CHAPTER 17

The Heat
Equation

17.1 Initial and Boundary Conditions

In Section 12.8, we used Gauss’s divergence theorem to derive a partial differential equation
modeling heat distribution, or diffusion. In the absence of sources or sinks within the medium,
the one-dimensional heat equation is

du _ d*u
at  ox?
in which £ is a constant depending on the medium.

Equation (17.1) can be solved subject to a variety of boundary and initial conditions. For
example,

(17.1)

d 0?
—u=k—u forO<x<L,t>0,
at dx?
u@0,0)="T,u(L,t)="T1,for t>0,
u(x,0)= f(x)forO<x<1L
models the temperature distribution in a thin homogeneous bar of length L whose left end is
kept at temperature 7; and right end at temperature 7, and having initial temperature f(x) in the
Ccross section at x.
The initial-boundary value problem

0 92
_U:k—u forO<x<L,t>0,
ot dx°

0 d
240, 0=22(L, y=0for t>0,
ox ox
and
u(x,0)= f(x) forO<x< L

611
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612 CHAPTER 17 The Heat Equation

models the distribution in a bar of length L having no heat loss across its ends (insulation
conditions) and initial temperature function f.

Other kinds of boundary conditions also can be specified. If the left end is kept at constant
temperature 7 and the right end is insulated, then we would have

d
u(0, )= T and a—u(L, t)=0for ¢t> 0.
X

Free radiation or convection occurs when the bar loses energy by radiation from its ends into
the surrounding medium, which is assumed to be maintained at constant temperature 7. Now the
boundary conditions have the form

8—U(O, t)= Alu(0,t)— T1], a—U(L, ty=—Alu(L,t)— T]for t>0,
ox ox

in which A is a positive constant. Notice that, if the bar is kept hotter than the surrounding
medium, then the heat flow as measured by du/9 x must be positive at one end and negative at
the other.
Boundary conditions

ou
ox
are used if the left end is kept at constant temperature 7; while the right end radiates heat energy
into a medium of constant temperature 7;.

As with the wave equation, we also consider the heat equation on the line or half-line, subject
to various conditions.

U(O, [):]—i7 (L,t):—A[U(L,t)—E]

SECTION 17.1 PROBLEMS

1. Formulate an initial-boundary value problem modeling right end at temperature B(¢). The initial temperature
heat conduction in a thin homogeneous bar of length L function in the cross section at x is f(x).
if the left end is kept at temperature zero and the right 3. Formulate an initial-boundary value problem for the

end is insulated. The initial temperature function is f. temperature distribution in a thin bar of length L if

2. Formulate an initial-boundary value problem modeling the left end is insulated and the right end is kept at
heat conduction in a thin homogeneous bar of length temperature 8(¢). The initial temperature function is f.
L if the left end is kept at temperature o(¢) and the

17.2 The Heat Equation on [0, L]

We will solve several initial-boundary value problems on an interval [0, L].

17.2.1 Ends Kept at Temperature Zero

If the initial temperature in the cross section at x is f(x) and the ends of the bar are kept at
temperature zero, the problem for the temperature distribution function is

du  d*u

—=k—for0<x<L,t>0,
at 9x?

u0,)=u(L,t)=0for t>0,
and

u(x,0)= f(x)forO<x<1L.
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172 The Heat Equation on [0, L] 613

Put u(x, t) = X(x) T(¢) into the heat equation to obtain
X_r__
X kT
in which A is the separation constant. Now,
ul0,H=XO0O)T()=0=u(L,)=X(L)T(¢)
forall >0, so X(0)= X(L)=0, and the problem for X is
X' +2X=0; X(0)=X(L)=0

with eigenvalues A, = n’m?/ L? and eigenfunctions sin(nw x/L).
It is in the time dependence that the heat and wave equations differ. The equation for 7 is

2.2
,, 'k
T+ 72 =0,
which is a first-order differential equation with solutions that are constant multiples of etk

