= (aij)m xn
to indicate that A is a m x n matrix. The elements g;; can also be expressed as

aij = (A);; -

7.1.2 Some Special Matrices

There are some special matrices, which are named after their appearances.

Zero Matrix A matrix of arbitrary order is said to be a zero matrix if and only if
every element of the matrix equals zero. A zero matrix is sometimes called a null
matrix.

Row Matrix A row matrix has only one row, such as ( 103 ) . A row matrix is also
called a row vector. If it is called row vector, the elements of the matrix are usually
referred to as components.

3
Column Matrix A column matrix has only one column, such as | 4 | . A column
5
matrix is also called a column vector. Again if it is called column vector, the
elements of the matrix are usually called the components of the vector.
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Square Matrix A matrix is said to be a square matrix if the number of rows equals
the number of columns. A square matrix of order n simply means it has n rows and n
columns. Square matrix is of particular importance. We will be dealing mostly with
square matrices together with column and row matrices.

For a square matrix A, we can calculate the determinant

det(A) = [A[,

as defined in the last chapter. Matrix is not a determinant. Matrix is an array of
numbers, determinant is a single number. The determinant of a matrix can only be
defined for a square matrix.

Let A = (ai j)n be a square matrix of order n. The diagonal going from the top
left corner to the bottom right corner of the matrix, its elements a1, as, - - -, a,, are
called the diagonal elements. All the remaining elements a;; for i # j are called
the off-diagonal elements.

There are several special square matrices that are of interest.

Diagonal Matrix A diagonal matrix is a square matrix whose diagonal elements are
not all equal to zero, but off-diagonal elements are all zero. For example,

10 0 300
000 and 040
00-2 005

are diagonal matrices. Therefore for a diagonal matrix
(A)ij = a;; i},

where

This kind of notation may seem to be redundant, as a diagonal matrix can be easily
visualized. However, this notation is useful in manipulating matrices as we shall see
later.

Constant Matrix If all elements of a diagonal matrix happen to be equal to each
other, it is said to be a constant matrix or a scalar matrix.

Unit Matrix If the elements of a constant matrix are equal to unity, then it is a unit
matrix. A unit matrix is also called the Identity matrix, denoted by I, that is,

10---0

I 01---0

00---1
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Triangular Matrix A square matrix having only zero elements on one side of the
principal diagonal is a triangular matrix. Thus

12 3 100 000
A=|034]); B=|320]; C=1500
00-2 450 430

are examples of a triangular matrix. A matrix for which a;; = 0 fori > j is called
a right-triangular matrix or a upper triangular matrix, such as matrix A above.
Whereas a matrix with ¢;; = 0 for i < j is called a left-triangular matrix or a
lower triangular matrix, such as matrix B. If all the principal diagonal elements
are zero, the matrix is a strictly triangular matrix, such as matrix C. Diagonal
matrix, identity matrix as well as zero matrix are all triangular matrices.

7.1.3 Matrix Equation

Equality Two matrices A and B are equal to each other if and only if, every elements
of A is equal to the corresponding element of B. Clearly A and B must be of the
same order, in other words they must have the same rows and columns. Thus if

12 012 120
A=<34>’ B:(034>’ C=(340)’

A#B, B#C, C#A.

we see that

Therefore, a matrix equation A = B means that A and B are of the same order and
their corresponding elements are equal, that is, a;; = b;;. For example, the equation

X1 X2\ _ 3t 142t
viy)  \4* 0
means x; = 3¢, y; = 462 xy =14 21, v, = 0.
With this understanding, often we can use a single matrix equation to replace a

set of equations. This will not only simplify the writing but will also enable us to
systematically manipulate these equations.

Addition and Subtraction We may now define the addition and subtraction of two
matrices of the same order. The sum of two matrices A and B is another matrix C.
By definition

A+B=C
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means
Cij = a;j + bij.

1312 ~105 —6
AZ(—24—6)’ B=< 73 2)

(1-10) 3+5) (12—-6)\ _(-98 6
(-2+7) @4+3) (6+2) "\ 57-4)

For example,

then
A—i—B:(

Ap_(1+10) B3=5 12+6) ) _ (11 -2 18
"7 \(2-71 4-3) (-6-2) "\ 91 -8)"

The sum of several matrices is obtained by repeated addition. Since matrix addition
is merely the addition of corresponding elements, it does not matter in which order
we add several matrices. To be explicit, if A, B, C are three m X n matrices, then
both commutative and associative laws hold

A+ B =B+ A,
A+B+C)=(A+B)+C.

Multiplication by a Scalar It is possible to combine a matrix of arbitrary order and
a scalar-by-scalar multiplication. If A is a matrix of order m X n

A= (aij)mxn
and ¢ a scalar, we define cA to be another m x n matrix such that

cA = (Caij)mxn-
1 -35
A= (-2 4 —6>’
-2 6 —10
_2A=<4 -8 12 )

The scalar can be a real number, a complex number or a function, but it cannot
be a matrix quantity.

For example, if

then
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Note the difference between the scalar multiplication of a square matrix cA and
the scalar multiplication of its determinant c |A|. For cA, c is multiplied to every
elements of A, whereas for c |A|, ¢ is only multiplied to the elements of a single
column or a single row. Thus, if A is a square matrix of order n, then

det(cA) =" |A].

7.1.4 Transpose of a Matrix

If the rows and columns are interchanged, the resulting matrix is called the transposed
matrix. The transposed matrix is denoted by A, called A tilde, or by AT, Usually, but
not always, the transpose of a single matrix is denoted by the tilde and the transpose
of the product of a number of matrices by the superscript 7.

Thus, if
ap apz : - A
da) dyp -+ Ay
A= . R
Aml Am2 * * * Amn
then
ap azp - ami
ajp ax - am2
A=AT =

Alp Q2p ** Amn

By definition, if we transpose the matrix twice, we should get the original matrix,
that is,
AT = A.

Using index notation, this means
-~ =T
(A)ij = (A)jis (A )ij = (A)jj -

It is clear that the transpose of m X n matrix is a n X m matrix. The transpose of
a square matrix is another square matrix. The transpose of a column matrix is a row
matrix, and the transpose of a row matrix is a column matrix.

Symmetric Matrix A symmetric matrix is a matrix that is equal to its transpose, that
is,
A=A,
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which means
ajj = djj.

It is symmetric with respect to its diagonal. A symmetric matrix must be a square
matrix.

Anti-symmetric Matrix An anti-symmetric matrix is a matrix that is equal to the
negative of its transpose, that is,

~

A=—-A,

which means
aij = —dji.

Thus the diagonal elements of an anti-symmetric matrix must all be zero. An anti-
symmetric matrix must also be a square matrix. Anti-symmetric is also known as
skew-symmetric.

Decomposition of a Square Matrix Any square matrix can be written as the sum
of a symmetric and an anti-symmetric matrix. Clearly

A= (A—i—X)—l—%(A—A)

N =

is an identity. Furthermore, let

1 ~ 1 ~
As=5(A+4), Ai=5(A-4),
then A is symmetric, since
r_ Lo 0 7 1
AT= (T4 AT) = S (A ) =4,
and A, is anti-symmetric, since
AT=1(AT KT)—E(A—A)_—A
a 2 2 a
Therefore
A=A+ A,
A=A,— A
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Example 7.1.1 Express the matrix
201
A=1 032
—142

as the sum of a symmetric matrix and an anti-symmetric matrix.

Solution 7.1.1
A=A, + A,

T/ 201 201 200
A==l o32]+[034)|=(033],

21\ 2142 12 2 032

NYEX) 20—1 00 1

Av=5 || 032]) 034 )=(00-1

142 122 )] 110

7.2 Matrix Multiplication

7.2.1 Product of Two Matrices

The multiplication, or product, of two matrices is not a simple extension of the
concept of multiplication of two numbers. The definition of matrix multiplication is
motivated by the theory of linear transformation, which we will briefly discuss in the
next section.

Two matrices A and B can be multiplied together only if the number of columns
of A is equal to the number of rows of B. The matrix multiplication depends on the
order in which the matrices occur in the product. For example, if A is of order [ x m
and B is of order m x n, then the product matrix AB is defined but the product BA,
in that order is not unless m = [. The multiplication is defined as follows. If

A= (aij)lxm» B = (bij)mxn
then AB = C means that C is a matrix of order / x n and
C = (cif)lxn

m
cij = E aiby;-
k=1
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(ﬂ“ ajp ++* dim \ ( 1 \' ( Cll €12 ** C1j ** Cla
by by ee by o b
dz21 Q2 === d4m €21 €22 =** Cx ** Cin

bay by e | by e by

\ h”” hu.‘: b ;JJJ.'." * JI"'Jm: )

\ cn Cp o+ Cf ** Ch

\ ap dp e dpy )

Fig. 7.1 TIllustration of matrix multiplication. The number of columns of A must equal the number
of rows of B for the multiplication AB = C to be defined. The element at ith row and jth column
of Cis givenby c;j = aj1b1j + ainbzj + -+ - + Qimbm;.

So the element of the C matrix at ith row and jth column is the sum of all the
products of the elements of ith row of A and the corresponding elements of jth
column of B. Thus, if

apn agrn bll blz bH
A= , B= ], C=AB,
<6121 1122> (b21 b b23>

o (a11bi + annby) (anbiy + ainby) (an1biz + ainbys)
(anbi1 + anboi) (axibiy + axnbyn) (anbiz +anby) ) -

then

The multiplication of two matrices is illustrated in Fig.7.1.

If the product AB is defined, A and B are said to be comformable (or compati-
ble). If the matrix product AB is defined, the product BA is not necessarily defined.
Given two matrices A and B, both the products of AB and BA will be possible if, for
example, A is of order m x n and B is of order n x m. AB will be of order m x m,
and BA of order n x n. Clearly if m # n, AB cannot equal to BA, since they are of
different order. Even if n = m, AB is still not necessarily equal to BA. The following
examples will make this clear.

Example 7.2.1 Find the product AB, if

12 321
A:<34>’ B=(456>'
Solution 7.2.1

12\ /321
AB:(34)(456>
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T \Bx3+4x4) Bx2+4x5 Bx1+4x6)
(111213
T \252627)°

Here Ais2x2 and B is 2x3, so that AB comes out 2x 3, whereas B A is not defined.

_((1x3+2x4) (Ix24+2x5) (1x1+2x6)>

Example 7.2.2 Find the product AB, if

1=(33)- 2= (2)
AB = (ii) (2) - (155112%1) - G;)

Here AB is a column matrix and B A is not defined.

Solution 7.2.2

Example 7.2.3 Find AB and BA, if

2
A=(123), B=|3
4
Solution 7.2.3
2
AB=(123)|3]|=(24+6+12)=(0),
4
2 24 6
BA=|[3](123)=|36 9
4 48 12

This example dramatically shows that AB # BA.

Example 7.2.4 Find AB and BA, if

() n-(2)
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Solution 7.2.4 12\ /34 13 16
AB = (3 4> (5 6) - (29 36)
and 34 12 1522
BA = <5 6) (3 4) - (23 34)'
Clearly

AB # BA.

Example 7.2.5 Find AB and BA, if

(1) o3 )

= (33) (7 4)-(56).
= (34 (52)= (4 L)

Not only AB # BA, AB =0 does not necessarily imply A=0 or B =0 or
BA =0.

Solution 7.2.5

Example 7.2.6 Let
20 03 03
4=(50) 2=(03) c=(02):
AB = AC.
20\ /03 06
AB=<00)<04>=(00>’
20\ /03 06
ac=(50)(032)= (00):

This example shows that AB = AC can hold without B = C or A = 0.

show that

Solution 7.2.6
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7.2.2 Motivation of Matrix Multiplication

Much of the usefulness of matrix algebra is due to its multiplication property. The
definition of matrix multiplication, as we have seen, seems to be “unnatural” and
somewhat complicated. The motivation of this definition comes from the “linear
transformations”. It provides a simple mechanism for changing variables. For exam-
ple, suppose

Y1 = anx; +anx; +ap;sx; (7.2a)
Y2 = an X1 + anxz + apxs (7.2b)
and further
71 = buyr + by (7.3a)
22 = ba1y1 + bnys. (7.3b)

In these equations, the x’s and the y’s are variables, while the a’s and the b’s are
constants. The x’s are related to the y’s by the first set of equations, and the y’s are
related to the z’s by the second set of equations. To find out how the x’s are related
to the z’s, we must substitute the values of the y’s given by the first set of equations
into the second set of equations:

Z1 = by (anxy + anxy +apxs) + b (ayx1 +anxy; +axsxz)  (7.4a)

22 = by (anxy + anxz + aizxs) + by (anxy + anxs + axxz) . (7.4b)
By multiplying them out and collecting coefficients, they become

z1 = (briai + bpaz)x;

+(br1a12 + bioax)xs 4 (briaiz + biaax)xs (7.5a)
22 = (bnay + baaz)x;
+(ba1a12 + brax)xs + (baraiz + bynax)xs. (7.5b)

Now, using matrix notation, (7.2) can be written simply as
X1
Yy _ (4ndizas X3 (7.6)
Y2 az) az; axs X ’ '
21 bii b\ (n
= . 7.7
(Zz> <b21 b22)(y2) .7

The coefficients of x|, x,, and x3 in (7.5) are precisely the elements of the matrix
product:

and (7.3) as
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bii bra \ ((an an ais
bai by ) \ a2 axn ax3 )
Not only that, they are also located in the proper position. In other words, (7.5) can

be obtained by simply substituting <§ ! ) from (7.6) into (7.7):
2

21\ _ (bn bn ap ap as 2 . (7.8)
ko) byy b ar| ay a s

What we have shown here is essentially two things. First, matrix multiplication
is defined in such a way that linear transformation can be written in compact forms.
Second, if we substitute linear transformations into each other, we can obtain the
composite transformation simply by multiplying coefficient matrices in the right
order. This kind of transformation is not only common in mathematics, but is also
extremely important in physics. We will discuss some of them in later sections.

7.2.3 Properties of Product Matrices

Transpose of a Product Matrix A result of considerable importance in matrix
algebra is that the transpose of the product of two matrices equals the product of the
transposed matrices taken in reverse order,

(AB)T = BA. (7.9)
To prove this we must show that every element of the left-hand side is equal to

the corresponding element in the right-hand side. The ijth element of the left-hand
side of Eq.(7.9) is given by

((AB)T),; = (AB)ji = D (A) k(B (7.10)
k

The ijth element of the left-hand side of Eq. (7.9) is

(BA), =) (B), (A), =D _Bui(A)x
k

k

=) (A) (B, (7.11)
k

where, in the last step, we have interchanged (B);; and (A) jx because they are just
numbers. Thus Eq. ( 7.9) follows.
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Example 7.2.7 Let
23 15
A:<0_1> and B=(24>,

(AB)T = BA.

show that

Solution 7.2.7

23\(15 8 22 8 —2
AB:(O—])(24)=<—2—4); (AB)T=<22—4>;
~ (12) (20, zx_(12)(20 g8 —2
B:(s4>’ A:(3—1); BA=<54><3—1>=<22—4>'

Thus, (AB)T = BA.

Trace of a Matrix The trace of square matrix A = (a;;) is defined as the sum of its
diagonal elements and is denoted by Tr A

TrA = ia”.
i=1

An important theorem about trace is that the trace of the product of a finite number
of matrices is invariant under any cyclic permutation of the matrices. We can first
prove this theorem for the product of two matrices, and then the rest automatically
follow.

Let A be an x m matrix and B be a m x n matrix, then

m

Tr(AB) =) (AB)i=) > ajbji

i=1 i=1 j=I1

Tr(BA) = Z(BA)J-; = Zzbjiaij-
j=1

j=1i=l1
Since g;; and b;; are just numbers, their order can be reversed. Thus
Tr (AB) =Tr(BA).

