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HOCTb (MKTHBHOIO IPYHTa 3aBHCAT HE OT AMAMETpa 4acTHIl, @ JHIIb OT
IUIOTHOCTH HMX YKIAIKH.

(OCHOBONOJIOXHHKAMH OTEYECTBEHHO! LUKOJBI TEOPHH (HIBTPALIMH HB-
nsmorcas  npodeccop H.E. XKykobckmit, akagemuku H.H. [laBnopckui,
JI. C. Jleitben3on. UccrnemoBanns 3THX BBIAAIOLIMXCS YYEHBIX, HX MHOTOYHC-
JICHHBIX Y4EHHUKOB M INOCIeqoBaTeNne#t cTanM ¢(yHAAMEHTANbHOH OCHOBOMH
Pa3BUTHA TECOPHH (HILTPALMH B HAlLEH CTpaHe.

H.E. Xyxkosckuii (1847~1921 rr.) B 1889 r. onybsamkoBan nepsyro pabo-
Ty no Teopu ¢uibTpauMu «TeopeTHYecKOe HCCIEJOBAHHE O IBHXCHHH
NOAMOYBEHHHIX BOA». VM BmepBhie BhIBEACHbI 00Owwne auddepeHuranbLHbe
YP4BHECHHS TEOPHH (PUIBTPAINH, NOKA3aHO, YTO HANOP KAK (QYHKIMA KOOD-
OVHAT yIOBJIETBOPAET ypaBHeHHMIO Jlamnaca, yka3aHO Ha MaTeMaTHYECKYIO
4HATIOTHIO TEIMIONPOBOAHOCTH M (uibTpauuu. MM HccnegoBaHbl Taxxe
BONPOCH! KaNKUJUIAPHOTO MOAHATHS BOJbI B NOPHCTOM Cpene, pelueH psfg
3aJa4 O MPHUTOKE BOABI K CKBAXHHAM.

H. H. [1aBnosckomy (18841937 rr.) npuHaaIexuT onpeaessioias pojib
B Pa3BHTHH TCOpHUH (UIBTPAMM B THIAPOTEXHHYECKOM HAINPABIICHHH..
B onybnukosaHHOH MoHorpadun «Teopus ABHMXEHHMS TPDYHTOBBIX BOJ NOA
THAPOTEXHNYECKUMHU COOPYKEHHAMH U €€ OCHOBHbIE NIPHIIOKEHHA» HU3IIOKEHA
pa3paboTaHHas UM CTporas MaTEeMAaTHYeCKas TECOPHS ABHXECHHUS I'DYHTOBBIX
BOJ NOJ I'MIPOTEXHHYECKHMH COOPYXKCHUAMH. MM BnepBhle MHOTHE 3aJa4M
¢unpTpauuu Boasl 66LTH cHOPMYIUPOBAHBI KAK KpaeBble 3aJaYd MaTeMaTH-
yeckod ¢u3snku. H. H. [1aBnoBckuit BnepBbie 0OOCHOBAN M NPMUTOXWI NpPH-
MEHEHHME METOAA INEKTPOTHApOANHAMHUYECKO# aHanoruu (DI JIA) ans pelue-
HUS QUILTPALMOHHLIX 3aa4, YTO B NOCJIEAYIOEM HALLIO LHHPOKOE MPHME-
HEHME [UIA pelleHus 3a1a4 GUIbTPallMy BOIbI, HEPTH M ra3a B HEOAHOPOAHBIX
KOJUIEKTOPAX.

H.H. [1aBnosckuif BnepBbE NPEMJIOXKHI HCIOJIb30BaTh MNapaMeETp
PefiHoNLICa B Ka4eCTBE KPUTEPHSA CYILIECTBOBAHMSA 3aKOHA JlepcH, HTO UMEET
Ba)XHOE 3HA4YEHHE IS MCCIICAOBAHUS 3aKOHOB CONPOTHBIIEHHS NPH (HIbLTPA-
K. OyHaaMeHTaNlbHbIE PEe3YNbTaThl B PA3BHTHH TEOPHH JBHXEHUSA TDYHTO-
BbIX BOJA mnouy4eHsl akagemukoMm II. A. [TonybapunoBoii-KounHod.

J1.C. Jleitben3on (1879-1951 rr.)-ocHoBaTenb COBETCKON LUKONBI yde-
HBIX H CICUMAIHCTOB, 3dHMMAIOLLMXCS DPa3BHTHEM TEOPHH (HIBTPALMH
IIPUMEHUTENLHO K npobiemam pa3paboTku HEPTAHBIX M Ira3oBBIX MECTO-
POXAEHUH.

TeopeTuyeckue ¥ 3KcrnepuMeHTanbHble uccinenosanns JI. C. Jleitbensona
Hayanuch B 1921 r. B baky. EMy npuHaainexuT NpHOPHTET B NOCTAHOBKE
U DEILEHHH pAAd 3adad HedTera3oBOM M MOA3EMHOH ruapomexaHHku. VIm
NPOBEJEHLI INEPBBIE HMCCIEAOBAHHMS MO (PUIBTPALMM Td3MPOBAHHBIX XHUI-
KOCTei, CHOPMYNHPOBAHBl 33a[a4Yd HECTAMOHAPHON (PHILTPAaLMHM INPH pac-
YeTax CTATHBAHHS KOHTYPOB HEQTCHOCHOCTH IPH BBHITECHEHMH HEDTH BOIOH,
noJsyyeHsl QyHIaMEHTATIbHbIE PE3YJIBTATHl B PA3BUTHH TCOPHH QUIILTPALKH
NIPUPOAHOTO rasa.

O606LIeHHE 3THX MCCIEJOBAHHMI TPHUBEJEHO B OOILUMPHO# MOHOrpaduu
«HedrenpoMpicioBass MexaHuKa», B KOTOpOH, MO CyllecTBY, BIEPBbIE
H3JI0XEHB OCHOBH He(dTErazoBoi Noa3eMHON T'MIPOMEXAHHKH.
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Tpynamu yueHMKOB U mnociepoBatenced akagemuka JI.C. Jleiiben-
3010 CIIOXKHIACh IUKONA, KOTOpas MO MpaBy Ha3biBAETCA LUKONOH
J1+C. Jleiben3ona.

BLIJa101MIACS BKJIA[ B PAa3BUTHE TEOPHH (HILTPALMH B HedTEerasoBoao-
HOCHBIX IutacTax BHecan akageMuk C.A. XpuctuaHoBud, npogeccopbl
b.b. Jlanyx, U. A. Yapusii, B. H. llleaxayes. Hanucanubie H*MH MOHOIpa-
¢uM ¥ y4eOHHMKH CTanM KIACCHYECKHMMH, OCHOBONOJNAraromMMa. OHH HMEIOT
60IbILIOE HAYYHO-METOMAMYECKOE 3HAYEHHE, crocobCTBYs ycnelwHoi noaro-
TOBKE B BY3aX MHXCHEPDHBIX U HayYYHBIX KaJpOB.

B mnocneBoeHHbI nepuoa Teopus (UILTpPAUMM HepTH, raa U BOIbI
Pa3BHBACTCH TPYAAMH COBETCKHMX YYEHBIX, CPEIN KOTOPBIX CIIEAYET OTMETHTh
pabotel M. T. Abacosa, M.I. Anmuiuaesa, . M. AmertoBa, E. ®. Adanacs-
esa, I'. U. bapen6narra, }O.I1. bopucora, C. H. By3uHosa, B. 51. Bynsiruna,
I'.T". BaxutoBa, M. M. I'norosckoro, I'.JI. l'osoposoit, A.T. 'opbyHoBa,
M. A. I'yceiin-3ane, B.JI. [lanunosa, FHO.B. XKenropa, IO.II. XKentosa,
C. H. 3akuposa, I'. A. 3otosa, B. M. ExntoBa, P.I". lcaesa, FO.II. Kopora- -
epa, A. K. Kypbanosa, E. M. Munckoro, H0. M. Monokosuua, A.X. Mup-
3amxan3age, H. H. Henpumepora, B. H. Hukonaesckoro, A. M. [lupsepas-
Ha, I.bB. I[IeixayeBa, I'.B. Paccoxuna, M. ]l. Po3enbepra, E.C. Pomma,
3. B. Cokonosckoro, M. JI. Cypryuesa, M. M. Carraposa, ®.A. Tpebuna,
2.b. Yexamoka, M.B. dununosa, M.MU. llsuanepa, W.J. YMpuxusa,
A.JI. Xeiina, [1.A. O¢ppoca u ap. PaboTbl 3THX y4YEHBIX M HMX YYCHHKOB
obecrneuunn yCrellHoe Pa3sBUTHE NMOA3EMHON T'MIPOMEXaHHMKH ~ TEOPCTHYEC-
KOH OCHOBHI TCOPHH M NPAKTHKH pa3paboTku HePTAHBIX M ra3oBBIX MECTO-
POXICHHH, YTO CNOCOOCTBOBANIO YCKOPEHHOMY Pa3BHTUIO HedTerazomobnr-
BaloOLIEH NMPOMBIIUIEHHOCTH HalleH CTpPaHbl.

B nocneanue roAgsl BeAyTCS MHTEHCHBHBIE MCClIEqOBaHMs B obnacTtu
CHAPOTa30AMHAMHYECKOTO OOOCHOBAHMS TNOBBLILIEHHS CTENEHH H3BJIECYCHHSA
YrJ1€BOAOPOAOB U3 HEApP. DTO OOYCIIOBJICHO MCHEPNAHHEM JIETKOJOCTYMHBIX
3anacoB HeQTH ¥ ra3a, YCIOXHEHHEM TOPHO-TEOJIOTHYECKHX H TepMobapu-
YeCKMX YCJIOBMH pa3paboTku MecropoxaeHud. HacTynaer HoBeI# 3Tan pa3s-
BHUTHS He(TEra’oBOodl NOA3EMHOH TMAPOMEXaHHKHM, B TEYEHHE KOTOPOTO
[JIABHBIM HAINpPaBJICHHEM HCCICNOBAHMH OyneT JOCTHXEHHE AOCTATOYHO
BBICOKHX KO3 (}HIMEHTOB HehTera3ooTAauH NIacToB.

Cieayer OTMETHTh, 4TO (yBAAMEHTANIbHBIE THAPOAHHAMMYECKHE acClek-
Tl 3TOM mnpobieMBl YCNEIIHO pa3BHBAalOTCH paboramMm muccienoBaTenei,
KOTOpbIE LIMPOKO MPHUBIEKAIOT METOAbl TEPMOIMHAMHUKH, QH3INKH, XHMHH,
a4 TAaKXe COBPEMEHHBIH annapat MaTeMaTHYECKOTO ONMCAHHA CIOXHBIX
(UIbTPALMOHHBIX NPOLECCOB.

Illupokue wucciaenoBaHus B obiactd HedTera3zoBod NoA3EeMHON THApPO-
MEXaHHKH NpoBoAsATcA 3a pybexoM. Bonblioe 3HaueHne 1 pa3BUTHSA
TEXHOJOTHH HepTEOTaaYH MMEIOT paboThl no Teopuu PUILTPaLHH KPYNHEH-
LIEro aMepHKaHCKoro cnenmanucra M. Mackera, Xopollo HM3BECTHbIE CO-
BETCKOMY 4YHMTAaTeNo Oiarogaps nNepeBOOy HA DPYCCKHA S3BIK JBYX €ro
KanmMTaJlbHbIX MoOHOrpagpui. OcCHOBBl TeopuH [ABYxda3HoH (uIbTpaLuH,
npeanoxennble C. baxnu u M. JleBepeTToM, NOTYyYHIIH IIHPOKOE PacnpocT-
PaHEHHE K NPEACTABIAIOT COOOH OCHOBHOE COACPXaHHE MOMETH ABYX(a3HOH
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¢unpTpanuu. Pa6ora A. Ban JBepauHreHa u V. Xepcra o NpUTOKE YIpPYroi
XHAKOCTH K CKBaXXHHE M NOJIy4EHHBIE B HEH PELLIEHUS NIO3BOJIMIM CYIIECTBEH-
HO YCOBEpLUEHCTBOBATbh THAPOAMHAMMHYECKHE PACYETHl TNPOJBHIKEHHS BOJbI
B Npedcibl HePTAHOH WIM T'a30BOH 3aJIEXKH.

Bonbloe 3Hauenue umeer pabora P. KomnuH3a, NocesileHHAas TEOPHH
TeYEeHHs XHUIKOCTEH Hepe3 NMOPUCTbIe MaTepHansl. M3BecTHbId PpaHIy3CKHi
THAPOMEXaHHK A. YIep BBINYCTHI HECKONIBKO MOHOIpaduH, NMOCBALLICHHBIX
TEOpUH (QUILTPALMH XHUAKOCTEH M ra3oB NPU HEJIMHEHHOM 3aKOHE, NpUMe-
HEHMIO BEPOATHOCTHO-CTATHCTHYECKMX METO/OB [UIs pellieHus QHUIIbTPAIIMOH-
HbIx 3ajay. HalumMm crnenuanucTaM XOpOLIO M3BECTHBI NEPEBEAEHHBIE Ha
pycckuii a3bIk KHUrH A. J. lllefinerrepa (Kanana), X. Asuza u 3. Cerrapu
(CIIA), H. Kpucrea (PymbiHus) ¥ Ip.

PaboTs! 3apybexHBIX aBTOPOB NOCIECIHHMX JIET, TAK XE K4K M COBETCKHX
CIIENMAJIMCTOB, NOCBAILEHbI THAPOANHAMMYECKOMY MOJETHPOBAHHIO IIPOLEC-
COB pa3paboTku HePTAHBIX M Fa30BbIX MECTOPOXACHHI IPUMEHUTEIILHO K BCE
YCTIOXKHSIOLMMCH YCTOBHAM HMX 3KCILUTYATAIMH.

B nocnemnue roabl obMeH mHbOPManMed O AOCTHXEHHAX B 0bJacTH
HedTera3zoBoi NOJ3EMHON TMAPOMEXaHMKHM 3aMETHO YIydiuuiucs. Bonsluoe
3Ha4yeHHE IS 3TOTO MMEIOT PETyJSPHO NPOBOAUMBbIE EBponeickue CHMIIO-
3MyMBI 110 HeTeOoTAaUE IIIACTOB, MUPOBbIE HE)TAHBIE M ra30BBIE KOHIPECCHI,
ApYTHe MeXIyHapoaHble KOH(epeHInH. AKTyansHble npobiemsb! HedTeraso-
BOH MOJ3EMHOH TIHAPOMEXaHHKH PETyIAPHO OOCYXOAIOTCH HA HAYYHOM
ceMuHape B I'ocylapcTBeHHOM akameMHuH HedtH U ra3a um. U. M. 'ybxuna,
NIOYETHBIM NIPEACelaTeNEM KoToporo sBnsercsa npogeccop B. H. lllenkayes.

B cnHcke IHTEpaTypbl, NOMEIIEHHOM B KOHIIE KHHTH, YKa3bIBAlOTCA He
TOJIbKO y4eOHMKH M ydeOHble nocobus Mo NOA3EMHOM T'MAPOMEXAHMKE, HO
M MOHOTpadHH MO MEXAHHMKE XHIAKOCTH M rasa, PHu3MKe HEQTAHOIO IIACTa,
pa3paboTke HE(TAHBIX M Tra3’oBBIX MECTOPOXIEHHH M OPYTHM BONPOCAM
HedTEra’oBod HAYKH M TEXHMKH, COAEPKAIUHME H3NOXKEHHE OTACIbHBIX
CNEHANbHBIX BONPOCOB NMOA3CMHOM T'MAPOMEXaHHKH. '

IMpeanaraemplii y4eOHHK CHHTE3MPYET, B OCHOBHOM, ONBIT NPENoJaBaHUS
Kypca B 'ocynapcTeenHOH akaleMuH HedTH U rasa uM. U. M. I'y6kuna. [Ipu
3TOM IIPEUMYILECTBEHHO HCNOL3YETCH annapaTt AJIS NOCTAHOBKH H PELUEHHS
KpaeBbIX 3a[a4 MAaTeMaTH4YECKON (H3MKH,

Heobx0aMMO OTMETHTH, YTO B MOCJIEAHUE TOABI AJIS PEILEHHS CIOXKHBIX
GHILTPALMOHHBIX 3aJa4 CO3JaHO HECKOILKO HOBBIX HANpPABJIECHHM, B HaCT-
HOCTH, Pa3BHTHE HCCICIOBAHMA IOKa3ano, YTO TPAAUIHMOHHBIE 3aJayH
TMAPOJMHAMHYECKOR TEOpHH (HIBTPALMM MOXHO c(HOpPMYIUPOBATH Kak
CTOXaCTHYECKHE B Cpelax CO ClyYadHbIMM HEOAHOPOAHOCTAMH. B cBs3M
C 3THM aKTHBHO PAa3BHBAETCH CNEUHM(HIECKOE HATNPABICHHE B TEOPHH (PHUIIb-
TpalMi, KOTOPOE MOXHO Ha3BaTh CTOXACTHYECKOH Teopuel (QUIbTPAaUMOH-
HBIX IPOLECCOB.

Pa3BuBaroTcs Takxe M Apyrue HOBBIE MaTEMATHHECKHE METOABI MCCIIEJ0-
BaHHA XapaKTEPUCTHUK NPHPOIHBIX CHCTEM U MPOTEKAIOLMX B HUX [IPOIECCOB,
3¢ pexTHBHBIE ANIA NOCTPOECHHS ¥ O6OCHOBaHMS MOJENEH MOA3EMHON THIPO-
MexaHHMKH. Peub HAET 0 METOJaX NEepXxosAuuH (MPOTEKaHus) ¥ HPaKTAIOB.

[lepkonsAHOHHBIE MOAENH TNO3BOJISIOT JOCTATOYHO INOJHO ONHCHIBATH
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CIIOHBIE TPOILIECCH] KANMIIISAPHOTO THCTEPE3NMCca M HEpPaBHOBECHOCTH. [ns
NIOCTPOEHHS (HUIbTPANMOHHBIX MOJENCH HAa MAaKpPOYPOBHE B XaOTHHECKH
HEOJHOPOAHBIX IUTACTAX, NPH HEYCTOHYMBOM INPOABHXXCHHH TIpPaHMIl (a3
NPUMEHSIOTCH TEOPHH (HPPAKTANOB.

B HEKOTOPBIX Cly4yasix TPaAULHMOHHBIX METOAOB NMOJ3EMHOH THAPOMEXa-
HMKH CTAHOBHUTCS HEAOCTATOYHO IS aJIEKBATHOTO ONMUCAHHS BCEro INepHola
HM3HH MECTOPOXICHHS, CBA3aHHOTO C HEOOXOAMMOCTBIO HENPEPHIBHOTO
KOPPEKTHPOBAHHS NMPHHAMAEMBIX PELUEHHA MO Mepe YTOYHEHHS HCXOAHOH
HHPOPMAIMH.

Toraa Ans NpuHATHA OOOCHOBAHHBIX PELLUEHHH HeOOXOAMMO NPHMEHEHHE
BEPOSTHOCTHO-CTATUCTHYECKMX M aJANTALMOHHBIX MeToaoB. [loa pyko-
BoJCcTBOM akaaemuka AH pecnybiauku Asepbaitmxan A. X. MHup3amxaH3azge
CO3[4HO TAaKOe HAMpaBJIEHHE ONTHMHU3ALMK MNPUHHUMAEMBIX pCEIUEHHH B
(UIBTPAIMOHHBIX 3a/1a4aX IPHMEHHMTEIbHO K LUMPOKOMY KPYTY BONPOCOB
pa3paboTku HeQTAHBIX H ra30BbiX MecTopoxaeHHH. [lepeyncieHHbie METOABI
B JdHHOM y4eOHHMKe He paccMaTtpuBaroTc. C HUMH MOXHO O3HAKOMMThLCH
B CIEIMAlIbHOH JIHTEpaType.

CoBpeMeHHOE COCTOSIHME M TNEpCNEKTHBBI AajbHEHILEro Ppa3BHUTHSA
He(TAHOH M ra3oBOH NPOMBILIEHHOCTH X4dPaKTEPH3YIOTCHA MEPeXOAOM Ha
HHTEHCHBHbIC METO/bI pa3pabOTKH MECTOPOXKICHHH, CYILIECTBEHHBIM YCIIOK~
HEHHEM TOPHO-TE€OJIOTHMYECKHMX M TePMOOApHHECKHMX YCIIOBMH HX 3KCIIyaTa-
1KH. B CBA3M C 3TMM NPHMEHAIOTCS HOBbIE METOIbI MOBBIILECHHS HePTEOTAa4H
ILTACTOB, OCHOBAHHBIC HA AalbHEHILEM COBEPILEHCTBOBAHUH METOAOB IMAPO-~
MMHAMHYECKOTO BO3JECHACTBUA HAa IUIACTBI, OOsee ILHPOKMM MNPHMEHEHHEM
TEPMHUYECKHX, (PU3MKO-XHMHUYECKHX H Ta3oBbIX METOJAOB BO3JCHCTBHUSA HA
NPHPOAHBIE Pe3epBY4pbl H HACBILAIOUIMe HX (IIIOHABI.

Hegrerasosas noazeMHas ruaApoMexaHHKa NONTYyYaeT AanbHeillee pa3Bu-
THE MO BINAHHEM HOBBIX AKTYANbHBIX 3d[d4, BBIABHIa¢MbIX NPAKTHKOMH
pa3paboTKH HePTAHBIX, ra30BbIX H Ta30KOHACHCATHBIX MECTOPOXACHHUH.
B cBsA3M ¢ 3THM, HApAdy C H3JIOKEHHEM TPATUIMOHHBIX BONPOCOB, IrOpa3io
6onbllee BHUIMaHHE YAEIAETCA 3a[a4yaM B3aHMHOTO BBITECHEHHS XHUIKOCTEH
M Ta30B B NOPUCTBIX Cpelax, 3aJayaM C NOABIKHOH rpanuued u 3¢dexTus-
HbIM INpPHOJIMXEHHBIM METOAAM HX pellieHHs. JTH MNOCIEJHHE Pa3/eiibl
COCTABIAIOT TEOPETHYECKYIO 6a3y mpH MOIEIMPOBAHMM MHOTHX TEXHOJOIH-
YECKHX TPOLECCOB, CBA3AHHBIX C MOBBILIEHHEM HE(TE- H TA300TAA4H NIACTOB,
PaccMOTpeHBbl OCHOBHBIE THNBI MoAeNeH (H3MYECKHX MPOLECCOB, MPOUCXO-
OAUMX NpH (QUIBTPAallMM MJIACTOBBIX (JIIOMAOB B mpoliecce pa3paboTkH
M 3KCIUIYaTAllMM NPUPOAHBIX 3aJIEXEH; MPH 3TOM OCHOBHOC BHUMAaHHE yacis-
€TCS YUCIEHHOMY MOACIMPOBAHMIO. [laeTca aHaIM3 YUCIEHHBIX CXEM H alro-
PUTMOB, anpoGHPOBAHHBIX M XOPOLLO 3apeKOMEHAOBABILKX cebs B moa3eM-
HOH THAPOAMHAMHKE H e¢ MPHIIOXKEHHSX.

INpu paccMOTpeHHH T'HAPOJWHAMMHYECKHX 3aAad, CBA3UHHBIX C pa3pabor-
KON ra30KOHAEHCATHBIX MECTOPOXACHHH, aBTOPbI HCXOOUIM M3 MOHHMaHUA
TOTO, 4TO 3TH MECTOPOXAEHHS HACBILLIEHBI YIIEBOAOPOAAMH NMapaHHOBOIO
pAioa, B COCTaBE KOTOPbIX HMMeEETCH [AOCTATOYHO OOJIBLIOE KOJIHYECTBO
YI1eBOAOPOAOB OT MEHTAHA M TSHKEJee, KOHAECHCHPYIOLUXCA H HCMapsio-
LIMXCSA NpH CHHUXEHHH TIUIACTOBOro JaBineHus. Kpome rasa, mpoaykuus
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ra30KOHJCHCATHOTO MECTOPOXAEHHSA - ChIDOH M CTABMIIBHBIH YIJIEeBOAOPOA-
HBI KOHJEHCAT —pe3yJbTAT PETPOrPafdHbiX SBJICHHH, MPOMCXOASLIMX NPH
H3MCHCHHH OABJICHHS M TEMIEPATYPHI.

CrabnnbpHblit KOHOEHCAT MPH CTAHAAPTHBIX yciaoBusx (0,1 MIa u 20 °C)
COCTOUT TOJILKO M3 XHAKHX yriaeBogopoaoB (Cs + BhICIIME) M MCMOJIb3YETCH
KaK Chipbe IS NMepepabOTKH HA TOMUIMBO WM MOJIYYCHHS XMMMYECKHX
npoaykToB. OTMETHM, 4TO B y4eOHHKE He MPEACTABJIAECTCH BO3MOXHBIM
H3JIOXHTb OOCTATOYHO MNOJIHO TEOPHIO (HJIBTPALMH Ta30KOHACHCATHRIX
CMeced B MOPHCTBIX CPEJaX C YY€TOM MPOHCXOOALIMX MPH 3TOM (ha30BbIX
npespauleHHR. OQHAKO PaCCMOTPEHHBIE Cy4ad MHOTOQa3HOH MHOTOKOMIIO-
HCHTHOH QHJIbTPAlMH B 6OJIBILMHCTBE CIYY4€B OMUCHIBAIOT M 3TOT MPOIECC.

Psj HOBBIX M BaxHBIX Npo6JeM NOA3eMHOM THAPOAMHAMUKH, MOCTABJIEH-
HEIX NPaKTHKOH (QUIbTPALHS HEHBIOTOHOBCKHMX XHIKOCTEH, TEPMOINHAMHUKA
GUILTPALIMOHHOTO MOTOKA, (PU3NKO-XMMHYUECKas MOA3EMHAS THAPOMHAMH-
K4. 3aKOHbI (PUNBTPAIMH B aHU3OTPOMHLIX CPeAax ), H3/IaraeTcs, B OCHOBHOM,
MO OPHIMHAJbHBIM CTATHIM H MOHOIpadUiM C €IUHBIX METOIHYECKHX
NO3HUIHH, NpHYEM OTOOPAHBI NOAXOAb! H METO/BI, MPOLUEAILHE TIATENLHYIO
annpobamuoo B yieOHOM mMpolecce W NMPAKTHUYECKAX MPHJIOKEHHAX.

JlaHnas KHUra sBJSCTCA, Npexae Bcero, 6a30BbiM yueGHMKOM, MpeqHas-
HAYEHHBIM U CTYOEHTOB chenmaisHocTH 09.07 «Pa3paboTka M 3kcnayarta-
IAS HePTAHBIX H Ta30BBIX MECTOPOXIAECHHHA», HO MOXET OLITH MCMOJIL30BaHA
H CTyJCHTAMH JpPYTMX CNElHaJbHOCTEH BY30B HedrerazoBoro mpoguis o,
npexae BCero, MPH MOATOTOBKE HMHXEHEPOB-HUCCI/IEAOBATENICH MO CNEuualib-
HocTH 09.06 «®u3ndecKne Npouecchl HeTera3oBoro NPOM3BOACTBA» U HHXKE-
HEPOB-MAaTeMATHKOB Mo crelMalbHOCTH 01.02 «[IpuknagHas mMaTeMaTHKa».
Ona MoxeT OBITH MOJIE3HOH TAKXKE /I M3YYCHHS OCHOB HedTera3oBoi
NOJ3eMHON T'MOPOMEXAHMKH CTYJEHTAMH APYTUX HedTera3zoBbIX CNELHAJIb-
HOCTEH.

OtpenbHple pa3de/ibl KHMTH OPHMEHTHPOBAHBI M MPEACTAB/IAIOT MHTEPEC

A1 ACMMPAHTOB M CTAXEPOB COOTBETCTBYIOLIHMX CMENMAILHOCTEN, HHXEHED-
HO-TEXHHYECKUX M HAYYHBIX PAOOTHHKOB HeTSHON M ra30BOM MPOMBILLIIEH-
HOCTH, .
Pykonuch yue6HHMKA MOATOTOBJIEHA Ha Kadeape HedTera3oBoi U Noa3eEM-
HoM rugpomexannku 'AHIT um. U. M. I'ybkuna. HexoTopsie pe3yabTaThl,
H3JIOKCHHbIC B yueOHuKe, moJjyuennt coBmecTHO ¢ I1.I. BeapukoBenkum,
H.M. [ImutpuessiM, I'.I1. Usibynsckum, I'. U. BapenbaatroM. ABTOpH
npu3HatensHel B. M. ExtoBy u A.K. KypbaHoBy 34 uenHple cOBETHI noO
YAYYILEHHIO colepxaHus y4veOumka, peuensentaM B.H. Hukonaesckomy,
I'. B. Paccoxuny u A. . B3py—3a BHUMaTeNbHOE PACCMOTPEHHE PYKOMHMCH,
Cnoco6CTBOBABLICE YJIYYILCHHIO €€ COMEPKAHMS.



I'nasa 1

OCHOBHBIE MOHATHUSA U 3AKOHBI
OUJIbTPALUMU HEDPTU, T'A3A U BO/Ibl

§ 1. OCOBEHHOCTHU ABMXEHHSA ®JI0ONU10B
B NPUPOHBIX TJIACTAX

He¢Ts ¥ npupoaHble rasbt 3akjiroueHsl B HeaApax 3emnn. Ux ckonnenns
CBA3aHbl ¢ BMEIIAIOLUIUMH TOPHBIMH MOPOAAMH — MOPHCTBIMH M MpPOHHIIAE-
MBIMH OOp430BaHMAMH, MMEIOLIMMH HEMPOHHIAEMBIE KPOBJIIO M MOJOLLBY.
I'opHble MOpPOABl, KOTOpPble MOTYT CIYXHTh BMECTH/IHILIAMH HepTH M ra3a
H B TO X€ BpeMs OTOABATb MX MpH pa3paboTke, HA3bIBAKOTCHA MOPOJAMH —
KOJIJIEKTOPaMH.

[Mpupoanbie KUAKOCTH (HedTh, ra3, MOA3EMHBIE BOAbI) HAXOAATCA, B OC-
HOBHOM, B MYCTOTaX —MOpPaxX M TPELIMHAX OCAJOYHBIX FOPHBIX mopon. Wx
JBH)KEHHE MPOUCXOINT JMOO BCAEACTBHE €CTECTBEHHBIX MPOLECCOB (MHIpa-
IIMS YTJIEBOAOPOAOB), IUOO B Pe3y/IbTaTe AEATESILHOCTH 4€JI0BEKA, CBA3aHHON
¢ M3BJICYCHHEM MOJIE3HBIX HUCKOMAEMBbIX., CTPOMTEBCTBOM M 3KCIUTyaTalued
THAPOTEXHHYECKHNX COOpPYXEHHH. [IBHXeHHEe XHMIAKOCTEH, ra3oB M HX
cMece#t vepe3 TBepable (Boobue rosops. OedopMHpyembie) Tesa.
coaepXKallMe CBA3AHHBIE MEXAY COOOH MOPHI HJIM TPELIMHbI, HA3bI-
BaeTcsa ¢uabpTpauuei. Teopus ¢GUIBTPAIINH, SBIAIOWIAACH Ppa3ie/ioM
MEXaHHKH CIUIOLUHOH Cpenbl, MOJlyuusa OOJblIOe pPa3BHTHE B CBA3H C
noTpe6HOCTAMH THAPOTEXHHKH, THAPOMEHOPALHH, THAPOreOJIOTHH. rop-
HOTrO faend. HedTerazoaoObIYM. XMMHYECKONH TEXHOJOTMH H T.a. TeopeTH-
YeCKOM OCHOBOH pa3paboTKH HeTera30BOAOHOCHBIX MJIACTOB CJIYXHT HedTe-
ra3oBas MoJA3eMHAs THAPOMEXAHUKA, H3y4dloUlas GUAbTpanMo HedTH, rasa
M BOJBI B MOPHUCTBHIX M (WJIM) TPELLMHOBATBIX TOPHBIX MOPOIdX.

JsrxeHue QaOMI0B B. MAJIONPOHHIIAEMBIX TOJILAX OCAJOYHBIX TOPHBIX
nopoJ MMeET 0COOEHHOCTH, CYIIECTBEHHO OTJMYAIOIHE HePTErasoByo noj-
3eMHYIO THAPOMEXAHHMKY HE TOJbKO OT OObIYHOHM rHAPOJAHHAMHMKH ([IBHIKCHHE
KHUOKOCTEH B OTKPBITOM MPOCTPAHCTBE), HO H OT MPOLECCOB (PHILTPALIUH
B XMMHYECKOH TEXHOJIOTHH MJIH THIPOMEJIMOpPAIIUH.

[TopoBoe MPOCTPAHCTBO OCAJOYHBIX TOPHBIX MOPOI—CJIOXHAS HEpEry-
JIApHASA CUCTEMA COODLLAIOLIHNXCA MEX3IEPHUCTHIX MYCTOT, B KOTOPOH TPYAHO
BBIIEJIMTH OTAE/bHBIC MOPOBbIE KaHabl (pUC. 1.1). Pa3Mephl NOp B MeCYaHbIX
NOpPOAax COCTZBJIAIOT OOBIMHO eAHIIHLbI WA JECATKM MHKPOMETPOB (MKM).

Crpoenue He(TAHBEIX M ra3oBbIX 3aJieXxed OCJOXKHACTCS 3HAYUTENBHOH
HEOJHOPOAHOCTBIO MOPOM, MX CJOHUCTOCTBIO. HAJHYHEM TEKTOHMYECKHX H
CTpaTHIrpaMIECKUX HAPYLUEHH# (pa3pblBOB CIIOWIHOCTH nopoabl). Paszseaxa
MECTOPOX/ACHHMI, HCCIEAOBAHKE NJIACTOB, H3BJICHEHHE HEPTH M ra3a oCyIIeCT-
BJSAIOTCH Yepe3 OTAE/IbHBIE CKBaXHMHLI AMaMeTpoM 10-20 cM, oTcrosiume
JpYyr OT ApYra Ha COTHH, 4 HHOTJA H THICAYM METPOB.

Teopuio ¢uabTpalMy HEPTH H ra3a B NMPHUPOAHBIX MUIACTAX XaPAKTEPH-
3y10T CleAylolne 0COGEHHOCTH.
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Puc. 1.1, llnud HedTaHOro nmecuanmka

1. HeBO3MOXHOCTh HM3y4aTh IBHXEHHE GIIIOHMIOB B MJACTAX MPAMBIM
NPUMEHEHHAEM OOBIYHBIX METOAOB T'MAPOAMHAMMKH, T.€. PELUEHHEM ypaBHeE-
HUA [OBMXEHHS BA3KOW XHAKOCTH I8 o6nacTH, mpeacTapisioulei coboi
COBOKYMHOCTBH BCEX MOP.

2. CoyeTaHHE OYEHb PA3HBIX MAcIITA60B (PUIBTPALMOHHBIX MPOILECCOB,
OMpEeJESEMEBIX PA3JIMYHBIMU XAPAKTEPHBIMH Pa3MeEpPaMH, OTIHYAOLIMMHUCH
MO BeJIMYMHE HA MHOTHME MOPSAAKH: pa3Mep mop (EAMHMIBI M AECATKH
MHKPOMETPOB), [OHAMETD CKBaXHH (ISCATKH CAHTUMETPOB), PAaCCTOSHUE
MEXAY CKBAXHMHAMH (COTHM METPOB), MPOTSKEHHOCTh MECTOPOXICHHU#M
(mecATKM KHJIOMETpOB), Maclutab HEOOHOPOAHOCTH IUIACTOB BOOIb H
MOMEPEK MX MPOCTHPAHUA MOXET UMETh MPAKTHYECKH JIIOOBIE 3HAUEHHUS.

3. OrpaHH4EHHOCTh M HETOYHOCTH CBEACHHMH O CTPOCHHH M CBOMCTBAX
MUIACTA ¥ MUIACTOBWX QJIIOMIOB, HE MO3BOJIAIOLMX MOCTPOUTH OJHO3HAYHYIO
MOAENb IUTACTOBOH 3aJIeXH.

T 0COOGEHHOCTH NPUBOASAT K (POPMYJHPOBKE OCHOBHEIX MOMEJIBHBIX
NPEeACTABJICHHH U pa3paboTke METOJOB MOA3EMHON rHAPOMEXAHHMKH, HANPAaB-
JIEHHBIX, MPEX/IE BCEr0, HAa YCTAHOBJIEHHE KA4ECTBEHHBIX 3dKOHOMEPHOCTEH
MPOLECCOB M Ha CO3JAHHE PACYETHBIX CXEM, MAJIO YYBCTBHTEJIbHBIX K TOY-
HOCTH HCXOOHBIX AaHHbIX. [IpM 3TOM no3HaBaTeNbHAA M MpPaKTHYECKAs
LUEHHOCTDb MOJIy4aeMbIX Pe3yJIbTATOB B 3HAYMTE/IbHOH CTEMEHH ONpeae/seTcCs
YETKOCTbK MOCTABHOBKH PACYETHOHN 34744H M IJyOMHOH NpeaBapHTEBHOrO
dHaJIN3a MMEIOLUMXCS JaHHBIX.

§ 2. MOPUCTASA CPEJA.
UCXOJHBIE MOJAEJBHBIE NPEACTABJEHHUSA
NO/3EMHOM N'MAPOMEXAHUKU

[Mon nopucToi cpenoil MOHMMAECTCA MHOXECTBO TBEPABIX YaCTHIl, TECHO
MNPHIETAIOLIMX APYT K APYTY, CIEMEHTUPOBAHHBIX MM HECIIEMEHTHPOBAHHBIX,
NPOCTPAHCTBO MEXAY KOTOPBIMH (MOPBLI, TPELIMHBI) MOXET ObIThH 34MOJIHEHO
XHIKOCTBIO MJIK Ta30M.

[TopoBoe NPOCTPaHCTBO MPHPOAHOTO MUIACTA, BBUAY CJIOKHOCTH M HEpe-
T'YJIAPHOCTH €ro CTPYKTYPbI, MOXHO PacCMATPHBATh KaK CHCTEMY C HOJIbLIHM
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YHCJIOM ONHOPOIHBIX 3JIEMEHTOB, cnabo CBsa3amMuIX Mexay coboi. U3
CTaTHUCTUYECKOH PH3MKH H3BECTHO, YTO TAKHE CHCTEMBI MOTYT OBITh OMUCAHEI
KaK HEKOTOPBIE CIUIOLIHbIE CPEAbI, CBOHCTBA KOTOPHIX HE BBIPAXKAKOTCH 4EPE3
CBOMCTBA COCTABIAIOLUMX 3JIEMEHTOB, & SBJIAIOTCHA YCPEAHCHHBIMH XapaKTe-
PHCTHKaMH IOCTaTOYHO GOJNBLIMX OOBEMOB CpEMbL

Makpockonuyeckoe (UIBTPAIHOHHOE TEYEHHE ILIACTOBBIX (IIIOHIOB
NpOSABJIAETCA KaK COBOKYNHOCTb MHOXECTBA OT/JCIIBHBIX MHKPOABMIXCHHH
B HEYNOPAJOYCHHON CHUCTEME NMOPOBBIX «KaHanoB». C Bo3pacTaHHEM 4HCIIA
TaKMX MHKPOIBM)XXCHMH HAYMHAIOT NPOABIATHCA CTATHCTHYECKHE 3aKOHO-
MEPHOCTH, XAPAKTEPHbIE I [ABHXEHHA B IEJIOM, HO HE IS OJHOrO
NIOPOBOTO KaHalla MM HECKOJNbKHX KaHAJOB.

DTo NO3BONAET B KAYECTBE MCXOJHOTO MONYIIEHNS TEOPHH (AIBTPAIHH,
TaK € KaK H B THIPOJAMHAMHUKE NPHUHATH, 4TO NOPHCTAs Cpela M Hachlllao-
mme ee ¢Gunonasl o6pa3syloT CIUIOILIHYIO CPEdy, T.€. 3anonHsoT mMoboi
BbLACJICHHBIH 37IEMEHTAPHBIA 0OBEM HENpPepbIBHO. TO HAKIAAbIBAET ONpe/e-
JICHHBIE OTPaHHYEHHS HA TOHATHE «3JEMEHTapHOTO oOBEMa» NOpPOBOro
npocrpanctBa. Ilox «3neMeHTapHBIM 00BEMOM» B TEOpHH (PUIBTPALUH
NOHUMAIOT Tako# (pu3MHeckn GecKOHEUHO Mallblit 06BEM, B KOTOPOM 3aKIio-
geHo Oosblloe 4YHCIIO MOP M 3€peH, Tak 4YTO OH AOCTATOYHO BEIHK MO
CP4BHEHHIO C pa3MepPaMH Iop M 3epeH nopodsl. 118 TAKOTro 31€MEHTapHOro
obreMa BBOASTCH JIOKATbHBIE YCPEIHEHHbIE XapPaKTEPHCTHKH CHCTEMBI
¢mona—nopucras cpeAd. B npuMeHeHMH K MeHbIIMM 06beMaM BLIBO/LE
TeOpUH (PUILTPALMH CTAHOBATCS HECNPABEAMBBIMH.

B ciyyae eciiH 06beM Nop NpH M3MECHEHHHM AABIIEHHS XHIKOCTH B HHX HE
H3MEHSAETCHA, TO TaKas NOPHCTas cpeda CYMTaeTcs HeaehpopMHpPyeMoOH.
Ecnm xe u3meHeHHeM o06beMa MOPOBOro NMPOCTPAHCTBA NMpeHebpeds Helb3s,
TO TAKYIO NIOPHUCTYIO CPEAY CIENYET pACCMATPHBATh KaK 1€POPMHUPYEMYIO.
ITecyaHMKHM MM M3BECTHSKHM, IIPOHM3AHHBIC TPELIMHAMH PA3IMYHOTIO pa3Me-
pa, o6pa3yloT TPELIMHOBATO-NOPUCTYI0 cpedy. [lnoTHBIE mopoabl, NPOHH-
3aHHbIE TPEUIMHAMH, 00pa3yloT TpellnHoBaTyIO cpeny. B nocneanem cmyyae
He(TEra30HaCHILEHHBIMU SBISIOTCSA JHIUL TPELUMHBI, CIyXalllHe OMJHOBpE-
MEHHO KaHaJIaMHM [BHXCHUS NPH HaIWYNH T'PaJHEHTa AaBICHHA.

PaccMOTpMM OCHOBHBIE XaPAKTEPHUCTHKH NoOpHCTo# cpean. Ecin
He yYHTHIBATh CHJIOBOE B3aUMOIENCTBHE MEXIY TBEPALIM CKEJIETOM MOPOABI
M NPUJIETaIOKMME K HEMY HacTHIlaMH (QIIOHAA, TO MOPUCTYIO Cpelly MOXHO
paccMaTpUBaTh KaK TIPaHMNbl 0OIacTH, B KOTOPOH [OBHXXETCH MKHIKOCTb.
Toraa CBOWCTBA NMOPHCTOM CPedbl MOXHO ONMHCATh HEKOTOPHIMH CPEIHHMH
TE€OMETPHYECKUMHU XaPaKTEPHCTHKAMH.

Baxueitiias u3 HUX-XK03¢pPHUIMEHT NOPUCTOCTH (MIM MPOCTO
MIOPHCTOCTb) M, ONPEAEIEHHBIN I HEKOTOPOTO 3JIEMEHTA NMOPHCTOH Cpelbl
KaKk OTHolleHHE obbema V,, 3aHATOro mopaMM B 3TOM D3JIEMEHTE, K €ro
obiemy obremy ¥

m=V/V. (1.1}

PasencrBo (1.1) onpeaensieT cpeAHIOKO NOPHCTOCTh pacCMaTpuBae-
MOro 3neMeHTa. EciM CcBOHCTBA 3TOTO 3JIEMEHTA H3MEHSIOTCS OT TOYKH
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K TOUKe', TO MOXHO BBECTH IIOHATHE TOKANbHO#M nopucTocTH. Jus 3Toro,
BbIOP4B HEKOTOPYIO TOUYKY MMOPUCTOM CPE/IbI, MEICJIEHHO OKPYXHM €€ 3IIEMEH-
TOM 06beMa U Hal[eM CPeJHIOI MOPUCTOCTh 3TOro 3neMeHTa. JlokanpHas
MOPHCTOCTL ONPEACIAETCH KaK IPEeAen 3TONH cpedHeid HOPHCTOCTH IIPH
CTATHBAHUM OOBEMA 3NIEMEHTA K 3JIEMEHTAPHOMY 00mEMY.

OO6BIMHO pA3NHHAIOT NOJHYIO M 3¢bexkTHBHYIO nopucTocTu. I1pn onpese-
JICHHM TOCTIeHEH YYMTHIBAIOTCS JHIUL COEAMHEHHBIE MEXAY COOGOH MOPBI,
KOTOPbIE MOTYT OBITH 3aIOIHEHH XHAKOCTLIO H3BHE. [1pu H3ydYeHuH IIpouec-
coB (HIbTPAlMHM BaxkHa HMEHHO 3bdexkTuBHas mopuctocTs. I[losTomy B
JanbHEHLIEM MO/ OPHCTOCTHIO Oy/IeM MOHUMATH aKTUBHYIO UM 3 ¢eKTHB-
HYIO HOPHCTOCTb.

Hapsiny ¢ mopucTOCThI0 m HHOTIa BBOAUTCS IMOHATHE (IIPOCBETHOCTH»
n, ONpeJeNseMoi 1N KaXAOro CEHEHUs, IPOXOANILETO Yepe3 JAHHYIO TOUKY,
KaK OTHOLUEHME IUIOLIa¥ , aKTHBHBIX MOP B CEYEHMM KO BCei IUTOIagu
CeHEHMS (:

n=o/o. (1.2

Ilpu onpeneneHHbIX AOMYLIEHUSIX MOXHO [0Ka3aTh, YTO B JAHHOMH TOuke
IU1acTa IPOCBETHOCTH HE 3aBUCHT OT BhIGOpa HampaBlICHHsI CEHEHHUS M paBHA
MIOPHCTOCTH: 7 = m.

Ko3¢p¢puuueHT NOPHCTOCTH OAMHAKOB IS TE€OMETPHHYECKH MOMOOHBIX
cpel; OH HE XapakTepu3yeT pa3Mephbl IOP M CTPYKTYpy HOpPOBOIO HpPOCT-
paHcTBa. [lo3TOMy Ans OmHcaHUs MOPUCTOH cpeasl HeOOXOAMMO BBECTH
TAK)X€ HEKOTOPBIA Xap4KTEpHbIA pasMep NOpoBOro npocrpanciBa. CymuecT-
BYIOT pa3lIMYHBIE CHOCOOBI ONpEHAcNeHHs 3TOro pasmepa. EcTecTBeHHO,
HANpUMEp, 3a XapaKTEpHbIA p4d3MEp NPHUHATbL HEKOTOPBIA CPpeOHHMR paszMmep
NOPOBOTO KaHala d MK OTAC/ILHOTO 3€pHA MOPHUCTOrO CKEIETa.

INepBbie TeopeTHHecKHe HCCICAOBAHUS MOPOBOTO INPOCTPAHCTBA MPOBO-
MMM TpY TOMOIMM HMACANM3MPOBAHHBIX MOAENEH TIpyHT4, Ha3hIBaEMRIX
MICATbHBIM M (UKTHBHBIM IpyHTOM. Ilog MOeanbHBIM TPYHTOM IOHH-
MAaeTCs MOJIENb MOPHCTOMR Cpe/ibl, MOPOBLIE KAHATBI KOTOPOH NMpeACTaBIsIOT
NY40K TOHKHMX LMIHHAPHYECKHX TPYOOK (KamuIIsipoB) ¢ napaiienbHbIMH
ocsMd. PUKTHBHBIM TPYHTOM Ha3bIBAETCH MOJENbL MOPHUCTOR Cpeiml,
COCTOSIIEH M3 IUAPMKOB OQMHAKOBOTO AWaMeTpa. B xoHme mnpomnoro
CTONETHS aMepuKaHCkui ruaporeosor Y. Cnuxtep pa3BUl YIOPOLIEHHYIO
TEOPHIO (PUNBTPALHH, NMO3BOIAIOIIYI0 CPABHMBATH [BHXEHUE XUAKOCTH M0
NOPOBLIM KdHANdM C TEYEHHEM XH/JIKOCTH MO LMIHHAPHYECKHM TpyOxaMm.
OCHOBBLIBasicb Ha MOJC/IH (PUKTHBHOIO IpYHTA, OH pACCMOTPEN TaKXKe
TEOMETPHYECKYfO 13afady, MO3BOJSIOUYIO CBS3aTh MOPHCTOCTh C YIIIAMH,
00pazoBaHHBIMH pAaJMyCaMHU CONPHKACAIOUIMXCH IIAPOB, MOAETHPYIOLIHX
IIOPHCTYIO Cpedy, NIPH MX pa3IU4HOR YIAKOBKE.

INpocreiiimuit reoMeTpuyeckuif MapaMeTp, X4PaKTepU3YIOLIMA pa3Mep
IOPOBOrO MPOCTPAHCTBA,~ 3 peKTHBHBIH aHamMeTp d,, 4acTdl rpyHTd. OH

! Tloa «TouKO#» MOHMMAETCS BBEAEHHEIH BHILLIE MEMEHTAPHBIH O6BEM NOPOBOTO
NPOCTPAHCTBA.
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ONPENENSETCH B pe3yNbTATE MEXaHHYECKOrQ aHaiu3a IrpyHTa. DddexTUB-
HBIM JUAMETPOM YaCTHII, CIAraroIlKX pealbHYIO MOPUCTYIO CPeay, Halbl-
BaeTCs TAKOH JUaMeTp IIapoB, 00pa3yroluX GUKTHBHBIA IPYHT, IPH KOTO-
POM THAPABIMYECKOE CONPOTHUBIIEHHE, OKa3biBaeMoOe PUILTPyrOIEHCS XKu-
KOCTH B DEATTbHOM M 3KBHBAJEHTHOM (UKTHBHOM TpYHTE, OJMHAKOBO.
OnoH4aKO H4 mpakTuke 3QQEeKTUBHBINA AMAMETP 3epeH d,y SABISETCS TPYAHO
onpeaenseMoil BENHYMHON (0COOEHHO A CLIEMEHTHPOBAHHBIX ECYAHUKOB).
IToaTomy Teopuss CimxTepa HE HallLIa IIMPOKOrO IPAKTHYECKOTO IpHMEHE-
HUA.

JU1st onipesienieHus reOMETPUMECKOM CTPYKTYPhI MOPUCTOM Cpe/Ibl, CYILECT-
BEHHO BIIMSIOILEH HAa (UILTPALUOHHBIE NapaMETpbl, KPOME MOPHUCTOCTH
4 3$deKTUBHOrO AHAMETPA HyXHbI AONONMHUTENbHbIE OO BEKTUBHBIE XAPAKTE-
pucTukd. OnpeencHHyo HHGOPMALUIO 0 MUKPOCTPYKTYPE IOPOBOro NpocCT-
PaHCTBA [JAKOT KPHBHIE PACHPEEIEHUS PA3MEPOB NMOpP M 3epeH. IloaTomy
NPEeANPUHAMATIUCEL MHOTOYHCIICHHBIE TONBITKH ONPEACICHUS TE€OMETPH-
YECKHX M T'MAPOAMHAMHUYECKMX XAPAKTEPUCTHK MOPHCTOH Cpefbl HA OCHOBE
KpHUBbIX pacnpenenenus. OJHAKO 3aBHCHMOCTH XapaKTEPUCTHK HOPHCTOM
CpeAbl OT MApaMETPOB KPHBLIX pacrpeelicHUsl He MOTYT GbITh yHUBEpCAIlb-
HbIMH. OCHOBHBIE NIPEACTABICHHS O CBOMCTBAX MOPHCTOH CpeAbl M HACHIILA-
IOLHUX €€ XKUIKOCTEH paccMaTpuUBaKOTCs MoApobHO B Kypce «Puiuka HedTs-
HOrO M ra3oBOTO ILTAcTay.

§ 3. CKOPOCTh ®MJILTPALIUM,
3AKOH JAPCH - JUHENAHBIA 3AKOH ®HUJIBTPALIMM

OCHOBHOH XapaKTEpPUCTHKOH (QUILTPAUMOHHOIO MABHXEHHS CIYXHT

BEKTODP CKOPOCTH QUIBTPAIHHE W, KOTOPBIA ONPEeAEIAECTCS ClETy MM
o6pa3oM. BpibepeM NpPOH3BONBHYIO TOYKy M NOPHCTOrO ILIacTa, 4HEpes
KOTOPbIt (QHILTPYETCS XUAKOCTh, U BBIAECTUM B HEM 3JIEMCHTAPHYIO ILIO-
maaky Aw t{puc. 1.2). Yepe3 BbIOENCHHYIO IUIOIUAAKY B €IHHHIY BPEMEHM
NMpOoTeKaeT Macca XUAKOCTH AQ, (3NM€MeHTapHbIA MAcCCOBBIA pacxon).

HPOCKHHSI BEKTOpa W Hd HOpMAnb n K BBIJICJICHHO# IJIOLIAAKE paBHaA

A
w, = lim &, (1.3)
Aw—0 PAD®

I€ p - IUIOTHOCTD XUAKOCTH' . TlouepKHEM, YTO MaccOBBIA pacxoX B OIpele-
neHud (1.3) menuTcd H4 MOJHYHO MIOI@As A®, 2 HE HA €€ YacTh, 3aHATYIO
nopaMu. I1o3ToMy, O4YEBHOHO, HYTO CKOPOCTh (PUIBTPALMH HE SBIAETCH
IEHCTBUTENBHOR CpeaHel CKOPOCTHIO IBHXEHHUS B )XHBOM CEYEHHUH DUILTpA-

! Kak ¥ Bce BenMuMHBl (JaBIIEHME M 1P.), INIOTHOCTE XHIAKOCTH NPEANONaracTcs
YCPeOHEHHON IO 3NeMEHTApHOMY MakpooObeMy, OKpyXKalOIEMY TOYKY IIOPHCTOH

Cpensl.
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Puc. 1.2. Cxema x ONpPEENICHMIO CKOPOCTH $HUIBTPALHK

Y

A

Puc. 1.3. Ycranosxa A. [lapcu ans Mcclenosa-
HUS TEYEHHA BOJbI HEPE3 BEPTHKAIILHLIE TEcHa-
Hble GUILTPHI

umoHHoro nortoka. CornacHo (1.3), BenMyMHa w HMEET pa3MEpPHOCTb CKO-
poctd (M/c B CH) n obnagaeT cBOWCTBaMH BEKTOpA.

YcraHoBUM CBS3b MEXAY CKOPOCTbIO QUILTPalMH w H ACHCTBHTCILHOR
cpeaHed CKOpOCTbiO v ABMXeHHs. [leiicTBuTenbHOe (pusmdyeckoe) TeueHHe
¢monaa B KaxIAOM XHBOM CEHCHHMH MNacTa A® OCYIIECTBISETCS 4epe3
CYMMapHYIO ILIOLIaJb aKTHUBHBIX NOp Aw,. IToaToMy mMeem

. A
v, = lim —Q—"'
Aw, 0P A,
CpaBHuB mnocneguee paseHcTBo ¢ (1.3), ucnoms3oBas (1.2), a Takxke
YCIIOBHE paBEHCTBA MOPUCTOCTH M U NMPOCBETHOCTH N, HaigeM
w, = mu,,. (1.4
INockoneky 0 <m < 1, u3 (1.4) cnenyeT, ¥TO CKOpPOCTh (PUIBTpaLMH

w MCHBILIE JCHCTBHTEILHOR CpEeJHEH CKOPOCTH v TEYEHUs (IroHaa.
14



Takum obOpa3zoM, NpH BBEJEHHH CKOPOCTH QHUIBTPAIMH W paccMaTpuBa-
€TCSl HEKOTOPBIH QUKTHUBHBIA GUILTPANUOHHBIA OTOK, B KOTOPOM PacxoAbl
yepe3 Moboe cedeHHe PABHBI PEalbHOMY pACXOAy GuroHaa. MONs J4BIIEHHH
(UKTHBHOTO M PE4NBHOTO NOTOKA HAECHTHYHBL, a CHIa CONPOTUBIICHUS
(UKTHBHOIO HOTOKAa paBHA pealbHOH CHIIE CONMPOTHBIEHHS. [IpH 3TOM
OPHHUMAETCH, HTO CKOPOCTh GHUIBTPALHH HENPEPHIBHO paCIpe/e-
neHa no obveMy H CBsi3aHA CO CPEAHEH CKOPOCTHLIO ACHCTBUTEND-
HOTO ABHXeHHUS paBeHcTBOM (l.4).

OCHOBHOE COOTHOUICHHE TEOPHUH GHUIBTPAUHUU—34KOH QHUIBT-
palMH — YCTAH4ABIHBAET CBA3b MEX/JY BEKTOPOM CKOPOCTH QHUIBT-
palHUy U TeM NOJIEM NaBIECHHUS, KOTOPOE BH3LIBAET GHIbTPALUOH-
Hoe TeueHHe. [lepBbie IKCIEPUMEHTANbLHLIE HAGTIONCHUA 33 JBHKCHHEM
BOABI B Tpy6ax, 3amOIHEHHBIX NECKOM, 1pOBeNH (pPaHIy3CKHE HHXEHEPBI
A. apcu (1856 r.) u XK. Jromou (1848-1863 rr.). Dtumu paboramu GbLIO
MOJIOXKEHO HAYANO TEOpHH punbTpammu. MMeHeM JlapcH Ha3B4H NTHHEHHBIR
3aKOH (HUIbTPAlLMH, KOTOPLIH OH YCTAHOBHI, CO3/aBasl NEPBYH) COBEPILICH-
HYIO CHCTEMY BoJocHabxeHus B EBpome.

AnpH [lapcH HcclieoBal TEYEHHE BOJbI 4EPE3 BEPTHKANBHBIE MECHAHBIE
¢unsTpsl (puc. 1.3), yto TpeboBanock Mg HyX 1 BogocHa6xeHus r. JluxoHa.
B pe3ynpTaTe TIIATENBHO NPOBEACHHBIX 3KCIEPUMEHTOB OH YCTAHOBHII
MOJIyYHBIIYIO HIHPOKYI0 M3BECTHOCTH 3KCHEPHMEHTATBHYIO GOpMYIy
Q=k¢u9=k¢A—fQ, , (1.5)
rae Q- o6beMHbIH pacxod XHAKOCTH 4vepe3 HecyaHbll (QUIbLTP, AIKMHA
KoToporo L, a miomais nonepeysoro cevenus 4°AH = H, — H, —pa3HoCTh
HANOpOB BOABI Haa (QHUILTPOM M Y €ro OCHOBaHHS; k,—KO3hOUUHMEHT
IPONOPUMOHANLHOCTH B Gopmyne (1.5), Ha3BaHHBIA NEPBOHAYANBHO KO3(-
GMUMEHTOM BOAONPOHMIAEMOCTH, a 3aTeM Ko3pduuueHTOM QUIBLTpA-
MM, KOTOPbIA 3aBUCHT K4AK OT OPUPOIbI IOPHCTOH Cpeabl, TaKk U OT CBOACTB
dunsTpyromesics xuakocTu. IToT K03hUIHEHT ky, Kak cneayeT U3 (1.5),
HMEET PA3MEPHOCTH CKOPOCTH H XapakKTePH3yeT CKOPOCTh MOTOKA
yepe3 CAMHUIY MIOL[AH CEYECHHUS, NEPNEHAUKYIAPHOrO K NOTOKY,
nojx AeidcTBUEM E€AMHHMHOIO rpajJMEHTa Hamopa.

Koapduument ¢unsrpauun k, HCHONb3yeTcss OOBIMHO B THAPOTEXHHA-
YECKHX pacyeTax, [/€ IPUXOJUTCS UMETh JENI0 C OJHON XKUAKOCTHIO — BOJAOH.
INpu uccnenopanuu (unbTpalMd HepTH, raza 4 uUx cmecedlt Heobxoaumo
pa3feauTh BIUSHHE CBOMCTB NMOPHCTOH Cpefbl U XHAKOCTH. B 3TOM ciyuyae
dopmyna [apcu (1.5) 3amuchbiBaeTcsi OOBIMHO B HECKOIBKO HHOM BHIE,
a MMEHHO:

k AH
HAJIHA
k Ap*

e 1.7
w T] L :] ( -)
15



rA€ M — IMHAMHYECKHH K03(QQHIHEHT BA3KOCTH, p* = pg H = p + pg z—npu-
BeJeHHOE JaBienue’; k—x03hPUIMEHT IPOHHIAEMOCTH, KOTOPHIHA He
33aBHCHT OT CBOMCTB XHIAKOCTH H SBISETCS JHHAMHUIECKOH xapak-
TEPUCTHKOM TONBLKO MOpHCTO# cpean. U3 (1.6) cnenyer, 4Tto xoaddu-
UMEHT MPOHMIAEMOCTH HMEET pa3MepHOCTh IUTomamu, Tak 4ro B CH
[k] = M2. T1pu 3TOM NPOHHIAEMOCTSL GONBIIMHCTBA FOPHBIX IOPOJI BhIpaXa-
€TCH BECbMa MallbIMH 4HCIaMH. Tak, NpOHMUIAEMOCTH KPYIHO3EPHHCTHIX
necyaHukoB cocTasnseT 1072 — 1072 m? (1-0,1 Mxm2), NpoHHIAEMOCTH
IIOTHBIX TecHaHukoB—okono 107 1% M2 (0,01 mxm2). Beuay storo B HedTe-
IPOMBICTIOBOM MPAKTHKE TIOIy4YHId PACIPOCTPAHEHHE EQMHHIA IpOHHUIAE-
moctu 1 [T (Japen)? = 1,02-10742 m2.

M3 cpaBuenus (1.6) u (1.5) Haxoaum cBs3bp Mexay K03hPHIMEHTAMH
¢uneTpanmu k, ¥ NPOHMUAEMOCTH k:

k

ky = n pg. (1.8)

BONBUIHHCTBO QUIBTPALIMOHHBIX TEHEHHH, BCTPEHYAIOIUXCH Ha NTPAKTHKE,
MMEIOT ckopocTu nopsiaka 10~ % <+ 1073 m/c u menee. IlosToMy, npenebperas
BEIMMHHOM CKOPOCTHOTO Hamnopa w2/(2g), MOA HAOPOM MOXHO NOHHMATh
BenuuuHny H = = + p/(pg). Torma 3akon Hdapcu B ¢opme (1.5) wu (1.6)
MOXHO HCTOJIKOBATh KaK BhIpaXcHHE 3aKOHA CONPOTHUBIICHUS NIPH
¢GUABTPALMH, KOTOPBIH NOKA3BIBAET, HTO MEXAY NMOTEpEH Hanopa
AH u pacxoaoMm ( cyumecTBYeT JHHEHHAs 3aBUCHMOCTL. [lpu 3ToM,
IIOCKOJBKY CKOPOCTh (UIBTPAaIMOHHOIO MOTOKA M4Jla, CHIIbl MHEPLHUH He
CYILECTBEHHBI.

Kospduuuent ounbrpaumu k, W k03QPUIMEHT NPOHHUAEMOCTH k
ONpEJENSIOT 3IKCIEPHMEHTANBHO B CHENUalbHOM NpHOOpE— nepMeaMeTpe,
coxepxaiueM obpaien uccnegyeMoro rpyHta (puc. 1.4). O6bmui pacxon
Q OGUIBTPALMOHHOIO INOTOKA NPH 3TOM HOAAEPXKHBACTCS IOCTOSHHBIM.
Hamoput H, u H, u3MepsroTCH [BYMs [be30METPAMH. COEAMHEHHBLIMH
€ HOpHCTOM cpenoil B ceveHusix / u 2. [IpeBbllIcHAS LEHTPOB CEHEHUMA HAX
IJIOCKOCTBIO CpPaBHEHHMS paBHBl =, H I, 4 J4BICHHUS - P, H P, PACCTOSIHHE
MEX/Y ITMMH CEYEHHMSMH [0 OCH UMJIMHApa cocTasiseT L.

B coorBetcTBHE ¢ dopmyno# (1.5) unu (1.6)

e = 0 _ gn
6= o WM k=—————
Q(AH/L) Qpy(AH/L)
rge rpaAM€HT Hanopa MOXHOQO IIPEACTABUTH B CIEAYIOIIEM BHIC.
AH =z —z, pi—py_pPt—rpi
L L pgL pgL

! OueBH/IHO, IPUBEAEHHOE JABMEHHE p* COBMAJAET C HCTHHHBIM CPEIHHM JaBJIc-
HHEM p ipH = =0

2370 - BHECHCTEMHAA EMHHIE U3MEDEHHs, KOTOPAR B HACTOSILEE BPEMSA BbITEC-
HSIETCH TPAKTUHECKH IKBHUBANICHTHOM emuuued 1 Mxm?.
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Puc. 1.4. Cxema ncpmeameTpa

B IpOMBICIOBEIX YCIOBUSIX KO3QMUIMEHT MPOHUI[AEMOCTH ONPEAEISETCS
B pelylbTaTe CHELMANIBHOTO MCCIENAOBAHUS CKBAXHH, B KOTOPOM TaKXe
HCIIONB3YETCs YCTAHABIMBAEMAS B OINBITE CBSA3b MEXAY M3MEHCHHEM [4BlIE-
HHUS B CKBAXHMHAX U HX AeOHTOM.

B 3axmouenue 3Toro naparpacga mokaxem, 4o 3akoH Japcu (1.5) umn
(1.6) B TeopuH QUIBTPANHHY 3aMeHSET COO0H ypaBHEHHE ABHXKCHHUS.
Cnenys BwmiBoay, AaHHoMYy H.E. XKykoBckuM, NOKaXeM, YTO €ro MOXHO
[OJIyYHTh M3 YD4ABHEHHH MABHXKEHHS HAEANTbHOM XHMIKOCTH, H BBIACHHM
XapakTep CHOCN4HHBIX IPH 3TOM JomyineHWd. PaccMoTpum I1s mpocTOTHI
OJHOMEPHOE NPSMOJIMHEHHO-IapalIeNbHOE TEHEHHE XUIKOCTH {CM. pHC. 1.4)
B HaNp4BJIeHHH OCH X. Kak H3BeCTHO M3 Kypca TEXHHYECKOH IHAPDOMEXAHUKH,
ypaBHEHHE ABMXEHHUs MJCdJIbHOH XHIKOCTH B 3TOM CIIy4dac HMeeT BHUI

A
LN S (1.9)
ot dx pox
rae F-mpoekuuss HA OCh X HAmpsXKEHHOCTH MAaccOBOH CHIBl (TaKkOBOW
SIBJIIETCH, HAPUMEP, CHIIA TSHKCCTH).

Ipu TeyeHHM XUOKOCTH B MOPHUCTOH Cpele BO3HHUKAET CHIIA TPEHUS HA
TpaHMIE pa3fella «cpeda-— XHUAKOCTb». T10CKONIbKYy NMOBEPXHOCTh NOPOBBLIX
KaHaJIOB JOCTATOYHO BEJMKA, TO CHJIy TPECHHS MOXHO CHHTAThb PaCIpeaC/ICH-
HOM IO BCceMy OOBEMY Te4EHHS M B NEPBOM NMPHOIHXEHMHM PacCMATPHUBATHL
Xak 00beMHy0. TakOB CMBICN HEPBOTO OONYINEHHA. YUTEM Tenepb, HTO
cpeld #BISETCS MOPUCTOH M HMyCTh m = const. Torma, nepedas K CKOPOCTH
$ansTpanuu ¥ ucnons3osas (1.4), uz (1.9) monyuum:
1 ow 1 ’an l E;_) _F

i el = 1.1
mot  m ex p 0x (1.10)

B cuny mepBoro pomyiieHus
F=F, +F,,
2—1642 17



rae F, - npoekuus HanpsHKEHHOCTH CUNBI TsxecTH (F, = 0 41 rOpU30HTaNDb-
HOro noroka; F, =gsina = (z, — z,)g/L, ecIM OChb NMOTOK4 X HAaKJIOHEHa
K TOPM30HTAJIM NOX YrojoM a (cM. puc. 1.4); F, - mpoeKiusi MacCOBOH CHIIbI
TpeHHs, 00YCIIOBIIEHHONH TeyeHHEM B MOPHUCTOHR cpene. Tlockonbky ckopocTh
bunbTpanMK W O4YEHL Majld, TO KOHBEKTHBHBIA 4ieH wdw/dx B ypaBHCHWHM
(1.10) npene6pexumo man. JlanbHeHIMA aH4IH3 MOKA3bIBAET, HTO U IEPBBIA
4jeH B 1eBo# yacTH (1.10) uMeeT TOT xe mopsAok ManocTu. B 3TtoM cocrout
CMBICIT BTOPOTO JOIyIIEHHS.

Tperne AomylleHHE 3aKMHOYAETCS B TOM, YTO CHIIA TPEHHS NPOHOPLMO-
HaJlbHA CKOPOCTH GHIBTPALUH W C HEKOTOPHIM KOI(DDHUIIHEHTOM 111> 0TOPLHO-
HanbHOCTH A, TdK 4TO F, = Aw. C y4eTOM BCeX CHENAHHBIX IIpe i1 10XKEHHH
u3 ypasHerus (1.10) maxoaum

) —z
_p: pgu_*, plw
Ox

L

HocraTtouHo Temeps NONOXHUTL A = —n/(pk) u 3aMeHdTs Op/0Xx =
= — Ap/L, 4TO6bI npUiATH K OO6KIMHOM 3anucH 3akoHa Japcu (1.7), monyden-
HOM 3KCHEpHMMEHTaNbHO. BhiBoag 3akona Jlapc M3 [OCTAaTO4HO OO6IIMX
c006paxXeHHH TEOPHH Pa3MEPHOCTH NMpPHUBEJICH B KOHIE IT4BhI'.

CrnenyeT OTMETHTB, YTO BIOCNEACTBHHU 3akoH Jlapcu 6wl pacnpocTpaHeH
(mopoii 6€3 MOCTATOMHO TIUATENHHOH ?KCICPUMEHTANBHOH IpPOBEpPKH) Ha
pa3Nu4HbIE TPYHTHI, TPELIHHOBATHIE NOPOMABbI, OETOHB W APYIHe HOPUCTHIC
MaTepHuansl. I103TOMy ycTdHOL. 1ICHHE IPAHUI IPUMEHUMOCTH 3TOTO COOTHO-
MICHUS WMeEET NPHHLUUINHANBLHOE 3HAYEHHME IS TEOpHH M NpPAKTHKM Hedre-
razonobprum.

§ 4. TPAHMIbI TIPUMEHHUMOCTH 3AKOHA JAPCH.
HEJIMHEAHBIE 3AKOHbI OWJILTPALIUM

IlpoBepke M WcCNeNOBAaHHIO NPEAENOB NPHMEHUMOCTH 3akoHa Jlapcu
NOCBAILEHO 3HAYUTENBHOE YHCIO paboT OTEYECTBEHHBIX H 3apyOeXHBIX
CreuManucToB. B mpomecce 3THX HCCNEJOBAHHMM MOKA34HO, 9TO MOXHO
BbIICTIMTh BEPXHII M HHUXHIOK IpaHHUNBl MIPHMEHUMOCTH 33aKOHA
JlapcH H COOTBETCTBYIOIUME MM [IBE OCHOBHBIE [PYINbI IPUYHH.

BepxHsis rpaHuua omnpepenseTcs IpyNnoil NOpPUYHH, CBS3aHHBIX C
HPOSBIICHUEM MHEPLUHOHHBIX CHJ IHPH JOCTATOYHO BBICOKHX CKOpPOCTHX
dunbTpanyy.

HuxHsis rpaHHud onpefensercs MOPOSBIEHHEM HEHLIOTOHOBCKHX
PEOJIOTHYECKHAX CBOMCTB JKMJIKOCTH, €€ B3aUMOAEHUCTBUEM C TBEPALIM
CKEICTOM MOPHUCTOH Cpeabl MpH JOCTATOYHO MATIBIX CKOPOCTSX (QUILTPALUH.

PaccMOTpHM KaXAbIH W3 3TUX OPEfCNIbHBIX Cly4aeB, KOTOPbIE NIPHBOAAT
K HEJIMHEHHbIM 3aKOHaM (HIbTpaluH.

! JameTum, 4TO 3axkoH [lapcH CEAYeT, MO CylwiecTBy, M3 npuuuuna OHiarepa
TEPMOAMHAMHKH HEOOPAaTHMbBIX TPOLECCOB B INPHIOKEHHH K cuie mexda3oBoro
B3aMMOJEHCTBH TBEpAOH MaTpHust H ¢mounaa [30].
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BepxmsAs rpaHMna NpUMEHUMOCTH 3aKkoHa Japcu. Haubonee nom-
HO M3y4YCHbl OTKIIOHEHHUS OT 3aKoHa [lapCH, BbI3BaHHbIE MTPOSIBICHHEM HHED-
[HOHHBIX CHJI NPH YBEIIMHYCHUH CKOPOCTH (UIbTpanuu. BepxHrowo rpaHuiy
NPUMEHHUMOCTH 3akOoHa /[lapCH CBSA3bIBAIOT OOBIMHO C HEKOTOPBIM KPHTH-
4ecKHUM (IpefeNbHBIM) 3Ha4YeHHeM Re,, uncna PeitHonsacal

Re = wd/v,

rie d—HEKOTOpblH XapakTepHbId IHMHEHHBIH pa3sMep IOPHUCTOH Cpenl;
v— KHHEMaTHYECKUHA Ko3dpduimeHT Bsizkoct dmonaa (v = n/p).

MHOTroYHCICHHBIE 3KCIIEpUMEHTANbHbIE HCCIEJ0BAHUA H, B YaCTHOCTH,
onulTel [Ix. ®anuepa, Jx. JIsrouca u K. bepuca, Jlunaksucra, I'. ®@. Tpe-
6mua, H. M. JKasopoHkoBa, M.D. AspoBa u Apyrux OblnM HanpaBleHbI Ha
HOCTPOEHHE YHHBEPCATLHON 3aBHCHMOCTH (IO aHATIOTMM ¢ TpyOHOR ruapaB-
MMKOH) KO03QPHUHMEHTA TIUAPABIMYECKOTO CONPOTHBIEHHS A OT YHCIA
PeitHonbaca. OgHAaKO BCIEACTBHE PAa3IMYHOM CTPYKTYpHl M COCTd4Ba NOPHC-
TBIX CpEl MOJYYHTh TAKYH) YHHBEPCANBHYIO 3dBHCHMOCTbL HE YIa€Tcs.

[Ipu 06paboTke pe3ynbTATOB 3IKCIEPHMEHTOB 3HAYMTENLHOE BHUMAHME
obpalanock Ha TakoH BLIOOp XapaKTEpHOTrO pa3Mepa NMOpPOBOH CTPYKTYPHI,
9706BI OTKJIOHEHHS OT 3akOHa [lapcH BO3HHKAllM NP OAMHAKOBLIX 3Haye-
Husix udcna PefiHonsAca, M 3aKOH (QUILTPALMM B HENIMHEHHOA obnactH
JIONyCKaJl YHHBEpPCAIbHOE IpeACTaBIIECHHE.

IlepBass KONH4YECTBEHHAs OLIEHKA BEpPXHEH TpaHHMIbl TNPUMEHMMOCTH
saxoHa [lapcu 6vina gaHa 6onee 60 ner Haszag H. H. [1aBnoBckuM, KOTOpBIA,
omupasch Ha pe3yiabraTel Y. CiauxTepa, NONMyHYCHHBIC A1 MOACIH HAcalb-
HOrO IpyHTd, M IOnaras XapakTepHulil pa3mep d paBHbIM 3(¢EKTHBHOMY
AMaMeTpy d,y, BbIBEN cleAyromyo dopMyiy s ukcna Pelinonbaca

. Wd3¢
T (0,75m +023) v’
Hcnons3osaB 3ty dopMmyny u maHHbe 3kcnepumeHntoB, H.H. I1aBnos-

CKHil yCTAHOBMITI, YTO KPUTHYECKOe 3HAa4CHHe 4Mcna PelHONMbACA HAXOMMUTCH
B mpenenax

7,5 < Re,, <9.

Re (1.11)

HdoctaTouHO y3kuil AMana3oH HM3MEHEHHs 3HaueHuH Re,, oOwBACHseTCH
TEM, YTO B ONLITAX MCIONb30BAIKCh HE CIHIIKOM pa3HooOpa3Hbie 0Opasisl
IOPHUCTBIX Cped.

JAns ynobcrBa 06paboTKH pe3ylbTaTOB MHOTOJHCIEHHBIX 3KCIIEpUMEH-
TOB pa3nuyHblx aBTopoB B. H. llienka4es npeanoxui ucnons3oBaTh be3pas-
MEpHBI apaMeTp, Ha3BaHHbIH UM MapaMeTpoM JlapcH H onpeaenseMbli
paBEeHCTBOM

k L
o= Wn/k_ wnL (1.12)
Ap/L  kAp

! Hanomuum. uto no ¢usmuyecxkoMmy cMeiclly uucio PeliHonbjca npeacTasiser
cobo¥ OTHOIIICHHE CHJI MHEPUHH K CHIIaM BA3KOTO TPEHHS.
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Da
a01 a1 10 107 100 1000 Re

Pid

a2 9%
a8
o

o1 2R

Puc. 1.5. 3apucumoctb napamerpa [apcu ot uucna Peiinonbaca

Otciona BuaHO, 4TO mnapamerp Jlapcu mnpeacTtaBnsieT coboit
OTHOIIEHHE CHIBI BS3KOrO0 TPEHHS K cule aaBneHus. CpaBHUBas
paBencTBo (1.12) u 3axon dapcu (1.7) (1s cny4as ropp30HTaILHOTO IUTACTA,
Korga p* = p), MOXHO YTBEPXJaTh, 4TO €CIIH CHOPaBEIIHB 3akoH JlapcH, To

Da=1. (1.13)

Taxum obpaszom, pasercTso (1.13) momkHo BeIMoNHATECS NpU Re < Re,,.

Beegenue mapamerpa Da ympolaet uccnegoBaHHE IpDaHHIbI MPHMEHH-
MOCTH JIMHEHHOro 3akoHa ¢QunbTpauud. JIeHCTBUTENBLHO, €CIH Ha OCH
abcuucc orknaabiBaTh lgRe, a mo ocu opmuHart-lgDa, 1O mNOCKOIBKY
lgDa =0, npu Re < Re,, rpapukom 3aBucumoctu lgDa or IgRe 6yner
npsiMasi IMHHAS, COBNaAaromas ¢ ocero abcuuce go Tex nop, moka Re < Re,,.
Kax Tonbko Ha 3TOM rpaduke NTHHHS HAYHET OTAENSATHCA OT ocH abcimicc,
cpaly Xe¢ OOH4ApYXHMTCs HapyueHHE 3akoHa JlapcH (3TO COOTBETCTBYET
3HauyeHmstM Da < 1, lgDa < 0). 3ua4denue Re, npu xoTOpoM CTaHET 3aMETHO
OTKJIOHCHHEC YIOMSHYTOH JIMHMM OT ocH abcuucc, U OyneT KpHUTHHECKHMM
3HaYeHHeM. {5 WIIOCTpalMK CKa3aHHOro Ha puc. 1.5 Ha norapudmuteckoi
CETKE NpuBeAcHB 3aBUCHMOCTH 1g Da ot g Re, npeacrasnsirommue pezynbraT
o6paboTku onbiToB o popmynam B. H. llenkauesa (tabn. 1.1). JlanHnie Ha
3TOM rpaduke cCOOTBETCTBYIOT 001aCTH HenuHeHHOH punbTpaus (Ig Da < 0)
OIS PA3/IM4HBIX 0Opa3LoOB MOPHUCTHIX Cpeld.

OcHOBBIB4SICHL HA 3THX coobOpaxenusx, B. H. llienkayeB mpoBen KpHUTH-
YECKUI aHANN3 M CpaBHEHME (GOPMYJI, MMOJNYHYEHHBIX Pa3HbLIMH HCCIIEAOBATE-
JISIMH, JUIS ONIpeaeeHusl Re B Moa3eMHOM rHIPOMEXaHHKE H OLIEHKH BO3MOX-
HbIX KPHTHYECKHX 3HAayeHMH 4uucna PeliHonbaca Re,,, COOTBETCTBYHOLMX
BEpXHEH I'paHHIIE IPUMEHHUMOCTH 3akoHa Jlapcu. PeaynbTaTsl Takoro como-
CTaBJICHHS IIpuBeAcHsl B Tabu. 1.1. B mepBuix ABYX crpokax TabGmuib! AaHBI
COOTBETCTBEHHO ¢opMynsl ains Re u ko3dduumeHTa ruapaBIHHEcKOro
CONPOTHBIICHHSA A, NONY4YEHHbIE Pa3HBIMH aBTOpPaMH. B ueTBepTOil M mATOH
CTpOKax NPHUBEJCHBI COOTBETCTBEHHO KPUTHYECKUE 3HAUCHUS Re, nonyueHHbIe
CaMHMHM aBTOpaMH, U UX YTOYHEHHBbIE 3HAYECHHS.

Hanuuue TpeTheit cTpoku Tabn. 1.1, B koTopoit faHO npou3seacHue Rel,
oObsAcCHseTCH cneayomuM. B obnactd nuHEHHOro 3akoHa OGHIBTpaNMU
(Re < Re,,) cnpasemunBo paseHCTBO (1.13). IloaToMy ecnu NpoH3BEACHHE
Re’A 3daBucHT TONbkO OT mapamerpa Da (cm. rpads: 5-8 Ta6n. 1.1), To oHO
HMEET NMOCTOSIHHOE 3HAa4YeHHe (HE 3aBHCHILEE OT CBOWCTB MOPHCTOH CpEAbI)
20



B ciy4ae, ecmu Re < Re,,. M1 TONpkO B 3TOM cilydae MOXHO IOJNY4HThb
«yHHUBEpCalbHBIA» npsMonuueiHbll rpadguk B koopauHatax (lgRe, Igh),
COOTBETCTBYIOIMI (PUIBTpalMH pa3nU4HBIX QUIFOHAOB YEpe3 PA3JIHYHBIC IO
CBOMCTBAaM NOPHCTHIE Cpeabl. Pe3ybTaThl 06paboTKH ONBITOB MOATBEPK/AA-
¥OT 3TOT BBIBOJ.

Ha ocHoBe dHanu3a [aHHBIX, IPUBEJCHHKIX B Tabn. 1.1, MoxHO caenaTs
CIIEAYIOIIIHE BBIBOHI.

1. HecMoTps Ha oTme4eHHBbIE HenocTaTkd pesynstatoB H. H. INaBnos-
CKOrO, €CThb OCHOBAHHMS JIS MX COIOCTABIICHUS C COOTBETCTBYIOILUMH pe-
3ynbTaTaMM TpyOHO! ruapaBn¥ku. BaXHO NMOAYEPKHYTH, YTO KPUTHYECKHUE
3Ha4ueHus uucna PeiiHonmbAca, moacuuTaHHbIE o Gopmyne (1.11), HamHOrO
MEHBlIE TEX, KOTOpble B TpyOHOH TIMapaBIHKE COOTBETCTBYIOT NEPEXOAY
JIAMHHAPHOTO Te4eHWs B TYpOyleHTHOe. DTO CIIyXHT OJHHM M3 JOBOJOB
B NOJb3Y TOro, YTO NPUYUHBI HApYIICHUS 3aKOHa JlapcH NIpH BBICOKHX
CKOpPOCTSX QUNbTpAIMH {(yBETHYCHHUE BIIMAHUS CHJI HHEPLMM IO MEpE yBEIH-
uyeHuss Re) He cnenyer cBs3bIBaTh C TypOymmsanuei teyeHus. OTcyTCTBHE
TypOyJIEHTHOCTH IpH HApyIIeHHH 3aKkoHa JlapcH ObLIO AOKa3aHO Takxke
NPSMBIMHU ONBITAMU, H3NOXEHHbIMH . IllHebemnn.

dopMmynsl DaHuepa, JIbrouca u bepHca nony4ueHs! ¢GOpManbHBIM BBEIC-
HHEM B BbIpdXCHHE AN 4yuciad PefiHonbaca 3¢dexTUBHOrO aUamMeTpa
d,; B Ka4€CTBE XAPAKTEPHOTO pd3Mepa IOPUCTOH Cpejbl, OHH HE CONOCTa-
BHMBI C pPe3ynbTaTaMU TpPYOHOM rHApaBIIMKH, J4IOT CIMIIKOM Y3KHH Auana-
30H M3McHeHUs 3Ha4yeHud Re,, (cM. rpady 4 Tabn. 1.1), mano obocHoBaHbI.

2. Bo Bce apyrue ¢popmyist Tabi. 1.1 (rpadst 5-9) B kauecTBe XapaxkTep-

HOro pa3Mepd BXOJST BEJIMMHHBI, NPONOPUMOHAIIbHbIC \/E (rae k—xoad-
GUIMEHT IPOHUIIAEMOCTH MMOPO/IbI), METOAbI ONPEAC/IEHHS KOTOPLIX XOpOIUIO
u3BecTHBl. QOpMyJIBI 3TOM Ipynnbl HE MMEIOT NPHHLUMUNKATILHBIX IPEUMY-
IIECTB ¥ OJMHAKOBO YyAOOHBI AN MPAKTHHECKOro Mcnonb3oBaHus. [lis aTux
¢$OpMyJT Xap4aKTEPHO TO, YTO BCE OHU NPUBOAAT K OYEHb IIMPOKUM AMANA30-
HaM M3MeHeHUsS Re,, 1S pa3muuHBIX HOPUCTBIX cped. M aTo npeacTapisieTcs
BIIOJIHE €CTECTBEHHBIM BBHY pa3HOOODPa3us CBOHCTB UCIBITAHHBIX MOPHCTHIX
cpea. Kpome Toro, 3T0 CBHIAETENBCTBYET O TOM, YTO HA B OOHY H3
NpeIOXEeHHbIX $OpMy AN onpeaencHus Re He BXxoauT nonHbid Habop
HapaMeTpoB, NO3BOJIAIOIIMA XapaKTEPH30BaTh CIIOXKHYIO CTPYKTYpPY IOpHC-
THIX CpEJ, MCIOJNB3OBAHUSA IS 3TOH LeTH KO3(QOHUUUEHTOB MOPHCTOCTH
¥ IPOHUIAEMOCTH SBHO HEJOCTATOYHO.

BMmecTe ¢ TeM, IIMpOKMH quama3oH M3MEHEHAs 3HaveHuMA Re,, MOXHO
Pa3buTh HAa CPABHUTENBHO Y3KHE HHTEPBAJIbl, COOTBETCTBYIOIHME Pa3IMYHBIM
rpynnaM o6pa3uoB MOPHUCTHIX cped. ITO obleryaer ykasaHME BO3MOXHOM
BEPXHell I'PaHMIbI CIPABEAMBOCTH 3aKoHA Jlapcu npu ABMXeHMM (urouaa
B KaKoH-mubo mopucToi cpene.

PeaynbTaTel Takoro pasbuenus ans ¢opmymsl B. H. Illlenkasesa (cM.
tabmn. 1.1, nepBas cTpoka, nsArtas rpacga) npuseaens! B Tabm 1.2.

Wrak, npu 3HaveHUsx uucna PeiiHonbaca Re > Re,; TuHEHHBIA
s3akon [lapcu nepecraer ObiTh cnpaBeAnuBHIM. [lepsoe 06obmenue
3axoH4 JlapcH Ha cny4a#t Gonbiux Re, OCHOBAHHOE HA ONBLITHBIX AdHHBIX,
610 BRINONHEHO [romrouM, KOTOpHH chOPMYIIHpOBaN ABYYIICHHBLA 3axq'ﬂl
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Tadonuna 1.2

HHTepBath KPHTHYECKHX 3Aa4eRAd Re q1% pasmmumeiX ofpa3uoB nopucToix cpea

N QO6paseu 1IOPKCTOR Cpeab Jnanaion

n/n KPHTHYECKHX
IHAYCHHU

1 OnasopoaHas 1pobb 13-14

2 OaHOpOAHBIH KPYNHO3EPHHUCTLIR NECOK 3-10

3 HeonHopoaHbi# MeIKO3€pHHCTLIR NECOK ¢ Tpeo6- 0.34-0.24

nmagaHueM ¢paxkuui guaMerpom menee 0,1 Mm
4 CueMeHTHPOBAHHbBIH neCHaHKK 0.05-1.4

¢ubTpanuy, HocSALMHA UMS aBCTpHHCKOTO HecnegosaTtens P. PopxreiiMmepa,
HE3aBHCHMO YCTAHOBHBIIIETO €0 HECKONBKO NMO3mHee. B mpuHATHIX ceduac
0DO3HAYEHHAX 3TO COOTHOILNEHHE MOXHO HPEACTaBUTH (M1 NpOCTEHIero
Clyvasl NPSMOJIMHERHO-NAPAJLIEIbHOIO TeYeHUs 6e3 ydeTa CHUIIBI THXKECTH)
B CIEyIOLIEM BHAE:

Ap 7

=—-w+p

L=k sz, (1.14)

Jk
rae P - AONOIHMUTEIBHAS KOHCTAHTA IOPHCTOH cpedsl, ONpeJenseMas
3KCIIEPUMEHTAIIBHO.

IlepBoe crmaracMoe B MpaBoi 4acTH (1.14) yYHUTLIBAET NOTEPH JABIICHUS
BCJIEACTBHE BS3KOCTH XHUAKOCTH, BTOPOE - HHEPLHMOHHYHO COCTABIISIOLIYIO
CONPOTHBIICHHS ABHXCHHUIO XXUAKOCTH, CBSI3AHHYIO C KPHBOJIMHERHOCThIO
H M3BHINCTOCTBIO MOPOBBIX KaHalloB. U3 (1.14) crnepyeT, ¥TO NpH Maibix
CKOPOCTSIX (DMIbTPALMM KBAAPaTOM CKOPOCTH w? MOXHO mpeHebpeub, H
rpagueHT AaBieHUA OYyJeT 34BHCETH TOJBKO OT IIEPBOrO CIAraeMoro, T.€.
nBuxeHue Oyner Oe3bIHEpLIMOHHBIM, COOTBETCTBYIOMMM 3aKoHy Jlapcu. Ilpu
6onbIINMX CKOPOCTAX (UILTPALKM CHIIBI MHEPLUUH CTAHOBSATCS CYLUECTBEH-
HBIMH M OYAYT CONOCTaABMMBI UM AdXke mpeobliafaTh Hal CUIIdMH BA3KOCTH.

Xopoluas coracOBaHHOCTH cOOTHOIEHUS (1.14) ¢ AaHHBIMH NIPOMBICITO-
BhIX H JKCIICPMMEHTANIbHBIX HaOmiozeHWit Oblma yCTaHOBIEHA B MHOIO-
9UCIIEHHLIX paboTax COBETCKMX M 3apyDOeXHLIX McclegoBaTeNeil. ITo cBUAE-
TEJIBCTBYET O TOM, YTO JAHHOE COOTHOILIEHHE MPEACTABISAET HEYTO Donbliee,
YEM NPOCTYIO IMIHPHYECKYIO HOPMYIy, IOCKONbKY OHO XOPOIIO BBIMONHSA-
€TCH Aaxe IS BecbMa OOJNBIINX 3HAYCHHHA CKOPOCTH QUNBTPALMH. Pu3n-
4ECKUN CMBIC]T 3TOrO 3aKJIIOY4eTCH B TOM, YTO IPU OOJIBIIMX CKOPOCTSAX
OLICTpONEPEMEHHOE ABMXEHHUE B IOpPAxX BCIEACTBHE (M3IBHIIMCTOCTH» IIOPO-~
BbIX KaHAJIOB CONPSXKEHO C IOSBIICHUEM 3HAYHUTEIbHBIX HHEPLMOHHBIX
COCTABIISIOIINX THAPABIMYECKOro compoTupneHus. C yBenHueHHEM 4YHCIa
PeiiHo1bACA KBAApaTHYHBIN 4ileH B BhIpaxeHHM (1.14) oxaapiBaeTcs npeob-
JIafarolUM, CHIIbl BA3KOCTH NPEHEOPEKUMO Mallbl 10 CPABHEHHUIO C CHIAMH
uHepuud, 4 (1.14) cBOAMTCH TOrga K KBaJAPATHYHOMY 3dKOHY (UIIbTPalLlUH,
npeanoxenHomy A. A. KpacHononbckuM. OH cripaBeAIMB B Cpeax, COCTOS-
IHX M3 YaCTHUL JOCTATOYHO KPYIIHBIX pa3MEpOB. '
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Tadonuna 1.2

HHTepBathl KPHTHYECKHX 3Aa4eRAd Re q1% pasmmumiiX ofpa3suoB nopucToix cped

N OO6pa3seu 1IOPHCTOH Cpestbi Nuana3ox

n/n KPHTHYECKHX
IHAYCHHU

1 OnasopoaHas 1pobb 13-14

2 OaHOpOAHBIH KPYNHO3EPHHUCTLIR NECOK 3-10

3 Heonsopoaubi# MeIK03epHHCTLIR 1ECOK ¢ Tpeo6- 0.34-0.24

nagaHueM ¢paxkuui guameTpom menee 0,1 Mm
4 CueMeHTHPOBAHHBIH NECYAHHK 0.05-1.4

¢ubTpauy, HOCAIIMKE UMS aBCTpHHCKOro HccnegoBatens ®. PopxreiiMmepa,
HE3aBUCHMO YCTaHOBMBIIEIO €r0 HECKONBbKO No3mHee. B nmpuHATHIX ceiffvac
0DO3HAYEHHAX 3TO COOTHOILNEHHE MOXHO HPEACTaBUTH (U NPOCTEHIEro
Cllyyasl NPAMOJIMHEHHO-NAPAIIIENILHOro TeyeHUs 6e3 ydeTa CHIIBI TSXKECTH)
B CIIEAyIOLIEM BHJE:

P (1.14)
Jk

rae P - AOMONHHTENbHAS KOHCTaHTA MOPUCTOH Cpendbl, ONpeAenseMas
3KCIICPUMEHTAIIBHO,

IMepBoe cnaraeMoe B NpaBoif yacT (1.14) yMHUTLIBAET NOTEPH AABIICHUS
BCIIEICTBHE BA3KOCTH XHMIKOCTH, BTOPOE - HHEPUHOHHYIO COCTABIISIOLIYO
CONPOTHBIICHHS ABHXCHHUIO XUAKOCTH, CBS3aHHYIO C KPHBOJIMHEHHOCThIO
H M3BHINCTOCTBIO NMOPOBBIX KaHaloB. U3 (1.14) crnepyeT, ¥TO NpH Maibix
CKOPOCTSIX (DMIbTPALMM KBAAPATOM CKOPOCTH w? MOXHO NpeHebpeub, H
rpagueHT AaBjicHUS OyaeT 3aBHCETH TOJBKO OT IEPBOrO CIArdeMoro, T.€.
nBuxeHue OyneT Oe3bIHEpLIMOHHBIM, COOTBETCTBYIOINMM 3aKoHy Jlapcu. [1pu
60nBIIMX CKOPOCTAX (QHUILTPALKH CHIIBI MHEPLUHUH CTAHOBATCS CYILECTBEH-
HBIMH M OYAYT CONOCTaBUMBI HIIH [dXke mpeobliafaTh Haj CUIdMH BA3KOCTH.

Xoporuas coracoBaHHOCTh cOOTHOIEHUS (1.14) ¢ JaHHBIMH [IPOMBICIIO-
BBIX M IKCIOEPMMEHTANbHbIX HabmoneHuWil OblTa ycTaHOBIEHA B MHOrO-
9UCNICHHBIX pabOTax COBETCKHX M 3apYOeXHBIX MCCleAOBaTeNEH. DTO CBU/E-
TEJIBCTBYET O TOM, YTO JAHHOE COOTHOILCHHE MPEACTABISAET HeuTo Honbliee,
4YEM IPOCTYIO 3MIUPHYECKYIO GOPMYIY, NOCKOJIBKY OHO XOpOIIO BbINOTIHA~
€TCA JaXe IS BecbMa OONBIIMX 3HAYCHUH CKOPOCTH (UnbTpauum. Puiu-
4eCKUN CMBIC]T 3TOrO 3aKJIIOY4€TCH B TOM, YTO IPU OOJIBIIMX CKOPOCTSAX
OBICTpONEpEMEHHOE [ABMXEHHUE B IOpPAax BCIEACTBHE (M3BHIIMCTOCTH» IIOPO-
BBIX KaHAJOB CONPSAXEHO C IMOSABIICHHEM 3HAYMTEIBHBIX HHEPLHOHHBIX
COCTABJISIOIINX THAPABIMYECKOro conpoTusneHus. C yBemHueHHEM dYuCIa
PeltHO1bICA KBAAPATHYHBIM 4YleH B BhIpaxeHUH (1.14) oka3siBaeTcs npeob-
JIa[aoLIUM, CHIIbl BA3KOCTH NPEeHEOPEXKUMO Mallbl IO CPABHEHHUIO C CHIAMH
UHepuuH, ¥ (1.14) cBOAUTCH TOrAa K KBAAPATHYHOMY 3dKOHY QUIIBTPALMH,
npeanoxenHoMy A. A. KpacHononbckuM. OH cripaBeAIMB B Cpeax, COCTOS-
IHX M3 YaCTHUIL JOCTATOYHO KPYIIHBIX pPa3MEpOB, '

T:E}‘Y+B
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§ 5. OBOBIEHHBIA 3AKOH JAPCH

3akon Jlapcm Ans TeueHHMS B NOPUCTOM Cpede OJHOPOJHON XHIKOCTH
MOXHO paclpOCTPaHUTh HA CHy4Yal COBMECTHOIO TEYEHHsS ABYX HECMELIH-
BAIOILUXCH >XUAKOCTEH (Hampumep, HedTH M BOAbI), 0b6oOmMMB mOHATHE
IIPOHHUIIAEMOCTH,

[lns 3TOro mpexje BCELO BBEAEM NOHATHE CKOPOCTH QUIBLTPAaLHH
AaHHO# ¢a3bl w., AHAJIOMMYHO CKOPOCTH GUIbTPAUMH OJHOPOAHOH
XHJIKOCTH, W; OTIPEJETSETCH KAK BEKTOP, IPOEKIMA KOTOPOro HA HEKOTOPOE
HanpasncHue | paBHA OTHOIIEHWIO ODBLEMHOro pacxoda AaHHOW (a3bl K
mwiomaaxe €}, NEPIEHANKYISPHON K YKa3aHHOMY HanpasieHHIO.

(Wi)l = Qi/QI' (1 A7)

INnomanka {Q, mepecekaeT TBepAyo ¥ 0Oe NMOABHXHBIE (a3bl.

Ipu GunbTpauuM ABYX HECMEIIHBAOLIUXCH XUAKOCTEH pPacCMATPHUBAIOT
NOHATHE HACBIIICHHOCTH NOPOBOro MPOCTPAaHCTBa Kaxaod ¢azon. Hacbl-
LIEHHOCTHh JJIEMEHTA NOPUCTOH cpeAbl AaHHOK ¢azoi s; onpene-
JIAETCH KAK OTHOCHUTENBbHAA yacTh 06beMa aKTHUBHBIX NIOP CPebl,
3aHsaTas 3TOo# dazoi:

s = AV/AV,, (1.18)

rac | MPUHUMAET 3Ha4eHUs | M 2 (s5,, §,— HACBILEHHOCTh COOTBETCTBEHHO

cMauyuBarolled M HecMawuparomed ¢aszamu); AV,—obveM cpeanl, 3aHATOH

XHUOKOCTBIO [; AV, — 0bmuit 0O6bEM aKTHBHLIX NMOP B J4HHOM 3JIEMEHTE.
OueBHIHO, CIIPABEATIMBO PABEHCTBO

S+ 5, =1, (1.19)

NO3TOMY M3 ABYX HACBIIEHHOCTEH He3aBHCHMA TONBKO OAHA, M OOLIMHO
XaPaKTEPUCTHKM [BMXCHHUS B MOTOKE ABYX(a3HOM XHUIKOCTH IpeACTaBIIsi-
I0TCS B (YHKLMH OT HACHIUIEHHOCTH NEpBOH (cMayuBaromleH) ¢a3on u
BBOAMTCH OOO3HayYeHHUE 5 = §,.
DKCMEPUMEHTANIBHO YCTAHOBIICHO, YTO PpacXod Kaxmod ¢a3sl pacTeT

C YBETIMYEHHUEM Tlepenaaa JaBIIeHUS U HACHILIEHHOCTH AdHHOM ¢a3oi, a 3aKoH
¢unbTpanMd Kaxao# M3 a3 mo aHaIOrHM C 3AKOHOM Jlapch MOXHO
3anUcaTh B BUAE

* *
w o kade ke lpy (1.20)

n, L n;L
TOe w, ¥ w,—CKOpOocTH ¢uIbTpauuu ¢a3; 1, ¥ 7,— AMHAMHAYECKHE KO-
(bnunemu BSI3KOCTH xmmcocnn Ap, u Ap, -Ppa3HOCTH AaBICHUH B COOT-
BETCTBYIOLUMX dasax; k] u k}-¢asosbie mponmnaemMocTH. BemuumHbt.
kf(i=1. 2) sBnsIOTCS N8 i KHIKOCTH NPOHMIEEMOCTSMH B OGBIMHOM
CMBICTIE B YCIIOBHUSIX COBMECTHON GUIBbTPALMH. DTH BEMHYMHBI 3aBHUCAT OT
CBOMCTB MOPHUCTOH Cpeab! M., MpexJae Bcero, oT ee abcomoTHOH NMpOHHUIae-!
MOCTH k, OnpeaeNsicMOH 10 AaHHBIM O QUIILTPALMH OJHOPOJHON XKHUAKOCTH,.
a TakXe OT HACBIILECHHOCTH INOPHCTOM Cpelbl Kaxao# ¢a3oii. Ipu OIHCAHHH

ABYXa3IHBIX TEUEHHUHt OGBLIMHO BMECTO (a30BbIX IPOHMIEEMOCTEH K, BBOAST
26



TAK Ha3biBAEMbIE OTHOCHTEJIbHBIE NIpOHHIAEMOCTH k; a3, onpenens-
€MbIE U3 OTHOLICHHH

k, = ki/k, k, = k3/k. (1.21)

B 60/MbIIMHCTBE ONMBITOB MOKA3aHO, YTO IS JAHHOH CTPYKTYpPhI MOPHC-
TOH Cpelbl OTHOCHMTE/IbHBIE NPOHULAEMOCTH K; SBJISIOTCS B OCHOBHOM
GYHKIMSMH HACHILIEHHOCTH, d €CJIM M HabmIoJaeTcs BIMsSHHE MHBIX napa-
METPOB (HANIPUMEP, OTHOIIEHUS KO3(PDHUIMEHTOB BA3KOCTH 1), $a3), TO UMK
obrryHo npenebperaror. Torma c¢ yderom (1.21) 3akon Jlapcu (1.20) mns
Kaxaoi u3 (a3 3amuchIBaeTcs B BUIE

ki(s) Ap;

=k , i=1,2 12
m=k= o (1.22)

B obmem cnyuae nasienus p, u p, B hasax He coBnaaaroT u3-3a AcicTBHS
TOBEPXHOCTHOTO HATSKEHHS M CBA33aHhI PAaBEHCTBOM

Pz —P1= P (1.23)

re p,—KamWLISPHOE JABIICHHE.

TunuyHble 3KCIEPMMEHTAJNbHBIE KPHBRIC (Da30BBIX IPOHMLIEAEMOCTEH
npuBeJcHN Ha pHc. 1.6 (xpuBasgs / oTHocHTCS K OoJsiee cMauMBarollei
XHIKOCTH—BOJE, KpHMBas 2—K MEHee CmauuBaiomici -HehTH; xpusas 1’
OTHOCHTCS K C/Ty4aro, KOraa nepBas ¢a3a sBJIseTCH ra3oM; s — ra30HaChlllleH-
RocTh). OTMETHM HEKOTOPRIE XapaKTepHbIe OCODEHHOCTH 3THX KpUBBIX. Jlus
KaxIo# asnl CyIeCTBYET NpeAeibHas HACKILEHHOCTD (s, U | — s*), Takas,
9T0 INpM MEHBIUMX 3HAYCHUSX HACBILEHHOCTH 3Ta ¢asa HENOABHXKHA.
JprxeHre nepBOil $a3bl MOKET NMPOHUCXOAUTHL TOMLKO B TOM CJyYae, €CIH
s > s, (ans BOnOHETAHOM CUCTEMSI §, HA3BIBAIOT HACBILCHHOCTBIO CBS3aH-
HO# Bogoif). Jlns BTOpOM ¢a3pl cBA3aHHASN HACBINIEHHOCTh paBHA | — s*
H Ha3bIBAETCs OCTATOYHOH HedTEHACHIIEHHOCThIO. Takum obpa3oM, coB-
MECTHOE TECUEHHE ABYX (a3 MMEET MeCTO JMiub B CJIEAyIOMIEM HHTEPBAJIC
M3MCHEHHUS HACBHIIICHHOCTH BOJOH [:

s, <5 <%

CyMMa OTHOCHTEJIbHBIX IPOHHIAEMOCTEN ISt KaXA0ro GUKCHPOBAHHOIO
3Ha4YCHUS § MCHblE 1:

k@®+k,m<l, O0<s<l

I'padukn k;(s) npeiactapisiioT cobOi acHMMeETPHYHBIE KPHBBIE (CM.
puc. 1.6). OTHOCHTEIbHAS NPOHHIAEMOCTD k, (5) cMmauMBaromeil ¢aswr npu
s = s* MMeeT 3HQ4Y€HMC, MEHbILE |, TOraa Kak BeJuuMHa k,(s) npu s =,
6ym3ka k eqMHUNE. DTO O3HAYAET, YTO IPHUCYTCTBHE CBSI3aHHON CMayMBaIO-
niei ¢a3sl Mano BIHSAET Ha TeYCHHE HECMAYMBAIOLIEH XHIKOCTH, TOrAa Kak
NPUCYTCTBHE OCTATOYHOM HecMayuBarolled ¢a3bl 3HAYHTENBHO «CTECHSET»
OBHXEHHME cMavuBaromei dasnl.

3aMeTUM BMeECTe C TeM, 4TO HekoTopwle 3kcnepuments (C.T. IOctep,
A.E. EBreHbeB) 0 BBITECTEHHIO BOALI MAciIaMM, MOJCIHPYIOIIMMH HEDTh,
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A’z“ Puc. 1.6. KpuBble 3aBUCHMOCTH OTHOCHTEND-
7 HHX ()@30BLIX TIDOHHIIAEMOCTEH OT HACHI-
ILIEHHOCTH

¢ ucnonp3oBanueM [TAB yka3nlBalOT Ha BO3MOXHOCTb MOJy4EHHS OTHOCH-
TENbHBIX (a30BbIX NPOHMIAEMOCTEH, NMPEBBILIAIOINX €ANHUILY, IPH Onpele-
JIECHHBIX YCJIOBHSIX CMAaiMBA€MOCTH Ha IpaHMIE MOPOJA— XHIKOCTh. ITOT
dddexT, BUAUMO, CBA3aH ¢ YMEHbIIEHHEM (QHIIbTPALMOHHOrO CONPOTHBIICHHS
B HMCCIEAOBAaHHOM ABYX(})a3HOM MNOTOKE (O CPABHEHHIO C OAHO(A3HBIM)
BCJIEACTBHE 06Pa30BaHMS KOJBLEBOH 061aCTH TEYEHHS, KOoraa BoJa ¢ 106as-
kamu [IAB IBmxercs B BHAE IUIEHKM 0O CTEHKAM IOPOBLIX KaHAJOB,
a HecMauMBaromlas (asa (Macjo) MepeMenaeTcs B IEHTPE KaHata (CKOJNb3UT
IO IUIEHKE, KaK [0 «cMa3Kke»). AHaJIOrHyHble SBICHUS 3aMEYEHB! B 3KCIIEPH-
MEHTax 1o GHJIbTPAaUMU ra30KOHIEHCATHBIX CMECEH.

Kak moka3spBaroT ONbBITHI M aHANH3 Pa3MEPHOCTEH, OTHOCHTEIbHBIE
NPOHMIIAEMOCTH K, (5) HE 3aBHCAT OT Pa3MePOB HOP, HO MOTYT 3aBUCETh OT MX
dopmsl u pacnpenenerns. [103TOMy KpuBBble OOMHAKOBHI I ONPEIEIEHHbIX
IPyIN, CXOAHBIX IO CTPYKTYPE NMOPHCTHIX Cpea.

B ruapoasdHaMuyeckux pacyeTax 4acTo yAODHO HOb30BATHCS 3MIIMPH-
YECKHMHM 33aBUCHMOCTSIMH 3HA'ICHHR OTHOCHTENbHOM (pazoBOii MpOHHMIIaEMOC-
TH OT HACBIIIEHHOCTH, NOJYYCHHBIMHM U3 3KCIIEPUMEHTANbHBIX JaHHbIX. Pac-
CMOTPHM 3MIUpHieckue (opMysinl, monyyeHHble UeHb-UxyH-CaHOM, KO-
TOPBbIE MOXHO IIPHMEHSATH IIPH OLCHOYHBIX pacyeTax.

1. Jns Boau ¥ HedpTH (§—BOJOHACBHIIEHHOCTD):

k(s)—{o wm 0<s5<0,2,
[(s—02)/0,81>° mpu 02<s</;
K, ( - {[(0 ,85 — 5)/0,85]1%8(1 + 245) npn  0<s5<0,85,
npu  085<s< L
2. JIns ra3a 4 BoAbl (§— ra30HACBILEHHOCTD);
kl():{o npp  0<s<0,l,
[(s — 0,1)/0,93*3(4 + 35) 1mpm

[(0,8 — 5)/0,8]>> mpu O0<s<
ky(s) =
0 npu  08<s

0l <s< |
0,8,
< L
BBeacHHbIE IOHATHS MOXHO ODOOIMATH HA Caydait COBMECTHOTO ABMXeE-
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a 100% 2asa (/] 100% 2a3c

100% 100% 100% 1007
B0ods1 wepmu 80051 He@mu

Puc. 1.7. [Inarpammsel (azosbix nponunaemoctedl nnm TpexdaiHod cmecu (Boaa-—
mehTL—ra3)

RUsl Tpex HecMmelBarommxcs ¢uronnos: HedTy, rasa u Boasl. Ecnn obo3xa-
9UTh 3TU GUIFOMIBI COOTBETCTBEHHO MHAEKCAMH «H», «I'», H «BY», TO MOXHO
BBECTH OTHOCHTEJbHbIC NMPOHUIAEMOCTH Kk, k., M k, TOYHO Tak Xe, KaK 3TO
Obu10 cmemaHo ans aByx xuakocteit. I1pu 3ToM ¢a3oBble NPOHMIIAEMOCTA
ABJISIFOTCH yX€ (DYHKUMSAMH ABYX HE3aBHCHMBIX HACHIIICHHOCTEH S, H S,
(ra3oRachbIEHHOCTD §, = | — 5, — §5,).

k, =k, (5. 5), ky=k(5.5) k =k(, s). (1.24)

H ONpeeNsioTCs [PH NOMOIIM TPeyrojbHbIX auarpamm (puc. 1,7,a—ans
BedTu k, u puc. 1.7,6 s rasa k). [IpyHIun nOcTpOEHHS 3THX AMArpaMM
cnenyromuii. [lapasienbHO Kaxood CTOPOHE TPEYroJbHMKA IPOBOAATCH
IpsiMble, BAOJb KOTOPBIX HACBIEHHOCTh OAHOH U3 ¢ra3 mocTosiHHa. Kaxnaas
HACKIILIEHHOCTb HU3MEHSETCS BIOJb CTOPOHLI TPEYTONbHUKA OT Hyns go 100%
Ha nOpoTuBosexauleid sepinuHe. Kaxigas Touxa BHYTPH TpEYrOJIbHHKA,
HaXOMAALIAACH Ha INEPECEYEHMH ABYX NPSMBIX, NapajlIeJbHbIX OBYM CTOPO-
HaM, COOTBETCTBYET OIPEe/C/ICHHbIM 3HAYCHUSAM 5, 5, U 5, = | — 5, — 5,. Ha
TPEyroJIbHHKH HaHOCATCS JIMHMM OJWHAKOBBIX OTHOCHTEJIbHBIX IIpOHHMIIAC-
mocteit ¢a3. Ha puc. .7,a npoeedeHnl JIMHUM paBHBIX 3HAYEHHH OTHOCH-
TEJILHOM NpoHMUAaeMOCTH 118 HedTH k,, Ha puc. 1.7,6 —ans rasa k..

Xapaktep 3asucuMoctedl (1.24) onpenmensieTcs pas’JMHHOM CTENEHBIO
CMayMBaHUs TBEPObIX 3epeH mopomsl (asamu, ‘npuyeM OKa3bIBAeTCH, YTO
OTHOCHTe/IbHAs NPOHMIAEMOCTh Hambosee cMaumBarowwei ¢asbi—BOLKI—
3aBHCUT IPAKTHYECKH TOJBLKO OT BOJOHACHIIICHROCTH §, H IIOYTH HE 3aBHCUT
oT HedTe- U ra3OHACHILICHHOCTH §, H §,.



§ 6. MIPMMEHEHUE METOJ0B TEOPUM PAIMEPHOCTEM
B NOA3EMHON r’MAPOMEXAHUKE

MeToan Teopuu pasmepdocTed HAXOAAT LIMPOKOE TIPUMEHEHHE B MOJ-
3eMHO# ruapoMexaHuke. HallOMHUM JIHILIB OCHOBHOE IOJIOXKCHHE aHalM3a
pasmepHocTei — [1-Teopemy: ¢u3Myeckass 3aKOHOMEPHOCTh, BbIPaXXEHHasl B
BHIE 3aBHCHMOCTH pa3MEpHOH BEIMYHUHBI OT pa3MEPHBIX H Oe3pasMepHbIX
ONpEAC/IAIONNX MapAMETPOB, MOXET OnITh NpPEICTABJICHA B BHAE 3aBHCH-
MOCTH HEKOTOpPO# Oe3pa3sMepHOM BeJM4YMHBI OT Oe3pasMepHuIX KOMOHUHALMIA
ONpeAeHsIonMX NnapaMeTpoB, KOMUYECTBO KOTOPLIX MEHbIlIe OOINEro 4Yuc/ia
IapaMeTpoB 7 HAa YHUCJIO ONPEJC/SIOIMX MAPAMETPOB C HE3aBHUCHMBIMH
pa3MepHOCTSMH k, T.e. n — k.

Hcnonb3ys Teopuio pasMepHocTedl U II-TeopeMy, BbIBeJeM HEKOTOpBIE
3aKOoHB QUIbTpalMH M, B HEPBYHO OHEpecdb,— OCHOBHOM 3akoH Jlapcu.

OCHOBHOE TNPEANOJIOKEHHE IPH BBIBOJAE 3TOrO 3aKOHA 3aKJIFOHACTCS
B TOM, YTO BEKTOP CKOPOCTH QHIbTpalMU B AaHHON TOYKE MOPUCTOM CPean
W OIpe/ieseTCs BEKTOPOM I'PaMEHTa JaBJeHus grad p M XapaKTepUCTHKAMH
HNOpUCTON cpeabl M XUAKOCTH. Ilpu 3TOM HOpHCTas cpela CHHTAETCS
OOHOPOJHOM ¥ HM3OTPONHOMN, XapaKTepU3yeTCs CPEIHHM pasMeEpoM nop d,
6e3pa3sMepHOH MOPUCTOCThIO M M, BOOOILE TOBOPS, HEKOTOPHIMH APYTHMH
XapaKTEpUCTHKaMH, KOTOpBIE TAaKXe€ MOXHO CYHTaTh Oe3pa3sMEpHhIMH,
HaIpUMEp KPHUBOH PAaCIpeaesicHUs MOp MO pa3MepaM.

OuUIbTPYIOMIANCH XHUAKOCTb, KOTOPYIHO NMPHHUMAEM OJHOKOMIIOHEHTHOM
¥ HBIOTOHOBCKOM, XapaKTEPU3YETCs TOJIBKO BA3KOCTBIO T| M IUIOTHOCTBIO p.

Taxum obpa3oM, cuMTaeM, 4TO CKOPOCTb (PUIBTpAallMH w 3aBHCHT OT
mapameTpoB grad p, d, m, p, M, a TaKke OT JApyrux Oe3pa3sMepHbIX
XapaKTEepUCTHK IMOPMCTOH cpedbl, BIMSHHE KOTOPHIX 3[IeChb OOCYyXOaTh He
6ynmem.

Cpenu mnepeynciIeHHbIX NapaMETPOB TOJIBKO OJHA BEIMYHHA SBJISCTCH
BeKTOpOoM. OTCrO/1a ClleyeT, 4TO HAaNpaBJICHUS BEKTOPOB CKOpocTH hunbTpa-
LMY ¥ TPaJMeHTa AABJIECHUS JODKHB coBnaaTh'. Eciu 661 BEKTOP CKOPOCTH
GHIBTPALMHA COCTABIISLT KOHEHHBIH YroJ C BEKTOPOM IPAIUEHTa AaBJICHUS, TO
IIpH NMOBOPOTE MAJIOTO 3JIEMEHTA NOPHCTOH Cpedbl BOKPYr HANpPaBIICHHS
BEKTOpPA IPagueHTa JaBJICHHSI OH TOXE JOJDKEH ObLI Obl MOBEPHYTHCH BMECTE
¢ anemeHTOM. HOo mockonbky NMpH TakoM NOBOPOTE CBOWCTBA TEYECHHS HE
JOIXHBLI MEHSIThCS, TAK KaK CPEAa H3OTPOIHA, BEKTOP CKOPOCTH QUIIbTPaLMK
HOJIKEH OCTAThCS HEU3MEHHBIM, DTO MOXET ObITh TOJIBKO, €CJIH BEKTOP
CKOPOCTH HalpasJ/eH BIOJb BEKTOpA rpaiueHTa qaBieHus. TaxuM obpasom,
NOTy4YaeM:

gradp = — Cw, (1.25)

rae C—ckaJsip, 3aBHCAILMIA TOJIBKO OT MOAYJIN BEKTOPA CKOPOCTH, @ TAKXE OT
d m, m, p

! OTMETHM elle pa3, 9TO 3TO YTBEPXKAEHME CIPABE/UIMBO /Ul M3OTPONHLIX (a3,
B asuioTponHBIX cpenax BEKTOpbl CKOPOCTH (UILTPALMHM M IpagdeHTa NaBJICHUS
MOTYT HE cOBmanath (cM. ri. 2).
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3akon Jlapcu crpaBeUTHB IS MCUIEHHBIX (GHIbTPALHOHHLIX IBMKEHHIA,
JUISL KOTOPBIX CHJIbI HHEPLIUH HecylllecTBeHHBI. [109TOMY [UIS Takux ABMOXKEHHH
HECYIIIECTBCHHA IUIOTHOCTD XHIKOCTH, ONPEJC/ISIOLIAsl CBOUCTBO €€ MHEPLIHUH.
Taxum ob6pasoM, I MELIEHHBIX Oe3LIHEPLMOHHBIX JBHXEHMIl HbIOTOHOB-
CKOH XHIKOCTH B M30TPOIHOH MOPHCTOH CPEJE CipaBeA/IUB 3aKoH QUnbTpa-
man (1.25), npuieM xoadduuuent nponopunonHansHocT C MOXET 3aBHCETh
TOJIbKO OT OIPEJEIIAIOUNX IAPAMETPOB W, d, 1, m. Pa3MepHOCTH ompeaesie-
MOTO U OIPEJCIISIONIMX MapaMeTPOB, KaK HETPYAHO ONPEACIIMTD, 3aIKChIBa-
IOTCS B CIIEAYIOIIEM BHIE!

[C] = ==, [d=L [n]=—%, [ml=Ll

LT’ T LT’

PasmepHocTs C crnemyer M3 TOro, 4TO pa3MepHOCTH obeux 4acTei
ypaBHenus (1.23) momxHel ObITh OAMHAKOBHIMH. KaK BHIOHO, B JaHHOM
cnyyae n = 4, k = 3, Tax 4to n — k = 1. Pa3MepHocTH napameTpoBs w, d ¥ 1,
KaKk Jsierko ybenuTncs, He3aBUCHMbI, Oe3pa3MepHbI NapaMeTp noAobus
3/1eCh — YETBEPTHIH oNpeensiomMid napaMeTp —m. TakuM obOpa3oM. eciu
npusecTd k03ddumeHT C x 6e3pa3mepHoMy Buay, To napaMetp Il sBusieTcs

¢byuxmueit ot I1, = m. Cocrasum xommiekc C/(w*d Bn') u moabepem a, B,

v Tak, 4yTodb1 I1 Ob1n Ge3pasmepHbIM. OueBuaHo, yTo a =0, = -2,y =k
[C]=[w]°[4]"*[n],
TaK 4TO

I = C/(nd™2) = ®(m).
A aHAaJIu3 paSMCpHOCTCﬁ AaeT OKOHYATEJIbHO.
C = n @ (m)/d.

3aMeTHM, YTO B JaHHOM CJIy4a€ He3aBUCHMOCTb C OT CKOPOCTH NOJIy4YH-
Jach M3 OJHOrO aHajM3a pasmepHocTeit. O6o3nauum d2/d(m) uepes k, ata
BeJIM4KMHA Ha3bIBaeTCH KObOHUIMEHTOM MPOHUIAEMOCTH. 3JdKOH GUIIbTpaLMU
(1.25) npuBOXMTCH NPH 3TOM K BHIY

— k
w= — —gradp. (1.26)
n

HUmenHo B Takoit popMe 3akoH Jlapcu IpeacTaBieH B I 2,

Ecnu CcBOMCTBO MHEPHMH XHIKOCTH CYILECTBCHHO, @ 3TO 06s3aTe/bHO
6ynet npy 60b1UKMX CKOPOCTAX QUIbTPALMK, HAPUMEP B IPU3:100HHOI 30HE
CKBaXXHHBI, TO K YHC/Iy ONPEAC/ISIONIMX NapaMeTpPOB H0OABUTCH MIOTHOCTH
XHMIKOCTH p, a K yUCIy Oe3pa3sMepHuIX ImapaMeTpoB nonobus —mapamerp
I1, = wdp/n —4ucno PefiHonbaca PUIBLTPALMOHHOIO NBHMXCHUS B IIOpax.

CooTtHouueHnue (1.26), coriacHo aHanu3y pasMEpHOCTEH, NePeNUCHIBAECTCS
B OoJiee CIOXKHOM BHIC

. (wd
gradp = —%wml(f’n—p,m). 1.27)
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IIpn Maneix 3Hauenuax napamerpa I1, dynkouro @, cormacao popmyne
KOHEYHBIX NpUpAalIeHuid JlarpaHxka MOXHO NPeACTaBUThb B BHE

d d
®, ("—nf m) —®, (0, m) + %e(m). (1.28)

CornacHo cka3aHHOMY panee, BenuduHa @ (0, m) noymxHa OHITH paBHOI
enunnne. Ioacrasus (1.28) B (1.27) u yuts, uto k = d?/[® (m)], HaiigeM:

pw

. (1.29)
k

gradp= — NS
k
rae B-rakxe HeKoTOpas (PyHKUIUS NMOPUCTOCTH m.

Bunipaxenuc (1.29) npeactaBaser coboif aByuYneHHBIH 3akKOH
¢dunbrpanun. Bnepsble 3aKOH Takoro BHAa Onu1 mpedsioxeH Popxredme-
POM B IPOLLIOM BEKE.

BepreMcst x Oe3bIHEPIMOHHBIM JBHXCHHMSM, OJHAKO TENEPb Mbi OymeM
paccMATPHBATh (PUIbTPALMIO HEHBIOTOHOBCKOM XHIKOCTH, X4PaKTEPHU3YIO-
mieficss PeAcibHBIM HANPSDKCHHEM CABHrd Ty, OO AOCTHXEHHMS KOTOPOro
XHMIKOCTh BEAET Cebs KiK TBEPAOE TENO, a MOCE JOCTHXCHHS HaNPAKEHHEM
COBUra T NPEACSIBHOTO COBHUIOBOIO HANPSDKEHHS T,— KAK BS3Kas XHIKOCThb
N0J AeACTBHEM HU30BITOMHOrO HANPSKEHMS CABUra T — 1, TakoBO NOBeaeHHE
MHOrux HedTel, B uacTHOCTH, HedTeidr Ha MecTopoxacHusix [Ipukacmms.
Toraa K ONpeAecsIAOIMM NapaMeTpaM 10baBiseTcs napaMeTp Ty U MOSBIIA-
eTCsl HOBBIH Oe3pa3MepHblii MapaMeTp noaobus:

Tod
I, =07
nw
TaK 4TO COOTHOouIeHHe (1.26) 3amUChIBAETCH IUIS TAKHX XHAKOCTEH B BHAE
n- Tod
gradp= — —w®, <—°—, m). (1.30)
k nw

Ilepeitns B cooTHomeHud (1.30) x aBCONMOTHLIM BEIMYHHAM, HAWIEM:

d
lgradp| = le_W(Dz <IL M).
nw

3aMeTHM Tenepsb, YTO €CJIN Mbl OyIEM YCTPEMIISTh CKOPOCTh QUIbTPaLUK
K HYJII0, TO B NIpefiefie JOJIXHA MOJYYMTHCH BEJIMYUHA I'PAJHCHTA J4BJICHHS,
HE paBHasi HYJI}O, KdK B CJIyyae HbHOTOHOBCKOM XHMAKOCTH, a KOHe4YHas. JTa
BEIM4MH4 HA3bIBACTCH NpPCACJIbHBIM TPAaJHEHTOM AaBiaeHus y. [lo-
CKOJIbKY IpeJe/IbHBbIH I'paJUCHT JABJICHUS OT CKOPOCTH W HE 3aBHCHT, $ICHO,
4TO npu w — 0, T.¢. npu HONBIIMX 3HAYEHHUSIX MapaMeTpa T, d/(nw), byHKuus
®, nomxHa ObITh NPONMOPUHMOHANbHA ITOMY NapaMeTpy:
O, > 5(m)T°—d.

nw

Otcropa criefyeT 4TO NpedeSibHbIA IPAAUEHT AABJIEHHUS MPEACTABISETCS
B BHIC
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y="2 0, (m), (1.31)

J

a 3aKoH QUIbTPAaLMM pacCMaTPHUBAEMON HEHBIOTOHOBCKOM XHMAKOCTH (TaKue
XHUJKOCTH Ha3bIBAIOTCS BS3KOIUIACTHYECKHMHE) NIPHHMMAET BH.

—

gradp = —H\_A."—y“—), w > 0;
k w

|gradp| <, w =0, (1.32)

B nedTaHOM Moa3eMHOM MMAPOAMHAMHEKE ITOT 3aKOH 6bLI chopMyIHpO-
BaH ¥ BrepBble npuMeHeH A. X, Mupsamxansaze.

B nocrneayromux riaeax (cM. ri1. 5, 6) Teopus pasMEpPHOCTEM MCIOINb-
3YeTCS NP BbIBOJEC 3aKOHOB pacnpelciicHHs JABICHHUS /I HCYCTAHOBHB-
meics GUIbTPALMU YNPYrOd XHIKOCTH H rasa.

§ 7. NIOHATHUE O PEXVMAX
HE®TEIA30BOJOHOCHBIX TUIACTOB

ITocTaHOBKAa M peElICHME Ta30THAPOJMHAMUYECKMX 3aJa4 pa3paboTku
MECTOPOXACHMH B 3HAYATEIbHOHN CTENEHH ONPENENIOTCS IPUPOAOH JBHKY-
LIUX CHJI, obecneyuBaromMX GUIbTPALMO HeQTH WK ra3a B Iiacte. B casasm
C 3TUM BaXXHO€ 3HAUEHHE MMEET 3HAHUE PEXHMOB HE(QTEra30HOCHLIX ILJIACTOB.

PexXMM NpOXyKTHBHBIX IUIACTOB B MPOLECCE MX pa3pabOTKHM 3aBHCUT Kak
OT MHOTHX €CTECTBEHHBIX (DAKTOPOB, T4K H OT CHCTEMBI pa3pabOTKH.

K ecrecrBeHHbIM (hakTOpaM, BIHSIOIINM Ha PEXHM pa3pabaTeiBaeMOro
IUTacTa, OTHOCHTCS Ie0JIOrHYECKHE OCODEHHOCTH CTPOEHHUS Iu1acTa, QUbTpa-
HHOHHBIE XdPAKTEPUCTHKH NMOPOJ IIACTa M HACHIIAIOMIMX €r0 XHUIAKOCTEH
U ra3oB, ¢GU3NYECKHE YCIOBHUS B ILIACTE — JABJICHHE, TEMIEpaTypa H T. .

CucreMoit pa3pabOTKH IUIACTA ONPEAEISFOTCH YHUCIIO U CIOCOO pacno.io-
XEHHS JOOBIBAIOINIKUX M HATHETATENBHBIX CKBAXHH, [OCICAOBATEILHOCTL HX
BBO/IA B JKCILTyaTalMIO, TEMIIbI OTOOpA U 3aKAYKH XHAKOCTH MJIH ra3a B HHUX,
Cnocobbl BCKPBITHS MPOAYKTHBHOTO ILIAcTa, pasMepsl M ODOpYyIOBaHHUE
3260€B CKBAXHH, METOABI BO3ACHCTBUS Ha mpu3aboiiHylo 30HY U T.O.

JlBIXeHHe XHMOKOCTH M rasa B IUIACTe B IpOLECCE €ro pa3paborku
IPOMCXOJMT KaK 3a CYET HCMOJIb3OBAHHMS NOTEHIMAIbHON 3HEPIUHM ILIACTA
M HaChIIIAIOIIUX €0 XHUAKOCTEH, TaK M 32 CYET NOMNOJIHHUTE/IbHBIX BHEIIHHUX
HCTOYHMKOB 3HEPI'HH.

INoTeHnManbHash JHEPIUs IUTACTAa BBIPAXKAETCS B CIEAYHOIIMX (opMax:
3HEPIUH HAaNOPa KPAEBBIX BOJ; NOTEHUHANBHOM JHEpruu ynpyroit aedpopma-
IIMH XMIKOCTH M IOPOJbI ILTACTA; NOTEHIMANILHOH 3HEPrUM cxatus cBobosa-
HOTO M BBIAE/SAIOIIEroCcs M3 XHUAKOCTH IPH CHUXEHHHM MAABJICHUS ras3a;
3HEPruM, OBYCIIOBJIEHHON CHIIOH TSXXECTH TUIACTOBBIX XHAKOCTEH.

JlononHUTeNbHblE BHEUIHHE MCTOYMHMKH JHEPrdU CBS3dHBl C 3aKAYKOM
B IUTACT XMAKOCTH MJIM rasa Qs MOLUEPXAHHUS IIACTOBOTO JABJICHHS WX
HoBbIICHUS dexTHBHOCTH BhiTecHeHMs. COBpEMEHHbIE MHTEHCHUBHEBIC Me-

TOABI D'd3p't160TKH He(bTﬂHhIX MeCTOpO)KIIeHHﬁ OCHOBAHLI HA UCIIOJIb30BAHUH
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B KayeCTBE BHCIIHUX UCTOYHMKXOB JHEPIHH pas3J/IMYHBIX XHIKOCTEH M rasos.
Hanbonbiee pacnpocTpanenye Npy 3TOM HOJIY4HIN Takue paboume areHThI,
KaK BOJd, YTJIEBOAOPOAHbIE U HEYIJIEBOJAOPOAHbBIE Ia3bl, a TAKKE Pa3IHYHbLIE
PACTBOPHUTEJIH.

PexuMoM HedTEerasoBOOJOHOCHOTO MJACTA HAa3bIBAETCH MPOSB-
JIeHue goMuHHpyroumed GopMul nmiaacTtoBoit 3HEPrHM B mpolecce
pa3paboTku 3ajexH HepTH UM rasa.

B 3aBucuMocTH OT (OpMBI NJIACTOBOH JIHEPruM, 3a CYET KOTOPOM B
OCHOBHOM INPOMCXOAMT ABMXEHHME XHIKOCTH WM rasa B IUIACTE, Pa3jiMdaroT
cleayromue pexXuMel HeTera3oBOJOHOCHBIX ILTACTOB:

1) BonoHanoOpHbIH pex UM, Koraa HedTh BLITECHIETCH B JOOLIBAIONINE
CKBAaXHMHBI NOJ AECHCTBHEM HAINOpAa KPaeBOH HIM NOJAOLIBEHHON BOJBI;

2) ra3oHamoOpHbIA pexuM, ecau HehTh WIH BOAA BRITECHSIOTCS B
CKBaXXHHbI B OCHOBHOM I10J IEHCTBHEM HAmopa CXaTOro ra3sa, HaXOAAIIEr OCs
B BHJC Ta30BOH IIANKM HaJ HeQTHIO WIM BOJOH; MHOrAA 3ITOT PEXHUM
Ha3bIBAKOT PEXHUMOM ra3oBOM LIAIKH,

3) pexuM pPacTBOPEHHOI O rasa, Koria JaBjieHue B HEDTAHOH 3anexu
HIDKE JABJICHUS HACBIICHUS HeDTH ra3oM, M NMy3bIPbKH OKKJIIOAMPOBAHHOTO
ras’a, pacCilMpsisiCh, BHITECHNIOT HedTh K 3aDOSM CKBAXHUH, TAKOH PEXUM
npaBujIbHE#R ObLIO OB Ha3BaTh «PEXMMOM Ta3MpPOBAHHON XHIKOCTH» WM
PeXHMMOM «OKKJIFOAMPOBAHHOrO ras3a» (BeJb PAacTBOPCHHBLIA B He(TH ra3s
CYLLECTBYET B YCJIOBHSIX M BOAOHANOPHOTO, M ra3OHANOPHOrO PEXHMOB);

4) ynpyruif pexuM, NpH KOTOPOM He(Th MOCTYNaeT B CKBAXHHBI 3a
CHET YIPYTHX CBOACTB XHIKOCTH M NOpoAnl miacta (moapobuee o6 3roMm
pexXUMe CM. B I 5);

5) rpaBHTAaLMOHHBIA peXHUM, Koraa He¢Th WIM Boagd AOOBIBaIOTCH U3
IIJIaCTa TOJBKO 33 CHYET CHIIbI THXKECTH caMoil HePTH WIM BOABI.

Ipu pa3paboTke KOHKPETHOrO HeTHAHOrO MJIM ra3oBOr 0 MECTOPOXACHUA
MOTYT IPOSIBJSTBLCH Pa3jNyHbIe BUALI JHEPIUHU IIACTA M HACBHILAIOLIUX €ro
MUIKOCTEH M B Pa3HbIX COOTHOLICHHUSIX.

B mpoMeIcnoBO# npakTuke HedTsHas 3a€Xb PEAKO IKCIUIyaTHPYETCs Ha
KaKOM-JTMOO peXHUMe Bechb nepHon ee paspaborku. Tak, MecTOPOXICHHUS
C BOJOHANOPHBIM PEXHUMOM B Hayane pa3paboTku MOryT, BCJIEACTBHE
BBICOKHX OTHOpOB HeTH, MEPEHTH HA PeXUM pacTBOpeHHOro rasa. Muoraa
pa3uyHble Y4aCTKH OJHOrO M TOro Xe HE(PTHHOrO MECTOPOXIECHUS MOTYT
3KCILTyaTHPOBAThCSA NPH Pa3IUYHBIX PEXUMaX: B IPUKOHTYPHuIC AOOBIBarO-
e CKBaXXHHbI HeGDTh MOCTYMAET 34 CYET HANIOPA KPaeBBIX BOM, 4 B CKBAXKA-
HBI, PAaCIIOJIOXEHHBIC OIMXe K CBOAY,—3a CHET 3HEPIMH ra3oBOH LIANKH WIIH,
BO3MOXHO, 33 CHET PAaCIIMPEHUS BbIAEIUBLIETOCH U3 HeTH rasa.

Jlns mpaxTHUKH pa3paboTk¥ ra3oBeIX M ra3OKOHIACHCATHBIX MECTOPOXIE-
HUH XapakTEPHbl [Bd pEXHUMa-ra3oBblii U BogoHanopHeid. [Ipu razosom
pEeXHUME IPHUTOK ra3a K AOOBIBAIOIIMM CKBa)XMHAM NPOUCXOMMT 32 CHYET
[IOTCHUMAJIbHOH JHEPIUM PACIIMPCHHUS ra3a INpH CHIKEHHM OABJICHUS B
3aJIEXKH 10 Mepe ero oTbopa. I1pu 3TOM KOHTYPHbIE HIIH MOAOIIBEHHbIE BOAbI
NIPaKTHYECKH HE BTOPraroTCs B ra3oBYIO 3aJIeXb H, CJICIOBATEILHO, 0OBEM
NIOPOBOTO NMPOCTPAHCTBA ra3OBOH 3aJIeXH MPAKTHYECKM HE H3MEHSETCS IO
BPEMEHHU.
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I1px BOOJOHAIOPHOM PEXHME B Mpolecce pa3paboTKu B ra3oBYIO 3aJIEXb
MOCTYNAaeT KOHTYpHas WIM NOAOLIBEHHAN BOAd, HTO MPUBOOUT K YMEHBLIIC-
HUIO 06BEMAa MOPOBOIrO NPOCTpAaHCTBA ra3oBoit 3ayexu. [Ipu aTOM npHTOK
rasa x 3abosM OOOBIBAaIOIINX CKBAXHH OCYLIECTBJISIETCS 3a cYeT Hamopa
NOCTYNAOIIEH B ra30BYIO 3aJIEXb BOJBI.

Kommiekc ruapoAMHaMUAYecKuX 3aa4 pa3paboTky HedTARLIX ¥ ra3oBbIX
MECTOpPOX/ICHUI B 3HAYMTEILHOH MEpe ONPEAEISACTCS ECTECTBEHHBIMH M
HCKYCCTBEHBIMH PeXHMaMH He(TEra30BOJHOCHBIX [IJIACTOB U CO3JAFOLIUMUCS
[IP¥ 3TOM MEXaHM3MOM H XapaKTepoM GHIbTPAIMOHHBIX TEYCHHH I7IaCTOBBIX
dbmounos.

Konmpoavnrie sonpocwl u 3adavu

1. KakoBbl ocobeHHOCTH Teopud GHIBTPAaIMU NO CPaBHEHHIO C THAPO-
MEXAHHKOH B OTKPBITOM NPOCTpaHCTBE?

2. [Ipu ¢uAbTpanMK XHAKOCTH C NOCTOSHHBIM PAacXOAOM HEpe3 Hecle-
MEHTHPOBAHHYIO MOPUCTYHO Cpely MPOU3OLIIO BHIMBIBAHHE MEJIKUX (paKiuit
necka. Mi3MeHUIach JIM IpU 3TOM CKOPOCTh (DUIbTpAnUH U CPEAHSIS CKOPOCTh
IBHXEHHS XHIKOCTH?

3. Kyb c pebpom 1 M HamonHumH mapaMu auaMeTpoM 10 cM kaxAbIH,
a Kyd ¢ pebpoM 1 ¢cM TOYHO TaK X€ YJIOXHIM LIApAMH AHAMETPOM 1 MM
kaxapiid. [lopucTocTs Kakoi 3achinku 6obiue?

4. INoxa3aTsk, 4TO eciiM 0Opazen NOPUCTOro MaTepUaia, HIMEIINH 061eM

V 1 mopucTOCTh m, pa3buts Ha n dacteidl obveMoM V(i = |, n), TO

1 n
m= T/ Z m; Vis
i=1
rae m;— HOPUCTOCTh i-i yacTH. PaccMoTpeTh Takxke cmydait, xoraa Bee V,
OIMHAKOBBI.
5. Ompenenure MOPHUCTOCTh GHKTHBHOIO TPYHTA, CJIOXEHHOIO IIapaMu
IMaMeTpoM D, LEHTPEl KOTOPHIX HAXOAATCH B BEPUIMHAX Kybuueckoi

T
pewerku ¢ nepuogom D. Otser: 1 — 3 =z 0,476.

6. Kakosb! ¢pu3uyeckue Npu4uHbI HapylIeHUs 3aKkoHa Jlapcu W NpH KaKdX
YCIOBHAX OH BBINOJHSAETCH?

7. Jaiite dopmynupoBky [1-reopeMsl Teopuu pasmepHocTeid. Kakod BHI
6ymer uMeThb 6espasmepHas 3aBucuMmoctb [T =f(I1,, I1,,...), ecmn BCe
napameTpnl o;(i = 1,..., 1) UMEIOT HE3aBHUCHMBIE Pa3MEPHOCTH, T.€. n = k?



I'napa 2

JAUNOOEPEHIINAJIBHBIE YPABHEHHUA
M3OTEPMUYECKOU OUILTPALIUMN PJIIOUO0B
B HE®TEI'ASOHOCHBIX ILIACTAX

§ 1. BBOJAHBIE 3AMEUABUA

OunpTpanus B HeQTAHBIX M ra30BBIX IUIACTAX HaIIE BCETO IMPOUCXOMUT
B HEYCTAHOBHBLUHXCH (HECTAlMOHAPHbIX) YCIOBHSX. DTO O3HA4YaeT, 4TO
XapaKTEePUCTHKH ABHXEHHUS — CKOPOCTh (GHIbTPANMH, AaBJIEHHE, IIOTHOCTh
H3MEHSIOTCS C TE4EHHEM BpeMeHH. Kpome Toro, OHM U3MEHSIOTCS OT TOYKHM
K TOYKe, MOITOMY TOBOPSAT, YTO OHH 0Opa3yroT GHIbTPALMOHHOE MOJIE.

3agayn AEYCTaHOBUBIIETOCS ABHXCHHUS XHMAKOCTH M rasa B IUIACTE peiua-
IOTC MeTogaMM MaTeMaTuueckoil ¢usuku. [lns 3TOrO COCTaBISIOTCH H
3aTeM uHHTerpupyrorcs auddepeHunansHpie ypaBHeHUs. UToObl BBIBECTH
mubdepeHanbHbIE YpaBHEHHS GUIbTPalMK B IOPHCTOH Cpeae, 3aK/TH04ai0-
uiei B cebe pBmxyumitcs aroua (KUAKOCTH, ra3), BbLICAACTCH OECKOHEYHO
MaJlblil 2IEMEHT IUIACTa W PACCMATPHBAIOTCS M3MEHEHHS MAcChl, HMIIYJIbCca
M 3HEPrHM, NPOUCXOASIINE B 3TOM 3JIEMEHTE 32 OECKOHEYHO MaJblii IPOME-
XYTOK BpeMeHH. [IpH 3TOM HCIONB3yHOTCS 3aKOHBI COXpPaHEHHS MacChl,
HMIIYJIbCA U 3HEPTHH, 3 TAKXKE Pe3yJIbTaThl JA00OPaTOPHOIO MIIKM NPOMBICIO-
BOTO 3KCIEPUMEHTAIbHOIO M3Y4EHHUS CBOWCTB M INoOBeaAcHHS (IIOMIOB H
CBOHICTB NOPHUCTOH CPelbl C U3MEHEHHEM TEPMOOAPHYECKHX YCIOBHUH.

Yucno ypaBHeHu# B cucteMe (mubdepeHunanbHbIX ¥ KOHEYHBIX) JOJDKHO
PaBHATHCS UMCITy HEM3BECTHBIX (YHKIM, XapaKTepU3yIOUMX PacCMaTpUBae-
Mplii QUIBTPALMOHHBIA NPOLECC, ¥ NOAJIEKAIMX OIpeAcIcHH0. Taxas
CHCTEMA SBJISETCH 3aMKHYTOM.

B 3T0#l rnase orpaHMYMMCS PAacCMOTPEHHEM MPOIECCOB, AN KOTOPHIX
TeMnepaTtypa ¢ulronJa paBHa TEMIEPATYPE CPelbl U OCTAETCH HEU3IMEHHOM,
Je#cTBUTENBHO, BCIEACTBHE TOrO, YTO (QMIBTPANMs NPEACTaBasET Coboi
OYEHb MEAJIEHHBIA ITpouecc, N3MEHEHHE TEMIIEPaTyphbl, BOSHUKAIOIIEE B XOI¢
JABIDKEHHS BCJICACTBHE HATHYHMS COINPOTHBJICHHS CTEHOK IOPOBBIX KAaHAJIOB
W TPEIIKH, a TAKXKE K3-332 PACIIUPeHHUs (UIIOMA4 NPH YMECHBUICHMH [aBJICHHS,
yCIEBAET KOMIICHCHPOBAThCS TEINIOOOMEHOM C OKDYXAIOIIMMH T'OPHBIMH
nopogaMu. [lns TakMX H3OTEPMHYECKHMX MPOIECCOB, KAaK IOKa3aHO
B.B. JlanykoM, ypaBHEHHs] 3HEPIrHH PacCMaTpPHUBATh yXE HE HYXHO.

OpaHako, B HEKOTOPBIX ciydasix NpH pa3paboTke HeDTSHBIX U ra30OBBIX
MECTOPOX/JEHUH HEN3OTEPMUYHOCTh GUIbTPALMN IPOSBIASETCS JIOKAJIBHO
B npu3aboiHOH 30HE CKBaXXHH BCJIEACTBHE 3HAYUTE/IBHBIX MEPENANOB AaBJie-
Hus. U3yyeHne HEM30TEpMHUHECKHX IPOLIECCOB MMEET OCODO BaxXHOE 3HAUCHHE
B CBSI3M C NOBBbIIIEHHEM HedTeoTaauu Npu 3aKayke B ILUIACT TEIJIOHOCHTENEH
(ropsiueii Boawl, mapa), IpH NMPHMEHEHHH BHYTPHILIACTOBOTO T'OPEHMS, U B
HEKOTOPBIX APYTHX CIy4asx.

B uncmo muddepesnmanbHLIX ypasHeHHH (uiIbTpamMu 06A3aTEIBHO
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BXOAMT ypaBHeHHe DanaHca Macchl B 3JIEMEHTE IOPUCTOMR Cpe/hl — ypaBHEHHUE
HEpa3pbIBHOCTH, a Takke autbepeHnHanbHble YPABHEHUS OBMXeHHS. s
3aMBIKAHUS CHCTEMbI JOINOJIHUTENBHO BBOJASATCS YPAaBHEHHS COCTOSIHUSL pac-
cMarpupaeMmoro Gmromnga M nopuctoil cpeabl. JNns MOMYYEHHS pPELUCHMS
CHCTEMBbI ypaBHCHMH HAJO €II¢ 3a4aTh YCIOBHS Ha IpaHMUAX IUIacTa 4 B
HayaJbHbIA MOMEHT BPEMEHH.

B pe3ynbTaTe HHTErPUPOBAHUS IPEXIE BCErO ONPEACNSIETCA pacnpeaeie-
HHME AABJICHHS M CKOPOCTH (MILTpallMM MO BCEMY IACTy B JIHOOOH MOMEHT
BpEMEHH, T.€. -

p=px.y z.t), w.=wixyzt),
w, = w,(x, y.z 1), w=wi(xyz1.

Ecmu paccMaTpusaercs HecxuMaeMas XUIKOCTh (p = const) B Hexedop-
MupyeMOi mopuctoit cpeae (m = const, k = const), TO 4HMCIO HCKOMBIX
GyHKIM OrpaHHYMBAETCH ITUMH HETHIPbMS QYHKLHAMH (p, w,, w,, W,); s
¢bunbTpanuu cxuMaeMoro GUIIONAa B CKHMMAEMOH IOPHCTOH cpeae KpoMe
YOOMSIHYTHIX GYHKIME HYXHO ONpPENENHTh IUIOTHOCTh p, BS3KOCTH 1),
HOPUCTOCTh m, NMPOHUIAEMOCTh k KaK (yHKHMH KOOpPAMHAT H BpPEMEHH.
B 3TOM cny4ae HyXHO HMEThb BOCEMb YpPaBHCHHi - quddepeHnHaIbHBIX
U KOHEYHBIX — /1S ONpEJE/IEHHs BOCBMHU XapaKTEPUCTHUK (GUIbTPALIHOHHOTO
IOTOKA, XHUAKOCTH U HOPUCTOH CpEXbL.

AHaJIMTHYECKOE pelIeHHe CHCTeMbl auddepeHIHaNbHBIX YPaBHEHHA yaa-
€TCH MOJIYYUTH JIMUIb B OrPAaHHYCHHOM YHCJIE MPOCTEHIINX OYEHb CHIIBLHO
HAcaJM3MPOBAHHbIX CJIYYacB, HAIPUMEP B 3ajaye O NMPHUTOKE YNPYro xul-
KOCTM K CKBaXHHE B IUlacte DECKOHEYHOH NPOTSHXKEHHOCTH C NMOCTOSHHBIM
aebuTom.

B 6osiee CIIOXKHBIX CIYy4asiXx CHCTEMAa YPABHEHHH PELIACTCS YHCIEHHBIMH
METOJaMH C npuMeHeHHeM DBM. JlocTaToyHO xopoino pa3paboTaHnl yHC-
JIEHHBIE METO/bl PELIEHUS CaMbIX pa3sHOOOpa3HbIX M OYEHb CIOXHBIX 3aJa4
HOA3eMHOM ruapoMexaHukd. [1py 3TOM YNOMSIHYThIE aHAJTMHTHYECKHE peLIe-
HUSl UIPAIOT OYEHb BAXHYIO POJIb: HA HAX ONPOOYIOTCH YHUCICHHBIC METOBI.

Cucremy nubdepeHunanbHBIX YpaBHEHHE MOXHO MCIONB30BATh TAKXKE
U1 Ka4ECTBEHHOr0 MCCIENOBaHUs npouecca, Ecnu monyueHHblEe ypaBHEHMS
npuBecTd K Oe3pasMepHOMY BHIY, TO B KauecTBe ko3dduuueHToB OyayT
¢urypuposaTh Ge3pa3MepHbIe NapaMerpbl NOAOOHS. AHATH3UPYS HX CTPOE-
HME W YMC/ICHHBbIE 3HAYEHHS, MOXHO CyIUTh O TOM, KakKue CHJIBI MIParOT
pelIaonIyio pojb B MPOLECCE, KAKHE YWICHBl YpaBHEHHS MOXHO OTOPOCHTH
U T. O

§ 2. BbIBOJA YPABHEHNSA HEPA3IPBIBHOCTH

BriBeneM ypaBHEHHE HEpa3pbIBHOCTH (CILIOMIHOCTH) GWILTPAaIMOHHOrO
NOTOKA IS OJHOPOAHOIO CxuMaeMoro ¢mouaa B AehOpMHUPYEMOH NOPHUC-
TOH cpeae. ITO ypaBHEHHE IpeACTaBisieT coDON ypaBHeHHE HanaHCa Macchl
B 3JIEMEHTa PHOM 06BEME MOPHCTOM Cpelbl. BelAeIHM MBICIIEHHO B IIOPUCTOM
cpene, B KOTOPO# IPOMCXOAUT ABMXEHUE (IIFOM/A, JIEMEHTAPHBIA 06beM AV
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Puc. 2.1. Cxema anemeHTa miacta (K BBIBONY ypaBHEHHs Hepa3pbIBHOCTH)

B ¢opme mnapamnenenunena ¢ pebpamm Ax, Ay, Az (puc. 2.1), Torma
AV = Ax Ay Az. IlycTb UeHTp 3TOro napasieienuneia UMeeT KOOPAHHATHI X,
y, z. Toraa Ttoika M, coBmagaromas C UEHTPOM JI€BOR rpaHu ab, uMeeT

Ax . Ax
KOOPAUHATHI X — -5 y, 2, a Touka M’ —neHTp npaBod rpavu a'b’ — x + -

y, z. O6o3HauMM Hepe3 g = pw BEKTOP MacCOBOH CKOPOCTH GHIIbTpalHH
¢mouna. Toraa macca ¢mronaa, BTeKaromero B 06seM yepes JeBylo I'paHb
ab, HMmeromyo miuomanb Ay Az, 3a Manblii OPOMEXYTOK BpeMmeHH At
3alMCHIBAETCSA B CICAYIOLIEM BHIE:

(PwIam Ay Az At = q, (x - %, ¥, z) Ay Az At

OTMeTHM, 4TO B CHIIy MAallOCTH BhiieneHHOro o6kxemMa AV u ero rpanei,
MOXHO CYHTaTh, YTO IUIOTHOCTb M CKOPOCTh (PUNbLTPAaLMM paCHpedeNneHnl Ha
rpansix ab v a'b’ paBHOMEPHO M paBHBI 3HAYEHHSIM MX B Toukax M u M’
COOTBETCTBEHHO.

Macca ¢mronga, BuTekaromas 3 obbvema yepes rpans a' b’, pasHa

Ax

7Y z) Ay Az At

(pwoaw- Ay Az At = g, (x +

M3menenne maccel pmonga B o6seme AV 3a IpoMexyTOK BpeMeHH A! 3a
CYET IIOTOKA BJOJIb OCH X PABHO

Ax A
_qx(x— —2—,y, :) Ay Az Ar — q,(x +7x,y, z) AyAz At =

(+5)-el-5)
9x 2 x|\ X 2

= — AxAy Az At (2.1
Ax

PaccmotpeB dunbTpaumio ¢onga B HanpaBleHMSX BAONL OCed y M z,
MONIYYHM aHAJIOTHYHbIC BLIPaXCHHS JUIS M3MEHEHUS MacChl B ob6neme AV 3a
CueT MOTOKA BJAONb 3THX OCEH B BHIE:

38



: 2
— Ax Ay Az At (2.2)
Ay
Az Az
\2t5 )" 9%\Z"
— A AxAy Az At (2.3)

CyMMma 3THX Tpex BbIpakeHHH ompedensieT obluee HIMEHEHHE (HAKOILIe-
HHE) Macchl B o6seMe AV 3a BpeMs At Kak CIeICTBHE NOTOKA (prIroMaa Hepe3
IP4HH.

C apyro# ctopousl, Macca ¢monaa B 06bemMe AV B MOMEHT ! COCTABIISIET

(pm)|, Ax Ay Az,

B MOMeHT ! + At—(pm) AxAy Az, ¥ ec U3MEHECHHE PABHO

[(pM)

[lpupaBusB cymmy Bblpaxenuii (2.1)—(2.3) x Bblpaxenuro (2.4)
cokpaTuB Ha Ax Ay Az At, nonyinm:

[qx X 2 - qx X 2 qy y 2 - qy - 2 .
—~ + +

Ax Ay

t+ At

(Pm) ‘1+A1 - (pm) |,

+ar — (Pm) AxAypAzAt. (24

At

l:IAxAyAz =

L\Z2+ 5 |4\ ] (pm) |, ., — (PM)|,
+ .
At

Mepeitns x npeaeny npu Ax —»0, Ay—0, Az -0, At— 0, nomyyum
OKOHYATENbHO:

_[é&+ oq, 5q,] _ 8(pm)

dx dy oz ot
HIIH
d(pwy)  d(pw,) @ (pw-)] d(pm)
— = . 2.5
[ ox + dy + 0z ot (23

Cymma B ckobke B NeBOM 4acTH ypaBHeHHs (2.5) mpeacTaBisieT coboi
JMBEPreHIMI0 BEKTOpPA MAacCoBOH CKOPOCTH GHIbTPAlMH g = pw M KpaTKO
3aMKCHIBAETCS CIIEAYIOIHM 06pa3om:
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4 z Puc. 2.2. CxeMa 771eMeHTa IJ14CTa, B KOTO-
” POM [POMCXOAKT IIOCKOPAAMANIbHAR GHILT-

al I palua K CKBAXHWHE
r ~\ g(r+ir)
<IN
\
= // q) \\ \
8’ 4
d(pw,)  dlpw) 2lpw) .
+ ==d ),
ox ady * oz v (pw)
HO3ITOMY ypaBHeHHE (2.5) MOXHO 3aMHMCATh TAKKE B CIICAYIOIEM BHE:
. —  O(pm
div(pw) + (aLt) =0. (2.6)

OrmeTHM, 4TO ypaBHenue (2.5) (umu 2.6) CpaBefAIMBO TOILKO B TOM
Clyyae, eCITH BHYTPH 06beMa AV HET HCTOYHHKOB HIIH CTOKOB, BBIACTISIOIIMX
HJIM [OTJIOMIAIOIKX (IIFONA, He NPOUCXOJUT XMMHUYECKUX peakiuid, Ga30BbIX
NIpEBPALICHHA H T. 1.

Ecnmn B paccmMaTpuBaeMbifi 3INEMEHTApHBIH OOBEM MOCTYN4ET H3BHE
¢noua, To B NMpaByl 4acTh ypaBHEHHs (2.5) Hago A0GaBHTHL 3HaHEHHE ¢,
paBHOEe Macce (rronaa, NOCTYNAKOIETO B €IWHHIY BPEMEHH B EOMHHILY
obnema:

_Jalpw) | a(pw) 6(pw,)]_c’(pw
[ﬁx+6y+5: T

9 @7

Tax xak oJHOM H3 Haubollee HMHTEPECHBIX M BaXHbIX QIS NPAKTHKH
SIBIISIETCA 3ada4a O MpHTOKe QoM K CKBAXHKHE, TO MBI BRIBEJEM OT/ICJILHO
ypaBHEHHE Hepa3pbIBHOCTH IS 3TOTO cny4as. PACCMOTPHM IIOCKHHA QHIIBT-
PAIHOHHBIA NMOTOK, B KOTOPOM BCE YaCTHIIKI ABHAYTCS IO TOPH3OHTANIbHBIM
pajHanbHBIM TPAaCKTOPHAM, CXOASIIMMCS K LEHTPY CKBaxuHbl'. Bozbmem
3NIEMEHT TAKOrO MOTOKA {pHC. 2.2) H BbIAENHM 06beM Mexny (QHUIbTpaIHOH-
'HBIMH IOBEPXHOCTSAMH a' b’ ¥ ab, U101 KOTOPBIX PABHbI COOTBETCTBEHHO
orh u @(r + Ar)h, a obrem paBen AV = @rhAr, rae h—ToONUMKHA [14ACTA,
h = const (MOXHO npUHATH h = 1).

Paccyxpas Tak Xe, Kak H P4 BbIBOJE ypaBHeHus (2.5), HallieM H3MeHe-
HHE MacChl ¢IIIOHAa K4K Pa3HOCTh MEXKIY BTEKAIOLICH MAaCCOH 3a mpoMeExy-
TOK BpeMmeHH A! uepe3 IOBEpXHOCTb ab, paBHOM ¢(r + Ar) @h(r + Ar)At,
H BBITEKAIOLEH Maccolt depe3d o b - q(r) ohr At, (g = pw,).

3aTeM NpHpaBHSAEM €e K U3MEHEHHIO MacChl [(pm) |+ ac — (pm)|,]1 X @rhAr:
q{r + Ar)ph(r + Ar)At — q(r) phrAt = [(pm)

tvAL (pm) ,] orhAr.

! NMoapobuee cM. B 1. 3, § 1.
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CoxpaTuB Ha @k ¥ pa3genuB Ha Ar Af, MOIYyHHM:

qir+ An(r + An)—q(nr _ (pm)

Ar At

t+Ar (pm) t

(2.8)

Ilepeiinem x npeneny npu Ar — 0, Ar — 0, Torga

3(gn) _elpm)
or ot
MM
10 _ d(pm)

el 29

4YTO MOXHO IIPEACTABHTb TAKXE B CICAYIOLIEM BH/E:

3334_5(pWJ d(pm)

. (2.10)

r or ot

§ 3. AMGOGEPEHIIMAJIBHBIE YPABHEHUSA ABUXEHUSA

PaccMoTpuM (unbTpaudio (IrOMIOB B NOPHCTHIX Cpedax, IpHHAMAS
B Ka4eCTBe 3aKOH4 ABWXEHUs JMHEHHWH 3axOH ¢unbTpaunu Hapcu (1.7).

3axoH Japcu (1.6) mnm (1.7) 3anmucad B KOHEYHOM BHJE, T.€. I IIacTa
M o6pa3ud ¢ NOCTOSHHOM IJIOIIAAbi0 CEueHHs, rae Ap* — pa3sHOCTb NpHBE-
JICHHBIX JABJICHHA Ha XOHeyHO# Anuue L. [ins Tpybku TOKa C NEPEeMEHHOH
IIIOIIAABI0 CEdEHHs O ANMMHE TpyOku 3akon [lapcu 3amaceiBaeTcs B nudbe-
peHIMaNbHOR dopMe.

Bbigenum aBa cevyeHHS — [IEPBOE HA PAaCCTOSHHM § OT HAYdana OTCYETa
BJONb JTMHHH TOKA, BTOPOE — HA paccTOAHHH As oT nepBoro (puc. 2.3). [lycTs
JIBHXeHUE (QIIoMa IPOUCXOAMT B HANIPABIIEHHH BO3PACTAHHS KOOPIMHATHI S.
B ceueHHMH C KOOpAMHATOH § 0DO3HAYMM NPHBEAECHHOC [ABJICHHME Hepe3
p*(s, f), B CEYEHUH ¢ KOOPAMHATOM § + As—uepe3 p* (s + As, ). Mcnons3oBas
dopmyany (1.7), nomyqum:

kp*(s. ) — p*(s + As, 1)
w=—

n As
WnM, nepedias k npepeny npH As — 0,
k ap*
we — 2P 2.11)
n os

3HaKk MHHYC NOSIBHIICS B NpaBod 4acTH ¢opmynsl (2.11) moTomy, yTto
[PUBEJCHHOE AABJIEHHE NaJaeT IO ABHXECHUIO XHOKOCTH, T.€. TIpajJHeHT

IIPUBEEHHOTO [aBlIEHUS OTpUuarteneH 0p*/ds < 0.
Qopmyna (2.11) cnpaBeanMBa TOILKO AN H3OTPOIHOH Cpenbl, AIs
KOTOpPO# XapaKTEPHO MOCTOSIHCTBO NPOHHMIIAEMOCTH K IO BCEM HampaBblie-
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Puc. 2.3. Tpybxa Toka

HHSIM B OKPECTHOCTH paccMaTpuBaeMoii TodkH. OOHAKO ¢ NEpPEXoaoM OT
TOYKH K TOHYKE IJIACTA NPOHHIIaEMOCTh, BOODIIIE TOBOPS, MOXET U3MEHSATHCS,
Tak 410 k = Kk (x, ¥, z) (MOAens H30TPONHOTrO HEOAHOPOAHOrO IIIacTa).

3ammuem ypasHeHHe (2.11) B poekuMsix Ha OCH KOOPAMHAT X, y, z. Ecu
0003Ha4UTH uepe3 I, j, k eAMHUYHbIE BEKTOPH BJONbL Ocedl KOOpAUHAT, TO
BEKTOP CKOPOCTH (PHIBTPALMH MOXHO 3alHCaTh B BHIE

w=1iw, +]—"wy + .sz. (2.12)
B npasoii yactu (2.11) dp*/ds npeacrasnsier cobOM rpaiMeHT NpPUBEACH-~
HOTO AaBJIEHWS, T.€. BEKTOP C COCTABJISIOMIMMH dp*/dx,
op*/dy, Op*/éz
dp* _op* _.op*

dp* =7 —+j —+k—, 2.13
gradp® =i ——+J 6)-'+ pe (2.13)

TOrAa

— k

w = — —grad p* 2.19)
n

HIIH, B IPOEKIMSAX HA OCH KOOPAHHAT
k ap* k op* k op*

L A4 AL A 2.15)
n ox n dy n oz

Ecimu ock z HampaBneHa BEPTHKaJIBHO BBepX, TOo p*=p+pg: H
IubdepeHIHANbHbIE YDABHEHHS [ABHXCHHS IPUMYT BH[

kdp kadp k (51) )
= -2 = ——, =——|= 2.16
Wy nax’ W, 3y w, n\az + pg (2.16)
WM, B BEKTOPHO# ¢dopme
- k -
v (grad p — pg). (2.17)

= ——
n

PaccmoTpum auddepeHMaisHLe ypaBHEHNS JBUKEHUS TIPH BbINOIHEHHHA
JIBYYIEHHOro 3akoHa ¢unsrpanuu (1.12). B auddepenunansuoit popme oH
3aNHChIBACTCH B BHJE

_p_n, PR (2.18)

s k \/12’
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rae s— KOOPAWHATA, B3ATAs BAOJb JIMHMM TOKa MO ABHXCHHIO XHIKOCTH.
B BekTOpHO# ¢opMe NBYHUNEHHBIH 3aKOH BRIBEAEH H3 TEODHH pa3Mmep-
HocTedt B 1. |1 § 7, B BUOe

—pradp =" + P2 w 2.19)
PN

B IIPOCKIHUAX HA OCH KOODAHHAT HMEEM!

0
._p—nw+ p_llv_lw'

Cox k% Jk

oy k Jk 4
dp 1 plwl

_er_ 1 P 2.20
P kW:+B\/sz ( )

Ilpu ¢unbTpanM¥ HEHBIOTOHOBCKHX BS3KOILTACTHYHBIX XHIKOCTEH, a
TaKXe Ipu QUILTpalMK C OYEHb MAJILIMH CKOPOCTSMH HMEET MECTO 3aKOH
¢unbTpanuu (1.14), xOTOpRIH OTHH4YaeTCs OT 3akoHA /lapcH HaIUYHEM
[IpeAEbHOrO IPAaJHEHTA Y, IO JOCTHXEHHM KOTOPOrO HAYMHAETCS JBHKEHHE.
B BexTOpHOH ¢GopmMe 3aKOH (UIbTpPAllAH C NpeAeNbHBIM TI'pagHEHTOM
BhIBEZICH M3 TEOpPHHM pazMepHocTedl M umeeT BHA (1.56)

n- w
—gradp=—-w+7y-——; (2.21)
k Jw|
B IIPOCKIIHSAX HA OCH KOOp}.IHHaTZ
dp 1 Wy
ax kT
_dp_n My
ay k7wl
ép N w \
A P 3 2.22
oz k7 Mw (222),

§ 4. OBOBIEHHBI#A 3AKOH JAPCH JJIS AHU3OTPOITHBIX CPEJ

PaccMoTprM 0COB€HHOCTH (DHIbTPALMOHHBIX TEe4eHHWH B cpejdax, obna-
JAroIUX CIOXHOH reoMeTpued NOpoBOro NMpOCTPaHCTBA.

B 3aBHCHMOCTH OT CTPYKTYPHBIX OCOGEHHOCTEH H reOMETPHM IIOPOBOIO
IPOCTPAHCTBA Pa3fIM4aiOT OJHOPOIHLIE M HEOAHOPOJAHBLIE, H3OTPOINHbLIE H
aHH3OTPOIHKIE CPEAbl. AHU3OTPONHS O3HAYAET HEOMHHAKOBOCTL (PH3HYECKHX
HIH TEOMETPHYECKMX CBOWCTB MO pa3H4YHBIM HAanpaBlICHHSAM (TEpPMHMH
MPOMCXOAMT OT ABYX [PEBHErPEYECKMX CJIOB: anisos— HEpaBHBIA H tropos-—
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CBONCTBO). B peanbHBIX KOJIEKTOpax HETH H raza aHH3OTPOIMS MOXE!
6bITh OOYCIIOBIEHA TPEIIMHOBATOCTBIO, CIOMCTOCTBIO, HAlIMYMEM pa3Uy-
HOTO pOAa BKIIIOYECHHH, KOTOpbIC NPUBOAAT K HEOAMHAKOBOCTH CBOMCTB IIO
pa3/IMYHbIM HANPABICHUSM, HAIIDHMED B CIIOUCTHIX CpeAax (QHIIbTPalMOHHbIE
CBOHCTBa B IJIOCKOCTH C/OEB OTIHY4AIOTCA OT (QHILTPAIMOHHBLIX CBOMCTB
B HAIpPABIECHHH, NEPNEHAMKYISPHOM K CIIOSM, B TPELIHHOBATO-IMOPHCTHIX
GHIbTPAaNMOHHEBIE NOTOKH MO TPENIMHAM 3HAYHTEIILHO NMPEBOCXOANAT HOTOKH
B APYrHX HAalpaBJICHHSX H T. 1.

JAns omucanns QUILTPALMOHHLIX TEYEeHHH B dHH3IOTPOIHEIX Cpedax
NOCTYNHPYeTCs 0606ImEHHbIH 3akoH JlapcH, CNpaBeAIMBOCTH KOTOpPOro
MOATBEPX/CHA KaK MHOTOYHCIICHHBIMH 3KCIIEPHMEHTATLHBIMH, TaK U TEOpe-
THYECKHMH Hoclle10BaHHAMH. O600IeH bl 3aKOH Jlapcu uMeeT cliey ol
BH/I;

1 ) d )
W, = ‘—(kll-p+k12£+k13£>i
n Ox y 0z

)
\ ) op )
w, = —_(klz p+ kaz 5 + ka3 p)
n dy
ap

0x 0z
| ap 6p>
=k Pk 2.23
W, Tl( 355 + K3 - PR + ka3 27 - ( )

rae w,, w,, W, KOMIIOHEHTbI BEKTOpA CKOPOCTH QUIBLTpAalUMH; Cp/dx, Op/dy,
0p/0z - KOMIIOHEHTHI BEKTOpA IpajMeHTa fgaBieHus; k;(i=1, 2, 3; j=1, 2,
3) - KOMIIOHEHTbI CHMMETPHYHON MAaTpHLKI (TeH3opa'), KOTopas Ha3bIBaeTCs
MaTpHue# (TeH30poM) KO3(hGHIMEHTOB NPOHHIAEMOCTH. SIBHBIM BHA 3TOM
MATPHIILI 3aBHCHT OT THNA aHH3O0TPONHH M CUCTEMbI KOOP/HHAT, B KOTOPOM
3anmucad obobmenHnl 3akon Japcu. Beerna MoxHO BRIGPATH XOTS 6b1 OXHY
CHCTEMY KOOPIHHAT X, y, Z;, B KOTOPO# 3amucs 0600mennoro 3akona Japcu
HMeeT Haubonee mpocToi BUA

Wy = _Ex_ﬂ{ Wy = -Ea—p Wy = — Ea—p (2.24)

n ox, n dy, n oz,

CucreMa KOOpAMHAT X, ¥, z,, B XKOTOpOH o0606IeHHbIA 3akoH Jlapcu
umeeT BuA (2.24), Ha3pIBAETCS INIABHON CHCTEMOH KOOD/AMHAT, d 3HA4EHHs K,
ky, ky - INaBHBIMM 3HAYEHHSIMH TEH30pa IPOHMIAEMOCTH. Mcronb3ys 3annch
0bob1eHHOro 3akoHa [lapcH B rNIaBHOM CHCTEME KOOPAMHAT, MOXHO JaTh

! s Toro, 4rofbl onHcaHue (M3MYECKOro npolecca He 3aBuceso OT Beibopa

CHCTEMB! KOOPJMHAT, HEOOX0AMMO, 4TOOB! NPH NEPEeXoae OT OAHOM CHCTEMBI KOODAHM-

HAT K JApYro#, QusmdecKkue BeIMHMHBI, BXOAAME B 3akoH (2.23), npeobpa3oBsiBaiiuch

NO ONPEAEICHHEIM 3aKOH2M. KoMmoHenTsl TeH3opa k;; M3MEHAIOTCA 1O 34KOHY
3

k:'.i: Z Z (1,-,,(1_,-,,,](,,,,., rac a;,—~ KOCHHYCbI YIrJiOB MEXAIY i-if OCbK0O HOBOW CHCTEMBI
m=1n=1

KOOD/IMHAT H n-H OCbKO HCXOJHOH CHCTEMABI KOOPDAWHAT, H 06pa3y}oT TCH30p BTOPOro

panra.
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NpPOCTEHLIYIO KNacCHpHKanuio 3h¢peKTHBHOH IreoMeTpUH MOPOBOrO MpOCT-
pPaHCTBa aHHU3OTPOIHKIX Cpel.

Cpenbl, TEH30p NPOHHLAEMOCTH KOTOPBIX B [JIaBHOM CHCTEME KOOPAHHAT
MMEET TPH Ppa3fIMYHbIX TNABHBIX 3HAYCHHS INPOHHIAEMOCTH K, # k; # kj,
Ha3bIBAIOTCH OPTOTPONHBIMH. [N TdkMX Cpel KOMIIOHEHTHl TEH30pa
NPOHHIIAEMOCTH MOXHO BBIPA3HTh B CIEAYIOLIEM BH/IE:

kij=ky 811 8;1 + k30282 + k3 8;3 83,

rae d;;— menbra KpoHekepa MM eAHHHYHBIA TEH30P, KOMIIOHEHTH KOTOpPOTro
paBHBI €AMHHIIE NIPH { = j K HYTIO IIPH [ # J, T.€.

{1 npd  i=j,
Sij = ..
0 npu i#j

OpTOoTpONHBIMH CBOMCTBamMu 0ONajfarOT, HANPHMEp, TPEIMHOBATEIE
KOJLIIEKTOpa, OOpa3oBaHHLIE TPEMS B3AHMHO NEPIEHAMKYISPHBIMA CHCTeE-
MaMH TPELIHH ¢ Pa3IM4HON NPOHHIAEMOCTHIO. B 3TOM ciyqae ocH rnaBHOR
CHCTEMBI KOOPAHHAT NEPNEHINKYJISPHBI IUIOCKOCTAM TPELIHH.

Ecnu nBa M3 Tpex INIaBHBIX 3HAYEHHH TeH30pa NpPOHHMLAEMOCTH COBIIA-
JaroT, Hanpumep k, = k,, HO k, # k;, TO cpefa Ha3bIBAE€TCH MONEPEHHO-
HM30TPOIIHOH HIIH TPaHCBEPCHJIbHO-H3OTPOIHOH.

TeH30p NPOHHIAEMOCTH JUISl TPAHCBEPCABLHO-H30TPOTIHOM CPEILI MOKHO
3amUcaTh B BHJE!

k,'j = kl 8,‘,‘ + k8;3 8j3

HF NIOJIyYHTh NPH NIOMOILUM TOXAECTBEHHBIX Npeobpa3zoBanHuit U3 GOPMYINEI [T
OPTOTPOINHOIO TEH30pa:

kij=ky 811 8jy + ky 828y + k38i3j3 = ky (81 8j1 + 80282 + 813 83) +
+ (k3 - kl)8i3 8]3 = kl 8.] + k8|'3 8j3,

rae k = ky — k,. B xauecTBe npMMepa TPaHCBEPCANbHO-H3OTPOMHOH CpeAbl
MOXHO PpacCMOTPETh CIIOHMCTHIE KOJUIGKTOPBI, Y KOTOPbIX IPOHHIIAEMOCTb
B IUIOCKOCTH CJIOEB [JIf BCEX HANpaBJIEHHH OJHHAKOBA, HO HE paBHA
3Ha4yeHHIO NPOHMIIAEMOCTH B HalpaBJICHUH, NEPICHAUKYISAPHOM K CIIOSIM.

OueBHIHO, YTO €CJIH NOTPebOBATH PABEHCTBA BCEX TPEX IJIaBHBIX 3HaYe-
HMi TNpOHMIaeMOCTH k =k, = k;, TO mony4uM 3akoH /Jlapcu ans H30-
Tpomubix cped. B 3ToM cnyuae

kij = ky (81 851 + 82852 + 8;38j3) = k, ;.

Taxmm 06pa3om, 3akoH JlapcH SBNAETCH YACTHRIM cydaeM 6omee obuiero
cooTHolueHHs (2.23). 3T0 06CTOATENLCTBO U JOKA3KIBAET, HTO COOTHOIIIEHHE
(2.23) sBnseTcs ecTeCTBEeHHbBIM 00600LueHMeM 3axkoHa JlapcH Ha ciyqai
aHU3OTPOIHBIX Cpel.

B 0606meHHOM 3aKOHe, Kak M B 3akoHe Jlapc, 3HA4YCHHS KOMIIOHEHT
TE€H30pa NMPOHHIAEMOCTH HE MOTYT OBITH IPOH3BONBHBIMH H IIOAYHHSIIOTCS
HEKOTOPBIM OrPaHHMYCHHSM. B 4acCTHOCTH, B KIacCHYECKOM 3dkoHe Jlapcu
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3Ha4€HHE MPOHHUIIAEMOCTH AOCJIKHO OBITH MONOXKHKTEIbHLIM, 4 B 06061meHHOM
3aKOHE MOJIOKHATENbHBIMH HOJKHBI OBITH BCE TPH ITIaBHBIX 3HAYCHHS TEH30pa
IIPOHHUIIAEMOCTH.

O6001eHnnii 3akon Jlapcu, NpeacTaBleHHRIH COOTHOLUEHHsAMH (2.23),
MOXeT ObITh pa3pellieH OTHOCHTENBHO KOMIIOHEHT BEKTOpa TIpajMeHTa
IaBIIEHHs M NpPEACTaBIICH B BHIE

ap :

5;: _n(rllwx+rlzwy+r13wz),

d

EEZ _n(rZI wx+r22wy+f23 wz),

op

E: —n(r31wx+r32wy+f3swz), (225)

I€ r;— KOMIIOHEHTHl CHMMETPHYHOR MaTpHIBI {TEeH30pa), KOTOpas Ha3bIBa-
€TCsl MaTpHlel QUILTPAaIMOHHBIX CONPOTHBIEHHH. KOMIOHEHTSHI r;; UMerOT
Pa3MEpHOCTb, 0OpaTHYIO pa3MEPHOCTH IUIOIAH, 2 BHA MATPHUL OIpe/e-
JISIETCA TOJBKO T€OMETPHYECKHMH CBOWCTBAMH IOPOBOrO INPOCTPAHCTBA.
IlpeactaBnenus 3akoHa Jlapcu B Buae (2.23) u (2.25) 3KBHBANICHTHHI H, B3SIB
32 OCHOBY COOTHOLUEHHE (2.25), MOXHO COBEPIIEHHO aHAJIIOTHYHO ONpeade-
JIMTh OPTOTPOINHBIE H TPaHCBEPCAJILHO-H3OTPONHLIE CpeAbl, 3dAMEHUB JIHLIbL
TTIaBHBIC 3HAYECHHS TEH30Pd NMPOHHMIIAEMOCTH Ha IJIaBHbIE 3HA4YEHHUS TEH30pa
GUIbTPaHOHHBIX CONpPOTHBIEHHH. Hampumep, 1 OpTOTpONHBIX Cpex
KOMIIOHEHTHI TEH30pa PUILTPALIMOHHBIX COIPOTHBIICHUH HMEIOT CIIEXYIOILIMI
BHI: ri; = r15.-1 8_,'1 +r25,-25,-2 + r35,-35j3.