Forn=1, 2, -- -, we have functions

El

. niwrx 2.2 2
u,(x, t) =c,sin (T) e kL

which satisfy the heat equation and the boundary conditions u(0, ¢) = u(L, t) =0. To satisfy the
initial condition, we must (depending on f) use a superposition

oo

L /OTXN\ 22,2

u(x, t):chsm <T) e kL
n=1

and choose the coefficients so that
had mrx
0= =3 gsin ().
u(x, 0) (x) ; ¢, sin 7

This is the Fourier sine expansion of f on [0, L], so choose

2 [t . ([ nmé&
c,,:zfo f(S)mn(T)dé.

With this choice of the ¢,’s, the solution is

00 L
u(x, t) = % > ( f £(&)sin(nr& /L) dg) sin(nmx/ L)e " kit (17.2)
n=1 0

EXAMPLE 17.1

Suppose the ends are kept at zero temperature and the initial temperature is f(x) = A, which is
constant. Compute

L
CH=E/ Asin(nm&/L) d&:z—A[l—(—l)”].
L J, nw

The solution is

2A 1 —(=1)"
u(x, t):?z (n ) sin(njzx) gt/

n=1

Since

- (1= 2 ifnisodd
|0 if nis even,
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614 CHAPTER 17 The Heat Equation

we can omit the even values of n in the summation to write the solution

1AL 1 2n—1
ulx,t)= ? Z o1 sin <( n 7 )JTX> e*(anl)zﬂzkt/Lz‘

n=1

17.2.2 Insulated Ends

Suppose the bar has insulated ends, hence no energy is lost across the ends. The temperature
distribution is modeled by the initial-boundary value problem

d RE
_u:k—u forO<x<L,t>0,
at d0x°

d d
220.5="2(L.)=0for t>0,
ax 0x
and
u(x,0)= f(x) forO0<x< L.
As before, separation of variables yields
X' +2X=0 and 7"+ rkT=0.

The insulation conditions give us
d d
20, 0=XOT()= (L. )= X (L) T() =0,
ax 0x

so X'(0) = X'(L) =0, and the problem for X is
X +2X=0; X(0)=X(L)=0.

Previously, we solved this problem for the eigenvalues A, = n*m?/L* and eigenfunctions
cos(nrx/L) forn=0,1,2,---.
The equation for 7 is
Ptk
LZ
For n=0, we get 7y(¢) = constant. For n=1,2, ---,

T (t) _ e—nznzkt/LZ
n - El

T+ I'=0.

or constant multiples of this function. We now have a function

nmwx 2.2 2
u,(x, t) = ¢, cos (T> e kL

El

which satisfies the heat equation and the insulation boundary conditions for n=0,1,2,---. To
satisfy the initial condition, use the superposition

1 = nwxXN 224002
u(x, f)—ECo+n2:1:CnCOS <T>e .
Then
1 i nrx
ulx,0)= f(x)= ECO + HX:; c,COS <T> ,

so choose the ¢,’s to be the Fourier cosine coefficients of f on [0, L]:

2 [t nmé&
Cn:Zv/O' f(E)COS<T>d§
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172 The Heat Equation on [0, L] 615

EXAMPLE 17.2

Suppose the ends of the bar are insulated and the left half of the bar is initially at constant
temperature A while the right half is initially at temperature zero. Then

A forO<x<lL/2
f(x)=
0 forl/2<x<L.