Notice that the trace is defined only for a square matrix, but A and B do not have
to be square matrices as long as their product is a square matrix. The order of AB
may be different from the order of BA, yet their traces are the same.
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Now

Tr(ABC) = Tr(A(BC)) = Tr((BC)A)
= Tr(BCA) = Tr(CAB) (7.12)

It is important to note that the trace of the product of a number of matrices is not
invariant under any permutation, but only a cyclic permutation of the matrices.

Example 7.2.8 Let

406 101
A=1521], B=1912],
783 041

show that (a) Tr(A+ B) =Tr(A)+ Tr(B); (b) Tr(AB) = Tr(BA).

Solution 7.2.8 (a)

406 101 507
TriA+B) =Tr{| 521 +|o12|V=71r[14 33
783 041 7124
=5+3+4=12;
406 101
Tr(A)+Tr(B)=Tr [ 521 | +7r[912
783 041
=@+2+)H+A+1+1) =12
(b)
406\ /101 4 2410
Tr(AB)y=Tr| 521|912 =71r|23 6 10] =36
783/ \041 79 20 26
101\ /406 118 9
Tr(BA) =Tr| 912|521 | =7r] 551861 | =36.
041)\783 2716 7

Associative Law of Matrix Multiplication If A, B, and C are three matrices such
that the matrix products AB and BC are defined, then

(AB)C = A (BC). (7.13)
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In other words, it is immaterial which two matrices are multiplied together first. To
prove this, let

A= (aij)mxn , B= (bij)nxo ’ C= (Cij)oxp'

The ijth element of the left-hand side of Eq. ( 7.13) is then

k=1 k=1 \I/=1

o n
=YD aitbikck),

k=11=1

(AB)C)ij = Y (AB)i(C)j = Y (Z(A)il(B)lk) ()

while the i jth element of the right-hand side Eq. ( 7.13 ) is

n n 0
(A(BC))jj = > (A)i(BCYj =Y (A)ir Y (B)(C)yj
=1 =1 k=1

n o
=YY aibiey;-

I=1k=1

Clearly ((AB)C);; = (A(BC));;.

Example 7.2.9 Let

1 —1
1 2 10 -1
A:( ) B:( ) c=[32].
-13 210 )
show that

Solution 7.2.9
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Clearly A (BC) = (AB) C. This is one of the most important properties of matrix
algebra.

Distributive Law of Matrix Multiplication If A, B, and C are three matrices such
that the addition B 4 C and the product AB and BC are defined, then

A(B+C) = AB + AC. (7.14)

To prove this, let

A= (aij)mxn ’ B = (bij)nxp ’ C= (Cij)nxp ’ (715)

so that the addition B 4 C and the products A B and AC are defined. The i jth element
of the left-hand side of Eq. (7.14) is then

(A(B+C));; = Y (Ai(B+C)j =Y _(A)u(By + Ciy)
k=1 k=1

= Zaik(bkj + cij)-

k=1

The ijth element of the right-hand side of Eq. (7.14) is

=D (AuB)j + Y _(A)ir(C)y

k=1 k=1

= Zaik(bkj + ckj)-

k=1

Thus, Eq. (7.14) follows.

Example 7.2.10 Let
2 -2
12 2 -1
A:< >7 BZ( )’ C: 1 ’
30 3 4 41

C(A+B)=CA+CB.

show that
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Solution 7.2.10
2 -2
12 2 -1
casm=(13)](35)+(33)]
4 —1
2 -2 -6 —6
=11 <2i)= 21 13 |,
4 —1 6 0

2 -2

2-2
CA+CB=1|13 (;(2)>+ 13 <§_41>
4 —1 4 —1
—4 4 -2 -10 -6 —6
=12+ 11 11 |=|21 13
18 5 -8 6 0

Hence, C(A+ B) =CA + CB.

7.2.4 Determinant of Matrix Product

We have shown in the chapter on determinants that the value of the determinant of
the product of two matrices is equal to the product of two determinants. That is, if A
and B are square matrices of the same order, then

|AB| = |A]|B].

This relation is of considerable interests. It is instructive to prove it with the properties
of matrix products. We will use 2 x 2 matrices to illustrate the steps of the proof,
but it will be obvious that the process is generally valid for all orders.

1. If D is a diagonal matrix, it is easy to show |[DA| = |D||A].

For example, let D = <d“ 0 ) , then

0 dp
DA — dip 0 ajy ap '\ _ ( duan dnan
0 dyp asy ax dnay dypax )’
di; O
Dl ="' o ‘ = dydn,
_|duan dyan| ay an|
IDAl = dyay dpax | dudy ar ay| IDIIAL-




7.2 Matrix Multiplication 397

2. Any square matrix can be diagonalized by a series of row operations which add
a multiple of a row to another row.

For example, let B = ( é i) . Multiply row 1 by —3 and add it to row 3, the

matrix becomes ( (1) _22> . Then add row 2 to row 1, we have the diagonal matrix

10
0-2)"
3. Each row operation is equivalent to premultiplying the matrix by an elementary
matrix obtained from applying the same operation to the identity matrix.

For example, multiply row 1 by —3 and add it to row 2 of ( (1) (1)), we obtain the

_13 (1)) . Multiply this matrix to the left of B,

10 10 12 1 2
(—3 1> (B) = (—3 1) (3 4) - (o —2)’
we get the same result as operating directly on B. The elementary matrix for adding

12
0 _2> , we have

elementary matrix (

row 2 to row 1 is ( L1 ) . Multiplying this matrix to the left of <

(01)(62)=(c2%)

4. Combine the last equations,

(01)(0%)=(61) (57) (33) = (6 %)
r=(01)(59)=(31) 2=(c%)

we can write the equation as

21 12 10
= (51) (60 =(0%)=»
This equation says that the matrix B is diagonalized by the matrix E, which is the
product of a series of elementary matrices.
5. Because of the way E is constructed, multiplying E to the left of any matrix
M is equivalent to repeatedly adding a multiple of a row to another row of M. From

the theory of determinants, we know that these operations do not change the value
of the determinant. For example,

the diagonal matrix

Let
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10
12
BI=|y;|=a-6=-2

Therefore, the determinant of the diagonalized matrix D is equal to the determinant
of the original matrix B,

ID| = [B].
In fact M can be any matrix, as long as it is compatible,

[EM| = |M|.

6. Now let M = BA,
|[E(BA)| = |BA|.

But
|[E(BA)| = |(EB) Al = |[DA| = |DI|A],

since D is diagonal. On the other hand, |D| = | B|, therefore
|BA| = |B||Al.

Since |B| |A| = |A| |B], itfollows | BA| = |AB|, even though B A may not be equal
to AB.

7.2.5 The Commutator

The difference between the two products AB and BA is known as the commutator
[A, B] = AB — BA.
If, in particular, AB is equal to BA, then
[A, B] =0,

the two matrices A and B are said to commute with each other.
It follows directly from the definition that

o [A,A] =0,
o [A,I]=[I,A]=0,
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e [A,Bl=—[B, A],
e [A,(B+O)=I[A, B]+[A,C],
e [A,[B,Cl1+[B,[C, Al +[C. [A, B]] = 0.

Example 7.2.11 Let
(01 _(0—i (10
%“=\10) > \io) %“=\o-1)

lox,0y] =2io,, [oy,0.]=2i0,, [o0,,0:]=2io,.

show that

Solution 7.2.11

_(0=i\[(01)_ (10
%% =\io0)\10)=""\o=1)

Similarly, [0y, 0.] = 2io,, and [o;, 0] = 2i0,.

Example 7.2.12 If a matrix B commutes with a diagonal matrix with no two ele-
ments equal to each other, then B must also be a diagonal matrix.

Solution 7.2.12 To prove this, let B commute with a diagonal matrix A of order n,
whose elements are

(A);j = aidij (7.16)
a #aj if i#].
We are given that
AB = BA.

Let the elements of B be b;;, we wish to show that b;; = 0, unlessi = j. Taking
the ijth element of both sides, we have

D (AiBj =Y (Bli(A)y.

k=1 k=1
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On using (7.16), this becomes

n n
E a;8ixby; = E biraydy;,
=1 =1

with the definition of delta function
aibii,‘ = b,‘jaj.

This shows
(Cll' — Clj)b,‘j =0.

Thus b;; must be all equal to zero for i # j, since for those cases a; # a;. The only
elements of B which can be different from zero are the diagonal elements b;;, proving
that B must be a diagonal matrix.

7.3 Systems of Linear Equations

The method of matrix algebra is very useful in solving a system of linear equations.
Let xy, x2, - - -, x, be a set of n unknown variables. An equation which contains first
degree of x; and no products of two or more variables is called a linear equation. The
most general system of m linear equations in » unknowns can be written in the form

aynxy +apxy + -0 apx, =di,
a1 X1+ anxs + -+ - apx, = d, (7.17)
am1 X1 + QuaXo + -+ -+ QupXy = dm

Here the coefficients g;; and the right-hand side terms d; are supposed to be known
constants.

We can regard the variables xi, x3, - - -, x, as components of the n x 1 column
vector x
X1
X2
X =
Xn
and the constants dy, d,, - - -, d,, as components of the m x 1 column vector d
d
d
d=| 7

d



7.3 Systems of Linear Equations 401

The coefficients a;; can be written as elements of the m x n matrix A

ap apz -0 dip
A= d) dx -+ Az,
Aml A2 * -+ Amp-

With the matrix multiplication defined in the previous section, Eq. 7.17) can be written
as

X1

a ap -+ dp d
X2 d

azy dax - Az . _ 2

Am1 Am2 * - Amn dm
Xn

If all the components of d are equal to zero, the system is called homogeneous. If
at least one component of d is not zero, the system is called nonhomogeneous. If the
system of linear equations is such that the equations are all satisfied simultaneously
by at least one set of values of x;, then it is said to be consistent. The system is
said to be inconsistent if the equations are not satisfied simultaneously by any set
of values. An inconsistent system has no solution. A consistent system may have an
unique solution, or an infinite number of solutions. In the following sections, we will
discuss practical ways of finding these solutions, as well as answer the question of
existence and uniqueness of the solutions.

7.3.1 Gauss Elimination Method

Two linear systems are equivalent if every solution of either system is a solution of
the other. There are three elementary operations that will transform a linear system
into another equivalent system:

1. Interchanging two equations.
2. Multiplying an equation through by a non-zero number.
3. Adding to one equation a multiple of some other equation.

That a system is transformed into an equivalent system by the first operation is
quite apparent. The reason that the second and third kinds of operations have the
same effect is that when the same operations are done on both sides of an equal sign,
the equation should remain valid. In fact, these are just the techniques we learned in
elementary algebra to solve a set of simultaneous equations. The goal is to transform
the set of equations into a simple form so that the solution is obvious. A practical
procedure is suggested by the observation that a linear system, whose coefficient
matrix is either upper triangular or diagonal, is easy to solve.
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For example, the system of equations

—2x+x3 =38
2x1 —xp +4x3 = -3 (7.18)
X1 — Xy +x3=-2
can be written as
0 -21 X1 8
2 -1 4 x |l=1-3
1 —11 X3 -2

Interchange Eqs. 7.1 and 7.3, the system becomes

X1 —Xxp+x3=-2 1 —-11 X1 -2
2x1 — Xy +4x3 = -3 2 -1 4 »n|l=1-31,
—2x7+x3 =8 0 — X3 8

where we have put the matrix equation representing the system right next to it.
Multiply Eq.7.1 of the rearranged system by —2 and add to Eq.7.2, we have

X — X2 +x3=-2 1 —-11 X1 -2
Xy +2x3 =1 01 2 Xy | = 1
—2x7 +x3 =8 0 —-21 X3 8

Multiply Eq.7.2 of the last system by 2 and add to Eq.7.3:

X1 —Xx2+x3=-2 1 —11 X1 -2
Xy +2x3 =1 01 2 X2 | = 1 . (7.19)
S5x3 =10 0 0 5 X3 10

These four systems of equations are equivalent because they have the same solu-
tion. From the last set of equations, it is clear that x3 =2, x, = 1 —2x3 = —3 and
X1 =-2+x—x3=-7.

This procedure is often referred to as the Gauss elimination method, the echelon
method, or triangularization.

Augmented Matrix To simplify the writing further, we introduce the augmented
matrix. The matrix composed of the coefficient matrix plus an additional column
whose elements are the nonhomogeneous constants d; is called the augmented
matrix of the system. Thus

app ap - A | di
ay| ay - ay | da

aml Am2 * * * Qmn dn
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is the augmented matrix of (7.17). The portion in front of the vertical line is the
coefficient matrix. The entire matrix, disregarding the vertical line, is the augmented
matrix of the system. Clearly the augmented matrix is just a succinct expression of
the linear system.

Instead of operating on the equations of the system, we can just operate on the
rows of the augmented matrix with the three elementary row operations which
consists of

e 1. Interchanging of any two rows.
e 2. Multiplying of any row by a non-zero scalar.
e 3. Adding a multiple of a row to another row.

Thus, we can summarize the Gauss elimination method as using the elementary
row operations to reduce the augmented matrix of the original system to an echelon
form. A matrix is said to be in echelon form if

1. The first element in the first row is non-zero.

2. The first (n — 1) elements of the nth row are zero, the rest elements may or may
not be zero.

3. The first non-zero element of any row appears to the right of the first non-zero
element in the row above.

4. As a consequence, if there are rows whose elements are all zero, then they must
be at the bottom of the matrix.

Thus, we can think of solving the linear system of (7.18) in the above example as
reducing the augmented matrix from

021 8

2 —1 4| -3

1 -11| -2
to the echelon form

1 -1 1| =2

01 2 11,

0 0 5| 10

from which the solution is easily obtained.

Gauss-Jordan Elimination Method For a large set of linear equations, it is some-
times advantageous to continue the process to reduce the coefficient matrix from the
triangular form to a diagonal form. For example, multiply the 3rd row of the last
matrix by 1/5:

1 -1 1] =2
01 2 1 ]. (7.20)
00 1| 2
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Multiply row 3 by —2 and add to row 2:

1 -1 1| =2
0 1 0| -3
0 0 1| 2

Multiply row 3 by —1 and add to row 1:

1 -1 0| -4

0 1 0| -3

0 0 1 2
Add row 2 to row 1:

1 00| =7

010 =31,

001 2
which corresponds to x; = —7, x, = —3, and x3 = 2. This process is known as the

Gauss-Jordan elimination method.

7.3.2 Existence and Uniqueness of Solutions of Linear
Systems

For alinear system of m equations and n unknowns, the order of the coefficient matrix
is m x n and that of the augmented matrix is m x (n + 1). If m < n, the system is
underdetermined. If m > n, the system is overdetermined. The most interesting case
is m = n. In all three cases, we can use Gauss elimination method to reduce the
augmented matrix into an echelon form. Once in the echelon form, the problem is
either solved, or else shown to be inconsistent. A few examples will make this clear.

Example 7.3.1 Solve the following system of equations:

X1 +x—x3=2
2x1 —x2+x3 =1

3x1 —x2 +x3 = 4.

1 1 -1 2
Solution 7.3.1 The augmented matrixis | 2 —1 1 1
3 -1 1| 4

1 1 -1 2

Multiply row 1 by —2 andaddtorow2: | 0 =3 3 | =3 |;
3 -1 1 4
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1 1 -1} 2
multiply row 1 by —3 andaddtorow3: [ 0 =3 3 | -3 |;
0 -4 4| =2
1 1 1 -1 2
multiply row 2 by —— : 01 -1 1 1];
3 \o—4 4| 22
11 -1 2
multiply row 2 by 4 andaddtorow3: | 0 1 —1]| 1
00 0] 2

This represents the system of equations

X1 +x—x3=2
X2—X3=1
0=2.

Since no values of x|, x; and x3 can make 0 = 2, the system is inconsistent and has
no solution.