B obobiuennom 3axone dapcu GbunbTpaiMoHHbIE CBOKCTBA CPEbl ONpe-
OENSIOTCS M 3aAdFOTCH He OAHOM KOHCTAHTOH, a B ODLIEM ciyyae Tpems
TTIaBHRIMH 3HAa4YCHHSMH TEH30pa MPOHHIAEMOCTH MIH TeH3opa ¢uibTpa-
HHOHHBIX CONPOTHUBIEHUN. 3TO OBCTOSTENLCTBO SABISETCH OTPAaXCHHEM TOI'O
¢akTa, 4TO B aHH30TPONHBIX CpelaX BEKTOPHI CKOPOCTH (UILTPALMH H Ipa-
IOMEHTA JaBICHHS B oOllleM Clyyde He HANpaBleHH 1O OJHOM NPAMO,
4 3HaYeHHs NPOHMIAEMOCTH M (HUIBTPaLMOHHOTO CONPOTHBIIEHHS MOIYT
HM3MEHATBCS U PasiMYHBIX HamnpaBieHud. [10ITOMY NOHATHA NpPOHMIAE-
MOCTH ¥ (PUIIbTPAIMOHHOTO CONPOTHBIICHHS, KK CKaJISPHBIX Xa PAKTEPHCTHK
Cpedbl, HyX/JaTcs B 0600meHnH Ha cmyyadl aHM3oTponHbix cpel. [1ponu-
UaeMOCTb U aHH3OTPOIHBIX Cpell ONpeAeNnsAeTcs KaK TEH30PHOE CBOMCTBO
B 33a/laHHOM HanpaBleHHH. [IOHATHE TEH3OPHOrO CBOMCTBA B 3aJdHHOM
HanpaBJIECHMH [ TeH30pa Kk;; onpeaensercs cregyroumm obpazom: ecnu
(u3nyeckue CBOHCTBA Cpeibl 3af4IOTCA TEH3OPOM BTOPOrO paHra k;; u
CrpaBeANMBLl ypaBHenus (2.23), To mox BenuuuHOM K, xapaxTepHusyromiei
TEH3OpHOE CBOWCTBO B 3a[AdHHOM HAaNpaBJICHHH, NOHHMAIOT OTHOLUEHHE
IPOEKIMH BEKTOPA -TMw Ha 3TO HANpPABICHHE K [JIHHE BeKTOpa grad p,
HaIpaBJICHHE KOTOPOTO COBMENIEHO ¢ 3amaHHbIM (puc. 2.4). M3 paHHOro
onpeeneHss Benu4uHbl K HENOCPENCTBEHHO CIEAYET M BHJA €r0 aHAJMTH-
49eCKOr0 BLIPAXCHHUS:
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Puc. 2.4. CxeMa X ONpPENENICHHIO HANPABJIEHHOM

NPOHHIAEMOCTH grad p
——
(@-77) d
\
\ >
w
3 3
K=13% ¥ kjana, (2.26)
i=1 j=1

rae Qip, Qj,—HANPABIIAIOIIHE KOCHHYChI €AHWHHYHOIO BEKTOpA, OIPEACISIO-
IEro 3aJaHHOE HAIIpaBJICHHE.
B camom zene, cormacHo OIIPCACITICH UKD

_=nWn)  —n(w,ap, + w0, + w.03,)
fgrad p| |grad p|

NOACTABNAS B NMOCNEAHIO GOPMYJy BBIPAXEHHS MIS w,, W, w, H3 (2.23)
M y4MTBIBAsl, 4TO Op/0x = a,,|grad p| (Tak kax HanpasneHHe BexTOpa grad p
COBMEIIEHO C BEKTOPOM n), &p/dy = a,,|gradp|, 0dp/0z = as,|gradp]|,
mony4uMm (2.26).
AHaJIOTHYHO AOKA3bIBAETCS, YTO
3

3
R = Zr,-j(l,-,.(lj,,.
1j=1

L}

!
Beymuuna K Ha3bIBaeTCS HaNpdBIEHHOW NPOHHMIIAEMOCTBHIO, 4 BEJIMHHMHA
R —HanpaBrneHHbIM (HIBTPALHOHHBIM CONIPOTHBIEHHEM. B kauecTBe Xapax-
TEPHCTHK NPOHHIIAEMOCTH B AHHM3OTPOIHBIX CPEJaX MOXHO HCIOJIbL30BaTh
KdK HAaIpaBJICHHYIO NIpOHHLIAeMOCTh K, Tax ¥ BelH4MHY, OOpaTHYIO HAampas-
JNIEHHOMY (HIBTPaLlMOHHOMY COTNPOTHBIIEHHIO, T.€. 1/R.
CornacHo JaHHOMY OIpeJeNeHHI0 HANpPaBICHHOH MPOHHIAEMOCTH LTS
OPTOTPOIIHLIX Cpel

K = kl a%n + kz (l%,. + k3 (l%,.,
a4 [JI1 TpaHCBEPCAJIbHO-H3OTPOIHBIX
K =k, +kyai,

B 4YaCTHOCTH [JIS HAIIP4BIICHHH B ILIOCKOCTH X, J,, T.€. IPH a3, = 0 uMeeM
K =k,, 1 3H44YHT B IIOCKPCTH 3HAYCHHC IPOHHIIAEMOCTH Pp4BHO k, H
OAMHAKOBO MJISI BCEX HANpaBIICHHA.



§ 5. 3ABUCUMOCTD [NTAPAMETPOB ®JIKOU10B
Y NMOPUCTON CPE/bI OT JABJIEHUSA

BriBeneHusie auddepeHunanbHble ypaBHEHHS HCPa3pbIBHOCTH M JBHXe-
HUSL COMEPXAT, KPOME CKOPOCTH (GHIbTPaUMH H [J4BJIEHHS, IUIOTHOCTH
bmounna p, xoxpUIMEHT NOPHCTOCTH M, KO3(DGHUIMEHT NPOHUIIAEMOCTH
k (nns M30TPONMHOM cpenbl) M BA3KOCTh (uromaa M.

Jns qanbHEHIIMX pacdeTOB HAJO 3HATH 3aBHCHMOCTH 3THX KO3ddHIHeH-
TOB OT A4BJICHAS U TeMINEPATYPBhl.

IIpu M30TEpMHHYECKOM IIpOLIECCE 3aBHCHMOCTH IUIOTHOCTH OJHOPORHOIO
Gbronaa OT OaBieHMS NpeACTaBisieT CODOH ypaBHEHHE COCTOSIHHS.

IIpn ycranoBHBlUEHCS (GHIBTPAalMH KalelbHON XHAKOCTH MOXHO CHH-
T4Thb €€ IUIOTHOCTh HE 3daBHCHIICH OT AABJICHHS, T.€. PACCMATPHBATL XHA-
KOCTb KdK HECXKHMAEMYIO, TOrJa p = const.

B HeycTaHOBMBIUMXCS IIpOLECCAX 4ACTO OONbLUOE KONHYECTBO HE(DTH
MOXHO 0TOBpaTh 3a CyeT paclIHpeHHs ee 0OBeMa NPH CHHXEHUM [ddBICHHUS.
B stEXx npoueccax HeoOXOAMM yHET CXHMAEMOCTH XHAKOCTH. CHHTas
K4IIeJIbHYIO JXHAKOCTH YNPYrod, MOXHO 3aIHCATh 3aKOH €€ CKUMACMOCTH
B BHJE

1 dv,
Bu= =7 "

_ , 2.27
V. dp (2.27)

rae V, —HauansHbli 06beM xkuakocTy; dV, — M3MeHeHHe obbeMa npu usmetie-
HMM JAaBleHHs Ha dp; P, -kodbpuumeHT 06HEMHOrO CXAaTHs KHUAKOCTH,
KOTOPHI OOBIMHO CYMTAIOT NOCTOSHHBIM IS JAHHOH XH/KOCTH (HE 3aBUCH-
LIIMM OT JaBieHus U Temnepatypst). B. H. lllenxayeB npusoauT criexyromue
3Ha4cHUs ko3 dniuenta obseMuoro cxatus (ITa~!);

U1 pa3THYHBIX He(pTeH OTeYeCTBEHHBIX MECTOPOX/ACHHH-

B, = (7~+30)10" 1
AS IUTACTOBBIX BOJ
(2,7+351071°

Ba

B dopmyne (2.27) mepeitiem otr 00BEMOB K IUIOTHOCTH; NOACTABHB
V, = M/p u dV, = — Mdp/p*, nonyanm:

b= Mdp/p*  dp

* (M/p)dp pdp’
OTKy[a

dp/p = B dp.

I1pounTerpupyem mocnefnee paBeHCTBO OT (HKCHPOBAHHBIX 3HAUEHUH p,
H Po A0 TEKYLIHX 3HAUSHHH p H P COOTBETCTBEHHO:
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[ 14
d
J_P =B, fdp, orcioma  InL = Bualp — Po)
p Po
P
0

P
0

HIIH
p=po efx(p—pg), (2.28)

[okazatens creneHn P, (p — p,) OOBIMHO MHOTO MEHbLUE E€IHMHHMIIEL
HevicrButensro, ecnmd B, =10"°TIla™?, a p— p, =10 MIla, 10 B, (p —
— po) = 0.01. B aToM cnydae MOXHO, pa3noxuB QyHkuuo e’*'?~Fo! B psn
Teinopa, OrpaHU4UTLCA ABYMS TNIEPBRIMM WIEHAMH DPsd:

y P p

efxP P 1 4+ B (P — po)

I1pu 3TOM IONTYHaeM JTMHEHHYIO 3aBHCHMOCTSD IIJIOTHOCTH ynpyroi cnabo-
CXKHUMAEMOH XHIKOCTH OT JaBJICHHUS:

P =poll + Bep — po)l (2.29)

Jns GonplunX nepenafoB OABJIEHUS p — p, HAJO WCIONB30OBATH ypaBHe-
HHE COCTOSIHHS YNpyro# xuaxoctd B Buae (2.28).

HMuorna BMecto k03dduuuenra o6BeMHOro cXaTHs BBOAST MOIYJb
yonpyrocta xuaxkocta K, = 1/B,. ®opmynsr (2.28) u (2.29), BbipaxeHHblE
4yepe3 MOAy.]Ib YIpyroctd K, IPHMYT CIEIYIOLIHA BHI:

x>

P =P e“’_”o)/K';
p=poll +(p— p/K.]

IIpuponnnie ra3bl MOXHO CHHTATHL HAEANBHBIMH (COBEDLUCHHBIMH), €CIIH
NIACTOBblE [dBJIEHHS TA30BBIX MECTOPOXACHMH HeBenwkH (oo 6-9 MIla),
H raz orbuparor npu pgenpeccudn no | MIla. VpaBHeHueM COCTOSHHUS
HIEeaNbHOrO ra3a CnyxHT ypaBHeHue Kiaiinepona-MeHneneesa:

plp = RT, (2.30)

rae R-ra3oBasi HOCTOSHHAS NI [d3d C MOJEKYISPHON MaccoH fl, CBS3aHHas
C YHHBEpCAJILHOM ra30BOil MOCTOSIHHON R 3aBHCHMMOCTBIO R = R/f.

Eciu T= T,,=cosnt, a p,,- IVIOTHOCTb Ta3a IpH daTMOCHEepHOM
JaBIICHHH p,; M IUIACTOBOM Temmnepatype Ty, TO

pn/pnr = RT (231)

IIpupasHsB NeBbIe YacTH cooTHowweHUH (2,30) u (2.31), momy4yum ypaBHe-
HHME COCTOSHHS MIEANBHOIO (COBEPLIEHHOIO) ra3d, KOTOPHM Oy/JeM moJb3o-
BaThCsl B JaNbHEHIIEM:

P = Pacl/Par- (2.32)

B npakTHke BCe Halle BCTPEYAIOTCS ra30BbIE MECTOPOXAEHHUS C BBICOKHMH
1acToBbIMH JaBneHUsAMH (00 40-60 MIla), koTopbie ¥HOTAd 3KCILNTYyaTUDPY-
oTcs ¢ bonbummu aenpeccusmu (mopsaka 15-30 MIla). B atux ycmoBusix
4—1642 49
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Puc. 2.5. 3aBucumocti koddpuLIMeHTa CBEPXCKMMAEMOCTH Z OT TIPUBEJCHHBLIX AaBJle-
HUS M TEMIEpaTyphl AJA NPUPOAHBIX ra30B

CIIEyeT HCIONL30BATH YPABHEHHE COCTOAHHMS peajbHOro rasa, KOTOpOE,
B OTJIMMME OT ypaBHeHus (2.30), 3anuiuercs B BUIE

plp =zRT, (2.33)

rae z-Ko3(pQUIUEHT, XapaKTepU3YIOLMH CTENEHb OTKJIOHEHHA COCTOSHHUA
peasibHOroO rasa OT 3aKOHA MAeasIbHbIX ra3oB (ko3¢h@HUMEHT cBEpXCKUMaAe-
MOCTH) M 3aBHCALIMH OT JaBICHHA M TemnepaTypbl z = z(p, T). 3HaueHun
k03bHUIHEHTd CBEPXCKHMAEMOCTH =z ONpEJEeNfIOTCA MO Ipadukam
. bpayHa B 3aBHCHMMOCTH OT NPHBEJEHHBIX BEJHYHH abCONIOTHOTO OaBJe-
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HUH Pup = P/Prp- o ¥ TEMNEPATYPH Top = T/ Tip. cur THE Prp-cm B Tipe ce— COOT-
BETCTBEHHO XPHUTHYECKHE AABJICHHE M TeMIepaTypa AJs OPUPOJHOrO rasd,
IpeAcTaBIsioNIero coboil cMech pa3zIMYHBIX KOMIIOHEHTOB. 3aBUCHMOCTH
z = z(Pap, Typ) IpHUBEJEHB! HA pHC. 2.5,

JAns u3oTepMuueckoit QUILTPALMKM peabHOro rasa 3aBHCHMOCTh ILIOT-
HOCTH OT A4BJIEHHS NMPUHHUMAET BHU[I

— pBT z (.pa'r)p
ParZ(P)

3aBUCHUMOCTh z(p) NpH HOCTOAHHOHM TEMIEPATYype MOXHO CHHUTATh
JMHEHAHOH NPU MAJkIX U3IMEHEHUAX N4BJICHHUA!

z=1z[1-a,(p, - P, (2.39)

re z,— Ko3(UIMEHT CBEPXCKHUMAEMOCTH IIPH P = Po; ¥ IKCIIOHEHIMAILHOH
npu GONBUIMX U3MEHEHHUAX NaBJICHUN:

z=1z5e % P07, (2.36)

(2.34)

npuyeM KOHCTAHTA a, NO/DKHA ObITh ModoOpaHa Tak, 9Tobbl kpmBas (2.35)
UM (2.36) kKaK MOXHO OJIHXE MOAXOANIA K COOTBETCTBYIOLIEH IMIIHUPUIECKOR
KpuBoOii Ha rpa¢ukax . bpayna.

3aech IPHBOOKUTCH NPOCTEHIINHA cioco® yyeTa M3IMeHEeHHs CBOMCTB pealb-
HOrO ra3a [pH U3MEHEHMH NABJICHHA M TeMIepaTypsl. B cnoxHbix Tepmo-
GapHYECKHX YCIOBHAX, IPH QHIBTPAIMHA MHOTOKOMIIOHEHTHBIX Ia30B ClEAY-
€T MOJB30BAThHCA GOJiee YCOBEPILEHCTBOBAHHBIMH YPABHEHUSAMH COCTOSHHA.

DKCIEPUMEHTHI MOKA3bIBAIOT, YTO KOXPUIHMEHTHI BA3KOCTH HehTH (IIpH
JABJICHHUSAX BBILIE JABJICHUS HACHILICHUA) U ra3a YBEJMYUBAIOTCA C MOBBILIIE-
HHeM faBiieHHs. [IpH M3MeHEeHMH NaBJIeHMA B 3HAYMTENLHBIX NMpeJenax (Ao
100 MTIIa) 3aBHCHMOCTb BA3KOCTH IIACTOBBIX HepTel U NPHPOAHBIX Ia30B OT
JAaBJIEHHA MOXHO NPUHATH 3KCIIOHEHIHUATLHOM!

n=mnee % Po 7. (2.37)

an MAaJbIX H3MCHCHHAX OABJICHHA 3Td 3dBACHMOCTB HMECT JIMHEHHBIA
XapaKTep:

n="nell —a,, ~ P, (2.38)

rae Tg - BA3KOCTh NIPH (QHUKCHPOBAHHOM MAA4BJIEHHH po; d4,—Ko3douuueHr,
OIpeeIseMbIil IKCIEPHMEHTAILHO H 3aBHCAILMH OT COCTABA HE(PTH HIIK rasa.

YTOOb!I BBIACHATH, K4K 3aBUCHT OT JABJIEHUA KOIDQDHUIMEHT IOPUCTOCTH,
pACCMOTPHM BONMPOC O HANPSAKEHHUSAX, NEHACTBYIOIMX B IOPHCTOH cCpene,
3aNOJIHEHHOH XHIKOCTBIO.

Macca ropHslx DOpOA, PAacHONOXEHHBIX HAad KPOBIEH NMPOAYKTUBHOIO
IUI1ACT4, CO3A4€eT, TAK HA3bIBAEMOE, FOPHOE AABJIEHUE Propy, KOTOPOE OOBIMHO
MOXHO CYATATH HEU3IMEHHBIM B mpolezce pa3paboTkd Iuiacta. [opHoe
JaBicHHE omnpefenseTcs 1Mo (GOpMYIE Props = PropadH. TAE Props—CPEAHAA
IUIOTHOCTH TOPHBIX NOPOJI, CAraroLIMX BhILLIEIeXamue ni1actel; H —rinybuna
3ajieraHus Iutacra. ECIH mpeamosiokuTh, YTO KpOBIS M NOJONIBA ILIACTA
4%
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abconmTHO HENNPOHHIAEMBI H ITOJIHOCTBKO BOCIIPHHMMAKOT HAIpPYy3KY Bblllle-
JICKALIMX IOpOA, TO TOPHOE OABJICHHUE YPABHOBCLIMBAETCH HANPAXKEHHEM
B CKCJIETC IIJ1ACTA G M OABJICHHEM pJ B XHIAKOCTH:

propn = (l - m)0' + mp (239)

31eck O - MCTHHHOE HaNpsXEHHUE B CKEJIETe MIOPUCTOM Cpelbl, paCCYMTAH-
HO€ Ha eJMHUIY TOpU3OHTAJBHOH IUIOMIAAH, MBICJICHHO BBIJEJIEHHON B
moboif ToYke IUIacTa; OHO JEHCTBYET Ha yacTH miuowanu (1 — m); moposoe
JA4BJIeHME p NEHCTBYET Ha OCTAJBHOM 4acTH IUIOLIAAM m. YIoOHee BBECTH,
TAK HA3KIBAEMOE, 3(PGEKTHBHOE HANPIKEHHE O,4, ONpPEAE/IIEMOE KaK pas-
HOCTh HANPSXKEHMA B TBEPAOM CKelleTe M XHAKOH ¢a3ze U CBA3AHHOE
C MCTHMHHBIM HAMpPSXEHUEM COOTHOLIEHHEM

Gy = (1 — m)(c — p). (2.40)
Toraa u3 (2.39) cneayer, 4To
Dropn = Oog + P. (2.41)

JddexTHBHOE HaNpskeHHE HH3UYECKH MHTEPIPETHPYETCS KAK T4 YacCTh
MCTHHHOTO HAIIPSXKEHHA O B TBepAOH daze, KOTOpas NEPeJAETCH IO KOHTAKTY
MEX/IY 3¢pHAMH CKEJleTa, He 3aBMCHT OT XHMIKOCTH M OYAET UMETh MECTO
T4KXKE B CyxoH mopuctoi cpene. IloHsTue 3¢ ¢EKTHBHOrO HANPHKEHHSA
yAoDHO €LIE M NOTOMY, YTO €r0 MOXHO ONpEOENHTh M3 OMNBITA: MOXHO
M3MEPHTh HATPY3KY I', MOAenupyrolyo ropHoe JAaBJICHHE Prop, M NMOPOBOE
JOABJICHHE p, U HAUTH O, =T — p.

ITpu pa3paboTke 3anexu MIACTOBOE JABJIEHHE p NMANAET, U HANPSIKCHUC
B CKEJIETe O,y BO3PACTAET.

H3menenne nmopucroctu o6ycnoBIeHO K4K U3MEHEHHEM BHYTPUIIOPOBOIO
JOaBJIEHUA p, TAK H H3MEHEHHEM J3Q(PEKTHBHOIO HANDEKEHHA O,y
m = m(p, 0,4). [Ipy NageHuH NaBJICHHA YMEHBIUAOTCH YCHIIMS, CXUMAOLIHE
KaXJ0€e U3 3epeH NMOpOAbI, MOITOMY YBEIHYHBAETCA OOBEM 3¢pEH H YMEHB-
maeTCH 06BEM MOp. YBEIUYEHHE O,y MPUBOAUT K TOMY, YTO 3€PHA IIOPOAH
HCOBITHIBAIOT AONOJHUTENbHYIO OeOPMAIIHIO — IOBEPXHOCTh KOHTAKTOB
MEXY 3€pHAMH YBE/IMYMBAETCH, NMPOMCXOMMT YIJIOTHEHHE YNAKOBKH 3€peH
(cxemaTHyHO 3TOT Mpollecc MOKA3aH HA pHC. 2.6), BO3BMOXHA TAKXKE IEpe-
TPYNIMPOBKA 3€peH, pa3pylleHHe LEMEHTHPYIOHIETO BEUIECTBA H CAMHX
3epeH, qpobJieHHe 3epe” U T. 1.

B Tex cnyyasx, KOTJa preps = CONst, OOBIYHO NMPHHHMAIOT, YTO HMOPHC-
TOCTb 3aBHUCHT TOJILKO OT JABJIEHHS: m = m(p).

Bcnencteue manoit nepopmanuu Teepaoit Gazsl CYMTAIOT OORIMHO, YTO
H3MEHEHHE NOPHUCTOCTH 3dBHCUT OT M3MEHEHHA NABIIEHHA JMHEHHO.' 3aKOH
CKHMAEMOCTH NOPOAK! 3aMHMCBIBAIOT CIEeqyIOIUM obpa3om, BBoas ko3ddu-
IMEHT YNpYrocTH miacra fB

dv,

B. =, i’ (2.42)

rae dV,—-u3MeHeHHe obbeMa [op B 3JIEMEHTE IJIAcTd, MMeromeM obbem V
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Puc. 2.6. YnpouwenHas cxema aedopma- o Propu ]
UMM 3epeH MOpHUCTON cpeabl:
a— no pedpopmaumu: 6 —nocae gepopmaunn ¢ Propu

/ ’

IIpH M3MEHEHWM [NaBNeHUA Ha BenuquHy dp. Ecium obbem anemenTa mnacra
CYHTAETCH HEH3MEHHbIM, TO dV,/V = dm. U 3aKOH CXHMAEMOCTH IOPOMLI
NMpUMET BUI

dm = P_dp (2.43)
HIH, B KOHEYHOH ¢opme,
m=mq + B (7 —'po). (2.44)

rae my—Kko3bQUIHUEHT NOPHCTOCTH HpPU p = P,

JlabopaTOpHBIE 3KCHEPUMEHTHI AN PA3HBIX 3E€PHUCTBIX MOPOA M IPO-
MBICJIOBBIE MCCIIEJOBAHUS MOKA3BIBAIOT, 4TO KO3QGHIHUEHT OOBEMHOM yIIpy-
roctu mnacra coctasnget: B, = (0,3 =2)1071° IMa~ 1.

[Ip# 3HAYUTENHHBIX M3MEHEHUAX [JABIICHHA H3MECHEHHE [OPHCTOCTH
ONKCBIBAETCS yP4BHEHHEM

m = mge #PoPimg, (2.45)

DKCNEpUMEHTANILHO NMOKA34HO, YTO HE TOJBKO NOPHUCTOCTD, HO M IPOHH-
I[AEMOCTh CYLIECTBEHHO MEHSETCH C H3MEHEHHEM IUIACTOBOTO [aBJIEHHA,
NIpHYEM H4CTO NMPOHMUAEMOCTb H3MEHAETCH B 6OJIEE CHIBHOH CTENEHH, 4EM
HOPHCTOCTh. IIpM ManbIX M3MEHEHHSX OABICHMA 3Ta 3aBUCHMOCTb MOXET
OBbITH NPUHATA JIMHEAHOM:

= ko[l — a,(po — P)J, (2.46)
d HpH 6OHBHJHX*3KCHOHCHHHBJIBHOI‘:I
k = kpe o), 2.47)

B TpelMHOBaTHIX MJIACTAaX IMPOHUIAEMOCTh H3MEHAETCH B 3aBUCHMOCTH
OT [JaBJICHHS HWHTEHCHBHEE, 4eM B NOpHUCTHIX. [10DTOMy B TPELIMHOBATHIX
IUIACTAX YYET 3aBUCHMOCTH Kk (p) OGonee HeobxomMM, YeM B [PAHYISIPHBIX
(moapobHee cMm. . 12).

YpaBHeHHS COCTOSHMA (DIIOMOOB, HACBILIAFOLIMX IUIACT, W IIOPHCTOM
Cpeabl 3aMBIKAIOT cUCTeMY AWQEpeHIHANbHEIX YpaBHEHUH.

TaxuM obpa3om, B Haubonee ob1ueM ciyqae, Koraa IIOTHOCTh, BA3KOCTh
¢mrouaa, NIOPUCTOCTH H IPOHALIAEMOCTD Cpellbl 3aBHCAT OT JABJICHHA, 3aAd4a
3aKJIK0MA€TCHd B ONpPEOCJIEHHH BOCBMH HCH3BECTHBIX QYHKIMH OT KOOPAMHAT
H BpPEMEHH: JABIICHHUS p, CKOPOCTH (GHILTPALHH ww,, w,, w,); IUIOTHOCTH p;
BA3KOCTH T); MOPHUCTOCTH M; NPOHHUIIAEMOCTH k. [l 3TOTO HYXHO PELUMTH
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CHCTEMY U3 BOCbLMH YPABHEHHUH, BKIIOYAIOUIMX B cebs ypaBHEHME HEpPA3PBIB-
HOCTH, TPM YPAaBHEHHUS ABHUXCHHUS, ypABHEHHE COCTONHHUA (QIOMAA H COOTHO-
LICHHA, ONpeaeIAIIHE 3aBUCHMOCTE BA3KOCTH, MOPUCTOCTH, IIPOHUIIAEMOC-
TA OT OABJICHHA. ’

§ 6. BRIBOA AUOGDGEPEHLIMAJIBHOI'O YPABHEHHWS
HEYCTAHOBUBILIENCSA ®UJILTPALIMM OJAHOPOJHOIO ®JIOUIA
MO 3AKOHY JAPCU. ®VHKIINS JI.C. JENBEH3I0HA

Ans  BeiBoga guddepeHIHANBHOIO ypaBHCHHS HEYCTAHOBMBLUEMCH
GUIBTpAaNMH MCNOJb3YyeM ypaBHEHME Hepa3pbIBHOCTH (2.5) M ypaBHeHMA
ABuxeHHsA (2.15), B KOTOphIX He OyNeM Y4YHTHIBATH CHIIy TSKCCTH.

Beeaem ¢yHkuuio 2 cnenyrolum obpasom. Ipumem, uto ee auddepen-
nMaj paBeH

ip_ k@0

\ 2.48
1) Ip. (2.48)
TOrad
k(p)p (p)
9’ = ——d B .
j o % +C (2.49)

Oyukunsa # Ha3Bana Qyukuuei Jleitbensona. Tax xak gyukuus Jleiben-
30Ha M JABIICHUE 3aBUCAT OT KOOPAHHAT X, ¥, Z H BPEMEHH !, TO PAaBEHCTBO
(2.48) MOXHO 3anMCaTh B CIEAYIOLIEM PA3BEPHYTOM BMIE, MCIOJIb3YA [OHA-
THE NoJHOoro auddepeHunana QyHKUHM OT MHOTHMX IIEPEMEHHBIX:

0P 0P 0P 0P k 17 17 17 ¢
—dx+ —dy+ —dz+ —dt = —M(—pdx + ;Ddy + P 4z + ld{).
y z t n) z t

ox d d d ox dy d d
W3 cpaBHeHUs KO3()PHUMEHTOB IpPH X, ¥, Z MONYYUM:

0% _kele@)ip. 02 _k@p@)dp 02 _k(p)p(p)dp (2.50)

ox mp) ox° dy np &’ gz  np) oz

Hamuiuem BeIpaxeHHMs O COCTABJISIOIIMX MACCOBOM CKOPOCTH (UIIb-
Tp4LlMH, YMHOXHB [IPABYIO H JIEBYIO 4acTH (2.15) Ha NIOTHOCTH M HUCNIONB3YS
cooTHouienus (2.50):

kip 0P kop o2
W, = —pPp———= - — = —-p— = — —!
Phe==Plax™ "ax PM T TPRe T T oy
kép o2
__ kop_ 92 2.51
W= —PLT =~ (2.51)

IMoacraBuB sbipaxeHus (2.51) B ypaBHeHHEe HepaspelBHOCTH (2.5),
HONY4UM!

P N 2P *P  d(pm)
x> ' ay* 82 ot
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HIIH

2 (pm)

Vi® = ,
ot

(2.53)
rae V2% - onepatop Jlamnaca ot ¢yskuuu Jleibenzona (2.49).
YpapHeHue (2.52) cnpaBeQIMBO ANA HEYCTAHOBUBLLIETOCS ABHXKCHHSA
oaHopoaHoro (uiroMaa B OQHOPOAHON MOPHCTOMH cpene mo 3akoHy Japcu.
B cnyyae ycraHosuBuu€iics ¢unbTpauuu d(pm)/ét = 0 u OyneT ynoBiet-

BOpAThCA ypasHenue Jlamnaca nna ¢yukuuu JleiiGeH3ona:
r + — i + g =0 (2.54)
oax? oy? 0z2 ' '

Ecnu nmpoHHIaeMocTs cpeibl B AWHAMHYECKHHA KO3(QQHIHEHT BA3KOCTH
¢arouga MOCTOsAHHBI, T.€. k = const, 1| = const, a MIOTHOCTb p = p(p), TO
MOXHO BBecTH QyHkumio JlciibeH3oHa B BHAE

#={pp)dp+C. (2.55)

Torna auddepenuuansHoe ypanne}me HeycTaHOsHBIIEHCA PUIbTpaIUU
IPUMET BUA

(ezy P 2P ) o (pm)
+—+ = .
n\ax? = ay* az? ot

(2.56)

Bripasum ¢yukuuro Jleiibenzona (2.55) uepe3 maBleHHE M pa3IHYHbIX
($MIOU OB — HECHHUMAEMOR XHMIKOCTH, YNpPYyroi XHIKOCTH, COBEPILIEHHOIO
raza W peajnHoro rasa. [ns 3toro B (2.55) moacTaBMM COOTBETCTBYHOLIHE
BRIPaXEHHS [ IUIOTHOCTH M BO3bLMEM HHTETpAIL

Jis HecXMMaeMoH XHIKOCTH py = const, Toraa
P ={poedp+ C=pyp+C, 2.57)

T.€. ¢pyHkuus JleiibeH3oHa NMPONOPHHOHATLHA JABIICHMIO.
Jn1s ynpyro# X®MOKOCTH C YpaBHEHAMEM cocTOosHHA (2.26)

Po Y

W:Ipoeﬂx(p—Po)dp_*_C_ 0 @8x(p~pg) +C_B_+C (2.58)
Ecmu xe B, (p — py) « I, TO
p
21 4B (p—po)]+ C=pop+C, 2.59)

7 =5,

T.€. HMEET TOT X€ BH[I, YTO M [AJIA HECKHUMAEMOMN XHMIKOCTH.
JI71s COBepLIEHHOrO ra3a ¢ ypaBHEHMEM cOCTONHHMA (2.32)

2
P = jp“”d vyc=PP ¢ (2.60)
Pax 2pax
T.e. ¢pyHkums JleitbeH30HA NPONOPIUOHANIEHA KBAAPATYy NABIICHMS.
Jlns peanbHOro rasa ¢ ypaBHEHHEM cOCTOAHHMA (2.34)
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» pnz(p,.T)deH c _ 2.61)
Pa: z(p)

T.c. ynxkuus Jleiibcu3ona 3amUchiBaeTCs B BHAE MHTerpand. Tak Kak
peasibHbIE CBOHCTBA ra3a MPOABIAIOTCS [IPH BBICOKHX IUIACTOBLIX JABIICHUSAX,
TO B 3TOM Clly4ae OKA3IbIBACTCHA CYLICCTBEHHOH 34BUCHMOCTbH BA3KOCTH OT
OABJICHHA M HYXHO HCHONBL30B4TH QyHKuuio Jleiibenzona B sune (2.49).

§ 7. HAUAJIBHBIE U TPAHUYHBIE YCJOBUSA

IIpoayKTUBHBIM NNACT WM BBIACICHHYKO K3 HErO 4YacThb MOXHO pdc-
CMATPUBATH KAK HEKOTOPYHO OBJIACTh IPOCTPAHCTBA, OTPAHUYEHHYIO IOBEPX-
HOCTSMH — IPAHMLAMH. ["PaHUIBI MOT'YT ObITH HEIPOHUIAEMBIMH 1A (IIIOH-
JIOB, HATIPUMED KPOBJIA H MOJOIIBA ILIACTa, cOPOCH M MOBEPXHOCTH BBIKIIH-
HUB4HMA, [PAHHYHOH INOBEPXHOCTBIO HBISETCH TAKXKE MOBEPXHOCTh, IO
KOTOpo#t miacT coobulaeTcs ¢ obNacTbio NMHTAaHHA (C AHEBHOH MOBEpX-
HOCTBIO, C ECTECTBEHHBIM BOJOEMOM), 3TO TaK HA3bIBAEMBIH KOHTYP MHTAHHS,
CTEHKa CKBAXMHBI CIyXHT BHYTPEHHEH IpdHHIel Mnacra.

Utobbl NMONYYHUTHL PELIEHHE CHUCTEMBI YpABHEHHMH, K HHM Heobxoaumo
No6aBUTh HAYAJIbHBIE U I'DAHHYHBIE YCIIOBHS,

HauanpHoe ycnoBHe 3aKJIFOHAETCH B 33JaHUM HCKOMO# (YHKIHMH BO BCeid
oblacTH B HEKOTOPbIH MOMEHT BpEMeHH, NPUHMMAEMBbIA 33 HAa4aJIbHbIM.
Hampumep, ecnu uckomMoit ¢yHKUHER sSBIAETCA IMIACTOBOE [NABJIEHHE, TO
HayaJbHOE YCIIOBHE MOXET HMCETh BH[

pP=polx.y,z) mpu =0, (2.62)

T.€. B H44YaJbHBIA MOMEHT 3aJaercs pacnopeaciICHUE OABJICHUA BO BCEM
IJ1acTe. :

Ecnu B Ha4YanbHBIA MOMEHT IJIACT HCBO3MYLICH, TO HA4YAJIBHOE YCIIOBHE
IIPUMET BHA

p=p,=const mpu t=0. (2.63)

I'paHuyHble (Kp4aeBblc) YCJIOBHA 3aAdIOTCH HA IpaHUUAX IacTa. Yucno
TPAHMYHBIX YCJIOBHH [JOJXHO OBITH P4BHO NOPAAKY uddepeHInanbHOro
YPABHEHHUSA MO KOOPAHUHATAM.

Bo3MoxHBI cneayroillue rpaHUYHBIE YCIIOBHA,

1. Ha sHewne# rpanuue I

1) mocTosHHOE OaBiIeHHE

p(l’, 1) = p, = const, (2.64)
T.€. TPAHHLA SBJIAETCH KOHTYPOM IHTAHHMA,
2) NOCTOAHHBIA NEPETOK Yepe3 T'PAHHULLY IIPH BBINOJIHEHHH 3aKoHA Jlapcu

kcp

w, = — —— = const,
non

re h—- HOpManb K rpanuue I'. oTkyda cneayer, 4To
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¢p/fn = const, (2.65)

3) mepeMeHHBIN MEPETOK 4Yepe3 IPAHUIY

dp/on = f,(2); (2.66)
4) 3aMKHYTas BHELIHSA IPaHMLA
ép/dn = 0, (2.67)

S) GeckoHeYHBI# 1O MPOCTHPAHHMIO MJIACT
lim plx, y z t)= p, = const. (2.68)
X2 &@, V=L
I1. Ha BuyTpeHHed rpaHule;
6) NMOCTOAHHOE NABJICHHE HA 3200€ CKBaXKHHKI PAJUYCOM 7,

p(r,)=p.,=const npu r=rg; (2.69)
7) nepeMcHHOE OaBlEHHE HA 3400€ CKBaXHHbI

plra =f2(0 mpu r=rg (2.70)
8) mocTosHHEIA OeOHT, 3TO ycJoBHE INPH BLIUTOJIHEHUH 3akoHa [Hapcu

MOXHO NPEACTABHTH CJeqyIOUIMM obpa3oMm:

ké
Q=wo= —%Danch = const

nér
HAJIA
ép  On
p_ =r, 271
r()r 2nrh fpHT=Te (2.71)

rae @ = 2nr h-nnowans OOKOBOH IHMOBEPXHOCTH CKBAXHMHBI;, h— TOJLIMHA
IUT4CTa;
9) nmepemMeHHRIH OeOmT

dp
r——=f() nmpu r=r,; (2.72)
or
10) OTKIIOYEHHE CKBAXUHBI
d
v 20 npu r=r. 2.73)
or

B nmocnenyromux rnasax 6yayT paccMOTpeHbI 3aJauyd, KOTOpbIE pella-
IOTCSA C MCNOJIb30BAHMEM I'DAHMYHBLIX YCJIOBHH (2.64)—(2.73). npHyeM OCHOB-
HBIMH YCJIOBHAMH. KOTOPKIE BCTPETATCA B KYPCe, 6yAyT yCIOBUA NOCTOAHCTBA
J4BJIEHMA Ha KOHEYHOM H OECKOHEYHO YyIdjIeHHOM KOHTYpe NUTaHus (2.64)
H (2.68), a TAKXE MOCTOAHCTBA MNABJIEHUS U AeOUTA HA CTEHKZ CKBAXHHBI
(2.69) u (2.71).



Konmpovubie sonpocst u adauu

1. 3anuiuTe ypaBHEHHE HEPA3PLIBHOCTH B oOILEM ciy4ae, a4 TaKxke ANs
GUIBTPALME HECKHMAEMOMH XHUIKOCTH B HeAeGOPMHUPYEeMOii MOPUCTOI cpexe.
KakoB ¢u3uyeckuit cMbICT ypdBHEHMS HEPA3pHLIBHOCTH?

2. 3amMUIHTE NONHYRO CHCTEMY au(pPepeHIMANLHbIX YpABHEHHH A
pELIEHHs 3a7a4¥ O (QUIBTpAIMH HECKHUMAeMOH XUAKOCTH MO JMHEHHOMY
3aKOHY B Hele(OPMHPYEMOM ILIACTE.

3. Bo ckonbko pa3 U3MEHHTCH ILUIOTHOCTh YIPYTO# XHAKOCTH M COBEP-
LIEHHOro rasza NpH u3MeHeHHH naBnenus B 100 pas, oTr atmocdepHoro
(Pex = 0,1 MIIa), no p = 10 MITa? lpunsats B, = 1078 [Ma~ .

4. Kakas ¢yHkuus HasmsaeTcs ¢ynxuuen JleinbeHnzona?

5. Kakoit Bua npumet ¢yHkuus JleirbeH3oHa qis cxuMaeMo# X HMIKOCTH
C YpP4BHEHHEM COCTONHMA (2.28), eciM 3aBHCHMOCTH BA3KOCTH XHAKOCTH
U TNPOHMIAEMOCTH MJAacTa OT MABJIEHHA OINPEOCNAIOTCA COOTHOLUCHHAMH
(2.37) u (2.47)?

6. Kaxoit Bua npumer ¢yHkius Jleidben3ona AN peanbHOro rasa, eciu
k = const, 1 =const, a k03pPUUMEHT CBEPXCKHMAEMOCTH - 34BHCHT OT
nasnenus nuneitHo (popmyna (2.35))?

7. Kak 3anuumercs nudepeHUMAIBLHOE YPAaBHECHHE HEYCTAHOBHBLIEHCH
$unpTpauMu ogHopoaHoro ¢urorga npu k = cosnt, 1 = const? Kakoit Bua
IOPUMET 3TO YpaBHEHHE B Cllyyae yCTaHOBHBLUEHCH PuibTpaunun?

8. Kax 3amumtuercs muddepeHnHanbHOe YpaBHEHHE YCTaHOBHBLIEHCH
OHUNBTPAlMH COBEPUIEHHOrO Tra3d OTHOCHTENBLHO [JaBieHus (k = const,
1 = const)?

9. Kakue rpaHM4HBIC YCIOBHSA IUIA OABJIEHHUS JOJDKHBI GBITh IIOCTABJIEHM]
Ha BHEIIHEH M BHYTpeHHeH rpaHMnax HeTsHOro miacra, B KoTopom pabo-
TaeT OOHA CKBAXHHA DPAaJAMYCOM F., €CIH AEOMT CKBAaXHHBl MOCTOSHHBIH,
4 BHEIHAS I'PDAHMIA CIIYXHT KOHTYPOM IHMTAHUA?

I'i1asa 3

OJHOMEPHBIE YCTAHOBUBIIUECSH
ITIOTOKM KUJIKOCTU U I'A3A B NTOPUCTOM
CPEJE

§ 1. CXEMbI OJHOMEPHBIX ®NJbTPALIMOHHBIX MTOTOKOB

BBuny upe3BbiyafiHOM CIOXKHOCTH peajibHBIX NPOLECCOB (HIBTPAIMH
IUTACTOBLIX (IIOUAOB NOCTPOUTH INOJHOCTBEO NOJOOHBIE (U3HYECKHE HITH
TEOMETPUYECKHE MOACNH HEBO3MOXHO. [1o3TOMy B GONBIIMHCTBE Cly4aes
OTPAaHHUYHUBAIOTCH NPUOIHKEHHBIM MOICIMPOBAHKEM PUNBTPAIMOHHBIX TeYe-
HHH, MO3BOJAIOIIMM oOeCHeduTh aNeKBATHOE MAaTEMATHYECKOe OIHCAHHE
mporecca pa3paboTku HePTHAHBIX M ra3oBbIX MeCTOpoXIOeHui. U3yyeHme
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3TOro IpoUecca MOXeT IPOBOJMTLCH HA YIPOILEHHBIX (MA€aTH3UPOBAHHbIX)
MO/JIEJIAX ~ CXEMAX OJHOMEDHBIX M HEOJHOMEPHBIX (GHIbTPALMOHHBIX NOTO-
KOB IIpH YCTAHOBHBILUHXCS MJIH HEYCTAHOBHBLIHMXCH DEXHMIX.

Ipu u3ydeHHH QHUIBTPAIMOHHBIX MOTOKOB XHUAKOCTH M raia B IPHpOA-
HBIX [UIACTaX JOJIXHA OBITH MpOBEAEHA TAKAA CXeMATH3AIMA T€OMETPUYECKOMH
GOpMBI IBHXXEHHS, KOTOPAs MO3BOJIAET CO3JATh PACHETHBIE CXEMBI, YIHTHI-
BAIOLME OCHOBHBIE 3((EKTHl H MO3BOJAIOIIKME ONPEAENTUTh NaPaAMETPHI
TEUCHHSL,

[pu u3y4yeHHH 3NeMEHTApHBIX (QHIBTPAIMOHHBIX IIOTOKOB B MOA3EMHOK
THIPOMEXAHHKE OCHOBHBIMH ABJISIOTCS MOJENH YCTAHOBHUBLUEHCA M HEyCTa-
HoBUBLIEHCA QUILTPAIMH OAHOGAZHKIX QIIOHIOB (HEC)KHMACMBIX HIIM CXH-
MAaeMEIX) B OJHOPOJHOW (H30TPONHOM) MOPUCTOM cpele. ITH MOJEIH ABIA-
FOTCH KJIACCHMECKMMHM H I[O3BOJIAIOT HM3y4aTh OGHUILTPALMOHHBIE TEYEHUS
METOJAMH MATEMATHYECKOH (PU3IMKH.

OaHako HeOOXOAMMOCTD pelleHHs GoJiee CIOXHBIX HEOAHOMEPHBIX 3aa4
GUIBTpAMM XHOKOCTEH, ra3oB M MX CMeECE B MPHPOAHBIX ILIACTAX
notpeboBana cozaaHus Goree COBEPLICHHBIX MAaTEMaTHYECKHX MOJECIEH,
OCHOBAaHHBIX Ha JIy4lllEM 3HAHHM M INOHUMAHUH TUAPOAMHAMMHYECKHX H
(H3UKO-XHUMHYECKHX MPOLIECCOB, MPOUCXOAALIMX B 3aNeXH IIpH €€ paspa-
6oTke. Mcrmonp3oBaHUe 3TUX MOAEIIEH, KAK NPABUJIO, CBA3dHO C IPHMEHCHHEM
YUCJICHHBIX METOJOB M COBPEMEHHOM BBLIYUCIHTENLHOR TEeXHHKH. [laHHas
riaBa IOCBALLUCHA H3Y4YCHHIO NPOCTEHIINX OJHOMEPHBIX YCTAHOBUBLIMXCH
HOTOKOB XHIKOCTH ¥ ra3a B HOPHCTOH CpeAe N0 JIMHEHHOMY H HEJTMHEHHOMY
34KOHY (QHIBTPAIMH.

OQHOMEPHBIM HA3bIBAETCA QUIBTPAUHOHHBIA NOTOK XHUAKOCTH
WM raza, B KOTOPOM CKOPOCTh PUIBTpalHH, NaBJIEHHE H APYIHE
XdPAKTEPUCTHKM TEHYEHHUS ABIAIOTCH QYHKUHMAMH TOJBKO OXHOM
KOOpAMHATHI, OTCYUTHIBAEMOM BAONL THMHUM Toka, Haubonee xapax-
TEpHEIMH, IPUMEHUTENIBHO K MpoleccaM ¢GUIbTpanui HE(TH, BOAK M rasa,
OIHOMEPHBIMH NOTOKAMH SBIAIOTCH!

IPAMOJIMHENRHO-APANIENbHBIH QHIbTPALMOHHBIA MOTOK;

IUIOCKOpaAHabHbIA (HIBTPALMOEHBIH MOTOK;

paaManbHO-ChepHUyeCKuil GUIBTPAIIMOHHBIH MMOTOK.

[MpuBeaeM KpaTKoe ONHCAHHE 3THX IOTOKOB.

MpaMoIHHEHHO-TapaNNeNbHBH  QUIBTPAUHOHHBIA  NOTOK.
[IpeAnonoXuM, YTO NpH QUILTPauMH (IIOMAd TPAEKTOPMM' BCEX YACTHI
napanneipHbl, 8 CKOPOCTH QUILTPALMHA BO BCEX TOYKAX Jr06Oro monepeyHo-
ro (MeprneHIUKyISApHOrO JHHUAM TOKA) CEYEHHMS PaBHB! ApYr ApYTY. 3aKOHHI
JBMXKEHHA BJONbL BCEX TPACKTOPHH Takoro (UibTPalMOHHOrO MOTOKA OIH-
HAKOBBbI, 4 MOJTOMY [JOCTATOYHO M3YHHTh JBHXEHHME BIOJb ONHOH MH3
TPAEKTOPHH, KOTOPYIO MOXHO IPHHATH 3@ OCh KOOPAMHAT —OCh X (pHC. 3.1).

IpsMoIMHERHO-NAPAJIENbHBIA [OTOK MMEET MecTo B nabopaTopHbIX
YCNIOBHAX NpPH ABHXEHHM XHAKOCTH WM ra3a yepe3 UMIMHIAPHYECKMA KEpH

! HanomHuM, 3TO Nnpyd YCTAHOBHBUHIEMCH OBHXCHHH XHIAKOCTH TPaCKTOpHH CO-
BMajgatoT C JHHHAMH TOKa.
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Pyc. 3.1. Cxema NpAMOIMHEHHO-NAPAIIIEIBHOI O
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/4 ' Puc. 3.2. Cxema npsaMonnHeiHO-napas-
/.V JIEJILHOTO TEYCHMS B IuiacTe

HIH 4epe3 MpAMYK Tpy6y MOCTOSHHOIO AMaMeTpa, 3alOHEHHYIO NMOPHCTOM
CpeJoi; Ha OTHENbHBIX y4acTKax NPOAYKTHBHOIO IUIACTA NpPH ABMKEHHH
XHIKOCTH K DaTapee CkBaXuH, €CNM IUIACT MOCTOSHHOM TONIUIMHBL MMEET
B mnnaHe ¢opMy npsiMoyronbHuka (cM. puc. 3.1). Jlunum TOKa OyayT
HCKPHUBNATBLC TONBKO BONM3M CKBAaXHMH. EcnM ynnoTHHTB ceTKy CKBAXHH
B OaTapee —3aMeHHTH 0aTapelO0 CIUIOLIHOHW NPAMO.IMHEHHOH BBIPAGOTKOM —
rajepeedf, To ABHXCHHE K ranepee OymeT cTporo mnpsMoiuHedHO-napai-
nenbHbBIM. TTOTOK MOXHO CYMTATH NPSAMONMHERHO-IAPAIIIEIbHEIM HA He-
KOTOpOM y4aCTKE MeXIy HATHETATENbHOM M JobbiBaroweit GaTapesmn
CKBAXHH.

IInact, B KOTOPOM MMEET MECTO NPSMOJIHHEHHO-IAPAJLICIBHBIN MOTOK,
ynobHO CXeMAdTH3MPOBATL B BHAE MPAMOYIOJILHOIO NApAJljeelunena Bhl-
CoTo#l h (ToNuIMHA 1myacTa), wupHHOH B m nnuuoi L(puc. 3.2). Jlesas rpans
ABIAETCA KOHTYPOM IMTaHHUS, 3[1ECh JaBJICHHE OCTOSSHHO M PaBHO P,, NIpaBas
I'paHb - HOBEPXHOCTDb CTOKA (rajiepes) ¢ AaBieHueM p,. Bee ocranbHble rpanu
HEMPOHHIIAEMBI.

IInockopaaManbHbeli QUABTPALMOHHKHA noTok. Ilpeamonoxnm,
4YTO MMEETCS TOPU3OHTAJIBbHBIA IUIACT NOCTOSSHHON TOJUIMHBI i U HEOr paHH-
YEHHON WM OrPaHUYEHHOH NpoTskKeHHocTH. B mnacre npobypena opna
CKBaXMHA, BCKPBIBILAS €I0 HA BCEO TOJIIHMHY M MMEIOLIAN OTKPHIThIH 3a60it’.
Ilpu orbope XUAKOCTH MNHU ra3a MX 4acTHIbI OYAYT ABMIaThCs MO FOPH3OH-
T4NbHBIM TPAEKTOPHUSM, pagHajbHO CXOOSIUUMCH K CKBaXHHE. Takoi
GuUNbTPaLMOHNEIA NOTOK Ha3BIBAETCS IUIOCKOPaAManbHbIM. KapTuHa nunumit
Toka B M060il ropH3OHTaIBHON MIOCKOCTH 6yaeT OJAMHAKOBA, M AJIs NIONHOMH

! Takas CKBaXMHA Ha3bIBAETCA IMAPOAMHAMMYeckM coscpiuennoi. IMoxpobuee
O COBEPHICHCTBe CKBaxuH cM. 1. 4, § 7.
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Puyc. 3.3. CxemMa IUIOCKOPaAHaIbHOIO MOTOKA B KPYTO- a
BOM ILTACTE:
a~obwui BKA; 6 -nan

\] o \/
& 4
Puc. 3.4. BepTHKAjbHOE CEYEHHE pPaJHAILHO- \ZI&B/

chepuyeckoro GpuibTPaUMOHHOrO NOTOKA

XapaKTEPUCTHKH MOTOKA NOCTATOYHO H3YYHTH ABMXKEHHE (UIFOHAA B OJHOM
TOpU3OHTANBHOM MIOCKOCTH. B mockopaguansHOM OJHOMEPHOM NOTOKe
OaBJIEHHE M CKOpPOCTh OQHUIbTpAanMH B JHOOO0H TOHKe 3aBHUCAT TOJNBKO OT
paccTOSIHUS r AAHHOW TOYKM OT OCH ckBaxHHbl, Ha puc. 3.3, a, 6 npusenena
cXeMa IIOCKOPAAHATIBHOTO QHIbTPALHMOHHOIO MOTOKA. CXeMaTH3UpYyeMBlit
I1acT OrpaHU4eH MUIMHAPUYECKOH MOBEPXHOCTBIO pagvycoM R, (KOHTypoM
IMTaHUsA), HA KOTOPO# JaBlieHHe MMOCTOSHHO M PABHO p,; HA LMJIMHIPHYECKOR
IIOBEPXHOCTH CKBAXHUHBI PaHycoM r_ (3260 CKBaXUHBI) JaBJIEHHE PABHO p,.
KpoBns u mogomBa mnnacta HenpoHunaeMbsl. Ha puc. 3.3,6 npuBeneHs!
CeYECHHE IIACTA I'OPU3OHTAJILHOM IJIOCKOCTBIO M paAMalibHBIE JIMHHH TOKa,
HaMpaBJIeHHbIE K CKBaXxuHe. Ecnm ckBaxuHa He moObiBarouiasi, a HarHeTa-
TeJIbHAs, TO HANIPABJICHUE JIMHMI TOKAa HAJO U3MEHHUTH Ha IPOTHBONOJIOKHOE.
PanuansHo-chepudecknit YUNsTpanHoOHHBIH NOTOK. PaccMoTpum
CXeMy IIACTA HEOTPAHMYEHHOH TOJUMHBI ¢ IUIOCKOH TIOpH3OHTANBHOM
HempoHUIaeMo# kpoBneit. CxkpaxuH4A coobluaeTcss ¢ IJIACTOM, HMEIOLIUM
¢opMy mnonycoepsl paguycoM R, (puc. 3.4). Ilpm sKcInyaTanMu Takoi
61



CKBaXHHBI TPAEKTOPHH JBHXEHHA BCEX YACTHUIl XHAKOCTH MJIM ra3a B IUIacTe
6yayT NpsSMONHMHEHHBIMH B MPOCTPAHCTBE M pPaAMAIbHO CXOASLIMMHUCH B
LEHTpe mnoaycgepudeckoro 3abos, B Toyke 0. B TakoM ycTaHOBHBIIEMCS
[IOTOKE JABJIEHHE H CKOPOCTb B JIFOOOH ero Touke OyAyT QyHKUHEH TONBKO
pacCTONHHUSA r 3TOHM TOYKH OT HeHTpa nonycoepbl. CnenoBaTenbHO, 3TOT
(UNBTPALMOHHBIA TIOTOK SBJIAETCA TAKKE OJHOMEPHBIM H HAa3bIBAETCSH
paaunansbHo-cepudeckuM. Takoil MOTOK MOXET DPEeaJIM30BLIBATHCH BOJH3M
32005, KOrJd CKBAXHMHA BCKPBIBAET TOJIBKO CAMYIO KPOBJIKO IIJIACTA HIHM
INyOMHA BCKPBITHSA A 3HAYMTENBHO MEHbIIE TOJUIMHBI IIACTA.

OnucaHHbIE CXEMBI OTHOMEPHKIX QHIBTPALMOHHBIX IOTOKOB MO3BOJISIIOT
CO3[aBaTh IpOCTEHINNE MOJENH pEATbHHRIX TEYEHHMH, BO3IHMKAIOUIMX IpPH
pa3paboTke HedTEra3oBBIX MECTOPOXACHUI U PEIIATh NPAKTHYECKUE 3aJa4H.

3aja4a HMCCNEAOBAHMS YCTAHOBMBIIErocs GHIBTPANMOHHOIO IIOTOKA
3aKIIOYAETCS B ONPEACNCHHUH CIEAYIOUMX XapaKTepUCTHK: AebuTa (MM
pacxoaa), AaBJeHHs, CKOPOCTH QUIBTpALMHK B MH0OOH TOUke MOTOKA, @ TAKKE
YCTAHOBNEHHE 34KOHA [BHUXEHHMS YaCTHI[ XHAKOCTH MIJHM rasa BIONb HX
TPAaeKTOPHIA M OINpefe/ieHHe CpPEeAHEB3BEUIEHHOIO Mo 00BeMY MOpPOBOIO
IPOCTPAHCTBA IUIACTOBOIO AABJICHUS.

§ 2. PACYET OCHOBHBIX XAPAKTEPUCTUK OJHOMEPHBIX
GUIBTPAIIMOHHBIX MOTOKOB XKUAKOCTU U TA3A

Jns pacdera nmepedyMCIEHHBIX X4pAaKTEPHCTHK OJHOMEPHBIX (GHIIbTpAIH-
OHHBIX NOTOKOB XHIKOCTH M ra3a MOXHO HCIOJNb30BATH [ABA IMOAXOHA.
IMepBblit U3 HUX - BRIBOA Au(depeHIMaNnbHbIX YPABHEHMH M HX pellleHHe
OTAENBHO JUis [PAMOJMHEHHO-NAPAJIJIENBHOIO, IIOCKOPAAHANBHOIO H
paauanbHO-CHEPHYECKOTO MOTOKOB XHAKOCTH M rasa'. Bropoii - BuiBOX
060611eHHOro ypaBHEHHSI OJTHOMEPHOTO TeYeHUs ¢uronaa B HenepopMupye-
MoOii TpyOke TOKa NMEPEMEHHOIO CEHEHHS C MCIOJIb30BaHMeM (yHKIMM Jlei-
6eH30Ha U MOJYYEHHE M3 HETO KOHKPETHHIX GOPMYJ MPUMEHHUTENBHO K pa3-
JIUYHBIM cXeMaM (HIbTPALMOHHBIX MOTOKOB. BTopoi noaxox 6onee adodek-
THBEH, MO3BOJIIET UCXOAUTH U3 OOOOUIEHHBIX XapaKTepUCTHK TedeHus. OH
HCIIONB3YETCHA B HACTOSLIEM Yy4yeOHHKe.

B cnyyae ogHOoMepHOro TeyeHus ¢uronna B HenepopMHpyeMOH TpyGke
TOKa NEPEMEHHOrO ceYeHus (cM. pHC. 2.3) MaccoBbIH pacxof IO BCeH quHE
CTPYHKH COXPAHSETCS MOCTOSHHBIM:

0., = pQ = pwa(s) = const, 3.1
IJie §— KOOP/MHATA, B3ATAs BAOJb JIMHMUM TOKA, BO3PACTAIOLIAS [0 TEYEHUIO
¢dmounna.

3anumem 3akoH [apcu (2.11) depe3 dynxuuto JleitbGenzona (2.55). Qax

3TOr0 YMHOXHM IIP4aBYIO H JIEBYHO 4YacTH ypaBHeHHs (2.11) Ha mnoTHOCTH
¢dnronaa p(p) ¥ Ha IIOWAAL CEYCHAS @ (5):

! Mopsemuas rugpasmmxa /K. C. Bacuues u ap. M., Heapa, 1986.
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k
pQ = - ﬁfgm(s).

Ha ocHoBannu ¢opmynsl (2.55) MoxHO 3aMeHuTs pdp = d?
Torna

k d?
0. nds @ (s). (3.2)
O10 MupPEPEHIIMATILHOE YPABHEHUE SIBJISETCS OCHOBHBIM IPH pac4eTe
OJHOMEPHBIX IIOTOKOB.
Haiinem u3 Hero pacnpeaenenue pyuxmun JleiiGen3ona no mimMee cTpydky
2 (s) u BeIBeieM opMyiy Ans pacyeta gebura. B ypasuenns (3.2) pazgenum
nepeMecHHbIE

Qn.nds

a2 = = o0

(3-3)

U MPOMHTETPUPYEM B mpefesax OT § = §,, [JI€ U3BECTHO 3HAueHHEe (PYHKIHUH
Jleiibensona 2 = %, f0 TEKyWEro 3Ha4CHUS S H COOTBETCTBYIOLIEI O eMy P:

W Qun [ ds
PP =— k ES 3.4
O6o3HayumM '
ds
Ry ()= m_(;j’ (3.5)
‘L
TOraa
26 =2, - 2R, 36

Wurerpupys (3.3) no s B npegenax ot §, 40 §; 1 o 2 or £, no 2,,
HOJIy4HM:
2

_Qnnds
# ~7,=n fm(s). 3.7)

]
1

M3 nmocienHero paBeHcTBa HaiijieM MacCOBBI pacxoid!
_ k(2,—-2,)
= =T 5

— (3.8)
12

Om

rae
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Ry = j‘ (3.9)

L1
Cboplmyna (3.8) sBnsieTcs aHanoroM 3akoHa Oma: cCHe TOKA COOTBETCT-
ByeT AeOHT, JJIEKTpUYECKOMY mNoTeHuMany- ¢pyHkuus JleibeHsona, u mno
aHANIOTHM C 3JIEKTPUYECKMM CONPOTHUBJIEHHEM 3HaMeHaTelb GopMyibl (3.8)
Ry ;. T.e. BolpaxeHue (3.9), Ha3bIBAIOT QUIBTPAUHOHHBIM CONPOTHBJICHHEM.
IMoacTaBUB BbIpaXEHHE Ui MAcCoBOro pacxoaa u3 (3.8) B (3.6), mony4uum
OKOHYATeJbHO; :

P — P
P)=P, — ——"2R,(5) (3.10)
Ry,
MaccoBast ckOpocTh PUNBTPALNU ONpPEAEISETCS PABEHCTBOM
k d»
= 3.11
pw n s @a.1n

M3 coortnouenus (3.10)
d® P —PdR, P - P, |

dS‘ RIZ ds RlZ (l)(s)’

Torga
k(#,— 2

o = XF1= %)) 3.12)
nR;a(s)

3Has KOHKPETHBHIE 3aBHCHMOCTH IUIOTHOCTH p M QyHkuum JleibGenzona
# OT AaBleHHUs Uil pa3nudHbIX (mouaos (cM. popmynnt (2.57), (2.60)),
a Takxe BhIpaxeHHs R, R;;. ®(S) /Ans pa3HbIX OJHOMEPHBIX MOTOKOB,
MOXHO pPacCYMTaThb PACIPENC/IEHHE NABICHHS p(5), CKOPOCTH (UIbTpAalMH
w(s), mony4uTh GOPMYNbI U1 MACCOBOIO U OOBEMHOrO PACXO0B.

Mo pacnpeneneHuro JaBIEHUS B AajbHENIIEM HAMEM CpeqHEB3BEIIEHHOE
no o6BeMy MOPOBOr0 MPOCTPAHCTBA IUIACTOBOE A4BJICHHE, ONPEACIISEMOE IO

¢dopmyne

.1 '

b= | POV, (3.13)
v

n
rae V,—obmuit 06beM MOPOBOro MPOCTPAHCTBA IIACTA.
Bpemst BMXEHHS OTHENbHBIX YACTHL (QUIFOMJA ONpEEIISAEeTCH PELICHHEM
YPaBHCHUS:
ds  wi(s)

dt ]



Ipu ycnoBuH, 4YTO B HAyaJNbHBIH MOMEHT ¢ = () 4YacTHUA MMeJld KOOpP:iH-
HATy § = S, [OJYYHM:

X

ds
I=m J.w—(si (3.19

H
0

3anuiueM Tenepb MOJiydeHHble B obweM Buae ¢opmynsl (3.8), (3.10),
(3.12) B KOHKPETHOM BHE IS KaXAOTO H3 OOHOMEPHBIX OTOKOB XHIKOCTH
H rasa,

2.1. Tlpamoanneiino-napaaiensisiii (PHILTPALHOHRLIA NOTOK
IMnowaap nomepedHOro ceyeHHs ® = Bh = const; Ha KOHType NUTaHHSA

x,=0,2, =, Haranepee x, = L, #, = 2, u3 (3.5) Ry, = x/(Bh), u3 (3.9)
Ry, = L{(Bh) (cM. puc. 3.2).

Torpa
k(@ -2
Q.= k& - 2) Bh, (3.15)
nL
P - P
Px)=P, - —0, (3.16)
Lx
k(#, - 2)
pw == " (3.17)
nL

2.2. Tlnockopaauaiabhblii PUILTPAUHOHHBEE NOTOK

IMepeiiieM OT KOOPANHATHI § K KOOPJHHATE r, OTCYATBIBAEMOM OT LEHTpa
ckBaxuHbl. J]ns qobbiBarouieit ckBaxuHE s = R, — r (cM. puc. 3.3, 4), Tak 410
ds = —dr; nnowaas GUILTPALMOHHON MOBEPXHOCTH ® (§) = 2mrh—-60KoBas
NOBepXHOCTb LMJIMHApA;, HAa KOHType IHUTaHMs r, = R, #, = P, Ha 3aboe
CKBAXUHBI 7, =1, 92 =P Toraga

Ry, —
! 2nrh 211”1J. 21th

R _J'—dr_ l ln&
27 )oneh 2k or,

R
M3 (3.8)
k@, —-2)
Qn =2nh nIn(RJr) (3.18)
U3 (3.10)
5—1642 65



In(R,/r)

2N=2, -2, - 2) In(RJr)’ 3.19
M3 (3.12)
_k@, 291 620)

w=s———°<_,
nin(R/r) r

2.3. PaguaasHo-chepuuecknii GribLTpauHonnLIH NOTOK

B 3TOM cay4ae mns gobbiBaroue CKBaXHHBI ¢ monychepHieckum 3aboemM
uMeeM: s= R, —r, ds= —dr, ©(s) = 2nr’ —nnowans MOBEPXHOCTH MOINY-
chepsl ¢ paguycoM r; ry =R, P, =P, ry =r, P, =P, (cM. puc. 3.4).

Boiuucnsem ¢HAbTpamuoOHHbIE cOMpoTHBIEHHs mo (opmynam (3.5) u
(3.9):

r r

dr 1 [dr | 1 1 1(r 1
Rls=_ —2=—— —2=—— —_— 3t — ] =— 7__;
2nr 2 ) r 2n r R/ 2r\r R,

1 /1 1
R”:M(—_Ri)zﬁtrc’ TaK kak r. < R,.

Janee u3 (3.8), (3.10), (3.12) Haxogum:

Qp = 21r, %(9’. =2 (3.21)
1 I
20)=2, -2, —-2) n(- - —); (3.22)
r R,
ow=X@ —2)k. (3.23)
n r

§ 3. CPABHUTEJBHBIA AHAJIN3 OJHOMEPHbBIX NOTOKOB
HECXHMMAEMOMN XHNJIKOCTH U TA3A

PaccMoTpuM KOHKpeTHBIE MOfenH (IFOUAOB — HECKHUMAEMYIO XUAKOCTD
H COBEpIUCHHbIH ra3. Beimmuiem ans Hux GopMynbl anst pacdera OCHOBHbIX
XapakTepUCTHK ONHOMEPHBIX (UIbTpANMOHHBIX MOTOKOB. ComocTaBleHue
3TUX (OpMyN MHO3BOJNHMT OHEHHUTh 3¢hGEKT CXUMAEMOCTH MPH MPOYHX
OIMHAKOBBIX YCIOBHSX.

B coorBerctBuun ¢ (2.57) u (2.60) ¢ynkuus JleitbeHzoHa uMeeT
CleAylomuid BUI!

A1 HECX)KUMAEMOH XHIKOCTH

P =pp + G (3.24)
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pan)bs COBCleCHHOI'O rasza
P = pup’/(2p.1) + C. (3.25)

3.1. IlpaMoaHReiiHO-NapaNneNbHbIH PRILTPAIMONHBIH NOTOK
HECX)KHMAaeMOil KHKOCTH M COBEpILIEeHHOro raia

TNoacraBuB B oCHOBHBIe pacyeTHmie ¢opmyiant (3.15), (3.16), (3.17)
BoipaxeHue QyHkimu Jleitbensona (3.24), a Takxe Ha KOHTYpe P, = pop, + C
U Ha ranepee P, = pyp, + C, NOMYYUM OCHOBHBIE XAPAKTEPHCTHUKH IS
HECXKHMAEMOH XHMAKOCTH!

MAaccoOBBIH pacxon

k  p.—p:
Om= a POET Bh; (3.26)
pacnpcacicHuc JABJICHHU A
P — P:
p(x)=p,— ARG (3.27)

MacCOBYIO CKOPOCTh QUIBLTpALHA

k p.—p
Pow = ;lpo —I = const. (3.28)
H3 (3.26) u (3.28) cnemyror dopMmyinl Jis o6BeMHOro pacxoaa
kp —
= —”'—Lﬂ Bh = const (3.29)
H o0OBeMHON CKOPOCTA QHIbLTpAIMH
kp. —p.
=—-—= t. 3.
w n L cons (3.30)

Hns coBepuienHoro rasa us (3.25) cnegyer
P =PuPi/2P) + C, P, = pup}/2p:) + C
U OCHOBHBIE COOTHOLIEHHUS TIPHHHMAIOT BH[
_ kpa(pl - pi)

Bh = .
Om ) const, (3.31)
— 3
p(x)=\/p3—p' Lp'x, 0<x<L, (3.32)
k ar 3 - |g
ow = Kt =p0)_ o (3.33)

N 2p.L

Ob6beMHBIH pacxod rasa B IJIACTOBHIX YCJIOBHSX HalfieM, HCIONb3ys
popmyny Q= Qm/p’ roe p = P-:P/Pno B BUIC
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k(p? — p?) Bh
n2lp(x)

Ipu usyyeHnu GuUIbTpaMHU rasa BBOAAT NOHATHE OOBEMHOrO pacxoaad,
IpPUBEJCHHOIO K aTMOocepHOMY JaBJIEHHIO M IUIACTOBO# TemmepaType.

Q)= (3.39)

Qar = Qn/Par- (3.35)
dopmyna ans Hero UMeeT BUO
k(pz - pr)
Qu = ————— = const. 3.36
N2p.: L (3.36)
O6bveMHas cKOpocTh QUIIBTpALMK Iaza:
k 2 — p?
k(s — pr) (3.37)
m2Lp()

JAns cpaBHEHHS OCHOBHBIX XapaKTEPUCTHK MPAMOIHHEHHO-apaiens-
HOTO IIOTOKAa HECKMMAaeMOH XHUAKOCTH M Tasza cleayeT obpaTuThes K
Tabn. 3.1.

Jns onpeneseHus cpeIHEB3BEIIEHHOTO IO OGBEMY HOpPOBOTO IPOCT-
PaHCTBA M1ACTOBOrO JaBJIeHUS j UCIoNnb3yeM obuyro dopmyny (3.13); mas
IPSMOJIMHERHO-NIapAJUIENbHOTO INoToka obmui ofbeM NOpoOBOro mpocT-
paHctBa V, = BhLm, 3nementapHbiii obvem dV, = Bhmdx.

JAns HecxKAMaeMOii XUAKOCTH NOACTABAM IOJ HHTErpan BhIpaxeHHe
(3.27), Torna

L
N | P =P )
p= _BhLmj<p' i x } Bhmdx =
o

L L

1 P ) P, + Pt P

= L(p, f dx - f xdx (3.38)
0 0

Hns rasza, nogcrasus (3.32), monyyum:

pripx

L
L1 pi—p? . 2L
peif{r-E e w- b = R
0

1

202 3t 2p3 — p?
= Y / =B R (3.39)
Px — Pr 3 [priex 3P-—Pr
3necy BBeaeHo 000O3HAaYEHHE
y= 1 -FEZEE, (3.40)

piL
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Tabnuna 3.1

PacueTnnie GopMynibl 1R NPIMOIRHEHN0-NAPAIIEILHOTO NOTOKA HeCHKHMAEMOH XKHIKO-
CTH H COBEpLIECHHOT0 raia

Mogens donaa

XapaxTepHCTHKA
Hecxknmaemas XKHIKOCTh CosepuleHHnl# rai
I Gymxwts | R =pgp + C (324) | R = pp/(2pu) + C (325)
Jleitbensona
2. Pacnpepene- -p
Hue faBie- | p(x) = —x (327 P(x) (3.32)
HUS IO L
nnacry
p(x),
0<x<L
3. MaccoBnlit k p.—p k pe: (P2 — P?)
=—=po———Bh = t =————"—Bh= t
pacxon @, On n Po cons 0. N 2L cons
(3.26) (3.31)
4. Maccosas _ P— P k pa: (P2 — P?)
CKOPOCTh PoW = Po L = const pw = ;ZP—L = const
g):'nnpauun (3.28) (3.33)
5. O6nemubIit kp, — k (p — p?)
pacxon Q= ~—7— Bh=comt g(x)= N 2Lp) Bh (3.39)
(3.29) 0 2) B4
Qur =kn— (
plT
6. CxopocTtb k (2, Pr) k(P- -p?)
dbunbTpanuu = const (3.30) = (3.37)
(o6bemHas) nL n2Lp(x)
w
. 203 —p))
7. Cpensuesabe- ={p, +p)/2 (3.38) P=T =55 (3.39)
HIEHHOE JaB- 3(pi - pd)
JIEHHE p
8. Bpems nsu- mnxL 4mn L? (p} — p* (x)]
®enus otMme- | L= k(s — p.) (3.41) =TT (2 —pi) (3-43)
YeHHBIX 4ac- x r * r
™I !
2 25 203 3
9. Bpems npo- __mnl*  2mnl%p 7= ez —pt)
IBUXCHUSA = N (2 = PRI TS B
Ay | kea—p) kGE—pD) 32 = p)
T (42 | _ 2mnl% (3.44)
k (pl - pr)
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JIs HAXOX/IEHHS 3KOHA BUXEHUS OTAENbHBIX YACTHII f(X) HCIONb3yeM
paBeHcTBO (3.14), nonaras s, = 0.
Jors HecxuMaeMOH XHAKOCTH moactasuB (3.30), HalmeM
mx mnxL
p =T Mnx (3.41)
w  k(p,—p)

BpCMﬂ NPOABHXKCHHUA HYACTHILI OT KOHTYpd IIMTAHUS [0 TaJCPCH
IIOJIYYHUM, IIOJIATas X = L:

B mnl? _ 2mnlI?
koo —p) k@2 —p)”
Jns rasa, ucnonb3ys ¢opmyny (3.37), nonyuum:

e j:dx_ 2anj 4
A ETE R ] L

2mmLp, j\/ xd
= —dx.
k(pZ - p?) L

HpHMeHHB noactanoBky (3.40) n npoBeas Heobxomumbie npeobpa3osa-
HHUSl, TONY4UM:

_ 4mmDp} [l (l pf—zﬁz)”’]_
~ 3k(p? - p2)? p? -

_4mnZ [p} — p* ()]

(3.42)

3.43
o P2 G4)

Ilpm x =L

ammP(p? —p?)  2mnI%p

= dmnl . - il (3.44)

3k(pi — r)z T k@E-pY)

Bripaxenus (3.38)-(3.44) Takxe npueeneHb B Tabn. I.

CpaBHuBas GOpMyJIbl, MONYYEHHBIE IS NPSIMOJIMHEHHO-NApaJIIeNbHOrO
TedeHHsT XHUAKOCTH M rasa (cM. Tabn. 1), MOXHO cIOenaTbh CICAYHOIIHE
BbIBOJBI: AaBJIEHHE B IOTOKE XHAKOCTH MEHSCTCH BHOJIb KOOPIMHATH MO
JNuHERHOMY 3akoHy (puc. 3.5, kpuBas I), a B noToke raza-no napaboJm-
yeckoMy (puc. 3.5, kpuBas 2). I'pagueHT OaBJICHHS B IIOTOKE ra3d yBEIM4H-
BAETCS N0 Mepe MPOABUXEHHUS MO INIACTY U NPHHMMAET Haubobliee 3Ha4e-
HHE Ha ranepee.

MaccoBblif  pacxoa XHAKOCTH NPONOPUHOHANICH MEpenanay IaBIICHHIA
P.— P,y B COOTBETCTBHM C 3akOHOM Jlapcu, MaccoBelif pacxon rasa
IPOMOPOMOHANIEH PA3HOCTH KBAJApATOB [JABJICHHM.

MaccoBbie pacxombl M MaccoBble CKOPOCTH (QHIbTpANMM AT OGOUX
GIIOMI0B NOCTOSHHBI BAONb ILIACT4; OOBEMHBIA pacxoJ U oObeMHas
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Puc. 3.5. Kpusble pacnpenesnenus nasine- g
HHS B NPAMOHHEHHO-MAPANIEALHOM N0- Py
TOKE:

1 -ana xuaxocTH; 2-ans rasa

Pr

Qx)h

qo)f———————
\ ﬂ

I

4) {

Puc. 3.6. 3aBucumoctn Q = Q(x): :

I-— ans xuoxocTw; 2 - Ans rasa g L z

Puc. 3.7. 3aBUCHMOCTH ¢ = ¢(x) 4aCTHIlsl B NMPAMO-
JIMHEHHO-TIapaJIENbHOM TIOTOKE:
I - ans XUOKOCTH; 2—-nAs ra3a

CKOPOCTh (PUNBTPAIMH XHAKOCTH BIOJNb INIaCTa HE MEHAIOTCA, OMHAKO IJIA
ra’a 3TH XapaKTEPUCTMKH 34aBUCAT OT KOOPJAMHATHI, BO3pPacTas OT BXOAA
K BBIXOAY, YTO SABJISETCA CJIEJCTBMEM pAaCIIMPEHMS Tra3za IPH CHHXECHHH
napniedus. Ha puc. 3.6 npuseneHn 3aBucumoctn Q = Q (x) ans xuaxoctyu (1)
U rasa (2). Tako# ke BUI UMeeT 3aBUCHMOCTh w(Xx).

ITockoneky kpuBas p(x) s [a3la pacnojiaraeTcs BbIillle, 4YeM JUIS
KHIKOCTH (CM. puc. 3.5), TOo cpeaHeB3BeElLEHHOE aBiIeHUE Mg ra3a Goublie,
YeM IS XKUAKOCTH, I JIIOOBIX 3HAYEHU# p, U p,.

BpeMs nmpoABHXEHUS YaCTHLBI A1 HECKUMAEMON KUIKOCTH NPONOPLHO-
HaJIbHO TpoOHIeHHOMY wvacTHued myTtw x (puc. 3.7, kpuBas ), Tak Kak
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CKOPOCTb IBHXKCHHMA 4aCTHUbI, U = w/m, MOCTOAHHA. )i ra3a 3aBUCHMOCTD
t(x) cnoxnee (puc. 3.7, xpuBas 2). [Ipu npubnuxeHun x 3HaYeHHO x = L
KPHUBas BBIMOJIaXHBAETCS.

3.2. Taockopaananbublii GHALTPANHORALIE NOTOK
HeCKHMaeMol XKHIKOCTH H COBEpIIEHHOr0 Ia3a

OCHOBHBIMH pac4eTHRIMH GopMynaMu B 3TOM ciyyae asiasiorcs (3.18),
(3.19), (3.20).

Ansa HeckuMaemoi xuakocTH no ¢dopmyine (3.24) P =pyp + C, Ha
KOHTYpe £, = pop, + C, Ha 3aboe ckBakunbl 2 = pop. + C. Torma
AOJTY4YUM:

MAaccoBbIH pacxon

2nkh  p, = p.
= ; 345
Qm n olﬂ (R /r ) ( )
pacnpejefeHlde JABICHUS
=P
(1) =p — — =~ In(R/r),
PO =P Ry )
r.<r< R (3.46)
MaccoBas CKOpOCTh GUIbTpaLAn
k -
pyv = Lol =PI L (3.47)
nin(R/r) r
Haiinem obveMubiil pacxoa Q = Q,./p,
2nkh(p, —
Q= —T:]_l;%l;—‘/rcL)C) (popmyna dromon) (3.48)
1 O0BEMHYIO CKOPOCTh GHILTpalHK
w= e —pJ | (3.49)
ninRJr)r

Ansraza 2 = p,. p*/(2p.y) + C, 2, = parpi/(2par) + C. 2. = parp/(2pa:) +
+ C. [loacTaBuB 3TH Bulpaxenus B ¢opmyisl (3.18), (3.19) u (3.20),
HOJIYUHM:
MaccoBBIl pacxon rasa
T[khp" (PE - pcz)

Om = iRy~ O™h (3.50)

PacnpEaciICHUE OaBJICHUA B NMOTOKE ra3a

p=\/p3—lp(RJ )ln(R./r) re<r<R; (3.51)
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Maccopas CKOpOCTb cbu.rlepamm rasza
kpar (P2 — p2) 1
N2p.In(R/r)r’

O61beMHBIH pacxoJ raza B MIACTOBBIX YCJIOBUAX M 00bEMHAs CKOPOCThb
$UNbTpaLMu onpenensioTcs no ¢hopmyaM

0() = Om _ OmPar _ nkh(p; — p?)
P Pup  MInR/r)p(r)
_20) _ k(pi — p?)

2nrh n2In(R/r)p(n)r

pw = (3.52)

(3.53)

(3.54)

O6bemHbIR pacxod NpH aTMocdepHOM AaBIEHUH

_ Qm _ nkh(P- _'pc)
Q. = = o R In(RJr) = const. (3.55)

®opmynnt (3.45)-(3.55) ansd cpaBHeHMA CBefeHBI B Tabu. 3.2,

HafineM cpenneB3BellieHHOE 1O 06bEMY NOPOBOrO MPOCTPAHCTBA MIIACTO-
Boe JaBjeHue no ¢dopmyne (3.13). [lna xpyroBoro miacta obwmi odvem
nopoBoro mpoctpanctsa V, = n(R? — rZ)hm, snementapHuii o6bvem dV, =
= 2nrhmdr, TOraa AR XUIKOCTH, ¢ yyeToM (3.46)

Rx

ﬁ=—l—j [1), — PP (R /r)]2nrhmdr_

(R — r2)hm In(R/r.)
e Rx Rx
2, — Pc/ps ) . L—=pJp,
=R r3[<1 nRyr) "R _[’d’ " R r) _[ X
~ pJpl re rce
x rln rdr] = p,[l %in R /’c)] (3.56)

3mech npH BBIYMCIIEHHH HHTErpajia GBI OTOpOLLIEHBI YIEHHB!, colepxa-
ume r2, xak Majble N0 CpaBHEHHIO ¢ RZ.
Beiuuciss cpenHeB3BELIEHHOE OaBJICHHE Mnd Ta3a, B dopmyny (3.13)
NOACTaBUM BhIpaxeHHe (3.51):
Rx

9 pZ 2
~ = 2 =
p'Rf—r%j\/”' In (R/c)'"(R‘/’)’d’

re
Rx

2p \/ | — pZip?
- 1l : 157
R? - rgf ' g MR 7

7



Ta6bnuua 3.2. Pacuernnie ¢opmMyanl A8 NJIOCKOPaANATBLHOTO NOTOKA "HECKHMaEMO
KHIKOCTH H COBEpLUEHHOTO Ta3a

Monens daronna
XapakTepucTHka
HecxnMaeMas XuakocTb CoBeplueHHbIH Ta3
1. Oyuxuus R=pp+C R = 0,.0°/(2ps;) + C
JleiiGen3oHa
2. Pacnpeneste- Px — P pi —pl
HHe gaa.rle- P(’)=P.—ln(R I )ln(R,/r) P(’)=\/P3 mln(R /1)
HHA TIO xe
nnacry HITH HIH
Px 2 _
P =p. + 2P 1oy \/ g TP PP
TRy PN = In (R,/ /)
(3.46) (3.51)
3. MaccoBblii 2nkh(p, — p.) nkhp,, (07 — pl)
pacxon @, Qn=po —_—Tﬂn(R./rc) =const |Q,= ——————np" n(RJr) = const
(3.45) (3.50)
4, Maccosas k(P —pJ) k(pZ — p2)pu; |
Pow =Pp——— - (347) |pw=s—""T - (352
CKOpOCTh
duibTpauun T] In(R/r.)r 2np,,In(R,/r.)r
pw
5. O6BeMHBli 2nkh (p, — p.) nkh(pi — p)
acxon Q =——= "% =const =— = -
p nin(R,/r.) nin(R,/r.)p(r) (3.53)
(dopmyna Miomou)  (3.48) _ mkh(pz = pl) _ const
T gy, In(Ry/r)
(3.55)
6. O6neMHas kip, — pc} 1 kp: —pl) 1
CKOpOCTh = — - (3.49) = (3.54)
unbTpatuy nin(R,/r.) r 2nin(R,/r.) rp(r)
w
7. Cpennen3Be- | . Py — P - pi ~pl
WweHHoe aap- |P = Pu — (3.56) |P=Pi— o (3.58)
nenue 2n(R/r) 4p,In(R/r)
8. Bpems _mnIn(Rjr)(r§ = r?)
JIBHKEHHUS = - _
OTMEUEHHBIX 2k (pe - pc) —
yacTHy f
hir2 — p?
_ Tmhtro — ) (3.59)
0
9 Bpems mnln(R /r. )(R2 —rl) r™ (R/r)(R: — r})p
JBHXCHHU A - 2 2
YaCTHUBI OT 2k (py - k(px = pe)
KOHTYp4 10 (3.60) (3.61)
3aboa T




IMonyyenuslit uHTErpan He OepeTca B KOoHeyHOM BHze. IToaToMy pacuer
BedeTca npubinxeHHo. O603HAYUM

I — pi/pi

X = n(Ryr) In(R/r), 0<x<l mpnu r.<r<R

< x?

TOrJa MOAbIHTErpajbHoe BhipakeHue (3.57) paBHo /1 — x mpu ¢ < 1; ero
MOXHO pa3JIokKUTb B pAT

X X X
Slox=(l-xz=2_%_*_
x=({1=x 2°8 16
YIIcpﬂ(aB ABa ﬂchbe YJICHA psma, MOJIYUHM!
| — p/p:
S —xa | = 2P (R,
x 2inRyr) "R

TOraa, ﬂpH6J’IH7I(CHHO
Rx

. 2p, [ | — p2/p? ]
= 1 — PP 10 Ry | .
p Rf—rgf 2in(Rr) " RS rar

HHTerpupys Tak xe, Kak LA ciydas QuibTpalMH KKAKOCTH, U NpeHe-
Operas wieHaMH, COAEPXKAIMMHE r2, NONYYHM A Trasa

. - pc’/pf]
b= p.[l T (3.58)

HajineM 3aKoH [BMXEHHS YaCTHLHI XHAKOCTH BIONb TPacKTOPHH.
B ¢opmyny (3.14) noacraBnseM ds = —dr, CKOpocTb GHIbTpauMu U3 (3.49)
H uHTerpan OepeM B mpenenax OT r=r, [I[€ 4aCTHLa HAaXOQHTCA B
HavajgbHbIi MOMEHT BpEMEHH, [0 TEKYILEro 3Ha4eHUs r:

'(—dr) nin(R/r)r mnln(RJr) K

= = dr =
SR R TPREY R TPR Y N R
ro r
_mnInRJr)(rd —=r*) mhm ,
= 2% (pl — pc) = —Q—(ro bl 4 ) (359)

BpeMsl IBH)KEHHA YaCTHLBI XHAKOCTH OT KOHTYpa MUTaHHA (r = R,) Ao
3abos ckBaxuHbI (r =)

7™ In(R/r)(RE —rd)
C o 2k(p-p)

(3.60)

PaccMaTpuBas (MIBTpaLMio ra3a, BBHIBEJEM TOJbKO NPUOIHKCHHYIO
¢opMyny A BpeMEHH MPOJABMXKEHHA YacCTHLBI OO cKBaxuHul. IloacraBuB
B (3.14) Boipaxenue (3.54), u uHTErpUpPYA OT r. A0 R,, NOJNYUUM:
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Puc. 3.8. KpuBbie pacnipenesienns nasne-
HUA B TUIOCKOPaJHallbHOM TIOTOKE:
I-ans xuakocTH; 2- ana rasa

Puc. 3.9. TuppoauHamuueckoe mnone
NJIOCKOPaHAaNLHOTO  (PHUIILTPALMOHHOFO
noTtoka

Qar
0 a
Puc. 3.10. Plﬂ;mxaropnau JIHHHSA 418 no-
2 pz TOKa HECAKHMAEMOM XUAKOCTH NO 3aKOHY
Py~ [ Hapcu
Rx
2nIn(R /r)p(r)r
Tem [N (ch)lzJ() dr =
k(pl - pc)

_ 2nln(R./rc)
mk(P. j\/ l (R./ )ln(R,/r)rdr

Tak kax oA HHTETpalloM TO e BhIpaXeHHe, 4TO NMPpH BbIMUCIICHUH
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CpeIHEB3BEIIEHHOrO JaBjleHUA 1A ra3a (cM. ¢opmyny (3.57)), To Bpemd
T nerko 3amuchbIBaeTcs 4epes p:

”"'1 ln(R;/’c)(Rf - rcz) -~
kpi ~ pd) '

®opmyisl (3.56)-(3.61) Toxe npuBeacHbl B Tabn. 3.2.

IlpoaHanu3upyeM MOJIyueHHbIE COOTHOLLUCHHMA IS TJIOCKOpaIHajIbHOM
dunpTpanuu.

s HeckMMaeMOHR XHAKOCTH OABJICHHE MEHAETCA BIOJIb KOOPAHHATHI
r no JjorapudmMudeckoMy 3akoHy (puc. 3.8, kpuas ). Bpalerue kpusoit p(r)
B NMPOCTPAHCTBE BOKPYT OCH CKBaXHHB! 00pa3yeT MOBEPXHOCTD, HA3BIBACMYIO
BOPOHKOMN nenpeccuu. B Touke r = R, - Ha KOHTypEe MUTAaHUS - KPUBAA HE
KacaeTcd FOpM3OHTaJBHOH JIMHAM, a MEpPEceKaeT €€ MO HEKOTOPHIM YTJIOM.
BopoHka menpeccu BcieAacTBue jjorapuMHUecKOro 3aKOHa pacrpe/esieHUs
OaBJICHHA HMeeT OoJIblIyI0 KpUBM3HYy BOJIM3H CkBaxuHbl. Clie10BaTeJIBHO,
OCHOBHaf 4acCTh JENpPecCHH Ha IIacT (p, — p.) cocpeqoToueHa B npH3aboiHoi
30HE CKBaXHHbI, TAPAaMETPbl KOTOPOil CHJIBHO BIIMAIOT Ha AeOMUT CKBaXHHBI.

N3 dopMmynsr (3.46) crenyeT, UTO OaBJIEHHE OJUHAKOBO B TEX TOYKaX
I1acTa, B KOTOpPLIX r = const WIM, B JEKAaPTOBbIX KOOpAHHATax
x2 + y* = r? = const. DTO o3HayaeT. 4TO HM306apaMH (IMHMAMH PaBHOTO
[aBJICHUA) ABJIAIOTCA OKPYXKHOCTH, KOHHEHTPUYHbIC OCH CKBaXXHHbI (puc. 3.9).
TpaekTOpHH YacTHL — paJHalibHbIE NPAMBIC — BMECTe ¢ H3obapaMu obpa3lyioT
(UNBTpaLMOHHOE MOJIe TeyeHUs K ckBaxuHe. CeMedcTBa JIMHUR Toka
(TpaexTopuil) U H306ap Bcerga OpTOTrOHANBHBI APYT APYTY.

CpaBHeHHE KPHUBBIX pacnpeesieHHS NaBJICHUA B KPYTOBOM ILIacTe A
HEeC)KHMaeMOi XHUIAKOCTH M rasa (popmynst (3.46) u (3.50)) npH OAMHAKOBBLIX
TPaHMYHbIX YCJIOBHAX [OKAa3bIBAET, YTO B Tra30oBOM [MOTOKE HMMEET MeECTO
GoJiee pe3koe majieHHe QaBieHUS BOJIM3UM CKBaXHHbI M BECbMa MaJjloe BAAJIH
OT Hee, TaK YTO KpUBag p(r) And raia pacnojiaraeTcs Bblllle, YeM IS
KUIKOCTH (cM. puc. 3.8, kpusas 2).

®opMyny (3.48), onpenensAoulyro IeOUT CKBaXHUHBI MpPU MPHUTOKE K Heil
HECXKMMAEMON XUAKOCTH, Ha3biBaloT ¢GopMysolt [liomioH, MO HMEHH ee
aBTOpa —dpaHuy3ckoro THapaBiaHka XJX B. H3 dopmyn (3.45) nu
(3.48) cneayer, uro AeOMT NMPAMO MPOMOPLMOHAJICH Nepenagy AdaBJICHUA
Ap = p, — p.. 3aBucuMocTb OeOMTa OT mnepenana jmaBieHHs Q = f(Ap)
Ha3bIBaeTCd MHOAMKATOPHOM JHHUEH. B noToke XUAKOCTH MO 3aKOHY
Hapcu uHaMkaTopHas JuHUA - npsMasd (puc. 3.10). OTMeTHM MONMYTHO, 4TO
BUJ MHOMKATOPHOM JIMHHHM HE 3aBHCHT OT F€OMETPHH NOTOKA H ONpPeae/INeTCs
TOJIBKO 3aKOHOM puybTpauud. OTHOLIEHHE MacCOBOro AeOUTa CKBaXHHBI Q,,
K nepenainy [OaBiieHMs Ap Ha3piBaeTCi KO3GGHLUHEHTOM NPOIYKTHB-
HOCTH ckBaxuHbl K. U3 (3.45) cneayer, 4To AN XHAKOCTH

2nkh
_Qm _ 2mkhpo (3.62)
Ap  nin(R/r)
Ha npakTuke k03¢ $ULUHEHT MPOAYKTHBHOCTH ONpEAEHSIeTCA B pe3yJbTaTe
HCCJICAOBAHNUA CKBaXHHbI [1DH ycranonunumxcu 0T60pax.

T= (3.61)

77



-y - g Puc. 3.]1]. VlngukaTopHas JIMHHRA nDpH
¢unbTpanMH ra3a no 3axoHy Hapcu

4p
w )
|
| Puc. 3.12. T'paduk 3aBHCHMOCTH CKOPOCTH
=  GUILTPALMA KHUAKOCTH B TIOCKOPaAHANb-
0 rg 7 HOM NOTOKe OT paauyca

ITpu ¢unbTpauuu rasa maccoBulii U 00beMHBIH NpPHBEJEHHDbIH AeOUTHI
(bopmyutsr (3.50) 1 (3.55)) npAMO MPONOPLHOHANBHBI PA3HOCTH KBAAPATOB
NaBlieHHs p? — p?, MHOMKATOPHas JMHHA CTPOMTCA B KOOpaWHaTax Q,.
M p? — p? ¥ MMeeT MPAMOTHHENHDI xapakTep (puc. 3.11).

Baxuoii xapakTephoii ocobeHHOCTBIO GopMYJ, onpenensiomux AeOHUT
KHOKOCTH H ra3a, #BJdeTCs cjabas 3aBHCHMOCTb AeOHMTa OT paauyca
KOHTYpa MHMTaHMs R, M OT paAMyca CKBaXHMHBbl r,, TaKk KaK 3TH paaHyChl
BXOAAT B ¢$HOpMyJIbl 104 3HAKOM Jorapu¢ma.

MaccoBas H 00beMHas CKOpOCTH GUIbTPALIHH [T XKHAKOCTH (GOpMyJTbl
(3.47) u (3.49)) Bo3pacTaroT MO Mepe NPUOIMKEHHS K CKBaXHHe MO THIEp-
6oJsHdeckoMy 3akoHy (pHc. 3.12), Tako# ke 3aKOH CrpaBeIMB I MACCOBOM
CKOpOCTH GHJIbTpauMH rasa (3.52). O6vemMHas xe CKopocTh GHIbTPALMH ra3a
BO3pacTaeT BOJIM3H CKBaxHHbl emle Oojee pe3ko, Tak Kak B 3HaMeHaTeje
dopMysiel  (4.54) nosBiaseTcs  gJaBiieHHe  p(r), KOTOpOe  TOXe
YMEHBILAETCA BOJIH3M CKBaXHHBL.

CpenHeB3BellleHHOE [aBJieHHE HMeeT ocoboe 3HayeHHe ANIS pacyeTos,
CBA3aHHBIX ¢ QUIbTpauMed rasa, Tak kak OHO OMpENENseT 3amackl rasa
B riuacre. Econ mo ¢dopmyne (3.58) mpoBecTH pacueThl LIS pa3sSIMYHBIX
3HayeHud p,, p., R, r,, TO MOXHO ybenuTbca, 4TO CpeaHEB3BELUEHHOE
NJIaCTOBOE [aBJiEHHE Ta3a B KPYTOBOM IUIACTe P OJIH3KO K KOHTYPHOMY:
P = p,. Ou3NUECKH 3TO OOBACHAETCA 3HAYHTEILHOH KPYTH3HOH BOPOHKH
JENpecCHH MpH TMpHTOKe raza k ckBaxuHe. CpeaHEB3IBEIICHHOE OaBJICHHE
HCHOJIB3yeTCH JUIA MpHOIMXKEHHOTO pacdeTa IMAPOAMHAMHYECKHX XapakKTe-
PHMCTHK; 3aMeHa €ro KOHTYPHBIM 3HaYHTENbHO YMpOLIAeT pacyeThl.



3.3. Pagnaasno-chepmieckuii GuALTPAUHOHNLIE NOTOK
HECKHMaeMoiHl HIKOCTH H COBEpIIEHHOro rala

Tabnuua 3.3

PacueTnnie QOpMY.IN LIS PaanAToHO-CHEPHIECKOTO MOTOKA HECKHMAEMOH KHIKOCTH
H COBEpILIeHHOro ra3a

Mogaens dmonaa

XapaKTepHCTHEA
HeckuMaeMad xuaKoCTh CosepLuenHblif ras
1. Oyuxuns R =pp+C R = pup?/(2pu) + C
Jleitbensona

2. Pacnpenene-
HHUE JaBlie-
HHA plr),

r <r<R,

plry=

A (N
Px x P:’:;‘_‘Rl

(3.63)

p(n = \/pf-— (pf—pi)rc(%—%l)

(3.68)

3. Maccosbiit
pacxon

— p.) = const

(3.64)

k
Qn =2nr.—po(p,
n

k pes
Q =nr —_(Px —pc) = const

" (3.69)

4. Maccosas
CKOpOCThb
¢unsTpa-
LIHH pwW

. (» )< 6
W= — —
Pow = 2 Po(P ~ P (3.65)

k re
pw = ——(p_ P 5: (370

S. O6bemMHublii
pacxon Q

k
Q =2,
n

— p.) = const

(3.66)

(3.71)

6. O6nemuas
CKOpOCTh
¢unbTpa-
HHR W

X ) 6
w= n(pl pc rz (3 7)

(3.72)

7. Bpems
JIBHXKCHHS
qacTHy ¢

_mn(3-r)

= ko, — pi. (3.73)

8. Bpems
IBMXEHH S
4aCTHUbI OT
KOHTypa 10
3a60s (Bpe-
Ms NOJIHO-
ro orbopa)

mn R

= %G, - por. (3.74)

2 mnRZp

T=Z 1722
3k(pi —pl)

y rae p = p,

(3.75)
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Jna omnpeneieHHAs OCHOBHBIX XapaKTEPHCTHK HCNOJb3yeM (GOpPMYJIBI
(3.21), (3.22), (3.23). loacTaBuB, KaK U B NPEABIAYIIHX CIIy4asaX, BbIpaXeHHS
ans ¢yukuuu Jleitbensona (3.24) u (3.25) ang KHAKOCTH H rasa COOTBETCT-
BEHHO, MOJIyYHM OCHOBHBIE GOPMYJIBI, KOTOPHIE CBeleHBl B Tabul. 3.3.

Kak cnenyet u3 ¢dopmyinsl (3.63), maBienue B 1000 TOoyke mJjacra,
B KOTOPOM NPOHCXOAHT pagHalbHO-chepHyeckas (HIbTpaLMA XKHIKOCTH,
p(r) obpaTHo NMponoOpUHOHANbHO KOOPAHHATE JITOH TOYKH. 3HAwMT, p(r)-—
runepbosiHyeckas KpHBas., MPHYEM OYEHb KpyTas BOJIHM3H 3HAUCHHA r =7,.
CeMeiicTBOM H300ap ABIAIOTCA KOHLEHTPHUYECKHE NoJycdepbl r = const.

Hamo y4ects, 4TO noa maBiieHueM B popmye (3.63) nonumaerca npHae-
JEHHOE OaBJICHHE, OTCYHTBIBAEMOE, HANPHMEP, OT KPOBJIH IUIAacTa; YTOObI
Ha#iTH MCTHHHOE OJABJICHHE B KAXOOH TOYKE, HAA0 K NMPHMBEACHHOMY [aaBlle-
HHIO NPHO4BHUTBL BBIPAXEHHE Pog-. e Z-TyOHHA TOYKM JIACTA, OTCYHMTHI-
BaeMas OT KPOBJIH.

Hnsa raza kpuBas p(r) (dpopMyna (3.68)) Gyaer Gosee KkpyTOil BOJIM3IM
33604, YeM I KHIKOCTH.

CKOpOCTb GMIBTPALMH 1A XKHAKOCTH OOpaTHO MpoMoOpUMOHANBHA r?
ECH mocTpouTh IS pafHaIbHO-CHEPHUECKOTO MOTOKA KHIKOCTH rpacbmc
3aBHCHMOCTH w(r), TO KPYTH3HA KPHMBOH Yy CTEHKHM CKBaXXHHBI NPH MaJbiX
3HaueHHAx r OyneT ewme GoJblic. YeM B IIOCKOpPALHANBHOM MoToke. To xe
OTHOCHTCA K rasy, Tak kak B ¢opmMyJe (3.72) B 3HaMeHaTesle qobasnsercs
3HayYeHHe p(r).

CpenHeB3BellleHHOE A4BJICHHE NPAKTHYECKH COBMAJAET C KOHTYPHLIM
P = p,, MO3TOMY ero pacdeT He MNpEeACTABJACT 0COOOro HHTEpeca U He
APHBOAMUTCA.

3.4. I11ockopannaabnbiil QHALTPALMONHBIA NOTOK
peasbuoro raia no iakony lapcu

Ecnu riacToBoe naBnenue Boliule 10 MIla u genpeccus He CIHILIKOM MaJia
@./p.<09), To ypaBHEHHE COCTOSHHS HNPHPOJHOrO Tra3a 3HAYHTEJLHO
OTKJIOHAETCA OT ypaBHeHHA KiameiipoHa H ero IUIOTHOCTB ONpeAeNsercs no
dopmyrne (2.34). KpomMe Toro, ajis 3THX yCIOBHIM HYXHO YYHTHIBATH 3aBHCH-
MOCTb BA3KOCTHM ra3za OT [OaBJIeHHA. 3Ta 3aBHCHMOCTH OfNpedcifeTCa Mo
dopmynam (2.37), (2.38) unu no rpadmukam, npuBeaenHsiM B [16], [25].
IMponnuaeMocTs OyaeM cYHTaTh MNOCTOAHHOM M ¢yHkuuio Jleibensona
npuMeM no dopmMyne (2.48):

Jkp(p) o C o kP f pdp
nip)z (p)

HalineM nebuT CKBaXHHBI MpPH FUIOCKOPaaHaJIbHOM (HIBTPAUHH peaib-
Horo ra3a. M3 ¢opmyis (3.18) uMeeM dopMyiy g MaccoBoro aebura, eciiu
k/n Bxooar B ¢ynkuuro Jleiibensona, B BUIOE

P -2

- e 77
Q. 21t1l (R/r) 3.77)

+C (3.76)
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Toactasus (3.76) B (3.77), NOJNy4YHM:

px
2nhkp,, d
Q.= P i (3.78)
parIn(R /1) ) n(p)z(p)
pe
Ilepeitnem k nebuTy, NpHBeAEHHOMY K aTMocepHOMY JaBJICHHIO:
px
2nkh d,
Qur : pop (3.79)

P In(R/r) jn(p)z(p)
pc
MoOXHO NpennoKUTh HECKOJBKO CMOcOOOB BBIYMCIICHHS MHTErpana B
thopmyne (3.79); nanbonee ynorpebaseM cieayroumii: no rpadukaM 3aBHCH-
MOCTH Z(p) H 1 (p) onpenensroTcsa 3Hadenus z(p,) = z., z(p,) = z,, n{p,) = N,
n(p) =1, IlepeMeHHble | H 2 NOA 3H4KOM HMHTETpajsa 3aMEHAIOTCA
NOCTOAHHBIMH, PABHBIMH

Z=(z.+2)2 Hi=Mm+n)2

Toraa unterpan B popmyine (3.79) BuiuuciaseTcs, 1 ¢opMysia NpHHHMAeET
CJIeAYIOLIMA BHA:
Px

2nkh

= ———— | pdp =
O = (R | PP

Pc

_ Tkh(pi — p?) (3.80)
T puZiIn(R/r) '

Bripaxenue (3.80), onpeaenstomee 1eOUT peabHOTO ra3a, OTJHYaeTCA OT
BbIpaxeHHsa (3.55) mnd COBEPIUEHHOTO ra3a MHOXHTENEM Z B 3HaMeHaTesle
H CPEAHEMIACTOBBIM 3HAYEHHEM BA3KOCTH fj.

MOXKHO BBHIYMCIUTE NPHBEACHHBIH OeOHT no ¢dopmye (3.79), noacTabias
MO/ MHTETPA IMNHpHYeckue BoipaxkeHus (2.37) u (2.36) ans kxosrdduumeHToB
BA3KOCTH H CBEPXCKHMAEMOCTH H MPOBOJA HHTETPHPOBAaHHE, YUYET OTKJIOHE-
HHH CBOIICTB peaylbHOTO Td3a OT 3aKOHOB COBEPLUEHHOTO ra3a MPHUBOIMT

K yTouHeHHIO nebuta mo 30%.

§ 4. IVIOCKOPAJUAJBbHBIA ®UJIbTPALIMOHHBIA IOTOK
CKUMAEMOM XKHUJIKOCTHU
U TA3A NPU HEJUHEVHBIX 3AKOHAX OUABTPALIMH

PaCCMOTpHM crnocobbl ONpECACSICHHA OCHOBHBIX XAapaKTEPHCTHK MOTOKA
MPpH TNIOCKOPAAHAJIBHOM JIBHXCHHH XHAOKOCTH H ra3a C 60npLIMMH CKOpO-
CTAMH, Korga ﬂpH‘lHHOﬁ OTKJIOHCHHA OT 34KOHA }.Iapcn CTAaHOBATCA 3HAYH-
TCJbHBIC HHCPUHOHHBIC COCTABJIAKOLLIHE obiero CbHJIprauHOHHOI'O COMnpo-
THBJICHHA.



4.1. ®uabTpauss No cTeneHHOMY 3aKOHY
B YCJIOBHAX TUIOCKOPAIHANBHOIO ABHXCHHA OH HMECT BHI

d 1/n
w=g=c<_p> , l<n<2, ®=2nrrh, (3.81)
o ar

rle ¢ U n—KOHCTaHTBbI, ONpeleNfeMble H3 ONbITA WJIH MO pe3ysbTaTaM
HCCIIEJOBAaHHS CKBaXHH,
Haiinem u3 (3.81) BripaxeHue 118 MacCOBOro pacxona:

dp> 1/n
= 2 = 2 h - .
Qm = wpw = 2nrhep (p) ( -

Orcrona
On _ (dp> L
amhe - PO\ G )

Bo3BeneM mnpaByro M JIEBYIO YacTb NMOCJIEOHErO PaBEHCTBA B CTEMEHb
H 0003Ha4YHM

(Q,/2rhc)y = A = const,

TOrAa
A=rp" (p)d—p. (3.82)
dr
BBeneM ¢yHKuMIO OaBjeHHA clieAyromuM obpasom:
P, = _fp"(p)dp + C,, (3.83)
TaK 4TO
d?, = p"(p)dp. (3.84)

Pasnenus B (3.82) nepeMeHHBIE M 3aMeHHB p"dp uepe3 dP, no opmye
(3.84), nonyunm:
dr
d?, = A—. 3.85
1 > (3.85)
ITocne uHTerpHupoBaHus ot 3a6os (r = r, 2, = #,.) 0O KOHTYpa ITMTaHUA
(r=R,, #, =2,,) Oynem umeTn:

Ry
dr A 1 1 A
- = —_—= |- x . 3.86
PP Aj_w n—1<»:-' R:">, (n—Drt (59
OKOHYaTEJBHO
n—-1
Q,, = 2nhcr, " [(n— 1)(2,, —.3”“)]”". (3.87)
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[MpounTerpupyem (3.85) ot nmpou3BosbHOH TOukM (r, £,) OO KOHTYypa
nuTanus (R,, 2,,):

A 1 1
Pu— 2, =n—_—1<'ﬁ—RT_-T> (3.88)
u u3 (3.88) u (3.86) uckmouum A4, Toraa
1 I
gp[(’)=gpll_(gplx—gplc)fcl_l<'ﬁ_l_F>’ rc<r<R,. (389)

Oyukuus, onpeneicHHas no gopmye (3.83), uMmeeT cnenyrolmmi BUL;
I8 HECXKUMAEMON XHIKOCTH

P, =pop+C (3.90)
JUTA COBEPLUCHHOI'O ra3sa
Par P\ Par)" P!
P, = || =2 d+C=<—> + C,. 391
1 j( "> p 1 AT 1 ( )

[Moncrasus (3.90) u (3.91) B (3.87) u (3.89), nonyuum dopmyisl mas
pacxona M pacrnpelesieHHs OaBJIeHHS [UIA )KHAKOCTH M COBEPLIEHHOro rasa
COOTBETCTBEHHO, BHeceHHbIe B Tabi. 3.4. Tam xe npuBedeHH GOpMyJbIl M
p(r) n Q, B ciydae 3akoHa KpacHonosbckoro (n = 2).

Kak cnenyer u3 dopmynsl (3.92) (cMm. Tabn. 3.4) kpuBas pacnpenesieHus
OaBJIeHUsl A1 HEC)KMMAEMOH XHMIKOCTH HMeeT dopmy runepboinbl creneHu
n — 1, T.e. BOpoHKa aenpeccud 6yneT runepbosiounoM BpauleHHs. KpyTusHa
BOPOHKH JENPECCHH Y CTEHOK CKBAXHHbI GOJblle, YyeM y Jlorapupmuueckoi
kpuBo# (3.46). Kpusas p(r) ans rasa (¢popmyna (3.93)) pacnonaraercs erue
BbllllE, 4YeM JUIs KMAKOCTH (MpHM TeX ke 3HayeHusXx p, u p.). Pacuernl
NOKa3bIBalOT, YTO ONA JOOLIX 3HaueHMil p_, p,, r, R, Ha paccTOAHHH OT
r=1M #o cleHKH CKBaxHHbl Tepsercs Oosiee 80% or obueil Oenpeccuu
P — PO

MaccoBbiii pacxon i xMIAKOCTH (dopmyna (3.94)) mponopuMoHaeH
IEMpeccHd B CTeneHH 1/n, mo3TOMy HHAMKaTopHas juHus Q = f(Ap) npu
1 < n <2 6yner MMeTb BHI BbINYKJIOH K OCH OEOGMTOB CcTEMEHHON KPHBOM
¢ OpoOHbIM MOKa3aTesleM MeHbllieM 2. B ciiydae ¢HIbTpallUH MO 3aKOHY
KpacHononbckoro, kak nokasbiBaeT ¢opmyna (3.101), uHoukaTopHas JHHHSA
sBiseTcs mapabosoii Broporo nopsiaka. Ha puc. 3.13 npuBeneHbl HHAMKA-
TOpHbIE JIMHHH /1S TeYeHHs] HEC)KMMAEMOH KHUAKOCTH MpH JIMHEHHOM 3aKOHe
dunbTpauuu (n = 1) ¥ NpM HenHHEHHBLIX 3akoHax: 1 <n <2 u n=2 Bce
CKa3aHHOE OTHOCHTCA TaKXe K HHOMKATOPHBbIM JIHHWAM JUIS rasa. eciid
CTPOMTDb HX B KOOpAMHATaX Q,, (wmu Q,) u pi*!' — pi*!. OT™eTHM, 4TO H IS
XKHMIOKOCTH, M [UIA Tra3a BeJJMYHHA pacxoda MpONMOpPUMOHANbHA pagHyCy
CKBaXKHHbI B cTeneHH (n — 1)/n (ansa 3akona KpacHomnonbckoro \/r—c), T.€. 3Ta
3aBHCHMOCTb ropasno 6oJjiee CHJIbHasg, 4eM B CJIyyae BBIMOJIHEHHS 3aKOHA
Hapcu.

CKopocTh (MIbTpALMH BAOJb JIHHHH TOKa M3MEHAETCA MpH HEJTHHEHHOM
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Tabanua 3.4

PacHeTHbie @pMle’H A9 IIJIOCKOPA IKA/ILHONO TeYeHNE HECKHMAEMOH XKHIKOCTH H rasa
N0 CTEeNEHHOMY 3aKOHY

XapaxTepHcTHKa

Mogens ¢monna

HecxnmaeMas xuaxocTb

CoBepLiueHHRI ra3

1. Oynxuus,
onpenense-
Mas no
dopmyne
(3.83) #,

R, =pop+C (3.90)

L] +1
@.=<&)p’ +C (39D

Parx n+1

2. Pacnpene-
JIeHHE aas-
nenus p(r),
re<r<Rk,

p)=p,—(p,—p) %

xrmo! (ru—l-T — EITT) (3.92)

p( =[p:” + @ - Pty x

(3.93)
3. Maccossiit L ! Par| (1 — 1
pacxon @, | @m=2mher” poltn =1y x| Q= 21thcr:'_—-:[<n + 1) *
1 !
x —Pc)]" = const (3.94) x (p:ﬂ — p’c'+l " = const
- (3.95)
2rher. " n-—1
o2 (22)
Pax n+1
1
(p:“ —p:“)]' =const (3.96)
r-1 n—1
4. CxopocTb - . = 1
dusTpaunm |, - e [(n = D, — pIIn W= [(" ) *
w r rp()L\n+1
(3.97) E
X( :+l _p:+l)] (398)
5. Pacnpene- 1 1 R s 4 1
nenue nas- |P=Pc— (=PI T R p=|p—(px—pir, i
nenus p(r),
resr< R, (3.99) 1
(n = 2, Mozen» Kpacnonosib- _ L)]’ (3.100)
CKOT0) R,
1
Maccoseii QO = 2thcpo /(P = PC)T. Q. = 2nhe® |-} — pd)r,
bacxon @, PuN 3
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Puc. 3.13. NHRMKXaTOPHbIE THHHH, COOTBETCTBY- 0
IOlIME Pa3/MYHbLIM 3aKOHaM (PHALTPaLMH XHA-
KOCTH

4p

3aKOHe TAaK Xe, KaK MPH JIMHEHHOM, U XHIKOCTH w obpaTHO nponopumo-
HaJlbHa r, JUIA rasa—o0bpaTHO MpONOpI@OHANbHA rp(r).

4.2. ORabTpanng No JBYWICHHOMY 3aKORY

JBy</IeHHBIH 3aKOH ANA IIOCKOpaIHaIbHOH (PHUIbTpamuyM MMeeT BUA

q,
£=%w+—ﬁ-—pw2.

4 Jk
Bbipa3uM cKopocTb GHIbTpalMH Yepe3 MacCOBbIH pacxon
w = Q,/(2nrhp)
H noactasum B dopmyny (3.103):
g _n 0, B O

dr k2nhrp ﬁwrzth'

(3.103)

Pasgenmns nepemeHHnle M BBeas ¢yHkumioo JleibGensona (2.55)
2 = {pdp + C, nonyunm:
_NQn.dr B 0Qn dr

= komhr +ﬁ4u2h27‘

HErTerpupys nociennee ypasHeHMe B peaenax ot r 10 R,, oT p 10 p, H OT
r. 0o R,, oT p. 00 p,, HaeM COOTBETCTBEHHO:

_ o.n, R, BQZ (1_L>.
?=2,- =" Jiemi\ 7)) (3.104)
2
# - =20 R BOx (3.105)

+
2nkh " r. [k (2nh)?r,
Iepexons ot ¢pyHxunn JleibeH3ona k AaBieHMto no Gopmynam (3.24) ans
HECOKHMaeMOM XAAKOCTH H (3.25) mns rasa, Hadtmem u3 (3.104) n (3.105)
pacnpenefieHve OaBjeHHs H pacxon ¢unonna (tab. 3.5).
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Tabauua 3.5

Pacderunie GopMyabl LTS NIOCKOPAIHAILHOrO TeHEHHS HECKHMAEMOH KHIKOCTH B rala
No JBY4/ICHHOMY 3AKOHY

Moagens ¢nsonna
XapaxrepucTnKa -
HecxumaeMan KHAKOCTb CoseplieHHHA ra3
1.Oynkuns R=pp+C R = pup?/(2ps) + C
JleiGensona
2. Pacnpegerne- _ on on, R, p= \/ 3 _ QarPar In R,
nue nasme- | P= P o T LT R
HHA p(r),
re<r< R Bp,Q? 1 1 2
p aT aT l l
_Bpo@” (_ _ _) _ BPupu@ (_ B _) (3.107)
C Jk@m \r R, Jkani \r - Ry
(3.106)
3. YpasHuenue Qﬂ > 5 _ QuPun R;
nputoka k| Px ~Pc = m D =+ Px—pe ="~ ———In .
CKBaXXHHE
2
BPOQ (3108) Bpltpl‘lQl‘l (3109)
f (2rh)r, f 2r2h?p,

N3 odopmyn (3.108) n (3.109) BuMOHO, 4TO HMHAMKATOpDHas JIMHHA,
MOCTpOeHHas B KOOpAHHATax Q — Ap Ans XHMAKOCTH U Q,, — (p? — p?) ans
rasa, aBjserca napabonoit (puc. 3.14, 3.15). 3anuuieM ypaBHEHHS NPHTOKA
K CKBaXHHE:

JUI HECXKUMAEMOMN XHUIKOCTH

Px— p.= AQ + BQ%; (3.110)
IJIA rasa
pi — pi = A,Q.. + B,0L, (3.111)
rac
R
A=y >, Bo__PPo . 3.112)
2nkh Jk@rhyr,
PN R, BPar Par
A =P NS g PParPar 3.113
Y7 nkh n r ! ﬁanhzrc ( )

3neck 4, B, A, B, -ko3dpbuumentsl GUIbTPaIHOHHBIX CONPOTHBJICHHH,
NOCTOSIHHbIE JUIS JAHHOH CKBaXHHbl. OHH ONpENEAIOTCH OMNBITHBHIM MyTEM
N0 QaHHBIM HCCJICJOBAHHA CKBAXHHBI MPH YCTAHOBHBLUMXCH PpEXHMaX.
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0 § Puc. 3.14. VuphxkaTopHas JIMHHA TIpH

GHALTPALMH XHOKOCTH MO ABYYJIEHHOMY
3aKOHY
Py=Pg
g dam
S
Puc. 3.15. WnaMkatopHas JHHHA TIpH
pZ_ p2 ¢uALTpanyuy ra3a No ABY4/IEHHOMY 3aKO-
Y x " RY
| of-rt
Bar
o

7 Puc. 3.16. Tpadux 3asucumoct (p? — p?)/Q,. ot Q,,
ar NpH QUILTPALUMH ra3a No ABYYJIEHHOMY 3aKOHY

CKBaxXHHbI MCCJICAYIOTCA HA NATH-LIECTH PEXHMAX; Ha KaXIOM PpexHMe
u3mepseTcs nebUT W onpenenserca 3aboiiHoe NapieHHe. 3aTEM CKBAXKHHY
3aKpbIBAIOT, H JABJICHHE HA 3a00¢ OCTaHOBJICHHOM CKBa)XXHHbI IPHEAMAIOT 34
KOHTYPHOEe HaBJicHHMe p,. N MHTEpNpeTalMH pe3yJIbTaTOB HCCiIedOBaHHA
cKkBaxxHH ypaBheHHd (3.110) u (3.111) nenenuem Ha Q M Q,; COOTBETCTBEHHO
NPHBOIAT K YpaBHEHHIO MPAMOIM:

px_pc
=4+ BQ; 3.114
0 Q (3.114)

2 _ 2
’ﬁaﬁ=Al+B,Q.,. 3.115)
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I'paduxu B koopauuatax Q — (p, — p)/Q ¥ Q.. — (p2 — p?)/Q.. cooOT-
BETCTBEHHO MpPENCTaBNAOT co0O0il mMpsAMble JIHHHH, WIS KOTOpHIX A(A4,)-
OTPE30K, OTCeKaeMbli Ha OCH OpAMHAT, B(B,)- TaHreHc yrjia HakjoHA
npamoit k ocu abcumcc (puc. 3.16).

Ypasuenus nputoka (3.110) u (3.111) ¢ 3xcnepUMeHTaNLHO OMpeneseH-
HbIMH KO3 }uLUHEHTAMI LUIHPOKO HCMIONL3YIOTCH B pacyeTax MpH MpOeKTHPO-
BaHHN pa3paboTku mectopoxaeHuii. Kpome Toro, mo 3madenuto A(A)),
HalileHHOMY B pe3yJIbTaTe MCCJEOOBAHHA CKBAXXHHBI, MOXHO OMpPENC/IUTh
KOJUIEKTOPCKHE CBOMCTBA IUIacTa, HAmpHMep KO3GhGHMUHMEHT THAPOMPOBOA-
HOCTH:

I HeQTAHOM CKBaXKHHBI

kh 1 _ R,
—=—In-=%;
n 24 r

IUIA TAa30BOH CKBAXHHDI
kh  pw . R,
n nA 1 rc

YpaBHEHHE NPHTOKA PEATILHOTO ras3a K CKBaXKMHE 10 JBYYJICHHOMY 3aKOHY
GunbTpauMH HMeeT BUA

3 _ NZPpa

2 2 Par ZParf
Px=Pe ="

R
In—Q,, +
r. 21t2h2rc\/E

B 3akmodenue 3Toro maparpada OTMETHM, YTO B peasIbHBIX YCIOBHAX
HEJIb38 CYHTATb, YTO BO BCEM IIACTE —OT CTEHKH CKBAXKHHBI O KOHTYypa
NHTaHHA - CIpaBEeJIHB €OHHbIA HEIHHEHHbIA 3aKOH QHIIbTPALMH.

Ilpu 3nauuTenbHbix OebuTax 3akoH Jlapcu HapyluaeTci B HEKOTOPOi
obnactu BO6IM3M 32604 CKBaXMHBI, B TO BpeMs KaK B OCTaJILHOM 4aCcTH IJIacTa
no-npexHeMy cobmonaerca NHHEHHbIH 3akoH. IlpH yBenuueHuu nedbura
obyacTh, B KOTOpO# Hapyulen 3akon [lapcH, pacuuupserca. B 3THX ciayuasx
yaoOHO HCMOJbL30BATh IBYYIEHHbIH 3aKOH QHIbTPAUMH, a HE CTEMEHHOM
(noapobuee 06 3ToM B 1. 4, § 7).

Q. (3.116)

§ 5. OTHOMEPHBIE ®WJIBTPALUMOHHBIE NOTOKU
HECXKMMAEMON KUJAKOCTU U TA3A
B HEOQHOPO/AHBIX IUIACTAX IO 3AKOHY JAPCU

B npHponnbIX yCIOBHAX NPOAYKTHBHbIE HedTerasocomepx allHe MJacThl
penko 6biBaloT OJHOPOAHBIMH. ECM MpOHHIIAeMOCTb M MOPHCTOCTH IJIACTA
HEOWHAKOBBbI B PAa3JHYHBIX TOYKAX, TO IMJIACT HA3bIBAETCH HEOMHOPOLHBIM.

On#HAKO 4acTO H3MEHEHHE MPOHHLUAEMOCTH MO [UIACTY HOCHT CTOJb
X4OTHYHBIA XapakTep, YTO 3HAYMUTESbHbIE OOJACTH IACTA MOXHO CYMTATh
B CpPEAHEM OLXHOPOAHO NPOHHLAEMbIMH. XapaKTEPHCTHKH GHILTPALMOHHBIX
MOTOKOB B TaKMX IUIACTax C GOJbLIOH TOYHOCTHIO OTBEYAIOT XapaKTEpHC-
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THKaM MOTOKOB, YCTaHOBJICHHbIX B MpedblAyLIHX Maparpadax ois oaHo-
POLHBIX I1ACTOB.

Ho Hepenko BCTpe4aloTcs TakHe MIACTBI, 3HAYMTEJIbHbIE 00JIaCTH KOTO-
PbIX CHJIbHO OTJIH4AIOTCH APYTr OT Apyra no GpuUAbTPALHOHHBIM XapaKTepuc-
THKaM. DToO, TaK Ha3bIBAEMbIE, MaKPOHEOLAHOPOIHbIC NJACTbI, MapaMeETpPbl
KOTOPbIX CYILIECTBEHHO BJIHAIOT HA XapaKTEPHCTHKH (PUIbTPALIHOHHBIX MOTO-
koB. Tlpu pacyeTax 3j1€eMEHTapHbIX GHIBTPALMOHHBIX MOTOKOB B MaKpo-
HEOZHOPOIHBbIX IJIacTax Takxke yJoOHO mNpHOErHyTH K CXeMaTH3alWH
TeOMETPUH [BHXCHHS M HAiTH Takue IKBHBAJICHTHble 3HAYCHUSA KO3DdH-
LUMEHTOB (GHILTPALMOHHOTO COMPOTHBJIEHHSA, MPHMEHHB KOTODbIE, MOXHO
HCMOJ1b30BaTh MOJYYEHHbIC B MpebIAyLEM naparpace GopMmysl 1Is ogHO-
pPOLHOTO MiacTa.

B nnactax —konnexkTopax HeTH M rasa BbLOC/AIOT CIEAYIOILIME OCHOBHbIE
BHIbl MaKpOHEOAHOPOIHOCTH.

1. Crnouctas HEOOHOPOLHOCTb, KOTAA U1ACT pa3de/feTcs no 'romuuue Ha
HECKOJILKO CJIOEB, B KaXIOM M3 KOTOpPbIX MPOHHLAEMOCTb B CPEIHEM
AOCTOSIHHA, HO OTJIHYHA OT NMPOHHLAEMOCTH COCEAHHX cioeB. Takue miacThl
Ha3bIBalOT TakKXkKe HEONHOPOIHBLIMH MO ToJIHHe. I paHHLBI pa3gena Mexay
CNOSMH € pAa3/IMYHBIMH NPOHHUAEMOCTAMH CYHMTAIOT OOBIYHO TJIOCKHMH.
Taxum obpa3zoM, B MOOEIH CIIOHCTON NOPUCTO#M cpelbl NPEANONaraeTcs, 4To
APOHHLIAEMOCTb MEHAETCS TOJILKO MO TOJILIHHE JlacTa U ABAAETCA KYyCOUYHO-
NOCTOAHHONH ¢(yHKUHEH BepTHKa/lbHOH KOOpPAMHATbl. [IpH 3TOM MOXHO
CYHTATb, YTO MPOMJIACTKH pa3esieHbl HEMPOHHILIAEMbIMH I'PaHHLAMH (CTy4ail
TMIPaBJIHYECKH H3OJIMPOBAHHbIX CJIOEB), JHOO YYHTBIBATbL MEPETOKH MEXKAY
CJIOAMH C pa3jHYHbIMH MPOHHUUAEMOCTAMH (CIy4aH THMAPOIHHAMHYECKH
coobLuaromMxcs npomnIacTKoB),

B nepBoM cnyyae Bo3MoXeH pacyeT QHIbTPALIHOHHBIX XaPAKTEPHCTHK MO
OLHOMEPHBIM MOJENAM TeueHHd. Bo BTOpOM cilydae TOYHbIH y4eT NepeETOKOB
dmonga Mexay NpomiacTkaMu TpedyeT, BooOlle roBops, pelieHHs AByMep-
HbIX 3a4a4 QHIbTpalMH.

2. 3oHaJbHas HEOOHOPOMHOCTb, MPH KOTOpPOH mMiIacT Mo MJIOLIakH
COCTOMT M3 HECKOJIbKMX 30H (0oDJacTeil miacTa) pa3nu4HOM 1IPOHHLIAEMOCTH.
B npenenax ogHO#M M TOH Xe 30HBI NPOHHIIAEMOCTb B CpEAHEM ONHHAKOBA, HO
Ha IpaHHlEe JBYX 30H cKaykooDOpa3no H3MeHseTcs. 34ech, TakuM obpasom,
HMeeT MeCTO HEOLHOPOOHOCTb MO IUIOIMAAH MJIACTa.

3. HeoaHoponmble M1acTbl, B KOTOPbIX MPOHHLAEMOCTDb ABJIAETCA H3BECT-
HOM HEMpepLIBHOM MJM Cily4aiiHOW ¢yHKUHEH KOOpAMHAT To4eK oOJacTH
$unbTpaUmm.

Taxum 06pa3oM, B pe3yJIbTaTE CXeMATH3alHH GHIILTPAUHOHHBIX TOTOKOB
MOXHO BBIOE/HTH:

1) npaMonuHeiiHO-Napa UIeNbHbIA, TUIOCKOpAaAHadbHbIH H paaAajibHO-
chepHYECKHH MOTOKH B CIOHCTO-HEOOHOPOOHOM TUTACTE;

2) NpAMOJIMHEHHO-NIApaJUIe/IbHbIH, TUIOCKOpaaHadbHbIH H paaHaIbHO-
chepHiecKHil MOTOKH B 30HAIbHO-HEOAHOPOIHOM F1ACTE;

3) npAMoJIHHEHHO-ApaIe/bHbIH, [JIOCKOpaAHalIbHA H  pagHaIbHO-
cepHueckHi IOTOKH B IU1aCTax, Iae MPOHHUAEMOCT b SBJIAETCA HEMPEPbIBHOK
HIH ciyvaiiHo#M ¢yHKUHeH KoopaMHAT Toyek 06sacTH GHMIbTPaLHH.
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ITpu 3TOM 1S NONHOTHL H3y4eHHH, OYEBHIOHO, HEOOXOAUMO paccMaTpH-
BaTb (HIbTPAIMIO B 3THX YCJIOBHAX Pa3MYHbIX (IIIOMOOB: HECKHMAEMON
H CKMMaeMoOH >XHAKOCTH H Ta3a, a TaKke HEHbIOTOHOBCKOH XHAKOCTH 1O
JHHeHHOMY (3akoH [lapcH) M HenHHeiHOMY 3akoHaM ¢unbTpauuH. OoHako
paMKH yyeOHHKa HE NT03BOJIAIOT 0DECNECYHTD CTOJbL AETAILHOE PAaCCMOTPEHHE,
NO3TOMY OIPaHHYMMCA H3YYeHHEM HauboJiee xapaKTepHBIX CllyyaeB, yKasas,
4YTO METOLOJIOTHYECKHH MOAXOH NPH 3TOM OCTAETCH €AHHBIM.

PaccMOTpHM OOHOMEPHBIE TNOTOKH HECKHMAeMOH XHAKOCTH M rasa
B HEONHOPOIHBIX IJacTax IO 3akoHy [dapcw.

5.1. [TpaMosmHeliHO-Napal/ie/ILHBIA NOTOK B HEOJHOPOIHBLIX MIACTaX

A. CrnoHCcTO-HEOZHOPOAHBIH - NIACT.

IlycTb TrOpPHM3OHTaNbHbIA IJACT MOCTOAHHON TOJILHHBI A H LIHPHHBI
B cocToMT H3 n nponnacTkoB TOJNUIMHOH h,, h,,..., h,..., h, ¢ npoHHuae-
MocTbIO k. k..., ks ..., k, H TODHCTOCTBIO My, M,, ..., M, ..., m, (pHc. 3.17).
I1nacTt HacblllieH XHIKOCTbIO HJIH ra3oM. EC/IM Ha KOHType NMHTaHHUA I1JACTA
NOJIEPKHUBATL NOCTOSHHOE NABJIEHHE p,. @ HA APYrOH ero rpaHule —ranuepee,
OTCTOSALIEH OT KOHTYypa NHTaHMA HA PACCTOSHHHM L. moaaepkHBaTbh TaKxke
NOCTOSTHHOE JaBJIeHHE p, (IIPH 3TOM p, < p,). TO B KaXAOM INIPOIIACTKE IIpH
OTCYTCTBHH NIEPETOKOB MEXAy HHMH OyIdeT HMeTb MECTO YCTAHOBHMBLUMMCSH
NPAMOJIMHEHHO-IapaenbHblii noTok. Torga [/ pacyeTa XapaKTEPHCTHK
TEYEHHA MOXHO HCNOJIb30BaTh GPOPMYIbI, NOJyYeHHbIE B § 3 JAHHOH IJIaBbl.

B kaxnoMm nponnactke 6yayT BbINOIHATLCA cooTHOWEHHs (3.15), (3.16),
(3.17). Pacnpenenenne dyHkunu Jlefibensona, a cieaoBaTeNbHO M pacnpene-
JicHHe NaBJICHHA BO BCeX NPOIJACTKaxX, OyOeT OOHHAKOBO: AN XHMIKOCTH -
auHeiiHoe no ¢opmyne (3.27), mas rasa-napaboiaMueckoe—no ¢opmyne
(3.32). CxopocTb GHAbTpAalLMH B KaXIOM MPOILUTACTKE O6YyOET CBOfA, COOT-
BETCTBYlOLAS MPOHHUAEMOCTH npormiactka k;. MaccoBolii pacxod BCero
IU1aCTa MOXHO BbIYHCJIMTbL KaK CYMMY PacXxoloOB B OTIEJbHBIX MPOMNJACTKax.

"k (P, - P,) B(? y)
0n=).0mi= ). T Bhi = Zkh
i=1 n
Py T 2
!
Lpr
ALl Ll LLLLLLLL Ll L
L/NUTR
K2,Mz, 7z
Kio i, Ni
0 K”'mﬂ'ﬁ”

Puc. 3.17. TlpamMonHRe#iHO-napanienpHblif  no-
TOK B CJIOHCTO-HCOAHOPOAHOM MNacTe:
- S l-p(x) s xuakocTu;, 2-p(x)- A4 raza

TRA7 777777 7777777777 777777 8
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Tabnnual.6

PacueTnbie GopMyan! QNS NPAMOTHHEHKO-NAPAANETHHOIO NOTOKA HECKHMAEMOH XMI-
KOCTH H COBEPLUCHHOro ra3a B HeOAHOPOIMbIX NAACTAX

Moanens ¢nsonna

XapakTepHCTHKa

HecxnMaeMas XHAKOCTD —lCoaepmeHHui ra3s
CnoHcTO-HEONHOPOAHDBIA naacT

. Pacnpene- P— P p: — p?
neﬂug nas- | PX)=p, ~'—L—'x, px)=_[pi—= L -
JIEHHA B
nponnactkax |0 S x < L 0<x<L

. Maccosbiit ki pe—»p kip.. (pi — p?) Bh
pacxon o Qi = H’ po . * Bh, Q=" oy i
nponiacTka o

. Maccosblii PoB (P — P} ¢ Pur (P2 — D7) B &
pacxoﬂ Qm = -O——T]_‘L—— Z kihl' Qm = —;_L_r—_ Z kihl'
njacTa i=1 NP =1

: gxopocn _ k. —pr) ki —pr)

HAbTPa- i= [ T
UMH 8 TpoO- nk n"Lp(x)
niacTke

. Bpems nsu- | mmxL [ = dmin L*[p — p’(0)]
XEHHA Hac- i= — i= 2 _ 22
THU B i-M kl'(px pr) 3ki(pl pr)
MPOTLIACTKE

30Ha/NbHO-HEOAHOPOARBIH NACT

. Pacnpene- Pi-1 — P
neﬂﬂg aas- pi(x)=pi-1 — '_li—"-xv pi(x) =
JIeHHs B !

i-1 30me 0<x<

. k; i-1 = k; a iz- - p?
Macorrit | @ =ro ﬁ‘T-”—‘) Bh = const| Qu = ﬁ(ﬁz‘l—”‘lmx = const
30HBI i NePaly

. Maccosblii __ Bhp, —p.) _ Bhpu.(pZ — P})
pacxoﬂ in - pO n Qn - n
niacra n Y, l/k 2P 2, Wk,

i=1 i=1

. Ckopoctb w kipi-1 —pi) const _ ki(pi-1 — p?)
bunprpaumu | Vi T ] = i~ "
i-i 30HBI . n2Lp;(x)

. Bpems (o mmxl mx L= dmnli [pd-1 ~ P ()]
ABHXEHHA 1= oy W i (p . — p?)2
yaCTHLBI ki(l’-— 1 P,) w; 3k‘ (P-— 1 pi )
saonb i-f 0<x<| 0<x<;
3OHBI
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Jdns ruapoaMHAMHUYECKUX pacyeToB yaoOHO 3aMEHMTb MOTOK ¢uonaa
B HEOIHOPOIHOM IJ1aCTe MOTOKOM B OJJHOPOJHOM ILIACTe TEX XKE pasMepos A,
B, L co cpenHeil MPOHHLAEMOCTDbIO K ,, BEIMYMHY KOTOPOH MOXHO Ompele-
JIUTb M3 PABEHCTBA NeOMTOB 3THX ABYX MOTOKOB, T.€.

B2, - 2) ¢ kep(Pe — 2))
kh, = ——————Bh,
Q"‘ L l—zl TlL
OTKyna
=Y khJh.

i=1

JIBHXEHHE 4acTHIl XUIKOCTH B KaXIOM Npomnacrtke 6yaeT onpenensaTbcs
no ¢opmynam (3.41) ans xuakoctd u (3.43) Ans rasa, B KOTOpble NOJCTaB-
JIAIOTCA 3HAYEHHS MOPUCTOCTH m; W TMPOHHLUAEMOCTH k; Ui COOTBETCT-
BYloLIEero nporuiactka. OCHOBHbIe GHIIbTPAUUOHHBIE XaDAKTEPUCTHKH NIpHBE-
OeHbl B Tab6n. 3.6.

b. 30HaNbHO-HEOJHOPOLHBIA TLIACT.

[lycts ropu3oHTaNbHBIA MIAACT MOCTOSHHOH TOJILHHBI A M LUMPHHBI
B cocTouT M3 n 30H pa3NTHYHOH MpoHUUAeMoOcTH k,, k,,..., k;,..., k,, nopuc-
TOCTH My, My, ..., My,..., m, ¥ WuHH I}, I,,..., I, ..., |,. Ha rpanuuax nnacra
NOMJEPXHBAIOTCA MOCTOAHHble HABJeHUA p, M p.(p, > p,) (puc. 3.18).
I'paHunbl Kaxa0# 30HBI MJIaCTa NMEpHEHIUKYISAPHBI HAMpaBJeHHIO GUIILTPA-
IHOHHOTO MOTOKA BAOJbL OCH X.

B mnacte mpoMcXOOMT YCTAHOBMBLUeecS NPAMOJMHEHHO-NApaLUie/ibHoe
JBHXEHHE OJHOPOAHOro ¢ouaa.

XapakTepHCTHKM TAKOro MOTOKA B Npeeiax KaxAod OgHOPOOHOH 30HBI
6ynyr paccuuTbiBaTbhes 1o dopmynaMm  (3.15)-(3.17), .(3.26)-(3.44).
B cootBeTcTBHH ¢ dopMynoit (3.16) pacnpenenenue ¢pyHkuuu JleibeH3oHa
B KaXJOH 30HE JIMHEHHOE U OMpENENiSieTCS BhIPaXKEHHEM!:

P —P;
Pix)=2P;-, — ——‘1——x 0<x</,
i
o4
g
Pi-1
| P;
| | | Ar
| ', | { |
IJ//I}IIA/I//AIIIJIIII/////I/ =
.’ @7 Kn: Mn
A 5666 (6 e A I Puc. 3.18.  IlpaMonuueito-napaiiens-
tl Zzl % in Hbll NOTOX B 30HAJLHO-HEOJHOPOIHOM
' L niacre
- IMoka3aHa kpHBasg p(x) WA KHAKOCTH
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rae 2., U P,- bynxuuu JleiibeH30Ha COOTBETCTBEHHO B HavaJjle ¥ KOHIE i-#
30HBI, KOOpAHHaTa x GepeTcss TOJLKO B Mpefenax 3TOH 30HMI.

MaccoBblii pacxod BCleICTBHE Hepa3pbIBHOCTH NoTOka 6yaeT oaHAM
H TEM X€ BO BCEX 3OHaX:

k,(#, -2 -1 — @, -
Q..=MB”:-- =M3},=,,,,,=Mm.
nl n; nl,

Tp1MEHHB K MOCNEAHUM paBEHCTBaM MPaBUIO MPOU3BOIHBIX MPONMOPUHH,
MOJIyYHM:

S @1 - 2)

i=1
R 7
i=1

Maccosas ckopocTb GpUIAbTpalMK, Kak U pacxoj, 6yleT Takxke mocTosH-
HOil B JIIOOOM CEYEHHH MOTOKa.

Cpennee 3HaueHHE NMPOHHIAEMOCTH k., TaKoro HEODHOPOJHOTO IUIACTa
MOXHO OMNpENENUTb U3 PaBEHCTBA PAcX00B B HCOOHOPOAHOM H 3KBHBAJICHT-
HOM OHOPOIHOM ILIACTaX:

0. P& =2)_ks@. - 2)Bh

n Z l/k; nt

i=1

ey

Bh

_BhP, -2,

I/k;

On=

™M

1

OTKYyZAa

n
kep = L/( ¥ 1,-/k,~>, e L=3Y 1
i=1 i=1

OunbTpalHoOHHbIE XapaKTEPHCTHKH MpHBencHbl B Tabi. 6.

B. Ecnu ycraHoBMBILEECS MPSMOJIMHEHHOE ABMXEHHME QUIIOMIAa MPOMCXO-
JHT B MJ1acTe, MPOHHLAEMOCTL KOTOPOTroO BIOJb IU1aCTa H3MEHAETCH HEmpe-
pbIBHO, T.e. k = k(x), To MacCcoBHIii pacxoj Takoro ¢GUILTPalOHHOTO
NoTOoKa:

= ———"" B
0. —
Pasnen}m ﬂCpCMCHHblC H ﬂpOHHTCTpHpOBaB MOoCJCOHES ypaBHCHHC no
BCCM)’ n.nacry, ﬂOJ’l)"-lHMI
L
2 _ _&qﬂ;
T 7T T Bh Jk(x)
(4]

TaxuM 06pa3oM, U B 3TOM Clly4ae BCE XapaKTEPACTAKU TEUEHHUS MOXHO
Ompele/IuTh, €CJAM M3BECTEH XapakKTep (YHKUHOHANLHOH 3aBHCHMOCTH
NPOHHLIAEMOCTH k OT KOOpAMHATHI X.
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5.2. InockopaanaibHLIit TOTOK B HEOAHOPOAMBIX N1ACTaX

A. CnoucTo-HEeOJHOPOIHLIA MacT.

YcTaHOBUBIUMIHCSA TUIOCKOpaaMabHbIii MOTOK Mo 3akoHy [lapcd Hanpas-
JIEH K THIPOAMHAMHYECKH COBEPILEHHOH CKBa)XXMHE PaauyCcoM r. B CIIOUCTO-
HEOIHOPOIOHOM ILJIACTE, COCTOSLIEM H3 N MPOIUIACTKOB € Pa3HbIMH KOJUIEK-
TOpcKkMMH cBoiicTBami (puc. 3.19). Ilpu 3ToM Ha KoHType nuTaHus R, M Ha
3a60¢ CKBaXXHHBI 7, MOLIEPXUBAIOTCS MOCTONHHLIE NaBJEHHS p, U p,.

B XaxI0oM NpoIUIaCTKE MpPH €ro MOCTOSHHBIX TOJIUMHE A, U MpPOHHUaAe-
MOCTH k; 6yner mnockopaaualbHOE ABUXXEHUE, M CIPaBeUIHBLI (GOPMYJIbI
(3.18)-(3.20), (3.45)-(3.61).

JlorapudpMuueckass KpHBasi pacnpenciaeHus ¢oyHkuuu Jleiibensona (3.19)
6yner obwiell MUIs Bcex MPOMJIACTKOB. DTO O3HA4AET, 4TO IS XXHUIKOCTH
B KaJIOM MpPOMJIACTKE pacHpedeNCHHE JaBJIEHUS ONMMCBHIBAETCH YPaBHEHHEM
(3.46), a ans rasa - ypaBHeHHeM (3.51). CkopocTh ¢pHIbTpaluu, MponopLHo-
Ha/IbHasi MPOHHOAEMOCTH k;, 6ymeT B KaXIOM MNpOIMJAacTKE HMETh CBOE
3HaYeHHUeE.

MaccoBeril ae6UT nOTOKa @, MOXHO ONMpPENENHTL Kak CyMMY Ae6HTOB
B OTHACJILHBIX MPOMIACTKAX Q!

i 2nkihi (‘?l - ‘?c) _ 2n (?l - ‘?c) z

n
Qn=2 Omi=2 = > kihi
i=1 =1 nin(R/r) nln(R/r) =1
Cpearee 3HaueHHe MPOHHLAEMOCTH MIacTa k., MOXHO OMpEIE/IUTh U3
paBeHCTBa AeGUTOB B pedIbHOM HEOOJHOPOAHOM H 3KBHUBAJICHTHOM OMIHO-
POOHOM MJaCTax:

_MP =P Mhkh(P, = P

QM - i i _——_~_’
n ln (Rk/rc) i=1 n ]n (Rl/rc)
OTKynaa
DK et ——
2 |
’ |
e |
|
Ky, My, Ny
LKXis Mi, hi =
v =
H Kn,Mp, hn L
2I777/7777777777777777
Rx
I

Puc. 3.19. Kpusbie pacnpegesieHUs OaBiecHUs M XUOKocTH (1) M ang rasa (2)
8 TUIOCKOpaAH4IEHOM NOTOKE B CIIOMCTO-HEOAHOPOAHOM MJacTe
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Tabnuua 3.7

PacyeTnble ¢popMyabl 118 NIOCKOPAJHAIBEHOIO MOTOKA HECKHMAEMOH MWIKOCTH H CO-
BepllicHHOI'0 ra’a B HEOJHOPOAMLIX MJIACTAX

Mogens dmouaa

XapaxTepKcTHKa
Hecxumaeman XHIKOCTh [Conepmennui ra3
CnoHcTO-HEOAHOPOAHB nacT

1. Pacnpene- Py — P
HCHHE nap- |P)=p, - m (R/C)IH(R /r) P
JIeHHd B r) = 2 _ T T In(RJr
TPONIACTKAX, Pe) \/p. In(R,/r;) (&)
re<r< Rk,

2. Maccosbiit __ 2nkhi(p, - p.) _ nkhip.. (p7 — P?)
pacxon mi = Po™ v " n TN mi= T TR e )
P nin (R,/r.) Mpuc I (R,/r,)
TIACTKE

3. CkopocTs . ki(p,— P;)l W= kipi —pl) 1
bunbTpammu | Mi T i =
burorea nin (Ry/r) r 2nin(R,/r.) rp (1)
njacTka

30HaNMbHO-HEOAHOPOAHBI# NacT

1. Pacnpene- P Pi I _ 2 pi — pi-
neume aap- | P "=pi— ) UV AGENT e e l)m (ri/r)
JIEHUA B i-H
30HE,
r.2Sr<r;

2. Maccossiit —p 2nkh(p; — pi-1) 0 nkhpu (pF — pi-1)
pacxon i-# m =~ Fo i m
30HBI Tlln("l/".—l) T]P-rln(’./"‘ l)

3. CkopocTh _ Kk, —pi-s) ] _kip? —ply) 1
bunbsTpaumu = oy i )
A A0RL nin(r/ri-a) r 2nin(r,/ri-) rpu(r)

kep = Y, kihi/h,

i=1

YTO MOJHOCTBbIO COBMAJaeT C COOTBETCTBYIOINECH (hopMyioi Iis mpsMo-

JIMHEHHO-NapaJjljieIbHOTO MOTOKa.

npuBeaeHsl B Taba. 3.7.
Bb. 3onanbHo-HeomHOpPOHBIN MiacT
Ilycte uMMeeTcs rOpU3OHTANBHBIH MJIACT TOJIUMHOH h, coCTOsLIMA H3

Xa PAKTCpHCTHKH OMHCAHHOTO [MMOTOKa
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Puc. 3.20. PacnpeneficHMC NaBJICHHA B TUJIOCKOpAa/HALHOM NOTOKE HECXKHUMAEeMOH
XHUAKOCTH B 30HAJIBHO-HEOJHOPOAHOM MTACTE

n KoJibLIeOOpa3HbIX 30H C pa3JM4HONH NMPOHULIAEMOCTLIO K; U MOPUCTOCTbIO M,
ApH 3TOM TIpaHHUlAa KaxJ0oH 30HbI MMeer ¢opmy OOKOBOH MOBEpXHOCTH
UMIMHAPA, COOCHOTO CKBaxMHe. Ha BHelmuHell rpaHule n-it 30HBI, ABJISIO-
leics KOHTYpOM MUTaHMA miacta (r = R,), moadepxuBaeTcs MOCTOSHHOE
J4BJIEHME p,, HA BHYTpeHHeH IpaHulle miacTa (r = r.). T.e. Ha 3aboe coBep-
IIEHHOH CKBAXHHBI, MOIEPXUBAETCS MOCTONHHOE daBieHue p.. B miacre
HMEET MECTO YCTAHOBUBIUMICH MJIOCKOPaJMajibHbIi NMOTOK OJHOPOJHOTO
¢dmounna no 3akony Hapcu.

Pacnpenenenue ¢yuxuuu Jleitbensona B kaxagoi i-it 30He MOAYMHSETCH
JorapudmuteckoMy 3akony (3.19):

P — P
Pi(n=2 W In(ry/r), rioy<r<r,
ifri—

i=12,..n,

rae &,(r) - pysxuus Jleibensona B moboii ToUKe i-A 30HbI C KOOPAUHATOH r;
r; Ii- —COOTBETCTBEHHO BHEIUHMIl H BHYTPEHHMIl PauyChl i-il 30HBI (ry = 7.,
r,=R);, # u P,_,—-3HaueHus ¢Pyukuuu JleitbeH3loHa Ha BHelHeA H
BHYTpPEHHeH rpaHuuax i-i 30Hbl COOTBETCTBEHHO.

Iepexonas ot ¢dyukuuu JlefibeHsoHa x MaBJIEHHIO, HaldeM, 4YTO A
HeC)KMMaeMOH XHUAKOCTH JaBJIeHHE B KaXJIO# 30He NOMHMHEHO Jorapupmu-
4YECKOMY 3aKOHY, 4 IUIs ra3a — KOPHIO KBaJpaTHOMY M3 Jorapudma paauyca
(¢dopmysbl mpuBeacHbl B Taba. 3.7).

Ha puc. 3.20 npuBedeHo pacmpefesieHue OaBieHUs BIOJb JMHHH TOKd
B [UJIOCKOPaAMaIbHOM MOTOKE HECKHMMAEMOM XHUIKOCTH B 30HAJIbHO-HEOAHO-
POAHOM MJjAacTe.

MaccoBblif 1eOMT MOTOKA OYOeT OJHHUM M TeM Xe& BO BCEX 30HaX B CHIIY
YCTAHOBMBILIETOCS TBUXKCHHS:

WMk h(P, —P) kAP —Pil) | Mk, - Py
nin(r,/r.) nin(r/ri-,) NIn(R/ra-1)

M=
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Hcnonbsys cBOHCTBO MPOM3BOJHBLIX MPOMOPLMI, HailaeM, MepeHecs k;
B 3HAMEHATEIH W CIIOXKHMB OTHEIBHO YHUCIMTEH M 3HAMEHATENH,

21[}12(5?‘—9;_1) 71[}1(? _:?)

_ i=1 _
o nillnri illnr‘.
Zn —— ny —ln—

is1ki rioy sk riey

CpenHee 3HayeHHe NPOHHMLAEMOCTH 30HAJIbHO-HEOOHOPOTHOTO ILIacTa
MOXHO ONpeJeIMTh U3 PaBeHCTBA AeOMTOB B HEOMHOPOAHOM H OJXHOPOAHOM
niacTax:

0. - 2th(P, — P) 2k h(P, — P)
ny 1 i nin(R/r.)

ki oy

OTKyaa

ke = InRrI T ,%In(rw;—o),

i=1%

rae ro=r, r,=R,.

B mpakTuke pa3paboTku HedDTHHbIX M Ia30BBLIX MECTOPOXICHHH 3HaYM-
TeJbHBIA HHTEpeC MpeaCTABIIAET 3a4a4d O MPUTOKE K CKBAXUHE MPU HAJIHYMH
BOKPYT 33605 CKBa)XXHHBI KOJIbLICBOH 30HbL C TPOHUIIAEMOCTbIO, OTJIHYHOMN OT
NPOHMIIAEMOCTH OCTAJIbHOM 4YaCTH MJIACTa, T.€. FUTACT COCTOMT M3 OBYX 30H
pa3nu4yHOil NpoHMIaeMoCTH. Takas 3aga4a BO3HMK4€T, HANpUMeEp, NpHU
TOpNEAUPOBAHUH HJIM KHCIOTHORt 00paboTke mnpusaboiiHoit 30HBI, mNpH
YCTaHOBKE TpaBUHHOro GHIbTpa, NMpH [JIHHU3ALUMHM HIM napadHHHU3ALUH
npu3aboiiHoif 30HbI, BEIHOCE MEJKUX GPAKLMil MOPOIb! U3 ITOH 30HBI U T. A.

Ouenb BaxHOH NpH 3TOM GbIBaeT HEOBGXOIMMOCTh YCTAHOBIICHU S BIIUSTHUS
pasiUuUs MPOHUIAEMOCTEN KOJIblIEBOH MpU3aboiHOI 30HB k; M OCTANTBLHOIH
4acTH IiacTa k, Ha MPOAYKTUBHOCTH CKBAXKHHBI.

HebuT cxBaXHHB B TakOM /[BYX30HAaJbHOM [jIacTe OMpPEE/seTCA MO
caenyromteit dopmye:

k,h (P, — P)

nOn(Rr) + 20 /r)

sz

INocnenusis dopmyna coBmecTHO ¢ (3.18) MO3BONAIOT BBIACHUTBL, Kak
BJIMSIET U3MEHEHHE MPOHUIAEMOCTH MpU3a60iiHOM 30HbI HA IEOUT CKBAXKHHBI.
TakuM 06430M, YCT4HOBJIEHO, 4TO APH PACCMOTPEHHH (PUIBTPALMOHHBIX
MOTOKOB B HEOJHOPOIHBIX MIACTAX MO 3akOHYy JlapcH MOTYT MPUMEHSTbCH
OCHOBHble pacyeTHble (OPMYJIbI, MOJYy4YEHHBIC IS OJHOPOAHBIX MTACTOB.
IMpu 3TOM ANt pacyeTa ycpeHEHHbIX XapaKTEPUCTHK HEOHOPOXHOTO MI4aCTa
CJIeAyeT BOCMOJIb30BATLCH CPEHUMH 3HAUYEHUSIMHU KOo3dduuneHTOB PUIbLTPa-
HHMOHHOTO COMPOTHBJICHHUS, OMpPENEIsIEMbIMH B 3aBUCUMOCTH OT TeOMETpHHU
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ABWXEHHUSA. ITO MO3BOJIAET PACCMATPUBATL (PUILTPALMOHHLIA MOTOK B He-
OMHOPOJHOM IUTACTE KaK IKBUBAJICHTHBIA €My MOTOK B OJHOPOJHOM ILIACTE.
He paccmoTpenHble 3ech Cy4au paauanbHO-cHepHIEcKOro MmiacTa, a TaKxe
GbUILTPaLMs B HEOMHOPOAHBIX MJTACTAX MO HEJMMHEHHOMY 3aKOHY MOTYT GbITh
H3yYeHbl CTYAEHTAMH CaAMOCTOATENLHO.

§ 6. OJHOMEPHBIE BE3HAITOPHBIE ®UAbTPALIMOHHBIE
NOTOKH KNUJAKOCTH

be3nanopHoe nBMXKEHHE XHIKOCTH-3TO TaKOE€ ABUXKEHHE, B KOTOPOM
NbE30OMETPUYECKAs MOBEPXHOCTb COBMNAAET CO CBOOOMHOW MMOBEPXHOCTBIO
GuabTPYIOLIEACA KUAKOCTH, HaJ KOTOpOH AaBleHHE MOCTOSHHO.

[Ipn HEMOABHXHOM COCTOSHHM XHIKOCTH €e CBOOOIHAs MOBEPXHOCTDb
TOPH30HTAJIbHA, B Mpollecce ABHXEHUSA OHA UCKPHBJIAETCS, MOHHUXASACh BAOIb
NoToKa.

besnanopHoe aBuxeHue B J00blie HepTH BCTpedaeTcs MpM ILAXTHON
M KapbepHOil pa3paboTke HedTAHBIX MecTopoxaeHUH. 3anauu 6e3HanopHoro
OBMXEHUSI MHTEPECYIOT B GOMblLE CTENEHH IMAPOTEXHMKOB, HANPUMED MpH
OUILTPALMK BOAbI Hepe3 3eMUIsHble IUIOTHHBI, NPUTOKE TPYHTOBOH BOIbI
K CKBaXHHaM M kojnoauaM H ap. Kpome Toro. 3amaun GesHamopHoi
©GUIbTPalMK NPeACTABISAIOT BONBILOK TeopeTHYeCcKHilt MHTepec. OHU 3HAYM-
TEJbHO TPy[HEE, Y€M aHAIOTHYHBbIE 3a[a4M HAMIOPHOTO ABHXEHHMS. [ aBHas
TPYIHOCTb TOYHOTO pellieHHs 3a1a4 Oe3HAaNOPHOH GUILTPALMH 3aKTHOHAETCS
B TOM. YTO HeH3BeCTHa ¢opMa 06:1acTH, 3aHATOH I'DYHTOBLIM NOTOKOM.
B HamopHoit ¢uabTpauuu ¢opma 0061acTH NOTOKA H3BECTHA, TaK Kak
HEMPOHHIUAEMBIE KPOBJS M MOJOIUBA MIACTd GUKCHPOBAHLI.

B xnure I1. A1. Tlony6apunoBoii-KounHOM NpHBEIeHbI HEKOTOPBIE TOYHbIE
peleHus 3aJd4M O ABHXKEHHUHM Hepe3 MPSAMOYIOJIbHYIO MEPEMBIYKY U JaeTcs
noapobHas 6ubanorpadus mo 3Tomy Bonpocy.

PaccMoTpuM npubiuxeHHy0 TEOpHIO 6€3HAMOPHOTO YCTAHOBHBILET OCS
IBHXEHMS XHIKOCTH nO 3aKoHy Jlapcd, KOoTOpas M3BECTHA MO Ha3BaHHEM
ruapasanyeckoil Teopuu Hromoun - Popxreiimepa.

PaccMOTpuUM npsAMOYrosbHylo MepeMbliKy (MJIOTHHY), 4E€pe3 KOTOpYlo
APOUCXOANT GUALTpAUMS XUAKOCTH (pHc. 3.21).

YposeHb XMIOKOCTH H| Ha3biBaeTcs BepxHUM ObedoM, yposens H, -
HIOXKHUM 6bedom. CBoBomHast MOBEPXHOCTb XHAKOCTH, GUIBLTpYlomieiics
Yepe3 TeNO MJIOTHHBI, Ha3bIBAETCH [OENPECCHOHHOM (Mbe3oMeTpHuecKoil)
MOBEPXHOCTLIO (KpUBas A BC). CBoboaHasi MOBEPXHOCTh BLIXOAUT Ha MPABYIO
rpaHb BCeria Bblllie HHXHero 6beda. BeanunHa BC Ha3biBaeTCs MPOMEXYT-
KOM BBICAYMBaHMUS,

I'mapaBnnyeckas Teopus Oe3HAMOPHOIO [BMXEHHS OCHOBBIBAETCH Ha
CeYIOWNX JOMYIUCHHSAX:

1) ropu3oHTaILHBIE KOMIOHEHTBI CKOPOCTH GUILTPAlMM pachpeaeTeHbl
PaBHOMEPHO B JIOOOM MONMEPEYHOM CEYEHHH MOTOKA;

2) maBIEeHHE BJOJb BEPTHKANM DACIpPEEEHO MO T'MAPOCTATHYECKOMY
34KOHY, T.€. HAMop
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Puc. 3.2]. CxeMa Ge3HanopHOro TeYeHHs 4Yepe3 NPAMOYIrONLHYIO NepeMBIYKY

H=z+2 = Hix ). G.117)
pg

TaxuM o06pa3oM, Hamop BAOJbL XKAXOOH BEPTHKANM MpPEANOJaraeTcs
MOCTOSTHHBIM.

Cuuras gaBreHMe Ha cBOGOJHOH MOBEPXHOCTH aTMocepHbIM (T.e.
H3OBITOYHOE JaBJIEHHE PaBHO HYJIO), U3 (3.117), MOMy4HM, YTO HAMOP paBeH
riybuHe mortoka h:

H=h

l"opuaomam;nax KOMIIOHEHTA CKOPOCTH d)wmpauml MOCTOsTHHA BOOJIb
BEPTHKAIH H paBHA:

w, = —kydh/dx,

rie kg, = kpg/n—Ko3pduuxeHT GUILTPaIAH.
BepTukajibHas KOMIOHEHTa CKOPOCTH (PUIbTpallMM paBHa HYJIO.
Pacxon »HMIKOCTH Ha eNMHMIY LUMPHMHBI MOTOKa ¢, T.€. 4YEPE3 MPSMO-
YTOJbHHMK BBICOTOH A U @AMHHYHOH LUHPHUHOMA paBeH:

g = wy/h1 = k hdh/dx. (3.118)

H3 ¢opMmysabr (3.118) HnaiineM ypaBHeHHe cBOOOOHON NOBEPXHOCTH.
Pa3nenuB mepeMeHHble H MPOMHTETPHPOBAB, MOJY4HUM:
2

k
(3
= — + C.
qx 2

31ech MOCTOAHHAS HHTETPUPOBaHUs C HAXOUTCS M3 IPaHUYHOTO YCIOBUS
h=H, npu x =0 u paBHa k H3/2.
Torna ypaBhende CBOGOMHON MOBEPXHOCTH MPUHHMAET BHI

gx = ky(H? — h?)/2, (3.119)

Otcrona nerko HaiiTu riybuny motoka h B ;11060M ceueHmd x. [Ipeapapu-
TeJbHO HailleM pacxon xHAKOCTH ¢. [loacrasus B (3.119) BTopoe rpaHHuHOE
ycinoBue h = H, npu x = [, noay4yum:
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q = ky(H? — HY/(2D), (3.120)
H pacxod XHAKOCTH Q 4epe3 MIOTHHY WIHpHHOI B GynmeT paBeH:
Q = Bky(H} — H3)/2)) = Bkpg-(H} — H3)/(2n). (3.121)

QopMy nenpeccHoHHOM moBepxHOCTH (Mbe3oMeTpuueckod JHHEH AC)
HaiimeM M3 ¢opmyasl (3.119). HoxacraBus B Hee -BbipaxeHue (3.120) mns
pacxona g, MOJTYy4HM:

H? — H?
h= \/Hf - —‘—I—Zx. (3.122)

Taxum o06pa3oM, corjacHo THAPaBIH4YeCKOH TeopuH Oe3HAMOPHOTO
OBHXEHUSA, Mbe3oMeTpAYeckas TUHUA AC sBrnseTcs napabono#, uTo, cTporo
TOBODS, HE OTpaxXaeT peasbHYIO KapTHHY TEYEHHS.

JTo ficHO M3 creaylolux coobpaxenuit. U3 dopmynel (3.122) mpu H, = 0
y BbIxona B HHxHHMI Obed (mpu x =) moayuum h = 0 H, cneaosaTesbHO,
GeckoHeuHylo cxopocTh GunbTpauuu w, = g/h, uTO GPU3HUECKH HEBO3MOXHO.
CnenosaTenbHO, B JEHCTBUTEILHOCTH AOIXKHO ObITH A() > H,, T.e. AoXKeH
CYILleCTBOBAaTh MPOMEXYTOK BhicCauWBaHUs BC, U mbe3oMeTpUYecKast KpUBas
6yner umern Bun ABC, a He AC.

®opmyna xe mns nebura (3.121), XoTs M BhIBeAeHa Ha OCHOBaHHMH
APUOJIHXKEHHBIX AOMYyILEHUH, TeM He MeHee SABIAETCS TOYHOH, kak OwLio
noka3aHo M. A. YapHbiM.

PaccMoTpuM Tenmepb cxeMy ycTaHOBMBLUErocs Oe3HaNMOPHOrO INPUTOKA
XHIKOCTH K COBEPLUEHHOH CKBaxuHe (MM Konmomamy) (puc. 3.22).

IIycTh Ha paccTOosHUHM R, YPOBEHb I'PYHTOBLIX BOJI MOCTOSHEH U paBeH H,,
B CKBaXXMHE YCTAHOBJIEH MOCTOSHHBLIH ypoBeHb H._.

CxopocTh GUIbTpaNMM Ha PACCTOAHMH I OT OCH CKBa>KHHEIL:

w, = —kydh/dr,
a pacxol XHIOKOCTH uepe3 60KOBYIO MOBEPXHOCThL LMITHHIPA:
Q = |w|2nrh = ky2nrhdh/dr. (3.123)

Pa3nenus B (3.123) nepemeHHBle U NPOMHTErPUPOBAB, MOJYYHM:
— 2
Qlnr = nkh* + C,
re MoCTOsHHAs MHTerpupoBaHUs C HaXOMATCS U3 I'PAHMYHOIO YCIOBMS Ha

KOHType muTauus: H = H wunu r = R
Torna umeem:

QIn(R,/r) = nky (H? — h?), (3.124)
OTKyna Haﬁ,IICM IIC6HT XKHOAKOCTH MOACTAaBMB BTOpPOE€ 'PAHHYHOC YCJTOBHE Ha

3aboe cxBaxunb: H = H_ npu r=r_
B pe3ynbTaTe monyqHM:

o  ThelHE = H2) _ nkpg (2 — HY)
In(R/r) nin(RJr)
100
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Puc. 3.22. Cxema 6Ge3HATIOPHOrO NPHTOKAa K COBEPLUEHHOW CKBaXHHE

Paspemus ypasHenwe (3.124) oTHOCHTENBHO h, HaineM YypaBHECHHE
JenpecCHOoHHO#R kpuBoi AC:

_ z_an(R./r)_\/ ., (HZ—HY)
h= \/ H; Tk = [ H; TR RJr) In(R,/r). (3.126)

®opmyast (3.121) u (3.125) HassBaloTcs hopMmynamu om0,

Ecmu cpasuuTh $opmyan (3.31) ¢ (3.121), (3.32) ¢ (3.122), (3.50) ¢ (3.125)
# (3.51) ¢ (3.126), To MOXHO ybeaUTHCH, YTO MMEET MECTO @HAJIOTHA TEOPHH
6e3HaMOPHOro ABMXEHHS C 33aAadedl QUIBTPAUMH rasa.

Konmpoabubie gonpochl u 3a0auu

1. Kakoit ¢puabTpauroHHbI#f HOTOK Ha3bIBAETCH OJHOMEPHBIM?

2. Kaxue omHomepHble GHRIBTPALUMOHHBIE NOTOKH PaCCMAaTPHBAIOTCH B
HOJ3eMHOH TrHApOMeExaHHuKe?

3. Ilpun npAMonMHEHHO-IApaNIeabHOR GuIbTpanuu 1Mo 3akoHy [apcu
JaBleHMe B ceveHuH | ¢ koopauHatoit x, = 200 M cocTaBnser p; = 3 MlIla,
a B ceuenun 2 (x, = 400 M) p, = 1 MIla. Yemy paBHO OTHOUIEHHE CKOPOCTEM
GUIBTPALAKM M TPAJMEHTOB [@BIEHHS B 3THX CEHYEHHAX, €CITH GUIbTPYETCS:
a) HecXHMaeMas XHAKOCTh; 6) coBepilleHHbIH raz?

4. B aByx miuactax — HeQTAHOM u Ta3oBoM — WMHOM L = 1200 M napienue
Ha KoHType nuTauus p, = 10 MIla, Ha ranepee p, =7 MIla. CpaBHuTb
JABJICHAS B OOOMX IUIACTaX B CeYeHUH Ha paccTosHHM x = 800 M OT KOHTYpa
NATaHUS. .

5. B kpyroBom Iuiacte npoHcXoauT GuabTpaums Hepru. Kakyro qoo ot
obuieit JEenpeccMd COCTaBJIAET INOTeps NaBICHHS HAa YYaCTKE OT TOYKH
¢ KoopaMHaTo# r go 3abos? Paguyc mnacra R, =1000M, r. =01 m.
[TpuusTs creayrowue 3Ha4seHus r: 100 M, 10 M, 1 M.

Ykazanue. OnpeaedTs B NpoueHTax oTHoweHue (p — p)/(p. — pe)-
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6. B razoBoM MacTe NPOHCXOAMT YCTaHOBHBIUASICH TUIOCKOpAaqUaIbHAN
$uIbTpauMs CoBEPIIEHHOrO rasa K CKBaxuHe Mo 3akoHy [apcu. Haiitu
CKOpPOCTh PUILTPALMM ¥ CPEJHIOIO CKOPOCTh [ABHXEHHS [a33a Ha PACCTOSHHH
r=10M OT uHEHTPa CKBAXWHBI, €CITM H3BECTHbI OOBEMHBIH MPHBEACHHBIH
nebur Q,, = 8+10° m3/cyT, Tomuuna niacra A = 12 M, JaBJIEHHE HA KOHTYpPE
nuTaHus p, = 12 MIla u Ha 3a6oe ckpaxuHbl p, = 9 MIla; paccrosHue no
KoHTypa nmuTaHus R, = 500 M, paguyc ckBaxusnl r. = 0,1 M, MOpPHUCTOCTH
mwracta m = 20%.

7. CpaBHHUTb CpeOHEB3BCIUCHHbIE AaBJIEHUS B KPYTrOBbIX HEDTSHOM H
ra3oBOM IulacTax, eciu p./p, = 0,5, R, /r. = 500.

8. Ha mectopoxienun Kapauarasak ToJIUMH2 HNPOAYKTHBHOTO Ijacta
Taxk Beauka (= 1500 M), uTo Bech HHTEpBaN nep¢opalyH Ha CKBAXHHE MOXHO
MO/IE/IAPOBATH OJHHM CTOKOM, M NPHTOK K CKBAXHWHE CYMTATh PaaHaIbLHO-
chepuueckuM, OnpenenuTh 3((eKTHBHBIH paIayc TAKOrO CTOKA I CKBAXH-
Hel ¢ aebutom @, = 700 T/cyT, 3aboitHbIM naBreHueM p. = 35 MIla, ecrin
nacroBoe aapieHue p, = 50 MIla, mpounuaemocts k = 10 M/[1; u3-32 BBICO-
KHX [JaBlIeHHH (IIOHA MOXHO CYMTATh HECXKHMMAEMBIM IUIOTHOCTBIO
p = 500 kr/m3, Ba3kocTeio M = 5-107° [1a-c. ['paPUTAIHOHHBIMA CHI2MH
npeHeOpeysb.

9. Bo cKOJBKO pa3 HaJoO M3MEHHUTh PATHYC CKBaXHHBI, YTOOBI AeOUT npH
IUIOCKOpanMaibHoOi ¢uibTpanmu HedTH yasomiacs? PaccMorpers ¢mnsTpa-
Mo a) mo 3axkoHy /lapcu: 6) mo cTenmeHHOMY 3akKOHy npH n = 4/3; B) o
3axoHy Kpacnononsckoro. [Ipunsars R, = 800 M, r.=0,1 M.

10. ITocTpouTh (kauecTBeHHO) rpadux U3MeHEHHUs AaBlIeHHA p(x) BIONb
noJocoobpa3Horo IacTa, B KOTopoM aBxkeTcs HedTb, Ilnact cocTouT U3
TpeX 30H OJMHAKOBOH [UTMHBI C MPOHMUAEMOCTAMH k| > k, > k,.

11. KpyroBo#t mi1acT COCTOMT M3 ABYX KOJIbLEBBIX 30H C pa3JH4HOMH
npoHuuaeMoctsio: 1) k=k npn r.<r<r;; 2) k=k, mpu r, <r< R,
BoisecTH dopmyTy A8 onpeaesieHHs AaBJIeHMs p, Ha IPaHHLE 30H. [{aBieHus
Ha KOHType NHUTaHHA p, ¥ Ha 3aboe p, 3aAaHsl.

12. Kax pa3nuyarotrcs Mexay coboil rpagueHTH OABIECHHH H CKOPOCTH
¢HIbTpalMM Ha IPaHMLUE ABYX 30H (r = r,;) KpYToBOIrO IUIaCTa ¢ Pa3sHLIMH
nporunaeMoctsMu? B 3ome I (r . <r<r)k,=09/1; B 30me II
(r,<r<R)k,=03/1.

13. KpyroBoii miacT CoCTOMT M3 ABYX.CIOEB C COOTHOLIEHHEM NPOHH-
naemocredt k, 1k, = 1:2 U TommuH A, h, = 2:3. Kak pasnuuaroTcs Mexnay
coboit ckopocTH QUIBTPaLNA W, : w, B TOUKE C OAHOH U ToH %e KoopAMHATOH
r? :
14. B xpyroBoM HepTSHOM IUIACTE NPOHMIUAEMOCTH MEHSETCH CIEAYIO-
umM obpasom: B npu3aboiHOH 30HE paguycoM r, OHa YBEIHMYHBAETCH
JMHEHHO OT 3HaueHUs k, Ha 3aboe (npu r = r_) no 3HaueHUs k, (IpH r = ry);
B OCTAJbHOM 4acTH miaacTa (0T ry A0 R,) NPOHHLAEMOCTH NIOCTOSIHHA H PaBHA
k. BoiBectn dopMyny nebuta. TomumHa nimacta h, BA3KOCTh XKHIKOCTH
T ¥ JENpECCHs p, — P, UIBECTHBI.



I'n1asa 4

IVIOCKHUE YCTAHOBUBHIMECSH
OUIBTPALHUOHHBIE [TIOTOKHAU

§ 1. MOTEHUUAJ TOYEYHOTI'O HCTOYHHUKA U CTOKA HA NUIOCKOCTH
N B NPOCTPAHCTBE. METOJ CYNEPNO3NLUNN

Pa3paboTka HeTAHBIX M ra3oBbIX MECTOPOXACHHA OCYLLECTBISETCH He
€IMHUYHBIMH CKBaXHHaMH. [Ins obecrnieyeHuss HEOOXOAUMOIO YPOBHS AOGKI-
4H XHUIKOCTH MIIM I'a3a HYXHO OIpedeleHHOe KOJH4ecTBO ckBaxuH. Cymma
JeOUTOB 3THX CKBaXHH HOJxHA oOecne¥uTh 3amaHHBIA OoTOOp M3 MecTo-
poxaenus. IloaTomMy B GUIBTpaLMOHHBIX pacyeTax. CBA3aHHBIX ¢ pa3paboT-
KOH MECTOPOXIHHUH, HEOOXOAMMO pacCMATPHBATHL MHOXECTBO CKBAXHH,
pa3MelUEHHbIX OnpeaeieHHBIM 06pa3oM Ha IUowaau HedTera3oHOCHOCTH,
B 33aBHCHMOCTH OT NAPaMETPOB IUIACTOB M CBOMCTB HACBHIUAIOUMX MX
¢mrougoB. I1pH 3TOM BO3HHKZIOT MHIPOJIUHAMUYECKHE 32J4a4H OIpEAC/ICHUS
aBJeHUH Ha 3a00fX CKBaXHH NPH 3aJaHHbIX OeOMTax MJIM ONpeleeHHUs
[eOUTOB CKBaXWH NpPH 33JQaHHBIX W3 TEXHHYECKHX WIM TEXHOJIOTHYECKHX
coobpaxeHuil 3a00HHBIX OABICHUAX. AHAJOTHYHBIEC 3a4a4YH BO3HHKAIOT MPH
PAaCCMOTPEHHHM CHCTEMbl HArHETaTEIbHBIX CKBAXHH, HCIOIb3YEMBIX IS
NOAJEPKAHUS MIACTOBOro JaBleHUs, B 9TuX ciy4yasx Takxke ueaecoobpa3Ho
CXEMAaTH3HPOBATh TeOMETPHIO aBMXeHHMA. [Ipu 73TOM paccMaTpuBarOTCH
HauboJiee XapaKTepPHBIC IJIOCKKHE HEPaAHaNbHbIe NOTOKU. [1poananu3npoBaTs
BCE BO3MOXHBIE T€OMETPHH (UIBTPALUOHHBIX TEUEHHH Ha NMPEACTaBIAETCS
BO3MOXHBIM, Jd B 3TOM H HeT HEoOXOOMMOCTH, Tak Kak Biajaes obOluei
METOJOJIOTHEH pAaCyeTa, MOXHO OINPEJETHTh OCHOBHBIE XapPaKTEPHUCTHKH
TaKUX MOTOKOB.

Ilpu pelueHMM 3THX 32aa4 HYXHO YYMTBHIBATh, YTO IpH paboTe CKBaXUH
HabmiogaeTcs HMX B32MMHOE BIMSHHE [JpYT Ha [Jpyra—uHTephepeHuus
CKB2XHH. JTO BIMSHHE BHIPAXAETCA B TOM, YTO NPH BBOJAE B 3KCILTyaTaLHIO
HOBBIX CKBaXHMH CyMMapHasi JoOblua H3 MEeCTOPOXICHHUS PacTeT MEIJICHHEE,
1eM HHCIO CKBaxXuH (puc. 4.1).

IMpexne 4eM nepelTH K MCCICAOBAaHUIO 3a0a4 MHTEP(EPEHIMH CKBaXKHH,
BBEEM HEKOTOPLIE IIOHATHS, HCOOXOOUMBIE IS AaNbHEHILETO.

Ha3oBeM TOYEYHBIM CTOKOM Ha IUIOCKOCTH TOYKY, NOIJIOLIAIOLIYIO
KHAKOCTh. CTOK MOXHO PacCCMaTpHBATh KaK THAPOIUHAMHUYECKH COBEPILCH-
HYIO CKBaXHHY OECKOHEYHO MAnoro paJdyca B I14ACTe € AMHUYHOH TOJILUMHBI.
Ha n1ockocTH BOKPYT TOYEYHOIO cToka OyneT paamanbHas KapTHHA BHXE-
HUSA. ToueyHbld HCTOYHHK —3TO TO4YKA, BHIAENAIONIAA XHUIKOCTb (MOIEIb
HATHETATE/ILHON CKBAXHHBKI),

OnpenedM MOTEHUMAN TEYCHHUS Kak (YHKUHIO, NPOM3BOAHAS KOTOPOH
C OOpATHBIM 3HAKOM BJOJb JTHHHH TOK2 PaBHA CKOPOCTH (pUIbLTpAaLMH, T.E.

do
w= I 4.1
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] Puc, 4.1, 3aBHCUMOCTL CyMMapHoro je-
4 6uTa OT uHCNA CKBAXKHH

|

R S S
0 1+ 2 3 4 5§ 6

— Jd
7 n

M3 cpasuenus (4.1) ¢ 3axoHom [apcu (2.11) BUAHO, 4TO NOTEHUHUAT OIS
HEC)KHMAEMOH XUAKOCTH CBS3aH C AaBjieHUeM (opMyJoi

® = kp/n. (4.2)

Ha#igeM nmoTeHIMan TOYEYHOIro CTOK2 Ha IUTOCKOCTH. TdK KakK TOYEYHbIA
CTOK SIBJSETCH MOJENbIO QOoObiBalolleil CKBaXHMHBI M TEYEHHE BOKPYI HEro
IJIOCKOPaa¥anbHOE, TO MOXHO BOCHOJb30BaThC (OPMYJIOR CKOPOCTH
¢uIbTpauMU O Takoro moroka (3.49):

nin(R/r)r 2mhr 2ar’

4.3)

TAe g = Q/h— nebUT CKBAXHHBI-CTOKA, IPUXOMALIMACH HA EAMHHULY TOJILMHbI
I1acTa.
Ho nns niockopaguanbHOro NOTOKA

@ o
ds  dr’

W=

OTKya
d® = wdr = qdr/(2xr).

Ilocne HHTCIPUPOBAHHUS IOJIYYHM BBIPDAXKCHHUC NOTCHLUHAIA OJIA TOYECH-
HOro CTOKd Ha IIJIOCKOCTH.

o=2ir+c (4.4)
2n

rae C-INOCTOSHHAs MHTErPUPOBAHHUS.

TakuM 06pa3oM, MOTEHNUMAT B OKPECTHOCTH CKBAXHHLI-CTOKA IPONOP-
MOHAJIEH JOorapu¢My pacCTOSIHUSA r OT CTOKa (LeHTpa ckBaxHHkl), [Ipu r = 0
H r= o ¢yHkuus Inr obpamaercs B GECKOHEYHOCTH, MIOITOMY MOTEHIHAT
B JTHX TOYKax TepsieT CMBICI.

518 TOMEYHOro MCTOMHHMKA CIIpaBEMLIUBLI BCE IPUBEACHHBIE HOPMYIIbI, HO
eOMT g CUMTAETCH OTPHUATENBHBIM (g < 0).

W3 dopmynsl (4.4) cneqyeT, YTO THHHSMH PAaBHOTO MOTEHUMANA (IKBH-
NOTEHIIMANaMH) ABISKOTCH OKPYXHOCTH r = const.