Compute

2 L/2
=— Adé = A
L e
and, forn=1,2,---,

2

Lz 2A
Cy=— Acos i ds = — sm(nn/Z)
LJ L

The solution is

u(x., [)_ —Z—sn(nn) S(HJZX) orithy I

Since sin(nr/2) =0 if nis even, we can retain only odd 7 in this summation to write this solution
as

2n—1
u(x, t)__+_22n_1 <( n - )JTX) oDk 17

17.2.3 Radiating End

Suppose the left end of the bar is maintained at temperature zero, while the right end radiates
energy into the surrounding medium, which is kept at temperature zero. If the initial temperature
function is £, then the temperature distribution is modeled by the initial-boundary value problem

d 9%u
u_k— forO<x<L,t>0,
at 8)(2

u(0, t) =0, a—X(L, ty=—Au(L, ) for t> 0,
and
u(x,0)= f(x)forO<x< L.
A is a positive constant called the transfer coefficient. Let u(x, t) = X(x) T(t) to obtain
X' +2X=0,T+ArkT=0.
Because u(0, £) = X(0) T(¢) =0, then X(0) =0. From the radiation condition at the right end,
X(LDT(t)=—AX(L)T(¢t) fort >0,
SO
X(L)y+ AX(L)=0.
The problem for X is
X +2X=0; X(0)=0, X'(L)+ AX(L)=0.

This is a regular Sturm-Liouville problem. To solve for the eigenvalues and eigenfunctions,
consider cases on A.
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616 CHAPTER 17 The Heat Equation

Casel: =0
We get X(x) =cx+d, so X(0)=d=0. Then X(x) =cx, so
X(L)+AX(L)y=c+cL=0

and this forces ¢= 0. This case yields only the trivial solution, so 0 is not an eigenvalue of this
problem.

Case2: 1 <0
Write A = —a? with « > 0. Then X" — «? X =0, with solutions

X(x) = ce”™ + de ™.
Now X(0) = c+ d=0 implies that d= —c, so

X(x) = c(e”* — ™).
From the radiation condition at Z,

X(D)y=ac(e" +e ") =—AX(L)=—Ac(e"" —eh).
If ¢#£0, then
ac(et +e*")>0and — Ac (e —e ") <0,

contradicting the preceding line. We conclude that ¢ =0, so this case also has only the trivial
solution. This problem has no negative eigenvalue.

Case3: 1 >0
Set L =a? witha > 0. Now X' +a? X =0, so
X(x) = ccos(ax) + dsin(ax).
Then X(0) =c=0, so X(x) = dsin(ax). Next,
X (L)y=adcos(al)=—AX(L)=—Adsin(aL).

If d=0, we have only the trivial solution. If d # 0, then « cos(« L) = — Asin(aw L), so

tan(a L) = —%. (17.3)

We have a nontrivial solution for X only if o is chosen to satisfy this transcendental equa-
tion, which we cannot solve algebraically for «. However, let z=« L. Then equation (17.3) is
tan(z) = —z/ AL. Part of the graphs of y=tan(z) and y = —z/ AL are shown in Figure 17.1,
and they have infinitely many points of intersection for z > 0. The z-coordinates of these points

are solutions of tan(z) = —z/ AL. Let these z-coordinates be z, z,, - - - in increasing order. Since
a = z/ L, the eigenvalues of this problem for X are
:_ %
)‘-n = an = L_ .

The eigenfunctions are functions X, (x) =sin(«,x) =sin(z,x/L).
With these eigenvalues, the problem for 7 is
. 2k
T+ Iz =0

with solutions that are constant multiples of

L) =e "
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172 The Heat Equation on [0, L] 617

EZI E EZZ

y=-—z/AL

; y =tan(z)

FIGURE 17.1 Eigenvalues as the problem with
radiating end.

For each positive integer n, we now have a function
Z,X

u,(x, )= X,(x) T,(0) :sin< 7 ) oGk

that satisfies the heat equation and the boundary conditions. To satisfy the initial condition, write
the superposition

[ee)

. Z,X 2 2

ulx, t) = Z ¢, sin <HT) e nkt/L"
n=1

We must choose the ¢,’s to satisfy

= Z,X
(x,0)= f(x)= asin (—— ).
u(x X ;csm<L>

This is not a Fourier sine series, but it is an eigenfunction expansion in the eigenfunctions of a
Sturm-Liouville problem. The coefficients are