Example 7.3.2 Solve the following system of equations:

X1+3x+x3=06
3)(?1 —2x2 — 8)C3 =7
4x1 + 5x, — 3x3 = 17.

1
Solution 7.3.2 The augmented matrixis | 3 =2 =8| 7

1 6
0 11 —11 —11
4 5 =3 17

Multiply row 1 by —3 and add to row 2:

’

’

4
1 3 1 6
multiply row 1 by —4 and addtorow 3: | 0 —11 —11| —11
o -7 -7 =7

1 1 6
multiply row 2 by —— : 0 1 ];
1 \o —7 —7 —7
1316
multiply row 2 by 7and addtorow 3: |0 1 1| 1
000 0

This represents the system
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X1+3x+x3=06
Xo+x3=1
0=0.

This says x, = 1 — x3, and x; = 6 — 3x; — x3 = 3 + 2x3. The value of x3 may be
assigned arbitrarily, and therefore the system has an infinite number of solutions.

Example 7.3.3 Solve the following system of equations:

X1 +x=2
X1 +2x =3
2x1 + xo = 3.

Solution 7.3.3 The augmented matrix is

1 1] 2
123
21| 3
11 2
Multiply row 1 by —1 andaddtorow2: | O 1| 1 |;
2
11
multiply row 1 by —2 and addtorow 3: | 0 1 1 ];
0 -1 -1
11 2
addrow2torow3: |0 1| 1
000
The last augmented matrix says
X1 +x=2
Xy = 1
0=0,

clearly x, = 1 and x; = 1. Therefore this system has an unique solution.

To answer questions of existence and uniqueness of solutions of linear systems,
it is useful to introduce the concept of the rank of a matrix.

Rank of a Matrix There are several equivalent definitions for the rank of a matrix.
For our purpose, it is most convenient to define the rank of a matrix as the number
of non-zero rows in the matrix after it has been transformed into a echelon form by
elementary row operations.
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In Example 7.3.1, the echelon forms of the coefficient matrix C, and of the aug-
mented matrix A, are, respectively,

11 -1 11 —-12

c,=1{01-1}, A, =]01 -11

00 O 00 0 2

In C,, there are two non-zero rows, and therefore the rank of the coefficient matrix

is 2. In A,, there are three non-zero rows, and therefore the rank of the augmented
matrix is 3. As we have shown, this system has no solution.

In Example 7.3.2, the echelon forms of these two matrices are
131 1316
C,=1011], A, =101 11
000 0000

They both have only two non-zero rows. Therefore, the rank of the coefficient matrix
equals the rank of the augmented matrix. They both equal to 2. As we have seen, this
system has infinite number of solutions.

In Example 7.3.3, the two echelon forms are

11 112
c.,=101]), A, =1011
00 000

Both of them have two non-zero rows, and therefore the coefficient matrix and the
augmented matrix have the same rank of 2. As we have shown, this system has an
unique solution.

From the results of these examples, we can make the following observations:

e 1. A linear system of m equations and » unknowns has solutions if and only if the
coefficient matrix and the augmented matrix have the same rank.

e 2. If the rank of both matrices is r, and r < n, the system has infinitely many
solutions.

e 3.If r = n, the system has only one solution.

Actually these statements are generally valid for all linear systems regardless of
whetherm < n, m =n,orm > n.

The most interesting case is m = n = r. In that case, the coefficient matrix is a
square matrix. The solution of such systems can be obtained from (1) Cramer’s rule
discussed in the chapter of determinants, (2) the Gauss elimination method discussed
in this section, and (3) the inverse matrix which we will discuss in the next section.
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7.4 Inverse Matrix

7.4.1 Non-singular Matrix

TheindexInverse matrix square matrix A is said to be non-singular if there exists a
matrix B such that
BA =1,

where [ is the identity (unit) matrix. If no matrix B exists, then A is said to be singular.
The matrix B is the inverse of A and vice versa. The inverse matrix is denoted by
A—l

A7'=B.

The relationship is reciprocal. If B is the inverse of A, then A is the inverse of B.
Since
BA=A'A=1, (7.21)

applying B~ from the left
B'BA=B"'I

It follows
A=B"" (7.22)

Existence If A is non-singular, then determinant |A| # 0.
Proof 1f A is non-singular, then by definition A~! exists and AA~! = I. Thus
|AATY | = 1Al |AT =111

Since |7| = 1, neither | A| nor |A~"| can be zero.
If |A| # 0, we will show in following sections that A~! can always be found.

Uniqueness The inverse of a matrix, if it exists, is unique. That is, if

AB =1;

AC =1,
then

B=C.

This can be seen as follows. Since AC = I, by definition C = A~ Tt follows that

CA=AC=1
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Multiplying this equation from the right by B, we have
(CA)B=1B = B.

But
(CA) B=C(AB)=CI =C.

It is clear from the last two equations that B = C.

Inverse of Matrix Products The inverse of the product of a number of matrices,
none of which is singular, equals the product of the inverses taken in the reverse
order.

Proof Consider three non-singular matrices A, B, and C. We will show
(ABC)"'=cCc7'B7'A7!,

By definition
ABC(ABC) ' =1

Now

ABC(C™'B'A™ Yy = AB(cCc™HB'A™!
=ABB'AT' = AIAT' = AAT =1

Since the inverse is unique, it follows that

(ABC)"'=c7'B7'A7 !,

7.4.2 Inverse Matrix by Cramer’s Rule

To find A~!, let us consider the set of nonhomogeneous linear equation

aip a -+ Ay X d
asy ax - - - ay x| _|d (7.23)
apl Ap2 -+ App Xn dy,
written as
(A)(x) = (). (7.24)

According to Cramer’s rule discussed in the chapter on determinants,
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N;

X = —,
[A]

where |A]| is the determinant of A and N; is the determinant

ai - - aj—1 dy ajjqq -+ - ay,
_ax o arimy dy asiyy - agy

N; =
apl * - Api—1 dn Api+1 *°* Aun

Expanding N; over the ith column, we have

1 n
Xi = m Zdej,»,
j=1

where Cj; is the cofactor of jth row and ith column of A.
Now let A~! = B, that is,

biy by - - - by,
Al =B = by1 by - - - by,
bnl bn2 t bnn

Applying A~! to (7.24) from the left

(A™H(A)(x) = (A7),

SO
(x) = (A7),
or
X bi1 by -+ by, d
Xy | _ | b baa - by d>
Xn bnl bn2 e bnn dn
Thus

Xi = Xn: b,‘jdj.
j=1

Comparing (7.25) and (7.26), it is clear

by=—cCp= L€
LV |A| Ji |A| -

7 Matrix Algebra

(7.25)

(7.26)
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Thus the process of obtaining the inverse of a non-singular matrix involves the

following steps:

(a) Obtain the cofactor of every element of the matrix A and write the matrix of

cofactors in the form
Ci Cip - Cyy
c=|
Cnl Cn2 tee Cnn

(b) Transpose the matrix of cofactors to obtain

Ci Cyp -+ Cy
C— C.lz C-zz - Cpp

Cln C2n o Cnn

(c) Divide this by det A to obtain the inverse of A

Ci Cy - Cyy

A = T CrCy---Cp
|A| .. .

Cln CZn o Cnn

Example 7.4.1 Find the inverse of the following matrix by Cramer’s rule:

-3 1 -1
A=1|15 -6 5
-5 2 -2

Solution 7.4.1 The nine cofactors of A are

=0,

—6 5 15 5 15 -6
Cu=|, ,|=2 C12=—‘_5 _2'=5, C13=’_5 2‘

1 —1 -3 -1 =31
C21=—‘2 _2'=0, C22=‘_5 _2'=1, C23=—‘_5 2‘=1,

I -1 -3 -1 -3 1
Gi=l_¢ 5|=7h C32:_‘15 5‘:0’ C33:‘15 -6

-3

The value of the determinant of A can be obtained from the Laplacian expansion

over any row or any column. For example, over the first column

|A| = =3Cy; +15Cy; —5C3; =—-6+0+5=—1.

So the inverse exists. The matrix of cofactors C is
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250
C=| 011
-103

The inverse of A is then obtained by transposing C and dividing it by det A. Therefore

L (250" (=201
All=—C=—1011) =|-5-10 ]. (7.27)
Al =T\ 103 0 —1-3
It can be directly verified that
20 1 -3 1 —1 100
A A= -5-10 15-65|=]010
0 —1-3 -52 =2 001

In literature, the transpose of the cofactor matrix of A is sometimes defined as the
adjoint of A, thatis, adj A = C. However, the name adjoint has another meaning,
especially in quantum mechanics. It is often defined as the Hermitian conjugate A",
thatis, adj A = AT. We will discuss Hermitian matrix in the next chapter.

For a large matrix, there are more efficient techniques to find the inverse matrix.
However, for a 2 x 2 non-singular matrix

ap a
A= 11 412 ’
azy ax

one readily obtain from this method

A—IZL ayp —ap
|A| \ —axn a1 )~

This result is simple and useful. It may even be worthwhile to memorize it.

Example 7.4.2 Find the inverse matrices for

12 cosf sinf
A_<34)’ R_<—sin0 cos@)'

JE. 4 2\ (-2 1
“d-e\-3 1 )7 \32 -12)

R — 1 cosf —sinf\ (cosf —sind
"~ (cos2 +sin?@) \ sinf@ cos® ) \sinf cos® |-

Solution 7.4.2
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(52 1) (33) = (V).

cosf —sind cos@ sinf\ (10
sinf cosé —sinf cosf ) \01)"°

One can readily verify

7.4.3 Inverse of Elementary Matrices

Elementary Matrices An elementary matrix is a matrix that can be obtained from
the identity matrix / by an elementary operation. For example, the elementary matrix
E| obtained from interchanging row 1 and row 2 of the identity matrix of third order
is
010
E;=1100
001

On the other hand, the elementary row operation of interchanging row 1 and row
2 of any matrix A of order 3 x n can be accomplished by premultiplying A by the
elementary matrix E :

010 ap apn azy ax»
100 ayi ap | =\ an an
001 as| az asy as

The second elementary operation, namely, multiplying a row, say row 2, by a
scalar k can be accomplished as follows:

100 ap ap ap;  an
0kO dj) d) = ka21 k6122
001 as| azy az;  ax

Finally, to add the third row & times to the second row, we can proceed in the
following way:

100 ap ap an ap
01k ay; ap | = | ax +kasy ax + kax
001 azy az as as
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Thus, to effect any elementary operation on a matrix A, one may first perform
the same elementary operation on an identity matrix to obtain the corresponding
elementary matrix. Then premultiply A by the elementary matrix.

Inverse of an Elementary Matrix Since the elementary matrix is obtained from the
elementary operation on the identity matrix, its inverse simply represents the reverse
operation. For example, E; is obtained from interchanging row 1 and row 2 of the
identity matrix [ :
010
Ei\l=E =[100
001

Since
100

Ef'Ei=1=[010],
001

El ! represents the operation of interchanging row 1 and row 2 of E;, Thus E fl is
also given by
010
Ef'=|100]|=E,.
001

The inverses of the two other kinds of elementary matrices can be obtained in a
similar way, namely,

100 100
E;=|0k0], E;'=(01/k0|;
001 001
100 100
Es=|01k], E'=[01-k
001 00 1

It can be readily shown by successive elementary operations that

a00 1/a 0 0
Es=|0b0], E'=| 0 1/p 0
00c 0 0 1/c

and
1000 100 0
| 01nm 1101 —n-m
Es=1o010 | Es"=1001 o

0001 000 1
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7.4.4 Inverse Matrix by Gauss-Jordan Elimination

For a matrix of large order, Cramer’s rule is of little practical use. One of the most
commonly used methods for inverting a large matrix is the Gauss-Jordan method.
Equation (7.23) can be written in the form

ap app -+ A X 10---0 d,
SEREROR Rl Y ol I el PR (R
Apl Ap2 * * * App Xn 001 dn
or symbolically as
(A)(x) = (DH@). (7.29)

If both sides of this equation is under the same operation, the equation will remain
to be valid. We will operate them with the Gauss-Jordan procedure. Each step is an
elementary row operation which can be thought as premultiplying (multiplying from
the left) both sides by the elementary matrix representing that operation. Thus, the
entire Gauss-Jordan process is equivalent to multiplying (7.29) by a matrix B which
is a product of all the elementary matrices representing the steps of the Gauss-Jordan
procedure

(B)(A)(x) = (B)(1)(d). (7.30)

Since the process reduces the coefficient matrix A to the identity matrix /, so

BA=1.
Post-multiplying both sides by A~!
BAA™' =1A7",
we have
B=A""

Therefore, when the left-hand side of (7.30) becomes a unit matrix times the column
matrix x, the right-hand side of the equation must be equal to the inverse matrix
times the column matrix d.

Thus, if we want to find the inverse of A, we can first augment A by the identity
matrix /, and then use elementary operations to transform this matrix. When the
submatrix A is in the form of 7, the form assumed of the original identity matrix /
must be A1,
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We have found the inverse of

-3 1 -1
A=]| 15 -6 5
-5 2 =2

in Example 7.4.1 by Cramer’s rule. Now let us do the same problem by Gauss-Jordan
elimination. First we augment A by the identity matrix /

-3 1 -11100
15-6 51010
-5 2 =2,001

Divide the first row by —3, second row by 15, and third row by —5 :

0
0

W=
|- o

: 0
0

]

—_ = =
|

QNG| ol —

mn\{‘,ﬂuml._
=l

1
5

leave the first row as it is, subtract the first row from the second row and put it in the

second row, and subtract the first row from the third row and put it back in the third
TOW:

1 —% =100
171
TRy E o)
O-%55'35 05
multiply the second and third row by —15 :
11 1
1—5 3 I—g 00
01 01-5-10],
01 —-11-503

leave the second row where it is, subtract it from the third row and put the result back
to the third row, and then add % of the second row to the first row:

10 3 1-2—30
010 1-5-10],
00-110 13

multiply the third row by —1 and then subtract % of it from the first row:

1001-2 0 1
010/1-5-10
001+r0 —1-3
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Finally, we have changed matrix A to the unit matrix /, the original unit matrix on
the right side must have changed to A=, thus

-2 0 1
Al=|-5-10 |},
0 —1-3

which is the same as (7.27) obtained in the last section.

This technique is actually more adapted to modern computers. Computer Codes
and extensive literature for the Gauss-Jordan elimination method are given in W.H.
Press, B.P. Flannery, S.A. Teukolsky, and W.T. Vetterling, Numerical Recipes,
2nd ed. Cambridge University Press (1992).

Exercises

Given two matrices

25 20
A:(_Zl), B:<21>,
find B — 5A.

—8 —25
Ans. ( 1D 4 )

If A and B are the 2 x2 matrices

() o=(7)
find the products AB and BA.
swan = (2). na= (318).
. If

1 —4
a=(27"Y =3 2.
321 0

find AB and BA if they exist.

5, 14 -9 0
Ans.AB=<2 9),BA= 12 =7 10
-5 3 -3
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4.
If
0 2 =2 3 0
A= , B=1|2 41,
—-1-13 )1
2 0 1
Find AB and BA if they exist.
27
Ans. AB = (1)1(; ., BA does not exist.
8 —1
5.
If

12 31 43
1= (L) = (o) e=(51)
verify the associative law by showing that

(AB)C = A (BC).

6.
Show that if

then

v=(o1)
a4 =[(59) + (30)]

7.

Given

~1 0 01 0 -1
= (0 5) r= (o) e=(50) o=

7 Matrix Algebra

(%)

Find all possible products of A, B, C, and I, two at a time including squares.
(Note that the product of any two matrices is another matrix in this group. These
four matrices form a representation of a mathematical group, known as viergruppe.