HaiineM Teneps NOTEHIHAT TOYEYHOTO CTOKA B MPOCTPAHCTBE. [[BHXEeHHE
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B6.1M3u Takoro cToka 6ynmer paamansHO-chepuueckum. [TosToMy ckopocThb
GUIbTpaLMH

0 do

4nr* dr’
OTKyqd

_Qadr
d¢_4nrz

H MOTCHNHA TOYCHYHOI'O CTOKAa B IMPOCTPAHCTBE

Y
d nr +C 4.5)

HAns moTeHUMAana TOYEUYHOrO MCTOYHHKZ 3HAK Aebuta B dopmyne (4.5)
MEHSETCH Ha NMPOTHBOIOJIOKHBIHA.

Kak cnenyer u3 ¢popmynsl (4.5), noTeHUHa T TOUEHYHOTO CTOKd B MPOCT-
" pancTBe obpamaeTcs B GECKOHEWHOCTh NpPH r =0, 4 PH 7 = 00 OCT4ETCH .

KOHEYHbIM (H paBHbIM C). '

Mopens ToYeMHOro CTOK2 B HPOCTPAHCTBE OydeT HCIOJIb3OBaHa B
JaJIbHEHIIEM LIS PElCHHs 3aJd4 O IIPHTOKE XHUAKOCTH K THAPOAHHAMHYECKH
HECOBEPHLIEHHBIM CKBAXHHAM.

OTMeTHM, YTO METOA UCTOYHHKOB M CTOKOB O4eHb yqoO€H, OH UIMPOKO
HCIIOJIB3YETCS IPH PELICHAH HE TOJNBKO 3aad4 GHIBTPALMH, HO M 3a1a4,
CBSI3aHHBIX ¢ 0OTEKaHHEM PAa3MHUYHBIX TE B MOTOKE XUAKOCTH. [IpumenseTcs
3TOT METON M B 3aldYaX TECOPHH TEILIONPOBOJHOCTH, 3JICKTPHYECTBZ H
MarHeTH3Ma.

Pacnipenencuue [gaBieHHs H INOTEHUMaia B YCTAHOBHBUIMXCH INMOTOKaXx
HECXKHMMAEMOIl XUIKOCTH OIMHCHIBAETCH ypaBHeHMeM Jlammaca, KoTopoe Ans
IUIOCKUX TEYECHHH MMeEET BHUJ
o 20 4
ax? T dy? 0 (4.8)

INockonbky ypaBHeHue Jlaninaca MHHEHHOe U OQHOPOAHOE, €TO PELICHHS
06.120410T CNEAYIOLIMMH CBOUCTBAMM: CyMMa HACTHRIX PELICHUI eCTh TaKkKe
pelleHHE 3TOro ypaBHEHHS; IPOH3BEACHHE YaCTHOrO PEIIEHHUS HA MIPOU3BOJIb-
HYIO TIOCTOSIHHYIO €CTh TAaKXke peEllleHHe 3ITOro ypaBHeHHs. Ha OCHOB4HHH
3THX CBOMCTB B NOA3EMHOM I'UApOMEXaHHKe pa3paboTaH METOd PELICHHS
CJIOXHBIX 33d4, Ha3BaHHbIA METOIOM CYNEPNO3ULHUH (METOJAOM HAJIOKEHHS
pelleHHit).

MareMaTHYeCKHif CMBICTT METO1a CYNEPIO3UIMH 3AKIIOUAETCH B TOM, HTO
€CIH HMMEETCS HECKONbKO (UIBTPANMOHHBIX IOTOKOB C MOTEHIHAIAMH
D, (x. y), D,(x, ¥)h..., P, (x, ¥), Kaxablii M3 KOTOPBIX YIOBICTBOPSET
ypaBuenuro Jlannaca, T.e. .

00, ¢,
Ez‘l+—$z—l=0, i=1,2,..,n,
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Puc. 4.2. Cxema cxopocTed GUIBTPalUMH B Touke M NpH paboTe CkBaXHH-CTOKOB Ha
HEOTPaHHICHHOR TUIOCKOCTH (@) M Pe3yNbTHPYIOILMH BEKTOP CKOPOCTH (QHIbTPAUMH
B Touxe M (6)

n

To B cyMma ® = ) C®; (rae C;- IPOM3BOJIBbHBIE TOCTOSHHBIE) TAKKE
i=1

yOOBJIETBOpsET ypaBHeHHro Jlamiaca:

%0 4 o 0

axt @yt

I'apoaMHaMHUYECKHH CMBICT METOAA CYNEpHNO3HULHH COCTOMT B TOM, 4YTO
HU3MEHEHME IUIACTOBOIO M4BJIEHMS M NOTeHuMana B J0OOH Touke miacra,
BbI3BAHHOE PabOTON KaXJO# CKBaXMHBI (HATHETATEIBLHOW MIM 0OBIBaIO-
uieif), MOACHYMTHIBACTCH T4AK. KAK €CMH Obl JaHHAas CKBaxuHa paborana
B IIACTE OJHA, COBEPHIEHHO HE3ABHCHMO OT JAPYIMX CKBAXHH, 32T€M 3TH
HE3aBHCHMO OIIpeJe/IeHHbIE IS KaXIOH CKBAXHHBI M3MCHCHHS AaBICHHS
M TNOTEHMUana B KaXIO#i TOYKe mjIacra anrebpauveckd CyMMHPYIOTCH.
CymMapHas ckopocTh GUIbTpaUMH HAXOAMTCH KaK CyMMd BEKTOPOB CKOPOC-
Teil QUIBTpPALMH, BBI3BAHHBIX paboToil Kax[qo# CKBAaXHHBI, IO IIPaBHIAM
CIIOXEHHUS BEKTOPOB.

IlycTh Ha HeOrpaHM4EHHON ILIOCKOCTH pACIHOJIOKEHO #A HCTOYHHUKOB
u cToxoB (puc. 4.2, a). [ToTeHiman kaxaoro u3 HUX B TOuke M onpenensiercs
no ¢opmyne (4.4):
ki

Llnr, + C; ®,=Pnr, + Cpee, @, = Plnr, + C,,
2n 2n

(D:
' on

TA€ 7y, ry,... I'y—PACCTOSHUS OT NEPBOrO, BTOPOTO, ... N-IO CTOKOB IO TOYKH
M; C,, C,..., C,— IOCTOSHHBIE.
Kaxnas u3 dynkmmit @, @,,..., ®, ynosierBopser ypaBuenuto Jlannaca.
Torga cymMma NOTEHUHANOB
l n
<D=<D1+<D2+...+<D,,=2—qu.lnri+c, 4.7)

i=1

C=C, +Cy+..+C,

TAKXE YOOBJICTBOPSAIOT YPaBHCHHIO Jlannaca. dPuU3NYECKH 3TO O3HAYAET, YTO
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(pUILTPALMOHHBIE NOTOKH OT pPAaboThI KaXOAOro MCTOYHMKA MJIM CTOK4
HAKIAJBIBAIOTCA APYr Ha Apyra. B 3ToM M 3akiro4aeTcs NPHHUMO CYTEp-
HO3ULUM, UM CIOXKEHHUS TEMEHHH.

BexTop ckopocTu ¢UIbTpammu w B Touke M paseH (puc. 4.2, 6):

W=w, + Wy + .+ W, (4.8)
e

o S @ 4,

Y ) S T " 2mr,

MeToa cynepno3MIUU MOXKHO HCIIOIb30BATh HE TOJBLKO B DECKOHEUHBIX
IUIacTax, HO M B IUIACTaX, MMEIOIMX KOHTYD [UTAHUS WM HEMPOHHUAEMYIO
rpaHMuy TOH WM MHOK ¢opMbl. B 3TOM Ciyyae [yis BBINOJHEHHS TEX HIH
WHBIX YCJIOBHH Ha IpaHMIax NPUXOIMTCS BBOIMTH (PUKTABHBIC CKBAXHHBI-
CTOKH MM CKBaXXWHBI-UCTOYHHMKH 33 IpefeiaMH miuacta. PHKTHBHBIE CKBa-
XHHBI B COBOKYITHOCTH C pea/IbHbIMM ODECneqHBaoT HEOOXOAUMBIE YCIOBUS
Ha rpanuuax. [Ipu 3T0M 3a1a4a CBOMMTCH K PACCMOTPEHMIO OJHOBPEMEHHOMN
paboThbl peanbHbIX U QUKTHBHBIX CKB2XHH B HEOIpPaHMYMEHHOM ILIACTE. JTOT
METOJ Ha3blBaeTCs METOAOM OTOOpPaXeHUs! HCTOYHHKOB U CTOKOB,

PaccMoTpHuM 3aech MCIOIB30BaHHE METOIOB CYTIEPIO3UIIMH M OTOO paxe-
HHMSl HICTOYHHMKOB M CTOKOB Ha HEKOTOPHIX 33[a4axX, UMEIOLIHX PAKTHYECKOE
3Ha4yeHHe B TCOPHH Pa3paboTk¥ HeTHHLIX U [a30BRIX MECTOPOXKIACHUI,

§ 2. MIPMTOK XKHNJAKOCTH K TPYIINE CKBAXKHWH B IJIACTE
C YAAJIEHHBIM KOHTYPOM INMUTAHHUA

IIycts B rOpH3OHTANBHOM ILIACTEe TOJIUMHOK A pacroJiokeHa rpynmna
CKBaXxWH A,, A,,..., A, C pagAycamH r., paboTaromHx ¢ pa3lTMYHBIMH
3aboiHbIMU moTeHuuanamu @, i=1, 2,..., n (puc. 4.3).

PaccTosHust MexXay UeHTpaMu - M j-H CKBaXHH r;; U3BECTHRI (r;; = rj).
Tak Kax KOHTYp NMMTAHHMS HAXOQUTCH HAJIEKO OT BCEX CKBAXHH, TO MOXHO
NPUOIMXEHHO CYHTATh, YTO PAaCCTONHHME OT BCEX CKBAXHUH JO BCEX TOHYEK
KOHTYpa OAHO M To %c¢ M paBHO R,. Iloresnman @, Ha KOHType NUTaHHA
CUMTaeTCH 3aJaHHBIM, TpebyeTcs onpemenuTs AeOHT Kaxaod CKBaXHHBI
H CKOPOCTh UILTpaLWH B M0OOH TOYKE IIacTa.

IMotennuan B moboii Touke m1acta M onpegenseTcs no gopmye (4.7).
IToMecTHB MBICIEHHO TOYKY M mociaeNoBaTeNbHO Ha 3200 KkaxIoH
CKB2XHHBI, NOJYY¥M BhIpaxeHHA 3ab0fHOro moTeHuMana HA HUX B BUIE

1
q)cl =2—n(qllnrc1 + qzlnrlz + q3lnr13_+ e + q,,lnrl,,) + C!

1
q)cz =2—n(qllnr21 +q21nrc2 +q31nr23 + ...+q,,lnr2,.)+ C,

1 ] 4.7)
D, = 2—(qllnr,,1 +4q,Inr; + g3lnr,s +... + ¢, Inr,) + C.
T
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p Puc. 7.3. Kpusbie pacrnipeaeicHus /JaBJcHUs
Oy B TLTACTE MPH BbITECHCHHUH HeTH BOAOH
i
!
!
| ' P,
Boda 1 ! Hems
————— VAR BRI 777777
0 Zy b Ly 2
p,.,Mﬂa
20
18
16
14
12
10
0 g2 04 06 a8 e

Puc. 7.4. W3meneHue ndBJIEHMA HA TPaHMUE pa3jena xXHaxocred (p, = 20 Mila,
p, = 10 MITa)

8 g
r //
Ax F o Pr
/ ’
4 Z Puc. 7.5. CxeMa WHCNOJL30BAHHA MeETOAa
Y A 41’ Iy x «ITOJIOCOK»

4. Kpupas najicHUs JaBICHUSA p, HA TPAHULE pa3jena B 3aBHCHMOCTH OT
ec Ge3pa3MepHbIX 3Ha4€HMH §, = .x;/L NMpH pa3iM{HBIX OTHOIUECHHMSX BSH3-
KocTed mg = n,/n, IpuBedeHbl Ha puc. 7.4. PacueTsl mpoBoaunuch mno
¢dopmyne (7.9) npu naBneHdH Ha KOHType nuTaHus p, = 20 MIla u Ha
ranepee-p, = 10 MIla.

B cnyuae, ecnu nepBoHaYaIbHOE NOJOXEHHE BOJAOHE(TAHOIO KOHTAKTA
AB B nnacTe HE NMapaJuIeNbHO ranepee (puc. 7.5), TO pelIMTh 3a{a4y MOXHO
OpUOJIMKEHHO, UCHOJB3Ys, HANPUMEDP, METO[ «IOIOCOK», NMPENIOKEHHbIHA
B. H. lllenkaueBbiM. B moTOke BBIAECTAIOTCA Y3KHE IOJOCKH, B IIpenenax
KaXA0H H3 KOTOPBIX BOAOHEDTHAHOH KOHTAKT CUMTAETCH MaPaJLJICTbHBIM
rauepee. ¥ ABHXEHHE B KaXOH [MOJIOCKE ONMKCHIBAETCH BHIBEAEHHBIMH B 3TOM
naparpage dopmynamu. Ilpu 3toM, kak BuAHO M3 (opmynn (7.17), uem
Gonblue 3HAYeHHE X,, TeM Oonbule ckopocTh GuabTpamuu w. Otcrona
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BLITEKAET, YTO IpaHMLa pa3fela B Touke B OydeT ABUraThcs ropasio
6bicTpee, 4eM B TOUKE 4. U OOBOJHCHHE ra;leped HAYHETCS HMEHHO 110 JTHHHH
BB’, B TO BpeMsl KaK KOHTYP HE(TEHOCHOCTH IO APYTUM JHHHAM Oyner ewue
3HaYMTENBHO YyOdlIeH OT raneped. M3 3Toro mpumepa cieayeT BaxHOE
3aKJIIOYEHHE O XdpaKTepe NMPOABHXECHHS KOHTypa HedreHocHocTH. Ecam Ha
rpaHuue pasiera Boaa-He¢Th NpH paspaborke HedTsHOHR 3a1exu 0bpa3o-
BAJICs «BOASMHOM N3BIK», TO OH B AANbHCHILEM HE TOJIBKO HE HCHYE3deT,
a OBICTPO BBITATUBACTCS. IPOABHIascCh C 60IbLIEH CKOPOCTBIO, IEM OCTaJIb-
Has 4acCTh BOJOHEHTAHOTO KOHTUKTA.

§ 3. INIOCKOPAJIMAJIBHOE BBITECHEHUME HE®TH BOJON

PaccmoTpuM 3amadvy O BBITECHEHMH HeQTH BOJOH B YCIOBHMSX ILIOCKO-
paaManbHOrO JBMXKEHHS N0 3akoHy Jlapcu B muacTe, M300paxeHHOM Ha
puc. 7.6. Ha KOHType NMHTaHHS pagdycoM R, NOJIEPXUBAETCS NOCTOAHHOE
[aBneHue p,, Ha 3a6oe JoObIBaroWIEd CKBAXHHBI PaJUYCOM F, —OCTOSIHHOE
JABJICHHE p_, TOJIINHA [ITACTA /I H €rO MPOHHUAEMOCTD Kk TaKX€ NOCTOSHHBI.
O603Ha4uM Hepe3 R, . r; COOTBETCTBEHHO Ha4aJILHOE M TEKYLUEE NIOJIOKEHHUS
KOHTYpP2 He(TEHOCHOCTH, KOHUEHTPHYHBIE CKBaXHHE M KOHTYDY IMTAHHS;
uepes p, U p,— AaBlIcHME B M0OOH TOYKE BOAOHOCHOH M HE(TEHOCHOH
0671aCTH COOTBETCTBEHHO. 4epe3 p(!) - JdBJIEHUE HA TPAHMLE pasiesa XHI-
KocTei.

B ciyuae yCTaHOBMBILCTOCS IUTOCKOPAAUATBLHOIO ABMXKEHUS OJHOPOTHOR
xuaxoctu (§ 2, ri. 3) pacnpeneiicHHe [OaBJICHAS B IIOTOKE H CKOPOCTh
$UIBETPALMH ONMMCHIBAIOTCS CICAYIOIMMH YPABHEHUSMH,

Px — Pc Rl( P — P, r
=p,———=In—"=p. +——=In—:
P = Py R, ’ Pc R, r.
In — In —
rC rC
k Px — Pc 1
Wo=— -
n R, r
In —=

Puc. 7.6. Cxemd mnacTa npu mnjiockopa-
JMANBLHOM BBLITECHCHMM HE(PTH BO/JOM.
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§ 3. MIPUTOK XHUJKOCTH K CKBAXHHE B ILIACTE
C MPAMOJIMHENHBLIM KOHTYPOM IUTAHHSA

IlycTb B monyGecKOHEHHOM II1acTe C NMPAMONTMHEHHBIM KOHTYPOM IMUTa-
HHUs, Ha KOTOpoM mnoteHuan paseH @, paboraer omna nobsiBaroLas
ckBaxuHa A c 3abofiHeiM nmoTteHmmainoM @ (puc. 4.4). Heobxogumo HalTH
IeOUT CKBaXHHBI ¢, NOTEHIMAN U CKOPOCTh (HUIbTPanMM B mobolt Touke
mIacra.

OTMeTHM, 4TO NOTEHIMAT B MO6O0H TOUKe IPH OCECHMMETPHYHOM MOTOKE
B KpyroBoM HiM OeckOHEYHOM IUlacTe onpenenseTcs no c¢opmyne (4.4).
B paccMaTpuBaeMOM Xe Cly4ae 3TO YCIOBHE NMOCTOSIHCTBA MOTEHIMAala Ha
NPAMOJIMHEHHOM KOHTYpe NHT2HHS HE BBINOTHAETCS, TaK KaK pacCTOSHHUE
r pa3’HbIX TOYEK KOHTYpa ITMTAHHA OT CKBaXMHBI A HEOJWHAKOBO,

Jns pelieHus 3TO# 3a1avd UCNOJIb3yeM METOA OTOOpaXKeHU HCTOYHHKOB
H CTOKOB, 3epKalbHO OTOOPa3¥M CKBAXUHY-CTOK A OTHOCHTEIBHO KOHTYypa
IHTaHHS U JeOUTY CKBaXHHbI-U300paxeHUs 4’ NPUIMUIEM NPOTHBOIOJIOK-
HBIH 3H2K, T.e. 6yaeM CYMTaTh ee CKBaXUHON-UCTOYHHKOM, Teneps paccMoT-
PHM B OECKOHEYHOM ILTACTE COBMECTHYIO PaboOTy JBYX CKBAXHH: CKBa)XUHBI-
cToka A ¢ 1eOBUTOM g ¥ CKBaXMHBLI-UCTOYHHKA A’ ¢ aebutom —gq. [ToTennuan
B moboil Touke M, Haxoaselcs Ha paACCTOSHHM r| OT CKBaXHHbl A U r,— OT
CKBaXHHbl A"

-9

(DM
2n

q 9. n
Inr, ——Inr,+ C=—In—+C. 412
Y 2n r, (4.12)
IToTennuan Ha KOHTYpe IMUTAHUS MOXHO BBIPa3uTh, NoACTaBUB B (4.12)
r, =r,, B pe3yJpTaTe 4ero MOJy4HM:

o=C=0, (4.13)

T.€. MOTEHUHA HAa KOHTYpPE NMUTAHHUS OEACTBHTENLHO MOCTOSHEH.

Tornaa u3 (4.12) c yuetom (4.13) noTennman Ha 3aboe ckBaxuusl A(r, =r,,
r, & 2a) MOXHO BBIPA3UTh CJIERYIOMHM 00pa3oM:
r 2a

q c q
O =—1 +® =0 — —In—. 4.14
¢ 2'rtn2a * X 2'rtnr (4.14)

c

H3 (4.14) Beipaxenue ans gebuTa ckBaXHHBI A, NPHUXOJALIETOCS Ha
€IAHKMLY TOJIUHHBI IUTACTa, MOJYYHM B CIEQYIOLUEM BHIE:

_2n(®,-9)

In(2a/r,) (“.15)

Ecmu Gbl KOHTyp muTaHust Obil OKPYXHOCTBIO pajHyca @, To IeOHT
ckBaxuHbI 6b11 Ob1 paseH (nmo ¢opmyne diomon):

_ @, — 0
~ ln(g/r)
B peanbHbIx ycinoBusix ¢opma KoHTypa nurtanus MN (puc. 4.5) 4acto

ObIBaeT HEHM3BECTHA, HO OHa 33K/IIOYEHA MEXIY OKPYXHOCTHIO M IPSIMOM
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Puc. 44. CxemMd TpUATOXA XHOKOCTH K k
CKBAaXHMHE B IUIACTE C TMPAMO.TMHEHHBIM 4 4 Py =
KOHTYDOM THTaHUA p W,
o,
) !
A’ n\ A
& >
..g f-q T
¢K
M 2 org N

Puc. 4.5. CxeMd NIACT4 C KOHTYPaMH NUTaHAA pa3-
JIM4HOA (HOPMBI

nuHued. CrnenoBaTenbHO, [OeOHT CKBaXHHBI B 3THX YCIOBHEX Oyner
HaXOQUThLCH B CIEAyIOIUMX HpeAenax:

M@ —0) ;@O
n@r) ~ 77 InQar)

Hns onpeneneHns noteHuuana B moboH Touke M (cMm. puc, 4.4)
BocnoJb3yeMcs opmytoit (4.12) ¢ yyetom (4.13):

q., 7
O, =—h—=+0_. (4.16)
2n r,
CkopocTb GUIbTpPAUMH paBH2 TIEOMETPUYECKOH CyMMe CKOpOCTei
$uIbTpalyuH, BLI3BAHHBIX paboTOMN peaNbHOH CKBaXMHBI-CTOKA 4 U QUKTUB-
HOM CKBaXHHBI-UCTOYHUKA A4’ (cM. puc. 4.4) T.e.

w=1w, +w,,

rae w, = q/(2nr,) 1 HanpasieHa K CKBAXHHE A; w, = q/(2nr,) ¥ HanpasieHa
OT CKBaXHHbl A4’

Ha xoHType nuTtaHus, rae r, = r,, OMEBHOHO, BEKTOP CKOpPOCTH GHILTpa-
IUH TNEPNEHANKYISPEH JTHHUH KOHTYpa NHTaHHS.

Y3 popmy el (4.16) cnexyeT, 4TO ypABHEHME 3KBUIIOTEHI[HATEH UMEET BHI

r/ry=const wmm riri=c (4.17)

BoipasuB r? u r uepes KOODAMHATHI TOYKM M (X,y) M KOOPAMHATHI

ueHTpoB ckBaxuH A(g, 0) 1 A (—a 0), momyuum: r?=(x—a)’ + > §4
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AT 4

Puc. 4.6. CeMelCTBa THHUNA TOKd M DKBHIIOTEHIHMANEA B MOTOKE XHUAKOCTH K CKBAaXH-
He-CTOKY B IUIacTe ¢ NPAMOJIMHEAHBIM KOHTYPOM MUTaHUs (MM B HECKOHEUMHOM MJTACTE
K HCTOYHHMKY M CTOKY)

r2=(x+ a)? + y%. TlogcTapuB 3TH BblpaxeHus B (4.17) u mnposens
anrebpaudeckue npeobpa3oBaHus. NOIYYHM!

( 1 + c)z 42 4a’c
xX—g— e
I—c) TV T
1 +¢
YPABHEHHE OKPYXHOCTH C LEHTPOM B TOYKE Xo=d — o yo=0 u ¢

paauycoM R = 2a \/E/(l - )

MeHss 3HA4YEHHME KOHCTAHTHI C, MOJYYHUM CEMENCTBO 3KBUIIOTCHUHMAICH —
OKPYXHOCTEHd C pa3sHbBIMH pPAAMYCAMH U C LEHTPaMHM, DPACIOJIOKEHHBIMH
B Pa3HbIX TOYKAX OCH x. KOHTYyp MUTaHUS SABIAETCH IKBUNOTEHIMABIO, T.€.
OKPYXHOCTBIO ¢ R = 00. CeMelicTBO JIMHHE TOKa mpenctaniser coboi
OKPYXHOCTH, IPOXOASIIME Yeped HEHTPH 0OeuX CKBAXKMH, HEHTPHl KOTOPBIX
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JIeXaT Ha NPAMOJIMHEAHOM KOHType NMUTaHuA. IIpH 3TOM 3KBHIOTEHLIMAIN
(u300apel) BCEraa OPTOrGHANBLHBL JTMHHSAM TOKa (pHC. 4.6).

§ 4. MIPUTOK XKHUAKOCTH K BECKOHEYHbLIM LEMNOYKAM
M KOJILLEBLIM BATAPEAM CKBAXWH

Ha npumepe npuTOKa XUAKOCTH K HECKOJBKUM PSIAM HJIH KOJBLEBHIM
6aTapesM CKBaXMH O3HAKOMHUMCS C LIHPOKO MPUMEHSCMBIM IIPH NPOEKTHPO-
BaHHWM pa3paboTky HeDTAHBIX MECTOPOKAEHUH METOAOM 3KBHBAIEHTHBIX
(uUILTpalMOHHBIX conpoTUBieHUH, npeanoxeHHbIM [O.I1. BopucoseiM H
OCHOBAaHHBIM HA 4HAJOTMM [BMXXEHHS >XHUAKOCTH B MOPUCTOH cpege ¢
TEYEHHEM 3JJIEKTPUYECKOTO TOKA B NPOBOJHHUKAX (CM. ri. 13).

PaccmoTpum 6e3 BeIBOAa 3amady O NPHTOKE XHUIKOCTH K ogHO#M Oecko-
HEYHOM! IENOYke CKBAXHH, PACHONOKEHHbIX HAd DPACCTOAHHAX 20 OPYT OT
Opyra 4 Ha pacctosHud L oT npsMomuHeHOro xoHTypa nuraHus. Ilycts Ha
KOHType NHUTaHUs 3aMaH NMOCTOMHHBLIA moTeHHHan ®,, Ha 3a605X CKBAXHH —
notresunan @, (puc. 4.7). TpebyeTcs onpeneauTs OeOUT KaXI0H CKBAXHHBI
H CyMMAapHBI# JeOUT n CKBaXHMH B LICMOYKE.

Penrenue 3agauu 3axmodaercs B cnedyromeM. llenouka ckBaXHH-CTOKOB
oToOpaxkaeTcs 3€PKANBLHO OTHOCHTENBHO KOHTYpPA NMTAHHUS B CKBAXHHBI-
HCTOYHMKM, H PAacCMaTpUBAeTCH HHTep(epeHIUs OBYX UEMOYeK CKBAXUH
B HEOrPAHUUCHHOM ILTACTE.

Baoons npsiMoit 4B, npoxoasien yepe3 CKBAXHHY (KakK FOBOPAT, BAO.b
[JIAaBHOW JIMHHM TOKA4), YACTHMIULI XHIKOCTH OyayT pABHratecs Haubosee
6nicTpo. [IpaMele 4'B'. OenslIue PACCTOSHUE MEXIy CKBaXUHAMH IION0JIAM,
B CHJIy CMMMETPHM NOTOK4, MOXHO DacCMaTpUBAThL KdAK HENPOHHUIAEMBIE
IPaHUIBI, BOONbL KOTOpHIX IOBMXEHHe Oyder Hambonee MEIIEHHBIM; OHHM
HA3bIBAIOTCH HEHTPAILHBIMHU JIMHUAMM TOKA.

3amaya pelaeTcs METOOOM Cynepno3uuuu. Pe3ynbTaThl pelleHUs NOKa-
3bIBAIOT, YTO HA PACCTONHMM OT KOHTypa OO INOJIOBUHBI PACCTOSHHUA MEXIY
CKBaXXHHAMH [BH)XCHHE XHUIKOCTH NPAKTHHECKH NPSIMOJIMHERHOE U M4 AEHHE
NOTEHIHATA HA ITOM Y4YACTKE INPOHCXOOUT MO 3aKOHY IPAMOIMHEHAHOH

g
| 8’ le qb
_[_0-_1_26 _L_o o.c__
’4—

|
R
@ Al 4 |

Puc. 4.7. Cxemd NpAMOIHHEHHOA uenoy- — -o-—--—Y__._o_ - —O—
KM CKBAXHH
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¢unsTpanuu. OcHOBHOE NajeHHe NMOTEHIHANA TPOUCXOAUT BOIM3M CKBAXKH
HBl, IIe XapakTep ABWXEHuA Onu3ok k paguansHomy. Ilpu 3tom aebut
KaXOo! CKBaXHHBI LETIOYKH BbIpaXaeTcs claedyiowei GopMyoit:
R D)
h nth c’
In2sh— +In—
c

nr

c

xlLia

nl 1
roe sh— = E(e — e~ ™M) _runepbonuyeckuil CHHYC.
o

B cnyuae, xorma L> o, penuuuna e "Me

In2sh(nL/c) = Ine™* = nL/o.

O4YeHb MaJila U Torga

Orciopa cnenyer, 4to npu L> ¢ geOUT CKBaXHMHBI

=2n(¢‘—¢c)= o, — D . (4.18)

TtL+ 12 L 1 c
—_— n___ [E—
c nr, 20 2n mr

Beeas ob6o3HayeHus

L 1 o ,

%P ﬂln;:r—c =p,

dopmyry (4.18) mpeactapum B BUIE

q= Hﬁ, 4.19)
ptp

4HAJIOTMYHOM 3akoHy Oma.

Bemuuuna p, no tepmuHonoruu HO.I1. Bopucosa, Ha3bIBAETCH BHEIIHUM
GUIBTPALMOHHBIM  CONPOTURJIEHUEM Oartapeu. p’—BHyTpeHHuM. Taxkum
obpa3oM, NPHUTOK XHUAKOCTH K LENOYKE CKBAaXHH MOXHO IpeICTaBHTh
CXEMOH 3KBUBAJEHTHBIX (DHILTPALMOHHBIX CONPOTUBICHUHN, TOKA3AHHON HA
puc. 4.8.

ARanoroM oOBEMHOrO pacxola g CIYXHT CHlIa TOK3a, d AaHAJIOTOM
pa3HOCTH  OQHILTPAUMOHHBIX  NOTEHIHUAJOB —PA3HOCTh  3/IEKTPUYECKUX
noteHnuanos. CyMMapHHii AeOUT NPSIMOIMHERHOM LENOYKM U3 N CKBAXKUH
Q' =Qn=ghn=— . l¢° - Px — Pe . (4.20)

o nL  nin(o/rr))

In —
2onh + 2nnh nnr kh2on 2nkhn

c

M3 dopmynsr (4.20) creayeT BhIpaXeHUEe OIS BHEIUHErO (GUJILTPALMOH-
HOTO COINPOTHUBJICHUS IENOYKHU:

p = nL/kh2on) = nL/(khB),

KOTOpOE npeacTaBiaseT coboi CONPOTHUBIEHHE IOTOKY XKHUIKOCTH OT KOHTYpa
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Puc. 4.8. Cxema QUIBTPauMOHHBIX CO- Vg
NPOTHBJICHUH 1M MNPUATOKE K LEMOUKE I o { =
CKBaXHH N
ﬁ’
P
7 Vs L
g ! . Af 7
AL AL Q203 &5
7 1] 14
a A~ @\ |7~ 4 | |Ps
Pet P2 Pc3

Puc. 4.9. Cxemd HUIBTPALMOHHBIX COMPOTHUBJICHUIA NPU NMPUTOKE K TPEM LEMOYKAM
CKBaXHH

[IMTAHUA OO Tajepe OIUHOH B = 20n, pacnosoXeHHOH Ha paccTOSHUM LoOT
KOHTYpa NUTAHUSA, a4 BHYTpeHHEee CONPOTHBJIEHHE

p" = 1 In(c/(nr))(2nkhn)

BLIPAXA4ET CONPOTHBJICHHE, BO3HHKAIOIIEE INPH NOAXOJE IXHUIOKOCTH K
CKBa)XXMHAM B 30HE paaMycoM r = o/m, rie OHIBTPAUMA NPAKTHYECKH
IUTOCKOpaAHaTILHAS.

Ilycte Tenepp NOMyOECKOHEHHBIH ILUTACT C NPAMOJMHEHHBIM KOHTYPOM
NMTaHUs pa3pabarbiBaeTcs TpeMs Napajlie/]sHBIMH LENOYKAMM CKBAXHH
C YHCIIOM CKBaXXHH B KaXIO# n,, n,, ny. I1ycTb CkBaXKHHBI B KaXIOH LEMOYKE
HMEIOT OMHAKOBLIE PANUYCHI Fey, Fc2, Fe3 U 3a00MHBIC NABICHHUS P 1, Pc2, Pe3s
cyMMapHsle OeOuTH nenodek cocrabiasioTr @, Q) Q.

Cxema COOTBETCTBYIOIIMX 3KBHBAJICHTHBIX (UIbTPALMOHHBIX CONPOTHB-
JeHnid 6yJgeT Tenmeps pa3BeTBIEHHO# (puc. 4.9).

PacueTr cxembl MpoOBOAMTCSA AHAJIOTHYHO PACHETY IJEKTPHHECKHX Pa3BET-
BJICHHBIX Llenedl mo 3akoHamM Oma u Kpuxroda. Cocrabnstorcs anrebpan-
YECKME JMHEHHbIE YPABHEHHSA IO YUCIY Heu3BecTHHIX (nubo mebutos @), Q5
@3, 1160 3a00HHBIX JaBIEHUH p.y, Pc2, Pc3)- 1IpH ITOM, O4EBHAHO, BHELIHUE
CONPOTHUBICHUS OyayT paBHbI:

py =nL'/(khB), p, =nL,/(khB),
ps = nL,/(khB) 421)

rae L,, L,, Ly~ paccTOSHUS COOTBETCTBEHHO OT KOHTYPa MHUTAHUS IO NEePBOi
HEMOYKH, MEXIY NEPBOM M BTOPOM LENOYKAMH, MEXAY BTOPOH M TpeTbeH
LENOYKAMH.
BHYTpEHHHME CONPOTHBJICHHS ONPEICIAIOTCA MO GopMyIam
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1 c 1 c
= — ] —_, = —— . lp—— ,
P 2nkhn, n nrey P2 2nkhn, g nres

1
——In—.
2nkhny T

OTMeTHM, 4TO IPUTOK XHIAKOCTH K TPEM KOJbUEBHIM OaTapesM CKBAXUH,
COOCHBIM KPYIOBOMY KOHTYDPY MHTAaHHMS, pACCYUTLIBAETCS IO TOM Xe CXxeMe
IKBUBAJICHTHBIX (UILTPALMOHHKX CONPOTUBJIEHAN (CM. pHc. 4.9), 4TO ¥ s
LENoYeK CKBaXHH. IIpM 3TOM BHellHMe (UIBLTPAIMOHHBIE CONMPOTHBIICHUS
6yayT BhHIpaXaTbCs cledyiomM obpazom:

p3 = (4.22)

n . R n R,
L T PR VNI T M
' omkk "R,” P27 2nkn "R,
n R,
_ R, 4.23
P = Snkh "R, (423)

roe R,, R,, R;—pamnycw Gatapeit.

BHyTpeHHHE (HIBTPAaUMOHHBIE COIPOTHBJIEHUS ONPEACIAIOTCA IO
¢opmynam (4.22).

3agayn WHTepdepeHUWH CKBaXHH MMEIOT BaXKHEHIIee 3HAYeHHE NPH
PacCMOTPEHHU €CTECTBEHHOTO M/IM MCKYCCTBEHHO CO3JaBaeMoro (HarHera-
HHEM BOJbI) BOJOHANIOPHOIO PEXHMA.

PesynbraTr uHTephEpEeHIMM CKAa3bIBAETCA B TOM, 4YTO IIPH BBEICHUH
B 3KCIUIyaTauMio pAda CKBaXHH (paboTaiollMX B OJMHAKOBHIX YCJIOBHSAX)
NpUpOCT CyMMapHoro aebura ymenblnaercs. Kpupast 3aBUCHMOCTH CyMMap-
Horo geburta OT YyUCIa CKBAXHH 1 C POCTOM 71 CTAHOBHTCH BCe bostee mosoro#
(cM. puc. 4.1). YUem 6aMxe pacHoJIOKEHB CKBAXHMHBI OPYT K OPYTY, TEM
cuIIbHee cKa3niBaeTcs 3bdekT HHTephePEHIUH M TeEM MEHBIIMM OKa3biBAETCH
CYMMapHbiii 1ebuT.

ITpu pa3paboTke HEPTAHBIX MECTOPOXKIACHUH MIOTHOCTD CETKM CKBAXHUH,
a TaKXe UX B3aMMHOE pPACNONOXEHHME (B BuAe pAIOB, KPYroBHX Oartapeii,
NpAMOYIOJIbHOM CETKM M T.A.) MIpaeT NMEPBOCTENEHHYIO POJL JUISA ONpeaeie-
HUS CYMMapHO# JoObI4HM.

Bonblloe BAMSHHE OKA43bIBA€T HAa CYMMAapHY10 OoObIdy paccTosiHHE OT
OEUCTBYIOIMX CKBAXMH 0O KOHTypa OONacTH MHTAHHS HIM OO0 LENOYKH
HATHETATEIbHBIX CKBaXHH. Ilpn npubNMxeHHMM HArHETATE/IBLHBIX CKBAXXHUH
K JoObiparomuM 3¢deKT B3aUMOACHCTBUS MEXIY HHUMH YMEHBIIAETCS, U HX
IeOUTHl yBEeTHYMBAIOTCS.

Ilokaxem 3T0 Ha npuMepe [87]. PaccMOTpMM I1acT ¢ OZHOCTOPOHHHUM
NPUTOKOM HE(PTH, IKCILTyaTHPYEMBIA TpPeMs NapaiieIbHO PaCIOI0KEHHBIMU
HEMOo4YKaMH CKBAXHH. PaccTosiuMe OT NpAMOJIMHEHHOTO KOHTYpa NUTaHUS
(OTOX OECTBIISEMOTO C PAAOM HArHETATEILHBIX CKBAaXUH) IO NEPBOM LEMOYKH
JoOBIBAIOIMX CKBaXHWH paBHO L,. Menss paccrosHue L,, a Takxe IUIOT-
HOCTb pa3MELIEHUs ckBaxuH (T.e. L, Ly ¥ o), nocMoTpmM, kak Oyner
MEHATBCA CyMMapHbIil mebur Bcex ckBaxmH. CucTeMa ypaBHEHME, COOT-
BETCTBYIOLIAS CXEME Ha PHC. 4.9 B COOTBETCTBRH ¢ 3akoHOM Kupxroda umeer
BHI;
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Pe— D= p1(Q1 + Q2 + Q%) + p1 Q1
0= —p10Q7 + p2(Q2 + Q3) + p2 Q%
0= —p20Q% + (ps + p3) Q5.

r€ BHEIIHWE M BHYTPEHHHE CONPOTHBIICHHMS ONpeneNstoTcs No (opmyaam
(4.21) u (4.22); Q) Q5 Q3—cymmapHbie OeOUTH LenmodYek OOOBIBAIOIIUX
CKB@XHH.

TIpHHATO p.; = Pc; = Pc3 = p.. PACCMOTPEHBI YeThipe BAPUARTA; BO BCEX
BapMaHTaX YUCJIO CKBAXHH HEM3MEHHO: n, = n, = n, = 5, T.e. Becero pabo-
Taer 15 ckBaxuH. [laHHble M pe3yJibTaThl PacieTOB NPUBEJCHB HUXE.

BapuarT . . . . . . . . . 1 2 3 4
< 1,5 1 1 1
L,=L;, xm 1 05 05 05
B, xM 3 3 2,5 1,875
20, kM . . 06 06 05 0375
Q,, Mieyr . 618 732 67 578
Q,, Mm3jeyr . 20,8 348 29 21,2
Q5. mieyr. .. .. 87 2,6 157 97
1+ 05 + Q5, M¥feyT . 456 643 559 443

3HaueHHs  OCTaJbHBIX mapameTpoB  criefyioume; 1 =3 Mmlla«c;
k=0,5 Mmxm2, h=3; p, = 17 MIla; p. = 10 MIla; r, = 0,1 m.

M3 npuBeleHHBIX JAHHBIX CIEAYET, YTO B NIePBOM BapHaHTE CyMMAapHBIH
IebuT Haubosiee pedKo PACIOJIOXKEHHBIX CKBAXHH MEHBIIE, YEM BO BTOPOM
U TpeTheM Npu Oosiee IIIOTHO PACHOIOKEHHBIX ckBaxuHax. HaunbGonpiuui
J1eOUT OKa3bIBAETCH BO BTOPOM BApHAHTE.

Taxum 0Opa3oM, NpHOIHXKas HarHETATElIbHbIE CKBAXHHBI K HoObIBalO-
IIIMM, MOXHO J0OUTHCH yBenuueHds JoObdM npHu Hosee TECHOM pachoioxe-
HHM CKBAXUH.

§ 5. MPUTOK K HECOBEPIIEHHBIM CKBAXHHAM
5.1. Buasl HecoBepilIeRCTBA CKBAXHH

CkBa)XMHA HA3BIBAETCS THAPOOUHAMMYECKH COBEPILIECHHOH, €CcIM OHa
BCKpPBIBAET NPOJYKTHBHBEIA IIACT HA BCIO TOJNIIMHY H 3a00# CKBaXMHBI
OTKPHITBIM, T. €. BCS BCKPBITAs MOBEPXHOCTH 32605 sAB/sETCH QHILTPYIOLIEH.

Eciu ckBaxMHa C OTKPHITBIM 3a60eM BCKpBIBA€T MJIACT HE HA BCHO
TOJILIMHY A, 4 TOJILKO HAa HEKOTOpYO INyOuHYy b, TO ee Ha3bIBAKOT I'MIpPO-
JMHAMMYECKH HECOBEPIUEHHOW IO CTENCHH BCKpbITHA Miacta., Ilpw 3Tom
h = b/h Ha3BIBAETCS OTHOCHTEJIBLHBLIM BCKPHITHEM ILTACTA.

Ecnu ckpaXuHa BCKpPbIBAET ILIACT OO NOJOIUBKI, HO COODIIEHHE C MIaCTOM
IPOMCXOJMT TOJBLKO HE€pe3 CrelManbHble OTBepcTAA B 0bcamHOH KOJIOHHE
M LIEMEHTHOM KaMHE HJIM 4epe3 CreluaabHble GUIBTPLI, TO TAKYIO CKBAXKHHY
HA3LIBAIOT TMAPOAMHAMMYECKH HECOBEPIUCHHOM 110 XapaKTepy BCKPHLITHS
IJIacTa.

Hepenko BcTpedaroTcst CKBaXXHUHBI C JBOHHBIM BHAOM HECOBEPILIEHCTBA —
KaK 10 CTeleHH, TaK M [O XapaKTepy BCKpHITHA miacta (cM, pHc, 4.14).
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CTeneHp M XapakTep BCKPBHITHA IUTACTA HMMEIOT BAXKHOE 3HAYEHHME IIpH
pa3paboTke MecTopoxaeHud HepTH M rasa, Tak KaKk OHM ONpEOCIAIOT
GuUILTpAMOHHBIE CONPOTHBJICHHUS, BO3HHMKaIOLUKME B NpH3aboiHON 30HE, H,
B KOHEYHOM MTOr€, MPOH3BOJUTENILHOCTh CKBaXMH. Bhibop creneHum u
XapaKTepa BCKPLITHSA OCYLIECTBJISETCS B 3aBHCHMOCTH OT (QH3HHECKMX
CBOMCTB ILTaCTOB, MX TOJIUMHBI, CTENEHU HEOJHOPOJHOCTH, cnocoba paspa-
60TKH ¥ T, 1. HecoBepIIEHCTBO CKBAXHUH 110 CTENCHH M XAPAKTEpPY BCKPBITHA
NPUBOIAT K TakuM OedpopMauMsM JHHUAA TOKa, KOTOpblE HPHUBOAAT K
BO3HMKHOBEHMIO B Npu3aboiHON 30HE CIOKHBIX HEOJHOMEPHBIX TEYCHHIA.
B cBsi3M ¢ 3TUM paccMoTpeHHe 0coOEHHOCTeH NPATOKA K THAPOAMHAMHUYECKH
HECOBEpPILEHHBIM CKBAXHHAM HMMeeT OOJbIIOE NMPAKTUYECKOE 3HAYEHHE.

. 5.2. TIpHTOK XHAKOCTH K HECOBEPLICHHLIM CKBAXKHHAM
NpH BLINO/JHeHHH 3axkona /lapcn

ITpUTOK XUOKOCTH K HECOBEPILUEHHOH CKBaXHMHE JaXe B [OPH30HTAJIBHOM
OZHOPOJHOM ILIACTE MOCTOAHHON TOJIUMHBI NEPECTAeT ObITh ILIOCKOpPAIM-
anbHBIM. CTporoe MaTeMaTH4YECKOE peElleHHe 3aAayd O NMPUTOKE XHUIKOCTH
K HECOBEpILEHHOM CKBaXHHE B IUIACTaAX KOHEYHOH TOJILUMHB! NPEACTABIACT
GobllKe (@ B HEKOTOPBIX Cly4asX HENPEOJOJIUMBIE) TPYIHOCTH.

ITpusenem 3aeck Oe3 BBIBOOOB M JoKa3aTesnbcTB Haubosiee pacnpocTpa-
HEHHbIE OKOHYATE/NbHBIE pacyeTHbie (GOPMyJIbl MPUTOKA KUIKOCTH K pas-
JIUYHOTO THNA HECOBEPIIEHHBIM CKBAXWHAM.

Ilpexae BCEro OOMYCTMM, YTO CKBAXHHA BCKpbLIA KPOBIIO IL14acTa
HEOrpaHMYEHHOU To.IuWHbl (h — o0) ¥ npu 3TOM ee 3aboit umeer Popmy
noaychepsl. B 3TOM ciaytile MOXHO CHUMTATH, 4TO NOTOK— pajuanbHo-chepu-
YeCKMM, TIPH YCIOBHH R, -» o0, H Toraa OebuT ompedensercs no ¢opmyse
(3.66).

Q — znkrc (p: - P:)
m
roe p: H p:—-l’IpHBCﬂCHHHC JaBJICHHA.

Ecnu ckpaXMHA BCKPBLIA IUIACT HEOrPAHUYEHHOM TOJIIIMHLI HA IyOHHY b,
To ee gebutr MoxHOo Haiitu no popmyne H.K. I'mpuuckoro:

_ 2nkb(p¥ — pf)
Q= 1,66
r

nln

c

3amaya O NPHUTOKE XHUAKOCTH K HECOBEPIUEHHOH NO CTENEHH BCKPBITHS
IJIACTA CKBaXHHE B IUTACTE KOHEYHOM TOMUMHBI A uccaenoBanack M. Macke-
ToM. BOoonb ocH ckBaxuHbI H4 BCKPBHITOH 4acTH JUIMHOM h OH pacnonara.n
poobpaxaemMyro THHHIO, NIOTIOIIAIONIYIO XKHAKOCTD, KaX bl 3JIEMEHT KOTO-
pot dz saBnsercs CTOkOM. MHTEHCHBHOCTH pacxomoB ¢, T.e. Oeburos.
NPHXOAALIMXCH HA €JUHHMIY [UTMHBl TOrJoluaromedl JTuHuM, noabupanack
pa3IM4HOM B pA3HBIX €€ TOYKaX [UIS BBIMOJHEHHA HYXHBIX TPDAHHYHBIX
yCIOBHIA. '
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Heobxoaumo mnomy4uTh pellieHHe, YAOBJIETBOPSIONIEE CIELYIOLIMM
IPaHHYHBIM YCJIOBHSM: KPOBJIS W MOAOIUBA I71aCTa HENPOHUIIAEMBI; LUJIKH-
OPHYECKAS MOBEPXHOCTh pPAgUYCOM r = R, SBIAETCH 3KBUINOTEHIMAJIbIO
® = @_; nopepXHOCTb 33005 CKBAXHMHBI TAKXKE ABJISETCH IKBHUIIOTEHIIHAILIO
O =0,

BhInoJiHeHHE yKa3zaHHBIX I'DaHMYHBIX YCJIOBHH morpebopano oTobpaxe-
HUSl 3JIEMEHTAPHBIX CTOKOB ¢dZz OTHOCHTEJIBHO KPOBJIM M NOJOWUBHI IJ1acTa
becymcieHHOE MHOXECTBO pas3.

ITopbupas HHTEHCUBHOCTHL PACXOJOB g M UCIIOJIB3yS METOM CYNEPIO3UIIMA
JEACTBUTENBLHBIX H OTODpaxXeHHbIXx cTOkOB, M. Macker monyyun cremxyro-
uyro GopMyny ans geburta ruapoIuHaMHUYECKH HECOBEPILUEHHOH IO CTENeHU
BCKDBITHS ILJIaCTa CKBaXXHHBI:

2nkh (p, —
_ Znkh(pe — po) (4.24)
ng
rae
4h 4h
2ln— —

{= 2}7[ n cp(F)} )
a byHKuus cp(l?) HMEET CJIEQYIOIEE aHATUTHYECKOE BbIPAXKECHHE:

_ I'(0,875A)T (0,125h)
o (h) = (4.25)

n —.
I'(l — 0,87SA)T (1 — 0,125k)

3mech I' (1) = [ x" "' e *dx-unrerpan Diuepa BTOPOro poaa, Ha3bBae-

0
MBIl ramMa-(yHKIueR, 118 KOTOPOH UMEIOTCH TAOMUIBI B MaTEMATHHECKHX
CIIPABOYHHKAX.

I'padux pynxuuu ¢ (k) npusesen xa puc. 4.10.

HeTpymso 3ameTuTh, 4TO €cim h =1, T.e. miacT BCKPHIT Ha BCIO
TomuuHy, dopmyna (4.24) nmepexomut B opmyny [Hromom Ans IIOCKO-
pajnansHOro moToKa.

Wnorga ana pacuera gebura HecOBEPILUCHHOR IO CTENEHH BCKPLITHA
IIacTa CKBAXHHBLI HCTonb3yeTcs Oonee mpoctas ¢opmyna, dem (4.24)
M. Mackera, npeanoxennas Y, Kozenu:

_ 2nkhh(p, — pc( r. ni?)
~ nIn(R/r) L+7 2hh

Jle6buT HecoBeplLIEHHON CKBAXMHBI yOOOHO M3y4aTh, CpaBHUBAsA e AeOuT
Q c 1e6UTOM COBEPLIEHHON CKBAXHHBI (o, HAXOAALIEHCS B TEX XKE YCIOBUAX,
YTO M [OaHHAs HECOBEPILUEHHAs CKBAXHHA. | MOpoIMHAMUYECKOE HeCoBep-
ILIEHCTBO CKBAXHHbI XapakTepusyercsd koa(pdUIHeHTOM COBEPILIEHCTBA CKBa-
XUHbI 8 = Q/Qcqs.

HIupoxoe pacnpocTpaHeHue MONYYHT METOO pacuera Ae6UTOB HECoBep-
IIEHHBIX CKBAXMH. OCHOBAHHBIA H4 3/IEKTPOrHIPOAMHAMMHYECKOH AHAJIOTHH
GUILTPALMOHHBIX POLECCOB.
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(k) Puc. 4.10. Tpadux cyskuuu ¢ (k). onpeaeleHHoi Mo
topmy.ie (4.25)

\\\

0 gz g4 06 08 h

DNEKTPUHECKOE MOJEIMPOBAHHME OCYIIECTRIAETCH CedyIOMIMM obpa3om.
Banna 3anonmseTcs 3neKTPONMTOM. B 3nekTponMT norpyxaercs oguH
KOJILUEBOH 3JIEKTPOA. MOJETHPYIOIMA KOHTYP NMTaHMA. B HEHTpe BaHHBI
NIOrPYXACTCH 3MEKTPOL Ha 3aJdaHHYIO IJIyOMHY, COOTBETCTBYIOLIYIO CTENEHH
BCKPBITHA TacTa ckpaxuHOR. K oboum anekTpoJam moapomuTCs pa3HOCTH
NIOTEHIMATOB, SBJAIOLIAACH 4HAJIOIOM Iiepenaja [JaBjeHHs. CHId TOKa
CIIy)XXHUT dHAJIOTOM JeOHTd CKBAXKHUHBI.

HebuT ruapoIHHaMHYECKH HECOBEPILEHHONW CKBAXHHBLI IIOACYHTHIBAETCS
no ¢opmyne

_ 2nkh(p, — p.)
=
n(ln—' + C)
rC

roe C= C, + C,—-ponojHuTensHoe  GUIBTPAUMOHHOE COIPOTHBIICHHE,
BBI3BAHHOE HECOBEPLIEHCTBOM CKBaXMHBI 110 CTENEHH BCKPBITHsA miacta (C,)
U xapakTepy BCkpbiTHs (C,).

H3mepss pa3sHOCTh MOTEHIMATIOB H CHUIy TOK4., MOXHO IIOJCYHTATH
CONMpOTHBIEHHE mo 3akoHy Oma, caenats mepecdeT Ha QHILTPAUMOHHOE
CONPOTUBIICHHE M ONpedETIUTh OONMOJHHTENbHOE (UILTPAUMOHHOE COMpPO-
THUBJICHHE.

Takue JxcriepMMEHTaIbHbIE MCCIeoBaHus Obln nposeaenn B. U. llypo-
BbIM. MM omnpeneseHs! AOMOTHUTEIbHBIE (PUIBTPAUMOHHBIE CONPOTHBICHUS
C, u C, o1 pa3iuyHbIX BHIOB HECOBEPIUEHCTBA CKBAaXHH H IOCTPOEHBI
rpadpuxu 3asucumoct C, OT mapametpos a = h/D_ u h = b/h (puc. 4.11),
a takxe C, oT Tpex mapameTtpoB nD_, | =I'/D_u a = dy/D_ (puc. 4.12), rae
71— 4UCI0 Nep(OPAIHOHHBIX OTBEPCTHA HAa | M BCKPBITHS TOJIIMHBI ILTACTA;
D_— nuameTp CkBaxuHbl; [ —raybuMHa TNPOHMKHOBEHMS Ny1b B IOPOAY:
dp — IMAMETP OTBEPCTHM.,

BripaxeHHe  [JONOJHHUTENBLHOTO (GHNBTPALMOHHOIO  COINPOTHBICHUSA
nonyseno M. A. YapHeM ¢ ucnonszopanneM opmyast Mackera (4.24)
B BHAE

1 1
C = (I_T_ l>ln(4h/rc) - 2—}7<|>(/7),
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Puc. 4.11. I'pacuxu B. K. lllypora ans onpene.ienus xodxboduuventa C,.
HoMepam KpHBbIX COOTBETCTBYIOT 3Hawenus «: [-1. 2 5; 3-10: 4-20: 5-40; 6-80; 7-160; §-300

rae ¢ (h) onpenensercs no Gopmysne (4.25) unu no rpaguxy (cM. puc. 4.10).

A.M. INupeepass nonyyun s ko3pounuenta C, creayrouee
BBIPaXeHHE:

1 1
Clz(:— 1)( ln£—1>.
h re T

1 —
b

CpaBHuB [cOMTHI COBEpIEHHOHW CkBaxuHH (dhopmyna /[lromion) u He-
COBEpIIIEHHOH CKBaXHHH! (4.20). moIyyuM BeIpaxeHUe ko3 duimenTa copep-
ILIEHHOM CKBAXHHBLI B CJIEAYIOIIEM BHIE:

_ In(Rr)
" In(RJr) + C
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Puc. 4.13. Cxema NPHTOKA K HECOBEPIICHHOH CKBAXHHE, BCKPBIBLICH IIACT Ha MaJyl«
rnybuny (b «< k)



WNuorga 6biBaeT yAOOHO BBECTH NolISTHE O TIPUBEACHHOM pajmnyce
CKBAXHH T, T.€. PaAMyCE TAKOH COBepILCHION CKBAXMHEI, Je6MT KOTOpo#
paBeH neOUTYy NJAHHOM HECOBEPLICHHOH CKBAXHHBI:

F.o=reC
Toraa (4.26) MOXHO 3aMEHHTH Cleayromlei Gopmynoit:

Q _ znkh (px - p:)
 nIn(RyF)

H.A. YapHslii npeanioxun creayrolli crnocob onpedeneHus aebuTa
CKBAXMHBI, HECOBEPILUEHHOM! 110 CTENEHU BCKPBITUSA, €CIIH BEJIMMHHA BCKPBITHS
wiacta b mana (b « h). Obnacts ABUXKEHHs YCIOBHO pa3buBaeTcs Ha JIBE
30Hbl (pHC. 4.13). IlepBas—Mexay KOHTYPOM NHMTaHHA M paauycoM R,
PaBHBIM WIM GOJIBLIMM TOJNILUMHBI IacTa Ry 2 A, B 3TOH 30HE ABHKEHHE
MOXHO CYMTAaTh ILIOCKOpPaAUalbHBIM, BTOpas — Mexay CTEHKOH CKBaXHHAI
U IUIMHIPHYECKOH MOBEPXHOCTBIO R, rie ABMxeHHE OyAeT CyIIECTBEHHO
npocTpaHcTBeHHbIM. ODO3HAYUM NOTEHUMAn NpH r = R, depes @,. Toraa
s 3088l Ry < r € R, MoxHO 3amucath Gopmyny Jromou:

0- 2mh (O, — )

In(RJRy) (4.27)

Jns 30HH r, < r < Ry, cyuTas 31eCh NPUOIIMKEHHO NBMXXEHHE paHalib-
Ho-ChepudeckuM Mexay noxychepamu paauycamu r, ¥ R, umeem:

_ 2n(®p — D)
¢-= 1 1

r R,

<

~ 2nr (@, — D). (4.28)

U3 dopmyn (4.27) u (4.28) mo mnpaBuiy NPOM3BOJHKIX NPONOPUMA
nonyuyaercs ¢opmyna [ns gebUTa CKBAXMHBIL

2n(®, — D)
Q=

l1 R,+l

“ln=E4—

h Ry r,

Ipunss R, = 1,54, momyium okoH4aTenbHO (opmyny s naebura
HECOBEPIICHHON CKBaXKHHBI, BCKPBIBIIEH JI1aCT Ha Malylo TIyOUHY:

g 2@~ 0

e — D) 4.29
1. R, 1 (4.29)

re

3apgaymn NPUTOKA XHUAKOCTH K CKBAXHHAM, 'MAPOAUHAMHHYCCKH HECOBEP-
LIEHHBIM 110 XapakTepy BCKPBITHA ILIACTA, M K CKBAXHHAM ¢ ABOWMHBIM BHIOM
HECOBCPILLICHCTBA, C€IUC bonee CHOXHBI JUIS HCCeJOBAHUSA, 4YEM IIPUTOK
K HECOBEPIUICHHLIM MO CTENECHH BCKPBITHA IIACTA CKBAXHHAM. Takoro poaa
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3aJa4yd  pelanuch TeopeTHyeckd M. M. I'nmoroeckuMm, A.JI. XeitHoMm,
M. MackeToM ¥ APYTMMH HCCllefoBaTessMH. Bce nosydeHHbIC UMH PEILICHUA
BeCbMa CJIOXHK. Haubonblliee pacnpoCTpAaHEHHE B TPAKTHKE PpACYETOB
[IeOUTOB HECOBEPIUCHHBIX CKBAXHH IO XapakTepy BCKPBITHA IIACTa H C
[BOMHKIM HECOBEPIIEHCTBOM [OJIyYHMIIH PE3yJIbTAThl TEOPeTHYECKAX H 3KCIle-
PUMEHTANBLHBIX HcCllefoBaHuii, npoBeaerabix B. M. Hlyposeim, I'.T. TTons-
koBeiM, M. H. Tuxoseim u M. C. BatcoHnom.

5.3. [IpuTOK rasza K HecOBEpUIEHHBIM CKBAXKHHAM
NpH JIBY4/IeHHOM 3aKoHe (GHIALTpPaUHH

HecoBepilieHCTBO ra3oBLIX CKBaXMH INIpM BHINOJHEHHWM 3akoHa Jlapcu
Y4UTBLIBAETCH TAK XK€, KAK HECOBEPILUEHCTBO HeTAHBIX CKBAXMH, T. €. paguyc
CKBaXuHH B opMyne qebuUTa 3aMEHSACTCH NPUBEACHHHKIM paiMyCcoM:

Fo— ~(C c)
r.=r.¢ 1+ 2"

J1s pacuera Ae6UTOB ra30BbIX CKBAXHUH HECOBEPIIEHHBIX IO CTENEHH U IO
XapakTepy BCKPLITHS NpU HapylleHHH 3aKoHa JlapcH moxer ObITh Ipeio-
XeHa creayromas cxema. Kpyroeo#t mract, B ieHTpe KOTOPOTO HAXOAMTCH
CKBaxXu{HA, AenuTcs Ha Tpu obnactu (puc. 4.14). Ilepsas obnacth uUmeer
paguyc R, = (2 + 3)r,, 3aech u3-3a HoabINX cKkopocTeill B6u3M nepdopanu-
OHHBIX OTBEPCTHH NIPOUCXOMMT HApyllicHHE 3aKOHa JlapcH, T.e. B OCHOBHOM
IIPOABJIAETCS HECOBEPLICHCTBO MO XapaKTepy BCKphITHA. JIMHMM Toka moxa-
3aHK Ha puC. 4.14. Bropas obnacts npeacraniseT coboil KonbleBoe NpocT-
paHcTBO R, <r < R;, R, = h; 31ech JIAHMM TOKA HUCKPHUBIAIOTCH H3-34
HECOBEPILEHCTBA CKBAXHUHDI IO CTENCHH BCKPHITHSA, UMEET MECTO ABYUJICHHBIH
3aKOH (GMILTPALMH.

B TpeTheit 0bnactu R, < r < R, AeHcTBYeT 3aKoH JapcH, TeYEeHHE MOXHO
CYUTATH IUIOCKOpamuansHbiM. O603HAYMB OaBJICHHS HA rpaHduax obnacrei
4epe3 p, M p,, 3aIHIIEM JUIA TpeTbhet obllacTu B COOTBETCTBHH C opmyrioi
(3.80):

2 2 _ ann ﬁf ﬁ

Px — P2 In

e R (4.30)

Bo BTOpo#t obnactH npuMeM, 4TO TOJIIMHA IUIACTA TNepeMEHHA o
M3MEHRETCS TI0 TMHEHHOMY 3aKOHY OT 3HAYeHUK b npA r = R,, [0 3HAYCHUS
h npu r = R,, T.e.

z{r)=a + Pr, 4.31)

rac @ ¥ B onpenensrorcs U3 ycloBwid z = b npu r= R,, z=h npu r = R,.

UTobb! MONYyYHTH 3aKOH ABMXKECHHA B 3TOH 00/1aCTH, HAJO NPOHHTErpH-
poBaThb ypaBHeHHe (3.103), npeaBapUTeILHO NOACTABMB BMECTO IOCTOSHHOM
TOJUIMHBI A NEpeMEHHYyIO ToaImHy no ¢opmye (4.31).

2 2 erpn ﬁf(l R2 )
— = Xfrfar “24iC
P2 — D1 wkh n R, +C, )+
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Puc. 4.14. Cxema NPHTOKA ra3a K HECOBEPLICHHOM MO CTECNCHH M XapaKTEpPY BCKPBHITHA
CKBAaXHHE

Par Par BZ Q2 < 1 1 )
g PurPeliin( — Lo, 432
ZnZhZ\/I; R, R, ' (4.32)

3nece C, u Ci—kxo MIMEHTBI, XdpaKTCPHU3YIOIME HECOBEPIUCHCTBO
1
CKBAXHHBI N0 CTENEHH BCKPBLITUA.

1 =
C, = zInk+ ——In(k/Ry),
C ~<-1_ 1>L h=blh (4.33)
1~ h.z"‘ Rls - / )

O6e nocneauue ¢GOpPMYIbl—NPUOIMKEHHBIE, OHH HMCIOT MECTO IIpH
3HayeHusx b » R,.

B neproit ob6nacTu ¢UILTpanMs OIPOUCXOAUT MO ABYYIICHHOMY 3aKOHY,
IJI0CKOpaMaIbHOE TEUCHHE HApYIaeTcs W3-3a NephopallMOHHBIX OTBEPCTHH;
HECOBEPIIEHCTBO 10 XapakTepy BCKPHITUA Y4uTbiBacTCs koadpuuuenTamn C,
uC;:

2 2. Ql'rpnﬁf<l & C )
Piops g\ Ty T
aryart 2 E‘l’ 1 1
LoepeBiOh(1_ L o)
mh? Jk \re Ry
3necy C, ompenensercs no rpaduxam B, . lllyposa, s C,; npeana-
raercs npubnmxeHHas ¢opMyna
C, = K/3NP, (4.35)

(4.34)

rae N-cymmapHoe wucino 1nepOpaLMOHHBIX OTBepcTHi; [—rioybuna
IIPOHMKHOBCHUA Nep(OpantMOHHOA MyJIM B IIIACT.
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CxnaaniBas no4neHHo ypaBHeHus (4.30), (4.32) u (4.34) u npeHebperas
BENMMYMHOH 1/R,;, NMONyYHMM YpaBHEHHE NPHUTOKA ra3za K HECOBEPLIEHHOH
CKBAXHMHE B BUIC

2 2 QarPutiZ
Pe = Pe kA

plT pIT BE le'l'
+——
2nh? \/l; r.
Ecnu 3anucats ypasuenue (4.36) depe3 ko3dUUMEHTh! GUILTPALIMOHHBIX
conpoTUBIcHUR 4, ¥ B, B Buge (3.111), To 1A HECOBEPIICHHOH CKBAXHHBI

HOJTYYUM:
_ pafiZ

R, Par Par PZ
4, = In—+C C,l; B =——"7"F
1 wkh <n y +C, + z) 1 anhz\/l;rc

rae C, u C) onpegenstorcs no ¢opmynam (4.33), C,~no dopmyne (4.35),
a C,-rno rpa¢uxam B. WM. lllyposa (cm. puc. 4.12).

RI
<ln7~+ C, + C2> +

<

(1 +r.Cy +r.C). (4.36)

(1 + rccl + r:CZ),

§ 6. IPUTOK HECXKUMAEMOW XHUJIKOCTHU
K 'OPU3OHTAJNBHON CKBAXWUHE

TpaauuuoHHBIE METOABI Pa3paboTKH MECTOPOXKICHHH CHCTEMOH BOPTH-
KalbHO NpoOypeHHbIX CKBaXHH He Beeraa 3¢ ¢exTuBHbl. B 50-¢ roan! B Hallci
CTpaHe rpymnna CIelHaJdCTOB Ha4ana pa3pabarThiBaTh U NMPUMEHNTH CHELH-
aNbHYI0O TEXHMKY M TeXHONOTrHio OypeHMs MHOro3aboHHBIX HAKIOHHBIX H
TOPU30HTANBHEIX CKBaXWH. BONBINOH BKIAA B 3TOM HANpP4BICHHHM OBLI
caenan A.M. I'puropsiHoM. B 3TH ke roasl ObUIH BBINOJHEHB! MEPBHIC
TeopeTHYeCKHe paboThl MO pacyeTy NPHUTOKA HePTH K TOPH3OHTAIbHBIM
ckpaxuHam (I1. A. [Tonybapunosa—Koyuna, HO.II. Bopucos, B.Il. IIuna-
toBckui, B.Il. Mepkynos, B.Il. TabakoB). Oguako oTcyTcTBHE HEOOXOIH-
MOH TCXHMKM B TO BpeMs HE II03BOJIUIIO HAWTH IHMPOKOE INPAKTHYECKOE
NPUMEHEHHE 3TOMY METOAY.

B nocnemmee AecsATWIETHE B Hamed crpaHe ¥ 3a pybexom Benyrtcs
MHTEHCHUBHLIE IPAKTHYECKUE M TeopeTHyeckde paboThl B 0BacTH NpHMeHe-
HASA TEXHOJIOrMM HAKJIOHHO ropu3oHTanbHoro Oypenus. [Ipeumyinectsa
TOPU3OHTANBHBIX CKBAXHH B DA€ Cly4aeB OYCBHAHAEI. | OPH3OHTANBLHAs
CKBAXHHA HMEET 3HAYUTENLHO OONnlyr0 06nacTh ApPEeHUpPOBAHMS, YEM
BepTHKaNbHasg. OCOOCHHO CHILHO MPOSBIAETCA I3TOT 3pGEeKT B IIIACTAX
Manoi MpOAyKTHBHON TOmmuuHel. OQ6NacTe APEHHPOBAHHS TOPH3OHTAILHON
CKBAXHHBI MOXHO alIPOKCHMUPOBATL OOBEMOM JOCTATOYHO IPOTIKEHHOTO
BAOJIb HAMIACTOBAHMS JJUIMICOMAA, TOTAA K4K BEPTHUKANbLHAS CKBaXHHA
ApeHUpyeT 06BEM KPYroBoro nHuimMHApa. [1poayKTHBHOCTh rOPH3OHTANILHOR
CKBaXXHHBbI PACTET C €€ MIHHOH. BRIMIPHI B NMPOM3BOAMTEIBLHOCTH MOXET
6bITL B 3-5 pas.
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I'opu30HTaNbHbIE CKBAXHHBI OCOOEHHO 3 (eKTUBHR B MECTOPOXICHHUAX,
COAEPXKAIHX BEPTHUKAJILHBIE TPCIIMHLL B CHIIBHO HEOJHOPOAHLIX IO NMPOHH-
HAEMOCTH IJACTAX (TaKUX, HANPHUMeEDP, KaK KAPCTOBBIE 3aJIEXH) OPH3OH-
TaJbHBIE CKBAXHHBI HMCIOT OOJIbLIYIO BEPOSTHOCTH BCTPETMTh NMPOAYKTHB-
HYIO 30HY, 4Y€M BepTHKajbHbIE. B mynaHe 60psbbl ¢ 06BOJAHEHHEM TOPHU30H-
TanbHAS CKBAXHHA TAKXE€ MMEET IIPeUMYIIIECTBA.

I'mapoaMHAMUYECKHE pAacYEThl TEXHOJOTHYECKMX IOKa3laTesed mporecca
pa3paboTKH MECTOPOXKAECHUHA NOPU3OHTAILHBIMH M HAKJIOHHBIMH CKBAXHHA-
MH HE MOTYT OBITh BRINOJIHEHbI NIPH NOMOILIM OOLIYHBIX (opMYJI, IpUMeEH -
e€MBIX JUIS pacyera B3aHMOJEHCTBMH BEPTHKANbHBIX ckBaxmH. Ilo3tomy
pa3sBUTHE THAPOAMHAMMYECKHX METOMOB NOAOOHBIX PACYETOB SABISETCH B
HACTOsIee BpeMs KpaiiHe akTyanbHOW 3amadeil. [lpuBemem 3aech upero
HEKOTOPbIX NPHOITHAKEHHbIX IOAXOJO0B K ONPEACIICHHIO AecOUTA rOPU3OHTAIb-
HO# CKBaXXHHBI, HE OCTAHABJIMBASACH HA BHIKJIANKAX M Npeobpa3oBaHMsX.

PaccMOTPHM CTALHOHAPHBLIA NPHTOK HECXKHMAaeMOH xuakocTH (HedTH)
K TOPH3OHTAILHOH CKBAXHUHE JJIMHBI 2/ B OAHOPOAHOM H30TPOIIHOM ILIACTE
MPOHHUIAEMOCTH k ¢ NPOAYKTHBHOH TOJIIMHOM /i 1 HEMPOHHIIAEMOR KpOBJIEH
H noaowBo#t. [N NpoCTOTHI NPEANoaraeM, YTO CKBaXHHA PANOJIOKEHA Ha
OCH IUIaCTd. Y4YET HECHMMETPHYHOCTH €€ PaCIOJIOKEHUS (3KCIEHTPHCETA)
CBS3dH JIMIUL C HCKOTOPLIMH JONOJIHUTENLHBIMH TEXHHYECKUMHU TPYAHOCTS-
mu. Bygem cuutats cnpaseaymuBbiM 3akoH J[apeu. Ilycte Ha 3aboliHoit
MOBEPXHOCTH CKBAXHHBI NOJUIEPXKUBAETCA NIOCTOSHHOE pabouee naBieHue p,,
a Ha YAaJ€HHOM KPYIOBOM KOHTYpE MUTAHHUA» C pagmycoM R, (3pdexTns-
HuIi pajuyC ApPeHaxa)—oCTOssHHOe AaBieHue p, (p, > p.). Tpebyercs onpe-
JEJIUTh CYMMApPHBIA JeOUT TdKOH CKBAXHHBI.

Takas 3aja4a CBOJUTCS K PCLICHHIO TPEXMEPHOro ypaBHeHMs Jlammaca
AN jgasneHds (cM. § 1 3Toff rnaBml) C COOTBETCTBYIOIIMMHM - KPaeBbIMHU
YCIIOBHSIMH M HE UMEET [IPOCTOIO AHANMTHYECKOTO peleHus. Jns monydyeHus
nmpocToi pacdyeTHo#t dopmynbl ans aebura Moxer OBITH MCNONBL30OBAH
cneayromuit npubuxeHHpIH npueM. byaem MolemMpoBaTh rOPH3OHTAILHYO
CKBaXHMHY B rOpM3OHTANIbHOM (A-A) u BeprdxanbHOM (B-B) cedyenmsx,
COOTBETCTBEHHO: a) JIHKHEWHLIM CTOKOM JUIMHAI 2/ € IOCTOSIHHOM IUIOTHOCTBIO
g=0Q/2)) (Q-obwmit obObeMHbIH pacxod XHUAKOCTH B CTOKE) HIH
6) «TOYeYHKIM» CTOKOM paaMycd r., PACIOJIOXKEHHBIM IMOCEPEIHHE MEXIY
JBYMS TJIOCKOCTSIMH. .

Toraa HCXOIHYIO MPOCTPAHCTBEHHYIO 3aa4y MOXHO CBECTH K PEILIEHHIO

ROBYX MJIOCKMX 3ajay: TEYeHUIO0 HeQTH B TOPH3OHTAJLHOM IJIOCKOCTH K
JTAHEHHOMY CTOKY (O4Y€HL TOHKOM IJIACTHHE) M NPUTOKY HEQTH B BEPTH-
KanbHOM MJIOCKOCTH K TOYEYHOMY CTOKYy B mosoce umupusot . CyMmapHas
NPOU3BOJAMTENLHOCTh T'OPHM3OHTAJILHOM CKBAaXHHBLI DPAaCCYMTHIBAETCH Xak
CYNEPHO3MIMs COOTBETCTBYIOIIMX PelieHui ITHX ABYX IUIOCKHX 3aaad. [ns
PELIEHHsT KaXIOM K3 IUIOCKHX 34Ja4 MOXET ObITh HCIONB30BAH METON
OTOOpaX)CHHUS HCTOYHHKOB M CTOKOB (CM. § 3), METOA OJKBHMBAJIEHTHRIX
OUILTPAUMOHHEIX conpoTHBJIeHHH (§ 4) Wnn yacTo Gosnee ynoOHBIR MeTOR
KOMILJIEKCHOTO noTennuana (ri. 4, § 8).

ICHapOIMHAMMYECKOE TOJIE TEYEHHMS NPEJCTABIAET CEMENCTBO B3AHMHO
OpPTOroHAJILHBIX JIMHMA TOKA - rHnepbosibl M SKBUIOTEHLHMAJIEH — 3JLTHIICH
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UL IEPBOM IUTOCKOH 3amauu. JIeOMT JHHEHHOrO CTOKAa ONpeneNnseTCs II0
dopmyne
2nkhAp/n
q, = ’
| <a+,/a2—12)
nl 2= %

/

rae Ap = p, — p., a—-6onblas NoJNyoch yJajJeHHOTO 3JIIMNCA, HA KOTOPOM
NOJAEPXKHUBAETCH NOCTOSHHOE JaBJICHHE p,.

Ipu pacyeTax oOBLIMHO HUCNOJNB3YIOT 3PdhexTUBHBIA paguyc R, KPYTOBOro
KOHTYpa NMUTAHUA, KOTOPRIHA ONPEAEISeTCS U3 ABYX COOTHOUICHMM:

1) R, = ,/ub (paBeHCTBO IUTOMIAAE# ApeHaXa: KPYroBOH H 3JUIHITH-
4eCKO);
2) ycnoBus TOro, 4TOo TOYKH—/ u [/ sBnsroTcs GOKycaMH 3JUIHIC:

apeHaxa, Tak 4ro h = /a* — .

OTH YCIIOBUS NPHBOAAT K PUBCHCTBY

1 27714
edi-()]" wn

B cnyyae mpHTOKa XHAKOCTH K «TOYEYHOMY» CTOKY B mojioce Jebut
HaxomuTcs no gopmyne

_ 2nkhAp/n

‘Iz—hl <h)
20 " \2r,

Pesynerupyromuit nebut  CKBAXHHBI HAXOQUTCH CYMMHPOBAaHHEM
GUIETPAMOHHBIX CONPOTHUBJIEHHH, COOTBETCTBYIOIIMX KaXIOOH M3 3ajad.
CootsercTByiomas GoOpMysia HMeeT BHA:

2rnkhAp/n
= . (4.38)
a+ Jat -1 h h
In| ———— |+ =In| —
! 20\ 2r,

Orta pacyetnas Gopmyna Onina nonyyexa S.D. Joshi (1988 r.).
INpusegem [Ba OPYTHX COOTHOLICHHS U onpefaencHus nebura Q:
10.I1. bopucos (1964 r.)

2rkhAp/n
= 439
"\ T 2rr,
B.I1. INunatosckuit (1964 r.)
kAp R, h <21rr ) r /
2nh—— = In—=——1 €] — Sarctg—. 4.40
an l+n1 2In p Iarcgrc ( )
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Ta6Gnuua 4.1

[TostoBHHA ANHHbL KopduurenT nporykrusHocta J*
CKBaXHHBL, I, M l

R, =200 M

R, =500 m

Merton pacueta (dopmyaa)

(4.38) (4.39) (4.40) (4.38y (4.39) (4.40)

5 0.121 | 0,142 | 0,135 | 0,110 | 0,125 | 0,120
10 0177 | 0195 | 0,185 | 0.155 | 0165 | 0,160
20 0252 | 0270 | 0253 | 0204 | 0220 | 0210
30 0,308 | 0325 | 0300 | 0241 | 0250 | 0235
40 0358 | 0375 | 0340 | 0270 | 0280 | 0,260
50 0,400 | 0420 | 0375 | 0295 | 0310 | 0285
60 0450 | 0470 | 0415 | 0318 | 0330 | 0,300

MHTEPECHO OTMETHTD, YTO MAKCHMAJILHOE pa3/IHYKE B BeJIMMMHAX JcOuTa
0, paccuuranHoro nmo ¢opmynam (4.38)-(4.40), nomyyeHHBIM Pa3IMIHBIMH
metogamu, He npesbimaer 11%. B Tabn. 4.1 npuBedeHn! CpaBHUTENbLHBIE
pe3yseTaThl pacueToB Oe3pa3mMepHoro kod¢¢uuueHTa NMPOIYKTHBHOCTH
J* = On/(2nkhAp) B 3aBUCHMOCTH OT IOJIOBHHBI JUIMHBI CKBaXWHBbI / IpH
pasIuyHbIX 3HaueHusXx 3¢ dekTHBHOro papmyca KOHTypa nuTanus R,. [lpu
3TOM ObuUTO npuHATO h = 10 M, r. = 0,1 M, a BelIMYHHA @ B COOTHOLUCHHH
(4.38) BeIyMCHATACHL MO cheayronred Gopmyne, nomyyarouleiics u3 (4.37):

a =105+ /0,25 + R¥/I*)"2.

Moctpoiite rpaduxu -3aBucumoctd J* (/) 1 NpoaHanu3upyiTe B3aUMHOE
PaCIOJIOKEHHE ITHX KPHMBLIX, IOCTPOEHHLIX N0 pa3WYHBEIM (popmymam.

B 3axuroyeHue 3aMETHM, YTO [PH ONPEAENIEHHBIX YCIOBHSX (OPMYJIBI
(4.38)—(4.40) MoxHO yrpocTHTh. Hanpumep, ecn¥ AJMHA TOPU3OHTAbHOM
CKBAXHUHLI 2/ 3HAYHTENBLHO GOJIbIIE NPOJYKTHBHON TOJILHUHLI IUTACTA A, T.€.
2/>»h, TO BTOPBIM CIlAracMbIM B 3HameHaTelle ¢opmynnl (4.39) MoxHO
npeHebpeyb, ¥ OHA CBOJUTCS K BUAY, IKBHBaJIeHTHOMY (opmyne diomou:

k Ap

= 2nh— .
Q=2n R.
n__

n
12

(4.41)
1

Takum o06pa3omM, AeOHT OOCTATOYHO MPOTHXKEHHOH TOPU3OHTAJLHOM
CKBaXHMHBI MOXHO NMPUOIMXEHHO BLIYUCIATE 110 dopMye (4.41). T.e. TaK Xe.
KdK T8 3KBUBAJICHTHON COBEPIICHHOM BEPTHUKAILHOM CKBAXHHAI C IIPHBEICH-
HEIM PaJHycoOM I, PaBHBIM OJHOH 4YETBEPTH MAJIMHHI L rOpU3OHTaIbLHOM
CKBaXHMHBL: I, = [/2 = L/4.
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Koumpoawnvie sonpocsl u 3adauu

1. Kak onpenensercs moreHiman ckopoctd ¢ruibTpanuu? Kak 3anucer-
B4ETCS BhIPAXEHHUE JIA NOTEHIMAIA UCTOYHHKA HJIM CTOKA HA IUIOCKOCTH IIPH
GUIBTPAIMH KUAKOCTH?

2. B yem 3akmrodaeTcs MeTod cynepno3uuuu? IIpM KakMx yCIOBHSX OH
umeet mecto?

3. BriBectu ¢opMyny JUIS NOTEHIMAIA HCTOYHHKA M CTOKA HA ILIOCKOCTH
npH GUILTPALMH ra3a.

Vka3zanue. [lorenunan npu ¢QUILTpalMu ra3a ONpeIe/seTCs U3 COOT-
HOLUCHHS pw = — d®/ds.

4. B yeM 3aKIF04AETCH METOJ OTOOpAXEHHS HCTOYHMKOB H cTOok0B? Kak
O0TOOPa3uTh CKBAXMHY, PACIOJIOKCHHYIO BOJIM3U HENPOHHIAEMON TPAHHMIIE,
OTHOCHTENIBLHO 3TOM rpanuib? Kakoe ycloBHe JOIKHO BBIIOIHATHLCA HA ITOM
rpanuue?

5. B nomy6eckoHEYHOM ILIACTE € NPAMOJIMHEHHLIM KOHTYPOM ITMTAHHSA
paboraeT gobnIBaroliasi CKBaXHHA, PACIOJIOKEHHAs HA PACCTOSHHH a OT
KOHTYpa, ¢ A€OMTOM Ha €MWHMLY TOJIUMHBLI NJ1acTa, paBHLIM g. Haiite
CKOpPOCTh (PUILTpAaLMH B TOYKE IUTACTd C KOODAMHATAMH X = 4, y = a (CM.
puc. 4.4). '

6. Brisectu dopmyny mns nebuTa CKBAXUHBI, PACIIOJIOKEHHOM B IacTe,
OTPaHHYEHHOM /[BYM$ IIPAMOJIHHEHHBIMH HENIPOHUIIAEMBIMM I'PAHHLIAMH 10,
yrioMm 90° Apyr K apyry. PaccTosHMs OT LEHTPa CKBAXHHAI 1O PAHHUIl PaBHbI
a v b, paccTosHMe 10 KOHTypa muTaHus R R, >»a, R, >» b. WUssectnn
MOTEHIMANLl HA KOHType—-®, u Ha 3aboe—-D_.

7. B xpyroBoM IJIacTe Ha PaCCTOSHUHU 20 ApYr OT apyrda paboraroT Ase
OJMHAKOBBLIE CKBAXXUHBI C 3a00HHLIMH JaBICHHAMH p_. JlaBieHUE HA KOHTYpE
NMTAHAA, YOAICHHOM HA paccTosiHMe R, OT ckBaxmH, paBHO p, (R, » O).
Haiitu pacnpenenenue ckopocTeit GUIbTpPAUMH BAOJB CPEIMHHOIO IEPIEH-
JUKYJISPA K OTPE3KY, COCAMHAIOIIEMY LEHTPhl CKBAXHH.

8. BeiBecTH dopmyny nebura OAHOM CKBaXMHbLI KpYroBoi OaTaped
paauyca R, COCTOAIIEH M3 n CKBAaXHUH, PACIOJIOXKCHHOM B KpYroBOM ILIACTE
pamuyca R,. Cuutath, 4TO R, » R. Pamumyc Bcex CKBaXuH r..

n—1 . nl‘
Vka3zauue. [Ipu BLIBOAE HCNIONL30BATEL COOTHOWEHHE [1 sin— = n2! ™",
i=1
9. YkaxuTe BUABI HECOBEPIIEeHCTBA ckBaxuH. Kax 3anuckiBaercs gopmy-
na gebuta ruIpoIMHAMMYECKH HecOBepllieHHOH ckpaxHHEI? UTO Ha3spiBaeTCs
JOMOTHUTEILHBIM (GHILTPALMOHHLIM CONPOTHBJICHHEM?
10. OnpenennTs NPUBEACHHLIR paaMyC rHAPOAMHAMMYECKH HECOBEPLIEH-
HOM CKBaXHHBI C [JBOMHBIM BHIOM HECOBEPIIEHCTBA, €CTH 10 rpadukam .
[HypoBa ycraHoBneHo, yto C, =3, C, = 5. U3BecTHo, 4t0 7, = 0,1 M.



I'nasa §

HEYCTAHOBUBHIEECA ABUXEHUWE
VIIPYTOU XUJKOCTHU B YIIPYT O
(AE®@OPMHUPYEMOMN) ITOPUCTON CPEAE

§ 1. VIIPYTUA PEXHUM ILJIACTA
N Er'O XAPAKTEPHBIE OCOBEHHOCTH

B npakTike pa3pabOTKH M 3KCILTYaTAlM¥ HEPTHAHBIX M ra3oBBIX MECTO-
POXIOCHUA B IUIACTAX 4YaCTO BO3HHUKAIOT HEYCTAHOBHUBIIMECH IIPOLIECCHI,
CBA3aHHBIE C IYCKOM IUINI OCTAHOBKOM CKBAXXWH, C M3MEHECHHEM TEMIIOB
otbopa ¢uronaa u3 CKBaXMH. XapaKTep IJTHX IPOLECCOB NPOSABIACTCH
B INepepacnpencsieHHH IJIaCTOBOTO OAaBJIEHHS, B HM3MEHEHUSAX BO BPEMEHHU
CKOpOCTEH GUILTPALMOHHBIX NMOTOKOB, NeOHUTOB CKBaXuH U T.A. Ocoben-
HOCTH 3THX HEYCTAHOBMBLIHMXCS IIPOIECCOB 3aBHCAT OT YIPYTHX CBOHCTB
IUIACTOB M HACBHIIIAIOIIMX MX XHAKOCTEH. DTO O3HAYaeT, YTO OCHOBHOM
¢$opMoit nnacToBoit 3HEPrEy, obecneyuBaromei NPUTOK KUAKOCTH K CKBAXKH-
HaM B 3THX NpoLEccax, ABJACTCA IHCPrUs Ynpyroi nedopmanuu xuakocTe
(HedpTH U BOJBI) H MaTepHalia IJIACTa.

Ipu 3TOM, /15 NPOABJICHUS YIPYTHX CHJI Heobxoaumo, 4yTobs! QUILTpa-
LHOHHBIA NMOTOK OmINT ofHOGA3HLIM, T.€. AaBJICHHE B JFOOON TOYKEe MOTOKA
IOJDKHO OBITH BBILLEC JABJICHUS HACHIIICHHS XHAKOCTH ra3oM.

Ilpu mycke CKBaXHHbI B 3KCILUIyaTallMIO B YCIOBHMSIX YINPYIOro peXuma
JBHXCHHE XHAKOCTH HAYMHACTCH 32 CYET MCNOJIL30BAHMA MNOTEHIMAIbLHOR
JHEPruM ynpyroi JedopMaimu miacra ¥ XHAKOCTH CHadana B OimXaiiiux
OKpecTHOCTsAX 3abo0s, 3aTeM Bo Bce Gojiee yaasieHHRX obnacTsx miacra.

Ipu CHUXEHHMHM MIJIACTOBOTO AABJICHUS OOBEM CXATOM KUAKOCTH yBEJIHYHU -
BaeTCA, 4 0OBEM NOPOBOro MPOCTPAHCTBA COKPALIAETCH 33 CYET PACLIMPEHHS
MaTepHala Iwiacta. Bee 310 cnocobCTBYET BHITECHEHHIO XHIKOCTH U3 I11acTa
B cKkBaxuHy. XoT# x03dunmenthr 06beMHOR ynpyroi aedpopmManmu xuni-
KOCTH M IHOPOARI IJIACTA OY€Hh MaJbl, HO 3aTO O4YEHb BEJIMKH OBIBAIOT
oOBEMBI IJIACTa ¥ HACKHIIIAFOIINX €70 GUIIOHI0B, TO3TOMY 0O BEMBI KUAKOCTH,
H3BJIEKACMOH M3 IUIACTA 3a CYET YIPYIOCTH IUTACTA M XKHUAKOCTH, MOTYT OBITh
BECbMa 3HAYUTEJILHBLIMH.

B HEKOTOpHIX CNy4asX NMPHUTOK XUAKOCTH K 3a005M CKBaXHMH IO/IEPKH-
BaETCsl ¥ HATOPOM BOJRI, MOCTYNAIOMIEH B IacT U3 obaacTu nutaHus. Toraa
peXuM IJ1acTa ClieQyeT Ha3biBaTh YNPYrOBOAOHANOPHLIM. PazmuaroT H
BTOPYIO Pa3sHOBHIHOCTb YIIPYIOro peXHMa—3aMKHYTO-YIIPYTHH DPEXHM.
BerpeuaroTcs 3ayiexd HedTH B 3aKpHITBIX CO BCEX CTOPOH IIACTOBBIX
«JIOBYLIIKAX», KOrJa Ha HeOOJBLIMX PACCTOSHHAX OT HEQTAHOH 3anexH
NPOAYKTHBHEIA IIACT JUOO BHIKJIMHUBAETCH, JUOO 3kpaHMpoBaH cOpocOM.
B HayansHOH cTaauM pa3pabOTKH TakoM 3ajieXH, OO0 TeX NOp MOKa IIACTOBOE
[ABJICHHE HE CHU3WJIOCH N0 AABJICHHS HACHIIECHMA, HMEET MECTO 3aMKHYTO-
YIpYyTHil peXxuM (HIbLTPALMY.

XapakTepHass 0COOCHHOCThL MPOSIBIIEHUS YIPYTOTO peXHMa B Ipolecce
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pa3paboTkd HeTAHRIX MECTOPOXICHHH — [UTHTEILHOCTL IIporecca Iepe-
paclpezeneHds IUIACTOBOrO AaBJIEHHs 0cie Havala paboThl CKBaXMHbI MITH
U3MeHeHus Temna oTOopa XHAKOCTH U3 CKBAXHHBI. JTO CBA3aHO C TEM, YTO
npd QUNLTPAMH BA3KON XHUAKOCTH B IUIACTE BO3HUKAIOT OYEHb OOJIbIIIME
CHIIBI CONMpOTHBJIEHMA. HeycTaHOBMBIIMECH IIPOLIECCHl INPOTEKAIOT TEM
6nicTpee, yeM Ooiblile K03QOUIHEHT NPOHUIIAEMOCTH k, H TeM MEMJICHHEE,
yeM OoNbllie BA3KOCTh XHIKOCTH T M K03 PHIHEHTH 06heMHOM yNIpyroctu
XuAKoCcTH P, M macta B..

INepBriMM HccilenOBAaTENSMHE, pa3pabaThIBABIIMMH TEOPHIO YNPYroro
pexuma B 30-x romax, 6w Macker, Hluncyus, Xepcr, Tcelic u Ixexo6.
OnaHako oHM He y4HThIBaM 0OBEMHYIO ynpyrocTh miacta. Haubonee nonsno
TECOpPHUS YNPYroro pexHMa C yYeTOM YNPYTHX CBOMCTB ILIACTA M HACHILIAFO-
IMX XHAKocTeH pa3spaborana B. H. HienxaueBniM.

§ 2. MIOACHYET YIIPYIOI'O 3AITACA KUAKOCTH B IIJIACTE

[Nox ynpyruM 3amacoM XHAKOCTH B IJIACTE NOHHUMAETCH KOJIMYECTBO
JKHAKOCTH, KOTOPOE MOXHO H3BJIeYb M3 IJIACTA NPU CHHXCHHH [NABIICHHUS
B HEM 3a c4yeT 0OBbEMHOM YNPYrocTH IJIacTd ¥ HACKIIAOLIHUX €r0 XKHUIKOCTEH.

XoTs ko3pdunueHThl 00beMHOR ynpyro nehopMammMu XUIKOCTH H
ImJacra o4eHb M4Jbl (CM. TJ. 2), 3aTO O4YEHbL BEMMKM OOBEMBI ILIACTA.
MNo3TtomMy ynpyruii 3anac ®uaKOCTH B IUIACTE MOXET OBITL BECbMA CYLIECT-
BCHHBIM.

INpu cHWXEHUH NaBJICHHU B IJIACTE YIPYTUi 3amac XHAKOCTH eECTECTBEHHO
yOBIBaeT, a IPH NOBBILCHAM JABJICHHS NPOHUCXOMHUT HAKOIUIEHHE YNPYTOro
3anaca XHAKOCTH B HEM.

VYopyrufi 3amac XHAKOCTH B IJIACTe MOXHO NOACYUTATh CIIEIYFOIIUM
obpasom.

BrienuM MaiciieHHO 3neMeHT obbema nnacta V. Ilycre Vg, ecTk 06BeM
KHUIKOCTH, HACHIAIOIIEH 3TOT 3JIeMEHT oObeMa rnacta ¥, npu HayaJlbHOM
JaBIIEHHH p,. YIIpYTH# 3amac XuakocTH OyneM onpelensTs 1o ee o6bemy,
3aMepseMOMY [IPH HAaYaJLHOM IUIACTOBOM JaBieHud. O6o3HauuMm yepe3 AV,
H3MEHCHHE YIPYroro 3amaca XHIKOCTH BHYTpH obkhema miacra ¥, npu
U3MEHEHUH NABJIEHHA BO BCEX €ro Touykax Ha senuduHy Ap. Toraa, B
cOOTBeTCTBHH ¢ dopmynamu (2.25) u (2.24), nonyqum:

AV, = BuVox AP + B . Vo Ap. (5.1
VYutem, 4YTO HavaJdbHbIA OOBEM XHAKOCTH, HACHIAIOIIEH 3JIEMEHT

obbema mnacra ¥V, paBeH NOJHOMY 0O61eMYy IOp B 3TOM 3JIEMCHTE:

Vou = mVy, (5.2)

rae m-—IOpPUCTOCTh IIJIAcTa.

Torma ¢opmyny (5.1) ¢ yderom paBeHcTBA (5.2) MOXHO IEpeNHCaTh
B CJIEAYIOLIEM BHUJE:
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HIIH

AV, =B*V,Ap, (541
rae
B* = me + Bc' (55)

Koapduiment B* HasbiBaeTcs Ko3(b¢HIIMEHTOM yNpyroeMKOCTH IUIACTa.
Ha ocHoBanuu dopmyns! (5.4) xo3pdHUHEeHT ynpyroeMKocTd miacra B*
YHCJIEHHO PaBeH W3MEHEHMIO YIIPYroro 3amaca XuIKOCTH B equHulle 06neMa
IJ1acTa NMPH M3MEHEHHH IIACTOBOIO JABJICHMS B HEM HA COWHUILY.

Ecmu ¢opmynsr (5.3) wimm (5.4) oTHocuTh k paspabaTniBaeMOMY B
YCJIOBHAX 3aMKHYTO-YIIPYTOTO pexuMa HeQTSHOMY MECTOPOXICHHIO, TO NOA
V, cieayer mommMaTth ob6BeM IUIdcTa, B KOTOPOM K JAHHOMY MOMEHTY
BPEMEHHU NPOM3OLIJIO H3IMEHEHUE NABJICHHS HAa BEIHYHHY Ap, IIpH 3TOM

Ap =p, - P, _ (5.6)

Ifie p,— HAYaNBLHOE IJIACTOBOE JABJICHHE; J — CPeIHEB3BELIEHHOE MO 06BeMy
BO3MYIIICHHOR 4acTH IUIacTa V, naBlicHHe.

BuIYHC/IMTL CPEeJHEB3BEUICHHOE IUIACTOBOE [4BJICHHE J MOXHO, €CJIH
H3BECTHA TeOMETpHUsl BO3AMYIIECHHOH 44CTH IUIACTd M KOHKPETHOE pacipe-
JIeJIcHHE [aBJICHHS B HEW.

Juddepenuupys paBeHCTBO (5.4), MOIy4YHM:

d(AV) = B*d[Vo()Ap].

C Ipyro# CTOPOHBI, H3MEHEHHE YIIPYTOoro 3amnaca XHAKOCTH B IUIACTE 3d
Bpems df paBHOE 0O0beMY OTOOpAHHOM XMOKOCTH!

dAV)=Q@)ar,

rae Q(f)—nebuT BCEX CKBAXWH, IJKCIUTYyaTHPYIOUIMX OAHHYIO He(TSHYIO
3aJIEXb,

[punsB npaBbie YaCTH JBYX NOCJEJHMX PABEHCTB, NOJIYYHM IHbEpPEH-
OAAbHOE YPAaBHEHME MCTOLICHHA HeTAHOMN 3aJICXKH B YCJIOBUSX 3aMKHYTO-
YIIpYTOro pexuma

Brd[Vo(NAp] = Q(nat (5.7

§ 3. IMOOEPEHIIUANBHLIE YPABHEHUA HEY CTAHOBUBIIEACH
GUILTPALIMM YIIPYTOHA XKUJAKOCTHU
B YIIPYI'OH NMOPUCTON CPEJE

M3yuenue rugpoAMHAMUYECKHX OCHOB YIPYroro peXxuma ¢HIbTpalMH
HMeeT BaXHe#lee 3HaYeHHE sl TEOPHH U MPAKTHKH Pa3paboTku HePTAHBIX
M Ta30BbIX MECTOPOX/ACHHHA. 3HAaHME 3THX OCHOB INO3BOJIAET B Haubornee
NOJIHOM MEpEe HCIOJBL30BATL YNPYrHd 3amac IJIacTOBBIX QUIIOHIOB s
obecrneyenus IPUTOKA K CKBAXHUHAM, NIPABWILHO ONPEAENIATh MOTEHIHATIb-
HBIC BO3MOXHOCTH YIPYroi BOJOHATIODHOH CHUCTEMBI I BLITECHCHHS
¢nrouaoB, CTaBUTh M pelIaTh TaK Ha3kiBacMble OOpaTHRIE 3aJavd OIpe-
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JEJIEHUS KOJUIEKTOPCKMX CBOMCTB IIJIACTOB IO HAOMIOJCHUSM 33 H3MECHEHHEM
nebutoB uny gaejeHuid u T.4. Kak npaBuno, IIPH €CTECTBEHHOM YIIPYTOM
pexuMe AoOBIBACTCH HE3HAYMTENIbHAS 4YacTh H3BJIEKAEMbIX 3amacoB (X0
2-5%). OnHako U3BECTHRI Cy4Yau, KOTJd YIPYTHi 3alac HacTOJIbKO BEJIMK,
4TO NO3BOJISET OTOOPATh ropa3fo 6onwiue. Tak, HaNpUMEp, Ha KPYNHEHRILIEM
MecTopoxacHud TeHru3 npu ynpyroM pexmnme Oyaet orobpano okoso 20%
3anacoB HeTH.

Jns BeIBOJAa OCHOBHBIX JU¢epeHIMaNbHBIX YPAaBHEHUR (GHNLTpauMu
YOPYTOH XHAKOCTH B YIPYrod NOPHCTOH cpede HeoOXOAMMO BOCHOJIB-
30BaThCS YPABHCHHEM HEpa3pbIBHOCTH IIOTOKA, YPABHCHUAMH COCTOSIHHUS
NIOPUCTON CPelbl M HACHILAONIEH €€ XUAKOCTH M YPABHCHUAMH IBHXCHHS.
IIpu 3TOM HCOONB3yeM MNOOXOA, Pa3BUThIA B I 2, B COOTBETCTBHH
C KOTOPbIM B KayeCTBE YpPABHCHHS COCTOSIHUS CpeObl H XKHAKOCTH HC-
NOJb3YFOTCH YIPOLICHHBIE 3MIMPHUYECKHE COOTHOLIeHHN. Kak moxasniBaroT
pe3ynbTaThl 1abOpaTOPHLIX 3KCIIEPHMEHTOB Ha 0bpa3nax nopoa-KoJIeKTo-
POB, a TaKXe ONKIT pa3paboTkKH MECTOPOXICHHH, B psjc Cly4acB Hapsay
€ H3MEHEHHEM TIOPHCTOCTH BCIIEJCTBHE NPOHCXOAAUIMX AedhopManuit cymect-
BCHHbl M3MCHEHHS INPOHHIAEMOCTH IUIacTOB. OCOOEHHO 3TO OTHOCHTCSH
Kk rnybokosaneraronuM HePTSHBIM M Ta30BbIM MECTOPOXICHUAM. ITO
BBI3BIBACT HEOOXOOMMOCThL ydeTa B (QHILTPALMOHHBIX PACYETAX KAK IPH
YIPYroM, TaKk ¥ NPH APYTHX peXuMax (UILTpaldd H3MEHCHHUH NpPOHHMIlAC-
MOCTH C M3MCHEHHEM IIJIACTOBOro JAaBjieHUA (cM. ri. 2). PassuTuio teopuu
YIIPYTOTO PEXHMa C YYETOM 3TOro (axTopa NOCBAWEHO OOJNBLIOE YHCIIO
ucciaegoBaHmil. OHAKO H3JIOKEHHE 3ITOro pasdesa B bOonee obuel mo-
CTaHOBKE, [IPEAYCMATPHBAIOLIEH TaKXe BBEJCHUE B YPaBHEHUS (QUIILTPALMH
3aBUCMMOCTH NPOHHIIAEMOCTH OT AABJICHHS, 3aMETHO YCIIOXHHUT U3JIOKEHHE,
NO3TOMY AaBTOPhI CYHTAIOT LeJiecooOpa3HbIM, COXpAHHB TpagUIHOHHBLIA
NOAXO0J, PEKOMEHI0BaTh YHTATENAM OOpaTHTLCH K MoOHOrpadusM, MoCBs-
LIEHHBIM 3TOMY BOIPOCY. :

B kauyecTBe ypaBHEHUs JBHXKEHHS HCIOJb3yeM JIMHEHHLIR (3akoH [apcu)
W HeNMHEHHbIA (ABYYWIEHHBIH) 3aKOH (QUIbTPALMH.

3.1. BuBoa auddepeHnaiLHOrO ypaBHeHHS (PHILTPAIHH
yNpYyro# »KHJIKOCTH B YNpYro# mopucrToil cpene
no 3axony /lapcu

O6patumcs k obieMy muddepenmannHOoMy ypasaeHuro (2.56) HeycraHo-
BHBLIIETOCS ABMXEHUS CKHMMaeMoro ¢uonaa no 3akoHy [lapcu B nedop-
MHpYEMO#H MOPUCTOH Cpelie, BLIBCACHHOMY B IJl. 2 npd k = const, n = const:
ad(mp) k

—-V2p, .
7 n (5.8)

rae ¢ynkums Jleibensona P onpenencHa gopmynoi (2.55).
Hcnonn3zyeM ypaBHEHHS COCTOSIHHS YINPYIOM JKUAKOCTH M YIPYroi
NIOPUCTOM cpellbl B paHee mony4eHHoH dopme (2.27) u (2.44):
=po[l + B — Po); (5.9)
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m=my + B.(p — po) (5.10)
INpounsseseHHE mp MOXHO NOJNYYHTb, yMHOXHMB (5.10) Ha (5.9):
mp = myp, + (MopoBe + PoB) (P — Po) + PoBPa (P — Po)?-

[NocnennuM cnaraeMblM B IIpaBOM YacTH 3TOrO PABEHCTBA BBHAY €0
MAJIOCTH 110 CPABHEHHIO C JBYMS JAPYTHMH CllaraeMbIMH MOXHO NpeHebpeds.
Toraa, ¢ ydeTom (5.5), noayudm:

mp =mgypo[1 + B*(p — polimyl,

OTKyda nocne augpdepeHIMPOBAHAS [0 BPEMEHH ! HAXOMM:

¢ (mp)
ct

p
= * _-
poB 7% (5.11)

Bripaxende ¢ynxkunu Jleiben3zona P uis yIpYrod XHAKOCTH HMeeT BHJ
¢ ydyetoM (2.59):

P
P=B2+90(P_Po)+c=pop+c1- (5.12)

Npomuddepenurposas geaxabl Bhipaxende (5.12) no kxoopamHaTam
M CJIOXKHB, NOJIYyYHM:

VP =p,Vip. (5.13)

IMoncrasus (5.11) u (5.13) B HcxomHoe auddepeHUmManbHOE ypaBHEHHE
(5.8), nonyyum:

ap k
* VZ
poB ot m PoV' P

HIIH
b _ (6211 &p 621))

a- ettt (5.14)

rge BBEACHO 0603Ha‘lCHHC
w = k /(nB*). (5.15)

OtmMmeTHM, 4YTO NpH BBIBOJAC YpaBHEHHs (5.14) He y4YMTHLIBAFOTCH CHITBI
HHEPLHM H IPABHTALMH.

Vpaphenue (5.14)—ocHoBHOe mubepeHIMANLHOE YPABHEHHE YNPYTOro
pexuma ¢unbrpaumd. Ilo npemnoxenuio B. H. IllenxaueBa oHO Ha3BaHO
ypaBHeHMEM Ine3onpoBogHocTA. OHO OTHOCHTCS K YPaBHEHMAM THMA
YPaBHEHMs TENJIONPOBOAHOCTH (ypaBHeHus Pypne), KOTOpPOe sBJIAETCH
OAHHM H3 OCHOBHBIX YPaBHCHMIl MaTeMaTH4YECKOH (GM3IHKH.

KoadrpuienT %, XapaKTepH3YIOIUMHA CKOpPOCTh Iiepepacipe/eicHus
IJIACTOBOrO [a8JICHHS NPH HEYCTAHOBMBLICHCS GHIBLTPALMA YNPYTroH XHA-
KOCTH B yNpyro# nopucroi cpeae, B. H. lllenkaues Hazsan ko3pduueHTOM
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NbE30NPOBOAHOCTH IIJIACTA MO AHAJIOTHH C KO3QHUIHEHTOM TeMIEpaTypo-
NPOBOJHOCTH B YPABHEHUHU TEILTIONPOBOAHOCTH.
Pa3mepuocTs k03¢ dunueHTa NEe30IPOBOAHOCTH X MOXHO YCTAHOBUTD U3

(5.15):
k L? L?
[x] (k]

T[MIBY] L 'MT LM ‘T2 T’

rae L, M, T—coOOTBETCTBEHHO Pa3MEPHOCTH JUIHHBI, MACChl ¥ BPEMEHH.

Haunbonee yacTo BcTpeyaromuecs B HeQTepOMBICIIOBOM IIPAKTHKE 3Ha4e-
HHS KO03(QPHUIHEHTa Nhe30NPOBOAHOCTH 3aKJIIOYEHH B npexaenax ot 0,1 mo
5 Mm%/,

OTMeTHM, 4TO ypaBHEHHE MbE30NPOBOAHOCTH (5.14) MeeT MeCcTO TONILKO
Ui cnabockuMaeMoi ynpyro Xuakoctd, Ans kotopoi B, (p — po) « 1.
Ecmu xe 9TO ycnoBue He BhINOJHAETCH, TO yHxumro JlelibeH3oHa Henn3s
onpenensath no ¢opmyne (5.12), HeoOXOAMMO COXpaHUTL CjaraeMoe
B, — p,) non umuterpanom. Ilpu 3ToM muddepeHIMANLHOE ypaBHEHHE
3HAYUTEILHO YCJIOXKHHUTCH U NPUMET HEMHEHHBIA BH[,

3.2. BuiBog anddepeHHaILHON0 ypaBHeHHs QHILTPANHH
YHpYroH >KHIKOCTH B YNpYrod DOpPHCTOH cpeje
no JBYYJIEHHOMY 3aKOHY (HILTpanuu

[MpsaMonuHeRHO-IapaJJIeIbHBIH NOTOK ynpyroi xuagkoctu. Kak
06RI4HO, BIBOA qudepeHIManLHOrO ypaBHeHHS QUILTPALMHE OCHOBRIBAETCS
Ha YpPaBHEHHH HEPA3pBIBHOCTH (2.5), KOTOpPOE [N HEYCTAHOBHBUIErOCH
NPAMOJIMHERHO-NIAPAJIIENLHOTO  (HILTPALMOHHOIO IOTOKA CXHMAaEMOro
¢nronza UMeeT BHA

dpw,) _ 0(pn)
ox ot

] (5.16)
JByuneHHbid 3axkoH punbTpanuu (2,21) 6yneM ucnonb3oBaTh B ¢opme

n
—w, + B L
k Jk
I SgN - CHMBOJI 3HAKA (YyHKIIMH.

B nanbueiiteM OynemM cyMTaTh, 4TO k = const, 1) = const. YMHOXHM obe

yacTH paBeHCTBA (5.17) Ha MJIOTHOCTL p M HaWAeM, pelllass KBaJApaTHOE
yp4BHEHME, BLIPAXEHHE I MACCOBOH CKOpPOCTH (HMIIbTPAIMA:

4k\/E Bpsgnw, 6p)

o
pw, = — —————{ 1 i\/l —_—
ZﬁBsgnu'x . n? 0x

Ucxons w3 ¢usmyeckoro cMaicia, Nepel KOPHEM cClieayeT B3fTh 3HAK
MHHYC, II@3TOMY OKOHY4TEJILHOE BBIPAXCHHE IS M4CCOBOH CKOPOCTH
cneayroliee:
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4k/k )
i \[Bgsgnwx z) (5.18)

n
Pw_‘z—m(l—\/l ————T—]——ax
BLIYHCIUM JIEBYIO 4YACThb YP4BHEHHsS Hepa3pbIBHOCTH (5.16) ¢ ydeTom
dopmynsr (5.18):
éow)_ _k g( @)
ox 'n\/] 4k /kBpsgnw, @ ¥\ X '

n? ox

JInst ynpyroi XMAKOCTH NpaBas 44aCTh ypaBHEHMS (5.16) 3aMMChIBAETCA 110
dopmyne (5.11); Toraga ypaBHeHHE QUNILTPALIMH NPUMET BHULI

ox

k 1 d ap ép

7 i) =er T

n \/1 4k /kBsgnw, ap X X ¢t
nz

Hcnonb3oBaB ypaBHEHHME COCTOSIHMS YNPYroi XuAKOCTH (5.9) u BBens
B pacCMOTPeHHE QYHKIMIO NdBJICHUA

u(x,0) =1+ B,(p - po)s (5.19)

MOJYYHM OKOHY4TENbHO YP4BHCHHE HCYCTAHOBMBUICHCS INPAMOJIMHEHHO-
napainelbsHOR (GUILTPALMH YNPYrod XUAKOCTH NpH ABYYJICHHOM 33aKOHE
¢$unbTpauu:

Ou % i) ( Eu) (5.20)
—= —lu—. .
ot \/1 4k\/l; Bposgniw, du 0x \ " éx
IV Pets a2
B.n’ 0x

Eciu B=0, T.e. umeer mMecto 3akon Jlapcu, U PB,w — po) < 1, 1O
B ypasHeHud (5.20) noaxopeHHOE BbIpaXcHME oOpauraeTcs B COMHHIY
H MOXHO CYMTATh (PYHKIHIO 4, BXOAALIYIO MHOXHTEJIEM, PABHOH €AMHUIIE;

du ép Ou cp
KpOME TOTO, YYHTHIBAS, 4TO — = P —, — = B, ——., MONYYHUM ypaBHEHHE
P y ar Pxgprax Py MOTYIIMYP
ép p
r_P 5.21
ot ox?’ (5.21)

KOTOPOE SBNAETCA OAHOMEPHLIM BAPHAETOM YPABHCHHSA NbE30IIPOBOIHOCTH
(5.14). :

[InockopaguanbHblf (GUILTPAUMOHHBIA NOTOK YNPYIOH XHA-
KocTH. s IUIOCKOpaguanbHOro (UILTPAMOHHOTO IOTOKA YPAaBHEHHE
Hepa3peiBHOCTH (2.10) 6b110 BRIBEAEHO B INL 2!
dlpw) pw __c(pm)

or r ot

] (5.22)
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JBy4IICHHBIH 3aKOH QHILTPALMH B 3TOM CIy4ae MOXHO 3aIMCAThL B BHJE:

% _n W+ ——B; sgnwpw?,
ar k Vk
rAe w—paauanbHas COCTABJIAIONIAS CKOPOCTH QUILTPALMH, KOTOPAs CUHTA-
€TCA NMOJIOKHUTENLHON NPH ABHXEHHHM K CKBAXHHE.

YMHOX)HM 06€ 4acTH 3TOro COOTHOLICHHMS Ha p M HaiieM BhIpaXeHHE s
MAacCOBOH CKOPOCTH:

/ 4k\/I;Bsgn w ('.‘p)
| 4 BVEESERW P

St (N
pw=—————(1- P
2/kBsgnw n or

3nech, Kak W paHee, B3AT 3HAK MHHYC Iepe] KOPHEM KBAJAPATHBIM,

[MocnenoBaTebHO BHIYMCIIAEM KaXJIOE Cl1araeMoce B JIEBOH YacTu ypaBHe-
HAS Hepa3pbIBHOCTH (5.22).

IlepBoe cnaraemoe:

d(pw) k 9 ( @)

—_— —\p (5.23)
ar T : or \' or
4k Ik 3 a
\/1 vV BZSEU W p /4

or
Bropoe cnaraeMoe:
n 1 4k\/lz Bsgnw dp
—_—= |l - I+ ————p—]|.
r Zﬁ Bsgnw T n cr

YMHOXHM M pa3JelIUM INIpaByi0 4acThb IOCIEJHEr0 COOTHOLUEHHMs Ha
BhIpaXeHHE

4k /kBs )
]+\/1+_L[zig2p_p

n or’

pw

IPH 3TOM NOCJE YIPOILUEHHUS OJyTAM:
pw k2 1 cp

= . p—.
r nr ak. /k : 8 or
]+\/]+$n_np_p

(5.24)

or

[Moacrasus Beipaxenus (5.23), (5.24), (5.11) B ypasHenue (5.22), noaydum:

(3p)
(%) +

n\/ 4k./kBsgnw p ‘"
4+ —Y——=—p=
n or

k ! a
¢
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2 )7 2
+Z S — 4 QU Br = P (5.25)

r 4k a 6r
1+\/1+_Lﬂzmpap
g

Beens B paccMoTpeHHe QYHKIHIO u(r, !), ONPEHEIEHHYI0 PaBEHCTBOM
(5.19), ypasHeHH10 (5.24) MOXHO NIpPHAATH BHI

du 1 d ( 6u) N
M Bl
ot \/1 N 4k /k Bposenw ou or\ or

B.n’ “or
2 1 du
+ = u—|. (5.26)
r 4k /k Bposgnw Ou or
|4 [1 42 2PPoSENW U
Bem or

3TO M €CTh OCHOBHOE YpPaBHEHHME ANA IUIOCKOPaJHaJbHOTO (HILTpAaLMOH-

HOTO NOTOKA YNPYrod XHIKOCTH IPH ABY4YJIEHHOM 3akoHe GuiIbTpamuy.
Hns nusuedinoro 3axoHa ¢uiastpaumu (P = 0) u crabockumaemont Kua-

kocTH (B, (p — po) « 1) MOXHO 3aMEHHTE QYHKIHIO U, BXOIIS(IH)'}O MHOXH-

du dp ou
TeJIEM, Ha €IUHHMIY, ¥ YMUTHIBAS, 4TO P B, PRl B, — HO.II)"-IHM
r r
op (6217 ] 6p)
—=u|—5+- 5.27
ot "\ ror (5-27)

IpHBeneHHBIE 3/16Ch JIMHEHHBIC YPABHCHHSA HEYCTAHOBHMBIUEHCH (QUILTpA-
muM ynpyrod xmaxocts (5.14), (5.21), (5.27), nonyyeHHble IPH HMCIOJB30Ba-
HHMH JIMHCHHOTO 3aK0Ha QUIBTPAMH, IPOCTHI H 1A HUX CYLUECTBYIOT TOYHEIE
pewenrs. OHH paccCMaTPHBAIOTCA B ClEYIOLIEM Tlaparpade.

Vpasuenus (5.20) u (5.27), BhIBeACHHBIE IPH HCNOJL3OBAHUM ABY4YIEH-
HOrO 3akoHa (UIBTPalMK, IJOBOJBHO CJIOXKHBI M Jaxe NpHOMMKEHHOE
aHAIUTHYECKOE PELIEHME JTHX YPaBHEHMH INpEACTaBJIAETCA npodnemMaTHy-
HpIM. B To Xe BpeMs, pel€HHe 3THX ypaBHEHHMH ¢ Hcronk3oBaHHeM JBM
JOCTaTOYHO INPOCTO.

§ 4. OJHOMEPHBIE ®HUJIbTPAITMOHHBIE ITOTOKHA
YIIPYTON XKNAKOCTH. TOYHLIE PEHIEHWUS YPABHEHUSA
NBE3ONTPOBOJHOCTHA. OCHOBHAA ®OPMYVJIA

TEOPHM YIIPYTOro PEXNMA

PaccMoTpuM Haubosiee NPOCTHIE TOYHBIE PELICHHS YPABHEHUS IILE3O-
IPOBOAHOCTH (5.14) ons OAHOMEPHBIX IOTOKOB.
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4.1. T1pamMonnnelino-NapaienLHbIil GHILTPAHORHEIH HOTOK
YOPYTroH KHIKOCTH

Cnyyaii 1. Ilycte B moiybeCKOHEYHOM TOPH3IOHTAJIBHOM ILIACTE IIO-
CTOSHHOHM TOJIIMHBL /i ¥ IIMPHHE B HaYaJLHOE ILUIACTOBOE JaBJIEHHE BCHOAY
IIOCTONHHO ¥ paBHO p,. Ha ranepec (npu x = 0) naBjCcHHE MTIHOBEHHO
CHHXEHO IO p, M B [JaJBHCHIIEM IOIIEPXHBACTCA IIOCTOSHHRIM (T.€.
p, =const). B ynaneHHeIx Toykax (x — c0) JaBieHHE B JrOOOH MOMEHT
BPEMEHH OCTAE€TCS PaBHLIM p,.

B nnacre o6pa3yeTcs HeyCTAHOBHBILMKCH NPAMOIHHERHO-TIapasUIEIbHbIA
HNOTOK YNPYro# xuaxocTd. [JaBiicHHe B TH0OOH TOYKE MOTOKA X H B M0OOH
MOMEHT BpPEMEHH ! MOXHO OIpEle/INTh, HHTETPUPYS ypaBHeHHe Dyphe

(5.21):

_, %

at‘”ﬁ' 0<x<oo. (5.28)

HayaneHele ¥ rpaHAYHBIE YCJIIOBHSA IIPH 3TOM OydyT cieqyIOLIHE:
p{x, ) =p, npu t=0;
px,t)=p, mpu x=0,1>0;
p(x,t)=p, npu x=o00, 1 20. (5.29)
3agaua 3axmoyaeTcs B olpeaescHuM aeburta ranepen Q(f) ¥ OaBJIEHUS
B ;060K TOYke MOTOKA H B M0OOH MOMEHT BpEMEHH p(X, I).

Hcnone3ys aHaM3 pa3MEPHOCTEH, IIOKaXEM, 4TO MOCTABJCHHAS 3ajaya
aBTOMOJEJIbHA, T.€. U3 aPTYMEHTOB, OT KOTOPbIX 3aBHCHT JaBJICHHE, MOXHO
COCTaBHTh OOUH (O€3pa3MepHBINH) KOMILIEKC.

Ob6o3nayum uepe3 P = (p — p,)/(p, — p,) OeapaamepHOe AaBiIeHHE, KOTO-

poe, Kak creAyeT u3 cooTHomeHUr (5.28) u (5.29), 3aBHCHT OT BpeMeHH f,
KOOpIMHAThl X M k03 HUIMEHTa EE3ONPOBOAHOCTH X, T. €.

P={f(x, 1, n.
Pa3smepHocTn 3THx aprymenrtoB ciaenyloume: [x] =1L, [{]=T, [x]=
=L2T !, g W3 HMX MOXHO COCTABMTL OJHMH GE3IPA3IMEPHBIH KOMILIEKC

x/\/;t‘t. IIpuHsAB 3a HOBYH MEPEMEHHYIO BEJIHYHHY U = x/(2\/;t‘t), CBeJIEM

3aaqyy K HaxOxJeHMIO Oe3pa3MepHOro AaBJEHUH P, 3aBUCAILETO TOJNBKO OT

u: P= f(u). TIpu 3ToM ycnosus (5.29) nepexoasar B cieqylOUIHE:

P=0 mpn u=0;

P=1 nmpuu= (5.30)
B cuuty JIMHEHHOCTH augdepeHINanLHOro ypaBHeHHs (5.28) nns dpyHxuun

P HMeeM Takoe %€ ypaBHEHHE

oP %P

— =%, 5.31

ot dx? (>:31)

Ilo npaBuny gudrpepeHUUPOBAHUS CIOXKHLIX (PYHKUMA HAXOIUM:
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oP dPou dP | du l
— == =, e—:———;
Ox dudx duj [fy: T ox 2 fut

0P dPou_dP «x ( 1 )_dP( u)_
az‘duat“duz\/; 2, /P Tdu\ )
azp_a(ap)_a(df 1 )_ 1 dPou 1 d*p
ax*  dx\dx/ ox\dui_[xi

[Toacrapnsas HalilcHHBIE 3HAYEHHMS OPOU3IBOAHBIX B ypaBHeHue (5.31),
noy4yuM OOBIKHOBEHHOE AuddepeHImanbHoe ypaBHEHHE

&p dP
2 —

o, 5.32
a? M (5.32)

KOTOpPOE AOIKHO OBITH pellieHO npH yciaoBHAx (5.30).
Hns pemnenus ypaBHeHHs (5.32) obo3Hauum:

dP/du = £
Toraa ypapHeHue (5.32) mpHHMMaeET BHA

g +2uE =0 (5.33)
du

Paaenus nepeMeHHbIE B (5.33) ¥ IPOHHTErPHPOBAB, IOJIYYHM:

P 2
e _ e (5.34)
du

rae C, —NOCTOAHHAasA MHTErPHPOBAHHA.
IIpounrerpuposas (5.34), nonyuum:

P=C,fe™ du.
0

31echk HCIONB3IOBAHO HEepBOE M3 ycioBHiH (5.30).

Bropoe ycnosue (5.30) maer: C, = l/j' e"‘z du, HO M3 WHTETPaJLHOTO

0
@

2
HCYHUCIICHUS HM3BECTHO, 4TO j' e Y du= \/E/2, MO3TOMY
0

C.=2Jn u

X

. 2 2%t
P=-" e du. (5.39)
0

J

MHTerpan (5.35) Ha3piBaeTCH MHTErpajloM BEPOSTHOCTH M SBJIACTCH
TabynHpoBaHHON (YHKIMEH, H3MEHsIoLeHes B npeaenax ot 0 ao I
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D Pyc. 5.1. Kpubble pacnpenencHus Jasie-
HHS B Da3IHYHRIE MOMEHTHI BDEMCHH B
Px £y HEYCTaHOBHBIIEMCA NpAMOJIHHERHO-Ia-
7 paJLIENIbHOM MOTOKE YNPYro# XHAXOCTH

7 NpH YCIOBHHM p, = const

Takum obpazoMm

o
2ut.

P=erf(

Torga 3akoH pacnpefesicHHs JaBJICHHS B HEYCTAHOBHMBILEMCS IPAMO-
JIMHEHHO-NMApaNeIbHOM (UIETPAITHOHHOM IOTOKE YINPYroH XHUIKOCTH
HMEET BHI

p=p.+ —p,)erf( ad ) (5.36)
2/xt

THnHyHEle KPHBBIE pacCHpelc/ICHUS OABICHHS B Pa3IMYHBIC MOMEHTEI
BPEMCEHH B HEYCTAHOBMBILEMCS IPSMOJIMHEHHO-IapaJUIENEHOM [IOTOKE YIpY-
TOH XHMOKOCTH B rajepee, NYLIEHHOH B 3KCIUTYaTaOHI0 C HOCTOSHHBIM
3a00iHEIM OaBIEHHEM p, = const, NpuBeneHnl Ha puc. 5.1. Haiinem nebur
rajiepes Q. ByaeM cuMTaTE NOJIOKUTENBHBIM A¢OMT, OTOMpPAEMEIH H3 rajiepen
(x = 0), kora MOTOK ABHXETCS NMPOTHB OCH x U Jdp/dx > 0. CornacHo 3aKoHY
Hapcu

k 6p) k (617)
=-|£ =SB\ =), 5.37
Q n (ax x.=0, @ n ax x=0 ( )

rae B, h— COOTBETCTBEHHO LIMPHHA M TOJIIKHA IUIacTa.
ITponuddepennuposas Beipaxenue (5.36), nonyyum:

) (2 () ) e 15
(‘7" x=0 .= p) \/Ee 2\/;; x=0 ,/nut. -38)

JebHT ranepen B m000i MOMEHT BPEMEHH HaleM, TOACTABUB 3HAYEHHE
TpaAMeHTa OaBJCHUS Op/0x m3 (5.38) B Bripaxkenue (5.37):

kpl~pr
Q=_"==
n. J/nnt

Bh. (5.39)
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Puc. 5.2. 3aBdcuMocTd aebuta W A06HIYM Q.Vaus
XHAKOCTH OT BPEMEHM MOCIE NYcKa rasieped
npu YCIOBHH p, = const

Vaos

N3 dopmynnr (5.39) cneayer, 4To OeOMT ranepen yOLIBaeT C TEYCHHEM

BpeMEHH Kak | /\ﬂ H IPH [ = 20 CTPEMHTCH K HyJl0. B HayansHBIH MOMEHT
BpeMeHH ¢opMmyna (5.39) nmaer OeckoHeyHOEe 3H4YEHME, YTO SBINETCH
CIIEACTBHEM CKayka OaBJICHHA Ha ranepee (OT p, IO p,) B 3TOT MOMEHT
BpPEMEHH. :

HaxonjieHHas X MOMEHTY ¢ no0wria ¥, 4 onpenensercs no dopmyJe:

Vm=J-Q(t)dI=M £=M\ﬂ,
nynx \ﬂ nynx
0 0

T.€. Cpaly mocjie Hayana orbopa H3 rajeped OHa OBICTPO BO3pacTacT,
a B JafibHEHINEM pacTeT OYeHb MEMUIEHHO (pHc. 5.2).

Cnyya#t 2. B TakoM ke nmonyOeckOHEYHOM ILIACTE, YTO M B Clyyae |,
B MOMEHT BpeMeHH ! = ( myuteHa B IKCILIY4TallHIO Tajepes C NOCTONHHEIM
obbeMHBIM aebutoM Q. Tpebyercs HallTH naBiieHHe B Jr060# TOUYKE [L1acTa
B J11000# MOMEHT BpeMEHH.

MarteMaTHyeCckr 3ajaya 3aKJIHOYAETCH B HMHTETPUPOBAHHH YPABHCHHSA
(5.21) npu creayromMX HaYaIhHBIX M TPAHMYHBIX YCIOBHSX:

plx,y=p, mpu t=0;

. ko
w(x, t)=%=a%=wl=const npu x=0:
pi{x,)=p, TpH X 0. (5.40)

YMHOXHB 00¢ wacT ypaBHeHus (5.21) Ha k/n ¥ npoaudepeHIHpOBaB O
X, TMOJYYHM:

¢ (5317)_ é (kuazp)
ax\nét) ax\n ox?

OTKYy/[la, MEHSS NOpAIOK IHPEepEeHIMPOBAHHUS, MONTYyTHM:

é(k 6p) c? (k 6p)
C(kop)_ & (kop) 541
1 (n ax) " ax n ox (41)
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Tax xax
k ¢
P xo),
n-éx
TO ypaBHeHHe (5.4]) MOXHO nepenucarh B CIEAYIOIIEM BHIE:
ow(x, 1) P wix, i)

=% .
ot éx?

(5.42)

IMonyyennoe ypaBHenHe (5.42) no c¢opme coBHagaeT ¢ ypaBHEHHEM
TerwnonpoBogHocTH (5.21). CnemoBaTensHO, pelleHHEM ypaBHEHHs (5.42)
6yner peluense, aHanoruyHoe (5.36), ¢ 3aMeHOH AdBIEHHA p HAa CKOPOCTH
dunpTpanMn w:

X
2/t
Ilpu 3TOM CleqyeT HMETH B BHIY, YTO H44aILHOE M IPAHHYHOE YCIOBHH

U1 W UMEIOT BHI
w(x,00=0, w(0,1)=mw,.

w=Clerf( )+C2. (5.43)

Orcrona C, = w,, C, = — w, H, CIEOOBATENLHO,
x, 1) [1 rf( X )] ko (5.44)
wix, f)=w —¢ == .
' 2 /wt/1 " mox

Jng Toro, yToOkl HAWTH pacnpencIeHHe AABIEHAA B IOTOKE, HEOOXOQUMO
IIPOMHTET PHPOBaTh ypasHeHHe (5.44) mo x, monaras, 41O BpeMs ! GUKCHpO-
B4HO.

x J_
Y
J-de— le- J‘ -’ du | dx,
0

[N

OTKyJa
n n 2 2
ple, ) —p(0, ) =—w, x —— —w, € “du)dx. (5.45)
k k\/;r
0 0

S

INocnensee cnaraemoe B (5.
YEro HAXOLHUM:

5) MHTETpHpYETCH O YacTsIM, B pe3yjhTaTe

x xi2 \,"il
2
%ﬁ w, J‘ J‘ e"‘zdu dy =
vr 0 0
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n 2 . 2 ey dX
=—— X X e *dy)—xe "M —— | =

k /n ' J‘ J‘ 2. /nt

0 0o o \/;
\';'ZV-'_I

2 4 2
] ! X J‘ e "du—\/f;; (l - _xm’)

k=

0

Torna ypasHenue (5.45) MOXHO 3amucaTh CIEAYIOIIHM 0Opa3oOM:

1 — e—x’,-'4xl

IRLLS O I X
plx, n—pO, 1= p x| 1 —erf (2 \/;_’) + \/Ex . (5.46)
2 /wt

C yueToM Toro, uto p(0, f) ecTs maBjeHue Ha raiepee, T.€. p(0, 1) = p_(1),
U3 (5.46) 3anumueM BhIpaXk€HHe ANA JaBieHus B mobO#M TOYKE MOTOKA:

_ Ll S A X 2/ut ( ‘ __\-=/4m)]
plx, y=p, + p .I:.\(l erf(z\/ﬁ))+ \/;[ l—e . (5.47)

Jns Toro, yToObl HAaWTH 3aKOH M3IMEHEHHS. JaBJICHHA Ha rajepee p, (1),
nojacTasuM B (5.47) rpaHntdHoe ycnoBue p(x, ) = p, IpH x — 00. Tak kak npH

At
— 1. To npou3Benenue x | | — erf

X
2 /%t 2 m>

ACNCHHOCTh BHAA . Pacprmax €€ IO InpaBHITY JlonuTans, MOXHO
IIOKA3aTh, YTO 3TO NPOH3BCACHHAC CTPCMHTCH K HYJIHO; YUHTRIBASA TAKXKE, YTO

— x*idus " ; R
e — 0 opH x — o0, noJdyyaeMm:

2nw
p(0)=pe— k:]/“;: Jnt

x - oo erf

JAaeT Heompe-

HJIH

_@n2/xt (5.48)

4.2. I1nockopaananbHbIi QRILTPANHOHHLIA TOTOK
YNpYrof *KHIKOCTH.
OcnoBHas dopmyj1a TeOpHH ynipyroro pexuma GHIbLTpauHH

IlycTh B HEOTpaHHYEHHOM TOPH3IOHTANBHOM ILTACTE MOCTOSHHOH TOJILIH-
HBl /i ©MeeTCs JOOBIBAIOIIAN CKBAXHHA HYJIEBOTO paluyca (TOYEYHBIH CTOK).
HayansHoe IUIACTOBOE J4BIEHHME BO BCEM II1acT€ OJMHAKOBO M PaBHO p,.
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B MoMeHT BpeMeHH ¢ = (0 ckBaXHHA IyIIleHAa B 3KCIUTyaTALHIO C NOCTOSHHLIM
06BeMHBIM febaTOM Q). B 11acTe obpasyercs HeycTaHOBHBIUMHCK IUIOCKO-
paaManeHEIA MOTOK yNpPyrod XHAKoCTH. PacnpenencHne nasieHHS B ILIacTe
(B mobo#t ero Touke B MHOOOR MOMEHT BPEMEHH) p{r, ) ompenensercs
MHTETPHPOBJ4HUEM ypaBHeHHs (5.27):

2
HayannHble H TpaHHYHBIE YCJIOBHS 3aJaudd cieaylowde (cMm. ri. 2, § 7):

p(r.f)=p, mpu t=0;

p(r,))=p, TpH r—oO;

2nkh [ @ '
Q= T (r _p) =(Q,=const mpH r=0,1>0. (5.50)
71 ar r=0
HOCJICJ.IHCC YCJIOBAC 34IIMILIEM B BHOC
617) Qon
— = i 5.51
(' or) o 2nkh (531

Tak ke, kKaKk B IPEIBIOYLIEM Clyia¢, IPOBEAEM aHAJIH3 Pa3MEPHOCTEH.
HckoMoe pacnpenesicHue JaBJIEHHS B IUIACTE 3aBUCHT OT OSTH ONpPEAEiNiO-
LIMX [1apaMETPOB: 7, 1, %, p.. @,n/(2nkh), pa3MepHOCTH KOTOPLIX CJIEAYIOLIME:

[((1=L;[d=T; [x]=L*T"%; [p,} = [p].

Qon | _
[2::1:;.] =[pl.

rae [p]-pa3mepHocts maBnends. Toraa [OaBieHHe, NpHBEIEHHOE K O€3-
pa3MepHOMY BHAY, P = p/p,. 3aBHCHT OT OBYX Oe3pa3MepHbIX mapamMeTpoB
(Tak xaxk H3 NSTH NapaMETPOB TPH MMEIOT HEIaBUCHMEIE Pa3MEPHOCTH (r, ¢,
pn=5 k=3, n—k=2

_ofe Qom )

pP=f (ﬁ, onkhp.)’ (5.52)
rac

E _ r

2 /%t

Takmm o6pa3oM 3agaua aBTOMOAE/IBHA H YpaBHEHHE (5.49) MOXHO cBECTH
K obwkHOBeHHOMY. IIpomuddepeHuaposas (5.52), HaiigeM aHaIOTHYHO
IpeAbLAYIIEMY:

6P dPE oP 4P 1 PP 1 &P

o &A o & S O A &

IloacraB4B 3TH BhIpaXEHHs B YpaBHeHHe (5.49), monyunM oOBIKHOBEHHOE

IudepeHIMATEHOE YPaBHEHAE BHIA
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&P (1 )dP
i 1 R B _
R G (5.53)

KOTOpOE HYXHO NPOMHTETPHPOBATh NPH YCIOBHSAX, MOJIyueHHBIX H3 (5.50):
P=1npn - co0.

(g iidEP)g o 2312;2;_' 5:54)
BocnonsayeMcs MOACTaHOBKOM

dP

&~

Torjga BMecTO ypaBHeHHs (5.53) 6yneM HMeTh

ﬂ+(l+2§)v=0

&\t
HIH
%+%=—xa. (5.55)

TporuTerpupoBas (5.55), nomyunm:
InE +Inv=—E2+ InC,, (5.56)

rae C, —nOoCTOSsHHAas MHTErpHPOBaHHS.
IMoTeHuupys (5.56), nony4um:
P e b

v=—=C, —.
& 'k

TponuTerpupoBas (5.57), H yuTs nepBoe H3 ycIoBHHA (5.54), nomydum:

(5.57)

-] —E,‘
P(§)=—C1J.S—§—dé+l- (5.58)
.

VYmHo)as paBeHcTBO (5.57) Ha &, ycTpemuss £ — 0 1 Hcnone3ys BTOpoe
ycnosue (5.54), Haknmem, 4TO '

_ Qon
Y onkhp,’

Toraa u3 (5.58) nonyunm:

Qon e "

PE)=— Sakhp. J.—g— at + 1. (5.59)
[4
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MHrerpan B nocnegHed ¢opmMysie Nerko CBeCTH K TabJIHYHOMY cClie-
OYIOIIE# MOOCTAHOBKOM:
2
r
2
u =§ = —
4nt’

TOoraa

dt  du
£ 2u
Ilepeitnn Takxke oT 6e3pazMepHOro gaBieHHs P k pa3MepHomy p = Pp,,
MIOJTY4HM:
©

plr, )=p, — ﬁ"; j CT du. (5.60)

r*/dxr)

HHrerpan B ¢opmyne (5.60) HazmBaeTcs MHTErpasibpHOH MOKa’aTelnHOM
¢yHKnHeR, xoTopas TabynHpoBaHa H obo3Hayaercs

4nt u
rif4ur)

CrnenosarensHo, qaBjieHHe B MI000H TOYKe IIOCKOPAAMAIBLHOrO MOTOKA
B YCJIOBHAX YIIPYroro pexuMa ¢GHILTPALMH ompeaensercd mo gopmyJe

-n- gl w5
p(r, t)—p'—4ukh Ei “wa) I (5.61)

dopmyna (5.61) monyyrna Ha3BaHHE OCHOBHOH (OPMYIIBI TEOPHH yIpY-
roro pexuMa ¢unsTpanvi. OHa ¥MeeT HIHPOKOE NPaKTHYECKOE IPHMEHEHHE
¥, B YaCTHOCTH, HCIOJIL3YETCH IPH WHTEPIPETAIIMH Pe3yIbTaATOB HCCIIEA0Ba-
HHS CKBaXHH, B pacyeTax pacnpeleficHHS [aBlEHMA IIpH (HILTpalHl
ynpyro# xHaKoCTH H T. A.

MHrerpansHyro nokalatelsHYI (YHKIHI0O MOXHO IIPEICTaBHTH B BHIE
paaa

. 1 (_ 1)n+1
—Ei(—x)=In--05772 + AL
X nn!
n=1

KOTOphH cxomuTcs HpH Bcex 3HadeHwsaXx x 0 < x < oo. IlpH H3MeHEHHH
aprymenTa x o1 0 1o oo ¢yukuus — Ei(~— x) 6sicTpo yOmiBaer ot oo go 0.
I'padpux 3TOH ¢yukuuM npHBedeH Ha pHc. 5.3. TIpH ManeIXx 3Ha9CHHAX
X CYMMO#M psia MOXHO IpeHeOpeub, TOraa

1
— Ei(- %)~ Iln - — 0,5772.
X

IIpu 3TOM NMOIrpElIHOCTh HE NIPEBOCXOOHMT:
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-Ei -z)2 Puc. 5.3. T'padux dHTerpanbHOi mnoKa’a-
TeNbHOH GYHKUMH

95
\\
J a5 1 15 2 =z
’.2
0,25% ecmn x = — < 0,01;
4nt

1% ecnu x <0,03;
5,7% ecm x <0,1;
9,7% ecan x < 0,14.

Crne0BaTENBHO, IS 3HAYEHHH r2/(4f) < | OaBIeHHE MOXHO ONpPENENATh
no ¢opmye

Qon( 4t )
H=p, — In — - 0,5772 ). 5.62
p(r, )=p, amkn \' 2 (5.62)

M3 (5.61) HaxomMm, 4TO pacxol XHAKOCTH Yepe3 MoOY0 HHUIMHIPHYEC-
Kyl TNOBEPXHOCTE pPagHYCOM 7 H CKOPOCTh (MIIBTPALMH ONpEAEIAIOTCS
COOTBETCTBEHHO MO (popmyam

k ,
Q0= a—’r’ dmrh= Qe "M, (5.63)
Q = rrdvr
W= ﬁ g™ (5.64)

W3 nocneaneit Gopmysiel crieayeT, 4TO CTallHOHAPHAS CKOPOCTE W, =
= Qo/(2mrh) mocTuraercs o4eHb OBICTPO HAa HEOONBUIMX PACCTOSHHAX OT
CKBaXXHHBI, TaK KakK 3HAYCHHE KO3IDGHIMEHTA MBEIONPOBOJHOCTH OOLITHO
BEJIMKO.

IIpHn TeopeTHyeckOM HcCIEIOBaHWH HEYCTAHOBHUBILMXCS IPOLIECCOB NEpe-
pacnpeefieHHs IIacTOBOro JaBJeHHs YOOOHO MOJB3oBaThes Geapasmep-
HeIMH napamerpaMn @ypee fo u Fo, urpaiommmu poin GeapaiMmepHoro
BPEMEHM H OINMpPEICHSEMBIME IO CICOYIOLIAM pPaBEHCTBAM:
nt nt
—7; Fo

fo= =—,
r2 R}

(5.65)
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p Puc. 5.4. [IberoMeTpuyeckne KpUBbIE NIPH IIyCKe
P =0, t=0 CKBaXHHBI C NOCTOSAHHBIM NebuTOM @,
tl

12

C)
z
J

(4

8 -

(777771 _//_//////.///‘/_/g_/_/ /774

177777 //'/'/”/'I///}//'//'?/}/'q Mg

TAe r.—pagMyc CKBaXHHEI; R,—paJdyC KpyrOBOrO KOHTYypa NHTAHHS HIH
pamMyc KpyroBO¥ HENPOHHMIAEMOW I'DAHHIlBLI IIIACTA.

B 3aBucuMocTH OT crenmM¢ukH peraeMoii 3ajlayd yIo0HO NMOIK3IOBATHCH
TEM WM JPYrMM M3 YKa3laHHBIX napaMeTpoB dypse.

Crporo rosops, ocHoBHas ¢opMyJla TeOpHHM ympyroro pexuma (5.61)
CIIpaBeAIMBA JTMIIb IS CIydas TOYEYHOro cToka (mp r, = 0) B Heorpauu-
YeHHOM Iuiacte (R, = oo).

Jlns OLEHKH BJIHSHHS KOHEYHOTO pafiyca BO3IMYILIAIOLIEH CKBaXHHEI 7, Ha
peaynsTaThl pacueToB AaBieHuss B.H. lllenxaues cpaBHHN pe3y/bTaThl
pacyeToB gaBienus no ¢opmyne (5.61) c Touno#t ¢popmynoi Bau-Dsepaun-
resa n Xepcra (cM. § 8), yuHTHIBaro1el KOHEYHBIA paAnyC CKBAXHHH r.. [1pu
stoM B. H. IllenkayeB ycTaHOBHII, YTO NOrPENIHOCTE IIOJACYETOB JaBJICHHS 110
dopmMmyre (5.61) cocTaBnser:

0,6% npu fo = 100;
2,3% mpu fo = 25;
5% npu fo = 10;
9,4% npu fo = 5.

OneHHUM NpaxkTHYECKOE 3HA4YEHHE 3TOH HOrpelnBoCTH. JJomycTHM, 4TO

% = 1 M?%/c, r.= 0,1 M; Toraa nonaras fo = 100, Haiigem:
2 2

f=fo =100 017 _ lc.
% 1

CrenoBaTtensHo, yke 4epe3 1 ¢ mocie mycka CKBAXHHBI pacyeThl 3a60#-
HOrO JaBJICHHS, BBINMOJHEHHEIE 1O ¢dopmyne (5.61), OynyT mmeTs morpem-
HOCTh, He mnpeBuimaromyrw 0,6%. Otcioga cienyeT, 4TO IS CKBAXHMH
oObIYHBIX pa3mepoB ¢dopmyna (5.61) obecmeuMBacT BBICOKYIO CTEIEHB
TOYHOCTH yXKe€ Ha caMOH paHHeE# (a TeM Oosee Ha mMO3AHEH) CTAOUHK ITpoliecca
nepepacnpeac/icHus AaBICHUS.

HenocpencrBenuniMn pacyetamu B. H. IllenxayeBhIM GbLI0 YCTAHOBIIEHO,
YTO B IpOMagHOM OOJBIIAHCTEE NMPAKTHYECKH MHTEPECHBIX ClIy4aeB HIMEHE-
HHE AaBlIeHHS Npy paboTe CKBaXHHbI B KOHEYHOM OTKPLITOM ILIACTE MOXHO
B TE€YEHHE JOCTATOYHO JUIHTENLHOrO BPDEMEHH H3y4aTh IPH IIOMOIIH IPOCTOMH
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dopmynnr (5.61) nns GeckoHewHoro mnacta. Ilpu 3TOM NOrpemIHOCTH B
nojacyetax 3aboOHHOrO NaBJIEHUS HE NMPEB3OHIET:

0,08% npu Fo <£0,2;
1% npu Fo <0,35;
1.9% npu Fo < 0,5.

Jns pacyeToB IIaCTOBOTO [aBieHHs B J00O# TOYKE OTKPHITOro
KpyroBoro mnmnacra B cnydae r < 0,0 R, MOXHO C BBICOKOH CTENEHBLIO
ToyHocTH (mo 0,2%) mnone3oBaThes dopmynoi (5.61) mns OGeckoneuHOro
nnacta, ecau npu 3tom R, > 10°r,, Fo €0,2.

B nomonHeHnMe k YK43aHHRIM OIEHKAaM MOXHO €Ll OTMETHUTh, Y4TO
pasnuyue B BeNHYMHAX 3a0O0HHBIX JaBNeHMN B YCIOBUSAX KOHEYHOrO (OTKPHI-
TOTO M 3aKpbITOro) M OeCKOHEYHOro NIacToB He mnpeB3oumer 1%, ecin
Fo £0,33, R, 2 50r, unu ecm Fo < 0,35, R, > 1000 r_.

Peruenue nmbd)epenunanbnoro ypaBHeHus Pypne (5 49) nnsa pasmmm.lx
cnyydeB (GHUIBTPALMM YNPYroi MXHIKOCTH B OrpPaHHUYEHHLIX OTKPHITBIX M
3aKPHITBIX IUIACTaX NPEACTABIAIOTCH OECKOHEYHBIMH pAAaMH MO (YHKIIMAM
Beccens (cm. § 8).

B 3axmoyeHHe mOKaXeM, Kak BedyT c¢r0si Nhe3oMeTpHyeckHe KpHBLIE
BONM3M CKBaXMHBI, KOTOpAs IKCIUIyaTHpyelcs C IOCTOSHHBIM mebutoM Q)
(puc. 5.4). dIns Todex BO/mM3HU 32608 MOXHO NONIB30BaTLCS HOPMYIIOi (5.62);
npoaudpepeHIMPOBaB €€ MO KOOPAMHATE r, HAWJAECM I'PAJMCHT NABJICHHUS:

ép;dr = Qon/(2mkr).

M3 3stoit dopmynel crenyer, YTO rpafMEHT NABICHUS [UIS 3HAYCHHH r,
YIOBJIETBOPSIOIMX HepaBeHCTBY r2 < 0,03 - 4% 1, IpaKTHYECKH HE 3aBHCHUT OT
BPEMEHH M ONpenenseTcd no Tod xe¢ ¢Gopmyne, 4TO OIS YCTaHOBHBIUEHCH
NJIOCKOpAaAMaNnbHOR GUIIBTPALMH HECKHMMAEMON XUAKOCTH. [[Ns yka3aHHBIX
3HAYEHUA r NbE30METPHUYECKHE KPHUBhLIC NPEICTABIAIOT coOoif norapudpmu-
yeckue TMHHH (cM. puc. 5.4). JlaBneHue Ha 3a0oe CKBaXUHBI MajgacT C
TEYeHHEM BPEMEHH, YIJIbl HAKJIOHA KacaTeJbHbIX 6 Ha 3ab0e OQMHAKOBLI st
BCEX KPHBBIX.

§ 5. MHTEPOEPEHUHNA CKBAXHWH
B YCJOBUAX YIIPYTOI'O PEXHNMA

IMockonnky muddepenumanbHoe ypaBHenue ynpyroro pexmma (5.14)
SIBIISICTCHA JTHHEHHBIM, TO K €0 PEILCHMIO NMPUIIONKKAM METOJ CYNEPIO3UIHUHA,
MO3BOJIIOLIMI HCCIEeNOBaTh MHTEPGEPEHIIMIO CKBAXHH U B YCIIOBHSX YIIpY-
Toro pexmuma.

CyTp MeTOa Cynepno3unuu (METOA HAJOXEHUS) COCTOMT B TOM, YTO
[IpU COBMECTHOH paboTe B ruracTe HECKONBKHX AOOBIBAIOIIMX M HATHETa-
TENbLHBIX CKBaXWH HW3MEHEHME IIACTOBOrO JaBJIeHus, BbI3BaHHOE paboToil
KaXJ[Oif U3 CKBaXMH, NOJCYUTHIBAETCH TAK, KaKk eclid OBl JaHHAs CKBAaXHHA
paboTana oxHa; 3aTeM M3MEHEHUS [ABJCHUS, BhI3BaHHbIC paboToif xaxmgoi
CKBIDKHHBI. anreOpanyeckd CyMMHUpPYIOTCS IO BCeM ckBaxkuHam. [Ipu stom
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CKOpPOCTH GHNbTPaNMH B MOOOH NaWHON TOYKE IJIACTa BEI3BAHHBIE paboToii
KaXJO#H CKBaXHHBI, CYMMHPYIOTCS T€OMETPHUYECKH.

Hanuyue npsMONMHEHHBIX IPaHHI IUIACTA YYUTHIBAETCS METOJAOM OTO-
+6paxceHUs ICTOYHHKOB U CTOKOB, KaK M B ClIyyae YCTaHOBHBUIEHCS GUILTPA-
MM HECXKHMAaeMOH XHAKOCTH (CM. 1. 4).

IMpu nmomomM MeToAa CyNEpPNO3ULUMN MOXHO HCCIIEOBAThL Iepepacrpe-
JeJIeHHe TUTaCTOBOTO MABJIEHHS, BBI3BAHHOE ITYCKOM, OCTAHOBKOH WJIM
H3MEHEHHEM TeMNOB 0TOOpa XHIKOCTH H3 CKBAXHUH.

Jlns pacdeTra M3MEHEHHS IUIACTOBOTO [ABIEHHS HCIOJL3YETCS OCHOBHAN
¢dopmyna ynpyroro pexuma ¢unsTpaunu (5.61). Kax 6v110 nmokasano, aToi
¢opmyIoif, BHIBEEHHOH [ TOYEHYHOIO CTOKA B OECKOHEYHOM ILIACTE,
MOXHO C BBICOKOH CTENEHbIO TOYHOCTH IOJIL30BATECA H B PACUETAX IPUTOKA
yOpyroif >XHIKOCTH K CKBAXHHE KOHEYHOrO pajMyca B OTKPBLITOM HIH
3aKpLITOM KOHEYHOM macte. I103TOMy pe3ynbTaThl pacdeToB, OCHOBAHHBIE
Ha METOME CYNEPNO3UIUH U HCIONbL30BAHUU Gopmynsl (5.61) nns GeckoHeu-
HOTO ILIACTd, OKa3bIBAIOTCS CIPABEUTMBRIMU C COOTBETCTBYIOIIEH CTENEHBIO
TOYHOCTH H B YCJIOBHSIX KOHEYHOIO ILIACTA.

PaccMOTpUM HECKOJIBKO NPHMEPOB HCIIOJIb30BaHUSA METOAA CYyNepIO3u-
MM NpH UHTEpEPEHIIMA CKBAaXHH B YCIIOBHSAX YIPYroro pexuma ¢GuisTpa-
ITMH.
IMpumep 1. IlycTe B HeckOHEYHOM IIacTe OXHOBPEMEHHO paboTaroT
n CKBAXHH C NOCTOSHHBIMH nebuTamu. HavansHoe mnacToBoe qaBlieHHE
B HEBO3MYIICHHOM IUTaCTe BCIOJY OJMHAKOBO M paBHO p,. Tpebyercs HaTH
CHMXXEHHUE AaBleHus Ap = p, — p(r, 1) B moboil Touke nnacta M B ;1r06oi
MOMEHT BPEMEHH .

Ha ocnoee MeToma cynepnos3dIMH CHHXXCHHE IJIACTOBOIO [ABJICHHS
B Toyke M Oyner paBHO anrebpanyeckoil CyMMe CHHXEHHH HABJICHHS B ITOH
TOYKE, BEI3BAHHBIX HE3aBHCHUMOM paboTON kaXJ0H CKBAXHHBL, T. €.

Ap=p,—p(r,)=Ap, + Ap, + .. + Ap,= Y Ap,.
i=1

CHuxeHue OaBleHHs B Touke M npu paboTe OOHON /-H CKBAXHHBI IO
¢dopmyne (5.61) cocTaBuT:

Ap, = —E{-——-)1
Pi = amkh ' 4ut,

CrenoBaTenbHo, IpH paboTe BCeX # CKBaXHH CHHXEHHE NaBJICHUS B TOHKE
M onpenensiercs U3 paBEHCTBA

_ om ) r? o - e i
Ap_24nkh[_E’<_@7i>]—4nkhZQ.-[ El<_4ut.->]' (5.66)

i=1 i=1

rae Q;—aebuT i-if ckBaXHHH! (IpH 3TOM ReOUT NOOBIBAIONIEH CKBAXHHBI
CYHTAETCH IOJIOKHUTENBHBIM, HeOUT HArHETATENBLHOU — OTPHLATEILHBIM);
r;—paccTOsHME OT LEHTpa i-i CKBaXWHbI O TO4YKH M. rae ompenensieTcs
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MOHMXXEHHE [UIACTOBOrO JABJIEHHS; {;— BPEMA C Hayasa paboTsl i-if CKBaXHHBI
10 MOMEHTd BPEMCHH !, B KOTOPBIHl ONpeJeNseTCs MOHUXEHHE ABJICHHUS.

IIpumep 2. IlycTh B HEKOTOpPHIA MOMEHT BPEMCEHH, [IPHHUMAEMEIH 3a
Ha4anbHBIA (1 = 0), B HEBO3MYIUEHHOM ILJIACTE C OABJICHHEM p, NYIIEHA
B JKCILTYyATALHIO CKBAXUHA C OCTOSHHBIM febuTOM Q M Hepe3 NpoMeXyToK
BpEMEHH !, ocTaHOBIeHa. ITox ocTaHOBKOM €€ MoApa3yMeBaeTC MITHOBEHHOE
IpeKpalleHHe NPHTOKA XHAKOCTH k 3aboro ckeaxuuel. Tpebyercs ompe-
JeNUTh OaBJICHHE B N11060OH Touke MacTa B Moboit MOMEHT BpeMEHH Kak IpH
paboTe CKBAXHHBI, TAK H IOCNIE €€ OCTAHOBKH. [l0 MOMEHTa BpeMEHM !,
CKBAXHMHA paboTana ojHa, CEAOBATENBHO, IUIACTOBOE AABJICHHE B MoboO#
TO4YKE IUIaCTa onpenenseTcs no dopmye

rea & =(2)]
p(r, 1) =p, ankh Ei ) | (5.67)

rae ¢ usmensercs B uHTepBane ot 0 1o ¢,.

HaunHas ¢ MOMEHTa BpEMEHH !, (CKBAaXMHA YXE€ OCTAHOBJIEHA), CIEAYS
METOY CYNEPIO3HULHH, MBICIIEHHO JONYCTHM, YTO BMECTE C IIPOIOJIKAIOIIEH
paborarh nOOBIBAIOILEH CKBAXHHOH B TOH Xe TOYKE Hayama paborarts
HarHeTaTelbHas CKBAXHHA C TakuM xe pacxogom (. CrnemosartenbHO,
C MOMEHTA !, B IJIACT B OJHOH M TOM XK€ TOHYKE 3aKAYMBACTCH CTOIBKO XE
XHIKOCTH, CKOJILKO H3 HETO H OTOMPAETCs, 3HAYHT CYMMapHb dhaKTHYECKUH
OoTOOp XMUAKOCTH M3 IUIACTA OKa3bIBAETCH PABHLIM HYIIO, YTO CBHUACTENb-
cTByeT 06 ocTtaHOBKE NOORIBarOlIEif CKBAXHHBI 10 YCIIOBHIO 3a[1d4H.

K MOMEHTY BpEMEHH ! IOCTe OCTAHOBKM CKBAXHHBLI (! > ¢,) OHMXEHHE
naByeHus B moboll Toyke miacTta onpedensteTcs Mo METOMY CyNEpIO3HIHH!

gn . r?
APEI’x_P(’v’)=AP1+Ap2=m — Ei _4_m —

on . r’ _ Qm . r?
" 4nkh [__ Ei (_ 4n(t —'11)>] " 4nkh {[_ Ei (_ 475)] a
|-l
4n(t —1t,

I'pa¢pux wu3amenenus 3aboifHoro naaBineHUs npd paboTe W OCTAHOBKE
noObiBalollell CKBAXHHBI NPUBEJCH HAa PHC. 5.5.

Crnenyer OTMETHTb, YTO NOOhEM MaBJIEHHSA Ha 3aboe BO3MYyLI@IOLLEH
CKBaXXHMHBI HAYHHAETCS Cpa3y Xe IIOCJIe ee OCTAHOBKH, C MOMEHTA ¢,. B moboii
JApYrod TOYKE IUI4CTa MOCJAE MOMEHTA BpPEMEHH !, OyneT elle HeKOTOpoOe
BPEMSI IPOOJIXATHCS CHIXXEHHE [1JIACTOBOrO JABJICHUS, IPHYEM, YEM JaTbIle
HaxXOIUTCHA 3Td TOYKA IJ1ACTAd OT BO3MYILAIOLIEH CKBaXHHEI, TEM MAOJbLIE
B Hell OyeT NpoaomKaThCA MPOLECC OHUXEHUSA JaBIICHUS MOCIIE OCTAHOBKH
CKBaXHHBI. 3aT€M H B 3TOH TOYKE IJIaCTa HAYMHAETCS MOBBIILCHUE NABJICHHUS.

Mpumep 3. TlycTh COXPAHHIOTCS YCIOBHSL NpHMEpPA 2. HO TOJBLKO
B MOMEHT BpPEMEHH ! = ¢, OOBIBaOIIas CKBAXHHA HE OCTaHABJIHBACTCH, A €€
nebut uzmensiercs ot Q mo Q.
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g ¢, t Puc. 5.5. T'papux namenenns 3a60HHOrO NuBICHHR
NIPH OCTAHOBKE NOOKBaIOIIEH CKBAXKHHBI B MOMEHT
h

dp; y |

TpebyeTcs UccneoBaTh MPOLECC NEpepaCHpPENEIeHAs [I1aCTOBOro AaBIie-
HMsl TIOCJIE NMyCKa CKBAXMHEI M H3MEHEHMS pexuma ee paboTsl.

INMocne mycka CkBaXHHBI C MOCTOSHHBIM ae6buToM @ M 1O MOMEHTA !,
H3MEHEHME IIACTOBOIO AABJIEHHA ompeaensercs no gopmyne (5.67).

Tlocne u3MeHenust AebHTa CKBAXHHEI, T.€. IOCIE MOMeHTa !,, Oynem
MEICJIEHHO CYMTATh, YTO JEOMT ITOH CKBaXHHEI () COXpaHSETCS, 4 HA MECTE
3TOH € CKBaXWHBl BKJIIOYEHA HArHETaTeJbHas CKBaXHHA C PacxoAOM
Q — Q,. Torna pe3yNbTHPYIOLIMIE OeOUT ITHX ABYX CKBAXHH IIOCJIC MOMEHT4
BpemeHH ¢, Oyner paseH Q — (Q — Q,) = Q,, T.e. COOTBETCTBYET YCIOBHIO
3aaYH.

M3meHeHne nasnenns nocyie BpeMeHH !, OYNET claraTbCs U3 MOHHXECHUSA
nasjeHus Ap,, BRI3BaHHOTO npojoynkarollei paborats ¢ TeM xe aebuTom
Q noGbiBarolleil CKBAXKAHOM, H H3 IOBLIIICHAS JABJICHHA Ap,, BbI3BAHHOTO
paboToii BoobOpaxaeMoil HarHeTaTelbHOR CKBAXHHBI, T. €.

Ap=p, —p(r.)=Ap, + A __QT] [_E_<__,2):|+
= r,t)= =
=P P 21 P2 4nkh ! 4%t

“e-omf (L _r Y]
t T gk B\ masn/ ) (5.68)

Ipu 3TOM mnpeanoyaranoch, 4ro AeOUT BO3MylIaOLUEH CKBaXUHBI B
MOMEHT ¢, cHU3nicH ¢ Q 1o Q,. Ecnu 6u1 u3meHenue nebura GuIIO CBA3aHO
C YBEJIM4YEHHEM €ro, TO BOOOpaXaeMylo CKBaXHHY CJIEXOBANO OBl CYUTATH
nobriBaroleit, a ee KebUT Q, — Q — MOJNOXUTEILHEIM.

Ecmu 661 B opyroii MOMeHT BpeMeHH f, > t, [eOUT CKBaXuHBI ObUT ObI
BTOPHYHO CHMXEH H YCTaHOBJICH PaBHBLIM (),, TO OCHOBBIBASICH Ha METOJE
CYNEPNO3UIMH, Cle0BaNo Obl NPHHATH, YTO C MOMEHTA [, NPOAOIIKAOT
paboTaThk peasbHas CKBaX®HA C AecbutoM (, BoobpaxaeMas HarHeTATe/IbHAS
ckBaxuHa ¢ gebutom — (Q — Q,) u, kpome TOro, Hayana paboraTs B TOM
Xe MecTe BTOpas BooOpaxaemasi HarHeTaTelbHasd CKBaXHHa C JAeOUTOM
- (Ql - Qz)
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Puc. 5.6. Cxema mosnyGeckoHeYHOro miacra ¢ nps-
MOJIMHEHHON HEMPOHHLAEMOl rpaHHUEH

Pe3yneTHUpylolliee MOHMXEHUE AABIEHHUS Ap B MOMEHT ! > t, B moboit
TOYKe IIJIACTA ONPEIE/IACTCH U3 PaBEHCTBA:

Ap=p,—p(r, )= Ap, + Ap, + Ap;,

rae

_—(QI_QZ)T] . rr >]
APs =~ kh [—El<_4x(t—12)'

a Ap, u Ap, onpenensrorcs no dopmyne (5.68).

AHAJIOTHYHO NOACHMUTHLIBAETCA IOHHXEHHE MABJIEHHS B J0OO# TOUKe
IJ1acTa MpH MHOTOKPAaTHOM H3MEHEHHH NebuTa MOOLIBAIOLLCH CKBAXXHHBI.

Ilpumep 4. [onycTum, ¥TO OOHOPOIHBIH INACT UMeEET OECKOHEHHYIO
NpAMOJIHEHYI0 HenpoHUIaeMyro rpasuny A O B (puc. 5.6). B atoM mony-
OECKOHEYHOM 34KPLITOM IIJJaCTé B MOMEHT BpeMeHH ! = (0 mylleHa B
9KCILTyaTAlUIO C MOCTOSIHHBIM Je6HTOM () OfHA CKBaXHHA, HAIPHUMED CKB. 1.
TpebyeTcs U3ydUTh NIpOLECC Nepepacnpene/ieHus AaBJICHUS B TAKOM [L1aCTe
HOCJIE MYCKa CKBAXHHBI,

Hcnons3ys meton orToOpaXeHHss HCTOYHHKOB H CTOKOB (CM. I 4),
3epKaNbHO OTOOpA3UM CKB. | OTHOCHTENBLHO HENPOHHLeMOH rpasnusl 4 O B,
H nebuty otobpaxeHHO# CKBaXHHbI (CKB. 2) NMPHIMIIEM TOT XE 3HAK, YTO
H Yy peajibHOH CkB. |, T.e. OyneM cuuTaTh ckB. 2 nobsiBaroule#t ¢ neburom Q.

Ycnosus pabotrl ckB. | B nony6eckoHeyHOM miacte 6YAyT TOYHO TAKHMH
xe, KaK npH paboTe ABYX CKBaXWH - CKB. | U CKB. 2—~B 6eCKOHEYHOM ILJIACTE.

Hcnonb3ys MeTOA CyNeprnoO3HIHH, NOHHXECHHE IUIACTOBOTO [aBJIEHUS
B TOuKe M HalIeM KaK CyMMY [IOHUXEHMii [aBJIEHHs, BbI3BAHHBIX paboToi
yKa3aHHBIX CKBaXHH B BooDOpaxaeMoM OecKOHEYHOM ILIACTE, T.e€.

2
Ap=p,—p(r, 1) = Ap, +AP2=Q—T][_Ei( 5 >]+

4mkh T 4t
t dnkh | Ei{ - 4ut/ |’

TAe r; ¥ r,—PacCTOAHUS N0 TOYKH M OT CKB. | ¥ CKB. 2 COOTBETCTBEHHO.

I1pu HamMIYHMH B MOMYOECKOHEHHOM ILTACTE HECKOJIBKHMX CKBaXHH, KaXIYIO

H3 HHUX CJeAyeT 3epKaJbHO OTOOpPa3suTb OTHOCHTEILHO INPSMOJHHEHHOR
HETNPOHHUI[AEMOM I'PAHHUIIEL

155



INpumenenne metona oToOpaxeHHS HCTOYHHKOB H CTOKOB COBMECTHO
C METOJOM CYNEPIIO3ULMH NO3BOJIACT BHIACHATHL BJHMSHHE NPAMOJIMHENHOrO
KOHTYpa NHMTAaHUs HA IPOILECC HepepaclpencieHHs IJIACTOBOIO AaBJICHHS.
B 3ToM cnyuae Bce peasbHblE CKBaXHHBI OTOOPaXaloTCd CHMMETPHYHO
OTHOCHTENILHO JTOrO KOHTYpa, H JeburaM oTOOpaXeHHBIX CKBaXUH
IPUIMCBIBAIOTCA NPOTUBONOJOXHEIE 3HAKM [0 OTHOWEHHIO K Aebutam
peanbHBIX CKBaXHH (T.e. NoObIBalolMe CKBAXHHE OTOOpaxarTcs HarHeTa-
TENbHBEIMH, ¥ Ha060poT). MeTOIOM CYNepro3HINK peajbHEIX U OTODpaxkeH-
HBIX CKBaXMH HCCIEAYETCS INpOIECC H3MEHEHUs [U1acCTOBOrO MaBJIEHHS
B mobol Touke.

§ 6. ONIPEJAEJIEHME KOJIUIEKTOPCKHUX CBOMCTB IJIACTA
IO JJAHHBIM HUCCJIEJOBAHHUSA CKBAXUH IPU YIIPYIOM PEXHME

IMpoexkTHpOBaHME M KOHTPOJbL 3a pa3paboTkoi HeDTIHBIX M ra3oBBIX
MECTOPOX/EHHH, CO3/aHHE M IKCIUTyaTAllUs NOA3CMHBIX XPAHHJHIL ra3a
CBSI3aHEI C ONpPENETICHUEM KOJUIEKTOPCKHX CBOMCTB IUIACTOB M M3Y4YEHHEM HX
GUILTPAMOHHEIX XapAKTEPHUCTHK (OOHOPOAHOCTh ILIACTA IO TOJILHHE
W IMIOLIAJH, HANMYUE JIMTOJIOTHMECKHX - H TEKTOHHYECKHX 3KPaHOB H HX
pacCNoJIOXEHUE H T. 1.).

B muTepaType umeeTcH 60bLIOE KOMHYECTBO paboT, MOCBAUIEHHBIX JTO
BaxHOH mnpobneme. MeTonnl onpefeNeHHs NapameTpPoOB IUIACTA BeChbMA
pa3sHoobpa3Hbl M 3aBUCAT OT TeX KOHKPETHBIX 337144, KOTOPBIE CTABSAT NEpeEN
coboit uccrenopaTeny.

INuapoauHaMuyeckie METOABI HCCNIEIOBAHMS ILIACTOB H CKBAXHH, CBA3aH~
HBle C 3aMepaMH NNACTOBhIX ¥ 3ab6OMHBIX MABICHHE B BO3MYILUAIOLIAX
H pearupylolMx CKBaXHHaX, Ha3bIBAIOT MLE3OMETPHYECKHMMH METOJaAMH.
PaznuyaioT aBe Ipynnkl Nbe30METPHYECKUX METOMOB —IPH YCTaHOBHBIIMXCS
H HEYCTAHOBMBHIHXCS PEXHMAaX.

MeTonsl MCCNIENOBAHUS IIACTOB H CKBaXWH, OCHOBAHHbIE HA H3YYEHHH
HEYCTAaHOBHBIUMXCS NPOLIECCOB M3MEHEHWs 3a00MHOrO JaBICHUA B BO3MY-
LAIOHIAX H PEarMpyIOIMX CKBaXHHAX, TECHO CBS3aHLI C TEOPHEH ynpyroro
pexuma. Tlocne mycka MM OCTAHOBKH CKBaXHHBI Ha ee 3aboe U B OKkpyxalo-
IIMX -CKBAXHWHAX BO3HHKAIOT (B YCJIOBHSIX YIPYrOro pexuma) [UTHTE/ILHBIE
npolecchl nepepacnpeneneHuss aasineHus. TIpy moMoIUM CaMONMHKIIYIHX
CKB2)XMHHBIX MaHOMETPOB MOXHO 3alHCaTh IIOBLIMIEHHE HIIM [IOHHXEHHE
JAaBJIEHHS ¥ IOCTPOUTh rpad¥K H3MEHEHUs 3aDOHHOro AaBJICHHS C TEYEHHEM
BPEMCEHH — KPUBYIO BOCCTaHOBJICHHA naBienus (KBJI).

Yaiue Bcero npu ruApoAMHAMUYECKOM HCCIIEOBAHUN CKBAXHHBI Habmo-
JaoT (M3MEPAIOT) BOCCTaHOBJIEHHe 3aDOHHOroO MaBIEHHS MOCIE OCTAHOBKH
CKBaXHHEI, paHee NPOJODKMUTENLHOE BpeMs paboTaBlICH C MOCTOSHHBIM
neburoM Q.

OuyeBHIHO, YTO KOJUIEKTOPCKHE CBOMCTBA IacTa BIUAIOT Ha ¢OpPMY
rpa¢HxoB BoccTaHOBJICHHS 3aboiHOro MaBneHus, moaToMy mo dopme KBJI
CTaJId ONpENeNATh KOSIEKTOPCKHE CBONCTBA ILIACTA —€rO NMPOHMIAEMOCTh
H Nbe30IPOBOTHOCTD.

Jna ynpowenus obpaborku KBJ] npuberaror x mnpeobpasosanuio
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rpaguKOB BOCCTAHOBJICHUS [ABJICHUS, U3MEHAS MX KPHBOJIMHEHHYIO dopmy
B NPSMOJIMHERHYIO.

Haubonee pacnpocTpaHeHHBI METOM ONPENCICHUSA KOJIIEKTOPCKHX
CBOMCTB IIaCTa IO MAaHHBIM O BOCCTAHOBJEHHM 3abOHHOro naBlEHUA
B OCTAHOBJICHHBIX CKBAaXHHaX —METOJl IIOCTPOEHHs IpeobpazoBaHHOrO
rpa¢uxa BOCCTaHOBJIEHHs 3a0OOHHOTrO [aBJICHUA B IOJYJIOTapHPMHMHECKHX
xkoopawHaTax Ap, 1gt, umerouiero ¢opMy NpsMOR JTHHHH.

IMpsmonuueiinyio 3aBHCUMOCTb Ap OT lg! yCTAHOBHUTB HECIIOXKHO.

Ha ocHOoBaHMM OCHOBHOH ¢OpMyNBl TEOpHUH ympyroro pexuma (5.61)
MOXHO IIOJIy4HTh CJCAYIOWYI (YHKITHOHANBHYI 3aBUCUMOCTh MEX]Y
H3MeHeHHeM 3a60fHOro naBneHHs Ap. M BpeMeHEM ! C MOMEHTa MyckKa
CKBaXHHBI B 3KCIUTYaTalMIO C MOCTOSIHHBIM AeOHTOM:

- -8 (-]~ (% - osm)
=p —p.= E 1 =
Ape =P —Pe= 3 N\~ 2| B amn \B 7 ~ 05772

4 4
on (mi'—l 1,781) :Q_”<,z,3 g —m—>=

= dnkh )~ ankh 1,781 72
2 246 nt

— 0,1832 i—: Ig =

[MoceaHee BEIPAXEHUE MOXHO IEPEHCATE B BHJIE
Ap, = 0,1832 22 22:6“ +0,1832 f;‘ g+ (5.69)
HIIK
Ap, = A +ilg1, (5.70)
rage
A=ilg gﬁ?l;

re

i = 0,1832 Qn/(kh). (5.71)

HeitctBuTensuo, w3 ¢opmyn (5.69) u (5.70) BuaHO, YTO H3IMEHEHHE
(cHmxenune) 3aboMHOrO OaBjeHHS B NYIUEHHOH C NOCTOSHHBIM JebHTOM
Q cKkBaXHHE OKasmBaeTcs JHHeHHOH ¢yHkuuel norapugma BpeMEHH.
CrnenoBaTensHo, 3TH ¢GOpMyNbl MOXHO pacCMaTpdBaTh KakK YpaBHEHHE
rpa¢puka u3MeHeHus 3abDOHHOro mAaBJIEHMSA 1OC/E IYCKa CKBaXKWHH B
9KCILTYA TAIHIO.

PaccMOTpHM Teneph KPUBYKO BOCCTAHOBJIEHUS 3a60KHOrO JaBJICHAA, T. €.
poct 3a60iiHOro AaBeHus Moc/ie MTHOBEHHOH OCTaHOBKM CKBaXHHHL bynem
CYHTaTh, YTO [0 OCTAHOBKH CKBaXHHa BecbMa [UIMTENbHO paboTtana
C IOCTOAHHBIM JaeOuTOM (@ K BOKpYT Hee B ITacTe HMMEIO MECTO YCTa-
HOBHBIIEECH paClIpee/ieHHe [11acTOBOro JaBJIeHUS B COOTBETCTBHHM C HOpMy-
no#t (3.46), T.e. mbe3oMeTpUYECKas IUHUS SBIAECTCA KPUBOH Norapudpmuyec-
KOro_THIa.
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HM3meHenne 3a60HHOrO AaBJIEHUS NOC/IE MTHOBEHHOH OCTAHOBKH CKBAXH-
HBI MOXHO OIIPENCIIHTDH, HCNIOJIb3yd METOM CYIIEPIIO3HIIMH:

Apc EPh P~ Ap: yer Apc ReycT Y . (572)
rne

on R,
Apc. yer=Px ~ Pe.yer = 571 1 - (573)

mkh v,

Ienpeccus Ha IIacT NPU YCTAHOBHUBLICHCS paboTe moOBIBarolEH CKBaXHHRI
¢ nebutom Q;

Qn [ . ( rf >:]
o _on | 74
AP:. neycT Px pc. Heyct 41!kh Ei 4nt (5 )

H3MCHEHWE NaBJieHNs Ha 3aboe BooOpaxaeMoil HarHeTaTeNLHOH CKBaXHHBI,
nyuieHHo# B MoMeHT ¢ = 0 ¢ pacxonoMm Q.

Tak xax Ap. ,.,—BENMYMHA TOCTOSIHHAS (OT BPEMEHH HE 3ABUCHT), TO
u3mMmeHeHue 3aboiHoro naenenus Ap. 6yner onpenenstecs ¢opmynoi (5.74),
KoTOpas coBnaaaeT c ¢opmynamu (5.69) u (5.70).

Ob6paboTka KpUBLIX BOCCTAHOBJICHHS 3a6OHHOrO AABJIEHHS M ONpEEe-
HHE IO HHAM KOJIJIGKTOPCKHX CBOMCTB ITACTa NMPOU3BOMMTCS CJELYIOLIMM
obpasom.

CHATYIO CKBaXXHHHBIM MaHOMETPOM KPHBYIO pocTa 3ab60iHOrO naBlieHus
[OCJIE OCTAHOBKM CKBAXHHBI IEPECTPauBalOT B KoopauHatax Ap., lgt
(puc. 5.7). Mo npsMoOMy y4acTKy I3TOH KPHBO# HaXOZMTCS OTpPE3OK, OT-
cekaeMbIA ee NPOAOMXKEHHEM Ha OcH Ap. (OTpe3ok A), U TaHIeHC yrja
HAaKJIOHA 3TOM npsAMOit k ocH abcumce (I = tg ¢). 3aTeM NpH MOMOIIM BTOPOTro
paBeHcTBa (5.71) onpenenseTcs napameTp k A/, Ha3bIBAEMBIH THIPONPOBOL-
HOCTBIO IIJIACTa:
kh =0,1832 &

n tgo

Ecnu u3BecTHBI BA3KOCTh XUAKOCTH B IJIACTOBLIX YCJIOBHSX T) H TOJILHHA
mwiacta h, To mo nocneaHei dopmyie HaXoauTCs 3HaueHHe ko3dduimenTa
IPOHUIIAEMOCTH [1aCTa:

k =0,1832 Qn/htg 9).

Janee no u3BecTHOMY yrioBOMYy KO3(hdHIMeHTY [ =1tg@ H paguycy
CKBaXXHHBI r, U3 IEPBOro paBeHCTBa (5.71) MOXHO onpenenuTs KO3 UITHEHT

IILE30NPOBOOHOCTH IIACTA:
A

x=10"" r2/2,246.

OTtMmeTHM, 4TO 06NAacTh NPUMEHEHHS YKA3AHHBLIX NPOCTHIX IPUEMOB
HHTEpIpPETalHH pe3ylbTATOB UCCIEOBAHUS HEDTAHBIX CKBaXXHH OrpaHHYH-
BaeTCd YCIOBHAMH, IIPU KOTODBIX crnpaselinBa ¢opmyna (5.61), a HMEHHO:
CKBaXHHA pPAaCCMAaTPHBAETCS KaK HUCTOYHHK INOCTOSHHOM HHTEHCHBHOCTH B
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Puc. 5.7. [1peo6pa3oBaHHbifi rpagiMK BOCCTAHOBNIEHMS 3a- ap¢
Go¥iHOro AABIEHHUS

—

g lgt

OeCKOHEYHOM OIHOPOAHOM ILTACTE, H BO3MOXHA MrHOBEHHas OCTaHOBKa
npHToKa ¢unoua B CKBaXHUHY.

B cnyyae orpaHHYeHHOTO IJIACTA, KOTa HK3MEHEHHE NaBIICHHUS, BLI3BAHHOE
JAKPEITHEM CKBAXHWHEI, JOXOMUT A0 ero rpauuinnl, KB/l B cksaxuHe
Ha4YMHAET MCKAXAaThCH, 4 Yepe3 JOCTATOYHO OONbIIOE BpeMS BLIXOAMT HA
TOPU3OHTANILHYIO aCUMIITOTY, COOTBETCTBYIOLIYIO CTALHOHAPHOMY pachpe-
nenenuro damnenus. IToaToMy JHHA NpSMOMHUHEHHOro y4acTka Ha KpHUBOi
1 (pmc. 5.7) orpanuyeHa. ,

KpoMme TOro, B peanbHBIX YCJIOBHSX. CKBXHHY HENIb3s OCTAaHOBHUTh
MrHoBeHHO. Ilocne ee 34KpRITHS Ha YCThE NPHUTOK (UIFOMAa K3 IUTACTA
MIPOJIOJIXAETCSA €llle HEKOTOPOE BpeMs H3-3a YIIPYTrOCTH XHUIAKOCTEH H rasos,
3aNOJHSAIOIIMX CKBaXWHY, BpeMs BBIXOa Ha aCHMIITOTY AOJIXKHO, OYEBHIHO,
NPEBLIMIATL BpeMsl TONOJHHTENLHOro NpuToka. [103TOMYy BO3MOXHEI YCIIO-
BUA, IIPH KOTOPEIX NpPAMOJHHeHHEIH yyacTok Ha KBJl nosBnsercs uepe3
3HAYUTEbHBIH NPOMEXYTOK BPeMCHH JMOO MaXe BOBCE HE CYILECTBYET.