Ji £)sin(z,£/L) ds
j;]L sin’(z,£/L)de

The difficulty in computing these numbers is one we frequently encounter in such problems. We
do not have an explicit formula for the z,’s. However, we can compute approximate values of the
z,’s for a given L. For the first four values, with L = 1, we obtain the approximate values

7~ 2.0288, z, ~ 49132, z; ~ 7.9787, z, ~ 11.0855.

n =

Using these numbers, we can perform numerical integrations to approximate
a ~1.9207, ¢, ~ 2.6593, c; ~4.1457, ¢, ~ 5.6329.
With just the first four terms, we have an approximation

u(x, £) ~1.9027 sin(2.0288x) e * "' + 2.6593 5in(4.9132x) & >4 139
+4.1457 sin(7.9787 x) e %% 4 56329 sin(11.0855.x) ¢~ ! 228883k

Depending on £, these exponentials may be decaying so fast that these first four terms would be
a good enough approximation for some applications.
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618 CHAPTER 17 The Heat Equation

17.2.4 Transformation of Problems

As with the wave equation, it may be impossible to separate variables in a diffusion problem,
depending on the partial differential equation and/or the boundary conditions. Sometimes we
can transform such a problem into one to which separation of variables applies.

EXAMPLE 17.3

A thin, homogeneous bar extends from x =0 to x = L. The left end is maintained at constant
temperature 7; and the right end at constant temperature 7. The initial temperature in the cross
section at x is f(x).

The initial-boundary value problem modeling this setting is

2
%=kg forO<x<L,t>0,
at 0x2

u0,=T,u(L,t)=1, for t > 0,
and
u(x,0)= f(x)forO0<x< L.

If we set u(x, t) = X(x) T(¢t), we must have X(0) 7(¢t) = T;. If T, =0, this is satisfied by requiring
that X(0) =0.If 7; #0, then X(0) #0, and we must have T'(¢) = T;/ X(0) = constant, which is
not acceptable.

Perturb the temperature distribution function by setting

ulx, t)=U(x, ) + ¥ (x).
The idea is to choose i to obtain a problem we know how to solve. Substitute U into the wave
equation to get
aa_lt] =k (?:7[2] + W’(X)) .
This is the standard heat equation (17.1) if ¥"(x) =0, hence, if ¥ (x) = cx + d. Now
u0,)="T=UQ, )+ vy (0),

and this is the more friendly condition U(0, ¢) =0 if ¥/ (0) = 7;. Thus, choose d = T} to have
¥ (x) = cx+ 1;. Next we need

ulLl,ty=L=U(L,t)+vy (L),
and this is just U(L, t)=0if v (L)=T,. Weneed cL + I, =1,,s0 c=(T, — T})/ L, and
V0 =7 (5= T+ T,
Finally,
u(x,0)= f(x)=U(x,0)+ ¥ (x),
o)

1
Ux,00=f(x) =y (x) = f(x) - Z(YE - Tx—T.
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172 The Heat Equation on [0, L] 619

The problem for U is:

oU 2
_:kujfor0<x<L,t>0,
at 0x°

UQO,0=U(L, t)=0for t>0,

and
Ux,0) = f(x)— %(]} —THx—T forO<x<lL.

We know the solution of this problem for U:

Uk, =23 cysin () v
n=1

2 rt 1
6= Z/O [f@) (5= Tt - Tl]sin (?) d.

The solution of the original problem is

where

1

As a specific example, suppose 7, =1, , =2 and f(x) =3/2. Now

WX)Z%XJH,

c:E/L[§—1X—l]sin(ﬁ)d§
" L), |2 L L

2 (f/1 1 . (nm
=Z./0 <§_Z)SIH<T d&
1+ (D"

nr

and

The solution is

_ i 1+(—1)" . nmrx 7n2n21fl/L2 1
u(x,t)_z< o )sm( 7 )e —|—Lx+l.

n=1

Sometimes an initial-boundary value problem involving the heat equation can be trans-
formed into a simpler problem by multiplying by an exponential function ¢***#* and making
appropriate choices for & and 8. We will pursue this idea in the problems.