[vier is the German word four]).
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8.
If

show that A2 = 0.
9.
Find the value of

Ans. 8.
10. .
Explicitly verify that (AB)” = BA, if

12 ~10
A:<34 ’ B:<1 2)'

Show that matrix A is symmetric, if

11.

A = BB.

Hint: ajj = Z bikgkj-
k
12

Let A = <; 132) , find a matrix E such that E A is diagonal and |[EA| = |A].
—41
Ans. (_5 1) .
13.
Let

10 21
=(4) o=(5)

AB # BA but |AB|=|BA]|.

explicitly show that

14.
Show that if
[A, B] #0,
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then
(A—B)(A+ B) # A*> — B,
(A+ B)? # A’ + 2AB + B>
15.
Show that
[A,[B,Cl1+[B,[C, Al]+[C,[A, B]] =0.
16.
Show that
|A™! = 1AI7".
Hint: AA~' =1, |AB|=|A||B|.
17.
Let

13 24
A=(57>’ B:<68>’

7 Matrix Algebra

find A=', B! and (AB)~! by Cramer’s rule and verify that (AB)™! = B~1A~".

18.

Reduce the augmented matrix of the following system to an echelon form and

show that this system has no solution.

X1+x+2x3+x4=5
2x1+3x0 —x3 —2x4 =2
dx1 +5x, +3x3 =17.

112 1 5
Ans. | 01 -5 —4| -8
000 0] -5

19.

Solve the following equations by Gauss’ elimination.

X1+ 2x, —3x3 = —1
3x1 —2x2+2x3 = 10
dx1 + xp + 2x3 = 3.

Ans. X3 = —1,)62 = —3,)61 =2.
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20.
Let
1 2 -3
A=|3-22 1,
41 2

find A~! by Gauss-Jordan elimination. Find x, x,, x3 from

X1 -1
x |=A""]10],
X3 3
and show that
X1 -1
A X2 = 10
X3 3

21.
Determine the rank of the following matrices:

4 2 —-13 3 -1 4 =2
a0 5 —-12}), BDIO 2 4 6
12 -4 -1 5 6 —1 10 —1

Ans. (a) 2, (b) 2.
22,

Determine if the following systems are consistent. If consistent, is the solution
unique?

X1 — X2 +3x3=-5 X1 —2x+3x3=0
(a) —x1+3x3=0 b)) 2x1+3x—x3=0
2x1 +x2 = 1. dx1 — xp +5x3 = 0.

Ans. (a) unique solution, (b) infinite number of solutions.
23.
Find the value of X so that the following linear system has a solution:

X1+ 2x +3x3=2
351 + 2% +x3 =0
X1 +x+x3 =A.

Ans. L =0.5.
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24,
Let

0 0 1 0
-h=(o], 0=1], n=(o0], jmuny=1|o0].
1 0 0 0

Show that

LY|=1)=10), L*|0)=1), L*|l)=|null),
L) =10), L™|0) =|=1), L™ |—1) = |null).



Chapter 8 ®)
Eigenvalue Problems of Matrices e

Given a square matrix A, to determine the scalars A and the non-zero column matrix
x which simultaneously satisfy the equation

AX = )X, (8.1)

is known as the eigenvalue problem (eigen in German means proper). The solution
of this problem is intimately connected to the question of whether the matrix can be
transformed into a diagonal form.

The eigenvalue problem is of great interest in many engineering applications,
such as mechanical vibrations, alternating currents, and rigid body dynamics. It is of
crucial importance in modern physics. The whole structure of quantum mechanics
is based on the diagonalization of a certain type of matrices.

8.1 Eigenvalues and Eigenvectors

8.1.1 Secular Equation

In the eigenvalue problem, the value A is called the eigenvalue (character-
istic value) and the corresponding column matrix x is called the eigenvector
(characteristic vector). If A is a n x n matrix, (8.1) is given by

app a2 - din X1 X1
a1 A - - - Aop X2 | A X2
apl Ap2 * * * App Xn Xn
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 423
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Since
X1 10---0 X1
S i Y Bt | Bl B
X, 00---1 Xp
where [ is the unit matrix, we can write (8.1) as
(A=XH)x=0. (8.2)

This system has nontrivial solutions if and only if the determinant of the coefficient
matrix vanishes

an—A anp - ain
a a —_ A ..... a
21 22 2n — O. (8.3)
dni (27 apn — A

The expansion of this determinant yields a polynomial of degree n in A, which is
called characteristic polynomial P (\). The equation

PN =|A-X=0

is known as the characteristic equation (or secular equation). Its n roots are the
eigenvalues and will be denoted A, A;, - - -A,. They may be real or complex. When
one of the eigenvalues is substituted back into (8.2), the corresponding eigenvector
X(xy, x3,..x,) may be determined. Note that the eigenvectors may be multiplied by
any constant and remain a solution of the equation.

We will denote x; as the the eigenvector belonging to the eigenvalue ;. That is,
if

P(A) =0,

then
AX,‘ = >\i X;.

If n eigenvalues are all different, we will have n distinct eigenvectors. If two or
more eigenvalues are the same, we say that they are degenerate. In some problems,
a degenerate eigenvalue may produce only one eigenvector, in other problems a
degenerate eigenvalue may produce more than one distinct eigenvectors.

Example 8.1.1 Find the eigenvalues and eigenvectors of A, if

A= (12)
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Solution 8.1.1 The characteristic polynomial of A is

I-Xx 2

”lez -2

‘:V—ax—&
and the secular equation is

N-_22=3=Q+DON=3)=0.
Thus, the eigenvalues are

X11

Let the eigenvector x; corresponding to \; = —1 be ( ) , then x; must satisfy

X12

1—)\1 2 X11 _ 22 X11 _
(5= =GR -
This reduces to
2X11+2X12=0.

Thus, for this eigenvector, x;; = —x3. That is, x; : x; = —1 : 1. Therefore the
eigenvector can be written as
-(7')
X = 1 .

Any constant, positive or negative, times it will also be a solution, but it will not
be regarded as another distinct eigenvector. With a similar procedure, we find the
eigenvector corresponding to A, = 3 to be

_ X21 _ 1
== (:2)-()
Example 8.1.2 Find the eigenvalues and eigenvectors of A if

=(13)

Solution 8.1.2 The characteristic polynomial of A is

3-X =5

Pw:‘1 —1-A

‘:V—m+1

so the secular equation is
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N —20+2=0.

Thus, the eigenvalues are
A=1=£1.

Let A\; = 1 + i, and the corresponding eigenvector x; be (i” ) , then x| must satisfy
12
3—(1+1) =5 1) _o
1 —1—(1419) xp) 7

2—i)x11 —5x12=0
xn— Q+ixp =0.

which gives

The first equation gives

5 52+41i) 241
X1 = X1 = X12p = —X12,
=S 11 12 e

which is the same result from the second equation, as it should be. Therefore, x; can

be written as
(2 +i >
X = 1 .

Similarly, for A = A\, = 1 — i, the corresponding eigenvector is

o — 2—1i
2 = 1 .
So, we have an example of a real matrix with complex eigenvalues and complex
eigenvectors.

Example 8.1.3 Find the eigenvalues and eigenvectors of A if

-2 2 -3
A=\ 2 1 -6
-1-20

Solution 8.1.3 The characteristic polynomial of A is

—2—-X 2 =3
PO=| 2 1=X —6|=-X\—-)\2+21)+45.
-1 =2 =)
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The secular equation can be written as
MNAN—210—45=\ -5 (\+3)?=0.
This equation has a single root of 5 and a double root of —3. Let
Al=35, ha=-3, \3=-3.
The eigenvector belonging to the eigenvalue of A\; must satisfy the equation
-2-5 2 3 X1
2 1-5 -6 xi2 | =0.
-1 -2 0-5 X13

With Gauss’ elimination method, this equation can be shown to be equivalent to

-72 -3 X11
012 X12 = 0,
000 X13

which means

—Tx11 +2x12 —3x13=0

X2+ 2x13 =0.
Assign x13 = 1, then x;, = —2, x;; = —1. So, corresponding to A; = 5, the eigen-
vector X; can be written as
—1
X = -2
1

Since the eigenvalue of —3 is two-fold degenerate, corresponding to this eigenvalue,
we may have one or two eigenvectors. Let us express the eigenvector corresponding
X1
to the eigenvalue of —3 as | x, | . It must satisfy the equation
X3

243 2 -3 X1
2 143 -6 x, | =0.
—1 -2 043 X3

With Gauss’ elimination method, this equation can be shown to be equivalent to
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12-3 X1
000 x| =0,
00 0 X3

which means
X1+ 2x, —3x3 =0.

We can express x; in terms of x, and x3, and there is no restriction on x; and x3. Let

X» = ¢ and x3 = c3, then x; = —2c¢, + 3c¢3. So, we can write
X1 —2¢> 4 3¢3 -2 3
X | = c =0 1 +c310
X3 C3 0 1

Since ¢, and c3 are arbitrary, we can first assign c3 = 0 and get an eigenvector, and
then assign ¢, = 0 and get another eigenvector. So, corresponding to the degenerate
eigenvalue A = —3, there are two distinct eigenvectors

-2 3
Xy = 1 s X3 = 0
1

In this example, we have only two distinct eigenvalues, but we still have three distinct
eigenvectors.

Example 8.1.4 Find the eigenvalues and eigenvectors of A if

4 6 6
A= 1 3 2
—-1-5-2

Solution 8.1.4 The characteristic polynomial of A is
4—-X 6 6
PV=| 1 3-Xx 2 |=-X+522-8)\+4.
-1 -5 -2-2A
The secular equation can be written as

N5 48 —4=O-DKX-2?%=0.

The three eigenvalues are
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From the equation for the eigenvector x; belonging to the eigenvalue of \;
4—1 6 6 X11
1 3-1 2 xpp | =0,
-1 -5 -2-1 X13

we obtain the solution

4
X = 1
-3
xi
The eigenvector | x, |, corresponding to the two-fold degenerate eigenvalue 2,
X3
satisfies the equation
4-2 6 6 X1
1 3-2 2 x | =0.

-1 -5 -2-2 X3

With Gauss’ elimination method, this equation can be shown to be equivalent to

112 X1
021 x| =0,
000/ \x3

which means

X1+x+2x3=0

2x, +x3 = 0.
If we assign x3 = —2, then x, = 1 and x; = 3. So
3
Xy = 1
-2

The two equations above do not allow any other eigenvector which is not just a
constant time X;. Therefore, for this 3 x 3 matrix, there are only two distinct eigen-
vectors.

Computer Code. It should be noted that for large systems, the eigenvalues and eigen-
vectors would usually be found with specialized numerical methods (See, for exam-
ple, G.H. Golub and C.F. Van Loan, Matrix Computations, John Hopkins University
Press, 1983). There are excellent general-purpose computer programs for the effi-
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cient and accurate determination of eigensystems. (See, for example, B.T. Smith,
J.M. Boyle, J. Dongarra, B. Garbow, Y. Ikebe, V.C. Klema, and C.B. Moler, Matrix
Eigensystem Routines: EISPACK Guide, 2nd edition, Springer Verlag, 1976).

In addition, eigenvalues and eigenvectors can be found with a simple command
in computer packages such as , Maple, Mathematica, MathCad and MuPAD.. These
packages are known as Computer Algebraic Systems.

This book is written with the software “Scientific WorkPlace”, which also provides
an interface to MuPAD. (Before version 5, it also came with Maple). Instead of
requiring the user to adhere to a rigid syntax, the user can use natural mathematical
notations. For example, to find the eigenvalues and eigenvectors of

5 —6-6
—14 2|,
3 —6-4

all you have to do is (1) type the expression in the math-mode, and (2) click on the
“Compute” button, and (3) click on the “Matrices” button in the pull-down menu,
and (4) click on the “Eigenvectors” button in the submenu. The program will return

1 2
eigenvectors : —% <1, ol,11 < 2.
1 1 0

You can ask the program to check the results. For example, you can type

5 —6-6\ (2
14 2 1,
3 —6-4/)\o

and click on the “Compute” button, and then click on the “Evaluate” button. The
program will return with

5 -6 -6 2 4
-1 4 2 1]1=12],
3 —6-4 0 0
2 2
which is of course equalto2 | 1 |, showing | 1 | is indeed an eigenvector belong-
0 0

ing to eigenvalue 2. The other two eigenvectors can be similarly checked.

Computer Algebraic Systems are wonderful as they are, they must be used with
caution. It is not infrequent that the system will return with an answer to a wrong
problem without the user knowing it. Therefore, answers from these systems should
be checked. Computer Algebraic Systems are useful supplements, but they are no
substitute for the knowledge of the subject matter.
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8.1.2 Properties of Characteristic Polynomial

The characteristic polynomial has several useful properties. To elaborate on them,
let us first consider the case of n = 3.

ajr— A ap a;z
PN =| ax an—X ax
asi axp a3 — A
ap;  ap az -\ ap a3
=|ay anp—X an |+|0 an—XA an
azy;  axp  az; — A 0 axp  az; — A
aip aip a3 aip 0 ais
=lay an ap |+ |ay —XA ax
az; az; az; — A azy 0 az;—A
—>\ ain ars —>\ 0 as

+1 0 an axn |+]0 =X an
0 asp 6133—)\ 0 0 a33—)\

ap ap ap aip app 0 aipr 0 a3 apr 0 0

=|ay ax axn|+|ayn an 0 |+ |ay —A an|+|ay —A 0

az; ax as az; az; —A azy 0 as az; 0 —A
—)\ daip apz —/\ ain 0 —)\ 0 ars —>\ 0 0

+| 0 an an|+|0 apn O |+ 0 —=Aas|+|0 =X 0
0 aszp diz 0 asy —A 0 0 ass 0 0 —A

a a a a a a
=|A|+< 11 12 11 13 22 23)(_)\)
dajy ax asy ass aszpy az3
+ (@ + axn + asz) (=N + (=)’ (8.4)

Now let A\j, A2, A3 be the eigenvalues, so P(\;) = P(\;) = P(A3) = 0. Since
P(}) is a polynomial of degree 3, it follows that

PN =1 =N =N -2 =0.
Expanding the characteristic polynomial,
PO = M Aads + O + 03+ AN + O 4+ A 4+ 2 (=02 + (=02,
Comparison with (8.4) shows
M+X+X=a1+ap+as=TrA.

This means that the sum of the eigenvalues is equal to the trace of A. This is a very
useful relation to check if the eigenvalues are calculated correctly. Furthermore,
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ap ar
azy ax

ap ais az az;

Ad2 4+ A3 + A3 = s s

az) ass
which is the sum of principal minors (minors of the diagonal elements), and
Atz = |A].

That the product of all eigenvalues is equal to the determinant of A is also a very
useful relation. If A is singular |A| = 0, at least one of the eigenvalue must be zero.
It follows that the inverse of A exists if and only if none of the eigenvalues of A is
zero.

Similar calculations can generalize these relationships for matrices of higher
orders.

Example 8.1.5 Find the eigenvalues and the corresponding eigenvectors of the
matrix A if

57 —
A=104 -1
28

Solution 8.1.5

5-x 71 -5
0 4-x -1
2 8 —3-2A

P(X)

575
S R B s s I e R A L DNV IR LR
el Us 3| l23]* o4

=6—1IA+6A2 =X =1-M)2-MN3B—=X)=0.

Thus, the three eigenvalues are

As a check, the sum of the eigenvalues
M+ +Mm=14+24+3=6
is indeed equal to the trace of A
TrA=5+4-3=6.

Furthermore, the product of three eigenvalues
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MM A3=06
is indeed equal to the determinant
57 =5
04 —-1|=6
2 8 =3
X11
Let the eigenvector x; corresponding to A\; be | x12 |, then
X13
5— )\1 7 -5 X11 4 7 -5 X11
0 4—)\1 —1 X12 = 03 —1 X12 =0.
2 8 -3 -\ X13 28 —4 X13

By Gauss’ elimination method, one can readily show that

47 =5 4 7 =5 47 =5
03 ~-1]=10 3 -1 = |03 —-1
28 —4 045 —15 00 O

Thus, the set of equations is reduced to

dx11 +Tx1p —5x13=0

3X12 — X13 = 0.