TMocKONBKY JUIMTENBHAS OCTAHOBKA CKBaXHHBI HeEXenarejlbHa, ObLin
pa3BUTLI METOMALI ONpeEJeieHnsi NapaMeTPoB IulacTta no HabmiogeHMsM He-
YCTAHOBHBILUHMXCS PEXUMOB, JUUICHHLIE YKAa3aHHBIX HENOCTATKOB H YYHTHI-
BAIOIME, B YACTHOCTH, BpEMs paboTHI CKBaXKMHEI O €€ OCTaHOBKH (METO.
XopHepa), a Takke NPUTOK ¢uUIIOHAA B CKBaXHHY IIOCJIe €€ OCTAHOBKH.

§ 7. IPMBJVXEHHBIE METO/bl PELIEHUA 3A JAY
TEOPHH YIIPYTOI'O PEXUMA

PerieHusi pa3iuMYHRIX KpaeBBIX 3aa4¥ HEYCTAHOBMBIUCHCH (UIBTpalUMH
yOpyroil XHAKOCTA B YIpyro# NOpHUCTOM cpele B yCIOBHSX Kak OeckoHed-
HOro, TaK H KOHEYHOro IJIACTOB MOXHO HOJIYYHTh IIPH NOMOIIHM XOPOLIO
H3BECTHBIX METOJOB HHTETPUPOBAHUS JHMHEHHOro mM¢pepeHIMATBEHOTO
ypaBHEHHS B YACTHBIX [IPOM3BO/IHBIX — YPAaBHEHUA TEINIONPOBOAHOCTH (5.14).

OnH4aKkO BO MHOTHX CIy4Yasix 3TH pEUIEHUS NPEACTaBJISAIOTCA I'POMO3J-
KHMH (opMyTamMH B Buae OeCKOHEHHOro MEMIEHHO CXOMALIETOCS pAja MM
HecOOCTBEHHOrO MHTErpaia, COAEpKAIIEro CreldalbHEIE GYHKIUH,

B cBS34 ¢ 3TMM GBHIIM NMPEANPHHSATE OMCKH IIPHOIHXEHHEIX 3dexTHB-
HBIX pELICHHUI 337134 HEyCTAHOBHBLIEHACS (GMILTPALHH.

PacCMOTpMM  37leCh HEKOTOpPble M3 pa3pabOTAHHBIX NPHOIMXEHHBIX
METOJIOB, MOJIYYHBHIMX IIMPOKOE NMPUMEHEHHE NP pELUCHHM 3a1a4 TEOPHH
YIPYroro pexmuma. :

159



7.1. MeToa noc/iex0BaTEIbHOH CMEHBI CTALMOHAPHMX COCTORHKIH

Onaum U3 Haubonee NPOCThIX MO UAEE NPUOIUKEHHBIX METOIOB PELICHUS
3a7a4 HEyCTAHOBUBILIEHCH QUILTpPaLMU SBJISETCA METOJ IOCIEIOBATEILHOM
cmeHnl craudoHapHuix coctosiHuit ([ICCC), passuthiit U.A. YapHeM U
INMPOKO NMPHMEHSIOIIMACA B NPAKTHYECKUX pacYeTax.

MeTon OCHOBaH Ha NPEANOIONKCHUH, YTO JABJICHHE B IIJIACTE MEHSACTCH BO
BpEMCHH 3HAYHTENBHO MeEIJICHHee, YeM o koopauHataMm. [lostomy mpowus-
BOJHYIO IO BPEMEHM MOXHO B IEpBOM NpubnuxeHuu orbpocuTh, B
pe3yabTaTe Hero s JaBJICHUS MMONy4YaeTCs ypaBHeHue Jlannaca. olmUChIBaO-
1iee CTALKMOHAPHBIN IpoLecC.

B xaxaelii MOMEHT BpeMEHH BCH OOJaCTh IBHXCHHHA >XHIKOCTH, B
JEACTBUTEJILHOCTH OXBATHIBAIOLIAS BECh IUIACT, YCIOBHO pa3Jie/IseTCs Ha [BE
obnacTd - BO3MYILEHHYK0 H HEBO3MyllUeHHYro. IIpu 3TOM mpeanonaraercs,
4TO B BO3MYILEHHOH 061acTH, HAYHHAIOLIEHCS OT CTEHKH CKBaXXHHBI, JaBJie-
HHE pacnpeaensercs Tak, Kak Oynro Onl paBMXeHME XHIKOCTH B Hel
- YCTAHOBUBUICECH: BHEWIHASN TIpaHHua 3TOH OONACTH CIyXHMT B OaHHBIA
MOMEHT KOHTYpOM NHUTaHHs. B HeBO3MylEHHOH OOMACTH IIacTa AaBJIeHUE
BCIOAY NOCTOSIHHO M PAaBHO Ha4a/IbLHOMY CTaTHYECKOMY. 3aKOH MBHXCHHA
MOABHXHON I'PaHHLbI pd3/ciia BO3MYILEHHOH M HEBO3MYLUEHHOH obnacrteit
OIpenenseTcs NMpH NOMOIUM YPAaBHEHHS MaTepuanbHOro b6anaHca ¥ rpaHu4-
HBIX YCJIOBMH.

Paznenenue GUNILTPALMOHHOTO NOTOKA HA ABE O6NACTH —BO3MYILEHHYIO
H HEBO3MYIICHHYIO - BRI3BIBACT HEOOXOMHMMOCTH pacCMaTpuBaTh MpPOLECC
Hepepacipeae/ieHus [JIACTOBOrO [aBJIEHUS IPOTEKAIOMMM B fBe asbl.
B’ Teuenue mnepsoi a3kl IpaHMUa BO3MYILEHHOH OOJACTH HENpephIBHO
pacter. 1 B TOT MOMEHT, KOrga OHa MOCTHTHET eCTECTBEHHOH I'DaHHIBI
IacTa. HaYMHAETCH BTOpas ¢asa.

Tlpu TeopeTHYecKOM MCCIICHOBaHHM NpOLECCA B YCIOBUSX GECKOHEYHOro
IJ1acTa NPHXOAMTCSA. €CTECTBEHHO, MMETh JIENI0 TONBKO C INepBoit ¢a3oii.
IPOAOIKHTENILHOCTL KOTOPOH HE Or paHU4YHUBAETCH.

PaccMOTpUM TENEph pacyeT HEyCTAHOBMBHIMXCS OJHOMEPHEIX IOTOKOB
ynpyro#l xuuxoctd npu nomoum meroaa INCCC,

Ipamoaunenuno-napasseavhvitl HeycManOBUSWIUIICA
PursmpayuonHsIli NOMOK yNpy20il HUOKOCHU

Cnyya#t 1. B MoMeHT BpemeHH ! = ( B TOpPHU3OHTANILHOM ILJIACTE IIO-
CTOSHHOM TONUHHBI A M HIMPHHB B mnyllieHa B 3KCIUTyaTaillMio MNpPSMO-
NHHEHHas rajgepes ¢ MOCTOSHHBIM aedutom Q. [lo mycka ranepeu QaBlieHHe
BO BCEM IUIACTE ObUIO OJUHAKOBBIM H PABHBIM p,.
K MoMeHTY BpeMEHM ! HOCHE MycKa rajieped IpaHHLd BO3MYUICHHOM
obnact¥ pacnpocrpaHuTcs Ha anuHy /(f) (pHc. 5.8). Pacnpenenenue nabiie-
HHS B 3TOH OBJIACTH CYHTAETCH YCTAHOBHBHIMMCH (CM. 1. 3, § 2), T.e. UMeeT
JIMHEHHBIA XapaxkTep:
On !

P, D=p,— o (l(—x), 0<x</(). (5.75)
kBh
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Puc. 5.8. Kpusnle pacnpenenenus nasne- p )l
HHS B NPSMOJIMHERHO-IapasIeILHOM Ho-
Toxe no Meroay [ICCC

TpebyeTcs HaWTH 3aKOH NEPEMEILCHAS BO BPEMEHM BHEWIHEH IpaHULEI
BO3MYILEHHONK obnactu /(¢).

Bocnons3yemcs cootHomeHdeM (5.7), KOTOpPOE COCTOMT B TOM, YTO
KOJIM4ECTBO HOOBITOH NMPOOYKUMH 33 BpeMs d! PaBHO H3MEHEHUIO YIPYTOro
3anaca XHIXOCTH B BO3MYILICHHOH 30HE muacTa 3a TOT Xe MPOMEXYTOK
BPEMEHH!

Qdt=p*d[V(nAp], (5.76)
rae V(t)- obbeM BO3MYLLEHHOM 30HBI IIACTA,
V(t)= Bhi(1); (5T
~  § + r K - T
Ap=p—p=p Dl PP (5.78)
2 2
Ipuuse Bo BHUMaHUeE, 4TO p(x, #) = p.(¢) npu x = 0, u3 (5.75) Haitmem:
k p.—p
=-—-2_=T Bh, (5.79)
¢ n I

Tloncrasup paBencTBa (5.77)-(5.79) B coorHowenue (5.76), monyynum:

_pe 4 gy
=8 dt(BhIZth>

HITH
2ndt = di? (x = k/mB*),
OTKYJa MOCJIe UHTETPHPOBAHUS HaftneM:

()= /2nt. (5.80)

Torna pacnpenenenue napieHus B acre (5.75) 6yneT UMeTh CleayOWui
BUL;

plx, t)=1;,——%(,/2m—x), 0<x</2u;
!
plx,)=p,, x>./2xnt. (5.81)

3HaueHMs NElIPECCHH p, — p, No npHbaMxeHHOH dopmyne (5.81) 3nauu-
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TeIbHO OTJHYAIOTCA OT JdaHHBIX pacueTa mo TouHod ¢opmyne (5.48)
NOrPEIHOCTL COCTAaBNsET 25%.

Cnyyait 2. B TakoM Xe muacre, kak ¥ B ¢iaydae 1, B MOMEHT BpPeMEHH
t = 0 nymena 3KcIIyaTalUOHHAS rajiepes C DOCTOSHHBIM 3a0OHHEIM faBiie-
HHeM p_= const. TpebyeTcs HalTH pacnpeqeneHHe NABJIEHHNA, 34KOH Ilepe-
MEILIEHHS IPaHHIBI BO3MYIIEHHO#R obnacTu /(f) u u3MeHeHue nebuta ranepeu
BO BpemeHu (7).

JebuT raneped B YCIOBHSX YCTAHOBHBLIEIOCH IBIXKCHHS, OYEBHIHO,
MOXHO BBIpa3HTh CIIEAYIOWHM O6pa3om:

0() = k(@ —p) g _ EBhap

ni#) ox

3ajaua pewiaeTcs aHAJOrMYHO NPEALIAYIIEMY clyHdarw. B pesynwrate
HaxOJUM:
3aKOH [IBMDKEHMS I'DaHMIILI BO3MYILEHHOH obiacTH

() =2/nt:

pacfipenenenye AaBlieHHs B BO3MYIIEHHOM 30HE macra

P ) =p— (P — pr)< 2%) 0<x<2/n;

plx, N=p,, x>2/u; (5.82)
nebuT rajgepeu
- k. —p)
1= Bh. 5.83
g( 2 /— (5.83)

TlorpeminocTh pacyera nebuta raneper mo nNpubMMKeHHON ¢opMyne
(5.83) no cpaBHeHIIO C pacyeraMH Ho TO4HOH dopmyne (5.39) cocramnser
11%.

CrenoBaTensHO, METOJOM IOCHEAOBATENLHOH CMEHBl CTALMOHAPHRIX
COCTOAHHMH JIydllle [OJIb30BATHCS B CJIyyde HEYCTAHOBHBIIMXCH IIPSIMO-
JIHHeHHO-Napa uUIe/IbHBIX TOTOKOB NPH 3aJaHHOH NMOCTOSHHON JCNPECCUH.

Haockopaduaibhbiii Heycmanosuswuiica PuiMPayUoOHHbId NOMOK
ynpy2ou suokocmu

Cnyyait 1. IlycTh B HeOrpaHM4eHHOM TOpPU3OHTANILHOM ILIACTE IIO-
CTOSIHHOM TOJIIUMHEI A B MOMEHT BpemeHH ¢ = 0 myuwena agoObiBaromias
CKB4XHHA paJdyCOM r_ C NOCTOSHHBIM ncbuTtoM Q. Jo mycka CKBAXHHBI
JaBJIcHHE BO BCEM IITacTe OBIJIO OJMHAKOBBLIM M PABHBIM p,.

B coorBercTBuu ¢ MeTtonom ITCCC npuHHMaeM, YTO Yepe3 Bpems ¢ Iloclie
IYCK4 CKBaCHHBEI BOKPYT Hee oOpa3yeTcsi BO3MYILEHHAs ODNacTh paaHycoM
R(t), rne nasnenue GymeT pACOPENENSTHCS IO CTAIIHOHAPHOMY 3aKOHY:
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.Puc, 5.9. KpuBbie pacnpenencHus nabie-
HHS B IUIOCKOPaJHaNbHOM MOTOKE B pa3-
Hbi€ MOMEHTHI BpPEMEHH MO METORY
NCCC (oT60p OCYLUECTBISETCS NPH YC-
nosuu @ = const)

on | RO

8
mkh ©r (584)

plr,)=p,—
B ocTajnbHOH 4YacTH [UIaCTa COXpPaHAETCA HadalbHOE TUIACTOBOE JAaBie-
HHE P,.
TpebyeTcs HAWTH 3aKOH JBHXEHUS IPaHMILI BO3MYIUEHHOHK obnacth R (1),
KpuBbie pacnpeneneHus qaBjieHus B pPa3HbIC MOMEHTHI BPEMEHH B TAKOM
[OTOKe MpHBeaeHkbl HA pHC. 5.9. JleOUT ckBaXMHBI, O4EBHIHO, OyIET OMHCBHI-
BaTeCH (opmylloit, aHanorudHoi dopmyne Hromou:

_ 2nkh(p, — p.(1)

= @R
Pa3Mepsl BO3MYIIEHHON 00nacTH Hai/ieM M3 YpaBHEHHs MaTepHMaJIbHOTO

GanaHca (5.76) npu

Vo) =nR*(®)—rd), Ap=p,—p. (5.86)

CpenHeB3BELIEHHOE T1aCTOBOE [ABJICHHE § B YCTAHOBHMBIUEMCS TUIOCKO-
paaManbHOM moToke (cM. ri. 3, § 3, n. B):

(5.85)

1-5 =p, — Py — P
* 2In(R(1)r)’
OTKyna, yunTeiBas (5.85), Haxoaum:
~ Py — D¢ n
Ap=p,—p _ @ (5.87)

T 2In(R(9)r) Amkh

3aKOH ABMXEHHs TpaHMIBLl BO3MyuleHHOH obnactu R(f) Haiimem, mon-
craBuB Bhipaxeuus (5.86) u (5.87) B ypaBHenue MaTepHaibHOro OanaHca
(5.76):

4xdt = d(R*(1) — rd),
OTKy/1a TOCJIe HHTErPUPOBaHMs B npefenax ot 0 no ¢ u oT r_ 10 R(?), Hallnem:

R(t) = /r2 + 4xt. (5.88)
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Tornma n3 paBeHCTBa (S5.84) MOXHO ONpeNeUTh AaBlIeHHE B M00OH Toukt
IJ1aCTd B MOMEHT BPEMCHH !:

on n S+ dnt

2nkh r ’

p(r, )=p,, r>Jri+ 4xt. (5.89)

Hdenpeccns B MOMEHT BpeMEHH ! :

plr,)=p, — re<r<.\/r}+4u;

2
/ 4
Ap.=p,—p. ()= 222}; In Y2 8¢ (5.90)
r

c

CpaBuuBas (5.90) ¢ menpeccueit, onpenenennoi no To4yHo# (opmye
(5.62), MoxHO ybenMTECH, YTO OTHOCHTENBHAS MOTPENIHOCTh YMEHBIUAETCS
C TedeHHeM BpeMeHH H cocTabuseT 10,6%, ecnu fo = xt/r2 = 100; 7,5%, ecnu
fo = 103 5,7%, ecan fo = 10%.

Crny4aii 2. B ci1yyae mi10cKkopagaibHOIO NOTOKA XHAKOCTH K CKBaXWHE,
MYIEHHOM B 3KCILTYaTalMIO C IOCTOSHHBIM 3a00MHBIM J1aBJIeHHEM p_ = const,
3aKOH JBMXXECHHUS I'DAHUILI BO3MYILEHHOH 00/1aCTH BHIPAXAeTCH HHTErPAJIOM,
[IPEACTABIAEMBIM B BHJE MeJJICHHO CXOAALUEroCs psla, MO3TOMY pelleHHe
31eCb HE NMPHUBOJMTCS.

PacyeT qBMXXEHHS IPaHUIbl BOSMYILCHHOR 00J1aCTH B 3TOM CJIy4a€ MOXHO
onpenenuTs no rpaduky (puc. 5.10).

Hebut ckBaxuHn! onpeaensiercs no ¢opmyne diomou (5.85) npu

p. = const.

CpaBHenue C TO4YHBIMHM pacyeTamH, BbinmommeHHBIMH K. A. IlapeBnyem
7 U. ®. KypanoBbiM, NOKa3bIBA€T, YTO NMOrPELIHOCTh ONpeAeneHHs aebuta
no metony INICCC coctaBiser okono 5%.

3aMeTHM, 4TO Kak B Cily4ae JIMHERHOM, TaKk M paddanNbHOM GHIbTpALMH

B TOYKE NEpexoJa OT BO3MYIIEHHOH K HeBO3MYIUEHHOH 001acTH rpajaueHT
JIaBJIEHUA [IPETEPIIEBAET PA3PhIB, YTO CIYKHUT OJHON M3 IPUYKH PACXOXKJIEHUS

A
4

8107 pd

6109 /

4109 A

210°

Puc. 5.10. 3aBucumocTb GeapaamepHoOro pasauy-
ca BO3MYIIeHHOH obnactu R(f)/r, oT beapas-
~'  McpHoro Bpemenu fo npu orbope XMAKOCTH
g g5 t 45 Z 107%e cnocrosunbiM 3ab0iiHBIM JaBneHHeM p, = const




Mexay pedysibTaTamMu pacieToB no Metrony ITCCC u TOYHBIM pelueHHEM.
OpnHako 3TOT METOA CHYXHT AOCTATOMHO 3¢¢eKTHBHBIM PAacYeTHBIM IIpHe-
MOM, NO3BOJISIONMM HaWTH peleHHe B MIPOCTOM BHJE, YeM U oObACHAeTCH
€ro NpUMeEHEHHE B HEKOTOPBIX CJydasx He TOJbKO IS 3aja4 (pUIbTpanuu
onHodasHoro ¢umouaa, HO M ANS 33aJa¥ O JBHXEHHH Ta3sHPOBAHHOMR
XHJKOCTH H O NEpEMEINCHNH I'PaHMIL! pa3jeia XUAKOCTER M ra3os.

Pacnpenenenyue fAaBieHWs B o0nacTH (QUIbTpauMy, NOJyYaemMoe IO
metony IICCC, saBnsercs nOBOJBHO TIpyObIM NpHONMXEHHEM; ropa3ao
TO4YHEe 3THM METOJOM [4eTCH CBs3b MEXAY JAeOMTOM M Jenpeccuef,
ocobeHHO B ciydae paaMasibHOW (UIbTPALMK.

7.2. Meton A.M. Ilupsepasna

10T MeTOon aHanoruydeH Merony IICCC u yrounser ero. B merone
A.M. [Iupsepasna, xax u B MeTone IICCC, HeycTaHOBHBIIMIHCS (PUIBTpA-
UMOHHBIH NMOTOK B KaXAbli MOMEHT BpPEMEHH MBICJIEHHO pa3OuBaeTcs Ha
aBe 061acTH —BO3MYIIEHHYIO M HEBOIMYILEHHYIO, ['paHMIa MeXAay 3THMH
obJlaCTAMHU TakXe OnpejenseTcs U3 ypaBHEHMsS MaTepHalbHOTo OanaHca.

Ho B otnnune ot metona [ICCC pacnpenenenue JaBicHUS B BO3MYIIEH-
HO# obyactu o MeToay A. M. IIupBepasiHa 3agaeTcs B BH/e KBaApa TUYHOR
napaCGoibl Tak, YTOOW Nbe3OMeTpHdYeckas KpuBas Ha rpaHuue obiacTeii
KacajaCh TOPH3OHTAJbHON JIMHMH, MpPEACTaBAAIONIEH NaBIeHHE B HEBO3MY--
LIeHHOR oOyacTH. Pacnpenesienue naBieHus YXe He OyIdeT CTallMOHAPHBIM,
4 TpAJIMEHT OaBjICHUs Ha rpaHuIie o0yacTell CTAHOBHTCA PaBHBIM HYIIO, YTO
obecnie4MBaeT I[UIABHOE CMBIKdHME NpOGMIS J[aBleHHS B BO3MYILEHHOR
U HEBO3MYUIEHHOH 001acTax.

PaccMOTpHM NPAMOJIMHERHO-TapasUIeIbHblif HeyCTaHOBUBUIMIACH (QHIIBT-
PALMOHHBIA MOTOK YNPYIOif XHAKOCTH.

Cny4ait |. B ropM3OHTaNLHOM mJIAacCTe MOCTOSHHOH TONIUMHB A H
HIKPHHBI B nyleHa B 3KCILIyaTalMIO rajiepes C NMOCTOSHHEIM Jebutom ().

K MOMeHTY BpeMeHHM ! MOCJie NycKa IpaHHIla BO3MYIIEHHOH obiacTu
NPOABMHETCH Ha JUIMHY /(f), IpDM JTOM KpHBas pACNpe/ie]IeHUs AaBICHHS
B 3TOi obnacTu OymeT MMeTh BuA Mapaboursl.

Ha puc. 5.11 npmBeneHa kpuBas pacnpeiciicHHs [aBJlEHMS B IUIacTe KO
BPEMEHHM ! TOCJE MYCKa rajepeu.

VYpaBHeHMe NbE30METPHYECKOH KpPHBOH B BO3MYIIEHHOH obyacTH 3a-
naeTcs B BU/E napaboinr

AE———=

Puc. 5.11. Kpusag pacnpeiesieHus aas-
JIEHHS B TPAMOJIMHEHHO-NIapaienbHOM
noroke no Meroay A.M. [lupeepasHa




2
p(x, t)=p.~(p.~pr)<l—%) » 0<x<I(). (591)

HeOuT ranepen onpenensercs no 3akory Japcem:

k9
o="mZ® | (5.92)
T‘I ax x=0
3nadeHue rpaJMeHTa JIaBJEHUS Ha raiepee 511 HalizieM 110 dopmyJe
X x=0
(5.91):
op 20, —
o _20.—p) (5.93)

ax 1@

IMoncrasus pasencTBo (5.93) B (5.92), naitmem dopmyny ans jnebura
rajepemu:

kp.—p
Q . 2 - X l"
n

3aKoH JBMKCHMS BHEUIHEH IpaHMI(Bl BO3MYyLIEHHOH obinacTu onpenens-
€TCS M3 YpaBHEHHs MaTepuannHoro Oananca (5.76) c ydetom (5.77), rme
Ap =p, — .

OnpenenuM 3Ha4YeHHE CPEIHEB3BEUIEHHOIO [IaCTOBOrO [aBIICHHS B
BO3MYIIEHHOH 00JaCTH K MOMEHTY BPEMEHH !, MCTIOJBb3Yys paclpe/elieHHe
(5.91):

Bh. (5.94)

1

2
P=va J”( nav= 1(:)”' "f’(‘ 1(:)) ]dx—

| 40)]
=p— Py — Pr

Torna, ¢ yaetoM (5.94), Haitnem:

. P~ P OniQ)
A = — =ir = . 5.95
P =P P 3 6k Bh ( )

IMoncrasus (5.77) u (5.95) B ypaBHeBHe MaTepuassHOro 6anaHnca (5.76),
TIOJTY KM

. on
o=p [Bhlz @ 6th]

OTKyJa
6udt = dI* (1),

U 1ocne MHTErpupoBaHus B npedenax oT 0 go t u oT 0 go / Haigem:
166



1) = \J6xut. (5.96)

Pacnipenenenne napnenus (5.91) B Bo3sMyleHHOM 061acTH M1acTa Tenepn
TIPUHHUMAET BUJ

px, 0)=p, — 2th‘/6x <l—\/6—x_

plx, )=p,, x> ./6xt. 59N

2
) , D<x<g /6%t

Pacyetr menpeccuu p, — p. no dopmyne (5.97) naeT norpemiHocTh MO
CP4BHEHHIO C TOYHBIM pelIcHMEM npuMepHo 9%, T.e. B 2,5 pa3a MeHblIE, YeM
meton IICCC.

Cnyuait 2. B npsMosnHe#iHO-apasie bHOM (PHIbTPALMOHHOM IOTOKE
YIPYTroi XUAKOCTH K rajiepee, MyIEHHOR B JKCILTYyaTallMIO C NOCTOSHHBIM
3a00fHEIM [aBIEHHEM p. = CONSt, HCOJIB3YA Ty XK€ METOAMKY, 4TO M UIs
cny4as 1, 3aKOH JBHXXEHMS IPaHHILI BO3MYILEHHOM 00JACTH HalieM B BUJE:

()= /12ut,

Pacnpenenenne JaBJICHUA B BOSMyIHCHHOﬁ 00acTH I1acTa B 3TOM ciy4dac
GyJICT ONMHUCBHIBATHCA CICAYIOLIMM COOTHOUICHHEM!

2
X
plx, ) =p,— (.- pJ) ( ——) ,
J 12nt
a eOHT ranepeu onpenenseTca mo ¢opMyie

k k
=2 KP—Pog kPP

= Bh. 5.98
il 12x¢ (58)

[TorpemHocTe pacyeTa aebuTa raxeper no npubiMxeHHo# dopmyne
(5.98) mo cpaBHeHMIO C TOYHEIM peUICHMEM COCTaBisgeT okoio 2,5%, T.e.
B 3TOM cily4ae pacdeT mo Merony A.M. ITupBepasna Gosiee yeM B 2 pasa
Toysxee, 4eM no mMetoay I1CCC.

7.3. MeTo1 HHTerpa/IbHLIX COOTHOLIEHMHH

MeTon MHTerpajibHbIX COOTHOWIEHHH, npeanoxennsnit I'. . bapenbnat-
TOM, IO AHAJOTMH C METOJAMH MNOTPAHUYHOIO CJIOS B TOTOKE BA3KOH
XHIKOCTH NMO3BOJSET MOJYyYHTh NPUOIMXKEHHBIE pelIeHHs HEKOTODPhIX 3ada4
HECTALMOHAPHOW GHIbTpalMH YNpPYrod XHIKOCTH C HYXHOH TOYHOCTBIO.

MeTon 0CHOBaH Ha ClEQYIOWMX NMPERNOCHUIKAX.

1. B xaxaslii MOMEHT BPEMCEHH IUIACT ACJIHTCA HA KOHEYHYIO BO3MYIIEH-
Hyi0 OOJIACTb M HEBO3MYLUEHHYIO ODJACTb, Il€ ABHXKEHHC OTCYTCTBYET.

2. B Bo3mynieHHOH obnacTu pacrnpeneieHue AaBJIeHHS NPEACTaBIAETCS
B BHJE MHOrowWIeHa MO CTENEeHSM KOOpPAMHATbI X MJHM r (B Cly4ae paluaib-
HOTrO NOToKa fnobaBiseTcy ene Jorapudmuyeckuii wien) ¢ koabdpunmeHTaMy,
3aBUCALIMMH OT BPEMEHM, TakK 4TO:
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Fan)e | npamonuneﬁHo-napannenbﬂoro MOTOKAa

X
plx, ) =aglt) +a, (1) 1() .+ a, (t)m 0<x<I(); (5.99)

babigd nnocxopamlanbnoﬁ tbnanpaunn

plr,)=aq() In — R( ) +a,()+a,(t) — R(t)

boda, )= r<r<RW, (5.100)
R*(n

rJie YKCIO “JIEHOB n BhIOMpaeTcs B 3aBUCHMOCTH OT )XXeEJaeMON TOYHOCTH

pELUCHHUS. .

3. Koatbpunmes ol MHOTO4JIEHA Ay, a4, 4, .. ., 4,, @ TAKXKE pa3Mep obracTu
Bo3MmyLenud /(1) (win R(f)) HaxoasTcs U3 ycnoBHil Ha ranepee (WM Ha 3aboe
CKBAXXHHbI), U3 YCJOBHH HENpepbIBHOCTH [aBJICHWS W TJAAKOCTH KPHBOMH
JIaBJICHUS Ha I'paHulie 06J1acTH BO3MYILCHHS, a TakXKe M3 0coObIX HHTErpab-
HBIX COOTHOUIEHHH, KOTOpBIE MOJIy4aloTCs CJEAYIOIAM 06pa3oM.

B cnyyae npuToka Kk rajepce mnpasas M JieBas 4acTH ypaBHEHHSA
neelonposogHocth (5.21) ymmoxarorcs ma x* (rme k=0, 1, 2, ..)
H MHTETPHPYIOTCH MO BCeH BO3MYIUEHHOH oOnacTH:

() L)

op J. &*p

- = — dx. S.1
J. x* Py dcx=x | x* PR dx (5.101)
0 0

Jns ciyyas npuMTOKa K ckBaxHHe OepeTcs autepeHIMaTbHOE YPaBHEHAC
(5.49), ero npapas M NeBas 4ACTH YMHoxatoTcs Ha 7 (rme k=1,"2, ...)
M IPOBOAMTCA MHTErPUPOBAHHME IO BCed BO3MYILEHHOHR obyacTu:

Ry R(1)

J.r"—d J“’( ap)r"d (5.102)
or

rr

Ecm B ypaBHeHus (5.101) m (5.102) moacTaBHTL COOTBETCTBEHHO
BbipaxeHus (5.99) u (5.100) u npoMHTErpupoBaTh, TO NMOJY4aTCAd HEAOCTAIO-
L[M€ COOTHOLICHMSA N8 ONpeAeneHus KoaphunueHToB ay(f), a, (f) ... u [(f)
(mm R(1)).

IlepBoe M3 3THX MHTerpaJbHBIX COOTHomeHHH (npu k =0, ecau pac-
CMAaTpHMBACTCA MPHTOK K rajepee, U Npu k = | [ MPHTOKa K CKBaXHHE)
npeacTasnseT coboit ypaBHeHHe MaTepnanbHOro 6amaHca M M3 Hero Haxo-
JIMTCH KOOPAMHATA IpaHHMIL! BO3MYLICHHOH oOxnactu /(f) wim R(1).

Ecmu npuusats B hopmyne (5.99) n=1, a 8 dopmyne (5.100) n =0, To
MOJY4aTCHd pelleHds, cooTBeTcTByromme mertony I[ICCC (5.81), (5.82),
(5.89)— B 34BHCHMOCTH OT YCJIOBHI Ha ranepee MM Ha 3a60e CKBaXHHBI; €CIIH
xe n =2 8 (5.99). TO U3 METOAA MHTErPANLHBIX COOTHOLLEHHH BRITEKAET, KaK
4acTHBIH Cay4ait, Mmeron A. M. IlupsepasHa.
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B xavecTBe mpuMepa peEHIMM METOAOM HMHTETrPaJbHBIX COOTHOIICHHH
3aga4yy O IUIOCKOPAAMaJbHOM HEyCTaHOBMBILEHCS (GUILTpPAUMH YIOPYroi
XHIKOCTH K CKBAXHHE PAJMYCOM 7., NyIIEHHOH B 3KCILIYATAIMIO B MOMEHT
t = 0 ¢ nocTosHHbIM AeObUTOM (. B HayanbHBII MOMEHT JaBJIEHHE BO BCEM
NIIacTe NMOCTOSHHO M PABHO p,.

Pacnipenenesine AaBJieHUs B BO3MYLUEHHOH o6ytacTi 1iacta r, <r < R(Y)
3aflaguM B BHE

p(r, ) =agyln ()+a1+a2
T.€. BO3bMEM MHOTOYJICH NEPBOM CTEMeHH.
KosdpuumuerTtnl a, a, M a, onpenensioTcs H3 ycaoBui Ha 3aboe
CKBAXHHBI ¥ HA TPaHMIlE BO3IMYIIECHHOH obnacTy.
Vcnosue Ha 3a60e cormacHo (5.50) umeeT BHA:

_ 2nkh , dp
Ton dr

R_(ts ; (5.103)

r=r.. (5.104)

Ha rpannue Bo3MylIeHHOR OOJACTH MMeEEM:
p=p, npu r=R(,:
op/or =0 mnpu r= R(1), (5.105)

I'Zle BTOPOE YCIOBHE TpeAcTaBisgeT cobOM yCiIoBHE TIaAKOCTH KPHBOM.
Onpenenennbie U3 3TUX YCIOBKA KOIDPHUHEHTH WMEIOT BHA:

on On on
- - - =N 5.1
D= 3mn” TP e 2T T 2mkh (5.106)

(cnaraemele, TIPONOpLHMOHANBHBIE r, MMM rZ, OTOpOLIEHB! BCIENCTBHE MX
MaJoCTH).

IMoncraBus Buipaxeuus (5.106) B npasyilo wacTh (opmyner (5.103),
TIOJTY4HM:

on r r J
plr, )=p, + Yk I:ln RO + 1 RO _ (5.107)

3aKOH JBMXXEHMS T'DAHMIBI BO3MYIIEHHOH 061acTH R (/) HAXOOUTCH H3
ypaBHEHHS MaTepuanbHoro Gamanca (5.76) ¢ yuetoMm (5.86) (pTo ypaBHEHHE
MOXHO MOJYYHTh W3 MHTETPAJIbHOrO cooTHoweHus (5.102) npu k = 1).

3HAUCHHE CPEJHEB3BEIIEHHOrO UIACTOBOrO AABJIEHHA § B BO3MYILCHHOM
0o0JIaCTH ONpEHEISeTCA TIPH MCNOJIb30BAHMM PACIPEACNICHUS [IaBJICHUA
(5.103):

R(n)

P =% f”(’ nav= (RZ(:) )H”'

L 4t}

_On RO Q“( )]
erkhl r o \N T Ry, Fehrdr
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IpoBens MHTErpHpOBAaHME M NpeHeOperas B IMOJYSCHHOM BBIPAXCHHH
YJICHAMH, COACpXAllMMH r‘z: (BC.HCHCTBHC X MaﬂOCTH), MOJYYHM:
D — Dy — .@__
* 12nkk’

a Torga coriacHo (5.86)

Ap—p — 5= On
P =P= P = onn

(5.108)

IMoacraBus Beipaxenus (5.86) mns V() u (5.108) B ypaBHeHue marte-
puaneHoro Oananca (5.76), mocie HeCJIOXHBIX Npeodpa3oBaHuil HaiIeM:

12xdt =d(R*(t) — rd),

OTKYZd TNOCJIIE HHTCIPHPOBAHHUSA MOJYUNM:

R() = Jr? + 12u1.

CrenoBaTenbHo, pacnpeneieHue aAasneHus (5.103) B po3MymeHHO#R
obnactn OynmeT MMeTh BHI

on I:ln 2+ 12xt - r J
2nkh r JrE+ 12ad
re<r<ri+12xt, p(r, 0=p., r>Jrr+ 12x1. (5.109)

OTHOCHTENbHAA TIOTPEIIHOCTL O TPH pacdeTax JAenpeccHu p, — p.(t) no
dopmyne (5.109) ans pasnuyHbLIX 3Havenuii nmapameTpa Dypne fo = x t/r?
cocTaBnseT: d = — 4,9% npu fo = 100; 8 = — 4% npu fo = 10,8 = — 3,2%
npu fo = 10*.

Takum 06pa3oM, npubIMKEHHOE 3HAYEHME JENpPeccHH Ap, MO METomy
HHTErpajibHbIX COOTHOLICHHH 3aHMXEHO 1O CPAaBHEHMIO C TOYHBIM.

plr,)=p, —

7.4. MeToa «ycpeaHeHus»

CyTh MeTojla «yCpeJHEHHs», TPpEeUIOKEHHOTO JUIA peueHns 3aaa4
¢unbTpauuu 0. 1. CokonoBuMm u I'. U. I'yceliHoBBIM 3akii04aeTCs ‘B TOM,
4TO B auddepeHnMaIbHOM ypaBHEHHH YIpyroro pexuMa (5.49) npoussoasas
OT HaBJICHMA 1O BPEMEHM (p/ét YCPeOHALCTCA MO BCEi BO3MYIIIEHHOH 061acTh
M 3aMCEHfAEeTCA HEKOTOpO#H (yHKuMell BpeMeHH

R(D

2 [
F(’)—m#—rg J‘ atrdr‘, (5.110)

r:

3Ha4YEHUE KOTOPOH ONpEENseTCS M3 Ha4YaJIbHBIX M IPAHUYHBIX YCJIOBHM.
Torna ypasHeHue (5.49) nmpuHMMAET BHA

1@ op
=y - —r22]). 5.111
F@ xr@r(rar) ( )
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DTa 3aMeHa ynpomaeT Au¢epeHIHaIbHOE YPaBHEHKE M 00IeryaeT ero
HHTEr DHPOBAaHHE.

Bynem onpenensiTh pacnpefelicHHE AaBJIEHMS TPH HEYCTaHOBHMBILEMCSH
IIPUTOKE YNPYroil XHMIKOCTH K CKBaXHHE NpH NOCTOSHHOM Aebute Q. [pu
3TOM YCNIOBHS Ha 3a00e M Ha rpaHMie BO3MYIIEHHOH 001acTH HMEIOT BHA
(5.104) u (5.105). UuTerpupys ypasHenue (5.111) no r u y4uThIBas ycnoBus
(5.104) u (5.105), MOXHO MONYYHTh:

By 2]
= —+ — R -riln — 5.112
P=Pt 5 n B RG) 2 0)=r nR(t) (5112)
W3 BToporo ycnosus (5.105) onpenensercs ¢yukuus F (1) B Bunge
Onx

F(t)= — (5.113)

nkh(RE() — r3)°

Monctasnss Beipaxenue (5.113) B (5.112) u npenebperas wieHamu c rZ,

HaiaeM:
On r . QOn ( r )
LI IS 1— ,
P=Pt 2kh "Ry T amkh \ T REQD)
r.<r<R(). (5.114)

Jns onpeneneHus KOOpDAMHAThI BO3MYyIUEHHOH obnactu R(f) Hamo
npoaudgepeHIupoBaTh MO ¢ paBeHCTBO (5.114), pe3ynsTaT NOACTaBMTH
B (5.110) u yyects BeIpaxenue (5.113) qns F(r).

Toraa nosyyum:

R(1) = /r? +8ut. (5.115)

Conocrasienne ¢popmMynn (5.114) ¢ yuetom (5.115) ¢ TOYHBEIM pelieHHEM
(5.62) nokassIBaeT, 4TO OTHOCHTENbLHAN NMOTPEUIHOCTL ONpEAENeHUs Aernpec-
CHM p, — p. He TpeBOCXOAMT 5%.

B 3akmioveHMe OTMETHM [pHOJMXEHHBIA pe3yiabTaT, MNOJyYeHHBIR
3.b. YekamokoM. [l CKBaXHHbI, MYIEHHORX B 3KCILTyaTalMIO C TIOCTOSH-
HEIM 3a00MHBIM [aBJIEHHEM, OH NpeiaraeT onpenensTh aebut nmo dopmyne
Hiomou (5,85), B XoTOpo#t paamyc BO3MYLIEHHOH obiacTu

R®)=r.+ Jmxnt.

Ota popMyna o4eHb BaXKHa IS NPAaKTHKH, TOCKONLKY IIPOCTOTO TOYHOTO
petienus 3aaavu o6 oTbope ynpyroi XHAKOCTH TIPH YCIOBHMH p, = CONSt He
CyuecTByeT. PacueTaMm noxa3aHo, 410 ¢opmyna 3. Bb. Uekamoka oueHB
TOYHA, OTHOCHMTENbHAS TNOIPELIHOCTh TPH OIpEAEIeHHH JdebuTa He Mpe-
shitiaeT 1%.



§ 8 MPUTOK VIIPYIOW XHAKOCTH
K YKPYIMTHEHHOW CKBAXWHE

Bonbumioe 4ucno HeGTAHBIX M Tra3’OBHIX MECTOPOXACHHMIA NPHYPOYEHO
K BOIOHOCHBIM IUIaCTaM M pa3pabaTsiBalOTCH B YCJIOBHAX BOAOHAMOPHOIO
pexumMa. B mpolecce pa3paboTkM TAKHX MECTOPOXACHAH JaBJIEHHE B
HePTAHOH MM ra3oBOH 3aeXHM CHHUXAETCH, M MOJOLIBEHHAs WJIM KpaeBas
BOJa BTOpraercs B 3aJexb. IIpu 3ToM IUlomans HepTEHOCHOH (MM raso-
HOCHO#) 3ayiex® yMmenbmaeTcs. IIpu mpoexTupoBaHMu pa3paboTku MecTo-
POXICHHA TAKOro THIA BAXHBIM MOKA34TEIEM ABJIAETCH KOJHYECTBO BOJBI,
BHCIPHUBILICACA B 3aJIeXb, a TaKXe HaBJICHUE B 3aJICKM B KaXAbli MOMEHT
BpeMeHH (OOBIMHO CYMTAIOT, YTO AABJICHME BO BCEH 3aMeXM B KaXIbIi
MOMEHT OJMHAKOBO, T.€. pacyeT BEAETCA M0 CPEIHEB3BEILEHHOMY JaBlic-
Huio). Taxas 3agava, yvHTBHIBaromas MPOJBHXEHHE BOJOHEPTHHOTO (HIH
ra3’oBOJASHOrO0) KOHTakTa, O4eHb CIOXHA. OQHako B Havaie pa3paboTKu
MECTOPOX/IEeHHS, Koraa uadopMalms o TUIacTeE M €ro ocobBeHHOCTSX Maia,
MOXHO TIPOBECTH OLEHOYHBIE PAcHEThl, HC YYHTHIBas OOBOJHEHMS 3AJIEKH.
HedTsanyio umM ra3oByio 3alleXXb MOJEJHPYIOT B BHAE KpYroBOH W pac-
CMaTpHBAIOT KaK YKPYIIHECHHYIO CKBaXHHY NOCTOSHHOro paauyca R,. Bono-
HOCHBIH IUIACT, OKDYXAIOIIWA CKBaXXMHY, PacCMaTpHBAeTCH JMOO NPOCTH-
paromuMcs 10 HecCKOHEYHOCTH, OO0 MMEIOLIMM KOHEYHBIA pa3smep R,.

IToctaBum 3anady cienyronuM obpasoM. ['azoBas win HedTaHas 3a1€XKb
IIomajaslo S paccMaTpHBAeTCS Kak YKPYNHEHHas CKBaXMHA paJuyCoM
R, = . /S/n. 3axoHTypHas BojJa, OKpYXaiomas 3alexb, MPOCTHPAETCH O
OeckoHedHocTH. [lo Havana oTOopa JaBieHne BO BCEM BOAOHOCHOM IUIACTe
paBHO R,; B MOMEHT, IPHMHUMAEMEIH 3a HadaNlbHbI, ¢ = 0, gaBneHue Ha 3aboe
CHHMXXA€ETCH 10 3HAYEHMS P, U NIOJLIEPKHUBAETCA NNOCTOSHHLIM B TE€YEHHE BCErO
nepuona kciutyatanuu. TpebyeTcs onpenenauTs 06seM BOALL, MOCTYMHUBLIEH
B YKPYITHEHHYIO CKBaXHHY 3a BpeMs {. CuuTas, YTO BOJOHOCHBIA IUIACT ¥MeEET
NOCTOSHHYIO TOJIUMHY h, KO3(OHUMEHT NpoHMHAaeMocTH k u obo3navas
yepe3 T, BA3KOCTb BOJbI M yepe3 (* ynpyroeMKocTb BOAOHOCHOrO ILTacTa,
MOXEM HamucaTs AubdepeHInanbHoe ypaBHEHHE YNPYIOro pexuMa s
TUIOCKOPAAUaIbHOTO TEYEHHsS BOJBbI K YKPYIIHEHHOM CKBaxuHe (5.49)

op (6217 1 6p)
_ Lap) 1
ot “\ar t ror (5.116)

KOTOpOE JIOJIXHO OBITh PENIEHO NPH CIEAYIOUIMX YCIOBUSX:

p=p, mpu t=0, R <r<ow; (5.117)
p=p. mpu r=R,, t1>0; (5.118)
p=p, TUpH r=cC. (5.119)

B pe3ynbTaTe nHTErpMpoBaHus ypaBHeHus (5.116) ¢ ycnosmsmu (5.117) -
(5.119) onpenenseTcs pacnpeaeicHuUe JaBIeHUS B BOJOHOCHOM IUtacTe p(r, f).
Hebut Boanl HaxoauTcH o popmyie
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k (¢
0.=*(%)  ammn (5120

a oToOpaHHOE KOJIMYECTBO BOJHI— O GopmMye

j'Q.(t) dr = 2TkhR, K@) dr. (5.121)
[ n r=R,

s or
o
Pentenne 2Toi 3amadu ObUIO MONYYEHO aMEPHKAHCKMMHM Yy4eHbIMM Bau
DBepOMHIEHOM M XepcToM MetooM mpeobpasoBanns Jlannaca. [Ipensapu-
TeNbLHO BbIPaXeHHE Ul oToOpaHHoro obseMa Boanl npuBeneHo k Oe3-
pa3MepHOMY BHJY

Q(fo) = f Q.(0adt, (5.122)

erthz (p —

rae fo = XI/R,Z—IIapaMCTp ®ypee, T.¢. Oe3pazMepHOe BpeMS.

Il ) mony4eHo BhIpaXeHUE
_ 4 (1—e ¥ du

fo) = — . 5.123
0r=5 | 2 D3 + %] G123

[

3necs Jo(w) u Y, (u)-dyHknmm beccens COOTBETCTBEHHO NEPBOTO M
BTOPOTO poja HyJesoro nopsaka. Jus ¢yuxkmuu @ (fo) coctaBnenst Tabnuibl
H mocTpoeH rpaduk (puc. 5.12, Tabn. 1 B npun. 1).

3anavya ycnoxHSETCS, €CJIM 3aJlaHHOE JAaBleHHe Ha 3aboe YKpYMHEHHOMH
CKB@XMHB! TEpEMEHHO, T.e. p.(f). B 3ToM ciyyae MOXHO HCIONb30BATh
NpHHIMN cynepno3uuyu (cM. § S5). IlycTe namineHue p, majaer C TedeHHEM
BpEMCHH Tak, kak Ha puc. 5.13. O6o3Ha4yuM paccMaTpuBaeMbI# MOMEHT
BpeMeHH uepe3 f,, ¥ Bech uHTepBat 0 < f < f, pa3oObeM Ha n y4acTKOB
¢ uiaroM, pasubiM At; Toraa ¢, = At-n. Kpusyro p. (f) 3aMeHseM CTyneH4aToH
3aBUCHMOCTBIO M CHHMTAaeM, 4TO B IpeAciiax OJHOFO Iiara JaBJIEHHE
nocrosuHo. [To npuHuMny cyneprno3uimmu U3 ¢opmyinl (5.122) nonyqum:

[ 0u 2= MRS [Apoé (fo) + Ap; Q6o — foy) +

o

+ Ap,Q(fo —fo)) + ... + Ap, Q(fo —fo,_ 1)]’ (5,120
rae

fo—fo.=x_t_ﬁ=x(’—’i),

R OR R}
T.€. CHHXXCHHE [JaBJeHHs Ha 3a00e YKDYMHEHHOH CKBaXHHbI Ja€T TakKoH xe
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7 Puc. 5.12. 3aBucumocTh GeapaimepHoro
|~  obbeMa Bosbt (0, OTOBpaHHOrO M3 yXpym-
Jo /r’ HeHHOM CKBaXHHBI, OT napamMeTpa dypse
fo nns HeckoHewHoro mnacra (p, = comst)
20 T ©
10 |
7
10 20 30 40 50 60 70 fo
o
och & Y -
Py -
o
N <
<
| Y
b
ll | | APn-1
l |
I N
I o
l
I N
- L Puc. 5.13. [IlnHaMuKa naBrieHHs Ha 3aboe
7 t, t, Loy th t YKPYTNHEHHOM CKBaXMHBI

addexT, xak ecnu 6n B MOMeHT ?, = At B aomosHende k paboTaromei
¢ gmenpeccueit Ap, ckBaxMHE B 3TOM X€ MeCTe Hadayna paboTaTe BTopas
CKBaXMHa C jenpeccHeil Ap,. DTa BTopas CKBaXHHa K MOMEHTY !, MpO-
paboTaeT B Te4yeHHE NIPOMEKYTKA BPDEMEHH £, — 1,, TIO3TOMY apryMEHTOM JUIA
nee 6yner fo — fo, = n(t, — 1,)/R? u T. 1.

®opmyna (5.124) peruaeT mocTaBieHHYIO 3anady, eciau 3aboitHoe nasie-
HHME TIEPEMEHHO BO BPEMEHH.

Jng pa3paboTkM MeCTOPOXIEHHMIt MHTEPECHOM NpeAcTaBiasgeTcs 3ajgada
onpejesieHus JaBlieHus Ha 3aboe yKpYNHEHHO! CKBaXWHbI p_(f), €CIM 3ajiaH
nebut Q.. OTa 3ajava pewaeTcs HHTerpupoBaHueM ypaBueuus (5.116)
c ycnosusmu (5.117) u (5.119), a ycnosue (5.118) nomxHo ObITh 3aMeHEHO
CJIe AYIOIIMM:

op _Qums

= = R,. 5.125
el (>.123)
O603HauMM 6e3pa3MEpPHYIO JEMPECCHIO Yepel
2n kh
pfo) = [p. = P (fO)]- (5.126)
Q..

Pewenne Ban DBepaunrena u XepcTa MMeeT CIEAyIOIMHA BHI:
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Puc. 5.14. 3aBucumocth Oe3apaiamMepHoit g
Jenpeccud p oT napaMerpa ®ypse fo qns L —
YXPYNHEHHOM CKBaXHHbl B OECKOHEYHOM —
ILIacTe npH ycnosuu @, = const 1
! A
0 J 10 15 fo
53
gum——
- 7/
<
]
~
o
S|
= ]
Puc. 5.15. [IuHaMuxa feOMTa yKpynHeH- —
HOM CKBuXHHBI 0 t1 tZ tJ tn-7 tpt
4 [ (—e "™ gu
p(fo) = — J , (5.127)
n? ) i) + YiW)]

[

rae J, () u Y, (u)-pynknun beccens cOOTBETCTBEHHO TEPBOro M BTOPOro
poaa nepsoro nopsaka. 'padux ¢ysxumm p(fo) mpusenes Ha pHc. 5.14
(npun. 1, Taba. 1). '

Ecnn nebutr (), nepeMeEHHBIH, TO HENPEpBIBHYIO 3aBHCHMOCTBL (0, (f)
3aMEHseM CTYNeH4aToi (yHKuMeH, Kak NMoka’zaHo Ha puc. 5.15, paibusas
OTPE30K BPEMEHH ! = {, HA 1 WaroB: f, =nAt, rue t, = At, t, =2At u T. 1.
Hanee npHMeHseM NPHHLUUN CYNEPNO3MIMH, CYHTasg, YTO B MOMEHTHI
BPEMEHM f,, !, W T.A. B paboTy BKIIOHAIOTCA HOBLIC CKBaXWHBI, pac-
TIOJIOXKEHHBIE B TOM Xe MecTe, ¢ Aebutamu AQ,, AQ; u T. 4.

M _ e
Pe— P (R, )= T kh [Ale(fO) + AQ, plfo —fo) + ... +
+ AQ, p(fo — fo, - 1)]. (5.128)

Ecnu paccMaTpuBaeTCs KOHEYHbIH 3aKPHIThIH BOJOHOCHBIA MIACT pajauy-
cOM R,, TO Ha rpaHMIE BBINOJIHACTCA YCIOBHE
(5.129)
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Pemienme npu p. = const B 6GeapaamepHoit dopme kak ¢ynxkuus fo
1 R = R,/R, 3anuceiBaeTCs B BHAE OeCKOHEYHOro psiaa:

x

2 —aifo y2
Q_(fo)=R—l—2 z ¢ Ji(a, R) (5.130)

2 ay [J§(a,) — J3(a, R’
rae a,, a,, ..—KOPHH ypaBHEHHS; _
J,(a, R) Y, (a,) — Y, (a, R) Jo(a,) = 0. (5.131)

3asucumoctu Q (fo) ans pasnMyHBIX 3HauYeHWd GeapaiMepHOro paianyca
nnacta R npuBeacHsl Ha pHC. 5.16 w B npun. 2. Yem MeHblle pasMepbl
nacTa. TeM MeHbIIE YIOPYTHH 34mac ¥ TeM MeEHbIllee BpeMsi HYXHO JUIS
oTbopa Bcero o0beMa XUAKOCTH, KOTOPYIO MOXHO H3BJIeYb M3 IUIACTa 3a
CYET €€ YNPYroCTH NpPH 3aJaHHOH JenpeccHH p, — p.. Tak. ana R = 1,5,
HauuHas ¢ fo = 0,8, Q = 0,625 ¥ NPOAOMKAET OCTABATLCH NOCTOSIHHBIM, YTO
03HayaeT OTCYTCTBHe oT6opa; ais R = 2 orbop 3axaxumpaercs npH fo = 3,
HT. IO

Ecn¥ 3aKpbITHIH KOHEYHBIH IUACT 3KCIUIYaTHPYETCH NPH 3aJdHHOM
nocTosHHOM AebuTe Q,, To Be3paMepHas AENpPECCHs IPEACTABISETCH B BHIE
CIIEIYIOIIETO BHIPAXKEHHS:

i 2 /1 (3R* —4R*InR — 2R* - 1)
”(f"):F——l(ZH") - 4REZ 1)
" M ER)
2 , 5.132
* BZ BZJT (B, B) — J1B)] (132
rae B, B;, ..-—KOPHH ypaBHECHHH
J, (B R Y, (B)—J, (B Y1 (B, R)=0. (5.133)

M3 puc. 5.17 u npun. 3 BHAHO, YTO YEM MEHBIIE pa3MeEp IJIacTa, TeM
Gonce pe3KO BO3PACTAET JAENpPecCHs NpPH OTOOpe BOABI C NOCTOSHHBIM
JIOMTOM; IPH MAJBIX 3HAYEHHSIX BPEMEHH BJIMSHHE I'PAHUIBLI HE CKA3bIBAETCH
(vanpumep, s R = 6 no 3HaveHus fo = 6 3HAUCHAA p TaKWe ke, KaK JuIs
6eckoHeunoro miacrta. [To3TroMy Tabmi@ Ui Kaxaoro R Ha4MHAETCS € TOro
3HaveHus fo, A1 KOTOpOro p oT/M4aeTCs OT.p Ans OeCKOHEHYHOro IacTa.

IMpupenem rpaduku u Tabauuer GezpaamepHoit aenpeccud p(fo) mus
KOHEYHOTO OTKPBITOrO IUIacTa, Ha I'PAHHIE KOTOPOro AdBJICHHE NOCTONHHO
(p=p, upe r=R,), ecnx oTbop nocTosHHbIA (Q, = const) (pmc. 5.18,
npun. 4). UYem MeHble paiMep miacTa, TeM ObICTpee yCTaHaBIHBAETCH
NOCTOsSIHHAS [JenpeccHs, T.e. TeM ObicTpee 3aKaH4YMBaeTcs mneppas (aza
yIpyroro pexuma H HauyMHaeTCcs BTOpas —CTalHOHapHas (HIbTpalMs.

3agauy O NPHTOKE YNPYrod XHAKOCTH K YKPYIMHCHHOH CKBaXHHE B
6ecKOHEYHOM IUTacTe npu oTOope ee ¢ nebuTOM @, (f) MOKHO PEIIHTH TaKXe
NPUOJIHKEHHO — METOIOM HHTEr paJIbHLIX COOTHOWEHHA. [TocTanoBKa 3a1aun
ONKCBIBAETCH COOTHoweHHsAMH (5.116), (5.117). (5.119), (5.125). Haitnem
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Puc. 5.16. 3aBucumocTs GespasmepHoro obsema (. []—

OTOBPaHHOrO U3 YKPYNHEHHOH CKBAXHHBI, OT Mapa- %5
meTpa Dypre [0 IS 3aKPHITOro MAacTa KOHEYHOTO - %
pa3mepa (p. = const, R= R,/R)) 3 &

0 Z 4 fo
g Ay~
@
b
%,*o [
!
Puc. 5.17. 3aBucumocTs 6e3pasmepHoii
aenpecchu p ot napamerpa ®ypee fo 1is
YKPYNHCHHON CKBaXHHHI, paboTaioweil B
3aKpHITOM TMacTe KOHEYHOTo pa3Mepa
(Q, = const, R=R,/R) 0 5 10 fo
g [ —
5

Puc.-5.18. 3aBucumocTs 6cC3pa3IMepHO
aenpeccuu p oT napamerpa dypse fo s 15
YKPYMHEHHON CKBaXHHBI. PACMOJIOXeH- =
HOH B OTKPHITOM [L1acTe XOHEYHOTO pas3-

Mepa (Q, = const, R= R,/R)) V/j 10 20 fo

pacnpeencHue JABTEHHs B IUAacTe M fAaBreHHe Ha 3aboe ykpymHEHHO#H
CKBaXHHBI. .

B cooTBeTCTBHE C METOIOM HHTErpajIbHBIX COOTHOLIEHHH (cM. § 7, 1. 7.3)
pEIlICHAE HINETCH B BHJAC MHOIOYNEHa IO CTeNeHH r C Jao0aBieHHEM
JorapHGMHYecKOro 4jieHa ANs IIOCKOPaIManbHOIo TeueHHs (cM. popmyiry
(5.100)), roe R(f)—pamdyc BO3MYIIEHHOR OGJAaCTH. dq. d,, 4j, ... — QYHKIHH
BpeMeHHd. Pacnpenenende nasnaenus (S.110) cnpaBeaiMBo A1t BO3MYILEHHOM
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obnmacTd, T.e. A 3HaveHHH R, <r < R(f);, mns 3naveHnif R()<r<
JaBJIeHAe paBHO Ha4anbHOMY p,. OrpaHdvHMCS MHOIOYJIEHOM TEpBOH
CTeneHy;

r

r
p(r, t)=a11nR—(t)+-ao + a, R—(t) (5.134)

Ans onpeneneHus Ko3dhdaueHTOB a,, a,, a, ACNOAL3YIOTCS YCIOBHS Ha
3a00¢ YKpYnHEHHOH CKBaxHHbI (5.125), a Takxke HAa IPAHHIC BO3MYLICHHOH
obnacTa:

p=p, npa r=R(t); (5.135)
dp/or =0 mnpu r= R(1). (5.136)

IMocnennee BbIpaxeHHE NpPEACTABIAAET COOOH yCIOBHE IIagKOCTH KPHBOM
p(r, 1). Acxons u3 3THX YCJIOBHHA NoOJy4Yaem:

g—a 220N, RO
Y7727 2nkh R() - R,
2.(0n, R()

2nkh R(f) — R,

ag =p, + (5.137)
IMoncraBuB BuipaxeHHus (5.137) B (5.134), naitnem pacnpeneneHHe napie-
HHS:

(5.138)

o, 0= o — —2aOT [ R(1) ]

m R(1) lnT—R(t)+r

OtmMmeTHM, uTo B dopmyne (5.138) ¥ Bo Bcex NoOCnERyIOmKX COOTHOLIE-
HHMSX Henb3s mnpeHeOperaTs paaMycoM CKBaXHMHBI R, 1O CpaBHEHHIO C
paauycoM BO3MYLIEHHOH obnacTu R(t), kaKk 310 6bl10 caenano B § 7. m. 7.3
‘TAe paccMaTpHBAJICH NPHTOK K oObluHOH ckBaxuMe ¢ r, = 0,1 M, Tak Kax
oTHouenHe R(f)/R, B nepBbie ToAsl MOCTE Hayalda pa3paboTky 3asexH OyneT
PaBHATBCS HECKOJBKHM eauHnIaM. [1oaToMy Bce COOTHOINIIEHHS HACTOMILETO
naparpada 3HAYMTENBLHO CJIOXHEE, YeM B § 7, H BOOPOC O IIPHTOKE
K YKPYNHEHHOH CKBaXHHE PAcCMaTpHBAeTCsi OTAETBHO.

Paguyc BoaMyIeHHOH 00acTH onpeaeseTCs U3 YpaBHCHHs MaTepHaib-
Horo Oamnanca (5.76), koTopoe NPHBOAHTCH K BHAY

fo.oa o (B0, R0_&_R0, R0)
0.0 xRO-RILZR™ 4 "3 2 "R

5.139
12 R? 4 3 2 R, ( )

1
Ecnu Q, = const, TO j' Q, dt = Q_t n ypasHenude (5.139) npumeT BHA
0

3
t 1 [R (0, R(&) R, RQ) R(ﬂ] (5.140)

o= & _RW,
B °TRO_R, n

RrREY 3 T3 2 "R
Vpapuends (5.139) u (5.140) npencTaBasiioT cobo# TpaHCHEHICHTHbIE
7R



ypaBHEHHS OTHOCHTENbHO R(f). Pemras mx rpaduyeck HIM npu momougm
9BM s pa3HBIX MOMEHTOB BPEMEHH M NMOACTABJIAA NOJYYCHHbIC IHAYCHHS
R(f) B dopmyny (5.138), Haiimem pacnpeneneHde OdBAECHHA IO IIACTY
B mobo#t MOMEHT BpeMeHH. B uacTHocTH, npH r = R, #3 popmynsr (5.138)
ToIy4aeM JaBreHue Ha 3aboe yKpyNHEHHOH CKBaXHHBI:

2., [ R()

2nkh [R(1) — R] R(')'"——R(t)+R,]. (5.141)

P(R, y=p. () =p, — R

I[Ipx NPOBEAEHMH PACHETOB MO MPHGIHXEHHBIM COOTHOLICHHSM (5.138),
(5.141), (5.139) unum (5.140) HyxHO npexae BCero Mo 3aaHHOH 3aBUHCHMOCTH
t

nebuTa Boas! OT BpeMern Q, (f) HaitTy oT60p | Q(f)d! x paccmaTpuBaeMoMy

0
1

MOMEHTY BPEMEHH; 3aTeM BBIYHCIHTH OTHOLIIEHHE _[ Q.(0)dt/Q,(8); m3 dopmyn

0
(5.139) wmu (5.140) HaéiTH R(f) OA% 3TOro Xe MOMEHTA; IOJCTABHTH
HaHgeHHoe 3HavYeHe R(f) B popmynst (5.138) u (5.141) 1 Tem camMbM HaHTH
pacnpe/eneHse OaBneHHs p(r, ) ¥ naBjieHue Ha 3aboe p ().

YHTaTemo MNpPedoCTaBIseTCd BO3IMOXHOCTD OLEHHTb IOrPELIHOCTb,
KoTopyto aaeT ¢opmyna (5.141), cpaBHHB ec 3HaA4eHHS (1IOCIE IPHBEACHHS €€
K 6e3pa3MepHOMY BHAY) CO 3HAYEHHSIMH, IPHBEIEHHBIMH B puJiI. 1. OTMETHM
€lIe, YTO MUl BONMBIIMX 3HAYCHHA BpeMeHH, KoTaa R(f) » R,, B ypaBHEHHSX
(5.139) wunm (5.140) cnpaBa MOXHO OCTaBHTBR TOJIBKO NEPBBIA YJIEH H
B 3HameHaTene npeHeOpeus 3HayeHweM R, 1o cpaBHeHHIO ¢ R(f). B aTom
Cly4de MOJIyHHM:

j Q.(dt/Q,(1) = R*(/(12x1). (5.142)
0
O603HauuB
}:—2 f 0,(1)ydt/Q, (1) = fo', (5.143)
0

rae fo’ —uaBectHas OeapaiMepHas QYHKIHS BPEMCEHH; Hailnem:
R()=./12f0'R,. (5.144)
Ecnu xe @, = const, TO

R(t) = /12xt. (5.145)

C wucnonpiosandeM ¢opmyn (5.144) m (5.145) pacyeTHl AaBJIEHHs
CYIIECTBEHHO YNPOIAIOTCS.
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Konmpoavuble 6onpocel u 3adauu

1. Kakoit pexum paboTbl HehTHHOro WiIH BOASHOIO IUIACTa Ha3bIBAETCH
yapyrum? [Ipd KakeX YCIOBHAX OH HMeeT MecTo? KakMe palHOBHIHOCTH
YIPYTOrO PeXHMg CYIIECTBYIOT?

2. UTo Ha3bIBaeTcd YNPYrHMM 3amacoM XHAKOCTH B IUIACTe M Kak OH
MOACYHTHLIBAETCSH?

3. Kak 3amdchIBaeTcs ypaBHEHHE NbE3ONPOBOJHOCTH?

4. Kakas ¢opmysa Ha3slBaeTCd OCHOBHOH (GOpPMYJIO# ynpyroro pexuma?
Kaxyro 3amayy oHa peraer?

- 5. [lokazats, 4To npH OTOOpe YNpPYrod KUAKOCTH H3 CKBAXHHBI,
pacnoIokeHHOH B OeCKOHEYHOM miacTe, C MNOCTOSHHBIM JebHTOM Q)
3aboiHOe aaByieHKe p, (IPM r = r.) sBJIAETCH NuHeHHOH dyHKUMeH oT Ins

6. B nedTHOM mutacte ¢ mee3onpoBogHOCThIO ¥ = 0,1 M2/c B MOMeHT
t =0 navyana paboTaTh CKBaXHHa C NMOCTOMHHBIM AeOHTOoM Q. Uepea 5 u
CKBaXMHY 3aKphUIH. UTO NMPOMCXOJMT Ha pacCTOsHHM r = 120 M OT cKBa-
XHHLL B MOMEHT ¢ = 10 ¥ (NOBBIIIIEHHEe WJIHM NMOHMXEHHE NaBJIeHUsN)?

Yka3zauue. [locTpouTs rpaduk 3aBHCHMOCTH (p/6t OT t npH (HKCHpO-
BaHHOM 7.

7. CKBaxHHA PACNOJIOKEHA MEXAY IBYMS HEPOHHIAEMBIMH I'DaHHIIAMH
(ocH x ¥ y), Ha paccTosHMM a = S0 M OT OcH x ¥ Ha paccTosHud b = 100 M oT
ocH y. C MomeHTa ¢t = 0 13 Hee OoTOHpParOT HedTh C MOCTOAHHBIM 1e6HTOM Q.
Buipectu dopmyny mism nmagenus napneHus Ha 3aboe ckBaxuHBI Ap, =
= p, — p.. KosdduumenT nsezonposoanocT x = 1,25 m?/c. Kak 3anuiuercs
3Ta dopMyJa JUls MOMEHTOB BpemenH ¢ > 8,3-10% ¢ [(a? + b?)/(4n 1) £ 0,03]?

8. PaccMaTpHBaeTcs HEYCTAaHOBHBIIANACH QHIBTPALMSA YIPYTO# XKHAKOCTH
B nojocoobpaizsoM nomybeckoHewroMm 1oiacte. [lpm oTbope xmakocTH
napnenwe Ha ranepee (x = 0) p. coxpaHseTcs nmocTOsHHBIM. CONOCTaBHTh
dbopMynbl 1S onpeneneHus JeOMTOB, MOJyYeHHbIE: a) O TOYHOMY pellie-
HHIO; 6) MO MeToay MOCJIEAOBATE/ILHOH CMEHBI CTAlIHOHAPHBIX COCTOSIHH;
B) mo Metoay A.M. [lupBepasHa. HalTH OTHOCHTENBHBIC MNOIPEIIHOCTH,
KOTOpBIE Aal0T NPHOJIHKEHHLIE METO/BL.

9. PaccMaTpuBaeTC HEYCTAHOBHBIIANACH QUIbTPALMS YIPYTOf XKHIKOCTH
K COBEpILUCHHOH CKBaXHHE C MOCTONHHBIM aebutoM Q. KoabduuueHT nueso-
nposoaHocTH % = 0,5 M2/c. CpaBHHTL 3HAuCHHS AENPECCHH p, — p., ONpe-
JleJIeHHblE MO TO4YHOH ¢QopMyJe, 10 METOAy IMOCJIEI0BATCILHOR CMEHHB
CTAllHOHAPHHIX COCIOSHMA M 1O METOAY MHTErpajbHbIX COOTHOLICHHMH
B MOMEHT ¢ = | ¢y npHHATH r, = 0,1 M ¥ HAHTH OTHOCHTENBHYIO TNOrpelI-
HocTb. I1nacT cuATaTh GECKOHEYHBIM.



I'nasa 6

HEYCTAHOBMBIIEECS ABUXKEHHUE T'A3A
B ITOPUCTON CPEJE

§ 1. JMOOEPEHLMAJIBHBIE YPABHEHHWSA
HEYCTAHOBHMBINEACS OWILTPALIUM TA3A

1.1. BuBoa auddepenunansHoro ypasHenus JleiiGenzona

OCHOBBI TEOPHH ABHXCHHS Ia3a B NOPHCTOM cpexe Gulam paizpaboTamsbl
OCHOBATEJIEM COBETCKOM IIKOMbI He(Tera3oBOH HAPOMEXaHHKH aKaJEMHKOM
JI. C. Jleit6enzonom. OH Bnepssle nojaydun adddepeHIHaNbHEE YPABHEHHN
HEYCTaHOBHMBIIICHCS (HIbTPALMH COBEPLICHHOIO rasa B IJIACTE MO 3aKOHY
Hapcn. [TonyyeHHoe UM HenuHedHHoe AubdepeHManbHOE YpABHEHHE napa-
Oonuyeckoro Tuma BHOOCIEACTBMH ObUIO Ha3BaHO ypaBHeHueM JleiGeHaoHa.

IIpr BbIBOKE yKa3laHHOIO YPABHEHHs MPEANONarajoch, 4To Ko3hdu-
IHEHTHI MOPHCTOCTH H NPOHHIAEMOCTH HE M3IMEHSIOTCH C NABJICHMEM, T.E€.
Iu1acT HeaehOpMHpPYeM, BS3KOCTh rada TaKke He 3dBHCHT OT /JaBJEHHs, ral
coBeplicHHBIA. [IpHHMMaeTcs Takxke, 4TO O(UILTpamus ra3a B IUIACTE
IPOHCXOAMT 1O H3O0TEPMHYECKOMY 3aKOHY, T.€. TeMIepaTypa raia u njacra
OCTA€TCs HEHMIMCHHOH MO BpPEMCEHH. BNOCNIEACTBHH OAMH H3 YYEHHKOB
JI.C. Jleit6en3ona - B. B. Jlanyk B paboTrax, MOCBAIICHHBIX TEOPETHYECKHM
OCHOBAM pa3pabOTKH MeCTOpOXJAeHMH NPHPOAHBIX Ia3oB, MOKa3aj, 4TO
HEyCT4HOBHBINYIOCS (QHIBTPAIMIO rala MOXHO NPUOIMXEHHO paccMaTpH-
BaTh KaK HIOTEPMHUYECKYIO, TaK KaK MIMEHEHHs TEMIEPATYPh! raia, BO3HH-
KalolllHe NPH HIMEHEHMH [aBJICHHS, B 3HAYMTENHOH Mepe KOMIIEHCHPYIOTCH
Ten1006MEHOM CO CKEJIETOM IOPHCTOH CpeAdbl, MOBEPXHOCTh KOHTAKTa rasa
C KoTopo# orpomMHa. O/iHaKO NpPH paccMOTpeHHH (PUILTPALUK raza B MpH-
3a60HHOH 30HE HEHM3OTEPMHYHOCTb Nponeccd (QUILTPALMK CKa3lbLIBAETCA
CYHIECTBEHHO BCIEICTBHE JIOKAJIM3ANMH OCHOBHOIO Niepenana /IaBlIeHHEs
BOMHIM CTEHKH CKBaxHHEL. KcratH, Ha 3TOM 3ddekTe OCHOBAHO HCMOIB3O-
BAdHAE TIYOMHHBIX TEPMOIpaMM [EHCTBYIOIIMX CKBaXHH [N YTOYHEHHS
npoduns mpuTOoKa rala mo TOJIIMHE IUIacTa (rayOmHHas AcOHTOMETpHS).
IMpr paccMoTpenus mpouecca GUILTPaMM B IUIACTE B LEJIOM 3ITHMA
JIOKaNbHBIMH 3 deXTaMH AOMYCTUMO NpeHebperats.

Ans  BeiBoga auddepeHIManbHOIO ypaBHCHHS HEYCTAHOBHBIICHCH
GUIBTpAIMH COBEPIICHHOIO rala BOCNOJb3yeMcs ypaBHeHueM (2.56), koTo-
poe clpaBeAMHBO AN Moboro cxumaemoro duonaa:

k <62p- ap 6217) d(pm)

U ) .1
6x2+6y2 3 z? ’ &

at

rae K03GHIHEHTH! POHHI[AEMOCTH M BI3KOCTH NOCTONHHBI.
®yukups Jleiben3ona s COBEPIIEHHOrO rasa onpenensercs mo ¢op-
myne (2.60):

P=p,.r/2p,)+C. (6.2)
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Npomddepermmupyem Bripaxenne (6.2) no xoOpaAMHaTaMm 2 pasa
&P _p, &*pF &@P _p, '
3x* " 2p, 0x*" 8y 2p, 3y
&P p, *p’
I 2p,, 02%°

(6.3)

IMpeobpazyem npaBylo 4acTe ypaBHeHus (6.1). CunTasm nopucrocts my
TIOCTOSIHHOM M YMHMTBIBaf, YTO [AJIS COBEPIICHHOro rasa

p = parp/par’ (64)

MOJIYYHM!

a(pm): pnrmo a_e (6 5)
ot P Ot )

Honcrapus BuIpaxenus (6.3) u (6.5) B ypaBHeHHe (6.1), nOTyuYHM
k <62p2+62p2 azpz)_ap
nmo \dx*  ay*  8z2) ot

(6.6)

Bripaxenwe B ckobke npencrasiseT cobor omepaTop Jlamaca OTHOCH-
TENBHO p?, No3TOMy ypaBHeHME (6.6) MOXKHO KPAaTKO 3alMCATh B BH/IC

k 2 zza_p_
at

p 6.7)

2nm,

IMonyuennoe nuddepennmuansEoe ypaBHEHHE HEyCTAHOBHBIUEHCH QHIILT-
pan4H COBEPIIECHHOIO rala (6.6) HasnmaeTcs ypaBHeHMeM JI. C. Jleitbeniona
H TIpeAcTaBiseT cobOOH HenMHEHHOE YypaBHEHHe NApaboJTMuecKoro THMA.
HonuepkHeM, 4TO OHO CIpaBeAJHBO IS COBEPILIEHHOIO I'a3a NPH BHINOJIHE-
HHUHM 3aKoHa Japcu. UamMeHeHneM ko3¢ dHIIMEHTa NOPHUCTOCTH NpeHeOperaoT
[IOTOMY, YTO OH BXOIOMT B ypaBHcHHE (6.1) B BHAE NpOM3BEJECHHHA pm,
B KOTOPOM JUIOTHOCTb ra3a MEHSETCH B ropa3fo Ooiblie# cTeneHH, dem
NIOPHCTOCTb.

VpaBHenue JleitbeHaoHa (6.6) MOXHO 3amMCcaTh MO-APYTOMY, YMHOXHB
NPaBYIO H JIEBYIO YaCTH Ha AABIICHHEC p H 3aMCHHB

op 1dp*
STRENTE
ap*  kp (8%p? Fp? otp?
W:'nm(,(axz * ay* * 622)'

(6.8)

B Tako#t 3anucH moa 3HAKaMH NPOM3IBOAHEIX MO KOOPAMHATAM H IO
BPEMEHH HAXOOMTCH OJHA M Ta x€¢ GyHKuus p2, HO KO3(PHIHEHT B NpPaBoi
4acTH k p/(n my) — NEpEMEHHEIH, B HETO BXOAUT UcKoMas QyHKuus p(x, y, =, ¢).

HerpynHo nokalaTe, 4TO HeyCTaHOBHBIIASCA (PHIBTpAlMs peasbHOIo
rasa C ypaBHEHHEM COCTOSHHSA P = P, p/[p,, z(p)] ¥ € y4€TOM 3aBHCHMOCTH
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K03$HIHEHTA BA3KOCTH OT [JaBJEHHA T = N(p) H HenedbopMHPYEMOCTH
IOpHCTO#H cpeabl (my = const, k = const) ONHCBIBAETCS CIEAYIOUIMM HeJIHHEH-
HbIM nHb}epeHIIHaTbHRIM YPAaBHEHAEM NapaboIHyecKoro THIA:

L{i[_l_@}i[;@z}i[_‘_af]}_
2my exin@)z(p) éx1 éylnp)zp) dy 1 dzinpzp) 8z1)

=;[ P } (69)
étlz(p)

Jns peleHHS KOHKPETHBIX 3aja4, CBA3aHHKIX C HEyCTaHOBHBILIEHCH
¢unbTpanme# raza, quddepeniuansHoe ypasuenue B dopme (6.6) unu (6.8)
JOJIKHO OBITh NPOHHTErPHPOBAHO MO BCed 0OJacTH ra3oBoOM 3anexu NpH
34JaHHBIX Ha4YanbHBRIX H I'PaHHYHBIX ycnoBHsX. [IpocTedmme BHOLI ITHX
YCIIOBHH OBLIH paccMOTPEHBI B § 7, ri. 2.

Tak xak ypaBheHMe (6.6) wim (6.8) nmpeactamiseT coboit croxHOE He-
JIAHEAHOE ypaBHEHHE B YACTHRIX MPOH3BOAHBIX, OHO B OOJBIIHHCTBE CIy4acB
He MMeeT TOYHBIX aHAUTHYECKHX pelleHd#. Ero MOXHO NPOHHTErpHpoBaTh
YHCIEHHO C NoMowbio DBM unx pelnTs NpubIHXEHHBIM crnocobom.
IMpubnuxeHubie cnocobrl xopomo palpaboraHbl. HeKOTOpHIE H3 HHX YXe
6BLIH paccMOTPEHBl NMPHMEHHTENBHO K 3a/1a4aM YOPYIOro pexuma (MeTon
TIOCTEAOBATENLHOR CMEHBI CTALMOHAPHEIX COCTOSIHUM, METO/l HHTErpabHBIX
COOTHOLIEHHH, METOJl YCPEXHEHHS).

YucreHHble METOABl PELICHHS PalIHYHBIX 3aJa4 (QHILTPALMH ra3a Ha
ocHoBe ypaBHeHHs JI. C. Jle#ibeH30Ha Takxe AOCTaTOYHO Xopouo obocHO-
BaHBl B NPUIOXEHHAX K NpobiiemaM pa3paboOTKH MeCTOPOXIECHHH NMPHPOI-
Hbix ra3oB. [Ipu 3ToM HamOoJblee PacnpoOCTPaHCHHE TMOJYYHIIH METOIBI
KOHEYHBIX pajHOCTeH H KOHEYHBIX 3IMEMEHTOB. BMmecTe c TeM, pa3BHTHE
TeopHH ¢(GHUILTPALMH Ia3oB, BHEI3BaHHOE TpeGOBaHMAMH NPAaKTHKH pa3dpa-
OOTKH TrajoBBIX MECTOPOXAEHHH, H, B YaCTHOCTH, H3MCHCHHEM TIOpHO-
reoNoruieckdxX yCIoBud MX 3aneranss (Donblume riyOMHRI, BHICOKHE JaBrie-
HMsL H TeMIlepaTypbl, MHOrOKOMIIOHEHTHOCTh rada H T..I.) nortpeGosaio
yieTa B OCHOBHOM YpaBHeHHH, npeuioxeHHoM J1. C. Jlci6GeH30HOM, MHOTHX
JIOTIOJTHMTENbLHBIX (akTopoB. Tak, 0Ka3ajlock, HYTO HCNOJIb30BaHHE (DYHKIIHH
Jleiibenzona ‘B ¢opme (6.2) gonycTHMO NpH HeOGONBIIMX [JaBJIEHHSX, B
ycrnoBusx HenehopMHpYyeMbIX muactoB. [Ipr gocTtaTodHo GoJbIIMX AaBlie-
HHSIX B YCIOBHsAX aeQOpMHpYeMbIX KOJUIGKTOpPOB NOJX 3HAK HHTErpana
B dopmyne (6.2) HeoOXOOMMO BHECTH 3aBHCHMOCTH M3MEHEHHsS IPOHHIAe-
MOCTH, BSI3KOCTH H K03 ¢HUHEHTa CBEPXCXHMAaeMOCTH ra3a OT JaBJICHHA.
[Mpu Hem3oTepMuueckodH ¢GHIBTpaNMH BO MHOTHX CiyiasX HeoOXORHMO
YYHTHIBATh TaKK€ HIMEHEHHE CBOWCTB raia oT TeMNFpaTyphl.

VYpaBHeHnre (6.6) mojlyieHO C HCIIOB3IOBAHHEM B KaueCTBE ypaBHEHHS
ABHXKEHHS 3akoHa Jlapcu. BmecTe ¢ Tem, mnocneayroliye HCCIeJOBAHHSA
WM. A. Yapuoro, E. M. MHHCKOro 4 Jpyrax MoKalamd, YTO NpH GHIbTpandH
ra30B B IPHPOAHKIX IUTaCTaX B BOJBIIMHCTBE CIy¥aeB CIEAYET NOAb30BATHCA
HEJTMHEHHBIM (JIBYYJICHHBIM) 3aKOHOM (pHMIbTpauuMu. MaTeMaTHYeCKHE TPYX-
HOCTH B DEILEHUM INOJIY4aIOIIErocs NMpH 3TOM nmbq;epeﬂunanbnoro ypaBHe-
HHs ewe 6osce BO3IpaACTalOT.
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OrtmeTum, 4TO OnHHM H3 3¢(EKTHBHBIX NyTeH PEIICHHS YPaBHEHHS
Jleben3ona sABNsETCA NVMHEAPH3ALMA, T.¢.. CBEACHHE €ro K JIHHCHHOMY
yparHennio @ypre. Kak nokaxeM NpH JajIbHEHIIIEM pacCMOTPEHHH, B
HEKOTOPHIX NPAaKTHYECKHX CIyYdsX HCNOJb3OBAHHE DPAa3JMMYHBIX CNOCOGOB
JIHHEAPH3AlHH YPaBHEHHs (6.6) MO3BONSET MOJyYaTh NPHONHXKEHHEIE pellle-
HHS, YAOBJIETBOPsAIOIHEe TPeOGOBaHHAM NMPAKTHKH.

1.2. Buroa audvpepentnaTbLHOrO ypaBHEHHSt HeyCTAHOBHBIIEHCH
(UILTPALMM COBEPILIEHHOTO ra3a MO JBYY.IEHHOMY 3AKOHY

ByneM cuHTaTh IUIacT HeaehOpMHPYEMEBIM, OGHILTPALMIO HIOTEPMH-
4eCKOH H IPOHCXOAAIIEH MO ABYWJIECHHOMY 3akoHy. PaccMoTpum mocko-
paananbHbI# MOTOK K OCECWMMETPHYHO PACIONIOKEHHOH CKBaXHHE.

Bocnoneiyemcst ypaBHEHHEM HepalpbIBHOCTH JUIS ILIOCKOpAHaIbHOIO
JBHXCEHHSA, NOJydeHHbIM paHee (2.10):

dlpw) pw _0d(pmy)
+—= :
ar r at
Bocnonb3oBaBIIHCE BBIPAXEHHEM JUIS MacCOBOH CKOPOCTH P w, MOJIy4eH-
HbIM H3 [JBY4/IEHHOTO 3akoHa ¢uiabTpamud (5.22), ¥ ¢opmynamu (5.23)
A (5.24), nocne MOACTAHOBKA B HHX 3HAYCHHH IUIOTHOCTH M3 YPaBHEHHS
cocTOsHHA (6.4) MOIYIHM:

(6.10)

6(pw)=kp,r 6( @> ©.11)
ar T]Pn\/ 4k kﬂSgﬂWPn apar
pan?  Dor
pw 2kp,rl ! ap (6.12)
- — 6r. .
= 1+\/ 4ky/k Bsgnwp, dp
pun’ ar

IMoacTasuB BeIpaxeHns (6.11), (6.12) 1 (6.5) B ypaBHeHHe HEPa3 PLIBHOCTH
(6.10) n coxpaTHB Ha p,,/p,,, TOIYYHM:

1+usgnupa—

0p  k 1 6( 6p>+
ot nm, \/ gpor\" or

2 1 .
+2 @ (6.13)

P 5r
1+ 1+usgnwpa—
r

rae

a =4k /kBp,/N?p,.)-
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cp 1 op*

— = - —, To auddepeHUHAIBHOE YPABHEHHE
ar 2 or

HEYCTAHOBMBIIICHCSH (UIBTpallMH rala No ABYYJICHHOMY 73aKOHY INpHUMeET
ClIeqyIOIM BUI:

Ecnu cpenate 3ameny p

ap k 1 o%p?

a_t: 2T]mo a apz 5r2
1 + - sgnw
2 cr

-

2 1 op?
+= S (6.14)
r | \/1 a op? or
+ + 2 sgnw o

AHanmuTH4ecKoe peleHue ypaBHeHus (6.14) HaTankupaeTcs Ha 3HAYUTENb-
HBI¢ TPYIHOCTH, OIHAKO YHCJIEHHOE PEILICHHE IS OOBIYHBIX B MOJ3IEMHOMR
THApOMEXaHUKE HaYaJbHBIX H TPAHUYHEIX YCIIOBH# HE NIPEACTABISAET 3aTPyA-
HEHHUH.

§ 2. JUHEAPU3ALIMS YPABHEHWS JEABEH30HA
W OCHOBHOE PEHNIEHHE JIMHEAPM3OBAHHOI'O YPABHEHHMSA

Ecin 3aMeHuTh HeauHeinoe auddepeHumnansHoe ypaBHenue (6.8) nuHel-
HBIM, T.€. IMHEAPH3IOBATH €r0, TO OHO YNPOCTHTCS — Ul JIAHEHHOrO ypaBHe-
HHS CYIIECTBYIOT TOYHBIC dHAJTMTHYCCKHE pelleHMs. SICHO, YTO 3TH TOYHbLIC
pelLIIEHUs JTMHEAPUIOBAHHOrO YpPAaBHEHHs OyayT NpPUONMXEHHBIMHM JUIA He-
nuHeiiHoro. OUEHMTL MOrPEIIHOCTh PEILIEHHs, KOTOpash BO3IHMKAET IIpH
3aMeHe TOYHOTO YPAaBHEHMS JIMHEAPHIOBAHHEIM, MOXHO, HATIPUMED. CPaBHH-
Bas NPHOIMXEHHOE pelIeHKe C peweHHeM Ha DBM TouHoro ypasneHus.

BBLIH NIpeUIOXEHBl PA3JIHYHBIE CIIOCOOH! IMHEAPH3AIMK ypaBHEHUS (6.8).
Ecam paccmaTpuBaeTCs IIOCKOpaAMANbHEIH NPHTOK K CKBAXHHE, TO, KaK
H3BECTHO M3 TEOPHH YCTAHOBHBILEHCH GHUIBTpaMy ra3a (CM. Ii1. 3), BOpOHKA
JeNpecCHH OYeHb KpyTas, M B Oonblled 4acT IUlacTa JAABJICHHE Maio
OT/MYAeTCH OT KOHTYpHOro. Ha 3Tom ocHoBaHuu JleibGeH30H Npeasionui
3dMeHHTb TEPEMEHHOE aaBieHue p B KodbduuueHTe ypaBHeHus (6.8) Ha
MIOCTOSHHOE J4BJIEHHE p,, PABHOE Ha4albHOMY AaBJcHHIO B ruiacte. Tornia,

0003Ha4YHB % =

, TIOJIyYdM BMECTO ypaBHeHHs (6.8) ypaBHeHHe
Mg
E s <62p2 azpz azpz)

o~ *\a T T e

(6.15)

KOTOPOE ABJIAETCS JIMHEHHBLIM YPABHEHHEM NbE3ONPOBOIHOCTH OTHOCHTENBLHO
¢yHxumn p? (cpaBHUTE ¢ ypaBHeHHeM (5.14), rae # - KOHCTaHT4, aHAJIOTHHHAS
k03 HIMEHTY NbE3ONPOBOAHOCTH. Takoll cmocob nuMHEApH3ALMH, KOrAd
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[IEpEMEHHBIH KO3 (HIMEHT % B ypaBHEHHUH (6.15) NpH pa3nMuHLIX 3HAYEHHUAX
[aBJICHUS TIPHHUMAETCA KOHCTAHTOH, HalpiBaeTCs NMuHeapulanuell no Jlei-
6eH30Hy. B nanbHeineM pa3MiHBIMHE aBTOPAaMH OBbLIH MIPEUIOACHBI yTOYHE-
HAS K TMHeapuaauy 1o Jleitbensony. Tak, M. A. UapHbIi npeUI0KM CBECTH
.ypaBHeHne (6.8) k nMHEHHOMY 3aMeHOHR NMEPEMEHHOro AaBJICHHSA B Ko3Gdu-
IMEHTE HAa 3HAUYCHHUE

pcp = Pmin + 0!7(pmal - pmin)‘

TA€ Prax H Prnin —MAKCHMAIBHOE U MHHMMAJIBHOE JABJICHHS B rd30BOH 3aJI€XH
Ha pacYeTHbIA NEPHOA.

HcnonbiyeM nuHeapH3oBaHHOE ypaBHeHHe (6.15) 1ns pelueHuss KOHKpeET-
HOH 33axaid O NPHUTOKE raja B CKBaXHHy OeCKOHEYHO MaJIoro pajnuyca

. (TO4eYHBIR CTOK), PacCNOIOXEHHYIO B ILIACTE OECKOHEYHOH NPOTAKEHHOCTH

C MOCTOSIHHON TOMUMHON A. B HadanpHBIE MOMEHT BPEMEHH NMI4CT HEBOIMY-
IIeH, T. €. JdBJICHHE BO BCEM ILIACTE MOCTOSHHO U paBHO p,. C 3TOro MoMeHTa
HayMHaeTcs oTOop rala c mnocTtosHHeIM ae6utoM @,.. Hyxuo HaiTH
H3IMEHEHHE AaBJIEHHS [0 IUIACTY C TEYEHHEM BpEMEHH p(r, f).

Js mockopaguaibHOH GRIBTpalmMH rasa (6.15) 3anuimeTcs eIy omum
obpazom:

op? 10 < 6p2)
_glef ety 1
ot % r or r - (6.16)

1 2
31ech BBIPDAXCHHE — 5_ r a— NpeaACTaBaSET coboit onepaTtop Jlannaca
ror r

B NOJSPHEIX KOOPAMIIATaX OTHOCHTENBHO KBaApaTa J4BIIEHHS OJIS TJIOCKO-
paaManbHOIO BHXCHHS.
YpasHenue (6.16) HAAO NPOMHTErPUPOBATL NPH HAYAJILHOM YCJIOBHH

pPP=p} opu t=0, 0<r<ow (6.17)

H Np¥ rpaHMYHOM YCIOBHH B YAQJIEHHBIX TOYKax

pP=p! mpu r=c, t>0. (6.18)
BeiBeneM ycnoBue [ns OaBleHHMs HAa 3aboe ckBaxuHBL. /[Insg »TOroO

3anMIIEM BBIpaXEHHE AN MaccoBoro nebura ucxoas M3 3akoHa J[lapcu
B auddepenMansHoi GopmMe [UIA MIOCKOPaJHaIbHOR QHIbLTpaUu:

k¢
Q.= pwm:gﬂp——gznrh.
P MOr
Hcnons3oBas paBcHCTBA Q,, = p,. Q,:»

5,0 _ o

Par =
H COKpATHB Ha p,,, MOJY4HM:

kh op?
Q= r 2.
pn Or
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M3 3T0ro COOTHOIIEHHS BEIpA3NUM YCIOBHE Ha CTEHKE I'a30BOH CKBAXKHHBI
6eCcKOHEYHO MaJIOro pajauyca:

9p® _ Qu Pl
r e Tkh npu r=0. (6.19)

Taxum oOpa3om, IUls pellieHHs NOCTaBJIEHHOH 3aaayu ypaBHeHue (6.16)
IOIKHO OBITH NPOHMHTErPHPOBAHO MNMpH YycloBusX (6.17), (6.18) u (6.19).

B rn. 5 O6mima paccMoTpeHa aHajlorM¥Has 3agada o6 ortbope uepes
CKBaXWHY YNPYTOH XHAKOCTH C NMOCTOAHHBLIM aebuToM @ M3 GecKOHEYHOro
NepBOHAYaJILHO HEBO3IMYIIEHHOIO IU1acTa. MaTemaTHueckass MOCTaHOBKA
3TOH 3ajayM NpeAcTaBleHa ypaBHeHHeM (5.49) ¢ ycnoBusamu (5.50)—(5.51).

TpuBeneM 3aech enie pa3 3TH COOTHOLIEHHMS [UIS YAPYrO#H KHAKOCTH
U CpaBHHM HX C COOTHOWEHUsMH (6.16)—(6.19) mns raza.

Ynpyras XuakocTb CoBepleHHRIR ra3

ap 10/( op op* _18( ap?

E:u7é7<r5> Fz?t?é;(rF)

p=p, mpu t=0 pP=p? nmpu t=0

p=p, TpEu r=ow, t>0 pP=p? mpu r=ow, t>0
2

r%:% npu r=0 raaerQ———'T:i;:n npg r=0

W3 npHBeAeHHHIX [JaHHBIX BHAHO, YTO BO BCE COOTHOLIECHHS JUISA
COBEPIICHHOrO raja JaBJIEHHE BXOAMT B KBajpaTe, B TO BpeMs KakK JuIs
yIpYro# XUIAKOCTH—B NEPBOM cTeNeHH, KO3(GHIHEHT NbEIONpPOBOJAHOCTH
% IS KMIKOCTH 3aMeHsieTcs Ha % = kp,/(nmg) mns rasa; xo3dpdHIHEHT
On/(2nkh)—na Q,.p,.n/(mkh). B ocranbHOM BCE COOTHOLICHHS dHAJIO-
THYHEL. '

Kak ObBLIO mMOKa3aHO B MNpeAbIAYLIEH [JIaBe, PELICHHEM IOCTaBJICHHOM
3ajayd JUIS YIIPYro# XHIKOCTH SIBJIAETCH OCHOBHas (GopMysia YIpyroro
pexuma (5.61):

“3amal -5 ()
P:—P(’,’)—Eﬁ[—ﬁl<—4—m . (6.20)

AHanords Mexay QuUIbTpaumded ynmpyros XHAKOCTH M ra3a CBHIETC/Ib-
CTBYeT O TOM, 4TO, 3aMcHuB B (opmyne (6.20) naBnenue HA p?, n—HA %,
on/2nkh)-ua Q, p,, n/(mkh), nomyuum pellleHHe NOCTABJICHHOR 3a1auM
Juls rasa:

2 _ 1 Qarparn . r2 )]
pi—p'(r ’)*E—‘nkT[—EI<—4—m (6.21)
IR
_ Q| .. i)]
plr, t)_\/pf__m[—&(_ﬁu . (6.22)
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p+ t=0 o
A, - 4
4 r=r
r=rg
re - 0 £

Puc. 6.1. Kpusble pacnpeicicHHs JaBNEHHS MO IUIACTY NpPH HEYCTAHOBUBIIEMCH
NPATOKE rd3a X CKBAXHMHEC B Pa3Hbie MOMEHTH! BPEMCHH (2) H JHHAMHKA JaBICHHUS
B (DHKCHDOBAHHBLIX TOYKaX IJacTa (6)

3TO M eCTh OCHOBHOE PEIICHHE JTHHEAPH3OBAHHOTO ypaBHeHHs JlenbOeH-
30H4,

JUis Manbix 3HaYeHuit aprymenTa r’/{(4% ) B COOTBETCTBHM C (OPMYyIoH
(5.62) MOXHO 3aMEHHTDh MHTErPaJIbHYIO [IOKA3aTeNIbHYIO QYHKIMIO Jorapud-
MHYECKOMH

_ QuParn | 2,25%¢

PP = i 2 (6.23)
HIIA

Qnrpnrn 2’25it
p(r, 1) = \/p'z e —m— Il 2 - (624)

ITonyepkueM, 4910 pemenns (6.21)-(6.24) sBIAIOTCA NPUDJIMKEHHBLIMH,
TaK KaK IOJy4eHB B pe3ylbTaTe HHTETPHPOBAHUN JIMHEAPHU3OBAHHOIO
ypaBHeHus (6.16), a He To4HOrO (6.6).

®opmynnl (6.22) u (6.24) onpenensioT (NpH GHKCHPOBAHHBIX 3HAHYEHHAX
BPEMEHH ) pacnpelel/icHHe AaBjIEHUSA BOKPYI ra3oBOH CKBakuHbI, paboralo-
HIEH ¢ IOCTOSIHHBIM 1e6MTOM ¢ MOMeHTA = 0. DTH AENPeCCHOHHbIE KPHBbIE
HMEIOT TaKOK XK€ XapaKTep, Kak IpH YCTaHOBHBIUEHCS (GHILTpALMH — OHH
OYeHb KPYThie BOJM3M ckBaxuubl (pHcC. 6.1,a). Ecim 3agaTe 3Hadenue r, TO
MOXHO HaWTH M3MEHEHHE NABJICHMS B JAHHON TOYKE C TCYCHHEM BpPEMEHH.
B uacTHOCTH, MOXHO HaHTH M3MEHEHHME JaBleHMs Ha 3aboe (npu r =r,)
nocne Hayana paboTnl ckBaxuHs! (puc. 6.1,6):

annr M 2’25)_Lt
= 2 _ Ino . .25
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§ 3. TOMHOE PEUMIEHME OJAHOW ABTOMOAEJbHON
3AJJAYY OB OCECUMMETPUYHOM IPHMTOKE ['A3A
K CKBAXHHE C NTOCTOSSHHBbIM JEEMTOM

B § 2 npuBeneHo pemeHHe 3afayH O HECTAIIMOHAPHOM IIPUTOKE COBEP-
LIEHHOTO ra3a K CKBaXHHE OeCKOHEYHO MaJloro paaMyca € INOCTOSIHHBIM
nebutom. PerieHue nosy4eHo B pe3ysibTaTe HHTEIPHPOBAHHS JTHHEAPH3OBAH-
HOro AuggepeHManbHOTO YPABHEHHUS.

I'. Y. BapesbnarT, NpuMeEHss aHaIH3 Pa3MEPHOCTEH, Ioka3an, 4YToO He-
nuHeliHoe ypaBHeHue Jle#iOeH30Ha NPH ONpeAeEHHBX HA4abHBIX U IPaHHY-
HBIX YCJIOBHSIX MMEET TOYHOE PEIlICHHE. ITO MMEET BAXKHOE 3HAYEHHE, TaK KaK
IOJIy4eHHOE TOYHOE peELEHME MOXET CIYXHTb 3TaJJOHOM [JI CPaBHEHUS
C HUM TNPUOIMIKEHHBIX PEILICHHIMA.

Kak u B § 2, paccmMaTpuBaeTcs 3afada O HECTAMOHAPHOM ILIOCKO-
pagManbHOM IIPUTOKE Ia3a C INOCTOSHHHIM AebMTOM K ckBaxuHe B Oec-
KOHEYHOM I11acte. B 3TOM ciyyae Heo6X0QUMO IPOMHTErPHPOBATH HEJTHHEH-
Hoe ypaBHeHHe JlefibeHaoHa

op kK 1¢ < 6p2)
w_ Sy Vi 2
ot 2nmgr or d ar (6-26)

IPH TeX XKE Ha4YalbHBIX W IPaHH4YHBIX ycyoBusx (6.17); (6.18); (6.19).

I'. U. BapeHbnaTToM NOKa3daHO, YTO B TaKOil IIOCTAHOBKE 3a/ja4a aBTO-
MOAeNIbHA, T.€. OaBJIeHHE 3aBHCHT OT HEKOTOPOIrO €IHMHOIO KOMILIEKCa,
BKJIIO4aloIIero B ceOst obe nepeMeHnble —r M f, a TuddepeHnHaNIbLHOE YpaBHE-
HHE B 4YaCTHHIX NPOM3BOAHMIX (6.26) NpuBOAUTCH K OOLIKHOBEHHOMY IH(-
(epeHUMaIbHOMY YPaBHEHHIO, KOTOPOE JIerko MHTerpupyercs. UTobml
YCTaHOBHTb, OT KaKMX apryMEHTOB OyneT 3aBHCETh AdBIECHHE, [IPOBEAEM
aHa/Id3 pa3MepHoOCTei. PacnpeneneHue naBneHHss B IUIACTE 3aBHCHT, KaK
clleyeT M3 IOCTAHOBKM 3ala4d, OT [ATH OIPENe/SIONMX NapaMeTpoB
(n=5): 1, t, p, k/(2nme), O, pa; N/(m kh).

Ecnu 0603Ha4uTH pa3MEPHOCTH JUIHHBI 4epe3 L, paaMepHOCTD BpeMeHH T,
Pa3MEPHOCTh [JAaBJIcHHS [p], TO Pa3MEPHOCTH 3THX MapaMeTPOB BLIPA3ATCH
cneayompM obpa3om:

[(r1=L, [1=T, [pl=1[p] [kEnmy)]=
=L2[p17 ' T, [QurPur n/(mkh)] = [p]*.

CpeaM 3THX HapaMeTpOB— TPH C HE3aBUCHMBIMH Pa3MEPHOCTAMH: I, {, p,
(k = 3). Kak cneayer u3 Il-treopemnl (cM. § 6 1. 1), HckoMast (pyHKLHS —
JlaBJICHHe, IPUBEACHHOE K GeapasmeproMy Buay F = p/p,, Oyner 3aBHCETh OT
IByX 6e3pa3MepHbIX KOMILIEKCOB (n — k = 5 — 3 = 2). Jlerko NpoBEPHTH, YTO
TakHMH Oe3pa3MEepHBIMH KOMILIEKCAMH SIBIISIOTCH CIIEAYIOLIHE:

I A SR I AL

\/ k \/m nkh p?
o *t
2nm Pr 2
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Tabnuna 6.1

Pe:lynnam YHCJIEHHOI0 pac4eTa ABTOMOJENLHOI0 PELUECHAN

A =001 A = 0,0049%4
3 FE 3 3 FER)
£* = 0,005787 0,9701 £* = 0,003886 0,9842
0,01157 0,9737 0,01555 0,9877
0,01923 0,9763 0,03109 0,9894
0,03472 0,9793 0,06218 0,9912
0,06553 0,9825 0,2487 0,9947
0,09645 0.9845 0,4974 0,9964
0,1582 0,9870 0,9949 0,9980
0,2816 0,9899 1,492 0,9988
0,5285 09930 2,487 0,9996
0,7754 0,9948 3,482 0,9999
1,269 0,9970
1,763 0,9982
2,751 0,9994
3,738 0,9999

F=p/p,=F(EMN).

Huddepeniupys ¢yHkuuo F 1mo f M mo r Kak CIOXKHYKO (DYHKIHMIO
M HOJCT4BJNssE NPOM3BOJAHBLIE B ypaBHeHHe (6.26), MONydiMM, 4TO QYHKLHS
F ynoBnerBopsieT 06bIKHOBEHHOMY M ¢EPEHIMANILHOMY YPABHEHHIO

d’F2+1asz+§dF_0 (6.27)

de? & ody 2dE '
Ilpd 3TOM HadalbHble M TIpaHd4Hble ycnoBus (6.17)-(6.19) csomstes

K CIIEAYIOMHUM:

dF?

&Ezl npu £E=0; F(EAN=1 nmpu E=o0. (6.28)
YpaBuenre (6.27) npu ycnoBusx (6.28) 6b110 IPOMHTErPUPOBAHO YHCIICH-

HO. PedynbTaThl pacueToB mpuBedeHn! B Tabn. 6.1 mns sxauenui A = 0,01

u A = 0,004994. Uepes £* B Tabn. 6.1 0603HAYEHO TaKOe 3HAYCHUE APTYMEHTA

E, uto mis § < E* 3uavenms &dF 2/dE oTnudaioTcs OT A MeEHbINE, YeM Ha

0,01%. 3uauuT, s & < E* MOXHO cHMTATh, 4TO & dF ?/dE = A. IIpounTerpu-

pOB4B 3TO PABEHCTBO, NONYHHM:

F*=F*@E*)) + A In(g/g")
HIIH

F=@EMN=/F2E*}) —Mn(E*E) nm & <&*. (6.29)

ITostomy 3uauenus F(E, A) nnsg & < E* B Tabn. 6.1 He MpHBEOCHK.
CpaBuuBas 3Ha4yeHus GeapaamepHoro aasnenus F (€, A) = p/p,, npuBeIeH-
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HBI¢ B Tab11. 6.1, cO 3HaYeHUIMH, NIOICYUTAHHBIMH 110 opMyiie (6.23), MOXHO
HalTH MOTPEIHOCTb, KOTOPYIO AdeT NHHeapH3alus ypaBHeHus Jle#Gen3ona,
H ybemuThCS B TOM, YTO OHA4 COCTABNISET AOJH MPOILECHTA.

§ 4. PEIIEHUE 3AJAYHM O INTPUTOKE TFA3A K CKBAXWHE
METO/JOM NOCJIEAOBATEJBHON CMEHBI
CTAILIMOHAPHBIX COCTOSHUN

Kak yka3bIBanoch B IpeAnlaylIe# riaBe, 3TOT METO OCHOBaH Ha CIeAyIo-
HIMX NPCANOCHLUIKAX: B KaX/[bli MOMEHT BpDEMEHH CYIIECTBYET KOHEYHas
BO3MYIIeHHAas 001acTh, B KOTOPOH NPOHCXOAMT JBHXEHME ra3a K CKBaXHHE;
IBHXEHHE BHYTPH BO3MYIIIEHHOH 061acTH CTAMOHAPHO; Pa3Mep BO3MYILEH-
HOH 06JIaCTH OIpefeNsAeTCs U3 YCIOBHSA MaTepHanbHOro 6anaHca.

PemimMm 3THM MeTOonOM TY ke 3amady, KoTopas Obula paccMOTpeHa B
§§ 2, 3 nmanHO#M rnaBhl, T.e. 3a4aiy O HCYCTAHOBHBILIEMCS IIPHTOKE Iasa
K -CKBaXHHE C NMOCTOSHHBIM 34JdHHBIM Je6uTOM (.., HO B OoTiHMyHe OT § 2
OyaeM CYMTATh PaauyC CKBAXHHBI KOHCYHBIM H PABHBIM 7.

B nm1060# MOMEHT BpeMEHH BO3MYILCHHOH OONacThIO SIBISETCS KPYroBas
obnacte pamuycoM R(f), BHYTPH KOTOPOH MOaBJICHHE PpACIpPEAC/IEHO IO
CT4IIHOHAPHOMY 3aKkoHY (3.51).

_ 2 ps ‘[’3 .
p(r, )= \/p. m(RI)r. I (R(1)/r), r.<r<R(). (6.30)

BHe Bo3MylIeHHOM 061aCTH AaBJieHHE paBHO Ha4aJLHOMY (HEBO3MYIICH-
HOE€ COCTOSHHE):

p=p:, r>R(@). (6.31)

B Bo3MymeHHON 06IaCTH MOXKHO HANMKCATb TAKXKE BBIPAXKEHHE JUISA
naeburta no dopmyne (3.55) s cTalHOHAPHOHX (HIIBTPALHH:

0 nkh(p: — p?)
onp, Im(RYr)’
3aMeTHM, 4TO B paccMaTpuBaeMol 3anade 3aboitHoe naBieHHE SBISCTCS
GyHKIHEH BpPEMEHH.
Jns ynobcTBa mocneayionero M3noxeHds Haitmem u3 ¢opmyisl (6.32)
OTHOIlIEHHE
2 2
DPx — Pc — in’nﬂ
In(R(t)/r,)- mkh

(6.32)

¥ II0JCTaBMM €ro B GOpMyJy Iuis AaBJIEeHHs B BO3MyleHHO#H obiactu (6.30).
B peaynbTaTte momyuum:

pr 1) = \/pf - %l’,%;’l In (R (/) (6.33)

T.€. PACIpelesIeHHE NaBJICHUS, BEIPAXEHHOE Yepe3 3aJaHHbIH NeGHT U mapa-
METPBI ILTACTA.
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HAns HaxoxaeHus R(f) cOCTaBUM ypaBHEHHE MaTepHAILHOro HanaHca.
Havasneusbiii 3anac ra3a (npu p = p,) B 30HE IJIacTa paguycoM R (f):

Mo = n(R*(1) — r))hmy p, = n(R2() — ri)hmg 22 p. (6.34)
Y4

ar

Tekyuumit 3anac ra3a BeIpa3dM 4epe3 CPEIHEB3BELIEHHOE [aBJIEHHE j:

M, = m (R (1) — 2 hmq p = w(RE () — ) hm f,— 5, (6.35)

‘rae p onpenenseTcs no GopMysie ycTaHoBHBIekHcs ¢unbTpanuy (3.58)
5=p pi —pi
Y dp.In(R(0/r)’
Tak kak oT6Op ra3a MPOMCXOOMT C INOCTOSHHBIM jAeOuTOM Q, .,
oTobpaHHas macca rada K MOMEHTY ! paBHa p,. Q,. . Takxum odpaiom,
MO - M! = parQart
HIIH, ¢ UCronb3oBaHueM (6.34)—(6.35), HaltmeM:

n <R2 (1) - rz)hmo ;L' <p, . 5) =p,.0..1. (6.37)

ar

(6.36)

TO

IToacTaBMB B mocneaHee COOTHOLIEHHE BbipaxeHue (6.36) mns cpenHe-
B3BEIIEHHOTO AaBieHus j ¥ (6.32) ans Q. , NOJXy4AM:

ar?

i —pe kh(p? — pA)t
n(Rz(t)—rf)hm,) Par P 4 — p”n ’(P p ) ,
Pur4p.In(R/r) NPa: In(R/r)

OTKyZAd
4k
R’(t)—r§=$t=4it
nmg
HIIH

R()= /4%t + ri. (6.38)

JAns 3HadeHUH BpeMeHH, AN KOTOPHIX 4%t >> r, umeem:

R(=2/%1. (6.39)

Teneps, 3Has 3aKOH JABHXCHHUS I'DaHHUIIBI BO3MYIIEHHON oOnacTd B BHIE
(6.38) unu (6.39), MOXHO HaliTH JaBleHHe B M0OOH TOUYke macra B moboi
MOMEHT BpeMeHH 1o popmynie (6.33), a Takxke HIMEHEHME T4aBIIcHHSA Ha 3a6oe
CKBaXHHbI B JIIOOOH MOMEHT BPEeMCHH

i 2
plr, D= \/pf _ QuPar? n m

nkh r

re<r<./4nt+r:, p=p. r>. /4%t +r?, (6.40)
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(6.41)

% 2
pc(z)z\/pg _ QP m.

nkh r

c

Gopmynnt (6.40) npuroadsl Kak s OECKOHEYHOro IUTACTa, TaK H IS
KOHEYHOr0 OTKPLITOrO M 3aKphITOrO Iulacra paauycoM R,. B mocneanem
cllyyae OHH CIIpaBe[UIMBbI TOJBLKO JUIss NepBOil (a3nl [JBHKECHHS, [OKA
BOPOHKA JEMpPECCHH HE AOCTHUIHET IpaHMIbl IUTACTA, T.C. JUIS

R(N=2./%1<R,.

HiMeHeHHe naBiieHHst BO BTOPOH (a3e 3aBHCHT OT I'PAHHYHBIX YCIOBH
nnacta. Ecnu nnact 3akpelIT, TO AaBieHue 6yneT npoaoIXaTh CHHKATHLCS BO
BCEM IL1ACTE, BKJIIOYash IPaHMNy. JTOT ciayvai OyneT paccMOTpeH B Io-
cnepyommx naparpadax. Ecnu nnact oTKpbITHIH (p = p, WK r = R)), T.€.
PEXHM BOJIOHANIOPHLIH, TO BO. BTOpOH (ha3e YyCTAHOBHMTCH CTAIIMOHAPHBIHA
PEXHMM C NOCTOSIHHOM menpeccuedt p, — p., Tae

B \/ . Qupun. R
p.=p——————In—.

nkh r.

§ 5. METOA YCPEJAHEHHA

PaccmMoTpuMm eme oaMH NpUOIMXEHHBIH MeETOJ INPHMEHHTENBHO K
3aa4yaM HEYCTAHOBHBIIEHCS (GHIILTPALUM Td3a — METOA YCPEAHEHHUS] BPEMEH-
HOM TIPOM3BOJHOM IO NPOCTPAHCTBY.

B xadecTBe mpUMepa PacCMOTPHM NPSMOJIMHEHHO-NIapaJlIe/IbHYIO HHIIb-
Tpanuio peayibHOro ra3a. CooTBeTCTBYIOIlee 3TOMY CIIydal0 TOYHOE OMb-
¢depeHIMaNnbHOE YpPAaBHEHHE HMeEET BUA

Li[” a_P]zﬁ[P]_ (6.42)
nmg 0x Lz(p) 0x ot Lz(p)

Cpenaem gomnyuieHue, YTO KO3pGHUIHEHT CBEPXCXHMAEMOCTH 2 (p) MOXKHO
3aMEHUTh HA Z = z(p.,), TAE p.,— HEKOTOPOE CpelHee AaBJEHHE B ObiacTH
¢unsTpanuu. Beenem ob6o3uadenwe p, = p/z(p). Torpa ypaBueHue (6.42)
OpUMET BH[

kz o 6pl> op,
. =1 6.43
nmgy éx <p1 ox ot (6.43)

IlycTh HmeeTcss NEPBOHAYAalbHO HEBO3MYILUECHHBIH TIa30HACHIIIEHHbIH
ILIaCT LIUUPHHON B, TOMUMHOM /1, nuHOM L. C TpeX CTOPOH IIaCT OrpaHHYEH
HENIPOHHIIAEMBIMM IOBEPXHOCTSIMH, @ C YETBEPTOH CTOPOHBI (X = 0) BCKPBHIT
raepeei. B momenTt =0 4epe3 ranepero Ha4yMHaeT OTOMpPaThCH TId3
C MOCTOSIHHBIM MAacCOBBIM [J€OMTOM, KOTOPHI B COOTBETCTBHM C 3aKOHOM
JlapcH MOXHO 34amMcaTh B BHAE:

k k op?
0, =plw| Ba="u=l P gy ppz Pt PT

ParZN OX 2p,,m Ox -
13—1642 193
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TpebyeTcs onpenendTh AaBieHHdE B IacTe B 060 MOMEHT BPEMEHH
t >0 J{ns 3TOro HyXHO HafTH pelicHue ypgBHeHus (6.43) B obnacrtu
uimeHeHHs 0 < x < A, 1 = 0, YAOB/ICTBOPSAIONIEE HAYAIbHOMY M [PaAHHYHBIM
YCIIOBHSAM:

P1=pyo npr (=0; (6.44)
' _ _ 2Qmpur_
dpifox=nQ/k mpu x=0, rne Q= —""-"; (6.45)
Bhzp,,
dpi/dx=0 mpu x=L. (6.46)

Kak u B MeTOle mocnenoBaTeNbHOM CMEHBI CTALIMOHAPHBIX COCTOSIHHH,
IPHHHMA4€EM, 4TO B KaX[AbIH MOMEHT BPEMEHH CYLIECTBYET KOHEYHAs BO3IMY-
IIeHHas obnacts /(f), Ha TPaHULE KOTOPOH BHINOJHSIOTCH YCIOBHS

pi=pie, 0p}ox=0 nopu x=I[(f. (6.47)
LleHTPaJIbHBIM MOMEHTOM B DPACCMATPHBAEMOM METOJIE YCPEIHEHHS

SBJISETCS NPHHSATHE YCIIOBHS

ap,/ét = F (1), (6.48)

PdBHOCHJILHOTO ITIPEANONOXEHHIO, YTO BO BCEH 4ACTH IIACT4, OXBaYeHHOM

BO3MYIICHHEM, M4BJIIEHHE M3MEHSETCA € OJMHAKOBOM CKOPOCTBIO; TOrId
ypaBHeHHe (6.43) NpMHHMAET BH[

. 9%pt  2mgn
2k

F(). (6.49)

IIpOMHTETpHPOBAB 3TO YPABHEHHME OBAXABI IO X, MOJYYHM:

myn F (t) '
pi= Z x2 +bx + c. (6.50)
HcnonpioBaB rpaHu4YHBIE YCIOBHS Ha ranepee (6.45) M Ha rpdaHHIe
BO3MYILUECHHOH obnactH (6.47), HaleM KOHCTAaHThl MHTETPUPOBAHUS b U c,
a Takxe PyHKuMIO F:

_ng ALY _ Y

—, = - , F() = — ———.
kTP T Ty 0= = 2y 1
B pesynbTaTe nomy4um:
Qn/(1)< x )’
2 __ p2 1— — <x<(D. 6.51
P1 = Pio 2k YA O<x (0 (6.51)

Haiinem 3aBucumocts /(f). JAns 3TOro mponenaeM CieayiolMe Ipe-
0o0pa30BaHHSA: [BAXIbl NPOHHTETPUPYEM HCXOJHOE ypaBHeHue (6.43) mo

KOOPIHMHATE U IO BPEMEHH
t L(t) [X(I 1

0*p? 2 0
EJ.J.WP;dx dt = moﬂ J.fﬂd dx,

00
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B pe3ylbTaTe, MCNONb3ys TpaHUYHBIE ycrnoBus (6.45) m (6.47), momy4um

BLIpAXEHHUE [ CPEIHEB3BEILEHHOIO AaBIICHUSA
ZQt
2myl(1t)

IIpumeM rumoTtedy, YTO CpedHEB3BEILEHHOE [ABJIEHHE, KOTOpOE HaxXo-

nurcs o popmyne
]

(6.52)

P1 =D

1
Pi=7 py(x, 1) dx,
0
O JAHHOIo ciaydas OHPCIICJISICTCSI H3 COOTHOIICHHUS:

L 1

o, a z_in(r)< __x_ﬂ ~
P = 10 J.PI(X, Hdx = 10 J.[Plo ok 1 10 dx =

o 0

/
- ot - 210, 653

IIpuBenem BhlpaxeHus st p, (6.52) u (6.53) x Ge3pasmepHOMY BHAOY
H [IPHPABHAEM HX:

___E_Q_t~=\/1_Q_n1(t)
2mopyol(h) 6k pto
VpaBHeHHE (6.54) CNyXMT Iunsi onpenencHus ¢ynxkuun [(f). Onpnako

MOXHO IOJIy4HTh OYEHb IPOCTYIO NMPHONMAKEHHYIO HCKOMYIO 3aBHCHMOCTb.
O6o3nauum Onl/(6k ply) = u ¥ pa3noXuM B psj MpaBylO 4acThb (6.54):

Nou=] _2_ 4 _¥W _
- 2 8 16

Vnepxas aBa nepBLIX HIeHA psAd, MOJYYHM:
\/1_ ol . on
6k pio 12kp}o

Toraa (6.54) npumeT BHA

(6.54)

L Z0r . onil
-~ 2mgpyol(n) 12k p3o’
oTKyaa
STV
/=\/6—z—’ﬂr. (6.55)
n mg
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IMoncTaBuB nosrydeHHOE Bhipakenue B Gopmyny (6.51), DoNyddM SIBHYIO
3aBUCHMOCTh [JaBJICHHS OT KOODIHMHATHI H BPEMEHH.,

B momeHT T, xorga BO3MYIIEHHAs 30Hd JOCTHIHET HENPOHHIAEMOM
rpanuisl muaacra (/ = L), 3akoHYHTCH nepBas ¢asa.

s onpeneneHus ee NPOAOJIKHTENLHOCTH NOJIOKHM B YpaBHeHHH (6.54)
/= L u BhIpa3uM Bpems T:

2mypyo L< \/ QT]L)
T=——"——1{1-—- |1-— . 6.56
20 6k 7l (6.56)

MoxHo HaiTH npubmxeHHoe 3Hayenue T u3 ¢opmynsl (6.55) u
ybequThCS, 4TO NOrPEMIHOCTh He npeBbinaeT 3-4%.

B Teyenune BTOpo# (pa3bl AaBieHHE HA IPAHMIE X = L maaaer ¥ BLIIOJHS-
etcs ycnoBHe (6.46). CooTHOIEHHs st BTOPOi (a3nl HCTOLIEHHs: Fa30BOro
II71aCTa CTPOATCS aHAJIOTMYHKMM obpa3oM. IIponenaB aHaloru4Hble BhIKJIaa-
KH, NOJIy9MM 3aKOH Paclpele/ieHHsl OaBJICHHS IO ILTACTY

on < x )

2_p 2l (1 _ 2 6.57
P Dir k X 2L ( )
M 3aKOH M3MCHEHHS NdBJICHMS Ha ranepee

Qz ) > gnL

2 = -t ——=. 6.58

P1 <Pxo 2m, L 3%k ( )

§ 6. NIPUMEHEHHME NNPUHLUMIIA CYNIEPITO3MLIUM K 3AJAYAM
HEYCTAHOBUBIIEVICH ®UJILTPALIMM IA3A

JAns peieHMs THHEAPHU3OBAHHOTO YPaBHEHHMS HEYCTAHOBHMBIIEHCS (MIIb-
Tpamuu (6.15) Hcnonb3yeTcss METOH CYNEPIO3MIMH (METOJ HATIOKCHHUS
IOTOKOB). TO YpAaBHEHHE — IMHEWHOE W OMHOPOAHOE OTHOCHTENbHO p2,
NO3TOMY €CIH p, (x, ¥, z, D, po(x, ¥, z, 1), ..., p.(x, y, z, f) onpeaensoT
pacupenerneHds [JaBIICHHsS, BbI3BaHHbIE paboroit mepBo#, BTOpOH ..., n-d
CKBAXHH, H ABJISIOTCSA PEIICHUSIMHU ypaBHeHHUs (6.15), To MMHeHHAs koMOMHAa-
LMs MX KBaApaToB p? = c,p? + c,pi+... + c,p? Toke GyneT peleHHeM
ypaBHeHus (6.15).

ITpu nomMouw MeToaa CymepHO3HIIMH MOXHO PEIaTh Pa3JIMYHbIC 3aJayH,
KOTOPKIE MCIOJIb3YIOTCS NPH NPOSKTHPOBAHMH P43pPabOTKH ra3oBBIX MeCTO-
POXUICHHHA,

Hcnone3ys 3T0T MeToA, BbiBeAeM hopMyIly st BoccTaHOBNIeHUs 3260~
HOrO [aBJIEHMS IOCJIE OCTAHOBKH ra3oBOf CKBaXHHBI, M IOKaXeM, Kak IO
KpHBOH BOCCTAHOBJICHMSI [JABJICHUS ONpEAEIAIOTCS KOJUIEKTOPCKHE CBOHCTBA
racra. :

IIpeamonoxum, 4TO ra3oBasi CKBaXHMHA B OCCKOHEYHOM ILIACTE 3KC-
IUTyaTHPOBAJIACh B T€YEHHE [UTHTEIBHOTO IPOMEXYTKA BpeMeHH T C MOCTOSH-
HBIM fe6UTOM (,, ¥ B MOMeHT T BHE3anHO OCTAHOBJIEHA, T. €. IPMTOK rasa
K 326010 MTHOBEHHO NpPEKpPaTHIICS,

Hcnone3ys NpuHIMI CyNEepHO3UIMY, OyaeM CUHTATh, YTO B MOMEHT (= T
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B JONONHEHHe K aobbmBalomie#t ckpaxuHe, pabortaromed c ge6butom Q@
Hayana paboTaTh HArHETATENIbHASN CKBAXHHA C TEM Xe JcOHTOM.
Torna

Qur Par M [ 2,25% ¢t 2,25% (t — T)]
2__ p2 _ Xarfar _
pr — pé o kh In 5 In 3 .

re Te

arT?

(6.59)

KpOMC TOro, B MOMCHT OCTAHOBKH CKBaXHWHbBI T BBIIONHACTCSH PaBEHCTBO

225 T
QurPuc zu ’ (6.60)

2 2
x — Fc T)=
pe = pc(T) 2nkh ré

Buiyuras nounenno (6.59) u3 (6.60), nonyuum;
Q..p n[ 225# T 2,25%t 2,25% (t — T):I
2 _ 3 T) = ar ar 1 —1 1 —
pe(n) — pc(T) Skh 2 n = +1In 2
Q..P.: M [ 2,25%(t — T) t]
— ln —_

il
Inkh r2 T

Ecyu ckpaxuHa paboTana 10 OCTAHOBKH B T€YEHHE JITHTEILHOTO BpEMEHH
Tut—T«T 10
t 225%(t—T)
p22—/—v 7l

In -«
T< r2

¥ wieHoM In(¢/T) mMoxHo npeHebpeub. Torma umeem:

Qu:Pax, 225%(t —T)
In )

2 _ n2 T —
pe(n) —pe(T) Skh 2

(6.61)

IMpuMeM MOMEHT OCTaHOBKM T 32 HOBOE HA4YaJI0 OTCYETA BPEMEHH:

t =t — T, torna ¢opmyna (6.61) 3anuueTcs B BHIE:
2,25% ¢
QuPa:n | 2 Gy (662)
2nkh re

~ Kpupas BoccTaHOBIIEHHs 3a60HHOTO 1aBieHus IpHBeJeHAa Ha pHC. 6.2.
Jlerko BHaeTh W3 moCTenHeH (GOpMYINBI, YTO 3aBHUCHMOCTB pZ (1) — pZ(0) oT
In ¢ - nuHeitHas (puc. 6.3). BuigenuM B npaBo# 4acTH GopmMynnl (6.62) 4neH,
coepxkamui In 1 :

Qu:Par Inf + Qur PaxM In 2,25%
2nkh 2nkh r?

JHOR HOES

pi() ~ p2(0) =

(6.63)

OueBuano, 410 i = Q,, p,, N/(2nkh) npeacrabnser cobod TaHrenc yria
HakJIOHa npsiMoit AB K ocu abcuucc, a OA - OTpe30K, OTCEKAEMBIH IPAMOR
AB Ha ocH OpOMHAT, PaBEH

2,25% 2,25%
QIYPITT] ln 3 — iln i 3 .
2nkh re ré
TIpH HCCNEOBAaHWM Ta3oOBHIX CKBAXHH HA HEYCTAHOBHBIIHMXCS pEXKUMAX,
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Puc. 6.2. Kpupasg BoccTaHOBNIEHHS 3a60i-

HOro MOaBJICHHA IIOCJIE OCTAHOBKH CKBa-
KHHB

Y

<
&
-

pUt")cE(0)

L2
c B
(-]
4 4°
¢ 4
= Puc. 6.3. 3aBucumocts p2(r) — p2(0) ot
0 int’ In¢

KOTOpblE TPOBOANATCA C LEABIO OIPEJENIEHHs KOJUIEKTOPCKHX CBOMCTB
IUTaCTOB, INOJIy4alOT 3Ha4YeHWs p. B Pa3Hhle MOMEHTHI BPEMEHH [ IOCIE
OCT4HOBKM CKBaXHHbI. ITH JaHHbC 06pabaTeIBalOT B KOOpAMHATaX p2 (f) —
—p2(0) u Int (unu lg?).

3KCIepUMEHTANbHbIE TOYKH NIOKa3aHEI Ha pHC. 6.3. OObLIYHO HA ONBITHOMR
KPHBOH MOXHO BBIACIIHTbL NPSAMOJIHHEHHBIH Y4acTOK, IO KOTOPOMY Ompe-
OensroT 3HayeHus | =tga U OA. 3Has 3TH BENMYMHBI, a Takxe AeOHUT
CKBAXXHHbl [0 OCTAHOBKHM (J,., MOXHO ONpPEAENHTh KO3(HIHMEHT ruapo-
IPOBOJHOCTH IL1acTa

21

kh Q.. (6.65)

n
H KOMIUICKCHEIR napaMeTp
%"

L ou
ST 6.66
17525 °¢ (6.66)

OTMeTHM, 4TO Ha ydacTke AC ONBITHBIE TOYKM OTKJIOHSIOTCH OT MPSMOi
33 CYET MNPHTOKA 433 B CKBAXHHY IOCIE €€ 3aKPhITHS, KOTOPHIH He
YYHMTBHIBAETCS B COOTHOMIEHHAX (6.59)—(6.61), a Takxke 3a CYeT HEKOTOPHIX

ApYTUX (aKkTopoB.
3aBucuMOCTh (6.59) MOXHO 3amUCaTh Takke B BHAE

2 2 anarn t

pr—pi=="—t—In—

Pe="onkh “r=T

~

HITH
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f ¥l
pA(r) = p? — iln . (6.67)

’l

KpHBble BOCCTAHOBIICHHS ABJICHHS IOCJIE OCTAHOBKM ra30BBIX CKBAXHH
06pabaThIBaIOT TAKXKE MO METOLy XOpHepa B koopauuartax p2 (1), In[(¢f +
+ T)/t]. VYpaBHenue (6.67) B 3THX KOOpAMHATax INPeACTaBNINET coboi
npaMyw. [lo yrny Hag/ioHa HpAMOE MOXHO ONpPEICTUTh KO3IDGHIHEHT
THAPONPOBOAHOCTHA 1O Gopmyie (6.65); 3KCTpANOIUPYS €€ 4O OCH OpJAHHAT
(In[{(f + T)/t] =0), nony4yaroT INACTOBOE [daBJICHHE p,, KOTOpOE, Kak
NIPaBUIIO, HEH3BECTHO. :

§ 7. IPUBJIMKEHHOE PEIIEHUE 3AJ1A4 Ob OTBOPE I''A3A
M3 3AMKHYTOI'O NNJACTA 1TPHM NTOMOLIA YPABHEHHUA
MATEPUAJIBHOI'O BAJIAHCA

PaccMoTpHM HECkONIBKO 3aaa4 06 oTbope raza M3 3aMKHYTOR KpyroBoi
ra3oBOi 3anexu paauycoM R,. B meHTpe 3amexd HAXOMMTCS CKBaXWHA
pamuycoM r.. J1o BCKPBITHS IUTacTa CKBRXKHHOW JABICHHE IO BCEH 3aNEXkH
HNOCTOSIHHO H P4BHO p,.

ByaeT paccMOTpeHO B4 NMpOCTEHIUMX CIydas: a) oTOOp NpOM3BOAHTCS
¢ mnocrosHHbIM Jebutom @, ; 6) 3aboiiHOe naBieHHE p. COXPaHICTCH
NOCTOSIHHBIM.-

B cny4yae a) mac Oyner MHTEpecOBaTh INAJCHHME J4dBICHHS Ha IPAHHNE
niacra p, (f) 1 Ha 3aboe ckBaXuHHI p (1), B ciyqae 6)— najeHHe J4aBICHHS Hd
rpauuie p,(f) 1 nagesus aebura Q, (0.

OO0e 3a1a4U PEIIAIOTCS METO/IOM IOCIIEJOBaTEIbHOR CMEHBI CTAllHOHAP-
HBIX COCTOSIHHMH, T. €. C MCIIOJIb30BAHHEM 3aKOHOB CTALlHOHAPHOMR PUIBTpaLUK
ra3a ¥ ypaBHEHHs MCTOIUIEHUS ra3OBOH 3aJieXxH. ITO MOCIEeJHES YPABHEHHE —
ypaBH¢HHE MaTepHalbHOrQ 6anmaHca—3aKIIIOYaeTCd B TOM, YTO KOJIHHECTBO
rasa, M3BJICYCHHOTO M3 ILJIACTA 3a HEKOTOPBIN NPOMEXYTOK BPEMEHH, PaBHO
YMEHBIICHHIO 34IIaCOB ra3da B IUTdcTe. TaK Kak IIacT 3aMKHYT, TO 3aIlachl
OTpaHH4CHbI U HE IOMOJIHAIOTCS M3BHE.

Ecnu p—mroTHOCTB ra3a, COOTBETCTBYIOIIAS CPeAHEB3IBEIIEHHOMY AdBJie-
HHIO B Inacte j, a V,—ob6beM mopoBoro nmpocTpaHCTBa, NPHHAMAEMbIA
NIOCTOSIHHBIM, TO YMEHBILICHHE 3411aCOB ra3a 3a 6€CKOHeYHO MaJILIi IPOMEXKY-
TOK BPEMCEHH dt 3aNMINETCH B BHAEC

ar?

—nﬁz—m&&9=—&wwp (6.68)

OTo6paHHas Macca ra3a 3a TOT XK€ IPOMEXYTOK BPEMEHH
Q. (Ndt =p,, 0, (nat. (6.69)

IMpupabusis Boipaxenus (6.68) u (6.69), nonyium uddepeHunanIbHOE

YP4BHCHHE HCTOILECHHUS Ta30BOH 3alIekH
— Vodp = pi. Qu, (1. (6.70)
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Puc. 6.4. /luHaMHK2 NaBICHHS HA IPAHHLE 3dM-
D, P KHYTOro ra3oBoro madcta p,(f) u 3aboifHoro
L Py napneHus p.(f) npu oTbope ra3a ¢ NOCTOSHHBIM
aebuToM
A
0 t

B rm. 3, rme paccMaTpHBaNdCch YCTAHOBHMBIIASCH IUIOCKOPAAHATbHAS
¢unpTpanus rala, 6u110 nokasaHo (¢popmyna (3,58)), 4TO cpeaHEB3BEILICHHOE
JaBJicHHe § O4YEHb MAJO OTJM4YAETCH OT KOHTYPHOrO p, (B HAILIEM Cly4ae
P, —HaBlicHHE Ha rpaHuue 3amkHytoro nnacra). b.b. Jlanykom 6b10
YCT4HOBJIEHO, YTO NPH OJMHAKOBLIX T'PAHMYHBIX YCIIOBMSX KPHBAs pacipe-
JelIcHHs] M4BJIEHHA B IUIACTE€ B ClyYde HEYCTAHOBHMBIUECUCH (UILTPALNWH
pacnosnaraeTcs HECKOJIBKO BBIIIIE COOTBETCTBYIOWIEH KPHBOM LIS yCTAHOBHB-
meics unpTpanuu. Ilo3ToMy MBI IpUMeM YCIIOBHE j = p, ¥ 3aMEHHM
B ypaBHeHHH (6.70) Benu4uHy j Ha p,.

— Vodp, = po, Q. (0) . (6.71)
PaccmoTrpum cny4ait a), koraa @,, = const. [Ipu 3Tom
dp, = — —%Q‘l dr. (6.72)

n

IpouHTEr pHpOBAB 3TO ypaBHEHHE, Y4TS, YTO p = p, UPH ¢ = 0, IONY4HUM:

— p, Pl (6.73)

p' p“ V

n

T.€. JdBJICHHE Hd TPAHHILE NIACTa MAAdeT IO JIHHEHHOMY 3aKOHY C TCYCHHEM
BpemeHu (puc. 6.4). UTOOH HaWTH 3aKOH H3MCHCHMA 3400HHOrO AaBlICHHS
C TeYeHHEM BpeMeHHM, 3anuieM ¢GopMmyny mas Je6HTa CKBaXHHbI

nkh(pi — p?)

Qo= (6.74)
pl‘l n ln(Rl/rC)
H BbIP43UM M3 Hee 3a00HHOE naBleHHE
2 Q:n par R:

= /pi———"=In—. 6.75
P \/ p mkh 7 (6.75)

Orcrona ¢ yyeToM Buipaxenus (6.73) nis p, Haimem:

pll’ QIT ) 2 QJI pilI rl ‘RI

= - t] — In—, .76

Pe \/( 7 kb oy (6.76)

n c

['padux usmenenus p (f) npupeaer Ha puc. 6.4,
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Puc, 6.5, [IluHaMuxa NaBICHUSA HA TPAHHIE 3aMKNY-
TOTO Ta30BOTO MJACTa p,(f) W nebuta Q,.(f) npH Px
NMOCTOSHHOM 3ab0HHOM J1aBJICHHUH

B cnyyae 6), xkorma p, = const, AnA ONPERENEHHA 3ABHCHMOCTH p; OT
! IOICTABHM BbIpaxxeHHe /IS aebuta (6.74) B ypaBHeHue (6.72) U pa3genum
HEPEMEHHEIE;

dp nkh

-V S = dt. 6.77

"pi—pl nin(R/r) (677

Beens obosnauenue A = nkh/[nin(R,/r,))] 1 npounTerpuposas (6.77) ot
0 mo r u oT p, OO p,. NOJIyHUM!

t P
1% dp,
uo B
,[ AJpl—pi
0 P
oTKyaa

= Vn ln(pn—pc)(px+pc)’
24p.  (pu + PP — P

3a1aBafCh PAIMYHBIME 3HAYEHUAMH T4BJICHUS p, HA TPaHHUIE 3ATIEKH,
HdYMHAA OT p, H MCHBIIMMH, MOXHO HAHTH COOTBETCTBYIOIHME 3HAYEHHUSA
BPEMEHH ! pa3paboTky 3anexu. [1oaCcTaBIAA ITH ke 3HAYCHHSA p, B HOPMYITY
(6.74), onpenenseM NeOUTHI B Te ke MOMEHTHI . JiuHaMHuK4 p, (1) 1 @, (1) ans
9TOro Ciy4as NpHBEAEHA HA puC. 6.5,

(6.78)

Konmpoavnvie sonpocet u 3adauu

1. Kax 3annceiBaetca ypaBHenue Jleibenzona? Kakoro tuma 3To ypaBHe-
Hue?

2. [MokaxuTe, 4TO ANA HEYCTAHOBHBIICHCA (QHUILTPALMH ra3a HPHHIMN
CYNMEPNO3UIIMH OTHOCHTENILHO NAaBJIEHHA HE HMEET MECTA.

3. Kak 3anuceiBaeTca auddepeninanbHoe ypaBHEHHE HEYCTAHOBUBINEHCH.
¢unbTpalMK ra3a, THHeapu3oBaHHoe no JleibeHnzoHy?

4. IToyeMy a1 IOCKOP4AMANBHOM (GHUILTPALMH ra3a JTHHEaPH3aLMA AacT
O4YE€Hb MAJICHBKYIO MOTPELIHOCTh NPH ONpPEAESICHHH AaBIEeHUA? _

S. Kakofi BHI HMeEET pelICHHE JIHHEAPH3IOBAHHOIO YyP4dBHEHHA IUIA
IJIOCKOPAaAMaNIbHOrO NMPHTOKA ra3a K CKBAXHHE C IOCTOAHHLIM JAeOHTOM?

6. KakoBBI pennockLIIKM METOAA MOCNIEAOBATELHOH CMEHBI CTAIIMOHAP-
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HBIX cocTogHH#H? Kak U3MEHAETCA pauyC BO3MYILEHHOH 00J1ACTH C TEHECHHEM
BPEMEHH? _

7. Kax npuMeHSieTCA NPUHIUMII CYNEPIO3HINH K 3aJa4aM HEYCTaHOBHB-
mekcs unspTpanuu rasa?

8. Kakue yclOBHS JOMKHEI BHIIONHSATLCHA, YTOOK IPH BOCCTAHOBIIEHHH
J4BIEHHS B CKBAXHHE 3dBUCHMOCTDL pl(t) — p2(0) oT In¢ 6runa nuHEHHON?

9. Kakoii Bux uMeeT ypaBHEHHE MaTepHanbHOro 6anaHca ans 3aMKHYTOR
ra30Boi 3aNexH (ypaBHEHHE HCTOILEHHS Ta30BOM 3asexKH)?

10. Kakum OyneT 3akoH M3MCHCHHA [AaBJICHHA HA TPAHHIE 3aMKHYTOH
ra30BOM 34aJ1eXH, eclM oTOOP NMPOMCXOAUT: a) NMpH ycnoBuu @, = const; 6)
IIpH YCIOBUM p. = const?

I'nasa 7

JABUXKEHUE I'PAHULIBI PA3JEJIA
NP B3AUMHOM BBITECHEHUU
KUJIKOCTEN U rA30B

3a1aum o ABVOKEHHH I'PAaHHUIbI pa3jielia ABYX XUIAKOCTEN B MOPUCTOH cpese
HPEACTABIAIOT DONBIION TEOPETHHECKHH U MPAKTHYECKUNA HMHTEPEC. -

IIpu pa3paboTke HePTHAHKIX MECTOPOXKICHHH B YCIOBHAX BONOHAIOPHO-
r0 pexXHMa MPOUCXOIHMT CTArMBAHHE KOHTYPAa HEPTEHOCHOCTH NOJ HANOPOM
KOHTYpHbIX BoJ. IlepemenicHue rpaHMunl ABYX (MIOMIOB-Trd3a U HEGTH—
IPOUCXOANT TAKXKE INPH Ta30HAIIOPHOM PpEXHME IO ACHCTBHEM ra3oBOi
IIANKH, 06beM KOTOPOH MOXET YBEIHYUBATLCH MM YMEHBLIATHCH.

B TowHO# mocTaHOBKE 3ajaya O MPOABHXKCHHE BONOHEPTAHOIO KOH-
TdKTa—O0JHA #U3 Haubosee CNOXKHBIX B Teopud ¢unbTpaumd. [lepsrie ucce-
noBaHus ec 6u1H BrimonHennl JI. C. Jlelben3onom [42]. [JansHelee pa3su-
THE 3T4 3aJa4d nojyuuna B paborax M. Mackera [7], B. H. [llenka4esa [87],
I1. 3. INony6apuHosoii-Kouunoit [60], K. A. Yapuoro [81], A. M. IMupsep-
asHa [57], H. H. Bepuruna, I'. C. Canexonn ¥ qpyrux.

AHanoruyHas 3a[a4a O JBMXCHHUH TPLilHUBLI pa3fiena ABYX XHIKOCTEH
C PAa3NIMYHBIMH (U3HYECKHMMH CBOMCTBAMH —BA3KOCTBIO M IJIOTHOCTHIO — BO3-
HUK4€eT BO MHOIHX CJy4asX M IpH pa3paboTke ra3oBbIX MECTOPOXICHHM
C aKTHBHOH KpaeBOH HJIM INOJOIIBEHHOH BOJOH, a TAKXKE NpPH CO3TAHHH
M 3KCILTYy4TalMH NMOA3EMHBIX Fa30XPaHHIIMI B BOJOHOCHBIX ILIACTAX M HCTO-
LIEHHBIX OOBOMHEHHBIX MECTOPOXICHHAX. 3HAHHE B 3ITOM Cly4ae Temia
NPOABHXEHHA KOHTYPHBIX BOJ BECEMd BAXHO., TaK KAK OT HETO 3aBHCHT TEMII
NMagcHUA IJIACTOBOro AABJICHHA B ra3oBoH 3anexu wiM [1XIT, ne6uT razossix
CKBaXHH M HX P4a3MCILICHHE HA ra30HOCHOH IIOIAIH, NPOJOIKHTENBHOCTL
O€CKOMIIPECCOPHOH 3KCILTyaTalMH ra30BOro MECTOPOXACHHA ¥ APYrHe Bax-
HBIC MOKA34TEIH.

Ans pelneHMs npaKTUIECKUX 3aAd4 Pa3paboTKH HEDTAHBIX M d30BHIX
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MECTOPOX/IEHUH BAXHOE 3HAYEHHE MMEET IPOTHO3WPOBARHHE IMPOBHXEHUA
KOHTAKTOB ILIACTOBLIX (IIIOMIOB, a4 TAaKXE€ KOHTPOJIL H PEryIMpOBAHUE
JMHAMHKH KX IEPEMCIUCHHEA. JTO INO3BOJIAET ONTHMH3HPOBATHL CHCTEMY
pa3paboTKH MECTOPOXIECHHA, [IPABHILHO OINPEICIHTL YHCIIO M Pa3MEILCHUE
NOBLIBAIOIIMX ¥ HATHETATENBHBIX CKBAXHH HA MECTOPOX/ECHHSAX IPH €CTECT-
BEHHBIX H HCKYCCTBEHHRIX pEXHMMax HX 3KCILTyaTauuH. B ocHoBe 3Toro
MOJXOA4 — IPaBHJILHOE MOHHMAHHE MEXAHU3MA M METOJOB TMIPOJMHAMH-
YECKOro pacyeTa MpoJABHXKEHHS BOJOHEdTAHOro, ra3oHeTAHOTO H ra3oBoAs-
HOr0 KOHTAaKTOB,

§ 1. KUHEMATUYECKHME YCJIOBUSA
HA NOJABUXHOM FPAHMLE PA3JIEJIA
TPH B3AMMHOM BBITECHEHUU XKUJIKOCTENA

OcCHOBHAA TPYAHOCTh TOYHOIO DEUIEHHA 3ajJay¥ O JBMXXCHHH TpaHHIAI
pasnena ABYX XHAKOCTeH B IOPUCTOH cpeae 3aKIIIOYaETCs B TOM, HTO JIHHHH
TOKa Ha I'paHULE pa3fiefla XUAKOCTER NPETOMIAIOTCS.

Ilycts xpuBast I-1 (puc. 7.1) cnyXuT rpaHuued pasjfena ABYX XHIOCTEH
C BA3KOCTAMH T, H 1M, H NYCTb, HAPUMEP, N; > N, (HEPTH BHITECHAETCA
BOJIOH).

PaccMoTpHM npou3BoNbHYIO To4Ky M rpaHunmsl I-I B mpoBeleM yepes
Hee KacaTeJbHYIO T M HOpMalb f K IpaHHie pa3fena xumkocted I-1,

HaitneM nmpoexuu# ckopocTed GUILTpalMy BOAK H HEPTH, HAXOAALIHMXCS

B J4HHBIA MOMEHT B TOYKe M, Ha KaCATENLHYIO T H HOPMAlb A, CHMTAs
NPOHHIAEMOCTb OPHCTOM Cpeabl k MOCTOAHHOM 10;006€ CTOPOHLI TPAHHIBI
paszgena.

CornacHo HEPAa3PhIBHOCTH IOTOKA MACCHI 3JIEMEHTAPHBLIE PACXOALI 06EHX
HEC)KMMAEMBIX XUIKOCTEH Yepe3 3JIeMEHT IpaHMibl pasjielia, BKIIOHAIOILHHA
Touky M, nomxHE OBITH paBHBl Mexay coboi. OTcioma crienyer, uTo
HOPDMAJILHBIE COCTaBIISAIOUINE CKOpocTed ¢(uabTpammu o6eHx XHAKOCTeH
OYyAyT paBHBI, T.€. Wy, = W,,.

JlaBnenue B 1utacte B To4Ke M Takxke NOMXKHO OBITH OAMHAKOBO AMA
0benx XKHMIKOCTEMH, TaK KaK [IPH MaJIbIX CKOPOCTAX (HHXe 3BYKOBAIX) pa3phisa
JaBJIEHUA B CIUIOLIHOM MOTOKE DHITL HE MOXET.

2y
—-

e

Ky /
‘SE 1 ’7’7{

I M F

Puc. 7.1. TIpenoMaeHHe THHEA TO~ I
Ka Ha FPaHHLE pa3facsa KHAKOCTCH ¥4
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KacaTenpHble k€ COCTaBNAIONIME CKOpocTeH (umbTpammu obeux Xunu-
KocTe# OynyT onpenensaThbCs o 3akoHy Jlapcu:

k o

W= —— (7.1)
n, ot
k o

Wae = —— o, (7.2)
n; 0t

Tak xak n, > n,, To 13 (7.1) u (7.2) nomy4aeM, 4To wy; > Wa - Orcwna
CleflyeT, 4TO PE3yNLTUPYIOLIHMI BEKTOP CKOPOCTH (GWILTpALMM W, = wh +
+ v,l,,, KACaTeJIbHLIH K JIMHUK Toka M A, GyneT 6osblue BekTOpa W, = Wa, +

+ w,,, KacaTeNILHOTO K JIMHWA Toka MB. CnenoBaTensHo, JMHUK Toka AM
¥ MB, npoxonsue yepe3 Touky M, 6yayT MMeThb H3NOM B Touke M.

V4eT 3TOro npenoMIIeHHs JTHHMH TOKa HA IPAHUIIE pa3fena XHAKOCTEH
H COCTaBJISCT ITIAaBHYIO TPYAHOCTh B TOYHOM PELICHUH 3a/1d4YH IPOIBHXEHUSA
TPaHMUE pa3fiena.

Jlunuu Toxka HEe OYAyT NPETOMIATHLCA TOJBLKO B JABYX CIIy4asix —IIpH
IpAMOJIMHEHHO-apallIebHOM H IUIOCKOpagNanbHOM JABHXCHHAX TPAHHIBI
pasena, Koraa wy, = wy, = 0. ITH 3a1a4u, Opexac Bcero, ¥ 6yayT paccMoT-
peHnl B nanmo# rnase. [Ipu 3TOM pa3sHOBs3kHE XUIKOCTH (HedTH M BoJja)
CYHTAKOTCH HECMELIHBAIOLIMMHUCA, B3aHMHO HEPAaCTBOPHMBIMH M XHMHUYECKH
HE peardpylouIMMH OJHA C OPYro# H C NOPHCTOH CpEHdOH.

BriTecHeHue HeTH BOJOH NPEANONAraeTcs NPOUCXOAAUIHIM ITOJTHOCTHIO —
TaK Ha3bLIBAEMOE «IIOPILIHEBOE» BBITECHCHHE.

3agauM, B KOTOPBIX YYHTHIBAETCH HENOJHOTA BBLITECHERHH, paccMaTpH-
BaloOTcA B Il 8, 9.

§ 2. IPAMOJHHENHO-NIAPAJLIEJBHOE BLITECHEHHUE
HE®TH BOJAOH

[Ipu nopiHeBOM BHITECHEHHH HEYTH BOOH B NOPHCTOHA CPEAE IIOTHOCT
HeTH ¥ BOoAKI OyeM CHHTATHL OJMHAKOBEIMH, JTO MMO3BOJIUT pacCMaTPHBAThL
IJIOCKOCThL KOHTaKT4 HedTH M BOALl BEPTHKANBLHOH. Pa3nuume B BAIKOCTAX
HedTH N, ¥ BOALI N, OYAEM YYHMTHIBATh.

B cnyyae npsamonuHeHHO-IapaIeNbHOro ABMKCHHS CXeMa BHLITECHEHHSA
IpUBEJCcHa Ha pHc. 7.2.

Ha xoHTYpe NHTaHHA ¥ Ha rajuepee NONICPAHBAIOTCA COOTBETCTBEHHO
HOCTOAHHBIE [aBJeHHA p, M p,. HauanbHoe mMoOnoOXEHHE KOHTypa HedTe-
HOCHOCTH X, NapaJUIENILHO rajiepee ¥ KOHTYpY NUTAHHS.

O603Ha4uM X, TEKYIEE PACCrOAHHE O KOHTYpA HEPTEHOCHOCTH B MO-
MEHT BpPEMEHH [ IMOCJIE Ha4yalla BBLITECHEHHSA, L—paccTOAHHE OT KOHTypa
IIMTaHHUA 10 TAJICPEH, P, , P, — AABIICHHA B MOOOA TOYKEe BOXOHOCHOHR M HedTe-
HOCHO¥ 4aCTH IIIacTa COOTBETCTBEHHO, p(!)-AaBlIcHHE HAa rpaHulle pa3aena
BOJIA - HE(Tb, OTCTOSAINEH OT KOHTYpa NMHTAHHA HA PACCTOAHHH X .

BcroMHEM, 4TO B Clydae YCTAHOBHMBLIETOCH NPSAMOJIMHEHHO-NApallICis-
HOro (HMILTPANMOHHOTO MOTOKA OAHOM *uaKocTH (cM. § 2 ri. 3) pacnpene-
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JICHHE OaBJICHHA H CKOPOCTHb ¢manpamm OITHCBIBAKOTCA CICAYIOILIHMMH ypaB-
HCHHAMMH:

p=p._pl Zprx=pr+pl zpr(L——x), (73)
k Py — Pr

=— —. 7.4

e T L (1.4

[Tpu 3TOM HM300apaMH ABNAIOTCA JTMHHH, NapalllelbHbIe rajaepee, H Kax-
Iy10 ¥306apy MOXHO paccMaTpUBATh KaK KOHTYD MUTaHHA WM KaK rajepero.

Ha ocnoBanu# popmyn (7.3) u (7.4) pacnpencnerne JaBICHHA U CKOPOCTh
¢unsTpanuy B BOJOHOCHOH 0BJIACTH MOXHO 3alHC4Th B BHAE

Pﬁ=m—£ii%gx.0<x<xﬂ0, (7.5)
_k p—p() 06
B —T]. xf(t) . )

[NpuHgB 332 KOHTYp NUTaHMA U300apy, COBNANAIONIYIO C TPAHULEH pa3fe-
J1a XUAKOCTEH, pacrpe/e/IeHHe JaBJIEHHS U CKOPOCThL QWILTpalmMH B HedTe-
HOCHOW 00NTacTH MOXHO 3aIHCaTh CJIEAYIONIMM obpa3om:

(t) —pr
Pn=Pr+f‘jm(L—x), x ()< x<L; (1.7
_k p()—>p,
S R} 09

Haitnem nasnenue p(t) Ha rpanuue pasaena. Beiuencrpue HeCXKHMaeMOCTH
XHKOCTEH M HEPA3PLIBHOCTH NIOTOKA JIMHHK TOKA OyIyT MMETh BUI HPAMBIX,
napaiensHuXx och Ox (Ha rpaHMiE pasjena npeJoMiieHHs HXx He Oyner),
a CKOpPOCTh (PUILTPANMM BO BCEX TOYKAX IIacTa 6yneT oAWHAKOBOMH, T.e.
W, = Ww,.

Torna u3 ypaBueHuit (7.6) u (7.8) nomyunm:

kpo—pQt)_ k p()—p:
'Ln. xf(t) nnL—xf(t)’

TTTY

Boda  Hegroy h

SIS S.

4

PIPIVIIVIIIIIIVI I I77/4/7774
T

Px gt Pr
Puc. 7.2. CxeMa NpRMOJMHEAHO-Napasuieib- 5 aﬁa! He@mb .
HOTO [BHXKCHHR TDAHHLBI Pa3sjeNid «BOAA — T77TTTTICI777277 7740777077777
HedTb» 17 Zp .Z‘f-(t) L z
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OTKY/a A4BJICHHE HA IPAHHMIE pa3jiesia XUIAKOCTeH OYyIeT paBHO:

xp(t) + no(L— x (1))

rje BBeJeHO 0b03HaYeHHe My = M,/MN, — OTHOLICHHE BA3KOCTEH MUIKOCTCH.
OnpenenuM Tenephb CIEAYIONIHE XapaKTEPUCTHKM (DPUNLTPANHOHHOrO IO-
TOKa HePTH M BOILL
l. Pacnpenenenue naBlieHHS B BOJAOHOCHOH M HedTeHOCHOMH
obnactax. Ana atoro noacrasuM (7.9) B (7.5) u (7.7):

- (7.9)

X
L=p,— A , (7.10
P P A T e (L= %, (1) )
L—x
Px =P +MNolp (7.11)

xp (1) + no(L— x,(1)’

rae Ap = p, — p,—nenpeccus Ha IacT.
2. CkopocTs punstpauuu. [logcraBus (7.9) B (7.6) u (7.8), mony4yum:

_k Ap
M. X () F no(L— x, (1)

w=Ww, =W

(7.12)

3. Pacxon xuakocTu (aebuT raneper) @ nmony4aerca u3 (7.12) ymuo-
®EHHEM Ha IIOLIAL CeYeHus moToxa Bh.

4. F'panuenTt naBnenus. [Ipomnbdeperuupyem (7.10) u (7.11) o x:
) A
Pu_ 4 ; (7.13)
Ox xp(8) + Mo (L— x,(1))
0Pu _ nolp
0x xp(t) + No(L— x,(1)

(7.14)

5. 3aKkOH JBMXEHHA TpPaHHUB pa3fena Xx,= x,(f) HaxOOAM M3
COOTHOIIEHHS CKOPOCTH (HIbTPAalMH M CpeHEH CKOPOCTH IBYDKCHHSA:
dx,
w=myp=m——,
dt
OTKYAd, Mcnonn3oBaB (7.12), pa3niemMB INepeMeHHbIE W NPOMHTEI PHPOBAB
B npeaenax ot 0 0 4 OT Xy KO X, NOSYIHM:

1
oy [noxs — ) —2 0 D 0} b |, (1.1

t =

Hns Toro, 4TOOH HAaWTH BpEMSA IOJIHOTO BLITECHEHMS HedTH, HYXHO
B ¢opmyne (7.15) nonoxuts x, = L. Torna nouy4um:

mn,
= 2%Ap I:L2 —x} + Mo(L— x%)].
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B wacTHOCTH, ec/iv B Ha4aILHBIA MOMEHT BPEMEHH ILTACT OB IIOJHOCTBIO
HAchIILCH HePTHIO (X, = 0), TO OTClIOAa HAXOAUM:

T=mn,(ne + 1) L?/(2kAp).

Ans onpeneneHus 3aBUCHMOCTH KOOPAMHATHI IPaHHLBI pas3feNa X, OT
BPEMEHHM ! PELIMM KBAJPATHOE YPABHEHHC (7.15) OTHOCHTENBHO X :

L L 2 2kApt
.x,:L—\/(L—.x(,) == (7.16)
No— | No — 1 mn,(mo — 1)
[ToacTasus 3Tp 3HaYeHHE X, B hopmyny (7.12), HailaeM 3aKOH HIMEHEHHUA
BO BPEMEHH CKOPOCTH ¢GHNLTpAauMH (a4 3HAYUT, U AeOUTA ranepeu):

k 2kA —-1,2
w=——AP|:(noL—(no— l)xo)z——p(no— Ul:l (7.17)
n mn

[Mpoananu3upyeM NOTyHEHHhIE XaPAKTEPHCTAKH MOTOKA.

1. U3 ypaBuenui (7.10) u (7.11) BHOHO, 4TO AaBIEHHE B ILTaCTE 3aBHCHT
HE TONBLKO OT KOOPJMHATHEI X, HO M OT IOJIOXCHWA IPAHMULI pa3fena X,
a crenoBaTenbHO, 0T BpeMeHd. Ho x,, kax caenyeT u3 dopmyns (7.16). co
BPEMEHEM YBEJIMYHUBAETCA, CIIEAOBATENLHO, INTACTOBOE JAaBJIEHHE BO BPEMEHH
B BOJOHOCHOH obiactH nugaetr, a B HedTeHocHoH pacter. Ha puc. 7.3
IpUBEICHLI KPHBbIC PACIIPEACIICHHA NABICHHA B IIJIACTE B HAYATIbHBLIH MOMEHT
BBITECHEHHUS, KOIAd TPAHHLA pa3felia 3aHAMAET MOJIOKEHHE X, , U HEKOTOPOE
BpEMS | CIIYCTA, KOTJa TPaHMuA pa3jicfla MPOABHHYIACH 0 MOJICKEHHA X, .
W3 pucyHka BHAHO, 4HTO ILE3OMETPHYECKAS THHUA HA IPAHMIE pa3aesld HMEET
H3TIOM.

2. Cxopoctb punsTpanuu w (7.17) u pacxon xuakoctu @ TaKkKe H3Me-
. HAIOTCA BO BpeMeHH. ClieIOB4TENBHO, HECMOTPA Ha MOCTOAHCTBO JAENPECCHH
Ap = p, — p, ABHXKCHHE XHIKOCTEH B IacTe OyldeT HeyCTaHOBHMBLIHMCH.

IIpu ny>1 (n, >n,), xak Buago u3 (7.17), ckopocTb GHILTPILHA
H nebWMT rajeped YBEJHYHBAIOTCA C TEYCHHEM BPEMCHH, T.€. [0 Mepe
NPOABHXECHUA KOHTYPd HEDTEHOCHOCTH. -

3To nerko OOBACHHMO H H3 (UIMYECKHX coobpaxeHHH. J[IBHXEHHE
KHIKOCTEH B IJIACTE NMPOMCXOOMT MOJ MACHCTBHEM IOCTOSHHOTO IEpenana
nmaBneHus Ap. ConpoTuBlieHHE, OKa3biBaeMoe 00€HMH XKHIKOCT MM, 3aBHCHT
OoT pa3MepoB ux obxaacreit. C TeueHHEM BPEMCHH YBEITHYMBUETCH 0bIacTh
BOJIOHOCHOCTH, CONPOTHBJICHHE KOTOPOH 1O CpaBHEHHIO ¢ 0b1acThio HedTe-
HOCHOCTH Tex Xe€ pa3MepoB 3H4A4YMTEIbHO MeHblue. CrenoBatenbHo. obuiee
CONMpOTHBIEHHE obeux obmacTell BO BPEMEHHM YMEHBINAETCA, YTO IPH IIO-
 CTOSIHHOM JenpeccHd Ap BeNeT K pPOCTY CKOPOCTH (UNLTpauMM M nebuta
ranepeu. _

3. 'papueHTs! OaBneHus B BOAOHOCHOH u HedTeHOcHOH obnacrax, kak
"910 cnenyeT u3 ¢opmya (7.13) u (7.14) c yueTtoM dopmyst (7.16). Bo BpeMeHH
pacTyT. ITO XKe NOKa3aHO W Ha puc. 7.3. B HedTeHOCHOH 0bONMACTH rpagHeHT
JaBJieHUA DomblIe, 4€M B BOJOHOCHOH, BO CTOJILKO Pd3. BO CKOJILKO BS3KOCTh
He¢TH GOnblIE BA3KOCTH BOJLI.
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P Puc. 7.3, Kpusnie pacnpege/ieHHs AaBieHus
By B TUIACTE NMPH BBITECHCHHH HeTH BOAOH

4

12

10

[/ g2 04

4

Puc. 74. WsmeHeHne O4BNCHHMA HA TIpavdue pasaena XuaxocTed (p, = 20 MIla,
p, = 10 MIla)

f g g’
i =
4 -
A s Z ’r
Ji bz
1 Z Puc. 7.5. CxeMa HCNOJ/B30BAHHA MeETOAA
0 A Ay Ly T  «onocox»

4. KpuBas najicHus JABJICHAN p, HA TPAHHMIE PA3/IENa B 3aBHCHMOCTH OT
ee Oe3pasMepHEIX 3HaYeHHMH §, = .x /L NpH pPa3TMYHBIX OTHOLICHHSAX BA3-
KOCTeH NMo = N,/N. NpuBelaeHbl HA puc. 7.4. PacieThl mpoBOAMIHCHL MO
¢dopmyne (7.9) npu nmaBnenmM Ha KOHTYype nuTaHus p, = 20 MIla u Ha
ranepee—p, = 10 MIla.

B cnyuyae, ecnu nepBoHayannHOE MOJIOXKEHUE BOJOHEGTSHOrO KOHTAKTa
AB B ITacTe HE MAp4JUIENbLHO ranepee (puc. 7.5), TO pelIMThL 3aAd4y MOXHO
NpHOIMXEHHO, HMCIONIb3ys, HAIPUMED, METOJA «IOJOCOK», MPEATIOXKCHHBIH
B. H. lllenkayeBriM. B moTOKE BHIAENAIOTCA Y3KHE IIOJIOCKH, B IIpenenax
KaXIOH H3 KOTOPBIX BONOHE(TAHOH KOHTAKT CYHMTAETCA MHAPAJUIENbLHBIM
ranepee. H IBHXCHHE B KaXIOH IOJIOCKE ONMUCHLIBACTCA BLIBEICHHBIMH B 3TOM
naparpade dopmynamu. [Ipy 310M, Kak BuAHO u3 dopmynsl (7.17), dem
Oonblle 3HaYeHue X,, TeM Oojblle ckOpocTh ¢unsTpauuu w. OTciona
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BLITEKAET, YTO rpaHuua pa3fena B Touyke B Oynmer OBHraTeca ropasmo
6nicTpee, ueM B TOuke A, U 0OBOHEHHE rajieped HAYHETCs MMEHHO 110 JTHHHH
BR’', B TO BpeMs KdK KOHTYP HeTEHOCHOCTH O JPYTHM JHHUAM Oyner eme
3HAYUTENLHO YAANEH OT ranepeH. M3 3Ttoro mpumepa cieayeT BaxHOE
3aK/TIOYEHHE O XdPAKTEPE NPOJBHXEHHA KOHTYpa HedTeHocHOcTH. Ecnu Ha
IpaHane paszaeia Boda—HedTs pH padpaboTke HedTsHOW 3anexd obpaso-
BaJicA «BOASAHOM #A3BIK», TO OH B OanbHEHIIEM HE TOJBKO HE HCYE3aeT,
a OLICTPO BLITATHBAETCA, IIPOABHrasAch ¢ HONbIIEH CKOPOCTBHIO, Y€M OCTalIb-
Has 4acThb BOAOHE(TAHOrO KOHTAKTA.

§ 3. JIOCKOPAAUAJIBHOE BLITECHEHUE HE®THU BOJAOM

PaccMoTpHM 3amady O BLITECHEHHH HedhTH BOJOH B YC/IOBHAX ILTOCKO-
panManLHOro ABMXEHHSA MO 3aKOHY Jlapcu B ITacTe, H300paxeHHOM Ha
puc. 7.6. Ha xOHType NMTaHUS paauycoM R, NOIIEpPXHUBAECTCA MOCTOSHHOC
IaBIIEHHUE p, . Ha 3ab0e qoObiBarollel CKBaXHHBLI PaJMycOM &, —IOCTOAHHOE
JaBJIEHUE p_, TONILHHA NnacTa h ¥ ero MPOHAIAEMOCTS K TAKXe IOCTOAHHH.
O603Haumm uepes Ry, r, COOTBETCTBEHHO HAYATILHOE M TEKYILEE [OJIOXEHHS
KOHTYpa He()TEHOCHOCTH. KOHUEHTPHYHBLIE CKBAXHHE M KOHTYDY NHUTAHHSA;
yepes p, ¥ p,— AaBleHHe B MobOOH TOuke BONOHOCHOH M HedTEHOCHOH
06J1acTH COOTBETCTBEHHO, Yepe3 p(!)—daBleHHe Ha I'DAHALE pasfciia xHji-
KOCTEH.

B cnyuae yCTaHOBHBIUETOCSA THIOCKOPAAHANIBHOTO ABHXEHUS OJHOPOIHOH
*uakocTH (§ 2, rn. 3) pacnpeldencHHE IOaBJICHHA B IIOTOKE H CKOPOCTH
GOUNLTpALMM ONMHCHIBAIOTCH CIEAYIOIMMH yPaBHEHHAMHU!

— R - r
psz_l’x p‘ln—":p:+p' p‘ln—:
R, r R, r.
In —= In —
"C rC
k p—p 1
W= - =
n « T
In -

27
i

Puc. 7.6. Cxema rutacta TpH TUTOCKOpA-
AHATBHOM BBITECHCHHH HE(DTH BOJOH.

14—1642 200




Ecm u306apy, coBnamaronlyio B JAHHBIE MOMEHT C KOHTYpOM Hedre-
HOCHOCTH, NIpHHAThL 33 CKBAXHHY, TO paclpefe/icHHe NaBIIEHHAS M CKOPOCThb
¢GUILTPaIMH B BOJOHOCHOH OBIACTH MOXHO BRIPDA3UThL CIEAYIOIMM 0b6pa-
30M:

- R
pomp PO R (7.18)
R, r
In —
Ty
k —p() 1
wy =~ LR 1’;”—. (7.19)
.
nl ln_l
Ty

B cny4ae, ecnm 3Ty xe u3obapy, coBnafaromyio C r,, IPUAATE 32 KOHTYp
NIUTaHHs, TO PACIPENC/ICHHE JaBJICHHS M CKOPOCTh GHUILTPAaUMH B HedTe-
HOCHOH 0b1acTH MOXHO 3alHcaTh CIIEAYIOIUM 06pa3om:

t) —
m=m+ﬂl7&mf; (7.20)
In-L ¢
nr:
k —
W= PP (7.21)
N T

rC
JlaBnesne Ha rpaHuie pas’fesia XHAKOCTed p HalaeM U3 YCIOBHs pa-
BEHCTBA ckopocTedl punbTpanuu HedTH W BOXBI HA ITOH rpaHMUE, IS HYEro
npupasHsem (7.19) u (7.21) npu r = r;. B pe3ynsTaTe HOMyHIM:

R
P.Noln L + p,In ==
r r
plt)= < . L. (7.22)
In—"+ngln <
r,- r.

rje, KaK 4 paHee. Mo = N,/ MN,-

OnpenenuM XapakTEPHCTHKH PacCMAaTPHUBAEMOro ILIOCKOPAAHATLHOrO
GHILTPALMOHHOIO MOTOKA HeTH M BOJBI

1. PacnpeneneHue aaBieHUs B BONOHOCHOH H HehTEHOCHOM
obnacTtsax HaiaeMm U3 ypaBHeHHi (7.18) u (7.20), NOACTaBHB B HUX 3HAYEHHA
JaBJIEHWs HA rpaHUue pasgena p(t) w3 (7.22). B pesynnTaTe nojyyum:

R
Apln—=
r
Po=pP———F——, I Sr<Rk; (7.23)
r
In—"+neln <
rf r.
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;
NoApln—
r
Pu=pPct—p— ‘r , res<r<r,, (7.24)
In—* 4+ ngln L
ry re
rne Ap =p, —p..
W3 3Tux dopmyn BHAHO, YTO 3aKOH paCNpelcICHHA AABICHHA BIOJIb
pajpyca-BeKTopa B 0beHX 30HAX - JIorapupMHIECKUH.
B cnyyae, ecnu 3HameHaTeNs B dopmynax (7.23) u (7.24) npenctaBdTh
B Bule

R Pl R
ln—'+nolnr—{=ln(r—f 5 '), ne> 1.
rf r. rc"

TO HETPYAHO 3aMETHThb, YTO IPH r,, YMEHBIUIAIOIEMCS BO BPEMEHH (TpH
CTArMBaHMM KOHTYpa HedTEHOCHOCTH), 3TOT 3HaAMEHaTeNb TaKXE YMEHb-
waetcs. Torma us ¢opmyn (7.23) u (7.24) cnenyeT, 4TO AaBlieHHE B BOJO-
HOCHOM Y4CTH IL14CTa BO BpeMeHM IajdeT, 4 B HedTeHocHOH pacteT. Takum
obpasom, 3aecs HAOMOAAETCA TaKad K€ KAPTHHA, KAK M B IPAMOJIMHEKHO-
napanielsHoOM IOTOKE,

2. 'pangueHTHI faBNeHHuA B 0OcHx 061aCcTAX TeyeHUA HanWaeM, npoaud-
¢depeHuupoBaB ypasHeHus (7.23) u (7.24):

é A 1
Ps _ 14 — (7.25)
or R, rer
In—=+ngln—=
ry r,
é A 1
Pu _ No AP - (7.26)
or r _

In A, + noln it

I'f re
W3 nonyyeHHsx popmyn creayeT, YTO IpafHEHThI JABJICHHS BO BPEMEHM
pacTyT kak B BOJOHOCHOW, Tak u B HedTeHocHo# obnactax (Tak kak
3HaMEHATeNH B 3TUX (POpPMYJIaxX yMEHbIUAIOTCA BO BPEMCHH).

Ha rpanunue pasgena xuakocTed (npu r = r,) rpaIMEHT JABICHUA B Hed-
TEHOCHOH obnacTu Oonplile, YeM B BOJOHOCHOH, B M, pa3. DTO TrOBOPHT
0 TOM, 4TO Ha (PpOHTE NbE3OMETPHYECKANA JIMHHA HMEET H3JIOM.

3. CxkopocTH GUIBTPANlMK XHUIAKOCTEH OnpenelnM U3 3akoHa Jap-
CH!

_ ko, _ kP
T T, e

HCNIONB3ys BhipaxeHus (7.25) u (7.26) COOTBETCTBEHHO.
B pe3ynnTaTe moy4um:

Wy

kA 1
w, = P - Resr<irg,
R, re\r
n“<1n — + Ne!n —)
L4¢ s " 211



kAp 1

Wy = R. rf —r", rISrSr:.
Nl In— +1ngln—=

I'f r

4

U3 3tux dopmyn BHAHO, YTO CKOPOCTH GHIBTPAHMH KAK BOABL, TaK
U HeTH BO BpEMEHH PacTyT (Tak Kak 3HAMCHATENb B YKa3aHHBIX GopMynax
YMEHBIIIAETCS BO BPEMEHH).

4. 1e6uT ckBaxMHK ( HaleM, YMHOXHB CKOPOCTh (GUIBTPAKMH W Ha
mwrowanas Q = 2nhr:

2nkhAp
0= - _ (1.27)
. n_(ln'——"+noln—f)

rf r.

[Tpu noctosnHOM Aenpeccun Ap = p, — p. I€OHT CKBAXHHLI YBEJIMIHBACT-
cs BO BpEMEHH, T. €. C IpUOIHXEHHEM K HEM KOHTYpa HeTeHOCHOCTH. Takoe
CaMOIIpOU3BOJILHOE YBENWYCHHE AcOUTAa HehTH Iepe] NPOPLIBOM BOJK
B CKBaXHHY [OATBEPXKAAETCS H NPOMBICIIOBHIMH HabmoneHusmu. [Ipu n, =
= 1, bopmyna (7.27) npeBpamaercs B popmyny Jdromou.

5. 3aXOH ABMXEHUS FPAHUUA pa3fieNa XUAKOCTEH r, onpenennm
M3 COOTHOUICHHS MEXAY CKOPOCTbIO (MILTPAUMH H CpeAHEH CKOPOCThIO
JBHIKCHHUS;

w_,-=mu_,-= -m —=

OTKYIa

m mn, R, rf)
dt=——dr,=— In— In—= dr,.
W, r, kAp(nr_,-+no nr rearg

4

IpomuTterpuposas 310 ypaBHEHHE B npeaenax oT 0 no r u ot R, mo r,
NOJTyY¥M HESBHOE BRIPAXCHHE [Vl 3AKOHA [BMXXCHHS IDAHMILI pa3jena r (1):

Rq
t= TAT‘J [(No— Dzlnz—(n,lnr.—InR)z]ds =
'r
mn, R r R, R,
= ZkApl:no(R% lnTcg— r} lni-) + R(z) lnE— r} ln—r?—

1
—5(Mo — 1}(R§ — ’fr)]- (7.28)

3neck "Hepe3 z 0603HaYEHA NEpeMEHHAs HHTETPUPOBAHMS.

Bpems sriTecuenus T Bcedl RedTH Bofo#H HaikaeM, NIOJCTABHB B YPABHEHHE
(7.28) r, = r_. B pesynbTate nonyynm (npesedperas r N0 CPaBHEHHUIO C R3):
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mn,Rg[ ( R, 1) R, 1]
7= "0 ) B P S
2kAp |\ T TR T

ITO paBEHCTBO, OYEBHIHO, Aa€T OLIEHKY BPEMEHM NPOPBIBA BOJLI B CKBa-
XHHY.

3aMeTHM, YTO NOJIYYCHHBIC TIPOCThIE PACUETHEIE POPMYIILI «IIOPILIHEBOTO»
BBITECHEHHS HepTH BOAOH nomyckaroT oOoOlueHME, YYMTHIBAIOLUEE HEMOJI-
HOTY BbITecHeHHs. OCTaBasCh B paMKaX MO/IENIH BBITECHEHHS C HEM3IBECTHOMR
TIOABHXHOH TIpaHUledl, BBOAAT MOCTOSHHYKO OCTATOMHYIO He(TEeHaCHILUCH-
HOCTb §,, ¥ HACBILUCHHOCTh 3alUEMIIEHHOHR BOAOH 5, , IPH KOTOPhKIX COOTBET-
cTByloluue ¢a3bl HeMOABWXHBI (M. 1. 1). Ilpeanonaraercs, YTO xaXxaas u3
¢da3 mepemeluaeTcs NO 3aHUMAEMOM ero 06:1acTH co cBoel (a3oBoil MPOHA-
naemocThio (k, unM k,), a cpefa MMEET COOTBETCTBYIOIUYIO NMOPHUCTOCTS:

m,=m(l —s.), m,=m(l —5,, — 5,

Torna B ¢opmynrnl, monyyeHHele B §§ 2, 3, HETpYAHO BHECTH COOT-
BETCTBYIOILHE H3MCHEHHUS; TIPH 3TOM pOJIb OTHOLUEHHUS BA3KOCTel 1, Oymer
urpatk napamerp M = k_n./(n.k,), npeacrasnsiomuit coboil OTHOLIEHHE
NOABHXHOCTEH (a3.

§ 4. YCTONYUBOCTSH JABUXEHUS MPAHULIbI
PA3JIEJIA KUJAKOCTEH

B peanbHBIX YCIOBHSAX JBMXXEHHE T'DAaHWIILI pazfesia XUAKOCTEH BBHIIJIsf-
AT, €CTECTBEHHO, CJIOXHEE, YeM I[I0 PacCMOTPEHHRIM CXeMaM, TaK Kak
BOJOHEDTAHOMN HIIM ra30BOJSHON KOHTAKT COBEPIIAET CIOXHOE MPOCTPAHCT-
BEHHOE [BHXXEHHE.

B peanpHBIX YCTIOBHSIX HPOAYKTHBHBIE II1ACThRI HAKJIOHHBI, M TIpaHHUNA
pa3zfena XHAKOCTed, MMerollas TOPM3OHTAlbHOE HayalbHOE IOJIOXKECHHE,
B mpolecce pa3paboTku 3anexu HedTu nebopmupyercs.

ITycTs HedTsHas 3ayeXb B HAKJOHHOM Iacre (pHuc. 7.7) MMeeT ropu-
30HTaJIbHOE Ha4YaJLHOE MOJIOXKEHHE BOJOHEPTHHOIO KOHTAKTa Ay B, .

Ilpu otbope HedTH rpanuna paszena Bona —HepTh OyUET nepeMeluaThCs,
3aHHMas TOCIC0BATENLHO ToNoXeHus 4, B, 4,8, u T. 4. PaccMoTpum
BONpoC 06 yCTOHYMBOCTH ABMXEHHUS I'PaHMIbI padnena. Ckopoctd puibTpa-
IMH KaXI0# XHUIKOCTH COIJIACHO 3aKOHY JlapcH OmpeensioTcs NpH YdeTe
CHJIBI TSDKECTH NO GOpMynaM:

Puc. 7.7. CxeMa NBHXERHSA BOAOHEPTAHOIO KOH-
TaKTad B HAKJOHHOM IIacTe
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k,(écp éz k (6;; _62)
=L oy, = (P ey, 7.29
W, n_(as+p.gas>, Wy n, 35 TPd 3 (7.29)

rie OCh z HaNpaBJieHa BEPTHKAJILHO BBEPX, @ KOOPAMHATA 5—B HAIpaBJICHHH
TTOTOKa.

BcnencTeue Hew3bexHBIX BO3MYIUEHMH Ha IpaHHMLE pa3fella 4acTHIbI
BOARI MOMNajarwT B 00JacTh, 3aHATYIO HEPTLIO, H NIPH 3ITOM HX JajbHelniee
JIBHXCHHE MOXET THOO yCKOpAThCH, THOO 3aMe nsaThCs.

B mnepsom ciydae, npHM YCKOPEHMH ABHXXECHHMS 4YacTHI[ BOJK! [JBHXCHHE
rpaHunbl pa3fena OyneT HeycTOHYMBLIM, BO BTOPOM, MNpH 3aMeUICHHH
JBHXXCHUS 4YacCTHULl BOJbI — yCTONYMBBIM.