17.2.5 The Heat Equation with a Source Term

We will determine the solution of the initial-boundary value problem
0 02
a—::k#j—kF(x, tHforO<x<L,t>0,

u0,=u(L,t)=0for t> 0,
and

u(x,0)= f(x) forO<x< L.
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620 CHAPTER 17 The Heat Equation

The term F(x, t), for example, could account for a source or loss of energy within the medium.
It is routine to try separation of variables and find that it does not apply in general to this
heat equation. A different approach is needed.
As a starting point, we know that in the case that F(x, ) =0 for all x and ¢ the solution has
the form

- s nrx 7n2712kt/L2
L= E 2 —_— )
u(x, t) 2 o sm( 7 )e
Taking a cue from this case, we will attempt a solution of the current problem of the form
= nwx
0= T,sin(—-). 17.4
u(x, t) 2 (t) sin 7 ( )

We must find the functions T,(¢). If ¢ is fixed, the left side of equation (17.4) is a function of x
and the right side is its Fourier sine expansion on [0, L], so the coefficients must be

L
Ig(t)=%/ u(, z)sm<”f) dt. (17.5)
0

Assume that for any ¢ > 0, F(x, t), thought of as a function of x, also can be expanded in a
Fourier sine series on [0, L]:

- . (nné
F(x, t)= X:I: B,(¢) sin ( 7 ) (17.6)
where
L
B,(1) = 3/ P& osin( 5 de. (17.7)
L/, I
Differentiate equation (17.5) with respect to ¢ to get
, 2 (Lou . ([ nmé&

Substitute for du/dt from the heat equation to get

L 92 L
Tn’(t):%k/ %(S,t)sin (?) d§+%/ F(g, f)sin (ﬂf) .
0 0

In view of equation (17.6), this equation becomes

T ="F f 94k pysin ( LE) dé + By(0) (17.9
0

Integrate by parts twice, at the last step making use of the boundary conditions and equation
(17.5). We get

Ou t il d.
/0 —(S )s n( L) 3
_|ou Asi nré t nnau Ae & d
[freosn(F)] - [ T i 0w ()
_ nm ; nwé& Y onn (f onm Asi nwé d
o K ”"S(T)l*? [ ueoun(")

m’r? [t nwé
=— 12 L u(S,z‘)sin(T) dé:

i nzﬂz
=— T t)=
L 0= 2L

T,(0).
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172 The Heat Equation on [0, L] 621

Substitute this into equation (17.9) to get

, n’rlk
I,= T T.(t) + B,(1).
For n=1, 2, ---, this is a first-order differential equation for 7,(¢), which we write as

2 2

L2
Next, use equation (17.5) to obtain the condition

2 rt 2
7;(0>=Zf u(k. 0)sm("f)ds— ff(&) (f) di = b,
0 0

which is the nth coefficient in the Fourier sine expansion of f on [0, L]. Solve the differential
equation for 7,(¢) subject to this boundary condition to get

T(0)+ ——— kr (6) = B,(0).

t
]’1’1(1‘) =/ — ﬂzk(t r)/LzB (T) dT + b efnznzkl/Lz
0

Finally, substitute this into equation (17.4) to obtain the solution

=3 ([ o ey n ()
0

n=1

+ % i (f £(§)sin ("LS) d§> ("”TX) kI, (17.10)

Notice that the last term is the solution of the problem if F(x, t) =0, while the first term is
the effect of this source term on the solution.