Only one of the three unknowns can be assigned arbitrary. For example, let x;3 = 3,
then xj, = 1 and x;; = 2. Therefore, corresponding to the eigenvalue A\ = 1, the

eigenvector can be written as
2

X = 1
3

Similarly, corresponding to A, = 2 and A3 = 3, the respective eigenvectors are

-1
x =11 and x3 = 1
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8.1.3 Properties of Eigenvalues

There are other properties related to eigenvalue problems. Taken individually, they
are almost self-evident, but collectively they are useful in matrix applications.

e The transpose A (A7) has the same eigenvalues as A.

The eigenvalues of A and AT are, respectively, the solutions of |[A — AI| =0
and |AT — )\I| = 0. Since AT — X\ = (A — M) and the determinant of a matrix
is equal to the determinant of its transpose

A= X|=|(A=XD"|=|AT = \I|,

the secular equations of A and AT are identical. Therefore, they have the same set
of eigenvalues.

e If A is either upper or lower triangular, then the eigenvalues are the diagonal
elements.

Let [A — M| = 0be

ay—A ap - ap
0 S N "
o Zo i = an =M@ =N @ — N =0,
0 0 0 a,, — A

Clearly/\ =4aj, A= ay, - A= Aup -

e If \;, X2, A3-- .-\, are the eigenvalues of A, then the eigenvalues of the inverse
A Vare 1/\y, 1/, 1/X5----1/\,.

Multiplying the equation Ax =)x from the left by A~!
AT Ax =A""Ax =24 x

and using A~'Ax =Ix = x, we have x =AA~'x. Thus,

o If \j, Ay, A3----), are the eigenvalues of A, then the eigenvalues of A™ are
AT, S AR A

Since Ax =)x, it follows:

A’x =A(AX) =AXx =) Ax =)\’x.
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Similarly,

8.2 Some Terminology

As we have seen that for a n x n square matrix, the eigenvalues may or may not be
real numbers. If the eigenvalues are degenerate, we may or may not have n distinct
eigenvectors.

However, there is a class of matrices, known as hermitian matrices, the eigenvalues
of which are always real. A n x n hermitian matrix will always have n distinct
eigenvectors.

To facilitate the discussion of these and other properties of matrices, we will first
introduce the following terminology.

8.2.1 Hermitian Conjugation

Complex Conjugation. If A = (a;;)x, is an arbitrary matrix whose elements may
be complex numbers, the complex conjugate matrix denoted by A* is also a matrix
of order m x n with every element of which is the complex conjugate of the corre-
sponding element of A, that is

(A*)ij = ai*j.

It is clear that
(cA)* = c*A*.

Hermitian Conjugation. When the two operations of complex conjugation and
transposition are carried out one after another on a matrix, the resulting matrix is
called the hermitian conjugate of the original matrix and is denoted by A", called
A dagger. Mathematicians also refer to A" as the adjoint matrix. The order of the
two operations is immaterial. Thus,

AT = A" = (A)*. (8.5)
For example, if
[ 6+iD) (1—-6i) 1
A_<(3+i) 4 31')’ 8.6)

then
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6—i) (1+6i) 1 )T: ©-=i G~

AT =@Aan" = ((3 _H 4 3 (I+6i) 4 ). 37
1 —3i
. ©+i) G+D\" (6= G-i)
A=A =|0-6i) 4 =|a+6i) 4 . (8.3)
1 3i 1 —3i

Hermitian Conjugate of Matrix Products. We have shown in previous chapter that
the transpose of the product of two matrices is equal to the product of the transposed
matrices taken in reverse order, This leads directly to the fact that

(AB)" = BT AT,

since o ,
(AB)' = (A*B*)" = B*A* = BT A", (8.9)

8.2.2 Orthogonality

Inner Product. If a and b are two column vectors of the same order n, the inner
product (or scalar product) is defined as a’b. The hermitian conjugate of the column

vector is a row vector :

al = . =(aika’2k~~a*),

by
by n
a'b=(afa} -a))| - :Za,’fbk.
k=1
by

There are two other commonly used notations for the inner product.

The notation most often used in quantum mechanics is the bra-ket notation of
Dirac. The row and column vectors are, respectively, defined as the bra and ket
vectors. Thus, we may write the column vector

b = |b)
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as the ket vector, and the row vector

as the bra vector. The inner product of two vectors is then represented by
(a|b) =a'b.

Notice that for any scalar c,
(a|cb) =c(a |b),

whereas
{ca|b) =c*(a|b).

Another notation that is often used is the parenthesis notation:
(a,by=a’'b=(a|b).

If A is a matrix, then
(a,Ab) = (A'a, b)

is an identity, since
(ATa,b) = (ATa) b =a’ (A")'b =a’Ab =(a,Ab).

Thus, if
(a,Ab) = (Aa,b),

then A is hermitian. Mathematicians refer to the relation AT = A as self-adjoint.
Orthogonality. Two vectors a and b are said to be orthogonal if and only if

a'b =0.

Note that in three-dimensional real space

n
a'b = Za,’:b,’f = a\by + axby + azbs
k=1

is just the dot product of a and b. It is well known in vector analysis that if the dot
product of two vectors is equal to zero, then they are perpendicular.
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Length of a Complex Vector. If we adopt this definition of the scalar product of two
complex vectors, then we have a natural definition of the length of a complex vector
in a n dimensional space. The length ||x|| of a complex vector x is taken to be

n

n
2 2
IXI> =x"x=> "afar =Y |al*.
k=1

k=1

8.2.3 Gram-Schmidt Process

Linear Independence. The set of vectors X, X, - - -, X,, is linearly independent if

and only if
Z a;X; = 0

i=1
implies every a; = 0. Otherwise the set is linearly dependent.
Let us test the three vectors

1 1
X = 0 , Xp = 1 , X3 = 0 s
1 0

for linear independence. The question is if we can find a set of a;, not all zero such
that

3 1 0 1 ar +as 0
Zaix,- =a; |0 )4+a|1l]+a3] 0] = a =10
i=1 1 0 0 ay 0

Clearly, this requires a; = 0, a; = 0 and a3 = 0. Therefore, these three vectors are
linearly in depend.

Note that linear independence or dependence is a property of the set as a whole,
not of the individual vectors.

It is obvious that if x;, X,, X3 represent three non-coplanar three-dimensional
vectors, they are linearly independent.

Gram-Schmidt Process. Given any 7 linearly independent vectors, one can construct
from their linear combinations a set of n mutually orthogonal unit vectors.

Let the given linearly independent vectors be X, X», - - -, X,,. Define
X1
u; =
%1l

to be the first unit vector. Now define
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w =% — (X, up)uy.
The inner product of u, and u; is equal to zero,
(uy. wp) = (X0, wp) — (X2, wy) (g, uy) =0,

since (u;, u;) = 1. This shows u} is orthogonal to u;.
We can normalize u)
/
__ M
w = —
s

to obtain the second unit vector u, which is orthogonal to u;.
‘We can continue this process by defining

k-1
/
wo=xc— Y (% u)

i=1

and ,
_ M
U =
[ ]
When all x; are used up, we will have n unit vectors uy, u,, - - -, u; orthogonal to

each other. They are called an orthonormal set. This procedure is known as Gram-
Schmidt process.

8.3 Unitary Matrix and Orthogonal Matrix

8.3.1 Unitary Matrix

If the square matrix U satisfies the condition
U'v =1,

then U is called unitary. The n columns in a unitary matrix can be considered as n
column vectors in an orthonormal set.
In other words, if

Ui Uzl Uni
U2 U Un2

u = . , Uy = . I u, = . s

Ulp Uop Unn
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and
uji
Uujr . . .
i / 1if i=
f — * * * _ =]
oy = ) | | ={o i 120
Mjn
then
Upy Uzr - - Upi
Upp U - - Up2
U =
Uln Udp * - Upp
is unitary. This is because
* * *
Uy Uy - - Uy,
* * *
Uy Uy = = Uy,
vt = ..
* * *
Uy Upp - - Uy,
therefore
* * *
Uy Up - - Uy, Uy Uzp - - Upl 10--0
Uy Uy - - U, Uyp Uz - - Up2 01--0
viv=1| - . .. . A
* * *
Upg Upp - - Uyy Uin Udp -+ Unp 00--1

Multiply U ! from the right, we have
vlvuvTt =1u.
It follows that hermitian conjugate of a unitary matrix is its inverse, that is

vl =u".

8.3.2 Properties of Unitary Matrix

e Unitary Transformations leave lengths of vectors invariant.

Let
a=Ub, so a' =b'UT,
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and
lal> =afa=b'U UD.
Since
vlv=v"'v=1,
it follows

lall* =a’a=b"b=b]|?.

Thus, the length of the initial vector is equal to the length of the transformed vector.
e The absolute value of the eigenvalues of a unitary matrix is equal to one.
Let x be a nontrivial eigenvector of the unitary matrix U belonging to the eigen-
value A,
Ux = Ax.

Take the hermitian conjugate of both sides

x'U" = \x'.
Multiply the last two equations:

X' UTUx =\*x"Ax.

Since UTU = I and \*\ = |\|?, it follows:

x'x =|)\*x"x.

Therefore,
IN? = 1.

In other words, the eigenvalues of a unitary matrix must be on the unit circle in
the complex plane centered at the origin.

8.3.3 Orthogonal Matrix

If the elements of a unitary matrix are all real, the matrix is known as an orthogonal
matrix. Thus, the properties of unitary matrices are also properties of orthogonal
matrices. In addition,
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e The determinant of an orthogonal matrix is equal to either positive one or
negative one.

If A is a real square matrix, then by definition
AT =A" = A
If, in addition, A is unitary, AT = A~!, then
A=Al

Thus, ~
AA =1. (8.10)

Since the determinant of A is equal to the determinant of A , SO
|AA| = |A]|A] = 1AP*

But -
|AA| = 1] =1,

therefore
A = 1.

Thus, the determinant of an orthogonal matrix is either 4+1 or —1.

Very often (8.10) is used as the definition of an orthogonal matrix. That is, a square
real matrix A satisfying the relation expressed in (8.10) is called an orthogonal matrix.
This is equivalent to the statement that the inverse of an orthogonal matrix is equal
to its transpose.

Written in terms of its elements, (8.10) is given by

Zaijajk = Zaijakj = ik (8.11)
j=1 j=I1
for any i and any j. Similarly, AA =1 canbe expressed as

Z&'ijajk = Zaj,-ajk = (S,'k. (812)
j=1 j=1

However, (8.12) is not independent of Eq.(8.11), since AA = AA. If one set of
conditions is valid, the other set must also be valid.

Put in words, these conditions mean that the sum of the products of the corre-
sponding elements of two distinct columns ( or rows) of an orthogonal matrix is
zero, while the sum of the squares of the elements of any column (or row) is equal
to unity. If we regard the n columns of the matrix as n real vectors, this means that
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these n column vectors are orthogonal and normalized. Similarly, all the rows of an
orthogonal matrix are orthonormal.

8.3.4 Independent Elements of an Orthogonal Matrix

An nth-order square matrix has n? elements. For an orthogonal matrix, not all these
elements are independent of each other, because there are certain conditions they must
satisfy. First, there are n conditions for each column to be normalized. Then there
are n(n — 1)/2 conditions for each column to be orthogonal to any other column.
Therefore, the number of independent parameters of an orthogonal matrix is

n—[n+nn—1/21=nn-1))/2.

In other words, an nth-order orthogonal matrix can be fully characterized by n(n —
1)/2 independent parameters.

For n = 2, the number of independent parameters is one. This is illustrated as
follows.

Consider an arbitrary orthogonal matrix of order 2

ac
A= (29)
The fact that each column is normalized leads to

a?+b* =1, (8.13)
A +d*=1. (8.14)

Furthermore, the two columns are orthogonal

(ab)<2> — ac+bd = 0. (8.15)

The general solution of (8.13) is @ = cos 6, b = sin 6, where 0 is a scalar. Similarly,
(8.14) can be satisfied, if we choose ¢ = cos ¢, d = sin ¢, where ¢ is another scalar.
On the other hand, (8.15) requires

cos f cos ¢ + sin fsin ¢ = cos(f — @) = 0,

therefore

0
=0+ -.
¢ 2
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Thus, the most general orthogonal matrix of order 2 is

A — <cost9 —sm9> or Ay = (cos@ sin @ ) (8.16)

sind cos@ sind —cos6

Every orthogonal matrix of order 2 can be expressed in this form with some value
of . Clearly, the determinant of A, is equal to 41 and that of A,, —1.

8.3.5 Orthogonal Transformation and Rotation Matrix

The fact that in real space, orthogonal transformation preserves the length of a vector
suggests that the orthogonal matrix is associated with rotation of vectors. In fact, the
orthogonal matrix is related to two kinds of rotations in space. First, it can be thought
as an operator which rotates a vector. This is often called active transformation.
Secondly, it can be thought as the transformation matrix when the coordinate axes of
the reference system are rotated. This is also referred to as passive transformation.

First let us consider the vectors shown in Fig.8.1a. The x and y components of
the vector r; are given by x; = r cos ¢ and y; = r sin ¢, where r is the length of
the vector. Now let us rotate the vector counterclockwise by an angle 6, so that
x; = rcos(p + 6) and y, = r sin(p + ). Using trigonometry, we can write

A% Y

(a) (b) X

Fig. 8.1 Two interpretations of the orthogonal matrix A; whose determinant is equal to +1. a As
a operator, it rotates the vector r; to ry without changing its length. b As the transformation matrix
between the coordinates of the tip of a fixed vector when the coordinate axes are rotated. Note that
the rotation in b is in the opposite direction as in a
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X, =rcos(p+6)=rcospcosf —rsinpsinf = x;cosd — y; sinf
y2 =rsin(p+6) =rsinpcos +rcospsinf = y; cosd + x| sin 6.

We can display the set of coefficients in the form of

X2\ _ [cosf —sinf X1
(yz) o (sin@ cosf ) <y1> ’

It is seen that the coefficient matrix is the orthogonal matrix A; of (8.16). Therefore,
the orthogonal matrix with a determinant equal to 41 is also called rotation matrix.
It rotates the vector from r; to r, without changing the magnitude.

The second interpretation of rotation matrix is as follows. Let P be the tip of a fixed
vector. The coordinates of P is (x, y) in a particular rectangular coordinate system.
Now the coordinate axes are rotated clockwise by an angle 6 as shown in Fig.8.1b.

The coordinates of P in the rotated system become (x’, y’) . From the geometry in
Fig.8.1b, it is clear that

X' =0T -850 =0Qcos) — PQsinf) = xcosf — ysinf
Y =0T+ PS=0Qsinf+ PQcosf = xsinf + ycosb,

x"\ _ [cosf —sind X
(y/) - <sin6 cosf ) (y) )
Note that the matrix involved is again the orthogonal matrix A;. However, this time
A, is the transformation matrix between the coordinates of the tip of a fixed vector
when the coordinate axes are rotated.

The equivalence between these two interpretations might be expected, since the
relative orientation between the vector and coordinate axes is the same whether the
vector is rotated counterclockwise by an angle 6, or the coordinate axes are rotated
clockwise by the same angle.