VYcnoBus ycTORYMBOCTH ABHXCHUS I'PAHMILI Pa3/ieNia MOXHO YCTaHOBHTh
H3 cIeAYIOIMX 3JEMEHTapHeIX coobpaxenuif. O6o3HauuM uepe3s w,, CKO-
POCTh PUILTPALUHM YaCTHUIX BOALI, MOMABUIMX B MOTOK HETH C rpaHeHTOM
nasyieHns (0p/ds), , ky, —~IPOHHIIAEMOCTD IUTACTA JUIS BOALI B 30HE ABHXXEHHS
HepTH. Torma u3 mepBoro cooTHoweHds (7.29) monyyum:

_ _km (P Q)]
wl! e n- [(as )H + png as . (730)

Jns ckopocTH GUIBTpalMH OCHOBHRBIX YaCTHI HEPTH, COMPHKACAIOLUNXCS
C TNPOHMKIUMMHM Ty/[a 4YacTHIAMH BOAbI, COTJIACHO BTOPOMY YpPaBHEHHIO
(7.28), MOXHO 3amucaTh

() et
W.——n—ﬂ % H+P..95; . (7.31)

W3 ypapHenuit (7.30) u (7.31) momayyaeM CBf3b MEXIY CKOPOCTSIMH
GHUILTpaLMU w,, U W,:

0 0z 0
&w--+p-g_z_=_T]_l!wn+pH <_p> 1

k.. 3k, as  \os
OTKyZa

Na le klll 0z
Wea =n_.k—nw“ - n—l(pn - pn)g —a_s

O6 ycTOMYHBOCTH ABMXXEHHS I'DAHMIILI Pa3jiela MOXHO CYIuTh IO pa3-
HOCTH CKOPOCTe# (HIBTpauMu:

Aw=w,,—wn=(&l—(ﬂ—l> wn—fﬂ(p_—p“)g sin q, (7.32)
N, ka N,
IjJe o—yroj HAKJIOHA IUIacTa K TOPH30HTY, TdK 4TO 0z/ds =sina (cM.
puc. 7.7).

Ilpu Aw < 0 gBUXEHHE rPaHUIBI pa3zena XUakocTed OyaeT ycTONYUBRIM,
npu Aw > (0 IBHXEHHE HEyCTOHYHMBO.

BenuuuHa k,, 61M3Ka X NPOHMIAEMOCTH TaK HAa3kIBAEMOM TeEpeXOAHOl
30HKI - 30HK!, OCTaBJICHHOH HedThIO M 3aHaTOH BOJOH. OORYHO k,, MeHblE
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k, . Cautas B nepBoM mpubimxeHun, 4to k,, = k,, npeobpasyem cooTHoLE-
HHue (7.32) k Buay

n k .
A"'=(—"—1> w, — — (p, — P, ) g sin . 7.33
. . P — Pu)9g (7.33)

Taxk K4k NPH YCTOMYMBOM [IBMKeHWMHM rpaHuibl Aw <0, To u3 (7.33)
HafiieM YCIIOBME YCTOMYMBOCTH B BHJIE

k

W, S ——(p, — p)gsing, (7.34)
Me — N

HAKJI4[bIBAIOIEE OrpaHHYEHHE Ha CKOpPOocTb (HUIBTPamMH HedTH w, Ha

IPAHMILIE pa3jena.

W3 (7.34) cnenyeT., YTo NpH OYeHb MAILIX CKOPOCTHAX TIPH p, > p, H NpPH
BLITECHCHHH CHM3Y BBepX (0 > () mBHXXEHHME yCTOHYMBO, AaXe E€CJIM BA3KOCTh
He(TH 1), CyLUECTBEHHO TIpeBRIIIAET BA3KOCThL BOJBI 1,. I103ToMy, Hampumep,
Koraa BoaoHedTaHo# KoHTaKT (BHK) manex oT 1oObIBarOIUMX CKBaXHUH M W,
Maja, TpaHHUa pasaena nsuxerca ycToiumpo. C npubmuxennem BHK
H C yBelIH4YeHHEM w, cornacHo (7.33) pasHocTs Aw yBenuuuBactcs. Korama
Aw > 0, OBHXEHHE HEYCTOMYHMBO, H fA3bIK MOAOLIBEHHOH BoAbl OyneT aBu-
raTtbcs ropasno OwicTpee.

Bounee cTporoe uccinejoBaHUE paccMOTPEHHOHN 3ala4y IPOBOAMTCH METO-
JaMH TEOPHH BO3MYIUCHHMH H T'MIPOJMHAMHMYECKOR YCTOHYHBOCTH.

§ 5.* ABUXEHME F'PAHULBI PA3JEJA B NOPUCTOM CPEJE
noja AENCTBUEM FPABUTALUMOHHBIX CUT!

PaccMOTpHM MOpAMOJMHENHOE BHITECHEHHE OJHOR XHAKOCTH JApYroi
C YYETOM CHJIBI TSDKECTH B HAKJIOHHOM IUIACTE TOJIUMHOR A, YTOJ1 HaKIJIOHA
mracTa X ropu3oHTy ¢« (puc. 7.8). Tlycts xuaxocte / (BOAA) BHLITECHSET
KHUAKOCTH 2 (HehTh). 3aKOH JABMKEHMA IPAHMIIbI Pa3sieia MEXY HUMH Oyaem
HCKaTh B BHIE

y=y(x1). (7.35)

By}.ICM MpeanoJaraTe, YTO KOMIIOHEHTH CKOPOCTH, NMEPINCHIAKYJISPHREIC
HAMJacTOBAHMIO, paBHEI HYJIIO, 4 NApaJUICABHRIC PACIIPEICTICHRL PaBHOMEPHO
IO CEYECHHUIO TOTOKA. ITO COOTBETCTBYET MPEAINOJIONKECHHIO, YTO JAaBJICHHUC
B KaX/JIOM IONEPEYHOM CEYECHHH IIOTOKA PacCHpecsICeHO MO 3dKOHAM ragpo-
CTATHKH.

! 34axoM * B TEKCTE ¥ OrTABIEHNM OTMEYEHK TPYAHbIE PA3/Eihl (He JUIR NEPBOro
YTCHUH).
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\_l/ Puc. 7.8. [edopmanus rparuunl pasjgena
oy noa AeHCTBUEM CHUIBI TIXKECTH
7777 7/77777777777777777777774

! 2 2
h
y’ ] (I’ 0)
7777 PR ITTTT77I 777777 ,>\
z+dAx x

5.1. /Indpepennnainnoe ypaBHeHHE TPaHMULI pa3jieia

BuieieM nuddepeHuManbHbe YpaBHEHHS 118 ONpefeIeHNs GOPMBI Ipa-
HUIbI paszena (7.35). Coctapum GajaHc Macchl KaxaAoi U3 ¢a3 ¢ yueToM HX
cxkumaeMocTd. IlycTs g, (X, {) = p; w, —MaccOBBIf pacxox meppoil ¢asnl
4epe3 eAMHHUIY IJIOLIAJM CEYCHHA MTOTOKA BAOJb OCH X. Torjaa MpUTOK MaccChl
BOJbI Y€pE3 MOBEPXHOCTh ay, (X, 1), IAe 4 — IWUHUPHHA TIACTA JIEMEHTAPHOr O
obreMa ¢ KOOpAMHATOM X, 32 BpeMa A cocTaBHT (cM. puc. 7.8):

M) =g, (x, 1) ay, (x,t)AL,
a4 OTTOK MACChl 4Y€pe3 MOBEPXHOCTh C KOOPAMHATOH X + Ax 3a BpeMs At
6yneT paBeH
M7 =g, (x+ Ax t)ay,(x +Ax.1)AL.
Pasnuua Mexny noctynarowe M'*’ u or6éupaemoit M~ NMaccaMu BOABI

J0JIXHa 6LITH paBHA TIPHPAIUEHHIO MACCH! B 3IEMEHTAPHOM 061EME, KOTOPOE
B CBOIO OYEPEab COCTABJAET 3d BpeMs A! (C y4eTOM CXHMaeMocTH ¢a3ni):

mip (x.t+ Ay, (x,t+ A1) — p,(x, 1)y, (x. t)]aAx.

3ammuem 6anaHc Macchl TEpBO# (a3sl, MOJYYHM ToCTe AejleHHs Ha
aAx At obeux uacreit paBeHCTBa
_ (Pyw ¥ )i var — (Pywiy1)ls _(mpyy)ivar— (mpyyi)l,
Ax ' At '

OTKYJa B pe3yJIbTaTe PeAeILHOro nepexoaa Ax — 0, At —» 0 HalineM ypaBHe-
HHE HEPA3PRIBHOCTH UIA NMEPBOH ¢a3swi:
d ¢
MPiyr+ oo pywyyy =0. (7.36)
at dx

CoBepieHHO aHANIOrHYHO BBIBOJMTCS YPaBHEHUE 6anaHCa MAcChl BTOpO#
¢a3nbl, KOTOPOE MMEET TOT Xke B[, YTO M (7.36) mocJie 3aMeHK! B MOCIEHEM
HHAEKCA «1» Ha «2».

BenieM OTHOCHTeIbHYIO OMIFO TOMUMHEI [J1aCTa, 3aHATOH KaX Aol U3 da3:
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, =1-o0. .

o, p o, p p o, (7.37)
Toraa ypaBHEHHsI HEPA3PLIBHOCTH (IIIOMAOB MPUMYT BHJ

¢ ¢ .

Emp,-ci-kap,-w,-c,-:O. i=12 o,+0,=1 (7.38)

Eciu o6e ¢a3nli—ogHOPOAHBIE HECKMMAEMBIE XHIKOCTH (p; = const), TO
ypaBuenus (7.38) ynporuaroTcs ¥ MoryT ObITh 3amucaHbl B BH/E

60’+6, —0
Mo Tax™C T

i)

S —o)=0 7.39
Mot Tax N TS (7.39)

A CYHTACTCHA, YTO MNOPHCTOCTL M1 —TNOCTOAHHA, H BBECACHO obo3Hayenue
O =0,. B pannueiineM MEI H 6y}.ICM HCIIOJIB30BATL 3TO MPEATIOJIONKCHHE.

CornacHo 3axkoHy Jlapcu, s ckopocTeit ¢pUIbTpanuH ¢a3 uMeem:
ki (dp;

w; = ———<—+pigsinu>, i=12 (7.40)
N\ Ox

3necs p, U p,— AaBJIEHUS COOTBETCTBEHHO HA MOAOLIBE U KPOBJIE MiacTa
(cM. puc. 7.8), KOTOpBIE B COOTBETCTBHH C 3aKOHOM FHAPOCTATHKH CBS3aHBI
Mexay coboi COOTHOILLIEHHEM:

Py =p; +(pyy; +p2y,)g cosa

Hcnomnws3ys (7.37), 3TO paBeHCTBO MOXKHO TPEACTaBHThL B CIEAYIOLUEM
BHUJIE:

p, =p, —(Apho + p,h)g cosa,

oTKyaa. aupdepeHuupys, HakaeM:

o ) - . 5
Fa __ "1 h — 41
a 2 Apg COSua , (7.41)

rae Ap =p; —p,.
Cnoxup ypaBHeHus (7.39), nomyyum:

i}

—[w, 0+ w,(l —0)] =0,

ax[ 1 2( )]

OTKYJd CIEAYeT, YTO CyMMapHBI yJeNbHRIH pacxol g 3aBHCHT TOJLKO OT
BPEMEHH:

g=gq,+ ¢, =w; 0+ wy(l —0a)=gq() (7.42)

ByneM cuHTaTh 3Ty BEIMYMHY H3BECTHOH.
Teneps MOXHO MCKJIIOYHTH TPAJMEHThI JaBJEHUs Op;/0x, BRIPA3HB HX
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) Puc. 7.9. CxemMa pacTexkaHusl BO3MYLUEHHOI rpa-
g2z HUIB! PA3/IENIA KUOAKOCTH TIOA NefCTBUCM CHJIbI
i THKECTH

&

yepes g(f) B UckoMy!o OYHKUMIO G(x, t). JIf 3TOr0 HYXHO BRIIOJHHTH
MIOCNEAOBATEILHO CIEAyIOLUME OmnepalMH: NOACTaBUTh (7.41) B BhIpaXkeHHe
(7.40) npH i = 2; CIOXHUTH OYJIEHHO paBeHCTBA (7.40), YMHOXMB MX Tpe[Ba-
PHTENBHO Ha O M (1 — G) cOOTBETCTBEHHO M Mcnonb3ys (7.42). IonyyenHoe
B pe3y/IbTaTe BHIPAXCHHE, PA3PEIICHHOE OTHOCUTENBLHO £p,/0x, naer:

o —q{t)/M, + [Mp,6 +p,(1 —o)]g sina — Apgh cos (1 — c)E
1

X
_—= 7.43
ax M-1o+1 . 049

rae M;=k;/n; (i=1, 2); M = M,/M,—-oTHolueHUe TOABHKHOCTER KHI-
KOCTeil.

Iloactabus (7.43) B (7.40) (npu i = 1) ¥ 3aTeM MOJYYECHHOE BLIpAXEHUE
I w; —B nepBoc paBeHCTBO (7.39), HailneM ypaBHEHHE UIS ONpEACIICHHS
GOpMBI IpaHHILI pa3fena o (x, 1) B MpoOLECcce BHITECHEHHS XHIKOCTEH:

do @ {ch(t)+ M,[Mp,c +p,(l —c)]gsina — M,Apgh x

"ot ox (M—=1)o +1

x cosa(l - o)éo/dx

—Mlplgsin.uc}=0. (7.44)

ITpu Ap # 0 (7.44) —HenuueHoe ypaBHeHHe NapaboJIMYecKOro THIA, ECITH
Ap =0, To (7.44) npeBpalnaeTcs B ypaBHEHHE NEPBOro MOpPAAKA.

PaccMoTpuM cnydyait ropH3oHTanbHOro mniacTta, korga yron a = 0.
B >ToM ciyyae ypaBHeHme (7.44) ynpoluaeTcs W MpHHHUMAacET BHUI

do il:"q(t)_MZApgh(] —c)@c/@x]=0
ot Yox (M, —M,)c + M,

(7.45)

J71s 3TOro ypaBHEHHSl PACCMOTPHM 3aja4y O BLIDABHHBAHMH BO3MYIUEH-
HOM IpaHMILI pa3jiesa XHAKOCTEH MoJ NeHCTBHUEM CHIIRI THAXKECTH B OECKOH
HeyHoM 1uiacTe (puc. 7.9). Ilpu 3ToM mpeanojaraeTca. YTO CyMMapHBIW
pacxof, OTCYTCTBYeT, T.€. g(t) = 0; B HadansHbIIf MOMCHT BpeMeHH dopma
I'DaHHUILI pa3esia U3BECTHA:

o(x,0) = o4(x), (7.46)
a Ha GECKOHEYHOCTH OHa — HEBO3MYIUEHHAs FOPU3OHTAJIbHAS.

Toraa ypaBuenue (7.45) npeobpa3syeTcs K BHAY
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(1 )60
o(l —o)—
d Apgh @ d
g _ ,, Apgh & x

ot ""m ox|(M—-1Do+1

(7.47)

Hns nanbHeiero ynobHo NMpeAacTaBUTh 3TO ypaBHEHHe B 6e3pa3MepHOi
¢dopme, BBES TIEpEMEHHBIE
: x t mn, L2
= T =— , =
L T k,Apgh’

rae L—xapaxTepunlif JMHEWHRIH padMep Iutacta; 7T—XapakTepHOE BpeMms,
KOTOpOE 3aldHO Kak BpeMs IpOJBHXeHWs BOIbl Ha paccTosHMe L mop
JEHCTBMEM THIPOCTATHYECKOro NMepenaja JaBieHuid Ap = Apgh.
Torna (7.47) npumeT BAA
do

o o| 9%

ot GE|M—-Do+1 | 1749)

Jna pewenns 3anauu (7.48), (7.46) eeeM pyHknmo o (o), aHATOTHYHYIO
¢yuxuun Jleitbensona:
(¢}
o(l - o)
w(o)=}———"-4do. 7.49
(o) _[ (M—-1)o+1 (7.49)
o]
SBHOE BhIpaXeHHe 3TOH QYHKIMHM MOXHO NMOJY4YHTh, BHIIOJIHHB HHTETPH-
poBanue B (7.49). Ilocne BrMMCICHHH HHTETpana TMOIYYHM:
a) TIpH OTHOLICHHM MOABHXHOCTEH xuaxocted M = |

_D a2 ).
m(o)—zc (1 30),
6)npnM:/=l
M { o c? ln[(M—l)c+l]}

M-1 2M (M —1)2

(7.50)

DTH paBEeHCTBA YCTAHABJIMBAIOT COOTBETCTBHE MEXAY ® H O ANF 3a1aH-
Horo ¢ u3 (7.50) MoxHo Haiith ® M HaobopoT. Ilocnenuroro omnepauuro
TpoLU€E BRITIOJHUTHL rpad)UYECKH [0 3apaHee MOCTPOSHHOMY rpaduky npaBoi
qactu (7.50).

IMokaxeM Temneps, KaK CBeL M Hauly 3aaa4y K OHpede/icHHI0 QYHKIHMH o.
U3 (7.49) cnenyer:

do_dvdo__o(l-o0) o
& dodt (M—1o+108
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o dodc o(l-o0) Jdo

0t dod (M—1o+1eét

Toraa ypaBHeuue (7.48) MOXHO TepemucaTh B BHAE

0w 2w
= — 7.51
Pl e (7.51)
riae BBeAeHO 0DO3HaYeHHE
o(l — o)
= =, 7.52
x(0) = x[o(0)] M—Do+1 (1.52)

TaxuMm o6pazoM, [/ ONpEESICHAs O Mbl MONYyYHIM YpaBHEHME TEIJIO-
npoBoAHOCTH (7.51) ¢ kOHpHHIHEHTOM X, 3aBUCALIMM OT WCKOMOHR (QyHKIHH.
Hccnenyem xapaktep 3aBucuMoctd (7.52). ®dysxmms % (o) obpauraercs
B HYJb Ip¥ © = 0 ¥ o = 1. CranaapTHas npouexypa uccnegosanus (7.52) Ha
3KCTPEMYM MPHBOJAUT K BRIBOJY, 4TO 3Ta (YHKIMS HMMEET MaKCHMYyM:

a) umnx=1/4 npH 0=1/2, eciu M = 1;
6) %omax = (VM + 1)"2 pu 0 = (/M + 1)7%, ecnu M # 1.

Ipadux 3asucuMocTH % (o) npusened Ha puc. 7.10 ans M # 1. Ecnu
B ypaBHEHHH (7.51) 3aMEHHUTE % (C) HAa €r0 MakCHMAalLHOE 3HAYEHHE %, = ¥
H TOJIKOBATh ® KaK TEeMIepaTypy, TO, OYEBUIHO, 3TO OyaeT COOTBETCTBOBATE
Ooliee OHICTPOMY BLIDABHHBAHMIO TEMIEpaTyphl. Takas NWHeapH3alus ypaB-
HEHHA CHUJIBHO YNPOCTHT 3ajayy, a MOJIYYECHHBIH pe3yldbTaT MpeACTaBHT
OLIEHKY CBEPXY /[UIS HCTHWHHOTO PEILEHHS .

Teneps 3aaa4a CBEJIaCh K PELLIEHHIO YPABHEHHUS TeMIoNnpoBoaHoctH (7.51)
IpH % (O) = %, = % = Const MPH HAYaJILHOM YCIIOBHH

o(E,0) =f(E), (7.53)

KoTopoe Haxomutcs u3 (7.46) u (7.50).

TaxkuM 3aa4yy H3Y4alOTCA B Kypce YPaBHEHHH MaTeMaTHYecKoH (HIAKM.
H TEOPHH TEIUIONPOBOAHOCTH. PemeHue Hawe#t 3agaun (7.51) (npu % =
= const), (7.53) umeeT creayrowMit BAL;

a WM)T Puc. 7.10. Tpadux 3asucumocty % (o) aig M # 1

é

! Dra npouenypa onpaBALIBRETCS B MATEMATUKE «TEOPEMON CPABHEHHA» I
ypaBHEHU# JAHHOTO TUNA.
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1

0@ 1) =

> T J‘ f(wye bW gy, ' (1.54)
KT

Irae u—TNepeMEHHass HHTCIrpHPOBAaHHA.
Ilocne 3aMeHH TMEPEMCHHBIX

2\;5= W=t 42 at, du=2wde

pewieHue (7.54) MOXHO TNiepellHcaTh B BHAE

a

o(E, 1) = —\/1—; jf(& +2z/ut)e ™ dz. (7.55)

Jna xoHKpeTHoro BHAa HayanwHo# ¢ymkimuu f(E) mHTerpan B (7.55)
MOXeET OnITh BhIYHCIIEH. HeKOTOpPHIC MPHMEPR! TAKMX BRIYHUCIIEHHH, a Takxke
cnyyaif paguanbHOrO pacTeKAHHS BO3IMYLUCHHOM rpaHHMIB pasjena MpHBe-
IeHul B pabotax U. A. HapHoro.

Ipr ManoM pa3nvuud B IUIOTHOcTAx GumrounoB (Ap = 0) unu mpH
BEPTHKAILHOM BLITECHEHHH B TPyOKe TOKa MOCTOSHHOTO CeYeHHsA (a = 7m/2)
ypaBHeHHe (7.44) mnpeBpaluaeTcs B YpdBHEHHE mepBoro Topsaxa. Ilocne
npeobpa3opanuit ¥ auddepeHUHpoBaHHg Mo X K3 (7.44) nonyyuM:

1) mpu Ap =0

o Mg(1) éo

: — =0 7.56
Mot "IM+ Do+ 117 0x (7.56)
2) npH BEPTHUKAIBLHOM BHITECHEHHH

d 0 '
m<S + Fo) 2 o, (7.57)

ot 0x
rae

Mg —-2b

F(o)= q +b; b=M,Apg.

M - 1Yo + 112

Ipu 3agaHHOM CyMMapHOM pacxojie ¢(¢) U HayaJbHOH ¢popMe IpaHUIbI
paszena (7.46) peuieHds KBa3wiIMHEHHBIX ypaBHeHuit (7.56) u (7.57) moryt
OLITH MOCTPOEHK! METOAOM XapaKTEPUCTHK (CM. TMpHI. 7) aHAJOTHYHO perle-
HM}O 33/]a4¥ 0 AByX(¢a3Holt GUILTpalMi HECMEIMBAFOIUHXCS KHAKOCTEH (CM.
ri. 8,9).

§ 6.* OBPA3OBAHYE KOHYCA IMOJOUBEHHON BOJbI

IIpn pa3paboTke HePTAHLIX MECTOPOXACHME HabmrogaeTcs sSBJICHHE,
H3BECTHOE KaK oOpa3oBaHHEe BOAAHBIX KOHYCOB. DTO fBJICHHE OOBIYHO Ha-
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Puc. 7.1]. Cxema KOHyCa MOJOIIBEHHOH BOIbI

6mogacTcs B MOHOJNMTHBRIX IJIacTax, B KOTOPBIX BO3MOXHO [BHXCHHUE
KHIKOCTH TOMEPEK HAILIaCTOBaHMH. TIpM CO3NaHMM Ha CKBaXHHE ONpeie-
JICHHOHM JETPECCHH NepBOHAYaIbHO FOPU3OHTAJIbHAA IPAHUIA pa3fjesia MEX-
ny HeTBIO H [IOAOLIBEHHOHN BOmo# (BOZOHE(PTAHONR KOHTAKT) HCKPHBIIAETCH,
obpa3yeTcs BOAAHON XOJM, KOTOPBIH Ha3kIBaeTCd KOHYCOM.

ToyHoM TeOpHH BOJASHOIO KOHYCa O CEr0 BPEMEHM HE MMEETCS BBUIY
ype3BbidafiHOR croXHOCTH 3amayn. I1pubnukedrn:st TeopHs, Mo3sonsiolUAs
paccyHTaTh NpeaeNbHbli 6e3BoaHRIN NEOUT CKBaXHHH H GOPMY CTAIHOHAP-.
HOTO KOHycda, Omuna mpegnoxeda M. Macketom u M. A. YapHbiM.

Tax xak no6pya HepTH B JAHHOM CIly4yde COIPOBOXAAETCH HENPEPHIBHHIM
3aMeLUCHHEM HeTH TMOJOLIBEHHOR BOAOH, XOHYC, BooOiue ropops, He sB-
JSETCH CTalUOHAPHRIM, OHAKO MPH JAOCTATOYHO MaJIbIX AENPECCHAX, Xd PAK-
TEPHBIX IS 0e3BOAHOro NMPHUTOKA HE(PTH, M CYIIECTBEHHOM BIIMSHMM CHJILI
TskeCTH oOpazopaBuiMiicss KOHYC MOAHHMAETCS MEIEHHO H YCTOH4MBO.,
BepTukabHBEIE KOMIIOHEHTH! CKOPOCTH 3HAYHTENILHO MEHBIIE TOPU3OHTAJIb-
Heix. IIponecc mMeeT KBa3ACTaMOHAPHRIH xapakTep. [To3ToMy mua npubnu-
XEHHOI'O pacyeTa HECTALMOHAPHOIO KOHYCA B 3TUX YCJIOBHSAX MOXHO NpPHMeE-
HATb METOJA TMOCIEeNOBATEILHOX CMEHh! CTalMOHAPHBIX COCTOSHHH, NpH
KOTOPOM KOHYC B KaXJbli MOMEHT BPEMCHH CYMTAETCSA CTALHOHAPHRIM.

PaccMOTpuM 3aJayy O NPHUTOKE HePTH K HECOBEPLUCHHOH CKBaXHHe (IO
CTENEHM BCKPBITHSA TUIacTa) IPH YCTOMYMBOM HEMOJBHMXHOM KOHYCE NMOAOLI-
BeHHOH Bonabl. byneM cuMTaTh IUIacT M3O0TPONMHEIM, KPOBIIO H IOJOLLBY
IU1acTa rOPH3OHTA/ILHBIMH, HayaJIbHOE NMOJIOXKEHHE BOJAOHE(PTAHOrO KOHTAK-
Ta TakXke IOPU3OHTANbHEIM. I1peamoNOXUM, YTO BOASHON KOHYC HENOJBH-
XEH M YCTONYHMB M K CKBAXHHE NpUTeKaeT 4HcTas HepTh. Hanpasum ocu
KOODIMHAT TaK, KaK NMOKa3aHo Ha pHcC. 7.11,a. O603HayHM HeTECHOCHYIO
TOJIIUMBY A, TIyOMHY BCKDBITHs— b, paiMyC CKBa>XXHHRI —F_

B ToyHO# mOCTaHOBKE TpeOyeTcs pElIMTH ydeHeHHe Jlannaca mm
noTennuana V 2@ = 0 OpH CJEeayOIHUX ITPAaHMYHBIX YCIOBUSX: KPOBJIS ILTAC-
Ta HEMPOHHIAEMa; IOBEPXHOCTL BOJOHEPTAHOrO KOHTAKTA, PopMa KOTOpo#
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HEM3BECTHA M CaMa IOJUIEXHT ONpeAeICHHIO, TakXe HENPOHMIAeMa JUIs
He¢dTH. OCHOBHAS CIIOXHOCTb TAKOH 3a4a4M 3aKH0YaeTcs B TOM, 4To popma
rpaHdnel pasjena Bojisl M HedTH, T.e. popMa KOHyca, Heu3BecTHd. Takum
obpa3oM, TOMHMO TpyIHOCTEH, CBA3aHHRIX C PElIEHHEM ypaBHeHUd Jlamnaca,,
HEM3BECTH# 007aCTh, B KOTOPOHR 3TO pelueHAe AOIDKHO OmITh HaifneHo.

BriscEHM YCNOBHS, TIPH KOTOPBIX BOASHONX KORYC OyneT HENOABHKHBIM.
TIpeanosoXUM, 4YTO paclpencicHHEe AaBlIeHHs B Jroboli- Touxe IulacTa
M3BECTHO, T.€. H3BeCcTHA PyHKUHMA p = p(r, z). Beiaennm Ha BepiiMHe KOHYyca
(r = 0) 3MEeMEHTapHBIH BEPTUKAJIbHBIA LMIMHIDHK MOPUCTOH cpeabl ILIO-
1041610 df, BLICOTOM dz, 3aTIONTHEHHKIH BOIOH, ¥ pacCMOTPUM CHIIBI, KOTOphIE
Ha Hero neicTByioT (cM. puc. 7.11,0), npeamonaras, YTO 3TOT LWHJIHMHIPHK
nonan B HEPTAHYIO YACTH.

IlycTe naBieHMe Ha BepxHIOl0 rpades Oynetr p(0,z) = p, naBneHHe Ha
HHXHIOIO rpaHb p’. OyeBHAHO,

9

p = p(0.z +de)=p + -D—[__;dz.
CH.Ha, KOTOpas BJICYET ITY 4YacTuuy BBEPX, PAaBHACTCHA
. dp

m(p' —p)df= m;dzdf,

rae m-—TOPHCTOCTb.

BHM3 yacTHIly BOABI Bje4eT €e COOCTBEHHRIR Bec, paBHRIH p gmdz df, roe
P, — IIOTHOCTh BOJEI.

YcnoBye yCTOMYMBOCTH YACTHILI BOJBI, TAKHM oOpa3oM, HMeeT BHI;

pogmdfdz > mg—” dz df v
Z

dp
= <p,4g. 7.58
3, S Pad (7.58)

Ycnosue (7.58) MOXHO yNPOCTHTh, Nepeis OT JaBJICHHS K MOTEHUHATY
®. /lna HamMx ycJIOBHH, KOrja OCh z HallpaBJieHa BHHU3, UMeEEM:

k
®=—(p— p,g2), (7.59)
n

rge k— IPOHMIAEMOCTD; T —BA3KOCTH HEeDTH; p,— MIOTHOCTh HEPTH.

H3 dopMynsl (7.59) Haxoaum:
pi=(® + p,g2), (7.60)
o Kk

TIOCTIE YEero YCJIOBHE YCTOWYMBOCTH KOHYca (7.58) mpuHHMMaeT BHJ

., Ap =p,— p,. (7.61)
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Ucnons3yeM Teleps YCJIOBHE. YTO BOJAA HEMOABMXHA H, CIEAOBATENLHO.
JaBJIcHHE B Hell pacnpefie/ieHO THAPOCTATHYECKH.

IlycTs Ha HEKOTOPOM P4CCTOSIHMM OT CKBAXHHHE! R, TO/MIUHHA HepTAHOro
I1ACTa PaBHA /1y ¥ M3BECTHO A4BJIEHHE p, HA IpaHHlE-pa3gena. Toraa, Tak
KdK BOJA HENOJBHXXHA, JaBJCHHE B IIPOM3BOJLHON TOYKe rPaHHUB pa3je.a:

P =pa— Puylhy —2). (7.62)
ITojacTaBUB 3TOT 3HA4YEHHE p B BhipaxeHHe (7.59), nmoayynm:
kA
@ =@ — = (hy ), (7.63)

rae ®,— NOTEHIMAT TOYKH C JABJICHHEM pg .

JTo 03HayaeT, 4TO BAOJIL I'PAHHUIIL pa3fesa Tekyuled HehTH U HENOABHXK-
HOM BOJIbI TOTEHIMAJ H3MEHAETCS JTMHEHHO B 3dBHCHMOCTH OT KOOD/IMHATHI .

Ha puc. 7.12 npusefeHs! KPHBERIE PACIPEIC/ICHHS [TOTEHIHAIA BAOJb OCH
CKBAXHHbI M BJOJIb IMIMHAPHYECKOH NOBEPXHOCTH panuycoM R,. Buoas
MOBEPXHOCTH R, MOTeHIHa1 OyJieM CYMTaTh NocTOssHHBIM: @ = @, (npsiMas
DN).

YpasHenue (7.63) usobpaxaercs npsiMoit DC, HAKJIOHEHHOH K BEpTHKAJIH
oA yrioM B, ¢ yrioBuiM Ko3bdunueHToM, paBHbM tg B = kApg/n. I'me-to
Ha 3TOH IpPAMOM JIEXHT NOTeHIHan BepiuMHbl koHyca C. Ecnm 6b1 6bL1a
H3BECTHA BBICOTA NMOAbEMa KOHYCA, TO CPa3y MOXHO OBLIO Obl HAWTH 3TOT
HNOTEHIHAL.

Teneps NOCMOTPHM, KaKo# BUJ OyleT HMEThL pacrpesiesieHHe MoTeHIHa a
BIOJIb CTEHKH CKBaXWHB M HUxe B HedTsHOH yacTu mnacrta. Hammensinee
[IAaBJICHHE, 4 CJIeNOBATEIBHO. M HAUMEHBIINH NOTEeHIMan OYAYT Ha-CTEHKax
CKB2XHHBI, IPHYEM BJOJIb CTEHOK CKBaXHHbI IIOTEHIIMAJ CYHTAETCH pacipe-
JENEHHBIM PaBHOMEPHO. TdK K4K Ha CTEHKE CKBAXHHBI [JABJICHHE MOXHO
CYMTaATh ruapocTaTuyeckuM. OOO3HAYMM MOTEHI[MA HAa CTEHKE CKBAXHHBI
®_.. Huxe OOHBINKA CKBAXHHBI NMOTEHUHAa1 OyAeT BO3pacTaTh Tak. Kak
NOKa3aHO Ha pHC. 7.12, T.e. BHINYKJOCTHIO BNpaso, [[eficTBHTEIBHO, BEPTH-
KaJbHAS COCTABJAIOLIAS CKOPOCTH GUILTpalMH onpeaensieTcs no ¢opmyie
w, = — 0®/¢z. BepllMHa KOHYca IO YCIOBHIO HemoABMxHA. CJIeq0BATENBLHO.

CKOPOCTb He(TH Ha ITOH BEpLIMHE OOpPAL4ETCH B HYJIb. OTKYAd BBITEKAET.

Puc. 7.]12. KpHBble p4cTIpeicICHUS MOTEHUMANA
BAOJIb CTEHKH CKBAXHHbI M ITOBEPXHOCTH BOASHOIO
zy KOHYyca




Puc. 7.13. T'paduku ams pacueTa npenenb-
HbIX Oe3pa3zMepHbIX 1¢OMTOB M Npeac/bHOM
BBICOTHI MOABEMA KOHYCA. -

Kpusnte [-S-pan (k) 6-10--qns W,
6-1000; 2, 7-100; 3.8-10; 4.9-4; 5,10-1

o 1,

D S Y SO S S S

0 Gr0z430405 QFQ70809F

4YTO KacaTelbHas B JITOH TOdke AOKHA OwITh BepTHKansHOH. K ocu
CKBaXHHBI MOATEKAIOT CTPyHKH. I103TOMY CKOPOCTH BJOJbL OCH CKBaXKHHbI
MOHOTOHHO BO3PACTA€T OT HYJIS A0 MAKCHMAJIBLHOIO 3HAYEHHUS HA JOHKIIIKE.
Taxum obpasom, |J®/¢z| BOONMs OCH z CKBAXHHBI MOHOTOHHO BO3DPacTaeT,
M KpHBas pacnpeaeieHus notednuana ® = @ (0, z) nomkna 6nTh obparuena
BRIIIYKJIOCTBIO BIPABO, KaK NOKa3aHo Ha puc. 7.12 (xpuBas BC).

OueBHOHO, BRICOTA KOHYCA ONPEAEIACTCS MOJIOXKEHMEM TOYKH Iepeceye-
Hus C npsmoi DC u xpusoit ® = @ (0, z).

IIpeanosoxuM Tenepb, 4TO NPH COXPaHEHMM mnoreHimana @, nebur
CKBaXHHbI Havajl YBEJIMYMBATHLCA. IJTO [AOCTHIAETCH COOTBETCTBYIOLUMM
yMeHbIleHHeM 3a6oifHoro notesnuana @, Ha CTEHKE CKBAXHHHL. YCIOBHE
yCTOMYMBOCTHY BOIAHOrO KOHyca BbIpaxaercs ¢opmysoi (7.61).

Orcrona cneayer, 4TO Hepeld HA4ajOM IpPOpBIBA BOJbI PacClpefciIeHHe
noreHipana B HedrsHo# vacta O (0, z) Huxe nHA ckBaxuHB! OyneT u3obpa-
xaTbcs kpuBoi C'B’, kacaTenbHas K KOTOpOH B BEPIUHMHE KOHYCA COCTABMT

kygAp

¢ BepTHKanblo yrona P = arctg ——. [leOUT ckBaxuHB Q COOTBET~
n

upea®

CTBYIOUIMH NpeNebHOMY COCTOSHHIO KOHYycCd, Ha3bBAaeTCs Ipe-
denbHbIM O0€3BOOHBIM AeOHTOM.

OaHako TOYHBIA BHI pAacIpelc/ICHHs MOTEHIMAld IIPH HaJTMYMH KOHYCA
obBoaHenns HemspecTeH. [103TOMy HYXHO MCXOJMTh M3 KaKHX-TO ApYTHX
NIPEANOChLIOK, KOTOPbIE NO3BOJAT OLUECHATH NPHOIMXEHHO BEJIHYHHY MOMb-
eMa KoHyca ¥ HauboJsiee MHTEPECHYIO [UIS IPAKTHKH BEJIMYMHY ~ IPEAEJIbHOIO
6e3soanoro nebura.

Teopus xoHycooOpa3oBaHus MackeTa - UapHOro MCXOAMT W3 Jomylue-
HMS, YTO CTECHEHME NOTOKA HeTH OOpa3yIOIIMMCS BOASIHBIM KOHYCOM MAJIO
BJIMSICT Ha pacrnpesiesieHue NOTeHIIMAaIa B HeQTAHOH 4aCTH ILTACT4, U IOITOMY
A IpubIMXXEHHOH OIIEHKH NpeAeIbHbIX 3Ha4eHUH Ne6HTa M BHLICOTHI NOIb-
€Ma KOHYCA MOXHO BOCIOJIB30BAaThCS H3BECTHBIM BBIDWXKEHHEM [JIS MTOTEH-
uMana HamopHoro (HEBO3MYIUEHHOrO) TeYeHUs HepTH B oanoda3sHo-aHH3O-
TPOIHOM [UI4CTE C TOPM3OHTANBHOM NPOHMIAEMOCTBIO k, M BEpTHKAJIbHOH
IIPOHHNIAEMOCTBIO Kk, .

AHaTH3UPYs pacrnpedeeHHE MOTEHIMANa BAOJb OCH CKBAXHHBI IIPH
HEBO3MYLICHHOM H BO3MYILUCHHOM ABHXEHUHM He¢TH, M. A. Uapubiit ycrano-
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BT BEPXHHI ¥ HH)KHMI [IPE;Ieibl, MEXAY KOTOPbIMH HaXOMMTCSH NpeeIbHbIH
6e3BoaHbI AeOHT:

Ql > anen > QZ - (764)

I1pu 3TOM BepxHH# npeAen (, HAXOAWUTCSA B pe3yJIbTaTe CONOCTABICHHS
JBYOKCHHS HE(QTH NPH HaJMYHMH KOHYCa BOJbl C IIOCKOPAaJHATBHBIM CTa-
HHOHAPHBIM HANOPHLIM MOTOKOM He(TH B IJ1aCTe C NOCTOSHHOH TOJUIMHOH
hy; HMXHHMI Tpefen (), ONpENeJsieTCs M3 PELIEHHS 3a[ayd O HANOPHOM
NpUTOKe HEGTH K HECOBEPILUEHHOM CKBaXWHE B IL1aCTE TOMUMHOM A, (cM. § 6
ri. 3).

PacueTsl moxa3nBaioT, 4TO @, 4 @, pazmayaroTcs Ha 25-30%, npmiem
Qupen 68xE X Q) , veM k @, .

Pe3yIbTaThl pacYeTOB NpPHBEAEHbI B BUAEC rpa¢HKOB 3aBUCAMOCTH IIpe-
JeNbHBIX Ge3pa3MepHbIX ae6uToB ¢ (A 8) ¥ NpeenbHO# BLICOTHI NOAbLEMA
KoHyca T, (h. 8) Ha puc. 7.13, rOe BBeaeHbl Ge3pa3MepHuIe NEPEMEHHBIC
H [apaMeTpsl

q(h8)=0,/Q0. h=blhy, &= Ry/(xhy),

MNmax = ymax/(hl) - b)' ® = Y kr/kz'

3nech y,.— NpedenbHas BBICOTA MOAbEMAa KOHYCa IEPEd NPOPLIBOM;
Qo = 2nk h§{Apg/n, Ap=p,—p,.

Bce ckazaHHOE, OYEBMIHO, MOJIHOCTBIO DACNPOCTPAHSETCS Ha Ciayvai
IpOpLIBA BEPXHEro ra3a NpH Hammu ra3zosoid iwamxu. I[lox Ap npu arom
CleayeT NOHHMaTh pPa3HOCTh IUIOTHOCTeH HedTw M rasza. I[lpuBencHHbie
rpaduxs MOXHO TaKXe MCIOJb30BATh A PACYETOB B ILUIACTOBBIX YCIOBHMSIX
npefenbHEIX 6e3BOAHBIX 1eOHTOB HECOBEPIIICHHBIX Ta30BbIX CKBAXHMH B ILIAC-
Tax C NOJOIUBEHHOHW BOAOM.

PacueTh noxa3nBaoT, 910 HE3BOAHLHE HEOUT B OJHOPOAHBIX MAaJOMOIL-
HBIX IU1actax o4yeHb Majn. OQHaKo Ha ' NpaKTHRE CKBAXHHBI JaIOT HHOrOd
a0BobHO Gosbiof HedTsHON neOmt G’ BOIBI, XOTH M3BECTHO, YTO INOA
HAMM MMeEETCS TOJIOMIBEHHAS BOAA. D16 '0OLACHIETCS HAJIMYMEM HETPOHH-
DaeMbIX WIH MaJIONIPOHHLIAEMBIX [IPOMIAACTKOB, KOTOPEIE 3aTPYAHSIOT BEPTH-
K4JIbHOE [JBIIKEHHE BO/IbI.

OO6UMPHEIR NMKN 3KCIIEPUMEHTAIbHbIX UCCJIEJOBAHKM, CBA3aHHBIX C KOHY~
coobpa3osanueM, seinonned . A. DdpocoM U ero cOTpyIHHKAMH Ha Ulele-
BEIX Mogensx. B pesynsTaTte 3THX BECHiEmOBaHMHE OBINIO NOATBEPXACHO
HepaBeHCTBO (7.64) Ans npeaeasHoro 6¢3BoaHoOro nebura. IKCIEpUMEHTA -
HOE MCCeJ0BAHME HECTAIMOHAPHOrO ra30B0ro KOHyca Ha ¢u3nyeckoi Moae
su npoBegeHo A. K. Kypb6aHoBbIM.

Koumpoavnsie sonpocet u 3adauu

1. KakuM yclIOBHSM [OJDKHEI YAOBAETBOPSTL CKOPOCTH XHAKOCTEH
M [aBJICHMS HA Ipalule pa3desia mexay Humu?
2. Haiitu nebut noObiBarolueit CKBAXHHH [PH pPafRaIbLHOM [OPIIHEBOM
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BLITECHEHHH He(TH BOJOH B rOPH3OHTAILHOM HEOAHOPOMHOM ILIACTE, MPO-
HHMI[AEMOCTb KOTOPOro MeHsieTCs 1o 3akoHy k(r) = ar + b.

3. Kax MeHS€TCS [aBJICHHE Ha I'PaHMIlE pa3dea [PH YBEJIHYEHHH OTHO-
menus ko3 UIMEHTOB BSI3KOCTH HedTH M BOJH TM,/1N,7?

4. B xakoM ciy4ae 6osiee BepOSTHO YCTORYHBOE IPOJABHXEHHE BOJOHED-
TSHOro KOHTAKTa: BAajiH OT AOOBIBAIOIMX CKBAXHH WIM B npu3aboiiHoil
30He?

5. He¢Th € MIOTHOCTBIO, Majo OTJIMYAIOUICHACH OT ILJIOTHOCTH BO[bI,
BLITECHSIETCS CHH3Y BBEPX B HakJIOHHOM Iu1acte (cM. pHuc. 7.7). Ilpn kakom
YCIOBHMH ABMXECHHE I'PaHHMILI pa3fena HeyctoduumBo? Kak B 3TOM ciydae
COOTHOCSATCA CKODOCTH IE€pEMEUICHHUST TOYeK A TpaHWIbI BAOJIb KPOBJHM
H ToYeK B BAOJIb mofomBhI I1acta?

IFnasa 8

TEOPUSt IBYX®A3ZHON ®UJBTPALIMH
HECMEHIMNBAIOIUXCSH XUIKOCTEA

§ 1. IPAKTUMECKAS BAXHOCTb U3VUEHUSA
JABYX®A3HBIX TEYEHMI B MOPUCTBIX CPEJAX

B CBs3M C NIPOEKTHPOBAHHEM M AHAIN3OM Pa3paboTkd HeDTAHBIX ¥ ra3o-
BBIX MECTOPOXCHUH NPUXOAUTCS MCCIEJOBAaThb COBMECTHOE TEYCHHE B IO-
PHMCTOM CpeJe HEeCKOJIbKMX XHAKOCTEeH, Yallie BCEro BOJLI, HEhTH M rasa,
npeAcTaBasoumx coboil 06ocobeHuble Gasbl, HE CMEILIMBAIOUIHECS MEXIY
coboH.

®opMHpOBaHKE 3aJIeXell NPOMCXOAUT B pe3yibTaTe OTTECHEHUS W3- [LIaC-
TOB-KOJIJIEKTOPOB MEPBOHAYaJbHO HaxoauBiuedcs T1amM Boabl. Iloatomy
BMeECTE C HeIThIO ¥ Ta30M B KOJUIEKTOPaX COAEPXKHTCS HEKOTOPOE KOJIHYECT-
Bo (06muHo 10-30% mnopoBoro obseMa) Tak Ha3bpiBaeMOH morpeGeHHOM
Boanl. Kpome Toro, MHoOrMe NpOAYKTHBHbIE IUIACThI 3aIOJHEHBl He(ThIO
H ra30M JIMIIb B BEPXHEH KYNOJbHOMH YaCTH. a HUKEJIEXaLlkHe 30HbI 3aNO0JIHe-
Hbl KpaeBoit Bogoi. CaMble BepXHHE Y4CTH HEDTSHBIX 3aJI€XKEH ColepXkaT ras,
0Opa3yroui Tak Ha3bIBAEMble ra30BbIC IIATIKH, KOTOPBIE MOTYT KaK CyIUECT-
BOBAaTh K3HAYAJIBHO, TdK M MOABMTLCH B Mpolecce pa3spaboTKH 3ajIEXH.
Takum obpa3zoM, Jaxe B Hepa3OypPEeHHOM NPUPOAHOM ILIACTE MOXET HAXO-
OHTBCA HECKOJBKO OTAENbHBIX NOABMXHBIX ¢a3. [Isyx- mnu TpexdasHoe
TEYEHHE BOZHMKAET MPAKTHYECKH BCeraa IpH pa3paboTke HEGTAHLIX MECTO-
POXICHMHA, OCKOJBKY CHJIBI, ABHXYIIME HEQDTb, SBJISIOTCH CIEJCTBHEM
YIPYTrOCTH WM I'MJPOAMHAMHKYECKOro Hamnopa rasa MJIH BOJbI.

PaccMoTpuM 3gech Haubostee npocToe ABYXGa3HOE TEYEHHE, COOTBETCT-
BYIOLUEE BLITECHEHUIO XHUIXOCTH, NEPBOHAYALHO 3aNOJHSBIUEH NOPLI, APy~
roif XHIKOCTBIO, HE CMeIIMBAloieics ¢ nepsoi. KonkpeTHo peys 6yaeT HATH
B OCHOBHOM O BbITECHEHMHM He(TH M3 I14CTAa BOJOH HIIM ra3oM.
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Ha BuiTecHenun HedTM BOAON MJIM ra3oM OCHOBaHa TEXHOJOTHs ee
H3BJICYEHUS] M3 HEAP IPH pa3paboTke MECTOPOXJAEHHH. DTOT mpolecc sB-
JISETCS OCHOBHBIM KaK IIPM €CTECTBEHHOM BOJOHAllODHOM pexume (IpH
BTOPXXEHMH B ILIACT KPA€BOM BOJBI MM ra3d ra30BoOM IIANKHM, IPOABHTAOIIMX
HedTh K 3a60sM JOOBIBAIOIUMX CKBAaXWH), TAK M IPH TdK Ha3bIBAEMBIX
BTOPHYHEIX METOJaX N0ObIYM HedTH — 3aKayKa BBITECHSIOIIEH XHAKOCTH HIIH
rasa 4yepe3 CHCTEMY HATHETATENIbHBIX CKBAXHH JUISA NMOIICPKAHMA MdBIECHHS
B ILUTACTE M NPOABHXEHHs HePTH K AOOHIBAIOIIMM CKBaXXHHAM.

B ciyyae ofHOMEPHOIro TEYEHMS HECKHUMACMBIX HECMEIINBAFOIIIMXCS XU~
KOCTEH B YyCIOBMSX, KOrJia NOBEPXHOCTHOE HATSHKEHHE MeXay Ga3zaMu
HEBEJMKO M MOXHO NpeHeOpeyb KANMJUIADHHIM [JaBJIEHHEM, 4 TAKXE BJIH-
SIHHEM CHJIBl TSDKECTH, IPOIIECC BRITECHEHHS ONYCKAeT NMPOCTOe MaTeMaTH-
YeCcKOE€ OIMCAHME, BIEPBLIE MPEJIOXKEHHOE aMEPHMKAHCKMMM HCCJIe0BaTe-
asmu C.Bakan u M. Jlesepertom (1942 r.). DTo OmMCaHHE OCHOBAHO Ha
BBEICHHUM IOHATHS HACHILIEHHOCTH, OTHOCHTEJbHBIX (a30BLIX NIPOHHIAE-
MOCTEH W HcIosib3oBaHuM obobuenHoro 3akoHa [apeu (cm. ri. 1). AHamus
_O[IHOMEPHEIX TEYEHH} MO3BUJISET BBISBUTL OCHOBHbIE 3ddexThl N XapakTep-
Hble 0OCOOEHHOCTH COBMECTHOIM (MIBTPALMH JBYX XHIKOCTEH M COMOCTABHTh
HX C pe3yJbTaTamMd JabopaTOPHBbIX IKCIIEPUMEHTOB,

§ 2. GUBUMECKHUE IMPEACTABJIEHUA Y MATEMATUYECKOE
OIMUCAHME IMTPOIIECCA BHITECHEHUSA
OJJHOH XKNAKOCTU APYIOHN

PaccMOTpHM mpollecc BRITECHEHHS, MPOMUCXOQSUIMH B IPSMOJIHHEHHOM
TOHKOM IOPHM30OHTaJIbHOM obpa3ue (puc. 8.1), npeacTaBIeHHOM OJHOPOAHOM
H M30TPOIHOM MOPHCTOH CpeJoi, T.€. €ro NOPHUCTOCTh M U MPOHHIIAEMOCTD
k mocrosHHel. KoopauHaTa X OTCYMTHIBAETCS BAOJNL 0oOpasna, HampaBJieHHE
TeyeHHs - ropH3oHTabHoe. [lonepeyHoe ceyenne obpasua (IIOLIAL CEHEHHS
0003HaYMM () NPEANOJIOKHM [TOCTATOYHO MAJbIM, TaK 4YTO MAABJIEHHE M
HACBIULICHHOCTh MOXHO CYHMTAaTh INOCTOSHHRIMH 1O ce4yeHWsM. JlaBieHue
p B BoasiHOM M HedTsHOM (a3ax cyMTaeM OAMHAKOBBIM B CHIy IpeHeOpe-
KCHUS KAMMUISPHBIM OaBjeHHEeM, obOe ¢a3bl HecKMMaeMel, TeMrepaTypa
NOCTOSIHHA,

B paccmaTpuBaeMnlil obpasel, nepBOHAYANbLHO 34AIONHEHHBIH HedThiO,
yepe3 ceyenne x = ( 3axaunuBaeTCs BojAa. B npouecce BeiTecHeHHs obpa3yeTcs
30HAa COBMECTHOTI'O ABUXEHH sl BOAbI M HepTH. [IpH COBMECTHOM TEYEHHMH JBYX
¢a3 B nmopucToi cpele mo KpaiHeH Mepe oJHa M3 HHMX oOpa3yeT CBS3HYIO
CHCTEMy, TPAaHMYAIUYIO CO CKEJIETOM NOPOAbl M YaCTHYHO C APYro Xmni-
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KOCTBIO. M3-3a H36MpaTeILHOTO CMAYUBAHMS TBEPAOH NOPOARI BOJOH ILIO-
WAJb KOHTAKTa Kaxaoi U3 ¢a3 co CKeJeTOM IIOPHUCTOH CPEebl 3HAYHTEILHO
IpeBbIIIAET IIOIAAb KOHTAKTa (a3 Mexay coboii. ITO MO3BOJISET CYATATD,
4YTO OCHOBHOH BKJAJ B CONPOTHBJICHHE OBHXKCHMIO [J4€T B3aMMOJICHCTBHE
kaxaoro ¢ Ionad ¢ TBEPALIM CKEJIETOM ILTACTA, U B MEPBOM NPHOIHKEHHH
npeHeOpeys HpHEKTOM YBICUCHHS OMHOH XHIKOCTHIO APyroi. IIpu asrom,
€CTECTBEHHO, CONPOTHBIIEHHE, MCIBITBIBAEMOE KaxAoi ¢a3oi npu coBMecT-
HOH (PUJIBTPALMH, OTJIHYHO OT TOTO, KOTOPOe ObLIO OhI IPH TEYEHUM TOJILKO
oaHoit m3 HuX. OnbIThl MOKA3BIBAIOT. YTO pacxoj] Kaxaod ¢aspl pacTer
C YBEJHYCHHEM HACHIICHHOCTH W IPaJMEHTa JABJICHHS.

Torna 3akoH ¢GuIbTpanMH KaxJoH ¢Ga3bl MOXHO NPEACTaBHTH B BHIE
06o6uieHnoro 3akoHa [lapcu (1.20) B muddeperunansgon dpopme:

Q. ky(s)ép
Wwy=—= —k ——;
® n,0x
K ﬂ
o= Qe K8 O ®.1)
(0] n, ©&x

3necy w,, Q, ¥ w,, Q,-CKOpPOCTH (GHIbTPAUMH H OOBEMHBIE PAaCXO/BI
COOTBETCTBEHHO BOAW © HedTH; m,, T, —k03)IHUUKHEHTbl TUHAMHYECKOH
BsiskocTH ¢a3; k,(s) m k,(s)-oTHocuTENnbHBIE (A30BLIE IPOHHIAEMOCTH;
§ = 5, —BOJIOHACKLIIIEHHOCTb.

s paccmaTpuBaemMoro ABYX(a3HOTO TEYEHMA BOJO- M HedTeHACHI-
IIEHHOCTh S, CBS3aHbI OYEBHAHLIM COOTHOLICHHEM

s, +s,=1 (8.2)

Jlns BeIBOAA ypaBHEHHMS HEpPa3pLIBHOCTH PAacCMOTPUM 6asiaHC KaxIoH
¢a3n kaK OAHOPOAHOM KUAKOCTH (CM. IJ1. 3), MIpUMeHEHHBIH K GHKCHPOBaH-
HOMY 3JIeMeHTapHOMY MakpoobsemMy AV = wAx (cM. puc. 8.1), comepxa-
uemMy obe ¢a3sl. Ecnm 32 HEKOTOPBIH IPOMEXYTOK BpeMeHH A7 B o6bveM AV
BTekaeT Oonblee KOMMYECTBO XHAKOCTH, YEM BLITEKAET, TO OHA JOJKHA
HAKaIJIMBATLCA B 3TOM OObeMe, M €€ HACHIEHHOCTb YBEJIMYHMBAETCH (M
HaobopoT). Hcxons u3 3toro u chopMyIUpyeM 3aKOH COXPaHEHHMS! MACChI
Kaxaou ¢asnl.

Tax, 1 BOARI M3MEHEHHE MACChbl HAXOAMM B HanNpaBJICHUH TEHYEHHUS IIO
OCH X, TNOMHS, 4YTO €€ IUVIOTHOCTh P, NMOCTONHHA B CHJIY INPEXNOJIOXKECHHS
O HecXHMaeMocTH. Yepe3d ceuenme C koopauHaTod x (cM. puc. 8.1) 3a
npomexyTok At BTekaeT B 06beM A ¥V macca Boasl p,ow, (x, 1) At, a BHTEKaeT
uepe3 ceueHde x + Ax Macca, paBHas p,ow,(x + Ax, t)At, TaKk 4TO H3Me-
HEHHE MacCel Bolbsl B 06neMe AV 3a Bpemst A7 paBHo:

p.[w,(x t)‘ —w,(x+ Ax, 1] gAt,

ruoe
AV/Ax = o.

C napyro# CTOPOHBI, 3TO HW3MEHEHHE MacChl AOMKHO OmTH cbOanaHcu-
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POBAHO 3a CYET M3MEHEHHMs BO BPEMEHH BOJOHACHIUICHHOCTH B IIOPOBOM
obveme mAV:

mp,[s(x.t + At) — s(x, 1)JAV.
IIpupaBHsSB gBAa NOCIEOHUX BHIPAXEHAS, Pa3fc/]HB o6e 4Y4CTH IOMy-

4YeHHOro paBeHcTBa Ha p, AVA(! u nepeitns x npeneny npu Ax —0, A1 -0,
HOJTy4UM:

ow as ds Oow

B o Z = 2 _0. 8.3
I matmnm6t+6x (8.3)
AHAJIOTMYHO BEIBOJUTCS YPaBHEHHE COXPAHEHHs Macchl He(TH:
Os, Ow
—S 4+ 2, 8.4
ot Ox (84)

KOTOpoe B cuiy (8.2) MOXHO MpPEACTABHTL B BHJE

m Os 4 ow,
ot ox

= 0. (8.5)

Cnoxus ypaBHeHMs Hepa3psiBHOCTH (8.3) ¥ (8.5) mns obeux a3, mo-
JIY4HM:

2wt ) =0, (8:6)

OTKY/Ja HaieM nepBuIA HHTErpas:
we + w, = w(t) uim Q, + Q, = Q(1). 8.7

PaBenctBa (8.6) mnu (8.7) mokasmiBaioT, YTO CyMMapHas CKOPOCTb
w aAByxda3Horo nortoka (a 3Ha4AT, ¥ CymMMapHuIi pacxon ¢a3z Q(r) He
3aBHCHT OT KOOPJAMHATHI X, T.€. SABJAETCA JUOO MOCTOSHHOW BenH-
YMHOM, Tn6o M3BeCTHOHR G yHKIMEH BpeMeHH . DTO - ClIeACTBHE IpeAMO-
JIOXEHMS O HEC)KHMAEMOCTH ¢a3.

YpaBrenus (8.1), (8.3), (8.5) unu (8.7) NOJHOCTHLIO ONMMCHIBAIOT IPOLECC
BBITECHEHMSI ¥ ITO3BOJISIIOT ONPEACIMTh HER3BECTHbIE QYHKIHH s (X, 1), w, (X, 1),
wo(x, 1) 1 p(x,t). Ilokaxem, 4YTO, UCKTIOYMB [PYIHE 3ABHCHMEIE I1€PEMEH-
HbIE, MOXHO BLIBECTH YPaBHEHHE, KOTOPOE COAEPKHT TOJBLKO BOJOHACHI-
LWEHHOCTS §,

Hckmrounm rpaaMeHT naBieHdst dp/0x, NOAEIHB IMOYWIEHHO OJHO Ha
apyroe ypaBHeHus (8.1):

o _ G k(s) ®.5)
wn Qu T]Oku (S) '
rae BBEeJeHO obo3Ha4YeHHe My = M,/1M, -

IIpumenuB k (8.8) mpaBu/IO NMPOM3BOAHEIX MPONOPUMA H HCIOIbL30BAB
(8.7), nonyynm
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W, ¢, B ky(a)
w(t) Q1) ky(s)+ Nok,(s)’

Ob603HaYuB

k()
T = o+ nokats)” 89)

H3 NpeAbIAYLIEro PAaBEHCTBA HAKIEM:
wo=f(s)w(t) u w,=[1—f(s)Jw(1). (8.10)

BeenenHas 3mech GQYyHKIMS HacHUEHHOCTH f(s), Ha3zmBaemas
¢dyuxuuedd pacnpenenedus notokos ¢a3z uau pyakuued baxnm -
JieBepeTTa, HMeeT npocTo# ¢pusuveckuid cmeuica, U3 (8.10) crenyer,
uyTo f(s), mpeacTaBafiomias OTHOUWIEHME CKOPOCTH GUIbBTpaudH
(u1m pacxoaa) BuITEeCHsIOIieR ¢a3zbl (BOAR) M CyMMapHOH cko-
pocTH w (Mim pacxonga Q), paBHa o6beMHOH [O0Je BOOBI B CyM-
MapHOM noToke AByX (a3. ®yuxuus f(s), xak Mbl yOeTUMCs B OaJb-
HefillleM, HTPaeT BaXHYIO POJb NIPM HAPOAAHAMHYECKHX pacueTax
AByx¢pa3HBIX NOTOKOB, OmpeJefsieT MOJHOTY BLITECHEHHSN M Xa-
paxkTep pacnpelei]eHHS HACBILIEHHOCTH DO miacTy. 3aja4ya MOBHI-
meHds Hedre- ¥ ra30KOHACHCATOOT/A4YM B 3HAYMTEILHOH CTENCHH CBOAMTCS
K NPAMEHEHHWIO TAKWX BO3JEHCTBMH HA IJIACT, KOTOPhlE B KOHEYHOM CYeTe
H3MEHSIIOT BHJ f (5§) B HANPABJICHHH YBEJHYCHHS IOJTHOTHI BHITECHEHHS.

Kak Buano u3 (8.9), ¢ynxums f(s) MNONHOCTBIO OINpegensieTcs OTHO-
CHTE/IbHBIMM (PAa30BRIMH NMPOHHMUAEMOCTAMH (cM, T 1), Tummunsie rpaduxu
f(s) u ee mpomsBoanoi f’'(s) npusenesb! Ha puc. 8.2. C pocTtoM Bogo-
HachIueHHOCTH f (s) MoHOTOHHO Bo3pacraeT or 0 go 1. XapakreprHas
ocoﬁemiocn, rpadrxa f (s)- HaJIHYME TOUKH neperuba II ¢ HACHIIEHHOCTBIO

. Y4aCTKOB BOTHYTOCTH H m.myxnocm rie BTOpas Ipou3BomHas [ “(s)
coome'rcme}mo 6onbuie H MCHLIHC Hyna. Jta ocobenHocts B Gonbmioi
CTENEHH OnpeeseT cenHdnky Qﬂglbrpauuoxmux 3a1ad BLITECHEHHS B PaM-
kax Monemn Bakmu-JleBeperTa (110 CpaBHEHMIO, HANPHMED, C 33JayaMu
pacnpocTpaHeHrs YAapHBIX BOJH B ra3oBoi nuwamuxe). I'paduku pynxuni
f(s) m f’(s) AN pa3saMYHBIX OTHOWEHHA KOJX(HUIKMEHTOB BA3KOCTH (a3
Mo = N,/N, NPHBEAEHBI HA PHUC. 8 3

[oxacraBes, Teneps paBeHcTBO (8.10) mis w, B ypaBHeHue (8.3), nosyumm

of (s)

=0. (8.11)

- ITockonbky HachIEHHOCTb €CTh (PYHKIHMS ABYX NMEPEMEHHBIX s = s5(X,7),
Yo, npuMeHsiss NpaBuio AUPPEPEHUMPOBAHUS CIOXKHOW (YHKUMH X cia-

0
racMoMmy a—tf [s(x.1)], uto maer

C f(s) df(s) 65

SO T2 e

1



Puc. 8.2. 3aBncuMocTh O6BEMHOM J0H BbITECHHIO-
weil dassl (Boawl) B MOTOKE f (¢) U ee MPOUIBOIHOH
—] (0) OT HACBLILEHHOCTH

7
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Puc. 8.3. I'pabuxu oyukuun Bakmu—Jlereperra (@) 4 ee NpousmonHoi (6) ans
pa3NUYHBIX OTHOLUCHHH KO3GOUUMEHTOB BA3ZKOCTH T|g = T,/T,



1puBejieM okoH4aTenbHO (8.11) k ypaBHEHMIO

Os Os

—_- ()’ — =0, ' .
m6,+n( ) '(s) 7 _ (8.12)

KoTopoe sBnseTcs auddepeHManbHbM YpaBHEHHEM TONBKO OTHOCH T€JILHO
HACBHIIIEHHOCTH, W3MeHEHHe HACHILIEHHOCTH BO BPEMEHM IO IUIACTY MOXHO
MONY4HTh B PE3YJIbTATE PEIICHHS YDABHCHUS (8.12) HezaBucMMO OT pac-
npeaeneHus gaBnenus p(x,t). 1o ydeHCHHc‘. H3IBECTHO B JIMTEPATYpe KakK
ypaBHenue baknu-JleBeperTa N0 MMEHH 4BTOPOB. BIIEPBBIE €ro IOJY-
YHUBIIIHX,

HAns HaxoXIEHHs pacnpeleNeHUs HACHILIEHHOCTH K ypaBHeHMIo (8.12)
HYXHO N004BHTH Ha4albHOE M IPAHMYHOE YCIIOBHS:

opu t =0 s5(x,0) = p(x), x>0
mpu x =0 s(0,t)=w (1), 1t >0. (8.13)

Ilepsoe n3 ycnosuit (8.13) o3Hauaer, 4To B MOMEHT BpeMenu 7 = 0 (mo
HAYyana IMPOLECCA BLITECHEHMN) B IUIACTE MMECTCS HEKOTOPOE M3BECTHOE
pacmpe/ieNieHue HACHIILIEHHOCTH 5 BhITECHSIOMEH (a3sl, onpeaenseMoe pyHk-
mueit @ (x). CormacHo BTopoMy ycnosuio (8.13), mpu ¢t >0 B nmnact yepe3s
HATHETATENBHYIO Taliepelo, PaclojIOKEHHYI0 Ha «IMHHH» x =0, 3ukadu-
BAETCH BHITECHSIOIIAN XUIKOCTH (BOJA), HACHI{IEHHOCTH KOTOpo#d npu x = 0
MEHSETCS CO BPEMEHEM [0 33[aHHOMY 34KOHY Y (7). B HEKOTODHIX Cly4asx
MOXHO CYMTATb, YTO

@(x) =5, =const npu 1t =0,
y (1) = 5o = const npu x = 0. (8.14)

To -Cay4ail KYCOYHO-TIOCTOMHHBIX Ha4itJIbHbIX JaHHBIX, UMCIOIIMA BaX-
HOE 3HAuYeHMe [JIS NMPAKTHYECKUX NPUIOXKeHHH. BennunHna HavaabHOH BOJO-
HACBIIIEHHOCTH S5, BJIMSAET HA IpOLEeCC 3aBOHCHHUS M OINPEACIACT CTPYKTYPY
30HbI BBITECHCHM:.

B nasipHeiiiieM s OpoCTOThl OyleM CUMTaTh CYMMAapHYHO CKOpPOCTb
¢unbTpamu w(t) (a 3HAYMT, U CyMMAapHBIH pacxoA (J) MOCTOSMHHOH Be-
JIMYHHOH!

w(t) = w=const; Q(t)=Q = const.
§ 3. PELIEHUE YPABHEHHSA BAKJIN-JIEBEPETTA

B IIpOLECCE HATHETAHWA BOABI B [JIACT €€ HACBIIIEHHOCTDb GyIICT MCHATLCHA
€O BPEMCHCM BAOJIb HANIPABJIICHUA JBHXCHHSA X. CB1a3b MCXAY §, X U I MOXHO
3anucaTh B (QyHKUMOHAanNbHOH ¢opme s = s(X.7) MIIH, YTO ODKBHBAIEHTHO,
B quddepeHnmansHoii Gopme

Os ds
ds = —dx + 4 dt. (8.15)
at

ox

PaccmoTpum Ha minockocrn (x. t) Takue NuHMM X(2), BOOJNB KOTOPBIX
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HACBILUEHHOCTh MPUHMMAET JAJAHHOE IIQCTONHHOE 3HAa4YeHWE. DTH JIMHHH
Ha3pBaloT u3ocatamu'. Torma gns moboro 3aJaHHOTO 3HAYEHHS MOXHO
YCTAHOBHTL TaKylO CBSI3b MEXAY X M f, 4YTO YIOBIETBOPSCTCH YpdBHCHUE
5 = s{x,t) = const WM IKBUBANEHTHOE JADdepeHIMaNIbLHOE ypaBHEHHE

Os

ox

de+ B g -,
ot

Takum 06pa3om, JIMHKS PacIPOCTPAHEHU s 33 JAHHOMN HACHIILIEHHOCTH, T. €.
CBA3b MEXAY X M ¢ OpH (UKCUPOBAHHOM S, IOJY4aeTCH COBMECTHBLIM
pemeHueM ypasHeHu# (8.12) u (8.15) npn ds = 0. [Ipyrumu cnosamu, cieayer
COBMECTHO PEIIMTh CIEAYIOLINE [BA YPapHCHH:

os

o cs
‘m os
ot

cs
atdt + adx =0. (8.16)

+ wf ’(s)—-ai =0;
Ox
Penterme cmctemsbl ypaBHeHuit (8.16) OaeT COOTHOLUEHME MEXAY X
n t B muddepennmansHoit dopme.
YT106b1 CUCTEMA ONHOPO/HLIX, JHHERHBIX OTHOCHTENLHO Os/df W 0s/dx
ypaBHeHu#i (8.16) umena otnmuHoe oT Hyns (Wi, KaK TOBOPAT, HETPH-
BUAJIBHOE) PEIIEHHE, HyXHO, 9TOBLI €€ ONpeenuTeNb Gbll PaBeH HYITO, T. €.

m wf'(s) _0

dr dx )
OTKYJA HaXOIuM:
E Y (8.17)
d m

HamoMuuM, 41O mnpou3BomgHas dx/d! BBIMHCIACTCS NPU HOCTOSHHOM
3HaYeHMH S, T.€. dx/dt =(0x/0t),. YpaBueune (8.17) MoxHO mnpo-
HETEPIPETHPOBATH CleAYIOIHUM 06pa3oM:

TOYKa C NIOCTONHHOH HACHIIIEHHOCTbIO § (HAa KpUBOit s(x)) ABU-
XETCH C MOCTOSHHON CKOPOCThIO, PONMOPUMOHANBLHON w/m, U AB-
nseTcsa GyHkuMed caMoO# HaCBHIIIEHHOCTH,

ITockonbky npasas 4acThb (8.17) moctosnHa, TO ypaBHenue (8.17) MoXxHO
IPOMHTErPUPOBAaTh M HAWTH NOJIOXKEHME X 33JaHHOrO 3HAYEHUS HACHIIIEH-
HOCTH Kak (YHKIMIO BpEMEHH:

w

x(s)y=—f"(s)t + x4, (8.18)
m

rie Xx,—3Ha4eHUs KOODAMHAT C HAYANbHOW BOMOHACBLILEHHOCTBIO S, IPH

t = 0. INockonbky f° U x, ABNAIOTCH QYHKIUAMH 5, TO npu nomoinu (8.18)
MOXHO NOCTPOMTH MOMHBIA MPOGUIL HACBILEHHOCTH B Mo0OOH MOMEHT

! Ot aurmmiickoro saturation — HACKIEHHOCTD, T.€. JMHHM NOCTONHHOM HACH-
MECHHOCTH.
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BPEMEHHM !, BLIMMCIIAA X [UIS pa3NM4HBIX 3HaveHuil x. bBynem npeamonarats,
4YTO NEpBOHAYANBHO IUIACT OB HacHILEH HEpTbIO M COoAepXan JHIIb
CBA3aHHYIO (HENOABHXHYIO) BOAY, TaKk 4TO B ycnosusax (8.14) umeem:
s* < s° € 1, a HavanbHAs BOMOHACKHIIEHHOCTD (S,) TakoBa, 4To 0 < 54 € S,
H £OCpel0TO4eHa B MOMEHT 7 =0 B cevennu x = 0, T.e. x, = 0 B popmye
(8.18).

Ilpn 1 =0 Bce TOYKM KpPMBOK s(X), IS KOTOPHLIX § MMEET 3HAYCHUS,
Gonbmme s, u MeHpmme s* =1 —s,, rOe S5,,—ocTaTo4yHas HedTeHaCH-
IIEHHOCTh, HAYHYT NepeMellaThCcs B IUIacTe, Kak cneayer u3 (8.17), co
CKOPOCTAMH, IponopuuoHanbHeMH f '(s). TToaTomy ecnu uspectTHo f '(s) s
KaX/JOT0 3HA4YCHUA S, TO U3BECTHA M CKOPOCTb KaXAOH TOYKM ABHXYIIEHCH
kpuBoit s(x). Kax sumgHo u3 puc. 8.2,6, kpusas f'(s)-He MOHOTOHHas
yHKuMS, a MMeeT MakCMMYM B Todke JI. DTO 03HA4aeT B COOTBETCTBUH
c (8.17), uTro Ha nBUXYyIIEeHCS KPHBOH s(X) HEKOTOpble INPOMEXYTOUHBLIE
3HAYEHMA HACBIUCHHOCTH OyayT mnepememnarscs OnicTpee, 4eM 3Ha4YeHHS
HACHILIEHHOCTH OOnbplme unu MeHbmue. M conycTs onpeneneHHBIA mpo-
MEXYTOK BPEMEHM INOCIE Hayana BLITECHEHHs ¢opMa npoduns HaChILIEH-
HOCTH 6yneT uMeTh BUA, Noao6HLI rpaduxy f'(s) Ha puc. 8.4. M3 pucynka
BHJIHO, 4TO AN moOOro 3Ha4eHHs X HACHIIIEHHOCTh CTAHOBHTCH HEO[-
HO3HA4YHOH (MMeEeT TPH pa3IM4HbIX 3HaueHus). Takoe nmonoxeHue GUINIECKH
HEBO3MOXHO M, CJEJOBATEIbHO, HAYMHAS C 3TOTO MOMEHTA BPEMEHM, He-
BO3MOXHO HENOCPEACTBEHHOE NpuMeHenne ypasHeHus (8.18). JTo 3acras-
JISET HAC BCIOMHHUTB, YTO YPaBHEHHS, OMHMCHIBAIOIINE COBMECTHOE TEYEHHE
-BOJbl M HedTH, OLUIM MOIyYEHBI HPH MOAPA3YMEBAEMOM IPEANONIOXCHUH,
4TO PEIICHHE U NPOQUI HACHIILEHHOCTH — HEIPEPbIBHAS M rnajgkas QyHk-
mus x u . [loaromy muddepennnansioe ypasHenue (8.12) He mPUMEHHMO
B obnacTH, rae npoduIb HACKIIEHHOCTH MIIM TAHI€HC YIJIa €ro HAKJIOHA (T. €.
0s/0x) TepmUT pa3pbiB MM UMEET CKAUOK.

Beenenme ckayka (unu ppoHTa) HacwHmeHHOCTH (npsAmas AB Ha
puc. 8.4) mo3ponseT ycTpaHUTH MHOro3HayHocTh pemeHus. Ilono-
XEHHE CKa4yKa HACHLILIECHHOCTH ONPEACIAETCS M3 YCIOBHUS MaTEpHalILHOIO
fOanaHca HAa CKa4Ke, TAaK 4YTO IIJIOLIAAW CErMEHTOB, 3alITPUXOBAaHHBIE Ha
puc. 8.4, papHbI.

Puc. 8.4. CxeMaTHuHREI NpodHIb HACKIIIEHHOCTH




Puc. 8.5. CxeMa [U1# COCTABJICHHA MATEPHATLHOTO 6it-
JaHcd Ha (PPOHTe (CKayKe) HACBILEHHOCTH

3aMeTHM, UTO B AEHCTBUTENLHOCTH BBEACHHBEIA MaTEMaTH4ECKHH CKa4yoK
HaCBLIIIEHHOCTH HE MMEeT MECTa, a BO3HMKAET BCIEACTBHE MpeHeOpekeHus
KamUIISpHbIMH cunamMu. Ha caMoM fene CyliecTByeT HeKOTOpas KOHEYHas
30Ha OMMHOR & (cM. puc. 8.4), B KOTOPO# HACBHILEHHOCTH PE3KO NaaaeT OT
3HaYeHus s, A0 5, (BOOnb kpuBoit AB;). Pa3dmepn! 3TOH 30HK 3aBHCAT OT
KaIRJUISPHOTO JaBJIEHUs M 0OBLIYHO MaJbl IO CPABHEHHUIO C BO3PACTAIOLLEH CO
BpEMEHEM 30HON CMecH X, B NpeAenax Bcero pa3pabaTbiBaeMoro Iuiacra.

HecMoTps Ha TO, 4yTOo auddepenumansubie ypasHeHus (8.3)
n (8.4), soipaxaromue OGamanc maccel kaxaoi ¢a3n, B Toukax
BBEEHHOTO pa3pblBa HE MMEKT CMBICIa, caM OamaHc, ecTecT-
BEHHO, AOJNIXEH BHIIOIHATHCH.

VYcnoBue Ha CKayke HACHIMIEHHOCTH. PaccMoTpuM ycnoBus coxpa-
HEHHUS MacChl Kaxa0# M3 ¢a3 npu NpoXOXAEHAH pa3phiBa Yepe3 HEKOTOPHIA
aneMeHT obbeMa mnopucTod cpeaw! (puc. 8.5), orpaHMYeHHHIA AByMS IO-
BepxHoCcTsIMU £* 1 £~ 110 06€ CTOPOHBI OT Pa3phiBa HACHIILIEHHOCTH (PPOHT).

[Tycte B HEKOTOPHI MOMEHT BpeMeHH ! (POHT MMEN KOOPAMHATY X,
a yepes MATbI NPOMEXYTOK BPEMEHH A/ TEPEMECTHIICH B IOJIOXEHHE
x. + Ax,. Tlpu 3TOM B 37meMeHT IUTacTa ANMHOM Ax, BoizeT cnesa obnem
BOABI, PaBHMA w. wA?, a BHigET 06neM w, wAf, T.e. 06BeM BOIBI yBeE-
munTes Ha (w, — w )wAt, TIe - oAb HONEPEYHOrO CEYeH S ILIACTa.
Bcrencreue 3TOro HaCBILIEHHOCTb YBETMYMTCS OT 3HAY4EHMs s~ 10 s', T.e.
061eM BOaBI BO3PACTET HA BEIIUYUHY

(st — s )moAx,.
Torga 3aKOH COXPaHEHMsS MAacChl BOAb (B IPEMANOJIOKEHAN, YTO OHA

HEC)KMMAaEMa) JAET:

(ws —w)oAr=(" — s YmaAx,_,

OTKyda CleayeT

Ax,  w —w,

At m(st —s57)

(8.19)

TIe 3HAKH « —» H «+» COOTBETCTBYIOT YCIIOBHMSAM HEMOCPEACTBEHHO NEpen
H HocTe pa3pbiBa.

VYpaBHCHHE COXpAHEHHS MacChl JUIS He)TH HPUBOIUT K TOMY Xe pil-
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BeHCcTBY (8.19), mockonbKy cymMMapHas ckopocTs GunbrTpauuu (cMm. (8.7))
COXPAHAETCH:

wa +wa =wl +w,
Mepeiing B (8.19) x mpemeny npu Ax >0 u Ar—> 0 u ucnons3osas

paBeHcTBO (8.10), monyuum *:

dx Cowl —wy w ft—f

-dt T m(sT—s") mst—s5 "

(8.20)

3necs M manee MHOGKCOM «C» ODO3HAYEHB! BEIHMYMHBI, OTHOCSLIMECH
K (QpOHTY (ckauky) HaceimeHsoctH, a f* = f(s¥). Beipaxenue (8.20)
3ajaeT CKOPOCTb ¢, PacnpocTpaHeHUS (GPOHTAa HACHIIIEHHOCTH
M M3BECTHO KaK YCIOBHME Ha CKadyke.

PaseHcTBO (8.20) MMeeT NpOCTOH reOMETPUYECKHU A CMBICT: CKOPOCTb
CKa4Yka ¢, NPONOPUMOHANBbHAs TAHTEHCY yrna H4KIOHA K OCH
s Cexylllei, COCAMHAIOILIEH TOYKH KPUBOH f (5), nMerolnue abcuuccsl
s us” (cM. puc. 83,4157 =43,),C K0O3OPHUMEHTOM NPONOPIUHOHANL-
HOCTH w/m.

Ecnu nHacwelenHocTy nmo o6e CTOpOHB! (hpOHTA NMOCTOSHHBI (B HaueM
cnydae s~ =54, ¥ =5, ckauox uaceimeHHocTH As =s* — 57 = const), TO
ypasseuue (8.20) MOXHO NPOMHTErpUpPOBaTh M HAKTHU IONOXKEHHE QpPOHTa
Kak QYHKIHIO BPEMEHH!

x, = (f: f_)t+x 8.21)
m

s —S5

rae X.,—MOJIOXeHHe Ckauka nmpH [ =0 (B HAUIEM cIy4de NPH NMOCTOAHHOM
HA4allbHOM pPaclpeeNieHHH HACBIIIEHHOCTH X o = 0).

Jns ¢poHTanbHOM HACBHIIIEHHOCTH S.. KdK M Ui NOOOro 3Ha4eHHs s,
BbInONHsieTCH paBeHCTBO (§.18)., Ecnu s, He MeHseTCH CO BpeMeHEeM, TO U3
(8.18) cnenyer, 4TO

X Y ri(s) 8.22)
t m

Kpome TOro, ckopocTs ckauka omnpeneinseTcs paBeHCTBOM (8.20), B xo-
TopoM s* = 5_u 5~ = s5o. [IpupaBuss npassle vacTu (8.20) u (8.22), nonyvum
' ypaBHEHME [UIs OIpeacieHus (ppOHTANbHON HACBHIIIEHHOCTH 5.

flse) =S (o)

5. — S

fi(s) = (8.23)

! [1pn HaM4MK pa3PHIBA MOXHO OCYLIECTBISTB NPOUEAYDPY nipencsbHoTO nepexo—
na ana Ax u At HeCMOTpn Ha TO, yTo Koraa Ax » 0 u At - 0 w; He cTpeMHUTCH K Wy ,
TAK Xe KAK M §* He cTpeMuTcs K s, npeden npaboil yactu (8.19) cywectsyet
M KOHEYCH.
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3ameTtum, uT0 f{55) =0 mpu 0 <s5p < 5, .

Vpasuenue (8.23) o3Havaer, 4TO B 3ama4e baxnu - JleBepeTTa CKOpPOCTH
pAacOpoOCTpaHEHMs cKayka v, paBHa CKOPOCTH pPaclpOCTPAHEHHs (POHTAIb-
HO# HachlLeHHOCTH f'(S.).

DTO ypaBHEHHE MMEET NPOCTYIO €OMETPHUYECKYI0O HHTEPIpPETATUIO
(cM. puc. 8.2,a): oHO mpencrasnser coboi ypaBHEHHE KacaTenbHOH, NMpo-
BEAECHHONM M3 TOYKHM (sq, f(sg)) K kpuBoit f(s), rme s .—abcrmcca TOYKM
KacaHHA. DTO JaeT NpocTol rpa¢uyaeckuil cnocob onpenenenns GppoH-
TalbHOW HACHIIEHHOCTH MO H3BecTHOH ¢ynkuun bakmm - Jleseperra
£(s).

Takum 06pa3oM, Mbl KMEEM [BE IPYINH BbIpaXeHHi: ypaBHeHus (8.17)
¥ (8.18), xOoTOpPBIE MOXHO MCHONbL30BAaTh [UIA PACYETA CKOPOCTH M KOOD-
IHHATH JAHHOrO 3HAYCHMS HACHILIEHHOCTH B 001aCTH HEMPEPHBHOIO Mpodu-
ns, u ypapHenus (8.20) u (8.21), npu MOMOLIM KOTOPBIX MOXHO HaWTH
CKOPOCTb M MOJIOXEHHE CKA4Ka HACHILIEHHOCTH,

Pe3tomupys cka3zaHHOe, NpHBEAEM MPOCTOR cnocob rpaduyeckoro
NOCTPOCHUA NPOGHUIA HACHIIEHHOCTH, KOTOPHH COCTOMT B CIEIYyHO-
meM (cM. puc. 8.2):

1) B cooTBeTCTBHM C JaHHBIMH O (A30BLIX IPOHALIAEMOCTAX (PIIOKIOB MO
¢dopmyne (8.7) ctpoutcs xpuBas baxnm - Jleseperta f(s);

2) u3 TOYKM a Ha KpUBOHA f(s), COOTBETCTBYIOILIEH HavanbHOH BOIO-
HACBILIEHHOCTH Sy B nnacte (0 < 59 < 5, ), IPOBOMMTCS KacaTenbHasA K f(s);

3) HaCHILEHHOCTL B TOYKE KACAHHA S, €CTh HACBHIIIEHHOCTh, KOTOpas
yCTaHaBJIMBAETCH B IUIACTE HEMOCPEACTBEHHO 3a (poHTOM (T.€. s');

4) orpe3ok ab Ha puc. 8.2.6 mNpeaCTaBIseT BEIMYMHY CKa4dka HaChi-
LIEHHOCTH S, — S5, KOTOpas He MEHSETCH CO BpeMEHEeM (CTAlMOHAPHbIM
CKa40K);

5) CKOpOCTb NEPEMEILECHHS IOCTOSHHBIX HACBIIIEHHOCTEH, Gonbmmx s,
[IpONOPLIMOHAILHA HAKJIOHY KAacaTEeNbHOH K f (5) B COOTBETCTBYIOLIEH TOUKE.

Pacuer pacnpeneneHus HaCHIIEHHOCTH BHLINOIHACTCSH CIICIYIOLIUM
obpa3zom.

1. OnpencnsiioT HACBHILIEHHOCTD §, Ha cka4ke ((ppoHTANBHYIO HACHILEH-
HOCTb) U3 ypaBHeHHS (8.23).

IIpu 4uCnEeHHBIX pacyeTax s, BMECTO peuleHus ypaBHenus (8.23) ynoOuee
HCIIONB30BaTh APYTroR (3KBUBANEHTHHIA) cnocol, He TpeOyiomui mudde-
PEHIMPOBAHUA 3KCIepuMeHTaNnbHOR GyHkiaM f(s). 3a ¢dpoHTanbHYO Ha-
CBIIIEHHOCTb CJEAYET NPHHAThL T€ 3IHAYEHMH S, KOTOpHe obecnevyuBaroT
MaKCUMYM Jpobu:

f(8)=f(s9) _
5— 8
Vcnosne (8.24) o3HayaeT, 4TO HAa CKA4yKe pEANU3yeTCs TO 3HAYEHHE
HACBHIILIEHHOCTH, KOTOpoe obecrmevymBaer eif HaunGomnbuiyro ckopocTb. Ilpu
pacuerax Ha JBM ompenenuTh TOYKY MakCAMyMa MpOLUE, 4€M pELIATh
ypaBHenue (8.23), rae norpebyercs 4ucneHHOe mTupdepeHIApOBaHHE.
2. 3nass_, u3 (8.21) s* =5, 57 = 5,) ONpPENeNAIOT MOJNOKEHHE X, CKAYKA
HAaCHILIEHHOCTH.
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3. llo ¢opmyne (8.18) pacCUNTHIBAIOT HENPEPLIBHYIO BETBb NpoduIs
HACBILENHOCTH IpH 5, < s < s* U 0 < x < X,

§ 4. IPAKTUYECKOE ITPUMEHEHUE PEIIEHUSA
BAKJIM-JIEBEPETTA

Pemesnem baknu —JlepepeTTa IHPOKO NONBL3YIOTCH B HEDTAHOM M raso-
BOi POMBIILIEHHOCTH IS pacyeTa 3p(PeKTUBHbIX GUIbTPALMORHBIX XapaK-
TEPUCTHK BBLITECHEHMS He(TH BOAOM WM ra3oM. PaccMoTpuMm 31eck He-
KOTOpHe NpuMepbl Takux pacyeToB. IIpu atom 6yaem ucCmonb3oBaTh IO-
JIy4eHHbIA NpodHiIb HachllEHHOCTH. bakmy - JlepeperTa (puc. 8.6) mans nps-
MOJTMHERHO-TTapaIeNIbHOTO BLITECHEHUS, NPEANONaras, 4To NOCTONAHAS Ha-
YaJibHAS BOJOHACHIIIEHHOCTE S, Malla M MCHSAETCS. B HHTeppane 0 < 5, < 5,
Tak 4TO f(sp) = 0 ¥ mnacT uMeex XOHEUHYIO NPOTKEHHOCTH L. Ilpu ¢ > 0
yepe3 ceyeHHe x = 0 B ILUTACT 3aKaYUBAETCSH BOAA C H3BECTHBIM PacxonoM Q,,
KOTOpas BHITECHSET HeTH C 06pasoBanyeM 30HbI cMeCH. PPOHT BHLITECHEHH S
x. (CKa40K) NPOXBMIAETCH C TEYEHHEM BPEMEHH.

Torna HempephiBHash Bei1Bb NpOGIIS HACHIIEHHOCTH B 30HE CMECH
onpeaensercs cootHouieHHeM (8.18) mpu x, = 0:

x(s) = Ef "(s)1, (8.25)
m

rJe HACBHILEHHOCTh MEHSETCH MOHOTOHHO OT MAaKCHMANBLHOTO 3HA4eHWUs s '
Ha BXOJc BOA®! B mwiacT (x = 0) 16 MHHMMANLHOrO 3HA4YEHUA 5. Ha ‘PpOHTE
BoiTecHeHMs x_ (cM. puc. 8.6). [lonexus B paBercrse (8.25) x = x_ u 5 = 5,
HAMIEM I0JIOXKEHUe QPOHTA BLITECHCHAS X, B NIOGOH MOMEHT BpeMeEHH I

X, = 2 frst. (8.26)
m

OpOHTAILHYIO HACHILIEHHOCTD S, HaX0auM 3 (8.23) mpu f(sy) = O
(8¢ — 50) f'(50) = f (s50)- (8.27)

B HedTaHOM 30He (Iepex CKaYKOM) BOJOHACHIILICHHOCTh AMEET MOCTOSH-

Puc, 8.6. Tlpodunn HaceEHHOCTH NPA
JIPAMOJIHHE HHO-NAPAIIIC/IbHOM BLITECHE- i
HHH

Anockocms nocmg-
RAHHOL HACHIULEHNOCTU
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11oe 3Ha4YeHHEe S, (cM. pHc. 8.6). IlocTosHuas s* = s, ompeaenseTcs 3a-
J4HHBIMH (QYHKIHAMH OTHOCHTENIbHbIX (a30BbiX IPOHAKAEMOCTEH; IPH ITOM
k,(s*) =0 (c™m. . 1).

Pemenns (8.25). (8.26) nerxko obobumTh Ha ciaydaill, xorga cymMmapHas
CKOPOCTH (HIBTPAIMH 3dBHCHT OT BpeMeHH, T.e. w = w(t). C 3rToil nensio.
BCIIOMHHB. 4TO paBeHCTBO (8.17) cnpaBeATMBO H B 3TOM CJIy4ae, 3alHILIEM ETO
B BHJIE

mods = f'(s)Q(t)dt = f'(s)dV, (8.28)

rae @ = Bh; Q(1)—cymmapHuid pacxon ¢as; V(z)- o6beM 3akauannoll Boasl
K MOMEHTY BpPeMEHH !, TaK 4TO

Q) =w()o =dV/d:. (8.29)
INpounterpuposas (8.28) npu ycnosuu V(0) = 0, naiinem:
V() .,
x(s)=——=f"(s). (8.30)
me
Ilpu 3toMm paseHcTBO (8.26) NpMHHMAET BHA
V(t
X, = *L—)f‘(sc), (8.31)
mao

a cooTHolueHue (8.27) OCTaeTCH B CHIE M B 3TOM Cly4ae.

4.1. Ounpenenenne GppoHTaILHOH HACHILIEHHOCTH

Jns npocroTht 3aJaJHM OTHOCHTEJIbHBIE (ha30BBle IPOHHHAEMOCTH
B Haubonee nmpocToM («MOJENBHOM») BHAE

k (s)=s% Kk, (5)=(l—s)? (8.32)

COOTBETCTBYIOLIEM MPCANOJIOKEHHIO, YTO So=0, s* = 1. ITUM (a3oBbIM
IPOHHIIAEMOCTSM OTBeYaeT, coryiacHo (8.9), cnenyrouas ¢pyHKkuus bakiH -
JleBepeTTa:

2

f(s) = (8.33)

s
s+l —s)
a ee MPOM3BOJHAS paBHa
. 2ngs(l —5)
1) = g = o7
INoncraBus 3na4enus f(s) H f°(s) nmpH s =5, B paBeHcTBO (8.27) (npm
5q = 0), mo1yyum ypaBHEHHE:
53+ Mo(1 —5.)% =2ng(1 = 5,),
OTKY/d HaXOIuM:
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v=\/ N 2\/ n,
) L+m M+m,

No = Na/My- (8.34)

®opmyna (8.34) ykassiBaeT Ha Bo3pacTaHHe GpoHTanbHOH na-
CBIUN[EHHOCTH §, C POCTOM OTHOIICHHUS KOIGPHIHEHTOB BA3IKOCTH
Mg - ITony4enuslii ka4eCTBEHHBIA PE3yNbTAT OCTACTCA CIIPABEUTHBBLIM H JUIS
JMIOOBIX IMIHPHYECKHX 3aBHcHMocTelt k, (5) ¥ k, (s).

TaxuM o6pa3oM, 3¢dexTHBHOCTh BBITECHCHHS BO3pPACTAET
C pOCTOM BA3KOCTH 1), BRITECHSOMEHR KUAKOCTH H YMEHbIICHHEM
BA3KOCTH T, BeITecHAeMoO# HepTH. Hanpumep, npHMeHeHHE NEH
H 3arycTHTejed, NMOBRIIIAIOUWHX BA3KOCThL BOJB, HarHeTaeMoi
B HeQTAHOH NacT, MOXET 3HAYHTEIBHO MOBBICHTH NMOJHOTY BHI-
TECHEHHS M YBEJIHYHTb HepTeoTHaAdy.

4.2. Onpenenente cpeHell HACHLIEHHOCTH
B Oe3no/HLIi nepuoa /100LIMM

BaxHbI# moka3aTens pa3paboTkH MecTopoxaeHHH - cpeHsAs BOJXOHACHI-
LIEHHOCTL § B 30HE CMECH, ONpejeliseMas KaKk OTHOIIEHHe obOnemMa BOJHI,
cojepxkalnedcs B IJIaCTE K MOMEHTY BpeMeHH [, k obbemy nopoBoro
IPOCTPAHCTBA B 30HE CMECH:

‘E

me j' [s(x,8) — 59 ]dx
0

5=28,+ =
mox,

X

(s —50) dx
RS M 835

c

rae = Bh (cm. puc. 8.6).

J1s BLIYMCTIEHHS] MHTErPalld B YHCIIMTENE npaBod yacTH paBencTna (8.35)
nepefiieM OT MHTErPMPOBAaHHS [0 NEPEMEHHOM X K HHTETPHPOBAHHIO IO S,
Hcronb3ys peiuenue (8.25):

de = 21f"(s)ds; s=s* npu x =0,
m

§=S5, IIpH X = X,

H Torga

X ¥,

Wl
f(s—so)dx =—1[(s—50)f"(5)ds.
o m
INpoHHTErpHpOBaB Teneps IO 4acTsAM M HCHoJb30Bas ycnosre (8.27),
Ha#pem: :
16—164.2 oy



A 8
fy
fff(é'z)
f(se)
2
0 s

Puc. 8.7. Tpaduyeckoe onpenesieHHE CPEAHER HACHIEHHOCTH U K03 dHULHEHTA KOHEY-
HOIli HedTeoTaaYH

X, 5,

J(s —so)dx = 1 (s - So) f/()1% = [ () dsT = 2 1 [(s. — 56)f '(5.) —
0 m s 5* m

—f(s)+ 1]=$t,

rae OwUlo y4yTeHo, 4To f'(5*) =0 u f(s*) =1 (cM. pHuc. 8.2).

IToactaBuB nosy4eHHbI# pe3ynbTaT B (8.35) ¥ 3aMEHMB X, COOTHOIUEHHEM
(8.26), oxoH4aTeIbHO HAHJEM BLIDAaXEHHE [UIS CpeAHEH BOJIOHACBHIIIEHHOCTH
B 30HE CMECH:

1
f(s)

PapenctBo (8.36) uMeeT mpocToft rTeOMETPHYECKHH CMBICH: CpEAHAS
HacBINIEHHOCTh § e€CTh abcmMcca TodkH mnepecedeHHs C, kaca-
TenbHOM k KpUBOH f(s), onpenenstouredt GpoHTAIbHYIO HACHIIIEH-
HOCTb (pHc. 8.7), c npsamMoit f= 1. Dro gaer cnocob rpaduyeckoro onpene-
JICHHH §.

JJis H3BECTHBIX IKCIEPHMCHTAJIbHRIX KPHBBIX OTHOCHTEJIBHKIX (ha30BbIX
TMPOHHNAEMOCTEH CPENHAA HACK{UICHHOCTh § OOBLIYHO 3HAYHMTENBHO MEHBIUE
emuHMLEI. [ToaTOMY, HaNpUMeEp B NPOHECCAX BLITECHEHHS HETH BOOOMH, 11 -
JOCTaTOYHO MOJIHOTO H3BJIeYEHMs He)TH H3 IIacTa Ha €IUHMHY obhema
No6LITOM HehTH HYXKHO 3aTPATHTL B HECKOJIBKO pa3 boJbiie 06¢MOB BOHI.
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Bo MHorux ciyvasix 3HaueHHs S, ¥ § qoctaTovHO Oju3kH (cM. puc. 8.7).
DTO NO3BOJISET IPOBOJNTH NPHOIMKEHHRIE PACYETHI, CYMTAS HACHILLICHHOCTD
B 30HE CMECH IOCTOSHHOM BEJIHYHHOH, paBHOH §, M mNoyarass (QyHKHHIO
baxnu —JlesepetTa f(s5) pasuoit f(5). M. A. YapueiM nokazano [81], uto
pacyeThl IO TEOPHH ABYyX(}a3HOH (HILTPAHMH H YKa3aHHOMY yNPOIIEHHOMY
cnocoby yIOBJIETBOPHTENILHO COTNIACYIOTCH MexAy coboi s ciyyas nps-
MOJIHHEHHO-NIapaJIjIeJIbHOr0 BLITECHEHHS. BBeneHHe JIKBHBAJICHTHOH HachI-
LIEHHOCTH, YaCTO IPHMEHAEMOE B IPAKTHYCECKHX PACYETAX, TO3BOJISCT CBECTH
pacyeT BHITECHEHHS C y4eToM (a30oBHIX NPOHHHAEMoOCTeH kX Oonee mpocToit
cxemMe, NpUHONMKaroUIEHCs K cxeMe MoplHeBoro BuiTecHeHHs (M. []. Po-
senbepr, A. A. Bokcepman, A. K. Kypbauos) [69].

4.3. Pacyer cpeiHeili HACBHIHIEHHOCTH MOC/Ie TPOPHIBA RO/

GopMynel ANs pacyeTa NoKa3laTesied BHITECHEHHS IpeNONpeaelisioTCs
0COOEHHOCTAMM pacrpesieieHUss BOJAOHACKHIIIEHHOCTH 10 ILIACTY M HMEIOT
pa3NHYHbIA BHI AJIA PA3HBIX CT4JAMH BLITECHEHHMS (IO M MOCJIE NPOPhIBA BOIBI
B nobniBaromyo ranepero x = L, cM. puc. 8.6). Boime 6nia paccMoTpeHa
nepBas CTaJUA BRITECREHHS (IO MPOPHIBA BOIbI), KOTAa B BLIXOJHOE CEYCHHE
mnacra nocrynaer 6e3poaHas HedTb.

B momenT npopeiba Boanl #°, T.€. moaxoda ¢poHTa K J0OHIBaromei
ranepee, cornacHo (8.30) umeem (mpu x = L, s =5_):

V()
mao

L= ps), 837

oTkyna obwem moOniToi HedTH 3a Oe3BogHEI mepHOA
moL
I(s0)

Iocne npopripa Boas! (IpH f > (%) Best 061acTh TeueHus OyaeT IpeacTas-
naTe coboit 30Hy cmecH (0 < x < L), B XOTOpoH BOJOHACBIIIEHHOCTb Me-
HHETCA OT MaKCHMAJIbHOTO 3Ha4ycHHs s* Ha BXxome Ao s, (5, > s.) Ha
BLIXOAHOHM rpaHHie Ilacta. BelHuMHa 5, MEHsETCS CO BPEMEHEM M Haxo-
mutest M3 (8.30) mpu x = LM § = 5, KaK pellicHHE ypaBHEHHS

V(1% =

(8.38)

moL

0
e (8.39)

f'(s)) =

HPH ITOM 4Y€pE3 BLIXOJHOC CCYCHHE IINIACTA IIOCTYNACT BO}.IOHC(bTSlHaSI
CMECb B COOTHOLICHHH

Cwe _ f(s)

P = 00 T=f )

B 2ToM cnyyae cpefHsis BOJOHACKIIEHHOCTh ONPEAEISETCS PABEHCTBOM
(cpaBHHTE C (8.35)): :
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?(s — So)dx
L

5 (8.40)

=55+ L

BHINONHHB BBIYHCIIEHHS. dHAJIOTH4HbIE NPHBEAECHHBIM B pasfd. 4.2, mo-
JIYYHM:

U .7 (Ch)
S(sL)
rae s, onpeaensercs u3 (8.39).
PasenctBo (8.41) nonyckaet npocroe rpaduyeckoe TOJIKOBAHHE HA ILIOC-
KOCTH (5, f), eclM BCIIOMHHTL ypaBHCHHME KacaTelbHOHM K KPHBOH B TOYKE
C 3aJfaHHBIMH KoOpAMRaTaMH. elcTBuTenbHo, npeactasus (8.41) B Buae

L= f(s) =f"(s.)(3° —50),

MOXHO BHACTL (CM. pHC. 8.7), 4TO MOC/eHee paBEeHCTBO NpeacTaBiseT coboit
ypaBHeRHMe TpsMOM, kacaTenbHoH K KpuBoi baknn-—JleBeperta B To4ke
L c xoopaunaTamy (s;, f,) ¥ HMEIOLIEH H3BECTHbIH YIJIOBOH KOI(GHIMEHT
tga=/'(s,). A CpelHsis HACHLILICHHOCThL §° IOCJE NPOPhIBA BOALI €CTh
abcimcca ToukH nepecedeHs L, JToH KacatennHOH c npsmolt f=1 (cm.
puc. 8.7).

1> 10, (8.41)

4.4. Pacuet ko3(ppuumenta HedTeoTAAUH

Jpyras BaXHasi XapaKTEPHCTHKA BhHITCCHEHHS —K03¢PuilMeHT razo- win
HedTeoTAauH, CBA3AHHBINA co cpeaHe# HacwilenHocThio. Ha mepsoi craamu
BbITECHCHHS K0dG puuuecHT 6e3BoanoR HedTeoTaaYH £, onpeaenseT-
Cf KaK OTHOLICHHE BHITECHEHHOro Boao# obbema HedpTH OT Ha-
THeETaTeNsHON raneped no ¢pponra x obwemy obnemy mop, 3a-
HATHX HedpThIO N0 Havana BhITecHEHHs. Ilockoneky, B CHNy mpen-
TIOJIOXKEHHS 0 HECXKHMAeMOCTH ¢a3. o6»eM 3akauaHHOM BoAbI paBeH obemMy
BLITECHEHHOM HE(TH, TO MOXKHO 3alHCaTh

X

mo [ (s — so)dx
0

ma(l — s 8.42)

" =
OTKyJa Ilocjie BLIYACJICHMH. aHANOrMYHLIX NPHBEJCHHBIM B pasa. 4.2, Mo-
JIY9HM:

E,=[(1-s0)f"(s)]" (8.43)
Hcnonbays Burpaxenue (8.36) wis cpeJHEH HACKHINEHHOCTH § B 6e3BOAHKIH
NEepHOA, paBeHCTBO (8.43) MOXHO HpPEACTAaBHThL B BHIE:

§—35

Tl—sy

(8.44)

H
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TOT pe3yibTaT HETPYAHO MOJYYHTH H HE NMPOBOIA BBIYMCIIEHMH, a MC-
noJp3ys NHIL onpexaeneHus (8.35) u (8.42).

Jns MoaenbHRIX OTHOCHTENLHBIX (Pa3oBhix npoHHHaeMocTed (8.32) u co-
oTBeTCTBYIOLIEH QyHKIHH pacnpenencHus ¢da3 (8.33) ¢opmyna (8.43) (upm
5o = 0) mpuHAMMaeT 0COOEHHO NMPOCTOH BHA C Y4€TOM paBeHcTBa (8.34):

Eu = 2\/%(\/ T]o + - \/a),
Mo = Nu/MNg- (8.45)

M3 (8.45) cnenyer, uro kxoxpduumeHT Oe3BonHoH HedTeOTIA4H YyBe-
JIMMHBACTCH NP YBEIHYCHHMH BS3KOCTH BRITCCHsIOIIEH (asml n, WM INIpH
YMEHBILIEHHH BA3KOCTH BbITeCHsseMo# da3nl 1, .

Ilocne npopsiBa BoAbl 4epe3 AOORIBAIOLIYIO rajepero BBOAAT HOHATHE
ko3pdHunHerRTa KoHeuHON HepTeoTnaun ES npu 3anaHnoi o6soa-
HEHHOCTH Ha BHIXOJE€ H3 IJIaCTa HIM IoCJe MPOKAYKH H3BECTHOIO
KOJIHYeCTBa nopoBbix 06BbeMoB Boabl. Ecmt mponece 1o6wuu npexparnaercs,
Koraa oOBOAHEHHOCTh NPOAYKUMH Ha HoOwmiBarolneH ranepee pasHa f; (Ha-
npumMep, f, = 0,95), To cooTBeTCTBYIOLAA HACKINEHHOCTD §; Ha BHIXOJE H3
IJIACTa ONpee/IUTC Kak abeuucca ToYKM NepeceyeHus NpAMOoR f = f; ¢ KpH-
Boi [(s) (cm. puc. 8.7). A cama BenMYMHA HAXOAMTCH, OYEBHIHO, H3
CleyIoLEero paBeHCTBa:

mo f(s —so)dx 1, j'L(s — 50)f "(s)ds
Eo — 0 - ¥
 m(l-sp)al (1 —s4)L ’

rae BpeMs OKOHYaHHs nobwam t, =mL/[wf'(s.)].
OTtcroaa nocie BBIYHCIECHHH MOJTYy4dM pe3ynbTaT

poofie  1=fs)
=3 (=50 (s2)

KOTOPKIH B CHJy paBeHcTBa (8.41) MOXHO NPEACTaBHTL B BHJE, AHAJIOTAYHOM
(8.44):

(8.46)

5o S
E0="0 "0 (8.47)
1 — 54
I'paduueckuii cnocob onpeneneHus kKod3OPHEHEHTa KOHEYHOHR

HedpTeoTnaun (8.46) monsren U3 puc. 8.7:

LL, 1-

LL,=tte 1=2S0)
tga S'(s)
AL,=5, — s, AB=1—gg,
E°=AL’
n AB

EcnM mavanbHas BOJOHACHIUIEHHOCTS 5o = 0, To AB = |, ¥ xo3huiEeHT
KoHe4Hol HedTeoTHayM W306paxaercs oTrpeskoM AL, Ha puc. 8.7.
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ITonyyennsie 3aeck mpocThie QOPMYJInI, BLITEKAIOUIME H3 TOYHOTO pe-
IIEHHS 3a7a4Y¥ O BBITECHCHHM HEQTH (WIM ralza) BOAOH, IPHMEHSIOTCS HPH
OLICHOYHBIX HHXCHEPHBIX PacyeTax OCHOBHBIX TEXHOJIOTMYECKHX NMApaMETPOB
pa3paboTki HedTerasoBhIX MECTOPOXIECHHH C HCIOIB30BAHHEM MpONECCa
3aBogHeHus. KpoMe TOro, oHH MOTyT CIyXHTh TECTAMH IIPH OHEHKE TOY-
HOCTH 4YHCJICHHBIX METOJOB pelucHHs Oonee cnoxHeix 3ajay AByx¢a3Hoi
¢GuUNbTPaUMH C MCOb30BaHKEM DBM.

§ 5. PACYET INTAPAMETPOB BBITECHEHUS
TIPU 3AJAHHOM IIEPENAJAE JABJIEHUA HA TPAHMIIAX ILJIACTA

o cHX nop paccMaTpHBAlIHCh 33a4H BBLITECHEHHS B IPEANOJOXCHHH,
4TO H3BECTHA CyMMapHas CKOpocTb (QUIbTpamud w(f) (MnM pacxox) ¢as.
TexHolorus npouecca 3aBOAHEHHS TAKOBA, YTO Yale ObIBAET H3BECTEH
nepenaj JAaBjicHHS Ap, mod AEHCTBMEM XKOTOPOrO BOJA BLITECHSET HE(PTh.
ITosromy mpencTaBisieT MHTEpEC OBOOMIMTHL MOJyYeHHbIE pe3ylbLTAThl HA
3TOT CJIy4ail M MCCNIE0BATh AHHAMHKY 0OBOJAHEHHS POLYKIHM HAa IIpHMeEpe
NPSMOJIHHEHHO-NIapaJUIEIbHOTO BHITECHEHHS (CM. pHC. 8.6).

IlycTh B HayansHOM ceueHMH x = 0 M Ha BhIXOJE M3 IJlacTa x = L 3amaHbl
JaBleHus po (1) B p, (1), TaK 4TO IBWKYLIMH nepenax jgasieHus Ap(t) =
= po (1) — p.(t). CknageiBas nouneHHo pasexcrsa (8.1) M ucnons3ys (8.7),
BLIDA3HM TpaJHEHT JaBJICHHS B 30HE CMCCH:

P now)

x  ko(s)’ (8.48)

rjae BBEACHO 0bOO3HAYEHHE

(p(s) = kn(s) + nOkn(s)’ a T]o = T]./T]n- (849)

PaccMoTpuM nepBylo ¢a3y BeITeCHEHH S, Koraa QpPoHT X, He JOCTUT
BXOJHOro ceveHus mnacra (x < L, cM. puc. 8.6). Torna nepenaja JaBlieHHs
B 00JIacTH, 3aHATOH CMECBIO, NOC/IE HHTErpHpoBaHHA ypaBHeHHS (8.48) mo

30HE CMECH, ONpeACNIHTCH 1o ¢Gopmyie
X,

‘op n w dx n,w V(1)
= —{Zdax = H—p (=" —=2__""y_, 8.50
Apnx gax pO( ) pc( ) k O(P(_S) km(n < ( )
IA€ Y —INOCTOSHHAs BE/IHYHHA, BhIpaxacMasi HHTETPAJIOM:
Se
v, = “ﬂ’ (8.51)
s 9(s)

a TeXHHka npeobpasoBaHus BToporo MHTerpana B (8.50) x suay (8.51) Taxas
Xe, Kak B pasa. 4.2.

Ilepenag naBneHHs Mexnay ¢poHTOM H gobniBaromeid ranepeeit Ap,
HaxXoOJHTCS B pe3y/bTaTe HHTErpMpoBaHus ypaBHeHus (8.48) nmo obmactH,
3auATOR HedThIO (X, < Xx < L). [IpH 3TOM CrieayeT HMETh B BHAY, YTO B 3TOH
obnact k,(5s) =0, @(5) =ngka(sy), THE S5;—NOCTOSHHAsA H4a4allbHAs BO-
JoHacheHHocTb. Torna u3 (8.48) monyyaem
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nl!“'(L_xC)_ nﬂw
kk,(s5)  kk,(so)

vV
= t)—p t) = L——— ! ’ 8. 2
Apn p:( ) pL() [ m(l)f (s:)] ( 5 )
rae 6m0 Hcmonb30BaHO paBeHcTBO (8.31), 3amMenuBIIEE X .
CknaamiBasi o4leHHO cooTHolenus (8.50) u (8.52) u yumThBas (8.29),
[OJTy9aeM:

T]okn(so) mo  Ngk,(se)

Pa3genuB 3mech NepeMEHHBIE M NPOMHTETPMPOBAB, OKOHYATENILHO
HalaeM:

dv ! 14 L
Ap(t)=po(t) — pL(t)_l:]_(:)E[ f'(s) ]

k ! 1 V2
n—nk..(so)mj;Ap(t’)dt' =LV+ 5[710 ky (s0)We —f'(50)] e (8.53)
rae t°—BpemMs npopsiBa BOILI, onpefenseMoe U3 (8.53) mocie MoACTaHOBKH
V= V(1% cornacuo (8.38); t'—nepeMeRHas MHTErPHPOBAHHS MO BPEMEHH.

JleBass yacth ypaBHenus (8.53) HM3BecTHA, MOCKOJIbKY 3a[aH Iepemnan
JaByieHHs. Toraa moJIoOXMTeNbHLH KOpPEHb 3TOTO KBGAPAaTHOrO YPABHEHHS
onpenengeT V(t), a 3aTteM HaxoadaT A¢OUT Q = dV/d! xak GyHKHHIO BPEMEHH.
ItMH PopMyIaMH MOXHO NOJIb30BaThCA A0 MOMEHTA npHxoaa ¢poHTa X,
K KOHEYHOMY ceveHHIo mnacra. Ha 3to#i ctaguu B goOnlBarouyio ranepero
nocTtynaet 6e3sognas Hedpth (V=V,, Q = Q,).

IMocne npopuBa Boaw (X, > L, t>t%)-BTOopas ¢dasza BmTecHE-
HHS —CJIeNyeT KHTETPHPOBaTh ypaBHeHHE (8.48) mo 30He cMecH B MHTEpBale
0 < x < L. B pe3ynsbTaTe NOJYYHTCA COOTHOLIEHHE, aHatormyHoe (8.50), rae
BEPXHHM IIPE/E/IOM HHTETPHPOBaHUA B QYHKIMA W (cM. 8.51) HyXHO IPHHATD
3HaueHue s;, onpeaensemoe u3 (8.39). Ilocne 3amensr w(t) cormnacHo (8.29)
HAXOIMM:

Lo dv

~ I =pa() ~ (D) = Ap() = a5 = Vs (8:54)
rac
\vL=§:f:p(%)ds. (8.55)

3ameTHM, yTo B oTiMuMe oT (8.51) y, He mocTosiHHA, a 3aBHCHT OT
BPEMEHM, [OCKOJILKY HACHLIEHHOCTh Ha BBIXOJAEC M3 IUIACTA 5, = 5, (!).
ITostomy ypapuenue (8.54) Henn3st cpa3y NPOMHTErPHpOBATH, paanemm
NEPEMEHHBIE, KAK ITO ObLIO CAENAHO paHbIIE.

Utobnl 060MTH 3TY TPYAHOCTb, CAEAEM 3aMCHY NEPEMCEHHBIX, NEpeHas
B (8.55) oT s x HOBO# nepemenHoi F:

F=f'(s).

Tak 410 f"(S)ds =dF, o(s) =¢(F), F=0npu F =f"(s.) = F_(1).
Torna (8.55) npuHHMaeT BHA
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Fy

v =w(F,) = | % (8.56)
- SRR '
U3 pasencTra (8.39) Haxoamm:
mol moL
V()= —=—-—"- (8.57)
f (SL) I'L(t)
Toraa
dv (mwL)? dF,
—_—= e — —=, 8.
dt F3 dt (8.58)
IToncrasus (8.56) u (8.58) B ypaBHenue (8.54), nonyumm:
L? y(F,) dF
Ap(r) = _mn,L* y(F,) dF, (8.59)

k Fi  dt’
ITonyyeHHoe ypaBHEHHE MHTETPHPYETCH IPH HAYaJLHOM YCJIOBHMH
F =F =f'(s) npu 1 = 1°

xkoTopoe cnenyeT H3 (8.37). B pe3ynbTaTe HHTErPHPOBAaHHSA MOJIyYHM 3aBH-
cumocTs F,(f) B HEABHOM BH/E:

"y (F)

]

FF?

mn, L?

t
{Ap(thdr = — dF, 1> (8.60)
Iﬂ
Ilo 3aBucuMocTH F,(f) MOXHO paccyHTaTh BCE HEOOXOOHMBIE IIOKa-
3aTeJIM MIPOLECCa BHITECHEHHS BO BTOPOo# ctanui. O61eM 3akayaHHOM B IUIacT
BoAel Haxoautcs H3 (8.57), a mu3 (8.59) m (8.56) mony4yaem pacyeTHyO
¢dopmyny cymmapHoro aeburTa ranepeu:
_dV_k Ap(1) F,

= — = @ .
d.n, L y(F,)

Pacuetsr no gopmynam (8.53) u (8.60) He BHI3LIBAIOT NPHHIHIHAILHBIX
3aTPYJHEHHH M CBS3aHbl TOJIKO C YHCIIEHHBIM HIIH rpadM4YecKHM BBIIOJI-
t

(8.61)

HenueMm ksaapatyp (8.51), (8.56) u BruMcneHMeM MHTerpana [Ap(1')dr'.
0

§ 6. JABOPATOPHBIE I3MEPEHUA ®YHKLMIA,
OMPEAEJIAIOIMUX MPOLECC BHITECHEHUA

Peutenns, pACCMOTpEHHBIE B IPEABLIAYIIMX Naparpadax, mo3BoJsOT pac-
CYMTATh MMOKA3aTEJIM MPOLECCa BLITECHCHHS, €CIIH H3BECTHH! QyHKIHS bakin—
JleBeperta f(5) ¥ ee mnpoussoauas f’(s), KCTopble, B CBOIO oYepelb,
OIpeJIe/INIOTC OTHOCHTENbHHIMH (ha30BLIMH IPOHHHAEMOCTSAMH k,(s) H
k. (5). .

MOXHO NOCTaBHTb M OOpaTHYIO 3ajavyy: HCIOIb3ysi T€ XK€ pe-
HMIEHHUSA, ONPENENHTh BHA GYHKHUM f(S5) MJIH OTHOCHTENbHHX da-
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30BHIX NPOHUUAEMOCTEN [0 JIKCOCEPUMEHTANBLHBIM JaHHBIM, IO-
Ny4eHHBIM NIPH BBITECHEHHH HePTH BoJOH B nHHEHHOM obpasne
NOPHCTOH cpeasl. MeToaMKa TAKMX JKCIEPHMEHTOB M COOTBETCTBYHOLIHE
pacyeTHRIE popmynsl ObITH npemtoxensl I'. Yanaxem [33], . A. Ddpocom
[90] ¥ npyrHMH HccieaoBaTEISIMH.

6.1. Haxoxaeune Baxa ¢pyuxumu f (s)
N0 HHTErPAILHBIM XapaKTePHCTHKAM, H3MEPeHHHIM B JKCIEepHMEHTaX

Jns peleHHs 3TOM 3a1a4H CTABHTCH JAOOPATOpHBIA JIKCIEPHMEHT IO
BLITECHEHHIO HepTH Bomol M3 oOpasna mopucrofl cpeawl ANHHOH L, Ha-
CBILIEHHOTO HeGThIO C HAYaJIbLHOH MOCTOSHHOM BOJOHACBHIIEHHOCTBIO Sg
(0 < 5 < 5,). basacREIMH GopMynamMu U 06pabOTKH pe3ynbLTaTOB JKCIIE-
pHMeHTa cinyxaTr cooTHomeHus (8.41) u (8.47). IlocnenoBaTenbHOCTH
H3MEpEHHH H BHYHCICHHH cneayrouias.

1. B xaxanli MOMEHT BPEMCHH (C OINpeacjeHHRIM HHTEPBANOM) H3-
MepsroTcs pacxoas! HehTH H Boasl (Q, u Q,). ITo HHM OnpeaeNseTCA TEKYyLIEE
3HayeHHe (QYHKHUM f, COOTBETCTBYIOLIEE HACBHIIEHHOCTH §; B BBLIXOJHOM
CeYEHHH:

f(sL) — Ql Ql

0.+0. Q1)

2. UsmepsroT Tekymmit ko3dduunenT HepTeoTnawn EY kak AONMIO BbI-

TeCHeHHOH HEGTH OT NEPBOHAYANILHOIO €€ CONEPXaHHsA B NMOPHCTOH cpene.
A 3ateM no dopmyne (8.47) ONpENENSIOT CPERHIOID HACHKIIEHHOCTh §°

B mob0i MOMEHT BpEMEHH:

FP=(1 —50)E2 + 5.

3. Ilocne aroro no popmyie (8.41) c yderom (8.39) HaxonaT 3HaueHue s, ,
COOTBETCTBYIOLLEE JAHHOMY f:

V(t)
" maL

-0
SL=S

[ —f(s)], (8.62)

rae V(t)-obnem Boawl, 3akauyanHOH B oBpasen k. MOMEHTY BPEMEHH !.
ITo ¢popmyne (8.62) nonyyaroT TabnHny 3HaYeHHH s, f(5), IPH NOMOLIM
KOTOpOH M cTpoMTCa GyHKuMs pacnpenencHus ¢as f (s).

6.2.* OnpeeneHne OTHOCHTEILHBLIX (a30BRIX NPOHHLAEMOCTEH

Metoa VYanmka HaxXO0XAEHHsS OTHOLIEHHMS (a30BbIX IPOHHHAEMOCTEH
k,(s)/k,(5) mo 3KCIepHMEHTa/ILHOH 3aBHCHMOCTH OOBEMa BLITCCHEHHOH
HedTH OT 0b1Iero 06preMa 3akavanHOH BoALI H3n0XeH B KHHre P. Komnxxsa
[33].

Paccmorpum 3aecs uaero meroquxu [I. A. Ddpoca [90], nossonsromei
HAXOIUTh CAMH OTHOCHTEJIbHBIE (ha30Bbie IPOHHHAEMOCTH 110 JAHHBIM O BbI-
TECHCHHMH, HCIONL3Yys GOPMYJIbI, NOJYYEHHRIE B § 5.
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Ilpr npsMonHHERHO-TapaIeIbHOM BBITECHEHHAH ITOC/IE MPOPbIBA BOJbI
nepenan AaBieHHs Ap Beipaxaetrcs ¢opmynoi (8.54), xoTOpywo MOXHO
nepenucaTb B BH/C
kmo
n—Ap(t)= w(yV(t)yy. (8.63)
3peck OBIIO MCnoONb30BaHO paBeHCTBO (8.29) mns dV/dt, a dyuxums vy, ,
onpeensemas cooTHolenusmu (8.55) u (8.56), nocne ucnons3oBanms vnpe-
neneHui (8.9) u (8.49) MoxeT OBITH NpeACTaBlicHA B BHAE

F,_f
vo={ k—dF. (8.64)
0

)
rae F =f'(s); F, =f'(s.); f—tysxnusa baxmu JleBeperTa; k,— OTHOCHTEND-
Hasi IPOHHIAEMOCTb IUIS BOJIbI.

BBens Teneps 6e3pa3sMepHLIi apameTp

k
LY
n.w(t)L
H ucnojs3ys (8.39), npeacraBum ¢opmyny (8.63) c yyerom (8.64) B BHzE
H(I) mmL/V(f)f
L=——-= —dF. 8.65
mel=vo- 1k (66)
IMponuddeperiuposas obe yacTu paseHcTsa (8.65) no V, momyuum ':
7
v _ g
dv f(sg) moL
moL= 3 = -7 |
vV k,(s.) vV
OTKYyZAa Haxomum s k, (s, ):
f(s)
kylsn) =——"—. (8.66)
a-v—
dv

Bce BeNMYHMHLI, BXOAAHIHME B NPaBYIo 4acThb (8.66), MOXHO BBIYHCIHTB IO
pe3yJIbTaTaM H3MEpPCHHH Iepenaja /JaBlieHWI H HWHTErPAlIbHBIX XapakTe-
PHCTMK BBITECHCHMS B KaXIbli MOMEHT BPEMEHH (CyMMapHOH CKOpPOCTH
w KM pacxoaa Q ¢as, obvemMa 3axayaHHOH BoIbl V). {

Qopmyna (8.66) cTaBHT B COOTBETCTBHEC KaXIOMY 3HA4YE€HHIO HacChi-
LWEHHOCTH §; Ha BLIXOAE M3 obpasia 3Ha4yeHHs OTHOCHTENbHOH ¢a30BOif
IPOHHIIAEMOCTH [UIS BOJBI.

! Buumanue! TponsBoanas npasoil yacTH pasescrBa (8.65) BIYHMCIISETCH IO
OpMyJiec TIPOH3BOAHON OT HHTErpaja ¢ NEPEMCHHHIM BEPXHHM MpPENc/IOM.
P p
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Konmpoavhble sonpocst u 3ad0auu

1. Kako#t ¢usuyeckuii cMbICT MMeeT QYHKHHS pachpefefieHHs NMOTOKOB
da3 f(s)?

2. KaxkoBnl NpHYHMHB BO3HHKHOBEHHMS CK3a4YKa HAaCBILICHHOCTH IIPH BBI-
TeCHCHMH HedTH BOmOMH?

3. Kax omnpenenstorcss (GpoHTaNbHAs HACBINIGHHOCTh M IIOJIOXKCHHE
ckavka’

4. Jlalite reoMeTpHMYECKyI0O HHTEpIpEeTaNnMio cpeaHedl BOJOHACHILIEH-
HOCTH.

5. Urto Takoe xo3dduureHTH Oe3poaHOM H Tekywed HepTeOoTAAUH M KaK
OHH OIpeAesAOTCH?

6.* Kak no gaHHbIM 51a60paTOPHOrO JIKCIEPHMEHTA MOXHO ONpENEIHTh
OTHOCHTENbHbIE (pa3oBhe MPOHMIaeMOCTH U ¢yHkuuio baxnu —JlepeperTa?

7. Onpenenuth Bpemsi 0e3BOAHOM JKCILTyaTallMM IUIacTa NP IPAMO-
JIHHEHHO-TIapaJUTeIbHOM BLITECHEHHHM HE(TH BOIOI.

8.* Ucnonn3ys peienue 3anay¥ Bakmu—JleBepeTTa, NOCTPOHTH rpaduk
3aBacHMocTH V, = f(V), roe V,—obmee konuyecTBO He(TH, BLITECHCHHOM
K JaHHOMY MOMEHTY H3 mjiacra; V—obuiee KoJH4YecTBO 3aKayaHHOM XHI-
KOCTH K 3TOMY MOMEHTY BPEMEHH.

HccnenoBaTs HaXJIOH 3TOH KPHBOK MOCJIE IPOPLIBA BOALI B 3aBHCHMOCTH
OT OTHOLIEHMs BS3KOCTEH m,/M,,.

9.* Hokasate, 4TO ypaBHeuHe (8.23) mns onpenencHHs (GpoHTANLROH
HACHIIEHHOCTH §, JKBHBAJIEHTHO CJIEAYIOILEMY:

ﬁl:f(s)] _0
dsls—sgleee

©

BrIBeCTH 3aBHCHMOCTb S, OT OTHOILEHHSI BSI3KOCTEH
T]o = T]./T]n .
2

10.* 3amas orHOCHTeNnbHBIC (ha3oBhle IPORHIIAEMOCTH B BHAE k, = 5°,
k,=(1-9)?

ONpeJe/IUTh, KaKO# N0J/uKHa OhITh BA3KOCTh NNACTOBOH HedTH, 4TOOBI IIPH
BBITCCHCHHH e¢ BOAOH k03¢ dHiHeHT Oe3BoAHONH HedTeoTaauH OLIT He HHXE
4eM 66,7% (3T0 mouTH BABOE OojbIlE, YEM B CPEHEM IIO CTpAHE).

Bs3kocTh BOMB! MPHHSATE paBHOR M, = 1073 [Ta-c.

11. BoiBecTH ypaBHeHHe baxmu—JleBepeTTa IS IUIOCKOpAIHaNbHOIO
BRITECHEHHS HepTH BoAOH. Iloka3aTb, YTO HeNpephIBHAsS BETBbL NPOGHIIs
HACKILIEHHOCTH HAXOMMTCS B 3TOM CIIy4ae U3 YpaBHEHHS

ot

r2(s) = f'(s) + rd
nmh

(cpaBHHTE C popmynoit (8.18)!).



I'napa 9

OCHOBbI TEOPHH ®NJIBTPALIN
MHOTO®A3HbLIX CUCTEM

§ 1. CBA3b C MPOBJEMON HE®TEIA30KOHAEHCATO-
OTJAYHM ILTACTOB

HeobxoaMmMocTh pellleHHst mpoOJIEeM COBEPILUCHCTBOBAHHS METOIOB 3a-
BOIHEHHS, M3BICKAHHWSA M NPHUMEHCHHS HOBBIX BHICOKO3()(EKTHBHBIX BHITEC-
HAIOIIMX areHTOB, paMOHANbHOI pa3paboTkH HeTera3OKOHICHCATHHIX 3a-
JNexed H 3anexed neTyvyHx HedTeH H T.A. CTABHT HOBBIE Ta30THAPOMIHM-
HAMHMHYECKHME 3a/a4d, CBSA34dHHBIC C NPOTHO3MPOBAHMEM I[OK43aTesed pas-
paboTKH MECTOpPOXKICHHR B ITHX YCIIOBHSX.

KuaxocTH M ra3bl, HAachIIAIOIMe HE(PTEra3OKOHACHCATHBIE ILIACTHI,
IPEACTABIIOT COO0M cMecH YriieBOJOPOIHBIX, 4 TAKXKE HEYIJIEBOAOPOJHBIX
KOMIIOHEHTOB, HEKOTOPHIC M3 KOTOPBIX CIHOCOOHBI pacTBOPATHCH B YTJie-
BOJOpOAHbLIX cMecsx. [Ipu onmpeneneHHbIX pexuMax pa3paboTku HEGTAHBIX
H HedTerazokoHAEHCATHBIX MECTOPDOXAEHHH B IUIacTe BO3HMKAET MHOTO-
¢$a3Hoe TeYeHHUE CTIOKHOH MHOTOKOMIIOHEHTHOH CMECH, IIPH KOTOPOM MEXAY
OBHXYIIAMHCS C pa3/IHYHBIMH CKOPOCTSMH (ha3aMH OCyIeCTBISCTCH HHTEH-
cuBHRId MaccooOmen. Ilepexon .OTAeNbHBRIX KOMIIOHEHTOB H3 OIHOH ¢a3bl
B IpYTyio BiiedeT 3a coboH H3MEHEHME COCTABOB M (HM3MYECKHX CBOHCTB
¢uwnsTpyrommxcs ¢a3. Takde nmponecchl IPOMCXOAST, HANPUMED, NIPH JBH-
KECHWH Ta3sHpOBAHHOH HeTH M BBITECHEHMM €€ BOJOH WTH ra3oM, IIpH
pa3paboTke MeCTOPOXIAECHHH CJIOXKHOTO KOMIIOHEHTHOro vuufaBa (B 4acT-
HOCTH, € OOJBIIMM COJACPXaHHEM HEYTJIEBOAOPOIHBIX KONIIOHEHTOB), IPH
BBITECHEHHH HepTH OTOPOYKAMHM aKTHBHOHR NMPHMeECH (MOMMEPHBRIMH, IIEI0Y-
HBIMH M MHIE/LTSPHBIMHM PACTBOPAaMH; Pa3jM4HBIMH XHAKHMK ¥ razoobpas-
HeIMH pacTBOpuTensiMu). OCHOBOH [UIS pacuieTa TaKHX MPOLECCOB CIIYXHT
Teopust MHOroga3Ho# MHOTOKOMIIOHEHTHOH (pANbLTpAaIMH, HHTCHCHBHO pa3-
BHBAIOINAfACA B NOcTenHue roanl. Bmecte ¢ Tem 3amerum, 4TO obnacte ee
IPUMEHEHHSl IMpe, 4Y€M 3J€Ch YKa3aHO, M 3Ta TEOpHS HMMEET BAXHOE
obmeHayyHoe 3HAYCHHE.

§ 2. OCHOBHBIE XAPAKTEPUCTHUKH MAKPOCKOIIUMECKOI'O
OIIMCAHUSA MHOTI'O®AZHOA OUJIBTPALIMM

VrneBoaOpoaHbIe CHCTEMhI MOTYT OBITH rOMO- M TETEPOreHHbIMH. B
TOMOTCHHOH CHCTEME BCE €€ 4aCTH HMEIOT OJHHAKOBblc (H3HIECCKHEC M XH-
MuveckHe cBOMcTBa. COCTaBIsIOIME I'OMOTEHHOH CHCTEMBI (Ha3hIBaeMhIE
KOMITOHEHTAMH) «pa3Ma3afbl» 10 BCEMY IIPOCTPAHCTBY H B3aUMOJCHCTBYIOT
Ha MOJICKYJIIPHOM YpOBHE. /ISl reTeporeHHod CHCTEMbl (QHU3HYECKHE H XH-
MHYECKHE CBOMCTBA B DPa3HbIX TOYKax pa3/IHvYHbI. [ eTepOreHHBbIE CHCTEMBI
coctoAT H3 (a3. Pasza-3To YacTh CHCTEMHEI, KOTOpAas ABIAETCH
TOMOTEHHOH M OTAc/ieHa OT APYrux ¢as oTYeTIUBLIMH IpaHHU-
namu. Cmech BoAbl, HehTH M rasa B IUIacTe — THIIMYHBIA IIPUMEp TreTe-
pOTr€HHOH Cpensl.
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Ilpu M3yveHHMH CIIOXKHBIX (PUIBTPAIMOHHLIX MPOLECCOB BO3HHUKAET HeE-
06XOOMMOCTE NOCTPOCHHS Mojelieli MHOrodasHbIX (TETEPOreHHBIX) CHCTEM,
B KOTOpBIX KaxIas (asa, B CBOIO O4Yepeab, MOJEIUPYETCS MHOTOKOMIIO-
HEHTHOH roMoreHHOH cMechlo. IIpu 3TOM MeXxy KOMIIOHEHTAMH BO3MOXKHBI
XHMHUYCCKHE DEaKIMH, IEPEXO] KOMIOHEHTOB M3 O1HOH (assl B apyryio,
npouecchl aacopbunu, auddysuu 1 ap.

Pa3znenenne npuxyineics cMecd Ha ¢a3bl HIIH oﬁsemmelme KOMIIOHEHTOB
B ¢a3kbl IPOHU3BOAMTCS PAa3HBIMH CIOCOOAMH B 3aBUCHMOCTH OT KOHKPETHOM
3a0a4M M LeJed MccleJOBaHuS.

ek THBHBIH cnocob ONMACAHHS TAKHX CHCTEM — MAKPOCKOMHYECKHIA 101-
XO[, OCHOBAHHRIH Ha (HH3HYCCKHX 3aKOHAX COXPAHEHHUSA [UISA KaXA0H OTAENb-
HOH ¢a3ml C y4eTOM JONOTHHTELHBIX WIEHOB, ONHCHIBAIOUIMX MeX(asHhle
B3aUMOJICHCTBHUSA. [IJIf MX 34[1aHUSI IPHBJIEKAIOTCA pa3IMYHBIE COODpAKEHHS,
MOYEPIIHYThbIE M3 OIbITA.

IIpn ompenencHHH xapakTepMCTHK MHorodasHoro teuenus 6ynem npen-
NONaraThb, YTO CYIIECTBYET JJIEMEHTAPHRIH Makpoobrem AV, mo xotopomy
IIPOBOJHTCH YCPCAHEHHE, TAKOH, YTO €ro JIMHEHHBIR pasMep JOCTATOYHO
BEJIMK II0 CPABHEHHIO C XapaKTEpHBIM pa3MEpPOM YaCTHI AAHHOH (oOpMBI
B 1IOpax M HAMHOTO MEHBILIEC X4PAKTEPHOro maciuraba HccllenyeMoro mpo-
necca (HANpHMEp, PACCTOSHHS MEXIY CKBAXHHAMH MJIH MEXAY HarHeTa-
TeNbHOR H noOkIBajoleil ranepeei).

Jns kaxaoro 3JeMEHTapHOTO MakpooOLeMa, OTOXAECTBIIIEMOIO € TOY-
KO HACHIILIEHHOHN NOPUCTOHR Cpelbl, ONpPENeAOTCA XapaKTEPHCTHKH QHIIbT-
palHy MHOroga3HoH XHAKOCTH KaK CPEeAHHE II0 paccMaTpUBacMoMy obnemy.

Cpennsis npuUBeCHHAA [JIOTHOCTD P; i-i (a3l BBOJMTCS PABEHCTBOM
p; = lim AM, (i=0, n), 9.1)

av—o AV

TaK 4YTO IINIOTHOCTB CMCCH
n
= Z Pi»
i=0

rae AM;-mMacca i-i ¢a3el B aeMeHTapHOM 06veMe AV cMecH (BKITFOYAIOLIEM
H T5CpOBIA CKENET) B IPUCYTCTBHM APYrHX ¢as3; ungekc [ = 0 cooTBETCTBYET
TBEpAOMY CKEJIETY HOpOIbI.

I'MaBHbIMM XapaKTEpHCTHKAMH MHOTo$a3HOro TEYEHMs CIIyXaT Hachl-
IIERHOCTD §; A CKOPOCTh GRILTPALMH W ; KaXIOM ¢dassl (cM. 1. 1).

IToMuMO cpegHMX IUIOTHOCTEH p; NPH OITHCAHUM T'ETEPOrEHHLIX CHCTEM
HEO6XOMMO BBOJMTh TAKXE HCTHHHRIE IUIOTHOCTH (a3bl Py, OIpPEETISEMEIE
Kak Macca i-d ¢a3bl B €qUHMIIE TOPOBOro 0bhema, 3aHATOro 3To# ¢a3oil:

= AM!’/AVIS

OTKyJa c yueroM (9.1), onmpeneneHHi HACHINEHHOCTH §; ¥ MOPUCTOCTH M (CM.
r1. 1) nony4aeM COOTHOILICHHE

= py/(ms;). (9.2)
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VicTHHHBIE IUIOTHOCTH pl BXOAAT B TEPMOJAMHAMHYECKHE COOTHOIICHHS H,
B YaCTHOCTH, B YPAaBHEHHE COCTOSIHHSA.

CxopocTs  puIbTpaluu Wi CBs3aHa C nencrnmem,non CpeaHeH CKo-
POCTBIO T;' ¢$a3bl OMEBHAHBIM COOTHOIICHHEM: W; = ms; T Hi=1n,

Xapaxrepﬂue 0cobeHHOCTH MHOTrOga3HOM ¢mnbrpdunn CBSI3aHKI TAKXe
C BIIMSHHEM MMOBEPXHOCTHOrO HATSKCHUS Ha rpaHule paszaena ¢as. I'panuua
JBYX coceqHHX (a3 B MOPHCTOM cpele pa3dbMBaeTCAd Ha MHOXECTBO HCKPHB-
JIEHHBIX y9aCTKOB, PaJUYyC KPUBH3HEI KOTOPBIX CONOCTABHM C Pa3MEpPOM IIOp.
Kax oTrmewanocs B rn. 1, Ha Mexda3ioi rpaHuIe BO3HHKAET KaMUJIAPHRIHA
CKa4OK [aBJIEHHS p,, onpenenseMelil no dopmyne Jlanmaca,

Pe=P;— Py =0,(1/R, + 1/R;), ' (9.3)

rae a, - xo3¢p¢HuueHT Mexda3zHoro HaTsxeHUs; R, H R, - rnaBHbIe paanyChl
KPHBH3HbI HOBEPXHOCTH pasjena ¢a3 B JaHHOH TOUKE; AaBieHue p; (i = 1, 2)
B Kaxao0# ¢ase, obpasyroleil cBA3HYyIO 001acTh, NIOHMMAETCS KaK BEJIHIMHA,
yCpeAHEHHas 1O 3JIEMEHTApHOMY MakpooOnemy. :

KannnnspHoe naBieHse, NpONOPUMOHAIbHOE KPUBU3HE Mexda3Ho# rpa-
HHI[BI, coraacHo (9.3) 3aBHCHT OT CTPYKTYphbl IOPOBOIO NPOCTPAHCTBA M OT
IPEHMYILECTBEHHOM CMAavyMBAEMOCTH CKENETa NMOPOAbl Kaxao# u3 ¢a3. Ka-
IHJUIApHbIE CHJIbI, CHOCOOHRIE CO3/aTh B NOPOBBIX KaHalaX AOCTaTOYHO
OonblMe rpagMeHTRl AaBJIEHHS [0 CPABHEHHIO C BHEUIHUM I[EPENAaoM,
NIOJIHOCTBIO ONPEACTISIOT pacnpenesyicHHe $a3 B MOPoOBLIX KaHanax. JlaBjeHue
B (ase, MeHee cMaunBarolLed nopoay (p, ), B opmyne (9.3) 6yner HGonbiue Ha
3HAaYCHHE KAMWUISPHOIO JaBJICHHS.

Ilpn mMeaneHHOH COBMECTHOH GHIBTPALMH MOXHO HPEANOJOXHTh [7],
YTO NPH AaHHOH HACBIMEHHOCTH XHAKOCTH pacnpelejieHnl Tax
K€, KaK H B YCIOBHSAX THAPOCTATHYECKOr0 PABHOBECHSA. DTO —
OJHMHR M3 NOCTYaTOB TEOPHH MHOro¢a3Ho# QUAbBTPALHKH.

OH o3HayaeT, 4TO NPH COBMECTHOM TEYEHHH XHKOCTEH:

1) pasHocTs naBneHHi B ABYX ¢asax p, — p, paBHa KANHKIUISPHOMY
JABJICHHIO p,, KOTOPOE CUHTAETCS U3BECTHOH IKCIICPHMEHTANILHOH QYHKIMCH
HACBILIEHHOCTH, T. €.

Py — P =p.(8)=a,cos8/m/k J(s), 9.4

rae 6-craTUYeckuit KpaeBOH yrojl cMa4iMBaHHS MEXIY XKUAKOCTSAMH H IIO-
poJo#t (MHTerpaibHaf# XapakTEPMCTHKA CMAa4YMBAEMOCTH B CHCTEME KHI-
KOCTb— NIopHCTas cpena); J(s)—6e3pa3smepHas ¢yHxuus HenepeTTa Xxapak-
TEPHBIA BHJ KOTOPOH MOKa3aH HUxeE (cM. puc. 9.18):

2) KaNWUIAPHBIE U FMIPOMEXAHHYECKHE CHIIBI BIHAIOT Ha pacnpeieseHue
¢$a3 B nmopax;

3) ruapaBIHYECKHE CONPOTHB.ICHMS, d CJIEJOBATENbHO, OTHOCHTENbLHBIE
NPOHHIIAEMOCTH KaXJoH M3 (a3 #ABIAIOTCS OJHO3HAYHO OIpPEAETICHHRIMH
GYHKIMAMH HACBIIEHRHOCTH;

4) 3ak0H ABMXKEHUS Kaxaod u3 ¢a3 GopMynupyeTcs kak 060OImeHHBIR
sakoH apcu (cm. pasn. 8.1). '
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IIpouecch MHoroda3sHo# GUABTPALMH HAYT HO-PA3HOMY, B 3aBHCHMOCTH
OT XapaKTEPHOTO BPEMCHH (PHUIBTPALlHOHHOTO Ipollecca H OT pa3MepoB
obnacTu Tedenus. KanmannspHele CHIIBI CO3JalOT B IIOPACTOH cpede mepenan
[aBJICHHs, BEJIMYMHA KOTOPOrO OrpaHMYeHd M HE 3aBHCHT OT pa3MepoB
obnacTH ¢uibTpaumu. BmecTe ¢ TeM, Iepenaj BHEIUHErO IaBieHHMS, CO3-
Jarolero GpunLTpalMOHHBIH INOTOK MEXAY JBYMS TO4YKdMH, NpONOPIHEO-
HaJIeH CKOPOCTH QHIbLTPAlMA H PACCTOSHAIO MEXAYy 3THMH Toukamu. Ecim
pa3Mephl 061aCTH MaJibl, TO PH JOCTATOYMHO MaJIbIX CKOPOCTAX GHIILTPAIHH
KalMJUISIPHBIE CHJIBI MOTYT NPEB3OHTH BHENIHWH Nepenaj AaBIICHHS.

HanpoTuBs, ec/i¥ pacCUMTRIBAETCS [BUXEHHE B Oo4eHb Ooibumiod obiactu
(sanpumep, B Leod HePTHHOR WM ra3oBOH 3aJIeXH), TO BIMSHME KalMI-
JISPHBIX CHJI H4 paclpefClICHAE JABJICHHS HE3HAYMTC/IIBHO H HX ACHCTBHSA
CKa3bIBAIOTCS 4epe3 JIOKAJLHBEIE IIPOLECCH! Népepacnpe/elieHns da3. B3aum-
HOe TopMoXcHKE ¢a3, brmarogaps KOTOpOMy OTHOCHTEJBLHbBIE (ha3oBble NPO-
HHI[@EMOCTH HE PaBHBI COOTBETCTBYIOUMM HACBILIIEHHOCTSIM, 00yClIOBJIEHO,
npexnae Bcero, kanmuiApHeIME 3dpexTamu. B Tex cimydasx; xorma MOXHO
npeHedpeys KaMWLUIAPHBIM CKavykoM p, (5), KaImHJUIAPHOCTb KOCBEHHO Y4H-
THIBACTCH CAMHMM BHAOM OIBITHBIX KPHBBRIX OTHOCHTEJILHBIX q)aaonux npo-
HHMIIaeMOCTeH k;(5).

Kommecrneﬂﬂue OLICHKH BJIMSHHS TIOBEPXHOCTHOTO HATSIKCHHUS, a4 TAKKE
CHJIBI TSIKECTH HA IPOIIECC BRITCCHCHHMS OynyT IpHBEACHBI B JajibHEHIIEM.

Taxum oOpa3oM, NpH ONHMCAHHH MHOTOQa3HOH (GHILTPALMH YBEITHYH-
B4CTCH YHACJIO [APaMETPOB, MOIexamux onpeneneHuro. Hapsay C Hen3se-
CTHBIMH [JaBJICHHSMA p; B (asax M CKOPOCTAMH GHILTpAIMH (a3 w; NOSB-
JISIOTCH HOBBIE HEU3BECTHBIC —HACHIIIEHHOCTH 5§, JTO COOTBETCTBEHHO
YCIIOXHSET TEOPETHYECKOE HCCIIEJOBAHHUE.

§ 3. UCXOJAHBIE YPABHEHUS MHOI'O®AZHONA ®UJIBTPALIMU

PaccMOTpHM COBMECTHOE HM30TEpMHYECKOE TEYEHHE HECKONbKMX ¢a3 B
onHOpoAHOH HeaedpopMupyeMmol noprcToi cpeae 6e3 ¢a3oBbix nepexonos
H XHMHYECKMX peaknuid. MaTemaTHyeckoe ONMMCAHHME TAKOM CHCTEMM OIH-
paeTCs Ha NPEACTABIICHHS, BBEACHHBIC B § 2, H CTPOMTCS HAa OCHOBE YPaBHECHHH
HEpa3pbIBHOCTH IUIA Kax/I0# (a3nl, ypaBHEHHIH NBHXKEHHSA (3aKOHA QUIILTpa-
[IMM) ¥ COOTBETCTBYIOMIMX 3aMBIKAIOMHMX COOTHOILEHHH,

VpaBHCHHs COXpaHEHHS MAacCChl IUIS KaXJo# i-# ¢a3nl BRIBOAATCS aHa-
JIOTHYHO TOMY, KaK YpaBHEHHE HEpa3pPLIBHOCTH JUIA OAHOGA3ZHOrO TEYCHHS
(cM. Taxxe § 2 1. 8), H UMEIOT BHA

(,% (mp?s;) + div(p?W,) =0, 9.5)

rae p? - MCTHHHEIE ILIOTHOCTH (a3, onpedensemeie mo (9.2).

B nmanpHe#ineM Mbl OrPaHWYAMCS, B OCHOBHOM, HCCJIEJJOBAHHEM [BYX-
QJa:moi ¢unbTpanuu xak Haumbonee pa3paboTaHHOH OOJACTH M HMEIOHIEH
BaXHbIE MPAKTHYECKHE PUIIOKEHUA. B 3TOM ciyuae, ob6o3HammB 5, = s—Ha-
CHLILEHHOCTb Oonee cMauuBaromed ¢aspl, Tak 4Tto s, =1 —5, m3 (9.5)

NOJTyTHM:
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d .

5; (mels) + div (p}¥ ) = 0;

d -

= [mp3(1 — ] + div(p3W,) = 0. 9.6)

B cnyuae, ecnu BoITecHsieMasl M BRITECHSIFOIIAN Ga3bl — YIPYTHE XHAKOCTH,
TO BJIMSTHHEM CXXHMA€MOCTH Ha paclpee/ieHHEe HACBIINEHHOCTH YaCTO MOXHO
npeHebpeus [7]. elicTBHTENBHO, Xap4AKTEPHOE BpEMS HECTAIMOHAPHOIO
HepepacipeaeieHus JaBJIeHHS 3d CYET CHKMMAEMOCTH MMeECT NOPSJOK !, =
= L%/, rae % —ko03$GHIMEHT NLE3ONPOBOJHOCTH, L — XapaKkTepHLIi pasMep
wiacTa. XapakTepHOe BpEeMsi BBITECHEHHMA HMMEET NOPANOK !, = L/w, rne
w—cpelHsas ckopocTh ¢uabTpamud. OOBIMHO CKOPOCTh QHILTPALMH W ~
~107% m/c, L ~ 102 = 10° M, a x ~ | m%/c. TTo3TOMY OTHOIIEHHE BpEMEH
t,/t, = wL/%x ~ 1072, oTKyna cleayeT, 4TO HECTAMOHAPHEIE IIPOLIECCHI YIIPY-
roro nepepacnpeeficHdsi AaBJICHHS 3aKAHYHBAIOTCS B Hd4yajie Ipolecca.
BLITECHEHHS. B HEKOTOpBIX Cly4asx MOXHO CYHTATh HECKHMaeMBIM M ras
B ILTaCTOBBIX YCJIOBHSAX.

Ecnu XHAKOCTH M NOPHCTYIO Cpely MOXHO NpeAnojaraTh HecxkHMae-
MEIMH, TO BMECTO YpaBHEHHMH (9.6) HMeeM COOTHOUICHHMS

os

at+divvﬁl=0,

m
ds

ct

-m—+divw, =0, 9.7
obobmaromue (8.3)-(8.4) Ha cay4all IPOCTPAHCTBEHHBIX TCYECHHIA,
Hns kaxno# da3bl cuuTaeTCs cupaBeaMBLIM 06001IeHHEbIH 3akoH Japceu

k N :
W, = —;k.-(s)(vp.-— p2g), (9.8)

rae k—abcomoTHas NPOHHIIAEMOCTb IUTACTA; T);—KOdhduuueHT quHAMMYE-
CKOM BA3KOCTH (a3; g - BEKTOP YCKOPEHHS CBOGOMHOTO NafeHHS; CBS3b
MEXIy AaBJIEHHSAMH B ¢aszax p, H p, ONpelesiseTcs paBeHCTBOM (9.4).

Jns 3aMbIKaHHS NOJTYMEHHOH CHCTEMbl ypaBHEHHI HeoOXoaMMoO 3aaaTh
CBA3H [IAPaMETPOB, XapaKTEPH3YIOIMHX CBOHCTBA (a3 ¥ MOPUCTOM Cpeasl,
¢ naBneHueM, [1pH U30TEPMHUECKHX YCIIOBHSX (GMILTPAUMH CPEJHAS HCTHH-
Has IUIOTHOCTb M KO3b}HUHEHT BAKOCTH KaxAoi u3 (a3 onpeacisrorcs
JaBJICHHEM B JaHHOH ¢ase:

Taxum obpa3om, monyyeHa 3aMKHyTas CHCTeMa ypaBHeHu# (9.4), (9.6),
(9.8), (9.9) nnsa onpenencHus BCEX HCH3BECTHBIX (YHKIMIA: HACBHIIICHHOCTH S,
NaBNICHHUIE p,, CKOPOCTEH QHILTPAIMH W ;, 4 TaKXKe IIOTHOCTEH p? M BS3KO-
cred 1, ¢a3. B ciydae HecxHMaeMbIX XHUAKOCTEH M TBEPAOIO CKEJIETA 3Td
cucteMa coctouT u3 (9.4), (9.7), (9.8).

Ilpn m3ydyenuu TpexdasHod ¢unsTpammu (cM. § 9) ypaBHeHHS Hepas-
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puIBHOCTH B ¢opme (9.5) (rae i = 1, 2, 3) IONOIHAIOTCA 34KOHOM (GHIBTPALMH
(9.8), B KOTOpOM OTHOCHTE/bHbIE (A30BBIE IPOHHIAEMOCTH 34aBHCAT OT
HacelleHHocTeH aByx a3, T1.e. k;=k; (5, 5,), a coorHomenue (9.4)
3aMMCBIBAETCA B BU/C

pi— P =Pilsy, s)) i#j=1,23

IToapobuee 06 3TOM HM3MOXEHO B § 9.

B mosny4eHHBIX CHCTEMAX YPABHEHHMH YYTEHBl CKHMMAE€MOCTb (JIIOHM[IOB,
HEIOJIHOTA BLITCCHEHHMS, KAIIMJUISPHBIC ¥ IPABHTAllMOHHEIE 3 dexThl. B mpak-
THYECKHX pacyYeTaX OJHOBPEMEHHBIH y4eT BCeX ITHX 3¢(eKTOB [IOYTH HHKOT-
Ja He SBJISETCS HEOOXOOMMBIM, BnusiHMC M 3HAYMMOCTb HEKOTOPBIX U3 HHX
[POaHalM3upyeM B JaJbHEHIIEM H4 INPUMEPE OAHOMEPHBIX ABYX(a3HhIX
[IOTOKOB.

OrpaHu4cHHS B IPHMCHCHHH IOJTY4EHHOH CHCTEMBI YPABHEHHH CBS3aHBI,
B OCHOBHOM, C BJIMSIHHEM HEOJHOPOJHOCTH M aHH3OTPOIIHH NOPHCTOR cpe/bl
H HEPaBHOBECHBIMH ITPOLECCAMH.

§ 4.* OJJHOMEPHBIE MO/JEJIU BBITECHEHUSA
HECMEIIMBAIOIIMXCH XKUJKOCTEN

PaccMOTPHM OJHOMCPHBIC TEYCHHS ABYX HECKHMAEMBIX KHAKOCTER B HE-
nedpopmupyemoit oHOpoIHOH nopHucToi cpefe. OcTabHbIe IPEANONIOKEHHS
ocraroTcs npexHuMH. [1okaxeM, 4TO B 3TOM cilyyae BeiBeJcHHAas B § 3 cHCTe-
M4 ypaBHEHMH MOXeT OblTh CBeJeHa K OJTHOMY YPABHEHHIO IUIS HACBIIICH-
HOCTH H siBnsieTcs 06o0menneM (8.11). 3HaHue pacnpee/ieHHs HACBIILIEHHO-
CTH B IUIACTE IO3BOJIMT INPOAHAJIH3HPOBATH 3((EKTHBHOCTh BBITECHEHHS
HepTH (MM ra3a) HECMEIIHBAIOIIEACH C HEH XH/IKOCTHIO.

4.1. TlpsmMosnHeRnO-TIApaJLIeILHOE TEYEHHE

ITycTh COBMECTHOE TEYEHHE JBYX XHAKOCTEH NMPOHCXOIHT B HATIPABJIEHHH
OCH X, HAKJIOHEHHOM K TOPM3OHTY oA yriioM @ (puc. 9.1). Torna ypaBHeHHs
Hepa3priBHOCTH s a3 (9.7) umeror Bua (8.3)—(8.5):

Cs  ow, és dw, 9.10)
—m — = ———: — =, .
ot ox ot ax

Puc. 9.1. OnnHoMepHas cxema JByxda3HOH
$HIBTPALMHA C YHETOM CHIIbI TSKECTH
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4 0600meHHbIA 3akoH dapcu (9.8) CBOAMTCA K COOTHOIUEHHUSM
w,= —M; ((2 +p.qsma>, i=1, 2, 9.11)
rae ans ynobcTa BBefeHa (DYyHKIUS HACKIIEHHOCTH
= £k,-(s), i=1, 2, 9.12)

i
Ha3biBaeMasl OJABHXHOCTHIO (a3hl,
HeuspecTHbIE XapaKTEPHCTHKH TEYEHHS S, W, W,, p; H p, 34BHCAT OT
KOOpIMHATHEl X ¥ BPEMEHH 1,
M3 (9.10), xak u pasce (cMm. 8.7), HaAxoauM:

wy + wy, = w(l). (9.13)
IToacrabus B (9.13) 3Ha4eHus ckopocTei ¢a3 w, ¥ w,, u3 (9.11) nomyyum;
apl ap,
—w()= M,—
M( ) a + 2 a +

+ (M ,p§ + M,pY)gsina.

HickmiouHB OTCIOAA IPafMEHT A4BJICHUS Jp,/CX TPH IOMOILM PABEHCTBA
(9.4), npoauddepeHHNPOBAHHOrO MO X,
Oy % ) _opy O
ox ox ox ox 6x
p. =dp,/ds,

HONYYRM Tocie upeobpa3opanmii:

8
wit) + M, Paes + (M0 + Myp%)gsma
ox

o
ox M +M,
Iloncrasus 31O paBeHCTBO B ypaBHeHue (9.11) npu i = 1, nonyvum
0
= [w(t) + M, (p’.a—s + Apgsin a)] f(s), .14}
X

rae Ap = pg — p?; f(s)-u3pectHas ¢yukums bBaknu—JlepeperTa, Ompee-
JIeHHast paBeHCTBOM (8.9).

Hcnone3osas Teneps BuipaxeHne (9.14) m ypaBHeHHE Hepdapunnocm.
(9.10) nns neppoii ¢$a3bl, OKOHYATEJILHO NOJIyYHM YpaBHEHME OJIsf OIpee-
JIEHHS. HACBIIIEHHOCTH

mSaf + w(t)f’(s)é + — g [M (s)(p, Os + Apgsma)f(s)] .15}
ct cx  Ox

DTO ypaBHEHHE H3BECTHO. B JIMTEPATYpe Kak ypaBHeHHe Pamomop-
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Ta - JIHca no MMeHaM aMEpPHKAHCKHX HCCIENOBATENIeH, IMOYYHBIUHX €r0
B 1953 .

byneM CHHTaTh JUIS NMPOCTOTBI, YTO CyMMapHasi CKOPOCTb (UIILTpalMu
w HeE 3dBHCHT OT BPEMEHH, T. €. w(t) = w = const. Toraa, BBeas ans ynobcraa
JanNsHeHIero aHanu3a Ge3pa3MepHble HE3aBHCHMEBIE NEpPEMEHHbIE Mo ¢op-
mynam

E=x/L, 1= wt/(mL) (9.16)

H HCIIOJIB30BaB BhIpaxeHue (9.4) s kamMIISpHOro AaBJICHMA p, (5) B paBEH-
crea (9.12), npuBenem ypasHenue (9.15) x 6e3pa3mepHoit dopme:

Os \ as|
a—+[f (s)+NG(S)]6—E_,+N°6§[ (S)E] 0. 9.17

3necs mwTpuxoM obo03HaYeHa NPOM3BOJHAS COOTBETCTBYIOIMX (yHKIHIM
IO 5 ¥ BBEJCHH! CNeAylolue 0b03HaYeHUS:

G(s) =k, (8)f (s), C(s) =G s)J'(5) (9.18)

—TIr'paBHTAIIHOHHAS H KATHAJUIApHAsSA d))’HKIIHH COOTBETCTBCHHO,

kApgsina N _a,cos,/mk

, =
MW n,wlL
—6e3pasMepHble NMapaMeTphl, XapakTEPH3YIOLIME BJIHSHME CHJBI TSHKECTH
M KAMUISPHOTG [aBJIEHHs COOTBETCTBEHHO,

N, = (9.19)

4.2, TlnockopaananbhHoe BhITeCHEHHE

ITpu 3axauke B .(UIACT BhiFecHsuoweH xuakocta (fasa 1) yepes onumou-
HYIO CKB2XMHHy 3a2/a¥a CTAHOBYICE OCCCHMMETDHWHOER. B 3rom cnyuae,
HPEACTABHB OfIEpATOPHI «IHBEPICHIHMY M «rPAJHEHTA» B NONAPHBIX KOOpP-
nuHatax (cM. mpui. 6), u3 ypasuenui (9.7) u (9.8) mony4yumM coOTBETCTBEHHO!

os 1 0 6s16

—mE = - E(rw,); ma . (rwz) (9.20)
J
w, = —Ml(—ap_l+ p?gsma);
r
op,
w,=—M, —a— + pigsina (9.21)

rAc r—TEKyLIEeC pacCTOsIHHE OT HEHTPA CKBAXHHBI 10 HpOHSBO.IIbHOi TOYKH
IJ1acra, B JAaHHOM CJIy4ac HCKOMBLIC q)y}ﬂ(llﬂﬂ 3aBHCAT OT r M {,

! busnyecknit cMBICT 3THX NEPEMEHHBIX OYEBMAEH: «KOODAMHATa» § NpencTaB-
JseT coboi 0bbeM NmIIacTa Mexy HayasbHBIM CEYEHHEM M CEYEHHEM X, BHIDAXEHHBIH
B JIOJISX NOpPOBOro ofbema, a «BpeMa» T - be3pa3MepHbIl 06bEM XHAKOCTH, 3aKayaH-
HO® B MJIacT K MOMEHTY BPEMEHH !,
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AHAJIOTHYHO mpedslayLIeMY, HcxoAs u3 ypasHenwd (9.20) m (9.21).
MOJIyYHM IIOCJIEAOBATENbLHO:

w=w, +w,=g(t)r, (9.22)

rae g(f) = Q(1)/(2nh) (3mecs A— TONIHMHA ILTACTA) — «YAENbLHBIH» CyMMapHBIHX
pacxon ¢as;

ds
Wy = [@ + My (s ’("-a_ + Apgsin a)] 1) (9.23)
M OKOHYATE/NbHOE YPAaBHEHHE /ISl HACHILEHHOCTH
10 Os
m—— ﬂf ()—+——— [rM (s)(p, +Apgsina)f(s)]=0. 9.29)
ot r ror or

3amMeTHM, 4TO coriacHo (9.22) cyMmmapHas ckopocTh (a3 w B 3TOM ciy4ae
HE COXPAHAETCS, HO COXPAHAETCS CyMMAapHbIR 0OneMHBIH pacxon Q(1).
BBens Ge3pa3mepHuie nepeMeHHRBIE NIPpH g (f) = g = const -

& =r*/2R}?), t = qt/(mR%) (9.25)
(rme R,—paccTosiHMe OT HAarHeTaTeNLHOH [0 AOOBIBAIOLIEH CKBAXUHBI),

HMerolie ¢GU3NYecKUR CMbICH, aHanormuHmi (9.16), nmpuseneM ypaBHEHHE
(9.24) x cneny}omemy BUAY:

os
—+f()&+N [G(s)\/_]+Nca§[C(s)E_,a§] . (9.26)
3mecs
— \/Z_kApg sina R,
N, =YY"
n.9
N, = 28acos8y/mk ©.27)
n.4q

a ¢ysxumn G(s) ¥ C(s) onpenensiorcs paseHcTBamH (9.18).

VpaBuenus (9.17) u (9.26), onuCHIBAIOIIHE OJHOMEPHEIE IPOIECCH CO-
BMECTHOrO TEYEHHS IBYX HECKHMAaeMbIX (a3 M HM3IBECTHHIE KaK ypaBHCHHUS
Panmonopra—JIuca, npeacraBnsitor coboi HelHHeHHbIE ypaBHEHHs mnapabo-
JIEYECKOTO THMA BTOPOTO INOpsAka. TO4YHBIE pelIeHHS 3THX YpaBHEHHH
TOJIYYEHBI JIMIIbL [UIS HEKOTODbIX CPABHHTEILHO MPOCTBIX YACTHBIX CJIy4acB
[7]. lonyuensl MHBApHAHTHBIC PEIIECHHS (THIA BOJIHBI, ABHXYILUEHCS C IO-
CTOSIHHOM CKOpOCThIO, H aBTOMOJEJIBHBIE), 4 TAKXEC YHCJICHHBIC PEIUCHHA HA
3BM [3, 33, 34, 51, 77].



4.3. Ha4yanbhele H rpaHHYHLIE YCJIOBHS

IIp¥ pemeHMH KOHKPETHBIX 3afad I8 ypasHeHui (9.17) mmm (9.26)
JOJDKHE! 6BITh CHOPMYTHPOBAHBI COOTBETCTBYIOIHE I'PAHHYHELIE H HAYAIIb-
Hble YCIOBHMS. B kadecTBe HavanbHOrO YCIOBHMSA 34[aIOTCS 3HAYCHHS He-
H3BECTHOH (YHKIMH § B 3aBHCHMOCTH OT INPOCTPAHCTBEHHBIX KOOpIMHAT
(x i r) mpu ¢ = 0. MOXHO c4MTaTh, YTO NpPH ! = () HACBIICHHOCTb BCIOAY
IIOCTOSHHA (HATIDHMED, § = 5,).

B cnyyae BbITeCHEHHs HEDTH BOAO ECTECTBEHHO 33a/1aTh HAa BXOJE B ILJIACT
(HarHeTaTeNbHAS CKBAXKHHA MJIH rajepes) pacxol 3aKa¥yHBACMOM BOJIRI H pa-
BEHCTBO HYMIO CKOPOCTH GHIbTPAUMH HEeDTH, M3 MOCIEIHETO YCIIOBHS
phiTexaer (cMm. ¢opmyny (9.11)), uro k, =0, cremosarensHO, Ha 3TOMH
MIOBEPXHOCTH § = s*,

3aMeTHM, YTO 3TO YCoBHe — NpUbauxenHoe. JdeicTBHTENLHO. AN Cly4yas
NpsAMOJIHHEHHO-IapalliensHoro BeiTecHeHHs w3 (9.13) m (9.14) ¢ yderom
(9.16), (9.18) umeem:

w, =w—w; =w[l —f(sq) — N,G(s9) = N.C(s0)],

OTKYJa TOYHOE YCJIOBHE HMECT BH/I

1 —f(so) — N,G{so) = N.C(s0) = 0,

rae s, = s(0, 1). (9.28)

B nynesoM npubnuxenud npu N, -0 n N =0 orcroma nomyvaem:
fsg) =1, T.e. 50 =s*

Ha Beixone w3 nnacra (£ = 1) BO3SMOXHBI OBa BAPHAHTA IPaHUYHBIX
YCJIOBHH.

1. MoxHO npeHebpeub rpaIMEHTOM KAMUJUIAPHOTO AaBJIEHHS IO CpaBHE-
HHIO C TpaJMEHTOM /aBjieHHs B (a3ax, T.e. cuMTaTth, 41O dp,/df = 0 npH
€ = 1, oTKyaa ciegyer, 4To
Osfot =0mpu £ =1,

MoxHO moka3aTh, YTO NPH 3TOM YCJIOBHH B ClIy¥ae rOPH3OHTAJILHOIO
wiacra (sina = 0) oTbop xaxao# u3 ¢pa3 nponopuUHOHAIEH €€ 1OBHXHOCTH
M, = kk;(s)/n,. Tax 41O OTHOUIcHHE OTOOpOB (a3 HA BHIXOAEC PABHO OTHO-
IIEHHIO HX MOJBHXHOCTEH.

2. JKCIEPUMEHTAJILHO YCTAHOBJIEHO, YTO BOJAd HE BLITEKACT H3 THAPO-
¢$HUIIBHOrO IUIacTa, 4 HAKAIUIMBAETCH B BBIXOJHOM CEYEHHH, [10KA €€ HACKHI-
LIEHHOCTh HE JOCTUTHET 3HaueHus s*, B MOMeHT nocTHXeHus 3HaueHus s*
BOJd NPOPHIBAETCH M3 IIACTA C COXpaHEHMEM Ha BLIXOJE 3TOrO 3HAYEHUSN
HACBILEHHOCTH. JTO SABJEHHE MOJIYYHJIO HAa3BAHHE KOHIEBOTrO
3pdexTa. MaTeMaTHYECKH OHO MPHMBOJHTCH K CJIOKHOMY HECJIHHEHHOMY
I'PaHAYHOMY YCJIOBHIO Ha BLIXOJE.

Tounas GopMyIHpOBKa YCIOBHA Ha BLIXOJE 3aBUCHT OT COCTOSIHHS CPE/Ibl
BHE pac::manHBaemoro 06pa3na (MaM KOJUIEKTOpa) M MOXET OLITh pa3-
JIMYHOMH '.

t 3aMeTHM, YTO 3TOT BONPOC A0 CHX INOP HEJIB3# CYHTATH A0 KOHIA HCCIIEAOBAH~
HBIM.
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4.4. Oneska BJIHSHAS I'PABHTANHOHHLIX H KANWIJISPHBIX CHJI

Bespasmepuere napametper (9.19) u (9.27) xapaxTepu3ylOT, COOTBET-
CTBEHHO, OTHOLIEHHE CHIILI TsokecTH (mapamerpsl N, # N,) ¥ XaIHILUISPHBIX
cun (N, 1 N_) x cunaM BA3KOCTH. 3HAYHMOCTh I'DaBHTAIIHOHHBIX H KaITHJI-
nApHBIX 3(eXTOB HETPYAHO OICHHTH IIPH PacCMOTPEHHH KOHKPETHBIX
IPOIIECCOB.

Tax, cuy10# TsXKECTH MOXHO mpeHebpeub, ey napaMeTpsl N, 1 N, Manbl
IO CPaBHCHHIO C CIUHMIEH, YTO MMEET MECTO INPH CIIEAYIONUX YCIIOBHSAX!

U1 IPAMOJIMHEAHO-TIapa lIeIbHOrO TEYEHHS

Apgsina « wn,/k = Ap/L;
IUISL PaMajbHOTO BHITECHEHUS
Apgsina « an/(Zﬁnthl) .

DTH ycIOBHA O3HAYAIOT, YTO PA3HOCTh CTATHYECKMX IPaIMEHTOB RaBJe-
Hus a3 Apgsina aomxHa ObITh HAMHOTO MeEHbIIE THAPOIMHAMHYECKOIO
rpagdcHTa fAaBiieHWs. [/I8 XOHKPETHBIX YCJIOBHH TEYCHHs BCETJa MOXHO
ONpeIEHTh, HA KaKMX PACCTOSHHSAX OT JOORIBarOIIeH CKBaXXHHBI, 3TO BhI-
HOJIHAETCH. _

Jns8 OueHKM BIIMSHMS KalMJUIPHBIX CHJI 3aMETHM, 4TO B 3ajavax
HedTerazopoi NMoa3eMHOH IHIPOMEXaHHKH pa3mep obnactu TedeHus L no-
CTHraeT COTEH METPOB, Nepenaj JaBjieHHs Ap Ha rpaHMI@X 3aJIEXH [0CTa-
TOYHO BEJIKK (COCTABJIACT HECKOJILKO NECATKOB HMJIH CIHHHIl MeranackaJici),
TOFAa Kax KamA/UIApHOE [ABJICHHE B HEQTAHBIX IJIACTAX MMeEET MNOPSIOK
10~ 3 MIla. [To3TOMY €CTH pacCMaTPHBAETCS BEITECHEHHE B TpPEAEax BCETO
IJ1aCTa ¥ TEMIIb! BHITECHEHHS IOCTATOYHO BEJUKM, TO 3HAYCHHS KATMJLISAD-
HeIx napameTpoB N, m N, Oynyt mansl, r.e. N, « |, ¥ xaIHUIAPHBIMH
CHJIAMM MOXHO mpeHebpedh. Taxoe npAaONIHXeHHe HA3KBAKOT KPYH-
HOMAacmTabHBIM.

Jns WiLTIOCTpalMK CAEJIAEM IIPOCTYIO OlleHKY. Mex¢a3Hoe HaTsKEHHE O,
Ha rpaHuie OOJILIIMHCTBA YTJIEBOAOPOJHLIX KHUAKOCTEH M ra3oB C BOJOH
HaxoauTcs B mpeaenax ot 0,03 mo 0,005 H/m; cxopocts ¢GHIbTpaluH
cocraBnsger 107 °-10"° wm/c. INonoxus BO BTOpOoM paBeHcTe (9.19)
0, =0,03H/Mcos0=x1,m=0,1,k=10""3m% n,=3cll=310">Ma-c,
w=10"°% m/c, L = 10® M, ans xamwiuspHoro napamerpa N, HaliIeM ouLeHKY
N, =~ 1074, xoTopasi naeT xapaKTEPHBIH MOPSHOK MAaOCTH ITON BETHYHHBI.

4.5. Moaens Baxan - JleBeperTa

B xpymsomacmTabHOM NpHOIMXEHHH, KOIAa KaNHJUISPHBIMH CHJIAMH
MOXHO INpeHeOpeub, AaBjicHHs B ¢a3ax OJMHAKOBRL p, = p, = p. Toraa,
HOJIOXHB B ypaBHeHHsX (9.17) u (9.26) N_= N_= 0, npeacrasum Hx B Clie-
ayromei 06o6menHoit ¢popme, oObeamHsrolIeH 00a THNA OJHOMEPHBIX
HNOTOKOB:
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.0

g [CWET =0, 929)

N as
—+f' () +N
ot a&
rAe nokasatenb creneHd A = 0 # 1/2 COOTBETCTBEHHO IS CIy4aeB NpPSMO-
JIMHEHHO-NIAPAJUIENLHOTO M PaJMabHOTO BRITECHEHHS, KO3pduument N,

paBEH COOTBETCTBEHHO BejMuMHaM N, ¥ N, B cooTHOWEHHX (9.19) u (9.27).
YpaBHerue (9.29) npuHaUIeXMT K KJ1ACCY KBA3HIHHEHHBIX runepboinyeckux
YpaBHEHHIi NEPBOTO MOPAAKA, KOTOPBIE OORIMHO PEMIAKOTCA METOJOM Xapak-
TEpUCTHK (CM. NpWI. 6) W HMEIOT CBOHM CYIIECTBEHHbIE OCOOEHHOCTH IO
CpaBHEHHUIO C napabonuyeckuMH ypapHeHusiMH (9.17) u (9.26).

C npocreiitium ciydaem AByxdasHoid dunbTpanuu Oe3 yuera CHIbI
TskeCTH (N, = 0 B (9.29)), npuBOAALIKM K Pa3sphIBHOMY NMpoGumo HaChl-
LIEHHOCTH, Bbl MO3HakoMHIMCh B 11 8.

3agaun asyxcdassoi ¢UIbTpanuu 6e3 yyeTa KANMMJUIAPHRIX CHJI, OCHO-
BAHHBIE HAa PEUICHHH YpaBHeHHH Tuma (9.29) mpH COOTBETCTBYIOIIMX HA4ajIb-
HOM M IPaHHYHOM YCJIOBHSIX, M3BECTHhI KakK 3aaayu (Mojenb) Baknu—Jlese-
peTTa. 3aa4yM BHITECHEHUS TAKOTO THIA B OJHOMEPHOH MOCTAHOBKE H3YyYEHHI
JOCTATOYHO INOJIHO.

§ 5*. 3AJAYA BAK/IN - JIEBEPETTA U EE OBOBIKEHUA

5.1. OanoMephble TeYEHHS] HECHKHMAEMbBIX KHIKOCTeH

B ciyyae 0QHOMEpPHOrO TEYEHHS HEC)KHMAEMBIX XHUAKOCTEH B YCIOBHSX,
KOT1a MOXHO HpeHeOpedb KaNMJIIAPHBIM A4BJIEHHEM, a4 TAKXKE BIUSHHEM
CHJBI TSKECTH, NMPOIECC BHITECHCHHUS JONYCKAET NMPOCTOE MATeMaTHYECKoe
OIHCAHHE. .

Jnst oboux cyvaeB OMHOMEPHOTO NOTOKA (IPSMOIMHEHHO-RAPAILIETLHO-
IO H IJIOCKOPaAMAaNBHOIO) 3TO NPHUBOMMT K KJIACCHYECKOH Mozein baximi~
JleBeperTa (cM. 1. 8), ONMMCHIBAEMO#H OAHOTHIIHBIM YPABHEHHEM LIS HAChI-
LIEHHOCTH s BoITecHstoueR (assl 1, xoTopoe nonyuyaercs u3 (9.29) npm
TPaBUTAIMOHHOM napameTpe N, =0 ¥ umeeT BHJ

93 =0 (9.30)
R

Be3pazmepHble He3aBUCHMBIE IlepeMEHHblie & M T, ONpejesisieMbie M3
pasescTB (9.17) u (9.26), MOXHO TpeACTaBUTh B eIMHON opme a1 06oHX
OAHOMEPHBIX IIOTOKOB M 06OOIIMTL HA Ciy4a#, KOrga CYMMAapHBIA «Yy[elb-
HBII#» pacxon g ¢a3 3aBHCHT OT BpeMeHH. B pesynbTaTe nonayyum:

4

Lix\  {qlt) .,
_V(L>’T_J‘mL"dt’

0

ds
o +f'(s)

rae L—xapakTepHbl JIMHEHMHBIA pasMmep; v = 1, 2-COOTBETCTBEHHO /sl
JIMHEHHOTO M paJMATIbHOTO TEYCHHUH, IPHYEM B MOCIIEIHEM CIIydde MPOCTPaH-
CTBEHHAsi KOOPJUHATA X = r(r— paCCTOAHHE OT TOYKH ILIACTA JO CKBAXKHHbI),

263



aL=R,;q(t)=w() um ¢(t) = Q(t)/(2nh) COOTBETCTBEHHO [UIA JIHHEHHOTO
H PagMajbHOTO BHITECHEHHS; W (f)-CyMMapHas CKOpOCTh GunbTpauuu ¢as;
Q (1) -cymMapHbIii 0OBeMHBIA PACXOd; M U /i - COOTBETCTBEHHO KO3(DDHIHEHT
HNOPHUCTOCTH U TOJIIIMHA ILIACT4.

Jlnst pacdeTa mpoiecca BRITECHCHHS K ypaBHeHuo (9.30) HyxHo no6asuThb
HayabHble M TpaHH4HbIE ycioBus B Buac (8.13) mwnum (8.14).

IpocTefinit cnyyait 3Toit 3aga4u 6B paccMOTpeH B I 8.

5.2. INocTpoenne peluenun

Jns noctpoeHus peuleHds chOPMYJIHPOBAHHON 33a[1aYH MCIOJIb3YEM Me-
TOA XapakTepuCTHK (cM. mpui. 7). Paccmorpum dyskuuro s(E, 1), onpene-
JIeHHY10 Ha miuockocTtd (&, 1). IlycTh HavanbHOe pacmpefeiieHHe HachIIIEH-
HOCTH 1IpH T = ) IpPeaCTABICHO MOHOTOHHO yOmiBaromiei kpuBoi s(E, 0) =
= @) (puc. 9.2). 3amavya cocToMT B nocTpocHHH (yHkuuu s(§, 1) Ans
NOCIIEAYIOLIMX MOMEHTOB BpeMmeHH T > 0, T.e. TpeOyeTcs pacc4uTaTh Je-
¢opMallHi0 BO BPEMEHHM HA4a/IbHOIO PACHpENAE/IEHHs HACBIIEHHOCTH B CO-
OTBETCTBHH C ypaBHeHueM (9.30) B GECKOHEYHOM IO MPOTAKEHHOCTH ILIACTE.

VpaBHenue xapakTepHUCTHK M (9.30) MOXHO MpeACTaBUTHL B BHIE

de/dv = f' (s); :
" ds/dr = 0. (9.31)

M3 (9.31) cnepyer, ¥TO CEMEHCTBO XapaKTEPUCTHK COCTOHT M3 JIMHUH
£ =E(t) Ha miocKOCTH mnepeMeHHBIX (£, T), BAOJMb KAXIOH K3 KOTOPBIX
HACBHIIIEHHOCTh § HMEET MOCTOSHHOE 3HAYECHHE B CHJIy BTOPOIO YpPaBHCHHS
cucrembl (9.31). CrnenoBaTenbHO, XaPAKTEPUCTHKH E(T) SABIAIOTCHA
TPAEKTOPUAMH PACHPOCTPAHEHHUS NMOCTOSHHBIX 3HAYECHHUH HACHI-
LIEHHOCTH. B paccMaTpHBaeMOM Cilyddae 3TH TPACKTODHH JIETKO Onpeje-
asroTes. JIeHCTBUTENBHO, NOCKOJBKY § = CONSt BJOJb KaxAOH XapakTepH-
CTHKHM, TO OCTAeTCH IIOCTOAHHOH BHOJb 3TOH kpuBod u f'(s). Torna,
IPOHMHTET PHPOBAB NepBoe ypaBHeHHe (9.31), Haiimem:

E=Sf"(s)1 + &, (9.32)

rae £, — KOHCTaHTa MHTETPHPOBAHMs, onpedensemas npu t = 0.