EXAMPLE 17.4

We will solve the problem

J 92
81;—4—LI+thor0<X<n t>0,

u(0, ) =u(m, t)=0 for t >0,
and

20 forO<x=<m/4
0 form/d<x<m.

u(x,0)= f(x)= {

Since we have a formula (17.10) for the solution, we need only carry out the integrations. First
compute

g _1\n+1
B, () = ; / Etsin(né) dg = %r.
0

This enables us to evaluate

t 12 _1 n+1
/ ef4n2([—r) BH(_L_) df =/ ( ) Tef4n2([7'[) dT

0 0 n

14t et
m '

1
=_(=1 n+1
8( )
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622 CHAPTER 17 The Heat Equation

Finally we need

i /4 .
b,,:;/ f(é)sinmé‘)ds:@/ sin(n&)d&:gwl
0

0 b v

With all the components in place, the solution is

0 1 —1 44t A2t
u(x, z)=z<§(—1)"+1 + ”n5+e )sin(nx)

n=1

>, 40 1 — cos(nm /4) e
2y 01 coston/ |

sin(nx)e
n

n=1

The second term on the right is the solution of the problem with the x¢ term omitted. Denote this
“no-source” solution as

401 — 4
uy(x, t) = Z ;0% sin(nx) e

n=1

Then the solution with the source term is

> (1 — 144t + e
u(x, t) =uy(x, t) + Z <§(—1)”+1 + nn5 te ) sin(nx).
n=1

Writing the solution in this way enables us to gauge the effect of the x¢ term on the solution.
Figures 17.2 through 17.5 compare graphs of u(x, ¢) and u,(x, ¢) at times ¢ =0.3, 0.8, 1.2 and
1.3. In each figure, up(x, ¢) falls below u(x, ). Both solutions decay to zero as ¢ increases, but
the effect of the x¢ term is to retard this decay.

17.2.6 Effects of Boundary Conditions and Constants

We will investigate how constants and terms appearing in diffusion problems influence the
behavior of solutions.

1.2]
] 1
1 1 i
0.8
0.8 ] ]
] 0.6 1
0.6 ]
] 0.4
0.4 7 ]
0.2 ] ]
0:|||||||||||||||||||||||||||||||| 0-||||||||||||||||||||||||||||||||
0 0.5 1 15 2 25 3 0 0.5 1 1.5 2 2.5 3
X
FIGURE 17.2 u(x, t) and uy(x, t) att=0.3. FIGURE 17.3 ¢=0.38.
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051 ]
] 0.5
04 ]
i 0.4
03 1
] 0.3
021 ]
] 0.2 ]
0.1 ] 0.1 E
0 ] Trrrrrrrrrrrrrrrrrrrrrrrrrrrrrr 1711 0:
0o 05 1 15 2 25 3 0 05 1 15 2 25 3
X X
FIGURE 17.4 (=12, FIGURE 17.5 (=1.3.

EXAMPLE 17.5

A homogeneous bar of length 7 has initial temperature function f(x) = x*cos(x/2) and ends
maintained at temperature zero. The temperature distribution function satisfies

d 92
_u:k_u forO<x<m, t>0,
at 0 x2

u(0, t)=u(@r, t)=0for t> 0,
and
u(x,0) = x*cos(x/2) for 0 < x <.

The solution is
u(x, t) = ; Z (fﬂ £%cos(&/2) sin(ng) dé) sin(nx)e*”zl“
n=1 0

= 167 n(—1)" — 64w (—1)" — 48n — 64r°
64n% —48n* + 12 — 1

2
sin(nx)e " .

4
T
n=1
To gauge the effect of the diffusivity constant & on the solution, Figure 17.6 shows graphs of
y=u(x,t) for t=0.2 and for k=0.3,0.6, 1.1, and 2.7. Figure 17.7 has the graphs for the same

values of k, but ¢ =1.2. For each k, the temperature function decays with time, as we expect.
However, for each time the temperature function has a smaller maximum as & increases.