Next, let us consider the orthogonal matrix A,, the determinant of which is equal
to —1. The matrix A, can be expressed as

A — cosf sinf \ (cosf —sinf) (1 0
2= \sinf —cos@ ) ~ \ sinf cosé 0-1)"

The transformation
< 2) (1 ) ( 1)
V2 0-1 Y1

Xy = X1, Y2 = —X1-

gives
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Fig. 8.2 Two interpretations
of the orthogonal matrix A; Y Y
whose determinant is —1. a
As an operator, it flips the <’
vector ry to r symmetrically
with respect to x-axis, and
then rotates r» to r3. b As n
the transformation matrix o B %
between the tip of a fixed
vector when the y-axis is 0

inverted and then the X X
coordinate axes are rotated.
Note that the rotation in b 0o

seems to be in the same I3
direction as in a I,

(a) (®)

Clearly, this corresponds to the reflection of the vector with respect to the x-axis.
Therefore, A, can be considered as an operator which first symmetrically flips the
vector r; over the x-axis and then rotates it to r3 as shown in Fig. 8.2a.

In terms of coordinate transformation, one can show that (x’, y/) in the equation

x'"\ _ (cosf —sinf) [ x

<y/> o <sin9 cosf ) (y)
represent the new coordinates of the tip of a fixed vector after the y-axis is inverted
and the whole coordinate axes are rotated by an angle 6, as shown in Fig.8.2b. In
this case, one has to be careful about the sign of the angle. The sign convention
is that a counterclockwise rotation is positive and a clockwise rotation is negative.
However, after the y-axis is inverted as in Fig. 8.2b, a negative rotation (rotating from
the direction of the positive x-axis towards the negative of the y-axis) appears to be
counterclockwise. This is why in Fig. 8.1a, b, the vector and the coordinate axes are
rotating in the opposite direction, whereas in Fig. 8.2a, b, they seem to rotate in the
same direction.

So far, we have used rotations in two dimensions as examples. However, the
conclusions that orthogonal matrix whose determinant equals to +1 represents pure
rotation and orthogonal matrix whose determinant is equal to — 1 represents a reflec-
tion followed by rotations that are generally valid in higher-dimensional space. In
the chapter on vector transformation, we will have a more detailed discussion.
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8.4 Diagonalization

8.4.1 Similarity Transformation

If Ais an xn matrix and u is a n X 1 column vector, then Au is another n x 1

column vector. The equation
Au=v (8.17)

represents a linear transformation. Matrix A acts as a linear operator sending vector
u to vector v. Let

uj (5]

up V2
u= , V=

U, Uy

where u; and v; are, respectively, the irh components of u and v in the n-dimensional
space. These components are, of course, measured in a certain coordinate system
(reference frame). Let the unit vectors, e;, known as bases, along the coordinate axes
of this system be

1 0 0
0 1 0
el — . s e2 = . gttt en = . s
0 0 1
then
uj 1 0 0
u 0 1 0 n
u= . = u . + us . _|_+un . =Zul‘ei. (818)
. . . . i=1
u, 0 0 1

Suppose there is another coordinate system, which we designate as the prime
system. Measured in that system, the components of u and v become
uy V)
L) V)
=u, -l =v. (8.19)
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We emphasize that u and u’ are the same vector except measured in two different
coordinate systems. The symbol u’ does not mean a vector different from u, it simply
represents the collection of components of u in the prime system as shown in (8.19).
Similarly, v and v’ are the same vector. We can find these components if we know
the components of e; in the prime system.
In (8.18)
u=ue +ue + - +u,e,,

the u are just numbers which are independent of the coordinate system. To find
the components of u in the prime system, we only need to express e; in the prime
system.

Let e; measured in the prime system be

S11 S12 Sin
821 $22 S$2n

€ = : ) € = : ) e € = )
Snl Sn2 Snn

then the components of u measured in the prime system can be written as

uy S11 S12 Sin
/
U, 521 $22 S2n
=u . + up . +---tu,
/
u, Snl Sn2 Snn
USi +uzsip + -0+ UpSip S11 812 * * Sta Ui
U1s2) + uzsx + - - -+ UpSay S21 8§22 Son U
UiSn1 + U8n2 +---+ UpSnn Snl Sn2 Snn Up

This equation can be written in the form
u =Tu, (8.20)
where

S11 812 * * Sn
$21 822 S$2n

Snl Sn2 Snn

It is clear from this analysis that the transformation matrix between the vector
components in two coordinate systems is the same for all vectors, since it depends
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only on the transformation of the basis vectors in the two reference frames. Therefore,
v’ and v are also related through the same transformation matrix 7,

vV =Tv. 8.21)

The operation of sending u to v, expressed in the original system is given by
Au = v. Let the same operation expressed in the prime system be

A =V

Sincew' = Tuand v =TV,
A'Tu=Tyv.

Multiply both sides by the inverse of T from the left,
T'ATu=T""Tv=v.

Since Au = v, if follows that
A=T7TAT. (8.22)

If we multiply this equation by 7' from the left and by 7! from the right, we have
TAT ' = A

What we have found is that as long as we know the relationship between the
coordinate axes of two reference frames, not only can we transform a vector from
one reference frame to the other, we can also transform a matrix representing a linear
operator from one reference frame to the other.

In general, if there exits a non-singular matrix T such that T~'AT = B for any
two square matrices A and B of the same order, then A and B are called similar
matrices, and the transformation from A to B is called similarity transformation.

If two matrices are related by a similarity transformation, then they represent the
same linear transformation in two different coordinate systems.

If the rectangular coordinate axes in the prime system are generated through a
rotation from the original system, then T is an orthogonal matrix as discussed in the
last section. In that case T~ = 7, and the similarity transformation can be written as
TAT.If we are working in a complex space, the transformation matrix is unitary, and
the similarity transformation can be written as 7" AT. Both of these transformations
are known as unitary similarity transformation.

A matrix that can be brought to diagonal form by a similarity transformation is said
to be diagonalizable. Whether a matrix is diagonalizable and how to diagonalize it
are very important questions in the theory of linear transformation. Not only because
it is much more convenient to work with diagonal matrix but also because it is of
fundamental importance in the structure of quantum mechanics. In the following
sections, we will answer these questions.
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8.4.2 Diagonalizing a Square Matrix

The eigenvectors of the matrix A can be used to form another matrix S in such a
way that S™' AS becomes a diagonal matrix. This process often greatly simplifies a
physical problem by a better choice of variables.

If A is a square matrix of order n, the eigenvalues )\; and eigenvectors x; satisfy
the equation

AX,' = AiXi (823)
fori =1,2,----n. Each eigenvector is a column matrix with n elements
X11 X21 Xnl
X12 X22 Xn2
X| = , X, = R X, =
Xln X2n Xnn

Each of the n equations of (8.23) is of the form

aiy ap - dip Xi1 AiXi1
a; axn -+ A, xi2 | _ | Aixiz (8.24)
An1 Qp2 ** Gun Xin AiXin
Collectively, they can be written as
ap ap - dip Xi1 Xa1 - Xpl ALX11 AaXap -+ ApXni
ary a -+ dap X12 X22 - Xp2 | A1X12 Aax2n - ApXn2
dpl Ap2 ** App X1in X2n ** Xnn )\len )\2)62” o )\nxnn
X11 X21 ** Xnl A 00
| xi2 xo2 X2 0X-0 825)
X1in X2n ** Xnn 00 - >\n
To simplify the writing, let
X11 X21 = Xnl
X12 X22 ** Xp2
S = o ” , (8.26)

Xin X2n ** Xnn
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A0 0
a= 2000 27
00 -\,
and write (8.25) as
AS =SA. (8.28)

Multiplying both sides of this equation by S~! from the left, we obtain
ST'AS = A. (8.29)

Thus, by using the matrix of eigenvectors and its inverse, it is possible to transform
a matrix A into a diagonal matrix whose elements are the eigenvalues of A. The
transformation expressed by (8.29) is referred to as the diagonalization of matrix
A.

12
21
that the elements of S~! AS are the eigenvalues of A.

Example 84.1 If A = ( ) , find S such that S™! AS is a diagonal matrix. Show

Solution 8.4.1 Since the secular equation is

1-Xx 2
2 1-2A

‘=(A+1)(>\—3)=0,

the eigenvalues are \; = —1, A\, = 3. The eigenvectors are, respectively, x; =

1 1
(_1>, X, = <1).theref0re
11
s=(11),

1 —
It can be readily checked that S~! = 3 ( } 11 ) and

sas=1 (1) D ()= (- (8.

Note that the diagonalizing matrix S is not necessarily unitary. However, if the
eigenvectors are orthogonal, then we can normalize the eigenvectors and form an
orthonormal set. The matrix with members of this orthonormal set as columns is a
unitary matrix. The diagonalization process becomes a unitary similarity transfor-
mation which is much more convenient and useful.
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The two eigenvectors in the above example are orthogonal, since

1
(1-1) (1) —o.
Normalizing them, we get

o 5(4) =500

The matrix constructed with these two normalized eigenvectors is

o= (1)

which is an orthogonal matrix. The transformation

~ —-10
wav=(79)

is a unitary similarity transformation.

First, we have eliminated the step of finding the inverse of U, since U is an
orthogonal matrix, the inverse of U is simply its transpose. More importantly, U
represents a rotation as discussed in the last section. If we rotate the two original
coordinate axes to coincide with u; and u,, then with respect to these rotated axes,
A is diagonal.

The coordinate axes of a reference system, in which the matrix is diagonal are
known as principal axes. In this example, u; and u, are the unit vectors along the
principal axes. From the components of u;, we can easily find the orientation of the
principal axes. Let §; be the angle between u; and the original horizontal axis, then

w = (08 oy_ 1 (1
"= \sing, ) = V2 \ -1
which gives #; = —n /4. This means that to get the principal axes, we have to rotate

the original coordinate axes 45 degrees clockwise. For consistence check, we can
calculate 6,, the angle between u, and the original horizontal axis. Since

w = (o802 _ 11
>~ \sing, )~ A1)
0, = 4 /4. Therefore, the angle between 6, and 6, is 7w/2. This shows that u; and
u, are perpendicular to each other, as they must.
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Since 6, = /2 4+ 0, cosf#, = —sinf; and sin f, = cos 6}, the unitary matrix
U can be written as

_ __ (cosficosf\ (cosf —sinb,
U—(u1 uz)_ (sin91 sin02>_<sin61 cos 0; )

which, as seen in (8.16) , is indeed a rotation matrix.

8.4.3 Quadratic Forms

A quadratic form is a homogeneous second-degree expression in n variables. For
example,

Q(x1, x2) = 5x12 —4dx1x0 + 2x§

is a quadratic form in x; and x,. Through a change of variables, this expression can
be transformed into a form in which there is no cross-product term. Such a form is
known as canonical form. Quadratic forms are important because they occur in a
wide variety of applications.

The first step to change it into a canonical form is to separate the cross-product term
into two equal terms, (4x;x, = 2x1x2 4+ 2x2x1) , so that Q (x1, x2) can be written as

0(x1,x2) = (x1 x2) <_52 _22) (2) (8.30)

where the coefficient matrix
C— 5 =2
“\=-22

is symmetric. As we shall see in the next section that symmetric matrices can always
be diagonalized. In this particular case, we can first find the eigenvalues and eigen-
vectors of C.

5-X =2
-2 2-A

':()\—1)0\—6)=0.

Corresponding to A} = 1 and A\, = 6, the two normalized eigenvectors are found to

be, respectively,
1 1 1 -2
n=El) =Eln)

Therefore, the orthogonal matrix

v=(nm) =5 (7)
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will diagonalize the coefficient matrix

reo=H(L3)(52)(27)-(40)

If we make a change of variables

(2)=0(2)

and take the transpose of both sides

~

(x1 xz) = (u1 ug)U,

we can write (8.30) as

~ 10
(u1 uz)UCU<Z;>=(u1 u2)<06) <Z;>:u%+6u§, (8.31)

which is in a canonical form, that is, it has no cross-term.
Note that the transformation matrix 7' defined in (8.20) is equal to U.

Example 8.4.2 Show that the following equation
9x% — 4xy + 6y% — 2/5x — 46y = 15

describes an ellipse by transforming it into a standard conic section form. Where is
the center and what are the lengths of its major and minor axes?

Solution 8.4.2 The quadratic part of the equation can be written as

2 2 9 -2 X
9x“ —4xy + 6y —(xy)(_2 6 y )

The eigenvalues of the coefficient matrix are given by

‘9—)\ -2

5 6_/\‘:(/\—5)()\—10)=0.

The normalized eigenvectors corresponding to A = 5 and A = 10 are found to be,

respectively,
11 1 (-2
"=sl) mmal)

Therefore, the orthogonal matrix
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diagonalizes the coefficient matrix

e () (5 ()~ ()

Let

which is equivalent to

1 /
X =——I\X — 2y/ y y =
V5 ( )
then the equation can be written as

(+"y)Ucu (i:) —2\/3% (x' —2y) = 4v/5— (2x' +y) = 15,

1
NG
or

5x? 4+ 10y”? — 10x" = 15,

x? 42y —2x' =3.

Using (x’ — 1)2 = x> — 2x’ + 1, the last equation becomes
(' —1)* +2y2 =4,

or

(o = 1)?

”

y

=1,
4 +2

which is the standard form of an ellipse. The center of the ellipse is at x = %, y=
% (corresponding to x” = 1, y’ = 0). The length of the major axis is 2+/4 = 4, that
of the minor axis is 2v/2.

To transform the equation into this standard form, we have rotated the coordinate
axes. The major axis of the ellipse is along the vector v; and the minor axis is along

v,. Since
_ [cosB\ _ L 1
Vi=\sing )= J5\2)°
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the major axis of the ellipse makes an angle 6 with respect to the horizontal coordinate

: -1 1
axis and 6 = cos™ —=.
NG

8.5 Hermitian Matrix and Symmetric Matrix

8.5.1 Definitions

Real Matrix. If A* = A, then a;; = a;‘j. Since every element of this matrix is real,
it is called a real matrix.

Imaginary Matrix. If A* = —A, this implies that a;; = —a;;. Every element of this
matrix is purely imaginary or zero, so it is called a imaginary matrix.

Hermitian Matrix. A square matrix is called hermitian if A" = A. It is easy to show
that the elements of a hermitian matrix satisfy the relation ¢;; = a;;. Hermitian matrix
is very important in quantum mechanics.

Symmetric Matrix. If the elements of the matrix are all real, a hermitian matrix is just
a symmetric matrix. A symmetric matrix is of great importance in classical physics,
hermitian matrix is essential in quantum mechanics.

Anti-hermitian Matrix and Anti-symmetric Matrix. Finally, a matrix is called anti-
hermitian or skew-hemitian if
At =—A, (8.32)

T
which implies a;; = —aj;.

Again, if the elements of the anti-hermitian matrix are all real, then the matrix is
just an anti-symmetric matrix.

8.5.2 Eigenvalues of Hermitian Matrix

e The eigenvalues of a hermitian (or real symmetric) matrix are all real.

Let A be a hermitian matrix, and x be the nontrivial eigenvector belonging to
eigenvalue A
Ax = Ax. (8.33)
Take the hermitian conjugate of the equation,

x'AT = 3xT, (8.34)

Note that A is only a number (real or complex), its hermitian conjugate is just the
complex conjugate, it can be multiplied either from left or from the right.
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Multiply (8.33) by x' from the left
x'Ax = Xx'x.

Multiply (8.34) by x from the right

x'ATx = Mx'x.
Subtract it from the preceding equation:

()\ — )\*) x'x =x"(A - ADx.

But A is hermitian, A = AT, so

(A=) x'x =0.
Since x'x #0, it follows that A = \*. That is, )\ is real.

For real symmetric matrices, the proof is identical, since if the matrix is real, a
hermitian matrix is a symmetric matrix.

o If two eigenvalues of a hermitian (or a real symmetric) matrix are different,
the corresponding eigenvectors are orthogonal.

Let

AX| = Aixy,

AXo = \oXo.
Multiply the first equation by x; from the left:
X;AXI = )\lx;xl.
Take the hermitian conjugate of the second equation and multiply by x; from the
right:

x;Axl = )\zx;xl,

where we have used the facts that (Ax;)" = x;AT, AT = A, and \; = \%. Sub-
tracting these two equations, we have

()\1 — )\2)X§X1 =0.