Taxum 0o6pa3oM, B JAHHOM CJydae XapaKTEePHCTHKH SABIAIOTCHA
NpAMBIMH, TAHTEHC YIJd HAK/]1OHA KOTOPHIX K OCH T paBeH f'(s),
T.e. 3aBHCUT OT HACBILIEHHOCTH B Touke (§, 1).

Tenepr MOXHO NMOCTPOHTH peuleHHe ypaBHeHHs (9.30) mpH HavanbHOM
ycrnosud (8.13). ITycts M (E, T) - Npou3BoabHAas TOYKA IJIOCKOCTH (§, 1) (CM.
puc. 9.2). Ecnu xapaktepucTuka (9.32) BBIXOJUT U3 Ha¥aabHOU TOHKH (£, 0),
TO 3HAYEHHE § HA HEH OCTAETCS PABHRIM HAYaJbHOMY 3HadeHuro §(E,
0) = @(&y). Toraa noxyuum:

Sy = S(é, t) = s(ém 0) = ‘P(éo),

rae &, £, u T cBA3aHbl ypaBHeHueM (9.32).
Hckmouns orcrona &, Haiaem:
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Puc. 9.2. CxeMa K MOCTPOEHHIO PEHICHHA 3afayu AByX(ainoit PuasTpauun

sE =0 —f"(1]. (9.33)

®dopmyna (9.33) naer HessBHOE BbIPAXXCHME HACBHILCHHOCTH s5 4€pe3 mnepe-
MEHHBIE & H T.

ITO BBIPaXCHHE MOXKHO [IPEACTABHTH B Apyroit opMme, ecu CYMTaTh, 4TO
B paBeHctBe (9.32) &, =Eqy(s, 0) =Ey(s) ecTb HawalbHOE pacnpejeseHue
HACHILIEHHOCTH B HesBHOHM ¢opMe, T.e. nepsoe paseHCTBO (8.13), paspeuieH-
Hoe oTHocuTenbHO &. Toraa Bmecto (9.33) MOXHO 3amMUCATh

E=f'(5)t+ Egls)- (9.34)

[MonyueHHOE pelleHHe MOXHO HHTEPIPETHPOBAThH KAK NPOLECC PACHpO-
CTPAHEHMS «BOJH HACHIIEHHOCTH». (H3MUecKas OCOOEHHOCTh PEILCHHS —
33aBHCHMOCTb CKOPOCTH U =df/dT pacnpoCTPAHEHHS TOTO HJIH HHOrO 3Ha-
YeHHS HACBHIIEHHOCTH OT BEIMMHUHBI 3TOH HACBHIIIEHHOCTH, KOTOpas paBHa
S (). kax cneayert u3 (9.31). DTo ABIEHHE HA3BLIBACTCSA JUCNEPCHEH BOJH.
[103TOMy AANbHEHIUMHE aHATM3 PELICHAs 3aBUCHT OT BuAA QyHkumu f(s).

5.3. Cayyait cMeLIHBAIOLLECIOCH BLITECHCHHS

PaccMOTpHM CJy4aii, KOTAd OTHOCHTEIbHbIE (pa30BbIE NPOHHUIIAEMOCTH
MOXHO CYHTATH PABHBIMH COOTBETCTBYIOIIMM HACBHIIIEHHOCTAM, T.E€.

k(=3 ky(5)=1—35.
(DU3HYECKH 3ITO COOTBETCTBYET COBMECTHOMY TEUEHHIO B3AHMHO CMELLIH-
BAIOLMXCS XUAKOCTEH, KOrda pacnpedeneHue (a3 B Iopax IOJHOCTHIO
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Puc. 9.3. Jedopmanus npoduns Hackl-
WEHHOCTH NPH CMEUIHBAIOWEMCS BHITEC-
HEHHH

E
£452)
7 g
’J 1 1 L 1 g 1 9 .
0 5,02 G4 g6 g8 10s g T, T

Puc. 9.4. T'paduieckoe NocTpoeHHE HENPEPHIBHOTO NPOMHUIIR HACKILIEHHOCTH METOAOM
XapaKTEPHCTHK.

4— HaY4)ILHOE PACIPLACICHHE HACHLILICHHOCTH (KpHBaf I) M 3aBucMMOCTS f(s) (kpusas [I); 6—none
XapaKTePUCTHK

CAy4afiHO M HE CBH3aHO C KaNWUIAPHBIMH CHJIAMH, H Kaxzaas u3 ¢as
COXPAHAET MOJABHXHOCTh NPH M1000# HACKIIEHHOCTH. Takas cXemMaTH3alus
6nna BBenena B.H. Huxonaesckum [22, 98] ans KPHTHHYECKMX YCJIOBHIA
BhITeCHEHHs. Toraa B coOTBeTCTBHHM C ompefencHueMm (8.9) dyuxuuu f(s)
Haiinem:;

_ s _ s ~ _MNi,
/6 s+Mg(I—5) Mo+ (1—mngp)s’ e Mo n,’
2, (1 —
1) Mo : 17(s) = Mo ( No) (9.35)

T o + (1 — Mo)s] Mo+ (1= ng)s]®

M3 (9.35) crenyer, 4to dyHKIMA f”(S) COXpaHSET 3HAK NPH JHOORIX
3Ha4YEHUAX 5, mpHieM, ect 0 < ny < 1, To f(5) < 0, H HaobopoT f”(s5) > 0
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opaA Mg > 1. B exyuae, xoraa ng < 1, T.e. BA3KOCTH BRFFECHAOMICH KHAKOCTH
MeNLIE, 96M BLITECHEEMON, ITO Q3HAWAeT, YTO f’ (5} MOROTOHMO YObIBaeT,
OCTaBafiCh NOJIOKUTEILHOM BeMYMHOH, a QyHKIMA f(5) MOHOTOHHO BO3pa-
CT4€T M BBINMYKJIA K OCH OpIWHAT IPH JFOOBIX S.

Ilycts HavanbHoe pacnpedeneHde HachiueHHOCTH (8.13) —MOHOTOHHO
yOniBaromas ¢ysxmus: s (E, 0) = @' (§) < 0 (puc. 9.3, kpuBas I). Toraa
B 3TOM ciay4ae (nNg<1) mo ¢opmyne (9.33) umn (9.34) Haxogum
HenpepoiBHOe peumieHHe s(§) npu nrwobomM 3HAYEeHHUH T,

IMpuBeaem rpadUUYeCKHH METOX NOJY4YEHHS JAHHOTO pPEUIeHHS
(9.34) c ucnonb3loBaHUdeM xapakTepHUCTHUK. C 3TOH NETbIO BBIMTOJIHHUM
CIEeIYIOIIME TTOCTPOCHHS.

1. Crpoum rpadux ¢yuxuuu f(s) (mepsas dopmyina (9.35)) u Ha TOM Xke
yepTexe H306paxaemM HadanbHOE paclpee/ieHHe HAChILEHHOCTH §(E, 0) mn,
uTo TO *e camoe, Ey(s) (kpuBue I u I cooTsercTBesEe Ha puc. 9.4,4),
rcHoAR3Ys £ xaxK opaAnRaTy ® 5 Kax abcmmccy. Ilpw arom mMekHO BBiOparth
Be3anpCuMO Fi060# yrobauit macmrab ang & u f Ho Torma macuurab
T {aGeiucca Ha puc. 9.4,8) OyaeT onpenensrhes.

2. CrpowuTcs none xapakreprctTak (puc. 9.4,6) crnenysomuM obpasom:

Ha kpuBoiff | HauampHOrO pachpenclieHHs 6epyT NPOM3BONBHYIO TOURY (/,
2...um 8 Ha puc. 9.4, a) 1 oOTMeua1oT ee 3HadeHue § Ha opauHaTe (1 = 0) pHc.
9,46, T.e. COOTBETCTBYIONIEE 3HaueHHe Eq(s);

B TOYKE C TEM XK€ 3HAYECHMEM 5 INPOBOMAAT KACATEJbHYIO K KpHBOH f(s),
OTIpEJIEIIAIOT TAHIEHC YIJIA ee HakyIoHa f ' (s) (cM. pHc. 9.4, a) U ¢ TeM ke yTJIOM
HaKJIOHA HPOBOAAT NPAMYIO (XAPAaKTEPHCTUKY) Yepe3 HATAIBLHYIO TOUKY &, (5)
B4 XApAKTEPACTHYECKON Quarpamme (Ha pHc. 9.4,6, mMpHBEJEHH XapakTe-
PHCTUKH, COOTBETCTBYIOHMAE ToukaM I, 2, ..., 8, OTMEUEHHBIM Ha KPHBOH
Ha4ATLHOTO pacipe/lcicHiy). XapakTepUCTHKU UMEIOT BH «PACXOASIUETOcs
Beepa» B HUIAC HE [EPECCRAIOTCH.

3. Hdanee, ecau xotar Halirm s{E) 3 BpoM3BOALHEIA MOMEHT BpPEMEHHA
T = T,, CHRTHIBAIOT € PHC. 9.4, 6 3Ha%CHUS £ OpH T = T;, HAXQAAT COOTBETCT-
Bylolee cwmetfienne Touex AE, trepemocsT JTH 3JmaveHHs e pic. 9.3 W,
COEMHMB HOBBIE IOJIOXKEHHS Touek I, 2, ..., 8 rinamxoli kpEBOM, HaxoA#T
pachpe/e/ieHHE HACHIUEHHOCTH s (E) B MOMeHT T = 1, (kpuBas II Ha puc. 9.3).

B cnywae, koraa orHouwleHue Ko3gduumeHToB Bs3kocTH ¢as mg =1,
dyukuma f"(s), xak cregyer u3 (9.35), Hurae He orpmuarenbHa: f”(s) = 0,
H HENPEPBLIBHOrO PEUIEHHs He CyllecTBYeT. AHAlIM3 3TOrO cjydas CTaHET
NOHATHBIM M3 JaJbHEHIIEro M3JI0XKEHHUS.

5.4. OOpa3oBanne CKaYKa HACKILECHHOCTH

[1px COBMECTHOM TEYEHHH HECMEHIHBAIOLIMNXCS KHUIKOCTeH QyHKIHUSA pac-
npeaenenus ¢as f(s) AIMeeT xapakTepHele 0COBeHHOCTH (CM. 1. 8), BJIHAIO-
IIMe Ha peuieHue: f(s) TOXISCTBEHHO PAaBHA HYJIIO NPH § < 5, M €IMHAIEC NPH
5 > s*, uMeeT TOuYKy meperuba s,, a QyHKIHMsA f’(5) - HEMOHOTOHHA M MMEET
makcuMyM (cM. puc. 8.3). OTcroga B COOTBETCTBHH C IIEPBRIM PAaBCHCTBOM
(9.31) cnenyer. uro npu 0 < 5 < 5, 60/bIIME HACKIIIEHHOCTH pPacnpocTpa-
HAIOTCH ¢ 60apiMMH ckopocTsamH (f'(s) Bo3pacrder), a IpH 5, <S5 <1
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CKOPOCTh DPAcCIpPOCTPAHEHHS NOCTONHHOIO 3HAYCHMS HACBLIIICHHOCTH Ha4M-
HaeT ymeHsIaThes (f’(s) yoniBaeT). [ToaTOMy ¢ TeyeHMEM BpeMEHH T Hak-
JIOH NPOGUIIA paclpele/ieHHs HAchIEHHOCTH (9.34) cTaHOBHTCH KpyHe (cM.
puc. 9.2), Tak kak 60MbIIME 3HAYEHUS HACKLILEHHOCTH «IOTOHSIOT» MEHBLIIHE
3HAYCHUA, U XapakTepHCTHKH (9.32), Hecylide pa3IMYHbIC 3HAYCHHUS HACHI-
IEHHOCTH, MOrYT B HEKOTOPHIH MOMEHT T, IlepeceqnCs, a pemeHue (9.34)
CTAHOBUTCS HEOJHO3HAYHRIM. Takas HEOMHO3HAMHOCTh YCTPaHAETCH BBEIE-
HHEM CKaiKa HACHIIIEHHOCTH (pa3pbiBa), IPH NEPEXO/IE YEPE3 KOTOPRIH
HACBIIICHHOCTb MEHAETCH HAa KOHEYHYIO BEJIMYHHY.

Wrtak, ycnosnem ob6pa3zoBaHus pa3phiBa sBISETCH Nepeceye-
HHE XxapaktepucTHk (9.32). B 3aToT MOMEHT T,, XacaTelbHas
K kpuBo#i s(£), CTAHOBUTCA BEPTHKAJbLHOMH, T.€. NIPOU3IBOAHAA
0s/0E obpamaeTcs B OeckoOHe4HOCTh, M aubpdepeHunansHoe
ypaBHeHue (9.30) Gonpue He UMEET CMEICIA.

B o6GnacTsax, raie xapakTepUCTHUKH HE NEpPECEKAIOTCs, pelle-
HME HENIpEpPBIBHO U onpenenseTcs no popmyne (9.33) unu (9.34).

IIpexne 4eM M3y4aTh pacnpoCTpPaHEHHE CKAMKOB HACHIIIEHHOCTH, BbIBe-
JIEM COOTHOILEHHUS, BbIpAXAIOIIME YCIIOBUS COXPAaHEHMs MAacchl Ha HHX.

5.5. YciioBse Ha CKa4KaX HACBLILIEHHOCTH

370 ycnosue ObLIO mosy4eHo B 1. 8. laaum 3xech Gostee obumii BIBO,
IPUMEHNMBIR He TOJBLKO IS OOHOMEPHBIX IOTOKOB.

IMycts &, (1)-3akOH [OBMXEHMSA CKavKa HACBHIIEHHOCTH. Tak 4YTo D =
= dt./dt—cxopocTs IBHXeHHS pa3phiBa. M mycTh ckadok mpoxXOOUT Hepes
3JIEMEHT NOPUCTOM Cpefibl, BbIIEJIEHHRI 10 HOPMaJIK K IIOBEPXHOCTH pa3phl-
Ba W OrPAaHMYEHHBIM Y4aCTKAMM NOBEPXHOCTEH, NapajUreNIbHbIX IUIOCKOCTH
CKaYKa M HAXOMALIMXCHA HA MAJIOM PacCTOSHHH Ah OT Hee (MEeThIpeXyTOJIbHUK
ABCD B npoexunn Ha maockocts (€, 1) Ha pHc. 9.5). [1ockoasKY HHTErpans-
HeIi OanaHc mMaccel B 3neMmente A BCD (Z) BBIITOJIHAETCH, TO, IIPOMHTErPH-
posas ypasHenue (9.30) no mIoWANM ), NOTYYUM:

os _, . 0Os _
J\_ﬂia—‘[ +f (S)a—g] d&d‘[ =0.
L

i

Puc. 9.5. Cxema K BBIBOY yCJIOBHHA Ha CKay-
Ke

268



Orciona, npeobpa3oBaB NOBEPXHOCTHBIH MHTErpan B MHTErpaj IO KOH-
Typy ABCD (T) no dopmyne I'puna (cMm. (. 6) u3 npui. 6), TOmysuM:

f f [as 2l (s)] ddt = §— sdE + f(s)dt = (9.36)

B cnydae, ecnM IIMpPHHA YeTnripeXxyronsHuka ABCD mana (Ah — 0), To
MOXHO npeHeOpe4sr MHTerpanamMu no ydactkam DA u BC. Torna u3 (9.36)
IOJIyYHM C TOMHOCTBIO IO MallbIX BBLICHIErO MOpPSIKa

fode — 1t = §| 2 — 109 | = §050 — fi91 e »
r r r

~ [ [sD—f(s)]dr — [ [sD ~ f(s)] dr =-
AB DC
2@E*D—f)At - D—f")At=0

oTkyna npu At — 0 HaxoauM u3BecTHoe (CM. INl. 8) yclIoBHMe HAa CKadke

& _f*-f"

D= =
& st —s”

(9.37)

3neck f* =f(s*);, S~ =f(7); s ®m 5T —HacBIUEKHOCTH OO M IOCTE
pa3pniBa, KOTOpHIE, Kak crnenyeT U3 (9.37), Be MOTyT ObITh MPON3BOILHLIMH,
a CBs3aHHI JPYr C APYTOM U CKOPOCThIO paspriBa D. Io ananmoruu ¢ razoBoi
JMHAMHKOR paBeHCTBO (9.37) M3BECTHO B JMTEpPaType Kak COOTHOIUECHHUE
I'i'oronuo.

5.6. Onpenenemle NOJIOKECHHA CKa4YKa H HACHILICHHOCTH HA CKa4KeE

BriBenem audepeHuuansHoe ypaBHEHHE, OIMUCHIBAIOIIECE U3MEHEHHE Ha-
ChIIIEHHOCTH Ha CKa4Ke B 3aBHCHMOCTH OT «BpeMeHM» T. [INf HaCHIIIEH-
HOCTH §, =5 Ha cxauke (ee Ha3bBalOT QPOHTANLHOW HACHIIIECH-
HOCTH10), KaK u [s Mo6oro 3uayeHus s, BRIIOIHAETCS COOTHOIEHHE (9.34):

& =f'(5)t + Eolso)s (9.38)
OTKYAd CIeayeT, 4YTO Ses BOOGHIC roBops, H3MEHAETCSA C H3AMEHCHHEM BPEMEHH

T, T.e. §, = 5.(7)
Hpoumb(bepeﬂunpoaaa (9.38) o 1, nOTyYHM:

d§° =f(s) + TS 6) +§o(S)
=f'(s) +Lf ()T + é&(sc)]j- ©.39)

INpupasuss Buipaxenus (9.37) m (9.39) nna ckopocTH D ckayka Hackhl-
IIEHHOCTH, moNy4uM AuddepeHnmaibHOE YpaBHEHHE LIS ONpelclIeHus s
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ds. _fls) = fi57) ~ [ (sHse — 57) ©.40)

de s —sT)L7 ()T + Golso)] '
3xech €IlIE OCTAJIOCh HEHU3BECTHBIM 3HAYEHME HACBIIEHHOCTH s~ IIEpex

pa3pbLIBOM. Ono ONPECACIACTCA H3 YCJIOBHA IICPECCUCHHSA XapaKTEPHCTHK

(9.32) Ha paspmiBe: £ (s7) = E(s,) = &, Tak HTO B COOTBETCTBHH C PABEHCTBOM
(9.34):

S )T+ &)= f(sT)T+ ElsT). (9.41)

Teneps ypasHeHHe (9.40) MOXHO NPOMHTErpHpOBaTh M ONPEAEIHTh
HAChILICHHOCTh HAa CKa4ke S, (T), €CIM 3aAaTh €€ HayajlbHOE 3HAYCHHE.
Hauanbuule 3Ha4eHus s, ¥ 1, ONpENensioTcs B To#l Touke £, (cm. puc. 9.2),
e BIEPBLIC BO3HHKACT CKa4OK (BEPTHKANLHAS KACATE/LHAA K kpuBo# s{f));
T.¢. npoussomnasn dt/ds, suuncienwds Ao hopmyne (9 32) sHepBHe ofpa-
mactcd B Hyan. Onpegenus s, = ¢ {7), u3 paencraa (7 38) maxomsm 3axon
ABIDKEHUR Ciauka HachHIEHHQCTHN & = & (1),

PaccMOTPHM TAK HadnIBaeMbilt CT2UMOBAPHBIA CKa4voK, Mo o6e CTOPOELL
KOTOPOr'O 3HAYEHMH S, = S* H Sy =5 wocrosnaubl. Torna ds./dt =0, n u3
(9.40) mony4um

Pasenctno (9.42) npeactaBnseT cofoil M3BeCTHOE COOTHOIIEHHE Bakmm—
JlesepeTTa (cM. r1. 8), O3Havalolliee, YTO CKOPOCTHL PacCHpOCTpPaHEHUs CTa-
IIMOHAPHOIO CKayka paBHAa CKOPOCTM PACNpOCTpaHEHHs HACHINEHHOCTH Ha
CKavKe.

5.7. IlocTpoenue pa3pLIBHOIO pelleHHN

Chopamy mpyem Tedeps 3334y Ob QTHICKAHUH PEUICHAY KBA3UIHHEHHOTO
nitheperuRansroro ypapHenus (9.30) B oOmem cayyae TpeSyetcs Haiity
$ymgono s(E, t), yAOBRISTBOPRIOINYI® HIYATEROMY B FPRHANHOMY YCIIOBHAM
(8.11) mn@ (8.14), RelNEPRIBHYIO W YEOBICTBODSIOMYIO ypaBHenyio (9.30)
B KaxJ1oi U3 obnacreit I u I1 (puc. 9.6), 3aNONHEHHHIX HEREPECEKAICHIVMHTS
xapaKTepucTUKaMi, ¥ ycnosuio (9.37) Ha paspuBe &, =& (1), cBA3mmBAIO-
IIEMy NpeJebHbIE 3HAYeHHs s* M S~ HACHIIEHHOCTH M CKOpocTH D 3Toro
pa3phiBa.

I'paduyeckas MILTIOCTpAllMA ITOCTPOCHHA PA3PHIBHOIO pELIEHHS INPUBE-
neHa Ha puc. 9.7. B xavectBe HauvansHoro pacnpeneneHus @ (£) = s(&, 0)
BepeTcs mo-NpexXHEMY MOHOTOHHO yOniBalomias kpuBaxz, a f(s)—dyunxums
pacnpenenenus (a3, xapaxTepHas [UIA JBVXEHHS HeCMELIMBAIOIMXCH XHI-
xocTell (cooTBeTcTBeHHO kpuBkic I U II Ha puc. 9.7,4). B Touke 4 (cM. puc.
9.7,6), cCoOTBETCTBYIOWIEH T = 7*, nBe BeckoHeyHO ONM3KMe XapaKTEpUCTUKH
BIICPBHIE NepecekatoTcs. Toraa npv 1 < 1 (Hanpumep. T = T, Ha pHc. 9.7,6)
pellleHHE CTPOMTCH TaK Xe, kak B pasn. 5.3. B Touke A4 oGpa3syercs
M HauMHAaeT pacnpoCTPaHATLCH pa3phiB. TpaekTopmio paspuiBa (kpusas II1
Ha puc. 9.7,6) MOXHO NOCTPOMTh NPHOIMKEHHO NpH MOMOILM ypPaBHEHHS
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Puc. 9.6. CxeMa K OCTPOEHHIO PEUICHHY & §
o6o6nicunoll 3anuun baxmu-JleseperTa ’
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Puc. 9.7. I'padnycckoe MOCTPOECHHE Pa3IPLIBHOTO PEIUEHHS

(9.37), reoMeTpHYECKHMif CMBICI KOTOPOro COCTOHT B TOM, 4TO CKOPOCTH
pa3pbiBa paBHA TaHTEHCY yIJla HAKJIOHA CEKYILSH, COCAMHSAIOLICH TOYKA. §*
M s~ Ha kpuBoil f(s5). TlepBoHA4AILELGT BaXJIOH TPACKTODHM pa3psBa (B
Touke A4) COBNafdeT C HAKJIOHOM XapaKTEepUCTHRYU, IpOXOASIel Yepe3 TOuKy
A. Takum ob6pa3oM, HAYAILHOE IOJIOXKEHHE M HAKIOH pa3phiBa M3BECTHEL
Hanee u3 (9.37), uag ManbiMM maramMi At Mo «BpeMEHM» H alllPOKCHMHPYS
HA 3TOM MHTEpBaje TPacKTOPHIO NPAMON JIMHMEH, METOIOM HTepalMiH
HAXOOMTCH HOBLIM HAKJIOH pasphiBa B MOMEHT T KaK HAaKJIOH CeKyllei,
COeMHSIONIE# COOTBETCTBYIOIHE TOUKHM s* M 5~ Ha KpuBOH f(s).

Ha puc. 9.7, 6 npuBeaeHsl Naphl XapakTepUCTHR s*, s~ (2'-2, 3-3, 44
H 5'-5), BcTpedarolmmecs Ha pa3pbeiBe. Hanpumep, Hak/JIOH TpaeKTOPHMH
paspbiBa B TOYKE IepecedeHus A; cM. puc. 9.7,6) paBeH HAaKJIOHY CEKyIUCH
3'—3 Ha xpmBon f(s) (cM. puc. 9.7,4). XapakTepuctvka 6 Ha puc. 9.7,6—
€IMHCTBCHHAs, MMEIOIIAA TOT Xe YIr/TOBOH KOIGOHIMEHT, 4TO M KacaTelIbHas
K f~KpMBOi#l B TOYKE 6, KOTOpas NPOXOOMT Hepe3 Haxaslo koopauHaT 0 (cM.
PUC. 9.7, a)-.
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Puc. 9.8. Cxema K TOCTPOCHMIO DPa3pPbiBHOIO PpEUIEHMS INIPH KPYyTOM HA4a/IbHOM
rpoduilc HACKILCHHOCTH
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Puc. 9.9. I'paduueckas HIUTIOCTPALMA PELICHNA KIACCHYECKOH 3anavun Bakan--Jleseper-
Ta

MoxHo noxa3aThk, HTO npu OOJNBIIMX BpeMEHaX T CEKyllds, NpeacTdB-
JIFIOIES HAKJIOH TPAEKTOPHMHM pa3phiBa, NPHOIMXAeTCs K HAKJIOHY Kaca-
TensHOR 0-6 (cM. puc. 9.7, a), u TpaekTopus paspuiBa (xpusas III Ha puc.
9.7,5) CTAHOBHTCA NapasuleIbHOR XxapakTepucTuke 6. B 3Tom mpenensuom
Cllyyae BeJIMYMHA M CKOPOCTh CKa¥Ka CTAHOBATCA MOCTOSHHBIMM (CTaLMO-
HapHLIA Pa3phiB).

IIpu 3a7aHHOM MOHOTOHHO YOBIBaFOIIIEM HA4aJILHOM NPpOdUIIe HACKIILEH-
HocTH @(E) {cM. puc. 9.7.«¢) HeTpymHO CHOPMYNIHMpOBAThL AHATIMTHYECKOE
yciopue obpa3oBaHMsa pa3peiBa. Kak cneayeT M3 YpaBHEHHS XapaKTEPHCTHK
(9.31). npu 3HAYEHMAX HACHILEHHOCTH 5, < 5 < | (s,-Touka neperuba f-kpu-
BOH), rae f'(s) yOsiBaeT, T.e. f”(s) < 0, XapaKTEPUCTHUKH PACXOUATCH, M pa3-
phiBa HE HAacTymaeT. DTO cooTBeTcTBYeET y4acTky (0, &) ocu & (cM. puc. 9.7, 6).
Ha yuvacTke & > £, XapakTEPUCTHKH CXOJATCS, 3HAYECHUA HACHIILEHHOCTH,
COOTBETCTBYIOLIME ITOMY Y4acCTKy, TAKOBBI, HTO f”(s) >0, H B peIICHHM
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Puc. 9.10. HMamocTpands HecAWHCTBCH- a '3
HOCTH TIPE/JIEIbHOrO PEtICHUs
E /
ez
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S 1' Z g
1 Sse=s* O T

3apayu (9.30), (8.13) obpa3yeTcs pa3zpniB. CiegoBaTesshHO, ycnoBue obpa-
30BAHHWA pa3phiBa B JAHHOM criy4ae, korma ¢' (&) < 0, MOXHO 3amHcaTh
cleAyomuM obpa3om:

S (>0. (9.43)

M HaoGopoT. npH f"(s) < 0 paspus He obpa3yeTcsa. Ycaosue (9.43)
OOBACHAET TAKXE M OTCYTCTBHE HENPEPHIBHOTO PELICHHS IIPH CMENIHBAIO-
LIEMCS BBITECHEHHH IIDH YCIIOBHH, YTO OTHOIIEHHE KO3()(HUIHEHTOB BAIKOCTH
¢da3 ny = 1 {cM. pasa. 5.3).

PaccMoTpuM Teneps Gonee kpyTod HAYAJIBHBIA NPOQUIH HACKIIIEHHOCTH
(puc. 9.8.4a). B 3ToM cny4ae, K4K BHOHO M3 aHANOTHYHRX HOCTPOCHMHR
(puc. 9.8, 9), acCUMNTOTHYECKAs TPACKTOPHA pa3phiBa ([IYHKTHPHAsA IMHUA)
JIEXHT OMXKe K XapaKTEPHCTHKE 6, 4eM Ha pHC. 9.7. XapakTepHCTHKH 6-9 Ha
puc. 9.8 UMEIOT Te XK€ 3HAMEHMS HACKILIEHHOCTH, 4TO ¥ Ha puc. 9.7. dna -4
Ha ITHX DHUCYHKaX XapaKTEpHBb! Pa3JIHYHBIC 3HAYCHHS HACBILIEHHOCTH.

B npegensHOM cydae, KOra HaMalbHOE PACHpeAENICHHE HACBIIEHHOCTH
HMeeT pa3peiB OT 0 A0 1, TPAEKTOPHAA pa3phiBa COBNAAAET C XapPAKTEPHCTH-
KO# 6. XapakTepHCTHYecKas QUarpaMma [UIs 3TOro Cly4as IpPHBEJEHA Ha
pHC. 9.9, HINIOCTPUPYIOIIEM peElLICHHe KIacCHuecko#d 3amayu bakmu-Jlese-
perTa O HarHeTaHHMH ¢asnl 1 B OGECKOHEYHYIO Cpely, MEPBOHAYAILHO HACHI-
meHHyo ¢aszoi 2 (cm. ri. 8). 3gece MBI MMEeM NPSIMONMHEHHBIH pa3phiB
HACBHIIIIEHHOCTH H «BEEp» XapaKTCPHCTHK, HCXOAAIIHX U3 TOYkH £ =0, 1 = 0.
Camo Xe npeaensHOE PELICHHE MpeacTaBieHo kpHBoi I1 Ha puc. 9.9.4a.

5.8. O eMHCTBEHHOCTH H YCTOHYHBOCTH Pa3pbLIBHOIO pelICHHS

Oxa3nIBaeTcs, YTO CHOPMYIMPOBAHHBIX YCIOBHM (cM. pa3a. 5.7) Hedo-
CTATOYHO [JI MOCTPOEHUS €AMHCTBEHHOrO pa3pbiBHOro peuieHus. [Tokaxem
3TO Ha IpUMEpPE IpeAeNbHOrO peulcHus. e#ACTBHTENBHO, B 3TOM CIy4dde
TPaeKTOpHA pa3phiBa Morna Ol Ob!Th MpeacTaBleHa Mobo# cexyuel f-kpH-
BOH, IpoxoJsiiei yepes TOMKH s~ = 0 H 5, HAXOAALIEHCH MEXAY TOMKAMH
6 u 9 sroii xpuBod (cM. puc. 9.9). IlpH 3TOM HHTerpalbHBIA 3aKOH
coxpaHenust (9.36) u ycnoBme Ha paspbiBe (9.37) OydyT BBINOIHATBCH.
Bo3nMeMm, HanpuMep, s* paBHBLIM 3HAYEHHIO HACHIIIEHHOCTH B TOMKE 7 HA
f-kpuBoii. COOTBETCTBYIOIIEE MONE XAPAKTEPHCTHK M NPOGMIL HACHIIIEH-
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HOCTH npuBeaeHH Ha pHUC. 9.10. B 3TOM Ciryyae XapaKTEpHCTHKY 7 YXOART OT
pa3peiBa BIONb €r0 TPAaCKTODHH.

MOXHO NOCTPOXTH M APYrde PEIUCHHS, COBMECTHMAIE ¢ COOTHOMICHUIMYU
(9.36), (9.37). IIpx 370OM BOSREKACT €CTECTBEHHBIH BOIPOC: KAKOMY XK€
H3 3THX peuleHHH oTrnaTth npeAanoyrteHue? Kakoe U3 HUX ABIA-
eTcs «HCTHHHBIM»? [IpaBHla, HO3BONAIOUME BHIACAMTL CAHHCTBEHHOE
«UCTHHHOE» peuieHue 3ata4vd (9.30), (8.42) B knacce pa3phIBHBIX pELICHHM,
HOJyYeHnl B TEODHH KBA3HIHHEHHbIX ypaBHeHHM (O.A. Oneitnnk, U.M.
I'enbdana). ITH mpaBuna H3BECTHSH! KaK YCIOBHS YCTOHYHMBOCTH pas-
pBIBA, KOTOPBIE AJIS PACCMATPHBAEMOIO Clly4yasi ABOSIKOBBINYKIIOH QyHKIHH

f(s) MOXHO IpEeACTaBUTL B BHAE HEPABEHCTB

f®—f61) B —f(7)

§i—s* 3

<D< (9.44)

§—s5

BBINOJIHEHHBIX Ui roboro 3Hayenns Se{s”, s*). Ha ywacTke BOrHyTOCTH
KpuBO# f(s), rme f"(s) > 0 (4TO XapaKTepHO KAH 3a[a4 ra30BOM JMHAMMKH),
3TO YCJIOBHE YNPOIIAETCS ¥ NPHHHMAET BHI

6K DLS(s). (9.45)

3meck ckopocTh pa3psiBa D CBs3aHa C HACHILIEHHOCTSMH 10 (S~ ) H MOCHE
(s*) paspeiBa cootHowenueM I'torouuo (9.37). Ecnu cooTHomenus (9.44)
Hnu (9.45) He BBIMONHAKTCS, TO pa3pblB HeycToWyuB. OTCcroaa
CIeAYET, YTO NpeAcIbHOE peuedHe 3agayu baknu—JleBeperra
(cM. pHc. 9.9) sBnseTcA YCTOHYHUBHIM M E€JHHCTBEHHBIM. Bce
ApYTHE paspbIBHBIC PELIEHHS — HOCTOPOHHHE (HEYCTOWYABBLIE).

MoxHo nokazaTs, yTo yciosus (9.44), (9.45) coorBeTcTBYIOT QOpPMYNH-
POBKE YCIOBHS YCTOMYMBOCTH pa3phlBOB B Ta30BOM AHHAMHKE (TEODHs
YOAapHBIX BOJH) [26].

Ha nuHHH pa3peiBa JONXHB NEPECEKATHCH ABC NPHXOASA-
IIHE XapaKTEPHCTHKH, HeCyIIHe HadalbHbi¢ 3HAYEHUSN HaCHl--
IIEHHOCTH. B HameM cliyuyae BBHAY HAaJHYMS Y9aCTK4 BBINYKIO-
CTH KpUBOH f(5), rae f”(s) <0, nPUXOASMIMMH CHHTRIOTCSH TaKXe
T€ XapaKTEPHCTHKH, CKOPOCTh KOTOpBIX paBHA CKODOCTH pa3-
puBa D.

§ 6. BTUAHME CUJIbl THXECTH HA JBYX®A3ZHYIO
OWILTPALIMIO ®JIIOUI0B

Hccnenyem BIHMSHHME CHIBI TSIKECTH Ha NPOLIECC BHITCCHEHHS B paMKax
Jonyiiesui Teopun aByxdazuod ¢unsTpanud (cMm. § 4). PaccMoTpum ans
ONPEJENEHHOCTH Cly4ail NPAMOJHHEHHO-IAPANIIENBbHOTO BBITECHEHHS | B
OHOPOJHOM INACTE, YroJl HAKJIOHA KOTOPOrO K TOPH3OHTY paBcH @ (CM.
puc. 9.1). Ilpu 3toM @ > 0 COOTBETCTBYET NpPOLECCY BBLITCCHCHHS CHH3Y
BBEPX, a 0 < (0 —BBITECHEHHIO CBEPXY BHH3. byaeM cuurtarh, yT0 CyMMapHas

CJIy‘laﬁ NN1OCKOpaananbHOH HJIbTPALKUHN HCCACOYCTCH aHAJIOIMYHO.
1% P
274



ckopocTs w $unpTpaiud a3 nocrosHra: w(f) = const. B 3tom ciyuae
ypastenme (9-17) mim onpejesehus HaCLIIEHHOCTH NPEICTABHM B BHJC
(N, =0, T.e. XKanUINAPHOE AABICHHE HE YYHTHIBAETCH):

s 0

—F*(5) =0, 9.4
5t (946)
rae 6e3pa3MepHble apryMeHTH § M T onpeenstorcs no gopmynam (9.16);
F* () =[1F N,k (1S 6); (9.47)

kApg si
N, =—P9%02 _ const, Ap >0, (9.48)

n2w

B nepoft vacTi COOTHOMICHRAS (9.47) 3HaK «+» COOTBETCTBYET 3HAYCHHAM
a > 0, 3gax «—» COOYBETCTBYET ¢ < 0.

ByneMm peirats 3agady ¢ BpeAeIbHRIMH. KYCOYHO-IOCTOSHHBIMH Hayallb-
HbIMHK H I'DaHHYHLIMHM YCIIOBHSMHM BHAA

sE 0 =s,, s(0, ) =1, (9.49)

CHHTasl, YTO XHAKOCTh | 3aKayMB4CTCS HEpE3 HATHCTATENbLHYIO Tallepero
(§ = 0) B mnacT, mepBOHAYANILHO HACHIIEHHBIH XHAKOCTbIO 2 C NOCTOSHHOH
HACHILUIEHHOCTBIO 5, CBA3aHHOH (a3ml 1.

INpn ue commkoM OOJBIIMX yrinax o HAKIOHA IUIacTa, TaKMX, YTO
la| < 15°, 6espasmepHuiil komnekc N, B IIMpOKOM [Hana3oHe BCTPEHAro-
LIMXCH HA NPAKTHKE mapameTpoB umeeT mopsaok [N,| = 1072 — 1072 T.e.
SIBIISICTCSL MaJIbIM TNapaMeTpoM. Torja, uMes B BHAY, YTO OTHOCHTEIbHAs
IPOHHLAEMOCTH Kk, (§) MOHOTOHHO yORIBa€T, JIETKO AOKa3aTh CIPaBEATIHBOCTD
CIERYIOIMX HEPABEHCTB:

OSFME) < fls), fOSF < L.

LPuc. 9.11. Xapanepucfuwcxue dyHk-
JUH

AL 2-F*Ns)k 3-F)sk 4-f'(h 5-.
) (5)

18*




Otciona cneayeT, 4To, Tak xe Kak u f(s), pynxkuuum F'*'(s) sBnsrorcs
MOHOTOHHO-BO3PACTAIOIIMMH H HMMEIOT B4 Y4acTKa —BRIIYKIOCTH H BOT-
HYTOCTH, Pa3/leNfeMble COOTBETCTBYIOIIMMH TOYKAMH meperuba s, u s\
(puc. 9.11), npHYeM MOXHO NOKa3aTh, YTO s4) < 5, < 54,

Takum 06pa3oM, IPH ydeTe CHIIBI TSDKECTH 3a/adya CBOJUTCS K PELUEHHIO
ypaBHeHHUs (9.46) npu ycnoBusx (9.49), T.e. MOJNHOCTBIO AHATOIHYHA COOT-
BeTCTBYlOIEH 3amauye baxnu-Jleseperra (9.30), (8.14). IIo3atomMy pelieHHe
pacCMaTpHBaeMOH 3a/Jayd MNOJYYAIOT H3 COOTBETCTBYIOIUMX (GOpPMYN I
8 (§§ 3, 4) B pesynbrate 3amennl GyHKUMH pacnpeneneHus ¢a3z f(s) Ha
XapaKTepHCTHueCKHe (yHKIHH F(*)(s), cooTmeTCTBYyIOLIHE HCCIIEAYEMOMY
npoueccy. PelllcHHe HMeEET DPa3pbiB HACHLIEHHOCTH, CTPOHTCA B 00JacTH
£E>20,0<1t<1 H cocTouT H3:

1) HEeHTPHPOBAHHONH BOJNHBI

3

2= F%)5) mpu s¥ g5 g1, (9.50)

Ll

rae st*) - ppoHTOBAas HACKIEHHOCTD, ONpeAenseMas abGCIECCON TOYKH Ka-
CaHusl NpAMOM, npoBedeHHOH uepes Touky A4 (0, s,) x rpaduxy omHoH H3
dysxmmit F¥(s) (cm. prc. 9.11);

2) HeBO3IMYWEHHOR o6nacTH s=s,, PACNONOKEHHOH C Apyro#
CTOPOHBI OT pa3phiBa.

IlycTs BBITECHEHHE NPOMCXOAXT CHU3y BBEpX (a > 0, N, > 0), ¥TO coOT-
BETCTBYET XapakTepHcTHyeckod ¢ynkmuu F*)(s) u3 cootHomenus (9.47).
N3 Toukm A(0, s,) mposedeM KacatenbHble K rpaduxam QyHkuu# f(s)
u F*)(5). Toraa abcuncent Touek Kacauus B u B, (cm. puc. 9.11) onpenenssot
COOTBETCTBEHHO (POHTOBBIE HACKIIEHHOCTH s, M st*) ans ropusonTansuoro
H HaKJIOHHOTO IUTACTA (BBLITECHEHHE CHHM3Yy BBEDX).

Onpenenum Ha GPOHTE BHITECHEHHA 3HAYEHMS IPOU3BOJHBIX QYHKIMI f (5)
u F'*)(5), npeactapnennsix Ha puc. 9.11 COOTBETCTBEHHO KpHBLIMH 4 H 5. [Lis
3TOro M3 Touek B W B, omycTHM nNepleHAMKYISPHl 10 NEPECEYCHHs C KPH-
BoiMH f'(s) U F'*)(s) B Toukax C u C, coorsercTBenHo. U3 puc. 9.11,
WILITIOCTPHPYIONIErO TPEAIUECTBYIOIUMNA aHATA3, BUIHO, YTO

F&f(sH)y<f'(s;), D,E < DE. (9.51)
3anuuieM Tenephs BhlpaxeHHs [UIA 6€3BOMHOH N0OndM V= wt B ciy4asix

TOPH3OHTAJIBHOTO H HaKJIOHHOro nnacra (cM. (8.38)). B pesynsTaTe nmomyyum
COOTBETCTBEHHO!

mL
V(%) =f’(s ) npu N, = 0;
m
VH)(t’o) = m IIpH Ny >0.

B cuny nepasenctsa (9.51) maxoaum, yto V(1% > V().
Ilpu BHITECHEHHH CHH3Y BBEDPX C YYETOM CHIB THXECTH CO3-
nawTcs 6onee 6MAaronNpHATHHIE YCIOBHA ANS Nony4YeHHus 6ons- -

276



mero cCymMmapHoro aAeburta BoiTecHseMoro ¢guarwouaa 3a 6esson-
HBH NMEPHOXA, €M B Cllyyae TOPH3OHTAaNbHOrO IJ4acCTa.

W3 peuleHHs: pacCCMOTPEHHOH 3a[a4y CIEAYET, YTO B OTJIMIUE OT MOJEIH
baxnu—JleBepeTTa pacnpeneneHde HACBIIEHHOCTH (9.50) 3aBHCHT 31eCh OT
napameTpa N,, onpeaensemMoro paBeHCTBOM (9.48), ¢ BO3pacTaHHEM KOTO-
poro YCIOBHA BLITCCHCHHH ynyymaoTcs: Kpusas F'*)(s) cMemaeTcs Bipaso
oT KkpuBO# f(s5). OTcloaa crenyer, 4TO IS ONYYEHUs BRICOKHX KO3ddHHeH-
TOB HeTe- H ra3ooTa4H 3a 6e3BOAHBIA Nepuo HeOOXOAUMO NOJAEPKUBATH
Malble CKOPOCTH BBITECHEHMS. BMecTe C TeM 3HAYHTENbHOE yMEHBIIEHHE
CKOPOCTH INpPHBOAMT K YAIHHEHHIO CPOKOB pa3pabOTKH MECTOPOXKICHHS.
Ilo3ToMy Ha MPaKTHKE BO3HHKAET HEOOXOAHMOCTh OIPEACNICHHS] ONTHMAIIb-
HBIX PEXHMOB pa3paboTkH.

AHaNOTHYHBIE PACCYX/ICHHs NPHBOAAT K BBIBOAY, YTO IPH BBITECHEHHH
ceepxy BHM3 (@ < 0, N, <0, F'7)(5)- xapakTepHCcTHYECKas KpHBasi) IpoLece
Oyner MeHee 3¢)¢)exTHBHmM yem Oe3 yuera 3ddekra rpasutanus (a = 0).

PacuyeTs! 10Ka3LIBAIOT, YTO OPH MATIBLIX yIiIax 0 HAKJIOHA IUIacTa M AOCTa-
TOYHBIX TEMIAX HATHETAHHUS OTIMYHE (PPOHTAILHON HACKIILIEHHOCTH 5.*) oT ee
3Ha4yeHHs S, AaBAEMOro Moaenslo baxnu ~ JleBepeTTa, HE3HAYHTENBHO H €TO
B [EPBOM NpUONHXEHHH MOXKHO HE YYHTHIBaTh. ECIM k€ TEMI HarHETaAHHSA
Mall, TO 3TO OTJIMMHE CTAHOBHTCH CYIECTBEHHBRIM, H YYET CHIIBI TSKCCTH
MOXET CHIIBHO BIHSTh Ha KOJIMYCCTBEHHBIC XAPAKTEPHCTHKH IPOLECCOB
BBITECHEHHA.

3anayM BBITECHEHHS HECMELIMBAIOIIMXCS XHAKOCTEH C YYETOM CHIIBI
TSKECTH NPH PA3NMYHBIX HayaJIbHBIX M IDAHHYHBIX YCIIOBHSIX, B TOM HHCIIE
A C NPHMEHEHHEM YHMCIEHHBIX MeToaoB ¥ OBM, paccmarpusanucs H. A.
YapusiM ¥ Ysas-UxyH-csinoMm [81], B. M. Peoxuxom [7], A. M. Ilupsep-
asiHoM [57], M. . lllsuanepom, B.W. JleBH M ApyrMMH MCCIEAOBaTEIAMH.

" CHa TSXECTH UIpaeT 3HaYHTENBbHYIO POJIb B IPOLECCaX rpaBHTALMOHHOR
Cerperanid, CBS3aHHBIX C pa3feneHueM ¢a3z B COOTBETCTBHH C HX IIOT-
HOCTBIO. TIpH OmpefeneHHBIX YCIOBHSX 3TO pa3jc/IcHHE MOXKET OKa3aThbCs
HACTOJILKO I'IyOOKHM, 4TO CTaHET CYIIECTBEHHO BIMATH Ha 3((EKTHBHOCTH
IPOLIECCA BHITECHEHHUS. '

B npouecce pa3paboTky 3asexH HedTH, OXBAYCHHOH 3aBOAHCHHEM, MOTYT
OBITH NEPHO/BI NPEKPALICHHS OTOOpa H 3aKaukKH, 4TO, OAHAKO, HE O3HAYacT
IpeKpalleHns nepeMeliedus GuiouJoB B Iiacrte. B 4acTHOCTH, mpoaomka-
€TCs MPOIIECC Cerperalyy, KOTOPHIH B OINpEAENICHHOH CHTyalluM 3a CpaBHH-
TENBHO HEOOJNBLIOE BPEMS MOXET IPHBECTH K 0Opa3zoBaHHIO BOAOILIABAO-
IIei 3aneX¥ B PaBHOMEPHO OOBOAHEHHBIX HACTAX MECTOPOXKICHHMSA.

YyeT rpaBHTAlMOHHBIX, & TaKXe KAMAIAPHBIX CHA HMeeT Oonbluioe
JHAYEHHE [pH THAPOJUHAMHYECKHX pacyeTaX IMOA3EMHBIX Ia30XpaHHIHII
B BOAOHOCHBIX IUIACTaX M HCTOLICHHBIX OOBOAHEHHBIX MECTOPOXKICHHSAX.
OcobeHHo CHIBHO 3TH 3()¢eKTH NPOSBISAIOTCS NPH HCCIIEIOBAHHH NEPHOMA
npoctos IIXTI.

Mo cymecTByromMM NpeACTABICHHAM I'PaBHTAIIMOHHbIE CHITbI (COBMECTHO
¢ KaNHIUIAPHBIMH) UIPAIOT BaXHYIO POJb B NPOLECCE MUIPALMH YIIIEBOJO-
pomoB, oOpa3OBAHMM MECTOPOXICHHH NPUpOAHBIX (monnoB. OHM mnou-

110CTBIO ONpEJENAIOT pacnpeaencHie a3 B IIacrTax, paspaboTka KOTOPHIX
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ele He HavyaTa. 3HaHME 3AKOHOMEPHOCTEH pacnpencieHHs ¢a3 NQ3BOJISET
Hay4HO OOOCHOBATh WOACHYET 33IMACOB YIIEBOAOPOAOS, HPABAALHO HCHQNb-
30BaTh MCTOMABI IIPOMBICIIOBOH IreOQU3HKH.

Yka3aHHbIE NPHIOKEHUR IPABHTALMOHHOTO 3(deKTa, nepedeHs KOTOPBIX
MOXHO OpiI0 OBl IPOJONXHTH, TOBOPAT O €r0 BaXHOCTH B HEKOTODBIX
npolieccax pa3paboTku HeTEra3oBHIX MECTOPOXAEHUH M MOA3EMHOrO Xpa-
HEHHUs rasa.

§ 7. ABYX®A3HOE TEYUEHUE C YYETOM
KAITUJIJIAPHOI'O JABJIEHUSA

YyeT KanUJLIIPHOTO CKa4yka AaBJICHHUA p,, KOTOPBIH 3a7deTCA B BU/IE U3BECT-
HOH 3MIIMPDHYECKOH (YHKIIMH HACHIIICHHOCTEH PABEHCTBOM (9.4), IpHBOAAT
K MOJC/IH CREQYIOIEro MpHOIMXKEHHUS, ONMMCBIBAEMOW ypaBHeHHsIMH Parno-
noprta—Jluca.

PaccMoTpHM ocoberHOCTH OAHOMEDHOH mBYXasRO# GUELTPAIH He-
CKHMaEMBIX QIFOHLOB C YIECTOM KAOHIUIAPHOTQ A4BJIERHS B fIPCATONOKEHAH,
4TO CHIIOH TSDXKecTH MOXMO mperebpeus. Toraa mpomerc AByxga3sHoro

TEYEHHUS ONUCHIBACTCH ypasHeHUAMH (9.17) u (9.26) npu N, = ﬁ, = (), KOTO-
pble NIPHBOASTCS K BUAY

Os +5f(S)

pe P + N él:k S’ (s)é"aJ , (9.52)

rae n =0, 1 COOTBETCTBEHHO M clyyacs HpHMOJIHHCﬁHO-HapaJI.HEJﬂ:HOFO

M pamuansHoro BuiTecHeHus; N©' = N, N = N_ naxomsrcs u3 (9.19)
7 (9.27) cooTBETCTBEHHO; Oe3pa3MepHbIC NEPEMEHHBIEC § 7 T OMpeaeAsIoTCs
COOTBETCTBEHHO H3 paBeHCTB (9.16) m (9.25).

Bonpoc 0 ¢opMyNTHpOBKE HAYATBHOrO M IPAHMYHEIX YCIOBHE IUIA ypas-
HenMs (9.52) paccmatpuBaics B § 4.

OmHMM H3 rnaBEBIX RYTEH H3YYCHHS MEXaHHM3MA BLITCCHEHMS OCTACTCH
METOA (PH3HYECKOTO MOICAMPOBAHUS KaK B CHIIy TPYHHOCTEH aRSTUTHYE-
CKOro M YHCIICHHOTO HCCIENOBAHMSA, TaK U M3-32 OTCYTCTBAN JOCFATOMHEIX
cBeaeHui 06 amnupuueckux $yHrumsx k, (s) 1 J {s), onpemensiomux nmpoueec
ABYyX(a3HO# (UILTpAIIMH.

OcHOBHBIE KpHTepUM noaebus, XOTOphie HEOOXOAMMO COGNIOAATH NPH
MO/CITHPOBAHHY, MOXHO [OJNYY4Th B DE3yNbTATE AHATH3A PA3IMEPHOCTEH
(cM. § 6, T, 1) MR Xe HCCTIeJOBAHMS COOTBETCTBYIOMMX AUG(epeHIIHaTBHRIX
ypaBHeHu# (9.17), (9.26) unu (9.52). BelBoa ¥ aHanU3 YCIOBHA MOA06HS mpH
MO/IEJIMPOBAHUH NTPOLIECCOB ABYX(a3HOW (QUILTPAlMH H3JIOKEH B COOTBETCT-
Byromux pabortax [33, 90].

31ech MBI OCTAHOBHMCS Ha HEKOTODHIX H3BECTHBIX PCLICHHSX YPaBHEHHS
(9.52), NO3BONMOIIMX OUCHHTH BIMSHHE KAIMILISAPHBIX CHJ HA ABYX(da3Hoe
TeueHHe (IIIOHIOB.

CrabunusupoBanHas 3oHa. Hccnenosanns [7, 33] nokaszamd, yTo
IIPH TIIOCTOSSHHOH CKOPOCTH BHITECHEHMS w = const BONM3M (pOHTA BRITEC-
HEHHS BCEM 3HAUYCHMSAM HACBHIILEHHOCTH COOTBETCTBYET OJHA M T4 XE CKO-
pocTh D pacnpoCTpaHEHHS CKAuKd HACBIIEHHOCTH (CTallMOHAPHBIH CKAYOK).
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IlepexogHas 30H4, B KOTOPOH (NpHONMXEHHO) COOMIOOAETCS YyKA3aHHOE
CBOMCTBO TeueHHs, Oblna Ha3BaHA CTaOMNH3MpOBaHHOM. M3 3TOrO CBOlCTBA
BBHITEKAET HEM3IMEHHOCTD e¢ pasmepa. Clie10BaTeNbHO, B CUCTEME KOOPAMHAT,
CBSI3aHHOH C [BHXYIIMMCS (DPOHTOM, pACIpENE/ICHHE HACBILEHHOCTH HE
JOJIXHO 3aBHCETh OT BpeMcHH. B.M. PrixuxoMm, M. A. YapueiM H U3Hb-
UXyH-CAHOM OBITO NOK43dHO, YTO TEYeHHE B CTAOMIM3IMPDOBAHHOH 30HE
COOTBETCTBYET Mpee/IbHOMY pellleHHI0 ypaBHeHus (9.52), nonyuaeMoMy Mpu
JUIHTEIbHOM NIPOTEKAHHH MpOuecca, KOrAa paclpeaeieHue HaChIILIEHHOCTH HE
3aBHCHT OT I'PAHHUYHBIX YCIOBHH.

PaccMOTpHM cnydYail NpAMOIMHEAHO-NIAPANEIBbHOIO BBITECHE-
HUs (n=0 B ypasHeHHu (9.52)). Ilycts D -ckopocTs ABHXEHHS (pPOHTA
(cxavyka HAaCBIIICHHOCTH).

CpaenaeMm 3aMeHy NEpEMEHHBIX

(=t —Dt
4 OynemM uckaTh peuieHue ypasHeHus (9.52) (npu n = 0) B BHOE
s=s(— D1)=s(0). (9.53)

M3 (9.53) HaitmeMm
8s dsD as B ds
ot &k &

M ypaBHeHHe (9.52) umeeT CreayrollHA BHI:

—D%Z— +f’(s)j—"cT + N‘d%l:kz(s)f(s)]’(s)gg] =0.
IMpouHTErpUpOBAB MOCEHEE YPaBHEHHC 1O {, MOIyYHM:
—Ds+ f(s) + N‘.kz(s)f(s).l'(s)j—hcv =C,. (9.54)

rae C—-TNOCTOSsHHAs HHTErPHPOBAHHS.

TpeGoBaHKe CMBIKAHHS HCKOMOIO peEllleHHA C pelleHHeM baxnu - Jlese-
PETTd, 4 TAKXKE CTAMOHAPHOCTh TEYCHHS B CHCTEME KOOPDAHHAT, CBA3aHHOM
CO CK4a4YKOM, NPHBOAAT K CICAYIOLIHM IpaHUYHLIM YCIOBHAM [7]:

s(+o)=35" =5, (9.55)

s(—0)=s" =35
rae s* M 57 - HACHIIEHHOCTH COOTBETCTBEHHO 34 M IEpE] CKaYKOM, CBSI3dH-
Hble cooTHOLICHHEM (9.42).

Toraa, moacraBuB nepsoe ycnosue (9.55) B cooTHomeHue (9.54) u yuTs,

4YTO NpH 3TOM ds/df, = (), onpeaeN¥M KOHCTAHTY HHTETPHPOBaHMS:
C= —Ds_+f(s.). (9.56)

ITpu 3TOoM BTOpOE YCIIOBHE (9.55) BBIMONIHAETCS aBTOMaTHYECKH, [TOCKOIIb-

Ky 3H44CHME CKOPOCTH D ckavka HACHIIIEHHOCTH ONPEAENACTCS H3 PABEHCTBA
(9.37). IoacTasus Tenmeps 3HaveHde KoHcraHThl C M3 (9.56) B ypaBHEHHE
(9.54) 1 pa3speluKB MOJyYEHHOE COOTHOLIEHHE OTHOCHTENBHO &/ds, Halaem:
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& _ Nk 696 057
dS D(S - sc) [.’(J) - f(gc):]

ECIIH IpOMHTEr pHpOBATH YpaBHEHHE (9.57) MO 5, MPHHAB HAY4JIO OTCYETA
Tak, 4Tobnl s = 5, npu § = &,, roe s; < 5, < 5., TO, HCHONB30BaB (POPMYIILI
(9.37) u (9.42), Haiimem:

j ky (8)f(s)J' (s)ds
f) s —5) — f(8) + £s.)

C_C1:Nc

(9.58)

®opmyna (9.58) onuceiBaeT nmepexoAHylo 30HY OeCKOHEYHOH HpOTAXEH-
HOCTH, YTO SABJIACTCH CIEACTBHEM NPHHATHIX JONMYLUCHHUH. [ pyrHMH CIOBAMH,
pa3mep cTabHNH3INPOBAHHOH 30HKI HECKOHEYEH, H TOYKH CMBIKAHHA ITOTYYEH-
HOTO pelleHUs c pacnpedencHueM baknu —JleBeperTa HeT. PaKTHYECKH ANA
OIIpEJENEHUS IIHPHHBI 30HbI IO popMyne (9.58) npuxoautcs bpaTh paccTos-
HHE MEX/y TOYKaMH, HACHILICHHOCTH B KOTOPbIX OJIM3KH K 3HAYEHHAM 5, H S;,
HO He P4BHBI 3THM BeNIMYMHAM TOYHO. IIpH 3TOM IIMpHHA IEPEXOJHOH 30HBI
OKa3bIBaE€TCA INPONOPUHOHATBHOH BeawuMHe [=p L/Ap wnu N_L/m =

= @, COS Oﬁ /(n 2w\/r; ). rae mapamMeTp N_ ONpeAeNfAeTCH 3 BTOPOrO PaBeH-
crBa (9.20). TUNHYHAA KPUBASA PACHPEACICHHA HACHIIEHHOCTH B IIEPEXOHOH
(cTabHnM3MpOBAHHOM) 30HEe HMpHBEAEHa Ha pHC. 9.12.

CylluecTBOBAHHE pelleHH# ypaBHeHHs (9.52) Buaa (9.58) moka3biBaeT, 4TO
IPH NOCTOSHHOH CKODOCTH BBITECHEHHS pPaCIpeeNeHHE HACHIIEHHOCTH B
CTabHIHINDOBAHHOH 30HE SBNAETCH CTaUMOHADHBIM. DKCICPHMEHTAIBHO
TaKas cTabUIM3MpOBaHHAs 30HA Onima obmapyxena [1.J1. Tepeuanurepom
H apyruMH [33, 66] npu BelTeCHEHHH HE(TH BOAOH B 3aMOJHEHHBIX IIECKOM
Tpybax ¥ BIOCIEACTBHM moApobHO McciemoBaHa B paborax Jl. Panomopra
u B. Jluca, J.A. Ddbpoca u B.Il. Ononpuenxko, /. AdxoHc-Ilappa u [
Konxayna u apyrux uccnenoBateneif. B wactaocr, popmyna (9.58) mocny-
XHJIa OCHOBOH [UIfi NMpHONMXEHHOr 0 MOACTHPOBAHUS ABYX(A3HBIX TEUCHHMH
U €ro MOCIEAYIOLIUX YTOYHEHHH,

Pacnpenenenne HachbIILEHHOCTH B CTAOHIM3MPOBAHHON 30HE yCTAHABIIH-
BAETCA B PE3y/ILTaTe COBMECTHOrO AEHCTBHS CHJ BA3KOIO COINPOTHBICHHSA,
KAIIHJUTAPHBIX CHJI, @ TAKXE CHJI TAXECTH. Bce 3TH CHIIbI HAXOAATCA B PABHO-
BECHH IIPH MOCTOSIHHOH CKOPOCTH BbITeCHEHHS, OueHuBas rpybo BenHYHHY
CHJI, AeHCTBYIOWIMX HAa GIIOMAN B CTAaOHIMIMPOBAHHOH 30HE, MOXHO CKa-
3aTh, YTO KANMHUIUIAPHOE OABIIEHHE, BBI3BIBAIOLICE «Pa3MbIBaHHE» (POHTOB,

1
HMEET nOopAAOK a |\ —— — |, TOC Fy H r,,—COOTBETCTBEHHO MHHHMaJBHBIA
o '
H MaKCHMaJILHBIA «paaMycChl NOp» CpEabI.
s
Sg —_\_T_\_
I
Sg————1

Puc. 9.12. Kpusas pacnpejieIeHHS HacbilUCHHOCTH B
cTabUIM3IUPOBAHHON 30HE

g i 5
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Ilepenang naBneHus, HEOOXOIUMBIH NS IPEOJOJICHHA BAIKOTO CONPOTHB-
JEHH B 30He UIMHO# /, mpomopuuoHaneH /. ITo3ToMy IpH NOCTOAHHOM
CKOPOCTH W pa3sMep 30HBI, B KOTOPOH CYILIECTBEHHO BIMAET KAMMIUIAPHBIM
CKQYOK [4BJICHHA p,, OCTAETCH NOCTOAHHBIM. Bo3aMoxHOCTL kpynHOMaciuTab-
HOTO OIIHCAHHA Ipoliecca BBITECHEHHS NPH nomoluu Moaend baknu - Jlese-
peTTa CBfi3aHa TONBLKO C MajOCThIO mapameTpa € = p /Ap. B cxeme baknu -
JleBepeTTa CTaOMNMH3MPOBAaHHAS 30HA MOJCNHDPYETCS CKA4YKOM HACHILUEH-
HOCTH.

N3 ¢popmynsl (9.58) MOXHO MONYYHTH TAKKE BBIpAXKECHHA AN J'(s) HIH
dp,/ds, KOTOpbIE O3BOJIIOT, 3HAS M3 IKCIEPHMEHTA PACIIPEAEIIEHHE HACHI-
IEHHOCTH, HAaHTH «IHHAMHYECKYIO» 3aBHCHMOCTb KAMHMIIISAPHOIO JaBIICHHA
OT HachIeHHOCTH. OKa3anock, YTO IPH MANBIX CKOPOCTAX W JHHAMUYECKHE
KPHBEIE COBIIAAAIOT CO CTaTHYECKOH KpuBOH (9.4), a npu 60NbUINX NIEXAT TEM
HHXXE Hee, 4eM Domblie CKOpOCTh.

OtmMeTuM, 4TO ypaBHeHHe (9.52) mMeeT Takke, Kpome peuienus (9.58),
3aBucsero ot { = & — D1, To4Hble aBTOMO/IEIbHbIE PELICHHS, 34BHCALIKE OT
senuyunbl [ = & (N _1/m)'/2. ABTOMOJENBHBIE DPEUICHAS CYIUECTBYIOT IPH
CIENHaNbHOM BbIOOpE CYMMAapHOH CKODOCTH W (f) HIIM CYMMApHOTO pacxoaa
q(t) ¢a3, B yactHocTH, npu g = C /\ﬂ JUtsl npSMOJIMHEHHO-NI4panienLHOR
GHUNbTpallMy ¥ NPH ¢ = const ANA PaAH4lIbHOTO BBHITCCHEHHS,

3ameTuM, 4TO GOJiee NMOJIHbIE CBEJEHHA O BIMSHHM KalMJUIAPHBIX CHJI Ha
npouecc ABYX(a3HOro TEYEHHS MOXHO IOJYYHTh Ha HYTH YHCIEHHOIO
MHTErpUpOBaHHUA ypaBHeHms (9.52) [33, 7].

§ 8. IPOUECC BBITECHEHUA B HEOJHOPO/JHBLIX IJIACTAX

B HEOOHOPOAHOM INIACTE NPOILECC BBHITECHEHHS 3HAYHTENBHO YCIOXHS-
erca. B 3TOM clyyde K4NUIINAPHBIE CHIIBI MOT'YT KI'PATh OIIpEAENICHHYIO POIlb
[IPH H3BIICYCHHH ITACTOBBIX (GNIOHAOB. SIBNEHHSA, NPH KOTOPbIX KalHILIAD-
HBIC CHJIBI CAMH 1O ceb€ BBI3BLIBAIOT BLITECHEHHE OAHOrO (IIOHA4 ADYTHM,
HA3bIBAIOT «KANUIUIAPHON NPONMMTKOH». JTH ABIICHHSA, IOMHMO CBOEH BU4XKHO-
CTH [ TEXHONOrHH AOOBIH HeDTH H rasa, HMEHT ONPEACIIEHHOE 3HaUCHHE
M AJI8 TIOYBOBEACHHS, HEKOTOPKIX IPOUECCOB XMMHUYECKONR TEXHOJIOTHH H [IP.

Ilycts B HeoaHopouHo# cpeae (puc. 9.13) HecMadMBarollas XHAKOCTDb
2 (HanpuMep. He(Tb) BBITECHACTCH CMayHBAIOLIEH XHAKOCThIO | (HampH-
Mep. BoAo#H), OUEBHIHO, YTO XKHAKOCTH | CTPEMHTCH BBLITECHHTH XHAKOCTH
2 mpex/ie BCEro M3 XOpOLIO NMPOHHIAEMBIX 30H Inacra. BoaoHAaChIIEHHOCTh
§ IOCTHraeT B 3THX 30HAX HEKOTOPOrO 3HAYCHHUSA Sy, TOIAd KaK B MAJIOIPO-
HHIIdEMBIX 30HaX OHAa HMMEET MCHblliee 3Ha4YeHHe s;. I8 OJHOrO H TOrO Xe
3HAYEHHSA HACBILEHHOCTH KAMHJUIAPDHOE JaBJIEHHE B Cpeliec C MEHbIIEH IIpo-
HMIAeMOCThI0 Gonblue, yeM B Gollee mponuunaemoii cpeae (puc. 9.14). Ho
PRBHOBECHE MEXIy ABYMS PaCCMATPHBAEMBIMH CPEJdMH DA3IMYHOM IIpO-
HMIIAEMOCTH OCYLIECTBIISETCH IPH PABEHCTBE KaMHIUIAPHBIX JaBleHHit. ITO
MOXET PEuIM30BATHLCA TONBKO IIPH YCIIOBHH, YTO HACBILIEHHOCTH § B MAllO-
[POHHIIAEMO# 30HE | BO3pacTaeT, OAHOBPEMEHHO YObIBas B XOPOLIO NPOHH-
HaeMo# 30He I/ oo Tex mop, MOKa KANMILIAPHbIE JABIIEHHS HE YPABHSIOTCH.
TaxuM 00pa3oM, KHAKOCTH | BIIMTHIBAETCA B IUIOXO IIPOHHLAEMYIO CPEAY H3
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Puc. 9.13. CxemaTH3anMs HeOAHOPOAHO-
ro njaacra.
3oHa: !-wmun0d npouduzemoctw; Il -xopomo
NPOHKHU4CMEN

- 3=  Puc. 9.14. 3aBUCUMOCTH KanMJJIAPHOro [AaBJIEHUS OT
o Sy S S HacblleHHOCTH ang 3o [ u Il (cM. puc. 9.13)

XOPOINO MPOHHIAEMBIX 30H M OTTECHAET B HHX XUAKOCTH 2. MoXHO
OpeANoNiaraTh, 4YTO BOJA BIOMTHIBAETCH B NOPOAY 4EPE3 MENKHE IOPEI,
a He(Tb BBITECHACTCA B XOPOWIO NPOHMIAEMBIC 30HBI 4Yepe3 KPYIHEIE.
OueBHAHO, YTO 3TOT MEXAHHU3M YBEIMYHBACT CTENCHb H3BIICUCHHA HE(DTH.
OKCIepUMEHTAIBHBIC HCCIENOBaHUA, a TAKXE aHANH3 Pa3pabOTKH HECKOJb-
KMX 3aJEXEH, CIIOXEHHBIX HEOIHOPOTHBIMH TMAPO(HUIBLHLIMH HOPOAAMH
NOKa3hIBAIOT BO3MOXHOCTb TAKOrO MEXaHH3Ma.

BMecTe ¢ TeM, €CIM XHMAKOCTH | SBISETCH HECMAaYMBAIOIUEH, pPOJb
NPOIIHTKH O4Y€Hb OrPaHHYEHA; HACHILEHHOCTh XHIKOCTLIO | B 30Hax [ ocTa-
€TCA 3HAYHTEJIBbHO MEHbIIE ee 3HA4YEHHH B 30Hax IJ.

Pe3ynbTaThl MCCNEIOBAHUA NPONHMTKH H30JIHPOBAaHHBIX 00Pa3lioB HMEIOT
NPaKTHYECKOE 3HAYEHUE M IPUMEHSIOTCH IIPH MOJENHPOBAHMM BBLITECHEHHA
B TPEIWHOBATO-IOPHCTHIX H HEOJHOPOAHBIX MO MPOHHIIAEMOCTH Cpenax (CM.
. 12).

XapakTepHnie 0COOEHHOCTH BBITECHCHHS HECMCLIMBAIOLHXCH XHIAKOCTEH
B HEOJHOPOJHBIX MOPHCTBIX CpelaX MOXHO BLISBHTH B PE3yNbTATE HCCIIE-
JOBaHHA IIPOIECCA B IUIACTE, COCTOSMIUEM H3 NPOILUTACTKOB PA3NH4YHOH TOJ-
LLMHBI, IOPHCTOCTH H NPOHHIIAEMOCTH.

Bonbmas cepus 3IKCHEPUMEHTANBHBIX HMCCICAOBaHHH MO (UIUYECKOMY
MOJICIMPOBAaHHIO TAaKHX MpPoIlleccoB Orna BhimonHeHa B. I'. OranmkaHsarIEM
€ COTPYAHHKaMH [66]. DKcIIepMMEHTH POBOJUIINCL, HA NPO3PA4HBIX MOJE-
JIAX MOPHCTHIX cped. PedynbTaThl 3THX pabor ObLM no3gHee mpoanaTH3u-
pOBaHbBI M TEOPETHYECKH ONUcaHbl. [IpUBenEM 31eCh KAYECTBEHHOE ONMCAHME
ABJICHNH, NPOHUCXOASIIHX TPH BHITECHEHHH HECMEUIHBAIOILMXCS XHIKOCTEH
B JBYXCIIOMHOM ILTacTe ¢ PA3JIMYHBIMH XaPaKTECPHCTHKAMH.

1. Ecnu mponmnacTkd rHApOJMHAMHYECKH H3ONHPOBAHBI H IIEPETOKH
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Puc. 9.15. Cxema Xanunnsap-

- = ; ) ~
HOM crTabunuianMM paibera ﬂpg””acqu g 2
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Puc. 9.16. Cxema TeueH 6 o
. 9.16. 4YeHUs TPH cnabom
BJIIMAHHM KANMJUIAPHBIX CHII Prroud 1 ——E;

flponnacmox II

MEXIY CIOSAMH C pa3jHYHLIMH INPOHHIAEMOCTSAMH OTCYTCTBYIOT, TO BbI-
TECHEHHE, OYEBUIHO, IIPOMCXOMMT B KaXIOM H3 HHUX He3aBHCHMO. Pacuer
TAKOTO IIpOIlecca OCYILECTBIAETCA TaK X€, KaK M B CIyyae OMHOPOMHBIX
ILI4CTOB.

2. Ecnu nponnacTk¥ ruApaBlIMYeCKH CBS3dHBI, HO IPOLIECC BHITECHEHHA
HOPOUCXOOUT AOCTATOYHO OBICTPO, TO KaNMMIUIAPDHAN MPOMHTKA HIpACT HE3HA-
YUTEIbHYIO POJb A0 TeX MOP, oKa pa3ber GpOHTOB BLITECHEHH B IIPOILNIACT-
KaX He CTaHeT AOCTATOYHO H0NbLIKM. B 3TOM ciyuae BRITECHCHHE IIPOMCXO-
IUT C NOCTOAHHBIMH CKOPOCTSMH B KaXIOM H3 IPOIUIACTKOB, IIPHYEM
CKOpOCTH BhiTecHeHUs 6onblie B 6onee nponunaeMom cnoe. Ho 3tu ckopo-
CTH He COBNAAalOT CO CKOPOCTSIMH BLITECHEHHS B Cllydae HM3OJIHDOBAHHBIX
pOMIacTKOB. BeneacTBre mepeTOKOB GIIIOHIOB MEXY IIPOILIACTKAMH C pa3-
JIMYHOH NMPOHHIIAEMOCTbIO (pHc. 9.15) ckopocTH HPOHTOB BHITECHEHHA B KAX-
ZIOM CJIO€ MEHBLIIE OTIMYaIOTCA APYT OT ApYra, YeM B ClIyYae H3OJIMPOBAHHBIX
crnoes. BMmecTe ¢ TeM, OTHOCHTENBHOE OmNEpeXeHHE (PPOHTOB BHITECHEHHS
B NPOILUIACTKAX YBEJIHMYHUBAETCA CO BPEMEHEM IO JIMHEHHOMY 3aKOHY.

3. Ecny BNHsSHAE KAIDUINSAPHBIX CHJI HAa MEPETOKH (PJIIOMAOB CTAHOBHTCSH
3HAYUTENbHLIM, TO, KaK YCTaHOBIICHO B 3KCICPHMEHTax, npu Hebonsuioi
TOILIMHE N71aCTa B rAAPOQIIILHEIX cpeAax (T.e. cpefiax, Jyyllle CMayMBaeMBbIX
BbITecHsIOWIEH ¢a30i) (PPOHT BHITECHEHHS YCTOWYABO pPAacCnpOCTpPAHACTCH
B IPOILIACTKAX Pa3JHMYHOH npoHHIaeMocTH (puc. 9.16); pa3sber «dporTOB»
B CIOAX CTaOHMIHM3HpyeTCs M He MEHAETCA CO BpeMEHEM. JTO oOBACHAETCH
TEM, 4TO B PaCCMATPUBAEMOM CIIydade [EPETOKH, BRI3BAHHBIC KaMMILIADHLIMY
cHUNlaMH, eltte Holee 3HAYMTENbHBI, YEM B NPEALIAYLIEM CIYy4ae.

Hcnonb3opanue npd o6paboTke IKCIEPUMEHTOB aHANU3a Pa3MEPHOCTEH
MO3BOJIMJIO YCTAHOBHTD, YTO YCTOHYHUBOE NepemMellieHHe GpPOHTA BHITECHEHHS
[IPOMCXOAHMT B HCKOTOPOM ONTHMAaNbHOM [MAana3oHe 3HAYeHHH apaMeTpoB,
OnpeAeNAIOLIMX COOTHOUICHHA THAPOJHHAMHUYECKHX H KAMMHIUIAPHBIX CHII IIPH
BeITECHEHHH. [IpH OnpeeneHHbIX JONMYUIEHHSX O KHHETHKE [IEPETOKOB (PIIroH-
OB OBLTO YCTAaHOBIIEHO, YTO IIPH MAallOR CKOPOCTH BBLITCCHEHHA [UIHHA
CTabMIM3NPOBAHHOK 30HKI B CIIOMCTOH cpele yObIBaE€T C POCTOM CKOPOCTH,
a npu bonpuMx ckopocTAX Bo3pacTaer. OTcioga CieAyeT, YTO CYLUECTBYET
HEKOTOpAs KPUTHYECKAA CKOPOCTH, IPH KOTOPOH [UIMHA CTabWIH3HPOBaHHOM
30HBI MHHHUMaJbHA.
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§ 9*. MATEMATUYECKOE ONUCAHUE OUIbTPALIMU
TPEX®A3ZHON CMECH

Hccnenosanue ¢punbTpaundd Tpexpa3Hoi cMecH HMeeT OONbIIOE NPAKTH-
YECKOEC 3HA4YCHHE, TAK KaK B He(TEra3oHOCHBIX IIACTaX IIPH ONpeAeeHHbIX
YCIIOBHSX [IPOMCXOJHT COBMECTHOE ABIXEHHE HepTH, BOXLI H CBOBOLHOrO
ra3a. Tak, B cny4ae, eclIH HepTh HAXOUTCA B III1ACTE B CMECH €O CBOSOHOM
BOJOH, NDH CHHXEHHH [aBIICHHN HHXE NAaBICHHS HACHILCHHA HauyAHACTCA
BRIICTICHHE Td3a M3 PAacTBOpPA, H B MuacTe obpasyeTcd MOABHXHAA Tpexdas-
Has CMeCh He(Th — BOAA —Tra3. JlaBneHHe HACHILCHUS ABIACTCH (PU3HYECKOH
KOHCTaHTOH He(TH TOTO MJIH MHOIO MECTOPOXICHHS.

Cucrema ypaBHeHH# TpexdasHOH GUIbTpamuu cOCTOUT H3 0606LIEHHOrO
3akona Japcu mns xaxnodl u3 ¢as (9.8), ypaBHeHMIt HEPa3pBIBHOCTH a3
B NOTOKE (9.5) M yCcnoBH# KanmMINAPHOrO paBHOBecHsA. [lnA ciaydas nmpsMo-
JIHHEHHO-NIapaJUIeNILHOTO INOTOKA BAONB OCH X HECKHMMAeMbix a3 mpH
OTCYTCTBHH CHIIBI TSXKECTH ITY CHCTEMY MOXHO NPEACTABHTbL B BHE

w, = —kM,.%, M, = ki(s1 52)
ox l no
m@+%=0 i=123 s, +s5,+85=1
ot ox ’ vt z ? ’
P3y— P1= P (51, 53, p3 — p3= Py(s5y, 55). (9.59)

34eCh NPHHATH paHEe UCTIONb3YeMBle OOO3HAuEHHA: P;—KamMILIADHOE
OaBleHHe, j =1, 2.

Cuctema (9.59) comepXHUT OATh IMIUPHYECKUX (YHKUMH ABYX IEpPEMEH-
HHX k;, P (i=1, 2, 3; j =1, 2). B xa4ecTBe HX apryMeHTOB MOXHO BpIGpaTh
mobble [BE HACHILCHHOCTH H3 TpEX, B CYMME COCTaBIIAIOUINX E€AMHHILY.
OnHako B CHIIy HECHMMETDHYHOCTH YPaBHEHMH KalMJUISPHOrO paBHOBECHS
OTHOCHTENILHO HOMepOB a3 ynobHO 3adHKCHpOBaTh apryMeHTHI §; H §,,
MpUACPXHUBAACH NIpAaBHIIA HymMepaluH (a3, YIUTHIBAIOINETO HX Pa3NHYHA IO
CMa4HBaEMOCTH NOPOALI miacta. byaeM ciHTaTh, YTO MHAEKC i = 1 Bceraa
oTBeyaeT Haumbonee cMaumBarowied (ase, i = 2--HAUMEHEE CMAYMBAIOLLIEH
(unu HecMaumBarollei) ¢ase, a [ = 3 —XKUAKOCTH C MIPOMEXYTOYHOH CMadH-
BaeMOCThI0. Kpome TOro, cumMTaeMm, 4TO KpaeBhIE YIIIbl CMaiHBAHHA B KaX-
JOH TOYKE OAMHAKOBHI. Torga [IA CHCTEMBl «BOJa—He(pTh—ras» TakoR
ciocob ymopspounBaHus (a3 OyneT 3aBHCETh OT TOrO, Kakod SBIACTCH
MOPHCTas cpeaa— ruApodHIbLHON (JTydiie cMayHBaeMOH BOIOM) WIM THAPO-
¢obHo# (ny4ine cMayuBaeMo# HedThi0). B ruapodunsHOH cpene HHAEKCHI 1,
2 u 3 O6ynyT oTBe4aTh BOAE, ra3y ¥ HedTH, a B ruapodobHO — HedTH, razy
H BOJE COOTBETCTBEHHO. byeM cuATaTh U1 ONpeAeTIEHHOCTH, 4TO IOPUCTAs
cpeda —THAPOGHIbHA; NIDH 3TOM S, H §,—HACHIIIEHHOCTH BOAOK H Ia3oM
COOTBETCTBEHHO. -

AHanoru4HoO cinyyawo AByXdaszHod ¢unbTpauuu (cM. § 4) U3 CHCTEMBI
(9.59) MOXHO HCKJIIOUHTh AABIICHHSA p;, IOCNE YEro OHA CBOJUTCH K CHCTEME
[IBYX YPaBHEHHH OTHOCHTEIILHO HACBHILIEHHOCTEH §; H 5,
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w= Z wi Ow/dx =0; fi(s;, $,) =M,/M, + M, + M), i=1,2  (9.60)
i=1

®ysxunH f(s,, s,) Mo dHanormm Cc AByXdaszHOH (uIbTpanued MOXHO
ga3BaTh QYHKIMAME pacnpejelieHds noTokoB (a3 (ananor ¢pynkinuu baxmm—
JleBeperTa). CymMMapHas cKOpocTh QHIbBTpanMu w = w(f). I8 npocToTH
OyneM cyMTaTh €€ IMOCTOSHHOM.

QYHKIKMAM paclpesielieHus NMOTOKoB f; (s, 5,) yao6HO JaTh reoMeTpHde-
CKYIO HHTEpIIpETAlMIO IIPH MOMOMIM TPEYTrOJbHOR AHarpaMMsl (cM. ri. 1 § 5).
Jlerko BHAeTh, 4TO GYHKIHH f; onpedeleHbl Ha TPEYTOJNbHHKE HACHILICH-
goctedl As= {(s,, 55): 5, 20,5, >0, 5, +5, < 1} MIOCKOCTH § ¥ yAOBJIETBO-
PSIOT CJIEAYIOLIMM HepaBEHCTBaM:

H206H206+f,<1;

kpome Toro, f;=0npu 5;,=0wu f;=1 npu 5; = 1 (puc. 9.17).

IMosToMy npeobpasoBanue s — f(s), 3axaBaeMoe ITHMH (PYHKUHAMH, Iie-
PEBOJMT TPEYTONBHHK A, B TPeyrolbHHK A . Ha ILIockoCTH f (pHc. 9.17,6),
[IPUYEM CTOPOHBI NEPEXOAAT B CTOPOHBI, 4 BEPIUHHLI— B BEPLIHHBIL

OIHO M3 BaXHBIX CBOHCTB 3TOro npeobpa3oBaHusi HILIIOCTPHPYETCA HA
pHc. 9.17. 3gech TpeyrolbHUK A, IITPHXOBLIMH JIHHHAMH pa3buT Ha obnacTu
oanodasunix (1), npyxdasunix (2¢) u Tpexdaznoro (3P) reuennii. [Toreps
CILUIOLIHOCTH i-it ¢a3oi 03Ha4aeT obpallicHHE B HYNIb I HEE OTHOCHTEILHOM
NPOHHUIAEMOCTH k;, @ 3HAYHT U COOTBETCTBYIOLIEH GyHKUHMH f;. [IyHKTHpHRIC
JMHEKM Ha pHc. 9.17 npeacraBnstoT cobod rpaHUnL noaobnacTei Tpeyrob-
Huka A,, B KOTOpBIX k; = f; =0 (i = |, 2, 3). Taxum o6pa3om, npeobpa3osa-

C
f, 1

Puc. 9.17. Tpeyronbmum HachlleHHocTel (a) M GyHEaMH pacnpeneneHus NoToKos (6)
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HHE 5 — f(s) oTobpaxaet obnacta 1P B RepluMHLI, a 061acTH 2P ~ B CTOPOHBI
Tpeyronbuuka A ,; obnacte TpexgasHoro Teyenus ABC mepexoauTr Bo
BHYTPEHHOCTb TPEYTOJbHHRA A .

Ecnu npoxud¢epeHIMpOBaTh 10 X KalMIUIAPHBIE AaBleHHs P;(s,, 5;) KaK
CIOXHBIC QYHKIMM B NpPAaBHIX 4acTAX cHcTeMnl (9.60), TO OHa NpUMET BHI

0s, of, 6( 0s, 6sz>
2w 2,2y g, 0
'"at +w6x ox “6x+ 125x)°

) of é 0
mﬁ+wi=k (821i+822%>,
Ox 0x

— 9.61
ot ox Ox (©.61)

Iie BBSACHHI Cleayioune o003HAYECHHS:
By =M [(fi — Dp11 —fp0]s By =M, [(f; — Dpy;—f2p2: 1
By =M, [ fipyy — (1 —f3)ps1]; Byy=M,[fip,; — (1 ~ )P ];

op;
=0 j=1, 2.
pu aSJ J

Ilepeitnem Tenepb k 6e3pazMepHbLIM HepeMeHHBIM. IS 3TOrO BBEAEM
XapakTepHHA MacmiTa® AMHHBI L M MPEACTaBMM KaNWLUISpHBIE AaBlICHUS
B BHJE
a,;cos0;

k/m
Tz a,;-Mexha3Hoe HATsOKEHHE Ha rpauuie a3bl 3 ¢ j-i pa3oi; 0;-xpaesoi
YTOJI CMau¥BaHUsA OPOALI j-# da3oi; J;(s,, 5,) - GeapasmMepHble KANHINAPHLIE

napneHus MM oboOiiennnie ¢yHkuuu JleseperTa.
Toraa u3 (9.61) nonyupm:

os | o 8 (A as, as2>

P;=mnJ;(sy, 53); n; = Ji=12 (9.62)

gt T e\ Ty
as ) ) o as
2+ % _ c_(AZI g zz_z>~
ot 6 ok, ok, ot
3nech BBeleHH Oe3pa3MepHBIE IEPEMEHHBIE M 1d PAMETPBI
£ =x/L, t=wt/(mL), N = kn,/(n,wL),
Y = my®ky /(nm); Jij= a‘li/asj
4 obo3HaueHHA
Ay =i (A= )T +dals A= —v, [(1 - )12 + 0220,
Ayp =v;[f I+ (0 =) ] A=, [fi o + (1 = f3) 05, 1 9.64)
OueBunHo, napameTrp N, paBeH 6e3pazMepHOMY KaIBULISPHOMY YHCIY
N, (cM. (9.19)) 1 AMeeT TOT xe GM3HICCKHI CMBICIL.

Herpyano ybemutscs, 4TO Tak %e, kak M ans ABYX(a3HbIX TEYECHHH.
B KpYNHOMAacwTabHoM npubnnxeHnH napaMerp N, pM CTAPLIMX IPOU3BOI-
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HbIX CHCTEMB (9.63) man. JleHCTBHTENbHO, NPOCTas OLEHKA MA€T: OpH
L=100M, 0=0, a,, =30 MH/M, n, =1 mMIla‘c, k=1 mMxm?, m=0,2
1 w = 1 M/cyT nmony4aem N_ = 0,01. [loaromy BCloay, rae HAaCHILEHHOCTH S;
MEHSIOTCH IUIdBHO, NPABBIMH 9aCTAMH CHCTEMH (9.63) MOXHO npeHeOpetb.
IMony4aemas mpH 3TOM YCEHYEHHAs CHCTEMa YpaBHEBME Tpex¢a3HOH GuibT-
paimu, obobuwaromas Moaens baknu - JlesepeTTa, NPHHAMAET BHJ

os; df; )
e + 2 0,i=1,2, (9.65)

HIIH B pa3BepHYTOM BHAE nocle audepeHMpoBaHHuA 10 &:
Iy W0 Uil
dt  Os, O  Os, 0

2, %0, 0,

= 9.66
ot 05, 08  Os, 0F (0.66) _

Peuienus cucteMsl (9.66) npencTaBnsoT HaMOOJbIIMA MHTEPEC C TOYKH
3PEHHs NPUIIOXKEHHH. DTa CHCTEMA YDaBHECHHH OIMCHIBAET BHITCCHCHHE He-
OMHOPOOHOH XHAKOCTH M3 monybeckoHeuHoro mnacra (§ > 0) npu HarHe-
TAHHH B HETO APYT'OH XHIKOCTH, KOTOpAas MOXET HAXOJMTHCA B OJHO-, ABYX-
U Tpexda3HoM cocTosHusx. [IpocTeiimii BApHAHT HAYANBHO-KPAEBBIX YCIIO-
BHH U1 CHCTEMBI (9.66) COCTOMT B 33aJaHHH KYCOYHO-MOCTOSHHBIX 3HAYEHHH
uaceiieHHOCTER. Ecnu cocTaB 3akayuBaeMOM XHAKOCTH CHYHTATh HEHU3MCEH-
HbIM BO BPDEMCHH, TO 33a[d4a O BBITECHEHHH CBEAETCH K DELUICHHIO CHCTEMBI
(9.66) npu ycrmoBHAX

;=380 pH T1=0, £ > 0;
s;=s{mpu £ =0,1>0,i=1, 2, (9.67)

Ta€ 5~ HAYaIbHME 3HAYCHUs HACKIEHHOCTEH B IUIACTE; 5y ~HACHILUEHHOCTH
BO BXO/HOM CCHCHHH HJNACTA.

Ecam nnact wackuneH tpexdas’Boff Xuaxoctbio, To Touka Dy (s, S;0)
Haxoawrcs B obmactm ABC TpeyroJbHHEA HaChIUICHHOCTER As (oM.
puc. 9.17,a). IIpu BLITCCHEHAM €8 OHO-, ABYX~ ¥ TPeX(a3ELIMH CHCTEMaMH
touka DO (s?, s9) 6ymeT HaxoAMTLCA COOTBETCTBERHO B obnacTax 1M, 2 u 3P
(cM. puc. 9.17, a). _

Pewenue 3ana4m (9.66), (9.67) 6uino uccnenoano (A. H. Bapuenko, A. .
3a3oBckuii ¢ coTpyAHHKaMH, 1989 r.) MetonoMm xapaktepHcTHK. [TocTpoeHs!
pa3puIBHBIE DELIEHHS, SBISAIOLIMECH KOMOHMHAlIMEH LEHTPHPOBAHHBLIX BOJIH
M HEeBO3MYILEHHbIX obnacted. IToka3ano, 4TO CHCTEMa HE ABJIACTCHA CTPOrO
runepbouyeckoi, kak 3To cunrtajiocs paHee (M. A. Yapusii) [81]. Bonee
TOTO, OHda MOXET ObITh CMEUIAHHOTO THII4 — FMINEPOONHYECKONH NPH OMHHX
HACBILICHHOCTSAX M FUIHNTHYeCKO# npu apyrux (benn, lliy6un, Xongen). 9to
nopoxaaer ceoeobpasunie ruapogMHaMudecKHe IPdexTnl, He BCTpEHaIOLIHE-
ca B AByX(a3HO#i bUIbTpanuH.

He ocTraHaBnuBascCh 34¢Ch Ha MaTeMaTHYECKHX TPYAHOCTAX HCCIEOBa-
HHA TpexdasHoi PunbTpanux, o6paTHM BHHMAHME Ha HE MEHEE BaXHYIO
M OpUHIMNHANBHY0 npobrneMy: oCHaumleHHe MCXOAHBIMH [JaH-

287



HBIMH CHCTeM ypaBHeHHH (9.63) u (9.66). B 3TH CHCTEMBI BXOAAT HATH
IMIHPHIECKHX (PYHKIHH JBYX NEPEeMCHHBIX: QYHKUHHM pACHpe/le/ieHHs MOTO-
k0B f, (s;, 5;) ¥ f5(5,, 5,), BRIpaXAIOIINECHA yepe3 BASKOCTH (a3 1,, OTHOCH-
TeJbHbIE Pa30BBIE IPOHUIIAEMOCTH K, (S, 5,), ¥ KAUILIAPHEIE AaBleHUs J | (s,
s;) 1 J;(s;, 5,). BecbMa CylIECTBEHHO, 4YTO ITH (YHKUMH AOMKHBI OBITH
H3BECTHRI C JOBOJNBHO BLICOKOH TOYHOCTBIO, TAK KaK B CHCTEMLI YPaBHEHHH
BXOIAT MX IPOH3BOJIHLIE.

O6wHe CBOKCTBA 9THX (PYHKLUHH BBITEKAIOT H3 MPOCTHIX (H3HUeE-
CKHX COOOpaXcHHMH:

C yBEIMYCHHEM HACHILEHHOCTH - ¢a3zoi or 0 go | oTHOcHTEnbHAs
($a30Bas MPOHHUAEMOCTH I Hee Takxke Bo3pacTaeT oT 0 mo I

JaBsneHus B $a3dx yNmopAAOYEHbl XapAKTEPOM CMA4YHBAEMOCTH MOPOILI
9THMH (a3aMu (p, < py < p,y )

KANIMILIADHBIE JaBneHHs J; yOBIBAIOT C yBENHYEHHEM HACHILIEHHOCTH
bonee cMmauuBatouleit Ga3oi.

IMocnenuee mpeacTaBIAETCA €CTECTBEHHBIM MO TOH NPHYHHE, YTO IIPH
MOCTOSIHCTBE HACBHILIEHHOCTH ONHOH M3 (a3 MEHHCKH Mex(a3HOR IpaHHIBI
JABYX Apyrux a3 JOKHBI CMEIATHCA B Gonee KpynHble NOPbI PH yBE/IHYe-
HUHM HacbluleHHOCTH 6osee cMauMBarouwle ¢a3oi u B 6osee MEIKHE - IIpy ee
yMeHbIIEHHH. MaTeMATHUECKOE BBIPAXEHHE ITHX CBOUCTB TAKOBO:

ki;=0npus;=0;k;=lnpus;=1;J,20,j=1,2;0k;/05; 20,i=1,2,3;
0J,/0s, <0; éJ,/és, > 0. _

Ho ans pemeHHs KOHKPETHBIX 33434 H HX MPAKTHYECKOrO HCMOIb30BaHHA
3TOr0 HEAOCTATOYHO; HEOOXOAMMBI ABHBIC H JOCTATOYHO TOYHbIC BbiPAXCHHS
I MaTepHanbHREIX QYHKIMA Tpex(a3HOro moTrokd. MeToasl IKCIEPHMEH-
T4JILHOI'O OIpPEAEIeHHs OTHOCHTENbHBIX (430BLIX NpOHHI@EMOCcTEd k; npu
Tpexda3Ho# GHIBTPALMH HACHHO OCTAFOTCA TAKMMH Xe, KdK Npd AByXxda3-
HO# ¢HabTpamuu [90], HO TOMBKO pE3KO BO3PACTAET KOJIMYECTBO 3IKCIEPH-
MEHTOB. B HacTosluee Bpems MMEETCH CYMTAHHOE HHCJIO IPHMEPOB OINpe/e-
nenus ynkumit k; u fi(s,, §,) AnA Tpexda3HLIX CHCTEM, YKaXeM Ha pe-
3ynbTaThi: YapHoro — Usnb-UxyH-CIHA 1 aMepHKaHCKUX aBTOpOB (A. Kopeit
¢ coaBTopamu, M. [Jenbumian ¢ coasropamu, P. Jlenapa u T. Ilapkep,
H. Cepad 1 K. @1, A. Capem, ®. lleiinep u B. Oync, P. Cuenn, 1987 r.).
ITpumeps! onpeaeneHUs KAMUIIAPHBIX JaBICHHH npH Tpexdasuoi ¢unbTpa-
MM KaK (YHKIMHA [ByX HACHIUIEHHOCTEH aBTOPaM HE H3BECTHBI.

Hmerotcs dusnteckne NpeJnoChlIKH H HEKOTOpbIE JKCIEPUMEHTAJIBHEIE
JaHHblE, MOKA3bIBAIOLIME, YTO OTHOCHTE/IbHBIE IPOHHIAEMOCTH K, UIA HEKO-
TOpBIX H3 (a3 34BHCAT, B OCHOBHOM, OT «CBOHX» HACBHIILIEHHOCTEH M crnabo
34BHCAT OT HACHILIEHHOCTER ApyruMH ¢a3aMu. 31o OulI0 3amedeHO eue M.
JleseperToM H B. JleBucom (1941 r.) ans kOoHKpeTHOM cuctembl. Ho 3tor
pe3ylsTaT He ABIAECTCA MOCTOAHHBEIM NPABHIIOM H B K4XIOM Cly4ae TpebyeT
CreuUrdanbHON NPOBEPKH.

Ha ocHoBe aunanu3sa skcnepumeHTOB H. CroyH (1965 r.) mpegnoxun
MOJIYIMIIHPHYECKHH METOA annpoOKCHMAallMH MaTepHANbHbIX QyHKIHE Moze-
nn TpexdusHod punbrpanmu. OH 34KII04a€TCS B 3dMEHE PEANBHOIO TPEX-
¢a3Horo TeueHus ABYMSA KaK Obl BIOXEHHBIMH APYT B Apyra AByx(a3HrIMH
HOTOK4AMH.
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IIpepnonaraercs, 4¥TO MO MENKHM IOpAM ABMXYTCS cMaduBarowas dasa
M XHIKOCTh NIPOMEXYTOYHOH cCMa4YMBacMOCTH (T. €. Bojaa ¥ HedTs), a no 6o-
Jiee KPYNMHRIM IOPaM — XHAKOCTh NPOMEXYTOYHOH CMA4HBAE€MOCTH (He(dTb)
M HecMauHMBalolias ¢a3sa (ras). Orcroga ciaeayer, 410 (Ha30BhIE IPOHKLAEMO-
CTH IS BOJKI M ra3a 3aBHCSAT TOJIbKO OT MX HACBILIEHHOCTEH, T. €. SIBJIAIOTCS
‘DYHKIMSMH OJHON NEPEMEHHOH, COOTBETCTBEHHO 5, M S5,. Ilo ITum xe
OpUYUHAM KATIMJUISIpHbIE IaB/IEHHS HAa KOHTAaKTax Boaa — HebThb U HedTh - ra3s
TaKkX€ MOXHO CYHTaTh (YHKIHSMH TOJBKO OMHON HACBILIECHHOCTH — COOT-
BETCTBEHHO BOAHOM (S;) ¥ ra3oBoi (s,) ¢aszamm. PU3UHYECKH ITO O3HA4aer
HENMOJABHXHOCTb MEHHCKOB BOJHOH ¢a3bl, rpaHu4yained c¢ HedTblo, MpH
3aMeHe 4aCTH He(pTH ra3oM M HENOABHXHOCTH MEHHCKOB ra3oBoi (assl,
rpaHudalnei ¢ HepThIO, IPH 3aMeHe 4acTH HedpTH Boaoi. OuEBHIHO, ITH
JONYLUCHAS ABJISAIOTCSH JIMIIb NPUOIMXCHHBIMH,

OtHocuTebHast (a30Bas NMPOHMIAEMOCTb ky ISl XHAKOCTH NPOMEXY-
TOYHOH CM44YMBAEMOCTH NEpPECYHTHIBAETCS 4epe3 ¢a30Bble IIPOHHIAEMOCTH,
OTBEHAlOIIME ABYM ABYX(}a3HbIM TEHEHHSM, NPOHCXOASIIM B OTCYTCTBHE
nnbo HecMmauuBaroweit (k,,), mubo cmayuBarower (k,,) xmaxocted. Cno-
cobsl mepecuera k, MO M3BCCTHBIM Ky, M ky, paspaboranbl (M. Aneman,
T. Cnerrapu; ®. Paiiepc 1 T. MaTeioc).

Taxum obpa3om, B mogend CTOoyHa BMeCTO NATH GVYHKUHMA ABYX mepe-
MeHHRIX Tpebyercs onpeaeluTh ecTb QYHKIHMHA OQHOH NepeMeHHOMH:

ky =ki(s)s kg = ky(53); kay = kay (5,)s kyy = kaylsy)s J; = Jilsy),
i=1, 2, (9.68)
CrpykTypa (a30BRIX MPOHHLAEMOCTEH OObIMHO HMMEET ClIeAyIOLUHA BH:
k;(s;) = a;s% + bsf;
kyi(s) = e, (1 — s + di(1 — 5;)%, i=1, 2;
(1 — 5, ~5;)ky ks,
(1 —s)(1 - s;) '

rjae napameTphl 4, b, ¢, d, o; B, ¥, O; HAXOAATCH IKCIIEPHMEHTAILHO.

Ipeacrasnenue B Buae (9.68) MatepuanbHrix ¢GyHKIME Tpexda3Horo
[IOTOKa HaXOOUT CEHYAC IIMPOKOE NMpHUMEHEHHE NMPH TEOPETHHECKHX HCCIIe-
JIOBAaHUAX M pACHETaXx.

Ipyro#t pazpabaTeiBaeMblil TOAXOX K NOCTPOEHHIO IMITHPHYECKHX DYHK-
i Monenu Tpex¢a3HoH (UIBTpAlMM CBSI3dH C HCMOJB30BAHMEM TEOPHH
nepkojsiuud. Ho npaxTuyeckve pe3ynbTaTbl HA 3TOM IEPCIEKTHBHOM IYTH
elle He JOCTHUTHYTHI.

ky(sy, 53) =

§ 10. MOJEJIb MACKETA - MUPECA TPEX®A3ZHOH OUJbTPALIMHA

3amaua uccnegoBaHMs Tpex¢a3HOro moToka eute Gosiee OCIOXHAETCS,
ecnu xoTd 6ul ogna M3 (a3-cxkumaema. B 3TOM ciydae yxe He yadercs
HCKJTIOYMTH (a30BBIC JAaBJICHHS p; M CBECTH 3a/1aqyy K CHCTEME YPABHEHHMH JLIIs
HACBILIEHHOCTH ;.

BogpluMM 1IarOM B YOPOLUEHHOM MAaTEMATHYECKOM MOCTHPOBAHMH
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COBMECTHOHM (QunbTpaiuy HedTH, ra3za ¥ BOARI SBHIACh NpeiUloXeHHas M.
MacketoM U M. Mupecom (1936 r.) [47] monens TeveHHUs, NO3BOJIMBLIAS
IOCTaTOYHO yIOBJICTBOPHUTENBHO PELIATh Pl MHXEHEPHBIX 34144 pa3pabot-
KM MECTOPOXICHHH npupoaubix ¢mougoB. B ocHOBY 3TO# Moaenu
6BIJIO IOJIOXEHO NMPEANOJIOXKEHHE, YTO YIIeBOAOPOAHAS CHCTEMA
COCTOMT U3 ABYX ¢a3: xuaxkoid HedTsHOH (TAXenble PpakUUH
HedTH) U razosoit ¢aswl. [Ipu 3ToM dasa «uedTh», kak O6RIIO NMPUHATO
M. MackeToM, SBISETCA HENETy4Yel XKUAKOCTBIO M HE MOXET pacTBOPSTBLCS
B ra3oBoit ha3ze; ras xe MOXeT HAXOJUTHCH KAK B CBOOOJAHOM COCTOSIHHH, TaK
H OLITh pacTBOPEHHEIM B HeGTH. PacTBOpHMOCTBIO YriIeBOJOPOIHBIX KOMIIO-
HEHTOB B IUIaCTOBOH BOJE M KaNW/IIAPHBIM CKavyKOM JAaBJIeHHs IpeHebpe-
raroT. [IBHXEHHE MPEAINOSIAardeTCss H30TEPMHYECKHM.

ByneM cHHTaTh, YTO PACTBOPEHME ra3a B HePTH MOAYHHSETCS JTHHERHOMY
3akoHy ['eHpwm:

V.o = Vo ' (9.69)

r

3necs (1 masee B 3TOM naparpacde) AHuekcoM «0» oTMedeHBI TapaMeTpbl
TP HOPMaJTbHEIX aTMOC(EPHBIX YCIOBHAX: V, 4, ¥, — COOTBETCTBEHHO 06BEM
PacCTBOPEHHOrO ra3a ¥ 00beM He(TH NPH HOPMANBHBIX YCJIOBHSX; HHIEKCHI
«H» («B») M «rp» OTHOCATCS COOTBETCTBEHHO kK HedTH (Boje) M ra3sy;
r—xo3¢duneHT 0OBEMHOM PACTBOPHMOCTH ra3a, ABJISIOIUHCS IKCIIEPHMEH-
TanbHOH (GyHKIMEH NaBJICHHS p.

I1pu onucaHuy GUNLTPAMH ra3upOBaHHOM xuakocTd M. MackeT Hcnos-
30B4J1 IOHATHE OOBEMHOro Ko3huiueHTa P XKUAKOCTH, ONPEAEIAEMOrO IS

He(TsHOH M BoAHOM (ha3bl COOTBETCTBEHHO M3 OTHOILLIEHHHR
Bu = Vi/Vio: By = Va/ Vs0s (9.70)

rae V, n V,—coorBercTBEHHO 06BEMBI HEQTH C PaCTBOPEHHBIM B HEH ra3om
M BOJbI B IJIAaCTOBBIX YCIOBHSX '.

M3 (9.70) BeiTekaeT cregymoliee COOTHOILUIEHHE MEXAY IUIOTHOCTSMH
HedTH (M BOAK) IPH HOPMAJIBHBIX P,q (P,0) ¥ IUIACTOBBIX P, (p,) YCJIOBHSX:

Pro = Bupn; Pso = Bnpn‘ (971)

7/ C y4eToM OpHHATHIX JOMYLIEHHH © COCTaBaxX ra3d M XH/JKOH yrjieBoio-
ponHOl ¢a3bl, a TakkKe KAHETHKH PACTBOPEHMsS rasa, aubdepeHunanbHbie
ypaBHEHHSI COBMECTHOH (DUIBTpAllMH Ia3dpPOBAHHON XHAKOCTH, COOTBETCT-
ByroLMEe Mojead Mickera — Mupeca, MOXHO MOJIy4HMTh M3 OOLUMX ypaBHEHHH
MHOroga3Hoi QUILTPALMH TaK Xe, Kak H cHCTeMBI (9.59). JIns mpocToTsl
OrpaHMYHMCS CTYH4€M MPAMOJIMHEHHO-IapaUIeIbHOIO TEYEHHS BAOJb OCH X.
O6061eHns HA cOydYdil TpeXMepHOro (MILTPALMOHHOTO MOTOKd MOXHO
cAenaTh aHaJIOrM4HO § 3.

VpaBHeHde Hepa3polBHOCTH (9.5) ans xaxjaoid u3 ¢a3 B paccmaTpHBae-
MOM OJHOMEPHOM CJly4ae NpPUHHUMAET BHUA

! Moxuo noka3aTb, 4To BeMuMHBl B, ¥ B,. a Takke ko3pdHUMEHT pacTso-

PHMOCTH r BhIpaXalTCH 4EPE3 NapaMeTPhl (ILTOTHOCTh; HACKILUCHHOCTE M KOHLECHTDA-
uMs), OOILENPHHSTLIE IPH ONMMCAHMH MHOTOKOMIIOHEHTHBIX cMmeceh (cm. § 2).
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0 ) .
E(m p:s;) + a(piw;) =0,i=1, 2, 3. (9.72)

3aMeHHMB IUIOTHOCTH HeTH p, M BOABI B IUIACTOBRIX YC/IOBHSX HX
BbIpaXxeHHAMH U3 (9.71) u ucnonb3osas 3akoH Hapcu (9.59), u3 (9.72) naiinem
U1 3THX (a3 COOTBETCTBEHHO (M M k — NOCTOSIHHEI):

tals) o)

mo (s_) 0 ( k, 6p> ©.73)
)= =, .

k ot \B, O0x\n,B,0x _

IZle OTHOCHTENbHbIE (Ha30Bble IPOHHUIAEMOCTH k, M k, SBIAIOTCS 3MITUPHYE-
CKHMH (PYHKIMSIMH HaCbIIIEHHOCTEH, 4 06beMHbIe KoadbunueHTs U k03ddu-
LIMEHTHI BA3KOCTH 3aBHCSAT M3BECTHBIM obpa3soMm oT gasneHus: P, (p), B,(p)
u N, (p), N, ()

IIpn cocraBleHMH YpaBHEHHMsI Hepa3phIBHOCTH Ui ra3a HeobXoauMo
yiecTb, 4TO ra3 IBHKETCS Kak B CBODOMHOM, T4dK M B DPacTBOPEHHOM
(kMaKkoM) cocTOsHMM. [IpM 3TOM ra3 B XHAKOM BHAE NEPEHOCHTCH CO
CKOPOCTBIO W, GuIbTpauuu «HedTH», a IIIOTHOCTH P,, PACTBOPEHHOTO Ta3a,
kak ciaeayet m3 (9.69) u (9.70), paBHa:

Mrp _ m VrpO _ Pro’Vuo _ Pror

Vn Bu VuO B BnVHO Bn .

Torma cymmapHas MaccoBas CKOpPOCTb rasa (p,w.). omnpeensieTcs u3
COOTHOLUECHHUS

prp =

Pro’

Bx

INopcynraeM Temepp CYMMAapHYIO MACCy raza B €AMHHIE IIOPOBOTO
obbema.

MaccoBoe comepxande HepTH B eaunune obsema c yderom (9.71):
pnO
Bu

OTC}Oﬂa HaﬁﬂCM yﬂe.ﬂbﬂblﬁ obbem HCq)TH IIPpH HOPM&AJIbHBIX YCJIOBHSX:
VnO = Mu/pno = msn/ﬁn’

a 3aTeM npH nomoum (9.69) - obbeM pacTBOPeHHOTrO rasa:

(PsW)e = PeW, + PrpWs = P, + Wy (9.74)

M, =mp.s,=m—s,.

ms,,

v, —.

o =1T
rp B“

Toraa macca raza M,,, pacTBOpeHHOTO B HEDTH, U Macca, cBoboHOro
raza M . B eauHHne 06beMa paBHbI COOTBETCTBEHHO:

mrs, p,
Mrp = prOVrpO = B—o
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I[1pocyMMHpOBAB 3TH BEJIMYHHEI, HAal[eM IIOJHYIO Maccy razoobpasHoi
¢da3sl B eauHHIlE NOPOBOTO obBEMa:

(mp.s;). =M.+ M =mp.s, +mrs,po/B,. (9.75)

INoacrasus BeipaxeHus (9.74) u (9.75) B (9.72) (i—vfaa) U yuts (9.59),
nony4yuMm auddepeHnuansHoe ypaBHeHHe IS ra3oBod ¢asbl:

ma mos_n): 2 [(k,p, knr(p)p,o>a_p]
kat("'“ 8.0 ) ax\n, @  m.@b.@ oxl (9.76)

HJuddepenuuansamie ypaBHenus (9.73), (9.76) npeacraBus-
0T coboil 3aMKHYTYI0 CHCTEMY yPaBHEHHH AN ompeneieHHS
HacCbhIIEHHOCTEHR s, 5,(5, =1 —5,—5,) H 1aBIeHHS p H H3BECTHBI Kak
ypaBHeHUss Mackera - Mupeca. HecMoTps Ha psia NPUHSATHIX YIPOINAOLIMX
JONYUICHUH], ITO - CJIOXKHAs CHUCTEMA YpaBHEHHMH, HeJMHeHHas Kak IO AaB-
JICHHIO, TaKk WM IO HACHIUEHHOCTH M Tpebylolas Ul CBOEro pelleHus
Hcnosb3oBaHus OBM.

Paznuunsle npeobpa3oBaHus M NPEACTABJICHHAS ITOR CHCTEMBI YPABHEHHH,
yaoOHble U1 MpOBENEHMs YHCJIEHHBIX PacuyeToB, MpHBeAeHbl B pabortax [3,
33, 38]. Hcnonb3oBanuch pa3nuyHele NPHOIMKEHHBIE METOABLI peELIEHHS
ypaBHeHu# (9.73), (9.76), marouiue cBs3bp MeEXAY JaBJIEHHEM M HaChIllEH-
HOCTBIO Ha KOHTYPE 3aJIeXH, a TAKXE METOJ NOC/IeAOBATENbHEIX HNpHbIH-
xeHuit, MIICCC, meton ycpeanenus ¥ ap. C npubinxeHHbBIMHE NOAXOAaMH
K HCCJIe[IOBaHHMIO HECTAllMOHAPHOR (pUIbTpanuH TpexpazHOH CMECH MOXHO
MO3HAKOMHUThCA o paboram [57, 66, 69].

§ 11. ABUKEHUE I'A3UPOBAHHON )I(M,ZIKOCTH B NIOPUCTON CPEJE

BoNBIIMHCTBO MPaKTHYECKHMX METOJOB pacyeTa JBMXKEHHS ra3upOBaHHOH
HeTH Oa3upyercs Ha pe3ybTaTax HCCIEAOBAHHMS YCTAHOBMBILIETOCS Tede-
Hus. [Ipobnema ycraHoBHBIUEHCS (QUNIBTPAaLMH ra3upoBaHHOH HedTH Omina
paccMoTpeHa C.A. XpuctuaHosuyem. MM Opina moka3aHa BO3MOXHOCTb
CBEICHMS HEJTMHCHHBIX 3aa¥ YCTAHOBHBIUECHCS (UMIBTpAalMH ra30XHIKOCT-
HBEIX CHCTEM K XOPOIIO H3YYEHHBIM 3aa4yaM [JBHXCHHS OJHOPOAHON HECHKH-
MaeMOH XHIKOCTH B NOPHCTOM cpeae. JpyrdMH CJIOBaMH, 3ajava IPHBO-
OUIach K ypaBHeHHIo Jlamnaca Ul HEKOTOPOH BCIIOMOTraTe/bHOH (QYHKUMH
H, xoTopas B JajbHeHIeM Mmojy4usia Ha3BaHHe QYHKIHHM XPHCTHAHOBHYA.

PaccMoTpuM npsMonHHEHHO-TapaLIe/IbHOE CTAllMOHAPHOE TEIEHHE TPEX-
($a3HOM CHCTEMBI C Y4ETOM peasIbHbIX CBOHCTB IJIacToBbix (uironaos. B atom
cly4ae cucTeMa ypasHeHui#t (9.73), (9.76) npuHHMaeT BHI

[ kelss,) a_p]:

6x[n..(p)ﬁ..(p)6x 0. G.77)
B[ kyl5as,) a_p]_

6x[n.(p)ﬁ.(p_)5x =0 G78)
i kr(sn’sn) kn(su!sn)r(p) pr0:| a_p} —

ax{[ e O oee Jax Y 679)
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Beenem nonsTHs rasoporo I'. m BomonedpTsHoro I, dakxrtopos; mno
OIlpe/JIe/IEHHI0, HMEEM:

I_‘r = QrO/QnO; ) ru = QnO/QnO‘ (9~80)
INpu nomown paBeHCTB (9.74) u (9.71) HaxogmMm:

Qo =(—pL')cm=(p' w, +Lw..>m;

prO Pro Bn
Pu¥y Wy PaWs W,
Qu = o= _~, Qu = 0 =_-"0,
0 pnO Bn 0 pnO Bn

rae - iouanab cedyeHHs IJiacTa.
Torga Buipaxenus (9.80) npuMyT cneayrolmi BuI:

e B B

ProWx ’ ’ Wy B- (p) '

OTKyJa, UCIOJb3ys BhlpaxeHus (9.59) ans ckopoctedt ¢unbTpanuu a3,
OKOHYATe/bHO HaHaeM:

Pr (P)Ay (S 54) Ba (P)
ProNo1 (P)
_ Ay (s, 5,) P (P)

* No2 @B, ()

rA€ BBCOCHBI CJICOYIOLIHEC obo3HayeHus:

ke (8 83) N,

r

T

r,="2

+ r(p) (9-81)

(9.82)

Ml ) ) ™ T ) o8
LACAEND M, ()
R YA ) o

Cnenys C. A. XpUCTHAHOBHYY, TOKAXEM, YTO [IPH YCTAHOBHBIIEM~
cs TeyeHHH TpexdazHo# cMmecu raszosbit I'| u BogonedTsano# I',
$akTOpPBl OCTAIOTCH NOCTOSHHBIMH.

Jlnst 9TOrO CcAefnaeM CHavana HEKOTOpbie BCIOMOoraTelbHbIE npeobpaso-
Bauds. C yuetoM (9.81) u (9.82) npeobpasyeM cymMMy, CTOSIIYIO B KBAAPAT-
HOH ckoOke B NeBoH 4acTH ypaBHeHHs (9.79), K CleQylOLUEMY BHIY:

k k k k k
_rpr+ «"Pro - upro(_r NuPr B“ r) - aPro I—-r.
nr nuﬁu nnﬁn ku nrprO nuﬁn
Toraa ypaBHeHue (9.79) mpuUMeT creayrollni BUA:
0 k )
[ (p) p( rorr):l = 0
0x 1N, (p) B, (p) Ox

IMpoauddepeHimpoBaB nocneasee paBeHCTBO KaK NPOU3BEACHHE H YUTS
ypaBHeHHME Hepa3pbiBHOCTH (9.77) pns HedrH, HailmeM (p,, = const):
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kn Pro ap aI_‘r

OTKYy[Ja, MOCKOJbKY dp/dx # 0, nonyyum 0I', /dx = 0, cnegoBaTenbHO, razo-
BHIH (hakTOp MNOCTOSHEH BAOJb JIMHMH TOKa:

I', = const. (9.85)

CoBeplueHHO aHaJIOTMYHO INpeobpa3syeTcs ypaBHeHue (9.78). C yueToM
(9.82) u (9.84) nmonyuum:

kn _ ku E nnﬁu _ kn
nlﬁl nHBB kl! nlﬁl nnﬁn
¥ ypaBHenue (9.78) mpeobpa3syercs x BHAY

o ( k, dp_\
(.,B..axr>_0’

OTKy/Ja, B cuy ypaBHeHus (9.77), Haiimem:
dpaol’, _
dx ox

H, CJIeI0BATEIbHO, BAOb JIMHHH TOKa BOJOHEDTSHOH (pakTop TakxkKe MOCTOS-
HEH:

I', = const. (9.86)

KoncranTa B cootHomennsx (9.85) u (9.86) onpeaensrorcs 3Ha4CHAAMHA
JaBJIecHAS M HAaCBILIEHHOCTeH s, M s, B KakOH-THOO TOYKE NHMHHH TOKA
(HanpuMep, Ha KOHTYpE IUIacTa MM B HEBO3MYILUEHHOH 00/1acTH IBHXCHHS,
r7ic 3Ha4Y€HHsl HACBHILEHHOCTEH W JaBjeHWS NOCTOAHBEI). OO003HAaYUM 3TH
KOHCTaHTb! cooTBeTcTBeHHO uepe3 [, u I',,. Toraa coorHomenus (9.85)
7 (9.86) ¢ yuetom (9.81) u (9.82) npunumaroT BUA

Pr(P) Ay (8w 50) By (0)

=T
ProMoy (P) +re)
‘;"2 (sn’ su) Bu (p)
2V’ 9.87
T2 @B O87

PaBenctna (9.87) naroT ABa NOMOJHMTEIBHBIX COOTHOIIEHHS, [TO3BOJISIO-
1UHe CBA3aTh MeXAY COOOH HaCHIEHHOCTH §, U §, IOPOBOTrO NPOCTPAaHCTBA
HeTHIO M BOJOH B KaKOH-JINOO TOYKE MOPHUCTOH Cpe/jsl U JaBJICHUE p B ITOH
To4ke. DTO JacT BO3MOXHOCTH BbIpa3HTb s, M 5, U3 ypaBHeHHH (9.87) xak
GyHKIMH AdBIIEHHS.

VYuutbiBasg 3to, BBeaeM obobmeHHylo PyHkuuro XpucrtuaHo-
BHYA B BHAE

= [k n i Sa) Ku (S5 S5)

BN, dp + cosnt. (9.88)
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Torma dH = (kk,/B,n,)dp, u ypasaenue (9.77) npHHAMAET BAL
d*H/dx? =0, (9.89)
T.€. IPHBOAMTCS K OJHOMepHOMY YypaBHenuio Jlammaca mns ¢yHkuun H,

onpeaensieMoit U3 paBeHcTBa (9.88). IIpu 3TOM ypaBHEHHe A CKOpPQCTH
¢unbTpaiMu HeTH, Kak crneayeT u3 (9.59), monyuaem B ClienyrollleM BHAE:

dH
Wy = — BH(P)Es

a npuBeieHHBIH OOBeMAubIH -pacxon HepTH

W, dH
0= . (9.90)
B, dx |

OTMeTHM, YTO AHATOTHYHEIE PE3yJbTAaThl MONYHAIOT M IS MHJIOCKOro
¥ IPOCTPAHCTBEHHOI'O CTANMOHAPHOro GQMILTpPALMOHHOrO noToka [69].

Cuctema ypaBHeHu# (9.89) u (9.90) nonHocThlo cOBmajgdeT
C OOBIYHBIMHM YypaBHEHHSAMH [ABUXEHHS HECXKHMAEMOHR XHAKOCTH
no 3axkoHy Hapcu (cm. rin. 3). Takum obpa3om, kaXAOMYy CIyqHaKw
JABHXEHHS OAHOPOJHOW XHAKOCTH OTBe4YaeT Cay4ail ABHXEHHUS
ra3supoBa4HHON XMAKOCTH. PasHuma OygeT 3akyiroHaThCs B TOM, 4TO
OHOMY M TOMY X€ IIOJII0 CKOPOCTEH OXHOPOJHOH H ra3HPOBAHHOMN XHUIAKOCTH
6yayT OTBevaTh pa3Hble nepenainl AaBiieHus. [Ipu 3TOM ceMeHACTBO H306ap
B OJHOPOJHOM XHAKOCTH OYAeT sBIATbCH ceMedcTBoM H300ap M s
ra3upoOBAaHHON XUAKOCTHA. ABCOIOTHBIE 3HAYEHHS JaBJICHHH HA ITHX JIHHHAX
OyayT pa3NuuHEL. 3H4s pacnpefesieHHe JABJIEHHS M CKOPOCTb (HIbTpaLmH
HedTH, U3 ypaBHenHii (9.87) u (9.59) MoxHO HaliTH pacnpeleneHue cBobos-
HOTO ra3a H BOALl B O0/IACTH JBM)KEHHS ¥ CKOPOCTH GUIbTpAaLUH ITHX Ga3.

Taxum obpa3om, B obuieM ciiyyae u3yieHHE YCTAHOBHBIIETI O-
¢ TedeHHUS Tpexba3zHOH CMECH CBOAHMTCS K HHTETPHPOBAHHIO
ypaBHeHuit Jlannaca ang o6o6menHod pyHkHH XpHACTHAHOBH-
ya H(p). CnepoBaTeNbHO, AJA OAHOTHIHBLIX MNOCTAHOBOK 3aday4
pe3yabTaThl, H3BECTHHE ANA GUIbTPALHH OJHOPOJAHON HECKH-
MdeMO#M XHAKOCTH (CM. I 3), MOryT ObITh HCHOJb3OBAHK AJd
pacuera punbTpauuy Tpexda3HOH CHCTEMEl NIPH 3aMeHE daBie-
Hus p Ha pyHKUMIO H(p)

INpu OTCYTCTBMM BOABI B IUIacTe, [oJjaras BOJOHACHINEHHOCTB §, =0
u I', = 0, mony4uM 4acCTHBIA Ciydai yCTAHOBHBILIEIOCS TEYEHHS Ta3HpOBAH-
HOH HepTH. B 3TOM cCiyyae "pacyeTsl CYWIECTBEHHO ynpowarTcs. Jlius
($430BRIX OPOHMIAEMOCTEH MOXHO HCIOJI30BaTh CTAHJAPTHHIC 3d4BHCHMO-
cru k, (s), k,(s), (s = 5,), ¥3BECTHSIE AJIS [230XHMAKOCTHOM CHCTEMEI (CM. I 1).
Kpome Toro, Gymem cuMTaTs, 4TO KOI(pOHIUEHTHI BS3KOCTEH TN, T, HE
3aBHCAT OT AaBieHus, HepTh c1abo cxumaema, Tak 4to f, = 1, a raz~co-
BEpLUIEHHRIH (CM. IJ1. 2), /IS KOTOPOro CIpaBeMAJIMBO CJIEAYIOLIEE PABEHCTBO:

P_P

Pro  Po
BmecTo xo3¢h}HUiHeHTa pacTBOPUMOCTH r (p), BXOAALILIO B 3ak0oH 'eHpH
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(9.69), BBemeM pa3MepHblH OOBeMHEIH KO3(OHUIMEHT pacTBOPUMOCTH R
[m3/(m* - TTa)], HCTIONb3YEMBbIH OOBIYHO NPH pacueTax M ONpEe/SEMEIA KaK

006beM raza, KOTOpHIH pacTBOpsieTCs B eAMHHUIE 0ObemMa HEDTH IIPH MOBbI-
weHud Aasienus Ha | ITa. Toraa, odeBuaHo,

r(p) = Rp,

¥ ko3pdunueHT R OyaeM CYHTATh NOCTOSIHHBIM.
C y4eTOM JTHX [AONOJIHUTE/ILHBIX NONYLIEHWH, BrIpaxeHue (9.81) ms
ra3oBoro (akTopa IpUHHMaET B 3TOM Cllydde BHI
P (P)A () ()
L=ng, I, = o No:r(p) =

r0

=P+ R =LA () + . (9.91)
Po Po

3neck A, (5) =k, (s)/k,(s), kak cnenyer uM3 paBeHcTBa (9.83), M BBeaeHO
obo3navuenne u = Rpyn,, — bespa3mepHas koHcTaHTa. [IpH MOCTOSHHOM ra-
30BoM ¢axkTope (9.85) BenuuuHa { Takxe NOCTOSHHA.

Torpga u3 (9.91) Hakpem:

o) = 1 (9.92)
PO e
rae 4epe3 p*(s) obo3HaueHa M3BecTHast OeapazMepHas GYHKIHMS HACBHIILICH-
HOCTH.

ITo H3BCCTHBIM ¢)a3031>1M npoHunaemoctsm k_(s) u k (s) MoxHO no-
cTpouTh I'piduk p* = p*(s) mo dopmyne (9.92). [lns OTHOCHTENBHEIX NPO-
HuuaeMocTeii BukoBa m Botcera [33, 81] oH npuBeaeH Ha pHC 9.18 (ans
HECIIEMEHTHPOBAHHBIX MECKOB).

Hckmouns U3 3aBucuMocTelt k, = k_(s) U p* = p* (s5) HACKILUEHHOCTH § KaK
napaMeTp. MOXHO CBS3aTh (ha30BYIO NMPOHHUIIAEMOCTh C AaBJICHHEM:

ko (s) =k, [s(p*)] = k, (p*).

3aBucumocTs k, (p*) npuBenena Ha puc. 9.19. Teneps pynkuuio Xpucrua-
HOBH4a (9.88) MOXHO BBIYHCIUTHL SBHBIM 06pa3oM. s 3TOro npeacTraBum
ee B Oe3pasmepHoM Buae. M3 paBercTs (9.88) u (9.92) umeem:

at = X k) = k0ol = 1o, 093

rae Ge3pa3MepHsbId aHanor ¢yHkuuM H (p) onmpedesieH H3 paBeHCTBA
p*

H* = H*(p*) = [k, (p*)dp*. (9.94)
/]

3aBucHMOCTDL (9.94) onpenenseTcss HHCIEHHBIM HIIH rpapUyecKMM HHTer-
PHPOBAHHEM C MCIIO/IL30BaHUEM pHC. 9.19 U npuBeaeHa Ha puc. 9.20 qis Tpex
3HaYeHU# a = Rpyn, /N,

3T1oT MeToxa pacyeTa 6nln npeanoxel B. B. Jlanykom [40]. Ha npumepe
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Puc, 9.18. 3asucumocts Oeispasmeproro  p¥
[1aBJIEHHUS OT HACBIILEHHOCTH

100
50 /
/)
a5 10s
Ky
10
05 A
Puc. 9.19. 3aBUCHMOCTb OTHOCHTCIBHOH
tdazosoi npoHHuaeMocTH oT p* 0 50 100 p*

H : V
» V1

2~ / J
24

16 /
8
Puc. 9.20. 3asucumoctu Ge3paimepHoit byHkuuu Xpuc-
THAHOBHMA OT De3pa3MepHOro AaBIICHUS.
a: 10,02 2-0,015; 3-001 0 20 40 60p%

OJHOMEPHBIX TeYeHHH CHOPMYJIUpYEM NIOCIEJ0BATEIBLHOCTD 3THX pa-
CYETOB.

IMo u3BeCTHHIM ISl JAHHOK 3ajiexu ra3oBoMy ¢akrtopy I', ¥ naBieHHSIM
Ha TpaHMuax -p, HAa KOHType NHTaHus H p, (p.) Ha ramepee (wiM 3aboc
LUEHTPAJILHOH CKBaXHHbI)—onpeaensitor U3 (9.91) u (9.92) BeaHyHHEI

L =mno I, p¥ = p./(Pol) 4 p; = Pg/(PoC)-

3uas p¥ u p}. mo rpaduky H*(p*) (cm. puc. 9.20) HaxomsaT Hf u Hj,
a 3ateM H, u H, n3 pasenctsa (9.93).
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3aTeM, Mcnosb3ys aHanordio (9.90) ¢ ABMXEHHEM HEC)KHMAEMOM XH/-
KOCTH, BRMHCISIIOT AeOHT Xuakoi W razoBoi ¢asbl.

B pesynsraTe nonyyum:

IUISL [IPAMOJIMHEHHO-TIAPAJLIC/IBHOTO [OTOKA

k H - H
Quoo=——""0;
. L
JUISL paMasIbHOTO TEYEHHS
k H — H
Q.0 =2mh——=—=.;
N, In(R, /r.)
Qo =T 000

Oynrxuus H 3aeck Oymer pacnpejeneHa Tak ke, KaK M [AaBJICHHE INPH
GHIBTpalMH PAHOPOJHON HECKHUMAEMOH XHAKOCTH ~ 10 JIMHEHHOMY 3aKOHY
[UIS IPSIMOJTMHEHHOTO JBMXEHHSL, [I0 3aKOHY JIorapupMu4ecKkoit KpUBOH — IS
paaManbHOTO NMOTOKA,

M. A. Yapusiit o6paTun BHHM4HHE Ha BO3MOXHOCTbL YIPOLIEHHS ITHUX
pacueroB [81], 3aMeTHB, YTO B LIMPOKOM JHaNa3oOHEe U3MEHEHMs p* 3aBHCH-
MocTb H*(p*) n3obpaxaercs noytH npsimoit nuHued (cM. puc. 9.20). C no-
CTATOYHOH TOYHOCTBIO MOXHO NPHHATH

H* = Ap* + B, (9.95)

TaK 4YTO pasHOCTh H, — H_, BXoJslllasi B BeIpaxeHue 11s AeOUTOB, Jlerko
BbIpaxxaeTcs d4epe3 aenpeccuto p, — p.. Cornacuo (9.95), (9.93) u (9.91)
HOJTy4HM:

k. k k
H, - H, = eroC(H:'_ — H¥) = An—poC(pi' —-pi)= An—(P. ~pJ.

OTO paBEHCTBO NOKa3blBAaET, YTO AJs NPpUOJIUKEHHBIX pacye-
TOB ra3MpoOBaHHYIO XUAKOCTh MOXHO PACCMATPHUBATH KakK QHK-
THBHYIO OJHOPOAHYIO HECKHMAEMYIO XHIAKOCTb, ABHXYUIYIOCH
B IIJ1aCTE€, B KOTOPOM napaMeTp k/n, clenyeT 3aMeHHUTh BEJTHYH-
HOHR A,/n,. [Noxazano (M. M. I'marosckuii, M. [I. Posenbepr, 1961 r.), uro
napaMeTp 4 yIOBJIETBOPHTE/ILHO OIMCHIBAETCS Creayrouted Gopmyion:

A =094 — 21,43a,

rae a & Rpyn,/n, K Opeanonaraercs BunoaseHne ycnosus 0,2 < p./p, < 1.

CooTHollEHHS, ONpEAE/ISIONE XapAKTEPHCTAKH YCTAHOBHUBIIEIOCS TeYe-
HHUS peajibHOR ra3upoBaHHOH He(PTH, LIMPOKO HMCHONB3YIOTCH IS IOCTpOe-
HAS NpHOJIMXEHHBIX METOJOB PACHeTa HECTALMOHAPHOM (HILTpAllMM ra3o-
XKHUIKOCTHBIX cMeceit B 11 06paboTkv pe3yIbTaTOB UCC/IEJOBAHUS CKBAXCHH.

IIpn pacyeTdax NpHTOKAa ra3MpOBAaHHOM XHIKOCTH K CKBaXHHAM 4YaCTO
ACIIONTB3YIOT METOJ IOCNEJOBATENBHOH CMEHBI CTAIMOHAPHBIX COCTOSHHH.
B ocHoBe 3TOrO0 MeToAa M HEKOTOPHIX APYTHX NPHUOJIMKEHHBIX METOJOB
pacyeTa HEyCTAaHOBMBIUEHCS (UILTpAUMH ra3vpoOBAHHON HEeDTH JIEKHUT O0-
NYyLIEHHE O HOCTOSIHCTBE B KaXIbl# MOMEHT BpEMEHH ra3oBoro ¢akropa
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BIOJb JTMHUH TOka. Micnonb30BaHUE 3TOrO YCJIOBHS, CIPABEAMBOrO, KaK Mbl
BHIEJH, IPH YCTAHOBHMBIIEMCH [BHXEHHH, IUIS pacyeTa HEyCTaHOBHUBIUMXCS
Te4EHHH ra3sMpOBAHHON He(TH sBISETCS NPUONHXKEHHBIM HpHeMoM. [loka-
3aHo [69], yTo MpH HeCTallMOHAPHOM [BHXCHHM ra3UpOBAHHOH XHIKOCTH
ra3oBbl#l (pakTOp B KaXAkI# MOMEHT BPEMEHH HE OCTAETCs CTPOro MOCTOSH-
HbIM BJOJIb JIHHHH TOKA.

Konmpoavnuie sonpocst u 3ad0auu

1. ChopmynupyiiTe OCHOBHBIE AOMNYLUEHHS T¢OPHH MHOroga3HoH ¢uib-
TpalHH.

2. Kaxoii ¢pu3nyeckuit cMbICT HMeEIOT 6e3pa3MepHble KamMILUISPHBIR U rpa-
BMTALMOHHEIA napaMeTpsl (9.19)? B kakux ciiyyasix BJIMSHHEM KaIMALJISPHbBIX
CHJ1 MOXHO npeHebpeys?

3. Kako#t ¢usuveckuit cmbicn UMmeeT ¢yHkuus Baknum —-Jlesepertra? Ka-
KOBbI €€ ocobeHHOCTH?

4. Uto siBnsieTCs YCIOoBHeM o6pa3oBaHHs pa3phlBa HACKIILEHHOCTH H KOT-
Jla pa3pelB He BO3HHKaeT?

5*. IIokazats, 4yro 3ama4da (9.30), (8.14) asTomopnenbHa. CBecTH ee
K KpaeBo# 3amaue asis OObIKHOBeHHOro audpdepeHUHANLHOrO YpaBHEHHUS
H TIOCTPOMTDb NpejenbHoe petuenue (s, = 0, 0 = 1).

6*. [Touemy 3aja¥ya O CMEIIMBAIOLIEMCH BBITECHEHHH [ABYX XHAKOCTEH
(cM. pa3ga. 5.3) uMeeT pa3pbIBHOE pELIEHHE NPH OTHOLIEHUH KO3(hUIIUEHTOB
BA3KOCTER T, = 1? [locTpoiite 31O pelueHHe.

7. KakoBa reomerpuyeckasi HHTEpPIPETAILUS YCJIOBHH YCTOHYHMBOCTH pa3-
phiBa (9.44), (9.45)?

8. B xaxoM U3 ABYX ciyyaes —cnabo M CHJIbHO OOBOAHEHHOrO IUIACTa —
JKCIIyaTauus HeTSHBIX 3ajieXeld P MOMOILIM 3aBoAHeHHs dddexTHBHEE?
JladTe Ka4eCTBEHHYIO M KOJIMMECTBEHHYIO OLIEHKY.

9. Ucnonw3ys peenne (9.50) u da3oBrie npoHunaeMoctH B Buae (8.28),
nOoCTpPOoiTe rpadHk pacnpeldeseHHs HACHILUEHHOCTH NO macty s(x) s
3alaHHOrO MOMEHTa BpEMEHH [, NpPH BBLITECHEHHH HEeDTHM B HaKJIOHHOM
mnacre (o= —45°). Kak oH Oymer MEHATbCA NpPH H3MEHEHHH CKOPOCTH
w HarHetanust Boasl? CpaBHHTE CO Clly4yaeM IOPM3OHTAJIBHOIO ILIACTA.

10. Yto Ha3mBalOT cTaOMIM3NPOBAaHHON 30HOK M KAaKOB XapakTep pac-
npeaesieHHs HaCBhILIEHHOCTH B Heil?

11*. B 4eM COCTOSAT NPHHLUMIHAIbHLIE TPYAHOCTH U OTJIMYMS MaTeMaTH-
4YECKOro ONMCaHMs Tpexda3HoH GunbTpanuu oT ABYX(a3HbIX TedeHHH?

12. KakoBhl METOABI ONpPEAEICHUS] OTHOCHTEIBHBIX (Pa30BRIX IMPOHHLIAE-
MOCTEH ¥ KaNMJUISIPHBIX AaBJIEHUHA Ul Tpexda3HbiX QUILTPAUUOHHBIX TEYe-
HHH?

13. KakoBbl fgonyuieHns, Ha KOTOpPhIX NOCTpOEHa Mojelb Mackera -
Mupeca?

"14. B 4eM cocTOMT aHatords Mexay ¢uIbTpauued ra3MpoBaHHOR H
HECXKHUMAEMOH oAHO(DA3HOH KHAKOCTEH?

15. HedTsnas 3ajexb IKCIUIyaTHDYETCS LEHTPAJIbLHOR CKBaXHHOMR

OpH IJIaCTOBOM /aBJICHHH HHXe OaBieHHs Hacbiuesws. HasectHwl p, =
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= 8,82 MIla - naBnerne Ha 3aboe ckBaxmHbl, p, = 13,2 MIla - naBneune Ha
KOHTYpe nuTaHus; p,, = 1,01 10° Ma; k = 0,1 mxm?; A = 10 M- abcomoTHas
MPOHMIAEMOCTh M TOJLIMHa mnacta; R = 1,53 107° m*/(m® [1a) - xoaddu-
IHEHT PacTBOpPMMOCTH rasa B HeTH; I' = 400 m*/M? - raszoseiit daxtop; 0, =
= 1,2 mIla‘c; n, = 0,012 mITac-koadppuunenTs BA3kocTH HedTH M rasa.

1. Onpenenute aebuTH HepTH ¥ rasa. 2. HaliTu U u3obpasuts rpaduue-
CKM pacnpenelicHMe OaBieHMs B 1uiacte. 3. TlocTpouTb HMHAMKATOPHYIO

xpusyio Q. (Ap).

I'rasa 10

Tr'MAPOJNHAMHUYECKHUE MOJAEJIN
METOJA0B INOBBIMEHNS HE®TE-
" TAJOKOHJAEHCATOOTJAYM TIJIACTOB

§ 1. ®V3MYECKHUE OCHOBBI HOBBIX METO/10B YBEJIMMEHUSA
HE®TE- U TA3BOKOHAEHCATOOT/JAYM IIJIACTOB

Hama crpana 3aHMMaeT Beayliee NMONOXEHAE B pa3BUTHH 3D EKTHBHBIX
MeTOIO0B pa3paboTku HePTAHRIX MECTOPOXICHUN C MOICPXKAHHEM ILIACTO-
. BOTO JaBlieHMs 3aKaykoy Boakl. KoMmekcHil noaxona x paszpaborke HedTA-
HBIX MECTOPOXICHHH, 0OOCHOBaHHEIA rpynnoit yyeHbix Poccmiickoit akane-
muM HepTH U rasa uM. ['y6xuna mox pykoBoacTBoM axagemukd A. IT. Kpei-
nosa (A.I1. KpsutoB, M. M. I'morosckuit, M. ®. Mupuunk, H. M. Hukona-
eBckuit, U. A, YUapHsbIii), Hallen LIMPOKOE PacIpOCTPAHCHHE B HAIUEH M OpY-
rux crpaHax [53]. JocTtaTouHo yka3aTs, yTo Bonee 90% exeroanoit qoOnIMM
HepTH B Hame#l cTpaHe obecreYMBACTCA MECTOPOXICHHMSMHM, Ha KOTODBIX
ocCyIIECTBIIseTCs 3aKayka Boasl. O6BeMbl 3akayuk BOJbI NpUMEPHO B 3 pa3a
npeBblaloT 06beMbl nob6LyHu HedTH. Cpeanuii ko3dduimenT nedreoTnaun
npepbiiaeT 0,4. [Ipu 3TOM no CylUuecTBY B NMOJHOH Mepe. HCIIONIB3YIOTCS BCE
BO3MOXHOCTH TMAPOJAMHAMHUKHM s obecnevyeHus 3pPexXTHBHOCTH Ipolecca:
3aKOHTYPHOE, BHYTPHKOHTYPHOE, NDHKOHTYpHoe, OapesepHoe, ovaroBoe
OpYrHE 3aBOJHEHHS, M3MEHEHHE HaNpaBlCHUH (UIBTPALMOHHBIX NMOTOKOB,
BOJIHOBOE M I[MKJIMYECKOE BO3JcHCTBHE Ha npu3aboiiHyro 30HyY ¥ T. A. OnHaKo
B CBA3M C IIOCTENCHHREIM HM3MEHEHHEM CTDYKTYpPbl HM3BIIEKaEMBIX 3alacoB
HeTH, CBA3aHHBIM C YXYIILUEHHEM TOpHO-T€OJIOrMYEeCKHX YCIOBMH HX 3ae-
raHus, OTKPHITHEM MECTOPOXACHHUH, IPHYPOYEHHBIX K r1yboKo3aeraommm
HH3KOIIPOHHIIAEMBIM KOJUIEKTOPaM (MIOPHCTBIM HIIH TPEUIMHOBATO-IOPHC-
TEIM), o6nagarolMM 3HaYMTEILHONH HEOQHOPOAHOCTHIO, HACBIIIEHHBIX K TO-
My € BBLICOKOBS3KMMH (MAalOTEKYYHMH) HE(GTAMH BO3MOXHOCTH THCTO
THAPOAMHAMMYECKHX METOAOB BO3JCHCTBHUS OKa3aHCh HEJOCTaTOYHBIMH
ans obecrnieyeHns BHICOKOH He(TEOTIAYH IIACTOB.
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IMpu BHITCCHEHMH HepTH BOAOH 3HAYMTENbHAA 4YacTb HEPTH OCTAETCH
B nnacre Hen3pneueHHOH. Hu3kas vedreoTnava npu 3aBORHEHHH, Hapsmy
C TOpPHO-TEOJIOrM4ECKHMH YCIIOBHSIMHM, CBA3aHa C OCOBEHHOCTAMHM TMIPOIM-
HaMHKH BOJOHedTSHOH CHCTeMBI B NOPHCTOH cpene.

KanunnspHsle CHIIBI, JEHCTBYIOIHE HA IPaHHUIIE MEXAY BOAOH H HeDThIO,
3alUEMIAIOT HedTh, NPENATCTBYS €€ BHITECHEHHIO. Bonblllag ocraTovHas
He(TEHACHIEHHOCTh CIYXHT NPHYHHOH HHM3KOro Kkosg¢uuueHTa BBITECHE-
HHSA.

IMockonbky B3KOCTh HeTH B OOBIIMHCTBE CllyYaeB 3HaYMTENbHO 60JIb-
I1€ BA3KOCTH BOJKI, NOJBMXHOCTE BHITECHsIOWEH ¢a3bl 3HAYHTENBHO BHILIE,
yeM Y BbITeCHseMOH. Bonee nmoaBMxHas BOoJAa CTPEMHTCS He BBITECHSTH
He(dTh, @ IPOPBATHLCA CKBO3b Hee K AOOBIBAIOIMM CKBaXHHAM. B pesynbTaTe
3HAaYMTeNIbHAas8 9acTh IU1aCTa HE OXBa4ye€Ha 3aBOJHEHHEM, ILIOIUAAHOR KoO3d-
(UUHMCHT OXBaTa HH3OK.

HeoanopoaHocTs N1acTa o IUIOIAAM 3aJIeraHUs NIPHBOAUT K TOMY, YTO
BLITECHEHHE NIPOMCXOAMT B OCHOBHOM H3 BBICOKONIDOHHMIIAEMBIX 30H. B HM3-
KONPOHMIIAEMBIX 30HaX OCTAIOTCH 3HAYMTENbAbiE KoyudyecTBa HepTH. Cllo-
UcTasi HEOJHOPOIHOCTD IUIACTa NPHBOAMT K NPEXKACBPEMEHHOMY 0bBOIHE-
HUIO [06BIBarONMX CKBaXHKH 10 Goslee IpPEeHUPYEMBIM BBICOKONPOHMIIAEMBIM
[IPOIJIACTKaM, OCTATOYHAs HeTEHACHIIIEHHOCTh B HU3KOJIPOHHIIAEMBIX IPO-
IIacTkax BEMKa.

KpoMe Toro, crout BaxsHas npobrema nocnefyrolueit 6onee monHoR
no6b14M HepTH M3 MCTOILUEHHHKIX MECTOPOXIEHHMH, ocTaTOYHas HedTEHAChI-
LIEHHOCTBb B KOTOpbIX cocTaBiusieT 60—70% oT HavanbHEIX 3anacoB. Muposas
TEHJEHUMS TAaKOBa, YTO WJIET NMOMCK HOBBIX BBICOKOI(EEXTHBHBIX METOHOB
yBEJIMYCHHUS CTCIICHH U3BJICYCHHUS HEDTH U3 NNACTOB, YTO MO3BOJMT NPOAIHTE
CPOKM MCYeplaHMs MPUPOAHKIX 3anacos HepTH. KpoMe yxe Xopolio u3y4eH-
HOTro M LIHPOKO NPHMEHSIOILIErocs MeTOAa 3aBOJAHEHUS, HAMETHIIHCh U HaYH-
HAalOT HaXOJUTh NMPAaKTHYECKOE NPHMEHCHHE (H3MKO-XMMHMYECKHE, TEpMHMYC-
CKHe€, ra30Bble, MUKPOOHMOIOrM4ecKHe M ApYyrue clienMalibHbBIE METOObI YBEIH-
yeHus HedreoTAaun nmactoB. MHoraa Mx Ha3pIBalOT HOBBIMH MIIH TPETHY-
HBIMH METOJIaMH.

3apoX/JEHHE M pAa3BMTHE 3THX METOJOB HEPA3pBLIBHO CBA3aHO C HEOO-
XOAMMOCTBEO COBEPLIEHCTBOBAHMS MMEIOILMXCH HIIH COLJaHHs HOBBIX THIpO-
JUHAMHYECKHX MOJEICH.

PaccMoTpMM ruipoiMHaMu4eCcKe MOJCITH (PU3NKO-XHMHYECKHX M TEPMH-~
YECKUX METOJOB yBETHYeHHs HedTeoTAa4d InacToB. MoaenMpoBaHKe ra3o-
BbIX METOJOB (BLITECHCHHE YTJICBOJAODOIHBIMH HIIH HEYIJIEBOAOPOAHBIMH
ra3aMu) J0CTaTOYHO XOpOLIO M3YYEHO M, [0 CYUIECTBY, npobieMa COCTOMT
B OCHOBHOM B TEXHHMKO-3KOHOMHYECKOH Ienecoo6pa3HOCTH Npolecca B YCIIo-
BHSX pa3sIMYHBEIX MECTOPOXICHHH. UTO KacaeTcss MMKpOOHOIOrHYECKUX NPO-
IIECCOB, OCHOBOi KOTOPBIX SBISETCS BO3IEHCTBHME Ha IUIACTOBBIA Qrong
CIEUMATBHO 3aKaYMBAEMBIMM MHKPOOpPIaHH3MaMH, TO IMIAPOAMHAMHYECKUE
MOJIC/IM HAYHHAIOT JIMIIb CO3/1aBaThcs. Bonbloe BHUMAHKE YAENACTCH MeXa-
HA3MY 3TOrO Iporecca.

CyTb QH3MKO-XMMHMYECKHX METOMOB COCTOHT B J006aBNEHHHM B BBITECHSIO-
IIYIO BOJY XMMPEAareHTOB, YNyYIIAIOUMX THAPOIMHAMMYECKAE YCIOBHUS Bbl-
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TecHeHHs. [IpH 3aBogHeHMM HE(DTSHBIX ILIACTOB HCIONb3YIOT MOJIMMEPHI,
NIOBEPXHOCTHO-aKTHBHbIE BemecTsa ([TAB), yrnexucnbiif ra3s, MHHEpAalbHBIE
COJIM, CIIMPTHI, MHLIEILISPHBIE pacTBOpHl. OHaKoO HECMOTPS Ha pa3HooOpa3ue
NPHMEHSEMBIX TIPH BHITECHEHHH He(TH XMMPpEAreHTOB [0 CBOEMY BJIMSHHIO
Ha T'HIPOANHAMMKY BOAOHEQTHHON CHCTEMBI B IIOPUCTOM CpeAe OHH BIIH3KH
ApYT K 1pyry.

INpu nobaBke NOIMMEPOB B 3aKaYMBAEMYIO BOJY IPOUCXOAUT YBEIHYCHHE
€€ BA3KOCTH M YMEHbIIEHME Pa30Boit mpoHunaeMocTH. CHHXEHHE 110 IBHXHO-
CTH BBITCCHSAIOILCH (a3bl NPMBOJUT K MOBHIMIEHHIO YCTOWYMBOCTH NpOLECCa
BLITECHEHMS M TEM CaMbIM K YBENHYEHHIO oXBaTa muacra. OcraTodyHas
He(TEHACBILEHHOCTb [IPH BBITECHEHUHM HETH MONMMEpPHBIM pacTBOpOM He-
CKOJIbKO HHXE, YEM IIpH BHITCCHEHMM BOJOH. JTO NPUBOIMT K YBEIUYEHHIO
k03¢ PHIMEHTa BBITECHEHHS.

B xauecTBe BLITECHSAIONIETO areHTa, yBeIMuMBaroluero Hepreoraauy, npu-
MCHSIOT KapOOHM3MpPOBAaHHYIO BOJY — BOAHBIX PAaCTBOpP YIJIEKHCIOTO rasa.
Yrnekucnblid ra3 xopomo pacTtBopsieTcs B HepTH. IIpu pacrsopenun CO,
B BOJE M B HEQTH YMEHBIIAETCH NOBEPXHOCTHOE HATSKEHHE Ha [PaHMIE
pasaena ¢a3. 3a cYeT ITOrO CHUXKAETCH OCTATOMHAS HEPTEHACBHIILEHHOCTD
7 yBenuuuBaeTcs KodddHUMeHT BhITeCHeHHs. PacTBopenue CO, B BOzE
yBEITMYMBAET €€ BA3KOCTb, pacTBopeHHe CO, B HedTH CHHMXAET BA3KOCTH
HeTH M yBeIM4YMBaeT (a30BYI0 NPOHMI@AEMOCTb. JTHUM J(OCTHUTAETCH KOHT-
poOllb 33 NOABHXHOCTBIO (pa3 M, TEM caMbIM, yBEIUYeHHe KO3pHUIMeHTa
oxpaTa. .

Ilpn nobapnennu TTAB B HarHeTaeMyio BOAy Jaxe B HEDONBLIIMX KOIH-
YeCcTBaX IMPOMCXOAMT H3MEHEHHE XAPAKTEPHCTHK KAaMWLIAPHOH CHCTEMBI.
YMeHBIIA0TCS CUITbI IOBEPXHOCTHOTO HATSXEHMS Ha IpaHMLE pa3dena ¢as,
YBEIMYHBAETCH KOIPPUIUEHT BHITECHEHMS.

Takum obpa3oM, MexaHH3M 3QGEKTHBHOrO BLITECHEHHS He(TH pa3iIuy-
HbIMH XHMMpEarecHTaMd B 3HAQYUTENILHOM CTENEHHM COCTOMT B HM3MEHEHHH
BsskocTed ¢a3 ¥ ¢$a30BeIX NpoHUuNaemocTei. OTHOCHTENbHBIE (a30BLIE
IIPOHHUIIAEMOCTH k; 3aBHCSAT IIPH 3TOM HE TOJBKO OT BOAOHACKIIEHHOCTH §, HO
¥ OT KOHLUEHTPAlMH ¢ XHMpeareHTa B BOIHOM pacTBope; KO3(QQHIUMEHTEI
BA3KOCTH (a3 Takxke 3aBHCAT OT ¢

ky =k, (s, o) k, =k, (s, ¢ N, =M,(ch N, =M,().

Takas yHHGHIMPOBAaHHOCTh NEHCTBHSA Pa3/IMYHBIX XHMpEAreHTOB HA Me-
XaHM3M BBITCCHEHHS NO3BOJISET OOBEIMHUTH MX MO/ Ha3BaHHEM «aKTHBHAS
npuMech». MHor#e npouecchl GH3NKO-XHMHYECKOTO 3aBOAHEHMS pacCcMaTpH-
BalOTCS B paMKaX MAaTeMaTH4eCKOH MOJENH BHITECHEHHS HeTH pacTBOpPOM
akTHBHOM npEMecH. B mocnemnue roabl B IMOAPOAMHAMHYECKOH TEOPHH
IPOLIECCOB NOBBIIICHHS HeTEera3ooTAaYd .IJIACTOB (H3HKO-XMMHYCCKHMH
METOJaMH JOCTHIHYT CYLIECTBEHHBIH Nporpecc, CBA3aHHBIA, IIpEXIe BCETO,
¢ paboramu B. M. Exrosa [26], B. U. Jlesu [77], P. U. Hurmarynuna [54],
&. daiiepca, I'. Vansgxa, K. Baxmana. '

Tepmuueckne MeToabl yBENHYeHHS HedTEOTHaYM IIACTOB OCHOBAHBI HA
M3MCHEHHH CBOKCTB HeQTH M NOBBbILICHHH 3(EKTUBHOCTH €€ BLITECHEHHS
BO3JEACTBUEM DA3IHYHLIMH TEMJIOHOCHTEIIAMM WIH CO3JaHUEM YCIIOBHH s
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BHYTPHMILIACTOBOrO ropeHus. B xadecTBe TeNMIOHOCHTENEH MOTYT MCIONB30-
BATHCSA TOps¥as BOJA, Nap, M4POBOASHAS CMECh. MOTYT CO3RABATHLCH TaKXKE
pa3NMYHEIE JHAOTEPMHUYECKHE peakudu B Iacre. OCHOBBI 3THX METOJOB
H3BECTHBI JaBHO. BaxHoe MecTo B 060CHOBAHHM IMAPOJMHAMHYECKOH Teo-
puu 3TOr0 Metona 3aHumaloT paborel B.B. Jlanyka [40], M. A. Yapuoro
[811, 3.B. Yekamoka [82], HO.IIL XKentoea [27], A.A. bokcepmana,
M. A. Po3zeubepra, M.I". Anumaesa, E. B. Tecmoka [4], I1.T1. 3onotapesa
[48] u np.

§ 2. BbIBOJ CUCTEMbI YPABHEHHMHA JABYX®A3ZHOR
SUJIBTPALIMA C AKTUBHOW MPUMECHIO

IMpu BoiTeCHEHMHM HEPTH pPACTBOPOM AKTHBHOH IIPHMECH INPOUCXOIHUT
opouecc aAByx¢a3Horo TeueHus. [IpuMecsk MOXeT ObITH pacTBOpeHa B BOJIE
# B HepTH. ByieM CUHTATDH, YTO KOHLEHTPALMH IPUMECH B BOJE ¢ U B HEQTH
¢ MaJjkl ¥ He U3MEHSAIOT yAeNnbHbIX 06beMoB da3. TIpeanonoxum. yro ¢asnl
HecxMMaeMbl, Torja ypaBHEHHs HOpA3PLIBHOCTH A BOIBI M U1 HE(TH npu
nlocKkopaaManbHoi ¢unbTpanuu uMeror Bua (9.10)

0s  Ow, Os  dw,

"'az+ cx "'az+ ox

0. (10.1)

[pu onucaHuM KpynmHOMacIITabHBIX MEJUICHHBIX NpolieccoB npenebpera-
€M KaIMIUISAPHBIM CK4YKOM JaBJIEHHS MeXAy $a3aMH; nNpeanosiaraeTcs, 4To
maprieHus B (azax paBHBI.

JAns xaxmaoit u3 ¢a3 suinonusercs obobmennrit 3akon Mapcu:

v, = — koo ka0 (10.2)
n,(c) ox M, () Ox

B npouecce BHITECHEHMS NPHUMECh, HAXOASAIIASCHd B JAaHHOM JJIEMEHTE
NOPHKCTOM Cpelinl, BOOBILE roBops, MOXET OBITH PaCTBOpEHa B BOJE, B HeQTH
M GbITh cOpBUpOBaHA MOPHCTHIM CKENETOM !. PaccMaTpHBas MeUICHHbIE
¢unbTpauUMOHHBIE MpoLEcchl, OydeM IpeanonaraTb, YTO paclnpenciicHue
IpUMeCcH Mexay (a3zaMH SBISETCH TCPMOAMHAMHYECKH PABHOBECHBIM.

Jns mpecTOThl OFpaHHYMMCH CIIy4aeM, KOrJa KOHUEHTpAlMs NPHMECH
B HEHTH @ M KOJMYECTBO NPHUMECH d, COPOMPOBaHHOE NOPHCTOH CpPeIOi,
NPONOPLUKXOHANBHB KOHIEHTPAUMH ¢ IPUMECH B BOJE!

a=1Tc;, ¢ =Kc, (10.3)

rae I' ¥ K—noctosiHEbIe KOJ(QHIMEHTBI.
VpaBHeHre 6asraHca Macchl IPUMCECH B BoJie, HeQTH ¥ B cOpOHpOBaHHOM
COCTONHHM TOJNYyYaeTCd 4HAJOTMYHO BBHIBOAY YPABHCHHH HEPa3pbIBHOCTH

B 1anHOM ciywae noa copbuueit nogpaszymesaeTcs Mpoiece aacopOuuu axTus-
HOM mnpHmecH (T.€. €¢ KOHIECHTPUPOBAHUS) MO TMOBEPXHOCTH MOPHCTOrO CKEJETA
NOPOAK B Pe3yjbTATE CAMONPOHIBOJBLHOTO nepexoa ec M3 obbema dasbl,
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5 s 89

Puc. 10.1. Xapakrepuctiieckue QyHXIIMM NPH BLITCCHEHUH HedTH pPacTBOPOM AKTHB-
HOW npHMecH:
I-c=c%H-c=90

(10.1) (c™. rn. 2), KonuyecTBo npuMecd B eaMHKIE 06meMa IOPUCTOM cpebl
paBHO m[cs + @(l — 5) + @], a MWIOTHOCTL MOTOKA NpUMeECH —(cw, + Qw, ).
INpenebperas nuddysueir npumecu B obenx ¢azax, NMPEACTABHM YypaBHEHHE
6anaHca B Bule

é 7,
m—[es+o(l —s)+a]l+ —(cw, + ow,)=0. (10.4)
ot Ox

CnoxuB ypasHeHHs Hepa3pbelBHOCTHE (10.1) ans Boasl # HedTH, MOTY4HM,
KaK M paHee (cM. r1. 9), 4TO cyMMapHas CKOpocTh GHIBTPALMM W 32BHCHT
TOIIBKO OT BPEMEHH!

w, +w, = w(l). (10.5)

TloacraBuM B MONy4EHHOE BbIPAXEHHE CKOPOCTH PHUNbTpauuu obenx ¢as
(10.2):

w(l) = —k(ﬁ + i)? (10.6)
MNs M./ X

W3 ypasHenwii (10.2) n (10.6) monyymm crneayrouie BbIPaXEHHS I
ckopocTelt ¢unbTpanuu ¢as:

w, =S Aw(e), w, == )w(); (10.7)
f(s, )= + noky/k,) ™Y Mo = 0/, (10.8)

Kuak u npu BoiTecHeHHH Hed1H BojoH ¢yHxuus Baxmm - Jlepeperra (CM.
(8.9)), xak suano u3 (10.7), pasHa gone Boasl B noToke. Ho mpyu BhITECHEHHH
HepTH pacTBOpPOM aKTHBHOH NMpUMecH [ 3aBHCHT HE TONBKO OT HACHIIICH-
HOCTH, HO M OT KOHUeHTpauuum npumecu c¢. M3 (10.8) BuaHo, ¥To npH
YBEJIMYEHUH BA3KOCTH BOILI M $a30BOH NPOHMUIIAEMOCTH HEPTH, YMEHBLICHHH
BA3KOCTH HeTH ¥ $a30BOH NPOHHLIAEMOCTH BOIBI C POCTOM KOHIICHTpaUuH
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¢ (yskuus Baxnum-Jleseperta ymenbuiaercs. Ha puc. 10.1 npuseneHs!
xapakTepuacTHIeckue QyHKIHMHM [ s cucTeMbl HedTh - Boaa (¢ = 0) 1 HedTh -
pacteop npumecH (¢ = ¢®), IpenenbHbie BOIOHACHIUEHHOCTH 0603HAYeHB!
yepe3 s, ¥ 5*(c°).
Iloncrasus B nepsoe ypasHenue (10.1) BerpaxeHue 11s CKOPOCTH PUILT-
pauun Boas! (10.7), monyyum:
os of (s. ©) 0

m;_’—t + W(l) ax

(10.9)

[Toncrasus B ypaBHeHHe GanaHca Macch npumecu (10.4) Bolpakenus s
ckopocted a3z (10.7) u ans xoHuenTpauuid @ u a (10.3), npeobpasyem ero
K BHOY

m%[cs + Kc(l —s)+ e} + w;[q/'+ Ke(l -f)]=0. (10.10)
X

Vpasrenns (10.6), (10.9) u (10.10) o6pa3yroT 3aMKHYTYIO CHCTEMY YpaB-
HEHHil, OIHCBHIBAIOIYIO Npolecc AByX(}a3Ho# GHUIbTpallMH ¢ aKTHBHOH NpH-
MECBHIO JUISl OIIpENeNIEHUS S, C. D.

INepeiing x 6e3pa3mepHbIM NEpeMeHHBIM £ u T o ¢opmyaam (9.25) (mpu
w = const). nepenuiueM ypabHeHus (10.9), (10.10) B Bune

ds  &f(s,c)

pn + & 0, (10.11)
é 0 .

—[eGs+b)]+—[c+(f+MN]=0, (10.12)
et o0&

I BBEACHHI CIeAyIOlIHe ODO3HAYCHHUS!
h=K(1-K) "L h=(K+D)(l -K)1,

OTMeTHM, YTO B CITy4d€ PaAMalIbHOIO BHITECHEHHS NWHAMHKA BOJOHACHI-
IUEHHOCTH W KOHIIEHTPAIIMH NPUMECH TaKXe OMMCHIBAETCH CHCTEMOH ypaBHe-
Huit (10.11), (10.12). IIpu 3ToM nepemenHsle £ ¥ T BBOASATCS NO GopMynam
(9.34).

Vpasuenus (10.11). (10.12) ornenstores ot ypabHenus (10.6), oru obpa-
3YIOT HE3aBHCHMYIO CHCTEMY ypaBHeHMH. PelluB ee M- onpenenns 3Ha4eHHA
HACBIIUEHHOCTH § M KOHLIEHTPALMM ¢, HalIeM 3Ha4YeHus napneuus p u3 (10.6).

B cuny 3aBHCHMOCTH f = f (5, ¢) OT BEJIMYMH § ¥ ¢, B KAYECTBE HEU3IBECTHBIX
B cucteme (10.11), (10.12) MoxHO paccMaTpHBaTh Kak Napy NEPEMEHHBIX
(s,¢), Tak ¥ napy (s.f). Peulenue 3THX YP4BHCHMH MOXHO NOIYYHTb
rpaduyecKH - pelieHHI0 B TOYKE (&, T) CTABMTCH B COOTBETCTBHE TOYKa HA
nnockocTtH (s, f) ¢ xoopaunatamu [s(&, 7), f(E, ©)] (cm. puc. 10.1)..
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§ 3*. ABLXEHVME CKAYKOB HACHMIEHHOCTHU U KOHIIEHTPAIIUN

Vpasnennx (10.11), (10.12) o6pa3yroT runepbonuyuecxyio CHCTEMY KBAIK-
TUHEAHLIX ypasHeHuiA. Ypasrenue (10.11) mBnRetcr ypamHemmem Bananca
Macch! BOZHO#R ¢ha3dnl, ypasHenne (10.12)- yparHennem banaHca maccml ax-
THBHOX NPUMECK. ITH yPABHCH"K JONYCXAKOT PAIPLIBHLIC PCIUIEHUE, B pac-
IIPEAENEHUAX HAachieHocTH s (K, T) ¥ XOHueHTpaun# c (£, T) BOIMOXHL! Cxay-
xu. Ha cxayxax JOMTXHK BLITOTHRTHRCK YCIOBKR 6anaHCa MACCH BOJHOM
¢a3n ¥ 6ananca MAcCH! IPUMECH, XOTOPhIE BRIBOJRTCE AHANOIUYHO CIYYalo
Monemx baxnu - Jleseperra (cm. rn.-9. 25, n. 5.5).

Ycrrosxe Hananca mMacchl BOJR HA PaIPhIBE NPHBOAMT K COOTHOLICHHIO
(9.49) u MoxeT 6WTH MPEACTABICHO B PACCMATPHBAECMOM CIy4ac B BHAC
dﬁ: de: I(IQICQ)_I('_vc_)

D o wd s . (10.13)

Buieenem ycnoBur 6anaHca Macch! AXTHBHOR INPHUMECK Ha Pa3IphIBE.
B eauuuunoM o6BEME NOPUCTOR CPEAW Macca NPUMECH, PACTBOPEHHAR
B BOAE, PaBHA mcs, pacTBOpeHHaR B HepTH—mKc(l — 5), copbupoBaHHAR —
mI'c. Ilpumech mepeHoCHTCR B BOAHORX ¥ HedTRHOX halax, copbupoBaHHAR
NIPUMECh HEMOABKMXEA. B nmogsuxHO# cHcTeMe oTcyeTa, CBNIAHHON C PaIphl-
BOM, (hHINYECKaR CXOPOCTH IPUMECH B BOAE cocTaBngeT wf (s, c)/(ms) — D',
w(l —f)

duinvecxan cxopocTs npuMeck B HedTH -
m(l — s

— D', copbupoBaHHO#R

npemecy — D’ .
MaccoBLIE TOTOX MPUMECH NEPEX PAIPLIBOM PABEH MACCOBOMY IOTOKY
IPHMECK 32 HUM!
. [wf (s*, c*)
mcty| ————

ms*

o[

—ms*Ic*D =mc 5™ (‘wf_: — D') +mKc (1 — :')[M — D’] -
ms m(l —x7)
—ms I'c™ D,
rae f* = f(s*, c*).
INpeo6pailosas NONy4YEHHOE PABEHCTBO, MOTYMMM:

wet PR - (ST +h)

“Tmctst+b)—c (s + b

INepeing x GeapaIMepHaIM NMepeMENHKIM £ ¥ T, TONYyYHM:

D_ﬁ_c**(f‘+h)—c’(f'+h)
Tt ctt b —c (s + b))

(10.14)

Ycnosuxk 6ananca mace (10.13) r (10.14). npeacTasnmomue COOTHOWEHKR
Ha pa3phIBE, CYTh YCIOBXR [IOrOHKO AnR paccMaTpuBaemoro npouecca. Onu
CBRILIBAKOT CXOPOCTh Pa3paiBd D, IHAYEHHR HEHMIBECTHRIX NEPEd PA3IPLRIBOM
2t . ct wawmum s, .

306



INepenumem ycnosue (10.14) B cnenyromem Buae:
(c* =) " +BD+c G —s)D=(c* —c )+ RN+ (f~f).

B cuny ypasnenus (10.13) BTopbIle cnaraeMbie B €BOM ¥ PaBOR YacTsX
cokpaluaroTcs. Jlanee BO3MOXHBI ABa Ciy4as.
1. Ecmu ¢* — ¢ #0, TO 43 NMONYYEHHOTO PABEHCTBA HMMEEM:

—f++h 10.15
Tst+b (10.15)

Hcnonb3opaB cBOHCTBO NMPOH3BOAHBIX nponopuui, u3 (10.15) u (10.13)
HONY4HM:

_f*+h_f'+h

= = . 10.
sY+b s +b (10.16)

2. Ecmn ¢* — ¢” =0, To ycnosue (10.13) MoxHO nepenucaTs B BHAE

+ - -
D=f—(i‘sf)—ffs—'s), ct=c" =c. (10.17)

Ckayky, Ha KOTOPBIX ¢t —c # 0, Ha3BIBaIOT C-CKAYK4AMH.

Ycnosrue (10.16) o3navaeT, 4TO Ha IUIOCKOCTH (S, ) TOYKHM C KOOpAMHATa-
MH (57, 7). (s, f") u (=b, —h) nexar na onHo# npsamoit. Taurenc yrna
HaKJIOHA 3TOH NpsMoi paBeH D.

Ckaykd, Ha KOTOpBIX ¢* — ¢~ =0, Ha3bLIBAIOT §-CKAYKAMH. YCIIOBHSA
(10.17) o3HayaloT, YTO HA IUIOCKOCTH (3, f) TOYKH 3a pa3peIBOM M NIEpE] HUM
nexat Ha oaHoi kpuBoi Baxnu -~ JleseperTa ¢ = const. Tanresc yrina Hakso-
Ha NpSAMOMH, COENMHSAIONIEH 3TH TOYKH, paBeH D.

I1pu nocrpoerwu pa3phiBHBIX peinenud cuctemn (10.11), (10.12), xpome
ycnosuii ['roronuo (10.13), (10.14), HeobxoauMo elue YAOBIECTBOPHTL YCIO-
BHIO YCTOHYMBOCTH (cM. ri, 9, § 5). OHO cocTOMT B TOM, 4TO pa3phiBHOE
pELIICHHE YCTOHYHMBO OTHOCHTEIBHO HANIOXKEHHS MAIBIX BO3MYILEHHH HAa CaMO
pellieHue, [Ing s-CKaykoB 3TO YCIIOBME CBOAMTCS K BBHINIOJIHEHHIO HEPaBEHCTB

fi6T, <DL Si(s7, 0. (10.18)

15 c-cKauKoB YCIIOBHME YCTOWYMBOCTH CBOJUTCSH K BBIIONHEHHIO TOJIBKO
oanoro u3 nepapeHcTea (10.18),

Jlanee npH NOCTPOEHMM pa3pbIBHEIX pEIICHHH 3a1ay (POHTAILHOrO
BLITECHEHHMS HeTH PacTBOPOM AKTHBHOM NPHMECH TpebyeM BLINOJNHEHHS Ha
CKa4KaX YCIOBHil ['TOrOHMO M YCNIOBHS YCTOMYMBOCTH Pa3pbiBHBEIX PELICHHH.

§ 4*. BRITECHEHUE HE®TU PACTBOPOM AKTUBHOWN IMPUMECHU

PaccMoTpHM 3amady O HENpEpHIBHOM HATHCTAHMHM B NOJIyOECKOHEYHBIH
IT4cT BOAHOIO pacTBOPAa aKTHBHOM IIpMMeECH ¢ KoHIeHTpaunei ¢°. B Hayans-
HbIH MOMEHT BOJOHACHIIIEHHOCTH B IUTACTE paBHA HAChIUEHHOCTH CBSA3aHHOM
Bonwl s,. [lponecc BEITECHEHHS ONUCHIBAETCH PELICHHEM CHCTEMBI ypaBHEHHH
(10.11), (10.12) co crenyollMMH Ha4dalbHBIMH W I'DAHHYHBIMH YCIIOBHSIMH:
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mput=0s=s5,, c=0; (10.19)
0 (10.20)

Ecnu [s(€, 1), c(, T)] - pemenne paccMaTpUBAEMON 3aayd, TO MpH Io-
60M 3HaueHuH @ # 0 BenuuuHH [s(0f, at), c(og, ot)] ToXe ABNAIOTCH peLe-
HHEM 3TOH 3aaaud, B aTom nerko ybeauTscs npsAMoit NoCTaHOBKO# B cHCTe-
My ypaBHEHHH M KpaeBble ycnosus. 3ama4a (10.11), (10.12), (10.19), (10.20),

ONHCHIBAIOIAs pealibHbI U3HYECKAH NpoLece, UMEET €JAHCTBEHHOE pelile-
aue, [ToatoMy ans moboro o # 0 BHIOJHSIOTCH ClEAYIOLIKE PaBEHCTBA;

sE, 1) =s@E, at); ¢, 1) =c(af, at).
IMonoxus o = 1/1, nomy4nm:
s@ 1 =s@E/1; @ 1)=cE/ ]

Otcroga BHAHO, YTO pELIEHHE 3a4aY¥ aBTOMOJENBHO; OHO 3aBHCHT OT
onnHoro Gezpa3mepHoro xommiekca { = &/t, Tak, 4yto

s=s@), ¢ = c(E). (10.21)

BemonuuM B ypasHenuu (10.12) nuddepennuponanue no yacraM. [locne
NOACTAHOBKHM B NOIyYeHHOE paBeHCTBO ypaBueHHs (10.11) momyumm:

mpu {=0s=1c=c".

dc dc
+b) -+ +h—==0. 10.22
(s +b) . U+h P ( )

IToncraBus aBToMonenbHble 3aBucuMoctd (10.21) B cucTeMy ypaBHeHWi
(10.11), (10.12), nony4yum clenyOLYIO CHCTEMY OOBIKHOBeHHBIX nuddepen-
LHATIbHBIX YPABHEHHH;

U;—C)%H;%ﬂ; (10.23)
f+h dc
(s i C)df =0, (10.24)

" I[locne noncraHOBKH aBTOMOENbHOM 3aBHcHMOCTH (10.21) B HavanbHEIE
¥ rpanuyHrble yenoBus (10.19), (10.20) dopMmynaupyeTcs kpacBas 3aga4a JUis
cucremsl (10.23), (10.24);

mpu [ s 0 5s=35,,¢c=0; (10.25)
mpu L=0s=1c=c". (10.26)
Cuctemy (10.23), (10.24) MOXHO paccMaTpMBaTh KaK OJHOPOAHYIO CH-

CTEMY JIMHEHHRIX YPAaBHEHHH OTHOCHTENIBHO HEHM3BECTHBIX ds/dl W dc/dl. Ee
TPHUBHATIBHEIE PELICHUS

s(8) = const, ¢({) = const

6yneM Ha3biBaTh TOYKAMHM NOKOH.

HeTpuBuanbHble pelIeHHS IJTOH CHCTEMEI COOTBETCTBYIOT PaBEHCTBY
HYJIIO €€ ONpelelIuTENs:
08



f+h B
U —Q< +b >—0'

Onpenenmenb PaBE€H HYIIO B CICAYIOUIWX ABYX Cly4asx:
L=ful=U+h/s+b). (10.27)

B nepsoM ciydae, kak crienyeT u3 ypasHenus (10.23), dc/di = 0. Pewuenue
Takoro THna O6yJeM Ha3wBaTh NIPOCTHIMH s-BoNlHaMH, OuH 3axarotcs Gopmy-
TaMHA

c=const, { = fi(s, ¢). (10.28)

JlokaxeM, 4TO BTOPOH Cly4ait HeBo3MoxeH. [lng storo npoauddepenun-
pyeM obe 4actu Broporo pasencrsa (10.27) no L

4 B ds 2 1 ds( _f+h>_
l—dc/(S+b) U+h)dc/(s+b) +bdcc porary b

IMonyyennoe nporusopeyre (1 = 0!) mokassiBaeT, YTO APYrHX HETPHBH-
AJIBHBIX PELICHHHE Y CHCTEMBI OOBIKHOBEHHEIX AxGdepeHnHaIbHBIX YpaBHEHUHA
(10.23), (10.24) Her. _

Ecnx x XpuBO# ¢ = const Ha ILIOCKOCTH (s, f) MpOBECTH KacaTelbHYIO, TO
TAHI'€HC yria e¢ HakinoHa, kak cnexnyer u3 (10.28), pasen . M3meHenuio
{ B mpocToM s-BOJNHE COOTBETCTBYET NBHXEHHE BAOIbL KPHBOH ¢ = const Ha
mockoctH (s, f) (cMm. puc. 10.1).

Ecnu aBTOMOZENBbHOE pellcHHE pa3pbiBHO IPH HEKOTOPOM 3HAYEHHMH
aBTOMOJIENBLHOM mnepeMeHHOM [ = &/T, TO 3TO 3Ha4YeHHE DPaBHO CKOpPOCTH
pa3phbiBa.

Takum 00pa3oM, aBTOMOJENBHOE DPELICHHE 3a[a4Yd BLITECHCHHS HEPTH
PacTBOPOM AKTHBHOW NIPUMECH MOXET COCTONTH W3 NpocThix s-BonH (10.28),
TO4YEK MOKOsI, yCTOWYMBBIX s-cka4ykoB (10.17), ycroiuuBeiX c-ckaukos (10.16).
IlocnenoBaTeNbHOCTL ITHX 3NEMEHTOB Ha IIIOCKOCTH (s, f) 6yaeM Ha3mBaTh
«nyrem», [lyTs HaunHaetcs B Touke { = 0 (10.26) u 3axaHYHBAaeTCH B TOYKE
£ — oo (10.25). Pemienre 3aa4M BHITECHCHUS CBOJMTCS K NOCTPOCHMIO NMYTH,
BIOJIb KOTOPOTO BENMYHMHA { MOHOTOHHO BO3pacTaecT OT HyNIs no BeckoHed-
HOCTH.

Kak sugno u3 puc. 10.1, u3 toukn [ =0 Ha nnockoctH (5, f) MoXHO
BLIATH TOJBKO NPH NOMOIIM S-BOIHE BJOJL KPHBOH ¢ = c® B TOUKy { — o0
MOXHO IONACTh TOJBKO S-CKa4koM ¢ kpuBoi ¢ = 0, [Tepexon ¢ kpuBoii ¢ = ¢°
OCYIUECTBJISETCH NpH NOMOIIM c-cKayka. HallneM 3HaueHHS HACHIILEHHOCTH
nepen ckaykoM UM 3a HuM, [Iposenem w3 Toukm O, KacaTeNbHYIO K KPHBOK
¢ =% |-Touka KacaHWs, 2-TOYKA NEPECEYEHMS KACATEIBHOM C KPUBOH
¢ =0,(s,, f;) (5;. f;) —~xoopauHaTH! 3TX TO4eK, ECi¥ TO4Ka 3a pa3phIBOM s
NeXHT BeILIE TO4KHM [ (s* > s5,), TO JUls ckopocTH pa3psipa D BBINONHSAIOTCS
crenyolume Hepaneﬂcrna:

f +
fis*. <D= = <f (s7, 0). (10.29)
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Kak cnenyer u3 (10.18), Takod pa3peiB HeycToWuuB. Eciam Touka 3a
pa3pbIBOM JIEXHT Huxe TOukd | (57 <s5,), TO AN CKOPOCTH pa3peiBd
CIIpaBe/UIMBO HEPABEHCTBO

+

fT+h

D =

i <fils™, ). (10.30)

OHO o3HayaeT, YTO 3HAYEHHE aBTOMOJENbHOM NepeMeHHOM [ B s-BOIHE,
NpPEIIECTBYIOIECH ¢-CKayKy, OOMNbllle CKOpOCTH CKaika, T.€. BENHYHHA (
BIOIDb MyTH HEMOHOTOHHA. OTCIO/A CIEAYET, YTO NEPEXO C KpuBOl ¢ = c® Ha
KpHUBYIO ¢ = 0 OCYIIECTBNSETCA CKAYKOM M3 TOYKH / B TOUKy 2.