EXAMPLE 17.6

We will examine the effects on u(x, ¢), depending on whether the ends of the bar are kept at
temperature zero, or are insulated. Suppose the initial temperature function is £(x) = x*( — x)
and L =7 and k= 1/4. For the ends at temperature zero, we find that
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1.5, and 3.6.

o _1\n+l _
u(x, t)= Z (W) sin(nX)e_"th.

n=1

If the ends are insulated the solution is

1 o 2 2_1n+1 6(—1)"—6
u(x, ) = Eng + ; (n 7 (D n—‘:_ ) ) cos(nx)e‘"zt/“.
Figure 17.8 shows v (x, ), and Figure 17.9 shows u,(x, ¢), at times t=0.4,0.9, 1.5 and 3.6.
Both solutions decrease as ¢ increases. However, as ¢t — 0o, u,(x, t) — 73/12, as suggested in
Figure 17.9.
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SECTION 17.2 PROBLEMS

In each of Problems 1 through 7, write a solution of the its left end maintained at zero temperature, while its
initial-boundary value problem. Graph the twentieth par- right end is perfectly insulated. The bar has an initial
tial sum of the series for u(x, t) on the same set of axes for temperature f(x) = x* for 0 < x < 2. Determine the
different values of the time. temperature distribution u(x, ¢) and lim, o u(x, ¢).

3 2y 11. Show that the partial differential equation

1. —u_k—for0<X<Lt>0
oo %=k<g+A——|—Bu>
u(0,t)=u(L, t)=0for t >0, ot dx?

ux,0)=x(L —x)forO<x<L
can be transformed into a standard heat equation for v

a 2 : — x+pBt :
92 u_ 4_ forO<x<L.t>0, by lettlng.u(x, t) = " *'y(x, t) and choosing o and
A oax B appropriately.
u0, o=u(L, ) =0for t>0, 12. Use the idea of Problem 11 to solve
u(x,0)=x*(L—x)for0<x<1L
du 0*u  du
du 9%u ———2—|—4—+2ufor0<x<n t>0,
3. at_Sﬁf0r0<X<L t>0, ot Ox dx
X
w0, )= u(L. £) =0 for ¢ > 0. u(0, ) =u(w, t)=0for t >0,
u(x,0)=L( —cosrx/L))for0<x<L u(x,0)=x(r —x) forO0<x<m.
0 9?
4. —u:—uf0r0<x<n t>0, 13. Solve
ot 9xt du d%u
d —
% 0, 5=""(x, )=0tor £ >0, 5= ﬁ+6—for0<x<4 (>0,
X
u(x,0)=sin(x) for0<x<m u0,0)=u(4,t)=0for t>0,
9 92 u(x,0)=1for0<x<4.
5. a—u—4d—l;for0<x<2n t>0,
u g Graph the twentieth partial sum of the solution for
—(0,= f (271, t)=0for >0, selected times.
ox dx
ux,00=xQ2r —x) for0<x<2x 14. Solve
9 92u du d*u du
6. 8—21—4Ff0r0<x<3t>0 Ezﬁ_6£f0r0<x<ﬂ’t>0’
a_”(o’ )= _(3’ ) =0 for t>0, u(0, ) =u(m, t)=0"for t >0,
ax X
u(x.0)=x*for0 < x <3 ux,0)=x(r —x)for0<x <.
du 92u Graph the twentieth partial sum of the solution for
7. o 2 for 0<x<6,t>0, selected times.
d
94 0, 0= 26, 1y=0 for ¢ = 0, 15. Solve
ax 0x Su 92
u(x,0)=e*for0<x<6 ——16—for0<x<l t>0,
at dx?
8. A thin, homogeneous bar of length L has insulated u(0, ) =2, u(1, t) =5 for t > 0,
ends and initial temperature B, a positive constant. u(x,0)=x*for0<x<1.
Find the temperature distribution in the bar. ' o
9. A thin homogeneous bar of length L has initial tem- 16. Solve
perature f(x) = B where the right end x = L is insu- du  d’u
lated, while the left end is kept at zero temperature. ot kﬁ for0<x<L,t>0,

Find the temperature distribution in the bar.
u0,)=T,u(L,t)=0for t>0,

10. A thin, homogeneous bar having thermal diffusivity
ux,0)=x(L—x)for0<x<L.

of 9 and a length of 2 cm has insulated sides and
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