Since A\ # )\, it follows
xgxl =0.
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Therefore, x; and x, are orthogonal. For real symmetric matrices, the proof is the
same.

8.5.3 Diagonalizing a Hermitian Matrix

e A hermitian (or a real symmetric) matrix can be diagonalized by a unitary
(or a real orthogonal) matrix.

If the eigenvalues of the matrix are all distinct, the matrix can be diagonalized by a
similarity transformation as we discussed before. Here, we only need to show that
even if the eigenvalues are degenerate, as long as the matrix is hermitian, it can
always be diagonalized. We will prove it by actually constructing a unitary matrix
that will diagonalize a degenerate hermitian matrix.

Let \; be a repeated eigenvalue of the n x n hermitian matrix H, let x; be a
normalized eigenvector corresponding to A;. We can take any n linearly independ
vectors with the only condition that the first one is x; and construct with the Gram-
Schmidt process an orthonormal set of n vectors X1, X, - - -, X;, each of them has n
elements.

Let U, be the matrix with x; as its i¢4 column,

X11 X21 * + Xp1
X12 X22 © * Xn2
v=|- - - -1,
Xin X2n * * Xnn
as we have shown this automatically makes U, an unitary matrix. The unitary trans-

formation U IT HU, has exactly the same set of eigenvalues as H, since they have the
same characteristic polynomial,

U HU; — /\I’ =|U'HU, — \UT'UL | = [UT(H = ADU |
=|U;"||H = MU\l = |H — M.

Furthermore, since H is hermitian, U J'H U, is also hermitian, since
; ! t (ot = gt t
(Ul HU1) — (HU)) (U,) - U'H'U, = UTHU,.

Now
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* * *

X X X
* * *
. Xo1 Xop * t KXoy X12 X22 * * Xp2

UIIHUI = . ... 1l .- .

X11 X21 * * Xnl

*
xnl xn2 X

X1 XDy Xy, Aixig hap - - by
X3 X3y ¢ v X3, /\1X12 hzz )

>\1x1n h2n ce hnn

X1n X2n ° * Xnn

Xp| Xiy X
where we have used the fact that x; is an eigenvector of H belonging to the eigenvalue
Al 9
X1
X12

Hl - =)

X11
X1n Xin

and have written

()
"

Xi2
H =
Xin
fori # 1. Furthermore,
X1 XDy X, A1xiy hoy - - by A 0 0 -0
. X5y X3y X5, Aixi2 hap -+ hyo 0 axn az - ap
UI'HUI = . e e . e e = O

xnl x; n2 " x:n Alxln h2n ce hnn 0 Qop O3, + Oy

The first column is determined by the orthonormal condition

X11
X . .
(x?kx*..x.*) .12 — Lif i=1
il 2 in 0 if i;él .
Xin

The first row must be the transpose of the first column because U, H U is hermitian
(or real symmetric) and A; is real and the complex conjugate of zero is itself. The
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crucial fact in this process is that the last n — 1 elements of the first row are all zero.
This is what distinguishes hermitian (or real symmetric) matrices from other square
matrices.

If \; is a two-fold degenerate eigenvalue of H, then in the characteristic polyno-
mial p(\) = |H — M|, there must be a factor (A — )2 . Since

p(\) = |H — M| =|UHU, — I
AM—X 0 o - 0
0 oan—X an - op
=| 0 Q3 33— A Q3
0 Qop Qaszp © Oy — A
an—A a3 - g
« Q33— A Q3
SEOVEPVY I E
Qop a3y o Oy — A
the part
an— A axn - o
a3 amz— A 3
Qop a3, Oy — A

must contain another factor of (A\; — \). In other words, if we define H; as the
(n —1) x (n — 1) submatrix

Qpp (33 ++ Oy
Q3 (33 -+ (Y3
= H,

Qop A3, -+ Olpp
then \; must be an eigenvalue of H;. Thus, we can repeat the process and construct

an orthonormal set of n — 1 column vectors with the first one being the eigenvector
of H belonging to the eigenvalue \;. Let this orthonormal set be

y22 Y32 Yn2
yi = yzg , Y2 = y33 s Tt sy Yn—-1 = yn3 )
Yon V3n Yun

and let U, be another unitary matrix defined as
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10 0 -0
0y y32 = yn2

Uy=10y3 y3 Y3 |
0 Yon Y3n ** Yan

then the unitary transformation UJ (U; HU,)U, can be shown as

10 0 -0 A0 0 -0 10 0 -0

0 y3 ¥33 = ¥, 0 axn azp - apn 0 y2 y32 - yu2
US(UTHUNU, = | 0 % v - Vi, 0 ao3 azz - ap3 0 y23 y33 ** Y3
0 y;n y;n " y:n 0 Qpp O3y Qg 0 Yon Y3n ** Ynn

AMO O -0

00X O -0

=10 0 B33 B3

00 /83n ° ﬂnn

If \; is m-fold degenerate, we repeat this process m times. The rest can be diagonal-
ized by the eigenvectors belonging to different eigenvalues. After the n x n matrix
is so transformed n — 1 times, it will become diagonal.
Let us define
U= U1U2 e Un—l»

then U is unitary because all U; are unitary. Consequently, the hermitian matrix H
is diagonalized by the unitary transformation U HU and the theorem is established.
This construction leads to the following important corollary.

e Every n x n hermitian (or real symmetric) matrix has n orthogonal eigenvec-
tors regardless of the degeneracy of its eigenvalues.

This is because UTHU = A, where the elements of the diagonal matrix A are the
eigenvalues of H. Since U™ = U™, it follows from the equation U(UTHU) = U A
that HU = U A which shows that each column of U is an normalized eigenvector
of H.

The following example illustrates this process.

Example 8.5.1 Find an unitary matrix that will diagonalize the hermitian matrix
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Solution 8.5.1 The eigenvalues of H are the roots of the characteristic equation
2—-X i 1
pN=] =i 2=X i |[==-X4+6A2-9A=-)X\-3)2=0.
1 —i 2-=A

Therefore, the eigenvalues A\, \;, A3 are

It is seen that A = A\| = A\, = 3 is two-fold degenerate. Let one of the eigenvectors
corresponding to A\; be

X1
Ei=|x|,
X3
SO
2— )\1 1 1 X1 -1 1 X1
—i 2 — )\1 i X2 = —i -1 i X2 =0.
1 —i 2 — )\1 X3 1 —i —1 X3

The three equations

— X1+ ixa+x3=0
—ix1—x2+ix3=0

Xy —ixa—x3=0

are identical to each other. For example, multiply the middle one by i will change it
to the last one. The equation

X1 — iX2 — X3 = 0. (835)
has an infinite number of solutions. A simple choice is to set x, = 0, then x| = x3.
Therefore,

1
E, =10
1

is an eigenvector. Certainly

1 1
E=10], Ez=|1], E;=|0
1 0
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are linearly independent. Now let us use the Gram-Schmidt process to find an
orthonormal set X1, X, X3.

E, «/5(1)

I 2 |}

X =

E, is already normalized and it is orthogonal to E;, so

0
xx=E=|1],
0
x; = E3 — (B3, x) x; — (E3, %) %,
1 1 1 0 0
2 2
=0—(100)‘/7_0 %_0—(100)1 1
0 1 1 0 0
1 1 1
1 1
0 1 -1
1
X, 2
x3=7—+=—10
2\ 5
Form a unitary matrix with x;, X,, X3 :
V2 V2
20
U1=(X1X2X3)= 0 1 0
V2 g 2
2 2
The unitary similarity transformation of H by U] is
V2 ; V2 V2
U'HU, = 0 —i 2 i 01 O
o)\t —i2) g oo

S © @ ol

0
—2i
1
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Since H and UlT HU, have the same set of eigenvalues, therefore, A =3 and A =0
must be the eigenvalue of the submatrix

H‘Z(Jzii ﬂﬁ)'

This can also be shown directly. The two normalized eigenvector of H; corresponding
to A =3 and A = 0 are found, respectively, to be

_Lgl' ~/_§l'
— 3 — 3
Y1 = J3 Y2 = N E
3 3

Therefore,
1 0 0
U, = 0—%1' ‘/Tgl ,
0 ¥3
3 3
and
V2o 2 1 0 o0
2 2 e V3
U=UU,= 0 1 0 0 —Tﬁi 5
V2 g 2 0 B
2 2 3 3
NN/ SN
2 6 3
=| 0 —%& %
V2 6 V3
2 6 3
It can be easily checked that
2 9 L2 2 1 V26 3
n 7 2 ! 26 3
V3B V3 1 —i2 L2 S5 B
3 3 3 2 6 3
300
=1030
000

is indeed diagonal and the diagonal elements are the eigenvalues. Furthermore, the
three columns of U are indeed three orthogonal eigenvectors of H,

2 Q1) (2 42
Hll] =>\]ll12 —i 2 i 0 =3 0 s
1 —i2 4 g
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465
NG NG
2 4 1 6 6
Hu, = \hu, : —i 2 i ‘/Tal =3 \/Tal ,
1 —i 2 _ /6 _6
6 6
2 i1 ‘/T§ \/TS
Hu; = \su3: —i 2 i ‘/Tgi =0 ‘/Tgi
1 —i 2 _@ _\/75

We have followed the steps of the proof in order to illustrate the procedure. Once
it is established, we can make use of the theorem and the process of finding the
eigenvectors can be simplified considerably.

In this example, one can find the eigenvector for the non-degenerate eigenvalue
the usual way. For the degenerate eigenvalue A = 3, the components (x, x3, x3) of
the corresponding eigenvectors must satisfy

X1 —i)CQ — X3 =O,
as shown in (8.35). This equation can be written as x, = i (x3 — x). So, in general
X1

u=|i(x3—xp)
X3

)

where x; and x3 are arbitrary. It is seen that u; is just the normalized eigenvector
obtained by choosing x; = x3,

«/E 1
u = — 0
2\

The other eigenvector must also satisfy the same equation and be orthogonal to u;.
Thus,

X1

(101) i(.X3—.X]) —O,
X3
X1
which gives x; + x3 =0, or x3 = —x;. Normalizing the vector | —2x; |, one
—x
obtains the other eigenvector belonging to A = 3 :



466 8 Eigenvalue Problems of Matrices

8.5.4 Simultaneous Diagonalization

If A and B are two hermitian matrices of the same order, the following important
question often arises. Can they be simultaneously diagonalized by the same matrix
S? That is to say, does there exist a basis in which they are both diagonal? The answer
is yes if and only if they commute.

First, we will show that if they can be simultaneously diagonalized, then they
must commute. That is, if

D, =S"'AS and D,=S"'BS,

where D and D, are both diagonal matrices, then AB = BA.
This follows from the fact

DDy, =S'ASS™'BS = ST'ABS,
D,D, = S7'BSST'AS = ST'BAS.

Since diagonal matrices of the same order always commute (DD, = D, D;), so
we have
ST'ABS = S"'BAS..

Multiplying S from the left and S~! from the right, we obtain AB = BA.
Now we will show that the converse is also true. That is, if they commute, then they

can be simultaneously diagonalized. First, let A and B be 2 x 2 matrices. Since her-
mitian matrix is always diagonalizable, let S be the unitary matrix that diagonalizes

A7
A4 (MO
N AS-(O/\2

where \; and )\, are the eigenvalues of A. Let

_ by1 b1y
S7IBS =
<b21 bzz)

Now

A O by b b1t b
S—IABS=S—1ASS—1BS=< 1 )( 11 12) < 111 12 1)
0 X2 ) \ bat by b1 X2 by

by b A0 biihi b\
S"BAS:S‘IBSS_IAS=< e : =< HAL T2 )
bai by 0 A byt A1 b,
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Since AB = BA, so ST'ABS = S"'BAS,
<b11)\1 b12)\1) _ <b11>\1 b12)\2>
b1 X2 byXs byt A1 by )

bytdy = b, b =bps.

It follows that

If A, # Ay, then b1, = 0 and by; = 0. In other words,

dpe_ (b1 O
S BS-(ObZZ.

Therefore, A and B are simultaneously diagonalized.
If A\, = A\; = A, we cannot conclude that S~'BS is diagonal. However, in this

case,
A0
-1 _
sas=(30)

Moveover, since B is hermitian, so the unitary similarity transform S~'BS is also
hermitian, therefore, S~!BS is diagonalizable. Let T be the unitary matrix that

diagonalize S~'BS,
T-'(S7'BS)T = A 0
0N )

On the other hand,

Sl et et (A0 (A0 i (AO
T (ST'AS)T =T <0/\)T_<0/\)T T_<O)\>.

Thus, the product matrix U = ST diagonalizes both A and B. Therefore, with or
without degeneracy, as long as A and B commute, they can be simultaneously diag-
onalized.

Although we have used 2 x 2 matrices for illustration, the same proof” can
obviously be applied to matrices of higher order.

21 32
A_(12)’ B—<23)'
Can A and B be simultaneously diagonalized? If so, find the unitary matrix that
diagonalized them.

Example 8.5.2 Let
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= (3)(32)-(31).
m=(33)(12) = (58)

Thus, [A, B] = 0, therefore, they can be simultaneously diagonalized.

Solution 8.5.2

2—-X 1
1 2-A

’=(>\—1)()\—3)=0,

The normalized eigenvectors corresponding to A = 1, 3 are, respectively

-1 =)
() P
() (G):5()- (1),
e 5 E()-()

Thus, they are simultaneously diagonalized. It also shows that 1 and 5 are the eigen-
values of B.This can be easily verified, since

Therefore,

}3—/\ 2

5 3_)\‘=()\—1)(/\—5)=0.

If we diagonalize B first, we will get exactly the same result.

8.6 Normal Matrix

A square matrix is said to be normal if and only if it commutes with its hermitian
conjugate. That is, A is normal, if and only if

AAT = ATA. (8.36)
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It can be easily shown that all hermitian (or real symmetric), anti-hermitian (or
real anti-symmetric), and unitary (or real orthogonal) matrices are normal. All we
have to do is to substitute these matrices into (8.36). By virtue of their definition, it
is immediately clear that the two sides of the equation are indeed the same.

So far, we have shown that every hermitian matrix is diagonalizable by a unitary
similarity transformation. In what follows, we will prove the generalization of this
theorem that every normal matrix is diagonalizable.

First, if the square matrix A is given, that means all elements of A are known, so
we can take its hermitian conjugate AT. Then let

1 .
B=—(A+AD),
2(+ )
C—lm Ah
T2 ’
So,
A=B+iC. (8.37)

Since (AN = A and (A + B)" = AT + BT,

1 1
N=§M+Nﬁ=?M+M=B,
1 . 1
Cl=—UA-ANY=——@A"T—A) =C.
mﬁ ) %( )

Thus, B and C are both hermitian. In other words, a square matrix can always be
decomposed into two hermitian matrices as shown in (8.37) . Furthermore,

BC:ﬁ%M?—AAVth—A”)
1

CB:%@V—AM+AM—A%.
1

It is clear that if ATA = AAT, then BC = C B. In other words, if A is normal, then
B and C commute.

We have shown in the previous section that if B and C commute, then they can
be simultaneously diagonalized. That is, we can find a unitary matrix S such that
S~'BS and S~!CS are both diagonal. Since

ST'AS=S"'BS+is7'cs

it follows that S~' AS must also be diagonal.
Conversely, if S 1AS=Dis diagonal, then

(s7'as) = s7'ATS = DT = D*,
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since S is unitary and D is diagonal. It follows that

STTAATS = (ST'AS) (ST'ATS) = DD*,
ST'TATAS = (S7'ATS)(S7'AS) = D*D.

Since DD* = D*D, clearly AAT = ATA. Therefore, we conclude,

e A matrix can be diagonalized by a unitary similarity transformation if and
only if it is normal.