’ PaccMoTpuM cnydait, korga Todka,2 NEXHUT Ha KpUBOH ¢ = 0 HHXe, 4eM
Touka (POHTOBOM HACKIILIEHROCTH NPH BRITECHEHHH HeDTH BOJOH 5, < 5. '.
Kak BuaHo m3 puc. 10.1, 3To cooTBeTcTBYeT cnyyaro cnaboit copbuun, T.e.
MalbIX 3Ha4EHMH KOHCTaHTHI I.

Ilepexon u3 TOYKH 2 B TOUKY S, OCYIIECTBISETCH S-CKAYKOM; IIPH 5, < 5,
3TOT CKa4YOK YCTOH4HB.

ITyTh, cooTBeTCTBYIOLMH aBTOMOIENLHOMY pelueHHio 3ajadd (10.25).
(10.26), cocTOHT M3 s-BONHBI, COOTBETCTBYIOLIEH ABMXEHHIO BAONL KPHBOJ
¢ = ¢° ot Touku s°(c°) mo Touxm I, c-ckauka M3 TO4YkH | B TOUKY 2, TOMKH
noxos 2 ¥ s-CKaika B TOYKy s,. Pemienve umeeT BHI

+h
L=fi(5, ¢ c=c 0<f<D, ='—f1———=f;(s1, ), (10.31)
s;+b
h
s=1s5,¢c=0, D1=£—~<C<D2=—£—, (10.32)
s;+b 53— S,
s5=5,¢=0,D,<{<00. (10.33)

3npece D, —ckopocTh c-ckadka; D, —cKOpocTh s-ckauka.

Ha puc. 10.2 B xoopaunaTtax (£, T) npuBeneHa AMHAMHKA (QPOHTOB
BLITECHEHHS, pacClpelcNIeHHEe HACHILCHHOCTH M KOHICHTPALKMH aKTHBHOM
NIPEMECH B NPOLIECCE BBITECHEHHS.

O6BIYHO PacCTBOPHI XHMpEAr¢cHTOB 3aK4YHBAIOT B IIACTHl B BHIC KOHCH-
HBIX OOBEMOB — OTOPOYEK, NpPOABHIacMBIX MO MNacTy Boaod. B kadecrse
XapakTEpHOro pa3Mepa 3aaYd, KOTOPbIH MCIOIbL3YeTCs NPH BBeAEHMM Oe3-
pa3MepHBIX epeMeHHbIX £ U T, BIOHpaecM 06beM oTopoukH. Toraa npu t < |
B NIIACT 3aKa4YMBAlOT pPacTBOpP XMMpeEareHTa, IpH T > | —BoAy, MpOTAIKH-
BalolIy:0 0TOpO4KY no nnacTy. Ha puc. 10.2 npuBeaens! npoguiy HacklueH-
HOCTH IIpH T < | NpH BBITECHEHHH HE(GTH PACTBOPOM AKTHBHOH IPHUMECH.
Ilepen ¢poHTOM BBHITECHEHMS, CKOPOCTh KOTOpOro pasHa D,, HaxoauTcs
30Ha | HEBO3MYLIEHHOIO TEYEHMs; B Hel s=ys,, ¢ =0. 3atem cmenyer
BogoHedTHHOHN Ban II, B KOTOPOM NIPUMECH OTCYTCTBYET, a BOJOHACHIILEH-
HOCTh NOCTOsHHA, ¢ = 0, s = 5,. 3aTem crnenyer 30Ha [II Teueuus Bonoued-
THHOR CMECH B NPHUCYTCTBHHM XHMPE4TEHTa, CKOPOCTh ()pOHTA XMMpeareHTa

! Panee (cM. ra. 8, 9) ¢dpoHTORas HackimeHHOCTh 0B03H49anachL Se.
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Pyc. 10.2. TlocTpoeHHE 3-CKAYKOB M C-CKAYKOB M CTPYKTYp4 peUICHHS

0 HacBILEHHOCTb 32 POHTOM KOHNEHTPALMH

paBHa D,. B 3TOM 30HE ¢ = ¢
paBHa s, .

IIpn cunbHOM copbuuu Tovka 2 HA KPHBOH ¢ = 0 JIGKHT BBILIE TOHYKH,
COOTBETCTBYIOLCH (POHTOBOH HACHLILEHHOCTH S, NP BEITECHEHMH HE(TH
Bofioi. B 3TOM Ccnyyae mepexod M3 TOYKM 2 B TOYKY S, OCYLIECTBIACTCH
IIPOCTOM $-BOJTHOM [0 TOYKH Sy, @ 3aTEM $-CKAYKOM B TOMKY S§,.

XapakTepHas OCOBEHHOCTb TEYEHHs, OnUCbiBaeMoro peuenneM (10.31)-
(10.33),- orcTaBanue ¢GpoHTAa XMMpeareHTa oT ()poHTa BbITeCHeHHs (D; <
< D,). 370 cBA3aHO C COGHPYEMOCTBIO XHMPEATEHTA, C PACTBOPUMOCTBIO €r0
B Hed)TH, 4 TAKXKE C HAIMUYMEM B ILUTACTE BOABI JO Hauajna BpITeCHEHHs. M3
puc. 10.1 BHaHO, YTO C yBeJHMYEHHEM CopbupyeMOCTH TouKa O, CMeIaeTcs
BJICBO, X HAKIIOH KacaTenbHOH D, ymeHbaeTcs. C yBeIHYEHHEM PACTBODPH-
MOCTH IIPEMECH B HepTH Touka O, CMEIlaeTCS BHA3 NapaieabHo BACCEKTPH-
CE TPETBLErO0 KOOPAMHATHOTO YIJId, M CKOPOCTb D, Takxe YMEHBILACTCH.
C yBeIHYCHMEM HaY4/IbLHOM HACBIIIEHHOCTH H4KIOH oTrpe3ka D,, coeau-
HSAOIIEr0 TOYKM 2 M §,, YBEIMYHBAETCA. DTO IPHBOAMT K YBEIIMMCHHIO
OTCT4B4aHUS (QPOHTA BLITECHEHHS OT QPOHTA XHMPEarcHTa.

B 3akirouenue sroro maparpaga OTMETHM, YTO dHAJIOTHYHBLIE CHAPOIHM-
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HAMMYCCKHE 3ad4M BO3HHUKAIOT M IIPHM pacyeTe IPOLECCOB IMOBBICHUS
KOH/JIEHCAaTOOT/JAYM ILJIaCTOB: BBITECHEHHME BBIMABINErO B ILTACTE Id30BOFO
KOHJIEHCATA YIJIEBOAOPOJHBIMH PACTBOPUTENAMH, NIPOJBHI4EMBIMH IO ILTAC-
TY CYXMM Tra3oM; NOCIEIOBATEIbHAS 3aK44Kd B IUTACT ¥ oT6Op pacTBOpHUTE-
neit u ap. [9].

§ 5°. BBITECHEHUE HE®TU OTOPOUYKOM PACTBOPA
AKTUBHONM NMPUMECH, MPOABUTAEMOM I1O TJIACTY BOJON

Ilpoueccy BoiTecHeHMs HeTH M3 HEOOBOIHEHHOTO IJIaCTa C OCTATOYHOM
BOJIOHACHIILICHHOCTBIO §, OTOPOYKOH PaCTBOPa aKTHBHOH npumecH obremom
Q ¢ xoHneHTpanuet ¢° COOTBETCTBYIOT CEAYIOIIHME HAYATILHEBIE H [PAHHYHBIE
yCIOBHs VIS CHCTeMbl ypaBHeHwit (10.11), (10.12):

s=5,.c=0npn t1=0;

f=1, ‘_:{c°.0<r<l

=0. 10.34
0. 1> 1 npu £ =0 (10.34)

Hdo moMenta 1 =1 B nepuoA HarHETaHHMs B ILIACT PacTBOpa aKTHBHOM
MPHUMECH pelleHKe 3a1a4u 06 oTopodke (10.34) coBnajgaeT ¢ aBBTOMOJAEIbLHBIM
pELLICHHEM 3a/la¥¥ O BBHITECHEHMM He)TH PACTBOPOM dAKTHBHOH IPHMECH.
B cnyude cnaboit copbuum ono mmeer Bua (10.31)-(10.33).

B MomeHT T = | HauuHaeTcs 3aKauka BoAbl, Ha ocu & = 0 mpoucxoaMT
CK44YOK KOHIEHTPALMHU. DTOT CKA4OK OyaeT pacpoCTpaHATLCS BAONDb JIHHHH
paspsiBa £ = E,(t). JInnus paspeiBa &, ABIAETCH THUIOM OTOPOYKH, BAOIb
HE¢ MPOUCXOAUT IMOJIHBIM C-CKAYOK KOHIICHTPAIHH:

ct(Eg) =% ¢ (Ey) =0.

W13 ycnoswmit 6ananca macce (10.14) Ha ¢-CKd4Ke NOJIYMHM BbIDAXEHHE 1S
CKOPOCTH ThUI4 OTOPOMKH:
dEo  f(s* (B Y+ h_ fl57(§). 0) + A (10.35)
du sTEN+ D sTEN+HD '

Ha mnockoctu (s, f) Touku s* ¥ s~ JexaT H4 KpUBBIX ¢ = ¢’ ¥ ¢ =0
COOTBETCTBEHHO. [IpsAMast, coe IMHAIOMNAS 3TH TOYKH, IPOXOMMT 4EPE3 TOUKY
0., HAaKIJIOH €e PaBEH CKOpPOCTH Thlaa (cM. puc. 10.1).

PacnpeneneHue HACBILUCHHOCTH INEPEA ThIJIOM OIKCHIBAETCH MPOCTOMR
s-Bonoi (10.31). Haknon KacaTensHO# K KpUBOii ¢ = ¢° B Touke s* MeHblE,
YeM CKOpOCTh pa3pbiBa. 31O obecneunBaer ero ycroiuusocts (10.18).
Orcroga umeeM:

Eo (/1 =1:(s" o) ). (10.36)

W3 puc. 10.1 BUAHO, 4TO € POCTOM T IO MEPE JBMXCHUSA Pa3pbIBa &, (T) 34
IIPOCTOM 5-BOJTHOM BenMuMHbL 5° M s~ yObpiBatoT. CKOPOCTB ThIIAa BO3PACTACT.
Ilpu 7 — %0 CKOPOCTH THLIA BO3PACTAaeT A0 BenuyMHbl D,, s* yMeHblaercs
10 §,. [lockonbky B M060K MOMEHT T CKOPOCTb ThIIa MEHBIIIE, YEM CKOPOCTh
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¢poHTa OTOpOuKH D,, To 06BeM oropoukn Q(1) = D1 — £,(1) no mepe
JBMXEHHA 110 IJIACTY BO3PACTAET. ThiJ1 OTOPOYKM He JOTOHMT €€ (POHTa.

JIBMXKEHHE ThIIA OTOPOYKH OIKCHLIBAETCH OOBLIKHOBEHHBIM AuddepeH-
uManpHbIM ypaBHeHHeM (10.35). Halinem ero mepBblit MHTETpas, HCHONB3YS
3aKOH COXPAaHCHHS Macchl aKTHBHOH npumecH. IIpouHTerpupyeM ypapHeHHe
Hamanca Macce! npuMecH (10.14) no obnactu A nnockoctu (€, 1), OrpaHHYEH-
Ho#t koHTypoM I': (0, 0) = (0, 1) = (Ey (1), T) — (0, 0) (cm. puc. 10.2). Kontyp
I’ cocTOMT H3 ABYX NIpPSAMONMHEHHKIX oTpe3koB (0, 0)— (0,1) u (0, 0) -
— (&, (1), T), @ TAKXKE KPHBOJIMHEHHOrO Y4acTKa TPAEKTOPHH ThllId OTOPOYKH.
CornacHo ¢opmyne ['puna (cM. npui. 6) uMeeM:

_”{2[('(5 + b)) + i[C(_f+ h)]}dédr =¢c(f+ hdt — c(s + b)dE = 0.
A 0T ok, r

®opma ¢(f + h)dt — c(s + b) df mMeeT CMBICT MacCOBOTO NMOTOKA [IPUME-
cu. IloacraBuM B MHTErpaj OT 3Toi ¢(OPMBI BAOJL TPACKTOPHH ThLNa
OTOpPOUKHM, BXxoAsued B KoHTyp [, ycnoeue 6amanca (10.35) Ha ThInNe.
Ilonyynm, 4¥TO 3ITOT HMHTErpal paBeH Hymo. OH3HYECKHH CMBICT 3TOro
¢dakTopa COCTOMT B TOM, 4YTO 4epe3 ThlJl OTOPOUYKHM HE NPOMCXOAMT MEPETOKA
4KTHBHOH npuMecH. [lo3toMy wuHTErpan ot ¢GOpMyJIsl 10 OTPE3KY
(0, 0) > (&4 (1), T) paBeH mHTErpany no otpesky (0, 0) - (0, 1), He 3aBuCHT OT
BPEMEHH M SBJISETCS NMEPBRIM HMHTErpanom aBimxeHus £ = £, (1):

L+ h=[f(s" Eo) ¢®) + b~ (5" (€o) + DS 5(s™ (€o), )] 7. (10.37)

Bripaxenue f(s, ¢) + h — (s + b)f (s, ©) = A(s, ) UIMeeT cneayroyIo reo-
METPHYECKYIO MHTEPIPETAIMIO HA TIOCKOCTH (s, f) (cM. puc. 10.1), [1pose-
neM K KpuBo# ¢ = ¢ kacatenbHylo B Touke st (§,) 0 mepeceueHMs ¢ mps-
MBIMH 5= —b u f= — h B Toukax 4 u B coorBercTBeHHO. Torga A0, =
= A(s* (&), °). M3 popmyn (10.36), (10.37) mostyynm 3aKOH JBHKEHHS ThiNa
OTOpOUKHM B IapaMETPHYECKOM BHJE:

1 +h L+h_ Als* (€ )
= A B + ] 0 ; = .
o A B T G )

ITapameTpoM sIBISIETCA HACHIMEHHOCTD IEPE] THUIOM OTOpPOYKH §* (&)
W3 puc. 10.1 Bugso, uto BO, = A(s* (Eo), ¢®)/fi(s™ (Ep). ®). Orcrona cre-
AyeT TeOMETPHYECKHH cnocob onpeaeIeHHS NOMOXKEHUS ThIJIA OTO-
pouku B MoMeHT 1. Kak BuaHo 13 (10.38), ans 3TOoro Heo6XoAMMO OTIOXKHUTH
orpe3ok AQ, = (1 + h)/T ¥ IPOBECTH KACATEILHYIO K KPHBOH ¢ = ¢® M3 TOUKH
A. Torma ToYka KacaHWs ONpefeNHMT BenuuMHY s (§,), a JUIMHA OTpe3Ka
BO, = (1 + h)/Ey (1) - Benmmuuny &, (1). Bennuuna s~ (§,) onpeaensieTcs nepe-
CEYeHHEM NPAMOH, npoBeJeHHoN yepe3 Touky O, u s* (§,) ¢ xpusoii ¢ = 0.

B 30He npoTankupBarowe#d BoAsl 3a ThUIOM oTopodkn 0 < & < &, (1)
npuMech OTCyTcTBYeET, ¢(&, T) = 0. PacnpeneneHne BOAOHACHIIEHHOCTH OINH-
chiBdeTCH ypaBHeHMeM baknu — JleseperTa (10.11) nmpu ¢ = 0. 3uayenus Bogo-
HACHILEHHOCTH MOCTOSIHHBI BOJb XapakTepucTHK. HakiaoH xapakTepHCTHK
paBeH f;(s” (§,), 0)—Hakmony xacarenbHo# x xpuBoi ¢ = 0 B Touke s~ (E,).
Peurenne 3agaun BHITCCHEHHS B 30HE IPOTAJIKMBAIOLICH BOIAbI MMEET BH]
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é io()

5@ ) =5 (Eo (D) =f:(7 ). 0). (10.39;

Taxum obpa3om, nepen ToiIoM oTopouku & > &, (7) peweHue 3agayu ob
OTOPOYKE OIIMCHIBAETCS aBTOMOAEIBHEIMM ¢opmynamu (10.31)-(10.33).
VpaBHEHHE JBMXEHUA ThlIa OTOPOYKH &, (T) JaHO B IMAPaMETPHYECKOM BHJE
(10.38). 3a THIIOM OTOpPOYKH paclpele/cHHE BOJOHACHILIEHHOCTH OIHCHIBA-
eTcs ¢popmynoit (10.39).

Ocob0 oTMETHM, YTO MpH nocmoemm pellleHHs 33a/1a4d O BHITCCHCHHH
He(TH OTOPOUKO# pacTBOPAa aKTUBHOM NPUMECH OBLITH HCIIONB30BAHKI TOJBKO
nse xpuBple baknn —JleBeperta: ¢ = 0 ¥ ¢ = (¥, OT NPOMEXYTOYHBIX 3HAYE-
muit 0 < ¢ < ¢® peurenye 3aJaYi HE 3aBHCHT. DTO MO3BOJISAET CYIIECTBEHHO
COKpAaTHTb 0DBEM IKCIIEPUMEHTOB IO ONPEJENICHHIO HCXOJAHOH MHPOPpMAIMK
K KOHKPETHBIM TEXHOJIOTHYECKMM pacyeTaM; He0O6Xx0 MO H3MepATh Ga3oBble
NIPOHMIAEMOCTH M BS3KOCTL (a3 TONLKO /Ns 3HaueHHH ¢ =0 u c= O,
a taxxe KoHcTaHThl I'enpu I' u pacnpenenenus mpumecu K.

Ipu yMEHBLIEHNH HACKILIEHHOCTH NIEPE THUIOM OTOPOYKH §* OT BEJIMYMH
5°(c®) macniuennocTs 3a TeUIOM 5~ (§p) TAKXKE yMEHBUIAETCH OT BETHYHUHBI
5°(c®). DTO COOTBETCTBYET TEYEHHIO IPOTAIKMUBAIOLIEH BOJALI B 30HE, YXKE
NPOMBITOM pacTBOpOM aKTHBHOHM mnpumecu. [Ipnm ymenbwmenun s~ (§,) mo
BenuuMHbl ° HedTsHas da3a HENOABHXHA. 30HA MPOTAJKHUBAIOLIEH BOJIBI
C HemoABMXHON HeTsHOW (a30oil NPUMBIKAET K HATHETATENbLHOMN TraJepee.
Pa3amep / 3TO# 30HBI onpejenseTcs ycnoBusamu £y = [, 57 (Ey) = s°.

3amuceiBas ycloBHs GallaHca Macchl IPHMECH B OTOPOHMKE M YCTPEMIISAS
T — 00, MOJYYHNM MpeAenbHbIH 00beM oTopouku (o0) = (1 + h)/(s, + b).
TakuMm o6pa3oM, B Iponecce ARMKEHHUS B MIOPUCTOH cpene 061beM OTOPOYKH
pacter M crabwimM3mpyercs. DTO NPHBOAUT K pa3HBIM CJCACTBHAM IpH
rajepeHOM BCKPBITHM ILIacTa (IJIOCKOMApajiebHAs (QHUILTpAIMs) U [PH
HarHCTAaHMM 4epe3 OJMHOYHYK) CKBaXHHY (paauanbHas ¢unbTpamus). [lo-
CKOJIBKY IIPH IIJIOCKONAPAJUIEIbHOM BBITECHEHHH DAcCTOSIHUE MeEXAy ¢poH-
TOM M THIJIOM OTOPOYKH NPONOPILHMOHANBHO 06BbeMY OTOPOUYKH, CO BpEMEHEM
OHO pacTeT ¥ cTabmimsupyercs. I1pn paguanbHOM BrITecHEHHMHM & mpomnop-
IHOHANTBLHO r2/2, IO3TOMY NPH T — oC JIMHEHHBIA pa3MeEpP OTOPOYKH ACHMII-
TOTHYECKH YMEHBLINAETCH C MOPSAKOM T~ /2,

Ha puc. 10.2 npuBeseHa CTpYKTypa 30HBI BHITECHCHHS:

I. £ > D,1-HeBO3MYILICHHAs 30HA BHITECHAEMON HedTH;

Il. Dt <¥ < D,1-BonoHedTsHON Ban Ge3 npuMecH, HOpMHpPYIOLIHHACH
43 IJIaCTOBOM BOJBI Iepe/l GPOHTOM OTOPOYKH 5 =5,, ¢ = 0;

I Ey(1) < £ < D;1-oTOpouKa ¢ = ¢®, HACBILIEHHOCTb MEHSETCA B IIpe-
genax s, <s < s (&) '

IV, | < £ < £, (1) 30H4 NpOTAJIKNBAIOILIEH BOABI C MOJABHXHOH HeQTAHOH
dazoit, c =0, s~ (§g) <5 < 5%

V. 0 <k < 1-30Ha NpOTAaNKUBAIOLIEH BOAbI C HEMOABMXHOW HEQPTAHOH
gasoit, c =0, 5% <5 < s°(9).

O61emsl I, II v IV 30H O BpEMEHEM HEOTDAHMYEHHO BO3PACTAIOT, 06beM
I 30HBI CTaGUIM3MPYETCH NPH T — 00, 00BbEM V 30HBI CTabHIH3HMpYyeTCH
B MOMeHT, xoraa s~ (§g) = s°
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Jlns cpaBHenus Ha puc. 10.2 mpuBeeHbl pacnpeeieHds BOJOHACHIILECH-
HOCTH IIO TUIACTY NPH BBHITECHCHHH HedTH OTOPOUKOMH pacTBOpa cnabocopbu-
pyEMOTo XMMpeEareHTa (CIUIOLIHAs JMHHUSA) U Bojo# (mynkTHp). CkopocTb
¢ponTa BHITECHEHMs HepTH Bojod D, Gompme ckopoctd D,. Orcroga
clie/lyeT, YTO IIPHMEHEHHE XHMpEArcHTa NpPH 3aBOJAHECHMH NPHBOAMT K mpo-
IUteHHIo Tepuoad OGe3ponHolt skcmnyatanuu. Ha cragum BomoHedTsHOrO
BaJjia BOJOHACHIIICHHOCTD [IPH BHITECHCHNHM OTOPOYKOH PacTBOpa XMMpEareH-
Ta HHXE, UM NPH BRITECHEHMM BOAOH. [103TOMY npuMeHeHHe XHMpeareHTa
CHHXaeT OO6BOJHEHHOCTh AOOBIBAEMOM IPOAYKIIMM HA PAHHEH CTaJHMH BOIHO-
ro nepuoaa paspaborku. Ha 3akmrounTenbHo#t cragum pa3paboTku npume-
HEHME XMMPEArcHTa MPUBOAMT K YBEJIMHYCHHUIO MOJHOTH BBITECHEHHS HE(TH.

Ilpu cunbHOK copbuMM XHMMpeareHTa pElICHHE 3aJa4d O BbITCCHCHHH
HedTH OTOPOYKOR OTIIMYAETCH OT PacCCMOTPEHHOro ciyyas ciaboit copbumu
TOJIBKO Ha CTaAMM BOAOHE(TSAHOrOo Bajlal HAa HAYaJNbHOM CTaauM Bana
pacrpeaereHue BOJOHACBIIIEHHOCTH TaKOE XK€, KAK M IIPH BBITECHEHUH HedTH
BONI0H, D, = D,. [IpAMeHeHUE XUMpEAreHTa IPUBOMT K CHHXEHUIO 06BOA-
HEHHOCTH HMPOAYKIMH Ha NPOMEXYTOYHOH CTaJiMH BOJHOTO NEpPHOJA pa3pa-
GOTKM M K YBEIIMYCHHIO CTCIICHHM BBITECHCHHS HA 3aKNIIOYMTEIBHOM CTauH.

§ 6. OCHOBBI TEOPMM HEM30TEPMHUYECKON ®UILTPALIMH

I1pu pazpa6oTke HeGTEra30HOCHBIX IIACTOB COJAEPXKALIHECH B HUX QUIION-
JBI MOTYT NpHOOpECTH TEMIEPATYPY, OTJIMYHYIO OT €CTECTBEHHOHR TeMIlepa-
TypH minactoB. M3MeHenne teMiepaTypsl B IPOAYKTHBHBIX MJIACTaX MOXET
6BITh BBI3BAHO pA3JMYHBIMK NPHUYHEAMH, B 3aBUCHUMOCTH OT Xapaxkrtepa
¢unbTpalME NPUPOIHLIX GUIOMAOB M BHJAA MCKYCCTBEHHOIO TEMJIOBOTO
BO3JICHCTBHS Ha NPOJAYKTHBHBIE KOJIJIEKTOPHI B Ipoliecce NPHMCHCHHS TOH
MJTM MHOM TEXHOJIOTMH pa3paboTku.

MOXHO BBHIICJIMTh TPH OCHOBHBIE IDYINB! INPUYMH, NMPUBOASIIMX K He-
M30TEPMHMYECKHM YCIIOBHSAM (QHIbTPANMH.

1. JlelcTBHe TepMOAMHAMHUYECKHUX 3(P(EKTOB NPH ABUKEHHH IIACTOBBIX
¢rouI0B B IOPHCTOR CpeAe:

baporepmuueckuit 3ddext (3ddexTnt koyns—Tomcona u aguabaru-
YECKOro PACLINPEHHS);

TeOTEPMHYECKUH I'DaJHEHT;

apdext ¢a3oBHIX npeBpanieHHid (IpH BHIJENEHMH PAacTBOPEHHOTO rasa,
BbINajicHUM mapaguHa ¥ Jp.);

TpaBUTALMOHHKIA 3¢deKT.

2. HarHeraHue B IJIaCTHI Pa3IMYHBIX PabOYMX areHTOB — TEMIIOHOCHTENEH
C TEMIIEPATYPOi, OTIIMYHOH OT HAYAIbHOM IIACTOBOM, C LEJIbIO MOKXEPKA-
HMSl [JJACTOBOTO J4BJIEHHS Y MOBLIIEHHS CTEIEHH M3BJICYCHAS HEQTH:

XOJIOJAHOH BOJAKI C TEMIEPATYPOH HHMXKE Ha4aJIbHOH IIACTOBOM;

ropsiyeil BOAbl C TEMIIEPATYPO# BHIILIE IIACTOBOH;

mapa WM NapoBOJASHOW CMECH, TEMIIEPaTypa KOTOPOH CyIlleCTBEHHO
NIPEBLIMIAET IJIACTOBYIO.

3. OcywiecTBEHHE pa3IMYHBIX TEPMOXMMMYECKMX OKHUCIIHMTENbHBIX MPO-
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LIeCCOB, B PE3y/bTaTe KOTOPAIX MPOMCXOJHMT I€HEpAlUs TEIJIOThI B KOJLIEK-
TOpax ¥ npu3aboMHBIX 30HaX CKBAXHKH:

BHYTPHILIaCTOBOE TOPEHHE;

pa3jiMyHbIE IKIOTEPMHUUYECKHE peaKiud npu obpaboTke ruracTos H Ap.

IIpn pa3paborke MECTOPOXIACHHA BO3HHKAIOT PAa3THYHBIC COYETAHHSA
¥ KOMOMHAIMM YKa3dHHBIX NPOLECCOB, YTO MPHBOJAMT K HEM3OTEPMHYECKOMY
xapaxrepy ¢HIbTpAIMH. TennoBoe BO3ACACTBHE HA IJIACT H3MEHSET OCHOB-
Hule QHIBTPALMOHHBIE TADAMETPBI: BA3KOCTD (QIIFOMI0B, KAMKUIUIAPHEIEC CHIIBL,
PeOoJIOTHYECKME CBOHCTBA ABHXKYIIMXCS ar€HTOB M Ap. [Ipy 3TOM H3MEHSIOTCH
K03(GHULUMEHTBI BHITECHEHHS, (a30Bblc NPOHMIAEMOCTH M T.[., BCICACTBHE
Yero TEMIepaTypHbli (aKTOP CYLIECTBEHHO BIIMACT KaK HAa TEKYIIUE QUIBT-
PalMOHHBIE XdPAKTEPUCTHKH, TAK M Hd KOHEYHYIO HeTEOTAady.

Ilpy paccMOTpEHMM THUAPOAHHAMMKH MPOLECCOB HEHM3OTEPMHMYECKOH
GUIbTPALMK HCIONb30BaHKE AHGEPEHIMANbHbIX YPABHEHHH, MOIY4EHHAIX
B 1. 2 (AN 0AHOGA3IHOro MOTOK4) M B I'l. 9 (ans MHorodasHo# ¢uibTpa-
IHH) OKa3bIBAETCS YK€ HEJOCTATOYHRIM. B 3TOM ciyuae nosiBisieTcss HOBas
HEH3BECTHAS NMEPEMEHHAS —TeMIepaTypa T, a xapakrepucTuku ¢uronaa (ero
IUIOTHOCTDb P ¥ KO3 GHIMEHT BA3KOCTH 1)) MeHstoTcs BMectec To p = p(p, T),
n=n 7. :

J{ns 3aMBIKaHMS CHCTEMb] YPAaBHEHUI HEOOXOAMMO JOMOJIHHUTENBHO IIPH-
BJIEKATh YpPABHEHME, OINPE/E/IAIOIIee W3MEHEHHE TEMIIEPATyphl ¢uIoHAa BO
BPEMEHH M NIPOCTPAHCTBE. ITO YpaBHEHHE MOXHO IOJIyYHTb, 3aIINCaB 3aKOH
COXpaHCHHUS JHEpPruM (MEepBBIA 3aKOH TEPMOJHMHAMHKH) Ul ILUIACTOBOH CH-
creMul. Ho IOpOHI — KOJUIEXTOPB! M HACHIIAIOIHe UX GuIrouAbl obnajaroT
pa3IMMHbBIMHM TEPMOAMHAMHUYECKMMH M PEOJIOTHYECKMMH cBorcTBamu. Ilo-
TOMY [P 34MMCH 3TOTO 3aKOHAa NPUXOJUTCH BBOAMTH [BC TEMICPATYpHI.
TEMIIEpPaTypy XuAKOCTH T M TeMmeparypy ckenera T,.

Ob1ue coobpaxeHns NOKa3bIBAIOT, YTO Pa3HOCTh MEXAY TEMIEpaTypa-
MM XMAKOH M TBepAoH ¢a3 B npouecce ¢GHIBTPALMH AOIKXHA OBICTPO
HCYE3aTh M3-3da OrPOMHOM NOBEPXHOCTH TeIIoobMeHa Mexay QUIIOHIaMH
H CKEJICTOM, TaK 4YTO TEMIEpaTyphl AOMYCTHMO CYHTAaTb O/JHHAKOBLIMH.
BoJiee TOMHBIA OTBET MOXET J4ATh CIEAYyIOIIas oneHka. XapaKTepHBIA pa3Mep
nmopsl [ mMmeeT mopsgoxk 1073 M MM MeHee, TEMIEPaTypOINPOBOIHOCTL
HACHIIEHHON TOPHCTOH cpenl ¥ o6bmuo mopsmka 10~ ¢ m?/c. Toraa Beipas-
HUBAHHE TEMIIEPATYPH MeXay (QIIOUIOM M CKEIETOM JOJDKHO IPOHCXOIUTH
3a Bpema t = {2/x = 10 c. Ecnu Hac MHTEPECYIOT GHILTPALMOHHBIE IIPOLECCHI
C XapaKTepHBIMH BpPEMEHAMH TaKOro MNOpsJAKa, TO Ppa3HHLY TEMIEpPATYp
¢dmoua ¥ cxenera HEOOXOMMO YYHTHIBaTh. B mpOTHBHOM Cllyuae MOXHO
cyuTaTh, uTO T, = T. MB!I Tak u 6yieM aenarb, MOCKOJbKY JJIS TEXHOJIOTH-
YEeCKHX IpoleccoB pa3paboTku MecTopoxaeHuit BpeMs 10 ¢ HUMTOXHO MaJlo.

3amuiieM Temeph, COOTHOILEHHME, BbIpaxaromee OanaHCc 3HEpruM s
CHCTEMBI XHM/JKOCTb—OpHCTas cpemd. Ilopucryro cpeay byneM cuMTaTh
geaeopmupyemoii. BeneacTsue ManocTu ckopocteit GHIbTpPAlMH IIPEHE-
OpexeM M3MEHEHHEM KMHETUYECKOH 3Heprun ¢umonaa. Toraa, ecnu U —BHYT-
PEHHSS IHEPrUs HEKOTOPOoro obbeMa ¢umouaa u ckeneta, I1-sneprus guron-
Ja B IIOJIE€ MOTEHI[HANbHBIX CHJI (B HAIIEM CJIy4Yae —II0JIE CHIIBI TSXKECTH), TO
COrJIaCHO MEPBOMY Hadally TEPMOJHHAMHKH HMEEM:
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Puc. 10.3. CxeMa X OnpeaeNeHnIo BEKTOPA NOTOKA Tenjio-
ThbI

A,

d (U + IT) = 34“ + Q' (10.40)

rae 8Q'® —~KOMMYECTBO TEMIOTHI, MOYYaEMOE PACCMATPHBAaEMBIM 06BEMOM
m3BHe; 0A® —cosepuieHnas HaJ HEM paboOTa BHEIIHMX CHIL

Iockonbky mopHcTas cpeaa HemoasHxHA, TO mod I1 nonumaercs nmmb
MOTEHIMATbHASA JHEPTUs QUIIOH/JA B IIOJIE CHUIIBI TSXECTH.

KomMuecTBO TemIoThl, Mody4yaeMoe O6weMOM AV cpeasl B ¢AMHHIY
BPEMEHH 4€pe3 eAMHHUIY IUIOWAAKM AW, OKpyXatomel 3TOT 06beM B Hanpas-
JIEHMH 1, NIEPICHIMKYISAPHOM K IUIOIIA/IKE, HA3BIBAETCH BEKTOPOM NOTOKA
TENJIOTHl g; €ro MPOEKIUA HA HANpaBJICHWE BHEIIHEH HOpMAalld n Ompeje-
nsieTcs paBeHCTBOM (puc. 10.3):

5 Q(EJ
CdiAe’

qn =

Toraa xoNMYECTBO TEILIOTHI, NoOcTynawluee B 06beM AV B HanpaBJIeHHH
n 3a BpeMs dt, paBHO:

0q,
on

5Q(e) - _

AVd:. (10.41)

IIpu ¢unsTpamun ogHodasHoro quiionaa €CTh JBa MEXaHH3Ma IEPEHOCA
TEIIOTHI: KOHBEKTHBHbIH (T.€. KAK NOTOK BHYTPEHHEH JHEPTHMH PuUW BMECTE
C JBHXYILEHCS XHAKOCTBIO) M 33 CYET TEIUIONPOBONHOCTH (KOHAYKLWH) 4.,
CBS3aHHOM C HEPABHOMEPHOCTBIO pacnpe/IelIeHHs TeMIepaTypsl B cpeae. s
onpenenenus ¢, obbIYHO MCIIONB3YETCH 3aKOH Dypbe:

g .= —AVT,

T
TAK 4YTO BECKTOP INOTOKA TEIJIOTHI HMEET CIICII)’}OHlHﬁ BH:
g = —AVT+ puw. (10.42)

31ech W— CKOPOCTb (HMIBTPAIAK; U — BHYTPEHHSS SHEPTUsl €IMHHUUBI Mac-
cbl duuronaa; A —kospduurenT TemnonposoAanoctd [Br/(M-K)}]. 3nak «mu-
Hyc» B (10.42) o3HauaeT, YTO BEKTOp NOTOKA TEIJIOTHI HAMPABJIEH B CTOPOHY
YMEHBLIEHHsT TEMIIEPATYPHI, T. €. npoTuBononoxHo grad T, a A > 0.

W3 TepMoaMHAMHKK W3BECTHO, YTO BHYTPEHHss dSHeprus U sBmisercs
¢dyHxkuued nepeMenHsix p, v = 1/p, T (naBneHue, ynenbHBI 06BeM, abco-
MOTHAS TEMIEPaTypa), U3 KOTOPBIX JHoOble [Be MOXHO CHUHTAaTh HE3ABHCH-
MbIMH. 3afanue 3Tod (YHKIMH ONpeleisicT MOJENb Ipouecca.

Ha ocHoBe ypaBHEHM#l COCTOSIHUS CPE€Abl, IPE/CTABICHHBIX B BHAC p =
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=p(V, T)nm v =v(p, T) umu T= T(p, v) ¥ BTOPOro 3aKOHa TEPMOIHHAMH-
KM MOXHO IOJYYHTb PAa3JIHYHbIE GOPMYIIbI U1 ONpPEACICHHS B3AMMOCBSA3CIH
MEXJy NMapaMeTpaMH, XapaKTEPH3YIOLIUMHU TEIUIOBbIE INPOLECCH B HACHI-
LIIEHHOHM nOpUCTO# cpexe [56].

Ilpu nomomm yuuBepcanbHOro cootHoueHus (10.40), 3agaB BHyTpeH-
HIOKO JHEPIuio cHcTeMbl M ucnojbs3oBaB (10.41), (10.42), MOXHO BBIBECTH
YP4BHEHHE JHEPTHM JUIS GUIbTPALMOHHOrO MOTOKA.

§ 7. BBIBOA YPABHEHUS SHEPTM OJHO®AIHOI'O
PUJIbTPALIMOHHOI'O TNTOTOKA

YpapHeHue OaslaHCa JHEPTHMHM B ILUTACTAX C YYETOM DPA3IHYHBIX GAKTOPOB
paccmartpuBanock M. A. YapubiM, 3.B. YekamoxoMm, M. /l. Po3enbeprom.
I1.I1. 3onoTtapesbiM, E.B. Tecmoxkom u ap. [81, 82, 4, 48, 63].

CocTaBMM ypaBHCHHE IHEPreTHYECKOro GaNaHC4 JUIS CHCTEM XHIKOCTD -
NIOPHCTas Cpeja, pacCMaTpUBas VIS NPOCTOTHI OJHOMEPHBIH IOTOK XHJ-
KOCTH B HAIIPABJICHHH OCH X. BblaenmmMM B MOPHCTOMH Cpeae LMIMHAPUYCCKHIA
3NEMCHT IJIAHOM dXx M IUIOIIAJbIO CedeHHs . ECnM u M u,, — COOTBETCTBEHHO
BHYTPEHHSISI JHEPTHs €IHHHII MACChl XUAKOCTH M CKEJIET4, TO JICBYIO 4acCTh
cooTHoweHus (10.40) MOXHO 3ammucaTh B BHIE

0
diU+1I)= a[mpu + (1 — m) peyliex + mpgz] wdxdt , (10.43)

Il Mm—IOPUCTOCTh; P¢, —JIOTHOCTb 3€PEH MOPO/BI; Z— OTMETKA BRICOTHI.
BexTop noroxa TemnoTsl B HateM ciy4ae, kak ciaeayeT u3 (10.42), Moxuo
BBIPa3UTb B BH/E

oT

q=puw —A_~. (10.44)
ox

TCIUIOTa IMOCTYNAcT 4YE€PE3 CCUCHHA X M YXOIUT YEpE3 CCYCHHE X + d.\'.

Iloatomy, B coorsercTBuM C (10.41) u (10.44), HaxoquMm:

2 a (. T
50© = — a—qu wdt = — (xa—x - puw)mdxdt, (10.45)

Pa6oTa BHewHux cua 34'®), copepliaeMas NPH NEPEMEILICHUH U3 CeYEHUS
X B IONIOXeHKE X + dX, CKIaabIBaeTCA 3 paboThl cun AaBneHus A4 u cubl
TsKECTH 8A(, KOTOPBIE COOTBETCTBEHHO PABHBL

5A = [p()w(x) — p(x + dx)w(x + dv)] odr = (” )dxmdt

841 = [p(x) gz(x)W(x) — pix + dx)gz(x + dx)w(x + dx)] wdt =
= — %(pgzw) dxodt .

Otcrona HaXOOUM:
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5AY = — é;(pw + pgzw) odxd! . (10.46)

Iloactasus (10.43), (10.45) u (10.46) B paBencTBO (10.40) ¥ COKpaTHB Ha
wdxdt, .N0JIyYuM

o(. oT
‘—_f;[mpu + (1 — m) pelie, + mpgz] = a(ka — puw — pw — pgzw). (10.47)

Hcnonb30B4B YPABHEHHE HEPAPBIBHOCTH JUIS OJJHOMEPHOTrO MIOTOKA (CM.
rn. 2) B BUAE

omp Cpw
—2—-!—+ fx

npeoﬁpaayeM ypaBuenue (10.47):

) 0 ( (6mp 6pw> Ou Ou ( Ou 6u>
—(m + ——(puw) = == o — W
( pu puw) = u ot ox pat p“a =P at ox/’

¢(p ,)_p 6(1)) p dmp -6<p),
(p 6x< pu -—pax(pw)+pwax o) = o +puax

0z
5(mp92) + E (pgzw) = pPgw o~

=0,

B nocnegnem PaBEHCTBE YYTCHO, KpPOME TOro, yCJIOBHE CTAIIHOHAPHOCTH
H OJHOPOJHOCTH I'PABHTAILIMOHHOIO IIOJIA:

0(gz)/0t = 0, y = const.
ITocne 3tux npeobpa3zoBanuil ypasueHue (10.47) npuHMMaeT BuO

ou 0 0z @( p) p Omp
—_— — 1 x —— —_— —_——————— T
'"paz+az[( m)pc.uc]+pgwa +pwo u+p o ar

8 (.8
- —<x a:) (10.48)

C y4eToM TOro, 4TO

du pomp 6(

m +p) 6(
Par p ot P\ 6th)’

p
BBEAEM TECPMOJANMHAMHYECCKYIO cbym(umo

i=u+§. (10.49)

Ha3LIBAEMYIO IHTANbNHMENR', a4 BHYTPEHHIOIO JHEPIHIO E€IMHHLB ODBEMa
TBEPJOrO CKEJIETA MMOPO/IL BHIPA3MM [PONOPLUMOHATIBLHO €r0 TEMIIEPAType

! Unu Tennoconepxasnem — oT enthalpd— xarpesars.
319



(1- m) Pexlex = T, (1050)

rae ¢, —obbveMHas TemnoemkocTe ckenera [[x/(m3-K)]. u mpeactasum
(10.48) B BunOe

oi eT oz i fmp o ¢
mpa+cc,a+pgwa—x+pwa——a’~=a Xa . (1051)

N3 Ttepmoaumnamuxu u3secTHo [14, 48], urto monumsiii guddepeHuman
3HTAJbNHMH B NEPEMEHHLIX p ¥ T 3aMHCHLIBAETCH B BUAE

di = c,(dT + gdp). (10.52)

Iae ¢,—u306apHas TEMIOEMKOCTb GIIIOMAL (c ): €; — ko3 PuuuexT

0Oi

FooTl,
Hxoyns - Tomcona (au¢¢epeHunansiuil k03pGUIMEHT APOCCETMPOBAHUS),
CMBIC]T KOTOPOTO COCTOMT B CIEAYIOWEM: eciu GuiroMa aanabaTuuecku’
(6e3 TennoobMeHa C OKPYXalOUIEH Cpeloi) NpeoJoNneBacT IMAPaBINYECKOE
' COIPOTHMBIIEHHE M K3 ODJACTM C M4BICHHEM p [E€pETEKaeT B OBJACTHL
C fmaBieHueM p - Op, TO TeMIlepaTypa B HeM yBenuwymBaeTcs Ha 87 = g0p.
Takoii npolecc Ha3bIBAETCS HACATbHBIM JIPOCCEIBHBIM, JHTANLIIHNS IPA 3TOM
coxpaHseTcs. Takum o6pa3oM. [0 Onpec/ICHUIO

A
g, =
6p i=const

W3 papencrsa (10.52) Haxoaum:

i oT Ep oi oT - dp
==¢, —+ g s =l e
ot ot Ox ox ox
IToacraBuB 3Tu Bripaxenus B (10.51), uomyuum nocne npeobpa3oBaHui
HMCKOMOE YpaBHEHHE JHEPIUH IS OJHOMEPHOIO (GUILTPALMOHHOIO MOTOKA:

T 6T  p g iz ) p 0 ( ar)
22) - Z_Z(n). 10.53
"ot +pwe ( + '6x+ ¢, ex mpcpn,at ox\ @éx ( )

3mech Y4TEHO, YTO NOpPHCTas cpefa Hemedopmupyema, T.e€. dm/dt =
M BBEJCHbI ODO3HAYEHHS: ¢, = MPC, + €~ TEMIOEMKOCTh HACHILEHHOH MO-
pucTOl cpeany; M, = l/(pc,) — €, — ko3pduuHMeHT a1MabaTHYECKOro OXNIaX-
aeHusi. 3TOoT KOIPEMUUMEHT HMEET CIEAYIOIUMH (H3MYECKHA CMBICI. IPH
aanabaTHYECKOM PACILMPEHHKM MAacchl QUIIOMAA OT A4BJIEHHS p [0 BEIMYHHBI
p — 8p TemnepaTypa B HeM CHMxaeTcs Ha enuumHy 3T = 1,0p.

Vpasuenue (10.53) BbIpaxkaeT TOT (aKkT, YTO H3MCHEHHE TEMIICPATypbl
cucTeMnl ckenet — moun (c,¢ 7/4t) onpeaenseTcs cleayOIMMH GAKTOPAMH:

1) KOHBEKTHBHBIM MEPEHOCOM TCIUIOTLI pwc,0T/0x;

2) apoccenbHEIM IQPEKTOM PWe €= 5

! Ot adiabatos - nenepexoaausii.
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3) mpeBpalllcHHEM MOTEHIMANbHONX JHEPTHH IIOJIS CHJIBI TSXECTH B TEIl-
NOBYIO pwgdz/dx;

op
) 3¢ddexToM aguabaTHUECKOro OXJIax/JICHUS —mpc-pn,a— ;
t

é oT
5) TEmNOIpOBOAHOCTBIO —| A — ).
ox\ dOx

Vpasuenue (10.53) MoxHO 06061MTE M HA CyYyal TPEXMEPHOT'O TCUCHHMS:

—

oT - )
Cnap + pc,w(VT+ gVp — %) -~ mpc,n,a—f =div(AVT).
¢

OTMeTHM, YTO pEIliEHHE YPABHEHHS IHEPTHM B TPEXMEPHOM [MOCTAHOBKE
BCTpEHAeT MOKd 3HAYMTEIbHbIE MaTeMaTHYECKHE TPYOHOCTH, B TOM HHCIIE
M3-32 CJIOXHOCTHM pacyera NOJIA [J4BJIEHWH M TPYAHOCTEH OmpedeleHus
COOTBETCTBYIOILIMX IMIMPHYECKHX KOIDPHUHEHTOB.

§ 8. AHAJIM3 YPABHEHVA DHEPTUH

PaccMOTpHM HECKONBKO BaXHbLIX YACTHBIX CIIy4a€B YPaBHEHHS IHEPrHH
DJI8 OAHOMEPHOTO ¢HUIbTpaIMOHHOro notoka (10.53).

8.1. YpaBHeHHe JHEPrHH NPH CTAUHOHAPHOM ToOJIe JaBJICHHH-

ITockonbky noje JaBJIEHWH YCTAHABIMBAETCA ropasfo OnicTpee nons
TEMIEpaTyp, TO 3aJa4y O paclpedciICHHH TEMICPATYPH B IJacTe OOBIMHO
PEILAIOT B IMPEANONIOXKCHAN O TOM. YTO JIABJICHHE B KaX 0K TOUKE IIJIacTa HE
3aBHCHT OT BpeMeHH, T.e. dp/Ct = 0. Toraa B ypasHeHun (10.53) nmponagaer
4JIeH, XapaKTepH3YIoLmMit aanabaTuyeckoe OXTAXKIECHHE, U OHO IPUHMMACT
BUA

T 6T &p ¢ 6:) (7< @T) .
L ) =—[r—2). 10.54
"6 + pwe (6 + '6x+cp6x ox\ Ox ( )

B nanbHeimeM OyaeT HCIOJB30BATHCA MMEHHO TaKOE YPaBHEHHE.

8.2. YpasHenne jHeprud fe3 yvera NMOTeHUHAJILHOH JHEPrHH
NOJIA CRJILI THXKECTH

B cny4ae, ecn pacCMATPUBAETCSA YPABHCHHE SHEPIUH U HedTerazoHOC-
HOTO MJIACTd HE3HAMUTEJIBHOW TOJIILMHBI, TO MOXET OKa3aThCH, YTO NOTEH-
I[MaJTbHAN JHEPIUs IOJIA CHIIBI TSKECTH npeHeOpexumo mana. Toraa ypas-
Heuue (10.54) 3ammchiBaeTCs B CJIEYHOLLEM BHJC:

T aTr
e’ =+ pwc, ( +e a”) g (xaT> (10.55)
‘ox ox\ 0Ox

T. €. OTCYTCTBYET COOTBETCTBYIOILIIEE ClIAracMO¢ B JIEBOM 4acTH YpPdBHCHHA.
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8.3. YpaBuenne >Heprud npn GHILTPALHH COBEpPUIEHHOro rala

Vpauenue (10.55) MOXHO yIpOCTUTH B Cly4ae pacCMOTpPEHHs QUIbTpA-
IMM COBEPILCHHOIO ra3d, YIOBJICTBOPAIOLICITO ypaBHCHHIO Knanelpona—
MenneneeBa (cM. 1. 2). B 3TOM ciywae, xaKk H3BeCTHO, KO3h¢HUEHEHT
HAxoyns —Tomcona g; = 0, noaToMy apoccenbHbiil 3PdeKT HE YYHTHIBAETCS:

6T+ ér @ (Xar)
Com we,—=--\A—|.
" it PWC ox fx\ ox

8.4. YpaBHenue J>HepruM npH QUILTPALHH HECKHAMAEMOH KKUIKOCTH

B cny4ae, ecnu QUIBLTpyeTCS HeCKMMaeMas XHAKOCTb, To g; = l/(pc,)
u ypaBHende (10.55) npuobperaer cneayrommii BUA:

oT, T dp i(;\“‘)
C"t p“"ax ax  ox\ ax/)

CnaraeMoe wdp/0x MMeeT 3[eCh SCHBIf CMBICI 3TO AMCCHIMpYyeMas
B TEIUIOTY PaboTd XHUAKOCTH MO NPEOJOIEHHIO THAPABIMYECKOTO COMPOTHB-
JICHUS TIOPHCTOM Cpedbl.

8.5. YpaBHenne JHeprus NMpH KOHBEKTHBHOM TemJioniepeHoce

YacTo mpM pacyeTax NPOLECCOB HECHM3IOTCPMHYECKO#R (UIbTparuu mpe-
HeOPpEerdioT TEIWI0NPOBOJHOCTHIO B0/ L HANPABIICHUS TEYEHHS, IIOCKOJIBKY €€
3¢dekT MaN Mo CPaBHEHHUIO. C KOHBEKTHBHBIM IIEPEHOCOM.

B camom gene

5()\67‘)
ox\"ox)I AATL2 A

| pwe @T/ox| - pwc,A’I7L_ pn'c,L'

rae L-xapaktepHas IUTMH4, HA KOTOPO# 3aMETHO MEHSETCS TEMIIEpATypa Ha
BenuuuHy AT, MMEIOLIYIO NOPSOOK MacliTaba HM3MEHEHHS TeMIepaTyphbl.
Hanpumep, NpuHHMas [UIA rasa B ILTACTOBBIX ycloBHsx p = 100 kr/m>,
¢, = 2400 JIx/(xr-K) u cuutas w =20 Mfron =6-10"7 m/c, L=50 ™, A =
=~ 1 Ix/(M-c-K), momyuum A/(pwc,L)=0,13. IIpy Gompmux ckopocTsx
¢WIbTpalMKM 3TOT MapaMeTp CTAHOBUTCH ele MeHbMM. [lo3ToMy B mpH-
3aboitHol 30He paboTaromiel CKBaXHHBI NpaBOi 4acThlo ypaBHeHus (10.55)
yBepeHHO npeHebperaror. Ilpu 3tom ypasuenue (10.55), nepenucanHoe s
OJTHOMEPHOT O IUIOCKOPaAMalIbHOrO NMOTOKa, npuobperaeT cleyroiuui BHA:

0T Oty <6T 6p) '
10.56
% ¥ ammn\ar T 5ar) = O (10.36)

rae Q,, = pw2nrh--MaccoBbifi [eOHUT; r—pacCTOSHHE OT OCH CKBaXHHBI,
h— ToNMIIHMHA 1L1aCTa.

B ypaBHenuu (10.56) 3HaK «—» COOTBETCTBYET AOOBIBAIOIICH CKBaXHHE,
3HaK «+ » HArHETATEIbHON CKBaXMHE,
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3TO ypaBHEHHE CYLIECTBEHHO NPOLIE NPEABIYIIMX, TOCKOJIbKY OHO HMEET
nepBRIA MOPA/IOK.

8.6. YpaBHeHHe JHEPrHH /18 CTAIHOHAPAOIO TOJIA TemMimepaTyp

B npu3aboifHoil 30HE CKBaXHHB! NpH UIMTENbHOH ee pabore none
TEMIIEPATYP CTAHOBUTCA cTauMOHapHeIM. Toraa ypasuenue (10.56) eme
6onee ynpolaercs:
oT op
—+g—=0.
or or

OTcioaa, CYMTas r IApaMeETPOM H HCIOJIb3ys onpe/eieHie ko3dduineHTa
Axoyns —TomcoHa, nonyyaem:

oT_amor _
op opfer "

T. €. B IpH3a00HHOM 30He CKBAaXHHbI IPH YCTAHOBHMBLIEMCH TEIIOBOM peXH-
ME TEMIEPATYPa MEHSETCS BMECTE C JABIEHHEM TaK Xe, KaK MPH APOCCeb-
HOM npouecce. 3ToT ¢akT Bruepsrie Obu1 06HapyxeH b. b. Jlanykom B 1940 r.

O6bryHo a1 Hedredl xo3dduument Jxoyns-Tomcona g, =0,3-
0,5 K/MIla, a ans NpYpOAHLIX ra3os g, = 2—4 K/MIla, nostomy 3aboitbie
TeMIepaTypH pabOTAIOMIMX CKBAXHH HAa ra3OBRIX MECTOPOXACHHAX HHXE
ITACTOBbIX, 3 HA HeTSHBIX HEMHOIO BBIILE.

Hutepecno, uto xo3dduuueHt [Jxoyns—Tomcona, Oyayun dyHxkuuen
TEPMO/MHAMUYECKOTO COCTONHMS, CYLIECTBEHHO 3aBHCHT OT AaBicHHA. Ha
puc. 10.4 npuBeneHa 3aBHCHMOCTb §; OT p JUIS Ta30KOHJEHCATHOH CMECH
Kapayaranakckoro MecTopoXx/eHus AJs IUIACTOBOTO AMANAa3oHa TeMIlepa-
Typ. Ha rpajuke BHaHa ToYka MHBEPCHHM p,, B KOTOPOH € MCHSET 3HAK.
Taxum oOpa3om, rasoobpaszHas miacToBas CMeCh Ha MYyTH K CKBaXHHE
CHayajna HEMHOIrO pa3orpeBacTCH, a NOTOM HAYMHAET OXJAXIAThCH.

£;,X/ Mo

azr Lt

0 2, 50 60 pHIa

Puc. 10.4. 3aBucumocTh x0ddhPunueHTa
Axoyns-TomcoHa oT gasneHus (LIS ra-
30KOHIeHcaTHOH cmecn) Kapauaranak-
CKOTO Ta30KOHIEHCATHOTO MECTOPOXIE-
HHUA
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8.7. Hcnonn3oBanne ypaBHeHHS JHEPrHH NPH KOHBEKTHBHOM
TenJonepeHoce 18 TepMO3OHIHPOBAHHSA NJIacTa

Ha ucnons3oBanuu ypaBHenus (10.56) ocHosaH npeanoxensrit 3. b. Ye-
KanokoM [82] MeToa «TepMO3OHAMPOBaHANAY IIacTa. YTOOH NMOHATH MICH
MeTOo/la, PacCMOTPHM 3a/Jayy O NYCKE COBEPLUEHHOW CKBAXHHBI C MOCTOSH-
HeIM JebutoM. ByneM cuMTaTth € NOCTOSHHBIM. BMecTo r BBe/eM mepemeH-
Hylo V= nr’h, UMeomyo cMbIcT o6heMa IUTACTA, OTCYUTHIBAEMOrO OT
ckBaxuHH. Toraa u3 (10.56) ans noOriBaomieit CKBAXHMHBI HaAXOMMM:

oT oT ap)
e —4e-L)=0. .5
Co o C’Q"'<6V + 8'6V 0 (10.57)

VpaBHerue (10.57)— nuHeliHOe ypaBHEHHE C MOCTOSHHBIMH K03 dHIHEH-
TaMH.

INycte B MOMEHT BpeMeHH ! = 0 CKBaXHHY MYCKalOT C MOCTOSHHBIM
aebuToM. Jto 3HauuT, yto T(V, 0) = Ty, rae T,—HauanbHas TeMIepaTypa
nnacra. CorjlacHo MeToly XapakTepHCTHK (CM. NMPHIL. 7), ¢ y4eTOM CTalMo-
HapHOCTH paclpeac/ieHusi AaBJICHUS HaXOMMM!:

T(V, t)‘ +gp(V) = (p(V+ E"C—Qﬂt>,

rae ¢—Hexkotopas GyHkums.
Hcnonb3osaB HadaabHOE YCIOBHE, MOJIYYHM:

(V) =T, +ep(V);
V. D+epWN =T, + a,-p<V+%’Q,,,t)

PaccMoTpHM, Kak H3MEHAETCS CO BPEMEHEM TeMIlepaTypa Ha CKBaXHHe
T.(2).
[Nonoxus V= V,, nomyuum:

T + o) = T, + e %+ o).

ITo3ToMy, BEpHYBIIMCh K NEPEMEHHOMR 7, MONIYyIHUM:

- T
p=<,/1zr§h +C—’—Q—"‘t) _pczz?_(')a—°,
Cn i

Takum o6pa3om, u3Mepss TeMIepaTypy Ha 3a60e CKBaXHHBI B pa3JIMYHEIE
MOMEHTH BpEMEHHM ! MOCJIE NycKa €€ C MOCTOSHHLIM JeGHTOM, MOXHO

cQ0um!

n

CKBaXHHH. A 110 XprBO# p(r), 1O KPYyTU3HE PA3NMYHEIX €€ Y4ACTKOB, MOXHO
CyOHTh O pachpefelieHUH NPOHUIIAEMOCTH B npu3abodHoO# 30Be CKBaXMHEHI.

TMOJIYYHTh JABJICHHA B IJIACTe HA PACCTOAHUSX I) = r2 + OT OCH
c



§ 9. HATPEBAHUE MPU3ABOAHOY 30HBI ILJIACTA
MIPU 3AKAUYKE TOPSYEN XKUJIKOCTH

[MycTs B INacT TONIMHONM A C TENIOEMKOCTBIO ¢, Hepe3 CKBaXXHHY
3aKa4yMBaeTCs ropsyas (MJIM XOJIOJHAs) BoAa ¢ TeMmepatypoi T,(f), OTIHY-
HO# OT HayamsHo# mnactoBo#t Ty, ¥ MoCTOsHHBIM pacxoaoM Q. Ecnu cunrats
KPOBIIIO H NOJOIUBY IJIACTA TEIIOM3OJIHPOBAHHEIMH M IpeHeOpeyb OTTOKOM
TEIJIOTH YEpe3 KPOBJIIO M NOAOLIBY, @ TAKXE He YYHTHIBATH TEIJIONPOBOI-
HOCTb B caMoM macte ¥ 3¢dexT Ixoyns - TomcoHa, To 3aaaya o6 ompene-
JIEHMM TOJIS TEMIIEpaTyphl ILUIacTa ynpoluaetcs. B 3ToM ciyyae ypaBHeHwme
(10.56) mns paccMaTpHMBaEgMOro ILIOCKOPAAMANbHOIO TEYCHHs NPUHHUMACT
CJICAYIOIMHA BUI

c OT  ¢,pQ 0T _
"0t 2xrh or ’
T.€. CBOAUTCS K pelleHHIo JIMHe#Horo runepbonuyeckoro ypasHenus. O6iee

peLLeHHE 3TOr0 YpaBHEHHUs, KAK M paHee, HAXOUTCS METOJOM XapaKTEPHCTHK
M MMeEeT ceAyIOIMHA BHI:

T(r, ) = <b(z — CC;Z), (10.58)
p

rae V= nr*h, a ®-npousBonpHas (GyHKIHS CBOETO apryMeHTa.
Hcnonb3oBaB ycioBHe, YTO Ha ckBaxuHe (r = () 3agaHa Temmepartypa
T.(f) HarHeTauus Boasl, U3 (10.58) Haiigem:

TO, )=T.()=2(1),

a Toraa

c V
T(r, t) = Tc(t ——. ) (10.59)
c,pQ

H3 (10.59) cnemyer. 4r0o TeMnepaTypHBI npoduns B 3THX YCIOBHAX
coxpaHseTcs (pacnpocTpaHsercs 6e3 uckaxeHnuit). K MOMeHTY BpeMeHH ¢ OH
JAOCTHraeT ceYeHMs Iacta V, mojoxeHHe r, KOTOPOro OIpedelifeTcs U3
paBeHCTBa

_ c,pQt
. C k]

n

V=nrlh (10.60)
a «obbeMHasi CKOpPOCTH» PpACNpPOCTPAHEHHS TEIUIOBOH BOJIHE IOCTOSHHA
¥ paBHa c,pQ/c,. YYUTHIBas BRIPAXEHHE [UISl TEMIOEMKOCTH ¢, HACHILIEHHOTO
mnacra (cM. § 7), 3Ty CKOpOCTh MOXHO Npeobpa3oBaTh K ClIEYIOLIEMY BALY:

PQ  cpQ 0 1

Cq mpc, +Cx M 1 Cex

mc,p
M3 3TOro paseHCTBa ClEAYET, 4TO
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pQ _Q
c m’

n

T.e. «06beMHas CKOPOCTb» TEIJIOBOH BOJIHH OKa3HBAETCH MeHbINE «0b0neM-
HO# ckopocT» Q/m ¢GpoHTa HarHeTaeMOM >XHIKOCTH, NepeMellalouerocs
B obracTu ¢ HayalpHOH IUTacTOBOR TeMmnepatypoit T,. DTo O3Ha4aeT, 4YTO
$GpOHT TennoBOH BOJNHH Bcerga orcraet ot ppoHTa HarHeraemoi
XKHIKOCTH.

M3 paBeHcTBa (10.60) onpeaensieTcs paidyc NporpeToi 30HbI ILIACTA;

ro— \/"C"Q’ _ (10.61)

nthe,

PaccmoTpennoe peruelne 6b110 nonydeHo M. A. YapHuMm [81]. ®opmyna
(10.61) He yuyuTHIBaET NOTEPH TEMJOTH HYEPE3 KPOBIIO Y NMOAOLIBY, HO OYeHb
npocTa M ynoOHa I8 OLEHOYHEIX PAacyeTOB. Y4YEeT 3THX NOTEPb IMPHBOAHT
K ellic MCHBIIMM 3HaueHHAM pajuyca r, Iporpesa.

Comnocrasum ¢opmyny (10.61) ¢ dopmynoit ans pacyera ABMXEHHS
¢poHTa BOAW r, npH OByX($azHoM TedeHHH. B cooTBeTCTBHH C Teopueit
nByxdasHo# ¢unbTpanmy, U3oXeHHoH B ri. 8, 9, HaxogUM:

re= \/f’(sc)g, (10.62)
nmh

rae s,—¢poHTOBas BOAOHACHILEHHOCTb.
Toraa us (10.61) u (10.62) momy4um:

I \/ P (10.63)
rC f (SC) Cl"l

Hajtnem 310 OTHOIIGHME mpH CIEAYOIIMX JAHHBIX: 0OBEMHBIE TEIIOEM-
KOCTH - BOAI pc, = ¢, = 4,19 JIx/(cm> - °C), BOROHACHILEHHOTO TMECYaHUKA
¢, = 1,93 Ix/(cm?-°C); m = 0,2; oTHOlIEHHEe BA3KOCTEH Ty = 1,/1M, = 0,1;
s, = 0,55; f'(s.) = 2,2 (upuMepHHe 3HaYeHnus U3 rpaduxa Ha puc. 8.3). Torma
n3 (10.63) Haxomum, uyto r /r. = 0,467, T.e. TennoBoif GPOHT OTCTAaeT OT
BOJASHOro ()poOHTA NPHUMEpPHO B 2 pa3a npH 3aJaHHHX 3Ha4YeHMAX mapa-
METpOB.

VYxa3jaHHeEe OGCTOATENHLCTBA rOBOPAT O Manoit 3ddexTuBHOCTH BO3-
OeHcTBUA ropsdeil BOAOH npu BHITeCHeHMM HedTH B OQHOPOJHOM ILIACTE.
lopsiyas Boa B OCHOBHOM CHHXaeT BSA3KOCTh ¢GuoMAOB, brarogaps uemy
YMEHBIIIAET CONPOTUBIIEHUE ABMXEHMIO B Ipu3aboiHo# 30He. ekt MoxeT
OHThb JOCTHUTHYT JMIUb Ha NO3AHMX 3Tanax pa3paboTku 3ajexH, nocue
IIPOKAYKH HECKOJILKMX MOPOBRIX 06BbeMOB. OQHAKO B CIOHCTBIX ILTACTaX 3TOT
3¢eKT MOXET 0Ka3aThCHA 3HAYMTEILHRIM, TaK KaK BO3/JIEACTBHE TEIIOTOH OT
XOPOLIO IPOHUIAEMOrO NPOIJIACTKA Ha MaJIONPOHHIAEMHEH BO3ZMOXHO U 10
IPOXOXJAEHHUS B HeM (PpOHTA BRITECHEHUS BOJIBI.

Bmecte ¢ TeM, TabopaTOpHEE U IPOMBICIIOBHIE MCCIIEAOBAHUA NIOKA3ATH,
YTO I8 XOpPOLIO IPOHHIIAEMEIX IUIaCTOB, HACHINEHHRIX BHICOKOBSA3KOH
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HedThIO, 3aKayka ropsyed BOABI IS YBEIHYEHHS HePTEOTAdYH 3IKOHOMM-
YeCKM OINpaBjaHa.

Poct HedreoTmadM npu 3aKauke ropsyei BoAkl OOYCIOBIEH paaOM
¢axTOpoB. [IpH NMOBHILEHHH TEMIIEPATYPHL:

YMEHBIIAETCs BA3KOCTh He(TH, pacTeT OTHOLIEHHE BA3IKOCTEH U 3HaYCHUE
($POHTOBLIX HACBILIEHHOCTER (CM. pHC. 8.3);

YMEHbLIAETCA OCTATOYHAas He(TeHACHIIEHHOCTh, yBENIHYHBaeTcH K03d-
(GHUIHEHT BLITECHEHHS;

pACTET OTHOCHTENbHAS NMPOHUIAEMOCTb HEe(pTH (IO J4HHBEIM HEKOTOPBIX
JKCIIEPHMEHTOB);

yJIy4IHAKOTCS CBOWCTBA CMAYMBAEMOCTH CKelleTa NMOpO/bl;

YMEHBIIAETCS OBEPXHOCTHOE HATSDKEHHE Ha rpaHune HedTh -BOJA;

yMeHbIIAETCS BJIHAHHME HEHbIOTOHOBCKHMX CBOMCTB HedTeil.

3axayka ropsuei Boxanl 6JaroTBOPHO BIIMSET Ha CPOKH pa3paboTKH.
C pocToM TeMrepaTypH YMEHbIUACTCH BA3ZKOCTb 3dKa4MBAEMOH BOJMI, YTO
yBeJIM4MBAET NPHEMHCTOCTh HArHETATENILHBIX CKBAXHH M INO3BOJIAET HMHTEH-
CHGHIMPOBATh MPOLECC U3BICUCHHUS HEDTH.

[Ipr pacyeTe HEH3OTEPMHMYECKOIO BHITECHEHUS HePTH ropsye#t BoAOH
HCIIONB3YIOT MoAedb aByxdaszHoro teueHus (cM. ri 9, § 4), B xoropoit
Bsi3kocTH Gionaos ¥ ¢pyukuus baxnu - JleBepeTTa 3aBUCAT OT TEMIIEPATYPHI:
N, =N, (Tk N, =N, (T); f=f(s. T).

C 0cobeHHOCTSMM NOCTAHOBOK T4KHMX 34734, aHAJTHTHYECKOTO M YMCIIEH-
HOTO pactueTa XdpaKTEPHUCTHK BBITECHEHHS MOXHO NO3HAKOMHTBLCH IO CIie-
uManbHOM smMTepatype [3. 4, 26, 77].

§ 10*. BEPTUKAJIbHbIE HEM30TEPMUYECKHME TEYEHMS
B 3AJIEXAX BOJIbHIONA TOJINHHLI

Onun u3 3pdexTUBHEX criocoboB pa3paboTkH Ia30KOHACHCATHRIX 34e-
xeit 60bIIOA TOMUMHE - BEPTUKAIBHOE BLITECHEHHE ITIACTOBOR cMecH. [Ipu
3TOM B BEPXHIOIO Y4CTh 3aJIEXH 3aKaYMBAETCS BHITECHSIOWMHA areHT (6onee
JIErKHif, YeM IUIaCTOBAS CMECh, «CYXOi» OTCEMapUPOBAHHbBIA ra3, HEYIJeBO-
JOPO/HbIE ra3kl), a U3 HUXKHel oTOUpaeTcs GoJee TAXeNas [UTACTOBAS CMECh.
[NpeacTapiaseT 3HAYUTENBLHBINH HHTEPEC PACCMOTPETD 33434y O BEPTHKAJILHOM
TEYEHHMH B ILJIACTE H IPOAHANIM3UPOBATh U3MEHEHHE TEMIIEPAaTYphl B ILIACTO-
BOM dumronge.

Jlas OMHOMEPHOI'0 BEPTHKAJILHOIO HUCXOIAILEr O ¢mnbrpauuom{oro o-
Toka (OChb X HampaBlieHa BHHM3) ypaBHenue sHepruu (10.54) mepenmtieTcs
B BH[E

T oT 6p g) 6( o’T)
—]=—=—lA=—. 10.64
+ PIEp ( TE idx ¢ ox\ éx ( )

4

Jlns npoCTOTH aHanu3a GyaeM CHMTATh MApaMeTphl C,. P. C,, & U A 1I0-
CTOSHHBIMH.

ByseM paccMaTpHBATL TNpPMBEJECHHOE MaBieHue p*, U30BITOUHOE HAQ
rUIpOCTaTHYECKUM, p* = p + pgx. Toraa, c ydeToM TEepMOAMHAMHYECKOTO
ToxaecTBa g; = (1 — aT)/(pc,), rae o -ko3phUIMEHT TEMNEPATYPHOTO pac-
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1 oV
LIMpeHua dmonaa ( VaT ) ypasHeHHe (10.64) nepenuizeTcs B BHAE
oT oT  ép* og ) T
T)=xr—. 10.65
"a“’"‘(a T T ax (10.65)
K
[ycts Op*/0x ¥ w = — —Op*/éx MOCTOAHHBL.
n

PaccMOTpHM cTallMOHApHBIN TEMJIOBOH peXHM
oT ap* ag T A 0T

— — - —T= — 10.66
ox T “ax <, pwc, 0x* ( )
IPY CIEAYIOWMX KPAEBBIX YCIOBHSX:

T=T upu x=0

oT

—=lnmpu x=H, (10.67)
ox

rae H —TonuMHa 3aJIexH.

INepBoe kpaeBoe YCIOBHE ~PaBEHCTBO TeMIEPATYpPHI (JIIOMAA HA KPOBJIE
TeMIlepaType 3akaukd. BTopoe - cTAMOHAPHOCTb MPUTOKA TEILIOTHI U3 HEAP
3emnu. B Takoit nocTaHOBKe cuMTaeTcy, 4TO ¢GurOMA, OTOMpaeMblit Ha
NOJ0IIBE 3aneXxH (x = H), odeHb OBICTPO BHIHOCHTCA Ha AHEBHYIO MOBEPX-
HOCTb M B JalibHeMIleM TemIooOMeHe y4aCTBOBATHL HE YCIIEBAET.

Beenem 6e3pasmepHyio nepemenHyio & = x/H. Kpaesas 3anaua (10.66),
(10.67) upuobpeTaeT creayrowui BUA;

* 2
A e® _ or=c%L 10)= ,°T =rH.
g 43 dg? . 08 I

3neck € ¥ - Oe3pa3MepHbie TAPAMETPHL:
€ = AM(pwe, H), o = agHjc,.

INapamerp ® ob6blyHO Man. B cioydae mectopoxaeHuss Kapauaranak
(H = 1500 M, o =~ 2- 1072 K~ !) umeem o = 0,02. UTo KacaeTcs mapaMeTpa &,
To mpH w —0 BelMYMHA € — o0, OAHAKO AaXe IS O4YEHb MEUICHHBIX

GUIBTPALMOHHBIX TEYEHHH (CO CKOPOCTSAMM (HIbTPALMH NOPAAKA HECKONb-
KMX METPOB B IOJ) 3TOT NAapaMeTp T4kxe Main (€ = 1073).

O603HauuB g,dp*/dt = — ¥, noIyuUM ypaBHEHHE
T dT
aa—gz—z+mT+y=0, (10.68)
KOTOPOMY COOTBETCTBYET ClIe/IylOlee XapaKTepUCTHYECKOE YpaBHEHHE:
e —d+w=0. (10.69)

JuckpuMEHAHT KBaApaTHOTO ypaBHeHHMs (10.69) D = | — 4ew nonoxuTe-
JIeH, NMOCKOJIbKY WE < 1. [103TOMy KOpHM XdpaKTepHCTHYECKOIO ypaBHEHMS
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Puc. 10.5. Pacnpencnensde TeMnepaTypst 0 7 — Tc K
no riybuHe 3aiexn: s .
I-e—-0; 2-e=0l1J-e—»a

A

n %

o Sa
2 %
—

1 2 9
7
£y

BeIuecTBEHHbl. OHM NOJOXUTENbHBI (d; > d, > 0) U NPUOIMKEHHO paBHbL

1
dlzg—m; dy = 0,

Torpa pemenue ypasHeHus (10.68) umeer Bux:
T=ce" + Cedd —y/o,

rae KoHcTaHTel C; ¥ C, MOXHO ONpeJeSIMTh M3 KPAEBbIX YCIOBHM.
Ecnn mnpeneOpeyb NOTeHNMANBLHOM 3HeprHed rpaBUTANMOHHOIO IO
{w — 0), peleHHe NpUMET BHI:

T=T,+vE + (TH — y)ge ~"e(e% — 1). (10.70)

Ipu £ - oo (oTcyTcTBHE GUIBTPALMOHHOTO TEYCHHS) pEUIEHHME IpeBpa-
IIAETCS B rEOTEPMEL;

Treor = T, + THE,

a npyu & — 0 (OTCYTCTBHE TEIIOMPOBOJHOCTH) PELLICHHUE CTPEMHTCS K JIMHEH-
HOMY pacnpeefieHHI0 TeMIepaTyphl, COOTBETCTBYIOIIEMY APOCCEIBHOMY
mporeccy:

7:1poc = TO + ‘Yg

IIpu manseix € # 0 pewrenue (10.70) 6nm3ko x T, BCIOAY BHC €— OKPECT-
HocTH TOUKH £ = 1, B okpecTHOCTH TOukH £ = | rpadux HIMeHEeHUs TeMIlepa-
Typbl pe3ko M3Irubaercs, 4ToOb HAKIOH dT/dE = y-cMEHHIICH Ha BEJIMYHHY
dT/dt = T H, cooTBETCTBYIONLYIO KpaeBoMy yciaoBuio (pHc. 10.5). Takoe no-
Be/leHME peuieHHs OOBACHsAEeTCS OOpa3OBaHMEM Yy MOJOLUBH 3aJIEXH TEIUIO-
IPOBOAHOTO MOTrPAHHYHOIO CIIOS M XapakTepHO Ans peuwenuit muddepernn-
ANbHBIX YP4BHEHHH C MAJIHIM apaMeETPOM NPH CTapuielf mpoU3BONHOR (KaK
B ypasuenuu (10.68)). '

[MockonbKy BIHSHHE TEIIONPOBOJHOCTH HOCHT XdPaKTep NMOTrPaHUYHOIO
cnos ¥ cnabo cxa3zkBAaETCA HA PACIIPEIEICHHH TEMIEPATYP, TO PACCMOTPEHHE
HeCTallMOHAPHOM 3aJayM YNPOCTHM 3a cYeT NpeHeOpexXeHHs TelIONnpoOBOA-
HbIMH 3bdexkTamu. CneayeT OTMETHTD, YTO 31eCh NpeHeOperaeTcs TEMIOnpo-
BOJAHOCTBIO 1O OCH Te4yeHHs. TeIUIONPOBOAHOCTL B MCPINEHIMKYIIAPHOM

329



HampaBJieHMH Boobme He Bonuia B ypaBHeHus (10.64), (10.65). Iro nonycrm-
MO, KOrja 3ajieXb HMMEET O4YeHb OOJblMe pa3Mepbl MO TOJIUMHE M IO
IPOCTUPAHHUIO.
PaccMOTpHM HecTamMOHApHYH 3a/a4y 6e3 y4eTa TEnIONMpPOBOJHOCTH
oT erT ép* g
C.—+pwe,\ —+—-———T|]=0
ot PWE, ox ox ¢,

C Ha4aJIbHbLIM YCIIOBHEM, COOTBETCTBYIOUIMM I€cOTEPMHUMECKOMY pacrpeaciic-
HHIO

T(x,0)=Ty+TI'x
H TPaHMYHBIM YCJIOBHEM
70, H=T,.

Bo3BpaTack k npexHEM o0o3HaueHHSM M BBeAs Oe3pasMepHoe BpeMms
T = pc,wi/(c,H). nepenAmem 3Ty 3ajady B BH/IE

o T Ty (10.71)
ot &t ’

T(, 0) = T, + THE, (10.72)
T0,1)=T,. (10.73)

3agaya (10.71)-(10.73) nerxo peliaeTcs METOAOM XapakTEPHUCTHK (CM.
npun. 7). YpaBHeHHs XapaKTepUCTHK, COOTBETCTBYIOILIMX YpaBReHuIo (10.71),
HMEIOT CIICAYIOIIUA BHI:
d&tjdt = 1; dTjdt = y + oT.

IlpouHTErpMpOBaB 3TU ypaBHEHHMS, NOJIYYMM (C y4E€TOM MAJIOCTH Napa-
MeTpa ):

E=t4Cy (10.74)
¥+ oT= Cre” = C,(1 + o1);
y + 0T= Cye® = Cy(1 + oF). (10.75)

Puc. 10.6. XapakTepHCTHKH, COOTBETCTBYIOILIHE
ypaBHeHuwo (10.71)




Puc. 10.7. PacnipeneneHue TeMNIEPATYpPs! 110 Iay-
OHHE 3aneXH NMpH BEPTUKAILHOM BbITECHCHHH
IUTACTOBOM CMECH ra3om:

I - HavaneHag reoTepMa; 2-CMEIICHHAN reoTepMa;
ABCD —npodunb, TeMnepaTypsl

Otciopa creapyer, uro xapakTepuctukd (10.74) npeacrasnsior coboit
CEMEHCTBO NPSMBIX, NApaUIENIbHbIX OHCCEKTPHCE KOOPAMHATHOIO Yyria
(puc. 10.6), Boosb KaXAO# M3 KOTOPLIX MEPEHOCATCS HayalbHble 3HAYCHHS
TemmepaTypbl (10.72) u (10.73) mo 3axonam (10.75). OueBHaHO, 4TO eCIH
T, # T, TO Ha «0CO6O0#» XapaKTEPUCTHKE & = T MPOMCXOLQHT pa3pbIB TeMIIE-
paTyphl, HA KOTOPOM B KaX/blif MOMEHT BPEMCHH UMEETCS TEIJIOBOH GPOHT
3akauku. A obmee pemueHue ypasHeHus (10.71) umeer BHA:

+
Fl(g—r, ﬂ>=0 B obmactu § > 1
|l + ot

+
Fz(g—r, % =0 Bobmactu 0<§ <,

rae F, ¥ F, -npou3BoJibHEE GYHKIIMM CBOMX apTYMEHTOB; BUA 3TUX (YHKIHIHA
HaxoauTcs U3 ycnosui (10.72), (10.73) ¢ ucnons3osauuem (10.75).

ITocne npocTeix npeobpa3oBaHUil pelleHME paccMaTPUBaeMOHN 3agavu
OKOHYaTEe/ILHO MOXHO NpeJACTaBUTh B BHIE

T(g,ﬂ:{T“(l +wE)+ yE npu 0 <& <1,

[+ THE -]l +otr)+ytmpu 1<E<]. (10.76)

Pacnpepenenne TemmepaTyphl mo £ IS HEKOTOpPOro (HKCHMpOBaHHOIO
3HayeHUs T npuseaeHo Ha puc. 10.7. Crpykrypa pemenus (10.76) Takosa: Ha
TeroBoM dponTe (£ = T) TemnepaTypa HmeeT pasphiB (npH T, # Ty); B 06-
nactH Bolue ppoHTa (€ < 1) TeMnepaTypa 61H3Ka Kk TeMnepaType 3akayku 7T,
B obmactu Huxe ¢poHTa (£ > T)-6nM3Ka K CABHHYTOH BHHU3 TIEOTEpME.
IMonpaBKH K 3THM 3HAYCHUSAM OIIPEAEIIAIOTCS APOCCETLHBIM M IrpaBHTALUOH-
HEM 3¢dexTamu. CKOpPOCTh IBHXEHHS TEMNOBOro (GpOHTA pc,w/c, Ha
HOPSAJOK MEHbILE CKOPOCTH TMpoAnHamMuyeckoro (ppoHta w/m. Hanpumep,
nns KapayaraHakckoro MeCTOpPOXAEHMS HMX OTHolleHMe paBHo |:24.

B 3aKkioueHHe OLEHMM MAKCHMMAJIbHO BO3MOXHbIE BEJIHYHHBI BKJaJ0OB
JIPOCCESILHOrO M I'PpaBUTAUMOHHOTO 3¢¢{eKTOB L1 YCIOBUH TOTO Xe MECTO-
POXACHHUS:
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K
ATpoe = EAP* =~ 0,2——+6 MITa = 1,2 K;

MITa
agT . 9,8 m/cM?-0,002 1/K-350 K
ATpy= =2 1500 M= 5 K.
L 2100 Ix/(xr - K) M

P

Taxum obpa3zom, cyMMapHOe NOBBILIEHHE TEMIEPAaTypbl B pe3ylbTaTe
peasM3alMi [pPOCCeNbHOro M rpaBuTanuoHHoro sddexra npessiuaer 6 °C.
Takoe, ka3anoch Ovl, He3HAYATEIBHOE MMOBHILICHUE TEMIIEPATYPHI B HUCXOAA-
mwieM QHUILTPAIHOHHOM TIOTOKE MMPHBOIMT K BeCbMa BaXKHBIM MOCJIEACTBHAM,
TaK KaK OHO CIOCOOCTBYET yaepXaHUIO ILTACTOBOM ra3OKOHJCHCATHOMR cH-
creMbl B OgHO(a3HOM ra3oo6pa3HOM COCTOSHMHM, TOBBIUICHHIO OAaBIICHUS
Hayasia KOHAEHCALMH CMECH, a 3HAYUT NPeJOTBPAIICHHIO BhIMaACHHS XUAKOH
¢da3p1 u obecnieueHmio OoJiee BHICOKAX 3HAYeHMH KOHAEHCATOOTAA4H ILIACTA,

§ 11. ONPEAEJEHME NNOTEPHL TEIJIOTHI YEPE3 KPOBJIIO
H NMOJOUBY ITJIACTA

Ipu pacyeTe TemnepaTypHOro MOJA IUIacTa Ha BXOAE B IUTACT (MIM Ha
3ab0e CKkBaXxHHH) OOBIYHO 3aJa}0T NMOCTOSHHYIO TEMIIEPATYpY HJIH IOJIHOE
KOJIMYECTBO TEIUIOTH, BHOCHMOI B macT. Bonpoc xe 06 ycloBHsX Ha KpOBJIe
H nogouiBe racra TpebyeT CnelMaabHOIO PacCMOTPEHHS.

Haubonee npoctoe ycnosue — TEIUION3ONHPOBAHHOCTb KPOBJIH H NMOAOLL-
BHEL: IOTOK TEIJIOTHI paBeH HYJIO HA 3THX IPAHMIAX IUTacTa. ITO AOBOJBHO
rpy6boe npubnixeH#ne; ero MOXHO NPHHATH AJIS IUIACTOB 6OJIbLIOH TOJMIIHM-
HBI, KOT1a BpeMsl 3aKa4KH ropsyei XXHAKOCTH HeBenuko. Bo MHOIMX npakTH-
YeCKHX CJIy4asX MOTEpH TEIUIOThI Yepe3 KPOBJIIO M NOACIIBY IIACTA MOIYT
ObITh 3HAYMTEIBHBIMH M HX CIIeYeT YIHTHIBATh.

INpu onpeneneHMH NMOTOKA TEIJIOTH 4Yepe3 KPOBJIK M NOJOLIBY IL1acTa
IPHHUMAIOT JONOJIHUTEbHbIE yipoiueHus. Haubomee uasecTHOE ynporieHue
COCTOHT B TOM, 4TO IOTOK TEIUIOTHI C KAXJIOIO 3JIEMEHTA KPOBJIH H MOOLLBbI
IJ1aCTa CYMUTAIOT NPOMUCXOAAIAM TOJBKO B HATPABJIEHHH, INEPIEHIHKYISAp-
HOM HamnacToBanuio. [Ipu 3TOM ucmonb3yroT OOBIYHO ABA MOAXOJAA MPH
ONHUCAaHMM OTTOKA TEIJIOTHI ¢, 4Yepe3 KpOBIIO U moaouiBy. IlepBbii M3 HuX
OCHOBAH Ha MPEANOJIOXKEHHH O KBAa3UCTAMOHAPHOCTH TEMJOBOro MOTOKA,
4YTO NPHUBOAMT K cleayiowei dopmye:

o=a(T—T,).

rae a—xo3gpUuMeHT TenjonepeJa4d, 3aBUCAIUMM OT TEpMHYECKHX CBOMCTB
“nopox; T-Temneparypa nnacta; T,~ Ha4albHas TEMIEPATypa OKPYXaIOMIHMX
NIOpOA.

Bropoit noaxox-naubolee pacnpocTpaHeHHbIH - npeanoxun Jlosepbe.
Cxema JloBepbe OCHOBaHa Ha JONYLIEHMH, YTO TEIUIONPOBOAHOCTb NPOAYK-
THBHOTO IUTacTa ¥ OKPYXaHIUMX MOPOA B HANPaBJICHUH NMPOCTHPAHHUA IL1acTa
paBHa HyNIO, @ B BEPTHKAJIbHOM HAaMpaBJIEHHH TEIUIONPOBOJHOCTL OKPY-
XAIOIMX MOPOJ PaBHA UX CPEHEMY 3HAYEHHIO, a TEIUIONPOBOJHOCTD MJ1ACTa
GeckoHeuHo BenMka. OHa NpHrogHa B TeX CJIy4YasX, KOrga NpOrpeBaHHe
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m1acrTa NMPOHCXOJUT AOBOJBHO OBICTPO, TaK YTO OKPYXAIOIIHE IOPOJH
r[porpCBa}OTCﬂ B OCHOBHOM OT ONMXalUIMX TOuYEK KpOBJIH HJIH ITOJOIOBEHI
iacrta 3a CYET BCpTHKaanOﬁ TEIJIONPOBOAHOCTH 1OpOA.
B coorBeTcTBHHM cO cxeMoi#t JIoBepbe ANIS TeMmepaTyphbl OKpYXarowie
[UTACT TOPHOM MOPOAR MMEEM YpaBHEHHE
oT o°T
—_— KO —_
ot oz*’
rae %o~ Kko3hGUuHeHT TEMIEpaTypONPOBOAHOCTH OKPYXAIOWKX MOPOA.
HyCTb B HayaJIbHBIA MOMEHT BPEMCHH TEMIIEpaTypa NMOPOABbl MOCTOAHHA
B pasHa T, a Ha rpaHKue C IUIaCTOM IpH z = 0 TeMmeparypa MeHseTcs
C TCYCHHEM BPEMCHHM IO H3IBECTHOMY 3aKOHY, TaK 4YTO

T(z, 0) = T,, TO, 1) = T,(1). (10.78)

B cnyyae, ecov Temnepatypa kpoBiM T,(f) = T, = const, To 3ajmaia
(10.77), (10.78) nonHOCTBIO aHANOrM4Ha 3ajaie O NPSAMOJMHEHHO-TApall-
NenbHOM (UIbTpaMM YNpYroi XHAKOCTH IPH NOCTOSHHOM [aBJIEHHHM Ha
ranepee (cM. I 5, § 4).

PeuieHue 3TOH 3agay MMeEeT CIEIYIOLUMH BHI

T—T,
0 =erfc( d ) (10.79)
L,-T, \2 /%ot

z>0,t>0, (10.77)

rae erfc x— tabynupoBanHas ¢GyHKIUS,
2 @ 2 X
effex =~ fe%da=1~-—=[e “da.
\/7; x \/7-10
IIpounTterpuposas (10.79), moay4uM B COOTBETCTBHM C 3aKOHOM PDypbe
BHIpaXEHME JUIS NOTOKA TEIUIOTHI g, HA €AMHHUY IUIOIAJH KPOBJIH z = 0:

0T ho(T,— T,)

q0=—)" A ’
®ozl,_, V ot

T.€. OTTOK TEIJIOTH B OKpYX4iOlMe NOpoasl yObIBaeT BO BpeMeHM oOpaTHO

IPONOPLUHOHANIBHO \ﬂ
B cnyuae, ecnu T = const, To pelueHue ypaBHeHHs (10.77) npu ycroBusix
(10.78) MOXHO MONYYMTH OpH nomoum npeobpazosanus Jlannmaca. B stom
ciaytae BMecTo (10.80) w1 oTTOKa TEMNOTH O cxeMe JloBepbe HMeeM:
+dT, (1) dt

q =)\. .
° og dt Ko (f — 1)

(10.80)

3qech NpUHANM, YTO TeMIepaTypa Ha KpOBJie B HayajbHbIA MOMEHT
COBIIa/IaeT C TeMIEPATYpPOH rOpHEIX nopoJ, Tak ¥ro T,(0) = T,. CywecTByior
H apyrue NpHOJIMKCHHBIE TPHEMEI OMpPeAe/ICHUs BEJHYHHH gg.



Koumpoavhvie aonpocwi u 3aoavu

1. KakoB MexaHu3M (H3UKO-XMMHHYECKMX METOMOB BO3JAEHCTBHA Ha
mwiacT?

2. B xaxux IpeaNnoJIOXEHUAX BRIBOAHTCA CHCTEMAa YPaBHEHHH Ui OmUca-
HMs BBRITCCHEHHMs HeTH pacTBOpOM akTHBHOH mpumecu?

3. Kakoe BnusHHE Ha QUIbTPAIIMOHHBIE NApaMETPH OKAa3hIBAET NPHME-
HEHME  OTOPOYKHM  XMMHYECKOTO  pedreHTa [0  CPaBHEHHIO C
OObIYHBIM 3aBOAHEHHEM?

4, Kakumu $axTopaMH onpeensercs M3MEHEHHE TEMIIEPATYPhI B HACHI-
IieHHO# NOpHCTO# cpene?

5. Hoxka3atb, uyto koathoumueHT xoyns-TomcoHa: a) €,=0 nas co-
BepLUeHHOro rasa; 6) g = 1/(pc,) ana HecxumaeMol XKUIKOCTH.

6. Kak cooTHocsTCE TemmneparypH Ha 3aboe paboTaloliMXx CKBaXXHH
C MJIACTOBBIMH TEMIIEpPAaTypaMH HA ra3oBbIX U HedTAHBIX MeCcTOpOXAeHUsX?

7*. Cucrema ypaBHEHHIA HEU30TEPMHUYECKOH CTallMOHAPHOH
GUIBTpalMH COBEPUIEHHOTO ra3a MMeeT BHA:

— — k
div(pw)=0, w= — —Vp;
n

pc,wVT=AAT p = pRT.

Koaddpuuments n, c,,; A ¥ k- NOCTOSHHHL

JloKa3aTh, YTO CYINECTBYET NOCTOsIHHAS P Takas, uTo dyHkuus & = fp? +
+ AT sBnsieTCA rapMOHMYECKOH, T.e. YAOBJETBOpsET ypaBHeHHio Jlamaca
Ad =0,

8*. CrauuvoHapHbIit HEU3O0TEpMHYECKH MPUTOK HECXHMaeMoH
KHUIKOCTH K COBEPILIECHHON cKBaxuHe Oe3 yueTa TEILIONPOBOJHOCTH OMMCHI-
BAETCs CIECAYIOIUMMHU ypaBHEHUSIMHU:

d kd

Zow=0, w="27;
dr ndr
dT dp

E+ Si;;—o.

OnpenenuTh OaBlIeHHE W TEMIEPATYPY HA CKBAXKHMHE, CYHTas, 4TO k =
=const, g=const, =1, 7T, p(R)=p, T(R)=T, (rne R, -
PajiMyc KOHTYpa MMTAHHMSA) M U3BECTEH MaCCOBBIA MEOMT CKBaXHHBI (.
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OCOBEHHOCTHU ®OUIbTPALIMU
HEHBIOTOHOBCKOMN XKUJIKOCTU

B rn. 1 B cBA3M C HMCClleNOBaHHEM HHMXKHEH TIpaHUIbI NPUMEHAMOCTH
saxoHa [lapcu (ipu odYeHs Maibix uuciax PeitHonbaca) 6mio paccMoTpeHo
aHOMaJIbHOE (HEHBIOTOHOBCKOE) NOoBeAcHHE GUIIOMAOB B ILJIACTOBBIX YCIOBH-
AX, HE NPOSBIIAIOIINX 3THX CBOMCTB BHE KOHTAKTa C MOPUCTOH cpenoit. DTo
OOBACHAIOCh TEM, YTO HPH OYEHb MAJbIX CKOPOCTHX GHUIBTPAlMU Hapsay
C CHNaMH BSI3KOTO COIPOTHBJIEHUS CTAHOBATCH CYlLIECTBEHHBIMHU CHJIBI COIIPO-
THUBJICHHSI, HE 3aBUCSILME OT CKOPOCTH (PUIbTPALMU H CBS3aHHhIE QU3MKO-
XMMMYECKHM B3aMMO/ICACTBHEM (QUIbTPYIOIIMXCH XAAKOCTEN C MaTEPHATIOM
HNOPHUCTON Cpenbl. YYET 3TUX CHUN NPHUBOAMT K HEJUHEHHBIM 3aKOHaM QHIIBT-
pauuu.

U3 npaktuku pa3paboTk¥ MHOrux HeITSHBIX MECTOPOXACHMH (Asep-
Gaiinxana, bamkupuu, Tatapmu, Kazaxctana ¥ ap.) H3BecTHbI (akThl
HEOOBIYHOTO MOBEACHMS [JIACTOBBIX CHCTEM, KOTOPBIE MOXHO OOBLACHHTHL
OPOSABJIEHHEM HEHBIOTOHOBCKMX CBOMCTB (UIIOMAOB HpPH HMX (UIAbTPAlMH.
Ocob6eHHOCTH (UIBLTPAUMHM TAaKMX, KaK Ha3bIBa€MbIX, aHOMAJbHLIX HedTel
CBSI3aHbl B OCHOBHOM C NOBBIIECHHLIM CONEPKAHUEM B HHX BBICOKOMOJIEKY-
JISpHBIX KOMIIOHEHTOB —CMOJ, acQalbTEHOB, HapadHHa M HaJIHUYHEM IIpe-
JIENBHOTO HANPAKEHUN CBUTa.

Pa3BuTHe MeTONOB BO3AEACTBHA Ha NPUPOIHKIE 32JIEXKH C LEJbIO YBEJIH-
4EHUS HedTe- M ra3oKOHACHCAaTOOTIaYH NPHUBEIO K 3HAYMTCILHOMY Pacil-
PEHHIO aCCOPTHMEHTA BEIECTB, 3aKaYMBAEMbIX B MPOAYKTHBHBIE TLIACTHI,
MHorue U3 3THAX BeEmecTB (BLICOKOMOJIEKYJISPHLIE COSAMHEHHS, NOIMMEDHI)
He o6anaroT CBOACTBAMHM HhIOTOHOBCKHX xuakocTedt. [ToaTroMy paccMoTpe-
HHE OCOGEHHOCTEH (HIBLTPAIMM HEHbIOTOHOBCKHMX CHCTEM NpHOOpETaeT ca-
MOCTOSITEJILHOE 3HAYEHHE, '

B 310l rilase OynemM paccMaTpuBaTh HEJMHEHHBIE 3aKOHBI (PUIIBTpALUIH,
ONMCBIBAIOUIAE TOJBKO O€3nIHEPIHOKRHLIE NBHXKCHHSA, IPH YCJIOBHH, HTO
¢unbTpyIOIIMECH KHAKOCTH 0651a1a10T HEHBIOTOHOBCKMMH CBOMCTBaMH,

§ 1. PEOJIOTUYECKHUE KPUBBIE ®OMJILTPYIOMUXCH KUAKOCTEN
U HEJIWHENHBIE 3AKOHbl OUJILTPALIUM

s HBIOTOHOBCKOH JXMAXOCTH €AWHCTBEHHBIM IaPaMETPOM, XapaKTepH-
3YIOUMM €€ TeYEHHE, CAYXRHT KO3pPUIMEHT TuHAMIIECKOH BA3KOCTH — KO3P-
$UIHEHT MPONOPUMOHANILHOCTH B 33aKOHE BA3KOro TpeHus HproToHa:

dw
1:=r|d—v, (11.1)

II€ T—-KacaTeJbHOE HANPAKCHUE CABHTA; dw/dy —I'palHEHT CKOPOCTH B Ha-
IIPaBJICHHH, NEPIEHIUKYJISPHOM HAMpPaBJICHHIO TEYCHHS X.
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Puc. [1.f. 3aBHCUMOCTb KacaTeJILHOTO Hanpsxe-
HHA OT rpAa/MEHTA CKOPOCTH ISl DA3JIMYHEIX
MojieneR KHAKOCTH:

I -pupatanTHas, 2- HbIOTOHOBCKAS, J*HCCBHOIL'IBO
THYHAR; 4 - BR3KOMNACTHYHAS

1
g dw/dy

33BHCHMOCTDb T OT dw/dy BBIPaX4€TCA B ITOM CJydae NPsAMON JMHMCH,
IpOXOAsiied yepe3 Havyano koopauHat (puc. 11.1, xpusas 2).

XKuAKOCTH., He NOMYMHsIOLUMECH 34KOHY Tpenus (11.1), HaswbBaroTCH
aHOMAJIbHBIMH MJIM HEHBIOTOHOBCKMMH. HeHLIOTOHOBCKME XHUAKOCTH MOJ-
pa3zessioTcs HA TPH KJjacca.

l. HeHpIOTOHOBCKHC BA3KUE XUIKOCTH, A KOTOPHIX KACATEIbHOE
HANPSHKECHHAC 34BUCUT TOJILKO OT IPAJMEHTA CKOPOCTH (CTALMOHAPHO PeEOJIO-
THYECKHE KUAKOCTH):

t=f(‘;—:). (11.2)

2. XuaKoCTH, A8 KOTOPBIX CBA3b MEXAY T U chw/dy 3aBACHT OT
BpEMEHH JEHCTBUA HANPAXKCHUN (HECTALMOHAPHO PEOJOTHYECKHE HKHU-
KOCTH):

aw
T=0 5,, .

3. Baskoynpyrue XHAKOCTH, T.€. Cpeasl. obanaroiue CBOUCTBAMHU
KaK TBEPAOTO Tefad, TAK U XHIAKOCTH, 4 TAKXKE CHOCOOHBIE K YACTHYHOMY
BOCCTAHOBJICHHIO GOpPMBI NOCIE CHATHS HANpsokeHuwit. Jas Takux cpen
34BUCUMOCTb MEK/Y KacaTeIbHhIMH HANPSXXEHUSAMH H I'DaIHEHTOM CKOPOCTH
3HAYMTEBHO CJIOXKHEE ~OH4 BKJIIOYAET IPOM3BOIHBIC MO BPEMEHM KaK Ha-
IPSOKEHUM, TAK U I'paJdeHTa CKOPOCTH.

Cpean HEHBIOTOHOBCKMX XH/IKOCTEH MEPBOTO KJaccd, OMMChIBAEMBIX
ypaBHeHueM (11.2), MOXHO BBIAEJUTh TPH THIIA.

A. BaskonnacTH4YHBIE XHIAKOCTH, UIA KOTOPbIX ypasHeHue (11.2)
HMEET CIEAYIOLIMHA BUI:

d.
T="Tp+ nd—»;_, ecau dw/dy > 0;

1< Ty e€cau dw/dy=0. (11.3)

I'paduueckoe npencrabyieHHe 3TOH 3aBHCHMOCTH, H43bIBAEMOE PEOIIOTH-
YeCKOH KPWBOH (WM KPHBOH TeueHHs), IPUBENEHO HA puc. 11.1 (xpusas 4).
B pasenctso (11.3), xpome ko3dpHUMEHTA BA3KOCTH 1| BXOAMT TAKXKE
NOCTOSIHHAA T, Ha3bIBAEMAS HAYATbHBIM (MM [PEACIbHbIM) HANpPSHKEHUEM
capura. CYMTAETCS, 4TO NPH T < T, XKUAKOCTh BEAET cehHs KaK TBEPAOE TEJIO,
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M TEYEHHE OTCYTCTBYET. DTO OOBACHSAETCH HAIMYMEM Y MOKOALIEHCH BAIKO-
[TACTHYHOH XMIKOCTH INPOCTPAHCTBEHHON XECTKOH CTPYKTYPbi, COIPOTHB-
Jqsolueiics mo6oMy HaNpsKEHHIO T, MEHbIUEMY T,. Korma 1 cra”oBuTCs
60JIbLIE T, CTPYKTYPa MIOJHOCTHIO PA3PYILAETCH, H KHIKOCTh BEIET Cebs KaK
HbIOTOHOBCKAs cpe/ia ([IPY 3TOM «ILIACTHUYECKHED Ty M «BS3KHE» HANPSIKEHUS
CKJIaAbIBalOTCH). ECIM T yMeHBIIAETCS 10 3HAYCHUS T,, TO CTPYKTYpa ONATH
BOCCT4HABJIHBAETCH.

b. IIceBaongacTUuYHble XUIAKOCTH. DKCIEPUMEHTHI MOKA3aJM, YTO
LU TRKHX Cpell CBSI3b MEK/1y HAalPSAKCHUEM CHBUTd M IPAJIMEHTOM CKOPOCTH
B J0rapuPMHYECKHX KOOD/MHATAX OK43LIBAETCH HAa HEKOTOPOM YY4CTKE
JMHEHHOR. VYTII0BOH KO3GGHUMEHT COOTBETCTBYIOLIEH NPSAMOM 34KJIHOYEH
mexay 0 u 1. [ToaTomMy 18 onMcaHUs TAKUX cpen npe,moxceﬂd CTeNneHHas
3aBHCUMOCTb;

—A(d"')" 1 11.4
T dar n<l, ( -)

rae k ¥ »n-DoCTOsHHBIE A MAHHOM >XUAKOCTH: KO3hduIHMeHT k- mepa
KOHCHUCTEHIIMH XHM/JKOCTH, KOTOpAS YBEJHYHBAETCH C BO3PACTAHHEM BA3KO-
CTH; [IOKa3aTeJIb 1 XapAKTEPU3YyeT CTENEHb OTKJIOHEHUS JaHHO! XHUIKOCTH OT
HbHOTOHOBCKOH.

Tunuynas peosoruucckas kpusas (11.4) mceBIONIACTHYHOM XHIKOCTH
npuBedcHa Ha puc. 11.1 (kpuBas 3). Moneap NCeBIOILTACTHYHOM XHIKOCTH
IIPUMEHSETCH, B “4CTHOCTH, A ONMCAaHHA PACTBOPOB M PACIIABOB IIOJIH-
MEpPOB.

BBeieM NOHATHA KAXYLIEHCs BA3KOCTH T, KdK OTHOIIEHHE KacaTeJbHOrO
HAINPSKEHUA K I'PaJHEHTY CKOPOCTH:

dw
*=t/d-_}

Jns nceBIOMTACTHYHOR XUAKOCTH, Kak cienyer u3 (11.4),
dw
nek(G)
dy

U Tak kaK n < 1, To 1, y6biBaeT ¢ BO3PACTAHMEM IPASHEHTA CKOPOCTH.

B. /IunaTaHTHBIC XUAKOCTH OIHUCHIBAIOTCH CTENEHHBIM ypaBHEHHEM
(11.4), o npu n > 1. Kpupas TeueHus npusejcHa Ha pHc. 11.1 (kpupas I).
VY 3THX KHAKOCTEH KAaXYIIAsCa BA3KOCTH 1), YBEIMYMBAETICH C BO3PACTAHUEM
IrpajMeHTa CKOPOCTH. MOJeNb NUIaTaHTHON XUAKOCTH XOPOUIO ONMUCHIBAET
MOBEIEHHE CYCIEH3HH ¢ 6OJBINMM coepxaHueM TBepAod ¢asbi.

PaccMoTpuM Haubostee npocTOf caydait Te4eHUS Cpelbl C HEHbHOTOHOB-
CKMMH CBOMCTBAMHM. CTAIMOHAPHOE [BMKEHHE BA3KOILIACTHYHON >XUIAKOCTH
(11.3) B ogHOM mope Kak B KamHUIAPHOH TpyOKe NOCTOSHHOIO PAHYCa.
Pacnpenenenne ckopocTeif B HEKOTOPOM CedeHMM TpPYOKM NpPHUBENEHO Ha
puc. 11.2. Ha HEkOTOPOM pAacCTOSIHHH r, OT OCH TPYOKH KacarteslbHOE
HANPSDKCHHE T = Ty, YTO BhIpaxaeTcs paseHCTBOM (11.3), rne dw/dy = dw/dr,
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4p Puc. 11.2. Dmopa CKOpPOCTER BAIKOIIACTHYHOH
M\ KHIKOCTH IIpH JABHXCHHH B KAITH118pe

Ve
YLLLLLLL L LLLLLLLLLLLLLLL L L L L

-
1N
b — e — —{
e e - ——— ——m—
- ©
wy N
P
(%]
| S o e e e e

277777272 7227777777777777777777.

{

npudeM dw/dr =0 npu r =r,. PaccTosHue r, ompemensieTcs U3 YCJIOBHA
paBHOBECHS XUIKOTO LUIMHApAYecKOro cnos (puc. 11.2):

2nryity, = nriAp,
OTKYNa
dy = 2ry = 4ity/Ap. (11.5)

IMpemionoxum, 910 B (11.5) dy = 2r; = d, npu 3TOM HaijgeM HaubOJIbL-
A nepenal gaBiaeHHs (Ap),, IPU KOTOPOM BA3KOILIACTHYHAS XHIKOCThb
HaxoOOMTCS B IpeaeJbHOM pPaBHOBECHH, OTBEYAIOLIEM IIOJHOMY MpeKpallie-
HHMIO JBW)KEHUS B JaHHOM mope. Torma u3 (11.5)

Ap) 4ty
- il 11.6
Y ( 1),= 4 (11.6)

3TO npeneabHOe 3HAYCHHUE Y ONpPeAcIseT Ty BCIMMMHY IpagucHTa JaBie-
Hus (Ap/l),, 1O DJOCTHKEHUH KOTOPOH HaYMHAETCH ABMKeHUE )uaxocTH. [Ipu
MCHBIINX 3HAYEHHAX TPaAMEHTa JBHXKEeHUE OTCYTCTBYET. C YyY4ETOM TOrO, 4TO
XapaKkTepHBI pa3Mep NMOp HOPUCTON cpenbl d ~ \/E (roe k—npoHunae-
MOCTb, cM. I 1 § 7), To u3 (11.6)

¥ ~ 1o/ /k. (11.7)

JlaHHOe COOTHOIUEHHE HAIMIO JKCIEPUMEHTABHOE NOATBepXIcHue. Be-
JIMMHAHA Y Ha3bIBAETCH NpeleibHbIM (HadanabHbIM) rpaauMeHToM. Ecau ans
HceaeayeMoro GMIbTPAaMOHHOIO TEYEHUS TAKOE NpelebHOe 3HaYEHHE Cy-
LIECTBYET, TO rOBOPAT O PUILTPAHH ¢ pede/bHBIM (Ha4aJbHBM) I'PaaMeH-
TOM.

CooTBeTcTBYIOMMI 3aKOH (HJIbTPAIMH BA3KOIJIACTUYHON JKHAKOCTH B
nopHucToit cpene 6bu1 chopMynuposaH B ri1. 1 M nosaydeH U3 coobpaxeHuit
pa3sMepHOCTH:

—

gradp= — Vv vy 2 w>0;
k lw]

|grad| < v, =0, (11.8)



JlaHHBIE COOTHOIIEHHS I8 ONHCAHUA (QUIBTPAIMM BA3KOILIACTHYHBIX
xnyxocted Onum npemtoxensl A. X. Mupsamkansane [50].

B cootBercTBHH c (11.8) ckopocTh QHIBTPALMA W OTJIMYHA OT HYJIA
TOJBLKO B Tex obsactsax, rae |grad p| > v (puc. 11.3, xpusas I). Mogeis
¢UIbTPALMHK C NpEJEJbHBIM IDaJUEHTOM CIedyeT paccMaTpMBaTh Kak He-
KOTOPYIO M/CaTH3aIMIO PealbHbIX TCUEHUH aHOMAbHBIX HedTedl B miacTo-
BLIX YCJIOBHSIX, IS KOTOPBIX pEOJIOTHYECKas KpHBas HMeET BUJI KPHBOMH
2 (cM. puc. 11.3). Ina cpaBHenus Ha pHC. 11.3 npuBeneHa 3aBUCHMOCTb IO
jakoHy MHapcu (kpuBas 3). '

B nopucToil cpene, cocTosiled U3 MHOXECTBA MHUKPOKANMLIApOB pa3-
JMYHBLIX JMAMETPOB, IPH CHUXKCHUHM Ilepenana AaBIeHuss HAYMHACTCH [OCTe-
IEHHOE «3aKYNOpHBaHHe» Kanu/1spoB. B cooTBercTBuM ¢ dopmy.toit (11.6)
BHaYaJe IBHXEHHE IpeKpaliaercs B Haubosee MeJIKUX Kanuuispax (mopax),
a MO0 Mepe CHHXEHHS NaBJICHHUS IPOUCXOTUT 3aKYNOPHBaHHE BCe OOJIBIIHX
¥ G0JbIUMX KAMHLIApOB. UeM cuibHee pa3bpoc pa3mMepos nop, TeM bo.biie
pacTsaHyT NEpeXo] K IMOJHOMY IPEKPALUCHHIO [BHXCHHS M TEM CHIbHEE
OTJIM4AeTCS UCTHHHBbIA 3aKOH ¢UIbTpanuu oT cooTHouueHus (11.8).

B ocHOBe mHpOSIBIIEHUS HEHBIOTOHOBCKHX CBOMCTB ILTACTOBBIX CHCTEM
JIeXaT pa3Iu4Hble pU3MYeCKHEe MEXaHH3MBbl. BaxHO, OHaKO, 4HTO aHOMAaJIb-
Huit 3¢ eKThl NPOABIAOTCSA NPH MAJLIX CKOPOCTAX QUIBTPANHUH
H B Cpelax ¢ MaJbIM pa3MepoOM IOp, T.€. ¢ MaJo#l NpoHUIaeMoO-
CTh10. DTO onpeaenseT ocoGEHHOCTH HEHbIOTOHOBCKOH (GMJIbLTpaIMU B He-
ONHOPOIHBIX m1acTax. O0JacTH MaJjloH HMPOHHIIAEMOCTH OKa3bIBaroTcH 06-
JIACTSIMH HauOOJbILErO ‘-IPOABJIEHUS HEHBOTOHOBCKUX 3(GEKTOB,

PaccMOTpHM 3TO Ha NpHMEpe IU1acTa CO CIOMCTOH HEOAHOPOAHOCTBIO.
B CIIOMCTBIX IIaCTax NpencibHBIE TPAJAMEHTBl Pa3IHYHbI A pa3HbIX NpO-
ractkoB. Kak cieayer u3 (11.7), yem 60:1b111e IPOHHIIREMOCTD, TEM MEHBILE
IpeaeIbHbIA TpaIHeHT Y, 1 Hao6opoT.

[Mpeano 0XuM, YTO IS KAXKIOTO MPOILTACTKA CIIPABEIITHB 3aKOH QuIbT-
pauud tHna (11.7) ¢ npeneabHbIM IPaaHEHTOM:

- k-( gradp)
w,= ——| gradp —y;——— ], ecmu |gradp|>v,;;
n\B |grad p| F
w; =0, ecnmu |gradp| <¥;. (11.9)

ar,{\ ;
J 2z 1
Puc. 11.3. NHAUKRTOPHBIE JIHHHH:
I-ans BITX c npeaenbHbIM T'DAAMEHTOM; 2~ ANS Peallh- -
HBIX HEHBIOTOHOBCKMX HeiTel; 3- 3WBMCHMOCTh IO 3AKOHY oy
Hapcu 0 |grad pl
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wh Puc. 11.4. 3aBHCHMOCTH CKOPOCTH (HJIbTPAaLHH
OT MOAYJSA rpajiHEHTA JABJICHHUA.
1 - xycoyHo-IMHe#HAs (B CJIOMCTOM ILlacTe); 2-NpH
2 ! HENPEPHIBHOM H3IMEHEHHH NPOHHUAEMOCTH

1 i P
0 2 7 7y 'gradpl

31ech MHOEKC «i» COOTBETCTBYET XapaKTEpHCTHKAaM I-TO NPOIIACTKa.

Jns onpenesleARs pacCMOTPUM ILTACT, COCTOSILMA A3 TPEX MPOILIACTKOB
pa3nAYHOM NPOHHLAEMOCTH: k, > k, > k4, Torna v, <y, < Y,. byaem npexn-
[0JIaraTh, 4TO NPOILIACTKM HAeaJbHO coobmarorcs Mexny coboi, T.e.
MOXHO TNpeHeOpeds U3IMEHEHHEM JAaBJIEHUS IO TOJLIHHE. 3TO IKBUBAJICHTHO
IOMYUIEHHUIO, YTO BO3HHKAIOIIHE MEX1Y OTACJLHBIMH IIPOILIACTKAMH pa3-
HOCTH [JaBJeHuil ObICTPO BbIpaBHHMBAlOTCA 3a cYeT OOMEHa XHIKOCTBIO
MEXY CIOAMH. YCpPeIHUB B 3TOM [PEINOI0KEHUH CKOPOCTh QUIbTPAIHH 11O
cyMMapHO#i TomumuHe H croucroro Itacta M ucnoas3osaB (11.9), Haioem
CPEIHIOI0 CKOpPOCTh (QUIbTPALMH:

- 1" 1 J (k-h- 7 )
w=—fwdz=—— .t Jgradp. (11.10)
H HE\n " [gradp)) B2

3necs HoMep nmpomnacTka j (0 < j < 3), 10 KOTOpPOro BEJETCH CYMMHpPOBa-
HHE, ONpEIeNseTCs U3 YCIOBUS

Y;<lgradp| < vy+1. (11.11)

OTcrona cieayer, YTO NPOILIACTKH OYayT NOCIeA0BAaTEIbHO BKJIHOYAThCH
B pabGoty. Ecnu |gradp| < y,, TO ABMXEHHE OTCYTCTBYET BO BCEM ILIacTe
(w=0). Ecom v, <|grad p| < Y,, To ¢punbTpanus OydeT TOJLKO B IIEPBOM
nporuiactke ¥ T. 1. CnenoBatensHo, cooTHoineHue (11.10) mpeactabiseT
KYCOYHO-JTMHEHHBIM 3aKOH (PUIbTpaluUM, ONKUCHLIBAEMBbIH BBINYKJIOH K OCH
abcuuec nomMaHol uHuel (puc. 11.4, nomanas 1). OTcioada Jerko nepeiTH
K CJIy4alo HelpepblBHO H3MEHSIOLIEHCH TPOHUIIAEMOCTH IO TOJILIUHE ILIACTa
(puc. 11.4, xpusas 2). B oboux caydasx 3akoH QUILTPALMH MMEET MPSIMO-
JIMHEHHBIA aCMMIOTOTHYECKHH y4acTOK B 061acTH 60JbIIMX CKOPOCTER.

B CcOOTBETCTBMH C KYCOYHO-JIHHeHHbIM 3akoHOM (11.10) duasTpamuio
XHAKOCTH C MPENESJbHBIM [PagHEHTOM B CJIOMCTOM ILIacTeé MOXKHO pac-
CMaTpHBaTh KaK [BIDKCHHE B OJHOPOJHOM ILIAacTe CO CpeQHEH CKOPOCTHIO
duabTpanuu w.

Hapsigy ¢ paccMOTpeHHbIMH 3akoHamu ¢uiasTpanmu (11.8) u (11.10),
ONHMCHIBAIOIIMMH TEYEHME BSI3KOIIACTHYHOM JKHUAKOCTH B IOPHCTOH Cpelne,
PaCCMOTPHM CTENEHHOH 3aKOH (WIbTPalLUu:

w= — C|gradp|"grad p, (11.12)

rae C-3KcnepuMeHTaIbHas KOHcTaHTa; n > 0.
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Crenennoi 3akoH (11.12), coOTBETCTBYIOUIMIH IICEBONIACTHYECKOMY I1O-
pegenuto ¢uronaa (11.4), XopoIuo onMchIBaET ABUKEHHE PACTBOPOB [OTHME-
pOB B MIOPUCTOMR Cpelle ¥ HCIOJB3YETCS NPH PACYETE KIIOTHMEPHOrO» 3aBOI-
HeHHMs TUTACTOB € LEJbIO MTOBBILUECHUS MX HeQTEOTAauH.

§ 2. OAHOMEPHBIE 3AIAMN ®WJIBTPALIUH
BAIKOIUIACTUMHON XKHU/JIKOCTU

JlsuxeHue aHOMabHLIX Hedredt B miactax no 3akoHy (11.8) mpueoaur
K CyLIECTBEHHBIM OCOOEHHOCTAM pPa3paboTKM ITHX IIACTOB He BCTpEHalo-
wmxcs B caydde GuiasTpamuu no 3akoHy Hapcu.

2.1. YcranoBuBHIEECH TeYeRHe

PaccMOTpPHM IJIOCKOpaAHAJIbHBIA NPHUTOK HECKHMaeMOH BS3KOIIACTHY-
Ho# xuakocTd (BITX) x ckBaxxHHe NpPH YCIOBHH BBINOJHEHUS COOTHOUICHUS
(11.8), koTOpPOE B 3TOM C.Jly4ae NMPHHUMAET BUA

4
d—’:=%w+'}', w>0,

4

P <y, w =0, (11.13)
dr -

BoiseneM ¢opMyny ass nebuTa CKBaXXKMHBI B KpYTOBOM IulacTe, 0600-
waromyio ¢opmyity Jromrou, M3 (11.13) umeem:

k (d) d
w:—Q——zz-—('—p'—'Y>, eC.IIH—p>'Y,
dr

2rrh m\dr
4
w=0, e L <y, (11.14)
dr

CunTas 3aJaHHBIMH IOCTORHHLIE AABJICHUSA Ha 3a60€e CKBaXMHBI M Ha
I'PaHHEE I1J1acCTa

p(r)=p, p(R)=p,

(p, > p.) LIS paccMaTpHBaEMOIO Ciyyas NPHTOKA H p, < p. NIPH 3aKauke
XMIKOCTH B IUIACT), Nocje uHTerpupoBanus (11.14) Haxonmm:

_noga
LN W
=% amny DY
OTKyIa
PO =p.+7(— )+—Q1 ~
c C 2 kh
(r.<r<R) (11.15)
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0

- Puc. 11.5. MHANK4TOPHAA JIHHHA TIpH
q IIOCKOpaAnanbHOi GuabTpauru BITXK

7R
4p,
0= Ap —yR) mpn Ap, > YR
_T]ln(R_/rc)( pc -Y X HpH pc -Y X
QZO HpH ApcS-YRl (Apt::pl_pc)' (1116)

®opmynamu (11.15), (11.16) mpeacTapiieHbl COOTBETCTBEHHO pacnpele-
JICHHe NaBJICHUA B IUlacTe ¥ nebut ckpaxuusl. M3 dopmynnl (11.15) BuaHO,
4TO 4aCTh Pa3HOCTH AABJICHWH B BH/IE JHHEHHOIO CIaraeMoro-c yrjOBbIM
K03$OHIMEHTOM ¥ TepsAeTCs Ha IpPeOJOJICHHe rPaJHeHTa JaBJICHUS CIABHra.
IIpu Q — 0, xax caenyer u3 (11.15), naBIeHUe He MOCTOSHHO (KaK B Ciay4ae
¢uabTpanuu 1o 3axkoHy Japcu), a MeHseTcs IO JIMHEHHOMY 3akoHy. Kak
BuaHo u3 (11.15) Hanu4yMe npedeJbHOro rpaaMeHTa OaBJCHUHA B
njacrte BedeT K YMeHbIneHHI0 AebuTa CKBaXHHB IPH TeX Xe
YCIOBHSAX IO CpaBHEHHUIO ¢ puabTpanue#t no 3axkoHy [lapcu (dop-
myna [Jromou). B paccMaTpuBaeMOM ciyvae MHOWUKATOPDHAs JIMHHS CKBAXH-
HHl, T. €. 3aBUCHUMOCTDb ( (Ap_) npsAMoJIHHERHA, HO HE IPOXOJHUT Yepe3 Ha4asIo0
KOOPIMHAT, a OTCEKaeT Ha OCH JelpeccHil OTpe3oK, paBHBI YR, (puc. 11.5).

06061HM nosTyyeHHBIE pe3y/IbTaThl HA CIy4ail clIoHCTOro muacra. [IycTs
IPOILIACTKH 'MAPOXMHAMHUYECKH U30JMPOBaHKI, T.€. OTCYTCTBYIOT IEPETOKH
MeXIy CJIOAMH C Pa3HbIMH. IPOHHIIacMOCTAME. Toraa ans nebuta B KaXXAOM
IpoILIacTKe crpaBeanuBa ¢opmyna (11.16):

2nkh,
=————"t (Ap — v.R A R
(03 T11n(Rl/rc)( p. — V:R,) npu Ap_ >,
Q.=0mpu Ap, <YR, (=1,n), (11.17)

a cyMMapHBId nebut @ paseH

g=13 Q. (11.18)

i=1

B cayuae, ecd kak M paHee, IPOHHIIAEMOCTH INPOILTACTKOB NPOHYMeE-
poBaHBl Tak, 4TO k; > k, > k.. M, ClI€JOBaTENbHO, ¥, < Y; < Y3 < ..., TO
unaexc «j» B (11.18) onpenensetcs ycnosuem (11.11). ITyets 0 < Ap, < 74 R,,
Toraa BO BCEM IIJIacTe IBHxeHHe OTCYTCTBYeT H Q = 0. Ha uHOuxaTOpHOR
JMHUY (pHc. 11.6) 3TO NpencTaB/IeHO BepPTHKAJILHBIM OTpe3koM. Ecin v, R, <
< Ap, < ¥,R,, TO ABMXeHHe OydeT TOJBKO B IEPBOM IIPOILTACTKe; (GOPMY.IbI
(11.16), (11.18) sbimonHstoTes npy j = 1. Ilycts Teneps v,R, < Ap. < Y3R,,
TOrla ABMXeHHe OyaeT B NPOILIACTKaX C NPOHUIAEMOCTAMU Kk, M k, (j = 2)
B (11.18), U cyMMapHblif 1e6UT paBeH:
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Puc. 11.6. VinpukaTopHas IHHHS ans
TpeXCIOAHOTO NyacTa

P "
[
A
x| (F————=
[ 8 pK
~ l
! I
pc |
1770777777, ¥ '/////////////wzur//
e
Puc. 11.7. CxeMa I8 ONpeAENEHUS NpEACTIbHO- 77777777777 77777777 7777777777777
rOo rpaAXCHTA AABJICHHUS RK

Q=0,+0;= [(kyhy + kyh)Ap, — (kyhyyy + kahyv) R

nin(R,/r.)

Haxonen, npu Ap, > v,R, BKIOYaeTCH M TPETHA NPOILIACTOK. M T. .
VaamkaTOpHAS TMHUS NPEICTaBIACTCH JOMAHOM, BBITYKIIOH K OCH IENIPECCAH
(cM. puc. 11.6) mis cnyyast TPEXCIOWHOrO MJIacTa.

IIpu onpeneneHud KONMYECTBEHHBIX NOKa3aTeled pa3paboOTKH MeECTO-
POXJEHUM aHOMAbHBIX HedTeH CyLUIECTBEHHOE 3HaYcHUE HWMECET BEJIMYHHA
ApeaeabHOro rpanuenta y. HadanbHblil rpajiMeHT NaBJICHHS CBA3aH C Xapak-
TepucTHkamu Iacta. [IoIToMy ero onpenesieHde BaXXHO NPOBOJMTH HENO-
CPEACTBEHHO Hd MECTOPOXACHMH Ha OCHOBE IPOMBICIOBBIX HCCJIEIOBaHHI,
YYUTBIBAIOIIKX pealbHble reoJlorudeckue ycaopus. [Ipusenem omuH U3 cro-
€oboB onpeneneHHs YCPeOHEHHOTO 3HA4Y€HHS Y U3 INPOMBICJOBOIO 3KCIEpH-
MeHTa. [TycTh no6biBaromas HedTHHas CKBaXkHHA, paboTaromas Ha CTalHo-
HapHOM peXHMe C JaBJICHUEM p, Ha KOHTYpe NMTaHUS, MTHOBEHHO OCTaHOB-
JieHa. Yepe3 HEKOTOpOE BpeMs (TEOPETHHYECKH NPpH ! — cO) B TIACTE YCTAHO-
BUTCS NPpeeIbHOE CTAlMOHAPHOE paclpeieicHUe AaBJIcHHUS, MMEIoIee BUI
JIMHEAHON 3aBUcHMOCTH (puc. 11.7)

plsz—-Y(Rx_r)‘ (1119)

 Ilpm atom, kax cnenyer u3 (11.19), nasnemme Ha 3a60€ CKBaXHMHbI

TIOHUMACTCS He 0 p, (Kak B caydae GuiabTpamuu 1o 3axkoHy Jlapcu), a 1o

ABaYeHus

pL:pl“YRK' (11'20)
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Ecnu Tenepp 3aKa4yaTh B IUTACT HEKOTOPOE KOJHYECTBO TOH Xe HedTH
(06b1YHO MeHbIle, 4eM OTOOpaHO NepBOHAYAIbHO), TO HAYHETCH ABHIKEHUE OT
ckBaxuHbl. [loclle OKOHYAHMS 3aKauKM [BH)XEHHME [PEKPATHTCA M 4epe3
HEKOTOpOe BpeMsl paclipeliejieHHe TABICHHUS CTAHET

p=p+Y({R, —1),

OTKyZJd Olpele/ldM I4BJIcHUE Ha -3a6oe ckBaxuHbl (cM. puc. 11.7):

pe=p. + YR, (11.21)
Buiyts (11.20) uz (11.21) nHaftnem
v _Pe—P.
2R,

Bpemst npoBeneHHs 3KCIIEPHMEHTA COTJIACHO MMEIOIIMMCS OLIEHKaM MO-
XKET COCTaBUTh He 6oJiee HECKOIBLKUX YacoB. HampuMep, 115 MecTOpOXAeHHUS
I'pasepas Conka B A3sepbaiikane IpH OaHHOM cnocobe olpedeseHUs
v = 0,007 MIla/m.

2.2. HeycranoBHBuIasics (HJILTpAIMN

PaccMoTpuM HecTanMoHapHoe TeueHuwe ynpyroit BIIXK B ympyro#t mo-
pucToii cpene. /IMddepeHunansHbie ypaBHeHUs IS ONpele/IeHHs TaBJICHUA
IIPA YIPYTOM DEXHME II1aCTa MOXHO MOJY4MTh, AONOJIHAA 3aKOH QUILTpA-
MM C IpeleslbHbIM rpaadeHToM (11.8) (Mam mpyryro anmpokcHMaruio
HeJITHENHOTO 3aKOHA) YPaBHEHHEM HEPa3phIBHOCTH U YPABHEHHEM COCTOAHM:
¢urouna ¥ NOPUCTOMH cpebl. YpaBHEHHE HEPa3PHIBHOCTH P4CCMATPUBAEMOTO
¢$UIBLTPAUMOHHOTO NOTOKa (CM. I1. 6, § 3) UMeeT BUA

¢ —
E(mp) + div(pw) =0.

Hcnonp3osas (11.21) u (11.8), momyynM mncxkomMoe nuddepeHMaATLHOE
YpaBHEHHME IS ONpeJe/eHUs NaBlIeHHS p:

o= (1= ) v |
P vl (1= X Vvpl Vo>, 11.22
5, = rdiv 7 pl, |Vpl >y ( )

rae ®—Ko3h(UIUEHT Nbe30NPOBOIHOCTH.

Ypasnenue (11.22) cy®uT OCHOBOH 1718 NOCTPOEHAS HEJIMHEHHOH! TEOPHH
ynpyroro pexuma ¢puastpauud. [Ipu peleHIM KOHKPETHbIX 3ana4 QuibTpa-
nuu qs ypasHenus (11.22) popmysupyroTcs o6bMHbIE H@4aIbHBIE H TPaHUY-
Hble YCJIOBUA (CM. I1. 3 U 6), BHITEKAIOLINE U3 yCJIOBHIi 3a1a4yu. BmecTe ¢ TeM
C/IeyeT UMETh B BHIY, YTO IIPH PEIICHAN HECTAUMOHAPHBIX 3a/a4 Ha OCHOBE'
MoaeIu QWIbTPAUMHd C OpPEAe]bHBIM IPaJHMEHTOM B I1acTe obpasyercs
nepeMeHHas 061acTb (UIBLTPAlLMM, HA TPAaHMUE KOTOPOH (NOKa OHa He
-MOCTMTHET rPaHHIBI [1J1aCTa) MOy Ib TPAIHEHTA IaBJICHUS JODKEH PABHATH-
Csl NpeAc/JbHOMY I'DAAMEHTY Y, @ JaBJICHHE — Ha4aJIbHOMY ILIIACTOBOMY.
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PaccMOTpHM OJHOMEpHBIE 3afa4d TaKOro THIA.

A.lpsMonunHe#HO-napannenbHas GuiasTpanus ynpyroi BITK,
obnajgarollei mpeaesIbHbIM I'PAHEHTOM, B OXHOPOIHOM IOJyOeCKOHEYHOM
miacte. B HavanbHbliE MOMEHT BpeMend ! = 0 Ha rpaHdue mimacra x =0
HayuHaeT paboTarh moObiBalollas ranepes, Ha KOTOpoH HOANEpXHBAacTCs
MOCTOSIHHOE jaBiieHue p_. [Ipu 3TOM B miacre obpa3yloTcs dBe 30HBL 30Ha
¢GUILTPALMM M 30HA, TAE TEUCHUE OTCYTCTBYET, IPAHMIA pa3jiesla MexIy
KOTOPBLIMH IEpeMellaeTcs CO BpeMeHeM 110 3akoHy / = /(¢), npuyem /(0) = 0.
CuuTaercs, 4TO XHAKOCTb, NEpPeMeEIasch, NpuobperaeT Te CTPYKTypHO-Me-
XaHMYECKHE CBOMCTBA, KOTOpbIE XAPAKTEPHbI JUIS JAHHOH TOYKM IITacTa.
[IpeanonaraeTcs, YTO 30HA OTCYTCTBUS (QUILTPALMHM [pPEACTaBisieT coboi
HeBO3MYILEHHYIO 0071acTh, B KOTOPO#H JaBJICHHE OCTAETCH NMEPBOHAYaIbHBIM
[UIACTOBBIM, 4 NpeAeILHBIA [PaJHEHT MOCTOSHEH.

B sTom cnyuyae cooTHoueHue (11.8) npuHuMaeT BUA

0, ecliu

E(—aﬁ— ) ecnu
n \dx ’

Hasnenue B obnactu ¢punbTpaimu yaosieTBopseT auddepeHIHATbHOMY
ypaBHEHHUIO

2,02

u ~_ ~
at Cx\bx

X

<Y,

W=

a—”‘>y. (11.23)
0x

0,0<x<h (11.24)

KoTopoe mony4aercss u3 (11.22).
Bue o6macTu QunbTpauMu qaBlICHHE PaBHO HAaYaJIbHOMY IIACTOBOMY

plx, t)=p, npu x > [(1).
Ha rpanune x = /(¢) BLIIOJHSIOTCS YCIOBMS:
pU. 8= py; (11.25)

Py, (11.26)
dx

B obnactu 0 < x </ TpeOyercs HaWTM pewende ypaBHeHus (11.24),
onpenemuTs ae6uT Q = Q(f) ¥ 3akoH H3MeHeHus /(¢) mpu ycnoBusx (11.25)
4 (11.26) Ha rpaHuie 30H M HA4YaJILHOM M I'DAHHYHOM YCIIOBHSIX

plx, 0)=p,, p0,0)=p,. (11.27)

Haiinem mpuOnuxeHHoe peliesde 3TOH 3aJavl METOAOM MHTEr PAJIbHBIX
CooTHoueHu# (cM. 1. 6, § 7). OrpaHnuuBasch OAHHUM HHTErPAJILHBIM COOT-
HQIUICHHEM, COTJIACHO 3TOMY METOIY, HILEM pelllcHHE B BHIE

K x x\?
plx, ) =vyx+ ay() + al(I)Y + az(l)(T) , (11.28)

TIC ay, Uy ¥ G;—HEU3BECTHBIC KOIPPHUIHMECHTHI.
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Torma, ysutsiBas ycnosus (11.25), (11.26) u Bropoe ycnosue (11.27),
HaxomuM U3 (11.28) pacnpenencHue IaBieHus:

2
x
px, !)=po—7(l—x)—(Apo—Yl)(l—7), (11.29)
rae Apy = po — p, = const. I[Ipu 3TOM [eOUT raneped 3amHUILETCS Tak:
k(A
Q(!)=2—(ﬂ—7)m, (11.30)
n\ /()

riae o-—IUTOAaas CEeYEeHUs TUIacTa.
JAng onpeneneuus /(f) BOCHONBL3YEMCS HMHTErpajbHbIM COOTHOLIEHHEM,
XapaKTepU3yIOLIMM YCIIOBHE MaTepHaibHoro 6ananca:

l(z)ap [ap }l
gadx—'}( a(x, l)—'Y 0.

N3 storo paserctsa ¢ yderoM (11.29) Haxomum:

6 ét I+ 2y
K = —_—.
al Ap, — vl
[NpounTterpupoBaB nocrieHee ypaBHeHHe IpH ycinoBuH /(0) = 0, nomy4ynum
HesiBHOE anrebpanyieckoe ypaBHEHME JUIS HAXOXIECHHS 3aKOHA Ile pEMEILEHNS
IpaHMLbl 30H /(¢):

Apy\? A A /
3m:(ﬂ) 1n—-p°——(ﬂ+—)l. (11.31)
Y Apo—yl \y 4
HccnenoBanue Bripaxenus (11.31) moka3nBaer, 4TO /(f) MMeEET acHUMII-
TOTY:

[=1%= Apofy.

[penensHoe (¢t — o0) pacnpejesieHue AaBIEHU M AeOMT COOTBETCTBEHHO

OPUMYT BHU[:
P+ v  upu 0 < x<U¥,

p=p(X)={ .
Do opu x > [*,
Q(x)=0. (11.32)

AHanu3 npocTeix cooTHolneHu# (11.29)-(11.32), xoTophi Mul npexo-
CTaB/IieM YATATENIO, I03BOJISET IJIyOXke MOHATH OCHOBHRIE OCOOEHHOCTH,
XapaKTEPU3YIOIME HECTALMOHAPHYIO (MIBTPAIMIO C NpPEACIbHBIM TI'palu-
€HTOM.

b. PaccMoTpuM Temepb BakHYX JUIS NpPAakTHKM 3aJaqy O MYCXe
CKBaXHHBl C INOCTOSHHBIM A¢OUTOM NpH GUILTpPAaLMHM B IJIACTE
BS3KOMJACTHYHOM XHMAKOCTH C Npeae/IbHBIM IrpaaMeHTOM- Clyyau
nnockopaauaidbHo#l puUnbTpanuu. B s3Ttom ciayyae cooTHomeHue (11.8)
npurumaer Bua (11.13), a nasnenue yaoBneTBopsieT au(depEHLHATBHOMY
YPaBHEHHIO!
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el G
ar rar "\ Y (11.33)
B HayaJIbHEIA MOMEHT IJIACT HEBO3MYIIEH:

p=p, npu t=0. (11.34)

Yc0BHE HAa CTEHKE CKBAXHWHBI IIOJIy4aeTcs M3 cooTHolueHus (11.14):

ap )
=—{=——-7v])2
Q= (ar Y 12nrh,

M
OTKyJa

op  Om

% _ —— 11,
or ~ Jmkhr, T Y TPR ST (11.35)

ByneM uckaTh MpHOTHXKEHHOE pellleHHe NTOCTaBJICHHOM 3a1a41 110 METOY
HHTErpaibHbIX COOTHOLIeHUHA. Bo3sMeM pacnpencneHde AaBJICHUS B BO3MY-
LIeHHO# 30He paguycoM R(f) B BUIe

plr,)=a,In— opd r < R(1);

r
R(:) SRRy T
plr, )= p, pu r> R(f), (11.36)

rae a,, a,, a,-KoxpdHLUHEHTH, MOAIEKAILNE ONpeAeseHIo; R(f)— paanyc
BO3MYIIIEHHOH 30HBI, B KOTOPO# IPOMCXOAMT (PUILTPAUMS, BHE ITOH 30HBI
GuUIbTpalMs OTCYTCTBYET, C TCYEeHMEM BPEMEHH TI'PAHMIA BO3MYLICHHOM
obnacru nmepemelnaercs no 3akoHy R = R(f), npuuem R(0) = r_.

Ha rpanune Bo3MyIeHHO# 0051acTH BBINOJHAIOTCH YCIOBHS!

p = p., 0p/or =y npu r = R(1). (11.37)

U3 cootHowenuit (11.35) u (11.37) Haiinem kodddunueHTH @y, a, ¥ a,;
Toraa ¢opmyna (11.36) npumeT BUI:

pir, 1) = p,+2Q—E;(l Er(T)—-E(_I)+ )—y[R(l)—r]. (11.38)
Pauyc Bo3myllieHHO# 06J1aCTH HAXOJUTCS M3 YpaBHEHUSI MATEPHAIBHOTO
6ananca (5.4), kotopoe ans cny4as ¢ = const MOXHO 3allMCAThb B BUJE
Q(9) = p*aR* () h(p, ~ P), (11.39)
The j- cpedHEB3BElLIEHHOE [aBJICHHE B BO3MYIICHHOH o6iacTH, ompenense-

Moe u3 paseHcTBa (3.13), noacTaBuB B koTOpOE Bhipaxenue (11.38) u npoun-
TErpUPOBAB, NOJIYYUM:

" On v
=p — —~—R(y). 11.40
P=pP~ ooy~ 3RO (11.40)
M3 pasencrBa (11.39) ¢ ydetom (11.40) HafinemM 3aKOH NEPEeMCILICHHSA

IpaHMIBl BO3MYIIEHHOH obnacTu:
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4nkhy
Qh

RZ(I)LI + R(I)J = 12t (11.41)
Onpenenus U3 NOCNEIHEr0 COOTHOLIEHHS 3HAaueHWs R(f) B pa3iaMuHbie
MOMEHTHI BpeMEHH H ocTaBuB B Gopmyny (11.38), MoxHOD Hality 3Havéuis
nasieHus p(r, ).
Haubonbummii HHTEepec NpeaCcTaBiIsfeT UCCIEI0OBAHNE U3MEHEHUS AaBIICHUS
Ha 3aboe ckBaxHHBI (TP r = r_):

I L I S S _
mm_¢,+mﬁ(mmo+0 YR(D). (11.42)

3jech y4TeHO, 4TO NPAaKTHYECKH Cpa3y IOC/E MmycKa CKBAXHHEI r, < R.

YT06H HCCcNe10BaTh H3IMEHEHHE JaBJIEHUS B CKBAXHHE NpH pUIbLTpanuu
C IIpeAe/ibHBIM I'PaMEeHTOM, [IpOaHaM3upyeM cooTHorueHue (11.41).

JAns sunavenuit R(f) « On/(4nkhy) BTOpOE craraeMoe B CKOOKe MHOro
MEHBIIIE EIMHHUIILI H €T0 MOXHO OTOPOCHTB; TOTAa NMOJIy4aeTCsl COOTHOLIEHHE

R%(0) = 12ut, (11.43)

XapakKTepHOe T YIPYroro pexuMa (CM. ri1. 5). 3T0 COOTHOUICHHE BBITOJIHS-
€rcs JUIA MaJIbiX BpEMEH:

&)
« — ,
12% \dnkhy
mpH 3TOM YR « Qn/(4nkh) ¥ OoCHOBHYyIO poiip B ¢opmyine (11.42) urpaer
JorapupMuyeckuit e
On 1 12t
—In——.
dnkh " r?
[lpn Gonpumx 3HaYCHUAX BpeMEHH, Korja B ckobkax ¢opmymsr (11.41)
MOXHO OTOpOCHTH €QMHMIY IO CPaBHCHUIO CO BTOPBIM CJAraeMaIM, T.e.

R >» Qn/(4nkhy), 3aKOH IBHXEHHS TPAHMILI BO3MYIIEHHOH 06acTH HMeeT
BH]

) 1/3
R=<¥%£) , (11.45)
nkhy

4 3aBUCHMOCTb 3a0O0MHOro aBJIeHMS OT BPEMEHH CIICAylOILAN:

p:(,)sz - (1144)

1/
2.0 =p, — On L <3Qnm) 3+Q_r| (11.46)

6nkh” " mkhyr? nkhy 2nkh’

[Ipy HexkOTOPHIX 3HAYEHUAX IAPAMETPOB OKA3LIBAETCS, 4YTO OCHOBHOE
3HAYCHHE UMEET CTEIICHHOM 4slen, TaK 4TO 3aKOH NaJICHAA NaBJIcHHS Ha 3a00¢
CKBaXHHBI H3MEHSETCS C JIOrapHpMU4ecKoro Ha cTeneHHo#. CrenoBaTensHo,
npu OOJIBLIMX BpeMEHaX BHJ KpUBBIX H3MEHEHUs 3a00HHOro gaBieHHH g, (f)
npR QUAbBTpalMK C NpeJe/bHBIM I'PAJUEHTOM CYHIECTBEHHO H3MEHSETCH IO

348



CpaBHEHHIO C QUIbTpauuel ynpyro# xuaxocTd. B npuHumne 3to nossonsc |
o6HapyXHUTb B IUTACTOBBIX YCJIOBMSX IPOSIBJICHHE INpPEAe/IbHOIO IpaMeHTa
[aBJICHHS.

§ 3. OBPA30BAHHME 3ACTOMHBIX
30H IPY1 BLITECHEHMW HE®TH BOJAON

BaxHbl#l 3hdekT QUIbTpanuM ¢ Npeje/IbHbIM IPATHEHTOM OaBJICHHS —
BO3MOXHOCTb 00pa30Banus B I1aCTe 3aCTOMHBIX 30H, I ABHXEHHE XHUIKO-
CTHM HJH ra3a OTCyTCTBYeT. DTH 30HBI 00pa3yloTCs B TeX y4acTKax ILIACTa,
rje IpaaucHT NABJICHUS MEHbIIE NMpefelbHOro. Bo3HMKHOBEHME 3aCTOHHBIX

- 30H BeJeT K YMEHbIIIEHUIO HedTeoTAauu rwactoB. Ha puc. 11.8,a 3acroitnas
joHa 3, paclosioxeHHas MeXJy ABYMsS N0OBIBAIOIIMMH CKBaXHHAMH C paB-
HLIMH J1e6MTaMH, 3alITpUXOBaHa.

PaccMoTpuM BheITeCHEHHE HedTH BOAOH U3 myacTa ¢ NATHTOYCHHOHR
cucTeMoil pacnonoxenus ckBaxuH (puc. 11.8,6). I1ycTs uepe3 HarHeraTenb-
HYIO CKBaXHHY / 3akauMBaeTCs BOJd, a 4epe3 MOOBLIBAIOLIME CKBAaXHHBI
2 otObupaetcs HeTh. AHaJIH3 BOIHMKAIOIIETO IPH 3TOM JABYMEPHOI'O TCHECHHS
(B. M. Enros [7, 10]) noka3eiBaer, 4ro B 30Hax 3 (cM. puc. 11.8, 6) ckopocts
TeueHHs OyJeT Masa Mo CPaBHEHHMIO CO CKOPOCTSMH TEYCHHs B obyacrsx,
NPHIIETakOIIMX K NIPSMBIM, COETHHSAIOIINM HATHETATEIbHYIO U JOOLIBAIOIIYIO
ckBaxHHbl. [103TOMY 3TH 30HKI M OKaXyTcs 3acTOdHHBIMH. QTHOIOCHHE
He3alTPHXOBaHHLIX obnacreit Ha puc. 11.8, 6, ko Bceit momanu naTUTOHEH-
HOHM si4efiKH MOXHO CHMTATh IUIOIIagHbIM K03(pdHIUMEHTOM OXBaTa IIACTA
3aBoaneHueM. IlokaszaHo, 4TO BeJIMMMHA 3aCTOWHOH 30HBI U KO3(duLHMEHT
OXBaTa Ij1acTa 3aBUCAT OT NapaMeTpa

A = Qn/(kyL),

rae Q — nebut noOsiBaromeit ckBaxuHbl; L xapakTepHblil pazMep (Hanpumep,
TIOJIOBHHA PACCTOSIHUS MEXY COCEXHMMHM CKBaXHHAMH).

Okxka3biBaeTcs, TO KO3@UIHMEHT OXBaTa IIACTA YBEIUYUBAETCS C YBEIIH-
HYEHHEM IlapaMerpa A.

o

Puc. 11.8. Cxema 06pa3oBaHua 3aCTOHHEIX 30H (3):
G—MeXiay AByMA NOGBIBAIOLIMMH CKBAXMHAMM, 6—MPH NATHTOMEYHOA PACCTAHOBKE CKBAXKH:
CKBAXKHA: / - HArHETaTe bHaw, 2 - nobnBalomas

349



Bmecre ¢ TeM cneayeT OTMETHTb, YTO [ YCTAHOBJIEHHS WICTOIO
adpexkta u3MeneHus k03dPUIMEHTA OXBATad H3-3a NPEACIBLHOIO IpagHeHTa
JIaBJICHAs] TPUMEHHTENLHO K peajlbHOMY MECTOPOXAEHHMIO HeoOXOIuMBbl
JIOTIOJIHMTENbHbIE TINATeNbHbIE HCCIEAOBAHUSN, IO3BOJISIIOIHE MCKIIOYMTH
BJIUSIHUE PYTUX NPUYMH, CBA3aHHBIX C AedopmManueil rOpHBIX MOPOJ, HEOI-
HOpPOOHOCTBIO INACTA, GUIUKO-XUMHYCCKUMH SBJICHHSMH M T.II.

Koumpoashvie sonpocel u 3adavu

1. KakoB ¢u3nueckuit CMBICI NpEAeNbHOTO IpajHeHTa RABJIEHHS U OT
KaKMX MapaMeTpoB OH 3aBUCHT?

2. OnmuunTe METOA ONpEJENICHHs NpPEJe/IbHOrO rpajMenTa AaBJICHHS U3
NIPOMERICJIOBOTO 3KCIEPHMEHTA.

3. Tlouemy obnacTu mnacra ¢ Manoil NPOHHIAEMOCTBIO OKa3bIBAIOTCS
obnacTsiMu HaubOIIBLIETO NPOSABIICHHS HEHBIOTOHOBCKMX CBOYCTB (PIIIOHA0B?

4. B cryyae cTalHOHAPHOM IIOCKOPAAMANbLHOA QUIBTPALMM OLEHHUTE, HA
CKOJIbKO CHHKAaeTCs AeOMT BSI3KONIIACTHYHOH XHIKOCTH IO CPABHEHWIO
¢ 1e6MTOM HBIOTOHOBCKOH XHJIKOCTH NPH NPOYMHX PABHBIX YCJIOBHSIX.

5. TlocTpoUTh MHOMKATOPHYHO KPHBYIO IS HETBIPEXCIOMHOIO IMJacTa
(TpOBMIAEMOCTH NPOMNACTKOB k; < k, < ky < k,) IpH CTaLMOHAPHOM ILIOC-
KOPaJNalbHOM IPHUTOKE BA3KOIUTACTHYHOMN XKUAKOCTH K CKBaXuHe. CUMTATh,
YTO MPOIUTACTKH IMAPOTMHAMMMYECKH H3OJMPOBAHBI. HET NEPETOKOB MEXIY
CIIOSIMH.

6. IlocTpoiiTe THIAYHYIO KPUBYIO U3IMEHeHHs 3a60iHOro naBiieHus p_(f)
npH QUILTPALHY C NpeJe/IbHBIM IpafiHeHTOM. Kak ee MOXHO HCIOJIBL30OBATE
11t 0OHApYyXEHUs TIPOSIBJICHUH MPEAebHOrO IPAMEHTa B [LIACTOBBIX YCIIO-
Busix? CpaBHHTE C COOTBETCTBYIOLIEH KPUBOH NPH HECTALMOHAPHOR (PHIIBT-
palUHH YIPYrol XHIKOCTH. '

7. Kak MOXHO 0OBACHHTH 06pa3oBaHueE 3aCTONHBIX 30H NPH IKCILIyaTa-
UMM HebTAHBIX 3ajexedl U OLEHHUTH pa3Mephl 30H?

I'axapa 12

JABUXEHUE XWJAKOCTEN U I'A30B
B TPEIIMHOBATBIX
A TPENIMHOBATO-TIOPUCTBIX CPEJAX

§ 1. OCOBEHHOCTH ®UJILTPALIUN B TPEIMUHOBATHIX
N TPEIMHOBATO-TIOPUCTBIX CPEJAX

Ilo mepe pasBuTHs HePTHHOW M ra30BOH IPOMBINLIEHHOCTH B MHpE
IPOUCXOJUT PAa3BUTHE IeOJIOrO-pa3BefovHbIX paboT ¢ nenbio obecneueHus
Bce Bo3pacrarolled RoObIMM HEOOXOOUMBIMM 3aMacaMH  YTJIEBOJOPOXOB.
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[ToMCK HOBBIX MECTOPOXIAEHHH CBS3aH C POCTOM [yOUH, BBIXOZOM Ha
HEH3BECTHBIE paHee HeTera3oHOCHBIE PAHOHBI, YCIIOXHEHUEM IEOJIOTHYECKO-
[0 CTPOEHHS ¥ (U3UYECKHX MapaMeTPOB NPOJAYKTHBHBIX KOJUIEKTOPOB. B
yaCTHOCTH, OBUIM OTKPBITHI 3HAYMTENIBHBIE 3a11ACHI HETH M Ta3a, IPHYPOUEH-
HWe K K2pOOHATHEIM KOJUIEKTOPaM, KOTOPbIE OT/IMYAIOTCH TPEIMHOBATHIM
CTPOCHHEM. BOJIbLIOE YMCIIO TAKHMX KPYMHBIX MECTOPOXKICHHH OTKPBITO HA
prmuxHeM Bocrtoxe (Mpan, Upax, Caynosckas Apasus u ap.), B CeBepHo#
Amepuke (CHIA, Mexcuka, Kanana), s-‘Espone (Benrpus, boarapus, ®pan-
musi, ©PT" ¥ Ap.) U ApyTHX perioHax. MecTopoxaenus HepTH B KapOOHATHBIX
TPEIUHHOBATBIX MOPO/JaX OTKPHTH M paspabarbisaiorcs Ha CeseproM Kas-
kase, B CpeanemM IloBomxbe, TIpukacmiickol HU3IMEHHOCTH. _

[epsoHaYanbHO OBUIO 3aMEYEHO, YTO HA HEKOTOPBIX MECTOPONKAECHHAX
HabMIoAI0TCH ClelyIOlHE aHOMAJIMK: NpA OYPEHHMH CKBaXHH NPOMCXOIUT
HHTEHCHMBHOC IIOTJIOLIEHHE MPOMBIBOYHOH XHJKOCTH, XOTS MIPOHMIAEMOCTh
NOpOAbl OYEHb Mafna; Npu paboTe CKBaXHH Ha YCTAHOBHUBLIKXCS PEXUMAX
Hab04al0TCs BLICOKHE A€OUTHI IPH O4EHb MaJIoH MPOHHIAEMOCTH IIOPOIbI.
S3TH 4 UM N0J00HbIE SBJIEHHS [OBOPHIH O TOM, 4TO IUIACT MPOHHU3AH
CHCTEMOM COODIIAIOMUXC MeXay coboit TpeIlHH, M0 KOTOPbIM B OCHOBHOM
M IIPOUCXOJUT NPHUTOK (IIIOUAOB B CKBAXKHMHY WIH YXOAMT IIPOMBIBOYHAS
KUAKOCTb.

[MpoMbICOoBBIE dHHbIE, @ TaKXe JaHHBIC HCCJICOBAHUS KCPHOB M LWIM-
(OB CBUAETENILCTBYIOT O TOM, YTO TPEIMHOBAThbIE MOPOALI MMEIOT CIIOXKHOE
CTPOEHME, 4 JBUXECHHAE B HHUX XHMJIKOCTH H raza OTJIMHACTCA HEKOTOPBIMH
0CcODEHHOCTSIMMU 10 CPABHEHHMIO C IBUXEHHUEM B [TIOPUCTOM cpeje. B TpemuHo-
BaTOM NOpOJE UMEIOTCH MHKPO- M MAaKpOTDEIUMHbI, MEJIKHE M KpYIHbIC
K4BepHbI, [TOJIOCTH, CamMa NOpOAa — MAaTpHIA (MPOCTPAHCTBO MEXIY TPELIH-
Hamy) MoxeT ObiTh abCOIIOTHO HENPOHHMIAEMON HIM NPEACTaBIAThL COOOR
O6bIYHYI0 MOPHCTYIO CpeAy. PackphiTHsi MakpoTpelMH HMEIOT NOPAROK
I MM, a2 B oTmenbHBIX ciyuasx W Oonbuue, MHKpoOTpewH— 1-100 MxMm.
Hcxoas u3 Toro, 4To CONPOTHBIICHHE ABHXCHHIO XHUIKOCTH B TPELIMHOBATHIX
NOpOAaX AOCTATOYHO BEJIMKO, CYMTAETCH, YTO MAKPOTPEIUIHMHbI HE HMMEIOT
3HAYUTEJILHOH HPOTSKCHHOCTH U B GOJBUIMHCTBE CIIy4aeB COEJHHSIOTCS
MeXay coO0i MHKpOTpEIIMHAMH, KOTOPbIE W CO31al0T OOMBIIME CONPOTHB-
JIeHuS,

Oxazanoch, 4YTO CO3JaHHblE K TOMY BpPEMEHH MoJENH (PUIbTpauUMH
XHUAKOCTH M raza B OOLIYHBIX TEPPHUTCHHBIX IPAHYJSAPHBIX KOJUICKTOpax HE
ONHCHIBAIOT B MOJIHOM Mepe ocobenHocTed ¢uIbTpauuu B XapOOHATHBIX
KOJUIEKTOpAx, IJIdBHasi OCOOEHHOCTh KOTOPBIX —PA3JIMYHBIE XapakTep Tpe-
HIMHOBATOCTH.

.— Co3naHue HOBBIX MojedeH GHIBTPALHH B TPEIIMHOBATBHIX MOPOIAX
BbI3BAJIO HEOOXomuMocTh 6oJiee [eTajIbHOTO H3y4eHHS TIEOJIOTMYECKOro
CTPOCHHS U (U3MYECKHX CBOWCTB 3TUX nHopoia. OmHOBpeMEeHHO Ha4aloch
yrilybnenHoe 3KCIEpUMEHTAILHOE U TEOPETHYECKOEe U3yueHHE (MIbTPaLKMOH-
HBIX MpoleccoB B riybokozaerarolMx TPELIMHOBATBIX MOPOAAX B HAalIEH
expaHe u 3a pybexoMm.
. PyHnaMeHTanbHble QUNBTPALMOHHBIE MCCIIETOBAHNS B 3TOM HAamnpasle-
Buu BeimosiHeHsl . Y. Bapen6Gnattom, 0. I1. XentoebiM, WU. H. KouuHoi,
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Puc. 12.1. CxeMbl MHCTO TPELIMHOB4TOHR (¢) M TpemMHOBATO-NOpHCTOH (6) cpen; /,
3—Tpeuuubl, 2 - nopUCThie GI0KH

E.C. Pommom, A.A. Bokcepmanom, B. H. Hukonaesckum, I'. O. Oranaxa-
usHueM, II.T. benpukopenxku™m, 3.A. boupapessiM. B.C. KyTnspobiM,
2. A. Asaksi, E.M. CmexoBuiM, 3. B. CkBopuosbiM, B.JI. [laHuIOBBIM,
A.A. KoyemikoBeiM H jp. Bonpochl pa3paboTku 3THX MeCTOpPOXACHHM
usyuamuce B paborax A.T. [opbynosa, C. H. 3axuposa, B. H. Maiine6opa,
3. B. Cokonosckoro, H.I1. Jlebeaunna ¥ MHOTUX APYIHX.

U3noxenHoe B [MaHHOM [JlaBe HE OXBATHLIBAET BCErO MHOroobpasus
THIPOTHHAMMYECKMX MOJENICH GHIbTPAlMK XHUAKHX M ra3oo0pasHbIX yrie-
BOJOPOAOB B TPEMIMHOBATHIX nopoaax. Co MHOTMMH M3 HHX MOXHO NO3Ha-
KOMHTLCS B ClIENMANbLHOM nuTepaType. M3noxenue JaHHO#R riaBbl OCHOBAHO
H4 MO/ICNIbHBIX [IPEACTaBICHUSX, MOJYYHBLINX JOCTATOYHO LIMPOKOE MPHMe-
HEHHE.

Jinst TIOHAMAaHMsL OCOGEHHOCTEH GUILTPALMHM KHIKOCTH U ra3a B TPELLH-
HOBAaTLIX MOpPOJAaX B HeTerazoBoi NOA3EMHON I'MAPOMEXAHUKE PACCMATPH-
BalOT ABE MOJE/IH NOPOJ— HUCTO TPELIUHOBATHIE U TPEIIMHOBATO-IOPUCTbIE
(puc. 12.1). B uHMCTO TpeIIMHOBATHIX NopojAax (cM. puc. 12.1,a) 6moku
NIOpOAbI, PACIIOJIOXEHHBIE MEXAY TPEUIMHAMH, IPAKTHYECKH HEIIPOHUIIAEMEI,
JBHXEHHE XHUAKOCTH M ra3a MPOMCXOIUT TOJIBKO IO TPELIMHAM (Ha PUCYHKe
NOKAa3aHO CTPEJIKAMH), T. €. TPELIHHBI CITYX4T H KOJUIEKTOPAMH, M IPOBOIHH-
KaMH XHJAKOCTH K CKBaXHHaM. K TaKHM NOpoJaM OTHOCSTCS CJIAaHIIbI,
KPHCTaJIJIHYECKHE NOPOIbI, JOMOMMTHI, MEPTeIH M HEKOTODBIE M3IBECTHSKH.
PaccMaTpuBasi TpEeIIMHOBATYIO MOPOAY C XHIKOCTBIO KaK CIUIOUIHYHO CPEdy,
HYXHO 34 3JIEMCHT MOpOJb NPUHUMATH OOBEM, coaepxkalmi Ooblioe
KOJIM4eCTBO OJIOKOB, M ycpeaHeHHe GUIbTPALHOHHBIX XapaKTEPUCTHK NIPOBO-
AMTb B INIpEAe/dX ITOro JJIEMEHTa, T.€. Macwtab aomkeH ObITH ropasiao
66nb11MM, 4eM B opucToi cpeae. Ecnu npeacraBuTs cebe 6510k B Buje Kyba
co cTtopoHoit a = 0,1'M, TO B xa4ecTBe JJIEMEHTAPHOIr0 06BeMa HA0 B3ATH
kyb6 co cTopoHoi mopsiaxa 1 M.

TpemuHOBaTO-NIOPUCTAs CpeAa MNPeACTaBiIsieT COOO0R COBOKYNHOCTH IO-
PHCTBHIX 6710KOB, OTAEJICHHBIX OAMH OT APYrOro pa3sBHTOMH CUCTEMOMH TpeIIMH
{cM. puc. 12.1,0). JKuakocTs M ra3 HachllalOT W IPOHHUIAEMbIE OJIOKH,
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Puc. 12.2. Monenb TPELIMHOBATOH Cpeasl C yno-
PAZOHEHHOH CHCTEMOM TpEIIHH

¥ TpemHsl. [IpH 3TOM pa3Mephl TPEIHMH 3HAYHTEIbHO NIPEBOCXOAAT XAPAK-
TEpHbIE pa3Mepbl OP, TAK YTO NPOHHIAEMOCTb CACTEMbI TPEIUMH k, 3HAYH-
TeNIbHO 6O0JIblIIE, HEM NPOHHMIAEMOCTh CHCTEMBI mop B Giokax k,. B 1o xe
BPEMs TPEIIMHBl 3aHUMAIOT IrOpa3fo MEHbIIHHA 00BEM, YeM NOpBI, TAK YTO
KO2(pPHLHEHT TPEIIMHOBATOCTH M, — OTHOLIEHHE 0OBEMa, 3aHATOTO TPELIM-
HaMH, K 001meMy o6beMy Nopoasl — CYHIECTBEHHO MEHBIIIE MOPHCTOCTH OT-
JeNbHBIX OJIO0KOB m,.

TpelmrHOBATO-NOPHCTHIE KOJUIEKTOPHI —3T0 B OCHOBHOM HM3BECTHSKH,
HHOTJIa TIECYAHHKH, aJICBPOJIUTHI, JOJOMHTHL

PaccMOTpPHM XapakTEpPHCTHKH YHCTO TPEIIMHOBATOM MOpoAsl. TpemmuHa
npeacTaBiser cobo#l y3Kylo ILenb, ABa M3MEPEHHS KOTOpOH BO MHOro pa3
6onbuie Tperhero. Ko3dpduuumeHT TPEeIMHOBATOCTH COCTABJAET OOBIYHO
IOoM¥ mpoueHTa (B TO BpeMs. Kak KO3(@PUIMEHT NOPHCTOCTH 3EPHHUCTOH
nopoas! cocrasnsger 10-20%). KoabgHuueHT TPemMHOBAaTOCTH M, TaK Xe,
KaK ¥ K03dduimeHT NpoHHNaeMOCTH k,, ONpeaeIseTcs 'YyCTOTOH H pacKphl-
THeM TpeudH. ['ycroTod TpemuH ' HalsIBaeTCs 4MC/IO TPELIMH 7, OTHECEH-
HOE K JUIMHE HOPMAaNd L, NpOBeleHHOH K MOBEPXHOCTSAM, 06pasylomum
TPeLIMHBL, I8 npocTOTHI MPeACTaBUM cebe MOoMes b TPEIIMHOBATOH Cpelbl
C YNOPSJIOHYEHHOH CHCTEMOH NapaulebHbIX H PaBHOOTCTOSIIUX TPELIHH
¢ packpeiTHeM & (puc. 12.2). TI'ycrora Tpemmmn I = n/h. a xordduuueHT
TPEUIHHOBATOCTH

m, = acnd/(ach) =T§.

Eciu B muiacTe HMEIOTCH JBE B3AMMHOIIC PIICHIMKYJIAPHBIC CHCTEMBI Tpe-
LIIMH C OAMHAKOBRIMH I'YCTOTOH M packpsiTHeM, TO m, = 2I'8, ecnu TpH, TO
m, = 3I'8; B oOmieM cny4yae MOXHO CHHTATh, YTO

m, = 03, (12.1)

rae 0-6e3pa3MepHbli KO3DOHIMEHT, 3aBHUCAIIMA OT TEOMETPHH CHCTEM
TPElMH B IIOPOJE.

JiBHxeHHe XHAKOCTH MJIH Id3a B TPELIHHE MOXHO IpeAcTaBHTh cebe kak
JBHXEHHE B Y3KOH ILIE/TH MEXY ABYMS I1d pPAJUIC/ILHBIMH IJIOCKHMH CTEHKAMH
C pacCTOAHHEM MeXY HUMH J; I TAKOro ABHXEHHSA CrpaBeasuBa GopMya
ByccuHecka, COITACHO KOTOpOH CpeIHAs CKOPOCTh ABHXCHHS XHIKOCTH
B ILEJIH COCTABJIfCT:

2
v = -E——ge, (12.2)
12n dv
23—1642 353



rae n - AHHAMHYECKHH KO3G(HUMEHT BA3KOCTH, dp/dX - TPAJHEHT JaBJICHHA.
Ilepeiins X CKOPOCTH PUIBTPALMH W = M,v, TOJYHHM:

m8* dp

= — . 123
12n dx ( )

Conocrasus ¢opmyay (12.3) ¢ 3akoHoM Jlapcu ¥ UCHOJB30BaB COOTHO-
menue (12.1), HaiimeM BuIpaxeHHe A KOIbIHUHEHTA NPOHHIAEMOCTH
TPELHHOBATOH MOPOJIKI:

k, =m,82/12 = OT8%/12. (12.4)

IKCIEPUMEHTAMHE Ha 06pa3ax ropHLIX MOPOJ YyCTAHOBJIEHA 3aBUCUMOCTh
NPOHHIAEMOCTH TPEIIMHOBATHIX MOPOA OT ILTACTOBOIO JAaBjeHMd, Gosee
CYLLIECTBEHHAS, Y€M 3aBUCHMOCTb OT JaBJIEHHS [POHHIAEMOCTH MOPHCTHIX
cpea. Y3 dopmynnt (12.4) 3aBucumocTs k, (p) MOXHO MOJYHHTh CIERAYIOIIMM
obpaszoM. T'opHOe JaBjieHHE, KOTOPOE MOXHO CYMTATh INOCTOAHHKIM, YPaB-
HOBEIIMBAETCS HANPMKEHHAMH B CKEJIeTe MOPOJbl U AABJIICHHEM XHJKOCTH
B TpelurHax. [Ipu CHMUXEHUHM N/1aCTOBOTO JaBJIEHHs YBEJTHYHBAETCS HArpys3ka
Ha CKeJIET MOPOJLl M YMEHBIIAETCS PACKPHITHE TPEIIMH (C POCTOM JaBJIEHHA
packpbITHE TpellMH yBeJuunBaercs). Ecu cuuraTth, 4TO AedopMaumH B Tpe-
IMHOBATOM ILIACTE YIPYTHe ¥ MaJbl 10 BEJIMYUHE, TO 3aBHCHMOCTb PacKphbl-
THSl TPEIIMHBI OT AABJEHHA MOXHO CHHTaTh JIHHEHHOM:

8=250[1—Bpo—p, (12.5)

rae p-nmapaMeTp TpEIUWHOBATOH Cpeldbl, 3aBHCSIIHA OT YNPYTHX CBOHCTB
U FEOMETPHH TPEIIHH.

Hcxons w3 ¢dopmyn (12.4) u (12.5), MOXHO 3amucaTb 3aBHCHMOCTH
K03 }HIHEHTa TPOHUIAEMOCTH k, OT JaBjeHHs cileAylolHM obpasom:

k= kL1 — B(po — p)I°. (12.6)
rae k9 - xo>pdHUHEHT NPOHUNAEMOCTH TPEILMHOBATON IOPOIbI NPH JaBJIe-
HHH p,.

Kak yxe yka3bIBajoch B IJ1. 2, XOPOILIO MOATBEPXAAETCSA IKCIEPHMEHTOM
IKCIIOHEHIHA/IbHAS 32BHCHMOCTb IPOHHIAEMOCTH OT AaBJICHHUS:

k, = kOe—alo =), (12.7)

a IPH MaJhIX H3MCHEHHSX NABJICHHA 3aBMCHMOCThL K, (p) MOXHO CUHTaTh
JIMHEHHOH:

ki, =k{[1 - a(@,—p)], (12.8)
rae o = 3p.

IIpn paccMOTpeHHH YCTAHOBHBIUCHCS (PHILTPAUMH B TPELIMHOBATO-IIO-
PHCTOM IUIacTe€ OOBIMHO CHYMTAIOT, YTO KO3IPPHIHMEHT NMPOHHUIAEMOCTH Tpe-
UMH k, CYIECTBEHHO 34BHCHT OT [ABJIEHHS H OIPEACNSETCH OJHOH M3
dopmy (12.6) - (12.8), a x03hGHUIHEHT TPOHUIAEMOCTH OPUCTHIX GIOKOB k,
HE 3aBHCHT OT JaBJIeHHS U IPHHHUMAETCH NMOCTOAHHBIM. COOTHOIICHHS IS
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YCTaHOBHBILHXCH QUIbTPALMOHHBIX IIOTOKOB B TPELMHOBATO-IIOPUCTOM Cpe-
Je MoJIy4aloTC CYMMHPOBAaHHEM NOTOKOB B TPELIHHAX H [MOPHCTHIX 6JI0Kax.

B TpelMHOBAaTHIX OPOAAX, Il€ HCTHHHOE CEYEHHE NTOTOKA CPABHUTEILHO
Majlo, a 1eOHThI OOBIMHO BEJTMKH, OCOOEHHO BEPOSTHO OTKJOHEHHE OT 3aKOHA
Japcu 3a c4yeT NpOSABJICHHUS MHEPLUHOHHBIX cHiI. [IpM 3TOM OGBIMHO HCNOb-
3yIOT ABY4JIEHHbIH 3akoH ¢uabTpanuu (1.12).

Haubonee sapxo ocobeHHOoCTH (UILTPalMM B TPELIMHOBATO-MIOPHCTOM
cpelle MPOSABIAIOTCH B HEYCTAHOBMBIIHXCH mpoueccax. CucremMa TpellMH
H CHCTEMa NOP MpPeACTaBAsAlOT cOOOH ABe Cpefhl ¢ Pa3HbIMH MaciuTabamu
(cMm. puc. 12.1, 6). Cpeauuit paamep nop coctasnser 1-100 MM, npoTsixkeH-
HOCTb TPELIMH—OT HECKO/IbKHX CAHTHMETPOB A0 AECATKOB METPOB. Tak kak
K03h)dHIHEHT NOPHCTOCTH GJIOKOB m, Ha OJHMH-Bd NOPHJKA BBILIE, YEM
K03(h(HIHEHT TPEIHHOBATOCTH M, TO 60JIbIIas 4acTh XUAKOCTH HAXOAUTCH
B nopax. Yarie Bcero nopucTele 6;10kH ManonpoHHuaemsie (k, « k,) B Xua-
KOCTh, GHIBTPYACH U3 HHX B TPCIIMHBI, ABHXETCA B CKBaXWHbI B OCHOBHOM
[0 TPELIMHAM, [IPOBOJNMOCTD KOTOPHIX 3HAYMTE/IBHO BHIILE, Y€M MOPHCTHIX
610K0B (cM. puc. 12.1, 6).

PaccMoTpHuM 3TOT nponecc noapobHee. I1ycTh MPOHUCXOXUT PE3KOE H3Me-
HEHHE JaB/icHHs Ha 3a0oe ckBaxuubl. EC)TH G/IOKH CYMTATh HEMPOHHIAEMBI-
MH, TO MOXHO MCIIOJIb30BaTh OOBIYHYIO TEOPHIO YIIPYTOro pexuma, pu4yeM
k03¢ dUuHeHT nbe30onpoBoAHOCTH % = k,/[(B.m; + B.:)N], ompeneneHHbIHA
4Yepe3 XapakTCPUCTHKH CHCTEM TPEIIHH, MOXET OKa3aThCA OYeHb OOJIBIIHM,
Tak Kak k, BeJMK a, m; MaJ. JTO 3HAYHT, 4TO IIPOLECC pacnpelc/iCHUs
JIaBJICHHs B TPelIMHax OyJeT MPOMCXOAMTh C OOJBLIOR CKOPOCTBIO H B TpeE-
IMHAX 32 CPABHUTEILHO 00IbIIOE BpeMs YCTAHOBUTCS HOBOE pACIpe/Ie/IeHHE
JAaBjieHus. M3-3a Manoi npoHHaeMocTH 6J0KOB XHIKOCTb H3 HUX BBIXOAMT
MEUICHHO M JaBjIcHHe B OJ10Kax MIMTENILHOE BPEMS COXPaHSET CBOE Hadab-
HOe 3HaveHWe. TeM CaMbIM MEXAY XHAKOCTbIO, HaxoAsuledcs B OJoke,
H XHAKOCTBIO, €ro OKpyXxalolleH, co3laeTcs pa3HOCTb AaBjcHUMH. B pesyns-
TaTe MepeTOKA YaCTH XUAKOCTH U3 6JI0Ka B TPELLMHbI IPOUCXOAHT NOCTENCH-
HOE BBIPABHHBAHME IABJICHHA. DTOT mpouecc OyaeT TeM UIMTENIbHEE, YEM
MeHbllle POHMIIaeMocThb Gioka k,, Gonblle ero pasmepsl, 60Jbllie MOpPHC-
TOCTb M, ¥ CKUMAEMOCTb XHIKOCTH P, M MOPOBOro mpocTpaHcTBa ;.

Taxum 0Opa3oM, XapakTEPHCTHKH [BHXEHHS B OJIOkax H TpellHHax
OKa3bIBAIOTCH Pa3/IMYHLIMH: JaBJcHHe B OJjokax p, Gosblue, 4eM AaBJcHHe
B TpELIMHAX p,, CKOPOCTh (PHIBTPAlMH B GJIOKaX w, 3HAYHTEJILHO MEHbIIE,
yeM B TpeluHax w,. [103TOMy TpelIMHOBAaTO-NOPUCTYIO CPEAY PACCMATPH-
BalOT KaK COBMEILIEHHE ABYX IMOPHCTHIX CPEeA C IIOPaMH pa3HbIX MacuITabos:
cpena |-ykpynHeHHas cpega, B KOTOPOH pOJib 3epeH HIpaloT IOPHCTHIE
GJI0KH, KOTOpbIE pacCMaTPHUBAlOTCA KaK HENMPOHHIAEMBIE, 4 POJIb IOPOBbLIX
KAHAJIOB — TPELLMHBI, JaBJIeHHE B ITOH CPefe p,, CKOPOCTb (PHIBTPALMM W, ;
cpena 2-cHCTeMa IMOPHUCTBIX OJIOKOB, COCTOSILMX H3 3€PEH, pa3fesIeHHBIX
MEJIKMMM NOpaMH, AaBJCHHE B HEH p,, CKOPOCTb (PHJIbLTPAlHH w,. TakuM
obpa3oM, p, —cpelHee JaBJeHHE B TPCLIMHAX B OKPECTHOCTH JAHHOH TOUKH,
P, ~ CPERHEE AaB/eHHE B 6J0KaX M aHAJOTMYHO JUIS CKOPOCTEH (QUIbLTPAIMH.

Baxxnas 0cOGEHHOCTb HEYCTAHOBMBILIEHCS (PHIBTPAUMH B TPEIIMHOBATO-
HOPUCTON Cpele — MHTEHCHBHEIA 0OMeH XHIKOCThIO MeX1y obeHMHM cpenamH,
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T. €. MEX/y NOPHUCTBIMH OJIOKAMH U TPEIIMHAMH, OOYCJIOBJICHHBIH pa3/IHYHEM
JaBjIeHMil B 3THX cpelax p, H p,. O6MeH XHIKOCTbIO NPOHUCXOTUT IPH
JOCTATOYHO MEJIEHHOM M3MEHEHWH JIaBJIEHHH C TeYeHHEM BPEMEHH, NO3TO-
MY 3TOT IPOLECC MOXHO CHHTATh KBA3HCTAIMOHAPHBIM, T. €. HE 3aBHUCHILUM
SBHO OT BpemeHH. QueBHIHO, YTO IPH ABHXEHHH clabocxkuMMaeMOR Xua-
KOCTH Macca XH/IKOCTH, BHITEKAOIIEH W3 OJJOKOB B TPEUIMHBI 3a €IHUHHILY
BPEMCHH B €HHHIE 00BbeMa Mopoabl (MHTEHCHBHOCTh NEPETOKA q), IPONOP-
LIHMOHAJIbHA PAa3HOCTH IABJIEHHH p,—p,, IUIOTHOCTH p, (CYHTas, 4TO IJIOT-
HOCTb MaJl0 MeHseTcs B HHTEpBaJic JaBjJeHHH OT p, A0 p,) ¥ obpaTHO
IPONMOPLUOHAJIbHA BA3IKOCTH T, T.€.

p
g= uo—nﬂtpz —py), (12.9)

rae agp—6e3pasmMepHBld K03 (HIMEHT, 3aBUCHAIIMA OT I€OMETPHHYECKHX Xa-
pakTepHCTHK OJIOKOB - IpoHHIIaeMocTH k,, cpefHero paimMepa 6nokoB [/ u
Ge3pa3MEpHBIX BEJHYMH, XapaKTEPU3YIOUIUMX GopMy 6110k0B; 0y = dk,//2.

CootHouienne (12.9) nomxHO ObITh YTOHHEHO [UIA CJIy4as, €C/HM ILIOT-
HOCTh CH/IBHO 3aBHCHT OT [aBJicHHs. Hampumep, mpu ¢uwisTpamuu cosep-
LIEHHOTO Ira3a MHTEHCHBHOCTb NEPETOKOB H3 OJIOKOB B TpELIAHKI NpeaCTaB-
JseTcs B BUJE

Po(P% —Pf)
= uo—z—
N Po

T€ p,— GHKCHPOBAHHOE JABJICHHE, COOTBETCTBYIOIIEE MJIOTHOCTH pPy.

, (12.10)

§ 2. BBIBOJ JUOGEPEHIIMAJIBHBIX YPABHEHUM
JABUXKEHHNS XUJIKOCTH U TA3A .
B TPEHIMHOBATBIX 1 TPEHIMHOBATO-ITOPUCTBIX CPEAAX

BriBeniem muddepeHIManbHbe YPABHEHHS IBHXEHHUA XHAKOCTH M rasa
B JehopMHpyeMO# TPEIIMHOBATO-NOPHCTOA Cpele, CHHTASA, YTO B KaXJOH
TOYKE MMEIOTCH ABa [JaBJICHHA (P, —B CHCTEME TPEIIMHEI, p, —B MOPHUCTBIX
6nokax) H aBe CKOPOCTH (PUIBTPAaUMH - W, B W, COOTBETCTBEHHO. [lepeToku
MeXy cpelaMH onpeaensorcs dopmynamu (12.9) unu (12.10).

Ilpu cocrapneHnn auddepeHnManbHBIX YpPaBHEHHH 3alHUChIBAIOT [ABA
YPaBHEHUS HEPa3pBIBHOCTH —OAHO I QHIbTpAalMM B TpemuHax (cpeaa 1),
Ipyroe ais GUIbLTPAaLMH B NOPUCTHIX 6i10Kax (cpena 2). YpasHeHnue 6aaHca
XMOKOCTH B TpCIIMHAX, T.€. YPaBHCHHMEC HEPa3pbIBHOCTH, OTJIHYAETCH OT
ypaBHeuus (2.3), BbIBEAEHHOIO B IJI. 2, TOJIbKO HaJIHMHEM B IIpaBOH 4acTH
1006aBOYHOrO 4WiIeHa, IPeACTaBIAIOIEr0 COO0H Maccy XHAKOCTH (WIH rasa)
q, TepeTeKalomled 3a eTHHHALY BPEMEHH M3 OJIOKOB B TPEIIMHBI B €IHHHUIIE
obbeMa cpennl.