Thus, both hermitian and unitary matrices are diagonalizable by a unitary similarity
transformation.

The eigenvalues of a hermitian matrix are always real. This is the reason why in
quantum mechanics observable physical quantities are associated with the eigenval-
ues of hermitian operators, because the result of any measurement is, of course, a real
number. However, the eigenvectors of a hermitian matrix may be complex, therefore
the unitary matrix that diagonalizes the hermitian matrix is, in general, complex.

A real symmetric matrix is a hermitian matrix, therefore its eigenvalues must also
be real. Since the matrix and the eigenvalues are both real, the eigenvectors can be
taken to be real. Therefore, the diagonalizing matrix is a real orthogonal matrix.

Unitary matrices, including real orthogonal matrices, can be diagonalized by a
unitary similarity transformation. However, the eigenvalues and eigenvectors of a
unitary matrix are, in general, complex. Therefore, the diagonalizing matrix is not
a real orthogonal matrix, but a complex unitary matrix. For example, the rotation
matrix is a real orthogonal matrix, but, in general, it can only be diagonalized by a
complex unitary matrix.

8.7 Functions of a Matrix

8.7.1 Polynomial Functions of a Matrix

Any square matrix A can be multiplied by itself. The associative law of matrix
multiplication guarantees that the operation of A times itself n times, which is denoted
as A", is an unambiguous operation. Thus,

AmAn — Am+n'

Moreover, we have defined the inverse A~! of a non-singular matrix in such a way
that AA~' = A='A = I. Therefore, it is natural to define

A=A""=AA""=1 and A" =(A7")".
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With these definitions, we can define polynomial functions of a square matrix in
exactly the same way as scalar polynomials.

For example, if f (x) = x>+ 5x+4, and A = <1 !

) 3) , we define f (A) as

f(A) =A% +5A+4.
s (11 (11)_ (34
2=(23)(23)=(n)
3 4 11 10 129
f(A)=<811>+5<23)+4<01>:(183O>'

It is interesting to note that f (A) can also be evaluated by using the factored
terms of f (x) . For example,

Since

f=x*+5x+4=x+Dx+4),
SO

A =QA+1)(A+4])

“[a3) = GDIG3) +GY)]
=(3) (1) = (i)

Example 8.7.1 Find f (A), if

11
A=<23), and f(x):xzx_l.

Solution 8.7.1

A

-1
(a2l (1124 _1/-11
AZ—I_A(A 7) _<23><810 e\ 2 1)

Note that f (A) can also be evaluated by partial fraction. Since

fA) =

1 1 1 1

X
f(x)_xz—l_zx—l+§x+l’
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! (A-—D7"+ ! (A+ D!
2 2

1701 *1+1 21\ _1/-11
T 2\22 2\24 e\ 2 1)

f(A)

8.7.2 Evaluating Matrix Functions by Diagonalization

When the square matrix A is similar to a diagonal matrix, the evaluation of f (A)
can be considerably simplified.
If A is diagonalizable, then
ST'AS =D,

where D is a diagonal matrix. It follows that
D* = S'ASSTIAS = 571 A%S,
D' = s71AM1ssTTAS = 571 AR,
Thus,
AF = §pks!,
A"+ A" =8D"S™' +SD"S' =S (D"+ D") S
If f (A) is a polynomial, then

f(A)=Sf(D)s™.
Furthermore, since D is diagonal and the elements of D are the eigenvalues of A,

Moo -0
i |l 0OX-o0
Dt = o |-

000\

f 0 0
0 0 0 f(A)
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Therefore,
f) 0 0
0 0 0 f(W

473

Example 8.7.2 Find f (A), if

Az((l)_32), and f(x) =x*—4xd +6x% —x 3.

Solution 8.7.2 First, find the eigenvalues and eigenvectors of A,

‘O_A —2 =0A=1)\XA=2)=0.

0

The eigenvectors corresponding to A; = 1 and )\, = 2 are, respectively,

-(3): w-(1)

Therefore,
§= (—21 —11> §7 = <—11 —12>
and
D=S"AS = (é?)
Thus,
A =SFD)s" =5 (f(()“ f‘()z)) s,
Since

==L f@) =3,

-5 -8

. 2 1\ (-10)(1 1
*f(A)ZSf(D)51=<—1—1)<03)(—1—2)=<4 7

Example 8.7.3 Find the matrix A such that

' (43
A 4A+41_<56>.
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Solution 8.7.3 Let us first diagonalize the right-hand side,

4—-X 3
5 6-A

':()\—1)(/\—9)=O.

The eigenvectors corresponding to A} = 1 and A\, = 9 are, found to be, respectively,

() =)

Thus,
(42 )
and 43 10
D=Sl<56>S=(O9)‘
Therefore,

L1 a2 i (43 _ (10
ST (A* —4A+41)S=S (56>S_(09).

The left-hand side must also be diagonal, since the right-hand side is diagonal. Since
we have shown that , as long as S7LAS is diagonal, S—1A%S will be diagonal, we

can assume
-1 _(*1 0
STAS = < 0 X2)'

It follows that

2
—1 2 o X1—4X1+4 0 - 10
57 (4 4A+41)S—< 0  x—4n+4)=\09)

which gives

x12—4x1+4=1,
X3 —dx, +4=09.

From the first equation, we get x; = 1, 3, and from the second equation we obtain

x, =5, —1. Therefore, there are four possible combinations for <)8 )? > , namely
2

10 10 30 30
n=(05) w=(0h) 4= (5) 4-(34)
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Thus, the original equation has four solutions:
_ a_ (13 10\1/5-3\_1/53
Ar=35413 _<—15 05)g\1 1 )= 2\s57)"
and similarly
1/1 -3 17153 13 -3
A2_Z<—5—1)’ A3_Z<5 17)’ A“_i(—s 1)‘

For every scalar function that can be expressed as an infinite series, a correspond-
ing matrix function can be defined. For example, with

X — 1 12 1 3
e = +x+5x —l—ix +o

we can define
AmrrAr iy Lo
2 3! '

If A is diagonalizable, then

ST'AS=D, A"=SD"S!,

1 1
eA:S<I+D+—D2+—D3+--->S‘l,

2 3!
where
A - -0
L
W
It follows that
DV DYRE . . 0
1
] I e S
0 0 LA A A
Mo 0
X
:S 0 e O S_l
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Example 8.7.4 Evaluate ¢4 if A = <;. ?) )

Solution 8.7.4 Since A is symmetric, it is diagonalizable.

1-X 5
5 1-=A

‘=A2—2>\—24=0,

which gives A = 6, —4. The corresponding eigenvectors are found to be

o(1) (1)
(1) o)

A of€® 0\ 1 (11 e® 0 11

¢ _S(Oe4 S=g 1-1) Oe4><1—1)
(66 + 6_4) (e() _ 6_4)

(@ —e (e +e))

Thus,

Therefore,

1
2

8.7.3 The Cayley-Hamilton Theorem

The famous Cayley-Hamilton theorem states that every square matrix satisfies its
own characteristic equation.
That is, if P () is the characteristic polynomial of the nth-order matrix A

PO =|A—=MN|=c,\N"+c, N+ oo,

then
P(A) = c,A" 4+ ¢, A" o egl = 0.

To prove this theorem, let x; be the eigenvector corresponding to the eigenvalue
)\,’. So
P ()\,) = 0, AXiZ)\iX,‘.
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Now

P(A)X; = (cyA" + eyt A"+ ool ) X
- (Cn>\7 + Cn—1>\;'1_1 +--- +C()) X;
= P(/\,‘)X,‘ = OX,‘.

Since this is true for any eigenvector of A, P (A) must be a zero matrix.

For example, if
12
=(:1)

I-Xx 2
2 1-A

12 12 12 10
r=(31)(31)-2(:7) -2 (oY)
(54 _ 24 (30 _(5-3-2 4-4 (00
—\45 42 03) 4—4 5-3-2)7\00)"
Inverse by Cayley-Hamilton Theorem. The Cayley-Hamilton theorem can be used
to find the inverse of a square matrix. Starting with the characteristic equation of A

P(A):‘ ‘:AZ—Z)\—&

PO =1A=XM|=c,N' 4+ st N+ -+ 1A+ ¢ =0,

we have
P(A) = c,A" 4+ ¢, A" 4 A+ col =0.

Multiplying this equation from the left by A~!, we obtain
AT'P(A) = c, A" e A2 e T + AT =0,
Thus,

1
Al = —— (C,ﬂ4nil + Cn71A1172 + - +6‘11) .
Co

Example 8.7.5 Find A~! by Cayley-Hamilton theorem if

57 -5
A=|04-1
28 -3
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Solution 8.7.5
5-\ 7 -5
P\ = 0 4-—X\ -1 =6— 11N +6)X2— )3,
2 8 —3-—2)\
P(A) =61 —11A 4+ 6A% — A’ =0.
AT'P(A) =6A"" — 111 +6A — A2 = 0.
A—1=1(A2—6A+111)
. }
(575 57 -5 57 -5 100
A'=21104-1 04—-1]-6]04—-1|+11]010
61\28-3/\28-3 28 -3 001
(152317 30 42 —30 110 0
=—[1-28 -1 |]-1024 -6 |+|0110
61\ 42 1248 —18 0 011
L[ —4-1913
=—-|-2-55
6\ -8 2620
It can be readily verified that
L 41913 57 -5 100
fHA:6 -2 -5 5 04-1|=[(010
-8-2620) \28 -3 001

High Powers of a Matrix. An important application of the Cayley-Hamilton theorem
is in the representation of high powers of a matrix. From the equation P (A) = 0,

we have ,
A" = —— (cuut A" 4 A" i A+ o). (8.38)

Multiplying through by A

1
A = — (e A"+ ey AT e AT+ o A), (8.39)
Cn

and substituting A" from (8.38) into (8.39), we obtain
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2
C n— _ n— n—
An+1:<”_21_c_2)A” L +<m_@)14+cc—21601. (8.40)

2
cz Cn cz Cn 2

Clearly, this process can be continued. Thus any integer power of a matrix of order n
can be reduced to a polynomial of the matrix, the highest degree of which is at most
n — 1. This fact can be used directly to obtain high powers of A.

Example 8.7.6 FmdAinfA=:<;?)

Solution 8.7.6 Since

I-x 3 | 2 _ _
‘ 3 1_/\‘—>\—2/\—8—(/\—4)()\+2)—0,
the eigenvalues of A are \; = 4 and A, = —2. The eigenvalues of A% must be A\|*
and % that is
A1y, — )00y, A1y, — p\l0og,

On the other hand, from the Cayley-Hamilton theorem, we know that A'% can be
express as a linear combination of A and I, since A is of second-order matrix (n = 2).

A" = A + 41,

thus
A% = (@A + BDx1 = (@) + B)xi,
A% = (@A + BDx; = (X + B)x.
Therefore,
MO=aX+8, N=an+8
It follows
o= 1 (A0 _ y100) 1(4100 — 2100
A= ! 2 6 ’
1 1
_ N A00 _y 3100y T 4100 4 5101y
5 /\] _/\2( 1\ 2\ ) 3( + )
Hence,

AIOO — é(4100 _ 2100)A 4 %(4100 + 2101)1'
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Exercises

1. Find the eigenvalues and eigenvectors of the matrix
19 10
—-30 —16
2 1
Ans. \; =4, x| = (_3> o =—1.x, = <_2) .

2. Find the eigenvalues and eigenvectors of the matrix
6—2i —1+3i
9+3i —4+3i

1

AIIS.)\1=2, X1 = ;l ;)\zzi.X2=<lgl>.

3. Find the eigenvalues and eigenvectors of the matrix

2-21

2—-43

2—-65
1 1 0
Ans. A\ =0, xi=1[2]; =1, xo=[1]; 3=2,x35=1]1
2 1 2

4.IfUTU = I, show that (a) the columns of U form an orthonormal set; (b) UUT = [
and the rows of U form an orthonormal set.

5. Show that eigenvalues of anti-hermitian matrix are either zero or pure imaginary.
6. Find the eigenvalues and eigenvectors of the following matrix

1(7 6
S5\ —6i =2 )’
and show explicitly that the two eigenvectors are orthogonal.

Al‘lS./\1=2, X1=<211); )\22—1, X2=<21l.).

7. Show the two eigenvectors in the previous problem are orthogonal. Construct an
unitary matrix U with the two normalized eigenvectors, and show that

Utu = 1.

1 20 1
Ans.U—ﬁ<12i .
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8. Find the eigenvalues and eigenvectors of the following symmetric matrix

1 /6 12
A‘E(u—J'
Construct an orthogonal matrix U with the two normalized eigenvectors and show

that ~
UAU = A

where A is a diagonal matrix whose elements are the eigenvalues of A.

_ 1 (43 (30
Ans.U—5<34 , A= 0-2)"

9. Diagonalize the hermitian matrix

(1 1+
v=(,5"37)

with a unitary similarity transformation
UTAU = A.

Find the unitary matrix U and the diagonal matrix A.
14 14
Aml]:( ﬂ3éﬁ),<A=(82>.
NERG
10. Diagonalize the symmetric matrix

110
A=1101
011
with a similarity transformation
U'AU = A.

Find the orthogonal matrix U and the diagonal matrix A.
1 L1

N 100
Ans. U = 0 v vl K A=]10-10
D U U 002
V2 V6 V3
11. Diagonalize the symmetric matrix
-7 2 10
A=—-1 2 2 -8

10 -8 —4
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with a similarity transformation
UAU = A.

Find the orthogonal matrix U and the diagonal matrix A.

2 1 2

A 00 0
Ans. U = ?—%—% , A=1030

33 3 00-6

12. If A is a symmetric matrix (so A= A), S is an orthogonal matrix and A’ =
S—TAS, show that A’ is also symmetric.
13. If u and v are two column matrices in a two dimensional space, and they are
related by the equation

v=_Cu

C— (cos& —sin9)
“ \sinf cosé )’
find C~! by the following methods:
(a) By Cramer’s rule, ~
(b) Show that C is orthogonal, so C~! = C,
(c) The equation v = Cu means that C rotatesu to v. Sinceu = C~ v, C~ ' must
rotates v back to u. Therefore, C~! must also be a rotation matrix with an opposite

direction of rotation.
14. Find the eigenvalues A\;, A, and the corresponding eigenvectors of the two-

dimensional rotation matrix
C— Cf)sﬁ —sinf .
sind cosf
Find the unitary matrix U, such that
A O
¥ _ 1
veu=(32).

. 1 . 1 11
i1 —if |
Ans. e'%, (—i)’ e ', (i)’ U__ﬁ(—ii)’

15. Show that the canonical form (in which there is no cross-product terms) of the
quadratic expression

where

O(x1, x2) = Txj + 48x1x2 — 7x3

is
Q' (x}, x}) = 25x] — 25x3,
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where

Find the orthogonal matrix S.

4 -3
Ans.S:% 34
0-2 3
16.If A 1 3 and f (x) = x° 4+ 3x~ —3x — 1, find f (A)

—13 =26
Ans. ( 13 26 >
10 .
17.1f A = 1) find A" and lim,,_, o, A".
1

1 0 10
Ans. A" = n n ), lim,_ o =
(%—%(:ﬁ) (3) ) <§0)

18. Solve for X, . if X3 (_6 14) .

Ans. X = (_1 3)
19. Solve the equation

02 —14 6 —4 5-2
AIIS.M1=<_13), M2=<_25>, M3=<2 0), ]M4=<1 2)

20. According to Cayley-Hamilton theorem, every square matrix satisfies its own
characteristic equation. Verify this theorem for each of the following matrices:

@ (3g) o (37)
210

21. Find A~! by Cayley-Hamilton theorem if A = | 120
003

1
Ans.A’1:§ -1 20
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quantum mechanics
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