O(pwiz)  d(pwiy) 5(PW11)]_5(P’"1)
[ax+ay+az ~Ta ¥

(12.11)

ra¢c p—IUTOTHOCTb XHAKOCTH MJIM ra3a IPH AdBJICHHH p,.
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Jins GUIbTpPalMH B NOPHCTHIX O/10Kax ypaBHEHHME HEPa3pPbIBHOCTH IIpH-
HHMaeT BHJI

8 (pwe) | lpws,) a(pwz,)]_a(pmz)
‘[ x oy ez | a T

(12.12)

rae p—IUIOTHOCTb XHMJAKOCTH HJIM rasa IIpH JaBJICHHH p,.

Jas yucTo TpenmHoBaTOroO muacra ¢ = 0 ¥ ocTaeTcs TOJHKO YPaBHCHHE
(12.11), Tak kak B 60KaX He COJAECPXMUTCH XHIKOCTH.

Beenem ¢yukuun JleibeH3ona s CHCTEMBI TPEIIMH P, H QIS MOPHCTHIX
610k0B P, no dopmyne (2.49):

p(p)k,(p,)

P = TSGR (12.13)
Pﬁf%’fz)wdpﬁc- (12.14)
2

Bynem cuMTaTh, YTO BBINOJHAETCA JUHeHHBIH 3akoH Jlapcu. Torama
mMpdepeHIHATIbHbIE YPABHEHUA [BHXCHHS 3alMchiBaloTCs B Buae (2.15);
BHIPA3UM HX uepe3 ¢yHKiMH JleiOenszona:

aP, oP, P,

= 1 = -1 = — —= 12.1
pwlx ax [] pwly ay (] pwlz 62 3 ( 5)
oP, aP, oP, 216
Wix = ——/—, lay = — Q7 s = — . .
PWax ox pway dy pw2 oz

INoxacrapus Beipaxenus (12.15) u (12.16), a takxe (12.9) ans ynpyro#
xuaxoctd wim (12.10) nns rasa B ypaBHeHus HepaspmiBHocTH (12.11)
H (12.12), nmony4uM CHCTEMY ypaBHEHHH HeyCTAHOBHBIIEACS (HIbTPALHH
moboro ogHopogHoro ¢uoHaa B TPELIMHOBATO-NIOPHCTOR cpeAe B oblem
BHJE:

0P, 8*p, o*P, 0 o
ax: + 3 + 53 =E[P(P1)m1(l’1)]“;U(Pz)-—f(pl)]; (12.17)
o*p, o*p, &*P, 0 o,

ox2 + a2 + 072 =é‘t[p(P2)mz(P2)]+;[f(P2) —fe)], (12.18)

rae f(p) = pop—Ans ynpyro# xmaxocty; f(p) = pp?/(2P,)- 014 rasa.

Jlas nonyvyeHHs €AMHCTBCHHOIO PpCILICHHS IPH HHTErPHPOBAHMH 3TOH
cucTems! ¢ depeHIMaILHEIX YPAaBHEHAR B YaCTHBIX NPOH3BOAHBIX OTHOCH-
TENILHO JABJIEHUIA p, ¥ p, K Hell Heo6x0AMMO 106aBHTh HaYaIbHbIE H TPAHKY-
HBEI6 ycoBHs (cM. 1. 2, § 7).



§ 3. YCTAHOBUBUWIAACHA OJHOMEPHAA ®UIbTPALIUA
KUJIKOCTH U TA3A
B TPEHIMHOBATOM U TPELIMHOBATO-IMTOPUCTOM ILJIACTE

PaccMOTpHM yCTaHOBHBIIYIOCH (QDHIBTPALHUIO XHIKOCTH U ra3a B aedop-
MHPYEMOM THCTO TPEIIMHOBATOM ILIACTE, B KOTOPOM IPOHHIIAEMOCTb H3ME-
HSAETCA B 3aBUCHMOCTH OT JABJIEHHA 10 OJHOMY M3 3akoHOB-— (12.6) - (12.8).
B 3TroMm caywyae mpaBas uacTb ypaBHeHHs (12.17) oOpamaercs B HyJb
4 auddepeHimanbHOe YPAaBHEHHE CBOAMTCH K ypaBHeHulo Jlannaca:

o*p,  9°p,. 0%p,

t 2+622

=0
ox* 0oy

PaccMOTpUM GHIBTPaLMIO HECKHMAEMOH XHIKOCTH (p, = const) ¢ mo-
CTOSHHOH BA3KOCTBIO (N = const), Haiinem Beipaxenue ¢yHkuwmm JleibeH-
3oHa (12,13) a8 3KCIOHEHUHAJBHON 3aBUCHMOCTH IIPOHHIIAEMOCTH OT AaB-
senus (12.7):
pok?e—uu’a -p

na
H BeIBeJeM Gopmyinl AeOUTa ¥ pacupede/icHHs OaBjICHHS [UIS ILIOCKOPAIH-

aJbHOH PUIBTpaLMH HECXHMAEMOH XHIKOCTH B KPYTOBOM ILIACTE K CKBAXH-
He. [lebut onpenenurcs no ¢opmyne (3.18), B xoTopoi

kO e_“(.Pa‘P.) kO e*“(ﬂu_l’c)
=M—————+C, Pc=p0 -

n a n a
IIpu 3TOM, €CTH NMPHHATH, YTO py = p,, TO

2nkShpo [1 — e 2 —2]
naln(R,/r.) ’

P, = jfnﬂk?e—wo—mdp +C= +C (12.19)

P

+C. (12.20)

On (12.21)

a oOBeMHRI AeOUT BhIpasuTCa GopMyNIOH
_ 2nkdh[1 — =2l —p]
~ naln(R/r)

(12.22)

HnaukaTtopHaa auarpamma, ondceiBaemas ¢opmyJioi (12.22), xpuBoH-
He#Ha, NMPHYEM JUIs JOOBLIBAIOIIMX CKBAXHH OHA HMEET BBHINYKJOCTb K OCH
nebutoB (puc. 12.3, xpuBas 1), a m1d HarHeTaTeJbHBIX (p, > p,)-K OCH
Ienpeccuil (kpuBas 2).

IToncraBus B gopmyay (3.19) seipaxenus pyuxuuu JleidGenszona (12.19)
¥ (12.20), nony4um:

e‘u(Pa_P.) - e_“(.Pa - PpJ)

e—ﬂ(.Pa -P = e_“(Pa —pPJ) — 11’1 R '
In(R,Jr) (&
B cny4ae, ecnu p, = p,
" » l l — e_ﬂ(Pu"p:)l
—alp, — = —_—— R
¢ n(Rjr) R
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Fue. 12.3. UunuxaTtopHas nuHua wia no6siBarowei 3
(1) » HarHeTaTenbHO# (2) CKBaXHH B nethopMHpye- 0 100200 Gm /cgm
MOM TDEIMHOBATOM ILIacTe

2 A
B

N
LN

4pMNa

H pacClnpcacjicHUC AABJICHHA ONPCACIACTCH (bopmynoi

L [1 Lo R ] 12.23
= -In|1 - ——————In(R,/r) |. .
P=r.t In(RJ7.) (R,/r) ( )

Ha puc. 12.4 npuseneHbl KpUBbIE paclpelesieHUs JdBJIEHU s, TOCTPOEHHBIE
no 3aBucuMocTsM (12.23) u (3.46) nns Hemepopmupyemoro miacra. M3
CpaBHEHHUS KPHUBbIX CJIEAYET, YTO B 1e(OPMHPYEMOM TPELUMHOBATOM IJIACTE
3a CHET YMCHBILICHHS PACKPHITHS TPEIIMH NPH CHUXCHHH IUTACTOBOIO JaBJIe-
HHUS CONPOTHBJIEHHA YBEJIHMYHBAIOTCH M AaBJiCHHE maaaeT OoJiee pe3ko, HeM
B HetehOPMHPYEMOM ILJIACTE,

KayecTBeHHble OCOOEHHOCTH, XdpakTepu3ylollue COOTHoeHus (12,22)
H (12.23), UMEIOT MeCTO T4KXE€ H IS 3aBHCHMOCTEH NPOHHMLAEMOCTH OT
IaBJicHUs, BblpaxeHHbIX popmynamu (12.6) u (12.8).

Bonbii0oe NpakTHYECKOE 3HAYEHHE MMEET OIpefe/ieHHe NapaMeTPOB Tpe-
LIIMHOBATOIO IJjacTa — IpoHulaeMocTH k, ¥ Koadduunenra a.

A.T. 'op6ynoseim 1 B. H. Hukonaesckum npeasioxes Metod o6pabotku
HHIUKATOPHBIX JHArpamMM, BBINYKJIbIX K OCH AeOHTOB, o8 JOORIBAIOIIMX
CKBaXHH, BCKPHIBAIOIINX TPENIMHOBATHIE IJIACTHI. PACCMOTPHM 3TOT METOX

npUMeHHTENbHO K Gopmyine (12.22). Ha wuHaukaTOpHOH aguarpamMme
AP;

(puc. 12.5) onpenenstoTcs aBe mjomamd: f, = _f Qd(Ap)~Mexny KpHUBO#

0
Q (Ap) 1 ocblo opaMHAT (3alUTpHXOBaHa Ha puc. 12.5) u f, = Q;Ap,— wiomans
IPAMOYTOJILHHKA Ul COOTBETCTBYIOLICH TOYKM MHIMKATOpHOH JUHMH, OT-
HOIIEHHE 3THX IUIOINAACH Zreop = f;/f; MOJACHMTHIBAETCH TEOPETHHECKH C HC-
noJip30BaHueM opmynsr (12.22) M 0ka3bIBAETCH, YTO Z 3aBHCHT TOJBKO OT
OonHOH Ge3pa3MepHO# BeUHMUHLI aAp:

,oh 11 (12.24)

fi 1—e® aAp
3ajmaloTcs pa3nMyHble 3Ha4YeHHs 0Ap; U o dopmye (12.24) noaAcUUThI-
B4IOTCA COOTBETCTBYIOIHE 3HAHUECHHA z, KOTOPHIE 3aHOCATCS B Tabjauiy.
Kpome Toro, orHomenue z = f,/f, onpenensercs no (GpaKTH4YECKOH HHIUKA-
TOpHOH auarpaMme (IUIOLIAAb NOJACHHTBHIBAETCS YHCICHHO, HAlpUMep, IO
dopMyne Tpaneuuit) AAA pa3HbIX TOYEK HMHAMKATOPHOH JMHHH, 3aTEM IS
359



D | Puc. 12.4. KpuBnie pacnpenesicHHs [O4B-
Dk JICHHS!
1-8 HenepopmHpyemoM Iiacte (k = cons?:
2 - B TpeWwMHOBAaTOM Mnacte (k = kPe—aa — Ply

—

Puc. 12.5. UnnMkaTopHas JIHHHA B TPELLIMHOBATOM
nnacte (K ONpENENEHHIO0 NAapaMETPOB TPEIIMHOBA-
TOro nJjacra)

HAMJEHHOr O 3H4AYEHHs = N0 Tab/une onpexeiseTcs NPOU3BeacHHe aAp H Tak
KaK (aKkTHYeCKHe Nepemafbl Ap; H3BECTHBI, TO MOXHO HaWTH a. Haxomst
3Ha4YCHHE O IS HECKOJIBKHX mepenafoB Ap; u Gepyt cpeanee. M3 popmyn
s gebura (12.22), 3Has 0, MOXHO HAHTH KO3(Q(PHUIHMEHT rHApOnpOBOAHOCTH
kSh/n n 3aTem npornnaeMocTs kS, €C/IM M3BECTHHI TOJIIIKMHA TUI1ACTa A M BS3-
KOCTh XHJKOCTH T|.

INpoBenennas 06paboTka HHAMKATOPHBIX KPHBBIX HA Pa3IM4YHLIX MECTO-
POXAEHHAX IIOKa3aja, 4TO KOIh(HIMEHT 0 NPHHHMAET 3HAYEHHS @ =
=(0,1 +20)10"'" MMa~". ’

CrenyeT HMeTh B BHAY, YTO HCKPHBJIEHHE HHIHKATOPHBIX JIMHHH C pOCTOM
JETIPECCHH MOXET OBITh BRI3BAHO HE TOJIBKO 3aBHCHMOCTBIO NIPOHHLIAEMOCTH
OT [AaBJICHHS, HO ¥ APYrHMH NpHYHHAMH (OTKJIOHEHHEM OT 3akoHa JlapcH.
HaJIMYMEM HA4Ya/IbHOTO IpajMeHTa M4BJICHHS B IUIaCTe, M3MEHeHHeM pabo-
Talolled TOJIIMHBI IUIacTa ¥ T.A.), TAK YTO NpPH paciuudpoBKke HX HAAC
YYUTHIBATH BO3MOXHOE BIMSHHE W APYrHx (pakTopos.

B TpemuHOBAaTO-NMOPHCTOM IUIacTE AeOMT CKBaXHMHBI CKJIAaJbIBAeTCH H3
-AeOMTa XKXHUAKOCTH, IpUTEKaloulell W3 TpellHH, ¥ U3 AebHTa XHUIKOCTH.
noctynalomed 3 mopucTbix 6i0xoB. Hampumep, B Ciyvae BBINOJTHEHHS
cooTtHoweHus (12.7) popmyna cymmapHoro nebura foObIBAIOIEH CKBAXKHHbI
IPHHAMAET BHJ

0= 2nk,h(p, — p.) + 2nkSh[1 — el -]
— nin(Ryr) naln(R /r.)

16N

(12.25)



rie OPHHATO, 4TO k, = const. OnHakOo OOBIMHO IIPOHKLAEMOCTh NOPHCTHIX
670KOB k, MHOTO MEHbIE, YEM TNPOHHIAEMOCTh TpemdH k9, moatomy
OCHOBHO# BKJI4J COCTABJISIET MIPHTOK XHAKOCTH M3 TPELIMH ¥ 0TOpachiBaHME
[EPBOrO cjaraeMoro He AacT OGoJBIIOH NOrpEIIHOCTH NPH ONpeleIcHAH
nebura.

PaccMOTpMM yCTAHOBMBIIYIOCH H30TEPMUHYECKYIO (DHILTPALMIO HICab-
HOro rasa B YHCTO TPEIIHHOBATOM JAehopMHpYeMOM IUTacTe, B KOTOPOM
3aBHCHMOCTh KO3 (HUIMEHTa IPOHUI[AEMOCTH OT A4BJICHAA JHHe#Has (12.8).
DTa 3aBHCHMOCTh MpPEICTABJIACTCH CCTECTBEHHOM JUIA ra3a, TaK KaK IIpH
bunpTpanMM rasa nepenaanl gaBideHds oOblvHO Manbl. B aTtom ciydae
¢yuxkuns Jle#iGenszona (12.13) noay4aer crenyloliee BblpaxeHHe (31eCh
NPHHATO Py = P, ).

jp(p)kltp) Pupk2[1 — a(p, — ]

ParM

P, =

dp+C=] dp + C =

aT l'l’k
_ Pkl ap [ pdp + afprdp) + € = P
pﬂ'l'n ITT]

2 3
X [(1 _ up,)% + u%] +C. (12.26)

MaccoBbli 1e0MT ra3a npH IWIOCKOPAAHANIbHOR GHILTPALMK B KPYTOBOM
IUIacTe MOXHO IIOJIYYMTb, nOACTaBuB B popmyay [Jiomtou (3.48) BuipaxeHue
(12.26) npu 3HAYEHHAX p =p, U p = p_.

pl 2 3
2mkPhp, {[(1 up.)— + u’ﬂ —~ [(1 - up.)% + u’—ﬂ}

Parn In(R /1)

INepeiigeM k 06BLEMHOMY NpHBEJAEHHOMY JCOHTY NMO-HHOMY NPEACTABHB
BhIpaxeHue B GurypHoi ckobke:

_nk?h(pf—pi)(l o 2 P )
" 1’:171 ln (Rl/rc) .

_+_
377 3 gt
31ece BeIpaXKeHHe Meped CKOOKoil mnpeactasnser coboi aebur rasa
B HeAehOPMHPYEMOH Cpele, H MOXHO OLCHHTh BJIMSIHHE MMApAMETpa @ Ha
MOTOK ra3a B KPYroBOM ILIACTE.
Ecau 0603naunTh 4epe3 Q* neOuT rasa B HeJehopMHpYeMOH cpele (T. €.
npy a = (), TO U3 OTHOLICHHSA

Om= (12.27)

(12.28)

a

R LR LIS

MO3HO OTpeJeIUTh OTKJIOHEHHE Je6uTa ra3a B CXMMaeMoi cpesie OT aebura

ra’a B Cpefe C NOCTOSHHOH NpPOHMIAEMOCTbio. Ecmd, Hanpumep, o =

=2-10""TIla"!, p, =7 MIla, p, = 10 MIIa, To Q.,/Q* = 0,72, T.e. nebur

yMeHbluaeTcs Ha 28%.

AHanOrM4HBIM METOAOM MOXHO BbIBECTH (opmyisl qis aebuTa M pac-
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IpefeSleHHs AaBJICHUs [UIsl XHIKOCTH M rasa npH NpsSMOTHHERHO-TIapaJlie lb-
HOH QHUIBTPALMH K rajepee B TPELIMHOBATOM ACPOPMHPYEMOM ILIACTE.

§ 4. HEYCTAHOBHUBUHIEECH ABUWXEHHE XKUIKOCTH U T'A3A
B TPEHIMHOBATBIX U TPEMIMHOBATO-MMOPUCTBIX CPEJAX

Jns onpeneseHUs XapakTEPHUCTHK HEYCTaHOBHBLIErOcs (PHUILTPalMOHHO-
ro NOTOKa B TPEUIMHOBATO-NOPHUCTOH Cpele HYXHO NPOHHTEIPHPOBATH
cucremy auddepeHumanbupix ypaBHeHui (12.17) u (12.18) npu 3amaHHbIX
HaYalbHBIX M FPAHHYHBIX YCJIOBHAX.

Crhenaem cieaylollle IpeINOIOXEHHS: XHIKOCTh ClabocxkuMaeMas,
ynpyras, T.€. p = po[l + B, (p — po)); BA3KOCTL mocTosinna M = const; obe
cpensl — TPELMHB] ¥ NOPUCThIE GJIOKK— ynpyrue, T.e. m; = mo; + B (P — po)s
i =1, 2; npouuuaeMoctsn 0bOeHx cpeja NOCTOsHHbL k, = const, k, = const;
NPOMCXOAUT OOMEH XHAKOCTBIO MEXAY TpeulMHaMH H OJokamH, Macca
nepetekalonied U3 OJIOKOB B TPEIIHHB! XHAKOCTH NOOYHUHSAETCS COOTHOIIIE-
Huto (12.9).

I1pu 3THX npeanochlikax BeipaxeHus ¢yHkuuid Jleibensona, onpeaense-
MbIx paBeHcTBaMH (11.13) u (11.14), c TOYHOCTBIO 10 MaJIbIX BEJIMYHH, HMEIOT
BHI;

Pok,

k
° ‘f[l + Bulpy — Po)ldp, + Cx2p, + C; (12.29)

Po 2 Poka

_‘.[1 + By — po)ldp, + Cx

P2 +C. (12.30)

I'lpcoGpaayeM npasble YacTH ypaBHeHu#d (12.17) u (12,18):

p(p)m;(p) = po[moi + BY (0: — Po) + PuBe&: — Po)*] =
= polmoi + BF Wi —po)] =12,

Ie MOCEQHee claraeMoe oTOpolieHo BcjeiAcTBHe ero MajoctH; BF (rae
i =1, 2)-ko3bdUIHeHTH YIPYroeMKOCTH 00eHx cpef;

Bt = Boi + moiB, .

Torna
2[p(P-)m-(P-)]=p B"% (12.31)
at RO o ar '

Monacrasus Beipaxenust (12.29), (12.30), (12.31), (12.9) B cucTemy
(12.17) - (12.18), nogy4um:

k, (0* 0* 0 0
b(%n, 2 ”‘) Bt — s~ p); (1232)
ax oy

E(@zpz i!’zg+apz> B,apz
ayt = 07?

(Pz —p1). (12.33)
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Ljie Py, U p,—aBJICHUA B TPELIMHAX H IIOPHCTHIX OJIOKAX COOTBETCTBEHHO.
Beenem cnenyromnine 0603HaYueHHS:
k k
€ = BT, €, =23 —_— (12.34)
ulis 3 k, @
Uepes napaMeTpHl X, €, €,, T ypaBHeHus (12.32) u (12.33) sanumyrcs
cJIeAyIOIMM 006pa3oM:

H =

3

xV2p, =€, gt‘ e - PP, _ (12.35)
P

e, V2p, = gt + 2 Tp‘, (12.36)

rae V2p,—onepatop Jlamwnaca.

OtMeTHM, 4TO KO3((pHUHMEHT NbE3ONPOBOJHOCTH X ONpelesieH 31eCh
uepe3 NMPOHHIAEMOCTh CHCTEMBI TpeuluH k, M ynpyroeMkocts 65g0koB B¥;
napaMeTp T HMEeT Pa3MEPHOCTbh BPEMEHH M Ha3bIBAETCS BPEMEHEM 3ama3/Ibl-
BaHHA. DTOT MApaMeTp UMeeT OOJIbIIOE 3HAYECHHE B TECOPHH HEYCTaHOBHBIIIE-
rocs JIBHXXEHHS XHIKOCTH B TPELIMHOBATO-NIOPHCTOH Cpefie; OH XapakTepH3y-
€T OTCTaBaHHe MpoLecca Nepepacnpee/CHHs JaBJEHHS B TPEUIHHOBATO-NIO-
PHUCTOH Cpejie MO CPABHEHHUIO C OPHCTHIM IUTACTOM C ITbe30NPOBOMAHOCTBIO X.
DTO OTCTaBaHMEe OOBACHICTCA HAaTMMMEM OOMeHa XHIKOCTbIO MEXIY CH-
cremMo#t mopHcThix OJIOKOB M cHcTeMoOl TpeliuH. Bpems 3anasjgsiBaHHs
T MOXHO 3alMcaTh NO-ApyroMy: T = nP%/a, = nP3A/(ak,) = */(ax,). W3
NIOC/IEJHETO BBIPaXEHMS CJIERAYET, YTO OONbIIHE 3HAYEHUS T COOTBETCTBYIOT
MaJIbIM 3Ha4YCHHSM IbE3ONPOBOAHOCTH 6J0KOB %, H 60bIINM pa3mepaM
6nokoB / (M TO, M Apyroe 3aTPyaHSET NEPETOKH M3 GIOKOB B TPEILMHE).

AHanH3upys cHcTeMy ypaBHeHH# (12.35)-(12.36), MOXHO caenaTth clie-
ayrouse BpiBoAnl. Ilpn T =0 HMeeM p, = px T.e. AaBleHHs B TpPELIAHAX
K Oi1okax OAMHAKOBHW M cpena BefeT cebs kak ogHopomHas. Ilpu 1= oo
CHCTEMa pa3/essieTcs Ha JBa ypaBHEHUS QrIbTpaluu B TPEUMHaX U 6JI0KaXx,
T.e. OJOKH OKa3bIBalOTCH H30JMPOBAHHLIMH, HENPOHMLAEMBIMH H Cpeja
BejeT cebs KaKk YUCTO TpemMHoBaTas. [IpoMexyTouHble 3HaYEHHS T COOTBET-
CTBYIOT TPEIIMHOBATO-TIOPHCTOM Cpefte, IPUYEM, HE3aBUCHMO OT KOHKPETHO-
ro BHA4 PELICHHS TOH HJIH HHOH 33afaid, C POCTOM BpEMEHH ! pelleHHe
CTPEMHTCS K pEIIEHHIO 3aJa4d YIpPYroro pexuma, cOTHXascCh C HAM IO
HCTEYCHHH INIepHoJa BpeMEHM MOpPAIKA HECKOJNBKMX T

Cucremy ypasHenu# (12.35)-(12.36) MOXHO YNpOCTHTb, €CJIH HCIOJIB30-
BaTb TO OOCTOSATENBCTBO, YTO TPELIMHHAS IIOPUCTOCTH M U IPOHUIIAEMOCTD
6nokoB k, mannl, T.€. m; « m,, k, « k;, cnenoBarenpHo, €, « 1, €, « 1
H MOXHO O0TOpOCHTS ciaraeMsle €,0p,/0t u %£,V*p2. B pesyabrate noaydum:
Pr=pPr_ P2 P2 Py

0; 221, (12.37)

xV3p, +
Py En T

Crenannoe npeanonoxenue (m, = k, = 0) o3Ha4aeT, YTO XHIKOCTb «Xpa-
HHTCH» TOJIbKO B OJIOKAaX, a MepeMellaeTcs TOJbKO M0 TPEelIMHAM (TaKk Kak
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IpeHeOperIi U3MEHEHHEM MAacChl XHUIKOCTH B CHCTEME TPEILIUH H IIOTOKOM
XKHUOAKOCTH B OJIOKaX).

CylecTBYIOT pa3/IMYHBIE PEIIEHHA KaK MOJHOH cucteMu (12.35), (12.36).
TaK ¥ «ycedeHHOH» (12.37), mony4eHHbIE HHTErPHPOBaHHEM mu(bepeHIIHa -
HBIX YpaBHEHHH, a Takxke NPHOJHKEHHbIMH METOAAMH (HHTErPalbHBIX COOT-
HOIICHHH, yCpeOHEHHs H T.J.). Bce 3TH pelieHHs QOCTAaTOYHO CJIOXHb!
H TPOMO3JKH.

INpuBeneM rpa¢puky, NOCTPOCHHLIE B pe3ybTaTe pelleHHs IUIOCKOpaaH-
anbHOM 3a1aux 06 oTOOpe YNPYro#t KUIKOCTH C NOCTOSHHLIM AeOUTOM @ U3
CKBaXXHHBI PaJIMyCOM 7., PACIOJIOXECHHONA B OECKOHEYHOM TPEIIHHOBATO-1O-
PHCTOM ILIACTE.

3agaya CTaBUTCH CIEAYyIOIIMM OOpa3oM.

Jns mnockopaauanbHoro TeveHus ypaBHeHHs (12.35) u (12.36) samucel-
BalOTCH CleaylouM obpaszom:

19 6p1> oy P2—Pi,
-2 12.3
xr@r(r or ®17r ot I (12.38)
1o aPz) op, Ppy— P1
— ) === 12.39
rar(' o) a1 (12.39)

B HavanbHBIE MOMEHT JaBJIEHHA B TpeliudHax p, (r, 0) u B 610kax p, (r, 0)
ONMHAKOBBl H PaBHbI pg:

P1(r. 0)=p,(r. 0) = po. (12.40)
Takoe Xe JaBJIEHHE COXPAHAETCH BCE BPEMS B yJaJIEHHBIX TOYKAX:

pi(r.)=py(r.)=po mpa r >0, t > 0. (12.41)
VYcaoBue Ha CTEHKE CKBAXHUHBLI UMEET BHJ

6p1 dp,  @m
"or T8 T mkh

OpH r=r,. (12.42)

Ha puc. 12.6 npuBeneHn! rpa¢puky, COOTBETCTBYIOIIME PELICHUIO NOCTaB-
.IeHHO# 3ajauH. Ilo BepTHMKaM BHH3 OTJIOXEHbl 3HAa4YeHHS Oe3pa3sMeEpHBIX
epenanos nasermii u, = 2k, h(pg — p,)/(QN) 1 u, = 2nk,h (po — p,)/(QN).
a [0 TOPU3OHTAJH —Oe3pa3MepHas pagdajbHas KOOpAMHATA r./%T; KPUBBIC
NOCTPOEHBI JUIA pa3HbIX 3HaueHHH f/1. Y3 pHCyHKka BHIHO, YTO mepepacrnpe-
JleJIeHHEe JaBJICHHs B OJIOKax INMPOMCXOAMT 3HAYMTEIbHO MEJUICHHEE, 4YeM

B TpemmHax. Jins t/t =3 xpuBasg u,(r,/%T) NOYTH COBNAJa€T C KPHBOH
I_.
u= — EEI(—rZ/(4xt)), KOTOpas COOTBETCTBYET OOBIMHOH MOPHCTOH cpeje ¢

IILE30NPOBORHOCTBIO XK. JI/Is 3HAYEHHH /T = 3 KpHBBIE U; H U, IPAKTHYECKH
COBIIAJIAIOT, T. €. IS BPEMCH, 3HAYHTEIbHO NPEBBIIIAIONIMX BpEMS 3ana3fbl-
BaHAA T, JABJICHHA B TPELIMHAX H NOpax OAMHAKOBBI (P, = p,) H MOXHO
NOJIb30BATLCH YPaBHEHUSMH (PUJIbTPAUMH B OOBIMHOH NMOPHCTOH Cpeje.

AMepUKaHCKHE y4yeHble YoppeH H PyT, paccMaTpuBas NpPHUTOK YNpYyro#
KHIKOCTH K CKBAaXHHE B TPCIIHHOBATO-NIOPHCTOM ILJIACTE, IIPEHEOPErIH
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Puc. 12.6. Kpupsle pacnpeneneHus Oe3pa3MepHOro [aBj€HHs B Pa3HbIE MOMEHTBI
BpeMeHM B TpeumHax (a) u 6iaokax (6)

TEYEHHEM XHUAKOCTH B OJIOKax, cyuTas €, < 1, T.e. OTOPOCHIH EBYIO HACIb
ypasHeHus (12.39). Ilpu nomoi npeobGpa3oBanus Jlamjgaca OHH MOJTYYHIIH
npHOJIHXKEHHOE DEIUEHHE IS JABJICHHS B TPELIMHAX Ha.3a00€ CKBAaXHHBI,
EMEIOLee AOBOJLHO HpocTo# BuA. OHO mpeicTaBiieHO B Oe3pasMepHOH
dopme:

1 R AT . AT
Uy, = = {0,80908 + In7 + Ei| - ———— ) — Ei| - ; (12.43)
2 o(l — w) |l —w
rac
ue = 2tk h(py — p1o)/(@n); T= k,2/(BY + B3)nrl;
Bt £ k1t
R 0 S, D A=a-2l= =, 12.44
CTB 1B e+ O BT (12.44)

Kak crnexyer n3 popmyisl (12.43), nageHue gaBiends Ha 3a00€e CKBaXHHbI
3aBHCHT OT ABYX Oe3pasMepHBIX MapaMeTpoOB ® H A, ONpeaeafeMsbIX IO
dopmynam (12.44), xapakTepH3YIOLIAX TPEUIMHOBATO-NOPHCTHIA IIACT: ®
onpenesseT OTHOLUICHHE YNPYTOro 3amaca TpeIMH K oOmeMy 3amacy,
A — MHTEHCHBHOCTb NEPETOKa U3 GJIOKOB B TpPELIMHLI,

I'paduxu, moctpoeHHsle 1o Gopmy.ie (12.43) nns pa3sHHX 3HAYEHHWH
napaMeTpoB @ H A, NpHBEAEHbI HA pHC. 12.7. Buano, 4To Kaxaas KpHBas
MoxeT ObITh pa3fiesnieHa Ha TPH y4acTka. [Ipu Masbix 3HaYEHHAX BPEMEHH ¢,
KOTAa XHAKOCTb NMOCTYNAaeT B CKBAaXHHY IJIaBHBIM 006pa3oM H3 TpEIIWH,
OCHOBHYXO POJIb MIpaeT napamerp . s 3THX 3HA4EHHH BPEMEHH MOXHO
NPUMEHHTb ACHMITOTHYECKOE BRIPaXeHHE MHTErpajbHOH MOKa3aTe/bHOH
dyHxuun: '
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Puc. 12.7. JIunaMHKa O4BJIEHHS B TPEIMHax Ha 3aboe 1/ 2 4 & 68 igt
T T T 1

CKBaXXMHBI JUIS Pa3HbIX IHAYEHHMH nMapaMeTpoB @ M A.
w: 1-0,001; 2-0,01; 3—0,1; 4-1;
A IP-0; 2'-5-10% 3'-5-10% 4'-5-10° 7/
2R
z 14
4
6t 3!
8t
1
10} 4
41

1
—Ei(—x) 2~ In——0,5772 mpu x « 1;
X

TOrga
_ AT o(l — )
Eif — ~1 — 2 05772:
1( m(l—m)) n At
E( H) n =% o572
— Eil — = — —0, .
| Q—" At

INoacrasuB 3TH BhIpaxeHus B Gopmyny (12.43), nomyqum:
1 _ 1
U= 5(0,80908 +Int+ ln—), (12.45)
)

T. €. HCpBin Y44aCTOK B KOOpAMHATAX U;c — lgt—npxmaﬂ JIMHHA C HAKJIOHOM

1,15. DT1a npsMas oTCekaeT Ha OCH OPJAMHAT OTpe3ok, paBHH { 0,80908 +

1
+ ln—>/2.
®

Ha BTOpOM y4acTKe JaBlIEHHE B TPELIMHAX U, OCTAETCH MMOYTH NOCTONH-
HBIM, 3/1€Ch XHJKOCTb IOCTYNACT B CKBAXUHY M M3 TPELIUH, H K3 OJIOKOB.

TpeTuil y4aCTOK MMeeT MecTo IS OoMbLIMX 3HAYEHHH BPEMEHH, Koraa
3HAYCHAAMH HHTETPalbHBIX INOKa3aTeNbHBIX GyHKuud B (12.43) MoxHO
npeHebpednb; Toraa

uye = (0,80908 + In7)/2. (12.46)

OTo npsmMas, napajuleibHas NepBoi NPSAMOH, COOTBETCTBYIOLIAS TEYEHHUIO
66



Puc.12.8. Kpusble BOCCTAHOBJIEHHS IABJICHUS JUIS Py Mo
paviMuHEIX  3Hawennd © (A =5-107%, Q= 75
= 18,3 m/cyT) ’

270+
267 1S/
260
255}

250F

i I W 1

1 1
107 1% w03 w7n?
4

7+t
B OJHOPOAHOM ITacTe. PaccTosinie Mexay NpsSMbIMH 3aBHCHT OT 3HAYEHHMH
napaMeTpoB ® U ¢ (cM. puc. 12.7).
Taxoll Xe XapakTep HMEIOT KPHBBIE BOCCTAHOBIICHMS AABJICHHS, [IPHBE-

t
IeHHble Ha puc. 12.8 B xoopauHaTax p,. — lgm, rae T-Bpems paboThl

A00BIBaIOIIEH CKBAXHHBI JJO OCTAHOBKH; [—BPEMS IIOC]IE OCTAHOBKH; KPUBBIE
IOCTPOEHBI JUisl 3HaueHust A = 5+ 107 ¢ u pasnuunbIX 3HAYEHHMI ©.

MNapameTpel ® ¥ A MOXHO ONpPEJENIMTb B pE3YNbTATE HCCIEAOBAHUA
CKBaXHH IIpH NaJIEHAH MJIH BOCCTAHOBJICHHH [aBJICHHS.

§ 5. BBITECHEHHME HE®TH BOJON U3 TPEI{MHOBATO-
NMNOPUCTBIX U HEOJHOPO/JHBIX CPE]

ITpu BbITeCHEHUH HETH BOHON U3 TPEIIHHOBATO-NIOPHCTOrO M1aCT4 H U3
HEOAHOPOAHOM Cpefdbl, CoAepxkalledl MaJIONPOHHIAEMBIE BKIIIOYEHHUS, NPH-
HHUMaCETCH cleAylolias cxema, kotopas 6bina pa3Bura B paborax B. M. Pui-
xuka, A.A. boxcepmana, Y0.I1. Xentosa, A. A. KouemkoBa, B.JI. /lauu-
noBa. Harnetaemas B mnacT Boja mof AEHCTBHEM I'HAPOJWHAMMHYECKHX CHII
CTPEMUTCS BBITCCHUTH HeDTh U3 XOPOLIO MPOHHIAEMBIX 30H, OHA IIPOPhIBA-
€TCS 110 BBICOKOIIPOHHUIIAEMOH cpeje (MWIKM Mo TPElMHAM), 2 MAJTONPOHHIAE-
Mble OJIOKH, HaChIEHHbIE He(ThlO, OKA3hIBAIOTCH OKPYXEHHHIMH CO BCEX
CTopoH Bopo#. M3BneucHue HedTH M3 OIOKOB BO3MOXHO JHIIbL 3a CHET
KanuJUISpHOH nponuTku. Boaa (cmauuBaromas ¢a3a) OyaeT BIMTHIBATHCH
B OJIOK 34 cHeT KaNmMIUIAPHBIX cHII, a HedTh (HecmauuBaloas ¢asa) 6yaer
BBITECHATBHCS B BBHICOKONIPOHHUACMYIO cpeay (unu TpeluuHbl). OveBHOHO,
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BoJa OyneT BIMTBIBATHLCS 4Yepe3 MelKue, a HepTh OyaeT BbIXOaAuTH Hepe3
KPYIIHBIE HOPHI.

PaccMoTpuM oTaeNbHBIE ManONPOHULIAEMBIH OJIOK, Y KOTOPOro TOJBKO
OAMH TOpPel OTKPHLIT M CONPHKACAETCS C BOAOMW, a OCTallbHasi MOBEPXHOCTH
HENPOHUIIAEMa [II8 XHUAKOCTH. BoJa mnoa neACTBHEM KamMJUIAPHBIX CHIT
HA4HET BIMTHIBATHCA B 610K, & HehTh OyneT ABHTaTHCS B IPOTHBOIIOIOKHOM
HAaNpPaBJIEHUHU. DTOT NMPOILECC HOCHT Ha3BaHHE NPOTHBOTOYHOM KAMHILISPHOM
nponuTkd. JupdepeHNHansHOE YPaBHEHHE OMHOMEPHOM IPOTHBOTOYHOM
KaMULUISPHOM IPOIIMTKH MOXHO HOJNY4HTh U3 obiuero ypaBHeHus (9.52) npu
Ap =0 u npu ycnoBuH, 4TO CyMMapHas CKOPOCTb (HIbTpPALMH W = w, +
+w, =0. M3 peieHHs 3ITOro ypaBHEHHS CIIEAYyeT, YTO INPH HAYAIbHOM
BOJIOHACHILIEHHOCTH OoKa 55 = 5, (S, ~HACBIUICHHOCTh CBA3dHHOH BOMOM)
CpedHss Mo JJIMHe 6JI0Ka HACHIIEHHOCTH § ONPENENSETCS M3 COOTHOLIEHUS

§=1s0+ K1, (12.47)

rae K*KOHCTaHTa, 3aBUCHAIIAs OT 3HAYEHHH HACBIEHHOCTH Ha rpaHunax,
4 CKOPOCTb BIIMTBIBAHHA BOOBI —H3 COOTHOLICHHS

w, = B/1. (12.48)

ITocne moaxona ¢poHTa BRITECHEHMS K 3aKPBITOMY KOHIY 6I10Ka CpeaHss
HACBIIIEHHOCTh CTPEMHTCS K MOCTOSIHHOMY 3HAYE€HHIO §,, & CKOPOCTh BIIMTHI-
BaHMS BOJbl YMEHBIIAETCS C TEYEHHEM BPEMEHH IO 3aKOHY

w, = Ae B (12.49)

Bepremcs x paccMoTpeHHIo BbITECHEHMs HePTH BOMOM M3 TpemmHOBATO-
HOPHUCTOTO MM HEOAHOPOAHOro muacta. Kak W ans onucanus GuibTpamuu
OJHOPOMHOM XHAKOCTH B TPEIUMHOBATO-NOPHCTON CPEJE, HYXHO BBECTH
B KaX/OH TOYKE [Ba 3HAYCHHUS A4BIICHUS M [JBE CKOPOCTH QHMILTPALMH — IS
Kaxxao# cpeanl. KpomMe Toro, B kaxaoi cpeje UMEIOTCH JBE XHAKOCTH, IS
KOTOPBIX CKOPOCTH (GHIbTPAUMH M HACHIIEHHOCTH Pa3JIMYHBI, 4 AABJICHUS
OTIIM44}OTCH APYr OT ApPYra Ha 3HAYEHHE KANMWIIAPHOro AaBneHus. HyxwHo
TAKXE BBECTH QYHKIHMIO, YUHTBIBAIOIIYIO IEPETOKK MEXIY BHICOKOIIPOHHIAE-
MOt CpeJIoil # MaTIONPOHUIAEMBIMH BKTFOYEHUSAMH (TPEIIMHAMH M 61I0KaMH).

3anuineM CHCTEMY YpPaBHEHH#M IUIS OJHOMEPHOIO BbITECHEHHS He(dTH
BOJOM M3 TaKo# cpelbl IPH YCIOBHMHM, HTO MOTOK 0OeuX xuakocTeit B 6i1okax
OTCyTCTBYeT, T.€. wiX) =0, wi?) = 0 (BepxHHe MHAEKCHI | M 2 OTHOCHATCH
COOTBETCTBEHHO K TpeLUMHAM M 6110KaM, s'!) — BOMOHACKHIIEHHOCTD B TPELLHM-
Hax, s'*)—BOJOHACBILEHHOCTs B BI0KaX):

YPABHEHMS [ABHXECHUN B TPEILMHAX

wil) — _ ik () apt7 w(n:L(sm)%: (12.50)
* n, ox " n. @x
YPABHEHHS HEPA3PBIBHOCTH B TPEUIMHAX C YHETOM NEPETOKOB
as(ll aw(l) as(l) 6w(1)
O o m B Ty, 12.51
Mt e T Mt e (12:3)
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Puc. 12.9. Cxema  BuTECHEHMS
HedTH BONOH M3 TpELIMHOBATO-
MIOPHCTOTrO TIACTA:

I -nonHocTe  06BOAHEHHBIE 6I0KH;
2—vacTH4HO obBoaHeHHHnEe Bnoku; 3-—
HeobBonHeHubie 6OKH: v, - nepeHmit
¢pout; x,-3anumi Qpout: x, —x,-

——
Hegpme

cTuBHINIHPOBARHAS IOHY z
ypaBHEHHE HEpa3phIBHOCTH B Oiokax
m, a5 2ot =gq. (12.52

3neck g- 06beMHas MHTEHCHBHOCTh NEPETOKOB.

byaeM paccMaTpHBaTh OOMEH XUIAKOCTBIO MEXAY CPEJaMM KaK IPOTHBO-
TOYHYIO KanuJUIspHylo nponuTky. KamunnsphHas mpomurka BOAOH 610KOB
HAQ4YMHACTCA B TOT MOMECHT, KOT1d PPOHT BBITECHEHUS (B TpEIIHHAX ) JOCTHUIa-
€T [OJIOXEHUS AaHHOro 6moka (puc. 12.9). KomuyecTBo BIUTABIIEHCS BOARI
33 €OUHHMIY BPEMEHHM HIIM MHTEHCUBHOCTb ¢ 3aBMCHT TOJBKO OT BPEMEHH
HaXOX/AeHus JaHHOro 61oxa (MM MaJIONMpOHHIIAEMOr o 3JieMeHTa) B 06Bo-
HeHHOU 3o0He. Ecnu 4epe3 f,(x) 0603HaYuTh BpeMs noaxoJa ¢ppoHTa BbITEC-
HEHHS B TPELMHAX (MM B BHICOKOIPOHKIIAEMOM 30HE) K JaHHOMY OJIOKY, TO
HHTEHCHBHOCTb NEpeTOKOB Oyner ¢yHkuue#h ot T =t — 15(x). Bun dynxuun
¢ () MOXHO BRIOpATh MCXOAS U3 BHIPAXCHHUHM OIS CKOPOCTH IIPONMTKH OJHOIO
6noka (anemenrta) (12.48). (12.49). YnobHo#i annpoxcumanmed mis g (t)
sBiseTcs GYHKIMs, BhIpaxeHue U1 Kotopoi mpeanoxeno 3. B. Cksopuo-
BBIM:

g() = ae=b /1. (12.53)

Teoperuieckue coobpaxkeHuss M 3KCICPUMEHTANbHbIC JaHHBIE IO KAIMII-
JISSPHOM MPONMHUTKE 06PA3UOB MOPOA NMOKA3AIN. YTO MOXHO IPUHATH CIELY}O-
IHE 3HAYCHHS AN KOIDODUIMEHTOB:

n, V\m,’

rae s*2)—xoHeyHas BOJOHACHILIEHHOCTh OIIOKOB; ©— OBEPXHOCTHOE HATH-
XeHHe Mexay HedTblo M BoZo#; §-—yrom CMauMBAHMS NOPOABLI BOLOH;
/- xapakTepHHi# pasmep 6I0ka.

M3 cuctemsl ypaBHenmii B TpemuHax (12.50)-(12.51) MoXHO MONy4HThb
ypaBHEHHE, CXOAHOe C ypaBHeHHeM bakiu - JleeperTa (9.30), HO C AONOJHH-
TENbHBIM CIArd€MBIM, YYHTBHIBAIOIUHM IEPETOK:

st af(l) ae—ﬂ[l — 1]
+ w

—_— + —
ot 0x V= 15(x)

roe w=wi + wll) —3akauuBaeMblif pacxol BOJbl Hd EIMHHUIlY ILTOLUAMH
rnonepeyHoro cedenus mnacra; f''—dyskuns Baxnn—JleBepeTTa, ompene-
nsiemas no ¢popmyrne (8.9). YpaBuenue (12.52) npuMeT BHA
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as(z) ae‘ﬂ[’_ to(x)}

T T i@

BoinuuieM eme OAHO ypaBHEHHE, KOTOPOE CIYXHT INS ONpelc/ieHHUs
3aKOH4d JBUXEHHUS (POHTA BBITECHEHHS. T4k Kak OOBEM TPEIUMH Mall IO
CPaBHEHHIO C EMKOCTBI0 H6110K0B, 6yaeM cHUTaTh, 4TO BECh PACXOa BOAKI wBh,
NOCTynarolei B MIacT, 3aTpayMBaeTcs Ha NMponuTky O6rmokoB. Konuuecrso
BOABI, OCTYNaloneid B 6JI0KH B €IMHUIY BDEMEHH B 3JICMCHTAPHOM 00 beMe
Bhdx 3a c4eT KanMJUIAPHOM NPOINHMTKH, PaBHO ¢ [t — ty(x)] Bhdx; npons-
TETPUPYEM 3TO BHIPAXEHHE MO BceMy 0O6BoaHUBIIEMYCS 06BeMy, T.e. oT 0 1o
Xy, TAE X, — KOOPAMHATA (GPOHTA, M MPHPABHAEM K PACXO[y 3aKaYHBAEMOi
BOJIBL

(12.55)

X,

[]
[ gt — to(x)] Bhdx = wBh.
0

Hcnons3oBas dopmyny (12.53), nonyyum:

%% o= Bl - foln)
Q) —————dx=w.

0/t — tg(x)

C yuserom TorO, 4TO dX/dt = L'y~ CKOPOCTb ABMXEHHS (pOHTA BBHITECHE-
HHUS, NEpEHIeM K HHTETPUPOBAHHIO 10 BPEMEHH:
! e_p(' - ’D)
af————v¢(to)dto =w. (12.56)

o/ I—1

CootHouenne (12.56) npencrasnser cob0i HHTErPAILHOE YPaBHEHHE VIS
onpe/eNeHust CKOPOCTH ABMXeHMS (poHTa v,. [locne onpenénenus v, (t)
MOXHO HalTH UHTETPHPOBAHUEM 3aKOH JBHXKCHUS QPOHTA Xg = X4 (1). [Tocne
3TOrO0 HHTErpUpoBaHMe ypaBHeHHR (12.54) u (12.55) mact BO3MOXHOCTH
OIIPEJENUTh BOJOHACHILEHHOCTh B TpeluHax s u 6iokax 2.

Kak noka3niBaloT npubiIMkeHHBIE PACYETHI, IPH 3aKAYKE BOJLI C MOCTO-
SIHHRIM PAacXo/[loM CIIyCTSl ‘HEKOTOpOE BpPEeMS IIOCIIE Hayalla Ipouecca CKo-
POCTh ABHXEHHS (HPOHTA CTAHOBHTCS MOCTONHHOM; KpoMe Toro, obpasyercs
3aaHMHA GPOHT, 324 KOTOPHIM MPONUTKA OIOKOB NPAKTHYECKH OTCYTCTBYET,
H oba ¢pponTa OyayT ABUraThCH C OJMHAKOBOM CKOPOCTBIO, 0Opa3ys crabu-
JIM3MPOBAHHYIO 30HY, NepeMellalonylocs paBHOMEPHO (cM. puc. 12.9).

H3noxeHHbIA BBILIE NOAXOA NPMMEHUM TAaKXe K 3aJaYaM O BBITECHCHHH
HeTH BOOH M3 CIOUCTBHIX MIIACTOB, COCTOSILIMX U3 MPOILIACTKOB PAa3IHYHOM
TOJIIIMHBI, IOPHCTOCTH M NPOHHIIAEMOCTH, KOTOPbIE PaCCMOTPEHHI B I 9.

Konumpoavnoie gonpocwvt u 3adavu

1. Kakue MofenH TpeiMHOBATHIX MOPOX PAaCCMATPHBAIOTCS B TEOPHUH
¢unbTpanun?
2. Ot xakoro napamMeTpa 3aBHCHT NPOHUUAEMOCTb TPCUIMHOBATBLIX IIO-
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poa? Kakue BBl 3aBUCHMOCTH IPOHHIAEMOCTH OT JABJIEHMS PacCMaTpH-
BaloTCH?

3. ObbACHHTE KaK INPOMCXOAMT NPOIECC CHHXEHHUS MABIEHUS IPH He-
YCTaHOBHBILEHCS GUIBTPALMK B TPELIMHOBATO-NOpUCTOM cpeae. Kak mpouc-
XOJMT BBIPAaBHMBAaHME [J4BIIEHHH B cpelax C 3epHAMH pa3HoOro Maciiraba?
Kak onpeaensioTcs NEPETOKH U3 MOPUCTHIX OIIOKOB B TPEIIMHBI?

4, Kaxoiif BUI UMEIOT HHAUKATOPHBIE AHATPAMMBI IPH YCTAHOBHBIIEHCS
¢GUIBTPALMH XHAKOCTH B TpemuMHoBaToM mutacte? Kak Bnuser 4yMcleHHOe
jHauCHHE MapamMeTpa TPEIUMHOBATOH cpeabl f Ha GopMy HMHAMKATOPHOMH
JQuarpammal?

5. Kako#t Bun mpumer cucremMa muddepeHn#anbHbIX ypaBHCHUI HeycTa-
HOBHBLIEHCS QHUILTPAIMU XUAKOCTH B TPEIIMHOBATO-IOPUCTOM Cpese, €Ciu
CYUTATh, YTO NPOHMIAEMOCTh OJIOKOB k, MHOTO MeEHbILE, YeM NpOHHUIAE-
MOCTb TPEIIMH K, a MOPHCTOCTH OJIOKOB M TpEelHH ORXHOro nopsAaxa?

6. Kaxkoii BuI uMelOT KpuBble BoccTaHOBIeHUs naBieHus (KB/I) B Tpe-
LUIMHOBATO-IIOPUCTOM II1acTe B KoopauHaTax (p, — p.) — lg1? Kak ¢usmuye-
CKM 0OBACHUTL Takoe nosegcHue KB][?

I'aasa 13

MOAEJIUPOBAHHUE OCHOBHbBIX ITPOLIECCOB
OPUWJIBTPAIIMH ITJIACTOBBIX ®JIIONJI0OB

§ 1. OCHOBHBIE MOHATHUA, LUEJIU U ITATIBI MOAEJIUPOBAHUA

CioBa «MOIENBY), «MOJETHPOBAHUE» 3HAKOMBI MHOTHM H 4aCTO YIOT-
pebIIsiioTCs B IOBCEAHEBHOM XU3HH U IPaKTHYECKO AesTenbHocTH. Iupokoe
pacIpocTpaHeHue ITHX MOHATHH CBHAETENLCTBYET O HpeBpallleHUH HX B pa-
6oumili HHCTPYMEHT IIPAKTHHECKOTO M UCClEoBaTeNbCKoro Tpyaa. He Bcernaa,
O/IHAKO, B 3TH NOHSATHS BKIIAAbIBAETCS OAMHAKOBBIA CMBIC U 0OOCHOBaHHO
OLIEHHBAOTCSA MX AEHCTBHTEIbHAS POJIb M 3HAYEHUE B KaXAOM KOHKPETHOM
Clyuae.

ByneM HChmoNis30BaTh KJIACCHYECKHH NOAXOX (MHXEHepa MJIM MarTe-
MAaTHKa) K pEIIEHHI0 NMPOoONEMBl MOJENMPOBAHMSA, KOTOPHIH 3aKII04aETCH
B TOM, 4TOOB chOpMYJIMpOBATh UCXOOHYKO 3aJady, OMHCHIBAIOLIYI0 (H3H-
4eCKdi mpouecc ¥ 3aTeM MOCTAPATHCS BBECTH HEOOXOJMMOE KOIMYECTBO
YIPOILLAOIIKX NPEANONIONKEHHH A8 GOPMYITHPOBKM HOBOH 3adauu, KoTopas
HOJIa€TCH PELICHUI0 TEMH WM MHBIMH cpeacrBamu. [Mox Mogensio OynemM
NMOHHMAaTh 00pa3, oNMHCcaHHEe OOBEKTA UCCIENOBAHHS, OTPAXEHHE €r0 Xapak-
TepucTHK. MopendpoBaHue — METOJ HCCIIEJOBAHHSA, HAayYHOTO IO3HaHHA
0OBEKTOB pa3HOit NpUpOAbl IPH MOMOIIM MoAenei.

K MoaenupoBaHuio o6bIdHO oOpdiyaloTcss B CiydasXx, Korda oObexT
HCCIIEIOBAHUS:
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Yeau mabenupobarus I
|

[ )| 1. 1
Ouenxa nepbo- fnarnupoba - HeonedoBarue || |Ixonomuyec
HaYa[oHsIT 3a - Hue Jobsrqu dbuawcenu. kue pacve-
nacob nnacmo- zpﬂ/autia; me!

oU 3ANEHCLU nnacme
HeenedoBanue| | Coadanue u Onmumuaauus
cxbamcun FKCAAYamayus cucmemsi u3bne-
003eMHBIT YeHUR NAacmo-
Ipanumuil, eaa Bs1z rrwoudob

Puc. 13.1. Cxema HEKOTOPbIX HaIPaBJICHWA IPUMEHEHUS MOICINPOBAHUS

He JOCTYIeH HENOCPEeJCTBEHHOMY H3YHEHHIO (Hampumep, ILTacT—KOJUIEK-
TOp, HaXoAAWMACS B Heapax 3eMIIH);

O4YCHb CIIOXEH (HampuMep, MHoroga3zHass MHOTOKOMITOHEHTHas ¢GuIbTpa-
IUs B ILTACTaX CO CIy4YaWHBIMH HEOMHOPOAHOCTSMH);

pealbHO He CYyIUEeCTBYeT (HampuMep, NMPOEKTHPYEMBIH NPOIECC BHYTpH-
IUTACTOBOrO TOPEHHUS WM APYroél TEXHOJIOTHHM JUIS NOBHILIEHHS HedTeoTaa4n
1acTa).

Bce 31H cnydad (kaXablil B OTJENBHOCTH MM B COYETAHUH) THITHYHBI IS
noaseMHo# ruapomMexaHukd. [loatoMy B Helt IIMpOKO HCNONB3YIOTCH Me-
TOXB MOAEITHPOBAHUS.

B nmpumeHeHMM K HCCIegoBaHHIO HehTera3oBbIX MCCTOpO)K}.IeHHﬂ 3TO
03HaYaeT:

MOJCMPOBaHHE IHAPOAMHAMMKH MOTOKOB GIIIOMAOB B IIacTe (B y3KOM
CMBICIIE);

. MOJIEIMPOBAHHE IOJHOro npounecca HepTerazofgoObYM U CBS3aHHYIO C
3THM JEATENBHOCTh HEIOBEKA W KOJUIEKTHBOB (B OoJiee IIMPOKOM CMBICIE).

MounenupoBaHie MOXHO IPUMEHATD IS M3YYEHHS XapAKTEPUCTHK IUIac-
TOB, COACPXKAIMX OJWHOYHbIC CKBAXHHBI WIH I'PYIIKl CKBaXHH, IS HCCIIE-
JIOBaHHUSA ABHXEHHUS H B3aMMoOAEHCTBUS (IIOMI0OB B IOPUCTOIM cpeae U T. I
Pa3iuyHble HANIPABICHUS NMPUMEHEHHUY MOJICITHPOBAHUS IIIACTOBRIX CHCTEM
npuBedeHsl Ha puc. 13.1.

Cdopmympyem HekoTopble 0bImue BONpOCH, BeCbMa BaXXHbIE IUIS CIIE-
MHATHACTA, OTBETHl HA KOTOPBIE MOXHO MOJYYUTh NPH IOMOIIM MOAEIHPOBA-
HHUS ITACTOBHIX CHCTEM.

Kax HyXHO pa3pabaThiBaTh U IKCILTyaTHPOBATH MECTOPOXACHHE, YTOORI
0becneyuTh ONTHMANTBHYIO NOOBIYY ILTACTOBHIX (GIIouA0B (YrIeBOAOPOAHBIX
H HEYIJIeBOAOPOAHKIX)?

Kaxoit Hauny4uiuit mpoexT yBenudeHus Hedrera’ooTnaqdd IS JaHHOTO
wiacrta? Kak oH JomxeH ObITh OCYIIECTBIEH?

KaxoBa 3koOHOMUYECKH lenecoobpa3Has KoHedHas HepTera3ootaa4a mis
JAHHOTO MECTOPOXJACHUSA?
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Kakue nabopaTopHble U IPOMBICIOBLIE AaHHbIE TpebyloTcs Ul MOIy-
yeHHUsl HaJEXKHBIX NMPOTrHO3HBIX Pe3yIbTATOB?

Kak mnepecydTaTh pe3yibTaThl 1a00paTOPHOro 3KCMEPUMEHTA4 HAa Ha-
TypHBIE MIIACTOBBLIE YCIOBHSA?

KakoBa Hawnydyiiass CxéMa BCKPBITHMS ILIACTa CKBAXHHOMA?

M3 kaxoil 4aCTH miacra cleayeT OCYIIECTBIATL A00bI4y? M T. 1.

OnpeneneHue nend NMPOBOIMMOrO UCCIEJOBAHHS M TOYHAS IOCTAHOBKA
dviiee y3KHX (CHELMATbHBIX) 33124 — BECbMa BaXHBIA ITAN NP BHINIOIHEHUH
moboro MCCIEAOBaHAS HA MOJENH. B 3aBUCHMOCTH OT UENH MCCIIEAOBATEIND
CTPOUT COOTBETCTBYIOLIYIO MoAenb 0ObekTa. [IpM 3TOM Y4MTBIBAIOTCH Clie-
oyroue obuiue cBoMCTBA MoJeneid U TpeOOBaHHS, NpPEabABISEMEIC
K HHUM.

Mouens He SBJISETCH TOYHON KONMEH OObEKTd UCCIIEJOBAHHA M MI03TOMY
OTpaxXaeT €ro He IO BCEM XAPAKTEPUCTHKAM.

AgnexBaTHOCTh (COBmMafeHHE) MOJENH H OOLEKTa HCCIEAOBAHHSA 1O TEM
XapaKTEpUCTHKAM H B TOM J[MaNd3OHE H3MEHEHHUs NapAMETPOB, KOTOPHIE
COOTBETCTBYIOT LIeNTH MccreRoBanus. [1o BceM ApYruM xapaKTepHCTHKAM HIM
B APYTrOM [Malia3oHe U3MCHEHHUS MAapaMETPOB MOJENL H OOLEKT COINOCTaB-
JIATH HEMPABOMEPHO.

Moaens gomkHa ObITH mpolle H JOCTYHHEE OOBEKTA.

B cny4ae, ecniu 0OBeRT OKa3bIBAETCH OHEHb CIOXHBIM, TO HPUXOJMTCH
CTPOMTB HECKOJIBKO MOJEJiel, Kaxaas U3 KOTOphIX OyaeT oTpaxarh TONBKO
HEKOTOpble CBOMCTBA OJHOIO M TOIO Xe OOBeKTa.

IMocTpoenne Moacnu —Bceraa nmpoueaypa HegopManbHas ¥, KOHEYHO, OHA
CHWIBHO 3aBHCUT OT MCCIIENOBATEls, €ro OmbiTa, KBATH(QHKAIMM M BCEriaa
ONHMPAETCs HA IKCIEPMMEHTATbHRINA MaTepuan. MoJienb I0MKHA OCTATOMHO
IPAaBUIBHO OTpaXaTh SIBIICHHS, OAHAKO OXHOro 3roro eme mano. Oxa
JONXKHA OBITh NPakTHYHOH M YROOHOW [N KCOONB30BAaHHUS, CTENEHb €€
Jetanu3amuu U GopMa INpPEACTABIICHUS ONPEACIMOTCH LEIAMH HCCIET0-
BaHUS.

OTMETUM OCHOBHBIE 3TAaNbl MOACIHPOBAHHUS:

OnpefeNeHne leneld MOAEIHPOBAHHS;

Ipe/BapUTENILHOE U3Y4YeHHE ODOLEKTa;

nocTpoeHue Mofenei (c cobmoaeHeM COOTBETCTBYIOIMX YCIIOBHH MoO-
eI pOBaHus);

cobCTBEHHO MOJECIHPOBAHHE;

CpaBHEHHE pe3yIbTATOB MOJCITMPOBAHUS C (AKTHYECKUMH JaHHBIMH
O NoBeJeHHM OOBEKTa;

COBEPLIEHCTBOBAHHE U YTOYHEHHE MOJICIICH,

Koraccudukauns moaeneif Moxer OBTh NpPOBEAEHA 10 TOMY WIIH MHOMY
npu3Haky. [ns neneit uccreqoBaHus (UIbTPAUUM IIACTOBBIX (IIIOMIAOB
BBEJEM CIIEAYIOLIHE OCHOBHBIE THI B MOJIENEI:

1) ectecTBeHHBIE (H3UHECKHE MOJENH;

2) duanorosnle MOJENH,

3) MaTemMaTH4YECKHE MOJEIIH;

4) rpadutecKHe U TEKCTOBbIE MOJIEJIH.

INoa nocnegH¥MH NMOHMMAIOTCH 4YEPTEXKHU, CXEMBI (CTPYKTYPHBIE CXEMBI,
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CEeTEBBIE MOJENH M T./.), KapThl, rpaduKH, AUarpaMMbl, TEKCTOBBIE IOKY-
MEHTBI, ONKMChIBaloIMe 00heKT. I'padmyeckoe U TEKCTOBOE ONMUCaHUS OOBEK-
TOB MCCIICIOBaHUS 001afal0T AOCTATOYHOM NPOCTOTOM M HArIAAHOCTBIO, HO
He pelIaloT BCE 3afadyu MOJETHPOBAHHS. '

Ha nepBbIX Tpex TUmax Mojened OCTaHOBHMCS NoApobHee.

§ 2. DU3IMYECKOE MOAEIHPOBAHHUE ITPOUECCOB
OUJIBTPALUM ITTJIACTOBBIX ®JIOKNJI10B

K ¢usuyeckoMy MoaenupoBaHHIO OyneM OTHOCHTBL MCCIICHOBAaHHE IIPO-
ueccoB (UIBTpAaUMH Ha €CTECTREHHBIX M aHAJTOTOBBIX MOJAEIfAX.

2.1. EcTecTBennbie pu3MYecKHEe MOESH

EcTecTBeHHOe ¢H3UYEeCKOE MOJCIUPOBAHHE—ITO 3aMeHA
H3yHEeHHs MHTEpPECYIOLIEro HAaC SBIEHUS B HATYpe 3KCINCPUMEHTATbHBIM
H3YYEHHEM AHAJOrMYHOrO SBJIEHHS Ha MOJCNIM MEHbIIEro (MiaH OoIbliero)
maciutaba, o6bYHO B CIEUMANIBHHIX J1A0OpaTOpHBIX ycnoBusx. OCHOBHOM
CMBICJT TAKOTO MOJENIMP@BAHUSA 3dKJIIOYAETCS B TOM, YTOOK! [0 pe3ynabTaTaM
ONLITOB C MOJENAMHM MOXHO ObUIO JaBaTh HeOOXOOMMBbIE OTBETHI O Xapak-
Tepe 3p(EeKTOB U O pa3sMUMHBIX XAPAKTEPUCTHKAX, CBA3AHHBIX C SABIICHHEM
B HATYpPHBIX YCIOBHSX. [[pH 3TOM [OOMXHBI BBINOIHATHCH ONpEAETICHHBIE
YCIOBHS (KPUTEPHH) TOJ06MS (reOMETPUHECKOTO U (PU3MHECKOro) MOACIBHBIX
H HaTYpHBIX mporeccoB. JlIs 3TOro pasMepbl MOJCNH, CBOMCTBa IllacTa
H ¢mouaoB BeIOHPalOT B 1aBOpaTOPHBIX YCIOBHAX TAKUM OOpa3oM, 4HTOOBI
ObLIN BBHIMOJIHEHBI YCIIOBHS T€OMETPUYECKOro NOA0OMS M 4TOOBI COOTHOLIE-
HHUS PA3NIMYHBIX CHUJ B Iiacte M ¢U3MdecKod Moaend ObLIM OJHHAKOBBIMH.
bonbuioe 3HaueHHE NPH (PUIMHECKOM MOJETHPOBAHMM (DHILTPAUKOHHBIX
IPOLECCOB HMEET TEOPHS pa3MEPHOCTEH U nogobus.

PesynbTaThl MOOENHPOBAHKSA, BBHIIOJIHEHHbIC HAa MPABHIBHO CKOHCTPYH-
POBAHHOM MOJETH, B TOYHOCTH IOBTOPSIOT—HO TOJBKO B H3MEHEHHOM
IPOCTPAHCTBEHHOM M BPEMEHHOM Maciutabe — Ipolecchl, NMpOTEKalolue B
HaTypHRIX IacTax. Kpome toro, Moaens mo3BojsieT UCCneJoBaTh OTHOCH-
TeNbHYIO0 POJIb KAKOTo-mubo mapaMerpa B pe3ylbTaTe U3MEHEHUS €ro 3Ha-
4YeHUS B IOCIEJAOBATENBHOM CEPHMM 3KCIIEPHUMEHTOB, IpPH (HKCHPOBAHHBIX
3HAaYEHUAX OCTATBHBIX IIAPAMETPOB. '

K coxanenunio, BBUIY 4pe3BbIHaifHOU CIOXHOCTH pealbHBIX IPOLECCOB
GWIbTPAUMH MTACTOBBIX (hITIOMIOB, MONHOCTbIO NOAOGHbIE DU3UUECKHE MO-
JIC/IH MIOCTPOUTh OYEHb TPYAHO HIIM HEBO3MOXHO. [To3TomMy B H0nbIIMHCTBE
Cly4aeB OrpaHU4UBAIOTCS NPHOIHXEHHBIM MOAEIHPOBAHHEM (HIIbTPALMOH-
HBIX IPOIIECCOB.

EcTecTBeHHble (u3Mdeckue MOJETH HUMEIOT TY XE MaTepHANbHYIO IIPHU-
poay, 4yTo M 0b6BeKT uccnenoBaHus. Tak, HANPHUMED, €CTECTBEHHASA MOJIEIIb
[JacTa JOJKHA HPeACTasnsATh CobOi HEKOTOPYIO €MKOCTh (JIOTOK), 3amo-
HEHHBbI MMOPHMCTOH CpeAOi M HACBILEHHBI COOTBETCTBYIOILEH XHIKOCTbIO
(umu razom). B kayecTse MaTepHana, oOpa3ylomero mopucTyo Cpeay, MOXHO
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HCIIOJIB30BATh IIECOK, METAJLIMYECKHE MIIM IIACTMACCOBbIE LIAPUKH, OHTOE
crexio. [Ipu HeobxoaumocTu Moxet ObiTh obecneden TpebyeMulil Ipany-
JTOMETPHYECKHI COCTAaB MaTepHana.

BaXHyi0 ponb B NOA3EMHON TMAPOMEXaHHKE MIPalOT 3JICMECHTApHbIC
ecTeCTBEHHBIC MoaenH. Knaccuyeckuit mpumep 2JeMEHTapHOM MOJEIH — TPY-
6a. Habutas meckoM. B Takod MomenM GHMIBTPANMOHHBIA NOTOK HMMeEET
NpOCTEHIIYI0O OJJHOMEPHYIO JIMHEHHYIO T€OMETDHIO. YTO M CIIYXHMT OCHOBa-
HHEM IUIS X HAUMEHOBAHMS.

DNIEMEHTAPHbLIE MOJIETM MOTYT OLITh YCTAHOBJIEHBI HOJ JIODBIM YIJIOM.
B HMX MOXHO MOAENHpoBaTh ORHOGA3HLE, MHOroda3Hble, MHOTOKOMIIO-
HEHTHBbIE, (HE) U30TEpPMHYECKHE, (He) PABHOBECHBIC M BCEBO3MOXHbBIC APYTHE
npoueccs! GUIbTPALMH.

DIIEMCHTAPHBIE €CTECTBCHHbIE MOJEIM JOCTATOYHO TPYAOEMKH B M3ro-
TOBJICHHH M IPOBEJCHHH 3KCIEPHMEHTOB Ha HUX. Ho oHM - ocHoBomonarato-
IIME, TAK K4K TOJbKO H4 HHUX YCTAHABIMBAIOTCS M NPOBEPSIOTCS OCHOBHBIE
3akoHbl (unpTpammu. Ha anemenTapHOi Mojend, B 4acTHOCTH, [lapcu
IKCIIEPMMEHTANILHO YCTAHOBHI 3aKOH ¢GuinbTpanuu (1.5), BmocneacTBHM Ha-
3BaHHBIA €r0 UMECHEM.

Ha 3neMeHTapHBIX €CTECTBEHHBIX MOJENSAX H3Y4arTCs 3aKOHOMEPHOCTH
[POTEKAHUS CIOXHBIX INPOIECCOB (PUIBTPAILMM, KOTOPBIE NPOUCXOAAT B
I1aCTaX IIPH BHEAPCHHH Pa3JIMYHBIX MCTOAOB NOBBILIEHUS HedTE- M razooT-
nayd. [Ipu 3TOM clienyeT MMETb B BHIY, YTO IOCKOJBKY I€OMETPUHECKHE
¢$opMbI IOTOKOB B 3JIEMEHTAPHBIX MOJENAX SBISAIOTCH MPOCTEHINIUMH, YCTa-
HOBJIEHHblE Hd HHX 3aKOHOMEPHOCTH JOJDKHBI pacCMaTPUBATBLCHA TOJBKO KdK
[ PHHIHIIMAIILHBIC, KAYECTBEHHBIC — HA YPOBHE 3aKOHOB B QUG depeHIHATbHOM
¢opme. VIHTerpanbHbIE XK€ 3aKOHOMEDPHOCTH, YCTAHOBIIEHHBbIE NPU MOMOIIH
3NIEMEHTAPHBIX MOJENedl (HampuMep, Takue Kak Koddbuumentbr Hedre-
H ra3o0TOa4d), NEPEHOCUTh Ha peasibHble MIACThl, B KOTOPBIX F€OMETpPHA
GUNbTPALMOHHBIX NOTOKOB OKA3bIBACTCS HMCKIIIOYMTENBHO CJIOXKHOM, HEMo-
CPEACTBCHHO HEIb3S.

B HeKOTOpBIX CIy4asix poNlb MOJEIH MOXKET BBIIOIHATH CaM OOBEKT.
IIporecc MOAETHPOBAHMS NIPH 3TOM PaBHO3HAYEH HATYPHOMY 3KCIEPUMEHTY
Ha OOBbeKTe, MPOMBICIIOBOMY HCCIEIOBAHHIO.

Jns noaseMHO# rUAPOMEXaHHKH BCE MPOMBICIOBLIE TEPMOTHAPOIMHA-
MHYECKHE HCCJIEOBAHUS CKBAXHWH H IUIACTOB MOXHO pPacCMaTpHBaTh Kak
IKCIIEPUMEHThI HAa €CTECTBEHHBIX (HATYpPHBIX) MOJEIAX MECTOPOXICHUH.
Ecnu uccneqoBaHUs COCTOST B OBCEAHEBHBIX H3MEPEHUSAX AaBIICHUI, TeMIle-
paTtyp, Ae¢OMTOB H COCT4BOB N0OOLIBaeMOil NMpPOAYKIMH IIO CKBaXHHAM, TO
IKCIepUMEHT OyaeT nmacCHBHBIM, B aKTHBHOM 3KCIEPHMEHTE DEAKHMbI pa-
60TBl OHOH MJIM HECKOIBKHX CKBaXHH 34Jal0TCH NPUHYIUTEILHO,

MecTopoXaeHus, pacCMaTpUBAEMhIE KaK COOCTBeHHbIE Mojenu, obna-
JAl0T PUHIMIHATBLHONR OCOOEHHOCTBIO: MAPAMETPHI UX 3dpaHee HEU3IBECTHDI
H, KpOME TOro, 4acTb M3 HHMX HEOOP4ATHMO HM3MEHSETCH IOCIe KaXAOro
JKCIIEpHMEHTA B PE3YJIbTATE M3BECTHBIX MCKYCCTBEHHBIX H HE BCErJa M3BECT-
HbIX NPUPOJHBIX BO3AelcTBUil. BecrneaCTBHe 3TOrO HATYpPHBIE NPOMBICIIOBBIE
3KCIIEPUMEHTHI, CTPOro roBopsi, He MOTYT OBbITh IIOBTOPEHBI B YUCTOM BH/E,
a pe3yNbTATHl HX HE MOTYT OBITH BO BCEX CIy4dsiX OJHO3HAYHO NPOHHTEP-
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NPETHPOBaHbI, [IpakTH4eCKHe BO3MOXHOCTH MOICTHPOBAHHUS HENMOCPEICT-
BEHHO HAd MECTOPOXIEHUSIX. TAKMM 0Opa3oM, OrpaHHYEHbI.

TeM He MeHee, JaHHbIE HATYPHOTO MOETHPOBAHUS IPOMBICIIOBLIX HCCIIE-
JOBAHHMH HMMEIOT MEPBOCTENEHHOE 3HAYEHME, NMOCKOJIbKY OHHM COAEPXaT MH-
¢opmanuio O (AKTHYECKHX IpoLECcCaX B pPEANbHBIX IUIACTaX M TOJIBKO
CpaBHEHHE C HUMH, B KOHEYHOM CHETE, MOXET ObITh KPHTEPHEM LEHHOCTH
H CIIPaBEAIMBOCTH BBIBOJOB, IOJYYEHHBIX IIPH NOMOUIM BCEX APYTHX METO-
OB MOJE/IHPOBAHHMS,

Kpome TOro, HATYpHbIE 3KCIEPUMEHThI HE3AMEHUMBI NPU UCCIEeJOBAHHH
SIBJICHUH, KOTOPLIC MOTYT 3aMETHO IIPOSIBUTHCS TOJNILKO HA MOJAEISAX GONIBLINX
pa3mepos. B mepBylo ouepens K TAKHMM SBICHHSM OTHOCATCH 3GGexTsl
CKMMAEMOCTH XHIKOCTEH M HOpPOIbl, HEPABHOBECHOCTH TEPMOIMAPOIUHA-
MHHYECKHX IPOIECCOB.

2.2. AnanoroBoe ¢uiNvecKoe mMo/JeHpOBaHNE

AHanoropoe MOAETHPOBAHME OCHOBAHO HA AHAJIOTMAX. CYLIECTBYIOIUMX
B OMUCAHHUM HEKOTOPBIX (UIBTPALHOHHBIX NPOLECCOB C APYrHMH (HU3HHE-
CKUMH sABNeHUAMH (aud¢y3ueii, mpoLecCOM mepeHocd TEILTd, INEKTPHUHECKOro
TOKa M T. A.). OCHOBHAs NMpPHYHHA CYLIECTBOBAHHS AHANOTMMN —3TO OAHOTHMII-
HOCTb YpPaBHEHHI, ONMMUCBHIBAIOIKX (HU3MHECKHE MPOLECCH Pa3IM4YHON IpH-
poabl. AHANIOTHS YCTAaHAB/IMBAETCH Ha OCHOBAHHMM TOro (paKTa, 4TO Xapak-
TEpUCTHYECKHE ypaBHEHHs (HampuMep, 3akoH [apcu u 3akon Oma) Bbipa-
KAIOT OJHH U T€ XE NPHHLMUILI COXPAHEHHS (MACChl, MMITYJIbCA, 3HEPTHH,
3JIEKTPUYECTBA M T.IL.), JieXKalllUe B OCHOBE MHOTUX (DU3MHECKUX SBIICHMIA,
CyliecTBYOLIME AHATOTHH MMO3BOJISIOT pa3pabdThiBaATh AHAIOTOBLIE MOJIEIIH,

PaccmoTpuM ypaBHeHHe

G= — xgrad @.

OKu3bIB4€TCS, YTO YPABHEHHE ITOrQ THAA ONMCHLIBAET pa3/IUyHbE GH3HU-
YeCKHE MPOLECChI, ECNIH BEJUYHHAM @, \y MOCTABHUTH B COOTBETCTBHE OIpE/e-
JIeHHBIZ (u3HHecKue mapameTpsl (Tabn. 13.1).

OOHOTHIHBIMHE SBISIOTCH M ypaBHeHHS OamaHca psaa ¢Gu3MYeCKUX Belu-
9HH «a» (Macchbl, 3apsia, UMITyJIbCa M T.1L.):

da —
m—+divJ =0,
ot

rae J -IIOTHOCTh MMOTOKA BEMHYMHBI ¢ m—IMapaMETP «EMKOCTH» CHCTEMBI.

B pe3ynsTaTe OMHOTHNHOCTH ypaBHEHH# peEllEeHHE OJHOrO U3 HUX C TOH-
HOCTBIO O MAacIITA60B MOXET PAaCCMATPUBATLCSH KAK PELIEHHE BCEX APYTHX.

Brnaromaps 3TOMy pelileHue 3aJa4d OIS HEKOTOPOTO (H3UHECKOro Ipo-
1ecCa HHOrA4 ObIBAeT yHOOHBIM BBINOJNHSATH NPHU NMOMOLIM AHATIOTOBOMH
MOJEIH, peamu3yromeil apyro# ¢usmdeckuil mpomecc. PaccMOTpuM HEKO-
TOpBIC yHNOTpebsieMble aHATIOTOBLIE MOJIEIH.

DnexTpHUyeckue MoJAenu. Haubonbliiee pacnmpocTpaHEHME MOINY-
YUIa MEKTPOrvapoaArHaMuyeckas aHanorus (3/]A), npeaoxeHHas aKkaf.
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H.H. ITaBnoBckuM. DTOT METOA COCTOMT B MCIIOJIb30BAHHM aHATOTHH MEXIY
CTalMOHAPHOM (UIbTpalMedl U pAaCYETOM 3JICKTPHUHYECKHX Ienel (cM. Tabn,
13.1 mn. 1, 5). Yrobbl mony4uTh aHaloOr mpouecca GUibTpalMu B ILIACTE,
JAOCTATOYHO B3AThb CHELMANBHYIO 3JIEKTPONPOBOAHYIO Oymary, BBIDE3aTh
«BBIKPOHKY», MOBTOPSIOLIYIO (OPMY MECTOPOXIEHHS B ILIAHE, .«IIONKIIO-
YUTb» CKBAXHUHBI U «334aTh» HeOOXOMMMBIC IrpaHHYHBIE ycnoBus., Toraa no
6ymare OyneT npoOTEeKaThb 3JIEKTPUYECKHHA TOK, BJOJIb HEE YCTAHOBUTCH
COOTBETCTBYIOLIEE YCIIOBHSM 3aJd4M pACIpeAETICHHE MOTEHIMAna, KOTOpoe
MOXHO 3aMEPHTh NIPH MOMOLIH 1IyIa ¥ TEM CaMbIM HaiTH (IOCIe COOTBETCT-
BYIOLIETO IlepecyeTa) pacnpenesieHde naBneHus. OdeBuaHbl Oonbuime npe-
HMYIIIECTBd 3ITOTO METOAA IO CPaBHCHHUIO C MOJE/IHPOBAHHEM Ha CaMOM
mracre. IIpn nomomm meroma DI'JIA MOXHO MOJEIMPOBATH JBYMEDHBIE
3amaqu oAHOG}hA3HOH ycTaHOBHUBIUEHCH (GHUIbTPALMH.

B cnyyae, ecnmu BMecTO 3JIEKTPONPOBOAHOM Oymaru ucnoian30BaTh pacrt-
BOp 3INMEKTPOJMTA, TO MOXHO CMOJENMPOBATh IMPOCTPAHCTBEHHYIO 3adau:
¢unsTparmu. [IpH MOMOLIH 3NEXTPOTATHYECKHX MOJENEH pelaiuch rupo-
TexHUyeckHue 3a4a4u (Mogenu ["3C), a Takxke 3aJa4u pa3paboTku HehTAHLIX
MeCTOpOXAeHHHA. Bobiyro u3BecTHOCTDH Nony4uu onbiThl B. Y. lllyposa no
MO/JIETMPOBAHUIO IIPUTOKA K HECOBEPIIEHHBIM CKBaXuHaM (cM. ri. 4). Ba-
pHaHT NONOOHBIX MoAenei — 3MEKTPOJUTAYECKHE TeNeBble MOJETH (Kene Ha
pacTBope 31eKTpoauTa). Ha 3Tux Mogensx BO3MOXHO MOJAETHPOBAHUE 3a1a4
NOPIIHEBOTO BBLITECHEHUS OJHON XHUAKOCTH («HE(PTH») APYrod XHIKOCTHIO
(«BOIOI»).

O61mii HEZOCTATOK PACCMOTPEHHBIX BAPHAHTOB 3NEKTPHUYECKHX MOJE-
Jledl - UX «MHOUBUAYANbHbIH» XapakTep: [UIS KaXJOH HOBOH 3ajayd IpHXo-
MTCS 3aHOBO CTPOHTH «0bJacTh GUIbTparmMu». 3TOTO HEAOCTATKA JMIIECHB!
CETOYHBbIE 3JICKTPOMHTETPATOPHl C PEryTHPYEMBIMH IIapaMETpaMu, NpH Io-
MOIIM KOTOPBIX MOXHO pElIaTh 33[a4d O HEyCTaHOBHBIUCHES (HIbTPALMH
yIpyro# XHAKOCTH B HEOAHOPOMHBIX mnacrax. Hu ceiiyac anekTpouHTErpa-
TOPBI MOYTH NOJIHOCTHIO BblTECHEHBI DBM.

INuppaBnuyeckue aHanoroBbie Mogenu. CpeaM HUX IIKPOKO
pacHpoOCTpaHEHK! IUETIEBLIE JOTKHA: MEXAY ABYMS IUIOCKOCTAMH (B Y3KOIli
ureny) Bs3koe TedeHue INyasedns monenupyer GHIbTpanuOHHLIH noTok. Ha
IIENIEBBIX JI@TKAX MOXHO CMOMAEIMPOBAThH BBITECHEHME XMAKOCTEH C pas-
JIHYHBIMH BS3KOCTSIMH H ILJIOTHOCTSIMH.

HmeeTcs MHOXECTBO NPUMEPOB KCHOJIb30OBAHUA LIENEBBIX JIOTKOB [UISA
pelleHus TMAPOTEXHH4eCKUX 3amad. Ha iueneBbix n0TKax yaobHo mMopenu-
pOBATb CTATMBAHME KOHTYypa HEGTEHOCHOCTH, OOpa30BaHME KOHYCd MHOJO-
LIBEHHOHR - BOJIBI.

Heyi106cTBO 3THX MOAeNeHd COCTOMT B TOM, 4TO IO Ka)XIYIO 3aJady
HY)XXHO 3aHOBO IIEPECTPaHBaTh MOJEIH,



§ 3. MATEMATNYECKOE MOJAEJIUPOBAHHNE
OUJILTPALITMOHHBIX IMPOLIECCOB

MaTteMaTuieCKHe MOJENM IPEACTABIAIOT cOO0H COBOKYIHOCTH
MaTEMATHYECKUX OOBEKTOB M OTHOLUECHMH (YypaBHEHMI), ONMCHIBAIOLIUX H3Y-
yaeMblif Gu3MYECKHil mpollecc Ha OCHOBE HEKOTOPHIX abcTpakuuit ¥ gomy-
LIEHHMH, ONMUPAIOIMMXCH Ha IKCIEPHMEHT H HEOOXOOMMBIX € NpPaKTHYECKOH
TOYKH 3PEHHUS AN TOro, 4Tobbl caenaTh 3aaady pasperrumoit. Ilpu moaenn-
POBAHMM NpOlleccOB pa3paboTku HedTErazoBbIX MECTOPOXICHHUH 3TH COOT-
HOLICHUS B 0O1IEM BUIE NMPEACTaBIsIOT coboil CroxHble (0OOLYHO HENMHHEH-
Heie) quddepeHuranbbie YPaBHEHHS B 4ACTHLIX IPOM3BOAHBIX C COOTBETCT-
BYIOIIIMMH Ha4albHBIMH M IPAHHYHBIMH YCIOBHSMH (cM. ri. 2, 8, 10).

Llens uccrnenoBaTens —pacyeT ABHXKEHUH, OMHUCHIBAIOLIUX (DU3MHECKUid
IPOLECC, H COCTABICHHE HA JTOH OCHOBE INPAKTHYECKHMX DEKOMEHIAIMi
H [IPOTHO3O0B.

Jliobas mMaTteMaTuHdecKkas MoOJe/]b OCHOBAHA HAa YNPOLUEHHMM (MIeanu3a-
OUH) pEaIbHOro IpOLECCa, YTO IO3BOJNSET CO34aBaTh DPACYCTHBLIE CXEME,
YUHTHIBAIOUIME TOJBKO OCHOBHbIE 3¢dekThl. B moa3emMHoi rugpomMexaHuke
moaenupyroT: 1) ¢monasl (KUIKOCTH M ra3bl); 2) MOpPOAbI-KOJIEKTOPLI,
3) reomeTpuyeckylo ¢OpMy ABHXEHHS, 4) BHJ IpOLECCOB, B TOM HHCIE
(pU3UKO-XMMUHECKHX.

Honroe BpemMss B MOA3EMHONH T'MAPOMEXAHHUKE OCHOBHBIMH «pabOYHMMH»
MAaTEMaTHYECKMMH MOJCIAMH ObLTH MOJENH, OIMHMCLIBAIOINUE YCTAHOBHUB-
LIYIOCH ¥ HEYCTAHOBHUBIUYIOCS unbTpanuio ogHo¢a3Horo ¢uonna (HecxKH-
MAaeMoro H CXKHMAaeMoro) B OJHOPUOAHON NMOpHCTOH cpefe (cMm. ra. 3-6).
3TO —KJIaCCHYECKME MOJIE/IH, HE YTPaTHBILIME CBOEro NMPAaKTHYECKOIO 3Ha4e-
HUSA U IO Ce#l JeHb.

OHako HeO6XOAMMOCTh 6oJiee [OJHOrO H3BJIe4eHHS HedTH, ra3a U KOH-
JEHCATa M3 IIACTA, a4 TAKXE [POEKTHPOBAaHHE Pa3pabOTKH MECTOPOXICHHMH
B OCIOXHEHHBIX YCIIOBHSX 3aeraHus NOTpebOBalN CO3AaHUS HOBBIX, Dosee
COBEpPIUEHHLIX MAaTEMaTHYECKHX MOJe/eH, YIMTHIBAIOUIMX MHOTO0(a3sHOCThb
¥ MHOTOKOMIIOHEHTHOCTb IIOTOKA ILIACTOBBIX (UIFOMAOB U CIOXHYIO T€OMET-
puto komnekTopa (ria. 8-10). 3mecs BCIOQY MCNOJB30BANMCh MAKPOCKOIH-
4ECKME MOJIE/IH, KOTOPLIE ONEPUPYIOT C yCpPEAHEHHBIMH NapaMeTpaMH ¢ub-
TpanMoHHOro noroka. OHM HauuTH HAaWOOIbLIEe IPUMEHEHUE TS pEIUICHHS
MHOIHMX 3aJay pa3pabOTKH MeCTOPOXKACHUH.

MaTeMaTHYecKoe MO/IEIMPOBAHKE BKIIIOYAET B ce0 HECKOJILKO OCHOBHBIX
3TAMOB.

l. DopMyIHpOBAaHHE COOEPXAaTelIbHOH NOCTAHOBKH 34-
na4yu, Ha 3TOM 3Tame ompenensioTcs LE/NM MCCICAOBAHHUS, YTOUYHSETCH
COCTaB UCXOJHLIX 3aBUCUMOCTEH MeX /1y mapaMeTpaMi oObeKTa B COOTBETCT-
BHH C pe3yJbTaTaMH (U3HYECKOrO MOAECTUPOBAHUS, OTOBAPHBAIOTCS 3aKOHBI,
JONYIICHUS U HPEANOIOXKEHHS O MEXAHU3ME M YCIOBMSX IMPOTEKAHHS NpPO-
LECCOB, KOHKPETH3UPYIOTCH COCTAB M AMANa30H M3MEHEHUS MCXOIHBbIX Napa-
MCETpOB. '

2. Ha BTopoM 3Tame ¢opMynMpyeTCs MaTeMaTHHECKas MOCTa-
HOBKA 3aAa4y. 3AeCh BCE MCXOAHbIE 3ABUCHMOCTH M IPHHSATHIC 3aKOHBI
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34MHCKLIBAIOTCH B MATEMAaTHYECKUX CHMBOJaX. B qocratoyno obuiem cnydac
MaTeMaTHYecKas [MOCTAHOBKA 3aJay NMOA3eMHOH I'MIpOMEXaHUKH NpeACTaB-
JnAeTCs B (GOpPME HA4aIbHO-KPAE€BOH 3adayM [ CHUCTEMBI HEJMHEHHBIX
muddepeHIMaNbHbIX YPABHEHUH B YACTHLIX IPOM3BOHBIX, BLIPAXKAOLIHX
3aKOHBI COXpPAaHEHMS] MacChl, MMITY/IbCA U IHEPIHUH,

3. KayecTBEHHOe HCClIenoBaHHe CHOPMYIMpPOBAHHBIX 3ajaaH.
TumuMyHOE conepxaHue NJAaHHOTO 3Tana IS Ha4allbHO-KpPaeBbIX 3a1a4 BKIIIO-
yaeT B ceOs JOKA34TENbCTBO TEOPEM CYLIECTBOBAHHUS M €JWHCTBEHHOCTH.
BbISIBJIEHME CHJIBHBLIX M CIaOLIX pa3pbiBOB pelueHdd U T. 4. [1o pesynbratam
KAQYECTBEHHBIX MCCIIEAOBAHMH B IEpPBOHAYAIbHbIE MAaTEMATHYECKME IMOCTa-
HOBKH 3a/1d44 MOT'YT OBbITh BHECEHbI MU3MCHCHHS U YTOYHCHHMS,

4, YeTBepThlit 3TAaN-pelICcHUE NMOCTABJICHHOHK 3a/Ja4H, T.€. Ha-
XOX/CHHUE MCKOMBIX BEIHYMH (QYHKIMHA) NO 3aJaHHBIM BXOJHBIM JaHHBIM
(aprymenTam, xo3¢d¢unueHTaM B ypaBHeHHsX). Bo Bcex ciydasix mpuHumM-
NAATLHLIA MHTEPEC MPEACTABISET MOIyYeHHE TOYHLIX aHAMTHIECKHX pelle-
HHIi, YCTAHABIMBAIOLUX ONpPEAC/ICHHBIHA BHA (YHKIIMOHATHHOMH 3aBHCHUMOCTH
MEXIy HCKOMBIMM BEJIMYHHAMH, APIYMEHTAMHM M IapaMeTpaMH MaTeMaTH-
yeckoit Moaenu. OHAKO NMONYYUTh aHATHTHYECKOE PELIEHHE YIAETCH JATIEKO
He Bceraa. B aTux cnydasix CTpOSTCS NpUONIMKEHHBIEC PELICHHUS.

Bce npubmxeHHbIE peIIeHHs U METObl UX IIOJIyYEHHS MOXHO Pa3euTh
Ha [Ba OCHOBHBIX K/I4CCA: AHAJUTHYECKME M H4MCIcHHblE. [IpHOIMXKEHHbIE
AHATTMTHHECKHE PeEIIEHHs, TaK X€ KaK W TO4YHBLIE, NOIYy4aloTCH B ¢opMe
OnpeJeeHHbIX (PYHKIMOHAIBHBIX 3aBUCHMOCTEH BXOJHBIX M BBIXOAHBIX Be-
nuquH. [lonyyeHHbIE aHAMMTHYHECKME BBIPAXEHHS NMPEACTABIAIOT OOMblIYO
HEHHOCTb KaK YJOOHbIH HHCTPYMEHT I aHATH3a MaTEeMaTHYECKOH MOJeH
U u3ydaeMoro o6sexta. OQHAKO NPH MPAKTHYECKOM HCNOJIL30BAHMM aHAITH-
THYECKOTO pelICHUS HeOOXOAMMO BBIMOJHATH ONpPeaeIeHHbIH 06beM HEPEAKO
4pe3BbIMAHHO TPYAOCMKUX BhIMMCIUTENbHBIX MPOLEAYp. YHCIEHHbBIE METOBI.
B OTJIMYHE OT AHAITMTHUHECKHX, C CAMOIO HA4aJla OPHCHTHPOBAHBI TOJBKO Hd
MOJIY4EHME YMCIICHHBLIX 3HA4YEHUH HCKOMBIX BEJIMYHMH /I KOHKPETHBIX 3Ha-
4YeHHH BXOAHBIX JAaHHBIX 6€3 yCTaHOBJIEHHS BUAA MX (DYHKIHMOHAILHBIX
3aBUCUMOCTEH.

5. IaThI# 3Tan-npoBepKa aJE€KBATHOCTH MAaTEeMAaTHHECKOH
MO €Y UCCIENYEMOMY OOBEKTY CPaBHECHHEM PACHETHOTO U (HaKTHUYECKOI O
[IOBEEHUS IOCIEAHErO0 B pa3jMYHLIX cUTyaudsx. Ecnu moseneHds oboOMX
06BEKTOB COracyloTcs B Ipejesax 3afaHHOH MOrPEIIHOCTH, TO PE3YIbTATHI
IIPOBEPKH CHMTAIOTCH YOOBJIETBOPUTENbHLIMH, H MAaTEMATHYECKYIO MOJIE/H
MOXHO MCIOJIb30BATh B NMPAKTHYECKHUX LEIAX,

6. Ha mectoM 3Tranme MaTeMaTHiecKas MOAEIb YTOYHSAETCH
(MM CTPOMTCS 3aHOBO) C Y4E€TOM OIbITA €€ MCIOJIb30BAHHA, HOBBIX AaHHBIX
¢$U3MHECKOro MOJECTUPOBAHUS, U3MEHeHHs Lejel uccnenoBanus. [Ipu aTom
BCE NEPEHMCIIEHHbIE 3TaNbl MOJETHPOBAHUS NIOBTOPSIOTCS.

Pa3HOBHAHOCTD MATEMATHYECKOrO MOJEIHPOBAHHUA, YETBEPTHIA ITal
KOTOpOroO (pelleHHE IOCTABJIEHHOH 3a1a4H) BBIMOJIHAETCS C HCIIOIb30BAHUEM
YUCIEHHBIX METOAO0B, OyaeM Ha3bIBaTh HHUCJICHHBIM MOJCTHpPOBaHHEM. Pe-
HIaKoMKUM ($akTOpOM, CIIOCOOCTBYIOIIMM MHTEHCMBHOMY Pa3BHTHIO H IIMPO-
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KOMY BHEDEHHIO YHCIEHHOTO MOJCTMPOBAHUSA B IOCIEAHME TOAbI, CIYXHT
NOCTOSIHHOE CoBepllicHCTBOBaHME DBM U ux Matemarudeckoro obecrneueHus,
Bricokasi NpOM3BOAMTENLHOCTh COBpeMEHHbIX DBM, oOycioBneHHas ux
ObICTPOACHCTBHEM, 3HAYNTEIBHBEIM OOBEMOM OIEPATUBHOM NaMATH U pa3BH-
TOH CUCTEMOH BHELIHUX YCTPOMCTB, TO3BOJISET B KOPOTKHE CPOKH BBINOJIHATh
fonbmme 0OBbEMELI PacieTOB,

Baxublit dakTOp 3¢EKTUBHOrO HCIONBL3OBAHUS YUCIEHHOTO MOETHPO-
BaHHS — CNIELUATIbHO pa3pabaThiBAEMBIE METOML! BhuMcieHwin. Haubonee
LINPOKOE NPUMEHEHHE [UIS PELICHMS KPACBLIX 33044 NMOA3EMHOA ruapome-
XaHUKH TOJyYHIIH METOA KOHEUYHBIX pa3HOCTCH M METOJ KOHEYHBLIX 3JIEMEH-
TOB.

Urtobnl npeacTaBuTh AupbepeHIMaIbHbIe YpaBHEHUS B HOpPME, IIPUIO-
HOH Uil pellleHHs Ha IMGPOBBIX BBIMHCIMTENBHBIX MAIIMHAX, CIEIYeT HX
annpoKCHMHPOBATh M 3aMEHUTb KOHEYHO-PA3HOCTHBIMH alrebpauyecCKUMH
ypaBHEHHsIMH. YHCIEHHASN MOJEb COCTOMT U3 IONTYy4EHHON CUCTEMBI ypaBHE-
HHMH U IIOCTPOCHHSA YUCICHHOI'O aJIfOPUTMa MX peLieHus. YUCIEeHHble MOICIH
OCHOBHBIX IPpOILECCOB GWILTPALMH IUTACTOBbIX (IIIOUAOB OBCYXAAKOTCH B
cnegyromux mnaparpadax.

[Ipy MOCTPOCHMH HUCIEHHBIX MOJETEH M 4YHCIEHHBIX ANTOPUTMOB
HCIONb3Y:OT AUCKPETHOE NPEACTaBIIEHHE IEPEMEHHBLIX U JudibepeHIMaTbHBIX
ONEpaTOPOB YPABHEHUH, a TaxkKe OOIACTH TCYECHHS. _

s pellieHUs ypaBHEHHH YHCIIEHHOH MOJeENnH pa3pabaThiBaeTCs MallMH-
Has MOJENb IUTACTOBOM CHCTEMBI, COCTOSINAS U3 IPOrPaMMEl HIIM CHCTEMBI
nporpamm ains DBM. [IpakTudeckue aCrekTsl CO3AaHUS MALIMHHLIX MOJE/ICH
paccMmaTpuBaloTcs B pabote [3].

B mocnegnme roasl MaTeMaTH4YeCKMM MOJEIMPOBAHHEM (B TOM HHCIE
U YHCICHHLIM) CTA/lH MOJb30BATHCH KAK BAXHEHLIMM HHCTPYMEHTOM [pPH
NPOEKTHPOBAHHA M KOHTPOIE 33 pa3paboTkoil HedTerasoBbIX MecTopoXae-
Hui [34, 21, 38, 45, 51, 77]. [IpumeHenue coBpeMeHHbIX DBM nossouser
peliaTh IMApOJAMHAMUYECKHE 3aAa4H, CBS3aHHBLIC C pa3paboTkod, B O4EHbL
LIKPOKOH M NOJHOH NOCTAHOBKE.

BmecTe ¢ TeM, 1 NOHMMAHHS CIOXHBIX IIACTOBLIX [IPOLECCOB OBLIYHO
TpebyeTcst pa3syMHOE CO4ETaHHE (PH3HHECKOrO H MATEMAaTHYECKOTO MOJEIIH-~
poBanus. Ho mpu 3ToM Bcerma cneayeT NOMHHTb, YTO MOLEIb — 3TO
npubiIuxeHHOE ONUCAaHHUeE 06 BEKTa, OTPAXKAIOLIEE HE BCE, 4 TOJLKO
ONpEE/ICHHBIE €r0 CBONCTBA, XaPAKTEPUCTHUKH, YTO PE3yNbTaThl MaTEMATH-
4ECKOro (Kak M Jo60ro Apyroro) MOACTHPOBAHHS HENb3s MCIONb30BaTh 3a
IpeaeaMH YCIIOBHH afeKBATHOCTH MOJENM OOBEKTY.

§ 4. MOCTPOEHHE ANCKPETHOI'O AHAJIOT'A OBJIACTH
SWIBTPALIMM TP YUCJEHHOM MOAEJINPOBAHUU

IlycTs HEKOTOPBIM (HILTPANMOHHBIA Npolece onmuchiBaeTcs AutepeH-
IMaJIbHBIM ypaBHEHHEM, KOTOPOE MOXHO NIPEACTABUTh B 060OIEHHOM BHE:
Lu=f,
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t | Puc. 13.2. Cxema onHoMepHo# obnacTH OHNLTPALHA

ty
LA
7
x
At
th
» AT =
ta s Puc. 13.3. CxeMa QUCKDETHOTO dHANOra HEnpepbIBHOH
Zy Z; Lp Z obnactH GUIbTPALMH
£
7
ty a Puc. [3.4. CxemMa nonyAMCKpETHOTO dHAnoOra Hemnpe-
Z, Z; Iy & poisHOW obnactH GuALTpALMM

rae L-ndpdepeHuManbHbli  ONEpaToOp; #—BEKTOP MCKOMBIX (yHKIMA;
f—3anaHHas BexTOpHas QYHKIHS.

PeliicHUs OTBLICKMBAIOTCS B HEKOTOPOH 3aJaHHON 06/1acTH HENPEPLIBHOIO
H3MEHEHHS apryMEHTOB

D{x,y,z,1} = D,;{x. 5.2} x D, {1},

npeacTaBsiomet coboil nekapToBO INpou3BedeHHE OOJAacTH H3MEHCHHS
IPOCTPAaHCTBEHHBIX KOOpAMHAT D, M obJacTH u3MEHEHHS BpeMeHHM D, .

B ToM cny4ae, korga obnacts D, sBISETCS OXHOMEPHOR U NPEACTaBIAET
coboit oTpe3ok x; < x < x,, a obnacte D, aBnseTcs OTpe3koM 1 <t < T,
obnacts D = D; x D, MOXeT OLITh HarNsgHO H300pakeHa NMPAMOYTOJIbHBIM
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y4acTKOM IL1ockocTd (puc. 13.2). Ecnu D, sBnsieTcs AByMEpHOH (MM Tpex-
MepHOif), To obnacts D OyneT npenctaBisTbh coboil TPEXMEpPHBIA (MK
4eThIPEXMEPHBIN) HUIHHAD C 06pa3yIoUMMHY, NAPALIEIbHLIMH OCH BPEMEHH.
IIpu KUCONB30BaHHH HUCIEHHBIX METO/JOB PEIUCHUS HMINYTCH B JUCKDET-
HBIX TOYK4X, COBOKYIHOCTb KOTOpPBIX OYJET COCTAB/IATh AUCKPETHBIA aHAIOT
obnactu D, xotophlit 0603Ha4uM Dy. MOXHO NOCTPOHTbL HECKOJIBKO JMC-
KpPETHLIX AHAJOTOB HENpEpbIBHOH obnacTH. OAMH M3 BO3IMOXHBIX — CETOY-
Hblif — puBecH Ha puc. 13.3. [IpoMexyTOYHOE NOJIOXKEHUE 3aHKMAIOT TI0JTY-
JMCKpPETHBIC AHAJIOTH, KOTOpBIE NOJY4aKOTCH, €CIIM OJUH K3 apryMEHTOB,
HA[PUMED BPEMsl, OCTABUTH M3MEHSIOLIMMCS HENpephBHO (puc. 13.4).

§ 5. PABHOCTHBIE CXEMBI, ATINPOKCUMMPYIOINE
VPABHEHUS ®UJIBTPALIUMU YIIPYTOHM XKXKUJAKOCTU

V3 MaTeMaTH4ECKOro aHa/lu3a M3BECTHO, 4TO AuddepeHnMalbHbIE Olle-
pATOpB! IIpM [MCKPESTHOM HM3MCHCHHM ApryMEHTOB HE oOnpencicHbl. [lns
OTHICKAHHMS PpELICHHE B 3TOM ciydae Heobxoaumo ucxoaHble auddepeH-
MManbHblC YPABHCHHS 3aMCHUTb HAa MX JUCKPETHLIE aHAJIOTH.

B kadecTBe npumepa pacCMOTPHUM IIOCTPOEHHME JUCKPETHBIX AHAIOrOB
KpaeBoit 3a1a4d IS OOJHOMEPHOTO YPaBHEHHS TEMJIONPOBOAHOCTH:

o*u  du
Lu=ﬁ—5;=0; X, <x<X,; t>0
u(x,0)=@(x) mpu t =0, u(X,,t)=wy,{¢t) npu x=X,
u(X,,t)=vy,(t) ipu x=X,. (13.1)

HanmoMH#M, 4TO YpaBHCHUE 3TOrO THIIA OIIMCLIBAET PACIpE/C/ICHHE JaB-
JIEHHs] B OJHOPOJHOM ILIACTe IpU ynpyrom pexume ¢GunbTpamuu ciabo-
cxHUMaeMoi xuakocTu. Pasmenum orpesok [X,,X,] Ha M oauHAKOBBIX
yacTed Toukamu x;(i=0.1,2,... . M), oTcTosMMHU OJHA OT APYroi Ha
paccrosHun  Ax = (X, — X,)/M (puc. 13.5). Bbulpa3uM mpPOH3BOHYIO
0%u/dx? depe3 3HaueHMs GYHKUMH u B JANCKPETHBIX TOYKAX X;; NIPH 3TOM
6ynem ucnonb3oBaTh 0603HaueHUS u(X;) = y;.

M3BECTHO HECKOJBKO CHOCOOOB MOCTPOEHHUS JUCKPETHBIX aHATOrOB (pa3-
HOCTHOH danmpoxcuManuu) nmpousBoaHbix. Haumbonee pacnpocTpaHeHHBIH
cnoco® OCHOBaH HAa MCIIOJIb30BAHMH METOJA pa3JIOKECHHS (GYHKUHH B psag
Tefinopa.

3anuiieM BbIpaXkeHHe psiaa Teitnopa ans GyHKIUM u(X) B OKPECTHOCTH
TOYKH X; [IPH MOJIOXHUTEIBHOM IPUPAILEHHH apryMeHTa:

2 (nt1)
ulx; + Ax) = u(x;) + u%(x;) Ax + uZ,(x‘-)Azi' + ..o+ ulrtl (x?)(;Ax—_H?.

To e BbIpaeHHe B MHAEKCHOM OOO3Ha4eHHH 3aIMChIBACTCS CJICTYFOLIHM
obpa3om:
2 nt+1
, ,Ax Ax
Uy = U+ uiAx + u§—' +.o oyt —
2! (n+ 1!
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Puc. 13.5. CxeMa [EJICHHA OTPC3Kd Hd DABHBIC HHTCPBAILI

raoc

6"‘14 (x))

0" Du(x}) .
ox" — =+ v X S-\'; <X;+1-
X

u%") = ax"+1 5 “*

+
uit(n N —

AHaNOrMYHO 34MHUCHLIBAETCH PA3IOKEHHE NPH OTPHUATENLHOM IpHpalle-
HUHU apryMeHTa:
Ax? Ax"*!
U =u—wAx +uf—+ . (=) lypeer—
2! (n+ D!
HanomuuMm, 4T0o psix Teisiopa MOXET COACPXATb CTOJILKO HYJIEHOB,
CKOJIBKO IPOH3BOJHBIX UMeEET ¢GYHKIMS u(x).
W3 nepBoro pa3noxeHUs MOXKEM IOJYYHUTh BbIPAXEHHE /IS NEPBOH
MIPOM3BOHOM — IPaBYyIO Pa3HOCTh:

Uiv1 — 4 . Ax Ax? Uiy — i
u' = oyl =y ——— .. =4 0(Ax).
! Ax f2! K} Ax (Ax)
M3 BTOpOro pa3noxeHus mOJY4HM JIEBYIO Pa3HOCTb:
LU Ax LAx? U, —u;_,
ui=—————+u— —u'——+...=———+ 0(Ax).
' Ax 2! K] Ax (Ax)

Haxonen, BbIYTS BTOpPOE pa3OXEHUE U3 NEPBOTO. MOTYYHUM HEHTPAIbHYIO
PR3HOCTD:

-

u} =————u"“q_ il G u}”éyi to.=dm e oax?).
2Ax 3! 2Ax

Kak BHAHO M3 NPHBEACHHBIX BbIPAXEHWH, OJHOCTOPOHHHE PA3HOCTH
(leBast M mnpaBas) NpH MasblX MNPUPALICHUAX ANIPOKCUMHUPYIOT HNEPBYIO
IPOU3BOAHYIO C HOrpelrHOCThI0 O (AX), mPONOPHHOHANLHON NEPBOH CTENECHH
Ax («nopsiaxka Ax»). [leHTpanbHas pa3sHOCTb allIPOKCHMHUPYET IPOU3BOJHYIO
¢ morpemHOCTBIO O (Ax?), T.€. 6onee ToUHO.

IMpocymMMupoBaB 06a MCXOQHBIX PA3/NOKEHUS, ITOCIE HECIOXHBIX Ipeol-
pa30BaHU NOJYy4YHM ANNPOKCHMALHIO BTOPOH NPOM3BOAHOI:

L Uier — 2u +u_ 2Ax? Uy — 2u; + u;_

g b S e ek S bt — 0(Ax?).
“i Ax? LY Ax? +0(8x7)
(132)

Hcnonb3oBaB MNOMy4EHHYHO ANNPOKCHMALMIO BTOpOH MpPOM3BOAHOM,
IIOCTPOMM INOJYAUCKPETHBIA aHanmor kpaesodt 3amauu (13.1). ns aroro
obnacts pewenns D{[X,; < x < X,] x [0 <]} 3aMEHUM COBOKYNHOCTbIO
PaBHOOTCTOSALMX NpsMEIX x =x; (i=0,1,2,... . M) (cMm. puc. 13.3), coc-
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TAaBJAIOMIKX TOJTYAMCKpETHBbIH aHanmor obmacti: D, (1){x; x [0 <i]},
i=0,1.2,...,M. 3aMeHUM B MCXOJHOM YPAaBHEHHH BTOPYIO IIPOHM3BOIHYIO
ee AMCKpeTHbIM aHanoroM (13.2). IMomy4nm cucTeMy OOBIKHOBEHHBIX AMG-
(epeHIMaIbHbIX YPAaBHEHUM:

du"

1
= =l (0= 20+ w1 (0] =0, i=1.2,... .M~ Lh=Ax.

JIMCKpeTHBIA aHAIOT HAY4JILHOTO YCIOBHS NPUHMMACT BUI:
e(x;)=9, npu (=0, i=0,1,2,... M.

JIONOJHHUM IOJIy4EHHBIE COOTHOLIEHHS IPAHUYHBIMM YCIOBHSIMH:
ug =y (1) (¥, (0)=10o) mpu x=X, =xp;
uy =y, (1) (y,(0=wp, mpu x=X,=ux,.

Ucxonnas 3amaya [ YPaBHEHHS B HACTHBIX IPOU3BOIHBLIX, 3dAdHHOIO
B HenpepblBHOH o06nactd D C HAY4aNbHBIMM KM TPAHUYHBIMH YCIIOBHUSIMH,
3AMEHSETCH 3aJd4eidl AN CHCTEMBbI OOBIKHOBEHHBIX JU(EepeHIHATbHBIX
YD4BHEHMI, ONPEAC/ICHHBIX HA NpsMBIX x =.x;. rae i=1.2,... ,M — 1 c Ha-
4anbHBIMU YCIIOBHSIMHU.

B 3TOM COCTOHT CYIIHOCTL METO/Ia NPSAMBIX. KOTOPbIH Mbl (aKTH-
4ECKH TOJBKO YTO paccMOTpend. [IpeMMyInecTBo ero 3ak/IIoYacTCs B TOM,
4TO pelIaTs OObikHOBeHHble AuG¢epPEHIHANbHBIE YPABHEHHS, B MPHHIMIIE,
3HAYUTENILHO MpPOLIE, 4¢M YDABHCHHMS B YACTHBIX NPOM3BOAHBIX. DTH Ipe-
MMYIIECTBA OCOOEHHO MPOSBISAIOTCS B TOM ClIy4de, KOraa obnacTs peleHus
HMEET NPSAMOYTOJNbHYIO (GOpMy, 4 ypaBHCHUS SBJISIOTCA JIMHEHHLIMH C IO-
CTOSHHBIMU KO3hdurmentamu. Ecnu xe ¢dopma obnacTu perneHus oxasbl-
B4€TCA JOCTATOYHO CIOXHON. a Yp4BHEHHS HMEIOT NepeMeHHble Koddbdu-
LUUEHTb HIH SBJSIOTCS HENHWHEHHBIMH., HMCIONb30BAHHE METOJA IPSMBIX
BbI3bIBAET CEPLE3HBIE 3ATPYIHEHHS.

B 3Tux cioysasx Ui pelIeHHS 3aJa4 1eJecOOOpa3HO MCIONIL30OBATh
METOJ KOHEYHBIX pa3HOCTe . JJUCKPETHBIH aHanor OBJIacTH, B- KOTO-
PO HIUETCS pELICHHE, NPEACTABISETCH B BHOE CETKH (cM. puc. 13.2),
HNO3TOMY METOJ KOHEYHBIX PAa3HOCTEH MHOrAAa HA3bIBAKOT METOJOM CETOK.
OtaensHble TOYKHM CETKM Ha3bBaloTcd y3namu. Ecnu imarm cetknm Ax H
At NOCTOSHHBI, TO CETO4YHAS 00OnacTh (CeTKa) HA3BIBAETCS DErY/ISAPHOM.
B obuieM cnydae MCIONb30BAaHME PErYISPHON CETKH NPEANOYTHTENLHO, HO
HHOrJa LEnecooOpd3HO MCMOJIb30BATH M HEPETY/ISAPHbIE CETKH C IEPEMEH-
HBIMH IIaTAMH.

PaccmoTpuM Ty Xxe KpaeBylo 3aaady (13.1), onucsiBaronnyro GUIbTPALHUIO
YIpYroi XUAKOCTH. 1 MmonydeHuss AUCKPETHOro (KOHEYHO-pa3HOCTHOrO)
aHAJIOra KpaeBoif 3aJa4M HYXXHO NPEJCTABUTH B KOHEYHO-PA3HOCTHOH dopme
yDaBHEHHS, Ha4albHbIE U IDAHUYHBIC YCIIOBHS.

YacTHas nMpoOU3BOAHAS IO BPEMEHH OOBIYHO 3aMEHSETCS OJHOCTOPOHHEH
Pa3HOCTBIO:

Cu _ ll(x,'st,,+1) - M(.Y,-, ’n)
ar At
25—1642 3

+ O(Ar).



B cmydae ecnu (119 ymobcTBa BBecTH ODO3HaUEHMS
ulx;,t,)=u?, At=r,

TO MOXHO 34IHCATh
oufot = (u?*' — ul)/t.

C yyeToM MAMCKPETHOrO aHajIOra BTOPOM HaCTHOM MHPOM3BOAHOM IO
NPOCTPAaHCTBEHHOM koopauHaTe (13.2) paccMaTpuBaemoe auddepennnans-
HOE YPABHCHHME YIPYIOro peXxuma B KOHEHHO-Pa3HOCTHO#H ¢opMe CBOAMTCS
K CHCTEME YP4BHEHHH:

+1 n
ulmt — uf | .
*
——— — Uiy — 2uf +ui ) =0,
T h
i=12,.... M—1, n=12,... (13.3)

JMCKpETHBIN aHANOr Ha4Ya/IbHOTO YCJIOBUS CTPOMTCS JOCTATOYHO MPOCTO
U 3aIHCBIBAETCH B BUIC

n=0 u=0@)=9, (i=0,M). (13.4)
ITo aHanoOru4HOH CxeMe CTpPOATCS JUCKPETHBIE AHATOTM TPAHUYHBIX

YCJIOBHH IEpPBOro poja:

ug=vwy,(t, )=yl mpu i=0, n=1,2,...

uy=vy,(t,)=w3 npu i=M, n=12,... (13.5)
CnoxHee BOIPOC O NOCTPOEHUH JUCKPETHLIX AHAIOrOB IPAHUYHLIX YCIIO-

BHi{, B COCTaB KOTOPBIX BXOAAT npou3Boauble. [1ycTs, HApUMEpP, OJHO U3
IPaHUYHBIX YCIOBHH 3aJaHO B BHIE

ou/ox=0 mpu x=X,, (13.6)

4TO (PU3HYECKH O3HAYAET HENPOHHMIAEMOCTH PaHulb X = X, . JIUCKpeTHbIH
aHanor ycrmoBus (13.6) MOXHO NOCTPOMTb HECKOIBKMMH crmocobamu. Hau-
6osiee yIOOHBI OCHOBAH HA MCIOJB3OBAHHM METOAA OTpaxeHus. [lpu ero
peasin3alMy B paCCMOTPEHHE BBOAUTCS JONOJHUTENBHO (UKTHBHAS TOYKA 34
npeaenamMu obacTH peuieHus X, ; = (M + 1)Ax (cm. puc. 13.4). [Toacra-
BUB JUCKPETHbIA aHanor NepBOM NpOU3BOAHON MO cXeMe LEHTPANIbHBIX
P43HOCTEH, MOJIyYUM:

@ UMy Uy
oxl,-x, = 2Ax '
Ha 3TOM OCHOBaHHMM AMCKpPETHBIA aHanor ycnosus (13.6) MoxHO mpea-
CTaBMThb B BH[JE
Wy =uy—y, n=12,... (13.7)
Kak BMOHO M3 NMpHBEAEHHOM 3amMCH, MCXOQH4s KpaeBas 3ajada

ans aupdepeHNNAaTbHOTO YypaBHEHHS B KOHEYHO-pA3HOCT-
HO# MOCTaHOBKE CBOAUTCH K CHCTEME aNrebpandeCKUX YPABHEHHH H TEM
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CaMBbIM CYILECTBEHHO ynpomacTcs. B TaxoM ynpoOLEHMM 3akmroyaroTcs Boe
IIPEMMyILECTBA METO/A KOHEYHbIX Pa3HOCTEH. Haunbonbiuyio 3¢ ¢EKTHBHOCTD
HCIIONIb30BaHHE METO/Ia KOHEHHBIX PA3HOCTCH AACT NPH YMCIICHHOM DPEIICHHM
HEMHEHHBIX ypaBHEHMH B O6JIACTSX CIOXKHOM HOPMBI, KOTga TOUHBIE WIHM
HpH6.ﬂH)KeHHHe AHATMTHYCCKHUE pCLICHHUS NOJYYHATb HEC yaaercs Uiu B°°6me
HEBO3MOXHO.

He cnepyer AyMaTbh, OAHAKO, YTO NOCTPOCHHE KOHEYHO-pa3HOCTHBIX
pelnenmi mo6bIX 33124 HE BbI3LIBAET HUKAKHX 3aTPY/IHEHUA. B nelicTBUTE Db-
HOCTH 3TO AOCTATOYHO CIOXHBIM MPOLCCC, KOTOPLIM HE Bcerga NPUBOAMT
K YIOBJIETBOPHMTEIBHOMY DE3yNbTaTy.

§ 6. PELIEHUE CUCTEMbI KOHEYHO-
PAZHOCTHBIX VPABHEHUHA. CXOAUMOCTh METOJA

ITocne pguCKpeTH3aLHH 061aCTH U NOCTPOCHHS AWCKPEeTHOro aHaljiora
KpacBoil 3a71auM HEOOXOAMMO ONEHHTh CXOZMMOCTh KOHEYHO-DPa3HOCTHOTO
PCLICHHUS K TOYHOMY peLHeHHlO HCXOJHOH 3aJa4YH, 4 TAKXE I'IO_]’IYI{HT}, KOHEY-~
Ho-pa3HOCTHOC peLHeHHe, T.C. peLlIHTb CUCTEMY KOHCHHO'D'AT}HOCTHBIX ypasB-
Henuii. Peanmu3anms 3TUX IBYX 3TaloOB NPEIACTABIACT OCHOBHLIEC IIPUHIIHA-
ITHAJIbHBIC prﬂHOCTH npH HpaKTHl{eCKOM HCIIOJIb30BAHUH METOJa KOHEUYHBIX
Pa3HOCTEH.

rOBOpﬂT, YTO PAa3HOCTHOE DCIUCHHC U CXOHHTCSH K pellueHUI0 MCXOJHOH
3a]a4¥ u, €CJI¥ HOpMa PA3HOCTH ITHX PCLUCHHHA B Y3J1aX ceTKH CTPEMHTCH
K HYJIKO IIpH cheM.ﬂeHﬂH K HYIHO 1aroB JUCKPETH3ANUHU:

ul — ()|l =0 mpu {hT}—0.

B 3aBHCHMOCTE OT CBOWCTB MCKOMBIX (QYHKIUMHK M pemraembx 3agadq
B Ka4eCTBE HOPM MOLYT NPHHHMATBLCH Da3/IUYHLIC BEIMMHHBI (MAKCHMYM
abCONIIOTHBIX BETMYMH pa3HOCTEH, CpeaHss KBaJApPaTHYeckas pa3HOCTL H
T. A.).

KoHeyHO-pa3HOCTHOE peElIEHHE INPEACTABIACT IIPAKTUYECKUHA HHTEpEC
TOJILKO B TOM Cly4aec, €ClId HMCECT MECTO €ro CXOaMOCThb K TOYHOMY
PCLICHHIO. HCHOCPCHCTBC}‘{Haﬂ NnpoBEpKa CXOOUMOCTH Pa3HOCTHBIX CXEM
BBI3bIBAET OOJbIIAE 3aTpyAHEHHs. B TeOpUM Pa3HOCTHBIX CxeM J0Ka 3 bi-
BaeTcH, YTO CXeMa, KOTOpas ANNPOKCHMHUPYeT HUCXOAHYIO
3a a4y (IOrpelIHOCTh ANIMIPOKCHMALIAN CTPEMHTCS K HYJIFO, €C/IH CTPEMHUTCH
K HyJIIO LIAr JUCKPETH3alMu) B YCTOH4MBA (T.€. ManbiM BO3MYIUCHHAM
HauaJbHEIX AAHHRIX U Pa3HOCTHOrO ONMEPATOPa COOTBETCTBYIOT MAJBIE OT-
KJIOHCHHS pelleHui), ABIAeTCH cxoasme#ca Mccnenosanus anmpox-
CHMaIMM M YCTOWYMBOCTH OKa3hIBRIOTCH OTHOCHTEILHO Gosee MPOCTHIMH.
B COOTBETCTBYIOIUMX pa3enax TEOPHUH Ppa3HOCTHBIX CXeM OHH ONMCAHBI
JOCTATOMHO NOAPOOHO.

TpyAHOCTH pELUEHMS CHCTEMbl KOHEYHO-PA3HOCTHHIX ypaBHEHMH B mep-
Byl0 Ouepeab OOYCIOBIEHb €€ GOMbIIOA Pa3MEPHOCTBIO, paBHOHM 4HCIY
JUCKPETHBIX TOYE€K, B KOTOPBIX HINYTCH 3HAYCHHSA Q)y}{](up[ﬁ Pa3MCpHOCTb
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a 17 Puc. [3.0. llabnonpt ans ssHO# (¢)
n+t! n+f HesaBHOH (6) cxeM

L i (o i il

CHCTEMBbl MOXHO YMEHBILUNTH, YBEJIUYHMB IIAr JUCKpeTH3auuu, OmQHako 3TOT
[yTh IMPUBOJAT K [OTEPE TOMHOCTH M HM HEJb3s NOJb3oBaThecs Oe3 qocra-
TOYHOro O6OCHOBAHHS,

Ilpu ¢PukcupoBaHHO# pa3MEPHOCTH TPYAOEMKOCTb PEIIEHHS CHCTEMBI
KOHEYHO-Pa3HOCTHBIX YPaBHEHHH 3aBMCHT OT THIA DPa3HOCTHOM CXEMBbI.
IToscuuM 3TO Ha mnpumepe cucTeMbl ypaBHeHu#t (13.3), rae BO BTOpPOM
c1araeMoM BMECTO MH/EKCa, YKa3hIBAIOLIErO HOMEP BPEMEHHOIO 111ara, Ioka
[IpOCTaBJICHKI 3BEe3[A04YKHA. PaccMOTpHM [Ba BapHaHTa:

ul*t —ut

f'—ﬁ(u?+1—2u?+u?-1)=0;

i=1,2...M—1 n=012...; (13.8)

:.|+1_ :I 1

B St -t v ulth) =0, (139
T h?

COBOKYITHOCTH Y3JI0B, YYacCTBYIOIIMX B DAa3HOCTHBIX CXEMaX, MOXHO
M306pa3uTh CxeMaTHYHO B BHUIE TaK Ha3biBacMuIX I1abiaonoB. s nepBoi
U BTOpPO# CXEM COOTBETCTBEHHO I1abioHbl mpuBeneHbl Ha puc. 13.6, a, b.

IlepBas cxema ma3mBaeTcs sBHOMH Kak HarimsaHO BHAHO M3
mabnaoHa, B 3TOM Cxeme KaXxjaoe 3HaueHHMe McKoMO#H (yHkuMH Ha (n + 1)-M
BPEMEHHOM CJIO€ MHAMBUAYAIBLHO ONPENENSETCH 4Yepe3 TP 3HaueHHs GyHK-
MM Ha IpPeABbIAYIIEM n-M OJIOE.

Pa3peiuus (13.8) oTHOCHTENBHO u?*!

, TIOJTYHHM:
T
ult = uf +'h_5(“?+1 —2uf +ui-y).

Hcnons3ys HavajgbHelE YCJIOBHS, T.€. 3HAYCHHUS (QYHKIHMM HA HYJIEBOM
cJIoe, MBI JOBOJILHO IIPOCTO MOXEM BBIMHCIMTD IIOCIEIOBATEIbLHO 3HAYCHHUS
byHKuMH Ha JII060M 1OCIIEAYIOIIEM BpeMeHHOM ci1oe. Ho siBHas cxeMa HmeeT
OMEHb CYIIECTBEHHBIH HEIOCTATOK: OHA OKa3bIBAETCH CXOIALIEHCA TOJIBKO
IpH CO6IIONECHHH OTpaHHYMTEIbHOIO YCIOBHSA

/h? < 1/2,

T.€. YCIOBHO yCTOHW4MBA.

Bropas cxemMa Ha3wBaeTCs HeaABHO . OHa cxoAUTCs NpH TOH60M
OoTHoleHHH waros. Ho, xak BuAHO 3 11abjioHa, HEMOCPEACTBEHHO BRIMHC-
JUTh MHIMBHYaTbHOE 3HaducHHE QyHKIMH Ha (n + 1)-M cioe O M3BECTHBIM
3HAYCHHUAM Ha n-M CJIOE Henb3s. Ha Kax oM ci10e HYXHO NOJIHOCTBIO pelaTh
BCIO CUCTEMY YpaBHECHHH.
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Kak yxe noauepkHBaJOCh paHEE, CHCTEMa KOHEYHO-Pa3HOCTHLIX ypaBHe-
HH# sBisieTCs anrebpaMveckod M MOITOMY Kk Hedl NPHUMEHMMBI HU3BECTHBIC
METO/b! PELICHUS airebpauueckux YpaBHEHHH. B TO Xe BpeMs OTMETHM, YTO
KaXI0e HEABHOE KOHEYHO-Pa3HOCTHOE YPABHEHHE COJOEPXHT TOJNBKO TpH
3Ha4YEeHUs MCKOMOI (YHKIIMH B coceHUX y3nax. BciencrBue atoro marpuua
k03 PUIMEHTOB CHCTEMBI KOHEYHO-PA3HOCTHLIX YPAaBHCHMH MMEET CIICIMaIb-
Hbifl, Tak Ha3bIBaeMbli, TpexaHaroHaabHbid Bua. s cHcremst (13.9) mat-
pHuEH sBISETCH

(a b 0 )
b a b 0 0

rae a=1+2t/hY; b= — t/h?, a Bce IMEMEHTHI, HE JIGXKALME HAa TpPEX
BBIJIC/IEHHBIX QMarOHaJsAX, PaBHbl HYMO. /|78 pemreHNs cCHCTeM ypaBHeHMH
nogobHoro BHAA pa3paboTaHbl CHEMaJbHbIE METOALI, CPEAM KOTOPbIX
ONHMM M3 Haubojee NONMyJISpPHBIX #BJISETCS METOJA HPOTOHKH. Pac-
CMOTpDHM €ro Ha IpUMEpe pellieHHs cUCTeMbl (13.9) ¢ HavadbHBIMH M Ipa-
HUYHbIMHM ycrmoBusamu (13.4), (13.5), (13.7). [ns ymobGCcTBa mepemuiiueM
YPaBHCHHME B pa3BepHYTOM BH[E:

W Q4+ uttt = —sul, s=h (13.10)

ByneMm cunTath, 4TO 3HaueHNA (YHKIMM B COCEJHHMX Y3JaX CBSA3aHHI
Mexy coboit COOTHOLIEHHSAMH:

witl=alt e+ ulil), (13.11)

wii =alr{ (b1 +ult). (13.12)
Iloacrasus (13.12) B ypasHenue (13.10), nomy4um:

alX{ G +ul ) = Q2+ s)ult +ulif = —sul,

OTKYAa CIEIYyeT, 4TO

1
it = [(a?—*fb:-'-*l‘ +su?)+urif]. (13.13)
— Ui-1

CpaBuuB (13.13) ¢ (13.11), DoJyYMM COOTHOIUCHHS
altl'=Q2 +s—al)7, B =alt ! b1 + sul, (13.14)

KOTOpbIE MO M3BECTHLIM 3HaueHMsM altl, b!'! NO3BONSIOT BBIMHCIUTH
ap_|+1 b|.|+l
L I L
Ans y3nma i=1 ypaBuenue (13.10) u coornowenus (13.11) umeror
CIIEAYIOMIMH BHI:
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ugtt =2+ )ultt 4 uitt = — sul; (13.15

Wl =gt B +ugt ). (13.16)
Hcnonp3osaB rpapmunoe yciaoBue (13.15), u3 (13.15) momyyunm:
u'i“=21?|:(\v'{“+su'{)+u5“] (13.17)
M Janee B pe3yjbTaTe CONOCTaBicHUS paBeHCTB (13.17) u (13.16)
aitt=Q2+s)7, b=yt 4. (13.18)
CootHotuenus (13.18) u (13.14) mo3BOJIAIOT MOCJIEAOBATEIBHO PACCHH-
TaTh napsl ko3bdumuentos (17,57 1), (@3*!,6%Y), ..., (@i, Y1),

OTa npoueaypa M3BECTHA KaK «IPAMO# XOm».

HUcnonb3ys Halinenusle 3HaveHds nap Ko3pPHIMEHTOB M BTOPOE M3
rpaguyHbix ycaoBuit (13.5), npu moMoum (13.11) MOXeM BBIYMCIMTL MCKO-
Mble 3Ha4YeHUs (GYHKIMH BO BCEX y3jiax, HauAHas c i=M — 1:

Wi = A BR Wi = alth (R ),

B 3tom cocTtouT omepamms «obparHeid xon». IloBropsis «mpsMoi»
H «0OpaTHBIA» XOABI Ha KaXIOM IIOCICAYIOUIEM BPEMEHHOM Luare, Haigem
YUCJIEHHOE pEIICHHE 3afad¥ B JIOOOM 3aaHHOM MHTEpBaje HM3MEHEHUA
BPEMCHH.

MeTon nporoHku yaobeH TeM, 41O TpebyeT OTHOCHTENBLHO HEBOMBIIKX
00BEMOB OIICpaTHBHOM NMaMATH U 3aTpaT BPEMEHH Ha NPOBEJCHHE PACUETOB.

§ 7. YMACJEHHOE PEIMIEHUE ABYMEPHOM 3AJAYM
HECTALIMOHAPHOY ®HUJIGTPALIMN
VIIPYT'OM XHUJIKOCTU B HEOAHOPOIHOM TJIACTE

Ilycts B ropu3oHTaIBHOM ILUIOCKOCTH (X, y) MMeeTcs obiacts D, , 3ausTas
He(pThIO H COMEpXalllas CKBa)XXUHBI — TOYCYHbIE MCTOMHUKH HJIH CTOKH. Bynem
CIMTaTh, YTO ILIACT —HEOAHOPOAHBIH 1O NPOHHIAEMOCTH: kg = ko(x,y), a
pa3paboTKa 3aJieXH BeJETCH NpH YHpPYrom pexuMe uubtTpamun. s
MpoCcTOTHI By/ieM IpeanonaraTh, 410 obaacts puiabTpanuu D, umeeT dopmy
npsMoyroabHMka: X, <x<X,, Y, <y<Y, (puc. 13.7). Ha rpanunax
obmactu dunbTpamuu x = X, , x =X, U y =Y, 3a4aHO, COOTBETCTBEHHO,
pacripeieJIeHAe JaBJICHUH

p=p. 1), p=p,(01), p=ps(x1).

IlopomBa miacra y = Y, cYuTaeTCs HENMPOHMLAEMOM, T.€. HAa 3TOH
TpaHWne HOpMallbHas COCTaBIsIONIas ckopocTH (uabTpanuu (uiu dp/dy)
paBHa HYJIIO.

IlycTs B HayaabHBI#E MOMEHT BpeMeHH {, B IUtacte (obiacts D;) 3amaHo
pacIpeic/ICHNE AABJICHUs 110 KOOPAHHATAM, T.€. p = py(x,y) npu { ={, .

Toraa 3agaua O HaAXOX/[AEHMM pacrpenelieHus OaBJjeHUs p(x,y,!) B npo-
LIECCE IKCIUTYaTalMy 3aJ1eXU CBOAMUTCH K PELICHUIO (MHTErPUPOBAHHUIO) aud-
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Puc. 13.7. Cxema obsactn  unbTpanuu s4
yIpYyro# XHIKOCTH 4
u=9
u=% D, u=9%
Fufdy=0
y, V277777777 777777777777777777777,
0z Z;z

¢depeHuMaIBHOTO YpaBHEHMs NMapaboJMdEcKOro THNa (THIA TEILUIONPOBOA-
HOCTH) C NEPeMEHHRIMH K03pdunueHTaMu (CM. 1. 2 H 5), KOTOPOE MOXHO
npeacTaBuTh B 0DODILICHHOM BUAE

dp 0 op o op

=k ) k)

b=>b(x,y), k=k(x,y), [=f(x,ni) (13.19)
B objacTH

D=D/xDy, Dr={t>14}

IIpH CICAYIOUIMX HAYaJIbHbIX K I'PAHHYHLIX YCJIIOBHAX:

p=0(x,)) IpH [ = I,; (13.20)
p=9,0.1) mpu x =X, ; (13.21)
p=0,00,1) nmpu x = X,; (13.22)
Op/dy =0 npu y=Y,; (13.23)
p=vyixt)npu y=1Y,. (13.24)

3mecs  uckomas  ¢yHKmMS  p(x,y,I) COOTBETCTBYET  [JaBJICHHIO,
k=ky(x,3)m, b=p*=mp, + B, — xoapduuueHt ynpyroctH miacTa;
f—IIOTHOCTHL MCTOYHHUKOB M CTOKOB, MOJCTHPYIOUINX paboTy AO6BIBaIOMIMX
H HarHeTaTenbHhIX ckBaxHMH. Co cmocobaMM MOIENMPOBAaHUS CKBaXHH
MOXHO II03HaKOMHUTLCS Mo KHure [45].

Bynem peinath 3agauy NpHOIMXEHHO C MCHOJb30BAHMEM METOAR KO-
HEYHBbIX pa3HocTei. [{yg 3Toro 3aMeHUM HenpepbiBHYIO 06J1aCTh €e JUCKPET-
HbIM aHAJIOrOM — KBaJipaTHO! ceTouHO#N obnacThio (puc. 13.8):

Dy {x;,yi}: x;=ih yi=Jjh (i=0,MJ=T1\7)~

IToctpoum pmanee XOHEYHO-pa3HOCTHbIH aHasior ypasueHus (13.19),
UCIIOJIb3YH HHTErpO-MHTEPHIOJISHMOHHBIA METO.

Boiaenum B o6nacte D, xBaapat ¢ nEHTPOM B TOHKE (X;, y;) X CTOPOHAMH,
06pa3oBaHHBIMM OTpE3KamMu JIMHMA x=Xx,+ h/2, y=y;+ h2 (cm
puc. 13.8). PaccmoTpumM Tpo#HO# HHTErpaa or obeHx uacTeidl ypaBHEHHs
(13.19):

Ausr Xierz ¥j+an2 fav1 Sie1,2 Fjri2

Ppwax | [ ] (22
X = £
J. J. J.bazdyd"d' axax

ty  Xi-y2 Yj-152 ty Xi-tn2 Yi-u2
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Az=h Puc. 13.8. JIMCKDETHBIH aHanNoOr HEMPEpPBIBHOK
¥ =+ J=N obnacty QUILTpaLMK
I |
T . f
- ._—<,——<-17 f ——'——~J=7
—+— -+ —t+——

il

TN
] V=

11 10

(=0 -4z itz i-M
P
+ 22 f) dydxd,

oy Oy

BrinmonsuBs HHTEIPHPOBAHHE IO KAXIOMY ClIara€MoOMy B IIOPAOKE, COOT-
BETCTBYIOLIEM THIY IIPOM3BOJHOM, IOJYyHHUM:
Ti+1/2 Yj+172

b(p"*! — p")dydx =

Xi—-1/2 Yj-1j2

'n'rx Yji+1/2

) (2) ]

k— - k— dydt +
J. [( 0x i+1/2 ox i-1/2

o Yj-172

il

T+ 1 ®i+1/2

d d
JILGg),, (k) Joas
dy j+12 dy j-12

n %i-1/2

+

n+1 *i+1/2 Yj+1/2

T

tn %i-1/2 Yj-1/2
3TO cooTHolleHHe — ToyHOe. Mcrmonb3oBaB GopmMynbl mpUOIMAEHHOIrO
MHTEIPUPOBAHHUS, NPEACTABHM €ro B CJIEAYIOLEM BHIE

op dp
b(p,|+1_pn)] AxAy=[(k—> —(k-) ] A}'Al+

y=y(n (=12
n

. A - ™ 4 4) 44)
0/ je1n 0y/ j-1p2 x=x53)AXAl+f(xE L yi0, 60) Ax Ay A,
e=el¥
x; < {XE"’} < Xty }'js{y‘(,-m} S Vj+1s l,.S{lEIY)} Sy

+

{a, By} =1,2,3,4. (13.25)
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IIpousseneuus kdp/Ox u kdp/0y B TOMKAX C NOJYUCHBIMH HHIEKCAMM
3aMEHMM [UCKPETHBIMHM AHAJIOTaMH;

6p> Pivi—Pi ( 6p> Pi—Pi-,
k— ~ k; e k— ki,
( 0x/ 10 TP Ax 0x/)i v, M Ax

ép Pj+1—P; dp P;—Pj-1
k—) kg, (k—) r k=
( dy j+1/2 s Ay 0 j-1/2 i Ay
rae

_ 2k;kis, _ 2kk;s
Iil/z_ki+kii'l, jtl/z—kj+kji'1~

IMoacraBum monyueHusie Boipaxenus B (13.25), npeaBapuTebHO pa3fe-
uB Bee cnaraembie Ha AxAy Al 1 nosoxus npubmkerto x @ = x;, yP = y;,
19 =y ., (T.e. OTHeCA BCE CPEMHHME BEJMMMHBI B HHTErpaiax K y3my X;, ¥;,
1,,,). B pe3ynbTaTe HOJYYMM KOHEYHO-Pa3HOCTHRI# aHAJIOr [IBYMEPHOTIO
ypaBHenHs (13.19)

+1 +1 +1 t 1 +1
b plj  — DM —k Pl — PLj —k pi; —PLji-1 "
i T i+1/2.§ hz i—1/2.j hz
+1 +1 +1 +1
k Plic1— P:".j —k pij —P:",j—x ntl
Wtz ii-1/2 n2 + /i

i=L,M—1. j=1,N—1. (13.26)

JIMCKpeTHBIE aHAJIOTM HAYaJIbHOIO M I'PAHMYHBIX YC/IOBHM
paHee pacCMOTPEHHBIM CXEMaM!

CTpOATCS 1O

mpu n=0 p% =g, (i=0M j=0N); (13.27)
mpu i=0 ph,=01,G=LN~1,n=12,.); (13.28)
mpu i=M ph;=03,0=LN—-1,n=12..); (13.29)
mpu j=0 pl_,=pl(i=LM—1,n=12...); (13.30)
npu j=N ply=yii=LM-1,n=12...). (13.31)

TakuM myTeM BMECTO MCXOJHOH KkpaeBo#t 3amaum (13.19)-(13.24) nony-

YMM KOHEYHO-pa3HOCTHYIO 3amavy (13.26)-(13.31).

Ins pemenus anrebpauueckoif cucteMnl ypasHenmit (13.26)—(13.31)

MOJXHO HCIIOJIb30BaTh pa3jMyHbIe ObIINE U CreunaJbHbIE METOAB. M3 uncia
nocjaeqHUX O60JbLIOE pPACIpPOCTpaHEHHE MOJYYHA METOX CMEHBl Ha-
npaBiaeHHu# CylUHOCTh €O 3aKJIIOYAETCH B CICAYIOIIEM.



Illar mo spemenn At =1,,, — t, pa36uBaeTC Ha [Ba IOJOBMHHLIX IIAra
Lyyy — lyiyyp = l,ey2 — 1, = A1/2, Ha kaXkIoM IIoJyluare BMECTO CHCTEMBI
(13.26)-(13.31) pemraetcs Bce MoauGbHUKaUUA, IBHAS [0 OJHOMY HAIpaBJe-
HHIO H HESBHas 1O ApPYroMy (HAmpaBJICHHS YEPEAYIOTCS).

Pelraemble CHCTEMBI MMEIOT CIIEAYIOLINH BUA;

Ha MEpBOM MOJIyLIare

p PP, PR -p g prtiy
i.J /2 = Ri+vy2,j h2 T Ri~142,j K2 +
Pljv1— Plj Py~ Plj-1 ).
+ Koy PR kij12—= YR + 1Y%

T

1 - s TN 3
pu i =0 p?.}”2=—¢1+.j—4/\z¢1.j U=LN-1);

2

T

322 ®2,G=1LN-1),

1
npn i = Mpyj” =05, —

1
¢+=§(¢n+1+¢n); ¢—=¢n*1_¢n—l;

ADT =k (DIAH_(DI__k ¢i__¢i——l.

2% T Rij+12 h2 ij—1/2 h? ’
Ha BTOpPOM IIOJyIIare

1 +1/2 +1/2 +1/2 +1/2 +1/2
b piil—=pit k piit —piY k pr; Y —pitif +
i_j——t/z = Ri+112 K2 — Ri-12,4 h?
+1 +1 +1 +1-
k pli+1 —PLJ k Pl —plicy nt1/2,
+ Kij+1y2 ) “Ri T +/ii s

mpr j=0 piti=pli' (=1,M-1);
n+1

npu j=N pixt=wy!*' (=1,M-1).

Ilockonpky Ha XaXaoOM MoOjyuiare 3a4ava OKa3bIBA€TCH (aKTHUYECKH
OMHOMEPHO# (HEABHOM), TO JUIA €€ PEIIEHHMS MOXHO HCIOJIb3OBATH METO.
IIPOr'OHKH.

Peiu cucTemMnl ABaxAbl, B pe3yJIbTATE NOJYYMM PELIECHHE HA OYEPETHOM
ware t=1t,,,.
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§ 8. IOCTPOEHME PA3HOCTHBIX CXEM /.1 YPABHEHHI
JABYX®DAZHON OUJLTPALIMN HECKHMMAEMBIX XKUAKOCTEA

PaccMoTpuM 1wiockyio 3agavy ¢uiabTpamum aByxda3HOM HecKUMaeMoik
XHUAKOCTH B OJHOPOJHOM IUlacTe 6Ge3 yueTa KamM/UIApHBIX U T'PaBUTaUMOH-
HeIX cua (cMm. 1. 9). Ilycts obnacts HedTeBOmoHOCHOTO IUacta D, mmeer
npsiMoyrosbHyio dopmy 0 < x < L, 0 <y </ (puc. 13.9). Tpebyetcs omnpe-
menuts B obaactu D,(r = 0) paBnemMe p(x,y,t), HACHILEHHOCTBL S(X,y,t)
BbITECHsAIeMO# (a3o#t 2 (He(TeHACHIIEHHOCTD), YAOBJICTBOPKIONIME CUCTEME
ypaBueHuit (9.15), (9.16). CumraeMm, ¥TO B HauyajIbHbI# MOMEHT BPEMEHH
(1 = 0) 3agan”o pacnpesesieHre HACHILIEHHOCTH S = 54 (X, y), a nogomsa y = 0
¥ KpoBns y =/ miacrta HenpoHHIaeMul (T.e. 0p/dy = 0) Ha 3TUX IpPaHMIAX
obinactu ¢mibTpammu). Ha HarseratensHo#l ranepee x =0 3agaHo s =
=s5%°(y.1), p = p°(y, 1); Ha IKCILUTYaTaIMOHHO# rasepee x = L3afaetcs pacipe-
neneHue naBieHus p = p; (y,1) (cM. puc. 13.9). CooTBeTcTBYIOImas CHCTEMA
ypaBHEHMi{, ONMUCBHIBAIOUIAS IPOIECC, a TAKXE Ha4vaJdbHOE M TIDaHAHHbIC
YCJIOBMS HMCIOT CJIEXYIOLIAMA BHI:

d k, ky,\@ d k, k,\o
sl )2l Sl )2 -0
ox N, MNa/8x4 0y Ny TMp/0dy

J 0 ds
&‘fw‘Ha_y(fwy)""E:O’ (13.32)

npu 1 =0 s=s5,(x,));

mpu x=0 s=s5(y,1), p=p"(,1);

npu x =L p=p (1), pL<p’;

npu y = {0,/} dp/dy=0. (13.33)
3nech f = f,— bynkuus Baxmu-Jleeperta (mosis BHITECHsOWEH (asbl

1 B cymmapHOM mOTOKE), Ompenensemas paseHcTBoM (8.8); f (s)w =

= W, - BEKTOP CKOPOCTH (DMJIbTPAILMK BhITECHSIONIEH (a3bl; w— BEKTOD CyM-
MapHOit cKOpocTH GUIbTPaLUK:

w= — kl:li‘(—s)+ b@]gradp.

Ny M2
I
L LLLLLLLLLLLLLL LY LA L L L L L L Ll L Ll
e dp/dy=0
—_
- ":;_.,""’ Hanpabnerue Py t)
\2 <= nomoxa
Sy do/dy=0
77777777777 7777777777777777777777777777777+ ///E:_

Puc. 13.9. Cxema obnactu asyxda3Hoil ¢punbTpauuy
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IlepBoe ypaBuenue cucteMnl (13.32) nosiyueHo B pe3yJbTaTe CyMMMPO-
BaHUs ypaBHeHWH Hepa3peiBHOCTH (9.15) da3 ¢ ucnonb3zoBanuem obo6LIeH-
Horo 3akona dapcu (9.16).

Bocnonp30BaBUIMCE M3JIOKEHHBIME PaHee CIIOCO6aMM NMOCTPOEHHS TUCK-
PETHBIX AHAJIONOB KpaeBBIX 3adad, NPHBEAEM IOCTAHOBKY 3amaum (13.32)-
(13.33) x xoHeuHO-pa3HOCTHOR GOpMe, ONYCTHB MPOMEXYTOUHEIC BhIKIAAKH:

+1 +1 +1 +1 :
Klva2 @10 — PR ) — ko120 —piliy) +
+1 +1 +1 +1 .
+ k2P =PI ) —kYm1a Pl P M) =0
. +1 . +1 . +1
f?+ 1/2,) Wit /2.4 —f?—x/z.j wil 1/2,) +f:‘l,j+ 12 Whis1z —

s~ . e s .
R a+1l LJ L __
~Sli-12wij Sy — hmy——=

i=LM—1;j=0N;n=12,...; (13.34)
mpu n=0 s5=54;; i=0,*M; j=0N:

mpu i=0 s=s8%; p=pgy;

npu i=M p=pi;; j=i,T—_1_, n=12...;

mpu j=10 Pi,-1 =Di1>

mp¥ j=N pixi1=Pin-15 i=1’M—_1; (1339
k" _ Zk'il.jk:‘lil,j ] k _ Zk'i"jk;“,j.‘_l .

it1/2,j K+ k) ijt1/2 K3+ ke’

k
k" = k[—k‘(ﬂ + —’Ei)] ;
n, N,

oo [T TP Wi, <0,

it1/2,j =

i DM Wiy 5> 0;

.

n. _ Jije1 TPE W; 412 <0
S¥v12=

. .
ij IPH W; ;410 > 0.
A

AHanoruyHo BubupaloTcs f 75 ; M f1_ 13 (IPaBUIO «IIPOTHB NOTOKAY).
IlpuBencaHas cxema SBIAETCH HESABHOHW NO [JaBJEHHIO H
SIBHOH MO HAaCHIIIEHHOCTH.
Cucrema (13.34) saBnsercs 3/uMnTHMecKo. [l pemieHUst TaKux CHUCTEM
YaIe BCErO HCIOJIb3YIHOTCA Pa3jIMYHbIE UTEPAMMOHHLIE METOMIMI.
Ilpocreiimmit MeToa peamm3yeTcs mo caegylouied cxeme:
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pritrtt = (k2 + ki vja;+ kije1p+ kli-12) “kn 2 PR+
+ k?—l/z.jp?:xl.f + k'i'.j+1/2P'i',f+li' + k:‘l.j—llzp;l.}—li’)v

I€ r—HOMEP HTEpAIMH.
HrepanuoHsslif mpornecc 3aKaHYMBAETCH NPU BBLITOJHEHHHM HEPABEHCTBA

max |pij*"*t —plf I <,
i,

rjae €—3aJaHHas JOCTATOYHO Malas BEJIMYMHA.
IMocne Toro, kak GynyT HaitneHst p?; ', mo sBHOM dopmyne u3 (13.35)

MOXHO BBIMMCIIMTh HACKIUEHHOCTH 57, . JlIs yCTOMYMBOCTA CHeTa [OJDKHO

BBINOJIHATLCS CIICAYIOLIECEC YCIOBHE!:

min m;
1 1Y)
T<h

max w, ;- maxf”(s)
ij

Teopus ¥ npaxkTHKa NPUOIMXEHHOTO YMCIEHHOrO PELUCHHMs 3a4ad NOA-
3eMHOM THAPOMEXaHMKHM PAa3BUTHI AOCTATOMHO LIMPOKO. MOXHO Jaxe CHH-
T4Th, YTO YXKE CIOXMIACh 0cObast JUCIMILIMHA — BBIMUCTUTEIBHAS TTOA3EMHas
MpOMEXaHHUKa.

Konmpoavhule sonpocst u 3adauu

1. KaxoBhI OCHOBHBIE CBOHCTBa MozesieHt ¥ TpeDOBaHUS, NIPeAbABISEMBIC
K HUM?

2. Kaxue TMIBI MoJeJie# MCIONB3YIOTCS B NMOA3CMHOM ruapoMexaHuke?

3. C xakxuMHM MaTEeMaTHYECKMMH MOJEISMHM BBl BCTPETHIIMCH B KYypce
NOA3CMHOH T'MAPOMEXAHUKM U APYIMX HUCIMIITHHAX?

4. TlepeyncINTE OCHOBHBIE 3TANBl MATEMATHYECKOIO MOJCIMPOBAHHUS.

5. UTo Ha3bIBalOT NOPAAKOM TOYHOCTH KOHEHHO-Pa3HOCTHOM CXeMBbI?

6. IlocTpoiiTe KOHEMHO-PA3HOCTHBIE ANMPOKCHMANMU NEpBOH du/dx u
BTOpO#t d2u/dx? NPOU3BOAHBIX BTOPOIO MOPSAAKA TOMHOCTH.

7. ChopMyaupydTe YCIOBHUS YCTOHHYMBOCTH SIBHOH KOHEYHO-Pa3HOCTHOM
CXEMBI.

8. IlocTpoitte wuuciaeHunlit aaroput™m pewenus 3amaun (9.38), (9.41)
O BBITECHEHMH HedTH BOJOH IIpH NPOMU3BOJIBHOM MOHOTOHHO YOBIBAaIOIIEM
Ha4yaJbHOM paclpee/ieHNH HachIeHHOCTH () (cM. ri. 9).
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I[Tpunoxenune 1

Ta6nuua |1 3asrcamocts Gespasmepsoro otobpausioro ofinema soam § or napamerpa
@yphe 0 NpA IKCNNYATANAR YKPYNHEHHOH CKBRXKAHK C NIOCTOSHHOH Jenpeccueil H JaBHCH-
MoctTh Gepaimepnoit nenpeccun Ap or napamerpa ®yphe {0 NpH IKCNNYATAUHH CKBA-
XHAL! C DOCTONHHLIM JeGHToM. ITnacT Geckoneumniit. ’

fo 1] Ap fo (4] Ap fo 1] Ap
0.01 0,112 0,112 7 5,749 1,500 6-10? 1,897 3,608
0,05 0,278 0,229 8 6,314 1,556 7 2,160 3,684
0,10 0,404 0315 9 6,861 1,604 8 2,423 3,750
0.15 0.520 0,376 10 7417 1,651 9 2,677 3,809
0,20 0,606 0424 15 9,965 1,829 10° 2,831 3,860
025 0,689 0.469 20 12,29 1,960 1,5-10% 4,136
0,30 0,758 0,503 25 14,55 2,067 2 5315
0,40 0,898 0,564 30 16,81 2,147 4,5 6,466
0.50 1,020 0,616 40 20,88 2,282 3 7,590
0,60 1,140 0,659 50 24 82 2,388 4 9,757
0,70 1,251 0,702 60 28,60 2,476 5 1,188 - 103
0,80 1,359 0,735 70 32,28 2,550 6 1,395
0,90 1,469 0,772 80 35,99 2,615 7 1,599
1,00 1,570 0,802 90 3942 2,672 8 1,800
1,5 2,032 0927 10? 4301 2,723 9 1,999
2,0 2,442 1,020 {1,510% 59,80 2921 10* 2,196
2,5 2,838 1,101 2,0 75,86 3,064 1,5-10* 3,146
3,0 3,209 1,169 2,5 91,20 3,173 2 4,079
40 3,897 1,275 3,0 [1.058-10%| 3,263 25 4994
50 4,541 1,362 4,0 1,348 3,206 3 5,891
6.0 5,148 1,436 5,0 1,624 3,516 4 7,631
5-10* 19,312- 10* 1,5107] 1828 6 5,368
6 1,103-10* 2 2,398 7 6,220
7 1,269 25 2961 8 7.066
8 1,433 3 3,517 9 7,909
9 1,595 4-107)4,610-10° 10! 8,747 10*
103 1,756 5 5,689 1,5-10'°| 1,288-10°
1,5105] 2,538 6 6,758 2 1,697
2 3,308 7 7.816 25 2,103
2,5-1034,066 - 10* 8 8,866 3 2,505
3 4817 9 9911 4 3,299
4 6,267 10% 11,095-107 5 4,087
5 7.699 1,5-10% 1,604 6 4,868
6 9,113 2 2,108 7 5,643
7 1,051-10° 2,5 2,607 8 6414
8 1,189 3 3.100 9 7,183
9 1,326 4 4071 10'! 7,948
106 1,462 5 5,032 1,5-10%" | 1,17-10!°
1,5-108] 2,126 6 5,984 2 1,55
2 2,781 7 6,928 2,5 1,92
2,5 3,427 8 7.865 3 2,29
3 4,064 9 8,797 4 3,02
4 5313 10° 9,725 5 3,75
5 6,544 1,510 1,429-108 6 447
6 7.761 2 1.880 7 5,19
7 8,965 2,5 2,328 8 5,89
8 1,016-10° 3 2,771 9 6,58
9 1,134 4 3,645 10’2 7,28
107 2,252 5 4510 1,5-10'2 | 1,08-10"!
2 1,42
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Ta6bnuua 2

3aBncHmocTs Geapasmepsoro oTobpansoro o6nLema moani or napamerpa ®ypse fo npa
IKCINYATALUMA YKPYNHEHHOH CKBRXHHBI ¢ nocroguHoil nenpeccieil. IInact xonewmuiit
3aKpuiThiit, R = R, /R,

R=3 R=5 R=8 R=10

fo ) fo Q fo g fo (4]

i 2 3 5 7 8
0,3 0,755 3.0 3,195 9 6,861 15 9,965
04 0,895 35 3,542 10 7,398 20 12,32
0,5 1,023 40 3,875 11 7,920 22 13,22
0,6 1,143 4,5 4,193 12 8,431 24 14,09
0,7 1,256 50 4499 13 8930 26 1495
0.8 1,363 5,5 4,792 14 9,418 28 15,78
09 1,465 6.0 5074 15 9,895 30 16,59
1,00 1,563 6.5 5,345 16 10,361 32 17,38
1,25 1,791 7.0 5,605 17 10,62 34 18,16
1,50 1,997 7.5 5.854 18 11,26 36 1891
1,75 2,104 8,0 6,094 19 11,70 38 19,65
2,00 2,353 8.5 6,325 20 12,13 40 20,37
2,25 2,507 9,0 6,547 22 12,95 42 21,07
2,50 2,646 9,5 6,760 24 13,74 44 21,76
2,75 2,772 10 6,965 26 14,50 46 2242
3,00 2,886 11 7,350 28 15,23 48 23,07
3,25 2,990 12 7,706 30 15,92 50 23,71
3,50 3,084 13 8,035 34 17,22 52 2433
3,75 3,170 14 8339 38 18,41 54 2494
4,00 3247 15 8,620 40 1897 56 25,53
4,25 3317 16 8,879 45 20,26 58 26,11
4,50 3381 18 9,338 50 2142 60 26,67
4,75 3439 20 9,731 55 2246 65 28,02
5.00 3491 22 10,07 60 23,40 70 29,29
5,50 3,581 24 10,35 70 24,98 75 30.49
6,0 3,656 26 10,59 80 26,26 80 31,61
6.5 3717 28 10,80 90 2728 85 32,67
7,0 3,767 30 10,98 100 28,11 90 33,66
7.5 3.809 34 11,26 120 29,31 95 34,60
8,0 3,843 38 11,46 140 30,08 100 3548
9 3.894 42 11,61 160 30,58 120 38,51
10 3928 46 11,71 180 30,91 140 40,89
11 3,951 50 11,79 200 31,12 160 42,75
12 3967 60 11,91 240 31,34 180 44,21
14 3,985 70 11,96 280 3143 200 45,36
16 3993 80 11,98 320 31,47 240 46,95
18 3997 90 11,99 360 31,49 280 4724
20 3,999 100 12 400 31,50 320 48,54
22 3.999 120 12 500 31,50 360 48,91
24 4 — — — — 400 49,14

440 49,28
480 49,36

26*



Tabnuua 3

3asscumocTs Oelpalmepuoii enpeccun Ap ot napamerpos ®ypue fo npH IKcOnyaTauRu
YKPYNHEHHOH CKBRKWMLI C NOCTOAHMHRIM je0Ontom, Ilnact orpanmvessbiii 3aKpuiThil,
R =R,/R,

R=13 R=S5 R=8 R=10
fo Ap fo Ap fo Ap fo Ap
1 3 5 6 7 8

0,52 0,627 3,0 1,167 8,0 1,556 12,0 1,732
0,54 0,636 3,1 1,180 8,5 1,582 12,5 1,750
0,56 0,645 3,2 1,192 9.0 1,607 13,0 1,768
0,60 0,662 33 1,204 9,5 1,631 13,5 1,784
0,65 0,683 34 1,215 10,0 1,653 14,0 1,801
0,70 0,703 3,5 1,227 10,5 1,675 14,5 1,807
0,75 0,721 36 1,238 11,0 1,697 15,0 1,832
0,80 0,740 3,7 1,249 11,5 1,717 15,5 1,847
0,85 0,758 38 1,259 12,0 1,737 16 1,862
0,90 0,776 39 1,270 12,5 1,757 17 1,890
095 0,791 40 1,281 13,0 1,776 18 1,917
10 0,806 42 1,301 13,5 1,795 19 1,943
1,2 0,865 44 1,321 14,0 1,813 20 1,968
14 0,920 46 1,340 145 1,831 22 2,017
1,6 0,973 4.8 1,360 15 1,849 24 2,063
2 1,076 5 1,378 17 1919 26 2,108
3 1,328 5.5 1,424 19 1,986 28 2,151
4 1,578 6,0 1,469 21 2,051 30 2,194
5 1,828 6,5 1,513 23 2,116 32 2,236
7,0 1,556 25 2,180 34 2,278
7.5 1,598 30 2,340 36 2,319
1,641 35 2499 38 2,360
9 1,725 40 2,658 ‘40 2,401
10 1,808 45 2,817 50 2,604
11 1,892 60 2,806
12 1,975 70 3,008

13 2,059

14 2,142

15 2,225




Tabnuua 4

3asacuMocts Gelpaimepnoil nempeccun Ap oT napamerpa ®ypre fo npn akcnsyaTaumn
YKPYHHEHHOH CKBIKHHB C MNOCTONHHRIM JeOuTom. IlnacT KoHewHMil OTKPHITHLIA,
R =R,/R,

R=1 R=6 R=10 R=15
fo Ap fo Ap fo Ap fo Ap
1 3 S 6 7 8

0,50 0,617 4,0 1,275 10 1,651 20 1,960
0,55 0,640 4,5 1,320 12 1,730 22 2,003
0,60 0,662 50 1,361 14 1,798 24 2,043
0,70 0,702 5.5 1,398 16 1,856 26 2,080
0,80 0,738 6,0 1,432 18 1,907 28 2,114
090 0,770 6,5 1,462 20 1,952 30 2,146
1,0 0,799 7.0 1,490 25 2,043 35 2,218
1,2 0,850 7.5 1,516 30 2,111 40 2,279
14 0,892 8,0 1,539 35 2,160 45 2,332
1.6 0,927 8,5 1,561 40 2,197 50 2,379
1.8 0,955 9 1,580 45 2,224 60 2,455
20 0,980 10 1,615 50 2,245 70 2,513
22 1,000 12 1,667 55 2,260 80 2,558
24 1,016 14 1,704 60 2,271 90 2,592
2,6 1,030 16 1,730 65 2,279 100 2,619
28 1,042 18 + 1,749 70 2,285 120 2,655
3,0 1,051 20 1,762 75 2,290 140 2,677
3,5 1,069 22 1,771 80 2,293 160 2,689
40 1,080 24 1,777 90 2,297 180 2,697
45 1,087 26 1,781 100 2,300 200 2,701
50 1,091 28 1,784 110 2,301 220 2,704
55 1,094 30 1,787 120 2,302 340 2,706
6,0 1,096 35 1,789 130 2,302 260 2,707
6.5 1,097 40 1,791 140 2,302 280 2,707
70 1,097 50 1,792 160 2,303 300 2,708
8 1,098

10 1,099
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MMpunoxenune 2

Hekxorophie cBeJeHMS 0 CKAISPHLIX H BEKTOPHLIX NOJIAX.
Juddepennipaniubie onepauyus HaA HHMH

B cnyudae, ecnH kaxnod Touke M (x,y,z) HeKoTopo# obmacTH mpoct-
paHCTBa OTHeCeH ckalsp ¢ (M), To obpa3yeTcs ckaJsIpHOE noje (HanpHMep,
NOJIC JaBJICHHH, MOJIe TEMIEpPaTYPHI).

IpanueHTOM cranspHoil ¢yHKUHH ¢ B TOYKE M Ha3bIBACTCH BEKTOD
gradcp:a—(p7+a—(p_"+@7€.
ox dy 0z

B criyuae, ecnmu kaxnod Touke M HekoTopod obnacTH mpocTpaHCTBa
NOCTABJIEH B COOTBETCTBHE BEKTOP a(M), To obpasyercs BEKTOPHOE IOJIE
(Hanpumep, mose CKOpocTeH v ).

[lycte ¢yHkuMs a (M) 3amaHa M HENpepelBHA Ha JBYCTOPOHHEM KYyCKe
NOBEPXHOCTH S H 7 —COMHHYHBLIA BEKTOpP BHEINHEH HOpPMAallH B TOYKE
M (x,y,z) 3T0#t noBepxHOCTH. Torxa NOBEPXHOCTHBIA HHTErpas

fa(M)nds
S
Ha3bIBAETCS [OTOKOM BEKTOPHOrO IOJA Yepe3 NMOBEPXHOCTH S (BCIIOMHHTE,
HalpHMep, ONpelcieHHE pacxoaa, BEKTOPa MOTOKa TENJIOTEHI).
HusepreHuvesi BekTOopHOro mnojis a (M) (o6o3Hayaercs diva) B TOuke

(x, v, z) Ha3pIBaETCA CKAJAP:

. - da, d¢a, Oa
diva=—"+2+--2

ox dy oz’

®uznuecknit cMBICT auBepreHUnH: diva B Touke M (x,y,z) paBHa OTHe-
CEHHOMY K eqHHHIE 0O0nemMa AV nOTOKY BEKTOPHOIO mojs yepe3 GeckoHeyHO
MaJIyIo 3aMKHYTYIO IOBEPXHOCTh AS, OKpYXalolllyi0 JaHHYIO TOYKY, TaK YTO

— . | S —
diva = lim — | a(M)-nds.
AS -0 AV
AV—-0 AS
Jns KOMNAaKTHOCTH 3alHCH HHOrAAa HCMNOJbL3YIOT CHMBOJIHYECKHH BEKTOP
(«zabna») - onepatop 'aMHIbLTOHA®
0. 0 0-
V=—i+—j+—k,
O0x dy 0z
H BBHINOJIHAIOT C HAM AeHCTBHS 10 NPaBMJIaM, YCTAHOBJICHHBIM [UIS pealIbHBIX
BekTOpOB. Toraa MOXHO 3alHCaTh!

! He nyraiite ¢ oneparopom Jlamnaca («aeneta») {n. 3).
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Vo=gradp, V-a=diva.

3nech B NEPBOM PABEHCTBE CTOMT NMPOM3BENCHAE V Ha PeaNbHBLIA CKamIsAp
¢. BO BTOPOM ~ CKaJIspHOE npou3seneHue V Ha peamm:m BEKTOD 4 .
B ciyuae, eclM ¢ = v, TO TOYHO TaK Xe HmeeM>

6_0’ v v
vV)p =v, v,— + v, .
@V *9x ’6y * oz
HexoTopsie cBoficTBa BBEJEHHBLIX Onepanui

1. INpon3ponHas no kakomy-nHOo HampasieHHio / (/ ob6o3HavaeT enu-
HHYHBIA BEKTOP) paBHA NPOEKUMHU IPaJIHEHTa Ha 3TO HalpaBlicHWE:

0 -
—‘p=grad<p'1 = (grad 9);

al
2) div(pa) = ¢diva + a -grad g; (m 1)
3) div(grad ¢) = Ao, (m. 2)

rae A-onepartop Jlamnaca.
Ilpencrabnenne oneparopa Jlamnaca:
B [IEKapPTOBBIX KOOpJAHHATaxX

o o o

ox?  oyr 8%’

B IMJIMHAPHYECKHX KOOPIMHATAX
o2 182 82 1¢
Py, 170 Fo_lie
or r* o6 0z r or

Ap = (. 3)

A =

B NOJIAPHBIX KOOPAMHATAX B CJy4ae oceBOi cummeTpHuH (0/00 = 0)

2o 1og

AP = — 4+ ——.
® 6r2+r6r

(n. 4)

Ilpeo6pa3oBaHus HHTETPAJIOB.

®opmyna ['pHHa cnyXkHT JUis npeobpa3oBaHAs HHTErpana o AByMEpHOH
obnacti D B MHTErpan mno 3amMkHyToH kpHBOH I, orpaHHumBarome# 3Ty
obnactn:

ff(— - —y)dxdy §de + Qdy. (. 5)

B yacTHOocTH, BpA P = — 5 Q =f(5), x =0 H y = T B3 (1. 5) NOJIy4YH™M

! ByanTe ocTopoxkubl! CkanspHoe npousBenesde V M peanbHOro BEKTOPA He
ob651anaeT BCEMH CBOWCTBAMM CKaNSPHOIO NPOHM3IBEACHHR BEKTOPOB; TaK, Hanpmmep,
u-V#£ V-
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”[af(s) t]art;ar —§—sd§+f(s)dt (. 6)

®opmyna Naycca-Ocrporpaackoro nNo3poaseT npeobpa3opaTh HHTErpa
IO 3aMKHYTOH NoBepXHOCTH S B HHTerpan no obvemy V, orpaHHyeHHOMY
3TON TOBEPXHOCTHIO. ECIM BeNEYMHA 4 -BEKTOpP C KOMIOHEHTAMH
{a,,a;,a,}, TO 3Ta opmyna npumeTr BHI

fa ‘nds = dlva dv= fz —'dV (. 7)

Vi=1

Jons ckanspHOH BEMUYHHL b (MIH KOMIOHEBTHI TEH30pa) IOJIyYHM:

b

fbn fbcos(n x.)dS = fa—dV, i=1, 2, 3 (I1.8)
X;

s

Zdesx ws*du n - eIMHHYHAA BHEIUHSAS HOPMAJb K MMOBEPXHOCTH S B KaX-
oH# ee ToUKe.



Ilpaunoxenune 3

Judpdepenunaibibie ypapHeHuss H HX XapaktepucTHKH. Onpeaenenns

O6uikHOBeHHOe nHbdepeHUHaNbHOE YpPaBHEHHE COOTHO-
IIEHHE, COAEPXKAIllee OQHY HE3ABHCHMYIO (X), OJIHY 3aBHCHMYIO NEPEMEHHYIO
(uckoMyro GyHRUHIO ¥) H OoOHy ¥ 60J€e MPOH3BOAHBIX MO X.

NuddepenndanbHoe YypaBHEHHE B YaCTHRIX NPOH3BOI-
HH X! YpaBHEHHeE, COEpXKalllee OTHY 3aBHCHMYIO, ABe HIH bojee He3aBHCH-
MBIX NIEPEMEHHBIX ¥ YACTHHIE IPOX3BOJHLIE [0 HE3aBACHMBIM NIEPEMEHHBIM.

Nopsnox nuddepeHUUANBHOT O YyPaBHEHHM A IOPAJOK HAUBBIC-
me# npoM3BOAHOM, conepXkalleics B YpaBHCHHH.

NuddepenuranbHoe ypaBHEHHE HA3BIBAETCA JTHHEHHEM,
€C/IM 3aBHCHMAasi IEpeMEHHas H ee NPOH3BOAHBIE HMEIOT TOJIBKO MEPBYIO
CTENeHb X OTCYTCTBYIOT HX B3aMMHBIC Mpou3BeneHusa. OcTanbpHbBIE YpaB-
HEHHMs HA3LIBAlOTCHA HeJHHeHAHHMHU. EciH nmponspBonHas BBICLIETO
MOpsiIKa BXOJMT B IEpBOH CTeneHM B HenuHeiHoe nuddepeHIManbHOE
ypaBHEHHE, TO OHO Ha3bIBAETCA KBA3HJIHHEHHBIM.

KBa3sunuHeilHne nHbpdPepeHnNanbHbEIC YPABHEHHS B 4acCT-
HLHIX MPOU3BOAHEIX NEPBOTO NMOpAAKA.

O6umwmit BHA;

d d
a(x, t,u)—u+b(x,t,u)—u= c(x,t,u). (n. 9)
ot ox

Ilycte dyukumns u 3agaHa Ha HavaidbHOM KpHBo# I'y, mpoxonsine# yepe3
TOUKY (Xg,2,) ¥ TpeByeTCs ee ONpe/ieTHThL B HeKoTOpo# okpecTHocTH [g, T. €.
peummTh 3agavy Komn ans ypaBHeHHs (m. 9). B obmem cimydae MOXHO
BLIYMCIIATh NEPBHIE M BLICINHE NPOM3BOJAHBIC H3 ypaBHEHHA (0.9) B Touke
(xo, ). Torma dyskumio u MOXHO HaiTH Ha GnH3kOH cocenuedt kpupoH I';
NIOCPEICTBOM pa3ioxenus B psa TeHnopa B OKPECTHOCTH TOYKH Ha Hayallb-
HOK KpHBOH.

[Ipr HOpPMANLHHIX YCIOBHAX 3TOT PAA CXOOMTCH M ONpPENENseT €THHCT-
BEHHOE DEIICHUE YPABHEHMS B COOTBETCTBHH C HaYalbHBIMH JaHHRIMH. DTO
CIpaBeAJIARO IS BCEX HAaYallbHbIX KPHBLIX I , HCKITIOUast HEKOTOpEIE 0cobbie
KPHBEIE, HA KOTOPhIX [IEPBYIO H BRICUIYIO NMPOH3BOLHBLIE HEJIL3Sl PACCYHTATH
no naHHoMy JuddepeHIManTbHOMY YPaBHEHHIO.

IMoctasum Gonee y3kyio 3ajavy: 3Has Bojb kpueod I'y dymxumio wu,
Ha#iTH B TOYKAX 3ITOH KpHBOH NPOM3BOMHEIE Ju/dt, du/dx. 3HauenHe mutde-
peHlHnana du, OTBEYAIONIEro CMEILCHUIO dx, df Baonb I'g, MOXHO 3amHcaTh
B CJIEYIOILEM BHJIE:

0
%-Fdx—u: .

PR

O6beMHAB 3TO PaBEHCTBO C ypaBHEHHEM (1. 9), OJIYYHM 84 JIMHEHHBIX
ypaBHEHHS C ABYMS HEM3BECTHBLIMH Ju/dt U Ou/Ox:
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a—+b—=c
2
o (1.10)
a4
o Poax M

INpousBonusie Ouw/dt, du/0x onpemensiorcs M3 (. 10) ompo3HayHO, 3a
HCKJIFOYEHHEM CJ1y4Yasi, KOTAa OINpPEHEIHTEND

a b):adxbdt:O, d—;‘zﬂ, @ 11)

A= it dx p

4YTO HMBJISETCA YpPaBHEHHeM OCoOOH JHMHHH.

Jlupun (3anaBaemble nuddepeHIMantaMu cMmeleHns dx, dt), BIOIL KOTO-
PBIX BHINOJIHAETCS ycoBHe (1. 11), T.e. He MOTYT OLITH ONpeaE/ICHbl EAUHCT-
BEHHEM 06pa3oM INpoH3BoAHble 0u/0t, Ou/Ox, Ha3KIBAIOTCA XapaKTeEpH-
CTHKaMH ypaBHeHHA (1. 9). TpeGopanue KOHEYHOCTH 3HAYEHHHR MPOH3-
BOJHEIX [IPHBOJANT K YCJIOBHIO PETYISAPHOCTH

c b
du dx

a c
dt du

¢ = =V, x = =0,

OTKYa HaXOIHM pPaBEHCTBA
dx du dt du

hasid (n. 12)

b ¢’ a ¢’

M3BECTHBIE KAK COOTHOIIEHH S Ha XapaKTEPHUCTHKE.
O6pemmuus (n. 11) B (n. 12), nonyuuM ypaBHEHHE XapaKTEpH-

CTHYECKOH JTHHHHU HJIH XaPAKTEPHCTHKH:

ot dx du

.1
a b c (. 13)

MeTon XxapaKTEpPHCTHK AJIs ONPEACIEHHES PEIEHHS ypaB-
HeHHs (1. 9).

XapaKkTepHCTHKH ypaBHEHHS (II. 9) MOXHO HCIONB30BaTh OPH IOCTPOE-
HHH ero pemeHMs. Pemenne ypabHenms (m. 9) obpasyer B npocTpaHCTBe
(x.t,u) MOBEPXHOCTb, YpaBHEHAE KOTOPOH MOXKHO 3alHCATh B CIEAYIOIIEM
BHJIE:

fx,t) —u=0.

Hopmanbs k 3TOH NMOBEPXHOCTH B KaXA0H €€ TOYKE HMEET CIEIyIOIIHe
KOMITOHEHTHI:

{6[ of l}mm {6u du 1}
o’ dx’ FTART A
Torna ypasHeHHe (1. 9) BhIpaxaeT TOT (aKT, YTO HOPMAalb K IOBEPX-

HOCTH u = f(x,!) OpTOTOHANLHAsA K HanpabiecHMiO a, b, c. Ecrm aBHratecs
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B 3TOM HanpasJIeHHA OT TOYKH K TOYKE, TO IOJIYYHM JIHHHIO Ha IOBEPXHOCTH,
ypaBHEHHe KOTOpO# ecThb (m. 12), H KOTOpas SBJISETCA XapaKTEPHUCTHKOM.
TaxBaM 06pa3oM, NPHXOOHEM K CJIEIYIOILEMY BaXHOMY BBIBOIY.

B mpocrpaHcTBe (X, u) nobas MOBEPXHOCTb, COCTOSIIAs H3 XapakTe-
PHCTHK, SBJISETCS pellcHHEM ypaBHeHHs (m. 9). Ypasuenus (m. 13) onpene-
NS0T CEMEHCTBO KPHBBIX B NPOCTpPAHCTBE (X,,u4), KOTOpHIE JIEXAT Ha
NOBEPXHOCTH, SBJIAIOIICHCA perieHHeM ypaBHEHHs (1. 9).

3TOT BHIBOJ NPHBOJAT K CJIEAYIOIICH METOJMKE NOCTPOEHHS DPEIIEHHS
ypaBHeHus (m. 9).

1. PelunTs ypaBHEHHs XapaKTepHCTHK (m. 13), mpeacTaBMB HX B BHIE
crenyoluei cuicteMbl OObLIKHOBEHHBIX MHbdepeHIHaTbHBIX YpaBHEHHH!

r@_ c(x, t,u)
% dt  a(x,t,u)’
}du_ c(x, t,u)
ldx  b(xtu)

2. PelneHne 3TOH CHCTEMBI IpPEICTABHTHL B BHAC ABYX HE3aBHCHMBIX
byHKIHIL:

{f (x.tu)=q
g(x,t,u) = B.

Kaxgoe ®3 3THX ypaBHEHHH mNpeACTaBIsAEeT CeMEHCTBO IOBEPXHOCTEH
B IIPOCTpaHCTBE (X, 2, ). XapaKTEPUCTHUKH ~ JIMHAA UX NepeceyeHHs, KOTOphIe
OMHO3HAYHO ONpeJe/MOoTC] (PUKCHPOBAHHBIMH 3HAYCHHSMH o H [,

3. lna Toro, 4ToOH MOJYYHTHL NMOBEPXHOCTb, COCTOAIIYIO H3 XapakTe-
PHCTHK, PAaCCMOTPHM O H [} KaK NEPEMEHHBIX H TOrJa ypaBHEHHE NOBEpX-
HOCTH MOXHO 3aMHCaTh B CJIEAYIOILEM BHJE:

F(o,B)= F(f.g) =0,

rae F-npon3sonpHas GyHKUMS, BAX KOTOPOH ONpEIENseTcs NPH NOMOILH
HayalbHEIX JaHHEX. Toraa HCKOMOe pelneHHe ypapHeHHs (I, 9) npumer
CJIeQYIOIIHA BHI;

F(f,g)=0.
Jns npumMepa paccMOTpMM JHHEHHOE ypaBHeHHE
ou ou
My 14
*ax Ve M (. 19)

VpaBHEHHE XapaKTEPHCTAK
dx dy du
Xy u
HMEET pellIcHHe
xfu=A, yu=B.
413



CnenosaTensHO, pellieHue YpaBHeHRs (1. 14) MOXHO NpeACTABHTE B Clie-
IYIOIEM BHJE;

F(f, 3)=0.
u u

3TO pelUEHHE NpPEACTaBISET CeMEeHCTBO KOHYCOB C BEpIUMHON B Havajse
KOOPJMHAT: XapaKTePHUCTHKH — IPsMbie JIHHWH, BLIXOAMAIIME H3 Hayana KOOp-
JMHAT.
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